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Introduction

These notes are an introduction to set theory and topology. They are the result of teaching a two-
semester course sequence on these topics for many years at Washington University in St. Louis.
Typically the students were advanced undergraduate mathematics majors, a few beginning
graduate students in mathematics, and some graduate students from other areas that included
economics and engineering.

Over time my lecture notes evolved into written outlines for students, then written versions of the
more involved proofs. The full set of notes was a project completed during the years 2003-2007
with small revisions thereafter.

The usual background for the material is an introductory undergraduate analysis course, mostly
because it provides a solid introduction to Euclidean space R™ and practice with rigorous
arguments — in particular, about continuity. Strictly speaking, however, the material is mostly
self-contained. Examples are taken now and then from analysis, but they are not logically
necessary for the development of the material. The only real prerequisite is the level of
mathematical interest, maturity and patience needed to handle abstract ideas and to read and
write careful proofs. A few very capable students have taken this course before introductory
analysis (even, rarely, outstanding university freshmen) and invariably they have commented
later on how material eased their way into analysis.

The material on set theory is not done axiomatically. However, we do try to provide some
informal insights into why an axiomatization of the subject might be valuable and what some of
the most important results are. A student with a good grasp of the set-theoretic material

— scattered throughout the notes, but heavily concentrated in Chapters I and VIII — will know
all the informal set theory that most mathematicians ever need and will be in a strong position to
continue on to a study of axiomatic set theory.

The topological material is lies within the area traditionally labeled “general topology.” No
topics from algebraic topology are included. This was a conscious choice that reflects my own
training and tastes, as well as a conviction that students are usually rushed too quickly through
the basics of topology in order to get to “where the action is.” It is certainly true that general
topology has not been the scene of much research for several decades, and most of the research
that does still continue is closely related to set theory and mathematical logic. Nevertheless,
general topology contains a set of tools that most mathematicians need, whether for work in
analysis or other parts of topology.

Many of those basic tools (such as “compactness” and the “product topology”) seem very
abstract when a student first meets them. It takes time to develop an ownership of these tools.
This includes a sense of their significance, an appropriate “feel” for how they behave, and good
technique — in short, all the things necessary to make using a compactness argument, say, into a
completely routine tool. I believe this “absorption” process is often short-circuited in the rush to
move students along to algebraic topology. The result then can be an introduction to algebraic
topology where many tedious details are (appropriately) omitted and the student is ill-equipped
to fill them in — or even to feel confident that the omissions are genuinely routine. When that
happens, a student can begin to feel that the subject has a vague, hand-waving quality about it.



These notes are designed to give the student the necessary practice and build up intuition. They
begin with the more concrete material (metric spaces) and move outward to the more general
ideas. The basic notions about topological spaces are introduced in the middle of the study of
metric spaces to illustrate the idea of increasing abstraction and to highlight some important
properties of metric spaces against a background where these properties fail. The result is an
exposition that is not as efficient as it could be if the more general definitions were stated in the
first place. In particular, many of the basic ideas about metric spaces (Chapter II) are revisited in
the introductory chapter on topological spaces (Chapter III).

Just as in any mathematics course, solving problems is essential. There are many exercises in the
notes, particularly in the early chapters. They vary in difficulty but it is fair to say that a majority
of the problems require some thought. Few, if any, could be genuinely called “trivial.” For
example, in Chapter I (Sets) there are no problems of the sort: prove that AN (B U ()

= (ANB)U (A NC). Itis assumed that students are sufficiently sophisticated not to need that
sort of drill.

There are “Chapter Reviews” at the end of each chapter. A review consists of a list of
statements, each of which requires either an explanation or a counterexample. Presented with
statements whose truth is uncertain, students can develop confidence and intuition, learn to make
thoughtful connections and guesses, and build a tool chest of examples and counterexamples.
Nearly every review statement requires only an insight, a use of an earlier result in a new
situation, or the application of a more abstract result to a concrete situation. For almost every
true statement, an appropriate justification consists of at most a few sentences.

These notes were a “labor of love” over many years and are intended as an aid for students, not
as a work for publication. Such originality as there is lies in the selection of material and its
organization. Many proofs and exercises have been refashioned or polished, but others are more-
or-less standard fare drawn from sources some of which are now forgotten. Readers familiar
with the material will probably recognize overtones of my predecessors and contemporaries such
as Arthur H. Stone, Leonard Gillman, Robert McDowell and Stephen Willard. My thanks to
them for all their insights and contributions, and to a few hundred students who have worked
with various parts of these notes over the years. Of course, any errors are my own.

The notes are organized into ten chapters (I, IL,..., X) and each chapter is divided into sections (1,
2,...,n). Definitions, theorems, and examples are numbered consecutively within each of these
sections — for example, Definition 4.1, Theorem 4.2, Theorem 4.3, Example 4.4, .... For
example, a reference to Theorem 6.4 refers to the 4™ numbered item in Section 6 of the current
chapter. A reference to an item outside the current chapter would include the chapter number:
for example, Theorem I11.6.4 means the 4" item in Section 6 of Chapter III.

Exercises are numbered consecutively within each chapter: E1, E2, ... . A reference to an
exercise outside the current chapter would include the chapter number — for example, Exercise
IIL.ES.

Ronald C. Freiwald
St. Louis, Missouri
May 2014
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Chapter I
The Basics of Set Theory

1. Introduction

Every mathematician needs a working knowledge of set theory. The purpose of this chapter is to
provide some of the basic information. Some additional set theory will be discussed in Chapter
VIIL.

Sets are a useful vocabulary in many areas of mathematics. They provide a language for statingl
interesting results. For example, in analysis: “a monotone function from R to R is continuous
except, at most, on a countable set of points.” In fact, set theory had its origins in analysis, with
work done in the late 19 century by Georg Cantor (1845-1918) on Fourier series. This work
played an important role in the development of topology, and all the basics of the subject are
written in the language of set theory. However sets are not just a tool; like many other
mathematical ideas, “set theory” has grown into a fruitful research area of its own.

In addition, on the philosophical side, most mathematicians accept set theory as a foundation for
mathematics — this means that the notions of “set” and “membership in a set” can be taken as
the most primitive notions of mathematics, in terms of which all (or nearly all) others can be
defined. From this point of view, “every object in mathematics is a set.” To put it another way,
most mathematicians believe that “mathematics can be embedded in set theory.”

So, you ask, what is a set? There are several different ways to try to answer. Intuitively — and
this is good enough for most of our work in this course — a set is a collection of objects, called
its elements or members. For example, we may speak of “the set of United States citizens” or
“the set of all real numbers.” The idea seems clear enough. However, this is not really a
satisfactory definition of a set: to say “a set is a collection of objects...” seems almost circular.
After all, what is a “collection” ?

In the early days of the subject, writers tried to give definitions of “set,” just as Euclid attempted
to give definitions for such things as “point” and “straight line” (“a line which lies evenly with
the points on itself”). And, as in Euclid's case, these attempts did not really clarify things very
much. For example, according to Cantor

Unter einer Menge verstehen wir jede Zusammenfassung M von bestimmten
wohlunterschiedenen Objekten in unserer Anschauung oder unseres Denkens (welche die
Elemente von M genannt werden) zu einem Ganzen [By a set we are to understand any
collection into a whole M of definite and separate objects (called the elements of M) of
our perception or thought.] (German seems to be a good language for this kind of talk.)

More compactly, Felix Hausdorff, around 1914, stated that a set is “a plurality thought of
as a unit.”



So there are several ways we could proceed. One possibility is simply to use our intuitive, informal
notion of a set, move on from there and ignore any more subtle issues — just as we would not worry
about having definitions for “point” and “line” when we begin to study geometry. Another option
might be to try to make a formal definition of “set” in terms of some other mathematical objects
(assuming, implicitly, that these objects are “more fundamental” and intuitively understood). As a
third approach, we could take the notions of “set” and “set membership” as primitive undefined terms
and simply write down a collection of formal axioms that prescribe how “sets” behave.

The first approach is sometimes called naive set theory. (“Naive” refers only to the starting
point — naive set theory gets quite complicated.) Historically, this is the way set theory began. The
third option would take us into the subject of axiomatic set theory. Although an enormous amount of
interesting and useful naive set theory exists, almost all research work in set theory nowadays requires
the axiomatic approach (as well as some understanding of mathematical logic).

We are going to take the naive approach. For one thing, the axiomatic approach is not worth doing if it
isn't done carefully, and that is a whole course in itself. In addition, axiomatic set theory isn't much fun
unless one has learned enough naive set theory to appreciate why some sort of axiomatization is
important. It's more interesting to try to make things absolutely precise after we have a good overview.
However as we go along, we will add some tangential comments about the axiomatic approach to help
keep things in a more modern perspective.

2. Preliminaries and Notation

Informal Definition 2.1 A set is a collection of objects called its elements (or members). If A is a set
and x is an element of 4, we write z € A. Otherwise, we write = ¢ A.

As the informal definition suggests, we may also use the word “collection” (or other similar words
such as “family”) in place of “set.” Strictly speaking, these words will be viewed as synonymous. We
sometimes interchange these words just for variety, and often we will switch these words for emphasis:
for example, we might refer to a set whose elements are also sets as a “collection of sets” or a “family
of sets,” rather than a “set of sets” — even though these all mean the same thing.

Here are two ways to describe sets:

By listing the elements: this is most useful for a small finite set or an infinite set whose elements
can be referred to using an ellipsis “...”

For example: A = {1,2}
N ={1,2,3,... }, the set of natural numbers
Z ={0,£1, £2,...}, the set of integers

By abstraction: this means that we specify a property that describes exactly what elements are in
the set. We do this by writing something like {x : = has a certain property }.

For example: R = {z : x is a real number}, the set of all real numbers
Q=/{ ’;’ :p€Z,q€ Zandq # 0}, the set of rational numbers

P={z:x € Rand z ¢ Q}, the set of irrational numbers



Suppose we write {x : € Rand 2> = — 1} or {x : # € Rand z # x}. No real number is actually a
member of either set — both sets are empty. The empty set is usually denoted by the symbol (J; it is
occasionally also denoted by { }. Sometimes the empty set is also called the “null set,” although that
term is more often used as a technical term for a certain kind of set in measure theory. (By the way, () is
a Danish letter, not a Greek phi = ® or ¢).

It may seem odd to talk about an empty set and even to give it a special symbol; but otherwise we
would need to say to say that {z : € R and 2> = — 1}, which looks perfectly well-formed, is not a
set at all. Even worse: consider S = {z : z € Qand x = o, where aand 3 are irrational }. Do you
know whether or not there are any such rational numbers x? If you're not sure and if we did not allow
an empty set, then you would not be able to decide whether or not S is a set! It's much more
convenient simply to agree that {z : 2 € Qandz = o”, where avand 3 are irrational} is a set and
allow the possibility that it might be empty.

In our informal approach, a member of a set could be any object. In mathematics, however, it's not
likely that we would be interested in a set whose members are aardvarks. We will only use sets that
contain various mathematical objects. For example, a set of functions

Cla,b] = {f : fis a continuous real-valued function with domain [a, b] }

or a set of sets such as

{{1}, {1,2} }, or {0}, or {0,{0}}.

Of course, if “everything object in mathematics is a set,” then all sets in mathematics can only have
other sets as members (because nothing else is available to be a member).

Once we start thinking that everything in mathematics is a set, then an interesting thought comes up. If x
is a set, then either x = @) or there is an element z; € z. Since x is a set, either z; = () or there is a set
To € x1, and so on. Is it possible to find a set for which there is an “infinite descending chain” of
members

. €EX, ETy 1 €E... Ex1 EXT?

We say that A = Bifforall z, x € A< x € B : that is, two sets A and B are equal if A and B have
precisely the same elements. For example, {z,y} = {y, 2} and {x,2} = {z}. Two sets whose
descriptions look very different on the surface may turn out, on closer examination, to have exactly the
same elements and therefore be equal. For example, {x : x € Rand 2*> = — 1}

= {x : x € Rand z # z}; and a scrupulous reader could verify that

{x:r € Rand 2’ + 52* — 292% — 10922 — 82 + 140 = 0} ={ — 7, — 2,1,5}.

B, thatis, forallz, r€¢ A=x € B. If AC Bbut A # B, then we say Ais a proper subset of B.
Clearly, A = B if and only if 4 C B and B C A are both true. (Note: “if and only if” is often
abbreviated by “iff”.)

Note that A C B and B C C implies that A C C.



You should look carefully at each of the following true statements to be sure the notation is clear:
xe Aiff{z} C A

N C Q € R C C (the set of complex numbers)

0+ {0} 0 C {0} 0e {0}
Dco Do () C A for any set 4
0 e{d} e{{0}}, butd ¢ {{0}} (so AeBeC
doesn't
imply A € C)

Note that ) = {()}. The set on the left is empty, while the set on the right has one member,
namely the set (). This might be clearer with the alternate notation: { } # { {} }. The set on
the left is analogous to an empty paper bag, while the set on the right is analogous to a bag
with an empty bag inside it.

We define the power set of a set A, written as P(A), to be the set of all subsets of 4. In symbols,
P(A)={B:BC A}

Since () is a subset of every set, we have () € P(A) for every set A.

Since A C A, we also have A € P(A) for every set A.

P{1,2}) = {0, {1}, {2},{1,2}}

P{1}) ={0,{1}}

PO) ={0}

The last three examples suggest that a set A with n elements has 2" subsets (Why? To
define a

subset B of A we must decide, for each x € A, whether or not to put x into the subset B.

So for each element xin A, there are two choices — “yes”or “no.” So there are 2"
ways to

pick the elements to form a subset B.)



Exercises

El. Use induction to prove that if a set X has n elements, then P(X) has 2" elements.

E2. Use Exercise 1 to explain the meaning of the identity

M+M+G)++()+ () =2" (n=0,1,2..)



3. Paradoxes

The naive approach to sets seems to work fine until someone really starts trying to cause trouble.
The first person to do this was Bertrand Russell who discovered Russell's Paradox in 1901:

It makes sense to ask whether a set is one of its own members — that is, for a given set A, to
ask whether A € A is true or false. The statement A € A is false for the sets you immediately
think of: for example {1,2} ¢ {1,2}. However, is the infinite set

A= {0, {0}, {0, {03}3,{0, {0}, {0, {0}}}, {0, {0}, {0, {0}}, {0, {0}.{0,
{031}, }

a member of itself? How about an even more complicated infinite set? Could it happen that
A € A? Whatever the answer, it makes sense to ask.

If we simply follow our naive approach, we can define a set 2 by writing 2 = {A : A ¢ A},
so that X is the set of all sets which are not members of themselves. Then, we ask, is 2 € 2
true or false? If A € 2, then 2 must satisfy the requirement for being a member of 2, that is,
A ¢ 2. On the other hand, if A ¢ 2, then 2 does meet the membership requirement for 21, so
2 € 2A. Thus, each of the only two possibilities about the set 2 (that 20 € 2l or A ¢ 2() leads
to a contradiction!

Russell's Paradox illustrates that dilemmas can arise if we use the method of abstraction too
casually to a define set. One way out is to refuse to call 2 a set. To do that, in practice, we will
insist that whenever we define a set by abstraction, we only form subsets of sets that already
exist. That is, in defining a set by abstraction, we should always write {z : x € X and ... } or,
for short, {x € X : ...} where X is some set that we already have. The result is a subset of X.
Since the preceding definition of 2 doesn't follow this form, 2 is not guaranteed to be a set.

This is the route taken in axiomatic set theory, and we see that it eliminates Russell's paradox. If
X is a set and we consider the set A = {4 € X : A ¢ A}, the dilemma vanishes : 2 ¢ 2 means
either that 2 € 2 (a contradiction) or that A ¢ X —an alternative conclusion that we can live
with.

Russell's Paradox has the same flavor as many “self-referential” paradoxes in logic. For
example, some books mention themselves — in the preface the author might say, “In this book, I
will discuss... 7. Other books make no mention of themselves. Suppose Library X wants to
make a book listing all books that do not mention themselves. Should the new book list itself?
That is Russell's Paradox: if it doesn't mention itself, then it should; and if it does mention itself,
then it shouldn't. The resolution of the paradox is that the new book really is intended to list “all
books in X which do not mention themselves”— that is, in forming the new book, one is
restricted to considering only thosebooks already in the collection X. With this additional
qualification, the paradox disappears. Think about the same paradox in the dedication at the front
of these notes: are the notes dedicated to Freiwald?

In everyday mathematics, we usually don't have to worry about this kind of paradox. Almost
always, when we form a new set, we have (at least in the back of our minds) a larger set X of
which it is a subset. Therefore, indulging in a bit of sloppiness, we may sometimes write

{z : ... } rather than the more correct {x € X : ... } simply because the set X could be supplied
on demand, and the notation is simpler.



There is another kind of difficulty we can get into when defining sets by abstraction. It arises
from the nature of the description ““ ... ” when we write {z € X : ... }. This is illustrated by
Richard's Paradox:

Consider A = {z € N: z is definable in English using less than 10000 characters }. There are
only finitely many English character strings with length < 10000 (a very large number, but finite).
Most of these character strings are gibberish, but some of them define a positive integer. So the set
A is finite. Therefore there must be natural numbers not in A, and we can pick the smallest such
natural number : call it m.

But if A is a well-defined set, then the preceding paragraph has precisely defined m, using fewer
than 10000 characters (count them!), so m isin A !

To resolve this paradox carefully involves developing a little more formal machinery than we
want to bother with here, but the idea is easy enough. The idea involves requiring that only a
certain precise kind of description can be used for the property “ ... ” when defining a set
{reX: ..}

Roughly, these are the descriptions we can form using existing sets, €, the logical
quantifiers V and 4, and the familiar logical connectives =, A, V, =, < and —=. When
all this is made precise (using first order predicate calculus), the “set” A above is not allowed
as a set — because the description “ ” we used for A is not a “legal” description.
Fortunately, the sets we want to write down in mathematics can be described by “legal”
expressions. For example, we could define the set of positive real numbers by

Rt={zeR:~(z=0)AJy(ye RAz=1y%}

To summarize: there are dangers in a completely naive, casual formation of “sets.” One of the
reasons for doing axiomatic set theory is to avoid these dangers by giving a list of axioms that lay
out precise initial assumptions about sets and how they are formed. But fortunately, with some
common sense and a little feeling acquired in practice, such dangerous situations rarely arise in
the everyday practice of mathematics.

4. Elementary Operations on Sets

We want to have operations that we can use to combine old sets into new ones. The simplest
operations are union and intersection.

Informally, the union of two sets is the set consisting of all elements in A or in B. (Note: when a
mathematician says “either p or q”, this means “either p or q or both.” This is called the “inclusive”
use of the word “or.”

The intersection of two sets is the set of all elements belonging to both A and B. In symbols,

the union of A and B is AUB ={z:z€ Aorz € B}, and

the intersectionof Aand Bis ANB ={zr:x € Aandz € B}.



Note: You might expect, after the discussion of paradoxes, that the definition of union should
read: AUB ={x € X : x € Aorx € B} and then ask “given A and B, what is X ?”

In practice, the sets A and B that we combine are always subsets of some larger set X. Then
there is no need to worry because AU B, we understand, could be written more properly as
{r € X:x € Aorxc B}. Buttocover all possible situations, axiomatic set theory adds a
separate axiom (see A5 on p. 12) to guarantee that unions always exist.

This issue doesn't come up for intersections. For example, given sets A and B, we can always
writt ANB={zxe€ A: x € B}.

Examples 4.1 {1,2} U{2,3}={1,2,3} {1,2} n{2,3}={2}
PUQ=R PNQ=10

The union and intersection of two sets can be pictured with “Venn diagrams” :

AUB ANB
We want to be able to combine more than just two sets, perhaps even infinitely many. To express this,
we use the idea of an index set.
Definition 4.2 Suppose that for each A in some set A, a set A, is given. We then say that the
collection 2 = {A, : A € A} is indexed by A. We might write 2 more informally as { A)} ea or even
merely as { A, } if the index set A is clearly understood.

Examples 4.3 1) A = {A;, Ay} is indexed by the set A = {1, 2}

2) Let I, be the interval [0, z] of real numbers. Then 2 = {I, : x € R,z > 0}
is indexed by A = the set of nonnegative real numbers.

3)) A={A,Ay,...,A,, ..} isindexedby A = N

4) A = ( iff 2A can be indexed by A = ()



Definition 4.4 Suppose 2 = {4, : A € A}. The union of the family 2 is the set
{z : forsome \y € A, z € A}, also written | J{A\: A € A} or, more simply, just as [J 2.
(So z € [J iff x is an element of an element of 2A.)

The intersection of the family 2 is the set {x : z € A, forall A € A},
also written as [{A\ : A € A} or, more simply, just as [ .

When the specific set A is understood or irrelevant, we may ignore the “\ € A” and
just write [ JA) or [)Ax. When A = N, we might also write J2 = {J,—; A, and N2A =) _, A, .
Examples 4.5 1) Suppose A = {A;, A2}. We can write the union of this family of sets in

several different ways: [J2 = (J7_,4; = A U Ay = {4 :i=1,2}.

2) If I, =[0,2) C R, then J{L, : & > 0} = [0,00) and ({L, : & > 0} = 0,
and ({I, : = > 0} = {0}.

3) Let2A = {A, : n € N}, where A, = [— C
Then UJA= U{A,:neN}= )4, =[—1,2] and
N =N{4,:neN}=N"A4,=][0,1]

4) If B, = [n,00) C R, then |J B, = [1,00) and (| B, =0

n=1 n=1

5) Suppose each set Ay C X. If A = (), then A = {A) : A € A} is an empty family.
Then YA = @ and (N{Ax : A € A} = X. For the intersection: if x € X, then x is in
every Ay (canyou name an A that doesn't contain x ?)so x € [\{A\ : A € A}.

If this argument bothers you, then you can consider the statement (J{A\: A € A} =
X to be a just a convention about the intersection of an empty family—motivated by
the idea that “the fewer sets in the family, the larger the intersection should be, so that
when A = (), the intersection should be as large as possible.”

Theorem4.6 1) AUB=BUA, and ANB=BnNA.
2)AU(BUC)=(AUuB)UC,and AN (BNC)= (AN B)NC. More
generally,

Unerdr U (U A VU enAr) = (Uneadr UUear Ap) YU en A
which we could also write in an alternate form

Unerdr U (Uenr A VU enAr) = Uneaunron Aa

The same equations hold with “ N~ replacing “ U everywhere.
3)AN(BUC)=(ANB)U(ANC),and AU(BNC)=(AUB)N(AUC).
More generally,

(Ureadr) N (U,UEJ\/I B,) = UAeA,,l,eM (AxNB,) and

(Mready) U (np,eMBH) =N NEA, peM (A\U Bu)



Proof To prove two sets are equal we show that they have the same elements; the most basic way to
do this is to show that if x is in the set on the left hand side (LHS) of the proposed equation, then x
must also be in the set on the right hand side (RHS) (thereby proving LHS C RHS) and vice-versa.
All parts of the theorem are easy to prove; we illustrate by proving the last equality:

(Mready) U (np,eMBH) =N NEA, peM (A\u Bu)

If v € LHS, thenz € (] eaArorz € ﬂNeMB,,, .

Ifx € (xeady, thena € Ay forevery A € A,sox € Ay U B, forevery A € A and every
we M,so z € RHS.
Ifx € ﬂueMB/“ then z € B, forevery u € M,sox € A\ U B, forevery A € Aand every

w e M,sox e RHS.
Therefore LHS C RHS.

Conversely, suppose A and M are nonempty. If = ¢ LHS, then = ¢ () ea Ay and = € ) o) By, so
there exist indices Ao and 1 such that = ¢ A, and x ¢ B,,. Thenx ¢ A, U B,,, so x ¢ RHS.

Therefore RHS C LHS, so RHS = LHS. ( What happens if A = () or M = (?) e
Remarks Part 1) of the theorem states the commutative laws for union and intersection.
Part 2) states the associative laws.
Part 3) states the distributive laws.
Exercise Try to write a generalization of the commutative laws for infinite families.
Definition 4.7 If A and B are sets, then A — B = {x € A: x ¢ B} is called the complement of B in

A . If the set A is clearly understood, we might simply refer to A — B as the complement of B,
sometimes written as B¢ or — Bor B .

Theorem 4.8 (DeMorgan's Laws) For sets A and B),

DA—U{Bu:XeA}=N{A-ByuAeA), and
2)A—({Bx:Ae A} =J{A— By e A}

Proof Exercise (DeMorgan's Laws are very simple but important tools for manipulating sets.)
Definition 4.9 The set A x B = {(a,b) : a € A and b € B} is called the product of A and B. This
definition can be extended in an obvious way to any finite product of sets: for example

Ax BxC={(a,b,c):ac A, be B, ceC}.

If A = B then we sometimes write A% for A x A. For example, R?=R x R. Note that A x B and
B x A are usually not the same. (Infact, Ax B=BxA iff ... ?)

10



A x B is a set of ordered pairs, and (if every object in mathematics is a set) an ordered pair should
itself be defined as a set. The characteristic behavior of ordered pairs is that (a,b) = (c,d) iff a = ¢
and b = d. So we want to define (a,b) to be a set having this property. Any set that behaves in this
way would be as good as any other to use as the official definition of an ordered pair; defining
(a,b) = {a,b} would not work. The most commonly used definition is due to the Polish topologist
Kazimierz Kuratowski (1896-1980): we define

(a,6) = {{a}, {a,b}}

If we use this definition then we can prove that (a,b) = (¢,d) iff a=cand b=d. (Tryit—and
remember, in your argument, that a, b, c, d may not be distinct!)

Exercise: There are other ways one could define an ordered pair. For example, a possible alternate
definition is due to the American mathematician Norbert Wiener (1894-1964): we could define

(a,6) = {{{a}, 0}, {{b}}}.
Using this definition, prove that (a,b) = (¢,d)iffa = cand b = d.

Note In the discussion of paradoxes, we stated that sets should only be defined as subsets of other sets.
Therefore, a careful definition of A x B should read:

AxB={(a,b) e X:a€ Aandb € B}.
So, if we were doing axiomatic set theory, we would have to provide, as part of the definition, a set X
which we know exists and define A x B to be a subset of X. Given A and B, how in general would we
supply X? To give the flavor of how axiomatic set theory proceeds, we'll elaborate on this point.
Axiomatic set theory begins with some axioms. the variables x,vy, ... refer to sets and € refers
to the membership relation. In axiomatic set theory, everything is a set, so members of sets are
other sets. Therefore we see notation like © € y in the axioms: “the set x is a member of the set
y.” A partial list of these axioms includes:
Al) two sets are equal iff they have exactly the same elements: more formally,
VeVy(zx =y ©Vz(z€x & z€y))
A2) thereis an empty set: more formally,
3z (Vy ~(y € 2))

(Notice, by Al, this set x is unique, so we can give this set a name: ()

A3) any two sets x and y can be “paired” to create a new set {x,y } :
more formally,

VeVydNVw(w € z < (w=aVw=y))
A4) every set x has a power set y: more formally,

VeIyVz(z €y Vw(w € z= w € x))

11



AS5) the union u of any set x exists: more formally,
VeIuVz (zeu<e (Fy(zey ANyex)))

The last axiom to be mentioned here, A6, is a little harder to write precisely, so we will simply
state an informal version of it:

AG6) for any setx, there is a subset y of x whose members are all the elements in x that
satisfy an appropriate “legal” description “...” . Roughly,

Vedy Vz (z€eys (zex A “L7)

A6) is a fancier (but still somewhat vague) version of saying that we are allowed to define a set
y by writing:
y={z€x: “..7}

These axioms and three others A7) — A9) — which we will not state here — are called the
Zermelo-Fraenkel Axioms, or ZF for short. (One of the additional axioms, for example, implies
that no set is an element of itself.) The resulting system (the axioms and all the theorems that
can be proved from the axioms) is called ZF set theory.

In ZF, by using these axioms, we can make a complete definition of A x B. Suppose a € A and
b € B. By axiom A3), the sets {A, B}, {a,b}and {a,a} = {a} exist so, by axiom A3) again,
the set {{a},{a,b}} = (a,b) also exists.

By axiom A5) AU B = the union of the set { A, B} exists, and by axiom 4), the sets P(AU B)
and P(P(AU B)) exist. Using these sets, we then notice that

ac AUB and b€ AUB, 50
{a} CAUB and {a,b} C AUB, 50
{a} € P(AUB) and {a,b} € P(AU B), 50
{{a},{a,b}} CP(AUB), 50

{{a},{a,0}} = (a,b) € PP(AU B)
Therefore each pair (a, b) that we want to put in the set to be called A X B happens to be a
member of the set X = PP(A U B), whose existence follows from the axioms. Of course, not
every element of PP(A U B) is an ordered pair. Putting all this together, we could then make
the definition
AxB={z€PP(AUB): (Ja€ A)(3b e B) z=(a,b)}.

In the rest of these notes we will usually not refer to the ZF axioms. However, we will occasionally make
comments about the axioms when something interesting is going on.
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Exercises

E3. Which of the following are true when “ € ” is inserted in the blank space? Which are
true
when “ C ”is inserted?

a) {0} __{0,{0} }

b) {0} __ {0, {{0}}}

) {{0}}___{0.{0}}

d) ({033 {0, {{0}}}
e) {{03}__{0,{0.{0}}}

E4. a) Suppose A and B are sets and A € B. Prove, or give a counterexample, to each of the
following statements:

i) P(A) ePB)
i) P(A) e P(UB)
iii) P(A) C P(UB)
b) Let A= P(()), B="P(A)and C = P(B). Whatis AN BNC?
¢) Give an example of a set A which has more than one element and such that whenever

x € A,then x C A. (Such a set is called transitive.)

ES. Explain why the following statement is or is not true:

If A= {{0},{{0}}}, then U{B: BeP(A)} = {{{0}}, {{{0}}}}
E6. a) Prove that P(A—B)UP(B)=P(B—-A)UP(A)if and only if (A=5B or
ANB=0).
b) State and prove a theorem of the form:
P(A— B)— {0} = P(A) — P(B) if and only if ...

¢) For any sets A and B it is true that P(A) NP(B) = P(AN B) and that
P(A)UP(B) C P(AUB).

State and prove a theorem of the form:

P(A)UP(B) =P(AUB) ifand only if ...

E7. Suppose A, B,C', are sets with A# (), B# ) and (Ax B)U(Bx A)=C xC.
Provethat A= B = C.
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E8. Suppose A, B, C,and D are sets, with A # (Jand B # (). Show that if
(AxB)U(BxA)=(CxD)U(DxC(C),

then either (A = C and B= D) or (A= Dand B =C).

E9. Let Ay, As,..., A,,... be subsets of A. Define lim A, = Ui, Ak -
(lim is read “lim inf”). In expanded form, the notation means that

limA, = (AiNA,NA;N.) U (AANANAN.) U(A3N A NA5N.)
U... .

Similarly, define lim A, = (°°,Ur, Ax (limis read “lim sup”).

a) Provethat lim A, = {z: x is in all but at most finitely many A, } and that
lim A, = {z: z isin infinitely many of the A, }.

b) Prove that (2~ A, C lim A4, C lim 4, C U A,
¢) Assume that all the A,,'s are subsets of a set X. Prove that
ll_IIl(X— Aw) = X_mAn

d) Prove that lim A, = lim A, ifeither Ay C Ay C A3 C ... or A; D Ay D A3 D ...

E10.  Suppose A, B, C, and D are nonempty sets satisfying

A# B,C # D,and {A, B} # {C, D}.
Prove that

(Ax(B—A))U(B x (A - B)) #(C x (D—C))U(D x (C— D))

14



5. Functions

Suppose X and Y are sets. Informally, a function (or mapping, or map) f from X into Y is a rule that
assigns to each element x in X a unique element y in Y. We call y the image of x and call = a
preimage of y. We write y = f(z), and we denote the function by f: X — Y. Thisinformal
definition is usually good enough for our purposes.

X is called the domain of f = dom(f). The range of f = ran(f) is the set
{yeY:y= f(z) forsome z € X}.

We can think of giving an “input” z to f and the corresponding “output” is y = f(z). Then dom( f) is
the set of “all allowed inputs” and ran( f ) is the “set of all outputs” corresponding to those inputs.

Y is sometimes referred to as the codomain of f. Of course, ran(f) C Y, but ran(f) may not be the
whole codomain Y. When ran(f) = the codomain Y, we say that f is a function from X onto Y, or
simply that f is onto. In some books, an onto function is also called a surjection.

If different inputs always produce different outputs, we say that f is a one-to-one (or 1-1) function.
More formally: f is one-to-one if, whenever a,b € dom(f) and a # b, then f(a) # f(b). In some
books, a one-to-one function is also called an injection.

If f is both one-to-one and onto, we call f a bijection between X and Y. A bijection sets up a perfect
one-to-one correspondence between the elements of the two sets X and Y. Intuitively, a bijection can
exist if and only if X and Y have the same number of elements.

Examples 5.1 (verify the details as needed)

1) Suppose X =Y and f : X — X is given by f(x) = . This bijection is called the identity
map on X, sometimes denoted by f = ix.

)Iff: X — Y and A C X, then we can define a new function g : A — Y by g(z) = f(z) for
x € A; g is called the restriction of f to A, denoted g = f|A. If f is one-to-one then so is g; but g
may not be onto even if f is onto. Note that we consider f and g to be different functions when A # X
— because dom(f) # dom(g).
For example, g = sin | [ — §, 7] is a bijection between [ — 7, 7] and [ — 1, 1].

3) Let f: N x N — N by the rule f(m,n) =2"3". Then f is one-to-one by the Fundamental
Theorem of Arithmetic (which states that each natural number has a prime factorization that is unique
except for order of the factors). But f is not onto because, for example, 35 ¢ ran(f).

4) Let X = the interval (1,00) CR and Y = R. Define f(x) = floo% dt . (This definition
makes sense since the improper integral converges for each x > 1.) For example, f(2) = f 100%2 dt
= 1. Then f : X — Y is one-to-one but not onto (why?).

15



5)Let f: {2,3,4,...} — N. where f(x) = “the least integer > 2 which divides z.”
For example, f(2) =2, f(3) =3, f(4) =2, f(5) =5, f(6) =2, and f(9) =3. The function fis
not one-to-one because f(2) = f(4), and f is not onto because N # ran(f) = the set of prime
numbers.

6) Define f:N — N by f(n) = the n™ prime number. For example f(1) =2, f(2) =3,
f(3) =5, and f(4) = 7. The function f is clearly one-to-one but not onto.

7) Let S be the set of prime numbers and f : N — S using the same rule as in Example 6.
Then f is a bijection between N and S. This illustrates that whether f : X — Y is onto depends on the
codomain Y. If you know the domain of f and a rule that defines f, then these completely determine
the range of f, but they do not determine the codomain of f. So without naming the set Y, we cannot
say whether a function f is onto.

8) Define 7: R — {2z € Z: z > 0} by 7(z) = “the number of primes < z”. Thus, 7(1) =0,
m(2) =1, m(2.5) = 1, and 7(5.6) = 3. The function 7 is onto (why?) but not one-to-one.
This function appears in the famous Prime Number Theorem which states that

A proof of the Prime Number Theorem is quite difficult. However, a much simpler fact is that
xli_ng oow(w) = o0. Why is this simpler fact true? And does it also follow from the Prime Number

Theorem?

9) Define g : R — R by g(z) = >.°°, £ . This function is one-to-one but not onto. (Why?)

n=0 pn!

10) Let A be a set and define f : A — P(P(A)) by
f(a) = “the set of all subsets of A containing a” = {B € P(A) : a € B}.
For example, if A = {1,2,3}, then f(2) = {{2},{1,2},{2,3},{1,2,3}}.

This function fis one-to-one. To see this, suppose that a # b; then {a} € f(a) and {a} ¢ f(b), so
f(a) # f(b). Is the function onto?

11) Define 7 : X x Y — Y by n(z,y) = vy, called the projection of X X Y to Y. When is
this projection function 1 — 1? Must 7 be onto?

12) Let X = {C : C is a rectifiable curve in the plane}. (4 rectifiable curve is one for which
an arc-length is defined.) Let f : X — [0,00) by f(C) = “the length of the curve C.” Is f one-to-
one? onto?
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Our informal definition of function is good enough for most purposes. However in the spirit of “every
object in mathematics is a set,” we should be able to give a more precise definition of a “function f
from X into Y as a set. To do this, we begin by using sets to define a relation.

Definition 5.2 A relation R from X to Y (or between X and Y ) is a subset of X x Y. If (z,y) € R,
we write x Ry, meaning that “x is related to y” (by the relation R).

Example 5.3  Consider {(z,y) € R x R : for some b € R, y = = + b* }. This set of ordered pairs is
a relation from R to R. We can call this relation R, but it actually has a more familiar name, < :

< ={(z,y) eRxR:forsomeb R, y=x+b*}

The relation < is a set. The statement “z < y” means that the pair (z,y) € <. Notice that foreach

x there are many y's for which (z,y) € < : forexample (1,2) € <, (I, 1) € <, ..
Exercise: The relation < is aset. What sets are the familiar relations >, <, and >

between R and R?

A function f is a special kind of relation from X to Y: one in which every x is related by f to only one
yinY. The relation < in example 5.3 is not a function.

Definition 5.4 A function f from X into Y, denoted f: X — Y isaset fC X XY (so fisa
relation from X to'Y') with the additional properties that:

a) forevery x € X, thereisa y € Y such that (z,y) € f, and
b) if (z,y) € fand (z,z2) € f, theny = z.
X is called the domain of f and the range of f is the set
{y € Y : there exists an x € X for which (z,y) € f}

If f is a function from X to Y and (x,y) € f, then we will use standard function notation and write
y = f(x) rather than use the relation notation x f.

Condition a) states that a function f from X into Y is defined at each point of X, and condition b)
states that f is single-valued — f can't have more than one value for a particular x. For functions
f R — R, condition b) just states the familiar precalculus condition that a vertical line cannot
intersect the graph of a function f in more than one point.

Example 5.5 Let f: R — R be the squaring function, f(z) = 2. By our formal definition, this

function is a subset of R%: f = {(z,2?): 2 € R} C R% Picturing this set of ordered pairs in R? gives
the parabola: y = z2. In precalculus, this set is called the graph of the function, but in our formal
definition, the set literally is the function f : that is, f is defined to be the set of pairs which, in
precalculus, is called its graph.
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Example 5.6 For sets X and Y, we write YX to represent the set of all functions from X to Y. For
example, R¥ is the set of all real-valued functions of a real variable.

If X = (), then there is exactly one function in Y : the empty function ().
(Check: # C () x Y and () satisfies the conditions a) and b) in Definition 5.4.)
So YX = {0}.

If X # () and Y = (), then there are no functions in Y, so YX = (.
(Since X x () = (), the only relation from X to Y is (), so @) is the only “candidate” for
a function from X to Y. Butsince X # (), () fails to satisfy part a) in Definition 5.4.)

If X has n elements and Y has m elements (n, m € N), then there are m™ functions
in YX. (Why? For each 2 € X, how many choices are there for f(x)?)

It is usually not necessary to think of a function as a set of ordered pairs; the informal view of a
function as a “rule” usually is good enough. The formal definition is included partly to reiterate the
point of view that “every object in mathematics is a set.” But sometimes this point of view is also
useful notationally: if f and g are functions then, since f and g are sets, it makes sense to form the sets
fUgand f Ng. Sometimes these sets are new functions.

1) Suppose f : ( —00,0] — Rand g : [0,00) — R are given by f(z) = — x and
g(z) =x. Assets, f = {(x, —z): © <0}and g = {(z,z) : « > 0}. Then the set
h = f U gis a function with domain R. Forx € R, h(z) = ?

Is the set £ = f N g a function? If so, what is its domain and what is a formula for
the function?

2) In general, if f and g are functions, must f U g and f N g always be functions?
If not, then what conditions must f and g satisfy so that f U gand f N g are functions?
If they are functions, what is the domain of each?

Example 5.7  As another illustration of how “every object in mathematics is a set,” consider the real
number system — it consists of the set R, two operations called addition ( 4 ) and multiplication ( - ),
and an order relation <. (Subtraction and division are defined in terms of addition and
multiplication.) Notice that the operations + and - are functions + : R?> — R and - :R?> — R.

Therefore, + C R? x R and, for example, ((2,3),5) € + . In function notation this
would be written + (2, 3) = 5, but instead we usually write: 2 4+ 3 = 5.

The functions + and - are required to obey certain axioms such as (z,y) € + iff (y,z) € +, that
is, * +y =y + z. The order relation < is also just a certain subset of R? (see Example 5.3).

Therefore we can think of the real number system, — its elements and all its ordering and arithmetic —
as being “captured” inthe 4 sets: R, +, -, and <, and we can gather all this together into a single
object: the 4-tuple of sets: (R, +, -, <)

But this 4-tuple can be viewed as just a complicated ordered pair: (((R, 4+ ), -), < ). Since each

ordered pair is just a set, we conclude: the whole real number system, with all its ordering and
operations, can be thought of as one single (complicated) set.
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6. More About Functions

all images of the elements of A. More precisely, f[A] = {y €Y : y= f(a) for some a € A}. A
little less formally we could also write f[A] = {f(a) : a € A}.

The inverse image set of B is denoted f~1[B]; it is the subset of X consisting of all preimages of all
the elements from B. More precisely, f![B] = {z € X : f(z) € B}.

Example 6.1 Suppose f : R — R is the squaring function, f(z) = x?. Then

F110,2]] = [0, 4] 00,91 =1[-3,3]
fIH{2H = {4} 8 ={-22}
fll=3, 2] =[4,9] fHI=5, —4]]=0

The function f is not onto since f[R] # R.

When B is a one point set such as {4}, we will often write f~![4] or even f~!(4) rather than the more
formal f~1[{4}]. Be careful when using this more informal notation in which f~1(4) = { — 2,2} isa
set, not a number.

The next theorem gives some properties of image and inverse image sets that are frequently used.

Theorem 6.2 Suppose f: X — Y,that Ay C Xand By CY (A €A

1) f[0] = 0 and f[X] C Y 1) f7'0] = Pand f[Y] = X

2)if A; C Ay, then f[A;] C f[As] 2")if By C By, then f'[B1] C f~![B,]
3) FTUAN = UfIAN] 3 fHUBN =UfB)]

4) fINA] € NFIAN] 4) fHNB =N/ [B)]

Proof The proof of each part is extremely simple. As an example, we prove 4).

Let LHS and RHS denote the left and right sides of 4’). Then x € LHS iff f(z) € (B, iff
f(z) € B forevery A € A iff z € f~![B,] for every A € A iff z € RHS. Thus LHS and RHS have
the same members and are equal. e
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Example 6.3 In part 4) of Theorem 6.2, LHS = RHS may be false. For example, suppose
Aj={zeR:z<1}, As={x €R:2 > 1} and let f be the constant function f(x) = 1. Then
fTA1] = f[As] = {1}, s0 f[A1] N f[As] = {1}, but f[A1 N As] = f[0] = 0.

Can you think of an additional hypothesis about the function f that would guarantee that
“ =" holds in part 4) ?

Definition 6.4  Suppose f: X — Y and g:Y — Z are functions. Their composition go f is a
function from X to Z formed by first applying f, then g. More precisely, the composition

(g0 f) : X — Z is defined by (g0 f)(x) = g(f(x)).

xlv 9,
7
gof

If we have another function h: Z — W, we can form the “triple compositions” ho (go f) and
(hog)o f. Tt is easy to check that these functions X — W are the same. In other words, the
associative law holds for composition of functions and we may write h o g o f without worrying about
parentheses.

xLyv 9 20w

| T
hogo f

Here is a useful observation about compositions and inverse image sets: if A C Z, then
(go £)7'[Al= fHg '[A]]

To check this, note that z € RHS iff f(z) € g~'[A] iff g(f(z)) € Aiff (go f)(z) € Aiff z € LHS.

If f: X — Y is a bijection, then f gives a perfect one-to-one correspondence between the elements of
X and Y. In that case, we can define a function g : Y — X as follows.

Suppose y € Y. Then y = f(x) for some x € X (because f is onto) and there is only one
such z (because f is one-to-one). Define g(y) = x. Theng:Y — X and ¢g(y) = x if and

only if f(z) = y.

More formally, g = {(y,z) € Y x X : x € f~'(y)}. Because f is a bijection, the inverse image set
f~(y) contains exactly one member, x — so b) in Definition 5.4 is true.

X Y
f
[ el Ly ]

It follows that f(g(y)) =y and ¢g(f(z)) = x, thatis, fog=1iy:Y - Y and go f=ix: X — X.
The function g defined above is clearly the only possible function with both of these properties.

Of course, g is also a bijection and the whole discussion could be carried out starting with g and using
it to “get back” the function f, which has the property that fog=1y : Y — Y.

20



Definition 6.5 Suppose f: X — Y and g: Y — X and that go f =ix and fog=14y. Then we
say f and g are inverse functions to each other. We write g = f~'and f =g~ ' = (f~1)~L.
(The idea is that inverse functions “‘undo” each other.)

The preceding discussion proves the first part of the following theorem.
Theorem 6.6 Suppose f: X — Y. Then

1) If f is a bijection, there is a unique bijection g : Y — X for which go f = ix and
fog=iy.

2) If f has an inverse function g, then f is a bijection.

Proof To prove part 2), notice that if f(a) = f(b), then g(f(a)) = g(f(b)). But go f =iy, so this
implies that a = b, so fis one-to-one. Also, for any y € Y we have g(y) = = € X, and since
fog=1iy, we get that f(g(y)) = f(x) =y. Therefore y is the image of the point = € X, so f is
onto. e

Comment on notation:  For any function f: X —Y and B CY, we can write the inverse image set
fY[B], whether or not f is bijective and has an inverse function. In particular, for any function f we
might write f~(y) as a shorthand for f~*[{y}] = the inverse image set of the one-point set {y}.

If f happens to be bijective, then the notation f~'(y) is ambiguous: “f~' " might mean the inverse
image operation for which f~'(y) = {x}, or “f~1 " might mean the inverse function, in which case

fy) ==

This double use of the symbol f~! to denote the inverse image set operation (defined for any function)
and also to denote the inverse function (when f is bijective) usually causes no confusion in practice —
the intended meaning is clear from the context.

In a situation where the ambiguity might cause confusion, we simply avoid the shorthand and use the
more awkward notation f~1[{y}] for the inverse image set..

As a simple exercise in notation, convince yourself that f is bijective iff f~'[{y}] is a one-element subset
of X foreveryyeY.

Examples 6.7 (In each part, verify the details.)

1) Let In: (0,00) — R be defined by Inz = [ {dt (x> 0). This function is
bijective (why?) and therefore has an inverse function In=! : R — (0, 00). The function In~! is often
called exp, so expoln: (0,00) — (0,00) and exp(lnz) ==z for every z > 0. Similarly,
Inoexp : R — Rand In(expz) = z for each x € R. (It turns out, of course, that exp x = e, although
that requires proof.)

2) The function f : N — {2,4,6....} = E given by f(n) = 2n is bijective; its inverse

e

function is g : E — N given by g(e) = 5 .
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3) A linear function f : R” — R" can be expressed as multiplication by some n x n
matrix M: f(x) = M -x. Then f is bijective iff det(M) # 0 and, in that case, f~!:R" — R" is
multiplication by the inverse matrix M ~! and

1 0 ... 0
I R e e e R
00 .. 1

These are facts you should know from linear algebra.

Exercise (if you have had an analysis course) Prove thatif f : R — R is continuous and onto,
then f has an inverse iff f is strictly monotone.

Hint: Remember the Intermediate Value Theorem. If f is not strictly monotone, then there
must exist three points a < ¢ < b such that f(c) is either < or > both of f(a) and f(b).

If we look carefully, we see that part 1) of Theorem 6.6 can be broken into two pieces.

Theorem 6.8 1) f: X — Y is one-to-one iff there exists a function g : Y — X such that
gof=ix (unless X =0,Y # 0, and f = (); why?)

2) f: X — Y is onto iff there exists a function g : Y — X such that f o g = iy.

Proof The ideas are quite similar to the argument establishing the existence of an inverse for a
bijection. The proof of 1) is left as an exercise. We will illustrate by proving part 2), which is of
special interest because of a subtle point that comes up.

If such a g exists, then for each y € Y we have f(g(y)) = y, so y is the image of the point
x = ¢g(y) € X. Therefore f is onto.

Conversely suppose f is onto so that, for each y € Y, we know that f~!(y) # 0. Choose an
arbitrary element = € f~!(y) and define g(y) = x. Clearly, f o g = iy. (Note thatif Y = (), then we
must have f = () and X = (). The description above then defines g = 0, and go f = iy = () is still
true.) e

The subtle point of the proof lies in the definition of g which,in set notation, reads:

g={(y,z) €Y x X : x is an element arbitrarily chosen from f~*(y)}

In discussing paradoxes, we stated that a set g could only be formed by abstraction as
g={(y,z) €Y x X: ... “some legal description”... }. If one is doing axiomatic set
theory, the phrase “an arbitrarily chosen element” is not legal; it is “too vague.” More
precisely, the description cannot be properly written in the language of first order
predicate calculus and therefore the “definition”of the function g would be invalid in ZF
set theory.

The axioms for set theory (ZF) tell us that certain sets exist (), for example) and give
methods to create new sets from old ones. Roughly, these methods are of two types:

i) “from the top down” — forming a subset of a given set

ii) “from the bottom up” — somehow piecing together a new set from old ones (for
example, by union, or by pairing). It is understood that the “piecing together” must be
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done in a finite number of steps — for example, we cannot say “apply the Pairing Axiom
infinitely many times to get the set z ...”"

In the present situation ,

i) we tried to define g (“from the top down”) by describing g as a certain subset
of Y x X; the problem is that we can't say precisely how to pick each x and therefore we
can't use the Subset Axiom A6.

ii) if we tried to define g “from the bottom up,” we could begin by using the fact
that f is onto: this means that

VyeY dxz e fH(y)
Therefore for any particular y € Y, we can form an ordered pair (y,x) with y € f~*(x).

But if there are infinitely many pairs (y, x), we have no axiom that allows us to “gather”
these pairs into a single set g.

Also, none of the ZF axioms A7) — A9) (which we didn't state) is any help here, so we seem
to be stuck. But in spite of all this, our informal description of g seems intuitively sound,
so another axiom called the Axiom of Choice (AC, for short) is usually added to the set
theory axioms ZF to justify our intuitive argument. The system ZF together with the Axiom
of Choice is referred to as ZFC set theory for short.

In one of its many equivalent forms, the axiom of choice reads:

[AC] If A= {A, : y € Y} is afamily of nonempty sets, then there exists a
function h : Y — | J{A, : y € Y} such that, for eachy, h(y) € A,,.

AC guarantees the existence of a function (set) h that “chooses” an element h(y) from each
set A, and that's just what we need here. If we use the sets A, = f~1(y), then AC gives us
the “choice function” h, and we can then use h to define

g={(y,z) eY xX:yeY A x=h(y)}

Comment: Defining the function g is not always such a delicate matter. In some special
cases, we can avoid the whole problem and don't need AC. For example:

i) if X =N, we could quite specifically define g by saying “let x be the smallest
element in g~'(y).” In other words, we could write, without AC, a perfectly precise

2

definition of g “from the top down” using the language of first order predicate calculus:
g={(y,2)eY xX: zef iy ANVz(zefy)=z>x) }
ii) if Y were finite, we could index its elements so that Y = {y1,y2, ..., yn} for

some n € N.  Then we could proceed ‘“from the bottom up” to write the finite list of
Statements

Jz1 € ()
Jzo € [ (12)

Jdz, € fﬁl(yn)
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Using these x1, ..., T, we can write a definition of ¢ :

g={(y,z) eYxX:(y=mAz=x1)V..V ([y=ys Az =12,)}}
(The description is “legal” since it involves only finitely many terms.)

Generally speaking, AC is required to create a set when it is necessary to choose an
element from each nonempty set in an infinite family and there is no way to describe
precisely which element to choose from each set. When the choice can be explicitly stated
(as when X = N above), AC is not necessary.

To borrow a non-mathematical example from the philosopher Bertrand Russell: if you have
an infinite collection of pairs of socks, you need AC to create a set consisting of one sock
from each pair, but if you have an infinite collection of pairs of shoes, you don't need AC to
create a set containing one shoe form each pair— because you can precisely describe each
choice: “‘from each pair, pick the left shoe.”

The Axiom of Choice, when added to the other axioms of set theory, makes it possible to
prove some very nice results. For example, in real analysis, AC can be used to show the
existence of a “nonmeasurable” set of real numbers. AC can also be used to show that
every vector space (even one that's not finite dimensional) has a basis. AC is equivalent to
a mathematical statement called Zorn's Lemma (see Chapter VIII) which you may have met
in another course.

The cost of adding AC to the axioms ZF is that it also makes it possible to prove some very
counter-intuitive results about infinite sets. Here is a famous example:

The Banach-Tarski paradox (1924) states that it is possible to divide a solid ball
into six pieces which can be reassembled by rigid motions to form two balls of the
same size as the original. The number of pieces was subsequently reduced to five
by R.M. Robinson in 1944, although the pieces are extremely complicated.
(Actually, it can be done with just four pieces if the single point at the center of the
ball is ignored..)

Most mathematicians are content to include AC with the other along with the other axioms
and simply to be amused by some of the strange results it can produce. This is because AC
seems intuitively very plausible and because many important mathematical results rely on
it. We will adopt this attitude and use AC freely when it's needed (and perhaps even when
itisn't!), usually without calling attention to the fact.

Definition 6.9 A sequence in a set X is a function f : N — X. The terms of the sequence are
f(1)y ==z, f(2) = x9, ..., f(n) = z,, ... . We often denote a sequence informally by the
notation (x,).

For example, the function f(n) = 2n + 1 defines the sequence whose terms are 3,5,7,9,... The n'"
term of the sequence is x,, = 2n + 1, and we might refer to the sequence as (z,,) or (2n + 1).

In the spirit of “every object in mathematics is a set”: since a sequence in X is a function from N to X,
a sequence (formally) is just a set — in this case, a special subset of N x X. Of course, we usually
think of a sequence, informally, as an infinite list of objects: x1, x2, ..., Ty, ... . And usually, this is good
enough.
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Exercises

Ell. a) Show thatif (z,y) € A,thenx € A and y € JUA
b) Show that if f is a function, then dom f andran f C JUf
¢) Show thatif f: A — B, then f C PP(AU B)

E12. Let R denote the real numbersand f : R — Rand g : R — R be given by
f(z) =32% —2x + 1 and g(z) = |2z — 1|. Find the range of fo f, fog, go f,and go g.

E13. a) How many bijections exist from the set X = {1, 3,5,...,99} to the set

Y = {2,4,6,..,100}?
b) How many 1-1 maps are there from X = {1,3,5...,99} into Y = {2,4,6,....,100}?
¢) How many 1-1 maps are there from X = {1,3,5...,99} into Y = {1,2,3,...,100}?

El4. Define f: P(X) x P(Y) — P(X xY) by f((A,B)) = A x B. Prove that f is onto if and
only if one of the sets X or Y contains no more than one point.

E15. Let CJa,b] be the set of all continuous functions f : [a,b] — R. Define a function
I':Cla,b] = Rby I'(f) = f(“:2). IsT one-to-one? onto?

E16.  Suppose p(t) = (r(t), s(t)) is a one-to-one map from R into R?. Define a new map
q: R— R by q(t)=(r(t),r(s(t)),s(s(t))). Prove that ¢ is one-to-one.

E17.  Let L be the set of straight lines in R? which do not pass through the origin (0,0). Describe
geometrically a bijection f : £ — R — {(0,0)}.

E18. Let f: X — X and let f" : X — X denote the result of composing f with itself » times.
Suppose that for every x € X, there exists an n € N such that f"(x) = x (note that » may depend on
x ). Prove that f is a bijection.

E19. Let C'(R) denote the set of all continuous real-valued functions with domain R, that is,
CR) = {f: f € R® and f is continuous}. Define a map I : C(R) — CR) as follows:

for f € C(R), I(f)is the function given by I(f)(z) = [, f(¢)dt.

Is  one-to-one? onto? (Hint: The Fundamental Theorem of Calculus is useful here.)
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E20. Let f be the bijection between the set of nonnegative integers and the set Z of all integers
defined by

2 ifniseven

_ 2>
f(")_{—("zﬂ,ifmsodd

Now define a mapping g : Z — Q as follows:

For any integer m > 1 we can factor m in a unique way into a product of primes
m = Hle pf , where p; < p;+1 and each n; is a positive integer. For each m > 1, let

g(m) =TT
Define g(1) = 1, g(0) = 0 and, for negative integers k, define g(k) = — g( — k).

Prove that g is a bijection between Z and Q.

n—1

E21. Leta; =0andforn=2,3,...definea, => i= @ Show that the function
i=1
f:Nx N — Ngiven by f(m,n) = an+n—1 + n is a bijection.

E22.  Let B be the collection of infinite subsets of N. Define f : B — (0, 1] as follows: for B € B,
f(B) = the “binary decimal” 0.z1z5 x3... T;... Wwhere z,, = 1ifn € Band z,, = 0ifn ¢ B.
For example, B = {2,4,6,...} € Band f(B) = 0.010101... 4 >

Prove or disprove that f is onto.

E23. In elementary measure theory, measurable sets in R are defined. These lead to the Lebesgue
integral — a kind of integration that is more general than the Riemann integration used in beginning
calculus and analysis. Each measurable subset X is assigned a number 1(X) that “measures” the size
of the set and satisfies certain rules. For example, 1([a,b]) = b — a, and if X is a measurable subset of
[0,1], then 0 < p(X) < 1.

In fact, there must exist nonmeasurable sets — not every subset of R can be measurable — but proving
this is nontrivial. However, the following argument claims to be a very simple proof that a
nonmeasurable subset of [0, 1] must exist. Find the error in the argument. (Of course, the argument
should look very suspicious because it seems like it doesn't matter that you don't know the definition

of “measurable set.”’)

Assume that every subset X of [0, 1] is measurable and has Lebesgue measure pi(X).
Then p(X) € [0,1] and the number £(X) may or may not be in the set X. Let

B ={u(X): X C0,1] and u(X) ¢ X}. Since B C [0, 1], our assumption tells us
that B is measurable.

But ;1(B) € B ifand only if u(B) ¢ B, which is impossible. Therefore not every
X C [0,1] can be measurable. o
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7. Infinite Sets

We can classify sets as either finite or infinite and, as we will see later, infinite sets can be further
classified into different “sizes.” We have already used the words “finite” and “infinite” informally, but
now we want to make a more careful definition.

Definition 7.1 The sets A and B are equivalent, written A ~ B, if there exists a bijection f: A — B.

Clearly, A ~ A; A~ Bimplies B~ A;andif A~ Band B~ C,then A ~ C.

Definition 7.2 The set A is called infinite if there is a one-to-one map f : N — A. A s called finite if
A is not infinite.

If A is infinite, then f[N] is a subset of A equivalent to N, so we could say that A is infinite iff A
contains a “copy” of the set N.

Since we have defined “finite” as “not infinite,” we should prove some things about finite sets using
that definition. For example:

A is finite iff A = () or A is equivalent to {1,2,...,n} for some n € N.
A subset of a finite set is finite.

A union of a finite number of finite sets is finite.

The image of a finite set under a map f is finite.

The power set of a finite set is finite.

These statements are easy to believe and the proofs are not really difficult but they are tedious
induction arguments and will be omitted.

Examples 7.3

1) Ax B is equivalent to B x A. To see this, consider the function given by
fla,b) = (b, a).

2) The mapping f: N — E = {2,4,6,... } given by f(n)=2n is a bijection, so
N ~ E. Thus, an infinite set may be equivalent to a proper subset of itself. (7his fact was noted by
Galileo in the 17th century.) In fact, the next theorem shows that this property actually characterizes
infinite sets.

Theorem 7.4 A is infinite if and only if A is equivalent to a proper subset of itself.

Proof Suppose A is infinite. Then there is a one-to-one map f : N — A. Let f(n) = a,. Break A
into two pieces: A = f[N]U (A — f[N]). Then define

g:A— (A—{a1}) by g(x) = ZHH iii:zn—efﬁg?]

This g is a bijection between A and A — {a, }, so A is equivalent to a proper subset of itself.
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Conversely, suppose there is a bijection f: A— B, where BC A but B# A. Then
A — B # () so we can pick a point a; € A — B. Starting with a;, apply f repeatedly to get a sequence
ar, f(ar), F(F(a1)) = F2(a1), oo (@), .

All the terms f"(a;) must be different. To see this, suppose that two of these points are equal, say
f"(a1) = f"*i(ay) for some n,j. Then (because f is one-to-one) we have " '(a;) = f"1(ay),
f"2(a1) = f**2(ay), ..., and so on until we get to a;=f’(a;). But this is impossible because
f’(ay) is in B and a; is not. Therefore the map g : N — A given by g(n) = f"(a;) is one-to-one, so
A is infinite. o

Definition 7.5 The set A is called countable if there exists a one-to-one map f: A — N.

Thus, a countable set is one which is equivalent to a subset of N (namely, the range of f). A countable
set may be finite or infinite. (In some books, the word “countable” is defined to mean “countable and
infinite.”)

Examples 7.6
1) If A C N, then A is countable (because A ~ A C N).
2) Any countable set A is either finite or equivalent to N.

Proof: Suppose A ~ J C N, where J is infinite. Let j; be the least element of J, let
Jo be the least element in J — {j;}, ..., and in general let j,, = the least element in the set
J —A{j1, - jdn-1}. Thenthemap f : N — J given by f(n) = j, is a bijection, so J ~ N. Therefore
A ~N.

By (2), A is countable and infinite if and only if there is a bijection g : N — A. The
function g is a one-to-one sequence whose range is A. Therefore a countable infinite set is one whose
elements can be listed as a sequence: a; = ¢(1), as = g(2), ..., a, = g(n), ... with no repeated terms.

3) The set QT = {z € Q: x > 0} is countable. This is the first really surprising
example: there is a bijection g : N — QT so g(1) = ¢1,9(2) = g9, ..., g(n) = gy, ... This means that
we can list all the positive rationals in a sequence. It is not at all clear, at first, how this can done. In the
usual order on R, there is a third rational between any two rationals so we can't simply list the
rationals, for example, in order of increasing size. But the definition of “countable” doesn't require that
our list have any connection to size.

One way to create the list is to use the “diagonal argument” invented by Cantor.
Begin by imagining all the positive rationals arranged into the following “infinite matrix” :

1 2 3 4 5 6 7 8

A SR Ut AR W WS WS SRR
S S

120 3 4 s s 1 s

2 2 2 2 2 2 2 2 e

L s

s R S R A

3 3 3 3 3 3 3 3
/

1 4 5 6 1 8

4 3 4 4 g

NN
N[
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Then create a bijection g : N — Q' by moving back and forth along the diagonals (skipping over a
rational from the matrix if it has been listed previously): the sequence begins ¢(1) = %, 9(2) = %,

9(3) =3, 9(4) = 3,905) =32, 9(6) =1, 9(7) = 3, 9(8) = 3, 9(9) = §, g(10) = £, ...

Of course, we can't picture the whole “infinite matrix” and we don't have a formula for g(n) = ... .
However we have described a definite function using a computational procedure: you would have no
trouble finding g(15), and you could find ¢g(9999) with enough time and patience. The function g is
clearly one-to-one and onto (for example, with some effort you could find the n for which

g(n) = 311).

Those who prefer formulas can consider the following alternate approach. Each natural number has a
unique representation in base 11, using the numerals 0,1,2,3,...,9,/ (with the symbol / representing
10). For a positive rational p/q reduced to lowest terms, we may reinterpret the symbol string “p/q” as
a natural number by thinking of it as a base 11 numeral. For example, 23/31 would be interpreted in
base11 as 2(11)*+ 3(11)> + 10(11)*> + 3(11)' + 1(11)° = 34519 (in base 10). In this way, we define a
one-to-one function f from Q% into N. For example, f(23/31) = 34519. So the set Q" is countable.

We can show that the set of negative rationals, Q~, is countable using a similar diagonal argument. Or,
we can notice that the function f: Q" — Q™ given by f(z) = — z is a bijection; since Q~ is
equivalent to a countable set, Q~ is also countable.

Of course, introducing the term “countable” would be a waste of words if all sets were countable.
Cantor also proved that uncountable infinite sets exist. This means that not all infinite sets are
equivalent. Some are “bigger” than others!

Theorem 7.7 The interval of real numbers (0, 1) is uncountable.

The heart of the proof is another “diagonal” argument. A technical detail in the proof depends on the
following fact about decimal representations of real numbers:

Sometimes two different decimal expansions can represent the same real number. For
example, 0.10000... = 0.09999... (why?). However, two different decimal expansions can
represent the same real number only if one of the expansions ends in an infinite string of 0's
and the other ends in an infinite string of 9's.

Proof Consider any function f: N — (0,1). We will show f cannot be onto and therefore no
bijection exists between N and (0, 1). To begin, write decimal expansions of all the numbers f(1),

f(2), ...f(n), ...inran( f):
T = f(l) = 0.1‘11$121}13 R A TR
To = f(2) = 0.$‘21$221’23 BRI 2 TR
r3 = f(?) = 0.231732733 .. . T3 - - -
T, = f(n) = 0.2,1Zn2Tn3. - Ly - - -

where each x;; is one of the digifs 0,1,...,9. Now define a real number y = 0.y1%2¥s3 ... Yp, ... by

yp =1 ifx,, #1
Yn = 2 if$nn =1
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Then y € (0,1) and y is not equal to any of the numbers r,, = f(n). To see that y # r,,, notice that

i) by construction, the decimal expression for y differs from r,, in the n'"* decimal place; and
ii) y is not an alternate decimal representation of r, because y does not end in an infinite string
of 0's or 9's.

Therefore y ¢ ran(f), so f is not onto. e

Of course, we could start over, adding y to the original list. But then the same construction could be
repeated. The list can never be complete, that is, ran(f) = (0, 1) is impossible.

A different way to try to dodge the technical difficulty about non-uniqueness of representations might

be: whenever a number f(n) has two different decimal representations, include both in the list and then
define y. Is there any problem with that approach?

The next theorem tells us some important properties of countable sets.
Theorem 7.8 1) Any subset of a countable set is countable.
2) If A, is countable for each n € N, then | J;~, A, is countable.
3)If Ay, As, ..., A, are countable, then A; x Ay X ... X A, is countable.
Proof To show that a set is countable, we need to produce a one-to-one map g of the set into N.

1) If A is countable, we have, by definition, a one-to-one map f: A — N. If B C A,
then g = f | B : B — Nis also one-to-one, so B is also countable.

2) Consider the sets By = A, By=Ay— Ay, ..., B,=A,— (A U..UA,_4), ...
By part 1), each B, is countable, and for any m # n, B, N B,, = (. It's easy to check that
U, B, = U, As, so we need to prove that | J,~ B, is countable. All this amounts to saying that
we will not lose any generality if we just assume, at the beginning of the proof, that the A,'s are
disjoint from each other.

For each n, there is a one-to-one function f,, : A, — N. Let p, denote the nth prime number and
define g : |J,~,; A, — N as follows:

ifz € J,~ Ay, then x is in exactly one set A,, and using that n, let g(z) = pf: @),

Then g is well-defined because the A,,'s are disjoint, and gis one-to-one (why?).

3) Letpy, ..., p, be the first n primes and, as before, let f,, be a one-to-one map from A,
intoN. Defineg: A; x A3 x ... x A, — Nby

filar) |

g(azl, ...,an) = pl f2((l2) . fn(an)

2 e D

The function g function is one-to-one (why?). e
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Example 7.9

1) A union of a finite number of countable sets Ay, ... , Ay is countable: just let
Api1 = Ajpio = ... =0 and then use part 2) of Theorem 7.8 to conclude that UleAi = U2 4 is
countable.
We can combine this result with Theorem 7.8.2 to state: if Ais a countable index
set and A) is a countable set (for each A € A), then J,., A, is countable.. Stated more informally: a
union of countably many countable sets is countable.

2) The set Q = Q" U {0} U Q™ is countable because it is the union of three countable
sets.

3) If BC A and B is uncountable, then A is uncountable — because if A were
countable, then its subset B would be countable by Theorem 7.8.1.
For example, the set R of real numbers is uncountable because its subset (0, 1) is
uncountable. This means that you cannot index the real numbers using N: you cannot sensibly write
“LetR = {Tl,T’Q, T3, ... }.”

4) R =PUQ, wherePis the set of irrational numbers. Since R is uncountable and Q
1s countable, the set [P must be uncountable. Thus there are “more” irrational numbers than rationals.

5) R" (n > 1) is uncountable, because it contains an uncountable subset: for example,
the “z;-axis” R x {0} x ... x {0}, a subset which is clearly equivalent to R.

6) Suppose A = {ay,as, ..., Gy, ... } C Randthate > 0. Let I, be the open interval
centered at a, with length &7 , thatis, I, = (ay — 577, @ + 3iz) - Then A C (J;2,I,,, and the
total length of all the intervals I, is )" | 557 = § < €. This shows that any countable subset of R

can be “covered” by a sequence of open intervals whose total length is arbitrarily small. (If this does
not seem surprising, suppose A = Q; and if you think that | J,~,I,, must be R, try to prove that \/5
must be in 2, ,,.)

More informally: take a piece of string with length §. Cut it in half and lay one half on R with its
center at ay. Cut the remaining piece in half again and lay one half on R with center at ay. Continue
in this way: cut the remaining piece of string in half and lay it down on R so that its center is on top of
the next element in the list of elements of A. (Of course, some of the pieces of string, when laid down,
may overlap with earlier pieces.) In the end, all of A is covered with pieces of the original string.
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Exercises

E24.  Prove or give a counterexample:

a)ifA~BandC ~ D,then ANC ~ B N D.

b)if A~ Band C ~ D,then AUC ~ BU D.

c)ifA~ B,then A— B ~ B — A.

d)if A—B~B—A4,then A ~ B.

e) if A, B,and C are nonempty sets and A x B ~ A x C,then B ~ C.
f) if A is infinite and B is countable, then AU B ~ B.

g) if A is infinite and B is countable, then AU B ~ A.

E25. Prove that if A is uncountable and B is countable, then A ~ A — B.

E26. a) Give an explicit formula for a bijection between the intervals ( — oo, 7) and (0, 00).
b) Give an explicit formula for a bijection between the sets [0, 1] and (0,1) U {2}.

E27.  Prove that the set of all real numbers in the interval (0, 1) that have a decimal expansion using
only even digits is uncountable.

E28. Is the following statement true? If not, what additional assumptions about A and B will make
it true?

A ~ B iff thereisaset f = {(a,b) : a € A, b € B} such that each element of A and
each element of B occur in exactly one pair (a, b).

E29. A subset B of X is called cocountable if X — B is countable and cofinite if X — B is finite.
(The names are shorthand: cocountable = complement is countable.)

a) Prove that if B and C are cocountable subsets of X, then BUC and BN C are also
cocountable. Is the analogous result true for cofinite sets? For infinite unions and intersections?

b) Show how to write the set of irrational numbers, P, as an intersection of countably many
cofinite subsets of R.

E30. A collection A of sets is called pairwise disjoint if whenever A, B € A and A # B, then
AN B = 1. For each statement, provide a proof or a counterexample:

a) If A is a collection of pairwise disjoint circles in the plane, then A is countable.
b) If A is a collection of pairwise disjoint circular disks in the plane, then .4
is countable.

E31. Prove that there cannot exist an uncountable collection of pairwise disjoint open intervals
in R.
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E32. Let / be a straight line in the plane. Prove thatthe set £N(Q x Q) is either empty, contains
exactly one point, or is countably infinite. In each case, give an equation for a specific line ¢ to
illustrate.

E33.  Suppose that f : [0,1] — R has the following property:

there is a fixed constant, M, such that for every finite set {x1, z9, ..., z,} C [0, 1],
the following inequality is true:

| f(@) +.o+ flo) [ <M

a) Give an example of such a function f where ran (f) is infinite.
b) Prove that for such a function f, {z € [0,1]: f(x) # 0} is countable.

E34. What is wrong with the following argument?

For each irrational number p € P, pick an open interval (a,,b,) with rational endpoints and
centered at p. Since the interval (ay,b,) is centered at p, the function ® : P — Q x Q given
by ®(p) = (ap,by) is one-to one. There are only countably many possible pairs (a,,b,)
because Q x Q is countable.  Therefore P is equivalent to a subset of Q x Q, so P is
countable.

E35. a) A sequence s in N is called an arithmetic progression if Jd € Nsuchthats,.;1 = s, +d
for every n € N. Prove that the set of arithmetic progressions in N is countable.

b) A sequence s in N is called eventually constant if Jk,! € Nsuch that s, = foralln > k.
Prove that the set of eventually constant sequences in N is countable.

¢) A sequence s in N is called eventually periodic if 3k, p € N such that s, = s,,,, for all
n > k. Prove that the set of all eventually periodic sequences in N is countable. Note: the set NY of all
sequences in N is uncountable, but we have not proved that yet.

E36. Foraset A, let W(A) = {f € Al0Ln} . € N}. (We can think of A as an “alphabet” and
W(A) as the set of all “finite sequences” or “words” that can be formed from this alphabet.)
Prove that if A is countable, then YW(A) is countable.

E37. Let A be an uncountable subset of R. Prove that there is a sequence of distinct elements
a1, as, ...ay, ... in A such that Y >°  a, diverges.

E38. LetY be a set and, for each n € N, suppose f,, : R — Y. Let g be a function g : R — Y such
that, for every n € N, the set {z € R: g(z) = f,(z)} is countable. Prove that there is a point zy € R
such that for all n, g(xo) # fu(x0).

What property of R makes the proof work?
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E39. Suppose S C Randt € R. Let S + t denote the “translated set” {s +¢: s € S}.
a) Show that if S is countable, then 3¢ € R such that S + ¢ C PP.

b) For sequences s and ¢ in R (that is, for s,¢ € RY), let s +t € RN be the sequence defined
by (s +1t)(n) = s(n) +t(n). Show that if S is a countable subset of RY, then 3 ¢ € RY such that
s+t e PN foreverys € S.

E40.  Give a proof or a counterexample for the following statement:

If O ={0, : X € A} is acollection of open intervals in R with the property
that Q C |JO, then JO =R.

E41. a) Show how to write N as the union of infinitely many pairwise disjoint infinite sets.

b) Show how to write N as the union of uncountably many sets with the property that, given
any two of them, one is a subset of the other.

¢) Show how to write N as the union of uncountably many sets with the property that any two
of them have finite intersection. (Such sets are called almost disjoint.)

(Hint: These statements that actually are true if Nis replaced by any infinite countable set. For parts
b) and ¢), you may find it easier to solve the problem first for Q, and then use a bijection to “convert”
your solution for Q into a solution for the set N.)

E42. a) Imagine an infinite rubber stamp which, when applied to the plane, inks over all concentric
circles with irrational radii around its center. What is the minimum number of stampings necessary to
ink over the whole plane?

b) What if the stamp, instead, inks over all concentric circles with rational radii around its
center?

E43. Suppose f:R—R. Let A ={a R : xli_r)naf(w) exists but is not equal to f(a)}. Prove
that A is countable.

(Hint: One way to start is to define, forr € Q, A-={a€ A: f(a) <r< xli_ng a f(x)} and

Af={acA: mli_n)iaf(ac) <r< f(a)}. Then A = (A, U A) (why?). Prove that
reQ
A~ and A are countable.)
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E44.  Let D be a countable set of points in the plane, R2.  Prove there exist sets A and B such that
D = AU B, where the set A has finite intersection with every horizontal line in the plane and B has
finite intersection with every vertical line in the plane.

Notes: 1) This problem is fairly hard. You might get an idea by starting the with an easy special case:
D=NxN

2) The statement that “every D C R? can be written as D = AU B, where A has countable
intersection with every horizontal line and B has countable intersection with every vertical line”
is actually equivalent to the continuum hypothesis (see p. 40 and Exercise VIILE.26).

E45. We say that a function f : R — R has a local maximum at x if there exists an open interval (a, b)
containing x such that f(z) > f(y) for all y € (a,b) —in other words, f(z) is the (absolute)
maximum value of f on the interval (a, b).

a) Give an example of a nonconstant f which has a local maximum at every point. Then
modify your example, if necessary, to get an example where ran( f) is infinite.
Is it possible that ran(f) = the set of positive rational numbers? the set of all rational
numbers? Is it possible, for every countable S C R, to find an f having a local maximum at every
pointz € Randran(f) =5 ?

b) Suppose f has a local maximum at every point = € R. Prove that ran(f) is countable.

(Hint: if f(x) =y € ran(f), pick an interval (a,b) with rational endpoints containing x and such that
y is the maximum of f on (a,b).)
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8. Two Mathematical Applications

The relatively simple facts that we know about countable and uncountable sets are enough to prove an
interesting fact about the real numbers.

Definition 8.1 A real number 7 is called algebraic if r is a root to a nonconstant polynomial equation
A" + ap_ 12" N L d gz tag=0 (¥

where the coefficients ay, ... ,a, are all integers. (It is clearly equivalent to require that the

coefficients be rational numbers — because we could multiply both sides by some integer to “clear the

fractions” and arrive at a polynomial equation that has integer coefficients and exactly the same

roots.)

(Complex roots of (*) are called complex algebraic numbers.)

A real number is rational if and only if it is the root of a first degree polynomial equation with integer

coefficients: the rational P is a root of the equation qx — p = 0. Therefore rational numbers are

algebraic. The algebraic numbers are a natural generalization to include certain irrationals: for
example, \/5 is algebraic, since it is a root of the quadratic equation > —1 =0; and — 1+ 2\/5 is
algebraic because it is a root of 23 4+ 22 — 9z 4+ 7 = 0. A reasonable question would be: are there any
nonalgebraic real numbers?

Theorem 8.2 The set A of all algebraic real numbers is countable.

Proof Foreachn > 1, let P, be the set of all polynomials with integer coefficients and degree < n.

Suppose P € P,. Let (ay,a,_1, ... ,ag) be the (n + 1)-tuple of coefficients of P.

Then (ay,a, 1, ... ,ap) is in the set Z"™, which is countable. Since the function f : P, — Z"™!
given by f(P) = (an, an-1, ... ,a0) is a bijection, P, is countable.

For each polynomial P, let Z(P) be the set of real roots of the equation P(x) = 0. Z(P)isa
finite set. Then R, = [J{Z(P) : P € P,} is a union of countably many finite sets (each with at most
n elements), so IR, is countable. (For any particular ny € N, R, is the set of all algebraic numbers
that are roots of an equation (*) that has degree < ny; for example, R1 = Q.)

By Theorem 7.8(2), A = |J,~, R, is countable. e

Definition 8.3 A real number which is not algebraic is called transcendental.
(Euler called these numbers “transcendental” because they “transcend the power of algebraic
methods.” To be more politically correct, we might call these numbers “polynomially challenged.” ')

Corollary 8.4 Transcendental numbers exist.
Proof Let T be the set of transcendental numbers. Since R = A U T and A is countable, T cannot be
empty. e

In fact, this short proof shows much more: not only is T nonempty, but T must be uncountable! There

are “more” transcendental numbers than algebraic numbers. This is an example of a “pure existence
proof” — meaning that the proof does not give us any particular transcendental numbers, nor does it
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give us a way to construct one. To do that is harder. Transcendental numbers were first shown to exist
(using different methods) by Liouville in 1844. The numbers e (Hermite, 1873) and 7 (Lindemann,
1882) are transcendental. One method for producing transcendental numbers is contained in a theorem
of Gelfand (1934) from algebraic number theory; it states that

ff « is an algebraic number, o # 0,1, and (3 is an algebraic irrational, then of is
transcendental.

For example, the theorem implies that \/5\/—2 is transcendental. The number e” is also transcendental.
This follows from Gelfand's Theorem (which also allows complex algebraic numbers) because:

e" = e "T=(¢i") " and €™ = cosm+isinTt = — 1. Soe™ = ( —1)~7, which is
transcendental by Gelfand's Theorem.

As a second application to a different part of mathematics, we will prove a simple theorem from
analysis.

Theorem 8.5 A monotone function f : [a,b] — R has at most countably many points
of discontinuity. (Since [a, b] is uncountable, this implies that a monotone function on [a, b]
must be continuous at “most” points.)

Proof Assume x < y implies f(z) < f(y). (If f is decreasing, simply apply the following argument
to the increasing function — f.) Therefore, at each point ¢ € (a,b) we have

lim _f(x) < f(c) < lim  f(x) (why must these one-sided limits exist 7)
r—c x—ct

Let j(c) denote the “jump of f at ¢ =lim f(x) —lim _f(z). Since f is increasing, j(c) > 0,
x—ct r—c
and f is discontinuous at ¢ if and only if j(c) > 0.

Let A, = {c € (a,b) : j(c) > L }. The set A, is finite because the sum of any set of jumps cannot be
more than f(b) — f(a). Furthermore, if j(c) > 0, then j(c) > 1 for some sufficiently large n, so
¢ € A, for some n. Therefore every point ¢ of discontinuity of f in (a, b) must be in the countable set
U2, A, (The function might also be discontinuous at an endpoint a or b, but the set of discontinuities
would still be countable.) e

Corollary 8.6 A monotone function f : R — R has at most countably many points of discontinuity.
Proof For every k € Z, the set Dy, of discontinuities of f in the interval [k, k + 1] is countable, by

Theorem 8.5. So |J;c; Di, the set of all discontinuities, is countable. e

As a sort of “converse,” it is possible to prove that if A is any countable subset of R, then there exists
a monotone function f: R — R for which A is precisely the set of points of discontinuity. (You can
find an argument in 4 Primer of Real Functions (Boas, p. 129), or see Exercise E65 below.)
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9. More About Equivalent Sets

So far, we have seen two kinds of infinite set, countable and uncountable. In this section, we explore
uncountable sets in more detail. Notice that we have no reason to assume that two uncountable sets
must be equivalent.

There are many equivalent uncountable subsets of R. The following theorem gives some examples.
(The proof could be made much easier by using the Cantor-Schroeder-Bernstein Theorem, which we

will discuss on p. 42. However, at this stage, it is instructive to give a direct proof.)

Theorem 9.1 Suppose a < b. The following intervals in R are all equivalent:

= ( 0, OO) ~ (a’7 b) ~ (07 1) ~ (a7 b] ~ (07 1]

~ [aab) ~ [07 1) ~ [CL, b] ~ [07 1] ~ [0 )

~ la,0) ~ (0,00) ~ (a,00) ~ (= 00,0] (—o0,a]
~ ( ,O) ~ ( - OO,CL)

Theorem 9.1 says that all infinite intervals in R are equivalent. (For technical reasons that we will
discuss later, it is convenient to consider ) and all one-point sets {a} as intervals. It turns out that
these are the only finite intervals.)

Proof The linear map f(x) = (b — a)z + a can be used to show that
(0,1) ~ (a,0) (0,1] ~ (a, b] [0,1) ~ [a,) [0,1] ~ [a, b].
The bljectlon tan: (— %, 5) — Rprovesthat R ~ (— 7, 7).

To show that (0, 1] ~ (0,1), define functions:

Owlﬂ

fa(@) =3 —afor k<< for eachn € N

2n on—1

1 T T T T &

12
F2(x)
18 @Q
18 | {I‘I:H]
':I 1 1 i
0 148 10 112 L

Each f,, is a bijection from (2%, 2}—,1] to [2%, 23—,1), as illustrated above. Let f = UZO:1 -

(The graph of f consists of all the separate pieces, shown above, taken together.)
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Then f is a function (why?) with dom(f) = |J,—, dom(f,,) = (0,1] and ran(f) = |J,—, ran(f,)
= (0,1). It is easy to check that f is a bijection. (Of course, f is not continuous, but that is not
required in the definition of set equivalence.)

We can extend the definition of f to prove that [0, 1] ~ [0,1). Specifically, use f to define a
function g : [0,1] — [0,1) by
[ f(x) ifze(0,1]
9(w) = {o ifz =0
Since f is a bijection, so is g.

It is very simple to show that [0,1) ~(0,1], that (—00,0] ~[0,00), and that
(—00,0) ~ (0,00): justusethe maps h(z) =1—z and k(z) = — =.

The function In : (0, 00) — R proves that (0, 00) ~ R.

We can use a “projection” to show that [0, 1) is equivalent to [0, 00). Imagine a ray of light
that emanates from ( — 1, 1), passes through the point = on the y-axis (0 < x < 1) and then hits the
x-axis at a point that we call p(z). (See the following illustration). Then p:[0,1) — [0,00) is a
bijection.

1.6 3 T i
(Pt S S RS S BE _
N ;
Gl Mg L e 6 G
A
N
i H L
2 is i -ﬂ‘i I:IIE 1 1.5
Those who prefer formulas can check that a formula for p : [0,1) — [0,00) is p(z) = 7 fL )

The few remaining equivalences such as (a, c0) ~ (0, 00) are left for the reader to prove. e

At this point, we might ask “Are all uncountable sets are equivalent?”

Example 9.2 The set R¥ is not equivalent to R. To see this, we use an argument whose flavor is
similar to the “diagonal argument” used by Cantor to prove that (0, 1) is uncountable.

Consider any function ¢ : R — RE. We will show that ¢ cannot be onto, and therefore no
bijection can exist between R and RE. If z € R, then ¢(x) € RE. Note that ¢(z) is not a
number: ¢(x) is a function from R into R; to emphasize this, we will temporarily write
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¢(x) = ¢,. Then for y € R, it makes sense to evaluate the function ¢, at a point y € R to get
a number ¢, (y) € R.

Now we define a function f € R® by the formula

1 if ¢p(x)=0
f(w):{o if 6,(2) £ 0

We claim that for each x € R, ¢(x) = ¢, # f. This is because the two functions ¢, and f
have different values at the point x : ¢, (x) # f(x)because of the way f was defined.
Therefore f ¢ ran(¢), so ¢ is not onto.

It is also clear, then, that no subset of R can be equivalent to RX. To see this, suppose A C R
and that ¢ : A — R, If ¢ were onto, we could use v to create an onto map ¢ from R to R¥
(which is impossible!) as follows: pick any function f € R¥ and define

 J(x) ifxreA
¢(w)_{f ifz € R— A,

Therefore R¥ is an uncountable set which is not equivalent to any subset of R. In particular,
RR is not equivalent to N. Intuitively, RF is “bigger” than any subset of R.

The fact that not all uncountable sets are equivalent leads to an interesting question. We have already
seen (Example 7.6(2)) that every subset of N is either finite or equivalent to the whole set N— there
are no “intermediate-sized” subsets of N. How about for R? Could there be a subset of R which is
uncountable but still not equivalent to R? Intuitively, such an infinite set would be “bigger than N but
smaller than R.” It turns out that this question is “undecidable” !

An old word for the real number line is “continuum,” and the continuum hypothesis (or CH, for short)
is a conjecture of Cantor that dates from about 1878. CH says that the answer to the question is “no”—
that is, CH states that every subset of R is either countable or equivalent to R. Cantor was unable to
prove his conjecture. In an address to the International Congress of Mathematicians in 1900, David
Hilbert presented a list of research problems he considered most important for mathematicians to solve
in the new century and the very the first problem on his list was CH.

Now if one believes (philosophically) that the set of real numbers actually exists “somewhere out
there” (in some Platonic sense, or, say, in the mind of God) then any proposition about these real
numbers, such as CH, must be either true or false — we simply have to figure out which. But to prove
such a proposition mathematically requires an argument based on some set of assumptions (axioms)
and theorems in terms of which we have made our mathematical definition of R. Since R is defined
mathematically in terms of set theory, a proof of CH (or of its negation) needs to be a proof derived
from the axioms of set theory.

The usual collection of axioms for set theory — we have seen some of these axioms — is called the
Zermelo-Fraenkel system (ZF). If the Axiom of Choice is added for good measure, the axiom system is
referred to as ZFC. The fact is that the standard axioms for set theory (ZFC) are not sufficient to prove
either CH or its negation. Since CH cannot be proven from ZFC, we say CH is independent of ZFC.
But, since the denial of CH also cannot be proven from these axioms, we say that CH is also consistent
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with ZFC. Taken together, these statements say that CH is undecidable in ZFC: one can add either CH
or ~ CH as an additional axiom to ZFC without fear of introducing a contradiction. The consistency
of CH was proved by Kurt Gédel (1906-1978) in 1939, and in 1963 Paul J. Cohen (1934-2007) showed
that ZFC could not prove CH — the independence of CH.

“In the early 1960's, a brash, young and extremely brilliant Fourier analyst named Paul J. Cohen
(people who knew him in high school assure me he was always brash and brilliant) chatted with a group
of colleagues at Stanford about whether he would become more famous by solving a certain Hilbert
problem or by proving that CH is independent of ZFC. This (informal) committee decided that the latter
problem was the ticket. (To be fair, Cohen had been interested in logic and recursive functions for
several years;, he may have conducted this séance just for fun.) Cohen went off and learned the
necessary logic and, in less than a year, had proved the independence. This is certainly one of the most
amazing intellectual achievements of the twentieth century, and Cohen was awarded the Fields Medal
for the work. But there is more.

Proof'in hand, Cohen flew off to Princeton to the Institute for Advanced Study to have his result checked
by Kurt Godel. Godel was naturally skeptical, as Cohen was not the first person to claim to have solved
the problem; and Cohen was not even a logician! Godel was also at this time beginning his phobic
period. (Toward the end of his life, Godel became convinced that he was being poisoned, and he ended
up starving himself to death.) When Cohen went to Godel's home and knocked on the door, it was
opened six inches and a hoary hand snatched the manuscript and slammed the door. Perplexed, Cohen
departed. However, two days later, Cohen received an invitation for tea at Godel's home. His proof was

correct: the master had certified it. ”

Mathematical Anecdotes,
Steven G. Krantz, Mathematical Intelligencer, v. 12, No. 4,
1990, pp. 35-36)

By a curious coincidence, Cohen was an analyst interested in Fourier series, and it was Cantor's work
on Fourier series that led to his creation of set theory in the first place.

Therefore CH has a status, with respect to ZFC, like that of the parallel postulate in Euclidean
geometry: the other axioms are not sufficient to prove or disprove it. To the other axioms for
Euclidean geometry, you can either add the parallel postulate (to get Euclidean geometry) or, instead,
add an axiom which denies the parallel postulate (to get some kind of non-Euclidean geometry).
Likewise, to ZFC, one may consistently add CH as additional axiom, or get a “different set theory” by
adding an axiom which denies CH.

Unlike the situation with AC, most mathematicians prefer to avoid assuming CH or its negation in a
proof whenever possible. The reason is that CH (in contrast to AC) does not seem to command
intuitive belief and, moreover, no central mathematical results depend on CH. When the use of CH use
seems necessary, it is customary to call attention to the fact that it is being used.
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To reiterate one last point: if you believe that, in some sense, the real numbers actually exist “out
there” beyond ourselves, then you believe that the set R, as defined mathematically within ZFC, is just
a mathematical model of the “real” real number system. This model may be an inaccurate or
incomplete fit to reality. You may therefore continue to believe that for the “real” real numbers, CH is
either true or false as a matter of fact. People with this point of view would say that the undecidability
of CH within ZFC simply reflects the inadequacy of the axiom system ZFC. Gdédel himself seemed to
feel that ZFC is inadequate, although for perhaps different reasons:

“I believe that ... one has good reason for suspecting that the role of the continuum problem in set theory
will be to lead to the discovery of new axioms which will make it possible to disprove Cantor's
conjecture.”

Kurt Gédel, “What is Cantor's Continuum Problem?”, Philosophy of Mathematics, ed.
Benacerraf & Putnam, Prentice-Hall, 1964, p. 268

10. The Cantor-Schroeder-Bernstein Theorem

The Cantor-Schroeder-Bernstein Theorem (CSB for short) gives a way to prove that two sets are
equivalent without the work of actually constructing a bijection between them. It states that two sets
are equivalent if each is equivalent to a subset of the other.

Theorem 10.2 (CSB)  Suppose there exist one-to-one functions f : A — B and g: B — A. Then
A~ B.

Proof  We divide the set A into three subsets in the following way. For a point z € A, we say “x
has > 0 ancestors” if g~!(x) C B (which is, of course, always true, so every x has > 0 ancestors).
We say “z has > 1 ancestor” if g~!(z) # (), that “z has > 2 ancestors” if f~!(g7!(z)) # 0, and so
on. In general, “x has > n ancestors” if the inverse image set resulting from the alternating
application of first ¢!, then f~!, then g7, .., n times produces a nonempty set. We say “z has
exactly n ancestors” if z has > n ancestors but « does not have > n + 1 ancestors. We say “x has
infinitely many ancestors” if  has > n ancestors for every n € N. Let

Ap = {z € A: x has an even number of ancestors},
Ap = {x € A: z has an odd number of ancestors}, and
A; = {z € A: z has an infinite number of ancestors }

Clearly, these sets are disjoint and A = Ap U Ap U A;. Define ancestors for a point y € B in a
similar way, beginning the definition with an application of f~! rather than g~' and divide B into the
sets B, Bo,and B;. Themaps f | Ag : Ap — Bo and f | A; : A — By are bijections (why?).

The function f | Ap maps Ap into Bp, but it may not be onto (why?). However, the map

g| Br : Bp — Ao is a bijection, so it has an inverse bijection (g | Bg)™!: Ap — Bp. We can now
define a bijection h from A to B by piecing these maps together:

h=(f1Ap)U(fA)U(g|Bp)™"
More explicitly,
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. f((E) imeAEUA[
he) = { (0|Be) ' (x) ifx € Ag

Our previous examples of equivalent sets were exactly that: merely examples, and they were not used
in proving the CSB Theorem. Therefore, without circular reasoning, we can now revisit some earlier
examples and use the CSB Theorem to give simpler proofs of many of those equivalences. The
following two examples illustrate this.

Examples 10.3

1) Suppose ACN. Then i: A— N by i(z) =x. If A is not finite, then the
definition of “infinite” says that there is also a one-to-one map f : N — A. In that case, by CSB, we
conclude that A ~ N. So A is either finite or equivalent to N.

2) (0,1) ~ [0, 1] since each set is equivalent to a subset of the other:

(0,1) ~ (0,1) € [0,1] and
[0, 1] is easily seen to be equivalent to |5, 5] C (0,1) (use a linear map)

3) (0,1) ~ (0,1)2. Why? f(z) = (=, 5) is a one-to-one map of the interval into the
square. In the opposite direction, we can easily define a one-to-one map in the opposite direction as
follows:

for (x,y) € (0,1)2, write the binary expansions of zand y

T =0.2122%3...Tp.- two aNd Yy = 0.91Y2Y3---Yn--- two
choosing, in both cases, a binary expansion that does not end with an

infinite string of 1's. Then define g : (0,1)? — (0, 1) by “interlacing”
the digits to create a base 10 decimal:

g(a:?y) = 0-131915522/2553%---Zlfnyn~--

The function g is one-to-one: suppose (z,y) # (2',y’). Then g(x,y) and g(«’,y’) have different
decimal expansions. Neither decimal expansion ends in an infinite string of 9's, so g(x, y) and g(z’,v')
are different real numbers. (What was the point of writing binary expansions of x and y?)

4) It is very easy to show that if A~ B and C' ~ D, then A x C' ~ B x D (check!).
Then, because (0,1) ~ [0,1] ~ [0,1) ~ R, we can immediately write down such equivalences as

R~ (0,1) ~(0,1)2 ~ [0,1]*> ~ (0,1) x [0,1) ~ R?. And since R ~ R?
it follows that
R~RxR~RxR?=R3

Similarly, we can see that R" ~ R™ for any m,n € N.
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Example 10.4 (A tangential comment) Although R? ~ R, there cannot be a continuous bijection
between them. In fact, if f : R> — R is continuous, then f cannot even be one-to-one. The proof is an
exercise in the use of the Intermediate Value Theorem from calculus.

Define a function ¢ of one variable by holding constant one variable in f: for convenience,

say ¢(z) = f(x,0). Let £(0,0) = ¢(0) =a and f(1,0) = ¢(1) =b. We can assume a < b
(if a =0, f is not one-to-one and we're done). Since f is continuous, so is ¢. By the
Intermediate Value Theorem, ¢ assumes all values between a and b; in particular, for some

c€(0,1), ¢(c) = 452

For that ¢, define ¢(y) = f(c,y). Because v is continuous at 0, ¥(y) is close to

P(0) = ¢(c) = a;b for y close to 0. Therefore, we know that a < (y) < b for all y in some

sufficiently short interval ( — 6, ). In particular, then 1/}(%) € (a,b).

But we know that ¢ assumes all values between a and b, so ¢(z) = (%) for some z in (0, 1).
Therefore f(c, g) = @Z}(g) = ¢(z) = f(2,0). Since (c, %) # (z,0), f is not one-to-one. o

Note: we did not even use the full strength of the assumption that f is continuous. We needed
only to know that ¢ and 1) were continuous — a weaker statement, as you should know from
advanced calculus. This means there cannot even be a one-to-one map of the plane to the line
which is continuous in each variable separately.

A similar argument shows that there cannot be a one-to-one continuous map f:[0,1]> — [0, 1].
Therefore, in particular, there cannot be a continuous bijection from [0, 1]? to [0, 1].

However, in the “opposite” direction, it is possible to construct a continuous map f: [0, 1] — [0,1]?
which is onto. Such a map is called a space-filling curve, and such a map is often constructed in an

beginning analysis course.

Is there be a continuous onto map from R? — R ?
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11. More About Subsets

We have already seen that there is more than one “size” of infinite set: some are countable, others are
uncountable. Moreover, we have seen uncountable sets of two different sizes: R and RR. In fact, there
are infinitely many different sizes. We will see this using the power set operation P. But first we will
prove a result about subsets of countable sets that frequently is useful to know.

Theorem 11.1 The collection F(A) of all finite subsets of a countable set A is countable.

Proof If A is finite, it has only finitely many subsets. So assume A is countable and infinite. For
convenience, we assume A is the set of all prime numbers (be sure you understand why there is no loss
of generality in making this assumption!). Then each finite B C A is a set of primes and we can define

f:F(A) — Nby

sy = {1 if B =0
| the product of the primes in B if B # ()

By the Fundamental Theorem of Arithmetic, f is one-to-one; so F(A) is countable. e

Recall that Y denotes the set of all functions from A into Y. When Y = {0, 1}, we will also use the
notation 24 for the set {0,1}#. Thus, 24 is the set of all “binary functions” with domain A. The
following theorem gives us two important facts.

Theorem 11.2  For any set A,

1) 24 ~ P(A)
2) Ais not equivalent to P(A) (so A oL 24)

Proof 1) For each B C A, define x g = the characteristic function of B

1 ifzeB
by XB($): {0 lf:IIQéB

Define ¢ : P(A) — 24 by ¢(B) = xp. The function ¢ pairs each subset of A with its characteristic
function. The function ¢ is a bijection: it is clearly one-to-one because different subsets have different
characteristic functions. And ¢ is also onto because every function f : A — {0, 1} is the characteristic
function of a subset Bof A : f = xp = ¢(B),where B= {zx € A: f(x) = 1}. So P(A) ~ 24

2) Consider any function ¢ : A — P(A). We will show that ) cannot be onto. For each

x €A, YP(x) is a subset of A, so it makes sense to ask whether or not = € ¥(z). Let
B={zxeA:z¢y(x)}. Ofcourse, B € P(A).

Suppose = € A. If z € ¢)(x), then = ¢ B, so B # ¢(x). Butif z ¢ ¢(x), then z € B

so, again, B # v(x). Either way, ¢(z) # B, so B ¢ ran(¢)). e
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We use the notation P?(A) for P(P(A)) and, more generally, P"(A) for P(P""'(A)). The preceding
theorem says that no set is equivalent to its power set, so P"~1(A) is not equivalent to P"(A). We can
prove even a bit more.

Corollary 11.3 No two of the sets in the sequence A, P(A), P?(A), ..., P*(A), ... are equivalent.

Proof To begin, notice that for each 7, there is a one-to-one function i; : P7(A) — PI1(A)
given by i;(a) = {a}.

Now suppose there were a bijection f : P/(A) — P/**(A) for some j,k. Then we would
have the following maps:

' iy Ui+l ljtk-2 Ljth-1
Pi(A) — PHI(A) — ... S opitkl) o pith(A)
| T

Then ijip—1 : P7F1(A) — PIHF(A) and ijpp20...0d;0 f7L: PItE(A) — PIth=1(4)
are both one-to-one. But then the CSB Theorem would imply that P7++=1(A) ~ Pi+*(A), which is
impossible by Theorem 11.2(2). e

Therefore, using repeated applications of the power set operation, we can generate an infinite sequence
of sets no two of which are equivalent — for example, N, P(N), P*(N), ... , P*(N), ... . In the

“exponential” notation of Theorem 11.2(1), we can also write this sequence as N, 28, 22" ... Thus
we have infinitely many different “sizes” of infinite set.

Examples 11.4

1) 28 = {0,1} ~ P(N) + N, so we conclude that the set of all binary sequences is

uncountable.

2) Because P(N) is uncountable and because N has only countably many finite subsets
(Theorem 11.1), we conclude that N has uncountably many infinite subsets. It follows that every
infinite set has uncountably many infinite subsets (explain the details!).

3) Using the CSB Theorem, we can create another paradox similar to Russell's:
Let B = {{b} : bis aset}, so B is the “set of all one-element sets.” Then the
maps P(B) — B and B — P(B) given (in both directions!) by v — {v} are
one-to-one. Then the CSB Theorem gives that B ~ P(B).

What's wrong? (The paradox is dealt with in the same way as Russell's Paradox.)
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Since 2 4 N, we can ask whether 2 is equivalent to some other familiar set. The next theorem
answers this question.

Theorem 11.5 2N ~ R

Proof  We use the CSB Theorem. Define ¢ : 2% — R as follows: if f € 2V, then f : N — {0,1}

so we can define ¢(f) = Zzozl % = ZZO:1 lao’il , where a,, = f(n). In other words, ¢(f) is the

real number whose decimal expansion is 0.a1as ... @, ... . If f # g€ 2N, then ¢(f) and ¢(g) have
different decimal expansions, and neither expansion ends in a string of 9's (each a,, is either 0 or 1).
Therefore ¢(f) # ¢(g), so ¢ : 2V — Ris one-to-one.

To get a one-to-one function from R into 2N, we begin by defining a function
1 : R — P(Q): for each z € R, let )(z) = {q € Q:¢ <z} The function ¢ is clearly one-to-one.
Since Q ~ N, there is a bijection h : P(Q) — 2N (see Theorem 11.2). Then h o) : R — 2N is one-to-
one.

By the CSB Theorem, 2% ~ R. o

For k > 1, it is fairly easy to generalize Theorem 11.5 replacing 2~ with kY, where kN is short for
{0,1, ...,k — 1},

12. Cardinal Numbers

To each finite set A we can assign, in principle, a number called the cardinal number or cardinality of
A. Tt answers the question: “How many elements does A have?” The symbol |A| represents the
cardinal number of A. For example, |§| = 0, [{0}| = 1, and |{0,1}| = 2. In practice, of course, this
might be difficult. For example, if A = {p € N : pis prime and p < 10'%}, then |A| = ?

Of course, there must be a correct value for |A|, but actually finding it would be hard. (You could
make a rough estimate using the Prime Number Theorem —see Example 5.1(8), p. 16:

|A| = w(10'0) ~ ngT) ~ 4.3429 x 10°7.)

We have already stated informally that nonequivalent infinite sets have “different sizes.” To make this
more precise, we will assume that to each set A there is associated an “object” denoted |A | and called
the cardinal number of A (or cardinal of A for short), and that this is done in such a way that |A| = |B|
ifand only if A ~ B.

Note: How to justify this assumption precisely doesn't matter right now. That question belongs in a
more advanced set theory course. It turns out that |A| can be precisely defined in ZFC. Like every
object in mathematics, | A | is itself a certain set and, of course, |A| is defined in terms of the given set A.
For these notes, though, it is enough to know that two sets have the same cardinal number if and only if
the sets are equivalent.
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There are standard symbols for the cardinal numbers associated to certain everyday sets:

0] =0
|{0}] =1 (Ofcourse, | {a}| =1 for any a, because {0} ~ {a})
|{0,1}| =2 (Ofcourse, | {a,b}| =2 for any a # b)

IN| =Ny (So Ny is the cardinal number for every countable infinite set;
forexample, [N x N x N| = |Q| = ... = X)
IR|  =c¢

The symbols N and ¢ were chosen by Cantor in his original work. The symbol N is “aleph,” the first
letter of the Hebrew alphabet (but Cantor was raised as a Lutheran). We read N as “aleph-zero” (or
the more British “aleph-nought™ or “aleph-null.”)

Cantor chose “c” for |R| since c is the first letter of the word “continuum” (an old word for the real
line). Because we knowthat the following sets are equivalent, we can write, for example, that
0, 1]] = [(0, )] = [(0,1)*| = [R] = [R*| = [R| = ... =c.

What is | P |? Why? (You can give a definite answer for this, but be careful: you can't assume that an
uncountable subset of R must be equivalent to R. See the discussion of CH on pp. 40-42.)

13. Ordering the Cardinals

We have talked informally about some infinite sets being “bigger” than others. We can make this
precise by defining an order “ < between cardinal numbers. Throughout this section, M, N, P are
sets with | M | =m, | N| =n, and | P| =p (N is not necessarily the set natural numbers, N).
We say that the sets M, N, and P represent the cardinal numbers m, n, and p.

Definition 13.1 1) m < n means that M is equivalent to a subset of N. (We also write
m<mnasn>m.)

2) m <n (orn > m) means that m < nbutm # n. (We also write
m<mnasn>m.)

Thus m < n means that M is equivalent to a subset of N but M is not equivalent to N. According to
the CSB Theorem, this is the same as saying that M is equivalent to a subset of N but N is not
equivalent to a subset of M.

There is a detail to check. The relation m < n is defined using the sets M and N. Another person
might choose different sets, say m = |M’| and n = | N'| to represent the cardinal numbers. Would that
person necessarily come to the same conclusion that m < n? We need to check that our definition is
independent of which sets are chosen to represent the cardinals m,n, and p or, in other words, that <
has been well-defined. This is easy to do.
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Suppose M’ and N’ also represent m and n. Then M ~ M’ and N ~ N’, so there are
bijections f, g as shown below. If M is equivalent to a subset of NV, then there is also a one-to-
one map h as pictured below:

/

M — M’
h | 1 k
g
N — N’

Sok=goho f~!isaone-to-onemapk: M’ — N’ so M'is equivalent to a subset of N'’.
Therefore the question “Is m < n?” does not depend on which representing sets we use — that
is, the relation < is well-defined.

Theorem 13.2 For any cardinal numbers m,n, and p:

1) m<m

2) m <nandn < pimpliesm < p

3) m < nand n < m impliesm =n

4) m <nand n < pimpliesm < p

5) at most one of the relations m < n, m = n, and m > n holds
6*) at least one of the relations m < n, m = n, and m > n holds.

Proof The proofs of 1) and 2) are obvious.

For 3), notice that we are given that each of M and N is equivalent to a subset of the other.
Then M ~ N (by the CSB Theorem), so m = n.

4) If n < p, then n < p so, by part 2), m < p. If p=m, then p < n and therefore n = p
by part 3). But this contradicts the hypothesis that n < p. Therefore p # m, so m < p.

5) By definition of <, m = n excludes m < n and n <m. And if m <n and n <m
were both true, then m < n and n < m, so m = n, which is impossible.

6*) The proof is postponed. e

It seems like the proof of part 6*) of the theorem shouldn't be difficult. Informally, you simply
pair an element of M with an element of N, and keep repeating this process until either a
bijection is created between M and N or until one of the sets has no remaining elements. If one
of the sets is used up before the other, then it has the smaller cardinal. In fact, this works for
finite sets, but for infinite sets it is hard to make precise what “keep repeating this process until

" means. To make the argument precise, the Axiom of Choice has to be used in some form. We
could develop the machinery to complete the proof here, but it would digress too much from the
main ideas. So for use in our examples, we'll simply assume part 6¥) for now.

From parts 5) and 6*) of the theorem, we immediately get the following corollary.

Corollary 13.3 For any two cardinals m and n, exactly one of the relations m < n, m =n, orm > n
is true.
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Examples 13.4

1) If kK = |K]| is a finite cardinal, then K is equivalent to a subset of N but K is not
equivalent to N. And if m is an infinite cardinal number, there is a one-to-one function f : N — M.
These observations show that £ < Xy < m, so N is the smallest infinite cardinal number.

2) Ry <c< |RR| (Explain)

14. The Arithmetic of Cardinal Numbers

We want to define exponentiation, addition and multiplication for cardinal numbers. Of course, for
finite cardinals, these operations will agree with the usual arithmetic operations in N.

We begin with exponentiation. As in the previous section, m,n, and p will denote cardinals
represented by sets M, N,and P.

Definition 14.1 n" = | NV |

Thus, n™ is the number of functions from the set M into the set IN. As with the definition of the order
relation <, we must check that exponentiation is well-defined. (That is, if one person calculates ¢
using |RY| and another person uses | (0, 1)@|, will they get the same answer?)

Assume m = |M| = |M’'| and n = |N| = |N'|. We must show that N¥ ~ (N')M’, that is, we
must produce a bijection ¢ : N¥ — (N/)M’,

By hypothesis, we have bijections f : M — M'and g: N — N'. For h € N*, define a function
¢(h) =gohof™e (N

¢ is one-to-one: Suppose h # k € N™. Then for some m € M, h(m) # k(m).
Letm’ = f(m). Then ¢(h)(m') = g(h(f~(m'))) = g(h(m)) and

B(k) (') = g(k(F~ () = glh(m).
But h(m) # k(m)and ¢ is one-to-one so ¢(h)(m') = g(h(m)) # g(k(m)) = ¢(k)(m’).
Therefore the functions ¢(h) and ¢ (k) have different values at m, so ¢(h) # ¢(k). Therefore ¢ is
one-to-one.

@ is onto: Exercise.

Examples 14.2
D [0,V ] = |R¥| =

2) 2% = |2V] = ¢, since 2V ~ R. Thus, there are ¢ different binary sequences.
As remarked earlier, it is not hard to generalize this to show that &Y = c is true for any integer k& > 1.

Students sometimes confuse the fact that 2% = c with the continuum hypothesis. The continuum
hypothesis states that there is no cardinal m such that Xy < m < 2% = ¢.
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In other words, CH states that 2" is the immediate successor (in terms of size) of the cardinal
number Ny. Here is still another way of putting it: let us define N; to be the immediate
successor of N (assuming for now that an immediate successor must exist). Then CH simply
states that c = Ny. To go a little further, the generalized continuum hypothesis (GCH for short)
states that for any infinite cardinal m, its “immediate successor” is 2.

(Since ZFC cannot prove CH, certainly ZFC cannot prove the stronger statement GCH. In fact,
GCH is undecidable in ZFC.)

3) For any set M, M is equivalent to {{m} : m € M}, which is a subset of P(M).
Therefore m < 2™. But m # 2™ because M is not equivalent to 2. Therefore m < 2 for all

cardinals m. It follows that m < 2™ < 22" < 22 < . < .. is an infinite increasing sequence of
infinite cardinals. In particular, for m = R, we have Ry < 2% = ¢ < 22 < .

We now define multiplication and addition of cardinal numbers.
Definition 14.3 Suppose m = | M| and n = |N|,

1) m-n (or simply mn) means |M x N|
2) m + n means |M U N|, where M and N are disjoint sets representing m and n

Part 2) requires that to add m and n, we choose disjoint representing sets M and N .
This is always possible because if M NN # 0, we can replace M and N by the
equivalent disjoint sets M x {0} and N x {1}.

You should check that multiplication and addition are well-defined — that is, the operations are
independent of the sets chosen to represent the cardinals m and n.
Theorem 14.4  For cardinal numbers m,n, p, and ¢ :

1) m+n=n+m 1"y mn =nm

2) (m+n)+p=m+(n+p) 2") m(np) = (mn)p

3) p(m+n) =pm+ pn

If m < nandp < g, then

4 m+p<n+tgq 4) mp < nq

Proof The proofsareall simple. For example, we will prove 4').
Suppose m, n, p, q are represented by the sets M, N, P, Q. Since m < n and p < g, there are

one-to-one functions f:M — Nand g: P— Q. Defineh: M x P— N x Q@ by
h(m,p) = (f(m), g(p)). Then h is one-to-one (Why?), so mp < nq. e

51



Addition Examples 14.5
1) Foranym : m + 0 = m because M U ~ M.

2) For finite n : n+ Ny = Ny + Ny = N because the union of two countable
sets is countable.

3) For finite n : n+c="+c=c+c=c.

¢ + ¢ = c s true because ( — 00,0) U [0,00) = R. Then write
the inequalities

0

c

No

c

n < ¢ and
c <c

INIA
IAIA

Add these inequalities and apply Theorem 14.4(4) to get

o
IA

n+c < Ng+c¢ < c+e.
But ¢ +c¢c=c¢,soweconcludethat c=n+c=Ny+c=c+ec.

4) If m is infinite, then m + Ny = m.

To see this, pick M so that m = |M|and M NN = (). M is infinite so there
is a one-to-one map f : N — M and we can write M = f[N]U (M — f[N]).
Because f[N] is countable, so is f[N] UN. Therefore we have a bijection

g: fINJUN — f[N]. We can then define a bijection h : M UN — M by

ez ifz e M — fN]
hw) = {g(:ﬂ) ifz e NU f[N]

The following two facts about addition are also true, but the proofs require more complicated
arguments that involve AC. We omit the proofs and, for now, simply assume 5*) and 6%*).

5*) If m or n is infinite, then m + n = max {m, n}: thatis, a sum involving an
infinite cardinal number equals the larger of the two cardinals.

6*) f m <nandp < q,thenm+p<n-+q.

This result deserves a word of caution. For infinite cardinals, it is not true in general

thatif m < nandp < q,thenm+p<n+q! Forexample Ny < candc <c
but Ro+¢c =c+c (=c).

7) The World's Longest Song: “N; Bottles of Beer on the Wall" ([t fits the tune better
with the British pronunciation “Aleph-nought.”)
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Multiplication Examples 14.6

1) Foranym: m-0=0 and m-1=m because
MxO~0 and Mx{a}~M

2) N2 =N,.
If we view X2 as shorthand for Xy - Ry, the equation is true because
N x N ~ N. But an alert reader might point out that we could also
interpret N2 as an exponentiation, that is, as | N{:'}|. However, this gives
to the same result because N1} ~ N x N. (Mapping each function
f € NOY 46 the pair (f(0), f(1)) € N x N is a bijection.)

3) If nis finite and n > 0, then n - Ny = N,.
To see this, begin with the inequalities

Ny
R

VAIA

n
Ro

IAIN

1
Ro
Multiplying and applying Theorem 14.4(4") gives
Ng < n-Ryp <N
Since Ry = N2, we get that Ry = n - Ry = 2.
4) ¢? = cbecause (0,1)% ~ (0,1)
5) If nis finite and n > 0, then nc = Xy - ¢ = ¢ = c.
To see this begin with the inequalities

1 n N()SC
c C c < c

IAIA
IAIA

and multiply to get
c< nc< Ny-e < ¢?

Since ¢ = ¢2, we conclude that ¢ = nc = N - ¢ = ¢?

One additional fact about multiplication of cardinals will be assumed, for now, without proof:

6*) If m is infinite and n # 0, then mn = max{m,n}. In particular, for an infinite

cardinal m, we have m? = m.

In algebraic systems (such as Z, Q or R) where subtraction is defined, the definition of subtraction is
always given in terms of addition: a — b = c is defined to mean a = b+ c. This shows why
subtraction cannot be sensibly defined for infinite cardinal numbers: should we say Ny — Ry =10
because Ny =Ny +0? or Nyg—Ny=1 because Ng=Ng+1? or RN;—Ny=28; because
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No = No + Ry ? Similarly, division is usually defined in terms of multiplication: § = ¢ means a = bc.

Think about why there is also no sensible definition for division involving infinite cardinal numbers.
The proof of the next theorem is an excellent check on whether you understand “function notation.”
Theorem 14.7 For cardinals m,n, and p: (m")? = m"?
Proof We want to define a bijection ¢ : (MN)? — MN*P),

If f e (MNP, then f is a function P — M™. If p € P, then f(p) € MY, so f(p) is a
function N — M. Therefore, for n € N, f(p)(n) makes sense: it is an element of M. So we can

define a function ¢(f) € MY*F by the rule ¢(f)(n, p) = f(p)(n).

¢ is onto: if g € MN*F let f : P — M be the function defined by f(p)(n) =
f € (MY)P and ¢(f) = g because for any pair (n, p), we have ¢(f)(n,p) = f(p)(n)
= 9(n,p).

g(n,p). Then

¢ is one-to-one: if f,g € (MN)F and f # g, then for some p € P, f(p) # g(p). Because
f(p) and g¢g(p) are different functions N — M, there must be some n & N for which

f(p)(n) # g(p)(n). But this says that ¢(f)(n,p) # ¢(g)(n,p),so ¢(f) # ¢(g).

Examples 14.8
1) Moo= (2%)% = 2% = 2% — ¢
2) ¢c= AR Ng“ <M =g, so Ng“ =c
3) ‘RR| = c¢ = (QNO)C — 2N0-c — 9¢
Caution: We now know that N, < Ng“ =c
but that ch =c

So we might be tempted to conjecture that if m > R, then m™ = m. But this is false.
In fact, for every cardinal number £, it is possible

to find an m > k for which m™ > m and also
tofinda p > k for which p = p.

The proof of this is a little too complicated to look at now.
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Exercises

E46. Prove or disprove: Let A be the set of algebraic numbers. Then every open interval in R
contains a point of R — A.

E47. a) Suppose S is a countable subset of R. Prove that there exists a fixed real number, ¢ such
that s 4 c is transcendental for every s € S.

b) For any set B C R and o € R, we write B + « for the set {0+« : b € B}. Find a set
A C R for which [A] =c and (Q+ o) N (Q+ F) =0 forall « # § € A.

E48.  You and I play the following infinite game. We take turns (you go first) picking “0” or “1” and
use our choices as the consecutive digits of a binary decimal which, when completed, represents a real
number in the interval [0, 1]. You win if this number is transcendental; I win if it is algebraic. Explain
how to make your choices so that you are guaranteed to win, no matter what choices I make. (Hint:
Consider the binary expansions of the algebraic numbers in [0,1]. Look at the “diagonal proof” that
shows (0, 1) is uncountable.)

E49.  Find the cardinal number of each of the following sets:

a) the set of all convergent sequences of real numbers

b) the set of all straight lines ¢ in the plane for which |[{ N (Q x Q)| > 2

c) the set of all sequences f : N — N that are eventually constant (Note: f is eventually
constant if there are natural numbers | and m € N such that f(n) =l foralln > m.)

d) the set of all differentiable functions f : R — R
Hint: if f, g are differentiable and f # g, what can you say about f|Q and g|Q ?

e) the set of all geometric progressions in R (4 sequence (x,,) in R is a geometric
progression if there exists a real number r # 0 such that a,1 = ra, foreveryn.)

f) the set of all strictly increasing sequences f : N — N (Note: f is strictly increasing if
ImeNand l<m = f(l) < f(m).)

g) the set of all countable subsets of R. (Hint: part f) could be used.)

Note: Often one proves |A| = m by using two separate arguments, one to show |A| < m and the other
to show |A| > m. Sometimes one of these arguments is much easier than the other.

E50. Find a subset of Q that is equivalent to the set of all binary sequences (a, ), or explain why no
such subset exists .

E51.  Explain why the following statement is true:
The set of all real numbers = which have a decimal expansion of the form
r = 0.2,T923...2,010101...  (n may depend on )

1S countable.
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E52.  Prove that for any collection of sets { A, : A € A}, there must exist a set Y such that
|Y | > | Ay |forevery A € A. (Hint: use the fact that X + P(X).)
E53.  Is the following statement true or false? Prove the statement, or give a counterexample.
If C is an uncountable collection of uncountable subsets of R, then at least two sets
in C must have an uncountable intersection.
E54.  Prove that if m, n, and p are cardinals, then
a) m"P =m" . mP
E55.  Prove or disprove:
a) N = 2°
b) 2(2) = (22)%

c) if 2<m < 2%  then m™ = ¢
d) if m is infinite and 2 < n < 2™, then n* = 2™

E56.  a) Prove that R has ¢ countable subsets.
b) Prove or disprove: If A and B have the same number of countable subsets, then A ~ B.

E57.  Prove or disprove: there are exactly ¢ sequences of the form (A;, As, ..., A,, ...) where each
A, is a subset of Q.

E58.  Find all unjustified steps in the following “proof” of the continuum hypothesis:
If CH is false, then Xy < m < c for some cardinal m. Since ¢ = Ng“ <mP < M= ¢, we
have m™ = ¢ = 2% < 2™ somM < 2™ Therefore (m™)¢ < (2™M)¢, som® < 2¢,
which is impossible because m > 2. Therefore no such m can exist, so CH is true.

E59.  Find all unjustified steps in the following “disproof™ of the continuum hypothesis:

We know ¢ = 2% = 2% = (2%)%_ However, (2%0)% > Ng“ (because 2™ > Ng).
Since Ny > 1, we have Ng“ > N(l) = Ny. Therefore c > Ng“ > Ng, so CH is false.
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E60. Since Q is countable and |R| =c¢, we know that P is uncountable. But that does not
automatically mean that |P| = ¢ (unless you assume CH, you might think that ¥, < |P| < ¢).

a) Without using the properties 5*), 6*) of cardinal addition or multiplication and without
using CH, prove that:

if |B| = c and Ais a countable subset of B, then |B — A| = c.

(Hints: Obviously Ry < |B — A| < ¢. One way to show |B — A| = c: without loss of generality, you
can assume B = R?. Then consider vertical lines in B. Of course, there are other approaches.)

b) Using a), deduce that |P| = c.
E61.  Prove that for any infinite set F, there is an infinite sequence of disjoint subsets Fy, Fs, Ej,...
such that £ = |J)° | E, and |E,| = |E| for all n.

(Hint: You can assume the multiplication rule in Example 14.6(6%). It implies that m - X, = m for any
infinite cardinal m. .)

E62. Call a function f : X — Y “double-rooted” if | f~!(y)| = 2 forevery y € Y. Find the number
of double-rooted functions f : Q — Q.

E63.  Assume the generalized continuum hypothesis (see p. 51). Then

True or false (explain): P(A) ~ P(B) implies A ~ B.

E64.  Say that a pair of sets (A, B) has property (*) if all three of the following conditions are true:
i) AUB=NxN
i1) every horizontal line intersects A in only finitely many points
iii) every vertical line intersects B in only finitely many points.

We saw in Exercise E44 that such pairs (A, B) exist.

Prove or disprove: there are exactly ¢ different pairs (A, B) with property (*).

E65. Let D = {aj,as,...,a, ...} be a countable subset of R and choose positive numbers ¢, for

which } €, < co. Define f : R — R by f(z) = > ¢,. Clearly f(z) < f(y)ifz <y.

n=1 a,<x

Prove that f is discontinuous at each point in D and continuous at each point in R — D.

In Theorem 8.5, we saw that a monotone function f : R — R has a countable set of discontinuities;
this result is a “sort of” converse. Note that this f is continuous from the right at every point.)
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15. A Final Digression
Let S? denote the sphere {(z,y,2) € R*: 2% + 9> + 22 = 1}.
We will prove the following surprising (or not so surprising?) result. Informally stated:

If a countable set D is removed from S2, it is possible to write the remainder S? — D as
the union of two subsets A and B which, when rotated, give the whole sphere S back
again.

For a point v = (z, %, 2) € S?, we use vector notation and write —v = ( —x, —y, — 2).

Since S? is uncountable (why?), we can choose a point v € S? for which v ¢ DU ( — D)
= {+d:d € D}. Then neither v nor — visin D. Change the coordinate axes so that the z-axis goes
through v and — v (so the “north and south poles” of S are not in D).

For any C' C S?, write C'(/3) to represent the set obtained by rotating C' on the surface S? around the
z-axis through angle 5. In other words, a point in C'(3) comes from taking a point in C' and adding /3
to its “longitude” on S?. With this notation, the precise statement of what we want to prove is:

Suppose D is a countable subset of S2. Then there are subsets A and B of S2, and there are
real numbers « and ~y such that

i) S~ D=AUB and
ii) S? = A(a) U B(v)

First, we claim that we can choose a 3 € [0, 27) that makes the sets D, D(3), D(23), ..., D(nf), ...
all pairwise disjoint. For any point v (other than the north and south poles), let arg(v) € [0, 27) be the
longitude of v measured from the great circle through (1,0, 0) ( = the “Greenwich meridian”). D(k[)
and D(nf) can intersect only if there are points a,b € D such that

arg(a) + kf = arg(b) + nf+2jr  (k,neN,j€Z)  (**)

arg(a) —arg(b) — 2jm
n—~k :

This means D(n() and D(k(3) can intersect only if /3 satisfies the equation 5 =
But there are only countably to pick a “S-tuple” of values (a, b, 7, n, k) to plug into the right side of the
equation — because N) = Nj. So there are only countably many values 3 for which a pair of the sets
D,D(3),D(23), ... ,D(np), ... could intersect. Choose any (3 € [0,27) different from these

countably many values; then the sets will be pairwise disjoint.

Now, define 7T = DUD(B)UDE2B)U...uDnF)U... =2 D(np)
and B=T-D-= D(B)UD2B)U..UDmB)U... =,2,D(nG)

A rotation through ( — ) moves each set D((k + 1)) onto the set D(k(3), so B( — 3) = T.
Let A=S?—T. Then AUB= (S*-T)U(T — D)= S%*-D.

Since A(0) = Aand B(— 8) =T, wehave A(O)UB(—3) = (S?-=T)UT = 5% o
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Chapter I Review
For each statement, decide whether it is true or false. Then prove it, or provide a counterexample.
1. RE ~ P(R)

2. The continuum hypothesis (CH), which states that 2% = ¢, is independent of the other usual axioms
of the set theory.

3. If f : R — R s strictly decreasing, then there are at least 7 points at which f is continuous.

4. There exists a straight line ¢ in the plane such that ¢ contains exactly three points (x,y) where both
x and y are rational.

5. In R3, it is possible to find uncountably many “solid balls” of the form
{(y,2) s (@—a)? +(y—b)*+ (2 — )’ < ¢}

such that any two of them are disjoint.
6. The continuum hypothesis is true iff the set of all sequences of 0's and 1's has cardinality c.

7. There are c different infinite sets of prime numbers.

8. Let A be the set of all sequences (a,) where a,, € {0,1,2,3} and such that {n : a,, = k} is infinite
foreach k =0,1,2,3. Then A is countable.

9. If C is an uncountable collection of uncountable subsets of R, then at least two sets in C must have
uncountable intersection. (Hint: recall that ¢* = ¢)

10. The set of real numbers which are not transcendental is uncountable.

11. NR ~ P(R)
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12. Let S? denote the unit sphere {(z,y,2) € R®: 2% +y?+ 22 = 1}and P = (0,0, 1). There exists
a continuous bijection f : S* — {P} — R. (The values of f are in R, not R* !")

13. Assume that for infinite cardinals m, there is never a cardinal strictly between m and 2" (the
Generalized Continuum Hypothesis ). Then P(A) ~ P(B) implies A ~ B.

14. There are exactly ¢ sequences of the form (Ay, As, ..., A,, ...) where each A, is a subset of Q.

15. There is an algebraic number between any two real numbers.

16. Let S = {f C R?: every horizontal line and every vertical line intersects f in exactly one point}.
Then | S| = 2¢.

17. There are 2¢ subsets of R none of which contains an interval of positive length.

18. LetI': Cla,b] — Rby I'(f) = f(%52) . ThenT is one-to-one.

19. Suppose a nonempty set X can be “factored” as X =Y x Z. Then Y and Z are unique.

20. Suppose A, B and C are infinite sets and that A~ BUC. Then A ~ Bor A ~ C.
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Chapter 11
Metric and Pseudometric Spaces

1. Introduction

By itself, a set doesn't have any structure. For two arbitrary sets A and B, we can ask questions like
“Is A C B?” or “Is A equivalent to a subset of B?” but not much more. If we add additional structure
to a set, it becomes more interesting. For example, if we define a “multiplication operation” a - b in X
that satisfies certain axioms (such as a - (b-¢) = (a-b) - ¢)), then X becomes an algebraic structure
called a group and a whole area of mathematics known as group theory begins.

We are not interested in making a set X into an algebraic system. Rather, we want additional structure
on a set X so that we can talk about “nearness” in X. This is what we need to begin topology;
“nearness” lets us discuss topics like “convergence” and “continuity.” For example, “ f is continuous
at a” means (roughly) that “if = is near a, then f(z)is near f(a).”

The simplest way to talk about “nearness” is to equip the set X with a distance function d to tell us
“how far apart” two elements of X are.

Note: As we proceed we may use some ideas taken from elementary analysis, such as the continuity of
a function f :R" — R™ as a source for motivation or examples, although these ideas will not be
carefully defined until later in this chapter.

2. Metric and Pseudometric Spaces

Definition 2.1 Suppose d : X x X — R and that for all x,y, 2z € X:

1) d(z,y) >0

2) d(z,x) =0

3) d(w,y) = d(y, ) ( symmetry)

4) d(z,z) < d(z,y) + d(y, 2) (the triangle inequality)

Such a “distance function” d is called a pseudometricon X. The pair (X, d) is called a pseudometric
space. If d also satisfies

5) when = # y, then d(x,y) > 0

then d is called a metric on X and (X, d) is called a metric space. Of course, every metric space is
automatically a pseudometric space.

If a pseudometric space (X, d) is not a metric space, it is because there are at least two points x # y
for which d(z,y) = 0. In most situations this doesn't happen; metrics come up in mathematics more
often than pseudometrics. However pseudometrics do occasionally arise in a natural way. Moreover,
many definitions and proofs actually only require using properties 1)-4). Therefore we will state our
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results in terms of pseudometrics when possible. But, of course, anything we prove about
pseudometric spaces is automatically true for metric spaces.

Example 2.2

1) The usual metric on R is d(x,y) = |z — y|. Clearly, properties 1) -5) are true. In fact,
properties 1)-5) are deliberately chosen so that a metric imitates the usual distance function.

2) The usual metric on R" is defined as follows: if x = (x1, 23, ...,x,) and

n
y = (Y1,Y2, .., Yn) are in R", then d(z,y) = /> (x; — y;)> . You should already know that d has
i=1
properties 1)-5). But the details to verify the triangle inequality are a little tricky, so we will go
through the steps. First, we prove another useful inequality.

Suppose a = (aq, ag, yap) and b = (b, be, ..., b,) are points in R". Define
P(w) = Z(aL + wbh;)? Za + (QZa b )w + (ZbQ)
i=1
P(w) is a quadratic function of w, and P(w ) > 0 because P( ) is a sum of squares.
Therefore the equation P(w) = 0 has at most one real root, so it follows from the
quadratic formula that

(22% bi)? — (Za ) (EbQ) which gives
IZG bi| < (Za )2 (252)1/2

This last inequality is called the Cauchy-Schwarz inequality. In vector notation it
could be written in the form |a - b| < ||a]| - ||]].

Then if v = (21,29, ...,2n), ¥ = (Y1,Y2, ..., Yn) and z = (21, 29, ..., z,,) are in R™, we can
calculate

A, 22 = V(a2 = Y (e — y) + (i — ))°

:’Z(xi—yi)Q—F?i(wi—yi)( zi) + i( — 2)?

IN
7
&8
|
<
_|_
[\

n
o — Yillyi — 2 + 3 (v — 2)?
i-1

A
™
?

) 2AS ) - )+ s - 2

i=1 i=1
= (d(z,y) +d(y,z))* Taking the square root of both sides gives

d(z,z) < d(z,y) + d(y, z).

62



Example 2.3 We can also put other “unusual” metrics on the set R".

1) Let d be the usual metric on R" and define d’(z,y) = 100d(x,y). Then d’ is also a metric
on R". In (R",d’), the “usual” distances are stretched by a factor of 100. This is just a rescaling of
distances — as if we changed the units of measurement from meters to centimeters, and that change
shouldn't matter in any important way. In fact, it's easy to check that if d is any metric (or
pseudometric) on a set X and o > 0, then d’ = « - d is also a metric (or pseudometric) on X.

2) Ifz = (z1, 29, ..., ), y= (Y1,Y2,..-, Yyn) are points in R", define

3

dt(fﬂyy) = |l‘7: - y7;|
1

(3

It is easy to check that d; satisfies properties 1)-5) so (R", d;) is a metric space. We call d; the taxicab
metric on R"”. (For n = 2, this means that distances are measured as if you had to move along a
rectangular grid of city streets from x to y — the taxi cannot cut diagonally across a city block).

3) Ifx = (x1,29,...,2), Yy = (Y1,Y2, .., Yn) are points in R", define

d*(z,y) = max {|z; —y;| : i =1,2,...,n}

Then (R™, d*) is also a metric space. We will refer to d* as the max metric on R".
When n = 1, of course, d, d; and d* are exactly the same metric on R.
We will see later that “for topological” purposes” d’, d;, d* are all “equivalent” metrics on R" .

Roughly, this means that whichever of these metrics is used to measure nearness in R", exactly the
same functions turn out to be continuous and exactly the same sequences converge.
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4) The “unit sphere” S is the set of points in R? that are at distance 1 from the origin. Sketch
the unit sphere in R? using the metrics d, d;, d*, and d’ = 100d.
Since there are only two coordinates, we will write a point in R? in the usual way as (x,y)
rather than (xy, x2).

For d, we get For d;, we get
St ={(z,y) : d((z,y),(0,0)) = 1} St={(z,y) + di((z,9),(0,0)) =1}
={(z,y): 2? +y* =1} ={(z,y) : |zl + |yl =1}

For d*, we get

Sl - (2773/) : d*( (x,y), (050)) = 1}
= {(z,y) - max{[z], |y[} =1}

Of course for the metric d’ = 100d, S' has the same shape as for the metric d, but the sphere is
reduced in size by a scaling factor of ﬁ.

Switching among the metrics d, d’, d;, d* produces unit spheres in R™ with different sizes and shapes.
In other words, changing the metric on R” may cause dramatic changes in the geometry of the space
— for example, “areas” may change and “spheres” may no longer be “round.” Changing the metric can
also affect smoothness features of the space (spheres may turn out to have sharp corners). But it turns
out, as mentioned earlier, that d, d’, d; and d* are “equivalent” for “topological purposes.” For
topology, “size,” “geometrical shape,” and “smoothness” don't matter.
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For working with R", the usual metric d is the default — that is, we always assume that R", or any
subset of R", has the usual metric d unless a different metric is explicitly stated.

Example 2.4 For each part, verify that d satisfies the properties of a pseudometric or metric.

1) For aset X, define d(z,y) =0 for all z,y € X. We call d the trivial pseudometric on X:
all distances are 0. (Under what circumstances is this d a metric?)

0 ?f =Y . We call d the discrete unit metric on X.
1 ifx#y

To verify the triangle inequality: for points z,y, z € X, d(z, z) < d(z,y) + d(y, z) certainly is true if
x = z;and if z # 2, then d(x, 2z) = 1l and d(x,y) + d(y,2) > 1.

2) For a set X, define d(x,y) = {

Definition 2.5 Suppose (X,d) is a pseudometric space, that zp € X and € > 0. Then
B(zp) = {x € X : d(z,xy) < €} is called the ball of radius e with center at z.

If there exists an € > 0 such that B.(zy) = {z}, then we say that z is an isolated
point in (X, d).

Example 2.6

1) In R, B.(xg) is the interval (zy — €,z + €). More generally, B,(x) in R" is just the usual
spherical ball with radius € and center at x( (not including the boundary surface). If the metric d; is
used in R™, then B.(x) is the interior of a “diamond-shaped” region centered at . (See the earlier
sketches of S*: in (R%,d;), B1((0,0)) is the region “inside” the diamond-shaped S*.)

In X = [0, 1] with the usual metric d, then B, (0) = [0, 1), B1(0) = [0,1), B5(0) = [0,1].

2) If dis the trivial pseudometric on X and zy € X, then B.(x() = X for every € > 0.

. {[L‘()} if € S 1
=\ x el Therefore
every point z in (X, d) is isolated. If we rescale and replace d by the metric ad (where o > 0), then

it is still true that every point is isolated.

3) If d is the discrete unit metric on X, then B (z)

4) Let C([0,1]) = {f € RO : fis continuous}. For f,g € C([0,1]), define

A(f,9) = Jy1f (@) = gla)  dz ()
It is easy to check that d is a pseudometric on C([0, 1]). In fact d is a metric: if f # g, then there must
be a pointxzg € [0, 1] where |f(zo) — g(xo)| > 0. By continuity, |f(z) — g(z)| > 0 for z's near x,

that is, | f(x) — g(z)| > 0on some interval [a, b] C [0, 1], where z € [a,b]. (carefully explain why!).
Let m = min ¢y | f(z) — g(x)| (Why does m exist?). Then m > 0, so

d(f,9) = | (@) = g@@)|dz > [J|f (@) = g(@)|dz > [}mdz = m(b—a) > 0.

Therefore, d is a metric on C([0, 1]).
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C([0,1])is a subset of the larger set Y = {f € RI%! : fis integrable}. We can define a
distance function d on Y using the same formula (*). In this case, d is a pseudometricon Y but not a
metric. For, example, let

f(w) = 0 for all z, andg(x) _ {0 if 7&

1 ifz=

D= D=

Then f # gbutd(f,g) = f0|f (x)|dz =0

This example shows how a pseudometric that is not a metric can arise naturally in analysis.

5) On C([0, 1]) we can also define another metric d* by

d*(f,9) = sup {If(x) —g(z)| : = € [0,1]}
= max {|f(z) — g(x)| : © € [0,1]}

(Replacing “sup” with “max” makes sense because a theorem from analysis says that the continuous
Sunction | f — g| has a maximum value on the closed interval [0, 1].)

Then d*(f, g) < e ifand only if | f(z) — g(z)| < € at every point z € [0, 1], so we can picture B.(f) in
(C(]0,1]), d*) as the set of all functions g € C([0, 1]) whose graph lies entirely inside a “tube of width
€” containing the graph of f — that is, g € B.(f)iff ¢ is “uniformly within € of f on [0, 1].” See the
following figure.

IJ. 1
How are the metrics d and d* from Examples 4) and 5) related? Notice that for all f,g € C([0, 1]):

= fy1f(@) = g(@)| de < [ max,epylf (@) = g(@)|dw = [{d*(f,9) dz = d*(, ).
We abbreviate this observation by writing d < d*. It follows that BY (f) C B(f) : so, for a given

€ > 0, the larger metric produces the smaller ball. (Note: the superscript notation on the balls
indicates which metric is being used in each case.)

The following figure shows a function f and the graph of a function g € B%(f) — B (f). The graph
of g coincides with the graph of f, except for a tall spike: the spike takes the graph of g outside the “e-
tube” around the graph of f, but the spike is so thin that the d(f, g) fo |f(x ()| dx

= “the total area between the graphs of f and ¢”
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6) Let ly = {f € RN : 2f2(k:) converges}. If we write f(k) = z; and use the more informal
f=1

(o]
sequence notation, then ¢y = {(xy,) : &, € Rand > 7 converges}. Thus, ¢, is the set of all “square-
=1

summable” sequences of real numbers.

Suppose x = (z},) and y = (y;) are in {5 and that a, b € R. We claim that the sequence
azr + by = (axy + byy) is also in £5. To see this, look at partial sums:

n

n n n n n n
S (azy + byg)? = a®> 2} + QQbZ:ll'kyk + kazly,f. < a?jlxi + ‘Q(IkZ:liﬂkyk‘ + kaZ)lyi

=1 k=1 2
< GQICZSIJ% + 2|al|b| (kz z2)1/? (kz y2) 2+ kaZy,% (by the Cauchy-Schwarz inequality)
=1 =1 =1 -1
o o0 o (0.¢]
< a?y a2 +2[a||b|( a2 y) 2+ 02>y = M € R (all the series converge
=1 k=1 =1 k=1

because x,y € {5.)

o0

Therefore the nonnegative series Y (ax), + byx)? converges because it has bounded partial
k=1

sums. This means that ax + by € /5.

o
In particular, if z,y € £y, we now know that x —y € £y so Y (x) — yi)? converges. Therefore it

k=1
makes sense to define d(z,y) = (3 (2 — yx)?)"/?. You should check that d is a metric on /,.
k=1
(For the triangle inequality, notice that (3 (zy — z1))'? < (O (xp — y)?) Y2 + (O (g — 21)?) /2
i=1 k=1 k=1

by the triangle inequality in R". Letting n — oo gives the triangle inequality for {s.)
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7) Suppose (X, d;) are pseudometric spaces (i = 1, ...,n), and that x = (z4, ..., x,,) and
y = (y1,...,y,) are points in the product X = X; x ... x X,. Then each of the following is a
pseudometric on X :

n

d(z,y) = (;Zldg(xi,yz))l/Q di(z,y) = ;di(m,yi)

d*(z,y) = max {d;(z;,y;): i =1,...,n}

If each d; is a metric, then so are d, d;, and d*. Notice that if each X; = R and each d; is the usual
metric on R, then d, d;, and d* are just the usual metric, the taxicab metric, and the max metric on R".
As we shall see, it turns out that these metrics on X are all equivalent for “topological purposes.”

Definition 2.7 Suppose (X, d) is a pseudometric space and O C X. We say that O is open in (X.d) if
for each = € O there is an € > 0 such that B.(z) C O. (Of course, ¢ may depend on x.)

For example,
i) The sets () and X are open in any space (X, d).

ii) The intervals (a,b), ( — 00,a), (b, 00), and ( — 0o, 00) = Rare open in R.
(Fortunately this terminology is consistent with the fact that these intervals are called “open intervals”
in calculus books. )
But notice that the interval (a, b), when viewed as a subset of the z-axis in R?, is not
open in R?. Similarly, R is an open set in R, but R (viewed as the z-axis) is not open in R2.

iii) The intervals [a,b], [a,b) and (a, b] are not open in R. But the sets [a, b) and [a, b]
are open in the metric space ([a, b, d).

Examples ii) and iii) illustrate that “open” is not a property that depends just on the set A: whether or
not a set A is open depends on the larger space in which it “lives” — that is, “open” is a relative term.

The next theorem tells us that the balls in (X, d) are “building blocks” from which all open sets can be
constructed.

Theorem 2.8 A set O C X is open in (X, d) if and only if O is a union of a collection of balls.

Proof If O is open, then for each = € O there is an ¢, > 0 such that B, () C O and therefore we
can write O = |J, .o Be, ().

Conversely, suppose O = |J, . Be,(x) for some indexing set C' C O. We must show that if
y € O, then B.(y) C O for some € > 0. Slnce y € O, we know that y € BGI“('IO) for some x( € C.
Then d(wg,y) = § < €. Let € = 1(e;, — ) > O and consider B, ( ) Ifz € B, ( ), then
d(z,z0) < d(z,y) +d(y,z9) < e+ 6= (ex(, —0)+6= eT(, + = 5 < ETO + eT(, €205
so z € B, (z9). Therefore Be(y) C B_l()(zo) CO. e

Corollary 2.9 a) Each ball B.(x) is open in (X, d).

b) A point x( in a pseudometric space (X, d) is isolated iff {z(} is an open set.
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Definition 2.10 Suppose (X, d) is a pseudometric space. The topology 7; generated by d is the
collection of all open sets in (X, d). In other words, 7; = {O : O is open in (X,d)} = {0 : Ois a
union of balls}.

Theorem 2.11 Let 7; be the topology in (X, d). Then

) 0,Xel
ii) if O, € 7;foreach o € A, thenJ,.4, O, € Ty
iii) if O, ...,0, € Ty, then O, N ...N O, € Ty.

(Conditions ii) and iii) say that the collection 7; is “closed under unions” and “closed under finite
intersections.” )

Proof () is the union of the empty collection of open balls, and X = J,.x Bi(x),s0 0, X € 7;.

Suppose © € O = |J,c4 On Where each O, € 7;. Then x is in one of these open sets, say
O,,. Soforsome e > 0, z € B.(z) C O,, C O. Therefore O is open, that is, O € 7.

To wverify iii), suppose O1,0,,...,0, € 7; and that z € O;N O, N...NO,. For each
i=1,...,n, thereisan¢; > Osuchthatx € B (z) C O;. Lete = min{ey, €9, ...,€,} > 0. Then
B(x) CO;N0sN...NO,. Therefore O1 NO;N...NO, €Ty. ®

Example 2.12  The set O, = (— £, 1) is open in R for every n € N. However, (" ,0, = {0} is

not open in R: so an intersection of infinitely many open sets might not be open. (Where does the
proof for part iii) in Theorem 2.11 break down if we intersect infinitely many open sets? )

Notice that different pseudometrics can produce the same topology on a set X. For example, if d is a
metric on X and we set d’ = 2d, then d and d’ produce the same collection of balls (with radii
measured differently): for each € > 0, the ball B (x) is the same set as the ball By (z). If we get the
same balls from each metric, then we must also get the same open sets: 7; = 7y (see Theorem 2.8).

We can see a less trivial example in R?. Let d, d;, and d* be the usual metric, the taxicab metric, and
the max metric on R?. Clearly any set which is a union of d-balls (or d* balls) can also be written as a
union of d;-balls, and vice-versa. (Explain why! See the following picture for R?.)
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Therefore all three metrics produce the same topology: 7; = 7;, = 74- even though the balls are
different for each metric. It turns out that the open sets in (X, d) are the most important objects from a
topological point of view, so in that sensethese metrics are all equivalent. (As mentioned earlier,
these metrics do change the “shape” and “smoothness™ of the balls and therefore these metrics are not
equivalent geometrically.)

Definition 2.13 Suppose d and d’ are two pseudometrics (or metrics) on a set X. We say that d and d’
are equivalent (written d ~ d') if 7; = 7, that is, if d and d’ generate the same collection of open
sets.

Example 2.14

1) If d is the discrete unit metric on X, then each singleton set {x} = B;(x)is a ball, so each
{x} is open — equivalently, every point x is isolated in (X, d). If A C X, then A = |J,.,{a} is open
because A is a union of balls. Therefore 7; = P(X), called the discrete topology on X. This is the
largest possible topology on X.

17 ifz#y

Ifd'(z,y) = . onaset X, then d’ ~ d, where d is the discrete unit metric.
0 ifz=y

More generally, ad ~ d for any a > 0., and all of these metrics generate the discrete topology.

2)Let X = {1 : neN}. Letd be the usual metric on X and let d’ be the discrete unit metric
on X. For each n, B(%)= {1} if we choose a sufficiently small e. Therefore, just as in part 1),
every subset of X is open in (X, d). But every subset in (X, d’) also is open, so d ~ d’ (even though
d and d' are not constant multiples of each other).

3) Let d be the trivial pseudometric on a set X. Are there any other pseudometrics d’ on X
for whichd’ ~ d ?
3. The topology of R
What do the open sets in R look like? Since e-balls in R are intervals of the form (a — €,a + ¢€), the

open sets are precisely the sets which are unions of open intervals. But we can actually say more to
make the situation even clearer. We begin by making a precise definition for the term “interval.”
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Definition 3.1 A subset / of R is convex if whenever x <y < zand z,z € I, then y € I. A convex
subset of R is called an interval.

It is easy to give examples of intervals in R. The following theorem states that the obvious examples

are the only examples.

Theorem 3.2 I C R is an interval iff I hasone of the following forms (where a < b):
(—00,00), (—00,a), (—o0,al, [a,00), (a,0), (a,b), [a,b), (a,b], [a,b], {a}, B  (¥)
Proof It is clear that each of the sets in the list is convex and therefore each is an interval.
Conversely, we need to show that every interval I has one of these forms. Clearly, if |I| < 1,
then I = () or I = {a}. If |I| > 2 then the definition of interval implies that I must be infinite. The
remainder of the proof uses the completeness property ( = “least upper bound property”) of R, and the

argument falls into several cases:

Case I: [ is bounded both above and below. Then I has a least upper bound and a
greatest lower bound: let ¢ = inf] and b = sup I. Of course a and b might or might not be in I.

a)ifa,b €1, we claim [ = [a, b]
b)ifa € I butb ¢ I, weclaim/ = [a,b)
c)ifa ¢ Ibutbe I, weclaimI = (a,
d)ifa,b ¢ I, we claim I = (a,

Case II: I is bounded below but not above. In this case, let a = inf 1.

a)ifa €1, we claim I = [a, 00)
b)ifa ¢ I, we claim I = (a, 00)

Case III: I is bounded above but not below. In this case, let b = sup I.

a)ifb € I, we claim I = ( — o0, b]
b)ifb ¢ I, we claim [ = (— 00, b)

Case IV: [ is not bounded above or below. In this case, we claim I = ( — o0, 00).
In all cases, the proofs are similar and use properties of sups and infs. To illustrate, we prove case Ic):

If x € I, then x < supl = b. Also, x > inf] = a, and because a ¢ I, we get
x>a. Sol C (a,b].

We still need to show that (a,b] C I, so suppose z € (a,b]. Then z > a = inf
I, so z is not a lower bound for /. This means that there is a point z € I such
that z < x. Then z < x < b where z,b € I, and I is convex, so x € I.
Therefore (a,b] C I,s0 1 = (a,b]. e
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Note: We used the completeness property to prove Theorem 3.2. In fact, Theorem 3.2 is equivalent to
the completeness property. To see this :

Assume Theorem 3.2 is true and that A is a nonempty subset of R that has an upper
bound. Let I ={x € R: z < ¢ forsome c € A}. Then I is an interval (suppose
x<y< zwherex,z € I. Thenz < c for some c € A; therefore y < c so, by
definition of I, y € I.).

Since A # 0, I must be infinite. An upper bound for A must also be an upper
bound for I. Since I is an interval with an upper bound, I must have one of the forms
(—00,b], (—00,b), (a,b), |a,b), (a,b], [a,b]. Then it's not hard to check that

A has a least upper bound, namely sup A = b.

This is an observation I owe to Professor Robert McDowell.

It is clear that an intersection of intervals in R is an interval (why?). But a union of intervals might not
be an interval: for example, [0, 1] U [2, 3]. However, if every pair of intervals in a collection “overlap,”
then the union is an interval. The following theorem makes this precise.

Theorem 3.3 Suppose 7 is a collection of intervalsin R and that for every pair I,J € Z, we have
INnJ # 0. Then|JZ is an interval. In particular, if (Z # 0, then | Z is an interval.

Proof Leta,b € |JZ and suppose that a < z < b. We need to show that z € (JZ.

Pick intervals I, .J in Z with ¢ € I and b € J, and choose a point z € I N J. If x = z, then
x € |JZ and we are done. Otherwise, either z < x < b or a < z < z. Therefore either x is either
between two points of J and so x € J; or x is between two points of I, so «x € I. Either way, we
conclude that x € (JZ. o

We can now give a more careful description of the open sets in R.

Theorem 3.4 Suppose O C R. O is open in R if and only if O is the union of a countable collection
of pairwise disjoint open intervals.

Proof (<) Open intervalsin R are open sets, and a union of any collection of open sets is open.

(=) Suppose O is open in R. For each x € O, there is an open interval (ball) I such that
x €I CO. LetG, =|J{I:Iisanopenintervalandz € I C O}. Thenz € G, C O.
By Theorem 3.3, GG, is also an open interval (in fact, G, is the largest open interval containing x and
inside O; why?). It is easy to see that there can be distinct points x,y € O for which G, = G,. In fact,
we claim that if z,y € O, then either G, = G, or G, NG, = .

If G, NGy # 0, then there is a point z € G, N G,. By Theorem 3.3, G, UG, is
an open interval, a subset of O, and containing both = and y. Therefore G, UG,

is a set in the collection whose union is G;. Therefore G, UGy, C G,. Similarly,
G, UG, C Gy,s0G, =Gy
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Removing any repetitions, we let D be the collection of the distinct intervals G, that arise in this way.
Clearly, O = U D and D is countable because the members of D are pairwise disjoint:

for each I € D, we can pick a rational number ¢; € I, and these ¢;'s are distinct. So there can
be no more Z's in D than there are rational numbers. (More formally, the function f : D — Q
given by f(I) = q; is one-to-one.) e

We are now able to count the open sets in R.

Corollary 3.5 There are exactly c open sets in R.

Proof Let 7; be the usual topology on R. We want to prove that |7;| = c.
For each r € R, the interval ( — oo, ) € 74,50 | 75| > c.

Let Z be the set of all open intervals in R. Then |Z | = ¢ (why?). For each O € 7;, pick a sequence
I, I, ...0,,... €I forwhich O=\J",I,. (We could also choose the I,,'s to be pairwise disjoint,
but that is unnecessary in this argument — the important thing here is that there are only countably
many I,’s.) Then we have a function f : 7y — Z" given by f(O) = (Iy, I, ..., I, ...). The function
[ is clearly one-to-one, so |7 | < |ZN | =cM =c. o
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Exercises

El. The following two statements refer to a metric space (X,d). Either prove or give a
counterexample for each statement. (These statements illustrate the danger of assuming that familiar
features of R" necessarily carry over to arbitrary pseudometric spaces. )

a) B.(z) = B.(y) implies z = y (i.e., “a ball can't have two centers”)

b) The diameter of B, (x) must be bigger than e. (The diameter of a set A in a metric
space is defined to be sup {d(z,y) : v,y € A} < 0.)

E2. The “taxicab” metric on R? is defined by d;((z1,y1), (2,%2)) = |21 — 22| + |y1 — yo|. Draw
the set of points in (R?, d;) that are equidistant from (0,0) and (3, 4).

E3. Suppose (X, d) is a metric space.

a) Define d*(z,y) = min{1,d(z,y)}. Prove that d* is also a metric on X, and

that 7:1 = IZZ{* .

b) Define d**(x,y) = 11(;'(’?” . Prove that d** is also a metric on X and that 7; = 7.

Hint: Let dbe a metric on X and suppose f is a function from the nonnegative real numbers
to the nonnegative real numbers for which: f0)=0, z<y= f(x)< f(y), and

flz+y) < f(z)+ f(y) for all nonnegative x,y. Prove that d'(x,y) = f(d(z,y)) is also a metric on

X. Then consider the particular function f(x) = 1.

Note: For all z,y in X, d*(z,y) < 1 and d**(z,y) < 1 — that is, d* and d** are bounded metrics on X.
Thus any metric d on X can be replaced by an equivalent bounded metric — that is, a bounded metric
that generates the same topology. “Boundedness” is a property determined by the particular metric, not

by the topology.

E4. Suppose f : R — R. Let d be the usual metric on R, and d’ the usual metric on R?. Define a
new distance function d” on R by d”(z,y) = d'((z, f(x)), (y, f(y))). Prove that d” is a metric on
R.

Must d” be equivalent to d ? If not, can you (precisely, or informally) describe conditions
which will guarantee that d” ~ d ?

ES. Suppose a function d : X x X — R satisfies conditions 1), 2), 3), and 5) in the definition of a
metric, but that the triangle inequality is replaced by: x,y,z € X

d(z,z) = d(z,y) + d(y, z).
Prove that | X| < 1.

Ee6. Suppose A is a finite open set in a metric space (X, d). Prove that every point of A is isolated
in (X,d).

E7. Suppose (X, d) is a metric space and = € X. Prove that the following two statements are

equivalent:
1) x is not an isolated point of X

i) every open set that contains x is infinite.
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E8. The definition of an open set in (X, d) reads: Ois open if for all x € O, there is an € > 0 such
that B.(z) C O. In this definition, ¢ may depend on z.

Suppose we define O to be uniformly open if there is an e > Osuch thatfor all = € O,
B.(z) C O — thatis, the same e works for every x € O. (“Uniformly open” is not a standard term.)

a) What are the uniformly open subsets of R" ?
b) What are the uniformly open sets in (X, d) if d is the trivial pseudometric?
¢) What are the uniformly open sets in (X, d) if d is the discrete unit metric?

E9. Let p be a fixed prime number. We define the p-adic absolute value | |, (sometimes called
the p-adic norm) on the set of rational numbers Q as follows:

If 0#£ z € Q, write x = kam for integers k,m,n, where p does not divide m or n, and define
x|, = pF = #. (Of course, k may be negative. ). Also, define |0}, = 0.

Prove that | |, “behaves the way an absolute value (norm) should” — that is, for all z,y € Q
a)|z|, >0and |z|, =0iffz =0
b) [zyl, = [zl |ylp
o)z +yl, < |zl + |yl
| |, actually satisfies an inequality stronger than the one in part c¢). Prove that
&) | +yl, < max{|al,, |9l } < |zl + ]9,
Whenever we have an absolute value (norm), we can use it to define a distance function:
forz,y € Q, letd,(z,y) = |z —yl,

e) Prove that d, is a metric on Q, and show that d, actually satisfies an inequality
stronger than the usual triangle inequality, namely:

forall z,y,z € Q, d,(x,z) < max{d,(x,y),d,(y, 2)}
f) Give a specific example for x, y, z, p for which
dP(‘rE? Z) < maX{dP(x7 y)7 dp(y7 Z})

(Hint: It might be convenient to be able to refer to the exponent “k” associated with a particular x. If

T = kam, then k roughly refers to the “number of p's that can be factored out of x” — so we can call
k = v(z). Prove that v(a — b) > min{v(a),v(b)} whenever a,b € Q with a,b # 0and a # b. Note
that strict inequality can occur here: for example, whenp = 3, v(8) = v(2) = 0, but

v8—2) =v6) = 1.)

g) Suppose p = 2. Calculate dy(2",0). What are lim d»(2",0) and lim d»(4",0)?

n—oo n—oo

75



4. Closed Sets and Operators on Sets

Definition 4.1 Suppose (X, d) is a pseudometric space and that F' C X. We say that F' is closed in
(X,d) if X — Fisopenin (X,d).

From the definitions: Fisclosed in (X, d)
iff X — Fisopenin(X,d)
iff forallz € X — F, thereisan ¢ > 0 for which B.(x)

-
iff forallz € X — F, thereis an ¢ > 0 for which B.(x) N

X-F
F =10.

The open sets in X completely determine the closed sets, and vice-versa. This means that, in some
sense, the topology 7 (the collection of open sets) and the collection of closed sets contain exactly the
same “information” about a space (X, d).

The close connection between the closed sets and the open sets is reflected in the following theorem.
Theorem 4.2 In any pseudometric space (X, d),

i) ) and X are closed

ii) if F, is closed for each a € A, then [, o4 F. is closed
(“an intersection of closed sets is closed™)

iii) if Fy, ..., F), are closed, then | J_, F; is closed
(“a finite union of closed sets is closed”)

Proof These statements follow from the corresponding properties of open sets just by taking
complements. Since () and X are open, their complements X — ) = X and X — X = () are closed.

Suppose Fy, is closed for each o € A. Then each set X — F,, is open, so |J .4 (X — F) is
open, and therefore its complement X — (|J,c4(X — Fo)) = NpeaX — (X = F,) = NpeaFo is
closed.

The proof of part iii) is similar to that for part ii) and uses the fact that a finite intersection of
open sets is open. e

Exercise: Give an example to show that an infinite union of closed sets might not be closed.

Example 4.3
1) The interval [0, 1] is closed in R because its complement R — [0, 1] = ( — 00, 0) U (1, 00)
is open. Equivalently, we could say that [0, 1] is closed because for each = ¢ [0, 1], there
is an € > 0 for which B.(z) N [0,1] = (x — e,z + €) N[0, 1] = 0.

2) A set might be neither open nor closed: as examples, consider the following subsets of R:

[0,1) Q P
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3) A set can be both open and closed — that is, these terms are not mutually exclusive. Such
sets in (X, d) are called clopen sets. For example, () and X are clopen in every pseudometric space
(X, d). Sometimes X contains other clopen sets and sometimes not. For example:

a) in R, for example, () and R are the only clopen subsets. (This fact is not too hard to
prove but it is also not obvious — the proof depends on the completeness property ( = “least upper
bound property” ) in R. We will prove this fact later when we need it in Chapter V.)

b) in the space X = [0, 1] U [3, 4] with the usual metric d, the set [0, 1] is clopen.

4) In any pseudometric space (X, d), the set F = {z € X : d(a,x) < e}is a closed set. To
see this, suppose y ¢ F, Then d(a,y) =6 > €. Lete; =6 —e > 0. Then B, (y) N F = 0.
(If z€ B, (y)NF, then we would have d(a,y) <d(a,z)+d(z,y) <e+e =€e+ (6 —€) =0,
which is false.)

{z € X : d(a,x) < €} is called the closed ball centered at « with radius .

For example, [0,1] = {z € R: d(3,2) = |z — 1| < 1} is the “closed ball” centered at 3.

5) Let X = [0, 1] U [2,5) with the usual metric d.

Both [0, 1] and [2, 5) are clopen sets in X
but [3, 4) is neither open nor closed in X

Notice again that “open” and “closed” are not absolute terms: whether a set A is open (or closed)

is relative to the larger space X that contains A.

6) Let d be the discrete unit metric. Then 7; is the discrete topology and every subset of X is
open. Then every subset of X is clopen.

7) Let d be the trivial pseudometric on X. For every € > Oand every x € X, the ball
B.(xz) = X. In this space, a union of balls must be either X or () (for the union of an empty collection
of balls). Therefore 7; = {0, X}. This is called the trivial topology on X.
Since () and X must be open in any space (X, d), the trivial topology is the smallest possible
topology on X. In (X,d), the only closed sets are () and X.

Using open and closed setsin (X, d), we can define some useful “operators” on subsets of X. An
“operator” creates a new subset of X from an old one.

Definition 4.4 Suppose (X, d) is a pseudometric space and A C X.

the interior of A in X =intxy A =J{O:Oisopenand O C A}
the closure of A in X =clyA = (){F : Fisclosed and F' D A}
the frontier (or boundary) of Ain X = FrxA =clxyAN cl (X —A)
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We will omit the subscript “X” when the context makes clear the space X in which the operations are
being performed. Sometimes int A and cl Aare denoted A° and A respectively. Some books use the
notation A for Fr A, but the symbol 0 A has a different meaning in algebraic topology so we will avoid
using it here.

Theorem 4.5 Suppose (X, d) is a pseudometric space and that A C X. Then

1) a) int A is the largest open subset of A (that is, if O is open and O C A, then
O CintA).
b) Aisopeniff A =int A (since int A C A, the equality is equivalentto A C int A).
c) x €int A iff there is an open set O such that z € O C A
iff 3¢ > 0such that B.(z) C A.

Informally, we can think of 1c) as saying that the interior of A consist of those
points “comfortably inside” A (“surrounded by a small cushion”). These are the
points not “on the boundary of A.”

2) a) cl A is the smallest closed set that contains A (that is, if F'is closed and F' O A,
then F' O cl A)
b) Aisclosed iff A = cl A (since A C cl A, the equality is equivalent
toclA C A).
c)xeclA iff for every open set O containing x, O N A # ()
iff for every e > 0, B.(z) N A # 0.

Informally, 2¢) states that cl A consists of the points in X that can be approximated
arbitrarily closely by points from within the set A.

3) a) FrAisclosedandFrA = Fr(X — A).
b) Aisclopen iff FrA = (.
¢c) x € Fr A  iff for every open set O containing xz, ON A # () and ON (X — A

Informally, 3c) states that Fr A consists of those points in X that can be
approximated arbitrarily closely both by points from within A and by points from
outside A.

Proof 1) a) int A is a union of open sets, so it is open and, by definition int A C A.
If Ois open and O C A, then O is one of the sets whose union gives int A,

so O C int A.

b) If A = int A, then A is open.
Conversely, if A is open, then A is clearly the largest open subset of A, so A = int A.

¢) Since int A is a union of open sets, it is clear that x € int A iff x € O C A for some
open set 0. Since a open set is open iff it is a union of e-balls, the remainder of the

assertion is obviously true.

2) Exercise
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3) a) Fr A is closed because it is an intersection of two closed sets, and
Fr(X—A)=c(X—-A4)Ncl(X —(X—-A4)) =cl(X—A)Ncl(A) =FrA.

b) If A is clopen, then so is X — A. Therefore Fr(A) =cl(A) Ncl(X — A)
=AN(X—A)=0.

Conversely, if FrA =cl(A)Ncl(X —A) =0, thenclA C X —cl(X — A)
CX—-(X—-A)=A, soAisclosed.

Similarly we show that X — Ais closed, so A is clopen.

¢)z € Fr A iff z in both ¢l A and cl (X — A). By 2c¢), this is true iff each open set
containing x intersects both A and X — A.
Since an open set is a union of e-balls, the remainder of the assertion is clearly true. o

Notice that in each part of Theorem 4.5, item ¢) gives you a criterion that uses only the open sets (not e-
balls!) to decide whether or not x € int A, x € cl A, or x € Fr A. This is important! It means that if
we change the d to an equivalent pseudometric d’, then int A, cl A, and Fr A do not change, since d and
d’ produce the same open sets. In other words, we can say that int, cl, and Fr are topological operators:
they depend on only the topology, and not on the particular metric that produces the topology. For
example if A C R”, then A will have the same interior, same closure, and same frontier whether we
measure distances using the usual metric d, the taxicab metric d;, or the max-metric d*.

Example 4.6 (Be sure you understand each statement!)

1) InR: intR =R cdR=R FrR=10
intQ =10 Q=R FrQ=R

int[0,1) = (0,1) cl[0,1) =[0,1]
Fr[0,1) = {0,1} Fr(FrQ) = Fr(R) = 0.

In any space (X, d), it is obviously true that int(int A) = int Aand cl(cl A) = cl A. But this need not be
true for Fr, as the last example shows. (It is true that Fr(Fr(FrA)) = Fr(FrA) in any space X.
However, this is not a useful fact, and it is also not very interesting to prove.)

2) X =0, 2) (with the usual metric)

ClX [O, 1)
1,2)

0,1] intx [0,
ClX [ s 1

[1,2) intX[ s

Frx [0,1) =[0,1] N[1,2) = {1}. Note that 0 ¢ Frx|0, 1) because 0
cannot be “approximated arbitrarily closely” by points from X — [0, 1).

3) Suppose d is the discrete unit metric on X. If A C X, then A is clopen so we get
clA=A intA=A,andFrA = 0.

On the other hand, d is the trivial pseudometric on X. If A is any
nonempty, proper subset of X, thencl A = X, int A = (), and Fr A = X.

4) In (¢2,d), let A be the set of sequences with all terms rational:
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A={r=(x;) €ly: Vi, z; € Q} = QN N 4y.

We claim that ¢l A = {5 — in other words, that any point y = (y;) € {5 can be
approximated arbitrarily closely by a point from A. So let € > 0. We must show
that B.(y) N A # 0.

Since Y y? converges, we can pick an N such that >~ 3? < %2 Using this value of
i=1 i=N+1
N, choose rational numbers a; so that |a; — y;| < \/;W fori=1,...,N.

Define a = (ay,...,an,0,0,0,...). Thena € A and

N 00
d(a,y) =4/ . 1(6%‘ —yi)? = Zl(az‘ —yi)* + %: 1(6% — Yi)?
= = i=N+

N Oo 9 9
=/ (ai—y)?+> 2 <\/N - &+5 =V =«
i=1 i=N+1

Therefore a € B.(y) N A.

We also claim that int A = (). To prove this, we need to show that if x = (z;) € A,
then no ball centered at z is a subset of A. To see this, pick any € > 0 and choose
an irrational y; such that |y, — x;| < e. Create a new point y from x by changing x;
to y; so that y = (y1, x9, ..., Ty, ...). Clearly,y € l, d(z,y) = |1 — 11| < € and

y ¢ A, soB.(x) L A.

Whatis Fr A ?

5) In any pseudometric space (X, d), Bc(a) is a subset of the closed set
{z € X :d(a,z) < €}. Therefore cl B.(a) C {x € X : d(a,z) < €}.

But these two sets are not necessarily equal: sometimes the closed ball is larger
than the closure of the open ball B.(a)! For example, suppose d is the discrete unit
metric on a set X where | X| > 1. Then

{a} = Bi(a) = cl By(a) ;X ={r e X:d(a,x) <1}

Definition 4.7 Let (X, d) be a pseudometric space and D C X. We say that D is dense in (X, d) if cl
D = X. The space (X,d) is called separable if it possible to find a countable dense set D in X.
(Note the spelling: “separable,” not “seperable.”)

Notice that “separable” is defined in terms of closure “cl” and the closure operator depends only on the

topology, not the particular metric that generates the topology. Therefore separability is a topological
property: if (X, d) is separable and d’ ~ d, then (X, d’) is also separable.
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More informally, “D is dense in X" means that each point z € X can be approximated arbitrarily
closely by a point from D. If X is uncountable, then a countable dense set D in X (if one exists) is a
relatively small set which we can use to approximate any point in X arbitrarily closely.

Example 4.8

1) R” is separable because Q" is a countable dense set in R"; in particular, QQ is a
countable dense set in R, so R is separable. P is an example of an uncountable dense subset of R.

2) If X is countable, then (X, d) is automatically separable, because X is dense in X.

3) Suppose 7; is the discrete topology on X. Then every subset of X is closed, so a
subset D is dense iff D = X. Therefore (X, d) is separable iff X is countable.
Suppose 7, is the trivial topology on X. Then ¢l D = X for every nonempty subset
D since the only closed set containing D is X. So every nonempty subset D is dense and therefore
(X, d) is separable — because, for example, any one-point set {x} is dense.

4) The set A = QN N ¢y is dense in ¢y (see Example 4.6(4)). This set A is
uncountable because every sequence of rationals (;) with |z;| < 1 is in A (why?), and there are ¢ such
sequences (why?). However, ({2, d) is separable. Can you find a countable dense set D?

(The computation in Example 4.6.4 might give you an idea.)

Definition 4.9 Let (X, d) be a pseudometric space and suppose A, B are nonempty subsets of X.
We define the distance between A and B by

dist(A, B) = inf{d(a,b) : a € Aand b € B}.
We usually abbreviate dist(A, B) by d(A, B) even though this is an “abuse of notation.”
If ANB # (), then clearly d(A,B)=0. But notice: if AN B =1, you cannot conclude that
d(A,B) > 0, not even if A and B are both closed sets. For example, let A be the y-axis in R? and
B ={(z,y) € R?:y = 1}. Then A and Bare disjoint, closed sets but d(4, B) = 0.

We also go one step further and abbreviate d({a}, B) as d(a, B) = “the distance from a to set B.”

If a € B, then clearly d(a, B) = 0. But the converse may not be true. For example,
let B={1,%,..,1 ...} CR. Thend(0, B) = 0 even though 0 ¢ B.

HORREAT I

We can use “distance from a point to a set” to describe the closure of a set.

Theorem 4.10 Suppose (X,d) is a pseudometric space and that A C X. Then z € cl A iff
d(z,A) = 0.

Proof z €clA iff for every e > 0, B.(x) N A # ()

iff for every e > O thereisay € Awith d(z,y) < e
iff d(z, A) = 0. o

81



Exercises

E10. Let (X,d) be a pseudometric space. Prove or disprove each statement.

a) B.(x) is never a closed set.

b) If AC X,thenFrA =clA —int A.

¢) Forany A C X, diam (A) = diam(cl A).

(The diameter of a set A in a metric space is defined to be sup {d(z,y) : x,y € A} < 00.)
d) Forany A C X, diam (A) = diam (int A).

e) Forany A C X, int(AU B) = int A Uint B.

f) Foreveryz € Xande >0, cl (B:(z))={y € X: d(z,y) <€}

Ell. a) Give an example of a metric space (X, d) that contains a proper nonempty clopen subset.
b) Give an example of a metric space (X, d) and a subset that is neither open nor closed.
¢) Give an example of a metric space (X, d) and a subset A for which every point in A is a
limit point of A. ( Note: a point x is called a limit point of a set A if, for every open set O
containing v, O N (A — {x}) # 0.)
d) Give an example of a metric space (X, d) and a nonempty subset 4 such that every point is
a limit point of 4 but int(A) = (). Can you also arrange that 4 is closed in X?
e) For each of the following subsets of R, find the interior, closure and frontier (“boundary’)
in R. Which points of the set are isolated in R ? which points of the set are isolated in the set ?

i) A ={m+nr:m,neN}

i) B= { ++:m,necZ}
E12. An infinite union of closed sets need not be closed. However if infinitely many closed sets are
“spread out” enough from each other, then their union is closed. Parts a) and b) illustrate this.

a) Suppose that for each n € N, F), is a closed set in R and that F,, C (n,n + 1).
Prove that | J)7, F}, is closed in R.
b) More generally, suppose Fy, is a closed set in (X, d) for each « in some index set
A; suppose also that for each point € X there is an € > 0 such that B.(x) N F, = ()
for all but at most finitely many a's.

Prove that |, 4, F,, is closed in (X, d). (Notice that b) = a). Why?)

E13. a) Give an example of 2¢ subsets of R all of which have the same closure. Do the same in R

b) Prove or disprove: there exist 2¢ subsets of R such that any two have different closures.
Is the situation the same in R? ?

El14. The Hilbert cube, H, is a subset of lo: H = {x € by : |z;] < %} Prove that H is closed
in 5. Prove or disprove: H is open in £s.

82



E15. In (X,d), asubset A is called a G set if A can be written as a countable intersection of open
sets; and A is called an F); set if A can be written as a countable union of closed sets.

Note: Open sets are often denoted using letters like O, U, or V (from open, and from the
French ouvert), and sometimes by the letter G — from older literature where the German
word was “Gebiet.” Closed sets often are denoted by the letter F—from the French
“ferme.” Preferring these particular letters, of course, is just a common tradition — but
many topologists follow it and most would wince to read something like “let ' be an open
set.”

The names Gg and F, go back to the classic book Mengenlehre by the German
mathematician Felix Hausdorff. The o and the 6 in the notation come from the German
words used for union and intersection: Summe and Durchschnitt.

a) Prove that every closed set in a pseudometric space (X, d) is a G set, and every open set is
an F); set.

b) Prove that the set of irrationals, PP, is a G5 set in R.
c¢) Find the error in the following argument which “proves” that every subset of R is a G set:

LetA CR Forx € A4, letJ, = |J{Bi(x): x € A}. J, is open for eachn € N.
Since {x} = (., Bi(x), it follows that A = (\,—,J,, so A is a countable

intersection of open sets, that is, A is a Gg set.
c) In part b), the truth is that ()~ J, = ?

d) Suppose we list the members of Q: 1,29, ..., T, ... . Let J =J 2 Bi(x,) where, of
course, B (x,) is the interval (x,, — 717’ Ty + %) CR. IsJ =R?

El6. Let (X,d) be a pseudometric space. Suppose that for every € > 0, there exists a countable
subset D, of X with the following property: Va € X, Jy € D, such that d(x,y) < e. Prove that
(X, d) is separable.

E17. Suppose that X is an uncountable set and d is any metric on X which produces the discrete
topology. (Such a metric d might not be a constant multiple of the discrete unit metric: compare
Example 2.14.2). Show that for some ¢ > 0 there is an uncountable subset A of X such that
d(z,y) > eforallz #y € A.

E18. Let (X,d) be an infinite metric space. Prove that there exists an open set U such that both U
and X — U are infinite. Hint: Consider a non-isolated point, if one exists.
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E19. A metric space (X,d) is called extremally disconnected if the closure of every open set is
open. (Note: “extremally” is the correct spelling; it is not the same as the everyday word
“extremely.”)

Prove that if (X, d) is extremally disconnected, then the topology 7 is the discrete topology.

E20. In Definition 4.9, the function “dist” provides a measure of “distance” between nonempty
subsets of (X, d). Is (P(X) — {0}, dist) a metric (or pseudometric) space?

E21.  Suppose (z,) is a sequence in (X, d). We say that z is a cluster point of (x,,) if for every
open set O containing zy and for all n € N, 3k > nsuch that x € O. (This is clearly equivalent to
saying that Ye > 0 and ¥Yn € N, 3k > n such that z), € B.(x().) Informally, x, is a cluster point of
(x,,) if the sequence is “frequently in every open set containing xz.”

a) Show that there is a sequence in R for which every real number r is a cluster point.

b) A neurotic mathematician is walking along R from 0 toward 1. Halfway to 1, she
remembers that she forgot something at 0 and starts back. Halfway back to 0, she decides to
go to 1 anyway and turns around, only to change her mind again after traveling half the
remaining distance to 1. She continues in this back-and-forth fashion forever. Find the cluster
point(s) of the sequence (x,,), where x,, is the point where she reverses direction for the n't
time.
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5. Continuity

Suppose @ € A C R and that f : A — R. In elementary calculus, the set A is usually an interval, and
the idea of continuity at a point ain Ais introduced very informally. Roughly, it means that “if x is a
point in the domain and near a, then f(x) is near f(a).” In advanced calculus or analysis, the idea of
“continuity of f at a” is defined carefully. The intuitive version of continuity — stated in terms of
“nearness” — is made precise by measuring distances:

f 1s continuous at a means:
Ve>0 36 >0suchthatifx € Aand |x — a| < 6, then |f(z) — f(a)| <e.

The important thing to notice here is that we use the distance function in R to write the definition:
|x —a| = d(x,a) and | f(z) — f(a)] = d(f(x), f(a)). Since we have a way to measure distances in
pseudometric spaces, we can make an a completely analogous definition of continuity for functions
from one pseudometric space to another.

Definition 5.1 Let f : X — Y, where (X, d) and (Y, s) are pseudometric spaces, and a € X. We say
that f is continuous at a if:

Ve > 0 36 > 0 such thatif 2 € X and d(a,x) < 6, then s(f(x), f(a)) < e.

Notice that the sets X and Y may have completely unrelated metrics d and s: d measures distances in
X and s measures distances in Y. But the idea is exactly the same as in calculus: “continuity of f at a”
means, roughly, that “if z is near a in the domain X, then the image f(z)is near f(a)in Y.”

Theorem 5.2 Suppose (X, d) and (Y, s) are pseudometric spaces. If a € X and f : X — Y, then the
following statements are equivalent:

1) f is continuous at a

2) Ve > 036 > 0 suchthat f[Bs(a)] C B.(f(a))
3) Ve > 036 >0 Bs(a) C f[B.(f(a))]

4) VN CY: if f(a) €intN, thena € int f~[N].

Proof It is clear that conditions 1) - 2) - 3) are just equivalent restatements the definition of continuity
at a in terms of images and inverse images of balls. Condition 4), however, seems a bit strange. We
will show that 3) and 4) are equivalent.

3) = 4) Suppose f(a) €int N. By definition of interior, there is an e > 0 such that
B.(f(a)) € N,sothat f~1[B.(f(a))] C f~*[N]. By 3), we can pick § > 0 so that
a € Bs(a) C f~1[B. (f(a))] C f'[N]. Since the §-ball at a is an open subset of f~![N], we get that
a € int f~}[N], as desired.

4) = 3) Suppose € > 0is given. Let N = B.(f(a)). Then N is open and f(a) € N

= int N. We conclude from 4) that a € int f~'[N] = int f~}[B.(f(a))]. Therefore for some § > 0,
Bs (a) Cint f1[B.(f(a))] C f~[B:(f(a))], so 3) holds. e
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Definition 5.3 If N C X and = € int N, then NV is called a neighborhood of z in (X, d).
Thus, N is a neighborhood of « if there is an open set O such that x € O C N.

Notice that:

1) The term “neighborhood” goes together with a point x € X. We might say “O is an open
set in X,” but we would never say “N is a neighborhood in X~ — but rather “N is a neighborhood of
zin X, ” where x is some point in int(N).

2) A neighborhood N of x need not be an open set. However, be aware that in some books “a
neighborhood of x” means “an open set containing x.” It's not really important which way we make
the definition of neighborhood (each version has its own technical advantages), but it is important that
we all agree in these notes.

So in R", for example, we say thatthe closed ball N = {(a,x): d(a,x) <€} is a
neighborhood of a; in fact N is a neighborhood of each point x in its interior. A point x for which
d(a,x) = eisin N, but N is not a neighborhood of such a point x.

The following observation is almost trivial but it is important enough to state and remember.
Theorem 5.4 A subset N in (X, d) is open iff N is a neighborhood of each of its points.

Proof Suppose N is open. Then int N = N, so each point = of N is automatically inint N . So N isa
neighborhood of each of its points.

Conversely, if N is a neighborhood of each of its points, then for every x € N, we have
x € int N. Therefore N C int NV, so N = int N and N is open. e

With this new terminology, we can restate the equivalence of 1) and 4) in Theorem 5.2 as:
f 1s continuous at a iff
whenever N is a neighborhood of f(a) (in Y, then f~![N]is a neighborhood of a (in X).

This tells us something very important. Interiors (and therefore neighborhoods of points) are defined in
terms of the open sets in X — without needing to mention the distance function. This means that the
neighborhoods of a point x depend only on the topology, not on the specific metric that generates the
topology. Therefore whether or not f is continuous at a does not actually depend on the specific
metrics but only on the topologies in the domain and range. In other words, “f is continuous at a” is a
topological property.

For example, the function sin : R — R is continuous at each point a in R, and this is remains true if
we measure distances in the domain with, say, the taxicab metric d; and distances in the range with the
max-metric d* — since these are both equivalent to the usual metric don R.

We now define “f is a continuous function” in the usual way.

Definition 5.5  Suppose (X,d) and (Y,s) are pseudometric spaces. We say that f: X — Yis
continuous if f is continuous at each point of X.
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Theorem 5.6 Suppose f : X — Y where (X, d) and (Y, s) are pseudometric spaces.
The following are equivalent:

1) f is continuous
2) if OisopeninY, then f~![O]is openin X
3) if F'is closed in Y, then f~[F'] is closed in X.

Proof 1) = 2) Suppose O is open in Y and that x € f~1[O]. Since O is a neighborhood of f(z) and
f is continuous at x, we know from Theorem 5.2 that f~![O] is a neighborhood of . Therefore
f7YO] is a neighborhood of each of its points, so f~1[O] is open.

2)=3) If Fisclosedin Y, then Y — Fis open. By2), f~![Y — F] = X — f~![F]is open
in X, so X — (X — f7l[F]) = f[F]is closed in X.

3) = 2) Exercise

2) = 1) Suppose a € X and that N is a neighborhood of f(a) in Y, so that
f(a) €int N C N. By?2), f[int N]is openin X, and a € f~![int N] C f~}[N]. Therefore
f~Y[N] is a neighborhood of a. Therefore f is continuous at a. Since a was an arbitrary point in X,
f is continuous. e

Notice again: Theorem 5.6 shows that continuity is completely described in terms of the open sets (or
equivalently, the closed sets), and the proof of the theorem is phrased entirely in terms of open (closed)
sets, without any explicit mention of the pseudometrics on X and Y. Replacing d and s with
equivalent pseudometrics would not affect the continuity of f.

Theorem 5.7 Suppose (X,d), (Y,s) and (Z,t) are pseudometric spaces and that f: X — Yand
g:Y — Z. If f is continuous at ¢ € X and g is continuous at f (a) € Y, then go f is continuous at
a. (Therefore, if f and g are continuous, so is g o f.)

Proof If N is a neighborhood of g(f(a)), then g~![N] is a neighborhood of f(a), because g is
continuous at f(a). Since f is continuous at a, f~![g7![N]] is a neighborhood of a. But
F g YN]] = (go f)"}[N], so g o fis continuous at a. e

Example 5.8

1) Suppose f : R — R is given by f(x) = {(1)’ itlii ; 8 Then N = (3, 3)isa

neighborhood of f(0) = 1, but f~![N] = {0} is not a neighborhood of 0. Therefore
f is not continuous at 0. To see the same thing using slightly different language:
f is not continuous at 0 because, choosing € = %, there is no choice of 6 > 0 such

that [B5(0)] C B.(f(0)) = B.(1).
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2) If f: (X,d) — (Y, s) is a constant function, then f is continuous. To see this,
. : _ 0 ifce¢O
_ 1] —
suppose f(z) = cforevery z. IfOisopeninY, then f~[0] = {X feco

In both cases, f~![O]is open.

1 ifze@Q
0 ifzelP’
at any point a € R (why?). However f|Q = g : Q@ — R is continuous at every point
of Q, because ¢ is a constant function.

3) Suppose f: R — Ris givenby f(x) = { Then f is not continuous

There is a curious old result called Blumberg's Theorem which states:

Forany f : R — R, there exists a dense set D C Rsuch that
fID =g: D — R is continuous.

Blumberg's Theorem is rather difficult to prove, and not very useful.

4) Suppose f,g: X — R where (X, d) is a pseudometric space. Since these

functions are real-valued, it makes sense to define functions f + g, f — g, f - gand
5 in the obvious way. For example, (f + g)(z) = f(x) + g(z), where the “ + " on

the right is ordinary addition in R.
If f and g are continuous at a point a € X, then the functions f + g, f — g, and

f - g are also continuous at a; and g is continuous at a if g(a) # 0. The proofs are
just like those given in calculus (where X = R)

For example, consider f + g: given € > 0, then (because f, g are continuous
at a), we can find 6; > 0 and 6, > 0 so that

if d(x,a) < &1, then |f(x) — f(a)| < 5and
if d(z,a) < 62, then [g(x) — g(a)| < §

Let 6 = min {61,02}. Thenif d(z,a) < 6, we have

I(f +9)(@) = (f + 9)(a)| = f(z) = f(a) + g(x) — g(a)|
<|f(z) = fla)|+lg(z) —gla)] < 5+ 5 =€

You can find at the other proofs in any analysis textbook.

5) For x = (21, %2, ..., Ty, ...) € Lo, define f : b5 — R by f(x) =x1. (fisa
“projection” of {5 onto R.) Then f is continuous at z. To see this, suppose € > 0,
andlet6 =e. Ify = (y1,92, .-, Yn,...) € Bs(x), then

o

If(x) = fy)] = |z1 —wl| < d(x,y) = (;(1‘7 —y))? <6 =¢,
so f[Bs(x)] C Be(f(2)).

—_

A similar argument shows that each projection g(z) = x,, is also continuous,
and an argument only slightly more complicated would show, for example, that the
projection function h : {5 — R3 given by h(x) = (x3, 19, z1;) is continuous.
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6) If a is an isolated point in (X, d), then every function f : (X,d) — (Y,s) is
continuous at a. To see this, suppose N is a neighborhood of f(a). Then
a € {a} C f~[N]. But {a} is open in X, so f~![N] is a neighborhood of a.

If 7; happens to be the discrete topology, then every point in X is isolated, so
f is continuous (In this case, we could argue instead that whenever O is openin'Y
then f~1[O] must be open in X — because every subset of X is open.)

7) A function f : (X,d) — (Y, s) is called an isometry of X into Y if it preserves
distances, that is, if d(a, b) = s(f(a), f(b)) forall a,b € X. An isometry is
clearly continuous (given € > 0, choose § = ¢).

Note that if d is a metric, then f one-to-one (Why?). If f happens to be a bijection,
we say that (X, d) and (Y, s) are isometric to each other. In that case, it is clear that
the inverse function f~! is also an isometry, so f ! is also continuous.

Theorem 5.9 If (X, d) is a metric space and = # y € X, then there exist open sets U and V' such that
xeU,yeVand UNV = 0. (More informally: distinct points in a metric space can be separated
by disjoint open sets.)

Proof Since z # y, d(z,y) =6 > 0. Let U = Bg(l’) and V = By (y). These sets are open, and if
there were a point z € U NV, we would have a contradiction :

= dlo) < d(e,2) +dlzg) < =5, o

Theorem 5.9 may not be true if d is not a metric. For example, if d is the trivial pseudometric on X,
then the only open sets containing x and yareU =V = X.)

Example 5.10

1) Suppose [ : (X,d) — (Y, s), where d is the trivial pseudometric on X and Y is
any metric space. We already know that if f is constant, then f is continuous.

If f is not constant, then there are points a,b € X for which f(a) # f(b).
Since s is a metric, we can pick disjoint open sets Uand V in Y with

1 0 (because a € f~1[U])

f(a) € Uand f(b) € V. Then f~'[U] # {X (because b & £-[U])
Since 7; = {0, X'}, we see that f~![U] is not open so f is not continuous.

So, in this situation we conclude that: f is continuous iff f is constant.

2) Suppose d is the usual metric and s is the discrete unit metric on R. Let

i:(R,d) — (R, s) is the identity map i(z) = =. For every open set O in (R, d), the
image set :[O] is open in (R, s), but this is not the criterion for continuity: in fact, this
function is not continuous at any point. The criterion for continuity is that the inverse
image of every open set must be open.

Example 5.10.2 leads us to a definition.
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Definition 5.11 A function f:(X,d) — (Y,s) is called an open function or open mapping if:
whenever O is open in X, then the image set f[O]is open in Y. Similarly, we call f a closed
mapping if whenever F' is closed in X, then the image set f [F]is closedin Y.

The identity mapping ¢ in Example 5.10.2 is both open and closed but ¢ is not continuous. You can
convince yourself fairly easily that the projection function 7, : R? — R given by 7, (z,y) = x is open
and continuous, but it is not closed — for example, the set F' = {(z,y) : y = 1} is a closed set in R?
but 7, [F'] = (0,00) is not closed in R. The general point is that for a function f : (X,d) — (Y, s),

the properties “open”, “closed”, and “continuous” are completely independent. You should provide
other examples: for instance, a function that is continuous but not open or closed.

With just the basic ideas about continuous functions, we can already prove some rather interesting
results.

Theorem 5.12 Suppose f,g: (X,d) — (Y,s), where d is a pseudometric and s is a metric. Let D be
a dense subset of X. If f and g are continuous and f|D = g|D, then f = g. (More informally:

if two continuous functions with values in a metric space agree on a dense set, then they agree
everywhere.)

Proof Suppose f # g. Then, for some point a € X, we have f(a) # g(a) . Since s is a metric, we
can find disjoint open sets U and V in Y with f(a) € U and g(a) € V. Since f and g are continuous
at a, there are open sets U; and V7 in X that contain a and that satisfy f[U;] C U and g[V4] C V.

Uy N'Vj is an open set containing a. Since a € cl D, there must be a point d € (U; N'Vy) N D.
Then f(d) # g(d) because f(d) € U, g(d) € Vand U NV = (). Therefore f|D # g|D. e

Example 5.13 If f,g € C(R) and f|Q = ¢|Q, then f = g by Theorem 5.12. In other words, the
mapping ® : C(R) — C(Q) given by ®(f) = f|Q € C(Q) is one-to-one. Therefore
C®) < C@Q)] < M =c.
On the other hand, each constant function f(z) = ris in C(R), so |C(R)| > c.
It follows that |C'(R)| = ¢. In other words, there are exactly ¢ continuous functions from R to R.

Example 5.14 Find all continuous functions f : R — R that satisfy the functional equation

fx+y) = f(z)+ f(y) forallz,y € R (*)

Simple induction shows that forn € N, f(zy + ... + x,) = f(z1) + ... + f(z,).

By (%),
f(0) = f(0+0) = £(0) + £(0), so f(0) = 0.
Let f(1) = c. Then
SA+1) =f1)+ f(1)=c-2
fB) =f2+1)=f2)+f(1)=c-2+c=c-3

Continuing, we see that f(n) = c¢n for every x El N. Similarly, for each m,n € N, we have

Q) = fG 4 +0) = FG) + () =nf (), so f(5) =c(3)
1

n terms
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fO) =G+ ) =mf(y) =m-c(;) = (%)
T

m terms

So far, we have shown that a function f satisfying (*)must have the formula f(z) = cxfor every

positive rational z = .

Since 0=f(0)=f(+(—"2))=f(—2)+ f(%), we get that

=)= = J() = — (e =c(~ 2).
Therefore, f(x) = cx for every = € Q.

So far, we have not used the hypothesis that f is continuous. Let g : R — R be defined by g(z) = cx.
Since f and g are continuous and f|Q = ¢|Q, Theorem 5.12 tells us that f = g, thatis, f(z) = cx for
all z € R.

The continuous functions satisfying the functional equation ) were first described by
Cauchy in 1821. It turns out that there are also discontinuous functions f satisfying (x),
but they are not easy to find. In fact, they must satisfy a nasty condition called
“nonmeasurability” (which makes them “extremely discontinuous”).

In calculus, another important is the idea of a convergent sequence (in R or R"”). We can generalize the
idea of a convergent sequence in R" to any pseudometric space.

Definition 5.15 A sequence (z,,) in (X, d) converges to « € X if any one of the following (clearly
equivalent) conditions holds:

1) Ve > 0 AN € Nsuch thatifn > N, then z,, € B.(x)
(that is, if the sequence of numbers (d(z,,z)) — 0in R)

2) if Ois openand x € O C X, then 3N € N such thatif n > N, then z,, € O
3) if Wis a neighborhood of z, then 3N € N such that if n > N, then z,, € W.
If (z,,) converges to X, we write (z,) — x.

Conditions 2) and 3) describe the convergence of sequences in terms of open sets (or neighborhoods)
rather than directly using the distance functions. Therefore replacing d with an equivalent metric d’
does not affect which sequences converge to which points: sequential convergence is a topological

property.

If a sequence (x,) has a certain property P for all n > some N, we say that “(x,) eventually has
property P.” For example, the sequence (0,3,1,7,7,7,7,...) is eventually constant; the sequence
(-1, -3,5, —2,5,6,7,8,...,n,n+ 1,...) is eventually increasing. Using this terminology, we can
give a completely precise definition of convergence by saying: (x,) converges to x if (x,) is
eventually in each neighborhood of x.
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Example5.16 1) InR, (1) — 0.

2) Suppose d is the discrete unit metric on X. Then each set {x} is openso (z,) — =
iff (x,) is eventually in each neighborhood of X iff (z,) is eventually in {z}. In other words,
(z,) — x iff x, = z eventually. Every convergent sequence is eventually constant.

At the other extreme, suppose d is the trivial pseudometric on X. Then every
sequence (x,,) converges to every point = € X (since the only neighborhood of xis X).

Example 5.16.2 shows that limits of sequences in a pseudometric space do not have to be unique: the
same sequence can have many limits. However if d is a metric, then sequential limits in (X, d) must be
unique, as the following theorem shows.

Theorem 5.17 A sequence (x,,) in a metric space (X, d) has at most one limit.

Proof Suppose z # y € X and let U,V be disjoint open sets with x € Uand y € V. If (z,,) — =,
then (x,) must be eventually in U. Since U and V are disjoint, this means that (z,) cannot be
eventually in V' (in fact, the sequence must be eventually outside V'), so (x,) - y. e

In a pseudometric space, sequences can be used to describe the closure of a set.

Theorem 5.18 Suppose A C X, where (X, d) is a pseudometric space. Then = € cl A iff there is a
sequence (a,)in A for which (a,) — =.

Proof First, suppose there is a sequence (a,,) in A for which (a,) — x. If NV is any neighborhood of
x, then (a,,) is eventually in N. Therefore N N A # 0, so x € cl A.
Conversely, suppose = € cl A. Then Bi(x) N A # () for each n € N, so we can choose a

point a,, € Bi(x) N A. Then (a,) — = (because d(a,,z) — 0). e

Note: the sequence (a,) is actually a function f:N— X with the property that
a, = f(n) € Bi(x) N A. Informally, the existence of such a function is completely clear.

But to be precise, this argument actually depends on the Axiom of Choice. The proof

as written doesn't describe how to pick specific a,'s: it depends on making “arbitrary
choices.” But using AC gives us a function f which “chooses” one point from each

set in the collection {Bi(x) N A :n € N}.

Theorem 5.18 tells us something very important about the role of sequences in pseudometric spaces.
The set A is closed iff A = cl A. But A C cl A is always true, so we can say Ais closed iff

clA C A. But that is true iff the limits of convergent sequences (a,) from A must also be in A.
Therefore a complete knowledge about what sequences converge to what points in (X, d) would let
you determine which sets are closed (and therefore, by taking complements, which sets are open). In
other words, all the information about “which sets in (X, d) are open or closed?” is revealed by the
convergent sequences. We summarize this by saying that in a pseudometric space (X, d), sequences
are sufficient to describe the topology.
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Example 5.19 If dis a pseudometric on X, then d’ defined by d'(z,y) = min{1,d(z,y)} is also a
pseudometric on X. Itis clear that d'(z,, x) — 0 iff d(x,,x) — 0. In other words, the metrics d
and d’ produce exactly the same convergent sequences and limits in (X,d). Since sequences are
sufficient to determine the topology in pseudometric spaces, we conclude that d and d’ are equivalent
pseudometrics on X.

This example also shows that for any given (X,d) there is always an equivalent
pseudometric d’ on X for which all distances are < 1: every pseudometric is equivalent to a bounded

pseudometric.

d(z.y)
T+d(zy)”

This time, it is a little harder to verify that d” is in fact a pseudometric — the triangle inequality for d”
takes a bit of work. Clearly d”(z,y) < 1, and d”(z,,, ) — 0iff d(z,,z) — 0.Sod" ~d ~d’.

Another modification of d that accomplishes the same thing is d”(z,y) =

Definition 5.20 The diameter of a set A in (X, d) is defined by diam(A) = sup {d(z,y) : z,y € A}
(we allow the possibility that diam(A) = o). If Ahas finite diameter, we say that A is a bounded
set.

It is an easy exercise to show that A is bounded iff A C By(x,) for some sufficiently large k& (where
x can be any point in X).

The diameter of a set depends on the particular metric being used. Since we can always replace d by
an equivalent metric d’ or d” for which diam(X) < 1, boundedness is not a topological property.

The fact that the convergent sequences determine the topology in (X, d) gives us an upper bound on
the size of certain metric spaces.

Theorem 5.21 If D is a dense set in a metric space (X,d), then |X| < |D|™. In particular, for a
separable metric space (X, d), it must be true that | X| < R} = c.

Proof For each x € X, pick a sequence (d,,) in D such that (d,,) — x. This sequence is actually a
function f, € DV. Since a sequence in a metric space has at most one limit, the mapping
® : X — DN given by ®(z) = f, is one-to-one, so | X| < |DN| = |[D[Y. o

Note: If |D| =m > X, do not jump to the (possibly false) conclusion that
| X| < m™ =m. See the note of caution in Chapter I at the end of Example I.14.8.

Theorem5.21 is not true if (X,d) is merely a pseudometric space. For example, let X be an
uncountable set (with arbitrarily large cardinality) and let d be the trivial pseudometric on X. Then
any singleton {z} is dense, but | X| > 1% = 1. In this case, where does the proof of Theorem 5.21 fall
apart?

Sequences are sufficient to determine the topology in a pseudometric space, and continuity is
characterized in terms of open sets, so it should not be a surprise that sequences can be used to decide
whether or not a function f between pseudometric spaces is continuous.
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Theorem 5.22 Suppose (X, d)and (Y, s) are pseudometric spaces, and that f : X — Y. Then
f is continuous at a € X iff (f(z,)) — f(a) for every sequence (x,,) — a.

Proof Suppose f is continuous at a and consider any sequence (z,) — a. If W is a neighborhood of
f(a), then f~'[W]is a neighborhood of a, so (x,) is eventually in f~'[W]. This implies that (f(z.,))
is eventually in W, so (f(z,)) — f(a).

Conversely, if f is not continuous at a, then ~ (Ve > 036 >0 f[B,(z)] C B.(f(a))),
thatis, 3¢ > 0 V6 > 0 f[B,(z)] € B(f(a)).
For this € and 6 = 1, we have that f[B, (z)] ¢ B.(f(a)). So for each n we can choose a

point x,, € B, (x) for which f(z,) ¢ B.(f(z)). Then (zn) — @ (because d(z,,z) < = — 0),
but (f(z,)) 4 f(a) (because s(f(xy), f(a)) > € for all n). Therefore f is not continuous at a. e

Note: the_first half of the proof is phrased completely in terms of neighborhoods of xyand
f(xo); that part of the proofis topological. However the second half makes explicit use

of the metric. In fact, as we shall see later, the second half of the proof must involve a little
more than just the open sets.

Notice also that the second half of the proof makes uses the Axiom of Choice (the function
x “chooses” x, for each n.

The following theorem and its corollaries are often technically useful. Moreover, they show us that
a_pseudometric space (X, d)has lots of “built-in” continuous functions — these functions can be
defined using pseudometric d.

Theorem 5.23 In a pseudometric space (X, d):
if (z,) — x and (y,) — v, then d(z,,y,) — d(z,y).

Proof Given € > 0, pick NV large enough so that n > N implies that d(z,, ) < 5 and d(y,,y) < 5
are both true. Since d(z,,y,) < d(x,,x) + d(z,y,) < d(x,, z) + d(x,y) + d(y, y,), we get that

if n >N, d(x,,yn) <5+d,y)+5=dz,y)+e ()
Similarly, d(z,vy) < d(z,z,) + d(xn, yn) + d(Yn, y), so that

if n>N, d(z,y) <g+d@nyn)+5=d@nyn) +e (%)
Combining (x) and (*x) gives that |d(z,, y,)—d(z,y)| < € if n > N, so d(z,,y,) — d(z,y). o
Corollary 5.24  Let (X,d) be a pseudometric space and a € X. If (x,) — z in X, then
d(z,,a) — d(x,a) (inR).

Proof In Theorem 5.23, let (y,,) be the constant sequence where y,, = a for every n. e

94



Corollary 5.25 Suppose a € (X,d). Define f : X — Rby f(x) = d(z,a). Then f is continuous.
Proof Let x( be a point in X. If (z,,) — zg, then by Corollary 5.24, (d(z,,a)) — d(xg,a), that is
(f(xn)) — f(xg). So fis continuous at x; (by Theorem 5.22). e

Recall that for a nonempty subset A of X, we defined d(z, A) = inf{d(z,a) : a € A}.
The following theorem is also useful.

Theorem 5.26 If A is a nonempty subset of the pseudometric space (X,d), then the function
f:+ X — R defined by f(z) = d(z, A) is continuous.

Proof We show that f is continuous at each point zp € X. Let a € A. Then the following
inequalities are true for every z € X:

d(a,zy) < d(a,z) + d(x,z)
d(a,z) <d(a,zo)+ d(xg,)

Apply “inf,c4” to each inequality to get

d(l‘o, A) < d($7 A) + d(l‘, x()) or d(Av $0) - d(A7 l’) < d(ﬂi’, l’o)
d(z,A) <d(xy,A)+ d(zg,z)or d(A,x) —d(A,xg) < d(z,z))
soforallz € X, |d(A,xz) —d(A,z0)| < d(z,z0). Inother words,
forallz € X, |f(@) = f(wo)l < d(@,20). (*)

So for € > 0, we can choose 6 = €. Then if d(x,z() < 6, we have |f(x) — f(x¢)| < e. Therefore f is
continuous at x,. e

Comments on the proof:
i) For agiven € > 0: the same choice 6 = ¢ can be used at every point xy. A function f that

satisfies this condition — stronger than mere continuity — is called uniformly continuous. We will say
more about uniform continuity in Chapter IV. )

ii) From the last inequality (*) we could have argued instead: for any sequence (x,,) — x,
we have d(x,,,x) — 0, and this forces (f(x,)) — f(x¢). Therefore f is continuous at x.
However this argument obscures the observation about “‘uniform continuity” made in i).

95



Exercises
E22. Supposea € A C R and that f : A — R. We said that f is continuous at a if
Ve>0 36> 0suchthatif x € Aand |[x — a| < 8, then|f(z) — f(a) <e.

The order of the quantifiers is important. What functions are described by each of the following
modifications of the definition?

a) V6 >0 Je>0suchthat if x € Aand |x —a| < 8, then |f(x) — f(a) <
b) Ve>0 V6 > Osuchthat if z € Aand |[v —a| < 6, then |f(x) — f(a) <
c) 3e>0 36> 0suchthatif z € Aand |z —a| < 6, then |f(z) — f(a) <

In each case, what happens if the restriction “ > 0” is dropped on either € or ¢ ?

E23. Suppose f: R — R and that f(a) =b. What does each of the following statements tell us
about f? Throughout this exercise, “interval” always means “a bounded open interval (c,d).

a) For every interval I containing a and every interval J containing b, f[I] C J.

b) There exists an interval J containing b and there exists an interval / containing a such
that f[I] C J

c¢) There exists an interval J containing b such that for every interval I containing a,
fured

d) There exists an interval J containing b such for every interval I containing a, f[I] Z J
e) For every interval I containing a, there exists an interval .J containing b such that f[I] C J
f) There exists an interval I containing a such that for every interval J containing b, f[I] C J

E24. (The Pasting Lemma, easy version) The two parts of the problem give conditions when a
collection of continuous functions defined on subsets of X can be “united” ( = “pasted together”) to
form a new continuous function. Letsets O, be open in (X, d), where & € A (an indexing set of any
size); and let F1, ..., F, (n € N) be closed in (X, d).

a) If functions f, : O, — (Y, s) are continuous and f, [(O, N Op) = f3 (O N Op)
for all awand 3 in A (that is, f,and fz agree where their domains overlap), then
prove that {J, c4fo = f 1 U,ecaOa — Y is continuous.

b) If functionsf; : F; — (Y, s) are continuous for each i = 1, ..., n and
Lil(Fs N Fy) = f;|(F; N F;) forall i and j (that is, f; and f; agree where their domains
overlap), then prove that f = |J._, fi : Ui, Fi — Y is continuous.

¢) Give an example to show that b) may be false for an infinite collection of functions
fi (i € N) defined on closed subsets of X, even if the domains F; are pairwise disjoint.
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E25. A point x in (X, d) is a cluster point of the sequence (z,,) if for every neighborhood N of x
and for all n € N, 3k > nsuch that x, € N. (When this condition is true, we say that “(x,) is
frequently in every neighborhood of x.”")

Prove that if f: (X,d) — (Y,s) is continuous and x is a cluster point of (x,) in X, then
f(xo) is a cluster point of the sequence (f(z,)) inY.

1 ifze A
0 ifzg A

E26.  The characteristic function of a set A C X is defined by xa(z) = {

For which sets A is x4 : R — R continuous?

E27.  Show that a set O is open in (X, d) if and only if there is a continuous function f : X — R
and an open set W in R such that O = f~{W].

E28. Letx € X, where (X, d) is a pesudometric space. Suppose (x,) is a sequence in X such that
(f(xn)) — f(x)for every f € C(X). Either prove that (z,) — x, or give a example to show that
this may be false.

E29. Let d be the usual metric on R. If possible, find a metric d’ on R such that (z,) — Owith
respect to diff (z,,) — 0 with respect to d’, but d’ is not equivalent to d.

E30. a) Suppose A is a closed set in the pseudometric space (X, d) and that =, ¢ A. Prove that
there is a continuous function f : X — [0, 1] such that f|A = 0 and f(z¢) = 1. (Hint: Consider the
function “distance to the set A.”)

b) Suppose A and B are disjoint closed sets in (X, d). Prove that there exists a continuous

function f : X — R such that f|A = Oand f|B = 1. (Hint: Consider 34— )

¢) Using b) (or by some other method) prove that if A and B are disjoint closed sets in (X, d),
then there exist open sets U and V suchthat A C U, BC Vand U NV = (). Can U and V always be
chosen so thatclU NeclV =0?

E31. Afunction f:(X,d) — (Y,s) is called an isometry of (X.d) into (Y.s) if f preserves
distances: that is, if d(x,y) = s(f(x), f(y))for all z,y € X. Such an f is also called an isometric
embedding.

If f is also onto, we say that (X, d) and (Y, s) are isometric to each other. Otherwise, (X, d) is
isometric to a subset of (Y, s)

Let R and R? have their usual metrics.

a) Prove that R and R? are not isometric to each other.

b) Let a € R. Prove that there are exactly two isometries from R onto R which hold the point a
fixed (that is, for which f(a) = a).

¢) Give an example of a metric space (X, d) which is isometric to a proper subset of itself.
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E32. Use convergent sequences to prove the theorem that two continuous functions f and g from
(X, d) into a metric space are identical if they agree on a dense set in X.

E33. Suppose f : R — R. Then we can define F': R — R? by F(z) = (x, f(z)), so that ran(F) is
the graph of f.
a) Prove that the following statements are equivalent:
i) f is continuous
ii) F'is continuous
iii) The sets {(x,y) : v > f(z)} and {(z,y) : y < f(x)} are both closed in R?.
b) Prove that if f is continuous, then its graph is a closed set in R?. Give a proof or a
counterexample for the converse.

E34.  Suppose X = {z,y, z, w} is a four point set.

a) Show that there is one and only one metric on X that satisfies the following conditions:
s(z,y) = s(y,z) = s(z,x) = 2 and s(x,w) = s(y,w) = s(z,w) = 1.

b) Show that (X, s) cannot be isometrically embedded into the plane R? (with its usual metric).
¢) Prove or disprove: (X, s) can be isometrically embedded in (¢2,d), where d is the usual

metric on {s.

E35.  Suppose (X, d) is a metric space for which |X| > 1 and in which () and X are the only clopen
sets. Prove that | X| > c.

(Hint: First prove that there must be a nonconstant continuous function f : X — R What
can you say about the range of f?)

E36. Let X be a finite set and let C*(X) be the set of all bounded continuous functions from X into
R. Let s denote the “uniform metric” on C*(X) given by s(f,g) =sup {|f(x) — g(z)| : = € X}.

a) Prove that (C*(X), s) is separable.

b) If X = N, is part a) still true?

E37. Find all continuous functions f : R — R is continuous that satisfy the functional equation

f@+y) = f(z)+ f(z) — f(z)f(y) forall z,y.
(Hint: let g(x) = f(x) 4+ 1. What simpler functional equation does g satisfy? What is g(x)
when x is rational?)
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Chapter II Review

Explain why each statement is true, or provide a counterexample.

1. A finite set in a metric space must be closed.

2. For m,n € N, write m — n = 2¥z, where z is an integer not divisible by 2.

d(m,m) =0
Let{d(m,n) =k ifm#n

Then d is a pseudometric on N.

3z —yl
34+ 3lz—y|

define f : [1,00) — N by f(z) = “the largest integer < z”. Then f is continuous.

3. Consider the set [1,00) with the metric s(z,y) = Let N have its usual metric d and

4. If N; and N, are neighborhoods of x in (X, d), then N; N NV, is also a neighborhood of x.

5. For any open subset O of a metric space (X, d), int(cl(O)) = O.

6. The metric d(n,m) = | 1 — L |on Nis equivalent to the usual metric on N.

7. Define f : N — R by f(n) = the n'* digit of the decimal expansion of 7. Then f is continuous.

8. The set of all real numbers with a decimal expansion of the form = = 0.z z125...2,010101... is
dense in [0, 1].

9. There are exactly ¢ countable dense subsets of R.

lz—y |

i Then the function
Y

10. Suppose we measure distances in R using the metric d(z,y) =
cos : R — R is continuous at every point a € R.

11. A subset A in a pseudometric space (X, d) is dense if and only if int (X — A) = (.

12. Let d; denote the “taxicab” metric d;(z,y) = > ;i |z; — yil on R™. Q" is dense in (R", dy).
13. If B is a countable subset of R, then R — B is dense in R.

14. If A C [0,1] and cl A # [0, 1], then int A # ().

15. Let A= % :n € N}. The discrete unit metric produces the same topology on A as the usual
metric.

16. In a pseudometric space (X, d), cl A = cl (X — A) if and only if 4 is clopen.

17.If Uis anopen setin Rand U O Q, then U = R.
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18. There is a sequence of open sets O,, in R such that ()~ ,0,, = P.
19. If A C (X,d),thenint A = X —cl(X — A).

20. There are exactly ¢ continuous functions f : N — N.

lz— y|

oy and let a, = 2 Then (a,) — | in the space (R, d).

n?+1 -

21. Let R have the metric d(z,y) =

22. Suppose d; is a metric on R with the following property: for every sequence (r,,) in R
(rn) — b with respect to d; if and only if (r,,) — 5 with respect to d.
Then d; ~ d = the usual metric on R.

23. Suppose A C B C (X,d). If clA=clB, intA=intB,and Fr A = Fr B, then A = B.

24. Suppose C(]0, 1]) has the metric d(f, g) = fol |f— g| and define @ : (C([0,1]),d) — R by
O(f) = fol f. Then @ is continuous.

25. Let d be the trivial pseudometric on R. In (R, d), each real number r is the limit of a sequence of
irrational numbers.

26. Suppose f : R — R and g : R — R are continuous and that f # ¢g. Then there must exist a point
p € Q where f(p) # g(p) and a point ¢ € P where f(q) # g(q).

27. Suppose f : (X,d) — (Y, s) is continuous at the point a € X, and suppose O is an open set in Y’
with f(a) € O. Then f~'[O] is an open set containing a.

28. If every convergent sequence in a metric space (X, d) is eventually constant, then 7; = P(X).

29. Let x € (X,d) Suppose (z,) is a sequence such that (f(z,)) — f(x)for every continuous
f: X —R. Then (x,) — =.

30. For f,g € C([0,1]), let d*(f,g) = sup{|f(z) — g(z)| : x € [0,1]} . Let (f,)be a sequence such
that (f,,) — fin (C([0,1]),d*), where f is the function f(z) = x + 2,
Then there is an N € N such that whenever n > N, we have f,(z) > x forall x € [0, 1].
31. If f : R — R is continuous, then the graph of f is a closed subset of R2.
32. If the graph of a function f : R — R is closed subset of R2, then f is continuous.
33. The are exactly c different metrics d on R for which 7; = the usual topology on R.

34. In R, the interval [ — 2, 1] can be written as a countable intersection of open sets.

35. Forany f € NV, then there is a continuous function g € R® such that g|N = f.
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36. Let d be the usual metric on R and d’ the discrete unit metric. Suppose f:(R,d) — (N,d’) is
continuous. Then f is constant.

37. If | X| > 1, then there are infinitely many different metrics d on X for which 7; is the discrete
topology.

38. The space P of irrational numbers is separable.

39. Suppose (X,d) and (Y,d’) are pseudometric spaces and that f : X — Y is continuous at a. If
d(a,b) = 0, then f is also continuous at b.

40. If A and B are subsets of (X, d), then int(A N B) = int(A4) Nint(B).

41. Let d* be the “max metric” on R and let d; be the “taxicab metric” on R. For z € R, let
f(z) = cos(z?). Then f : (R,d*) — (R, d;) is continuous.

42. Let d be a pseudometric on the set X = {0, 1}. Then either 7; = {0, X} or 7; = P(X) .
43. Suppose f : R — R is continuous and f(p) = p — \/2 for each irrational p. Then f (17) e P.
44. A finite set in a metric space must be closed.

45. If f : R — N is continuous and f(1) = 1, then there must exist an irrational number = for which

flx) =1.

46. In a metric space (X, d), it cannot happen that B.(a) = X — B.(b).

47. The discrete unit metric produces the same topology on N as the usual metric on N.
48. If D is an uncountable dense subset of R and C is countable, then D — Cis dense in R.

49. Suppose that f : /, — R is continuous and that f(z) = 0 for whenever x is any sequence in ¢, that
is eventually 0. Then f((1,3,1, ....,L ...))=0.

929390
50.If f : (X,d) — (Y,d’) is continuous and onto, and X is separable, then Y is separable.
51. In a pseudometric space (X, d), cl A = int A if and only if A is clopen.

52. There exists a dense subset, D, of R such that every infinite countable subset of D is dense in R.
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Chapter 111
Topological Spaces

1. Introduction

In Chapter I we looked at properties of sets, and in Chapter Il we added some additional structure
to a set — a distance function d — to create a pseudometric space. We then saw some of the most
basic fundamental definitions and properties of pseudometric spaces. There is much more, and
some of the most useful and interesting properties of pseudometric spaces will be discussed in
Chapter IV. But in Chapter III we look at an important generalization.

We observed, early in Chapter II, that the idea of continuity (in calculus) depends on talking
about “nearness,” so we used a distance function d to make the idea of “nearness” precise. In that
way, we were able to extend the definition of continuity from R" to pseudometric spaces. The
distance function d also led us to the idea of open sets in a pseudometric space. From there we
developed properties of closed sets, closures, interiors, frontiers, dense sets, continuity, and
sequential convergence.

An important observation in Chapter II was that open (or closed) sets are really all that we
require to talk about many of these ideas. In other words, we can often do what's necessary using
the open sets without knowing which specific d generated the open sets: the topology 7; is what
really matters. For example, int A is defined in (X, d)in terms of the open sets, so int A doesn't
change if d is replaced with a different but equivalent metric d’ — one that generates the same
open sets. Similarly, changing d to an equivalent metric d’ doesn't affect closures, continuity, or
convergent sequences. In summary: for many purposes d is logically unnecessary once d has
done the job of creating the topology 7; (although having d might still be convenient).

This suggests a way to generalize our work. For a particular set X we can simply assign a
topology — that is, a collection of “open” sets given without any mention of a pseudometric that
might have generated them. Of course when we do this, we want the “open sets” to “behave the
way open sets should behave” as described in Theorem I1.2.11. This leads us to the definition of
a topological space.

2. Topological Spaces

Definition 2.1 A topology 7 on a set X is a collection of subsets of X such that
) 0,XeT
ii) if O, € T foreacha € A, thenJ,. 4O, € T
iii) if Oy,...,0, € T,thenO;N..NO,, € T.

A set O C X is called open if O € 7. The pair (X, 7) s called a topological space.

Sometimes we will just refer to “a topological space X.” In that case, it is assumed that there is
some topology T on X but, for short, we are just not bothering to write down the “T ")
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We emphasize that in a topological space there is no distance function d: therefore phrases like
“distance between two points” and “e-ball” make no sense in (X, 7). There is no preconceived
idea about what “open” means: to say “O is open” means nothing more or less than “O € 7.”

In a topological space (X, 7 ), we can go on to define closed sets and isolated points just as we
did in pseudometric spaces.

Definition 2.2 A subset F'in (X, 7 ) iscalled closed if X — F' is open, that is, if X — F' € 7.
Definition 2.3 A point a € (X, 7 ) is called isolated if {a} is open, that is, if {a} € 7.

The proof of the following theorem is the same as it was for pseudometric spaces; we just take
complements and apply properties of open sets.

Theorem 2.4 In any topological space (X, 7)
i) 0 and X are closed
ii) if F, is closed for each a € A, then (), 4 F\ is closed
iii) if F1, ..., F}, are closed, then | J;_, F; is closed.
More informally, ii) and iii) state that intersections and finite unions of closed sets are closed.
Proof Read the proof for Theorem 11.4.2. o
For a particular topological space (X,7), it might or might not be possible to find a

pseudometric d on X that “creates” this topology — that is, one for which 7; = 7.

Definition 2.5 A topological space (X, 7)is called pseudometrizable if there exists a
pseudometric d on X for which 7; = 7. If d is a metric, then (X, 7) is called metrizable.

Examples 2.6

1) Suppose X isasetand 7 = {{), X}. 7 is called the trivial topology on X and it is
the smallest possible topology on X. (X, 7 )is called a trivial topological space. The
only open (or closed) sets are () and X. If we put the trivial pseudometric d on X, then
T, = 7. So a trivial topological space turns out to be pseudometrizable.

At the opposite extreme, suppose 7 = P(X). Then 7 is called the discrete topology on
X and it is the largest possible topology on X. (X, 7) is called a discrete topological
space. Every subset is open (and also closed). Every point of X is isolated. If we put the
discrete unit metric d (or any equivalent metric) on X, then 7; = 7. So a discrete
topological space is metrizable.
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2) Suppose X = {0,1}and let 7 = {0, {1}, X}. (X, 7) is a topological space called
Sierpinski space. In this case it is not possible to find a pseudometric d on X for which
7, = T, so Sierpinski space is not pseudometrizable. To see this, consider any
pseudometric d on X.

If d(0,1) = 0, then d is the trivial pseudometric on X and {0, X} =7; # 7.

If d(0,1) = 6 > 0, then the open ball Bs(0) = {0} € 74,0 7; # 7.
(In this case Ty is actually the discrete topology: d is just a rescaling of the
discrete unit metric.)

Another possible topology on X = {0,1} is 7' = {0, {0}, X'}, although (X, 7) and
(X,7") seem very much alike: both are two-point spaces, each with containing exactly
one isolated point. One space can be obtained from the other simply renaming “0” and
“1” as “1” and “0” respectively. Such “topologically identical” spaces are called
“homeomorphic.” (We will give a precise definition later in this chapter.)

3) Foraset X,let7 ={OC X: O=10 or X — Oisfinite}. 7 is a topology on X :
i) Clearly, ) € Tand X € 7.

ii) Suppose O, € T foreacha € A. If |J,c4On =0, then |, 4On € 7.
Otherwise there is at least one O,, # (). Then X — O,, is finite, so

X — UneaOa = Naen (X = 0,) € X — O,,. Therefore X — |J,c4O0q is
also finite, so | J,c4On € 7.

iii) If Oy, ..., O,, € T and some O; = 0, then ()_,0; =0 so ()_,0, € T.
Otherwise each O; is nonempty, so each X — O; is finite. Then
(X—01)U..U(X -0,)=X—)_,0; is finite, so ()_,0; € T.

In (X,7),aset Fis closed iff F' = () or F'is finite. Because the open sets are ) and the
complements of finite sets, 7 is called the cofinite topology on X.

If X is a finite set, then the cofinite topology is the same as the discrete topology on X.
(Why?)In X is infinite, then no point in (X, 7") is isolated.

Suppose X is an infinite set with the cofinite topology 7. If U and V are nonempty
open sets, then X — U and X — V must be finite so (X —U)U (X — V)

= X — (UnNV)is finite. Since X is infinite, this means that U NV # 0 (in fact,
U NV must be infinite). Therefore every pair of nonempty opensets in (X, 7") has
nonempty intersection! This shows us that an infinite cofinite space (X, 7) is not
pseudometrizable:

i) if d is the trivial pseudometric on X, then certainly 7; # 7, and
ii) if d is not the trivial pseudometric on X, then there exist points

a,b € X for which d(a,b) = ¢ > 0. In that case, Bs/»(a) and B, ,(b)
would be disjoint nonempty open sets in 7y, so 7; # 7.
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4) OnR,let 7 = {(a,0): a € R} U{0,R}. Itis easy to verify that 7 is a topology
on R, called the right-ray topology. Is (R, 7" ) metrizable or pseudometrizable?

If X =0, then 7 = {(} is the only possible topology on X, and 7 = {),{a}} is the only
possible topology on a singleton set X = {a}. But for |X| > 1, there are many possible
topologies on X. For example, there are four possible topologies on the set X = {a,b}. These
are the trivial topology, the discrete topology, {0,{a}, X}, and {0,{b}, X} although, as
mentioned earlier, the last two can be considered as “topologically identical.”

If 7 is a topology on X, then 7 is a collection of subsets of X, so 7 C P(X). This means that
T € P(P(X)), so [P(P(X))| = 2@™) is an upper bound for the number of possible topologies
on X. For example, there are no more than 22"~ 3.4 x 103 topologies on a set X with 7
elements. But this upper bound is actually very crude, as the following table (given without
proof) indicates:
n = |X]| Actual number of distinct
topologies on X

0 1

1 1

2 4

3 29

4 355

5 6942

6 209527

7 9535241 (many less than 103%)

Counting topologies on finite sets is really a question about combinatorics and we will not pursue
this topic.

Each concept we defined for pseudometric spaces can be carried over directly to topological
spaces if the concept was defined in topological terms — that is, in terms of open (or closed) sets.
This applies, for example, to the definitions of interior, closure, and frontier in pseudometric
spaces, so these definitions can also be carried over verbatim to a topological space (X, 7).

Definition 2.7 Suppose A C (X,7). We define

inty A = the interior of Ain X = (J{O : Oisopenand O C A}}
clxyA =theclosureof Ain X = ({F : Fisclosedand F' D A}
Fry A = the frontier (or boundary) of Ain X = clxyANcly(X — A)

As before, we will drop the subscript “X” when the context makes it clear.
The properties for the operators cl, int, and Fr (except those that mention a pseudometric d or

an e-ball) remain true. The proofs in the preceding chapter were deliberately phrased in
topological terms so they would carry over to the more general setting of topological spaces.
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Theorem 2.8 Suppose A C (X,d). Then

1) a)int A is the largest open subset of A (that is, if O is open and O C A, then
O Cint A).
b) Aisopen iff A= int A (Note: int A C A is true for every set A so we
could say: A'is open iff A C int A.)
c) z € int A iff there is an open set O such that x € O C A

2) a)cl A is the smallest closed set containing A (that is, if F'is closed and F' D A,
then F' D cl A).
b) Aisclosed iff A =cl A (Note: A C cl Ais true for every set A, so we
could say: Ais closed iff cIl A C A.)
c)x € cl A iff for every open set O containing x, O N A # ()

3) a) FrAisclosed and Fr A = Fr(X — A).
b) x € Fr A iff for every open set O containing x, O N A # () and
ON(X—A)#10
c) Ais clopen iff Fr A = 0.

See the proof of Theorem 11.4.5

At this point, we add a few additional facts about these operators. Some of the proofs are left as
exercises.

Theorem 2.9 Suppose A, B are subsets of a topological space (X, 7). Then

1) cl(AUB) =cl(A) U cl(B)

2) clA=AUFrA

)it A=A—-FrA=X—cl(X - A)

4) FrA=clA—intA

5) X =int AUFrAUint (X — A), and these 3 sets are disjoint.

Proof 1) A C AU B so, from the definition of closure, we have cl A C ¢l (AU B).
Similarly, c1 B C cl (AU B) Thereforecl AUcl B C cl (AU B).

On the other hand, cl A U cl B is the union of two closed sets, so ¢l AU cl B is closed
andclAU clB 2D AUB, soclAU clB D cl(AU B). (d4s an exercise, try proving 1) instead
using the characterization of closures given above in Theorem 2.8.2c¢.)

Is 1) trueif “ U ” is replaced by “ N~ ?

2) Suppose x € cl A but x ¢ A. If O is any open set containing x, then ON A # ()
(because x € cl A) and ON (X — A) # 0 (because the intersection contains z). Therefore
re€FrA,sor e AUFrA.

Conversely, suppose © € AUFrA. 1If x € A, then z € cl A. And if = ¢ A, then
xreFrA=clAnNcl(X —A),sox €clA. Thereforecl4 = AUFrA.

The proofs of 3) — 5) are left as exercises. e
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Theorem 2.9 shows us that complements, closures, interiors and frontiers are interrelated and
therefore some of these operators are redundant. That is, if we wanted to very “economical,” we
could discard some of them. For example, we could avoid using “Fr” and “int” and just use “cl”
and complement because Fr A =clANcl(X — A)andint A=A —FrA

=A—(clAncl(X — A)). Of course, the most economical way of doing things is not
necessarily the most convenient. (Could we get by only using complements and “Fr” — that is,
can we define “int” and “”cl” in terms of “Fr” and complements? Or could

we use just “int” and complements?)

Here is a famous related problem from the early days of topology: for A C (X,7), is there an
upper bound for the number of different subsets of X which might created from A using only
complements and closures, repeated in any order? (As we just observed, using the interior and
frontier operators would not help to create any additional sets.) For example, one might start
with A and then consider such sets as cl 4, X —clA, cl(X —cl(X — A)), and so on. An old
theorem of Kuratowski (1922) says that for any set A in any space (X, 7 ), the upper bound is
14. Moreover, this upper bound is “sharp” — there is a set A C R from which 14 different sets
can actually be obtained! Can you find such a set?

Definition 2.10 Suppose (X, 7)) is a topological space and D C X. Dis called dense in X if
cl D = X. The space (X, 7T ) is called separable if there exists a countable dense set D in X.
Example 2.11 Let 7 be the cofinite topology on R. Let E = {2,4,6,...}.

int E = (), because each nonempty open set O has finite complement and therefore
O ¢ E. Infact, forany B C R: if R — B is infinite, then int B = ()

clE = R because the only closed set containing | is R. Therefore (R, 7) is separable.
In fact, any infinite set B is dense.

FrE=cl(E)Nncl(R—E)=RNR=R

(R, 7) is not pseudometrizable (why?)

Example 2.12 Let 7 be the right-ray topology on R. In (R, 7),
intZ =0
clZ =R, so (R, T) is separable
FrZ =R

Any two nonempty open sets intersect, so (R, 7°) is not metrizable. Is it
pseudometrizable?
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3. Subspaces

There is a natural way to create a new topological space from a subset of a given topological
space. The new space is called a subspace (not merely a subset) of the original space.

Definition 3.1 Suppose (X, 7) is a topological space and that A C X. The subspace topology
on Ais definedas 7y = {ANO:0 € T} and (A, T,)is called a subspace of (X, 7).
We sometimes call O N A the “restriction of O to A” or the “trace of O on A”

You should check the conditions in Definition 2.1 are satisfied: in other words, that Ty really

is a topology on A. When we say that A is a subspace of (X, T), we mean that A is a subset of
X with the subspace topology Ty. To indicate that A is a subspace, we sometimes write
A C (X, T)rather than A C X.

Example 3.2 Consider N C R, where R has its usual topology. For each n € N, the interval
(n—1,n+ 1) is open in R. Therefore (n — 1,n + 1) NN = {n} is open in the subspace N, so
every point n is isolated in the subspace. The subspace topology is the discrete topology. Notice:
the subspace topology on N is the same as what we get if we use the usual metric on N to
generate open sets in N. Similarly, it is easy to check that in R? the subspace topology on the -
axis is the same as the usual metric topology on R.

More generally: suppose A C X, where (X, d) is a pseudometric space. Then we can think of
two ways to make A into a topological space.

i) d gives a topology 7; on X. Take the open sets in 7; and intersect them
with A. This gives us the subspace topology on A, which we call (7;) 4 and
(A, (7)) is a subspace of (X, 7).

2) Or, we could view A as a pseudometric space by using d to measure distances
in A. To be very precise, d : X x X — R, so we make a “new” pseudometric
d' defined by d’ = d|A x A. Then (A, d’) is a pseudometric space and we can
use d’ to generate open sets in A: the topology 7.

Usually, we would be less compulsive about notation and continue to
use the name “d” also for the pseudometric on A. But for a moment it will be
helpful to distinguish carefully between d and d' = d|A x A.

Fortunately, it turns out that 1) and 2) produce the same open sets in A : the open sets in (A4, d")
are just the open sets from (X, d) restricted to A. That's just what Theorem 3.3 says, in “fancier”
notation.

Theorem 3.3 Suppose A C X, where (X, d) is a pseudometric space. Then (73)4 = 7y .
Proof IfU € (7;)4, then U = ON A where O € 7;. Let a € U. There is an € > 0 such that

B%(a) C O. Sinced’ = d|A x A, we getthat B (a) = BY(a)NACONA=U,soU € Ty
Conversely, suppose U € 7;.. For each a € U there is an ¢, >0 such that

f(a) and U = UanBi(a). Let O=,yB%(a), an open set in 7;.  Since
B! (a) = Bd ()N A, weget ONA = (U,eoB(a) NA= (UueoB(a) N A)
= U,er ( ) =U. Therefore U € (7)a. ®
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Exercise Verify that in any topological space (X, 7)

i) If U is open in (X,7) and A is an open set in the subspace U, then A is open in X.
(“An open subset of an open set is open.””)

ii) If F'is closed in (X,7) and A is a closed set in the subspace F', then F'is closed in X.
(“A closed subset of a closed set is closed.”)

4. Neighborhoods

Definition 4.1 Let (X,7) be a topological space and suppose N C X. If x € int N, then we
say that N is a neighborhood of z .

The collection N, ={N C X : Nis a neighborhood of x} is called the
neighborhood system at x.

Note that
1) N, # (), because every point = has at least one neighborhood — for example,
XeN,.
2) If Ny and Ny € N, then = € int Ny Nint Np = (why?) int (N N No).
Therefore Ny N Ny € N,,.
3) INeAN,and N C N/, thenz € int N Cint N’, so N’ € N, (thatis, if
N’ contains a neighborhood of z, then N’ is also a neighborhood of x.)

Just as in pseudometric spaces, it is clear that a set O in (X, 7) is open iff O is a neighborhood
of each of'its points. (See Theorem I11.5.4)

In a pseudometric space, we use the e-balls centered at x to measure “nearness” to x. For
example, if “every e-ball in R centered at x contains an irrational number,” this tells us that
“there are irrational numbers arbitrarily near to x.” Of course, we could convey the same
information in terms of neighborhoods by saying “every neighborhood of x in R contains an
irrational number.” Or, instead, we could say it in terms of “open sets”: “every open set in R
containing x contains an irrational number.” These are all equivalent ways to say “there are
irrational numbers arbitrarily near to x.” This isn't that surprising sinceopen sets and
neighborhoods in (X, d) were defined in terms of e-balls.

In a topological space(X,7) we don't have e-balls, but we still have open sets and
neighborhoods. We now think of the neighborhoods in N, (or, if we prefer, the collection of
open sets containing x) as the tool we use to talk about “nearness to x.”

For example, suppose X has the trivial topology 7. For any x € X, the only neighborhood of z
is X: therefore every y in X is in every neighborhood of x : the neighborhoods of x are unable
to “separate” z and y, and that's analogous to having d(z,y) = 0 (if we had a pseudometric). In
that sense, all points in (X, 7) are “very close together”: so close together, in fact, that they are
“indistinguishable.” The neighborhoods of x tell us this.

At the opposite extreme, suppose X has the discrete topology 7 and that x € X. If x € W then
(since W is open), W is a neighborhood of x. The smallest neighborhood of z is N = {z}. So
every point x has a neighborhood /N that excludes all other points y: for every y # x, we could
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say “y is not within the neighborhood N of z.” This is analogous to saying “y is not within € of
x” (if we had a pseudometric). Because no point y is “within IV of x,” we call z isolated. The
neighborhoods of x tell us this.

Of course, if we prefer, we could use “U is an open set containing x” instead of “N is a
neighborhood of x” to talk about nearness to x.

The complete neighborhood system N, of a point x often contains more neighborhoods than we
actually need to talk about nearness to x. For example, the open balls Bi(x) in a pseudometric

space (X, d) are enough to let us talk about continuity at =. Therefore, we introduce the idea of a
neighborhood base at x to choose a smaller collection of neighborhoods of x that is

1) good enough for all our purposes, and
i) from which all the other neighborhoods of x can be obtained if we want them.

Definition 4.2 A collection B, C N, is called a neighborhood base at x if for every
neighborhood N of z, there is a neighborhood B € B, such that x € B C N. We refer to the
sets in 3, as basic neighborhoods of x.

According to the definition, each set in 5, must be a neighborhood of z, but the collection B,
may be much simpler than the whole neighborhood system N,. The crucial thing is that every
neighborhood NV of  must contain a basic neighborhood B of z.

Example 4.3 In (X, d), possible ways to choose a neighborhood base at x include:

i) B, = the collection of all balls B,(x), or
ii) B, = the collection of all balls B.(x) , where ¢ is a positive rational, or
iii) B, = the collection of all balls Bi (z) forn € N, or

iv) B, = N, (The neighborhood system is always a base for itself, but it
is not an “efficient” choice; the goal is to get a base B,
that's much simpler than N,.)

Which B, to use is our choice: each of i)-iv) gives a neighborhood base at x. But ii) or iii)
might be more convenient — because ii) and iii) are countable neighborhood bases B,. (If
X =R, for example, with the usual metric d, then the collections B, in i) and iv) are
uncountable.) Of the four, iii) is probably the simplest choice for 15,..

Suppose we want to check whether some property that involves neighborhoods of z is true.
Often all we need to do is to check whether the property holds for neighborhoods in the simpler
collection B,. For example, in (X,d): O is open iff O contains a neighborhood N of each
z € O. But that is true iff O contains a set B: (z) around each of its points .

Similarly, € cl A iff NNA4#( for every N € N, iff BN A # () for every B € B,. For
example, suppose we want to check, in R, that 1 € cIP. It is sufficient just to check that
Bi(1) NP # 0 for each n € N, because this implies that N NP # ) for every N € N;.

Therefore it's often desirable to make an “efficient” choice of neighborhood base B, at each
point x € X.
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Definition 4.4 We say that a space (X, 7 )satisfies the first axiom of countability (or, more
simply, that (X, 7) is first countable) if at each point € X, it is possible to choose a countable
neighborhood base B, .

Example 4.5
1) The preceding Example 4.3 shows that every pseudometric space is first countable.

2) If T is the discrete topology on X, then (X,7) is first countable. In fact, at each
point z;, we can choose a neighborhood base that consists of a single set: B, = {{z} }.

3) Let 7 be the cofinite topology on an uncountable set X. For any x € X, there cannot
be a countable neighborhood base B, at x.

We prove this by “contradiction”: suppose there were a countable neighborhood
base at some point z : call it B, = { By, ..., B, ...}.
Forany y # x, {y} is closed, so X — {y} is a neighborhood of x. Then, by the
definition of neighborhood base, there is some k for which

z € intBy C B, C X — {y}. Therefore y ¢ (,—,int B,.
Butz € (,—,int B, so (\,—,int B,, = {z}.

Then X — {z} = X — (", _,int B, = |J,~, (X — int B,). Since X — int B, is

n=1

finite (why?), this would mean that X — {z} is countable — which is impossible.

Since any pseudometric space is first countable, the example gives us another way to see that this
space (X, 7) is not pseudometrizable.

In (X, 7), the neighborhood system N, at each point x is completely determined by the
topology 7, but B, is not. As the preceding examples illustrate, there are usually many possible
choices for B,. (Can you describe all the spaces (X, T) for which B, is uniquely determined at
each point x ?7)

On the other hand, if we were given 5, at each point x € X we could
1) “reconstruct” the whole neighborhood system N,.:
N, ={N C X: 3B € B, suchthat z € B C N}, and then we could
2) “reconstruct” the whole topology 7 :
7 = {O : O is a neighborhood of each of its points }
={0:Vx € O 3IB € B, z € B C O}, that s,

O is open iff O contains a basic neighborhood of each of its points.

This illustrates one method of describing a topology: by telling the neighborhood basis B, at
each point. Various effective methods to describe topologies are discussed in the next section.
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5. Describing Topologies

How can a topological space be described? If X = {0, 1}, it is simple to give a topology by just
writing 7 = {0, {0}, X}. However, describing all the sets in 7 explicitly is often not the easiest
way to go.

In this section we look at three important — different but closely related — ways to define a

topology on a set. All of them will be used throughout the course. A fourth method — by using a
“closure operator” — is not used much nowadays. It is included just as an historical curiosity.

A. Basic neichborhoods at each point

Suppose that at each point € (X, 7) we have picked a neighborhood base B, . As mentioned
above, the collections B, implicitly contain all the information about the topology: a set O is in
T iff O contains a basic neighborhood of each of its points. This suggests that if we start with
just a set X, then we could define a topology on X if we begin by saying what the B,'s should
be. Of course, we can't just put “random” sets in B, : the sets in each B, must “act the way
basic neighborhoods are supposed to act.” And how is that? The next theorem describes the
crucial behavior of a collection of basic neighborhoods at z in any topological space.

Theorem 5.1 Suppose (X,7) is a topological space and that for each point z € X, B, is a
neighborhood base.

1)B,#0andBeB, =€ BCX

2) if By and By € B,, then 4 B3 € B, suchthat x € B3 C B; N By

3) if B € B,,then3 [ suchthat x € I C B and,
Vyel 3B, € Bysuchthaty € B, C [

4)0€T < VYre O dB e B, suchthatx € B C O.

Proof 1) Since X is a neighborhood of z, there is a B € B, such that x € B C X. Therefore
B, # 0. If B € B, C N,, then B is a neighborhood of , so z € int B C B C X.

2) The intersection of the two neighborhoods B; and B, of « is a neighborhood of .
Therefore, by the definition of a neighborhood base, there is a set B3 € B, such that
xr € B3 C BN Bs.

3) Let I = int B. Then x € I C B and because / is open, / is a neighborhood of each its
points y. Since B, is a neighborhood base at 3, there is a set B, € B, such that y € B, C I.

4) = :1If Ois open, then O is a neighborhood of each of its points x. Therefore for each
z € O there must be aset B € B, suchthatx € B C O.
< :The condition implies that O contains a neighborhood of each of its points.
Therefore O is a neighborhood of each of its points, so O is open. e
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Theorem 5.1 lists the crucial features of the behavior of a neighborhood base at x. The next
theorem tells us that we can put a topology on a set X by assigning a “properly behaved"
collection of sets to become the basic neighborhoods at each point .

Theorem 5.2 (The Neighborhood Base Theorem) Let X be a set. Suppose that for each
x € X we give a collection B, of subsets of X in such a way that conditions 1) - 3) of Theorem
5.1 are true. Define 7 = {OC X:Vx € O 4B € B, such that z € B C O}. Then 7 is a
topology on X and B, is now a neighborhood base at z in (X, 7).

Note: In Theorem 5.2, we do not ask that the B,'s satisfy condition 4) of Theorem 5.1 — since X
is a set with no topology (yet), condition 4) would be meaningless. Rather, Condition 4) becomes
the motivation for how to define a topology T using the B,'s.

Proof We need to prove three things: a) 7 is a topology
b) each B € B, is now a neighborhood
of xin (X, 7T), and
c) the collection 5, is now a neighborhood base at x.

a) Clearly, D € 7. If x € X then, by condition 1), we can choose any B € B, and
r € B C X. Therefore X € 7.

Suppose O, € 7 forall a« € A. If x € |J{O,: a € A}, then z € O,, for some
ap € A. By definition of 7, there is a set B € B, such that z € B C O,, C [J{O,: a € A}, so
U{Oyaae Ay € T.

To finish a), it is sufficient to show that if Ojand O; € 7, then O1 N O, € 7.
Suppose x € O1 N Oy. By the definition of 7, there are sets B; and By € B, such that
x€ By COy and x € By C Oy, s0 z € BN By C0O;NOy. By condition 2), there is a set
Bs € B, suchthat x € B3 C B; N By C O; N Oy. Therefore O1 N0y € T.

Therefore 7 is a topology on X — so now we have a topological space (X,7) — and we must
show that B, is a neighborhood base at = in (X, 7). Doing so involves the awkward-looking
condition 3) — which we have not yet used.

b) If B € B,, then x € B (by condition 1) and (by condition 3), there is a set / C X
such that r € I C Band Vyel, 3 B, € B,such that y € B, C I . The underlined phrase
states that I satisfies the condition for I € 7, so [ is open. Since [ isopenandz € [ C B, B is
a neighborhood of z, that is, B, C N,.

¢) To complete the proof, we have to check that B, is a neighborhood base at x. If
N is a neighborhood of z, then x € int N. Since int NV is open, int /N must satisfy the criterion
for membership in 7, so there is a set B € B, such that x € B Cint N C N. Therefore B,
forms a neighborhood base at z. e
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Example 5.3 For each z € R, let B, = {[z,b) : b > x}. We can easily check the conditions
1)-3) from Theorem 5.2:

1) Foreach x € R, certainly B, # ()and = € [z, b) for each set [z,b) € B,
2) If By = [z,b1) and By = [x,bs) are in BB, then (in this example) we can
choose By = By N By = [x,b3) € B,, where b3 = min {b, by }.
3) If B = [z,b) € B,, then (in this example) we can let [ = B.
If yeI=|xz,b), pickesoy <c <b.Then B, = [y,c) € B,and
y € [y,c) C 1.

According to Theorem 5.2, 7 = {O CR: Vz € O 3[z,b) € B, such that z € [z,b) C O} isa
topology on R and B, is a neighborhood base at = in (R,7). The space (R,7) is called the
Sorgenfrey line.

Notice that in this example each set [z,b) € 7 : that is, the sets in 3, turn out to be open ,not
merely neighborhoods of . (This does not always happen.)

It is easy to check that sets of form ( — oo, ) and [b, c0) are open, so ( — 0o, x) U [b, 00)
=R — [z,b) is open. Therefore [x,)) is also closed. So at each point z in the Sorgenfrey line,
there is a neighborhood base B, consisting of clopen sets.

We can write (a,c) = U, ;[a+ 1,¢), so (a,c) is open in the Sorgenfrey line. Because every
usual open set in R is a union of sets of the form (a, ¢), we conclude that every usual open set in
R is also open in the Sorgenfrey line. The usual topology on R is strictly smaller that the
Sorgenfrey topology: 7y ; T.

Q is dense in the Sorgenfrey line: if x € R, then every basic neighborhood [x, b) of x intersects
Q, so z € clQ. Therefore the Sorgenfrey line is separable. It is also clear that the Sorgenfrey
line is first countable: at each point z the collection {[z,z+ 1):n € N} is a countable
neighborhood base.

Example 5.4 Similarly, we can define the Sorgenfrey plane by putting a new topology on R2.
At each point (z,y) € R?, let B, = {[z,b) X [y,¢) : b >z, ¢ >y} The families B,
satisfy the conditions in the Neighborhood Base Theorem, so they give a topology 7 for which
B(..,) isa neighborhood base at (z,y). A set O C R*is open iff: for each (z,y) € O, there are
b > x and ¢ > ysuch that (z,y) € [z,b) X [y,¢) C O. (Make a sketch!) You should check that
the sets [z,b) x [y,c) € B(,,) are actually clopen in the Sorgenfrey plane. It is also easy to
check the usual topology 7;on the plane is strictly smaller that the Sorgenfrey topology. It is
clear that Q? is dense, so (R?,7) is separable. Is the Sorgenfrey plane first countable?

Example 5.5 At each point p € R?, let C.(p) = {z € R? : d(z, p) < ¢} and define

B, ={C.(p): p€R?}. It is easy to check that the conditions 1)-3) of Theorem 5.2 are
satisfied. (For C.(p)in condition 3), let I = B.(p).) The topology generated by the B,'s is just
the usual topology; the sets in B, are basic neighborhoods of p in the usual topology — as they
should be — but the sets in B, did not turn out to be open sets.
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Example 5.6 LetI = {(z,y) € R%: y > 0} = the “closed upper half-plane.”

Forapoint p = (z,y) € I'with y > 0, let B, = {B(p) : e < |y|}
For a point p = (z,0) € T, let

B, = {{p} U A: Aisausual open disc in the upper half-plane, tangent to the z-axis at p}.
It is easy to check that the collections B, satisfy the conditions 1)-3) of Theorem 5.2 and
therefore give a topology on I'. In this topology, the sets in BB, turn out to be open neighborhoods
of p.
The space I', with this topology, is called the “Moore plane.” Notice that I" is separable and first

countable. The subspace topology on the z-axis is the discrete topology. (Verify these
statements!)

B. Base for the topology

Definition 5.7 A collection of open sets in (X, 7)) is called a base for the topology 7 if each
O € T is a union of sets from B. More precisely, B is a base if B C 7 and for each O € 7,
there exists a subfamily .4 C B such that O = | JA. We also call B a base for the open sets and

we refer to the open sets in B as basic open sets.

If B is a base, then it is easy to see that: O € 7 iff Vo € O 3B € Bsuchthatz € B C O. This
means that if we were given B, we could use it to decide which sets are open and thus
“reconstruct” 7 .

Of course, one example of a base is B = 7 : every topology 7 is a base for itself. But usually
there are many ways to choose a base, and the idea is that a simpler base B would be easier to
work with. For example, the set of all balls is a base for the topology 7; in any pseudometric
space (X, d); a different base would be the set containing only the balls with positive rational
radii. (Can you describe those topological spaces for which T is the only base for T ?)

The following theorem tells us the crucial properties of a base Bin (X, 7).
Theorem 5.8 If (X, 7) is a topological space with a base B for 7, then
HX=U{B:BeB}

2)if By and By € Band x € B; N By, then thereis aset By € B
such thatx € By C By N Bs.

Proof 1) Certainly | JB C X and — since X is open — the definition of base implies that X is the
union of a subfamily of B. Therefore | JB = X.

2) If Byand By € B, then B; N By is open so By N By must be the union of some sets
from B. Therefore, if x € B; N B, there must be a set B3 € Bsuchthatz € B3 C BiN Bs. e

116



The next theorem tells us that if we are given a collection B of subsets of a set X with properties
1) and 2), we can use it to define a topology.

Theorem 5.9 (The Base Theorem) Suppose X is a set and that B is a collection of subsets of
X that satisfies conditions 1) and 2) in Theorem 5.8. Define 7 = {O C X : Ois a union of sets
fromB} ={0O C X: Vx € O3B € Bsuchthatz € B C O}.

Then 7 is a topology on X and B is a base for 7.

Proof First we show that 7 is a topology on X. Since () is the union of the empty subfamily of
B, we get that () € 7, and condition 1) simply states that X € 7.

IfO, €T (o€ A), then | J{O, : @ € A} is a union of sets O, each of which is itself a union of
sets from B. Then clearly | J{O, : o € A}is aunion of sets from B, so (J{O, :a € A} € T.

Suppose O; and O; € T and that x € O; N O,. For each such x we can use 2) to pick a set
B, € B such that x € B, C O; N Oy. Then O; N O 1s the union of all the B,'s chosen in this
way,s0 01 N0, € T.

Now we know that we have a topology, 7, on X. By definition of 7 it is clear that B C 7 and
that each set in 7 is a union of sets from 3. Therefore B is a base for 7. e

Example 5.10 The collections

each satisfy the conditions 1)-2) in Theorem 5.9, so each collection is the base for a topology on
R2. In fact, all three are bases for the same topology on R? — that is, the usual topology (check
this!) Of the three, B’ is the simplest choice — it is a countable base for the usual topology.

Example 5.11 Suppose (X,7") and (Y, 7") are topological spaces. Let B = the set of “open
boxes”in X xY ={U xV :U €T and V € T"}. (Verify that B satisfies conditions 1) and
2) of The Base Theorem.) The product topology on the set X x Y is the topology for which B is
a base. We always assume that X x Y has the product topology unless something else is stated.

Therefore a set A C X X Y'is open (in the product topology) iff : for all (x,y) € A, there are
opensets U C X and V' C Y such that (z,y) € U x V C A. (Note that A itself might not be a
“box.”)

Let m, : X XY — X be the “projection” defined by 7, (x,y) = z. If U is any open set in X,
then 7,1 [U] = U x Y € B. Therefore 7, ' [U] is open. Similarly, for 7, : X x Y — Y defined
by my(z,y) =y : if Vis open in Y, then 7, '[V] = X x V is open in X x Y. (4s we see in
Section 8, this means that the projection maps are continuous. It is not hard to show that
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the projection maps 7, and 7, are also open maps: that is, the image of open sets in the
product is open).

If Dy is dense in X and D, is dense in Y, we claim that D; x Dy is dense in X x Y. If
(xz,y) € A, where A is open, thenthere are nonempty open sets U C X and V' C Y for which
(x,y) e U x V C A. Since z € cl Dy, we know that U N D; # (; and similarly V' N Dy # 0.
Therefore (U x V)N (D1 x Dy) =(UNDy)x(VNDy)#B, so AN (Dyx Dy) # 0.
Therefore (z,y) € cl (D x D). So Dy x Dy is dense in X x Y. In particular, this shows that
the product of two separable spaces is separable.

Example 5.12 The open intervals (a,b) form a base for the usual topology in R, so each set
(a,b) x (¢,d) is in the base B for the product topology on R x R. It is easy to see that every
“open box” U x V' in B can be written as a union of “simple open boxes” like (a,b) X (c,d).
Therefore B’ = {(a,b) x (¢,d) : a < b, ¢ < d} also is a (simpler) base for the product topology
on R x R. From this, it is clear that the product topology on R x R is the usual topology on the
plane R? (see Example 5.10).

In general, the open sets U and V in the base for the product topology on X X Y can be
replaced by sets “U chosen from a base for X and “V chosen from a base for Y,” as in
this example. So in the definition of the product topology, it is sufficient to say that basic
open sets are of the form U x V', where U and V are basic open sets from X and from Y .

Definition 5.13 We say that a space (X, 7) satisfies the second axiom of countability (or, more
simply, that (X, 7)is a second countable space) if it is possible to find a countable base B for
the topology 7.

For example, R is second countable because, for example, B = {(a,b) : a,b € Q} is a countable
base. Is R? is second countable (why or why not) ?

Example 5.14 The collection B = {[z,z+ 1): 2 € R, n € N} is a base for the Sorgenfrey
topology on R. But the collection {[z,z + 1) : x € Q, n € N} is not a countable base for the
Sorgenfrey topology. Why not?

Since the sets in a base may be simpler than arbitrary open sets, they are often more convenient
to work with, and working with the basic open sets is often all that is necessary — not a surprise
since all the information about the open sets in contained in the base . For example, you should
check that

1) If B is a base for 7, then x € cl A iff each basic open set B containing x satisfies
BNA#(.

2) If f:(X,d)— (Y,d') and Bis a base for the topology 7z on Y, then fis

continuous iff f~![B] is open for each B € B. This means that we needn't check the inverse
images of all open sets to verify that f is continuous.
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C. Subbase for the topology

Definition 5.15 Suppose (X,7) is a topological space. A family &S of open sets is called a
subbase for the topology 7 if the collection B of all finite intersections of sets from & is a base
for 7. (Clearly, if Bis a base for T, then B is automatically a subbase for T .)

Examples i) The collection S = {/: I = (—00,b) or I = (a,0), a,b € R} is a subbase for
a topology on R. All intervals of the form (a,b) = ( — 00, b) N (a,c0) are in B, so B is a base
for the usual topology on R.

ii) The collection & of all sets U x Y and V' x X (for U open in X and Vopen in Y)
is a subbase for the product topology on X x Y: these sets are open in X X Y and the

collection B of all finite intersections of sets in & includes all the open boxes
UxV=UxY)N(XxV).

We can define a topology on a set X by giving a collection & of subsets as the subbase for a
topology. Surprisingly, any collection G can be used: no special conditions on & are required.

Theorem 5.16 (The Subbase Theorem) Suppose X is a set and G is any collection of subsets
of X. Let B be the collection of all finite intersections of sets from &. Then B is a base for a
topology 7, and G is a subbase for 7.

Proof First we show that I3 satisfies conditions 1) and 2) of The Base Theorem.

1) X € B since X is the intersection of the empty subcollection of & (this follows
the convention that the intersection of an empty family of subsets of X is X itself. See Example
1.4.5.5). Since X € B, certainly X = |J{B: B € B}.

2) Suppose By and By € B, and x € By N B;. We know that B; = §1N..NS,
and By = S;,41 N ... NSy for some Sy, ..., Siyy oo, Siak € S, s0

r€By3=B NBy, = S5 N.. mS7nﬂSm+1 n.. ﬁS,n+k eB
Therefore 7 = {O : O is a union of sets from B} is a topology, and B is a base for 7. By

definition of B and 7, we have & C 3 C 7 and each set in 7 is a union of finite intersections of
sets from &. Therefore G is a subbase for 7. e

Example 5.17

1) Let E = {2,4,6,...} C Nand & = {{1},{2}, E}. & is a subbase for a topology on
N. A base for this topology is the collection B of all finite intersections of sets in &:

B={0,N, {2}, {1}, E}.
The not-very-interesting topology 7 generated by the base B is collection of all possible unions

of sets from B:
T ={0, N, {1}, {2}, {1.,2}, E,EU {1}}
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2) Foreachn € N, let S, = {n,n+ 1,n+2,...}. The collection S = {S,, : n € N} is
a subbase for a topology on N. Here, S,, NS, = Sj where kK = max{m,n}, so the collection of
all finite intersections from & is just G itself. So B = & is actually a base for a topology. The
topology is 7 = & U {(}.

3) Let G = {{: { is a straight line in R?}in R% For every point p € R?, {p} is the
intersection of two sets from &, so {p} € B. & is a subbase for the discrete topology on R2.

4) Let & = {{: ( is a vertical line in R?}. & generates a topology on R? for which
B={R? (}U&isabaseand 7 = {O: O is aunion of vertical lines}.

5) Let Gbe a collection of subsets of X and suppose that 7’ is any topology on X for
which & C 7. Since 7" is a topology, it must contain all finite intersections of sets in &, and
therefore must contain all possible unions of such intersections. Therefore 7’ contains the
topology 7 for which & is a subbase. To put it another way, the topology for which & is a
subbase is in the smallest topology on X containing the collection &. In fact, as an exercise, you
can check that

T={7':7'>&andT'isatopology on X}.

Caution We said earlier that for some purposes it is sufficient (and simpler) to work with basic
open sets, rather than arbitrary open sets — for example to check whether « € cl 4, it is sufficient
to check whether U N A # () for every basic open set U that contains x. However, it is not
always sufficient to work with subbasic open sets. Some caution is necessary.

For example, S = {I : [ = (—00,b) or I = (a,00), a,b € R} is a subbase for the
usual topology on R. We have I N Z # () for every subbasic open set I containing %, but
1dclZ.

2

D. The closure operator

Usually we describe a topology 7 by giving a subbase &, a base B, or by giving collections B, to
be the basic neighborhoods ateach point x. In the early history of general topology, one other
method was sometimes used. We will never actually use it, but we include it here as a curiosity.

Let cly be the closure operator in (X,7) (normally, we would just write “cl” for the closure
operator, here we write “clr” to emphasize that this closure operator comes from the topology
T on X). It gives us all the information about 7. That is, using cl7, we can decide whether any
set A is closed (by asking “is cly A = A?”) and therefore can decide whether any set B is open
(by asking “is X — B closed ?”). It should be not be a surprise, then, that we can define a
topology on a set X if we are start with an “operator” which “behaves like a closure operator.”
How is that? Our first theorem tells us the crucial properties of a closure operator.
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Theorem 5.18 Suppose (X, 7) is a topological space and A, B are subsets of X. Then

1) 017@ =0

2) ACclrA

3) Aisclosed iff A=cl7A

4) CITA = 017 (ClTA)

5) CIT(AUB) =clfA U clsB

Proof 1) Since () is closed, cl7() = ()
2) AC(({F : Fisclosedand AC F'} =clr A

3) = : If Aisclosed, then A itself is one of the closed sets F' used in the definition
cly A= N{F : Fisclosedand F' D A}, so A =clyr A
< : If A = cly A, then A is closed because cl7 A is an intersection of closed sets.

4) cly A is closed, so by 3), clr A = clr(clr A)

5 AUB D A,socly(AUB) DclrA. Similarly, ¢l (AU B) D cly B.
Therefore cly (AU B) D cly (A) Uclr(B).

On the other hand, cly A Ucly B is a closed set that contains A U B, and therefore
clrAUcly B D CIT(A U B) .

The next theorem tells us that we can use an operator “cl” to create a topology on a set.

Theorem 5.19 (The Closure Operator Theorem) Suppose X is a set and that for each
A C X, a subset cl A is defined ( that is, we have a function ¢l : P(X) — P(X) ) in such a way
that conditions 1), 2), 4) and 5) of Theorem 5.18 are satisfied. Define 7 = {O:
cl(X —0)=X—0}. Then T is a topology on X, and cl is the closure operator for this
topology (that is, cl = clr).

Note: i) Such a function cl is called a “Kuratowski closure operator,” or just “closure
operator” for short.

ii) The Closure Operator Theorem does not ask that cl satisfy condition 3): initially,
there is no topology on the given set X, so 3) would be meaningless. But 3) motivates the
definition of T as the collection of sets whose complements are unchanged when “cl” is
applied..

Proof (Numbers in parentheses refer to properties of “cl”)

First note that:

*) ifAQB,thenclAchAUclB(i)cl(AUB):clB

7 has the properties required for a topology on the set X :
(2)
i) X CclX, soX =clX. Thereforecl(X —0) =clX =X =X —0,s0 0 € T.

1
Also, cl(X — X) = cl(Z)(:)(Z) = X — X, so therefore X € 7.
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i) Suppose O, € 7T for each o € A. For each particular oy € A, we have
%

(X -UO0,) Cel(X —0,,) =X — 0,, because O,, € 7. This is true for every
ag € A, soc(X —JO,) CN(X —0,) =X —JO,.

But by 2), we know that X — |JO, C cl(X — |JO,).

Therefore cl(X — |JO,) = X —JO,, 50 JO, € T.

iii) If Oy and O, are in 7, then cl(X — (01 N 02)) = cl((X — O1) U (X — Oy))

® (X —01)Ucl(X —09) = (X —01)U(X —0y) (since Oy and Oy € T)

= X — (01 N Oy). Therefore O1 N Oy € T. Therefore 7 is a topology on X.

Having this topology 7 now gives us an associated closure operator cly and we want to show
that cl; = cl. First, we observe that for closed sets in (X,7) :

(**) cly B = B iff Bisclosedin (X,7)
iff X—BeTiff cl(X—(X-B)=X—(X—B) iff cIB=8B.

To finish, we must show that cl A = cly A for every A C X.

A Cclr A, so (¥) gives that cl A C cl(cly A). Butcly Ais closed in (X, 7),
so using B = cly A in (¥*) gives clcly A = cly A. Therefore cl A C clr A.

4
On the other hand, cl cl A(:)cl A, sousing B =cl Ain (**) gives

that cl A is closed in (X, 7).

2
Butcl A D A, so cl A is one of the closed sets in the intersection that defines
cly A. Therefore cl A D cly A. Therefore cl A = cl7A. o

Example 5.20

A if Ais finite
1) Let X beaset. For A C X, definecl A = {X i Ais infinite "
Then cl satisfies the conditions in the Closure Operator Theorem. Since cl A = A iff A is finite
or A= X, the closed sets in the topology generated by cl are precisely X and the finite

sets — that is, cl generates the cofinite topology on X.
2) For each subset A of R, define
clA = {z € R : there is asequence (a,) in A with each a,, > z and |a,, — x| — 0}.
It is easy to check that cl satisfies the hypotheses of the Closure Operator Theorem. Moreover, a
set A is open in the corresponding topology iff Vo € A 3b > x such that [z,b) C A. Therefore
the topology generated by cl is the Sorgenfrey topology on R. What happens in this example if

“ > ”isreplaced by “ > ” in the definition of cl ?

Since closures, interiors and Frontiers are all related, it shouldn't be surprising that we can also
describe a topology by defining an appropriate “int” operator or “Fr”” operator on a set X.
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Exercises

El. Let X ={0,1,2,.,.,.} = {0} UN. For O C X, let

¢o(n) = the number of elements inO N [1,n] = |ON[1,n]|. Then define
T={0:0¢0 or (0€0 andnlgnoo¢0,—@ =1

a) Prove that 7 is a topology on X.

b) In any topological space: a point x is called a limit point of the set A if

NN (A—{z}) # 0 for every neighborhood N of z. Informally, x is a limit point of A
means that there are points of A, other than x itself, arbitrarily close to x. Prove that
in any topological space, a set B is closed iff B contains all of its limit points.

¢) For (X, 7) as defined in a): prove that x is a limit point of X if and only if z = 0.

E2. Suppose (X, 7) is a topological space and that A, C X for each « € A.

E3.

E4.

a) Prove that if | J{cl A, : @ € A} is closed, then
U{clAy:a € A} = cl(|U{An: a € A})
(Note that “ C 7 is true for any collection of sets A,.)

b) A family {B,, : « € A} of subsets of X is called locally finite if
each point z € X has a neighborhood N such that N N B, # () for only
finitely many «'s. Prove that if {B,, : a € A} is locally finite, then

U{clB,:ae A} = cl(J{B.:a € A})

¢) Prove that in (X, 7), the union of a locally finite family of closed sets is closed.

Suppose f : (X,d) — (Y, s). Let B be a base for the topology 7; and let S be a
subbase for 7. Prove or disprove: f is continuous iff f~1[O] is open for all O € B iff
f71O] is open forall O € &.

A space (X, 7) is called a T} -space if {z} is closed for every z € X.

a) Give an example where (X, 7")is not a T3-space and 7 is not the trivial topology.

b) Prove that X is a T} -space if and only if, given any two distinct points x,y € X, each
point is contained in an open set not containing the other point.

¢) Prove that in a 7}-space, each set {«} can be written as an intersection of open sets.
d) Prove that a subspace of a T}-space is a T -space.

e) Prove that if a pseudometric space (X, d) is a T3-space, then d must in fact be a
metric.

f) Prove that if X and Y are 73-spaces, sois X x Y.
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ES.

E6.

E7.

(X, T) is called a Ty-space ( or Hausdorff space) if whenever z,y € X and = # y, then
there exist disjoint open sets U and V withz € U and y € V.

a) Give an example of a space (X, 7 ) which is a T-space but not a Ty-space (see E4.) .
b) Prove that a subspace of a Hausdorff space is Hausdorff.
c) Prove that if X and Y are Hausdorff, then sois X x Y.

Prove that every infinite 75-space contains an infinite discrete subspace — that is, a
subset which is discrete in the subspace topology (see EY).

Suppose that (X,7) and (Y, 7 ') are topological spaces. Recall that the product
topology on X X Y is the topology for which a base is the collection of “open boxes”

B={UxV:UeT,VeT'}

Therefore a set O C X x Y is open in the product topology iff for all (x,y) € O, there
exist open sets U in X and V in Y such that (z,y) € U x V C O. (Note that the
product topology on R x R is the usual topology on R?. (We always assume that the
topology used on a product of two spaces X X Y is the product topology unless
something different is explicitly stated.)

a) Verify that B is, in fact, a base for a topology on X x Y.

b) Consider the projection map 7x : X X Y — X. Prove that if O is any open set in

X x Y (not necessarily a “box”), then wx[O] is open in X. (We say 7x is an open map.
The same is true for the projection Ty .)

¢) Prove thatif A C X and B C Y, then cly,y (A x B) = clxA x cly B. Use this to
explain why “the product of two closed sets is closed in X x Y.”

d) Show that X x Y has a countable base iff each of X and Y has a countable base.

e¢) Show that there is a countable neighborhood base at (x,y) € X x Yiff there is a
countable neighborhood base B, at z € X and a countable neighborhood base B, at
yey.

f) Suppose (X, d;) and (Y, dy) are pseudometric spaces. Define a pseudometric d on the
set X xY by

d((z1, 1), (22, 92)) = di(21,22) + do(y1,92).
Prove that the product topology on X x Y is the same as the topology 7.

Note: d is the analogue of the taxicab metric in R%. There are other equivalent
pseudometrics that produce the product topology on X x Y, for example

d'((w1,11), (T2,90)) = (di(21,22)? + da(y1,92)?)"/?, and

d"((z1,91), (T2, y2)) = max{di (1, 72), d2(y1,¥2)}-
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ES.

EO.

E10.

Suppose A C (X, 7). The set A is called regular open if A = int(cl A) and A is regular
closed if A = cl(int A).

a) Show that for any subset B

i) X—clB int (X — B)
i) X—intB = cl(X — B)

b) Give an example of a closed subset of R which is not regular closed.

¢) Show that the complement of a regular open set in (X, 7") is regular closed
and vice-versa.

d) Show that the interior of any closed set in (X, 7) is regular open.
e¢) Show that the intersection of two regular open sets in (X, 7") is regular open.

) Give an example of the union of two regular open sets that is not regular open.

In each part, prove the statement or provide a counterexample:

a) For any z in a topological space (X, 7 ), {z} is equal to the intersection of all
open sets containing x.

b) In a topological space, a finite set must always be closed.

¢) Suppose we have topologies 7, on X, one for each o € A. Then ({7,: o € A} is
also a topology on X.

d) If 77 and 75 are topologies on X, then there is a unique smallest topology 75 on X
such that 7; U 75 C 75.

e) Suppose, for each o € A, that 7, is a topology on X. Then there is a unique smallest
topology 7 on X such that for each o, 7 2O 7.

Assume that natural number, except 1, can be factored into primes; you shouldn't need

any other information about prime numbers. For a € Zand d € N, let

and let

Bia={.,a-2d,a—d,a,a+d, a+2d, ..} ={a+kd:kecl}
B={Byi:a€Z,deN}

a) Prove that B is a base for a topology 7 on Z

b) Show that each set B, 4 is closed in (Z, T )

c) What is the set | J{ By, : pis a prime number} ?

d) Part c) tells you what famous fact about the set of prime numbers?
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6. Countability Properties of Spaces

Countable sets are often easier to work with than uncountable sets, so it is not surprising that
spaces with certain “countability properties” are viewed as desirable. Most of these properties
have already been defined, but the definitions are collected together here for convenience.

Definition 6.1 (X,7) is called

first countable if we can choose a countable neighborhood base B, at every point x € X.
(We also say that X satisfies the first axiom of countability.)

second countable if there is a countable base B for the topology 7. (We also say that X
satisfies the second axiom of countability.)

separable if there is a countable dense set D in X

Lindelof if whenever U is a collection of open sets for which | JU/ = X, then there is
a countable subcollection U’ = {Uy, Uy, ..., U,, ...} C U for which JU' = X.

U is called an open cover of X, and U’ is called a subcover from &. Thus, X is
Lindelof if “every open cover has a countable subcover.”)

Example 6.2

1) A countable discrete space (X, 7) is second countable because B = {{z} : z € X} is
a countable base. Is X first countable? separable? Lindeldf ?

2) R is second countable because B = {(a,b) : a,b € Q} is a countable base. Similarly,
R™ is second countable since the collection B of boxes (z1,y1) X (z2,y2) X ... X (X, y,) With
rational endpoints is a countable base (check!)

3) Let X be a countable set with the cofinite topology 7. X has only countably many
finite subsets (see Theorem I.11.1) so there are only countably many sets in 7. (X,7)is second
countable because we could choose B = 7 as a countable base.

The following theorem implies that each of the spaces in Example 6.2 is also first countable,
separable, and Lindelof. (However, it is really worthwhile to try to verify these properties, in
each example, directly from the definitions.)

Theorem 6.3 A second countable topological space (X,7) is also separable, first countable,
and Lindel&f.

Proof Let B={0;,0,,...0,,... } be a countable base for 7.
i) For each n, pick a point z,, € O, and let D = {x,, : n € N}. The countable set D is

dense. To see this, notice that if U is any nonempty open set in X, then for some n,
Z, € O, CU soU N D # (). Therefore X is separable.
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ii) Foreach z € X, let B, = {O € B: z € O}. Clearly B, is a neighborhood base at x,
so X is first countable.

iii) Let U be any open cover of X. If x € X, then = € some set U, € U. For each z, we
can then pick a basic open set O, € B such that z € O, CU,. LetV ={0, : x € X}. Since
each O, € B, there can be only countably many different sets O,: that is, ¥V may contain
“repeats.” Eliminate any “repeats” and list only the different sets in ), so
V ={0,,0,,,..0,,,... } where O, CU, €U. Every z is in one of the sets O, , so
u ={u,,U,,,..U, ...} is a countable subcover from &/. Therefore X is Lindelof. e

The following examples show that no other implications exist among the countability properties
in Theorem 6.3.

Example 6.4
1) Suppose X is uncountable and let 7 be the cofinite topology on X.
(X, T) is separable since any infinite set is dense.

(X,7) is Lindelof. To see this, let U be an open cover of X. Pick any one
nonempty set U € Y. Then X — U is finite, say X — U = {zy,...,x,}. For
each x;, pickaset U; € U withz; € U;. Then U’ = {U}U{U; :i=1,...,n}
is a countable (actually, finite) subcover chosen from /.

However X is not first countable (Example 4.5.3), and therefore, by
Theorem 6.3, X is also not second countable.

2) Suppose X is uncountable. Define 7 = {O C X : O = (or X — Ois countable}.

T is a topology on X (check!) called the cocountable topology. A set C' C X is
closed iff C' = X or C is countable. (This is an “upscale” analogue of the
cofinite topology.)

An argument very similar to the one in the preceding example shows that (X, 7)
is Lindelof. But (X, 7)) is not separable — every countable subset is closed

and therefore not dense. By Theorem 6.3, (X, 7") also cannot be second
countable.

3) Suppose X is uncountable set and choose a particular point p € X.
Define7 ={OC X: O=0orpe O}. (Check that T is a topology.)

(X, T) is separable because {p} is dense.

(X, T) is not Lindel6f — because the cover U = {{x, p} : = € X} has no
countable subcover.

Is (X, 7) first countable?
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4) Suppose X is uncountable and let 7" be the discrete topology on X. Then (X, 7) is

first countable because B, = {{z}} is a neighborhood base at =

not second countable  because each open set {x} would have to be in a base B
not separable because cl D = D # X for any countable set D

not Lindel6f because the cover i = {{z} : x € X} has no countable

subcover. (In fact, not a single set can be omitted from
U: U has no proper subcover.)

For “special” topological spaces — pseudometrizable ones, for example — it turns out that things
are better behaved. For example, we noted earlier that every pseudometric space (X, d) is first
countable (Example 4.3). The following theorem shows that in (X, d) the other three countability
properties are equivalent to each other: that is, either all of them are true in (X, d) or none are
true.

Theorem 6.5 Any pseudometric space (X, d) is first countable. (X, d) is second countable iff
(X, d) is separable iff (X, d) is Lindel6f.

Proof i) Second countable = Lindeldf: by Theorem 6.3, this implication is true in any
topological space.

ii) Lindelof = separable: suppose (X, d) is Lindelof. For each n € N, let
U, ={Bi(z): n €N,z € X}. For each n, U, is an open cover so U, has a countable

subcover — that is, for each n we can find countably many %—balls that cover X : say
X =i Bi(zy). Let D be the set of centers of all these balls: D = {x,,, : n,k € N}. For

any € X and every n, we have x € Bi(z, ) for some k, so d(x,z, ;) < % Therefore, for
every n, Bi(x) N D # () — in other words, x can be approximated arbitrarily closely by points
from D. Therefore D is dense, so (X, d) is separable.

iii) Separable = second countable: suppose (X, d) is separable and that
D ={xy,x9,...,21,...} is a countable dense set. Let B={Bi(x;):n,keN}. Bis a

countable collection of open balls and we claim B is a base for the topology 7;.

Suppose y € O € T;. By the definition of “open,” there is an € > 0 for which
B.(y) C O. Picknsothat + < §, and pick z; € Dso thatd(z,y) < 1.
Then y € Bi(zi) C B.(y) C O (because z € Bi(xy)

= d(z,y) <d(z,zp) +d(xr,y) < 5+ 5 <2(5) =€) o

It's customary to call a metric space that has these three equivalent properties a “separable
metric space” rather than a “second countable metric space” or “Lindeldf metric space.”

Theorem 6.5 implies that the spaces in parts 1), 2), 3) of Example 6.4 are not pseudometrizable.
In general, to show a space (X, 7)is not pseudometrizable we can i) show that it fails to have
some property shared by all pseudometric spaces (for example, first countability), or 1ii) show
that it has one but not all of the properties “second countable,” “Lindelof,” or “separable.”
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Exercises

Ell. Define7 = {U UV : U is open in the usual topology on R and V' C P}.

a) Show that 7 is a topology on R. If z is irrational, describe an “efficient”
neighborhood base at = . Do the same if x is rational.

b) Is (R, 7) first countable? second countable? Lindelsf ? separable?
The space (R,T) is called the “scattered line.” We could change the definition of T by
replacing P with some other set A C R. This creates a space in which the set A is “scattered.”
Hint: See Example 1.7.9.6. It is possible to find open intervals I, such that|J;" I, 2 Q

o0

and for which ) length(1,,) < 1.

n=1

E12. A pointz € (X,7) is called a condensation point if every neighborhood of x is
uncountable.

a) Let C be the set of all condensation points in X. Prove that C' is closed.

b) Prove that if X is second countable, then X — C'is countable.

E13.  Suppose (X,7) is a second countable space and let B be a countable base for the
topology. Suppose B’ is another base (not necessarily countable ) for 7 containing open sets all
of which have some property P. (For example, “P” could be “clopen” or “separable.”) Show
that there is a countable base B” consisting of open sets with property P.

Hint: think about the Lindelof property.

E14. A space (X, 7) is called hereditarily Lindeldf if every subspace of X is Lindelof.
a) Prove that a second countable space is hereditarily Lindel6f.

In any space, a point x is called a limit point of the set Aif N N (A —{z}) # 0 for every

neighborhood N of x. Informally, x is a limit point of A if there are points in A different

from x and arbitrarily close to x.)

b) Suppose X is hereditarily Lindel6f. Prove that the set
A = {x € X : x is not a limit point of X} is countable.
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E15. A space (X,7) is said to satisfy the countable chain condition ( = CCC) if every
family of disjoint open sets must be countable.

a) Prove that a separable space (X, 7) satisfies the CCC.

b) Give an example of a space that satisfies the CCC but that is not separable. (/¢ is not
necessary to do so, but can you find an example which is a metric space?)

E16.  Suppose (X, 7) is a topological space and that P and B are two bases for the topology
T, and that P and B are infinite.

a) Prove that there is a subfamily B’ C Bsuch that B’ is also a base and | B'| < |P).
(Hint: For each pair t= (U,V) €€ P x P, pick, if possible, a set Wy € B such that
UCW CV; otherwise set W; = ().)

b) Use part a) to prove that the Sorgenfrey line is not second countable.
(Hint: Show that otherwise there would be a countable base of sets of the form [a,b), but
that this is impossible. )
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7. More About Subspaces

Suppose (X, 7) is a topological space. In Definition 3.1, we defined the subspace topology 74
onACX: Tp={ANO0O:0¢€T}. In this section we explore some simple but important
properties of subspaces.

If A C B C X, there are two ways to put a topology on A :

1) we can give A the subspace topology 74 from X, or

2) we can give B the subspace topology 75, and then give A the subspace topology from
the space (B, 7p) — that is, we can give A the topology (75) 4.

In other words, we can think of A as a subspace of X or as a subspace of the subspace B.
Fortunately, the next theorem says that these two topologies are the same. More informally,
Theorem 7.1 says that in a space X “a subspace of a subspace is a subspace.”

Theorem 7.1 If A C B C X, and 7 is a topology on X, then 74 = (7p)a.

Proof U €T, iff U =0NA forsome Oc 7 iffU=0nN(BNA)Iiff U=(ONB)NA.
But O N B € 7p, so the last equation holds iff U € (75)4. e

We always assume a subset A has the subspace topology (unless something else is explicitly
stated). The notation A C (X,7) emphasizes that A is considered a subspace, not merely a
subset.

By definition, a set is open in the subspace topology on A iff it is the intersection with A of an
open set in X. The same is also true for closed sets.

Theorem 7.2 Suppose F' C A C (X,7). Fisclosedin Aiff F' = AN C where C is closed

in X.

Proof F'isclosedin Aiff A— Fisopenin A iff A— F = O N A (for some open set Oin X)
iff F=A—-—(0ONA)=(X-0)NA=CnNA (whereC =X — O isaclosed setin X). e
Theorem 7.3 Suppose A C (X, 7).

1) Let a € A. If B, is a neighborhood base at a in X, then {BNA: Be€B,} is a
neighborhood base at ain A.

2) If Bisabase for 7,then {BN A: B € B} is a base for 7.

With a slight abuse of notation, we can informally write these collections as B, N A and. BN A.
Why is this an “abuse?” What do B, N A and B N A mean if taken literally?
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Proof 1) Suppose a € A and that N is a neighborhood of a in A. Then a € inty N C N, so
there is an open set Oin X such that a € inty N =0 NA C O.

Since B, is a neighborhood base at a in X, there is a neighborhood B € B, such that
a€BCO.Thenae€ (intxyB)NAC BNAe€B,NA. Since (inty B) N A is open in A, we
see that BN A is a neighborhood of @ in A. Andsinccea € BNACONA=intyN C N, we
see that B, N A is a neighborhood base at a in A. e

2) Exercise

Theorem 7.3 tells us that in the subspace A we can get a neighborhood base at a point aby
choosing a neighborhood base at a in X are then restricting all its sets to A; and that the same
applies to a base for the subspace topology.

Corollary 7.4 Every subspace of a first countable (or second countable) space (X,7) is first
countable (or second countable).

Example 7.5 Suppose S! is a circle in R*and that p € S* CR%. B, ={B.(p): e >0} isa
neighborhood base at p in R?, and therefore B, N S! is a neighborhood base at p in the subspace
S1. The sets in B, N S* are “open arcs on S containing p.” (See the figure,)

The following theorem relates closure in a subspace to closure in the larger space. It turns out to
be a very useful technical observation.

Theorem 7.6 Suppose A C B C (X,7), thenclgA = BNclyA.
Proof B nNclxAisaclosed setin B that contains A, so BNclxyA D clgA.

On the other hand, suppose b € BNclyA. To show that b € clg A, pick an open set U
in B that contains b. We need to show U N A # (). There is an open set O in X such that

ONB=U. Sinceb € clyA,wehavethat) #ONA=0N(BNA)=(0ONB)NA
=UNA. e
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Example 7.7 1) Q =clgQ = clrQNQ
2) clipg (0,1) = clg(0,1) N (0,2] = [0,1] N (0, 2] = (0, 1]

3) The analogous calculations are not necessarily not true for interiors and
boundaries. For example:

Q = intgQ # intgQNQ = ¢, and
0 =FrgQ # FrgQNQ = Q.

Why does “cl” have a privileged position here? Is there a “reason” why you would expect a
better connection between closures in A and closures in X than you would expect between
interiors in A and interiors in X?

Definition 7.8 A property P of topological spaces is called hereditary if whenever a space X
has property P, then every subspace A also has property P.

For example, Corollary 7.4 tells us that first and second countability are hereditary properties.
Other hereditary properties include “finite cardinality” and “pseudometrizability.” On the other
hand, “infinite cardinality” is not a hereditary property.

Example 7.9

1) Separability is not a hereditary property. For example, consider the Sorgenfrey plane
X (see Example 5.4). X is separable because Q? is dense.

Consider the subspace D = {(z,y) : © +y = 1}. Theset U = [a,a + 1) x [b,b+ 1)
is open in X so if (a,b) € D, then U N D = {(a,b)} is open in the subspace D. Therefore D is
a discrete subspace of X, and an uncountable discrete space is not separable.

Similarly, the Moore place I' is separable (see Example 5.6); the x-axis in I' is an
uncountable discrete subspace which is not separable.

2) The Lindeldf property is not heredity. Let A be an uncountable set and let
X = AU {p}, where p is any additional point not in A. Put a topology on X by giving a
neighborhood base at each point.
B, ={{a}} forae A
{Bp: {B: p€ Band X — B s finite}

(Check that the collections B, satisfy the hypotheses of the Neighborhood Base Theorem 5.2.)

If V is an open cover of X, then p € V for some V € V. By ii), every neighborhood of p in X
has a finite complement, so X — V' is finite. For each y in the finite set X — V', we can choose a
set V, € V with y € V,. Then V' = {V}U{V,:y € X —V} is a countable (in fact, finite)
subcover from V, so X is Lindelof.

The definition of B, implies that each point of A is isolated in A; that is, A is an uncountable

discrete subspace. Then U = {{a}:a € A}is an open cover of A that has no countable
subcover. Therefore the subspace A is not Lindelof.
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Even when a property is not hereditary, it is sometimes “inherited” by certain
subspaces — perhaps, for example, by closed subspaces, or by open subspaces. The next theorem
illustrates this.

Theorem 7.10 A closed subspace of a Lindel6f space is Lindelof (so we say that the Lindelof
property is “closed hereditary”).

Proof Suppose K is a closed subspace of the Lindelof space X. Let U = {U, : a € A} be a
cover of K by sets U, that are open in K. For each «, there is an open set V,, in X such that
Vo.NK =U,.

Since K is closed, X — K is openand V = {{X — K}} U{V, : a € A} is an open cover of X.
But X is Lindeldf, so V has a countable subcover from V, say V' = {X — K, Vi,...,V,,...}.
(The set X — K might not be needed in V' , but it can't hurt to include it.) Clearly then, the
collection {Uy, ..., U,, ...} is a countable subcover of K from . e

Note:

1. A little reflection on the proof shows that to prove K is Lindeldf, it would be
equivalent to show that every cover of K by sets open in X has a countable subcover.)

2. A space X with the property that every open cover has a a finite subcover is called
compact. See, for example, the space in Example 6.4.1.

An obvious “tweak” to the proof for Theorem 7.10 shows that a closed subspace of
a compact space is compact. We will look at the properties of compact spaces in much
more detail in Chapter 4 and beyond.
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8. Continuity

We first defined continuous functions between pseudometric spaces by using the distance
function d to mimic the definition of continuity given in calculus. But then we saw that our
definition could be restated in other equivalent ways in terms of open sets, closed sets, or
neighborhoods. For topological spaces, we do not have available any distance functions to use to
define continuity. But we can still make a definition using neighborhoods (or open set, or closed
sets) since the neighborhoods of a describe “nearness” to a, and, of course, the definition
parallels the way neighborhoods describe continuity in pseudometric spaces.

Definition 8.1 A function f: (X,7) — (Y,7’) is continuous at @ € X if whenever N is a
neighborhood of f(a), then f~![N] is a neighborhood of a. We say f is continuous if f is
continuous at each point of X.

The statement that f is continuous at a is clearly equivalent to each of the following statements: :

i) for each neighborhood N of f(a) there is a neighborhood W of a such
that f[W] C N

ii) for each open set V' containing f(a) there is an open set U containing a such
that f[U] CV

ii1) for each basic open set V' containing f(a) there is a basic open set U
containing a such that f[U] C V.

In the following theorem, the conditions 1) -iii) for continuity are the same as those in Theorem
I1.5.6 for pseudometric spaces. Condition iv) was not mentioned in Chapter II, but it is
sometimes handy.

Theorem 8.2 Suppose f : (X,7) — (Y,7"). The following are equivalent.

i) f is continuous

ii) ifO € 7', then f~1[O] € T (the inverse image of an open set is open)

iii) if F'is closedin Y, then f~![F]is closed in X (the inverse image of a
closed set is closed)

iv) forevery A C X : flclx(A)] C cly(f[A]).

Proof The proof that i)-iii)are equivalent is identical to the proof for Theorem II.5.6 for
pseudometric spaces. That proof was deliberately worded in terms of open sets, closed sets, and
neighborhoods so that it would carry over to this new situation.

iii) = iv) A C f7Lf[A]] C fYely (f[A])]. Since cly (f[A]) is closed in Y, iii) tells
us that f~![cly (f[A])] is a closed set in X that contains A. Therefore cly(A) C £~ cly (f[A])],
so flelx (A)] € [ely (f[A])]-

iv) = i) Suppose a € X and that N is a neighborhood of f(a). Let K = X — f[N]
andU = X —cly K C f7![N]. U is open, and we claim that a € U — which will show
that f~1[N] is a neighborhood of a, completing the proof. So we need to show that
a ¢ cly K. Butthis is clear because: if a € clx K, then using iv) would give us that
f(a) € flelx K] C cly f[K], which is impossible since N N f[K]| = (. o
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Example 8.3 Sometimes we want to know whether a certain property is “preserved by
continuous functions” — that is, if X has property P and f : X — Y is continuous and onto,
must the image Y also have the property P?

For example, condition iv) in Theorem 8.2 implies that continuous maps preserve
separability. Suppose D is a countable dense set in X. Then f[D] is countable and f[D] is
dense in Y because Y = f[X]| = f[cl D] C cl f[D].

By contrast, continuous maps do not preserve first countability: for example, let (Y, 7)
be any topological space. Let 7' be the discrete topology on Y. (Y, 7’)is first countable and
the identity map i : (Y,7') — (Y, 7) is continuous and onto. Thus, every space (Y,7) is the
continuous image of a first countable space.

Do continuous maps preserve other properties that we have studied — such as Lindelof,
second countable, or metrizable?

The following theorem makes a few simple and useful observations about continuity.
Theorem 8.4 Suppose [ : (X,7) — (Y, 7).

1) Let B =ran(f) C Y. Then f is continuous iff f : (X,7) — (B, 7p) is continuous.
In other words, B = the range of f (a subspace of the codomain Y') is what matters
for the continuity of f, points of Y not in B (if any) are irrelevant. For example, the
Sfunction sin : R — R is continuous iff the function sin : R — [ — 1, 1] is continuous.

2) Let A C X. If f is continuous, then f|A = g: A — Y is continuous.
That is, the restriction of a continuous function to a subspace is continuous.
For example, sin : R — R is continuous, so sin : Q — [ — 1, 1] is continuous.
(The second function is really sin|Q, but it's abbreviated here to just “sin”.

3) If S is a subbase for 7’ (in particular, if S is a base), then f is continuousiff f~![U]
is open whenever U € S. In other words, to check continuity, it is sufficient to show
that the inverse image of every subbasic open set is open.

Proof 1) Exercise: the crucial observation is that if O C Y, then f~1[O] = f~[BNO].
2) If Oisopenin Y, then g71[O] = f~1[O] N A — which is an open set in A.

3) Exercise: the proof depends only on the definition of a subbase and set theory:

FHUUL e Al = U{f'[Us] : o € A} and
FHNUs :a€e Al ={f U] i€ A} o

Example 8.5
1) For any topological spaces X and Y, every constant function f : X — Y must be
continuous. ( Suppose f(x) = yo for all x. If O is open in Y, then f~1{0] = ?)

If X has the discrete topology and Y is any topological space, then every function
f : X — Y is continuous.
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2) Suppose X has the trivial topology and that f : X — R. If f is not constant, then
there are points a, b € X for which f(a) # f(b). Let I be an open set in R containing
f(a) butnot f(b). Then f~[I] is not open in X so f is not continuous. We conclude
that f is continuous iff f is constant.

In this example, we could replace R by any metric space (Y ,d); or, for that matter,
by any topological space (Y , T ) that has what property?

3) Let X be a rectangle inscribed inside a circle Y centered at P. For a € X, let
f(a) be the point where the ray from P through « intersects Y. (The function f is called
a “central projection.”). Thenboth f : X — Y and f~! : Y — X are continuous

bijections.
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Example 8.6 (Weak topologies) Suppose X is a set. Let F = {f, : « € A} be a collection of
functions where each f, : X — R. If we put the discrete topology on X, then all of the functions
fo will be continuous. But a topology on X smaller than the discrete topology might also make
all the f,'s continuous. The smallest topology on X that makes all the given f,'s continuous is
called the weak topology 7 on X generated by the collection F.

How can we describe that topology more directly? 7 makes all the f,'s continuous iff for each
open O C R and each o € A, the set f,![O] is in 7. Therefore the weak topology generated by
F is the smallest topology that contains all these sets. According to Example 5.17.5, this means
that weak topology 7 is the one for which the collection & = {f,;[O] : O openin R, o € A}
is a subbase. (It is clearly sufficient here to use only basic open sets O from R — that is, open
intervals (a,b) : why ? Would using all open sets O put any additional sets into T?")

For example, suppose X =R? and that F = {m,,m,} contains the two projection maps
m.(z,y) = x and m,(x,y) =y. For an open interval U = (a,b) C R, 7, '[U] is the “open
vertical strip” U x R; and 7, 1[V] is the “open horizontal strip” R x V. Therefore a subbase
for the weak topology on R? generated by JF consists of all such open horizontal or vertical
strips. Two such strips intersect in an “open box” (a,b) x (c,d) in R?, so it is easy to see that
the weak topology is the product topology on R x IR, that is, the usual topology of R?.

Suppose A C R and that i : A — R is the identity function i(z) = x. What is the weak topology
on the domain A generated by the collection F = {i}?
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Definition 8.7 A mapping f: (X,7) — (Y, 7 ) is called

open if whenever O is open in X, then f[O] is openin Y, and
closed if whenever F is closed in X, then f[F] is closed in Y.

Suppose |X| > 1. Let 7 be the discrete topology on X and let 7 ' be the trivial topology on X.
The identity map i : (X,7 ) — (X, 7 ') is continuous but neither open nor closed, and
i:(X,7') — (X,7T) is both open and closed but not continuous. Open and closed maps are
quite different from continuous maps — even when the mapping is a bijection! Here are some
examples that are more interesting.

Example 8.8

1) f:]0,27r) — St = {(x,y) € R?: 22 +y? = 1} given by f(0) = (cos 0, sinh).
It is easy to check that f is continuous, one-to-one, and onto. The set F' = [, 27) is closed in
[0,27) but f[ 7, 27)] is not closed in S'. Also, [0, ) is open in [0,27)but f[[0,7)]] is not
open in S'. A continuous, one-to-one, onto mapping does not need to be open or closed !

2) Suppose X and Y are topological spaces and that f : X — Y is a bijection. Then
there is an inverse function g = f~!: Y — X, and f~! is continuous iff f is open. To check
this, consider an open set ) in X. Then y € g O] iff g(y) € O iff y= f(g(y)) € f[O], so
flO] = g7'[0]. So f[O] is open iff g~}[O] is open. So, fora bijection f, fis open iff f~! is
continuous.

If O is replaced in the argument by a closed set /' C X, then similar reasoning shows
that a bijection f is closed iff f~! is continuous.

In part 1), the bijection f is not open and therefore f~!:S! — [0,27) is not
continuous. (Explain directly, without part 2), why f~1 is not continuous.)

Definition 8.9 A mapping f: (X,7) — (Y,7 ) is called a homeomorphism if f is a bijection
and f and f~! are both continuous. If a homeomorphism f exists, we say that X and Y are
homeomorphic and write X ~ Y.

Note: The term is “homeomorphism,” not “homomorphism” (a term from algebra). The
etymologies are closely related: “-morphism” comes from the Greek word (j0ppn) for
“shape” or ‘“‘form.” The prefixes “homo” and “homeo” come from Greek words meaning
same” and “similar” respectively. There was a major dispute in western religious history,
mostly during the 4" century AD, that hinged on the distinction between “homeo” and “homo.”
As noted in the preceding example, we could also describe a homeomorphism as a “continuous
open bijection” or a “continuous closed bijection.”

It is obvious that among topological spaces, homeomorphism is an equivalence relation, that is,
for topological spaces X,Y, and Z :

H X~ X

i) if X ~Y,thenY ~ X
i) if X ~YandY ~ Z, then X ~ Z.
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Example 8.10

1) The function f : [0,27) — S* given by f(6) = (cos 6,sin ) is not a
homeomorphism even though f is continuous, one-to-one, and onto.

2) The “central projection” from the rectangle to the circle (Example 8.5.3) is a
homeomorphism.

3) It is easy to see that any two open intervals (a, b) in R are homeomorphic (just use
a linear map of one interval onto the other).

The mapping tan : ( — 7, 5) — R is a homeomorphism, so that each
nonempty open interval in R is actually homeomorphic to R itself.

3) If f: (X,d) — (Y, s) is an isometry (onto) between metric spaces, then both f and
f~! are continuous, so f is a homeomorphism.

4) If d and d’ are equivalent metrics (so 7; = 7;/), then the identity map
i:(X,d) — (X,d’) is a homeomorphism. Notice, however, that ¢ doesn't preserve
distances (unless d = d').

In general, a homeomorphism between metric spaces need not be an isometry. But, of
course, an isometry is automatically a homeomorphism

5) The function f : {Z : n € N} — Ngivenby f(%) = n is a homeomorphism (both
spaces have the discrete topology!) Topologically, these spaces are the identical: both
are just countable infinite sets with the discrete topology. f is not an isometry
In general, two discrete spaces X and Y are homeomorphic iff they have the same
cardinality:any bijection between them is a homeomorphism. Roughly speaking, “size is
the only possible topological difference between two discrete spaces.”
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6) Let P denote the “north pole” of the sphere
S? ={(z,y,2) 2> +y* + 22 =1} C R

The function f illustrated below is a “stereographic projection”. The arrow starts at P, runs for
a while inside the sphere and then exits through the surface of the sphere at a point (z,y, z). Let
f(z,y, 2) be the point where the tip of the arrow hits the xy-plane R?. In this way f maps each
point in S? — { P} to a point in R?. The function f is a homeomorphism. (See the figure below.
Consider the images or inverse images of open sets.)

In general, what is the significance of a homeomorphism f : X — Y ?

1) f is a bijection so it sets up a perfect one-to-one correspondence between the points in
XandY: z < y= f(r). We can imagine that f just “renames” the points in X. There is also
a perfect one-to-one correspondence between the subsets X, and Y, of X and Y:
X, < Y, = f[X,]. Because f is a bijection, each subset Y, C Y corresponds in this way to
one and only one subset X, C X.

i) f is a bijection, so f treats unions, intersections and complements “nicely”:

a) UYL :ae Al = U{fMYa] i€ A}
b) f NYa:ae Al =N{f'[Ya] : @ € A}, and
c) flUXo s a e Al = ULf[Xo] s o€ A}
O fI0Xa:ae A = A{f[X] 0 € A}, and
e) fIX=Cl=[IX] = fIC] =Y = [[C]

(Actually a), b), c) are true for any function; but d) and e) depend on f being a bijection.)
These properties say that this correspondence between subsets preserves unions: if each

X, < Y,, then UX, <« UY. =US[Xa] = fIUX.]. Similarly, f preserves intersection and
complements
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iii) Finally if fand f~!are continuous, then open (closed) sets in X correspond to open
(closed) sets in Y and vice-versa.

The total effect is that all the “topological structure” in X is exactly “duplicated” in Y and vice
versa: we can think of points, subsets, open sets and closed sets in Y are just “renamed” copies
of their counterparts in X. Moreover f preserves unions, intersections and complements, so f
also preserves all properties of X that can defined be using unions, intersections and
complements of open sets. For example, we can check that if f is a homeomorphism and
A C X, then flintyA] = inty f[A], that f[clx A] = cly f[A], and that f[FrxA] = Fry f[A].
That is, f takes interiors to interiors, closures to closures, and boundaries to boundaries.

Definition 8.11 A property P of topological spaces is called a topological property if, whenever
a space X has property P and Y ~ X, then the space Y also has property P.

If X and Y are homeomorphic, then the very definition of “topological property” says that X and
Y have the same topological properties. Conversely, if two topological spaces X and Y have the
same topological properties, then X and Y must be homeomorphic. (Why? Let P be the property
“is homeomorphic to X.” P is a topological property because if Y has P (that is, if Y ~ X)
and Z ~Y | then Z also has P. Moreover, X has this property P, because X ~ X. So if we
assume that Y has the same topological properties as X, then Y has the property P, that is, Y is
homeomorphic to X.)

So we think of two homeomorphic spaces as “topologically identical” — they are homeomorphic
iff they have exactly the same topological properties. We can show that two spaces are not
homeomorphic by naming a topological property of one space that the other space doesn't
possess.

Example 8.12 Let P be the property that “every continuous real-valued function achieves a
maximum value.” Suppose a space X has property P and that A : X — Y is a homeomorphism.
We claim that Y also has property P.

Let f be any continuous real-valued function defined on Y.
Then f o h : X — R is continuous :

R
v/ 1 f
X—Y

h
By assumption, g = f o h achieves a maximum value at some point ¢ € X, and we claim

that f must achieve a maximum value at the point b = h(a) € Y. If not, then there is a
point y € Y where f(y) > f(b). Letx = h™'(y). Then

g(x) = f(h(x))) = f(M(h™(y)))) = f(y) > f(b) = f(h(a)) = g(a),
which contradicts the fact that g achieves a maximum value at a.

Therefore P is a topological property.
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For example, the closed interval [0, 1] has property P discussed in Example 8.12 (this is a well-
known fact from elementary analysis — which we will prove later). But (0, 1) and [0, 1) do not
have this property P (why?). So we can conclude that [0, 1] is not homeomorphic to either (0, 1)
or [0,1).

Some other simple examples of topological properties are cardinality, first and second
countability, Lindeldf, separability, and (pseudo)metrizability. In the case of metrizability, for
example:

If (X, d) is a metric space and f : (X,d) — (Y, 7 ) is a homeomorphism, then we can
define a metric d’ on Y as d’(a,b) = d(f~*(a), f~1(b)) for a,b € Y. You then need
to check that 7;, = 7 (using the properties of a homeomorphism and the definition of
d"). This shows that (Y, 7") is metrizable. Be sure you can do this!

9. Sequences

In Chapter II we saw that sequences are a useful tool for working with pseudometric spaces. In
fact, sequences are sufficient to describe the topology in a pseudometric space — because the
convergent sequences in (X, d) determine the closure of a set.

We can easily define convergent sequences in any topological space (X, 7). But, as we will see,
sequences need to be used with more care in spaces that are not pseudometrizable. Whether or
not a sequence (x,,) converges to a particular point x is a “local” question — it depends on “the
x,'s approaching nearer and nearer to x” and, in the absence of a distance function, we use the
neighborhoods of z to determine “nearness to z.” If the neighborhood system N, is “too large”
or “too complicated,” then it may be impossible for a sequence to “get arbitrarily close” to .
Soon we will see a specific example where such a difficulty actually occurs. But first, we look at
some of the things that do work out just as nicely for topological spaces as they do in
pseudometric spaces.

Definition 9.1 Suppose (z,,) is a sequence in (X, 7). We say that (x,) converges to z if, for
every neighborhood W of x, 9k € N such that x, € W when n > k. In this case we write
(x,) — x. More informally, we can say that (z,) — z if (z,) is eventually in every
neighborhood W of z.

Clearly, we can replace ‘“every neighborhood W of x” in the definition with “every basic
neighborhood B of " or “every open set O containing x.” Be sure you are convinced of
this.

In a pseudometric space a sequence can converge to more than one point, but we proved that in a
metric space limits of convergent sequences must be unique. A similar distinction holds in
topological spaces: the important issue is whether we can “separate points by open sets.”
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Definition 9.2 (X,7) is a T;-space if whenever = # y € X there exist open sets U and V'
suchthat x € U,y ¢ U and y € V, x ¢ V (that is, each point is in an open set that does not
contain the other point).

(X,7) is a Ty-space (or Hausdorff space ) if whenever x # y € X there exist
disjoint open sets U and V suchthatx €¢ U andy € V.

It is easy to check that i) X is a Tj-space iff for every z € X, {«} is closed, that
ii) every 1s-space is a T}-space
iii) every metric space (X, d) is a T, -space (Hausdorff space)

There is a hierarchy of ever stronger “separation axioms” called Ty, Ty, T, T5,and T}
that a topological space might satisfy. Eventually we will look at all of them.

Each condition is stronger than the preceding ones in the list (for example, Ty = T}).
The letter “T"” is used here because in the early (German) literature, the word

for “separation axioms” was “‘Trennungsaxiome.”

Theorem 9.3 In a Hausdorff space (X, 7 ), a sequence can converge to at most one point.

Proof Suppose x # y € X. Choose disjoint open sets U and V withx € Uand y € V. If
() — x, then (z,,) is eventually in U, so (x,,) is not eventually in V. Therefore (z,,) does not
also converge to y. e

When we try to generalize results from pseudometric spaces to topological spaces, we often get a
better insight about where the heart of a proof lies. For example, to prove that limits of sequences
are unique it is the Hausdorff property that is important, not the presence of a metric. Here is
another example: for a pseudometric space (X, d) we proved that = € cl A iff z is a limit of a
sequence (a,)in A. That proof (see Theorem I1.5.18) used the fact that there was a countable
neighborhood base {Bi(z): n € N} at each point z. We can see now that the countable

neighborhood base was the crucial fact — because we can prove the same result in any first
countable topological space (X, 7).

But first, two technical lemmas are helpful.

Lemma 9.4 Suppose {V1, V5, ..., V}, ...} is a countable neighborhood base at a € X. Define
Ui = int (Vi N...NV;). Then {Uy, U, ..., Uy, ... } is also a neighborhood base at a.

Proof VN ...NVj is a neighborhood of a, so a € int (V) N...NV}) = Uy. Therefore Uy, is a
open neighborhood of a. If NV is any neighborhood of a, then a € V;, C N for some k, so then
a € U, C Vi C N. Therefore the Uy's are a neighborhood base at a. e

The exact formula for the Uy's in Lemma 9.4 doesn't matter; the important thing is that we get a
“much improved” neighborhood base {Uy, U, ..., Uy, ... } — one in which the U}'s are open and
Uy DUy D ... DUy D ... This new neighborhood base at a plays a role like the neighborhood
base Bi(a) 2 Bi(a) 2 ... 2 Bi(a) 2 ... in a pseudometric space. We call {Uy,Us, ..., Uy, ...}

an open, shrinking neighborhood base at a.
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Lemma 9.5  Suppose {Ui,Us,...,U,...} is a shrinking neighborhood base at x and that
a, € U, for each n. Then (a,) — x.

Proof If W is any neighborhood of x, then there is a k such that x € U, C W. Since the U}'s
are a shrinking neighborhood base, we have that for any n > k, a, € U, CU, CW. So
(a,) — x.®

Theorem 9.6 Suppose (X,7) is first countable and A C X. Then = € cl A iff there is a
sequence (a,) in A such that (a,) — . (More informally, “sequences are sufficient” to
describe the topology in a first countable topological space.)

Proof (<) Suppose (a,) is a sequence in A and that (a,) — . For each neighborhood W of
x, (ay) is eventually in W. Therefore so W N A # (0, so x € cl A. (This half of the proof works
in any topological space: it does not depend on first countability.)

(=) Suppose x € cl A. Using Lemma 9.4, choose a countable shrinking neighborhood
base {Uy,...,U,, ...} at . Since = € cl A, we can choose a point a,, € U, N A for each n. By
Lemma 9.5, (a,) — x. ®

We can use Theorem 9.6 to get an upper bound on the size of certain topological spaces,
analogous to what we did for pseudometric spaces. This result is not very important, but it
illustrates that in Theorem II.5.21 the properties that are really important are “first countability”
and “Hausdorff,” not the actual presence of a metric d.

Corollary 9.7 If D is a dense subsetin a first countable Hausdorff space (X,7), then
|X| < |D|™. In particular, If X is a separable, first countable Hausdorff space, then
| X| <N =c.

Proof X is first countable, so for each z € X we can pick a sequence (d,) in D such that
(d,) — x; formally, this sequence is a function f, : N — D, so f, € DN, Since X is Hausdorff,
a sequence cannot converge to two different points: so if x # y € X, then f, # f,. Therefore
the function ® : X — DN given by ®(x) = f, is one-to-one, so | X| < |DN| = |D[Y. e

The conclusion in Theorem 9.6 may not be true if X is not first countable: sequences are not
always “sufficient to describe the topology” of X — that is, convergent sequences cannot always
determine the closure of a set.

Example 9.8 (the space L)

Let L ={(m,n):m,n € Z, m,n>0}, and let C; be “the j column of L,” that is
C;j={(j,n) € L:n=0,1,...}. We put atopology on L by giving a neighborhood base at each
point p :

5 _ [{mm) it p = (m.n) £ (0,0)
P {B:(0,0) € Band C; — B is finite for all but finitely many j} if p = (0,0)
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(Check that this definition satisfies the conditions in the Neighborhood Base Theorem 5.2 and
therefore does describe a topology for L.)

If p # (0,0) then p is isolated in L. A basic neighborhood of (0, 0) is a set which contains (0, 0)
and which, we could say, contains “most of the points from most of the columns.” With this
topology, L is a Hausdorff space.

Certainly (0,0) € cl(L — {(0,0)}), but no sequence from L — {(0,0)} converges to (0,0).
To see this, consider any sequence (a,,) in L — {(0,0)}:

i) if there is a column C); that contains infinitely many of the terms a,,, then
N = (L —C},) U{(0,0)} is a neighborhood of (0,0) and (a,) is not eventually
in V.

ii) if every column C; contains only finitely many a,,'s,
then N = L — {a,, : n € N} is a neighborhood of (0, 0) and (a,,) is
not eventually in N (in fact, the sequence is never in N).

In L, sequences are not sufficient to describe the topology: convergent sequences can't show us
that (0,0) € cl(L — {(0,0)}). According to Theorem 9.6, this means that L cannot be first
countable — there is a countable neighborhood base at each point p # (0,0) but not at (0, 0).

The neighborhood system at (0,0) “measures nearness to” (0,0) but the ordering relationship
( O )among the basic neighborhoods at (0,0)is very complicated — much more complicated
than the neat, simple nested chain of neighborhoods U; 2 Us O ... D U, D ... that could form a
base at z in a first countable space. Roughly, the complexity of the neighborhood system is the
reason why the terms of a sequence can't get “arbitrarily close” to (0, 0).

Sequences do suffice to describe the topology in a first countable space, so it is not surprising
that we can use sequences to determine the continuity of a function defined on a first countable
space X.

Theorem 9.9 Suppose (X,7) is first countable and f:(X,7) — (Y,7'). Then f is
continuous at a € X iff whenever (z,,) — a, then (f(z,)) — f(a).

Proof (=) If f is continuous at a and W is a neighborhood of f(a), then f~1[W] is a
neighborhood of a. Therefore (x,) is eventually in f~![W], so f((z,)) is eventually in W.
(This half of the proof is valid for any topological space X: continuous functions always
“preserve convergent sequences.’’)

(<) Let{U,...,U,,...} be a shrinking neighborhood base at a. If f is not
continuous at a, then there is a neighborhood W of f(a) such that for every n, f[U,] € W.
For each n, choose a point x,, € U,, — f~![W]. Then (since the U,'s are shrinking) we have
(x,) — abut (f(x,)) fails to converge to f(a) because f(x,)is neverin W. e

(Compare this to the proof of Theorem 11.5.22.)
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10. Subsequences

Definition 10.1 Suppose f : N — X is a sequence in X and that ¢ : N — N is strictly
increasing. The composition f o ¢ : N — X is called a subsequence of f.

f
N— X

o1 /S foo
N

If we write f(n) = z,, and ¢(k) = ny, then (f o ¢)(k) = f(ni) = z,,. We write the sequence f
informally as (z,)and the subsequence f o ¢ as (z,). Since ¢ is increasing, we have that
n, — oo as k — 00.

For example, if ¢(k) = ni = 2k, then f o ¢ is the subsequence written informally as

(@n,) = (wa), that is, the subsequence (za, x4, ¢, ..., Tog, ...). Butif ¢(n) =1 for all n, then
fo¢ is not a subsequence: informally, (zy,z1,x1,..., x1,...) is not a subsequence of
(1,9, T3, ..., Tn, ... ). Every sequence f is a subsequence of itself: just let p(n) = n.

Theorem 10.2 Suppose x € (X, 7). Then (x,) — x iff every subsequence (z,,) — =.

Proof (<) This is clear because () is a subsequence of itself.

(=) Suppose (z,,) — = and that (x,,) is a subsequence. If W is any neighborhood of
x, then x, € W for all n > some ny. Since the n;'s are strictly increasing, n; > ng for all
k > some kg. Therefore (z,, ) is eventually in W,so (z,,) — =. e

Definition 10.3 Suppose = € (X,7 ). We say that z is a cluster point of the sequence (z,,) if
for each neighborhood W of x and for each k € N, there is an n > k for which z, € W. More
informally, we say that z is a cluster point of (x,) if the sequence is frequently in every
neighborhood W of .

Definition 10.4 Suppose z € (X,7 ) and A C X. We say that x is a limit point of Aif
NN (A—{z}) # 0 for every neighborhood N of = — that is, every neighborhood of x contains
points of arbitrarily close to x but different from z.

Example 10.5.

1) Suppose X = [0,1] U {2} and A = {2}. Then W N A # () for every neighborhood
W of 2, but 2 is not a limit point of A — because W = {2} is a neighborhood of 2 in X
and W N (A—{2})=0. Eachx € [0,1] is a limit point of [0, 1] and also a limit point
of X. Since {2} is open in X, 2 is also not a limit point of X.

2) Every point 7 in R is a limit point of Q. If A C N, then A has no limit points (in N or
in R).

3) If (z,,) — =, then z is a cluster point of (x,). More generally, if (z,,) has a
subsequence (x,, ) that converges to x, then x is a cluster point of (x,,). (Why?)
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4) A sequence can have many cluster points. For example, if the sequence (g, ) lists all
the elements of Q, then every r € R is a cluster point of (g,,).

5) In R, the sequence (x,,) = (( — 1)") has exactly two cluster points: — 1 and 1.

But the set {z,, : n € N} = { — 1,1} has no limit points in R. The set of cluster

points of a sequence is not always the same as the set of limit points of the set of terms in
the sequence! (Is one of these sets always a subset of the other?)

Theorem 10.6 Suppose a is a cluster point of (x,,) in a first countable space (X, 7). Then there
is a subsequence (z,,) — a.

Proof Let {U;,Us,...,U,,...} be a countable shrinking neighborhood base at a. Since (z,,) is
frequently in Uy, we can pick n; so that z,,, € U;. Since (z,,) is frequently in U,, we can pick
an ny > n; so that z,, € Uy C U;. Continue inductively: having chosen n; < ... < ny so that
xp, € Uy C ... CUj, we can then choose nj1 > nyso that z,,, € Upyy € Up. Then (z,,) is a
subsequence of (7,,) and (z,,) — a.

Example 10.7 (the space L, revisited)

Let L be the space in Example 9.8 and let (x,)be a sequence which lists all the elements of

L —{(0,0)}.

Every basic neighborhood B of (0, 0) is infinite, so B must contain terms x,, for arbitrarily
large n. This means that (x,,) is frequently in B, so (0, 0) is a cluster point of (z,,).

But no subsequence of (z,,) can converge to (0,0) — because we showed in Example 9.8 that no
sequence whatsoever from L — {(0,0)} can converge to (0, 0). Therefore Theorem 10.6 may
not be true if the space X is not first countable.

Consider any sequence (z,) — (0,0) in L. If there were infinitely many z,, # (0,0), then we
could form the subsequence that contains those terms, and that subsequence would be a sequence
in L —{(0,0)} that converges to (0,0) — which is impossible. Therefore we conclude that
eventually z,, = (0,0).

Suppose now that f : L — N is any bijection, and let £ = f(0,0).

e whenever a sequence (z,) — (0,0) in L, then (f(z,)) — f(0,0) = k in N (because,
by the preceding paragraph, f(x,) = f(0,0) = k eventually)

e the topology on N is discrete so {k} is a neighborhood of f(0, 0), but

F7Y{k}] = {(0,0)} is not a neighborhood of (0,0). Therefore f is not continuous

at (0,0)

Theorem 9.9 does not apply to L: if a space is not first countable, sequences may be inadequate
to check whether a function f is continuous at a point.
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Exercises

E17. Suppose f,g: (X,77) — (Y,73) are continuous functions, that D is dense in X, and
that f|D = g|D. Prove that if Y is Hausdorff, then f = g. (This generalizes the result in
Chapter 2, Theorem 5.12.)

E18. A function f : (X,7) — Ris called lower semicontinuous if
fYH(b,00)] = {x: f(x) > b}is open for every b € R,

and f is called upper semicontinuous if

FH(=00,b)]={z: f(x) < b} is open for each b € R.
a) Show that f is continuous iff f is both upper and lower semicontinuous.

b) Give an example of a lower semicontinuous f : R — R which is not continuous.
Do the same for upper semicontinuous.

¢) Suppose A C X. Prove that the characteristic function x 4 is lower semicontinuous
if A is open in X and upper semicontinuous if A is closed in X.

E19. Suppose X is an infinite set with the cofinite topology, and that Y has the property that
every singleton {y} is a closed set. (You might want to check: this is equivalent to saying thatY’
is a Ti-space: see Definition 9.2). Prove that if f: X — Y is continuous and onto, then

either f is constant or X is homeomorphic to Y.

1) Note: the problem does not say that if f is not constant, then f is a homeomorphism.
2) Hint: Prove first that if f is not constant, then |X| = |Y'|. Then examine the topology
of Y.

E20. Suppose X is a countable set with the cofinite topology. State and prove a theorem that
completely answers the question: “what sequences in (X, 7') converge to what points?”

E21. Suppose that (X,7) and (Y, 7 ') are topological spaces. Recall that the product
topology on X X Y is the topology for which the collection of “open boxes”
B={UxV:UeT, VeT'}isabase.
a) The “projection maps” 7, : X x Y — X andm, : X x Y — Y are defined by
m(x,y) = x and my(z,y) = .
We showed in Example 5.11 that 7, and 7, are continuous. Prove that 7, and 7, are

open maps. Give examples to show that 7, and 7, might not be closed.
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E22.

b) Suppose that (Z,7 ") is a topological space and that f : Z — X x Y. Prove that

f is continuous iff both compositions 7, o f : Z — X and m,0 f: Z — Y are
continuous. (/nformally: a mapping into a product is continuous iff its composition with
each projection is continuous.)

¢) Prove that ((z,,y,)) — (z,y) € X x Y iff (z,,) — xin X and (y,) — yin Y.
(For this reason, the product topology is sometimes called the “topology of
coordinatewise convergence.”)

d) Prove that X x Y is homeomorphic to ¥ x X.
(Topological products are commutative. )

e) Prove that (X x Y') x Z is homeomorphic to X x (Y x Z)
(Topological products are associative. )
Let (X,7) and (Y, S) be topological spaces. Suppose f : X — Y. Let

L(f) ={(z,y) € X xY:y= f(x)} =“the graph of f.”

Prove that the map h: X — I'(f) defined by h(x) = (z, f(z)) is a homeomorphism if and only
if f is continuous.

Note: if we think of f as a set of ordered pairs, the “graph of f” is f. More informally,
however, the problem states a function is continuous iff its graph is homeomorphic to its domain.

E23.

In (X,7), a family of sets F = {B, : « € A} is called locally finite if each point

x € X has a neighborhood N such that N N B,, # () for only finitely many «'s. (Part b) was
also in Exercise E2.)

a) Suppose (X, d) is a metric space and that F is a family of closed sets. Suppose there
is an € > 0 such that d(B,, B,) > € for all By,By € F. Prove that F is locally finite.

b) Prove that if F is a locally finite family of sets in (X, 7), then

cl(UpeaBa) = Uyea €1 (Ba). Explain why this implies that if all the B,,'s are closed,
then |J,.4B. is closed. (This would apply, for example, to the sets in part a). See also
Exercise E2.)

¢) (The Pasting Lemmas: compare Exercise ILE24) Let (X,7)and (Y,7 ') be
topological spaces. For each a € A, suppose B, C X, that f, : B, — Yisa
continuous function, and that f,|(B, N Bg) = f3|(B, N Bg) forall a, 5 € A Then
Uaea fo = fisafunctionand f : |JB, — Y. (Informally: each pair of functions

fa and fg agree wherever their domains overlap; this allows use to define f by “pasting
together” all the ‘‘function pieces”)

1) Show that if all the B,,'sare open, then f is continuous.
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ii) Show that if there are only finitely many B,,'s and they are all closed, then f
is continuous. (Hint: use a characterization of continuity in terms of closed
sets.)

iii) Give an example to show that f might not be continuous when there are
infinitely many B, 's all of which are closed.

iv) Show that if F is a locally finite family of closed sets, then f is continuous.
(Of course, iv) = ii)).

Note: the most common use of the Pasting Lemma is when the index set A is finite.
For example, suppose

H; : [0,1] x [0, 3] — (X, d) is continuous, and

H, :[0,1] x [3,1] — (X, d) is continuous, and

Hl(t, %) = Hg(t, %) forallt S [0, 1}
151

1

%
(.d)
0.4 /
%
|:| A
0 0.5 1 1.5

H, is defined on the lower closed half of the box [0,1]?, Hy is defined on the upper closed half,
and they agree on the “overlap” — that is, on the horizontal line segment [0, 1] X {%} Part b)

(or part c) ) says that the two functions can be pieced together into a continuous function
H :[0,1)> — (X,d), where H = H, U Hy, that is

D= D=

H(t7y) - {
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Chapter I1I Review

Explain why each statement is true, or provide a counterexample. If nothing else is mentioned,
X and Y are topological spaces with no other properties assumed.

1. For every possible topology 7, the space ({0, 1,2}, 7) is pseudometrizable.
2. A convergent sequence in a first countable topological space has at most one limit.
3. A one point set {x} in a pseudometric space (X, d) is closed.

4. Suppose 7 and 7 ' are topologies on X and that for every subset A of X, cly(A) = clr/(A).
Then7 =T"'.

5. Suppose f: X — Yand A C X. If f|[A: A — Y is continuous, then f is continuous at each
point of A.

6. Suppose Sis a subbase for the topology on X and that D C X. If U N D # () for every
U € S, then D is dense in X.

7.1f D is dense in (X, 7)) and 7 * is another topology on X with 7 C 7*, then D is dense
in (X,77).

8. If f: X — Y is both continuous and open, then f is also closed.
9. Every space is a continuous image of a first countable space.

10. Let X = {0, 1} with topology 7 = {0, X, {1}}. There are exactly 3 continuous
functions f : (X,7) — (X, 7).

11. If A and B are subspaces of (X, 7 ) and both A and B are discrete in the subspace topology,
then A U B is discrete in the subspace topology.

12.If A C (X, 7T) and X is separable, then A is separable.
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13. If 7 is the cofinite topology on X. Every bijection f:(X,7)— (X,7) is a
homeomorphism.

14. If X has the cofinite topology, then the closure of any open set in X is open.

15. A continuous bijection from R to R must be a homeomorphism.

16. For every cardinal m, there is a separable topological space (X, 7) with | X | = m.

17. If every family of disjoint open sets in (X, 7) is countable, then (X, 7) is separable.

18. Fora € R? and € > 0, let C.(a) = {x € R?%: d(x,a) = €}. Let 7 be the topology on R? for
which the collection {C,(a): € > 0,a € R?} is a subbasis. Let U be the usual topology on R?.
Then the function f: (R?,7) — (R?,U) given by f(x,y) = (sinx,siny) is continuous.

19. If D C R and each point of D is isolated in D, then ¢l D must be countable.

20. Consider the separation property S : every minimal nonempty closed set F'is a singleton.
(F' is a minimal nonempty closed set means: if A is a nonempty closed set and A C F, then
A =F). If X is a T} -space, then X has property S.

21. A one-to-one, continuous, onto map f : ( X,7) — (Y,7") must be a homeomorphism.

22. An uncountable closed set in R must contain an interval of positive length.

23. A countable metric space has a base consisting of clopen sets.

24. Suppose D C X and that D is dense in (X,7). If 7" is topology on X with 7* C 7, then
Dis dense in (X, 7%).

25.If D € Rand D is discrete in the subspace topology, then D is countable.

26. The Sorgenfrey plane has a subspace homeomorphic to R (with its usual topology).
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27.InN,let B, ={BCN: ne€ Band B C {1,2,...,n}}. Ateach point n, the B,'s satisfy the
conditions in the Neighborhood Base Theorem and therefore describe a topology on N.

28. At each point n € N, let B, ={B: B2 {n,n+1,n+2,...}}. At each point n, the B,'s
satisfy the conditions in the Neighborhood Base Theorem and therefore describe a topology
on N.

29. Suppose (X, 7 ) has a base B with |B| = c. Then X has a dense set D with |D| < c.

30. Suppose (X, 7 ) has a base B with |B| = c. Then at each point x € X, there is a
neighborhood base with |B,| < c.

31. Suppose X is an infinite set. Let 77 be the cofinite topology on X and let 75 be the discrete
topology on X. Ifa function f : R — (X, 7;) is continuous, then f : R — (X, 75) is also
continuous.

32. Let 7 be the “right-ray topology” on R, that is, 7 = {(a,00) : a € R} U {0, R}. The space
(R, 7)) is first countable.
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Chapter IV
Completeness and Compactness

1. Introduction

In Chapter III we introduced topological spaces as a generalization of pseudometric spaces. This
allowed us to see how certain ideas — continuity, for example — can be extended into a setting
where there is no “distance” between points. Continuity does not really depend on the
pseudometric d but only on the topology.

Looking at topological spaces also highlighted the particular properties of pseudometric spaces
that were really important for certain purposes. For example, it turned out that first countability
is the crucial ingredient for proving that sequences are sufficient to describe a topology, and that
Hausdorff property, not the metric d, is what matters to prove that limits of sequences are unique.

We also looked at some properties that are distinct in topological spaces but equivalent in the
special case of pseudometric spaces — for example, second countability and separability.

Most of the earlier definitions and theorems are just basic “tools” for our work. Now we look at
some deeper properties of pseudometric spaces and some significant theorems related to them.

2. Complete Pseudometric Spaces

Definition 2.1 A sequence (z,,) in a pseudometric space (X, d) is called a Cauchy sequence
if Ve >0 3N € N such thatif m,n > N, then d(z,,, z,) < .

Informally, a sequence (x,,) is Cauchy if its terms “get closer and closer to each other.” It should
be intuitively clear that this happens if the sequence converges, as the next theorem confirms.

Theorem 2.2 If (z,) — z in (X, d), then (x,) is Cauchy.

Proof Lete > 0. Because (v,) — =, there is an N € N such that d(z,,,r) < § forn > N.
Soif m,n > N, we get d(z,, x,) < d(x,, 7) +d(x,2,) < §+ 5 = €. Therefore (z,,) is
Cauchy. e

However, a Cauchy sequence does not always converge. For example, look at the space (Q, d)

where d is the usual metric. Consider a sequence in Q that converges to \/5 in R; for example,
we could use (g,) = (1, 1.4, 1.41, 1.414, ... ).

e Since (g, ) is convergent in R, (g,) is a Cauchy sequence in Q (“Cauchy” depends

only on d and the numbers q,, not whether we are thinking of these q,'s as elements of Q or R.
e But (g,) has no limit in (Q, d). (Why? To say that \/5 ¢ Q7 is part of the answer.)
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Definition 2.3 A pseudometric space (X, d) is called complete if every Cauchy sequence in
(X, d) has a limit in X.

Example 2.4  In all parts of this example, d is the usual metric on subsets of R.

1) (R,d) is complete (for the moment, we assume this as a simple fact from analysis;
however we will prove it soon) but (Q,d) and (P, d) are not complete: completeness is not a
hereditary property !

2) If (x,,) is a Cauchy sequence in (N, d), then there is some N such that |z, — z,| < 1
for m,n > N. Because the z,'s are integers, this implies that x,, = z,, for m,n > N — that is,
(x,,) is eventually constant and therefore converges. Therefore (N, d) is complete.

3) Consider N with the equivalent metric d'(m,n) = |+ — 1. (d" ~ d because both
metrics produce the discrete topology on N.)
In (N,d"), the sequence (x,) = (n) is Cauchy, and if & € N, then d'(z,, k)
=|2— 1| — 1 #0asn — 00,50 (z,) + k. So the space (N, d’) is not complete.
Since (N, d') has the discrete topology, the map i(n) = n is a homeomorphism
between (N, d') and the complete space (N, d). So completeness is not a topological property.

A homeomorphism takes convergent sequences to convergent sequences and
nonconvergent sequences to nonconvergent sequences. For example, (n) does not converge in
(N,d') and (i(n)) = (n) does not converge in (N,d). These two homeomorphic metric spaces
have exactly the same convergent sequences — but they do not have the same Cauchy sequences.
Changing a metric d to a equivalent metric d  does not change the open sets and therefore does
not change which sequences converge. But the change might create or destroy Cauchy sequences
because the Cauchy property does depend specifically on how distances are measured.

Another similar example: we know that any open interval (a, b) is homeomorphic to R.
However, with the usual metric on each space, R is complete and (a, b) is not complete.

4) In light of the observations in 3) we can ask: if (X, d) is not complete, might there be
some equivalent metric d’ for which (X, d’) is complete? To take a specific example: could we
find some metric d’ on Q so d ~ d' but for which (Q,d") is complete? We could also ask this
question about (P, d). Later in this chapter we will see the answer — and perhaps surprisingly,
the answers for Q and IP are different!

5) (N,d) and ({i:neN},d) are countable discrete spaces, so they are
homeomorphic. But (even better!) the function f(n) = % is actually an isometry between these
spaces because d (m,n) = |+ — 1| = d(f(m), f(n)). An isometry is a homeomorphism, but
since it preserves distances, an isometry also takes Cauchy sequences to Cauchy sequences and
non-Cauchy sequences to non-Cauchy sequences. Therefore if there is an isometry between two
pseudometric spaces, then one space is complete iff the other space is complete.

For example, the sequence (z,,) = n is Cauchy in (N, d’) and the isometry f carries
(z,) to the Cauchy sequence (f(z,)) = (+)in ({1 : n € N}, d). Itis clear that (n) has no limit
in the domain and (%) has no limit in the range.

(N,d") and ({1 : n € N}, d) “look exactly alike” — not just topologically but as metric
spaces. We can think of f as simply renaming the points in a distance-preserving way.
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Theorem 2.5 If x is a cluster point of a Cauchy sequence (x,) in (X, d), then (z,) — =.

Proof Lete > 0. Pick N so that d(z,,,z,) < §when m,n > N. Since (z,) clusters at z, we
can pick a K > N so that zx € Bg(x). Then for this K and forn > N,

d(zn,z) < d(zy, 2x) +d(zg, ) < §+§ =¢
sO (z,) > x. ®

Corollary 2.6 In a pseudometric space (X, d): a Cauchy sequence (z,,) converges iff (z,) has
a cluster point.

Corollary 2.7 In a metric space (X, d), a Cauchy sequence can have at most one cluster point.

Theorem 2.8 A Cauchy sequence (z,) in (X,d) is bounded — that is, the set
{1, x9,..., Ty, ...} has finite diameter.

Proof Pick N so that d(x,,,z,) < 1 when m,n > N. Then x, € By(zy) foralln > N.
Let r =max {1,d(x1,zxn),d(z9,2N),...,d(xN_1,2N)}. Therefore, for all m,n we have
Az, x,) < d(xp,xy) +d(xy, ) < 2r,so diam{zy, z9, ..., Tp, ...} < 2r. @

Now we will prove that R (with its usual metric d) is complete. The proof depends on the
completeness property (also known as the “least upper bound property’”) of R. We start with two
lemmas which might be familiar from analysis. A sequence (z,)is called weakly increasing if
Ty < x,41 for all n, and weakly decreasing if x, > x,; for all n. A monotone sequence is one
that is either weakly increasing or weakly decreasing.

Lemma 2.9 If (z,) is a bounded monotone sequence in R, then (z,,) converges.

Proof Suppose (z,) is weakly increasing. Since (z,) is bounded, {x, : n € N} has a least
upper bound in R. Let x = sup {z,, : n € N}. We claim (z,,) — =.

Let e > 0. Since x — e < x, we know that = — € is not an upper bound for {z,, : n € N}.
Therefore x — e < xy < z for some N. Since (x,) is weakly increasing and x is an upper
bound for {z, :n € N}, it follows that z —e < zy <z, <z for all n > N. Therefore
|z, — x| <€ foralln > N, so(x,) — =.

If (z,,) is weakly decreasing, then the sequence ( — x,,) is a weakly increasing, so
(—x,) — a for some a; then (z,) > —a.

Lemma 2.10 Every sequence (x,,) in R has a monotone subsequence.
Proof Call z;, a peak point of (z,,)if z;, > x,, foralln > k. We consider two cases.

i) If (z,) has only finitely many peak points, then there is a last peak point z,, in (z,,).
Then z,, is not a peak point for n > ny. Pick an n; > ng. Since z,, is not a peak point, there is

an ny > ny with x,, < x,, Since x,, is not a peak point, there is an n3 > ny with x,, < x,,
We continue in this way to pick an increasing subsequence (z,, ) of (x,).
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ii) If (x,) has infinitely many peak points, then list the peak points as a subsequence
Ty, Tny... (Where n; < ny < ...). Since each of these points is a peak point, we have
T, > Zn,,, for each k, so (z,,) is a weakly decreasing subsequence of (z,,). o

Theorem 2.11 (R, d) is complete.

Proof Let (z,)be a Cauchy sequence in (R, d). By Theorem 2.8, (z,) is bounded and by
Lemma 2.10, (x,) has a monotone subsequence (z,,) which is, of course, also bounded. By
Lemma 2.9, (z,,) converges to some point = € R. Therefore x is a cluster point of the Cauchy
sequence (), so (x,) — . o

Corollary 2.12 (R",d) is complete.

Proof Exercise
(Hint: For n = 2, the sequence ((x,,y,)) in R? is Cauchy iff both sequences (x,) and (y,)
are Cauchy sequences in R. If (z,,) — x and (y,) — v, then ((xn,yn) — (x,y) in R2)

3. Subspaces of Complete Spaces
Theorem 3.1 Let (X, d) be a metric space suppose A C X.

1) If (X, d) is complete and A is closed, then (A, d) is complete.
2) If (A, d) is complete, then A is closed in (X, d).

Proof 1) Let (a,) be a Cauchy sequence in A. Then (a,) is also Cauchy in the complete space
(X,d), so (a,) — x for some x € X. But A is closed, so this limit z must be in A, that is,
(an) — = € A. Therefore (A, d) is complete.

2) If x € cl A, we can pick a sequence in A such that (a,) — x. Since (a,) converges,
it is a Cauchy sequence in A. But (A, d) is complete, so we know (a,) — a for some
a € A C X. Since limits of sequences are unique in metric spaces, we conclude that x = a.
Therefore if z € cl A, thenz € A. So Aisclosed. e

Part 1) of the proof is valid when d is a pseudometric, but the proof of part 2) requires
that d be a metric. Can you give an example of a pseudometric space (X, d) for which
part 2) of the theorem is false?

The definition of completeness is stated in terms of the existence of limits for Cauchy sequences.
The following theorem gives a different characterization — in terms of the existence of points in
certain intersections. This illustrates an important idea: the completeness property for (X, d) can
be expressed in different ways, but each characterization somehow asserts the existence of
certain points.
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Theorem 3.2 (The Cantor Intersection Theorem) The following are equivalent for a metric
space (X, d)

1) (X, d) is complete
2) Whenever F} 2 F5 D ... D F,, D ... is a decreasing sequence of nonempty
closed sets with diam(F,,) — 0, then (|~ F,, = {z} for some z € X.

Proof 1) = 2) For each k, pick a point x;, € F}. Since diam(F}) — 0, the sequence (zy,) is
Cauchy so (x) — « for some = € X.

For each n, the subsequence (x,.x) = (Ty11,Tpni2,...) — x. Since the F,'s are
decreasing, this subsequence is inside the closed set F},, so « € F;,. Therefore x € ﬂflo:an.

If z,y € (,—,Fn, then d(x,y) < diam(F,) for everyn. Since diam(F,) — 0,
this means that d(z,y) = 0. Therefore x = y, and so (), F,, = {x}.

2) = 1) Suppose 1) is false, and let (x,,) be a nonconvergent Cauchy sequence (z,,).

We will construct sets F;, which violate condition 2). Without loss of generality, we may assume
that all the z,,'s are distinct.

(Why? If any value x), = y were repeated infinitely often, then y would be a cluster point
of (x,,) and we would have (x,,) — y. Therefore each term of (x,,) can occur only finitely often,
and we can pick a subsequence from (x,) whose terms are distinct. This subsequence is also a
nonconvergent Cauchy sequence. We could now construct the F,'s using the terms of the
subsequence. But to keep the notation a bit simpler, we might as well assume all the terms in the
original sequence are distinct.)

Let F, = {20, Tui1, oo Triks ..} = the “n'’ tail” of the sequence (x,,) # (. Then
each F,, D F,.1, and (),_,F,, = 0. For e > 0, we can pick N so that d(z,,,z,) < s
if m,n > N. Then diam(Fy) < € and forn > N, diam(F,,) < diam(Fy) < €.

So diam(F},) — 0.

We claim that these F),'s are closed — which will contradict 2) and complete the proof.
If some particular F,,, were not closed, then there would be a point x € cl F},, — F,,, and we
could find a sequence of distinct terms in F),, that converges to x. But such a sequence is
automatically a subsequence of the original sequence (x,), so x would be a cluster point of
(x,) — which is impossible since a nonconvergent Cauchy sequence (z,)can't have a cluster
point. e

How would Theorem 3.2 be different if d were only a pseudometric? How would the proof
change?

Example 3.3
1) In the complete space (R, d) consider: a) F,, = [n,o0)
¢) Fy = [n, n+ 1]
In each case, ()~ F,, = (). Do these examples contradict Theorem 3.2? Why not?

2) LetF,={zeQ: [V2 -1 <2<2 + 1]} The F,’ satisty all the
hypotheses in Theorem 3.2), but ()~ F;, = (. Does this contradict Theorem 3.2?
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Example 3.4 Here is a proof, using the Cantor Intersection Theorem, that the closed interval
[0, 1] is uncountable.

If [0, 1] were countable, we could list its elements in a sequence (z,,). Pick a subinterval
[a1,b1] of [0,1] with length less than 1 and excluding z;. Then pick an interval
[ag, bo] C [a1, b;] of length less than i and excluding x5. Continuing inductively, choose

an interval [a,41,bn41] C [ap,b,] of length less than 2,% and excluding x,.1. Then
[a1,b1] 2 [ag,bs] D ... D [an,b,] D ... and these sets clearly satisfy the conditions in
part 2) of the Cantor Intersection Theorem. But (", [a,,b,] = 0. This is impossible

since [0, 1] is complete.

The following theorem has some interesting consequences. In addition, the proof is a very nice
application of Cantor's Intersection Theorem — in it, completeness is used to prove the existence
of “very many” points in X.

Theorem 3.6 Suppose (X, d) is a nonempty complete metric space with no isolated points.
Then | X| > c.

To prove Theorem 3.5, we will use the following lemma.

Lemma 3.5 Suppose (X, d) is a metric space that A C X. If a,b € int A and a # b, then we
can find disjoint closed balls F, and F; (centered at a and b) with F, C int A and F; C int A.

Proof Let ¢ =d(a,b). Since a,b € int A, we can choose positive radii €, and €, so that
B, (a) CintAand B, (b) C int A. In addition, we can choose both ¢, and ¢, less than 3.

Let ¢/ = min{e,,€}. Then we can use the closed balls F, = {z:d(z,a) <€’} and
F,={z:d(z,b) <€'}. o

Proof of Theorem 3.6 The idea of the proof is to construct, inductively, ¢ different descending
sequences of closed sets, each of which satisfies condition 2) in the Cantor Intersection Theorem,
and to do this in a way that the intersection of each sequence gives a different point in X. It then
follows that | X| > c. The idea is simple but the notation gets a bit complicated. First we will
give the idea of how the construction is done. The actual details of the induction step are
relegated to the end of the proof.

Stage 1 X is nonempty and has no isolated points, so there must exist two points
xg # x1 € X. Pick disjoint closed balls Fy and Fj, centered at xy and z;, each with
diameter < %

Stage 2 Since x( € int Fj and x; is not isolated, we can pick distinct points xgg and x¢;
(both # x¢) inint F;y and use Lemma 3.5 to pick disjoint closed balls Fy, and Fy; (centered at
xoo and xp;) and both C int F;. We can then shrink the balls, if necessary, so that each has
diameter < %

We can repeat similar steps inside Fj : since x; € int F} and x; is not isolated, we can
pick distinct points x19and x1; (both = 1) inint /7 and use the Lemma 3.5 to pick disjoint
closed balls Fiy and F3; (centered at x1pand x1;) and both C int F;. We can then shrink the
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balls, if necessary, so that each has diameter < % At the end of Stage 2, we have 4 disjoint
closed balls: Foo, F01, F107 F11.

Stage 3 We now repeat the same construction inside each of the 4 sets Fyg, Fo1, Fig, F11-
For example, we can pickdistinct points xggand xgo (both £ ) inint Fyy and use the
Lemma 3.5 pick disjoint closed balls Fyyy and Fyp; (centered at zggo and xgg1) and both C int
Fio. Then we can shrink the balls, if necessary, so that each has diameter < % See the figure
below.

After Stage 3, we have 8 disjoint closed balls: Fiyy, Foo1, Foio, --- - We have the beginnings of 8
descending sequences of closed balls at this stage. In each sequence, at the n'M “stage,” the sets
have diameter < 2L

2 Fooo
D Fy <
/ 2 Foo
Fy ... etc.
N 2 Fowo
D Fy <
2 Fon
and
2 Fio
D Fy <
/! 2 Fip
Fi ... etc.
N 2 I
Dy <
2 ki
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We continue inductively (see the details below) in this way — at a given stage, each descending
sequence of closed balls splits into two “disjoint branches.” The “split” happens when we
choose two new nonempty disjoint closed balls inside the current one, making sure that their
diameters keep shrink toward 0.

In the end, for each binary sequence s = (ny,ng,...,nk,...) € {0,1}N we will have a
corresponding descending sequence of nonempty closed sets whose diameters — 0:

Fﬂ,] 2 anng 2 Fnlngng 2 2 FTL]TLQA..nk. 2

For example, the binary sequence s = (0,1,1,0,0,1...) € {0, 1} corresponds to the descending
sequence of closed sets

Fy 2 Fyr 2 Foir 2 Foro 2 Foro 2 Foroor 2 -
The Cantor Intersection theorem tells us for each s, there is an z, € X such that
Fm N Fn2n2 N Fnlngng n..N Fnlng...n;\. Nn... = nzolenlng...m. - {'xe}
For two different binary sequences, say t = (my, ma, ..., My, ...) # (N1,N2, ..., Nk, ...) = S,
there is a smallest k£ for which my, # n;. Then xs € F,p, 5 n, and &, € F i, np ym,. Since
these sets are disjoint, we have x; # x;. Thus, mapping s — x; gives a one-to-one function

from {0, 1}" into X. We conclude that ¢ = 2% = [{0, 1}|N < | X].

Here are the details of the formal induction step in the proof..

Induction Hypothesis: Suppose we have completed k stages —that is, for each
i =1,...,k and for each i-tuple (ny,...,n;) € {0,1}" we have defined points x,, ,, and
closed balls F,,, _,, centered at x,,. ,,, with diam(F,, ,,) < QL and so that

for each (ny,...,m:), Fo, 2 Fony 2 oo 2 Fopnyon,

Induction step: We must construct the sets for stage &+ 1. For each (k + 1)-tuple
(N1 ey iy ieg1) € {0,131 we need to define a point T, .nenp,and a closed ball
F,. . .., in such a way that the conditions in the induction hypothesis remain true with
k + 1 replacing k.

For any (n4,...,n;): we have x,, ,, € intF, . Since z,, ,, is not
isolated, we can pick distinct points z,, 0 and z,, 1 (both # z,, . ) inintF, .
and use the Lemma 3.5 to pick disjoint closed balls F), ,,0 and F), .1 (centered at
Ty, n0 and T, 1) and both C int F, ... We can then shrink the balls, if necessary,
so that each has diameter < ﬁ °

Corollary 3.7 If (X, d) is a nonempty complete separable metric space with no isolated points,
then | X| = c.

Proof Theorem I1.5.21 (using separability) tells us that | X| < ¢; Theorem 3.6 gives us
| X|>c. o
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The following corollary gives us another variation on the basic result.

Corollary 3.8 If (X, d) is an uncountable complete separable metric space, then | X| = c.
(So we might say that “the Continuum Hypothesis holds among complete separable metric
spaces.””)

Proof Since (X, d)is separable, Theorem I1.5.21 gives us | X| < ¢. If we knew that X had no
isolated points, then Theorem 3.6 (or Corollary 3.7) would complete the proof. But X might have
isolated points, so a little more work is needed.

Call a point € X a condensation point if every neighborhood of x is uncountable. Let
C be the set of all condensation points in X. Each point a € X — C has a countable open
neighborhood O. Each point of O is also a non-condensation point, so a € O C X — C.
Therefore X — C'is open so C'is closed, and therefore (C, d) is a complete metric space.

Since (X,d) is separable (and therefore second countable), X — C' is also second
countable and therefore Lindelof. Since X — C' can be covered by countable open sets, it can be
covered by countably many of them, so X — C' is countable: therefore C' # () (in fact, C' must
be uncountable).

Finally, (C,d) has no isolated points in C: if b € C' were isolated in C, then there
would be an open set O in X with ONC = {b}. Since O — {b} C X — C, O would be
countable — which is impossible since b is a condensation point.

Therefore Corollary 3.7 therefore applies to (C, d), and therefore | X| > |C| > c. o

Why was the idea of a “condensation point” introduced in the example? Will the argument
work if, throughout, we replace ‘“condensation point” with ‘“non-isolated point?” If not,
precisely where would the proof break down?

The next corollary answers a question we raised earlier: is there a metric d’ on Q which is
equivalent to the usual metric d but for which (Q,d’) is complete — that is, is Q “completely
metrizable?”

Corollary 3.9 Q is not completely metrizable.
Proof Suppose d’ is a metric on Q equivalent to the usual metric d, so that 7; = 7;,. Then
(Q,d’) is a nonempty metric space and, since d ~ d’, the space (Q,d’) has no isolated points

(no set {¢} is in 7; = 7 : “isolated point” is a topological notion.). If (Q,d’) were complete,
Theorem 3.6 would imply that Q is uncountable. e

162



Exercises

El. Prove that in a metric space (X, d), the following statements are equivalent:

a) every Cauchy sequence is eventually constant
b) (X,d) is complete and 7 is the discrete topology
¢) every subspace of (X, d)is complete

E2. Suppose that X is a dense subspace of the pseudometric space (Y, d) and that every Cauchy
sequence in X converges to some point in Y. Prove that (Y, d) is complete.

E3. Suppose that (X, d) is a metric space and that (z,,) is a Cauchy sequence with only finitely
many distinct terms. Prove that (z,) is eventually constant, i.e., that for some n € N,
LTp = Tpgl = -

E4. Let p be a fixed prime number. The p-adic norm | |, is defined on Q by:

k
For 0 # = € Q, write z = £ for integers k, m, n, where p does not divide m or n. (Of

course, k may be negative. ) Define |z, = pF = 1% . We define [0], = 0.

Forall z,y € Q,

a)|z|, >0and |z|, =0iffz =0
b)|$y|p: |$|p"y|p
C)|x+y|p§ ’x|p+’y|p

d) [z +yl, <max{[z],, |yl,}

| |, is shares properties a), b) and c) with the ordinary norm (or absolute value), | | on Q. But

d) is a condition stronger than the usual triangle inequality: that is, d) = ¢)
The p-adic metric d, is defined on Q by d,(z,y) = |z —y|,

Because of d), the metric d, satisfies a strengthened version of the triangle inequality for metric
spaces: what is this stronger inequality ? For x,y,z € Q, d,(z, 2)

Prove or disprove : (Q, d,) is complete.
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E5. Suppose (X, d) is complete and that F; D F, D ... D F,, D ... is a sequence of closed sets in
X for which diam(F,,) — 0. Prove that if Y is a Hausdorff space and f : X — Y is continuous,
070;1 f[Fn] = f[ﬂ?;l Fn] .

E6. A metric space (X, d) is called locally complete if every point  has a neighborhood N,
(necessarily closed) which is complete.

a) Give an example of a metric space (X, d) that is locally complete but not complete.

b) Prove that if (D, d) is a locally complete dense subspace the complete metric space
(X,d), then D is open in X.

Hint: it may be helpful to notice if O is open and D is dense, then cl(O N D) =cl(O).
This is true in any topological space (X, T).

E7. Suppose A is an uncountable subset of R with |A| = m < ¢. (Of course, there is no such
set A if the Continuum Hypothesis is assumed.) s it possible for A to be closed? Explain.
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4. The Contraction Mapping Theorem

Definition 4.1 A point = € X is called a fixed point of the function f: X — X if f(z) = x.
We say that a topological space X has the fixed point property if every continuous f : X — X
has a fixed point.

The fixed point property is a topological property (this is easy to check; do it!)
Example 4.2

1) A function f : R — R has a fixed point if and only if the graph of f intersects the
line y = x.
If ACR, then Ais the set of fixed points for some function: for example
f(x) =z - xa(z), where x4 is the characteristic function of A. Is every set A C R the set of
fixed points for some continuous function f:R — R ? Are there any restrictions on the
cardinality of A?

2) The interval [a,b] has the fixed point property: a continuous f : [a,b] — [a,b] must
have a fixed point. Certainly this is true if f(a) = a or f(b) = b. So assume that f(a) > a and
f(b) <b and define g(z) = f(z) —2x.  Then g is continuous, g(a) = f(a) —a > Oand
g(b) = f(b) — b < 0. By the Intermediate Value Theorem (from analysis) there must be a point
¢ € (a,b) where g(c) = f(c) —c =0, thatis, f(c) = c.

3) The Brouwer Fixed Point Theorem states that D" = {x € R" : d(z,0) < 1} has the
fixed point property. For n > 1, the proof of Brouwer's theorem is rather difficult; the usual
proofs use techniques from algebraic topology. For n =1, D" is homeomorphic to [a,b], so
Brouwer's Theorem generalizes part 2) of this example.

In fact, Brouwer's Theorem can be generalized as the Schauder Fixed Point
Theorem: every nonempty compact convex subset K of a Banach space has the fixed point

property.

Definition 4.3 f : (X,d) — (X,d)isa contraction mapping (for short, a contraction) if there is
a constant « € (0, 1) such that d(f(x), f(y)) < ad(z,y) forall z,y € X.

Notice that a contraction f is automatically continuous: for ¢ > 0, choose 6 = e¢. Then, for all
x € X, d(x,y) < 6 implies d(f(z), f(y)) < ad < e. In fact, this choice of § depends only on €
and not the point z. When that is true, we say that f is uniformly continuous.

The definition of uniform continuity for f on X reads:

Ve 36 Vz Vy (d(z,y) < 6= d(f(x), f(y)) <€)
Compare this to the weaker requirement for f to be continuous on X:

Ve V36 Vy (d(x,y) < 6 = d(f(x), f(y)) <€)
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Example 4.4

1) The function f : [0,1] — [0, 1] given by f(z) = 2? is a contraction because for any
z,y € [0, 7], we have |f(z) — f(y)| = |2* = ¢*| = |z + yllz — y| < 3|z — .

2

2) However, the function f : R — R given by f(x) = x* is not a contraction. For f to

be a contraction, there would have to be some « € (0, 1) for which

|22 — y?| < alr —y| forall z,y in R, and this would imply that
lz+yl <a for all z # y (which is false).

We could also argue that f is not a contraction by noticing that f : R — Ris not
uniformly continuous. For example, if we choose ¢ = 2, then no ¢ > 0 will satisfy the condition

Vo Vy (d(z,y) < 6= d(f(z), f(y)) <2). For example, given § > 0, we can let z = % and

y=2+% Then|f(x)— f(y)| =2+ & > 2.

Theorem 4.5 (The Contraction Mapping Theorem) If (X, d) is a nonempty complete metric
space and f : X — X is a contraction, then f has a unique fixed point. (“Nonempty” is included
in the hypothesis because the empty function ) from the complete space ) to () is a contraction
with no fixed point.)

A fixed point provided by the Contraction Mapping Theorem can be useful, as we will soon see
in Theorem 4.9 (Picard's Theorem). The proof of the Contraction Mapping Theorem is also
useful because it shows how to make some handy numerical estimates (see the example following
Picard's Theorem.)

Proof Suppose 0 < o < 1 and that d(f(x), f(y)) < ad(z,y) for all z,y € X. Pick any point
xo € X and apply the function f repeatedly to define

€Ty = f($0)7
vy = f(a1) = f(f(20)) = f*(w0)
Ty = f(}f:nfl) = . = fw($0)

We claim that this sequence (z,,) is Cauchy and that its limit in X is a fixed point for f. (Here
you can imagine a ‘“‘control system” where the initial input is xo and each output becomes the
new input in a ‘feedback loop.” This system approaches a ‘steady state” where
“input = output.”)

Suppose € > 0. We want to show that d(x,, x,,) < €for large enough m,n. Assume m > n.
Applying the “contraction property” n times gives:

d(an, ) = d(f"(z0), [ (x0)) = d(f (f"(20)), F(f" (20)))
< ad(f"H(xo), [ (w0)) < @ d(f" 7 (xo), [ (o))

< v < aMd(zg, (1)) = @™ d(o, Tin—n)
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Using the triangle inequality and the contraction property again, we get
d(l‘n, :L‘m) S a” d(J:O? xm—n)

<a" (d(-f()axl) + d(xla x?) + d(x2; .’L‘g) + ...+ d(.’L‘7n,n,1,IIZm,n))

< a"(d(zg,x1) + ad(zg, z1) + d(z0, 21) + ... + ™" Ld(20, 71))

=a"d(zo,r1) (1 +a+a’+ ...+ o™ ") < a”d(xg, 1) Y e gk

"d
:%”fl)ﬁ()asnﬁoo.

So @rn) ¢ if n > some N. Then d(z,,2,) < € if m >n > N. Therefore (z,) is

Cauchy. Since (X, d)is complete (x,) — x for some x € X.

By continuity, (f(x,)) — f(x). But also (f(z,)) — x because f(z,)= x,+1. Because a
sequence in a metric space can have at most one limit. we get that f(x) = x. (If d were just a
pseudometric, x might not actually be a fixed point: we could only say that d(z, f(x)) = 0.)

If y is also a fixed point for f, then d(z,y) = d(f(x), f(y)) < ad(z,y). Since 0 < a < 1, this
implies that d(x,y) =0, so z =y — that is, the fixed point x is unique. (If d were just a
pseudometric, f could have several fixed points at distance 0 from each other.) e

Notes about the proof

a"d(zg,z1)
1—a

Thus we have a computable

1) The proof gives us that if m > n, then d(z,, x,,) < for each n € N. If we
fix n and let m — oo, Then (z,,) — x, so d(z,,x) <

bound on how well x,, approximates the fixed point x.

a’d(xp,r1)
11—«

2) For large n we can think of x,, as an “approximate fixed point” — in the sense that
f doesn't move the point x,, very much. To be more precise,

d(zp, f(24)) < d(@n,z) +d(z, f(2,)) = d(@n, ) + d(f(2), f(2,))
< d(zp,x)+ad(z,z,) =1+ a)d(z,,x)
ad(zg,z1)

§(1+a)?—>0asn—>oo.

Example 4.6 Consider the following functions that map the complete space R into itself:

1) f(x) =2z + 1: f is (uniformly) continuous, f is not a contraction, and f has a
unique fixed point: x = — 1

2) g(x) = 2? + 1is not a contraction and has no fixed point.

3) h(xz) = x + sinz has infinitely many fixed points.
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We are going to use the Contraction Mapping Theorem to prove a fundamental theorem about
the existence and uniqueness of a solution to a certain kind of initial value problem in differential
equations. We will use the Contraction Mapping Theorem applied to the complete space in the
following example.

Example 4.7 Let X be a topological space and C*(X) be the set of bounded continuous real-
valued functions f: X — R, with the metric p(f, g) = sup {|f(z) — g(x)|:x € X}. (Since f,g
are bounded, so is | f — g| and therefore this sup is always a real number. It is easy to check
that p is a metric.) The metric p is called the “metric of uniform convergence” because
p(f,g) < e implies that f is “uniformly close” to g :

p(f,g9) <e = |f(x) —g(z)| < e atevery pointx € X (%)

In the specific case of (C*(R), p), the statement that (f,) LA f is equivalent the statement (in
analysis) that “(f,,) converges to f uniformly on R.”

Theorem 4.8 (C*(X), p) is complete.

Proof Suppose that (f,) is a Cauchy sequence in (C*(X), p): given € > 0, there is some N so
that p(f,, fm) < € whenever n,m > N. This implies (see (*), above) that for each z € X,
| fn(z) — fi(x)] < ewhenever n,m > N. For any fixed z, then, (f,(z)) is a Cauchy sequence
of real numbers, so (f,(z)) — some r, € R. Define f: X — R by f(x) = r,. To complete

the proof, we claim that f € C*(X) and that (f,,) LS f

First we argue that f is bounded. Pick N so that p(f,, fn) < 1 whenever n,m > N .
Using m = N, this gives p(f,, fv) < 1 for n > N and therefore |f,(z) — fv(z)| < 1 for every
z € X. Now let n — oo, to get that

for every x [f(z) = fn()] <1,
so, foreveryz —1 < f(x) — fy(z) <1
Since f is bounded, there is a constant M such that
—M< fyl@) <M for every .
Adding the last two inequalities shows that f is bounded because, for every x

[f (@) < M +1.

We now claim that (f),) LS f. (Technically, this is an abuse of notation — because p is defined
on C*(X) and we don't yet know that f is in C*(X)! However, the same definition for p makes
sense on any collection of bounded real-valued functions, continuous or not. We are using this
“extended definition” of p here.) Let ¢ >0 and pick N so that p(f,, fn) < 5§ whenever
m,n > N. Then |f,(z) — fm(x)| < 5 for every x whenevern,m > N. Letting m — oo, we

get that [ f,,(z) — f(z)| < §forall x and all n > N. Therefore p(f,,, f) < eif n > N.
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Finally, we show that f is continuous at every point a € X. Lete > 0. Forx € X and N €¢ N
we have

[f (@) = fla)l <|f (@) = fn(@)| + | fx () = fx(a)] + | f(a) = f(a)]

Since (fy,) LA [, we can choose N large enough to make p(fy,f) < 5. This implies that
|f(x) — fy(x)| < § and|fy(a) — f(a)] < 5. Since fy is continuous at a, we can choose a
neighborhood W of a so that | fx (z) — fn(a)| < § forall z € W. Then for x € W we have

|f(x) = f(a)] < § +§ +§ =¢s0 fiscontinuous ata. e
Theorem 4.9 (Picard's Theorem) Let (z¢, 1) be an interior point of a closed box D in R?, and

suppose that f : D — R is continuous. In addition, suppose that there is a constant M such that
for all (x1,y1) and (x1, y2) in D:

lf(z1,91) — flx1,2)] < Myt — | (L)

Then
i) there exists an interval I = [zg — a,z0 + a] = {z : |x — 20| < a}, and
ii) there exists a unique differentiable function g: I — R
such that { y‘i = (o) forx el
9'(x) = f(z,9(x))

In other words, on some interval I centered at x(, there is a unique solution y = g(x) to the
initial value problem
{y’:f(xjy) (%)

y(To0) = Yo

Before beginning the proof, we want to make some comments about the hypotheses.

1) The “strange” condition (L) says that “ f satisfies a Lipschitz condition in the variable
yon D.” For our purposes, it's enough to notice that (L) will be true when the partial derivative
f, exists and is continuous on the closed box D. In that case, we know (from analysis) that
|fy| < some constant M on D. Then, if we think of f(z,y) as a single-variable function of y
and use the ordinary Mean Value Theorem, we get a point z between y; and y, for which

lf(z1,01) — f(z1,90)| = |fy(1’7172)‘ : \yl —y2| < Mly1 — v

2) Consider a specific example: f(z,y)=y—2, D=[-1,1]x[—1,1], and
(x0,y0) = (0,0). Since f, = 1, the preceding comment tells us that condition (L) is true.
[— —
Consider the initial value problem { Z?j ( 0;3 0 ¥ Picard's Theorem states that there

is a unique differentiable function y = g(«x), defined on some interval [ — a, a] that solves this
system: ¢(0) =0 and ¢'(z) = f(z,g9(z)) (thatis, y’ =y —z). As we will see, the proofs of
Picard's Theorem and the Contraction Mapping Theorem can actually help us to find this
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solution. Of course, once a solution is actually found, a direct check might show that the
solution is actually valid on an interval larger than the interval I that comes up in the proof.

Proof (Picard's Theorem) We begin by changing the initial value problem (x) into an
equivalent problem that involves an integral equation (k) rather than a differential equation.
Let y = g(x) be a continuous function defined on an interval I = [z¢ — a, x( + al:

Suppose g satisfies (*): f is continuous, so ¢'(z) = f(x, g(z)) is continuous. (Why?)
Therefore the Fundamental Theorem of Calculus tells us for all x € I,

g(x) — g(wo) = [, g'(t) dt = [ f(t,9(t))dt, so

o) = yo+ [ f(t9(t)) dt (*)

Suppose g satisfies (**): then g(xo) = yo + f;’]of(t,g(t)) dt = yo. Since f(t,g(t)) is
continuous, the Fundamental Theorem gives that for all z € I, ¢'(z) = f(z, g(x)).
Therefore the function g(z) satisfies (*).

Therefore a function continuous g on I satisfies (*) iff g satisfies (**). (Note that the initial
condition yy = g(x) is “built into” the single equation (xx).) Now we show that a unique
solution g to (**) exists on some interval [ centered at x.
First, we establish some notation:
We are given a constant M in the Lipschitz condition (L).
Pick a constant K so that |f(x,y)| < K forall (x,y) € D. (We will prove later in this
chapter that a continuous real-valued function on a closed box in R? must be bounded.
For now, we assume that fact from analysis.)

Because (z,yo) € int D, we can pick a constant a > 0 so that

i) {z:]z—z| <a}x{y:|y—wl< Ka} €D, and
i) aM <1

Let [ = {z:|x — x¢| < a} = [xg — a,zo + al.

We consider (C*(1), p), where p is the metric of uniform convergence. By Theorem 4.8, this
space is complete. Let B = {g € C*(I) : Vt € I, |g(t) — wo| < Ka}.

For an arbitrary g € C*(I), g(t) might be so large that (t,g(t)) ¢ D. But if we look
only at the functions in B, we avoid this problem: if g € B and t € I, then (t,g(t)) € D
because of how we chose a. So for g € B, we know that f(t,g(t)) is defined for all
tel)

Notice that B # () since the constant function g(x) = yj is certainly in B.
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B_is closed in C*(I): if h € cl B, then there is sequence of functions (g,) in B such that
(gn) — h in the metric p. Therefore g,(x) — h(z)for all z € I, and subtracting y, gives

19n(2) = yol = |h(z) = yol-

Since |g,(z) — yo| < Ka for each x € I, then |h(z) —yo| < Ka for each = € I. Therefore
h € B,so Bisclosed. So (B, p)is a nonempty complete metric space.

For g € B, define on I a function h = T'(g) using the formula
h(z) = T(g)(x) = yo + [, f(t, (1)) dt.
Notice that & is continuous (in fact, differentiable) and that, for every x € I,

()] < lyol + 1[5, f(t:9(t) dt| < yol + [ f(t g(®))ldt < |yol+ [} K dt < |yo| + Ka,

so h is bounded. Therefore 7': B — C*(I). But in fact, even more is true: 7:B — B,

because
Vo € I, [T(g)(x) — yol = |h(z) —wo| = | [, f(t,9(t)) dt| < Ka

Now we claim that T': (B, p) — (B, p) is a contraction. To see this, we simply compute
distances: if g; and go € B, then

p(T(g1),T(g2)| =sup{|T(g1)(xz) —T(g2)(w)| : x €I}
=sup{ | [* f(t,g1() — f(t,g2(t))dt] :w € I}
sup { [ 1£(t. g1 ()) — f(t, 92(t))| dt] : € I}
sup { | [;, M |g1(t) — go(t)|dt | : x € T} (from Condition L)
sup { | ffoMP(gl,gz)dtl cxel}
sup{ Mp(g1,92) | @ — xo| : & € I}

aMp(g1, g2)
= ap(91,92), where « = aM < 1.

VANRVANRPAN

Then the Contraction Mapping Theorem gives us a unique function g € B for which g = T'(g).
From the definition of 7, that simply means:

Ve eI, gla) = T()(x) = o+ [7/(tg(t))dt

which is precisely condition (**). e

Example 4.10 If we combine the method in the proof of Picard's Theorem with the numerical
estimates in the proof of the Contraction Mapping Theorem, we can get useful information about
a specific initial value problem. To illustrate, we consider

{02t

and find a solution that is valid on some interval containing 0.
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We begin by choosing a box D with (z¢,y9) = (0,0) in its interior: we select (rather arbitrarily)
the box D =[—1,1] x [—1,1]. Since |f(z,y)| = |y — z| < |z| + |y| < 2 on D, we can use
K =2 in the proof. Because |f,(x,y)| =1 throughout D, the Lipschitz condition (L) is
satisfied with M = 1.

Following the proof of Picard's Theorem, we now choose a constant a so that

D {z: |z|<a}x{y: |yl < Ka=2a} CDand
i) aM =a-1<1

Again rather arbitrarily, we choose a = 3, so that I = [zg — a,z9 +a] = [ — 3, 3].

Then B = {g € C*(I) : |g(x) — 0| < Ka} = {g € C*(I) : |g(x)| < 1 forall z € [— 1, 1]}.

Finally, we choose any function gy € B; to make things as simple as possible, we might as well

choose gy to be the constant function go(z) = 0 on [ — %, %] (If for simplicity we use a constant

go, then gy =0 is the “best possible” choice since its graph goes through the point
(z0,%0) = (0,0).)

According to the proof of the Contraction Mapping Theorem, the sequence of functions
(gn) = (T™(go)) will converge (with respect to the metric p) to g, where g is a fixed point for 7T’
g will be the solution to our initial value problem. We calculate:

g1(@) =yo+ [ f(t,g0(t) dt = 0+ [ f(£,0)dt = [} —tdt = — %
go(a) = T(gi(x) =0+ [T f(t, = 5)dt = [ — L —tdt = — & - &
gs(x) = T(ga(x)) = [ f(t, =5 = D)dt= [ —L L —tdt= — & — £ &

and, in general,

gn(2) = T(gn1(2)) = . = = 57 = 57 = = G5y
The functions g, converge uniformly to the solution g.

In this particular problem, moreover, we are lucky enough to recognize that the functions g,,(z)

are just the partial sums of the series >~ , — “7:—7,1 =1l4+z—-> 7= n, =14 x — e”. Therefore
g(x) =1+ x — e” is a solution of our initial value problem, and we know it is valid for all
xel=[— %, %} (You can check by substitution that the solution is correct — and, after the

fact, that the solution actually is valid for x's in the much larger interval R.)

Even if we couldn't recognize a neat formula for the limit g(x), we could still make some useful
approximations. From the proof of the Contraction Mapping Theorem, we know that

n 1
p(gm g) < %go’gl). In this example o = aM = 3, so that p(g,,, g) < %
2

$2

= 2,1 sasup{l0—(—F):xel}= 2,1 = - % = 271+2 Therefore, on the interval [ — %, %],
gn () is uniformly within distance on = of the exact solution g(z)
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Finally, recall that our initial choice of gy € B was arbitrary. Since [sinz| < 1, we know that
sin € B, and we could just as well have chosen gy(x) =sinz. Then the functions g, ()
computed as T'(go) = g1, T'(g2) = g2, ... would be quite different (try computing g, and g-)

but it would still be true that g,(z) — g(z) = 1+ = — e” uniformly on [ : this must be same
limit g because the solution g is unique. e

The Contraction Mapping Theorem can be used to prove other results — for example, the Implicit
Function Theorem. (You can see details in Topology, by James Dugundji.)
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Exercises

ES8. a) Suppose f : R — R is differentiable and that there is a constant X < 1 such that
|f '(z)| < K forall x. Prove that f is a contraction (and therefore has a unique fixed point.)

b) Give an example of a continuous function f : R — R such that

[ f(x) = fy)| < |z —y]| forallz £y (**)

for all x # y € R but such that f has no fixed point.

Note: The function f is not a contraction mapping. If we allow o =1 in the definition of
contraction, your example shows that Contraction Mapping Theorem may not be true — not even
if (as above) we “‘compensate” by using “ < " instead of “ < ' in the definition.

¢) Find an example satisfying (**) where f : [0,1] — [0, 1] and f is not a contraction (so
compactness + (**) doesn't force f to be a contraction)

d) (Edelstein's Theorem) Show that if f : (X,d) — (X, d) satisfies (**) and X is compact,
then f has a unique fixed pointa and that a = lim z,, where z( is any point of X and

T, = f"(xg) Hints: g(x) = d(x, f(x)) has a minimum value at some point © = a. Show that

a is the unique fixed point of f. Without loss of generality, assume all x, # a; then
d(z,,a) — £ > 0. Prove that { = 0. At some point, use the fact that each sequence in X

has a convergent subsequence.

E9. Let f:(X,d) — (X,d), where (X, d) is a nonempty complete metric space. Let f*denote
the “ k™ iteration of f” — that is, f composed with itself & times.

a) Suppose that 3k € N for which f* is a contraction. Then, by the Contraction
Mapping Theorem, f* has a unique fixed point p. Prove that p is also the unique fixed point for
f.

b) Prove that the function cos : R — R is not a contraction.

¢) Prove that for some k € N, cos” is a contraction . (Hint: the Mean Value Theorem
may be helpful.)

d) Pick k € N so that g = cos” is a contraction and let p be the unique fixed point of g.
By a), p is also the unique solution of the equation cosx = x. Start with 0 as a “first
approximation” for p and use the technique in the proof of the Contraction Mapping Theorem to
find an n € N so that | ¢"(0) — p | <0.00001.

e) For this n, use a computer or calculator to evaluate ¢"(0). (This “solves” the equation
cosx = x with |Error| < 0.00001.)

E10. Consider the differential equation y' = z + y with the initial condition y(0) = 1. Choose a
suitable rectangle D and suitable constants K, M and a as in the proof of Picard's Theorem. Use
the technique in the proof of the contraction mapping theorem to find a solution for the initial
value problem. Identify the interval I in the proof. Is the solution you found actually valid on an
interval larger than I ?
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5. Completions

The set of rationals Q (with the usual metric d) is not complete. However, Q is a dense subspace
of the complete space (R, d). This is a model for the definition of a completion for a metric
space. We will focus on the important case of metric spaces, but make a few additional
comments along the way about pseudometric spaces where slight adjustments are necessary.

Definition 5.1 ()N( .d ) is a completion of (X, d) if: (?( d ) is complete

d | (X x X) =d, and

X is a dense subspace of X,
Since d = d on X, we will simplify — and slightly abuse — the notation by also using d to refer
to the metric on X . Occasionally, if it's helpful to distinguish between d and the “extended”
metric on X , we may revert to more precise notation and use a different name, such as d,
for the extended metric on X.

Loosely speaking, a completion of (X,d)contains the additional points necessary (and no
others) to provide limits for Cauchy sequences that fail to converge in (X, d). In the case of
(Q,d), the additional points are the irrational numbers, and the resulting completion is (R, d).

If a metric space (X, d) is already complete, what would its completion look like? In that case,
(X, d) is a complete subspace of (X ,d), so X must be closed in X . But X must also be dense
in X ,so X = X — thatis, a complete metric space is its own completion.

If (X,d) is a complete pseudometric space, then X might not be closed in X and X might

contain additional points y. But each y € X — X is the limit of a (Cauchy) sequence
(x,,) from X, and (x,) already has a limit x € X, so d(x,y) = 0. Any new points y in

X — Xare “unnecessary additions” because every Cauchy sequence in X already has a
limit in X, and each of these “unnecessary additions” y is at distance 0 from a point in X.

Of course different spaces might have the same completion — for example, (R, d) is a completion
for both (Q, d) and (P, d).

Notice that a completion of (X, d) depends on d, not just the topology 7;. For example, (N, d)
and ({% :n € N},d) are homeomorphic topological spaces (countable sets, each with the
discrete topology). But the completion of (N, d) ( = itself!) is not homeomorphic to the
completion ({0} U{X : n € N}, d) of ({1 :n € N},d).

One way to create a completion: recall that if f is an (onto) isometry between two metric spaces
(X,d) and (Y, s), then (X, d) and (Y, s) can be regarded as “the same” metric space. We can
think of f as just “assigning new names” to the points of X. If f:(X,d) — (Y,s) is an
isometry from X into Y, we can identify (X,d) with (f[X], s) = an “exact metric copy” of
(X,d) inside (Y, s). If (Y, s) happens to be complete, then (f[X], s) is dense in the complete
space (cly f[X],s). We agree to identify (f[X],s) with (X,d) and call (clyf[X],s) a
completion of (X, d) even though X is not literally a subset of cly f[X]. To find a completion of
(X, d), then, it is sufficient to find an isometry f from (X, d) into any complete space (Y, s) .
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Example 5.2  Consider Nwith the metric d’(n,m)=|L— L|. (N,d’) is isometric to
({ :n e N},d) where d is the usual metric on N —in fact, the mapping f(n) = 1 is an

isometry. So these spaces are “exact metric copies” of the other.

Because ({0} U{1:n €N}, d) is a completion of its dense subspace
({2 : n € N}, d), we can also think of ({0} U {2 : n € N}, d) as a completion of (N,d’) — even
though N is not literally a subspace of {0} U {1 : n € N}.

The next theorem tells us every metric space has a completion and, as we will see later, it is
essentially unique (so the method for creating it usually doesn't matter).

Theorem 5.3 Every metric space (X, d) has a completion.

Proof By our earlier comments, it is sufficient to find an isometry of (X, d) into some complete
metric space. We will use (C*(X), p) where, as usual, p is the metric of uniform convergence
(see Example 4.7 and Theorem 4.8)

The theorem is trivial if X = (), so we assume that we can pick a point p € X. For each
point a € X, define a function ¢, : X — R using the formula ¢,(z) = d(z,a) — d(z, p). Each
map ¢, is continuous because it is a difference of continuous functions and, for each = € X,
|pa(x)] = |d(z,a) — d(z,p)| < d(a,p), so ¢, is bounded. Therefore ¢, € C*(X).

Define ¢ : (X,d) — (C*(X), p) by ®(a) = ¢,. We complete the proof by showing that
® is an isometry. This just involves computing some distances: for any a,b € X,

P(bas d1) = sup{|¢a(x) — ¢(z)| - z € X}
= sup{|(d(z,a) — d(x, p)) — (d(z,b) — d(z,p))| : x € X}
= sup{|d(z,a) — d(z,b)| : z € X}.

For every z, |d(z,a) — d(x,b)| < d(a,b), and
letting = = b gives |d(x,a) — d(z,b)| = d(a,b). Therefore

p(bas pp) = sup{|d(z,a) —d(z,b)| : z € X} =d(a,b). e

The completion of (X, d) given by this proof is (clg-(x)®[X], p). The proof is “slick” but it has
very little intuitive content. For example, if we apply the proof to (Q, d), it is not at all clear that
the resulting completion is isometric to (R, d) (as we would expect). In fact, there is another
more intuitive way to construct a completion of (X, d), but verifying all the details is much more
tedious. (7o reiterate: In Theorem 5.4, we will see that the method doesn't matter: the completion
of (X, d) — no matter what method is used to construct it — always comes out “the same.”

We will simply sketch this alternate construction here, and in the discussion it's probably clearer

if we use d to refer to the metric d extended to X .

We call two Cauchy sequences (x,,) and (y,,) in (X, d) equivalent if d(x,,y,) — 0. Itis
easy to check that ~ is an equivalence relation among Cauchy sequences in (X, d).
Clearly, if (z,,) — z € X, then any equivalent Cauchy sequence also converges to z.
And if two nonconvergent Cauchy sequences are equivalent, then they are “trying to
converge to the same point” but that point is “missing” in X.
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We denote the equivalence class of a Cauchy sequence (z,) by [(z,)] and let X be the

set of equivalence classes. Define the distance d between two equivalence classes by

d ([(zn)], [(yn)]) = limd(x,,y,). (Why must this limit exist?) 1t is easy to check that
n—oo

d does not depend on the choice of representative sequences from the equivalence
classes, and that d is a metric on X. One then checks (this is most tedious part) that
(?( Jd ) is complete: any d -Cauchy sequence of equivalence classes ([(z,,)]) must
converge to an equivalence class in ()N( , d ).

For each x € X, the sequence (z, x, z, ...) is Cauchy, and so [(z, z, z,...)] € X.

The mapping f : (X,d) — (X ,d )given by f(z) = [(z,x,z,...)] is an isometry, and it
is easy to check that f[X] is dense in (X ,d ) — so that (X ,d ) is a completion for
(X, d).

This method is one of the standard ways to construct the real numbers from the rationals: R is
defined as the set of these equivalence classes of Cauchy sequences of rational numbers. Note:
R can also be constructed as a completion of Q by using a method called Dedekind cuts
in Q. However that approach makes use of the ordering < in Q, so we cannot imitate this
construction in the general setting of metric spaces where no ordering of elements exists.

The next theorem gives us the good news that it doesn't really matter, in the end, how we
construct a completion — because the completion of (X,d)is “essentially” unique: all
completions are isometric, and in a “special” way! We state the theorem for metric spaces and in
the proof it is clearer to give the metrics on the completions new names — not referring to them
as d. (Are there modifications of the statement and proof to handle the case where d is merely a
pseudometric?)

Theorem 5.4 The completion of (X, d) is unique in the following sense: if (Y,s) and (Z,t)
are both complete metric spaces containing X as a dense subspace, then there is an (onto)
isometry f : (Y,s) — (Z,t)such that f|X is the identity map on X. (In other words, not only
are the completions Y and Z isometric, but there is an isometry between them that holds X
fixed. The isometry merely “renames” the new points in the “outgrowth” Y — X.)

Proof Foreachy € Y, we can pick a sequence (x,,) in X which converges to y. Since (z,,) is
convergent, (z,) is Cauchy in (Y, s) — and therefore also in (Z, t) since both s and ¢ agree with
d on X. Because (Z,t)is complete, (x,) — some point z € Z, and we can define f(y) = z.
(It is easy to check that f : (Y ,s) — (Z,t) is well-defined — that is, we get the same z no
matter which sequence (x,,) we first chose converging to y.)

For z € X, what is f(x)? We can choose (z,)to be the constant sequence x,, = =, and
therefore f(x) = x. So f|X is the identity map on X.

We need to verify that f is an isometry. Suppose y’ € Y and we choose (z,) — y'.

Then
d(xy, ;) = s(zn,2),) — s(y,y’) and
d(wy, ;) = t(zn, 2,) — t(2,2") =t(f(y), f(¥')), so
s(y,y") =t(f(y), f(y')) e

According to Theorem 5.4, the space (R, d) — no matter how we construct it — is the completion
of the space (Q, d).
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6. Category

There are many different mathematical ways to compare the “size” of sets, and these methods are
used for different purposes. One of the simplest ways is to say that one set is “bigger” if it has
“more points” than another set — that is, by comparing their cardinal numbers.

In a totally different spirit, we might call one subset of R? “bigger” than another if it has a larger
area, and in analysis there is a further a generalization of area. A certain collection M of subsets
of R? contains sets that are called measurable, and for each set S € M a nonnegative real
number (S) is assigned. (S) is called the “measure of S and we can think of 1(.S) as a kind
of “generalized area.” A set with a larger measure is “bigger.”

In this section, we will look at a third completely different and topologically useful idea for
comparing the size of certain sets. The most interesting results in this section will be about
complete metric spaces, but the basic definitions make sense in any topological space (X, 7).

Definition 6.1 A subset A of a topological space (X, 7) is called nowhere dense in X
if intx(cly A) = (0. (In some books, a nowhere dense set is called rare.)

A set has empty interior iff its complement is dense. Therefore we also can say that A is nowhere
dense in X iff X — clyxA is dense.

Intuitively, we can think of an open set O as including some “elbow room” around each of its
points — if x € O, then all sufficiently near points are also in O. Then we think of a nowhere
dense set as being “skinny” — so skinny that not only does it contain no “elbow room” around
any of its points, but even its closure contains no “elbow room’ around any of its points.

Example 6.2

1) A closed set F' is nowhere dense in X iff int FF = () iff X — F is dense in X. In
particular, if a singleton set {p} is a closed set in X, then {p} is nowhere dense unless p is
isolated in X.

2) Suppose A C R. A is nowhere dense iff cl A contains no interval (a, b).
For example, each singleton set {r} is nowhere dense in R. In particular, for n € N,
{n} is nowhere dense in R. But note that {n} is not nowhere dense in N, because n is isolated in
N. Whether a set is nowhere dense is relative to the space in which a set “lives.”
If BC AC X, theninty(clyB)) Cintx(clxA)). Therefore if A is nowhere dense in
X, then Bis also nowhere dense in X. However, the set B might not be nowhere dense in A.
For example, consider {1} C N C R.

&

3

: n € N} is nowhere dense in R.

Q and P are not nowhere dense in R (the awkward “double negative” in English is
one reason why some authors prefer to use the term “rare” for “nowhere dense.”
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3) Since cly A = cly(clxA), the set on the left side has empty interior iff the set on the
right side has empty interior — that is, A is nowhere dense in X iff clx A is nowhere dense in X.

Theorem 6.3 Let (X, 7 ) be a topological space and B C A C X. If B is nowhere dense in A4,
then B is nowhere dense in X.

Proof Suppose not. Then there is a point x € intx(clyB) C cly B. Since intx(clxB) is an
open set containing  and x € clx B, then intx (clxB) N B # ().

So () # intx(clyB) N B Cinty(clyB)NA CclyBN A =clyB.
But intx(clxB) N A is a nonempty open set in A, so inty(clyB) # 0 — which contradicts the
hypothesis that B is nowhere dense in A. e

The following technical results are sometimes useful for handling manipulations involving open
sets and dense sets.

Lemma 6.4 In a topological space (X, 7):

1) If Dis dense in X and O is open in X, thencl (O N D) =clO.

2) If Dis dense in X and O is open in X, then O N D is dense in O.

3) If Dis dense in X and O is open and dense in X, then O N D is dense in X.

In particular, the intersection of two — and therefore finitely many — dense open sets is
dense. (But this is not true for countable intersections, can you provide an example?)

Proof 1) To show clO C cl (O N D), suppose x € clO. If U is any open set containing z, then
UNO # 0. Since D is dense, this implies that ) # (U NO)ND =UN(OND). Therefore
xz €cl(OND,).
2) Using part 1), we have clp(ON D) =clx (OND)NO = (clx O) N O = clpO = O.
3) If O is dense, then part 1) gives cl(OND) =clO = X. o

Theorem 6.5 A finite union of nowhere dense sets in (X, 7") is nowhere dense in X.

Proof We will prove this for the union of two nowhere dense sets. The general case follows
using a simple induction. If A; and A, are nowhere dense in X, then

X —cl (Al UAQ) =X - (ClAl UCIAQ) = (X - ClAl) N (X - CIQ).
The last two sets are open and dense, so Lemma 6.4(3) gives that X —cl (A4; U Ay) is dense.

Therefore A; U A, is nowhere dense. e

Notice that Theorem 6.5 is false for infinite unions: for each ¢ € Q, {¢} is nowhere dense in R,
but |J,co{q} = Q is not nowhere dense in R.

Definition 6.6 In (X ,7), a subset A is called a first category set in X if A can be written as a
countable union of sets that are nowhere dense in X. If A is not first category in X, we say that
Ais second category in X. (Books that use the terminology rare for nowhere dense sets usually
use the word meager for first category sets.)
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E3]

If we think of a nowhere dense set in X as“skinny,
larger — merely “thin.”

then a first category set is a bit

Example 6.7
1) If A is nowhere dense in X, then A is first category in X.
2) Q is a first category set in R.

3) If BC AC X and A is first category in X, then B is first category in X. However
B may not be first category in A, as the example {0} C {0,1} C R shows. However, using
Theorem 6.3, we can easily prove that if B is first category in A, then B is also first category in
X.

4) A countable union of first category sets in X is first category in X.

5) A={0}U{%:neN}. Aisnowhere dense (and therefore first category) in R; but
Ais second category in A — because any subset of A that contains 1 is not nowhere dense in A.

6) Cardinality and category are totally independent ways to talk about the “size” of a set.

a) Consider the right-ray topology 7 = {0, R} U {(a,0) : a € R} on R.
R is uncountable, but R = | J, | F,, where F}, = ( — oo, n]. Each F}, is nowhere
dense in (R, 7), so R is first category in (R, 7).

b) On the other hand, N is countable but N (with the usual topology) is second
category in N,

7) Let n > 1. A straight line is nowhere dense in R", so a countable union of straight
lines in R” is first category in R”. (Can R" be written as a countable union of straight lines?
The answer follows immediately from the Baire Category Theorem, proved below. But, in fact,
the answer is clear from a simple argument using countable and uncountable sets.)

More generally, when k& < n, a countable union of k-dimensional linear subspaces of
R" is first category in R". (Can a countable union of k-dimensional linear subspaces = R"?)

It is not always easy to say what the “category” of a set is. Is IP a first or second category set in
R? For that matter, is R first or second category in R? (If you know the answer to either of
these questions, you also know the answer to the other: why are the questions equivalent?)

As we observed in Lemma 6.4, the intersection of two (and therefore, finitely many) dense open
sets is dense. Sometimes, however, the intersection of a countable collection of dense open sets
is dense. The following theorem discusses this condition and leads us to a definition.

Theorem 6.8 In any topological space (X, 7 ), the following two statements are equivalent:
1) If A is first category in X, then X — A is dense in X

2) For each sequence Gy, G,..., Gj,... of dense open sets, the intersection (), G,
is also dense.
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Proof (1 = 2) Let Gy, Gs,...,Gy,... be a sequence of dense open sets. Each X — Gy, is closed
and nowhere dense, so | J;—; (X — Gy,) is first category. By 1), X — U;— (X — G) = iz, Gk
1s dense.

(2=1) Let A be a first category set, say A =|J >~ Nj, where each Njis nowhere
dense in X. Then each X — cl N}, = G}, is dense so, by 2), (),—;(X — cl N}) is dense. Since
Nrey (X —clNy) = X — Upe el N, € X — Jio N, = X — A, we see that X — A is dense. o

Definition 6.9 A space (X,7)is called a Baire space if one (therefore both) of the conditions
in Theorem 6.8 holds.

Intuitively we can think of a nonempty Baire space as one which is “thick,” at least in some
places. A “thin” first category set A can't “fill up” X : in fact, its complement X — A is dense
(and therefore nonempty). This fact is the basis for how a Baire space is often used in
“applications”: if you want to prove that there is an element in a Baire space X with a certain
property P, you can consider A = {x € X : = does not have property P}. If you can show that
A is first category in X, it follows that X — A # ().

Clearly, a space homeomorphic to a Baire space is a Baire space: being a Baire space is a
topological property.

The following theorem tells us a couple of important facts.
Theorem 6.10 Suppose O is an open set in a Baire Space (X, 7).

1) If O # 0, then O is second category in X. In particular, a nonempty Baire space X
is second category in itself.

2) Ois a Baire space.

Proof 1) If O were first category in X, then (by definition of a Baire space) X — O would be
dense in X; since X — O is closed, it would follow that X — O = X, and therefore O = {.

2) Suppose O is open in the Baire space X, and let A be a first category set in O. We
must show that O — A is dense in O. Suppose A = Uzolek, where N}, is nowhere dense in O.
By Theorem 6.3, Ny, is also nowhere dense in X. Therefore A is first category in X so X — A is
dense in X. Since O is open, O N (X — A) = O — Ais dense in O by part 2) of Lemma 6.4. e

Example 6.11 By Theorem 6.10.1, a nonempty Baire space is second category in itself. The
converse is false. To see this, let X = (Q N[0, 1]) U {2}, with its usual topology. If we write
X = UkoilNk, then the isolated point “2” must be in some N, so N is not nowhere dense.
Therefore X is second category in itself. If X were Baire, then, by Theorem 6.10, the open
subspace Q N [0, 1] would also be Baire and therefore second category in itself. However this is
false since Q N [0, 1] is a countable union of (nowhere dense) singleton sets.
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To make use of properties of Baire spaces, it would be helpful to have a “large supply” of Baire
spaces. The next theorem provides us with many Baire spaces.

Theorem 6.12 (The Baire Category Theorem) A complete metric space (X,d)is a Baire
space. (and by 6.10, therefore, a nonempty complete metric space must be second category in

itself.)

Proof If X = (), then X is Baire, so we assume X # ().

Let A = |U;—, Nk, where Ny, is nowhere dense. We must show that X — A is dense in
X. Suppose zy € X. The closed balls of the form {z : d(x¢,z) < €} form a neighborhood base
at xy. Let F{ be such a closed ball, centered at x( with radius € > 0. We will be done if we can
show Fy N (X — A) # (. We do that by using the Cantor Intersection Theorem.

Since int £y # () (it contains () and since N; is nowhere dense, we know that
int F{ is not a subset of cl N;. Therefore we can choose a point z; in the open set
int Fy — cl Ny. Pick a closed ball F}, centered at x1, so that z; € F} C int F; — cl Ny C Fy,.
If necessary, choose F} even smaller so that diam(F}) < %
(This is the first step of an inductive construction. We could now move to the induction step, but
actually include “step two” to be sure the process is clear.)

Since int 7 # () (it contains 1) and since N, is nowhere dense, we know that
int I is not a subset of ¢l V,. Therefore we can choose a point x5 in the open set
int F; — cl No. Pick a closed ball F5, centered at s, so that x5 € F, Cint F; — cl Ny C F.
If necessary, choose F} even smaller so that diam(F}) < %

For the induction step: suppose we have defined closed balls Fi, Fb, ..., F}. centered at points
X1, T, ..., T, With diam(F;) < L%l andsothatx; € F; CintF,_; —clN; C F;_;.
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Since int F, # ) (it contains x) and since Ny is nowhere dense, we know that int F}, is not a
subset of cl N, 1. Therefore we can choose a point x;, in the open set int F;, — cl Njq. Pick
a closed ball Fj,q, centered at x 1, so that x;; € Fy1 Cint Fy, — cl Ny C Fj. If necessary,
choose Fj,.; even smaller so that diam(F},;) < m

By induction, the closed sets Fj are defined for all k, diam(F;) — 0 and
Fy2F, 2.2 F;D.... Since (X,d) is complete, the Cantor Intersection Theorem says that
there is a point « € (), Fy C Fy. Foreach k > 1, z € F; CintFj_; — cl Ny, so z ¢ cl N},
sox ¢ Nj. Thereforex € X — | J;j N, = X — A,s0z € F; N (X — A) and we are done. e

Example 6.13

1) Now we can see another reason why Q is not completely metrizable. If (Q,d’) is
complete, then (Q, d’) is a Baire space. But Q, with the usual metric d is not a Baire space.
Therefore 7; # Ty sod + d'.

2) Suppose (X,d) is a nonempty complete metric space without isolated points. We
proved in Theorem 3.6 that | X| > ¢. We can now see even more: that every point in X must be
a condensation point.

Otherwise, there would be a non-condensation point o € X, and there would be some
countable (possibly finite) open set O = {xg, z1,x2, ...y, ...}. Since each z, is non-isolated,
the singleton sets {x,} are nowhere dense in (X, d), so O is first category in (X,d). Since
(X, d) is Baire, this would mean that the closed set X — O is dense — which is impossible.

Notice that this example illustrates again that (Q cannot be completely metrizable: if its
topology were produced by a some complete metric, then each point in @Q would have to be a
condensation point.

3) The set P is a second category set in R: if not, we could write R = PU Q, so that R
would be a first category set in R — which contradicts the Baire Category Theorem. (/s P second
category in P ?)

4) Recall that a subset A of (X, 7) is called an Fj, set if A can be written as a countable
union of closed sets, and that A is a Gy set if it can be written countable intersection of open sets.
The complement of a Gsset is an F}; set and vice-versa.

P is not an F, set in R. To see this, suppose that P = UTO:’:an, where the F),'s are
closed in R. Since P is second category in R, one of these F;,'s must be not nowhere dense in R.
This F,, must therefore contain an open interval (a,b). But then (a,b) C F,, C P, which is
impossible because there are rational numbers in any interval (a, b).

Taking complements, we see that () is not a Gs-set in R.
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Example 6.14 Suppose f : [0,1] — Ris continuous. Then f has an antiderivative f;, by the
Fundamental Theorem of Calculus. Since f; is differentiable (therefore continuous), it has an
antiderivative fo. Continuing in this way, let f,, denote an antiderivative of f,,_;. It is a trivial
observation that:

(FkVz fr(x) =0) = f(z)=0forallz € [0,1]

We will use the Baire Category Theorem to prove a much less obvious fact:
(Vz 3k fr.(x) =0) = f(x) =0forallz in [0,1] (*)

In other words, if f(x) is not identically 0 on [0, 1], then there must exist a point x, € [0, 1] such
that every antiderivative fi(zg) # 0.

The hypothesis in (*) lets us write [0, 1] = (J;—, F, where F), = {z € [0,1] : fi(x) = 0}

= £ '[{0}]; these are closed sets in [0, 1] because each fj is continuous. Since [0, 1] is second
category in itself, one of the sets Fj, is not nowhere dense and therefore contains an interval
(a,b). Since fj, is identically 0 on (a,b), f is identically 0 on (a, ).

We can repeat the same argument on any closed subinterval J = [¢,d] C [0, 1] : by letting

g= f|J and gy = fiy|J, we can conclude that J contains an open interval on which f is
identically 0. In particular, each closed subinterval J = [¢,d] contains a point = at which
f(z) =0. Therefore {x : f(x) = 0} is dense in [0,1]. Since f is continuous and f is 0 on a
dense set, f must be 0 everywhere in [0, 1]. (See Theorem I1.5.12 and Exercise IILE.16.)

Example 6.15 (The Banach-Mazur Game) The equipment for the game consists of two disjoint
sets A, B where AU B = [0, 1]. Set A belongs to Andy and set B belongs to Beth. Andy gets
the first “move” and selects a closed interval I; C [0,1]. Beth then chooses a closed interval
I, C I, where I, has length < % Andy then selects a closed interval I3 C [, where I3 has
length < % They continue back-and-forth in this way forever. (Of course, to finish in a finite
time they must make their choices faster and faster.) When all is done, they look at
ﬂflo:lln = {z}. If z € A, Andy wins; if z € B, Beth wins. We claim that if A is first category,
then Beth can always win.

Suppose A = |J°°, Ni, where A is nowhere dense in [0,1]. Let Andy's k™ choice be .J
( = Iyp—1). Of course, J N Nj is nowhere dense in [0, 1]; but actually J N N}, is also nowhere
dense in the interval J:

If int;cl;(J N Ny) # 0, then cl;(J N Nj) must contain an nonempty open
interval (a,b). But then
(a,b) - CIJ(J N Nk) CclyN, = Cl[oﬁl]Nk NnJ C 01[071}]\[]“

which contradicts the fact that Ny is nowhere dense in [0, 1].

Then the open set int.J — cl;(J N Ny) is nonempty and Beth can make her k" choice Iy to be
a closed interval [a,b] C int J — cl;(J N Ny). This implies that Iox N Ny = (, since

Ly CintJ —cly;(JAN,) CintJ — (JNN,) CJ = (JNN) =J — Ny,

Therefore (,— ;I N Upe; N = @ and Beth wins!
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Example 6.16 The Baire Category Theorem can also be used to prove the existence of a
continuous function on [0, 1] that is nowhere differentiable. The details can be found, for
example, in General Topology (S. Willard). Roughly, one looks at the space C*([0, 1]) with the
uniform metric p, and argues that the set IV of functions which have a derivative at one or more
points is a (“thin”) first category set in C*(]0, 1]). But the complete space (C*([0,1]),p) is a
(“thick”) Baire space. Therefore it is second category in itself so C*([0,1]) — N # (. In fact,
C*([0,1]) — N is dense in C*([0, 1]). Any function in C*([0, 1]) — N does the trick.

7. Complete Metrizability

Which metric spaces (X, d) are completely metrizable — that is, when does there exist a metric
d’' on X for which (X,d’) is complete and d ~ d’ ? We have already seen, using the Baire
Category Theorem, that @Q is not completely metrizable, and that certain familiar spaces like
{% : n € N} are completely metrizable. In this section, we will answer to this question.

Lemma 7.1 Let (X, d) be a pseudometric space. If g : X — R continuous and g(a) # 0,
then é : X — R is continuous at a.

Proof The proofis a perfect “mimic” of the proof in analysis (where X = R or R").

Our first theorem tells us that certain subspaces of complete spaces are completely metrizable.

Theorem 7.2 If (X, d) is complete and O is open in X, then there is ametric d’ ~ d on O such
that (O, d") is complete — that is, O is completely metrizable.

If (O, d) is not already complete, it is because there are some nonconvergent Cauchy sequences
in O. But those Cauchy sequences do have limits in (X, d) — they converge to points outside O
but in FrO. The idea of the proof is to create a new metric d’ on O that is equivalent to d, and
which “blows up distances” near the boundary of O: in other words, the new metric destroys the
“Cauchyness” of the nonconvergent Cauchy sequences.

Here is a concrete (but slightly simpler) example to illustrate the idea.

Let d be the usual metric on the interval J = (— %, Z). The sequence (z,) = (§ — 2)
is a nonconvergent Cauchy sequence in J. The function tan:J — R is a
homeomorphism for which (f(x,)) — oo.

d'(z,y) = |[tanx — tany | defines a new metric on .J, and tan : (J,d’') — (R,d) is an
isometry because d'(z,y) = = |tanx —tany| = d(tanz,tany). Since (R,d) is
complete, so in (J,d’). (The sequence (x,) is still nonconvergent in (J,d') because
d~d’'; but in (J,d’), it is no longer a Cauchy sequence.)

In the proof of Theorem 7.2, we will not have a homeomorphism like “tan” to use.

Instead, we define a continuous f : (O,d) — R and use f to create a new metric d’ on O
that destroys Cauchy sequences (z,,) when they approach Fr O.
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Proof of 7.2 Define f(x) = m. Since O is open, the denominator is never 0 for x € O

so f: O — R is continuous, by Lemma 7.1. On O, define d’'(z,y) = d(z,y) + |f(z) — f(y)].
It is easy to check that d’ is a metric on O.

Since sequences are sufficient to determine the topology in pseudometric spaces, we can show
that d’ ~ d on O by showing that they produce the same convergent sequences in O. Suppose
(xy,) is asequencein O and z € O :

Ifd’(z,,x) — 0, then since d’ > d we get d (z,,x) — 0.
If d (x,,x) — 0, then | f(x,) — f(x)| — 0 (since f is continuous), so d’ (z,,z) — 0.

(O,d’) is complete : suppose (z,)is a d’-Cauchy sequence in O. Since d’ > d, the sequence

(x,,) is also d-Cauchy, so (z,) — some z € X. But, in fact, this z must be in O.

Ifr € X — O, thend(z,, X —O) — 0and so f(x,) — co. In particular, this means
that for every n we can find m > n for which f(z,,) > f(x,)+ 1. Then

|f(xm) — f(zn)] > 1,50 d' (2, x,) > 1. This contradicts the assumption that (z,,) is
d’-Cauchy.

/
Therefore (x,) 4 x € 0. Sinced ~d"onO, (x,) d, x € Oandso (O,d’) is complete. o

The next theorem generalizes this result, but the really interesting idea is actually in Theorem
7.2. The proof of Theorem 7.3 just uses Theorem 7.2 repeatedly to “patch together” a more
general result.

Theorem 7.3 (Alexandroff) If (X, d) is complete metric space and A is a G in X, then there is
a metric p on A, with p ~ d on A, for which (A, p) is complete. In other words: a G5 subset of a
complete space is completely metrizable.

00
Proof Let A= () O;, where O; is open in X. Let d; be a metric on O;, equivalent to d on O;,
i=1
such that (O;, d;) is complete. Let d;(z,y) = min {d,(z,y),1}. Then d; ~ d; ~ d on O, and
(O;,d;) is complete. (Note that d; and d; are identical for distances smaller than one: this is
why they produce the same convergent sequences and the same Cauchy sequences. )

For z,y € A, define p(z,y) = Zw (the series converges since all d;(x,y) < 1).
i=1

p is a metric on A:
Exercise
p~donA:

We show that p and d produce the same convergent sequences in A.
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Suppose (a,,) i a€ ACO;. Let e >0. Forevery i, d ~ d; on O;,
d;
so (a,) — a € O;. Pick k so that Z
j=k+1
a) < 3. Thenif n> N
k d(a a) di(ay,,a)
= max {NVy,..., N}, we get p(a,,a) = > 5+~ + Z T
i=1 i=k+1
+5 = ¢ so(an)ﬂaeA.

]- . Foreachi =1,..., k, we

can pick N; so if n > Njthen % (a”

< k-5
Conversely, if (a,,) A a € A, then for € > 0, we can pick N so that

o0
n>N:p(an,a):ZW <5 = di(an,a) <es0
i=1

d
(an) _1> a € Oy. Butd; ~ don Oy, so (an) i) a.
(A, p) is complete:

Let (a,) be p-Cauchy in A. Let ¢ > 0. For any i € N, we can choose N; so that

if m,n > Nj, then p(a,,a,) < 3, and therefore d;(an,a,) < e

Therefore (a,) is Cauchy in the complete space (O;, d;) and there is a point

d;
xz; € O; such that (an) — x; € O;. Butd; ~ don O, so ((ln) i z; € 0; C X.

This is true for each i. But (a,,) can have only one limit a € (X, d), so we
concludethat zy = 29 = ... = x; = ... = a. Since a € O; for each 7, we

have a € A, so (a,) i a€ A Butd~ pon A,so (ay,) LA a € A. Therefore
(4, p) is complete. o

Corollary 7.4 P is completely metrizable (and therefore P is a Baire space, so P is second
category in IP).

Proof Q = qu(@{q}, so Qisan F, setin R. So, taking complements, we get that
P=N,coR—{q})isaGssetinR. o

In fact, a sort of “converse” to Alexandroff's Theorem is also true.

Theorem 7.5 For any metric space (X, d), the following are equivalent:

i) (X,d) is completely metrizable

ii) (X, d) is homeomorphic to a G set in some complete metric space (Y, d’)
iii) If(Z,d") is any metric space and f : (X,d) — (f[X],d") C (Z,d") isa
homeomorphism, then f[X]is a Gs setin (Z,d") (therefore we say that “X is
an absolute G set among metric spaces”)

~

iv) X is a Gs set in the completion (3/( ,d ).

Various parts of Theorem 7.5 are due to Mazurkiewicz (1916) & Alexandroff (1924).

187



The proof of one of the implications in Theorem 7.5 requires a technical result whose proof we
will omit. (See, for example Willard, General Topology)

Theorem 7.6 (Lavrentiev) Suppose (X,d) and (Y,d’) are complete metric spaces with
AC X and B CY. Let h be a homeomorphism from A onto B. Then there exist Gs sets A’ in
Xand B'inY with A C A’ CclAand B C B’ C cl B and there exists a homeomorphism

h' from A’ onto B’ such that h'|A = h. (Loosely stated: a homeomorphism between subsets of
two complete metric spaces can always be “extended’ to a homeomorphism between G sets.)

Assuming Lavrentiev's Theorem, we now prove Theorem 7.5.

Proof i) = ii) Suppose (X,d) is completely metrizable and let d’ be a complete metric on X
equivalent to d. Thenthe identity map i : (X,d) — (X,d’)is a homeomorphism and i[X]| = X
is certainly a G setin (X,d’). (In other words, we can use (X,d) = (Y,d') in Part 2 ).

ii) = iii) Suppose we have a homeomorphism ¢ : (X,d) — g[X]| = A, where A is a G
~ ~ !/
set in a complete space (Y,d’). Let f:(X,d) — (Z,d”) C the completion (Z,d ) be a
homeomorphism (into Z). We want to prove that B = f[X] must be a G set in Z.

We have that h = fg~! : A — B is a homeomorphism. Using Lavrentiev's Theorem, we get an
extension of h to a homeomorphism b’ : A’ — B’ where A’, B’ are Gssetswith A C A’ CY

and BCB' CZ (see the figure).

extra points completing (2, d”)

(v.d) [N
/E/ .
f;‘\l (k.d)
e | agples .l e
&
h=fa 5'1

Since A is a Gsin Y, there are open sets O, in Y such that A =("_,0, = A'N(,_,0,
=21(0, N A"). Therefore Aisalsoa Gsin A’. Buth’: A’ — B’isa

homeomorphism, so h'[A] = h[A] = B is a G set in B'. Therefore B = ()~ V,,, where each
V,, isopen in B’ and, in turn, V,, = B’ N W,, where W, is open in 7.

~Y

Also, B’ is a Ggin 7 ,80 B" =", U,, where the U,'s are open in Z .
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Putting all this together, B =(\,_,V,, =, (W, N B") = (N,—,W,) N B’

= (>, W) N (N2°,Up). The last expression shows that B is a Gg set in 2 . But then
B=2ZnB=2nN (ﬂnoian) N (ﬂfleUn) = (ﬂiilwn nz)n (ﬂff:lUn NnZz)

isaGgsetin Z.

iii) = iv) iii) states that any “homeomorphic copy” of X in a metric space (Z,d") must
be a G5 in Z. Letting (Z,d”) = (X ,d ), it follows that X must be a G set in the completion
(X.,d).

iv) = 1) This follows from Alexandroff's Theorem 7.3: a G set in a complete space is
completely metrizable. e

Theorem 7.5 characterizes, for metric spaces, the “absolute Gg sets. This suggests other
questions: what spaces are “absolutely open”? what spaces are ‘“absolutely closed?” Of
course in each case a satisfactory answer might involve some kind of qualification. For
example, “among Hausdorff spaces, a space X is absolutely closed iff ... ”

Example 7.7 Since Q is not a GGs in R (an earlier consequence of the Baire Category Theorem),
Theorem 7.5 gives us yet another reason why Q is not completely metrizable.

Example 7.8 Since P is completely metrizable, it follows that IP is a Baire space. If d is the
usual metric on IP, then (P, d) is an example of a Baire metric space that isn't complete.

To finish this section on category we mention, just as a curiosity and without proof, a
generalization of an earlier result (Blumberg's Theorem: see Example 11.5.8). 1have never seen it

used anywhere.

Theorem 7.9 Suppose (X,d) is a Baire metric space. For every f: X — R, there exists a
dense subset D of X such that f|D : D — R is continuous,

The original theorem of this type was proved for X = RorR%. (Blumberg, New properties of
all real-valued functions, Transactions of the American Mathematical Society, 24(1922) 113-
128).

The more general result stated in Theorem 7.9 is (essentially) due to Bradford and Goffman
(Metric spaces in which Blumberg's Theorem holds, Proceedings of the American Mathematical
Society 11(1960), 667-670)
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Exercises

Ell. In a pseudometric space (X, d), every closed set is a G set and every open set is an F,
set (see Exercise ILE.15).

a) Find a topological space (X, 7" ) containing a closed set F'that is not a Gy set.
b) Recall that the “scattered line” is the space (R, 7') where
7 ={UUV :Uisausual opensetin Rand V C P}

Prove that the scattered line is not metrizable. (Hint: G or F, sets are relevant.)

E12. a) Prove that if O is open in (X, 7), then Fr (O) is nowhere dense.
b) Suppose that D is a discrete subspace of a Hausdorff space (X, 7) and that X has no

isolated points. Prove that D is nowhere dense in X.

E13. Let 7 be the cofinite topology. Prove that (X, 7) is a Baire space if and only if X is either
finite or uncountable.

E14. Suppose d is any metric on Q which is equivalent to the usual metric on Q. Prove that the
completion (Q, d) is uncountable.

E15. Suppose that (X, d) is a nonempty complete metric space and that F is a family of
continuous functions from X to R with the following property:
Vz € X, Jaconstant M, such that |f(x)| < M, forall f € F

Prove that there exists a nonempty open set U and a constant M (independent of x) such that
|f(x)| < M forallz € U and all f € F.

This result is called the Uniform Boundedness Principle.

Hint: Let By, = {x € X : |f(x)| < k forall f € F}. Use the Baire Category Theorem.
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E16. Suppose f: (X,7) — (Y,d), where (Y, d) is a metric space where d is a metric. For each
z € X, define

wy(z) = “the oscillation of f at 2” = inf {diam(f[N]): N is a neighborhood of =}
a) Prove that f is continuous at @ if and only if ws(a) = 0.
b) Prove that forn € N, {z € X : wy(z) < 1} is openin X.
¢) Prove that {x € X : f is continuous at x} is a Gs-set in X.

Note: Since Q is not a Gs-set in R, a continuous function f : R — Rcannot have Q as its set of
points of continuity. On the other hand, P is a Gs-set in R and, from analysis, you should know
an example of a continuous function f:R — R that is continuous at each p € P and
discontinuous at each point q € Q.

d) Prove that there cannot exist a function f : R — (0, 00) such that for all x € Q and
ally € P, f(z)f(y) < |z —y|. Hintford): Suppose f exists.

i) First prove that if (r,) is a sequence of rationals converging to an irrational,
then (f(zy)) — 0 and, likewise, if (y,) is a sequence of irrationals converging
to a rational, then (f(y,)) — 0.

ii) Define a new function g : R — R by g | Q = 0and g(y) = f(y) fory
irrational. Examine the set of points where g is continuous. )

E17. There is no continuous function f : R — R for which the set of points of continuity is Q.
The reason (see problem E16) ultimately depends on the Baire Category Theorem. Find the error
in the following “more elementary proof.”

Suppose f : R — R is continuous and that f is continuous at x iff x € Q.
Then Q = {z € R : wy(z) = 0} = (,2,U,, where U, = {z € R: wy(z) < 1}.

Each U, 2 Q, and U,, can be written as a countable union of disjoint open intervals. If
(a,b) and (c, d) are consecutive intervals in U,,, then b = ¢ — or else there would be a
rational in (b, ¢). Therefore R — U, consists only of the endpoints of some disjoint open
intervals. Therefore R — U, is countable.

It follows that {z € R : f is not continuous at z} = R — (), U,, = U, R — U, is
countable. Therefore f is continuous on more than just the points in Q.

E18. For each irrational p, construct an equilateral triangle 7}, (including its interior) in R? with
one vertex at (p,0) and its opposite side above and parallel to the z-axis. Prove that
{7} : p € P} must contain an “open box” of the form (a,b) x (0, 1) for some a,b € R and
some k£ € N. In the hypothesis, we could weaken “equilateral” to read “...” ?

(Hint: Consider Ni, = {p € P : T}, has height > %})
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E19. Suppose f : R — R. Prove that if f is discontinuous at every irrational p € P, then there
must exist an interval I = (a, b) such that f is discontinuous at every point in /.

E20. (X,7) is “absolutely open” if whenever f: (X,7) — (Y,7 ') is a homeomorphism
(into), then f[X] must be open in Y. Find all absolutely open spaces.
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8. Compactness

Compactness is one of the most powerful topological properties. Formally, it is a stronger
version of the Lindelof property (although it preceded the Lindeldf property historically).

Compact spaces are relatively simple to work with because of the “rule of thumb” that “compact
spaces often act like finite spaces.”

Definition 8.1 A topological space (X,7) is called compact if every open cover of X has a
finite subcover.

Example 8.2

1) A finite space is compact.

2) Any set X with the cofinite topology is compact — because any one nonempty open
set covers X except for perhaps finitely many points.

3) An infinite discrete space is not compact — because the cover consisting of all
singleton sets has no finite subcover. In particular, {le : n € N} is not compact.

4) The space X = {0} U {le :n € N} is compact: if U is any open cover, and
0 € U € U, then the set Ucovers X except for perhaps finitely many points.

5) R is not compact since i = {( — n,n) : n € N} has no finite subcover.

Definition 8.3 A family F of sets has the finite intersection property (FIP) if every finite
subfamily of F has nonempty intersection.

It is sometimes useful to have a characterization of compact spaces stated in terms of closed sets,
and we can get one using FIP. As you read the proof of Theorem 8.4, you should see that the
characterization is nothing more a restatement of the definition of compactness that uses
complements to “convert” to closed sets.

Theorem 8.4 The following are equivalent for any topological space (X, 7)

1) X is compact
2) every family F of closed sets in X with the finite intersection property
also has (| F # 0.

Proof 1)=-2) Suppose X is compact and that F is a family of closed sets with FIP. Let
U={X—-F:FeF}. Forany F\,F,,...,F, € F, the FIP tells us that X # X — '_, F},

= (X —F)U..U(X — F,). In other words, no finite subcollection of U covers X. Since X
is compact, U cannot be a cover of cover X, thatis, X —JU = ({X - U : U € U}

=(F # 0.
2) = 1) The proof of the converse is similar and left as an exercise. e

Theorem 8.5 For any space (X,7)

a) If X is compact and F' is closed in X, then F' is compact.
b) If X is a Hausdorff space and K is a compact subset, then K is closed in X.
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Proof a) The proof is like the proof that a closed subspace of a Lindeldf space is Lindeldf.
(Theorem I11.3.10) Suppose F' is a closed set in a compact space X, and let U = {U,, : a € A}
be a cover of F' by sets open in F. For each «, pick an open set V,, in X such that U, =V, N F.
Since F' is closed, the collection V={X — F}U{V,:a € A} is an open cover of X.
Therefore we can find V,,, ..., V,, so that {X — F,V,,,...,V,, } covers X. Then {U,,,...U,, }
covers F’, so F'is compact.

Note: the definition of compactness requires that we look at a cover of F' using sets open
in F', but it should be clear that it is equivalent to look at a cover of F by sets open in X.

b) Suppose K is a compact set in a Hausdorff space X. Let y € X — K. For each
x € K, we can choose disjoint open sets U, and V, in X where x € U, and y € V,. Then
U={U,:z € K} covers K, so there are finitely many points xy,...,z, € K such that
Ugy..iyUy, covers K. ThenyeV =V, Nn..NV, € X—-K, so X— K is open and K 1is
closed. e

Notes 1) Reread the proof of part b) assuming K is a finite set. This highlights how
“compactness” has been used in place of “finiteness” and illustrates the rule of thumb that
compact spaces often behave like finite spaces.

2) The “Hausdorff” hypothesis cannot be omitted in part b). For example, suppose
|X| > 1 and that d is the trivial pseudometric on X. Then every singleton set {x} is compact but
not closed.

3) Compactness is a clearly a topological property, so part b) implies that if a compact
space X is homeomorphic to a subspace K of a Hausdorff space Y, then K is closed in Y. So we
can say that a compact space is “absolutely closed” — among Hausdorff spaces, “it's closed
wherever you put it.” In fact, the converse is also true among Hausdorff spaces — a space which
is absolutely closed is compact — but we do not have the machinery to prove that now.

Corollary 8.6 A compact metric space (X, d) is complete.

Proof (X,d) is a dense subspace of its completion (3/( Jd ). But (X, d) is compact, so X must
be closed in X . Therefore (X,d) = (:)V( Jd ), s0 (X, d) is complete. o

(Note: this proof doesn't work for pseudometric spaces (why?). But is Corollary 8.6 still true
for pseudometric spaces? Would a proof using the Cantor Intersection Theorem work?)

You may have seen some different definition of compactness, perhaps in an analysis course. In
fact there are several different “kinds of compactness” and, in general they are not equivalent.
But we will see that they are all equivalent in certain spaces — for example, in R".

Definition 8.7 A topological space (X, 7) is called

sequentially compact if every sequence in X has a convergent subsequence in X

countably compact if every countable open cover of X has a finite subcover
(therefore “ Lindelof + countably compact = compact ™)
pseudocompact if every continuous f : X — R is bounded ( Check that this is

equivalent to saying that every continuous real-valued function
on X assumes both a maximum and a minimum value).
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We want to look at the relations between these different varieties of compactness.

Lemma 8.8 If every sequence in (X, 7 ) has a cluster point, then every infinite set in X has a
limit point. The converse is true if (X,7) is a Tj-space — that is, if all singleton sets {z}are
closed in X.

Proof Suppose A is an infinite set in X. Choose a sequence (a,,) of distinct terms in A and let
x be a cluster point of (a,). Then every neighborhood N of x contains infinitely many a,'s, so
NN (A—{z}) # 0. Therefore x is a limit point of A.

Suppose X is a Tj-space in which every infinite set has a limit point. Let (x,) be a
sequence in X. We want to show that (x,) has a cluster point. Without loss of generality, we
may assume that the terms of the sequence are distinct (why?), so that A = {z,, : n € N} is
infinite. Let x be a limit point of the set A. We claim z is a cluster point for (z,,).

Suppose U is an open set containing x and n € N. Let V =U — {zy,...,z,} U {x}.
Since {z1,...,x,} is closed, V is open and x € V CU. Then VN(A—{z})#0, so
UN(A—{z}) # 0. Therefore U contains a term x;, for some k& > n, so x is a cluster point
of (z,). e

Example 8.9 The “T}” hypothesis in the second part of Lemma 8.8 cannot be dropped. Let
X = {% :n € N}U{p, : n € N} where the p,'s are distinct points and p,, # % forall n,k € N.
The idea is to make d(p,, x,) = 0for each n so that p, is a sort of “double” for % So we define

d(pn,xn) =0

d(%v %) = |% - % = d(pnapm) ifm #n

Apa £) = |2 = L] ifm #n
It is easy to check that d is a pseudometric on X. In (X,d), every nonempty set A (finite or
infinite) has a limit point — because if x € A, then its “double” is a limit point of A. But the
sequence () has no cluster point in (X, d).

Theorem 8.10 (X, 7) is countably compact iff every sequence in X has a cluster point
(So, by Lemma 8.8, a T}-space (X,7)is countably compact iff every infinite set in X has a
limit point).

Proof Suppose (X, 7) is countably compact and consider any sequence (x,). Let 7,, = the
“n' tail” of (z,) = {my : k > n}. We claim that ()" ,cl T, # 0.

Assume not. Then every z is in (X — clT},) for some n, so {X —clT, : n € N}
is a countable open cover of X. Since X is countably compact, there exists an
N such that X = (X —clTy) U...U (X —clTy). Taking complements gives

0 = N2, cl T, = cl Ty, which is impossible.

Let x € (),—,clT, and let N be a neighborhood of z. Then N NT, # { for every n, so N
contains an xy, for arbitrarily large values of n. Therefore z is a cluster point of (z,,).
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Conversely, suppose X is not countably compact. Then X has a countable open cover
{Uy,...,U,, ...} with no finite subcover. For each n, pick a point =, € X — U:;1U7 Then the
sequence (x,) has no cluster point. To see this, pick any z € X; we know z is in some U,,.
This U, is a neighborhood of = and x,,, ¢ U,, form > n. e

The next theorem tells us some connections between the different types of compactness.
Theorem 8.11 In any space (X, 7 ), the following implications are true:

X is compact
or = X is countably compact =- X is pseudocompact
X is sequentially compact

Proof It is clear from the definitions that a compact space is countably compact.

Suppose X is sequentially compact. Then each sequence (x,) in X has a subsequence
that converges to some point z € X. Then z is a cluster point of (x,). From Lemma 8.8 we
conclude that X is countably compact.

Suppose X is countably compact and that f : X — R is continuous. The sets
U,=f1(-nn)]={reX: —n< f(xr) <n} form a countable open cover of X, so for
some N, the sets Uy, ...,Uycover X. Since U; C U, C ... C Uy, this implies that Uy = X.
So — N < f(x) < N forall x € X — in other words, f is bounded, so X is pseudocompact. e

In general, no other implications hold among these four types of compactness, but we do not
have the machinery to provide counterexamples now. (See Corollary 8.5 in Chapter VIII and
Example 6.5 in Chapter X). We will prove, however, that they are all equivalent in any
pseudometric space (X,d). Much of the proof is developed in the following sequence of
lemmas — some of which have intrinsic interest of their own.

Lemma 8.12 If X is first countable, then X is sequentially compact iff X is countably compact
(so, in particular, sequential and countable compactness are equivalent in pseudometric spaces.)

Proof We know from Theorem 8.11 that if X is sequentially compact, then X is countably
compact. Conversely, assume X is countably compact and that (z,,) is a sequence in X. By
Theorem 8.10, we know (x,) has a cluster point, . Since X is first countable, there is a
subsequence(z,,) — x (see Theorem II1.10.6). Therefore X is sequentially compact. e

Definition 8.13 A pseudometric space (X, d) is called totally bounded if, for each € > 0, X can
be covered by a finite number of e-balls. If X # (), this is the same as saying that for ¢ > 0,
there exist 1, xa, ..., x, € X such that X = B.(z1) U ... U Be(x,).

More informally: a totally bounded pseudometric space is one that can be kept under full
surveillance using a finite number of policemen with an arbitrary degree of nearsightedness.
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Example 8.14

1) Neither R nor N (with the usual metric) is totally bounded since neither can be
covered by a finite number of 1-balls.

2) A compact pseudometric space (X, d) is totally bounded: for any ¢ > 0, we can
pick a finite subcover from the open cover U = {B.(z) : z € X}.

Lemma 8.15 If (X, d) is countably compact, then (X, d) is totally bounded.

Proof If X = (), then X is totally bounded, so assume X # (). If (X, d) is not totally bounded,
then for some e > 0, no finite collection of e-balls can cover X. Choose any point z; € X.
Then we can choose a point x5 so that d(z1,x2) > € (or else B.(z;) would cover X).

We continue inductively. Suppose we have chosen points 1, xs, ..., x, in X such that
d(x;,xj) > € for each i # j, i,7=1,...,n. Then we can choose a point x,; at distance > €
from each of x4, ..., x,, — because otherwise the e-balls centered at x4, ..., x,, would cover X.

The sequence (z,,) chosen in this way cannot have a cluster point because, for any z,
B¢ (z) contains at most one x,,. Therefore X is not countably compact. e

Lemma 8.16 A totally bounded pseudometric space (X, d) is separable.

Proof For each n, choose a finite number of %—balls that cover X and let D,, be the (finite) set
that contains the centers of these balls. For any y € X , d(z,y) < % for some x € D,,. This

means that D = Uff:an is dense. Since D is countable, X is separable. e

Theorem 8.17 In a pseudometric space (X,d), the properties of compactness, countable
compactness, sequential compactness and pseudocompactness are equivalent.

Proof We already have the implications from Theorem 8.11.

If (X,d) is countably compact, then (X,d) is totally bounded (see Lemma 8.15) and
therefore separable (see Lemma 8.16). But a separable pseudometric space is Lindelof (see
Theorem 111.6.5) and a countably compact Lindelof space is compact. Therefore compactness
and countable compactness are equivalent in (X, d).

We observed in Lemma 8.12 that countable compactness and sequential compactness are
equivalent in (X, d).

Since a countably compact space is pseudocompact, we complete the proof by showing
that if (X, d) is not countably compact, then (X, d) is not pseudocompact. This is the only part
of the proof that takes some work. (A4 bit of the maneuvering in the proof is necessary because
d is a pseudometric. If d is actually a metric, some minor simplifications are possible. )

If (X, d) is not countably compact, we can choose a sequence (z,) with no cluster point (see
Theorem 8.10). In fact, we can choose (z,,) so that all the x,'s are distinct, and d(z,,,x,) > 0
if m # n (why?). Then we can find open sets U, such that i) x, € U,, ii) U, NU,, = 0 for
m # n, and so that iii) diam U,, — 0 as n — .
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Here is a sketch for finding the U,,'s; the details are left to check as an exercise.
First check that for any a,b € X and positive reals 71,7 : if 7 + r9 < d(a,b) then
B, (a) and B,,(b) are disjoint — in fact, they have disjoint closures.

Since (z,,) has no cluster point we can find, for each n, a ball By (x,,) that contains

no other x,, — that is, d(x,,z,) > 6 for all m #n. Let 6, = (57;/2. Then for
m # n, we have x,, ¢ Bs (z,) and 6, < d(z,,x,,). Of course, two of these balls
might overlap. To get the U,'s we want, we shrink these balls (choose smaller radii
€, to replace the ¢,,) to eliminate any overlap. We define the ¢,'s inductively:

Let €6 =060 < d(a;l,xg).
Pick €5 > 0 so that

€1+ 6 < d(l‘l,xg) and
€y < 62

Since
e =0 < d(JJl,LUg) and
€ < 0y < d(wg, {Ifg) , We can

pick €3 > 0 so that
€1+ €3 < d(xl,xg) and
€9 + €3 < d(x9,x3) and
€3 < 03

Continue in this way. At the nth step, we get a new ball B, (z,) for which

ifm #n, z, ¢ B, (z,) (because €, < ¢,) and
B, (z,) N B, (z;) = 0 forall j < n (because €; + €, < d(z;,)

Finally, when we choose ¢, at each step, we can also add the condition that
€ < 717’ so that diam(B,, (z,)) — 0.

n

Then we can let U,, = B, (x,).

For each n, define f,, : X — R by f,(x) = %

the denominator of f,(z) is not 0. Therefore f, is continuous, and f,(z,) =n. Define

. Since z,, € U, and X — U, is closed,

o0
flx)=> fulz). (For any x € X, this series converges because x is in at most one U,, and
n=1

therefore at most one term f,(x) # 0.) Then f is unbounded on X because f(xz,) = fu(z,)
= n. So we are done if we can show that f is continuous at each in X.

Let a € X. We claim that there is an open set V, containing a such that V, N U,, # 0 for at most
finitely many n's.

If d(a, x,) = 0 for some x,,, we can simply let V, = U,,.
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Suppose d(a, z,,) > 0 for all n. Since a is not a cluster point of (x,,), we can choose

e > 0so that B.(a) contains none of the x,,'s. For this ¢, choose N so thatif n > N,
then diam U,, < §. Then B;(a) NU, = ) forn > N (ifn > N and z € B(a) N U,
then d(a,r,) < d(a,z) +d(z,z,) < §+ 5 =¢). ThenletV, = By (a).

Then f,|V, is identically O for all but finitely many n. Therefore f|V is really only a finite sum
of continuous functions, so f|V, : V, — R is continuous. Suppose W is any neighborhood of
f(a). Then there is an open set U in V, containing a for which (f|V,)[U] C W. But V, is open
in X, so U is also open in X, and f[U] = (f|V,)[U] C W. So f is continuous at a. e

We now explore some properties of compact metric spaces.

Theorem 8.18 Suppose A is a compact subset of a metric space (X, d). Then A is closed and
bounded (that is, A has finite diameter).

Proof A compact subset of the Hausdorff space must be closed (see Theorem 8.5b).

If A =0, then A is certainly bounded. If A # (), choose a point ay € A and let
f:A—=R by f(a) =d(a,ap). Then f is continuous and f is bounded (since X is
pseudocompact): say |f(z)] < M for all x € A. But that means that A C Bj/(ayp), so A is a
bounded set. e

Caution: the converse of Theorem 8.18 is false. For example, suppose d is the discrete unit
metric on an infinite set X. Every subset of (X, d) is both closed and bounded, but an infinite
subspace of X is not compact. However, the converse to Theorem 8.18 is true in R" (with the
usual metric), as you may remember from analysis.

Theorem 8.19 Suppose A C R". The A is compact iff A is closed and bounded.

Proof Because of Theorem 8.18, we only need to prove that if A is closed and bounded, then A
is compact. First consider the case n = 1. Then A is a closed subspace of some interval
I = [a,b] and it is sufficient to show that I is compact. To do this, consider any sequence (x,,)
in I and choose a monotone subsequence (z,, ) using Lemma 2.10. Since (z,, ) is bounded, we
know that (z,,) — some point r € I (see Lemma 2.9). Since (z,,) has a convergent subsequence,
I is sequentially compact and therefore compact.

When n > 1, the proof is similar. We illustrate for n = 2. If A is a closed bounded set in
R?, then A is a closed subspace of some closed box of the form I = [a,b] x [c,d]. Therefore it
is sufficient to prove that I is compact. To do this, consider any sequence (z,,y,)in I. Since
[a,b] is compact, the sequence (z,) has a subsequence (z,,)that converges to some point
x € [a,b] . Now consider the subsequence (z,,y,,) in I. Since [c,d] is compact, the sequence
(yn,) has a subsequence (yy, )that converges to some point y € [c,d]. But in R?,
(Un, vn) = (u,v) iff (u,) — v and (v,) = v in R So (2, Yn,) — (z,y) € I. This shows
that I is sequentially compact and therefore compact.

For n > 2, a similar argument clearly works — the argument just involves “taking
subsequences” n times. o
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9. Compactness and Completeness

We already know that a compact metric space (X,d) is complete. Therefore all the “big”
theorems that we proved for complete spaces are true, in particular, for compact metric

spaces — for example Cantor's Intersection Theorem, the Contraction Mapping Theorem and the
Baire Category Theorem (which implies that a nonempty compact metric space is second
category in itself).

Of course, a complete space (X, d) need not be compact: for example, R. We want to see the
exact relationship between compactness and completeness.

We begin with a couple of preliminary results.
Theorem 9.1 If (X, d) is totally bounded, then (X, d) is bounded.

Proof Lete = 1. Pick points x1, ..., 2, so that X = By(z) U ... U By(z,) and let
M = max {d(x;,x;) : i,j = 1,...,n}. For any pair of points z,y € X, we have x € By (x;)
and y € By (x;) for some %, j, so that

d(z,y) < d(z,z;) + d(x;,y;) +d(y;,y) <1+ M+1=M+2.

Therefore (X, d) has finite diameter — that is, (X, d) is bounded. e

Notice that the converse to the theorem is false: “total boundedness™ is a stronger condition than
“boundedness.” For example, let d'(x,y) = min {1, |z — y|} on R. Then diam (R,d’) =1 so
(R,d’) is bounded. Because d'(z,y)=|r —y| when |z —y| <1, we have that
B¢ (z) = (x — 1,2 + 1). Since R cannot be covered by a finite number of these 1-balls,

(R, d’) is not totally bounded.

Theorem 9.2 If (X, d) is totally bounded and A C X, then (A, d) totally bounded: that is, a
subspace of a totally bounded space is totally bounded.

Proof Let € > 0 and choose x, ..., x, so that X = B, (1) U...U Bg(z,). Of course these

balls also cover A. But to show that (A, d) is totally bounded, the definition requires us to show
that we can cover A with a finite number of e-balls centered at points in A.

Let J = {j: By(z;) N A # 0} and, for each j € J, pick a; € Bs(z;) N A.
We claim that the balls B{(a;) cover A. In fact, if a € A, then a € B (x;) for some j;
and of course a; is also in Bg(x;). Then d(a,a;) <d(a,z;) +d(zj,a;) < §+5=¢, s0
a € BA(aj). o

The next theorem gives the exact connection between compactness and completeness. It is
curious because it states that “compactness” (a topological property) is the “sum” of two
nontopological properties.
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Theorem 9.3 (X, d) is compact iff (X, d) is complete and totally bounded.

Proof (=) We have already seen that the compact space (X,d) is totally bounded and
complete. (For completeness, here is a fresh argument: let (x,)be a Cauchy sequence in
(X,d). Since X is countably compact, (x,,) has a cluster point x in X. But a Cauchy sequence
must converge to a cluster point. So (X, d) is complete.)

(<) Let (z,) be a sequence in (X,d). We will show that (z,) has a Cauchy
subsequence which (by completeness) must converge. That means (X,d) is sequentially
compact and therefore compact.

Since (X, d) is totally bounded, we can cover X with a finite number of 1-balls, and one of them
—call it By — must contain x,, for infinitely many n. Since (Bj,d) is totally bounded (see
Theorem 9.2) we can cover B; with a finite number of %—balls and one of them — call it
By C By — must contain z,, for infinitely many n.

Continue inductively in this way. At the induction step, suppose we have already defined %-balls
B; O By O ... O By, where each ball contains z,, for infinitely many n. Since (B, d) is totally
bounded, we can cover it with a finite number of %H—balls, one of which — call it
Bj.1 C By, — must contain x, for indefinitely many n. This inductively defines an infinite

descending sequence of balls B; O By D ... D By, O ... where each By, contains x,, for infinitely
many values of n.

Then we can choose =z, € B;
Ty, € By, with ny > ny

Ty, € By, with n, > ng_1 > ... >mny
The subsequence (z,, ) is Cauchy since x,, € By, for [ > k and diam B, — 0. e

Example 9.4 With the usual metric d:
1) Nis complete and not compact (and therefore not totally bounded).

ii) {le : n € N} is totally bounded, because it is a subspace of the totally
bounded space [0, 1]. But it is not compact (and therefore not complete).

iii) Nand {1 : n € N} are homeomorphic because both are countable discrete
spaces. Total boundedness is not a topological property. We remark here,
without proof, that for every separable metric space (X, d), there is an
equivalent metric d' such that (X,d') is totally bounded.

iv) {% :n € N} U {0} is compact and is therefore both complete and totally
bounded.
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During the earlier discussion of the Contraction Mapping Theorem, we defined uniform
continuity. For convenience, the definition is repeated here.

Definition 9.5 A function f : (X,d) — (Y, d’) is uniformly continuous if
VedoVaVy € X (d(z,y) <6 =d'(f(z), f(y)) <e€)

Clearly, if X = {z1,...,x,} is finite, then every continuous function f : (X,d) — (Y,s) is
uniformly continuous. (For € > 0 and each i = 1, ..., n, we pick the the 6; that works at x; in the
definition of continuity. Then 6 = min {6y, ...0, } works “uniformly” across the space X.)

The next theorem generalizes this observation to compact metric spaces (X, d) — and illustrates
once more “rule of thumb” that “compact spaces act like finite spaces.”

Theorem 9.6 If (X, d)is compact and f : (X,d) — (Y,d’) is continuous, then f is uniformly
continuous.

Proof If f is not uniformly continuous, then for some ¢ > 0, “no § works.” In particular, for
that e, 6 = % “doesn't work” — so we can find, for each n, a pair of points u, and v, with
d(up,v,) < = but d’(f(un), f(vy)) > €. By compactness, there is a subsequence
(up,) — x € X. The corresponding subsequence (v, )— = also because d(v,,,)
< d(vny, Up,) + d(up,, ) < é + d(zy,,r) — 0. Therefore, by continuity, we should have
(f(up,)) — f(x)and also (f(v,}z,k4)) — f(x). But this is impossible since

d/

(f (), £ (v,)) > e forall k.
Uniform continuity is a strong and useful condition. For example, Theorem 9.6 implies that a
continuous function f : [a,b] — R must be uniformly continuous. This is one of the reasons
why “continuous functions on closed intervals” are so nice to work with in calculus — the
following example is a simple illustration:
Example 9.7 Suppose [ : [a,b] — R be bounded. Choose any partition of [a, b]

=<1 <.<r1<z<..<x,=0b

and let m; and M; denote the inf and sup of the set f[[x;_1, z;]]. Let Ajx = x; — ;1.
n n
The sums >omiAix < Y M Az
i=1 i=1

are called the lower and upper sums for f associated with this partition.

t is easy to see that the sup of the lower sums (over all possible partitions) is finite: it is

called the lower integral of f on [a, b] and denoted f; f(x)dz. Similarly, the inf of all the upper

sums is finite: it is called the upper integral of f on [a, b] and denoted ff f(x)dx. Itis easy to

verify that f; flx)dx < ff f(x)dz. If the two are actually equal, we say f is (Riemann)
integrable on [a, b] and we write fff(:n) dx = f;f(:c) dx = fab f(z)dx.

202



Uniform continuity is just what we need to prove that a continuous f on [a, b] is integrable. If f
is continuous on [a,b], then f is uniformly continuous. Therefore, for ¢ > 0, we can choose
6 > 0 such that | f(x) — f(y)| < 7= whenever |z —y| < é. Pick a partition of [a, b] for which

each A;x < 6. Then for each 7, M; —m; < ﬁ Therefore
fff(w) dr — fabf(ac) dx < ZML»AZ»J; = > miAx
- i=1 :

i=1

n

:;(Mi—mi)Aiz<eZAix:,E (b—a)=¢

y h—a
i=1

Since € > 0 was arbitrary, we conclude that f; f(z)dx = ff f(z) dux.

10. The Cantor Set

The Cantor set is an example of a compact subspace of R with a surprising combination of
properties. Informally, we can construct the Cantor set C' as follows. Begin with the closed
interval [0, 1] and delete the open “middle third.” The remainder is the union of 2 disjoint closed
intervals: [0, %] U [%, 1]. At the second stage of the construction, we then delete the open middle
thirds of each interval — leaving a remainder which is the union of 22 disjoint closed intervals:
[0,5]U[3,3]U[3,5]U[3,1]. We repeat this process of deleting the middle thirds “forever.”
The Cantor set C' is the set of survivors — the points that are never discarded.

Clearly there are some survivors: for example, the endpoint of a deleted middle third — for
example, % — clearly survives forever and ends up in C.

To make this whole process precise, we name the closed subintervals that remain after each
stage. Each interval contains the 2 new remaining intervals below it:

0.4 2
(Fo) F)

ol B B3
(Foo) (Fo2) (Fa) (Fa)
0 E4 BA B BE R GE R
(Fooo)  (Fooz)  (Foz0)  (Foez) (Fa0) (Fo02)  (Foa0) (Faze)

etc. etc.

At the k" stage the set remaining is the union 2" closed subintervals, each with length % We
label them F, ,,, ,, where (ny,ns,...n;) € {0,2}*.

Notice that, for example, Fy O Fyo D Fyog 2 Foooo 2 Foooo2 2 -... As we go down the chain
“toward” the Cantor set, each new 0 or 2 in the subscript indicates whether the next set down is
“the remaining left interval” or “the remaining right subinterval.” So for every sequence

s = (n1,n2, ..., Nk, ..) € {0,2}N, we have

En :_) El]nz :_) :_> El]nz...n;\» :_)
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Since [0, 1] is complete, the Cantor Intersection Theorem gives that (), Fy,n,..n
set {zs}. The Cantor set C'is then defined as

. — aone-point

C={zs:s€ {O,Q}N} C [0,1].
Comments:

) Ifs # s’ = (nf,nh,...,n,...) € {0,2}Y, we can look at the first k& for which nj; # n). Then
Ts € Fy npm, and xy € Fnl__,nkfl_,n;‘. Since these closed intervals are disjoint, we conclude

xs # 1y. Therefore each sequence s € {0,2}" corresponds to a different point in C, so
|C| > [{0,2}| = 2% = ¢. Since C C [0, 1], we conclude |C| = c.

2) An observation we don't really need: each x € [0, 1] can be written using a “ternary decimal”

expansion r = % = 0.t1t9...tk...three» Where each ¢, € {0,1,2}. Just as with base 10
n=1
decimals, the expansion for a particular x is not always unique: for example, % = 0.1000... three
= 0.022222...4ree. It's easy to check x has two different ternary expansions iff x is the endpoint
of one of the deleted “open middle thirds” in the construction. It is also easy to see that a point is
in C'iff it has a ternary expansion involving only 0's and 2's. For example, % € C and % ¢ C.

What are some of the properties of C'?

i) [0,1] — C is the union of the deleted open “middle third” intervals, so [0,1] — C'is
open in [0, 1]. Therefore C' is closed in [0, 1], so C' is a compact (therefore also complete) metric
space.

ii) Every point in C' is a limit point of C' — that is, C has no isolated points. (Note: such
a space is sometimes called dense-in-itself. This is an awkward but well-established term; it is
awkward because it means something different from the obvious fact that every space X is a
dense subset of itself.) To see this, suppose x5 € C, where s = (ny,n9,..., Nk, Ngr1,
Npyo...) € {0,2}N.  Given € >0, pick k so % < e Define nj_,(=0or 2) so that
N1 7 Nk41, and let

s = (n1,n2, oy Nk, Moy g, Mg2-..) € {0,210

Then x, and zy are distinct points in C', but both are in Fj,
Therefore |xs — xy| < €, s0 x4 is not isolated in C'.

: _ 1
omand diam F, = o <€

iii) With the usual metric d, C' is a nonempty complete metric space with no isolated
points. It follows from Theorem 3.6 that |C| > ¢ and, since C' C [0, 1], then |C| = ¢. However,
we can also see this from the discussion in ii): there are 2% = ¢ different ways we could
redefine the infinite “tail” (ny41, ...ng4, ...) of s — and each version produces a different point in
C at distance < € from x,. From Example 6.13(2), every point in C' is a condensation point.

iv) In some ways, C' is “big.” For example, the Cantor set has as many points as [0, 1].
Also, since C' is complete, it is second category in itself. But C'is “small” in other ways. For one
thing, C' is nowhere dense in [0, 1] (and therefore in R). Since C is closed, this simply means
that C' contains no nonempty open interval.
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To see this, suppose I = (a,b) C C. At the k™ stage of the construction, we must have
I C exactly one of the F},, . (This follows immediately from the definition of an interval.)
Therefore b — a < % for every k,soa = band I = (.

v) C is also “small” in another sense. In the construction of C, the open intervals that
1
are deleted have total length % + 2(%) + 4(2—17) + ... = 5 = 1. In some sense, the “length” of

-3
what remains is 0! This is made precise in measure theory, where we say that [0, 1] — C has
measure 1 and that C has measure 0. Measure is yet another way, differing from both cardinality
and category, to measure the “size” of a set.

The following theorem states that the topological properties of C' which we have discussed
actually characterize the Cantor set. The theorem can be used to prove that a “Cantor set”
obtained by some other construction is actually the same topologically as C.

Theorem 10.1 Suppose A is a nonempty compact subset of R which is dense-in-itself and
contains no nonempty open interval. Then A is homeomorphic to the Cantor set C'

Proof The proof is omitted. (See Willard, General Topology.)

It is possible to modify the construction of C' by changing “middle thirds” to, say, “middle
fifths,” or even by deleting “middle thirds” at stage one, “middle fifths” at stage two, etc.
Theorem 10.1 can be used to show that the resulting “generalized Cantor set” is homeomorphic
to C, but the total lengths of the deleted open intervals may be different: that is, the result is can
be a topological Cantor set but with positive measure. ‘“Measure” is not a topological property.

Here's one additional observation that we don't need, but which you might see in an analysis
course. As we noted earlier, C' consists of the points = € [0, 1] for which we can write

[o.]
=3 % = 0.tits..t...three, With each t,, € {0,2}.

n=1

o0
We can obviously rewrite this as x = 2311,", where each b, € {0, 1} and therefore we can define
n=1
a function g : C' — [0, 1] as follows:
X 2b b
forw € C, g(z) =93 5*)=> %
n=1 n=1

More informally,:

g(O 2b1 2b2 2b3 ---three) == O.blebg...two

This mapping g is not one-to-one . For example,

9(%) = 9(0.202222.....yrec) = 0.101111...140 and
8
9

g(5) = ¢(0.220000...three ) = 0.11000...1wo

NN
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In fact, for a,b € C, we have g(a) = g(b) iff the interval (a,b)is one of the “deleted middle
thirds.” It should be clear that g is continuous and that if a < b in C, then g(a) < g(b) — that s,
g is weakly increasing. (Is g onto?)

The function g is not defined on [0, 1] — C. But [0, 1] — C'is, by construction, a union of disjoint
open intervals. We can therefore extend the definition of ¢ to a mapping G : [0,1] — [0,1] in
the following simple-minded way:

Glz) = g(x) ifzxelC
| g(a) ifz € (a,b), where (a,b) is a “deleted middle third”

Since we know g(a) = g(b), this amounts to extending the graph of g horizontally over each
“deleted middle third” (a,b) from (a,g(a)) to (b,g(b)). The result is the graph of the
continuous function G.

G is sometimes called the Cantor-Lebesgue function. It satisfies:

i) G0)=0, G(1) =1

ii) G is continuous

iii) G is (weakly) increasing

iv) at any point x in a “deleted middle third” (a, b), G is differentiable
and G'(x) = 0.

Recall that C' has “measure 0.” Therefore we could say “G’(x) = 0almost everywhere” — even
though G rises monotonically from 0 to 1!

Note: The technique that we used to extend g works in a similar way for any closed set FF C R
and any continuous function g : F' — R. Since R — F' is open in R, we know that we can write
R — F as the union of a countable collection of disjoint open intervals I,, which have form (a,b),
(—00,b) or (a,00) We can extend f to a continuous function F : R — R simply by extending
the graph of f over linearly over each I, :

if I, = (a,b), then let the graph F over I, be the straight line segment joining
(a, f(a), to (b, f(b)).
if I, = (—00,b), then let F' have the constant value f(b) onl,

if I, = (a,00), then let F' have the constant value f(a) on I,

There is a much more general theorem that implies that whenever F is a closed subset of (X, d),
then each f € C(F)and be extended to a function F' € C(X). In the particular case X =R,
proving this was easy because R is ordered and we completely understand the structure of the
open sets in R..

Another curious property of C, mentioned without proof, is that its “difference set”
{r—y:x2,y € C} =[—1,1]. Although C has measure 0, the difference set in this case has
measure 2!
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Exercises

E21. Suppose that f: X — Y is continuous and onto, where X and Y are any topological
spaces. Prove If X is compact, then Y is compact. (“A4 continuous image of a compact space is
compact.”)

E22. a) Suppose that X is compact and Y is Hausdorff. Let f: X — Y be a continuous
bijection. Prove that f is a homeomorphism.

b) Let 7 be the usual topology on [0, 1] and suppose 7; and 7; are two other topologies
on [0, 1] such that 7; ; T 7Cé 7, Prove that ([0,1],7;) is not Hausdorff and that ([0, 1], 73) is

not compact. (Hint: Consider the identity map i : [0,1] — [0,1].)
¢) Is part b) true if [0, 1] is replaced by an arbitrary compact Hausdorff space (X, 7)?

E23. Prove that a nonempty topological space X is pseudocompact iff every continuous
f + X — R achieves both a maximum and a minimum value.

E24.  Suppose f:(X,d) — (Y,d’). Prove that f is continuous iff f|K is continuous for
every compact set K C X.

E25.  Suppose that A and B are nonempty disjoint closed sets in (X, d) and that A is compact.
Prove that d(A, B) > 0. Is this necessarily true if both A and B are not compact?

E26. Let X andY be topological spaces.

a) Prove that X is compact iff every open cover by basic open sets has a finite subcover.

b) Suppose X x Y is compact. Prove thatif X,Y # (), then X and Y are compact. (By
induction, a similar statement applies to any finite product.)

¢) Prove that if X and Y are compact, then X X Y is compact. (By induction, a similar
statement applies to any finite product.)
(Hint: for any x € X, {x} x Y is homeomorphic to Y. Part a) is relevant.)

d) Point out explicitly why the proof in c) cannot be altered to prove that a product of
two countably compact spaces is countably compact. (4n example of a countably compact space

X for which X x X is not even pseudocompact is given in Chapter X, Example 6.8.)

Note: In fact, an arbitrary product of compact spaces is compact. This is the “Tychonoff
Product Theorem” which we will prove later.
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1t is true that the product of a countably compact space and a compact space is countably
compact. You might trying proving this fact. A very similar proof shows that a product of a
compact space and a Lindelof space is Lindelof. That proof does not generalize, however, to
show that a product of two Lindelof spaces is Lindelof. Can you see why?

E27. Prove that if (X,d) is a compact metric space and | X | = Ny, then X has infinitely
many isolated points.

E28.  Suppose X is any topological space and that Y is compact. Prove that the projection map
nx : X XY — X isclosed (that is: a projection “parallel to a compact factor” is closed).

E29. Let X be an uncountable set with the discrete topology 7. Prove that there does not
exist a totally bounded metric d on X such that 7; = 7.

E30. a) Give an example of a metric space (X, d) which is totally bounded and an isometry
from (X,d) into (X,d)which is not onto. Hint: on the circle S, start with a point p and
repeatedly rotate it by some fixed angle Bon S' a

b) Prove that if (X, d) is totally bounded and f is an isometry from (X, d) into (X, d),
then f[X] must be dense in (X,d). Hint: Given x, € > 0, cover X with finitely many -balls;
one of these balls must contain f"(x) for infinitely many values of n.

¢) Show that a compact metric space cannot be isometric to a proper subspace of itself.
Hint: you might use part b).

d) Prove that if each of two compact metric spaces is isometric to a subspace of the
other, then the two spaces are isometric to each other. Note: Part d) is an analogue of the
Cantor-Schroeder-Bernstein Theorem for compact metric spaces.

E31. Suppose (X, d) is a metric space and that (X, d’) is totally bounded for every metric
d' ~ d. Must (X, d) be compact?

E32. Let U be an open cover of the compact metric space (X, d). Prove that there exists a
constant 6 > 0 such that for all x: Bs(z) C U for some U € U. (The number 6 is called a
Lebesgue number for U.)

E33.  Suppose (X,d) is a metric space with no isolated points. Prove that X is compact iff
d(A, B) > 0 for every pair of disjoint closed sets A, B C X.

E34. Suppose A C R" (with the usual metric). Prove that A is totally bounded if and only if A
is bounded.
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Chapter IV Review

Explain why each statement is true, or provide a counterexample.
1. Let A be the set of fixed points of a continuous function f : X — X, where X isa
Hausdorff space. A is closed in X.

2. Let S denote the set of all Cauchy sequences in QQ that converge to a point in R. Then
|S| =c.

3. For a metric space (X, d): if every continuous function f : X — R assumes a minimum
value, then every infinite set in X has a limit point.

4. There exists a continuous function f : R — R for which the Cantor set is the set of fixed
points.

5. If X has the cofinite topology, then every subspace of X is pseudocompact.

6. Let [0, 1] have the subspace topology from the Sorgenfrey line. Then [0, 1] is countably
compact.

7. Let & = {A C R : A is first category in R}, and let 7 be the topology on R for which & is a
subbase. Then (R, 7) is a Baire space.

8. Every sequence in [0, 1]? has a Cauchy subsequence.

9. If A is a dense subspace of (X, d) and every Cauchy sequence in A converges to some point
in X, then (X, d) is complete.

10. If 7 is the cofinite topology on N, then (N, 7") has the fixed point property.

11. Every sequence in [0, 1) has a Cauchy subsequence.

12. Let Z = (0, %) N C, where C is the Cantor set. Then Z is completely metrizable.
13. The Sorgenfrey plane is countably compact.

14. If every sequence in the metric space (X, d) has a convergent subsequence, then every
continuous real valued function on X must have a minimum value.

15. Suppose (X, d)is complete and f : X — X. Theset C = {x € R: f is continuous at =} is
second category in itself.

16. In the space C'([0, 1]), with the metric p of uniform convergence, the subset of all
polynomials is first category.
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17. If O is nonempty and open in (X, 7 ), then O is not nowhere dense.
18. A nonempty nowhere dense subset of R must contain an isolated point.
19. There are exactly ¢ nowhere dense subsets of R.

20. Suppose B is nonempty subset of QQ with no isolated points. B cannot be completely
metrizable.

21. Suppose (X, d) is a countable complete metric space. If A C X, then (A, d) may not be
complete, but A is completely metrizable.

22. If A is first category in X and B C A, then B is first category in A.

23. There are c different metrics d on Q, each equivalent to the usual metric, for which (Q, d) is
complete.

24. If N has the cofinite topology, then every infinite subset is sequentially compact.

25. Suppose f:[0,1]> - Rand A = {p € (0, 1)*% % and g—ij both exist at p}. Then A, with its
usual metric, is totally bounded.

26. A space (X, 7) is a Baire space iff X is second category in itself.
27. Suppose f:[0,1] — R is continuous. Let E be the subset of the Cantor set C' that consists of
the endpoints of the open intervals deleted from [0, 1] in the construction of C.

If f[E] C [0,0.1]. Then f[C] C [0,0.1] .

28. Let d be a metric on the irrationals PP which is equivalent to the usual metric and such that
(P, d) is complete. Then (PP, d) must be totally bounded.

29. Suppose (X, d) is a nonempty complete metric space and A is a closed subspace such that
(A, d) is totally bounded. Then every sequence in A has a cluster point.

30. There is a metric d on [0, 1], equivalent to the usual metric, such that ([0, 1], d) is not
complete.

31. Let Z = [0, 1] have the usual topology. Every nonempty closed subset of Z is second
category in itself.

32. Suppose f :[0,1]" — R™ and C' = {x € [0,1]" : fis continuous at z}. There is a metric d
equivalent to the usual metric on C for which (C, d) is complete.

33. If the continuum hypothesis (CH) is true, then R cannot be written as the union of fewer than
¢ nowhere dense sets.

34. Suppose A is a complete subspace of [0, 1]. Then A is a Gsset in R.
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35. There are 2¢ different subsets of R none of which contains an interval of positive length.

36. Suppose (X, d) is a nonempty complete metric space and A is a closed subspace such that
(A, d) is totally bounded. Then every sequence in A has a cluster point.

37. Let d’ be a metric on the irrationals P which is equivalent to the usual metric and for which
(P, d") is totally bounded. Then (IP,d’) cannot be complete.

38. The closure of a discrete subspace of R may be uncountable.

39. Suppose f : [0,1]" — R™ and C' = {x € [0,1]" : fis continuous at x}. Then there is a
metric d on C, equivalent to the usual metric, such that (C, d) is totally bounded.

40. Suppose (X, T) is compact, that f : X — R is a continuous function, and that f(x) > 0 for
all z € X. Then there is an € > 0 such that f(x) > e forall z € X.

41. If every point of (X, d) is isolated, then (X, d) is complete.
42. If (X, d) has no isolated points, then its completion also has no isolated points.
43. Suppose that for each point x € (X, d), there is an open set U, such that (U, d) is

complete ( that is, X is “locally complete”). Then there is a metric d’ ~ d on X such that
(X,d’) is complete.

~Y

44. For a metric space (X, d) with completion (X ,d ), it can happen that | X -X | = Nq.

~Y

45. Let d be the usual metric on Q. There is a completion (@ ,d )of (Q,d) for which
Q@ -Ql=x,

46. A subspace of R is bounded iff it is totally bounded.

47. A countable metric space must have at least one isolated point.

48. The intersection of a sequence of dense open subsets in P must be dense in P.
49. If C is the Cantor set, then R — C is an F), set in R.

50. A subspace A of a metric space (X, d)is compact iff A is closed and bounded.

51. Let B={[a,b)N[0,1] : a,b € R, a < b } be the base for a topology 7 on [0, 1].
The space ([0, 1], 7 ) is compact.

52. Let d be the usual metric on ¢5. Then (45, d) is sequentially compact.
53. Let d be the usual metric on ¢;. Then ({5, d) is countably compact.

54. A subspace of a pseudocompact space is pseudocompact.
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55. An uncountable closed set in R must contain an interval of positive length.

56. Suppose C'is the Cantor set and f : C' — C' is continuous. Then the graph of f (a subspace
of C' x C, with its usual metric) is totally bounded.

57. Let C denote the Cantor set C [0, 1], with the metric d(z,y) = % . Then (C,d) is

totally bounded.
58. A discrete subspace of R must be closed in R
59. A subspace of R which is discrete in its relative topology must be countable.

60. If Aand B are subspaces of (X, 7) and each is discrete in its subspace topology, then AU B
is discrete in the subspace topology.

61. Let cos™ denote the composition of cos with itself n times. Then for each = € [ — 1, 1], there
exists an n (perhaps depending on x) such that cos™ x = .

62. Suppose d’ is any metric on 0, 1] equivalent to the usual metric. Then ([0, 1],d’) is totally
bounded.

63. Let S! denote the unit circle in R2. S! is homeomorphic to a subspace of the Cantor set C.

64. There is a metric space (X, d) satisfying the following condition: for every metric d’ ~ d,
(X, d’) is totally bounded.

65. [0, 1]2, with the subspace topology from the Sorgenfrey plane, is compact.

212



Chapter V
Connected Spaces

1. Introduction

In this chapter we introduce the idea of connectedness. Connectedness is a topological property
quite different from any property we considered in Chapters 1-4. A connected space X need not
have any of the other topological properties we have discussed earlier. Conversely, the only
topological properties that imply “X is connected” are very extreme — such as “|X| < 1” or “X
has the trivial topology.”

2. Connectedness

Intuitively, a space is connected if it is all in one piece; equivalently a space is disconnected if it
can be written as the union of two nonempty “separated” pieces. To make this precise, we need
to decide what “separated” should mean. For example, we think of R as connected even though
R can be written as the union of two disjoint pieces: for example, R = AU B, where
A= (—00,0] and B = (0,00). Evidently, “separated” should mean something more than
“disjoint.”
On the other hand, if we remove the point 0 to “cut” R, then we probably think of the remaining
space X = R — {0} as “disconnected.” We can write X = AU B, where A = ( — c0,0) and
B = (0,00). Here, A and B are disjoint, nonempty sets and (unlike A and B in the preceding
paragraph) they satisfy the following (equivalent) conditions:

i) Aand B are open in X

i1) Aand B are closed in X

iii) (BNeclxyA) U (ANclyB) = () — that is, each of A and B is disjoint from

the closure of the other. This is true even if we use clg instead of clx.)

Condition iii) is important enough to deserve a name.

Definition 2.1 Suppose A and B are subspaces of (X,7). A and B are called separated if each
is disjoint from the closure of the other — that is, if (B NclxA) U (ANclyB) = 0.

It follows immediately from the definition that
1) separated sets are disjoint, and

i) if A and B are separated, and C' C A, D C B, then C'and D are also
separated: that is, subsets of separated sets are separated.

Example 2.2

1) InR, the sets A = ( — 00,0] and B = (0, c0) are disjoint but not separated. Likewise
in R?, the sets A = {(z,y) : 22 + 3> < 1}and B = {(z,y) : (z —2)* + y? < 1} are disjoint but
not separated.
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2) The intervals A= (—o00,0) and B = (0,00)are separated in R but
clRANclgB # (. The same is true for the open balls A= {(z,y):2?>+y? < 1}and
B={(z,y): (r —2)?+y*> <1} inR%

So, the condition that two sets are separated is stronger than saying they are disjoint,
but weaker than saying that the sets have disjoint closures.

Theorem 2.3 In any topological space (X, 7 ), the following are equivalent:

1) 0 and X are the only clopen sets in X

2)ifAC Xand FrA=(,then A=0or A=X

3) X is not the union of two disjoint nonempty open sets
4) X is not the union of two disjoint nonempty closed sets
5) X is not the union of two nonempty separated sets.

Note: Condition 2) is not frequently used. However it is fairly expressive: to say that

Fr A =0 says that no point x in X can be “approximated arbitrarily closely” from both inside
and outside A — so, in that sense, A and B = X — A are pieces of X that are “separated” from
each other.

Proof 1)< 2) This follows because A is clopen iff Fr A = () (see Theorems I11.2.8, 11.4.5.3).
1) = 3) Suppose 3) is false and that X = A U B where A, B are disjoint, nonempty and
open. Then B = X — A is a nonempty proper clopen subset of X, which shows that 1) is false.
3) & 4) This is clear.
4) = 5) If 5)is false, then X = A U B, where A, B are nonempty and separated.
Since cl BN A = (), we conclude that cl B C B, so B is closed. Similarly, A must be closed.
Therefore 4) is false.
5) = 1) Suppose 1) is false and that A is a nonempty proper clopen subset of X. Then
B = X — Ais nonempty and clopen, so A and B are separated. Since X = AU B, 5)is
false. o

Definition 2.4 A topological space (X,7)is connected if any (and therefore all) of the
conditions in Theorem 2.3 are true. If C' C X, we say that C is connected if C' is connected in
the subspace topology.

According to the definition, a subspace C' C X is disconnected if we can write C' = AU B,
where the following (equivalent) statements are true:

1) Aand B are disjoint, nonempty and open in C
2) Aand B are disjoint, nonempty and closed in C
3) A and B are nonempty and separated in C'.

If C is disconnected, such a pair of sets A, B will be called a disconnection or separation of C.

The following technical theorem and its corollary are very useful in working with connectedness
in subspaces.
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Theorem 2.5 Suppose A, B C C C X. Then A and B are separated in C iff A and B are
separated in X.

Proof clcB = CNclyB (see Theorem 111.7.6),s0 ANcleB=0iff AN (clxBNC) =1
iff ( ANC)NclxB=0iff AnclxB = (. Similarly, BNclcA=0iff BNclyA=10. e

Caution: According to Theorem 2.5, C' is disconnected iff C'= AU B where A and B are
nonempty separated sets in C' iff C' = AU B where A and B are nonempty separated sets in X.
Theorem 2.5 is very useful because it means that we don't have to distinguish here between
“separated in C”” and “separated in X~ — because these are equivalent. In contrast, if we say
that C' is disconnected when C'is the union of two disjoint, nonempty open (or closed) sets A, B
in C', then phrase “in C” cannot be omitted: the sets A, B might not be open (or closed) in X.

For example, suppose X =[0,1] andC =[0,3) U (5,1]. The sets A = [0, 3) and
B = (%, 1] are open, closed and separated in C. By Theorem 2.5, they are also separated in X,
but they are neither open nor closed in X.

Example 2.6

1) Clearly, connectedness is a topological property. More generally, suppose f: X — Y
is continuous and onto. If B is proper nonempty clopen set in Y, then f~![B] is a proper
nonempty clopen set in X. Therefore a continuous image of a connected space is connected.

2) A discrete space X is connected iff |X| < 1. For example, N and Z are not connected.

3) Q is not connected since we can write Q as the union of two nonempty separated sets:
Q={q€eQ:¢<2}U{qeQ: ¢ > 2}. Similarly, we can show P is not connected.

More generally, a connected subset C' of R must be an interval: otherwise, there would
be points a < z < b where a,b € C but 2¢ C. Then {r€eC:ax<z}={xeC:z<z}
would be a nonempty proper clopen set in C.

In fact, a subset C' of R is connected iff C'is an interval. It is not very hard, using the
least upper bound property of R, to prove that each interval in R is connected. (7ry it as an
exercise! ) However, we will give a short proof soon using a different argument (Corollary 2.12).

4) The Intermediate Value Theorem If X isconnected and f : X — R is continuous,
then ran (f) is connected (by part 1) so ran(f) is an interval (by part 3). Therefore if a,b € X
and f(a) < z < f(b), there must be a point ¢ € X for which f(c) = z.

5) The Cantor set C' is not connected (since it is not an interval). But much more is true.
Suppose z,y € A C C and that x < y. Since C' is nowhere dense (see [V.10), the interval
(x,y) € C, sowe can choose z ¢ C' withx < z <y. Then B =( —o00,2z)N A
= (—00,2z| N Ais clopen in A, and B contains z but not y. So A is not connected. It follows
that every connected subset of C' contains at most one point.

A space (X, 7T) is called totally disconnected if its only nonempty connected subspaces
are the one-point sets.
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6) X is connected iff every continuous f : X — {0,1} is constant: certainly, if f is
continuous and not constant, then f~1[{0}] is a proper nonempty clopen set in X so X is not
connected. Conversely, if X is not connected and A is a proper nonempty clopen set, then the
characteristic function x4 : X — {0, 1} is continuous but not constant.

Theorem 2.7 Suppose f: X — Y. Letl' = {(z,y) € X xY :y = f(x)} = “the graph of f.”
If f is continuous, then graph of f is homeomorphic to the domain of f; in particular, the graph
of a continuous function is connected iff its domain is connected.

Proof We want to show that X is homeomorphic to I'. Let h: X — I' be defined by
h(z) = (z, f(x)). Clearly h is a one-to-one map from X onto I.

Let a € X and suppose (U x V) NI is a basic open set containing h(a) = (a, f(a)).
Since f is continuous and f(a) € V, there exists an open set O in X containing a and such that
flIO]CV. Thena € UNO,and h[U N O] C (U x V) NT,so h is continuous at a.

If U is open in X, then h[U] = (U x Y) NT'is openin I, so h is open. Therefore h is
a homeomorphism. e

Note: It is not true that a function f with a connected graph must be continuous. See Example
2.22.

The following lemma makes a simple but very useful observation.

Lemma 2.8 Suppose M, N are separated subsets of X. If C C M U Nand C is connected,
thenC' C M orC C N.

Proof C' = (CNM)U(CNN).Thesets C N M and C N N are separated (because
CNM CM and CNN C N). Since C is connected, either CNM =0 (so C C N) or
CNN=0(soCCM). e

The next theorem and its corollaries are simple but powerful tools for proving that certain sets
are connected. Roughly, the theorem states that if we have one “central ” connected set C' and
other connected sets none of which is separated from C, then the union of all the sets is
connected. It is as if “C links all the connected pieces together.”

Theorem 2.9 Suppose C and C,, (« € I) are connected subsets of X and that for each «, C,
and C' are not separated. Then S = C' U |JC, is connected.

Proof Suppose that S = M U N where M and N are separated. By Lemma 2.8, either C C M
orC'C N. Suppose C C M. By the same reasoning we conclude that for each «, either
Co € MorC,CN. Butifsome C, C N, then C and C, would be separated. Hence every
C, C M. Therefore N = () and the pair M, N is not a disconnection of S. e
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Corollary 2.10  Suppose that for each aw € I, C, is a connected subset of X and that
C,oNCs#Pforalla # € I. Then|J{C, : a € I} is connected.

Proof If I = (), then | J{C, : « € I} = ) is connected. If I # (), pick an oy € I and let C,, be
the “central set” C' in Theorem 2.9. For all « € I, C,NC,, # 0, so C, and C,, are not
separated. By Theorem 2.9, | J{C, : a € I} is connected. o

Corollary 2.11 For each n € N, suppose C,, is a connected subset of X and that C,, N C,, 1 # 0.
Then J,~,C,, is connected.

Proof Let A, =|J;_,C}). Corollary 2.10 (and simple induction) shows that the A,'s are
connected. Then () # A; C Ay C ... C A, C ... Another application of Corollary 2.10 gives
that | J~ | A, = U,—,C, is connected. o

Corollary 2.12 Let I CR. Then I is connected iff [ is an interval. In particular, R is
connected (so R and () are the only clopen sets in R).

Proof We have already shown that if [ is not an interval, then [ is not connected (Example
2.6.3), so we need to show each interval I is connected. This is obvious if I = or I = {r}.

If I =[0,1] and A, B are nonempty disjoint closed sets in I, then there are pointsag € A and
by € B for which |ay — by| = d(ag, by) = d(A, B).

To see this, define f : A x B — [0,1] by f(z,y) = |vr —y|. A x Bisaclosed
bounded set in R? so A x B is compact. Therefore f has a minimum value, occurring at
some point (ag, by) € A x B (see Exercise IV.E23.)

Let z= %t €[0,1].  Since [z —by| = 25D —by| = [“252] < |ag — bo|, we
conclude z ¢ A. Similarly, z ¢ B. Therefore [0,1] # A U B, so [0, 1] is connected.

Suppose a < b. Since [a, b] is homeomorphic to [0, 1], each interval [a, b] is connected.
Since (a,b) = U;—; [a+ L,b— 1], Corollary 2.10 implies that (a,b) is connected. We

can use Corollary 2.10 in a similar way to show that all other possible intervals are
connected:

Uni [a,b— 1] = [a,b)
U~ [a+ %, b] = (a, b]
U, [a,a +n] = [a, o0)
U, (a,a +n) = (a, )
U, [a —n,d] = (— o0, q]
U= [a—n,a) = (—00,a)
U [ —n,n] =R o
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Corollary 2.13 For everyn € N, R" is connected.

Proof By Corollary 2.12, R! is connected. R" can be written as a union of straight lines (each
homeomorphic to R) through the origin and Corollary 2.10 implies that R" is connected. o

Corollary 2.14 Suppose that for all z,y € X there exists a connected set C,, C X with
z,y € Cyy. Then X is connected.

Proof Certainly X = () is connected.
If X # (), pick a point @ € X. For each y in X there is, by hypothesis, a connected set
Cly that contains both a and y. By Corollary 2.10, X = U{C’,ly :y € X}isconnected. e

Example 2.15 Suppose C is a countable subset of R", where n > 2. Then R" — C' is
connected. In particular, R” — Q" is connected. To see this, suppose x, y are any two points in
R" - C.

Choose a straight line L which is perpendicular to the line segment ¥ joining x and y. For each
p € L, let C), be the union of the two line segments zp U py. C,, is the union of two intervals
with a point in common, so (), is connected.

Hp

If p' # p, then C,y N C), = {x,y}, so each z € C is in at most one C),. Since C'is countable,
there must be a point p* € L for which C,, NC = 0. Then z,y € C)p CR" —Cso R" —C'is
connected by Corollary 2.14 (with C,,, = C)-).

The definition of connectedness agrees with our intuition in the sense that every set that you
think (intuitively) should be connected is actually connected according to Definition 2.4. But
according to Definition 2.4, certain strange sets also turn out “unexpectedly” to be connected.
R"” — Q" might fall into that category. So the official definition forces us to try to expand our
intuition about what “connected” means. For example, is R" — P" connected?
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This situation is analogous to what happens with the “e-6 definition” of continuity. It turns out,
using that definition, that every function that you expect (intuitively) should be continuous is
actually continuous. If there is problem with the official definition of continuity, it would be that
it seems too generous — it allows some “unexpected” functions also to be continuous. An
example is the well-known function from elementary analysis: f : R — R, where

Loify = g in lowest terms

s ={ g

0 if x is irrational

f 1s continuous at «x iff x is irrational (check!).

Definition 2.16 If X is connected and X — {p} is not connected, then p is called a
cut point in X.

Suppose f : X — Y is a homeomorphism. It is easy to check that p is a cut point in X iff f(p) is
a cut point in Y. Therefore homeomorphic spaces have the same number of cut points.

Example 2.17 R" is not homeomorphic to R if n > 2.

Proof Every point in R is a cut point, but R” clearly has no cut points when n > 2 (or look at
Example 2.15).

It is true — but much harder to prove — that R™ and R" are not homeomorphic whenever
m #n. One way to prove this is to develop theorems about a topological property called
dimension. Then it turns out (thankfully) that dim R™ = m # n = dimR" so these spaces are
not homeomorphic. But usually, the proof'is done as a part of algebraic topology.

Example 2.18 How is S topologically different from [0, 1]? They are both compact connected
metric spaces with cardinality c, and there is no topological property from Chapters 1-4 that can
distinguish between them. The difference has to do with connectivity. Each point in [0, 1], except
the endpoints, is a cut point; but S* has no cut points since S* — {p} is homeomorphic to (0, 1)
for every p € S*.

Corollary 2.19 Suppose (X,7) and (Y, 7 ') are nonempty topological spaces. Then X x Y is
connected iff X and Y are connected. (It follows by induction that the same result holds for

any finite product of spaces. When infinite products are defined in Chapter 6, it will turn out

that the product of any collection of connected spaces is connected.)

Proof = Suppose X XY is connected. Since X xY # 0, we have X = mx[X x Y].
Therefore X is the continuous image of a connected space, so X is connected. Similarly, Y is
connected.

< Let X and Y be nonempty connected spaces, and consider any two points (a,b) and
(¢,d) in X x Y. Then X x {b} and {c} x Y are homeomorphic to X and Y, so these “slices”
of the product are connected and both contain the point (¢, b). By Corollary 2.10, the “cross”
C = (X x{b})U({c} xY) is a connected set that contains both (a, b) and (¢, d). By Corollary
2.14, we conclude that X x Y is connected. e

(This corollary gives an another reason why R" is connected for n > 1.)
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Corollary 2.20 Suppose C' is a connected subset of X. If C C A C clC, then A is connected.
In particular, the closure of a connected set is connected.

Proof For each a€ A,{a} and C are not separated. By Theorem 2.9,
A=CUJ{{a}:a e A} is connected. o

Example 2.21 By Corollary 2.20, the completion of a connected pseudometric space (X, d)
must be connected.

sin§ O<z<1
0 x=0 ’
graph oscillates more and more rapidly between + las x — 07. Part of the graph is pictured
below. Of course, f is not continuous at z = (0. Let I'be the graph of the restricted function
g = f1(0,1]. Since g is continuous, Theorem 2.7 shows that I" is homeomorphic to (0, 1] so I is
connected.

Example 2.22 Let f(x) = { Then f(+) = 0 for every n € N and the

1 \ x

T is sometimes called the “topologist's sine curve.”

Because cII' =T U ({0} x [ — 1,1]), Corollary 2.20 gives that I' U A is connected for any set
AC {0} x [—1,1]. Inparticular, I'y =T'U{(0,0)} (the graph of f) is connected.

Therefore, a function f with a connected graph need not be continuous. However, it is true that
if the graph of a function f : R — R is a closed connected subset of R?, then f is continuous.
(The proof is easy enough to read: see C.E. Burgess, Continuous Functions and Connected
Graphs, The American Mathematical Monthly, April 1990, 337-339.)
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3. Path Connectedness and Local Path Connectedness

In some spaces X, every pair of points can be joined by a path in X. This seems like a very
intuitive way to describe “connectedness”. However, this condition is actually stronger than our
definition for a connected space. .

Definition 3.1 A path in X is a continuous map f : [0,1] — X. The path starts at its initial
point f(0) and ends at its terminal point f(1). We say f is a path from f(0) to f(1). We can
picture this in R?:

Sometimes it helps to visualize a path by thinking of a point moving in X from f(0) to f(1) with
f(t) representing its position at “time” ¢ € [0, 1]. Remember, however, that the path, by
definition, is the function f, not the set ran(f) C X. To illustrate the distinction: suppose f is a
path from x to y. Then the function g : [0,1] — X defined by g(t) = f(1 — ¢) is a different path
(in the “opposite direction,” from y to x), even though ran(f) = ran(g).

Definition 3.2 A topological space X is called path connected if, for every pair of points
z,y € X, there is a path from z to y in X.

Note: X is called arcwise connected if, for every pair of points x,y € X, there exists a
homeomorphism f : [0,1] — X with f(0) =z and f(1) =vy. Such a path f is called an arc
from x to y. If a path f in a Hausdorff space X is not an arc, the reason must be that the path
intersects itself, that is, that f is not one-to-one (why?). It can be proved that a Hausdorff space
is path connected iff it is arcwise connected. Therefore some books use “arcwise connected” to
mean the same thing as “path connected.”

221



Theorem 3.3 A path connected space X is connected.

Proof () is connected, so assume X = () and choose a point a € X. For each x € X, there is a
path f, from a to z. Let C, =ran(f,). Each C, is connected and contains a. By Corollary
2.10, X = |J{C, : € X} is connected. e

Sometimes path connectedness and connectedness are equivalent. For example, a subset / C R
is connected iff [ is an interval iff I is path connected. But in general, the converse to Theorem
3.3 is false, as the next example shows.

sing O<ax<1
0 z=0
graph Iy is connected. However, we claim that there is no path in I'; from (0, 0)to (1,0) and
therefore I'; is not path connected.

Example 3.4  Consider f(z) = { In Example 2.22, we showed that the

Suppose, on the contrary, that / : [0,1] — I'y is a path from (0,0) to (1,0). For ¢ € [0, 1], write
h(t) = (hi(t),ha(t)) € I'y. The coordinate functions h; and hsy are continuous (why?). Since

[0, 1] is compact, h is uniformly continuous (7heorem IV.9.6) so we can choose 6; > 0 for which
|lu—ov| <6 = d(h(u),h(v)) < 1= |ho(u) — ha(v)| < 1.

We have 0 € h=1((0,0)). Lett* =suph~1(0,0). Then 0 < t* < 1. Since h~1(0,0) is a closed
set, t* € h=1(0,0) so h(t*) = (0,0). (We can think of t* as the last “time” that the path h goes
through the origin).

Choose a positive 6 < 6; sothat 0 < ¢t* < t* + 6 < 1. Since hy(t*) = 0 and hy(t* + ) > 0, we
can choose a positive integer N for which

0="h(t") < 55 < 5 < ha(t" +0).
By the Intermediate Value Theorem, there exist points u,v € (t*,t* 4+ ¢) where h;(u) = NLH
and hy(v) = %. Then hy(u) = sin M and hy(v) = sinl%, s0 |ho(u) — ho(v)| = 1. But this
is impossible since |u — v| < § < 6; and therefore |ho(u) — hao(v)] < 1. e

Note: Let T' be the graph of the restriction g= f|(01]. For any nonempty set
A C {0} x [— 1,1], a similar argument shows that I' U A is not path connected. In particular,
T =T U ({0} x [ — 1,1]) is not path connected. But T is homeomorphic to (0, 1], so T'is path
connected. So the closure of a path connected space need not be path connected.

Definition 3.5 A space (X, 7) is called

a) locally connected if for each point x € X and for each neighborhood N of z,
there is a connected open set U such thatz € U C N.

b) locally path connected if for each point € X and for each neighborhood N
of x, there is a path connected open set U such that z € U C N.

Note: to say U is path connected means that any two points in U can be joined by a path in U.
Roughly, “locally path connected” means that “nearby points can be joined by short paths.”
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Example 3.6

1) R™ is connected, locally connected, path connected and locally path connected.

2) A locally path connected space is locally connected.

3) Connectedness and path connected are “global” properties of a space X: they are
statements about X “as a whole.” Local connectedness and local path connectedness are
statement about what happens “locally” (in arbitrarily small neighborhoods of points) in
X. In general, global properties do not imply local properties, nor vice-versa.

a)Let X = (0,1) U (1,2]. X is not connected (and therefore not path
connected) but X is locally path connected (and therefore locally connected).
The same is true if X is a discrete space with more than one point.

b) Let X be the subset of R? pictured below. Note that X contains the
“topologist's sine curve” as a subspace — you need to imagine it continuing to
oscillate faster and faster as it approaches the vertical line segment in the picture:

X is path connected (therefore connected), but X is not locally connected:
if p = (0,0), there is no open connected set containing p inside the
neighborhood N = B 1 (p) N X. Therefore X is also not locally path connected.

Notice that Examples a) and b) also show that neither “(path) connected” nor
“locally (path) connected” implies the other.

Lemma 3.7 Suppose that f is a path in X from a to b and g is a path from b to c. Then there
exists a path h in X from a to c.

Proof f ends where g begins, so we feel intuitively that we can “join” the two paths “end-to-
end” to get a path A from a to c. The only technical detail we need to provide to provide is that,
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by definition, a path h must be a function with domain [0,1]. To get h we simply “join and
reparametrize:”

. (You can imagine a point moving

1
2
1

Define h : [0,1] — X by h(t) = {f(%) (l]
2

g(2t —1)
twice as fast as before: first along the path f and then continuing along the path g.)
The function h is continuous by the Pasting Lemma (see Exercise I[[1.E22). e

<t<
<t<

Theorem 3.8 If X is connected and locally path connected, then X is path connected.

Proof If X =, then X is path connected. So assume X # (). For any a € X, let
C = {z € X : there exists a path in X from a to x}. Then C # ) since a € C (why?). We
want to show that C' = X.

Suppose z € C'. Let f be a path in X from a to x. Choose a path connected open set U
containing x. For any point y € U, there is a path g in U from z to y. By Lemma 3.7, there is a
path A in X from a to y, so y € C. Therefore xt € U C C, so C'is open.

Suppose x ¢ C' and choose a path connected open set U containing x. If y € U, there is a path g
in U from y to x. Therefore there cannot exist a path in X from ato y — or else, by Lemma 3.7,
there would be a path h from a to = and = would be in C. Therefore y ¢ C,soxz € U C X — C,
so C'is closed — and therefore clopen.

X is connected and C' is a nonempty clopen set, so C' = X. Therefore X is path connected. e

Here is another situation (particularly useful in complex analysis) where connectedness and path
connected coincide:

Corollary 3.9 An open connected set O in R" is path connected.
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Proof Suppose z € O. If N is any neighborhood of = in O, then z € intoN = U C O. Since O
is open in R”, and U is open in O, U is also open in R”. Therefore there is an € > 0 such that
B.(x) CU C N. Since B.(z) is an ordinary ball in R", B.(z)is path connected. (Of course,
that might not be true for a ball in an arbitrary metric space.) We conclude that O is locally
path connected so, by Theorem 3.8, O is path connected. o

4. Components

The components of a space X are its largest connected subspaces. A connected space X has
exactly one component — X itself. In a totally disconnected space, for example N, the
components are the singletons {x}. In very simple examples, the components “look like” just
what you imagine. In more complicated situations, some mild surprises can occur.

Definition 4.1 A component C' of a space X is a maximal connected subspace. (Here, “maximal
connected” means: C'is connected and if C' C D C X where D is connected, then C' = D)

For any pe X, let C, =J{A:p€ AC X and A is connected}. Then p € C, and C, is
connected since C), is a union of connected sets each containing p (Corollary 2.10). 1If C, C D
and D is connected, then D was one of the sets A in the collection whose union defines C), — so
D C C), and therefore C), = D. Therefore C), is a component of X that contains p, and X can be
written as the union of components: X = J,cxC)-

Of course it can happen that C, = C, when p # ¢ : for example, in a connected space X,
C, = X for every p € X. Butif C), # C,, then C,N C, = {: for if x € C;,N C,, then C, U C,
would be a connected set strictly larger than C),.

The preceding paragraphs show that the distinct components form a partition of X : a pairwise
disjoint collection whose union is X. If we define p ~ ¢ to mean that p and ¢ are in the same
component of X, then it is easy to see that ~ is an equivalence relation on X and that C), is the
equivalence class of p.

Theorem 4.2 X is the union of its components, and any two components of X are disjoint.
Each component is a closed connected set.

Proof In light of the preceding comments, it only remains to show that each component C), is
closed. But this is clear: C), C cl C), and cl C, is connected (Corollary 2.20). By maximality,
we conclude that C = clC),. e

It should be clear that a homeomorphism maps components to components. Therefore
homeomorphic spaces have the same number of components.

Example 4.3
1) Let X = [1,2] U [3,4] U[5,6] C R. X has three components: [1,2], [3,4], and [5, 6].
For each 0 < p <1, we have C}, = [0, 1]. If a spacehas only a finite number of components,

then each component is also open, because its complement is closed — it is the union of the other
finitely many, closed components.
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However, a space can have infinitely many components and in general they need not be
open. For example, if X = {0} U {% : n € N} C R, then the components are the singleton sets

{z} (why?). The component {0} is not open in X.

2)InR?, X = Uilew((n, 0)) is not homeomorphic to Y = Ui=1B1/4((n, 0)) because
X has two components but Y has three.

3) Suppose C' is a nonempty, connected, clopen subset of X. If C' C D, then C'is clopen
in D, so D is not connected unless C' = D. Therefore C'is a component of X.

4) The sets X and Y in R? pictured below are not homeomorphic since X contains a cut
point p for which X — {p} has three components. Y contains no such cut point.

Example 44  The following examples are meant to help “fine-tune” your intuition about
components by pointing out some false impressions that you need to avoid. (Take a look back at
Definition 2.4 to be sure you understand what is meant by a “disconnection.”)

1) Let X = {0} U {2 : n € N}. One of the components of X is {0}, but {0}
is not clopen in X. Therefore the sets A= {0} and B={l:neN} do not form a
disconnection of X. A component and its complement might not form a disconnection of X.

2) If X is the union of disjoint closed connected sets, these sets need not be components.
For example, [0, 1] = U,¢po 1 {r}-
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3) If « and y are in different components of X, then there might not exist a disconnection
A, B_of X for which x € Aand y € B. For example, consider X = L; UL, UJ>" | R,y C R?,
where:

Lq and L are the straight lines with equations y = 2and y = — 2.

For each n € N, R, is the rectangle {(z,%) : |z| = nand |y| = 2 — 1}. The top and

n

bottom edges of the R, 's approach the lines L; and L. The first four R,'s are pictured:

Ly

N %

Each R, is connected and clopen in X. Therefore each R, is a component of X. (See Example
4.3.3.)

L, and L, are the other components of X. For example:

L, is connected. Let C be the component that contains ;. C must be disjoint from
each component R,,, so if L, # C, then the additional points in C are from L, — that is,
C = Ly UD where D C Ly. Butin that case, L; would be a nontrivial clopen set in C
and C' would not be connected. Therefore L, = C.

Suppose A, B is a disconnection of X — that is, A and B are disjoint clopen sets in X for which
X = AU B. A and B are separated so, by Lemma 2.8, L, is either a subset of A or a subset of
B: without loss of generality, assume that L, C A and let p € L,. Since Ais open, p has a
neighborhood N C A. But N intersects infinitely many connected R,'s, each of which,
therefore, must also be a subset of A. Since the top edges of those R, 's approach L, there are
points on Ly incl A = A. Therefore L, intersects A, so Ly C A. So Ly U Ly, C A.

In particular: (0,2) € L; and (0, — 2) € Ly are in different components of X, but both are in
the same piece A of a disconnection.

Conversely, however: suppose AU B is a disconnection of some space Y, with z € A and
y € B. Then z and y must be in different components of Y. (Why?)
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4) Suppose X is a connected space with a cut point v, and let C' be a component of
X — {v}. (llustrate with a few simple pictures before reading on.)

It can happen that v ¢ clx C. (Did your pictures suggest otherwise?)
For example, consider the following subspace X = C' U B of R? where
C is the interval [§, 1] on the z-axis and
B ={(0,0)} ulU,_,C, is a “broom” made up of disjoint “straws” C,,

(each a copy of (0, 1] ) extending out from the origin and arranged so that
slope(C,) — 0.

1

c2

C3

122 1

The broom B is connected (because it's path connected), so clx B = X is connected.

Let v = (0,0). Each straw C,, is connected and clopen in X — {v}. Therefore each C, is a
component of X — {v}, and the remaining connected subset, C' is the remaining component of
X —{v}.

So v is a cut point of X and v ¢ clxC.

Note: for this example, v ¢ clxC, but v is in the closure of the each of the other
components C,, of X — {v}.

In a much more complicated example, due to Knaster and Kuratowski (Fundamenta
Mathematicae, v. 2, 1921) X is a connected set in R?with a cut point v such that
X — {v} is totally disconnected. Intuitively, all the singleton sets {x} are “tied together”
at the point v to create the connected space X; removing v causes X to “explode” into
“one-element fragments.” In contrast to the “broom space,” all components in X — {v}
are singletons, so v is not in the closure (in X) of any of them.
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Here is a description of the Knaster-Kuratowski space X (sometimes called “Cantor's
teepee”). The proof that is has the properties mentioned is omitted. (You can find it on
p. 145 of the Steen & Seebach's book Counterexamples in Topology.) Let

C = the Cantor set ( C [0, 1]) on the z-axis in R?, and let v = (3, 1).

D = {p € C': pis the endpoint of one of the “deleted middle thirds” in the
construction of C'}
={p € C: p=0.a10203...0y...vase three> Where the a,'s are eventually equal
to 0 or eventually equal to 2}. Of course, D is countable.

E =C — D (= “the points in C' that are not isolated on either side in C”)
Then C = DUE, DN E = () and both D and F are dense in C.
For each p € C, let vp = the line segment from vto p and define a subset of vp by

{(z,y) € vp : yisrational} ifpe D
C, =
{(z,y) € vp : yisirrational} ifp e E.

Cantor's teepee is the space X =|J,c-C). X is connected and X — {v} is totally
disconnected.

5. Sierpinski's Theorem

Let 7 be the cofinite topology on N. Clearly, (N, 7) is connected. But is it path connected?
(Try to prove or disprove!) This innocent-sounding question turns out to be harder than you
might expect.

Suppose f : [0,1] — (N, 7) is a path from (say) 1 to 2 in (N, 7). Then ran(f) is a connected set
containing at least two points. But every finite subspace of (N, 7') is discrete, so ran(f) must be
infinite. Therefore [0,1] = [J;—, f~!(n), where infinitely many of the sets f~!(n) are
nonempty. Is this possible? The question is not particularly easy. In fact, the question of
whether (N, 7) is path connected is equivalent to the question of whether [0, 1] can be written as
a countable union of pairwise disjoint nonempty closed sets.

The answer lies in a famous old theorem of Sierpinski which states that a compact connected
Hausdorff space X cannot be written as a countable union of two or more nonempty pairwise
disjoint closed sets. (The “finite union” case is trivial: X cannot be the union of n nonempty
disjoint closed sets (n > 2) since each set would be clopen — an impossibility since X is
connected. The “infinite union” case is the interesting part of the theorem.)

We will prove Sierpinski's result after a series of several lemmas. The line of argument used is

due to R. Engelking. (/¢ is possible to prove Sierpinski's theorem just for the special case
X = [0,1]. That proof is a little easier but still nontrivial.)
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Lemma 5.1 If A and B are disjoint closed sets in a compact Hausdorff'space X, then there exist
disjoint open sets U and V with A CU and B C V.

Proof Consider first the case where A = {z}, a singleton set. For each y € B, choose disjoint
open sets Uy and V,, with x € U, and y € V,,. The open sets V,, cover the compact set B so a
finite number of them cover B, say BC V, U..UV, =V. LetU =U, N..NU,,. Then
ACU, BCVandU,YV are disjoint open sets.

Suppose now that A and B are any pair of disjoint closed sets in X. Foreach z € A,
pick disjoint open sets U, and V, such that {z} C U, and B C V,.. The open U,'s cover the
compact set A, so a finite number of them cover A,say A C U, U...UU, =U. Let
V=V,Nn..NV,. Then ACU, BCV andU,V are disjoint open sets. ®

Note: If A and B were both finite, an argument analogous to the proof given above would work
in any Hausdorff space X. The proof of Lemma 5.1 illustrates the rule of thumb that “compact
sets act like finite sets.”

Lemma 5.2 Suppose O is an open set in the compact space (X, 7). If F = {F,: a€l}isa
family of closed sets in X for which (F C O, then there exist oy, ..., &, € I such that
F,NF,N..NF, CO.

Proof Foreachy € X — O, there is an « such that y ¢ F,,. Therefore {X — F,, : a € [} isan
open cover of the compact set X — O. There exist o, ...cr, € I such that

(X —F,)U(X—-F,)U..U(X—F, )2 X—0. Taking complements gives that
F,NF,N..NF, CO. e

Definition 5.3 Suppose p € X. Theset Q, =({C C X : pe Cand Cisclopenin X } is
called the quasicomponent of X containing p.

Q) 1s always a closed set in X. The next two lemmas give some relationships between the
component C, that contains p and the quasicomponent (),,.

Lemma 5.4 Ifp € X, then C), C Q,.

Proof If C is any clopen set containing p, then C, C C' — for otherwise C), N C' and
C, N (X — C)disconnect C),. Therefore C;, C({C': pe CandC'isclopen} = Q,. ®
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Example 5.5 An example where C), # @),,. In R?, let L,, be the horizontal line segment
[0,1] x {1} and define X = ;" , L, U {(0,0), (1,0)}.

L1

o) .0
The components of X are the sets L,, and the two singleton sets {(0,0)} and {(1,0)}.

If C' is any clopen set in X that contains (0, 0), then C intersects infinitely many L,'s so (since
the L,,'s are connected) C' contains those L,'s. Hence the closed set C' contains points arbitrarily
close to (1,0) —so (1,0) is also in C. Therefore (0,0) and (1, 0) are both in Qo ), so

Clo0) # Q- Un fact, it is easy to check that Q) = {(0,0), (1,0)}.)

Lemma 5.6 If X is a compact Hausdorff space and p € X, then C), = Q),,.

Proof (), is a maximal connected set and C,, C @, so we can show that (', = @, by showing
that ), is connected. Suppose @0, = AU B, where A, B are disjoint closed sets in (),. We can
assume that p € A. We will show that B = () — in other words, that there is no disconnection of
Q-

@, is closed in X, so A and B are also closed in X. By Lemma 5.1, we can choose
disjoint open sets U and V in X withpe ACUand BC V. Then Q,=AUBCUUYV.
Since X is compact and (), is an intersection of clopen sets in X, Lemma 5.2 lets us pick
finitely many clopen sets C', ..., C), such that Q, C CiN...NC,, CUUV. Let
C=0CnN..NC, Cisclopenin Xand @, CC CUUV.

U NC'isopenin X and, in fact, U N C'is also closed in X: sinceclU C X — V', we
havethat U NC =clUNC =clU NeclC D cl(UNC). Therefore U N C is one of the clopen
sets containing p whose intersection defines (), so @, C U N C C U. Therefore Q, N B = 0,
soB=10. e

Definition 5.7 A continuum is a compact connected Hausdorff space.
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Lemma 5.8 Suppose A is a closed subspace of a continuum X and that ) # A # X. If C'isa
component of A, then C' N Fr A # ().

Proof Let C be a component of A and let p € C. Since C' C A = cl A, we have that
CNFrA=CnclANncl(X —A)) =Cnecl(X — A), so we need to show that

CnNel(X — A) # 0. We do this by contraposition: assuming C'Ncl (X — A) = (), we will
prove A = X.

A is compact so Lemma 5.6 gives C = C), = Q, = ({C, C A: p € C, and C, is clopen in
A}. By assumption, C' C X — cl(X — A), so by Lemma 5.2 there exist indices «;, a,..., a, for
whichC C C,, =C,, NC,, ...NC,, € X —cl(X —A). Since C,, Ncl (X — A) =0, we
have C,, NFr A = 0.

Cy, 1s clopenin Aand C,, C A — Fr A = int A. Since C,, is open in int A which is open in X,
Cy, isopenin X. But C,, is also closed in the closed set A, so C,, is closed in X. Since X is
connected, we conclude that A = X. e

Lemma 5.9 Suppose X is a continuum and that X = [J{F}, : n € N} where the F}'s are
pairwise disjoint closed sets and F), # () for at least two values of n. Then for each n there
exists a continuum C,, C X such that C, N F,, = () and C,, N F; # () for at leasttwo 7 € N.

Before proving Lemma 5.9, consider the formal statement of Sierpinski's Theorem..

Theorem 5.10 (Sierpinski) Let X be a continuum. If X = [J{F), : n € N} where the F},'s are
pairwise disjoint closed sets, then at most one F, is nonempty.

(Of course, the statement of the theorem includes the easy ‘‘finite union” case.) In proving
Sierpinski's theorem we will assume that X = | J{F,, : n € N} where the F),'s are pairwise
disjoint closed sets and F,, # | for at least two values of n. Then we will apply Lemma 5.9 to
arrive at a contradiction. When all the smoke clears we see that, in fact, there are no continua
which satisfy the hypotheses of Lemma 5.9. Lemma 5.9 is really the first part of the proof (by
contradiction) of Sierpinski's theorem — set off as a preliminary lemma to break the argument
into more manageable pieces.

Proof of Lemma 5.9

IfF,=0,letC, = X.

Assume F), # (). Choose m # n with F),, # () and pick a point p € F,,. By Lemma 5.1, we can
choose disjoint open sets U,V in X with F;, C U and p € F,,, C V. Let C, be the component

of pinclV. Certainly C), is a continuum, and we prove that this choice of C,, works. = We
have that C,, N F;,, = () (since C,, C clV C X — U) and that C,, N F},, # () (since
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p € C, N F,). Therefore, to complete proof, we need only show that for some i # m, n,
Cn N E 7’5 Q)

Since p € 1V C X — U, we have that cl V' # (J; and cl V' # X because
) # F,, C U. Therefore, by Lemma 5.8, there is a point ¢ € C,, N Fr (cl V). Since g € Fr(clV)
and F,, CV Cint(clV), we have ¢ ¢ F),,. Andsince g € Fr(clV) CclV C X — U, we have
that ¢ ¢ F,,. But X is covered by the F's, so ¢ € F; for some i # m,n. Therefore
Cn N E 7’5 Q) g

Proof of Theorem 5.10 We want to show that if X = |J) F}, where the F}'s are disjoint
closed sets, then at most one F}, # (). Looking for a contradiction, we suppose at least two F},'s
are nonempty.

By Lemma 5.9, there is a continuum C in X with C; N F; = () and such that C; has nonempty
intersection with a least two F},'s. We can write C; = /N X =Ci N, F,
= U2 (CiNEF,) =, (Cy N F,), where at least two of the sets C; N F), are nonempty.

Applying Lemma 5.9 again (to the continuum C) we find a continuum C5 C C such that Cy N (
Cy N Fy) =CyN Fy = () and C, intersects at least two of the sets C; N F),.

ThenCy = CoNCy = U70;2<02 N (01 N Fn)) = UZOZQ(C? N Fn) = UZO:?)(CQ N Fn), where at
least two of the sets C'; N F;, are nonempty.

We continue this process inductively, repeatedly applying Lemma 5.9, to and generate a
decreasing sequence of nonempty continua C; O C5 O ... D (), D ... such that for each n,
C,NF,=0. Thisgives) =, _,C., NUr1 E, =N Co N X =(,2,C,. Butthisis

impossible: the C,,'s have the finite intersection property and X is compact, so (,—,C,, # 0. e

Example 5.11 By Theorem 5.10, we know that [0, 1] cannot be written as the union of m
pairwise disjoint nonempty closed sets if 1 < m < Ny. And, of course, [0, 1] can easily be
written as the union of m = ¢ such sets: for example, [0, 1] = [, ¢y {z}. Whatif

Ny <m < c?

There are other related questions you could ask yourself. For example, can [0, 1] be written as
the union of ¢ disjoint closed sets each of which is uncountable? The answer is “yes.” For
example, take a continuous onto function f : [0,1] — [0,1]? (a space-filling curve, whose
existence you should have seen in an advanced calculus course). For each z € [0, 1], let

L, = {x} x [0,1] = “the vertical line segment at z in [0, 1]2. Then the sets f'[L,] do the job.

We could also ask: is it possible to write [0, 1] as the union of uncountably many pairwise
disjoint closed sets each of which is countably infinite? (See Exercise VIILE27).
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Exercises

El. Suppose X = AU B where A — B and B — A are separated.

a) Prove thatif C C X, thencly C =cly(ANC)Uclg(BNC).

b) Conclude that C'is closed if C' N A is closed in A and C' N B is closed in B.

c¢) Conclude that C'is open if C'N Ais openin A and C'N B is open in B.

d) Suppose X = AU B where A — B and B — A are separated. Prove that if f : X — Y and
both f|A and f|B are continuous, then f is continuous.

E2. Prove that [0, 1] is connected directly from the definition of connected.
(Use the least upper bound property of R.)

E3. Suppose both A, B are closed subsets of (X,7). Prove that A — B is separated from
B — A. Do the same assuming instead that A and B are both open.

E4. Suppose S is a connected subset of (X, 7). Prove thatif SN E # @ and SN (X — FE) # 0,
then S NFr E # 0.

E5. Let (X,d) and (Y,d’) be two connected metric spaces. Suppose k > 0 and that
(a,b) e X xY. Let K = {(z,y) € X XY :d(z,a) < kandd'(y,b) < k}.

a) Give an example to show that the complement of K in X x Y might not be connected.
b) Prove that the complement of K in X x Y is connected if (X, d) and Y, d’) are
unbounded.

E6. Prove that there does not exist a continuous function f : R — R such that f[P] C Q and

fIQICP.

Hint:  One method: What do you know about ran f? What else do you know? )

Another method. if such an f exists, let g = ﬁ and let h = g|[0, 1]. What do you

know about h?

E7. a) Find the cardinality of the collection of all compact connected subsets of R?.
b) Find the cardinality of the collection of all connected subsets of R?.

E8. Suppose (X, d) is a connected metric space with | X| > 1. Prove that | X| > c.
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E9. Suppose each point in a metric space (X, d) has a neighborhood base consisting of clopen
sets (such a metric space is called zero-dimensional). Prove that (X, d) is totally disconnected.

E10. A metric space (X, d) satisfies the e-chain condition if for all € > 0 and all z, y € X, there
exists a finite set of points x1, xo, ... , T,—1, T, Where 1 = x, x,, = y, and d(x;, z;4+1) < € for
alli =1, ...n—1.

a) Give an example of a metric space which satisfies the e-chain condition but which is not
connected.

b) Prove that if (X, d) is connected, then (X, d) satisfies the e-chain condition.
¢) Prove that if (X, d) is compact and satisfies the e-chain condition, then X is connected.

d) Prove that ({0) x [ — 1,1]) U {(z,sin1) : 0 < & < 1} C R?is connected.
(Use ¢) to give a different proof than the one given in Example 3.4.)

e) In any space (X, 7 ), a simple chain from a to b is a finite collection of sets {4, ..., A, }
such that:

aeAlandaQ_fAiifi;él
be A, andb ¢ A;ifi #n
for all 7 = 1,...,71—1, A7mA7+17é®
AiNA;=0if|j—i] # 1

Prove X is connected iff for every open cover U/ and every pair of points a,b € X, there is a
simple chain from a to b consisting of sets taken from .

E11. a) Prove that X is locally connected iff the components of every open set O are also open
in X.

b) The path components of a space are the maximal path connected subsets. Show that X is
locally path connected iff the path components of every open set O are also openin X.

E12. Let 7 be the cofinite topology on N. We know that (N, 7") is not path connected (because
of Sierpinski's Theorem applied to the closed interval [0, 1]). Prove that the statement “(N, 7") is
not path connected” is equivalent to “Sierpinski's Theorem for the case X = [0, 1].”

E13. Let n > 1 and suppose f : [0, 1] — R" is a homeomorphism (into); then ran(f) is called an
arc in R”. Use a connectedness argument to prove that an arc is nowhere dense in R". Is the
same true if [0, 1] is replaced by the circle S'?
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E14. a) Prove that for any space X and n > 2,

if X has > n components, then there are nonempty pairwise separated sets Hy, ..., H,
for which X = H; U...UH, (*¥%)

Hints. For a given n, do not start with the components and try to group them to form the H,'s.
Start with the fact that X is not connected. Use induction. When X has infinitely many
components, then X has > n components for every n.

b) Recall that a disconnection of X means a pair of nonempty separated sets A, B for which
X = AU B. Remember also that if C' is a component of X, C' is not necessarily “one piece in a
disconnection of X (see Example 4.4).
Prove that X has only finitely many components n (n > 2) iff X has only finitely many
disconnections.

E15. A metric space (X, d) is called locally separable if, for each € X, there is an open set U
containing x such that (U, d) is separable. Prove that a connected, locally separable metric space
is separable.

E16. In (X, T), define « ~ y if there does not exist a disconnection X = AU B with z € A and
y € B, ie., if “X can't be split between = and y.” Prove that ~ is an equivalence relation and
that the equivalence class of a point p is the quasicomponent Q. (It follows that X is the
disjoint union of its quasicomponents. )

E17. For the following alphabet (capital Arial font), decide which pairs of letters are
homeomorphic:

ABCDEFGHIJKLMNOPQRSTUVWXYZ

E18. Suppose f : R — X = {(z,y) € R?: = 0 or y = 0} is continuous and onto. Prove
that f~1[{(0,0)}] contains at least 3 points.

E19. Show how to write R> = A U B where A and B are nonempty, disjoint, connected, dense
and congruent by translation (i.e., 3 (u,v) € R? such that B = {(z + u,y +v) : (z,y) € A}).

E20. Suppose X is connected and | X'| > 2. Show that X can be written as A U B where A and
B are connected proper subsets of X.

E21. Prove or disprove: a nonempty product X X Y is totally disconnected iff both X and Y are
totally disconnected.
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Chapter V Review

Explain why each statement is true, or provide a counterexample.

8.

9.

. There exists a continuous function f : R — R which is onto and for which f[Q] C N.
. Let 7 be the right ray topology on R. Then (R, 7) is path connected.

. There exists a countably infinite compact connected metric space.

. The letter T is homeomorphic to the letter F.

. If A and B are connected and not separated, then A U B is connected.

. If A and B are nonempty and A U B is connected, then cl A Ncl B # (.

If the graph of a function f : R — R is connected, then f is continuous.
N, with the cofinite topology, is connected.

In a space (X, 7'), the component containing the point p is a subset of the intersection of all

clopen sets containing a point p.

10.

1.

In a topological space: if A, B C X and A is clopen in A U B, then X is not connected.

If f:(X,7)— (Y,7T') is continuous and onto and (X, 7) is path connected, then (Y, 7 ')

is path connected.

12.

13.

14.

15.

16.

17.

Suppose A C Rand that | A| > 1. If Ais nowhere dense, then A is not connected.

Let C be the Cantor set. There exists a nonempty space X for which X x C'is connected.
Let C be the Cantor set. Then R? — C? is connected.

A component in a complete metric space is complete.

Let S! be the unit circle in R2. S is homeomorphic to a subspace of the Cantor set.

If X is the union of an uncountable collection of pairwise disjoint nonempty, connected

closed sets C',, then the C,'s are components of X.

18.

If X is the union of a finite collection of disjoint nonempty connected closed sets C,,, then

the C,'s are components of X.

19.
Ca

If X is the union of a countable collection of disjoint connected closed sets C',, then the

's are components of X.
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20. If (X, d) is connected, then its completion is also connected.

21. Suppose A is connected and Bis clopen. If AN B # (), then A C B.

22. Suppose f : R" — R™ is continuous, that f((0,0,...,0)) = (0,0,...,0) and

f((1,0,...,0)) = (2,0,...,0). Let A denote the set of all fixed points of f. It is possible that A

is open in R™ ( Note: we are not assuming f is a contraction, so f may have more than one fixed
point.)

23. Suppose (X, d) is a connected separable metric space with | X | > 1. Then | X | =c.

24. If a subset A of R contains an open interval around each of its points, then A must be
connected.

25. There exists a connected metric space (X, d) with | X| = X.

26. IfR? D A} D 4, D ... D 4, D ...1is a nested sequence of connected sets in the plane,
then (), 4,, is connected.

27. (P x R) U (R x P) is a connected set in R?.

28. Let A = {(z,sin1) : & > 0} C R*and suppose f : cl(A) — {0,1} is continuous. Then f
must be constant.

29. Suppose X # ). X is connected if and only if there are exactly two functions f € C(X)
such that f? = f.

30. If X is nonempty, countable and connected, then every f € C'(X) is constant.
31. Every path connected set in IR? is locally path connected.

32. If B is a dense connected set in R, then B = R.

33. In a metric space (X, d) the sets A and B are separated iff d(A, B) > 0.

34. A nonempty clopen subset of a space X must be a component of X.

35. Suppose 7 and 7' are topologies on X and that 7 C 7'. If (X,7)is connected, then
(X,T") is connected.

36. The letter X is homeomorphic to the letter Y.
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Chapter VI
Products and Quotients

1. Introduction

In Chapter III we defined the product X x Y of two topological spacesand considered some of the
simple properties of products. (See Examples I11.5.10-5.12 and Exercise IIIE2(0.) The properties we
explored hold equally well for products of any finite number of spaces X; x ... x X,,. For example,
the product of two compact spaces is compact, so a simple induction argument shows that the product
of any finite number of compact spaces is compact. Now we turn our attention to infinite products
which will lead us to some very nice theorems. For example, infinite products will eventually help us
decide which topological spaces are metrizable.

2. Infinite Products and the Product Topology

The set X x Y was defined as {(z,y) : * € X, y € Y }. How can we define an “infinite product” set
X =][{X.:a € A}? Informally, we want to say something like

X=][{Xa:a€ A} ={(z4): o € Xu}

so that a point x in the product consists of “coordinates” x, chosen from the X,'s. But what exactly
does a symbol like x = (z,,) mean if there are “uncountably many coordinates?”

We can get an idea by first thinking about a countable product. For sets X;, Xs,..., X,,,... we can
informally define the product set as a certain set of sequences: X = [[°2, X, = {(z,) : , € X,,}.
But if we want to be careful about set theory, then a legal definition of X should have the form
X ={(z,) €U : z, € X, }. From what “pre-existing set” U will the sequences in X be chosen? The
answer is easy: given the sets X, the ZF axioms guarantee that the set (Unoian)N exists. Then

X =TLa X0 ={z € (Ul Xo)™ ¢ 2(n) = 2 € X}

Thus the elements of [[~, X, are certain functions (sequences) defined on the index set N. This idea
generalizes naturally to any product.

Definition 2.1 Let {X,:a € A} be a collection of sets. We define the product set

X=[[{Xs:ae A} ={ze (UX.)": z(a) € X,}. The X,'s are called the factors of X. For each
a, the function 7, : [[{X, : « € A} — X, defined by 7, (x) = z, is called the a™-projection map.
For z € X, we write more informally z, = x(a) = the a™-coordinate of = and write x = (x,,).

Caution: the index set A might not be ordered. So even though we use the informal notation x = (x,),
such phrases as “the first coordinate of x,” “the next coordinate in x after x.,” and “the coordinate

in © preceding .’ may not make sense. The notation (x,)is handy but can lead you into errors if
you're not careful.
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By definition, a point x in [[{X, : @ € A} is a function that “chooses” a coordinate z,, from each set
in the collection {X, : « € A}. To say that such a “choice function” = must exist if all the X,'s are
nonempty is precisely the Axiom of Choice. (See the discussion following Theorem 1.6.8.)

Theorem 2.2 The Axiom of Choice (AC) is equivalent to the statement that every product of
nonempty sets is nonempty.

Note: In ZF set theory, certain special products can be shown to be nonempty without using AC.

For example, if X, =N, then [[}°, X, = {z € NV : z(n) € N} = NN, Without using AC, we can
precisely describe a point ( = function) in the product — for example, the identity function

i={(m,n) ENxN:m=n}— soNN =[] X, # 0. Canyou give other similar examples?

We will often write [[{X, : « € A} as [],.4,X,. If the indexing set A is clearly understood, we may
simply write [ [ X,.

Example 2.3
DIfA=0,then [[{X,:a€ A} = {(UyenXa)?: z(a) € X, } = {0}.

2) Suppose X, = () for some ag € A. Then [],c 41 Xo = {(UpeaXa)? : z(a) € X}
But z(a) € X,, is impossible s0 [],,c 4 Xa = 0.

aae

3) Strictly speaking, we now have two different definitions for a finite product X; x Xo:
) X1 x Xo={(z1,22) : 71 € X1, 29 € Xp} (a set of ordered pairs)
i) X; x Xo = {z € (X, UXy)W2: 2(i) € X;} (a set of functions)

But there is an obvious way to regard these two sets as “the same”: the ordered pair (z1,x2)
corresponds to the function z = {(1, 1), (2,22)} € (X; U Xy5)ih2},

4HIf A=N, then [[{X,, : n € N} = Hnoian ={ze (Uf;an,)N sz, € Xy}
= {(x1, 29, ..., Ty, ..., ) : x,, € X, } = the set of all sequences (x,,) where x,, € X,.

5) Suppose the X,,'s are identical, say X, = Y forall « € A. Then [[{X, : a € A}
={z € (UpeuXo)? 1 2(a) € Xo} ={z €Y 2, €Y} =YA If |A] =m, we will sometimes
write this product simply as Y = “the product of m copies of Y because the number of factors m is
often more important than the specific index set A.

6) Discuss: is the equation [[,.;A; N [[;c;Bj = i jerxs (Ai N B;) always true? sometimes
true? never true?

Now that we have a definition of the set [[{X,:a € A}, we can think about a product topology. We

begin by recalling the definition and a few basic facts about the “weak topology.” (See Example
111.8.6.)
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Definition 2.4 Let X be a set. For each a € A, suppose (X,,7,) is a topological space and that
fa : X — X,. The weak topology on X generated by the collection F = {f, : & € A} is the smallest
topology on X that makes all the f,'s continuous.

Certainly, there is at least one topology on X that makes all the f,'s continuous: the discrete topology.
Since the intersection of a collection of topologies on X is a topology (why?), the weak topology
exists — we can describe it “from the top down” as ({7 : 7 is a topology on X that makes all the f,'s
continuous}.

However, this efficient description of the weak topology doesn't give us a useful idea about what sets
are open. Usually it is more useful to describe the weak topology on X “from the bottom up.” To
make all the f,'s continuous it is necessary and sufficient that

for each o € A and for each open set U, C X,,, the set f, ![U,] must be open.

Therefore the weak topology 7 is the smallest topology that contains all such sets f, }[U,], and that is
the topology for which & = {f,}[U,] : a € A, U, openin X,} is a subbase. (See Example II1.8.6.)

Therefore a base for the weak topology consists of all finite intersections of sets from &. A typical
basic open set has form f ' [Us, 1N £, [Ua,) N ... 0 f1[Us,] where each a; € A and each Uy, is

open in X,,. To cut down on symbols, we will use a special notation for these subbasic and basic open
sets: we will write

< U, > = f;1[U,] = atypical subbasic open set, and then

<Uy >N <Uy >nN...n <U, > = U for a typical basic open set.
We then abbreviate furtheras U = < U,,,U,,,...,U,, > .

SozeU = <U,,U,,,..U, > iff f,,(z) € U,, foreachi =1,...,n.

This notation is not standard—>but it should be because it's very handy. You should verify that to
get a base for the weak topology T on X, it is sufficient to use only the sets < U,,,U,,,...,Uy, >
where each U, is a basic (or even subbasic) open set in X.,.

Example 2.5 Suppose A C (X,7) and let i : A — X be the inclusion map i(a) = a. Then the
subspace topology on A is the same as the weak topology generated by F = {i}. To see this, just
notice that a base for the weak topology is {i *[U] : U open in X}, and the sets i ! [U] = U N A are
exactly the open sets in the subspace topology.

The following theorem tells us that a map f into a space X with the weak topology is continuous iff
each composition f, o f is continuous.

Theorem 2.6 Suppose f: Z — X, where Z is a topological space and X has the weak topology
generated by maps f, : X — (X,,7,) (0 € A). Then f is continuous if and only if f, o f : Z — X,
is continuous for every a.

Proof If f is continuous, then each composition f, o fis continuous. Conversely, suppose each
fa o f is continuous. To show that f is continuous, it is sufficient to show that f~![V] is open in Z
whenever V' is a subbasic open set in X (why?). So let V = < U, > with U, open in X,. Then
F V] = U UL = (fa o f)7H[U,], which is open because f, o f is continuous. e

e}
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Definition 2.7 For each o € A, let (X,,7,) be a topological space. The product topology 7 on the
set [ [ X, is the weak topology generated by the collection of projection maps F = {m, : o € A}.

The product topology is sometimes called the “Tychonoff topology.” We always assume that a product
[1X. of topological spaces has the product topology unless some other topology is
explicitly stated.

Because the product topology is a weak topology, a subbase consists of all sets of form
< U, > :ﬂgl[Ua], where U, is open in X,. A base, then, consists of all possible finite
intersections of these sets :

<Uy > NN <Uy > =m U 1N .07, U, ] (n € N)

={z e][Xs: x4 €U, foreachi =1,....,n}
= [[,caUa where U, = X, for a # oy, s, ..., (¥)
1t is sufficient to use only U,'s which are basic (or even subbasic) open sets in X,. Why?
A basic open set in [ [ X, “depends on only finitely many coordinates” in the following sense:

r € < Uy, Uy, ...,U,, > iff x satisfies the finitely many restrictions x,, € U,,. The (basic)
open sets containing x are what we use to describe “closeness” to x, so we can say informally
that in the product topology “closeness depends on only finitely many coordinates.”

If the index set A is finite, then the condition in (*) is satisfied automatically, and a base for the
product topology is the set of all “open boxes” [],.4Ua:

HQEAUQ = H?:lUi = < Ua],Uaz,...,Uan > = U1 X UQ X ... X Un

Thus, when A is finite, Definition 2.7 agrees with the earlier definition for product topologies in
Chapter III (Example 5.11).

You might not have expected Definition 2.7. A “first guess” to define a topology on products might
have been to use all boxes [],.,Us (U, open in X,,) rather than the more restricted collection in (*).
As just noted, that would be equivalent to Definition 2.7 for finite products, but not for infinite
products. One can define a topology on the set [], ., X, using all boxes of the form [] .,U,as a
base — an alternate topology called the box topology that contains, in general, many more open sets
than the product topology because of the omission of the restriction on the U,'s in (*). We will try to
indicate, below, why our definition of the product topology is the “right” one to use.

Theorem 2.8 Each projection 7, : [[ X, — X, is continuous and open, and 7, is onto if [[X, # 0.
A function f : Z — [[ X, is continuous if and only if 7, o f : Z — X, is continuous for every a.

Proof Each 7, is onto if the product is nonempty (why?). By definition, the product topology makes

all the m,'s continuous. To show that 7, is open, it is sufficient to show that the image of a basic open
setU = < U,,,U,,,...,U,, > isopen.
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This is clear if U = (), and
Uy, ifa=q
for U # 0, we get mo[U] = o[ < Uay, Unys oo, U, > ] = {Xa ifa £ ay, .. 0"
Finally, f is continuous iff each composition 7, o f is continuous because the product has the weak
topology generated by the projections (Theorem 2.6). e

Generally, projection maps are not closed. For example, F = {(z,y) € R* : y = 1, > 0} is closed
in R x R, but its projection m[F is not closed in R.)

Example 2.9

1) A subbasic open setin R x R has form 7 }{[U] = U x Ror 7, }[V] = R x V, where U
and V are open in R. (We still get a subbase if we only use open intervals U,V in R.). Then basic
open sets have form (U x R) N (R x V) = U x V. Therefore the product topology on R x R is the
usual topology on R2.
The function f:R — R xR given by f(t) = (t?,sint?) is continuous because the
compositions (71 o f)(t) = t? and (75 o f)(t) = sint? are both continuous functions from R to R.

2) Let X = N = “the product of countably many copies of N.” The singleton sets {n} are a
basis for N. A base for the product topology consists of all sets U = [] U,, where finitely many U,,'s
are singletons and all the others are equal to N. Each basic open set U is infinite (in fact
|U| = ¢ — why?), so X has no isolated points and therefore X is not discrete. (In fact, X ~ P). By
similar reasoning, an infinite product of discrete spaces, each with more than 1 point, is not discrete.
For each x = (ky, ko, ..., kn,...) € X, the set {z} = []°_;{k.} is open in the box topology
so, in contrast, the box topology on X is the discrete topology. (For a finite product, the box and
product topologies care the same: a finite product of discrete spaces is discrete.)

3) Consider X = [[{X, : » € R} where each X, = R. By definition of product, each point in
X is a function f : R — R. In other words, X = R® and for eachr, =,(f) = f(r). As basic open
sets in X, we can use sets U = < U,,,U,,,...,U,, > ,where the U,.'s are open intervals in R. Then
feUifandonly if f(r;) € U,, foreachi =1,...,n. If gis also in U, then f and g are “close” at the
finitely many points r; — in the sense that f(r;) and g(r;) are both in the interval U,.. If, for example,
the U,.'s each have diameter less than €, then |f(r;) — g(r;)| < e foreach i = 1, ...,n. Of course, this
is much weaker than saying f and g are “uniformly” close.

Why is the product topology the “correct” topology for set [[X,? Of course there is no “right”
answer, but a few observations should make it seem a good choice.

Example 2.10

1) For finite products, the box and product topologies are exactly the same. When it comes to
infinite products, there's no obvious reason to favor the box topology or the product topology.
Moreover, if one of them seems more natural, then at least we should be cautious: our
intuition, after all, is only comfortable with finite sets, and we always run risks when we apply
naive intuition to infinite collections.

243



2) Consider (0, 1): for two points = 0.x; ... Z,... and a = 0.a; ... ay,..., it will be true that
“z is close to a” when x and a agree in the first n decimal places (for a sufficiently large n).
Roughly speaking, “closeness” depends on only finitely many decimal places (“‘coordinates™).

Now consider the Hilbert cube H = []7,[0, 2] =[0,1] x [0,3] x ... x [0, 1] x ... C s,
where ¢, has its usual metric, d (see Example 11.2.6.6 and Exercise I.E10). Suppose z,a € H
and let ¢ > 0. What condition on x will guarantee that d(z,a) < €?

oo

Pick N so that Y & < % If (z; —a;)* < % for each ¢ = 1,..., N, then we have
i=N+1
N Z 0 2 2
d(z,a) = (X(zi—a)’+ Y (xi—a))? < (N-£ +5)Y?> =€ Here, in the natural
i=1 i=N+1

metric topology on the product H, we see that we can achieve “x close to a” by requiring
“closeness” in just finitely many coordinates 1, ..., N. This is just what the product topology
does. In fact, the product topology on H turns out to be the topology 7.

A handy “rule of thumb” that has proved true every time I've used it is that if a topology on a
product set is such that “closeness depends on only finitely many coordinates,” then that
topology is the product topology.

3) From a very pragmatic point of view, the product topology appears much more manageable.
To “get your mind around” a basic open set U = < U,,,U,,,...,U,, > in the product
topology, you only need to think about finitely many sets U,,, U,,,...,U,,; but in the box
topology, thinking about U requires taking into account all the U,'s in U = [],..U, —and
there may be uncountably many different U, 's.

4) The bottom line, however, is this: a mathematical definition justifies itself by the fruit it
bears. The definition of the product topology will lead to some beautiful theorems. Using the
product topology, for example, we will see that compact Hausdorff spaces are topologically
nothing other than the closed subspaces of cubes [0, 1]" (where m might be infinite). For the
time being, you will need to accept that things work out nicely down the road, and that by
contrast, the box topology turns out to be rather ill-behaved. (See Exercise E11.)

As a simple example of such nice behavior, the following theorem is exactly what one would hope
for — and the proof depends on having the “correct” topology on the product. The theorem says that
convergence of sequences in a product is “coordinatewise convergence” : that is, in a product,
(z,) — x iff for all o, the o' coordinate of z,, converges (in X, ) to the o’ coordinate of x. For that
reason, the product topology is sometimes called the “topology of coordinatewise convergence.”

Theorem 2.11 Suppose (z,) is a sequence in X = [[{X,:a € A}. Then (z,) — z € X iff
(mo(zn)) — mo(z) in X, forall o € A.

Proof If (z,) — =z, then (7,(z,)) — 7.(z) because each 7, is continuous.

Conversely, suppose (7, (x,)) — 7 (x) in X, for each a and consider any basic open set
U= <U,,,U,,,...,U,, > that contains © = (z,). Foreachi=1,...,k, we have z, € U,,. Since
(o, (1)) — (), we have 7w, (z,) € U, for n > some N;. Let N = max {Ny,..., Ni}. Then for
n > N we have 7, (z,) € U,, for every i =1,...,k. This means that x, € Ufor n > N, so
() —> . ®

In the proof, N is the max of a finite set. If X hasthe box topology, the basic open set U = [[U,
might involve infinitely many open sets U, # X,,. For each such «, we could pick an N, € N, just as
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in the proof. But the set of all IV, 's might not have a max, N, and the proof would collapse. Can you
create a specific example with the box topology where this happens?

Example 2.12 Consider R® = [[{X, : r € R}, where X, = R. Each point f in the product is a
function f : R — R. Suppose that (f,) is a sequence of points in RX. By Theorem 2.11, (f,,) — f
iff (f,(r)) — f(r) for each r € R. With the product topology, convergence of a sequence of functions
in R® is called (in analysis) pointwise convergence. Question: if R¥is given the box topology, is
convergence of a sequence ( f,,) simply uniform convergence (as defined in analysis)?

The following “theorem” is stated loosely. You can easily create variations. Any reasonable version
of the statement is probably true.

Theorem 2.13 Topological products are associative in any “reasonable” sense: for example, if the
index set A is written as A = B U C where B and C are disjoint, then

[{Xo:ac A~ [[{Xs : 8 € B} x[[{X,: 7€ C}

| | |
X Y o ox Z

Proof Apointz € [[{X,:a € A}isafunctionz: A — |J,c4Xo. Define
f:X—= Y xZby f(z) = (z|B,z|C). Clearly f is one-to-one and onto.

f is a mapping of X into a product Y x Z, so f is continuous iff 7 o f and m o f are both
continuous. But 7 o f is also a map into a product: m o f: X —Y = [[{Xs: € B}. Som o fis
continuous if and only if 75 om o f: [[{X,:a € A} — Xjp is continuous for all 5 € B. This is
true because mz om o f =mg : [[{X,:a € A} — X3. The proof that w0 f is continuous is
completely similar.

LY xZ—X=[[{X,:a€ A} is given by = f1(y,2) =yUz (= the union of two
functions), and f~!is continuous iff m, 0 f~' : Y x Z — X, is continuous for each « € A = BUC.
To check this, first suppose o € B: then 7, 0 f~1(y,2) = w4 (), where x = y U 2. Since a € B, x,

= (mq o m)(y, 2), 80y 0 f~1 = m, o w1, which is continuous. The case where a € C' is completely
similar.

Therefore f is a homeomorphism. e

The question of topological commutativity for products only makes sense when the index set A is
ordered in some way. But even then: if we view a product as a collection of functions, the question of
commutativity is trivial — the question reduces to the fact that set theoretic unions are commutative.
For example, X; x Xy = {x € (X; U Xo){1? : 2(i) € X; fori = 1,2}

={z e (X, uX) (i) € X, fori = 1,2} = Xy x X.
So viewed as sets of functions, X; x X5 and X, x X; are exactly the same set! The same observation
applies to any product viewed as a collection of functions.

But we might look at an ordered product in another way: for example, thinking of X; x X, and

Xy x X as sets of ordered pairs. Then generally X; x X5 # X5 x X;. From that point of view, the
topological spaces X; x X, and X, x X; are not literally identical, but there is a homeomorphism
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between them: f(x1,x2) = (x2,21). So the products are topologically identical. We can make a
similar argument whenever the order of factors is “commuted” by permuting the index set.

The general rule of thumb is that “whenever it makes sense, topological products are commutative.”

Exercise 2.14  X™ denotes the product of m copies of the space X. Prove that (X™)" is
homeomorphic to X™". (Hint: The bijection ¢ in the proof of Theorem 1.14.7 is a homeomorphism.)

Notice that “cancellation properties” may not be true. For example, N x {0} and N x {0,1} are
homeomorphic (both are countable discrete spaces) but topologically you can't “cancel the N” : {0} is
not homeomorphic to {0,1} !

Here are a few results which are quite simple but very handy to remember. The first states that
singleton factors are topologically irrelevant in a product.

Lemma 2.15 [[, ., X, x ngB{pﬂ} >~ [ToeaXa

Proof [[;cp{ps} is itself a one-point space {p}, so we only need to prove that
[TocaXa x {p} =~ [1,caXa. Themap f(z,p) = x is clearly a homeomorphism. e

Lemma 2.16 Suppose [[,.4Xo # 0. Forany B C A, [[,.zX. is homeomorphic to a subspace Z
of [[,c4Xa — thatis, [T, .5X,can be embedded in [],.,X, In fact, if all the X,'s are T'-spaces,
then [ [, 5 X« is homeomorphic to a closed subspace Z of [, 4Xa-

a€B

Proof Pick apoint p = (pa) € [[,c4Xa. Then by Lemma 2.15,

HaEBXCY = HQEBXCY X HaeA—B {pa} =Z - HaEAXCY

Now suppose all the X,'s are 7. If y € ([[,c4Xa) — Z, then for some v € A — B, y, # p,. Since
X, is a T} space, there is an open set U,, in X, that contains y,, but not p,. Then y € < U, > and

< U’Y > N (HQGBXQ X HaeA—B{pa}) = (Z)

Therefore Z is closed in [ ], 4 X,. ®

Note: 1) Assume each X, = R. Go through the preceding proof step-by-step when A = {1,....k}
and when A = N and

2) In the case B = {ay}, Lemma 2.16 says that each factor X, is homeomorphic to subspace
of [1,caXa (a closed subspace if all the X,'s are T}).

3) Caution: Lemma 2.16 does not say that if all the X,'s are T}, then every copy of X,,
embedded in ||, 4 Xa is closed: only that there exists a closed homeomorphic copy. (It is very easy to
show a copy of R embedded in R? that is not closed in R?, for example ... ?)

Lemma 2.17 Suppose X = [[{X,:a € A} # 0. Then X is a Hausdorff space (or, 7}-space) if
and only if every factor X, is a Hausdorff space (or, 7}-space).
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Proof, for T Suppose all the X, 's are Hausdorff. If = # y € X, then x,, # ¥, for some ay. Pick
disjoint open sets U,,, and V,,, in X, containing x,, and y,,. Then < U,, > and < V,,, > are disjoint
(basic) open sets in [ [ X,, that contain x and y, so X is Hausdorff.

Conversely, suppose X # (). By Lemma 2.16, each factor X, is homeomorphic to a subspace of X.
Since a subspace of a Hausdorff space is Hausdorff (why? ), each X, is a Hausdorff space. e

Exercise 2.18 Prove Lemma 2.17 if “Hausdorff” is replaced by “11.” (The proof is similar but
easier.)

Theorem 2.19 The product of countably many two-point discrete spaces is homeomorphic to the
Cantor set C.

Proof We will show that [[°7, X,, ~ C, where each X,, = {0, 2}.

To construct C' we defined, for each sequence z = (z1, 2, ..., Ty, ...) € {0,2}", a descending
sequence of closed sets F,, 2 Fy4, 2 ... 2 Fyzy 2, =2 ... in [0, 1] whose intersection gave a unique
pointp € C: {p} =L, Frrzy..cr, (see Section IV.10). For each n, we can write C' as a union of
2" disjoint clopen sets: C = U(xl,...,m,,)e{o,z}n(c NFywy z,)

Define f : C — [[,—, X, by f(p) = = (21,22, ...,%,,...). Clearly f is one-to-one and
onto. To show that f is continuous at p € C, it is sufficient to show that for each n, the function
m,o f:C — {0,2} is continuous at p. Pick any n € N. For this n, there is a clopen set
U =CnNF,y,. ., that contains p, and (7, o f)|U = x,,. Thus, 7, o f is constant on a neighborhood
of pin C, so m, o fis continuous at p.

By Lemma 2.17, [[2, X,, is Hausdorff. Since f is a continuous bijection of a compact space

n=1
onto a Hausdorff space, f is a homeomorphism (why?). e

Corollary 2.20 {0,2}™ is compact.

This corollary is a very special case of the Tychonoff Product Theorem which states that any product
of compact spaces is compact. The Tychonoff Product Theorem is much harder and will be proved in
Chapter IX.

Corollary 2.21 The Cantor set is homeomorphic to a product of countably many copies of itself.
Proof By Exercise 2.14 above, O™ ~ ({0,2}%0)% ~ {0,2}N®0 ~ [0,2}% ~ (. The case of
C" ~ (C forn € Nis similar. e

Example 2.22 Convince yourself that each assertion is true:

1) If X is the Sorgenfrey line, then X x X is the Sorgenfrey plane (see Examples
111.5.3 and I111.5.4).

2) Let S! be the unit circle in R2, Then S! x [0, 1] is homeomorphic to the
cylinder {(z,y,2) e R®: 22 +9*> =1, 2 € [0,1]}.

3) S x S is homeomorphic to a torus ( = “the surface of a doughnut”).
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Exercises

El. Does it ever happen that X x {0} open in X x R? If so, what is a necessary and sufficient
condition on X for this to happen?

E2. a) Suppose X and Y are topological spaces and that A C X, B CY.Prove that
inty.y(A x B) =intx A X inty B: that is, “the interior of the product is the product of the interiors.”
(By induction, the same result holds for any finite product.) Give an example to show that the
statement may be false for infinite products.

b) Suppose A, C X, forall & € A. Prove that in the product X = [[X,,

cl(J[Aa) =[] cl Aa.

Note: When the A,'s are closed, this shows that [[A, is closed: so “any product of closed sets is
closed.” Can you see any plausible reason why products of closures are better behaved than products
of interiors?

¢) Suppose X = [[X, # () and that A, C X,. Prove that [[A, is dense in X iff A, is dense in
X, for each a. Note: Part c) implies that a finite product of separable spaces is separable, but it
doesn't tell us whether or not an infinite product of separable spaces is separable: why not?

d) For each a, let g, € X,,. Prove that B = {z € [[X,, : z, = ¢, for all but at most finitely many
a} is dense in [[X,. Note: Suppose X = RN = [L,enXn where each X,, = R. Suppose each q,, is
chosen to be a rational — say q,, = 0. Then what does d) imply about RN?

e) Letay € A. Prove that Y, = {z € [[Xa: zo = po for all @ # o} is homeomorphic
to X,,. Note: So any factor of a product has a “copy” of itself inside the product in a “natural” way.
For example, in R", the set of points where all coordinates except the first are 0 is homeomorphic to
the first factor, R..

f) Give an example of infinite spaces X, Y, Z such that X x Y is homeomorphic to X x Z but Y
is not homeomorphic to Z.
E3.Let X be a topological space and consider the “diagonal” Aof X x X :

A={(z,z):xe X} CXxX.
a) Prove that A is closed in X x X if and only if X is Hausdorff.
b) Prove that A is open in X x X if and only if X is discrete.

E4. Suppose X is a Hausdorff space and that X, C X for each o € A. Show that
Y =({X.: o € A} is homeomorphic to a closed subspace of the product [[{X, : a € A}.
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ES5. For each n € N, suppose D,, is a countable dense set in (X, 7,,).
a) Prove that D = [[ D, is dense in [[X,.

b) Prove that [[.X,, is separable. Hint: Note that D might not be countable ! But closeness in
a product depends on only finitely many coordinates.

E6. a) Suppose a; ; € {0, 2} for all 7, j € N. Prove that there exists a sequence (j,) in N such that,
for each 4, klim a;;, exists.  Hint: “picture” the a; j in an infinite matrix. For each fixed j, the “j-
— OO

th column" of the matrix is a point in the Cantor set C' = {0,2}%.

>, . . X . a,; =a, or
b)In R, Y al is called a subseries of ) _ a,, if for everyn ¢
n=1 =1

" a, =0

o o0
Prove that if ) a,, is absolutely convergent, then S = {s € R : s is the sum of a subseries of »_a,}

n=1 n=1
isclosedin R.  Hint: “Absolute convergence” guarantees that every subseries converges. Each

o0
subseries Y a!, can be associated in a natural way with a point x € {0, 1}*. Consider the mapping
n=1

f:{0,1}% — R given by f(z) = Y. al, € R. Must f be a homeomorphism?

n=1

¢) Suppose G is an open dense subset of the Cantor set C. Must Fr G be countable?  Hint:
Consider {(a,b) € C x C : b # 0}.

E7. Let N have the cofinite topology.

a) Does the product N'" have the cofinite topology? Does the answer depend on m?

b) Prove N™ is separable  Hint: When m is infinite, consider the simplest possible points in
the product. Note: part b) implies that an arbitrarily large product of I spaces with more than one

point can be separable. However, that is false for Hausdorff spaces — see Theorem 3.8 later in this
chapter.
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E8. We can define a topology on any set X by choosing a nonempty family of subsets F and defining
closed sets to be all sets which can be written as an intersection of finite unions of sets from F. F is
called a subbase for the closed sets of X. (This construction is “complementary” to generating a
topology on X by using a collection of sets as a subbase for the open sets.)

a) Verify that this procedure does define a topology on X.

b) Suppose X, is a topological space. Give [[X, the topology for which collection of “closed
boxes” F = {[[F. : F,closed in X,} is a subbase for the closed sets. Is this topology the product
topology?

E9. Prove or disprove:

There exists a bijection f : X = {0,1}* — N® =Y such that for all x € X and for all n,
the first n coordinates of y = f(x) are determined by the first m coordinates of .

Here, m depends on n and x. More formally, we are asking whether there exists a bijection

f such that:
Ve € X Vn € N dm € Nsuch that changing x for any j > m does not change y;,
fork <n

Hint: Think about continuity and the definition of the product topology.
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3. Productive Properties

We want to consider how some familiar topological properties behave with respect to products.

Definition 3.1 Suppose that, for each o € A, the space X, has a certain property P. We say that

productive if [ [ X, must have property P
the property P is { countably productive if [[X, must have property P when A is countable
finitely productive if [ [ X, must have property P when A s finite

For example, Lemma 2.17 shows that the 77 and 75 properties are productive.

Some topological properties behave very badly with respect to products. For example, the Lindel6f
property is a “countability property” of spaces, and we might expect the Lindel6f property to be
countably productive. Unfortunately, this is not the case.

Example 3.2 The Lindel6f property is not finitely productive; in fact if X is a Lindeléf space, then
X x X may not be Lindel6f. Let X be the set of real numbers with the topology for which a
neighborhood base at a is B, = {[a,b) : a,b € S, b > a}. (Recall that X is called the Sorgenfrey
Line: see Example 111.5.3.) We begin by showing that S is Lindel6f.

It is sufficient to show that a collection ¢/ of basic open sets covering X has a countable
subcover. Given such a cover U, Let V = {(a,b) : [a,b) € U} and define A = |JV. For a
moment, think of A as a subspace of R with its usual topology. Then A is Lindelsf (why?),
and V is a covering of A by usual open sets, so there is a countable subfamily V' with [V’
= A.

Now replace the left endpoints of the intervals in V' to get ' = {[a,b) : (a,b) € V'} CU. If
U’ covers X we are done, so suppose X — | JU' # (). For each z € X — | JU', pick a set [a, D)
in U that contains . In fact, x must be the left endpoint of [a, b) — because if = € [a,b) € U
and x # a, then x € JV =JV' CYU'. So, for each x ¢ [JU' we can pick a set [z,
b,) € U.

If  and y are distinct points not in (JU/’, then [z, b,) and [y, b,) must be disjoint (why?) and
there can be at most countably many disjoint intervals [z,b,). So U’ U{[x, b,) : = ¢ JU'} is
a countable subcollection of I/ that covers S.

However the Sorgenfrey plane S' x S is not Lindel6f. If it were, then its closed subspace

D ={(x,y) : © + y = 1} would also be Lindel6f (Theorem II1.7.10). But that is impossible since D is
uncountable and discrete in the subspace topology. (See the figure on the following page.)
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Fortunately, many other topological properties do play more nicely with products. Here are several
topological properties P to which the “same” theorem applies. We combine these into one large
theorem for efficiency.

Theorem 3.3 Suppose X = [[{X,: a € A} # (. Let P be one of the properties “first countable,”
“second countable,” “metrizable,” or “completely metrizable.” Then X has property P iff

1) all the X,'s have property P, and
2) at most countably many X,'s are nontrivial (i.e., do not have the trivial topology)

For all practical purposes, this theorem is a statement about countable products because:

1) The nontrivial X,'s are the “interesting” factors, and 2) says there are only countably many
of them. In practice, one hardly ever works with trivial spaces, and if we totally

exclude trivial spaces from the discussion, then the theorem just states that X has property P
iff X is a countable product of spaces with property P.

2) A nonempty T\-space X, has the trivial topology iff |X,| = 1. So, if we are concerned
only with Ti-spaces (as is most often the case) the theorem says that X has property P iff all
the X,'s have property P and allbut countably many of the X,'s are ‘“topologically
irrelevant” singletons. Of course, in the cases that involve metrizability, the T condition is
automatically satisfied.

Proof Throughoutthe proof, let B = the set of “interesting indices” = {« € A : X, is a nontrivial
space}. We begin with the case P = “first countable.”

Suppose 1) and 2) hold and z € X. We need to produce a countable neighborhood base at . For each
a € B, let {U : n € N} be a countable open neighborhood base at z, € X,,. Let

B, = {U : U is a finite intersection of sets of the form < U >, a € B, n € N}

Since B is countable, B, is a countable collection of open sets containing x and we claim that B, is a
neighborhood base at x € X. To see this, suppose V = < V,,,...,V,, > 1s a basic open set
containing . (We may assume that all «;'s are in B : why?) For each i =1,...,k, pick U}’ so that

T, € UM CV,. ThenU = < U™, U™, ..Utk > €Byand z €U C V.

aq? Qg )
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Conversely, suppose X is first countable. We need to prove that 1) and 2) hold.

X # (), so by Lemma 2.16 each X, is homeomorphic to a subspace of X. Therefore each X, is first
countable, so 1) holds.

For 2) we prove the contrapositive: assuming B is uncountable, we find a point z € X at which there
cannot be a countable neighborhood base. Pick any point p = (p,) € X

For each § € B, pick an open set Og C X for which () # Og # X3. Choose x5 € Og and
ys ¢ Op. Define z = (z,) € X using the coordinates

_ J g ifa=p3¢e€B
Te=1p.eX. ifa¢B

Suppose B, is a countable collection of neighborhoods of x and for each N € B, pick a basic open set
Uwithz e U = <U,,,...,U, > C N. There are only finitely many «;'s involved in the expression
for each chosen U, and there are only countably many N's in 5,. So, since B is uncountable, we can
pick a § € B that is not one of the «;'s involved in the expression for any of the sets U that were
picked. Then

i) < Og > isan open set that contains x because 3 € Og

ii) forall N € B,, x € N L < O >, so B, cannot be a neighborhood base at z. To see
this, define a point w = (w,) by
_Jx, ifa#pB
1%—{ﬂ if a =0
Thus, w and = have the same coordinates except the 3 coordinate. For each N € B,, we
pickedU = < U,,,...,U,, > C N. Since x € U and w has the same a,..., a;, coordinates as

z, we also have weU. But w¢ <O >because wy =yg ¢ Og. Therefore
UZ <0 >,soNZ <O >.

It's now easy to see that if the product X = [[X,, has any of the other properties P, then conditions 1)
and 2) must hold.

If X is second countable, metrizable or completely metrizable, then X is first countable so, by
the first part of the proof, condition 2) must hold.

If X is second countable or metrizable then every subspace has these same properties — so
each X, is second countable or metrizable respectively. If X is completely metrizable, then X
and all the subspaces X, are T7. By Lemma 2.16, X, is homeomorphic to a closed — therefore
complete — subspace of X . Therefore X, is completely metrizable.

RIS 9

It remains to show that if P = “second countable,” “metrizable,
conditions 1) and 2) hold, then X = [[X,, also has property P.

or “completely metrizable” and
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Suppose P = “second countable.”

For each « in the countable set B, let B, = {OL,0?%,...,0", ...} be a countable base for X,
and let

B = {0 : O is a finite intersection of sets of form < O” > ,where a € B and n € N}
B is countable and we claim B is a base for the product topology on X.

Supposez € V = < V,,,...,V,, > ,abasicopensetin X. Foreach:=1,..., k,
Zqo, € Vo, so we can choose a basic open set in X, such that z,, € Og;; CV,. Then
reO0= <O},0%,..,0 > CVand O € B. Therefore V can be written as a union of

sets from B3, so B is a base for X.

Suppose P = “metrizable.”
Since all the X,,'s are 17, condition 2) implies that all but countably many X,'s are singletons,
which we can omit without changing X topologically. Therefore it is sufficient to prove that if

each space X1, X, ..., X, ... is metrizable, then X = HZO:an is metrizable.

Let d,, be a metric for X,,, where without loss of generality, we can assume each d, <1
(why?). For points © = (x,,), y = (yn) € X, define

dn(n,Yn)
2ﬂ

NgE

d(l‘,y) =

n=1

Then d is a metric on X (check!) and we claim that 7; is the product topology 7. Because X
is a countable product of first countable spaces, X is first countable, so 7 can be described
using sequences: it is sufficient to show that (z;) — z in (X, 7) iff (2;,) — 2z in (X, 7;). But
(z) — z in (X, 7)) iff the (z;) converges “coordinatewise.” Therefore it is sufficient to show
that:

(zr) — zin (X, 7)) iff Vn ( k(n)) — z(n) in (Xw,dn) or equivalently,
Vn d,(zx(n), z(n)) —

i) Suppose d(zy,z) — 0. Let € > Oand consider any particular ny. We can

choose K so that k > K implies d(zj,2) = Z %W 35 Then
n=1
for k > K, w2 o 5o 4, (z(no), 2(ny)) < .

Therefore d,,, (z1(no), z(ng)) — 0.

ii) On the other hand, suppose d,(zx(n),z(n)) — 0 for every nand let € > 0.

Choose N so that Z 2n 5 ¢ and then choose K so thatif k > K
n=N+1

di(a(D), 2(1)/2' <
d(2(2),2(2))/2 < 3

dN(Zk(N),Z(N))/QN < ﬁ .

no
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Then for k > K we have d(zg, 2) = ) w
n=1

N 00
n=1 n=N+1

Therefore d(zy, z) — 0.

ol

Suppose P = “completely metrizable.”

Just as for P = “metrizable,” we can assume X = Hzolen and that d,, is a complete metric
on X, with d, < 1. Using these d,,'s, we define d in the same way. Then 7; is the product
topology on X. We only need to show that (X, d) is complete.

Suppose (z;) is a Cauchy sequence in (X,d). From the definition of d it is easy to see that
(2 (n)) is Cauchy in (X, d,,) for each n, so that (z;(n)) — some point a,, € X,.

Let a = (a,) € X. Since (z;(n)) — a, for each n, we have (z;) — a in the product topology
= 7,. Therefore (X, d) is complete. e

What is the correct formulation and proof of the theorem for P = “pseudometrizable” ?

We might wonder why P = “separable” is not included in Theorem 3.3. Since “separable” is a
“countability property,” we might hope that separability is preserved in countable products — although
our experience Lindel6f spaces could make us hesitate. The explanation for the omission is that
separability is actually better behaved for products than the other properties. Surprisingly, the product
of as many as ¢ separable spaces is separable, and the product of more than ¢ nontrivial separable
spaces can sometimes be separable. (You should try to prove directly that a countable product of
separable spaces is separable — remembering that in the product topology, “closeness depends on
finitely many coordinates.” If necessary, first look at finite products.)

We begin the treatment of separability and products with a simple lemma which is merely set theory.
Lemma 3.4 Suppose |A| < c. There exists a countable collection R ofsubsets of A with the
following property: given distinct oy, as, ..., a, € A, there are disjoint sets Aj, Ag, ..., A, € R such

that o; € A; for each i.

Proof (Think about how you would prove the theorem if A = R. If you do that, then you'll see that
the general case is just a “carry over” of that proof.)

Since |A| < ¢, there is a one-to-one map ¢ : A — R. Let R = {¢"![(a,b)] : a,b € Q}. For distinct
a1, a,..,a, € A, we know that ¢(aq), ¢(az), ..., ¢(cy,) are distinct real numbers. Then we can
choose a;,b; € Q so that ¢(«;) € (a;,b;) and so that the intervals (a;, b;) are pairwise disjoint. Then
the sets A; = ¢[(a;,b;)] € R are the ones we need. o
Theorem 3.5

1) Suppose X = [],c4Xa # 0. If X is separable, then each X, is separable.

2) If each X, is separable and |A| < ¢, then X =[] ., X, is separable.
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Part 2) of Theorem 3.5 is attributed (independently) to several people. In a slightly more general
version, it is sometimes called the “Hewitt-Marczewski-Pondiczery Theorem.” Here is an amusing
sidelight, written by topologist Melvin Henriksen online in the Topology Atlas. A few words have been
modified to conform with our notation:

Most topologists are familiar with the Hewitt-Marczewski-Pondiczery theorem. It states that if
m is an infinite cardinal, then a product of 2" topological spaces, each of which has a dense
set of cardinality < m, also has a dense set with < m points. In particular, the product of ¢
separable spaces is separable (where c is the cardinal number of the continuum). Hewitt's
proof appeared in [Bull. Amer. Math. Soc. 52 (1946), 641-643], Marczewski's proofin [Fund.
Math. 34 (1947), 127-143], and Pondiczery's in [Duke Math. 11 (1944), 835-837]. A proof and
a few historical remarks appear in Chapter 2 of Engelking's General Topology. The spread in
the publication dates is due to dislocations caused by the Second World War, there is no doubt
that these discoveries were made independently.

Hewitt and Marczewski are well-known as contributors to general topology, but who was (or
is) Pondiczery? The answer may be found in Lion Hunting & Other Mathematical Pursuits,
edited by G. Alexanderson and D. Mugler, Mathematical Association of America, 1995. It is a
collection of memorabilia about Ralph P. Boas Jr. (1912-1992), whose accomplishments
included writing many papers in mathematical analysis as well as several books, making a lot
of expository contributions to the American Mathematical Monthly, being an accomplished
administrator (e.g., he was the first editor of Mathematical Reviews (MR) who set the tone for
this vitally important publication, and was the chairman for the Mathematics Department at
Northwestern University for many years and helped to improve its already high quality), and
helping us all to see that there is a lot of humor in what we do. He wrote many humorous
articles under pseudonyms, sometimes jointly with others. The most famous is “A Contribution
to the Mathematical Theory of Big Game Hunting” by H. Petard that appeared in the Monthly
in 1938. This book is a delight to read.

In this book, Ralph Boas confesses that he concocted the name from Pondicheree (a place in
India fought over by the Dutch, English and French), changed the spelling to make it sound
Slavic, and added the initials E.S. because he contemplated writing spoofs on extra-sensory
perception under the name E.S. Pondiczery. Instead, Pondiczery wrote notes in the Monthly,
reviews for MR, and the paper that is the subject of this article. It is the only one reviewed in
MR credited to this pseudonymous author.

One mystery remains. Did Ralph Boas have a collaborator in writing this paper? He certainly

had the talent to write it himself, but facts cannot be established by deduction alone. His son
Harold (also a mathematician) does not know the answer to this question ...

Proof 1) Let D be a countable dense set in X. For each «, m,[D]is countable and dense in X,
(because X, = m,[X] = m,[cl D] C clm,[D] ). Therefore each X, is separable.

2) Choose a family R as in Lemma 3.4 and for each a, let D, = {z},22, ....,2", ... } be a
countable dense set in X,,. Define a countable set S by

S={(A1,..., A, l1,...,1,) :n €N, [; € N, A; € R with the A;'s pairwise disjoint}.
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For each « pick a point p, € X,, and for each 2n-tuple s = (A4, ..., A,, 11, ..., [,,) € S, define a point
zs € X with coordinates

24(a) = i ifa € A,
5 \pe ifag UA

Let D = {z,: s € §}. D is countable and we claim that D is dense in X. To see this, consider any
nonempty basic openset U = < U,,,...,U,, > : we will show that U N D # ().

ForU = < U,,.... Uy, > # 0,
i) Choose disjointsets A, ..., A, in R sothat oy € Ay, ..., € Ay

ii) Foreachi =1,...,k, D,, is dense in X, and we can pick a point z;’ in D, N UL,
12 ,
={z,, x5, oyl . N Uy, .

Then, let s = (Ay, ..., Aj, ..., Ag, n1, .04, ..., ny) € S. Because a; € A;, we have z (o) = 2] € U,
. Therefore x, e U N D. o

Example 3.6 The rather abstract construction of a dense set Din the proof of Theorem 3.5 can be
nicely illustrated with a concrete example. Consider R® ( =[],z X,, where each X, = R). Choose
R to be the collection of all open intervals (a, b) with rational endpoints, and make a list these intervals
as Ay, ..., A,, .... Ineach X,, choose D, = Q = {q',¢%,...q",...}. (Since all the D,’s are identical,

we can omit the subscript “r” on the points; but just to stay consistent with the notation in the proof,
we still use superscripts to index the q's.) For each r, (arbitrarily) pick p, = 0 € X,.

One example of a 6-tuple in the collection S is s = (Ag, Ao, A5,2,7,4), where A, As, A3 are disjoint
open intervals with rational endpoints. The corresponding point z, € R¥ is the functionz, : R — R
with

2 forr e Ag

T forre A,

4 forre As
fOI'T¢A6UA5UA2

xs(r) =

oK QK

The dense set D consists of all step functions (such as z;) that are 0 outside a finite union
An, UA,, U...UA,, of disjoint open intervals with rational endpoints and which have a constant
rational value on each A;.

Caution: In Example 2.12 we saw that the product topology on RF is the topology of pointwise
convergence — that is, (f,) — fin R® iff (f,(r)) — f(r) for each r € R. But R® is not first
countable (why?) so we cannot say that sequences are sufficient to describe the topology. In particular,
if f € RR, then f € cl Dbut we cannot say that there must be sequence of step functions from D that
converges pointwise to f.

Since RF is not first countable, R is an example of a separable space that is neither second countable
nor metrizable.
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In contrast to the properties discussed in Theorem 3.3, an arbitrarily large product of nontrivial
separable spaces can sometimes turn out to be separable, as the next example shows. However,
Theorem 3.8 shows that for Hausdorff spaces, a nonempty product with more than ¢ factors cannot be
separable.

Example 3.7 For each aw€ A, let X, be a set with |X,| >1. Choose p, € X, and let
T, ={0 C X, : p, € O} U{0}. The singleton set {p, } is dense in (X,, 7,), so X, is separable.
If p= (pa) € X = [],c4Xa, then singleton set {p} is dense (why? look at a nonempty basic
open set U.) So X is separable, and this does not depend on |A]..

In this example, the X, 's are not 7;. But Exercise E7 shows that an arbitrarily large
product of separable T} -spaces can turn out to be separable.

Theorem 3.8 Suppose X = [],.4Xn 7# 0 where each X|, is a T>-space with more than one point.
If X is separable, then |A| < c.

Proof For each a, we can pick a pair of disjoint, nonempty open sets U, and V,, in X,,. Let D be a
countable dense set in X and let D, = < U, > N D for each a. If o # 3 € A, there is a point
p € < Uy Vs> NDbecause D is dense. Thenp € D, but p ¢ Dy = < Ug > N D since

xp ¢ Upg: therefore D, # Dj. Therefore the map ¢ : A — P(D) given by ¢(a) = D, is one-to-
one, so |[A| < |P(D)| =2% =c. e

We saw in Corollary V.2.19 that a finite product of connected spaces is connected. The following
theorem shows that connectedness actually behaves very nicely with respect to all products. The proof
of the theorem is interesting because, unlike previous proofs about products, this proof uses the
theorem about finite products to prove the general case.

Theorem 3.9 Suppose X =[], .4 X # 0. X is connected if and only if each X, is connected.

Proof Suppose X is connected. Since X # (), we have 7,[X] = X,, for each . A continuous image
of a connected space is connected (Example V.2.6), so each X, is connected.

Conversely, suppose each X, is connected. For each a, pick a point p, € X,,. For each finite
set ' C A, let Xp = [[,cpXa X [[oca_r{pa}t. Xr is homeomorphic to the finite product [ ], X,
so each Xy is connected. Let D = | J{ X : F is a finite subset of A}. Each Xy contains the point
P = (Pa), so Corollary V.2.10 tells us that D is connected. Unfortunately, D # X (except in trivial
cases; why?).

But we claim that D is dense in X. We need to show that D N U # () for every nonempty basic open
setin X. IfU = <U,,,...,U,, >, choose a point z,, € U, foreachi =1, ..., n, and define a point
x € X with coordinates
2(a) = {xai ifa = q;
p(l lfOé 7é A, 02,..., Oy
Let F' = {ay, ag, ..., @y }. Thenz € Xp NU C DNU,so DNU # (.
Therefore X = cl D is connected (Corollary V.2.20). e

Question: is the analogue of Theorem 3.9 true for path connected spaces?
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Just for reference, we state one more theorem here. We will not prove the theorem until Chapter IX,
but we may use it in examples. (Of course, the proof in Chapter 1X will not depend on any of these
examples!)

Theorem 3.10 (Tychonoff Product Theorem) Suppose X =[], X, # (. Then X is compact if
and only if each X, is compact.

One half ( = ) of the proof of Tychonoff's Theorem is very easy (why?), and the easy proof that a
finite product of compact spaces is compact was in Exercise IV.E.26.
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Exercises

E10. Let X = [0, 1] have the product topology.

a) Prove that the set of all functions in X with finite range is dense in X. (Here, we will call
such functions step functions. In other settings, the definition of “step function” is more restrictive.)

b) By Theorem 3.5, X is separable. Describe a countable set of step functions which is dense
in X.

¢) Let A= {z € X : z is the characteristic function of a singleton set {r}}. Prove that A,
with the subspace topology, is discrete and not separable. Is A closed?

d) Prove that A has exactly one limit point, z, in X and that if NV is a neighborhood of z,
then A — N is finite.

Ell. “Boxes” of the form [[{U, : a« € A}, where U, is open in X,, are a base for the box topology
on [[,c4Xa. Throughout this problem, we assume that products have the box topology rather than the
usual product topology.

a) Show that the “diagonal map” f: R — R™ given by f(z) = (z,z,x,...) is not continuous,
but that its composition with each projection map is continuous.

b) Show that [0, 1]* is not compact.  Hint: let Ay = [0,1) and A, = (0,1]. Consider the
collection U of all sets of the form A., x A, X ... X A, X ..., where (€1,€2, ..., €,,...) € {0, 1}
By contrast, the Tychonoff Product Theorem (3.10) implies that [0, 1]™ (with the product topology) is
compact for any cardinal m.

¢) Show that R is not connected by showing that the set A = {x € R™ : z is an unbounded
sequence in R} is clopen.

d) Suppose (X,d) and (X,,d,) (a€ A) are metric spaces. Prove that a function
f: X — [[Xa (with the box topology) is continuous iff each coordinate function f, = m, o f is

continuous and each x € X has a neighborhood on which all but a finite number of the f,'s are
constant.

E12. State and prove a theorem that gives a necessary and sufficient condition for a product of spaces
to be path connected.

E13. Prove the following more general version of Theorem 3.8:

Suppose X = [],.4Xa # 0, and that, for each o € A, there exist disjoint nonempty open sets
U, and V, in X,,. If X is separable, then |A| < c.
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4. Embedding Spaces in Products

If there is a homeomorphism £ : X nto Y, then X ~ h[X] C Y. We say then that X is embedded in
and call i an embedding. Phrased differently, A shows that X is homeomorphic to a subspace of Y
and, speaking topologically, we might say X “is” a subspace of Y. It is often possible to embed a
space X in a product Y = [[X,. Such embeddings will give us some nice theorems — for example, we
will see that there is a separable metric space Y that contains (topologically) all other separable metric
spaces — Y is a “universal” separable metric space.

To illustrate the embedding technique that we use, consider two functions f; : [0, 1] — Rand
f2:10,1] — R given by fi(x) = 2% and fo(x) = e”. Using fiand f,, we can define

e:]0,1] — R x R = R? byusing f; and f> as “coordinate functions”: e(z) = (fi(x), f2(x))

= (22, ¢"). This map e is called the evaluation map defined by the set of functions {f;, fo}. In this
example, e is an embedding — that is, e is a homeomorphism of [0, 1] into R, so that

[0,1] ~ ran(e) C R? (see the figure).

g 10.] ]~ 0]

An evaluation map does not always give an embedding: for example, the evaluation map
e : [0,1] — R? defined by the family {cos 27z, sin 27z} is not a homeomorphism between [0, 1] and
ran(e) C R? (why? what is ran(e)?)

We want to generalize the idea of an evaluation map e into a product and to find conditions under
which e will be an embedding.

Definition 4.1 Suppose X and X, (a € A) are topological spaces and that f, : X — X, for each a.

The evaluation map defined by the family { f, : o € A} is the functione : X — [],.4 X, given by

e(z)(@) = fa(z)

Thus, e(x) is the point in the product []X,, whose o' coordinate is f,,(x):. In more informal
coordinate notation, e(x) = (fa(x)).
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Exercise 4.2 Suppose X = [[,.4X,. For each a, there is a projection map 7, : X — X,. What is
the evaluation map defined by the family {7, : € A} ?

Definition 4.3 Suppose X and X, (o € A) are topological spaces and that f, : X — X,. We say that
the family {f, : & € A} separates points if, for each pair of points x # y € X, there exists an o € A

for which fo () # fa(y).

Clearly, the evaluationmap e : X — [] ., X, is one-to-one & forall z # y € X, e(x) # e(y)
& forall x # y € X thereis an a € A for which e(z)(a) = fo(z) # fuly) = e(y) (@)
&< the family {f, : « € A} separates points.

Theorem 4.4 Suppose X has the weak topology generated by the maps f,, : X — (X,, 7, ) and that
the family {f, : & € A} separates points. Then e is an embedding — that is, e is a homeomorphism
between X and e[X] C [[X,.

Proof Since {f,} separates points, e is one-to-one and e is continuous because each composition
T, 0 e = f, 1S continuous.

e preserves unions and also (since e is one-to-one) intersections. Therefore. to check that e is
an open map from X to e[X], it is sufficient to show that e maps subbasic open sets in X to open sets
in e[X]. Because X has the weak topology, a subbasic open set has the form U = f}[V], where V is
open in X,. Butthen e[U] = e[f;}[V]] = 7, [V] Ne[X] is an opensetin e[X]. e

Note: e[U]| might not be open in [ | X, but that is irrelevant. See the earlier example where
e(x) = (22, ).

The converse of Theorem 4.4 is also true: if e is an embedding, then the f,'s separate points and X
has the weak topology generated by the f,'s. However, we do not need this fact and will omit the proof
(which is not very hard).

Example 4.5

Let (X, d) be a separable metric space. We can assume, without loss of generality, that d < 1. X is
second countable so there is a countable base B = {Uj,...,U,, ...} for the open sets. For each n, let
fo(z) =d(x,X —U,). Then f, : X — [0, 1] is continuous and, since X — U, is closed, we have
fa(x) > 0iffz € U,. Ifx # y € X, there is an n such that x € U,, and y ¢ U,,. Then

fu(y) =0 # fu(z), so f,'s separate points.

We claim that the topology 7; on X is the same as the weak topology 7,, generated by the f,'s.
Because the functions f,, are continuous if X has the topology 7;, we know that 7; O 7,,. To show
74 C Ty, suppose x € U € 7;. For some n, we have = € U,, C U and therefore f,,(z) = ¢ > 0. But
Vo= fr 1[(%, 1]] is a (subbasic) open set in the weak topology and « € V,, C U,, C U. Therefore
UeT,.

By Theorem 4.4, e : X — [0, 1]™ is an embedding, so X ~ ¢[ X ] C [0, 1]™. We sometimes write this

top
as X C [0,1]™. From Theorems 3.3 and 3.5, we know that [0, 1]™ is itself a separable metrizable
space — and therefore all its subspaces are separable and metrizable. Putting all this together, we get

that topologically, separable metrizable spaces are nothing more and nothing less than the subspaces of
[0,1]% = H (“the Hilbert cube™).
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We can view this fact with a “half-full” or “half-empty” attitude:

i) separable metric spaces must not be very complicated since topologically they are nothing

more than the subspaces of a single very nice space: the “cube” [0, 1]*

ii) separable metric spaces can get quite complicated, so the subspaces of a cube [0, 1]™
are more complicated than we imagined.

Since [0, 1] ~ T[>, [0, %] = H (the “Hilbert cube”) C /5, we can also say that topologically

the separable metrizable spaces X are precisely the subspaces of (5. This is particularly amusing

because of the metric d on ¢; is very much like the usual metric on R” :

d(2,9) = (3 (0 — ya)? )

n=1
In some sense, this elegant “Euclidean-like” metric is adequate to describe the topology of any
separable metric space. (Note: X is topologically a subspace of H with the product topology. If we
identify H with a subspace of {5, as above, how to we know that the metric topology induced on H
from €5 is the same as the product topology on H?)

We can summarize by saying that each of H and /5 is a “universal separable metric space.” Notice,
though, that these two “universal” spaces are not homeomorphic: one is compact and the other is not. )

Example 4.6

Suppose (X, d) is a metric space (not necessarily separable) and that {U,, : & € A} is a base for the
topology 7;, where |A| = m. Then an argument exactly like the one in Example 4.5 (just replace “n”

to

everywhere with “a”’) shows that X Qp [0, 1]™. Therefore every metric space, topologically, is a
subspace of some sufficiently large “cube.” Of course when m > ¥, the cube [0, 1]™ is not itself
metrizable (why?); in general this cube will have many subspaces that are nonmetrizable. So the result
is not quite as dramatic as in the separable case.

The weight w(X) of a topological space (X, 7 ) is defined as min {|B| : B is a base for 7 } + N,.

We are assuming here that the “min” in the definition exists: see Example 5.22 in Chapter
VIII. For some very simple spaces, the “min” could be finite — in which case the “ + Ny~
guarantees that w(X) > X, (convenient for purely technical reasons that don't matter in these
notes).

The density ¢6(X) is defined asmin{|D| : D is dense in (X, 7 )} + N. For a metrizable space, it is not
hard to prove that w(X) = §(X). The proofis just like our earlier proof (in Theorem II1.6.5) that
separability and second countability are equivalent in metrizable spaces. Therefore we have that for
any metric space (X, d),

top :
X C [0,1]* = 10,149 (%)

Notice that, for a given space (X, d), the exponents in this statement are not necessarily the smallest

top
possible. For example, (*) says that R C [0, 1]*®) = [0, 1]™, but in fact we can do much better than
the exponent X : R~ (0,1) € [0,1] = [0, 1]* !
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We add one additional comment, without proof: For a given infinite cardinal m, it is possible to define
a metrizable space H,, with weight m such that every metric space X with weight m can be embedded
in H}. In other words, H2' is a metrizable space which is “universal for all metric spaces of weight

m.” The price of metrizability, here, is that we need to replace [0, 1] by a more complicated space H,,.

Without going into all the details, you can think of H,, as a “star” with m different copies of
[0,1] (“rays”) all placed with 0 at the center of the star. For two points x,y on the same
“ray” of the star, d(z,y) = |z —y|,; if z,yare on different rays, the distance between them
is measured “via the origin” : d(z,y) = |z| + |y|.

The condition in Theorem 4.4 that “X has the weak topology generated by a collection of maps
fo 1 X — X7 is not always easy to check. The following definition and theorem can sometimes help.

Definition 4.7 Suppose X and X, (o € A) are topological spaces and that f, : X — X,,. We say that
the collection F = {f, : « € A} separates points from closed sets if whenever F is a closed set in X
and z ¢ F, there is an « such that f,(x) ¢ cl f,[F].

Example 4.8 Let X = Rand F = C(R). Suppose F'is a closed setin Rand r ¢ F. There is an
open interval (a,b) for which € (a,b) C R — F. Define f € C(R) with a graph like the one shown
in the figure:

Then 0 = f(r) ¢ cl f[F]. Therefore C'(R) separates points and closed sets.
The same notation continues in the following lemma.
Lemma 4.9 The family B = {f,;}[V]: a € A, V open in X, } is a base for the topology in X iff

1) the f,'s are continuous, and
ii) {fa : @ € A} separates points and closed sets.

In particular, 1) + ii) imply that 53 is a subbase for the topology on X — so that X has the weak
topology generated by the f,'s.
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Note: the more open (closed) sets there are in X, the harder it is for a given family {f., : « € A} to
succeed in separating points and closed sets. In fact, the lemma shows that a family of continuous
Sunctions { f, : « € A} succeeds in separating points and closed sets only if T is the smallest
topology that makes the f,'s continuous.

Proof Suppose B is a base. Then the sets f,,![V] in B are open, so the f,'s are continuous and
i) holds.

To prove ii), suppose F'is closed in X and = ¢ F. For some a and some V open in X, we
havez € f;'[V] C X — F. Then f,(z) € Vand V N f,[F] =0 (since £ [V]NF = 0).
Therefore f,(x) ¢ cl f,[F] so ii) also holds.

Conversely, suppose i) and ii) hold. If x € O and O is open in X, we need to find a set
f7YV] € Bsuchthatz € f,1[V] CO. Sincex ¢ F = X — O, condition ii) gives us an « for which
fa(x) ¢ cl f,[F]. Then f,(z) € V = X, —cl f,[F],sox € f;1[V] and we claim f,![V] C O:
Ifw ¢ O, then w € F, so fo(w) € fo[F] C cl fo[F].
Then f,(w) ¢ V,sow & f71[V]. o

Theorem 4.10 Suppose f, : X — X, is continuous for each o € A. If the collection {f, : « € A}

1) separates points and closed sets, and
i1) separates points

then the evaluation map e : X — [[ X, is an embedding.

Proof Since the f,'s are continuous, Lemma 4.9 gives us that X has the weak topology. Then
Theorem 4.4 implies that e is an embedding. e

If the space X (that we are trying to embed in a product) is a T}-space (as is most often the case), then

i) = ii) in Theorem 4.10 , so we have the simpler statement given in the following corollary.

Corollary 4.11 Suppose f, : X — X, is continuous for each o € A. If X is a T}-space and
{fa : @ € A} separates points and closed sets, then evaluation map e : X — [[ X, is an embedding.

Proof By Theorem 4.10, it is sufficient to show that the f,'s separate points, so suppose = # y € X.
Since x is not in the closed set {y}, there is an « for which f,,(z) ¢ cl f,[{y}]. Therefore

fo(z) # fa(y), so {fs : « € A} separates points. e
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Exercises

El4. A space (X, T) is called a T space if whenever = # y € X, then N, # N, (equivalently,
either there is an open set U containing = but not y, or vice-versa). Notice that the 7}y condition is
weaker than 77 (see example I11.2.6.4). Clearly, a subspace of a T-space is 1.

a) Prove that a nonempty product X = [[{X,: a € A} is Ty iff each X, is Tp.

b) Let S be “Sierpinski space” — that is, S = {0, 1} with the topology 7 = {0, {1},{0,1}}. Use
the embedding theorems to prove that a space X is 7 iff X is homeomorphic to a subspace of S™ for
some cardinal m. Hint = : for each open set U in X, let xy be the characteristic function of U. Use
an embedding theorem. Nearly all interesting spaces are T, and those spaces, topologically, are all
Jjust subspaces of S™ for some m.

E15. a) Let (X, d) be a metric space. Prove that C'(X) = {f € R* : f is continuous} separates points
and closed sets. (Since X is Ty, C(X) therefore also separates points).

b) Suppose X is any 7| topological space for which C'(X) separates points and closed sets.
Prove that X can be embedded in a product of copies of R.

El16. A space X satisfies the countable chain condition (CCC) if every collection of nonempty
pairwise disjoint open sets must be countable. (For example, every separable space satisfies CCC.)

Suppose that X, is separable for each « € A. Prove that X = [[{X,: a € A} satisfies CCC.
(There isn't much to prove when |A| < c; why?)

Hint: Let {U; : t € T'} be any such collection. We can assume all the U,'s are basic open sets (why?).
Prove thatif S C Tand | S| < c, then | S| < Ry and hence T' must be countable.)

E17. There are several ways to define dimension for topological spaces. One classical method is the
following inductive definition.

Define dim) = — 1.

For p e X, we say that X has dimension < 0 at p if there is a neighborhood base at p
consisting of sets with — I dimensional (that is, empty) frontiers. Since a set has empty frontier iff
it is clopen, X has dimension < 0 at piff p has a neighborhood base consisting of clopen sets.

We say X has dimension < n at p if there exists a neighborhood base at p in which the frontier
of every basic neighborhood has dimension <n — 1.

We say X has dimension < n, and write dim(X) < n, if X has dimension < n at p for each
p € X and that dim(X) = n if dim(X) <n but dim(X) £ n—1. We say dim(X) = oo if
dim(X) < n is false for every n € N.

While this definition of dim(X) makes sense for any topological space X, it turns out that
“dim” produces a nicely behaved dimension theory only for separable metric spaces. The
dimension function “dim” is sometimes called small inductive dimension to distinguish it from
other more general definitions of dimension. The classic discussion of small inductive dimension
is in Dimension Theory (Hurewicz and Wallman).
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1t is clear that “dim(X) = n” is a topological property. There is a theorem stating that dim (
R") = n, from which it follows that R" is not homeomorphic to R™ if m # n. In proving the
theorem, showing dim (R™) < n is easy; the hard part is showing that
dim(R") £ n— 1L

a) Prove that dim(R) = 1.

b) Let C be the Cantor set. Prove that dim(C') = 0.

¢) Suppose (X, d) is a 0-dimensional separable metric space. Prove that X is homeomorphic to
a subspace of C. (Hint: Show that X has a countable base of clopen sets. View C as {0,2}* and
apply the embedding theorems.)

E18. Suppose X and Y are Tj-spaces. Part a) outlines a sufficient condition that Y can be embedded in
top
a product of X's, i.e., that Y’ C X" for some cardinal m. Parts b) and ¢) look at some corollaries.

a) Theorem Let X and Y be Tj spaces. Then Y can be topologically embedded in X™ for
some cardinal m if for every closed set F' C Y and every point y ¢ F, there exists a n € N and
a continuous function f : Y — X" such that f(y) ¢ cl f[F].

Proof Let T ={t:t=(y,F), F is closed in Y and y ¢ F'}. For each such pair
t=(y,F), let f; be the function given in the hypothesis. Let X; = X" (the space
containing the range of f;). Then clearly [[{X; : ¢t € T'} is homeomorphic to X™ for some
m, so it suffices to show Y can be embedded in [[{X::teT}. Let
h:Y — [[{X;:t €T} be defined as follows: for y € Y, h(t) has for its ¢-th coordinate

fiy), ie., h(y)(t) = fi(y).
i) Show h is continuous.
ii) Show h is one-to-one.
iii) Show that h is a closed mapping onto its range h[Y'] to complete the proof that A is
ahomeomorphism between Y and h[Y| C [[{X; : t € T'}. (Note: the converse of the

theorem is also true. Both the theorem and converse are due to S. Mrowka.)

b) Let F denote Sierpinski space {{0,1}, {0,{0},{0,1}}. Use the theorem to show that every
T, space Y can be embedded in F'" for some m.

¢) Let D denote the discrete space {0,1}. Use the theorem to show that every T}-space Y
satisfying dim(Y") = 0 (see Exercise E14) can be embedded in D™ for some m.

Parts b) and c) are due to Alexandroff.

Mrowka also proved that there is no T1-space X such that every T1-space Y can be
embedded in X' for some m.
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E19. Let X = {0, 1} with the discrete topology, and let m be an infinite cardinal.

a) Show that X' contains a discrete subspace of cardinality m.
b) Show that w(X™) = m (see Example 4.6).

E20. X is called totally disconnected if every connected subset A satisfies |A| < 1. Prove thata
totally disconnected compact Hausdorff space is homeomorphic to a closed subspace of {0, 1} for
some m. (Hint: see Lemma V.5.6).

E21. Suppose X is a countable space that does not have a countable neighborhood base at the point
a € X. (Forinstance, let a = (0,0) in the space L, Example I11.9.8.)

Let Aj={z € X :2; = afori > j}and A = JZ A; € X™. Prove that no point in the
(countable) space A has a countable neighborhood base. (Note: it is not necessary that X be
countable. That condition simply forces A to be countable and makes the example more dramatic.)
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5. The Quotient Topology

Suppose that for each o € A we have a map g, : X, — Y, where X,, is a topological space and Y is a
set. Certainly there is a topology for Y that will make all the g,'s continuous: for example, the trivial
topology on Y. But what is the largest topology on Y that will do this? Let

T={0CY :foralla € A, g;'[O] is openin X,}

It is easy to check that 7 is a topology on Y. For each «, by definition, each set g ![O] is open in X,,
so 7 makes all the g,'s continuous. Moreover, if B C Y and B ¢ 7T, then for at least one o, g,'[B]is
not open in X, — so adding B to 7 would “destroy” the continuity of at least one g,. Therefore 7 is
the largest possible topology on Y making all the g,'s continuous.

Definition 5.1 Suppose g, : X, — Y for each @ € A. The strong topology 7on Y generated by the
maps g, is the largest topology on Y making all the maps g, continuous, and O € 7 iff g, '[O] is open
in X, for every a.

The strong topology generated by a collection of maps {g, : « € A}is “dual” to the weak topology in
the sense that it involves essentially the same notation but with “all the arrows pointing in the opposite
direction.” For example, the following theorem states that a map f out of a space with the strong
topology is continuous iff each map f o g, is continuous; but a map f into a space with the weak
topology generated by mappings f,,is continuous iff all the compositions f, o f are continuous (see
Theorem 2.6)

Theorem 5.2 Suppose Y has the strong topology generated by a collection of maps {g, : « € A}. If
Z is a topological space and f : Y — Z, then f is continuous if and only if fog,: X, — Z is
continuous for each o € A.

Proof For each o € A, we have X,, & Y i Z, and the g,'s are continuous since Y has the strong
topology.

If f is continuous, so is each composition f o g, .

Conversely, suppose each f o g, is continuous and that U is open in Z. We want to show that
f~YU] is open in Y. But Y has the strong topology, so f~'[U] is open in Y iff each
g U] is openin X,. But g;'[f 1 [U]] = (f o go) '[U] which is open because f o g, is
continuous. e

We introduced the idea of the strong topologyas a parallel to the definition of weak topology.
However, we are going to use the strong topology only in a special case: when there is just one map
go = g and g is onto.
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Definition 5.3 Suppose (X, 7) is a topological space and g : X — Y is onto. The strong topology on
Y generated by g is also called the quotient topology on Y. If Y has the quotient topology from g, we
say that g : X — Y is a quotient mapping and we say Y is a quotient of X. We also say the Y is a
quotient space of X and sometimes as Y = X /g.

From the discussion of strong topologies, we know that if X is a topological space and g: X — Y,
then the quotient topology on Y is 7 = {U : g ![U] is open in X}. Thus U € 7 if and only if
g U] is open in X: notice in this description that

“only if” guarantees that g is continuous and
“if” guarantees that 7 is the largest topology on Y making g continuous.

Quotients of X are used to create new spaces Y by “pasting together” (“identifying”) several points of
X to become a single new point. Here are two intuitive examples:

i) Begin with X = [0, 1] and identify 0 with 1 (that is, “paste” 0 and 1 together to become a
single point). The result is a circle, S'. This identification is exactly what the map ¢ : [0,1] — S!
given by g(x) = (cos 2mz, sin 2wx) accomplishes. It turns out (see below) that the usual topology on
S! is the same as quotient topology generated by the map g. Therefore we can say that g is a quotient
map and that S is a quotient of [0, 1]

ii) If we take the space X = S'and use a mapping g to “identify” the north and south poles
together, the result is a “figure-eight” space Y. The usual topology on Y (from IR?) turns out to be the
same as quotient topology generated by g (see below). Therefore we can say that g is a quotient
mapping and the “figure-eight” is a quotient of S'.

Suppose we are given an onto map ¢ : (X,7) — (Y,7'). How can we tell whether ¢ is a quotient
map — that is, how can we tell whether 7’ is the quotient topology? By definition, we must check that
UeT'iff g7'[U] € T. Sometimes it is fairly straightforward to do this. But the following theorem
will sometimes make things much easier.

Theorem 5.4 Suppose g : (X,7) — (Y,7') is continuous and onto. If g is open (or closed), then
T ' is the quotient topology, so g is a quotient map. In particular, if X is compact and Y is Hausdorff, g
is a quotient mapping.

Note: Whether g : X — Y is continuous depends, of course, on the topology T ', but if T' makes g
continuous, then so would any smaller topology on Y. The theorem tells us that if g is both continuous
and open (or closed), then T ' is completely determined by g: it is the largest topology that makes g
continuous.

Proof Suppose U CY. We must show U € 7' iff g [U] €T. If U €7T’, then g }{U] €T
because ¢ is continuous. On the other hand, suppose g '[U] € 7. Since g is onto and open,
gl Ul =U€eT".

For FCY, g '[Y — F]= X — g ![F]. It follows easily that F' is closed in the quotient
space if and only if ¢! [F] is closed in X. With that observation, the proof that a continuous, closed,
onto map g is a quotient map is exactly parallel to the case when g is open.

If X is compact and Y is 75, then g must be closed, so g is a quotient mapping. e
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Note: Theorem 5.4 implies that the map g(x) = (cos 2wz, sin 2nx) from [0,1] to S is a quotient
map, but g is not open. The same formula g defines a quotient map g : R — S which is not closed
(why?). Exercise E25 gives examples of quotient maps g that are neither open nor closed.

Suppose ~ is an equivalence relation on a set X. For each x € X, the equivalence class of z is
[x] = {z € X : z ~ x}. The equivalence classes partition X into a collection of nonempty pairwise
disjoint sets. Conversely, it is easy to see that any partition of X is the collection of equivalence
classes for some equivalence relation — namely, © ~ z iff 2 and z are in the same set of the partition.

The set of equivalence classes, Y = {[x] : © € X}, is sometimes written as X/ ~ . There is a natural
onto map g: X — X/~ =Y given by g(x) = [z]. We can think of the elements of Y as “new
points” which are created by “identifying together as one” all the members of each equivalence class in
X. Conversely, whenever g : X — Y is any onto mapping, we can think of Y as the set of equivalence
classes for some equivalence relation on X —namely r ~y < y € g '(z) & g(y) = g(z). If X is
a topological space, we can give the set of equivalence classes Y the quotient topology.

Example 5.5 For a, b € Z, define a ~ b iff b —a is even. There are two equivalence classes
0 =A{..,—-4,-2024,..}and[1] ={... =3, = 1,1,3,...} so Z/ ~ = {[0], [1]}.

Define g: Z — Z/ ~ by g(a) = [a] and give Z/ ~ the quotient topology. A set U is
open in Z/ ~ iff g7'[U] is open in Z. But that is true for every U C Z/ ~ because Z is discrete.
Therefore the quotient Z/ ~ is a two point discrete space.

Example 5.6 Let (X, d) be a pseudometric space. Define an equivalence relation ~ in X by x ~ z
iff d(x,2) =0. Let Y = X/ ~ and define g: X — Y by g(x) = [z]. Give Y the quotient topology.
Then points at distance 0 in X have been “identified with each other” to become one point (an
equivalence class) in Y.

For [z],[z] € Y, define d'([z], [z]) = d(z,2). In order to see that d’ is well-defined,
we need to check that the definition is independent of the representatives chosen from the equivalence
classes:

If [z'] = [z] and [2'] = [2], then d(ﬂc "Y=0and d(z,2’) = 0. Therefore
d(z,z) <d(z,z’)+d(z',z")+d(z',z) =d(z', z"), and similarly
dx’,2") < d(z,z). Thus d(z’,2") = d(,2) so d'([z"],["]) = d'([a], [2]).

It is easy to check that d’ is a pseudometric on Y. In fact, d’ is a metric: if d'([z], [2]) = 0, then
d(z, z) = 0, which means thatx ~ zand [z] = [z].

We now have two definitions for topologies on Y: the quotient topology 7 and the metric topology
7,:. We claim that 7 = 7. To see this, first notice that

ly] € B ([2]) iff d'([y], [2]) < €iff d(y,z) < €iff y € B!(x)
Therefore g~ [BY'([2])] = B%(z) and g [B%(z)] = B%([z]). But then we have
Ue1y iff U is a union of d’-balls
iff g~'[U] is a union of d-balls

iff g~'[U] is open in X
iff U eT.
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The metric space (Y, d’) is called the metric identification of the pseudometric space (X, d). In effect,
we turn the pseudometric space into a metric space by agreeing that points in X at distance O are
“lumped together” into a single point.

Note: In this particular example, it is easy to verify that the quotient mapping g : X — Y is open,

so g would be a homeomorphism if only g were one-to-one. If the original pseudometric d is actually a
metric, then g is one-to-one and a homeomorphism: the metric identification of a metric space (X, d)
is itself.

Example 5.7 What does it mean if we say “identify together the endpoints of [0, 1] and get a circle™?
Of course, one could simply take this to be the definition of a (topological) “circle.” Or, it could mean
that we already know what a circle is and are claiming that a certain quotient space is homeomorphic to
a circle. We take the latter point of view.

Define g: [0,1] — S! by g(z) = (cos 27z, sin27z). This map is onto would be one-to-one
except that g(0) = g(1), so g corresponds to the equivalence relation on X for which 0 ~ 1 (and there
are no other equivalences except that x ~ z for every x). We can think of the equivalence classes
X/ ~ as corresponding in a natural way to the points of S*.

g} = g1

Here S! has its usual topology and ¢ is continuous. Since X is compact and S is Hausdorff, Theorem
5.4 gives that the usual topology on S! is the quotient topology and g is a quotient map.

When it “seems apparent” that the result of making certain identifications produces some familiar
space Y, we need to check that the familiar topology on Y is actually the quotient topology. Example
5.7 is reassuring: if we believed, intuitively, that the result of identifying the endpoints of [0, 1] should
be S but then found that the quotient topology on the set X/ ~ differed from the usual topology, we
would be inclined to think that we had made the “wrong” definition for a quotient.
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Example 5.8 Suppose we take a square [0, 1]? and identify points on the top and bottom edges using
the equivalence relation (z,0) ~ (z,1). We can schematically picture this identification as

(x,1)

T

The arrows indicate that the edges are to be identified as we move along the top and bottom edges in
the same direction. We have an obvious map g from [0, 1]? to a cylinder in R? which identifies points in
just this way, and we can think of the equivalence classes as corresponding in a natural way to the
points of the cylinder.

g identifies (x 00 with (1)

The cylinder has its usual topology from R? and the map ¢ is (clearly) continuous and onto. Again,
Theorem 5.4 gives that the usual topology on the cylinder is, in fact, the quotient topology.
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Example 5.9 Similarly, we can show that a torus (the “surface of a doughnut”) is the result of the
following identifications in [0, 1]%: (z,0) ~ (x,1) and (0,%) ~ (1,v)

Thinking in two steps, we see that the identification of the two vertical edges produces a cylinder; the
circular ends of the cylinder are then identified (in the same direction) to produce the torus.

The two circles darkly shaded on the surface represent the identified edges.

We can identify the equivalence classes naturally with the points of this torus in R* and just as before
we see that the usual topology on the torus is in fact the quotient topology.
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Example 5.10 Define an equivalence relation ~ in [0, 1]? by setting (x,0) ~ (1 — x,1). Intuitively,
the idea is to identify the points on the top and bottom edges with each other as we move along the
edges in opposite directions. We can picture this schematically as

(1-x.1)
Y

¥

[x ﬂf

Physically, we can think of a strip of paper and glue the top and bottom edges together after making a
“half-twist.” The quotient space X/ ~ is called a Mobius strip.

We can take the quotient X/ ~ as the definition of a Mobius strip, or we can consider a “real” Mobius
strip M in R?® and define a map g : [0, 1]> — M that accomplishes the identification we have in mind.
In that case there is a natural way to associate the equivalence classes to the points of the torus in R?
and again Theorem 5.4 guarantees that the usual topology on the Mobius strip is the quotient topology.
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Example 5.11 If we identify the vertical edges of [0,1]? (to get a cylinder) and then identify its
circular ends with a half-twist (reversing orientation): (0,y) ~ (1,y) and (z,0) ~ (1 — z,1). We get
a quotient space which is called a Klein bottle.

F )

It turns out that a Klein bottle cannot be embedded in R? — the physical construction would require a
“self-intersection” (that is, additional points identified) which is not allowed. A pseudo-picture looks
like

In these pictures, the thin “neck” of the bottle actually intersects the main body in order to re-emerge
“from the inside” — in a “real” Klein bottle (in R?, say), the self-intersection would not happen.

In fact, you can imagine the Klein bottle as a subset of R* using color as a 4™ dimension. To each point
(z,y, z) on the “bottle” pictured above, add a 4th coordinate to get (z,y, z,7). Now color the points
on the bottle in varying shades of red and let r be a number measuring the “intensity of red coloration
at a point.” Do the coloring in such a way that the surface “blushes” as it intersects itself — so that the
points of “intersection” seen above in R? will be different (in their 4™ coordinates).

Alternately, you can think of the Klein bottle as a parametrized surface traced out by a moving point
P = (z,y, 2,t) where x,y, zdepend on timet¢ and ¢ is recorded as a 4"-coordinate. A point on the
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surface then has coordinates of form (z,, z,t). At “a point” where we see a self-intersection in R3,
there are really two different points (with different time coordinates t).
Example 5.12

1) In S*, identify antipodal points — that is, in vector notation, P ~ — P for each P € S'.
Convince yourself that the quotient S/ ~ is S!.

2) Let D? be the unit disk {P € R? : |P| < 1}. Identify antipodal points on the boundary of
D?: thatis, P~ — P if P € S' C D?. The quotient D/ ~ is called the projective plane, a space
which, like the Klein bottle, cannot be embedded in R>.

3) For any space X, we can form the product X x [0,1] and let (x,1) ~ (y,1) for all
x,y € X. The quotient (X x [0,1])/ ~ is called the cone over X. (Why?)

4) For any space X, we can form the product X x [— 1,1] and define (z,1) ~ (y,1) and
(x, —1) ~ (y, — 1) forall z,y € X. The quotient (X x [ —1,1])/ ~ is called the suspension of X.
(Why?)

There is one other very simple construction for combining topological spaces. It is often used in
conjunction with quotients.

Definition 5.13 For each o € A, let (X,,,7,) be a topological space, and assume that the sets X, are
pairwise disjoint. The topological sum (or “free sum”) of the X,'s is the space (|J,c4Xa, 7 ) where
7T ={0 CUpenXa: ONX, is open in X, for every a € A}. We denote the topological sum by

> X, Inthe case |A| = 2, we use the simpler notation X; + X5.
acA

In > X,, each X, is a clopen subspace. Any set open (or closed) in X, is open (or closed) in the sum.
acA

The topological sum ) X,, can be pictured as a union of the disjoint pieces X, all “far apart” from
acA

each other — so that there is no topological “interaction” between the pieces.

Example 5.14 InRR?, let A; and A, be open disks with radius 1 and centers at (0,0) and (3,0).

Then topological sum A; + A, is the same as Ay U Ay with subspace topology. By contrast, let B; be
an open disk with radius 1 centered at (0,0) and let By be a closed disk with radius 1 centered at
(2,0). Then B; + B; is not the same as B; U By with the subspace topology (why?). Are the
topologies on C + Cy and C; U C5 the same if C; and O} are separated subsets of R? ?

Exercise 5.15 Usually it is very easy to see whether properties of the X, 's do or do not carry over to

>~ X,. For example, you should convince yourself that:
acA

1) If the X,'s are nonempty and separable, then ) © X, is separable iff |A| < .

acA

2) If the X,'s are nonempty and second countable, then > | X, is second countable iff |A| < V.
acA
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3) A function f : Y X, — Z is continuous iff each f|X, is continuous.

acA
4) If d, < lis a metric for X, then the topology on ) X, is the same as 7; where
acA
| do(z,y) ifz,y € X,
d(w,y) = { 1 otherwise

so Y. X, is metrizable if all the X,'s are metrizable. You should be able to find similar statements for
acA
other topological properties such as first countable, second countable, Lindelof, compact, connected,

path connected, completely metrizable, ... .

Definition 5.16 Suppose X and Y are disjoint topological spaces and f : A — Y, where A C X. In
the sum X + Y, define = ~ y iff y = f(x). If we form (X +Y')/ ~, we say that we have attached
X to Y with f and write this space as X + ;Y.

For each p € f[A], its equivalence class under ~ is {p} U f~1[{p}]. You may think of the function
“attaching” the two spaces by repeatedly selecting a group of points in X, identifying them together,
and “sewing” them all onto a single point in ¥ — just as you might run a needle and thread through
several points in the fabric X and then through a point in Y and pull everything tight.

Example 5.17

1) Consider disjoint cylinders X and Y. Let A be the circle forming one end of X and B the
circle forming one end of Y. Let f: A — f[A] = B CY be a homeomorphism. Then f “sews
together” X and Y by identifying these two circles. The result is a new cylinder.

2) Consider a sphere S? C R?. Excise from the surface S? two disjoint open disks D; and D,
and let A; U As be union of the two circles that bounded those disks. Let Y be a cylinder whose
ends are bounded by the union of two circles, B; U Bs. Let f be a homeomorphism carrying the points
of A; and A; clockwise onto the points of B; and B respectively..
Then S? + ;Y is a “sphere with a handle.”

3) Consider a sphere S? C R3. Excise from the surface S? an open disk and let A be the
circular boundary of the hole in the surface S2. Let M be a Mdbius strip and let B be the curve that
bounds it. Of course, B ~ S'. Let f : A — B be a homeomorphism. The we can use f to join the
spaces by “sewing” the edge of the Mobius strip to the edge of the hole in S2. The result is a “sphere

with a crosscap.”

There is a very nice theorem, which we will not prove here, which uses all these ideas. It is a
“classification” theorem for certain surfaces.

Definition 5.18 A Hausdorff space X is a 2-manifold if each z € X has an open neighborhood U that
is homeomorphic to R?. Thus, a 2-manifold looks “locally” just like the Euclidean plane. A surface is

a Hausdorff 2-manifold.

Theorem 5.19 Let X be a compact, connected surface. The X is homeomorphic to a sphere S? or to
S? with a finite number of handles and crosscaps attached.

You can read more about this theorem and its proof in Algebraic Topology: An Introduction (William
Massey).
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Exercises

E22. a) Let ~ be the equivalence relation on R? given by (z1,y1) ~ (x2,ys) iff y1 = yo. Prove that
R?/ ~ is homeomorphic to R.

b) Find a counterexample to the following assertion: if ~ is an equivalence relation on a
space X and each equivalence class is homeomorphic to the same space Y, then (X/ ~ ) x Y is
homeomorphic to X.

Why might someone conjecture that this assertion might be true? In part a), we have X =R x R,
each equivalence class is homeomorphic to R and (X/ ~ ) x R~ R x R~ X. In this example, you
“divide out” equivalence classes that all look like R, then “multiply” by R, and you're back where
you started.

c) Let g:R* - R be given by g(z,y) = 2? +y>. Then the quotient space R?*/g is
homeomorphic to what familiar space?

d) On R?, define an equivalence relation (x1,y1) ~ (z2,v2) iff 21 + vy = 29 +y35 . Prove
that R%/ ~ is homeomorphic to some familiar space.

e) Define an equivalence relation on R by x ~ y ifan only if x — y € Z. What is the quotient
space R/ ~ ? Explain.

E23. For z,y € [0, 1], define x ~ y iff z — y is rational. Prove that the corresponding quotient
space [0,1]/ ~ is trivial.

E24. Prove that a 1-1 quotient map is a homeomorphism.

E25. a) Let Y7 = [0, 1] with its usual topology and Y = [2, 3] with the discrete topology. Define
g:Yl—l—Y2—>Y1bylettingg(ac):{x ifz €Y,

v—2 ifzey, Prove that g is a quotient map that is neither
open nor closed.

b) Let R? have the topology 7 for which a subbase consists of all the usual open sets together
with the singleton set {(0,0)}. Let R have the usual topology and let f : R? — R be the projection
f(x,y) = z. Prove that f is a quotient map which is neither open nor closed.

E26. State and prove a theorem of the form:

“for two disjoint subsets A and B of R?, A + B is homeomorphic to A U B iff...”
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E27. Let R? have the topology 7 for which a subbasis consists of all the usual open sets together with
the singleton set {(0,0)}. Let R have the usual topology and define f:R?> — R by f(z,y) = =.
Prove that f is a quotient map which is neither open nor closed.

E28. LetY; =N+ (N x (0,1))andletY> =Y; +[0,1). ProveY; is not homeomorphic to Y5 but
that each is a continuous one-to-one image of the other

E29. Show that no continuous image of R can be represented as a topological sum X + Y, where
X,Y # (). How can this be result be strengthened?

E30. Suppose X (s € S)and Y; (¢t € T) are pairwise disjoint spaces. Prove that Y- X, x > Y;is
seS terT

homeomorphicto ). (X xY)).

seSteT

E31. This problem outlines a proof (due to Ira Rosenholtz) that every nonempty compact metric space
X is a continuous image of the Cantor set C. From Example 4.5, we know that X is homeomorphic to
a subspace of [0, 1]™.
o
a) Prove that the Cantor set C' C R consists of all reals of the form Y 2/ where

37
J=0

eacha; = 0 or 2.

8
w2

o
b) Prove that [0, 1] is a continuous image of C. Hint: Define g(3>° 5 ) =
=0 =0

¢) Prove that the cube [0, 1]™ is a continuous image of C. Hint: By Corollary 2.21,
C ~ {0,2}% ~ C™ Use g from part b) to define f : C* — [0,1]% by
flxy, 29,0y .) = (g(x1),9(2), o ony -on)

d) Prove that a closed set K C C'is a continuous image of C. Hint: C'is homeomorphic to

o
the “middle two-thirds" set C' consisting of all reals of the form % C'' has the property that if
=0
x,y € C', then % ¢ C'. If K'isclosedin C’, we can map C' — K by sending each point x to
the point in K' nearest to x.)

e) Prove that every nonempty compact metric space X is a continuous image of C'.
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Chapter VI Review

Explain why each statement is true, or provide a counterexample.

—

. (0, 1) is open in [0, 1]™.

N

. Suppose Fis a closed setin [0, 1] x R. Then 72[F] is a closed set in R.

. N™ is discrete.

W

4. 1f C is the Cantor set, then there is a complete metric on C™ which produces the product topology.

92

. Let R have the box topology. A sequence (f,) — f € R® iff (f,) — f uniformly.
6. Let f, : [0,1] — [0, 1] be given by f,,(z) = =". The sequence (f,) has a limit in [0, 1]%1] .

7. Let g € R® be defined by g(z) = 2 for all z € R. Give an example of a sequence ( f,,) of distinct
functions in R® that converges to g.

8. Let C be the Cantor set. Then C' is homeomorphic to the topological sum C + C.
9. The projection maps 7, and 7, from R? — R separate points from closed sets.
10. The letter N is a quotient of the letter M .

11. Suppose ~ is an equivalence relation on X and that for z € X, [z ] represents its equivalence
class. If z is a cut point of X, then [z ] is a cut point of the quotient space X/ ~ .

12.If g: X — Y is a quotient map and Y is compact Ty, then Y is compact T».

13. Suppose A is infinite and that in each space X, (o € A) there is a nonempty proper open subset
O,. Then []O, is not a basic open set in the product topology on X = [[X,. Moreover, [[O,, cannot
even be open in the product.

14. If X =,~,A,, where the A,'s are disjoint clopen sets in X, then X =~ > A, (=the
topological sum of the A,,'s).

o0 00
15. Let X,, = {0,1} and Y,, = N with their usual topologies. Then > X, is homeomorphic to > Y.

n=1 n=1

16. Let X,, = {0,1} and Y,, = N with their usual topologies. Then [],~, X, is homeomorphic to
[ Yo

17. Let A= {(z,y,2) € R} x —y? —2yz — 22 > |sin(zyz)|}, and let f:R® — R be given by
f(z,y,z) = x4+ 2. Then f [A] is open but not closed in R.
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18. Suppose A, is a connected subset of X,,( # @) and that [[,~, A, is dense in [[ -, X,. Then each
X, 1s connected.

19. In RR, every neighborhood of the function sin contains a step function (that is, a function with
finite range).

20. Let X be an uncountable set with the cocountable topology. Then {(z,z):xz € X}is a closed
subset of the product X x X..

21.Let A = {717 :n € N} C R, and let m be any cardinal number. A* is a closed set in RF.
22. If C is the Cantor set, then C' x C' x C x C'is homeomorphic to C' x C.
33. 8! x S! is homeomorphic to the “infinity symbol”: oo

34.31. Let P be the set of all real polynomials in one variable, with domain restricted to [0, 1], for
which ran(P) C [0, 1]. Then P is dense in [0, 1]

35. Every metric space is a quotient of a pseudometric space.

37. A separable metric space with a basis of clopen sets is homeomorphic to a subspace of the Cantor
set.

38. Let [ [, 4 X« be a nonempty product space. Then each factor X, is a quotient of [ ] . , Xa.
39. Suppose X does not have the trivial topology. Then X cannot be separable.

40. Every countable space X is a quotient of N,

41. N x N is homeomorphic to the sum of R, disjoint copies of N.

42. Suppose x = (z,) € int A, where A C [[X,. Then for every o, z,, € intm,[A].

43. The unit circle, S !, is homeomorphic to a product [, 4 X4, where each X,, C [0, 1]
(i.e., S'! can be “factored” into a product of subspaces of [0, 1] ).

44. N® is homeomorphic to R.
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Chapter VII
Separation Properties

1. Introduction

“Separation” refers here to whether objects such as points or disjoint closed sets can be enclosed in
disjoint open sets. In spite of the similarity of terminology, “separation properties” have no direct
connection to the idea of “separated sets” that appeared in Chapter 5 in the context of connected
spaces.

We have already met some simple separation properties of spaces: the Ty, 77 and T, (Hausdorff)
properties. In this chapter, we look at these and others in more depth. As hypotheses for “more
separation” are added, spaces generally become nicer and nicer — especially when “separation” is
combined with other properties. For example, we will see that “enough separation” and “a nice base”
guarantees that a space is metrizable.

“Separation axioms” translates the German term Trennungsaxiome used in the original literature.
Therefore the standard separation axioms were historically named Tj, 77,715, 75,and T}, each one

stronger than its predecessor in the list. Once these had become common terminology, another
separation axiom was discovered to be useful and “interpolated” into the list: 7} L. It turns out that the

T3% spaces (also called Tychonoff spaces) are an extremely well-behaved class of spaces with some
very nice properties.

2. The Basic Ideas
Definition 2.1 A topological space X is called a
1) Ty-space if, whenever x # y € X, there either exists an open set U withx € U,y ¢ U

or there exists an openset Vwithy € V,x ¢ V

2) Ti-space if, whenever z # y € X, there exists an open set U withx € U,y ¢ V
and there exists an open set V withx ¢ U,y € V

3) Ty-space (or, Hausdorff space) if, whenever x # y € X, there exist disjoint open sets U
and V in X suchthatx € U andy € V.

It is immediately clear from the definitions that 75 = 171 = Tj.

Example 2.2

1) X is a Tj-space if and only if: whenever « # y, then N, # N, — that is, different points in
X have different neighborhood systems.
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2) If X has the trivial topology and | X| > 1, then X is not a Tj-space.
3) A pseudometric space (X, d) is a metric space in and only if (X, d) is a Ty-space.

Clearly, a metric space is 7j. On the other hand, suppose (X, d) is Tj and that = # y.
Then for some € > 0 either x ¢ B.(y) or y ¢ B.(x). Either way, d(x,y) > €, so d is
a metric.

4) In any topological space X we candefine an equivalence relation « ~ y iff N, = N,. Let
g: X — X/~ =Y byg(x) =[z]. Give Y the quotient topology. Then g is continuous, onto, open
(not automatic for a quotient map!) and the quotient is a T} space:

If O is open in X, we want to show that g[O] is open in Y, and because Y has the
quotient topology this is true iff g~![g[O]] is open in X. But g~![g[O]]
={reX:g(x)€glO]} ={x € X: forsomey € O, g(x) = g(y)}

= {z € X : x is equivalent to some point y in O} = O.

If [x] # [y] € Y, then z is not equivalent to y, so there is an open set O C X with
(say) x € O and y ¢ O. Since g is open, g[O] is open in Y and [z] € g[O]. Moreover,
[y] ¢ g[O] or else y would be equivalent to some point of O — implying y € O.

Y is called the Tj-identification of X. This identification turns any space into a 7y-space by identifying
points that have identical neighborhoods. If X is a Tj-space to begin with, then g is one-to-one and g is
a homeomorphism. Applied to a Tj space, the Tj-identification accomplishes nothing. If (X, d)is a

pseudometric space, the Ty-identification is the same as the metric identification discussed in Example
VI.5.6 because, in that case, N, = N, if and only if d(z,y) = 0.

5)Fori=0,1,2: if (X,7)isaT; space and 7' O 7 is a new topology on X, then (X,7 )
is also a T} space.
Example 2.3

1) (Exercise) It is easy to check that a space X is a T} space

iff for each © € X, {x}is closed
iff foreachz € X, {x} =({O: Oisopenand z € O}

2) A finite 7} space is discrete.

3) Sierpinski space X = {0, 1} with topology 7 = {0, {1},{0,1}}) is Ty but not 7y: {1} is
an open set that contains 1 and not 0; but there is no open set containing 0 and not 1.

4) R, with the right-ray topology, is Ty but not 7: if x < y € R, then O = (z, 00) is an open
set that contains y and not x; but there is no open set that contains = and not y.

5) With the cofinite topology, N is 7T} but not T, because, in an infinite cofinite space, any two
nonempty open sets have nonempty intersection.
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These separation properties are very well-behaved with respect to subspaces and products.
Theorem 2.4 For: = 0,1, 2:

a) A subspace of a T;-space is a T}-space
b) If X =[], c4Xa # 0, then X is a Tj-space iff each X, is a T}-space.

Proof All of the proofs are easy. We consider here only the case ¢ = 1, leaving the other cases as an
exercise.

a) Suppose a #b € A C X, where X is a T space. If U’ is an open set in X containing x but not v,
then U = U’ N A is an open set in A containing x but not y. Similarly we can find an open set V' in A
containing y but not z. Therefore Ais a T}-space.

b) Suppose X = [, 4Xa is a nonempty Ti-space. Each X, is homeomorphic to a subspace of X,
so0, by part a), each X, is T7. Conversely, suppose each X, is 77 and that x # y € X. Then x, # vy,
for some a. Pick an open set U, in X, containing x,, but not y,. Then U = < U, > is an open set
in X containing x but not y. Similarly, we find an open set V in X containing y but not x. Therefore
XisaTj-space. e

Exercise 2.5 Is a continuous image of a 7;j-space necessarily a T;-space? How about a quotient?
A continuous open image?

We now consider a slightly different kind of separation axiom for a space X : formally, the definition
is “just like” the definition of 75, but with a closed set replacing one of the points.

Definition 2.6 A topological space X is called regular if whenever F' is a closed set and = ¢ F,
there exist disjoint open sets U and V such thatx € U and FF C V.
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There are some easy equivalents of the definition of “regular” that are useful to recognize.
Theorem 2.7 The following are equivalent for any space X:
i) X is regular

i) if O is an open set containing x, then there exists an open set U C X such that
zelU CclUCO

iii) at each point z € X there exists a neighborhood base consisting of closed
neighborhoods.

Proof i) = ii) Suppose X is regular and O is an open set with « € O. Letting F' = X — O, we use
regularity to get disjoint open sets U,V with x € U and F' C V as illustrated below:

vz i

Thenx € U CclU C O (sinceclU C X —V).

i) = iii)) If N € N, thenxz € O = int N. By ii), we can find an open set U so that
xeU CclU C O C N. Since clU is aneighborhood of x, the closed neighborhoods of « form a
neighborhood base at .

iii) = i) Suppose F is closed and = ¢ F. By ii), there is a closed neighborhood K of x such
thatx € K C X — F. Wecan choose U = int K and V' = X — K to complete the proof that X is
regular. e

Example 2.8 Every pseudometric space (X, d) is regular. Suppose a ¢ F'and F'is closed. We have
a continuous function f(z) = d(x, F) for which f(a) = ¢ > 0 and f|F = 0. This gives us disjoint
open sets witha € U = f[(§,00)]and F C V = f~![(— 00, §)]. Therefore X is regular.

At first glance, one might think that regularity is a stronger condition than 75. But this is false: if
(X, d) is a pseudometric space but not a metric space, then X is regular but not even 7j,.
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To bring things into line, we make the following definition.
Definition A topological space X is called a T3-space if X is regular and 7.

It is easy to show that 75 = T5 (= T} = Tp): suppose X is T3 and x # y € X. Then F = {y} is
closed so, by regularity, there are disjoint open sets U, V withx € U and y € {y} C V.

Caution Terminology varies from book to book. For some authors, the definition of “regular”
includes Ty :  for them, “regular” means what we have called ““I3.” Check the definitions when
reading other books.

Exercise 2.10 Show that a regular Tj space must be T3 (so it would have been equivalent to use “Ty”
instead of 11" in the definition of “I3”).

Example 2.11 T, = T3. We will put a new topology on the set X = R?. At each point p € X, leta
neighborhood base B, consist of all sets /V of the form

N = B.(p) — (a finite number of straight lines through p) U {p} for some ¢ > 0.

(Check that the conditions in the Neighborhood Base Theorem II11.5.2 are satisfied.) With the resulting
topology, X is called the slotted plane. Note that B.(p) € B, (because “0” is a finite number), so
each B.(p) is among the basic neighborhoods in B, — so the slotted plane topology on R? contains the
usual Euclidean topology. It follows that X is T5.

The set F' = {(z,0) : © # 0} = “the x-axis with the origin deleted” is a closed set in X (why?).

If U is any open set containing the origin (0, 0), then there is a basic neighborhood N with

(0,0) € N C U. Using the €in the definition of N, we can choose a point p = (z,0) € F'with

0 < z < e. Every basic neighborhood set of p must intersect N (why?) and therefore must intersect
U. 1t follows that (0,0) and F' cannot be separated by disjoint open sets, so the slotted plane is not
regular (and therefore not 73).
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Note: The usual topology in R? is regular. This example shows that an “enlargement” of a regular
(or 15 ) topology may not be regular (or 15 ). Although the enlarged topology has more open sets to
work with, there are also more “point/closed set pairs x, F'” that need to be separated. By contrast, it
is easy to see that an “enlargement” of a T; topology (i = 0, 1,2) is still T;.

Example 2.12 The Moore plane I' (Example I11.5.6) is clearly T5. In fact, at each point, there is a
neighborhood base of closed neighborhoods. The figure illustrates this for a point P on the z-axis and a
point () above the z-axis. Therefore I is 75.

A

P

Theorem 2.13 a) A subspace of a regular (73) space is regular (73).
b) Suppose X = [[,c4Xa # 0. X is regular (73) iff each X, is regular (73).

Proof a) Let A C X where X is regular. Suppose a € A and that F'is a closed set in A that does not
contain a. There exists a closed set F'/ in X such that F'' N A = F. Choose disjoint open sets

U'and V'in X witha € U’ and F/ CV’'. ThenU =U’'NAandV = V' N Aare openin A,
disjoint, @ € U, and F' C V. Therefore A is regular.

b) If X = [],c4Xa # 0 is regular, then part a) implies that each X, is regular, because each
X, is homeomorphic to a subspace of X. Conversely, suppose each X, is regular and that
U= <U,,,..,U,, > is abasic open set containing x. For each «;, we can pick an open set V,, in
Xy, suchthatz,, € V,,, CclV,, CU,. Thenz €V = <V,,..,V, > CeclV
C <clVy,...,clV,, > CU. (Whyis the last inclusion true?) Therefore X is regular.

Since the 17 property is hereditary and productive, a) and b) also hold for 73-spaces e

The obvious “next step up” in separation is the following:

Definition 2.14 A topological space X is called normal if, whenever A, B are disjoint closed sets in
X, there exist disjoint open sets U,V in X with A C U and B C V. Xis called a Ty-space if X is
normal and T} .

288



Example 2.15 a) Every pseudometric space (X, d) is normal (so every metric space is 7).

In fact, if A and B are disjoint closed sets, we can define f(z) = % . Since the

denominator cannot be 0, f is continuous and f|A = 0, f|B = 1. Theopensets U = {z : f(z) < 3}
and V = {x : f(x) > 1} are disjoint that contain A and B respectively. Therefore X is normal.

Note: the argument given is slick and clean. Can you show (X, d) is normal by directly constructing a
pair of disjoint open sets that contain A and B ?

b) Let R have the right ray topology 7 = {(z,00);z € R} U{0,R}. (R, T)is
normal because the only possible pair of disjoint closed sets is () and X and we can separate these using
the disjoint opensets U = () and V = X. Also, (R, 7) is not regular: for example 1 is not in the
closed set F' = ( — 00, 0], butevery open set that contains F' also contains 1. So normal = regular.
But (R, 7") is not 7} and therefore not 7.

When we combine “normal + 77" into T}, we have a property that fits perfectly into the separation
hierarchy.

Theorem 2.16 T, = T3 (=T, =T = 1y)
Proof Suppose X is 7. If F'is a closed set not containing z, then {x} and F are disjoint closed

sets. By normality, we can find disjoint open sets separating {z}and F. It follows that X is regular
and therefore T3. o
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Exercises

El. X is called a door space if every subset is either open or closed. Prove that if a T5-space X
contains two points that are not isolated, then X is not a door space, and that otherwise X is a door
space.

E2. A base for the closed sets in a space X is a collection of F of closed subsets such that every
closed set F'is an intersection of sets from F. Clearly, F is a base for the closed sets in X iff
B={0:0=X-—F, F e F}isabase for the open sets in X.

For a polynomial P in n real variables, define the zero set of P as
Z(P) ={(z1,29,...,x,) ER": P (21,29,....,x,) =0}

a) Prove that {Z(P) : P a polynomial in n real variables} is the base for the closed sets of a
topology (called the Zariski topology) on R".

b) Prove that the Zariski topology on R" is 77 but not 75.

c) Prove that the Zariski topology on R is the cofinite topology, but that if n > 1, the Zariski
topology on R" is not the cofinite topology.

Note: The Zariski topology arises in studying algebraic geometry. After all, the sets Z (P)are rather

special geometric objects—those “surfaces” in R™ which can be described by polynomial equations
P(I‘l,IBQ, ceey l‘n) = 0.

E3. A space X is a T, space if, whenever = # y € X, there exist open sets U and Vsuch that z € U,
y€VandclUNclV = 0. (Clearly, Ty = T5)5 = T5.)

a) Prove that a subspace of a T/, space is a 15, space.

b) Suppose X = [[X, # 0. Prove that X is T3, iff each X, is T35 .

c) Let S = {(z,y) e R*: y > 0} and L = {(z,y) € S : y = 0}. Define a topology on S with
the following neighborhood bases:

if pe S—L:
if pe L:

{B:p)NS:e>0}
B(p)n(S—L)U{p}:e>0}

B,
B,
You may assume that these B)'s satisfy the axioms for a neighborhood base.

Prove that S'is T}/, but not 75.
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E4. Suppose A C X. Define a topology on X by
T={OCX:02A}U{0}

Decide whether or not (X, 7°) is normal.

E5. A function f: X — Y is called perfect if f is continuous, closed, onto, and, for each y € Y,
f~Y(y) is compact. Prove that if X is regular and f is perfect, then Y is regular; and that if X is T3,
the Y is also T5.

E6. a) Suppose X is finite. Prove that (X, 7) is regular iff there is a partition /5 of X that is a base for
the topology.

b) Give an example to show that a compact subset K of a regular space X need not be closed.
However, show that if X is regular then cl K is compact.

¢) Suppose F'is closed in a T3-space X. Prove that
i) Prove that F' = (J{O : O isopenand F' C O}.
ii) Define x ~ y iff x = y or z,y € F. Prove that the quotient space X/ ~ is Hausdorff.

d) Suppose B is an infinite subset of a T5-space X. Prove that there exists a sequence of open sets
U,, such that each U,, N B # () and that c1U,, N cl U, = () whenever n # m.

e) Suppose each point y in a space Y has a neighborhood V' such that cl V' is regular. Prove
that YV is regular.
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3. Completely Regular Spaces and Tychonoff Spaces

The T3 property is well-behaved. For example, we saw in Theorem 2.13 that the 75 property is
hereditary and productive. However, the T3 property is not sufficiently strong to give us really nice
theorems.

For example, it's very useful if a space has many (nonconstant) continuous real-valued functions
available to use. Remember how many times we have used the fact that continuous real-valued
functions f can be defined on a metric space (X, d) using formulas like f(z) = d(z,a) or

f(x) =d(x, F); when | X| > 1, we get many nonconstant real functions defined on (X, d). Buta
Ts-space can sometimes be very deficient in continuous real-valued functions — in 1946, Hewett gave
an example of a infinite 73-space H on which the only continuous real-valued functions are the
constant functions.

In contrast, we will see that the 7} property is strong enough to guarantee the existence of lots of
continuous real-valued functions and, therefore, to prove some really nice theorems (for example, see
Theorems 5.2 and 5.6 later in this chapter). The downside is that Tj-spaces turn out also to exhibit
some very bad behavior: the T} property is not hereditary (explain why a proof analogous to the one
given for Theorem 2.13b) doesn't work) and it is not even finitely productive. Examples of such bad
behavior are a little hard to find right now, but later they will appear rather naturally.

These observations lead us to look first at a class of spaces with separation somewhere “between 73
and 7;.” We want a group of spaces that is well-behaved, but also with enough separation to give us
some very nice theorems. We begin with some notation and a lemma.

Recall that C(X)={f € RY: fiscontinuous} = the collection of continuous real-valued
functions on X

C*(X)={f € C(X): fisbounded} = the collection of continuous bounded
real-valued functions on X

Lemma 3.1 Suppose f,g € C(X). Define real-valued functions f V gand f A g by

(f vV g)(x) = max{f(x),g(x)}
(f Ag)(x) = min {f (), g(x)}

Then f V gand f A gare in C'(X).

Proof We want to prove that the max or min of two continuous real-valued functions is continuous.
But this follows immediately from the formulas

(fVg(x) = f(iv);g(x) 4 If(w);g(w)‘
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Definition 3.2 A space X is called completely regular if whenever F'is a closed set and a ¢ F, there
exists a function f € C'(X) such that f(a) = Oand f|F' = 1.

Informally, “completely regular” means that “a and F' can be separated by a continuous real-valued
function.”

Note i) The definition requires that f|F' = 1, in other words, that I C f~'[{1}]. However, these
two sets might not be equal.

ii) If there is such a function f, there is also a continuous g : X — [0, 1] such that g(a) = 0
and g|F' = 1. For example, we could use g = (f V 0) A 1 which, by Lemma 3.1, is continuous.

iii) Suppose ¢ : X — [0, 1]is continuous and g(a) = 0, g|F' = 1. The particular values 0, 1 in
the definition are not important.: they could be any real numbers r» < s. (If' we choose a
homeomorphism ¢ : [0,1] — [r, s], then it must be true that either ¢(0) = r, (1) = s or ¢(0) = s,
o(1) =r —why?. Thenh = ¢pog: X — [r,s| and, depending on how you chose ¢, h(a) = rand
h|F = b or vice-versa.)

Putting these observations together, we see Definition 3.2 is equivalent to:

Definition 3.2 A space X is called completely regular if whenever F'is a closed set, a ¢ F', and
r, s are real numbers with r < s, then there exists a continuous function f : X — [r, s| for which
fla) =rand f|F = s.

In one way, the definition of “completely regular space” is very different the definitions for the other
separation properties: the definition isn't “internal”’because an “external” space, R is an integral part of
the definition. While it is possible to contrive a purely internal definition for “completely regular,” the
definition is complicated and seems completely unnatural: it simply imposes some very unintuitive
conditions to force the existence of enough functions in C'(X).

Example 3.3 Suppose (X, d) is a pseudometric space with a closed subset F'and a ¢ F'. Then

f(z) = ZEGL’R is continuous, f(a) = land f|F = 0. So (X, d) is completely regular, but if d is not a
metric, then this space is not even 7.

Definition 3.4 A completely regular 77-space X is called a Tychonoff space (or T3%—space).

Theorem 3.5 T3% =T (=Th=T=1))

Proof Suppose F'is a closed set in X not containing a. If X is Tgé, we can choose f € C'(X)with
f(a) =0and f[F =1. ThenU = f~'[( — 00, 3)] and V = f~![(3, 00)] are disjoint open sets with
a €U, FCV. Therefore X is regular. Since X is T}, X is7T5. @

Hewitt's example of a T3 space on which every continuous real-valued function is constant is more than
enough to show that a 73 space may not be 75 1 (the example, in Ann. Math., 47(1946) 503-509, is

rather complicated.). For that purpose, it is a little easier — but still nontrivial — to find a 73 space X
containing two points p, ¢ such that for all f € C(X), f(p) = f(q). Then pand {¢} cannot be
separated by a function from C'(X) so X is not Ty 1. (See D.J. Thomas, A4 regular space, not

completely regular, American Mathematical Monthly, 76(1969), 181-182). The space X can then be
used to construct an infinite 73 space H (simpler than Hewitt's example) on which every continuous
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real-valued function is constant (see Gantner, 4 regular space on which every continuous real-valued
function is constant, American Mathematical Monthly, 78(1971), 52.) Although we will not present
these constructions here, we will occasionally refer to H in comments later in this section.

Note: We have not yet shown that Ty = T} L this is true (as the notation suggests), but it is not at all
easy to prove: try it! This result is in Corollary 5.3.

Tychonoff spaces continue the pattern of good behavior that we saw in preceding separation axioms,
and they will also turn out to be a rich class of spaces to study.

Theorem 3.7 a) A subspace of a completely regular (Tg%) space is completely regular (7} 1 ).
b) Suppose X = [[,c4Xa # 0. X is completely regular (Tgé) iffeach X, is
completely regular (Tg%) .

Proof Supposea ¢ F'C A C X, where X is completely regularand F'is a closed set in A. Pick a
closed set K in X such that K N A = Fandan f € C(X) such that f(a) = Oand f|K = 1. Then
g= f|A € C(A), g(a) = 0and g|F = 1. Therefore A is completely regular.

If 0 # X = [[,e4Xa is completely regular, then each X, is homeomorphic to a subspace of
X so each X, is completely regular. Conversely, suppose each X, is completely regular and that F'is
a closed set in X not containing a. There is a basic open set U such that

aclU= <U,,.U, > CX—-F

For each i = 1, ...,n we can pick a continuous function f,, : X,, — [0, 1] with f,,(a,,) = 0 and
fol(Xa, — Uy,,) = 1. Define f : X — [0, 1] by

i

flz) =max {(fo, oma,)(z) i =1,...,n} =max{fn(zs):i=1,..,n}

Then f is continuous and f(a) = max {f,,(an) : ¢ =1,....,n} = 0. If € F, then for some 1,
Za, ¢ Uy, and f,.(z4,) = 1,0 f(z) = 1. Therefore f|F' = 1 and X is completely regular.

Since the 77 property is both hereditary and productive, the statements in a) and b) also hold
for7T;.. e
2

Corollary 3.8 For any cardinal m, the “cube” [0, 1] and all its subspaces are 7. 31

Since a Tychonoff space X is defined using functions in C'(X), we expect thatthese functions will
have a close relationship to the topology on X. We want to explore that connection.

Definition 3.9 Suppose f € C(X). Then Z(f) = f}[{0}] = {x € X : f(x) = 0} is called the
zero set of f. If A = Z(f) for some f € C'(X), we call A a zero set in X. The complement of a zero
setin X is called a cozero set: coz(f) = X — Z(f) ={z € X : f(z) # 0}.

A zero set Z(f)in X is closed because f is continuous. In addition, Z(f) = () _,O,, where
O, ={ze€X:|f(x)]<i}. Each O, is open. Therefore a zero set is always a closed Gj-set.
Taking complements shows that coz ( f) is always an open F,-set in X.
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For fe C(X), letg=(—1V f)Al e C*(X). Then Z(f) = Z(g). Therefore C'(X)and C*(X)
produce the same zero sets in X (and therefore also the same cozero sets).

Example 3.10
1) A closed set F' in a pseudometric space (X, d) is a zero set: F' = Z(f), where f(x) = d(x, F).

2) In general, a closed set in X might not be a zero set — in fact, a closed set in X might not even be
a G set.

Suppose X is uncountable and p € X. Define a topology on X by letting B, = {{z}} be a
neighborhood at each point = # p and letting B, = {B : p € B and X — B is countable} be
the neighborhood base at p. (Check that the conditions of the Neighborhood Base Theorem
111.5.2 are satisfied.)

All points in X — {p} are isolated and X is clearly 7;. In fact, X is T}.

If A and B are disjoint closed sets in X, then one of them (say A)satisfies
A C X — {p}, so Ais clopen. We then have opensets U = AandV = X — A D B,
so X is normal.

We do not know yet that T} = 75 1 in general, but it's easy to see that this space X is also T} L.

If F' is a closed set not containing x, then either ' C X — {p}or {z} C X — {p}.
So one of the sets F' or {z} is clopen and he characteristic function of that clopen set is
continuous and works to show that X is completely regular.

The set {p} is closed but {p} is not a G set in X, so {p} is not a zero set in X.

Suppose p € ﬂnoilOn where O, is open. For each n, there is a basic neighborhood B,,
of psuchthatp € B, C O,,, so X — O,, C X — B, is countable. Therefore
X =20, =U,~;(X — 0,) is countable. Since X is uncountable, we conclude

that {p} # N2, O

Even when F is both closed and a G set, F might not be a zero set. We will see examples
later.

For purely technical purposes, it is convenient to notice that zero sets and cozero sets can be described
in a many different forms. For example, if f € C'(X), then we can see that each set in the left column
is a zero set by choosing a suitable g € C'(X) :

Z=Aw: flx)=r}y =2(9), where g(z) = f(z) —r

Z=A{z: f(z) > 0} =Z(g), where g(z) = f(z) — | (2)]
Z=Ax:f(z) <0} =Z(g), where g(z) = f(x) + [f(2)]
Z=Az: f(z) > r} =Z(g), where g(z) = (f(z) —7) = |f(z) — 7|
Z=Ax: flx)<r} =Z(g), where g(z) = (f(x) —7) +|f(x) = 7|

295



On the other hand, if g € C'(X), we can write Z(g) in any of the forms listed above by choosing an
appropriate function f € C'(X) :

Z(g)={z: f(z)=r} where f(z) =g(z)+r
Z(g) ={z: f(z) > 0} where  f(z) = — |g(2)]
Z(g) ={x: f(z) < 0} where f(z) = [g(z)]

Z(g) ={z: f(z) > r} where  f(z) =1 — |g(2)|
Z(g) ={x: f(z) <r} where  f(z) =r+ [g(z)|

Taking complements, we get the corresponding results for cozero sets: if f € C'(X)
i) thesets {z: f(z) #r}, {z: f(zx) <0}, {z: f(x) >0} {z: f(x) <r}, {z: f(x)>r}
are cozero sets, and
i) any given cozero set can be written in any one of these forms.

Using the terminology of cozero sets, we can see a nice comparison/contrast between regularity and
complete regularity. Suppose x ¢ F, where F' is closed in X. If X is regular, we can find disjoint
open sets U and V with z € U and F' C V. But if X is completely regular, we can separate  and F’
with “special” open sets U and V' — cozero sets! Just choose f € C'(X) with f(x) = 0and f|F =1,
then

zelU={z: f(z) <3} and FCV={z:f(z)> 3}

In fact this observation characterizes completely regular spaces — that is, if a regular space fails to be
completely regular, it is because there is a “shortage” of cozero sets — because there is a “shortage” of
functions in C(X) (see Theorem 3.12, below). For the extreme case of a T3 space H on which the only
continuous real valued functions are constant, the only cozero sets are () and H !

The next theorem reveals the connections between cozero sets, C'(X) and the weak topology on X.

Theorem 3.11 For any space (X,7), C'(X)and C*(X) induce the same weak topology 7, 0on X, and
a base for 7, is the collection of all cozero sets in X.

Proof A subbase for 7,, consists of all sets of the form f~![U], where U is open in R and f € C(X).
Without loss of generality, we can assume the sets U are subbasic open sets of the form (a,o0) and
(— 00, b), so that the sets f~}[U] have form {z € X : f(z) > a}or {z € X : f(z) < b}. But these
are cozero sets of X, and every cozero set in X has this form. So the cozero sets are a subbase for 7,
In fact, the cozero sets are actually a base because coz (f) N coz(g) = coz (fg): the intersection of
two cozero sets is a cozero set.

The same argument, with C*(X) replacing C'(X), shows that the cozero sets of C*(X) are a base for
the weak topology on X generated by C*(X). But C'(X) and C*(X) produce the same cozero sets in
X, and therefore generate the same weak topology 7,,on X. e

Now we can now see the close connection between X and C'(X) in completely regular spaces. For any
space (X, 7) the functions in C'(X) certainly are continuous with respect to 7 (by definition of C'(X)
). But is 7 the smallest topology making this collection of functions continuous? In other words, is 7°
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the weak topology on X generated by C'(X)? The next theorem says that is true precisely when X is
completely regular.

Theorem 3.12 For any space (X, 7), the following are equivalent:

a) X is completely regular

b) The cozero sets of X are a base for the topology on X (equivalently, the zero sets of X
are a base for the closed sets—meaning that every closed set is an intersection of zero sets)
¢) X has the weak topology from C'(X) (equivalently, from C*(X))

d) C(X) (equivalently, C*(X) ) separates points from closed sets.

Proof The preceding theorem shows that b) and c) are equivalent.

a) = b) Suppose a € O where O is open. Let F' = X — O. Then we can choose f € C(X)
with f(a) =0 and f|F =1. Then U = {z: f(z) < i} is a cozero set for which a € U C O.

Therefore the cozero sets are a base for X.

b) = d) Suppose F'is a closed set not containing a. By b), we can choose f € C(X) so that
accoz(f)CX—F. Then f(a)=r#0, so f(a) ¢ cl f[F] ={0}. Therefore C(X) separates
points and closed sets.

d) = a) Suppose F'is a closed set not containing a. There is some f € C'(X) for which
f(a) ¢ cl f[F]. Without loss of generality (why?), we can assume f(a) = 0. Then, for some € > 0,
(—e€,e)N f[F] =0, so that for z € F, |f(z)] > €. Define g € C*(X) by g(z) = min{|f(z)|, €}.
Then g(a) = 0 and g|F = ¢, so X is completely regular.

At each step of the proof, C'(X) can be replaced by C*(X) (check!) e

The following corollary is curious and the proof is a good test of whether one understands the idea of
“weak topology.”

Corollary 3.13 Suppose X is a set and let 7 be the weak topology on X generated by any family of
functions F C R¥. Then (X, 7r) is completely regular. (X, 7r)is Tychonoff is F separates points.

Proof Give X the topology the weak topology 7r generated by F. Now X has a topology, so the
collection C'(X) makes sense. Let T3, be the weak topology on X generated by C'(X).

The topology 7x does make all the functions in C'(X) continuous, so 7,, C 7.

On the other hand: F C C(X) by definition of 7z, and the larger collection of functions C'(X)
generates a (potentially) larger weak topology. Therefore 7 C 7,,.

Therefore 77 = 7,,. By Theorem 3.12, (X, 7x) is completely regular. e
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Example 3.14

1) If F = {f € R : f is nowhere differentiable}, then the weak topology 7+ on R generated
by F is completely regular.

2) If H is an infinite T3 space on which every continuous real-valued function is constant (see
the comments at the beginning of this Section 3), then the weak topology generated by C'(X) has for a
base the collection of cozero sets {(), H}. So the weak topology generated by C'(X) is the trivial
topology, not the original topology on X.

Theorem 3.12 leads to a lovely characterization of Tychonoff spaces.

Corollary 3.15  Suppose X is a Tychonoff space.  For each f € C*(X), we have
ran(f) C [ay,bs] = Iy for some ay < by € R. The evaluation map e : X — [[{I;: f € C*(X)} is
an embedding.

Proof X is T3, the f's are continuous and the collection of f's ( = C*(X)) separates points and
closed sets. By Corollary V1.4.11, e is an embedding. e

Since each I; is homeomorphic to [0,1], [[{/;:f € C*(X)} is homeomorphic to [0,1]™, where
m = |C*(X)|. Therefore any Tychonoff space can be embedded in a “cube.” On the other hand
(Corollary 3.8) [0,1]™ and all its subspaces are Tychonoff. So we have:

Corollary 3.16 A space X is Tychonoff iff X is homeomorphic to a subspace of a “cube” [0, 1]™ for
some cardinal number m.

The exponent m = |C”(X)| in the corollary may not be the smallest exponent possible. As an extreme
case, for example, we have ¢ =|C*(R)|, even though we can embed R in [0,1] = [0, 1]!. The
following theorem improves the value for m in certain cases (and we proved a similar result for metric
spaces (X, d): see Example V1.4.5.)

Theorem 3.17 Suppose X is Tychonoff with a base B of cardinality m. Then X can be embedded in
[0,1]™. In particular, X can be embedded in [0, 1]*(X) .

Proof Suppose m is finite. Since X is 77, {z} = [{B : B is a basic open set containing x}. Only
finitely many such intersections are possible, so X 1is finite and therefore discrete. Hence
x .0

Suppose B is a base of cardinal m where m is infinite. Call a pair (U,V) € B x B
distinguished if there exists a continuous fyy : X — [0,1] with fyy(z) < for all z € U and
fov(z)=1 for all x€ X —-V. Clearly, U CV for a distinguished pair (U,V). For each

distinguished pair, pick such a function fyyy andlet F = {fy v : (U,V) € B x Bis distinguished }.
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We note that if a € V' € B, then there must exist U € B such that « € U and (U, V') is distinguished.
To see this, pick an f : X — [0, 1] so that f(a) = 0and f|X —V = 1. Then choose U € B so that
acUC f0,3)]CV.

We claim that F separates points and closed sets:

Suppose F' is a closed set not containing a. Choose a basic set V' € Bwitha e V C X — F.
There is a distinguished pair (U,V) witha € U CV C X — F. Then fyy(a) =r < 3 and
fov|F =150 fyv(a) &cl fuy[F]={1}.

By Corollary VI4.11, e:X —[0,1]¥] is an embedding. Since m is infinite,
|FI<|BxBl=m?>=m. e

A theorem that states that certain topological properties of a space X imply that X is metrizable is
called a “metrization theorem.” Typically the hypotheses of a metrization theorem involve that

1) X has “enough separation” and 2) X has a “sufficiently nice base.” The following theorem is a
simple example.

Corollary 3.18 (“Baby Metrization Theorem”) A second countable Tychonoff space X is
metrizable.

top
Proof By Theorem3.17, X C [0, 1]%. Since [0, 1] is metrizable, so is X. e

In Corollary 3.18, X turns out to be metrizable and separable (since X is second countable). On the
other hand [0, 1]™ and all its subspaces are separable metrizable spaces. Thus, the corollary tells us
that the separable metrizable spaces (topologically) are precisely the second countable Tychonoff

Spaces.
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Exercises

E7. Prove that if X is a countable Tychonoff space, then there is a neighborhood base of clopen sets at
each point. (Such a space X is sometimes called zero-dimensional.)

ES. Prove that in any space X, a countable union of cozero sets is a cozero set — or, equivalently, that a
countable intersection of zero sets is a zero set.

E9. Prove that the following are equivalent in any Tychonoff space X:

a) every zero set is open

b) every Gj set is open

¢) for each f € C'(X) : if f(p) = 0 then there is a neighborhood N of p
such that f | N =0

E10. Let7 : R — R be the identity map and let
(i) ={f € C(R) : f = giforsome g € C(R)}.
(2) is called the ideal in C(R) generated by the element i.

For those who know a bit of algebra: if we definite addition and multiplication of functions pointwise,
then C(R) (or, more generally, C(X)) is a commutative ring. The constant function 0O is the zero
element in the ring; there is also a unit element, namely the constant function “1.”

a) Prove that (i) = {f € C(R) : f(0) = 0andthe derivative f'(0) exists}.
b) Exhibit two functions f, g in C'(R) for which fg € (i) yet f ¢ (i) and g ¢ (7).

c) Let X be a Tychonoff space with more than one point. Prove that there are two functions
f,g9 € C(X) such that fg = 0 on X yet neither f nor g is identically 0 on X.

Thus, there are functions f,g € C(X) for which fg = 0 although f # 0 and g # 0. In an
algebra course, such elements f and g in the ring C(X) are called “zero divisors.”

d) Prove that there are exactly two functions f € C(R) for which f2 = f. (InC(X), the
notation f?(x) means f(x) - f(x), not f(f(x)).)

e) Prove that there are exactly ¢ functions f in C(Q) for which f2? = f.

An element in C(X) that equals its own square is called an idempotent. Part d) shows that C(R) and
C(Q) are not isomorphic rings since they have different numbers of idempotents. Is either C(R) or
C(Q) isomorphic to C(N)?

One classic part of general topology is to explore the relationship between the space X and the rings

C(X) and C*(X). For example, if X is homeomorphic to Y, then C(X) is isomorphic to C(Y'). This
necessarily implies (why?) that C*(X) is isomorphic to C*(Y"). The question “when does isomorphism
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imply homeomorphism?” is more difficult. Another important area of study is how the maximal ideals
of the ring C(X) are related to the topology of X. The best introduction to this material is the classic
book Rings of Continuous Functions (Gillman-Jerison).

f) Let D(R) be the set of differentiable functions f : R — R. Are the rings C'(R) and D(R)
isomorphic? Hint: An isomorphism between C(R) and D(R) preserves cube roots.

El1. Suppose X is a connected Tychonoff space with more than one point. Prove | X| > c..
E12. Let X be a topological space. Suppose f,g € C'(X) and that Z(f) is a neighborhood of Z(g)

(thatis, Z(g) Cint Z(f).)

a) Prove that f is a multiple of g in C'(X), that is, prove there is a function h € C'(X) such
that f(z) = g(z)h(z) forall z € X.

b) Give an example where Z(f) O Z(g) but f is not a multiple of g in C'(X).

E13. Let X be a Tychonoff space with subspaces F' and A, where F is closed and A is countable.
Prove that if ' N A = (), then A is disjoint from some zero set that contains F.

El4. A space X is called pseudocompact if every continuous f : X — R is bounded, that is, if
C(X) = C*(X) (see Definition IV.8.7). Consider the following condition (*) on a space X:
(*) Whenever V; D V5, D ... DV, D ... is a decreasing sequence of nonempty open sets,
then (2 ,clV,, # 0.
a) Prove that if X satisfies (*), then X is pseudocompact.
b) Prove that if X is Tychonoff and pseudocompact, then X satisfies (*).

Note: For Tychonoff spaces, part b) gives an “internal” characterization of pseudocompactness — that
is, a characterization that makes no explicit reference to R.
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4. Normal and T-Spaces

We now return to a topic in progress: normal spaces (and Tj-spaces). Even though normal spaces are
badly behaved in some ways, there are still some very important (and nontrivial) theorems that we can
prove. One of these will give “Ty = T3%” as an immediate corollary.

To begin, the following technical variation on the definition of normality is very useful.

Lemma 4.1 A space X is normal iff whenever A is closed, O is open and A C O,
there exists an open set U
withACU CclU CO.

Proof Suppose X is normal and that Ois an open set containing the closed set A. Then A and
B = X — Oare disjoint closed sets. By normality, there are disjoint open sets U and V with A C U
and BCV. ThenACU CclUC X -V CO.

Conversely, suppose X satisfies the stated condition and that A, B are disjoint closed sets.

Then A C O = X — B, sothereisanopenset U with AC U CclU C X —B. LetV =X —clU.
U and V are disjoint closed sets containing A and B respectively, so X is normal. e
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Theorem 4.2 a) A closed subspace of a normal (7}) space is normal (7).
b) A continuous closed image of a normal (7)) space normal (7}).

Proof a) Suppose F'is a closed subspace of a normal space X and let A and B be disjoint closed sets
in F'. Then A, B are also closed in X so we can find disjoint open sets U’ and V'’ in X containing A
and B respectively. Then U = U’'N F and V = V' N F are disjoint open sets in F' that contain A
and B, so I is normal.

b) Suppose X is normal and that f : X — Y is continuous, closed and onto. If A and Bare
disjoint closed sets in Y, then f~![A]and f~![B] are disjoint closed sets in X. Pick U’ and V'
disjoint open sets in X with f~'[A] CU’and f}[B]C V' ThenU =Y — f[X — U] and
V =Y — f[X — V'] are open sets in Y.

If y e U, then y ¢ f[X —U’]. Since f is onto, y = f(z)for some x € U’ C X — V', Therefore
ye fIX—V']soy¢ V. HenceUNV = .

Ify € A, then f[{y}] C fHA] CU’,s0o f'{y}]N(X —U"')=10. Therefore y ¢ f[X —U'] so
yeY — f[X—U'] =U. Therefore A C U and, similarly, B C V so Y is normal.

Since the 17 property is hereditary and is preserved by closed onto maps, the statements in a) and b)
hold for T}, as well as normality. e

The next theorem gives us more examples of normal (and T}) spaces.

Theorem 4.3 Every regular Lindel6f space X is normal (and therefore every Lindel6f T3-space
is Ty).

Proof Suppose A and B are disjoint closed sets in X. For each x € A, use regularity to pick an open
set U, such that x € U, CclU, C X — B. Since the Lindel6f property is hereditary on closed
subsets, a countable number of the U,'s cover A: relabel these as Uy, Us, ..., U,, ... . For each n, we
have clU, N B = (). Similarly, choose a sequence of open sets V7, V5, ..., V,,, ... covering B such that
clV, N A = () for each n.

We have that | J,~ U, 2 Aand |J,—,V,, 2 B, but these unions may not be disjoint. So we define

Uf = Uy —clV; Vi =V —cllj
Uy =U; — (clV3 UclV3) Vo' =Vy — (clU; UclUs)
Us =U, — (clV; Ucl VU ... UclT}) V=V, — (clU; UclUs U...UclU,)

LetU =U,_Uyand V =U,2, V.

If x € A, then = ¢ cl V,, for all n. But z € Uy, for some k, so x € U C U. Therefore A C U and,
similarly, B C V.

To complete the proof, we show that U NV = (). Suppose z € U.
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Then x € U}} for some k, so z¢clVyUclVaU...UclVy,
so z ¢ ViulhUu...UV;
so z ¢ VUV U...UV}
so x ¢ V*foranyn < k.

Since z € U}, then z € Uy,. So, ifn > k,thenxz ¢ V) =V, — (clU U...UclUpU...UclU,)

Sox ¢ V*foralln,sox ¢ V and therefore U NV = (. o

Example 4.4 The Sorgenfrey line S is regular because the sets [a,b) form a base of closed
neighborhoods at each point a. We proved in Example V1.3.2 that S is Lindelof, so S is normal. Since
S is 17, we have that S 1s T}.

5. Urysohn's Lemma and Tietze's Extension Theorem

We now turn our attention to the issue of “Ty = T31”. This is hard to prove because to show that a
space X is Tgé, we need to prove that certain continuous functions exist; but the hypothesis “7;” gives
us no continuous functions to work with. As far as we know at this point, there could even be T}
spaces on which every continuous real-valued function is constant! If Tj-spaces are going to have a
rich supply of continuous real-valued functions, we will have to show that these functions can be “built
from scratch” in a Ty-space. This will lead us to two of the most well-known classical theorems of
general topology.

We begin with the following technical lemma. It gives a way to use a certain collection of open sets
{U, : r € Q} to construct a function f € C'(X). The idea in the proof is quite straightforward, but I
attribute its elegant presentation (and that of Urysohn's Lemma which follows) primarily to Leonard
Gillman and Meyer Jerison.

Lemma 5.1 Suppose X is any topological space and let () be any dense subset of R. Suppose open
sets U, C X have been defined, one for each r € (), in such a way that:

D X =UcoUs and N,coUr =0
ii) if r,s € Qand r < s, thenclU, C Us.

For z € X, define f(z) = inf{r € Q : z € U,}. Then f : X — R is continuous.

We will use this Lemma only once, with Q = Q. So if you like, there is no harm in assuming that

Q = Q in the proof.

Proof Suppose z € X. By i) we know that x € U, for some r,s0 {r € Q : z € U,} # ). And by ii),
we know that = ¢ U, for some s. For that s : if 2 € U,, then (by ii) s <, so s is a lower bound for
{reQ:z€U,}. Therefore {r € Q:x € U,} has a greatest lower bound, so the definition of f
makes sense: f(z) =inf{re Q:xzeU,} e R
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From the definition of f, we get that for r, s € @,

a) ifx € clU,, thenz € U, forall s > r so f(z) <r
b) if f(x) < s, thenz € Us.

We want to prove f is continuous at each point ¢ € X. Since () is dense in R,
{[r,s] :m,s €@ and r < f(a) < s}

is a neighborhood base at f(a) in R. Therefore it is sufficient to show that whenever r < f(a) < s,
then there is a neighborhood U of a such that f[U] C [r, s].

Since f(a) < s, we have a € Ug, and f(a) > r gives us that a ¢ clU,. Therefore U = U —clU, is
an open neighborhood of a. If z € U, then z € U; C cl Uy, so f(z) <s; and z ¢ cl U, so z ¢ U,
and f(z) > r. Therefore f[U] C [r,s].

Our first major theorem about normal spaces is still traditionally referred to as a “lemma” because it
was a lemma in the paper where it originally appeared. Its author, Paul Urysohn, died at age 26, on the
morning of 17 August 1924, while swimming off the coast of Brittany.

Theorem 5.2 (Urysohn's Lemma) A space X is normal iff whenever A, B are disjoint closed sets in
X, there exists a function f € C(X) with f|A =0and f|B = 1. (When such an f exists, we say that
A and B are completely separated.)

Note: Notice that if A and B happen to be disjoint zero sets, say A = Z(g) and B = Z(h), then the
conclusion of the theorem is true in any space, without assuming normality: just let

2
__g@ is coni _ _
flx) = pE R e Then f is continuous, f|A = 0and f|B = 1.
The conclusion of Urysohn's Lemma only says that A C f~1(0) and B C f~(1): equality

might not be true. In fact, if A = f~1(0) and B = f~1(1), then A and B were zero sets in
the beginning, and the hypothesis of normality would have been unnecessary.

This shows again that zero sets are very special closed sets: in any space, disjoint zero sets are
completely separated. Put another way: given Urysohn's Lemma, we can conclude that every
nonnormal space must contain a closed set that is not a zero set.

Proof The proof of Urysohn's Lemma in one direction is almost trivial. If such a function f exists,
thenU = {z: f(z) < 3} and V = {x : f(x) > 3} are disjoint open sets (in fact, cozero sets)
containing A and B respectively. It is the other half of Urysohn's Lemma for which Urysohn deserves
credit.

Let A and B be disjoint closed sets in a normal space X. We will define sets open sets U, (r € Q) in
X in such a way that Lemma 5.1 applies. To start, let U, = ) for » < 0 and U, = X for r > 1.
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Enumerate the remaining rationals in Q N [0, 1] as 1, 79, ..., 7y, ..., beginning the list with 7, = 1and
ry = 0. We begin by defining U,, = U; = X — B. Then use normality to define U,.,( = Uy) : since
A C U, = X — B, we can pick U,, so that

AcCU,CcllU,CU,, =X-1B
Then 0 = ry < r3 < 7 = 1, and we use normality to pick an open set U, so that
ACU,CclU,CU,CcllU,CU,, =X-B

We continue by induction. Suppose n > 3 and that we have already defined open sets U, ,U,.,, ..., U,,
in such a way that whenever r; < r; <7 (i,7,k < n), then

clU,, C U, Cell,, C Uy, (%)

We need to define U,

Tn+1

so that (%) holds fori,j,k < n+ 1.
Since r; = 1l and 5 = 0, and 7,41 € (0,1), it makes sense to define

r,, = the largest among r1, 79, ..., 7, that is smaller than r,,, 1, and
r; = the smallest among 7y, 9, ..., 7, that is larger than 7, ;.

By the induction hypothesis, we already have cl U,, C U,,. Then use normality to pick an open set
U, ., so that

Tn+1

cl, cU,,, C
The U,'s defined in this way satisfy the conditions of Lemma 5.1, so the function f : X — R defined
by f(z) = inf{r € Q: x € U,}is continuous. If z € A, thenx € U,, = Upand = ¢ U, ifr < 0, so
f(x)=0. Ifzx € Bthenx ¢ Uj,butz € U, = X forr > 1,s0 f(z) =1. e

Once we have the function f we can replace it, if we like, by g = (0V f) A 1so that A and B are
completely separated by a function g € C*(X). It is also clear that we can modify g further to get an
h € C*(X) for which h|A = a and h|B = b where a and b are any two real numbers.

With Urysohn's Lemma, the proof of the following corollary is obvious.

Corollary 5.3 T = T3,.

There is another famous characterization of normal spaces in terms of C'(X). It is a result about
“extending” continuous real-valued functions defined on closed subspaces.

We begin with the following two lemmas. Lemma 5.4, called the “Weierstrass M-Test” is a slight
generalization of a theorem with the same name in advanced calculus. It can be useful in “piecing
together” infinitely many real-valued continuous functions to get a new one. Lemma 5.5 will be used
in the proof of Tietze's Extension Theorem (Theorem 5.6).
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Lemma 5.4 (Weierstrass M-Test) Let X be a topological space. Suppose f,: X — Ris
continuous for each n €N and that |f,(z)| <M, for all x€ X. If Y M, < oo, then
n=1

f(x) =>_ fu(z) converges (absolutely) for all x and f : X — Ris continuous.
n=1

o0 o oo

Proof Foreachz, Y |f.(x)] <> M, < oo,s0 Y, f,(x) converges (absolutely) by the Comparison
n=1 n=1 n=1

Test.

0
Suppose a € X and € > 0. Choose N so that Y M, < i. Each f, is continuous, so for
n=N+1

n =1,..., N we can pick a neighborhood U, of a such that for x € U,, |f,(x) — fu(a)| < 55. Then
U = _,U, is a neighborhood of a, and for z € U we get | f(z) — f(a)|

=[S (@) — Fa@) + 5 (@) — Fal@)] < 1 ful@) — ful@)] + 5 [fule) — fula)

n=1 n=N+1 n=1 n=N+1
N 00 00

< Ylfa@) = fula) + X [ful@)| +1fal@)| < N-55+> 2M, <5+ 5 =¢
n=1 n=N+1 n=N+1

Therefore f is continuous at a. e

Lemma 5.5 Let A be a closed set in a normal space X and let a be a positive real number. Suppose
h: A — [—r,r]is continuous. Then there exists a continuous ¢ : X — [ — £, £] such that
|h(x) — ¢(z)| < % foreachx € A.

Proof Let Ay ={x € A:h(z) < —f}and By = {v € A: h(z) > 5}. Aisclosed, and A, and B,
are disjoint closed sets in A, so A; and By are closed in X. By Urysohn's Lemma, there exists a

continuous function ¢ : X — [ — £, 7] such that ¢|A; = — ¢ and ¢|B; = £.
Ifz € Ay, then —7 < h(z) < —fand ¢(z) = — £, 50 |h(z) — o(z)] < | —7—(— 3)|

= 2 and similarly if z € By, |h(z) — ¢(z)| < %. Ifz € A — (A, U By), then h(z) and ¢(x) are
bothin [ — £, %] so |h(z) — ¢(z)| < 5. e

Theorem 5.6 (Tietze's Extension Theorem) A space X is normal iff whenever A is a closed set in
X and f € C(A), then there exists a function g € C'(X) such that g|A = f.

Note: if A is a closed subset of X = R, then it is quite easy to prove the theorem. In that case,
R — A is open and can be written as a countable union of disjoint open intervals I, where each
I = (a,b) or (— o0,b) or (a,00) (see Theorem II.3.4). For each of these intervals I, the
endpoints are in A, where f is already defined. If I = (a,b) then extend the definition of f
over I by using a straight line segment to join (a, f(a))and (b, f(b)) on the graph of f. If

I = (a, 00). then extend the graph of f over I using a horizontal right ray at height f(a); if

I = (— o0, b), then extend the graph of f over I using a horizontal left ray at height f(b).

As with Urysohn's Lemma, half of the proof is easy. The significant part of theorem is proving the
existence of the extension g when X is normal.
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Proof (<) Suppose A and B are disjoint closed sets in X. A and B are clopen in the subspace
AU B so the function f : AU B — [0, 1] defined by f|A = 0 and f|B = 1 is continuous. Since
AU B is closed in X, there is a function g € C'(X) such that g|(AU B) = f. Then

U={z:9(z) <3} andV = {z: g(x) > 3} are disjoint open sets (cozero sets, in fact) that contain
A and B respectively. Therefore X is normal.

|f(z) =

( : ) The idea is to find a sequence of functions g; € C'(X) such that

Zgl( )] — 0 asn — oo for each z € A (where f is defined ). The sums Zg,( ) are defined
i=1

on all of X and as n — oo we can think of them as giving better and better approximations to the
o

n
extension g that we want. Then we can let g(z) = lim ) ¢;(x) = > gi(z). The details follow. We
N0 =1 i=1

proceed in three steps, but the heart of the argument is in Case L.

Case I Suppose f is continuous and that f : A — [ — 1, 1]. We claim there is a continuous
function g : X — [— 1,1] with g|A = f.

Using Lemma 5.5 (with h = f, r = 1) we geta functiong; = ¢ : X — [ — %, %] such that
forz € A, |f(z) — g1(x)| < 2. Therefore f — g1 : A — [— 3, 3].

Using Lemma 5.5 again (with h = f — g1, 7 = %) we get a function g, : X — [ — % %] such
that for o € A, |£(x) ~ g1(x) - ga(w)| < & = (2% Sof — (g1 +g2): A — [~ 4. 4]
Using Lemma 5.5 again (with h = f — g1 — go,7 = % e get a function g3 : X — [ — %, %]

) W
such that for z € A, |f(z) — g1(z) — g2(x) — g3()| < & = (3)*.

Sof—(g1+92+9s): A*[—% %]

We continue, using induction, to find for each ¢ a continuous function

gi: X — [— 21 2 such that | f(z) — > gi(x)| < (2/3)" for z € A.
i=1

8

Since > |gi(z)| < (x) = > fi(x) converges (absolutely) for every
i=1 i i=1

=1

x € X, and g is continuous by the Weierstrass M-Test. Since |g(x)| = |>_gi(z)|
i=1

=1,wehaveg: X — [—1,1].

Mz
M8

Il
—
-

Il

<> lgi(@)] <

i 1

Finally, forz € A, |f(z) — g(x)| = lim | f(z) — Zgl( )| < hm (%) =0,s0g|A = fand
n—00 i—1

the proof for Step I is complete.

Case II Suppose f : A — (— 1, 1) is continuous. We claim there is a continuous function
g: X —(—1,1)withg|A = f.

Since f : A — (—1,1) C [ — 1, 1], we can apply Case I to find a continuous function

F:X —[-1,1] with F|[A= f. To get g, we merely make a slight modification to
F to get a g that still extends f but where g has all its values in ( — 1, 1).
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Let B={r € X: F(x) = £1}. Aand B are disjoint closed sets in X, so by
Urysohn's Lemma there is a continuous h : X — [ — 1, 1] such that h|B = 0 and
h|A =1. If welet g(z) = F(x)h(x), theng: X — (—1,1) and g|A = f,
completing the proof of Case II.

Case 111 (the full theorem) Suppose f : A — R is continuous. We claim there is a continuous
function g : X — R with g|A = f.

Leth : R — (—1,1) be a homeomorphism. Thenho f: A — (—1,1) and, by Step
II, there is a continuous F' : X — ( —1,1)with F|[A = ho f.

h
A =] —-1,1)

Letg=h"1oF: X — R. Then forx € A we have g(z) = h™1(F(z))
=hH((ho f))(@) = f(z). o

It is easy to see that C*(X) can replace C(X) in the statement of Tietze's Extension Theorem.

Example 5.7 We now know enough about normality to see some of its bad behavior. The Sorgenfrey
line S' is normal (Example 4.4) but the Sorgenfrey plane S x S' is not normal.

To see this, let D = Q x Q, a countable dense setin S x S. Every continuous real-valued function on
S x S is completely determined by its values on D. (See Theorem I1.5.12. The theorem is stated for
the case of functions defined on a pseudometric space, but the proof is written in a way that applies
Jjust as well to functions with any space X as domain.) Therefore the mapping C'(S x S) — C(D)
given by f — f|D is one-to-one, so |C(S x S)| < |C(D) < |RP| =M =c.

A={(z,y) € S xS :x+y=1}is closed and discrete in the subspace topology, so every function
defined on A is continuous, that is, R4 = C(A) and so |C(A)| = ¢ = 2¢. If S x S were normal,
then each f € C'(A) could be extended (by Tietze's Theorem) to a continuous function in C'(S x 5).

This would mean that |C'(S x S)| > |R4| = ¢¢ = 2° > c. which is false. Therefore normality is not
even finitely productive.
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The comments following the statement of Urysohn's Lemma imply that .S x .S must contain closed sets
that are not zero sets.
A completely similar argument “counting continuous real-valued functions” shows that the
Moore plane T (Example 111.5.6) is not normal: use that I is separable and the x-axis in I is
an uncountable closed discrete subspace.

Questions about the normality of products are difficult. For example, it was an open question for a
long time whether the product of a normal space X with such a nice, well-behaved space as [0, 1] must
be normal. In the 1950's, Dowker proved that X x [0, 1]is normal iff X is normal and “countably
paracompact.”

However, this result was unsatisfying — because no one knew whether a normal space was
automatically “countably paracompact.” In the 1960's, Mary Ellen Rudin constructed a normal space
X which was not countably paracompact. But this example was still unsatisfying because the
construction assumed the existence of a space called a “Souslin line” — and whether a Souslin line
exists cannot be decided in the ZFC set theory! In other words, the space X she constructed required
adding a new axiom to ZFC.

Things were finally settled in 1971 when Mary Ellen Rudin constructed a “real” example of a normal
space X whose product with [0, 1] is not normal. By “real,” we mean that X was constructed in ZFC,
with no additional set theoretic assumptions. Among other things, this complicated example made use
of the box topology on a product.

Example 5.8 The Sorgenfrey line S is Ty, so S is T 31 and therefore the Sorgenfrey plane S x S is
also T31. So .5 x S is an example showing that T3 does not imply T}.

Extension theorems such as Tietze's are an important topic in mathematics. In general, an “extension
theorem” has the following form:

AC Xand f: A— B, then there is a function g : X — B such that g|A = f.

For example, in algebra one might ask: if A is a subgroup of X and f : A — Bis an
isomorphism, can f be extended to a homomorphism g : X — B ?

b
s

b
iy £ B

Ifweleti: A — X be the injection i(a) = a, then the condition “g|A = f” can be rewritten
as goi = f. In the language of algebra, we are asking whether there is a suitable function g
which “makes the diagram commute.”
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Specific extension theorems impose conditions on A and X, and usually we want g to share some
property of f such as continuity. Here are some illustrations, without further details.

1) Extension theorems that generalize of Tietze's Theorem: by putting stronger hypotheses
on X, we can relax the hypotheses on B.

Suppose A is closed in X and f : A — B is continuous.

X is normal and B =R (Tietze's Theorem)

It X is normal and B =R"
X is collectionwise normal** and Bis a separable Banach space*
X is paracompact** and B is a Banach space*

then f has a continuous extension g : X — B.
The statement that R” can replace R in Tietze's Theorem is easy to prove:

If X is normal and f : A — R" is continuous, write f(z) = (f1(z), fo(x), ..., fu(z))
where each f; : A — R. By Tietze's Theorem, there exists for each ¢ a continuous
extension g; : X — R with g;|A = f;. Ifwe let g(x) = (g1(), ..., gn(x)), then

g: X — R"and g|A = f. In other words, we separately extend the coordinate
functions in order to extend f. And in this example, n could even be an infinite
cardinal.

* A normed linear space is a vector space V with a norm |v| ( = “absolute value”) that defines
the “length” of each vector. Of course, a norm must satisfy certain axioms — for example,
|v1 + vo| < |v1| + |va|. These properties guarantee that a norm can be used to define a
metric: d(vy,vs) = |v1 — ve|. A Banach space is a normed linear space which is complete in
this metric d.

For example, R" : the usual norm |(x1, %2, ..., ¥,)| = \/2? + 22 + ... + 22 produces
the usual metric, which is complete. So R" is a separable Banach space.

** Roughly, a “collectionwise normal” space is one in which certain infinite collections of
disjoint closed sets can be enclosed in disjoint open sets. We will not give definitions for
“collectionwise normal” (or the stronger condition, ‘“paracompactness”) here, but is true that

metric
or = paracompact = collectionwise normal = normal
compact Ty

Therefore, in the theorems cited above, a continuous map f defined on a closed subset of a
metric space (or, compact Ts space) and valued in a Banach space B can be continuously
extended a function g : X — B.
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2) The Hahn-Banach Theorem is another example, taken from functional analysis, of an
extension theorem. A special case states:

Suppose M is a linear subspace of a real normed linear space X and that f : M — R
is linear and satisfies f(z) < ||x|| forall x € M. There is a linear F' : X — R
such that F'|M = fand F'(z) < ||z||forall z € X.

3) Homotopy is usually not discussed in terms of extension theorems, but extensions are really
at the heart of the idea.

Let f,g:[0,1] — X be continuous and suppose that f(0) = ¢g(0) = x, and
f(1) = g(1) = 1. Then f and g are paths in X that start at 2y and end at ;. Let B
be the boundary of the square [0, 1] C R?and define F' : B — X by

F(z,0) = f(z) F(z,1) = g(z)
F(O,t):l'() F(l,t):l'l

Thus F agrees with f on the bottom edge of B and with g on the top edge. F’is constant
( = xg) on the left edge of B and constant ( = x7)on the right edge of B. We ask whether F’

can be extended to a continuous map defined on the whole square, H : [0,1]*> — X.

If such an extension H does exist, then we have

; 1) = 8l X §:
H
f
Hixti=1. (%
t (o) =1 ,(x) A
Hiz ) = 1) X

For each t € [0, 1], restrict H to the line segment at height ¢ to define f;(z) = H(z,t). Then
foreach ¢t € [0,1], f; is also a path in X from z(to ;. As t varies from 0 to 1, we can think
of the f;'s as a family of paths in X that continuously deform f, = f into f; = g.

The continuous extension H (if it exists) is called a homotopy between f and g with fixed
endpoints, and we say that the paths f and g are homotopic with fixed endpoints.
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In the space X on the left, below, it seems intuitively clear that f can be continuously
deformed (with endpoints held fixed) into g — in other words, that H exists.

However in the space Y pictured on the right, f and g together form a loop that surrounds a
“hole” in Y, and it seems intuitively clear that the path f cannot be continuously deformed into
the path g inside the space Y — that is, the extension H does not exist.

In some sense, homotopy can be used to detect the presence of certain “holes” in a space, and
is one important part of algebraic topology.

The next theorem shows us where compact Hausdorff spaces stand in the discussion of separation
properties.

Theorem 5.9 A compact 75 space X is Tj.

Proof X is Lindeldf, and a regular Lindelof space is normal (Theorem 4.3). Therefore it is sufficient
to show that X is regular. Suppose F' is a closed set in X and « ¢ F. For each y € F' we can pick
disjoint open sets U, and V,, with z € U, and y € V,. F' is compact so a finite number of the V's
cover F —say V,,, V,,,...,V, . Thenz e (' U, =U, FCU,V, =V, and U,V are disjoint
open sets. o

Therefore, our results line up as:

compact 75

(*) compact metric = =Ty = Tg% =>T=T =T =1

metric

In particular, Urysohn's Lemma and Tietze's Extension Theorem hold in metric spaces and in compact
T spaces.
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Notice that
i) the space (0, 1) is 7, but not compact 75

ii) the Sorgenfrey line S is T} (see example 5.4) but not metrizable. (If'S were metrizable,
then S x S would be metrizable and therefore Ty — which is false : see Example 5.7).

iii) [0, 1]¢ is compact Ty (assuming, for now, the Tychonoff Product Theorem VI1.3.10) but
not metrizable (why?)

iv) (0, 1) is metrizable but not compact.

Combining these observations with earlier examples, we see that none of the implications in
(¥) is reversible.

Example 5.10 (See Example 5.7) The Sorgenfrey plane S x S is Tgé, so .S x S can be embedded

in a cube [0, 1]" and [0, 1]™ is compact T5 (assuming the Tychonoff Product Theorem). Since S x S'is
not normal, we see now that a normal space can have nonnormal subspaces. This example, admittedly,
is not terribly satisfying since we can't visualize how S x S “sits” inside [0,1]™. In Chapter VIII
(Example 8.10), we will look at an example of a T, space in which it's easy to “see” why a certain
subspace isn't normal.

6. Some Metrization Results

Now we have enough information to completely characterize separable metric spaces topologically.

Theorem 6.1 (Urysohn's Metrization Theorem) A second countable 7T3-space is metrizable.
Note: We proved a similar metrization theorem in Corollary 3.18, but there the separation hypothesis
was 131 rather than Ts.

Proof X is second countable so X is Lindel6f, and Theorem 4.3 tells us that a Lindelof
T3-space is T;. Therefore X is 15 L. So by Corollary 3.18, X is metrizable. e

Because a separable metrizable space is second countable and 73, we have a complete characterization:
X is a separable metrizable space iff X is a second countable T3-space. So, with hindsight, we now see
that the hypothesis “T; 1 ” in Corollary 3.18 was unnecessarily strong. In fact, we see that 73 and 75 1

are equivalent in a space that is second countable.

Further developments in metrization theory hinged on work of Arthur H. Stone in the late 1940's — in
particular, his result that metric spaces have a property called “paracompactness.” This led quickly to a
complete characterization of metrizable spaces that came roughly a quarter century after Urysohn's
work. We state this characterization here without a proof.
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A family of sets B in (X, 7) is called locally finite if each point € X has a neighborhood V that has
nonempty intersection with only finitely many sets in 5. The family B is called g-locally finite if we
can write B = |J,,cyy B, where each subfamily B, is locally finite.

Theorem 6.2 (The Bing-Smirnov-Nagata Metrization Theorem) (X, 7 ) is metrizable iff X is 73
and has a o-locally finite base B.

Note: If X is second countable, a countable base B = {01,0s,...,0,,...} is o-locally
finite — because we can write B =\JB,,, where B, = {O,}. Therefore this Metrization Theorem

includes Urysohn's Metrization Theorem as a special case.

The Bing-Smirnov-Nagata Theorem has the typical form of most metrization theorems: X is metrizable
iff “X has enough separation” and “X has a nice enough base.”
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Exercises

E15. Let (X, d) be a metric space and S C X. Prove that if each continuous f: S — R extends to a
continuous g: X — R, then S is closed. (The converse, of course, follows from Tietze's Extension
Theorem.)

E16. Urysohn's Lemma says that in a Ty-space disjoint closed sets are completely separated. Part a)
shows that this is also true in a Tychonoff space if one of the closed sets is compact.

a) Suppose X is Tychonoff and F,K C X where F is closed, K is compact. X and
FNK ={. Prove that there is an f € C(X) such that f | K =0 and f | FF = 1. (This is another
example of the rule of thumb that “compact spaces act like finite spaces.” If necessary, try proving the
result first for a finite set K. )

b) Suppose X is Tychonoff and that p € U, where U is open in X. Prove {p} is a G set in X
iff there exists a continuous function f : X — [0, 1] such that f~1(1) = {p}and f|X — U = 0.

E17. Suppose Y is a Hausdorff space. Define x ~ y in Y iff there does not exist a continuous
function f : X — [0, 1] such that f(x) # f(y). Prove or disprove: Y/ ~ is a Tychonoff space.

E18. Prove that a Hausdorff space X is normal iff for each finite open cover U = {Uj, ..., U, } of X,
there exist continuous functions f;: X — [0,1] (i = 1,...,n) such that >_"" | f;(z)=1 for each z € X
and such that, for each i, f; | X —U; =0. (Such a set of functions is called a partition of unity
subordinate to the finite cover U.)

Hint ( =) First build a new open cover V = {V1,...,V,, } that “shrinks” U in the sense that,
Vi CclV; CU; foreacht. To begin the construction, let F1 = X — Ui>1Ui’ Pick an open
Vi so that Fy C Vi C clVy C Uy. Then {V1,Us,...,U,} still covers X. Continue by
looking at F5 = X — (V1 UJ,-,U;) and defining Vs so that {V1,V2,Us, ..., U, } is still a
cover and Vo C clVy C Usy. Continue in this way to replace the U;'s one by one. Then use
Urysohn's lemma to get functions g; which can then be used to define the f;'s. .

E19. Suppose X is a compact, countable Hausdorff space. Prove that X is completely metrizable.

Hint: 1) For each pair of points x, # x,, in X pick disjoint open sets U, and V,, ,
containing these points. Consider the collection of all finite intersections of such sets.

2) Or: Since X is, countable, every singleton {p} is a Gg set. Use regularity to find
a descending sequence of open sets V, containing p such that (\,_,clV,, = {p}. Prove that
the V,,'s are a neighborhood base at p.
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E20. A space X is called completely normal if every subspace of X is normal. (For example, every
metric space is completely normal).

a) Prove that X is completely normal if and only if the following condition holds:

whenever A, B C X and (clAN B)U (ANclB) = 0 (that is, each of A, B is
disjoint from the closure of the other), then there exist disjoint open sets U and V'
withACUand BCV.

b) Recall that the “scattered line” (Exercise IIIE.10) consist of the set X = R with the
topology 7 = {U UV : U is open in the usual topology on R and V' C P}. Prove that the
scattered line is completely normal and therefore 7).

E21. A Ti-space X is called perfectly normal if whenever A and B are disjoint nonempty closed sets
in X, there isan f € C(X) with f~1(0) = Aand f~1(1) = B.

a) Prove that every metric space (X, d) is perfectly normal.

b) Prove that X is perfectly normal iff X is 7 and every closed set in X is a Gs-set.
Note: Example 3.10 shows a Ty. space X that is not perfectly normal.

c) Show that the scattered line (see Exercise E20) is not perfectly normal, even though every
singleton set {p } is a Gs-set.

d) Show that the scattered line is 7T}.

Hint: Use the fact that R, with the usual topology, is normal. Nothing deeper than Urysohn's
Lemma is required but the problem is a bit tricky.

E22. Prove that a T3 space (X, 7)) has a locally finite base B iff 7 is the discrete topology.
(Compare to Theorem 6.2.)
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Chapter VII Review

Explain why each statement is true, or provide a counterexample.

1. Suppose (X, 7) is a topological space and let 7,, be the weak topology on X generated by C'(X).
Then 7 C 7,

2. If X isregular and x € cl {y}, then y € cl {z}.
3. Every separable Tychonoff space can be embedded in [0, 1],

4. If f € C(Q), we say g is a square root of f if g € C(Q) and ¢ = f. If a function fin C(Q) has
more than one square root, then it has ¢ square roots.

5. In a Tychonoff space, every closed set is an intersection of zero sets.

6. A subspace of a separable space need not be separable, but every subspace of the Sorgenfrey line is
separable.

7. Suppose N has the cofinite topology. If A is closed in N, then every f € C'(A) can be extended to a
function g € C'(N).

8.Forn=1,2,..., let f,, : R — R be given by f,,(x) = x + n and let 7 be the weak topology on R
generated by the f,'s. Then the evaluation map e : R — R™ given by e(x)(n) = f,() is an
embedding.

9. Let C be the set of points in the Cantor set with the subspace topology from the Sorgenfrey line .S.
Every continuous function f : C' — R can be extended to a continuous function g : S — R.

10. If (X,d) is a metric space, then X is homeomorphic to a dense subspace of some compact
Hausdorff space.

11. Suppose F' C R?. F'is closed iff F'is a zero set.
12. Suppose K is a compact subset of the Hausdorff space X x Y. Let A = mx[K]. Then Ais Ty.

13. Let F = {f € R® : f is not continuous}. The weak topology on R generated by F is the
discrete topology.

14. A compact T5 space is metrizable if and only if it is second countable.

15. Suppose F' and K are disjoint subsets of a Tychonoff space X, where F'is closed and K is
compact. There are disjoint cozero sets U and V with F C U and K C V.

16. Every T space is homeomorphic to a subspace of some cube [0, 1]™.

17. Suppose X is a T;-space with nonempty pairwise disjoint closed subspaces F1, ..., F},. There is an
f€C(X)suchthat f|F; =iforalli=1,...,n.
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Chapter VIII
Ordered Sets, Ordinals and Transfinite Methods

1. Introduction

In this chapter, we will look at certain kinds of ordered sets. If X is an ordered set with a few
reasonable properties, then there is a natural way to define an “order topology” on X. For our
purposes, we will be primarily interested in ordered sets that satisfy some very strong ordering
conditions, including a requirement that every nonempty subset contains a smallest element. These
very special ordered sets are called well-ordered. The most familiar example of a well-ordered set is N
and it is the well-ordering property in N that lets us do mathematical induction. In this chapter we will
see “longer” well-ordered sets, and these will give us a new method of proof called “transfinite
induction.” But we begin with ordered sets that are much simpler.

2. Partially Ordered Sets
Recall that a relation R on a set X is a subset of X x X (see Definition 1.5.2). If (x,y) € R, we write
zRy. Order relations are usually denoted by symbols such as <, <, <,or <. There are

different kinds of order relations on X, and they usually satisfy some of the following conditions:

Definition 2.1 A relation R on X is called:

transitive if : Va,b,c € X (aRb and bRc) = aRc.

reflexive if : Vae X aRa

antisymmetric if : Va,be X (aRband bRa) = (a =b)

symmetric if : Va,be X aRb < bRa (thatis, the set R is symmetric

with respect to the diagonal
A={(x,z):x € X} C X xX).

Example 2.2
1) The relation “ = ” on a set X is transitive, reflexive, symmetric, and antisymmetric.
Viewed as a subset of X x X, the relation “ =" is the diagonal set A = {(z,z) : x € X}.

2) In R, the usual order relation < is transitive and antisymmetric, but not
reflexive or symmetric.

3) In R, the usual order < is transitive, reflexive and antisymmetric. It is not
symmetric.

4) In Chapter I, we defined an order relation < that applies to cardinal numbers. On any set

C of cardinal numbers, the order < is transitive, reflexive and antisymmetric (by the
Cantor-Schroeder-Bernstein Theorem I.10.2). It is not symmetric (unless |C| < 1).
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Definition 2.3 A relation < on a set X is called a partial order if < is transitive, reflexive and
antisymmetric. The pair (X, <) is called a partially ordered set (or, for short, poset).

A relation < on a set X is called a linear order if < is a partial order and, further, every two
elements in X are comparable: thatis, Va,b € X either a < b or b < a. In this case, the pair (X, <)
is called a linearly ordered set. For short, a linearly ordered set is also called a chain.

In any ordered set, we write a < b to mean that a < b and a # b; and we can always “invert” the order
notation and write b > a (b > a) to mean the same thingasa < b (a < b).

In some books, a partial order is defined as a “strict” relation < which is transitive and
irreflexive (Ya € X, a £ a). In that case, we can define a < b to mean “a < bora =>"to
get a partial order in the sense defined above. This variation in terminology creates no real
mathematical problems: it is completely analogous to worrying about whether “ < or

“ < "should be called the “usual order” on R.

Example 2.4

1) Suppose A C X. For any kind of order < on X, wecan get an order < 4 on A C X by
restricting the order < to A. More formally, < 4 = < N(A x A). We always assume that a subset
of an ordered set has this natural “inherited” ordering unless something else is explicitly stated. With
that understanding, we usually omit the subscript and also write < for the order < 4 on A.

If (X, <) is a poset (or chain), and A C X, then (A, <) is also a poset (or chain). For example,
every subset of (R, <) is a chain.

2) For z,w € C ( = the set of complex numbers), define z < w iff |z| < |w|, where < is
the usual order in R.  (C, <) is not a poset. (Why?)

3) Let (X, 7) be a topological space. For f,g € C(X), define
f<giff Vo€ X, f(z) < g(a).

As a set,
< ={(f,9) €C(X)x C(X): ¥z €R f(z) < g(x)}.

Notice that here we are allowing an ambiguity in notation. We are using the symbol “ < ” with two
different meanings: we are defining an order “ < ” in C'(X), but the comparison “f(z) < g(z)” refers
to the usual order in different set, R. Of course, we could be more careful (as in 2)) and write f < g¢
for the new order on C(X), but usually we won't be that fussy when the context makes clear which
meaning of “ < we have in mind.

(C(X), <) is aposet but usually not a chain: for example, if X = R and f, g are given by f(z) =«

and g(xr) =2 then f £ g and g £ f. When is (C(X), <) a chain? (The answer is not “iff
X[ <1.7)
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4) The following two diagrams represent posets, each with 5 elements. Line segments upward
from x to y indicate that x < y. In Figure (i), for example, d < cand ¢ < a (so d < a); in Figure (i),
a and b are not comparable.
Figure (ii) shows achain: a < b <c<d <e.

S E

* 3

Figure (i) Figure (ii)

5) Suppose C is a collection of sets. We can define < on Cby A< B iff AC B. Then
(C, <) isaposet. In this case, we say that C has been ordered by inclusion. In particular, for any set
X, we can order P(X) by inclusion. What conditions on X will guarantee (P(X), <)is a chain ?

6) Suppose C is a collection of sets. We can define < on Cby A < B iff A D B. Then
(C, <)isaposet. In this case, we say that C has been ordered by reverse inclusion. In particular, for
any set X, we can order P(X)by reverse inclusion. What conditions on X will guarantee that
(P(X), <)isachain?

For a given collection C, Examples 5) and 6) are quite similar: one is a “mirror image” of the other.
The identity map ¢ : C — C is an “order-reversing isomorphism” between the posets.

For our purposes, the “reverse inclusion” ordering on a collection of sets will turn out to be more
useful. For a point z in a topological space X, we can order the neighborhood system N, by reverse
inclusion <. The simplicity or complexity of the poset (N, <) reflects some topological properties
of X and is a measure of how complicated the neighborhood system A, is. For example,

i) If z is isolated, then {z} € N, and N < {z} for every N € N,. So the poset
(N, <) has a largest element. (Is the converse true?)

ii) Suppose X is first countable and that B, = { Ny, Na, ..., Ni, ...} is a countable
neighborhood base at z. Then for every N € N, there is a k such that N < Ny, and
we say that 3, is cofinal in . More informally, the poset (N, < ) has a countable
subset { N7, Ny, ..., Nj, ...} that contains “arbitrarily large” members of .
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iii) The poset (N, <) is usually not a chain. But it does have another interesting
order property: if Ny, Ny € N, then { N7, Ny} has an upper bound in A,. To see
this notice that if N3 = Ny N Ny then N7 < N3 and Ny < Nj.

This poset (NV,, <) will turn out (in Chapter 9) to be the inspiration for the definition of “convergent
net,” a kind of convergence that is more powerful than “convergent sequence.” Nets resemble
sequences in some ways but are more powerful — unlike sequences, nets can be used to determine
closures (and therefore the topology) in any topological space.

Definition 2.5 Suppose (X, < )isaposetandlet A C X. Anelement = € X is called

1) the largest (or last) element in X if y < x forally € X
i) the smallest (or first) element in X if x <y forally € X

iii) a maximal elementin X if (y >x = y=1x) forally € X
iv) a minimal elementin X if (y <z = y==x) forally € X.

Clearly, a largest (or smallest) element in X, if it exists, is unique. For example: if z; and 23 were both
largest in X, then z; < 25 and 25 < 21 80 21 = 25.

In Figure (i): both a, b are maximal elements and d, e are minimal elements. This poset has no largest
or smallest element. Suppose a poset (X, <) has a uniqgue maximal element z. Must z also be the
largest element in (X, <) ?

In Figure (ii): a is the smallest (and also a minimal element); e is the largest (and also a maximal)
element.

v) Suppose A C X and x € X. We say that z € X is an upper bound for A if a < x for all
a € A; x is called a least upper bound (sup) for A if x is the smallest upper bound for A. A
set A might have many upper bounds, one upper bound, or no upper bounds in X. If A has
more than one upper bound, A might or might not have a least upper bound in X. But if X has
a least upper bound x, then the least upper bound is unique (why?).

vi) An element x € X is called a lower bound for A if x < a foralla € A; x is called a
greatest lower bound (inf) for A if z is the largest lower bound for A. A set A might have
many lower bounds, one lower bound, or no lower bounds in X. If A has more than one
lower bound, A might or might not have a greatest lower bound in X. But if X has a greatest
lower bound z, then the greatest lower bound is unique (why?).

vii) If # < y € X and if 72 € X with 2 < z < y, then x is called an immediate predecessor
of y and y is called an immediate successor of z. In a poset, an immediate predecessor or
successor might not be unique; but if X is a chain, then an immediate predecessor or
successor, if it exists, must be unique. (Why?)

In Figure (i), the upper bounds on {d, e} are a, b, ¢, and ¢ = sup{d, e}; the set {d, e} has
no lower bounds. Both a, b are immediate successors of c. The elements d, e have no
immediate predecessor (in fact, no predecessors at all). In Figure (ii), the immediate
predecessor of ¢ is b and d is the immediate successor of c.
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Example 2.6 If <, isanorderon X,then <; C X x X. Soif <;and <, are orders on X, it
makes sense to ask whether < C < o, or vice-versa. If we look at the set P = { < : < is a partial
order on X}, then P is partially ordered by inclusion. A linear order < is a maximal element in
(P, C) (Why? Is the converse true?)

3. Chains

Definition 3.1 Let (X, < ) be a chain. The order topology on X is the topology for which all sets of
the form {x € X : v < a}or{z € X :b <z} (a,b € X)are a subbase. (4s usual, we write x < y as
shorthand for “r < yandx #y.”)

It's handy to use standard “interval notation” when working with chains: for example, if a,b € X:

{reX:a<z<b}=(ab)
{reX:a<z<b}=]la,b)
{reX:z<a}=(—00,d]

But we need to be careful not to read too much into the notation. For example, the chain in Figure (ii),
shows how interval notation can be misleading if not used thoughtfully: (a,b) =0, (d, c0) = {e},
( ) b) = {a}’ (avc) = {b}’ and (a7e) = [b7 d]

Example 3.2
1) The order topology on the chain in Figure (ii) is the discrete topology.

2) The order topology on N is the usual (discrete) topology: {1} ={k € N: k < 2}
=(—o00,2);andforn>1,{n}=(n—-1,n+1).

Example 3.3 P and QQ each have an order inherited from R, and their order topologies are the same as
the usual subspace topologies. But, in general, we have to be careful about the topology on A C X
when X is a chain with the order topology. There are two possible topologies on A:

a) The order < gives an order topology 7« on X and we can give Athe subspace
topology (7<) 4.

b) Ahas an ordering < 4 (inherited from the order < on X) and we can use it to give Aan
order topology. More formally, we could write this topology as 7< ,.

Unfortunately, these two topologies might not be the same. Let A = (0,1) U {2} CR. The order
topology 7< on R is the usual topology on R, and this topology produces a subspace topology for
which 2 is isolated in A.

But in the order topology on A, each basic open set containing 2 must have the form
{reA:z>a} = (a,2] where a < 1. So 2 is not isolated in (A4, 7<,). In fact, the space (A, 7<) is
homeomorphic to (0, 1] (why?).

Is there any necessary inclusion C or 2O between T, and (71<)|4? Can you state any
hypotheses on X or A that will guarantee that T, = (1<)|a?
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Example 3.4 We defined the order topology only for chains, but the same definition could be used in
any ordered set (X, < ). We usually restrict our attention to chains because otherwise the order
topology may not be very nice. For example, let X = {a, b, c} with the partial order represented by the
following diagram:

X is the only open set containing a (why?), so the order topology is not 71. (Can you find a poset for
which the order topology is not even T;?) By contrast, the order topology for any chain (X, <) has
good separation properties. For example, it is easy to show that the order topology on a chain must

be TQ :

Suppose a # b € X where, say, a < b. If a is the immediate predecessor of b, we can let
U={zreX:z<blandV = {x € X : z > a}. Butifthere exists a point ¢ satisfying
a<c<b,thenwecandefineU = {z € X:x <c}andV = {z € X : 2 > c¢}. Either way,
we have a pair of disjoint open sets U and V withx € U andy € V.

In fact, the order topology on a chain is always 7T, but the proof is much messier so we will not include
it here. Most of our interest in this Chapter will be with ordered sets that are much more special than
chains — the well-ordered sets). For these sets we will prove that the order topology

is T4 .

From now on, when the context is clear, we will simply write X, rather than (X, <), for an ordered
set. We will denote the orders in many different sets all with the same symbol “ <, letting the
context determine which order is being referred to. If it becomes necessary to distinguish carefully
between different orders, then we will occasionally add subscripts suchas <, <o, ....

Definition 3.5 A function f : X — Y between ordered sets is called an order isomorphism if f is
bijection and both f and f~! are order preserving — that is, @ < b if and only if f(a) < f(b). (Since f
is one-to-one, it follows that x < y if and only if f(x) < f(y).) If such an f exists, we say that X and
Y are order isomorphic and write X ~ Y. If f is not onto, then X ~ f[X] C Y and we say that f is

an order isomorphism of X into Y. Between ordered sets, ~” will always refer to order
isomorphism.
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Theorem 3.6 Let X,Y, and Z be chains (Parts i-iv), however, are also true for posets).

) X~X

i) X~YiffY ~ X

iii) if X~YandY ~ Z,then X ~ Z

iv) X ~ Y implies | X| = |Y].

v) if XandY are finite chains, then X ~ Y iff |X| = |Y|.

Proof The proof is very easy and is left as an exercise. e

Even though the proof is easy, there are some interesting observations to make.

1) To show that X ~ X, the identity map ¢ might not be the only possible order isomorphism.
For example, when X = R, the functions f(x) =z and f(z) = x* are both order isomorphisms
between R and R. Check: how many order isomorphisms exist between N and N?

2) A chain can be order isomorphic to a proper subset of itself. For example, f(n) = 2nisan
order isomorphism between N and E (the set of even natural numbers). Both N and E are order
isomorphic to the set of all prime numbers. Check: must every two countable infinite chains be order
isomorphic?

3) An order isomorphism between X and Y preserves largest, smallest, maximal and minimal
elements (if they exist). Therefore (0, 1) and [0, 1] are not order isomorphic: for example, [0, 1] has a
smallest element and (0, 1) doesn't. Similarly, N is not order isomorphic to the set of integers Z.

An order isomorphism preserves “betweenness,” so Z is not order isomorphic to Q: in Q,
there is a third element between any two elements, but this is false in Z.

4) Let C be the set of complex numbers. If f : C — R is any bijection, then we can use f to
create a chain (C, < ):simply define 21 < 29iff f(z1) < f(22). Then (C, <)~ (R, <).

Of course, this chain (C, <) is not very interesting from the point of view of algebra or
analysis: we imposed an arbitrary ordering on C that has nothing to do with the algebraic structure of
C. For example, there is no reason to think that z; < 2 and z3 < z4, then z1 + 23 < 29 + 24.

Similarly, a bijection f : N — @Q can be used to give Q a new order < so that the two
chains are order isomorphic. In this case, f is just a sequence that enumerates Q: ¢i, g2, ..., ¢n, ... and
a new order on Q could simply definedas ¢; < ¢o < ... < g, < ... .

In general, if f: X — Y is a bijection and one of X or Y is ordered, we can use f to
“transfer” the order to the other set in such a way that (X, <) ~ (Y, <).

5) Clearly, order isomorphic chains are homeomorphic in their order topologies. But the
converse is false. Suppose X ={—1:neN}U{0} and Y ={0}U{L:neN}. The order
topologies on X and Y are the usual topologies, and the reflection f(x) = — x is a homeomorphism
(in fact, an isometry) between them.

The largest element in Y is 1, and it has an immediate predecessor, 21 But 0, the largest
element in X, has no immediate predecessor in X. Since an order isomorphism preserves largest
elements and immediate predecessors, there is no order isomorphism between X and Y.
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The next theorem tells when an ordered set is order isomorphic to the set of rational numbers.
Theorem 3.7 (Cantor) Suppose that (L, <) is a nonempty countable chain such that
a) YVa € L,3b € L witha < b (L has “no last element™)
b) Va € L,3b € L with b < a (L has no first element”)
¢) Va,b € L,ifa < bthendc € L suchthata < c < b.
Then (L, <) is order isomorphic to Q.
When a chain that satisfies the third condition — that between any two elements there must

exist a third element — we say that X is order-dense. Then Theorem 3.7 can be restated as: a
nonempty countable order-dense chain with no first or last element is order isomorphic to Q.

We might try the following: enumerate L = {l,ls,..,0,,...}and Q = {q1,42,...,qn, ...} and let
f(ly) = @1 Then inductively define f(l,,) = some ¢ € Q chosen so that f(l,) # f(l1),..., f(ln-1)
and so that f(l,,) has the same order relations (in Q) to f(l1), ..., f(l,—1) as I, hasto ly,...,l,,—1 (in L).
For example, if [y < I3 <1y <!y and f(ly), f(l2), f(l3) have been defined, then define f(l4) € Q so
that f(l2) < f(I3) < f(l4) < f(l1). This argument shows that for any countable chain L, there is a
one-to-one order preserving map g : L — (Q, so any countable chain is order isomorphic to a subset of
Q. However, the function g constructed in this way might not be onto. The “back-and-forth”
construction used in the following proof is designed to be sure we end up with an onto order preserving
map g : Q — L if L has properties a)-c).

First we prove a lemma: it states that an order isomorphism between finite subsets of Q and L can
always be extended to include one more point in its domain (or, one more point in its range).

Lemma: Suppose A C Q, B C L where A, B are finite. Let g be an order isomorphism from
A onto B.

a) If ¢ € Q — A, there exists an order isomorphism h that extends g and for
whichdom(h) = AU {¢q}and ran(h) C L.

b) If [ € L — B, there exists an order isomorphism h that extends ¢ and for
which dom(h) C Q and ran (h) = B U {l}.

Proof of a) Suppose A = {qi, ..., ¢, } and that g(q;) = l;. Pick an [ € L — B that has the same
order relations to [y, ...,1, as ¢q does to qi,...,q,. (For example: if q is greater that all of
Q1 -, Qn, pickl greater than all of 11, ...,1,; if © and j are the largest and smallest subscripts
Jor which q; < q < q;, then choose [ between [; and 1;.) This choice is always possible since
L satisfies a), b), and ¢). Define h by h(q) =l and h(z) = g(z) for x € A.

Proof for b) The proof is almost identical. e

Proof of Theorem 3.7 L is a countable chain. Since L # () and L has no last element, L must be
infinite. Without loss of generality, we may assume that L N Q = (.

We define an order isomorphism ¢ between Q and L in stages. At each stage, we enlarge the function
we have by adding a new point to its domain or range.
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Let M = QU L = {my,ms,...,m,, ...}. Each element of Q and L appears exactly once in this list.
Define go = (), and continue by induction. Suppose n > 0 and that an order isomorphism
Jn_1: A,_1 — B,,_1 has been defined, where A,,_; C Qand B,_; C L.

If m,, € Qand m,, ¢ A,,_1, use the Lemma to get an order isomorphism g,, that extends
gn—1 and for which dom(g,,) = 4,1 U{m,} = A,. Let B,, = ran(g,,) C L.

If m,, € L and m,, ¢ B,,_1, use the Lemma to get an order isomorphism g,, that extends
gn—1 and for which ran(g,) = B,_1 U{m,} = B,,.. Let A,, = dom(g,) C Q.

If my € dom(gnfl) U ran(gn,l), let 9In = Gn-1, An = Anfl and Bn = anl-

By induction, g, is defined for all n, and since g, extends g, ; and we can define an order
isomorphism g = (J;”, g». The construction guarantees that dom(g) = Qand ran(g) = L. e

“Being order isomorphic” is an equivalence relation among ordered sets so any two chains having the
properties in Cantor's theorem are order isomorphic to each other. Since order isomorphic chains have
homeomorphic order topologies, we have a topological characterization of Q in terms of order.

Corollary 3.8 A nonempty countable order-dense chain with no largest or smallest element is
homeomorphic to Q.

The following corollary gives a characterization of all order-dense countable chains.

Corollary 3.9 If X is a countable order-dense and | X| > 1, then X is order isomorphic to exactly one
of the following chains :

Proof By looking at largest and smallest elements, we see that no two of these chains are order
isomorphic. Therefore no chain is order isomorphic to more than one of them.

If X has no largest or smallest element then, Cantor's theorem gives X ~ (Q and a second
application of Cantor's Theorem gives that Q ~ Q N (0, 1).

If X has a smallest element, a, but no largest element, then X — {a} is nonempty and has no
smallest element (why?). X — {a} clearly satisfies the other hypotheses of the Cantor's theorem so
there is an order isomorphism h: X —{a} — QN (0,1). Then define an order isomorphism
g: X —QnNJ0,1) by setting g(a) = 0 and g(z) = h(z) for x # a..

The proofs of the other cases are similar. e

No two of the chains a)-d) mentioned in Corollary 3.9 are order isomorphic, but they are, in fact, all
homeomorphic topological spaces. We can see that b) and c) are homeomorphic by using the map
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f(x) =1—x, but the other homeomorphisms are not so obvious. Here is a sketch of a proof,
contributed by Edward N. Wilson, that (0, 1) N Q is homeomorphic to (0, 1] N Q.

For short, write (0,1) NQ = (0, 1)g and (0,1] N Q = (0, 1]g.

In (0, 1), choose a strictly increasing sequence of irrationals (p,) — 1 € R. Let py = 0.
Forn >0: let On = (pn;anrl) N @9 Un = (%pn; %anrl) N Qa

and V,, = (1 — %pnﬂ, 1-— %pn) NQ. EachofO,,U,,andV, is clopen in (0,1)g and
in (0, 1]g.

We have (0,1)g = J 0, U{1} and (0,1)¢ = U, U{:}UuUV,
n=0 n=0 =0

Define a map ¢: (0,1]g — U U, U{3}UUV, by
n=0 n=0
¢ | 0,,= an increasing linear map from O, onto U,
¢ | 0,,,,= a decreasing linear map from Oy, ;. ; onto V,,
o) = }
Then ¢ is a homeomorphism. (Since the sets O,,,U,,V,, are clopen, it is clear that ¢ is

continuous at all points except perhaps 1 and that ¢! is continuous at all points except
perhaps % These special cases are easy to check separately.)

There is, in fact, a more general theorem that states that every infinite countable metric space with no
isolated points is homeomorphic to Q. This theorem is due to Sierpinski (1920).

We can also characterize the real numbers as an ordered set.
Theorem 3.10 Suppose X is a nonempty chain which

1) has no largest or smallest element

i1) 1is order-dense

iii) is separable in the order topology

iv) is Dedekind complete (that is, every nonempty subset of X which has an upper
bound in X has a least upper bound in X).

Then X is order isomorphic to R (and therefore X, with its order topology, is homeomorphic to R).

Proof We will not give all the details of a proof, However, the ideas are completely straightforward
and the details are easy to fill in.

Let D be a countable dense set in the order topology on X. Then D satisfies the hypotheses of
Cantor's Theorem (why?) so there exists an (onto) order isomorphism f : Q — D. For each irrational
peR, let Q,={qeQ:q<p} and extend f to an order isomorphism ¢g: R — X by defining

f(p) = sup fQp]. o
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Remark In a separable space, any family of disjoint open sets must be countable (why?). Therefore
we could ask whether condition iii) in Theorem 3.10 can be replaced by

iii)’  every collection of disjoint open intervals in X is countable.
In other words, can we say that
(**) anonempty chain satisfying i), ii), iii)’, and iv), must X be order isomorphic to R?

The Souslin Hypothesis (SH) states that the answer to (**) is “yes.” The status of SH was famously
unknown for many years. Work of Jech, Tennenbaum and Solovay in the 1970's showed that SH is
consistent with and independent of the axioms ZFC for set theory — that is, SH is undecidable in ZFC.
We could add either SH or its negation as an additional axiom in ZFC without introducing an
inconsistency. If one assumes that SH is false, then there is a nonempty chain satisfying i), ii), iii)’, and
iv) but not order isomorphic to R: such a chain is called a Souslin line.

SH was of special interest for a while in connection with the question “if X is a T4-space, is X x [0, 1]
necessarily 74?7 In the 1960's, Mary Ellen Rudin showed that if she had a Souslin line to work
with — that is, if SH is false — then the answer to the question was “no.” (See the remarks following
Example 111.5.7)

There are lots of equivalent ways of formulating SH—for example, in terms of graph theory. There is
a very nice expository article by Mary Ellen Rudin on the Souslin problem in the American
Mathematical Monthly, 76(1969), 1113-1119. The article was written before the consistency and
independence results of the 1970's and deals with aspects of SH in a “naive” way.
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Exercises

El. Prove or disprove: if R is a relation on X which is both symmetric and antisymmetric, then R
must be the equality relation “ = ”.

E2. State and prove a theorem of the form:

A power set P(X), ordered by inclusion, is a chain iff . . .

E3. Suppose (X, <) is a poset in which every nonempty subset contains a largest and smallest
element. Prove that (X, <) is a finite chain.

E4. Prove that any countable chain (L, <) is order isomorphic to a subset of (Q, < ).
(Hint: See the “Caution” in the proof of Cantor's Theorem 3.7.)

ES. Let (X, <) be an infinite poset. A subset C' of X is called totally unordered if no two distinct
elements of C' are comparable, that is:

VaeCVbeC (a<b) & (a=0b)

Prove that either X has a subset C which is an infinite chain or X has a totally unordered infinite
subset C.

E6. Let (X, <) be a poset in which the longest chain has length n (n € N). Prove that X can be
written as the union of n totally unordered subsets (see E5) and the n is the smallest natural number
for which this is true.
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4. Order Types

In Chapter I, we assumed that we can somehow assign a cardinal number | X| to each set X, in such a
way that | X| = |Y| iff there exists a bijection f: X — Y. Similarly, we now assume that we can
assign to each chain an “object” called its order type and that this is done in such a way that two chains
have the same order type iff the chains are order isomorphic. Just as with cardinal numbers, an exact
description of how this can be done is not important here. In axiomatic set theory, all the details can
be made precise. Of course, then, the order type of a chain turns out itself to be a certain set (since
“everything is a set” in ZFC). For our purposes, it is enough just to take the naive view that “order-
isomorphic” is an equivalence relation among chains, and that each equivalence class is an order type.

We will usually denote order types by lower case Greek letters such as p,v,7,w — with a few
traditional exceptions mentioned in the next example. If y is the order type of a chain M, we say that

M represents p.

Example 4.1

1) Two chains with the same order type are order isomorphic. Since the order isomorphism is
a bijection, chains with the same order type also have the same cardinal number. But the converse is
false: Q and N have the same cardinal number but they have different order types because the sets are
not order isomorphic.

However, two finite chains have the same cardinality iff they are order isomorphic.

Therefore, for finite chains, we will use the same symbol for both the cardinal number and the order
type. (In the precise definitions of axiomatic set theory, the cardinal number and the order type of
a finite chain do turn out to be the same set! )

2) 0 is the order type of ()
1 is the order type of {0}
2 is the order type of {0, 1}

n is the order type of {0,1, ...,n — 1}

wy is the order type of {0, 1,2, ... }. wy is also the order type of N. The subscript “0”
hints at bigger things to come.
wy is also the order type of E = {2,4, 6, ...} since this chain is order isomorphic to N.

Notice that each order type in this example is represented by “the set
of all preceding order types.”
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Definition 4.2 Let ;1 and v be order types represented by chains M and N. We say that p < v if
there exists an order isomorphism f of M into N. We write p < v if p < v but pu # v (that is,
M + N). (Check that the definition is independent of the chains M and N chosen to represent [

and v.)

Example 4.3 Let x be the order type of a chain M. Since () is order isomorphic to a subset of M
we have 0 < pu. More generally, 0 <1 <2 < ... < wy.

Suppose (X, <) has order type . With a little reflection, we can create a new chain (X, < *) by
defining x < *y iff y < z. We write p* for the order type of (X, < *). For example, wj, is the order
type of the chain {... , — 2, — 1} of negative integers. Since wy £ wjj and wjj £ wy (Why?), we see
that two order types may not be comparable.

The relation < between order types is reflexive and transitive but it is not antisymmetric — for
example, let yand v be order types of the intervals (0, 1) and [0, 1]: then © < v and v < p but pu # v.
Therefore < is not even a partial ordering among order types.

Definition 4.4 For o € A, let (M, < ,) be pairwise disjoint chains and suppose that the index set A
is also a chain. We define the ordered sum »  ,c4 M, as the chain (|J,. 4 Ma, < ), where we define

. z,y € Myandx < .y, or
<
vy if {a<ﬂ€A, x € M,andy € Mpg
We can “picture” the ordered sum as laying the chains M, “end-to-end” with larger o's further to the
right. In particular, for two disjoint chains (M, < j/) and (IV, < y), the ordered sum (M + N, <)
is formed by putting N to the right of (“larger than”) M and using the old orders inside each of M
and N.

Definition 4.5 Suppose A is a chain and that for each o € A, we have an order type pi,. Let the
lo's be represented by pairwise disjoint chains M,. Then ) ,ca o as order type of the chain

(UaeaMa, < ). In particular, if 1 and v are order types represented by disjoint chains M and N, then
i+ v is the order type of the ordered sum (M + N, < ). (Check that sum of order types is
independent of the disjoint chains used to represent the order types. )

Example 4.6 Addition of order types is clearly associative: (u+v)+7=p+ (v + 7). It is_not
commutative. For example wy + 1 # 1 + wy, since a chain representing the left side has a largest
element but a chain representing the right side does not. In general, for n € N, n + wy = wy while, if
m#n €N, wy # wy)+n #wy+m. Of course, chains representing these different order types all
have cardinality N;.

The order type wy + wy is represented by the ordered set {0,1,2,3,...; a1, as, as, ...} where “;”
indicates that each a; is larger than every n. Less abstracting, wy + wy could also be represented by
the chain {1 - L:neN}U{2-1:ne N} CQ.

wj + wy is the order type of the set of integers Z. Is wj +wy = wy +wy ? (Why or why not? Give an
example of a subset of Q that represents wy + wj.)
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Example 4.7 It is easy to prove that every countable chain C' is order isomorphic to a subset of Q:
just list the elements of C' and inductively define a one-to-one mapping into Q that preserves order at
each step (see the “attempted” argument that precedes that actual proof of Cantor's Theorem 3.7)
Theorem 3.7). But if every countable order type can be represented by some subset of (), then there
can be at most ¢ different countable order types.

As a matter of fact, we can prove that there are exactly c different countable order types. A
sketch of the argument follows: the details are easy to fill in (or see W. Sierpinski, Cardinal
and Ordinal Numbers — an old “Bible” on the subject with much more information than
anybody would want to know.)

Z has order type £ = wj, + wy. For each sequence a = (ay, as,as...) € {0, 1}, we can define
an order type

ée=¢+14+a+E+14+as+E+14+as+. ..
It is not hard to show that the map a — &, is one-to-one. Here is a sketch of the argument:

We say that two elements of a chain to be in the same component if there are only
finitely many elements between them. (This use of the word “component” has nothing
to do with connectedness.) It is clear all elements in the same component are smaller
(or larger) than all elements in a different component; this observation lets us order the
components of the chain.

Suppose C' is a chain representing £, and let the finite components of C' (listed in order
of increasing size) be F1, Fy, ..., F,, ... where F,, has order type 1 + a,,.

Let a # b € {0,1}" and suppose C’ is a chain that represents &,. Call the finite
components of C’ (listed in order of increasing size) FY, F,..., F),... where F, has
order type 1 + b,,.

An order isomorphism between C' and C'' would necessarily carry F), to F)/ for every
n. But this is impossible since, for some n, one of 1+ a, and 1+ b,, is 1 and the
other is 2.

Thus, there are at least as many different countable order types as there are sequences
a € {0,1}", namely c.

Definition 4.8 Let (M, < /) and (N, < y) be chains representing the order types p and v. We
define the product pv to be the order type of (N x M, <), where (ny,m;) < (ng, mo) iff ny < y no
or (n1 = Ny and mq < M mg).

This ordering < on N x M is called the lexicographic (or dictionary) order since the
pairs are ordered “alphabetically.”
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Example 4.9

a) 2-wy =wy. To see this, we can represent wy by N and 2 by {0,1}. Then the chain
representing 2 - wy, listed in increasing (lexicographic) order, is N x {0,1} = {(1,0), (1,1), (2,0),
(2,1), (3,0), (3,1), ..., (n,0), (n,1), ... }, and this chain is order isomorphic to N. More generally,
n-wy = wy foreachn € N.

However, wy - 2 # wy. The product wy - 2 is represented by {0, 1} x N ordered as:
{(0,1), (0,2),...,(0,n),... ; (1,1),(1,2),...,(1,n),...}
This chain is not order isomorphic to N : N has only one element with no “immediate predecessor,”

while this set has two such elements. In fact, wy - 2 = wy + wy. Thus, multiplication of order types is
not commutative.

b) wp=2-wy=(14+1) - wy# 1 -wy+ 1 -wy=wy+wy. Thus the “right distributive” law
fails.

¢) wi can be represented by the lexicographically ordered chain N x N. In order of increasing

size, this chain is:

((1,1), (1,2), oo (1) s (2,0), (202, ey (20)y s o s s (1), (1,2), 0,y 5 o}

The chain looks like countably many copies of N placed end-to-end, so we can also write:
w% =wy+wy+ ... +wp+ ... = > nen o where each p,, = wy. A subset of Q that represents w%

is{k—L:kn=123 .1}

Exercise Prove that
1) multiplication of order types is associative
2) the left distributive law holds for order types: pu(v +t) = pv + ur.
Note: Other books may define uv “in reverse” as the order type of the lexicographically ordered set
M x N. Under that definition, wg-2 = wgand 2wy = wyg + wy # wy. Also, under the “reversed”
definition, the right distributive law holds but the left distributive law fails.
Which way the definition is made is not important mathematically. The arithmetic of order types

under one definition is just a “mirror image” of the arithmetic under the other definition. You just
need to be aware of which convention a writer is using.
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Exercises

E7. Give [0,1]? the lexicographic order <, and let (a,b) represent an open interval in [0, 1]2.
Describe what a “small” open interval around each of the following points looks like: (0, %), (0,1),

(3,0, (1,0).

E8. Foreach a € N, we can write a uniquely in the form a = 2"(2s + 1) for integers r, s > 0.
Suppose &’ = 2"'(2s’ +1) € N. Definea < a’ifa = a’,orr < r', orr=r"ands < s’. What
is the order type of (N, <)? Does a nonempty subset of (N, <) necessarily contain a smallest
element?

E9. Show that it is impossible to define an order < on the set C of complex numbers in such a way
that all three of the following are true:

i) for all z,w € C, exactly one of z = w, x < w, or z > w holds
ii) forall u,w,z € C: ifz <w,thenz+u < w+u
iii) ifx, y > 0, then xy > 0

(Hint: Begin by showing that if such an order exists, then — 1 > 0. But notice that this, in itself, is not
a contradiction.)

E10. Give explicit examples of subsets of Q which represent the order types:
a) wo+ 1+ wy
b) w§ + wp
c) wi+2-wy+3
d) w4+ wy-2+3
e) wj + wj

f) wp 4+ wo
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E11. Let n be the order type of Q.
a) Give an example of a set B C Q such that neither B nor Q — B has order type 7.

b) Prove that if A is a set of type nand B C A, then either B or A — B contains a subset
of type 7.

c¢) Prove or disprove: n+1+4+n=mn.

Hint: Cantor's characterization of Q as an ordered set may be helpful.

E12. A chain (X, <) is called an 7;-set if the following condition holds in X :

(*) Whenever A and B are countable subsets of X such that a < b for every choice of
a€ Aandb € B,thendc € X suchthata < c < bforalla € Aandallb € B

More informally, we could paraphrase condition (*) as: for countable subsets A, B of X,
“A< B” = dce Xsuchthat“A<c< B”

a) Show that R is not an 7 -set.

b) Prove that every n;-set is uncountable.
Hint: there is a one line argument; note that () is countable.

¢) By b), an ny-set (X, <) satisfies | X | > Ny, and so | X| > ¢ if we assume the continuum

hypothesis, CH. Prove that | X'| > ¢ without assuming CH.
Hint: show how to define a one-to-one function f : R — X, begin by defining f on Q.

More generally, a chain (X, <) is called an n,-set if, whenever A and B are subsets of X, both of
cardinality < N, then there is a x € X such that “A < x < B”. So, for example, an ng-set is

simply an order dense chain.
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5. Well-Ordered Sets and Ordinal Numbers

We now look at a much stronger kind of order < on a set.

Definition 5.1 A poset (X, <) is called well-ordered if every nonempty subset of X contains a
smallest element.

The definition implies that a well-ordered set X is automatically a chain: if a # b € X, then set {a, b}
has a smallest element, so either a < b or b < a.

N and all its subsets are well-ordered. The set of integers, Z, is not well-ordered since, for example, Z
itself contains no smallest element. R is not well-ordered since, for example, the nonempty interval

(0,1) contains no smallest element.

Since a well-ordered set X is a chain, it has an order type. These special order types are very nicely
behaved and have a special name.

Definition 5.2 An ordinal number (or simply ordinal) is the order type of a well-ordered set.

Since we know how to add and multiply order types, we already know how to add and multiply
ordinals and get new ordinals. We also have a Definition 4.2 for < and < that applies to ordinals.

Theorem 5.3 If o and 3 are ordinals, so are & + (G and « - (.

Proof Let o and 3 be represented by disjoint well-ordered sets A and B. Then « + (3 is represented
by the ordered sum A + B. We must show this set is well-ordered. Since A + B is a chain, we only
need to check that a nonempty subset C' of A + B must contain a smallest element.

B is well-ordered so, if C' C B, then C has a smallest element. Otherwise C' N A # () and, since A is
well-ordered, there is a smallest element ¢ € C' N A. In that case c is the smallest element of C.

Similarly, we need to show that the lexicographically ordered product B x A is well-ordered. If C'is a
nonempty subset of B x A, let by be the smallest first coordinate of a point in C' : more precisely, let
by be the smallest element in {b € B : for some a € A, (b,a) € C}. Then let ay be the smallest
element in {a € A : (by,a) € C}. Then (by,ao) is the smallest element in C. (Intuitively, (by,ay) is
the point at the “lower left corner” of C. The fact that B and A are well-ordered guarantees that
such a point exists.) e

Some examples of ordinals (increasing in size) are

0,1,2, ..., wp, wo+ 1, wo+2, ..., wpg+n,..., wp-2, wop-2+1,..., wp-2+mn, ...,

2 2 2 2 2
w3, W0 Ny, Wy, Wy 1, W W, wi w1, wh w2,
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All these ordinals can be represented by countable well-ordered sets (in fact, by subsets of Q) so we
refer to them as “countable ordinals.” We will see later (assuming AC), there are well-ordered sets of
arbitrarily large cardinality — so that this list of ordinals barely scratches the surface.

Exercise 5.4 Find a subset of Q that represents the ordinal wj + wy - 3 + 2.

Here are a few very simple properties of well-ordered sets. Missing details should be checked as
exercises.

1) In a well-ordered set X, each element a except the largest (if there is one) has an
“immediate successor”— namely, the smallest element of the nonempty set {z € X :z > a}.
However, an element in a well-ordered set might not have an immediate predecessor: for example in
{1-L:neNu{2-1:neN}uU{2}, neither 1 nor 2 has an immediate predecessor. This set
represents the ordinal wy + wy + 1.

2) A subset of a well-ordered set, with the inherited order, is well-ordered.

3) Order isomorphisms preserve well-ordering: if a poset is well-ordered, so is any order
isomorphic poset. An order isomorphism preserves the smallest element in any nonempty subset.

The following theorems indicate how order isomorphisms between well-ordered sets are much less
“flexible” than isomorphisms between chains in general. .

Theorem 5.5 Suppose M is well-ordered. If f : M — M is a one-to-one, order-preserving map of M
into M, then f(m) > m forall m € M.

The theorem says that f cannot move an element “to the left.” Notice that Theorem 5.5 is false for

chains in general: for example, consider M =R and f(x) = %x On the other hand, if you try to

construct a counterexample using M = N, you will probably see how the proof of the theorem should
go.
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Proof Suppose not. Then A = {m € M : f(m) < m} # 0. Let m, be the smallest element in A.
We get a contradiction by asking “what is f(f(my))”?

fimi) rrll

* ¥ *F F ¥ F FFF R M

fin() 2

Since my € A, f(mg) < mg. Since f preserves order and is one-to-one, f(f(mg)) < f(mo) which
means that f(mg) € A. But that is impossible because m, is the smallest element of A. e

Corollary 5.6 If M is well-ordered, then the only order isomorphism f from M onto M is the identity
map f(m) = m.

(Note that the theorem is false for chains in general: if M =R, then f(z)= x> is an onto order
isomorphism. Corollaries 5.6 and 5.7 indicate that well-ordered sets have a very “rigid” structure.)

Proof Let f: M — M be an order isomorphism. By Theorem 5.5, f(m) > m for all m. If f is
not the identity, then A = {m : f(m) > m} # 0. Let m be the least element of A.
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Then m cannot be in ran(f) (why?). e

Corollary 5.7 Suppose M and N are well-ordered. If f: M — N and g: M — N are order
isomorphisms from M onto N, then f = g. (So M and N can be order isomorphic “in only one way.”)

Proof If f # g, then f~'f and g ! f are two different order isomorphisms from M onto M, and that
is impossible by the preceding corollary. e

Exercise 5.8 Find two different order isomorphisms between R and the set of positive reals R™.

We have already seen that order types, in general, are not very nicely behaved. Therefore, during this
the following discussion about well-ordered sets and ordinal numbers, there is a certain amount of
fussiness in the notation — to make sure we do not jump to any false conclusions. Much of this
fussiness will drop by the wayside as things become clearer.

In a nonempty well-ordered set M, we will often refer to the smallest element as 0. (In fact, without
loss of generality, we can literally assume 0 is the smallest element M.) If we need to carefully
distinguish between the first elements in two well-ordered sets M, N we may write them as 03, and
On. (This might be necessary if, say, N C M and the smallest elements of N and M are different.)
But usually this degree of care is not necessary.

Definition 5.9 Suppose m € M, where M is well-ordered. The initial segment of M determined
bym = {x € M : 2 < m}. We can write this set using the “interval notation” [0, m ).

If a discussion involves only a single well-ordered set M, we may simply write [0, m),; or even
just [0,m).
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Notice that:

i) For every m € M, M # [0, m), so M is not an initial segment of itself, and we will see in
Theorem 5.10 that much more is true: M cannot even be order isomorphic to an initial segment of
itself.

i1) Order isomorphisms preserve initial segments: if f : M — N is an order isomorphism of
M onto N, then f[[0,m)] = [0, f(m))

iii) Given any two initial segments in a well-ordered set M, one of them is an initial segment of
the other. More precisely, if m <n &€ M, then “the initial segment in M determined by
m’>={zx € M:z<m}={x€[0,n):x<m} = "“the initial segment in [0, n) determined by m.”

Theorem 5.10 Suppose M is well-ordered and N C M. M is not order isomorphic to an initial
segment of N. In particular (when N = M), M is not order isomorphic to an initial segment of itself.

Proof Supposen e N C M. If f: M — N C M is one-to-one and order preserving, then Theorem
5.5 gives us that f(n) > n for each n € N. Therefore, for each n, ran(f) # [Oy,n). e

Corollary 5.11 No two initial segments of M are order isomorphic (so each initial segment of M, as
well as M itself, represents a different ordinal).

Proof One of the two segments is an initial segment of the other, so by Theorem 5.10 the segments
cannot be order isomorphic. e

Definition 5.12 Suppose i and v are ordinals represented by the well-ordered sets M and N. We say
that ¢ < v if M is order isomorphic to an initial segment of N — that is M ~ [0,n) for some n € N.
If M is order isomorphic to N we write p = v. We write p < vif u < v or u=v. (Check that the
definition is independent of the choice of well-ordered sets M and N representing jvand v.)

Note: We already have a different definition (4.2) for pn < v when we think of 1 and v as
arbitrary order types. It will turn out — for ordinals — that the two definitions are equivalent,
that is:

for well-ordered sets M and N:

M is order isomorphic to a proper subset of N but not to N itself

T ()

M is order isomorphic to an initial segment of N.

The equivalence (*) is not true for chains in general: for example, each of [0,1] and (0,1) is

order isomorphic to a subset of the other, but neither is order isomorphic to an initial segment
of the other (why?)

Until Corollary 5.19, where we prove the equivalence (*), we will be using the new definition
5.12 of i < v for ordinals.
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The relation < among ordinals is clearly reflexive and transitive. The next theorem implies that < is
antisymmetric — and therefore any set of ordinals is partially ordered by <.

Theorem 5.13 If ;4 and v are ordinals, then at most one of the relations 1 < v, p = v, and > v can
be true.

Proof Let M and N represent pand v. If 4 = v, then M ~ N. In this case, p < v and v < p are
impossible since a well-ordered set cannot be order isomorphic to an initial segment of itself (Theorem
5.10).

If 4 < v, then M is isomorphic to an initial segment of N. If v < p were also true, then N would, in
turn, be isomorphic to an initial segment of M. By composing these isomorphisms, we would have M
order isomorphic to an initial segment of itself — which is impossible. e

Notation For an ordinal y, let ord (1) = {a : « is an ordinal and o < pu}. If g = 0, then ord () = ()
and if x> 0, then 0 € ord(u), so ord(u) # 0. Like any set of ordinals, we know that ord(yu) is
partially ordered by <.

It turns out that much more is true: every set of ordinals is actually well-ordered by <, but to see that
takes a few more theorems. However, ord(y) is a very special set of ordinals and, for starters, Theorem
5.14 tells us that ord(u) is well-ordered by <. Theorem 5.14 also gives us a very nice “standard” way
to pick a well-order that represents an ordinal .

Theorem 5.14 If i is an ordinal represented by the well-ordered set M, then ord(u) ~ M. Therefore
ord(p) is a well-ordered set of ordinals and ord () represents .

Proof For each ordinal o € ord(u), we have o < p, so « can be represented by some initial segment
[0,m) of M. Define f : ord(u) — M by f(«) = m,. This function f is one-to-one since different
ordinals cannot be represented by the same initial segment of M, and f clearly preserves order.

If m € M, then the initial segment [0, m) in M represents some ordinal o < p. But « is represented
by [0,m,). Since different initial segments of M are not isomorphic, we get m = m, = f(a) so f is
onto. Therefore ord(p) ~ M. e

We will often write ord () in “interval” notation:

For an ordinal x4, [0,4) = {a : a is an ordinal and o < p} = ord(p)

By 5.14, [0, 1) is well-ordered and represents the ordinal yi; therefore any ordinal y can be represented
by the set of preceding ordinals.

For example,
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0 is represented by the set of preceding ordinals, namely [0,0) = ord(0) = ()
1 is represented by [0,1) = ord(1) = {0}

2 is represented by [0,2) = ord(2) = {0, 1}

wy is represented by [0,wy) = ord(wy) = {0,1,2,...,n,...}

wp + 1 is represented by [0,wp + 1) ={0,1,2,...,n,...; wo}
(here, “; " indicates that wy comes “after” all the natural numbers n)

« is represented by the set of previously defined ordinals

etc.

Some comments about axiomatics

The informal definition of ordinals is good enough for our purposes, However, the preceding list
roughly illustrates how one can define ordinals in axiomatic set theory ZFC. For example, in ZFC the
ordinal 2 is defined by 2 = {0, 1} (rather than saying that the set {0, 1} represents the ordinal 2).

Definition
0=20
I = {0} = {0}
2 ={0,1} = {0, {0}}

wo=1{0,1,2,...,n,...}
w+1={0,1,2,...,n,..;wp}

etc.
and in general, an ordinal o = the set of previously defined ordinals. Of course, this

presentation is still a little vague: in particular, some sort of “induction” in ZFC is needed
to justify the “etc.” where an ordinal is defined in terms of ordinals already defined.

Once we have defined ordinals (as sets) in ZFC, we need to say how they are compared, that is, how to
define <. We do this for ordinals o and 3 by writing a < (8 iff o € 3. This seems to
accomplish what we want. For example:

1 < 3because 1 € 3
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0<1<2<3<..<wy<wy+1because0ele2e3e...cwew+1e€..
wy < wy + 17 because wy € wy + 17
etc.
If X is any set well-ordered by <, we can then define its ordinal number ( = “the ordinal number
associated with X”) as follows: from the axioms ZFC one can prove the existence of a function (set)
with domain X that is defined “recursively” by :
Vye X fly)=ran(fl{z € X:z<y})

Then “the ordinal number of X is defined to be the set ran(f).

For example, for the well-ordered set X = {1, 3,5}, what is the function f and what is the
ordinal number of X?

f(O)y=ran(fl{z€ X:2<1})=ran(f|0) =10
F@3)=ran(fl{z € X : z < 3}) = ran (f[{1}) = {0}
f(5) =ran(f|{z € X: 2z <5}) =ran(f|{1,3}) = {0,{0}}
The ordinal number of X isran (f) = {0, {0},{0,{0}}} = {0,1,2} =3
In axiomatic set theory, cardinals are viewed as certain special ordinals: an ordinal « is called a
cardinal if for all ordinals § < « there is no bijection between 3 and « — that is a cardinal is an “initial
ordinal” — meaning that it's “the first ordinal with a given size.” From that point of view wy

is a cardinal because there is a bijection between wy and n for any n < wy. Earlier, we gave this
cardinal the name Ny. But wy + 1 is not a cardinal because there is a bijection between wy and wg + 1.

In Theorem 1.13.2, we proved that at most one of the relations <, =, > (as defined for cardinal
numbers) can hold between two cardinals. (Context will make clear whether “ < ” refers to the
ordering of cardinals or ordinals.) We also stated in Chapter I that (assuming AC) at least one of the
relations <, =, > must hold between any two cardinals — that is, for any two sets one must be
equivalent to a subset of the other. We are almost ready to prove that statement — in fact, this statement
about cardinal numbers follows easily (assuming AC) from the corresponding result about ordinal
numbers which we now prove.

Theorem 5.15 (Ordinal Trichotomy Theorem) If ;4 and v are ordinals, then at least one of the
relations p > v, u = v, pu < v must hold (and so, by Theorem 5.13, exactly one of these relations
holds).

Proof We already know that certain special sets of ordinals are well-ordered: for example
[0,1) = {a: cvis an ordinal and o < p} (Theorem 5.14).

The theorem is certainly true if 4t = 0 or v = 0, so we assume both ¢ > 0 and v > 0.
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Let D =[0,u) N[0,v) = {« : « is an ordinal for which o < ;1 and & < v}. Because we do not yet
know that 1 and v are comparable, the situation might look something like the following:

D is well-ordered because D C [0,1), and D # () (since 0 € D). Therefore D represents some
ordinal 6 > 0. We claimthat 6 < g and 6 < v.

1) To show that 6 < u, we assume 6 # p and prove 6 < .

[0, p) represents p. Since D C [0, 1) and D represents & # p, we conclude D # [0, i),
so [0,p) —D # 0. Let be the smallest element in [0, 1) — D. [0,7) is an initial

segment of [0, u).

We claim D = [0,7). If that is true, then D represents 7; but D represents 6 and
therefore 6 = v < p.

[0,v) CD: Ifae€l0,7), thena € [0, 1) and v < -y = smallest element in
[0,0) — D, soa € D.

D C[0,7) : Ifa € D, then « and y are comparable since both are in the
well-ordered set [0, 1t).

We examine the possibilities:
i) v = a: impossible, since « € D and y ¢ D
ii) 7 < « : impossible, since that would mean
v<a<pandy < a < v, forcingy € [0, 1) N[0, v)
= D — which is false.

Therefore o < 7y, soa € [0,7).
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2) A similar argument (interchanging “;” and “v” throughout) shows that if 6 # v,
then 6 =y < v.

Since 6 < pand 6 < v, there are only four possibilities:
a) 6 < pand § < v, in which case 6 € [0, ) N[0,v) = D = [0, ) — which is impossible.
Therefore one of the remaining three cases must be true:

b) 6 = pand 6 = v, in which case u = v
¢) 6 < pand d = v, in which case u > v
d) 6 =pand 6 < v, inwhichcase u<v e

Corollary 5.16 Any set of ordinals is linearly ordered with respect to the ordinal ordering <.
(We shall see in Theorem 5.20 that even more is true: every set of ordinals is well-ordered.)

We simply state the following theorem. A proof of the equivalences can be found, for example, in Set
Theory and Metric Spaces (Kaplansky) or Topology (Dugundji).

Theorem 5.17 The following statements are equivalent. (Moreover, each is consistent with and
independent of the axioms ZF for set theory:)

1) (Axiom of Choice) If {A, : a € A} is a family of pairwise disjoint nonempty sets, there is
aset B C JA, such that, forall o, |[A,NB| = 1.

(This is clearly equivalent to the statement that [[A, # 0. If f is in the product, let B = ran(f), on
the other hand, if such a set B exists, define f by f(a) = the unique element of A, N B. An element
f € [1Aa is a function that “chooses” one element f () from each A,.)

2) (Zermelo's Theorem) Every set can be well-ordered, i.e., for every set X there is a subset
< of X x X such that (X, <) is well-ordered.

3) (Zorn's Lemma) Suppose (X, <) is a nonempty poset. If every chain in X has an upper
bound in X, then X contains a maximal element.

We will look at some powerful uses of Zorn's Lemma later. For now, we are mainly interested in
Zermelo's Theorem.

1t is tradition to call 2) Zermelo's Theorem and 3) Zorn's Lemma. They appear as “proven” results in
the early literature, but the “proofs” used some form of the Axiom of Choice (AC). Generally, we have
been casual about mentioning when AC is being used. However in the following theorems, for
emphasis, [AC indicates that the Axiom of Choice is used in one of these equivalent forms.

Corollary 5.18 [AC, Cardinal Trichotomy] If m and n are cardinal numbers, at least one (and thus,
by Theorem 1.13.2 , exactly one) of the relations m > n, m = n, m < n holds. (Therefore any set of
cardinals is a chain.)
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Proof According to Zermelo's Theorem, we may assume that M and N are well-ordered sets
representing the cardinals m and n, so that M and N also represent ordinals p and v.

By Theorem 5.15, either 4 = v, p < mn, or u > v; therefore either M and N are order isomorphic (in
which case m = n) or one is order isomorphic to an initial segment of the other (so m < n or n < m).
[ ]

In fact, the Cardinal Trichotomy Corollary, is equivalent to the Axiom of Choice. (See Gillman, 7wo
Classical Surprises Concerning the Axiom of Choice and the Continuum Hypothesis, Am. Math.
Monthly 109(6), 2002, pp. 544-553 for this and other interesting results that do not depend on
techniques of axiomatic set theory.) Over 200 equivalents to the Axiom of Choice are given in
Equivalents of the Axioms of Choice (Rubin & Rubin, North-Holland Publishing, 1963).

The following corollary tells us that, among ordinals, the two definitions of *“ < (Definition 4.2 and
Definition 5.12) are equivalent.

Corollary 5.19 Suppose M and N are well-ordered sets representing p and v. If M is order
isomorphic to a subset of N (so u < v in the sense of Definition 4.2), then M is order isomorphic to
N or to an initial segment of N (so u < v in the sense of Definition 5.12).

Proof Without loss of generality, we may assume M C N. If M is not order isomorphic to N, then
w# v. If M is also not isomorphic to an initial segment of IV, then p < v is also false. Therefore the
Trichotomy Theorem 5.15 gives 4 > v. Then N is order isomorphic to an initial segment of a subset
M of itself — which violates Theorem 5.10. e

Theorem 5.20 Every set W of ordinals is well-ordered. In particular, every nonempty set of ordinals
contains a smallest element.

Proof Theorem 5.15 implies that W is linearly ordered by <. We need to show that if A is a
nonempty subset of W, then A contains a smallest element. Pick o € A. If « is itself the smallest in
A, we are done. If not, then {3 € A : 5 < a} is nonempty and well-ordered — because it is a subset of
[0, &) — so it contains a smallest element 3, and 3 is the smallest element in W. e

Corollary 5.21 [AC] Every set C of cardinal numbers is well-ordered. In particular, every nonempty
set of cardinal numbers contains a smallest element.

Proof We know that the order < (among cardinals) is a linear order. Let D be a nonempty subset of
C' and, for each cardinal m € D, let M represent m. By Zermelo's Theorem, each set M can be well-

ordered, after which it represents some ordinal y. By Theorem 5.20, the set of all such p's contains a
smallest element 1iy represented by M. Then my = |Mj| is clearly the smallest cardinal in D. e

Example 5.22
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1) The set C' = {m : m is a cardinal and Ry < m < ¢} has a smallest element. It is called the
immediate successor of Ny and is denoted by Nar or N;. The statement ¢ = Ny is the Continuum
Hypothesis which, we recall, is independent of the axioms ZFC. If CH is assumed as an additional
axiom in set theory, then C' = {X; } = {c}.

2) More generally, for any cardinal m we can consider the smallest element m™ in the set
{k : k is a cardinal and m < k < 2™}. We call m™ the immediate successor of m. In particular, we
write N = Ny, NJ = N3, and so on.

The Generalized Continuum Hypothesis is the statement
GCH : “for every infinite cardinal m, m*™ = 2™.”

GCH and ~ GCH are equally consistent with the axioms ZFC. (Curiously, ZF + GCH implies AC.
This is discussed in the Gillman article cited after Corollary 5.18.)

3) In Example VL.4.6, we (provisionally) defined the weight of a topological space (X, 7) by
w(X) =Ny + min {|B| : Bis abase for 7 }.

We now see that the definition makes sense — because there must exist a base of smallest cardinality.

Theorem 5.23 If W is a set of ordinals, then there exists an ordinal greater than any ordinal in W.
(Therefore there is no “set of all ordinals.”)

Proof Let W* = {u+1:p € W}, and represent each ordinal x4 1 in W* by a well-ordered set
M, 1. We may assume the M, 's are pairwise disjoint. (If not, replace each M, ., with
M1 x {p+ 1}, ordered in the obvious way.) Form the ordered sum: that is, let S = (J{M 1 :
i € W}, and order S by

<uif {BYE My, andz <y in M,y
rT=Y re€M,y€e My yand p <v
Clearly, < well-orders S, so (S, <) represents an ordinal . Since each M, ; C S, we have
1+ 1 < o by Theorem 5.19. Since 4 < p+ 1 < o for each € W, o is larger than any ordinal in
W. e

Corollary 5.24 Every set W of ordinals has a least upper bound, denoted sup W — that is, there is a
smallest ordinal > every ordinal in W.

Proof Without loss of generality we may assume that if « < p € W, then a € W (why? and where is
this assumption used in what follows?). If W contains a largest element, then it is the least upper
bound. Otherwise, pick an ordinal ¢ larger than every ordinal in W. Then [0,0 4+ 1) — W # ) (it
contains o) and the smallest element in [0,0 + 1) — WissupW. e

Example 5.25

348



1) sup{0,1,2,....,} = wy, and sup{0,1,2,...,wo} = wy

2) We say that an ordinal “has cardinal m” if it is represented by a well-ordered set with
cardinality m. In particular, countable ordinals are those represented by countable well-ordered sets.

3) sup {« : « is a countable ordinal } is called w;. Since there is no largest countable ordinal
(why?), we see that w is the smallest uncountable ordinal. A set representing w; must have cardinal N,
(why?). Since [0,w;) represents wi, so there are exactly N; ordinals < wi, that is, exactly N;
countable ordinals. Each countable ordinal can be represented by a subset of Q (see Example 4.7), so
there are exactly N; nonisomorphic well-ordered subsets of Q.

Since wy is the smallest uncountable ordinal, each o < wy is a countable ordinal that is represented by
[0, ). Therefore « has only countably many predecessors and w is the first ordinal with uncountably
many (N;) predecessors.

The spaces [0, w;) and [0,w; + 1) = [0, w;], with the order topology, have some interesting properties
that we will look at later. These properties hinge on the fact that w; is the smallest uncountable
ordinal.

The ordinals wy, ..., wp+n, ..., Wy * 2, ..., w%, ..., W, ... are all mere countable ordinals. For ordinals
a, (3 it is possible to define “ordinal exponentiation” . (The definition is sketched in the appendix at
. W0 . .
the end of this chapter.) Then it turns out that w’, wy” + 1, ..., w(()“)“ ), ..., are still countable ordinals.
“o
“0 ]
If you accept that, then you should also believe that ¢y = sup{wy, w‘go,wgo , wff“ , o b (= “wpto the

wo power wy times™) is still countable. Roughly, each element in the set has only countably many
predecessors and the set has only countable many elements, so the least upper bound of the set still has
only countably many predecessors—namely, all the predecessors of its predecessors.

But once you get up to €y, you can then form ¢;’, effo(]), ..., take the least upper bound again, and still
have only a countable ordinal ¢;. And so on. So w;i, the first ordinal with uncountably many
predecessors is way beyond all these: “the longer you look at wy, the farther away it gets” (Robert
McDowell).

We now look at some similar results for cardinals.

Lemma 5.26 If {k,: «a € A} and {m,, : a € A} are sets of cardinals and k., > m,, for each a € A,
then Y ko, > > m,. (An infinite sum of cardinals is defined in the obvious way: if the K,'s are
pairwise disjoint sets with cardinality k,, then Y k., = |JK,|.)

Proof Exercise

Theorem 5.27 If a set of cardinals C' = {k, : & € A} contains no largest element, then Y k, > kq,
for each oy € A.
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mao = ka()
me = 0 for a # oy
Then the lemma gives Y ko, > > mq = kq,.

Proof For any particular oy € A, let {

If >k, = k,, for some o, k., would be the largest element in C' which, by hypothesis, does not
exist. Therefore >k, > k,, forevery ay € A. o

The conclusion may be true even if C has a largest element: for example, suppose C = {1,2}.
Can you give an example involving an infinite set C' of cardinals?

Corollary 5.28 If C' is a set of cardinals, then there is a cardinal m larger than every member of C
(and therefore there is no “set of all cardinals™).

Proof If C has a largest element k, then let m = 2¥. Otherwise, use the preceding theorem and let
m=>{k:keC}. e

Corollary 5.29 Every set C' of cardinal numbers has a least upper bound, that is, there is a smallest
cardinal > every cardinal in C.

Proof Without loss of generality, we may assume that if p € C, then all cardinals smaller than p are
also in C' (why? and where is this used in what follows?). If C has a largest element k, then k is the
least upper bound. Otherwise, pick a cardinal m greater than all the cardinals in C' and let

S ={p: pisacardinal and p < m}. Then S — C # () (it contains m) and the smallest cardinal in this
set is the least upper bound for C. e

6. Indexing the Infinite Cardinals

By Corollary 5.21, the set of infinite cardinals less than a given cardinal & is well-ordered, so this set is
order isomorphic to an initial segment of ordinals. Therefore this set of cardinals can be “faithfully
indexed” by that segment of ordinals — that is, indexed in such a way that k, < kg iff a < 3. When
the infinite cardinals are listed in order of increasing size and indexed by ordinals, they are denoted by
N's with ordinal subscripts. In this notation, the first few infinite cardinals are

NO’ Nl ( = Ng)a N? ( = NT) 9 et Nna ) Nwoa Nwo+1a A Nwoeroa AN ng, ] Ne
Nert s Nopy ot

05

Thus, N, =sup{X,, : n < wp} and R, =sup {N, : & < wy}. R, is the first cardinal with uncountably
many (XN;) cardinal predecessors.

In this notation, GCH states that for every ordinal o, 2% = R, ;.

By definition, ¢ = |R|. So where is c is this list of cardinals? The continuum hypothesis states

“c = N;.” However, it is a fact that for each ordinal «, there exists an ordinal 3 > « such that the
assumption “Nz = ¢” is consistent with ZFC. (Perhaps R is more mysterious than you thought.)
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These results imply that not even the simplest exponentiation 2™ involving an infinite cardinal can be
“calculated” in ZFC: is 2% = R;? =N;;? = N1 ?

On the other hand, one cannot consistently assume “c = N,” for an arbitrary choice of a: even in
ZFC, certain N,'s are provably excluded. In fact, if X, is the least upper bound of a strictly increasing
sequence of smaller cardinals, we will prove Ngo > N, (and therefore N, # ¢). It is also true, but we
will not prove it, that these are the only excluded X,'s — it is consistent to assume 2% = X,

for any cardinal X, for which XY = X, (Solovay, 1965).

At the heart of what we need is a classical theorem about cardinal arithmetic.

Theorem 6.1 (Konig) Suppose that for each o € A, m,, and n,, are cardinals with m, < n,. Then

Y ama < [ na-

Proof Proving “ < ” is straightforward; proving “ < ”takes a little more work.

Let sets M, and N, represent m, and n,. We may assume the V,'s are pairwise disjoint and, since
mea < Ng, that each M, is a proper subset of V. For each «, pick and fix an element n, € N, — M,

and define f : M, — [][Va. by:

z ifa =

forx € M,,, f(z) =z € [[Na, where z(a) = {n ifa £ a
o 0

The M,'s are disjoint so f is well defined, and clearly f is one-to-one, so we conclude that

We now show that Y m, = [[n, is impossible. We do this by showing that if A : | JM, — [[NV, is
one-to-one, then h cannot be onto.

Let P =ran(h) = h[|UM,] = Jh[M,]. Let h[M,] = P,. Since h is one-to-one,

|P,| = m, so, for each a, there are at most m,, different o' coordinates of points in P, — that
is, [{za:2z€ P,}| <m, < n, Then we can pick a point w, € N, with w, # z, for every
z € P,, i.e., w, is not the a-th coordinate of any point in P,.

Define w € [[N, by w(a) = w,. Thenw ¢ P, forall o, sow ¢ P =ran(h). e

Example 6.2 Suppose we have a strictly increasing sequence of cardinals
0Fmg<mg <..<my<....

For each k, let n, = my41, 50 my < ny. By Kénig's Theorem, Y~ ymy < [[r— e = [ 1o mi
< TILiZom -

In particular: if my, = Ny, then Y~ (R, < [],2Ng. Since R, < >~ (N, (why?), we have

Ry < TToRe < N
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Since ¢ = ¢, we conclude that ¢ # X,

Note: A similar argument shows that if a cardinal k is the least upper bound of a sequence of strictly
increasing cardinals, then EY >k oso k # c.

Exercise 6.3 For a cardinal k, there are how many ordinals with cardinality < &k ?

7. Spaces of Ordinals

Let X be a set of ordinals with the order topology. Since X is well-ordered, X is order isomorphic to
some initial segment of ordinals [0, ). Therefore X and [0,«) are homeomorphic in their order
topologies. Therefore to think about “spaces of ordinals” we only need look at initial segments of
ordinals [0, ). We will look briefly at some general facts about these spaces. In Section 8, we will
consider the spaces [0,w;) and [0,w; + 1) = [0, w;] in more detail. These particular spaces have some
interesting properties that arise from the fact that w; is the first uncountable ordinal.

According to Definition 3.1, a subbase for the order topology on X = [0, «) consists of all sets

{fze0,a):x <} =100,7), y<a
and

{rel0,a):2>p}=(Ba), 820

The set of finite intersections of such sets is a base, so (check this!) a basic open set has one of the
following forms:

[0,7), wherey < (7 = « corresponds to the empty intersection)
(8,7), where 3> 0and~y < «

If « = 0, then X = [0, ) = (); so suppose o > 0. What does an efficient neighborhood base at a point
7 € [0, ) look like? .

If 7=0: {0} =[0,1) is open in [0, v). Therefore 0 is an isolated point in [0, o) and
{{0}} is an open neighborhood base at 0.

If 0 < 7 < «, then any basic open set containing 7 must contain a set of the form (o, 7:

if 7€[0,7), thent € (0,7] € [0,7)
if 7€ (8,7), thent € (8,7] C (5,7)

Each set (0, 7] = (0,7 + 1) is open; and each set (o, 7] is also closed because its complement
[0,0 + 1)U (7, «)is open. Therefore {(c,7]:0 < o < 7} is a neighborhood base of clopen
sets at 7.

Putting together these open neighborhood bases, we get that

B={{0}}u{(o,7]:0< o <1< a}
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is a clopen base for the topology.

We noted in Example 3.4 that any chain with the order topology is Hausdorff. Therefore every ordinal
space [0,a) is Hausdorff. Since there is a neighborhood base of closed (in fact, clopen)
neighborhoods at each point 7 € [0, ), we know even more: Theorem VII.2.7 tells us that [0, ) is a
Ts-space. But still more is true.

Theorem 7.1 For any ordinal v, [0, ) is 7.
As remarked earlier, every chain with the order topology is Ty — but the proof is much simpler for

well-ordered sets.

Proof We know that [0, o) is 77, so need to prove that [0, ) is normal. Suppose A and B are disjoint
closed sets in [0, ).

If 7 € A, letU, = abasic open set of form (o, 7] disjoint from B (or, U, = {0} if 7 = 0)
If 7 € B, let V; = a basic open set of form (o, 7] disjoint from A (or, V, = {0} if 7 =0)

We claim that if ; € Aand = € B, then U, NV, = {:

The statement is clearly true if 7, or 75 = 0 so suppose both are > 0. Then U, = (o1, 7]

and V,, = (02, 2]. We can assume without loss of generality that 77 < 7».

If (01, 71] N (02, 2] # 0, then we have 71 € (02, 2] which would mean that V, N A # (.
IfU =, Urand V = |J,.5V7, then U and V are disjoint open sets with U O AandV DO B. e
(Why doesn't the same proof work for chains with the order topology?)
Definition 7.2 An ordinal 3 is called a limit ordinal if 3 > 0 and § has no immediate predecessor; [
is called a nonlimit ordinal if 3 = 0 or 3 has an immediate predecessor (that is, 5 = v+ 1 for some
ordinal 7).
Example 7.3

1) If §is a limit ordinal in [0, ), then for all o < 3, (o,] # {#}. Therefore [ is not
isolated in the order topology. If 3 is a nonlimit ordinal, then {3} = {0} or, for some ~, {3} = (v, 5]
Either way, {3} is open so [ is isolated. Therefore the isolated points in [0, «) are the exactly the
points that are not limit ordinals.

2) [0,wy) is discrete: it is homeomorphic to N.

3) [0,wp + 1) is homeomorphic to {1 — + : n € N} U {1}.

4) For what o's is [0, o) connected?

Theorem 7.4 Suppose « > 0. The ordinal space W = [0, «) is compact iff [0, «) = [0, 3] for some
ordinal 8 — that is, iff W contains a largest element (.
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Proof Suppose [0, ) has no largest element. Then U = {[0,7) : v < «} is an open cover of [0, a).
The sets in U are nested so, if there were a finite subcover, there would be a single set [0, ) covering
[0, ). That is impossible since v € [0, ) — [0, 7).

Conversely, suppose [0, ) = [0, 8]. If 8 = 0, then [0, 5] = {0} is compact, so we assume 3 > 0.

Let U be an open cover of [0, 3]. We can assume U consists of basic open sets, that is, sets of the form
{0} or (o, 7]. Necessarily, then, {0} € U.

Let 8y = 3 > 0. For some oy < 31, we have a set (01, 1] € U. If oy =0, then {{0}, (01, 51]} is a
finite subcover.

If o, >0, then for somefs, o1 € (02,0] EU, so o09<o; <. If 09=0, then
{{0}, (o9, B2], (01, B1]} is a finite subcover.

We proceed inductively. Having chosen (o, 8| so that o;_1 € (oy, 0% : if ox > 0 we can choose
(41, Brr1] € U so that o, € (0441, By

We continue until ,, = 0 occurs — and this must happen in a finite number of steps because otherwise,
we would have defined an infinite descending sequence of ordinals o1 > 09 > 03 > ... > 0, > ... .
This is impossible because a well-ordered set {o1, 09, ..., 0y, ... } must have a smallest element.

When we reach o,, = 0, we have a finite subcover from & : {{0}, (o, Brl, ..., (01,01]}. @

Example 7.5 [0,wp)is not compact, but [0,wy+ 1) = [0,wy] is compact. In fact, [0,wp] is
homeomorphic to {1} U {1 — L :n € N}.

n

8. The Spaces [0,w1) and [0, w1 ]

Theorem 8.1 For each n < wy, suppose o, < wy. Then o = sup{a, : n < wp} < w; — that is, the
sup of a countable set of countable ordinals is countable.

Proof [0,c,) is countable so (J,., [0,,) is countable. Since w; has uncountably many
predecessors, there is an ordinal v € [0, w;) — |J 0, ;). Then v > «,, for each n, so
a=sup{a, :n<w}<y<w. e

n<w0[

Corollary 8.2 [0,w;] and [0, w;) are not separable.

Proof If D is a countable subset of [0, w;], then & = sup (D — {w;}) < w;. Then
clD C[0,a]U{w} # [0, w].

A dense set in [0, w; ) is also dense in [0, w1 ], so [0, w;) is not separable. e
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Corollary 8.3 1In [0,w], no sequence from [0,w;) can converge to w;.

Proof Suppose (o) is a sequence in [0,w;). Let « =sup{a, : n € N} < w;. The «,'s are all in
the closed set [0, a], so (ay,) + wyi. e

Example 8.4 In Example I1I1.9.8, we saw a rather complicated space L in which sequences are not
sufficient to describe the topology. Corollary 8.3 gives an example that may be easier to “see” :
wy € ¢l[0,w;), but no sequence (ay,) in [0, ,w;) can converge to w .

This implies that [0, w;] is not first countable. Of course, {(o, 7] : ¢ < 7} is a countable neighborhood
base at each point 7 < w; — so the “problem” point is w;. Here, the neighborhood poset N, (ordered
by reverse inclusion) is very nicely ordered (well-ordered, in fact!) but the chain of all neighborhoods
is simply “too long” and we cannot “thin it out” to get a countable neighborhood base at w;.

In contrast, the basic neighborhoods of (0,0) in the space L were very badly “entangled”. The
neighborhood system Ay had a very complicated order structure — too complicated for us to find a
countable subset of N that “goes arbitrarily far out” in the poset. (See discussion in Example

2.4.6).

In Theorem IV.8.11 we proved that certain implications hold between various “compactness-like”
properties in a topological space X.

X is compact
* or = X is countably compact = X is pseudocompact.
X is sequentially compact

We asserted that, in general, no other implications are valid. The following corollary shows that
“sequentially compact” = “compact” (and therefore “countably compact” = “compact” and
“pseudocompact” = “compact” ).

Corollary 8.5 [0,w,) is sequentially compact.

Proof Suppose (a,) is a sequence in [0,w;). We need to show that («,) has a convergent
subsequence in [0, w;). Without loss of generality, we may assume that all the «,'s are distinct (why?)
The sequence («,) has either an increasing subsequence o, < v, < ... < @y, < ... ora

decreasing subsequence o, > v, > ..o >y >

The argument is completely parallel to the one in Lemma IV.2.10 showing that a sequence in R
has a monotone subsequence. Call «, a peak point of the sequence if v,, > «, for all k£ > n.

If the sequence has only finitely many peak points, then after some «,, there are no peak points
and we can choose an increasing subsequence o, < o, < ... < ap, < ...
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If () has infinitely many peak points, then we can choose a subsequence of peak points
Qs ... Qp,, ... and for these, «,, > oy, > ... > «a,, > ... . Since the a,,'s are distinct, we
have a,, > ay, > ... > oy, > ...

However, a strictly decreasing sequence of ordinals o, > o, > ... > a,, > ... is impossible.
Therefore («,) has a subsequence of the form a,, <ay, <..<a, <.. . Setting
a =sup{ay,, 1 k=1,2,...} <wi,we see thatthen (v,) — o € [0,wy). ®

An example of a pseudocompact space that is not countably compact is given in Exercise E31..
In Chapter X, we will discuss a space OGN that is compact (therefore countably compact and
pseudocompact ) but not sequentially compact (see Example X.6.5). That will complete the set
of examples showing that “no other implications exist” other than those stated in (*).

Corollary 8.6 In [0, w;], the intersection of a countable collection of neighborhoods of w; is again a
neighborhood of w; — that is, the intersection must contain a “tail” [a, w;]. Therefore {w;} is not a
Gy-set (and therefore not a zero set) in [0, w].

Proof Let {N, :k =1,2,...} be a collection of neighborhoods of w;. For each k, there is a oy, for
which w; € (ay,wi] Cint N, C Nj. Let 7 = sup{ay : k € N} < wy. Then ()~ N
D ieyint Ni, D (7, w1 = [a,wi] where « = 7 + 1. In particular, (o, Ny # {w1}. o

Since [0,w1] is compact, we know that each f € C'([0,w;]) is bounded. In fact, something more is
true. (Why does the corollary state something “more” ?)

Corollary 8.7 If f € C([0,w;]), then f is constant on a “tail” [a, w;| for some o < wy.

Proof Suppose f(wi)=r. By Corollary 8.6, f~'[{r}] =" f'[(r— L,7+ 1)] contains a tail
[a,wq]. Therefore f|[a,wi] =7. e

Proving Corollary 8.7 was relatively easy because we can see immediately what the constant value
must be to make the theorem true: r = f(w;). A more remarkable thing is that the same result holds
for [0,w;). But to prove that fact, we have no “initial guess” about what constant value f might have
on a tail, so we have to work harder.

Theorem 8.8 If f € C'([0,w;)), then f is constant on the “tail” [7,w;) for some 7 < wy.

Proof Let T, = [o,w;) = “the a® tail”. By Corollary 8.5, [0,w;) is countably compact so the
closed set T, is also countably compact. It is easy to see that a continuous image of a countably
compact space is countably compact, so f[7,]is a countably compact subset of R. Since countable
compactness and compactness are equivalent for subsets of R (Theorem IV.8.17), each f[T,] is a
nonempty compact set: f[T,] C f[Ty] C R.

The T,'s are nested : f[T5,] C f[13] C f[To] if B < . Therefore f[T,]'s have the finite intersection
property, and by compactness [, cord [T.] # 0 (see Theorem IV.8.4). In fact, we claim the intersection
contains a single number : (1, f[T.] = {r}.
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Ifr,s €, oS [T,], then f assumes each of the values r, s for arbitrarily large values of a.
Therefore we can pick an increasing sequence a; < 31 < a3 < 2 < ... < a < B, < ...such
that f(a,) =r and f(5,) =s. Let y=sup{a,,[,:n €N} <w;. Then (a,) — 7 and
(B,) — . By continuity (f(ay,)) = (r) — v and (f(5,)) = (s) — . and we conclude
y=r==3s.

We claim that f = r on some tail of [0,w;). First notice that if 3 < wy, then 3+, > 3 for which
fIT,] € (r— %’T—'— %)

If not, then {f[T]: B<v<w }U{f[[0,w)]—(r—2L,r+1):neN} would be a

family of closed subsets of f[Tj] with the finite intersection property, so this family would
have a nonempty intersection. That is impossible since (.., f[T5] = {r}and

r & Mo fll0,wn)] = (r— r + ).

Pick v so that f[T},] C (r—1,r+1). Pick 72 > 7 so that f[T%,] C (r — 1,7+ 3) and continue
inductively to pick ,+1 > v, so that [T, | C (r — #1, r+ ﬁl)

Let 7 =sup{7, : n € N} <wi. Then f[T7] C fINT,] € NfIT,] € Mli(r = 5or+5) = {r},

so f|T,=r. e

(Since f is bounded on the compact set |0, 7|, we see in a different way that [0, w ) is pseudocompact.)

Corollary 8.9 Every continuous function f :[0,w;) — R can be extended in a unique way to a
continuous function F : [0, w;] — [0, w:].

Proof Forsomer € R, f =ronatail [¢,w;). Let F|[0,w;) = f and define F'(wy) = .
Any continuous extension G of f must agree with F since F'and G agree on the dense set [0, w;).e

Note: [0,w] is a compact Ty space which contains [0,wy) as a dense subspace. We call [0, w]

a compactification of [0,w;). The property stated in Corollary 8.9 is a very special property for a
compactification to have : in fact, it characterizes [0, w1 | as the so-called Stone-Cech compactification
of [0,w1). We will discuss compactifications in Chapter 10.

By way of contrast, notice that [ — 1, 0] is compactification of [ — 1,0) which, just as above, is
obtained by adding a single point to the original space. However, the continuous function
f:[—1,0) — R defined by f(z) = sin (1) cannot be continuously extended to the point 0.

xT

We saw in Example VIL.5.10 that a subspace of a normal space need not be normal: the Sorgenfrey
plane X is not normal however it can be embedded in the T);-space [0, 1]™ for some m. Any space X
that is 7} 1 but not T, works just as well. However, these examples are not very explicit — it is hard to
“picture why” the normality of [0, 1]™ isn't inherited by the subspace X. The “picturing” may be easier
in the following example.
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Example 8.10 Let 7% = [0, w;] X [0,wy], sometimes called the “Tychonoff plank.” 7™ is compact T
and therefore T;. Discarding the “upper right corner point,” we are left with the (open) subspace
T =T*— {(w1,wy)} We claim that T is not normal. Let

A={(w,n) €T :n <wy} = “the right edge of 7" and
B ={(a,wy) €T : < w} = “the top edge of T”

Aand B are disjoint sets and closed in 7" (although not, of course, in 7).

Suppose U is an open set in 7" containing the “right edge” A. For each point (wy,n) € A C U, we can
choose a basic open set (a,,wi]x{n}CU. Let a=sup{a,:n=0,1,2...} <w;. Then
(a,wy] x {n} C U for all n — thatis, A is contained in a “vertical strip” («, w;] x [0,wy) inside U.

Suppose V' is an open set in 7' containing the “top edge” B. Since (o + 1,wy) € B, there is a basic
openset {a+ 1} x (n,wy] C V. Butthen (a+1,n+1) e UNV,soUNV # 0.

Exercise 8.11 Show that every continuous function f : 7" — R can be continuously extended to a
function F': 7" — R.

Hint: f][0,w1) X {wo} has constant value r on some tail, and for each n < wy, f|[0,w1] x {n}

has a constant value r,, on a tail. Define F((wy,wq)) = r. Prove that (r,) — r and then show

that the extension F' is continuous at (w,wy).

As in the remark following Corollary 8.9, T* is a compactification of T and the functional extension
property in the exercise characterizes T as the so-called Stone-Cech compactification of T. Since T*
is compact, F' must be bounded — so, in retrospect, f must have been bounded in the first place.
Therefore T is pseudocompact. But T is not countably compact — because the “right edge” A is an
infinite set that has no limit point in T. T is an example of a pseudocompact space that is not
countably compact.
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Exercises

E13. Suppose C' C R and that C'is well-ordered (in the usual order on R). Prove that C' is countable.

E14. Let wyj denote the order type of the set of nonpositive integers, with its usual ordering.

a) Prove that a chain (X, <) is well-ordered iff X contains no subset of order type wy .

b) Prove that if (X, <) is a chain in which every countable subset is well-ordered, then X is
well-ordered.

c¢) Prove that every infinite chain either has a subset of order type wyj; or one of order type wy.

E15. Prove the following facts about ordinal numbers «, 3, 7 :

a) if 3 >0, then a+ (5 > «

b) if a > 3, then there exists a unique v such that « = G+~
We might try using b) to define subtraction of ordinals: o —~v= 0 if « = B+ .
However this is perhaps not such a good idea. (Consider wy = «, 8 = 1). Problems arise
because ordinal addition is not commutative.

) l+a=aiff a > wy.

El6. Let B C A, where (A, <) be achain. B is called inductive if
forallt€ A, {a€A:a<t}CB=tecB.

Prove that if A is the only inductive subset of A, then A is well-ordered.

E17. Let X be a first countable space. Suppose that for each o < wy, F,, is a closed subset of X and
that F,,, C F,,, whenever a; < ay < wy. Prove that | J{F, : & < wy}isclosed in X.

E18. Let A be well-ordered. Order L = A x [0, 1) lexicographically and give the set the order
topology.

a) What does a “nice” neighborhood base look like at each point in L? Discuss some other
properties of this space.

b) If A = [0,w;), then L — {(0,0)} is called is the “long line.” Show that L is path connected and
locally homeomorphic to R but it cannot be embedded in R.  (See Topology, J. Munkres, 21d edition,
p- 159 for an outline of a proof.)

¢) Each point in L homeomorphic to R. L is normal but not metrizable.

E19. a) Let A and B be disjoint closed sets in [0,w;]|. Prove that at least one of A and B is compact
and bounded away from wy. (4 set C' is bounded away from w, if C C [0, «] for some a < wy.)

b) Characterize the closed sets in [0, w 1) that are zero sets.

¢) Prove that [0,w 1) and [0, w 1] are not metrizable.
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E20. a) Suppose (z,) and (y,) are sequences in X = [0,w;) such that, for all n, 2, <y, < T,
Show that both sequences converge and have the same limit.

b) Show that if f : X — X is such that f(x) > x for every z, then there is an = such that (z, z)
is a limit point of the graph of f in X x X.

¢) Prove that X x [0,w:] is not normal.
(Hint: Let A be the diagonal of X x X and B =X x {wy}. Show that if U and V are open with A C U
and B CV, then UNV #0. To do this: if any point (x,w,) is in U, we're done. So suppose this is
false and define f(x) to be the least ordinal > x such that (z, f(x)) ¢ U. Use part b). )

E21. A space X is called o-compact if X can be written as a countable union of compact sets.
a) Prove [0, w 1) is not o-compact.
b) Using part a) (or otherwise), prove [0,w 1) is not Lindelof.

¢) State and prove a theorem of the form: an ordinal space [0, «v) is o-compact iff ...
(You might begin by thinking about the spaces [0,w1), [0, w2), and [0,w,,).)

E22. A space X is called functionally countable if every continuous f: X — R has a countable range.

a) Show that X = [0, w;) is functionally countable.

b) Let Y = DU {p} where D is uncountable and p ¢ D. Give Y the topology for which all the
points of D are isolated and for which the basic neighborhoods of p are those cocountable sets
containing p. Show Y is functionally countable.

c) Prove that X x Y is not functionally countable.

(Hint: Let g: X — D be one-to-one. Consider the set H = {(«, g(«) : avis isolatedin X} C X x Y)

E23. A space X is called Y -compact if X is homeomorphic to a closed subspace of the product Y
for some cardinal m. For example, X is [0, 1]-compact iff X compact and 75. An R-compact space is

called realcompact.

a) Prove that if X is both realcompact and pseudocompact, then X is compact.
(Note: the converse is clear)

b) Suppose that X is Tychonoff and that however X is embedded in [0, 1]™, its projection in
every direction is compact. (More precisely, suppose that for all possible embeddings 4 : X — [0, 1]™,
we have that 7,[h[X]] is compact for all projections 7,. This statement is certainly true, for example,
if X is compact.) Prove or disprove that X must be compact.

00
n=1

E24. An infinite cardinal k is called sequential if k = > | k,, for some sequence of cardinals k, < k.

a) Prove that if k is sequential, then k™ > k.

b) Assume GCH. Prove that if k is infinite and &™ > k, then k™ = 2F,
¢) Assume GCH. Prove that an infinite cardinal k is sequential iff k™ > k.
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9. Transfinite Induction and Transfinite Recursion
“..to understand recursion, you have to understand recursion...”

Suppose we have a sequence of propositions P, that depend on n = 0,1, 2,... We would like to show
that all the P,'s are true. (The initial value n = 0 is not important. We might want to prove the
propositions P, for, say, 13 < n < wy.) For example, we might have in mind the propositions

Pi: 04142+ +n="00

As you should already know, the proof can be done by induction. Induction in elementary courses
takes one of two forms (stated here using F, as the initial proposition):

1) (Principle of Induction) If P, is true and if (P;_; is true = P is true), then P, is true for
all n < wy.

2) (Principle of Complete Induction) If P is true and if (P;is true forall j < k = P is
true), then P, is true for all n < wy.

Formally, 2) looks weaker than 1), because it has a stronger hypothesis. But in fact the versions 1) and
2) are equivalent statements about [0,wy). (Why?) Sometimes form 2) is more convenient to use. For
example, try using both versions of induction to prove that every natural number greater than 1 has a
factorization into primes.

The Principle of Induction works because [0, wy) is well-ordered:

If {n € (0,wy] : P, is false} # 0, then it would contain a smallest element k£ > 0. This is
impossible: since P;_; is true, P, must be true.

You might expect a principle analogous to 1) could be used in every well-ordered sets [0, «v), not just in
[0,wp). But an ordinal 3 might not have an immediate predecessor, so version 1) might not make
sense. So we work instead with 2): we can generalize “ordinary induction” if we state it in the form of
complete induction.

Theorem 9.1 (Principle of Transfinite Induction) Let « be an ordinal and 7' C [0, a). If

1) 0 e T and
2)VBe0,a) [[0,8)CT = BeT],

then 7 = [0, a).

Proof If T' # [0, «), then there is a smallest 3 € [0, «) — T'. By definition of 3, [0, 3) C T. But then
2) implies 3 € T, contrary to the choice of (.

Using Theorem 9.1 is completely analogous to using complete induction in [0,wy). For each v < a,
we have a proposition P, and we want to show that all the P,'s are all true. (For example, we might
have a set K., C X somehow defined for each v < «, and P, might be the proposition “K, is
compact.”) LetT = {y < a: P,istrue} C [0,«). If we show that P is true, and if, assuming that
assume P is true for all v < (3, we can then prove that P3 must be true, then Theorem 9.1 implies that

P, is true for all v < oe. We will look at several examples in Section 10.

361



Note: In the statement of Theorem 9.1, part 1) is included only for emphasis. In fact, 1) is
automatically true if we know 2) is true: for if we let 3 =0 in 2), then [0,0) =0 C T is true, so
0 €T —that is, Py is true. But in actually using Theorem 9.1 (as described in the preceding
paragraph) and trying to prove that 2) is true, the first value 3 = 0 requires us to show Py is true with
“no induction assumptions” since there are no P.,'s with ~y < 3 = 0. Doing that is just

verifying that 1) is true.

We can also define objects in a similar way — by transfinite recursion. Elementary definitions by
recursion should be familiar — for example, we might say :

let f(0) = 13 and,
foreachn > 0, let f(n) = 2f(n —1) (*%)

We than say that “f is defined for all n = 0,1,2,....” We draw that conclusion by arguing in the
following informal way: if not, then there is a smallest k£ € (0, w) for which f is not defined: this is
impossible because then f(k — 1) is defined, and therefore (by **) so is f (k).

This argument depends only on the fact that [0, w) is well-ordered, so it generalizes to the following
principle.

Informal Principle 9.2 (Transfinite Recursion) For each § < «, suppose a rule is given that defines
an object Pj in terms of objects P, already defined (that is, in terms of P,'s with v < 3). Then Pj is
defined for all 5 < a. (The principle implies that Py is defined “absolutely” — that is, without any
previous P,'s to work with — since there are no P,'s with < 0}.

This “informal” statement is a reasonably accurate paraphrase of a precise theorem in axiomatic set
theory, and the informal proof is virtually identical to the one given above for simple recursion on
[0,wp). As stated in 9.2, this principle is strong and clear enough for everyday use, and we will
consider it “proven” and useable.

9% <¢

Principle 9.2 is “informal” because it does seem a little vague in spots — “some object”, “a rule is
given”, “if P, is defined ..., then Pj is defined ...” Without spending a lot of time on the set theoretic
issues, we digress to show how the statement can be made a little more precise.

In axiomatic set theory, the “objects” Pg will, of course, be sets (since everything is a set). We
can think of “defining P3” to mean choosing Pj from some specified set £. In the context of
some problem, £ is the “universal set” in which the objects Pswill all live. For example, we
might have £ = C'(X) and want to define continuous functions P € C(X) for each § < a.

The sets P, already chosen (“defined”) in & for v < 3 can be described efficiently by a
function 15 € £09 : fory < B, Ys(y) = P, € £.

To define the set Pj in terms of the preceding P,'s means that we need to define Pjs using 3.

We need a function (“rule”) Rj so that Rg(1)3) gives the new set P3 € £. In other words, we
want Rg : gop ¢
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The conclusion that we have “completed” the process and that Ps is defined for all 8 < «
means that there is a function F' € £10%) where, for each § < a, F(3) = the Pj selected at the
earlier stage by R3 — thatis, F'(8) = Rs(F|[0,5)).

This leads us to the following formulation. The “full” formulation of the standard theorem
about transfinite recursion in axiomatic set theory needs to be a little stronger still, so we call

this version — which we state without proof — the “weak” version. It is more than adequate for
our purposes here.

Theorem 9.3 (Transfinite Recursion, Weak Form) Suppose « is an ordinal. Let £ be a set and
suppose that, for each § < «, we have a function Rg : £ 06) — €. Then there exists a unique function
F € £ such that, for each 8 < a, F(3) = Rs(F| [0, 3)).

Proof See, for example, Topology (J. Dugundji)
The following example illustrates what the Recursion Theorem 9.3 in a concrete example. When all is
said and done, it looks just the way an informal, simple definition by recursion (Principle 9.2) should
look.
Example 9.4 We want to define numbers F,, for every n = 0,1, .... Informally we might say:

LetEy = landforn > 0,let B, = B> + ...+ E2?_|.
The informal Principle 9.2 lets us conclude that F, is defined for all n < wy.
In terms of the more formal Theorem 9.3, we can describe what is “really” happening as follows:

Let [0,a) = [0,w) and £ = N. For each n < wy, define R, : N[} — N as follows:

Forn=0: N0 =N?={(} and define Ry(}) = 1
Forn > 0: ifty € N0 define R, (1)) = ¢*(0) + ... + ¥*(n — 1)

(Note that the R, 's are defined explicitly for each n, not recursively.).

The theorem states that there is a unique function ' € NI0«0) sych that

which is just what we wanted: dom F' = [0,wy), so E,, = F'(n) is defined for all
n < wp.
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10. Using Transfinite Induction and Recursion

This section presents a number of examples using recursion and induction in an essential way. Taken
together, they are a miscellaneous collection, but each example has some interest in itself.

Borel Sets in Metric Spaces

The classical theory of Borel sets is developed in metric spaces (X, d). The collection of Borel sets in
a metric space is important in analysis and also in set theory. Roughly, Borel sets are the sets that can
be generated from open sets by the operations of countable union and countable intersection “applied
countably many times.” Therefore a Borel set is only a “small” number of operations “beyond” the
open sets, and Borel sets are fairly well behaved. We will use transfinite recursion (the informal
version) to define the Borel sets and prove a few simple theorems. When objects are defined by
recursion, proofs about them often involve induction.

We begin with a simple lemma about ordinals.

Lemma 10.1 Every ordinal « can be written uniquely in the form a = 3 + n where [ is either 0 or a
limit ordinal, and n < wy.

Proof If « is finite, then o = 0 + n where n < wy.

Suppose « is infinite. If « is a limit ordinal, we can write « = a + 0. If « is not a limit
ordinal, then o has an immediate predecessor which, for short, we denote here as “av — 1.” If « — 1 is
not a limit ordinal, then it has an immediate predecessor o« — 2. Continuing in this way, we get to a
limit ordinal after a finite number of steps, n — for otherwise a —1>a—2>..>a—n > ...
would be an infinite decreasing sequence of ordinals. If 3 = o — n is a limit ordinal, then o = 3 + n.

To prove uniqueness, suppose = 3+ n = (3’ + n’ where each of 3, 3’ is 0 or a limit ordinal
and n,n’ are finite. If 3 or ' =0: say 8= 0. Then 8+ n is finite, so 3’ =0 and n =n’. So
suppose (3 and (' are both limit ordinals. We have an order isomorphism f from [0, + n) onto
[0,8" 4+ n’). Since [0, 3+ n) contains n — 1 ordinals after its largest limit ordinal 3, the same must be
true in the range [0, 3" + n'), and therefore n = n'. Let g = f|[0,3). Then g : [0, 5) — [0, 3’) is an
order isomorphism, so 3 = (3'. e

Definition 10.2 Suppose o = 3 + n, where 3 is a limit ordinal or 0, and n is finite. We say that « is
even if n 1s even, and that «r1s odd if n is odd.

For example, every limit ordinal o = a + 0 is even.

Definition 10.3 Suppose (X, d) is a metric space. Let Gy = 7, the collection of open sets. For each
0 < o < wy, and suppose that G has been defined for all 3 < «. Then let

Go = {G : G is a countable intersection of sets from (J{Gs: f < a} (if ais odd)
Go = {G : G is a countable union of sets from | J{Gs: § < a} (if v is even)

B =|J{G, : @ < wi} is the family of Borel sets in (X, d).
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The sets in G; are the G sets; the sets in G, are countable unions of G sets and are traditionally called
G, sets; the sets in G3 are called G, s-sets, etc.

Theorem 10.4 Suppose (X, d) is a metric space.
D Ifa < B <wi,thenG, C Gg, so
G0CG1CGC...CG, C...CGzC ... (@ < B <wi)

2) G, is closed under countable unions if « is even, and G, is closed under countable
intersections if « is odd.

3) Bis closed under countable unions, intersections and complements. Also, if By and Bs are
in B,sois B; — B».

Proof 1) Suppose v < 3 < w;. Gg is defined as the collection of all countable unions (if 3 is even)
or intersections (if is odd) of sets in the preceding families G, (o < 3). In particular, any one set
from G, is in Gg.

2) Suppose « is even and G1, Go, ..., G,, ... € G,. Each G, is a countable union of sets
from [ J{Gs : B < a}. Therefore |, G, is also a countable union of sets from [ J{Gs : 3 < a}, so
U.—1Gn € Go. The proof is similar if « is odd.

3) Suppose By, Bs,...,B,,,... € B. Foreachn, B, € G, for some «,, < w;.
If a =sup{a, :n=1,2,...} <wi, then G,, C G, C G,41 for every n. By part 2), one of the
collections G, or G, is closed under countable intersections and the other under countable unions.
Therefore | J,- B, and (), B, are both in G, C B.

To show that B is closed under complements, we first prove, using transfinite induction, that
if Geg,, then X —G € G,1.

a=0:IfG € G, then G is open so X — G is closed. But a closed set in a metric space is
aGsset,so X -G eg,.

Suppose the conclusion holds for all § < « < w;. We must show it holds also for G,,.

Let G € G,. If ais odd, then G = (,_,G,,, where G,, € G5, (8, < ).
By the induction hypothesis, X — G,, C Gg,+1 C Gn41 for all n. Since a + 1is
even, we have that | J~ (X — G,,) = X — () _,Gn = X — G € Goy1. (The

case when « is even is similar).

If By € B, then By € G, for some a < wy,s0 X — By € G,y1 € B. Soif By € B, then
Blﬁ(X—BQ):Bl—BQEB. L4

Part 3) of the preceding theorem shows why the definition of the Borel sets only uses ordinals o < w.
Once we get to B = |J{G, : @ < w1}, the process “closes off” — that is, continuing with additional
countable unions and intersections produces no new sets.
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Definition 10.3 presents the construction of the Borel sets “from the bottom up.” It has the advantage
of exhibiting how the sets in 3 are constructed step by step. However, it is also possible to define 1B
“from the top down.” This approach is neater, but it gives less insight into which sets are Borel.

Definition 10.5 A family & of subsets of X is called a g-algebra if X € & and & is closed under
complements, countable intersections, and countable unions.

Suppose A is a collection of subsets of X. Then P(X) is (the largest) o-algebra containing A. It is
also clear that the intersection of a collection of o-algebras is a g-algebra. Therefore the smallest
o-algebra containing A exists: it is the intersection of all o-algebras containing .A.

The following theorem could be taken as the definition of the family of Borel sets.

Theorem 10.6 The family B of Borel sets in (X, d) is the smallest o-algebra containing all the open
sets of X.

Proof The rough idea is that our previous construction puts into 5 all the sets that need to be there to
form a o-algebra, but no others.

We have already proven that B is a g-algebra containing the open sets. We must show B is the
smallest — that is, if B’ is a o-algebra containing the open sets, then B C B’. We show this by
transfinite induction.
We are given that Gy C B'.
Suppose that Gz C B’ forall 5 < o < wy. We must show G, C B'.
Assume « 1s odd. If G € G, then G = ﬂ;’lozlGn where G,, € G, for some 3, < a.

By hypothesis each G5, € B’ and B’ is closed under countable intersections so
G € B'. Therefore G, C B'. (The case when « is even is entirely similar.)

Since G, C B’ for all &« < wy, we get that B = Um)lga CB'. e

The next theorem gives us an upper bound for the number of Borel sets in a separable metric space.
Theorem 10.7 If (X, d) is separable metric space, then |B| < c.
Proof We prove first that for each o < wy, |G| < c.

a = 0: A separable metric space has a countable base C for the open sets. Since every open set is the
union of a subfamily of C, we have |T;| = |Go| < |P(C)] < 2% = c.

Assume that |Gg| <c¢ for all < a <w;. Since a has only countably many predecessors,
IIUs<0Gsl < c. Since each set in G, is a countable intersection or union of a sequence of sets from

Uﬂ<agﬁ’ we have |g0é| < ‘Uﬁ<agﬂ’N < CND =c.
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Therefore |B| = [Jy<, 9ol <R1-c=c. o

(Can you see a generalization to arbitrary metric spaces?)

Corollary 10.8 There are non-Borel sets in R.

For those who know a bit of measure theory: every Borel set in R is Lebesgue measurable. Since a
subset of a set of measure 0 is measurable, all 2¢ subsets of the Cantor set C' are measurable.
Therefore there are Lebesgue measurable subsets of C' that are not Borel sets.

Example 10.9

1) If (X, d) is discrete, then every subset is open, so every subset is Borel: B = T; = P(X).

2) If X = {0} U {% : n € N}, then every subset is a Gs, but X is not discrete. Therefore

3) The following facts are true but harder to prove:
a) For each a < wy, there exists a metric space (X, d) for which

GCGC..CG, =G =...=0g=..=8
2277

In other words, the Borel construction continually adds fresh sets until the o™ stage but not
thereafter.

b)InR, G, # Gsforall @ < § < w;) — that is, new Borel sets appear at every stage
in the construction.

A New Characterization of Normality

Definition 10.10 A family F of subsets of a space X is called point-finite if V2 € X, z is in only
finitely many sets from F.

Definition 10.11 An open cover U = {U, : « € A} of X is called shrinkable if there exists an open
cover V = {V,, : a € A} of X such that, for each o, clV, C U,. Vis called a shrinkage of U.

Theorem 10.12 X is normal iff every point-finite open cover of X is shrinkable. (In particular, every
finite open cover of a normal space is shrinkable: see Exercise VII.EIS.)
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Proof Suppose every point-finite open cover of X is shrinkable and let A and B be disjoint closed sets
in X. The open cover Y = {X — A, X — B} has a shrinkage V = {Vj, 15} and the sets U = X —cl
Viand V = X — cl V5 are disjoint open sets containing A and B. Therefore X is normal.

Conversely, suppose X is normal and let & = {U, : « € A} be a point-finite open cover of X.
Without loss of generality, we may assume that the index set A is a segment of ordinals [0,~) (why?)
sothatd = {U, : a < ~v}.

Let [y = X —,-qUa. Since Fy C Uy, we can use normality to choose an open set Vj such that
Fo CVy CelVy CUjand {Vo} U{U, : « > 0} covers X.

Suppose 0 < « < «y and that for all 3 < o we have defined an open sets V3 such that cl V3 C Ug and
such that {Vs: 8 <a}U{Up: 3> a} covers X. Letting Foy, = X — (Up-, Vs U UpoaUs) C U,

we can use normality to choose an open set V,, with F, C V, CclV, C U,

Clearly, {Vs: < a+1}U{Usz: 3> a+ 1} covers X.

By transfinite recursion, the V,'s are defined for all « < ~, and we claim that V ={V,, : a < 7}is a
cover of X.

Notice that there is something here that needs to be checked: we know that we have a cover
{Vs:8<a}lU{Us: > a} at each step in the process, but do we still have a cover when
we're finished? To see explicitly that there is an issue, consider the following example.

Let X be the set of reals with the “left-ray” topology (a normal space) and consider the open
cover U = {(—oo,n) :n <wp}. If we go through the procedure described above, we get
Fy=X-U,-(—o0,n) =0 so we might have chosen Vj=0: that would give
FyCVyCelVy CUyand {V} U{U, : n > 0} would still be a cover. Continuing, we can
see that at every stage we could choose V,, = () and that {Vj, V1,...V,,} U{Uj : k > n} is still
a cover. But when we're done, the collection V = {V}, : n < wy} is not a cover! Of course, the
cover U is not point-finite.

Suppose x € X. Then z is in only finitely many sets of ¢/ —say U,,,...,U,,. Let abe the largest of
these indices so that x ¢ UﬁMUg. If x is in one of the Vj's with 3 < a, we're done. Otherwise

Jé

r€X—(UpdVs U U/,MU,/;) = F, CV,. Eitherway zisinasetin), so) isacover. e

Question: what happens if “point-finite” is changed to “point-countable” in the hypothesis? Could
the “max” in the argument be replaced by a “sup” ?

Definition 10.13 A cover of X is called locally finite if every point x € X has a neighborhood that
intersects at most finitely many of the sets in the cover.

Corollary 10.14 Suppose U = {U,, : a € A} is a locally finite open cover of a normal space X. Then
there exist continuous functions f,: X — [0, 1] such that

i) fo| X—U,=0foreverya € A
i) Y {falz): € A} = 1foreveryz € X.
The collection of functions { f,} is called a partition of unity subordinate to U.
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Proof It is easy to see that a locally finite open cover of X is point-finite. By Theorem 10.12, ¢/ has a
shrinkage V = {V, : « € A}. For each «, we can use Urysohn's Lemma (VIL5.2) to pick a continuous
function g, : X — [0, 1] such that g,|clV, = 1 and ¢,|X — U, = 0.

Each point x is in only finitely many U,'s, so g,(x) = 0 for all but finitely many «'s and therefore

g(x) = > ga(x) € R. Each point z has a neighborhood N, which intersects only finitely many U,'s
acA

so g| N, is essentially a finite sum of continuous functions and g is continuous (see Exercise IIL.LE21).

Since each z is in some set cl V,,, 0 g,,(z) = 1. Therefore g(z)is never 0 so each f,(z) =

continuous. The f,'s clearly satisfy both i) and ii). e

A Characterization of Countable Compact Metric Spaces

In 1920, the journal Fundamenta Mathematicae was founded by Zygmund Janiszewski, Stefan
Mazurkiewicz and Waclaw Sierpinski. It was a conscious attempt to raise the profile of Polish
mathematics thorough a journal devoted primarily to the exciting new field of topology. To reach the
international community, it was agreed that published articles would be in one of the most popular
scientific languages of the day: French, German or English. Fundamenta Mathematicae continues
today as a leading mathematical journal with a scope broadened somewhat to cover set theory,
mathematical logic and foundations of mathematics, topology and its interactions with algebra, and
dynamical systems.

An article by Sierpinski and Mazurkiewicz appeared in the very first volume of this journal
characterizing compact, countable metric spaces in a rather vivid way. We will prove only part of this
result: our primary purpose here is just to illustrate the use of transfinite recursion and induction and
the omitted details are messy.

Suppose (X, d) is a nonempty compact, countable metric space.

Definition 10.15 For A C X, define A" = {x € X : x is a limit point of A}. A’ s called the derived
set of A. If A is closed, it is easy to see that A’ C A and that A’ is also closed.

We will use the derived set operation (') repeatedly in a definition by transfinite recursion.
Let Ay = X and, for each o < wy, define

{AQ:A; ifa=p+1
A, ={As: B < a} ifaisalimit ordinal

A, 1is closed for all @« < w; and Ag D A1 D ... D A, D ... . This sequence is called the derived
sequence of X.

For some o < wy, we have A,.; = A, — because otherwise, for each a, we could choose a point

Ty € Ay — Apyq and {z,, : @ < wi} would be a subset of X with cardinal X;. Let o be the
smallest o for which A,, = A, 1. It follows that Az = A, forall 3 > .
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Since X is compact metric, the closed set A,, is complete, and because A,, = A,,+1, every point in
A,, is a limit point. Therefore A,, = (), since a nonempty complete metric space with no isolated
points contains at least ¢ points (Theorem IV.3.6).

We know «ay = 0 is impossible (because that would mean A,, = A9 = X = 0). If o were a limit
ordinal, then A,, = ({A3: 8 < ap} # 0 (because {Ag : § < a} is a family of nonempty compact
sets with the finite intersection property). Therefore cig must have an immediate predecessor (.

The definition of ay implies that Az # (. In fact, Az must be finite (if it were an infinite set in the
compact space X, Ag would have a limit point and then A}, = A,, # ). Letn = [Ag| < wp.

In this way, we arrive at a pair (3, n), where

Ag, is the last nonempty derived set of X (fy < w;), and
Ap, contains n points (0 < n < wy).

Since homeomorphisms preserve limit points and intersections, it is clear that the construction in any
space homeomorphic to X will produce the same pair (3, n).

Theorem 10.16 (Sierpinski-Mazurkiewicz) Let 5y < w; and 0 < n < wy. Two nonempty compact,
countable metric spaces X and Y are homeomorphic iff they are associated with the same pair (5, n).
(Therefore (By,n) is a “topological invariant” that characterizes nonempty compact countable

metric spaces.) For any such pair (3y,n), there exists a nonempty compact countable metric space
associated with this pair.

Corollary 10.17 There are exactly N; nonhomeomorphic compact countable metric spaces.

Proof The number of different compact countable metric spaces is the same as the number of pairs
(B, m), namely Ny - Ny =N;. o

Example 10.18 In the following figure, each column contains a compact countable subspace of R!

with the invariant pair listed. @ Each figure is built up using sets order-isomorphic to
{0} u{i:neN}
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Alexandroff's Problem

A compact metric space (X, d) is second countable and therefore satisfies | X| < ¢ (Theorem I1.5.21).
In 1923, Alexandroff and Urysohn conjectured that a stronger result is true:

A first countable compact Hausdorff space X satisfies | X| < c.
This conjecture was not settled until 1969, in a rather famously complicated proof by Arhangel'skii.
Here is a proof of an even stronger result — “compact” is replaced by “Lindelof” — that comes from a
few years after Arhangel'skii's work.
Theorem 10.16 (Pol, Sapirovski) If X is first countable, Hausdorff and Lindeldf, then | X| < c.

Proof For each p € X, choose a countable open neighborhood base V), at p and, for each A C X, let
Vi =U{V, : p € A} = the collection of all the basic neighborhoods of all the points in A.

For each countable family of sets VV C V), for which X — | JV # 0, pick a point gy € X — [JV. Define
P(A) = cl (AU {all such gy's chosen for A}).

Notice that if |A| = ¢, then |P(A)| = c.
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Since |A| = ¢, we have |V4| = ¢. There are at most c* = ¢ countable families V C Vg, so
|A U {all such gy's chosen for A}| = c. Since X is first countable, sequences suffice to
describe the topology, and since X is Hausdorff, sequential limits are unique. Therefore
|P(A)| is no larger than the number of sequences in A U {all such ¢y's chosen for

A} — namely c™ = c.

Now fix, once and for all, a set A C X with |A| = c¢. (If no such A exists, we are done!) By
recursion, we now “build up” some new sets A, from A. The idea is that the new A,'s always have
cardinality < c and that the new sets eventually include all the points of X.

Let Ao = A.
For each ordinal o < wy, define

a = P(Ap) ifa=p5+1
“ U{As: 8 < a} ifaisalimit ordinal

Foreach o < wy, |4, = ¢

|A0| = C.
Suppose |Ag| = cforall § < a.

Ifoo =03+ 1,then A, = P(Ap),s0 |4, =c.
If avis a limit ordinal, then |A,| = |UJ{4p: B<a}|=c-Ry=c.

Let B=|J{As:a <wi}. Then ¢ < |B| =|U{An:a<wi}| <c R =c.

We claim that B = X and, if so, we are done.
Bisclosed in X: if x € cl B, then (using first countability) there is a sequence (z,,) in B with
(xn) — x. Ifz, € A,, and we let @ = sup{«, } < wy, then every z,, is in A,. Therefore
T e CIAQ == Aa+1 g B.
Since B is a closed subspace of the Lindeldf space X, B is Lindeldf.
If B # X, then we can pick a point ¢ € X — B. For each p € B, choose an open
neighborhood V), € V, such that ¢ ¢ V},. The V,'s form an open cover of B, so a countable

collection of these sets, say V = {V),: p € C, for some countable C' C B} covers B. Thus
B C|JV and g ¢ |JV. But this is impossible:

Since C is countable, we have that C' C A, for some o < wy and V is a countable
subfamily of V4 for which X — [ JV # ). By definition of P(A,) = A, +1), a point
gy € X —|JV was put into the set A, 1 C B. This contradicts the fact that } covers
B. e
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The Mazurkiewicz 2-set

The circle S! is a subset of the plane which intersects every straight line in at most two points. We use
recursion to construct something more bizarre.

Theorem 10.17 (Mazurkiewicz) There exists a set A C R? such that |A N L| = 2 for every straight

line L.

Proof Let 6 be the first ordinal of cardinal c. Since the well-ordered segment [0, 6) represents 6,
there are c ordinals o < 0.

In fact, there are ¢ limit ordinals < §. There are certainly infinitely many (say m) limit ordinals < ¢
(why?) and, by Lemma 10.1, every ordinal o < ¢ can be written uniquely in the form

o = 3+ n, where (3 is a limit ordinal (or 0) and n is finite. Therefore there are m - Xy = m ordinals
< 6. But 6 has ¢ predecessors. Therefore m = c.

Since R? has exactly c points and exactly c straight lines, we can index both R? and the set of straight
lines using the ordinals less than §: R?* = {p; : £ < 6} and {L¢: £ < 6}.

We will define points a,, for each o < 8, and the set A = {a,, : @ < 6} will be the set we want.

Let ag be the first point of R? (as indexed above) not on L.
Suppose that we have defined points a¢ for all £ < o < 6. We need to define a,. Let

Ay ={ac: (< a} Note |A,| < ¢
T, = {L : L is a straight line containing > 2 points of A4, } Note |T,| < ¢
Ba = least ordinal so that Lg ¢ T,

(thatis, Lg, is the first line listed that is not in 77,)
Sa = {p : pis apoint of intersection of Lz with alinein T,,} ~ Note |S,| < ¢

Since |A, U S,| < ¢, there are points on L notin A, U S,: let a, be the first
pe listed that is on L butnotin A, U S,,.

By recursion, we have now defined a,, for all & < 6. Let A = {a, : a < 6}.

We claim that for each straight line L, |[AN L| < 2.

If |AN L| > 2, then we could pick 3 points ag, a-,a, € LN A, where, say, 8 < v < a. Then
ag,a € Ay, sothat L € T,,. Since a, € Lg, (by definition) and a, € L, we have
a, € LN Lg,. Therefore a, € S, — which contradicts the definition of a,.

To complete the proof, we will show that for each straight line L, |AN L| > 2.

We begin with a series of observations:

a) Ifa; < ay <6, then §,, < B,,. [Clearly T,, C T,,. But Lﬁalis the first line not
in T;,, and Lﬂﬂzis the first line not in 7,,, s0 Ba, < (a,.]
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b) If oy < ag < a3 < 6, then B, < Ba,. [Otherwise, by a), Ba, = Ba, = Ba, . Then
Qqy; Gays Gogareon Ly = Lg = Ly . Then Lg, contains 3 points of A which is
impossible.] In particular, if o1, o3 are distinct limit ordinals, there is a third ordinal a
between them so 3,, and (3,, must be distinct.

¢) For any v < 6, there is & < 6 such that 3, > 7. [Since there are ¢ limit ordinals < 6,
there are ¢ distinct values for 3,. They cannot all be < ~, since «y has fewer than ¢
predecessors. |

Finally, if L = some L., pick an « so that 3, > 7. Since Lg, is the first line ¢ T,,, we
getthat L = L, € T,,. Therefore L contains > 2 points of A, C A. e

More generally, it can be shown more that if for each line L we are given a cardinal number mp with
2 < my, < c, then there exists a set A C R? such that for each L, |AN L| = my.

11. Zorn's Lemma

Zorn's Lemma (ZL) states that if every chain in a nonempty poset (X, <) has an upper bound in X,
then X contains a maximal element. We remarked in Theorem 5.17 that the Axiom of Choice (AC) and
Zermelo's Theorem are equivalent to Zorn's Lemma.

As a first example using Zorn's Lemma, we prove part of Theorem 5.17, in two different ways.
Theorem 11.1 ZL = AC

Proof 1 Let {A, : « € A} be a collection of pairwise disjoint nonempty sets. Consider the poset set
P={S CU,cs4a : forall a, |S N A,| <1}, ordered by inclusion. Pis a nonempty poset because
0eP.

Suppose {Ss : f € I} isachainin P and let B = |J{S, : g € I}. We claim that B € P.

Suppose |B N A,,| > 2 for some . Consider two points z # y € BN A,, Thenz € S, and
y € S, for some By, 32 € I. Since the Sp's are a chain, either S, C Sp, or Sg, C Sp,.
Therefore one of these sets, say S, contains both x,y. Therefore Sz NA,,| > 1. But this is
impossible since Sz, € P. Therefore B contains at most one point from each A,so B € P.

Since B is an upper bound for the chain in P, Zorn's Lemma says that there is a maximal element
MeP.

Since M € P, |M N A,| <1 forevery a. If M N A,, = 0 for some «y, then we could choose an
a € A, formtheset M' = M U{a} D M. Then |M N A,| < 1would still be true for every «, so we
7&

would have M’ € P, which is impossible because M is maximal. Therefore |M N A, | = 1 for every
a. e
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Notice that the function f : A — |JA, given by f = {(o,y) € AX UpenAa 1y € MNAL}
is in the product [[{Aa. : o € A}, so we see that [[(An : o € A} # 0.

Proof 2 Let {A, : @ € A} be a collection of nonempty sets. Let

P={g9g:B—JA,: BC Aand f(f) € Ag foreach g € B}
If g1, go € P, then the function gy, g» are sets of ordered pairs. So we can order P by inclusion:
g1 < g9 iff g1 C go. (This relation is just “functional extension”: g1 < gs iff dom(g1) C dom(g>)
and galdom(g1) = g1.) (P, <) is a nonempty poset because () € P.
Suppose {g; : i € I} is a chain in P. Define g = (J{g; : ¢ € I}. Since the g;'s form a chain, their
union is a function g : B — |JA,, where B = |J,.;dom(g;). Moreover, if 3 € B, then € dom(g;)

for some 4, so g(3) = gi(58) € Ap. Therefore g € P, and g is an upper bound on the chain. By Zorn's
Lemma, P has a maximal element, f.

By maximality, the domain of f is A — if not, we could extend the definition of f by adding to its
domain a point @ from A — dom( f) and defining f(«) to be a point in the nonempty set A,. Therefore

fell{An:ae A}, so[[{An:a € A} £0. o

In principle, it should be possible to rework any proof using transfinite induction into a proof that uses
Zorn's Lemma and vice-versa. However, sometimes one is much more natural to use than the other.

We now present several miscellaneous examples that further illustrate how Zorn's Lemma is used.

The Countable Chain Condition and e-discrete sets in (X, d)

Definition 11.2 Suppose (X, d) is a metric space and € > 0. A set A C X is called e-discrete if
d(z,y) > e for every pair x # y € A.

Theorem 11.3 For every € > 0, (X, d) has a maximal e-discrete set.
For example, Z is a maximal 1-discrete set in R.

Proof Lete > 0. The theorem is clearly true if X = (), so we assume X # ().

Let P = {A C X : Ais e-discrete} and partially order P by inclusion C .

Ifa € X, then {a} € P, so P # (.

Suppose {C,, : a € A} isachainin (P, < ). We claim |, ,C., is e-discrete.
If 2,y € U,enCas then Cy, and y € C,, for some o, ay. Since the C,'s form a chain, so
C,, € C,, or C,, C C,,. Without loss of generality, C,, C C,,. Thenz,y € C,,, and this set

is e-discrete. Therefore d(x,y) > e.

Therefore | J,,.4Ca € P. Clearly, |J,.4Ca is an upper bound for the chain {C, : « € A}. By Zom's
Lemma (P, < ) has a maximal element.
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Notice that when we use Zorn's Lemma, an upper bound that we produce for a chain in (P, <) — for

example, |J,.4C, in the preceding paragraph — might not itself be a maximal element in P. For
example, suppose P is a poset that contains exactly four sets A, B, C, D ordered by inclusion. A
particular P is indicated in the following diagram:

One chain in P is {A,C}. Then |J{A,C} = C is an upper bound for the chain in P. However,
C C D so C is not a maximal element in P.

It is always true that an upper bound for a maximal chain in P (such as {A, C, D}, above) is a
maximal element in ‘P (why?). The statement that “in any poset, every chain is contained in a
maximal chain” is called the Hausdorff Maximal Principle — and it is yet another equivalent
to the Axiom of Choice.

Definition 11.4 A space X satisfies the countable chain condition (CCC) if every family of disjoint
open sets in X is countable.

We already know that every separable space satisfies CCC. The following theorem shows that CCC is
equivalent to separability among metric spaces.

Theorem 11.5 Suppose (X, d) is a metric space satisfying CCC. Then (X, d) is separable.

Proof For each n € N, we can use Theorem 11.3 to get a maximal %—discrete subset D,,. For
v #y €Dy, Bi(x)NBy(y) =10, so, by CCC, the family {B (z) : # € D, } must be countable.
Therefore D,, is countable, and we claim that the countable set D = UZO:an is dense.

Suppose z € X — D and, for € > 0, choose n so that % < €. Since D,, is a maximal

%-discrete set, D,, U {2z} is not %-discrete, so thereisa pointz € D,, C D
withd(z,2z) < 2 <€ o
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Sets of cardinals are well-ordered

We proved this result earlier (Corollary 5.21) using ordinals. The following proof, due to Metelli and
Salce, avoids any mention of ordinals — but it makes heavy use of Zorn's Lemma and the Axiom of
Choice. The statement that any set of cardinals is well-ordered is clearly equivalent to the following
theorem.

Theorem 11.6 If {X, : « € A}is a nonempty collection of sets, then 3 @ € A such that | X;| < | X,|
for every o € A — in other words, for each @ € A there exists a one-to-one map ¢z, : Xz — Xa.

Proof Assume all the X,'s are nonempty (otherwise the theorem is obviously true).

Let P = {B C [[X, : forall « € A, 7,|B is one-to-one}, ordered by inclusion. (P, C )isa
nonempty poset since () € P.

If {B; :i € I} is any chain in P, we claim that B = | JB; € P. Otherwise there would be points
x # y € B and an « for which 7, (x) = 7, (y). Since the B;'s form a chain, we would have both
x,y € B; for some i, and this would imply that 7| B; is not one-to-one.

B is an upper bound for the chain {B; : i € I} in P, so by Zorn's Lemma P contains a maximal
element, M.

We claim that for some @ € A, 75|M : M — X5 is onto.

If not, then, since each X, is nonempty, X, — m,[M] # () for every o . By [AC], we can
choose a point y = (ya) € [[,ca(Xa — ma[M]) # 0. Since y, ¢ 7 [M], ma|(M U{y})
would be one-to-one for all « so that M U {y} € P. Since y ¢ M, M U {y} is strictly larger
than M and that is impossible because M is maximal.

Therefore 75| M : M — X 5 is a bijection and the map ¢5 = 7, 0 (75| M)~ : Xz — X,, is one-to-
one forevery « € A. o

Maximal ideals in a commutative ring with unit 1 Suppose K is a commutative ring with a unit
element. (If “commutative ring with unit” is unfamiliar, then just let K = C(X) throughout the whole
discussion. In that case, the “unit” is the constant function 1.).

Definition 11.7 Suppose I C K, where K is a commutative ring with unit. A subset I of K is called
an ideal in K if

DI#K
2)a,bel = a+bel
aclandk e K = kael

In other words, an ideal in K is a proper subset of K which is closed under addition and “superclosed”
under multiplication.
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An ideal I in K is called a maximal ideal if: whenever .J is an ideal and I C J, then I = J.
A maximal ideal is a maximal element in the poset of all ideals of K, ordered by inclusion.

For example, two ideals in K = C(R) are:

I ={g:g= fiwhere f,i € C(R) and i is the identity function i(z) = x}
For example, g(z) = xe” € I (using f(x) = e”).

M ={f:f(0)=0}
In fact, M isa maximal ideal in C'(R) (This take a small amount of work to verify, see
Exercise E33.)

Maximal ideals, M, are important in ring theory — for example, if M is a maximal ideal in K, then the
quotient ring K /M is actually a field.

Using Zorn's Lemma, we can prove

Theorem 11.8 Let K be a commutative ring with unit. Every ideal I in K is contained in a maximal
ideal M. (M might not be unique.)

Proof LetP = {J :Jisanideal and I C J}. (P, C ) is a nonempty poset since / € P. We want
to show that P contains a maximal element.

Suppose {J, : @« € A} isachainin P. LetJ = |J{J, : « € A}. Since I C J, we only need to check
that J is an ideal to show that J € P.

If a,b € J, then a € J, and b € J3 for some 7,3 € A. Since the J,'s form a chain, either
J,CJgorJgCJ, :say J, C Js. Then a,b are both in the ideal Jg, so a+b € Jg C J.
Moreover, if k € K, ka € J3 C J. Therefore J is closed under addition and superclosed under
multiplication.

Finally, J# K: If J =K, then 1 € J so 1 € J, for some «. Then, for all k€ K, k =
k-1¢€J, So J, = K, which is impossible since J,, is an ideal.

By Zorn's Lemma, we conclude that P contains a maximal element M. e

Basis for a Vector Space It is assumed here that you know the definition of a vector space V' over a
field K. (K is the set of “scalars” which can multiply the vectors in V. If “field” is unfamiliar, then
you may just assume K = R, Q, or C in the result.) Beginning linear algebra courses usually only
deal with finite-dimensional vector spaces: the number of elements in a basis for V is called the
dimension of V. But some vector spaces are infinite dimensional. Even then, a basis exists, as we
now show.

Definition 11.9 Suppose V' is a vector space over a field K. A collection of vectors B C V is called
a vector space basis for V' if each nonzero v € V' can be written in a unique way as a finite linear
combination of elements of B using nonzero coefficients from K. More formally, B is a basis if for
each v € V, v # 0, there exist unique nonzero a4, ..., &, € K and unique by, ..., b, € B such that v =
Soija;b;. V is called finite dimensional if a finite basis B exists.
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Definition 11.10 A set of vectors C' C V is called linearly independent if, whenever oy, ..., o, € K
and ¢, ..., ¢, € C and Y ja;¢; = 0, then oy = ... =, = 0 (in other words, the only linear
combination of elements of C' adding to 0 is the trivial combination).

Theorem 11.11 Every vector space V' # {0} over a field K has a basis. (The trivial vector space {0}
cannot have a basis under our definition: the only nonempty subset {0} is not linearly independent.)

Proof We will use Zorn's Lemma to show that there is a maximal linearly independent subset of V and
that it must be a basis.

Let P={C CV :C is linearly independent}, ordered by C. For any 0# v € V, we have
{v} € P, so (P, C ) is a nonempty poset.

Let {C, : @ € I'} be a chain in P. We claim C' = [JC, is linearly independent, so that C' € P.

Ifoq, ..o, € Kandey,..., ¢, € C and Y a;c; = 0, then each ¢; is in some C,,,.

The C,'s form a chain with respect to C , so one of the C,,'s — call it C,- — contains

all the others. Then 0 = Z?:laici is a linear combination of elements from C,-, and C-
is linearly independent. So all the a;'s must be 0.

Therefore, C' € P and C' is an upper bound for the chain {C,, : & € I }. By Zorn's Lemma, P has
a maximal element B.

We claim that B is a basis for V.

First we show that if v € V', then v can be written as a finite linear combination of
elements of B.

If ve B, thenv = 1-w. vagéB,thenB?CéBU{v}so,by

maximality, B U {v} is not linearly independent. That means there is a
nontrivial linear combination of elements of B U {v} (necessarily involving
v) with sum O :

by, ..., by and Jay, ..., ay, f € K with 3 # 0 and Y a;b; + fv = 0.
Since 3 # 0, we can solve the equation and write v =37\ | = b;.

We complete the proof by showing that such a representation for v is unique.

Suppose that we have Y ! a;b; = v = >0 b} with o, of € K and b;, b] € B.
By allowing additional b's with O coefficients as necessary, we may assume that the
same elements of B are used on both sides of the equation, so that

S Bb =v=3" b,  Then ' (3 —~)b =0 and B is linearly
independent, so §; = y; fori = 1,...,k.

379



Example 11.12 In Example I1.5.14 we showed that the only continuous functions f:R — R
satisfying the functional equation

flx+y)=f(z)+ f(y) forallz,y € R (*)

are the linear functions f(x) = cx for some ¢ € R. Now we can see that there are other functions,
necessarily discontinuous, that satisfy (*).

Consider R as a vector space over the field Q, and let B C R be a basis. Choose any b; € B. Then for

each x € R, there is a unique expression = = q,b; + Zqibi for some by,...,b, € B and
i=2

Gz, G2, -, qn € Q. (We can insist that b; be part of this sum by allowing ¢, = 0 when necessary.).

Define f : R — Q C Rby f(z) = q,. Clearly f(x +vy) = f(x) + f(y).

Although the definition of f looks complicated, perhaps it could happen, for a cleverly chosen
¢ € R, that f(x) = cxfor all z? No: we show that f(x) = cx is not possible (and therefore f is not
continuous).

1) If f(z) = ca for some constant ¢, we would have:

f(V2)=c¢-v/2 €Q, and
fQ)=c-1=c€Q. Butc#0,orelse f(x) = 0 for every =, whereas
f(b) =1-b=1. So we can divide by ¢ getting

cV/2 /¢ = /2 € Q, which is false.

2) Here is a different argument to the same conclusion: For every b € B where b # by, we
have b =0-b; + 1-b, so f(b) = 0. Therefore the equation f(z) = 0 has infinitely many
solutions so f(z) is not linear.

As we remarked earlier in Example 11.5.14, it can be shown that discontinuous solutions f for (*) must
be “not Lebesgue measurable” (a nasty condition that implies that f must be “extremely
discontinuous.”)

A “silly” example from measure theory (optional) It is certainly possible for an uncountable union
of sets of measure 0 to have measure 0. For example, let I, = {x € QN [0, 1] : = < p} for each
irrational p € [0,1]. There are uncountably many I,'s and each one has measure 0. In this case,

UI, € Q, so [JI, also has measure 0.

Might it be true that every union of sets of measure 0 (say, in [0, 1]) must have measure 0? (It is easy to
answer this question: how?) What follows is an “unnecessarily complicated” answer using Zorn's
Lemma.

If every such union had measure zero, we could apply Zorn's Lemma to the poset consisting of
all measure-0 subsets of [0, 1] and get a maximal subset M with measure 0 in [0, 1]. Since [0, 1]
does not have measure 0, there is a point p € [0,1] — M. Then M U {p} also has measure 0,
contradicting the maximality of M.
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Exercises

E24. Let (X,d) be a metric space. In Definition 10.3, we defined collections G, (o < wy) and the
collection of Borel sets B=J{G,: @ < w1}.

a) Let F{ be the family of closed sets in X. For a@ < wy, define families

Fo— {N F.: F, € Fp,, B, < a} ifaiseven
‘ {Unsi F: Fy € Fp,, By < o} ifais odd

JFi is the collection of countable unions of closed sets (called F,-sets) and F is the family of countable
intersections of F), sets (called F,s-sets).

Prove that 7, C Ggand G, C Fgforalla < 8 < w; .

It follows that B = \J{F,: o < wi}. We can build the Borel sets ‘‘from the bottom up” beginning
with either the open sets or the closed sets. Would this be true if we defined Borel sets the same way in
an arbitrary topological space?)

b) Suppose X and Y are separable metric spaces. A function f: X — Y is called Borel-
measurable (or B-measurable, for short) if f~![B] is a Borel set in X whenever B is a Borel set in Y.
Prove that f is B-measurable iff f~[O] is Borel in X whenever O is openin Y.

c) Prove that there are < ¢ B-measurable maps f from X to Y.

E25. a) Is a locally finite cover of a space X necessarily point finite? Is a point finite cover
necessarily locally finite (see Definitions 10.10, 10.13)? Give an example of a space X and an open
cover U that satisfies one of these properties but not the other.

b) Suppose F; (i =1,...,n) are closed sets in the normal space X with N, Fi = 0. Prove
that there exist open sets V; (i = 1, ...,n) such that F; C V; and (/_,V ;= 0.
Hint: Use the characterization of normality in Theorem 10.12.

E26. Prove that the continuum hypothesis (¢ = Ny) is true iff R? can be written as A U B where A has
countable intersection with every horizontal line and B has countable intersection with every vertical
line.
Hints: = : See Exercise LE44. If CH is true, R can be indexed by the ordinals < wy .

< : IfCH s false, then ¢ > X1. Suppose A meets every horizontal line only countably often
and that AU B = R%  Show that B meets some vertical line uncountably often by letting Q) be the
union of any Ny horizontal lines and examining wx[Q N A]. )
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E27. A cover U of the space X is called irreducible if it has no proper subcover.

a) Give an example of an open cover of a noncompact space which has no irreducible
subcover.

b) Prove that X is compact iff every open cover has an irreducible subcover.

Hint: Let U be any open cover and let A be a subcover with the smallest possible cardinality m. Let vy
be the least ordinal with cardinality m. Index A using the ordinals less than -y, so that
A ={U, : o < ~}. Then consider {Vjs : < ~}, where Vg = |J{U, : a < B}.

E28. Two set theory students, Ray and Deborah, are arguing.

Ray: “There must be a maximal countable set of real numbers. Look: partially
order the countable infinite subsets of R by inclusion. Now every chain of such sets
has an upper bound (remember, a countable union of countable sets is countable), so
Zorn's Lemma gives us a maximal element.”

Deborah: “I don't know anything about Zorn's Lemma but it seems to me that you can
always add another real to any countable set of real numbers and still have a countable
set. So how can there be a largest one?”
Ray: “I didn't say largest! I said maximal!”

Resolve their dispute.

E29. Suppose (P, <) is a poset. Prove that < can be “enlarged” to a relation < * such that

(P, <*)isachain. (“ < *enlarges < "meansthat“< C <*C P x P”")
Hint: Suppose < is a linear ordering on P. Can < be enlarged?

E30. Let m be a cardinal. A space X has caliber m if, whenever U is a family of open sets with
| U | =m, thereisafamily V C U suchthat | V| =mand ({V : V € V} # 0.

a) Prove that every separable space has caliber ¥, .

b) Prove that any product of separable spaces has caliber N; .
Hint: Recall that a product of c separable spaces is separable (Theorem VI1.3.5).

c¢) Prove that if X has caliber Ny, then X satisfies the countable chain condition (see Definition
11.4).

d) Let X be a set of cardinal N; with the cocountable topology. Is X separable? Does X

satisfy the countable chain condition? Does X have caliber X,? (For notational convenience, you can
assume, without loss of generality, that X = [0,w;).)
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E31. a) Prove that there exists an infinite maximal family £ of infinite subsets of N with the property
that the intersection of any two sets from £ is finite.

b) Let D ={wp: E € £} be a set of distinct points such that DNN =§. Let Z =NU D,
with the following topology:

1) points of N are isolated
ii) a basic neighborhood of wy is any set containing wg and all but at most finitely
many points of F.

Prove Z is Tychonoff.
¢) Prove that Z is not countably compact. Hint: Consider the set D

d) Prove that Z is pseudocompact. Hint: This proof uses the maximality of £.

E32. According to Theorem V.5.10, the closed interval [0,1] cannot be written nontrivially as a
countable union of pairwise disjoint nonempty closed sets. Of course, [0, 1] can certainly be written as
the union of ¢ such sets: for example, [0, 1] = (U, 1 {z}-

Prove that [0, 1] can be written as the union of uncountably many pairwise disjoint closed sets
each of which is countably infinite.

Hint: Use Zorn's Lemma to choose a maximal family F of subsets of [0,1] each homeomorphic to
{1 :neNU{0}. Let A=1[0,1] — UF. Ais relatively discrete and therefore countable. For each
x € A, choose a different C,, € F and replace C,, by C, U{z}.)

E33. Suppose X is Tychonoff. For p € X, let M, = {f € C(X): f(p) = 0}. Clearly, M, is an ideal
in C(X).

a) Prove that M), is a maximal ideal in C'(X).

b) Prove that is X is compact iff every maximal ideal in C'(X) is of the form M), for

some p € X.

E34. Prove that there exists a subset A of R that has only countably many distinct “translates”
A, ={a+r:a€ A} —that is only countably many of the sets A, = {a+r:a€ A}, r € R are
distinct).

Hint: Consider R as a vector space over the field Q, and pick a basis B. Pick a point b € B and

consider all reals whose expression as a finite linear combination of elements of B does not
involve b.
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Appendix
Exponentiation of Ordinals: A Sketch

The appendix gives a brief sketch about exponentiation of ordinals. Some of the details are omitted.
“o

The main point is to explain why ordinals like w,’ are still countable ordinals. (See Example 5.25, part
3)

If v and « are ordinals, let
p = {f e0,)0 : f(&) = 0 for all but finitely many & < «}.

We can think of a point f in u® as a “transfinite sequence” in [0, i), where f has well-ordered domain
[0, ) rather than N. Using “sequence-like” notation, we can write:

p* ={(ae): 0<E& < o, 0< ag <p, and ae = 0 for all but finitely many & }
We put an ordering on u® by:

Given (a¢) # (be) in @, let v be the largest index for which a, # b,. We write
(ag) < (bg) ifa, < b,.

Example For o = p = 2, u® consists of 4 pairs ordered as follows: (0,0) < (1,0) < (0,1) < (1,1).

We also use p to denote the order type associated with (u®, < ). It turns out that (u®, <) is well-
ordered, so this order type is actually an ordinal number.

Example w;" is represented by the set of all sequences in {0, 1,2,...} which are eventually 0. (7he
sequences in the set wy" turn out to be those which are “eventually 0" because each element of wy has
has only finitely many predecessors. In general, the condition that members of p“ be O for all but
finitely many € < « is much stronger than merely saying “eventually 0.”)

The order relation on w;” between two sequences is determined by comparing the largest term at which
the sequences differ. For example,

(5,0,0,1,2,0,0,0,0,...) < (107,12,1,3,5,0,0,0,0,...) < (103,7,0,0,6,0,0,0,0...,)

@wo

The initial segment of wj;” representing wy consists of:

@o

wy" is clearly a countable ordinal. A little thought shows that w" = wy + w3 +w} + ...

L0
. . . . ) ww() (,UWU .
Once ;i is defined, it is easy to see that the ordinals wj’ , w," , w," , ... are all countable ordinals.

(Here, &' is understood, as usual, to mean o®").
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wo
wo “0 . .
We can then define ¢y = sup {w;;’, wg[’ , wgo , ... ;. Roughly, ¢ is “wy raised to the wy power wy
times”. As noted earlier, the sup of a countable set of countable ordinals is still countable: ¢ is a

countable ordinal, that is, ¢y < wy !
Exercise Prove that u! = p. Prove that for ordinals ;2 and o, p is also an ordinal, i.e., (u®, < )isa
well-ordered set (not trivial!). For ordinals ji, «, 3 > 0, and p®*% = pu* - uf.

For further information, see Sierpinski, Cardinal and Ordinal Numbers, pp. 309 [f.
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Chapter VIII Review

Explain why each statement is true, or provide a counterexample.

1. Let X = [0,w;). Foreach o € X, let & ~ a + 1. In the quotient space X/ ~ , exactly one point is
isolated.

2. fog can be written as a sum of countably many smaller cardinals.
3. Let n € N. A continuous function f : [0,w;) — R" is constant on a tail of [0, w;).
4. Every order-dense chain with more than 1 point contains a subset order isomorphic to Q.

5. If z € O, where O is an open set in X = [0,w1] X [0,wp] — {(wo + 1,wp)}, then there must be a
continuous function f: X — R such that x € coz (f) C O.

6. Let C be a non-Borel subset of the unit circle S* and let f : S' — R be the characteristic function of
C. Then f is not Borel measurable but f is Borel measurable in each variable separately (that is, for
each a € [ — 1, 1], the functions ¢ and ¢ defined by ¢(z) = f(z,a) and ¢(a,y) = f(a,y) are Borel
measurable.

7. Let C be a dense subset of R. Then C'is not well-ordered (in the usual order on R).

8. Let D= {f € QY : f(n) =0 for all but finitely many n}, with the lexicographic (“dictionary")
ordering <. Then (D, <) is order isomorphic to Q.

9. Suppose < iand < s arelinearordersonaset X. If <; C <5, then <;= <.

10. Consider the ordinals 1, wy and wy - 2. Considering all possible sums of these ordinals (in the six
different possible orders) produces exactly 3 distinct values.

11. If @ and 3 are nonzero ordinals and a + § = wy, then a8 = wy.
12. The order topology on (1,3) U (3,5) is the same as the subspace topology from R.

13. If (X, 7) is a finite topological space, then there exists a partial ordering < on X for which 7 is
the order topology.

14. If O is open and F' is closed in 7" = [0, w;] X [0,wp] — {(w1,wp)} and F' C O, then there must exist
anopenset V suchthat F CV CclV C O.

15. There are exactly N, limit ordinals < w,,.
16. If v denotes the order type of the irrationals, then o? = a.

17.If o > wy, then the ordinal space X = [0, o] is not metrizable because X is not normal.
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18. Suppose P is a nonempty collection containing all subsets of X with a certain property (*).
Suppose {P, : € A} is a chain of subsets of P and that | JP, € P. By Zorn's Lemma, |JP, is a
maximal subset of X (with respect to C ) having property (*).

19. For any infinite cardinal k, there are exactly k™ ordinals with cardinality k.

20. Suppose « is an infinite order type. If 1+ a = a + 1, then there is an order type £ (possibly 0)
such that o = wy + £ + wj -

21. If < a linear order on X, then the “reversed relation” < *defined by =z < *y iff y < xis also a
linear order on X.

22. For any infinite cardinal k, 2 = k* (without GCH).

23.If < isalinear ordering on a finite set S and |S| = n, then | <| = w .

24. 1If A and B are disjoint closed sets in [0, w; ), then at least one of them is countable.
25. A locally finite open cover (by nonempty sets) of a compact space must be finite.

26. [0, wq] is homeomorphic to a subspace of the Cantor set.

27. Let N™ have the lexicographic order <. (N, <) is not well-ordered, because the set
A= {r € N%:3k Vn >k z(n) = 2} contains no smallest element.

28. Every subset of QQ is a Borel set in R.
29. With the order topology, the set {0} U {z € R : |z| > 1} is homeomorphic to R.

30. f U ={U, : a € A} is a point-finite open cover of the Sorgenfrey plane S x S, then there must
be an open cover V = {V, : a € A} of S x S such that, for each o € A, ¢l (V,,) C U,.

31. There is a countably infinite compact connected metric space.

32. If < is alinear ordering on X, then there can be linear ordering < " for which
< C <'CXxX.

%+
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Chapter IX
Theory of Convergence

1. Introduction

In Chapters II and III, we discussed convergence of sequences. One result was, true in any space X,
was: if (a,)is a sequence in A C X and (a,) — x, then z € cl A.

Sequential convergence is especially useful for work in first countable spaces — in particular, in metric
spaces. In a first countable space, = € cl Aiff there is a sequence (a,) in A with (a,) — x, and
therefore convergent sequences determine the set cl A. It follows we can check whether or not a set A
is closed (whether A = ¢l A) by using sequences. So in a first countable space “sequences determine
the topology.” (See Theorem 111.9.6.)

However, in general sequences are not sufficient to describe closures. For example in [0, w;]| we know
that w; € cl[0,w;) but no sequence (cv,) in [0,w;, ) converges to w;. The basic neighborhoods (v, wi ]
of w; are very nicely ordered, but there are just “too many” of them: no mere sequence (v, ) in [0, w;)
is “long enough” to be eventually inside every neighborhood of w;.

A second example is the space L (see Example I11.9.8) in which we have (0,0) € cl (L — {(0,0)}) but
no sequence in (L — {(0,0)}) converges to (0,0). Here the problem is different. L is a “small” space
(|L| = Xg) but the neighborhood system N ) (ordered by reverse inclusion) is a very complicated

poset — so complicated that a mere sequence (a,) in L — {(0,0)} cannot eventually be in every
neighborhood of (0, 0).

In this chapter we develop a theory of convergence that is sufficient to describe the topology in any
space X. We define a kind of “generalized sequence” called a net. A sequence is a function f € XV,
and we write f(n) = x,. A net is a function f € X*, where (A, <)is a more general kind of
ordered set. Informally, we write a sequence f as (x,); similarly, when f is a net, then we informally
write the net as (x)).

Thinking of X = [0, w;], we might hope that it would be a sufficient generalization to replace N with
an initial segment of ordinals A = [0, «): in other words, to replace sequences with “transfinite
sequences” with domain some well-ordered set “longer” than N. In fact, this is a sufficient
generalization to deal with a case like [0, w;] : if (z,) is the “transfinite sequence” in [0,w;) given by
To = (a < wy),then (x,) — w; (in the sense that (x,) is eventually in every neighborhood of wy).
But as we will see below, such a generalization does not go far enough (see Example 2.9). We need a
generalization that uses some kind of ordered set A more complicated than just initial segments [0, «)
of ordinals.

The theory of nets turns out to have a “dual” formulation in the theory of filters. In this chapter we

will discuss both formulations. It turns out that nets and filters are fully equivalent formulations of
convergence, but sometimes one is more natural to use than the other.
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2. Nets

Definition 2.1 A nonempty ordered set (A, <) is called a directed set if

1) < is transitive and reflexive
2) for all A1, Ay € A, there exists A3 € A such that A3 > A\; and A3 > .

Example 2.2
1) Any chain (for example, N) is a directed set.

2) InR, define = < *y if |z| > |y|. Then (R, < *) is a directed set and x < *y means that “z
is at least as far from the origin as y.” Notice that —1 < *1 and 1 <* —1, so that < * is not
antisymmetric. A directed set might not be a poset.

3) Let N, be the neighborhood system at z in X, ordered by “reverse inclusion” — that is,
Ny < Ny iff Ny D Ny. N, # 0 and condition 1) in the definition clearly holds. Condition 2) is
satisfied because for Ni, No € N, we have NN Ny = N3 € NMyand N3 > N; and N3 > N,.
Therefore (N, <) is a directed set.
This example hints at why replacing N (in the definition of a sequence) with a directed set A
(in the definition of net) will give a tool strong enough to describe the topology in any space X : the
directed set A can chosen to be as complicated as the most complicated system of neighborhoods at a
point x.

4)Let A={F C[0,1]: 0€ F, 1€ F and F is finite}. In analysis, F is called a partition of
the interval [0,1]. Order A by inclusion: a “larger” partition is a “finer” one — one with more
subdivision points. Then A is a directed set.

Definition 2.3 i) A netina set X isa function f : (A, <) — X, where (A, <) is directed. We
write f(A\) = x) and, informally, denote the net by (x)).

ii) A net (z)) in a space X converges to x € X if (x)) is eventually in every
neighborhood of z — thatis, VN € N, 3 \g € Asuchthatx) € N
wherever A > ).

iii) A point x in a space X is a cluster point of a net () if the net is frequently in
every neighborhood of z, that is: forall N € A, and all \j € A thereisa A > )\
for which z, € N.

Clearly, every sequence is a net, and when A = N, the definitions ii), and iii) are the same as the old
definitions for convergence and cluster point of a sequence.

Example 2.4 A = {\;, A2, \3} and define an order in which A3 > A; and A3 > A, but A; and A, are
not comparable. (A, <) is a directed set. We can define a net f: A - R by f(A3) =0and
assigning any real values to f(A;) and f(A2). Since z) € ( —¢,¢) for all A > A3, we have (z,) — 0.
(Notice that a net can have a finite domain and can have a “last term.”)
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Example 2.5 The following examples indicate how several different kinds of limit that come up in
analysis can all be reformulated in terms of net convergence. In other words, many different “limit”
definitions in analysis are “unified” by the concept of net convergence.

1) Let A =R — {a} and define x <*y (inA) iff |z —a| > \y—a| (inR). Suppose
f: A — Risanet. Thenthenet (z),) — LR

iff for all € > 0 there exists A\g € Asuchthatx) € (L —¢,L+¢€) if A >"* )\

iff for all € > 0 there exists \g € Asuchthatz)y € (L —¢,L+¢€) if 0 < |A—a| < |A\g—q
iff for all € > 0 there exists 6 > 0 such that |f(A\) — L| <eif 0 < | A —a| <6

iff ;112 f(x) = L (in the usual sense of analysis).

2) Let A = R with the usual order <.If f : R — R, we can think of f as a net, and write
f(r) =z,. Thenthenet (z,) - L €R

iff for all € > 0 there exists rp € A = Rsuchthatz, € (L —¢,L +¢€) if 7 > ry
iff for all € > 0 there exists 7y € Rsuch that |f(r) — L| < eif r > g
iff lim f(x) = L (in the usual sense of analysis).

Parts 1) and 2) show how two different limits in analysis can each be expressed as convergence of a
net. In fact each of the limits lim f(x) = L, 1im+f(:n) =L, lim f(z) =L, lim f(z) = L,
Tr—a r—a r—a~ T—00

and lim f(x) = L can be expressed as the convergence of some net. In each case, the trick is to
T——00

choose the proper directed set.

3) Integrals can also be defined in terms of the convergence of nets.

Let g be a bounded real valued function defined on [0, 1] and let A = {F C [0,1] : F is finite and
0 € F, 1€ F}. Order A by inclusion: Fy < Fy iff Fy C Fy iff F is a “finer” partition than F}.

For F' € A, enumerate Fas0 =2 < 21 < ... <xTp_1 <z, =1. Let Az; = z; — x;_1 and

F(F)=3 (infg )-Am=ap€cR

i=1 [z, ]
f A — R isanetin R and we can write f(F) = zp. Then

(xp) — L iff forall € > 0 there is a partition F{ such that
for all partitions F' finer than Iy, |zp — L| < €

One can show that such an L always exists: L is called the lower integral of g over [0, 1], denoted
L= ! g.
20

If we replace “inf” by “sup” indefining f, then the limit U of the net is called the upper integral of ¢

over [0, 1], denoted U = T(l) g. If L =U, we say that g is (Riemann) integrable on [0, 1] and write
folg = L( = U)'
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A sequence can have more than one limit: for example, if | X| > 1 and X has the trivial topology, every
sequence (z,,) in X converges to every point in X. Since a sequence is a net (with A = N), a net can
have more than one limit. We also proved that a sequence in a Hausdorff space can have at most one
limit (Theorem I11.9.3). This theorem still holds for nets, but then even more is true: uniqueness of net
limits actually characterizes Hausdorff spaces.

Theorem 2.6 A space X is Hausdorff iff every net in X has at most one limit.

Proof Letx # y € X with (xz)) — x and (x),) — y. Suppose U and V are open sets with x € U and
y € V. Then (z)) € U for all A >some A, and (z,) € V for all A > some \y. If A3 > A\jand
A3 > A3, thenzy, e UNV,soU NV # (. Therefore X is not Hausdorff.

Conversely, suppose X is not Hausdorff. Then there are points x # y € X such that U NV # ()
whenever U € N, and V € N,,. Let A = N, x N, and order A by defining (U,V) < (U',V’)

iff U’ CU and V' CV (reverse inclusion in both coordinates). For each (U,V) € A, let
J((U,V)) = any point vy € UNV. We claim that (2 v)) — x and (@ v)) — .

If Ve~N,leth=(X,V)eA Thenif A =(U’',V') > Xy, we have
ry=xg vy €U NV C XNV = V. Therefore (z,) — y.
The proof that (z)) — « is similar. e

Example 2.7 The implication ( <= ) in Theorem 2.6 is false for sequences. Let X = [0,w;] U {wi}
where wj ¢ [0,w;]. Let points in [0, w;] have their usual neighborhoods and let a basic neighborhood
of wj be a set of the form (o, w;| — {w1} U {wi}, where a < wy. (In effect, the basic neighborhoods
of w1 and wji are identical except for replacing wy by wj or vice versa; it is as if wj is a

“shadow” of w1 which can't be separated from w-).

This space is not Hausdorff, but we claim that a sequence («,,) in X has at most one limit.
If (o) contains infinitely many terms «,, < wy, thenlet & = sup {c,, : k =1,2,...} < wy, s0
that the subsequence (a,,) is in [0,a]. If (a,) — Band (o) — 7, then (o, ) — Band
(an,) — 7 . Therefore 3,7 are both in the closed set [0,«]. But [0,«] is T3 so a limit for
(cvp, ) must be unique: 3 = 7.
If only finitely many «,'s are less than w;, we can assume without loss of generality that for all
n, a, € {wy,wi}. It is easy to see that if a;,, = w; for only finitely many n, then (o) — wj
only. Similarly, if «v, = wj for only finitely many n, then (a,,) — w; only. If o, = wy and
a,, = wj each for infinitely many n, then («,,) has no limit.

The next theorem tells us that nets are sufficient to describe the topology in any space X.

Theorem 2.8 Suppose A C (X, 7). Then z € cl A iff there is a net (a)) in A for which (a)) — z.

Proof Suppose (ay) — x, where (a)) is a net in A. For each N € N, (a,) is eventually in N so
NN A #0(. Therefore x € cl A.
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We can prove the converse because we can choose a directed set “as complicated as” the
neighborhood system of x: Suppose x € cl A and let A = A, ordered by reverse inclusion. For
A=NeA, let f(A\) =a) =apointchosenin NNA. If\g=Ny€Aand A\ =N > )\
then ay € NN AC NyNAC Ny. Therefore (ay) — x. e

Example 2.9 In general, “sequences aren't sufficient” to describe the topology of a space X. However
we might ask whether something simpler than nets will do. For example, suppose we consider

“transfinite sequences” — that is, very special nets f : [0, «) — X, where « is some ordinal. It turns
out that these are not sufficient.

Suppose X = [0,w;) X [0,wy) C T* = [0,w;] X [0,wp]. Let p = the “upper right corner point”
(w1,wp). Then p € cl X, but we claim that no transfinite sequence in X can converge to p € 7.

Let f : [0,a) — X and write f(A\) = (x),y)). We claimthat ((x),y)))  p (no matter how large
an avwe use! ). So suppose ((zx,yy)) — p:

ran( f) must be uncountable.

If ran( f) were countable, then the set C' = {z) : A < a} would be countable and

B=sup{z): A <a} <w. Thenran(f) C [0,0] x [0,wy) and so (xy, y,) could not
converge to p.

For every countable set ¥ C [0, «), sup E < a

Since F well-ordered, F represents an ordinal 5 < «, so there is an order isomorphism
g:10,8) — E forsome (3 < a.

Certainly sup £ < «.

If sup(E) = «, then fog:[0,3) — X would be a transfinite sequence with
countable range converging to p (since f does). But we have shown that a net converging to p
must have uncountable range. Therefore sup £ < a.

Foreach m < wy, let E,,, = {\ < a:yy,=m}and \,, =sup E,, < « (“ < ”is the most we can
say since F,,, might be uncountable). For each 0 < «, 3 is in some FE,, — so, for that m, A\, > (.
Therefore sup {\,, : m < wy} = «. By the preceding paragraph, we conclude \,,, = « for

some my.

Since (z),y)) — p, we conclude that (z), Z//\)AeEm(, — p. But (z), yA),\eE"m — (w1, m), so this
is impossible. e
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The definition of a subnet is analogous to the definition of a subsequence (see Definition 111.10.1).

Definition 2.10 Let A and M be directed sets Suppose f: A — X, ¢: M — A. Suppose that for
each )\ € A, there exists a jip € M such that ¢(u) > Ao whenever p > 1,

NESEEEEEEETEN

fod

then f o ¢ is called a subnet of f. We write ¢(1) = A, and f(¢()) = z,,. Informally, the subnet
is (w),). The definition of subnet guarantees that ¢(u) = A, > Ao whenever i1 > pu.

Note: an alternate definition for subnet is used in some books. It requires that

1) ¢ is increasing: if 1 < po, then ¢(uy) < d(ug) and

2) ¢is cofinal in A: for each Ny € A, there is a jig € M for which ¢(1p) > Ao.
A subnet in the sense of this definition is also a subnet in the sense of Definition 2.10, but the
definitions are not equivalent. Definition 2.10 is “more generous” — it allows more subnets
because Definition 2.10 does not require ¢ to be increasing. For most purposes, the slight

disagreement in the definitions doesn't matter. However, the full generality of Definition 2.10
is required to develop the full duality between nets and filters that we discuss later.

We will state the following theorem, for now, without proof. The proof will be easier after we talk

about filter convergence. For now, we simply want to use the theorem to highlight an observation in
Example 2.12.

Theorem 2.11 In (X, 7)), if z is a cluster point of the net (), then there is a subnet (z,,) — z.

Proof See Corollary 4.8 later in this chapter.
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Example 2.12 (See Example 111.9.8) In L = {(m,n) : m, n are nonnegative integers}, all points except
(0,0) are isolated. Basic neighborhoods of (0,0) are sets containing (0,0) and “most of the points
from most of the columns” (where “most” means “all but finitely many”).

Let (z,,) be an enumeration of L — {(0,0)}. Although (0,0)is a cluster point of (x,), we proved in
Example II1.9.8 that no sequence in L — {(0,0)} can converge to (0,0). In particular, no subsequence
of (x,) can converge to (0,0). However, Theorem 2.11 implies that there is a subnet of (x,) that
converges to (0, 0).

This might seem surprising, but it simply highlights something is actually clear from the definition of
subnet: even if a net isa sequence (A = N), the directed set M in the definition of subnet need not be
N. Therefore a subnet of a sequence might not be a sequence.

3. Filters

XN is the set of all sequences in X, but the “set of all nets in X"’ makes no sense in ZFC. We can put
an order < on any set A to create a directed set (A, <) : for example (using Zermelo's Theorem) we
could let < be a well-ordering of A. Therefore there at least as many directed sets (A, <) as there
are sets A. The “set”of all nets in X = “|J{X=) : (A, <) is a directed set}” is “too big” to be a
set in ZFC. This is not only an aesthetic annoyance; it is also a serious set-theoretic disadvantage for
certain purposes.

Therefore we look at an equivalent way to describe convergence, one which is strong enough to
describe the topology of any space X but which doesn't have this set-theoretic drawback. The theory
of filters does this, and it turns out to be a theory “dual” to the theory of nets — that is, there is a natural
“back-and-forth” between nets and filters that converts each theorem about nets to a theorem about
filters and vice-versa.

Definition 3.1 A filter F in a set X is a nonempty collection of subsets of X such that

) 0¢F
ii) F is closed under finite intersections
iii) If F € Fand G DO F, then G € F.

A nonempty family B C F is called a filter base for F if F = {F C X : F D B for some B € B}.
Assuming, as we have stated, that filters will provide an equivalent theory of convergence in a space
X, we see that there is no longer a set-theoretic issue. The set of all filters in X makes perfectly good
sense: each filter F € P(P(X)), so the set of all filters in X is just a subset of P(P(X)).

In a topological space X, there is a completely familiar example of a filter : A/, the neighborhood

system at z. A base for this filter is what we have been calling a neighborhood base, 5,. In fact, N,
and B, are what inspired the general definitions of filter and filter base in the first place.
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If we start with a filter F, then a base B for a filter 7 must have certain properties: B is nonempty (or
else F =), and each B € B is nonempty (or else () € F). Moreover, if By, By € B C F, then
By N By € F so (by definition of a base) By N By O B3 for some B3 € B.

If, on the other hand, we start with any nonempty collection B of nonempty sets in X such that

whenever By, By € B, there is a B3 € B such that B; N By O By (*)

and define F = {F': F' DO B for some B € B}, then F is a filter and B is a base for F (check!). F is
called is called the filter generated by B; it is the smallest filter containing B.

If we begin with a nonempty collection S of nonempty sets in X with the finite intersection property,
then

B = {B : Bis a finite intersection of sets from S} has property (*)

so B is a base for a filter F called the filter generated by S; it is smallest filter containing S.

There can be many neighborhood bases B, for a neighborhood system N, in a space X. Similarly, a
filter 7 can have many different filter bases B. In particular, notice that F itself is a filter base — but
usually we want to choose the simplest base possible.

Definition 3.2 A filter base B converges to x € X if for every N € N,, there is a B € B such that
B C N. In this case we write B — x. (Since a filter F is also a filter base, we have also just defined
the meaning of F — z.)

If F is the filter generated by B, then clearly B — = iff F D N,. (**)
The following theorem is very simple. It is stated explicitly just to make sure that there are no
confusions.
Theorem 3.3 Let F be a filter in the space X. For any = € X, the following are equivalent:

) F—zx

iy FON;

iii) F has a base B where B — .

iv) Every base B’ for F satisfies B’ — .
Proof From Definition 3.2 and the observation (**) shows that i) < ii) < iii).

iii) = iv) Suppose B is a base for F and that B — x. Then for each N € N, there is a
B € B for which N D B. If B’ is another base for F then, since B € F, B contains some set

B’ € B'. Therefore ND BD B',so B' —x. e

iv) = 1) because F is a base for . e
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Example 3.4
1) Letz € (X,7). If B, is a neighborhood base at z, then 5, — . In particular, N, — x.

2) Suppose F is a filter in X. If AC X and AN F # () for all F' € F, then the collection
FU{A} = S is a nonempty collection with the finite intersection property. Therefore S generates a
filter F' D F. So:if A¢ Fand ANF # () forall F' € F, we can enlarge F to a filter ' that also
contains the set A.

3)Ifzp € X, then F = {A C X : zy € A} isafilter. Since F D N, we have F — .
The simplest base for F is B = {{x¢}} and B — x.

Suppose B ¢ F. Then zy ¢ B so F cannot be enlarged to a filter F ' that also contains the
set B — such an F' would contain both {z(} and B, and therefore also contain ) = {x¢} N B, which
is impossible. (This also follows from Theorem 3.5, below.)

Therefore, F is a maximal filterin X. A maximal filter is called an ultrafilter.
For each zp € X, F = {A C X : zy € A} is called a trivial ultrafilter. In general, it takes

some more work (and AC) to decide whether a set X also contains “nontrivial” ultrafilters — that is,
ultrafilters not of this form. (See Theorem 5.4 and the examples that follow ).

The next theorem gives us a simple characterization of ultrafilters. It is completely set-theoretic, not
topological.

Theorem 3.5 A filter F in X is an ultrafilter iff for every A C X, either A € For X — A e F.

Proof (= )IfAC Xand A ¢ F, then A D F is false for every F' € F, so F'N (X — A) # () for
all F' € F. Therefore the collection S = F U{X — A} has the finite intersection property, so S
generates a filter 7' O F. So if F is an ultrafilter, we must have 7' = F and therefore X — A € F.

( <= ) Suppose that for every A C X, either A or X — Aisin F. If F'is a filter and
F'DF, then F'=F: for if AeF'—F, then X —Aec Fwhich would mean
AN(X—A)=0eF'. o

Note: The proof ( = ) shows that if a filter F contains neither A nor X — A, then F can be enlarged

to a new filter F'containing either A or X — A — whichever of the two you wish.

Definition 3.6 A point = € X is a cluster point for a filter base B if N N B # () for every N € N, and
every B € B. (Since a filter F is also a filter base, we have also just defined a cluster point for a filter
F.)

It is immediate from the definition that z is a cluster point of a filter base B iff x is in the closure of
each set in B3, that is, if and only if z € ({cl B : B € B}.

Clearly, if B — x, then x is a cluster point of B (explain!).
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Theorem 3.7 Suppose F is a filter in a space X. For x € X, the following are equivalent:

i)  is a cluster point of F

i) zeN{clF:FeF}

iii) there is a filter base B for F such that x is a cluster point of B
iv) for every filter base B for F, x is a cluster point of B.

Proof It is clear from the definition and the following remarks that i) < ii) < iii).

iii) = iv ) Suppose x is a cluster point of B and B’ is another base for 7. If B’ ¢ B’ C F
then B’ O B for some set B € B — because B is a base for F. But every neighborhood of z intersects
B, so every neighborhood of x also intersects B’. Therefore x is a cluster point of 5.

iv) = 1) This follows since F is a base for 7. e

Example 3.8

1) Let F ={F CR:F D][0,1]}. Each real number r has a neighborhood N for which
N 2 [0,1] and therefore N ¢ F. So F 2 N, so F 4 r.
If r € [0,1], thenr € A C cl A for each A € F, so r is a cluster point of F.
If r ¢ [0,1], then N = R — [0, 1] is a neighborhood of r disjoint from [0, 1] € F. Therefore
7 is not a cluster point of . So the set of cluster points of F is precisely the interval [0, 1].

2) Let N have the usual topology. F = {A C N: N — A is finite} is a filter (check!). For
each n € N, we have FF={n+1,n+2,..} € F and n ¢ F'=clF. Therefore n is not a cluster
point of F. And since F has no cluster points, certainly F does not converge.

3) Let F be a filter in a space X. If ¥ — z and F — y, then F O M, and F O N,. Since
() ¢ F, every neighborhood of x must intersect every neighborhood of y. Therefore, if X is
Hausdorff, we must have x = y, that is, a filter in a Hausdorff space can have at most one limit. (/n
fact, X is Hausdorff iff every filter in F in X has at most one limit. We could prove this directly,here
and now (try it!). But this fact follows later “for free” from Theorem 2.6 via the duality between nets
and filters: see Corollary 4.5 below.)

4. The Relationship Between Nets and Filters

Nets and filters are dual to each other in a natural way — it is possible to move back-and-forth between
them. Although this back-and-forth process is not perfectly symmetric, it is still very useful because
the process preserves limits and cluster points.
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Definition 4.1 Let (A, <) be a directed set. For a net (x,) in X, we define its associated filter F
(or, the filter generated by (x)) ) :

Let T\ = {z, : p € A, p > A} = the A" tail of the net, and let B={T\: A€ A}. B is
nonempty since A # (3, and each T), # () since x, € T). Moreover, if A3 > \; and A3 > Ao,
then T\, N7\, O T),. Therefore the collection of tails B = {7} : A € A} is a filter base and
the filter it generates is the associated filter of (z)).

Definition 4.2 For a filter 7 in X, we define its associated net (or, the net generated by F) :

Let A={(z,F):x € F € F} and define (z,F) < (2/,F') if F D F’. Then (A, <) is
directed. (Why?)) Thenet f : A — X defined by f((z, F')) = z is the associated net of F.

Notice that (A, <) is not a poset: for example if v # x' € F € F, then
(, F) = (¢, F) and («', F) > (x, F) but (x, F) # (z', F).

If we begin with a filter F, form its associated net, and then form its associated filter ', we are back
to where we started:

F ~= associated net (xr)) ~~ associated filter F' = F

To see this: a base for F ' is the collection of tails {T{, ry : (z, F') € A}. But

Tor ={f(x",F'):(z",F') > (x,F) ={z': (', F') > (x, F)}

={z':2' e F'and F' C F,where ', F' ¢ F} =\ {F': F'CFeF}=F. Sothe
collection of tails is F itself!

On the other hand, if we begin with a net (x) : A € A}, form its associated filter F, and then form the
net associated with F, we do not return to the original net (z)) :

(xx) ~= associated filter /¥ ~=  netassociated to F # (x))

First of all, the net associated with F has for its directed set
AN ={(z,F):x € F € F} # A. But the problem runs even deeper than that:

Consider the net (z,,) in R with directed set N, where x,, = 0 for all n. The collection of tails is
B = {{0}}, which generates the associated F = {A CR:0 € A} (a trivial ultrafilter). In
turn, F generates a net whose directed set A = {(z,A) :x € A€ F}andin A, (0,{0}) isa
maximal element. The directed set for the new net is not even order isomorphic to N!

Nevertheless, the following theorem shows that this back-and-forth process between associated nets
and associated filters is good enough to be very useful for topological purposes.

Theorem 4.3 In any space X,

1) z is a cluster point of a net (z,) iff =z is a cluster point of the associated filter F.
2) x is a cluster point of a filter & iff = is a cluster point of the associated net ()
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Proof 1) x is a cluster point of (z,) iff (z,) is frequently in every neighborhood of x
iff T\ N N ## () for every tail T and every N € N,
iff x is a cluster point of the filter base B = {7 : A € A}
iff x is a cluster point of F.

2) We use 1). Given a filter F, consider its associated net (x)). By 1), z is a cluster point of
(xx) iff 2 is a cluster point of its associated filter 7'. But F' = F. e

Notice: if we had somehow proved part 2) first, and then tried to use 2) to prove part 1), we
would run into trouble — we would end up looking at a net different from the one we started
with. The “asymmetry” in the back-and-forth process between nets and filters shows up here. .

Theorem 4.4 In any space X,

1) anet (xz)) — = iff its associated filter 7 — x.
2) afilter F — x iff its associated net (z)) — =.

Proof The proofis left as an exercise. As in Theorem 4.3, part 2) follows “for free” from 1) using the
duality between nets and filters. o
Corollary 4.5 A space X is Hausdorff iff every filter F has at most one limit in X.

Proof The result follows immediately by duality: use Theorem 4.4 and Theorem 2.6. o

The following theorem shows how subnets and larger filters are related: subnets generate larger filters
and vice-versa.

Theorem 4.6 Suppose F is a filter in X generated by some net f : A — X. (This is not a restriction
on F because every filter is generated by a net: for example, by its associated net.)

1) Each subnet of f generates a filter G O F
2) Each filter G D F is generated by a subnet of f.

Proof 1) A base for Fis {B) : A € A}, where B, is the A" tail of f. Suppose ¢ : M — A and that
fop: M — X is a subnet of f. The filter base {C, : p € M}, where C, is the u™ tail of f o ¢,
generates a filter G.

Let F' € F. Then F D B,, for some Ao € A. Pick py € M so that p > py = ¢(u) > Aog. Then the
subnet tail C),, = {foo(p): >} C By CF, so F is in the filter G generated by f o ¢.
Therefore F C G.

2) Conversely, let G be a filter containing F. We claim G is generated by a subnet of f. Let
B), denote the A" tail of f. We claimthat B = {GNB,:G € G, \ € A}isabasefor G :

B is clearly base for some filter 7' and G C F' (since G O GN By). On the other
hand, eachB, € F C G, soeachGNB,€Gso F' C G
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Let M ={({,GNB)):GeG, \, €A, &> Xand f(§) =z € GNB,}. (For each G N By, there
is at least one such £ because GN By # (). Order M by defining ({, GNB)) < ({/,G'NBy) if
AM>Xand G'NBy CGNB,. Itis easy to check that < is transitive and reflexive. In fact,
(M, <) is adirected set:

IfA” > X\ N, wehave By» C By NB). Since G”" = GNG' € G, we have

G" N By # 0, so there exists a £ > X" such that (") = x¢» € G” N By». Thus
&",G"NByv) € M, and we have (¢”,G" N By») > (£, GN By)and
&",G"NBy) > (&',G' NBy).

Define ¢ : M — Aby ¢(({,GNB))) = & Then f o ¢ isasubnet of f:

Suppose Ay € A. Pick any Gy € G and any §, > )¢ such that f(§y) = z¢, € Gy N B),.
Let pup= (£,GoNBy)EM. Ifu=(GNB)\)>py in M, then ¢(u) =
§ =& = Ao

The filter generated by the subnet f o ¢ has the set of tails Cﬂoa base. If 1y = ({0, Go N By,) € M, we

claim that the tail C,,, =Gy N B),. If this is true, we are done, since the sets of this form, as noted
above, are a base for the filter G.

C/L(] = {f © QZS(,LL) Y Z ,UO} If H eM and n= (f,GﬁB,\) 2 Ho = (507 GO ﬁB)\(J)a
then GN By C GyN By, 80 fop(u) = f(§) € GN By C GyN By,.
Therefore C,, € Gy N B),.

Conversely, if y € Gy N B, theny = f(§) = z¢ forsome £ € A, £ > .
Then = (§,GoNBe) € M and ju > pigsoy = f(&) = fop(pn) € Cp.
Therefore C,,, 2 Gy N B,,. ®

The remark following Definition 2.10 is relevant here. To prove part 2) of Theorem 4.6: we need the
more generous definition of subnets to be sure that we have “enough” subnets to generate all possible
filters containing F. In particular, the subnet defined in proving part 2) is not a “subnet” using the
more restrictive definition for subnet.

Theorem 4.7 A point z € X is a cluster point of the filter F iff there exists a filter G O F such
that G — x.

Proof ( =) If such a filter G exists, then A, C G. Therefore each neighborhood of x intersects each
set in G, and therefore, in particular, intersects each set in . Therefore x is a cluster point of F.

(<) If z is a cluster point of F, then the set B={NNF : N € N, and F' € F} is a filter

base that generates a filter G. For '€ F, we have F=XNF € B,so F CG; and for each
N e N, wehave N = NNX € B, so NV, C G and therefore G — z. o

Corollary 4.8 z is a cluster point of the net () in X iff there exists a subnet (x,,) — .
(This result was stated earlier, without proof, as Theorem 2.11.)
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Proof = is a cluster point of (x,) iff x is a cluster point of the associated filter F
iff there exists a filter G O F with G — x
iff (z,) has a subnet converging to z. e

Example 4.9 Think about each of the following parallel statements about nets and filters. Which ones
follow “by duality” from the others?

1) Ifx, = aforall A > )y, then 1") If F consists of all sets containing a,
(x,) —a then F — a
2) (xz)) — a iff every subnet 2" If F — a iff G — afor every filter G O F

converges to a

3) If a subnet of (x)) has cluster point a,  3’) If a is a cluster point of Gand G O F,
then a is a cluster point of (z)) then a is a cluster point of F.

5. Ultrafilters and Universal Nets

Nets and filters are objects that can be defined in any set X. The same is true for ultrafilters and
universal nets. No topology is needed unless we want to talk about convergence, cluster points and
other ideas that involve “nearness.” So many results in this section are purely set-theoretic.

Definition 5.1 An ultrafilter &/ in X is called fixed (or trivial) if (YU # 0. U is called free (or
nontrivial) if U = 0.

For example (see Example 3.4) ) the ultrafilter F = {A C X : p € A} is fixed (trivial).
Theorem 5.2 For an ultrafilter ¢/ in X, then the following are equivalent.

i) forsomepe X, U={ACX:pec A}

i) U= {p}forsomepe X

iii) U is fixed — that is, (U # 0.
Proof It is clear that i) = ii) = iii)

iii) = i) Suppose i) is false. Then{z} ¢ U for every x € X (why?) so by Theorem 3.5,
X — {z} € U for every z. Therefore \U C[{X —{z}:2€ X} =0. o

Example 5.3 If F is a filter and (|F # (), F might not be an ultrafilter.
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Let F be the filter in N generated by {B, :n € N}, where B, = {1} U{k:k >mn}. Then
NF =(,—,B, = {1}. Since neither E = {2,4,6,...} C N nor N — E contains one of the sets B,
neither E nor N — E is in F. Therefore F is not an ultrafilter.

FUA{E} is a filter base that generates a filter F' strictly larger than F. Similarly, 7 U{N —E}
generates a filter " strictly larger than . Then F’ # F" (because E and N — [E cannot be in the
same filter). So JF can be “enlarged” in at least two different ways.

Theorem 5.4 If F is a filter in X, then F C U for some ultrafilter /.

Proof Let P ={G: G is a filter and G O F}, ordered by inclusion. P is a nonempty poset since
F € P. Let{G, : a € I} be a chain in P. We claim that |J G, € P.

Clearly, |G, 2 F; and | G, is a filter:

UG # 0 since each G, # 0, and each set in | G,, is nonempty.
If A, B € |JG,, then both A, B are in a single filter G,,. Therefore
ANBeGy,s0 ANB e |JG,. Inaddition,if C D A, then C € G,,,so C € | G,.

Therefore the chain {G, : a € I} has an upper bound | JG, in P. By Zorn's Lemma, P contains a
maximal element /. e

Example 5.5 For each n € N, there is a fixed (trivial) ultrafilter &,, = {A C N:n € A}. It is the
ultrafilter for which (U, = {n}. By Theorem 5.2, the U, 's are the only fixed ultrafilters in N. There
are also nontrivial (free) ultrafilters in N :

Let B, = {k € N: k > n}. The collection B = {B,, : n € N} is a filter base and
B generates a filter 7. By Theorem 5.4 there is an ultrafilter &/ O F, and
nuc ﬂZ‘;an =0.

U is not the only ultrafilter containing . If E and O are the sets of even and odd natural
numbers, then BU {E} and B U {O} are filter bases that generate filters F'and F". Then
there are ultrafilters i/’ D F'andU” D F"”. SinceEcU’, O cU” andENO = 0, we
have U’ #U". Since BC U and B C U", we know that (U’ = fand U" = 0, so
U and U’ are free ultrafilters.

1t is a nice exercise to prove that if there is only one ultrafilter U containing F, then F = U : that is, if
F is not an ultrafilter, then F can always be enlarged to an ultrafilter in more than one way.

If F is a filter in N, then F € P(P(N)), so there are at most [P(P(N))| = 22" = 2¢ filters in N.

Comment without proof: There are exactly 2¢ different filters in N. In fact, there are 2¢ different
ultrafilters in N, and since N contains only countably many fixed ultrafilters I/, there are in fact 2 free
ultrafilters !
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Theorem 5.6 An ultrafilter I/ in a space X converges to each of its cluster points.

Proof If z is a cluster point of I, then there is a filter G O U such that G — x. But G = U since U is
an ultrafilter. o

Corollary 5.7 An ultrafilter ¢/ in a 75 space X has at most one cluster point.

We now define the analogue of ultrafilters for nets.

Definition 5.8 A net (z,) in X is called universal net (or ultranet) if for every A C X, (x)) is either
eventually in A or eventually in X — A.

For example, a net (x,) which is eventually constant, say =), = p for all A > X, is a universal net. It
1s referred to as a trivial universal net because its associated filter is the trivial ultrafilter
{ACX:pe A}

Theorem 5.9 In any set X,

1) anet (x)) is universal iff its associated filter is an ultrafilter, and
2) afilter F is an ultrafilter iff its associated net is universal.

Proof 1) (x,) is universal iff for every A C X, (x,) is eventually in Aor X — A
iff for every A C X, A or X — A contains a tail of (x))
iff for every A C X, Aor X — A is in the associated filter
iff the associated filter is an ultrafilter.

2) We use duality. For a given a filter F, consider its associated net (z)).
By a), () is universal iff its associated filter 7' is an ultrafilter. But 7' = F. e

Corollary 5.10 In any space X,

1) asubnet of a universal net is universal
2) auniversal net converges to each of its cluster points
3) every net has a universal subnet.

Proof 1)If (z,) is universal, then (x,) generates an ultrafilter /. By Theorem 4.6, each subnet () )
generates a filter G O U. So G =U. Because the filter associated to () is an ultrafilter, () is
universal.

2) If x is a cluster point of the universal net (x)), then x is a cluster point of the associated
ultrafilter &. By Theorem 5.6 U — x and therefore (z,) — .

3) Let F be the associated filter for the net (z)) and let U be an ultrafilter containing . By
Theorem 4.6(2), U is generated by a subnet (x,,) of (x)). Since the filter associated with (x,)is an
ultrafilter, (z), ) is a universal net.
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Corollary 5.11 A universal net in a 75 space has at most one cluster point.

Both nets and filters are sufficient to describe the topology in any space, so we should be able to use
them to describe continuous functions.

Theorem 5.12 Suppose X and Y are topological spaces, f : X — Y and a € X. The following are
equivalent:

1) f is continuous at a

2) whenever anet (x)) — ain X, then (f(z,)) — f(a)inY

3) whenever a universal net (x)) — ain X, then (f(z))) — f(a)inY

4) whenever a is a cluster point of a net (x)) in X, then f(a) is a cluster point of (f(z)))
mY

5) whenever a filter base B — ain X, then the filter base f[B] = {f[B] : B € B} — f(a)
nY

6) whenever an ultrafilter / — a in X, then the filter base f[U] — f(a)in Y.

7) whenever a is a cluster point of a filter base B in X, then f(a) is a cluster point of
the filter base f[B]in Y.

Proof 1) = 2) Suppose V is a neighborhood of f(a). Since f is continuous at a, there is a
neighborhood U of a such that f[U] C V. If (z,) — a, then (z)) is eventually in U so (f(x))) is
eventually in V. Therefore (f(x))) — f(a).

2) = 3) This is immediate.

3) = 4) If a is a cluster point of (x,), then there is a subnet (z,,) — a. Let (z,, ) be a
universal subnet of (z, ). Then (z),) — aand by iii), (f(z»,)) — f(a). Then (f(z,))has a subnet
converging to f(a), so f(a) is a cluster point of (f(x))).

4) = 1) Suppose f is not continuous at a. Then there is a neighborhood V of f(a)such that
fIN] € V for every N € N,. Let A = N,, ordered by reverse inclusion, and define anet g: A — X
by g(N) = xzx = apoint in N for which f(zy) ¢ V. Since (xy) — a, (zy) has a cluster point
at a. But the net (f(xy)) does not have a cluster point at f(a) because (f(xy)) is never in V.
Therefore 4) fails.

Knowing that 1)-4) are equivalent, we could show that each of 2)-4) is equivalent to its filter
counterpart — e.g., that 2) < 5), etc. This involves a little more than simply saying “by duality”
because, in each case, the function f also comes into the argument. Instead, for practice, we will
show directly that 1) = 5) = 6) = 7) = 1).
It is easy to check that if B is a filter base in X, then f[B] = {f[B] : B € B} is a filterbase in Y.

1) = 5) Suppose B — a in X and let f[B] € f[B]. If N is any neighborhood of f(a) in Y,
then by continuity f~![N] is a neighborhood of @ in X. Therefore f~*[N] D B for some B € B, so
N 2 fIf[N]] 2 fB]. Therefore f(B) — f(a)-

5) = 6) This is immediate.
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6) = 7) Suppose a is a cluster point of the filter base B. We can choose an ultrafilter &/ O B
with U — a. By 6), f[U] — f(a). Therefore the filter i/’ generated by f[U] converges to f(a), so
U" D Nyq). Since f[B] CU’, each set in f[B] intersects every set in Ny,). Therefore f(a) is a
cluster point of f[B].

7) = 1) Suppose f is not continuous at a. Then there is a neighborhood V' of f(a)such that
fIN] € V forall N € N, thatis, N — f~[V] # () forall N € A,. The collection
B={N— fY[V]: N € N,}is a filter base (why?) that has a cluster point at a. However f[B] does
not cluster at f(a) since no set in f[B] intersects V. o

Corollary 5.13 Let (z)) be a net in the product X = [[{X,: a € A}. Then (z)) — x in X iff
(ma(z))) — ma(z) in X, for each o € A.

Proof If (x)) — = € X, then by continuity (7, (x))) — m.(z) € X, forevery a € A.

Conversely, suppose (7, (z))) — m,(z) for every o and let U = < U,,,U,,,...,U,, > be a basic
open set containing x in X. For each i = 1,...,n we have (7, (z))) — m,,(z) € U,,. Therefore we
can choose a A\; € Aso that 7, (z)) € U,, when A > \;. Pick A* > Ay, .., \,. If A > X%, we have
Ta,()) € Uy, foreach i = 1,...,n. Therefore ) € U forA > A\ so (z)) — z. e

6. Compactness Revisited and the Tychonoff Product Theorem

With nets and filters available, we can give a nice characterization of compact spaces in terms of
convergence.

Theorem 6.1 For any space X, the following are equivalent:

1) X is compact

2) if F is a family of closed sets with the finite intersection property, then (|F # ()
3) every filter F has a cluster point

4) every filter can be enlarged to a filter that converges

5) every net has a cluster point

6) every net has a convergent subnet

7) every universal net converges

8) every ultrafilter converges.

Proof We proved earlier that 1) and 2) are equivalent ( see Theorem 1V.8.4 ).
2) = 3) If F is a filter in X, then F has the finite intersection property, so {clF': F € F} is a

family of closed sets also with the finite intersection property. By ii), 3z € (J{cl F': F € F}soxisa
cluster point of F.
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3) = 4) If F is a filter, then F has a cluster point x so, by Theorem 4.7, there is a filter G O F such
that G — x.

4) = 5) If (z,) is a net, consider the associated filter F. By 4) there is a filter G O F where
G — x € X. Gis generated by a subnet (z) ) and by duality, (z,,) — =.

5) = 6) If (x)) has a cluster point z, then by Corollary 4.8, there is a subnet (z,,) — .

6) = 7) If (x),) is a universal net, then 6) gives that (x)) has a subnet that converges to a point .
Then x is a cluster point of (). Since (z)is universal, (x)) — z by Corollary 5.10.

7) = 8) This is immediate from the duality between universal nets and ultrafilters (Theorems 5.9
and 4.4)

8) = 1) Suppose X is not compact and let U = {U, : « € A} be an open cover with no finite
subcover. Then for any oy,as,...,a, € A, X #U, UU,,U.. UU,; so, by complements,
04 (X—-U,)N...N(X—=U,,). Therefore S ={X — U, : « € A} is a collection of closed sets
with the finite intersection property. The set of all finite intersections of sets from S is a filter base
which generates a filter F, and we can find an ultrafilter V O F.

Every point z is in U, for some «, so z ¢ X — U, = cl (X — U,). Therefore z is not a
cluster point of V. In particular, this implies V -4 x. Since x was arbitrary, this means V' does not
converge. e

Theorem 6.1 gives us a fresh look at the relationship between some of the “compactness-like”
properties that we defined in Chapter IV:

X is compact iff X is sequentially compact iff
every net has a convergent subnet every sequence has a convergent subsequence
(Theorem 6.1) (Definition IV.8.7)
N\ /

X is countably compact iff
every sequence has a cluster point (Theorem IV.8.10) iff
every sequence has a convergent subnet (Corollary 4.8)

It is now easy to prove that every product of compact spaces is compact.

Theorem 6.2 (Tychonoff Product Theorem) Suppose X = [[{X,:a € A} # 0. X is compact iff
each X, is compact.

Proof For each o, X, = 7,[X] so if X is compact, then each X, is compact.
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Conversely, suppose each X, is compact and let (x)) be a universal netin X = [[{X, : o € A}.
For each a, (7, (z))) is a universal net in X,, (Check: if A C X,, then (x)) is eventually in 7, }[A] or
7 X, — A, so (mo())) eventually in A or X — A.) But X, is compact, so by Theorem 6.1

(ma(z))) — some point 2z, € X,. Let z = (z,) € X. By Corollary 5.13, (x,) — z. Since every
universal net in X converges, X is compact by Theorem 6.1. e

Remark: A quite different approach to the Tychonoff Product Theorem is to show first that a space X
is compact iff every open cover by subbasic open sets has a finite subcover. This is called the
Alexander Subbase Theorem and the proof is nontrivial: it involves an argument using Zorn's Lemma
or one of its equivalents.

After that, it is fairly straightforward to show that any cover of X = [[{X.: o € A} by sets of

the form ' [U,] has a finite subcover. See Exercise E10.

At this point we restate a result which we stated earlier but without a complete proof (Corollary
VIL3.16).

Corollary 6.3 A space X is Tychonoff iff it is homeomorphic to a subspace of a compact Hausdorff
space. (In other words, the Tychonoff spaces are exactly the subspaces of compact Hausdorff spaces.)

Proof A compact Hausdorff space is T}, and therefore Tychonoff. Since the Tychonoff property is
hereditary, every subspace of a compact 15 space is Tychonoff.

Conversely, every Tychonoff space X is homeomorphic to a subspace of some cube [0, 1]™. This cube
is Hausdorff and it is compact by the Tychonoff Product Theorem. e

Remark Suppose X is embedded in some cube [0, 1]™. To simplify notation, assume X C [0, 1]™.

Then X Ccl X = K C [0,1]™. Kis a compact T3 space containing X as a dense subspace and K is
called a compactification of X. Since every Tychonoff space can be embedded in a cube, we have
therefore shown that every Tychonoff space X has a compactification.

Conversely, if K is a compactification of X, then K is Tychonoff and its subspace X is also
Tychonoff. Therefore X has a compactification iff X is Tychonoff.

Our proof of the Tychonoff Product Theorem used the Axiom of Choice (AC) in the form of Zorn's
Lemma (to get the necessary universal nets or ultrafilters). The following theorem shows that, in fact,
the Tychonoff Product Theorem and AC are equivalent. This is perhaps somewhat surprising since AC
is a purely set theoretical statement while Tychonoff's Theorem is topological. On the other hand, if
“all mathematics can be embedded in set theory” then every mathematical statement is purely set
theoretical.

Theorem 6.5 (Kelley, 1950) The Tychonoff Product Theorem implies the Axiom of Choice (so the
two are equivalent).

Proof Suppose {X, : a € A}is a collection of nonempty sets. The Axiom of Choice is equivalent to
the statement that [ ., X, # 0 (see Theorem 6.2.2).
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Let Y, = X, U {p} where p ¢ |J,.,X, and give Y, the very simple topology 7., = {Y,, {p},0}.
Then Y, is compact, so Y = [],.4Ya is compact by the Tychonoff Product Theorem.

{p} is open in Y,, so X,, is closed in Y,,. Therefore F = {m,'[X,]: o € A} is a family of closed sets
in Y. We claim that F has the finite intersection property.

Suppose aq, g, ..., € A. Since the X, 's are nonempty, there exist points z,, € X,,,...,
Tq, € Xa,-

Define f : A — J,c4Ya by:
fora € A, f(a) = {

ZTo, fa=q
P if a # ay, as,..., ay,

To be more formal — since this is the crucial set-theoretic issue in the argument — we
can formally and precisely define f _in ZF by:

f={(yy) € AxUpepYo: (=01 ANy=24)V..V(a=0o, Ny =2x,,)
V(l@#Fa) A Ala#a,)) Ay =Dp)}

Then f € 7! [Xo, ] N ..o nw [ X, ]

Since F has the finite intersection property and Yis compact, (|F # 0. If ge[\F, then
g € [1,c4Xa and therefore [ ., X0 #0.

If [[ X, # (0 and any X, 's are noncompact, then [[ X, is noncompact. And we note that if infinitely
many X,'s are noncompact, then [[X, is “dramatically” noncompact as the following theorem
indicates.

Theorem 6.6 Let X = [[{X,: «a € A} # (). If infinitely many of the X,'s are not compact, then
every compact closed subset of X is nowhere dense. (Thus, all closed compact subsets of X are “very
skinny” and ‘‘far from” being all of X.)

Proof Suppose B is a compact closed set in X and that B is not nowhere dense. Then there is a point

x and indices oy, o, ..., ay such that z € < U,,, U,,, ...U,, > C int(clB) =int B C B. Then
7o|B] = X, for a # aq, a9, ..., a,, so X, is compact if & # aq, g, ..., . ®
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7. Applications of the Tychonoff Product Theorem

We have already used the Tychonoff Theorem in several ways (see, for example, Corollary 6.3 and the
remarks following.) It's a result that is useful in nearly all parts of analysis and topology, although its
full generality is not always necessary. In this section we sketch how it can be used in more
“unexpected” settings. The following examples also provide additional insight into the significance of
compactness.

The Compactness Theorem for Propositional Calculus

Propositional calculus is a part of mathematical logic that deals with expressions such as p A g, pV g,
p=4q, ~p, (p=q)Vr,etc. Letters suchas p,q,r,... are used to represent “propositions” that can
have “truth values” T (true) or F (false). These letters are the “alphabet” for propositional calculus.
For example, we could think of p as representing the (false) proposition “2 + 2 = 5 or the (true)
proposition “Vz € R (z > 0 = Jy € R (y?> = z))”. However, p could not represent an expression like
“x = b”, because this expression has no truth value: it contains a “free variable” x.

In propositional calculus, propositions p, g, ... are thought of as “atoms” — that is, the internal structure
of the propositions p, q, ... (such as variables and quantifiers) is ignored. Propositional calculus deals
with “basic” or “atomic” propositions such as p, g, ..., with compounds built up from them such as
(pVq) and ~ (~ pVq), and with the relations between their truth values. We want to allow the
possibility of infinitely many propositions, so we will use Ay, ..., A,, ... as our alphabet instead of the
letters p, q, ... that one usually sees in beginning treatments of propositional calculus.

Here is a slightly more formal description of propositional calculus.
Propositional calculus has an alphabet A = {41, A, ..., 4,,...}. We will assume A is countable,

although that restriction is not really necessary for anything we do. Propositional calculus also has
connective symbols: (, ), V, and ~ .

Inductively we define a collection VW of well-formed formulas (called wffs, for short) that are the
“legal expressions” in propositional calculus:

1) foreachn, A, isawff
2) if ¢ and 1) are wffs, so are (¢ V ¢)) and ~ ¢.

For example, ((A13V A2)V ~ Ay) and ~ (A; V Ay) are wifs but the string of symbols (V AgV V)
is not a wff. If we like, we can add additional connectives A and = to our propositional calculus,

defining them as follows:

Given wffs ¢ and 1,

GAY= ~(~dV ~1) and
b= =9V ~ 4.

Since A and = can be defined in terms of V and ~ , it is simpler and involves no loss to develop the
theory using just the smaller set of connectives.
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A truth assignment is a function s that assigns a truth value to each A,. More formally,
s: A—{T,F},sos e {T,F}* = (C. We give C the product topology. By the Tychonoff Theorem,
(' is compact (in fact, more directly, by Theorem VI1.2.19 which shows that C' is homeomorphic to the
Cantor set).

A truth assignment s can be used to assign a unique truth value to every wff in W, that is, we can
extend s to a function 5 : W — {T, F'} as follows:

For any wff o we define:
ifo = A,, then 5 (o) = s(0)

e .\ _JT it5(¢)=Tors ) =T
ifo=¢ Vi, thens (o) = {F otherwise
o _ T if5(p) =F
1fa—~gb,thens(0)—{F it 5(¢) =T
We say that a truth assignment s satisfies a wff o if 5 (o) = T. A set of wifs X is called satisfiable if
there exists a truth assignment s € {T", F'}* such that s satisfies o for every o € X.

For example,
Y ={A, AV Ay, Ay} is satisfiable  ( We can use any s for which
s(A1) = s(A2) =T)

Y ={A;, ~(AV ~ Ay)}isnotsatisfiable (Ifs(A;) =T, then
S(~(A1V ~ Ay)) =F)

Theorem 7.1 (Compactness Theorem for Propositional Calculus) Let 3 be a set of wifs. If every
finite subfamily of X is satisfiable, then X is satisfiable.

Proof Let C = {T, F}" and suppose that every finite subset of X is satisfiable. Then for each
oceX, A, ={s € C: ssatisfies 0} # (). We claim that A, is closed in C:

Suppose s ¢ A,. We need to produce an open set U containing s for which U N A, = ().
For a sufficiently large n, the list Ay, ..., A,, will contain all the letters that occur in o.

LetU ={teC: t;=s;,i=1,..,n} = {s1} x ... x {8,} x {T', F}™. In other words, U is
the set of truth assignments that agree with s for all the letters A4, ..., A, that may occur

in 0. Since s fails to satisfy o, each ¢ € U also fails to satisfy 0,s0 0 € U C C' — A,.

The A,'s have the finite intersection property — in fact, this is precisely equivalent to saying that every
finite subset of Y. is satisfiable. Since C is compact, ({4, : o € X} # 0, i.e., X is satisfiable.
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If we assume the Alexander Subbase Theorem (see the remarks following Theorem 6.2, as well as
Exercise E10), then we can also prove that the Compactness Theorem 7.1 is equivalent to the
statement that C' = {T', F'}"is compact.
Suppose the Compactness Theorem 7.1 is true. To show that C' is compact it is sufficient, by
the Alexander Subbase Theorem, to show that every cover of C by subbasic open sets has a
finite subcover. Each subbasic set has the form 7, [{T'}] or 7, {[{ F'}].

Taking complements, we see that it is sufficient to show that:

if F is any family of closed sets with the finite intersection property and each set in F
has form C — 7, '[{T'}] = 7, [{F}] or C — m'[{F}] = m, ' [{T}], then NF # 0.

Let F = {F, : « € A} be any such family. For each o € A, define a wff

o An if F(y — ,n.;l[{T}]
7T\ ~ A, if B, = [{F}]

Clearly, o, is satisfied precisely by the truth assignments in F,.

Let X = {0, : @ € A}. Since the F,'s have the finite intersection property, any finite subset
of X is satisfiable. By the Compactness Theorem, X is satisfiable, so [|F # (. e

Note: If the propositional calculus is allowed to have an uncountable alphabet of cardinality m, then
the compactness theorem is equivalent to the statement that {T', F'}"" is compact; the proof requires
only minor notational changes.

A “map-coloring' theorem

Imagine that M is a (geographical) map containing infinitely many countries Cj, Cy, ..., Cy, ... .
A valid coloring c of M with 4 colors (red, white, blue, and green, say) is a function

C: {Cl, 02, ceny Cn, } — {R, W, B, G}
such that no two adjacent countries are assigned the same color.
Intuitively, if M doesn't have a valid covering, it must be because some “finite piece” of the map M
has a configuration of countries for which a valid coloring can't be done. That is the content of the
following theorem.
Theorem 7.2 Suppose M is a (geographical) map with infinitely countries C',...,C,,.... If every
finite submap of M has a valid coloring, then M has a valid coloring. (Any reasonable definition of

“adjacent” and “submap’ will work in the proof.)

Proof Consider set of all colorings C' = {R, W, B, G}™ with the product topology. For each finite
submap F, let Vi = {c € C : ¢ is a valid coloring of F'} # (). We claim that V is closed in C'.
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Suppose ¢ ¢ Vp. We need to produce an open set U with ¢ € U C C — Vp. If n is large
enough, the list C1, ...C',, will include all the countries in the submap F. Then the open set

U= {c(C)} x..x {c(C)} x {R,W,B,G}
works — any coloring in U is invalid because it colors the countries in F' the same way ¢ does.
If F} and F5 are finite submaps of M, then so is F; U F;. Since Fj U F3 has a valid coloring by
hypothesis, Vipup C Vi NV, # 0. Therefore F = {Vp : Fa finite submap of M} has the finite
intersection property. Since C'is compact, [F # ), and any ¢ € (\F is a valid covering of the whole

map M. e

(1t is clear that a nearly identical proof would work for any finite number of colors and for maps with
uncountably many countries.)
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Exercises

El. Let X be a topological space and a € X. For each N € N,, pick a point zy € N. If we order N,
by reverse inclusion, then (xy) is a net in X. Prove that (zy) — a.

E2. a) Let (C, <) be an uncountable chain in which each element has only countably many
predecessors. Suppose f : C'— R and that f(\) > 0 for each A € C. Show that the net f does not
converge to 0 in R.

b) Give an example to show that part a) may be false if (C', <) is an uncountable directed set in
which each element has only countably many predecessors.

b) Is it possible to have a net f : [0,ws) — R and that f(\) > 0 for each \? Is it possible that f
converges to 0 in R? (Recall that w,, denotes the first ordinal with X, predecessors.)

E3. Suppose X is a compact Hausdorff space and that (A, <) is a directed set. For each A € A, let
A, be a nonempty closed subset in X such that A,, C A, iff A\ <)Xg. Prove that

M{Ay: A e A} #£0.

E4. a) Let f: A — X be a net in a space Xand write f(A) =x,. For each a€ A, let
T, = {x): A > a} = “the ™" tail of the net.” Show that a point z € X is a cluster point of (x) iff
x € N{clT, : a € A}.

b) Suppose x is a cluster point of the net (z,) a product [[{X,:a € A}. Show that for each «,
To(z) € X, is a cluster point of the net (7, (x»)).

c) Give an example to show that the converse to part b) is false.

d) Let (X, d) be a metric space and f : [0,w;) — X a function given by f(a) = x,. Show that
the net (x,) converges iff (z,) is eventually constant.

E5. a) Suppose X is infinite set with the cofinite topology. Let F be the filter generated by the filter
base consisting of all cofinite sets. To what points does F converge?
b) Translate the work in part a) into statements about nets.

E6. Show that if a filter F is contained in a unique ultrafilter ¢/, then F = U.
(Thus, if F is not an ultrafilter, it can enlarged to an ultrafilter in more than one way. )

E7. a) State and prove a theorem of the form:  Suppose z is a point in a space X. Then N, is an
ultrafilter & ...

b) Prove or disprove: Suppose X # () and that F is a maximal family of subsets of X with
the finite intersection property. Then F is an ultrafilter.
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E8. a) Let F be a filter in a set X. Prove that F is the intersection of all ultrafilters containing F.
(Note that this implies the result in EG.)

b) Let U be an ultrafilter in X and suppose that A; U ... U A,, € U. Prove that at least one A; must
be in U. (This is the filter analogue for a fact in ring theory: in a commutative ring with a unit, every
maximal ideal is a prime ideal.)

¢) Give an example to show that part b) is not true for infinite unions.

d) “By duality,” there is a result similar to b) about universal nets. State the result and
prove it directly.

E9. Let U be a free ultrafilter in N and let ¥ = NU {o}, where o ¢ N. Define a topology 7 on X by
7={0: OCNorO=UU{o}whereU € U}

a) Prove that X is T4 and that N is dense in .

b) Prove that a free ultrafilter I/ on N cannot have a countable base.
Hint: Since U is free, each set in U must be infinite. Why?

¢) Prove that no sequence in N can converge to ¢ (and therefore there can be no countable
neighborhood base at o in )
(Hint: Work you did in b) might help.)

Thus, 32 is another example of a countable space where only one point is not isolated and which is not
first countable, See the space L in Example 111.9.8.

d) How would the space > be different if f were a fixed ultrafilter?

Note: if U' is a free ultrafilter on N and U’ # U, then the corresponding spaces Y." and 3 may not be
homeomorphic: the neighborhood systems of o may look quite different. In this sense, free ultrafilters
in N do not all “look alike.”

E10. Suppose (X,7) has a some property P. 7 is called a maximal-P topology (or minimal-P
topology) if any larger (smaller) topology on X fails to have property P. Prove that if (X,7) is a
compact Hausdorff space, then 7 is maximal-compact and minimal-Hausdorff. (Compare Exercise IV
E23.)

In one sense, this “justifies” the choice of the product topology over the box topology: for a
product of compact Hausdorff spaces, a larger topology would not be compact and a smaller one
would not be Hausdorff. The product topology is ‘“‘just right” to ensure that the property “compact
Hausdorff” is productive.

E11. Show that the map coloring Theorem 7.2 is equivalent to the statement that {R, W, B, G} is
compact.
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E12. A family B of subsets of X is called inadequate if it does not cover X, and B is called finitely
inadequate if no finite subfamily covers X.

a) Use Zorn's Lemma to prove that any finitely inadequate family B is contained in a maximal
finitely inadequate family.

b) Prove (by contradiction) that a maximal finitely inadequate family B has the following
property: if C1, ..., C,, are subsets of X and C; N ... N C,, € B, then at least one set C; € B.

¢) The following are equivalent (Alexander's Subbase Theorem)
1) X has a subbase S such that each cover of X by members of S has a finite subcover

i1) X has a subbase S such that each finitely inadequate collection from S is
inadequate

iii) every finitely inadequate family of open sets in X is inadequate
iv) X is compact
d) Use ¢) to prove the Tychonoff Product Theorem.
E13. This exercise gives still another proof of the Tychonoff Product Theorem. Suppose X, is
compact for all « € A. We want to prove that [[X, is compact. We proceed assuming X is not
compact.

a) Show that there is a maximal open cover U of X having no finite subcover.

b) Show that if O is open in X and O ¢ U, then there are sets Uy, ..., U, € U such that
{U1,...,U,, O} covers X.

c¢) Show that for each a, {V, C X, : V, is open and <V, > € U} cannot cover X,.
Conclude that for each o we can choose z, € X,so that z, ¢ any open set V, for which

<Vu> €elU.

d) Let x = (z,) € X and suppose = € U € U. Pick open sets V,,, C X, so that
x € < Vu,.y Vo, > CU. Explain why each < V,,, > ¢ U.

e) Show that for each i = 1,...,k, there is a finite family {; C U such that I U <V, >
covers X.

f) Show that Uleui U{<V,.., V, >} covers X, and then arrive at the contradiction that
U,y U {U} covers X.
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Chapter IX Review

Explain why each statement is true, or provide a counterexample.

1. Order C'(X) by f < g iff f(z) < g(z) (in R) for every z € X. Then (C(X), <) is a directed set.
2. x is a limit point of A in the space X iff there exists a filter  such that A — {z} € F and F — =z.
3. Aset U is open in X iff U belongs to every filter 7 which converges to a point of U.

4. Inaspace X, let &, = {F : F is afilter converging to z}. Then ([{F : F € &,} =N,

5. Suppose A is a family of subsets of a space X such that if A, B € A then AN B D C for some
C € A. Suppose (z)) is a net which is frequently in each set of .A. Then (x)) has a subnet which is
eventually in each set in A.

6. If anet (x)) — x in X and | X| = N, then (x),) has a subsequence (i.e., a subnet whose directed
set is N) which converges to x.

7. If X is a nonempty finite set and |X| = n, then there are exactly 2" — 1 different filters and exactly
n different ultrafilters on X.

8. A universal sequence must be eventually constant.
9. Suppose X is infinite. The collection S = {4 C X : | X — A| < |X]|} is an ultrafilter.
10. InR, afilter ¥ — z iff Ve > 0 JF € F suchthat x € Fand diam (F) < e.

11. If X is compact, then every net in X has a convergent subsequence. (Note: a “subsequence of a
net” is a subnet whose directed set is N.)

12. If z # y in a space X and if , U N, generates a filter, then X is not 7.

13. If F is a filter in [0, w; |, then there must be a filter G O F such that G has a cluster point.
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14. Call a set in [0, 1] an endset if it has the form [0, €) or (1 — ¢, 1] for some € > 0. To show [0, 1] is
compact, it is sufficient to show that any cover by endsets has a finite subcover.

15. Every separable metric space (X, d) has an equivalent totally bounded metric.

16. Suppose A is the collection of finite subsets of [0, 1], directed by C , and f(F) = 1forall F € A.
The net f converges to 1 in [0, 1].

417



Chapter X
Compactifications

1. Basic Definitions and Examples

Definition 1.1 Suppose h : X — Y is a homeomorphism of X into Y, where Y is a compact
T5 space. If h[X] is dense in Y, then the pair (Y, h) is called a compactification of X.

By definition, only Hausdorff spaces X can (possibly) have a compactification.

If we are just working with a single compactification Y of X, then we can usually just assume
that X C Y and that h is the identity map — so that the compactification is just a compact
Hausdorff space that contains X as a dense subspace. In fact, if X O Y, we will always assume
that h is the identity map unless something else is stated. We made similar assumptions in
discussing of the completion of a metric space (X, d) in Chapter IV.

However, we will sometimes want to compare different compactifications of X (in a sense to be
discussed later) and then we may need to know how X is embedded in Y. We will see that
different dense embeddings h of X into the same space Y can produce “nonequivalent”
compactifications. Therefore, strictly speaking, a “compactification of X is the pair (Y, h).

If, in Definition 1.1, X is already a compact Hausdorff space, then h[X] is closed and dense in Y’
and therefore h[X] = Y. Therefore, topologically, the only possible compactification of X is X
itself.

The next theorem restates exactly which spaces have compactifications.

Theorem 1.2 A space X has a compactification iff it is a Tychonoff space.

Proof See the remarks following Corollary IX.6.3. e

Example 1.3 The circle S! can be viewed as a compactification of the real line, R. Let h be the
“inverse projection” pictured below: here h[R] = S — {North Pole}. We can think of h[R] as a

“bent” topological copy of R, and the compactification is created by “tying together” the two
ends of R by adding one new “point at infinity” (the North Pole).
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h{x) /

Since |S' — h[R]| =1, (S',h) is called a one-point compactification of R. (We will see in
Example 4.2 that we can call S' the one-point compactification of R.)

i3

Example 1.4

1) [— 1,1] is a compact Hausdorff space containing ( — 1,1) are a dense subspace, so
[—1,1] is a “two-point” compactification of ( — 1,1) (with embedding h = 7).

2)Ifh:R— (—1,1) is a homeomorphism, then ioh:R — [—1,1] gives a “two-
point” compactification of R. [t is true (but not so easy to prove) that there is no n-point
compactification of R for 2 < n < wy.

Example 1.5 Suppose Y = X U {p} is a one-point compactification of X. If O is an open set
containing pin Y, then K =Y — O C X and K is compact. Therefore the open sets containing
p are the complements of compact subsets of X. (Look at open neighborhoods of the North
Pole p in the one-point compactification S*of R; a base for the open neighborhoods of p
consists of complements of the closed (compact!) arcs that do not contain the North Pole.)

Suppose x € U, where U is open in X. Because Y is Hausdorff, we can find
disjoint open sets V and W in Y with z € V and p € W. Since p ¢ V, we have that
V C X and therefore V N X =V is also open in X. Since x € U NV, we can use the
regularity of X to choose an open set G in X for which x € G CclyG CUNV CU.
But GCVCY—-W(a closed set in Y),so clyGCY — W C X. Therefore
clyG = X NclyG =clyG, so clxyG is also closed in Y. So clyG is a compact
neighborhood of z inside U. This shows that each point x € X has a neighborhood base in
X consisting of compact neighborhoods.

The property in the last sentence is important enough to deserve a name: such spaces are called
locally compact.

419



2. Local Compactness

Definition 2.1 A Hausdorff space X is called locally compact if each point € X has a
neighborhood base consisting of compact neighborhoods .

Example 2.2
1) A discrete space is locally compact.

2) R" is locally compact: at each point z, the collection of closed balls centered at z is a
base of compact neighborhoods. On the other hand, neither Q nor P is locally compact. (Why?)

3) If X'is a compact Hausdorff space, then X is regular so there is a base of closed
neighborhoods at each point — and each of these neighborhoods is compact. Therefore X is
locally compact.

4) Each ordinal space [0,«) is locally compact. The space [0,«] is a (one-point)
compactification of [0, «) iff « is a limit ordinal.

5) Example 1.5 shows that if a space X has a one-point compactification, it must be
locally compact (and, of course, noncompact and Hausdorff). Therefore neither Q nor PP has a
one-point compactification. The following theorem characterizes the spaces with one-point
compactifications.

Theorem 2.3 A space X has a one-point compactification iff X is a noncompact, locally
compact Hausdorff space. (The one-point compactification of X for which the embedding h is
the identity is denoted X*.)

Proof Because of Example 1.5, we only need to show that a noncompact, locally compact
Hausdorff space X has a one-point compactification. Choose a point p ¢ Xand let
X*=XU{p}. Put a topology on X* by letting each point z € X have its original
neighborhood base of compact neighborhoods, and by defining basic neighborhoods of p be the
complements of compact subsets of X :

B,={NCX": pe Nand X* — N is compact}.
(Verify that the conditions of the Neighborhood Base Theorem I11.5.2 are satisfied.)
If U is an open cover of X* and p € U € U, then there exists an N € B, with pe N C U.
Since X* — N is compact, we can choose Uy,...,U, € U covering X* — N. Then
{U,Uy,...,U,} is a finite subcover of X* from U. Therefore X* is compact.
X* is Hausdorff. If a # b € X, then aand b can be separated by disjoint open sets in X and

these sets are still open in X*. Furthermore, if K is a compact neighborhood of ain X, then K
and (X* — K) are disjoint neighborhoods of aand p in X*.
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Finally, notice that {p} is not open in X* — or else {p} € B, and then X* — {p} = X would be
compact. Therefore every open set containing p intersects X, so X is dense in X*.

Therefore X* is a one-point compactification of X. e
What happens if the construction for X* in the preceding proof is carried out starting with a
space X which is already compact? What happens if X is not locally compact? What happens
if X is not Hausdorff ?
Corollary 2.4 A locally compact Hausdorff space X is Tychonoff.
Proof X is either compact or X has a one-point compactification X*. Either way, X is a
subspace of a compact T, space which (by Theorem VIL5.9) is Tychonoff. Therefore X is
Tychonoff. e
The following theorem about locally compact spaces is often useful.
Theorem 2.5 Suppose A C X, where X is Hausdorff.

a) If X is locally compact and A = F'N G where F is closed and Ais open in X, then
A is locally compact. In particular, an open (or, a closed) subset of a locally compact space X is
locally compact.

b) If A is alocally compact and X is Hausdorff, then A is open in clx A.

c) If A is a locally compact subspace of a Hausdorff space X, then A = F'N G where F’
is closed and A is open in X.

Proof a) It is easy to check that if F' is closed and G is open in a locally compact space X, then
Fand G are locally compact. It then follows easily that F'N G is also locally compact. ( Note:
Part a) does not require that X be Hausdorff.)

b) Let @ € A and let K be a compact neighborhood of @ in A. Then a € intsK = U.
Since A is Hausdorff, K is closed and therefore U C cl U C K, so cl4U is compact.

Because U is open in A, there is an open set V in X with ANV = U and we have:
cAxy(ANV)NA=(clyUNA=clyUCA

so (clx(ANV))N A is compact and therefore closed in X (since X is Hausdorff).

Since ANV C (clx(ANV))N A, wehaveclx(ANV) C (clxU)NA=claU C A.

Moreover, since V' is open, then V Nclxy A C cly(V N A) (this is true in any space X: why?).

SoW =VnelxACclx(ANV) C (clxU)NA=clyU C A.
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Thena € W C Aand W is openin clx A so a € intcly A. Therefore A is open in clx A.

c) Since A is locally compact, part b) gives that A is open in clx A, so A =clxy AN G for
some open set G in X. Let ' =clxA. e

Corollary 2.6 A dense locally compact subspace of a Hausdorff space X is open in X.

Proof This follows immediately from part b) of the theorem e

Corollary 2.7 If X is a locally compact, noncompact Hausdorff space, then X is open in any
compactification Y that contains X.

Proof This follows immediately from Corollary 2.6. e

Corollary 2.8 A locally compact metric space (X, d) is completely metrizable.

Proof Let ()N( Jd ) be the completion of (X, d). X is locally compact and dense in X so

X is open in X . Therefore X is a Gs-set in X so it follows from Theorem IV.7.5 that X is
completely metrizable. o

Theorem 2.9 Suppose X = [[,c4Xa # 0 is Hausdorff. Then X is locally compact iff

i) each X, is locally compact
i) X, is compact for all but at most finitely many o € A.

Proof Assume X is locally compact. Suppose U, is open in X, and z,, € U,. Pick a point
z € m,{U,with z, =z, Then 2 has a compact neighborhood K in X for which
z € K Cm,'[U,]. Since m, is an open continuous map, 7, [K| is a compact neighborhood of z,
with z, € 7,[K] C U,. Therefore X, is locally compact, so i) is true.

To prove ii), pick a point z € X and let K be a compact neighborhood of x. Then
relU= <U,,,..,U, > CK for some basic open set U. If a # ai,...,c,, we have
o[ K] 2 7[U] = X,. Therefore X, is compact if « # ay,..., .

Conversely, assume i) and ii) hold. If x € U C X, where U is open, then we can choose
a basic openset V = <V, ,...,V,, > sothat x € V C U. Without loss of generality, we can
assume that X, is compact for a # ag,...,a, (Why?). For each i we can choose a compact
neighborhood K, of z,, so that z,, € K,, C V,, € X,,,, Then < K,,,...,K,, >

re€ <Ky,..K, > C <V,,.,V, > CU. SoXislocally compact. e
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3. The Size of Compactifications

Suppose X is a Tychonoff space, that X C Y, and that Y is a compactification of X. How large
can |Y — X| be? In all the specific example so far, we have had |[Y — X| =1or |Y — X| = 2.

Example 3.1 This example illustrates a compactification of a discrete space created by adding c
points.

Let [y = {(z,0): x € [0,1]} and I, = {(z,1) : = € [0, 1]}, two disjoint “copies” of [0, 1]. Let
Define a topology on Y = [y U I; by using the following neighborhood bases:

i) points in I; are isolated: for p € I, a neighborhood base at pis B, = {{p}}

ii) if p = (z,0) € Iy: abasic neighborhood of p is any set of form
VU{(z,1):(2,0) € V,z # x}, where V is an open neighborhood
of pin [0, 1]

(Check that the conditions in the Neighborhood Base Theorem I111.5.2 are
satisfied.)

Y is called the “double” of the space [0, 1] = 1.

Clearly, Y is Hausdorff, and we claim that Y is compact. Let U/ be a covering of Y by basic
open sets. It is sufficient to check that I/ has a finite subcover.

Let W={WelU: WnlI,#0}. W covers I, and each W €W has form
VU{(z,1):(2,0) € V,z # x}, where V is open in Ij. The “V-parts” of the sets W € W
cover the compact space I, so finitely many W1, ..., W,, € W cover I,. These sets also cover [,
except for possibly finitely many points py, ..., pr € I;. For each such point p; choose a set
U; € U containing p; . Then {W1, ..., W, Uy, ..., Uy} is a finite subcover from ..

Every neighborhood of a point in [; intersects [, so clly =Y. Therefore YV is a
compactification of the discrete space [; and |Y — ;| = c.

Since I; is locally compact, I; also has another quite different compactification I; for which
|I7 — I| = 1. In fact, it is true (depending on X) that can be many different compactifications
Y, each with a different size for | — X]|.

But, for a given space X and a compactification Y, there is an upper bound for how large
|Y — X| can be. We can find it using the following two lemmas.

Recall that the weight w(Y") of a space (Y, 7) is defined by w(Y) = Ny + min{|B| : B is a base
for 7}. (Example V1.4.6)

Lemma 3.2 If Y is a T} space, then |Y| < 2v(),
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Proof Let 3 be any base for Y, and foreach pointy € Y, let B, = {U € B:y € U}. Since Y
is Ty, we have B, # B, if y' #y. Therefore the map y — B, C B is one-to-one, so
Y| < |P(B)| = 2/8l. In particular, if we pick B to be a base with the least possible cardinality,
minimal cardinality, then |Y| < 218 < 2v(Y) o

Lemma 3.3 Suppose Y is an infinite 75 space and that X is a dense subspace of Y.
Then w(Y) < 21X < 2V,

Proof A T} space with a finite base must be finite, so every base for Y must be infinite. Let
B={U,:«a¢c A} beabase for Y. Each U, is open so we have i) U, C intclU, C clU,, and
ii) because X isdense in Y, clU, = cl (U, N X) (see Lemma IV.6.4).

For each «, define V,, = intcl (U, N X), so that U,, C intclU, = intcl (U, N X) = V.

Then B’ = {V,, : a € A} is also a base for Y: to see this, suppose y € O C Y where O is open.
By regularity, there is a U, such that y € U, CintclU, =V, CclU, C O.

Since each U, N X C X, there are no more distinct V,,'s than there are subsets of X, that is
|B'| < |P(X)]|. Since B’ must be infinite, we have w(Y) < [B’| < |P(X)| = 2X <21, o

Theorem 3.4 If Y is a compactification of X and D is dense in X, then |Y| < 22",

Proof Y is Tychonoff. If Y is finite, then D = X =Y so |V| < 22" = 22", Therefore we
can assume Y is infinite. Since D is densein Y, w(Y) < 2/P! (by Lemma 3.3), and therefore
so [Y] < 2¢() < 22" (by Lemma 3.2) o

Example 3.5 An upper bound on the size of a compactification of N is 22" —92¢ . More
generally, a compactification of any separable Tychonoff space — such as N,QQ,P or R — can
have no more than 2¢ points.

We will see in Section 6 that Theorem 3.4 is “best possible” upper bound. For example, there

actually exists a compactification of N, called SN, with cardinality 220 — 9¢| (It is difficult to
imagine how the “tiny” discrete set N can be dense in a such a large compactification GN.

Assume such a compactification BN exists. Since N is dense, each point o in SN — N is
the limit of a net in N, and this net has a universal subnet which converges to o.

Since ON is Hausdorff, a universal net in N has at most one limit in SN — N, so there are
at least as many universal nets in N as there are points in SN — N, namely 2¢. None of
these universal nets can be trivial (that is, eventually constant). Therefore each of these
universal nets is associated with a free ( = nontrivial) ultrafilter in N. So there must be
2¢ free ultrafilters in N.
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4. Comparing Compactifications

We want to compare compactifications of a Tychonoff space X. We begin by defining an
equivalence relation ~ between compactifications of X. Then we define a relation > . It will
turn out that > can also be used to compare equivalence classes of compactifications of X.
When applied in a set equivalence classes of compactifications of X, > will turn out to be a
partial ordering.

The definition of ~ requires that we use the formal definition of a compactification as a pair.

Definition 4.1 Two compactifications (Y1, h1)and (Y2, hy) of X are called equivalent, written
(Y1, hy) =~ (Y3, he), if there is a homeomorphism f of Y; onto Y5 such that f o hy = ho.

1 - 2

In the special case where X C Y7, X C Y5, and hy = hy = the identity map on X, then the
condition f = f o h; = hy simply states that f(x) = xzfor x € X — that is, points in X are
fixed under the homeomorphism f.

It is obvious that (Y7, hy) ~ (Y1, hy) and that ~ is a transitive relation among compactifications
of X. Also, if (Yi,h1)~ (Ys,hy), then f1:Y, —Y; is a homeomorphism and
flohy=f"Y(fohy) = hisothat (Ys,hy) =~ (Y1, hy). Therefore ~ is a symmetric relation,
so ~ is an equivalence relation on any set of compactifications of X.

Example 4.2 Suppose X is a locally compact, noncompact Hausdorff space. We claim that all
one-point compactifications of X are equivalent. Because =~ is transitive, it is sufficient to show
that each one-point compactification (Y3, h;) is equivalent to the one-point compactification

(Y™, i) constructed in Theorem 2.3.

Let Y* = X U{p}and Y] — hi[X] = {p1}. Define f : Y* — Y] by

Jhy) ifyeX
f(y)—{p1 ity = p
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f is clearly a bijection and f o¢ = h;. We claim f is continuous.

If y € X: LetV be an open setin Y; with f(y) = hi(y) € V. Then V' =V — {p}
is also open in hy[X]. Since hy : X — hy[X]is a homeomorphism, U = h![V}] is open
in X and XisopeninY*. Theny € U,U isopeninY*and f[U]| = n[U]=V'CV.
Therefore f is continuous at y.

Ify=p: LetV beanopensetinY;with f(p)=p € V.ThenY; —V = Kjisa
compact in hy[X], so h{'[K;] = K is a compact (therefore closed) set in Y*. Then
U = Y* — K is aneighborhood of p and f[U] C V. Therefore f is continuous at p.

Since f is a continuous bijection from a compact space to a 15 space, f is closed and therefore f
is a homeomorphism.

Therefore (up to equivalence) we can talk about the one-point compactification of a noncompact,
locally compact Hausdorffspace X. Topologically, it makes no difference whether we think of
the one-point compactification of R geometrically as S*, with the North Pole p as the “point at
infinity,” or whether we think of it more abstractly as the result of the construction in Theorem
2.3.

Question: Are all two point compactifications of ( — 1, 1) equivalent to [ — 1,1]?

Example 4.3 Suppose (Y;,hy) is a compactification of X. Then (Y7, h;) is equivalent to a
compactification (Y,i) where X CY and ¢ is the identity map. We simply define
Y = (Y7 — hi[X]) U X, topologized in the obvious way — in effect, we are simply giving each
point i (x) in Y] a new “name” x. We can then define f : Y} — Y by

» if 2 € Yi — h[X]
Jie) = {iohll(z) =hi'(2) ifze hi[X] |

Clearly, fohy =1i,s0 (Y1,hy) ~ (Y,4).

Example 4.3 shows means that whenever we work with only one compactification of X, or are
discussing properties that are shared by all equivalent compactifications of X, we might as well
(for simplicity) replace (Y7, hy) with an equivalent compactification Y where Y contains X as a
dense subspace.

Example 4.4 Homeomorphic compactifications are not necessarily equivalent. In this example
we see two dense embeddings hq, hy of N into the same compact Hausdorff space Y that produce

nonequivalent compactifications.

LetY = {(+,i): i =1,2andn € N} U{(0,1), (0,2)} C R%

hi(2n) (
h1(2n - 1) == (

SI=3=

1)

%) (Y, hy) is a 2-point compactification of N.

LethlzN—>Yby{
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ho(n) = (1,1) ifnis the jM element of {1,2,4,5,7,8,10,11,...}
Let hy : N —Y by 1 o th
h o 2) if n is the j™ element of {3,6,9,12, ...}

For example, ho(7) = (,1) and ho(9) = (3,2). (Y, ho) is also a two-point compactification
of N.

Topologically, each compactification is the same space Y, but (Y,h;) and (Y, hy) are not
equivalent compactifications of N:

Suppose f : Y — Y is any (onto) homeomorphism.

(h1(2n)) — (0,1), s0 f(h1(2n)) — f((0,1)), and f((0,1)) = either (0,1) or
(0,2) (why?).

But the sequence (h2(2n)) = ((4,1), (3, 1), (3,2), (5, 1), (5,1), (4,2), ...).
does not converge to either (0, 1) or (0,2). Therefore f o hy # hs, so
(Ylah’l) ¢ (}/2th)

By adjusting the definitions of hi and ho, we can create infinitely many nonequivalent
2-point compactifications of N all using different embeddings of N into the same space Y.
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We now define a relation > between compactifications of a space X.

Definition 4.5  Suppose (Y5, hy) and (Yi,h;) are compactifications of X. We say that
(Y, hy) > (Y1, hy) if there exists a continuous function f : Y, — Y] such that f o hy = h;.

f

i T PRt )

h2 /
b

Notice that:

i) Such a mapping f is necessarily onto Y;: f[Ys2] D f[ho[X]] = hi[X], so f[Y3] is
dense in Y;. But f[Y5] is compact, so f[Y3] = V7.

i) If X CY;, X CYjand hy = hy = the identity map i, then the condition f o hy = hy
simply states that f|X = i.

iii) f[Y2 — ho[X]] C Y7 — hy[X] : that is, the “points added” to create Y5 are mapped
onto the “points added” to create Y;. To see this, let z € Y5 — ho[X]. We want to show
f(z) € Y1 — hy[X]. So suppose that f(z) = hi(x) € hy[X].

Since ho[X] is dense in Y3, there is a net in ho[X] converging to z :

(ho(zy)) — 2 (*)

f is continuous, so hi(zy) = f(ha(z))) — f(2) = hi(z).
But h; : X — hy[X] is a homeomorphism so

(z\) = (h{thi(zy)) — hithi(z) = 2 € X,
and therefore (h2(xy)) — ha(x) € ho[X] (k)

A net in Y5 has at most one limit, so (%) and (x*) give that 2 = ho(x). This is impossible since

z ¢ hQ[X}

iv) From iii) we conclude that if (Y2, hy) > (Y7, hy), then |Ys — ho[X]| > |Y1 — he[X]]
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Suppose (Y3, ho) > (Y1, h1). The next theorem tells us that the relation “ > ” is unaffected if we
replace these compactifications of X with equivalent compactifications — so we can actually
compare equivalence classes of compactifications of X by comparing representatives of the
equivalence classes. The proof is very easy and is omitted.

Theorem 4.6  Suppose (Y5,hy) and (Yj,h;) are compactifications of X and that
(Ya, ho) = (Y1, ha). If (Yo, ho) > (YY), hy) and (Yi, hy) =~ (Y)', h{), then (Y3, hy) = (V) hf).

The ordering “ > ” is well behaved on the equivalence classes of compactifications of X.

Theorem 4.7 Let C be a set of equivalence classes of compactifications of X. Then (C, > ) is
a poset.

Proof It is clear from the definition that > is both reflexive and transitive. We need to show
that > is also antisymmetric. Suppose [(Y1,7)] and [(Y3,7)] are equivalence classes of
compactifications of X (By Theorem 4.6, we are free to choose from each equivalence class
representative compactifications with X CY; and embeddings h = i = the identity map ).

If both (Y3,4) > (Y>,)and (Y5,7) > (Y3,1) hold, then we have the following maps:

¥

. ¥2

with foi=i=goi. For x € X, g(f(z)) = g(f(i(z)) = g(i(x)) = i(z) = x, so the maps
go f and the identity ¢ : Y7 — Y] agree on the dense subspace X. Since Y; is Hausdorff, it
follows that g o f = ¢ everywhere in Y. (See Theorem 5.12 in Chapter 11, and its generalization
in Exercise E9 of Chapter II1.) Similarly f o g and i : Yo — Y5 agree on the dense subspace X
so fog=ionYs,.
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Since fog=1 and go f =14, fand g are inverse functions and f is a homeomorphism.
Therefore (Y7,7) ~ (Y3,4). So we have shown that if [(Y3,7)] > [(Ys,i)] and
[(Y1,9)] < [(Yz,d], then [(Y1,9)] = [(Y2,4] o

An equivalence class of compactifications of a space X is “too big” to be a set in ZFC set theory.
(It is customary to refer informally to such collections “too big” to be sets in ZFC as “classes.”)

However, suppose (Y, %) represents one of these equivalence classes. If X has weight m, then X
contains a dense set D with |D| < m. It follows from Lemma 3.3 that w(Y) < 2™ so, by
Theorem VII.3.17, Y can be embedded in the cube [0,1]2". Therefore every compactification
of X can be represented by a subspace of the one fixed cube [0, 1]%".

Therefore we can form a set consisting of one representative from each equivalence class of
compactifications of X : this set is just a certain set of subspaces of [0, 1]2". This set is partially
ordered by > .

In fact, we can even given a bound on the number of different equivalence classes of
compactifications of X: since every compactification of X can be represented as a subspace of
[0,1]?", the number of equivalence classes of compactifications of X is no more than

P([0,1]2")] = 2¢<") = 22", In other words, there are no more than 22" different
compactifications of X.

Example 4.8 Let (Y1,h;) be a 1-point compactification of X. For every compactification
(Y,h) of X, (Y,h) > (Y1, h1). (So, among equivalence classes of compactifications of X, the
equivalence class [(Y1, hy)] is smallest.)

By Theorem 4.6, we may assume X C Y;, X C Y and that h, h; are the identity maps; in fact,
we may as well assume Y; = X* (the one-point compactification constructed in Theorem 2.3).

Since X has a one-point compactification, X is locally compact (see Example 1.5). By
Corollary 2.7, X is open in both Y and X*.

Let X* — X = {p} and define

: " _Jy ifyeX

To show that (Y,7) > (X*,4), we only need to check that f is continuous each point z € Y.

If y € X and V is an open set containing f(y) =y in X*, theny € U =V — {p}
which is open in X and therefore also open in Y. Clearly, f[U]=U C V.

If z € Y — X and V is an open neighborhood of f(z) = pin X*, then X* —V = K

is a compact subset of X. Therefore K is closedin Y so U =Y — K is an open set
in Y containing z and f[U] C V.
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5. The Stone-Cech Compactification

Example 4.8 shows that the one-point compactification of a space X, when it exists, is the
smallest compactification of X. Perhaps it is surprising that every Tychonoff space X has a
largest compactification and, by Theorem 4.7, this compactification is unique up to equivalence.
In other words, a poset which consists of one representative of each equivalence class of
compactifications of X has a largest (not merely maximal!) element. This largest
compactification of X is called the Stone-Cech (pronounced “check”) compactification and is
denoted by 5.X.

ce
Theorem 5.1 1) Every Tychonoff Space X has a largest compactification, and this
compactification is unique up to equivalence. (We may represent the largest compactification by
(6X,1) where X 2 X and i is the identity map. We do this in the remaining parts of theorem.)

2) Suppose X is Tychonoff and that Y is a compact Hausdorff space. Every
continuous f : X — Y has a unique continuous extension f”’: X — Y. (The extension f? is
called the Stone extension of f. The property of 3X in 2) is called the Stone Extension

Property. )

3) Up to equivalence, X is the only compactification of X with the Stone
Extension Property. (In other words, the Stone Extension Property characterizes X among all
compactifications of X.)

Example 5.2 (assuming Theorem 5.1) [0, 1] is a compactification of (0,1]. However the
continuous function f : (0,1] — Y = [— 1,1] given by f(z) = sin() cannot be continuously

extended to a map f7 : [0,1] — Y. Therefore [0, 1] # 3(0,1]. Is it possible that S' = SR ?

Proof of Theorem 5.1

1) Since X is Tychonoff, X has at least one compactification. Let {(Y,,4,) : @ € A} be a set of
compactifications of X, where X C Y, i, : X — Y, is the identity, and one Y, is chosen from
each equivalence class of compactifications of X. (4s noted in the remarks following Theorem
4.7, this is a legitimate set since every compactification of X can be represented as subset of one

fixed cube [0,1]%.)

Define e: X - Y =[[{Ya.:a € A} by e(x)(a) =i(xr) = x. This “diagonal” map e sends
each x to the point in the product all of whose coordinates are x, and e is the evaluation map
generated by the collection of maps ¢, : X — Y,. X is a subspace of Y, and the subspace
topology is precisely the weak topology induced on X by each i, (see Example VI.2.5). 1t
follows from Theorem VI1.4.4 that e¢ is an embedding of X into the compact space Y. If we
define 5X = cly e[X], then (38X, e) is a compactification of X.

Every compactification of X is equivalent to one of the (Y,,4,). Therefore, to show 5X is the

largest compactification we need only show that (5X,e) > (Y,,i,) for each o € A. This,
however, is clear: in the diagram below, simply let f, = 7, |3X.
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B

Then f,, o e = i because f,(e(x)) = m(e(z)) = e(x)(a) = i(x) = z.
Therefore (86X, e) > (Y,,1).

Note: now that the construction is complete, we can replace (X, e) with an equivalent largest
compactification actually containing X : (8X,1).

Since > is antisymmetric among the compactifications (Y,, i, ), the largest compactification of
X is unique (up to equivalence).

2) Suppose f: X — Y where Y is a compact Hausdorff space. First, we need to produce a
continuous extension 7 : 3X — Y.

Define g : X — X x Y by g(z) = (z, f(x)). Clearly, g is 1 — 1 and continuous, and X has

the weak topology generated by the maps i : X — Xand f: X — Y, so ¢ is an embedding.
Since X x Y is compact, (clgxxy g[X], g) is a compactification of X.

But (5X,7) > (clg[X], g), so we have a continuous map h : 5X — clg[X] for which hoi =g
— thatis h(z) = g(x) for z € X (see the following diagram)
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Eh & cl gl¥]

For z € X, define f’(z) = my oh(z). Then f? is continuous and for z € X we have
f(@) = my (h(z)) = 1y (h(i(2))) = 1y (9(2)) = 7y (2, f(2)) = f(z),s0 [|X = .

If k: 3X — Y is continuous and k| X = f, then k and f” agree on the dense set X, so k = f¥
Therefore the Stone extension f” is unique. (See Theorem I1.5.12, and its generalization in
exercise E9 of Chapter I11..)

3) Suppose (Y,i) is a compactification of X with the Stone Extension Property. Then the
identity map ¢:X — X has an extension¢*:Y — 3X such that ¢*oi=14, so
(Y,i) > (6X,i). Since 5X is the largest compactification of X, (Y,7) ~ (5X,7). e

The Tychonoff Product Theorem is equivalent to the Axiom of Choice AC (see Theorem 1X.6.5).
Our construction of X used the Tychonoff Product Theorem — but only applied to a collection
of compact Hausdorff spaces. In fact, as we show below, the existence of a largest
compactification 5X is equivalent to “the Tychonoff Product Theorem for compact 75 spaces.”

The “Tychonoff Product Theorem for compact 75 spaces” also cannot be proven in ZF, but it is
strictly weaker than AC. (In fact, the “Tychonoff Product Theorem for compact T spaces” is
equivalent to a statement called the “Boolean Prime Ideal Theorem.”)

The main point is that the very existence of 5.X involves set-theoretic issues and any method for

constructing X must, in some form, use something beyond ZF set theory — something quite
close to the Axiom of Choice.

Theorem 5.3 If every Tychonoff space X has of a largest compactification 5X, then any
product of compact Hausdorff spaces is compact.
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Proof  Suppose {X, :a € A}is a collection of compact T)spaces. Since [], ., X, is
Tychonoff, it has a compactification 3 [J],.4X.] and for each « the projection map m, can be
extended to 7 : B [[],c4Xa] — Xao-

RIOX )

ITx L

For each z € B[], 4Xal, define a point f(z) € X with coordinates f(z)(a) = 7 (z).

[ ﬂ[HaeAXa] - HaeAXa

[ is continuous because each coordinate function 7 is continuous. If z € [, .4 X«

C Bl[1.c4Xal, then f(z)(a) = 72(x) = 7,(z) = x(a) = z, for each a, so

f(z) = x. Therefore [],., X, is a continuous image of the compact space 3 [[],c4Xal, s0
[I.c4Xais compact. e

acA

We want to consider some other ways to recognize 5X. Since SX can be characterized by the
Stone Extension Property, the following technical theorem about extending continuous functions
will be useful.

Theorem 5.4 (Taimonov) Suppose C is a dense subspace of a Tychonoff space X and let Y be
a compact Hausdorff space. A continuous function f:C — Y has a continuous extension

F X Yiff

whenever A and B are disjoint closed sets in Y, clxf~'[A] Nelxf~1[B] = 0.

~ ~ —1 ~ —1
Proof = : If f exists and A and B are disjoint closed sets in Y, then f [A]Nf [B] =0.

But these sets are closed in X, so | _1[A] =clxf'[A] and ¥ _1]B] = clxf![B]. Therefore
clyf7 Al Nelxf~1[B] = 0.
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< : We must define a function ? : X — Y such that ? |C = f and then show that ? is
continuous. For x € X, let V, be its neighborhood filter in X. Define a collection of closed sets
F. inY by
F.={clflCNU]:UeN,}

Then cl f[CNU Nl f[CNU,] Del f[CNU NU,] # ( (since C'is dense in X). Therefore
F, is a family of closed sets in Y with the finite intersection property so [|F, # () (because Y is
compact) .
We claim that (|, contains only one point: (F, = {y} forsome y € Y.
Suppose y, z € [ F.. If y # z, then (since Y is T3) we can pick open sets U, V' so that
yeUandz € VandclU NeclV = 0. ThenclyftclU]Nclxf el V] =0 so, of
course, clx f{U] Nely f~H[V] = (. Taking complements, we get
(X —clxfHUDU(X —clx fHV]) = X
so x is in one of these open sets: say x € W = X — cly f~{U]. Since W € AL,
cf[CNW]eF,. Weclaimel f[C NW] CY — U, from which will follow the
contradiction that y ¢ (F, .
To check this inclusion, simply note that C N W = C — cly f~![U]. Therefore,

ifue CNW,wehaveu ¢ clxf U], sou & f~1[U],so f(u) ¢ U. Thus,
fICNW] CY—U (aclosed set) socl f[CNW]| C Y- U.

Deﬁne? (z) = y. We claim that ? works.
¥ |C = f: Supposez € C. B={CNU :U € N,} isthe neighborhood filter of = in

Cso B— zinC. Since f is continuous, the filter base f[B] = {f[CNU]:U € N,}
— f(x)inY. Inparticular, f(x) is a cluster point of f[B], so f(z) € (cl(f[C NU])

=NF={F (x)}. Sof(x)=TF (x).

7 is continuous: Let z € X and let V' be openin Y with y = 7 () € V. Since
NF. = {y} CV, there exist Uy,...,U,, € N, such that

Af[CNATH] N...nelf[CNT,] CV

(If 'V is an open set in a compact space and F is a family of closed sets with
(F C V, then some finite subfamily of F satisfies Fy N ... N F, CV. Why?)

LetW=U;nNn..NU, € N,,. If € W, then
T edflCnwW]CdflCnU]n..ncflCNU,] CV

so'f [W] C V. Therefore f is continuous at z. e
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Corollary 5.5 Suppose Y; and Y5 are compactification of X where the embeddings are the
identity map. Then (Y3,4) ~ (Y5,4) iff : for every pair of disjoint closed sets in X,

ClylAﬂCllezﬁ @Cl}@AﬂClyzB:@) )

Proof If (Y1,i) ~ (Y5,1), it is clear that (*) holds. If (*) holds, then Taimonov's Theorem
guarantees that the identity maps i; : X — Y7 and ¢ : X — Y5 can be extended to maps
fi: Yo = Yyand fo : Y] — Y5, Itis clear that f; o fo|X and f5 o f1]|X are the identity maps on
the dense subspace X. Therefore f; o f5 and f5 o f; are each the identity everywhere so fi, fo
are homeomorphisms so (Y7,7) ~ (Y3,7). e

For convenience, we repeat here a definition included in the statement of Theorem VIL.5.2
Definition 5.6 Suppose A and B are subspaces of X. A and B are completely separated if

there exists f € C(X) such that f|A =0 and f|B =1. (It is easy to see that 0,1 can be
replaced in the definition by any two real numbers a, b.)

Urysohn's Lemma states that disjoint closed sets in a normal space are completely separated.

Using Taimonov's theorem, we can characterize X in several different ways. In particular,
condition 4) in the following theorem states that (X is actually characterized by the
“extendability” of continuous functions from X into [0, 1] —a statement which looks weaker
than the full Stone Extension Property.

Theorem 5.7 Suppose (Y,7) is a compactification of X, where Y O X and 1 is the identity.
The following are equivalent:

1) Yis X (thatis, Y is the largest compactification of X)
2) every continuous f : X — K, where K is a compact Hausdorff space, can be

extended to a continuous map ? Y - K
3) every continuous f : X — [a, b] can be extended to a continuous f :Y — [a,b]
7

4) every continuous f : X — [0, 1] can be extended to a continuous

5) completely separated sets in X have disjoint closures in Y’

6) disjoint zero sets in X have disjoint closures in Y

7) if Z1 and Z are zero sets in X, then cly (Z, N Zy) = cly Zy Ncly Z,,

Proof Theorem 5.1 gives that 1) and 2) are equivalent, and the implications 2) = 3) = 4) are
trivial.

4)=15) If A and B are completely separated in X, then there is a continuous
f:X—10,1] with fJ[A=0 and f|B=1. By 4), f extends to a continuous map

T .Y = 0,1. ThenclyACchyF (0)=F (0)andeclyBCclyF (1)=TF (1), 50
ClyA N ClyB = @

5)=6) DlsJ01nt zero sets Z(f) and Z(g) in X are completely separated (for example,
by the function h = fg g - ) and therefore, by 5), have disjoint closures in Y.
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6 = 7) A zero set neighborhood of X is a zero set Z with x € int Z. It is easy to show
that in a Tychonoff space X, the zero set neighborhoods of = form a neighborhood base at =
(check this!).

Suppose Z; and Z, are zero sets in X. Certainly, cly (Z; N Z3) C cly Z; Ncly Z,, so suppose
xeclyZiNelyZy. If V is a zero set neighborhood of z, then z €cly(Z;NV) and
x €cly(ZyNV) (why?). Zy NV and Z, NV are zero sets in X and

xr e Cly(Zl N V) ﬁCly(ZQ N V) SO, by6) (Z1 N V) N (ZQ N V) = Z1 N ZQ nv 75 @

Since every zero set neighborhood V' of x intersects Z; N Z, and the zero set neighborhoods of
x are a neighborhood base, we have = € cly (Z; N Z3).

7) = 2) Suppose that f : X — K is continuous. K is T; so if A and Bare disjoint
closed sets in K, there is a continuous g : K — [0, 1] such that A C {z : g(z) = 0} = Z; and
BC{x:g(x) =1} = Z,.

Then f~'[A] C f~![Z] and f~'[B] C f~![Z,] and f~![Z;] and f~![Z,] are disjoint zero sets
in X. By7), cly f A nel, f71B] Cely fHZi Nely f71Za) = cly f71Z1 N Zy]
= (). By Taimonov's Theorem 5.4, f has a continuous extension f : Y — K. e

Example 5.8

1) By Theorem VIIL.8.8, every continuous function f : [0,w;) — [0, 1]is “constant on a
tail” so fcan be continuously extended to f :[0,w;] — [0,1]. By Theorem 5.7,
[07 wl] = 6[07 wl)'

In this case the largest compactification of [0,w;)is the same as the smallest
compactification — the one-point compactification. Therefore, up to equivalence, [0,w] is the
only compactification of [0, w;).

A similar example of this phenomenon is 7% = [0,w;]| x [0,wy] = BT, where
T =T*—{(w1,wy)} (see the “Tychonoff plank” in Example VIII.8.10 and Exercise VIIL.8.11).

2) The one-point compactification N* of N is not SN because the function

f:N—={0,1}given by f(n) = 0 ¥fn 1S EVEIL annot be continuously extended to
1 ifnisodd

FoN - {0,1}. (Why? It might help think of N (topologically) as {~ : n € N} C R.)

Theorem 5.9 (3X is metrizable iff X is a compact metrizable space (i.e., iff X is metrizable and
X = pX).

Proof <« : Trivial
X 1s metrizable = X is Ty

= 1 (X is metrizable = { BX is first countable
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If X is not compact, there is a sequence (x,) in X with (z,) — p € X — X. Without loss of
generality, we may assume the x,,'s are distinct (why?).

Let O = {x1, 3, ..., Topt1, ...} and E = {x9, x4, ..., Top, ...}. O and E are disjoint closed sets in
X so Urysohn's Lemma gives us a continuous f : X — [0, 1] for which f|O =0 and f|F = 1.
Let f7: X — [0, 1] be the Stone Extension of f. Then f*(p) = lim f%(z9,.1)

n—oo

= lim f(22,41) = 0 # 1 = lim f(z9,) = lim f%(x9,) = f?(p), which is impossible. e

6. The space BN

The Stone-Cech compactification of N is a strange and curious space.

Example 6.1 (N is a compact Hausdorff space in which N is a countable dense set. Since SN is
separable, Theorem 3.4 gives us the upper bound |SN| < 22" _ 9c,

On the other hand, suppose f: N — [0,1] N Q is a bijection and consider the Stone extension
f?: BN —[0,1]. Since fP[BN] is compact, it is a closed set in [0, 1] and it contains the dense
set Q. Therefore fP[BN] = [0, 1] so we have ¢ < |3N| < 2°.

A similar argument makes things even clearer. By Pondiczerny's Theorem VI.3.5, there is a
countable dense set D C [0,1]!. Pick a bijection f: N — D and consider the extension
f?: BN — [0,1]1. Just as before, f” must be onto. Therefore [3N] > |[0,1]01| = ¢¢ = 2¢,

Combining this with our earlier upper bound, we conclude that |N| = 2¢. (N is quite large but
it contains the dense discrete set N that is merely countable.

Every set A C Nis a zero set in N so we can write

ﬁN = ClﬂN N = ClﬁNA U ClﬁN(N — A),
and by Theorem 5.7(6) these sets are disjoint. Therefore for each A C N, clgyA is a clopen set
in AN. In particular, each singleton A = {n} is open in OGN (that is, n is isolated in SN), so N is
open in SN. Therefore SN — N is compact.

At each x € N, there is a neighborhood base B, consisting of clopen neighborhoods:

i) ifz € N, we canuse B, = {{z}}
il) ifz € PN — N, we canuse B, = {clgnA: A C Nand z € clgyA}

If U is an open set in GN containing x, we can use regularity to choose an open

set Wsuchthatz €¢ W CeclgyW CU. If A=W NN, then
T € ClﬁNA = ClﬂN(W N N) = ClﬁNW CcU. (Why7)
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Definition 6.2 Suppose A C X. A is said to be C*-embedded in X if every f € C*(A) has a
continuous extension f € C*(X).

To illustrate the terminology:
1) Tietze's Theorem states that every closed subspace of a normal space is C*-embedded.
i1) For a Tychonoff space X, (X is the compactification (up to equivalence) in which
X is C*-embedded.

The following theorem is very useful in working with 5X.

Theorem 6.3 Suppose A C X C X, and that A is C*-embedded in X. Then clgxA = BA.

Proof If f: A — [0,1] is continuous, then f extends continuously to f : X — [0, 1], and, in

turn, f extends continuously to ?’ : X — [0,1]. Then Af |clsx A is a continuous extension of f
to clgx A. Since clgx A has the extension property in Theorem 5.7 (4), clgxA = BA. o

Example 6.4 Since N is discrete, every A C N is C*-embedded in N and so, by Theorem 6.3,
ClﬂNA = BA

Of course if A is finite, clgnA = A = SA. But if A is infinite, then A is homeomorphic to N, so
clgyA = A is homeomorphic to SN.

In particular, if E and O are the sets of even and odd natural numbers, we have N = E U O, so
BN = clgnyE U clgy©O — so BN is the union of two disjoint, clopen copies of itself. It is easy to
modify this argument to show that, for any natural number k, BN can be written as the union of
k_disjoint clopen copies of itself.

If we write N = [ J;2, A;, where each A;'s are pairwise disjoint infinite subsets of N, then we
have ON = clgy Upe; Ak 2 Ujpe clon Ay, and thesesets clgy Ay are pairwise disjoint copies of
ON. Moreover, UzozlclﬁNAk is dense in OGN since the union contains N. (If we choose the Ay's
properly chosen, can we have N = | J;~ clgnAy 2 Why or why not?)

Example 6.5 No sequence (n;)in N can converge to a point of SN — N. In particular, the
sequence (n) has no convergent subsequence in SN so SN is not sequentially compact.

Define f : N — {0,1} by f(z) = { (1) ilfer:wizzk forsome & - sider the Stone extension

f7: BN —{0,1}. If (ny) — p € BN — N, then (f*(ny.)) = (f(nz)) — f°(p) € {0,1},
so (f(ny)) must be eventually constant — which is false.

Therefore GN is an example showing that “compact = sequentially compact.” (See the remarks
before and after corollary VIII.8.5.)
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Theorem 6.6 Every infinite closed set F' in SN contains a copy of SN and therefore satisfies
|F| = 2°.

Proof Pick an infinite discrete set A = {a,, : n =1,2,...} C F. (See Exercise IIl E9). Using
regularity, pick pairwise disjoint open sets V,, in SN with a,, € V,.

Suppose g : A — [0, 1] (g is continuous since A is discrete). Define G : N — [0, 1] by

_ [g(a,) forkeNNV,
Gk) = {() forke N—J,2,V,

Extend G to a continuous map G” : BN — [0, 1].

The following diagram gives a very “distorted” image of how the sets in the argument are
related.

B

We have G’|NNV, = g(a,). Since NNV, is dense in V,, (why?), we have G*|V,, = g(a,) so
GPlA =g

Thus, g: A — [0,1] has an extension G’ : BN — [0,1], so A is C*-embedded in SN. By
Theorem 6.3, clsgyA = BA and since A is a countably infinite discrete space, [BA is
homeomorphic to GN.

Since F'is closed, clgnA = A C F,so0 |F| =2° e

Theorem 6.6 illustrates a curious property of SN : there is a “gap” in the sizes of closed subsets.
That is, every closed set in ON is either finite or has cardinality 2¢ — no sizes in-between! This
“gap in the possible sizes of closed subsets” can sometimes occur, however, even in spaces as
nice as metric spaces — although not if the Generalized Continuum Hypothesis is assumed. (See
A.H. Stone, Cardinals of Closed Sets, Mathematika 6 (1959), pp. 99-107.)
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Example 6.7 (N is separable, but its subspace SN — N is not; SN — N does not even satisfy the
weaker countable chain condition CCC (see Definition VIII.11.4). Specifically, we will show
that SN — N contains ¢ pairwise disjoint clopen (in SN — N) subsets, each of which is
homeomorphic to SN — N.

Let {N; : t € [0,1]} be a collection of ¢ infinite subsets of N with the property that any two have
finite intersection. (See Exercise I.LE41.) Let U, = (BN — N) NclgyN; = clgyN; — N;. Each
U; # () (why?) and U, is a clopen set in SN — N homeomorphic to SN — N,

Moreover, the U,'s are disjoint:

Suppose t # t'. If z € U, N Uy, then z € clgyN; Nclgy Ny, In a T space, deleting
finitely many points from an infinite set A does not change the set cl A — A (why?), so
A Cl/gN(Nt — (Nf N Ntl)) and z € ClgN(Nt/ — (Nt N Nt/)). But N; — (Nt N Nt/> and
Ny — (Ny N Nyo) are disjoint zero sets in N and must have disjoint closures.

An additional tangential observation:

If we choose points x; € Uy and let X = NU {x; : t € [0,1]}, then X is notnormal — since a
separable normal space cannot have a closed discrete subset {x; : t € [0,1]} of cardinality c.
(See the “counting continuous functions” argument in Example VII.5.6.)

The following example shows us that countable compactness and pseudocompactness are not
even finitely productive.

Example 6.8 There is a countably compact space X for which X x X is not pseudocompact (so
X x X is also not countably compact).

LetE ={2,4,6,...} and O = {1, 3,5, ...} and write SN = clgyE U clgpnO = SE U S0O.
OE and SO are disjoint clopen copies of SN. Choose any homeomorphism f : SE — O

(necessarily, f[E] = O : why?) and define g : SN — OGN by g(z) = { ;(szx) iii E gg .

The map g is a homeomorphism since g and ¢g~' are continuous on the two disjoint clopen sets
QBE and SO whose union is SN. Clearly, g|N : N — N, ¢ has no fixed points, and g o g is the
identity map.

Let C = {A C BN : Ais countably infinite}. |C| = (2°)™ = 2°. Let \ be the first ordinal with
cardinality 2° and index C as {A, : @ < A}. For each a, |clgnA,| is an infinite closed set so, by
Theorem 6.6, |clgyA,| = 2°. Therefore clgnA, — Ay # 0.

Pick py to be a limit point of Ay not in Ay;. Proceeding inductively, assume that for all
a < 3 < X\ we have chosen a limit point p, of A, that is not in A, and that, for the points p,, p,
(v < v < B) already defined :

Pa 7 Dy

Pa 7 9(py) (*)
Py 7 9(Pa)

441



For the “next step”, we want to define pg. Since |[0, 3)| < 2¢, we have so far defined fewer than
2¢ points p,. Therefore

{pat o <BYU{g(pa) 1o < BEU{g (pa) 10 < B} < 27

But |clpyAg — Ap| = 2, so we can chose a limit point ps of Ag with pg ¢ Ap so that the
conditions () continue to hold for a < v < B+ 1.

Therefore, by transfinite recursion, we have defined distinct points p, (o < \) in such a way that
fora # 5 < A, g(pa) # psand g(ps) # pa-

Let X = NU{p, : a < A}. By construction, X is countably compact because every infinite
set in X (for that matter, even every infinite set in SN) has a limit point in X. But we claim that

X x X is not pseudocompact.

To see this, consider Z = {(n,g(n) :n € N} C X x X. We claim Z is clopen in
X x X.

Since (n, g(n)) is isolated in X x X, Zis a discrete open subset of X x X.

On the other hand, the graph of g = {(z, g(z)) : * € SN} is closed in SN x SN
so that

{(z,g9(x)) : x € N} N (X x X) is closed in X x X.
and we claim that {(z,g(z):z € N} N (X x X) = Z.
Indeed, it is clear that

Z C{(z,9(x): x € BN} N (X x X)

and the complicated construction of the p,'s was done precisely to guarantee the
reverse inclusion:

If (z,9(x)) € X x X, then z € N — for otherwise we would
have x = p,, for some «, and then g(x) = g(p,) ¢ X by construction.

Therefore Z is closed in X x X.

Therefore function i : X x X — N defined by

n ifu=(n,g9n) ez
h(“):{o ;qu(XgX)—Z

continuous. But h is unbounded, so X x X is not pseudocompact.
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7. Alternate Constructions of 8X

We constructed X by defining an order > between certain compactifications of X and
showing that there must exist a largest compactification (unique up to equivalence) in this
ordering. Theorem 5.7, however, shows that there are many different characterizations of X
and some of these characterizations suggest other ways to construct 5X. .

For example, Theorem 5.7 shows that the zero sets in a Tychonoff space X play a special role in
BX. Without going into the details, one can construct 3X as follows:

Let Z be the collection of zero sets in X. A filter F in Z (also called a z-filter ) means a
nonempty collection of nonempty zero sets such that

1) if [y, F, € F,then F1 N F, € F, and
ii) if ' € F and G 2O F where G is a zero set, then G € F.

A z-ultrafilter in X is a maximal z-filter.

Define a set 5X = {U : U is a z-ultrafilter in X }. For each p € X, the collection
U, ={Z : Z is a zero set containing p} is a (trivial) z-ultrafilter, so U, € 5X. The
map h(p) = U, is a1 — 1 map of X into the set 5X.

It turns out that X compact iff every z-ultrafilter is of the form ¢/, for some p € X.
Therefore the set X — X = ) iff X is compact. Each z-ultrafilter ¢/ in X that is
not of the trivial form U, is a point in X — X.

The details of putting a topology on 5.X to create the largest compactification
of X are a bit tricky and we will not go into them here.

The situation is simpler in the case X = N. Since every subset of N is a zero set,
a “z-ultrafilter” in N is just an ordinary ultrafilter in N.

Then, to be a bit more specific,

let SN = {U : U is an ultrafilter in N} and for A C N, define
cdA={U:AclU}

Give (N the topology for which {cl A : A C N} is a base for the open sets.

This topology makes OGN into a compact 75 and we can embed N into SN using
the mapping h(n) = U, ( = the trivial ultrafilter “fixed” at n). This “copy” of N
is dense in AN, so ON is a compactification of N. It can be shown that “this

BN is the largest compactification of N (and therefore equivalent to the SN
constructed earlier).

The free ultrafilters in N are the points in SN — N. Since |5N| = 2¢ and there

are only countably many trivial ultrafilters Uf,, we conclude that there are 2¢ free
ultrafilters in N
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It turns out that the z-ultrafilters in a Tychonoff space X are associated in a natural
1 — 1 way with the maximal ideals of the ring C'(X), so it is also possible to construct
(BX by putting an appropriate topology on the set

BX = {M : M is a maximal ideal in C'(X)}

It turns out that if p € X, then M, = {f € C(X) : f(p) =0} is a (trivial) maximal
ideal and the mapping h(p) = M, gives a natural way to embed X in SX. X is not
compact iff there are maximal ideals in C(X) that are not of the form M, (that is,
nontrivial maximal ideals) and these are the points of 3X — X.

More information about these constructions can be found in the beautifully written
classic Rings of Continuous Functions (Gillman & Jerison).

In this section, we give one alternate construction of (X in detail. It is essentially the
construction used by Tychonoff, who was the first to construct 3X for arbitrary Tychonoff
spaces. In his paper Uber die topologische Erweiterung von Riumen (Math. Annalen 102(1930),
544-561) Tychonoff also established the notation “3X.” The construction involves a specially
chosen embedding of X into a cube.

Suppose X is a Tychonoff space. For each f € C*(X), choose a closed interval I C R such
that ran(f) C Iy. If F C C*(X) is a family that F separates points from closed sets, then
according to Theorem V1.4.10 the evaluation map er : X — [[;.zI; given by ex(z) = f(z)

is an embedding. In this way, every such family 7 C C*(X) generates a compactification
(cler[X],er) of X. In fact, the following theorem states that every compactification of X can
be obtained by choosing the correct family 7 C C*(X).

Theorem 7.1 Every compactification of X can be achieved using the construction in the
preceding paragraph. More precisely, if Y is a compactification containing X (with embedding
i), then there exists a family 7 C C*(X) such that F separates points and closed sets and
(cler[X],ex) ~ (YV,1).

Proof Let F = {f € C*(X): f can be continuously extended to ? 1Y — I}, (Note that
7 is unique if it exists — since any two extensions would agree on the dense set X.)

The family F separates points from closed sets:

If Fis a closed set in X and z ¢ F, then there is a closed set K CY with
x ¢ KNX =F. By complete regularity there is a continuous function g : Y — [0, 1]
such that g(x) = O0and g|K = 1. Since Y is compact, g must be bounded and therefore
f=g|X € C*(X). Moreover, f € F (because g is the required extension). Clearly,

f(z) = g(z) = 0 ¢ cl fIF] C clg[K] = {1}.

Therefore (clex[X], ex) is a compactification of X.
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Define h : Y — [[;c 1 by h(p)(f) = i (p). Then h is continuous and, for z € X, h(z)(f)
= T (2) = f(z) = ex(2)(f). Therefore h[X] = er[X]and hoi = ex.

Clearly, ex[X] = h[X] C h[Y] and h[Y] is compact Hausdorff, so clex[X] C h[Y]. On the
other hand, by continuity, h[Y] = hlcl X] C cl h[X] = cleg[X]. Therefore h[Y] = clex[X].

{1l EF[K| - Hlf

F

Since h : Y — clex[X] is continuous and onto, (Y,7) > ((clex[X], ex)).
We claim h is also 1 — 1:

If p# q €Y, then there is a continuous map g: Y — [0,1] such that g(p) = 0 and

~

g(q) =1.Then f=g|X€F and [ (p)=g(p)#9(q)=1f(q).  Therefore
h(p)(f) # h(a)(f), soh(p) # h(q).

Since Y is compact and cl ex[X] is Hausdorff, i is a homeomorphism and, as mentioned above,
hoi = egz. Therefore (YV,i) ~ ((clex[X], ex).
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Theorem 7.2 Suppose F C F' C C*(X) and that both F and F' separate points from closed
sets. Then (cleg/[X],exr) > (cleg[X], ex).

cle I|3<j|:HIf
feF

h

b rI:I»aeF[ht:JE [
feF

For p € cles/[X], define h(p) € clex[X] by h(p)(f) = p(f) = ps. (Informally, h(p) is just
the result of deleting from p all the coordinates corresponding to functions in F' — F.) Clearly
er =hoer so(cler[X], er) > (cler[X], er). o

Corollary 7.3 A Tychonoff space X has a largest compactification.

Proof Combining Theorems 7.1 and 7.2, we see that the largest compactification corresponds to
taking F = C*(X) in the preceding construction. e

Of course we can do the construction (from the paragraph preceding Theorem 7.1) simply using
F =C*(X) in the first place (that is what Tychonoff did) and define the resulting
compactification to be 3X. We would then need to prove that it has one of the features that
make it interesting — for example, the Stone Extension Property. Instead, using Theorems 7.1
and 7.2, what we did was first to argue that F = C*(C') produces the largest compactification
of X, then Theorem 5.7 told us that the compactification we constructed is the same as our
earlier 5X.
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Exercises
E1. Show that the Sorgenfrey line (Example I11.5.3) is not locally compact.

E2. Suppose X is a locally compact 75 space that is separable and not compact. Show that
the one-point compactification X* is metrizable.

E3. Suppose C' and K are disjoint compact subsets in a locally compact Hausdorft space
X. Prove that there exist disjoint open sets U O C' and V' O K such that cl1U and cl V'
are compact.

E4. a) Let K be a compact subspace of a Tychonoff space X. Prove that for each g € C(K)
there is an f € C'(X) that g = f|K — that is, every continuous real valued function on K can be
extended to X. (4 subspace of X with this property is said to be C-embedded in X. Compare
Definition 6.2; for a compact since K is compact, “C-embedded” and “C*-embedded” mean
the same thing.)

b) Suppose A is a dense C-embedded subspace of a Tychonoff space X. If f € C'(X) and
f(x) =0 for some = € X, prove that f(a) = 0 for some a € A. Hint: if f| A is never 0, then
1

¢) Every bounded function f:N — R has a continuous extension f°:SN — N. In
particular, the function f(n) = % can be extended. If p € BN — N, what is f?(p)? Why does
this not contradict part b) ?

ES. Prove that |GR| = |5Q]| = 2°.

E6. Prove that a Tychonoff space X is connected iff 53X is connected. Is it true that X is
connected iff every compactification of X is connected?
E7. a) Show that SR — R has two components A and B.

b) [0, c0) has a limit point in SR — R, say in the set B. Is [0,1) = B ?

E8. Let U be a free ultrafilter in N.

a) Choose apointo € SN —Nandlettd = {A CN: o € clgyA}. Show thatlfisa
free ultrafilter on N.

b) Using the ultrafilter ¢/ from a), construct the space X as in Exercise IX.E8. Prove that
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¥ is homeomorphic to N U {o} with the subspace topology from SN.

¢) Define an equivalence relation on SN — N by z ~ y if NU {z} is homeomorphic to
NU{y}. For z € N — N, let [z] be the equivalence class of xz. Prove that each equivalence
class satisfies |[x]| < ¢ (so there must be 2¢ different equivalence classes.)

Note: Part c) says that, in some sense, there are 2° topologically different points o € N — N,

By part a), each of these points o is associated with a free ultrafilter U in N that determines the
topology on NU {c}. Therefore there are 2° “essentially different” free ultrafilters U in N.
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Chapter X Review

Explain why each statement is true, or provide a counterexample.

1. Every Tychonoff space has a one-point compactification.

2. If X is Tychonoff and 5X is first countable, then | GX | < c.

3. R has a compactification of cardinal 2%

4. R has a compactification Y O R where Y — R is infinite and Y is metrizable.

5. Suppose that X is a compact Hausdorff space and that each x € X has a metrizable
neighborhood (i.e., X is locally metrizable). Then X is metrizable.

6. Let N* be the 1-point compactification of N. Every subset of N* is Borel.
7. 6N — N is dense in SN.

8.1f X = [0,wp + wp), then BX = [0, wy + wy.

9. Every point in SN is the limit of a sequence from N.

10. The one-point compactification of R is completely metrizable.

11. If X and Y are locally compact Hausdorff spaces with homeomorphic one-point
compactifications, then X must be homeomorphic to Y.

12. Let n € N. All n-point compactifications of the Tychonoff space X are equivalent.
13. Every subset of R is C*-embedded in R.

14. If X is compact Hausdorff and @ € X, then (X — {a}) = X.

15. Every compact Hausdorff space is separable.

16. A metric space (X, d) has a metrizable compactification iff X is separable.

17. Q = U N F for some open U and closed F'in R.

449



	imageauthor
	An Introduction to Set Theory and Topology



