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BBENEHHE

NMpeamer TeopRE BepostHocTeil. HalGnonaemuie
HaMH COOBITHA (ABJECHHSI) MOXKHO NOAPASJACJHTH HA CJEAYIO-
mue TPH BHAA: AOCTOBeprbie, HEBO3MOXHLIE M cay4yaiisiHe.

Hocmoseprbim Ha3HIBAIOT COOBITHE, KOTOpOE 06A3aTENnbHO
npou3ofser, ecyu OyAeT OCcyllecTBJAEHA ONpefieieHHas coBO-
KynuotTh ychoeufi S. Hanpumep, ecan B cocyne copepxnrtes
BOAA MNPH HOPMANBHOM aTMOCPEPHOM RABJIEHHH H TeMmmepa-
type 20°, TO cobniTHEe «BOAa B cOCyJe HAXOAHTCA B MHAKOM
COCTOSIHHM® €CTh JocToBepHoe. B 3Tom npumepe 3anaHHBie
atMochepHoe AABJICHHE H TeMIepaTtypa BoAH COCTABASAIOT
COBOKYNHOCTb YCJOBH#E S,

Hesoamoxcnoim HA3HIBAOT cOOHITHE, KOTOpOEe 3aBelOMO He
npousofifer, ecau Gyler OCyllecTBJAEHAa COBOKYNHOCTH yCJoO-
pufi S. Hanpumep, cobniTHe «BoAa B Cocyfle HaxXOXHTCA B
TBEpAOM COCTOSIHHM» 3aBeoMO He NpoH3oizer, ecau Gyaer
OCYILLeCTB/IeHAa COBOKYNTHOCTD YCJIOBHI npelsiayulero npumepa.

Cayualinoik Ha3bBAIOT COOHITHE, KOTOPOE NPH OCyllecTBJe-
HHH COBOKYNHOCTH ycjioBHAA S moxer Jinb6o npousoiti, ambo
He npousofitn. Hanpumep, ecau Opomena MoHeTta, TO OHa
MOXeT yrmacTh Tak, 4To cBepxy Oyjer Jubo rep6, sinbo Han-
nuce. Ilostomy cobuiTHe «mpu OpocaHHH MoOHETHl BHINIAJN
«replr» — cnyuafinoe. Kaxpoe cayuafinoe cofbiTie, B YacTHO-
CTH BblllafienHe «rep6Ga», eCTh CJEACTBHE HAEHACTBHUA OYeHb
MHOTHX cCJaydafiHbIX OpPHYHH (B HallleM npHMepe: CcHaa, ¢
KoTopo# OpollleHa MOHeTa, JOpMa MOHETHI H MHOrHe Jpyrue).
HeBo3MOXHO y4YecThb BaMsHHE HA pe3yJsbTaT BCeX 3THX NpPH-
YHH, MOCKONBKY YHCJO HX OUeHb BEJNHKO H 3aKOoHBI HX
nefictBua HensBecTHH. [loatomy Teopusa BeposTHOCTEH He
CTAaBHT Nlepen coGoii 3anawy npeAckasaTh, NpousolifeTr enau-
HUYHOe CcOOBITHE HJIH HeT,—OHA MNPOCTO He B CHJaX 3TO
caenarth.

ITo-HHOMY OOGCTOMT HeJio, €CJIH pacCMaTPHBAIOTCH Cayuvaii-
Hble COOHITHSA, KOTOPHIE MOTYT MHOrOKpatHO Hab/opaTbes
NPH OCyllecTBNEHUH OAHHX H TeX XKe ycJjoBuHiH S, T. e. ecan
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pedb HAET O MAacCOBHX OJHOPOAHBIX CJyJaRHHX COOGHITHAX.
Oxa3niBaeTcsl, YTO JOCTATOYHO GOJILUIOE HHCAO ORHOPOAHBIX
caAyuyafHBHX COOBITHA He3aBHCHMO OT MX KOHKpeTHo#t npHpOI
NOAYHHAETCHA ONpelNeJeHHLM 93KOHOMEPHOCTAM, & HMEHHO
BEPOATHOCTHHIM 38KOHOMEDHOCTAM., YCTaHOBJEHHEM STHX 3a-
KOHOMEPHOCTEA H 3aHHMaeTCs TeopHsl BeposaTHOCTeR.

HUrak, npedmemnom meopuu eepoamruocmed AsAsemca usy-
UEMUE BEPOAMHOCMHLIX 3AKOHOMepHOCMEd Maccossx odHopoo-
Hoix cayuafllnex coboimud.

3HaHKe 3aKkOHOMepHOCTefl, KOTOPhIM NOXYHHAIOTCA Macco-
Bhle c/ayuafiHHe COOMTHS, NO3BOJIAeT MNpeABHAETb, KaK STH
cobutHa G6yayT nporekats. Hanpumep, xors, xak 610 yxe
CKAa3aHo, HeJb3ss Hanepel, ONPeleJHTh pe3yJibTaT ONHOrO
Opocanusi MOHeTH, HO MOXHO NpeAcKasaTh, NPHUEM C He-
GoJsipllIOR MOrpemwIHOCTHIO, YHCJAO NOABJMEHHR «repba», ecsaH
MoHetra OGyfieT OpollleHa ROCTATOYHO GoJibliloe Yucao pas. [Ipn
9TOM RpexnoJaraeTrcs, KOHEYHO, YTO MOHeTy 6pocaioT B OXHHX
4 TeX MXe YCJOBHAX.

MeToan TeOpPHH BepOATHOCTEA WHPOKO NPHMEHSIOTCA B
PasNHYHLIX OTPACJAAX ECTeCTBO3HAHHNA M TEXHHKH: B TEOPHH
HaJeXKHOCTH, TEOPHM MAacCOBOro OOCAYXKHBAaHHS, B TeOpeTH-
gecKoil (pH3HKe, reogfe3uH, acTPOHOMHH, TEOPHH CTpesibOhl,
TeopHui oiinGOK HabJMIOnEeHHKiT, TEOPHH ABTOMATHYECKOI'O yrpas-
JieHus, oOwed TeopHH CBA3H M BO MHOTHX JAPYruX Te€OpeTH-
YeCKHX W NPHKJAAIHBIX HayKaX. Teopusa BepoaTHOCTEH CAYHKHT
TAKMe AJA OOOCHOBAHHA MATeMaTHYeCKOH H TpHKJAagHOR
CTAaTHCTHKH, KOTOpass B CBOIO O4epeAb HCNOJib3yercst NPH
NJaHHPOBAHHH H OPraHM3amHH NPOH3BOACTBA, NPH aHaJaH3e
TeXHOJIOrHYeCKHX NpOLeccoB, NpefynpelHTe/bHOM H npue-
MOUHOM KOHTpOJle KayecTBa NPOAYKUHH H AJA MHOTHX ApY-
rHx 1eJei.

B nocneanue roam MeTOAL TeOpPHH BEpPOSITHOCTEH Bce
IIMpe M LIHPe NPOHKHKAIOT B PpasjiHuHbie o6JIaCTH HAYKH H
TeXHHKH, CNOCOOCTBYSE HX Mporpeccy.

KpaTtxkan ncTopHYeckan cnpapxa. Ilepeuie paGoThl, B KO-
TOPBLIX 3apOXAAJHCL OCHOBHbHle NOHSITHA TEOPHH BeposATHO-
cTeit, npeAcCTaBJAJH CcoOOH DNOMBITKH CO3XAaHHA TEOPHH
asaptuuix urp (Kappawo, Iiofirenc, Ilackaas, Mepma u apy-
rie 8 XVI—XVII 88.).

Chenywoiliufi sTan pa3BHTHA TEOPHH BEPOSITHOCTEeH CBA3aH
¢ nMeHeM $Iko6a Bepuyaan (16564—1705). Jloxa3anHam HM
TeOpema, NOJyYHBIIAA BHOCJEACTBHH HasBaHHe «3aKOHa
Goapmux wHcear, OuHNa MepBHIM TeOpeTHHeCKHM OOOCHOBA-
HYeM HAKOMJeHHHIX paHee (AKTOB.
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JancneAlINMA ycnexaMu TeopHsl BeposATHOCTedl 06A3aHa
Myaspy, Jlanaacy, I'ayccy, Ilyaccony u ap.

Hosutfi, HauboJsiee NJIOAOTBOPHLIA MNepuHOA CBA3aH C HMe-
namyp I1. JI. UebbuneBa (1821—1894) u ero yueHHKOB
A. A. Mapxkosa (1856—1922) u A. M. Jlanyuosa (1857—1918).
B sTor nepuoa Teopusi BeposiTHOCTEH CTaHOBHTCH CTPOMHHOM
mareMaTuuyeckoil HayKo#i., Ee nocneayioiiee pa3surne o6s3aHo
B MNEPBYID Ouepelb PYCCKHM ¥ COBETCKHM MAaTeMaTHKaM
(C. H. Bepunuwreiin, B. H. Pomanosckuit, A. H. KonmMoropos,
A. S1.- Xunuyun, B. B. I'negenxo, H. B. CmupHoB u xup.).
B Hacrosnmnee Bpemf BeAyuias poJib B CO3JaHHH HOBBIX BeT-
Befi TeopHH BEPOATHOCTEH TaKKe NPHHANJNENHT COBETCKHM
MaTeMaTHKaM.



YACTb MEPBAH
CNYYARHBE COBbLITHA

Taasa nepsasn
OCHOBHBIE TNOHATHSA TEOPHH BEPOSTHOCTEA

§ 1. Henbitanns # cobuTHS

Belute coOpiTHe Ha3BaHO CAyYafiHBIM, e€CJH MpH
OCYLIEeCTBJICHHH ONpeAesNeHHOR COBOKYNHOCTH ycJsoBHA S OHO
Moxer aubo npousoittH, anbo He npousoiiTH. B panbHen-
iueM, BMECTO TOTO YTOOHN TI'OBOPHTB «COBOKYMHOCThL ycJoBuM
S ocyimtectBreHas, GyAeM ToOBOPHTh KpaTKO: «IPOH3BEACHO
HcnbiTaHuey, Takum obpasoM, colweitHe 6yler paccMaTpH-
BAThCA KaK Ppe3yJbTaT HCIHTAHHA.

Mpamep 1. Crpeiok crpessier mo MuilleHH, pa3spejenHoll Ha deTHpe
o6aacTH. BhicTpes—3To ucnnravue, ITonananue B onpejesednyo obaacrs
MHIINEHN — COOHTHe.

Mpumep 2. B ypHe uMeoTcs nmeTHwe mapw. H3a ypawm Hayaauy
GepyT oauMH Wwap. H3Bredenne mapa H3 ypHH ecTh Hcaurtanne. Tlossae-
HHEe (apa onpefie/leHHOI0 1lBeTa - COOHTHe.

§ 2. Buanl cayvyadHmX coOpTHH

CoOHTHA HA3BIBAIOT HECOSMECMHLIMU, €CJH TOfABJAe-
HHE OfHOr0 M3 HHX HCKJIOUAeT NOoABJICHHE APYIHX COOLITHH
B OAHOM H TOM X€ HCIIBITAHHH.

Mpamep 1. M3 smomrka c AcrasfAMH HayAady M3BJAeYeHa AETansb.
HNosBaenne cranpapTHOR jAeTasn MCKAION3eT NORBJAeHHe HecTaHAapTHof
metand. COOGLITHA <«NOABHAACH CTAHAAPTHAA AeTallby H «NOHANHJIACH He-
CTAHRAPTHAA ReTalib® — HEeCOBMECTHHE,

Npawep 2. Gpomena smonera. Ilosenrenne «repba» HCKMOYaeT No-

nsnenHe BaaAnAcH. COOHTHA «NOABAJCA Tepl» H «nOABHAACH HAXONCHLY —
HEeCOBMECTHHIE,

HeckoabKO cOGHMTHA 06pa3yioT noanylo zpynny, eCJU B
pe3ysbTaTeé HCNOLITAHHA NOABHTCA XOTA OHW ONHO M3 HHX.
JIlpyrumMu cloBamH, NOABJIEHKE XOTA Ol OAHOro H3 COGLITHHA
nonHoi rpynnu ecTh AOCTOBepHOe coGHTHe. B wacTHocTH,
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ecau cobuimus, obpasyrouiue NOARYO 2pynny, NONAPHO Hecos-
MeCmHbL, Mo 8 pe3yabmame UCNLIMAHUA NOABUMCA O0HO U
moasko 00HO u3 smux cobsimuil. 3TOT dYacTHWA chayuaf
NpeaAcTaBasieT AAA HAc HaHGOJbIIHA HHTEpEC, NOCKOJbLKY
HCIMOJIL3yeTCs jaJiee.

NMpumep 3. IlpuoGpereHn 1nBa GuseTa NeHeXHO-BelleBofi JoTepeu.
Ofs3arensHo NpoM3ofifer OAHO H TOABLKO OJHO H3 CACAYIOILUX coOmTHil:
«BBLIMIPHILI BbiNaJ Ha nepBuifi GHNeT W He BHIMAJA Ha BTOPORS, €BBIHTPHIN
He Bpa] Ha mepsuifi 6HAeT u BoinaZ HAa Bropofi», «BBIMIPLILT BRINAJ Ha
ofa Guneras, e¢Ha o6a Gujera BBIMIPHILI He Bninajas. STH CoGLITHA OOpa-
3YIOT MOJHYI0O TPynny nonapHo HeCOBMeCTHHIX COGLITHH,

fpumep 4. Crpesiok mpomsBes BuicTpes no uesn. O6s13aTennHO Npou-
30fifleT OQHO M3 CJefYIOUIHX aByX colbiTHi: monajganHe, npomax. 3T
JBAa HECOBMECTHHIX COOKITHR OOpa3yioT MNOJHYI rpymnmy.

ColniTisi HA3LIBAIOT PABHOBO3MONCHHIMU, €CIH eCTh OCHO-
BaHHA CUYHTAThL, 4YTO HH OJHO H3 HHX He fABJIAETCA 6oanee
BO3MOXHbBIM, 4YeM Jpyroe.

Mpumep 5. lMoseaenue «rep6a» il MogBAeHMe HaANUCH TIpH GpocaHUM
MOHeTHl — PaBHOBO3MOXKHHE COOhiTHA. J[leficTBHTeNIBEHO, mpejmoJaraercs,
YTO MOHETa M3roTOBJNeHa M3 OJHOPOJHOrO MarepHaja, HMeeT NPaBHABHYIO
UHJHHADHYECKYI0 GOPMY H HajM4Me YeKAHKH He OKa3biBaeT BJAMAHHA Ha
BuinajeHHe TOA WAM HHOMl CTOPOHBI MOHeTbI.

NMpumep 6. [losBaenHe TOro MJH MHOTQ YHC.1a OYKOB Ha GpomenHok
UrpaneHofi KOCTH-— paBHOBO3MOXKHbIe coObiTHAa. HeficrBurensHo, npeamo-
Jaraercs, YTo HrpajbHas KOCTh H3rOTOBJEHA H3 OAHOPOAHOIO MaTepHana,
umeer GopMY NPAaBuJIBHOIO MHOFOTPaHHMKA H HaJHUME OYKOB HE OKa3bl-
BaeT BJMSHHA Ha BhinajeHue moOGof rpans.

§ 3. KaaccHuecxoe onpeneneHHe BepPOATHOCTH

BeposTHOCTL — OAHO H3 OCHOBHBIX IOIATHH TEOPHH
BeposiTHOCTeR, CyllecTBYeT HECKOJbKO OMNpeaeeHHH 3TOro
nousTus. IlpuseneM omnpejefieHHe, KOTOpoOe HA3BIBAOT KJac-
cHyeckuM, Jlanee ykaxem cJiabele CTOPOHBI 3TOTO ONpepeJie-
HHA H TNpHBeleM APyrue olpefesieHHs, MNO3BOJAOUIHE TIpe-
OJOJIETH HEJAOCTATKH KJAacCHYECKOro onpejeneHHs.

Paccmorpum npumep. Ilycts B ypHe copepkutcs 6 onu-
HaKOBBIX, TIUATENBHO MNepeMelUaHHBIX WAapoB, NpHYeM 2 H3
HHX — KpacHble, 3—cuaue H 1 —O0epiit. OueBHAHO, BO3MOX-
HOCTh BbIHYTh HAyJauy H3 YPHBI UBeTHOH (T.e. KpacHhI WK
CMHHH) miap Gosblile, YeM BO3MOXKHOCTH M3BJIedb Oebli wap.
MoXHO JiH O0XapaKTepH30BaTk 3TY BO3MOXHOCTH YHCJIOM?
Oka3sbiBaercs, MOXKHO. DTO UYHCJO I Ka3piBalOT BEPOSATHOCTLIO
cOObITHA (mosiBNEeHHs mBeTHoro umapa). Takum ob6pa3sowm,
BEPOSTHOCTL €CTh YHCJO, XapaKTepHu3ymilee cTeleHb BO3-
MOXHOCTH MNOABJEHHA COOBITHSA.
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INocTaBum nepelx coboff 3agauy AaTh KOJHUECTBEHH yIO
OlleHKY BO3MOXHOCTH TOrO, YTO B3ATHIA Haylauy Wap UBeT-
Hoit. [losiBnenue userHoro imapa OyneM pacCMaTpHBaTh B
KauecTBe coObiTng A. Kaxkabifi H3 BO3MOMXKHBIX pe3yJ/bTaTOB
HCMIBITAHHS (MCTBITAHHE COCTOMT B H3BJIeMEHHH Llapa H3
YpHbi) HA30BeM 51eMEHMAPHHIM UCX000M (9AeMEHMADHOIM
cobvimuem). DneMeNTapHLe HCXo1bi 0003HAUHM uYepe3 ®,, ®,,
@y H T. . B HameMm ppuMepe BO3MOXHH caeaywowmue 6 sae-
MEHTaPHBIX HCXOJ0OB: w,-—NOABHACA Oejibli 1iap; ©,, W —
NMOABHACH KpaCHH 1Iap; 0, 0;, 0O,— NOABWICA CHHHH 1Iap.
Jlerko BupeTh, YTO 3TH HCXOAbLI OOPa3ylOT MOJAHYIO CPynny
NOMapHO HECOBMECTHHIX COOLITHH (00A3aTENbHO NOABHTCS
TOJNILKO OJAHH Ilap) H OHH PaBHOBO3MOXHEI (Ilap BLIHHMAIOT
Hayaayy, 1iapbl OXHHAKOBR H TILATENLHO NepeMellaHhl).

Te 9aeMeHTapHBIE HCXOAH, B KOTOpPBIX HHTEpecyiollee
Hac cCOOHITHE HACTYNaeT, Ha30BeM 06.a20npuimcemeyouiumu
9TOMy COORITHIO. B HauleM npuMepe 6JIaronpHATCTBYIOT CO-
6piTHiI0O A (MOABJEHHIO UBETHOrC llapa) cJjeAyioliHe 5 HCXo-
JOB: ©,, Wy, ©,, O ©

Takum obGpasoMm, cobbiTHe A HalJomaercsi, ec/id B HCHhI-
TAHHH HAcTynaer ofHH, (e3pa3iMyHO KaKOH, H3 3jaeMeHTap-
HbHIX HCXOAOB, GJIarONpHSTCTBYIOMIMX A; B HalleM npuMepe
A mnabmonaercs, ecliv HACTYNHT ®,, HIK g, HIH ©,, HIH O,
HIH o,. B 3TOM cMbicsie cobuithe A noApasfiensiercd Ha
HECKOJBLKO 9JeMEHTapHBLIX CcOOHITHIl (0, ®; ©,, @, ©),
s/leMeHTapHoe e CcoOblTHE He noApasjesisiercs Ha Apyrue
coObITHA. B 3TOM COCTOHT pasnnyHe Mexay coleitheM A M
5J1eMeHTapHbIM COOBLITHEM (3JIeMEHTapHBIM HCXOAOM).

OTHOILUEeHHEe YHCAa GJAaronpHATCTBYIOIMX COOnTHIO A ve-
MEHTAapHBIX HCXOAROB K HX oOOLLeMy YHCJY HAa3biBalOT BEPOAT-
HOCThIO cobbiTuAd A M obGo3HayawoT yepes P(A). B paccmar-
PHBAEMOM TpHMEpe BCEro 3JieMeHTapHHEIX HCcXoNoB 6; M3 HHX
5 GaaronpHaTcTByloT cofbiTHio A. Cliefosare/inHO, BepoAT-
HOCTh TOTO, HTO B3fiTHIH UIAp OKaXKeTcs WBETHHIM, paBHa
P (A4)=05/6. 210 4yHC10 U JaeT Ty KONHYECTBEHHYIO OLEHKY
CcTeneHyW BO3MOMKHOCTH [OABJIEHHA LBETHOro uiapa, KOTOPYIO
Mbl XOTesH HaillTd. JlaZuM Tenepb onpejesieHHe BepOATHOCTH,

Bepoammuocmero coboumnus A Ha3BBalOT OTHOLLEHHE YHC/A
OnaronpUATCTBYIOMHX 3TOMY COOBITHIO HCXONOB K OOieMy
YHCAY BCeX PAaBHOBO3MOMHLIX HECOBMECTHBIX 3JIEMEHTapHBIX
HCXOROB, ofpasywiuKx noaHywo rpynny. HMrak, BepoaTHocThb
cobpiTn A onpenensercs dopmynoi

P(AY—=m/n,
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TAC M-—4YHCIO 3JIEMEHTAPHBIX HMCXOIOB, GJaronpHsTCTBYIO-
iHx A; A —uuCA0 BCEeX BO3MOMXKHBIX J€MEHTaPHEIX MCXOIOB
MCTILITAHUSA,

3nech npeanoJsiaraeTcs, YTO 3JieMEHTApHBIE HCXOJABI He-
COBMECTHbI, PABHOBO3MOXKHBI H 00pa3ylOT NOJHYIO Fpymnmy.
M3 onpeneneHuss BepoOATHOCTH BHITEKAIOT CJAEAVIOUIHE ee
CBOHCTBA:

CeBoilictBo 1. Bepoamuocms 0ocmosepHozo cobbumus
pacHa eduruye.

JleAcTBHTEJIBHO, ecJH COOBITHE AOCTOBEPHO, TO Kamabli
3JIeMEHTADHEIH HCXOR HCNbITaHMsA OJaronpHATCTBYeT COOHI-
tHiI0. B 3TOM ciiyuae m=n, cJaeJoBaTenbHO,

P(Ay=m/n=n/n=1,

CBolicTBO 2. Bepoamuocms HeB03MONHO20 Cobbimus
pasna Hyaw.

JlelcTBuTeNbHO, eCJH cOObiITHE HEBO3MOMXKHO, TO HHM OAMH
M3 3JIeMEHTapPHBIX HCXOJOB HCNLITAHHA He 6J1aronpHATCTBYET
cobeiTHIO. B 3TOM cnyuae m =0, caegoBaTensHO,

P(A)=m/n=0/n=0.

CBoiicTBO 3. Bepoamuocme caydaiinozo cobObimusi ecmo
NOAOHCUMENLHOE HUCAO, 3AKAIOHEHHOE Mexncly Hyrem U edu-
Huyel.

JleHcTBUTENIBHO, CJy4YalHOMY COOBITHIO 6JIArOTIPUATCTBYET
JHIlb 4acTh H3 OOWEro uucJja 3J7eMeHTAPHLIX HCXOJAOB HCIIhI-
tanus. B astom caywae 0 <m < n, 3vauutr, 0 < m/n <1,
Cclle0BaTeNbHO,

0<P(A) <.

Hrax, BepoaTHoCTh /OGO Z00LITHA YAOBJAETBOPAET NBOMH-
HOMY HEPaBeHCTBY

0 PA)L L.

Janee mpuBefeHBl TeOpPeMbl, KOTOPble MNO3BO.HUT MO H3-
BECTHLIM BEPOATHOCTAM OAHHX COOBITHI HaXOAUTH BEpPOATHO-
CTH APYTHX COOLITHIA.

3ameyanue. CoBpeMeHHHNE CTpPOrHe KYpPCH TEOPMH BepOATHOCTeH
MOCTPOEHH HA TEOPETHKO-MHOKeCTBeHHOA ocHoBe. OrpaHHuUHMCs H3JI0XKe-
HHEM Ha fiZblKe TeOpWM MHOXEeCTB TeX MNOHRTHIH, KOTOphle paccMOTPeHH
BhILLIE,

ITycte B pesdyabraTe UCNBITAHUA HACTYNA€T OAHO M TONLKO OJHO H3
cobuTHil ®w; {i=1, 2, ..., n). Co6bTHA ®; HA3LBAIOT ILEMEHMAPHOIMU
COBLIMUAMIL (FACMEHMAPHUMU uUCXodamu). YiKe OTCIOAa caegyer, 4To
sJleMeHTapHble COGBITHA NONapHO HecoBMecTHH. MHOXecTBO Bcex ayieMeH-
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TapHbX CCOLITHH, KOTOpPHie MOTryT NOABHTLCA B ACNBLITAHHH, Ha3LBalOT
RPOCMPARCITIBOM SAEMERMAPHBIX cobmud 2, a caMy leMeHTapHble COObI-
THS — moukamu npocmparcmea .

Co6uitTHe A OTOXAECTBAAIOT ¢ MOAMHOMECTBOM (nMpocTpaHcTBa L},
SNeMeHTH KOTOPOro eCTh 3JeMEHTapHbie HCXOAB, GaronpHATCTBYIOIHE A;
co6niTHe B ecTb NOAMHOXeCTBO ), IEMEHTH KOTOPOro €CTh HCXOZRH,
6aaronpuatcTByrompe B, u . A. Takam oGpasomM, MHOXeECTBO BCEX Co-
6uThfi, KOTOpLIE MOTYT HACTYNHThE B HCHLITAHHH, €CThb MHOMXKECTBO Bcex
noamHoxectB . Camo {2 HacrynaeT npH JoO0OM HCXOJE HCNHLITAHHA,
no3ToMy {2—AocToBepHOE CcOGHITHE; NYCTOE MOJAMHOXKECTBO MMPOCTpPancTBa
Q -— HeBO3MOKHOe COOBITHE (OHO HE HACTYNiaeT HH NPH KaKOM HCXoze
HCNLITAHNA).

3aMeTHM, YTO 3JeMeHTapHhe COOGHTHA BHAEARAIOTCA H3 YHCAA BCEX
cOGHITHH TeM, 4YTO KaXAoe H3 HHX COAEPXKHT TOJLKO OJAMH sneMeHT Q.

KaxaoMy 3N1eMEHTapHOMY HCXOAY ®; CT4BAT B COOTBETCTBHE NOJO-

XKHTENbHOE YHCAO pP;— BEpPOATHOCTh 3ITOTO HCXOAA, NPHUYEM 2 pi=1.
i

Ilo onpenenennio, BepoaTHocTs P (A) cobbitin A paBHa cyMMe BeposT-
HocTefi SeMeHTapHRIX MCXofoB, GaaronpuatcTBywmux A. Orciona Jaerxo
NOJYYHTE, YTO BEPOSTHOCTL CCOBITHS JOCTOBEPHOre paBHa eIMHMUIE, He-
BO3MOMHOTO — HYJIIO, NMPOH3BOJEHOIO — 33KJIOGEH2 MEXAy HYJeM H eJH-
HHLEH.
PaccMoTpHM BaXXHHIA uacTHRH ciyuail, Korjaa Bce HCXOAHR paBHOBO3-
MOXKHB., YUMCIo HCXON0B paBHO 77, CymMMa BeposiTHOCTefi BCeX HCXONOB
aBHa efHHHLEe; CAeAOBATENbLHO, BEPOATHOCTh KaXKAOro HCxoaa pasHa l/n.
yCTh CoGLTHIO A GAarcnpHATCTBYET m HCX0A0B. BepoATHOCTb CCOLITHA
A paBHa cymme BeposiTHocTell HCXofoB, GnaronpmuarcTBylomnx A:

PA)=1l/in+1/n4+ ..+ 1n.
y‘lHTHBaH, yTO YHCJAO chaaraeMbiX paBHO MM, NMEeM
P (A)=m/n.

NMonyueHO KaaccHuyecKoe onpefiejeHHe BePOSTHOCTH.

IocTpoenHe JIOTHYECKH MMOANOILEHHOR TeOPHH BepOATHOCTEH OCHOBaHO
Ha aKCHOMATHUYECKOM ONpPeAeNIeHHH cay4afiHoro coGuTHA H ero BepoATHO-
cTH. B cncreme axchom, npeaaoxennoi A. H. KosMoroposrum *), neomnpe-
JensieMbIMH MOHATHAMHM SBJASIOTCA EMEHT2pHUE COGLITHE H BEPOATHOCT.
INpuBeneM aKCHOMK, ONpeRefOUIHE BEPOATHOCTb:

1. Kaxaomy coOuTHIO A MOCTaBJeHO B COOTBETCTBHE HEOTPHIATENb-
Hoe seficTBHTeNbHOEe uHCao P (A). D10 uKcao HasHBaercs BepPOATHOCTHIO
cobmTHn Al

2. BepoaTHocTh AOCTOBepHOro COGLITHA paBHAa eAMHHNE:
P(Q)=1.

3. BeposthHoCTh HacTynneH#s XoT#s OH ORHONC M3 NONApHO HeCoB-
MecTHHX coOunTHII paBHa cyMMe BepoATHOCTefl STHX COOGHLITHA.

Hcxos H3 3THX aKCHOM, CBOACTBa BepoATHOCTEA N 3ABHCHMOCTH
MEXAY HHMH BHIBOJST B KavyecTBe TeopeM.

*) Konmoropos A, H. Ocnosibie NOHATHS TEOPHK BepPoATHOCTeR.
M., «Hayka», 1974,
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§ 4. OcHoBHbie PopMynbl KOMOHHATOPHKH

Kom6uuaTopuka u3yuaer XKoJiHuecTBa KOMOHHAalm#,
NMOAYMHEHHRIX Ofpe/leJIeHHbIM YCJIOBHAM, KOTOPhIE MOXHO CO-
CTaBHTb H3 3JeMeHTOB, 6e3pa3/IHyHO KakOH MpHpoAH, 3allaH-
HOro KOoMe4Horo MHoxecrtBa. Ilpu HenocpeacTBeHHOM BHYHC-
JIEHHH BEPOATHOCTEH 4YacTo HCIOAB3YIOT (GopMysn XoMmMOHHA-
TopHKH. IIpuBenem nanbGonee ynorpeOuTesbHBE H3 HHX.

[Tepecrmanoskamu HasHBAOT KOMOHHALMH, COCTOSILHE H3
OIHHX H TeX XKe N pasjIHYHLIX JIEMEHTOB H OTJ/IHYaIOLHECcs
TOJNBKO MOPAAKOM HX pacnosoxeHns. Yucao Bcex BO3MOXK-
HBIX NepecTaHOBOK

P,==nl,
rae nl=1.2.3...n.
3amernM, uto ymo6HO paccmatpuBath Ol, noaaras, no
onpegesennio, Ol =1,

fMipamep 1. CKo.IbKO Tpex3HayHWIX YHCEN MOMKHO COCTaBHTh HS

ungp 1, 2, 3, ecan kaxkaas ungpa BXOAHT B H306parKeHNe YHCJIA TOAbKO
OAHH pa3?
Pemenne, HckoMoe ulcIO TpexaHauHRX YHCEJ

Py=31=1.2.3=6.

Passmewernuamy Ha3bIBAOT XKOMOHHALHH, CcOCTaBJeHHble
H3 n pasNHYHbLIX 3JIEMEHTOB IO /M 3JIEeMEHTOB, KOTOpHe OT-
JHYAOTCA JU60 COCTaBOM 3JIEeMEHTOB, JHOO HX MOPAAKOM.
Yucno Bcex BO3MOXHEIX pa3mellleHHHA

Al =n(n—1)(n—2) ... (n—m+1).

lMpumep 2. CronbKo MOMHO COCTaBHMTb CHrHanoB H3 6 ¢uaXkos
Pa3/IHuHOTO 1BeTa, B3ATHX 1o 27
Pewenne. Hckomoe YnC/IIO CHrHANOB

Ag =6.5=30.

CouemnaHuamu Ha3piBaIOT KOMOGHHAIIHH, COCTABJIEHHBIE H3 1
PA3/IMUHBIX 3JEMEHTOB TMNO M 3JIEMEHTOR, KOTOpHIE OTJH-
yaloTcsA XoTsd Obl ofliiuM 3aemedToM. HUucno coyeraHuit

Cot = nl/(m! (n—m)!).

Mpumep 3. Cko.bKHMH cnoco6aM¥ MOMKHO BLIGpaTh JBe AeTaJM H3
AwHKa, conepmauero 10 geranefi?
Pemenne. HekoMmoe uncac cnocoGop

C2,=101/(2! 81) = 45.

[TonuepkHen, 4TO uHMc/aa pasMmellleHHH, NepPeCTAHOBOK H
coyeTaHUH CBsI3a@Hbl paBEHCTBOM

A;:I "‘_"'Pm ::l-
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3amevaHHe Bume npegnosaranock, UTo Bce n JeMEHTOB pas-
JMHYHH, ECAH Xe HeKoTopble 3JIEMEHTH MOBTOPAIOTCH, TO B 3TOM CJAyyae
KOMGUHAKUU C NOBMOPEHUAMU BHYHCJARIOT no Apyram dopmynam. Hanph-
Mep, ec/H CpellH n SNEMEHTOB €CThb n; SJEMEHTOB OAHOrO BHAA, ng SJe-
MEHTOB ApPYroro BHA2 ¥ T. ., TO YHCJO NEePeCTaHOBOK C NOBTOPEHMAMH

P,(ny, ng, .. )=nl/(n1lny!...),
rne n;-fn;+...=n.

IMpu pemienunr 3axad KOMOMHATOPHKH HCIOJb3YyIOT CJie-
AVIOHNlHE T[paBHAA;

[MpaBuao cymmu. Ecan Hekoropuii o6bext A momer
OniTh BHIOpPaH H3 COBOKYNHOCTH OOBEKTOB /m cnocobami, a
Apyrofi o6bekT B Mmoxer OuTh BuiOpaH n clocobaMH, TO
Bui6paTh 60 A, aubo B MOKHO m -+ n cnocobGami.

[IpaBusno npousBeneHusa., Ecan o6bekT A MOXHO
BIOpAaTh H3 COBOKYNHOCTH OOBEKTOB m crniocobaMH mH MnocJe
KaxKAOro TaKoro BbIGOpa oO0beKT B moxHO Bubpatrbh n CHO-

co6amu, TO napa o6bekToB (A, B) B yKkasaHHOM TOpHJKe
MOxeT O:HTb BhIOpaHa mn crnocobamu.

§ 5. MNpamepn HenocpeaCTBEHHOro BbIYHCHCHH A
BepoOsiTHOCTEH

Hpumep 1. Habupasa Homep Tesedona, aboHeHT 3aGuin oany
undpy u nabpan ee mnayaaqy. Halith BeposTHOCTL Toro, yro Habpawa
HyXHasa ungpa.

Pemernne. O6oanaunM vueped A coOuTHe —HaGpaHa Ny Had
nsdpa. AGorenT Mor HaGparb mobyio H3 10 nndp, nosromy ofuee wHCIO
BO3MOMKHHIX SJIeMENTapHEIX McXoaoB pasHo 10. 3TH HCXOAR HECOBMECTHHI,
P2BHOBO3MOKHE H 00GpaayioT NoJHy0 rpynny. Baaronpuarcrsyer coGni-
THIO A ruuib oAMH ncxol (HyxHas nHdpa gumb oaxa). Hckomas Bepo-
ATHOCTb PaBHA OTHOIIEHMIO YHCJA2 HCXOA0B, OGJAronpHATCTBYIOIMX CO-
OLITHIO, K YHCJAY BCeX 39JIeMeHTAPHHX HCXOAOB:

P (A)= 1/10.

Mprmep 2. HaGupas Homep Tededora, aloHeHT 3aluln nmocneaHue
ape undps M, NOMHA JHLDL, 4TO 3TH undpu pa3jnuHb, naGpaa HX Ha-
yaavy. HafiTH BepOsATHOCTb TOro, yro HaGpanHbl HYXXHbie uUnQpHL.

PewmenHe. O6o3naunm vepes B cobuiTne — RAGPaHn aBe HYKHHE
undpbl, Bcero Mo)XHo HaGpaTh CTONbKO PpasJnyHHX undp, CKOJABKO
MOMeT OHNTb COCTABJEHO pa3MelleHHHi H3 aecaTH uMdp no AaBe, T. e.
A3 ==10.9=-90. Takum o6paaoM, obwee YHCAO BO3MOXKHBIX JEMEHTap-
HHIX HCXOJ0B pasno 90. ITH HCXOAH HECOBMECTHH, PaBHOBOAMOXXHH H
ofpasyor noJnyie rpynny. BaaronpusrcTByer Co6uTHIO B JHIUIL OAHH

Bcxoa. HMckoMas BepOoATHOCTh pPaBHA OTHOLUEHHIO YHCAA HcxoaosB, 6aaro-
NPHATCTBYIOUMX COOHTHIO, K YHCJIY BCEX 3JIeMEHTAapHHX HCXOMAOB:

P (B) =1/90.

Mpamep 8. Ykazate ownGKy «pewrenns» 3apaun: «Bpolern Jse
HrpasbHue KocrH. HafTH BepOATHOCTL TOro, uTO CyMM2 BHMNABIIRX
OYKOB paBHa 4 (co6mTHE A)»,

23



Pewensde. Beero BoamMoXHN 2 KHCX013a HCNBITANHA: CyMMa BLIas-
IWHX OUKOB pasfia 4, CyMma BbNaBiHX oukos He pasna 4. CoGurHio A
GAATONPUATCTBYET ORMH HCXOA: oGuiee 4YNCAO HCXOAOB paBHO AByM. (ne-
Af BATEALIIO, KCKOMAA BEPOATHOCTh

P (A)=172.

OmwnbKka 3TOr0 peleHrna COCTOHT B TOM, 4TO pacCMATpHBaeMbie HC-
XORL HE SIBAMIOTCA PAaBHOBO3MOXKHLIMIL

MMpasnapruoe pewenne. Obuice YHCJIO PaBHOBOIMOMHBIX MNC-
XOJoB HCHLTaHHA parHo 6.6=2306 (xaxaoe uNCNO BHLINABIIHX OYKOB Ha
OMLIIOA KOCTH MOXET COMETATBLCH CO BCCMH YNCAIMH OMKOB Apyrofi KoCTH).
Cpean 3THX HCXOA0B OA3aronpesaTcTRYIOT ccOuithio A Toabko 3 Kexoaa:
(15 3), (3; 1), (2 2) (B ckeOkax yKazaunl YHCIA BLIM3BLIHX OYKOB).
Clie n0BaTeNbIlo, KCKOMASE BEPOSITHOCTD

P (A) =3/36 = 1/12.

Mpumep 4. B vaprun u3 10 peraneil 7 crangapturix. Haiita Bepoar-
HOCTh TUr0, YTO Cpefi MIeC1H B3ATLIX Hayaauy leTaneli 4 CranaapTHRXx.
Pewenune. Ob6uwee uncino BOIMOKHLX 3CMENTAPHBIX HCXOA0B
HCMBITAHUA PABHO MHCAY CNOCOGOB, KOTOPHMAMH MOXIO H3BAcub G meraneit
H3 10, T. ¢. uncay couctaiuwi uz 10 saementos 1o 6 3aementos (C).

Onpeneanm uucao ucxopos, GAaronprATCTRYIOWHX HHTEPECYIOWEMY
Hac ccOuTHI0O A (cpean wecTw BIATWX Aeranedl 4 crannaprtawx), HerTnpe
CTANAAPTHHE AETANH MOXKIO 839TL M3 CCMH CTAHAAPTHLIX AeTatel C'; cno-

cO6amMH; MPH 3TOM oOcTanbHuLc 6—4 =2 NeTalH AOMWHH OuLITL 1ecTaK-
AapTHLIMH, B3ATL Xe 2 weclampaprubie getann n3 10—7 =3 Hecranpapt-
HHX feTadcil moxuio C2 cnocoGamu. Chreposatensso, uncao Gaaronpru-

TCTBylounx Hexogos pasuo C3.-CL

YICKoMasi BEpPORTHOCTL pasfid OTHOWEHHIO YHCJIAA Hcxopos, Guaaro-
RPRATCTBYIOIWHX COBLITNIO, K HHCJY BCeX MeMEHTAPHHX HCXOAOH!

P (A) = (C3-CH/Cy, = 1/2.

§ 6. OrnocHTEedbHAA 4ACTOTA. YCTOHYHBOCTH
OTHOCHTEALHOH HACTOTH

OtuHocHTeNbHAA YacToTa HapaAy C BEPOATHOCTHIO
NPHHANNEKHT K OCHORHBIM NOHATHAM TEOPHH BEPOATHOCTEM.
Omsocumeasroil wacmomoti cOObITHA HA3BIBAIOT OTHOle-
HHE 4YHCJIA HCNBITAHWH, B KOTOPHX COOLITHE NOABKJAOCSH,
K oblleMy uYHCay (DAKTHUCCKH NPOH3IBEJICHHBIX HCIBITaHUA.
Takum obpasom, oTHOCHTEeAbLHAs dacTOTa COGHITHA 4 onpe-
Aenserci ¢opmynon

W (A) = m/n,

‘a rA¢ m — 9ACHO NONBJICHAM COORITHY, # — obmee THCIO BCNLI-
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ConocTaBifis ONpeAESCHUA BEPOSTHOCTH H OTHOCHTENb-
HOf dacTOTH, 3aKMOYaeM: Onpefe/eHHE BEPOATHOCTH He
Tpebyer, HTOOH HCNLITAHHA MNPOH3BOAHANHCHL B AefAICTBHTENL-
HOCTH, OIIPEAECJICHHE € OTHOCHTE/JBbHON YACTOTH npeanoaa-
raer, Yr0 HCNHTaHUA OBUIH Npou3BeAcHH daxTHueckKu. Jipy-

THMH CJ/OBAMH, GEPOAMHOCTML 6SNUUCAAIONM 00 onsma, a
OMMHOCUIMEABRYIO 4ACMomi —nocae onbuna.

Npamep 1. Orfen Texumgeckoro xodrpons obuapyxes 3 mecraM-
A2pTHMX AcTanu B naprau H3 80 cayvafino oroSpaunnx xeranefi. Orno-
CHTEABLHAA Y9ACTOTA ROARIEHHS HECTaWAApPTHHX AeTanefi

W (A) = 3/80.

fMipumep 2. ITo nean npom3penr 24 aucrpena, npHyeM GHAO 3apern-
crpaposado 19 nonaaansfi. OrHocuTeNbHas YACTOTA MOpPaXKEHHN UEAH

W (A)=19/24.

HOautesbrble HAOMOAEHUA [OKA3aJdH, YTO €C/H B ORHHA-
KOBHX YCJOBHAX INPOH3BOAST ONBITH, B KAMXAOM H3 KOTOPHX
YHCJIO HCNWTAHHA JAOCTATOYHO BEJIHKO, TO OTHOCHTEJbHAA
yacrotra ODHapy)XuBaeT CBOWHCTBO YCTOHYHBOCTH. JTO CBOWM-
CTBO COCTOHMT B TOM, W10 68 PA3AUYHHX ONLINAX OMHOCUITIEAL-
HAR 4aCTOMa U3MEHAEMCA Maaoc (mem Menoue, 4€es DoAbuLEe
npouasedeno ucnomanuid), KoaebaActb OKOAO HeKOmopozo no-
cmoannozo 4ucaa. QKasanocb, 410 3TO MNOCTOAHHOE YHCJO
€CTh BEPOSATHOCTb MOABJEHHS COOHITHS.

TakHM 006pa3oM, ecii ONbITHHIM NMYTEM YCTAHOBJIEHA OT-
HOCHTE/NIbHAsl QacCTOTa, TO NOJYYCHHOE YHCAO MOMXKHO NPHHATH
33 MpHOAHIKEHHOE 3HAYeHHE BEePOATHOCTH.

Ioapobree n TouHee CBA3b MEKAY OTHOCHTENBHOH yacTo-
TOll H BEpPOATHOCTBLIO OYAET H3JOXKeHa Janee. lTenepp e
HPOHJAMIOCTPHPYEM CBOHCTBO YCTOMYHBOCTH HA MpHMepax.

Mpumep 3. ITo RaHHEM weeACKOH CTATHCTHKH, OTHOCHTENLHAA 4ac-
TOTa POXMACHHA AepoueK 3a [935 r. no Mecauam XapaKTepH3yercs cae-
AYIOUIHMH MHCAAMH (4HCIa pacnonoXeHb B NMOPRAKE CACJOBanHA MecH-
ues, uauMHas c axpapa): 0,486; 0,489; 0,490, 0.471; 0478; 0,482;
0,462; 0,484; 0,485; 0,491, 0,482; 0,473

OruocuTenshas dacrora KoasGuerca okosio uncnz 0,482, xoropoe
MOXNO NPHHATH 332 NPHOAHKEHHOE 3HAYEHHE BEPUATHOCTH POMACHHA
neBovYex.

3ameTHM, YTO CTATHCTHYECKHE XaHHLie DAIMUYHHIX CTPaH AT ApH-
MEPHO TO e 3HAGeHHEe OTHOCHTENLHOR YacToTH.

Ipumep 4. MHOTOXKP3THO NPOBOAWIMCH OOLITEI OpOCaHHN MOEETHI,
B KOTOPLIX HNOACYHTHIBANA 9YHCJIO MOABJICHR»® «repba». PeayrnTaThnl He-
CKOJILKHX OITOB NPHBEAEHH B Tabin. 1.

3neck OTBOCHTENBHBRIE YACTOTHl HEIHAYHTENLHO OTKJIOHMIOTCH OT YHC-
na 0,5, opedeM TeM MmeHbme, dYeM Gonsme wacno BenmITAHRE. Hanpm-
Mep, opE 4040 mcomTaEMsx orxinomerme pasmo 0, 0069, a npm 24 000
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TaGaroma |

Yucno Uneno noapaeHuit OTHOCHTeNbHAS
Opocauuft «repBas HacToTa
4 040 2048 0, 5069
12 000 6019 0,5016
24 000 12012 0, 5005

ucnuTaenii — aums 0,0006. [Ipuuss Bo BHHMaHMe, YTO BepOSTHOCTH NO-
ABNEHHA «repGar» npH Gpocannu MoHeTH paBHa 0,5, Mb BHOBL YOeX-
JAaeMcsi, 4TO OTHOCHTEJIbHAA YacTOTa KOJaeGJeTcs OKONO BEPOATHOCTH.

§ 7. OrpaHHYeHHOCTh KAACCHYECKOrOo ONpeneleHHn
BePOATHOCTH. CTaTHCTHYECKAN BePOATHOCTh

Khaccnueckoe onpeseineHHe BepOATHOCTH mnpeAno-
Jlaraet, YTO YHCJO 3SJEMEHTAPHHX HCXOJO0B HCNBTAHHR KO-
Heuygo. Ha npaxrtHke Xe BeCbMa 4acTO BCTPEYAIOTCA HCHH-
TAHHA, YHCJO BO3MOXHBIX HCXONOB KOTOPHIX OECKOHEUYHO.
B Takux cayyasx KJAacCHYECKOe OlpelesieHHe HeNnPUMEHHMO.
YxKe 35TO OOCTOATE/NBCTBO YKAa3blBae€T Ha OrpaHHYEHHOCTb
KJAacCHUECKOTO onpeaeneHns. OTMeyeHHbIl HEAOCTATOK MOMXKeT
6bITb NpPEONOJeH, B YAacTHOCTH, BBEJEHHEM TreOMEeTPHYECKHX
BeposiTHOCTEH (cM. § 8) H, KOHEeYHO, HCINOJIb30BAHHEM AKCHO-
MaTHYecKOH BepofTHOCTH (cM. § 3, 3ameuaHue).

HanboJsee ciabasi cTOpoHa XJacCHUECKOro OfnpeneseHHsA
COCTOMT B TOM, YTO OYeHb YacTO HEBO3MOXXHO NpeACTABHTH
pe3yJbTar HCNbLITAHHA B BHAE COBOKYTHOCTH 3JIEMEHTAPHHIX
co6piTHii. Eule TpyZHee yKa3zaTb OCHOBAaHHA, NO3BOJSAIONIHE
CUHTATb 3JieMeHTapHble COGLITHSA PaBEOBO3MOXKHEIMH. OObIYHO
O Pp4BHOBO3SMOXHOCTH 3JI€eMEHTAPHBIX HCXOHOB HCNBLITAHHMSA
TOBOPAT H3 coobparkeHHH cHMMeTpHH. Tak, HanpHmep, npex-
NO.1araloT, 4YTO HrpaJibHasg KOcTh HMeeT (GOpMYy NPaBHABHOrO
MHororpauiuka (xy0a) B H3roTroBA€HA H3 OXHOPOAHOrO Marte-
puaJsa. OjaHako 3ajauH, B KOTOPHIX MOMKHO HCXOXHTb U3
cooOparkeHHH CHMMETPHUU, HA NPAKTHUKE BCTPLUAIOTCH BECchMa
peako. Ilo 31Ot npHYHHe HapsALy C KJAaCCHUECKHM onpene-
JIEHHEeM BEPOATHOCTH HCNOJB3YIOT H APYTHE OlpeAeseHHA,
B YAaCTHOCTH CTATHCTHYECKOe OIpeleJieHHe: 8 Kauecmse (ma-
mucmu4eckold eeposamuocmiu  cobbiMus NPUHUMAOM  OMHOCU-
measbHyw wacmomy uau wucao, b6auskoe k nei. Hanpumep,
ec/H B pe3yJbTare AOCTaTOuHO 60.1b1IOT0 YHCJAa HCMBLITAHHHA
OKa3aJioch, YTO OTHOCHTE/JbHAfA dYacTOTa BechbMa OG6JIM3Ka
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K udcay 0,4, To 3TO YHCJO MOXKHO NPHHATH 3a CTATHCTHUE-
CKYIO BEpPOATHOCTb COOLITHA.

JIerko nposepuTh, YTO CBOHCTBA BEpPOATHOCTH, BHITEKAlO-
L(HE H3 KJAacCHYEeCKOro omnpejejeHdsa (cM. § 3), cOXpaHAOTCA
H IpH CTATHCTHYECKOM ONpelesieHHH BepoATHOCTH. [leHcTBH-
TEJbHO, €CJH COOBLITHE JOCTOBEPHO, TO M =1 H OTHOCHTEJ]b-
Haf 9acrora

min =nfn =1,

T. €. CTAaTHCTHYeCKasd BEPOATHOCTb JAOCTOBEPHOro cobuiTHSA
(Tak e kKakK H B CJyuyae KJaCCHYECKOTO ornpejenesnf)
paBHa eJHHHLe.
Ecan coOuniTHE HEBO3MOXHO, TO M =0 H, CJIeA0BaTEJbHO,
OTHOCHMTe/bHasA 3acToTa
0/n=0,

T. €. CTAaTHCTHYEeCKas BEPOATHOCTh HEBO3MOMKHOIQ COOLITHA
paBHa HYJIO,
HOaa moboro cobuta 0<Cm<n u, cjenoBaTenbHO, OT-
HOCHUTEJIbHASL 4acToOTa
0<min<1,

T. €. CTAaTHCTHYECKAasn BEPOATHOCTbL JIIOOOro COOLITHA 3aKJIO-
YeHa MEXAY HyJeM M eAHHHIEeH.

Insi CyllecTBOBAaHHA CTATHCTHYECKOH BEPOATHOCTH COObI-
tHa A TpeGyercs:

a) BO3MOXHOCTb, XOTA Obl NPHHIHIIHAJBHO, NIPOH3BOAMTH
HEeOrpAHHYEHHOEe YHCJO0 HMCNBITAaHHH, B KaXJIOM H3 KOTOPbIX
coObiTHe A HacTynaer HJAH He HacTynaeT,

6) yCTOHYHBOCTH OTHOCHTEJIbHHIX 4YacTOT I0fAABJAeHHA A
B pas’yIMyHbIX CepHAX JocTaroyHo O6O0JBWOro YHCJa HMCHBITA-
HHH,

HepocTaTKoM CTaTHCTHYECKOTrO OIpeJesieHHs SABAAETCH
HEOAHO3HAYHOCTb CTATHCTHYECKOH BepPOATHOCTH; TaK, B IPH-
BeJleHHOM MpHMEpe B KayecTBe BEPOATHOCTH COOHLITHA MOMKHO
NpHHATL He Toabko 0,4, Ho u 0,39; 0,41 ¥ 1. &.

§ 8. leomeTpHuecKkHe BepOSTHOCTH

Yto6b NpeofoseTb HEAOCTATOK KJACCHUECKOro ofnpe-

ACNEHHSA BEPOSTHOCTH, COCTOSlHA B TOM, YTO OHO HEMpH-
MEHHMO K HCNHTAHHAM C OECKOHEYHHIM YHCJAOM HMCXOJMOB,
BBOAAT 200MeMpudecKue 6epOSMHOCMU — BEPOATHOCTH IloMa-
JaHHA TOYKH B obnactb (OTPE3OK, YAaCTh IVIOCKOCTH H T. A.).
[ycrs orpesox ! coctaBasier yacth orpe3ka L. Ha orpe-
30K I Hayaauy nocTasfieHa TO4YKa. JTO O3HAyaeT BHINOJIHE-
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HUE CJAEAYIOIMHX TNpealoNoKeHRA: TocTaB/leHHas ToYKa
MOXKET OXa3aTbcAd B /000l Touke oTpe3Ka L, BEpOATHOCTH
NoNajaHHA TOYKH Ha OTpe3oK [ nponopuHOHANAbHA AJIHHE
3TOro OTpPe3Ka M He 3aBHCHT OT ero pacloJioXKeHHs OTHOCH-
TeJBHO OTpe3ka L. B 3THX npenmnosokeHHAX BepoATHOCTb
nonajaHHs TOYKH Ha OTpe3ok ! onpepensieTrci PaBeHCTBOM

P = nnual/dnuna L.

MNpamep 1. Ha orpesok OA nnvue L uucnopolt ocn Ox HayAavy
nocraBneHa ToykKa B (x). HaATH BeposTHOCTL TOro, yTo MeHbIUWH H3
oTpeskos OB n BA nmeer anmHy, Goaswyio L/3. Tlpeanonaraercs, 4TO
BEpOﬁTHOCTh IlornnafgaHHss TOYKH HAa OTpe30cK HNponopuUHOHAJAbBHA AJHHE OT-
pe3ka M He 3aBHCHT OT ero pacnoJIOXXKeHNs Ha YHCJOBOHA OCH.

Pemenne. Pasobeem orpesok OA Toukamn C u D na 3 paBHbe
uactd. TpebGosaHne 3azaux OGyJeT BHICJAHEHO, ecaH Touka B (x) nona-
JeT na orpe3ok CD pnnnm L/3. Uckgmas BepoOsTHOCTB

P=(L/3)/L=1/3.

ITycre naockas durypa g ceocraBjasieT 4acTb IJIOCKOH
burypmt G. Ha ¢urypy G mnaymauy OpouleHa TOyka. 3TO
O3HAaYyaeT BLINMOJHEHHEe CJAEAVIOUIHX NMpeanooXKeHHit: 6pollieH-
Hasd TOYKA MOMKeT oKasatbcd B J000H Touyke ¢uryps G,
BEPOATHOCTb mNONajAaHus OpolleHHOH TOYKH Ha OGHUrypy g
NPONOPHHOHAJNbHA NJOLaAN 3TOH (QUrypel H He 3aBHCHT HH
OT ee pachno/oXeHHs OTHOCHTeJNbHO (, HH OT QOpME! g.
B 3THX npeanosoXeHHSX BEpPOATHOCTb NONMAfaHHA TOYKH
B GUrypy g onpenensierci paBeHCTBOM

P =TIlnowane g/Tnomans G.

fMpuMep 2. Ha naockocTH Havepuenbi ABe KOMUEHTPHYECKHE OKDYX-
HOCTH, pajgHycnl Korophlx 5 m 10 cM coorpercTeeHHo. Halitm Bepost-
HOCTh TOTO, YTO To4ka, GpPOWeHHan Haylady B GoJbliol Kpyr, nonager
B KoJAsLo, 06pa3oBaHHOe NOCTPOCHHBIMH OKpyXHOCTsMH. [Ipeanonaraercs,
YTO BepPOSATHOCTh NONAaRAHHA TOUKH B MJOCKYIO QHUI'ypy NpONOpUHOHANbHA
iomant 1ol GUrypbs B He 3aBHCHT OT e€ PAacCNOJOXKeHHA OTHOCHTENLHO
Goasuloro Kpyra,

Pewenne. Ilnomaas konbua (puryph g)

Sg = n (102 —5*%) = 75m.
[Tnomane Goaswmoro kpyra (purypu G)
Sg=n102=100mx.
HckoMan BEpOATHOCTD
P =175n/(100n) =0,75.

Mpumep 3. B curuaansatop NOCTYNalOT CHTHAJL OT JBYX YCTPOHCTB,
NpHuYeM JOCTYMJIEHHE KaXKAOro H3 CHIHANOB pPaBHOBO3MOMKHO B MOGo#
MOMEHT NPOMENKYTKa BPEMEHH JIHTENbHOCTBIO T. MoOMENTH NOCTyMIeHHsA
CHIHAJIOB HE3aBMCHMHK OAHH oOT aApyroro. CHrHaansaTop cpabaThiBaer,
eCIH  Pa3HOCTh MEeXAY MOMEHTaMH nOCTYIVIEMHS CHIHaNoB MEHbile
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{({ <T). HafitH BepoRTHOCTL TOro, §TO CHTHAJAH3aTOP cpaBoTaer 3a
BpeMss T, ecaM xamaoce u3 YCTPOHCTB NOLLIET MO OAHOMY CHTHany.
Pemenne, OG03HAYHEM MOMEHTH MOCTYMJIEHHS CHTHANOB II€PBOro
H BTOPOro YCTDOHCTB COOTBETCTBEHHO uepe3 X H Y. B cHny yciopus
3aJa4yl JAONMHR BHIOJHATHCA JABOHHKIE
HepapencTea: 0= x <7, O=<y<CT. Bee- Y ot
AeM B pacCMOTDEHHe NIpsSMOYTCABRHYIO CH-
cremy koopiuHar xOy. B stoli cucreme
ABOHHHM HEpaBeHCTBAM YJAOBJIETBOPSIOT KO-
opAnHaTH Jwo6oit ToukM KBanpava OT AT
(puc. 1). Takum oGpa3oM, 3TOT KBajpar
MOXKHO paccMaTpHBaTh KakK ¢urypy G, Ko-
ODIHHATH TOYeK KOTOpOH NpeicTaBnAfloT
BCe BO3MOJXKHHe 3HAUeHH$ MOMEHTOB MoO-

7

CTYNJIeHHst CHTHAJOB. X
CurHanusatop cpabaTbisaer, echd paa-
HOCTh MeXJAY MOMEHTaMH NOCTYMIeHHH CH- Puc. 1
rHanoB MeHbIle ¢, T. e. ecan y—x < ¢
DPH Yy > x H X—Y < ¢ NPH X> ¢, HIH, UYTO TO XKe,
y<x-+t npuw y>x, (+)
y>x—t npu y<x (&%)

Hepapercrpo (x) seimonnseTcs ANs TeX TtodekK $urypul G, KoTOphie
JIeXAT BLIIE NPAMOH ¥ =X H HHXKe NPAMCH y==x-{, HEPABEHCTBO (%)
HMEeT MecTo IJIA TOUYEK, pPAaclNOJNOMEHHBIX HHIKE MPpAMOH Yy =Xx H Bbllie
npsAMOA y=x—¢.

Kax pHIHo H3 puc. |, Bce TOMKH, KOOPJAHHATH KOTOPHX YIOBJET-
BOPSIOT HepaBeHCTBAM (4) M (%), NPHHALIEKAT 3alUTPHXCBAHHOMY
IIECTHYTOMBHHKY. Takum o6paszoM, STOT HIECTHYTOJBHMK MOXHO paccMma-
TPHBaTh Kak GUIypy g, KOOpAMHATh! TOUEK KoTopoli sBasioTcss Gaaro-
NPUSATCTBYIOWHMH MOMEHTAMH BPEMEHH X H Y.

Hekoman BeposiTHOCTB

P=Tn. g/lln. G=(T2— (T —£)2)/T2=(t (2T — 1))/ T2

3ameuanne |. TlpHBeneHHbBIe onpeaencHHUst ABJIAIOTCH 4aCTHLIMH
cayyasMH o6miero onpenesieHHsi TeoMeTpHYeckoR BeposTHOCTH. Ecan
0Go3HauuTh Mepy (AJTHHY, naomaab, o6neM) obJaacTte uepea mes, TO
BEpPOSITHOCTL NONajaHHs TOUKH, OpPomeHHOH Hayjauy (B yKasaHHOM Bbillie
cMBicae) B o6nacTk g— vacts obnactu (, paBHa

P = mes gfmes G.

3aMevaunne 2. B cayvyae KJIACCHYeCKOro OMNpefe/ieHHs BepOAT-
HOCTH JOCTOBEpPHOTO (HEeBO3MOXKHOFO) CcOONTHSA paBHa eanuHHue (HyJio);
cnpapefJiHBEl H cGpaTHRIE YTBEDKIAeHHA (HanpHMep, eCAH BepOATHOCTH
COOLITHSA paBHa HyJI0, TO COOHTHE HepO3MOXHO). B ciayuae reomerpu-
YEeCKOro OnpefielieHHsT BEpPOSTHOCTH OGpaTHHe YyTBep)XXAeHHS HEe HMEIoT
Mecta. Hanpumep, peposTHoCTs nonajnanns OPOLICHHOH TOYKH B OAHY
onpefeeHHYIO TOYKy ofnacTy U pasHa HyJ0, OAHAKO 5TO COORITHE MOXKeT
NPOu3CHTH, H, CAEJOBATENLHO, He SIBAETCH HEBO3MOMHLIM.
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3aaauu

1. B smuxke nmeetcs 50 ogHMnakoBHIX AeTaJsell, B3 HHX D okpa-
wennbnx. Haynavyy BoiHumawoT oaHy Aetaas. Hailtth BeposaTHOCTE TOTO,
YTO H3BJIEYEHHAS JeTaJb OKaXKeTCH OKpalieHHOM.

Ome. p=0,1l.

2. BpoweHna #rpajdbnas kKocTb., HaliTH BEPOATHOCTH TONO, YTO BHIMA-
AET YETHOE MHCJO OYKOB.

Oma. p=0,5.

3. Yvacturku xepeGbeBKH TSHYT H3 SIIHK3 XeTOHH ¢ HOMepaMH
or 1 ad 100. Ha#lTh BeposiTHOCTL TOro, uTO HOMEp MEpPBOTO HAYJAayy
H3BJIEYEHHOI0 XXETOHa He COAepIKHT HHDpH 5.

Oms. p=0,8l.

4, B Memouke HMeercs 5 oaunakoBHX KyO6rKosB. Ha mcex rpausx
Kawaoro KyGuKa HanHcaHa OjHa H3 cheiyowHX Oyks: o, m, p, ¢, T.
HafiTh BepoATHOCTb TOTO, YTO HA BHIHYTHX NO OAHOMY H paclofoXKeH-
HBIX «B OAHY JHHHIO® KYOHKOB MOXHO OYAeT NpouyecTh CJOBO €CIIOPTY.

Oms. p==1/120.

6. Ha xaxnoli u3 [mlecTH OOMHAKOPHIX KapToudeK HaNeyaTaHa OJlna
H3 chaepyiomux O6ykxB: a, T, M, p, ¢, 0. KapToukH TilatenbHo nepeme-
iwans. HafiTH BeposTHOCTE TOro, Yro Ha ueThpex, BHHYTHX No oiHoH
H pacloiodKeHHBIX «B OJHY JIHHHIO® K2pTOYKaX MOXHO OYZeT XPOUYecThb
CJIOBO «TPOCH.

Oms. p=1/A%=1/360.

6. Ky6, Bce rpauu KOTOpPOro oKpallleHH, PacliMjien Ha THICAQY KyGu-
KOB OJAMHAaKOBOIO pa3sMepa, KOTOphie 3aTeM TUIATeJbHO MNepeMellaHbl,
HafitTh BepofiTHOCTH TOTO, UTO H2YAauy HsaBJeueHMbit KYOHK Gyaer MMeThb
OKpameHHHX rpaHed: a) onHy; 6) ape; B) TPH.

Omea. a) 0,384; 6) 0,096; B) 0,008.

7. M3 ToiaTeabHO TiepeMellanKoro nosdoro Habopa 28 kocreli aomHHo
HayAayy uasJieyeHa KoCTh. HafiTH BeposTHOCTE TOrO, YTO BTOPYIO Hayjnavy
H3BJEYEHHYIO KOCTh MOXHO NPHCTAaBMTh K DepBOfi, eCaH NepBas KOCTb:
a) okasanaacp aybnem; 6) He ecTh AYyG.ab.

Oma. a) 2/9; 6) 4/9.

8. B 3amke na o6uleil ock nats AHckoB. KaALii AnNcK pa3azeneH
Ha IIeCThb CEKTOPOB, H2 KOTOPBHIX HMANHCAML pas3JiHuyHHe GYKBH. 3aMOK
OTKPhIBAETCA TOJNBKO B TOM CJyuYae, €clNH KaXKAL# AMCK 3anMMaeT OJHO
onpefieJIeHHOE NOJIOXKeHHE OTHOCHTEJLHO Kopnyca 3amka. Haiitn seposr-
HOCTb TOrO, YTO NPH NPOH3BOJBHOA YCTAHOBKE XIHCKOB 32MOK MOXHO
GyaeT OTKPHTh.

Omsa. p=—1/65.

9. Bocemb pasJHyYHBIX KHHT pacCTaBAAIOTCH Haylayy Ha ORHOM
noaxe. HafiTh BeposiTHOCTh TOro, 4TO JBe OMNpefesleHHHE KHHIH OKa-
HKYTCH TOCTABJAEHHLIMH pPAAOM.

Ome. p==7.21.61/81=1/4.

10. BuGanoTeyka COCTOHNT H3 JeCATH Pa3AHYHHRIX KHHT, [pHYEM
NATh KHHr CTOAT no 4 pyOast KaXjaas, TpH KHHTH—No opHoMy py6.io
H nse xHMri—no 3 py6as. Hafte pepoATHOCTL TOro, 4Yro B3ATbie
HayJauyy JABe KHHUTH cTOAT 5 pyGaefl.

Oms. p=Cs-Ca/Cla=1/3.

11. B naptun ua 100 aerajefl oTaes TeXHHYeCcKOro KoHTpoJs obna-
PYXua 5 HecTaHAapTHHIX Aeradeii. Yemy paBHa OTHOCHTeABLMas wYacToTa
NOsIpJIeHHA HEeCTAAapTHHX jeTaJseii?

Oms. w=10,05.
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12, IIpe crpeanbe M3 BHHTOBKH OTHOCHTEJbHAS YacTOTa NONAanaHHA
B uesab okaszaaace papnoi 0,85. Haflim uncyio nonapaawit, ecnn Bcero
Guiio NpoH3BeaeHo 120 BricTpenos.

Oms. 102 nonaganns.

13. Ha orpeack OA Aanuus L uncaoBofi och Ox mayjayy nocras-
Jena Touka B (x). Hafith BepofATHOCTH TOrO, YTO MEHBIUMH H3 OTPE3KOB
OB u BA umeer Aanny, Menbnmyio, uem L/3. IIpegnonaraercs, uTo sepo-
ATHOCTL TIONIaAaHHsA TOYKH Ha OTpe3oK NponoplHOHAJALHA AJHHE OTpe3Ka
H He 3aBHCHT OT ero pacCnoJIOXKEHHs Ha YHCJAOBOf ocH.

Oms. p=2/3.

14. Buytps kpyra paauyca R Haynpauy OGpomena Ttouka. Hafitu
BepOATHOCTb TOIO, YTO TOYKA OK2XeTCA BHYTPH BINHCAHHOTO B Kpyr
kBaapara. Ilpefnonaraercs, 9ro BepOATHOCTbL NONajJaHMA TOYKH B KBaf
par IpoNOpPUHOHAJLHA NJOIIAAH KBaApaTa W He 3aBHCHT OT ero pacno-
JIOXKeHHsE OTHOCHTENLHO KpYyra.

Ome. p=2/n.

15. 3apaua o scrpede. [lBa CTyAeHT2 YC/NOBHJAHCH BCTPETHTbCHA
B onpefenedHoM Mecre Mexay 12 m 13 uacamn aua. IMprwenwni nep-
BHIM XKJeT BTrOporo B rteuenwe 1/4 uaca, mochie yero yxoanr., Hafitn sepo-
ATHOCTb TOTO, YTO BCTPEYa COCTOHTCH, €CJH KaXAWR CTYAeHT Hayjauy
BHIGHPaeT MOMEHT CBOEro npuxofa (B mnpomexyTke ot {2 no 13 uacos).

KaszaHHe. BeecTh B paccMOTpeHHe NPAMOYTOALHYIO CHCTEMY
KoopanHart xOy H INpPHHATL AJAA NpPOCTOTH, YTO BCTpeya JoJ/KHa CoOCTO-
Atbeca Mexay 0 v 1 uacamu.

Oma. BoaMoXHnie 3HaueHHus koopannaT: OsCxell, OGyell;
%mrgn]psuammymmne BCTpede 3HaueHHA Koopawnar: |y—x|<1/4;

=17/16.

Taasa Bropas
TEOPEMA CJO)XEHHSA BEPOATHOCTER

§ 1. Teopema choXeHHA BepOATHOCTeH
HeCOBMeCTHHX COOHITHH

Cymmoti A+ B Osyx cobumuti A u B HaspBawT
coObITHE, COCTOAIee B MNOABJEHHH cobblTHA A, HIH cOOH-
THSE B, nan oGoux 3tux cobuitii. Hanpumep, ecan us opy-
JAHSl NpOM3BEeAEHHl B2 BHICTpeJa u A —mnonajaiue npu mnep-
BOM BhICTpesae, B —nolajgaHue nNpH BTOPOM BHICTpENe, TO
A+ B—nonagasue nNpH NepBOM BBICTpEse, HAH fIPH BTO-
poM, HJIH B OOOHX BhICTpeaaXx.

B yactHocTH, ecau xBa coOuiTHA A M B—mnecoBMecTHhie,
10 A4 B—cobbiTHe, cocTosilee B MOABJEHHH OAHOIO i3
ITHX coObiTHi, 6e3pa3sIHYHO KAaKoro.

Cymmoli HeckoabKux cobbunuti Ha3piBAlOT COObITHE, KOTO-
poe COCTOMT B NOABJEHHH XOTH# OBl OJHOrO N3 3THX COOLI-
Ti1d. Hanpumep, cobnthe A-- B--C coCIOHT B TNOACCHUH
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OAHOro H3 cJhaexyomux cobmtfi: A, B, C, A u B, A u
C,BunC, Au BuC C.

IMycts cobutus A u B-—uecoBMecTHHe, NPUYEM BepOAT-
HOCTH 3THX coOntufi M3BecTHH. Kak HafiTH BeposiTHOCTH
TOro, 4T0 HAcTynHT JAuGo cofHTHe A, auGo cobwpiTHe B?
OtBer Ha 3TOT BONPOC AA€T TeOpeMa CJOKEHHSA.

Teopema. Bepoamnocme noasrenus o0Ho20 u3 08Yyx Hecos-
Mecmnoix cobumutl, 6e3pasauinHo KaKozo, PABHA CYMME 68epo-
amuocmeil smux coboimuii:

P(A+ B)= P (A)+ P (B).

JdokasateabcTBo. BBesem of603Hauenun: n— obiLee
9HCJI0 BO3MOXHLIX 3J€MEHTaPHHX HCXOAOB HCNHTAHHA; M, —
YHCAO HCXOROB, OnaronpHATCTBYIOMMX coOmtHio A; m, —
YHCJIO HCXOA0B, OAaronpHATCTBYIOWMX coOniTHIO B.

Yucao 3AeMeHTApHLIX HCXOAOB, OJaronpHATCTBYICIIHX
HAcTyn/enHio JubGo cobmitua A, aubo cobuitun B, paBHO
m,+m,. CnenoBaresbHO,

P (A4 B)= (m, 4+ my)/n=m,/n+ myn.

IlpuHnaB BO BHHMaHHe, 4T0 m/n=P(A) 1 myn=P(B),
OKOHYATeNHHO MOAYUHM

P(A+ B)=P (A)+ P(B).

Caencteue. Bepoasmuocmv nosssenus o0Hoz0 u3 He-
CKOABKUX TNONAPHO Hecosmecmuolx coboimuii, Oe3pasauuno
KAK020, pasHa cymme eepoamuocmedl smux coboimuli:

PiA+Ay+ ...+ A)=P(A)+P(A)+ ... +P(A,).

Hoxasateanbcrno. PaccMorpum Tpu cobutua: A, B
H C. Tax kax paccumarpuBaembie COOHTHS NONAPHO HECOB-
MECTHH, TO TOSIBJICHHE OAHOTO H3 TpeX cobmth#i, A, B u C,
PAaBHOCHALHO HACTYNJCHHIO ORHOTO H3 ABYX coOumtnfi, A-4-B
H C, nostoMy B cHuay yKa3aHHOfi TeopeMbl

P(A+B+Cy=P[(A+B)+Cl=P(A+B)+P(C)=
=P (A)+ P (B)+ P (C).

N8 DPOK3BOABHOTO YHCJA NMONAPHO HECOBMECTHHX COOH-
THH AOKa3aTesNbCTBO NPOBOAHTCA METOAOM MaTeMaTudecKofi
BHAYKUHH.

Mpurep 1. B ypre 30 wapos: 10 xpacunx, 5 cusux # 15 CGeanix.
Hafite sepostHOCTS NOABACHHS UBETHOTO LUSPa.

Pemenne. IMossnense uUBeTHOro mapa 03HAgaeT nospacHne aAn6O
xpacsoro, an6o CANEro Iapa.
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BeposThocTs nossJeHMs KpacHoro mapa (coGuthe A)
P (A)=10/30=1/3.
BepoarrocTe nossnesns cuvero wapa (cobuthe B)
P (B)=5/30=1/6.

CobuiTHst A ¥ B HecoBMeCTHR (MOSIBNIEHHE LIApa OAHOTO LBETa HCKMO-

yaeT MOsSiBNCHHE lHapa APYTOro ilBera), NoSTOMY TeopeMa CAOXKEHHMs NpH-
MeHHMMa.

HUckoman BepoSATHOCTB
P(A+B)y=P(A)+P(B)=1/341/6=1/2.

Ilpumep 2. CTpesioK cTpesnsieT 1no MHIIEHH, pa3jesJeHHoR Ha 3 of-
Jaacth., BepoaTHocTe nonalanns B nepeyw ofaacte pasHa 0,45, Bo
eropyio—0,35. HaifiTh pBeposiTHOCTL TOro, uTO CTPEJIOK NPH GAHOM
BHICTpeJsie Nonajer JHO0 B nepBylo, JuGO BO BTOpYIO ofnacTs.

Pewenne. Coburussi A-—«CTpenox nonaa B NepByi0 0061acTb» M
B — «cTpeniok nonan BO BTOPYIO o0OJNECTbY — HECOBMECTHR! (NonajaHHe

B OANlY 06JaCTE HCKJIIO43aeT MNoNajaHde B APYrYio), NMOSTOMY TeopeMa
CNOMEeHHA NPHMEHHMA.

Hckomas BeposiTHOCTB

P(A4+B)=P (A)-+P (B)=0,4510,35=0,80.

§ 2. Moanas rpynna cobuiTui

Teopema. Cymma eepoamnocmeti cobumuti A,, A,,
..., A, obpasyroujux noanyro epynny, pasxa eduruye:

PAY+PA)+... +P(4,)=1.

HoxkxaszarteabcTBo. Tak KakK mnosBJeHHe OJHOIO H3
coObITHII NOJHOH rpynnbl AOCTOBEPHO, @ BEPOATHOCTb JOCTO-
BEpPHOro CcoObITMA paBHA elHHHUe, TO

P(A,+A,4+...+4,)=1. (¥)

Jliobuie 1Ba cCcOOBITHA TNOJHOH TPYNNbl HECOBMECTHH,
MO3TOMY MOXHO TPHMEHHTb TEOpeMy CJIOXKEHHSA:

P(Ay+A,+ ...+ A)=P(A)+P(A)+ ... +P(4,). (x)
CpaBuuBasi (%) H (#%), NOJYyYHM
P(A1)+P(A2)+,,.+P(Au)_—_-l.

NMpumep. KOHCYAbTAUNOHHNA NYHKT HHCTHTYTa NOJAYYaeT paKeTH
C KOHTPoAbHLIMH pa6GotamMH H3 ropoaos A, B n» C. BepostHocTs noay-
yenus nakera u3 ropoaa A paBua 0,7, w3 ropona B—0,2. Halttu Bepo-
ATHOCTL TOrO, YTO Ouepe’HOH naker Gyjer nonyuew u3 ropoza C

Pemenue, CoGuTHSA «NaKeT NoJydeH Haropoja A», «liaker nonyued
n3 ropoaa B», «naxer noJyued H3 ropoaa C» 06pasyioT IOAHYIO rpynny,
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NoSTOMY CyMMa BepOSTHOCTeH 3THX COGHITHR paBHa eJHHHLE:
0,74+0,24-p=1,

Orciona HCKoMasi BEPOATHOCTH
p=1—09=0,1.

§ 3. Mporusononoxnnie COGHITHA

I pomueonoaoxHuMy HA3HBAOT ABA EAHHCTBEHHO
BO3MOXKHBIX cOOHITHA, O6Gpa3yloluX mnoJHyio rpynny. Ecuan
OAHO H3 JABYX MPOTHBONMOJOKHBIX cOObTHH 0003HaueHO yepes

A, TO Ipyroe mpHHATO 0603Ha4aTh A,

Mpumep 1. ITonazanuse u nNpoMax NpH BRICTPeJe NO LEAH — APOTHBO-

nosioXxHse cobutha, Ecain A —nonapanve, to A—npomax.

Mpamep 2. M3 smuka nayzavy BssaTta Retaub. CoOGLITHA «NOABHAACH
CTaBAaPTHaA JeTallb® H «NOABHNACH HECTAHAAPTHAA JeTaiby» — NPOTHBO-
NOJIC)KHEIE.

Teopema. Cymma geposamrocmel npomueonoiOHRbX coDbL-
muti passa edunuye:

P(A)+P(A)=1.

JdokasarteabcrtBo. [IpoTuBOonosoxHule cobuiTud 06-
pa3yloT MOJIHYI0 rpynny, a CymMMa BepoATHOCTeH cOOLITHH,
o6pa3yloiiX MNOJHYIO Tpylny, paBHa eiuHHue (cM. § 2).

3ameyanne 1, Ecan pepoaTrHocTs oxHoro ua JABYX npPOTHBOMNO-

JIOXKHEX cOObITHH 0603HAaYeHa yepe3 p, TO BEPOATHOCTb APYroro coGHITHA
o6o3Hagaior uvepe3d 4. Takum o6pa3oM, B CHAY nNpeAblAYLOiell TeopeML

p+g=1.

Mpumep 3. BeposarHocTb TOro, 9To AeHb Gyher ROXAAHBHM, p=0,7.
HaltTy BeposITHOCTL TOrO, YTO JAeHb GYJAET ACHLIM,

Pemenne CoOuTHA eieHb AOXKALIHBRHIE® H «JleHs SICHEIE» — Npo-
THBOIIONIOXXHEE, NO3ITOMY HCKOMAas BepPOATHOCTH

g=1—p=1-—0,7==0,3.

S3ameuanne 2, [Ipn pewenun 3anay Ha OTHCKaHHE BepOSTHOCTH

co6uTHA A 9acTO BHIOAHO CH2YaJa BHYHCIHTL BEPOATHOCTh COGWTHA A,
a 3aTeM HafiTH HCKOMYIO BEpOATHOCTL No Gopmyae

P (A)=1—P (A).

Mpumep 4. B sampke uMmeercs n Aeranell, na KOTOpPHIX m CTaHAapT-
BuX. HafiTh BepoATHOCTL TOro, YTO Cpefir k HayJauy HIBVICYeHHLIX JXeTa-
xeft Xorfl Ol OflHa cTanjapTHas.

emenne. CoSHITHS ¢«CPeAH H3BJAeYeHHHIX JeTanel ecTh XoTd Ou
OAHA CTAHAApPTHafA» H «CPEeAR H3BJCvYeHHLx AeTanell Her M oanolt CraH-
ZapTHOM® ~— NPOTHBOTIONOXKHbE, O60SHAuUKMM neppoe COOHTHe uepes A,

# BrOpOe-=yepes A,
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Ouepnano,
P (A)=1—P (A).

Hafizem P (A). Owee sucno cnoco6oB, KOTOPHMH MOXHO H3BASTS
k neranel us n neranelt, pasEO Cf. Yucao RecTaHAApTHHX AeTanel pasHO

n—nm;, A3 STOTO uHCAa Jetanefi MoXHO C‘:_m cnocofamn Hagneus kB pe-
craHpapTHHX Aeraneii. [Tostomy seposTHOCTHL TOrO, 9TO CpeAN HIBACYEH-

BMX k neraneli Her HR ofmoli cramgapruofl, pasua P (A)=Ca_m/Ch-
HcexoMmas pepoSTHOCTD

P(A)=1—P (A)=1—CE_n/Ck

§ 4. lipuauun npaxTH4YecKod HEBOSMOXHOCTH
MAXOBEPORTHEX coObiTHH

Tlpu pemleHHH MHOrNHX NPAKTHYECKHX 33434 NPHXO-
AHTCS HMeTh JeJo € COOHNTHAAMH, BEPOSTHOCTRP KOTOPHX
BeCbMa MaJsia, T. e, O/H3Ka K Hymo. MOXHO JH CYHTATSD,
9TO MaJjIQBepOsATHOe COOHTHe A B eIHHHYHOM HCILTAHHH He
nponsofizer? Taxkoro 3ak/JOveHHs CHesaTh HeJb3s, TaK Kak
HE HCKJIO4eHo, XOTHA H 'Ma/jdo BEpPOATHO, uTO0 colurHe A
HACTYMHT.

Kasajoch Obi, NoABJEHHE HAM HEMOABJIEHHE MAaJOBEPOST-
HOrO COOLITHA B e{HHHYHOM HCNHTAHHH NpeAcKa3aTp HEBO3-
MOXKHO. QAHAKO JINTEJbHHNA ONHT NOKAa3EBaeT, 9TO MAaJao-
BEPOATHOE COOHTHE B €UHHYHOM HCTBITAHHH B NOAABJMIOMEM
GonbINHHCTBE cJyYaeB He Hacrynaer. Ha OCHOBaHHH 9TOro
- PaKTa NPHHHMAIOT CJAELYIOWIHA <«NPHHUHN NpaKTHYECKOR
HEBO3MOXHOCTH MaJIOBEPOATHRIX COOHITHAAY: ecau caysadnoe
COObIMuUE UMEEM O4ERb MANYIO GEPOSUTIHOCITNG, MO NPAKIMULECKY
MOMCHO CcHUMAame, wmo 8 eOUHUYHOM ucnotmanuy smo cobvie
mue He Hacmynum.

EcTecTBeHHO BO3HHMKaeT BONpPOC: HACKOABKO MaJIOH
AO/XKHA OHITh BEPOATHOCTb COOHITHA, YTOON MOXHO Ohlio
CYHTaTh HEBO3MOMXHHIM €ro MOofABJEHHE B OAHOM HCILITAHHH?
Ha stor Bonmpoc Heab3s OTBeTHTH OAHO3HauHO. Jlas 3anaw,
pasauuHHX -0 CylecTBy, OTBeTH pa3Hnie, Hanpumep, ecan
BEepOATHOCTDL TOro, YTO NMapalNioT NPH NPLHIKKE He packpoercsd,
pasia 0,01, To Guno O6b HEeAONYCTHMHIM NPHMEHATH TaKHe
napaunotel. EcaH ke BeposTHOCTL TOro, 4YTO HOE3Jx Aajb-
Hero cJefoBaHHA NpHOyAeT ¢ ono3fanuem, pasHa 0,01, To
MOJKHO NpakTHYecKH OHITh yBepeHHLIM, YTO moe3n npubyaer
BOBpeMs.

JIoCTaTOUHO Manyl0 BepOATHOCTh, NMpu Xotopofi (B AaH-
HOR onpeRe/IeHHOH 33jaue) coOniTHe MOMKHO CYHTATH IIpaK-
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THYECKH HEBO3MOXHBIM, HAa3HIBAIOT YPOBHEM 3HAYUMOCTU.
Ha npakruxe o6biuno NPUHHHMAIOT YPOBHH 3HAYHMOCTH, 3aKJIO-
yeHHnie Mexay 0,01 u 0,05. YpoBeHb 3HAaYUMOCTH, PaBHBIH
0,01, Ha3HIBAWOT OJHONPOLEHTHBLIM; YPOBEHb 3HAYHMOCTH,
pasHuifi 0,02, HasbIBaOT IBYXINPOUEHTHHIM, H T. A.
[NoguepkHeM, YTO PACCMOTPeHHbIH 37€Ch MPHHUHIN NO3BO-
JAAeT AeJiaTh NpeJCKa3aHHs He TOJbKO O COOHITHAX, HMelo-
IHX MaJyl0 BEPOATHOCTb, HO H O COOLITHAX, BEPOATHOCTh
KOTOpHX 6sH3Ka K efuHule. [lefcTBHTEIBHO, €CJAH COOBITHE
A umeer BepOATHOCTb, OJH3KYH K HYyJIO, TO BepOSATHOCTh

POTHBONOJNOXKHOrO coOuTHa A 6auska x enunune. C apyroft
CTOPOHLI, HenospJeHHe coOMTHR A o3Hayaer HacTynJeHue

NMPOTHBOINOMOXKHOr0 coOuiTHA A. Takum obpasoM, U3 NPHH-
[MHNAa HEeBO3MOXKHOCTH MaJIOBEPOATHBIX COObITHH BBITEKaeT
cJAelyiOllee BaXKHOe [/ NPHJOKEHHH cJelCTBHE: ecau cay-
Yaiinoe cobvimue umeem 6epoAMHOCML, O4eHb BAUSKYHO K eOu-
HUye, MO NPAKMUMECKU MONCHO CHUMAMb, 4MO 8 eQUHUYHOM
ucneimanuu ame cobwimue Hacmynum, Paszymeercs, H 3lech
OTBET Ha BOINPOC O TOM, KaKyX0 BePOSATHOCTb CYHTATL OJH3-
KOH K E€IHMHHIIE, 33aBHCHT OT CYIIECTBa 3aXauH.

3apnaun

I. B neHexHo-sewesoil Jorepee Ha KaxAue 10000 6uneros
pasuirpnipaerca 150 pewesnix ¥ 50 neHeXHHX BbHrphieii. Hemy paBna
BEPOSTHOCTL BHHIpHIMA, G(e3pasiHyHO NEeHEeKHOro HIH Belleporo, AJs
BJAaAEabLUA OJHOro JioTepedHOro Omnera?

Oms. p==0,02,

2, BepossiTHOCTH TOro, YTC CTPEeNOK MNPH OAHOM BHICTPEJe BHOGLET
10 oukos, pasna 0,1; BeposiTHOCTh BLIGHTS 9 oukoB papHa (,3; BeposiT-
HOCTh BHIGHTH 8 HAH MeHblne oukos paeHa 0,6. Halite peposiTHocTs
TOrQ, YTO NPH OJHOM BhLICTpPeae CTpeJOK BhOGLeT He MeHee 9 OUKOB.

Oms. p=10,4.

3. B napruu ua 10 pneranen 8 crannaprusmix. Hafitu peposthocTs
TOro, YTO CpeXR HayZauy H3BJEeUeHHHX 2 zetaneil ecThb XoTdA O opHa
CTaHJ42pTHAN.

Oma. p=44/45.

4. B sinuke 10 neraneit, cpein KoTopumX 2 HecTauaapTHHX. Haftu
BepPOATHOCTb TOro, YTO B Haynauy oOToGpPaHHRIX 6 JeTansax OKaMercs He
Gonee onHoft HecTaHAapTHOH AeTanu.

Oma. p=2/3.

Ykaszanne, Ecain A-—mner HM oxnolt HecTaHAapTHoH Jderaun,
B —ecTs opna HecT2MAapTHAN JeTalb, TO

P(A+ By=P (A)+ P (B) =C¥Clo+ C3- Cy/Clo.

B. Cobutia A, B, C » D o6pa3syor noanyw rpynny. BeposrHocTs
cobutnfi Takosu: P (A)=0,1; P (B)=0,4; P (C)=0,3. Yemy pasna
BEPOATHOCTL coGuiTHR D?

Oms. P (D)=0,2.
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6. ITo crarHcTHYEeCKHM JaHHRIM DeMOHTHON Macrepckofl, B cpeaHem
na 20 ocTaHOBOK TOKAPHOTO CTaHKa MpHXoAHTcsa: 10— ans cMeHH pesua;
3—u3a-3a HEHCNPaBHOCTH NPHBOAR; 2-—H3-32 HeCBOEBPEMEHHOR mojauM
3aroroBok. OcCTajibHhie OCTaHOBKH INIPOHMCXOAAT NO JPYrAM NpPHyHHaM.
HalATH BepoATHOCTL OCTRHOBKH CTAHKZ MO JAPYFHM JTIPHUBHAM.

Oma. p=0,26.

Thasa TpeTbn
TEOPEMA YMHO)XEHHSA BEPOSTHOCTER

§ 1. MNpoussenenne cobuTHi

ITpoussedenuem d6yx cobewmuti A wu B HasbBaoT
cobuitHe AB, cocrosiilee B COBMECTHOM MNOABJIEHHH (COBMe-
wenuy) 3Tux cobuitufi. Hanpumep, ecan A — nerans roxuas,
B — nerans okpailenHas, 1o AB-— ferans roiHa H oKpallieHa.

ITpoussederuem Heckoabkux cobvimuili Has3bIBAKOT COOBITHE,
cocTofllllee B COBMECTHOM [OSBJE€HHH BCE€X 3THX COOBITHIA.
Hanpuwmep, ecnn A, B, C—nosasaenne «repba» CooTBETCTBEHHO
B NEpBOM, BTOPOM H TpeTbeéM GPOCaHHAX MOHeTnl, To ABC —
Bbinajenne «repba» BO BceX Tpex HCIHHITAHHAX.

§ 2. YcaoBHAN BepPOATHOCTH

Bo BBefeHHH cayuaHHoe CcOObITHe OlpelelieHO Kak
coOblTHE, KOTOpOE IpPH OCYLIEeCTBJEHHH COBOKYMHOCTH YCJIO-
BHH S MoXKeT NpoOM3OHTH HJH He npoH3oHTH. Ecau npu BbI-
YHCJ/IEHHH BEePOSTHOCTH COOBITHA HHKAKHX APYTHX OrpaHH-
YeHHH, KpoMe ycaoBHH S, He HaJjaraercs, TO TaKYlO BepOAT-
HOCTb Ha3bIBAIOT 6e3yca06roL; eclid XKe HaJaramTcia H Apyrue
JIOTIOJIHHTE/IbHBIE YCJIOBHA, TO BEPOATHOCTD COOLITHS Ha3hBAIOT
ycaoeroi. Hanpamep, 4acTo BBIYHCJAIOT BEPOATHOCTH COOHI-
THA B npH JAONOJHHTE/NBHOM YyCJIOBHH, YTO I[IPOM3OLLIO CO-
6uiTHe A. 3aMeTHM, uTo H 6Ge3yciioBHas BepOATHOCTb, CTPOro
TOBOps, SIBJSAETCA YCJOBHOH, NOCKOJBKY IipearnoJiaraercs
ocyuiecTB/eHHe YcJoBHH S.

Ycaoenotd seposmrocmeto P, (B) Ha3bIBalOT BepPORATHOCTH
coObITHS B, BHIYHMCJEHHYI0O B NpeANOJOXeHHH, YTo cobuitHe A
yXKe HacTynmHJO.

Npumep. B ypue 3 Geanx ¥ 3 uwepumx mapa. Ma ypHu apampn
BHIHHMAOT MO OAHOMY Wiapy, He Bo2Bpawas HX ob6patno. Hajitu peponr-
HOCTb nosBlieR#si Genoro [mapa npH BTOPOM HCNHITAaHHM (cobnTHE B),
€CAK NpH NTepBOM HCOHTaHHE Obill M3BJEYEeH MepHBIH wap (cofnTHe A).
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Pemenne. [locne nepporo HCNHTaHHA B ypHe ocTalioch S5 mapos,
B3 HuX 3 Oenmix. HMckoMax ycaoBHasi BepOATHOCTD

P4 (B)=3/5.
JT0T Xe pPe3yabTaT MOXKHO NOJAYYHTL no $opmyae
PA(By=P(AB)P (4) (P (A4) > 0). (*

HelicTBETeNLHO, BEePOATHOCTS ROsIBJAEHHS GeJoro wapa npH nepBOM Hc-
nuTaHEYd

P (A)=3/6=1/2.

Hafixem BepostRocTe P (AB) TOrQ, Yto B NepBOM HCHLITAaHHH MO-
ABYTCA 4epuHnfi map, a Bo propoM—Genufi. Obulee uyHCAO HCXOZOB —
COBMECTHOTO NOAIBJIeHHA ABYX [mapos, 6e3pa3jHTHO KAKOTO LBETa, PaBHO

qucay pasmenieRufi Aq=6.5==30. M3 sToro yucaa ncxonos coburHio AB
6Aaron pEATCTBYIOT 3-3=9 ncxopos. CaenopaTensro,

P (AB)=9/30=3/10.
Hcekomaa ycsioBHas BeposiTHOCTH
P 5 (B)=P (AB)/P (A)=(3/10)/(1/2) = 3/5.
Kax BHAMM, WoJYy4YeH npeXHHI pesyanrar.

Hcxoan M3 KJaccHuecKoro omnpejesedHfi BepOATHOCTH,
dopMyy (s) MOXKHO AOKA3aTh. 3TO OGCTOATENBCTBO H CJOYXHT
OCHOBaHHeM M1 CJEeAylomiero oburero (NPHMEHHMOro He
TOJNBKO ANA KJACCHYECKOfi BEPOATHOCTH) ONpeeseHHA.

Ycaoenan eepoamuocms cobpitia B npH ycJIOBHH, 4TO
cobnitHe A yXe HacTymuJo, IO ONpeReNeHHIO, paBHa

P,(B)=P (AB)P(A) (P(A)>0).

§ 3. Teopema yMHOMeHHS BeposTHOCTEH

PaccmoTpuM asa cobumtHA: A H B; nycrs Beposr-
HocTH P(A) n P, (B) nasecrun. Kax HallTH BepoATHOCTH
COBMEUleHHA 9THX coOOniTHH, T. €. BEpOATHOCTH TOrO, YTO
NOABHTCA H COOnTHe A H coOhTtHe B? OTBET Ha 3TOT BONPOC
HaeT TeopeMa YMHOMEeHHS.

Teopema. Bepoamunocmo coemecnminozo noseAeHus 06Yx co-
Goimuil paska npouseedeRUD 6ePOAMNOCIL OFHO20 U3 HUX
HQE YCAOBHYIO BEPOAMHOCIIL APY2020, GLKUCAEHHYIO 6 npedno-
AONCEHUL, 4MO nepeoe cobbimue ywe Hacmynuao:

P(AB)= P (A) P, (B).
Jlokasateascrso. [lIo onpenenennio yCRoBHOH Bepo-
ATHOCTH,
P, (B)=P(AB)P (4).



Orcona
P (AB)= P (A) P, (B). )

3ameuanue. IlpumenuB dopmyay () x cobutnio BA, noayyum
P (BA)=P (B) Pg (4),
HAH, DOCKOJBLKY cobuiTne BA He oranvaerca or cobuitha AB,
P (AB)=P (B) P (A). (+*)

Cpasnupas QopMyJn (%) H (¥%), 3aKJKyaeM O CNpaBEJINBOCTH pa-
BeHCTBa

P(A) P4 (B)=P (B) Pp (A). (vew)

CnenctBue. BepoamHocmb COBMECMH0Z0 NOABACHUR
HeCKOALKUX cobuimuil pasHa npousseteriito 8epoamuocmu 001020
U3 HUX HaQ YCAOBHLIE BEPOAMHROCIMG BCEX OCMAALHYIX, NPUYEM
8epOAMHOCMb Kaxdoeo nocaedyoueeo coboimul 6uHUCASEMCR

8 npednosoxerult, wmo éce npedvidywyue coOLIMUR Ywe NOKBU-
AUCk?

P(A,AA,...A)=P (A) Pa(A,) Pa.(A,)...
- Paa,...a _ (4),

rae Paa,...a,_ (A,)—BeposiTHOCTb COGLITHA A,, BRUHC/IEH-

Hast B NpPeAllOJIOKEeHHH, YTo cobuitHa A,, A,, ..., A,_, Ha-
CTYynHJH. B 4YacTHOCTH, AsiA TpeXx COOLITHH

P(ABC)=P(A) P, (B) P45 (C).

3ameTHMm, UYTO NOPAAOK, B KOTOPOM PacClOJOMNKEHH COOH-
TH%, MOXeT OniTh BhIGpaH MOOHM, T. €. 6e3pasAHUYHO KaKoe
cOOBITHE CUHTATh MEpPBbIM, BTOPHIM H T. A.

Npamep 1. Y cOopinuka HMeeTcss 3 KOMyCHRIX H 7 SANHNTHYECKHX
BaJankoB., COGODIIHK B3AJ OAHH BaJHK, a 3arteM propoft. Hafttn meposr-

HOCTh TOrO, YTO NEPBLIl M3 B3ATRIX BANNKOB-— KOMYCHBIA, a BTOpOR —
SJIJIHNTHYECKHH.

Pewernue. BepoaTHocTs TOro, uro NepBHIA BAJHK OKAMXETCH KO-
HycHuM (coGHTHE A),

P (A) =3/10.

BepoATHocTe TOro, uYr0 BTOPOR BaJHK OKaXeTcqd SANHNTHICCKHM
(coGute B), BLiuNCJeHHas B NPEANOAOXKKEHHH, YTO MNEPBHA BaJHK —
KOHMYCEHH®, T. €, YyCJIOBHas BEPOATHOCTL

P (B)Y=T7/9.
Ilo Teopeme yMHOMEHHS, HCKOMasi BEPOATHOCTD
P (AB)=P (A) P 4 (B) = (3/10)-(7/9) = 7/30.

3ameTHM, uTo, coXpaHHp oboaHadenHsd, Jerxo raigem: P (B) =7/10,
Pp(A)=3/9, P (B)Pp(A)=7/30, 4to HArAsAHO HJMOCTPHpYET crpa-
BeANKBOCTh DaBENCTBa (k).
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fpumep 2. B ypue b Geanix, 4 4epHHX H 3 cHHHX wapa. Kaxkpoe
HCMLITAHHE COCTOHT B TOM, YTO HayjAauyy H3BJEKAIOT OJHH LIap, He BO3-
spamas ero ofparno. HaiiTh BeposTHOCTB TOTO, ¥TO NPH nEepBOM HCNb-
Tannu nousutca Geanlfi wap (cobuiTHe A), npu BTopoM — uepHuIi (coGul-
THe B) 4 npn Tperbem— cnHUA (coOuTue C).

Pemeune. BepoaTrocts nosBieHHs Oenoro [mapa B IepBOM
HCNHTAHHH

P (A)=5/12.
BepoATHOCT:, NOSABJEHHA UYEPHOTO wmIapa BO BTOPOM MCILITAHHH,

BHIUHC/NIEHHAs B NPeANoONOMKeHHH, 4YTO B NEepBOM HCHHTAHHH NOABHACSH
Genpiii Wwap, T. €. ycJoBHAaA BepOSITHOCTL

P 4 (B)=4/11.

BeposTHOCTb NOABJEHHS CHHEry mapa B TpPeTheM HCHLITaHHH, BHI-
YHCAEeHHast B NPERNOJNOMKEHHH, YTO B NMepBOM HCNBITAHHH NOABHJCS GeJiktil
wap, a BO BTOPOM— YepHHfl, T. e. YC/NOBHAA BepOATHOCTDb

P g (C)=3/10.
HUckomasn seposiTHoCTb
P (ABC)=P (A) P’ (B) P 45 (C) = (5/12)-(4/11)-(3/10) = 1/22.

§ 4. Heszarucumsbie coObiTHA. Teopema yMHOXEHUSA
IAS HE3aBHCHMBIX COOBITHH

ITycTh BepOATHOCTbL COOLITHR B He 3a8BHCHT OT no-
ABJeHHA cOOHITHA A.

Cobumue B na3visarwom Hesasucumoim om cobbimusn A, ecnu
nosissienHe CoObITHA A He H3MeHsleT BEPOATHOCTH coObITHR B,
T. €. €CJIH YCJOBHafA BEepOATHOCTb coObITHAA B paBHa ero
6e3ycJIOBHOH BEpOSTHOCTH:

P, (B)= P (B). (%)

INoxcraBuB (¥) B COOTHOUIEHHE (#%%) MpPeALIAYLIEro mna-
parpada, MoayYum

P (A)P(B) =P (B) P5(4).
Orciona

T. €. YCJOBHas BepPOATHOCTb COObITHA A B IIPERNOJOXEHHH,
4YTO HACTYNHJO cOObITHe B, paBHA ero 6e3ycJIoOBHOH BepoAT-
HOCTH. JlpyruMH cJjioBamH, cobbiTHe A He 3aBHCHT OT CO-
OuiTusa B.

Hrak, ecau cobuiTHe B He 3aBHCHT oT coOHITHA A, TO H
cobuiTHe A He 3aBHCHT OT cobuiTuf B, 3TO O3HayaeT, 4Tto
CBOHCTBO He3aBHCHMOCTH COOGBITHH B3aHMHO.
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JOna  He3aBHCHMHX CcOOBITHA TeopeMa  yMHOMEHHSA
P(AB)=P (A) P4 (B) umeet BuUJ

P (AB)= P (A) P (B), (#x)

T. €. BEPOATHOCTb COBMECTHOTO TOABJIEHUA ABYX HE3ABHCHMBIX
cOORITHI paBHa IPOU3BEAEHHUIO BEPOATHOCTEH ITHX COBHITHE.
PapeHcTBO (#*) MPHHHMAIOT B KayecTBe ONpEAeseHHA He-
3aBHCHMBIX COOBITHH.
Hsa cobeimus na3vieaiom He3asucumsimu, eCIH BEPOATHOCTS
HX COBMEIEHHMA pPaBHA IIPOU3BEAEHHIO BepPOSTHOCTEH 3THX

cOOBITHH; B MPOTHBHOM CJiydae COOLITHA HAa3biBAOT 3Q6UCU-
MbIMUL.

Ha npakTuke 0 He3aBHCHMOCTH COOBITHH 3aKJ/MOYAIOT 1O
cMpicay 3afadu. Hanpumep, BepoATHOCTH mnopaxeHust LeaH
KaXIbiM H3 ABYX OPYAHH He 3aBUCAT OT TOro, IOpPasHJo
JIM ueJsib Apyroe opyAHe, I103TOMYy COOBLITHA «I12pBO€ OpyAHe

MOPAa3nJI0 WeEJNIb» H «BTOPOE OpylHe TMOPa3u/o [esb» He3a-
BUCHMBIL.

Ipumep 1. HaiiTH BepOATHOCTH COBMECTHOrO NOpaXKeHHS NeNH AByMA
OpYAHSAMH, €CAH BEPOATHOCTh MOPAMEHHH UeJH nepBhiM OpyjaHneM (coOni-
e A) paBna 0,8, a BropniM {coGuitue B)~—0,7.

Peumenue. Cobpitia A v B He3aBUcCHMELIE, NO3TOMY, NO
TeopeMe YMHOXKEHHS, HCKOMAas BEpPOSTHOCTH

P (AB)=P (A) P (B)=0,7-0,8 =0,56.

B3ameuanue 1, Ecau cobutis A U B He3aBHCHMH, TO He3aBH+
CHMBl Takxe coOmthst A u B, A uw B, A u B. [leficranrensHo,

A = AB - AB.
CrepoBarenbHO,

P (A) =P (AB)4-P (AB), uan P (A)==P (AB) 4 P (A) P (B).
Orcrona
P (AB)=P (A)[l— P (B)], nin P (AB)=P (4)P (B),

T. €. cobuiTia A B B HeszaBHCHMBL.

HesapncumocTs cobptuit A u B, A u B —cJjenctsue A0Ka3aHHOro
yTBepXJeHH .

Heckonoxo cobeunuiti Ha3ei6arom nonapro He3Q8UCUMBIMU,
ec/IH Kaxipie ABa B3 HUX He3aBucHMBI. Harnpumep, coGutus
A, B, C nonapHo He3aBHCHMbI, eCJIH He3aBHCHMBbI COOBITHA
Au B, AuC, BuC.

Hns toro 4robn o0OGHIUTL TEOpeMy YMHOXEHUs Ha He-
CKOJILKO COOBITH#, BBe/leM TOHSATHE HE3aBUCHMOCTH COOHITHA
B COBOKYMHOCTH,
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Heckoavko cobbimuil Hasearom He3aB8UCUMBIMIL 8 COB0OKYN -
Hocmu (MJIH T1POCTO HE3ABUCUMBIMU), eclIH He3aBHCHMBI Ka-
MAbpie ABAa H3 HHX W He3aBHCHMBI Kaxaoe cCOOHTHe H BCe
BO3MOXKHBIE TTPOM3BeJleHMs ocTaJbHEX, Hanpumep, ecan co-
6utna A,, A,, A; He3aBHCUMBl B COBOKYIHOCTH, TO He3a-
BHCHMH coOniTHA A, u A,, A, u A,, A, u A,; A, u AA,,
A, v A A, Ay n A,A,. 3 CKa3aHHOro cJieflyeT, YTO €CJIH
cOOLITHAA HE3aBHCHMEI B COBOKYNHOCTH, TO YCJIOBHAs BEPOSAT-
HOCTb MNOSIBJIEHHA J1060ro COOHTHA H3 HHX, BHYHCJEHHaf
B IPEANOJIOMEHHH, YTO HAaCTYNU/JIHK KaKHe-JH6O Apyrue colhl-
THA H3 YHCJA OCTaJAbHHX, PaBHAa ero Ge3ycJIOBHOH BepoAT-
HOCTH.

IToguepkHeM, 4YTO eCAH HECKOJBKO COOLITHH He3aBHCHMBI
NonapHo, TO OTCIOAA ellle He cleiyer HX He3aBHCHMOCTh
B COBOKYNHOCTH. B sTOM CMHiC/Ie TpefOBaHHE HE3aBHCHMOCTH
COOHITHH B COBOKYIHOCTH CHJBHee TpeGOBaHHA HX NONapHo#H
He3aBHCUMOCTH.

ITosicuuM ckasaHroe Ha npumepe, ITycte B ypHe uMeeTcH
4 mapa, oKpauieHHbie: OAWH—B KpacHhili nser (A), oauH —
B cHHUH uBer (B), onvH —B uvepHuid nset (C) ¥ OAMH—BO
Bce stu Tpu usera (ABC). UeMy paBHA BepOATHOCTb TOrO,
YTO H3BJEYEHHBHIH M3 ypHBl 1Iap HMeeT KPacHBI UBeT?

Taxk Kax W3 weTHipex HIAPOB /lBA MMEIOT KPAcHHLIH IBeT,
Tto P(A) = 2/4 = 1/2. PaccyXaas aHaJOrH4YHO, Haiiaem
P (B)y=1/2, P(C)=1/2. JonycTHM Teriepb, 94TO B3ATHIH Wap
MMeeT CHHMH uBeT, T. e. cobpiTHe B yXe npousouwio. Uame-
HHTCA JIH BePOATHOCTb TOro, YTO MH3BJIeYEeHHLIH Wap HMeeT
KpPacHbI ILBeT, T. €. H3MEHHTCH JIH BEpPOATHOCTb cOOBITHA A?
M3 apyx wapos, HMeIOWIMX CHHHH LBer, OAWH LIAp HMeeT H
KpacHBIH 1BeT, NM03TOMY BEpPOATHOCTH COOBITHSI A MO-Npexk-
HeMy paBia 1/2. JIpyrums cjioBaMs, yCJOBHAsE BePOATHOCTH
COOHITHA A, BLIYHCJAEHHAA B NPEANOJIOKEHHH, YTO HACTYIIHJIO
cofmTHe B, paBHa ero Ge3aycsoBHOH BeposTHocTH. Crnenopa-
TeJibHO, COOLITHA A u B He3aBucuMpl. AHaJOrHYHO NPHIAEM
K BbIBOAy, 4ro cobhitia A v C, B u C ne3aBucumsnl, HrTak,
cobmitns A, B u C rnonapHoO He3aBHCHMBEI.

He3aBHCHMB JH STH COORITHA B COBOKynHOCTH? OKashl-
paercA, HeT. JleAcTBHTE/IBHO, NYCTh H3BJAGUEHHHHA 111ap HMeeT
JBa IBeTa, HanpuMep CHHUM H yepHuil. Yemy paBHa Beposr-
HOCTb TOrO, YTO S5TOT lLlap ¥WMeeT H KpacHui unser? JIHmb
ONMH INap oOKpalleH BO BCe TPH {IBeTa, II0STOMY B3fATHIH
Lap HMeeT M KpacHnifi nBer. Takum ob6pasoM, AONYyCTHB,
yTo coObiTHA B H C npousoUlIH, NPUXOAUM K BHIBOAY, UTO
cobnithe A ofsasarenbHO Hactynut. ChepoBaTel/ibHO, STO
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coObiTHE ROCTOBEPHOE H BEPOSITHOCTh €ro paBHA eNHHHLE.
JIPYrAMH ca0BaMH, YCJIOBHAA BepOATHOCTb Ppo(A)=1 cobui-
T A He paBHa ero 6e3ycioBHOR BepoarHoctH P(A)=1/2,
Hrak, nonapHo HesaBHCEMbie COOHTHA A, B, C He asafioTca
HE33aBHCHMEIMH B COBOKYIIHOCTH.

TlpuBeaeM Tenepb CJASACTBHE H3 TeopeMbl YMHOXEHHS.

CnencrBue. DBepoamunocms COBMECIHO20 NORBACHUR
HECKORBKUX COObUNULL, RE3ABUCUMNBX 8 COBOKYNNOCMU, pDAEHA
npoudeederuio eepoamuocmeli smux cobmud:

P(AA,...A)=P(A)P(A,)...P(A,).

HdokasateanbctBo. PaccMoTpHM TpH coGuiTHA; A,
B u C. Comemenne coOutuft A, 8 1 C paBHOCHALHO COB-
MelleHHI0 cobHTuiE AB u C, nostomy

P(ABC)=P (AB-C).

Tax Kak coburHas A, B u C He3aBHCHMH B COBOKyN-
HOCTH, T0 He3aBHCHMB, B d4actHocTH, colutHa AB u C,
a rakxke A u B. Ilo teopeme yMHOXKeHHMA AAA JBYX He3a-
BHCHMHIX COOHTHA HMeeM:

P(AB-C)=P(AB)P(C) u P(AB)=P (A) P (B).
Hrax, oxoHuaTeNLHO MOJY9HM
P (ABC)= P (A) P (B) P (C).

. JJasa DpoHsBOJILHOTO 72 J0Ka3ateNbCTBO NPOBOZHTCA Me-
TOAOM MATEMATHYECKON HHAYKIHH.

3amevanne. Ecan cobutua Aj, Ay .... A, He3aBHCHMH B CO-

BOKYNHOCTH, TO H NPOTHBONOAOKHEE HM cOONTHA A;, A, ..., A, Takxe
HE3aBHCHME B COBOKYNHOCTAH,

Npumep 2. HaftTt BepoSTHOCTD COBMECTHOrO noABJcHHs repba npu
OAHOM OpDOCSBHHH ABYX MOMET.

Pemeuune. Bepoarsocts nossiaeHHs rep6a neppofi mowern (co-
OntHHe A)

P (A)==172.
BepofATHOCTE mosiB1eHHA repba Bropoft mouerdH (coOhtHe B)

CobtiTha A H B He3aBHCHMLIE, HOITOMY HCKOMas BepOATHOCTb MO
TeopeMe YMHOMCHUS PABHA

P (AB) =P (A) P (B)==1/2-1/2n= 1]4.

Mipmeep 3. Hueercy 3 amuxa, coepxamun no 10 geranelt, B nep-
BOM siHKe 8, BoO BTOpoM 7 M B TperneM 9 cTAaHAAapTHHX jeranelk.
M3 kaxaoro niuHKa Hayaady BLIHHMAWOT no oaHofi jeraxn, Hafitk pepo-
ATHOCTL TOFO, 9T0 BCe TPH BHHYTHE JAETa/lH OKAXYTCA CTAHJAPTHHMH.
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Pemwenue. BeposATHOCTL TOro, uTC H3 NEPBOTO HUIMKA BHHYTa
CTanjapruas JeTab (c)-oﬁume A),
P (A)=8/10=0,8.
BeposiTHOCTL TOTO, YTO H3 BTOPOrc SILHKAa BLHIHYTa CTaHZapraas
Aetans (coGutHe B),
P (By=17/10=0,7.
BeposaTHOCTD TOrO, WTO H3 TpeTbEro slHKA BuHYTA CTaHAaprHas
leraab (cobutie C),
P (C)=9/10=0,9.
Tax xak cobutusn A, B n C nesaBucHMBI€ B COBOKYNHOCTH, TO McC-
KOMasi BepPOSTHOCTL (MO TeopeMeé YMHOMEHHA) PaBHa
P (ABC)=P(A)P (B)P (C)=0,8:0,7-0,9=0,504.

[IpneenemM npumep cOBMECTHOTO NPHMEHEHHR TeOPeM CJIOMEHHS H
YMHOMeHus.

Mpumep 4. BeposTHOCTH NOsIBJeHHUSt KaXJOro H3 TpeX HE3aBHCHMHIX
cobuituit A,, A,;, A COOTBETCTBEHHO PpaBHH Py, Pa, Py. Halitu meposrt-
HOCTL YIOSIBJEHWUS TOJBKO OAHOTO H3 3THX cOOHITHIL.

PeuleHue. 3aMeTHM, YTO, HAaNpHMep, NOSIBJIEHKHE T O T b K O MEPBOro

co6uiTHst A, PaBHOCHJLHO NOSBJICHHIO cobutHn A, A, Ay (nosBuaoCH mep-
BOe H He NONBHJHCE BTOpoe K TpeTbe CcoGHITHA). Baene'vx 0603HAaYeHHA;

B, — nosBuJock TOJLKO coGuithe A;, T. €. Bl_AlAzA,,,
B, —noseujochk TONLKO cobuitHe Ay, T. €. Ba—AzAlAs,

By —nosBHaoCh TOMLKO coGuitHe Ay, T. e. By=A3A4,4,.
Taknm oO6pazoM, 4YTOGH HalTH BepPOATHOCTH nosm.nemm TOJLKO
ofHOro u3 cobuiTuit Ay, Ay, Az, GyAeM UCKaTh BepositHocTh P (B B,
- Bg) mosiBNeAns oJHOTO, Ge3pasiHYHO KaKoro M3 cobwtuit B,, B,, B,.
Tak kak coGuitus B;, B, Bs HeCOBMeCTHH, TO NPHMCHHMa Teopema

C/0KeHHs
P (B1- By Bs)= P (B,)+P (Bg) - P (By). *)

Ocraercs HaliTH BEPOSTHOCTH KaXaoro u3 coGuthit By, B,, Bs.
CoGuthsi Ay, Aj, As He3aBHCHMH, C€JOBATENbHO, HE3IABHCHMH

coburus A;, Ag Ag, NOITOMYy K HHM IPHMeHHMa TeopeMa YMHOXEHH
P(Bl)-—-P(AlAzAs)—P (Al)P(Az)P(Aa)"—*-“quzqs-
AHanoruyho, L _ _
P (B,y) =P (A;A1Ag) =P (Ay) P (A1) P (A3) = paq1gs:
P(Ba)"‘P(Aaz1zz)=P(As)P(ZI)P(Ez)‘-:Pa(hflz

IloncTaBuB 3TH BepPOATHOCTH B (*), HalAeM HCKOMYIO BEpPOSITHOCTL IOSB-
JIEHHS TOJMLKO ONHOro M3 cobmthit Ay, A,, Aj:

P (By - By+ Bs) = P19a03 -+ Pe019s -+ Pag19e.

§ 5. BepoAaTHOCTL NOsABAECHHS XOTs O OAHOIO
COOTHS

Ilycte B pesysbraTe MCNBITEHHS MOTYT IOABUTLCA 1
CoObITUH, HE3aBUCHMMEIX B COBOKYMHOCTH, JHGO HEKOTOpLIE
U3 HUX (B YaCTHOCTH, TOJIbKO OAHO WJH HH OJHOIO), IIpHYEM
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BEPOSATHOCTH NOABJEHHS KamJaoro H3 CoOObITHH H3BECTHH,
Kax HaHTH BepOATHOCTH TOTO, UYTO HACTYNHT XOTsA Obl ONHO
K3 3THX coOnTuR? Hanpumep, ecsiu B pesyanTarte HCNBITAHAA
MOryT INOSIBHTHCHA TPH cOOMITHS, TO TNOsABJEHHE XOTA Onl
OJIHOIO M3 3THX COOLITHH O3HAavaeT HACTYyNJeHHe M60 OJHOTOo,
aubo AByX, aubo Tpex cobuTuil. OTBer HA TOCTAaBJEHHBLIA
BONPOC JAaeT CJeAYIollas TeopeMa,

Teopema. BepoamHocme nossaenus xoms 6ot 00HOz20 U3
cobounuii A,, A, ..., A, He3a8uUCUMBIX 8 COBOKYnHOCMU,
pasHa pasHocmu Mexdy eduruyeld u npousgederuem 6epoam-

Hocmeld npomuBonOAOHHLIX Ccobbumutl Al, a,, ..., X,

P(A)=1—q,9, ... g, (»)

JJokazarteabcTBo. O603nayuM uepe3 A colwitue,
cocToslliee B MMOsABJeHUH Xx0OTs1 Obl OJHOTO U3 coOmTHA A,,
A, ..., A, Cobbituas A u AA, ... A, (#a oAHO u3
COORITHH HE HACTYMUJO0) IIPOTHBONOJOXHE, CJEAOBATEJBHO,
CyMMa HX BepOSsiTHOCTEH paBHA €JHHHLE:

P(A)+P(AA, ... A)=1.
Orciona, NoJabp3yfch TEOpPeMOil YMHOMKEHHUSA, TOJYyIHM
P(A=1—P@A,A ... A)=1—PA)P@A,) ... P(4),

HAH
PAy=1—q,9, ... q,.

HacTtub#t cayvua#. Ecau cobumus A; A, ..., A,
umerom 00UHAKOBYIO BepOAMMHOCb, PDASHYO p, Mo 6eposm-
HOCMb NOABAEHUA XomAa 66 00HO020 U3 smux cobbimiil

P(A)=1—g". (%+)

Mpumep 1. BepositHOCTH nonagaHHs B Leab NpH cTpeabbe H3 Tpex
opynu#l takoBbi: p;=0,8;, p,=0,7; p3=0,9. HallTH BeposiTHOCTL XOTH
6n ofHOro nomajaHus (coCwitve A) TNPH oAHMOM 3aane M3 BceX OpYyAMAL.

Peule Hue. BepoATHOCTE nNonajzaHus B UENb KAXALIM W3 OpyAHEA
He 3aBHCHT OT pe3yvibTaToB cTpesnbOBhl M3 JAPYrHX OpyAauid, nosToMy pac-
cmatprBaemble cobntna A; (monapanne nepeoro opyaus), A, (nmonajnanue

BTOpPOro opyaus) H A (nmonajanne Tperbero opyAHs) HE3aBHCHMH B CO-
BOKYIHOCTH,

BeposaTHocTH COGLITHA, NPOTHBONONOMKHHX COONMTHAM A,;, Ay H Ag
(T. e. BepOATHOCTH npomaxoa), COOTBETCTBEHHO PAaBHBI:

ql='l—‘"p1"—-=l—"08 02' qg——lmp==l—0,7=0,3;
=1—py=1—0,9==0,1.

Hckomas BepoATHOCTB
P (A) =1-—¢1G293=1—0,2.0,3.0,1 = 0,994,
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MNpumep 2. B Tunorpapuu HMeercd 4 IIOCKONEYATHHX MAaLIHHBI,
Ina xakAoft MamMMB BepOSTHOCTH TOro, WTO OHa paforaer B JlaHHWA
moment, pasHa 0,9. Hafitu BeposTHOCTH TOr'0, UTO B JAAHHHH MOMEHT
pabortaer xorsa OW ofHa MamuHa {coGuTHe A).

PemenHe, Coburusa «mamiHa paboTaeT» H «mamiuHa He pabo-

Taer» (B JAMHH MOMEHT) — MPOTHBONONOMKREE, NO3TOMY CyMMa HX Be€pO-
ATHOCTEH paBHA eAnHHUe:

p+q=1.

Orclona BeposTHOCTH TOrO, YTO MallHHa B AaHHHA MOMeHT He paboTaer,
paBHa

g=1—p=1—0,9=0,1.

Hckoman BepofATHOCTB
P(A)=1—¢g*=1—0,14==0,9999.

Taxk Kax nosysenHas BepOSTHOCThH Becbma OGAM3Ka K eAMHHUE, TO Ha
OCHOBAHHH C/JCACTBHA H3 NPHHUHNA NPaKTHYecKoH HeBO3IMOMKHOCTH Majo-
BEPOATHHX COOMTHA MLl BHpaBe 3aKJIOYMThL, YTO B JAaHHWA MOMEHT
paBoraer XoTd Gn OAHA H3 MaluHM,

NMpumep 3. BepoATHOCTE TOro, YTO NPH OAHOM BHCTpese CTPeJIOK
nonagaer B uenn, papsa 0,4. CKONLKO BHCTPENOB AOJNKEH IIPOH3BECTH
cTpesiok, uToOn ¢ BeposTHOCThIO He MeHee 0,9 oH nonana B Heab XOTH
6m oaEE pas?

Pemenne. OGosznaunm uepes A cobuITHE «npH N eoHcTpenax
CTPesiOK NonafaeT B Ueab XOTA 6h cAHH pa3s. CoGbLITHA, COCTOSIMME B
NonafalHH B Ueds NPH MEPBOM, BTOPOM BLICTPeNax H T. A., He3aBHCHMH
B COBOKYNHOCTH, NOSTOMY npumeHuMa GopMmysaa (ws)

P (A)=1—gn.

[IpuusiB Bo BHHMaHME, 9TO, No ycaoBuw, P (A)=0,9, p=0,4 (cnhepoba-
TeanHo, g=1—0,4=0,6), nonyuHm

1—0,6" =0,9; orcioga 0,6" < 0,1.

[Iponorapugmupyem 310 HEpaBeHCTBO NO OCHOoBaHHI 10:
nlg0,6<Ig0,l.

QOrciona, yanTheas, aro 1g 0,6 < 0, HMeem
n>1g0,1/1g0,6 = — 11,7782 = — 1/(—0,2218) = 4,5.

Hraxk, n>=5, T.e. CTpenoK JAOJKEH NPOH3BECTH He meHee 5 BhH-
CTpenocs,

Npmmep 4. BepoarHocTe TOre, sro coOuiTHE NOABHTCSH XOTA Gbl OXHH
a3 B TPeX He3aBHCHMHIX B COBOKYNHOCTH HcnmTanusx, pasHa 0,936.
afiTH BEepPOATHOCTE NMOMBJECHHA COOLITHA B OMHOM HCIHKTAHEH (npeano-
JAraercs, ¥TO BO BCeX HCNHTAHHAX BEPOATHOCTh IOABAEGHHA COOLITHH
OfHa H Ta Me),

Pemenne., Tak Kax paccuMaTpHBaeMuie cOOHTHS HE3aBHCHMH B
COBOKYNIHOCTH, TO upHMeHHM8 GopMyna (=)

P (A)=1~—gn,
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INo ycnosuwo, P (A)=0,936; n=23. CnenoBarenbHo,
0,936 =1—q3, uau ¢3=1—0,936 =0,064.
Orciona ¢ = 13/('),_087}'—_: 0,4.
Hcxkomasn peposaTHOCTB
p=1—g=1—0,4=06.

3apasux

1. BeposTHOoCTb TOro, 4TO CTPeJOK NpPE ORHOM BHICTpe]e Io-
najaer B MuweHb, pasHa p=0,9. Crpesok npoussen 3 BaicTpena. Hafiru
BEPOSITHOCTH TOrO, YTO BCe 3 BHICTpeJa Jajdn nonajlaHue.

Oms. 0,729.

2. Bpowentl MOHeTa M HrpajbHas Kocte, HafiTH BeposTHOCTH COB-
MeleHHA COOHITHH: «NOABHACH ereplr, «MOABHAOCH 6 OUKOB»,

Omas. 1/12.

3. B aByx smHKax HaxoAsTcH jeranu: B nepsoM— 10 (3 HHX
3 crarnaprHex), Bo sTopoM— 156 (M3 HuXx 6 cTanzapTHmx). M3 xamaoro
SIHKa HayZady BHHUMAIOT MO ofHO# Aeranu. HafiTu BeposATHOCTH TOrO,
uyro ofle NeTaln OKaKyrcd CTaHAapTHHMH.

Ome. 0,12,

4. B cryaun TeiiepuleHHS 3 TeNleBH3IHOHHMWX KaMeps. Jlas xaxzo#
KaMephl BepOSITHOCTH TOro, YTO OHA BKJIOYeHa B JaHHpIA MOMEHT, paBHa
p=0,6. HalitTH BepoOATHOCTH TOro, YTO B JaHHBIA MOMEHT BKJIOJdeHA
xoTss GHl ofHa Kamepa (coGhithHe A).

Oms. 0,936.

5. Uemy paBHa BepOosITHOCTb TOrO, YTO mpH GpOCAaHHH Tpex HIrpaib-
HHX KocTteli 6 04KOB NOABMUTCH XOTA Obl Ha oAHOR H3 KocTedl (coBuitHe A)?

Oms. 91/216.

6. Ilpeanpusitie wuaroroeaser 959% wHamenufi cTaHAapPTHHX, MpHYEM
H3 HHX 86% - nepporo copta. Haft# BepOsATHOCTH TOro, 4TO B3ATOR
Hayjauy HM3jlesine, H3rOTOBJEHHOE Ha STOM NpeANpHATHHM, OKaMeTCs Mep-
BOI'C COPTa.

Oma. 0,817.

7. Monera Gpocaercst A0 Tex Rnop, MOKa 2 pasa noApsl OHA He BH-
nafier oagHoH ¥ TOH e cTopoHOH. HafiTH BepOATHOCTH CJelyiOllHX COObI-

Tuii: a) ONLIT OKOHYHTCA KO wecToro 6pocanHst; 6) morpefyercs uYeTHoe
uyesio Gpocaluit.

Omas. a) 15/16; 6) 2/3.

8. Us undpp 1, 2, 3, 4, 5 cravana subHpaercs ofHa, a 3aTeM M3
ocTaBlINXCA ueThipex —BTOpas uubpa. I[Ipeanonaraercs, uro sce 20 Boa-
MOJKHBIX HCXOJAOB paBHOBepOsATHH. Hafith BepoaTHOCT® TOrO, 4ro Gyner
BHG6DaHa HeyeTHa® uudpa: a) B mepsBuil pas; 6) Bo Bropofi pa3; B) B
o6a pasa.

Oms. a) 3/5; 6) 3/5; B) 3/10.

9. BepOATHOCTbL TOro, YTO NPH ONHOM BHCTpeJie CTPeJAOK INonasier B
Recsitky, paBHa 0,6. CKOJIBKO BHICTPE/OB JOJMeH CASNaTh CTPeNOK, YToOH
C BEPOATHOCTBIO He meHee 0,8 on nonas B ZecATKY XoTA 6m OAMH pa3?

Ome. n>=2.

10. TpH sneKTpHyeckMe JaMnmoOSKH NOCACHOBATENbLHO BKJIO4EHW B
uens. BepoatHocTh TOro, 1o ogna (mobas) JaMMOMKa neperopur, ecsH
HampsiXeHne B CeTH NMPEBHICHT HoMuHanbHoe, pasHa 0,6, Halth peposr-

HOCTb TOr0, YTO NP MOBLIMIEHHOM HANpsAKeHHH TOKA B UenH He OGyJer.
Omas, 0,936.
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11. BeposaTHocTs TOro, urc cobumtHe A moseuTcs XOora Ol OAMH pa3
npH IBYX He3aBHCHMHEIX HCOHITaHusX, paBHa 0,75. Haiiry BeposmTHOCTB
nosBjieHus cOoOLITHS B OAHOM HCHBITAHHH (nNpednosaraercsi, YTO BepoOsAT-
HOCTh NOSABJEHUS cOObLITHS B OGOMX HCNEITAHUAX OAHA H Ta Xe).

Omse. 0.5.

12. Tpy xomauas A;, A,, Az cnoprusHOro o6wectsa A cocrasapTcs
COOTBETCTBEHHO C TpeMst KOMaHaamu obumecrBa B, BepositTHOCTH TOro, 4Tto
KOManan obmecTBa A BHIMTPAlOT Matud y KOMaHX obuiecTBa B, TAKOBHL
npu Berpeue A, ¢ B, —0,8; Ay c B;—0,4; Ay ¢ B3—0,4. Qas ncbenni
Beo6GXoaHMO BHIHIPAThb He MeHee JBYX MaTyedl u3 Tpex (HHYUBH BO BHH-
MaHue He npHHuMalorcs). [loGeza Kakoro u3 oGuiecTB BeposiTHee?

Omes. O6GugectBa A (P 4=0,544 > 1/2).

13. BeposATHOCTL MOpa’KeHHH UEJH TNEpPBLHIM CTPENKOM TpPH OJHOM
BoicTpesre pasHa 0,8, a sropmim crpenkoM —0,6. Haiith BeposTHOCT
TOrOo, YTO Ueab GyZer NOpPa)KeHa TONBKO OJJHHM CTPEIKOM.

Oms. 0,44,

14. M3 nocnepoBatensiocTH uymcen 1, 2, ..., n Haypauy OAHO 3a
JpyruM BHGHpaAIOTCcst ABa uuMcJia. HafiTH BepoATHOCTB TOro, 4ro OAHO M3
HHX MeHblUe [eJior0 JIONOXKHTEeNBHOTO YHCaAa £, a Apyroe Gojblue R, rae
l <k <n.

Oms. [2[k—1) (n—R)])/[n (n—1)].

Ykazanue. Cienath qonymeHHs: a) mepsoe HYucao <k, a BTopoe
> k; 6) neppoe uucio > k, a Bropoe < k.

15, Orges1 TeXHHYECKOTO KOHTPOAR NpoBepsieT H3JeNHA Ha cTaHRapT-
HOCTb. BepoATHOCTH TOro, yTo H3jenue HecraHgapTHO, pasHa 0,1. Ha#fth
BEPOSATHOCTL TOTO, YTO: a) M3 TPeX IIPOBEPEHHBX H3JenKnH TOJbKO OZHO
OKa)keTcsl HeCFAHAapPTHHM; 6) HECTAHRAPTHHM OKaXKETCH TONABKO UETBEPTOE
Mo NOPSAKY NpOBepEeHHOE H3JE/HE,

Oms. a) 0,243; 6) 0,0729.

Iaasa uerBepras
CJEACTBUA TEOPEM CJIOOKEHHA H YMHOXEHHSA

§ 1. Teopema ciOXeHHS BepOATHOCTEH COBMECTHBIX
COOLITHIA

Brina paccmMoTpeHa TeopeMa CJIOKEHUSI Al HECOB-
MECTHBIX cOObITUH. 3ech OyaeT U3/OXKeHa TeopeMa CJAOKEHHS
JJI1 COBMECTHLIX COOHITUH.

JIBa coOOLITUA Ha3bIBAIOT COBMECMMLIMIL, eClJii TOsiBJIEHHE
OAHOTO Y3 HHX He UCKJIIOYaeT IOSiBJEHUS JpYyroro B OXHOM
U TOM »Ke HCNBITAHHH.

NMpumep 1. A—nosBneHue ueTeIpeX OYKOB MNpH GPOCAHHM HIpaib-
HOfl KOCTH; B-—nosasJeHHe 4YeTHOrO 4Hc/Jaa oukoB. CoGbitusn A w B—
COBMECTHBHIE,

INlycte cobbitua A ¥ B coBMmecTHBI, NpHYeM JAaHbl Bepo-
SATHOCTH 3THX COOLITHH M BEPOATHOCTb MX COBMECTHOrO T1lO-
ABnenusi. Kak Hafitu BeposiTHOCTH coOuITH#A A4 B, cocros-
IIero B TOM, YTO JIOABUTCA XOTA OBl OZHO H3 cOoObITHH A u
B? OtBer Ha 3TOT BONpPOC AaeT Teope€Ma CJOXKEHUSR BeposiT-
HOCTEH COBMECTHBIX COOBLITHI.
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Teopema. Beposmuocme noasaenus xomsa 6ot 00HO20 U3
08yx coemecmuoix coboimuil pasHa Cymme seposmuocmeill Mux
cobumuti 6Ge3 sepoamHoOCMU UX COBMECMMO020 NOABAEHUSA!

P(A4-B)=P (A)-}- P (B)— P (AB).

INoxkxasaTteabctBo. [lockonsky cobeitusi A 1 B, no
yCJIOBHIO, COBMECTHBHI, TO coOnitHe A - B HacTynwr, ecsd
HACTYNUT OAHO H3 CJAEAYIOIUUX TpeX HEeCOBMECTHBIX COOBRITHH:

AB, AB umu AB. Tlo TteopeMe cJOxKEHHUs BepoOSATHOCTEH
HECOBMECTHBIX COOBITHH,

P(A-++B)=P(AB)+ P (AB)+ P (AB). (%)

CoGeitue A mpoU30HAeT, €CJHM HACTYMUT OAHO U3 JABYX
HecoBMmecTHBIX coOpiTuii: AB unu AB. Ilo TeopeMe caoxenus
BePOATHOCTEH HECOBMECTHHIX COOBITHH HMeeM

P(A)=P (AB)-+ P (AB).
Orcrona _
P (AB) =P (A)— P (AB). ()

AHanoruyHo HMeeM
P (B)y= P (AB)+ P (AB).

chmna _
P(AB)= P (B)— P (AB). {(#2%)
INMoactapuB (#x%) U (%*%) B (%), OKOHYATEJBHO MOJYUYUM
P(A-+B)=P (A)+ P (B)— P (AB). (%)

3ameuanwue 1, [lpH ucnoab3opanHu NoJyyeHHOH GOPMYJH! CJe-
ZyeT HMeThb B BHAY, YTO COOMTH® A H B MOryr GuiTh KaK He3aBMCHMbIMH,
TaK H 3aBHCHMBIMH.

Jna He3aBHCHMBIX COOBITHH

P(A-{-B)=P (A)4- P (By—P (A) P (B);
IS 3aBHCHMBIX CoObITHH
P (A4-B)=P(A) '-P(B)—P (A) P4 (B).

3amevanue 2. Ecnn cobuitiss A ¥ B HecoBMeCTHB, TO MX COB-
MellleHHe eCTh HeBO3MOXHoe cofniTHe H, caefoBaTenanHo, P (AB)==0.
Dopmysa (*i+x) AAS HECOBMECTHBIX COGHITHE NPHHHMAaeT BHJ

P (A4-B)= P (A)4-P (B).

Mpl BHOBb MOJYUHJIH TeOpeMy CJOXKeHHs AJS HeCOBMeCTHbIX cofu-
thit, Takum oOpasom, dopmyna (#sws) chpaBedJHBa Kak AAA COBMecCT-
HhIX, TaK H AJ8 HECOBMeCTHHIX COOLITHI.

Npumep 2. BepostHOCTH nonajaHHs B UeJb NpH cTpesikGe mepBOro
U BTOPOTO OpYyAHH COOTBeTCTBEeHHO pasHb: p;=0,7; p;==0,8, Hairu
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BepOATHOCTD NOMajaHHA MpH OAHOM 3anrne (W3 OBOHX OpyAMil) XoTs Ou
OAHHM H3 opyAui.

Pewenue. DBepoarHocTs nonagaHus B Uedb KaXAbIM M3 OpyAH#A
He 3aBHCHT OT pe3yabTaTa CTpesab6H M3 JpYroro OpyAHs, HO3TOMY cOOH-
THR A (nomajanHe mepBoro opyamsi) ¥ B (nonajaHHe BTOpOro OpyAHs)
He3aBHCHMBL.

BeposTHOoCTh cobuiTis AB (c6a Opyaus naiH nonajaHHe)

P (AB)=P (A) P (B)=0,7-0,8 =0,56.
Hckomast BeposSTHOCTD
P (A+-B)==P (A)-4-P (B)—P (AB)=0,7 40,8 — 0,56 =0,94.

Sameuanwve 3. Tak kak B Hacrosilllem npumepe cobmrua A u B
He3aBHCHUMbBIE, TO MOXKHO OBUJIO BOCNOJAb30BATHCH cgopmy.noﬁ P=1—
— q1q3 (eM. ra. 111, § 5). B camom nese, BeposATHOCTH cOGHWITHE, nNpo-
THBOIMOJOXKHBX COGHITHAM A H B, T. e. BepPOATHOCTH NpPOMaxoB, TaKOBH:
G=1—p;=1—07=0,3; ¢g=1—p,=1-0,8=0,2.

HMckomast BeposTHOCTBD TOrO, YTO NpH OJHOM 3a]rme XoTa Gbl OfHO

opyaile nacr noliafanHe, paBHa
P=1|—@gq;=1—0,3-0.2=0,94.

Kak u crenosano oxmuaatrbk, MoJdyuyeH TOT Ke pe3yawrar.

§ 2. ®opmysa noAHOHK BepOATHOCTH

ITyete coboitue A MOXET HaCTYNHTH NPH YCJOBUH
MOABNEHUS OJHOrO H3 HECOBMECTHBIX coOmTHll By, B,, ..., B,,
KoTopele obpasytor nmoduyio rpynny. Ilycts naBecTHm Bepo-
SITHOCTH 3TUX COOLITHH H yCJOoBHBIe BepoATHOCTH Ppg, (4),
Pg,(A), ..., Pp,(A) cobutua A. Kax HaliTH BepOATHOCTH
cobpiTia  A? OtTBer Ha 3TOT BONpPOC JaeT cJjaenykolas
Teopewma,

Teopema. Bepoamnocme cobeimusa A, Komopoe modcem
Hacmynume AuWL NPu Yeaosuu Nnoasaerus o0HOz0 u3 Heco-
amecmuoix cobermud B,, B,, ..., B,, obpasyrouux noanyw
epynny, passa cymme npoussederuli sepoamuocmeti Kaxcoozo
uz smux coboimull HA COOMBEMCMBYIOUYI0 YCAOBHYIO 6ePORIM-
Hocme coboimus A:

P (A)= P (B,) Ps, (A)+ P (B,) Ps,(A)+ . ..
... P(B,) Py, (A).

Sty dopMysly Ha3piBawT ¢«pOpPMYJ/IOH TOJHOH BEPOATHOCTHS.

HDokasarteancrtBo. Ilo yciaoBuio, cofeitTHe A MOMKer
HACTYNHTb, €CJHM HACTYIHT ONHO H3 HECOBMECTHHX COOLITHMH
B,, B,, ..., B,. ilpyruMi cirosami, nospaesue coSuitua A
O3HayaeT OCYyLlecTB/JeHHe OJHoro, 6e3pasnUYHO KAaKOro, H3
HeCOBMECTHHIX coOmiTHH B, A4, B,A, ..., B,A. Iloaprsydacse
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JUIS BHIYHCJIEHHS BepPOATHOCTH cOoObITHA A TeopeMoll cJaoxe-
HUSA, NONYUUM

P(A)=P(B,A)+ P(B,A)+ ...+ P(B,A). (%)

OcrtaeTcs BHYHCAHTL KaXAoe H3 cjaaraemuix. [To teopeme
YMHOXEHHA BEpPOATHOCTEN 3aBHCHMHX COOHTHA HMeeM

P (B,A)= P(B,) P, (A); P(B,A)=P (B,)Pp,(A); ...}
P (B,A)=P(B,) Py, (A).

Iloacrasus npashe 4YaCTH 9THX PABEHCTB B COOTHOIe-
HHe (#), noayddM GopMyJy TNOJHOH BEPOATHOCTH

P (Ay=P (B)) Ps,(A)+ P (B,) P5,(A)+ ...
...+ P(B,) Py, (A).

Npruep 1. Hueercs nsa maGopa aeranefi, Bepoarsocrs Toro, wro
AeTajnb NepBoro HaGopa cranfaprHa, pasea 0,8, a sroporo—0,9. Hafitu
PEPOATHOCTL TOTO, GTO B3ATaA Hayjaady JeTanb (M3 Hayaauy B3sTOro
naﬁoBa) -~ CTaHJAapTHAA.

emeHue. OGosHaunM gepes A coOuiTHe «HIBJCYeHHAR NETAND
CTAHAAPTHAY,

Herans wmoxer Gulb u3annedeHa au6o H3 nepsoro HaGopa (coOu-
e B,), 860 H3 BTOpOrO (coGuitHe B,).

BepoatHoers TOrOo, dTO Jerans BuHYTAa H3 nepBoro HaGopa,
P (By) =1/2.

ePORTHOCTE TOIO, 4YTO JeTasJb BoHYTa H3 BTOporo HaGopa,
P(Bg=l/2.

CJOBHAs BEPOATHOCTb TOr'O, YTO H3 NepBOro Halopa GyAeT H3sje-
qeHa CTanjaptHaa Retanb, Pg (A)=0,8,

¥YcaoeHas BepoOATHOCTH TOIO, WTO H3 BTOpOro HaGopa 6yaeT HSBAe-
ueHa cranjapruas aeraas, Pg, (A)=p,9.

HcxkoMan BepOoATHOCT TOTFO, YTO H3BJEUEHHAs Hayjauy AeTaldb —
cTaHgaprHan, no dopMyne noaHoR BepOATHOCTH paBHa

P (A)=P (By) Pp,(A)+ P (B,y) Pp, (A)=
=0,5.0,8+0,5-0,9=0,83.

INpumep 2. B nepsolt KopoGke coaepxurca 20 papxoaamn, N3 HHX
18 cravaapTHHX; BO Bropoft Kopo6ke — 10 Jamn, H3 HHX 9 cTamaapr-
HuX. M3 Bropoit KOpo6KH Haylawy B3sTa JlaMNla H NepesioXeHa B mep-
Byio. HafiTH BeposiTHOCTB TOro, 4ro Jamna, HayAady H3BJeyYeHHAaA HS
nepeoft KopoGkn, tS;JJ.e'r CTAHAAPTHOM,

Pemenuwue. HauHM dqepe3a A cobGuTHE <43 nepBofl KOpPOOKH
H3pjiedeHa cTaHAapTHas Jammaby.

H3 BTOopolt KOpOGKE wMmorna OuhiTh H3BJeUeHa JAu00 CTaHRapTHas
namna (co6uthe B;), nubGo HecranjaaprHas (coGuTHe Bj).

BeposTHOCTD TOrO, 4TO M3 BTOPOA KOPOOKH HM3BJIeueHa CTaHA&pTHas
namna, P (B,)=9/10.

BeposaTHOCTE TOrO, 4TO H3 BTOpPofl KOPOGKH H3BJegSeHa HecraHAApT-
Hag namna, P (By)=1/10.
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¥YcnopHast BepoATHOCTL 10r0, YTOG H3 nepBofi KOpoGKH H3BJIeyeHa
CTAHJApPTHAA JaMIa, NpW YCJOBHH, YTO H3 BTOPOR KOPOOKH B NepBYIO
6nina NepelojKeHa CTaHAApTHas namna, pasBHa Pg, (A)=19/21.

YcaoBHA BepOATHOCTb TOFO, YTO H3 mNepBOH KOpoOKH H3BJeyeHa
CTaHJZapTHast Jlamila, npy¥ YCJOBHM, UTO H3 BTOPOH KOpPOOKM B MepBYIO
6Li/ia TepeJoXeHa HecTaHJapTHas namna, pasHa Pp, (A)= 18/21,

Hckomass BeposttHOCTb TOTO, 4TO H3 neppoH KopoOku OyleT H3Bje-
yeMa CTaHzaprHad Jamna, no ¢GopMmyJse NOJHoH BEpPOATHOCTH paBHA

P (A)y=P (B,) Pg, (A) - P (B,) Pg, (A)=(9/10)-(19/21) +
+ (1/10)-(18/21)=0,9.

§ 3. Bepoatnocrs runores. ®opmyan beheca

ITycte cobnitHe A MOMET HACTYIHTBH [IpH YCJOBHH
MOSIBJIEHUHA OAHOrO U3 HECOBMECTHHRIX coOwiTuil B,, B,, ..., B,
obpasylomux noaHylo rpynny. [lockonbky 3apaHee He H3-
BECTHO, KaKOe€ H3 3THX coObITMH HACTYIIMT, UX HAa3LIBAIOT
eunomesamu. BeposiTHOCTh 1mosipjieHus cobGblTHs A onpejne-
asgercs no ¢opMmysae NONHOH BEPOATHOCTH (CcMm. § 2):

P (A)=P (B,) Ps, (A)+P (B,) Ps,(A) + - ..
.o.+P(B,) Ps, (A). (%)

IMonycTHM, 9YTO MNPOU3BEJEHO HCILITAHHE, B Pe3yabTare
Kotoporo mnosBuiaock cobwitue A. [loctaBuM cpoeit 3ajaueit
OlNpeneuTh, KaK H3MEHMAUCH (B CBA3U C TeMm, 4YTO COOHI-
tHe A yXKe HACTYNMJIO) BepOSITHOCTH runores. IIpyrumu
c/oBaMM, OYJeM UCKaTh YCJOBHblE BEpPOSITHOCTH

P,y(By), Pa(By), .., Pa(By).

Haiigem cHagyana ychoBuyio BepofATHocTh P4(B,). Ilo
TeopeMe YMHOMKEeHHS MMeeM

P(AB,)=P (A)P,(B,)= P (B,) Ps, (A).
Orcrona
P(BI) ‘PBI.(A)

PA'(Bl)z P (A)

3amenuB 3jech P (A) 1o ¢opMmyne (), nojyuum
P.(B.)— P (By) Pg, (A)
4(BY) = 5By Pa A TP (B P, (AT -~ TP (B) Prs,, (A)°

AHanoOrHYHO BHIBOAATCS (POPMYJRI, ONpENesHIOUHE YCOB-
HL€ BEpOSITHOCTH OCTaJIbHBIX TMIIOTE3, T. €. YCJOBHAas Bepo-
aTHocTs JiobGofi rumotesw B; (i=1, 2, ..., n) Moxer OHTb
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BhiUMCJIeHA o topMmyJe

P (B;) Pg.(A
PA(Bi)= ( ) B,‘( )

P (B,) Pp,(A)+ P (By) Py, () ... +P(Bn) Pg}(A)"

INonyuennnie ¢opmyasl HasbiBaloT gopmyramu BLeieca
(N0 HMeHHM aHIJIMHCKOro MaTeMaTHKa, KOTOPBIH WX BHIBEJ,
ony6avukonauel B 1764 r.). Popmyasn DbLedeca nossoasom
nepecyeHumMs BepOAMHOCMIU 2unomes nocae moeo, Kak cma-
HOBUMCA USBECMHBIM PE3YAbMAm ucnbimanua, 6 umoze Komo-
pozo nosfieuaoce cobumue A.

Mpumep. J[leranu, H3roToB/NsieMble LeXOM 3aBoAd, MONAAAIOT AAs
npoBepKH MX Ha CTaHAapTHOCTh K OXHOMY M3 JBYX XoHTpoJepoB. Bepo-
SSTHOCTb TOTO, YTO JeTanb monajaetr X nepBoOMY KOHTpeJepy, pasHa 0,6,
a ko sropoMy —0,4. BeposrHOCTh TOro, 4TO rOZHAas JAeTadb GyaeT MpH3-
HaHa CraHlapTHOM MepBHM KoHTpoaepoM, paBna 0,94, a sropmm— (,98.
Fofinas Jerasib npH npoeepKe Guaa npu3aHaHa craHfaprtHo#i. Hahtu
BepOSITHOCTb TOTO, YTO 3TY JleTanb MPOBEPHJ MEPBbIA KOHTpodep.

Pemenune. O603nayum uepes A colbiTHe, CoCTOsALICE B TOM, YTO
rofHas Jeralks Npu3HaHa cTaslapTHOH. MOXKHO cllesaTh ABAa NpeAnoJio-
MeHH 5t

1) zeraab NpoBepPHS NepBHiA KOHTpoJiep (THMOTe3da Bji);

2) nerans npoBepHs BTOpoft KoHTpoJep (runoresa B,).

HckoMylo BeposTHOCTH TOTO, 4TO JeTajb NMPOBEPHJ NepBbii KOHTPO-
Jep, Haigem no dopmyae Beileca:

P (B,) Pg, (A)
P (B,) Pg, (A)4-P (By) Pp, (A) °
ITo ycnoBHio 3a1a4H HMeeM:

P (By)=0,6 (BepoaTHoOCTb TOro, 4TO JeTalb noONnajgaer K [lepBOMYy KOHT-
ponepy);

P (B3)=0,4 (BeposATHOCTE TOTO, 4TO JeTafb NOMAajleT KO BTOPOMY KOHT-
poaepy);

Pg. (A)=0,94 (BepoATHOCTh TOTO, YTO TroAHaf JeTants Oyjer NpH3HAHA
NepBHM KOHTPOJePOM CFaHJapTHOR);

Pp, {A)=0,98 (BeposATHOCTL TOrO, 4TO0 TrofHas Jjerane GyleT mpu3HaHa

BTOPHIM KOHTPONEPOM cCTaHjapTHo#).
Hckomas BeposATHOCTDL

P 4 (By) = (0,6-0,94)/(0,6-0,94 -1-0,4-0,98) ~ 0,59,

Kak BHJIHO, 0 HCIILITAHHA BepOSITHOCTH THMOTe3n B; pasusaacek 0,6,
a nocjie TOro, KaK CTaj HM3BECTEH Pe3YAbTAT HCNHITAHHSH, BepPOSTHOCTH
3TOit runortesbl (TouHee, YCJAOBHAS BePOATHOCTL) H3MEHHJACh H CTajAa pas-
Hofi 0,59. Takum o6pasom, HcnoJas3oBaHHe tdopMyast Befleca mossoauno
NepeolUeHHTh BepPOSATHOCTb pacCMAaTpHBaeMof THIOTe3Hl.

PA(31)=

3ajnauu

1. /lea crpe/xa mpoH3BeJH NO OAHOMY BHICTpeay. Beposit-
HOCTL TNofajaHusi B MMIICHL NePBHIM CTpeJKoMm paBHa (,7, a BTOpbHIM —

0,6. HafiTn BeposTHOCTL TOTO, YTO XOTA OB OAMH H3 CTPEJIKOB NomnaJ
B MHLUEHb.

Oms. 0,88.
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2. Y cOopwmuka HMeerca 16 meranefi, HSTOTOBJCHHHX 3apofoM Ni |1,
E 4 netanu sseona Na 2. Haygauy saste 2 aeraau. HalitH BepoaTHOCTH
TOTO, YTO XOTH Ohl OlHA H3 HHX OKAXeTCH H3IrOTOBMeHHO# saBosoM M 1,

Ome. 92/95.

3. B rpynne cnoprcmenos 20 JBXHEKOB, 6 pesjocHneancToB B 4 Ge-
ryHa. BepoaTHOCTS BHINOJRHTH KBAAHPUKAUHOHHYIO HODMY TAKOBA: AAL
ARDKHHKA —0,9, Ans penocuneancra—0,8 4 Ansa Geryua—0,75. Haltu
BEPOATHOCTL TOrO, 4YI0 CHOpTCMeH, BuGpaHuHfi uayjgaqy, BHINOJHHT
HOpMY.

P gmc 0,86.

4. C6opmHK noayunn 3 xopoGku Jeranefl, HS[OTOBAGHHHIX 3aBO-
RoM N 1, H 2 KOpoGKH perasefi, H3rQToBNeHARIX 3apofoM Nt 2. Beposar-
HOCTh TOrO, YTO Jerajb 3aBoja Ne | craHjpaprHa, pasHa 0.8, a sasopa
M 2—0,9, Copiuyk Hayfawy H3BJAeK JeTalb H3 Hayjayy BSATOH KO-
potku. Hallt BeposaTHOCTE TOro, 9TO H3BAeYeHa CTaHAAPTHAA JAETab.

Oms. 0.,84.

5. B nepsom smuke cogepxurca 20 peraneft, s mux 15 cramgapr-
HbX; BO BTOpoM—30 geTalel, M3 HHX 24 CTaHEADTHHX; B TPETHEM —
10 pmeranefi, ®3 HuXx 6 cranaapTeHuX. Hafite BepoATHOCTR TOro, 4TO
Hayjayy H3BJedeHHan RETaJab H3 Hayzauy B3SiTOrO AMHKa—CTaHAAPTHAA.

Oms. 43/60.

6. B TeneBusHoHHOM aTesnbe HMeeTci 4 KHHecKona, BepoaTHOCTH
TOro, 9T0 KHHECKON BHJAEPKHT rapaHTuAHHB cpOX cAyXOH, COOTBETCT-
pento pasum 0,8; 0,85; 0,9; 0,95. Hafite sepoaTHocTs TOrO, 4TO B3ATHE
HAyAady KHHeCKON BLIJAEPXHT rapaHTHAHHA CPoK CAYXKOH.

Oms. 0,875.

7. B Apyx AlHKAx HMelOTCA pagHoqaaMnu. B nepsom simuke conep.
XHTCH 12 samn, B3 HHX } HecTaHAapTHasA; BO BTOpoM 10 saMn, 43 HHX
1 vecranpaptuas. M3 nepBoro samMKa Hayfauy B3fTa JaMNa H nepeJso-
wmena Bo Bropofi. Hafita BeposiTROCTH TOrO, WTO HayjAayy H3BJeYeHHARA
H3 BTOPOro smiHKa Jamna OyJer HecTannapTHoH.

Oms. 137132,

8. M3 nontoro HaGopa 28 kocTeH AoMHHO Hayzauy H3BJeHeHAa KOCTh.
Hafith sepoaTHOCTD TOro, 4YTO BTOPYIO0 H3IBJGUEHHYIO HayJauy KOCTh
MOXHO NPHCTABHTL K nepBof.

Oms. 7/18.

9. CTyneHT 3HaeT He BCE SK3aMeHalHOHKHe Gusersi, B xakoM cay-
uyae BepOATHOCTL BHITAWATL HeH3BeCTHHA OuneT Oyder ANf Hero HaHMeHb-
wefi: Korja oH GepeT GHJIET NMEpPBbHIM MM NOCHEAHMM?

Oms. BepoATHOCTH OZHHAKOBW B OOGOHX cJysanx.

10. B aquirk, conepwanmii 3 oAHHMAKOBHX JeTanH, Gpoiwleya CTaH-
RapToas JAeTanh, a 3SaTeM Hayjady H3BJedeHa OJHAa jetanan, Hafttu
BEpPORTHOCTS TOrO, 9T0 H3BJAEYeHa CTAaHfapTHAA AeTajdb, €C/AH PaBHOBEpPO-
ATHE BCEe BO3MOXHHe MpelioNOXMEeHHS O 4HCJe CTAHJAPTHHX Jeranel,
NepBOHAYANLHO HAXOQAIHXCA B ANLHKE,

Oms. 0,625,

11. [Ipn oOTKNOHMeHHH OT HOPMa/NLHOrO pexXHMa paGoTH aBTOMaTa
cpabGatniBaeT cHryaausarop C-1 ¢ BeposTtHocThio 0,8, a cHrsanssarop
C-11 cpaSaTthBaer c peporrHocThio 1. Bepoarmoctm TOro, 9ro asTomart
cHabmen cHrHEaansaropom C-1 man C-11, coorsercreenso paseEH 0,6
u 0,4. [lonyged cHrHa’x o pasgeare asToMara. Hro BepoaTHee: aBTOMAT
cHaGxeH cHruantsaropom C-1 nsm C-117

Omas. BeposiTHOCTbL TOrO, yro aBTOMAT CHaGxeH CHrHaan3datopom C-1,
pasHa 6/11, a C-11—5/11.
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12. lIaA yvacTHa B CTyJeHYeCKHX OTGOPOYHHX CNOPTHBHHX COPEBHO-
Ba¥HAX BHJEJEHO H3 nepBOd rpynnu Kypca 4, H3 BTopoit —6, H3 TpeTnelt
rpynnsi—5 cryaeHtoe. BepoATHOCTH Toro, uro cryjeHr nepsofi, Bropoit
K TpeTsefi rpynna nonanaer B cOOPHYI0 HHCTHTYTa, COOTBETCTBEHHO
pasam 0,9; 0,7 n 0,8. Hayfrauy BHOpaHHHII CTYACHT B MTOre COpPEeBHO-

BaHHst nonan B cGopHyo. K Kakofl H3 rpynn BeposTHee BCero npHHag-
Jiexasa STOT CTYAEHT

Oms. BepoaTHOCTH TOrO, 9TO BHOpam cryaeHT nepBo#l, propofi, Tpe-
Thefl Ipynn, coOTBeTcTBeHHO paBHu: 18/59, 21/59, 20/59,

13. BepoaTtHOoCcTb AN HakeAHA HEKOTOPOTO NPOH3BOACTBA YAOBAETBO-
pars crangapry pasna 0,96. [Ipeanaraerca ynpomeHHas CHCTEMa npo-
BePKM H4 CTAHAAPTHOCTL, [AAONIAR NONOMKHTENBHLIN PE3yALTAT C BEpPOAT-
Hocrpio 0,98 ana uagenuil, yloeAeTBOPRIOMHEX CTAHAAPTY, a AJIA H3Ae-
AHil, KOTOpHEe HEe YAOBJAETBOPANT CTAaHAAPTY,— ¢ BepoATHocTbio 0,05.
HafiTH BepOATHOCTL TOrO, YTO H3AeNHe, NPH3HAHHOE INPH Nposepke

cTanAapTHbiM, AefCTBHTE/NbLHO YJAOBRJETBOpAET CTaHAapTY.
Oms. 0,998.

I'nasa natas
NOBTOPEHHE HCNBITAHHA

§ 1. ®opmysa bBepuyamm

EcaH npou3BOAMTCA HECKOJNBKO HCNBITAHHA, npu-
ueM BEpPOATHOCTb COOBITH# A B KaMAOM MCIBITAHHYM He 3a-
BHCHT OT HMCXOAOB JPYTrHX HCHBITAHHH, TO TaKHe HCNBITAHUSA
HA3RIBAIOT He3aBUCUMbIMU OmMHOCcumeabHo cobbimun A.

B pasHHX He3aBHCHMBIX HCHNBITAHHAX cobnitHe A Moxer
HMeTh AHOO pa3iuuHble BePOSITHOCTH, AUO0 OAHY H Ty XKe
BEPOATHOCTh. DyseM jajee paccMaTpHUBaTh JHIIbL TaKHe
He3aBHCHMbIE HCIILITAHHS, B KOTOpHX cobuTHe A HMeEeT ORHY
H TY JXe BEepOATHOCTD.

Huzxke BOCHONMb3yeMcsi TIOHSITHEM CA0MCHO20 cobwmus, To-
HHMas IO HUM COBMeIlleHHE HEeCKOJNBKHX OTAe/NbHBIX COOBI-
THH, KOTOpHE HA3HIBAIOT rnpocmuisu.

ITycTh mpou3BOAMTCH 77 HE3ABUCHMBIX UCMBITAHHH, B KaX-
AOM H3 KOTOpPHIX colbiTHe A MOXeT NOsABHTBCA JAubO He
MOABHTbCA. YCJOBHMCA CMHTaTh, 4TO BepPOATHOCTE COOLI-
THa A B KaXJA0OM HCNBITAHMH OAHA M T4 e, a HMEHHOo
paBHa p. ClefoBaTesJbHO, BEPOATHOCTL HEHACTYMJIEHH# CO-
ObTHA A B KaXIOM HCNHTAHHH TaKXe NMOCTOAHHA M PaBHA
g=1-—p.

IlocTasiM nepea coboft 3aady BHIYHCJIHTH BEPOATHOCTD
TOro, 4YT0 NPH n HCHLITAHHAX cobbiTHe A OCYIMIECTBHTCH
POBHO & pa3s M, CJel0BaTeJbHO, HEe OCYIIEeCTBHTCH n—Rk pas.
BaxxHo mnopuepkHyTb, 4TO He Tpefyercs, 4TOOnl cobbiTHe A
NOBTOPHJIOCH POBHO R pa3 B onpejesieHHOH INOCHeA0BaTe b~
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goctd. Hanpumep, ecnu pedsn ujer o nosasneHuu cobuTus A
TPH pa3a B YeThipeX UCIILITAHHAX, TO BO3MOXKHHI CJejylolue

caoxuble cobbitusi: AAAA, AAAA, AAAA, AAAA. 3anuch

AAAA oanavaer, 4TO B NepPBOM, BTOPOM H TPETHEM HCMhI-
TAaHUAX coOblTHe A HacTynmu/jio, a B YeTBEpPTOM HUCIbLITAHUH
OHO He TOfIBUJIOCH, T. €. HACTYHWJ/O TNPOTHBOMOJOXKHOE CO-

ObiTHe A; COOTBETCTBEHHBIH CMEICA WUMEIOT U APyrue 3alucH.

Hckomyio BeposiTHOCT, oOo3nauuM P, (k). Hanpumep,
cumBosi P, (3) o3HagaeT BepOSAITHOCTH TOTO, YTO B NATH
MCNBITAHUAX COObITUE NOABUTCS POBHO 3 pa3a u, CJejoBa-
TeAbHO, He HacTynur 2 pasa.

[NocTraBnennyio 3ajady MOXKHO PeluTh C IOMOLIBIO TaK
HasbiBaeMo# ¢GopMyJsl bepuysu.

Buieon dopmyabni Bepuyann. BeposiTHOCTH OQHOIO CJIOK-
HOrO COOBITUS, COCTOSIEro B TOM, YTO B 1 UCMBITAHHAX
coObiTHe A HacTynuT k pas m He HACTYNUT #—Ek pas, no
TeopeMe YMHOXXEHUS BepOATHOCTEH He3aBUCHMBIX COOBITHH
paBHa p*q"~* Takux c/AOXKHBIX COOBITHHE MoOXeT OBITh
CTOJIBKO, CKOJIBKO MOXKHO COCTaBHUTL COYEeTaHHH U3 n sje-
MeHTOB Tno k sjeMeHTtoB, T.e€. CF Tak xax st cjoxHbe
cOOBITHA HECOBMECTHRI, TO MO TEOPEME CJIOXKEHHS BepOSTHO-
cTeil HeCOBMeCTHBIX COOBITUH HCKOMasi Bepo’ATHOCTb paBHA
CYMME BEPOSITHOCTEH BCEX BO3MOXHBIX CJOXKHBIX COOBITHI,
[TockONbKY e BepPOSITHOCTH BCEX 3TUX CJOXKHBIX COOBITH
OJUHAKOBLE, TO UCKOMAA BepOSITHOCTbL (MOSIBJIEHHA k paz co-
6T A B n  UCNBITAHUAX) pPaBHa BEPOATHOCTH OJHOTO
CJIOJKHOTO COOBLITHA, YMHOXEHHOH Ha HX YHCJO:

P, (k) = Clptq"~*
HJIH

4 n—
P,(R)=rm—m P9 "

INoayueHHyio (opMyNly HA3SHIBAKT gopmyacd Lepuyrau.

Mpumep. BeposiTHOCTE TOTO, YTO pacxoll 3JeKTPO3HEPTHH B NMPORoJ-
XeHHe OJHMX CYTOK He MpEeBLICHT YCTaHOBJIEHHON HOPMEI, paBHa p ={(,75,
Haiity BeposiTHocTs TOro, 4Yro B Gixka#iime 6 CyTOK pacXol 3yeKTpo-
SHEPrHH B TeueHHe 4 CYTOK He NPEeBBLICHT HOPMHBI.

Pemenune, BeposTHOCTs HOPMaJNbHOrO pacxoiia SNEKTPOIHEPTHH
B NPOJNOJIKEHHe KaXXAHX H3 6 CyTOK noctosHHa H paBHa p==075. Cie-
JIOBATEILHO, BEPOATHOCTL Nepepacxofa IIEKTPOIHEPTHH B KaMAble CYTKH
TaK»e NOCTossHHAa H paBHa ¢ =1 —p=1—0,75=0,25.

Hckomast BeposttHocTs no dopmyae Bepiyann paena

Ps (4 =Cip'q" =Chp'q> =22 (0,75)1. (0,25) =0,30.



§ 2. JlokaabHasa Teopema Jlanaaca

Beiine Onlsia BeiBedeHa (opmysia BepHyJasu, nosso-
JISIONULAS BbIYHCJIUTD BEPOATHOCTh TOFO, UTO COOLITHE NOABUTCS
B N1 MCNBITAHHAX poBHO & pa3. Ilpw BhIBoAe Mbl rpeanodia-
rajiy, 4YTO BEPOSATHOCTH HNOSIBJAEHUS COOLITHA B KaXKJIOM
uCnuITauuy mnoctosindHa. Jlerko BHAeTh, 4YTO IM0JIL30OBaTHCAH
dopmysioii BepHynan upu GOJbUIMX 3HAYEHUSX N JOCTATOYHO
TPyAHO, TaKk Kak ¢opmyna tpebyeT BblIloMHEeHUA AeHCTBHH
Haf rpoMajHbpMu udxcsamu. Hanpumep, ecnm n==50, k=230,
p=0,1, T0 Ans othickaHus# BeposTHocTH P, (30) Hagmo
BbIgUCJ/IHTh Bbipaxkenue P, (30) =501/(301201)-(0,1)3°.(0,9)2,
rae 501 =30 414093. 10%7, 30! =26 525 286 - 1028 20! =
= 24329020-10'*. TlpaBza, MOXHO HECKOJBKO YINPOCTUTH
BBEIYUCJIEHH S, MNOJAB3YACh crneuraJbHbiME TabJHuaMyu Jora-
pupmor daxktopuasoB. OnHakO U 3TOT YTh OCTaercd
FPOMO3AKHM H K TOMY XKe HMeeT CYLIECTBeHHBIH HeJOCTATOK:
tabGaunbl coAepkaT npubiiuKeHHbIe 3HadyeHWd Jorapudmos,
MOTOMY B IPOLECCE BbLIYHCJIEHMH HaKaluBalOTCH I10OrpeLl-
HOCTH, B HTOre OKOHYATeJbHBIH pe3yJbTAT MOXKET 3HAYH-
TENbHO OTJHYATHCS OT HCTHUHHOTO,

EcrecTBeHHO BO3HUKAaeT BOMPOC: HENbL3Sl JIH BBIYHC/HUTE
MHTEPECYIOULYI0D HAC BEPOSTHOCTb, He npuberasd K GopmyJie
Bepuynau? Okxa3spiBaeTcsi, MOXHO. JlokalibHasg TeopeMma
Jlannaca w jaer acumnrtotudeckyo *' dopmysny, KoTopas
NO3BOJISET MNPUONUKEHHO HaHTH BEPOSITHOCTL TOSBJAEHUSA
cOOBITUA POBHO £ pa3 B n HCABITAHHUAX, ecJ/Jd YUCJIO HCIHI-
TAaHUH JOCTATOYHO BEJHKO.

3aMeTuM, uTO JJIf YacTHOTO cJiy4ass,, a HUMEHHO IJis
p=1/2, acumnroTuyeckasa gopmysna O6plna naiizena B 1730 r.
Myaspom; B 1783 r. Jlanaac o6Gobwun ¢opMmyny Myaspa
1Jist fipoH3poJsibHOro p, orsauydoro or O u 1. Tlostomy Teo-
peMy, O KOTOpoH 3JleCcb HAET peyb, HHOTJa HAa3LIBAIOT
meopemoii Myaspa— Jlanaaca.

M OKa3aTesilbCTBO JIOKAJbHOH TeopeMbl Jlannaca HOBOJILHO
CJIOXKHO, TOSTOMY Mbl IpHBeJeM JUIIL GOPMYJHPOBKY TEO-
peMel U IMpHMepbl, HJJIOCTPUPYIOUIHE €e HUCMNOJb30BaHUe.

JiokanbHas Teopema Jlannaca. Ecau seposmuocms p nosg-
nenun coboumusi A 6 Kamdom ucneimasuu NOCMOSAHHA U
OMAuUdHA om HYyas u eduruyst, mo sepoimuocme P, (k) mozo,

*} OyHKnHIO @ (X) Ha3blBalOT ACHMNTOTHUECKHM N pHOJIHKeHHeM

, lim £ 1.
byukuuu f(x), ecau ximm @
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umo cobeunue A nossumcs 6 n ucnuimanusx posro k pas,
npubauncenno pasHa (mem modree, yem Oo0AbLIE N) SHAYEHUIO
ynKyuu

Ly}

Y= - * P (x)
Viapg Voxn Vg ¥

npy x=(k—np)/V npq.
Hmetorcss Tabauubl, B KOTOPHIX IOMElleHL 3HauYeHHS

1
GyHKUUH @ (x) = Ve e~*"/% COOTBETCTBYIOUIHE MOJOXKUTE/b-
k1

HBIM 3HauYeHWAM apryMeHTa X (cM. npujoxedue 1). Jasn
OTPHLIATENLHHX 3HAUeHHH apryMeHTa MoJb3YIOTCS TEMM Ke
TabaunlaMi, TaK KaK QyHKUHA @(x) deTHA, T. . ¢ (—X)=@(X).

Hrak, BepoaTHOCTL TOro, 4to cobmiTHe A MOABHICH B N
He3aBHCHMBIX HCIIHTaHHAX POBHO Kk pa3, NpHOAHXKEHHO paBHA

Pn(k)z V%E 'q)(x)n
rae x=(k—np)/V npg.

Mpumep 1. HafATH BepoSTHOCTL TOro, uTO CoOHTHe A HACTYNHT

poBHO 80 pa3 B 400 HCNLITaHHAX, €CNH BEPOSTHOCTB MNOSBJIEHMN ITOTO
COGLITHSE B KaXXIOM MCNLITaHHH paBHa 0,2.

Pemenne, Ilo ycaoruio, n=400; k=80; p=0,2; ¢=0,8. Boc-
noJab3yemcst acuimnTorHYecKoft popmynodnt Jlannaca:

1
¥ 400.0,2.0,8

Poo (80) =

<P (x)=—;— - @ (%),

Buigncaum onpeaenssemMoe AaHHEIMH 33JayH 3HaUYeHHE X:

x=(k—np)! V npq=(80—400.0,2)/8 =0.
ITo TaGnuue npuaomenus 1 Haxogum ¢ (0) =0,3989.
Hckomast RepOSTHOCTE
Pgoo (80) =(1/8)-0,3989 = 0,04986.

Qopmyna bBepHyanH NpHBOZKHT NpPHMePHO K TAKOMY JKe pe3yJdnTaTy
(BLiKNAAKH BBHMAY HX I'DOMO3JKOCTHE ONYINEHKI):

P‘,no (80) = 0,0498.

Mpumep 2, BepoRTHOCTE NOpAaXKEHHA MHIUEHH CTPEJKOM NpPH OJHOM
BecTpene p=0,75. Hafita BeposatHocTs TOro, uro npu 10 BmicTpenax
CTpeJIOK HOPa3HT MHWIEHL 8 paa,

Pemeune, Ilo ycroBdio, n=10; k=8; p=0,75; ¢=0,25,
Bocnonnayemca acamnroryueckofi popmyaost Jlamnaca:

1

Py (8) _ﬁT—O—?_S_-O_—E « @ (x) =0,7301 . (¥).



Bbl‘lHC.'lHM onpe)lenﬂe.\ioe JAaHHBIMH 33aNaY¥ 3HaueHle X.
k—np 8—10.0,75
X = e o '
Y npg V10.0,75.0,25

INo TaGunue npujaoxenus | Haxoamm @ (0,36) =0,3739.
Hckomas BepoSTHOCTB

Py, (8)=10,7301.0,3739 =0,273.

dopmyna DBepHyann npHBOAMT K HHOMY pe3y/ibTary, a. HMEHHO
P1o (8) =0,282. Cronp 3HauydTeAbHOE DacXOXACHHE OTBETOB OObACHACTCA
TeM, YTO B HACTORILeM TpDHMEpPE 71 HMeeT Majioe 3HaudeHHe (popmysna
Jlannaca paer KocTaTOMHO XOpouine NMpHOIHKEHHS JHUIb NPH JOCTAaTOYHO
GOJMbLIUNX 3HA“CHHAX n).

§ 3. HurterpajsoHasa teopema Jlannaca

BHoBB 11penrioNOKHM, YTO I[IPOU3BOAHTCHA 71 HCIHhH-
TaHull, B KaXKJOM H3 KOTOPHX BepOATHOCTb INOABJIEHHSA
cobuiTusi A mocrosinga W paBHa p (0 < p < 1). Kak Bnhunc-
Jadth BepositHocTs P, (R, k,) Toro, 4uro cobuiTHe A NMOABHTCA
B n UCNHITAHUAX He MeHee &k, H He GoJjee k, pa3 (njs kpar-
KocTd GyAeM TOBOPHUTBL «OT R, A0 k, pas»)? Ha aror BOonpoc
OTBEYAET MHTerpanbHas TeopeMa Jlannaca, KOTOPYI0 Mh
NpPIBOAUM HUXKe, ONYCTHB JOKa3aTesbCTBO.
Teopema. Ecau sepoamnocms p nacmynaenus cobounus A
8 KamOoM ucneimaxuu NOCMOAHHA U OMAUYHO OM HYAA U
edunuyei, mo eepoamuocms P, (R, k,) mozo, wmo cobumue A
noseumcs 8 n ucneimanuax om Rk, 0o k, pas, npubauxcenro
pasHa onpedeseHHOMY urmezpary

x”
t .
Py (fy fy) o — e ie—z / de, (%)
rae x' =(k—np)V npg u X =(k,—np)/V npq.

[px pewieHnn 3afau, TPeOYIOMHX NpHUMEHEHHA HHTEr pab-
HOH TeopeMn Jlannaca, MoJb3ylOTCA CrHENHAJbHHIMH TaGJH-

HaMH, TaK KaK Heonpeje/eHHHA HHTerpaJ Se“"/'dz He
BhipaxaeTcsi uepe3 3JjeMeBTapHhe ¢yskund. Tabauna mas
x

HHTerpana @ (x) =

e~#/" dz npuBefieHa B KOHLE KHUIH

{(cM. npuiaoxenne 2). B TaGauue RaHH 3HaveHus QyHKuHH
D (x) ana nNoOJOKHTENLHHWX SHaueHHH x M Wis x=0; gas

X <0 noabsyorcs ToRt Ke Tabauued [pynxkuusa @ (x) me-
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yetHa, T. e. O (—x)=— D (x)]. B Ttabauue npHBeACHHI
3Ha4YCHUA MHTErpala JHWbL A0 X==5, TaK KakK Ajs x> 5
MOZKHO NpuHATE @ (x) =0,5. Pynkuuio @ (x) yacTo Ha3BIBAOT
Pyrnryueid Jlanaraca.

Ilnsa toro utoOn MOXHO OBWIO MOJABL30BATbCHA Tabauuel
¢yuknuu Jlanaaca, npeobpasyeMm cooTHomieHHe (%) TakK:

0 x
P, (ky, ky)~ V‘gﬁ S -2V gyt V;—n (e-z-/a dz =
x 0
x" x
1 ]
- —z./ — _z!/ — ” _ ’
mge idz VﬁSe tdz=0® (x")—D (x).

Hrak, BeposiTHOCTB TOrO, 4TO coGbiTHE A NMOABHTCH B n
HE3aBUCUMBIX HCNBITAHUSIX OT k;, 0 R, pas,

Pn (kv kz) ~@ (x”)—('D (JC'),

rae x' = (k;—np)[V npq u x" = (k,—np)/V npq.
IlpuBesieM npumepni, UJMIOCTPHPYIOIIHE TNPUMEHEHHE WH-
TerpajbHOH Teopemnl Jlannaca.

lIpumep. BeposiTHOCTL TOro, 4TO JAeTaib He npouwia npopepky OTK,
paBHa p=0,2. Ha#ity BeposTHOCTL Toro, uto cpeau 400 cayuaiino oro-
GpaHALIX NeTaneli OKaXeTcs HenposepeHHBX of 70 no 100 peraneit.

Pemenne. Ilo ycrtosuw, p=02; ¢=0,8;, n=400; k;=70;
ks = 100. Bocnonbayemcst nHTerpaneHoii Teopemoft Jlansaca:

Pyoo (70, 100) = @ (x") — @ (x').

BoiMMCIHM HHKHHA M BepXHMA npejliesib! HHTETPHPOBAHMS:
,__Ry—np  70-—400.0,2

V npg YV 400.0,2.0,8
w__ Re—np  100—400.0,2

VYV npq Y 400-0,2.0,8
Takum o6pasoM, HMeeM

Pyoo (70, 100) =D (2,5)— O (—1,25) = D (2,5) 4D (1,25).
Ilo Tabsnne npuaoxkeHHs 2 HaXOAMM:
@ (2,5) =0,4938; D (1,25)=0,3944.
Vickomas BepoarHocrb
P oo (70, 100) =0,4938 - 0,3944 — 0,8882,

3ameuyanue. OO603HauuM Yepes M YHCAO NOsBJIeHHA coOumTHR A
NpH¥ N HEe3aBHCHMBIX HCNBITAHHAX, B KaXJAOM H3 KOTOPHIX BepOATHOCTH
HACTYNJeHHA cOGLITHR A nocrostHHa H pasHa p. Ecau wuciao m name-

usercs OT ky N0 ky, TO Apobh (m—np)/ ¥V npg naMensercs or
(Ry—np) V npg=x" no (kq—np)/ V npg=x". CrenoBaTeJbHo, UHTer-
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panbHyl0 Teopemy Jlannaca MOXKHO 3amHCaTh H TaK:
x”

m—anp 1 —2%/3
P(x'<————.<;x"):~.———-—-:je dz.
Y neq Y 2n J
Or1a dpopma 3aNHCH HCMOJAb3YETCH HHIKE.

§ 4. BeposaTHOCTb OTKJOHEHHA OTHOCHTEALHOI
YACTOTH OT NMOCTOAHHONW BEPOATHOCTH
B HE3aBHCHMBLIX MCNBITAHHAX

BHoBbL OGyAeM CYHTATb, YTO IIPOMU3BOJHTCHA N He3a-
BHCHMALIX HCHOBITAHHH, B XaXXJOM M3 KOTODHIX BEPOSTHOCTL
noasjieMHsi coObiTud A noctosHHa M paBHa p (0 < p < 1).
IMocraBum nepes cobGoil 3amayy HaHTH BepPOATHOCTH TOTO,
YTO OTKJOHEHHE OTHOCHUTEJbHOH 4YacTolbl m/n OT NOCTOAHHOMH
BEpOSITHOCTH p MmO abGCOMIOTHOH BEJHYHHE HE [PEeBhIaeT
33jJaHHOr0 uMcia € > 0. JIpyruMH CuiOBaMH, HaljaeMm Bepo-
AITHOCTh OCYLIECTBJEHHA HepaBEHCTBa

|m/n—p|<e. (%)

Sty BepositHocTh OydeM o6osnaudats Tak: P({m/n—p|<s).
3aMeHHM HepaBeHCTBO (*) eMy PAaBHOCH/ILHLIMH:

—eImin—p<Le UM —e<(Mm—np)in<e.
YMHOKAf 3TH HEePaBeHCTBAa HAa MOJIOXKHTENbHbIH MHOMXHTENb
V n/(pg), 1ONy4YMM HEPABEHCTBa, PaBHOCHJIBHbIE HCXOIHOMY:

—eV n/(pg) < (m—np)|V npg < eV ni(pg).

Bocnonn3yemcsi HHTEerpaabHoH teopemoH Jlamsaca B dop-
Me, YyKa3aHHOH B 3amedyaHud (cM. § 3). Tlosoxue x' =

— ~&eVnipg) v x =eVnipqg), uveem
P(—eVnilpg) <(m—np)V npq<eV'nl(ng) ~

| e ¥V nilpq) e Vn/(pq)
R e e~ dy = e~*rdz =
]f2n ¥V 2n
~e ¥V af(pq) 0
=20 (e V n/(pg)).

Haxoneu, 3aAMEHHB HCPaBEHCTBA, 3aKJMIOYEHHLIC B CKOﬁKaX,

PaBHOCH/JbHBIM HM HCXOXHBIM HEPABEHCTBOM, OKOHYATE/NbHO
1N0Ji y4HM

P ({min —p| <)~ 20 (eV n/(pg)).
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Hrak, BeposiTHOCTE OCYLLECTBJIEHUS HEPABEHCTBA [m/n—p|<e
NpHOJIM¥EHHO PaBHA 3HAYEHWIO yABoeHHOA ¢ynKuuu Jlanaaca

2® (x) npu x=¢) n/(pq).

Npumep 1. BepoatHocTs TOro, 910 AeTaib He cTaHjaaptHa, p==0,1.
HafiTH sepoATHOCTL Toro, YTO cpefn chaydafino oroOpannbix 400 aeranefs
OTHOCHTENIbHAS 49aCTOTa NMOSABJEHHS HECTAHAZAPTHWX JAeTadell OTKJIOHHTCA
OT BepOATHOCTH p=0,1 nmo aGcomoTHoA BeauynHe He Bojee gem na 0,03,

Pewenue. [lo yatoBuio, n=400; p=0,1; ¢=0,9; e=0,03. Tpe-

Oyerca mafitT BepoaTHocTs P (| m/400—0,1 | < 0,03), [Noawayscs dopuy-
aolt P(|min—plsse) = 20 (e V n/(pg)), vmeex

P (| m/400—0,1 ] < 0,03) = 2@ (0,03 VY 400/(0,1-0,9)) = 2@ (2).

Tlo raGnuue npunoxenus 2 yaxoaum O (2)=0,4772. CaegoBarensHo,
2@ (2) = 0,9544.

Hrax, nckoMas BepoOATHOCT, nmpHOAHIKEHHO paBHa 0,9544.

CMHCA NOAYYEHHOrO pe3yAbTaTa TAKOB: €CJIR B3fTh JAOCTATOYHO
Gonsioe sucao npod no 400 geranefi B Kaxkaoft, To npumepro B 95,449
STHX NPod OTKAOHEHHE OTHOCHTENBHON Y9AacTOTH OT NOCTOAHHOR BEpOAT-
soctr p=0,1 no aGcomorHofi sesHuHHe He npepncuT 0,03.

Npumep 2. BepoaTtHocTes TOro, 4T0 JjeTanb He cTanjaprua, p=0,1.
Hafity, cxoabko peranel Hano orobparb, uTo0H C BepOATHOCTHIO, paBHON
0,9544, moxno OHIO yTBEpPIKZaTh, YTO OTHOCHTENLHasl 43aCTOTa NOABJAEHHS
HeCcTaHAapTHMX Jerajefi (Cpein oro6paBHHHX) OTKJIOHHTCA OT NOCTOSAHHOR
BEPOSTHOCTH p No abcomotHolt BeiHuRHe He Govsiee yem Ha 0,03,

Pewengse. IoycnoBuw, p=0,1; g==0,9; £=0,03; P(|m/n—0,1 <
< 0,03) = 0,9544. TpeSyerca Hafith n.

Bocnoas3syemcs opmysiol

P(|min—p|<<e) =20 (e ¥V n/(pg))-

B cuay ycaoBus
2@ (0,03 ¥ r/(0,1-0,9)) =2® (0,1 ¥V n) =,0,9544,

Caenoatensuo, @ (0,1 ¥V n)=0,4772.
Ilo TaGauue npuaoxenns 2 naxomuw @ (2)=0,4772.

JAA OTHCKAHHA YHCAa 7 nonyvaem ypasuexue 0,1 ¥V n=2. Orciona
HcxOoMoe uHcao peranefl = 400.

CMBICAI NONAY9EeHHOro pe3yALTATa TAEOB: €CAH B3ATb JOCTATOYHO
Gonbmoe gHcao npo6 no 400 neranefi, To B 95,44% sTHX Npol OTHOCH-
TeAbLHAA 4acYOTa NOABJMENHS HeCTAHRAPTHHX Jeradefi Oyaer OTAHuATLCA
OT nocrosiuHofi BepoaTHocTH p==0,1 no a6comorsofl BeanulHe He Gonee
geM ma 0,03, T. e. oTHOCHTENLHAR WACTOTA BaK/IOY€HA B TIpaHHIAX OT
0,07 (0,1 —0,03=0,07) ao 0,13(0,14+0,03=0,13). lpyrumu carosamu,
UHCA0 HeCTAHAAPTHHIX Reraneli B 95,44% npo6 GyAer 3akOueHO MEXAY
28 (7% or 400) n 62 (13% or 400).

CJAR B3ATH JAHIbL OAHYy npofy Hs 400 aeraneli, To ¢ Goapuuoh
YBEPEHHOCTBIO MOXHO OXHJAATL, 9TO B 3T0fi Npobe GYAeT HECTAUASPTHHIX
Aeranell we Menee 28 u ue Gonee 52, Bo3aMoXuO, X0TS R MAaAODEPOATHO,
YTO HECTAHASPTHHX AeTanell oxamercs MeHbme 28 nnbo Gonpme 52,



3aaauu

1. B uexe 6 Moropos. [lia KaxKforo MoTopa BEPOATHOCTb
TOro, YTO OH B XaHHBEIA MOMEHT BKJioueH, paBHa 0,8. HafitH BepoATHOCTH
TOro, UTo B HAaHHBIl MOMEHT: a) BKJIOueHo 4 MoTOpa; 6) BKJIOYEHB BCe
MOTOPhRI; B) BRIKJIOUEHH BCe MOTOPHL.
ms. a) P, (4)=0,246; 6) Pg (6)=0,26; B) Pg¢(0)=0,000064.

2. HaiitH BeposITHOCTB TOro, uro cobbitHe A nOABHTCH B HATH He-
3aBHCHMBIX HCABLITAHHAX HE MeHee ABYX paz, €CJH B KaXKJOM HCNLITAHHH
BEePOSITHOCTL NOSIBJEHHN co6uTH A paena 0,3.

Oms. P=1—[Pg(0)+4 Py (1)]=0,472.

3. Co6uiTHe B nosBATCA B caydae, ecJiH co6biTHe A NOABHTCA He
MeHee AByX pa3. HalitH BepofiITHOCTB TOroe, 9TO HACTYAHT cobnitHe B,
ecAH OyjaeT NPOH3BeAeHO 6 He3aBHCHMBIX HCOHNTaHHA, B KaXIOM H3
xo*rogh;x BEPOATHOCTH NOABJNEeHHA Co6HTH A paBra 0,4.

ms. P=1—[Pg (0)4 P4 (1)] =0,767.

4, IMpon3pegeHc 8 He3aBHCHMBX MCAHTAHHA, B KaXJOM ¥3 KOTOPHIX
BEpPOATHOCTH NOsBJeHHA co6uTHA A pasna 0,1. HafitH BepoaTHOCTD TOTO,
yto cob6mtHe A mosBHTCA xoTs OW 2 pa2a.

Oms, P=1—[Pg(0)4- Py (1})]=0,19.

5. Monery Opocaior 6 pa3. HafiTH BepofiITHOCTb TOrO, YTO repl BH-
nazeT: a) MeHee AByX pa3; 6) He MeHee JBYX pas,

Oms, a) P= Py (0)+ Pq (1) =7/64; 6) Q=1 —[P4(0)+-P¢(1)] =57/64.

6. BepoaTHocTe nOHafaHEA B Le/b DPH OXHOM BHICTpDENE H3 OPYRHMS
p=20,9. BeposiTHOCTb MOpaMeHHA LeNH [pH R nonaxannsax (R==1) pasBHa
1 — g*. HafiTH BepofITHOCTH TOrO, YTO Ueib GyAeT mopaXkeHa, ec]H cle-
JlaHO ABAa BHICTpeJa.

Ykazanue. BocnoanbioBarbcss topmyiamn BepHydsH H noJHofi
BEPOSTHOCTH.

Oma. 0,9639.

7. HalttH nprONHKEHHO BEPOSITHOCTL Toro, 4to npH 400 HennTaHHAX
co6hiTHe HacTYNHT poBHO 104 pa3a, ecsiH BepOATHOCTB €ro [IOSIBJEHHA B
Ka’XKJIOM HCNuTaHKH paBHa 0,2.

OmB. P40° (104)-:-'0.0006.

8. BepoATrHOCTb MOpaXXeHHSI MHIUEHH CTPeJIKOM NpH OAHOM BhICTpeJie
paBua 0,75. HaliTH BepoATHOCTH TOro, 4To npH 100 BHicTpesax MHIUEHb.
6yaetr nmopaxeHa: a) He Menee 70 u He Gosee 80 pa3; 6) He Goaee 70 pas,

Oms. a) Pyg, (70,80) =2 (1,156)=0,7498;

6) Pygo (0: 70)= — @ (1,15)4-0,5=0,125l,

9. BepositHocTh nmosiBneHHs co6uiTHA B Kaxaom H3 10 000 nesaBHCH-
MhEIX HenuTaHAfl p=0,75. HafiTH BepoATHOCTb TOTO, Y10 OTHOCHTEJbHAs
YacToTa NOABNEHHA COGLITHA OTKJIOHHTCSI OT €ro BepoSITHOCTH no abco-
NAIOTHOA BesiHUHHE He Gojee yem Ha 0,001.

Oms. P =2 (0,23)=0,182.

10. BepoATHOCTb NOSARJNEHHS COGHLITHA B KaM[IOM H3 He3aBHCHMLIX
HcnoitasHfi pasxa 0,2. Hafith, KaKoe OTKJIOHEHHE OTHOCHTE/IbHON 9acTOTH
nosiazieHH s cOORTHA OT €ro BEPOATHOCTH MOXKHO OXHJATH ¢ BEPOSTHOCTHIO
0,9128 npu 5000 HCNHITAHHSX.

Oma. e=0,00067.

11. Ckonbkxo pas Hajlo GPpocHTb MOHETY, uTOOHW C BeposTHocThio 0,6
MOXKHO ObLUIO 0XXHBATh, YTO OTKJOHEHHE OTHOCHTEJIbHOH YacTOTH HOSMBJE-

BHA rep6a oT BepoATHOCTH p=0,5 okaXerca No a6CcOMOTHOM BelHYHHE
He Oovsiee 0,017

Ome. n=1764,



YACTDb BTOPAA

CJIYHAAHDBIE BEJIMYUHHBI

ICnasa wecrtasn

BHIbl CIYYAHHBIX BEJHYHH. SALAHHE
AUCKPETHOHR CJHYYANHOH BEJIHYHHBI

§ 1. CayvaiiHas BeJH4MHA

Yxe B TlepBOH YacTH NPUBOAWJANCH COORITHN, CO-
CTOAIUIHE B TOSBJEHHH TOrO WJH HHOro 4Hcaa. Hanpuwmep,
npu GpocaHHd HrpanbHOH KOCTH MOIJIM TIOSBHTBCS uHCcaa |,
2, 3, 4, b u 6. Hanepeyn onpere/iuTh 4HCJO BLIMABIINX OYKOB
HEeBO3MOXKHO, IIOCKOJIbKY OHO 33aBHCHMT OT MHOTHX CAYYaHHbBIX
NPHYKMH, KOTOPEIE MOJHOCTBIO HE MOT'YT GHITb yuTeHHl. B 3ToM
CMBICJIE YKHCJIO OYKOB €CTh BeJUWUHHA CJjydanHasd, uuHcaa 1,
2, 3, 4, b u 6 ecTb 803MOJNCHbIE 3HAYEHUA 3TOH BEJNWUYHHHL.

Cayuaiinofi HASHIBAIOT BEJNHYHMHY, KOTOpas B pe3yJabTaTe
HCHBITAHUA NPHMET ORHO H TOJBKO OJHO BO3MOXHOe 3Haue-
HHE, HanepeJ He H3BECTHOE H 3aBHCslllee OT CAYydYalHHX
NPHYHH, KOTOpHIE 3apaHee He MOTYT ObiTb YUTEHKI.

Mpumep 1, YUACNO POAHBIUMXCH MaJbYHKOB CPEAH CTa HOBOPOXHAEH-
HEIX ©CTb CJyuatHasi BeJHUHHA, KOTOpPas HMeeT CJeAYIOIIHe BOSMOXKHbIC
sHawenHa: 0, 1, 2, ..., 100

Mpumep 2. Paccrosinue, KOoTOpoe NPoJeTHT CHapsAA NpH BLICTpPeJie H3
OPYAMSI, eCTh cyydaiinas BeJiHYHHA. [leficTBHTeABHO, PACCTOHHE 3aBHCHT
He TONBLKO OT YCTAHOBKH IpHLENAa, HO H OT MHOIHX XPYrHX IPH4HH
(CHAN H HanpaBJeHHS BeTpa, TEMNepaType H T. X.}, KOTophle HE MOTYT
GLiTh TONHOCTHIO yuTeHH. Bo3MOXXHhe 3HaueRHH 3TOH BEJHYHHB NPHHAX-
JieKaT HeKOTOpOMY mnpoMekyTky (a, b).

Bynem nanee obo3HauaTh cJydyaHHble BEJWYUHB Npomuc-
HeiMd OykBamu X, Y, Z, a HX BO3MOXHHIE 3HAYEHHSA — COOT-
BETCTBYIOIIHMH CTPOYHbIMM OykBamMu X, Yy, 2. Hampuwmep,
ecad csayuyaiiHad peqHusHa X HMEeT TPH BO3MOXKHEIX 3Haue-
HKA, TO OHH 6yAyT o6GO3HaAYeHH! TaK: X;, X,, X,.
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§ 2. JIucKkpeTHbie H HenpepbiBHBIE CaAYHaHHbIE
BeJHYHHBI

BepHeMcs x npumepam, npuBefeHHbIM Bhilie. B nep-
BOM M3 HMX CaydyadHas BeJHudHa X MOrJa OPHHATbL OJHO
H3 CJACNYIOILHX BO3MOXHBIX 3Hawyenun: 0, 1, 2, ..., 100.
DTH 3HaueHdsl OTHENEHH ORHO OT Apyroro NpoOMeXyTKaMy,
B KOTODbLIX HeT BO3MOXHBLIX 3Hauenuii X. Takum o6pasom,
B 3TOM NpHMEpe cay4yafiHasl BEJHUYHHA NPHHHMaeT OTHeJbHbIE,
H3O/IHPOBAHHEIE BO3MOXHBIE 3HAYEHHA. Bo BTOpoM npuMepe
ciayyaduas BeauydHa MOrJa NPHHATH Jo60e H3 3HAYEeHUH
npoMexyTtka (a, b). 3aech HEAb3s OTAENHTb OAHO BO3MOXKHOE
3HaYE€HHEe OT JPYroro IpPOMEXYTKOM, HE COAEpPXKallEM BO3-
MOXHbIX 3HAYEHHH CJAYYaHHOH BEJHUYHHLI.

YXKe H3 CKasaHHOrO MOXXHO 3aKJIIOYHTh O Iesiecoobpa3sHo-
CTH pas3jvyath caydyalHBHE BeJNHYHHb], NPHHHMAOIHE JHIb
OT/AeJbHEEe, H30J1MPOBaHHbIE 3HAYEHHUS, H CJyualHBIE BEJIH-
YHHBI, BO3MOXHbie 3HAYEHHHA KOTOpPHIX CIJOWbL 3aNOJAHAIOT
HEKOTOPKLIHi NPOMEX yTOK.

Huckpemrodl (npepvigHoli) Ha3BBAIOT CJAYYAHHYIO BEAH-
YHHy, KOTOpas mpHHHMaeT OTAEJbHblE, H30JHPOBAaHHBIE BO3-
MOXCHble 3HAYEHHS C OrpejesieHHLIMH BepoATHOCTAMH. Huc/o
BO3MOXHBIX 3HayeHHH JAHCKPETHOH CJAy4aHHOR BEJHYHHH
MOKeT OHITb KOHEYHbIM MJH 6eCKOHeYHbIM.

Henpepoisrod Ha3wBaIOT CJAYYaBHYIO BeJHYHHY, KOTOpast
MOXXET NPUHHMaTh BCe 3HAYEHHA H3 HEKOTOPOro KOHEYHOro
uan 6eckoHeyHoro npomexxyrka. OueBHAHO, YHCJIO BO3MOX-
HbIX 3HaueH#{i HeNpepbiBHOH CJAYyYaHHOH BEJHUYHHHB O6€CKO-
HEYHO,

3aMeuaHHe HacTofilllee enperejieHHe HenpepLiBHOW cayuafHon
BeJIHYHHN He sBJAfeTcH TOYHmM. Dosee cTporoe ompelencHnHe 6yler AaHo
nosjiHee,

§ 3. 3akoH pacnpeleneHus BeposiTHOCTeH
AHCKPEeTHOH CAy4AHHOH BeNUYHHLI

Ha mnepBbifi B3raal MOMET NOKa3aThCA, 4YTO M
3alaHKiA JAUCKPeTHOH CJydyaHHON BeNHYHHE JOCTATOYHO nepe-
UHCJHTL BCe ee BO3MOKHbie 3HaueHHs. B AeficTsuresbHOCTH
3TO He TaK: CcJyyafHble BeJIMYHHLI MOFYT HMETb OJH H A K O-
Bhbl¢ IepedyHH BO3MOMKHBLIX 3HAYEHHH, a4 BEePOATHOCTH HX —
PasanuyHble. [ToaTomy 118 3anaHus AHCKPeTHOH cayualHOH
BEJIMYHHB HEAOCTATOYHO TMNEePEeYHCJHTh BCE BO3MOM(Hble ee
3Ha4YeHHA, HYXKHO elle YKa3aTb HX BEPOATHOCTH,
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3axkoHom pacnpedeserus SUCKpPemHol CAYUAiHOL eeaudu bl
Ha3biBaIOT COOTBETCTBHE MEXJly BO3MOXHBIMH 3HAYEHHAMH H
HX BEPOSITHOCTAMM; €r0 MOMKHO 3a/aTh TaGJH4YHO, AHAJIUTH-
yecKHd (B BHJe (OpMyJsiEl) H rpaduyecKH.
[Ipu TabnvyHOM 33ajaHKHH 3aKOHA paclnpeleseH’s IMCKpPeT-
HOHR cJyyaHHOH BeJIMUMHBLI NepBasf CTPOKA TAGJHILI COREPIKUT
BO3MOXKHbBIE 3HAYeHHs, a4 BTOpasds —HX BEPOATHOCTH:

X x;, X, ... x,
P D1 Ps <<+ Pn

ITpunsB BO BHUMAaHHE, YTO B OAHOM HCIHTAHUU CJayyalHAH
BEJIMYK¥HA NPHHKMAaeT OJHO H TOJbBKO OJHO BO3MOMHOE 3HA-
ueHye, 3aKJiouaeMm, uto cobbitus X =x,, X=x,, ..., X=x,
06pa3yloT MNOJIHYIO TPYNNy; CJeZOBaTeJbHO, CyMMa BepOAT-
HocTel 3THX CcOObITHH, T. e. cyMMa BepoOATHOCTEH BTOpOit
CTPOKH TalJHIbI, paBHAa €RMHUILE:

ptp+ ... +p,=1.

Ecnd MHOXKeCcTBO BO3MOXHbIX 3HaueHHH X GecKOHeuHO
(cuetHo), TO pAR p, -+ py+ ... CXOAHTCHA H €ro cymMMa paBHA
eHHHILe.

Mpumep. B nenexuolt norepee BunyuieHe 100 Ganeros. Paswrph-
BaeTCsl OAHH BHIHTpuiu B 50 py6. H gecsATh BHHrpHiue#i no | py6. Hafitu
3aKOH pacnpexefieHHs cAyuyaHHoH BesHyHHR X — CTOHMOCTH BO3MOMKHOTO
BHHI'PHILIA AJS BJgaJenbla OXHOTO JoTtepefiHol'o GHJera.

Pewenune, HanuieM BoaMoxHHe 3HaYeHHs X: x3 =00, x3=1,
x3=0. BeposATHOCTH 9STHX BO3MOXHHX 3HAaveHH# TaKoBm: p;=0,01,
ps==0,01, pg=1—(p;-}-p,}=0,89.

HannweM HCKOMBIH 3aKOH pacnpezesieHHS:

X 50 10 0

p 0,01 0,1 0,89

KouTtpoas: 0,0140,14-0,89=—=1,

Jnsi  HarJfZHOCTH 3aKOH pacnpejesieHust XHCKpeTHOH
cAy4afHOH BeJHYHHHI MOXXHO H300pasuTh U rpadHueckH,
Ias 4Yero B NPAMOYFONbLHOH CHCTEME KOOPAHHAT CTPOAT
TOYKH (X;, p;), 4 3aTeM COENWHHIOT UX OTPE3KaMH MNpPSAMEIX.

ITonyyeHHYI0 (Urypy HAa3LIBAIOT MHO20Y20AbHUKOM pacnpe-
OeaeHun.

§ 4. buHOMHaAALHOE pacnpelienieHHe

[IycTh NPOH3BOAMTCH # HE3aBHCHUMBIX HCNHITaHHH,
B KAaXIOM H3 KOTOpHIX coOnitHe A MOMXET MNOABHTbCA JHOO
He IOABHTbCA. BeposATHOCTL HaCTyn/eHHHA COOHITHHA BO BCeX
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HCOBITAHHAX NOCTOAHHA M paBHa p (cnenoBaTeNbHO, BEPOAT-
HOCTb HelosiBJeHUA g=1-—p). PaccmoTpuM B KauecTBe
JUCKPETHOH CJAY4YaHHOH BeJUYHHBI X YHCJAO MOABJEHHH Co-
6piTHs A B 3THX MCHBITAHHSAX.

[Toctasum nepen coGoh 3agauy: HafATH 3aKOH paclnpeje-
JeHus pendurHbl X. Jlad ee pemeHus tpeGyercs ofipelenuTh
Bo3MOXHble 3HaueHHA X H HuX BepostHoctd. QOuesBupHo,
coObiTHe A B n HCNLITAHHAX MOXKeT JAUGO HE MOABHThCH,

au6o nossuThest | pas, au6o 2 pasa, ..., aubo n pas.
Takum o0pasoM, BO3MOXHBle 3HayeHH® X Takosb: x, =0,
x, =1, x,=2, ..., x,,,=n. Ocraercs HaHTH BepOATHOCTH

STHX BO3MOXHBLIX 3HAa4yeHHH, JJA Yero AOCTATOYHO BOCIOJb-
30BaTbcsa Gopmyaol Bepuyaau:

P, (k) = Clprgn~t, (%)

rae k=0, 1, 2, ..., n.

dopMmyna (%) H SABASAETCH AHAJUTHYECKHM BEHpa’KeHHEM
HCKOMOIO 3aKOHa pacnpenesieHus.

BuHoMuQAbROIM HA3LIBAIOT pacnpefeseHie BepOATHOCTEH,
onpenensemoe dopMmysnoli BepHynsu. 3aKoH Ha3BaH «6HHO-
MHaJbHBIM» NIOTOMY, YTO INPABYID YacTh PaBEHCTBA (*) MOXKHO
paccMaTpuBaTh KaK OGmHA uJeH pasnoxkeHusa OHHOMA
HploToHa:

(p+q) =Cip* + Ci-rpr=q+ ...+ Clpkgn—* 4 ... +Cig™.

Takum obpasoMm, nepBblii ujeH PpasfokeHHS p" omnpeje-
JISIET BEPOSATHOCTh HACTYIJIEHHH PacCMaTpUBaeMOro coObITHS
N pa3s B 11 HE33aBHCHMBIX MCHBITAHUAX; BTOPOH uneH np*~l4
onpexensier BEPOSATHOCTb HACTYIIEHUS coluitda n— 1 pas;
...; TOcnenHH# uneH " onpejeJisier BEPOSATHOCTb TOrO, 4TO
CO6bITHE HE TOSBHMTCA HH pasy.

Hamnumem 6rHOMHaNbHBIA 3aKOH B BHAe TaOaHILBL

X n n—1 ... k ... 0
P pr npr-ig ... Cipkgr-*% ... g

Mpamep. Monera Gpoumena 2 pa3a. Hanucats B BHAe TaGMHUBI 3aKOH
pacnpenenenHs cnydaiiHofi BeJHUHHBL X —-4HC/a BoinajzenHil «repbay.

Pemenne. BeposaTHocTe nosBJeHHR «repfBa» B Kaxaom GpocaHHM
MOHeTH p==1/2, cJeROBaTeJbHO, BEPOSITHOCThL HEMOSBAEHHSA «repGa»
g=1—1/2=1/2,

[TpH nByx 6pocaHHAX MOHETHI «repfs MOXKST MOABHThCS AHOO 2 pa3a,
a86o | pa3, AHGO coBceM He MOABHTbCHA, TakHM oGpa3oM, BO3MOMHBIE
3HauenHs1 X TakKoBH: x;=2, xy=1, x3==0. HaiinemM BepOATHOCTH STHX
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BO3MOKHLIX SHaueHHA no q)opmy.ue Bepuy.n.rm:
P, (2) =C3p?=(1/2)?=0,25,
Py (1)=Cipq=2-(1/2)-(1/2)=0,5,
Py (0) = Cag®=(1/2)*=0,25.
Hannuwem HckoMBIfi 3aKOH pacmpefesieHHA:

X 2 | 0
p 0,25 0,5 0,25
Kounrpons: 0,2540,5+40,25=1,

§ 5. Pacnpenenetne Ilyaccona

ITycTs NMPOM3BOAMTCH n HE3aBUCHMBLIX HCUBITAHHH,
B KAaM»JIOM H3 KOTOPbIX BEPOSTHOCTb NOABNEHHUHA COOHITHH A
pasHa p. [lnsi onpejeneHHs BEPOATHOCTH R MOABJEHHH CO-
ORITHUA B 3THX HCHHITaHUAX HCTONAb3yIOT Gopmyay Beprynanu.
Ecay e n BenuMkKo, TO NOAb3yiOTCA acHMITOTHYECKOH ¢op-
MyJo# Jlannaca. Onnako 3Ta ¢OpMyJia HENPHrojHa, ecaH
BEPOATHOCTE cobbiTusgd Mana (p<C0,1). B »sT1ux cayuasx
(n Beauxo, p mano) npuberaloT K aCHMITOTHYECKOH dopmyJie
Ilyaccona.

HMrak, nocrasum nepen coGoit 3axauy HafiTH BePOATHOCTD
TOro, 4TO NpH O4YE€Hb GOJLLIOM YHCIE€ UCMBITAHUHA, B KaxkKJIOM
H3 KOTOpPbIX BepOATHOCTb COOBITHAI OueHb MaJja, CobbiTHe
HACTYIIUT POBHO R pa3. CaenaeM Ba)XHOE JONyui€HHE: Mpo-
H3BelleHHe np cOXpaHSET NOCTOSHHOEe 3HAaUEeHHE, a HMEHHO
np=»Ah. Kak Gylner cJefoBaTh M3 ganabHelwero {(cM. ra. VI1I,
§ 5), 3TO O3Hayaer, YTO cpelHEe UYHUCJIO NOSABJNEeHUH COOBITHA
B DPAa3NHYHBLIX CEpPHAX HCNHTAHHH, T. €. NpH Pa3IHUHBIX
3HAYEHHAX N, OCTAaeTCH HEHIMEHHBIM.

Bocnonbayemcsi ¢opMmynoit DepHynanud pJas BEIYHC/AEHHA
HHTEpecyOIleH HAaCc BEPOSITHOCTH:

Pn (k) — n (ﬂ— l) (n——2’3! . .[n—-(k—l)] pk (1 —'p)"_k.

Tak kak pn=A, 10 p=»4i/n. CaenosarennHo,
1) (n—2)...[n—(k— A\K A \n-k
Pn(k)-—“':n(ﬂ N{(pn—2)...[r—(k—1)] (___) (1____) .

k! n n

[Ipunsiz BO BHUMAaHHE, YyTO 7 HUMEET OueHb GOJIbLIOE 3Haye-
HHe, Bmecto P, (k) uaiinem lim P, (k). Ilpu srom Gyaer uaii-

nn-—+x

JeHO JIMLIb npuGAHKEeHHOEe 3HaueHHe OTHICKMBAEMOH BepoAT-
HOCTH: 1 XOTS M BeJIHKO, HO KOHEYHO, a MNPH OTHICKAHHH
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npexena Mpl YyCTpeMHM n K GeCKOHEYHOCTH. 3aMeTHM, YTO
NOCKOJBbKY NPOH3BEIEHHE AP COXPAHAET IMMOCTOAHHOE 3Haye-
HHE, TO TIPH N1 -— 0o BEPOATHOCTL p— 0,

Hrak,

P (k) ~ lim n{n—1)(n—2). . .[n—(k_1)] M (l_i)"""

P kI nk n

-t [1{1-1) (1-3)-.. (=42 (1))

=2 lim (1—%)"- lim (1—%)'”—f.e-*-1.

n—» @ i~ o k!

TakuMm o6pa3oM (ANl MPOCTOTHI 3aMMCH 3HAK NPHOMMKEH-
HOrO paBeHCcTBa ONYyIleH),

P, (k) = Me=*/k!

Dra ¢opmyna Buipaxaer 3aKoH pacnpenenenus Ilyaccona

BEPOATHOCTEH MaCCOBBIX (7 BEJNHKO) ¥ peakHX (p maino)
cOOBITHI.

3amMeuanne, HwewoTes cmeunanabHble TaGAHUBI, NOJb3YACH KOTO-
PBIMH MOXHO RaliTH P, (k), 3Has & H A.

MMpumep. 3aBop otnpaeun Ha 6a3sy 5000 no6poKadecTBEHHHIX H3Jl€-
auii. BepoaTHocTb TOro, 4to B NyTH H3lenHe noBpexutcd, pasno 0,0002.
HaittH BeposATHOCTBL TOro, 4to Ha 6a3y npHOyayT 3 HeroJHMX H3XeJHA.

Pewenue. [lo yeaosuio, n=>5000, p=0,0002, £=3. Haitnem A:

A=np=>5000-0,0002=1.
[To dopmyne Ilyaccona Hckomana BepOATHOCTh NpPHOJHIKEHHO paBHA

Psooo (3) zlke_h/kl =e=1/3! = | /6e =~ 0,06.

§ 6. Npocreliwnii norok coGuiTuii

) PaccMoTpuM coOBITHS, KOTOpHIE HacTylaloT B CJy-
YaHHble MOMEHThHl BPEMEHH.

ITomokom cobounuii Ha3HBAIOT MOCJAEAOBATENBHOCTH CO-
GbiTHH, KOTOpbIe HAacTyNaloT B cJyyaHHBIE MOMEHTH BPEMEHH.
IlpumepamMi mNOTOKOB CJayXKaT: NOCTYIJEHHE BLI3OBOB HAa
ATC, Ha NyHKT HEOTJOXHOH MEJHIHHCKOH IOMOUIH, NpH-
GuiTHEe CaMOJIETOB B aspoOloOpT, KJHEHTOB Ha MNpeANpHATHE
OuiToBOro 00C/yKHBAaHUSA, NOCJAEN0BATENLHOCTD OTKA30B 3Je-
MEHTOB H MHOTHE Jpyrue.

Cpend cpoficTB, KOTOPhIMH MOryt o6safath NOTOKH, Bbl-
AenuM CBOMCTBA CTAallHOHAPHOCTH, OTCYTCTBHA MOCAEAEHCTBHSA
H OpIAMHAPHOCTH.

Ceolicméo cmayuoxapHocmu XapaKTepH3yeTcd TeM, 4TO
BePOATHOCTL MOABJAEHHA K COOGLITHH Ha JIOOOM NPOMEXKYTKE
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BpeMeHH 3aBHCUT TOJIbBKO OT 4ucjaa R U OT AJNHTENBHOCTH [
NpoOMeXyTKa H He 3aBHCHT OT HadaJja ero oTcyera; NpH 3TOM
Pas/IHuYHbLie [TPOMEXKYTKH BpeMeHH MPeAllonaralorcs Henepe-
cekaoiymica. Hanpumep, BepoATHOCTH nosAsjeHHs k cobui-
THH Ha npoMexyTkax Bpemenu (1; 7), (10; 16), (T; T +6)
ORMHAKOBOH AnuTeNbHOCTH { =6 €X. BpeMEHH paBHH MeXAy
coboH.

Hrak, ecau nomok o6aadaem ceodicrneom crmayuonapHocmis,
mo eepoAMHocMmed NoAGACHUA R cobemuli 3a NPOMENYMOK
gpeMenu OaumearsHocmu t ecmob (PYHKYuUA, 3a8UCALAS MOALKO
om k u t.

Ceoiicmso omcymcemsusn mnocaedeficmsusi XapaKTepuayeTcs
TE€M, YTO BEpOATHOCTL MOABNEHHA k cobuiTHH Ha JA1000M
[pOMEXYyTKe BpeMEHH He 3aBHCHT OT TOro, NOABJAAJNHCD HJIH
He NOSBJAAJNHCH COOBLITHA B MOMEHTHI BpEMEHH, MNpeAIlecTBYIO-
HiHe Hava/dy paccMaTpPHBAeMOTro NpoMexXyTtKa. [IpyrumH ciao-
BAMH, YCJOBHAA BePOATHOCTb MNOSABJIECHHA Rk coObiTHH Ha
JIo00OM IpPOMEKYTKE BpEMeHH, BHIYHCJEHHAH TIpH JO0HX
IPEAIIOJIOKEHHAX O TOM, 4YTO NPOUCXOAMJIO A0 Hayaljda pac-
CMATPUBAEMOTO MPOMENKYTKA (CKOABLKO COOLITHH MOABHJIOCH,
B KaKOH IIOCJIefOBATEJIbHOCTH), paBHa 6e3ycsoBHOH BepOAT-
HOCTH. Takum o6pa3oM, NPEALICTOPHS NOTOKA He CKa3hIBAETCH
Ha BepPOATHOCTH MOSABJEHHS cOOLITHi B 6AuxKafiiuem 6yayliem.

Hrak, ecau nomox o6aalaem ceoticmsom omcymcmeus
nocaedelicmsusn, Mo umeem mecmo 63aAUMHASA HeE3ABUCUMOCMb
NOABACHUL MO20 LA UHO20 wucaa cobbimuil 6 HenepeceKaro-
WuUecs NPOMeNCYmKu epemenu.

Ceoticmeo opOunapHocmu XapaKTEpPH3YeTCH TEM, YTO IIo-
ABJeHHe JAByX H 6osee cO6GHITHH 33 Madeld [POMEKYTOK
BpeMEHH INPAKTHYECKH HEBO3MOXHO. JIpyruMH cJaoBamy,
BEPOSITHOCTb NOSBAeHUA GoJjee oJHOro cob6uWTHA mpeHebpe-
KHMO MaJ/a [0 CPaBHEHHUIO ¢ BEPOATHOCTLIO [TOABNAECHHHA TOJb-
KO OJHOro COOLITHA.

Hrak, ecau nomok obaadaem ceovicmeom oOpOuHapHocmu,
mo 3a OeCKOHeMHO MaAblil NPOMENYMOK 8pemeHu Mocem
nofsumsci He 60aee 00HO20 cOOLIMUA.

Ilpocmedituum (nyaccoroeckum) HasbIBAIOT MOTOK cOOhI-
THH, KOTOPBHIH o0JsajlaeT CBOHCTBAMH CTallMOHApPHOCTH, OTCYT-
CTBHUS NOCJIENEeHCTBUA U OPJAHHAPHOCTH.

3amedaHHe Yacro HAa nmpakTHKE TPYAHO yCTaHOBHTb, c6sallaeT
JIH IOTOK IMepeuHCJeHHbIMM Bhilie cBolicTBamH. ITosroMy OblnH HafileRBl
H JApYrHe YCJOBHSH, NPH COOGJIOAEeHHH KOTOPHX NOTOK MOXHO CUHTAaTh
ApocTefliHM HAH GJIH3KHM K NpocTefiieMy. YaCTHOCTH, YCTaHOBJIEHO,
¥mo ecau nomox npedcmasasem cobol Cymmy ouerd BoabO2o HUCAQ Hedq-
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GUCUMBIX CMAUUOHAPHGIX MOMOKOS, BAUAHUE Kaxc0020 U3 KOMOpLix Ha
aclo Cymmy (CymmapHold nomoK) HULMONCHO MAA0, MO CYMMAPHOI
nomox (npu ycaosuu eco opdunapuHocmu) 6au3ok Kk npocmedueny.

Humencusocmero nomoxa A\ Ha3BIBAIOT CpPelHEE UYHUCIIO
cOOLITHH, KOTOpbIE MOABASIOTCH B €IHHHILY BPEMeHH.

MoxkHo JOKa3aTh, 4TO €CJAH IIOCTOAHHAA HHTEHCHBHOCTD
[IOTOKA M3BECTHA, TO BEPOATHOCTH NOABJIEHHS kB COOLITHH mpo-
cTEeHlIero noToka 3a BpeMda NJHTEJNbLHOCTHIO ¢ OInpeneaseTcsna
¢dopmynoii Ilyaccona

P, (k) = (M)E-e=M/RL.

Sra dopMyJaa oTpaxkaeT BCce CBOHCTBa NpoCTeHIUEro noTOKa.

JedcTBuTenbHO, U3 GOPMYNabl BHAHO, YTO BEPOATHOCTH
nosApJeHuss K coOuiTH# 33 Bpemsa [, NPH 3aJaHHOH HHTEH-
CHMBHOCTH sABJaAeTcA QyHKUHeA & u {, 4YTO XapaKTEepH3yeT
CBOHCTBO CTallUOHAPHOCTH.

dopMysia HE KCHOJBL3yeT HHDOpMALHK O NMOABAEHHH COOLI-
THH JIO Hayana paccMaTPHBAaeMOTO NpPOMEXYTKa, uTO Xapak-
TEPH3yeT CBOHCTBO OTCYTCTBUSA MNOCJeNEHCTBHA.

Yoenumca, yro ¢opMmyJa OTpa)kaeT CBOHCTBO OpJHHap-
noctd., Ilonoxue k=0 u k=1, Ha#izeM COOTBETCTBEHHO
BEPOSATHOCTH HENOSBNEHHA COOLITHH W NOABACHHS OILHOTQ
coOpiTH:

P,(0)=e"M, P,(1)=Mhte >,

CnenoBaTe/ibHO, BepOSITHOCTL NOSIBJEHMHA Gonee OfHOro Co-
ObiTH A ‘

P,(e>1)=1—[P,(0)+P,()]=1—[e~M 4 Ate-M].
Ilonbaysice pasyiokeHHEM
e~M=1_—-xAi3+(A)/21—...,
1ocJie 3JIEMEHTApHbIX NpeofpasoBaHHi MOJYUHM

Po(k>1)=(M2+... .

CpaBuuBass P, (1) u P,(k > 1), 3akiaio4aeMm, 4TO DOPH
MaJbIX 3HAYeHUAX [ BEPOATHOCTb NOsABJAeHHA Oosee ojxHOro
cOOhITHA NpeHeOpeXKMO MaJa [0 CPaBHEHHIO C BEPOATHOCTDHIO
HacTynJeHusi OLHOro COOBITHH, YTO XapakKTepPH3yeT CBOHCTBO
OpPAMHAPHOCTH.

Hrak, d¢dopmyny IlyaccoHa MOXKHO CUHTATR MaTeMaTH-
YeCcKOH MOJEJbI0 NMpOCTeHllero noToka coObITHH.

Mpumep. Cpennee uyucsio BH3oBOB, nocrynawomux Ha ATC s oxHy
MHHYTy, paBHO 1ByM. HaliTH BeposTHOCTH TOoro, yto 3a 5 MHR mocTy-

ITHT: a) 2 BHI30Ba; 6) MeHee ABYX BHLI3OBOB; B) He MeHee JIByX BHI30BOB,
ITotox BHI30BOB mpeanonaraercs mpocTeHwyM,
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Pewenmne. Ilo ycaosuio, A=2, £=5, k=2. Bocnoab3yemcsa dop-
myaofi [Tyaccona
Py (k) = (M)k.e~M sl
a) Hcxoman BeposTHOCTB TOTO, wto 32 5 MWH NOCTYNHT 2 BhI30Ba,
Py (2) = 10%.e~10/21 = 100.0,000045/2 = 0,00225.
310 cOOWTHE NPaxkTHYECKH HEBO3MOMKHO,

6) CoObTHHE «HEe NOCTYNHJAO HH OJHOIC BHI30Ba» H «NOCTYNHJ ONHH
BBI30BY HECOBMECTHHl, NMO3TOMY IO TeopeMe CJOXEHHH HCKOMasi BEpOsiT-
HOCTE TOrO, 4YT0o 3a 5 MHH NOCTYNHT MeHee JABYX BRI30BOB, paBHa

Py (k < 2) = Py (0) + Py (1) =e =10} (10.e—10)/1} = 0,000495.
310 cOOMTHE NPAKTHYECKH HERO3MONKHO,

B) CoOHTHS «NOCTYNHJO MeHee JBYX BBI30BOBY H <NOCTYNHJO He
MeHee JBYX BHI3OBOB® I1POTHBOMOJIOXNKHE, NMOSTOMY HCKOMAas BepPOSTHOCTb
TOrO, 9TO 82 5 MHH NOCTYNHT He MEHee JIBYX BHI30BOB,

Py (k==2)=1— Py (k < 2) = 1—0,000495 = 0,999505.
D10 cOOHTHEe NPAKTHYECKH AOCTOBEPHO,

§ 7. TeomeTpnueckoe pacnpeneneHue

[Iycte npousBoasiTcsi HE3aBACHMbIE HCHLITAHHA,
B KaXAOM H3 KOTODHIX BEPOSITHOCTb NOABJAEHHA cobuitus A
papHa p (0 < p < 1) u, cneposareqbHO, BEPOATHOCTb €roO
HenoaABjaeHUA ¢=1—p. Hcnorrauua saxkaHumBaloTCs, Kak
TOJIKO 0ABUTCA cobniTHe A. Takum obpasom, ecnu coObi-
THe A NOSIBUJIOCH B R-M HCHEITaHHH, TO B NPeXLIECTBYIOLHX
k—1 MCOHITaHHAX OHO HE TMOMABJAIOCS.

O6o3nauum yepes X AUCKPETHYIO CAyYAHHYIO BEMHUHHY —
YHCJIO HCOHITAHHHA, KOTOpHIE HYXKHO IPOBECTH A0 MEPBOro
nosiByieHust cobuituss A. OueBHIHO, BO3MOXKHBIMH 3Haye-
HUAMHM X SABJAIOTCH HaTtypajibHble Yucaa: x, =1, x,=2, ...

[Tycte B mepBuix k— | HenbiTaHusX coBbiTHe A He HacTy-
NHAO, @ B R-M HCNBITAHHU NOABHJIOCH. BeposiTHOCTh 3TOrO

«CJIOXKHOTO COOLITHSI», MO TEOPEME YMHOMEHHS BepPOSITHOCTEH
HE3ABHCHMEIX COGHITHI,

P(X=Fk)y=g*'p. (%)

[Nonaras k=1, 2, ... B ¢opmyne (), HONYUHM TFEOMETPH-
UECKYI0 NPOrpeccuio ¢ NepBLIM YJIEHOM p M 3HAMEHaTeseM ¢

O<g< )
P, qe, ¢*p, ..., @ 'p, ... (%)

Ilo sToi npuumue pacnpenenesne (¥) HA3HLBAIOT 2e0MemMpPU-
HEeCKUM.
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Jlerko yGeautbcsi, 4To PAAX (*%) CXOAHTCH H CyMMa €ro
paBHa eauHune. JeAcCTBHTeNbHO, cyMMa pAaa ()

p/(l—q)=p/p=1.

NMpumep. K3 opynus mpoHsBogHTCA cTpesbba 10 LEAH A0 HEPBOro
monafzanus. BepoarthocTs nonanauns B nens p=~0,6. Halitu BepositHoCTH
TOrO, YTO NOMajaHHe MPOH3OHXET NMPH TpPeThEM BHICTpeJe,

Pewewnwue. [To ycnosuo, p=0,6, ¢=0,4, k=3. Hckomas Beposr-
HOCTb no Gopmyne ()

P=gkt=1.p—0,4%.0,6 =0,096,

§ 8. I'unepreomeTpHyeckoe pacnpeneseHHe

[Ipexxae ueM path omnpejeneHHe FHIlepreoMeTpHUec-
KOTO pacnpeneneHus, paccMoTpuM 3anavy. Ilyctb B napTuH
H3 N usgenaufi umeercas M crauwnaprunix (M < N). M3 nap-
THH cn1y4aiiHo OT6HPAIOT 1 H3AEJHI (KaXKaoe H3JenHe MoXer
ObiTb H3BJEYEHO ¢ OJMHAKOBOH BepPOATHOCTBIO), IIpHUEM
orobpanHoe H3jde e nepeX OTOOpPOM cJjelyKOUlero He B O 3-
Bpaulaercs B naptuio (mostomy dopmyaa bepryanu
aiech HenpumenuMa). O6osHaunm gepe3 X caydyafiHylO BesH-
YHHY —YHCJAO M CTAaHAAPTHHIX H3JeJUH cpeau n oTobpaH-
HbiX. OueBHJOHO, BO3MOXKHbIE 3Hayenust X Takosnl: 0, 1, 2,
.o, min (M, n).

Haifinem BeposTHoOCTh TOro, 4ro X =m, T. €. YTO CPEIH
n oTOOGpaHHLIX H3JEeJHHA POBHO /m CTaHAapTHHX. Hcnosbsyem
IJIsi 3TOFO KJjacCHYeCKOe OnpejefeHHe BeposTHOCTH.

Ofimee 4HCAO BO3MOMXKHBIX 3J€MEHTAPHBLIX WCXOLOB HCIH-
TAHHA PABHO YHCJYy Cnoco60B, KOTOPHIMH MOXKHO H3BJIedb 1
usnenuii U3 N wuagenuii, T. e. yucay coueranun Ch.

HaiigemM udcno ucxonos, 6/1aronpUATCTBYIOIUX COOLITHIO
X=m (cpead B3ATHX 1 H3JIEAHH POBHO M CTAHAAPTHHIX);
m CTaHAapTHHIX H3NeNHWH# MOXKHO H3BJeub u3 M cranmapr-
HHX wusnenuit Ch cnocobamu; npd 3TOM OCTaJjibHblE R-—M
U3AeNHH JOMKHHE ObITb HecTAaHAAPTHHIMH; B3ATH XK€ n—1m
HECTAHJAAPTHHIX H3xaenuil U3 N —m HeCTAHAAPTHBIX H3IAEJHH
MoxkHo C%™y cnocob6amu. ChelOoBaTENbHO, YHCAO 6JaronpusT-
CTBYIOILHX HcXonoB paBHO CHCHy (cM. ra. I, § 4, npasuao
YMHOMXKEHHSA),

Hckomass BepoATHOCT: paBHA OTHOLUIEHHIO YHCJA HCXO-
JAoB, 61aronpuATCTBYIOWHKX cOObiTHIO X =m, K 4YHCJAY BCEX
3JIEMEHTapHbIX HCXOJ0B

P (X =m) = SHCHM

o (%)
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®opmyna (») onpenensieT paclnpeneneHde BepPOATHOCTEH,
KOTOPOE HAa3HIBAIOT 2ulepaeoMempuUiecKum.

Y4uTeIBad, 4YTO m—cay4yafiHasd BenduyHHa, 3aKJAI04aeM,
YTO THMepreoMeTpHyYecKoe pacnpefeneHyre onpeaeaserca
Tpema napametrpamu: N, M, n. Huorpa B kauectse napa-
MEeTPOB 3TOr0 pacrnpenesieHnsa paceMatpusawotr N, n up=M/N,
rie p-—BeposTHOCTb TOrO, YTO MEpBOe H3BJEYEHHOE H3JAENHe
CTaHJapTHOE,

3ameruMm, YTO ecJaH 71 3HAYHUTENbHO MeHblle N (OmpakTu-
yecku ecqan n < 0,1N), To runepreomerprueckoe pacnpeje-
JIEHHE JaeT BepOATHOCTH, 6JH3KHE K BEpPOSTHOCTAM, HaiJIeH-
HbIM 10 GHHOMHAJbHOMY 33KOHY.

Mpumep. Cpemn 50 nagennit 20 okpawennbix. HaiiTH BepPosAITHOCTB

TOro, YTO Cpejd Haynady H3BJeueHHBX § H3zeaHll OKa)eTca pOBHO
3 OKpalleHHHX.

Pewenune, [lo ycnosuwo, N=50, M=20, n=5, m=3. Hcko-
Mas BepoSITHOCTH

P (X = 3) = C3sC30/Cho=0,234.

Sapauu

1. BoamoxHuble 3HayYeHHsI caydaliHolt BeAHYHHL TAKOBLI X; =2,
Xg=5, xg=8. HsBecrHH BEpPOATHOCTH NEpBHIX JBYX BO3MOMKHHIX 3Ha-
YeHHl: p;=0,4, p,=0,15. HaliTH BepoATHOCTH X4.

Oma. p3=0,452.

2, Urpaabnas xocTb O6powena 3 pasza, Hanucats 3akoH pacmpeRe-
JIEHHH YHCJA NOSBJEHHH 1IeCTePKH,

Oms. X 3 2 1 0

p 1/216 15/216  75/216 125/216

3. CocTraBHTh 3aKOH pacnpefel€HHs BepofiTHOCTEH 4MC/a MOSBJAEHHA
CoOHTHA A B Tpex He3aBHCHMLIX HCMBLITAHHAX, €CJH BepPOATHOCTHL IOSAB-
JIeHHA cOBGLITHS B KaMXJIOM HCOLITAHHH paBrHa 0,6.

Oms. &k 0 1 2

p 0064 0,288 0,432 0,216

4. lpaauibmuna obeaymusaer 1000 Bepeten. BeposTHocTh o6pHBa
HHTH Ha OJHoM BepeTeHe B TedeHHe 1 MHH paBHa 0,004, Hafith Beposnr-
HOCTb TOIO, 4yTO B TedeHHe 1 MHH OOGpHB NPOH3OWNET HA SATH BepeTeHaX,

Oms. Pygp0 (B)=0,1562.

6. Halitn cpepnee uHCcNO onewyaToK Ha CTpaHHIE PYKONHCH, €CJH
BEPONTHOCTD TOIO, 4TO CTPAHHIA DPYKONHCH COIEpPKHT XOTs OH OnHY
oneuatky, pasda 0,95. [lpeznonaraercsi, 4to 4YHCJAO OmEYATOK pacnpe-
AeJeHO no 3akory [lyaccona.

YKkasanmne. ganaqa CBOJHTCH K OTBICKAaHHIO napaMerpa A m3
ypasHennss e~ *=0,05.

Oms. 3.

6. Kommyratop yupexaeHHs obcayXusaer 100 abonentoB. Beposz-
HOCTB TOrC, YTO B TeyeHHe 1 MHH aboHeHT MO3IBOHHT Ha KOMMYyTatop,
pasHa 0,02, Kakoe H3 aByXx cOGLITHIi BeposTHee: B TedeHHe | MHH
NO3BOHAT 3 aGoHeHTa; IMO3BOHAT 4 aGoHeHTa?

Oms, Pjgq(3)=0,18; Pyo0(4)=0,09,
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7. Pykonncs o6veMoM B 1000 cTpaHui MAIDHHOMHCHOrO TEKCTa Cofep-
KHT 1000 onmewarox. HafiTH BeposATHOCTH TOro, uTO Haypawy BasaTaf
CTPAHHUA COAEPKHT: a) x0T 6n oAHY omeuarky; 6) POBHO 2 ONedaTKH;
B) He MeHee AByX onedatok. Ilpeanmonaraercs, yro 4HcJ/IO OmEYaToK pac-
npeleneno no sakony Ilyaccona.

Oms. a) P=1--e~2=10,6321; 6) Pyyg0 (2) =0,18395; B) P =0,2642.

8. Cpexnee uHcso BHI30BOB, noctynalomux Ha ATC B 1 Mun, paBhno 5.
HafiTH BepOATHOCTL TOr0, 9TO 32 2 MHH INOCTYNHT: a) JBa BHI30Ba;
6) MeHee JByX BH30BOB; B) HE MeHee JByX BH30BOB.

Ykasaune., e—19=(0,000045.

Oms. a) 0,00225; 6) 0,000495; B) 0,999505.

9. IlpousBoanTcs GpocaHHe HIpaJbHON KOCTH O IepBOrc BHNAJeHHSA
mecTH oukoB. HallTH BeposTHOCTH TOrQ, YTO MEpBOE BHINANEHHE «MIeC-
TepKH» NPOH30ARET NPH BTOPOM GPOCAHHH HTPasibHOR KOCTH.

Oms. P (X =2)=>5/36.

10. B napTHH H3 12 Retaneli umeercs 8 crannaprumx. Halita Bepoar-

HOCTb TOrQ, 4TO CpeiH 5 B3ATHIX Hayjpauy AeraJjedl okaxercs 3 craH-
JAAPTHLIX.

Oms. P (X =3)=14/33,

IT'aasa ceabmas

MATEMATHYECKOE O)KHIAHHE NHCKPETHOW
CIAYYAAHOA BEJIHYHHBI

§ 1. Yucnosble XapakTepHCTHKH AHCKPETHBIX
CAYy4aHHBIX BeJHYMH

Kak yxXe H3BeCTHO, 3aKOH pacnpeleleHudf 1noJ-
HOCTBIO XapaKTepH3yeT Cay4aiidyio BenuydHy. OIHAKO 4acTo
33aKOH pacnpefie/ieHUs HEHW3BeCTeH M MPHXOJAMTCHA OrpaHuyH-
BaThcsd MeHbIIMMH cBelenusamH. Huoraa paxe sBoirogHee
NOJBL30BATHCH YHCJAAMH, KOTOpBHIE ONHCHBAIOT CJAYy4YaHHYIO
BeJJMYHHY CYMMApHO; TaKde 4HCAa Ha3blBAIOT HUCA0BLIMU
xapakmepucmuKamy caydatinold eeasudunsl. K 4iCAy BaKHBIX
YUCJIOBBIX XaPaKTePHCTHK OTHOCHTCH MaTeMaTHYecKOE OXKH-
JAanue.

MartemaTuyecKkoe oXujaHue, KaK GyleT IOKazaHO jagee,
npuOJHAKEeHHO pPaBHO CpeAHeMy 3HAuYe€HHIO CJay4aHHOH BeJu-
yuHbl. [l pelleHust MHOTHX 3ajay JAOCTATOYHO 3HATL MaTe-
MaTHyecKoe oxuyjanue. Hanpumep, ecnu uH3BeCTHO, 4TO Mare-
MAaTHYeCKOe OXKHJAaHHe YHCJa BLIGMBAEMbIX OYKOB Yy II€PBOro
cTpesika GoJibllle, YeM Y BTOPOro, TO MEPBLIA CTPEJIOK B cpel-
HeM BhIOMBaeT G6oJblle OYKOB, YeM BTOPOH, H, CAeJOBa-
TeNLHO, CTPENdeT Jyuule BTOporo. XoTs MaTeMaTHYecKoe
OXHJIaHHe JaeT O CNyyadHoH BeHuHHe 3HAYHTEJbHO MEHbIIe
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CBeJ/IeHHUH, WeM 3aKOH ee paclipeflesieHus, HO JJIS PpeIIEHHHA
3ajauy, NOJOOHLIX MpPHBEREHHOH W MHOrWX JApYrHX, 3HaHHE
MATEMATHUECKOrO OXHJIAHHUA OKa3blBaeTcHd JAOCTATOYHLIM.

§ 2. MartemaTHueckoe OoXHAAHUE JHCKPETHOW
caydafinoil BeJHUYMHDI

Mamemamuueckum osxcudaruem JUCKPEeTHOH cCJy-
uaflHOA BeJHYHHBI Ha3bIBAIOT CYMMY NpOH3BeIeHUH BCex ee
BO3MOXKHbIX 3HAYE€HHH HA KX BEPOATHOCTH.

ITycth cayualiHas BesnuuHAa X MOXET NPHHHMAaTh TOJALKO
3Ha4YeHHHA X,, X,, ..., X,, BEPOSTHOCTH KOTOpbIX COOTBET-
CTBEHHO PaBHBL p,, P,, ---, P,- 10rJla MAaTEeMaTUYECKOE OMKH-
Janve M (X) cnyuafisoh BesuuuHH X onpejensiercd paBeH-
CTBOM

M(X)=x,p,+ %03+ ... +X,Pp.

Ecnu nuckpernasn cayuyaiinas Benrun#Ha X TPHHHMAET
CYETHOE MHOMECTBO BO3MOMKHBIX 3HayeHHHd, TO

M (X) =£___Zl: xt'ph

NpUYeM MaTeMaTHYECKOoe OXHJAAHHE CYUIeCTBYET, €CJAH PAl
B NpaBofi yacTH PaBeHCTBa CXOAUTCH aGCOIOTHO.

dameuanne, Ha onpeneneHns caenyer, 4Yro MaremaTHYecKoe
OXHIaHHe MHCKpeTHON CcJAyuafiHOH Be/IHYHHE eCTb HeécJyuaHHas
(nocTosHHas) BesnHuHHa. PeKoMeHAyeM 3aNMOMHHTL 3TO yTBepKJeHHe, Tak
KaK flalee OHO HCHOJb3yeTCH MHorokpatHo. B panpuefiiuem GyneTr noxa-
34aHO, YTO MATeMaTHYe€CKOe OXKHJaHHe HenpepuBHON cnyualiROA BeJHYHHK
Takle ecTb NOCTOAHHAA BeJHYHHA.

Mpumep 1. HaltH MaTeMaTHueCKoe oOMXHEAHHE CJAy4YaHHOH BeJsH-
u¥HE X, 3HAH 33aKOH ee paclpelesieHHs:

X 3 5 2
P 0,1 06 03

Pewenne Hcrkomoe MaTeMaTHUeCKoe OXKHJAAHHe pABHO CYyMMe

NMPOH3BeJEeHHHK BCeX BO3MOMHEIX 3HauYeHHH CJAy4YanHOH BeJJHUHHA Ha HX
BE€POATHOCTH:

M (X)=3.0,145.0,6+2.0,3=3.9.

Apumep 2. Hafith MateMaTHueCKOe OXXHAAHHE YHCA3 TMNOABJEHHH
cobuiTHA A B OJlHOM HCHBLITaHHH, €CJAH BePOATHOCTL cobuiTHA A paBha p.
Pewenne. Cayvafinan BeJaHuHHa X —4HCJ0 NOSIBIeHHA CCORITHA
A B OXHOM HCNHTAHHH — MOMKeT NPHHHMATh TOJbKO XBa 3HAYEHHA: Xy == |
(cobpitHe A RacTYNHJOQ) € BepOSTHOCTBIO p H x3=0 (coObiTHe A He
HaCTyNHJIO) € BEPOSATHOCTBIO § = 1 — p. FIcKOMoe MaTeMaTHUeCKOe OXHaHHe

M(X)=1.p+0.-9=p.
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HUrak, Mamemamuueckoe oxuodanue wucaa noasreHuii cobot-
mus 8 O00HOM UCNLIMAHUL PASHO 8ePOAMHOCMU 3M0o20 CoObL-
must. JT0T pe3dyibrat OYAeT HCNONbL30OBaH HHKE.

§ 3. BepOATHOCTHLIH CMBICJH MAaTeMaTHYeCKOro
OXKMIAHUSA

IIycTe npoH3BedeHO n UCHbITaHHH, B KOTOpHIX Cay-
yaftHasd BeauuynHa X NpHHAAA m, pa3 3Ha4deHHe X,, M, pa3
3HaYeHHe X,, ..., M, par 3HA4YECHHE X, IpHUEM m, My . - .
...+my=n. Toraa cymMma BceX 3HAUEHHH, [IPUHHATHX X,
paBHa

x1m1+ X,m, “+ ... +kak'

Hafigem cpennee apupMernueckoe X Bcex 3HAueHMHA, Npu-
HATbHIX CJAy4YafiHOA BeJHYHHOH, IJs uero pasieJqHM HaAJAeH-
HYI0O CyMMYy Ha o0lllee YHCAO HCOBITAaHHA:

X = (x,m, 4+ xgmg+ ... xm)/n,
HIAH

X =x, (myn) 4 x, (my/n) + . . . + x;, (mp/n). (%)

3aMeTHB, UTO OTHOLIEHHE M,/n— OTHOCUTE/IbHAA YaCTOTa
W, sHaueHun x,, m,/n—OTHOCHTeJbHas yactora W, 3Haue-
HUA X, U T. A., 3alHIleM COOTHOINEHHe (*) TaK:

X=x,W,+x,W,+ ...+ %W, (%%)

JonycTHM, 4YTO YHCJAO HCNBLITAHUH JAOCTATOYHO BEJIHKO.
Toraa orHocHTeNbHad 4yacToTa NpHOJTHKEHHO paBHA BEpoOsT-
HOCTH noABJeHus co6uTtua (310 Gyjler nokasano B ra. IX,

§ 6):
W, ~p, Wy~p, ..., Werep,.

3aMeHHB B COOTHOINEHWUH (%%) OTHOCHTE/bHbIE YACTOTHI
COOTBETCTBYIOILMMH BEPOATHOCTHMH, MOJYUHUM

X x,py+ XDyt oo A XpPs

Ilpasas yacth 3TOoro npubauxkeHuoro paseHctsa ectbe M (X).
Hraxk,

X ~ M (X).

BeposTHOCTHBIA CMBIC] IOJYYEHHOro pe3yJbTaTa TaKOB:
Mamemamudeckoe oxcudarnue npubauixcenno pasHo (T€EM TOU-
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Hee, ueM Ooablile YHC/JAO HUCHHTAHUA) cpedunemy apugpmemu-
HECKOMY HAOAI00aeMbix 3HAUEHULL CAYMQIIROL SeAUtUHbL.

amMeuanue 1. Jlerxo coo6pasuth, 4TO MaTeMaTHUECKOe OXKHAA-
HHe OoJibine HaHMEHbMIEI'O H MeHbe HaHGOJbIIEro BO3MOMHHIX 3Haue-
HHi. JIPYrHMH CcJIOBaMH, Ha 9HCJA0BOM OCH BO3MOXHBE 3HAUEHHS pacho-
JIOWEHH cJieBa H cnpada OT MaTeMaTHYECKOro oxHaanusa. B atom cMuicae
MaTEeMaTHueckoe OXXHIAHHE XapaKTepH3yeT pPacHoOJioXeHHe pac-
npelleJeHU A H NOITOMY €r0 YacTO Ha3BWBalOT YEHMPOM pacnpede-
ACHUS.

IJTOT TepMHH 3aHMCTBOBAH H3 MEXaHHKH: €CJIH MaccH py, pi. ey P

Pi

pPacnoJIOXEeHH B TOYKax ¢ aGcuHCCaMH Xy, X3, ..., X,, NpHUYEM =1,
To alChHCCa MeHTPa THXXECTH

Xe= (2 xipi)/zpi-

YuuTHBaA, 9TO Zx,-p,-=M {X) n Zp;=l, nonyauM M (X)=x,.

Hrak, MaTtemaTHueckoe OXHJIAHHE €CThb a6GCIHCCA UMEHTPa THXKECTH
CHCTEMBl MaTepHAJBHLIX TOYeK, aGCHHCCH KOTOPHIX pABHB BO3MOMHEM
3Ha4YeHHSAM CAY4afiHON BEeJHUHHBI, a4 MACCH — HX BepPOATHOCTSM.

Sameuanune 2. [IpoucxoxjeHHe TePMHHA eMaTeMaTHYECKOE OXKH-
AaHHE» CBSSAHO ¢ HA4aJbHBHIM NEPHOAOM BO3HHKHOBEHHS TEOpDHH BeposAT-
wocreft (XV]—XVI1I BB.), Korza o6JacTb ee NpPHMEHEHHUS OTpaHHYUHBA-
Jach a3aPTHHIMH Hrpamu. Hrpoka HHTepecoBaJio cpeaHee 3HAaYeHHE OXKH-
JA8eMOro BHLIHIPHIUA, HJH, HHBIMH CJOBAMH, MaTeMaTHYeCKOe OXXHAJHHE
BHHrpHLIA.

§ 4. CpoiicrBa MaTeMATHUYECKOr0o OXKHMJIAHHS

CsofictBo 1. Mamemamuueckoe oxmudarue no-
CMOAKHOLU 8eAUHUHB PABHO CAMOU NOCMOAHHOU:

M(C)=C.

IlokxasartenbcTBO. Bysem paccMaTpuBaTh MOCTOSH-
Hylo C Kak JUCKPETHYIO CJYyuyaHHYIO0 BeJlH4YHHY, KOTOpas
HMEeT OJIHO BO3MOXHOe 3HauyeHHe C ¥ nNpPHHHMaeT Eero
¢ BeposTHocThio p= 1. (JiegoBarenbHoO,

M(C)=C-1=C.

3ameuaHnHe 1. Onpepenum npoussedenue nOCMOAHHOL SeAUGUHBL
C Ha duckpemnywo cayuaiinyio seausuny X Kak XHCKPETHYIO CJAYSaRHYIO
CX, BO3MOXHBHE 3HAYEHHS KOTOPOH PAaBHBI NPOH3BeJeHHSIM NMOCTOSHHOR C
HA BO3MOKHHle 3HAueHHs X; BepPOATHOCTH BO3MOXHHX 3HaueHHH CX
PaBHHW BEPOATHOCTSM COOTBETCTBYIOUIHX BO3MOMHMX 3naderHi X. Hanpu-
MEp, eCAH BEePOATHOCTb BO3MOMHOIO 3HAYEHHS X; PaBHA py, TO BepOAT-
HOCTb TOro, 470 BeJHuMBa CX npHser 3HaueHHe (Cx,, TaK¥e paBHa p,.

CBolicTBO 2. ITOCMOAHHBIL MHONCUIMEAL MONCHO BbIHO-
CUMb 32 3HAK MAMEeMAMUUecKo20 OMXUOAHURA:

M (CX) = CM (X).
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IHokasateabctso. Ilycts cayuafinan BeawuynHa X
3ajlaHa 3aKOHOM pacnpeliesieHHs] BepPOSTHOCTEH:

X X X3 ... x,

P Pr Py--- Pn

YuuTbiBaf 3aMeyanuHe |, HanyuleM 3aKOH pacnpeiesieHHs
cay4yaiHoi BeJH4YHHbl CX:

CX Cx, Cx, ... Cx

P P1 Pa -+ Pn

MaTemaTtHyeckoe oxujadue cnydyadiHod BedauukHbl CX:
M (CX)=Cx,p, +Cx,p,+ ... +Cx,p,=
=C(x,py+X,p,+ - - - +x.p,) = CM (X).

n

Hrak,
M (CX)=CM (X).

3amegaunne 2. [Ipexne ueM nepeliTH K ciaenyiouleMy CBOACTBY,
yKajkeM, uTO JBe CJyuaflHbnie BeJHUHHB HA3BIBAIOT HE3QBUCUMBIMIL, €CJIH
3aKOH pacnpefeseRHs oZHOH H3 HHX He 3aBHMCHT OT Toro, Kakue BO3-
MOXKHbIe 3HaueHHsd TNpPHHAJa Jpyrafs BeJHukHa. B nporusBHOM cayudae
cJayudaiiHble BeJHYHHB 3agucumbl. Heckoabko ciyuyaflHeIX BeJHYHH Ha3H-
BaIOT 83QUMHO HE3A8UCUMBIMU, €CIH 3aKOHBl pacrnpelle/ieHHs Jo60ro YHCa
HS HHX He 3aBHCAT OT TOro, KaKHe BO3MOXHBIE 3HAYeHHH IPHHAJH
OoCcTaJbHble BeJHUMHBL.

SBameuanne 3. OnpenesuM npoussedenue HE3ABUCUMBX cayuail-
Holx geauwud X H Y Kaxk cayuafinyio BeauunHy XY, BO3MOXHBIE 3Ha-
YeHHs KOTOPOH paBHHE NpOH3BEIeHHAM KaXKIOro BO3MOMKHOIO 3HaYEHHH
X Ha KaxJaoe BO3MOXHoe 3HaueHHe Y, BepOSTHOCTH BO3MOXKHEIX 3HaE-
HHR npousBeneHHs1 XY paBHBI NpoH3BeleHHAM BepOSATHOCTEH BO3IMOMKHBIX
3HayeHHii coMHoXHTeneit. Hanpumep, ecnH BepoATHOCTH BO3MOMKHOTO
3HAYeHHA X, paBHa p;, BEPOSTHOCTb BO3MOMKHOI'O 3Ha4Y€HHHA Y, paBHA g,
TO BepOATHOCTb BO3MOXHOIO 3HAa4Y€HUN X,Y; paBHa pigi.

3aMeTHM, uTO HeKOTOpHEe NpOH3BeNeHHs X;ify MOTYT OKa3aTbCs pas-
HRIMH MeXLy co6ofi. B 3rom caydae BepOATHOCTH BO3IMOXHOrO 3HadeHHS
NpoM3BeleHHSI paBHA CyMMe COOTBETCTBYOUWMX BeposTHocrteil. Hanpusmep,
€CJAH X,Y; = Xgifg, TO BEpPOSITHOCTBb XYy (HJH, YTO TO MKE, XgYs) paBHA
P182+ P3ags-

CrofictBo 3. Mamemamuueckoe oscudarue npousseoe-
HUR 08YX He3aBUCUMBLX CAYHQLHLIX BeAuMur pPagHO npoussede-
Hum ux mamemamudeckux oocudanull:

M (XY)=M (X) M (Y).

HoxasaTeabctBo. IlycTb He3aBHCHMbIE CJay4YaHHbie
BeJuunHEbl X ¥ Y 3aj1aHbl CBOMMH 3aKOHaMH paclpeje/eHus
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BEpPOATHOCTEH *):
X xx, Y yy,
P pp, g 8.8

CoctaBHM Bce 3HAYEHHS, KOTOPHIE MOMXeT MNPHHHMATH
cayyadnas BeauuuHa XY. Jlas sToro nepeMHOXHUM BCE BO3-
MOXXHble 3HayeHHsT X Ha KasKR0O€ BO3MOXHOE 3HaueHue Y;
B UTOTE NONYYHM X,Y,, X4, XYy ¥ XgY,. Y4uTHIBAasA 3aMe-
yaHHe 3, HanWileM 3aKoH pacnpenenenud XY, npeanoaaras
INA MPOCTOTH, YTO BCE BO3MOJKHbIE 3HAYEHHSH NMPOH3BEINEHHHA

Pas3sHYHHEL (€cJ1H 3TO HE TAK, TO JOKA3aTeJNbCTBO NMPOBOAHTCS
aHAJIOTHYHO):

XY xy, X,y Xy, XY,
P P8 P81 P18: P8

MaremaTHuecKoe O:KHJaHHE PABHO CyMMe TMPOH3BeleHHH
BCEX BO3MOXHBIX 3HAaYe€HHH HA HX BEPOATHOCTH:

M (XY) = xy,- P8, + X341 Pofy + XYy P18 + X2 - Pa8as
HJAH

M (XY)= Y18 (0,0, + x,0,) + Y,8, (.0, + X,py) =
= (x1p1+xepz) (y1g1+y2gs) =M (X)-M(Y).

Hrak, M (XY)=M (X)-M (V).

Cnencrsue. Mamemamuseckce oxudanue npoussede-
HUR HECKOAbKUX B83QUMHO HE3ABUCUMbBIX CAYHAUHBIX BEAUHUH
PABHO NPOU36ETeHUI0 UX MAMEMAMUHECKUX O0XCUDAHULE.

Hanpumep, pasi Tpex caydafHBIX BEJHYHH MMEEM:

M(XYZ)=M (XY -2) =M (XY)M(Z)=M(X)MY)M (2).

JAnsi npou3sBosbHOrO YHCHA cAyYafiHbIX BENHYHMH JOKa-
3aTeJbCTBO [IPOBOJAUTCH METOAOM MaTeMaTH4ecKoi HHAYKIKH.

MMpumep 1. Hesapucumue cayuafinee Beansninsl X H Y 3aganm
CAeAYIOWHMH 3aKOHaMH pacnpefieIeHHA:

X 5 2 4 Y 7 9
p 06 0,1 03 p 08 0,2

Hafith MaremarHueckoe oXujauue cayuafinofl Beawunnn XY .

PeweH e, Hafilem MaTeMaTHUeCKHE OMHAAHNUA KAMXKIOH H3 JAHHHX
BEJTHYHH:

M (X)=5-0,6+2-0,1-+4-0,3 =4.4;
M({¥)=7.0,8-19.09=74.

*) Ilas ynpouleHHs BHKJAJOK MB OCPaHHYHJAHCH MaJbiM YHCAOM

BO3MOXKHHX 3HadenHil. B ofuiem ciydae goKa3aTelbCTBO aHaJOTHYHOE.
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Cayuafinnie BesHYHHH X H Y He3aBHCHMHe, NOSTOMY HCKOMOE Ma-
TeMaTHUEeCKOe OXHAaHHe

M (XY)=M (X) M (Y)=4,4.7,4 =32 56.

3ameuanue 4. OnpenrenuM cymmy cayqatinoix seausun X 'Y
KakK cayuaiiHyio BeJuuuHy X --Y, BO3MOMXKHHE 3HAUeHHA KOTOPOH paBHH
CYMMaM KaxJA0ro BO3MOXHOrO 3HadeHHA X C KaxX/AMM BO3MOXHBIM 3Ha-
yeHHeM Y; BepPOATHOCTH BO3MOXKHHX 3HaueHufi X -V Aad He3aBHCHMBIX
peJHUHE X ¥ Y paBHH NpoH3BeJeHHAM BepOATHOCTEH claraemmux; AJAs
SaBHCHMEIX BEJHYHH — [IPOH3BeIeHHAM BepOATHOCTH OJHOrQ CJaraemMoro
Ha YCJOBHYIO BEpPOSITHOCTH BTOpPOTO.

3aMeTHM, 4YTO HEKOTOPHE CYMMH X-}§ MOTYT OKa3aThCsl paBHBIMM
MexJy ccloii. B aTom cayuae BepOATHOCTH BO3MOIKHOTO 3HAaUeHHSA CyMMH
paBHa CyMMe COOTBETCTBYIOULMX BeposTHocrel. Hanpumep, ecau X, + ¢, =
= X3+ Y H BEPOATHOCTH 9THX BO3MOXHBIX 3HA4YeHHH COOTBETCTBEHHO
paBHEl pjo H Pgs, TO BEPOATHOCTL X3-+Xp (HJH, 4YTO TO Xe, Xz Ys)
paBHa pyp+ Pag.

Cuenyiolliee HUMKe CBOHCTBO CTMpaBelJJINBO KaK /15 He3a-
BHUCHMBIX, TAK H JUJIA 3aBHCHUMBIX CJy4YaHHHIX BEJNHUYHH.

CeoiicTBO 4. Mamemamuseckoe oxcudanue cymmst 08Yx
CAYHALHBIX BEMULUH DABHO CYMME MAMEMAMUYECKUX 0Hcudanul
cAa2aeMbix.;

M (X +Y)=M(X)+M ().

JdoxkasareasctBo. [Ilycte cayyalHele BeJIHUHHB
X v Y 3amaHnl cAefylOIIHMH 3aKOHaMH pacrnpefesieHus *':

X x x, Y 4 v,
P P P g g, &

CocTaBHM Bce BO3MOXKHBIE 3HauyeHHs BeJHuuHbl X Y.
IlnA 3TOTO K KaXAOMY BO3MOXKHOMY 3HayeHUI0 X TnpubaBHM
KaxJloe BO3MOXHO€ 3HaueHue YV; noayuum x,+Y,, X, Y,
X;+y, v x,4+y,. TIlpeanonoxuMm AjAA NOPOCTOTHl, YTO 3TH
BO3MOXKHble 3HaYeHHWA pPasJHyHbl (ec/M 3TO HEe TaK, TO AOKa-
3aTeJLCTBO NPOBOAMTCA aHAJNOTHYHO), U O60O3HAYHM HX Be-
POATHOCTH COOTBETCTBEHHO Y2DPe3 P,,, Pigs Pa1 U Pag-

MaTteMaTHUyecKoe oXKHJaHHe BeJHuuHbl X 4 Y paBHO cymme
NMPOU3BEACHHH BO3MOXHBIX 3HaueHUH Ha UX BEPOATHOCTH:

MX+Y)=(,+y)pu+ (x4 ¥5) Pra+ (g + Y1) poy +
+ (X3 + Ys) Pass

*) Yro6st ynpoCTHTE BHIBOJ, Ml OFPAaHHUHJAHCH JHIUL ABYMS BO3MOXK-

HHMH 3HaUYeHHAMH KaxJjaoH u3 peanunH. B ofiuem CAydae JOOKasaTeAb-
CTRO aHaJIOTHYHOE,
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HJH

M (X +Y)=x,(py;+ Pra) + X3 (Psy + P22) + 41 (P2y + Pay) +
+ Yy (P1a+ Pas)- (*)

IloxaxeM, uto p,, + p,, = p,. CoObiTHE, COCTOALILEE B TOM,
yro X npuMeT 3HaueHHe X, (BEpPOATHOCTb 3TOro COOLITHA
paBHa p,), BaeueT 3a coboli cobbiTHE, KOTOPOE COCTOHT B TOM,
yto X -+ Y npuMer sHaueHHe x, 1 y, HAH X, 1+ Y, (BEPOATHOCTD
3TOr0 coOBITHSI IO TeopeMe CJOXKEHHS paBHa p,, + p;,), H
obpatHo. Orcofa M caelyer, 4To p,, -+ ps = p,. AHAJOTHUHO
JAOKa3blBalOTCA paBeHCTBa

PartPaa=Ps Prut Ps1=g1 ¥ Pryt Pgs= &1

IloncraBsisin npaBble yacTH 3THX paBEHCTB B COOTHOIE-
HHe (%), DOJYYHM

M (X +Y) = (x,p, + x:P5) + (4181 + Y2€3)>

HJIH OKOHUYaTENBHO
M (X +Y)=M(X)+M ).

ChnencrBue. Mamemamuueckoe oxmudarue cymmot
HECKOMbKUX CAYYQUHbIX BEAUYUH DABHO CYymMme Mamemarmudec-
KUXx oxudaqHrull caazaemsix.

Hanpumep, ansa Tpex cJjaraeMpiX BeJIHUMH HMEEM

MX+Y+Z)=M[(X+Y)+2]=
=MX+Y)+MZ)=MX)+MY)+M(2).

Jlast MpOH3BOJIBHOrO YHCJA CJaraeMbiX BeJHYMH JOKasa-
TEJABLCTBO NPOBOAHTCA METOJAOM MaTeMaTHYECKOH HHIYKIIHH.

Npumep 2. Tlpon3soguTca 3 BEHCTpPENa C BEpPOSTHOCTAMH NoNafaHKH
B neasb, paBHuIMH p;—=0,4; p=0,3 B py=0,6. Hailth mMaremarudeckoe
oXHAAHHe oGIeroc 4Yucaa NonajaHki.

Pewmenne Uucao nomapanHft TpH MNepeoM BHCTpPENE €CTh Cay-
Jafigaa pesHunHa X, KOTOpas MOXeT IIPHHHMATb TOALKO JBA 3HAUEHHA:
1 (nonazanue) c BepoATHocThi0 p;=0,4 # 0 (Npomax) € BepOATHOCTHLIO
g=1—0,4=0,6.

MaremarHuecKkoe OXHJaHHe UHCJA NONAaJaHHi NpH NEepPpBOM BHCTPENE
pPaBHO BEPOATHOCTH Monanawusa (cM. § 2, nprmep 2), 1. e. M (X;)=0,4.
AnBanoradyHo HafigeM MarteMaTHUeCKHEe OXHAaHHf UKCJA NOoNajaHHil NpH
BTOPOM H TperbeM BuicTpenax: M (X,)=0,3, M (X3 =0,6.

O6wee uyucao nonajaHHil ecTs TaKke cayudaiHas BeJHYHHa, cocros-
(asi H3 CYMMH HOMafaHuil B KamJOM H3 TpeX BRICTPEJOB:

X=X+ X+ X,
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HckoMoe MaTeMaTHueCKO® OXHJAaHHE HAXOAHM {10 TeopeMe O MaTe-

MATHUECKOM OXHJAHUH CYMMH:
M (X)=M(X;+ X+ Xg) =M (X)) + M (X)4-M (X3) =
=0,440,31-0,6=1,3 (nonananufi).

Mpumep 3. Hafitu mareMaThuecKoe OXKHAAHME CYMMH 4HCIa OYKOB,
KOTOPHS: MOTYT BHINACTb NPH OPOCAHUM HBYX HIrpaiabHHX KocTefl.

Pemwe HHe. O603HAauYHM YHCJO OYKOB, KOTOpPOE MOXKET BHINAcTh Ha
nepBofi Koctu, depe3s X W Ha BTopolk —uepe3 Y. BosmoxHHe 3HaueHHA
STHX BeJHYHH OJHHAKOBH # paBHW 1, 2, 3, 4, 5 v 6, npuuem BepoAr-
HOCTb KaXJoro M3 STHX 3HaveHHE paBHa 1/6.

Hafigem mareMatHueckoe OXHIaHHE UYHCJA OUKOB, KOTOpHE MOryT
BHINACTh Ha NMepBOH KOCTH:

M (X) =1 -(1/6) +2-(1/6) -3 (1/6) + 4-(1/6) +-5-(1/6) 4-6-(1/6) =T7/2.
OuepHano, uro ¥ M Y)=7/2.
HckoMoe marTeMaTHuUeCKOe€ OXHJAaHHE

MXEY)=M(X)4+M@)=T/24-7/2=T.

§ 5. MaremMaTHuecKOe OXHJAHHE YHCAA TOABJECHMH
COOBITHA B HE3aBHCHMBIX HCNBITAHMAX

ITycte NpoM3BOAMTCA 72 HE3ABHCHMEIX HCTIBITaHHMA,
B KaXJOM H3 KOTOPHX BEPOATHOCTb TOABJEHHS coObITHA A
IOCTOAHHA H paBHa p. Uemy paBHO cpegnee yHcaO NOABJE-
HHA cOOmITHS A B 3THUX HMcnbiTaHUAX? OTBeT Ha 3TOT BONPOC
JaeT caeayioinias Teopema.

Teopema. Mamemamuueckoe oxcudarnue M (X) uucaa no-
ABAeHUll cobbimus A & N He3a8UCUMbIX UCABIMAHUAX PABHO
NPOoU3BEOCHILIO YUCAGQ UCRLIMAHUL HA 8ePOSMHOCTb NOABAEHUS
cobimun 8 KancooM UCRBIMAHUL:

M (X) = np.

JJoxasateasncTBo. Bynem paccmMaTpuBaTh B KauecTBe
cayyafinoit BenuuuHs X UHCJIO HAcTyMJeHus cobbitsg A B n
He3aBHCHMBIX HcnbiTaHuax. OygeBHaHO, obulee yucno X NOofAB-
NeHHH cob6biTHA A B 3THX HCHOBITAHHAX CKJAaABBaeTCA H3
yHceJT MOABJEHHH COObLITHA B OTAENAbHBIX HeneTanuax. [Nos-
TOMY eclH X,—UYHcJo TNoABAeHHH COGLITHA B MePBOM HCHbLI-
Tanuu, X,—BO BTOpPOM, ..., X,—B #-M, TO ofuiee YHCIO
nosaeaeHui cobpitHa X=X,+ X,+ ...+ X,.

Ilo TpeThemy CBOHCTBY MaTeMaTHUECKOrO OXHJAaHHS,

MX)=M(X)+M(X)+ ...+ M(X,). (*)

Kaxpaoe u3 ciaraemeix TnpaBoil wyacTh paBeHCTBA €CTh
MaTeMaTHUeCKOE OXHIaHWe YHCJaa TOosABAEeHHH CcOOBITHA
B oqHoM wucnbiTanuu: M (X,)—B nepsom, M (X,)—BO BTO-

6* 83



poM H T. A. Tak Kak MaTeMaTuyecKoe OXHAaHHE YHCJA NOAEB-
JieHHA CcOOBITHR B OJHOM HCNBITAHHH PaBHO BepPOATHOCTH
cobuTHA (cM. § 2, npumep 2), ToM (X)) =M (X,)=M (X,)=p.
[loacTaBnAa B npaBylo yacTb paBeHCTBa (#) BMECTO KaXjoro
chiaraeMoro p, noJyusM

M (X) =np. (#x)

3dameuvuanne Tak rak BeauwuuHa X pacnpefeneHa no GHHOMH-
aJbHOMY 3aKOHY, TO J[OKa3aHHYK TeopeMy MOXKHO CHOpPMYJHPOBATL
¥ TaK: MaTeMaTH4Yeckoe OXHAaHHe OGHHOMHAJABLHOTQ pacnpene/eHHs C MNa-
paMerpaMH n ¥ p PaBHO TNPOH3BEAECHHIO np.

lpumep. BeposATHOCT: nMonajaHHs B uedb NPH CTpenbGe H3 OPYAHH
p=0,6. HafitTu maTeMaTuueckoe oxHIAaHHe OOLEro YKCAa NONAafarHil,
ecaH Oyler npousseneHc 10 BricTpencs.

Pewenne. [lonaganue npH KaxaoM BpICTPeJ€ HE 3aBHCHT OT HC-
XOMOB APYTHX BBICTPEJIOB, NMO3TOMY PaccMalpHBaeMble COOLITHS HE3aBM-
CHMHE H, cJejnoBaTesJEHO, HCKOMOe MateMaTHuecKOe C¥HIAaHHE

M (X)=np=10.0,6 =6 (uonafauuh).

3amaun

1. Hafitu wmareMaTHUeCcKoe OXHAaHHe JQUCKpeTHOoN caydaitHcfi
BeIHUHHN, 3Had 3aKOH ee pacrpefeNeHNs:

X 6 3 1
p 02 03 05

’
Omasa. 2,6,
2. Ilpouspoaurcss 4 BbiCTpPeNa ¢ BePOATHOCTBLIO NONAJaH¥A B 1e/b

pP1=0,6, pp=0,4, p3=0,5 u p,=0,7. Hallth MaremaTH4YecKoe OXKHIAaHHE
obuero Yucaa nonajgaHui,

Ome. 2,2 nonananus.

3. IlnckpeTHHe He3aBHCHMHe CJydafiHble BEAHYHHEI 3aNaHbl 3aKOHAMA
pacnpeneneRus:

X 1 2 Y 05 1
p 02 08 p 03 07

Hafita MaTeMatHuecKoe oxHAaHHe npouaBefenus XY aByms cnocofamwu:
a) cocTaBHB 3aKkoH pacnpegenenus XY; 6) mnoabiysack cS8ORCTROM 3.

Oma. 1,53.

4. JuckperHnle cayuaiinsie BeJHYHHN X H Y 3ajgaHkl 3aKOHaMH
pacnpenenenssd, yKasaHHeME B 3ajade 3. HafiTH MareMarHYecKoe OXH-
danve cyMmmul X VY gpymsa cnioco6amH: a) coCTaBHB 3aKOH pacnpeneieHHs
X +4Y; 6) noasaysace cBoficTBom 4.

Oms. 2,65.

5. BepoatsHocTs OTKasa Aeranu 3a BPpeMsA HCIINTaHHA HAa HAJIE2KHOCTH
pasHa 0,2, Hafiry MaTeMaTHuecKoe OXHAAHHe UHCJ/IA OTKA3ABIUIWX Jerasei,
ec/H HCHHTaHAK© Oyayr noaseprHythl 10 feraneii.

Oma. 2 perans.

6. Hallth MaTteMaTHyecKoe OXMHZaHHe IIPOH3BEACHHA YHCJIA OUKOR,

KOTOPHE MOTYT BHIDACTh NPH OAHOM OPOCAHHH JABYX HIPajbHHX KocTeil.
Oms. 12,25 ouka.
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7. Haith maTeMaTH4eckoe OXHIaHHe uHcJa JoTepefAHHX GHJeTOB,
Ha KOTOpbie BbIMAAYT BHIHTPLILIH, €car npHoOperero 20 GHaetoB, NpHueM
BepOATHCCTD BHHFPHILIA NO OAHOMY GHJeTy paBhna 0,3,

Oms. 6 Guaeros.

I'nasa BocbMan

AUCNEPCU A AHCKPETHOR CJHYYARHOR
BEJIUMYHHDI

§ 1. Utenecoo6pa3HOCTb BBEJSHHS UYHCJIOBOM
XapaKTePHCTHKH paccesiHHA CJAy4anHOH BEJHUHHH

Jlerko ykasath Takue cJyvyaiiHble BeJHUHHBI, KOTO-
pbie HMEIOT OIHHAKOBbIe MaTeMaTHyecKHe OXHAAHHA, HO pas-
JUYHBle BO3MOKHHIe 3HaueHus. PaccMoTpum, Hanpumep,
JUCKpeTHble cJy4yailHble BeJWdHMHbl X H Y, 3aga”Hble cJe-
JAYIOLIHMH 3aKOHAMH pacnpeienenuns:

X —0,01 0,01 Y —100 100
P 0,5 0,5 P On5 0!5

Haﬁnem MareMarTnH4eCKHe OXHIAAaHHA 3THX BEJHYHH!

M(X)=-0,01.0,5+0,01-0,5=0,
M(Y)=-—-100-0,5+100-0,5=0.

31ece MATEMaTHUECKHE OXHIAaHHA o6euX BeJHYHH ONHHAKOBHI,
a BO3MOXHDBIe 3HAaueHHS pasaHuYHel, OpHuyeM X wHMeeT BO3-
MOXKHBEIE 3HayeHHA, OJAHU3KHE K MAaTEeMAaTHYECKOMY OXHIAHHIO,
a Y — Jalexue OT CBOEro MaTeMaTHYeCKOro oXuAaHus. Takum
o6pa3oM, 3Had JIMIIL MaTeMaTHueckoe OXHAaHHe cyydaidHoM
BeJHUHHDI, €llle Hesb3A CYAHTb HHU O TOM, KaKHe BO3MOMKHbIE
3HayeHHA OHA MoOXKeT TNpPHHUMATB, HH O TOM, KakK OHH pac-
ceslHbl BOKPYr MaTeMaTH4YecKoro oxujaaHuda. Ipyrumu cJjo-
BaMH, MareMaTHyecKoe OXKHAaHHe TIOJHOCTBIO CJy4alHylo
BeJIHUUHY He XapaKTepHU3yerT.

ITo sToit npHuuHe HAPRAY C MaTEeMaTHYECKHM OXHIaHHEM
BBOJOAT H ApPYIrHe YHCJOBbIE XapaKTepHCTHKH. Tak, Hanpumep,
Ans Toro 4ToObl OleHHThL, KaK paccesHbl BO3MOXKHBIE 3Ha-
YeHHs CcJaydYaHHOH BeJHYMHBI BOKPYr €e MaTeMaTHYecKOoro
OXKHJaHufA, MNONbL3YIOTCH, B YacTHOCTH, YHCJAOBOH XapakTe-
PHCTHKOH, KOTOPYIO Ha3mIBAIOT JHCHepCHei.

[Ipexnae uem mepeiliTH K onpefesyieHHIO H CBOHCTBaM OHC-
nepcHH, BBEAEM MNOHATHE OTKJIOHEHHWR CJAYYaHHOH BeJIHYKHLI
OT ee MaTeMaTHYeCKOTo OXHAAHHA,
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§ 2. OrxnoHenne cayyadHoR BENHUHHDI
OT e MATEMATHUYECKOTO OXHIAHHA

[Tyerp X —cayuafinan BesHunHa H M (X)—ee Mma-
TeMaTHYeCKOe oOXHAaHHe. PaccMoTpuM B KauecTBe HOBOH
cnyqafiHofi BeauuHHu pasHocth X —M (X).

OmxaoHernuem Ha3LHIBAIOT Pa3sHOCTB MeXAY cjy4yaiiHoH Be-
JUYHHON H ee MaTeMaTHYECKHM OXMJIAHHAM.
Ilycts sakon pacnpejenenuss X H3BECTeH:

X x X5...x,
P P1 Ps---Pn

HanuimeMm 3akow pacnpefesneHuss OTKJ/OHeHHA. JlAs Toro
yTOOB OTKJIOHEHHe MNnpHHANO 3HaueHue x,— M (X), nocra-
TO4HO, 4TOOH cJayyailHaa Be/IHYHHA MPHUHAJNA 3HAUEHHE X,.
BepoaTHocTs ke 3TOro coGHTHA paBHa p,; CJAEAOBATEJbHO,
H BEPOSITHOCTh TOro, HUTO OTKJOHEHHe IIpHUMEeT 3HadeHHe
x,—M(X), tmakkKe paBHa p,. AHaNOTHYHO OOCTOHT AEJO
H JJIs OCTaJbHBIX BO3MOXHBIX 3Hau€eHHH OTKJAOHEHHUA.

Takum oOpasoM, OTKJOHeHHe HMEeT CJEeAYIOIHA 3aKOH
pacnpenesieHHsn:

X—MX) x,—MX) x,—M(X)...x,—M(X)
p P e Pn
IlpuBenem BaxKHOe CBOHCTBO OTKJIOHEHHS, KOTOPOE HCHOJIb-
3yeTce jaanee.
Teopema. Mamemamuueckoe osxcudanue OMKAOHEHUA PABHO
HYAK0:
M[X—M(X)]=0.

HokaszarteanscTBo. [lons3ydace cBolicTBaMH MaTeMa-
THYECKOTO OXHAAHUA (MAaTEeMaTHYECKOE OXKHAaHue Pa3HOCTH
PaBHO Pa3HOCTH MAaTeMaTHYECKHUX OXHJIAHHH, MaTeMaTHYECKOe
OXHAaHHEe NMOCTOAHHOH paBHO CaMOH IOCTOAHHOM) H NPHHAB
BO BHHMaHue, uyro M (X)— nocrofiHHAasA BeJUYHHA, HMeeM

M[X—M (X)|=M(X)—M[M(X)] =M (X)—M(X)=0.

Npumep. 3afaH 3akoH pacnpelesieHHst JHCKpPeTHOH CJAydadHON pesH-
UHHHN X:

X 1 2
p 0,2 0,8

YGeauthcs, 4TO MaTeMaTHUECKOE OXHIAAaHHE OTKJICHEHHS parHO HYJAIO.
Pewenue. HalijeM maTeMaTHUECKOe OMXHAaHHe X:

M(X)=1.0,24+2.08=18.



HafineM Bo3MOMHHE 3HAYEHHS OTKAOHEHHS, AJA 4Yero H3 BO3MOMKHLIX
3HAYCHHH 0X2 BHIUTEM MaTeMaTHuyecKoe oxujanue M (X):1—1,8=-—10,8;
2—1,8=0,2.

HanuilemM 3aKoH pacnpenefieHHSt OTKAOHEHHS:

X—MX)y —08 0.2
p 02 08
HajineM mareMaTHuecKoe OXKJaHHe OTKJACHEHHS:
M{X—M(X))=(—0,8-0,240,2-0,8=0.

Hrak, MaTeMaTHUeCKOe OXHJAAaHHE OTKJIOHEHHS paBHO HYJO, KakK H
ROJAKHO OHLITh.

3ameuanue, Hapsay c TepmMHHOM <«OTK/JOHEHHE» MHCNOAB3YIOT
TePMHH «¢UEHTPHPOBAaHHAA BeJHUHHA». [lenmpuposannod caywainod 6esu-

YuHod X Ha3HpalOT pa3sHOCTh MEXAy cayualiHo#l BeJHYHHOH H ee marTe-
MATHUECKHM OXKHIAHHEM:

k=x—Mmx).

Haapaune «ueHTpHPOBAHHASN BeJIHUMHA» CBSI3aHO C TeM, YTO MarteMaTude-
CKOe OXMHJaHHE eCTb Il e H T p pacnpefenerus (ca. ra. VI, § 3, szameuanue).

§ 3. iucnepcusa AHCKpeTHOR Cay4yaHHOH BeNHUYHHBI

Ha npaxTHke uacto TtpefyercA oleHHTh paccesHHe
BO3MOXKHBIX 3HaueHHH cJjydalHoH BeNHYHHBI BOKPYr ee cpel-
Hero 3HavyeHuf. Hanpumep, B apTu/jepHH BaxKHO 3HaTh,
HACKOJMIbLKO KYYHO JIATYT CHapsAbl BOJIH3KM [eJH, Koropa#d
JonxHa ObIThb NOpaeHa,

Ha nepBhI B3rJsaa MoXeT noka3aThcf, YTO IJAA OUEHKH
paccessHHS Mpolle BCero BHIYUCJAUThL BCEe BO3MOMKHEIE 3HAYEHHSA
OTKJIOHEHHA CJAy4YaHHOH BeJIHYWHBI H 3aTeM HAHTH HX cpel-
Hee 3HaveHHe. OIHaKO TaKod NyThb HHYEro He JacT, TaK Kak
cpelHee 3HaueHHe OTKJOHeHHA, T. e. M[X—M (X)], an«
aoboii cayyaHHOH BeMHYMHBI PaBHO HYJIO. IJTO CBOHCTBO
yiKe GblJ10 JJIOKa3aHo B npejblayiieM naparpadge H o6bACHReTCHA
TeM, YTO OJHH BO3MOXKHBIE OTKJIOHEHHS TIIOJOXKHTEJbHH, a
Apyrie —OTpHIATeNbHHL; B pe3yabTaTe HX B3aHMHOro nora-
IIeHUA cpelHee 3HaueHHe OTKJOHEHUS paBHO Hya0. 3TU CO-
ofpakeHHS TOBOPAT O MeJecooOpa3HOCTH 3aMEHHTb BO3MOXK-
Hble OTKJOHEHHS HX abCOJIIOTHBIMH 3HAaYeHHMAMH HJAH HX
KBajipatamd. Tak H nocrynaior Ha gene. llpasna, B cayuae,
KOrja BO3MOXKHbIC OTKJIOHEHHSl 33aMEHAT HX a0COJIIOTHBIME
3HauyeHHAMH, NPUHXOAHTCHA ONEpupoBaTh ¢ abCOIOTHLIMH Be-
JIMYHHAMH, UTO NPHUBOAHT HHOTJA K CEPbEe3HbIM 3aTPYJHEHHSAM.
ITosroMy wanie Bcero yAyT Mo APYroMy NmyTH, T. €. BLIYHCJSIOT
CpeAHee 3HaueHUE KBajgpaTa OTKJOHEHHSI, KOTOpPoe W Ha3bl-
BalOT AHCHEepCHeH.
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Hucnepcueti (paccesinnem) IHCKPETHOH CJAy4YallHOH BeJH-
9HHbLl Ha3bLIBAlOT MaTeMaTH4YeCKoe OXKHJaHHe KBajpata OTKJO-
HEHHA CNyyaiHON BeIHUNHBIOT €€ MaTeMaTHYECKOro OXXuiaaHus:

D(X)y=M[X—M (X)]2
Ilycte cayuaiiHas BeJHYMHA 3aJaHa 3aKOHOM pacrpeje-
JIEHHA
X X% X .. X
P P1 Pz -+ Pn
Toraa xBaapaT oTK/IOHEHHs HMeeT CJAeLyIOUIHH 3aKoH pac-
npeaesieHUA:
(X—MXT [6,—M ) [x,—MX)E... [x,—M X))
p P P, Pn
[lo onpenenennio aucnepcHu,
D(X)=M[X—M(X)]=
=[x —M(X)] p+ [x,— M (X)]* p, + ... +[x,— M (X)]*p,.
Takum obpasom, AnA TOro uToOH HAHTH AHCMEPCHIO, HAO-

CTATOYHO BBIMHCJHTL CYMMY TpOH3BEIeHHH BO3MOXHBIX 3Ha-

UYeHHH KBaapaTa OTKJOHCHHA Ha HX BEPOATHOCTH.
3ameuanne Ha onpelenenus craeanyer, 4To QHCMEPCHA AHCKpeT-
HOA cayqyafHOR BeJHUHHLI €CTh HecayuafiHas (MOCTOSAHHAf) BeJHUHHA.
B Rancnefilnem uMTarens y3Haer, YTO AUCTIEPCHA HeflpePHBHOH caydaiiHofl
BeIHYHHL TaKXe eCTh NOCTOAHHAS BEJHUYHHA.
NMpumep. Hafith faucnepcrio cayuaiinol BenndHHel X, KOTOpan 3ajaHa
C/AeAYIOLWHM 3aKOHOM paclpefiesieHH:

X 1 2 5
p 0,3 05 0,2

Pewenue Halinem mMaTeMaTHyecKoe OXKHIaHHE:
M(X)=1.0,342.0,5+45.0,2=23.
HafgeM Bce BO3MOXKHEE 3HayeHHH KBAApaTa OTKJACHEHH:
[x;,— M (X)]2= (1 —2,3)2=1,69;
[xg— M (X)]>=(2—2,3)2=0,09;
[rs— M (X)]2=(5—2,3)2=7,29.
HanHumeM 3aKoH pacnpenesnieBHsl KBaapaTa OTKJOHEHHA:

[X—M(X)}? 1,69 009 7,29
P 0,3 0,5 0,2

Ilo onpeaesnenwuio,
D(X)=1,69-0,34+0,09.-0,54+7,29-0,2=2,01,

BuuncnenHe, OCHOBaHHoe Ha ONpefesieHHH IHCMEPCHH, OKasalocs
OTHOCHTEJILHO rpoMosakuMm. J[anee Gyler yxasaHa ¢Qopmyna, Koropas
NPHBOAHXT K UeJdH 3HAauyHTeNbHO OHICTpee.
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§ 4. ®dopmyna Ang BHIYHCACHHS AHUCNEPCHH

JIna BbIYHCJIEHUA AHCNEpCHr yacTo ObiBaeT yAOGHO
NoJIb30BaThCHA CJAENYIOLIEH TeopeMOi.

Teopema. Hducnepcus pasna pasnocmu mexcly mamemamu-
yeckum oxcudaruem keadpama caydairold eeaudunor X U
Keadpamom ee MamemamuvecKozo 0MCUdaHus:

D(X)=M (X*)—[M(X)]*

JIlokasaTteascTBo. MaTtemaTuueckoe oxxunauune M (X)
ecTh NMOCTOAHHAA BeNHYHHA, chegoBartennto, 2M (X) u M2 (X)
eCThb TaKxKe NOCTOAHHHe BenauyuHu, [Ipuuse 3To BO BHHMA-
HHE H MNOJb3yfACh CBOHCTBAMH MaTEMaTHUECKOI'O OXHAAHHA
(MOCTOAHHBIH MHOXHTE/Ab MOXHO BHIHECTH 3a 3HaK MaTeMa-
THYECKOr'0 OXHAAHHA, MaTeMaTHYeCKOe OXXHAaHHEe CyMMh
paBHO CyMM€ MaTeMaTHYECKHX OXXHAaHHA ciaraembiX), ynpo-
cTHM QopMyJly, Beiparkaoulytlo onpenencHHe AHCMEPCHH:

D(X)=M[X—M (X)] = M[X?—2XM (X)+ M* (X)]=
= M (X?)—2M (X) M (X) + M*(X) =
=M(}(ﬂ‘)—QJ\/I’(X)-i—.M2 (X)=M (X2)—M?2(X).
Hrak,
D (X)=M (X*)—[M (X)]*.

KBagpatHana ckoOka BBeleHa B 3anuch GopMmMyanl AJjs yA0G-
CTBa €€ 3allOMHHAHHA.

Mpumep 1. Hafitu pucnepcHio cayuafiHofi peanunHH X, KoTOopad
3ajaHa CJeAYIOUIHM 33KOHOM pacnpejeleHuUs:

X 2 3 5
o o,1 0,6 0,3

PeweHnHe. Hajijnem MareMaTHueckoe oxupanHe M (X):
M (X)=2-0,14+3.0,64-5-0,3=3,5.
HanuiweM 3aKoH pacnpenefieHHst cayuailHOHR BeJIHYMHE X©

X2 4 9 25
P 0,1 0,6 0,3

Haifinem MateMaTHueckHe oxuuaHua M (X2
M (X?)=4.0,149-0,6 +-25.0,3=13,3.
Hekomas gucnepcus
D(X)=M (X2)—[M (X)]2=13,3—(3,5)2=1,05,

3aMmMeuanue. Kazanoce 6H, ecid X #H Y HMelOT ofuHaKOBhLIe BO3-
MOX(HHIe 3HaueHK® H OJHO H TO Xe MaTeMaTHUYeCKOoe OXHJAaHHEe, TO H
AMcriepcHH 3THX BeJHUHH paBHH (BeJb BO3MOXKHHe 3HaueHHd oOeHx Be-
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JHUYHH OJHHAKOBO paccesHbl BOKPYT CBOHX MaTeMaTHYeCKHX OXHJAaHH#!).
Onnaxo B o6wem caydae 310 He Tak. [leno B ToM, YTO OAMHAKORLIe BO3-
MOJKHble 3HaUeHHs paccMaTPHBAEMbIX BeNHYHH MMEOT, Boollle rosops,
PasnIHuHbie BEPOSTHOCTH, @ 82AUUUHG GUCNEPCUL ONPeD2ARLIMCA ME IMOALKO
CaMUMU BO3MONCHBIMU SHAHEHUAMU, HO U ux sepoamrocmamu. Hanpuwmep,
€CJIH BEepPOATHOCTH «JlaJIeKHX» OT MaTeMaTHUYeCKOTO OXHAAHHA BO3IMOXKHBIX
sHayeHHR X Gonsiue, Yem BEPOATHOCTH STHX Ke 3Hauenuit Y, H Beposr-
HOCTH «6MM3KHX» 3HaueHud X MeHblue, UeM BepPOATHOCTH TeX Xe 3Hade-
HHH Y, T0, odeBMaHO, Aucnepcua X Goabile AHcnepcHH Y.

IlpupeneM HIAJIOCTPHPYIOLHH NPHMED.

Mpumep 2. CpaBHHTL AHCHepCHH CJAyYadHLIX BeJTHUHH, 3afaHHBIX
8aKOHaMH paclipejesieHHs:

X —1 1 2 3 Yy —1 I 2 3
p 0,48 0,01 0,09 0,42 g 0,19 0,51 0,26 0,05

Pemenne, Jlerko yGeaurscs, uro
M(X)y=M¥)=097;, D(X)=~3,69, D(¥)=1,2l.

TakeM o6pa3oM, BO3MOXHEIe 3HAaYeHHSI H MaTeMaTHuecKHe OXHAaHHsA
X H Y opuHakoBH, a AucriepcHH paaaHuHpl, npaueM D (X) > D (Y). dror
peayAsTaT MOXKHO Obl/ic NpelBHAeTs 6€3 BHYHCJAeHHH, TAAlAd JHWD Ha
33KOHH pacnpefiesleHHH,

§ b. Croiictea aucnepcum
CesofictBo 1. Hucnepcus nocmosHHol aeaudurbt
C pasua uyao:
D (C)=0.
JJoxasareabcrBo. Ilo onpeaenennio Aucnepeny,
D (C)=M{[C—M(C)]}.

[Toap3ysick nepBbiM CBOSICTBOM MaTe€MaTHYeCKOI'o OXHJia-
HHUA (MaTeMaTHYeCKOo€ OXHAAHHE MOCTOAHHOH paBHO CcaMoOH
MOCTOSIHHOH), TIOJIYYHUM

D{C)y=M[(C—C)*]=M (0)=0.
Hrax,
D(C)=0.

CBOMCTBO CTAaHOBHICA SICHBLIM, €CJH Yy4eCTh, HTO IMOCTOAH-
Haf BeJHYHHA COXPaHfEeT OAHO H TO XKe 3HaYeHHe H pacces-
HHf, KOHEeYHO, HEe HMeerT.

CBoficTtBOo 2. JlocmOAHHbBIL MHOMNCUMENb MONCHO BbIHO-
cums 3a 3Hak ducnepcuu, 6036008 e2o & Keadpam:

D (CX)=C2D (X).
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llokasateanbctBo. [Ilo onpepeseduioc aAHcnepcHH
HMEeEeM

D(CX)=M {[CX—M (CX)]3}.

[Tonb3ysack BTOPHIM CBOHCTBOM MaTeMaTHUECKOTO OXKHJa-
HHS (NOCTOSAHHBIH MHOMXHTENb MOMHO BHIHOCHTb 33 3HaK
MaTeMaTHYeCKOro OXHJAAHKA), MNOJydHM

D(CX)y=M{[CX—CM (X))} =M{C*[X —M (X)]*} =
= CM {[X —M (X)]?*} =C=D (X).
Hrak,
D (CX)=C2D (X).

CBOfiCTBO CTAaHOBHTCH SICHBIM, €CJIH NMPHHATH BO BHHMA-
Hue, yto npu |C| > 1 BeauunHa CX umeeT BO3MOXKHBIE 3Ha-
genuda (no abconoTHOK BenuunHe), GOJibiline, yeM BeJNYHHa
X. Orciona caepyer, 4TO 3TH 3HAYeHHUA pacCesHbl BOKPYT
maTeMmaTHueckoro oxuaannad M (CX) 6oabile, yeM BO3MOXK-
Hble 3HaueHus X Bokpyr M(X), t. e. D(CX) > D (X). Ha-
npotus, ecan 0 <|C|< 1, To D(CX) < D(X).

Csoficteo 3. Hucnepcus cymmoel Osyx HeE3ABUCUMbLX
CAYHAUHBIX GEAUMUR PABHA CYyMMe OUCnepcuti amux BeAUdUH:

D (X +Y)=D (X)+D().

IloxaszateabctBo. Ilo dopmyne anfA BblYUCIEHHA
JUCNEpCHH HMeeM

D(X+Y)=M[(X+Y)]—[M(X 3+ V)]

PackpbiB CKOOKH H NOJIB3YfACH CBOHCTBAMH MaTeMaTHYe-
CKOro OXXHJAHHUA CYMMBI HECKOJBKHX BEJIHYHH H NIpOoHU3Beje-
HUA JBYX HE3aBHCHMBLIX CAy4YaHHBIX BeJWYHH, TOJYYHM

D(X+Y)=M[X*+2XY + Y ]—[M(X)+M(Y)]|=
= M (X?)+2M (X)-M(Y)+ M (Y?)— M= (X)—
—2M (X)- M (Y)—M (V)= {M (X2)—[M (X)]?} +
+{M (Y —[M ()]} = D (X) + D(Y).
Urak,
D(X+Y)=D(X)+D().

Cnencreue 1. Hucnepcus cymmoet HecKOAbKUX A3AUMHO
He3asucuMbix CAYHAUHbIX BeAUdUN pasHa cymme OJducnepcuti
dmux eeaudun.
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Hanpumep, anA Tpex cnaraembix nMeeM
D(X+Y +2)=D[X+(Y +2)]=D(X)+D (Y +-2) =
— D(X) +D(¥)+D(2).
InA TipoM3BONBHOTO YHCJA CJaraeMblX JOKa3aTesnbCTBO
NPOBOAHTCA METOJOM MAaTeMaTH4YeCKOH HHIYKILHH.

CanencreHe 2. Hucnepcusl cymMmor NOCMOIHHOU 8eAli-
quHbL U caydalinold paeqa ducnepcuu CAYHQUHOU BEAUMURSGL

D (C+ X) =D (X).

JokasarteabcrBo. Beauuwdo C 1 X He3aBHCHMHI,
TI03TOMY, NO TpeTbeMy CBOHCTBY,

D(C+ X)=D(C)+ D (X).
B cuny nepsoro croiictea D (C)=0. CnrenpoBarennHo,
D({C+ X)=D (X).

CRO#icTBO CTaHOBUTCH TIOHSTHBIM, €CJH y4YeCTb, 4YTO Be-
JUYHHE X W X -+ C oT/aH4YaloTcH JHIOL HadaJoM oTcyeTra H,

3HaYHT, paccesiHbl BOKPYT CBOMX MaTeMaTHYECKHX OXHIAHUH
OJIHHAKOBO.

CsoiictBo 4, Hucnepcus pasHocmu 08yx He3Q8UCUMELX
CAYHALiHbIX BeAUMUH PABHA CYMMe ux oucnepcuii:
D(X—Y)=D(X})+D(Y).
JdokasarteasbcTBO. B cuay tperbero ceoficTBa
D(X—Y)=D(X)+D(—Y).
[To BTOpOMY CBOHCTBY,
DX —~Y)=D(X)+(—1yD(),
HJH
D(X—Y)=D(X)+ D).

§ 6. Jducnepcust 4HcAAa NOSBJEHHH COOLITHSA
B He3aBHCMMBIX HCNbITAHHSAX

Ilycts npoH3BoaWTCA n He3aBHCHMBLIX HCHBITAHHH,

B KaXJOM H3 KOTOPEIX BE€POSATHOCTH TMOSBJAEHUA cobmTHA A

noctoaHua. Yemy paBra pgucrepcus 4YucJga NOABJEHHHA co-

O6biTHA B 3THX HcObiTaHuAX? OTBer Ha 3TOT BOMNpoC AaeT
c/efyloan Teopema.

Teopema. [ucnepcusa 4ucaa nossaenudl cobwimusn A e n He-

B0BUCUMBIX UCNLIMAHUAX, 8 KAXOOM U3 KOMOPBLIX 6ePOAMHOCTb
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p nossaeHus cobotmus nOCMOAHKHA, PAGHA NPoU3eedeH Lo HUCAA
ucnbimanull Ha 6epOAMHOCIU NOABACHUA U HenoAsAeHUR (O-
66imuUs 8 0OHOM UCRBIMAHUL:

D (X) = npg.

JJokasaTteancTBO. PaccMOTpHM chyuyalHyO BeJud-
quHy X —uncno nofiBjneHuél co6HTHA A B 7 He3aBHCHMBIX
ucnbiTanuax, OuesuaHo, obuiee YHCJAO MOABAEHHH cOOGLITHA

B 3THX HCHOLITAHUAX PABHO CyMMe MOSBJEHHH cOOLITHA B OT-
JeNbHBIX HCOBITaHHSAX:

X=X, +X,+ ...+ X,

rie X, —4YRCAO0 HACTyNJIeHHi COOLITHA B NepBOM MCIBITaHHH,
X,—BO BTOPOM, ..., X,— B n-M.

Beauuuns X,, X,, ..., X, B3aHMHO He3aBHCHMBI, TaK KaK
HCXOJ KaXKJOro HUCHBITAHHA He 3aBHCHT OT HUCXOJOB OCTaJlb-
HbIX, NO3TOMY MBI BIpaBe BOCHOJB30BaThCA chaeactTBuem 1

(cm. § 5):

D(X)=D (X, )+D(X)+ ... +D(X,). (*)
Boiuvesaum gucnepcuio X, no ¢gopmyJie
D (X,)=M(X})—[M(X)]. (#%)

Beanunna X,—vuucsio nosiBneHud cobuitua A B nepBoM
HCNbITaHUH, T03TOMY (cM. . V11, § 2, npumep 2) M (X,)=p.

HaiineMm MaTeMaTHuecKoe OxHAAHHe BeJHUMHH X3, KOTO-
pas MOXeT NMPHHHMATH TONALKO JBa 3HauyeHHsd, a HMeHHo: 12
C BePOATHOCTHIO p H (0% ¢ BEPOATHOCTBIO :

M(Xj)=12-p+0*.g=p.

IMoacraBasas HaiAeHHBIE pe3yNbTaThl B COOTHOLIEHHE (#¥),
HMeeM

D(X)=p—p*=p(l—p)=pg.
OueBHAHO, ANCNEPCHA KaxKJOH H3 OCTAJNBHBIX CJAy4YaHHBIX

BEJHUHH TaKXKe paBHa pg. 3aMEHHB KaXkJoe cJaaraemoe Ipa-
BOH 4acTH (#) yepe3 pg, OKOHYATEJNbHO TMOJYYHM

D (X) = npq.

3dameuanue. Taxk xak Benuunna X pacnpefeseHa No GHHOMHAJb-
HOMY 3aKOHY, TO AOKa3aHHYIO TeopeMy MoxHo cbopMmy/iHpoBaThk H TaK.
Qucnepcus GUHOMUAALHO20 pacnpedeieHuR ¢ napamempamnit n u p pasHa
npoussederuio npq.

IMpumep. INpoussoparca 10 He3aBHCHMHX HCNLITAHKHHA, B KaxAOM H3
KOTOpLIX BEPOSATHOCTL NOsBAeHHA coOniTHa pasHa 0,6. HalTH AucnepcHio
CAydafiHCH BeHUHHB X —uUHCAa NOABAEHHI COGHITHA B 3THX HCNHTAHHAX.
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Pemenune. INo ycaosuwo, n=10, p=0,6. OueBUEHO, BepOATHOCTD
HenosIBMIEHHRA COOHTHA

g=1—0,6=0,4,
HcroMan ascnepcus
D (X)=npg==10-0,6-0,4=2 4,

§ 7. Cpennee KBaapaTHYECKOE OTKIOHEHHE

JIns oneHKH paccesaHus BO3MOMKHBLIX 3HAYeHHMH cJy-

YyaHHOH BeJNIMYMHLI BOKPYr ee cpellHero 3sHavyeHHs Kpome AHC-

NNepcuH CAYIKAT H HEKOTOpHe Jpyrue xapakTepHcTHkH. K HX
YHCJAY OTHOCHTCA CpeliHee KBaApaTHYeCKOe OTKJOHEHHe.

Cpedrum KeadpamuuecKum OMKAOHEHUEeM CJydyalHHOH Be-

JUYHHE X Ha3plBalOT KBaApaTHbBIH KOPEHb H3 JUCTIEPCHH:

o (X)=VD(X).

Jlerko nokKasaTb, 4YTO JHCTEpCHST HMEET pPa3MepHOCTD,
PaBHYIO KBajJpaTy pa3MepHOCTH ciyyalHHoH BenanuHHEl. Tak
KaK cpelHee KBaJpaTHuecKoe OTKJOHEHHE PaBHO KBaApaTHOMY
KOpPHIO M3 JHcIepcHH, TO pa3sMmepHocTe o (X) coBnagaer
¢ pasMmepHocthio X. [loaroMy B Tex ciayuasax, Koraa >xeJsa-
TeJbHO, YTOOLI OLlEHKAa paccefAHHA HMeJla PasMepHOCTb CJy-
YaiHO! BeJHYHHBI, BLIYHCJSIOT cpeljHee KBaJpaTHYeCKoe OT-
KJoHEeHHe, a He JdcnepcHio. Hanpumep, ecan X BulpaxaeTcs
B JHHeHHBIX MeTpax, To O (X) O6yaeT BbpaXkaTbCA TaKxkKe
B JiuHeAiHHIX MeTpax, a D (X)—B KBagpaTHHX MeTpax.

NMpumep. CayuaiiHas BeNHUHHA X 2ajaHa 3aKOHOM paclpefeseHHS

X 2 3 10
p 0,1 0,4 0,5

Hafith cpeanee KBaapaThueckoe OTKJIOHeHHe O (X).
Pemenne. HafineM mareMaTHueckoe oxuaanue X:

M(X)=2-0,14+3-0,41+10-0,5=6,4.
HaiineM MaTemaTHuecKoe oXxHaaHue X?:

M (X2)=22.0,1 4-32.0,44-10%.0,5=54.
Haiinem pucnepcHio:

D(X)=M (X2%)—[M (X))? =54—6,42=13,04,
HckoMoe cpesHee KBaapaTHUeCKO€ OTKJACHEHHe
o (X)=V¥ D (X)= V13,0436l
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§ 8. Cpennee kBagpaTHUECKOE OTKJIOHEHHE CYMMBI
B3aHMHO He3aBHCHMBIX cayvaiHBIX BeJHUHH

IMycte u3BecTHHI cpeaHHe KBajpaTHYeCKHe OTKJO-

HEHUSl HECKOJNbKHX B3aHMHO HE3aBHCHMBIX CJydYafiHBIX BeJsiH-

yHH. Kak HaliTi cpenHee KBaJipaTHuecKoe OTKJIOHEHHE CYyMMbI

sTHX BeauyuH? OTBeT Ha 3TOT BONpOC JaeT CaAeAyrIaf
TeopeMma.

Teopema. Cpednce xsadpamudueckoe OMKAOHEHUE CYMMbL

KOHEHHO020 HUCAQ 83QAUMHO He3A8UCUMBIX CAYHAUHLIX BEAUYUN

pasHO KEaopamuomy KOPHIO U3 CYMMb Keéadpamos CpedHux
Ksadpamuueckux OMKAOHEHUIl amux 6eaUdUH:

(X, + X+ ... +X)=VeaeX)+to(X)+ ... +0* (X,

IHokasaTtedbcTBo. OGo3Haunm uepe3 X cymmy pac-
CMATpHBaeMbIX B3aHMHO He€3aBHCHMBIX BE€/JAUYHH.

X=X, +X,+...+X,

HHCHQPCHH CyMMBbl HECKOJIBKHX B3aHMHO HE3aBHCHMLIX

c/lyyalfHbiX BeJIHUMH paBHa CYMMe JHCNEepCHH cJiaraembix
(cMm. § 5, caenctBHe 1), nosToMy

DX)=D(X))+D(X,)+ ... +D(X,).

Orciopa

VD(X)=VD(X,)+D(X,)+ ... +D(X,),

HJH OKOHUYaTeJIbHO

o(X)=Vor(X)F+02(X,)+ ... +0%(X,).

§ 9. OannakoBo pacnpefeneHHBE B3aHUMHO
He3aBHCHMBIE CJayYaHHBIE BENHUHHMH

Y Ke H3BEeCTHO, YTO N0 3aKOHY pacrpefesieHHA MOXKHO
HaflTH 4uCJIOBble XapaKTepPHCTHKH CJayyaHHOH BeJHUMHBL.
Orciona caepyer, uTO ec/nM HECKOJAbKO CAY4aiHBIX BeJHUHH
HMEOT OAMHAKOBEIE pacnpelesieHHs, TO HX YHCJOBHE Xapak-
TEPUCTHKH OAHHAKOBHI.

PaccMOTpHM 1 B3aMHO HE3aBHCHMBIX CJ1yYaHHBIX BEJHYHH
Xu X, -+ ., X,y KOTOpHIE HMEIOT OJHHAKOBLIE PacnpefiesieHH s,
a ciefoBaTeNbHO, H OJMHAKOBHIE XapaKTEePHCTHKKH (MaTeMa-
THYeCKOoe OXKuJAaHue, aucnepcHwo H 1Ap.). Hauboapumit Hy-
TE€pec TNpEACTABAAET H3y4YeHHE YHCJOBBIX XapaKTepHCTHK
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cpeAHero apuPMeTHYECKOTO 3THX BeJHuUMH, 9eM MH H 3ai-
MEMCHA B HacCTOALLeM mnaparpade.
OOo3HauuM cpejlHee apHOMeTHUECKOE paccMaTpHBAEMbiX

cayuyafiHbiX BeJHUMH depe3 X:

X=X,+X,+...+X,)n.

CheayioiilHe HHMKE TPH TMOJIOKEHHsS] yCTaAHaBJIHBAIOT CBA3b
MEXK]Yy YHCNOBLIMH XapaKTepPHCTHKAMH CpeAHero apHbMeTH-
yeckoro X H COOTBETCTBYIOLUIHMH XapaKT€PHCTHKAMH KamxaoH
OTHENbHON BEeNHYHHLL.

1. Mamemamudeckoe omudanue cpednezo apudmemuueckoao
00UHAKOB0 pacnpedeneHHblX 3AUMHO HE3ABUCUMbIX CAYHAIHbIX

BEAUMUA PABHO MAMEMAMUYECKOMY OMUSAHUIO a KaxcOol U3
BEAULUH:

M (X)=a.

HoxasaTteabctrBo. [lonb3ysace cBolicTBaMH MareMa-
THYECKOTO OXHAAHKHA (MIOCTOAHHLIA MHOMXHTENb MOMHO BhI-
HECTH 3a 3HAK MAaTEeMaTHYECKOro OXXHMAAHHA; MaTeéMaTHYECKOoe
OXHAAaHHE CYMMBl paBHO CyMMe MaTeMaTHYE€CKHX OXuJaHui
¢cjlaraeMbix), HMeeM

M(X)=M (X1+xg+n... +x,.) _

_MX)+M (Xt ...+ M (X
) .

IIpunsaB BO BHHMaHHE, YTO MaTeMaTHYECKOE OXHJaHHe
Ka)Ioh H3 BeJIHYHH MO YCJIOBHIO PaBHO @, MOJYYHM

M (X)=na/n=a.

2. Huenepcus cpedneso apugmemuveckozo n 0OUHAKOED
pacnpedeseHtbix B3AUMHO HE3QBUCUMBIX CAYHAUHHBIX BEAUUUH
8 n pa3s meunowe Oucnepcuu D gamdoill u3 eerutun:

D (X) = Djn. (%)

JiokaszarteabncTBo. Iloab3yace cBoiicTBaMH JHcHep-
CHH (MOCTOAHHBEIH MHOMHTEJb MOMHO BHIHECTH 3a 3HAaK JMC-
NepCcHH, BO3BEAA €ro B KBajpart; ZHCIEPCHS CyMMbl He3aBH-
CHMBIX BEJHUYHH paBHa CyMMe JHCNEPCHH cJaraembiX), HMeeM

D(E):D( X1+X2—|';...+Xu )=

_D(X)+D(Xp)4 ...+ D (Xp)
n? )
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TlpuHsiB BO BHHMaHHe, YTO JUCHEPCHS KaMJOH H3 BeJu-
yHH TIO YCJOBHIO paBHa D, nonyuum

D (X)=nDjn*= Djn.

3. Cpednee ksadpamu4eckoe omkaoHeHue Cpedrez20 apug-
Memu4eckozo n 00UHAK080 pachpedeieHHblX 63AUMHO He3asu-

CUMBLX CAyuaiinbix eeaudun 8V n pas menswe cpedrezo keadpa-
MUYECKO20 OMKAOHEHUR G KaoCdol u3 6eAudUm:

o(X)=9a[Vn. (#%)
Iokasatenbcteo. Tak kak D(X)= D/n, T0 cpen-
Hee KBaJpaTHyecKoe OTKJoHeHHe X paBHO

o (X)=V'D(X)=VDjn=VD|Vn=olVn.

O6uuii BeiBOJ H3 ¢OpPMYyN (#) W (*%): BCIIOMHHAad, 4YTO
AMCIIEpCHA M CpeJlHee KBaJpaTHUeCKOe OTKJOHEHHE CJIyKaT
MepaMH paccefAHHs CcJayYaHHOH Be/JHYHHBI, 3aKJmOuaeM, 4TO
cpeiHee apudMeTHgecKoe JMAOCTATOYHO OOJBIIOTO 4YHCAA B3a-
HMHO HE3aBHCHMHIX CJyd4aHHbIX BEeJHYHH HMeeT 3HAUHTEJbHO
MEHblIllCe paccesiHHe, YeM Kamaada oTAeJbHasA BeJHUHHa.

IloacHuM Ha TnpHMepe 3Ha¥YeHHE 3TOrO BHIBOAA AN Npak-
THKH.

Npumep. OGHYHO AN HIMepeHHH HeKOTOpOoR (H3H4YeCKOd BeNHURHH
NPON3BOJAT HECKOJLKO H3aMepeHMii, a 3aTeM HaXOAAT cpenHee apHpme-
THUECKoe IOJyYeHHHX UHCeJ, KOTOpoe MNPHHHMAIOT 38 NPHOAHXKeHHOoe
SHaueHHe H3MepseMo#i BenHuyHHMu. [Ipeanoaaras, 4TO H3MEpeHMs NPOHU3-
BOAATCA B ONMHX H Te€X e YCNOBHAX, NOKa3arh:

a) cpenHee apHpMETHUECKOe JAaeT pe3yabrTarT 6oJiee HaJeXKHBIH, uweM
OTRAENbHBlE H3MEpeHHH;

6) ¢ yBeJHuYeHHeM 4YHCJA H3MEePeHHH HaleXHOCTh 3ITOro pesysbrara
BO3pacraerT.

Pemenne. a) MasecrHo, uTo oTlenbHBe HIMEPEHHA AAIOT HEONM-
HaKoOBBIC 3HAUEHHMS H3MepsAeMOfl BeJHUHMHHEL. PeayabTaT KaxJoro H3Mepe-
HHS 33BHCHT OT MHOTHX CJAYYaHHHX NpHUHHE (H3MeHEHHE TeMMepaTypH,
XoneGaH#a npuGOpa ¥ T. I1.), KOTOPHIE He MOTYT OblTh 3apaHee NOJHOCThIO
YUYTEHEL.

[IosToMy MH BnpaBe pacCMaTpHBaTb BO3MOXKHEE pe3yJabTaTbl # OT-
ASNbHEIX H3MepeHHi B KauecTBe cayuafiHmx BeaHuMH X, X,, ..., X,
(4HaeKC yKasnlBaeT HOMep H3aMepeHHs). DTH BeJHUHHH HMEIOT OJHHAKO-
BOE pacnpen2/eHHe BepofiTHOCTeR (uaMepeHMS NPOH3BOAATCH IO OXHOH
H TOf Xe MeTOIHKe H TeMH e NMPHGOpamMH), a CAeJIOBaTeNbHO, H OAHHA-
KoBpleé UHCJOBHIE XapaKTepHCTHKH; KPoMme TOTO, OHH B3aHMHO HE3aBHCHMb
(PeayabTaT Kaaoro OTAENLHOTO H3IMEPEHHMS He 3aBHCHT OT OCTAaJbHEIX
H3Me peHwuif).

Mu yxe 3Haem, 4TO cpefiHee apHPMETHUYECKOEe TAKHX BeJIHUHH HMeeT
/MeHplllee paccesAHHe, YeM KaxJasa orgensHas BeawunHa. Hraue romops,
Cpeanee apupMeTHuyecKoe OKasHBaeTcsn Gosiee GiH3KHM K HCTHHHOMY 3Ha-
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YEHHIO HM3MEepAeMOA BeJHUYHHHI, YeM pe3yabTar OTAEJALHOTO H3MepeHHH,
310 M o03HauaeT, UTO cpelHee apHPMeTHUECKOE HECKOJLKHX H3MePeHH
naeT Gojee HapeXXHHE pe3ysnbTaT, UeM OTAeJbHOe H3MepeHHe.

6) Ham yxe H3BeCTHO, 4TO NPH BO3pacCTaHHH UHCJIA OTACABHEIX CJYy-
yafHHX BeJHYHH paccessHHe cpeAHerc apHdMeTHyecKoro yOGmBaer. JTo
3HAaYKT, YTO C yBeJHUeHHEM YHCJa H3MePeHHRA cpefHee apudmeTHuecKoe
HeCKOJNLKHX H3MepeHHfI BCe MeHe€e OTIHUAETCHA OT HCTHHHOrO 3HaueHHA
H3MepfAeMofi BeJHUHHE. TakKuM 06pa3oM, YBEJHUKBAs UKHCJIO HaMepeHui,
rnoayuaoT Gojlee HaleXKHbIH pe3yasTar.

Hanpumep, eciH cpenHee KBaapaTHUeCKOe OTKJOHeHHe OTAeJbHOTO
H3MepeHHA 0 =6 M, a BCero mMpoHsseseHo n =36 uamepenuii, T0 cpepnee
KBaJipaTHUuecKOe OTKJOHEHHE CpeAaHero apH(pMeTHUeCKOro 3THX H3MepeHHH
paBHo axms | M. leficTBurensto,

o0(X)=0/¥V n==6/yV36=1.

Mul BHAHM, 4YTO CpeAHee apHPMETHUECKOE HECKOALKHX H3MepeHHil,
KaK H CJeJOBRaJO OXHJAaTh, OKasaloch Gosee GJIHIKHM K HCTHHHOMY 3Ha-
YEHHIO H3MepaeMofl BeAHYHHH, 4YeéM Ppe3yanTar OTAENLHOro H3MepeHHH.

§ 10. HauasbHole M ueHTpasbHbIE
TeopeTHYECKHEe MOMEHTH

PaccMOTpHM AHCKPETHYIO cayuyafinyio BeaHuuHy X,
3aJaHHYIO 33aKOHOM pacnpelefieHus:

X 1 2 5 100
p 06 02 019 0,01

Ha#inem maremMaTHueckoe oxHAaHHe X:
M(X)=1-0,6+4+2-0,2+45-0,194100.0,01 =2,95.
Hanxilem 3akoH pacnpegesienus X2

X* 1 4 25 10000
p 06 02 0,19 0,01

Haiizem MaremaTHueckoe oxXHladHe X?2:
M(X?)=1-0,6+4.0,2425-0,19+ 10000-0,01 = 106,15.

Buaum, uro M (X?) sHauutesabHo Goabue M (X). 3to
o0bsACHAIETCA TEM, UYTO MOCJe BO3BEJEeHHS B KBaJpaT BO3MOXK-
HOe 3HayeHHe BeJHUYHHBI X2, COOTBETCTBYIOLLeE 3HAYEHHIO
x =100 Bennuunm X, crano paeHeiM 10000, t. e. 3Hauu-
TeJIbHO YBEJHYHJIOCh; BEPOATHOCTb XKe 3TOro 3HayYeHHsA MaJja
(0,01).

Takum oGpasom, nepexoa or M (X) Kk M (X?2) nossonun
Jyyllle y4yeCTh BJHfIHHE Ha MaTeMaTHYeCKOe OXHJAHHE TOro
BO3MOXKHOI'O 3HA4YEHHS, KOTOPOE BEJHUKO H HMeeT MaJjyio Be-
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poATHOCTh. Pasymeercs, ecau 6H BenHuHHa X HMena He-
CKOJbKO OOJIBLIHX H MaJoBEePOATHLIX 3HaYeHHH, TO nepexox
K BeaHunue X2, a tem GoJjiee K BenHuHHam X2, X* u T. A,
no3BoJiHN Oul emle Goablile «YCHIHTbH POJIbY 3THX OOJLIIHX,
HO MaJIOBEepPOSITHHIX BO3MOXHBIX 3HaueHHH. BoT mnouemy
OKa3blBaeTcs [eNlecoo6pasHbIM paccMaTPHBATh MaTeMaTHYeC-
Koe OXHJIaHHe I11eJIoH I[ONIoKHTeJNbHOB CTeneHH cayvyalHoH
BeNIHYHHBL (He TONbLKO ANCKPETHOH, HO M HenpepniBHOH),
Hauarenvim momernmonm nopadka k ciyyaitHo#t Bennuuas X
Has3blBaIOT MaTeMaTHUeCKoe OXujaHWe BeJHYHHB X*:

Vk = M (Xk).
B 4acTHOCTH,
v, =M (X), v,=M(X?2).

[Tosibaysicb 3THMH MOMeHTaMH, POpMyNy IJA BLIYHCACHUSA
aucnepcud D(X) =M (X*»—[M (X))} moxHo 3anucath Tak:

D (X)=v,—+i. (%)

KpoMme MomeHTOB cayuaiinoii BeanuHuol X nenecoofGpasHo
paccMaTpHBaTh MOMEHTH OTkJOHeHus X —M (X).

HenmpanroHum Momenmom nopadka k caydatinoti sesu-
yuHot X Hasusaom mamemamuueckoe oxcudarue 6eaudiLHos

(X —M (XN
pe =M [(X — M (X))*].
B gacTHOCTH,
py=M[X—M(X)]=0, (%)
1, = M (X —M (X))*] = D (X). (xxs)
Jlerko BBIBOAATCA COOTHOILIEHHS, CBA3LIBAIOHINE HAayafb-
HEle M [eHTpaJbHubie MoMeHTH. Hanpumep, cpaBHHBasA (=)

H (#%%), NOJAy4YHM
g = Vy— V1.

HerpyaHo, Hcxoas H3 onpejesieHUs [€HTPaJbHOTO MoO-
MEHTa H NOJb3yACh CBORCTBAMH MaTeMaTHYECKOro OXHJaHHs,
NoayguTsh GOPMyJibL:

Ry ==V — 3V,V, + 2v},
— 2 4
By =V, —4vyv, + 6v,vi —3vi.

MomenTnl 6oJsiee BHICOKHX NMOPAAKOB NIPHMEeHSIOTCA PeAKo.

3aMeuanHe. MOMEHTH, PacCMOTPeHHRIe 3Jlech, HalHRBAOT Mmeope-
Mmugeckumu. B OTAHUHe OT TeOpeTHYECKHX MOMEHTOB, MOMeHTH, KOTOphie
BRYHCAAIOTCA 10 NAHHHM HaGAIOAeHKH, HASHBAIOT amnupuseckumu. Onpe-
ResnenHsi 3MIHPHYECKHX MOMEHTOB JaHH panee (cm. ra. XVII, § 2).
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3aaauun

1. HapeCTHH pHCNepCHH ABYX He3aBHCHMHX CAYYaHHHX BeJH-

auH: D{X)=4, D (Y)=3. Hafith auCnepCHIO CyMMbl 3THX BEJHYHH.

Omsa. 7.

2. Nucnepcus caydaiinod Beauuunul X pasHa 5. Haiit# pucnepchio
caenyloWwHx BeauuuH: a) X —1; 6) —2X; B) 3X +-6.

Oms. a) 5; 6) 20; B) 45,

3. Cnyvailgasn BenHuyuna X NpPHHHMaeT TONBKO jaBa 3HaueHus: +C
H —-C, Kaxaoe ¢ BeposrHocTsio 0,5. Hafita gHcnepcHio 31oil BeNHUHHH.

Oms. C2.

4. Hafitu aucnepcHio chyuafiHoll BenMuHHbI, 3Has 3aKOH ee pacnpe-
AeNeHHS

X 01 2 10 20

p 04 02 0,15 025

Oms. 67,6404.

5. Cayuaitnasn pensusHa X MOXKET NPHHHMATh J8a BO3MOXHHX 3Ha-
4eHHHA: X; C BepOATHOCTHIO 0,3 H x5 ¢ BeposTHOCTLIO 0,7, npHueM X5 > Xy.
Hafith x; u x4, 3Has, yro M (X)=2,7 1 D (X)=0,21.

Oms. x1=2, x4=3.

8. HaliTh aucnepcuio cayuaafinoft BenaHuHHW X -— 4HC.1a NOABJAeHHHA
COGLITHE A B JIByX He3aBHCHMHX HCNHTaHHAX, ecau M (X)=0,8.

YxkaszaHnuae. Hanucare OHHOMEaNbHHA 3aKOH pacripenefieHHS Be-

poAiTHOCTe yHCNa NMORBJeHHH COOLTHA A B ABYX He3aBHCHMHIX HCNHITAa-
HKAX.

Oms. 0,48.

7. HcouiTHBaercs yerpoficTBo, cocToslee H3 yeTHpPEX He3aBHCHMO
paGoTalomHx npHGopoR. BepOATHOCTH OTKa3a NpHGOpOB TAKOBH: py=0,3;
p2=0,4; p3=0,5, p,=0,6. Halitk MareMaTHUeCKO€ OXHJaHHE H JMC-
nepcHi0 YHCIA OTKasaBRwHX npHGOpOB.,

Oms. 1,8, 0,94,

8. Hafith pucnepcuio caydafinol BeJHYHHE X —uHCla nosapJjeHHR
ccOurua B 100 He3aRHcHMHX HCHIBITAHHAX, B KaXKAOM H3 KOTODHIX BEpOSAT-
HOCThL HACTYNNeHHA coGuitHA paBHa 0,7.

Oms. 21.

9. Nucnepcun cayuafinofi Beanuunm D (X)=6,25. Hafttu cpegnee
XRajapaTHUECKOe OTKJIOHeHHe o (X).

Oma. 2.,5.

10. CiyuaiiHas BesHUMHA 33JaHAa 3aKOHOM pacnpeneieHHsA

X 2 4 8
p O1 05 04

HaiiTy cpeliHee KBaJ[paTHYECKOE OTKJOHEHHe STOH Be/MYHHH.

Oms. 2,2,

V1. Jducnepcuss kaxjgofi H3 9 OAHHAKOBO pacnpejesieHHLIX B3aHMHO
He3aBHCHMHIX caydyafiHmX BeJHuUMH papHa 36. Hafith nHcnepcHio cpenuero
apHpMeTHUECKOTO ITHX BeJHUHH.

Qma. 4.

12. Cpennes kBagpaTH4eCKOe OTK/OHeHHe KaxAOH H3 |6 ofHHaKOBO

cnpelleNleHHNX B3aHMHO HEe3aBHCHMBIX cayyaAHRX BeanudH paeuo 0.

afitu cpelHee KBaapaTHYecKOe OTKJOHeHHe cpejHero apHdMerHuecKoro
ITHX BEJHYHH.

Omea. 2,5.
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I'naBa neBaATas
3AKOH BOJbLILIHX YMUCEN

§ t. IpeasaputeabHble 3aMevaHus

Kaxk ye 43BeCTHO, Hesb3R 3apaHee YBEePeHHO npel-
BHJETb, KaKOe H3 BO3MOMXHBIX 3HaueHHH NpHMeT cayyaHHasd
peJiIHYHHa B HTOTEe HUCNLITAHHA; 3TO 3aBHCHT OT MHOTHX CJAy-
yafiybiX TNpPHYHH, YueCTh KOTOpble HeBO3MOXHO. Kasaaock
6bl, TIOCKOJNBKY O KamjaoH c/ayyaHHOH BesJHYHHE MbI pacro-
JaraeM B 3TOM CMbIC/€ BeChbMa CKPOMHBIMH CBeJEHHSIMH, TO
BpPAA JH MOXHO YCTAHOBHTb 3aKOHOMEPHOCTH TNOBeleHHsA
H CYMMEI AOCTAaTOYHO GOJBIIOrO YHCJIA CAYYAHHBIX BeJHYHH.
Ha camom pene 310 He tak. OKa3spiBaeTcs, YTO PH HEKOTO-
pPBIX CPABHHTEJNbHO HIHPOKHX YCJOBHAX CyMMapHOe nopene-
HHE JOCTATOUYHO GOJIBILOTO YHCJA CJAYYaHHBIX BEJHYHH NOUTH
yTpauHBaeT Cc/AyuyafdHbIH XapakTep H CTAaHOBHTCS 3aKOHO-
MepPHEIM.

JAns npakTHKH oueHb BAXHC 3HaHHE YCJOBHH, npd Bhl-
NOJHEHHH KOTOPBHIX COBOKYIHOE AeHCTBHE OUEHb MHOTHX CJaYy-
yaHHbIX TIPHYHH NPHBOAHT K pe3yJbTaTy, TOYTH HE 3aBHCH-
nmeMy OT c¢Jyuas, TaK KaK MNo3BoJiseT NpenBHIAeTL XOJ ABJje-
HMA. 2TH YyCcJOBHA H YKa3pBalOTCA B TeOpeMaX, HOCHILIHX
ofiliee Ha3BaHHe 3aKoHa OOJbHIMX udces. K HHM OTHOCATCA
TeopeMbl HebbiieBa ¥ bepuyJjanu (MMe0TcA u JpyrHe TeOpPEMb,
KOTOpHiE 3JeCk He paccMaTpuBaioTcs). Teopema UHeGolieBa
fiBjiseTc HanboJsiee oOHIMM 3aKOHOM OOJBIINX YHCEJ, TeEOpeMa
bepHyanan —npocreiimunM. [ns pokasaTenbcTBa 3THX TEOPEM
MBI BOCTNOJIb3yeMcfi HepaBeHcTBOM YeGniuesa,

§ 2. Hepasencrso YeGnimena

Hepasencteo HeGnillleBa cnpaBeauBo A AUCKpeET-
HbIX H HeNnpephiBHLIX CJAy4YafHLIX BeaW4uH. A NPOCTOTLI

OFPpaHHYHMCH J0Ka3aTeJbLCTBOM STOTO HEPABEHCTBa IR AHCK-
PEeTHBIX BeJIHUMH,

PaccMoTpuM AHCKpeTHYIO cayuaiiHylo BenvuuHy X, 3ajlaH-
Hywo Tabuynell pacnpejesieHHA:

X x x; ... X,
P P Pz --: Pa

IlocrasuM nepex co6ofi 3afauy OLEHHTE BEPOATHOCTDb TOTO,
YTO OTKJIOHEHHE CJyuyaHHON BeJIMUMHEI OT €€ MaTEMaTHYECKOTo
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OXHAAHWSA He MNpeBbIUaeT 1o abGCONIOTHOH BeJHYHHE IIOJO-
WKHTeJIbHOTO yucaa e, Ecay & JOCTAaTOYHO MaJio, TO MH ole-
HMM, TaKHM o06pa3oM, BEpPOATHOCTE TOro, yto X MpHMET
3HAYEeHHA, JOCTATOYHO OJIH3KHEe K CBOEMY MAaTEMaTHYECKOMY
oxunannio, Il JI. Uebnies nokasan HepaBeHCTBO, MTO3BOASAIO-
mee JAaTh HMHTEPECYIOM YO HAC OUEHKY.

HepaseHcrBo YebumeBa. Bepoamrocme mozo, imo
OMKAOHEHUEe CAYHALHOU Besuvunbe X om ee Mamemamudeckozo
owcudanHua no abcoMOMHOU BeautiuHe MeHbule NOA0KUMENb-
Ho2o uucaa e, He Metouie, yem 1— D (X)/e2:

P(}X—M(X)| < &)= 1—D(X)e"

HNoxaszateabcTBO. Tak Kak coGbiTus, cocroslilne B
ocyiecTBnenuHn HepasencTs | X —M (X)]| <e u| X—M (X)|=e,
NPOTHBONOJIOXKHE, TO CYMMa HX BepPOSTHOCTed paBHA efH-
HuLe, T. €.

Pl X—MX)|<e)+P(|X—M(X)|=e)=1.
Orcioga uHTEpecyloulas Hac BEePOATHOCTH
P(X—MX)|<e)=1—P(|X—M(X)|=e). (¥

TaxuMm oOpasoM, 3afaya CBOXUTCHA K BHIUHMCJEHHIO BEPOAT-
HocTH P (| X —M(X) | = e).
Hannmewm Bripaxkenne Aucnepcuu cnyuafiHoil Be1uyuHbl X:

D(X)=[x,—MX)Pp,+[%,—M(X)P*ps+ . ..
oo [ M (X)P P

OueBHIHO, BCE caaraeMmble STOH CYMMBl HEOTPHILATENBHHL.

Or6poCHM Te cJaraemele, Yy KoTopoiX |x;—M (X)|<e
(ans ocraelmxcs caaraeMex |x;,—M (X)|Z=>e), Bcneacreuie
Yero CyMMa MOXET TOJILKO YMEHBLUHTLCH. YCJIOBHMCS CuM-
TaTh AJNA ONpefesJeHHOCTH, YTO OTOpPOLIEHO k nepBbIX cJa-
raemplx (He Hapyumlas oOIHOCTH, MOMKHO CYHTATb, 4YTO B Tab-
JIMIE pacrnpefie/IeHHsA BO3MOXHHIE 3HAYEHUS! 3aHYMEPOBaHbLI
MMEHHO B TakoM nopsgxe). Taxum obpasom,

D (X) 3 [Kas1—M (X)I pass+ s a— M (O] Praa+ - -
oo F[x,—M (X)}2 p,,.

3aMeTHM, 4TO 00e YacTH HepaBeHCTBA lx, —M(X)|=e
(j=k+4+1, R4+2, ..., n) nonoXxXuTeNbHL, NOSTOMY, BO3BEAA
HX B KBajpaT, MOJYUAM PpaBHOCH/JLHOE HEPaBEeHCTBO |Xx; —
— M (X)) |* == 2. BocnosibayeMcs 3THM 3aMeYaHueM 1, 3aMeH A
B OCTaBIIeHCS cymMme KawJbli H3 MHOXUTenael |x;,—M (X)|?
YHCJ/IOM €2 (IPH STOM HepPaBEHCTBO MOXET JHINb YCHJAHTHCH),
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MOJ1yUHM
D (X) = € (Prsst Prsat- - - -+ Da). (%)

Ilo Teopeme C/IOKEHHH, CyMMa BEPOSATHOCTEH Py, - Ppsqt-- .-
...+ p, ecTb BepOSITHOCTh TOro, uro X npuMer ojHO, 6es-
Pas3/H4HO KaKoe, H3 3HAYEHUH Xgp,.,, Xpig -++y X,, 4 NPH
JIOOOM H3 HHUX OTKJOHEHHe YJOBJETBOPSET HEPaBEHCTBY
| x;—M (X)| = e. OTciona cefyer, 4T0 CYMMa Pg i+ Pragt -«
.. .—+p, BEIpaXKaeT BEPOATHOCTH

P(|X—M(X)|> o).

1o coobpaxkeHue TO3BOJISET INEPEeNnUcaTh HEPABEHCTBO (#%)
TaK:

D(X)> e P (| X—M(X)|>e),
HJH
P (]X—M (X)|=> &) < D (X)e. (xx%)

IMoacraBnas (%%%) B (%), OKOHUATEJNBHO MNOJYUYHM
P X—M(X)|<e)=1—D(X)/e,
uTo ¥ TpeboBanock JOKa3aTh.

3amMeuvaHue. HepapeHcrBo Uebnlllera MMeeT XJA NMPAKTHKH Orpa-
HHYEHHOe 3HayeHHe, MNOCKOJBKY u4acTo Aaer IpyOylo, a HHorja d TpH-
BHAJBbHYIO (He TNPeACTAaBJAKILYI0 HHTepeca) oueHKY. Hanpumep, ecan
D(X) > e* u, caenopateasHo, D (X)/e2 > 1, 10 1—D(X)/e2 <0
TaKHM 06pasoM, B 3TOM CJyuae HepaseHCTBO YebbinieBa YKa3blBaeT JIHUIb
Ha TO, 4YTO BepOSITHOCTh OTKJIOHEHHS HeOTpHUATe/lbHa, a 3T0 H (e3 TOro
OUEBHAHO, Tak Kak Jolas BEPOATHOCThL BLIPAYKAETCH HEOTPHUATENLHBLIM
UHCJIOM.

TeopeTHueckoe Xe 3HaueHHe HepaBeHcTBa YUebblilleBa BecbMa BEJIHKO.

Huxe MBl BOCNOAb3yeMCSl S3THM HEDaBEHCIBOM /ISl BBHIBOJA TeOpeMH
Yeb6rliiepa.

§ 3. Teopema YebOuiuena

Teopema Yebbimena. Ecau X,, X, ..., X,y «..—
NONAPHO He3asucuMble CAYYAlHble BeAudLHbl, npudem ducnep-
CUU UX PASHOMePHO oOzparutieHbl (He Npesbiiarom nocrnost-
Hozo uucaa C), mo, Kak 6bt Mar0 Hu 66110 noroxHumessHoe
YUCAO €, BEPOAMHOCTL HEPABeHCMBQ

XA Xod. 4+ Xy MED LMK+ +MXD|
n n

6ydem kak yeodHo 6auska K eduHulye, eCau HUCAC Cayuatinbix
SeAudUH J0CMAamoYHo 6eAUKO.
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IpyruMu cloBaMH, B YyCJOBHAX TEOPEMH
lim P( X1+X2+---+sz___

n—»w n

_MX)MX)+ ... M (X,)
n

<e)=l.

Takum o6pasoM, Teopema Yebwpiesa yTBepkAaeT, 4TO
ecJld pacCMATpPHUBaeTCcR JOCTATOYHO OOJBIIOE UHC/IO HE3aBH-
CHMBIX C/IyYaWHBIX BEJHUYHH, HMMEIOUIHX OrpaHHYEHHBIC AH-
CNEpCHH, TO NOYTH AOCTOBEPHBIM MOXKHO CYHTATh COObITHE,
COCTOAIIICE B TOM, YTO OTKJIOHEHHE CPefHero apudpMeTHYeCKOTo
CJAYyuYafdHbIX BeJHUMH OT cpeiHero apHpMeTHUeCKOro HX Ma-
TEMAaTHYeCKHX OXHAaHH#I Oyaer no a6COMIOTHOH BeJHUHHE
CKOJIb YIrOAHO MaJibiM.

HoxasarteascTBO. BBeaem B paccMOTPEHHE HOBYIO

C1yuafiHyI0 BEJMYHHY — CpeliHee apHPMeTHUECKOoe C1y4YaHHBIX
BeJIHUHH

X=(X,+X,+...+X,)n.

Hafinem matemaruueckoe oxunaune X. [lonpsysice cBof-
CTBAMH MAaTeMaTHUYeCKOrDo OXMHAAHHA (NOCTOSHMHA MHOMXH-
TeJlb MOXHO BBIHECTH 33 3HAK MAaTEMATHYECKOro OXHJaHuid,
MAaTEMATHYECKOEe OXHMJaHHE CYMMEI PAaBHO CyMMe MmareMaTu-
YeCKHX OMHIAAHUA cJaaraeMbiX), NOJAy4HM

M ( x,+§,::...+x,, ) _ M(Xi—)—M(X,Z;i—...-}—M(Xn) . ()

INpumenas k senuuuse X wHepaBedcTBo YeOmiIuesa, HMeeMm

X+ Xat+... 4 X, X1+X2+...+Xn) )
P([ntipttey (fett )| <)
D(X1+Xa+---+xn)
>1-— = :
H/H, YYHTHIBASl COOTHOUICHHE (%), \
P( Xat+Xet+ ... +Xa
- -
_ MX)AM XY+ - MX) ) _
; Le j=1
D(Xl”‘!"xz'{'--'“}"xn)
ki . (=)

82

[Tonb3ysck csoficTBamu AucnepcHd (MOCTOSHHLIA MHOXKH-

Te1b MOMHO BbIHECTH 3a 3HaK JHCAepPCHH, BO3BelA# €ro
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B KBaJpaT, AHCIIePCHA CYMMBl HE3aBHCHMBIX CJy4adHBIX Be-
JHYUH paBBa CyMME JHCIEePCHH CJaraembix), MOJY4YHM

D (x1+xz+... +xn) _ D(X)+D(X)+...+D(Xn)
n ns *

[Tlo ycnoBHiO aucnepcHH BceX cliyyaHBIX BEJIHYHH Orpa-
HUYEHB MOCTOAHHBIM uucaoM C, T. e. HMEIOT MECTO Hepa-
sercTBa: D (X)) <<C;, D(X,)<<C; ...; D(X,) << C, nosromy
DX)+D(X)+...+D(X N2 (CH+CH...4+C)/n*=

=nC/nz=C/n.

D(Xl'!_xz‘t;-.-"*“xn)gh%. (***)

[ToxgctaBisAa mnpaBywd uacThb (*%%¥) B HEpPaBEHCTBO (#+«)
(oTyero nocsenHee MoxkeT OBITE JiHiiib YCHJIEHO), HMEEM

P( I X1+X2";---+Xn____

Hrak,

_ MX)+M XD M (X
n

[
net*

<e)>l—-

Orciona, nepexois K npeieay HPH 7 — oo, MOJAYYHM
lim P (lx,+x,4;...+x,,_

M X)HM(X)F .. M (XKn)

n

<e)>l.

HakoBel, Y4YHTBHIBasi, 4TO BEPOATHOCTE HE MOXKeT mnpe-
BhllIaTh €AHHHILY, OKOHUATEJbHO MOXEM HamHCaTh

lim P ( Xy +Xod-. ..+ Xp

nn -+ 0 n

_MEXDEM Xy . M (XD

t

<e) =1,

Teopema Rokasamna.

Brime, dopmyaupys teopemy UeGnluleBa, MM npeanoJa-
rajgmn, YTO cjAyuyadHbie BeJHMUHHBLI HMEIOT pas3jivuHblie MaTeMa-
THueckue oxunaHua. Ha npaktuke uacTo OGbiBaeT, 4TO CAy-
YajiHble BEJHYHHBI HMEIOT OAHO H TO e MaTeMaTHYecKoe
oxuaanve. OueBHAHO, UTO €CAH BHOBL JAONYCTHThH, UTO KHCHOEP-
CHH 3THX BEJHYHH OrpaHHuUeHbl, TO K HilM OyJeT APUMEHHMa
Teopema YeOwiuieBa.

O603HaulM MaTEMATHYECKOS OMHIAHHE KaXKJIOH U3 cay-
YaiHbIX BENHYHMH 4Yepe3 q; B PACCMATPHBAEMOM cCJyuae cpel-
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Hee apudMeTHHECKOE MATEMAaTHUECKHUX OXKHJIAHHH, KaK Jerko
BHJAETE, TaKKe PpaBHO a. Mnul Moxem cpopMysHpOBaTH TEO-
pemy Ue6ruuesa AJs paccMaTpHBaeMOro 4YacTHOTO CJy4as.

Ecru X, X,, ..., X, ,... —nonapuo He3asucumvie cayaLi-
Hbie BEAUMUHbL, UMEOWUEe OCHO U MO e MAMmeMAmu4ecKoe
omcudanue a, u ecau ducnepcuu Smux 6eAUMUH PABHOMEPHO
OepaHuterbl, mo, Kaxk Oer maro Hu Obao gqucao € > (), ee-
poamHocmeb HepaseHcmea

]X1+Xz+ e+ Xn
n

—a'<a

bydem Kax y200HO bauska K eduHuye, ecau HUcAo cayvail-
HbIX BeAUMUH OOCMAMOUHO BEAUKO.

JIpyr#MH cJsioBaMH, B YCJAOBHAX TeopeMbl OyJIeT HMEThb
MecToO paBEHCTBO
lim P (

"—r @

X1+ Xat. .. +Xn
n

—al<e)=l.

§ 4. Cyuinocth TeopeMul YeGuimena

CyulHOCTE JIOKa3aHHOM TeopeMhl TaKoBa: XOTHA OfT-
AeNbHbIE HEe3aBHCHMBIE CJyyaliHble BeJIMYHHbI MOTYT TNPHHMH-
MaTh 3HAYCHHS, AAJIEKHE OT CBOMX MaTeMaTHUYECKHX OXKHAAHHUH,
cpelHee apu(pMeTHUECKOE AOCTATOYHO GOJBLIONO YHCsa CJyyaii-
HBIX Be€JHYHH ¢ OOJbINOH BEPOATHOCTBIO MPHHHMAET 3Haue-
HHA, GIH3KHE K ONpeleIeHHOMY NNOCTOSIHHOMY YHCJY, 2 HMEHHO
K uncay (M (X,)-+M{X,)+...+M(X,))/n (nan K yucay a
B yacTHOM ciayuae). HMubiMu cnosami, oTjiesibHEIE coydaliHble
BeJIHUHHbLI MOTYT HMETh 3HAUHTEJIbHBIA pa3bpoc, a HX cpelHee
apu(pMeTHUYECKOe pacCesiHHO MaJo.

TakuM oO0pasoM, HeJb3d YBepPEHHO INpeAcKas3aTth, KaKoe
BO3MOXKHOE 3HaueHue TIPHMEeT Kaxjnas H3 CJayualHbIX BeJH-
44H, HO MOXHO [IpelIBUJeThb, KaKoe 3HAYEHHE npHMeT HX
cpeaHee apH(pMeTHUYECKOe.

HUrak, cpedree apudmemuueckoe Odocmamouno 60abiuio2o
YUCAQ HE3ABUCUMBIX CAYQUHbIX 8eauyun (AHCNIEPCHH KOTOPHIX
paBHOMEpDHO OTpaHHueHbl) ympauusaem xapakmep caydatinol
seauuunbl. OODACHTETCHS 3TO TEM, YTO OTKJIOHEHHA Kamxno#
H3 BeJHUYHH OT CBOHX MaTeMaTHYeCKHX OMXKHJIaHHH MOTyT
ObITE KaK IMOJIOKUTENbLHBIMH, TaK 4 OTpPHIATEJBHBIMH, a B
cpeaHeM apudMETHYECKOM OHH B3aHMHO MNOrallialoTcs.

Teopema HeGuillleBa cnpapeJiiBa He TOJbLKO AJNA AHCKpET-
HBEIX, HO H [/ HeNpEepbIBHHIX CJYy4YyaHHHIX BeJH4YHH; OHa
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ABASeTCHA SAPKHM TIPHMEPOM, NOATBEPKAAIHM CHpaBeisn-
BOCTb VY4eHHS JHAJIEKTHUECKOTO MaTepHasii3Ma O CBA3H MEXAYy
CAY4aHHOCTRIO H HEOOXONHMOCTEIO.

§ 5. 3navenune Teopemnt YeGbimieBa AJA DPAKTHKH

IlpuBenem npumepnl npHMeHeHna TeopeMH Hebniepa
K pelleHHI0 NPaKTHYECKHX 3a/iau.

O6BIYHO AJI H3MEPEHUA HEKOTOPOH PU3LUYECKON BeJHUHHBL
IIPOU3BOAAT HECKOJABKO H3MEPEHHH H HX cpenHee apHpme-
THYECKOE NPHHUMAIOT B KayecTse HCKoMoro pasmepa. [lpu
KAaKHX YCJOBHAX 3TOT cnocob H3MepeHHs] MOMXKHO CYHTATh
npaBuipHEIM? OTBET Ha 3TOT Bonpoc AaeT TeopeMa YeGhi-
weBa (ee YacTHHIH cJayuait).

JeACTBHTENBHO, PacCMOTPHM pe3yJbTaThl KAKZOro H3-
MepeHUs KaK chayvaiiHbie Beanuusu X,, X,, ..., X,. K 5Tum
BEJIMYUHAM MOXKHO TNpPHMEHMTh TeopeMy UYeCnimepa, echu:
1) oHy nonmapHo He3aBHCHMbI, 2) UMEIOT OXHO H TO KE Ma-
TEMaTHYEeCKOe OxujaHde, 3) AHCNEPCHH MX paBHOMEPHO orpa-
HHYEHBRI,

[lepBoe TpeGoBaHHE BHINOJHAETCH, €CHAd PE3YJAbLTAT KaX-
JOTO H3MepeHHs He 3aBHCHT OT pe3yJIbTATOB OCTaJbHBIX.
Btopoe Ttpe6oBaHHe BHINIOJHAETCS, €CJAH H3MEPEHHS MPOH3-
BeJleHb! 6e3 cCHCTEMATHUECKUX (OAHOro 3HaKa) odbox. B sTom
clyuyae MaTeMaTHuecKue OXHIEAHHUS BCeX CAy4aHHHX BeJHWUHH
OAMHAKOBEI H paBHbl HCTHHHOMY pa3Mepy a. Tperbe Tpebo-
BaHHe BHINOJHAETCH, ecad npubop obecneynBaer onpeneseH-
Hy}0O TOUHOCTb H3MepeHHil. XOTA NpH 3TOM pPe3yJbTaTH
OTZE/ILHBIX M3MepeHHi{l pasJIHyHBl, HO paccesiHie HX orpa-
HUYEHO.

Ecan Bce ykasaHHble TpeGOBaHMs BHIMTOJHEHB!, MEL BIIpaBe
NPUMEHHTh K pe3yJabTaTaM H3MepeHuit teopemy UHeGniuiena:
OpH AOCTATOYHO OGoJBIIOM 71 BEPOATHOCTh HEPaBEHCTBA

(X, +Xo4 .-+ X, )n—a| < e

Kak yroAHo Osmn3xka K ejguHuue. J{pyruMu caoBaMu, INpu
AOCTATOYHO OOJBIIOM YHCJE H3MEPEHHH MOUYTH AOCTOBEPHO,
YTO HX CpelHee apuPMETHUECKOe KaK YroflHO Majlo OTJH-
YaeTcsl OT HCTHHHOTO 3HAueHH:A H3MepAeMoll BEJIHYUHHHIL.
Hrak, teopema YeOniuniera yKaspiBaer YCJOBHs, NpH KO-
TOPbIX ONHCAHHBIA cnocol u3MepeHHs MOXeT ObITh NpHMe-
HeH. Oanako owub60O4YHO AyMaTb, YTO, YBeAWYHBAA UHCJIO
H3MepeHH#, MOXKHO JOCTHYhL CKOJIb yrojHo 60abmo#l Tou-
Hocty. [esno B TOM, uro caM npubop Aaer NOKasaHUS JuUllb
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C TOYHOCTBIO -+ @, MOITOMY KaxJblil K3 pe3y/LTaToOB H3Me-
peHHii, a cJeloBaTeNIbHO, M HX cpeAHee apudpMeTHYECKoe
6yayT MoOJyueHbl JdUIb C TOYHOCTBIO, He MpeBblilaoinel
TOYHOCTH npubopa.

Ha teopeme YeOblllleBa OCHOBAH WIHPOKO NpHMEHSsEMBIi
B CTaTHCTHKe BBLIOODOYHBIH METOA, CYTh KOTOPOTO COCTOHT
B TOM, YTO IO CPaBHHUTENbHO HeGOMLLWOMN caydYalHOH BBIOOpKE
CYAsT O BceHd COBOKYNHOCTH (reHepajbHORX COBOKYITHOCTH)
neeaenyemelx o0bekToB, Hanpumep, o kauecTse KMIbl XJIOMKa
3aKJII04aloT N0 He6o/bIIOMY NYYKY, COCTOAILEMY H3 BOJIOKOH,
HayJlauy OTOOpPAHHBIX H3 PasHBIX MeCT KHNbl. XOTH UYHCJO
BOJIOKOH B MYyYKe 3HAuUHTEeJNLHO MEHbLIE, ueM B KHIle, caM
NYYOK CONePKHT JOCTATOYHO OOJbINOE KOJAHYECTBO BOJIOKOH,
UCHHUCJIREMOS COTHSMH.

B kauectBe apyroro npHMepa MOXKHO YKasaTe Ha ollpe-
JeJleHde KauecTBa 3epHa no HeGoabwIOH ero npobe. M B sTOM
cjly4ae YHCJI0 HayJauy OTOOpaHHbLIX 3epeH Majlo CpaBHH-
TeJIBHO CO BceH Maccoli 3epHa, HO camMo no cefe OHO JoCTa-
TOYHO BEeJHKO.

YKe H3 NpHBEAEHHLIX IPHMEPOB MOXHO 3aKJIOUHTh, YTO

ANA NPaKTHKM TeopeMa lefnilleBa MMeeT HEOUCHHUMOE 3HA-
yeHHe.

§ 6. Teopema bepHyam

Ilycte npoH3BoANTCA N HE3aBHCHMBIX HCNBLITAHHA,
B KaX/IOM H3 KOTOPHIX BEpPOATHOCTh [OSBJEeHHA COOHITHA A
paBHa p. MoXHO JAM npeABHIeTb, KAKOBa NpUMEpPHO OyAeT
OTHOCUTENbHAA yYactora nosBjeHul cobuitHA? [lonoxurens-
HBIA OTBET Ha 9TOT BOMNPOC Jaer TeopeMma, AoKa3aHHas $IKo-
6om DBepuynan (onybaukosana B 1713 r.), xoropasa mnoay-
yHJla H4A3BaHHe «3aKOHa GOJBUIKX YHCEJ» H NOJOXHMIA HauyaNo
TEOPHUH BepOATHOCTEeH Kak Hayke. [lokasatesnbcTBo BepHynau
6LLJIO CJOXHBIM; MpocToe AoKasaTesbcTBO Jaso [1. JI. Uebw-
meBniM B 1846 r.

Teopema Bepuyanu. Ecau 8 kamdom u3 n He3asucumlx
UCNBIMAHULL 6epoAmHOCme p nofgreHun cobumui A nocmoanHa,
mo Kax Y200HO OAu3Ka K eOuHuye 8ePOAMHOCMb moz0, 4o
OMKAOHEHUE OMHOCUMEAbHOL 4acmomet Oom 6epoAMHocmu p
no abcoromuoild seaudute bydem CKOAb Ye0OHO MAAbIM, ecAu
YUCA0 ucneimaHul 00cmamodHo 6eAUKO.

I pyruMu caoBaMH, ecsi &—CKOJIb YTrOAHO MaJloe MNoJio-
XKHTEJBHOE 4YHUCJIO, TO NPH COOJMIONEBHH YCJOBHHE TEOpPEMBI
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HMEET MEeCTO paBeiiCcTBo

lim P{lmin—p|<e)=1,

n-—+ x

Hdoxasateabctso. Ob6o3HaunM yepe3 X, JUCKPETHYIO
CAYUYaNHYIO BeJHUHHY — 4YHCJO NOSBJEHHH COOLITHA B MEepPBOM
HenbiTanuy, ugepes X,—BO BTOpOM, ..., X,—B f-M HCOL-
TaHHH. $ICHO, 4TO KaMAas M3 BeJHYHH MOXET [PHHATDH
JHIIb ABa 3HaueHHs: | (coObiTHe A HACTYNHJIO) C BEPOAT-
Hocteio p H (O (cobbpiTHe He TOABHJOCH) C BEPOATHOCTHIO
l—p=g¢.

MoXHO JIM [PUMEHUTD K paccMaTpHBaEMLIM BeJHYHHAM
Teopemy UYebnileBa? MOXKHO, €C/IH CJAy4YaWHbIe BEJHYHHB! M0-
napHo He3aBMCHMBI H JHcliepcu# HX orpaHuueHbl. O6a ycJo-
BHsl BhINOIHAIOTCH [lefcTBHTENLHO, NONapHas He3aBHCHMOCTD
pennund X, X,, ..., X, CAeAyeT ¥3 TOrO, 4TO HCAKITAHHSA
HE32aBHCHMBI. ﬂHCREpCHH M0GOft BENHUHHEL X, (i=1,2,...,n)
paBHa TNipoH3BeaeHHIO pg *'; Tak kak p-+g =1, To npousBe-
JleHWe pg He npesBbliaer *¥) 1/4 4, caenoBareasHo, JUCTEPCHH
BCEX BEJHYHH OrpaHuyennpl, Hanpumep, unciom C = 1/4.

INpumensin teopemy YeOnuieBa (uacTHmfi ciaydyail) K pac-
CMATpURAEMbIM BeJHUMHAM, HMEeM

lim P(](X,+ X+ ... +X,)/n—a|<e)=1.

- >

lpuusiB BO BHYAMaAHIE, UTO MAaTEMaTHYeCKOoe OXHAAaHHE a
Kaxnoit u3 peauuusd X; (T. e. MareMaTHyeckoe OXHAAHHe
yucJa NnosiBJeHUH COOLITHA B ONHOM HCNBLITAHHH) PaBHO Be-
POATHOCTH p HacTynj enus cobbitus {(cm. va. VI, § 2,
npumep 2), MOMYydHM

lim P{|(X, FX,+ ...+ X, )yn—p|<e)=1.

n-—-w

Octaerca nokasatb, uro Apobs (X,4+X,+ ...+ X,)/n
paBHa OTHOCHTEABHOH YacToTe m/n NoABJAeHHH cobbitha A
B HcnbitaHuAXx. JleHCTBHTeNBHO, KaXAad H3 BeJu4YHH X,
X, .., X, 0py MOABJCHHH COOLITHA B COOTBETCTBYIOMIEM
HCNLITAHHH [pPHHAMaeT 3HaJyeHHe, paBHOe eAWHHIE; CJaeNo-

*) 1o caenyer #3 § 6 ra. VIII, ecaw npunsare n=1,

*#) HMapecTHo, uTo upoH3IBEeAEHHE JABYX COMHOXHTEJMeH, CyMMa KO-
TOPLIX €CTh BENHYHHE (IOCTOAHHAS, HMEET HaHOO bLUEE 3HAYEHHE MPH pa-
BeHCTBS COMHOMHTeael. 3iech cymla pi+qi=1, T. e. nocrosxHa, NMO3TO-

MY npu p, = q;=1/2 npoussBepeHue p,g; HMeeT Hauboabiwee 3HadeHHE H
panuo |/4.
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BatenbHo, cymMmmMa X,+X,+ ...+ X, pasHa 4Hcay m no-
fiBJIeHHH CcOOHITHA B n HCHOBITAHHAX, a 3HAUHT,

(X,+X,+...+ X, Yn=myn,
Y4uTHBafA 3TO PaBEHCTBO, OKOHHATEJALHO MOJYYHM
lim P({lm/in—p|<e)=1.

T = 0 )

3damegaHne, BuNo 6n HenpaBHJABHKRIM Ha OCHOBAHHH TEOPEMHl
Depuynau cpenats BHIBOA, YTO C POCTOM YHCJAA HCNWTaHHA OTHOCHTEJNb-
Hafd YacToTa HEYKJOHHO CTPEMHTCH K BePOATHOCTH p; APYTHMH CJIOBaMH,
H3 TeopeMH DepHYJJH He BHTeKaer paBeHcrBo lim {(m/n)=p. B Te0-

n-—» o
peme peuyb HAET JHMIDL O BEPOSATHOCTH TOro, gTO0 MNpH JAOCTATOYHO
OonblIOM YHCJ/AE MCMHTAHHA OTHOCHTENbHAs 4actora GYRET KakK YromHO
MaJi0 QT/AHYATLCH OT NOCTOSIHHOR BePOSATHOCTH MOSABJEHHS COOLITHA B KaX-
AOM HCNBITAHHH.

TakuM o6pa3oM, CXOAMMOCTH OTHOCHTEJBHOI 4acTOTH m/n K Bepo-
ATHOCTH P OTJAHYaeTCs OT CXOAMMOCTH B CMbicjie o6HuHoro awaausa. ins
TOro 4T06H NMOAREPKHYTH STO pa3fMyMe, BBOAAT NOHATHE CCXOAMMOCTH
no BepoaTHocTH» ¥, TodHee, pa3aWdHe MeXAY YKa3zaHHLIMH BHAAMH
CXOAMMOCTH COCTOHT B CJASAYIOIIEM: €CAH m/n CTPeMHTCA NpH n — oo
K p Kak npefieJy B CMuc/ie OGHIYHOrO aHajin3a, TO HadHHaf C HeKOTo-
poro n=N u AN Bcex NOCAeAyOMHX 3HAueHHN n HeyKJOHHO BHNOJ-
HAETCA HEPAaBeHCTBO | mfn-——p| < € ecaH e m/n CTPEMHTCA MO Bepo-
SITHOCTH K p NPH N — 0, TO AJA OTIAEJLHHX 3HAUEeHHA 71 HepaBeHCTBO
MOMKET He BHINONHATLCA.

Hrak, Teopema DBephyanu yTBepxjaaer, 4TO NPH 1 — 0© OTHOCH-
TeJbHas YaCTOTa CTPEMHTCA 110 BEPOATHOCTH K p. Koporko teopemy
BepHynsd samMcHBAIOT TaK:

m »ep
—_— e D,
N no>m

Kak sugum, Teopema Bephnyaan ob6bacHseT, nmouemy OTHOCHTEJbHad
9acToTa APH AOCTATOYHO GOJIBIIOM YHCJE MCNHTAaHHE o6JanaeT cBoOACTBOM
YCTOARHBOCTH H ONPABALBAET CTAaTHCTHYECKOE ONpejiesieHHe BepOATHOCTH
{cm. ra. 1, § 6-7).

3azaun

1. CpopMysmpoBars B 3anHcath TeopeMy YeGHinesa, HCHOJb-

3yA MOHATHe «CXORHMOCTH MO BePOATHOCTHY,

2, Hcnonn3sysa HepaBencTBo UeGbllleBa, OUEHHTH BepPOATHOCTH TOrO,
410 | X~ M (X}| < 0,1, ecain D (X)=0,001.

Ome. P=09.

3. Havo: P(| X—M(X)]|<e)=0,9 D(X)=0,004. Hcnoaeaysn
HepaBeHcTBO YeGniluena, HafiTH e,

Oms. 0,2.

* [locsnepoBaTeALHOCTE caydyafineX BenHuMH X,, X,, ... cxoaurcsd
110 BEPOATHOCTH K cJyvaitHoi BeanuHRe X, ecan pnas Jjmoboro € > 0
BepOATHOCTh HepaeeHCTBa |X,—X|< & NpH n—- o CTPEMHTCH
K CAHHHIE,
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I'aasa pecsitas

¢YHKLUHA PACNPEAEJIEHH S BEPOATHOCTEA
CJAYYAAHOH BEJIHYHHDBLI

§ 1. Onpepencune GyHKUHH pacnpeacseHHS

BcnoMHHM, uTO AHMCKpeTHas cJayuvalHas BeJHYHHA
MOXeT ObiTh 3ajaHa NepeuHeM BCEX ee BO3MOMHLIX 3HAYeHH i
u ux peposaTHocTefl. Taxko#i cnocob® 3amaHusa He sBIAAETCA
o6l HM: OH HENpPHMEHHM, HaNpHMep, /s HelpepLIBHLIX
CAYyUYaHHBIX BEJHYMH,

JleACTBHTENLHO, PACCMOTPHM cayyaHylo BeduuHHy X,
BO3MOXKHbl€ 3HaueHHS KOTOPOHM CIVIOIB 3aNoJHAIOT HHTEpBAA
(a, b). MoXHO JM COCTaBHTL I€peyeHb BCEX BO3MOXKHHIX
aHaueHH# X? QOueBHJAHO, YTO 3TOro CAEAATH HeJb3fA. ITOT
IpHMEp YKasbiBaerT Ha uenecooO6pasHOCTh Jatb OOHIHH cro-
co6 3azaHus JOObLIX THNOB ciayua#fiHblX BeaunuwH, C 3To#
HeJBI0O H BBOAAT (YHKIHH pacnpefesieHHA BepOATHOCTER
CNYy4YaHHOH BEJHYHHHI.

[Iycts x — peficTButeabHoe 9Hcsa0. BeposaTHocte cobniTHS,
cocToflero B ToM, 4yto X NpHMET 3HAUEHHE, MEHbIUEE X, T. €,
BepOSTHOCTE cobuitHa X < X, 0603HAYUM uepe3 F (x). Pasy-
MeeTcCs, eCJIH X H3MeHAeTCH, To, Booblle roBops, H3MEHAETCHA
u F(x), r. e. F(x)—@PyHKuusa or Xx.

dynxyuel pacnpedesreriun HasuBaloT GyHKndo F (x), onpe-
JAeJSAI0UYI0 BEPOATHOCTE TOTO, 4TO caydyaiiHas BeJHunHa X
B pe3ysbTaTe HCNLITAHHA NPHMET 3HaueHHEe, MEHhlIee X, T. €.

F(x) =P (X < x).

'eoMeTpHyecku 3TO PaBEHCTBO MOXKHO HCTOJKOBATh TaK:
F (x) ectb BEpOATHOCTE TOTO, 4YTO cJyyafiHas BeJdH4YHHA
npuMeT 3HAYEeHHE, KOTOpoe H300parKaeTCA Ha YHCJAOBON ocCH
TOuKOH, JexKallel JieBee TOUYKH X.

HMuorga BMecTOo TepMHHA «DYyHKUHA pacnpeleieHHs»
HCTIONBL3YIOT TEPMHUH «HHTEerpajbHas QOYHKIHA®.

Tenepe MoxHO JaTh 6oJiee TOUHOE oOMNpejiesieHHe Hernpe-
PBIBHO# C/y4YaWHOH BEJHYHHBI: CAYYaHHYIO BEJIMUHBY Hasbl-
BAlOT Henpepoisrod, ecn ee QyHKUHA pacnpe/esieHHs €CTh
HenpepuiBHaf, KyCouHo-au(pdepeHunpyeMass (PpyHKUHA C He-
pepuIBHOA I1POH3BOJAHOH,
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§ 2. CeoficTBa GyHKUHH pacnpeaeneHHsn

CsofictBo 1. SHavenun ¢yuxyuu pacnpedesrerHus
npunadaexncarn ompesxky [0, 1]:

0<F(x)<.

JokasareabctBo. CpBoficTBO BHITEeKaeTr H3 ollpeje-
JeHU (PYHKUHH pacrnpele/ieHH Kaxk BepOATHOCTH: BepOAT-
HOCTh BCErJia ecTh HeOTpPHUAaTeNBHOE UHC/IO, He NpeBhilailee
€A HHIBI.

CBoiicTBo 2. F (x)—Heyboisarowan pynkyun, m. e.

F (x;) = F (x,), ecau x, > x,.

HokasateancTtBo. [lycrs x, > x,. Co6GuiTHe, cocTos-
mee B TOM, uT0o X npUMeT 3HauyeHHe, MeHblee X,, MOXKHO
NoApas3jeNinTh Ha cjefylollie ABA HECOBMECTHHIX COOBITHA:
1) X npuMer 3HaueHHe, MeHbiliee X,, C BEpOATHOCTLIO
P(X < x,); 2) X npamer 3HaueHHE, YIOBJETBOPHAIOLIEE HE-
paBeHcTBY X, < X < X,, C BepoATHOCcTbIO P (x, <X < x,).
Ilo Teopeme cjoOKeHHA HMeeM

P(X <x)=P(X<x)+Px; <X < x,).
Orciona
P(X <x))—P(X<x)=P((x, <X <x,),
HJIH
F(x,)—F (x)=P(x, < X <x,). (%)

Tak Kax Jio6asi BepOATHOCTHL €CTh UHCJO HEOTpUIlATENb-
Hoe, 10 F(x,)—F (x,)=>0, unu F (x,) > F (x,), uT0 H Tpe-
6oBaNOCH N0KA3aTh.

Cnencreue 1. Bepoamnocms mozo, umo cayqalinas
BEAUMUHA NpUMem 3HaYeHue, 3aKAI04enHoe 8 unmepéase (a, b),
pasta npupaujeHuo QyHKyuu pacnpedeseHus Ha MOM UH-
mepeane:

Pla< X <by="F (b)—F (a). ()

D10 BaxHOE cJeAcTBHE BbITEKaeT H3 (opMmyan (x), ecau
NOJMOXKHTL X =b U x,=a.

Mpumep. Cayuafinasg peaitunHa X 3afana GyHKUHel pacnpeieseHus
0 npH X = —1;
F(x)=4 x/4+1/4 npn —I < x3;
1 npH x> 3.
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HafiTH BeposATHOCTE TOTO, MTO B pe3y.abTaTe HCNLITaHHA X NpHMET 3Ha-
yeHne, MpHBapNexaumee HuTepBaay (0, 2):
PO< X <2)=F(2)—F({0).
Pewenne Tax Kak Ha HHTepBaje (0, 2), no ycJoBHIO,
F (x)=x/4-41/4,
TO
F@)—F({0)=(2/4}1/4)—(0/4}+ 1/4)=1/2.
Hrak,
PO< X <2)=1/2.

Canencrsue 2. Bepoamnocme mo20, wmo HenpepuiéHasn
cayuatinan eeauduna X npumem o0HO onpeae/zeuuoe 3HQuerue,
pasHa Hyao.

He#cTBHTENBHO, NOJOXKHB B popMmysie (xx) a =x,, b=x,+
-+ Ax, nMeeM

Px, <X < xl+Ax)—F (x,+Ax)—F (x,).

YcrpemaM Ax K HyJio, Tax Kax X —HenpepHBBag cJyvaii-
Has BeJiMuMHa, To GyHKuus F (x) HenpepmBHa. B cuay
HenpepoiBHOCTH F (x) B TOuKe X, pasHocTb F (x, +Ax)—F (x,)
TAKM¥e CTPEeMHTCA K HYJI0; caejoBateabHo, P (X =x,)=0
Hcnonb3ysa sTo nosoxenne, nerko yGeauTbcs B COpPaBelJiH-
BOCTH pPaBEHCTB

Pa<X<bh=Pla<X<b=
—Pa< X<b)=Pla<X<h). (was)

Hanpumep, paBesctBo Pa@a< X <<b)=Pla<< X <b)
AOKA3LIBAETCH TakK:

Pa<X<b)=Pla<X<b+P(X=b=P(a<X<b).

TaxkuM o6pa3oMm, He nNpejcTaBAfeT HHTepeca TOBOPHTD
O BEPOATHOCTH TOrO, YTO HENpepHBHAA CJYyuaiHasi BeIHUYHHA
IIpUMeT ONHO ONpeJeNieHHOe 3HaueHHe, HO MMeeT CMBIC/ pac-
CMaTpuBaTh BepPOATHOCTh NONaJaHHA €& B HHTEPRAJ, MYCTb
JAaxKe CKOJib YrOAHO MaJblii. 3T0T pak TMOJHOCTBIO COOTBET-
cTByeT TpeOOBAaHHAM NPaKTH.SCKHX 3ajau. Hanpumep, HHTe-
pecyioTcsi BEPOATHOCTBIO ToOfO, YTO pa3Mepel Jetajelt He
BBLIXOAAT 3a JO3BOJEHHLIE T'paHHILI, HO He CTaBAT BOMNpoca
O BEPOATHOCTH HX COBIMNAACHHA C NPOEKTHBIM Pa3MepoM,

3ametuM, yto Obilo Obl HENPaBUABLHLIM AYyMaTh, 4YTO pa-
BeHCTBO HYJIIO BeposiTHOCTH P (X = x,) 03Hagaert, yto cobbiTue
X =x, HEBO3MOXHO (€CAH, KOHEYHO, HE OrpaHUUMBATHLCSH
KJlaccdueCKHM olnpeieieHUeM BeposiTHOCTH). JlefdcTBHTENBHO,
B pe3dynbTate HCNLITAHHA cAyualHas BEMHYHHA 00A3aTEABHO
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NPUMET OJIHO M3 BO3MOXHBLIX 3HAa4YeHHH; B YAacCTHOCTH, 3TO
3HaueHHE MQXEeT OKa3aThCH pPaBHBLIM X,.

CrofictBo 3. Ecau 803MOxMHbIe 3HOYEHUA CAYMAUHOU
geauMUHbL nputadaesncam unmepsary (a, b), mo: 1) F(x)=20
npu x<ca, 2) F(x)=1 npu x=0b.

HoxasarteanwctBo. 1) [Iycte x,<{a. Toraa co6uitHe
X < x, HeBO3MOXHO (TaK KaK 3HayeHHH, MeHBIIUX X,, BeJH-
ydHa X [0 YCJOBHIO He HNPHHHMAeT) H, CJAeN0BaTENbHO,
BEPOATHOCTE €ro paBHa HYJIO.

2) Ilyers x,=b. Toraa cobbitHe X < X, AOCTOBEPHO
(Tak xaK Bce BO3MOXHble 3HaueHHA X MeHbllle x,) 4, cie-
AOBaTeNBLHO, BEPOATHOCTEL €r0 paBHA eIWHHILE.

CnencrBue. Ecau 603MOXHbIE 3HAYEHUR HenpepoieHOl
CAYUQEHOU BeAUMUHBL PACNOAONCEHBL HA 6cell ocu x, mo cnpa-
8edausbl caedyrouijue npedesbHoie COOMHOWEHUA:

lim F{x)=0; limF(x)=1.

X—r — o X—r

§ 3. I'padux PyHrUHH pacnpeaeneHHns

JloKa3aHHBIe CBOHCTBAa TO3BOASIOT NPeJCTABHTE, KAK
BHITAAJAMT rpaduK (YHKUMH paclpefeseHdss HelpepeBHOH
CJY4YaHHOR BeJIHYHHEL.

I'padbuk pacrionoxeH B moJoce, OrpaHUYEHHON NPAMBIMH
y=0, y=1 (nepsoe cpoiicTBO).

Ilpu Bo3pactaHum x B WHTepBanie (a, b), B KOTOpOM 3a-
KJIIOYEHbl BCe BO3MOMKHble 3HAueHHs CJAY4YalHOH BeNHUHHDI,
rpaduK «nojbMaercsi BBEpX» (BTOpoe CBOMCTBO).

Fx)

/ :

] a .

>

Puc. 2

Nprn x<Ca opauparel rpagpuKa paBHH Hymo; NpH x_=b
OpAHHATE IFpadpuka paBH eaHHULE (TPeTbe CBOHCTBO).

I'padpuk PyHkuMH pacnpenejeHus HenpepbiBHOA caydvafi-
HOH BeJIMYHHKI H3oGpaxKeH Ha pHC. 2.

3aMenganne, I'paduxk QyHKUHHM pacnpene/ieHHs NUCKpeTHOR Cay-
qafitofi BeJ/HUHHH HMeeT cTyneHYaTnll BUA. YGeAHMCH B 3TOM Ha NMpHMepe.
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lipumep. [luckpernas csayuafinas peawunua X 3aflana TaGauned
pacnpeie Nienus

X 1 4 8
p 03 0,0 06

Hafith ¢yHKuHIO pacnpefiejieHHSl H BHIYePTHTL €€ rpadHk.
Pemenne, Ecin x=C1, 10 F(x)=0 (Tperbe cBoO#iCcTBO).
Ecan | < x<<4, TO F(x)=

=0,3. Hefctpureapno, X Moxer F(x)

NPpHHATHL 3Ha4yeHHe 1 ¢ BeposATHO-

crio 0,3, !
Ecan 4 < x =<8, 10 F (x)==

=0,4. JlefiICTBHTEJBHO, €CJIH X,

YAOBJIETBOPSIET HEPaBEHCTBY 4 < — '
< x;== 8, 0o F(x4) paBHO Bepo- o, . . v
SITHOCTH cobHTHA X < Xy, KOTO- ol ! 4 8 i
poe Moxer OHTh OCYyLIECTBJeHO,

xorxa X npuMer 3Hauenue 1 (Be- Puc. 3

ATHOCTb FTOTO COOHTHS paBHA
,3) AW 3HaueHHe 4 (BePOATHOCTH
storo coGurtHsa paBha 0,1). [MockosbKy 3TH ABa COOHTHS HeCOBMECTHH,
T0 N0 TeopeMe CJOXKEHHS BepoATHOCTh COGHITHA X < x3 PAaBHA CyMMe
pepositHocret 0,3-4-0,1=0,4.
Ecau x > 8, 1o F (x)=1. eficrBureabno, cofutHe X <8 gmocro-
BEPHO, CJefOBaTe/IbHO, €ro BepOATHOCTb PaBHa elHHHLE,
Hrak, pynkuua pacnpeneneHHs aHANHTHYECKH MOXer G6HTbh 3aMH-
caHa Tak:

0 pH x<< 1,
0,3 npu | < xeC4,
0,4 npn 4 < xr=8§,

! ApH x> 8.

F (x)=
I'padux sroft pynkuun npHBeneH Ha puc. 3.

3axaun

1. Cnyuafinaa Beanwguna X 3ajlaHa dyHKuxeRd pacnpeflesieHHS

0 npH xeg —1,
F(x)=4 x/34+1/3 aopu —1l <x<2,
1 npH x> 2,
Hafth BepoaTHOCTb Toro, uto B peay.bTaTe HCNRTaBua X IpHMeT 3Ha-
YeHHe, 3aKJI0YeHHoe B HHTepBaJe (0, 1).

Oms. /3.
2. Cayuafinaa BesHunHa X 3azaHa GyHKUHER pacnpelieNieHHs

0 npH x<2,
Fx)=14 (x/2)—1 npu 2<x<4,
1 npu x> 4.

Hafitu BeposTHOCTD TOro, 4TO B pe3ysbTaTe HCMHTaHHA X npHMeT 3Ha-
YeHHe, 3aKJoueHHOe B HHTepBase (2, 3).
Oms. 1/2.
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3. Ouckpernas cayuafinas peamunna X 3aflaHa 3aKOHOM pacfipe-
ARJEHHA

X 2 6 10
p 05 04 0,1

[NMocrponth rpaduk GyHKLUHH pacnpeaenerusl 3TOf BeJIHYHHEL.

Cnasa oaMHHajnunaras

NJAOTHOCTb PACNPEAEJEHHUA BEPOSATHOCTEH
HENPEPBIBHOA CJIYYANHOA BEJIHYHHBI

§ 1. OnpeaencHue NAOTHOCTH pacnpeaeeHHs

Brile HenpepoiBHaA cJyuaiiHas BeJHYMHA 3aAaBa-
Jacb C TIOMOWBIO GYHKUMH pacnpefelieHdsi, ITOT cnocod
3allaHHsi He #BJAercs exuHcTBenvbiM. HenpepoiBHylo cay-
YaWHYIO BeJMHYHHY MOXHO TaKXe 3ajath, UCNOJL3YH APYTylo
({YHKIHIO, KOTOPYIO HA3BIBAIOT NJIOTHOCTBIO pacnpefeseHis
HJAH MVIOTHOCTBIO BEPOATHOCTH (HHOTJA €€ Has3kBaloT AH(-
¢epeHunaApHOR GyHKUHeR).
ITromnocmero pacnpedesenus BepPOATHOCTEH HeMpepuiBHOII
cayuafinoii BennudmHbl X HaspBawoT pyHknuio [ (x)— nepByio
NPoH3BOJAHYIO OT PYHKUHH pacnpesnenesns F (x):

f(x)=F’ (x).

M3 storo onpepenesus cnenyer, yto PyHKUUs pacmnpe-
AeJCHUS sABJAAeTcA HMepBoobpasHOfl JAA NJOTHOCTH pachpe-
AEJIeHHS .

3ameTHM, 4TO AJAS ONHCAHHA pachpefeseHHsi BEPOATHO-

cTe NUCKPETHOR cJyuyallHOM BEJAHUMHBI IJIOTHOCThL pacripe-
AeJIeHHA HeNpHMEHHMa.

§ 2. BepoaTHOCTL NONAjJAHMSA HENPepHIBHOM
cayqafiHOi BeJH4MHB B 3afaHHbIii MHTepBaA

3Haf IJIOTHOCTb pacnpenefeHus, MOXKHO BHIYHCJIHTD
BEpPOATHOCTD TOTQ, YTO HEMpepHBHAA CJAy4yaldHass BeJHUHHA
nNpHMeT 3HauyeHHe, MpHHaAJexaluee 3aJaHHOMY HHTepBasay.
BriuncsienHe OCHOBAaHO Ha C/eAYlolleH Teopeme.
Teopema. Bepoamuocms mozo, 4mo HenpepuisHas cayuwau-
HaA eeauduna X npusem 3HaweHue, npuHalsexcaujee uHmep-
sary (a, b), pasHa onpedeseHHOMY LUHMEZPAAY OM NAOMMHOCHIU
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pacnpedenrenun, 63amomy 8 npederax om a 00 b:
b

Pla<X<b=\fmadx

a

IlokaszatenncTBo. Hcnonpsyem cooTHoleHHe (%)
(em. ta. X, § 2)

P(a<< X < b)=F (b)—F (a).
Ilo ¢opmyne Hpiworona —Jleitbunua,
b b

F®)—F@={ F (xdx={f(xdx.

a

Takum oOpasowm,
b
Pla<X < b)={Ff(x)dx.

Taxk kak PaK X <b)=Pa< X <b), T0 OKOHua-
TEJbHO MONYYHM . -

Pla< X <b)={fmadxr. (x)

'eoMeTpHUE€CKH MONYYEHHBIA PE3yJbTaT MOXKHO HCTOJKO-
BaTh TaK: BepOATHOCTE TOTO, YTO HeMpepuBHAA caydaifinas
BeJIMYHHA NPHMET 3HaueHHe, MNpPHHAJJIeXallee HHTEPBaay
(a, b), paBHa NJOMANH KPHBOJIMHEHHOH TpaneuHH, OrpaHm-
yeHHoH ockio Ox, XpuBOH pacnpeienedHns f(x) H NpAMbIMH
x=a ¥u x=>b.

Bamegsanne, B uactnocTH, ecnn f(x) —ueTHas QYHKLHA M KOHUBI
HHTepBahaa CHMMETPHUYHBL OTHOCHTEJbHO HauaJsa KOOpAHHAT, TO

a
P(—a<X<a)=P(X|< a)=25f(x)dx.
9
Npumep. 3ajana MIOTHOCTh BEPOATHOCTH CJyuafiHOA BeaHuHMHH X

0 OpH xS0,
f(x)=14 2x mpu O<x<],
0 TpH x> 1.

HafiTh BepOATHOCTL TOTO, YTO B pesg.nb'ra're HenHTaHua X npHMeT 3Ha-
YeHHe, MpHHaANexawee HHTepBany (0,5;
Pewmenne. Hckoman BeposTHOCT
1

POS<X<1)=2 Sxdxmxz 15,5 = 1 — 0,25 = 0,75.
0.5
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§ 3. Haxoxnenue dyukuun pacnpenejcHuss
MO H3BECTHOW NJOTHOCTH pacnpeneseHus

3Has NJOTHOCTL pacnpenenenus [ (x), MOXKHO HaHTH
byHKuuo pacnpeaesenuna F (x) no ¢opmyne

F(x)= S f(x)dx.

JleficTBHTEAbHO, Mbl 0003HAYNAH Yepe3 F (x) BepOSiTHOCTD
TOrO, YTO CcJyyadHas BeJHYHHA NPHUMET 3HAueHWe, MEHb-
iee x, T. €.

F(x)=P (X < x).
OuepnaHo, HepaBeHcTBO X < X MOXKHO 3amucaTh B BHJE
ABOAHOro HepaBeHcTBa — oo < X < X, CJ€10BATEJbHO,
F(x)=P(— oo < X <x). (%)

lonaras B dopmyne () (cMm. § 2) a= —oo, b=x, HMeeM
X

P—ow<X<xn=\ F@adx

-

Haxkoneu, samenHB P(— oo << X < x) ua F (x), B cHay (x»),
OKOHYATE/JbHO NOJYyUHM

Fy={ fx)dnx

Takum o0pa3oM, 3Hasi IIOTHOCTE paclpefieieHHsi, MOMXHO
HalTH PYyHKIHIO paclipehencHuss. PasyMeercs, no H3pecTHoOf
PyHKuHH pacnpefie/leHH MoXKeT ObITE HaHJleHA NJIOTHOCTh
pacnpefiejJeHusi, a HMEHHO:

f(x)=I"(x).

Mpumep. Hafrn ¢ynxkuHio pacnpefiefieHHs MO AaHHOA TNJOTHOCTH
pacnpeseneHns:

0 mpu x<a,
fx)= 3 1/(b—a) mpu a<x<b,
0 npr x>0
IMocrpoute rpapnk HafinenHot PYHKUMH.

a
Pe men ne. Bocnoanayemes dopMydofi F(x)= S f (x) dx.
- ®
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Ecm x=Ca, 10 f(x)=0, cnemosateapno, F (x)=0. Eciu a < x< b,
to [ (x)=1/(b—a), caenoBarensHo,

[= ] a X
1 —
F()= S f(x) dx = Sde+S g dr =
— —_ 4

Ecau x > b, TO

a b x

d b—

F (x) = Sde+S T+ S Odym=—G—r=1.
—_— a b

a

Urak, uckomaa @yHKOHA pacnpefiesieHHs

0 npun x<ga,
F (x) = {(x«—-a)/(b—a) npn  a < x<b,
1 nmpn x>0
IT'paduk sroft PyHKuMH H3o6paxkeH Ha pHC. 4.

§ 4. CpoiicTBa NNOTHOCTH pacnpefencHHus

CeoiictBo 1. [laomuocme pacnpederetus— He-
ompuyametbHa PYHKyUua:

f(x)=0.
HJoxasateawbctBo. PyHkuus pacnpeaeseHds — He-

yoniBaiomas (QyHKUHR, CJE1OBaTebHO, €€ NPOU3BOAHAA
F’ (x)=[ (x) —}yHkuus He-

OTpHUATE/IbHAS. F(x)
'eoMeTpHuecks 3710 o
CBOHCTBO O3HAauyaeT, YTO TOU- /
KH, TpHHaAlexaliue rpa- ;
GHKY NJOTHOCTH pacnpene- ! X
JIeHHsI, pacro/ioxeHsl aH6o  ° @ ®
Haa ockio Ox, 1ubo HA 3TOH Puc. 4
OCH.

[padnk nsOTHOCTH pacnpelesieHHs Ha3blBAOT KPUEOL
pacnpedeserus.

Ceoilic TBo 2. Hecobcmsennotii unmezpas om niomnocmu
pacnpedenenus 6 npedeaax om -—oo 00 oo pasex eOuruye:

[+ 8]
S [(x)dx=1.
-
JloKkazarteascTBO. HecobctBeHHRBIH UHTerpan

-]
Sf(x) dx BbipaXkaeT BePOATHOCTb COOLITHA, COCTOAL{Ero B

hanll - ]
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TOM, UTO CJIy4aHHas BeJHUHHA [pPUMeT 3HaueHHe, IIpHHAI-
Jiexaniee HHreppany (— oo, oo). Ouepuano, Taxkoe cobGuiTde
AOCTOBEPHO, CJ€10BaTeJIbHO, BEPOATHOCTh €O paBHA €LHHHIE,

I'eomMeTpuueckn 3TO O3HayaeT, YTO BCH MJOWA]Jb KPHBO-
JIMHEHAHOH Tpanemu#, orpaHHueHHoH ocbld (OX H XKpPHUBOIi
pacnpeneseHnn, paBHa eJlMHHILE.

B uwactHOCTH, €CsaH Bce BO3MOMKHBIE 3HAYeHHA cAy4aHHOi
BEJHYHHBl NpHHAaANEKaT UHTepBany (a, b), To

{Foyax=1.
a
Mpumep. [MnoTHOCTE pacnpenenenns caydaiivofi seanunnsl X 3alaua:

a
TW==vre-

Hafitn mocTtonnubl napamerp a.

Pewenne. [NAoTHOCIs pacnpeneneHusl AODKHA YAOB.JIETBOPATH Yc-
-]

JOSHIO S f(x)dx==1, nostomy norpeSyem, 4TO6L!l BHNOJHANOCH pu-

BEHCTBO

«§ T =

a == = .
dx
e=%_Le¥
- 30

Haf gem Heonpeae.nenuuﬁ }mrerpa.n:

Buuncinm necoGereeHRuIl HHTEr paJ:

Oxciona

= 0 ¢

dx dx
S € x—{_e"- by —m e x+e& L =+ B 0 € x+ex
-

== lim (— arctge®){- llm (arctg e®) == m/2.

b =
Taxum oGpasoy, Hckomeili mapamerp
t

2
] == e T e
TE

/.

-
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§ 5. BeposarHoCTHBIH CMbICA NJIOTHOCTH
pacnpeaeseHH s

ITycte F (x)—¢yHKUHA pacnpeeseHHsi HenpepoiB-
Hoil cayuwafivoii BeanuuHsl X. [lo onpefeseHHI0O NJAOTHOCTH
pacnpefeneHus, f(x)=F'(x), win B uHOH dopme

. Fx-+Ax)—F (x)
= 1 .
f (-?C) AxlT 0 Ax

Kak yxke wH3BecTHO, pasnoctk F (x4 Ax)—F (x) onpe-
Ae1fieT BePOATHOCTb TOro, 4ro X MPUMET 3HAyeHHe, MNPH-
najniexauiee HHTepBany (x, x4+ Ax). Takum oGpasom, npe-
nes OTHOIUEHHS BEepPOSTHOCTH TOro, YTO HENpEepLIBHASA CJy-
yaiilHasg BeJHYHMHA IIPHMET 3HaueHHe, NpHHaLJeXkallee HHTep-
Bay (x, x-+ Ax), K JJauHe 3TOro MHTepBana (npu Ax—0)
paBeH 3HAYEHHIO IVIOTHOCTH pacnpene/eHHs B TOUKe X.

Ilo ananoruu ¢ onpene/jieHyeM MIOTHOCTH MAacChl B TOUKe *’
ue.jlecoobpasHo paccMaTpHBaTh 3HayeHHe ¢yHKHHH [(x) B
TOUKE X KaK MJOTHOCTb BEPOATHOCTH B 3TOH TOUKe,

HUrak, ¢pysxkuns f(x) onpenensier nJoTHOCTbL pacnpeaee-
HHR BEPOATHOCTH IJIA KaXKAOH TOUKH X.

HU3 audpepeHuHaNILHOrO HCYHCACHUS H3BECTHO, YTO IPH-
pameHde ¢yHxnHE npuGAHKeHHO papHo AH(pGepeHuunany
PYHKIHH, T. €.

F (x+ Ax) ~— F (x) o~ dF (x),
HJIH

F(x+Ax)—F(x)>~ F (x)dx.
Tak kak F' (x)=f(x) u dx=Ax, 1O
F(x+Ax)—F(x) >~ f(x) Ax.

BepOATHOCTHBIA CMBIC/I 3TOTO paBeHCTBA TAKOB: BEpPOAT-
HOCTb TOTO, 4YTO CJIy9a#Hast BeJHYuHa TPHMET 3HayeHue,
NpHHajexaliee HHTepBany (¥, X + Ax), npHOIMKEHHO paBHa
(c TouHOCTBIO KO GeckoHeYHO MaJlbIX BHICHIErO MOPSIAKA OT-
HOCHTeNbHO AX) NpPOW3BEAEHNIO IJIOTHOCTH BEPOSATHOCTH B
TOYke X Ha AJHHY HHTepBanaa Ax.

r—

* Ecan Macca HenpephiBHO pacnpefieseHa BJO/b OCH X IO HEKOTO-
pomy 3akoHy, HanpHMep F (x), TO RJOTHOCTBIO P (X) MacChl B TOYKE X
Ha3WBaOT npeAes OTHOINEHHS Macchl HHTepBaJa (X, x--AxX) K AanuHe

Whtepsasia opn Ax — 0, T, e. p{x)= lim F(x+A§l—F(x) .
Ax—0
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eoMeTpuuecKH 3TOT pe3yAbTaT MOMXKHO MCTONKOBATL TakK:
BEPOATHOCTL TOrO, YTO CAy4allHas BeJIHYHHA NPUMET 3Haue-
Hye, NpHHaANe)Kaulee HHTepBaldy (x, x + Ax), npuGiHKeHHO
pPaBHa IUIOWIAAW MPAMOYroJb-
) HUKA C OCHOBaHHeM AX H Bbl-
coTol [ (x).
c Ha puc. 5 BuaHo, uto nJjo-
wajab 3alTPHXOBAHHOI'O Nps-
MOYrOJIbHUKA, PABHAs NPOU3Be-
f(x) neHHo f (x) Ax, nullib NpHOJIH-
JKeHHO PaBHa IJIOUIaAu KPUBO-
x x+ax JUHeHHOH Tpanemuy (MCTHHHOH
Puc. 5 BEPOATHOCTH,  OINpeaensieMoi
onpesie/IeHHbIM UHTErpa/ioM

X+ Ax

S f(x)dx). HonylmieHHas npH 3TOM NOrpellHOCTL pPaBHA
x

oA KpuBoOJdMHeRHOro TpeyronnHuka ABC.

§ 6. 3akoH paBHOMepHOro pacnpeneieHHs
BepOATHOCTEH

Ilpy pelmieHHH 3anay, KOTOPble BHIABHraeT NPaKTH-
Ka, MNPHXOJAHTCH CTAJKHBATLCA € pas/HYHBIMH pacrpejeJie-
HHAMU HENnpepbiBHBIX CJAy4YaHHBIX BeJH4uH. [110THOCTH pac-
npeaeeHul HenpepbiBHBIX CJAYYaiHBIX BeJHYHH HAa3BIBAIOT
TaKxke 3JakoHamu pacnpedeasenudi. Hacto BcTpevarorcs, Ha-
NpHMep, 3aKOHLI paBHOMEPHOI'0, HOPMAJABHOrO H MOKA3aTeshb-
Horo pacnpeaeneHdd. B Hacrosuiem naparpade paccMmaTpH-
BAeTCsi 3aKOH PABHOMEDHOro paclpejeseHUsi BeposiTHoOCTeH.
HopmanbHoMy H moOKasaTe/bHOMY 3aKOHAM NOCBSIIEHB! CJe-
AylolHe ABe IJIaBHI.

Pacnpepnenesue BeposaTHOCTeH HA3HIBAIOT PABHOMEPHBIM,
ec/IH Ha HHTepBaJie, KOTOPOMY IIPHHAJJ/JeXKAaT BCE BO3MOXHBIE
3HAYEHHA CJAYy4YallHOH Be/JHYHHRI, TJIOTHOCTb pacrnpeneseHHs
COXPaHfeT MOCTOAHHOE 3HAYEHHE.

[IpusefieM npumep paBHOMEPHO pAacIpeAeJeHHOH Hemnpe-
PHIBHOH CJlyyaHHOH BeJIHUMHDI.

MNMpumep. Hlkana HsMepHTENbHOro nNprGOpa nNporpaiayHporaHa B He-
KOTOpWX egHHHNAX. Omu6Ky npH oKpyrieHHH orcueTa Jo OaHKaKilero
UeAOro JedeHHA MOXHO pPacCMaTpHBaTb KaK CJay4YaillHyl0 BeJHYHHYy X,
EOTOpast MOXET NPHHUMATbhb C NOCTOAHHOH NJOTHOCTBIO BEPOATHOCTH JIO-
6oe 3HaueHHe MEXAY NABYMSA COCEIHHMH HEeNLIMH JieJieHUAMH, TakuM 06-
pa3oM, X HMeeT pPaBHOMepHOe paclnpefefieHHE,
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HafigemM nnoTHocTe paBHOMEpHOro pacrnpefedenus f(x), cuuras, uTo
BCE€ BO3MOMKHLIE 3HAYECHRS CAYYAHHOH BeJHUHMHH 3aKJIOYeHbl B HHTEpRA-
ae (a, b), Ha koropom byHkuHA f(X) COXpaHAET NOCTOSAHHBIE 3HAYeHHS:

Mo ycaoswio, X He npuHwWMaeT 3HaueHHWHi BHe HHTepRaaa (a, b),
nostomy f(x)=0 npu x <au x > b.

Halizem mnocrosunyio C. Tak Kak Bce BO3MOMXKHEIE 3HAUEHHA cay-
yaflHOH BeJIHUHHB TNpHHANJEXKAT HHTePBany (a, b), TO JOMAKHO BbilloJ-
HATbCS COOTHOINEHHE

b
Sf(x)deI, HJH SCdle,
a

Orcioxa

b
C=I/de=l/(b—a).
a

Hrtak, nckomas nnoTHOCTS BEPOATHOCTH paBHOMEPHOrO pacnpefesie-
HH S

o ApH X" a,
f(x)=4 1/(b—a) npu a< xe b,
0 npH x>b.

I'padbuk mnAoTHOCTH paBHOMep-
HOTO pacnpegedeHHa u3oGpasen Ha 7 (¥)
pc. 6, a rpadpHK ¢YHKUHH paciipe-
AeseHHSl— Ha pHc. 4. oy S —

3aMevauye OBGozHauuM ue-
pe3 R HelpepbiBHYIO CAY4YalHYIO Be-
JARUNHY, PaCNpEAeNCHHYIO paBHOMEp- 3 o ™ -
HO B wuHHTepsBase (0, 1), a uepes
r— ee BO3MOXMHLIe 3HaueHns. Be- Puc. 6

ATHOCTh MNONAAaHHS BeAHUYHHH R
B pe3ysnbTaTe HCNBITauWa) B HuTepBan (¢, d), mpuHaLexRauil HHTep-
Bany (0, 1), paBHa ero AJHHE:

>

Plc< R<dy=d—c.

JlefictBuTeIBHO, NNOTHOCTL PACCMATPHBAEMOrO0 pPaBHOMEPHOro pac-
npeneneHH s

f(r)=1/(1—0)=1.
ChneposaTtenibHO, BEPOATHOCTL MNoNajgaHHA caydyailHofi BEeAHUMHHM R B uH-
Tepsan (¢, d) (cm. ra. XI, § 2)
d d
Plc< R< d)=g F(r) dr-::-S l.dr=d—c.
4 [

anee cayyafiHaf pesIHUMHA R HCnoJab3yeTcs HEOAHOKPAaTHO (cM, ra. X X1).
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3anaun

1. CayuaiiHas BeNHYHHA 3ajaHa NJOTHOCTLIO pacipeaeneHHs

0 npH X< —n/2,
f(x}y= { acosx wmpH —n/2 < x< n/2,
0 npH x> n/2.

Ha#itu xosbduuuesr a.
Oms. a=1/2.
2. Cayuajidas BeJMyHHA 3afaHa INIOTHOCTBLIO pacnpefeneHus

0 NpH x=<0,
fxy=4{ (sinx)/2 npu 0 < x<m,
0 npH x> o

Hafitu: a) ¢pyHxkuHio pacnpepenenus, 6) BEpoATHOCTb TOr'o, YTO B pe3ydb-
TaTé HCNWTAHHA caydafinasi BelHuHHa NPHMET 3HAaueHHe, 3aKJuYeHHoe
B yHTepsase (0, n/4).

0 npu x =20,
Ome, F(x)={ (l—cosx)/2 nmpn O<xenm,
l npH X > .

8. Cayvafinas peauudna X 3afaHa ¢yunkuMell pacnpemeieHHA
0 npnu xe 0,
F(x)={ x npp O0<x<l,
1 npu x> 1

HafiTH DAQTHOCTL pacnpefefeHHs,
Oms. f(x)=1 B nuteppaae (0, 1); Bre sTorc untepsana f(x)=0.
4. Cnyuahnan seanuHua X 3sanana ¢pyHKlHeR pacnpeliefleHHs

0 npH x=0,
Fx)={1 (1—cosx)/2 npn 0O<x<mn,
1 npH x> mn.

)Oma. f(x)=(sinx)/2 B nuTepsane (0, m); BHe 9TOro HHTepBata
f(x)=0.

IFaasa nBenaauartad
HOPMAJILHOE PACNPEAEJIEHUE

§ 1. YucnoBbie XapakTepHCTHKH HeENpepbBHLIX
cayyailHbIX BeJHYHH

PacnpocTpaHuM onpeie/ieHHs YHCJAOBRIX XapakTe-

PHCTHK AUCKPeTHHIX BEJHYMH Ha BeJHYUHBI HenpephiBHDLIE.
Haunem ¢ mMaTeMaTHYeCKOro OXHAaHHA.

ITyctsh HenpepulBHAA cJyuvaiiuas BeJHUHHA X 3ajlaHa TJIOT-

HOCTBIO pacnpezefeHns [ (x). JonycTuM, 4TO BCe BO3MOXKHEE
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sHaueHusn X npHHaAAexart ortpe3ky [a, b]. PasoGbeM sToOT

OTPE30OK Ha 1 YaCTUYHBIX OTPE3KOB JJHHOH Ax,, Ax,, ..., Ax,
i BbifepeM B KaXAOM H3 HHUX [POH3BOJBHYIO TOUKY X;
( =1, 2, ..., n). Ham Hajo onpelennTh MaTeMaTHYeCKOe

OXHJaHHe HeNpepbiBHON BeJHUMHbI 10 aHAJOrHH C JUCKpeET-
HOH; COCTaBUM CyMMY MNpPOU3BeAeHHH BO3MOXKHBLIX 3HAYEHHH
X; Ha BEPOSITHOCTH MONagaHHs HX B HHTepBald Ax; (Hanow-
HHM, 4TO npoussenenue f (x) Ax npHOJUKEHHO PAaBHO BEPOAT-
HOCTH nonazaHus X B uHTepBal Ax):

2 xf (%)) Ax,.

Tlepefins x npelaedy npH CTPeMAEHHH K HYJ/IO AJHHBl Hau-

6oJpLIEro H3 YaCTHUYUHBIX OTPE3KOB, noJyyum onpene.neunuﬁ
b

MHTErpaJj S xf (x) dx.

Mamemamuueckum omulanuem HenpepoisHotl cayuaiinodd
eéeauduns: X, BO3MOMHBIE 3HAauyeHHsT KOTOPOM NpHHajAexar
orpe3ky [a, b], HasnBaloT onpeaeseHHbI UHTErpan

b

M (X) = xf (x)ax. (%)

Ecan Bo3MOXKHDBIE 3HaYeHHS NTPHHaAexKaT BCer OCH Ox, to

M(X)= § xf (x)dx.

INpeanonaraercs, uTo HeCOOCTBEHHLIH HHTEr pas cXoAHTCA abco-
®

JAIOTHO, T. €, CYWECTBYeT HHTerpal Slxlf (x)dx. Ecau Om
- a0

3To TpeGoBaHu€ He BHINOJHAJOCL, TO 3HayeHHE HHTerpasna
saBHce 10 OBl OT CKOPOCTH CTPeMJ/JIeHHS (B OTIeJbHOCTH) HHMK-
Hero npejesa K —oo, a BepXHero—k -oo.

Ilo ananoruu c gucnepcHeil AUCKPeTHOH BeJHYHHBI OMpe-
JAeNseTc H JUCNEepCHS] HemnpepbIBHOH BeJUYMUHBI.

Lucnepcueil nenpepusroil caydaiinotl Gesudunsl Ha3bIBAIOT
MaTeMaTHYeCKOe OXHJAaHue KBaJpaTa ee OTKJOHeHHH.

Ecian BosMoxHble 3HayeHHs X [pHHaA/eXKaT OTPE3KY
[a, b], T0

b
D(X) = [x—M ()1 [ (x) dx;

17
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€CJIH BO3MOXHbBle 3HA4YeHHA IpHHaAaexXxart Bceﬁ OCH X, TO
D(X)= § [x—M (X)]*f (x) dx.

Cpeduee xeadpamuyecKoe OMKAOHEHUE HenpPepuieHOLl CAY-
qalffHod GeAudUNHLL ONIPEAEIAETCs], KaK H JJIs BEJHUMHL JHCK-
peTHol, paBeHCTBOM

o (X)=V D (X).

Samevansne |. MoxHO ROKa3aTb, uYTO CBOACTBA MATEMATHUECKOTO
OXXHAAHHS ¥ AUCNEPCHH JHCKPETHHIX BEJNHUYHH COXPAaHMIOTCA H AAA Henpe-
pPHBHBIX BEJAHYHH.

Jamevaunue 2. Jlerko noNyudTs NS BHIYHCJICHHS AHCDEPCHH
Gonee yaoOHue PopMyaH:

b
D (X)=\ o () dx— 1M ()P, (s+)

D(X)= { xf(x)dx—M O

Nipumep 1. Haltth MaTemMarnyeckoe OXHAAHHE H RHUCIIEPCHIO CAydall-
Hoft peauunnH X, sagauboft pyuxumell pacnpeaeseHHs

0 npux x <30,
F{x)=4 » nmpp 0O0<x<],
1 npn x> 1
Pemenune. Halfem nacrHocre pacnpelenenHs:
0 npu xZ 0,
fX)=F'(x)=1 1 mpr O0<x<l.
0 npn x> L
Hafinem MaTeMaTHYecKOe OXHAaHHe no dopmyne (»):
1 1
M(x)y={ x.1 .dx=x2/2l= 1/2.
0
HafineM pucnepcHio no opmyne (s=):
1 1
D (X)= S x'-l-dx——[l/2]"=x3]31—-- 1/4=1/12.
0

Apumep 2. HafiTH MaTeMaTHuYeCKoe OXHJaHHe H JHCNEpPCHIO Helpe-
puieHON caydafiHofi BeaHuHEW X, pacnpeje/ieHHOR paBHOMEPHO B HHTep-
Bane (a, b).

Pewes ne, Halinem MateMaTHaeckoe oxkujiaune X no ?Opuyne (*).
YUHTHBAR, YTO IJIOTHOCT: paBHOMepHoro pacnpeaenends f(x)=1/(b—a)
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(em. ra. XI, § 6):

b b
M (X):Sxf(x)dx———blagxdx.

BHNOJHHB 3JIeMEHTApHblE BHIKJIALKH, NOJYUHM
M(X)y={(a+b)/2.

Haiinem pucnepcrio X no ¢opmyne (s):
6 b
2

a a

BbinosHHB 37€MEHTapHBle BLIKAAAKH, NOJAYyYHM
D (X) = (b—a)?/12.

3ameuanne 3. MareMaTHueCKOe OXHAaHHE H AMCNEpCcHA Cayuafi-
Hofl BenHYHHMBI R, pacnpele/leHHOR pasHOMepHO B HHTepBane (0, 1),
T. €. ecau a=0, b=1, KaK caexyer u3 npHMepa 2, COOTBETCTBEHHO
paBHl M (R)=1/2, D(R}=1/12. 3tor }Xe pe3yabTaT Mb NONYYHJIH
B npuMepe | mno 3adaHHOH (YyHKUHH pacnpefieneHus cayyvaiinoli Benu-
YHHB R.

§ 2. HopmaanHoe pacnpejpencHue

HOpMa/leblM Ha3ulBaOT pacnpeicjeHne BeposiTHO-

CTEH HenpepeIBHOH C/JyyaHHOH BeJHUUHBE, KOTOPOE ONHCHI-
BAaeTCH ILJIOTHOCTBIO

1
x —— _e—(.t-—d)'/?ﬂ"l
fx)=- Vo

Mbl BHAMM, YTO HOpMaasHoe pacripedenerie Onpedensiemcs
deyma napamempamu: a ¥ ©. JloCTaTOUHO 3HATh 3ITH Mapa-
MeTphl, 4yTOOBl 3a/laTh HOPMaJibHOe pacnpejesneHue, Tlokaxem,
YTO BEPOATHOCTHBIH CMBICK 3THX NapaMeTPOB TAKOB: @ €CThb
MaTeMaTHYeCKOe OXKHJaHHe, O—CpejlHee KBajJApaTUYeCKoe
OTKJOHEHHE HOPMAaJLHOrC pacnpeje/eHus.

a) [lo onpefenenn® MaTeMaTHYeCKOro OXHJAHUS Herpe-
PBIBHOH CJIy4aHHOH BeJUYMHLL,

a0

M (X)= Sxf(x)dx:

-

xe--at/2ot gy

-]
)
gy 2n -
Beenem HOByIO nepeMeHHyI0 2 = (x —a)/o. Orciona x = oz +a,
dx =odz. [IpunsaB BOo BHHMaHHE, YTO HOBBLIE IPEAC]BI UHTE-
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rPpHPOBAaHHA DPAaBHbI CTapbiM, NOJYYHM

-9 I -23/2 dy —
M (X) =~ jw(az—l-a)e dz

w

o0
1 S s a s
———— gze—2*/2 (> Se"z 2dz.
¥V 2n oA + Van .

TlepBoe H3 cJiaraeMbiX paBHO HYJIO ([IOX 3HAKOM HHTErpasa
HeueTHasi QYHKIUHA; npejelbl HHTErPHPOBAHHA CUMMETDHYHDI
OTHOCHT&NbHO Hauada KoopJuHat), Bropoe H3 claraeMuix

o

ad
paBHO a (umerpa.n INyaccona S e—z"/2 dz=l/’2?).
-0
HUrak, M (X)=a, 1. e. smamemamuuecKoe oxudarue Hop-
MAALHO20 pacnpedeseHus pasHo napamempy a.
6) Ilo onpenesieHHI0 aMcriepcHU HenpepoiBHON CJayuvaitHoi
|
BEJIMYMHLI, YuHThiBasa, uro M (X)=a, umeeM

o

S (x—a)re-G-a)%20* gy,

|

oy 2xn

BBeaeM HOBYIO NepeMeHHY10 2 == (x-—a)/o. Orciona x —a = oz,
dx=o0dz. TlpuHAB Bo BHHMaHMe, UTO HOBLIE Ipeje/bl HHTE-
TPHPOBaHHSl PaBHHE CTAapbiM, IMOJYYHM

D(X)=

D(X)= e z-ze-"2dz,
V 2n

Huterpupys no yYacTsaM, NOJOMHMB H=2, dv=ze-?*/2d;,
HaitaeM

D (X) =03,
CaenoBaresiLHO,

c(X)=VD(X)=Ve'=a.

Hrax, cpednee xsaldpamuueckoe OmKAOHEHUE HOPMANLHOZ0
pacnpedesenus pasHo napamempy G.

3aMeuanne |. O6wum HA3LMBAIOT HOPMadbHOEe pachpefielieHHe
C IIpOH3BONLHHIMH NapaMerpaMH ¢ H o (G > 0).

Hopamuposannvix Ha3HRAIOT HOPMaJbHOE pachpeleleHHe ¢ napaMer-
pami a=0 # o=1. Hanpumep, ecan X — HOpManbHasn BeJHUHHA ¢ Napa-
MeTpaMi @ K 0, T0 U ==(X —a)/0 —HopMHpOBAHHAA HOpPMa/JbHAA BEJH-
gHHa, npuuem M (U)=0, ¢ (U)=1.
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[lnoTHOCTL HOpPMUpOBaHHOTO pachpeaeeHHs

—x?
ex/a'

1
(P(x)—ﬁ

Ora PyHKUHR TaGyaupoBaHa (cM. npHJIoKeHHe 1),

ameganue 2, Oyukuusa F (x) oSumero HOPMaNbLHOTO pacnpexes
aenua (cM. ra. XI, § 3)

1
oV 2n

X
F(x)= S e~ (2= M(a0%) 4,

a (l)yHKl.lHﬂ HOPMHPOBaHHOTO pacnpenesicHua

Fo(x)= e=%'/2 gz,

H
;L-"'?n

Qyuxkuua F, (x) taGyanpoBaHa. Jlerko npoeepuTb, 4TO
F (x) = Fy ((x—a)/0o).

SamMeuaHue 3. BeposTHOCTL nonafaHusi HOPMHPOBaHHOH HOp-
ManbHON BenwuuHe X B wuuTepBaa (0, x) MOXKHO HaATH, NoOAB3YACH

Yin

dynkune Jlannaca @ (x)e=

X

S e 22 dz.  JleficTBuTeNBHO  (CM.
0

. X1, § 2),

|
V 2n

o

SamMeuvanue 4. YunTbiBafl, 9TO S(p(x) dx=1 (cM. ra. XI, § 4,
-m

ceoficTeo 2), M, caefoBare/ibHO, B CHJY CHMMETPHH @ (X) OTHOCHTEALHO
Ryns

b 4 X
P(0<X<x)=S(P(x)dx= Se""“dZm(D(x).
0 0

0
S ¢ (x) dx=0,5, a 3HauHT, H P(—ow < X < 0)=0,5,
-
MErKC NOJAYHYHTL, 4TO
Fy (x) =0,54+ @ (x).
Helcreurensuo,
Fo(x)=P(—o < X< x)=P(—o0 < X <O)+P< X <x)=
= 0,5 @ (x).
92730 129



§ 3. HopmaabHas kpusast

I'padHK IJIOTHOCTH HOPMAJBHOrO pacnpefeeHus
Ha3bIBAIOT HopmareHoid Kpusod (xpusot aycca).
HUccnenyem ¢yHkuuo

!
=t e p—(x—a)?/(20%)
Y oV 2xn

MeTonaMH AH{depeHUHANBHOrO HCYHCJEHHS.
1, OueBnaHO, QYHKLHS ONpejie/eHa Ha BceH OCH X.

£(x)

¥
(1] 1 -
Puc. 7

2. Ilpn Bcex 3HaueHUSAX X QYHKUHA NPHHHUMAET MOJO-
WHUTE/NbHBIE 3HAYEHWs, T. €. HODMa/JlbHas KpHBas pacnoJio-
KeHa Haj ocblo Ox.

3 Tlpenen ¢pyHKUHHM NpPH HeOrpaHHYEHHOM BO3PACTaHHH X
(no abcomorHOM BeAMYMHE) paBeH Hymo: lim y=0, T. e.

lx|—» o

ock Ox CJIyXKHT TOPHU3OHTAJLHOH acHMNTOTOH rpadHkKa.
4, HccnenyeMm ¢$yHKLHIO HAa 3kcTpemyM. Hafigem nepsyio
N POU3BOAHYIO:
r____ _X—a
ST T Van
Jlerko BugeTh, 4T0 §' =0 npu x=a, ¥ >0 npn x <a,
y <0 npu x> a.
CieoBatenNbHo, NPU Xx=a QYHKIHA HMEeT MaKCUMYM,
pasHuti 1/(c V/ 2x).
5. PasHOCTh X—a COAEPKHTCA B AHAJHTHYECKOM Bhipa-

MeHHH (QYHKUHH B KBajpaTe, T. €. rpapuk QyHKLHM CHM-
MeTpHYeH OTHOCHTEJNLHO NpPAMOM X =—a.

6. Hccneayem ¢yHkuuio Ha Touku nepernba. Hainem
BTOPYIO MNPOU3BOJHYIO:

S S PRPALYEYS [1 ___("—0)’] .

e-{(x-a)*/(20%)
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Jlerko BHaeTb, WTO NpH X=a--0 H X=a—0 BrOpaf
NPOM3BOAHASA paBHA HYJIO, a NMpH MEPeXofie Yepes 3TH TOUYKH
OHa MeHSleT 3HaK (B OOEGHX 3THX TOYKaX 3HadeHHe PYHKIHH

pasHo 1/(c )/ 2ne)). Takum obpasom, TOYkKH rpaduka (a@a—o,

1/(oV 2ne)) u (a+o, 1/(cV 2ne)) aBasAOICA TOYKaMH ne-
peruba.

Hazpuc. 7 H300pa)KeHa HOpMaJbHasi KpHBasf npH a=1
Ho=2,

§ 4. BiusnHe napaMeTpoB HOPMANBHOIrO
pacnpenenenus na dopmy mopmaabnoR xpuBo#

BHACHHM, KaK BJIHAIOT Ha GOpMYy H PacHOJIOKEeHHE

HOPMaJIbHOA KPHBOH 3HAYEHHA napaMeTpoB 4 H ©.

HssecTHO, uTO rpaduku dyHkuuit f(x) ¥ f (x—a) umeior
ORWHAKOBYI0 (opmy; caBuHYB rpaduk f(x) B HONOKHTENb-
HOM HanpasJieHHH OCH X Ha g
eAMHHI, MacwTaba npu a >0 1 091
HJH B OTPHIlaTeJbHOM Hanpas-
JeHHH T1pu a < 0, noayyum i
rpaduk f(x—a). Orcrona cae-
AYET, UTO U3SMEHEHUE BeAUMUHB
napasempa a (MareMarHuye- o=l
CKOTr0O OXUJAHUSA) He usMeHsem
gopmot Hopmarernod kpusoil, a
npusodum auwe K ee c0su2y / \'ﬂ
édoav ocu QOx: enpaso, ecau a a=75
eospacmaem, U 6Ae60, eCAU Q j = X
ybweaem. 0

Ilo-uHOMY OOGCTOHT IHeno, Puc. 8
€C/IH H3MeHseTCA MNapameTp ©
(cpenHee xBajaparHuecKoe OTKJIOHeHHe). Kak Gbulo ykasaHo
B mpenpinylieM mnaparpade, MakcuMyM AH(pbepeHuHanbHORA

byHKuHN HopMadbHoro pacnpenenenusi pased 1/(c ) 2x).

Clofia CJEIyeT, YTO ¢ 603pACMAHUEM O MOAKCUMAALHAR OpOL-
Hama HopmaaeHOUd Kpusol ybuwsaem, a caAmMa Kpueas cmaro-
sumca Ooaee noasozoid, m. e. cocumaemca K ocu Ox;, npu
Ybwisanuu © HopMarbHAA Kpueas cmawosumcs 0oaee €oCmpo-
SepuIuHHOLY U pacms2ueaemcs 8 ROAOHUMEAbHOM Hanpasie-
Huu ocu Qy.

INopuepkHeM, 4To TNpH JIOOBIX 3HAueHHAX NAapameTpoB a
H 0 ruoulanb, OrpaHHYeHHas HOPMAJbHOH KPHBOH H OChIO X,
OcTaercs pashoil eiununue (cM. ra. X1, § 4, sropoe cBoificTBO
NJIOTHOCTH pacnpeneneHus).
gx
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Ha puc. 8 mniobpaxennl HOpMaJibHbIE KpUBBIE TIpH pa3-
JIMYHBIX 3HaueHHAXx ¢ u a-=0. Yeprexx HarJasaaHO H/MIOCTPH-

pyer, KaKk H3MeHeHHe IlapaMeTpa ¢ CKasblBaeTcsi Ha (Qopme
HOpPMaJbHOH KPHBOH.

3ametuMm, uTo NpH a@a=0 U 0=1 HOPMANLHYIO KDHBYIO
1 L
P (x)= eri e~*/? Ha3LIBAIOT HOPMUPOBAHHOL,
'f JL

§ 5. BepoATHOCT, MONAjaHWs B 33aJaHHBIA
HHTEPBaJ HOPMAJIBHOH ciay4yallHOH BEJHYHHBI

Ye H3BeCTHO, 4TO ec/H cCAyyaliHas BeJHuHHA X
3ajlaHa IJIOTHOCTBbIO PpacnpeleieHns [ {x), TO BepOATHOCTH

Toro, 4ro X MNpHMeT 3HaYyeHHe, NMpUHAANENKallee HHTEPBaY
(a, P), Taxkosa:

B
Pla<X<p)={f(ad.

Ilycts cayualiHas BenuuuHa X pachpejesneHa Io HOp-
MaJIbHOMY 3akony. Toraa BepOsATHOCTh TOro, 4ro X MpHMeT
3HayeHHe, MPHHaANJexKallee uHTepBany (o, B), paBHa

B
Se-‘x-"”/(w’) dx.
x

Pla< X <B)=

1
oV n

Ilpeo6pasyem sty ¢QopMysy Tak, 4TOOH MOXHO OBLNO
noJib3oBaTbcsl roToBHIMH Tab/Juiami. BBeinemM HOByIO Iepe-
MeHHYI0 Z = (x—a)/0. Orciona x =c02-+a, dx=o0dz. Halinem
HOBHIE NIpefedibl MHTerpUpoBadusa. e x=ao, 10 2= (a0 —a)/o;
ecad x =@, 10 2= —a)/o.

Takum oOpasoMm, HMeeM

1 (B-a)/o
P(a<x<ﬁ)=;—v—-§-&- e~*"/2 (o dz) =

(o —-ay/o
0 (—a)/o
—— S e~ dz 4

| S‘ 2
— e-*2dz =
V 2n Y 2n ,
]

(x~a)o
(B-a)/a {o—a)'c
e-z2 dz

- e-z*2 dz,
¥V 2n d V?n (§

-
_—
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INone3ysce ¢yuxkuuedt Jlannaca

] x
(D — I —2%/3
(x) V2n§ e dz,
OKOHYATEJIBHO NOJYUYHUM
Pa<x<p=0(i5f) -0 (5. @

fIpumep. Cayuadnas eesuudHa X pachopejeneHa N0 HOPMaibHOMY
sakoHy. MareMaruueckoe OXHAAHHE H CPeHee KBaZpaTHYECKOE OTKJO-
HeHHE 3TOH BeJAHUYMHB cooTBeTCTBeHHO paBHu 30 u 10. Hafith Beposr-
HOCTb Toro, 4To X NpHMeT 3HaucHHE, NpHHangexallee uHteppany (10, 50).

Pemenne. Bocnonbsyemca c¢opmynoit (). Ilo ycnoruw, a=10,
=50, a=30, 0=10, caeposaTenkbHO,

50— 30 10—30
10 )—m( 10
INo ra6aunue mpunoxkeHusa 2 Haxogum @ (2)=0,4772. OTciOfa HCKO-
Mas BepPOATHOCTD

P(10<X<50)=(I)( )mzm(z).

P(10 € X <« 50)=2-0,4772=0,9544.

§ 6. BoiuncJaeHue BepOATHOCTH 3aAaHHOTO OTKJIOHEHHU A

Yacto Tpebyercs BHIYUCAHTH BEPOSITHOCTh TOro, UTO
OTKJIOHEHHE HOPMA/JILHO pacnpeleseHHOH CJy4adiHoO# Benu-
yuHbl X 10 abCO/NIOTHOH BeJIHYHHE MeHblle 33aJaHHOro Mo-
JOKHTeJbHOT0o yHena 6, T. e, Tpebyercs HallTH BEPOSATHOCTB
OCYylliecTBJI€HHA HepaBeHCTBA | X —a| < 6.

3aMeHHM 3TO HEPABEHCTBO PAaBHOCHJbHbIM €My JBOHHBIM
HepaBeHCTBOM

—8 < X—a<b, umm a—8< X <a+é.
INMonb3ysace gopmynoit (x) (cMm. § B), noayuum
P(|X—al<d)=Pla—0< X <a+8)=
~o[Eximz|—o[e=2=] u (2)—0(-2).
[Tpunse BO BHMMAHKE pPABEHCTRBO
© (—8/0) =— @ (b/0)
{(bynkuua Jlannaca--HedeTHast), CKOHYATEJLHO HMEEM
P(| X —a| < 8)=20 (6/0).
B uyacinoctu, npu a=0
P (| X|<8)=20 (§0).
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Ha puc. 9 uarasaHo nokasaHo, 9To e€C/JH ABe CJAy4aiuHbie
BEJHYHHBI HOPMAJIBHO pacnpeiaeJeHnl U a — 0. TO BEPOSATHOCTDb
ONpHHATh 3Ha4YeHHe, NPHHAjpJIexauiee HHTepBaay (— 6, 6),
Gonblue y TOA BeJHUHHB, KOTO-
pasa HMeeT MEHbllee 3HauYeHHE O.
Dtor ¢aKT MNOJHOCTBIO COOTBET-
CTBYeT BEPOATHOCTHOMY CMBLICJY
napaMerpa oO(0 ecTh cpeaHee
KBAaJApaTHUYECKOEC OTKJIOHEHHE; OHO
Xapakrepu3ayer paccessHHe CJy-
4afiHOH BeJIHYHHBI BOKpYyr e€e
MATEMATHUYECKOTO O)KH,II&HHF!).

3amevyaunne., QOuepumio, co-
OLTHSI, COCTOALULEE B OCYLIECTBJCHHH
HepaBeHcTB | X —a|l <8 H | X—al=
=08, — nporusoncaoxunte. [loatomy,
eCAH BEpPOATHOCTh OCYLLECTB/IeHHA HepaseHcTBa | X —a| < § paBna p, TO
BepOATHOCTL HepaBeHcTBa | X —a | > 6 paBna 1-—p.

NMpumep. Cnyvafiiasa BeanuHHa X pacnpeseneHa HopMaiabHo. Mare-
MaTH4eCKoe OXKHAaHHe H CpelHee KBaApaTHUeCKoe OTKAcCHenHe X COOT-
BercreenHo paBubi 20 H 10. HafiTH BepofTHCCIs TOTO, 4Y4TO OTKJAOHEHHe
no abGconloTHOR BeaHumHe GyaeT MeHbWE Tpex.

Peweune. Bocnoavayemcs ¢opMydaoit

P(]X—al < 8)=2d (8/0).
INo ycaosmio, 8 =23, a=20, 0=10. CaexosaressHo,
P(]| X—20| < 3)=2 (3/10) =2 (0,3).
ITo Tabanue npunoxenna 2 Haxoaum O (0,3)=0,1179.
HcxoMmas BeposiTHOCTB

P (] X—20| < 3)=0,2358.

/(x)

§ 7. flpasuno Tpex curm

I1peo6pasyem ¢opmyay (cMm. § 6)
P(| X —a| < 8)=2® (8/0),
noJoxus 8= of. B nurore moayuum
P(|X—a]| < ot)=2D(¢).
Ecau £t =3 H, caeposatesbHo, of = 30, TO
P(| X —a| < 30)=20 (3)=2-0,49865 = 0,9973,

T. €. BEepOSITHOCTH TOro, HYTO OTKJOHEeHHEe [0 abCOMOTHOH
BeaHuHHEe OymeTr MeHblle YTPOEHHOrO CpefHero KpajpaTHue-
CKOro oTKJOHeHHs, paBHa 0,9973.
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Jdpyrumu c/joBamH, BepPOATHOCTbL TOro, 4ro abcomoTHas
BEJHYHHA OTKJOHEHUS TNPEeBBLICHT YTPOGHHOE CpelHee
KBaJpaTHYeCKOe OTKJIOHeHHe, OYyeHb MaJja, a UMEHHO paBHa
0,0027. 3ro o3Hauaet, uro AUk B 0,27 % ciydaeB Tax MoXeT
npou3sodTu. Takue coOwITHA UCXOMASA H3 NPHHIKIA HEBO3MOX-
HOCTH MaJ/JIOBePOATHHIX COOBITMH MOMKHO CYUTATh ITPAKTHYECKU
HEBO3MOXKHBLIMH. B 3TOM M COCTOMT CyUIHOCTbL NpaBHJa Tpex
CHTM: eCAU CAYHQUHAA BeAuHMUHA pacnpedesena HOPMAAbHO,
mo aOCONOMHAA GeAUMUHA €8 OMKAOHEHUS Om Mamemamu4e-
CK020 0JCUOQHUA He npesocxodum YympoeHHO20 CpedHezo K6al-
pamusecKo20 OMKAOHERUS.

Ha npaxTHke npaBHJIO TpeX CHrM NPHMEHSIOT TaK: ecJu
pacnpejieleHde U3y4aeMoi CJAy4aHHOH BeJIMYHHBI HEM3BECTHO,
HO YCJOBHe, YKa3aHHOE B MNPHBEAEHHOM IIpaBuJie, BbINOJ-
HAETCHA, TO €CTh OCHOBAaHHEe MNpeaAnoJaratb, uYTO U3yyaemas
BeJHUYHHA pacnpejeseHa HOPMAaJbHO; B I[IPOTHBHOM cJydae
OHa He pacnpefeseHa HOPMdJbHO,

§ 8. Mousrne o Teopeme JlsnyHosa. PopMyanpoBKa
HEeHTPaJbHOH NpeAesbHO! TeopeMbl

H3pecTHO, 4TO HOPMAJILHO pacrnpefe/ieHHbIe cayyai-
Hble BeJIHYHHBI IIHPOKOC pacHpOCTpaHEHbl Ha NpakTHke. Hem
310 OObsicHsercsa? OTBeT Ha 3TOT Bonpoc 6bl1 JaH BHJAIO-
WHUMCs pycCKHM MaTtemMaTHKoM A, M. JIanyHoBbiM (uLeHTpanb-
Has npelesbHas TeOpeMma): ecal cayqaiinaa seaudura X nped-
cmasasiem cobotl cymmy odens O0AbUIOZO HUCAQ 83AUMHO He3a-
BUCUMDBIX CAYHALIHbIX GeAUMUH, BAUAHUE KANAOH u3 KOmMopwuix
HQ B8CI0 CYMMY HUHMIONCHO MAa0, mo X uMeem pacnpedererue,
6au3k0e K HOPpMAILHOMY.

Mpumep. Tlycre npoussoauTcss H3MepeHHe HekoTopo# ¢Hanveckohi
BeAHunHbl. Jio6oe H3MepeHHe XaeT JHIUb NPHOJTHIKEHHOEe 3HAUYEeHHE H3Me-
psteMOil BeNHMYyHHbI, TAK K4K HA pe3YyJibTaT H3MEPEHUS BJAHSIOT OUeHb MHOTHE
He3aBHCHMEIe cayvaiHbie (akTopel (TeMneparypa, KoyieGanHa npubopa,
BAAXKHOCTL ¥ Ap.). Kaxabiil W3 5THX (pakTopoB NOpOXAAeT HHYTOKHYIO
fuacTHyi0 owHGKy». OJHAKO, IOCKOABKY YHCAC 3THX (DaKTOPOB OYEHb
BeJHKO, HX COBOKYITHOE AelCTBHE NOPOXKAAeT yXKe 3aMeTHYKI «CyMMap-
HYI0 otuGKYy?».

PaccmarpHeafi CyMMapHY0 OWHGKY KaK CYMMY o4YeHb GOJbLIOro
4lCia B3AUMHO HE3aBHCHMBIX HACTHBIX OIIHGOK, MBI BIpaBe 3aKAIOUHTH,
YTo cymMMapHas owHGKa HMeeT pacnpejenenHe, GNH3KOE K HOPMalbHOMY.

NHT NOATBEPIKAAET CHPABENHMBCCTD TAKOTO 3aKJIOYEHHS.

IlpuBenem (GOpMYJAHPOBKY HeHTPANbHOH NpelesbHOH Teo-
Pembl, KOTOpaf yCTAHABJIHBAET yC/OBHA, NPH KOTOPHIX CyMMa
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60/bUIOrO0 4YHCJAA HE3aBHCUMBIX CJaraeMblX HMEeT pacnpene-
neHue, O6JU3Koe K HOPMA/JbHOMY.

Nycrs X,, X,, ..., X,y .. .— MNOCNEA0BATEIbHOCTL HE3a-
BUCHUMBIX CJAYYaHHbIX BeJHYHH, KaXJAas H3 KOTOPHIX HMeEeT
KOHEUHBIE MaTEeMaTHUYeCKOe OXHJAaHHEe H JAHCHEpPCHIO:

M (X,)=a, D(X,)=0bE
BBegem ofo3HaueHHA:

S,=X;+X,+...+X, A,,=k§ ay, B*:kz,‘ bs.

O603HaunM GYHKIHIO paciipelesieHHsl HOPMHPOBAHHOH CYyMMBE
yepes

F,,(x)zp(‘-s"B;-f' <x).

FoBopaT, uro K nocaexosarteabHocTH X,, X,, ... NpHMe-
HUMA UeHTpa/bHas NOpelenbHas TeopeMma, ecJu npu JioboM
x GyHKIHA pacnpesiesieHUss HOPMHPOBAHHOM CyMMBI [IPH 1L — oo
CTPEMHTCS K HOpPMaJbHOH (PYHKUIHH pacnpelesieHHs :

X

fim P [So=Ar ] L e
o [ B, ~*|=vom e-*/tde.

- o

B ugacTHOCTH, ecad Bce ciydqaiiHble BeJHYHHH X,, X,,...
OAHHAKOBO pacnpeje/ieHbl, TO K 3TOH IOC/eL0BaTeIbHOCTYU
IpHMEHUMa LEeHTpaJbHas NnpefesbHas TeopeMa, ec/u JHCIep-
cyuH Bcex BeJHYHH X;(i=1, 2, ...) KOHEYHBl ¥ OTJHYHBLI OT

uyns. A. M. JlanyHoB nokasan, yro ecnu ans 8 > 0 npu
n — oo ortHollenHe JIanyHora

L,=C,/B%% rae C,= 2 M|X,—a,[*+5,
k=1

CTPEeMHTCS1 K HYyJI0 (ycaogue Jlanynoséa), TO XK MNOCIeAOBa-
treabdocTH X,, X,, ... TpUMeHHMAa NEHTPAJBHAA OpejesibHas
Teopema,

CyumHocTh ycioBusi JIanyHoBa cocTOMT B TpeGoBaHMH,
yToORnl Kamaoe cJjaraemoe cymmel (S, — A,)/B, oxasbiBa/o Ha
CYMMY HHUTOXHOE BJAHAHHE.

3amMeuvanHe. [Ina AoKazaTeabcTBa NEHTPAJbHOR NpelefbHoH Teo-
pembl A. M. JlsanyHoB HCnoAb30BaJ anilapaTt XxapakTePHCTHUECKHX (PyHK-

uui. XapakrepucTHuecKo#t pyHKuued caydaiHol BeJHUHHB X Ha3bLBalOT
pyukumio ¢ () =M [etX}.
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Oas nuckperHo#l cayuaifivof BeJINuHMbl X ¢ BO3MOMKHBIMH 3HAUYECHHSMH
Xg H HX BEDOSTHOCTSIMH pPj XapaKTepHCTHYeCKasl QyHKUHA

@ () =, e''*k py.
k

Jasn HenpepniBHO# cayvafiHOH BeAHuHHBH X ¢ MAOTHOCTBIO pacipe-
AeneHun f (x) xapakTepHcrHueckan ¢yHKUMS

ot)={ et f(ndr

MoHO nOKa3aTh, UTO XapaKTepHCTHUeCKas (YHKIOHA CyMMB He3a-

BHCHMbIX CAYYaildbiX BeJIMYHH paBHA NPOH3BEAEHHIO XapaKTePHCTHUECKHX
$yHKUHA claraembix.

§ 9. OueHka OTKIOHEHHMSI TEOPETHYECKOIO
pacrpejeseHHss 0T HOPMaJLHOIO.
AcuMMeTpHA M 3IKCHECC

IMnupudeckum Ha3bIBAIOT pacnpegeneHHe OTHOCH-
TeJbHBIX 4acTOT. IDMNUPHYECKHe pacnpefeNeHus H3ydyaer
MaTtemaTdyeckass CTAaTHCTHKA.

Teopemuyeckum HA3LIBAIOT paclpefiejieHHe BepPOATHOCTEH.
TeopeTHueckue pacrnpejejieHHs H3y4aeT TEOPHs BEPOSTHOCTEH.
B sTom naparpade paccmaTpHBalOTCs TEOpeTHUECKHE pacnpe-
JeJIeHHS.

[Tpu wu3yuyeHun pacnpejeneHHf, OTJAHYHBIX OT HOPMAJb-
HOTO, BO3HHKaeT HeoGXOJUMOCTb KOJUYECTBEHHO OUEHHUTH 3TO
pa3auuue, C 3TOH 1e/ibl0 BBOAAT CMNENHAJLHBIE XapaKTepH-
CTHKH, B YaCTHOCTH acHMMeTPHIO H 3Kcuecc. [lsis Hopma/b-
HOrO pacnpejesieHUsi 3TH XaPaKTePHCTHKH paBHB HYyJ/O.
ITosToMy ecan Ans H3yyaeMoro pacrpejesieHHsi acHMMETPHA
H 3KCUecC HMeKT He(GoJbllMe 3HAauyeHHUs, TO MOXHO [pearno-
NOXKHTh GJIH30CTh 3TOr0 pacnpefleeHHA K HOPMaJbHOMY.
Hao6opor, Goanbliue 3HaueHHs aCHMMETPHH H 3KCIlecca yka-
3bIBAIOT Ha 3HAYMTEJIbHOE OTKJOHEHHE OT HOPMAaJLHOro.

Kak ouenuTs acumMerpuio? MoXHO Aokasatb, 4TO AN
CHMMETPUUYHOrO pacnpeaeneHus (rpapHk Taxkoro pacnpeje-
JIEHH A CUMMeTpHYeH OTHOCHTEeNbHO Npsmol x = M (X)) kaxkAbi#
UEHTpPaJbHbI MOMEHT HeyeTHOro Nopsiika paBeH Hymo. Jas
HecHMMETDHUYHbIX paclpefe/ieHHH IeHTpa bHbie MOMEHTbl He-
YETHOro MOPsZKa OT/JHuHbI OT HyadA. [TosTomy aro6oit u3 aTux
MOMeHTOB (KpPOMe MOMeHTa [epBOro Nnopsaka, KOTOpuifi paBeH
HyJi0 Anda Jo6oro pacrnpeneneHHs) MOXET CHNYXUThb AJiA
OUEeHKH aCHMMETpHH, €cTeCTBeHHO BHIOpaTh NpocTtefilHii H3
HHX, T. €. MOMEHT TpeThero Inopsaka u,, OnHaKo NPHHATH
9TOT MOMEHT JJIs OLUEHKH acUMMETPHH HeynOGHO NOTOMY, YTO
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ero BeJHYHMHA 3aBHCHT OT eJWHHI, B KOTOPLIX H3MepAeTCsH
cnydyalHasa BesHudHa, UToObl yCTpaHHTh 3TOT HEJNOCTATOK,
M, BeJNsiT HAa 0° U TakuM oOpa3oM MNoJay4aiT Oe3pa3MepHYIO
XApaKTePHCTHKY.

cummempuetl meopermudecKo2o pacnpeoeserHus HasblBAIOT
OTHOLIIEHHE LeHTPaJbHOro MOMEHTA TPeThero Nnopfaaxa K xyoby
CpeJHerc KBajpaTHYeCKOro OTKJOHeHHS:

A, = py/od.

AcCHMMETpHA MNOJIOXKHTENbHA, ec/IH «IJIUHHAs 4aCTbh» KPH-
BOH pacCnpejesNeHHA pacroJ/ioXKeHa clipaBa OT MaTeMaTHYECKOro
£(X) OX{MAAHHSN; ACHMMETPHA OTPH-

As>0 uaTeNbHAa, €CAM  «AJMHHAf

a) /-\_ YaCTb» KPHBOH pacnoJ/ioxkeHa

“ cjesa OT MareMaTHYeCKOro

M,(X) x OoxujpaHua. IlpakrdHyecKdH ol-

penensAldT 3HAK AacHMMeTPHHU

F(x) 10 pacnoJioXeHno KpHBOH pac-

npeesieHHs OTHOCUTEJbHO MO-

J) As<0 bl (TOYKH MAakCHMyMa AHpde-

peHIHAJAbHOH (DYHKLHH): ecsH

/\ «AJNHHHAA YacTb» KPHBOM pac-

= —o— NoJIoXKeHa npasee MOAbl, TO

MyX) X acUMMeTpH#A NOJIOXKHTEJIbHA

Puc. 10 (puc. 10, @), ecan cJaesa—
orpuuatesbHa (pHc. 10, 6).

s oleHKH «KpyTocTh», T. €. 60ABIIEro WJAH MeHbILEro
noAibeMa KPUBOH TeOpPETHYeCKOro pacripenesneHys Mo cpaBHe-
HHIO ¢ HODMaJIbHOH KDHBOH,

NONB3YIOTCA  XAPAKTePHCTH- 1(x)
KO#l — 3KCIeCCOM. a

IKCYeccom meopemuuecKozo
pacnpedesenus Ha3bLIBAIOT Xa-
PaKTEPHCTHKY, KOTOpas olnpe-
JeNfieTCsi paBeHCTBOM e ~

Ep= (,/0*)—3. 0 "

r(x)
HOas  dHopmansHoro pac- 0
npenesnenus u,/c*=3; cJae- %ﬂ*fﬁ
JOBaTeNBHO, 3JKCHECC paBeH [ A Ex<o
Hyaw. IlostomMy ecau 3Ke- / \
fecc  HeKOTOporo pacipe- -7 ~
JesleHUst OTJHYeH OT HyJf, 5 X

TO KpHBasg 3TOr0O pacipefjeJe- Pne. 11t
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HHA OTJHYaeTCss OT HOPMaJBbHOH KPHBOH: eCJIH 3KClece
NOJIOXKHTENbHbIA, TO KPHBasA HMeeT 60Jiee BHICOKYIO H €OCTP YiO»
BEPUIHHY, YeM HOpMaJibHast KpuBasi (puc. 11, @); ecsH 3Kcuecc
OoTpHLATe/IbHBIA, TO CpaBHHBaeMmasi KpHBas uMmeer foJee HH3-
KYI0O H <«IJIOCKYIO» BepIIHHY, 4YeéM HOpMAaJbHAas Kpusafi
(puc. 11, 6). Tlpu stoM npexpnonaraercd, uTo HOPMaAbHOE H
TEOPETHUECKOE paclipeJesieHusi HMEIOT OAHHAKOBbie Marema-
THUECKME OXKHAAHHA H IAHCMNEPCHH.

§ 10. Pynkums oaHoro cayuaiHoro aprymesTa
H ee pachnpejejeHHe

[IpeaBaputennHO 3aMeTHM, YTO JaJjiee, BMECTO TOTO
qT06bl I'OBOPUTH «3aKOH pacnpefesieHHs BeposTHOCTeH», Oy-
JAeM 4acTO FOBOPUTb KPATKO—«paclpeiesieHHes.

Ecny KaXnomMy BO3MOXKHOMY 3HAUYEHHIO CJAy4aiHOH BeJH-
YHHB X COOTBETCTBYET OAHO BO3MOXHOe 3Ha4YeHHe CJaydyaliHoi
BeJHYHHBL Y, TO Y HaswmBaloT ¢$yHKUMEHR CJAy4aHHOro apry-
meHTa X:

Y =9 (X).

Jajsee noxkasaHo, Kak HaHlTH pacnpejeneHyue QyHKIHH MO
H3BeCTHOMY pacnpeaeesHtio AHCKPETHOrO H HENPEPbLIBHOro
apryMeHTa,.

1. [IycTh aprymeHT X —AUMCKpeTHasa Cay-
YqaHasa BeJHUYUHHA,

a) Ecad pasauyHbiM BO3MOXHbIM 3HAYEHHAM apryMeHra
X COOTBETCTBRYIOT Da3jiduHble BO3MOXHbIE 3HAYEeHUS (PYHKIUH
Y, To BepoATHOCTH cOOTBeTCTBYIOIHX 3HaueHHH X H Y Mexay
coboit paBHHI.

Mpumep 1. Huckpernas cayuvafdHasi BeanudHa X 3ajaHa pacrpeje-
AeHHeM
X 2 3
p 0,6 0,4

Haiitu pacnpenenenne pyukuuu Y = X2,
Pemwenue. HaiilleM BO3SMOXHDIE 3HAYeHUA Y 1y =22 =4, y,=3*=
=9, HanuineM HCKOMO€ pacnpefeneHue Y:

y 4 9
p 0.6 0,4

6) Ecau pas/uyHbIM BO3MOXHGIM 3HaueHHAM X COOTBeT-
CTBYIOT 3Hau€HHs Y, CpeAH KOTODbIX €eCTh paBHble MeMXay

€o60#i, TO ClefyeT CKJAAALIBATH BEPOATHOCTH NOBTOPSAIOWHXCS
3HaueHHH Y.
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Mpumep 2. JuckperHas cayuaiinas BeawunHa X 3anala pacnpefle-
JieHHEM

X 2 2 3
p 0,4 0,5 0,1

Haiitn pacnpeneneune dyHkuun Y = X3.

PemeH ue. BeposTiocrb BO3MOXKHOIO 3HAYEHHS I/, — 4 paBHa CYMME
BEPOATHOCTER HECOBMECIHBIX COORITHE X =-—2, X=2, 1. e. 0,44+ 0,56=
= 0,9. BepoATHGCTh BO3MOXHOTO 3HaueHHS y,=9 pasna 0,]. Hanumwem
HCKOMOe pacnpepneeHue Y:

Y 4 9
p 0,9 0,1

2. [lycte apryMeHT X—HenpepopBHasA CJaAYy-
yailuans Benvwuunna Kak nHaliTH pacnpenenenHe ¢yHk-
nHyd Y = ¢ (X), 3Has TJIOTHOCTb paclnpefefeHHs CJAYyUaliHOro
aprymenta X? [okasaHno: ecsiH y = ¢ (x)— nuiddepennupye-
Masi CTpOro BO3pacTaioulas HJH cTporo yObiBatowas ¢yHKuus,
obpaTHAas (PYHKHHA KOTOPOH Xx=1Y(y), TO NJOTHOCTb pac-
npeaenesusn g(y) cay4aHHoOH BeJHYUHBI ¥ HaXOAHTCH C no-
MOLbI0 PaBE€HCTBA

gwny=FfvWliv @l

NMpumep 3. Cayuaiinan peauunHa X pacrpefeseHa HOpPMaiabHO, NpH-
yeM ee¢ mMaTeMaTHuecKoe oxupanve a=0. Hafitu pacnpezescune ¢PpyHk-
uKd Y = X3,

Pemenue. Tak kak dyurura y=x* npndpdepenunupyema v crporo
BO3pAacTaeT, TO MOXCHO NPpHMeHUTH Gopmyny

eW=FleWI¥Y ) ()
HaiineM ¢yHkuuio, ofpatHyio QyHKUuH y=x=
b @) =x=y"""
Hafinem f[v (¥)]. o ycaoewuio,

. ] —x‘/zo’
f(x)—c V 2n ) ’
nosroMy
flb=f [y”s]=;“‘/l—-§—}"-— e_”wa/?-ﬂ’ . (*%)

Haiinem npon3sofinyl0 o6paTHoll yHKLHM Do y:

[4 t |
Vv @) =""?) =3

Haiitem ncKomylo NJI0OTHOCTB pacnipefie/ieHHsA, AJfl Yero Mo CTaBHM (s4)
H (*dk) H (%)

(+%+)

EW) ==V 10"
3o0y?/® ¥V 2n ¢ |
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3ameuvanue. [loabsyace ¢opMmyaont (%), MOXKHO N0OKA3aTb, UTO
anneitHas GyHkuHa Y = AX 4 B HopmanbHO pacnpefeJeHHoro apryMeH-
ta X TaKKe paciipellesieHa HOPMaslbHO, [pHYEM s Toro yroGnl HaiiTH
mareMaTHUecKoe OXKHAaHHe Y, Halo B BhIpaxkeHHe (HYHKUHH MOACTAaBHTH
BMECTO aprymextTa X ero maTemaTHuUeckKoe OKHAaHHe a:

M (Y)= Aa+ B;

AN Toroe uro6Ll HAafiTH cpejaHee KBaapaTHUecKoe OTKJOHeHue Y, Hano
cpelHee KBajpaTHYeCKOe OTKJOHEeHHE apryMeH1a X yMHOMHTb Ha MOIYJb

kosbduuueHta npn X:
o(Y)=]| A]o(X).

Mpumep 4. Hafitn nnorHocts pacnpegeseHusl JAHHefiHON GOYHKUHA
Y =3X+1, ecsin aprymedT pacnpeienesd HopMaJbHO, [TpHYEeM MABTEeMaTH-

yecKoe oxHAaHHe X paBHO 2 W cpeiHee KBaJpaTHieCKoe OTKJAOHEHHE
pasHo 0,5.

Pewenune. Hafinem MareMarHuecKoe oxHaanue Y:
MF)=3.211=T7.
Haiinem cpeanee KBaJpaTHUECKOE OTKJOHeHHEe Y':
c(Y)=3-0,5=1,5
HckoMas nJaOTHOCTL pacnpeae/icHHsi HMeeT BHJ

e~ W=D1/2-(1,51]

|
g(y)————-——-—-——-l'S 5

§ 11. MartemaTuueckoe oxHiaHHE (PYHKUMH OAHOrO
CAY4affHOro apryMeHTa

3anaHa ¢yHKuuAa Y = ¢ (X) cay4dailHoro apryMeHra
X. Tpebyerca HaliTH MaTeMaTHUeCKoe oXHWaaHHe 3ToH hyHK-
ILHH, 3HAas 3aKOH pacnpefie/leHHA apryMeHrTa.

I.Ilyctp apryMeHT X—IHCKpeTHada cayuyaii-
Hafd BeJHUUYHHA C BO3MOXKHBIMH 3HAUECHHAMU X,, Xz « ., X,
BEPOATHOCTH KOTOPHIX COOTBETCIBEHHO PABHBI Py, Pay -+ vy Py
OueBugno, Y —Takxke JHCKpeTHasa CcJyyalHad BeJHYHHA
C BO3MOXKHBIMH 3HAUEHHAMH I, = @ (X;}), Yo =P (X,), - .., Y, =
= ¢ (x,). Tak Kak coOblTHe «BesiHuWHa X IpHHAJA 3Haue-
HHe x,» BJeueT 32 coboH cobbiTHE «BeJHYHHA Y MpHHAJA
3HaYeHue ¢ (x,;)», TO BEPOATHOCTH BO3MOXKHLIX 3HAueHHUH ¥ co-

OTBETCTBEHHO PaBHLl p,, P,, ..., p,. CJeqoBaTesibHO, Marte-
MaTHYecKoe OXHIaHHe (DYHKUHH

n
MIp(X)] = Zl @ (x;) p;. (%)
t=
NMpumep 1. [IuckpeTuasd cayuaiinas eiHudHa X 3agana pacnpefeneHuem
X 1 3 b

p 0,2 05 0,3
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Hafith MateMaTnHuecKkoe OXBAaHHe GyukuHH ¥V =¢ (X)= X211,
Pemenne, HafineM BO3MOXKEBE 3HAUEHHA Y:
e()=1241=2; @(3)=324+1=10;
¢ (5)=>5241=26.
Hcxomoe MaTeMaTHuecKoe OXHIaHHe $PyHKNHE Y pasBHO
M[X24+1]=2.0,24+10.0,64+26.0,3=13,2.

2. lycts aprymMmedTr X—HemnpepoBHasa Cay-
YaHHAad BeAMUYHNHA, 3ajlaHHasA [LJIOTHOCTHIO pacnpexee-
Hus [ (x). JIns OTHICKAHHA MaTeMaTHYeCKOro OXKUAaHHA
¢$yHkuuH Y = @ (X) MOXHO cHayaJla HAHTH NJOTHOCTH pac-
npenesieHna g(y) BeJUuUHHBL Y, a 3aTeM BOCTNOJBL30BAaThLCH
Popmy.oit

M)=\ ygw) dy.

OnHako eclH oThiCKaHHe (YHKUHH g(y) fABAsiercs 3aTpyl-
HHTEJNLHEIM, TO MOXXHO HeNnoCpeACTREHHO HAaHTH MaTeMaTHue-
CKoe oXHaaHue (yHKUMH @ (X) 1o ¢opmyle

o

Mo X)l= § 9 () fx)dx.

- 0

B uacTHocTH, ecqin BO3MOXKHBIe 3HaueHHs X IMpHHaAJeXar
HHTEpBRAaNY (a, b), TO

b
Mg X)]={ o (0 f (x)dx. ()

Onyckas N0KasaTeJbCTBO, 3aMETHM, YTO OHO aHaJOrHYHO
J0Ka3aTeJbCTBY (OPMYJH (%), €CJH 3aMEHHTb CYMMHpOBa-

HHe HMHTETPHPOBAHHEM, 3@ BE€POSATHOCTH — IJIEMEHTOM BEPOAT-
HocTH [ (x) Ax.

Npumep 2. HenpeprieHas cnyuaiinan eeauuuHa X 3apaHa njoT-
HOCTBIO pacnpeleneHun f{x)=—sinx B wuureppane (0, m/2); BHe 3TOTO
AHTeppana [(x)=0. Halitm MareMaTHuecKoe OXHIaHHe (QYHKUHH
Y =9 (X)= X2

Pewenne. Bocnoasayemcs dopmynoft (x+). Ilo ycaoeuio, f(x) =
= sinx, @ (¥)=x2% a=0, b=mn/2. CienoratennHo,

/2
Mg (X)]= S x? sin xdx.
0
HuTterpupya no uacTam, nojJyuyHM HCKOMOE MAaTEMATHYECKOE OXKHAAHHE
M[X?]=n—2.
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§ 12. PyHkumsa paByX ciay4afiHbBIX aprymeHTOB.
PacnpeneneHne cymMmmMbl He3aaBHCHMBIX ClaraemMbix,
YCTOHYHMBOCTD HOPMAJABHOrO pacnpeneseHus

Ecan kaxaoll nape BO3MOXHBIX 3HAYEHHi ciayyafi-
HbIX BeJHYHH X U Y COOTBETCTBYET OAHO BO3MOXKHOE 3Ha-
YeHHe CJydYaHHO# BeJIHYHHbL Z, TO Z Ha3blBalOT @QyHKyuel
dsyx caydatineix apeymenmos X u Y

Z=¢ (X, Y).

Jlanee Ha npuMmepax Oyaer MoKasaHo, KakK HaliTu pac-
npejeseHde pyHkuuu Z=X-+Y 1O H3BECTHBIM pacnpeje-
JIEHUAM cJjaraemblx. Takasli 3aJaya 4acTC BCTpevYaeTcA Ha
npaktuke. Hanpumep, ecsm X —norpeiliHocTh NOKa3aHHUH
HW3MepUTeabHOro npubopa (pacnpeiiesieHa HOpPMaJbHO), Y —
NMOrpelllHoCTh OKPYIJIEHHA MNOKa3aHHH A0 OuuKaillero jaeJe-
HUA 1IKajbl (pacrnpefie/leHA paBHOMEPHO), TO BO3HHKaer
3aJaya — HAaUTH 3aKOH paclpeleseHHs] CyMMBl NorpeuiHocTel
Z=X-1|Y.

1. Ilycts X U Y—AUCKpeTHBe HE3aBHCHMBEIE
cCAyyaHHble BeJHUYHHB. Hdasa Ttoro 4rolfbl cOCTaBUTH

3aKOH pacnpefeneHusi pyHKuun Z= X-Y, Haac HaHTH Bce
BO3MOXKHbIE 3HAYEHHA Z M HX BEePOSATHOCTH.

Npumep 1. HucKpeTHbie He3aBHCHMBIE CJY4YaHHble BeJHYHHbI 3a/aHbl
pacnperesieHHsIMHU:

X 1 2 4 3 4
P 0,4 0,6 P 0,2 0,8

CocrtaBuTe pacnpeleneHHe ciyualHo#il BenHudHsl Z= XY,
PeuweHdue. BoaMoxHbe 3HaueHHS Z eCTb CYMMbI KaJOro BO3MOXK-
HOro 3nadenvs X CO BCEMH BO3MOMHDLIMH 3HAuYeHWAMH Y:

2y =143=4; z=1-+4=5; 2,=2-+3=5; z,=2--4=6,

Hailizem BeposiTHOCTH 3THX BO3MOXKHBLIX 3HaueHHi. das toro 4roGhi
Z=4, 1nocratoyHo, utoGBn BeqHudHa X nOpuHAA2 3HaueHHe Xy=1[ H
BeJIHUWHA Y — 3HaueHHe y;=23. BeposTHOCTH 3THX BO3IMOXKHBIX 3Haue-

HHil, KaK cjejyerT H3 JaHHBIX 33aKOHOB pacrnpefefleHis, COOTBeTCTBEHHO
paeuu 0,4 u 0,2,

ApryMmedtsl X H Y HesasucHMBI, nostoMy coObiTH X=1 u ¥ =3
He3aaBHCHMBI H, CJAEZ0BAaTeJIbHO, BePORTHOCTb HX COBMECTHOIO HacTymJe-
HHs (T. e. BepOATHOCTL COOBITHS Z=1-4 3=4) no TeopeMe YMHOMECHHA

paBHa 0,4.0,2=0,08.
AnanoruuHo Hailigem:
P(Z=1+4=5)=0,4.0,8=0,32;
PZ=24 3:5):0,6»0,2——‘0,12;
P(Z=244=06)=0,6-0,8=0,48.
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Hannwmem nckoMmoe pacnpellenenue, CNOXKHB NPEABAPHUTENLHO BEpOAT-
HOCTH HECOBMECTHHX cobmtiii Z=2,, Z=124 (0,32+0,12=0,44):

Z 4 5 6
p 0,08 0,44 0,48

Koutpoas: 0,0840,44-40,48=1.

2. Ilycte X u Y—HenpepHBHLHE CJAYYaHHBIE
BenaHUYHHH. JlokazaHo: ecaH X W Y He3aBHCHMbI, TO
MJOTHOCTL pacnpeseneHus g(z) cyMmol Z=X-+4Y (npu
YCJIOBHH, 4TO NAQOTHOCTbH XOTA OBl OAHOTO H3 apryMeHTOB
3ajJaHa Ha HHTepBaae (— oo, oco) OJAHOH (GopMYyJIOH) MOXKET
O6bITh HafifleHa C NOMOUbLIO pPaBeHCTBA

o

g@={ 1,0 f.(z—x)dx (¥)

- D

JIH60 C TOMOIbI) PAaBHOCH/BHOI'O PABEHCTBA

=)

g@= .= (ndy, ()

- Qb

rae f,, f,—nJaOTHOCTH pacnpenesieHUsi apryMeHTOB.
Ecnn BoaMoXxHBIe 3HaUeHHsI apryMeHTOB HEOTPHIATE/bHHI,
TO g(2) HaxomsAT No dopmyJie

g@) = F,(0f. (z—x) dx, (%)
0

aubo no paBHOCHJbLHOH opmyae

z

g@)=\f(z—yf. (v dy. (2%)

0

IlnoTHoCTL pacnpefesieHHs] CYMMBI He3aBHCHMBIX cJiydaii-
HbiX BEJIMYHH Ha3BIRAIOT KOMroduyuel.

3axoH pacnpefle/leHUst BEpPOATHOCTEH HA3BLIBAIOT YCmMoLi-
4uUBbIM, €CJIH KOMIIO3HIIUA TAaKHX 3aKOHOB CThb TOT JKe 3aKOH
(oranyaromuiicsi, BoobGile ropops, napamerpamu). Hopmans-
Hhlfi 3aKoH ofJsaZlaeT CBOHCTBOM YCTOHUYHBOCTH: KOMMO3HIHA
HOPMAJIbHBLIX 32KOHOB TaKyKe IHMeeT HOPMaJlbHOe pachnpejie-
JeHHe (MaTeMaTHMyecKoe OXHAaHWe U JUCHepcusa 3ToH KOM-
NMO3HUHH pPaBHH COOTBETCTBEHHO CYMMaM MaTeMaTHYecKHX
OXMIaHuH H AucrnepcHuii caaraemelx). Hanpumep, ecau X
Y — HesaBHcuMBle cJ/yualiHble BEJWYHHEL, paclpefie/leHHble
HOPMAaJIbHO C MaTeMaTHYECKWMH OMUJAHUAMH W JAUCHep-
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CHAMH, COOTBETCTBEHHO paBHBIMH a,=3, a,=4, D,=1,
D,= 0,5, To KOMOO3HUHS 3THX BeJHUHH (T. €. MAOCTHOCTH
BEPOSITHOCTH cYMMHL Z = X --Y) Takxe pacnpeliesieHa HOp-
MaJbHO, ‘IPHYEM MaTeMaTHUYeCKoe OoXKHJaHHe W AHCHepCHH
KOMITO3HUMH COOTBETCTBEHHO paBHH a=3-+4=7; D=1 +
+0,5=1,5.

Mpumep 2. HeaaBucumuoie cayvafinbe Beanunin X u Y 3afann
NJIOTHOCTSIMK paclpefeseruii:

f(x)r—%e“”’ O<x < o)
f(y)=-—}e‘”" O<y < o).

HafTh KOMNO3MIHIO 3THX 3aKOHOB, T. €, IJIOTHCOCTh pacrnpelelieHHs cly-
yafiHo# BeJHUYHHB Z=X V.

Pemenue. Bo3aMmoxHble 3illaueHHSI apryMeHTOB HEOTDHHATEJbHHL,
NO3TOMY BOCTOJb3yeMCSl (QOPMYJION (%)

z 2

g@)= § (%) fa (z—x) dx=§ [-é—e“‘ﬂ'] [.i_ e-—(z—x)/s] dx —=

F4
| ;
=_l_2 e—zf4 §e—x/12 dx:e—z/d (1 _e—zllz)_

3ameruM, uro 3xeck 2=0, Tak kak Z=X-+Y H, no ycioBHio, BOS-
MoHHe 3HauenHs X u Y HeoTpHuarvenbHbl.
PexoMennyem unTaTeno njis KOHTpoas yOedHTLCH, uTO

o0

Sg(z)dz:l.
0

B cuoepyromux jAanee naparpadax KpaTKO OMHUCAHBI pac-
Npelle/ieHHA, CBA3aHHBIE C HOPMAJdbHLIM, KOTOpble OVAyT
HCNO/Ib30BAHBl NPH H3JIOXKEHHH MaTeMaTHYECKOH CTATHCTHKH.

§ 13. PacnpepefeHve «XH KBajpaT»

Myers X;(i=1, 2, ..., n)—HOpMaiLHble HE3aBH-
CHMHIe ClyuaiiHble BeJHYHHHI, NPUYEM MaTeMarH4YeCKoe OXKH-
JaHue KaJIoil U3 HUX PaBHO HYJ/IO, a CpPeiHee KBAaJpaTH-
yeckoe OTKJOHeHHe —eduHHUe. Torga cymMMa KBajpaToB
9THX BeNHUHH
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pacnpefieieHa mo 3aKOHY %% («XM KBajapat») ¢ k=n cTele-
HAMH CBOGOXBI; €CJH K€ 3TH BeJHYHHH CBA3AHBI OIHHM JIH-

HellHhIM COOTHOLeHHeM, Hanpumep X X;=nX, To ugHCJIO
ctenedelt cpoboanl k=n—1

I1notHocTs 3TOrO pacnpepe/eHus
0 npu x <0,
f(x)= I e-#2 k=1 py x>0
2% (1 /2) P '

rae I'(x) = g (*~le-!d{—ramMa-QyHKUHSA, B 4YaCTHOCTH,
0
I'in+1)=nl!.

Orcrona BuzHO, 4TO paciipejesNeHHe «XH KBaJApaT» oImpe-
AENeTCa OJHHUM NapaMeTpPOM-—4YHCJOM cTeneHeh cBoOolHl k.

C yBe/nueHHeM 4HCJsa cTeneHell cBOGOABl pacrnpefe/ieHHE
MeIJIEeHHO NPHOJAHXKAeTCsl K HOPMaJbLHOMY.

§ 14. Pacnpenenenue CrbroneHTa

[Tycte Z —HopmanbHas caydaiiHasl BeJIMYHMHE, IPHUYEM
M(Z)=0, o(Z)=1, a V-—nHe3apucumas or Z BeJHYHHA,
KOTopaA pacrnpefle/leHa MO 3aKoHY %2 ¢ k CTeneHAMH CBO-
Goaui. Torpa BeMuuHa

VA

Vi )

T

HMeeT pachpejesieHHe, KOTOpOe Ha3blBAIOT f-pacripejie/leHHeM
WK paciipenesedveM CTblOfeHTa (MCeBAOHHM AHIVIMACKOIO
citatuctidka B. Toccera), ¢ k& crenessiMu cBoGoaw!.

Hrtak, oTHoOllleHHe HOPMHPOBaHHOH HOPMANbHOH BeTHYHHBI
K KBaJIpaTHOMY KOPHIO H3 He3aBHCHMOH cJy4yanHo# BesH-
YHHbI, pacnpejefieHHOH Mo 3aKOHY «XM KBaApaT» ¢ k crene-
HAMH cBOOOAbI, JeJIeHHOH Ha kR, pacrnpefie/leHO MO 3aKOHY
CtblofieHTa ¢ R cTeneHsIMH CBOGOILI.

C BospacTaHueM yHcJaa cteneHeil cBobolbl pacnpeselieHue
CrerogeHta OricTpo nmpuOauKaetrcsd K HopMmaabHomy. Honoda-

HHTeJIbHble CBeJeHHS 00 3TOM pachnpefe/eHUH TPHUBeleHH
nanee (cm. ra, XVI, § 16).
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§ 15. Pacnpeneasenne F dumepa — CHenexopa

Ecnu U u V—mnesaBucumble ciydafinne BeJIHIHHHI,

pacnpeefieHHbe TI0 3aKOHY y® CO CTENMeHAMH CBOGOAH &, H k,,
TO BEJHIHHA
Ulk
F == Ul

HMeeT pachnpefefieHHe, KOTOpOe Ha3LIBAlOT pacnpeneseHHeM F

¢dumepa—CHezexopa co creneHsAMH cBOOOAH R, H R, (HHOrIA
ero 0003HaualT uepe3 V2),

IlnoTHOCTB 3TOrO pacnpefneseHHs

0 npu x<0,
f(x)= Aka-2)2
Co Gt mamEe

apH x > 0,

I’ (k1/2) T (k4/2) *

C,=

Mu BuinM, uTo pacnpeznenenve F onpenensercsa AByMd napa-
METpaMH —UHc/aaMH  cTenenel cBobonbl. JlomoaHUTENbHBIE

CBeJleHHA 00 3TOM pacrhpenesieHHH MpPHBEIEHH Jlanee (CM,
ra. XIX, § 8).

3anauu

1. Hafith maTemaTHuecKoe OXHJaHHe H AUCepCHI0 Caydaiirofi
BeHURHE X, 3Has e¢ IJVIOTHOCTHL pacnpejiefieHHns:
f

|
a X)=——o—— npu —1<x<1, f(xX)=0 npr OCTaNbLHHX
) F )= F()=0 np

SHAYEHHAX X;

6) f(x)=—il—f- npy a—!legx<sat!, f(x)=0 npn ocranbHuX 3Ha-
YeHHAX X.

Oms. a) M (X)=0, D(X)=1/2; 6) M(X)=a, D(X)=12/3.

2. Cayuahivas' BenHuuHa X pacnpeaenesa HopManbHo. MartemarH-
YeCKoe OXHJlaHHE M cpefHee KBaJpaTHYECKOE OTKJIOHEHME 3TOH BeJHYMHH
COOTBETCTREHHO paBHbl 6 B 2. Halith BeposATHOCTH TOro, 4TO B pe3yib-
Tare HCOHITaHHA X NpHMET 3HaueHHe, 3aKJUeHHOEe B uHTepBase (4,8).

Oma. 0,6826.

3. Cnyuafinan BeJlMuMHA pacnpefiesieHa HopManabHo. CpefHee KBaj-
paTHYECKOE OTKJIOHeHHE 3TOfl BeJHuHHH paBHo (0,4, HafiTh BeposTHOCTB
TOTO, 4TO OTKJ/IOHEHHe ciydafiHoll BEJIHYHHH OT ee MATeMaTHYeCKOTO OXKH-

AaHHa no abcoaoTHON BeslHUHHe 6yaer mennwe 0,3.
Oma. 0,5468,
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4. CayyafiHule owHGKH HaMepeHRs MOAYHHEHD HOPMAJNbHOMY 3aKOHY
CO CpeNHHM KBaApaTHuYeCKHM OTKJOHCHHeM O==] MM H MaTeMaTHYeCKHM
oxujaaHueM a=0. Haiith BepoATHOCTL TOrn, YTa H3 ABYX HE3aBHCHMBIX
HaGJIONeHHIA omKHGKa xoTsi Obl OJHOro M3 HHX He TMpeB3oiiger no abco-
aoTHo#R Benuuuue [,28 MM.

Oms. 0,96,

5. BaAHKH, H3roTOBJsSIeMble aBTOMATOM, CUYHTAKITCA CTaHJapPTHLIMH,
eCAH OTKJOHeHHE JHaMeTDa BaJHKa OT NPOEKTHOTO paimepa He npeBbl-
waeT 2 mMM. CavuajiHble OTKJ/AOHEHHS JHaMeTpa Ba/IHKOB [IOA4HISOTCH
HOPMaJIbROMY 32KOHYV CO CPE/HHM KBaipaTHYeCKIM OTKJIOHeHHeM 0 = [ ,6 MM
M MalemMaTHYeCKHM OoxHMasHem a==0. CKONbKO NPOUEHTOB CTaHNAPTHBIX
BAJIMKNB H3roToBAsIeT aBTOMarT?

Oms. TlpumepHo 79%.

6. /InckpeTtHasa cayuaifinan Beanuuna X 3ajaHa 3aKoHOM pacipefe-
JIeHH .

ay X 1 2 3 6) X —1 1 2
p 0,2 0,1 0,7 p 0,1 0,2 0,7
Haditn 3akon pacnpegenennst cayuafinofi peauunun Y == X4,
Oms. a) Y 1 16  8I 6Y |1 16
p 0,2 0,1 0,7 p 0,3 0,7

7. HenpepsiBtias cayuafihas sennunmHa X 3afaHa IJIOTHOCTBIO pac-

npeneseHu s f(x) Hafiru auddepenumnansuyio ¢dyHxkumio g (y) cayuaiivoi
BeJIHUHHB Y, ecau:

a) Y=X+ I(— o <x< o) 6) V=2X(—a<x<a}
Oms. a) g(y)=fl(y-—1) (— o <y < o)
6} g(y)zgf(%)(—% < y < 2a).

8. He3aBucHMble QHCKpeTHbIC CJHyYadible BeJIHUMHBL 3ajaHul Cjaelyio-
IHMH 33aKOHaMH pacrnpeaescHHs:

X 2 3 5 Y [ 4
p 0,3 0,6 0,2 p 0,2 0,8
Haiitu 3axk H&ul pacnpenenenus (byHKLu«m a) Z=X-}Y; 6) Z=XY.
Oms. a) Z 3 4 7 9
p 0,06 0,10 0,28 0,40 0,16
6 Z 2 3 5 8 12 20
p 0,06 0,10 0,04 0,24 0,40 0,!6

9. HezaBucumble cavuaiinbie BenHudasl X H Y 3ajaHbl nJo. 10CTAMH
pacnpeaenenuii

frlx) =5 (0<x < w);

ml—- w[—-

fo()=—e ¥ (0<y < o).

HaftitH KOMNO3HUHIO 3THX 3aKOHOB, T. €. MJIOTHOCTb PacnpeneseHHsA
caydyaiHok BeaHuumuel Z=X-{VY,

[ —-2Z/B —22/15
_—e 1l —e npu z>=0;
Oms, g(@=1 2 ( )
0 npu 2 < 0.
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lnaBa TpuHapuatas
NOKA3ATEJIbHOE PACNPEREJNEHHE

§ 1. OnpegeneHue MOKa3aTeNbHOTO pacnpeleNeHKRNA

[lokasameavrnoim  (3xcnonenyuassHotm) Ha3HIBAIOT
pacnpele/leHHE BepOATHOCTEH HenpepblBHON C/YUaHHOH BEJIH-
4HHbl X, KOTOpOe ONMMCHLIBAETCH IJOTHOCTLIO

f () 0 npu x <0,
X)) =
Ae-** mpu x=0,
rje A—TOCTOAHHAA MOJOXUTE/JbHAA BeJIHYHHA.
Mbl BHAMM, YTO MNOKasaTeJbHOE paclpejelieHue onpeje-

JsieTcA o AH UM napaMerpoMm A. 3ta 0coGEHHOCTL IOKa3a-
TEJbHOTO pacnpeje/NeHHss YKasblBaeT Ha ero MPEeHMYLLeCTBO

T(x) Fix)
1 1IN——————= =~

i) 0

Puc. 12

MO CpaBHEHHUIO ¢ pacnpefe/eHUAMH, 3aBUCHAILHMH OT 6OJb-
mero u4ucsa mnapametpoB. O6LIYHO napaMeTrpsl HEH3BECTHHI
H MPHUXOJHTCA HAXOMAUTL MX OUEHKU (npHOJ/INIKEHHBIe 3Haye-
HHA); pa3yMeercs, Mpollle OLEeHWTh OIWH MapaMerp, uYeM JBa
HAKH TPpH W T. 1. [IpuMepoM HenpepnIsHON cAyuyalHOH BeJIH-
YHHBI, pacnpefie/leHHOH MO MOKas3aTe/IbHOMY 3aKOHY, MOMKET
C/IYKHTb BpeMfA Me X 1y NOoABJeHHAMH ABYX NOCJeN0BATENb-
HbIX COOBLITHH NpocTeliliero moroka (cm. § 5).
HaiineM QyHKHio pacnpezesneHus NoKa3aTesbHOMO 3aKOHA
(cMm. . XI, § 3):
X 0 X
Fy=§ Fde= § odx +a {e-Mdx=1—e-n.
- - 0
H1axk,
0 npu x <0,

l—e-** ngpun x=0.

F(x)::{
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MBI onpeesH/IH NOKA3aTeNbHBIH 3aKOH € NMOMOILLID [JIOT-
HOCTH pacnpefejieHHs; sCHO, 4TO €r0 MOXKHO OIpeAeNHUTh,
HCIONb3YA (PYHKLHIO pacnpeRelieHns.

I'padpuku MIOTHOCTH W QYHKUMH pacnpejie/lenus MoKasa-
TEJBHOr0 3aKOHA H300paKeHHl HA pHc. 12.

Mpumep. Hanucate mioTHOCTh # (PYBKUHIO pacnpeleieHnsa nNoKasa-
TEJBHOTO 3aKOHa, ecJn napamerp A=3_,
Pewe #ue. OueBngHo, HCKOMasi NJAOTHOCTE pachipeneeHHs

f(x)=8e~3% npu x=0; f(x)=0 npun x < 0.
Hckoman PpyRKuUHA pacnpeneseHHS
F(x)=1—e=8% npu x=0; F(x)=0 npn x <0,

§ 2. BeposTHOCTL NonajaHMA B 3aAaHHBIR
HHTepBaN nNOKA3aTeJbHO PpacnpefeNeHHOoR
CAYHAWHOH BeJMYHHBI

Hafinem BepoaTHOCTL moniajaHusi B HHTEpBaa (a, b)
HenpepeIBHOW CJAyuailHOH BeJuduHbl X, Koropas pacrpele-
JIEHa [0 [10Ka3aTe/IbHOMY 3aKOHYy, 3aJaHHOMY ¢QyHKIHEH
pacnpeneneHusi

F(xy=1—e-*(x=0).
Hicnons3yem dopmyay (cm. ra. X, § 2, caencreue 1)

P(a< X < b)=F (b)—F (a).

Yuurteieana, uto Fla)=1—e*, F(b)=1—e*, nonyuum
Pla< X <b)y=e-2._e-R (%)
3HayeHHs QYHKIUH e€~* HaxoasT no Tabauue.

Mpumep. Henpepwpenass cayuaiHana BeaHuHwHa X pacnpefiejieHa no
NoKa3aTeIbHOMY 3aKOHY

F{x)==2e~2% npu x==0; f(x)=0 npu x < 0.
HafiTu mBepoATHOCTL TOro, 4TO B pe3yabTarTe HCNbLITaHHs X nonajaer

B uxrepsan (0,3, ).
Pemenne. [To ycnoBuio, A=2. Bocnoabayemca dopmynoit (=):

PO3<X<)=e 20D _o=(1) _o=00__o-2.
=0,54881 —0,13534 == 0,41.
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§ 3. Uncaosble XapaKTepHCTHKM MOKa3aTeaLHOro
pacnpenesenua

Ilycts HenpepbiBHas ciayuaiiHas BeJnuynHa X pac-
npeieneHa no NoKasaTeJbHOMY 3aKOHY

0 npu x <0,
F(x)=1 pe-r= npu x>=0.

HaiizeM MaTtemaTHueckKoe oxufaHue (cM. ra. XII, § 1):

M (Xy = xf (x)dx =2\ xe-*+dx.
g 0

Hurerpupys no uacram, nosyuyum
M (X) = 1/A. (%)

TakuM o6pazom, mamemamuieckoe OIUOAHUE HOKABAMEAb-
HO20 pacnpedeaenus pasHo obpammuoti seaudure napamempa A.
Ha#ipem pucnepcuio (cm. ra. XII, § 1):

[ o)

D (X) = xof (x) dx—[M (X)]2 =1 § xre-Prdx—1/02.

0 0

Hurerpupysa no uactsaMm, noayyum

[ +)

A S x2e~rdyx = 2/A2,
0
CirenoBaTesibHO,

D(X)=1/Az

HaiineM cpeanee kBajpaTuueckoe OTKJ/OHEHHe, AJIf UYero
H3BJeyeM KBaJPaTHBLIH KOPeHb H3 JAHCHEpPCHH:

o (X)=1/A. (%)
CpaBHHBana (%) H (%), 3akJI04aeM, 4TO
M (X)=0a(X)= 1/A,

T. €. MamemamuuecKoe oxudanue u cpedsee KBadpamuvecKoe
OMKACHEHUE NOKA3AMEAbHO20 pPACnpelesesus’ pasHbl Moy
coboli.

ITpumep. HenpepniBHas cayuaiiHas BeanuuHa X pacnpepeseHa mo
NOKAa3aTeIbHOMY 3aKOHY

F(x)=>5e=5% npu x=0; f(x)=0 npu x <0,
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Ha#ith matemaTHueckoe OXujaHue, cpefHée KBAAPATHUECKOE OTKJOHEeHHE
4 pucnepcHio X.

Pewenne. INo yciosmo, A==D5. Cirenosarenbo,
M(X)=0(X)=1/A=1/0=02;
D (X)=1/A2=1/62=0,04.
3aMevanue I. IycTs Ha MNpaKTHKE H3yuyaeTcsil [OKa3aTeJbHO
pacfipegesedHas caydaiiHag BeJlHMHHAa, TpPHYEM NapaMeTp A HeH3BeCTeH.

Ecnu mMaremarnueckoe oKuaaHHe TaKKe HEH3BeCTHO, TO HAXOAAT €ro
OleHKY (npuOAMIKeHHOE 3HAa4CeHHE), B KayecrBe KOTOpOH NPHHHMAIOT

BoiGopounyio cpeauwowo x (cMm. ra. XVI, § 5). Taorna npubanikeHHoe 3Ha-
YeHHe NnapaMeTpa A HaXOASIT C NOMOLLLIC PaBeHCTBA

A*= 1/x.

3BamMeuaunune 2, JlonycTHM, HMeIOTCA OCHOBAHHS MPEIIO/JI0KHTD,
YTO H3yyaemasi Ha MpaxkTHKe caydaiiHas BellHUHHaZ HMEET noka3saTe/ibHoe
pacnpeaeaenne. na Tero utcOb; NPOBEPHTL 3Ty THIOTE3Y, HAXOAAT
OLUEHKH MaTeMaTHUeCKOIro OXHAAaHHs M CpeAHero KBajapaTHueCKOro OTKJO-
HEeHHsi, T. €. HaxoAAT BLIGCPOUHYIO CPELHION H BBIGOPOYHOE cpeaHee
KpaJlpaTHueckoe OTKJMOHeHHe (cM. ra, XVI, § 5, 9). Maremaruueckoe
OXKHAAHHE M CpejHee KBaJpaTHUCCKGE OTKJOHEHHE MOKa3aTelnHOro pac-
npefesieHHs pasHul MeXcxy CO60H, NOSTOMY HX OU®HKH JOJNKHBL paziu-
YaThCA le3HaUYHTeNIbHO., EC/AH OUEeHKH OKaKyTcsl OMH3IKMMH OfHa K apy-
rofi, TO manHble HaG/OJeHHH [OATBEPIKAAIOT [HIIOTEIY O NMOKa3aTeJALHOM
pacnpeieneHHH H3yuyaeMoil BEJIHYMHBI; €CJH K€ OUEHKH pa3auuaiorca
CYIRECTBEHHO, TO THNOTe3y CJelyeT OTBEpPrHYTH.

ITokasaTeabHoe pacnpefie/ieHde WHPOKO MpPUMeHsieTcH B

NnpuAOKeHUAXx, B YAaCTHOCTH B TeOPHH HAJeXHOCTH, OIJHHM

H3 OCHOBHbIX MOHAITHA KOTOpPOH fABAfeTcA (YHKUUA HAAEK-
HOCTH.

§ 4. PYyHKUHA HANEKHOCTH

byaeM Ha3bBaTb 34eMeHMOM HEKOTOPOE YCTPOHCTBO
HE3aBHCHMO OT TOrO, «IIPOCTOE» OHO HWJIH «CJAOXKHOE»,

[lycTb a3nieMeHT HauuHaeT paboTaTh B MOMEHT BpeMeHH {,=0,
a 10 HCTeYeHHH BpeMeHH JJINTeJbHOCTbIO [ TPOHCXOJHT OTKa3.
O6o3nauum yepe3 T HenpephIBHYK C/AYYAHHYIO BRJHYHHY —
JJHTENBHOCTL BpeMeHH Oe30Tka3Hoi pabGoTei sjeMenTa. Ecin
3teMEHT npopadoran 06e30TKa3HO (10 HACTYNJIEHWA OTKa3a)
Bpe€Msi, MeHblllee f, To, CJ/elOBaTe/]bHO, 3a BpeMsA AJHTENb-
HOCTbIO [ HACTYIIHT OTKa3.

Takum oGpazom, pyHkuua pacnpegenenun F ({)=P (T < t)
onpeje/ifeT BE pOATHOCTbL OTKa3a 3a BpeMsA NJHTEIb-
Hoctoto ¢. CiieloBare/ibHO, BEPOSITHOCTb Ge30TKa3HOH paboThi
332 3TO Xe BpeMs AJHUTeJBHOCTLIO f, T. €. BepOATHOCTb NPO-
THBOMOJOXHOro cobpitua 7 > {, paBHa

R(t)-=P(T > t)=1—F (I). (%)
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Dyuxyueii nadexmrnocmu R (1) HaswiBawoT $yhKiuio, onpe-
JENSOILYI0 BepOSITHOCTb Ge30TkasHoit paGoThl 3/leMeHTa 3a
BpeMsl JAJIUTEJLHOCTBIO £:

R{({)=P(T >1).

§ 5. MokasaTeJbHBIR 3aKOH HajeXKHOCTH

Hacto aautesbHOCTE BpeMeHU Ge30TKa3HOH paGoThl
9JieMeHTa HMeeT MHoKasaTte/ibHOe paclpefiefieie, (QyHKUHA
pacnpelileIeHHA KOTOPOro

F(y=1—e™M,

CienoBatelibHO, B CHJY COOTHOUIGHHA (%) NpeauAyHiero mna-
parpada ¢yHKUMA HANEXKHOCTH B cJydae [MOKA3aTeNILHOTO

pacnpefie/ieHusi BpeMeHH Oe30TKa3HoH palGoTHl 3JeMeHTa
MMEeT BHJ

Rt)=1—F({)=1—(1—eM)=eM,

Ilokasameabroim 3aKOHOM HaOexcHOCMU HASBIBAIOT (PYHK-
IIHIO HaXeXHOCTH, ONpeleNieMyl0 PaBEHCTBOM

R (t)y=eM, (%)

rge A—HHTEHCHBHOCTh OTKAa30B.

Kak caenyer u3 onpeneneHHA (QyHKIHH HAJEMHOCTH
(cM. § 4), 3Ta dopMysia nos3BossieT HAHTH BePOATHOCTb 6e3-
OTKa3HOW paboThl 3/leMeHTa Ha WHTepBaJje BpeMeHH JJIUTENb-
HOCTBIO f, ec/ii BpeMsi Oe30TKas3HOH paforThl uUMeeT. MoKa3sa-
TeJbHOE paclipejesieHue.

Mpumep. Bpems Oe3oTka3zHol paGoThl sJeMeHTa paclipegeieHo Mo
noKa3aTeJiIbHOMY 3akoHy f (f) =0,02e 0,02t qpp ¢ = 0 ({ —Bpema). Haiitu
BEpOSITHOCTE TOrO, 4TO ajleMeHT npopaGoraer Geaorkasxwo 100 u.

Pewenue Tlo ycIoBHIO, TNOCTONHHAS MHTEHCHBHOCTD OTKa30B
A=0,02. BocnoabsyeMmcst opuyaoh (+):

R (100) =e~9-02:100 _o—2__0, 13534,

Hckomas BepoaTHoeTs TOro, 4TO 31eMEHT npopaboraeT Ge30TKA3HO
100 u, npuGauxenHo pasHa 0,14.

3dameuanHe, FEcaM oTka3dsl 3M1eMEHTOB B CJayuyafiHble MOMEHTH
BpeMeHu o06pa3syloT npocrefiiuii noTok, To BEPOATHOCTHL TOrC, 4TO 32
BpeMs JJIMTEJBHOCTBIO !/ He HACTYMHT HH OJHOTO OTKasza (cm. ra. VI, § 6),

P (0)=eM

4TO corjacyercs ¢ paBeHCTBOM (%), MOCKOJbKY A B oGeHX ¢opmynax
HMEeT OfHH M TOT Xe CMbLIC] (NOCTOSAHHAs HHTEHCHBHOCTL OTKAa30s).
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§ 6. XapaxkrepucrTrHueckoe cCBORCTBO NOKA3ATEALHOr0
3AKOHA HAJNEKHOCTH

IToxasaTtenbHuili 3aKOH HaleXHOCTH BeCchMa NpOCT
H ynoOeH nas pelieHHs 33434, BO3HHKAIOILHX HA NMpaKTHKe.
Ouexb MHOTHe (OPMYJH TEOPHH HANEKHOCTH 3HAUUTESBHO
ynpoiaorci. O6bACHAETCS 3TO TeM, YTO ITOT 3aKOH obJa-
JaeT CJelyIOllHM BaKHBIM CBOHCTBOM: éepoamuocme bGesom-
Ka3HoOU pabombt 9AeMeHmMA HA UHmMepsase spemert Oaumens-
HOCMIbIO | He 3asucum om 8pemeruU npeduiecmsyrowieli pabomot
00 Ha4aira paccMampueaemoz0 UHMepeasa, a 3a8UcUm MoOAbKO
om OaumeabHocmu 8pemenu ¢ (npu 3ajJaHHOH HMHTeHCHBHO-
CTH OTKa3oB A).

Iasi nokasarenbcTBa CcBOHCTBAa BBeleM O0O3HaueHHS cO-
GLITHH:

A —O6Ge3orkasHaa pabGora 3jeMeHTa Ha uHtepBane (0, f,)
AnHTeNbHOCTBIO f,; B—O6e3oTKkasHasd pabora Ha HHTEpBaJe
(t,, to-+t) anutenpHocThio {. Torna AB-—O0e3oTka3Hana pa-
6ora Ha uHTepBane (0, {,-+{) AnuTeabHOCTBIO [y £,

( HajizeM BeposiTHoCTH 3THX coOwiTHEE 1o ¢opMyJe (x)
cMm. § 5):

P{A)=e"M:, P(B)=e-M,
P (AB) =e-*te+!) —eg-Mog—A,

HaiineM yc/JIOBHYIO BepOSITHOCThL TOrO, YTO 3J1€MeHT OyneTr
pab6oraTh 6e30TKa3HO Ha HHTepBaJe (I,, {,- ) 1pH yCJOBHH,
YTO OH YyXe mnpopabotas Ge30TKazHO Ha MpeAlIecTBYOLEM
HHTepBaJe (0, £,) (cm. rn. 111, § 2):

P (AB —Alg oM
PA (B):: P((A)) = - e-lefo

— e"'Avt .

[TonyueHnag d¢opmysia He COREPHKHUT [,, a COAEPXKUT
TOJNbLKO {. DTO H O3HayaeT, YTO BpeMs paboTbl Ha mpeallecT-
ByHOllleM HHTEpBaJie HE CKa3LBAETCSl HA BeJIHYHHE BePOsATHO-
cTH 6e30TKa3HoH paboTH Ha noclJieAylolleM HHTepBale, a
3aBHCHT TOJIbKO OT JJHHBL MOCJIEeAYIOIWero HHTEepBaja, 4TO
H TpeboBajJloCch RKOKAa3aTh.

TonyueHHBIN pe3yabTaT MOXKHO cPOpMYJIHPOBATL HECKOJ b~
Ko uHaue, CpaBHuB BepoATHOCTH P (B) =e~M u P, (B)=e~¥,
3aKJIIOYaeM: yCJIOBHAS BepPOSATHOCTbL 0€30TKA3HOH paboTH 3Jie-
MEHTA Ha HHTEpBaJe AJHTEeJbHOCTBIO {, BHUHCJEHHAS B Mpei-
NOJIOXKEeHHH, 4YTO 3JieMeHT npopaboran 6e3oTKasHO Ha npen-
HIeCTBYIOUEM HHTepBaJie, paBHa Ge3yC/IOBHOW BepPOSTHOCTH.
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Hraxk, B cnyuae mnoKa3aTeJbHOTO 33aKOHA HaNeMHOCTH
Oe3oTka3Has paboTa 3JIEMEHTA «B MPONLIOM» HEe CKa3HBaercs
Ha BeJHYHHE BEepPOATHOCTH ero 0e30TKa3HOH paboTrH «B OJH-
XKaiileM Oyayinem»,

3amMeuyaHHne MoXHO /IOK33aTh, YTO pacCMaTpHBRaeMLIM CBOACTBOM
o6sajlaeT TO J BKO mnoOKa3zaTeasHoe pacnpefenenne. Ilosromy ecan Ha
npaxkruiKke niydaeMas ChydafBas BeJIHUHHA STHM CBOACTBOM 00JanaeT, TO
OHa pacnpejeneHa no NokKa3saTeJbHOMY 3akony. Hanpamep, npx aony-
MeHHH, 9TO METEOPHTH pacrnpenesieHbl pPasHOMepPHO B MPOCTPAHCTBE H BO
BpeMEHH, BEPOATHOCThH MOMAaJAHHA METCOpPHTA B KOCMHUYECKH# Kopalas
He 3aBHCHT OT TOTO, MofllajanH MJM He NONARaNH METEOPHMTH B KopalbJn
N0 Hayana paccMaTpuBaeMOrc HHTepBaJa speMedH. CnefopartenbHo, ciay-
YaAHLIE MOMEGHThI BPEMEHH MONAAAHHA METEOPHTOB B KOCMHUECKHH KopabJb
pacnpeneseHnl MO MOKa3’aTeJbHOMY 3aKOHY.

3apaum

1. Hanncare ¢yHKuHio pacnpefienenna F (x) H IJIOTHOCTh
BEPOATHOCTH f (X) HenpepHIBHOA CAydafiHOfi Benmunun X, pacnpenenae-
HOA MO MOKa3aTeJbHOMY 3aKOHYy ¢ mapamerpoM A=05.

Oms. f(x)=5e~5% npu x=0; f(x)=0npn x < 0; F{x)=1—e—5>,

2. Henpepnpnan caydafinas seawunna X pacnpefesieHa no nokKa-
aaresibHOMY 3aKOHY: f (x})=5e~5* npu x =0, f(x)=0 npu x < 0. Hakrn
BEPOATHOCTh TOro, 4YTO B pe3yJbTate BenHTaHHA X nonafer 8 HHTEp-
saa (0,4, 1).

Oms. P(0,4 < X < 1)=0,13.

3. Henpepueuana caydafivas esesnudHa X pacnpelieflieHa no noKasa-
TeNLHOMY 3aKoHy f(x)=4e~4%¥ (x > 0). HafiTn MaTeMaTrueckoe OMXHAA-
HHe, cpejHee KBajpaTHYeCKoe OTKJOHeHHMe M AucnepcHiO X.

Oms. M (X)=0(X)=0,25; D (X)=0,0625.

4. Bpema Oe3oTkasHoR paGoTh 3/eMeHTa pachnpefefieHO NO NOKa3a-
TeabHOMY 3aKouy f(1)==0,01 e—09 ({ ~ 0), rne {—Bpemn, 4. Hafitn
BEpOSITHOCTE TOrO, YTO 3JIeMEHT npopabGoTaer Gesorkasmwo 100 u,

Oms. R (100) =0,37.

I'nasa 4eTrnipHapuarasn

CHCTEMA JIBYX CIYYAAHDBIX BEJIHUHH

§ 1. IlonarHe O cHCTEMEe HECKOABKHX CJayuafiHbhX
BEJHYMH

o cux mnop paccMaTpHBaJiuch CJAy4ailHbe BeJH-
YHHbI, BO3MOXHble 3HAYEHHS KOTOPHIX ONpPEACHsANHCh ONHHM
uncaoM. TakHe BeJIMYMHBEL HA3LIBAIOT oAHOMepHhMH. Hanpn-
MEp, YHCJIO OYKOB, KOTOPOE MOXeT BHIAcTh NpPH GpoCaHUH
MrpanbpHOf KOCTH, — JAHCKPeTHas OZHOMEPHAs BeJHYHHA; pac-
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CTOAHWEe OT OpYIHA NO MecTa maJieHHs CHapsnJa— HernpepbiB-
Has OJHOMEpHAaA CJydadHasi BeJIMYUHA,

KpoMe olHOMEPHBLIX CJyYaHHBIX BEJMYHH H3YyYalOT BeJH-
YHHBI, BO3MOXHbIE 3HauYeHUA KOTOPHLIX ONpeleasiioTcsl ABYMS,
TpeMmd, ..., n uvciamy, Takue BeJHUHHBI HA3LIBAIOTCA COOT-
BETCTBEHHO ABYMEpPHLIMH, TPeXMepHBIMH, ..., M-MePHBIMH,

Byaem obo3nayath yepe3s (X, V) AByMepHYIO CAy4YyaHHYIO
BesinuuHy. Kaxayiwo u3z BeauunH X M VYV HaspBalOT COCTaB-
Jaswoule (KoMnoHeHTo#): ofe sennuyuHsl X M Y, paccmaTpH-
BaeMLle OJHOBpeMeHHO, O0pasyIOT CHCTEMY JABYX CJY4aHHBIX
BeJHYHH. AHA/NOTHYHO 7N-MEPHYIO BeJIMYUHY MOXKHO paccMart-
pHBaTh KakK CHCTeMy n cayuyaiHblX BesaHuuH. Hanpumep,
TpexMepHas BeauudHa (X, Y, Z) onpenessier cucremy Ttpex
Cay4yadHblx BesqHyuH X, Y u Z,

Mpumep. CTanoK-aBTOMAT LITAMIYeT CTAMbHblE NJAHTKH, EclH KoHT-
pPOHPpYeMLIMH DazMepaMH HABJAMIOTCH AJHHA X H wWHpHHA Y, TO HMeeM
ABYMEPHYIO CJayudadHBylo BeJHuBHY (X, Y); ec/aH iKe KOHTPOJHpyeTcH
H BoicoTa Z, TO HMeeM TpexmepHyio Beluunny (X, Y, 2).

IdeymepHyo caysafivyio BeaduyuHy (X, Y) reoMeTpHuecKH MOXKHO
HCTONKOBAaTL AH60 Kak cayyvaiinyio touky M (X, ¥Y) Ha niockocTH (T. e.
KaK TOuYKYy €O CJAYuyaHHBIMH KOOpJAHHATaMH), AHOG0 KaK CAyuyalsbli BEK-

1 p OM. TpexmepHylo cayualiHyio BeJIHUHHY FeOMETDHUYECKH MOXKHO HC-
TOJKOBaTh Kak Touky M (X, Y, Z) B TpexmepHoM NpoCTPaHCTBE MHIH
Kak cekrop OM.

llenecooGpa3no paiiHyaTh AHCKPETHHE (COCTaBJASIOLIHE 3THX BEJH-
YHH JHCKPETHBI) H HenpepbiBHbE (COCTABARIOLIHE STHX BEAHYHH Henpe-
PHIBHbLI) MIOrOMEpPHblie CAYYAHHBE BeJHYHHBI,

§ 2. 3akoH pacnpeneneHus BePOATHOCTEH
AHCKPETHOMH ABYMEPHOR CJAY4aAHHOH BEeJHUHHB!

3akorom pacnpedeseHus TUCKPETHOH IBYMEPHO#’ C1Y-
yafiHOH BeJIMUMHBI HA3LIBAIOT NMepeueHb BOZMOMHBIX 3HAYEHUH
3TOH BeJIHYMHBI, T. e. Nap yHcea (x; Y;) H WX BEpPOATHO-
creit p(x;,, yi=1, 2, ..., n;, j=1, 2, ..., m). O6puno
3aKOH pacripelle/leHHA 3alaiwoT B BHIe TabJAHubl ¢ ABOHHBLIM
BXOJIoM (Taba. 2).

IlepBasa cTpoka TaGJHIbLl COJNEPKUT BCe BO3MOXKHBIE 3HA-
yeHHs cocTapisiiolled X, a nepBuil cTonbei— Bce BO3MOXHbIE
3HauyeHHA cocTasasiowedl Y. B KaeTke, crosilledt Ha nepe-
CEUEeHHH «CTOoa0LA Xx;» H «CTPOKH Y;», YKa3aHa BEpPOATHOCTb
p(x;, Y;) TOro, YTO AByMEpHas cJyuaiiHas BeJIMYHHA MpHMeT
3HaueHue (x;, Y,).

Tak Kak cobuitHn (X =x;, Y=y,)(=1, 2, ..., m
j=1, 2, ..., m)obpasyr noanyw rpynny (cM. ra. 11, § 2),
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TO CYMMa BepOATHOCTeH, MOMELeHHBIX BO BCeX KJeTKax tal-
JHUB, paBHa efHHULE.

Ta6auopa 2
X
Y
Xy Xy .- x‘- - - xn
Yy p(x1, ¥1) p (xa, ¥1) p(x;, ¥1) P (Xn, ¥1)
Yy p(xy, 4p Pz, ) |- Pxiyp) || Pxa y))
YU P (X1, ¥m) P2, Ym) |- P ym) |- P(Xn, Um)

3Hasl 3aKOH pacnpeje/leHHs JAByMEpHO# AHCKpeTHOH cay-
YalilHOH BeJHUYHHBI, MOXHO HAaHTH 3aKOHbl pacnpenie/leHUA
KaxaoH u3 cocrasnawowux. JledcTBuTebHO, HanpuMep, co-
6birust (X=x,; Y =y,), (X=x, Y=y,), ..., (X=x,; Y=y,
HEeCOBMECTHBI, NO3TOMY BepOATHOCTRE P (x,) TOro, 4To X npu-
MeT 3HaueHue X,, 0 Teopeme CJOXKEHHA TAKoBa:

Px)=px, y)+p(x, )+ ... +px, y,).

TakuMm obpa3oM, BeposATHOCTbH TOro, uyro X npuMeT 3Ha-
yexde x,, paBHa CyMMe BepoOsITHOCTeH «ctoqabua x,». B o6-
UeM cJaydae, IJA Toro ytobel HadTH BepoatHocTb P {X =ux,),
Hafo MpPOCYMMHPOBATh BepOSITHOCTH CTOJONA X;. AHAJIOTHYHO

CJIOXKHBE BePOSITHOCTH (CTPOKH Y,», TMOJy4YHM BEPOSTHOCTD
Py =y,).

Mpumep. HafitH 3sakoHbl pacnpeneneHHs] COCTABNSIOWHX ABYMepHOH
CNyuyalHON BeJIHYHHBI, 3ajaHHOH 3AKOHYM pacnpegeseHus (raba. 3).

Pemenne., Croxus BepoATHGCTH No cToabUaM, NMOJAYUHM BEPOST-
HOCTH BO3MOXKHBIX 3HaueHH# X:P (x;) =0,16; P (x;) =0,48; P (x3) ==0,35.
Hanumwem aakou pacnpenenerus cocrasasiiomed X:

P 0,6 048 0,36
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TaGanna g

X
Y
Xy X3 Xy
91 0,10 0,30 0,20
Yz 0,% 0118 0, lﬁ

Koatpoan: 0,164-0,484-0,36=1.
Croxns BepOATHOCTH MO CTPOKAM, NMOJAYUHM BEPOATHOCTH BO3IMOMKHHX

snaveanfi Y: P (y,) =0,60; P (y,) =0,40. Hannwem 3aKOH pacnpeAeseuns
cocrasasiomed Y:

Y Y1 Ys
P 0,60 0,40

Kontpoan 0,6040,40=1.

§ 3. Pynxuua pacnpeneseHn s AByMepHo# cayuainodl
BEAHMMHN

PaccMOTpUM  BYMEpHYIO CJIyYafiHYI0 BeJHYHHY

(X, Y) (6eapaszanuHo, JHCKPETHYI® HJH HENPEePHIBHYIO).

Ilycts x, y—mapa neficTBU-

TeJbHHX uYHceN. BeposTHOCTb

COOBITHA, COCTOSILILETO B TOM,

g10 X NMpHMET 3HAYeHHe, MEHb-

mee x, H NpH 3roM Y TpHMET

\ 3HaYyeHue, MeHbllee Yy, 0603-

& X pauuMm uepes F(x, y). Ecan

\ X W Yy GyRyT H3MEHSThCH, TO,

BooOiie roBopsi, Oyaer H3Me-

\ HATBCA W F(x,y), T. e.

:& N 5(;:, Y) ectb (yHKIHA OT X

Puc. 13 dynkyued pacnpedeserusn

ABYMEPHOH CJIy4aHHOH BeJH-

yuHH (X, YY) HaswmBaor ¢yHKuMio F (x, ), onpenesiomyio

JUIST KaXKAOH napel 4YHCEJN X, Y BEPOATHOCTH TOro, uro X

UpHMeT 3HAYEHHE, MeHbillee x, H IpH 3ToM }V npHMET 3Ha-
yesHe, MeHbIIee y:

Fix, p=P(X<x, Y <y

[eoMeTpHueCKH 3TO PABEHCTBO MOXKHO HCTOJKOBAaTb TaK:
F (x, y) ecTb BepOSITHOCTL TOrO, 4TO cJydaiHas Touka (X, Y)

158

Y




nonajer B 6eCKOHeuHbIH KBaJpaHT c BeplWiHHoh (x, y), pac-

MOJIOKEHHHIH JieBee M HUIKE 3TOH BeplUHHB (puc. 13).
NMpumep. Halitu BeposiTHOCTL TOro, 4TO B Pe3YJAbTATe MCNLITAHHA

cocTapasiomian X AByMepHo#l cayudaiiHod Beaduuust (X, Y) npumer 3ua-

yeHHe X < 2 u npu 3tom cocrasasiomast Y npumer agauenue Y < 3,
ec/IH H3BeCTHa (PYHKUHA paClnpeleseHHs CHCTEMEI

(1 x 1 ! y 1
F (x, Y) = ('}E' arc.tg -2-+—§-) . (';t- arotg -§-+-—2—> .
Pemenue, [lo onpesenentio PyHKUnH pacnpeiesieHust qByMepHoOi
CAY4allHOR BeJIHYHHDI,
Fx, )=P (X <x, Y <y

Hosoxus x=2, y=3, noayyHM HCKOMYI0 BEPOATHOCTH

P(X<2 Y<3)=F(Q, 3)=(-:L—arctg%—{—-%-) ><

1 3 1 1 = 1 1 = 1 3 3
x(zacteg+g)=(5-5+7) (7 F+7)=7 T=®

§ 4. CroiicTBa DYyHKUHMH pacnpeleSeHHA nBYMepPHOMR
CAY4YaHHOH BEJHYHHBI

CeolictBo 1. Suawenun ¢ynkyuu pacnpedererus
y008.1emeopAom O80LUHOMY HEpPABeHCMBY

0L F (x, y)<< L.

JoxaszateansbcrTso. CRolicTBO BbiTeKaeT u3 onpexeJe-
HHA QYyHKUHH pacnpeliesleHHdsi Kak BepOATHOCTH: BepoOAT-
HOCTb—BCerfida HeoTpHuaTe/JbHOe YHCJO, He NpeBHILAOLLee
eAHHHLY.

CeoficTtBOo 2. F (x, y) ecms HeyboBaowan Gyrnkuua no
Kawcoomy apeymemmy, m.e.

F(x,, y)== F (x4, y), ecau x, > x;;
F(x,4,)=F (x, y,), ecan y, > y,.

IHoxkasaTtenascTBO. JlokaxeM, uro F (x, y)— HeyObl-
Bawmaa ¢QyHKnHs no aprymerty x. Cob6bltue, cocrosiiee
B TOM, UTO cocTasjdoman X npuMer 3Ha4YeHHe, MeHblliee X,,
H IPH 3TOM COCTaBJAIOMIAA Y < ¥, MOXHO noJpa3feluTh HA
CJAeJlylOlllHe 1Ba HECOBMeCTHBIX COOBITHSA:

1) X npuMer 3HauyeHue, MeHblliee x,, H npu 3tom ¥ < y
¢ BepoatHocTeio P (X < x,, Y < y);

2) X npumer 3HaueHue, YIOBJETBOPAIOLLEE HePABEHCTBY
X, << X <Xx,, H npu stoM ¥V <y c BepoATHOCTbIO P (x, <
X <x), Y <y).
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ITo Teopeme cJsioxenus,
P(X<x,, Y<P)=P(X<x, Y<+Px, <X <x, Y<y).
Orcrona

PX<x,, Y <Y)—P(X<x,Y<p)=P(x, < X<x,, YV <p),
HJIH

F(x27 y)—F(x;, y)=P(x1 gx < Xgy Y < y)-
JlioGasn BEPOATHOCTL €CTb UHCJO HeOTpHHATEJbHOE, MNO3ITOMY
F(xy ) — Flxy, )= 0, wnn Flx,, ) 2 F (xy, y),

4yTo ¥ TpeboBalloch NOKa3aTb,

CpoficTBO CTAaHOBHTCH HArJfANHO SICHLIM, €CJH BOCIOJb-
30BaTHCHA MeOMETPHYECKUM HCTOJKOBAaHHeM (DYHKUHH paclipe-
JeNeHHs HKaK BeposTHOCTH HNONajaHus cJy4alHOR TOUKH
B OeCKOHEUHBIl KBaApaHT ¢ BepulMHOH (x; y) (puc. 13). Ilpu
BO3pacTaHHU X NpaBas TPaHWLia 3TOrO KBaJpaHTa CABUraeTCs
BMPaBo; NMPH 3TOM BEPOSITHOCTL NONALAHUA CAYYaHHOH TOYKH
B <«HOBHIH» KBaJIpaHT, OYEBHAHO, He MOMET YyMeHbIIHTLCA.

AnaJsornuHo nokasmiBaercs, 4to F (x, y) ecThb HeyObiBa-
ilas PyHKUHA No apryMeHTry y.

CeotictBO 3. Haetom mecmo npedesbHble COOMHOUEHUA:

1) F(—oo, y)=0, 2) F(x, —oo)=0,
3) F(—o0, —00)=0, 4) F (00, 00)=1.

HokasartensctBOo. 1) F(—o00, ) eCTb BEepPOATHOCTh
cobuitHsi X <<—oo0 U Y <y, HO Takoe coGhiTHE HEBO3MOMKHO
(NOCKONBKY HeBO3MOXHO coGbiTHe X < — 00), ChejloBATeNBHO,
BEpPOATHOCTL 3TOr0 COOBITHA paBHa HYJIO.

CroiiCTBO CTAHOBUTCH HArJAJHO SICHHIM, eC/1H NpHOETHYTh
K TeOMeTpPHYEeCKOH HHTepHpeTalHH: IpPH X -—»-— 00 NpaBaf
rpaHHua GecKoHeyHOro KBajipaHta (puc. 13) HeorpaHHUYeHHO
CABHTaeTCsi BJEBO H IMPH 3TOM BepPOSITHOCTHL MONafaHHsA cAay-
yaWHO# TOUKH B KBAApPaHT CTPEMHTCH K HYJIO.

2) CobriTHe Y < — co HEBO3MOXKHO, no3tomy F (x, —oo)=0,

3) CobriTne X <— o0 U Y < — oo HeBO3MOJKHO, MO3TOMY
F(— oo, — 00)==0.

4) CobuitHe X < 0o U Y < oo 1OCTOBePHO, CJleJloBaTeNbHO,
BEPOATHOCTH 3TOFO coObITHA F (00, oo)=1.

CeoficTBO CTAaHOBUTCSl HArJIAAHO SCHLIM, €CJH TNPHHATH
BO BHHUMaHHe, uTO HPH X — 00 H Y — oo OeCKOHEUHBIH KBaj-
paHt (puc. 13) npeepamiaerca BO BCIO MJIOCKOCTh xOy H,
CAeNOBAaTENbHO, MNoOMajaHue caydaiHod Toukd (X; V) B a3ty
IIJIOCKOCTh €CTh J0CTOBepHOoe colhiTHe.

160



Csoiicto 4. a) llpu y=oco ¢ynkyusa pacnpederenus
CUCMEMbL CMANOBUMCA (yHKLyueld pacnpedereHus COCMABARIO-
wed X:

F (x, oo)=F,(x).

6) llpu x=o00 yukyua pacnpeldeseHusl cucmems. crmaKro-
sumcsa gynkyueld pacnpeldesenun cocmagaarowiell Y:

HJokasareancTno. a) Tak Kak cobpiTHe Y < oo focTO-
BepHo, To F (X, oo) onpelensieT BepoATHOCTL cobuitHa X < x,

T. €. npelcTaBiasder coboH QyHKUHIO paclpelesieHts CoCTaB-
asomenn X.

6) JokasnBaeTrcs aHaJOTHYHO,

§ 5. BeposatHocTh nonagaHus caAysanHoWd TOUKH
B MNoJylojocy

HUcnoneayna GyHKUUIO paclpeiesieHUs CUCTEMBbI Cay-

YaliHHX BeJMYHH X W Y, JIerKo HAaWTH BEPOATHOCTb TOTO,
NTO B DE3YJBTAaTE MCNHTA-
HHA cJayuaikHaa TodYKa nona- Y
Jaer B noaynohocy x, << X <
<x, 1 Y <<y (puc. 14,a)
uaAM B noaynosocy X<<x H
4, <Y<y, (puc. 14, 6).

Boiunrtasi 43 BepoOSTHOCTH
nonajaHyusl CJAy4YaiHOH TOYKH
B KBaApaHT C  BepuWHHOH
(x,; y) BEpOATHOCTL nonaja-
HHS TOYKM B KBAAPAHT C Bep-
muHo# (x,; y) (puc. 14, a), no-
JYUUM

P, <X <x, Y<y)= %%

iF(xz’ y)_F(xu y).

AHalorHuuHo uMeeM D X
P(X<x, y <Y < y,)=
= F(xn yz)&F(x’ y1)- Puc. 14

Takum o6pa3oM, BepOATHOCTH MOMNaJaHUA CJAyvYaiHON
TOYKM B MOJIYNOJOCY paBHA NpHpalleHHI0 PYHKIHHE pacnpe-
AeNieHHsi A0 OAHOMY H3 apryMeHTOB.
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§ 6. BepoaTHOCTh NONajaHun cayuafinod Touxu
B NPAMOYrOAbHHK

PaccMorpum npamoyroasHaKk ABCD co cTopoHaMy,
napaijelbHRMH KOOPAHHATHBIM ocaM (puc. 15). Ilycts ypas-
HeHHS CTOPOH TAKOBhI:

X=x, X=x,, Y=y, u Y=y,

Y Haiizem pepossTHOCTS NO-
nagaHds cayd4afiHOH TOYKH
(X; ¥) BaroT npsaMoyrodb-
HUK. Hckomylo BepossiTHOCTB
MOXHO HafTH, Hanpumep,
TaK: M3 BEPOATHOCTH MO-
nagaHus CAyd4adHoH TO9-
KM B mNoaynoyocy AB ¢
5 2 A BEpTHKaNbHOH IITPHXOBKOH
(3Ta BEpOATHOCTH paBHA
F(x,, ys)"'"F(xp ys)) Bhl-
YyeCTh BEPOSATHOCTb Nonajaa-
HHS TOYKH B mNoaynoJjocy
Puc. 15 CD ¢ ropusoHrajbHOMH
HITPHXOBKOH (3Ta BEpoOsAT-

HocTh paBHa F (x,, y,) — F (X, 4,)):

A (%1}Y,) 8 (x3y3)

Ys

[y, D(%3y,)

P, <X <% h<Y <Yy)=[F (X5, Y)) — F (%, Ys)]—
- [F (%3, #1)—F (x4, y1)]~ (%)

Npumep. Hafitu BepoATHOCTL Nonanakua cayyallHod Touku (X; V)
B NPAMOYTOZILHHK, OTPaHHYEHHLI NPAMBMH X=n/6, x=n/2, y=n/4
¥ =n/3, ecH H3BecTHa PYHKUHA pacnpeaeeHHA

F(x, y)=sinxsiny O Sx g /2, 0y s /2).

Pewenne., Tlooxus x;=nf6, x,=n/2, y,=n/4, y;=n/3

B popmyae (v), Nonyuum
P(n/6 < X <n/2 n4 <Y < nf3)=[F (n/2, n/3)—
—F (nf6, nt/3)]— [F (n/2, ®/4)—F (n/6, ®/4)}=
= [sin (x/2) sin (rt/3) —sin (x/6) sin (7/3)] — [sin (7t/2) sin (n/4) —
— sin (n/6) sin (n/4)1=[ V 3/2— V 3/4]—-[V 2/2— V 2/4]=
=(V 3— ¥ 2)/4=0,08.
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§ 7. IlnoTHoCTh COBMECTHOFO pAcCNpeReIeHM A
BEpOSITHOCTeH HeNnpepuBHOR aByMepHOH cayuaiHoOH
BeJHYHHB (AByMEDHAfl TJIOTHOCTH BEPOSTHOCTH)

JdsymepHas cnywafiHas BeJHYHHa 3ajaBanachk C IO-
Mollbi0 QYHKIHH pacnpenenesun. HenpepnBHyo AByMepHYIO
BEJHYHHY MOKHO TaKxKe 3ajaTh, IMOJb3YACH HJIOTHOCTHIO
pacnpejenenus. 3aece H Janee OyaeM npeanoJsarath, 4TO
¢yHKuHA pacnpenenenus F (x, y) Bciony HenpepbiBHa W HMeeT
BCIOAY (32 HCKMOuUeHHeM, ObiTh MoXeT, KOHEYHOTo 4HCaa
KPHBbIX) HenpepHBHYID 4YacTHYI0 HPOHM3BOAHYIO BTOpOTro
nopsjaxa.
I1romuocmbio  cosMecmuoeo pacnpeleserus 6eposamuocmeil
f (x, y) AByMepHO# HellpepHBHOA clyuaitHod BeNHUYHHH (X, V)
Ha3LBalOT BTOPYID CMEUWIaHHYX0 YaCTHY0 NPOH3BOAHYIO OT
¢yHKUHH pacnpelesieHUA:

__PF(x, y)
f(x, y)-——w-

T'eoMeTprueckd 5Ty YHKOHMIO MOXKHO HCTONKOBATH KaK Mo-
BEPXHOCTH, KOTOPYIO Ha3HIBAIOT NOGENXHOCMbIO pACH pedeseHu .

Mpumep. Hafitu nsoTHOCTD COBMECTHQOIO pacnpejeneHHs f(x, y)
CHCTeMH ChydaftHEHX BeJHuUHH (X, Y) no ussectHolt ¢yHKUHH pacnpele-
JAeHHsA

F(x, y=sinxsiny (0 x s nt/2, Oz iy &S 71/2).
P e 1w e H H e, [To onpeneneruio INIOTHOCTH COBMECTHOI'O PaclipefeieHH ,
d*F
f(x- y) =ax_a—!;'
HafiteM 49acTHYI0 NPOH3BOAHYI0O MO X OT QYHKIKH paclpeleieHHA:
oF .
55 —cos xsin y.

HafiaeM or NnoJAy4eHHOrO pe3yibraTa 4YacTHYIO NPOH3BOAHYIO MO Y,
B HTOre NOVIYYHM HCKOMYIO IWIOTHOCTH COBMECTHOTO paclpeae/eHHs:

f(x, ¥ ={%g;=cos xcosy DS x S /2, 0Ty << 71/2),

§ 8. Haxoxnenne hynkumun pacnpegeieHus CHCTEMB
N0 H3BECTHON NJOTHOCTH pachnpejaeseHHs

3Hasd NJIOTHOCTL COBMECTHOrO pacnpeaenenus f (x, y),
MOXHO HaiTH (QyHKNHIO pacnpejenenus F (x, y) mo popmyne

Fe, = § fx, 9)dxdy,

- ) -
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YTQ HENOCpeACTBEHHO CJEeAyeT H3 OfnpeJeJIeHHA [JIOTHOCTH
pacnpefesieHdA JABYMEPHOH HenpepniBHOA cJjydafiHOH BeJu-
ynael (X, Y).

NMpumep. Hafity dynkuuio pacnpegeseHAd JABYMEpHOH ciyvafiHod
Be/IMUHHL! MO AAHHOM NJAOTHOCTH COBMECTHOIO pacnpenesieHHSN

1
A1 +y)°
Pemenue, Bocnoabsyemcsa ¢opmynod

¥y x

Fe, = § § fe yardy.

—0 —o

fx, ¥)=

[Moaoxus f(x, y) =

1
A0 (1 g8 T
¥

! | de
F(x.y)=;t§ S (l-t—y S l+x3)dy=

=i § i (se x4 ) vm (rae e 5) 5 § e
m(-:?arctg x+—,~l,-) (i—arctgyﬁ—é—).

§ 9. BepoATHOCTHBIH CMBICA ABYMEPHOH NAOTHOCTH
BEPOATHOCTH

BeposaTHOoCTe nonagaHua cayvaifiHo# Touku (X; Y)
B npsamoyroisHuk ABCD (puc. 16) paBha (cMm. § 6)

Px, <X <%y <Y <yg)=[F (X3, Y2)—F (x,, Yi)]—
_[F (xlv yl)_F(xu y;)]-

OG0o3HauyuB AJ5 KPATKOCTH JIeBYIO 4acTb paBeHCTBA uyepes

Papcp ¥ npuMeHHB K npasoff dacTH Teopemy Jlarpauxa,
NoJYy4UM

P agcp = Frx (8, m)Ax Ay,
rae

X, < E < x,, Ax:xa""'xn; U < <Yy Ag:gs_yl-
Orciona

Fru (5, m)=722C2, (»)
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HJIH
(&, m— 8L (%)

[Tpuaap Bo BHHMaHHe, YTO Npou3BeseHue Ax Ay paBHO
niomanu npsaMoyronbHuka ABCD, sakmiouaeM: f (&, n) ecTb
OTHOLUEHHE BEPOSTHOCTH
nonajaHus cJydaiHo# tou- _ Blx,saxiyrray)
KH B npAMoyroabiux ABCD | .. Aivray) Lyraxyy

K MJouaiHd 3TOoro Mpsamo-
YroJIbHHKA, atd
[lepefinem Teneps B pa- TR = D(x+4X, ;)
BEHCTBe (%*) K npejeny npH !
Ax—0 u Ay-—0. Toraa —; * P X

E—x, n—y H, caenopa- Puc. 16
teabHo, f (&, n)— [(x, y).

Hrax, ¢ynxumnio f(x, y) MOXKHO paccMaTpHBaTh Kak mpe-
JieJl OTHOLIEHHA BEPOATHOCTH NonajaHusi cJyyaHHOH TOYKH
B NpSMOYTOJibHHK (CO ctopoHaMH Ax 1 Ay) X njouajgs 3Toro
npAMOYroJibHHKa, Korja 00e CTOpOoHK NpsAMOYroJibHHKa CTpe-
MATCA K HYJIO.

§ 10. BepoaTHOCTL NONANAHHA CAYMAHHOH TOYKH
B NPOM3BOJALHYIO 06RACTH

IlepenuineM .cootTHollenHe (%x) § 9 Tak:

F(E, M)AxAy=Pa40p.

4 Orciora 3akJjouaeM: npo-
uspegenue [(E, n)AxAy
€CTb BEPOATHOCThL Nonaja-
' D \ HHf CcJAyyalHOH TOYKH B
ay Y NPAMOYFOJBHHK CO CTOpO-
- e} HaMH Ax u Ay.

x [Iycte B nnockoctH xOy
0 —ax 3ajaHa TNpoM3BOJbHAA 06-
Pue. 17 aacte D. OGo3nayuM cobui-
THE, COCTOfilee B Nonaia-

HWH cay4yadHHol To4kH B oty obaacre, Tak: (X, Y)<D.
Pasobnem obnacte D Ha n 3semeHTapHLIX o6Jaacteil nps-
MBIMH, NapajayiejbHBMH OcH Oy, HAXOAFIHMHCA Ha PacCTos-
i1 Ax olna ot Apyroit, ¥ NPAMBIMH, Na pajJeJbHEIMA OcH Ox,
HaXOAAMMHCA HAa paccTOSHHH Ay oaHa ot Apyroi# (puc. 17)
(A1 MPOCTOTH MpeANoNaraercs, YTO 3TH NMPAMBIE EPECEKAIOT
KOHTYp o0JacTH He Gonee yeM B ABYX tOoyKax). Tak Kak
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coGbITHR, COCTORALLLHE B MoNajaHHM cJyuadHHOH TOYKH B 3Jje-
MeHTapHue 00/1aCTH, HECOBMECTHHI, TO BEpOATHOCThL nonaja-
HUA B 00aactk D npubGaumKeHHO (CyMMa 3J1€MEHTapHHIX ob-
Jactedi npuGJHKeHHo paBHa oOaactd D!) paBHa cymme
BepOATHOCTEH NOMajJaHUH TOYKH B SJAEMEHTApHHE 06nacTH:

P(X, NeD)y~ 2 [ (&, m)AxAy.
Ilepexoan k npeneny np Ax—0 u Ay—0, noayuum
P (X, )eD)={{f(x, y)drdy. (%)

(D)

HUrak, pna Toro utobul BHUYHCIHTL BepOATHOCTb Mollaja-
HUA caywadinoit touku (X; Y) B obnacte D, nocrarouno
HAaTH JOBOMHOH HHTerpal Io
Y obnacth D or  dyHxuuH

ko) cwmy  f(x 9).
['eoMerpruecku paBeHCTBO
(*) MOHO HCTOJKOBaThL Tak:
BEPOATHOCTh NONajaHUs Cay-
yafiHoil Toukd (X; V) B obaacTs

; o) N(vTe) ¥ D paBHa oGpeMy Tena, orpa-
HHYEHHOrO CBEPXY MOBEPXHO-
Puc. 18 CTBio Z2=f (X, y), OCHOBaHHEM

KOTOPOro CJAYXKHT NDpPOeKUHHA
3TOil NOBEPXHOCTH Ha mJjockocte xOy.

3ameuanne. [loaunterpassuce smpamenue f(x, y)dxdy nasu-
BAIOT SAeMEHMOM 8epoamHocmu. Kak cnenyer H3 npeilayllero, JIeMeHT
BEPOSATHOCTH OTNpele/iseT BePOATHOCTb NMONajaHHA CAYIafiHOR TOYKH B Suie-
MeHTapHWA npAMOYroNBHHK CO cTOpoMamu dx u dy.

Npamep. IlaotHocTs pacnpenenennn neymepHoRt cnydafinod BeTHYHHB

f(x, y)= l
73 (14+x%) (1 4+9%)°
Hafitu BeposTHOCTL nonananus cayuafinoffi TOUKH B N PAMOYTOJBHHK

(puc. 18) ¢ pepmunamu K (1; 1), L(V 3; 1), M(1; 0) u N(V 3; 0).
Pemenue. Hckomana sepoatuocrn

|
P X, Y":D"—‘S‘g) oY Rk

1

V3
1 1 dx 1 y
W) | TFP ) T | W ararcies
1 1

0
=_.1._(_“___.£ t l__!_.. N
= L ‘"ngo“nz'lz'i‘“‘w'
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§ 11. CeoiicrBa aByMepHO#H NMJOTHOCTH BEPOSTHOCTH

CeoficrBo 1. Hsymepraa naomuocms 6eposmuo-
CMU HeOMPpuyameabHa:

f(x, y) =0.

IJoxaszareanbcTBOo. BepoaTHocts nonaganus cayuai-
HOMl TOUKH B NPAMOYIOJNBHHK CO CTOPOHaMH AXx U Ay ecTb
HeoTpHIaTeJbLHOe YKCJ0; NJOLaAb 9TOrO NPAMOYTOJbHHKA —
noJioxutenpHoe uucio, CleoBaTe bHO, OTHOLIEHHE 3THX JBYX
yuceJ, a 3HAuuT, ¥ WX npegea (npu Ax—0 1 Ay—0),
KOTOpHiX paBeH f(x, y) (cM. § 9), ecTe HeoTpHUATE/BHOE

qyHcJIo, T. €,
f{x, y)=0.

3aMeTnM, 4TO CBOMCTBO HEMOCPERCTBEHHO ClEAyeT H3 Toro,
uro F(x, y)—mneyOuBajomas (QPyHKUHSA CBOHX apryMeHTOB
¢ 9.

CeofictBo 2, Heoiinod recobemeeHnuli unmezpan ¢ bec-
KOHeuHbiMu npedesamu om OsymepHoll naomuocmu  pased
edunuye:

S S [(x, y)dxdy=1.

HNoxasarteabcTBo, beckoHeuHnbe npeneas HHTErpH-
POBaHMA YKa3HBAaOT, YTO OOMACTHIO HHTErPHPOBAHHA CIYIKHT
BCcA nJaocKocte xOy; NMOCKOJNBKY COOBLITHE, COCTOSIILEE B TOM,
YTO' CNyyaiiHafA TOYKA MOMNAJEeT NpPH UCNLITAHWH HAa NJOCKOCTh
xOy, AOCTOBEpPHO, TO BEPOSITHOCThH 9TOro COOBITHA (OHA H
onpejpensieTcs JBOHHBIM HeCOOCTBEHHBIM WHTErPaJioM OT ABY-
MEPHOH NJIOTHOCTH) paBHAa €JWHHUE, T. €.

S S f(x, ydxdy=1.

- D

NMpumep. 3asaHa NJAOTHOCTE COBMECTHOIO pachpefeNeHHS HellpephiB-
Hoft apymepHoft cayuaftinoil BenHuuHb (X, Y): f(x, y)=Ccosxcosy B
Kpaapare O xS /2. Oy« n/2; BHe 31Oro KBajpara f(x, y)=0.
Haiity nocroaununft napamerp C.

Pemeunue Bocnoabayemca cBoAcTBOM 2, yuHThBas, Y10 X 4 Y
HameHaoTres ot 0 Ao n/2:

w w

C S S cosxcosydxdy=1.

—_ — &0
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Orciona

n/2 n2
C-—--l/(S cos x dx S cosydy).
0 0

BHOOJHME HHTErpHpPOBaHHE, NOJYYHM HCKOMOE 3HaueHHe NapaMet-
pa C=1,

§ 12. Oreickanne naoTHocTefl BepoATHOCTH
COCTaBAAIOLIHX NBYMEPHOH cay4daiHOH BeJMuUHHLI

Ilyets H3BeCTH2 MMJIOTHOCTD COBMECTHOTO pacrnpefe-
NEHHA BEpPOATHOCTEH CHCTEMBI ABYX CJ/IyYaHHBIX BEJXHUHH.
Hallnem nJoTHOCTH pacnpenesieHHs KaxIod H3 COCTas-
NAIOIHX.

HafineM cHavyaja NAOTHOCTL pacNpele/eHHs COCTABJARAIO-
wedn X. O603naunM uepe3 F, (X) dyHKuHIO pacrnpeleneHus
coctasiasioweii X. Ilo onpeaenensio niorHocTH pacnpeaene-
HHS OAHOMEPHOH caydalHON BEAHYMHEI,

1)

[IpHHAB BO BHHUMaHHe COOTHOUICHHSA

X ¥

Fir, 9=\ § F(x, drdy  (cm. § 8),

F,(x)=F (x, oo) (em. § 4),
HalzaeMm

X - -}

Fom=§ § Fx ypdrdy.

IMpoanddepenunposas obe [TacTH 3TOro PapeHCTBa MO X,
NOJY4HM

%= S f(x, y)dy,
HJIH
fy(x)= S f(x, y)dy. (*)
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AHANOrHYHO HAXOAHUTCA MJIOTHOCTH pachpele/ieHHs COCTaB-
aAwimed Y:
[ ]
L= § fx gdr (+%)
-0
HUrak, naomuocms pacnpedeserusnl 00HOR u3 CoCmasafio-
wux pasHa HecOGCMBeHHOMY uHmezpaay ¢ OeCKOHedHbiMu Npe-
deaamu om NAOMHOCMU COBMECTMNO20 pacnpedeseHus CLUCMEMb!,
npuYem nepemMeHHan urmezpuposasun coomsemcemayem opy20i
cocmasantowet.

Npamep. [OsymepHasn cayuafinas seanunuaa (X, Y) sagana naor-
HOCTBK) COBMECTHOrO pachpefesieHH s

Fle, yy={ VO™ npuw 94yt <,
' 9= 0 npr x*94y4> L
HaftH naoTHOCTH g-alicnpenenemm cocrasnaowux X n Y.
Pemenune Haflgem mnorrocTs pacnpenenenus cocrasasiomed X
no gopmyne ()
. 2V 1= x5/9 9 2 ¥V1-x*/9 0
_— == —— V9 — 3,
=g | w=g | V==
-2 V1—-x49 0
Hrak,
_J2VI=(9) upu |x| <3,
f"(x)—'{ 0 npe |x|=3.

-AHAJIOTHIHO, HCNoAb3aya ¢opmyay (=), HallieM nJIOTHOCTBH pacnpe-
AeneliHA cocrasasouef ¥V:

_J Vi—y¥@2n) nmpn |y[< 2
f-;(y)—{ 0 npe |y|=2.

PekomenlyeM UHTATeN0 AAs KOHTPOJAR CAaMOCTOATENbHO YOEAHTHCH
B TOM, 4TO HafijjleHHHEe QYHKUHH YAOBASTBOPSAIOT COOTHOLUCHH AM

Efl(‘)dx:l H °‘St’f:(y)ﬂ'yrf--l-

§ 13. ¥Ychosunie 3aKOHW pacnpeneneHus
COCTABARIOWMX CHCTEMbl AHCKPETHHX CAy4aAHBIX
BEAH1HH

HUsBectHO, uTO ecau coburua A H B 3apucumul, TO
YyC/I0BHAST BEpPOATHOCTbL COOLITHR B oTiAuuaercs or ero 6esyc-
nosHoi#i BepoaTHocTH. B 3’TOM caywae (em, ra. L1I, § 2)

P4 (B)= P (AB)/P (A). (»)
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AHasnoryusoe NOJOXKEHHE HMEEeT MECTO H 1A CAy4YaHHBIX
pesiHuuH,. [Ina Toro wroObl oXapakTepu3oBaTh 3aBHCHMOCTD
MexXAy COCTaBJAIOUIHMH JByMepHOH CJy4ailHOH BeJIHYWHHI,
BBEJEM NOHATHE YCJOBHOIO pACNpelesIeHHA.

PaccMOTpHM [HCKpeTHYIO JBYMepHYIO CJAy4aHHyIO BeJH-
unHy (X, Y). Ilyerb BO3MOXHHE 3HaueHHA COCTABAMOINHX
TAKOBBI: Xy, Xg -5 X5 Yay Yoo v o5 Y

HonycTuM, 4To B pe3yJibTaTeé HCOBITAaHHA BeJW4YHHA V
NpUHAJA 3HaueHue Y =y, npH 3ToM X §NpUMET OLHO M3
CBOMX BO3MOXKHBLIX 3HaueHHi: X,, WIH X,, ..., uau x,. O6o-
3HAYHM YCJIOBHYIO BE€pPOAITHOCTB TOro, 4yto X ImpuMer, Ha-
npHMep, 3HaueHHe X, NpH YCJOBHH, u4TO VY =yY,, uepe3
p(x,ly,). dra BeposaTHOCTH, Booblle roBops, He OyneT paBHA
Ge3ycsiOBHOH BEPOATHOCTH P (X,).

B obuieM caywae yc/aoBHEE BEPOATHOCTH COCTaBJjAOMIEH
6yneM 0o003HayaTh T4K:

pxly) (=1,2, ..., n j=1,2, ..., m).

YcroeHom pacnpedesenuem cocrasasiomein X npu ¥V =y,
HA3LIBAXOT COBOKYNHOCTb YCJOBHHIX BEPOATHOCTEH p{(X,]|y,),
p(x:1y;), --., p(x,]Yy;), BHUUCJICHHBIX B MPEANONOKEHHH,
uT0 COOLiTHe Y =y, (f uMeeT OJlHO H TO XK€ 3Ha4YeHHe NpH
Bcex 3HaueHuaXx X) YyXe HACTynuno. AHaJIOTHYHO ORpefne-
NSeTCA yCJOBHOE pacnpefeneHHe cocrapasiounled Y,

3Has 3aKOH pacnpejfe/eHHs ABYMEpPHOH AHCKPETHOM cay-
YaHHOH BEeJNHYUHH, MOXKHO, NOJBL3YyACH (OpMyJioH (%), Bhi-
YHCJHMTh YCJOBHBHIE 3aKOHhl paclpeleieHHA COCTAaBJAIOLHX.
Hanpumep, ycnoBHmit 3akoH pacnpepenenus X B npeano-
JIOXKEHHH, UTO COOLITHE Y =y, YK€ NPOH3OLLIO, MOXKET OLITh
Haiaen no ¢gopmyne

pluly) =200 =1, 2, ..., n)

B ofinem cayuae ycnoBHBIe 3aKOHBI pacnpefeseHus co-
crapasiouleit X onpefenslOTCA COOTHOUIEHHEM

pxily)=px, y)lp (y,): (%)

AHaJIOTHYHO HaxXONAT YCJIOBHLIE 3aKOHH pacnpefesieHus
cocraBasiouleit Y :

Pyl x)=p(x:; y))p (x;). (%)

3amMegyanue CyMMa BepoATHOCTel YCAOBHOrO PpacnpeliesIeHHS
paena exuuulle. JlefAcTBHTENbHO, TaK KaK NpH (PHKCHPOBAHHOM Y; HMeeM
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(M. §2) X plxi y)=p ) T0
i=1

> p(xfly;)=;] P(xi Yip W) =p (yp/p (=1,
i=1 =1

AHANOrHYHO JOKAa3LBAeTCs, UTO MPH PHKCHPOBAHHOM X;

m
jz pysley=1.
=1

310 CcBOACTBO YCJOBHHX pacnpefeieHHi HCOOAb3YIOT IS KOHTPOJAA Bii-
qucsieHnit.

NMpumep. JIHckpernas AByMepHas CAyuaiHasn Be/IHUMHA 3aJaHa Ta6Ju. 4.

Ta6anunma 4

X
Y
X Xg Xy
¢ 0,10 0,30 0,20
¥s 0.06 0.18 0,16

Haiitn ycnoBHumfi 3aKoH pacnpefeseHHs cocraeasiouteft X npu yc-
JIOBHH, 4TO COCTABMAAWILAS Y NpHHRNA 3HAUEHHe Ky.

Pewenne. MHckoMult 3aKOH onpefeisierc COBOKYIHOCTBIO CJie-
AYIOUHX YCJAOBHBIX BePOSTHOCTEH:
p (x| #1) P (xe|¥)s P (x3] 1)
Bocnoasaoeaeimmck ¢opMyaoft (%) H DPHHAB BO BHHMaHHe, 4YTO
p (y;) =0,60 (cMm. § 2, npumep), HMeem:
p (xy L 41)=p (x1, ¥1}/p (¥1) =0,10/0,60 = 1/6;
p (x3| 1) =p (%2, ¥1)/p (¥1) =0,30/0,60=1/2;
P (x3|y1) =P (xs, §1)/P (41)=0,20/0,60 =1/3.
CNOXMB A1 KOHTPOJAR HaRJAEHHbie YCJOBHBIE BEDOATHOCTH, Y6eluM-

Cfl, 4YTC HX CyMMa paBHa eAHHHLE, KaK H JIONXKHO GbiTb, B COOTBETCTBHH
¢ 3aMeyaHHeM, NOMeUleHHuM Bhime: 1/64+1/241/3=1.

§ 14. YcnopHbie 3aKOHH pacnpeneseHu st
COCTABJISIOUHX CHMCTEMB HenpepbiBHbIX
CAy4aHHBIX BEJIHUHH

Ilycte (X, Y)—mHenpepsiBHas JByMepHas Caydam-
Haf BeJHYHHA.

Ycaosnoli naomuocmero @ (x|y) pacnpeneseHHsa cocTaB-
amomdx X npH AaHHOM 3HaueHHM Y =y HAa3HIBAIOT OTHO-
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IeHHe NJOTHOCTH COBMECTHOrO pacnpeaeneHus f(x, y) cu-
cremol (X, Y) X naotHocTH pacnpeaeseHds f,(y) cocras-
Jswiienn Y

@ (x| =[x, y)if.(y). (*)

[lonuepxHeM, 4TO OTJM4YHE YyCJIOBHOH TJIOTHOCTH ¢ (X|Y)
ot 0e3yCJoBHON NJNOTHOCTH f, (X) COCTOHT B TOM, Yr0o (QyHK-
uuf @ (x}y) naer pacnpeaeneHHe X NpH YCJOBHH, 4TO CO-
crapasiomians Y nDpHHAJA 3HaueHde Y =y; QYHKOHA Ke
f, (x) maer pacnpeleneHne X He3aBUCHMO OT TOro, KakHe M3
BO3MOXKHbBIX 3HAu€HWH HpHHAJA CcocTtaBjasomas Y.

AHanoriyHo onpepensercs yCJOBHAfA MJIOTHOCTb COCTaB-
Agwowel Y npd JaHHOM 3HaueHHH X = x:

Yyl x)=f(x, y)/f, (x). (%)

Ecau u3BectHa NJOTHOCTL COBMECTHOrQ pacnpegefieHus

f(x, y), TO yc/iOBHBIE JIOTHOCTH COCTABJISIOLHX MOryT OLITh
HailieHbl B cuay (%) H (#%) (cM. § 12) no ¢opmynam:

®©

o (xly)=Fx | § Fx pax, (xxx)
Y (y|x)=1(x, y)/ { F(x. pyay. (#2xx)

3anumeM GopMyanl (%) H (%%) B BHle

Fx, =l wex|y), [ y=F@)¥$y|x).

Orciofa 3akJawouaeM: YMHOXAasl 3aKOH pacnpefiesieHHs
ORAHOH W3 COCTaBJIAIOIMIHX Ha YCJOBHBIH 3aKOH pacnpejene-

HUA JAPyrofl cocTaBjsiiOlled, HailieM 3aKOH pacnpelesieHHs
CHCTEMHI CJIYYalHBIX BeJNHUHH,

Kak ® mo6as nJoTHOCTH paclipeliefleHds, YCJOBHHE
NJOTHOCTH 00J1aAa10T CJAEAYIOWHMH CBOHCTBAMH!:

[ -]

e(x19)=>0, | oxlnd=1;

vln=0, (vwindy=1

NMpnmep. eymepnas cayuafinas penauunna (X, Y) sapana mnot-
HOCTLIO COBMECTHOI'0 pacnpeleseHus

A War?) npw 4yt < 1Y,
Fx, y)_{o npu X34 y2 > r2
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HalTH YchOBHbie 3aKOHH pacnpefesieHHs BeposTHocTelt cocras-
AHIOYHX.

Peweunune Hafizem ycn0oBHYIO nioTHocTh coctasasioumef X npu
|| < VIE—y® no dopmyne (xs%):

] y)= 1/ (uwr?) 1
YRS RS Ty e
I
nr
=~Vrsoyt

Tak kak f(x, ¢)=0 npu 3+ y2 > r2 10 Q(x]|Yy)=0 npu x| >
> Vrt—yt.

[Monssysce GopMysoR  (x+#%), aHANOTHYHO HaAAeM YCJOBHYIO NJOT-
HOCTB cocTaBJjsiouled Y:

‘Nylx)={ 1/2 Vri—x®) npu |y| < Vi —xt,
0 opu |y| > VY ri—x3,

§ 15. ¥YcaoBHOe MATOMATHYECKOE OXHMIAHHE

BaxHoil XapaKTepUCTHKON YCJOBHOro pacnpejene-
HHA BepositTHocTeH ABJAETCH YCJOBHOE MaTeMaTHUYECKOe OXKH-
JaHHE.

YcaoeHoim mamemamuveckum oxcudaHuem  IHCKPeTHO#H
caydafiHofi pesiHuHHH Y npu X =x (x—ornpeleneHHoe BO3-
MOXHOE 3HaueHHe X) Ha3bBalOT TNPOH3BeJeHHE BO3MOXKHBIX
3HayeHHH Y Ha HX YCJIOBHbLIE BEPOATHOCTH:

MY | X =x)= 2 y;p (4;]%) (%)

I HenpephBHHX BEAHUYHH

MY |X=0= § yowinay,

rae V(¥ | x) — ycnoBHast NJIOTHOCTB cJyyqafiHOA BenuYMHE Y
npu X =x.

Ycaoernoe mateMaTHuecKoe oxkufaHue M (Y | x) ectb PpyHK-
HHA OT X:

MY |x) =] (x),

KOTOPYIO HasuBawT ¢yukyued pecpeccuu Y nHa X.
AHajoruuHo onpegefIOTCH YCAOBHOE MaTeMaTHYecKoe
oxuaalne caydalHol BeguudHnl X W ¢yHkyua pezpeccuu

X ua vY:
M(X|y)=9 ().
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NMpumep., JuckpeTHas AaByMephas cJyuafiHa® BeJMYHHA 3ajaHa
Tabxa. 5.

Ta6anuua 5

X
Y
x =l Xy=3 X,=4 x,=8
y=3 0,15 0,06 0,25 0,04
ys =6 0,30 0,10 0,03 0,07

HaftH ycnoBHOe MaTeMaTHYECKOe OXKHHaHHe cocrasasiomedt Y npu
X =X1= 1.

Pemeune. Hafinem p(x;), A1 uero cHOMHM BepOATHOCTH, IO-
MellleHHble B MepBoM CTOJGUe Talu. 5:

p (x1)=0,1540,30=0,45.
Hafizem ycnopHoe pacrnpeaeseHHe BepoATHocTel BenHunHn Y npH
X=x1=1 (cM. § 13;;
p (Y1) x1)=p (x1, Y2)/p (%) =0,15/0,45=1/3;
p (ys| %1)=p (%3, ¥3)/p (%1)=0,30/0,45=2/3.

HafineMm HcKoMOe ycJIOBHOE MarteMaTHUecKoe OXulaHue mo dop-
MyJse ()

2
MY [ X=x) mf}z 9P Wyl X0 =y1p W1l x1) + 420 95 | x1) =
=1
=3 (1/3)+ 6 (2/3) =5.

§ 16. 3apHcHMLIe W He3aBHCHMbBIE chiyvaiinble
BEJHYHHL

Mu HasBaju Ape cAyyafHble BeJHYHHBI HE3aBUCH -
MbLIMH, €CJIH 3aKOH pachnpejeneHHs OJHOH W3 HHX He 3aBH-
CAT OT TOr'O, KaKHeé BO3MOX(HblIe 3HaueHHA NpHHAJA Apyras
BesinunHa. M3 storo omnpeaeneHus cienyer, 4To yCJOBHBIE
pacupene/ieHUA HE3aBHCHMHIX BeNHYUH paBHE HX Geaychos-
HbIM pacnpejeseHHAM.

BripeneM HeOGXORMMHE M JIOCTATOUHBLIE YCJHOBHA He3aBH-
CHMOCTH CJIYYaHHHIX BEJHYHH.

Teopema. llaa mozo umobot cayvaiinbie seausursr X u 'Y
Obian  He3asucumbimu, Heobxodumo u docmamodto, umobst
pyrkyun pacnpedesetun cucmemot (X, Y) Ovtra pasHa npo-
useedeHul0 QynKyuil pacnpedesenus COCMABAAIOWYUX:

F(x, yy=F,(x) F, ().

HoxasareancTBo, a) Heob6xoaumocte. Ilycte
X u Y HesaBucumbl. Torna cobutia X < x u Y < y nesa-
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BHCHMbI, CAEIOBATEALHO, PBE¢POSATHACTb COBMEUIEHHA 3THX
COOLITHH paBHA NPOH3BEJEHHIO HX PEPOATHOCEPEIl:

PX<x, Y <y)=PX <x)PY <y),
HJTH

Fx, y)=F;(x) Fy(y).

6) Hocrartounocte. Ilyere F(x, y)=F,(x)F,(y).
Orcrona

PXL<x, Y<y=P(X<)P¥ <y),

T. €. BeposATHOCTL coBmemenus cobumi X <x u Y <y
paBHa NPOH3BELEHHIO BEPOATHOCTEH 3THX coOHTHi. Crneno.a-
TEJbHO, CJjyuaiiHhle BeJIHYHHbBI X H V HEe3aBHCHMHIL.
Canencreue. Haa mozo wmnobs: Henpepoisrbie cayualinse
geaununvt X u Y Oviau Hesasucumbimu, Heobxodumo u docma-
MOYHO, HMobbl NACMMOCITIL COBMECMNHOZ0 pachpedeseHun Cu-

cmembi (X, Y) bGuisa pasna npousgeferuto naomuocmeil pac-
npedeseHus COCMQABARIOWUX:

f(x, y)=F(x)Fs ()

IHokasareabctBo. a) Heo6xorumocte. Ilycrs
X u Y —He3aBHCHMHE HeNpephiBHLIE CJAYy4aHHble BEJMUHHH,
Torpa (Ha oCHOBAaHHH NpeAbIIYINel TeopeMbl)

F(x, y)="F,(x) Fy(y).
JuddepeHuupya 3T0 paBeHCTBC Mo X, 3aTeM NO Yy, HMeeM

82F _ OF, 0F,
dxdy Ox 9y '

HJIY (1O ONpeAeseHHI0 [LJIOTHOCTEH pacnpefeseHus AByMep-
HOH H OXHOMEpPHOH BEJHYHH)

F(x, y)=F(x)f, (9).

6) JoctatoyHocTh., [lycts

F, 9)=FH&)F. 1)

HUuterpupys 3To paBeHCTBO M0 X W MO Y, NOJNYYHM

§ ff(x, y) dxdy = ffl(x)dx ff.(y)dy,

Hian (cM. § 8 ra. X1V u § 3 ra. X1)
F(x, y)=F;(x) Fy(y).
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Orciofa (Ha OCHOBAaHHMH npeAblAyllef TeOopeMul) 3aKJio-
yaeM, 4To X H Y HE33ABHCHMHI,

3ameuauHne. TaK KaK INpHBeNcHHLIe BMile YCJIOBRA SBAAIOTCH
HeCGXCAMMBIMH H JROCTATOYHBLIMM, TO MOXHO JaTh HOBhle ONpeleJeHHA
HE3aBHCHMBIX CAYyYafHHIX BEAHYHH:

1) nBe cayuafinnie BeNHYHHL Ha3hBAIOT HE3ABHCHMEIMH, ecAH (yHK-
UHA pacnpelnesieHMs CHCTEMbl 3THX BeJIHUMH DPABHZ NpoH3BelleHHIo QYHK-
UHA pacnpelesIeHHs COCTABAAIOIUX;

2) nee HenpepolBHNE CcJAyvaftHble BeJHIHHH Ha3LBAlOT HE3aBHCHMH-
MH, eCJIH TJIOTHOCTb COBMECTHOTO pacnpeleJeHHA CHCTEMR 3THX BEJHYHH
pPaBHAa NPOU3BEAEHHIO NVICTHOCTEdl pacnpefie/leHHAM COCTABJIAIOLIMX.

Npumep. [lpymepnas HenpepniBHan cayvafiHaa BeauuuHa (X, Y)
8a/laHa NMJOTHOCTBIO COBMECTHOrO pacnpefc/eHHA

f(x, y)=(sin xsin y)/4

B kpaapare O xa 1, 0 =<y« m;, BHe KBazpara f(x, y) =0. Hokasarsb,
4To cocrasasioliHe X R Y He3aBHCHMBIL

Pewenune. Vcnoabsys ¢opmyan (x) u (*x) § 12, nerko Hafligem
IJIOTHOCTH pacnpeziesleRHs cocTapasiomux: fy (x) =sin x/2, [, () =sin y/2.
IlnoTHOCTE CcOBMECTHOrO pacmpelle/leHHs paccMaTpHBaeMmofl cucteMbl pas-
Ha n(iEmSBe.nenmo NAOTHOCTEl pacnpelle/ieHHst COCTaBJASIOIWHX, MO3TOMY
XH HESaBHCHMKI.

Pazymeercs, MOXHO 6hLINO AOKAa3aTh, YTO YCJOBHbBIE 3aKOHH pacrpe-
JleJIEHHA COCTAaBASIIOWMX PaBHB AX GesyCAOBHBIM 3aKOHaM, OTKYJAa TaKKe
creayer HesaBHcuMocTh X H Y.

§ 17. YncioBme XapaKTepHCTHKH CHCTeMB JByX
cay4aiiHbiX BenaHunH. KoppeasiumoHubifi MomeHT.
KosdduuneHT Koppeasiumu

1A onucaHHA CHCTEMBbl JBYX CJIy4aHHHX BeJWYHH
KpOMe MaTeMaTHUEeCKHX OXKHJAAHHH H JHCNepCHH COCTaBJSIO-
DiHX HCNOJB3YIOT W JAPYrue XapaKTepHCTHKH, K MX 4HCAY
OTHOCHTCH KODPEJISILHOHHBA MOMEHT M KO3(dHUMHEHT Koppe-
JASIIHH,
KoppeasyuoHHotm  MOMEHMOM W, CJIYYAaHHHIX BEJIHIHH
X B Y HasmBalOT MAaTEMATHUYECKOE OXHIAaHHE NpOH3BEJeHHS
OTKJIOHEHHH 3THX BEJHUYHH:

by = M X—MX)][Y —M ()]}

Ian BuIYHCJIEHHUS KOPPEeNALHOHHOTO MOMEHTAa AHCKpeT-
HHX BeAWYHH HCMoJab3yior dopmyay

n o m
Bxy = i§l igl [xi_M (X)] [yj"""M (Y)] p(x;, yj)!
a AN HenpephBHBIX BEJHUYHH—POpMYNY

b= § § =M XONy—M W]} (v, y)dxdy.
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KoppensiuHOHHBIH MOMEHT CJYXKHT AJ8 XapaKTEpHCTHKH
CBA3M MeXAy BeauudHaMH X W Y. Kak Oyjer nokasaHo
HHXKe, KOppeJsIHOHHbLI MOMEHT paBed uymo, ecad X u Y
HE3aBHCHMBI;, CJIEJOBATENbHO, €CJH KOppeJsiuHOHHHA MOMEHT
He paBeH Hyo, To X H Y —3aBuCHMHE CJay4yafiHble BEJIM-
YHHAI.

3ameuanne |, YyurmBas, 4To OTK/JOHEHMA €CTb UEHTPHpOBaN-
HEe cayyafiiwe BeJHuHHn (cm. ta. VI, § 2), KoppeasuHOHHBIY MOMEHT
MOJKHO ONpeAeJqUTh KAK MAaTeMaTHYECKOe OXHAAHHE NpPOH3BEJICHHA UEeHT-
PHPOBAHHLIX CAYUAAHHX BeJHUHH:
Mey= M [XP].
3ameuanne 2. Jlerko y6enutncs, UTO KOpPpeASLHOHHbLIA MOMEHT
MOX(HO 3alHCaThk B BHJE

ey =M (XY)— M (X) M (Y).

Teopema 1. KoppesayuoHRowl mMoMeHm O8YX He3QBUCUMBIX
caynatinbix geaudun X u Y pagen Hyar.

NoxkasaTteabcTBo. Tak Kak X U Y — He3aBHCHMEE
c/ayyailHbie BeMHYHHB, TO HX OTKJOHeHUA X —M(X) u
Y —M (Y) takxke He3zaBucHMH. [losw3ysch cBoiictBaMuH Ma-
TEMATHYECKOTO OXHJAAHHWA (MaTeMaTHUecKoe OMHIaHHe npo-
H3BEJICHUA HE3aBHCHMBIX CJy4yaHHbLIX BeJHYHH paBHO MpPOH3-
BEJEHHI0O MaTeMAaTHYeCKUX OXHWAAHHH COMHOXHTeNel) §
OTKJIOHEHHH (MaTeMaTHuUeCKOe OXHJAHWE OTKJOHEHHWH pPaBHO
HYJ0), NOJYYHM

Poy=MA{[X—M(X)][Y —M (V)]} =
=M[X—M(X)]M[Y —M (V)]=0.

M3 onpenenesns KoOppensiuMOHHOFO MOMEHTAa Caeflyer,
YTO OH HMMeeT pPa3sMEepHOCTb, PAaBHYIO NPOH3BEIEHHIO pa3Mep-
Hocredt BeqtHauH X W Y. JIpyrdMu cJloBaMH, BeJHuHHA
KOppPeJAIUMOHHOr0 MOMEHTa 3aBHCHT OT eJUHHHIl H3MepeHuf
cayuafinbix BeanuuH. [lo 3ToH NpHYHHE AJA OAHHX M TeX Xe
ABYX BEJHUMH BeJHYMHA KOpPPEJAUHOHHOrO MOMEHTa HMeer
pasJyyHbHe 3HayeHHs B 3aBHCHMOCTH OT TOro, B KaKHX elH-
HHUaX Obli{ H3MEpEHB BEJHMYHHLI.

[lycte, Hanpumep, X u Y ObiJH H3MEpEeHH B CaHTHMET-
Pax v p,,=2 cM?; ecad H3MepHTh X H Y B MHJJIHMeTpaXx,
TO My, =200 mm. Takas ocoﬁenmzc*rb KOPPEJIALLHOHHOTO MO-
MEHTa RABJASeTCH HEAOCTATKOM 3TOH YHCJAOBOH XapaKTepHCTH-
KH, IIOCKOJbKY CpaBHEHHE KOpPpPEJAUHOHHHX MOMEHTOB
PAa3NUYHBIX CHUCTEM CJy4YafHBIX BEJIHYHH CTAHOBHTCH 3aTpyA-
HUTeJbHBHM. Jas TOro 4yro6W YCTPAHHTH ITOT HEAOCTATOK,
BBOASIT HOBYIO YHCJIOBYIO XapaKTE€PHCTHKY — Ko3(pUIHEHT
KOp peJ Al HH.
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Koappuyuenmom xoppesrayuu r,, CcAyuafiHHX BeJUYHH
X # Y Ha3hiBalOT OTHOLIEHHE KOpPeasliHOHHOIO MOMeHTa K

NpOU3BENCHHIO CpeAHHX KBaJpPaTHYECKHX OTKJIOHEHHH STHX
BCJIHYHH!

Fay = Pyl (0x0y). (%)

Tak xak pasmepHOCTH W, paBHa IPOH3BEAECHHIO pa3Mep-
Hocteil BesiuuuH X u Y, 0, uMeeT pasMepHOCTh BE&JIHUYHHH
X, 0, uMeer pasmMepHOCTb BesqHuyHHH Y (cMm. ra. VIII, § 7),
TO r,,—O0e3pasMepHas BeJlHuyuHa, TakuMm o6pa3oM, BesHUHHA
KoapdHuiHeHTa KOoppeafAllHd He 3aBHCHT OT BhlOopa elHHHL
H3MEPEHHA CJayyaHHBIX BeJHuHH. B 3TOM cocrout npeumy-
mecTBo Ko3(dHuKeHTa KoppeasiiMH nepell KoppeasiHOHHBIM
MOMEHTOM,

OueBuano, Ko3hDGHIUHEHT KOppeafAillHH He3aBHCHMBIX CJy-
yadHpIX BeJIMUHH DaBeH HY/HO (TaK Kak p,, = 0).

3dameuaHHe 3. Bo MHOrHX BONpOcax TeOpHH BepPOSTHOCTeR Ile-
Jecoo6pa3Ho BMECTO CaydaftHOA BeJHYMHE X paccMaTpHBAaTh HCPMHPO-
BaHHYIO cayualiHylo BesHYHHY X', KOTOPYIO OnpeResifioOT KaK OTHOLIEHHe
OTKJOHEeHHAI K CpeAHeMy EKBaJpaTHYECKOMY OTKJIOHEHMWIO:

X' =(X—M (X))/o,.

Hopmuposahuass BelHYHHa HMeéeT MAaTeMaTHUECKOe OKHAaHHE, PaBHOE
HyJl0, H JAHUCHEPCHIO, pPaBHYIO einHHile. JleRCTBHTeILHO, HCHOAL3YS
CBOficTBA MaTeMarH4YecKoro OXHAAHHA H JHCINEPCHH, HMEEeM:

M (X') =M [)—‘"—:iii’] =-&]; M[X—M (X)] =;;'; . 0=0;
D(X')=D [’-‘;:':—("9] 57:2D [X—M (X)]:Q-(%—)= 1.

Jlerko yGeaurbcs, 4To Ko3(ppHUHEHT ROpPeJAUHH Ty PaBeH KOppe-
ASUHOHHOMY MOMEHTY HOPMHUPOBAHHHIX BeJHuRH X' H Y':

_M{X-MXOIY M)} [X—M(X) Y—M¥)] _
Fav= OUxOy o [ Ox Oy ]——
=M (X'y,)=px,y,.

Teopema 2. Ab6coaomuan esutuHa KOPPEAAYUOHHOZ0 MO-
Merma 0syx caysaiinbix eeauuun X u Y He npesouuaem cped-
Hez0 2eomempuvecKoeo ux ducnepcutl:

e | <V D,D,.

HoxasatedncTBo. BBeaeM B paccMoTpeHHe Clyvait-
Hyl0 BenuunHy Z,=0,X—o0o,Y u HalijzeM ee AucnepcHIO
DZ)=M|[Z,—m.]. Brnonnus BHIKJIAAKH, NOJYUHM

D (Z,) = 203%0,— 20,0,y
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Jhio6asn ancnepcus HEOTPHILATENbHA, MOITOMY
20305 — 20,0 j.y = 0.
Orcioza
Py < 040, ()

Beeaa cayuafinyiw Beanudny Z,=o X +o.Y, ananoruu-
HO HaljeMm

Wiy = 0,0, (%)
OO6BelHHNM (#%) M (%s#x):
00, K Uy 0,0, (% xx%)
HJIH
I Wy I < oxoy'
Hrak,

ny, <<V DD,

Teopema 3. Abcoaromnan eeautuna xosdguyuenma xop-
peafyuu He npeesitiaem eouHuyvl

Pyl < 1.

HokasarteabcTBo: Paspennm ofe wyacrH ABORHOro
HepaBeHCTBa (###%) HAa NpPOH3BEJECHHE NOJIOXKHTENbHHX YHCEN
6.0,:

Hrax,

| rey | < 1.

§ 18. Koppe/MpOBAHHOCTL H 3aBHCHMOCTH
CAy4afHbLIX BEJAHYMH

IBe cnyuaiinne BenHunHHl X H Y Ha3wBalOT Kop-
peAuUpOBanHHbIMu, €CAH HX KOppPEeJAUHMOHHHA MOMEHT (MJH,
4YTO TO Xe, KOPhOHUHEHT KOoppeaAuHH) OTAHYeH OT HYJHA;
X u Y HasblBaloT HeKOppeauposaHHbimy BeJTHUUYHHAMH, €CJH
HX KOppeJARUHOHHHH MOMERT paBeH HyJno.

JlBe KoppenudpoBaHHbIE BeJHYHHB TaKXe MW 3aBUCHMBI.
JleAcTBHTENbHO, AOMYCTHB MPOTHBHOE, MB JOMKHH 3aKJIO-
YHTb, UYTO Wy, =0, a 3TO NPOTHBOPEYHT YCJIOBHIO, TaK Kak
ANl _KOPPEeJIMPOBAaHHBIX BEJHYHH M., 7=0.

paTHOE NpeANoJIOKeHHEe He BCerja HMeeT MeCTo, T. e,
ecJId JBeé BeJAHYHHbl 3aBHCHMMEI, TO OHH MoOryT ORITH Kak
KOPpeJHPOBAHHLIMH, TAK M HEKOppEJH POBaHHBIMH. [[pvruMH
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C/NOBaMH, KOPpPeJSALHOHHLIA MOMEHT JBYX 3aBHCHMBIX BeJiH-
YHH Moxer OHITb He paBeH HYJIO, HO MOXET U PaBHATLCH
HYJIO.

Y6enqumcs Ha MNpHMmepe, WYTO JABe 3aBHCHMble BeJHYHHH
MOryT ObITh HEKOPPEJHpPOBAHHLIMH.

Npumep. eymepHas cayualinas eesnuura (X, Y) samana naor-
HOCTbIO pacnpejeneHHs:

f(x, y)=1/6t BryTpR 3anENCca Xx29-+y2/4=1;
f(x, y)=0 BHe srtOoro saammnca.

Hokazarb, uto X H Y —3aBHcHMbie HEKOPpPeNHPOBAHHLIE BEJHYHHE.

Pewenune. Bocnoabiyemcd paHee BHYHCJAEHHHIMH (JIOTHOCTSMH
pacnpefleieHHfl cocTasnaiowx X H Y (cm. § 12):

fi (x)-_—_-g% V 9—x%, [, (y)=2ln V 4—y? BHyTpPH 3aRaHHOCO JJHN-
ca H [, (x)=0, f; (¥)=0 BHe ero.
Tax kak F(x, ) # 1 () f3 (), To X u Y -—3aBHCHMBE BEJHUHMBI

(cm. § 16)
las rtoro uro6m noxasarb HeKoppednposanHocth X H Y, gocTa-

TOYHO YGENMTBCS B TOM, 4TO M., =0. Hafinem KoppedauHOHHBIA MOMEHT
no ¢opmyae (cM. § 17)

bey=§ § =M XIy—M )1 9 deay.

-l -

IHockoanky ¢yHKUNWA [y (X) CHMMeTpHUHA OTHOCHTeAbHO ocH Oy, To
M (X)=0; ananorvuno, M (Y)=0 8 cuay cummerpuu f (y) oTHOCH-
reAcHo ocu Ox. Crnefosarensno,

Bxy = § § xyf (x, y) dx dy.

-0 =~ g0

BhiHocs mOCTOAHHHR MHOMHTeAb f(¥, ) 3a 3HaK HHTErpalNa, MNoJyuHm

Bxy =/ (%. ¥} § y( u§ xdx>dy.

BHyTpeHHHA HHTerpan paseH HyJ/AIO (MOABHTErpajeHaf PyHKIHA HeyeTHa,
npegesn WHTErpHPOBAHHA CHMMETPHUHH OTHOCHTeJNbHO Hayalla KOOpAH-
ua;), Clel0BATeNBHO, WPy, ==0, T.€. 3aBHCKMHE eayyafiHne BeJH4MHH X

u Y HeKoppelHPOBaHH.

HMrak, H3 KOppelHPOBaHHOCTH ABYX CJY4YaHHbIX BeJHYHH
c/ieflyeT HX 3aBHCHMOCTb, HO H3 3aBHCHMOCTH eille He Bbl-
TeKaeT KoppeaHpoBaHHocTh. M3 HesaBHCHMOCTH ABYX Be/H-
YUH CJAelyeT HX HEKOppeJHpPOBaHHOCTb, HO H3 HEKOppeaH-

POBAHHOCTH €lle HEJAb3A 3aK/JIOYHTH O HE3aBHCHMOCTH 3ITHX
BE&JIHYHH,
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3aMeTHM, OJHAKO, 4TO H3 HEKOPPEJHPOBAHHOCTH HOP-
MaJbHO pacnpelie/eHHbIX BeJHYHH BLITEKAET HX HE3aBHCH-

MOCTb. IJTO YyTBep¥AeHHe OyJeT [I0KA3aHO B CJe]yIOmeM
naparpade.

§ 19. HopmanoHuiit 3aKOH pacnpepeseHMst
HA NJAOCKOCTH

Ha mnpakTvke yacTo BCTpeyaloTcsl ABYMeEpHBIE CJy-
yafiHble BeJIUUYHHBI, paclnpere/lcHue KOTOPbIX HOPMAaJbHO.
Hopmanreusim 3akonom pacnpedeserusi Ha naockocmu Ha-
3LIBAlOT paclipellesieHHe BepPOATHOCTEH AByMepHOH cayuaiiHO#R
BesinuHHH (X, Y), ecau

f(x, y)= !

21040, Vi—r,
(x~a,)’+(y—a,)=__2r X=da, y—a,]

1
T T ey (*)

Mp! BHAHM, YTO HOpPMaJIbHHH 3aKOH Ha IJIOCKOCTH ompe-
AeNAETCA MATHIO NapamMeTpaMu: a,, a,, Oy, 0, H 7, . Moxuo
JIOKasaTb, 4TO 3TH MNapamMeTpbl HMEIOT c.ne,uyromuu BEPOAT-
HOCTHHI CMBICJ: a,, d,— MATEMATHYECKHe OXHIaHHA, O,
0,—CpelHHe KBaApaTUYECKHE OTKJIOHEHHA, I, — KO3PpULH-
eHT KOoppensinuu BeJHuuH X u Y.

Y6epauMmcss B TOM, YTO €CJH COCTaBJASKOIIRE ABYMEpPHOR
HOPMAaJIbHO pacnpeiesieHHoH CJy4aifiHOH BeJIHUHHB HeKoppe-
JIMPOBAHHBI, TO OHH H He3aBHCHMEL. [lefiCTBHTENEHO, NYCTh X
u Y nekoppenupoBaussl. Toraa, nonaras s popmyae (*) r, =0,
NOJYy4YHM

X

f(x, )= ——2 om0 [e-any/olvtw-antal]
na UU
b amteany(20}) 1 -w-ant/(ze)) _
Oy 2n € (1] -2"; € ¢ fl (x) f’ (y).

v

Takum o6pasoM, eCJIH COCTaBJsilOLIMe HOPMaJbHO pac-
npeAeneHHoH cAydYaHHOH BeJIHYMHBI HEeKOPPEeJNIHPOBAHHHI, TO
MJIOTHOCTE COBMECTHOrO pacnpeieseHHsa CHCTEMbl paBHa
NPOHU3BEAECHHIO ILJIOTHOCTEH pAaCIpeleleHHs COCTaBAAIOUMHX,
a OTCIO/la H cJIelyeT HE3ABHCHMOCTh COCTaBIAIOMHX (CM. § 16).
CnpaBeannBo H obpaTHOoe yTBEPXKAcHHe (cM. § 18).

Hrak, ans HopmasbHO pacnpefie/leHHBIX COCTaBJAOIMIMX
ABYMEPHOH cCJ/y4afHOH BeJHUYHHE MOHATHA HE3ABHCHMOCTH
H HEKOPPEJNHPOBAHHOCTH PAaBHOCHJIbHHI.
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3ameuanne. Hcioneayas cdopmyan (*) B (**) § 12, moxno go-
Ka3aTh, YTO €CJIH JIByMepHasi cayuafiHasi BeJHYHHA pacnpejiesieHa HOp-
MaJbHO C NMAapameTpaMH Gy, @3, Ox: O, Fyy TO €€ COCTaBJSIOUIHE TaKiKe
pacnpefiesleHbl HOpPMaJbHO C MapaMeTpaMH, COOTBETCTBEHHO PABHRLIMH ),
Ox H ay, O

§ 20. Jinuefinan perpeccus. Ilpampie amumm
CPpenHeKBARPATHYECKOH perpeccHH

PaccmoTpuM  faByMepHYIO cayyaliHyi0 BeJTHYHUHY
(X, Y), rae X u Y —3aBucuMuie ciayyaiubie Bennunnbl, Ilpen-
CTaBUM OAHY H3 BeJHYHH Kak ¢yukunmio zppyroii. Orpanum-
uHMCH TPHGAMXKeHHBIM MpeAcTaBleHueM (TOYHOe NPubIHKe-
Hue, BoOOllle TrOBOpPSi, HEBO3MOXHO) BE&JHUHHB Y B Buie
AuHedHON PyHKUHH BeaHYuHN X:

Y~gx)=aX+8B,

rie @ W P—napaMerpnl, nogJexaiye oONpeAeNeHHI0. 3To
MOXKHO CHA€JaTh pPA3JHYHLIMH cnocoGaMu: HanbGojaee ynorpe-
OuTeqbHBIH H3 HHX —METOJ HaHMEeHbUIHX KBaJpaTtoB.

Oynguuio g(X)=aX -+ Ha3bBalOT «HAHJTYYLIHM NpH-
6amxeHHeM» Y B CMbicsie MeTOA2a HaHMEHbIUMX KBaJparoB,
€CJIH MaTeMaTH4YeCKoe oxuaanue MY — g (X)]* npunumaer
HaHMeHblllee BO3MOXHOE 3HaueHHe; QyHKUHIO g (X) HA3LIBAIOT
cpedrexsadpamuseckod pezpeccued Y Ha X

Teopema. Jlunedinan cpednna keadpamuveckan peepeccus Y
Ha X umeem eud

Ty
g(X)=m,+r g% (X—m,),

2de m,=M(X), m,=M(Y), a.=VD(X), o,=VD(Y),
= R, /(0,0,)—Kospuyuenm Kopperayuu éeeauun X u 'Y,

JokasaTteancTtBO. BBenem B paccMoTpeHne pyHKIHIO
ABYX HE3aBHCHUMEIX apryMeHTOB o H f:

F (e, B)=M[Y —a—BX]. (*)
Yuuresan, uto M (X —m)=M Y —m,)=0, M[(X—m,)X
X (Y —my)]=p,,=ro,0,, H BLINOJHHE BHIKJIAaAKH, TOJYYHM
F (o, B)=o0;+ P2} —2ro0,p+ (m,—a—Pm,).
Hccaenyem odyuknuio F (a, B) Ha 3kcTpemMym, AJA 4ero
NpHpaBHAEM HYJIO YAaCTHHE NPOH3BOAHLIE:

oF
Jx -2 (my_a_ﬂmx) =0,

%g- = 200} —2ro0,=0.
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Orciona

Jlerko y6eauThcs, YTO NPH 3THX 3HaYeHHSAX o M B paccmar-
puBaeMasi QYHKUMSA NpPHHHMAeT HaHMeHbillee 3HaYeHHe.

Hrtak, nuHefiHas cpeAHAA KBajpaTHyecKas perpeccusi Y
H X uMeeT BH]

g(X)=a+BX=my—r%mx+r-g£~X,
HJIH
Oy
g (X)=m, 1 2% (X—m,).

g
Kos(duunuent B=r—_" HasviBawT xosppuyuenmon pe-
X
epeccuu Y Ha X, a npamymo

y—my,=r 5L (x—m,) (**)

Ha3bIBalOT npamoll cpedHexeadpamudeckoil peepeccuu Y ua X.

IloncTaBHB HaljeHHbIe 3HaYEHUS & 1 § B cOOoTHOWeHKe (*),
NOJYY¥M MHHHMaJbHoe 3HayeHue ¢yuxuuu F (a, B), pasHoe
o) (1 —r?). Beanunny o} (1-—r?) HasniBaloT ocrnamounod duc-
nepcued cny4yaliHod BeJHUHHB Y OTHOCHTEJBHO cay4yalHON
BEAHYHHBEl X; OHa XapaKTepu3yeT BeJUYyHHY OLMOKH, KOTO-
pyio JOIyCKaioT NpH 3ameHe Y auHerhHol Ppyukuned g(X)=
=a-+pX. Ilpp r =41 ocraTouHass AucnepcHs paBHA HYJIO;
APYTHMH CJAOBaMH, NpH 3THX KpaHHHX 3HAYCHHAX Ko3dpH-
HHEHTA KOppeNsilud He BO3HHKaeT OMMOGKH [pPH NpeaCTaB-
JeHHH Y B BHAe JHHeHHOH dyHKuHm oT X.

Hrak, ecau kKoadduuueHT Koppeasanuu 7 =41, 10 Y u X
CBA3aHBl MHHEHAHOHA PYHKIHOHANBHON 3aBHCHMOCTHIO,

AHa/JIOTHYHO MOXKHO MOJYUYUTh NPSAMYIO CPeAHeKBajpaTH-
yecko#t perpeccun X Ha Y:

o
x---mx=r-a—";(}’--mv) (**t)

g
(r-ai—-xoatpcpnuuem perpeccun X Ha Y ) u ocraToyHyio
v

aucnepcuio o3 (1 —r?) Beanunun X oTHocHTeNBHO Y.

EciH r=41, 10 o0e npaMble perpeccHH, KakK BHJIHO
H3 (**) n (***), copnagawor.

Hs ypaBHeHH#1 (**) u (***) ciaeayer, yro ofe npsiMble
perpeccHd NpPOXOAAT 4epes TOYKY (m,; m,), KOTOpYIO Haahl-
BalOT YEHMPOM CcoeMecmHoz0 pacnpedeserus seauvun X n' Y,
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§ 21. Jlunehinan xoppeasnus. Hopmanpuas
KOppeAALH

PaccmoTpum  nByMepHYl0  CAy4afiHYI0) BeMHYHHY
(X, Y). Ecan obe ¢pyHkuun perpeccun ¥ Ha X u X Ha Y
AuHeAHEl (cM. § 15), To rosopsar, uto X H Y cBA3aHH Au-
redrnold xoppeasyuonnod 3asucumocmoto. O4eBHAHO, YTO TCpa-
PHKH THHEAHBIX QyHKUHA perpeccHu — npsaMble JHHHH, IPHYEM
MOXHO JOKa3aTb, YTO OHM COBNAJAIOT C NPAMBIMH CpelHe-
kBaapaTHyecKoH perpeccun (cM, § 20). HMmeer Mecto caeny-
0lllaA BaXKHaA TeopeMa.

Teopema. Ecau Jdsymepran cayvaildnana eeauduna (X, Y)
pacnpedesena Hopmaserno, mo X u Y ceasanst auHedHod
KOPPEeAAYUOHHOU 3a8UCUMOCITNLIO,

HokasaTteascTBo. JIByMepHans mJOTHOCTL BEpOSAT-
HocTH (cM. § 19)

f(xl y)=2 l

m,aylfl—r’

e-(ut+vt=12ruv)/(a (l-"))’ (*)

ree
u:(x_"al)/ax’ v=(y—-a,)/0,. (**)

[MaorHOCTs, BepoATHOCTH cocTagaswuleft X (cm. § 19,
3aMeuaHue)

! -utly *&%x
fl(x)“We /s, (***)

Hafizem ¢yukuuio perpeccun M (Y | x), A yero cHavaaa
HalliGM YCJIOBHBIAI 3aKOH paclpele/eHHst BeAHYHHLI Y NpH

X=x [cM. § 14, dopmyna (**}]:

[(x, 9)
P ln =%

Moacrasus (*) u (**) B npaBylo uacTb 3T0d QOpMYyJn H
BLIIOJIHUB BLIKJAAJKH, HMeeM

]
T e—— —(o=rujr/(2 (1 =r)
3amenuB u u v no ¢popmynam (**), OKOHYATENLHO MOJYUYUM

Arforzen]}

. 1 2 [0} (1-rn] .
Y= O pre)) 47 €
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[TonyueHHOe ycAOBHOE pachipeacsicHHe HOPMAIbHO C Ma-
TeMaTHUeCKHM oOXHAaHueM (dyukuue#t perpeccun Y Ha X)

M(Y|x)=a,+r L (x—a,)

n aucnepcuen of (1 —r?).

AHaJIOrHYHO MOXHO NOJYyduThr GYyHKuMIO perpeccHn X
Ha Y.

M(X|y)=a,+r 3= (y—a,).
v

Tak xak obe (QyHKUHH perpeccHH JIHHeHH, TO Koppe-
AAuMa Mexay BeanuHHaMH X u Y JauHefiHas, uro H Tpebo-
Ba/0Ch JOKa3aTh.

[MpuauMas BO BHMMaHHe BEPOATHOCTHHI CMBICA Napa-

METPOB ABYMEDHOrO HOpMaJbHOTO pacnpeneneHus (cm. § 19),
3aKJI04aeM, YTO YPAaBHEHHA NPAMBIX PerpeccHH

y—a =r—?1(x-—a ), x—a =r9-’5-(y—a )
2 ax 1/ 1 o'y ]
COBHAJal0OT C ypPaBHEHHAMH HPSAMBIX CpefHEeKBajapaTHUSCKOM
perpeccun (cm. § 20).
3anaun

1. HafiT 3akonbl pacnipefefeHKs] COCTABANIOUIAX AHCK peTHON
AsyMmepHoW cayyafinofl BeJHYHMB, 3aAaHHOA 3aKOHOM pacnperencHUN

X
Y
Xy ! Xy Xg
n 0,12 0,18 0,10
Ya 0,10 o,lL! 0,39
Oms. X «x Y ¢

1 Xy Xg 1 Ya
p 0,22 0,29 0,49 p 0,40 0,60
2. Hafith BepoATHOCTH TOrO, 4TO cocrasasioman X AsymepHoft cay-

yafinofi BeAHYHHL npHMeT 3HaueHHEe X < 1/2 M npu 3TOM cCocTaBAfAw-

man Y npumer sHauenHe Y < /3, ecan wu3secrna ¢yHxuua pacnpege-
ACHUA CHCTEMbI

F(x, y)= (—:? arctg 2:—{—-;—) (—:; arotg3y—|—%) .
Oms. P(X < 1/2, Y < 1/3)=9/16.

3. HaliTH BepOATHOCTh NONAZaHHA cayuwadxolt Toukn (X; Y) s npa-
MOYrO.bHHK, OFpAaHHYeHHLIA npamMbiMy x =x/4, x =x/2, y=x/6, y = n/3,
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ecnn HspecTHa PYEKUMA pacnpelelleHHSH
F(x, )y =sin xsiny (O x << 1/2, 0Ty = 11/2).

Oms. P(n/4 < X < n/2, /6 <Y < n/3)=0,1l.
4. Hafitk naotRoCcTh pacupenejeHHsi CHCTeMHl XBYX CAYy4allHLIX Be-
JHVYHH NO H3BeCTHOR GYHKLUKH pacnpejeseHHs

Fix, ) =(1—e—2¥) (1 —e~3) (x =0, y =0).
o F

Oms. f(x, y)= e ay::&e-ﬂﬂm.
5. BuyTpH npaMoyroAbHHKAa, OrpaHHYEeHHOTrO NpPAMBIMH Xx=0,
x=n/2, y=0, y=n/2, nAOTHOCTL pacnpejefeHHsi CHCTeMH JBYX Cay-

YafiHL X BeJHYHH [ (x, g)zc sin (x4 y); Bre npamoyroaenrka f (X, y) =0.
Hafith: a) pesmununy C; 6) aynxumo pacnpezeseHHs CHCTeMbl.

Oms. a) C=0,5; F(x, )=0,5[sinx-siny—sin (x4-y)]
O< xS /2, Oy n/2).

8. CucreMa xpyx cJayuyaflHHX BeJIHYHH paclnpeaelicHa paBHOMepHO:
B NpAMOYTONbHHKE, OrpaHHYEHHOM NPAMBIMH X =4, X =06, y =10, y =15,
bynkuus f(x, y) coXpaHAeT MNOCTOSAAHHOEe SHAYEHHE, a BHe 3ITOTO NPAMO-
yrosibHHKa OHa paBHa HyJ©. Hafitn: a) naorsoers f (x, y) coBMecTHOTO
pacnpenenieHus; 6) PyHKUHIO pacnpefiefleHHS CHCTEMbI.
0,1 BRYTPH NpAMOYrOJbLHHKA,

Oms. a) [ (x, y)=—-{ 0 BHe MPAMOYroJbHHKA;

x—4)(y— 10
6) F(x, g)= ( )lgf )
7. T11OTHOCTL COBMECTHOrC pacnpelie/ieHHS! CHCTeMhl ABYX cay4alHbIX
pesnyuH f (x, y)=(4+x9) 6Fy Hafitu: a) seamuunny C; 6) ¢yHK-

LUK pacrpelelleHHsI CHCTEMBI,

l X 1 1 y , 1
== 3. = - — —_— — —_— —
Ome. a) C=6/n3, 6) F (x, y) (n arctg 5 -{-2 ) ( uarctg 3 + 2.).
8. Jlsymepnas cayvafiHam BeanuyHHA 3aJlaHa IVIOTHOCTBK) COBMECT-
HOro pacnpejeseHHs

RPN Vs PR

Haflth ycnosHuele 3aKOHH pacnpenefieHHst COCTaRJSIOMIHX.

()

e } P(x|ly)= 3_ e— (x+3p?,
n

Oms. ¢ (x| y)=



YACTb TPETHbA

3JIEMEHTbl MATEMATHYECKOH
CTATHCTHKH

Cnasa narHaauartas
BblGOPOUYHBIA METONR

§ 1. 3agaun MATEMATHUYECKOH CTATHCTHKH

YcTaHOBIeHHEe 3aKOHOMepHOCTeH, KOTOPEIM MOLMH-
HEHbI MacCOBBIE CjayyadHele ABJEHHA, OCHOBAHO HA H3yYeHHH
METOJAMH TEOPHH BEPOATHOCTEH CTATHCTHYECKHX JAHHBIX —
pe3y/ibTaToB HaOMONEHHH.

Ileppasi 3ajaya MaTeMaTH4YECKOH CTATHCTHKH— yKa3aTh
cnocoOun cGopa W CPYNINHPOBKH GTATHCTHYECKHX CBeleHHl,
MOJY4eHHLIX B pe3y/inTare HaO/moJeHHH HJIH B pe3yJbrarte
CNEUHANBHO MOCTAaBAEHHLIX 3KCNEPHMEHTOB.

Bropas 3anaua MaTeMaTHuecKoll CTaTHCTHKH— paspalo-
TaTh METOAbLI AHAJIH3a CTATHCTHYECKHX JAHHBIX B 3aBHCH-
MOCTH OT Heseli ucchaeiopBanus, Cioja oTHOCATCA:

a) olleHKa HEH3BeCTHOH BEpOSITHOCTH COOBITHSA;, OUEHKa
HEH3BeCTHOH (PYHKUMH pacnpeRe/ieHHsA; OleHKa [apaMeTpos
pacnpeneseHHa, BHA KOTOPOro H3BECTEH; OLEHKA 3aBHCH-
MOCTH CJy4YaHHOH BeNHYHMHH OT OAHOHA HJH HECKOJbKHX
CAyYaHHRIX BEJHYHH H AP.;

6) npoBepKa CTAaTHCTHYECKHX THIIOTE3 O BHAE HEW3BECT-
HOTO pacnpejelicHHA HJAH O BeJHYHMHe MmapaMeTpoB pacrpe-
JeNI€HHsI, BHJ KOTOPOTO H3BECTEH.

CoBpeMeHHan MaTeMaTHYeCKass CTAaTHCTHKa pa3palaTeiBaeT
cnoco6ul  onpefe/ieHns 4YHcaa HeoOXOAMMHIX HCHLITAHHH Jo
Hayajla HCCJIeJOBaHHA (IJIaHHPOBaHHEe IKCMEPHMEHTA), B XOh4e
HcCaeoBaHHs (TocaenoBaTeIbHBIR aHAMK3) M peilliaeT MHOTHe
Apyrue 3agayn. CoBpeMEHHYIO MaTeMaTHU4eCKYI0 CTaTHCTHKY
ONpenesAlOT KaK HayKy O NPHHATHH pellleHHH B YCJAOBHAX
Heollpee/IeHHOCTH.

Hrak, 3aflaua MaTeMaTH4YeCKOH CTaTHCTHKH COCTOHT B CO-
3RaHHH METOAOB C6opa M 06paloTKH CTATHCTHYECKHX AAHHBIX
A [OJIy4EeHHA HAayuyHbIX H NPaKTHYECKHX BHBOAOB,
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§ 2. KpaTkasm HcTOpHuYecKasl cnpasKa

MartemaTHyecKas craTucTHKa Bo3HMKaa (XVII B.)
¥ pa3BHMBaJlach napaJJieqbHo ¢ Teopuell BeposTHocTeH, alb-
Heiilllee pasBHTHE MaTeMaTHYECKOH CTATHCTHKH (BTOpasi no-
JopHHa XIX —wnayano XX B.) 06s3aHO, B NEPBEYIO OYEpPED,
I1. JI. Ye6mmepy, A. A. MapxoBy, A. M. Jlanyxosy, a
takxe K. Iayccy, A. Kerne, ®. I'aastony, K. IIupcony
H Ip.

B XX B. HauGoJiee cylleCTBeHHHI# BKJaJ B MaTeMaTH-
YEeCKYI0 CTATHCTHKY Oblfl cl€JlaH COBETCKHMH MaTeMaTHKAMH
(B. M. Pomanosckuit, E. E. Cayukuit, A. H. Koamoropos,
H. B. CmupHOB), a Takxe aHriauiickump (Crologedt, P. du-
ulep, 3. INupcon) u amepukanckumu (lO. Heiiman, A. Baabn)
YY€HbIMH.

§ 3. l'enepansuas ¥ BHIGOPOUHAN COBOKYMHOCTH

flyers TpebGyercst H3y4HTh COBOKYMHOCTb OJHOPOX-
HbIX OGBEKTOB OTHOCHTENBHO HEKOTOPOr0 KauecTBeH-
HOTO WIHM KOJHYECTBEHHOTrO NPH3HaKa, XapakTe-
pu3yloilero sTH o6bekTel. Hanpumep, ecam uMeercss naprus
perajiefl, TO KayeCTBEHHbIM TMPHIHAKOM MOXET CJAYXHTh
CTAHAAPTHOCTH JeTaNH, a KOJHYeCTBEHHHIM — KOHTPOJIHpYye-
MLl pasMep IeTaJiH.

HMuoraa npoBoasit cniaomHoe obcaenoBanue, T. e. obce-
AYIOT KaX AL H3 OOBEKTOB COBOKYNHOCTH OTHOCHTEJBHO
npHsHaKa, KOTophiM HHTepecyioTcAa. Ha npakrtHke, olHako,
cnjomHoe 0OC/eNOBaAHHE MPHMEHSAIOT CPABHHTENBHO Penko.
Hanpumep, ecii COBOKYNHOCTb COJAEPMHT OuY€Hb GoJibiioe
yHcao OoOLEeKTOB, TO MPOBECTH CILIOUIHoe obcaeloBanne ¢u-
3duecKH HeBo3aMmoOxHO. Ecau obcaenopanne o6beKTa CBA3aHO
C €r0o yHHUYTOXeHHeM WM TpebyeT OONBUIMX MATEPHAJLHBIX
3aTpaT, TO NPOBOAUTH CIJIOWIHOE O6C/el0BaHHE MPAKTHYECKH
He HMeeT cMbicia. B Takux caydasx cayyaiino orbupalor
U3 BCeH COBOKYNHOCTH OTPaHHYEHHOE YHCJIO OOBEKTOB H
MOJABEPral0T HX H3YYEHHIO.

Buibopounod cosokynnocmeio WIH NPOCTO 86i60PKOLH HA3BI-
BalOT COBOKYNHOCTb CJy4aHHO OTOOpPAHHLIX OODBEKTOB.

lenepanssroll  co8oKYynHOCMLIO Ha3bIBAIOT COBOKYNHOCTH
O0bEKTOB, H3 KOTOPbIX NPOH3BOAHUTCA BHIGOPKA.

Ob6vemom COBOKYIIHOCTH (BHIGOPOYHOH MJIH TeHepaJbHOH)
HasKBAIOT YHCJAO OOBEKTOB 5TOH COBOKYNHoOCTH. Hanpumep,
ecan u3 1000 geraneii orobpano aas obcaepoBanuna 100 pe-
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tTane#, To ofbeM reHepajdnHoit coBokymHoctH N = 1000, a
o6beM BuiGopku n = 100,

3ameuaunune. Yacro reHepasbHad COBOKYNMHOCTb COJEPKAT KO-
HeYHOe YUCAO0 06beKTOB. ONHAKO eCNIH 9TO YHCJO JOCTATOYHO BEJHKO, TO
MHOr4a B LeAsX ynpouWeHHs BboidyHCAeHWd, uau Lnsi obJerueHHs Teope-
THYECKHX BLIBOJOS, AONYCKAIOT, 4YTO reHepaJbHad COBOKYMHOCTb COCTOHT
H3 OecuUHc/IeHHOro MHOWecTBa 00beKToB. Takoe AOIlyllleHHe onpaBAbl-
BaeTCA TeM, UTO yBeJHUeHWe ofbeMa reHepaJjbHoR COBOKYNHOCTH (AocTa-
TouHO Gosbworo ofheMa) MPaKTHYECKH HE CKa3mBaeTCA Ha pe3yiabTaTax
06pabGoOTKH JaHHLIX BMOOPKH.

§ 4. lNoBTopnan H OGecnosTopHas BHOOpPKH.
PenpesenTaTusnan sulopka

ITpu gocTaBaenuy BHIOOPKH MOXKHO NMOCTYNIATH ABYMA
cnocobaMu: mnocne TOro Kak 00beKT oroOpaH H Hajl HuUM
npou3BefieHo HalbJiio/leHne, OB MOXKeET ObiTh BO3BpalleH JAHGO
He BO3BpallleH B [eHepaJIbHYIO COBOKYNHOCTL. B cooTBeTcTBHH
CO CKa3aHHLIM BBICOPKH MOAPA3[e/NAIOT Ha NOBTOpHBIE U Gec-
IIOBTOPHbBIE.

[loemoproli Wa3n®alOT BLIOOPKY, NMpPH KOTOpPOH oTobpaH-
HolA 0O6BbekT (nepen otbopoM cliefYIOLIErc) BO3BpallaeTc
B EHEPAJbHYIO COBOKYITHOCTb.

Becnosmoproid Ha3pBalOT BHOOPKY, IpH KOTOPOH oTOGpPaH-
Holl OOBEKT B MeHEpPaJbHYI0 COBOKYMHOCTh HE BO3BpatllaeTcs.

Ha npakruke OOGBYHO NOAB3YIOTCH GEClOBTOPHBIM CJay-
qadHbIM oTOOPOM.

das toro uytobel N0 ZaHHBIM BHIGOPKHM MOMXKHO OLIIO HO-
CTATOYHO YyBEPEHHO CYAUTH 00 HHTepecylolleM MpH3HAKe
reHepajlbHOH COBOKVIIHOCTH, HeoOXoauMo, HYTO6W OOBeKTH
BLIOOPKH NpaBHJALHO ero npeacTaBasiH. J[pyruMu cjiosamu,
BLIGOPKA MOJIXKHA MpPaBHJIbLHO NMPEACTABAATHL NPOMNOPUMH TeHe-
pafibHOA COBOKYMHOCTH. 10 TpeGoBaHHe KOPOTKO (POPMYJIH-

pPYIOT Tak: BuIGOpKa RoKHA GBITh penpesenmarnuernod {nped-
cmasumensHod ).

B cuiy 3akoHa GONBLIMX YHCEN MOXKHO YyTBEPXKAATh, UTO
BhIGOpKa OyaeT pelnpe3eHTAaTHBHOM, ec/iu €€ OCYLLeCTBHTH
cAyuafiHo: Kaxabifi 0ObexT BHIOOPKH OTOGPaH CAYYAHHO H3
reHepajJbHOH COBOKYMHOCTH, €CJIH BCe OGBEKTHI HMEIOT OfH-
HAKOBYIO BEpPOATHOCTH MONAcTbh B BHIOOPKY.

Ecan o6veM reHepanbHoff COBOKYNHOCTH AOCTATOYHO Be-
JIHK, a BLI6OpKAa COCTaBAAET JHIIL HE3HAYHTENLHVIO YaCTb
TOH COBOKYMHOCTH, TO pa3/iHuHe Mexay MNOBTOPHOM u Oec-
MOBTOPHOH BHIGOPKAMH CTHPAETCA; B NpEASC/NbLHOM CAaydae,
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KOrja paccMaTpHBaeTcsan OecKOHeuHas I'eHepasbHas COBOKYII-
HOCTh, a BLIGODKa HMeeT KOHe4HLIA 00beM, 3TO pa3jinyue
HCYE3aerT,

§ 5. CnocoGn oTGopa

Ha npaxTuke npHMeHSIIOTCA pasjHUHbIE CrocoObl
or6opa. IlpMHUHNHANBHO 3TH CNIOCOOB MOXKHO MOLPA3AEAHTH
Ha JBa BHAA:

1. Or6op, He TpeGylouIHA pacy/ieHEHHS reHepasibHoO# co-
BOKyNHOcTH Ha uactd. Ciofa oTHocATCA: a) npocToft cay-
yafHblil OecrioBTOpHHIH oTOOp; 6) npocroH cJyydaHHBIH Mno-
BTOPHBIH OTOOP.

2. Or6op, NPH KOTOPOM reHepalbHas COBOKYIHOCThH pas-
6uBaerca Ha wacte. Cioaa OTHOCATCA: a) THNHYeCKH#H orbop;
6) mexaHH4YeckHH oTGOp; B) cepuilHnil OoTOOP.

I1pocmoim caywadnm Ha3biBalOT Tako# or6op, npH Ko-
TOPOM OOBEKTH H3BJIEKAIOT MO ONHOMY H3 BeeH TreHepasnb-
HOH coBoKylnHocTH. OcylwecTBHTE NPOCTOA 0TGOp MOMHO
pasnn4YHBIMH cnocobaMu, Hanpumep, ansa u3apjeueHHs 1 o6b-
€KTOB M3 IeHepaJbHOH COBOKYNHOCTH obbeMa N IocTynaiort
TaK: BbLIMHCHIBalOT HOMepa OT 1 70 N Ha KapTouykax, KOTOpbie
TULATEJ]bHO INEPEMENIHBAIOT, H HAyraj BhLIHWMAIOT OINHY Kap-
TOUYKY; OOBEKT, HMEIOLIHH OAHHAKOBHIH HOMED C H3BJIEYEHHOH
KapTOYKOH, MoJABEpraioT oO6CHEAOBaHHIO; 3aTeéM KapTOUKy
BO3BpallalOT B [Ta4Ky H MpoUECC NOBTOPAKOT, T. €, KAPTOUYKH
nepeMellinBaoT, HayraJ BbIHHMAlOT OAHY H3 HHX M T, A. Tak
MOCTYNAOT N pa3; B HTOTE NOJIy4alOT MNPOCTYIO CJAYYaHHYIOo
MOBTOPHYIO BLIGOPKY of6neMa 1.,

Ecan u3BjeyeHHBI® KapTOYKW He BO3BpaulaTh B INauKy,
To BhIGOpKa ABJseTCA IpocToli cAy4YaiiHOH GecrnoBTOpHOH.

Ilpu GoanliioM oObeMme reHepasbHOH COBOKYIHOCTH ONH-
CaHHBIA INpoLecC OXKaskIBaeTCHA O4E€Hb TPyJHAOeMKHM., B 3atom
cJydae f0Jb3yIOTCA TOTOBBIMH TaOJIMLAMH «CJ1y4YaHHBIX UHCes»,
B KOTOPBHIX YHCJa PacnojioXKeHH B ciayuyaHHoM nopsake. JLas
Toro 4robnl orobpartn, Hanmpumep, 50 06BEKTOB M3 NpPOHYMe-
pOBaHHOH Te€HepaJibHOH COBOKYNHOCTH, OTKPBIBAIOT JIOGYIO
CTpaHHny TabJHIN CJAyd9adHBIX YHCEN H BLIIHCHIBAIOT INOJ-
psg 50 uuces; B BHIGOpKY [OnajaldT Te OOBEKTH, HOMepa
KOTOPHIX COBMAAAOT C BHIMHCAHHBLIMH CJydaHHLIMH YHC/AMH.
Ecan 6nl oKasajoch, uto cayyafiHoe YHCJIO TaGaHLL IIpe-
BHiIIaeT 4YHCAO0 N, To Takoe cJydqailHOe YHCJIO NPOMycCKalor.
Ipu ocymecTBiiennn OGecnoBTopHOH BHIOOPKH CiydyailHbe
qgHcJJla TaGJIMUBl, YXKe BCTpeyaBliMecs paHee, CJeAYeET TaKkKe
HPOHYCTHTbD,
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Tunuueckusm Ha3HBaWwT OTOOP, NPH KOTOPOM OODBEKTEHI
oTOHpaOTCA HE M3 BceH reHepanbHOH COBOKYMNHOCTH, a H3
KaxJofl ee «THnHuecKoi» wactu, Hanpumep, ecaum peranu
H3rOTOBJAAIOT HA HECKOJIBKMX CTaHKax, To 0T60p NPOH3BOASAT
He H3 BCeH COBOKYIIHOCTH AaeTaneil, NpPOH3BEREHHBLIX BCEMH
CTAHKAMH, a H3 IPOAYKHEH KamKOro CTaWKa B OTAGNbHOCTH.
TunnyeckuM oTO0POM NOABIYIOTCH TOrAa, Korga obcaenyeMuii
NPpH3HAK 3aMeTHO Xoaefrercs B pa3AHYHBIX THNHYECKHX
JacTAX reHepantbHOH cOBOKymHOcTH. Hanpuwmep, ecan npo-
RYKIHA H3FOTOBJASETCS Ha HECKOJBbKHX MANIAHAX, CpeRH
KOTOpPHX eCTh Golee u MeHee H3IHOINeHHHE, TO 3eCh THMM-
yeckKHil oTOop meaecoofpaseH,

Mexanuvweckum Ha3HBAIOT OTO0P, IPH KOTOPOM reHepalb-
HYID COBOKYHHOCTb «MEXaHHVECKH» REJIAT HAa CTOJBLKO Cpymil,
CKOJNBKO OOBEKTOB ROMKHO BOHTH B BHIGOPKY, a M3 KaXIof
rpynnual oréupaloT omuH o0bekt. Hanpumep, ecnm HyXHO
oro6path 20% H3roTOBJIEHHEIX CTAaHKOM Jeraliefi, To OTOH-
paloT KaKAylo NATYI0 Aeradb; ecqin Tpebyercs orobGparh
5% neraneil, To OTOMPAIOT KAKAYIO ABAXUATYIO XETaMb, H T. [.
Crnenyer yKasaTb, 9TO HHOrJAa MeXaHHYeCKHH O0TOOp MOMKET He
ofecReyUTh penpesenTaTHBHOCTH BbIOopku. Hanpumep, ecan
OT6MpAIOT KAKAHHA ABaguaTtolii o6TauHBaeMbill BAJHK, NPHYEM
cpa3y Ke mnocJje oTéopa NpPOH3BOAAT 3aMeHY peauna, ToO
oToGpaHHBIMH OKaXyTCs BCE BaJIMKH, OOTOYEHHBIE 3aTYMJIEH-
HbeiMH pe3uaMH. B TakoMm cllyyae caepyer ycTpaHHThL COBIa-
JeHde puTMa oTO6Opa C pPHTMOM 3aMeHbl pe3na, AMA Yero
Haxo oTGUpaTh, CKaXKeM, KaXJpll JecATHI BaJlHK H3 JABal-
natd OO6TOYEHHBIX.

Cepulinoim HasbiBalOT OT6Op, NpPH KOTOPOM OGBEKTH OT-
6upaloT H3 reHepailbHOH COBOKYNHOCTH He no OAHOMY, a
«CepUsAMH», KOTOpbI€ MOABEPTalOTCA CILIOWIHOMY OG6C/eR0Ba-
HHo. Hanpumep, ewIH Haaenus HITOTOBAAKOTCA O6Goabluoi
rpynnoii CTaHKOB-aBTOMAaTOB, TO MOABEPraloT CILJIOLWIHOMY
00CJIelOBAHHIO [TPOAYKIIHIO TOJBKO HECKOJBKHX CTaHKOB.
CepuiinbiM 0T00pOM NOJB3YIOTCA TOTHA, KOTAa ObGC/enyeMuii
Npu3HaK KoAeGAETCA B Pa3NHYHLIX CEpHAX HE3HAYUTE]h-
Ho.

IlogueprHeM, 4TO Ha MPARTHKE YacCTO IIPUMEHAETCA KOM-
GuHupoBaHHLI# OTGOp, NPU KOTOPOM COUETAIOTCS yKa3aHHbIE
BHIIE cnoco6hl. Hampumep, mHorga pasGHBalOT reHepalbHYIO
COBOKYNHOCTE Ha CEpHH OAMHAKOBOro o6heMa, 3aTeM NPOCTHIM
caydafHeIM OT6OPOM BRIOM PAIOT HECKOJIBKO CEPHH M, HaKOHel,

U3 KaXJIOi CEpHUH MPOCTHIM CAYYAWHHM OTOOPOM H3BJIEKAIOT
OTAe/NbHHEe OODHeKThi.
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§ 6. CraTucTHYecKoe pacnpepenerne BhGopxu

Ilycte M3 reHepaibHOA COBOKYIHOCTH H3BJed4eHa
BLIGOpKa, npuuyeM x, HaGawozajnoch n, pas, X,—Hn, pas,
Xp—n, pa3 H X)n,=n—o6beM BuGopku. HabGmonaemnie
3HAYEHHUS X; HA3IBIBAIOT 8APUAHMAMU, A [OCAECAOBATENALHOCTD
BapuaHT, 3aNHCaHHLIX B Bo3pacTaolieM Nopsake,— eapua-
YUOHHUM padom. Uucha HaGmodeHH#l HaablBaIOT HACMOMamu,
a HX OoTHOWEHHA K o6beMmy BHGopku n,/m=W,—omnocu-
MeAbHLIMI HacmomamiL.

Cmamucmuveckum pacnpedeneruem 6600pKi HA3KIBAIOT [ie-
peueHb BAPHAHT M COOTBETCTBYIOUIMX MM HACTOT HJAH OTHOCH-
TeNBEHBIX dacTot. CTaTHCTHYECKOE paclnpeneneHHe MOXHO 3a-
JaTb TaKXKe B BHJE [10CJIe0BaTE/ILHOCTH HHTEPBAJIOB H COOTBET-
CTBYIOIIUX HM YaCTOT (B KayecTBE YACTOTHI, COOTBETCTBYIOLICH
HHTEPBaNy, MNPHHHMAIOT CYMMY 4YacTOT, NONABLUIUX B 3TOT
HHTEpBAJ).

3aMeTHM, YTO B TEOPHH BEPOATHOCTEN NOJ pacnpedeseHuem
NOHHMAIOT COOTBETCTBHE MEKAY BO3MOXHBIMH 3HAYEHHUSAMH
C/Ay4adHO#Nl BeNHUHHH M HX BEPOATHOCTAMH, & B MATEMaTH-
YECKOH CTAaTHCTHKE —COOTBETCTBHE MeXAy HaGa0AaeMbIMH
BapHaHTaMM H HX YaCTOTAMH, HJIH OTHOCHTe/bHEIMH 4aCTOTaMHu,

Mpumep. 3anano pacnperenerHe 4acTor BRGOPKH oObeMa n =20:

x 2 6 12
n; 3 10 7

Hanucare pacnpenesense OTHOCHTENLHBIX YAaCTOT.

Pemenne. HafileM OTHOCHTE/IBHHE 4aCTOTH, AAA Uero pasnenHM
YacTOTH Ha 006beM BHIGCpPKHR:

W,=23/20=0,15, W,=10/20=0,50, W,—7/20=0,35.
Hanumeu pacnpeneneuue OTHOCHTEJIBHRX 4acCTOT:

X; 2 6 12
w; 0,15 050 035

Kounrpoas: 0,1540,5040,36=1.

§ 7. IMnupuyeonas PyHXLHA pacnpencAeHHSA

IlycTs 4M3BECTHO CTAaTHCTHYECKOE pacnpeiejieHHe ya-
CTOT XKOJAHYecTBeHHoro npuaunaka X. Bseanem o06GosHayeHus:
n,—unciio HaGMoOAEHHH, NPH KOTOpHX HabNI0AAN0Ch 3HAYEHHE
NpuM3HaKa, MeHbllee Xx; n— o0miee YMCAO HaGMOAeHHA (06DbeM
BHIGOpKY). $ICHO, YTO OTHOCHTE/bHAR YacToTa cOObiTHA X < X
pasHa n,/n. Ecan x u3meHserci, to, BooOuUlE rOBOpHA, H3-
MeHfieTCA M OTHOCHTEJbHasd 4acToTa, T. €. OTHOCHTEJIbHaf
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gactora n,/n ectb GyHKHHA oT x. Tak Kak 3Ta pyHKUHS
HaXOAHTCH IMIHPHYECKHM (ONBLITHEIM) NyTeM, TO €e Ha3hiBaloT
9MITH PHYECKOH .

Imnupuseckold gynkyueld pacnpedercnun (pyHxuuei pac-
npenenedna Bolifopku) HaseiBaloT GyHKUHIO F*(X), onpene-
JAKILYI0 IS KaX»XJAOro 3HayeHHs X OTHOCHTEJIBHYIO YACTOTY
cobuiTHa X < x.

Hrax, no onpeaenenuo,

F*(x)=n,/n,

A€ n,—4uCJ0 BapwaHT, MEHBLUINX X; N —o06beM BHIGOPKH.
Taxum o6pa3som, ans Toro uTo6bl HalTH, Hanpumep, F*(x,),

HaJl0 YHCAO BapHaHT, MEHbUIUX X,, pasaeJuTs Ha obbeM
BLIGOpKH:

F*(x,)=n,/n.

B orauune or sMmnupHueckol QYHKUHMH pacnpeleneHus
BLIGOPKH (PYyHKUHIO pacrnpeneseHusi F (x) reHepanibHoOR COBO-
KYNHOCTH Ha3sLIBAOT meopemuueckold pyrkyued pacnpedeie-
nus. Pasanude Mexay sMNupHuecKoR U TeopeTHYeCKOR ¢dyHK-
HHUAMH COCTOHT B TOM, YTO TeopeTHueckas ¢yHxuus F (x)
onpenensieT BEPOATHOCTH COOmiTHA X < X, @ IMMNHPHYECKAS
dyHRUUA F*(x) onpefenfieT OTHOCHTEJBHYIO 4YacTOTY 3ITOTO
XKe cobbitia. M3 teopeMbl BepHyanu clielyer, 4TO OTHOCH-
TesbHas yacTora cobuitusa X < x, T.e. F*(x) cTpemMHrcs no
BEPOATHOCTH K BEpPOATHOCTH F (x) sToro cobbitHf. [IpyruaMH
ciaoBaMi, npu Goabuiux n yucaa F*(x) u F (x) Mano orau-
YalOTCs1 OJHO OT APYroro B ToM cMbicje, yro lim P[|F (x)—

n—+» o
— F*(x)|<e]=1(e >0). ¥Yxe orciona <jeiyer uneaecoood-
pa3HOCTb HCNOAb30BAHHUA IMINPHUECKOH PYHKUHH pacnpene-
JIEHHA BbLIOOPKH s NpuOAHXKEHHOro MpeicTaBleHHA Teope-
THYECKOH (HHTErpanbHo#l) (YHKUIHH pacnpefeseHHs TreHe-
paJibHOH COBOKYNHOCTH,

Takoe 3akJioyeHHe NOATBEpPKJAETCA H TeM, 4YTO F*(X)
obsanaer BceMH cpoiicTBami F (x). [leficTBHTeNBHO, H3 onpe-
AejeHHA YHKnUH F* (x) BBITEKAlOT CJENYIOIHE ee CBOHCTBA:

1) sHadyeHHs sMnupHuecKoH OGYHKUHH NMPUHALIEKAT OT-
pesky [0, 1];

2) F*(x)—nseyG6biBaloman QyHKLHA;

3) ecnn x,—HauWMeHbllad BapuaHta, To F*(x)=0 npmu
X< X,; eclin x,—HauGoabllasa BapuaHrta, TO F*(x)=1 npu
X > X
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Hrak, sMnupHyeckan ¢yHKIHA paclpejeseHns BROOPKH
CJAYXUT JVIA OLeHKH TEOPEeTHUYECKOH (QYHKIHH pacrnpeacyieHust
reHepaJbHOH COBOKYMHOCTH.

Npumep. [locTpouTh SMNHpHYeCKYI0 (YHKIUHIO MO XaHHOMY pacnpe-
AeNeHHI0 BHGOPKH:

BAPHAHTHl X; 2 6 10
YacTOTHl 71; 12 18 30
F¥0x) Pewenne. Haiizem c6reu
anopkH: 12 -+ 18 4+ 30 = 60,
HauMeHblnag BapnanrTa papHa 2,
C/eNADBATENbHO,
! _— F*(x)=0 npu x| 2,
3navenne X < 6, a HMeHHO
— x; =2, xaGmojgaiaocy 12 pas,
CJIeIOR aTeNbHO,
o > 5 o X F* (x) =12/60=0,2 npu
Puc. 19 ¢ < x<6.

3nauenua X < 10, a uMeHHO x,==2 H X,=6, HabmoAaaKcL 12 -}-
+ 18=30 pas, caepoBatessro,
F* (x)=30/60=0,5 npu 6 < x <5 10.
Tak xax x=10-—mnauGonrmas papHanTa, TO
F*(x)=1 npu x > 10.
Hckomas sMnuprueckas QyHKuus
/0 npH X2,
F* (x) = 0,2 npu 2 < xs< 6,
06 mpu 6 < xe10,
1 npu x > 10.
Fpadux stoft dynkuuu usoGpaxmenr Ha puc. 19.

§ 8. Moauror H rucTorpamMMa

g HarasaaHOCTH CTPOAT pasjHYHbIE FpadHKH CTa-
THCTHYECKOrO pacrnpefesieHus H, B 4acTHOCTH, MOJHIOH H
THCTOTPaMMY.

I1oauzonom wacmom HasLIBAIOT JOMAHYIO, OTPE3KH KOTOPOH
COCIHHAIOT TOYKH (X7 7,), (X3 7,), ..., (Xz nz). IHasa no-
CTPOEHHA TIOJHIFOHA 4YacTOT Ha ocH abCuuce OTKJaAbiBaOT
BapMaHTHl Xx;, 4 Ha OCH OPAHHAT — COOTBETCTBYIOLIHE HM
yactoThl n,. ToukH (X,; n,) COEAHHAOT OTPE3KAMH IPAMBIX
H NOJYYalOT MOJHIOH YacToT.

Iloauzonom OmMHOCUMENbHHIX 4QACMOM HA3BIBAIOT JIOMaHYIo,
OTPEe3KH KOTOopoil coeauHswT TOYKH (x,; W), (x W), ...
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ooy (X5 Wg). Ina noCTPOEHHH MOJHTOHA OTHOCHTEIBHBIX
4acTOT Ha oOCH aGCuMCC OTKJaJLIBAIOT BapHaHTH X;, a Ha
OCH ODAHHAT — COOTBETCTBYIOIIHE HM OTHOCHTEJbHhle 4Ya-
crotel W;. Touxku (x;; W;) cOequHAOT OTpesKaMH mpsIMBIX
H T0Jy4aloT MOJHTOH OTHO-
CHTEJABHBIX YacCTOT.

Ha puc. 20 wusobpaxen
NOJIMFOH OTHOCHTEJbHbBIX Ya-

CTOT CJEAYIOHIEro pacrpe- //\
JeNeHun:

X 1!5 335 5»5 7.5 ot 2 3 4 5 6 ; 6 %
w o0t 02 04 03 Puc. 20

B ciAyyae HenpepoBHOro MNpH3HaKa [eneco-
00pasHo CTPOMTH THCTOTpaMMy, AJSl YErO HHTEpBaJ, B KO-
TOpOM 3aKJIOue€Hhl BCe HaGJjiofaeMble 3HA4YeHHs TpH3IHAKa,
pa3GHBAOT Ha HECKOJNBKO YaCTHUHHIX HMHTEPBAJIOB AJAHHOH A
H HaXOZAT AJA KaXXAOro
YaCTHYHOrOo  HHTepBala
n;—CyYMMYy 4acTOT BapH-
aHT, TMNoMaBIIKX B (-#
B MHTEpBaJ.

. Tfucmozpammold  ua-
Ccmom Ha3bIBalOT CTYIEeH-
yatywo ¢urypy, cocros-
LI1YI0 H3 NPAMOYTOJbHH-
. KOB, OCHOBaHHSIMH KOTO-
‘ PHIX CJYXaT 4YacTHYHbIEe
I o HHTepBaabl anuHOO 4, a
0 S5 [ ¥ 2 25 30 35 40 BLICOTH! paBHMW OTHOLUe-

Puc, 21 HHIO n,;/h (DJOTHOCTH 4a-

CTOTHI).

IO nocTpoeHHs TrucTOrpaMMbl 4acTOT Ha OCH abcuuce
OTK/IaJNBAIOT YAaCTHYHbBIE MHTEPBaJbl, a Haf HUMH IIPOBOAAT
OTPE3KH, napajjienpHble ocu abcuuce Ha paccTosHuH n,/h.

Ilnomage i-ro wvacTuyHOro npsAMoyrofpHHKAa paBHa
hn;/h=n;—cyMmme 4actor BapHaHT i-ro HHTEpBaJa; CJefo-
BaTe/bHO, n20uiadb 2UCMOZpaMMbL 4ACMOMm DAsHA CYMMe 8Cex
wacmom, m. e. o0vemy evibOpPKU.

Ha puc. 21 uso6paxena rucrorpamma wacror pacnpene-
JeHHs o6beMa n = 100, npuseneHsHoro B Taba. 6.

I'ucmozpammold omnocumenbHoix wacmom HashIBaOT CTy-
NEHYaTyI0 PUTYpPY, COCTOSIIYIO M3 NPAMOYIOJABHHKOB, OCHO-
BaHHAIMH KOTODPHIX CJIyXaT YacTHYHbIE MHTEPBaJIH JJIHHOWO A,
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a BLICOTHl PaBHH OTHOweHuio W;/h (NAOTHOCTH OTHOCHTE/b-
HOH YacTOTHI).

Jlna NoCTPOEHHA THCTOrpaMMbl OTHOCHTENBHBIX YacTOT
Ha ocH abclycc OTKJAALIBAIOT YaCTHYHBEIE HHTEpBaJbl, a HaX

Ta6auna 6
C
'-lacr;::::mu’r:;e Ban &:%:HEEETI?,;?%;?HT . g:g::oﬁ?;h

5—10 4 0,8
10—15 6 1,2
15—20 16 3,2
20—25 36 7,2
25—30 24 4,8
30—35 10 2,0
35—40 4 0,8

HUMH T[IDOBOJAAT OTPE3KH, NapajajetbHile OcH alcuucc Ha
paccroaHun W,/hA. [laomazs i-ro 4acTHIHOTrO NPAMOYrOJb-
HHKa paBHa AW ,/h = W ,—oTHoCHTenbHOH YacTOTe BapHaHT,
nonaBWIMX B i-# mHTepBan. ClemnoBaTesisHO, naowads eucmo-
2PamMMbl OMHOCUMENbHBIX HACMOM pABHA CYMME 8CeX OMHO-
cumeAabHbix wacmom, m. e. edunuye.

3apaun

1. INocTpoure rpapux sMnupuueckol GyHKUMM pacnpeneseHHs

x; 5 7 10 15
ng 2 3 8 7

2. TlocTpoBTh TIONHrOHB YacCTOT H OTHOCHTEALHLIX 4acTOT pachpe-
AeeHHS

x; I 3 5 7 9
n; 10 15 30 33 12

3. llocTpouTh rHCTOrpaMMH 4acTOT H OTHOCHTEJNLHWX HYaCTOT pac-
npeneneHHs (8 nepsom croabile yKa3ad 4acTHYHBIA uHTepBaN, Bo BTO-
pOM — CyMMa 4aCTOT BapHAHT YaCTHYHOrO KHTepBaJa)

2—5 9
5—8 10
8—11 25
11—14 6
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Fnasa mwecrHapnatas

CTATUCTHYECKHE OLEHKHWH NAPAMETPOB
PACHIPENEJIEHHUA

§ 1. CraticrHYecKHe OHEHKH napameTpoB
pacnpeneJsieHus

ITycts TpeGyeTca H3yuHTh KOJHYeCTBEHHBIH NPH3HAK
reHepasbHOH COBOKYNMHOCTH. [ONYyCTHM, YTO H3 TeOpeTHUEC-
KHX coobpaeHH# yaajoch YCTAaHOBHTh, KaKoe MMEHHO pac-
npeaeseHue HmeeT npudHak. EcTecTBeHHO BO3HHKaer 3ajauda
OL/EHKH NapaMeTpPOB, KOTOPBbIMH ONpeReJAercA 3To pacnpene-
senne. Hanpumep, ecan nanepel H3BeCTHO, YTO M3ydaemulit
NpU3HaK paclipeflesieH B reHepaJbHOH COBOKyNMHOCTH HOPMa/b-
HO, TO HeoOXOoAHWMO OLEHHTH (MpHOJIHMKEHHO HaHTH) MaTeMa-
THYEeCKOE OXKUJaHHE M CcpejHee KBajpaTHYECKOEe OTKJ/IOHEHUe,
TaK KaK 3TH JBa NapaMeTpa NOJHOCTEIO ONPEAeSIOT HOPMaJlh-
HOEe pacllpellejIEHHE; €CJIM e €CThb OCHOBAHHA CYUTaTh, UTO
NMpH3HAK HMeeT, Hanpumep, pacnpepejenue [lyaccona, TO
Heo6XoqHMO OlleHHTh MapaMeTp A, KOTOpHIM 3TO pacnpene-
JieHue OIpeleseTcs.

O6bluHO B pacnopsiKeHHH HCCJENOBATENA HMEIOTCH JNHUIb
JaHHbl€ BHIOOPKH, HANlpMMep 3HA4YEHHA KOJMHYECTBEHHOrO MPH-
3HaKa X,, X, ..., X,, NOJdy4eHHbIe B pe3yJbTaTe n HaOM0/Ae-
HMMA (3JeCh ¥ Aajee HaOMOAEHH S IPEATIONAraloTCA He3aBHCHMBI-
mMi). Uepes 3TH AaHHbBIE H BHIPAXAIOT OLEHHBAEMbIH MapameTp.
PaccmaTtpuBas x,, x,, ..., X, KaK HE€3aBUCHMbIE C/Jy4yaiHble
Beanuuvnl X,, X,, ..., X,, MOXKHO CKasaTh, uYTO HaHTH
CTATHCTHYECKYIO OLIEHKY HEH3BEeCTHOro napaMerpa TeopeTHye-
CKOro pacnpefeneHHs — 3TO 3HAYHT HAHTH (QYHKIHIO OT
Ha6Jl0aeMbIX cay4yaillHBIX BEJHYHH, KOTOpas W JAaer MpH-
6amxeHHoe 3HauyeHHe OlleHHBaeMmoro napamerpa. Hanpuwmep,
Kak OyneT nokasaHo Jajee, AASl OLEHKH MaT€MaTHYECKOro
OXHJAHHA HOPMAJbHOTO pacCHpeleeHHA CJAYKHT QYyHKLHA
(cpennee apudpmernyeckoe HaG/MONAEMBIX 3HAYEHHH NPH3HAKA)

X=(X,+Xs+ ... +X,)n.

Hrak, crarucTHuecKoill OIEHKOH HeH3BECTHOTO Iapa-
MeTpa TEOPETHUYECKOTro paclpeieyieHHs Ha3biBaloT QYHKIIHIO
OoT HabmoJaeMblX CJyYaHHbIX BEJNHYHH.
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§ 2. HecmewmeHHBIe, 3deKTHBRbIE H COCTOATENBHDIE
OHECHKH

Jlnsa Ttoro urobbl CTAaTHCTHYECKHE OlleHKH JaBajy
€XOpOILlHey TNPHOJHIKEHHA OHEHHBAEeMbiX NapaMeTPoB, OHH
JOJIKHLI YAOBNETBOPATh OnpefeNeHHbM TpeGoBaHHaM. Huxke
yKasaHbl 3TH TpebGoBaHHA.

ITycts O*—cTaTHCTHYECKAA OllEHKAa HEH3BeCTHOro napa-
MeTpa O TeopeTHYeCcKOro pacnpeneiedua. Jlonyctum, 4TO
no Buifopke o6beMa n HafjaeHa ouneHka O;. IloBropum onmir,
T. €, u3BJleueM H3 reHepajJbHOH COBOXYIHOCTH APYTYIO BhI-
Gopky Toro »e o6beMa ¥ N0 ee JaHHbIM HafiieM ONeHKY O;.
[ToBTOpsis ONKIT MHOrOKpaTHO, NOJAYUHM UHuCia 6], 6,, . .., By,
KOTopbie, BoOOHIE TrOBOpA, pasaHuyHH Mexay coboii. Takum
o6pa3oM. OleHKYy B% MOXHO pacCMaTPHBaTh KaK CJAy4YaHHYIO
BeJIMYHHY, a8 4uchra 63, B;, ..., 6p—KaK ee BO3IMOXHble
3HAYEHHS,

INpeactaBum cebe, uTOo ouneHxka 6* paer NpHGIHIKEHHOE
3HayeHue O ¢ HM3IGRITKOM; TOrAa Kaxkjaoe HaffeHHOe MO JaH-
HblM BBLIGOPOK uucao 6; (i=1, 2, ..., k) Goaplie HCTHHHOrO
3HayeHHsa ©O. $%lcHo, 4YTO B 3TOM CJlydyae H MaTeMaTHYECKoe
OXKHJaHHe (cpenHee 3HAYeHHe) caydaiiHON BeJIHYHHH O* 6o/b-
e, yem 6, 1. e. M (8*) > 6. OueBuaso, uto ecian G* gaer
OLEHKY C HEAOCTAaTKOM, To M (6*) < 6.

TaxuMm o6pasoM, HCNOAB3OBAHHE CTATHCTHYECKOH OLIEHKH,
MaTE€MaTHYECKOe OXKHAaHHE KOTOPOH He paBHO OLIEHHBAEMOMY
napameTpy, NpHBeJo Ob K cHCTeMaTHYeCKHM *’ (OHOTO 3HaKa)
ou6kam. [lo sTofi npHyHHe ecTecTBeHHO norpeGoBath, YTCOH
MaTeEMaTHYECKoe OXKHAaHMe OLeHKH O* 6h0 paBHO OHEHHEa-
eMoMy napametpy. Xors cobmopgeHde 3Toro tpe6oBaHHA He
yCTpaHHT OWHGOK (oAHH 3HayeHuss ©* Goaplwle, a Apyrue
MeHpllle 6), ofHaKO OLINGKH pasHbIX 3HAKOB 6yAyT BCTpeyalb-
¢ OAHHAKOBO wacTto. MHbiMu cioBamH, cobatogenue Tpebopa-
HHA M (8*) = O rapaHTHPYyeT OT NOJYYeHHS CHCTEMAaTHYECKHX
O1HGOK.

Hecmewennoti HasHBaIOT CTATHCTHHECK VIO OLEHKY 6*, MaTe-
MaTHUYECKOe OXHJaHHe KOTOPOil paBHO OlLleHHBaeMOMY Mapa-
meTpy © npu mobom ob6beme BHIGOPKH, T. €.

M (6*)=86.

*) B Teopun own6GOK H3IMEPEHHH CHCTEMaTHYECKHMH OLIMOKAMH Ha3hl-
BaIOT HecJyyafiHne olHGKH, HCKaXXaloulne pe3y/bTaThl H3MePEeHHHA B oAHy
onpeaenenHyio cropoHy HanpHmep, H3IMepeHHe ANHHB pacTARYTOH pyner-
KOH CHCTEMAaTHYeCKH JaeT 3aHHMIKEHHhe pe3ynbraThl.
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CmeuieHHol Ha3bIBAIOT OLEHKY, MATEeMaTHUYECKCe OA I laHHe
KOTOpPOH He PABHO OLEHHBAEMOMY NapaMmerpy.

QOnuaxko 6nio Obl CUWIHOOYHBIM CYHUTATh, UTO HeCMelleHHAan
OLleHKAa BCerila Jaer Xopoulee npubixHKeHHEe OlleHHBAEMOTO
napamerpa. JleHcTBHTENBEHO, BO3MOXHbIE 3HayeHus O* MOryTr
OLITh CHJAbHO paccesiHbl BOKPYr CBOEro CpejHero 3HauyeHud,
T €. JAucnepcus D (©*) moxeT ObiTh 3HauuTeNbHOl. B sToM
c/ayyae HaRJeHHas 1o JaHHBIM OAHOH BbLIGOPKH Oll€eHKa, Ha-
npuMep B;, MOXeT OKa3aThCH BeCbMa YAaJE€HHON OT CPENHETO

3HayeHHs ©*, a 3HauyuT, H OT CaMOro OLEeHHBAEeMOro napa-
MeTpa ©; npuHaB OF B KauecTBe NPUOGIHKEHHOro 3HaYeHHs O,
MBI gonycTtuin 6bl GoJsbuyio omnbky. EciiH Xe norpeGoparth,
4yTOGB! AucHepcHs B* 6p1a Manoii, TO BO3MOXHOCTh AONYCTHTh
Gonpiuyro owmbxy O6yner uckaouesHa. [lo stofi npuuuHe K
CTaTUCTHUECKOH oleHKe npeabsas/asercAd TpebosaHHe sdek-
THBHOCTH.

I¢ppexmuerod Ha3LIBAIOT CTATHCTHYECK YIO OUECHKY, KOTOpas
(npu 3ajaHHoM oGbeMe BHIGOPKH 1) HMEET HAHMEHblyiO BO3-
MOXHYIO JHCIIepCHIO.

IIpu paccmoTrpeHHH BhIGOpPOK Gosabluoro obnema (11 BeJ-
Ko!) K CTATHCTHYECKHM OLEHKaM IpefbABJIsieTcs TpeGoBaHue
COCTOATEbHOCTH.

CocmoamenbHotl Ha3bIBAIOT CTaTHCTHYECKYIO OLLEHKY, KOTO-
pasi IpH fi — 00 CTPEMHUTCH N0 BEPOATHOCTH K OLLEHUBAEMOMY
napaMerpy. Hanpumep, ecin AHCIIepCHA HeCMEUIEHHOH OLEHKH
npu n— o0 CTPEMHTCA K HYJ/IO, TO TakKad OUEHKa OKas3hl-
BaeTrcs H COCTOSATEJIbHOH.

§ 3. IeHepannrHan cpennns

Ilycte u3yyaeTcs ARCKpETHAA reHepasibHas COBOKYMN-
HOCTh OTHOCHTEJLHO KOJHYECTBEHHOro NpH3Haka X.

Tenepaiavroll cpedueil x. Ha3pIBAOT CpelHee apHpMeTHYEC-
hOe 3HaAYeHHH NpH3HaKa reHepalbHOH COBOKYITHOCTH.

Ecnu Bce 3HaueHHA Xx,, X,, ..., Xy NPH3HAKa reHepab-
IioH coBOKynHoctTd o0beMa N pa3asnuHB, TO

Xp=(%y+ %, + ... 4+ xn)/N.

Ecan e 3HauyeHusa MNPHU3HAKA X;, Xy, ..., X; HMeIOT
cooTBercTBeHHO uactorel N,, N,, ..., N, npuuem N, +
+Nﬂ+"'+Nk=N’ TO

E-:(xlN1+xaNs+ o T X NN,
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T. €. TEHepasibHada CpeEAHAHA €CTb CPE€AHAsA B3BELI€CHHaA 3Ha-

YeHU# NpPH3IHAKA C BecaMd, PaBHEIMH COOTBETCTBYIOHIHM 4a-
CTOTaM.

Sameyanwne. [lycth reHepasbHas COBOKyMHOCTb ofbema N co-
JepHHT OGBEKTH C pAa3JHYHLIMM 3IHAYEeHHAMH NpH3IHaka X, paBHbIMH
Xy, Xg, ..., Xn. IlpencranuM ceGe, uTo H3 3TOH COBOKYNHOCTH HayJauy
H3BJIeKaeTcs OJHH 06beKT. BepoaTHOCTh TOro, 4uto 6yneT u3snedeH cOLEKT
CO 3HauyeHMeM NPH3HAKa, HanpHMmep Xx,, oueBHAHo, pasBHa I/N. C asto#
e BepORTHOCTHIO MOXeT OLITh HaBaeueH H Joboi apyroil 06LexT. Taxkum
ofpa3soM, BeNHuYHHY Mpu3HaAaKa X MOXHO pacCMaTpHBATh KaK cay4dafiHyio
BeJIHYHHY, BOAMOIKHLIE 3HAYEHHA KOTOPoH Xy, Xs, ..., X; HMEIOT OJHHA-
KOBhle Be pOATHOCTH, pasHule 1/N. Haiinem maremaTiyeckoe oxupanue M (X):

M(X)=x, VN4 xg- 1Nt ...+ xp1/N=(x;F+ %3+ ...+ xN)/N=1xp.

Hrak, ecan paccmatpHBarb o6csefyeMuf npuHaHak X reHepaJsibHOM
COBOKYNHOCTH KaK CJAYYalHYIO BeJHUMHY, TO MaTeMaTH4YeCKOe OXKHJaHHe
NpH3HAKA PAaBHO TeHepasbHGH cpepfHell ITOrO NpH3HaKa:

M (X) = x,.

STOT BHBOJA MHl NOJYUMJH, CUKHTasi, 4TO BCe OOBEKTHl reHepasbHON
COBOKYNHOCTH HWMEIOT pas/HYHbe 3HAa4YeHHs NpH3HaKa. Takoll xe utOr
6yleT noayueH, echH JONYCTHTb, YTO reHepaJibHasi COBOKYIHOCTh COJep-
KHT N0 HECKONbKY OOGBEKTOB € OAMHAKOBLIM 3HAaYGHUEM IIPH3HAKa.

OGo61ias NOAYYEHHH pe3yabTaT Ha TreHepaJbHYI COBOKYITHOCTD
C HelpepnlBHHIM pacnpejlesieHHeM npuaraka X, 1 B 3ToM cJAyd4ae onpe-
JeJIMM TeHepasibHYIO CPEJHIOI KAK MaTreMaTHYeCKOe OMHIAAHMHE NpPHIHAKa:

xp=M (X).

§ 4. BubGopounas cpepHsas

[lycTs Ans u3ydeHHA reHepasibHOA COBOKYNHOCTH
OTHOCHTEJILHO KOJIHYECTBEHHOro Nnpu3Haka X H3BJeYeHAa BbI-
6opka obGbema n.

Boibopourod cpedreld x, Ha3bIBAlOT cpefHee apHPMETH-
YeCKoe 3Ha4yeHHe NpH3HaKa BbLIGOPOYHOI COBOKYTHOCTH.

Ecan Bce anaueHus x,, X, ..., X, NpH3HaKa BBIGOPKH
o0beMa n pas3IH49HBL, TO

Xg= (%, 4+ X, ...+ x,)/n.

Ecap xe 3HaueHHA NpH3HaKa X,, X,, ..., X HMEIOT COOT-

BeTCTBEHHO YaCTOTHl N,, fg, ..., My, HPpHYEM n,+4n,-4 ...
evot+np=n, TO

Xy = (X +RoXy+ ...+ npxy)n,
HJAH

k .\
xn == '21 n‘-xi)/n,
i=



T. €. BblﬁOpO‘IHaﬂ Cpeansa eCTb CpeJHAA B3BELICHHada 3Ha-

YeHHH NNpU3HakKa ¢ BecaMH, paBHbLIMH COOTBETCTBYIOIIHM 4a-
CTOTaM.

3amedanue. Bufopounana cpesnss, HaliJeRHas Mo RAHHLIM OJHOM
BHOOpKH, €eCcThb, OuEBHAHO, OmNpeleseHHoe ukcho. EcaH ke MaBaexatb
JApyrue BuIGODKH TOTO e cOGbeMa M3 TCH 3Ke reHepaJibHCH COBOKYIHOCTH,
To BHOGOpouHas cpelHss OyJeT H3MEHSTLCH OT BHOOPKH K BbHIGOpPKe.
Takum cOpasom, BLIGOPOUHYIO CPEJHIOID MOXKHO paccMaTpHBaTh Kak cay-
YafMyl0 BEJHYHMHY, a CJIeI0BATEJILHO, MOXKHO FOBOPHTL O pacnpefelieHHAX
(TeopeTHYECKOM M 3MMHPHYeCKOM) BHIGOpOMHON cpefHeH M G uMCAOBBIX
XapaKTepHCTHKAX 3Torc pacnpeflesieHHs (ero Ha3nBalT BLIGOPOYHBIM),
B YaCTHOCTH © MAaTeMATHYECKOM OXHJAaHHH H JAHCNepCHH BBIGOPOUHOTO
pacrnpenesieHHs.

3ameTHM, UTO B TEOpeTHYECKHX pacCyKACHHAX BhIOOPOUHBIE
3HaYeHHa Xx,, X,, ..., X, NpH3Haka X, noJiydeHHble B HTOrE
He3aBHCHMbIX HabJIOJIeHuH, TakxkKe paccMaTPHBAOT Kak cly-
yaikble Beanuuds X,, X,, ..., X,, UMewlllHe TO Ke pacnpe-
JeJeHHe H, CJeJOBaTeJbHO, TE K€ YHCAOBbIE XapaKTepHCTHKH,
KOTopble HMeloT X.

§ 5. OueHka reHepaabHO# cpeaHeidt no BHIGOPOUHOH
cpenHei. YcCTOAUMBOCTbL BbiIOOPOUHbIX CPEIHHX

Ilycrs W3 reHepasJibHOH COBOKYTNHOCTH (B pe€3yJb-
TaTe He3aBHCHUMEIX HaOJIIOJeHHA HaJ KOJH4YeCTBEeHHBIM NpH-
3HaKom X) H3B/leueHa nNOBTOpHan BbiGopka o0beMmMa 71 CO
3HaYeHHMAMH MNpH3HaKa X,, X,, ..., X,. He yMeHbmas oOuL-
HOCTH paccyxJeHui, 6yleM CUHTaTb ITH 3HAYEHHA NMpH3HAKa
paanu4HeIMH. [lycTh reHepasbHas cpelHAsA X, HeH3BeCTHA
H TpebyeTcs OIEHHUTb €€ To JXaHHbIM BHOOpKH. B Kaue-
CTBE OLEHKH TeHepa/ibHOH CpefHeH NMpPHHHMAT BLIGOPOYHYIO
CPeAHIOn

Xy = (%, + X;+ ... +x,)/n.

Y6enumcn, 4TO Xy — HECMEUIEHHAA OEeHKA, T. €. IIOKaXeM,
YTO MateMaTHYecKoe OXKHJaHHe 3TOH CleHKH paBHO X,. Dyaem

pacCMaTpHBaTh X, KaK CJAYYaHHYIO BEJIHUHHY H X;, X5, ..., X,
KaK He3aBHCHMhle, OJHHAKOBO paclpele/leHHEIe cJy4aiHble
BeanynHbol X,, X,, ..., X,. [lockoJdbKy 3TH BeJHYMHbLl OAH-

HAKOBO paclnipelieJieHbl, TO OHH HMEIOT OJHHAKOBbI€ THCJIOBbIE
XapaKTepPHCTHKH, B YaCTHOCTH OAMHAKOBOE MaTeMaTHuyecKoe
OXHaHHe, KOoTOpoe o0O03HaYHWM uepe3 a. Tak Kak Martema-
THYECKOE OXHJaHHE cpelHero apudmernueckoro oJHHaKOBO
pacnpese/eHHBIX CJay4yafHBRIX BeJUYHWH PpaBHO MaTeMaTH4dec-
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KOMY CXHAAHHIO Kaxaol u3 BeanuuH (cM. ra. VIII, § 9), 1o
M(X.)=M[(X,+ X, + ... +X,)in]=a ()

[IpuHAB BO BHUMAHHE, YTO KaxAas U3 BeIHYHH X, X,, ...
.o, X, HMEET TO Xe pacnpelejieHHe, UYTO M TeHepaJbHadA
COBOKYMHOCTE (KOTOpPYH MEI TaKXe paccMaTpHBAEM Kak CJay-
YafHYIO BReJHUYHMHY), 3ak/JoyaeM, YTO H YHCJOBbie XapaKTte-
DHCTHKH 3THX BeJMYHH H TeHepaJbHOH COBOKYNHOCTH OfM-
HakOBH. B uYacTHOCTH, MaTemaTH4YecKGe CXHAaHHWE @ KaXIOiH
M3 BeJIMYHH PAaBHO MaTeMaTHYeCKOMY OXHMJAAHHMIO npH3HaKa X
reHepajbHOH COBOKYMHOCTH, T. €.

M (X) 2;1. =a.

3ameHup B QopMyJie (%) mMaTeMaTHYeCKoe OXKHJAHHE 4 Ha X,
OKOHYATe/NbHO TNOJYYHM

M (X,) =x,.

Tem camniM poKasaHo, 4TO BHICOpOYHAas CpeAHAS] eCThb He-
CMellleHHasl OpeHKa reHepajbHOH cpeaHedr.

Jlerko nokasaTtb, 4TO BbHIGOpDOYHAaA CPEeAHsAS SABJIAETCA H
COCTOATENILHOH OLEHKOHR TIeHepaJbHOH cpenHedi. JleAcTeH-
TeJbHO, AONYCKas, YTO cJy4daiHble BeJHYHHb X, X,, ..., X,
HMEIOT OrpaHHYEeHHBIE JHCNEePCHH, Mbl BIpaBe NpPHMEHHTb
K 9THM BeJiHuHMHam Teopemy YYeOniniesa (YacTHHI cayua#),
B CHJly KOTOpOH NpH yBeJIHYEHUH n cpenHee apudMeTHUecKoe

paccMarpHBaeMblX BeJHUYMH, T. €. X, CTPEeMHTCH NIO Bepo-
ATHOCTH K MaTeMaTHYECKOMY OXHJAAHHIO a KamAo#d H3 BeaH-

YHH, HJH, 49TO TO Xe, K reHepaJibHOA cpenHed X, (TaK Kak
X, =a).

HMrak, npu ypesnyeHun o6nema BbIGOPKH 71 BLIGOpOYHAs
CpeJHAs CTPEeMHTCA IO BePOATHOCTH K reHepalbHOM cpenHed,
a 3TO M O3HayaeT, 4TO BHIGOPOYHAA CPEJAHASA €CTbh COCTOATE/Nb-
Haa OleHKa reHepalbHO#l cpeiHed. M3 ckasaHHOro caenyert
TaK¥Ke, YTO eCJIH IO HeCKOJbKHM BLIGOPDKaM A0CTATOUHO BOJIb-
moro ofbeMa M3 OZHOH M TOH e reHepaJpHO# COBOKYNHOCTH
6yayT HaKAeHsl BblOOpouHHE cpeiHde, TO OHM OyayT mnpH-
61nxeHHO paBHBI MexAy coGofi. B 3TOM H CoCci10HT CBOHCTBO
ycmotinusocmu eblbopoUHLIX CPedHUX.

3aMmeTHM, YTO €C/aH JHCIEepPCHH JIBYX OJAHHAaKOBO pachpe-
JeJIeHHbIX COBOKYMHOCTEH paBHbBl MeXay cobofi, To GJH30CTb
BLICOPOYHBIX CPeIHHX K TE€HEepaJjibHHM HE 3aBHCHT OT OTHO-
mieHHA o0beMa BbIGODKH K 00BEMy TreHepajbHOH COBOKYII-
HocTH. OHa 3aBHCHT OT o6beMa BLIGOpPKH: ueM 06beM BLIGOPKH
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fonblile, TemM MeHbllle BhIGOPOUHAA CPENHAN OTJHYAETCHA OT
resepaiabhoii. Hanpumep, ecninm w3 opHo# coBoKynHOCTH OTO-
6pan 1% ofpekTOoB, a H3 Apyrofi COBOKYNMHOCTH OTOBpaHO
4% of0bekToB, NpHYeM o0beM mnepBofi BHIGOPKH OKAa3aJcs
GoabmHM, yeM BTOpO#H, TO MepBan BbiGopouHas cpennns Gy-
JeT MeHblle OT/HYATBECA OT COOTBETCTBYIOUIEH reHepanpHOR
cpellHe#l, 4eM BTOpaf.

Samegyanne. Mu npeanonarasn suGopKky nosTopHofl, Onuako
fIoNiy4eHHbie BbLIBOJE NMPHMeHHMHI H IANA GecnopTOpHON BHIGOPKH, €ClH ee
06beM 3HayHTeNLHO MeMblle 06beMa reHepaJibHOA COBOKYMHOCTH. DTO rno-
JoXKeHHe 4YacTo HCMOML3yeTCA Ha NMPaKTHKE,

§ 6. 'pynnoBas u ofman cpeaHne

JonyctuM, 4T0 BCe 3HAYEHHA KOJHYECTBEHHOIO MpH-
sHaka X COBOKYNHOCTH, 6e3pas/IHYHo-TreHepasibHON WJAH BHI-
6opouHofi, pas3buThl Ha HecKoapko rpynn. Paccmarpusas
KaXIyio TPynny Kak CaMOCTOATENBHYIO COBOKYIHOCTh, MOXHO
HaHWTH €e CPelHIOI apHdMeTHUECKYIO.

I'pynnosoli cpedHeil HasHBAIOT cpeiHee apHpMeTHUECKOe
sHauyeHHHA npH3HaKa, NpHHaAJAexallHX TpyMmre.

Tenepp uenecoo6pasHo BBECTH CNeUHaJbHbIH TEpMHH IJA
cpenteil Bcefi COBOKYIHOCTH.

Obuwed cpedneil Xx HasLIBAlOT cpeilHee apHPMeTHYeCKOe
sHaueHW#i MpPW3HAKa, NpPHHaAAexKamux BceH COBOKYIHOCTH.

3HaA Tpynnosbie cpefHHe H OO0bEMH rpymnn, MOXHO HaATH
oflLyio cpelHioo: obwan cpednsan pasna cpedneld apugpmemu-
4eCKoll epynnoswix CpedHuX, 636eUleHHOU no obvemam 2pynn.

Onyckas AOKasaTenrbCTBO, TpPHBElIEM HJMIOCTPHPYIOUIHA
puMep.

Mprmep. Hafith ofuiylo cpelHO0 COBOKYMHOCTH, COCTOAWEN Hs e
RYIOLHX ABYX Trpynn:

I'pynma . . . . ., ... nepeaf BTOpas
3HayeHne npHsHaKa . . . 1 6 1 5
Yacrora . . ... . .. 10 15 20 30
O6rem . . . ... .. .104+156=25 204 30=>50

Pem enne, Hafilem rpynnossie cpeaHue:
%, =(10-1415.6)/25=4;
*q¢=1(20-1430-5)/50=3,4.
Hafinem ofmyio cpejHIO MO rPYNNOBLIM CpeRHHM:
x =(25-4450-3,4)/(25+ 50) = 3,6.

Samevyaumne. Jas ynpoueHHs pacdera obweH cpejHell COBOKynN-
HocTH Gousbinoro oftema uesnecoo6pa3Ho pasOHTL ee Ha HECKOJLKO rpynm,
HafirH rpynnoBbié cpelHue H NO HHM OOGULYIO CPEAHION.
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§ 7. Orxnonenne oTt obileil cpepHelt ¥ ero CBOHCTBO

PaccMoTpHM COBOKYNHOCTb, ©€3pa3/MYHO — reHe-

PaJIbHYO HJAH BBIOODOYHYIO, 3HAYEHHH KOJHYECTBEHHOro MpH-
3Haka X ofweMa n:

3HAYE€HHA NpHU3HAKa . . . . X, X,
JacTOTHl . . . . . . . . .My Ny ... Ny
k

Ipu stom X n,=n. Jlanee ans yao6cTBa 3amucH 3HAK CyM-
L=
k

Mbl ), 3aMEHeH 3HAKOM 2.

t= 1

HaiineMm o6y cpeaHiomn:

x = (X n.x;)/n.
OTclona
¥nx =nx. (%)
3aMeTHM, 4TO MOCKOJNbKY X— MOCTOAHHAA BEJHYHHA, TO
Nnx=xn=nx. (%)

OmKaoHenuem Has3bIBAIOT Pas3HOCTb X,—X MEXAY 3Haue-
HHEM INpH3HaKa H olllell cpeaHed.

Teopema. Cymma npoussedenuii omxaoneHuil na coomsem-
CMEYrouue «acmomol pPasHa HYo:

>, (x,—x)=0,
JloxasaTteabcTBo. YuuThiBasg (%) H (%%), NOJy4HUM
n, (x,—x)=Xnx;— 2 nxX=nx—nx=0.

Chnenctsue. Cpednee 3na4erue OMKAOHEHUS PAGHO HYMO.,
JlelicTBHTENBHO,

n;(x;—x)/2n, =0/n=0,
Hpumep. JlaHo pacnpeXencHue KOJH4ECTBEHHOrO NMpH3Haka X!

X, 1 2 3
n, 10 4 &6

Y6enurscs, UTO CYMMa NPOH3BelleHH OTKJOHeHHMHA HA COOTBETCTBYIOLIHE
YacTOTH PasHa HYJIO.

Peweune, Halfirem o6y cpegHioio:

x*=(10-14+4.246-3)/20=1,8.

Hafinem cymMmy nponsseieHHfi oTKJOMeHHR Ha COOTBETCTRBYIOULHE
YacToTHI*

Dai(x,—x)=10(1—18)+4(2—1,8)+6(3—1,8)=8—8=0.
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§ 8. I'eHepaabHas AucCnepcHS

Jlas Toro 4robbl 0OXapakKTepH3OBaTb pacCenAHHe 3Ha-

YeHHH KOJHYeCTBEHHOro npH3Haka X TeHepaJbHOH COBOKyI-

HOCTH BOKpYl CBOETro CpefHero 3HaueHHHA, BBOAAT CBOAHVYIO
XapaKTePHCTHKY —reHepaNbHyl0 AMCIIePCHIO.

Tenepaavnoii Qucnepcueidi D, naswBaloT cpefHee apudme-

THUECKOe KBaJlpaTOB OTKJIOHeHWH 3HaYeHHH npH3HaKa TeHe-

pajbHOH COBOKYMHOCTH OT WX CpeiHero 3HaueHHsS X..
Ecau Bce 3nauenus x, x,, ..., X NpH3HAKA MeHepaiLHOMH
coBoKkynHocrn o6beMa N pa3ivuHHE, TO

N
D, = (z (x.-—lﬁ)/fv.

Ecay xe 3HaueHus npH3Haka x;, X, ..., Xp HMEIOT
COOTBETCTBEHHO uacrotel N,, N,, ..., N, npuuem N, 4
+Na+no-+Nk=N, TO

k —
D, = (2 Ni(xi"—xr)2>/Np
i=1

T. €. TEHepaJJbHAsgA p[UCNEpCHA €CTb CpeAHAA B3BeElLIeHHAA
KBalpaToB OTK/JAOHEHM# ¢ BecaMH, paBHBIMH COGTBETCTBYIO-
UM 4YacToTaM.
Mpumep. TeHepanbHas COBOKYNHOCT: 3aflaHa TalaHuel pacnpele-
JIeHHA
x; 2 4 5 6
Ny 8 9 10 3
HafiTH reHepanbHyl0 ZHCREDCHIO.
PemeHue. Hafitem resepantHyio cpesuiwoio (cm. § 3):
~ 8:.249.44-10-54-3.6 120 _
*r=""gFyoriors 30
HalineM reHepa/ibHyl0 IHCHEPCHIO,
_ 8-(2—4)?4-9-(4—4)3 4 10-(5—4)2+3-(6—4)?
- 30

Kpome aucnepcuu i xapaKTePHCTHKH pacCesiHMA 3Ha-
yeHHHi NpH3HAKa TeHepaJibHOH COBOKYNHOCTH BOKDYT CBOEro
CpeAHEero 3HaYeHHA MOJb3YIOTCS CBOAHOH XapaKTepHCTHKOA—
CpedHHM KBafipaTHYECKHM OTKJOHEHHEM.

Tenepanrvroim cpednum KsadpamuuecKum OMKAOHEHUEM
(cmandapmom) HaA3HBAOT KBafApaTHbIH KOpeHb H3 reHepaib-
HOH JucrnepcHu:

4.

Dy

=54/30=1,8.

o.=V'D,.
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§ 9. BoiGopouHas AucCnepcHsn

Jdaa Toro vyroOwl OXapaKTepH30BaTb paccesHde
HabJl0aeMhIX 3HaueHMA KOJHYEeCTBEHHOTO IIPH3HAKa BLIOOPKH

BOKPYT CBOEro CpefHero 3HaueHHs X,, BBOAAT CBOAHYIO XapaKTe-
PHUCTHKY — BHIOOPOUHYIO JTHCTIEPCHIO.

Boibopounoti Oucnepcued D, HasbiBaloT cpelHee apH(pme-
THYECKOEe KBaJpaTOB OTKJOHEHHA HaOJaopaeMblx 3HauyeHHl

NpH3HakKa OT HX CpEJHEro 3HAUCHHA Xg.

Ecau Bce 3Hayewmsa x,, X,, ..., X, NpH3HaKa BLHIGOPKH
ob0beMa 71 pas/IM4HbI, TO

D, = (2}1 (x;— E)’)/n.

Ecau e 3HaueHuda mpusHaAKa X,, X, ..., X, HMEOT CO-
OTBETCTBEHHO YacTOTH 71, Mg, ..., Mg, NpHUEM N, + g+ .0y

eeoetnp=n, TO .
Dn‘: (2 n; (xi““;n)a)/n:
i=1

T. e. BbIGopouHas JAHCNEPCHS €CTh CpeAHAS B3BelIeHHas
KBaJpaToB OTKJ/JOHEHH# C BecamH, paBHHMH COOTBETCTBYIO-
MMM YacTOTaM.

Mpumep. Bulopounaf CcoOBOKYNHOCTe 3ajlaHa TalJaulell pacnpe-
AejeHHA
X; I 2 3 4

n, 20 15 10 &
HafATH BWOOpOYHYIO AHCIIEPCHIO,

Peme nne. HaflieM BriGopouryio cpestion (cMm. § 4):
= _20-1415.24-10.34+5.4 100
BT 20415+ 1045 50

HaiinpeM BHGOPOUHYIO AZHCNEPCHIO:
D _20(1—2)"+ 15.(2—2)* 4 10-(3—2)44-5.(4 —2)?

BT 50
=50/50=1.

Kpome pHCHepcHH i XapaKTEpHCTHKHM paccesiHHs 3Ha-
yeHHH NpH3HAKA BHIOOPOUHOH COBOKYNHOCTH BOKPYr CBOEro
CpeAHero 3HAYeHHUA TNOJAB3YIOTCA CBORHOH XapaKTepHCTH-
KOH — CPeJHHM KBaJpaTHUYECKHM OTKJIOHEHHEM,

Boibopounoin cpednum KeadpamuuecKkum OMKAOHEHUEM

(crmandapmos) Ha3bLIBAIOT KBajapaTHBI# KOpeHb H3 BHGOpOY-
HOH XHCIIEPCHH:

==2,

I
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§ 10. Popmyaa aNis BLIYHCACHHA AHCTNEPCHH

Beiancnenne aucnepcu, 6e3pasingiHo — BHGOpOUHON
HJH TreHepajbHo#l, MOXHO YNPOCTHTb, UCNOJB3YR CJEAYIO-
Y10 TeopeMmy.
Teopema. [ucnepcus pasna cpeOnemy keadpamos sHaueH Ul
npusnaxa Mmuryc xéadpam obuieill cpedned:

D= x2—[xJs.

JokasateapbcTBo. CnpaBelJHBOCTE TEOpPEMbl BbITE-
KaeT H3 npeoOpa3oBaHHuil:

D D (xi —x)® _ 2 (x} — 2%+ [x?) -

n

-2k “2""" EPILE . A
= x3—[x]z.
Hrak,
D = x*—[x]e,

rae x=(Qnx)/n, x*=(Qnxq)/n.
Mpumep. HafiTh AucnepcHio no faHHOMY pacnpeefieHHi»

x; | 2 3 4
n; 20 15 10 5

Pewe#nne. Haltgem oSuyio cperswlo:
. 20-1415.2+10.345-4 __ 100

* 0115510156 850 =
Hafizem cpeiHi0l0 KBaApaTOB 3HAYEHHA MpH3HAKa
s 2012415-22 410824542

50
Hekomast aucnepcus

D=x'—|x]2=5—-22=1,

§ 11. 'pynnosasi, BHyTpUrpynnosas, MeXrpynnopas
H obiias AMCHEPCHH

JlonycTHM, 4YTO BC€ 3HaYEHHS KOJHUECTBEHHOTO
NpH3HaKa X COBOKYIHOCTH, Ge3pa3/iH4HO — IeHepaJibHOH HJIH
BHIGOpOuHOH, pasbuTh Ha k rpynn. PaccmarpuBas kKaxayiwo
rpynny Kak CaMOCTOATEAbHYIO COBOKYIIHOCTb, MOXHO Ha#TH
TpynIoByl0 cpeaHiow (cM. § 6) M aucnepcHio 3HAYCHHH NpH-
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aHaKa, INpHHAAJeXKAHUX Tpynie, OTHOCHTEJBHO TPYNNOROH
cpennefl.
T'pynnosoti Oucnepcued HA3LIBAIOT AUCNIEPCHIO 3HauYeHHH

npu3HaKa, NpHHaAJNeXKAamHX rpynne, OTHOCHTELHO Tpynmno-
BOH cpenHed

e = (11 (X —%;))/N;,
T n;—HYacTOTa 3HAYEHHMA X;; j—HOMEp FPYMNIL; X;—TrpyT-
nosas cpeausa rpynnbl j; N, = D>in;—o6beM rpynnbl j.

Mpumep 1. Hafttn rpynnosnie aucnepcHM COBOKYMHOCTH, CocTOofiLued
493 CJeaylmHUX AByX rpynm:

[lepBasi rpynna Bropas rpynna
Xi ni X
I
4 7 8§ 3
5 2

Ny= =10 Ng= Xn;=5
Pemenune. HafisgeM rpynnopnie cpeanue:

=Y Dini=(1-24+7.4-+2.5)/10=4;
X3 =(2-34-3.8)/5=6.
Hafinem HCKOMBe Tpynnoeble ZUCHEPCHH:

Dlrp = (E n;(x; ——;1)2)/]\71 =
=(1.(2—4)2+7.-(4—4)24-2.(5— 4)2)/10=0,6;
Dyrp=(2-(3—6)*+3.(8—6)%)/5=6.

3Haf JAHCMEPCHIO KaXAofi rpynnbl, MOXHO HaHTH HX
CPexHIOI apHpMETHYECKYIO,

Buympuepynnosoii ducnepcueil Ha3blBalOT CPEAHIOI0 apHD-
METHYECKYI0 JHCNepcHH, B3BEIIeHHVIO [10 oObemaM Trpymnim:

DBHrp (2 NIDIrp)/n

rae N;—o6neM rpynns j; n—ZN, o6BeM Bcefl CORO-
i=1
KYIHOCTH.

Mpamep 2. HallTu BHYTPHrpynnoeywo AHCHEpPCHIO Mo A3HHHEIM MPH-
Mepa 1.

Pewe Hne. HMckomas BHYTPUrpynnoBasi AUCMePCHs paBHa
DB“rp = (N]Dlrp + NaDarp)/n = (10 '0.6 + 5'6)/'5 = 12/5-

3Hasi rpynnoeble cpegHue H OOULYI0 CPEAHIO, MOKHO

HafTH JHMCIEPCHIO TPYNHOBLIX CPeJHHX OTHOCHTENbHO OOuleh
CpeAHeH.
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Mexcepynnosoti Oucnepcueti 1a3bBAOT AUCNEPCHIO TPyIm-
[IOBHIX CPeRHHX OTHOCHTENbHO ofuwiell cpeaHei:

Duemrp = (2 Nj (_xj— }-)2)/”4
rie X;— PYNNoOBas CpeAHAs TPynnbl j; N, —o6beM rpymsl j;
k
x—obwas cpennnasn; n= Y N,~—o06beM Bceli COBOKYNHOCTH,
i=1

lMpumep 3. HailtH MeXrpynncsyio aHcnepcHio No JAaHHWIM  TPH-
mepa 1.

Pewenue. Halinem o6myo cpenHioo:

- Xm% 1.947.44-2.5492.343.8 14
X = — = ——
2.!"" 15 3
Hcnoasays BHuMC/eHHbie BhIUE pelHuMHB Xy =4, X,=6, nafizem
HCKOMYIO MEXIPYNNoBYIO JHCNEePCHIO:
Ny (61— %)%+ Ny (xg— %)% __
n
__10.(4—14/3)24-5.(6—14/3)® 8

15 9°

DMemrp=

Tenepp nenecoo6pasHO BBeCTH CreLHabHbIA TEpMHH AR
JHCNIEPCHUHN BCeH COBOKYIHOCTH.

Obuwyeli Oucnepcueli Ha3blBAIOT THCIEPCHIK) 3HaYeHH# NpH-
3HaKa Bce#l COBOKVIIHOCTH OTHOCHTEJbHO OOlled cpeaHel:

Doﬁmz (E n; (xi"—;)z)/nv

rie n;,—vacrota 3Ha4YeHHa x;; x—obuaa cpeansa; n— oobeM
BCell COBOKYNHOCTH.

lIpumep 4. Hailitn c6uyio aHcnepceHio O JaHHBIM npHMmepa .
Pemenue Hafiem HcKomyl o6uiyl0 AMCHEpPCHIO, YUHTHIBas, uTo
obmas cpenHss pasna 14/3:

1-(2—14/3)24-7.(4—14/3)2 {-2.(6— 14/3)?
Dog = @14 1419 25— 1473,

2.(3—14/3)2+3-(8—14/3) 148
+ 15 T 45°

3ameuanne. Halinennas ofmas aucnepcus pasHa cymMMe BHYTPH-
TPpynnoBoR ¥ MexXrpynnosoft AHcnepCHii:

Dnnrp + DMEH(I‘]) == 12/5 +8/9 = l 48/45.

B cneayomem naparpade Gyaer A0KazaHO, 4TO TaKas 3aKOHOMepPHOCTH
cnpagelsiHBa A J0O00H COBOKYNHOCTH,
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§ 12. Caoxenne Ancnepcuii

Teopema. Ecau cosokynHocme cocmoum U3 HeCKoAb-
Kux apynn, mo obwan ducnepcus pPasHa CYmme BHRympuzpyn-
nosot u mexzpynnosoldl oucnepcuil:

Doﬁm == Dnnrp + Dmemrp-

JokasarteancTBo. na ynpomeHHs RoKasaTeabCTBa
NPEANOIOXKHM, YTO BCH COBOKYNHOCTb 3HAYEHHH KOJHYECT-
BeHHOTO MNpH3Haka X pas3buTa Ha ABe CJEAYIOmHe CPYIIIHI:

lpynrma . . . . . . . . nepBasa BTOpas
3HaueHHe nNpHU3HaKa . . . X, X, Xy X,
Yacrora . . . . . . .. m, m, n, n,
O6veM rpynnwt . . . . .N,=m,+m, Ny=n,+4n,
['pynnosasa cpeausa . . . X, Xy
[pynnosaa npucnepcus . . D, Dy

OGBeMm cBoell COBOKYNHOCTH h = N, + N,

[ ]

Ianee nam ynoO6cTBa 3anHCH BMECTO 3HAKA CYMMBI
i=1

2
numercsa ssak 3. Hanpumep, 3m;= Im;=m,+m, = N,.
i=|1

Crenyer TaKXe HMeTb B EBHAY, 9YTO €CJAH I[IOJ 3HAKOM
CYMMBl CTOHT NOCTOSTHHAs BeJIHYHHA, TO ee lle/1ecoobpasHo

BLIHOCHTb 3a 3HaK cyMmel. Hanpumep, Xim;(x,—x)* =
= (x,— x)2 ¥ m, = (x,—x)* N,.
Haiinem ofuiyio aucnepcHio:

D g = m; (x;— X)2+ X n; (x;—x)?)/n. (%)

INpeobpasyem nepsoe caaraeMoe 4YHC/IMTeNsl, BHMTA H MpH-
6aBHB X,:

Smy (e —xr = Bm [ —x)+ G—DP=
=2 (x;— %,)* +2 (5, — x) Zm; (x;— %) + D m(x, — x)°.
Tak kak

2m; (x,--—-—?c.l)’ = N1Dyrp

(PABEHCTBO C/IelyeT M3 cooTHOWeEHNA D, o= (3m; (x;—%,)2)/N,)
HBcuny § 7

Zmi (xi—-;l) =0
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TO MEepBOE CJaraeMoe NpHHHMaeT BUJ
2 m;(x;— %) = N,D, o+ N, (x,— x)2. (x%)

AHa/MIOTHYHO MOXKHO NpPeICTaBHTH BTOPOE CJaraeMoe M-
caurens (x) (BbluTA B npubGaBHB X,):

Zni(xf—;)’z NaDnrp+N: (;a""’;)’- (***)
TToncraBuM (#x) U (%%%) B (%):

Doﬁm = (NlDll‘p —l"NzDzrp_)/n +
+ (Nl (;1_' ;)2 + Na (;I_ ;—)’)/n =Dnnrp+ Duemrp'
Hrak,
D obm = D BBI'P + D MEXrp*

IlpuMep, HAMIOCTPUPYIOLIHA NOKAa3aHHYIO TeopeMy, NpHBEAEH
B NpeamnymieM naparpage,

3ameyanne. Teopema HMeeT He TOJbLKO TeOpeTHHYeCKce, HO H
Ba)KHCe HNpaKTHYecKOe 3sHavyeHne. HanpHmep, ecqnH B pesyaptare Halmo-
AeHHA noJyvyeHHl HeCKOJbKO TpPyNNn 3HaueHHA npH3HaKa, To AJA BHUHC-
JeHua ofuef AMCHepcHH MOXHO TIpynnn B €AHHYIO COBOKYNHOCTL He
of6beaunaTs. C apyrofl CTOPOHH, ec/iH COBOKyHNHOCTb HMeeT GoubuioR
ofneM, To neaecoofpa3Ho pasbuTL €€ HA HeCcKOJbKOo *rpynn. B TOM H
APYTrOM cJyuasiX HelOocpeACTBeHHCe BHIMHCAeHHEe cOuielf [HCHMepCHH 3aMe-

HfeTCA BHUHC/AEHHeM AHCHepcHA oTAeAsHHX rpynn, uro clieruaer pac-
YETHi.

§ 13. Onenka reHepanbuoft aHCNepCHH
no ucnpasjeHHoll BLIGoOpouHOi

IlycTs Hu3 reHepa/ibHON COBOKYMHOCTH B pe3ylib-
TaTe 7 He3aBHCHMHX Hab/aI0AeHHH Haj KOAWYECTBEHHHIM IIpH-
3HakoM X H3BJeUeHAa OBTOPHAsA BLHICOPKA obBmeMa n:

aﬂaqeﬂﬂﬂ anSHaKa . . - . . - . - xl x’ LI I xh
qaCTOTbI - . - . » . . - - L3 . . . nl 'l’ . e nk

IIpn stoM n,+n,+ ... +ny=n.

TpeOyeTcs no AaHHLIM BbIGOPKH OUEHHTH (MPUGTHIKEHHO
HaHTH) HEM3BECTHYIO redepanibHylo AHcnepcdio D, Ecan B Ka-
yecTBe OlleHKH reHepaJbHOA ANCNEePCHH NMPHHATE BHIGOPOUHYIO
AMCIIEPCHIO, TO 3Ta OLEHKA OyHeT NMPHBOAHTL K CHUCTEMaTHye-
CKMM OwWHOKaM, jhaBasf 3aHH)KEHHOE 3HA4YeHHe reHepaJbLHOA
aucnepcHu. OOGBACHAETCA 3TO TeM, YTO, KAK MOXKHO JOKa-
3aTb, BHIOOPOYHASA ANCNEPCHA ABRJSAETCA CMEUleHHON OueHKOM
D,, npyraMu cliopaMd, maTeMaTH4YecKoe OXHAaHHe BHGOpPOY-
HOH jaMcnepCcHH Heé paBHO OuecHHBaeMmolf renepasbHON JiHC-
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NepcHH, a PaBHO
M[D,]=""!D,.

n

Jlerko «HCnpaBMTb® BHIGOPOYHYIO RHCAEPCHIO TaK, YTOOHI
ee MaTeMaTHYeCKoe oXujaHue OblJIO paBHO TeHepaJbHOH
aucrepcun. Hdocratouno s sToro yMHOXKHTb D, Ha apobb
n/(in—1). CaesaB 3To, NOJYUMM wuCnPABAEHHYO Oucnepcuro,
KOTOpYyl0 OOh4HO 0003Ha4aloT yepes S

R R
Z ng (X; — xg)* 2 ni (x; —xp)?
S o n D . n i=1 _i=1

T n—1"8" p—]| n - n—I

Hcnpasnensas aucnepcHs siBAsieTCA, KOHEYHO, HeCMe-
IeHHOfi ONEHKoH reHepaJbHOH aucnepcHu. JleficTBHTENbHO,

—1
M[S’]=M ["n_Dn] 2;_11_,_]M[DB]2 - 'E_,;_Dr——"Dr-

n—I1 n—I|

Hrak, B KauecTBe OLEHKM TeHepaJbHOH JAHCIIEPCHU MNPH-
HHMaT HCNpPaBJEeHHYIO AHUCIEPCHIO

k —
52 -—=(£§1 n; (x,-—x,,)’) /(n— 1).

Ilna OUeHKH Ke CpeaHero KBaJpaTHYeCKOrO OTKJOHEHHA
reHepajbHOH COBOKYIMHOCTH HCHOJb3YIOT <«HCHpaB/eHHOe»
CpelHee KBaJpaTHYeCKOe OTKJOHEeHHe, KOTOpoe paBHO KBaj-
PaTHOMY KOpPHIO H3 HCNpaBJCHHON KHUCMEPCHH:

R —
§= ]/ (z§| n;(x,-—xn)’> /(n—— 1).

IToguepkHeMm, 4YTO s He ABJIAETCA HECMELIeHHOH OUeHKo;
uyToObl OTPa3HTk 3TOT aKT, Mbl HanucaJd H GyAeM nHcaTb
Jajiee Tak: «UCNpaBJieHHOE» CpefiHee KBaapaTH4YECKOE OTKJO-
Henue,

3ameuanune. CpaBuupan GopMyaH
Dy (X (i—x)®/n v 3= ny (g —7)2 ) (n—1),

BHAMM, YTO OHH OT/IMYalOTCA JHWbL 3HameHarensMu. QueBHAHO, NpH
ROCTAaTOYHO GONbLUIHX 3HAUYEHHAX 7 00beMa BHOOPKH BHIOOpOUHAs H HCnpas-
JIeHHasl AHCNepCHH pamIHualoTca Mano., Ha npaktTHke noab3yloTcs KCHpag-
JAeHHOR aucnepcuedl, ecau npuMepho n < 30.
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§ 14. TouHocTh OLeHKH, AOBepHTENbHAN

BEPOSTHOCTD (HAJEXHOCTb). JoBepHTEALHNI
HHTEepBaJj

Toueunoli Ha3bLIBAIOT OLUEHKY, KOTOpPAst onpeiesnserca
OLHHM uyHcJAOM. Bce omeHku, paccCMOTpeHHHle Bbltle, —
toyeynnle. [Ipum BHIGOpDKE Masoro o0beMa ToueuHas OlEHKa
MOKET 3HaYUTEJbHO OTJHYAaTbCA OT OLEHHBaeMOro napamMerpa,
T. €. NpPHBOJAHTL K rpyOniMm omubKaM. Ilo 3TOil npuuuHe NpH
HeOonblIOM oOBeMe BHIGOPKM CeAyeT II0JIb30BaTbCHl HHTEp-
BaJbHbIMH OlIeHKaMH,

HumepsaavHoil HA3BIBAIOT OUEHKY, KOTOpasa onpeaesnfercs
ABYMSA YHCJAMHU—KOHUAMH HHTepBasia. HHTepBasbHbIE
OLUEHKH TNO3BOJIAIOT YCTAHOBHTb TOYHOCTb W HaJeXHOCTh
OLICHOK (CMBIC/I 3THX TOHATHHA BHIACHSETCA HHIKeE).

[lycTe naliileHHas no JgaHHBIM BeIOOPKM CTaTHCTHYECKafl
XapaKTepHCTHKa O c/yXHT OLEHKOH HeHW3pecTHOro Iapa-
meTpa ©. byaeMm cuutaTh © nNOCTOAHHBIM YHCAOM (O MOXert
ObITE M cJaydadHOH BeMHYMHOH). $HcHo, yTo B* TeM TOuYHee
onpezeaser napamerp ©, ueM MeHblle aGCOMIOTHAA BeJHYHHA

asHocTn |@—©*|. Hpyrumu cnosammu, ecan 6 >0 u
®—0*| < 6, To ueM MeHbme §, TeM oleHKAa TOuHee, TakuM
oOpa3oM, MOJIOKHTe/NbHOe YHCJA0 § XapaKTepHU3yeT rmo4HOoCmb
OYEHKU,

OAHaKo CTATHCTHUECKHE MeTOAbl HE IO3BOJSIOT KaTero-
pHYECKH yTBepKJlaTb, UTO OUEHKa O* yaop/jeTBopseT Hepa-
BeHCTBY |0 —0*| < §; MOXKHO JMIIbL TOBOPHTH O BepOAT-
HOCTH 7y, C KOTOpPOH 3TO HEePaBEHCTBO OCYIIECTBJIACTCH.

Hadexcrnocmero (O0osepumenbrotll sepoamuocmor0) OUEBKH
© no O* Ha3elBalOT BEPOATHOCTbD Yy, C KOTOPOH OCYIIECTB-
JdseTcA HepapeHCTBO |0 —6*| << 8. OOBYHO HaAEKHOCTb
OLleHKH 3a/laeTcA Hamnepes, npuieM B KadecTtBe 7y Oepyr
yucio, Gan3Koe K eauHnue. Haubosee yacTo 3ajnaloT Hagemx-
HocTh, papHyw 0,95; 0,99 u 0,999.

[lycts BepoaTHocTh TOro, uro | —0O*| < 8, paBHa y!

Ple—e*| < 8]=ry.

3amMeHHB HepaBeHCTBO | @ —©O*| < 8 paBHOCHIBLHBEIM eMy ABOfi-
HbIM HEpPaReHCTBOM — 8§ < B—0* << §, uau 8*—86 << 0 L
< ©*+ 6, umMmeeM

Ple*—86 <0 <B6*+8]=1.
STO COOTHOWEHHE CJaexyeT IIOHMMATh TaK: BEPOATHOCTb TOTO,

4Yro HHTepBan (B*—§, ©* 4 §) sak/aiouaet B cefe (NOKpHI-
BaeT) HEH3BeCTHBI napamerp ©, paBHa v.
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Hosepumeavnoem Ha3nBalOT HHTEpBan (B8*—8, ©*+6),
KOTOpbIH IIOKpHIBAE€T HeH3IBECTHHIA NapaMerp ¢ 3azaHHOR
HaZeXKHOCTBIO 7.

S3ameuanue, Hureppan (8*—8, ©* 1 8) mnmeer cayyaltnue
KOHIB (MX Ha3HBAaOT JNOBEPHTENBHHIMH TrpaHHuaMi). JleACTBHTEALHO,
B pa3HeIX BHGOpPKAX NOAYYAalOTCH paIHYHHeE 3HayeHus ©O*. Cnejnoba-
TeNsHO, OT BHOOpKH K BHOOpKe OyRyT HIMEHATHCA H KOHUB AOBEpH-
TeJIbHOTO HHTEpBAJA, T. €. [OBepHTe/pHHE TCpaHHOW CAMH ABJAIOTCA
cAy9afAHLIMH BEAHURHAMH — QYHKIHAMH OT X3, X3, ..., Xp.

Tak Kak cay4afiHOf BeIHUYHHOA ABAsAETCA Me ONeHHBaemufi mnapa-
MeTp O, a jAoBepHTeNbHHII HHTepBan, To 60Jeeé nNpaBHALHO IOBOPHTH
He 0 BepPOATHOCTH nonalaHus © B AoRepHTENLHHI WHTEpBaJd, a O BEpOAT-
HOCTH TOro, 4YTO HOBepMTeJBHHI HHTEpBaJ noKpoeT 8.

Meron noBepHTeNIbHLIX HHTepBaJoOB paspaboTtal amepH-
Kanckuii crardetuk O, Hefiman, ncxonsa u3s npe#t anrauii-
cKoro cratuctnka P, ®uuepa,

§ 15. JosepHTenbHble RHTEPBAAN AN OIEHKH
MATEMATHYECKOr0 OXHJAHHA HOPMAJNBLHOIO
pacnpefesieHHA NPH H3BECTHOM O

Ilycts xonuqectBeHHHI npusHak X renepasbHOH
COBOKYMHOCTH pacnpeiesies Hopma/bHO, IMpHYEM cpexHee
KBa/[paTH4YeCKOe OTKJIOHEHHE O 3TOrc pacnpenejeHdus H3BeCTHO.
TpeGyerca oueHHThH HeH3BeCTHOE MaTeMaTHYeCKoe OXHAaHHe

a no pbiGopounoht cpenneR x, [Nocrasum cBoeil 3azaveil HaATH
AOBEPHTE/]bHbBIE HHTEpBaJbl, MOKpHIBAIOINIHE MapaMmerp a
C HaJEeXKHOCTBIO Y.

bynem paccmaTpHBATb BHIGOPOUHYIO CPEAHIOID X KaK CJYy-
YalHYIO BeJHYHHY X (X M3MeHsleTCst OT BbIGODKH K BbIGOpKE)
H BHOOpOYHHIE 3HaYeHWd IMpH3HAKA X,, X, ..., X,—KakK
OJHHAKORO pacrpe/ie/IeHHbBIe He3aBHCHMbIE CJyd4afiHble BeJH-
guHbl X, X, ..., X, (3TH uyHCJa TakXKe H3MeHAIOTCA OT
BLIOOpDKH K BBIOOpKe). JIpyruMH cJOBaMH, MaTeéMaTHYeCKOe
OXMHAAHWE Ka)KJIOoH H3 STHX BEJHYHH paBHO a H CpelHee
KBaJpaTH4YeCKoe OTKAOHEHWEe —O.

[IpumMeM Ge3 goKasaTeJbCTBA, YTO €CJ/H cAydyaiHan BeJIH-
yvHa X pacnpejesieHa HOpMaJbHO, TO BhIGOpOYHAs CpeAHAA

X, nafifleHHasn 1O ‘HE3aBHCHMBIM HaGJIOJCHHAM, TaKxke pac-

npenejeHa HopMaabHo, Ilapamerph pacnpenesnerHus X TaKOBbI
(cm. ra. V1II, § 9):

M(X)=a, o(X)=0/Vn.
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[ToTpebyeM, uTOOBI BHINOJHANOCH COOTHOLEHHE
P(X~—a| < &)=,

rjle y—3aJaHHafa HaJIeXHOCTb.
INonab3ysacy dopmynoit (cm. ra. XI1, § ©)

P(| X —a| < 8)=2D(b/0),

samenuB X Ha X u o Ha o(X)=o0/}) n, noayunm
P(|X—a|< 8)=20(8V nle)=2D (),

rae t=8Vn Jo.

Haiins w3 nocaensero paseHcTBa 8 = fo/} 'n , MoxeM Ha-
NnHCaTh

P(|X—al|<to/V n)=20D ().

[lIpussiB BO BHHMMaHHe, YTO BEPOATHOCTHL P 3ajaHa H
paBHa 7y, OKOHYaTeJbHO HMeeM (Y4TOOHI MOJYy4YHTH pabodyio

¢opMyny, BHIOOPOUHYIO CPEXHIOK BHOBb OOOC3HAuHM Hepes x)
P(x—tofV'n <a<x+tafVn)=20()=y.

CMBICJI TIOJYUYEHHOTO COOTHOIUEHHSA TAaKOB: C HaJe3KHOCTHIO
¥ MOXHO yTBEpXAaTb, UTO JOBepHUTeNbHHII HBTEpBai
(x—to/V'n, x+1ta/V n ) nokpuBaeT HeH3BeCTHHIH MapaMeTp
a; TOUHOCTH OleHKH &= to/V n.

Hrak, nocrapjeHHas BbIIE€ 3ajada IIOJHOCTHIO pelleHa.
YKaxeM ene, YTO 4YucJ0 f oOnpeleisieTcs M3 pABeHCTBa
2Q (¢)=1vy, nau @ ({) =7v/2; no Ttabauue ¢yHxkuun Jlannaca
(cM. npHJoXeHHe 2) HAXOBRAT apryMeHT f, KOTOpPOMY COOT-
BeTcTBYeT 3HadeHue ¢yukuuu Jlannaca, paBuoe /2.

Sameuanne 1. Ouesky |jx—a| < fo/ ¥V n Ha3HBalOT KJAaccHYe-
ckoit. Y3 dopmynn 8§ =1{c/ ¥ n, onpeleasiomlell TOYHOCTb KAACCH4ECKOR
OLEHKH, MOXHO CHENAaTb C/eAYIOWIHE BbiBOJALI:

1) npn Bo3spacTraHHH o6beMa BHOGOPKH n uHcao § yGuiBaeT M, caefno-
BATEILHO, TOYHOCTH OUEHKH YBeJlHYHBaeTCH;

2) yBeaMueHMe HafeXHOCTH OUECHKH y=2® (f) npHBOIHT K yBeaHYe-
nuo ¢ (@ (£/)—sBo3pacTtawmas (yHKIHRA), CAeJOBATELHO, H K BO3pacTa-
HHI0 §; ADYTHMH €10BamH, yBEeJHUYEHHE HAMEKHOCTH KjaccHuecKoll oleHKH
Biteuer 3a cofoif yMeHbIUEHHE €e TOYHOCTH.

Mpumep. Cayuafinas BesiHukHa X HMEeT HOpPMa/ibHOE paclpeieseHHe
C M3BECTHLIM CpeJHHM KBaJ/[paTHUeCKHM OTKJOHeHHeMm o-—=23. Haittu nose-
PHTe/bHBiE HHTEpPBAJH JAJIS OUEeHKH HEH3BeCTHOI0 MaTeMaTHYeCKOro OXKH-

MaHus a 1o BROOPOYHHM CpPEAHHM X, ecid obbem BHOGOpPKH n =30 H
8ajiaHa HaNEXHOCTbL OUEHKH y=0,95.
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Pewenne. Hailigem ¢£. H3 coorHowenHs 2@ (£)=0,95 nonyuHM

@ (¢)=0,475. [To TaGanue npunoenns 2 Haxoaum f=1,96.
HalineM TouHOCTL OlEHKH:

§=ta/V'n =(1,96-3)/ ¥V 26 =0,98.

Josepureabuutli HHTEpBan Ttakos: (x— 0,98; x--0,98). Hanpuwmep, ecau

x==4,1, TO JOBepHTE]IbHBIK HMHTEPBaJ HMeeT CJelylOuiHE NOBepHTeJLHHLE
rpaHHIb:

x—098=4,1—0,98=3,12; x40,98=4,140,98=5,08.

Takum oGpasom, 3Ma4eHHsi HEH3BECTHOTO NapaMeTpa @, COTJACYIO-
Hecs C laHHBIMH BHIGOPKH, yAOBJeTEOPSAIOT HepaBeHcTBY 3,12 < a < 5,08.
Tlopuepkuem, 4T0 6BII0 6B OlIHGOUHBIM HanmucaTk P (3,12 <a <5,08)=0,95.
JleACTBHTENbHO, TaK Kax a—NOCTOSHHAs BeJH4MHA, TO JHGO OHA 3aKJlo-
YeHa B HaljeHHOM HHTepBaJjse (Torja cobmitHe 3,12 < a < 5,08 jpocro-
BEpHO H ero BepOoSTHOCTb paBHa eJHHHUE), JHOO B HeM He 3aKalOueHa
(B 3TOM cayuae cobutHe 3,12 < @ < 5,08 HeBO3MOXKHO H €ro BepoOsT-
HOCTbL pasHa Hymo). JIpyruMe cioBaMH, ROBEPHTENLHYIO BEPOATHOCTL He
cllefiyeT CBSiI3HIBaTh C OleHHBaeMBIM MNapaMeTpoM; OHa CBsi3aHa JHWb
¢ TpaHMHaMH JOBEPHTEJNHLHOTO HHTepBa/a, KOTOPLIE, KaK YXKe OnO yKa-
33aHO, M3MEHSIIOTCA OT BHGOpKH K BHOOpKe,

ITossicHMM ¢MHCJA, KOTOpHA HMeer 3ajlaHHas HajemHuocts, Hanex-
HocTs y=0,95 yka3nBaer, YTO ec/lH MpoOH3BEJEHO AOCTATO4YHO GoJbluoe
YHC0 BHIGOPOK, TO 95% B3 HUX OonpejensieT TakHe JOBEpHTe/IbHEE HHTEp-
BaJibl, B KOTOpPHX NnapaMerp AeACTBHTENLHO 3aKJKOueH; JHWL B 5% cay-
4aes OH MOXeT BHIHTH 38 rpaHHIH AOBEPHTEJbLHOrO HHTEpBaja.

3ameuvaHue 2. Ecau TpeGyeTcs OUEHHTh MaTeMaTHUECKOe OXKHJa-
HMe ¢ Hanepeld 3ajaHHofl TOYHOCTBIO § H HajgeXXHOCTLIO Y, TO MHHMMandb-
Hhft o6beM BLIGOPKH, KOTOPHA o0ecmeduT 35Ty TOUHOCTb, HaXOAMAT IO
tdopmye

(cnescTBHe paBenctBa 8=to/ VY n).

§ 16. JMoBepareabHbie HHTEPBAJL AJS OLUEHKH
MATEMATHUYECKOTO0 OXHJAAHHA HOPMAJLHOIO
pacnpeaeieHHs NMPH HEU3BECTHOM ©

IlycTe KosuuyecTBEHHBIH NpH3HAK X TreHepaJbHoO#
COBOKYITHOCTH pacnpeieieH HOpPMajibHO, TNpHYEM cpenHee
KBajpaTH4ecKoe OTKJ/OHeHHe ¢ Hen3BecTHo. Tpebyercsa oue-
HHTb HEH3BECTHOE MaTeMaTHYyeckKoe OXHAAHHME a C NMOMOWBIO
NOBEPHTE/NbHEIX HHTepBasioB. PaszyMeercsi, HEBO3MOXKHO BOC-
noJib30BaTbCH pE3yJbTaTaMH lpeAblAyulero naparpaga, B Ko-
TOPOM O TPEANoJaraJoch H3BeCTHbLIM.

OkasblBaeTcs, 4TO MO RAHHBIM BLIGOPKH MOXKHO NOCTPOMTH
cJy49aiHylO BeJHYHHY (ee BO3MOXHble 3HaueHHa Oyaem o6o-
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sHavYaTL 4epes f):

KoTopasi uMmeer pacnpenenienne CrpioneHTa ¢ R=n—1 cre-

NeHAMH cBOOOAH (CM. MOSICHEHHe B KOHUE MNaparpada); 3gech

X —Bbl6opouHan CpeAHAA, S-— «HCIpaBAeHHOE» CpeaHee

KBaJpaTHYeCKoe OTKJOHEHHe, n—o6beM BLIGOPKH.
IlhorrocTe pacnpenenesus CrbiofeHta

St m=B,[1+:5]™"
I (n/2)
Va@—1)T(n—1)/2)
Mnbi BugnM, uro pacnpepenenue CThbIONEHTa ONpelCaseTCs

napaMeTpoMm n-—o0BeMOM BHIGOPKH (HMJM, YTO TO Xe, YHC-
JoM creneHeRl cBoGoabl R=n-—1) H He 3aBHCHT OT HEH3-
BECTHLIX MapaMeTpPoB @ H O; 3TA OCOGEHHOCTH ABJAETCHA €ro
Gonpuinm poctouuctBoM. Ilockoasky S (£, n)—uersaa pyHk-
HUHA OT {, BepoATHOCTE OCYIeCTBJICHHA HEepPaBeHCTBAa
I.S)j;in < y onpeneaserca tak (cMm. ra. § X1, 2, saMeyanne):

rae B,=

P("

A—a
S/Vn

‘v
<tv) =2 .'S S(¢, n)dt =v.

3aMeRHB HepaBeHCTBO B KPYrALIX CKOGKAax paBHOCHJAbEHM
eMy ABOHHLIM HEpaBeHCTBOM, MNOJYUYHM

P(X—t,SlVn <a<X+t,5Vn)=n.

Hrax, monn3ysacey pacnpenenenneM CroiogeHTa, Mbl HalLIH

RoBeputennunifi unrepsan (x—i,s/V n, x4+ tys/V'n’), no-
KpbHIBalOIIUA HEH3BECTHHI napaMeTp @ ¢ HaAEXHOCTHIO Y.

3neck cayuafiupie BeTHUHEB X # S 3ameHeHH HecayuafiHbMU

BEeJHYHHAMH X H s, HalijieHHHMHU no BoiGopke. [lo TaGauue
NpuioKeHHs 3 No 3aJaHHBIM 7 M Yy MOXHO HafiTu f,.

fpumep. KonnuecrpenHu® npuaHak X reHepa/lbHOA COBOKYNHOCTH
pacnpeaeser HopmaabHo. [lo BHGOpke ofveMma n= 16 nafizenn BLGOpO-
Haa cpeansas x==20,2 H «HcNpaBlicHHOe» CpefHee KBRApPATHUECKOE OTKJO-
BeHHe $=0,8. OueHHTb HeN3BeCTHOE MaTEeMATHYECKOe OXHJaHHe NpH
NOMOILH ROBEPHTENLHOIO HHTEpBaia ¢ HajexHocTwio 0,95,

eweHHe, Hailinem fy. [Tonpayace TaGauuef npuaoxkerus 3, no
vy=0,95 1 n=16 naxogum fy=2,13,
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Hafinem XoBepHTe/ibHLE I'paHHIbL

x—tys/ V' n =20,2—2,13.0,8/ Y 16 =19,774.
x4 ty8/ ¥V n =20,242,13 0,8/ V' 16 =20,626.
Hrak, ¢ Hazexnocrsio 0,95 HeuspecTunlili napameTp a 3aKJIOHEH

B JOBEpHTEJLHOM HHTepBa/e 19,774 < a < 20,626.
3ameuanne. M3 npeaenbuoix COOTHOMmeH M

2
lim an--—- hm (1_}_;____1_) -/ —g %2

now " Yon' now

crellyeT, uYTO NMpH HECrpaHHYeHHOM BO3pacTaHuH obbeMa BHOODKH n
pacnpenenenne CrbioaeHTa CTPeMHTCH K Hopuanbam({:y IlosToMy mpak-
THUECKK NpH 7 > 30 MOXKHO BmecTo pacnpeienenus CTbiofieHTa MNOJAb3C-
BaThCH HOPMAJLHBIM pacnpejieseHHeM.

Onuako BaXKHO NOAYEPKHYTh, YTO AN A MAaJABX BHOO-
pok (n<{30), B OCOOEHHOCTH JIJs MaJhX 3Ha4YeHHH 7,
3aMeHa pacnpefeJeHHd HOPMAAbLHBIM MPHBOAUT K TIpyObIM
omwmmbxaM, a HMEHHO K HEONpPaBIaHHOMY CYXeHHIO AOBEpH-
TEJbHOTO HHTEpBAJa, T. €. K IOBbIIUEHHIO TOYHOCTH OLLEHKH.
Hanpuwmep, ecniu n=5 u y=0,99, To, nonasaysice pacnpe-
aenenveM CroiopeHTta, Haihjem f{,=4,6, a Hcnoabn3ya ¢yHK-
uuto Jlannaca, nahgem f,=2,68, T. e. noBepuTe/bHbIA HH-
TEPBAJA B MNOchefHeM cJyvyae oKaxkerca O6ojee Y3KHM, ueM
HaiieHHbIA no pacnpejesiennto CrbrofieHTa.

To obcronrenbctBo, uTo pacnpegenenne CroiofieHTa NpH
Masioil BbLIGODKE NaeT HEe BIIOJiHe onpefiesieHHble pe3yJbTaTH
(UM poKU#l KOBepHTEJBHLIH WHTEpPBaJ), BOBCE HE CBHACTEIRCT-
ByeT 0 cjlaboctd Merolla CruiofieHTa, a OOBRACHAEGTCA TEM, 4YTo
MaJaf BHOOpPKa, pasyMeeTcsl, COREPKHT Manyio MHPOPMAILHIO
00 HHTepecylolieM Hac NMPHIHAKE.

[Toscuenue. Panee 6uto yKasano (cm. 1. X11, § 14),
4TO e€c/AHM Z-—HopManpHas BeJdHYHHa, npuueM M (Z)=0,
o(Z)=1, a V—mne3aBucuMasa oT Z BeJIMYHHA, pacnpeneseH-
HaA 1o 3aKOoHYy %® ¢ R crenedHAMH CBoOOAbLI, TO BeJHYHHA

T = _Z_ (%)
VVik

pacnpeneiieHa no 3akony CrbioOfeHTa ¢ R CTelleHAMH CBOOOAHI,
Ilycte KonuuectTBeHHbIH mHpu3Hak X redepajbHOH COBO-
KYNHOCTH pacnpejeieH HopmaabHo, npuueM M (X)=a,
0(X)=o0. Ecan u3 sroff COBOKYNHOCTH H3BJIeKaTb BHIGOPKH
o0reMa 7 H NO HWM HaXOAHWTL BLIOOPOUHLIE CpelHHE, TO
MOXKHO JOKasaTh, 4YTO BbHIOOpOYHasA CpelHAs pacnpeleleHa

HOpMaJipHO, npuiueM (cMm. ra. VI1II, § 9)

M(X)=a, o(X)=oVn.
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Torpa cayuaiitHan BeJIHUHHA
Xo—a

o Ve (+#)

TaKXX€ HMeeT HOpMaJibHOE pacnpejeseHne Kak JHHeliHas
¢dyHKnHA HOpMaiabHoro aprymenra X, (cM. ra. XII, § 10,
samevanue), npuiem M (Z)=0, o(Z)=1.

JlokasaHo, 4TO cAyyadHble BeJHUHHbl Z K

V= ((n—1) S§?)/o? (%%1)
He3aBUCHMB (S®—ucnpaBieHHas BbIGOpOYHAs AHCNEPCHA) H
yTo BenHuHHa V pacnpemeseHa no 3akoHY y? ¢ R=n—1

CcTelneHssMH cBOOORDI.
ChnesoparenbHO, NMOACTABHB (%) H (%%%) B (%), NOJy4YHM

BEJTHYHHY
T =((x,—a)V'n)s,

KoTopasa pacnpefeneHa no 3akony CrbiopeHTa ¢ k=n—1
CTENIEHAMH CBOOO/BI.

Z =

§ 17. OueHKa HCTHMHHOrO 3HaYeHHs H3IMepsemMON
BEJHYHHB

Ilyctb NpoOH3BOAHTCA A HE3aBHCHMbIX paBHOTOMHHX
H3MEepEHHU HEKOTOPOR (H3NYeCKO# BeJHYHHH, HCTHHHOE 3Ha-
YeHHe g KoTopo#l HeHM3pecTHo. ByleM paccMarpHBaTbh pesyJib-
TaThl OTAENbHHIX HM3MepPEeHHMH KakK cJyyafHble BeJHYHHBI
X,, X;, ..., X, OTH BeJIHYHHbl HE3aBHCHMBl (H3MepeHHUHA
He3aBHCHMEI), HMEIOT OJHO M TO K€ MaTeMaTHYeCKoe oXujia-
HHe a (MCTMHHOe 3HaueHHe H3MEPAEMOH BeJIHYHMHBI), ONHHAa-
KOBBbIE JHCTIEPCHH ©? (H3MEpeHHs DPAaBHOTOYHBLI) M pacmpeje-
JeHel HOpMa/JbHO (Takoe JMOMNYylUleHHE MNOATBEPXKIAETCR OIbl-
ToM). TakHM o06pa3soM, Bce NPENNONOKEeHHA, KOTopble OHIH
clefaHbl TPH BbiBojAe JOBEPHTEJbHBIX HHTEpPBaJOB B JABYX
npenbiAyliux mnaparpadax, BbIIOJHAIOTCH, H, CJIeAOBaTE/bHO,
MBl BIpaBe HCNOJb30OBATb TIOJAYY€HHbIe B HHUX (OpPMYyJHL.
JIpyrHMH cJoBaMH, HCTHHHOE 3HaYeHHe H3MepseMOH BeJu-
YHHbBl MOKHO OUEHHMBATE [0 CpellHeMy apHPMETHUYECKOMY
pe3y/bTaToOB OTAENbHbIX H3MEpPEHHH MNpH TIOMOIIH JOBepH-
TeJIbHBIX HHTepBasoB. JlocKoNLKY OOBIMHO © HEH3BECTHO,
caenyeT noJb3oBaThca GopMyJaMH, npHBeieHHHIMH B § 16.

Npurmep. Ilo faHHRIM JeBATH He3aBHCHMHIX PaBHOTONMHWX H3aMepenHM
¢Huzuueckol pBe/IHYMHH HalgeHB cpejpnee apndMeTHueCKON pesyabTaToB
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OTAeNLHEX H3MepeHHit x=42,319 H «ucnpasiiennoe» cpelHee KBaJLpaTH-
geckoe OTKAoHeHHe s=—=50. Tpebyerca oueHHTL HCTHHHOE 3HauyeHHe
nsmelgﬂemoﬁ BEIMUHHB ¢ HajexHocTeio y=10,95.

eweu e, HMcTHHHOE 3HauYeHMe M3MepsieMOH BEJHYHHHW PpaBHO ee
MaTeMaTHuecKOMYy OXxHaanHW. [lostoMy 3afauya CBOAMTCH K OllEeHKe Mare-

MaTHYeCKOrO OXHAaHHs (IIpH HEeM3BeCTHOM O) NpH IOMOIIH AOBEpHTENDb-
HOT'O HHTepBaJa

x—t,8/Vn <a<x+t38/Vn,

NOKphiBaotiero ¢ ¢ 3aflaHHoi HajxexHocteio y=0,95.

TNoabvaysch tabGanueil npumoxenus 3, no y==0,95 n n=9 HaxoauM
t? = 2.3] .

HailizeM TOYHOCT: OUEHKH:
{y(s/Vm)=2,31-(5/V9)=23,85.
Haknem nosepiitebHble TpaHHILE

x— tys/ V' n = 42,319 — 3,85 —38,469;
x4+ tys/ ¥V n =42,319 4 3,85=46,169.

Hrak, ¢ HajexxHocTnio 0,85 MCTHHHOE 3HAYEHHEe H3MepfAeMofl Be/H-
YHHE 3aKJIOUEHO B JOBEpPUTEIbHOM HHTEpBaJe

38,469 < a <« 46,169,

§ 18. JlosepureabHble HHTEPBAJL AJAHA OLEHKH
CPEAHEro KBAJAPATHUYECKOTO OTKJIOHEHHS ©
HOpMaJAbLHOro pacnpegeiieHHS

Ilycry KosnuecTBeHHBIA HpH3HAK X reHepallbHOR
COBOKYIHOCTH paciipeje/ieH HOpMal/JlbHO. TpebyeTrcs OueHHTH
HEH3BECTHOE reHepaJbHOE CpejHee KpaapaTHyecKoe OTKJO-
HeHHe O N0 «HCIIpaB/leHHOMY» BbIGOPOYHOMY cpeAHeMy KBaj-
paTHYeCKOMY OTKJOHeHHi0o §. IlocraBuM Iepen coGoit 3agavy
HalTH /IOBEpHTE/]bHBIE HHTEpBaJbl, INOKPHIBAIOUIHE MapaMerp
O C 3aJaHHO# HalEXHOCTbLIO V.

[NTorpe6yeM, 4T0oObl BBHIIOJHAJAOCH COOTHOLLIEHHE
P(lo—s| < 8)=vy, nau P(s—8 <0 <s+48)=1.

Jdna rtoro uto6bl MOXKHO ObJIO MNMOJb30OBATLCH TOTOBOH
tTabanuell, npeoGpasyeM AROHHOEC HepaBeHCTBO

s—8 < o< 8546
B PaBHOCHJbHOE HepaBeHCTBO
s(1—8/s) <o < s(1+§/s).
ITonoxus 8/s =¢q, noayunm

s(l—q) <o <s(l+q). (%)
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Ocraerca Halitnm q. C 9TOH Ue/bi0O BBEAEM B pPacCMOTpEHHE
CAy4YalHYyI0O BEJIHUHHY «XH»:

x=(s/0) Vn_ 1»

rie n—ob6beM BHOOPKH.

Kak 6uio yxkasauo [cM. § 16, noscHeHHe, COOTHOILEHHE
(#%%)], Beanuuna S?(n—1)/o® pacnpepeseHa no 3akOHy Y
¢ n—1 creneHAMH cBOGOAH, NO3TOMY KBaApaTHHH KOpPEHB
K3 Hee 0B0O3HAYAOT yepes .

IlnoTHOCTL pacnpejesieHHsl ¥ HUMEET BHA (CM. MOACHEHHE
B KOHile naparpada)

R (y, n)=

xn—ze—X'/z

e (n_-——-l) . (%)

2

310 pacnpenesieHne He 3aBHCHT OT OLLEHUBAEMOTro NapaMeTpao,
a 3aBHCHT JHIIbL OT 06beMa BHIGOpPKH .

[Ipeo6Gpa3zyeM HepaBeHCTBO (%) TaK, 4YTOOH OHO NPHHAJO
BHI y; < X < X5 BEpPOATHOCTb 3TOro HepaseHcTBa (cM. i1 XI,
§ 2) paBHa 3aiaHHOH BEpPOATHOCTH ¥, T. €.

As

S R (% n)d')(,:?-

y 0

Ipexnoaaras, uto ¢ < 1, nepenuilieM HepaBeHCTBO (#) TaK:

1 | 1
S0Tg <7 <s50—9

YMHOKHB Bce 9jleHs! HepaBeHcTBa Ha S )/ n—1, modayaum

Vn—l SVn—1 _ ¥V rn—1
14-¢ < o < Il—gq °
HJIH
]/n—l Vn—I1
T S*S 1=

BGpOﬂTHOCTb TOro, 4ro 3TO HEPABEHCTBO, a CJCAOBATEJIBHO,

H paBHOCH/JIBHOE €My HEPaBeHCTBO (%) Oyler OCYLUECTBJIEHO,
PaBsua

Va=1/(1-¢

R(x, n)dy=y.
Va=1/(1 +q)
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M3 3sToro ypaBHeHHA MOXKHO MO 3aJaHHHIM 7 H Y HalTH q.
[IpakTHuecKH AJIA OTHICKAHHA ¢ NOJAB3YIOTCH TalJaHueH npH-
JIOXKEHHUA 4.

Brunucanp no BuGopke s H HaiAs no tabnauue q, nonay-
UMM HMCKOMHI JOBEpHTE/bHHN MHTEPBaJ (%), NMOXpPHBAaOWHH
¢ ¢ 3a3JJaHHO#l HAaJEXKHOCThIO ¥, T. €. HHTEPBAaJ

s(l—g) <o <s(l+0).

flpumep 1. KosnnuecTBeHHRA npu3sHak X reHepajbHoR COBOKYNHOCTH
pacnpenesed HopManoHo. Ilo BHGopke cOGveMa n=—=25 HallaeHo «Hcnpas-
JicHHOe» cpeAHee KBaApaTHueckoe OTKAcHenHe §==0,8. Haltth Ropepurens-
Holf HHTEPBaJ, NOKPHWBAWIKA TreHepanbHoe Cpefiee KBAJPaTHYECKOe
CTKJICHEHHEe O C HafgexHocTsio 0,95.

Pewen'ne. [lo rabnauue nprioxenns 4 no RapHbm 9=0,95 u
n—25 naiiem ¢=0,32.

HckoMud fosepuTestbHHA HHTEpPBAE (#) TAKOB!

0,8(1—0,32) < ¢ < 0,8 (140,32), mam 0,544 < 0 < 1,086,

3ameuyaHd nue. Bume npepnonarasoce, uto ¢ < 1. Ecan ¢ > 1,
TO HepaBeHCTBO (%) npuMer BHA (yuuTwBad, uto ¢ > 0)
0<o<s(l+9)

nan (nocae npeoGpasoBaHuil, aHANOTHYHHIX caydalw ¢ < 1)

Van—1/(14q <y < .
ChrefoBarenibHO, 3HaueHHst ¢ > 1 Moryt OuWTb HafileHH H3 ypaBHeHHS
oo

R (X., n) d'X.-—-‘Y-
Va=T1/(1+¢)

IlpakTHYeCcKH ANA OTHCKaHWHst 3HaueHHA ¢ > |, coOTBETCTBYIOIHX
pPa3nHYNLIM 3aflaHHLIM 74 H ¥, NOAB3YTCA TaGnuel npuiaoKenns 4.

Mpumep 2. KoauuecTseHHHA npusHak X re’epajbHofl COBOKYNHOCTH
pacnpefened HopManabHo. [lo BuGopke ofbema n==10 HafileHo «HcnpaB-
JIeHHCE» CcpefHee KBaApaTHYecKoe oTKacueHHe s=0,16. Halitu aoBepn-
TeAbHHRA HHTepPBAJN, NOKPHBAKLMA reHepailbHOe CpeAaHee KBaxpaTHYecKoe
OTKJIGHEHHe O ¢ HajexHoctbio 0,999,

Pemenne Ilo TaGnuue npuackeHHs 4 no AaHHuM y=0,999 n
n=10 naftnem ¢=1,80 (¢ > 1). HcxkoMH@ nopeputenbHHE HHTepBaN
T4aKOB:

0<0<0,16(1+1,80), mau 0 <o < 0,448.

[ToscHnenue., TlokaXem, 49TO NJOTHOCTR pacnpejene-
HUA ¥ HMeEeT BHA (xx).

Ecau cayuaiiHas BesnyuHa X pachpeiesieHa NO 3aKOHY
x> ¢ R=n—1 creneHdaMH cBOGOJAH, TO €€ IJIOTHOCTh pac-
npeaeneuna (cM. ra. XII, § 13)

x(k/ﬂ)-*l e-x/a

f(x)= 2*/=r(.§) ,

222



HaH TIOCJIe TOACTAHOBKH R=n—1
x(n=3)2 g=x/3

f(x)= . ("_;_"_1_) :

Bocnonbayemess dopmydaoit (em. ra. XII, § 10)
gW=rvwlv @l

yToOL HaliTH pacnpenesneHue GyHKUUA =9 (X)=} X (x>0).
Otcioga ob6patHasA QyHKIHA

x=9()=x* 1 P (0)=2.
Tak xak ¢ >0, to |¥' ()| =2y, caenosaressHO,
(xz)(n— 2)/2 o =%*/2

= Sk = s 2y,
g =7[% 0]l 1¥ (0l 2(n-1)/nr(n"2_l) p 4

BoinosHuB saeMeHtrapHue npeobpa3’oBaHUA H H3MEHHB
obosnauenus (g(y), sameHMM Ha R (g, n)), OKOHYATEJbHO
MO YYUM

yn—2 g™ X'/3
oln—3)/2 ("“1) )

R (xa n):

2

§ 19. OneHKa TOYHOCTH M3MepeHHA

B Teopuu omnGOK NPHHATO TOYHOCTH H3MEpPEHHMH
(toynocts npubopa) XapakTepu3oBaTh € TIOMOULbIO CpPEIHEro
KBaJpaTHUeCKOro OTKJIOHEHHA ¢ cJaydadHbIX OWHOOK H3Me-
peaii. [lns OUEHKH O HCNOJAB3YIOT «MCIIPaBJEHHOZ» CpeaHee
KBagpaTuueckoe OTKJAOHEHHE s. [1oCcKONBKY OOHLIYHO pe3ylb-
TaThl H3MEpPEHHH B3aHMHO HE3aBHCHMH, HMEIOT OJHO H TO XKe
MaTeMaTHUeCKOoe OXHAaHHe (MCTHHHOE 3HauyeHHe u3aMmepsaeMoM
BeJHYHUHE) H OAMHAKOBYIO AHCIEPCHIO (B cjayyae paBHOTOU-
HBIX H3MepeHHH), TO TeOpHs, H3JIOKEHHAfA B HpPednAYIIeM
naparpacge, [NpHMEHHMa JAJA OLEHKH TOYHOCTH H3MEpeHHH.

[Tpumep. Tlo 15 paBHOTOUHHM RaMepeHHsIM HalieHO «HCNPaBJICHHOEY
cpejilHee KBajApaTHHYeCKoe OTKJoHeHHe s=0,12. HallTH To4yHOCTs HaMmepe-
HHUR C HagexHocTthio 0,99,

Pewe nne. TouHocte HaMepeHufl XxapakTepuayeTcq CPeHHM KBaj-
paTHYecKHM OTKJIOHEHHeM O cAYyvafiHHX omuGOK, No3TOMY 3ajfaya cBO-
AHTCA K OTHICKaHHIO ,uonegm*eubuoro HHTEpBaJda (%), NOXPHBAIOULEIO O
€ 3ananuo@l HagexuocTeio 0,99 (cM. § 18).
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Ilo raGmuue npuaoxenns 4 mo 9y=0,99 v n=15 nafnem ¢=0,73,
HckoMuifi noBeprTeNnHHE WHTEpBaX

0,12(1—0,73) < 6 < 0,12 (140,73), #an 0,03 < ¢ < 0,21,

§ 20. Oneunxa BepoATHOCTH (CHHOMHAJBLHOrO
pacnpejie/ieHHs])) MO OTHOCHTEJNbHOH 4acTore

Ilyerh mnpousBopgsiTcsi HE3aBHCHMEIE HCHBITAHMA

¢ HEH3BECTHOR BEPOAITHOCTBIO p TOABJEHHA cobuHTHA A

B KaxJoM HcnblTaHHH. TpebyercA OLEHMTH HEH3BECTHYIO

BepOATHOCTE p NO OTHOCHTEJLHOM YacToTe, T. €. HaAo HAHTH
€€ TOYEYHYI0O M HHTEpBaJBLHYIO OLEHKH.

A. Toueunas oueHxa. B KauecTBe TOUeuHON OHEHKH He-

M3BECTHON BEPOATHOCTH P NPUHUMAIOT OTHOCHTRJIbHYIO 4aCTOTY

W = my/n,
rge Mm-—ducjo nNoABJAeHUR coOpiTHA A; n—4HCAO HCNHTA-
HUH ¥,

IJta oneHKa HeCMelleHHas, T, €. €e MaTeMaTHYeCKOe OXKH-
JAaHHE pAaBHO OlEeHHBaeMO#W BepoATHOCTH. JleHCTBHTENLHO,
yuuTHBasg, uro M (m)=np (cm. ra. VII, § 5), nonyuum

M (W)= M [m/n] = M (m)/n=npjn=p.

HakhzneM aucnepcuio oueHKH, NpHHAB BO BHUMaHHe, UYTO
D (m)=npg (cM. rn. VII, § 6):

D (W)= D [m/n]= D (m)/n?=npg/n® = pg/n.
Orciona cpepHee KBajpaTHYECKOE OTKJIOHEHHME .

ow=V D(W)=V pg/n.

b. UHrepBannnHas ouenxka. HaiineM ao0BepHTENbLHBHIH HH-
TEpBaJ JJIf OUEHKH BEPOSITHOCTH MO OTHOCHTENbLHOH uacrore.
HanomHum, utro panee (cM. ro, X1I, § 6) Onsna BhiBenena
dopMyJaa, MO3BOJAAIOIMIAA HAHTH BEPOATHOCThL TOro, 4ro ab-

COJIIOTHAA BEJHYHHA OTKJOHEHHMS HE NPEBHICUT MNOJNOKHUTE b~
Horo uucaa 6:

P{| X—a| < 8)=20 (5/0), (%)

*) HanomuumM, uTo ClyyafiHbie BeJHYHHH OGO3HAYAIOT NPONHCHHIMA,
a HX BO3MOXMHLE 3HAYEHHS — CTPOMHBIMH GyKBaMH., B pasiHuHHX onwHTax
YHCJIO M NOsABJEeHHN co6HTHs GyleT H3MEHATLCA H NO3TOMY fABJseTcs
cayuyahtnoft senrunHoft M. Oxnaxo, nockoaekKy uepes M yxKe o6o3HayeHO
MaTeMaTHYECKOE OXXKHAaHHe, MH COXpaHHM s chaydafiHoro 4ucia noss-
JAeHuil COOGHTHA 0603HayeHHe m,
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rie X—HoOpManbHafA cayuyaliHas BeJIHUUHAZ C MaTeMaTH-
ueckUM oxupaHueM M (X)=a.

Ecin n A0CTaToyHO BEJMKO H BEpPOATHOCTh p HE OYEHb
6MU3Ka X HYJIO U K €AUHHIe, TO MOXKHO CUMTaTh, UYTO OT-
HOCHTEJ/IbHAasA YacTota pacnpelieieHa MnpubiHKEHHO HoOp-
MaJibHO, NpHYeM, Kak MNoka3aHo B 0. A, M(W)=p

TakuM oGpa3oM, 3aMEHHB B COOTHOLUEHHH (%) cnyqai’mylo
BeJTMYHHY X H ee MaTeMaTHUECKoe OXHJaHHe a COOTBeT-
CTBEHHO cJyvyailHol BeavuHHod W H ee MaTeMaTHYeCKHM
OXKHJaHHEM p, MOJIydHM npHOJHKEHHOoe (TaK KaK OTHOCH-
TeJIbHas 4acToTa pacnpejeseHa NpHOJIHIKEHHO HOPMAaJIbHO)

P(W—p| < 8)=20(5/oy). (%x)

IlpucTynMM X NOCTPOEHHIO JOBEpHUTENbLHOIO HHTEpBaJa
(py» P3), KOTOPHH C HaJEKHOCTBIO Y NOKPHBAET OLEHHBaeMbli
napaMeTtp p, AJA 4YETro UCNOAb3YEM pacCyXJAEHHA, C ITOMOLLBIO
KOTOPEIX OblJ1 NMOCTPOSH AOBEpUTEJIbLHBIA HHTEpBaa B ri1. XVI,
§ 15. TlorpebyeM, uTOGH ¢ HANEXKHOCTBIO Y BHIOJHSANOCE
COOTHOLIEHHE (-x-*)

P(|W—p|<8)=20(5/0)=

AMEAL 2 A L A AT AR

3aMeHUB Oy uepes J pg/n (cM. n. A), noayuum
P(|W—p|<8)=20(8 Vn/Vpg)=20 )=y,

rie =68V n/Vpg.
Orcona

8=tV pgin
H, CJIeJ0BaTeNbHO,

P(W—p| <tV pgn)=20()=y

Takum oGpaszom, ¢ HAZEKHOCTbIO Y BHIMOJHSETCH Hepa-
BEeHCTBO (YTOOHI MNOJYYHTH paﬁoqyw dopMyaly, caydahiHyio
BesinunHy W 3aMeHHMM HecayuaiiHOH Hab/iofaeMOH OTHOCH-
TEJILHOH 4acTOTOH w M TNOACTaBUM l—p BMecTO ():

lw—p| <tV p(1—p)/in.

YuuTeiBasi, 4TO BEPOATHOCTH p HEH3BECTHAa, PEIIHUM 3TO
HepaBEeHCTBO OTHOCHTENbHO p. HonycrtuM, uto w > p. Toraa

w—p <tV pQA—p)yn.
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OGe yacTH HepaBeHCTBA NOJOMKHTENLHBI; BO3BEAS! HX B KBaj-
paT, MOJYYHM paBHOCHJbBOE KBaJpaTHOe HepaBeHCTBO OT-
HOCHTEJILHO P!

[(t3n)+ D] pr—2[w 4 (t3/n)] p 4+ w? < 0.

JIMCKpHMHHZHT TpeXW/lIeHa TMOJOXHTEbLHEHA, NOTOMY €ro
KOPHH JeHCTBHTENbHHE ¥ pa3/IHYHHE:
MeHbIIHA KOpeHb

n /2 w (] —w) 7\t
po=gis [w g —t V2 (57 ] (i)
6oabuinfk KopeHb

e 1 — LY
;J.:tT:‘--}_'--;-l [w + 55+t ]/w( — w)+(2n) ] (%%xx)
Hrak, uCKOMHR JOoBepHTEJILHHHA HHETEpBAN p, < p < P,,
rge p, 1 py, HaxoJut No QOopMyJaM (%) H (x%x#).
Ilpu BHIBOAe MH NPEATNIOJIOKHIH, YTO @ > p; TOT ¥Ke pe-
3yJAbTAT NOJYYHM HpH w < p.

NMpumep. INpousBoAaT He3aBHCHMHE MHCNHTAaHHA C OAHHAKOBOH, HO
HeH3IBECTHON BEPOATHOCTHIO P NOSIBJEHHSA COoOLTHS A B KaWJOM HCNHTa-
Huu. Halith fosepuTenbHHR HHTepBasn NI ONEHKR BEPOSATHOCTH P C Ha-
AexHocrbio 0,95, ecain B 80 HenwTaHHAX co6uTHE A nossuaock 16 pas.

Pewenne. o ycnoemo, n=280, m=16, y=0,95. Haltnem or-
HOCHTeNIbHYIO 4acTOTY NOABACHHA COOHTHA A:

w=m/n=16/80=0,2.

Hafinem ¢ n3 coorwomenna @ (¢)=1y/2=0,95/2=0,475; no tabnuue
¢ynkunr Jlannaca (cM. nprJAoKeHHe 2) HaxoamMm /=196,

INoacraeus n=80, w=0,2, =196 B GopMyan (sk*) H (dokkx),
OOTYUHM COOTBETCTBEHHO py==0,128, ps=0,299,

Hrax, nckoMuil jgoBepHTeashuit HHTeppan 0,128 < p < 0,299,

3amMeuanne 1. Ilpp Goapluux 3HAYEHHAX n (NopsifiKa COTEH)
charaempie 3/(2n) u (¢/(2n))* oveHL MaaAw B MHOXKHTEAb n/({i--n)oe 1,
NOSTOMY MOXHO NpPHHATE B KauecTBe NPHOAHIKEHHHX IpaHHO HOBEpH-
TEJIbHOI'0 HHTEPBANA

pr=w—t Yw(l—w)/n n py=w-t+i ¥V w(l—w)n.

3ameuanue 2, Hro6m H36eXaTb PacyeTOB KOHLIOB AOBEPHTENb-
HBIX HHTEpBaJIOB, MOXHO HCHOJNb30BaTb TaGh., 28 kuurm HHKoO .
MaremarHKo-cTaTHcTHYeCKHe Tabnuuuw, M., locerarHazar, 1961,

§ 21. MeTox MOMEHTOB AJASl TOYEUHOH OLEHKH
napamMeTpoB pacnpencicHHs

MoxHo AOKa3aTh, 4YTO HA4YaJAbHRIC H HCHTPAJBHEIC
SMNHUPpHYCCKHE MOMEHTHl ABJAKTCH COCTOATE/ABHEIMH OlICHKaMH
COOTBETCTBEHHO HavdYaJdbHbIX H MLEHTPAJIbHbBIX TECOPETHUYCCKHUX
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MOMEHTOB TOro xe nopsaaxa. Ha 9ToM oCHOBaH MeTOA MOMEH-
T0B, npeioxeHHsit K. ITnpcoHoM. JlocTOMHCTBO Meroaa —
CpaBHUTeJbHAA ero npocToTa., MeToJ MOMEHTOB TOYEeYHOM
OLICHKH HEH3BECTHHLIX MNAapaMeTpoB 3aJaHHOTO pacnpelneieHHs
COCTOHT B INpHpaBHHBAHHH TECOPETHUECKHX MOMEHTOB pac-
CMaTpHBAEMOro pacnpele/ieHHsi COOTBETCTBYIOIINM IMITHpHYe-
CKHM MOMEHTaM TOTO K€ NOopfAAKa.

A. Onenxka opHoro napamerpa. Ilycrs 3agaH BHJ IVIOT-
HOCTH pacnpenenenus f(x, 0), onpenensieMol OZHUM HEH3-
BeCTHHIM napamerpoM 0. TpeGyercss HaHTH TOYEUHYIO OLEHKY
napamerpa 0.

JlJisi OleHKH OJHOTr O mapaMeTpa AOCTaTOYHO HMETh
OLHO Y paBHeEHHe OTHOCHTEJNbHO 9TOro napamMerpa. Ciexys
METOJ]Y MOMEHTOB, NpHpaBHsAEeM, HanpuMep, HavdaJbHHH TEO-
pPeTHYECKHH MOMEHT NepBOro NopAjAKa HayaJdbHOMY 3MIIHpH-
YECKOMY MOMEHTy nepBOro mnopszaka: v,=M,. Yuurnsas,
at0 v, = M (X) (cm. ra. VIII, § 10), M, =x, (cM. i, XV]I,
§ 2), noayuum

M (X) = x,. (%)

MaremaTuueckoe oxkulaHue M (X), Kak BHAHO H3 COOTHO-
IIEHUA

MX)=§ xf & 0)dx=o(0),

ecTk GyHKUUA OT O, No3TOMy (%) MOKHO paccMaTpHBaTh Kak
ypaBHeHHe ¢ OXHUM HeH3BecTHHM 0. Pemus 10 ypaBHeHHe
OTHOCHTEJbLHO napamerpa O, TeM caMuHM Hafiaem ero Toueu-
Hylo oueHKy 0% xortopasa asjsercd PyHKuueHd or BHOOpOuU-
HOH cpeliHeH, CJeJOBaTeJbHO, H OT BAPHAHT BHICODKH:

O =P (x,, X4 ...y X,).

Mpumep 1. Hafith MeroaoM MOMEHTOB no BHIGOPKEe Xy, X3, ..., Xn
TOYEYHYIO OLEHKY HeH3BeCTHOTO llapaMerpa A NoKasaTeJbHOro pacnpene-
JIEHHS, NJOTHOCTL pacnpefiefieHHs Kotoporo f(x)=Ae—A* (x=0).

Pemenue. [IpypapHseM HauaJlbHLA TEOPETHYECKHR MOMEHT nep-
BOro nopsaflka HAauaJIbHOMY SMIIHPHYECKOMY MOMEHTY NepBOro mopfAjxa:

vy =M;. Yuurnsas, uro v, =M (X), M, =X,, noaydnM
M (X)=x,.

[IpuHsE BO BHHMaHHe, YTO MATEMaTHUYECHOE OXHJAAHHE NOKAsaTeNLHOIO
pacnpenenenusn pasHo 1/A (cm. ra. XIII, § 3), nmeem

]lk ==-x-3.
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Orciona
A=1/xg.

Hrak, Hckomas ToueyHas oOleHKAa napamerpa A NMOKa3aTeJibHOTO pac-
npepesieHHs paBHA BEJAHUYHHE, oOpaTHOH BHOOpPOUHOR cpenHed:

A* = 1/xy.

b. Ouenka asyx napamerpos. IlycTh 3a7an BHA NJOTHOCTH
pacnpeneaneHus f(x; 0,, 0,), onpenensemMoii HeH3BECTHLIMH
napametrpaMu 6, H 0,. [IN19 OTHICKAHUA IBYX nNapaMeTpoOB
HEOOXOAUMH ABAa YPaBHEHHS OTHOCHTEJNbHO 9THX napaMeTpoB.
Crnenys MeToly MOMEHTOB, NpHpaBHfieM, Hanpumep, Haualb-
HHH TeOpeTHYeCKHH MOMEHT MNEepBOro NopsAAKa HauyaJbHOMY
SMIIHPHUECKOMY MOMEHTY TIepBOro NOpsAKa H LeHTPajbHbIH
TEOPEeTHYECKHH MOMEHT BTOPOro MOPAAKA LUEHTPAJbHOMY 3M-
MM PHUYECKOMY MOMEHTY BTOpPOro NOpfiAKa:

V= Mlv Ry = m,.

YuutuBasn, uto v, =M (X), p,=D (X) (cm. ra. VIII, § 10),
M,=x,, m,=D, (cm. ra. XVII, § 2), noayqum

M (X) =§m }
D (X)=D,.

MateMaTHUYECKOe OXKHJaHue H AucrepcHs ecth GyHKUMH OT
0, H 0,, TOSTOMY (#%) MOXHO paccMaTpHMBaTh KaK CHCTEMY
IByX YypaBHEHHH ¢ JABYMA Heu3pecTHuiMu O, B 0,. Peiuup
9Ty CHCTEMY OTHOCHTE/ILHO HEHM3BECTHHIX INapaMeTPOB, TEM
CaMbIM MOJIYYHM HX TOYeuHHle OHEHKH 07 H 0;. JTH OueHKH
ABMAIOTCA (QYHKUHAMH OT BapHaHT BHGOPKH:

(%)

0 =, (x,, X3, 2.y X,),
6;='lp' (xl' xs, v ey x").
NMpuamep 2. Hafiru MeToNOM MOMEHTOB no sHGOPKE Xy, X3, ..., X

TOueUHble OUEHKH HEH3BECTHHIX apaMeTpPpoB @ M O HOPMANbLHOrO pac-
npejeneHHs

I e-(x-a/(30%) .

MO=Sye=

Pewesnne, [lpupaBngeM HaYa/JbHLIE TEOPETHUECKHE H 3MMHpPHYEC-
KHEe MOMEHTHl NEepBOroc NOPAAKAa, a TAaK»Ke LEHTPANbHbhiE H SMIHPHYECKHE
MOMEHTH BTOPOrc MOpPAAKA:

vy =M;, Mg =My,
Yuuthisas, 910 vy =M (X), pg=D (X), M, =2%,, my=Dy, noayuum
M (X)=%g, D (X)=Ds,.
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anHHB BO BHHMAHHE, 4YTO MAaTEMATHYE€CKO€ QXHIAHHC HOPMAJLHOTIO gac-

npefeIeHHsl paRHO NapaMerpy a4, AHcllepcHs paBHa 02 (cM. ra. XII, § 2),
HMeeM:

a=;n, 02=Dn.

Hrak, HckoMne ToueyHHe OlLEHKH NapaMeTpoB HOPMaJbHOrO pac-
npeneaeHns:

a.=EB: 0‘ = '/-b:'

3amMevanne 1. Jaa oneHOK HEH3BECTHHIX NapaMeTPoB MOXKHO
NpHPaBHHBATH HE TOJBKO CaMH MCMEHTH, HO H (PyHKUHK OT MOMEHTOB.
B 4acTHOCTH, S5THM NYTEM NOJAYYalOT COCTOAITE/IbHHE OIleHKH XapaKTe-
pHCTHK pacnpelle/ieHH#l, KoTopbie RBASIOTCH GYHKIUAMH TeopeTHUYECKHX
MomeHTOB, HanpHmep, acHMMETPH® TEOPETHYECKOTO pacnpeiefeHHs

(cm. ta. XII, § 9) _
Ag=py/0® =pg/ ( Vl‘z)a

eCTh (PYHKUHH OT UCHTPaJbHBIX MCMEHTOB BTOPOrO H TPETbEro NopsiAKos.
3aMeHHB 3TH TEOPETHYECKHE MOMEHTH COOTBETCTBYIOIIHMH SMITHPHYECKHMH
MOMEHTaMH, NOJYYHM TOYEUHYIO OLEHKY acHMMETPHH

As =my/(V m,)*.

3ameuyanue 2. Yuurwsas, uro V my= V D,= 0y, nocaeanioio
dopMyay MOXKHO 3anHCaTh B BHIE

A; == m;/ﬂ':.

Ianee sra ounenxa Gyjner NPHHATA B KauecTBe ONpeHesieHHs acHMMeT-
pHH sMnuprvecKoro pacnpexeseHHs (cmu. ra. XVII, § 9).

§ 22. Meron HauGoabwero npasaonoaodus

K poMe MeTroaa MOMEHTOB, KOTOpDHIH H3JOXKEH B Ipe-
AunymweM naparpade, CyilecTBYIOT H JpyrHe€ MeTOZH TOuey-
HOM OLEHKH HEH3BECTHHIX NMapaMeTpoB pacnpeneneHusa. K Hum
OTHOCHTCA MeTOA HaHOOoJbIlero npabaonolobus, NpensoKeH-
Hui P. dumepom.

A. Nuckperube cayuadnbie BeawuuHbl. ITycts X — nquck-
peTHast cayuyaliHas BeJHYHHa, KOTOpad B pe3yJbTaTe n HC-
NETAaHHH TpUHANA 3HaUeHUA X,, X,, ..., X,. JJONYyCTHM, 4TO
BHJI 3aKOHa pacnpeneJeHus BedWuuHel X 3ajaH, HO Heus-
BecTeH napamerp O, KOTOpPHIM oOnpenesNseTcHs STOT 3aKOH.
TpeGyercss HalTH €ro TOYEUHYIO OLIEHKY.

O603HaydM BepOATHOCTbL TOro, YTO B pe3y/JibTaTe HCIH-
TaHUA BeJIHUMHA X NpuMeT 3HaueHue x,;(i=1, 2, ..., n), uepes
p(x; 6).

Dynkyueti npasdonodobun Guckpemroll cayvatinod eeau-
Yunst X Ha3ulBaloT GyHKOHIO apryMenta ©:

L%y, Xgy -y Xps O)=p(x5; O)p (x5 0) ... p(x,: 6),
TAE X,, X4, ..., X,—(PHKCHPOBAHHHIE UYHCJIA.



B KauecTBe TOueqHOM OLUEHKH nmapamerpa 6 npHHUMAIOT Ta-
Koe ero 3nauexue 0*=0*(x,, x,, ..., x,), Npa KOTOpoM PyH-
Kuusa npasjaononobusa nocruraer makcuMyma. Ouenky 0* Ha-
SHIBAIOT OYeHKol Hauboasuie2o npasdonodobus.

OyHkudd L ¥ Inl JocTHrailor MakKCHMyMa TNPH OJHOM
H TOM JKe 3HaueHHH 0, MO3TOMy BMECTO OTHICKAHHA MaKCHMyMa
¢yHkUuH L vmyT (uro yAoGHee) MaKcumMyM ¢yHKuuH InLl,

Jozapupmuveckoild pynkyueld npasdonodobus Ha3HBAIOT
bynkuuio InL, Kak H3BeCTHO, TOYKY MakKCHMyMa (QyHKIHH
InL aprymeHTa 6 MOXKHO HCKaTh, HanpuUMep, Tak:

dlnL
1) Ha#iTH NPOHUSBOAHYIO 30

2) NpUpPaBHATH NPOU3BOAHYIO HY/IO H HANTH KPHTHYECKYIO
TOYKY — KOpeHb MOJIYUEHHOrO YpaBHEHHN (€r0 HAa3HBaloT
ypasuenuem npasdonodobun); »

InL

3) HaflTH BTOpPYIO NPOH3BOAHYIO —gi+ ©CAH BTOpad

NpoH3BoAHas npH 0=0* orpuuaresbHa, T0 0*—TOuyKa Mak-
CHMyMa,

HalinenHyio Touky MakcuMyMa 0* mMpHHHMAIOT B KauecTse
OLEHKH HauboJbmlero npasaonopobus napamerpa 6.

Meron HaubGoabmero npasjonogobua uMeeT pal AOCTO-
HHCTB: OLIEHKH HauboJbllero npasgononobus, soollle rosops,
COCTOATENBHHE (HO OHHM MOTYT OHTh CMELIEHHHIMH), pacnpeze-
JeHH aCHMIITOTHYECKH HOPMaJibHo (Tpu 60abIIMX 3HAUEHHSAX n
NMPHGAHIKEHHO HOpDMAJbHE) U HMEIOT HAaHMEHbIYIO RHCIIEPCHIO
N0 CpPaBHEHHIO ¢ JAPYrHMH aCHMITOTHYECKH HOPMaJbHLIMH
OLIEHKaMH; €CJIM JJA OLEHHBaeMoro napamerpa 0 cymecrsyer
sppeKTHBHaA OLUEHKa 0% TO ypaBHEHHE npaBAONOROOHSA HMeET
eXMHCTBeHHOe penieHue 0% 3TOT MeTox Haubojaee MNOJNHO HC-
nojib3yer JaHHbe BHIOODKH 00 OueHWBaeMOM mapamerpe,
MO3TOMY OH OCOOeHHO TIOJe3eH B cjlyyae Ma/lblX BRIGOPOK.

Henocratok MeToza cocTOMT B TOM, YTO OH 4acTo Tpebyer
CJIOMHHIX BHIUHCJICHUMN.

3amenanne 1. OyHkuus npaBionoaoGus — PyHKUHA OT apry-
MEHTa 9; oueHka Han6o/bIlUEro npaBJlOHO,llCGHﬂ—Q)yHKuHﬂ OT He3aBHCH-
MBIX apryMeHUTOB Xy, Xg, ..., X

3ameuaHnune 2, OueHka HaHGOABINETO NPABRONOACGHA HE BCeraa
COBMNanaeT c oueHKO#, HalfleHHOR MeTONOM MOMEHTOB.

Mpumep 1. Hafitn meronmom HanGosbwero npaBronofcGHA OUEHKY
napaMerpa A pacnpefienenus Ilyaccona

X; A
P (X=x) =2

[Ae m—9HCA0 NPOH3IBEfEHHBX HCNHTAaHHA, X;— YHCIO MORBAEHHH CobNI-
THA B t-M (=1, 2, ..., n) onuTe (ONHIT COCTOHT H3 m HCNLITaHHR).
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o ’[3 emeHHe, Cccrasum OYHKUHIO npaBlonoAcGHsA, YYHTBHIBAs, WTO

L=p(xy Abp (x5 A) ... p (X A)=

A¥r ™R %1 R An.e~h l:;xi . e~ nA

=T X ) Xyl X Xplxa! . . ox,!
Haiijem acrapudmuyeckyo QyHKIHIO NpaBaonofoGHA:
L= x)InA—nh—In (x,'%5! ... xa!).

HafizemM nepsyio npoxssoAHyo no A:

dIn L___ 2 X,

dh — A
Hannimem ypasHeHHe npasaonofofusA, WIS uero NpHpaBHseM nep-
BYI0 NPOH3BOAHYIO RYJIO:
(3 = /A) —n=0.

Haftnem xpuTHYecKyl0 TOUKY, ASR uYero PEWIHM NOJAyUeHHOE ypaBHe-

HHE OTHOCHTEJLHO A:
A= 2 x,-/n = Xg.
Haligem BTOpYIO NMpPOH3BOAHYIO NO A:

da?lnL Ext
AE

B/

»

Jlerko BHAETb, 9TO NpH A =X, BTOpas NpPOH3IROARAA OTPHIlATE/NbHA;

cAeJoBaTeNIbHO, A == Xy— TOUKA MaKCHMYMa H, 3HayHT, B KayeCTBe ONEHKR
HanOoabiioro npasfionoaofusi napaMeTrpa A pacnpefieienua [lyaccona
Hago NpHHATE BHOOPOMHYIO CPEfHIO A®=x,.

Mpumep 2. HafitH meToXoM HaHOOAbLLIEro NPaBACNOAOOHS OUEHKY
napamerpa p GHHOMHANBLHOrO pacnpefiesieHHs

pn (k) =Chp* (1 —py* 7%,

€C/IH B Ny HE3aBHCHMKIX HCIHTAaHHAX coOWTHE A MOSABHAOCH X;=, pas
H B Ny He3aBHCHMHX HCNHTAHHAX COGHTHE A NOABHJIOCH X3 ==y pPas.

Ig ewenne, CocraBUM ¢(YHKUHIO INpaBroNnofo6Hsa, YuHTHBAs,
uto B=p:

L="P,, (m) P, (mg)=CriCTsp™s* s (| — pjlia+m=(metma],
Hafinem norapudmHueckylo GpyHKUHIO npasaonoiobHs:
InL=In (sz‘cﬂ,') + (my -+ my) In p+-[(ny +ng) — (my - my) | In (1 — p),
Hafinem nepeyi0 NpoH3BOAHYIO MO p:
dln L___= my-+my  (ny-fny)—(my+my) )
dp P l—p
Hanuwem ypaBHeHHe npasaonoao0us, MJis Yero NpHpasHBeM NePBYIO
NPOH3BORHYIO HYJIO
my+my ml’*‘"i‘“(ml'{“ﬂﬁ_)_:o.
P 1—p
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Haiizem KpHTHUECKYI0 TOYKY, AAS Yero peillHM NOJYy4YeHHOe ypas-
HeHHE OTHOCHTEJLHO p.

p=(my -} my)/(ny+4-ny).
Haiinem BTOpYIO NpOH3BOAHYIO mQ p:

d*lnL m1+m,+ (11 ng) —(my + my)
dp? p? (1—p)? )

Jlerko yGepuThcsi, uTO HPpH p=(my-+ My)/(ny-+ ng) BrOpasi Npou3-

BOZHAs OTpHLAaTeJIbHA; CNEN0BATENBbHO, P ==(My-}m,)/{fy -+ ny) —TOouKa

MAaKCHMYMa H, 3HauyuT, €€ Hajgo MpHHATH B Ka4YeCTBE OIEHKH HaRGO/Nb-

mero npasionofofus HEH3RECTHOR BepPOATHOCTH p OHHOMHAJLHOIO pac-
npeaeJieHns:

p* = (my +my)/(n; + ny).

B. HenpephisHuie cay4yalfiine sejH4uHBb. Ilycte X -—He-
npepeHBHag cAydafiHad BeJHUHHA, KOTOpas B pe-
3yJIbTaT€ N UCNHTAHUH NPHUHAJZ 3HAYEHHSA X, X, ..., X,.
JlonycTuM, YTO BHJ IJIOTHOCTH pacnpeieneHus [ (x) 3axaH, HO
He u3BecTeH mnapaMeTp O, KOTOpHM olpeaeaseTca 3Ta
dyHKLIHSA.

Dynryued npasdonolobun HenpepvisHotl cayialinod sesu-
quner X HasHBalOT QyHKUHIO aprymeHta 0

L (%3 Xar <oy K3 0)=F (53 ) F (£33 8) ... f (x,; ),

TAE X,, X3, ..., X,—UKCUpOBaHHBIE 4YHCJIa.

Ouenky Hau6GoJiblliero npaBAonoAoO6us HEU3BECTHOro ma-
paMerpa pacnpelefieHHA HENMpepHBHOH C/y4yaiHOH BeJHYHHE
HILYT TaK e, KaK B CJyuyae JUCKPETHOH BEJHUYMHBEL.

Npumep 3. Hafith MeTopoM HauGoJbHIEre NPaBAONOROGHS OLEHKY
napamMerpa A NoKa3aTeAbHOro pachpefie/ieHHs

f()==2e"™  (0<x< ),

€cAH B pe3yibTaTe n HCNHTanMfA cayuvafinas seqHuYHHa X, pacnpeneseH-
Has MO NOKa3aTeJIbHOMY 3aKOHY, NpDHHAJA 3HAuYeHHS X3, Xg, ..., Xp.

eI-"eunenue. CocraskM (QyHKUHIO npasaonofo6Hsa, YYHTHBas,
gro O =A:

L=f(xy M f(xg A) ... [t A)=Re 1) (Re=21) ., (re~M),

Orciona
L—ane 2,
Hafgem snorapudmuyeckylo ¢pyHKuUHIO npasgonofobus:
InL=nlnA—A ) x.
Hafinem nepsyw npouspoAnyio no A:

dinL n
i M I



Hanuiuem ypaBHeHHE npaBiONOAOGHA, ANA YEro NpHpaBHAEM IepBYIO
NPOH3BOAHYIO HYJIIO:

(n/A) ——2 x;=0.

HaifineM KpHTHYECKYIO TOMKY, JIA Yero pelIHM NOJYYeHHOe YypaBHe-
HHE OTHOCHTEJIBHO A:

7«.=n/2 Xi= l/(z x;[n) = l/;a.
HalizeM BTOpyIO MPOH3BOIHYIO NO A:
d2InlL n

TdAE T AR

Jlerxo BHeTs, 4TO NpH A =!/Xy BTOpast NpOU3BONHAA OTPHUATENLHA;
cnefoBaTtenbHo, A = 1/xp—TOUKAa MaKCAMYMa H, 3HAYHT, B KauyeCTBe
oueHKH HanGOMbHIero npaBxonofoGHA NapaMeTpa A NOXa3aTeJIbHOTO pac-
npefeseHHs Hajo NPHHATL BeJHYHHY, ofpaTHylo BuGOpoyHOH cpenneft:
A*=1/xp.

3ameuadue. Ewn nnorrocts pacnpezeseHus f(x) HenpeprupHOH
cayyaiiHo#t BeJHuuHbl X oOnpeaeasieTrcs ABYMSA HEH3BECTHBIMH NapaMeT-

pami 8, H By, To dyHkuHMs ngasnononoﬁna apasieTca PyHKuUHeA ABYX
He3aBHCHMHX aprymenrton 0; n 0,

L:f(xl; 91’ e2)f(x2; 91, 92) LI ] f(xn; Blt Bz):

rae X;, Xa, ..., Xp-—HaOmoaasiunecss sHaueHus X. [lanee HaxoAdAT jo-

rapHpmuyeckyio ¢GyHKUHIO NpasloRofR0GHA H LA OTHICKAHHA €e MaKCH-
MYMa COCTaBJSIIOT H PEIIAlT CHCTEMY

olnL
28, — O
dinlL
o6, O

Npumep 4. Hafith meronoM naHGosbllero npasfonofioGHs OIMEHKH
AapaMeTPoB @ H O HOPMAJLHOTO pacnpelfe/eHus

e—(x—a)'/so"’

1
T ="

ewIH B pe3ydsrale n HcnHTaHHR BeawuHHa X nNpHHAAA  3HaveHHs
xl' x,, . ouy xn-

Pewenne, CocraBiM (QYHKUHIO npasRonofobHsA, YUHTbiBAs, YTO
@,=a un B,=0:

1 —ir. — )t Y | —(x -a)!/aa’
L=———e (xy—a)*/20 . — 2 .o
oV 2n oV 2n X
= (et
. ———— e
X (4] VQn;
Orcrona

. 1 e x;-a)?f20°
SNTR, JO



Hafinem norapupmudeckyio ¢yHKusHI0O HpasAonoaoGus:
1 Dxi—a?
(V2n)" 2

HafinzeM yacTHHe NPOH3BOAHLIE No @ W NO O:
dInL X xi—na  JinlL n, 2 xi—a)p

InL=—nlnoc+4In

da o ' 8o c

INpupaense yacTHHe NPOH3BOAHLE HYMO H PEUIHB NOJAYYEHHYIO CH-
CTeMy ABYX yPaBHeHHN OTHOCHTENbHO g W 02, NOJYuYHM:

azzx;/nz}-n; 0’3—-——-(2 (x,f—;;)a)fn=DB.

Hrak, HcKoMuHe ONeHKH HauGosbiiero npasaonofolusa: a®=xg;

0*= |/ D;. 3ametsM, uTO nepBas OmEHKA HECMEIEHHAR, a BTOpas CMe-
WEeHHan,

§ 23. JlpyrHe XxapakTepHCTHKH BapHalLHOHHOro psaa

Kpome BrIGOpouHOH cpennefl M BIGOpOUHO# aucnep-
CUH MPUMEHAIOTCA H JApYyTHe XapaKTepUCTHKH BapHalMOHHOrO
pAxa. YKaxeM rjaBHHE H3 HHX,

Modoid M, HasniBalOT BapuaHTy, KOTOpas uMeeT Hau6GO/Ib-
wypo yacrory. Hanpumep, ansa psaga

BapHaHra . . . .1 4 7 9
yactora . . . .5 1 20 6

MOJAa paBHa 7.

Meduaroid m, Ha3BHBaOT BAPHaHTy, KOTOpast JEJIHT Ba-
pHallHOHHBI psjl HA [Be YacTH, paBHble MO YHCJy BapHaHT.
Ec/H ynes1o BapuaHT HeueTHo, T. e, n=2k+ 1, To m == x5, ,;
ApU 4YeTHOM n =2k MeaHaHa

me=(x,,+x,,_,,l)/2.
Hanpumep, pna paga 2 3 5 6 7 meanaHa paBHa 5; nad
paaa 2 3 5 6 7 9 mMepuana papua (b4 6)/2=25,5.

Pasmaxom eapsuposanus R Ha3bIBalOT PasHOCTb MEXAY
HaHOoJblIEH ¥ HaVMEHbIUeH BapHaHTaMH:

R= Xmax — Xmin-

Hanpumep, ana psga 1 3 4 5 6 10 pasmax pased 10— 1 =9,
Pasmax sABjserca npocrefiwell xapakTepucTHKOH paccesi-
HHS1 BapHaLlMOHHOTO psAxa.
Cpednum abcorromnuim omxaoneruem 0 HaskBaOT cpexHee
apudMeTHueCKoe abCOJIIOTHRIX OTKJAOHEHHH:

0= n;|x;—x, /2 1,
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HanpuMmep, Ans pAzxa
X
n, 4 10 5 1

| ]
(%]
()]
et
()]

HMEEeM:
p _4.1+10.3+5-6+l-l6=80_4.
8= T I3 101511 20"
o 4 11—4]+10. |3—412—(l)-5- |6—4|+1-|16—4] o9

CpenHee abcoOTHOE OTKJAOHEHHE CJAYXHT AAA XapaKTepHc-
THKH paccesHMs BapHalMOHHOrO pAAa.

Kosgppuyuenmom sapuayuu V HaspBalOT BHpaXKeHHOE B
NpPOLEHTAaX OTHOILIEHHEe BHIGOPOYHOrO CpPEeJHEro KBajpaTHuec-
KOro OTKJIOHEHHsi K BHIOOpOUHOM cpejfHeit:

V=o0,x,-100%.

KospduuuedT BapualuHM CAYXKUT AJAA CpaBHEHHS BeJUYHH
paccesiHHs MO OTHOIWIEHHIO K BHOOpOYHOR cpenHeH JAByx
BapHallMOHHHIX PAAOB: TOT M3 pAJOB HMeeT 6oJibluee pac-
cesiHHE TIO OTHOLUEHHIO K BHIGOPOYHOH cpefiHeHf, y Koroporo
Kospduurent BapHauuu 6oabme. KosddpuuneHr BapHanuu —
GespasmepHass BEJIUYHHA, TNO9TOMY OH MPHrOAeH AJA Cpas-
HeHHUs paccefHUil BapHaIlHOHHBIX PAXOB, BAPHAHTH KOTOPHIX
HMEIOT pa3jIMYHYI0 pa3MepHOCTb, HalpUMED €CJIH BapPHUaHTHI

OAHOTO pfA/la BUIPaxeHH B CAHTHMETpax, a APyroro—B rpam-
Max.

3amMeuaHne. Buile npegnosaranoch, YTO BapHAUHOHRHA pax
COCTaBJEH No JdaHHbIM BHOOPKH, NOITOMY BCE OMHCAHHBlE XAapaKTepHC-
THKH Ha3LBAlOT OwO0pOYHBIMY; €CAH BapHAUHOHHKWA psx cocTaBJeH No

ANaHHhIM FEHepaJbHOH COBOKYNHOCTH, TO XapaXTEpHCTHKH HA3HBAIOT 2ene-
pasbrHomu.

3azaun

1. Hafiti rpynnoenie cpennue COBOKYNHOCTH, cocTosmieR u3
ZBYX rpynn:
nepeass rpynma . ., . x; 0,1 04 0,6
n; 3 2 b
Bropasa rpynna . . . x; 01 03 04
_ _ n; 10 4 6
Oms. x1=0,4l; x§=0,23.
2, Haiith o6uiyio CpegHIOI No JaHHHKM 3ajaun | ABYMs crocoGamu;

a) o6beHHHTD O6e rpynnsl B OJHY COBOKYNHOCTb; 6) HCNONB3OBaTh Hadll-
JeHHhie B 3a3aage | rpynnosHe cpegHHe.

Oms. x=0,29.
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3. laHo pacnpejeseHHe CTaTHCTHYECKON COBOKYIIHOCTH:
x; 1 4 5
ng 6 It 3

Y6enuTbes, YTO CyMMa NpoH3BeieHH OTKAOHEHHH Ha COOTBETCTBYIOUIHE
YaCTOTH paBHAa HYJIO.

4. Ilano pacnpejie/ieHHe CTAaTHCTHYeCKOR COBOKyYMHOCTH:

x; 4 7 10 15
ng 10 15 20 5

Hafity aucnepcHio COBROKYNHOCTH: a) HCXOS H3 onpelleleHHs JAHCMEp-
cud; 6) noabaysce opmyaot D= x2—[x]2

Omes. D=9,84. -

5. Hafitu BRYTPHrpynnoByio, MEXrpynnoeyid H oGWYI0O RHCNEePCHH
COBOKYNHOCTH, COCTOSIWLEH H3 Tpex rpynm:

nepsas rpynna . ., . X; 1

n; 30 15 5

BTopas Ipynna , ., . X; 1 6
n; 10 15

Tperba Cpynna , . . x; 3 8
ng; 20 5

OmB. DBI!PP = 4,6; Duemrp == l - Dnﬁm =5,6.

6. Hafith BHYTpHrpynnoByio, MEXIPynnoByio H oGyl XHCNEPCHR
COBOKYIHOCTH, COCTOsIWEeRA H3 ABYX rpynm

nepsass rpymna . . . x3 2 7

n; 6 4
BTOpas rpynna . . ., x; 2 7
n; 2 8

Omﬁ‘. Da“rp=5;‘Duemrp=l; ‘D06ﬂl=6'

7. Haiith BboiGOpOYHYIO B HCNPABAEHHYIO JHCNEPCHH BapHAalHOHHOIO
pAfa, COCTABACHHOTO NO JaHHHM BhGoOpKaM:

BapHaHra . . . I 2 5 8 9
yacrora . . . 3 4 6 4 3

Ome: op=28,4; s?=8,84.

B 3ajzavax 8—9 nanm cpenHee KsaZXpaTHYecKoe OTK/OHeHHe, BHGO-
pouHasl CpeaHss H o6beM BHGOPKH HOpMaJLHO pacnpepeseHHOro NMpHa3-
Haka. HafiTu RoBepHTesibibie HHTEePBaAJW AJf OUEHKH HEH3BECTHOrO Mare-
MaTHYeCKOro OXHJAaHHA ¢ 3aflaHHOA HajeXHOCTHIO.

8. 0=2, x,="5,40, n=10, »=0,95.

Oms. 4,16 < a < 6,64.

9. 0=3, x3=20,12, n=25, y=0,99.

Oms. 18,57 < a < 21,67.

10. Hafitsa MuHuManpHH o6beM BHGOPKH, NpH KOTOPOM C HAajeX-
Hocteio 0,95 TOuHOCTE OLEHKH MaTeMaTHYeCKOro OXKHJaHHA HOPpMaabHO
pacnpefiejleHHOro npH3Haka No Beifopounoft cpemuel Gyzer pasHa 0,2,
€C/IH CpefiHee KBajApaTHYECKOE OTKJOHEHHE pasHO 2,

Y xasaune. Cu. sameuanne 2, § 15.

Ome. n=385.

B sagauax 11—12 panu «HcnpaBjieHHoe® cpelHee KBaJipaTHYECKOe
OTKJOHeHHE, BHGOpOUHAs cpefiHsas H 00heM MaJofi BHOOPKH HOpPMaibLHO
pacnpefieieHHoro npusnaka. Hafith, nonbayace pacnpepenennem Ctbio-
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JeHTa, JOBepHUTEJbHHE HHTEPBAaJH AN OUEHKH HeHSBECTHOro MaTEMaTH-
YECKOro OXHAaHMA ¢ 3aJaHHOR HaNEXKHOCThIO.

11. s=1,5, x3=16,8, n=12, y=0,95.

Ome. 15,85 < a < 17,75.

12, s=2,4 x3=14,2, n=9, y=099.

Ome. 11,512 < a < 16,888.

13. o gaHHEM 16 He3aBHCHMBLIX pPaBHOTOMHHX H3MepeHHA Quanvec-
KOA BeJHUHHM HaBigeHm xp=23,161 u s=0,400. TpeGyerca oueHuTb

HCTHHHOE 3HAYEHHE a H3MepsAeMOH BeNHUHHH M TOYHOCTb H3MEpEHHE O
¢ HagexxHoctbio 0,95.

Oms. 22,948 < a< 23,374; 0,224 < o < 0,576.

14. Haliru nopepHTeALHMAA HHTEPBan AJs OUEHKH HEH3BeCTHOH Be-
POSTHOCTH p GHHOMHAJNBHOTO pacnpefeseHHs C Hagexuocreio 0,95,
ecay B 60 HCcnuTaHHAX cobbiTHe nosBHAoch 18 pas.

Oms. 0,200 < p < 0,424.

15. HafiTu MeTonoM MOMEHTOB TOUeyHYl0 OUEHKYy B3Kcuecca £Ep =
= m,4/0%—3 TeopeTHYECKOro pacnpeieseHHs.

Ome. e, =—m,/cs— 3.

16. HallTH MeTonOoM MOMEHTOB TOYEYRLIE OUEHKH napameTpoB & H f
raMma-pacnpeeseHHsA

flx) = ﬁa+1I‘l(a+l) e~ B> —1, p>0, x=0).

Y kaszanue. Caenarbs noAcTadHoBKy y==x/P H, HCnoab3ya ramma-
w0
dyuxkunio T (n)= S xn—le~xdx, Halltu cuayara M (X)=(a--1)B,
0
D (X)=(x-+1) p?, a sarem npupasuste M (X)=xg D (X)=D,.
Oms. a* = (xa/Dy)— 1; p* = Dy/x,.
17. Hafitu wMetojgom HauGoabmiero npasponofobus no BubOpke X,

Xgy ...y Xp TOUEYHYIOD OleHKY HEHB3BECTHOrO napaMeTpa ﬂ raMmMa-pac-
npeieNeHHA, €CAH napaMeTp o6 H3IBECTCH.

YKkasadnue. Hcnoap3oBaTs NAOTHOCTL ramMa-pachpefencHus,
NpHBeAeHHYIO B 3agauye 16.

Oms. P* =1xgz/(a+1).

I'irasa cemuapuarTas

METOAbl PACYETA CBOAHBIX XAPAKTEPHCTHK
BbiGOPKH

§ 1. YcaoBHble BAPHAHTH

[Ipeanosoxum, yTo BapHaHTH BHIGOPKH pPacnono-

XKEeHEl B BO3pacCTalolieM nopsiike, T. €. B BHXE BapHaI[HOH-
HOro pHza.

Pasroomcmosawyumy Ha3HBaOT BapuaHTH, KOTOpHie o6pa-
B8YIOT apHPMETHYECKYI0 NPOTPECCHI0 C Pas’sHOCTLIO A,
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Ycaoenoimy Ha3kIBAIOT BapHaHTH, ONpeAe/sieMHe paBeH-
CTBOM

u; = (x,—C)/h,

rae C—noXHHH HYJb (HOBOE Hayajo OTcuera); A -—Iuar,
T. €. PasHOCTb MeXAy JIOGHIMH ABYyMA COCEJHHMH NEepBOHa-
YajJbHHIMH BapuHaHTaMH (HOBadA €AWHHIA MaciluTtaba).

YpouleHHBIE MeTOAB pacueTa CBOAHHIX XapaKTEepPHCTHK
BHIOOpKH OCHOBaHH Ha 3aMeHe [epBOHAYAJbLHEIX BapHaHT
YCJIOBHEIMH .

INoxkaxeMm, YTO eC/IH BADHALMOHHHIH psiA COCTOMT M3 paBHO-
OTCTOAUMX BapHaHT ¢ 1IaroM A, TO YCJOBHbIE BapHaHTH
€CTh I eNHe 4YHcia. [JeficTBUTENLHO, BEfepeM B KauecTBe
JIOXKHOIMO HYJIAA TIPOH3BOJILHYIO BapHaHTy, HalpuUMep X,.
Torzna
xi—xm _ Xt (—Dh—[(x+(m—=1)A]

= W =i—m.

Tax xak i B m-—uejse yucaa, T0O HX pasHOCTh [ —m =
= i;—TaKXKe BeJ0e YHCJIO,

ul=

3amMevanne |. B xauecTBe NoxHOrO Hys i MOXHO TpPUHSTh JIO-
O6yi0 BapHaHTy. MaKCHMa/ibHas NPOCTOTa BHIYHCJAEHHN IOCTHTAercs, €CJH
BHI6paTb B KayecTBe JIOXKHOTO HYJS BADHAHTY, KOTOpasi pacCno/ioxeHa
NpHMEpPHO B CepeiRHE BapHalUKOHHOro paxa (YacTo TaKasa BapHaHTa
HMeeT HanGOJbHIYIO 4acTOTY).

3ameuvanne 2. Bapuante, Kotopas NpHHATAa B KayecTBe JIOX-
Horo HyJsi, COOTBETCTBYeT YyCJOBHasi BapHaHTa, pasHasi HyJIO.

IMpumep. HafiTh ycnosHHe BapHaHTH CTATHCTHYECKOrO pacnpeneseHnsn:

BapHaHTH . . . 23,6 28,6 33,6 38,6 43,6

YacToTel . . . O 20 50 15 10
Pemenne. BubepeM B KayecTBe J0XKHOro Hyas BapHaHTy 33,6
(eTa BapnaHTa pacmosioKeHa B cepejHHE BaPHAUHOHHOrO psaja).
Hafnem war:

h=28,6—23,6=5.
Hafinem ycnosHyl0 BapHaHTY:
tty = (1 —C)/h = (23,6 — 33,6)/5 = —2.

AHAJIOTHYHO nNOAYUHM: Uy=— 1, uy3=0, u,=1, uy=2. Mu Bugum,
¥TO YCJAOBHEE BapHaHTH-—-HEGOJIBIﬂHE HneJane 4Yyucaa. Paaymee'rcn, one-
PHPOBATE C HHMH Qnpoule, YeM C nepsoHayaJbHBIMH BapHaHTaMH.

§ 2. O6blunble, HauanbHble M LEHTPAJbHBIE
SMIIHPHYECKHE MOMEHTHI

Jsl BHYMHCJIEHHA CBOAHEIX X2PAKTePUCTHK BHIGODKH
YAOOGHO MNOJIb3OBATbCA SMIIMPHUYECKUMH MOMEHTaMH, onpefe-
JEeHUS1 KOTOpHIX AaHAJOrHYHH OMNpeleJeHHsAM COOTBETCTBYIO-
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IMHX TeOpeTHYeCKHX MmomeHToB (cM. ri. VIII, § 10). B or-
JHUHEe OT TEOPEeTHUECKHX 3MMHPHUECKHE MOMEHTH BHIYHC/AIOT
IO J2aHHBIM HabaroneHuf.

O6biuHbIM IMNUDPULECKUM MOMEHMOM nopsdxa k Ha3HBaOT
cpenHee 3HaueHHe k-X creneHed pa3Hocrte#t x,—C:

M= (Zn; (x;—C)*)n,

rae x;—HabjojgaeMas BapHaHTa, n,—4acToTa BapHAHTH,
n = ¥ n;—o6beM BHOOPKH, C-—TNPOH3BOJLHOE MOCTORHHOE
YHCJO (JIOXKHBIH HYJb).

Havuaronoim smnupuveckum momenmom nopadka R HA3B-
BalOT OOBIYHBIA MOMEHT rnopsaaka k opu C=0

M,= (anxf)/n-
B 4acTHOCTH,

M, =nx)n=x,

T. €. HayaJbHbLIi 9SMIHUPHYECKHA MOMEHT NEpPBOro nopsaika
paBeH BHIGOpOUYHOH cpenHed.
LlenmparbHOIM SMRUDUYECKUM MOMEHMOM nopadka k Ha-

3LIBAIOT OGHIUHHIA MOMEHT mopaiAxa k npu C=x,

my = (n; (x;— x,)%)/n.

B uacTHOCTH,

my = ‘Zni (xl'—_;il)z)/n = Dm ("“)

T. €. HeHTPaJbHHHA IMANUPUYECKHH MOMEHT BTOPOro nopsajka
paBeH BbLIGOpOYHOMH IMCHepCHH.

Jlerko BHpa3HTh LEHTpa/JbHbLIE MOMEHTH 4Yepe3 OOHUHbIE
(pexoMeHayeM YHTaTeNI0 CACJATh 3TO CAMOCTONTENbHO):

my, = Mi— (M3)*, (x%)
my == M3 —3MM; +-2(My)*,
my = M;—4MM; + 6M; (M})?—3 (M))s. (x%)

§ 3. YchoBHble IMIHPHYECKHE MOMEHTH,
OTbicKaHHe KEHTPAJbHBIX MOMEHTOB 1O YCAOBHBIM

BrlunciieHe UEHTpaJbHBIX MOMEHTOB TpebyeT no-

BOJLHO TIPOMO3JKHX BboluHC/eHHN. YToOBl ynpocTHTbL pac-
YyeThl, 3aMEHAIOT NepBOHAYAIbHble BAPHAHTH YCJIOBHBIMH.

Yerosnom smnupuseckum momeHmom nopsadxa k HasbiBa-

IOT HavyaldbHBIH MOMEHT NOpAfKa Rk, BHUMCJAEHHHA a1 yc-
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JOBHBIX BapHaHT;

e Sk B (252)°

I
I

B uactHOCTH,

‘_Zn,-(x‘.h;c) I[Zn,-x,- o

m—
1= -

h h
Orciona
%y = M3h+C. (%)

TakuM o6pasoM, Ans TOro 4ToOH HAlTH BHIGOPOUHYIO Cpel-
HIOIO, JOCTaTOYHO BHIUMCJAUTH YCJOBHHIH MOMEHT TNEpBOro

NopfAnAKa, YMHOXHUTh €ro Ha A W K pe3yabraty NpHOaBHTh
JIOKHHH HYyJb C.

BripasuM oOeluHBle MOMEHTH ue€pe3 yCJIOBHLIE:

. L 2ni—COF My
Mkz-fﬁ n = Tk

Orcroga
M = M3 h*.

Taxkum obpasoM, A1A TOro 4ToO6H HalTH OOBIMHEIH MOMEHT
nopfaka k, JOCTATOYHO YCJOBHBIH MOMEHT TOr'O K€ NOopAJKa
YMHOXUTE Ha h*,

Haiina xe oOBYHBIE MOMEHTH, JErko HaHTH LEHTpalib-
HEI¢ MOMEHTHl 10 paBEHCTBaM (xx) H (®*xx) NpelbAYyILEro
naparpaga. B wurore nonayuuMm yao6Hbie IJ5 BRIYHCJIEHHHA

dopMyJasl, BHIpaxaloOUHE€ HEeHTpaJibHEIE MOMEHTH 4Yepes yc-
JIOBHBIE!

my = [M3— (M3, o)
my =[M;—3M;M; + 2 (M;)?] 13,
m, = [M;—4MM; -6 M3(M7)2—3 (M) ]he. } (%%%)

B uacTHOCTH, B CHAY (%%) H COOTHOLIEHHS (%) NpelbiAy-
ulero naparpada noayuuM ¢GopMyay AJA BBIYHCJIEHHS BHOO-
pouHOH JHcNepcHH NO yCJOBHBIM MOMEHTaM IepBOro M BTO-
poro nopAAKOB

D, =[M3— (M3)*] h2. (%)

TexHHKa BHIUHCJIEHHH HEHTPaJbLHRIX MOMEHTOB IO YCJOB-

HLIM OMHCaHa jalee,
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§ 4. MeTon npouapeneHni ANA BLIYHCIAEHUS
BbiOOpOMHBIX cpeAHEeH H AHCNepCcUn

Meroa npou3sBeneHuil Jaer ynoOHb# cnoco6 BhIYHC-
JIEHHS YCJIOBHBIX MOMEHTOB pa3JHyHbIX MOPSIAKOB BapHalH-
OHHOro psija ¢ pPaBHOOTCTOSIIIHMH BapHAHTaMH. J3Has e
yCJIOBHbIE MOMEHTH!, HETPYIHO HaHTH HHTEpecyloHlHe Hac
Haya/lbHbl€ H IEHTpaJbHble SMMHPHUYECKHE MOMeHTH. B uacr-
HOCTH, METOAOM npOH3BeAeHHH yno0HO BBIMHCIAATH BbHIGOpPOU-
HYI0 cpenHiolo H BbiGopouHylo AHcnepcuio. Llenecoobpasno
MOJb30BaTLCA PpacyeTHOH TabJyHIeHd, KoTopas COCTaBJsAETCS
TaK:

1) B mepBulf crosifell TaGJaHIE 3aNKHCHIBAIOT BbISOPOUYHbIE
(mepBOHaYyanbHbIE) BapHaHTHl, pacnoJjiarasi HX B BO3pacTalo-
LeM TOpslKe,

2) Bo Bropo# crojfel 3anHchlBalOT YAacTOThl BapHAHT;
CKJIaAbIBaIOT BCE YacTOThl H HX cyMMy (o0BeM BHIGOPKH n)
MOMEIaI0T B HHXXHIOIO KJETKy cTojb1a;

3) B TpeTHH cToJjbel] 3amUCHIBAIOT YCJOBHbIE BapHaHThHI
u; = (x;—C)/h, npHuyeM B KayecCTBe JIOXKHOro HyJs C BbOu-
pPalOT BapuHaHTy, KOTopas pacnojioXeHa MNPHMEPHO B cepe-
JiiHe BapHalHOHHOTO pslla, U MoJjarailT A paBHbIM Pa3HOCTH
MeXKAY JI0ObIMH JBYMSl COCENHHMH BapHaHTaMH; MPaKTHYECKH
XKe Ttperu#i cronlben 3anoJIHAETCR TaK: B KJETKE CTPOKH,
coaepxaileli BbHIOpaHHbIH JOXHBIA HyJab, nmuuyT 0; B kaer-
Kax Hax HyJeM MOHUYyT nocjaenoBaresbHo —I1, —2, —3 u
T. 1., a nog HyaeM—1, 2, 3 u 1. I.;

4) yMHOXAIOT 4YacTOThl HA YCJAOBHLIE BaADHAHTH H 3anu-
CHIBAIOT HX TMPOH3BEIEHHHA n;U; B 4YeTBepTHIH cToabell; chno-
MHMB BCE MOJY4YEHHBIE YHCIA, HX CYMMY D, 7u; NOMEILaoT
B HHXHIOKO KJETKY cToJ01a;

5) YMHOMa10T 4acTOTbl Ha KBaapaThl YCJOBHbIX BapHaHT
H 3anHChIBAlOT HX MPOH3BEACHHS nu; B NATHIH cronel;
CIOXMB BCE NOJYYEHHHIE 4HCJIa, HX CyMmy X, nu? mnome-
I1al0T B HHXXHIOW KJETKY cToJOIla;

6) yMHOXKalOT 4acTOThl Ha KBaApaThl YCJOBHBIX BapHAaHT,
YBEeJHUYEHHbIX KaJasd Ha e€IHHHIY, H 3aMHCLIBAIOT 11POH3Be-
aenuda n;(u;+ 1)* B 1wecTolt KOHTPOJABHBIH CTOJ0EL; CJOMHB

BCe MOJIyYeHHble HHCJa, MX cymmy > n;(4;-+ 1)? noMemator
B HHXXHIOIO KJETKY cToJsbLa.

3ameuanne 1. Llenecoobpasno oTAeNbHO CKJAAHBATL OTpHila-
TeJlbHbBI€ YHCJA 4YeTBePTOro crosbua (HX cymMmy A; 3aNHCHBAIOT B KJjeT-
Ky CTpPOKH, coaepiKalllell JIOKHBH HYyJb) H OTAENhHO [IOJIOKHTEJLHbIE
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qHeAa (HX CYMMY Ay 3alHCLIBRIOT B NPEANOCAENHION KJETKY croafua);
TOrAa Zu,-u,«::Al-}—A .

2
3ameuanne 2. [lpyx BuuucJeHHH npoH3BeJAeHRA n;u; NATOTO
cronbua nenecoofpas3Ho URCNA Ru; 9eTBEPTOro cronbua YMHOXATh Ha Uy,
Jamevanue 3, llecrofi croabed CAYXHT AJA KOHTPOJA Buluuc-

Aennil: ecqH cymma 2“:‘(“1—%—”’ OKaxercsi paBHOA cyMme Zn;u’;-{—
+ 22n;u1+n (kak R FOMKHO ObiTh B COOTBETCTBHH C TOMXKAGCTBOM

Fn; (u; + 1)*= 3 nui+2 ¥ npi+ n), To BuuHCIeHHs npobedenw
PABHJBHO.

[Mocne Toro Kak pacyeTHas TaGaHUa 3aNnoJIHEHA H TpoO-
BepeHa NpPaBHABHOCTH BBLIYHCJACHHHA, BHYHCAAIOT YCJOBHHE
MOMEHTHI:

Mi=(Qnm)n, M3=(3 nu)/n.

HaxkoHeu, BLIYHC/ASIOT BHIGOPOYHBIE CPERHIOIO H JHCHep-
cuio no dopMmynaM (x) U (wxxs) § 3:

:én =Mih+C, D= [M;—(M;)g] h3,

Hpumep. Halitn wmetogoM nponsseaeHufi amGopounnle cpeaHion #
HHCHEPCUIO CAERYIOMEro CTaTHCTHYECKOro pacnpeneieHyi:
sapnautw 10,2 10,4 10,6 10,8 11,0 11,2 11,4 11,6 11,8 12,0
%acTOThi 2 3 8 13 256 20 12 10 6 1

Pemenne. CocTaBHM pacueTHyIO0 Tabauuy, RJA yero:

I; safnHlIeM BapHaHTH B NepsHfA cToaGeut;
2) sanHileM 9HacTOTH BO BTOpofl croxnbeuw; cymmy uactror (100) no-
MECTHM B HHMKMIOIQ KJeTKY cToabua;

3) B xauecTBe JOXKHOro RyJaa puGepem Bapuanty 11,0 (9ra Bapuan-
Ta PacnoOMeHa NPHMEeDHO B cePeiHHe BAPKALHOHHOIO DAJA); B KJerke
Tperbero crosibiia, KoTopas NPUHaANEXHT CTPOKe, colepiKamel Bh6pan-
Holl NOXHWA Hyab, Nrilem 0 Rajp HyjAem 3anHCHIBaeM NOCJAeAOBATEBHO
—1, —2, —3, —4, a nog uyjem — 1, 2, 3, 4, 5;

4) npou3BeleHHA 4YACTOT Ha YCJOBHHE BAPHAHTH 3aNHCHIBAEM B 4eT-
BepTHA cTonbel; OTACIBHO HAXOANM CyMMY (—46) OTpHUATEIBHHNX B OT-
JeasHo cyMMy (103) NOJOKHTENLHBIX UHCeJ; CJAOXHB 3STH 4YHCJR, HX
cym? (57) nomelaeM B HHXKHIOW KJeTKYy croalua;

) npon3BelleHHs HACTOT HA KBAJApaTH YCJOBHBX B3PHAHT 3afnHlleM
B nATHH cronleu; cyMMmy H4Hces1 croabua (383) noMellaem B HHIKHIOND
KJeTky cToabua;

6) nIpoM3BeleHHA WACTOT Ha KBAADATH YCJOBHHNX BapHAHT, yBesH-
9eHHRX HAa eAHHHLY, 3anHleM B WeCTOA KOHTPOJBHHA cTOnbew; cymmy
(697) uncesn cronbua NnoMeliaeM B HHIKHIOIO KJAeTKY croabua.

B urOore nojy4uM pacueThyio taba. 7.

KonTtpoas: 2 n;u?—{—?E n;u;+ n=238342.57 4 100 = 597.
3 ny (g +1)3 =597,
BrYHC/IEHHA NPOR3BEAEHE NPaBHJBLHO,
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Ta6arnuoa 7

1 2 3 4 l B 6

i i “; R4y ' nuf np (4 +1)?
10,2 2 —4 —8 32 18
10,4 3 —3 —9 27 12
10,6 8 —2 —16 32 B8
10,8 13 —! —13 13 0
11,0 25 0 | Aj=—146 25
11,2 20 1 20 20 80
11,4 12 2 24 48 108
11,6 10 3 30 90 160
11,8 6 4 24 96 150
12,0 t 5 5 25 36

Ag=103
n=100 2 nju;=57 E n,-u?~_—383 2n;(u,-+l)2=597

BHuUKCAHM YCJIOBHBIE MOMEHTH NEPBOTO H BTOPOro NOPSLKOB:

M} = (D) n;u;)/n="57,;100=0,57;
My = (D n;ul)/n=1383/100 = 3,83

Hafinem war: h=10,4—10,2=0,2.
BuluHCAHM HCKOMBie BHIGOPOUHHE CPERHION H JHKCIEDCHIO:

16*

Xg=Mih+C=0,57-0,2+11,0=11,1;

Dy =[M;—(M1)*] k2 =1[3,83—(0,57)2]-0,28 =0, 14,

§ 5. CeepenHe nepsoOHA4YaAbHLIX BAPHAHT
K PaBHOOTCTOSIIHM

Britle nanoxeHa MeToAMKa pacyera BhIGOPOUYHBLIX
xapaKTepnch AJAA PaBHOOTCTOAUIHX BapHaHT. Ha npak-
THKe, KaK NpaBuJo, AaHHble HaGJlofieHHA He ABJSAIOTCA paB-
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HOOTCTOSIIUMMH 4HcaaMH. EcTecTBeHHO, BO3HHKaeT BOMPOC:
HeJb3s JH CcOooTBeTcTByWINeidl o6pa6otKo#i HabaolaeMbiX
3HauyeHHH TPH3HAKa CBECTH BLIYHCAEHHS K CJAY4ald PaBHOOT-
cToflMX BapHaHT? OkasblBaercs, MoxHO. C 3TOH Ue/biO
HHTEPBAaJI, B KOTOPOM 3aKJil04eHbl Bce HaGJiofaeMble 3Haue-
HUAl DNpH3HaKa (nepBOHauaJjibHble BapHaHTHI), AEJNAT Ha He-
CKOJIbKO paBHbIX YacTHYHBIX HHTepBasoB. ([IpakTH4YecKuH B
KaXAbld YacTHYHBHIH HHTEpBaJ JOJKHO NONAcTh HE MeHee
8—10 nepBoHaua/IbHHIX BapHaHT.) 3aTeM HaXOAAT CEPEIMHBI
YAaCTHYHBIX HWHTEPBAJIOB, KOTOPHIE H 06pa3ylOT HOCAEA0BaTE/b-
HOCTh PaBHOOTCTOSILIUX BapHAHT.

B KadecTBe 4acTOTHI KaKAOH «HOBOI» BapUaHThl (CepenHHbI
YacTHYHOrO HHTepBa/la) NPHHUMAIOT ofljee YHCJO NEepBOHA-
YaJbLHBIX BAapHAHT, NONABILUHX B COOTBETCTBYIOMH YaCTHYHDIMH
HHTEpBaJI.

flcHo, 4TO 3amMeHa mepBOHa4ajbLHBIX BAPHAHT CepeIHHAaMH
Y3CTHYHBIX HHTEpPBAJIOB COMpPOBOXKAAETCA OUIHOKaMu (nepBo-
HayajbHbIE BaPHAHTHl JeBOH TMOJIOBHHB YacTHYHOrO HHTEp-
Baja OyAyT yBeJiHueHbl, a BapHAHTH NpPaBOH MNOJOBHUHBI
yMeHbUIeHbl), OAHAKO 3TH OWHOKH GYAyT B OCHOBHOM IlOra-
aThcs, MOCKOJBKY OHH HMEOT pa3Hble 3HAKH.

Npumep. BubBopounas coBokynHocTs o6bvema n= 100 3anauna tab.u. 8.
CocTaBHTE pacnpefefieHHe PaBHOOTCTOSLIHX BAPHaHT.

PemweHnue. PasoGuem wuHTepBan 1,00—1,50, nanpuMep, Ha cae-
AyolHe 5 yaCTHYHBIX HHTEPBAMNOB.

1,00—1,10; 1,10—1,20; 1,20—1,30; 1,30—1,40; 1,40—1,50.

Ta6bannua 8

x‘- n‘ xi ﬂ! .t'- ﬂl
1,00 1 1,19 2 1,37 6
1,03 3 1,20 4 1,38 2
1,056 6 1,23 4 1,39 |
1,06 4 1,25 8 1,40 2
1,08 2 1,26 4 1,44 3
1,10 4 1,29 4 1,45 3
1,12 3 1,30 6 1,46 2
1,15 6 1,32 4 1,49 4
1,16 5 1,33 5 1,50 2

IlpHHAB cepefHHL YACTHIHLIX HHTEPBAJOB B KauecTBe HOBHLIX BApHAHT Y,
DOAY4YHM DaBHOOTCTOAUIHe BapHaHTH: y,=1,08; ys=1,15; ys=1,25;
Ve= 1|35; yﬁz l|45-
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Hajigem wacToTy BapHaHTH Yq'
ny=1+4+3+4+64+44+244/2—18

(TTockonbKy nepBoHaya/JbHasl BapHauTa |,10 OAHOBpeMeHHO ABJAETCA
KOHLOM MEepBOro YaCTHYHOT'O0 HHTEpBAaJa M HauyajloM BTOPOTO, yacToTa 4

STOH BapHAHTH MOPOBHY pacnpeiencHa mexAy OG0OHMH YacTHUHLIMH HH-
TepBaJIaMH )

Hafizem yacrory BapHaHThl Yg°

ng=—4/2+3-+6-4+5+4+2-4 4/2=20.
Anamlagnqno BHIYHCJIHM YAaCTOTHl OCTA/JbHBIX BapHaHT: ng=206; n,—22}
ng =— .

B urore noayunM caenyilllee pacnpefesieHHe PaBHOOTCTOALIHX Ba-
pHAaHT:

y; 105 1,15 1,25 1,36 1,45
n; 18 20 25 22 15

Pexomenzyem unTateno yGelHTbCH, YTO BblGOPOUHbBIe CpegHue H HKHC-
NepcHH, BHYHCACHHLE MO NePBOHAYAJBLHEIM H PABHOOTCTOSIUIHM BapHaH-
TaM, OKaXXyTCA COOTBeTCTBEHHO PABHBIMH.

x5 =1,250, ys=1,246; D,=0,018; D,=0,017.

Kak BHZHMM, 3aMeHa NepBOHAYa/JbHHX BADHAHT PaBHOOTCTOALIMMH He MNpPH-

Bena K CymeCTBeHHbMM OmHOKaM; npH 5TOM 06beM BbIYHCJAHTENbHOR
paGoThl 3HAUYUTENBHO YMeHbUIAETCS.

§ 6. IMnHpHuecKkMe H BHIpPABHHBalOIMe
(TeopeTHYECKHE) HYACTOTH

A. JRuckpernoe pacnpegeneHHe. PaccMotrpHM amc-
KpPeTHYIO cJyuaiiHylo BeJH4HHY X, 3aKOH pacnpeneleHHs
KoTtopo# HeusBecTeH. IlycTb TpoH3BeleHO 7 HCOHITAHHH, B
KOTOpBbIX BenHyMHa X MNpHHANA n, pa3 3HayeHHe x,, 7, pa3
3HayeHHe X,, ..., M, pPa3 3HAUeHHe X,, TpHYEM X1, =1,

IMRUpUHECKUMU HacmomaMmu HasblBalOT (aKTHYECKH Ha-
6mojaeMble 4acTOTHI 7,.

[lycTh HMeOTCA OCHOBAaHUS MPENNOJIOXKHTh, YTO H3Yyua-
emasl BesJMyHHa X pacmpelleseHa N0 HeKOTOpPOMY onpejesieH-
HOMY 3aKoHY. UToOhl HpOBEepHThH, COTJACyeTCs JIH 3TO Nnpefs
MOJIOXKEHHE C JaHHbIMH HaGJIOleHHH, BBIYHCJSIOT 4YaETOTHI
HabJ05aeMblX 3HavYeHWH, T.€. HAXOAAT TEOpPETHUECKH
YacTOTy #n; Ka)KJAoro H3 HabnlopaeMblX 3Ha4YeHHH B npexrno-
JIOKEHHH, 9TO BeJHYHHa X pacnpelelieHa no nNpearnoJiarae-
MOMYy 3aKOHY.

Buipasrusarowumu (meopemuueckumu) B OTAHYHE OT (aK-
THYECKH HaOJloJaeMblX SMIHPHYECKHX YACTOT HAa3biBaloT
4acToThl 7;, HalJeHHble TeOpeTHUeCKH (BBIYHC/JeHHEM). Bhi-
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pPaBHHBAKIIHEC YAaCTOTHI HAXOAAT C INOMOWIbLIO paBCHCTBA
n; =nP[,

TAe n1—YHCA0 HCnbITaHHH; P;— BepoATHOCTH Hab/oOAAaEeMOro
3HAYeHHA X;, BBHIUHCJeHHAs NPH JonyleHHH, yro X HMeeT
npeanojiaraeMoe pacnpefesieHHe.

Hrax, supasnusarowan dacmoma nabaodaemozo sHaveHus
X; OQuckpemnozo pacnpedeseHun pasHa Npoussedenulo 4ucaa
ucnemanud Ha eepoAMHOCMSb Mo20 HAbAI00aeM0o20 IHAYCHUR.

Mpumep. B pesynbTate skcnepHMeHTa, cocTofiinero Ha nn=520 Henw-
TaHHfl, B KaXJ/OM H3 KOTOPHX PerHCTPHPOBAJIOCh WHCAO X; MOABJAEHHUH
HEKOTOPOro COOHTHA, NONYyUeHO Caeaylollee SMOHPHYECKOS paciipele/leHHe;

HaOn. sHauenus . . Xy O 1 2 3 4 5 6 7

smn. uwacrora . . ny; 120 167 130 69 27 5 1 1
Hafith BhipaBHHBalOIHE 4YACTOTH n" B MPeANOJOKEeHHH, 9TO caydaBHan
?Ienamna X (remepanbRad COBOKYHHOCTb) pachipeleNleHAa RO 33aKOHY
yaccona.

Pemenne. HipecrHo, wro napamerp A, KOTOpHIM OIllpefeasieTcH
pacnpenenenne [lyaccoma, paBeH MaTeMaTHUECKOMY OMHAAHHIO 3STOTO
pacnpenenents. [locKonbKy B KadecTBe OMEHKH MaTeMaTHYECKOTO OMXH-
AauHs NPHHHMAIOT BbLGOPOYHYIO cpeanoo (cMm. ria. XVI, § 6), 0 u 8
KayecTBe OUEHKH A MOXKHO NPHHATbh BHGOPOUHYIO CpPeAHIon X,. Jlerko
HafiTH NO yCIOBHIO, 4TO BHGOpOuHas cpeassn paBHa |,b, ciaeposarensso,
MOXHO npHHATE A =15,

Taknm oGpa3om, dopmyaa Ilyaccona

Py, () = (ke M)/p)
NPHHAMAET BHA
Pgso (k) ==(1,5%.e=18)/p|

IMonbsynace stoft dopmynofl, HafileM BeposATHOCTH Pgyo (k) npn £=0, 1,
2,3, 4,5, 6, 7 (a1a npocrotnt sanuch BuAeKc 520 Ranee onyinen):
P (0)=0,22313, P (1)=0,33469, P (2)=0,251021, P (3)=0,125511,
P (4)=0,047066, P (5)=0,014120, P (6)=0,003530, P (7)=0,000755.

HafizeM BupaBHHBaOUIMe YAaCTOTH (Pe3yNbTaThH YMHOMKEHHA OKpyr-
JeHH 10 eAMHHUH):

ny = nP (0)=520.0,22313= 116,
na= nP (1) =520.0,33469 = 174,
AHaNOruyHO HAXOAAT H OCTAJbHbIE BhiPaBHHBaAIOWHE YacToTh. B HTO-
re AOJY9HM:
sMn. wacrorta . . 123 167 130 69 27 5 1 1
Buip. 4yactora . ., [16 174 131 65 25 7 2 0

CpaBHHTEeNILHO HeboJbIIOE PACXOMAECHHE SMIHPHYECKHX H BblpPaBHH-
BAIOWMX 4acCTOT HOATBeDMKNaeT NPERNOAONEHHE, UTO paccMaTpHBaemoe
pacngene.ne}me noaunteno 3axkomy [lyaccona.

aMETHM, 9TO eCJIH NMOACUHTATL BLIGOPORHYIO AHCIEPCHIO NO RaHHOMY
pacnpele/leHHI0, TO OKaXeTcsi, uTo OHa paBHa BHGOpouUHOR cpeaHed,
T, e. 1,5, 3T0 CAYKHT eme OAHAM NOATBEPXNACHREM CReJaHHOrO INpeano-
NOMKEHHA, NOCKOIbKY AAf pacnpepenenns [lyaccona A=M (X)=D (X).
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CpaBHeHHs SMNHpPHYECKHX H TeOPETHUECKHX 4YACTOT «Ha Traas», Ko-
HeuHo, HelocTaTouHo. Yrto6el cllenaTe 3T0 Gojiee OBOCHOBAHHO, HAAO
HCNOAL30BaTb, Hanpumep, KpHrepuii Ilupcona (cm. ra. XIX, § 23).
[IpoBepka ru#noTesnl o pacnpefeneHHH cAyuafiHOH BeJHYHHH IO 3aKOHY
Ilyaccona nanoxena B kHHre: Imy pmaun B. E. PykoBoacTeo K petne-
HHI0O 3aaad f10 TeODHH BepoATHocTed H MaTeMaTHYeCKOH CTaTHCTHKeE.
M., «Bucwas mkoaar, 1972 (cm. ra. XIII, § 17).

b. HenpepoiBHoe pacnpenenernte. B ciyuae HenpephlBHOro
pacnpeienesHs, BEPOATHOCTH OTAEJBHBIX BO3MOXKHBIX 3Havye-
Hu#i paBHbl Hymo (cM. ra, X, § 2, caeacreue 2). Iloatomy
BECh HHTEpPBaJ BO3MOXKHBIX 3HayeHH# JesiaT HA k Henepece-
KalOULHXCS HHTEPBAJOB H BHIUHCJASAIOT BeposiTHOCTH P; noma-
naHuA X B [-H yacTHYHBIH HHTEepBaJ, a 3aTeM, Kak H Ans
JHCKPETHOro pacnpefesieHHsl, YMHOMKEIOT UYHCAO HCMbITaHHA
Ha 3TH BepPOSITHOCTH.

Hrtak, B paBHHBAaKILHe YaCTOTH HeIN pephHiB-
HOTO pacnpejaeseHHs HaXoOAAT NO PABEHCTBY

n;=npkP,,

rAe n—4KHCJO HCObBITaHWil; P,—BeposiTHOCTh nonagaHusa X
B [-A yacTH4YHbI/l HHTEpBaJ, BblUHCJEeHHafA TNPH JONYIUIEHHH,
urTo X HMeeT TpeAarnoJsiaraeMoe paclpelieneHHe.

B 4yacTHOCTH, €CJ/IH HMEIOTCH OCHOBAaHHA MPeANOJOKHTh,
4yTO cJayudalHas BeJdHYdHa X (reHepaJjbHas COBOKYHHOCTB)
pacnpeneseHa HOpPMaJbHO, TO BHpaBHHBAWILHE 4acTOTH
Moryr OhLiTh HaWleHbl no dopMmyae

ni =2 (u), (*)

rie n—4ucio HcnblTaHif (06beM BLGOpPKH), A— aauHa yac-
THYHOrO HHTepBaJja, O,— BLIOOpOUYHOE CcpeAHee KBajpaTH-
4eCKO€ OTKJIOHEeHHe, u;=(X;—X,)/0, (X;—cepeiHHa i-ro
YaCTHYHOrO HHTEpBaJaa),

e u'/3‘

@)=

IMpuMep ua npuMeHeHne ¢opmyJinl (%) npuBeneH B § 7.
[ToscHenune. Ilogcuum npoucxoxaenne GopMyns (x).
HanueM njotrHOCTb OGHIEr0 HOPMaJbHOTO paclpeleneHus:

f(x)= 3“'71-—2—; e=(x=a/aoh, (##)
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IIpy a=0 B 0=1 nOJYyYHM NJOTHOCTE HOPMHPOBaHHOrO
pacrpeiesIeHH

© () == e~x s,

HJAH, H3MCHHB o003HayeHHe apryMeHnra,

l

= —== e /3,
@ (&) Vo
TTonoxuB 1= (x—a)/c, HMeeM
o (u)= e~ (x—a)¥/(20%)_ (%)

V n

CpaBHuBas (x%) H (¥%x), 3aKJlOYaeM, 4TO
1
f(x)= <7 (u).

Ecan MmaTeMaTHueckoe OXHAAHHE 4 H CpellHee KBajpaTH-
9eCKOE OTKJOHEHHe O HeH3BecTHBl, TO B KaueCcTBE OLEHOK
9THX NapaMeTpoB TMPHHHMAOT COOTBETCTBEHHO BHIGOPOYHYIO

CpelHIoi X, H BhIGOPOYHOE cpelHee KBaJpaTHYECKOE OTKJIO-
HeHHe O, (cM. ra. XVI, § 5,9). Toraa

f ) =59 @),

rae u=(x—xg)/0g.

ITycts x;—cepenvHa i-ro HHTE€pBaJia (Ha KOTOpble pa3-
6HUTa COBOKYNHOCTh BCeX HaOMIOJaeMblX 3HAYeHHH HOPMalbLHO
pacnpejeneHHoll caydadHol Bedd4yHHb! X) aqunoit h. Torna
BEpPOATHOCTE MomnajgaHufA X B 3TOT HHTEpBan HNpHOJHIKEHHO
paBHa NMpPOH3BelJeHHIO AJHHLI HHTEPBaja HAa 3Ha4YeHHe TJIOT-
HOCTH pacrnpefefieHus [ (x) B JioboH To4Ke HHTEpBana u, B
YacTHOCTH, NpH x=x; (cM. ra. XI, § 5):

1
Pi=hf(x)=h o @ (u;).
CJlelOBaTe/IbHO, BHIPABHHBAIOLAs 4ACTOTA
. nh
n=nP;=—9(u,)),
B

rae u;=(x;—x,)/0,. Mbl noayunan dopmyay ().
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§ 7. NocTpoenHe HopmaabHoH KpuBOW
No ONBITHHRM AaHHBIM

OauH H3 cnocoGOB NOCTPOEHHA HOPMAJBLHOH KpHBOH

HHBIM HaGMOAEHHA COCTOHT B CJCAYIOIIEM:

ﬂa mvl'l
1) HaxonnT X, H G;, HalpPHMep, N0 METOLY MpOH3BeneHHI;
2) HaXOnAT OpAHHATH Y; (BblpaBHHBAIOLLHE YacTOTHI)

TeOpeTHHECKOl KpHBO# 1o popMyne g, =—- ¢ (¥;), rae n—
B
cymMMa HalJuofaeMbiX qacm-r, h— pasHOCTb MeXAy ABYMSA
coCeHHMH Bapnan'ramu = (xX;— )0, #H @)=
fa /S50

= {1/} 2n)e-4"/3

3) crpoat TO'-IKPI (x;, y;) B NpAMOYTrOJBHOH CHCTEME KO-
OpAMHAT H COEAMHSIOT HX MJaBHOH KPHBOM.

B/aH30cTh BHIpaBHHBAIOLWLIUX YacTOT K HaGJIOAAEMBIM TOJX-
TBEPXKIAeT MPABUJILHOCThL AOMYIIEHHS O TOM, 4To obcrenye-
Mblii MpH3HAK pacnpeleneH HoOPMaJbHo.

Npumep. I[TOCTpOHTS HOPMANBHYIO KPHBYIO N0 AaHHOMY pacupejene-
HHIO:

papuauTel ., . . X; 16 20 25 30 35 40 456 50 55

vacToTl ., . .n; 6 13 38 74 106 8 30 10 4

PR, T n s marimins SEmemiemzs Eedmze oA EYEr R e £ R
pt‘. IHEHHE, 1IWIb3YHLD MTIUVUAUM lIPpUNSBEATHAR (LM, § -‘r) naﬂ cM

x,= 34,7, 0,=7,38.

BoluucauM BuipaBHHBawmue yactorn (Taba. 9).

Ta6nunua 9
- Ty y.;.’lh_-q: {u\=

x; n; X;=Xp = LA ® (1) i o, Vi

% =248-9 ()
15 6 | —19,7 —2,67 0,0113 3
20 13 | —14,7 —1,99 0,0551 14
25 38 —9,7 —1,31 0,1691 42
30 74 —4,7 —0,63 0,3271 82
35 106 0,3 0,05 0,3984 99
40 85 5,3 0,73 0,3066 76
45 30 10,3 1,41 0,1476 37
50 10 15,3 2,09 0,0449 11
65 4 20,3 2,77 0,0086 2

n=366 zy;=366
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Ha puc. 22 noctpoeHst HopMmanbhasi (TeopeTHuecKas)
KpHBas NO BHIPaBHHBAIOILKM YacTOTAM (OHH OTMEYEHH KpyXK-
KaMH) H MOJHIOH HAGJIOfdaeMbIX 4YacTOT (OHM OTMEYeHhl
KpectHKaMH). CpaBHeHHe
rpaHKOB HarasifHO IMO-
Ka3bBaeT, YTO NOCTPOEH-
Hasli TeopeTHYECKasl KPH-
Baf YIOBJIETBOPHTENLHO
OTpa)kaeT JaHHble Ha-
6noaeHHA .

Jdna toro urobul 60-
Jlee yBepeHHO CYHTaTh,
4TO JAAaHHBIE HaAOJIOAEHHH
CBUAETEJIbCTBYIOT O HOp-
MaJIbHOM paclpeAe/ieHHH

D e 70 30 <0 5o s} TMNpH3HAKa, TOJb3YIOTCH

Puc. 22 crieunaJbHbIMH NpaBHJa-

MH (MX Ha3blBalOT KpH-

TEPHSMH COrJacHsl), NOHATHE O KOTOpPHIX MOXKHO HaHTH
nasee {cM. ra, XIX, § 23).

Y
X

100}

8a

80 ¢
40}

20}

§ 8. Ouenxa oTkJOHEHHS SMNHPHYECKOTO
pacnpeieseHH® OT HOPMANBHOrO.
ACHMMeTpHA H B8KclUece

Jlisi OUEHKH OTK/IOHEHHA 3MNHPHUYECKOro pachpe-
AeNIeHHS OT HOPMAJLHOrO HCMOJL3YIOT pas3/iHYHble XapakTte-
PHCTHKH, K UHCJY KOTOPBIX OTHOCSITCS ACHMMETPHS B 9KCecC.
CMBIC/ 3THX XapaKTePHCTHK aHAJOTHYEH CMBICJY aCHMMETpHH
H 3KCIlecca TEOpeTHUYECKOro pacnpenenerus (cm. ra. XII, §9).

Acummempus amnupuneckozo pacnpedesenus onpenensercs
paBeHCTBOM

a: = m,/og,

rae Mmy,—UEHTPAJbHLIH SMIHUPHYECKHH MOMEHT TpeThbero
nopsanka (cM. § 2).

IKeyecc amnuputeckozo pacnpedeseHus ONpenesfercs pa-
BEHCTBOM

€y = m,/os—3,

rae m,——eHTPANbHLA 3SMNHpPHYECKHHA MOMEHT YeTBepToro
nopsika.

Momentnl my; ¥ m, YROOHO BHIYHCAATH METOAOM HPOH3-
pepeHHA (cM. § 4), HCnoab3ys QopMmyant (sxx) § 3.
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Mpumep. HalltH acHMMeTpHIO H SKcllecC SMIIHpHYECKOro pacrpepe-
JIeHH A

BapHauTa
gacToTa

10,2 10,4 10,6 10,8 11,0 11,2 11,4 11,6 11,8 12,0
2 3 8 13 25 20 12 10 6 1

PemenHe. BocnionbayeMcsi MeTOAOM MpOH3BeAeHHA, AJAA 4ero ¢o-
craBHM pacueTHyio T1aGa. 10. Ilockoaexy B § 4 yka3ano, xax 3amosHs-
J0TCA CTOA6Ub | —b TaGMHIE, OrpaHHYUMCA KpaTKHMH NOACHEHHAMH: Ans
sanojHeHus cToj6una 6 yROGHO NepeMHOXATh 4YHCAA KaXAOR CTpOKH
cTont6uoB 3 H H; AN 3anoAHeHHA ctonbua 7 yAoGHO NepeMHOMAaTh YHcna
KaxcgoR cTpoKH cronifuoB 3 u 6. Croaben 8 clayXHT AnA KOHTPOIA
BHYHCJEHHHA MO TOXAECTBY:

X ng (i 10 =X ngud + 4 X ngul +6 X njui +4 X+ n.
KonTpons: Z n;(u; 4 1)4="9141;

D njub+4 2 nuld +6 vl +4 X njup+n =
= 40794 4.609 +6-383 4+ 4-57 4 100 =9141.

Ta6anna 10
1 | e 3 4 5 6 7 8
% n; |u; n g n‘uf nuf nuf g4+ 1)
10,2 2 |—4 —8 32 —128 512 162
10,4} 3 |3 —9 27 —81 243 48
10.6] 8 |—2] —16 32 —64 128 8
10,81 13 |—1} —I13 13 —13 13 _
11,0] 25 0] —46 —286 25
11,2]| 20 | 20 20 20 20 320
11,4] 12 2 24 48 96 192 972
11,6 10 3 30 90 270 810 2560
11,8 6 4 24 96 384 1536 3750
12,01 1| 5 5 25 125 625 1296
103 895
n— 2 ngup =\ D nguf = auld =\ njup = Fn; @y +-
=1ooi =57 | =383 | =609 | =-4079 | F1)¢=e0141
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CoBnaaeHue cyMm CBHJIETeNLCTBYET O TOM, YTO BHIYHCJEHHA NPOHIBeleHH
NpaBxABHO.

B npHmepe § 4 aan paccmaTpHBaeMoro pacnpenefeHHa 6maro Hafi-
pewo: M;=0,57; M3;=3,83; D,=0,14, crenosatenpho, gg—= V¥ 0,14,
HafineM ycjoBHbie MOMEHTH TpeThero H 4eTrBepPTOrc Nopsaxa:

My= () nuf)/n=1609/100=6,09; My= (D, njuf)/n=4079/100=40,79.

HafireM ueHnTpanbHble SMIUPHUECKHE MOMEHTH! TPEThero H ueTsep-
TOro NOPARKA:

mg={Ms—3MIM;+2 (M) ne=
=(6,09—3.0,57 - 3,83+ 2.(0,57)% ] - 0,28 = — 0,0007;
my=[Ms—4MIMs+6 (M])® M3—3(M31)*] ht =
=[40,79 —4.0,57.6,09 46 (0,57)2.3,83— 3.(0,57)4].0,24 = 0,054.

Hafinem acuMMerpHio H sKclecc:

ag=mg/op = (—0,0007)/( V0, 14)* = —0,01;
er = m,/op— 3==(0,054/( ¥ 0,14)¢ —3= —0,24.

3ameuaHHe. B caysae Maabix BhOOPOK K OUEHKAM ACHMMETPHH
H 3KcilecCa cJefyeT OTHOCHTbCSl € OCTOPOJKHOCTBIO M ONpPEREeNHTh TOU-
HOCTBL 3THX oileHOK (cM.: Cmupros H. B. u Jynun-bapkos-

ckHii U. B. Kypc Teopun BeposiTHOCTe#i H MaTeMaTH4eCKO# CTATHCTHKH.
M,, «Hayxa», 1965, c. 277).

3anaun

B sagauax ] —2 nanw BuGopovuHBle BapHAHTH H HX uacrotH. HafiTu,
NOJb3yfiCh METOACM MPOH3BeJieHHH, BLGOPOUHbIE CDENHIOID H JIHCMEPCHIO.
1.

x; 10,3 10,5 10,7 10,9 11,1 11,3 11,5 11,7 11,9 12,1
n; 4 7 8 10 2 15 12 10 4 b

Om. -;lel,lg, DB——_D,lgo
2.

x; 83 85 87 89 91 93 95 97 99 101
n; 6 7 12 156 30 10 8 6 4 2

Oms. x3=90,72, D,=17,20.
3. HaliTH acHMMeTDHI0O H SKCIleCC SMIIHPHYECKOIO paclpeAeseHHAs

x; 10,6 10,8 11,0 11,2 114 116 11,8
ng 5 10 17 30 20 12 6

Oms. ag—= —0,0006, ep=0,00004.
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I'nasa BOoceMunaanaTas
SNEMEHTbLI TEOPHH KOPPEJIAILIHH

§ 1. PyHkuUHOHANBHAR, CTATHCTHYECKAS
H KOppeasifHOHHAN 3aBHCHMOCTH

Bo MHOrux sajnadyax tpebyercs YCTaHOBHTb H OIle-
HHTh 32BHCHMOCTb H3y4yaeMOH CJIy4aHHOH BeNHYHHHI Y o7
OLHOH HJH HECKOJILKHX APYTHX BeJHYUH. PaccMoTpyuM cHavana
3aBHCUMOCTBE Y OT OJHOH cJy4aiHOH (MJH Hecay4aliHoO#)
BeJHYHHBI X, a 3aTéM OT HEeCKOJIbKHX BeJHuYHH (cM. § 15).

JBe caydaiiHele BeJHYHHHB MOT'yT OBITH CBfA3aHBI JiHOO
GYHKUIHOHaAbHOH 3aBucHMocThio (cM. ra. XII, § 10), aubo
3aBHCHUMOCTBIO JPYyroro poaa, Ha3blBaeMOH CTATHCTHYECKOH,
Ju60 ObiTb He33aBUCHMEIMH,

Crporas ¢yHKuHOHaNbHAA 3aBHCHMOCTb peajH3yeTcs pel-
KO, T2K KakK o6e BeJJHYHHBl HJIH OJlHA M3 HHX MOJBepXKeHHl elle
JeHcTBHIO caydyalHbIX daKTOpoOB, MpPHYEM CPENH HHX MOIryT
OblTk H OOuwHe IJasi o0eHX BeJAHYHH (Mo «OoOHIMMH» 3leCh
noapa3yMeBalorcsi TakHe ¢GaKTopbl, KOTOpPble BO3AEHCTBYIOT
H Ha Y ¥ Ha X). B stoM cayuae BO3HHKAEGT CTATUCTHYECKas
3aBHCHMOCTb.

Hanpumep, ecau Y 3aBHCHT OT cJydadHuIX ¢akTopos Z,,
Z;, V,, V,, 2a X 3aBucuT OT cayuaiHbix ¢axktopos Z,, Z,, U,,
70 Mexay Y u X uMeercs CTaTHCTHUECKAA 3aBHCHMOCTD,
TAK KaK CpelH cayuaiiHblX ¢akTopoB ecTth OO0ILKHE, 8 HMEH-
HO: Z, u Z,.

Cmamucmuuecxoidl Ha3piBalOT 3aBHCHMOCTh, NHPH KOTOPpOH
H3MEHEHHEe OJHOH M3 BeJHYHH BJeYeT H3MEHEHHe pacrpeje-
JieHusl Apyrofi. B 4acTHOCTH, CTATHCTHYecKas 3aBHCHMOCTh
NposBNSIeTC B TOM, YTO MpPH H3MeHEHHHW OJHOH M3 BeJHYHH
H3MEeHsIeTCH CpejHee 3HaueHHWe ApYroil; B 3ToM cJydae cra-
THCTHUECKYIO 3aBHCHMOCTb Ha3bIBAlOT KoppeAayuoHHol.

IlpuBenem npHMep caydyaHoH BeJHYHMHH Y, KOoTOopas He
CBfizaHa ¢ BeAHYHHOH X ¢YHKUHOHAJIBRHO, a CBs3aHa Kop-
peasunoHHo. Ilycre Y —ypoxait 3epHa, X — KOJIH4eCTBO
yno6penni. C OIHHAaKOBBIX @0 TMJOLAAH Y4YacTKOB 3eMJIH
NpH paBHbIX KOJHYeCTBAX BHECeHHBIX yJAOOpeHUH CHUMAIOT
giznnqnmﬁ ypoxait, T. €. Y He sBasgerca ¢pyHkuued ot X.

o6bsACHAETCHA BJIHAHHEM CJAy4YaHHHX (paKTopoB (OCanKH,
TemrnepaTtypa Bo3AyXa H Ap.). Bmecre ¢ TeM, Kak mokashl-
BaeTr onslT, cpednuld ypoxal aBasercs pyHKuUueidl ot koaHye-

CTBa yao0peHHH, T, €. Y cBA3aH ¢ X KOppeJAUHOHHOH 3aBHCH-
MOCTBIO,
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§ 2. YcaoBunie cpepnue

B KkauectBe ONEHOK YCJOBHBIX MATeMAaTHUECKHX
oxuaanui (cM. ra. XIV, § 15) npuHEMalOT yc/OBHbBIE Cpel-
HHE, KOTOphle HAXOANAT NO JaHHHIM HabmoAeHHH (no BuIGOpKe).

Ycao8HoM cpeOnum Y, Ha3LIBAIOT cpeiHee apHPpmeTHue-
ckoe HalJoaaBiiuxcs 3HaueHHH Y, cOOTBeTCTBYIOMHX X = X.
Hanpumep, eciu npu x, =2 BelHuyHHa Y npHHANa 3Haye-

HHA Y, =5, y,=6, y,=10, TO ycroBHOE CpenHee Y, =
= (5+4+6-+410)/3=17. B
AHanorudHO ompejeNsieTcss YCJIOBHOE Cpeluee X,

Y crosHbimM cpeOnuMm X, Ha3bIBAIOT CpefHee apmpme'mqecxoe
Ha0/MOAaBUIHXC A 3HaueHHI X, COOTBeTCTBYIOUIUX Y =y.

§ 3. BuiGopouHnbie ypaBHEeHHS perpeccHH

B ra. X1V, § 15 Oninn BBeAeHb! ypaBHeHHs perpec-
¢id Y Ha X uw X Ha VY

MY |x)=f(x), MX|y)=9@y).

YcnoBHoe MateMaTHueckoe oxuaanne M (Y | x) sBaserca
¢yHKuueA or x, cjaeqoBaTelbHO, €r0 oOuUeHKa, T. €. yCJOB-

Hoe cpelHee y,, TaKxke ¢pyHKRusA oT X; 0003HAYHUB 3Ty PYHK-
UHI©O 4epe3 [f*(x), MONy4YHM YypaBHEHHE

-.'::/_x:“f‘ (x)

JTO ypaBHEHHE HASbIBAIOT 6WOOPOUHLIM YpasHeHuem pezpec-
cuu Y Ha X; Gynxkumio f*(x) HasbiBaloT swbopoqHoil pezpec-
cued Y na X, a ee rpapuk—ewmbopoirnod aurued peepec-
curw Y Ha X. AHaJIorHyHo ypaBHeHHe

x,=p* (y)

Ha3biBaIOT 86i00poUHLIM ypasreruem peepeccuu X Ha Y; QyHk-
1HI0 §* (y) HasbiBalOT awbopounoll peepeccueti X na Y, a
ee rpapuk —sewbopounold aunueild pezpeccuu X Ha Y.

Kax HaWTH no JaHHEHM Ha6awojeHuld napaMeTpH (QyHK-
nHid f*(x) ¥ @*(y), ecaum BHA uX H3BecTeH? Kak OLEHHTH
CUay ('rem{o-ry) CBA3H MEXJy BeJHYHHaMH X 4 Y M ycrano-
BHTb, KOPpENHpPOBaHH JH 9TH BeJUWYHHBH? OTBeThl HA 3TH
BONPOCH H3JIOKeHb HHIKe,
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§ 4. OTHicxanMe napamMeTpoB BHGOPOMHOTO YPABHEHRA
NpAMOA JMHHH CpepHexkBajpaTH4HOR perpeccuu
10 HeCTPYNIHPOBAHHLIM NAHHEIM

[lyctb u3ydaercss cHCTeMa KOJIHMYECTBEHHBIX MpH3-
HaxkoB (X, Y). B pesyabtare n He3aBHCHMBIX OMBITOB TOJY-
geHbl 1 nap guceN (X, Y,), (Xs Ya)s -+ -y (Xps Yu)-
Haijinem mo nanubiM Habmogenuft BoiGopouHoe ypaBHeHHe
NpsAMOii JIHHHH CpellHeKBajpaTHUYHON perpeccuy (eM. ra. X1V,
§ 20). Ona onpeaenenrocTd 6yAeM MCKaTh ypaBHeHHe

Y,=kx+b
perpecciu Y Ha X.

ITockonbKy pa3ssiHuHble 3HaYeHHs x npHsHaka X H COOT-
BETCTBYIOLIHE HM 3Ha4YeHHUs Ky INpH3Haka Y HaOaoganauchk
no OAHOMY pa3y, TO FpynnHpoBatk JaHHble HeT HEOOXOXH-
mocTH. TakiKe Her HagOOHOCTH HCMOJIB30BaTh NOHATHE YCJ/OB-
HOM cpelHefi, NO3TOMY HCKOMOE ypaBHeHHE MOXHO 3alHcaTh
TakK:

y::kx-i—b

Yraoso# Ko3pPHIUHEHT NpsAMOA JMHHUH perpeccHd Y na X
Ha3blBAIOT 66i00pounbiM Kopuyuenmom pezpeccuu Y Ha X
H 0603HayaloT yepes p,.; OH ABAAETCA oueHKof koadduu-
enra perpeccur P (cm. ra. XIV, § 20).

Hrak, OyneM HcKaTk BHOOpOYHOE YpaBHEHHe npAMoit
JHHHH perpeccud Y Ha X BHAA

Y =p,x+b. (%)
[MonGepem mnapamerpm p,, H b TaK, 9TOOB TOYKH
(%43 1) (x4 Yo)s -5 (X, Yy,), DOCTPOEHHBIE TIO AAHHHIM Hal-

JIONeHHH, Ha maockocTH x(Oy JeXanaH KakK MOXHO Oamxke
K npsiMoH (#). Y TOuHHM cMbica 3TOro tpeGoBanus. HasoBem
OTK/IOHEHHEeM pasHOCTb

Y,—y, (i=1, 2, ..., n),

rae Y, — BbluHCJICHHAA 1O ypaBHEHHIO (*) OpAXHATA, COOTBET-
cTBylOHas HabalolaeMOMy 3HA4eHHIO X;; Y,-— Habaionaemasn
OpAHHATa, COOTBETCTByIOILAS X;.

IlonGepem napameTpn p,, ¥ b Tak, 4yToOn cymMMa KBaj-
paToB OTKJOHEHHH Obl1a MHHUMAJIBHOH (B 3TOM COCTOHT
CYIHOCTL METOJA HAMMEHbIUHX KBagpaToB). Tak Kak Kax-
JAoe OTKJOHEeHHE 3aBHCHT OT OTHICKMBAaeMbIX NapaMeTpoB, TO
U CyMMa KBajapaToB OTKJOHeHM# ectb QYHKUHA F 3THX
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napamMeTpoB (BpPeMEHHO BMECTO p,, OyleM nHcath p):

n
Flp, )= 2 (Yi—y)*
HJH

F (p, b) =i=2! (px; +b—y).

JInsi oTHICKAaHH$ MHHMMyMa NIpHpaBHSIEM HYJIO COOTBETCTBY-
I0IHe YacTHbie NPOH3BOAHBIE:

oF “
dp =2 X (oxi+b—y) x;=0;

OF 4
% =2 2 (px; +b—y,)=0.
i=1

BrinoJyiHHB 3jileMeHTapHbie Npeo6pa3oBaHUA, MOJYYHM CH-
CTeMy JABYX JIHHeHHbIX ypaBHEHHH OTHOCHTeJRHO p H b*):

SN+ b= xy; Dx)p+nb=y. (xx)

PenivB 3Ty cucTeMy, HafileM HCKOMBIE MapaMeTphl:

Pyx=(n 2 xy— Xx- D)l (n 3 1 —(F x)?);
b= Dy— 2 x- 2 x)/(n D x2— (X)), (%xx)

AHaJOrHYHo MOXKHO HAaHTH BLIGOPOUYHOE ypaBHeHHe nps-
MOl JIMHHH perpeccid X Ha Y:

Ey == Pyy® + C,

rA€ p,,— BBIGOpOUYHEIH KO3pdHUHEHT perpeccHn X Ha Y.

Mpumep. Hailitu BuiGopounoe ypaBHeHHe NPSAMON JHHWH perpeccHH
Y na X no xanseim n=>5 nabaosennii:

x 1,00 15 3,00 450 5,00
y 1,25 1,40 1,50 1,75 295

Pemenne, CocraBum pacuernywn tabn. 1l.

Hafinem HckoMble NapaMerpot, AJA Yero NOACTABHM BHIYHCJEHHBIE MO
Tab/ULe CYMMbl B COOTHOLICHHA (d¥k):

Pxy=(5-26,975—15.8,15)/¢5-57,5— 15%) = 0,202;
b=(57,5-8,15—15-26,975)/62,56 =1,024.

n
*) [las 0pOCTOTH 3ANHCH BMECTO Y| YCJOBHMCH IHEaTh ).
=1
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Ta6aunga 1l

x; y; x? Xi¥y

1,00 1,25 1,00 1,250

1,50 1,40 2,25 2,100

3.00 1.50 9.00 4,500

4,50 1,75 20,25 7.875

5,00 2.95 25.00 11,250
Ma=15 | Ny;=8,15| PF=57,50 | ¥ xy; =26,975

HanxieM uckoMoe ypaBHeHHe perpeccHH:
Y =0,202x 4 1,024.

Jas Toro 3T06H MONYYHTH NPERCTABJEHHE, HACKGALKO XOpOWIO BH-
qHCaeHHBE IO 3TOMY YpaBHeHHI0 3HaueHMs Y; corjacyiorcs ¢ HaGawoaae-
MbIMH 3HAYeHHAMH Y;, HaBleM OTKJOHeHHA Y;—y; PesyhbraTl BbIuHC-
AeHHA npuBegeHn B Ta6a. 12,

Tabaunna 12

* Y; Yi Y-y
1,00 1,226 1,25 —0,024
1,50 1,327 1,40 —0.,073
3,00 1,630 1,50 0,130
4,50 1,933 1,75 0,183
5,00 2,034 2,25 —~0,216

Kak BHIEHO H3 Ta0AMUH, He BCe OTKJOHEeHHH AOCTATOYHO Majbl, ITo
OGBACHACTCA MAJHM YHCJAOM HalmojleHu#t,

§ 5. Koppensunonnas raGnuua

Ilpu GoJsbinoM uHcie HabawoeHWid OAHO H TO XKe
3HaYeHHe X MOMKET BCTPETHThLCHA N, pas, OIHO H TO JXKe 3Ha-
YeHHe y—n, pa3, OAHA K Ta XKe Napa uYHCea (X, ) MOMKer
Habmonarbcs 7., pa3. IlostoMy HaHHbie HaGJIOAEHHHA rpym-
NHPYIOT, T. €. TNOACYHTHIBAIOT YacTOTH Mn,, N, N,. Bce
CrpynnHpoBaHHble JaHHbIE 3aNHCHIBAIOT B BHze TabJaulibi,
KOTOpPYIO Ha3blBalOT KOPPEAAYUONHOU.
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TMoscuum gc'rpoﬁcmo KOppeastlHOHHON TabJHuN HA NpH-
mepe Ttaba, 13.

TaGauna 13

X
Y
10 20 30 40 "y
0,4 5 — 7 14 26
0.6 — 2 6 4 12
0,8 3 19 —_ — 22
Ry 8 21 13 8 n=60

B nepeoi#t cTpoke Tabauubl yKasaHbl HaGiiofaeMble 3Ha-
yenusn (10; 20; 30; 40) nmpusHaka X, a B nepsoM cTonbue —
HabaonaeMsle 3HaueHus (0,4; 0,6; 0,8) npusnaka Y. Ha ne-
peceyeHHH CTPOK U CTOJIGLOB HAXOAATCH 4acTOTH f,, Habmo-
JaeMbIX Tnap 3HaueHHH npH3HakoB. Hanpumep, vacrora 5
yKa3niBaet, uto napa uucen (10; 0,4) uaGmionanace o pa3s.
Bce wacToTh! nmoMelleHR! B NPAMOYrOJBHHKE, CTOPOHBl KOTO-
poro npoBeleHbl XKHPHBIMH OTpE3KaMH. YUepToyka oOsHauaer,
4TO COOTBETCTBeHHass mnapa wuuceq, Hanpumep (20, 0,4), ne
Halbi0aanach.

B nocaegHem crosifue 3anHcaHBl CYMMBI 4YacTOT CTPOK.
Hanpyumep, cyMmMa wacToT neppol CTPOKH «KHPHOTO» IpsAMO-
yroJbpHHKa paBHa nu=5+7+_14==26; 3TO YHCJO yKasbi-
BaeT, YTO 3HaueHue npusHaka Y, papHoe 0,4 (B coueraHHH
C Pa3JHYHbBIMH 3HAYeHHsMH NpH3HakKa JX), HAOGJAORANOCH
26 pas.

B nocnenne#t ¢cTpoke 3anmuCaHbl CYMMBbl YacTOT CTOJIOUOB.
Hanpumep, uncino 8 ykasbiBaer, uTo 3HauyeHHe nmpu3HaKa X,
paBHoe 10 (B coyeTaHHH C pas/HYHBIMH 3HaYeHHAMH HpH-
3HakKa Y), naGuiomanoce 8 pas.

B kJserke, pacnonoKeHHofi B HHIKHEM IIpaBOM YrJay
tab/AHNB, NOMEIeHa cyMMa BceX 4dactor (ofillee yHCJIO BCeX
Hzﬁ.’llOJ].BHHﬁ n). OueBugno, X\ n,= Y n,=n. B HaweM OpH-
Mepe

2n,=8+4+214+134+18=60 u Dn,=26+4 12422 =060,
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§ 6. OTnickanue napameTpoB BHGOPOYHOIO
ypaBHeHHs NPAMOA JHHHH PErpeccHH
Mo CrpynnHPoOBaAHHLIM AAHHLIM

B § 4 nns omnpeneneHuss napaMeTpoB ypaBHEHHS
npAMOA JHHHH perpecchH Y Ha X Gblna nmoJslyuyeHa cucTeMa
ypaBHeHH A

(X x%) o+ x) b= xy, } )

(Zx) pyx'l"nb =2y-

Ilpeanonaranocs, 4¥T0 3HaueHHA X H COOTBETCTBYIOHIHE
HM 3HaueHHa Y HaGJoAaJHck No oAHOMY pa3y. Tenepsn ke
AOMYCTHM, 4TO MNOJyY4eHO 60/bIIOE YHCIAO JAHHBIX (HPaKTH-
YeckKH ISl YAOBJETBOPHTENHbHOH OUEHKH HCKOMbBIX HapaMer-
POB JOMXHO OHTe X0t 6bl 50 Habmopenuil), cpeny HHX ecTh
NOBTOpAIOILHECA, H OHH CrPYNNHPOBaHbBl B BHAE KOppess-
BHOHHOA Tabauubl. 3anHmeM cHCTeMy (%) Tak, 4roObl OHa
OoTpaxkaJja JaHHble KOppeJsiiHoHHOH Ta6auusl. Bocnosb-
8YEMCSl TOXJECTBaMH:

Nx=nx (creacTBue H3 x= 3 x/n);
2 y=ny (CAEACTBHE U3 y = >ym);
D x*=nx* (cTeACTEHE U3 x2 = ) x¥/n),

2xy=zn,,y xy (yureHo, 4TO mnapa uucen (x, y) HabJsola-
Jace n., pas).

IToncraBiB npaBble 4acTH TOXKAECTB B CHCTeMy (%) M co-
KpaTHB o0e¢ yacTH BTOPOro YpaBHEHHS Ha n, HOJyYHM

(nﬁ)pyf_"i—(n;)b:gnxyxyv }
(%) pyc+ b =y.

PewinB sty cHcTeMy, HaijJeM napamerpsl p,. H b H, cjaeno-
BaTe/IbHO, HCKOMO€ YypaBHEHHE

(##)

Yx=Pys X +0b.

OnHako Goaee nenecooGpasHo, BBEAsS HOBYIO BEJHUHHY —
BRIGOPOUHBIH KO3(PPHUHEHT KOppeaflHH, HanHucaTh ypaBHe-
Hue perpeccid B HHOM Buae. Crnenaem 3to. Haiinem b w3
BTOPOTO YpaBHEHHSA (%)

b= ;— pyx;:-'
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YloacTaBHE NpaBylo 4acTh 2TOI'0 paBeHcTBA B ypaBHeHHe
Y= QPyx X -+b, monyuum

Ys—Y = Pyx (x"""x)- (***)
HaitneM *! u3 cucremnl (*) KO3Q@HIHEHT perpeccHH, y4H-

TBIBasi, 4To x*—(x)*=o02 (cMm. ra. XVI, § 10):

_ nxypy—nxy ¥ ngxy—nxy

n [x* — (x)?) nox

Pyx

*

YMHOXHM ofe yacTH paBeHCTBa Ha Jpobb 0,/0,!

.al‘—- Enxyxy-—nfy- (%%x)
Pue's, " nem, o
¥ v

O6o3HauuM MpaBylO uYacTb paBeHCTBa 4epe3 r, H Ha30BeM ce
BEIGOPOUHLIM KO3PPHUIMEHTOM KOppeAsiHy (cM, 3aMeyaHue 3):

Z Ry Xy — n;.';

ry=
[lopctaBuM 7, B (#xxx):

PyxCxl0y =T 5.
Orciona

TlopcraBus npasyld YacTb HTOrO paBeHCTBA B (xx#), OKOHua-
TEJIbHO MNOJYYHM BLIOOpOYHOE YpaBHEeHHe TNpPAMOH JIHHHH
perpeccuu Y Ha X Buaa
- = oy —
Ys—Y=1T,y ..,—(L’——A:').
Ox

3ameuanne 1. AHANOTHYHO HaXOAAT BHIGOPOUHOE YpPaBHeHHe
npamofi AHHKHK perpeccun X Ha Y supa

— - Ex —
xy—x=rg = (¥ —¥),
Oy

*} B srofk rnabe ppi6opouHOe cpefHee KBAAPATHUYECKOE OTKJIOHEHHe

ofo3HayeHo uepe3 O; HanpuMep, O,— BHOpOUHOEe CpefHee KBanpaTHue-
CKOe OTKJAOHeHHe X,
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3amMeuanne 2. YpaBHeHHs BHGOPOYHRX NPAMHX pPErpeccHH
KOXHO samHcaTe B Gosee CHMMETpPHYHOHE (opme;

YoV X—Xx Xy—X y—y
— _ra — = =rn _— -
o, Oy Oy oy

Sameuanne 3. BuGopounufi xodppRuHenT XOppenfiiud ARBAAETCS
oneHKol KoapdpHEHEHTa KOppensnuH

Pxy _ M (XY)—M(X)-M ()
040y UxOy )

Je#tcTBHTeIbHO, HCMOAB3YA MeroA MomeHToB (cM. ra, XVI, § 21),
T. €, BAMEHHB YHCJOBHIE XAPAKTEPHCTHKH HX ONEHKaMHM, [IOJYYUM

. [(X napw)in)—3y N nopy—niy
p == o == — .

00y 1O 40,

F ==

§ 7. Bubopounniii K03pDHURHEHT KOppPeasUMH

Kax caeayer H3 npeabiAyllero naparpada, BeiGO-
POUHEIA KOhdpHIUHEHT KOPpPENSLUHH ONPEJENSeTCs PABEHCTEBOM

2 My Xy ==nxy
noray

rl r
rae x, y—BapHanTH (HabJoJaBIiHecst 3Ha4YeHHs) NMPH3HAKOB

u Y; n,,-—vacrora napu BapHaHT (x, Yy); n—oObeM
BHOODKH (CymMMa BCEX YaCTOT); O, 0,— BHIGOpOUHLIE CpeHue
KBaJIpaTHYECKHE OTKJIOHEHHH; X, y—BHIOOpPOUHbIE CpeiHue.

HapecTHo, uTo ecam BeAHYMHL Y H X HE3aBHCHMH, TO
Kosdpduuuent xoppensuuu r =0 (cm. ra, XIV, § 17); ecaun
r===1,T0Y H X cBfA3aHbh JHHeHHOH (QyHKUHOHAJLHOMH
saBHcHMOCTBIO (cM. ra. X1V, § 20). Orcioma caeayer, uTo
Ko3(hPHLUHEHT KOpPpeAsiIHH f H3MEpseT cHJy (TeCHOTYy) J H-
HeHHOMN cBsA3H mexay Y u X,

BuiGopounsit k03bGPHUHEHT XOppensilBH r, ABJIAETCA
OLEHKOH KOS((PHIIHEHTA KOppessilHH 7 TreHepajbHOH COBO-
KYITHOCTH M TOSTOMY TaKXe CJYXHT JJiA M3MEPEeHHH JIHHEeH-
HOH CBSI3H MEXJAYy BeJHYHHAMH — KOJHYECTBeHHHIMH MpPH3HA-
Kamir Y u X. HonycrHMm, uto BHOOpOuHH# KO3bdHIHEHT
KOppensiluu, HalNeHHHH 1o Buifopke, OKa3alCA OTNHUYHBIM
oT Hyas. Tak Kak Bubopxa oto6paHa cyyyailHo, TO OTCIOAa
€llle HENb3s 3aKJIOUHTBH, 9T0 KO3(QPHIHEHT KOppeJAluHH re-
HepaJibHOM COBOKYNMHOCTH Takxe OTJHYEeH OoT Hyas. BosHu-
Kaer HeOoOXOJHMOCTL TIPOBEPHTHL THOOTE3Y O 3HAYHMOCTH
(cymecTBeHHoCcTH) BHGOpousoro kKosddHuHeHTa KOppeJasnuu
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(unH, 9TO TO 3Ke, 0 paBeHCTBe HyJ IO KoddxpulnHeHTa KOppe-
JAIHH TeHepaJibHoll COBOKYNHOCTH). ECaH runoresa o pases-
CTBE HYJIO reHepaibHOro Koa(umuenra Koppensiuun Gyner
OTBEPTHYTAd, TO BHIGOPOUHEI KO3(p(dHIHEHT KOppeasAiuyH 3SHa-
YHM, a BeJHUHHH X H Y KoppesMpoBaHH; eC/JH TIHNoTesa
NPHHATA, TO BHOOPOUHHIA KO3(HIHEHT KOppesAlHH HesHa-
YHM, a BeJHUYHHK X H Y He XOppesypOBaHH.

ITpoBepxa runoTessl O 3HAYHMOCTH BHIGOPOUHOrO KO3(-
(HIHeHTa KOppeAsiUHH A cJydasi HOPMaJdbHOH Koppelsiluu
H3J0XeHa aaJjee (CM. T XIX}: § 21).

Ecan Buibopka nmeer aocratouno Ooublliofi o0beM M
XOpOLIO MpeAcTaBisieT TreHepajdbHYI0 COBOKYNHOCTb (penpe-
3EHTATHBHA), TO 3aKJIOYEHHe O TeCHOTe AHHeAHOH 3aBHCHMO-
CTH MeXAY NPH3HAKaMH, MOJNyYeHHOe TNO JaHHEIM éabopKuU,
B H3BECTHOH cTenmeHH MoxeT OHBTb pacHpoCcTpaHeHo H Ha
eeHeparvryo cosokynrocms. HanpuMep, AN OUEHKH Ko3(-
¢buuHeHTa KOppeNAlMKE r, HOPMalAbHO paclpelesieHHOH reHe-
panbsoii COBOKyNHOCTH (npH n_>>50) MOXKHO BOCIHOJNb3O-
Barbcst QopMyJioH

1—rd 14 ri
a"n""‘3——‘/.'—_&'3--_.,<__rr€r,+3 V-’;B-
3ameuanue |, 3uak BuGopodnoro kosddpuuHenTa KOppeasHH

COBNAAAeT CO 3HAKOM BLIGOPOYHHIX KO3{pHIHEHTOB PpErpeccHH,. Yyro cJje-
ayer us dopmya (cm. § 6)
0
i Pxy="rn ==, (*)
Oy
dameuanHe 2, BuGopousut xospduiuHeHT KOppeNsiuHH paBeH
cpealeMy TeoMeTpHYecCKOMY BHOGOpPOUHHX KOXpOHIHEHTOB pETrpecCHH.

HeficTBuTeALHO, NEpPEeMHOXKHS JeBHE W Npashieé GacTH papBeHcTs (%),
NOMYSHM

Pyx =Tz

e

2
OxiPxy="T"n
Orciona

rg= prxpxy‘

3HaK npu paluKade B COOTBETCTBHH C sameuaHueM | Jlosken COBMajaTh
€O 3uaxkoM Ko3bDHIHEHTOB perpeccHH,

§ 8. MeroaMka BLUWCACHHA BHGOPOUHOrO
K09thbPHUHeHTA KOPpPeARUHH

Ilycte TtpebGyercst mNO JaHHBIM KOPpeasiiHOHHOMN
TabJMHUB BBIYHCANTL BHIGOPOYHHA KO3(DDHIHEHT KOPPeAAHH.
MoOXHO 3HauHTEeNLHO YMNPOCTHUTL Ppacyer, €CJHH nepedTH K
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YCAOBHBIM BapHaHTaM (MPH 3TOM BEJHUHHA I, HE H3MEHHTCH)
u;=(x;—Cyh, 0 v, =(y,—Cy)/h,.

B stoM cnyuae BLiGOpOYHBIH KOI(PPHLUHEHT KOPPEJAUHH BHI-
yucasior no ¢opmyae

re= (D) Nyttt — nuv)/(nc,a,).

Benuyuusl u, v, 6, H 0, MOXKHO HaHTH MeTOAOM NMpPoOU3De-
neuuit (cM. ra. XVII, § 4), a npu ManoM 4Hcle JaHHBIX —
HerocpencTBeHHO MCXOAA H3 OonpejejJeHHH B3THX BeJHYHH,
OcraercA ykasarb cnocol BHYMCJEHHS )N Uv, TAE N, —
YacTOTa Mapbl YCAOBHBIX BapHaHT (u, v).

MoxHo n0Ka3ath, 4TO CrnpaBefuBh POPMYyJB (CM. nosic-
HeHHe B KOHue mnaparpada):

dinguv=3vU, rne U= n,u,
Mnguv=3uV, rne V=>233n,0.

HOnsa Kourpons uenecoo6pasHO BHIOJHHTE pacueTsl MO
obeum dopMynaM H CPaBHHUTH PE3VJbTATH, HX COBMNAJECHHE
CBHAETE/ILCTBYET O NPaBHJABHOCTH BHIYHCIEHHH,

[TokaxeM Ha mpHMepe, KaK NOJL30BAThCH NMpHBEAEHHBIMH
dopmysramu.

Tipumep 1. Buuucanrb 2 Ny oD NO JaHHEIM KOPpEASLHOHHOM Tabx. 14.

TaGbnanuua 14
X
Y ny
10 20 30 40 6O 60

I5 5 7 —_— — — - 12
25 _— 20 23 _— —_— — 43
35 _— - 30 47 2 — 79
45 _ — 10 11 20 6 47
55 —_— _ _— 9 7 3 19
Ny 5 27 63 67 29 9 n =200




Pewenmne. [NepefizeM K ycnoBHEM BapuasTaM: u;=(x;—Cy)/ly =
= (x;—40)/10 (B xavectse noxuoro uyas C; B3aTa BapHantTa x= 40,
pacnosioXeHyas NPHMEPHO B cepefiHHE BApHAUMOHHOTO paxa; mar h,y
paBeH Pa3HOCTH MeXAy ABYMA coOceHHMH BapHaHrtamu: 20— 10=10) u
vy = (y;—Cy)/ha=(y;—35)/10 (B KauecTRe JoKHOrO Hyas C, B3nTa
BapnanTa y=235, pacnojiokeHHa® B cepeHHe BAPHALHOHHOrO psAAA;
mar h, paBeH Pa3HOCTH MEXAY JBYMS COCCIHHMH BapHaHTaMH:
25 —15=10).

Cocrannza KoppensitHotHylo Tabauuny B ycaoBubix Bapuaxrax. Ilpak-
THYECKH 3TO JAeNal0T Tak: B NEpPBOM CToJ6Ue BMeCTO JIOXHOTO Hyas Cy
(rapuantnl 35) mumyT 0; Hal HyJ€M NOCAEJOBATENbLHO 3anHChBawT —I1,
»—2; nox HydeM nuwyr 1, 2. B nepBofi cTpoKe BMecTo JoxHOro Hyas Cy
(BapHanTw 40) nanwyr O; caera or HYAA NOC/EAOBATE/IbMO 3aNMMCHIBAIOT
~—1, —2, —3; cnpasa ot myas numyt 1, 2. Bce ocrasbHbie AaHHNE
MepenuchBAIOT H3 NEePBOHAYANbHOH KOoppelasuuoHHOH TabiMus. B Hrore
MONYYHM KOppeNsnHOHHYI0 Taba. 15 B yc/ioBHHX BapHaHTax.

Ta6auna 15

u
’ -3 -2 -1 0 | 2 %o
-2 5 7 — — — — 12
—1 — 20 23 - — —_ 43
0 — — 30 47 2 — 79
1 — — 10 1 20 6 47
2 — — — 9 7 3 19
Ny 5 27 63 67 29 9 n =200

Teneps A8 BLIYHCACHHS HCKOMOA CYMMB Mg, WU COCTABHM pac-
geThyio Ta6n. 16. [loscHenna K coctaBaewuio Tatu. 16:

I. B xaxa0od KneTKe, B KOTOPOH 4acTOTa Mg, 7# 0, 3anuCHBAIOT
B paBOM BepXHEM Yray npoH3aBelelHe 4acTOTH n,, Ha BapHaHTY .
Hanpumep, B npaBMX BepXHHX YIJax KJeToK nepmg CTPOKH 3aNHCAHH
npouspeaeHun: 5-(—3)=-—15; 7. (—2)=— 4.

2. CkAafAbIBAIOT BCE YHCJA3, [OMeELleHHbLe B NMPaBLIX BepPXHHUX YIJNIAX
KAeTOK OJIHOH CTPOKH H HX CYMMY 3alHChIBAIOT B KJeTKY 3TOR Ke CTPOKH
cron6ua U. Hanpumep, nns nepsofi cTpoxd U =— 154 (—14)=—29,

3. ¥YMHoxaioT BapuaHry v Ha U H noayueHuoe NpoH3BejeHHe 3anH-
ChHIBAIOT B NOCJEAHIOI KJETKY TOik Xe CTpPokH, T. e, B KiXeTKy croabua
vlU. Hanpumep, B mepBoft cTpoke TaMHUW v=— 2, U =—29; caefo-
Bateabho, vl =(—2)-(—29)=>58.

4. Haxouen, cnoxdHB Bce uHcJaa croabua vl/, noayyaior cyMmmy

2 pl/, xoTopas paBHAa HCKOMOR CyMMme 2 ngguv. Hanpumep, nns Ta6a. 16
4]

HMeeM 2 vl = 169; caeposartenpho, HcKOMas CyMma 2 ngytiv = 169,
v
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Ilns KOHTPO.aA alaJOrHuHbE BBHIMHCJEHHS NPOHIBOJAAT Mo (ronbuam:
NPOUSBEACHHUA MNu,U 3ANHCHBAXT B JeBLIl HHXHHUH# Yroi XAeTKH, Coaep-
JKaueHd 4YACTOTY Mgy 7 0; Bce uHCAa, TOMELUFHHbBIE B JIEBBHX HHMKHHX
yraax kxneTok oOauoro croabma, CKJIAAbBAIOT H HX CYMMY 3anHCHBSIOT
B CTpoKYy V; nanee yMHOKAIOT KaxKJAyl BapHaHTY 4 Ha V u pesaynwraT
3aMHCLBAIOT B KJeTKaX NoOchelHeHd CTPOKH.

HaxoHell, CNOXHB BCEe 4HCAA NocheAneR §oxn, NoAyyalT CcyMMy

uV, Xoropas Take paBHa HCKOMol cymMme 2, ng.uv. Hanpumep, ana

u
Ta6n. 16 umeem X, uV = 169; cJeloBaTenbHO, 2 nypuv=169.
4

Tenepb, Korfa MH HAayYHJIHCh BEIYHCAATDH Y, f,,Uv, NPH-
BeleM NpUMEep Ha OTbICKaHHe BHOOPOYHOIO KO3hpHLHEHTA
KOpPeASLHH.

n ep 2. BLYHCARTL BWOOPOYHBIA KOSPGHIIHEHT KoppeaslHH

ro={(2) nyuv— nuv)/(ndy 6,) NO NAHHLM KOppEARLAOHHOR TaGa. 14,
Pemenue. INlepefind K YCAOBHHM BapHAaHTaM, MOJY4YHM KOppeas-

RHOHHYI0 Tabn. 15. BesHyBHMW U, U, Oy H O, MOXHO BHIYHMCJAHTb METOAOM
NpoRsSBeNeHUA; OAMaKo, MOCKONLKY YHCJA U;, U; MaJhi, BHYHCIHM 4 H U,

ACXOAA H3 ONpeneJeHHs cpeasell, a 0, H O, —HCNONLIYSH GOPMYAH (CM.
ra. XVI, § 10) =

o=V —@p2, 5,=V— (o0
Hafigem & 1 U

u= (2] ngu)/n=[5.(—3) +27.(—2) +63.(—1)+29. 1+
+-9:2]/200 = — 0,425;

v=(2, n,0)/n=[12.(—2)+ 43.(—1) + 47 .1 4- 19-2]/200 =0,09.

BLUHCIHM BCIOMOraTeAbHYIO BeNHYHHY u3, a 3arteM oy

= () nyu2)jn=(5-9427.44-63.14-29.14-9.4)/200 = 1 ,405;
Ga=V i —(up= Y T,406 —(0,495)% = 1,106.

AHanoruuHo nonyunM dg= 1,209,
Haflzem uckoMufi BHGOpouHhii KOMPPHIUHEHT KOppeNAsIHE, YYHTHBA,

YTO paHee yXe BEIYHCAEGHA CyMMa Zn“uv:lﬁg:

rp== (D) Ayttt — nuD)(N0uGy) =
== [169 — 200 (—0,425).0,09),/(200-1,106.1,209) = 0,603,
Hrak, ry=0,603,
Iloscuenune. [Toxaxem, uto 2 n,,.,,uu.—-:E vlU, rae Uzz Mgyli.
v u

PaccMOTpHM KOppensUHOHHYIO TaBNHIY B YCJIOBHWX BapHaHnTtax (aas Npo-
CTOTH TalJIHlla COAepPIKHT MAJO RAHHRHX):
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uy Uy Uy

Uy Ry, g, Rysen

Ua Nyv, Nyspa Mgy,

Hafnem 2 ,40 ABYMS CNOCOGAMH: CyMMHPYH IPOHSBe/ICHHA YacroT
N, HA [IPOH3IBEJEHHS COOTBETCTBYIOUIMX YCNOBHWIX BAPHAHT 4U MO CTPOKAM
H no croabuam, Insa nepsofi cTpokH TaGaHLbl

Maipe (#4101) 4 Rypaen  (301) 4 Ryyp, - (UisD1) =0y 2 gy its (»)
Jns Bropofi cTpoxH TaGaMIL :
Mo (4102) + Musgy (1102) + Masg, - (Use) =03 D g e (49)

Choxum (x) H (%x):
Z nUv=1u; Z Nyp N 4Dy 2 Ny l.
u u
Hraxk,
D\ nupuv =, 0U,
/4

rae U =2 flyold.

AHANOTHYHO, CYMMHPYH NpPOH3Be/leHHS YacTOT Ry, Ha MIPOH3BEREHHS
COOTBETCTBYIOIHX YCJOBHLIX BAPHAHT WD NO CTOJNGUAM, MOJYYHM

3 nypuv =D, uV,
u

rae V= Z Mgy,

§ 9. Ilpumep Ha oTHICKAHHEe BHIGOPOUHOrO
YPABHCHHS NPAMOH JAHHHH PErpeccHH

Tenepnb, Koraa H3BeCTHO, KaK BLIYHCJISIOT r,, yMe-

CTHO MpPHBECTH NPHMEP Ha OTHICKAHHE YypaBHeHHs IpAMOA
JIHHHH DperpeccHH. _
[TockonbKy NpH HAXOXKAEHHH r, YKe BHIMHCIEHH u, U,

G, G, TO 1eJecOo0Pa3HO MOJb30BATHCA (HOPMYJIaMH:

o, =h,6,, 6,=h,o, x=uh,+c, y=0uvh,+c,.

3peck coxpaHeHH 0003HaueHHs npeaniayliero naparpada.
PekoMeHAyeM YHTATENIO CaMOCTOSITEJIbHO BHIBECTH 3TH ¢op-
My N1bL.
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Mpumep. HaliTu BuGOpouHoe ypaBHeHHe NpAMOR AHHHH perpeccHH
Y na X no paHHhM XOppeasinHoHROH Tabn. 14 npHMepa npeawayliero
naparpada.

Pewe s ue, HanuuieM nckoMoe ypasHehne B ofumeM BBAe:

- - o, -
Yx—Y=1rg =— (X — x) (»)
Ox

Koapduunent xoppensiuuy yie BUuHCACH B NpeAkaymem naparpade.
Octaercq uailiTn x, y, Oy H Oy

x = uh, 4 ¢, =— 0,425.10 4 40 = 35,75;
y=vhy+}cq=0,09-10+435=235,9;
0y == Oghy=1,106.10=11,06; 0, = 0ghy=1,209.10=12,09.
Ioacrapup HafaeHHHe BEJHUYHHH B (%), NOJIy9HM HCKOMOEe YpaBHeHHe

= 12,09
yx—35,9=0,603 106 —35.75),

HJIH OKOH4YATEeJbHO
¥y =0,669x - 12,34,

CpaBBMM yCNOBHHE CpeiHHe, BHUYHCJICHHHE: 8) IO STOMY YDaBEEHHIO;
6) no pasHEM xoppeasuvoHHod Ta6u. 14, Hanpumep, npn x=230:

a) _1:;_'30=0,659-30+ 12,34=232,11;

6) y¥30=1(23-25-30-35410.45)/63= 32,94,

Kak BHAHM, coraacoBaHMe pacuye€THOro H HaGmoOxgeMoro YCJOBHEX
CPelHX — YAOBNETBOPHTEJIbHOE.

§ 10. lNpeasapuTenvHbie coob6paxeHHs K BBEACHHIO
Mepn io6ofl xoppensuHOHHOA CBA3N

Bhile paccMarpHBasach OUEHKA TECHOTH JIHHedHORM
KOppensiuHOHHOH c¢BfisH. Kak OueHHTh TecHOTY A0 6o
KOppeNsilHOHHOH CBASH?

yCTb AaHHbIEe HabJIIOAeHHA Haj KOJHMYECTBeHHHIMH MIPH-
sHakaMH X u Y cBelleHB B KOppensAuHoHHYI0 Tabanny. Moxuo
CYMTATHL, WYTO TEM CaMbiM HabJiolaeMble 3HaueHH# Y pas-
OMTH Ha Irpynmnbl; KaXAas rpynna CoAepKHUT Te 3HAYeHHH Y,
KOTOPHE COOTBeTCTBYIOT omnpeiefeHHoMy sHauenHio X. Ha-
npHMep, RaHa KoppensiuMoHHas taba. 17.

K nepeoft rpynne orsocsatesi te 10 sHavenust Y (4 pasa
Habmofanocs y, =3 H 6 pas y,=>5H), KOTOpLle COOTBETCT-
ByIOT x,=8,

Ko sropoii rpynne orsocarcst re 20 sHageunsi Y (13 pas

Ha6moznanock y, =3 H 7 pas y, = 5), KOToOpHe COOTBETCTBYIOT
x, =9,
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TaG6anuua L7

X
Y
3 9
3 4 13
5 6 7
n, 10 20
:’;x 4!2 307

VcaoBHHE CpelHHe TENepb MOXHO Ha3BaTh I'DYNMOBHIMA
CpefHHMH: TpYMIOBas CpPeNHAA NepBOH TPYyNNH Yy, =
= (4-34-6-5)/10=4,2; rpynnoBas cpeassis BTOpPo#i rpynnm
y, = (13-3+7-5)/20=3,7.

TMockoNpKy BCe 3HaYeHHH NpPH3HAKa Y pasGHTH Ha rpyn-
NH, MOYKHO NPEeACTaBHTH OCIULYIO AHCHePCHIO NPH3HAKA B BHAG

CyMMbI BHYTPHTPYNNOBOH K MEXIPYNmoBo# RucnepcHH (cM.
rn. XVI, § 12):

D obux — D BHID +D Mewrp* ("’)

TToxkaxeM clipaBeIHBOCTh CNEJYIOIMIHX YTBepXKIeHHMA:

1) ecqin Y cBasaH ¢ X QGYyHKUHOHANBHOHA 3aBHCHMOCTBIO,
TO

Dnemrp/Doﬁm =1;

2) ecan Y cBs3ad ¢ X KOpPeNAUHOHHOH 3aBHCHMOCTHIO,
TO

Dnemrp/Doﬁm < 1.

HNokasateabcTBO. 1) Ecau Y cBssan ¢ X dpyHK-
NKOHAABHON 3aBHCHMOCTBHIO, TO OnpenelieHHOMY 3Ha-
yeHHi0 X COOTBETCTBYeT OAHO 3HaueHue Y. B stom cayuae
B KaXJ08 rpynne colepxarcs paBHble MexAy coOoH 3Haue-
HHA Y *), nmosToMy rpynnoBas AHCHEPCHA KaxA0# rpynnsl
paBHa HyJmio. ChneloBaTesbHO, CpelHAs apHMeTHYECKas

*) Hanpumep, ec/H 3HAYeHHIO X;=J3 COOTBeTCTBYeT Yy =7, NpHuUEM
x;=23 HabmopaJoch S pa3, TO B IPYIe COAEPMHTCH D 3HauYeHHA Yy, =17T.
1 ’ Y1
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rpynnoeHX AHcepcHH (BsBellleHHas 1o o6beMam rpyimn), T. e,

BHyTpHrpynnosass naucnepcHss D, ,=0 H paBeHcTBO (»),
HMeeT BHI

Doﬁm = Duemrp'

Dnemrp/DotSm = 1.

2) Ecoin Y cBAsan ¢ X KOppeASsUHMOHHONA 3aBH-
CHMOCTBIO, TO ONPENIeJICHHOMY 3HaYeHHI0 X COOTBETCTBYIOT,
BooGINe roBops, pasAHuHbie 3Hauenus Y (oOpasylomme rpyn-
ny). B sToM cayuae rpynnoBasi fHCNepcHs KaxKao# I'pynmnsl
OTJIHuHa OT HyJs. CienoBatenbHo, CpenHsis apHdmMeTHUECKas
IPYNNOBHIX Aucnepcufi (B3BeunleHHasds no ob6beMaM I‘Bynn)
Do 0. Torna ogHo noJsoxurenbHoe ciaraemoe D, ...
MeHbllle CYMMHBl JBYX MOJIOXHTeJNbHHX cJaraeMblx Dy, o+
-+ Drentrp =D 06w

Orciona

D Mewrp < D ofm-
Orciona

Dnemrp/Doﬁm < 1.

Yike U3 npHBeNeHHHX paccyAeHHA BHIHO, 4TO 4eM CBA3b
MEXJy NpH3HakaMH G/iHXKe K QyHKUHOHAJLHOH, TeM MeHble
Dyurp B, ChefoBaTesbHo, TeM Goabilie npubanxaerca D, ...
K Dygn, a sHaunt, ortHomieHMe D, .. ./D.¢.,—K enHHHUE.
Orciona ficHO, uTO HENecoO6pasHO pacCMaTpPHBATH B KauecTBe
MEpHl TECHOTHL KOPPEAAILHOHHOH 3aBHCHMOCTH OTHOILIEHHE
MEXTIPYNNOBOH IHCIepCHH K oblie#, HJAM, YTO TO XKe, OTHO-
NieHHe MEXIpyNnnoBOro CpeAHero KBajapaTHYECKOro OTKJIOHe-
HHfi K oOumemy cpeiHeMy KBaJpaTHYeCKOMY OTKJOHEHHIO,

§ 11. BuGopoiHoe KOPpPEeASLHOHHOE OTHOIIEHHE

Jl/isi OleHKH TeCHOTH JIHHeHHOH KOoppeasimHOHHOMN
CBSI3H MEXKIY NPH3HAKAMH B BHOOPKE CAYXKHUT BHICOPOUHBLIA
koapdunueHT KOppeasinuu. JIns oneHKu TeCHOTH BeH He A-
HONA KOppeAfilHOHHOH CBSI3H BBOASIT HOBHIE CBORHLIE Xa-
PAKTEPHCTHKH:

1),x— BHOOpOUHOE KOppedfilHOHHOE OTHOWeHHe Y K X;
1., — BHIGOPOUHOE KoppeaslHOHHOe oTHOmeHHe X K Y.

Beibopounsim xoppeasyuontoim omuowerivesm Y x X Ha-
SHBAIOT OTHOIIEHHE MeXIpYyINNoBOro cpelHero KBaapaTH4e-
CKOT'O OTKJOHEHHS K oOlleMy CpeAHEeMY KBaJpaTHUYeCKOMY

270



OTKJIOHEHHIO NMpHsHaka Y:
Nyx = Ouenrp/Fobms
HAH B JApyrux obo3HauyeHusx
nyx = Gix/ Gy'
B1ech

U;x = V'Dllemrll = V(EH" (y‘—y)’)/n;
6, =V D=V (27, G—hn,

rae n—ob6bem BhHIGOpDKH (CyMMa BceX YacTOT); n,—4acTora
3HaYeHHH X MpH3HAKa X; 7 ,—49ACTOTA SHAYCHHA ¥ NPH3BAKA
Y, y—oGumas cpeaHss npusHaka Y; J,— ycJIOBHas CpefHss
NpHaHaKa Y,

AHallornuno omnpefensiercs BHIGOPOYHO® KOpPpesiiHOHHOe
otHoweHue X K Y

Nxy = 0.;!!/ Oy

Npumep. Haiity 7, N0 JaHHEM KoppensuxHOEBOA TaGa. 18,

TaGaunya I8

X
Y

10 20 30 ny
15 4 28 6 a8
25 6 —_ 6 12
Ny 10 28 12 n==>50
Uy 21 15 20

Pewenue. Hafinem oSuyio CpemHiow:
=2 ny)/n=(38.15+412.25)/50 =17 4.
Hafizem ofiiee cpellee KpajpaTuyeckoe OTKJOHEHHe:

oy =V (D n, (v—p))in =
= V38 (15— 17,48 12 (26— 17,4)°1/50 = 4,27.
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Hﬂﬁ}l&ﬂ MEHKIDYINOBOC Cpealee KBaaApaTHYECKOC OTKJOHCHHE!

°;x=VTZ Rx (.T/x‘““;)'_]/nz
= V10 (21 —17,4)2 28 (15— 17,4)2 - 12 (20— 17,4)%)/50 = 2,73.
Hckomoe KoppensiuuoHHOe OTHOlIeHue
Ny = oi; f0y=2,73/4,27 =0,64.

§ 12. CeoficTea B6OPOYHOro KOPPEAALHOHHOTO
OTHOWIEHH A

IMockonnky 1,, 06nanaer TeMH Ke CBOHCTBAMH, YTO
M 7, TNEPEYHCIHM CBOHCTBa TOJbKO BHIGOPOUHOTO KOppe-
JIAIHOHHOTO OTHOIUEHMS 1),,, KOTOpOE Hajiee sl YNPOIEHHS
sanucH GyaeM of6osnauyaTh uepes 1 M AAA NPOCTOTHl PeyH
HasHBAaTh «KOPPEASIHOHHHM OTHOLIEHHEM», '
CeoiictBo 1. Kopperayuorroe omnouieriue yoosaemso-
paem 0solnomy Hepasercmsy

0<n<l

JloxasarteasbctBo. HepaBenctso m_=>0 cneayer us
TOro, 9YTO 1 €eCTh OTHOIEHHe HEOTPHUATEABHBHIX YHceJ —
CPpeiIHHX KBaJpaTH4YeCKHX OTKJOHeHHH (MeXIpynnoBoOro
KX ofumeMy).

Jnst fokasartenncTBa HepaBeHCTBAa 1<, 1 BocnoJssyemcs
dopmyJioit

Doﬁm == Dnnrp + Duemrp'
PasnennB obe wacTH papeHcTBa Ha Dgg,, NONYYHM
| = Dnnrp/Doﬁm + Duemrp/Doﬁml

1= Dnarp/Doﬁm"l' n*.

Tak Kak ofa cjaraeMHX HEOTPHIIATEJIbBHHl H CYMMa HX paBHa
eAMHHIE, TO KaXJoe M3 HUX He NpeBHUIdeT €AHHHIH; B 4acT-
HocTH, 12 <X 1. I1pHHsB BO BHEMaHHe, uTO 1) = 0, 3aKJl0UaeM:

o< L,

CepoiictBo 2. Ecau n=0, mo npusnax Y ¢ npusna-
Kom X KOPPeAAYUOHHOL 3QBUCUMOCLIO He C6A3AH.
JoxasareanscrtBo., [lo ycnoBuio,
n= Unemrp/ooﬁm =0.
Orciofa Oyeuep =0 H, caenoBatensuo, Dyeyr,=0.
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Mexrpynnosasa JAHCHEpCHH €CTb JIHUCHEPCHA YCJIOBHHX
(rpynnoBhIX) CpeaHUx ¥, OTHOCHTENbHO ofmieil cpenHed .
PaBeHcTBO HYJ/I0O MeXTIpynnoBofi AHCNEPCHH 0O3HAYaeT, YTO
NpU BceX 3HaYeHHAX X YCJIOBHble CpefHHEe COXpaHHAIT Io-
CTOSIHHOE 3HaYeHHe (paBHoe obmei cpeaneit). Muumu ciioBami,
npH 7 =0 ycloBHad cpeaHss He sBiasiercsl dyHKuued or X,
a 3HAYHT, NPH3HAK ¥ He CBSA3aH KOPPens{HOHHOH 3aBHCH-
MOCTBIO C npu3HAKOM X.

SamMeuanune |. MoKHO NoKasaTh H o0paTHOE NpPEAJOIKEHHE: €CJH
npuavak Y He cBhsaH ¢ npu3aHakomM X KOPPeNSLHOHHOR 3aBHCHMOCTBIO,
10 N1 =0.

CeoficTtBo 3. Ecaun=1, mo npusnax Y ceasan ¢ npu-
aHakom X QyHKYUOHAARBHOL 3A8UCUMOCTILIO,

JdoxkazatensctBo. [lo ycaoswuio,

n= Onemrp/(’oﬁm =1,
Orciona
Oobiz = Tuenap*

Bospeasi ofe yacTH paBeHCTBA B KBaApaT, MOJYYHM

Doﬁm = Q MEXIp* (=)
Tax xak Dygy = Dyprp+ Dyewrps TO B CHAY (%)
Dnnrp =0. (**)

IlockonbKy BHYTPHIrpynnoBasi AHCHEPCHS! €CThb CpenHss
apudmeTHYecKas rpynnoBHX AUCNEpCKHH (B3BelleHHAas MO 06b-
€MaM rpynm), To H3 (#x) cjaenyeT, YTO JHCNEpCHA Kaxao
rpynnbl (3Ha4eHH# Y, COOTBETCTBYIOUIHX OIpeReeHHOMY
3HaueHHI0 X) paBHa Hymo. A 3T0 O3HauaeTr, Yro B Ipynne
CojepxarcH paBHHE 3HAYeHHs Y, T. €. KaXJOMY 3HA4YEHHIO
X cooTBercTByeT OJAHO 3HaueHwe Y. CueaoBaTtesbHO, NPH
n=1 npusHak Y cBfizan ¢ npusHakoM X (yHKUHOHANBbHOH
33aBHCHMOCTBIO.

3ameuanue 2. MoxHO 10kasaTh H o6paTHOE NpeANOJONKEHHE:
ecJIH nplusﬂax Y cBasan c npusanakom X QpyHKIHOHAMLHON 3aBHCHMOCTHI),
TO =1,

IlpuBesem eme aABa CBOWCTBA, ONYCTHB JOKas3aTeNbLCTBa,
CBoiicTBO 4. Bofopourioe KoppeasyuonHoe omHowenue
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He Menblie abcortomHol sesuntiol 86160 poHH020 KOIpPuyuenma
Koppearayuu: mZ=|r,l.

CBoricTBO 5. Ecau esibopouroe Kop peasiyoHHOE OMHO-
werue pasHo abcorromuol geauduHe 8oilbOpouH020  Kodghghu-
yuenma Koppeaayliu, Mo umeem MeECIMO MOYHAA AUHeUHaR
KOPPeAAYUOHHAS 3A8UCUMOCITG.

JpyrHMH cJIOBaMH, €CJaH wM==|r,|, TO TOYKH (X} ¥,),
(X33 Ya)s -+ .y (X, y,) J€KAT HA NPAMOH JIHHHH perpeccHH,
HahleHHOH cNnoco0OM HAaHMEHBUWIHX KBajgparoB.

§ 13. KoppeasuuoHHOe OTHOUWIEHHe KaK Mepa
KOppeaAlHoHHON cBsay. JlocTonHcTBa
H HeJOCTATKH 3TOH Mepbl

B npeasiayuiem naparpacge yctaHoBJeHo: npu M= 0
MPH3HAKH He CBA3aHbi KOPPeJSLHOHHOH 3aBHCHMOCTBIO; NMPH
=1 uMeer MecTO hyHKIHOHAJBHAA 3aBHCHMOCTB.

Y6egumcs, uTO ¢ BO3pacTaHueM 1 KOppessiiHOHHAS CBA3b
craHosuTCcs GoJgee TecHoH. C 3Ttoll uenbio npeobpasyeM COOT-
HomeHHe Dy