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SO‘Z BOSHI

Qo‘llanma oliy ta’lim muassasalari texnika va texnoligiya bakalavr
ta’lim yo‘nalishlari Davlat ta’lim standartlariga mos keladi va fanning o‘quv
dasturlariga to‘la javob beradigan tarzda bayon qilingan.

Ushbu o‘quv qo‘llanma bakalavr ta’lim yo‘nalishlarining 1-bosqich
talabalari uchun mo‘ljallangan bo‘lib, fanning chiziqli algebra elementlari,
vektorli algebra elementlari, analitik geometriya, matematik analizga kirish,
bir o‘zgaruvchi funksiyasining differensial hisobi va bir o‘zgaruvchi
funksiyasining integral hisobi bo‘limlari bo‘yicha materiallarni o‘z ichiga
oladi.

Qo‘llanmaning har bir bo‘limi zarur nazariy tushunchalar, ta’riflar,
teoremalar va formulalar bilan boshlangan, ularning mohiyati misol va
masalalarning yechimlarida tushuntirilgan, shu bo‘limga oid amaliy
mashg‘ulot darslarida va mustaqil uy ishlarida bajarishga mo‘ljallangan ko‘p
sondagi mustahkamlash uchun masqlar javoblari bilan berilgan.

Har bir bo‘limning oxirida nazorat ishi va talabalarning mustaqil ishlari
uchun topshiriiglar variantlari keltirilgan. Har bir mustaqil ish topshirig‘ining
oxirgi varianti namuna sifatida yechib ko‘rsatilgan.

Qo‘llanmani yozishda oily texnika o‘quv yurtlarining bakalavrlari uchun
oily matematika fanining amaldagi dasturida tavsiya qilingan adabiyotlardan
hamda o‘zbek tilida chop etilgan zamonaviy darslik va o‘quv
qo‘llanmalardan keng foydalanilgan.

Qo‘llanma haqida bildirilgan fikr va mulohazalar mamnuniyat bilan
gabul qilinadi.

Muallif

O‘quv qo‘llanmada quyidagi belgilashlardan foydalanilgan:
— muhim ta’riflar;
— «alohida e’tibor beringy;
@ ., ¢ — misolyoki masala yechimining boshlanishi va oxiri;

Shuningdek, muhim teorema va formulalar to‘g‘ri to‘rtburchak ichiga
olingan.
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CHIZIQLI ALGEBRA ELEMENTLARI

1.1. DETERMINANTLAR

Ikkinchi va uchinchi tartibli determinantlar. Determinantning xossalari.
n —tartibli determinantlar

1.1.1. a,a, —a,a, i1fodaga ikkinchi tartibli determinant deyiladi va u

117722 127721

a a,

! =da, a4, —a,a, (11)

aZI a22

deb yoziladi, bu yerda a, (i=12, j=12)- determinantning i—satr va
j—ustunda joylashgan elementi.
a,, a, elementlar determinantning bosh diagonalini, a,,, a, elementlar

determinantning yordamchi diagonalini tashkil etadi.
Ikkinchi tartibli determinant bosh diagonal elementlari ko‘paytmasi
bilan yordamchi diagonal elementlari ko‘paytmasining ayirmasiga teng:

Cl” a12 Cl” a12

AN

a4y a,,
+ _

a a

22

1 -misol. Determinantlarni hisoblang:

I -5
4 2

tear  sina
. 2) g

9

1y

sina ctgor |

@ Determinantlarni ta’rif (sxema) asosida topamiz:

1 —
1 —1-2-(-5)-4=22;
fgo  sina
2) g =tga -ctga —sinasina =1-sina =cos’a. O
sma ctga




a,dydy +a,a,,a;, + 43,0, —a,;,0,0, — d;,a,dy; = 4,0,0;, ldeaga uchinchi

tartibli determinant deyiladi va u

a]] a]2 a]3
a2] a22 a23 = a]]a22a33 + a12a23a3] + al3a2]a32 - al3a22a3] - a12a2]a33 - a]]a23a32 ° (1 2)
a3] a32 a33

deb yoziladi.

Uchinchi tartibli determinantlarni hisoblashda (1.2) ifodaning o‘ng
tomonidagi ko‘paytmalarini topishning yodda saqlash uchun oson bo‘lgan
quyidagi sxemalaridan foydalaniladi.

«Uchburchak goidasi» ushbu sxema bilan tasvirlanadi:

a a a a a a
11 12 13 11 12 13
L Y \~
azl.azs a2] ay
a, a; ay; a, a; ay;
+ -

Bunda avval (1.2) determinant bosh diagonalidagi va asosi shu
diagonalga parallel bo‘lgan teng yonli uchburchaklar uchlaridagi elementlar
alohida-alohida chiziqlar bilan tutashtirilib, determinantning musbat ishorali
ko‘paytmalari, keyin determinantning yordamchi diagonalidagi va asosi shu
diagonalga parallel bo‘lgan teng yonli uchburchaklar uchlaridagi elementlar
alohida-alohida chiziglar bilan tutashtirilib, determinantning manfiy ishorali
ko‘paytmalari hosil gilinadi.

«Sarryus goidalari» quyidagi sxemalar bilan ifodalanadi:

a, a, a13/ —
612]\6122/6123/— a a, /a /:l /
a” a >(a 7 o o< X /

1) 31 3 33 2) a2] a,;, ay; a, a,
a11)<a12><a13 \ + a/a Xa XCI a

N \ 31 32 33
azl/azz a, + \ +\ +\ +
\ +




l-qoidada avval (1.2) determinant tagiga uning birinchi ikkita satri
yoziladi, 2-qoidada esa (1.2) determinant o‘ng tomoniga uning birinchi ikkita
ustuni yoziladi. Keyin bosh diagonaldagi va bu diagonalga parallel to‘g‘ri
chiziglardagi uch element alohida-alohida chiziglar bilan tutashtirilib,
determinantning musbat ishorali ko‘paytmalari hosil qilinadi hamda
yordamchi diagonaldagi va bu diagonalga parallel to‘g‘ri chiziqlardagi uch
element alohida-alohida chiziqglar bilan tutashtirilib, determinantning manfiy
ishorali ko*paytmalari hosil gilinadi.

2 —misol. Determinantlarni hisoblang: 1)A ni uchburchak qoidasi bilan;
2)A,ni Sarryusning 1-qoidasi bilan, A,ni Sarryusning 2-qoidasi bilan.

2 -1 3 1 5 3 3 4 -1
A=[3 2 -1|, A=[3 1 =2|, A=[2 0 3|
1 3 -2 2 -4 1 3 -1 2

@ 1) A, determinantni uchburchak qoidasi asosida topamiz:

2 -1 3 2 -1 3
3%1 = —8+1+27=20, 3%—1 = 6-6+6=6 A, =20-6=14.
1 3 =2 I 3 =2
2) A, va A, determinantlarni Sarryus qoidalari bilan hisoblaymiz:
I. 5 3
3 -2
27 = l = A, =1-36-20—-(6+8+15)=-55-29=-84.
1 3
3 1 2

34,1 3 4
2 0= A, =0+36+2-(0-9+16)=31. O
37 =12 =1

Determinant a, elementining M, minori deb, shu element joylashgan
satr va ustunni o‘chirishdan hosil bo‘lgan determinantga aytiladi.

4, =(-1)"" M, miqdorga determinant a, elementining algebraik
to ‘ldiruvchisi deyiladi.



1.1.2. Determinant quyidagi xossalarga ega.

1°. Transponirlash (barcha satrlarni mos ustunlar bilan almashtirish)
natijasida determinantning qiymati o‘zgarmaydi.

2°. Determinantda ikkita satr (ustun) o‘rinlari almashtirilsa, determinant
ishorasini qarama-qarshisiga o‘zgartiradi.

3°. Agar determinant ikkita bir xil satrga (ustunga) ega bo‘lsa, uning
qiymati nolga teng.

4°, Determinantning biror satri (ustuni) elementlarini A#0 songa
ko‘paytirilsa, determinant shu songa ko‘payadi yoki biror satr (ustun)
elelmentlarining umumiy ko‘paytuvchisini determinant belgisidan chiqarish
mumkin.

5°. Agar determinant biror satrining (ustunining) barcha elementlari
nolga teng bo‘lsa, uning qiymati nolga teng.

6°. Agar determinant ikki satrining (ustunining) mos elementlari
proporsional bo‘lsa, uning qiymati nolga teng.

7°. Agar determinant biror satrining (ustunining) har bir elementi ikki
qo‘shiluvchi yig‘indisidan iborat bo‘lsa, determinant ikki determinant
yig‘indisiga teng bo‘lib, ulardan birinchisining tegishli satri (ustuni) birinchi
qo‘shiluvchilardan, ikkinchisining tegishli  satri  (ustuni) ikkinchi
qo‘shiluvchilardan tashkil topadi.

8°. Agar determinantning biror satri (ustuni) elementlariga boshqa
satrining (ustunining) mos elementlarini biror songa ko‘paytirib qo‘shilsa,
determinantning qiymati o‘zgarmaydi.

9°. Determinantning qiymati uning biror satri (ustuni) elementlari bilan
shu elementlarga mos algebraik to‘ldiruvchilar ko‘paytmalarining
yig‘indisiga teng.

10°. Determinant biror satri (ustuni) elementlari bilan boshqa satri
(ustuni) mos elementlari algebraik to‘ldiruvchilari ko‘paytmalarining
yig‘indisi nolga teng.

Uchinchi tartibli determinantni uchburchak va Sarryus qoidalari bilan
bir gatorda yuqorida keltirilgan xossalar orqali soddalashtirib, hisoblash
mumkin.

3 —misol. Determinantni hisoblang:

A=

I I N

2 3
5 6.
8 9



@ 2 - va 3-satrlarga (-1)ga ko‘paytirilgan 1-sartni qo‘shamiz.
Bunda 8’ xossaga ko‘ra determinantning qiymati o‘zgarmaydi.
U holda
I 2 3
A=|3 3 3.

6 6 6
Bu determinantning 2 — va 3 —satrlarining mos elementlari proporsional.
Shu sababli 6° xossaga ko‘ra determinant nolga teng, ya’ni A=0. O

1.2.3. » ta satr va »n ta ustundan tashkil topgan ushbu

a, a, a,
A= a, dy a,,
a, a4a, .. 4,

determinantga n —tartibli determinant deyiladi.

n—tartibli determinant avval xossalar bilan soddalashtirilib, keyin
quyidagi usullardan biri bilan hisoblanishi mumkin:
a) A=a, A +a,A +..+a, A i=ln, (1.3)

1771 2772 in*"in %

A=a A, +a, A, +.+a,4, j=ln (1.4)

formulalar bilan biror satr yoki ustun elementlari bo‘yicha yoyib;
b) biror satrdagi (ustundagi) bittadan boshqa barcha elementlarni nolga
aylantirib, so‘ngra shu satr (ustun) bo‘yicha yoyib, ya’ni tartibini pasaytirib;
c) bosh (yordamchi) diagonaldan bir tomonda yotuvchi barcha
elementlarni nolga aylantirib, ya’ni uchburchak ko ‘rinishga keltirib.
4 —misol. Determinantlarni hisoblang: 1) A ni biror satr yoki ustun
bo‘yicha yoyib; 2) A,ni tartibini pasaytirib; 3) A, ni uchburchak
ko‘rinishga keltirib.

2 -1 3 =2 2 1 3 =5 5 8 3 4
4 3 0 -1 I 4 1 2 2 0 5 0
A = ;A= ;A= .
2 1 -1 2 3 2 -1 =2 ’ I 0 4 0
0 3 -1 0 -1 3 2 3 4 7 2 1




@ 1) Determinantni biror satr yoki ustun bo‘yicha yoyib hisoblash
uchun odatda nol soni bor satr yoki ustun tanlanadi, chunki bunda nollar
qatnashgan qo‘shiluvchilar nolga teng bo‘ladi. Berilgan determinantni
hisoblash uchun ikkita noli bor 4 -satri tanlaymiz va (1.3) formuladan
i =4da topamiz:

2 -b3=2 2 3 -2 2 -1 -2
Aot 30l 3.(=1)*| 4 0_1 1 14”4_3 _1
P BN 1+ DD -1=

2 -1 2 2 01 2

0 3 -1 0

=3(—6+8-2-24)+12+2-8+12+2+8=3-(-24)+ 28 =—44.

2) Determinantni xossalar yordamida tartibini pasaytirib hisoblaymiz.
Bunda 2 -satrning 1-ustunida joylashgan elementidan boshqa barcha
elementlarini nolga keltiramiz. Buning uchun avval 2-ustunga (-4)ga

ko‘paytirilgan 1-ustunni qo‘shamiz; 3-ustunga (-1)ga ko‘paytirilgan
1 —ustunni qo‘shamiz; 4 —ustunga (-2) ga ko‘paytirilgan 1 —ustunni
qo‘shamiz, keyin hosil bo‘lgan determinantni 2 —satr bo‘yicha yoyamiz:

21 3 -5 2 -7 1 -9 S
A 1 4 1 2 1 0 0 0 12+]_104_8
2_32—1—2_3—10—4—8_(_)_ T

7 3 5

-1 3 2 3 -1 7 3 5

Hosil bo‘lgan uchinchi tartibli determinantning 2 -satrida (-2)ni
determinant belgisidan tashqariga chiqaramiz va 2 -ustunning 1-satri
elementidan pastda joylashgan elementlarini nolga aylantiramiz. Buning
uchun 2 —satrga (-2)ga ko‘paytirilgan 1-satrni qo‘shamiz, 3 —satrga (-3)ga
ko‘paytirilgan 1-satmi qo‘shamiz, 3-ustunda 4 ni determinant belgisidan
tashqariga chigaramiz, hosil bo‘lgan determinantni 2 —ustun elementlari
bo‘yicha yoyamiz  va kelib chiqgan ikkinchi tartibli determinantni

hisoblaymiz:
-7 1 -9 -7 1 -9 -7 1 -9
19 22
A,=2-15 2 4(=2-19 0 22(=2-4-[19 0 22 |[=8-(-)" 7 g =16.
7 3 5 28 0 32 7 0 8




3) Determinantni uchburchak ko‘rinishga keltirib hisoblaymiz. Buning
uchun quyidagi almashtirishlarni bajaramiz:

- 3-—satrni o‘zidan yuqorida joylashgan satrlar bilan ketma-ket o‘rin
almashtirib, 1-satrga joylashtiramiz;

- l-ustunning 1-satridan pastda joylashgan elementlarini nolga
aylantiramiz;

- 2-satrda 8ni va 3-satrda (-3)ni determinant belgisidan tashqariga
chigaramiz;

- 2-ustunning 2 -satridan pastda joylashgan elementlarini nolga
aylantiramiz;

- 3—ustunning 4 —satrida joylashgan elementini nolga aylantiramiz;

- hosil bo‘lgan uchburchak ko‘rinishgagi determinantdan tashqaridagi
sonni bosh diagonal elementlariga ko‘paytiramiz.

5 8 3 4 1 0 4 0
W 2050 5 8 3 4
1104 0| 2050
4 7 2 1 4 7 2 1
0 8 —-17 4 01_1_71
= :8‘(—3)‘ 82:
00 —3 0 00 1 0
07 -14 1 0 7 —14 1
10 4 0 10 4 0
A N P
=24 8 2 )-_24. &8 2
00 1 0 00 1 0F
0o L -2 00 0 -2
8 2 2

10



Mustahkamlash uchun mashqlar

Ikkinchi tartibli determinantlarni hisoblang;:

1.1.1.

1.1.3.

1.1.5.

3 4 4 -6
: 1.1.2. :
-5 -2 -3 5
— 1 +b
yorm 1.1.4. o
X —x b+1 a+b
sina cos’ o tga+1 ctga —1

1.1.6.

sin® 8 cos’f | sin ot cosa

Uchinchi tartibli determinantlarni uchburchak va Sarryus qoidalari bilan

hisoblang:
1 4 3 2 4
1.1.7.| 2 1 3. 1.18. |5 -2 1|
5 3 2 2 3
5 -1 1 -2 0 -4
1.19. 14 0 -3| 1.1.10. | 3 1 1|
2 -3 1 -1 2 -3

Uchinchi tartibli determinantlarni biror satr yoki ustun elementlari
bo‘yicha yoyib hisoblang:

1.1.11.

1.1.13.

1.1.15.

4 0 -2 3 1 -1

7 1 =-3| 1.1.12. |2 -1 0|

3 0 4 0O 0 2

1 b x -1 x

b b 0| 1.1.14. | 1  x -1|

b 0 —-b x 1 x

sinag sin f3 0 tga ctgf 0

sina 0 siny |. 1.1.16. | i 0 tgB |.
0 sinf siny 0 ctga tgp

11



Uchinchi tartibli determinantlarni xossalaridan foydalanib hisoblang:

1.1.17.

1.1.19.

1.1.21.

Tenglamalarni yeching:

1.1.23.

1.1.25.

1 ¢ ab
1 b cal
1 a bc

a+b b b
b a+b b

b b a+b

a a’+1 (I+a)’
b b +1 (1+b) |
c c’+1 (1+c¢)

x+3 x+2 B

6-2x x+2|
1 1 1

x> 4 9(=0

x 2 3

1.1.18.

1.1.20.

1.1.22.

1.1.24.

1.1.26.

a’ +x’

X Xx+y

1 1 1

ax ay az

a’+y’

X—Y

X x+z x-2z|

X X X

l+cosaa 1 1+sina
l—sina

1 1 1

2x—-1 x+1 B

x+2 x-1]

6 3 x—1
4 x+2 2 [=0.

2x 1 0

To‘rtinchi tartibli determinantlarni hisoblang:

1.1.27.

1.1.29.

1 -1 2 2
3 -1 5 =2

-2 -3 0 2
0 -2 4 1
5 a 2 -1
4 b 4 -3
2 ¢ 3 =2
4 d 5 -4

1.1.28.

1.1.30.

A W o =

AN L O W

~ O O =
N O O W
(O, B \© Je OB \O)

10

I
o0
A Lo

a’+z’

1 1-cosa |

12



1.2. MATRITSALAR

Matritsalar va ular ustida amallar. Teskari matritsa.
Matritsaning rangi

1.2.1. Sonlarning m ta satr va » ta ustundan tashkil topgan to‘g‘ri
to‘rtburchakli

a]] a]2 ce aln
_ a2] a22 ce a2n
(ajj) -
a a a

ml m?2 e mn

jadvaliga m x n o ‘Ichamli matritsa deyiladi, bu yerda
a, (i =1,m,j= l,n)—matritsaning i—satr va j—ustunda joylashgan elementi.

Ixn o‘lchamli matritsa satr matritsa yoki satr-vektor, mx1 o‘lchamli
matritsa ustun matritsa yoki ustun-vektor deb ataladi.

nxn o‘lchamli maritsaga n— tartibli kvadrat matritsa deyiladi. Bosh
diagonalidan bir tomonda yotuvchi barcha elementlari nolga teng bo‘lgan
kvadrat  matritsaga  uchburchak matritsa deyiladi. Bosh diagonali
elementlaridan boshqga barcha elementlari nolga teng bo‘lgan  kvadrat
matritsaga diagonal matritsa deyiladi. Barcha elementlari birga teng bo‘lgan
diagonal matritsa birlik matritsa deb ataladi va E bilan belgilanadi.

Barcha elementlari nolga teng bo‘lgan matritsaga nol matritsa
deyiladi va Q bilan belgilanadi.

n— tartibli kvadrat matritsaning determinanti det4 yoki |4 |kabi
belgilanadi. Bunda agar detA=0 bo‘lsa, 4 maxsusmas (yoki xosmas)
matritsa, agar det 4=0 bo‘lsa, 4 maxsus (yoki xos) matritsa deb ataladi.

A matritsada barcha satrlarni mos ustunlar bilan almashtirish natijasida
hosil qilingan 4* matritsaga 4 matritsaning transponirlangan matritsasi
deyiladi. Bunda 4= A* bo‘lsa 4 simmetrik matritsa bo‘ladi.

Bir xil o‘lchamli 4=(q;) va B=(b,) matritsalarning barcha mos
elementlari teng, ya’ni a,=b, bo‘lsa bu matritsalarga feng matritsalar
deyiladi va 4= B deb yoziladi.

Bir xil o‘lchamli 4=(a,) va B=(b,) matritsalarning yig ‘indisi deb,
elementlari ¢, = a, + b, kabi aniqlanadigan shu o‘lchamdagi C=4+B
matritsaga aytiladi.

13



A=(a,) matritsaning A+#0 songa ko paytmasi deb, elementlari ¢, = q,

kabi aniglanadigan shu o‘lchamdagi C = A4 matritsaga aytiladi.
— A=(-1)- A matritsa 4 matritsaga qarama-qarshi matritsa deb ataladi.

Bir xil oflchamli 4=(a,) va B=(b,) matritsalarning ayirmasi
A - B = A+ (-B)kabi topiladi.

Matritsalarni qo‘shish va ayirish amallari bir xil o‘lchamli
matritsalar uchun kiritiladi.

: 1 20 2 -1 0 : :
l-misol. A= va B= matritsalar berilgan.
3 -2 1 1 3 -1

34 - 2B matritsani toping.

@ Matritsani songa ko‘paytirish va matritsalarni qo‘shish ta’riflari
asosida topamiz:
3 0 -4 0
34= 6 U _op- 29
9 -6 3 -2 -6 2

3+(4) 6+2 0+0 -1 8 0
34-2B= = . O
9+(-2) —-6+(-6) 3+2 7 =12 5

mxp oflchamli A4=(q,) matritsaning pxn o‘lchamli B=(b,)

matritsaga ko ‘paytmasi deb, elementlari ¢, =ab, +a.,b, +...+ab

(qo‘shiluvchlari quyidagi sxemada keltirilgan) kabi aniqlanadigan mxn
o‘lchamli C = 4B matritsaga aytiladi.

1
1
o o o .. o)lo . Tiok .. o

(m ta satr, p ta ustun) (p ta satr, n ta ustun)

Ikki matritsani ko‘paytirish amali 1 —matritsaning ustunlari soni
2 —matritsaning satrlari soniga teng bo‘lgan holda kiritiladi.

14



2 — misol. 4B ko‘paytmani toping:
4 -1

1 2 -1 3
A=|2 1|, B= :
04 2 1

0 -3

@ Yugqorida keltirilgan sxema asosida topamiz:

4 -1
I 2 -1 3
AB=|2 L] =
0 4 2 -1
0 -3

4-14(=1)-0 4-2+(=1)-4 4-(=D)+(=1)-2 4-3+(=1)-(=1)
=[2:-141-0  2:2+1-4  2-(=D+1-2  2:3+1-(=)
0-14(=3)-0 0-2+(=3)-4 0-(=)+(=3)-2 0-3+(=3)-(-I)

4 4 -6 13
=2 8 0 5. &
0 -12 -6 3

Bir xil tartibhi 4 va B kvadrat matritsalar uchun 4B va BA
ko‘paytmalarni topish mumkin. Bunda 4B =B4 bo‘lsa 4 va B kommutativ
matritsalar deb ataladi.

1.2.2. 4 kvadrat matritsa uchun 44" =4"4=E tenglik bajarilsa, 4™
matritsa 4 matritsaga teskari matritsa deyiladi.

Har ganday maxsusmas 4 matritsa uchun 4™ matritsa mavjud va
yagona boladi.

A matritsaning teskari matritsasi

Al] A2] °cc nl
P :l A, 4, ... A4, ‘ (1.5)
Aln A2n e Ann

formula bilan aniqlanadi.
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3— misol. 4 matritsaga teskari matritsani toping:

2 -1 0
A=|-1 1 3.
I 2 -1

@ Matritsaning determinantini hisoblaymiz:

2 -1 0
A=| -1 1 3|=-16%0.
1 2 -1

Demak, 4" mavjud. Aning algebraik to‘ldiruvchilarini hisoblaymiz:

I 3 -1 0 -1 0
n = ==/ A2] == =-1 A31 = =-3;
2 -1 2 -1 I 3
-1 3 2 0 2 0
A12:_ =2; n = =% 7 =—0;
I -1 I -1 -1 3
-1 1 ; y 2 -1 5 y 2 -1
13 1 2 - 23 = 1 o) T 33 1 1 -
Teskari matritsani (1.5) formuladan topamiz:
713
-7 -1 -3 16 16 16
A“:—L 2 2 —6|= 1 3| O
16 8 8 8
-3 =5 1 3 5 1
16 16 16

1.2.3. mxn oflchamli 4 matritsadan  (k <min(m;n)) ta satr va & ta
ustunni ajratib, hosil qilingan k& —tartibli kvadrat matritsaning determinantiga
A matritsaning k — tartibli minori deyiladi.

A matritsa noldan farqli minorlarining yuqori tartibiga A matritsaning
rangi deyiladi va r(4) (yoki rangA) bilan belgilanadi. Bunda 4= Q uchun
1< 7(A) <min(m;n), A=0 uchun r(4)=0.

r(A)ni ta’rif asosida topish usuli minorlar ajratish usuli deb ataladi.
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Matritsalar ustida bajariladigan quyidagi almashtirishlarga elementar
almashtirishlar deyiladi:

a) faqat nollardan iborat satrni (ustunni) o‘chirish;

b) ikkita satrning (ustunning) o‘rinlarini almashtirish;

c¢) biror satrning (ustunning) barcha elementlarini noldan farqli songa
ko*paytirish;

d) biror satrning (ustunning) barcha elementlarini noldan farqli songa
ko‘paytirib, boshqga satrning (ustunning) mos elementlariga qo‘shish.

Elementar almashtirishlar natijasida matritsaning rangi o‘zgarmaydi.

Biri ikkinchisidan elementar almashtirishlar natijasida hosil qilingan 4
va B matritsalarga ekvivalent matritsalar deyiladi va 4~B deb yoziladi.
Diagonal elementlarining ayrimlari (yuqori satrlardagi) birga va
ayrimlari nolga teng bo‘lgan matritsaga kanonik matritsa deyiladi. Kanonik
matritsaning rangi uning diagonalida joylashgan birlar soniga teng bo‘ladi.
r(A)ni 4 matritsani elementar almashtirishlar orqali kanonik matritsaga
keltirib topish usuliga elementar almashtirishlar usuli deyiladi.

4 — misol. Matritsaning rangini minorlar ajratish usuli bilan toping:

2 -1 3 -2 4
A=4 -2 5 1 7|
2 -1 1 8 2

@ 1<7(4)<min(3;5)=3.
Ikkinchi tartibli minorlardan biri

-1 3
=-5+6=1=%0.
‘—2 5

Uchinchi tartibli minorlarni hisoblaymiz:

2 -1 3 2 -1 -2
MP =4 -2 5|=0; MP=|4 -2 1]|=0
2 -1 1 2 -1 8
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2 -1 -1 3 -2
MO =4 -2 7|=0; MO =| -2 5 1|=0;
2 -1 -1 1 8
-1 3 3 -2 4
MO =| -2 5 7|=0; MO =5 1 7|=0;
-1 1 2 g8 2
1 -2 4 2 3 4
M= -2 1 7|=0; MO =4 5 7|=0;
-1 8 2 21 2
2 3 -2 2 -2 4
MO =4 5 1|=0 MO =4 1 7[=0
21 8 2 8 2

Barcha uchinchi tartibli minorlar nolga teng. Demak r(4)=2. O

5— misol. Matritsaning rangini elementar almashtirishlar usuli bilan
toping:
0 5 =10 O
-1 -4 5 -3
31 7 9
1 -7 17 3

@ Matritsani kanonik ko‘rinishga keltiramiz.

Buning uchun elementar almashtirishlarni bajaramiz:

— avval matritsaning 1-va 4 -satrlarining o‘rinlarini almashtiramiz,
keyin 2 -satr elementlariga 1-satrning mos elementlarini qo‘shamiz va
3 —satr elementlariga (-3)ga ko‘paytirilgan 1-satrning mos elementlarini
qo‘shamiz;

— hosil bo‘lgan matrisaning 2,3 va 4 - satr elementlarini mos ravishda
(-11), 22 va 5 ga bo‘lamiz, keyin (-1) ga ko‘paytirilgan 2 —satr elementlarini
3va 4 —satrning mos elementlariga qo‘shamiz;

— hosil bo‘lgan matritsaning 2,3 va 4- ustun elementlariga mos
ravishda 7, (-17) va (-3) ga ko‘paytirilgan 1-ustun elementlarini qo‘shamiz,
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keyin 3- ustun elementlariga 2 ga ko‘paytirilgan 2 -ustun elementlarini
qo‘shamiz.
Bajarilgan elementar almashtirishlarni sxema tarzida keltiramiz:

0 5 —10 0 1 -7 17 3
-4 05 -3 | W 4 5 3
A: ~_3 ~
301 7 9 301 7 9
1 -7 17 3 0 5 -10 0
-7 17 3 1 -7 17 3
(=10 —11 22 0 0 1 -2 0
~ (=1 -
2 0 2 -4 o [=50 1 -2 0
5 1o 5 —10 o) S0 1 -2 0
- 2
714, I 0 0)(1 00 0
o 1 —20[]o1 -20[]0o1 00
0 0 0 0[[00 0 0|00 00
o 0 0 0/loo o0 o0)looo o

Demak, r(4)=2. O

Mustahkamlash uchun mashqlar

A, B matritsalar va A, u sonlar berilgan. A4+ uB matritsani toping:

1 -1 -1 2 3 -1
1.2.1. 4=  B-= CA=—1, u=2.
2 -3 0 -1 0 2

0 -3 -1 2
1.2.2. 4=|-2 1| B=| 3 -1 A=2, u=-3.
1 4 2 -5
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2 -1 0 -3 1 1

1.23. A4=|-1 3 -2 B=| 0 -1 0| A=-3, u=-2.
2 3 1 —4 -3 2
2 -1 2

1.24. 4=| 5 -3 3| B=E, A=1, u=-v
-1 0 -2

A va B matritsalar berilgan. 4B matritsani toping:
2 1

20 1 -1 -2 4 _»o
1.2.5. 4= , B= . 1.2.6. 4=|0 -1}, B= .
-1 3 32 0 2 3
3 2
1 1 4 1 3 1 -1 2 4 0 -2
1.2.7. 4=|3 0 1|, B=| 0 —1| 1.28. 4=[-2 0 3| B=[2 -1 0]
21 0 2 1 1 -1 0 0 -1 3

A,B va C matritsalar berilgan. (4B)C matritsani toping:

1.2.9. A:(z _2} B:( 1 4} C=B-3E.
2 3 2 5

A,B va C matritsalar berilgan. A4(BC)matritsalarni toping:

1.2.10. A:f’ _1}3:(4 Sj,c{_l 4}
2 4 2 6 5 3

1 2
1.2.11. 4= ; Oj f(x)=-2x*+5x+9 bo‘lsa, f(4)ni toping.

I 2
1.2.12. 4= f(x)=3x>-5x+2 bo‘lsa, f(4)nitoping.
1

A matritsa berilgan. r(4)ni minorlar ajratish usuli bilan toping:

-1 2 3 1 -2 3
1.2.13. 4=|-1 3 0 1} 1.2.14. 4=|-1 4 -2
4 1 1 2 -2 7
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A matritsa berilgan. r(A)ni elementar almashtirishlar usuli bilan toping:

I -1 3 4
1 -3 2 -1

2 -1 3 =2
1.2.15. 4= 2 -1 4 -6| 1.2.16. 4= :
I -4 3 1
-3 -1 -6 11
I -3 0 -9
A matritsa berilgan. 47 matritsani toping:
I 1 1
-3 6
1.2.17. Az( 5 5} 1.2.18. 4=|1 2 -1}
2 2 4
I 01 2
bz 2 1 0 1
1.2.19. 4={2 6 4| 1.2.20. 4= :
I 1 2 1
3 10 8
-1 1 2 1

1.3. CHIZIQLI TENGLAMALAR SISTEMASI

Chiziqli tenglamalar sistemasi. Maxsusmas tenglamalar sistemasini
yechish. Chiziqli tenglamalar sistemasini Gauss usuli bilan yechish.
Bir jinsli tenglamalar sistemasi

1.3.1. Ushbu
a,x, +a,x, +..+a,x,=b,

a,x, +a,x,+..+a,x =b,,

(1.6)

a . x +a . x,+.+a x =b
m m mn n m

ko‘rinishdagi sistemaga n noma’lumli m ta chiqzigli algebraik tenglamalar
sistemasi deyiladi, bu yerda aq,,a,,...,a, —sistema koeffitsiyentlari,

X,,X,,...,x, — noma’lumlar, b,b,,....b —ozod hadlar.

(1.6) sistema koeffitsiyentlaridan tuzilgan 4 matritsaga
(1.6) sistemaning matritsasi (asosiy matritsasi) deyiladi.
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(1.6) sistemani matritsalar orqali AX =B ko‘rinishda yozish mumkin,
bu yerda X, B-mos ravishda noma’lumlar va ozod hadlardan tuzilgan ustun

matritsalar.

Noma’lumlarning (1.6) sistema tenglamalarini ayniyatga aylantiradigan
qiymatlariga (1.6) sistemaning yechimi deyiladi.

Kamida bitta yechimga ega bo‘lgan sistemaga birgalikda bo ‘Igan
sistema, bitta ham yechimga ega bo‘lmagan sistemaga birgalikda bo ‘Imagan
sistema deyiladi.

Birgalikda bo‘lgan va yagona yechimga ega sistemaga anig sistema,
cheksiz ko‘p yechimga ega sistemaga anigmas sistema deyiladi. Anigmas
sistemaning har bir yechimiga xususiy yechim, barcha xususiy yechimlar
to‘plamiga umumiy yechim deyiladi. Sistemaning umumiy yechimini
topishga sistemani yechish deyiladi.

(1.6) sistema matritsasiga ozod hadlarni qo‘shish orqali hosil gilingan C
matritsaga (1.6) sistemaning kengaytirilgan matritsasi deyiladi.

Kroneker-Kapelli teoremasi. (1.6) tenglamalar sistemasi birgalikda
bo‘lishi uchun sistema asosiy va kengaytirilgan matritsalarining
ranglari teng, ya’ni r(4)=r(C) bo‘lishi zarur va yetarli.

(1.6) sistemani tekshirish va yechish quyidagi tartibda amalga

oshiriladi.
Tekshirish: sistema asosiy va kengaytirilgan matritsalarining ranglari

topiladi. Bunda:

—agar r(A) #r(C) bo‘lsa, sistema birgalikda bo‘lmaydi;

— agar r(4)=r(C)=n, ya’ni sistemaning rangi uning noma’lumlari
soniga teng bo‘lsa, sistema birgalikda va aniq bo‘ladi;

—agar r(A4)=r(C)<n bo‘lsa, sistema birgalikda va anigmas bo‘ladi.

Yechish: 1. r(4)=r(C)=n bo‘lganda sistemaning umumiy yechimi
topiladi.

2. r(A)=r(C)=r<n bo‘lganda:

— sistema matritsasining biror » —tartibli bazis minori aniqlanadi;

— sistemada koeffitsiyentlari bazis minor elementlaridan iborat bo‘lgan
rta tenglama qoldiriladi (qolgan tenglamalar tashlab yuboriladi), bu yerda
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koeffitsiyentlari bazis minorga kiruvchi rta noma’lumga asosiy
noma ’lumlar, qolgan »n —rta noma’lumga erkin noma 'lumlar deyiladi;

— asosly noma’lumlar hosil bo‘lgan sistemaning chap tomonida
goldiriladi, erkin noma’lumlar sistemaning o‘ng tomoniga o‘tkaziladi;

— asosiy noma’lumlarning erkin noma’lumlar orqali ifodasi aniglanadi,
ya’ni sistemaning umumiy yechimi topiladi;

— erkin noma’lumlarga istalgan qiymatlar berib, berilgan sistemaning
xususiy yechimlari (zarur bo‘lganda) topiladi.

1-misol. Tenglamalar sistemasini tekshiring:

x, +2x,—4x, =0, X, +x, —5x, =-3,
1):5x, +3x, —7x, =8, ; 2){3x,+x, +x,=5,.
5x, —4x, + 6x, =-1 5x, +2x,—x,=6

@ 1) Sistemaning kengaytirilgan matritsasi ustida elementar
almashtirishlar bajaramiz:

1 2 -4 0 12 4]0 1 2 —-4] 0
C[—_5,5 3-T) 8k [0 =7 138 - 0 =7 13 8|

=35 -4 6]|-1 0 —14 26 |-1 0 0 0|-17
r(4)=2#3=r(C).

Demak, sistema birgalikda emas.

2) Sistemaning kengaytirilgan matritsasi ustida elementar almashtirishlar
bajaramiz:

; 1 1 -5]-3 1 1 -51]=3
C= > 301 1| 5= 0 -2 16 |14 |~
55 2 —1] 6] :=3l0 -3 24|21

1 I -51]-3 1 I -5|-3
~ 0 I -8|=7|~] 0 I -8 -7
0 I -8|-7 0 O 0| O

r(A)=2=2=r(C)<3.
Demak, sistema birgalikda va anigmas. @
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1.3.2. n=m bo‘lsin. Bunda (1.6) sistemaning A4 matritsasi kvadrat
matritsa bo‘ladi. 4 matritsaning  Adeterminantiga (1.6) sistemaning
determinanti deyiladi.

Agar A#0 bo‘lsa, (1.6) maxsusmas (yoki xosmas) sistema, agar A=0
bo‘lsa, (1.6) maxsus (yoki xos) sistema deb ataladi.

n noma’lumli » ta chizigli maxsusmas tenglamalar sistemasi yagona
yechimga ega bo‘ladi. Bu yechim matritsalar usuli bilan yoki Kramer
formulalari bilan topiladi.

1). Cizigh tenglamalar sistemasi yechishning matritsalar usulida
(1.6) sistemaning yechimi

X=A4"B. (1.7)

formula bilan topiladi.
2 —misol. Tenglamalar sistemasini matritsalar usuli bilan yeching:
3x, —x, +x, =4,
2x,+x, —2x,=2,

x, —3x,+x, =6.

@ 3 -1 1 3 -1 1
A=[2 1 =2|, A=|2 1 -2|=3+2-6-1-18+2=-18.
1 -3 1 1 -3 1

Demak, sistema maxsusmas.

Sistema determinantining algebraik to‘ldiruvchilarini topamiz:

I -2 -1 1 -1 1
An: _3 1 ==5; A21:_ 31 =-2; A3|: 1 -2 =1

2 =2 31 3 1
do=- | |4 4= |=2 A= _,|=8
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R R R
13_1_3_ ’ 23 1_3_9 33_2 1_ :
U holda
-5 —
R
18
-7 8
Tenglamaning yechimini (1.7) formula bilan topamiz:
-5 - 4 —20-4+6 ~18 1
X=A"]B=—L -4 2 8|2 =—L —-16+4+48 =—L 36 |=|-2].
18 18 18
-7 6 —-28+16+30 18 -1
Demak, x, =1, x,=-2, x,=-1. O
2) (1.6) sistema yechimini
X, =% (izl,n) (1.8)

formulalar orqali topish mumkin. Bu formulalarga Kramer formulalari
deyiladi. Bunda Ax determinant A determinantdan x, noma’lumlar oldidagi
koeffitsiyentlarni ozod hadlar bilan almashtirish orqali hosil gilinadi.

3 —misol. Tenglamalar sistemasini Kramer formulalari bilan yeching:
2x,+ x, +3x,=-1,
x, +2x,— x,= 0,
3x, +4x, +2x, = 1.

@ A va Ax, determinantlarni hisoblaymiz:

2 1 3
A=|1 2 —1|=8-3+12-18+8-2=5;
34 2
-1 1 3 2 -1 3 2 1 -1
Ax,=| 0 2 —1|=-15; A, =1 0 -1|=10; Ar,=|1 2 0]|=5
1 2 301 2 304 1
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Tenglamaning yechimini (1.8) formulalar bilan topamiz:
oI5 A

1 Ax
| =—=—=-3; X, 2=—0=2; X, = 3=§=1. o
A 5 A 5 A5

Ax

Agar (1.6) sistema maxsus bo‘lsa:

— Ax,,Ax,,...,Ax lardan birortasi noldan farqli bo‘lganda sistema
yechimga ega bo‘lmaydi;

— Ax,=Ax, =...=Ax, =0 bo‘lganda sistema cheksiz ko‘p yechimga ega
bo‘ladi yoki birgalikda bo‘lmaydi.

1.3.3. n#m bo‘lganda (1.6) sistemaning yechimi noma lumlarni ketma-
ket yo ‘qotishga (chigarishga) asoslangan Gauss usuli bilan topiladi.

Tenglamalar sistemasini Gauss usuli bilan yechish ikki bosqichda
amalga oshiriladi.

1-bosgich (1.6) sistemani pog‘onasimon (trapetsiyasimon yoki
uchburchaksimon) ko‘rinishga keltirishdan iborat. Buning uchun birinchi
tenglamaning chap va o‘ng tomonini «,, #0ga (agar a, =0 bo‘lsa, u holda bu
tenglama sistemaning x, noma’lum oldidagi koeffitsiyenti nolga teng
bo‘lmagan tenglamasi bilan almashtiriladi) bo‘linadi va birinchi tenglama
qilib yoziladi. Birinchi tenglamani [— %j ga ko‘paytirib, i-tenglamaga
qo‘shiladi va i-tenglama qilib yoziladi. Bunda sistemaning ikkinchi
tenglamasidan boshlab x, noma’lum yo‘qotiladi.

Agar sistemada x, noma’lum oldidagi koeffitsiyenti birga teng bo‘lgan
tenglama bor bo‘lsa, bu tenglamani birinchi yozish orqali hisoblashlarni
osonlashtirish mumkin.

Shu kabi 4 #0 deb, sistemaning uchimchi tenglamasidan boshlab
x,noma’lum yo‘qotiladi va bu jarayon mumkin bo‘lguniga gadar davom
ettiriladi.

Bu bosqichda, agar:

— 0=0ko‘rinishdagi tengliklar hosil bo‘lsa, u holda bu tengliklar tashlab
yuboriladi.

— 0=b" (b*#0) ko‘rinishdagi tengliklar hosil bo‘lsa,  jarayon
to‘xtatiladi. Chunki berilgan sistema birgalikda bo‘lmaydi.
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2-bosgich pog‘onasimon sistemani yechishdan iborat. Pog‘onasimon
sistema  yagona yoki cheksiz ko‘p yechimga ega. Agar sistema
uchburchaksimon ko‘rinishga kelsa, ya’ni tenglamalar soni noma’lumlar
soniga teng (k=n) bo‘lsa, sistema yagona yechimga ega bo‘ladi. Agar
sistema trapetsiyasimon ko‘rinishga kelsa, ya’ni £ <n bo‘lsa, sistema cheksiz
ko‘p yechimga ega bo‘ladi. Bunda sistemaning oxirgi tenglamasidagi
birinchi noma’lum x, tenglamaning chap tomonida qoldiriladi va qolgan

erkin noma’lumlar deb ataluvchi x, ,...,x noma’lumlar tenglamaning o‘ng
tomoniga o‘tkaziladi. Keyin x, oldingi (x-1)-tenglamaga qo‘yiladi va x_,
erkin noma’lumlar orqali ifodalanadi. Bu jarayon shu tarzda davom ettirilib,
birinchi tenglamadan x, ning erkin noma’lumlar orqali ifodasi topiladi.

4 —misol. Tenglamalar sistemasini Gauss usuli bilan yeching:
2x, —4x, —x,=-2,
3x, + x, —2x,=-11,

X, —2x, +4x,= 8.

& Sistemada quyidagicha almashtirishlarni bajaramiz:
— birinchi va uchinchi tenglamalarning o‘rinlarini almashtiramiz;

— (-3) ga ko‘paytirilgan birinchi tenglamani ikkinchi tenglamaga va
(-2) ga ko‘paytirilgan birinchi tenglamani uchinchi tenglamaga hadma-had
qo‘shamiz;

— ikkinchi va uchinchi tenglama hadlarini mos ravishda 7 ga va (-9) ga
bo‘lamiz

— x, ning qiymatini birinchi va ikkinchi tenglamalarga qo‘yamiz;
ikkinchi tenglamadan x,ni topib, uning qiymatini birinchi tenglamaga
qo‘yamiz;

— sistemaning yechimlarini x,, x,, x, ketma-ketlikda yozamiz.

2x, —4x, —x,=-2, X, —2x, +4x,= 8§,
3x,+ x, = 2x,=-11,={3x,+ x, - 2x,=-11,=
X, —2x,+4x,= 8 2x, —4x, —x,=-2
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X, —2x, +4x,= 8§, X, —2x, +4x,= 8§,

= Tx, —14x, =-35,= X, —2x,=-5,=
9x, =18 X, = 2
x, = 2, X, = 2, X, =-2,
= xX,—2:2=-5,= x,=-1L,={x,=-1,

x, —2x,+4-2= 28 x,—2-(-)=0 x, = 2.

Gauss usulining 1-bosqichini sistemaning o‘zida emas, balki uning
kengaytirilgan matritsasida bajarish qulaylikka ega. Masalan, yuqoridagi
tenglamaning 1-bosqichi quyidagicha bajariladi:

2y -4 -11-2 51 -2 4 8
3) I -2 -1 ~[_,,3 1 =2 |-11|~
/-2 4] 8) o

2 -4 —11|-2

1 -2 4] 8) (1 -2 4] 8
~7 |0 7 -14|-35|~0 7 -2]|-5
(N0 o -9|-18/ o 0o 1] 2

1.3.4. Ozod hadlari nolga teng bo‘lgan sistemaga bir jinsli tenglamalar
sistemasi deyiladi.

Bir jinsli tenglamalar sistemasi hamma vaqt birgalikda (chunki
r(A)=r(C)) va nolga teng bo‘lgan (trivial) x, =x,=...,=x, =0 yechimga ega.

Bir jinsli tenglamalar sistemasi nolga teng bo‘lmagan yechimga ega
bo‘lishi uchun uning asosiy matritsasining rangi » noma’lumlar soni
n dan kichik, ya’ni r <n bo‘lishi zarur va yetarli.

n noma’lumli » ta chiziqli bir jinsli tenglamalar sistemasi nolga teng

bo‘lmagan yechimga ega bo‘lishi uchun uning A determinanti nolga
teng, ya’ni A=0 bo‘lishi zarur va yetarli.
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5—misol. Bir jinsli tenglamalar sistemasini yeching:

2x, +3x, —2x, =0,

x_

= x, +3x, =0,

4x, + x,+4x,=0.

2.3 -2 1 -1 3 1 -1 3
@A:l)—l 3 ~|_2,2 3 =20~ |0 5 -8~
4 1 4 -41l4 1 4 0 5 -8
I -1 3
~ 5 -8
0O 0 O r(4)=2, n=3, r<n.
Demak, sistema cheksiz ko‘p yechimga ega.
Ularni topamiz:
2x, +3x, —2x, =0, . 2x, +3x, =2x,,
X, — x,+3x,=0 X, — X, =-3x,.
2 3
A= =5,
I -1
2x, 3 2x,
Ax, = =Tx,, Ax,= =—8x,.
-3x, -1 1 —3x,
A Txy . _ Ax,  8x,
LA 577 A 5

Erkin noma’lumni x, =5k (k —ixtiyoriy son) deb, sistemaning umumiy
yechimini topamiz:
x, =—T7k, x, =8k, x, =5k.

Sistemaning xususiy yechimlaridan birini, masalan £ =1da, topamiz:

x,=-7, x,=8, x,=5. O
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Mustahkamlash uchun mashqlar

Tenglamalar sistemasini tekshiring:

X, —x,+x,=2, X, —x,— x,=-1,
13.1. { x +x,—x =1, 1.3.2. { 5x —x, +2x, = 3,

5x, —x, +x,=7. 4x, +3x, = 4.

X+ x,+ Sx,+2x,=1, X, +x,— x,+2x,=3,
1.3.3. 2x,+ x,+ 3x, +2x,=-3, 1.3.4. 2x, —x,+ x,— x,=1,

2x, +3x, +11x, +5x, = 2, 3x, +x, +2x, — x, =5,

x, + x,+ 3x, +4x, =-3. x, —x, +4x, —5x, =2.

Tenglamalar sistemasini matritsalar usuli bilan yeching:

X, +2x,—x,= 3, 2x,+ x,— x,= 2,

1.3.5. 12x, —x, +2x, =—1, 1.3.6. 1 2x, +2x, —3x, =3,
x, +3x, —x, =6. X, +2x, —2x, =-5.

X, +2x,+ x,= 8§, 2x, +7x, — x, =10,

1.3.7. 4 x, +2x, +3x, =10, 1.3.8. 9 x +2x,+ x,= 2,
2x, —3x, —4x, =—4. 3x, —5x, +3x, =-5.

Tenglamalar sistemasini Kramer formulalari bilan yeching:

139, 0= 1310, )% TRk
5x, +2x, =11. 6x, +4x, =10.
X, +2x,+3x,= 5, 2x, = 2x, + x,= 8§,
1.3.11. {3x, —2x, +3x, =—1, 1.3.12. 5 x, +3x,+ x,=-3,
2x, +3x, —2x, = 8. 3x, +2x, —2x, =-5.
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X, +2x,+3x,= 6,
1.3.13. {4x, +5x, + 6x,= 9,
7x, + 8x, =—6.

ax, + ax, + x, =1,
1.3.14. 3 x, +a’x,+ x,=a,

x, + ax, +ax, =1.

Tenglamalar sistemasini Gauss usuli bilan yeching:

2x, + x, +3x,=-13,
1.3.15. % x, +2x,— x,= -2,
3x,+ x,—4x,= 7.

X, +2x, +x, - 2x,=-4,

X, +x,+3x,= 1,
1.3.17. 2 3 4
2x

3x, + x,+4x, =-2.

] +x,— x,= 0,

2x,+3x,— x,—x,= §,

1.3.19. 3x,+ x,— x,+x,= 3§,

x,— x,+ x,—-x,= 0,

3x, +7x, —3x, —x, =16.

3x, +2x, = 3x, =1,
1.3.16. < 2x, + x, +2x,= 4,

X, —3x,+ x,= 9.

2x, + x, + x,= 4,
1.3.18. X, —x,+2x,+2x,= 1,
x, +3x, +2x, =5,
3x, —x, +2x, = 3.
X, —2x, =3x,+ 5x,=-1,
1.3.20. 2x, —3x, +2x, + S5x,=-3,
5x, —7x, +9x, +10x, =38,
X, — x,+3x, =-2.

Bir jinsli tenglamalar sistemasini yeching:

2x, +3x, +2x, =0,
1.3.21. : ? ’

3x,— x, +3x, =0.
3x,+ x, +2x, =0,
1.3.23. { x, +2x, —3x, =0,
5x, +5x, —4x,=0.

x, +3x, —6x, +2x, =0,

Ox —
1.3.25. 0 "
3x, —2x, +2x, - 2x, =0,

x, +2x, =0,

2x,+ x, +4x, +8x, =0.

1.3.22. {3)&?] - x,+4x, =0,

5x,+3x,+3x, =0.

2x, +3x,+ x, =0,
1.3.24. {3x, — 2x, +3x, =0,
4x, +3x, +5x, =0.

X — x,—2x,+ 3x,=0,
+2 — 4x,=0,
1.3.26. "7 &

x, —4x,+ x,+10x, =0,

2x,+ x,—2x,— x,=0.
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I-NAZORAT ISHI

1. Determinantni xossalar bilan soddalashtirib, hisoblang.

2. A va B matritsalar berilgan. 4B, (4AB) ' (agar mavjud bo‘lsa)
matritsalarni va r(4B)ni toping.

3. Tenglamalar sistemasini tekshiring.

Y ° I '

-3

-2
1
-3
4

0
4
-1
3

2
3
2
-2

-1
-1

4l

2

-1
4

-1l

1

I-variant

1 4
0 -1 3
2.4=| 2 0|, B= .
s -1 2 0

X, — x,+3x,+3x,= 6,
3x, +2x, — x,+2x,=-3,

X, —4x,+ x,= 0,

x, +3x, -2x,= 3.

2-variant

5 2

-2 4 0
0 4

2x,+ x, —3x,— x,=-3,
3x, +2x, — x, = 2,
—x, +4x,+ x,+3x,= 6,
5x,+3x, —4x,— x,= 0.

I 1
2. A=|-2 0,B=(3 j
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—_— N N =

N — — O

-1

-3
1
-3
2

_— N B~ W

3-variant

0 -1
4 1 1 4
. 2. A=|3 1}, B=
-1 0
0 -1
3 2
2x, —4x, + 3x, +5x, = -8,
3 —3x,+2x,+ 5x,—2x,= -1,
R +13x, + x, =—10,
—2x, +3x, + 3x, +5x,= 8.
4-variant
3 -2
0 4
. 2. A=| 2
2 -3
3 -2
-2 1
3x, + x, —2x,+ x,=5,
3 2x, — x, +2x, +2x, =1,
T l-x, +3x, +3x, =1,
x, +4x, +3x, =3.
5-variant
-1 -2
12 ]
2. A=|2 2|, B=
-3 4
2 -3
4 1
X, + x,+ 3x, +4x,=-3,
3 2x,+ x,+ 3x, +2x,=-3,

2x, +3x, +11x, +5x, = 2,

x, + x,+ 5x,+2x,= 1.

-1 2
2 0

2 3

4 5

1
-1

|

o
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I 5 -1 2
4 1 2 2
3 -3 4 -1
2 2 -1 -4

3.
-1 1 3 =2
0 2 4 -1
3 52 3
-4 3 1 5

3.
-1 2 2
3 0 -1
I -2 3
-2 1 2

3.

_— N B~ W

6-variant

I -1
5 -3 0
2. A=|3 -2|, B= .
I 4 6
4 0

2x,+ x,— x,+ x,= 1,
3x, = 2x, +2x, - 3x, = 2,
5x,+ x,— x, +2x,=-1,

2x,— x,+ x,—3x,= 4.

7-variant
-2 0
-2 3 2
2. A=| 3 21|, B= )
0O 1 -1
~1 4

4x, + x,+ x, +2x, =13,
2x, +4x, +3x,+ x, =21,
X, —2x,— x,+3x,= 5,

Tx, +4x, +3x, + x, =21.

8-variant

-2 1

2 2
3 2

2x,+2x,— x,+ x,= 4,
4x,+3x,— x,+2x,= 6,
3x, +3x, —2x, +2x, = 6,
8x, +5x, —3x, +4x, =12.

-2 0 1
2. A=|-2 4,B=( 3 J
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N — N =

N = = O

-5

-3

3
4
2
1

2

2

—1
-3

-1
1
-3
4

0
1

[ \O B o)W \O

3

-2

-1
-3

-2

9-variant

2x, +3x, — x, +2x, =10,

X, —6x,+ x, =—6,

4x, +3x,

—3x, =4,

3x, = 5x, — x, +2x,= 2.

3x, —

1

—-5x,
—2x,
- 9x,

1

10-variant
2 -3
2. A=|3 -1}, B=
4 0
x, +2x,— 5x,=1,
- x,+ X =2,
—2x, +3x, — 5x,=3,
—5x, +7x, —10x, =8.
11-variant

X, +2x,— x,+2x,= 4,
5x, —

x, +3x, =7,

2x, +3x, +4x, - x,= 8§,

x, + x,—7x,=-5.

i

3 4
35

|
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—_— W N =

2

1
-2
-3

-2
-3

W O W =

3
5
-2
1

4

-2

1
2
2
1

0
2 2
2 -2 2 1
. 2. A=|3 -1}, B= :
-2 0 3 4
4 -2
-3
X, + x,-3x,+2x,= 6,
3 2x, —3x, + 2x, = 6,
) x, + x,+3x,=16,
—x, +2x, + x,= 6.
13-variant
-2
3 -1
] 3 0 -1
. 2. A=|1 0|, B= :
1 5 2 2
1 -3
3
X, —2x, +2x, — 4x,=-2,
3 —5x, +8x, —4x, +12x, =4,
"] 4x,—7x, +5x, —12x, =—1,
2x,—3x,+ x,— 4x,= 3.
14-variant
-2 0
5 =2
-1 1 0 -3 1
2. 4=|3 -3}, B= :
3 2 1 4 2
3 1
4 5
2x,+3x,— x,— x,= 7,
3 X, +4x, -3x,= 0,
5x, +2x, —3x, =10,
x, +2x,—3x, +5x,= 1.

12-variant
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1

-1

2

1

—4

3

_— O W =

-2
-5
1
1

—_— N RN =

1
-2
-1

3

-2

-2

1

15-variant

2 3
-2 3
2. A=|0 2|, B=
3 0 -1
2 -1

2x, +3x, — x, —3x,= 3,
—2x, + Xx, +4x, =-1,
3x, —

= X, +3x,— x,=-6,

2x, —5x,+ x, —5x,=-1.

16-variant
-3 1 s 1
2. 4= -2 , B=
0 -1
2 -2
3x, —x, + x,+5x, =17,
2x, +3x, +2x, =11,
4x, + x, —5x,=-9,
3x, — x, + 6x, = 7.
17-variant

1 -4

2 2
3 -3

2x,+3x,— x,+ x,= 5,
3x, — x, —3x, =—1,

X +2x, +2x, =-5,

1

4x, +3x, +3x, +5x, =10.

2 4 =2
2. A=|5 O,B=(

5

|

|
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-2
1
2

-3

-3

-1

-3
0

—4
1

-2
-1

-3
-3
1
2

—_— NN W

2
-1

-3

3

18-variant

4 0

2x,+3x,— x,+ x,= 17,
—-5x, =11,
x, —2x, + 3x, =-3,

—2x, +4x,

-x, +9x, —=10x, + x, =16.

19-variant

-2 1 2
2. A=|3 1|, B= .
5 2 -1 3

4x, — x, +3x, —2x, =10,

- 2x, +2x,— x,= 1,
x, +3x, +3x, =-5,
S5x, + x, +2x,= 2.
20-variant

1 -4

-2 1 0

2. A=|0 1| B= .

-3 3 2

4 -2

—x, +3x, = 2x, +4x, =1,
3x, + x, —2x, =1,
2x, +5x,— x, =17,
4x, +4x, +3x, + x, =8.

2. A=|3 —2,3:(5 3 0}
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NN = W

3

3

-3

—4

DN O W

21-variant

|

-2
1

-3 1
4 -1
-1 2 2 3
. 2. A=|1 3| B=
-1 2
2 -2
4 1
3x, — X, +4x,= 0,
3 2x,+ x,+ 3x, = 4,
x, +2x,—- 6x,— x,= -0,
5x, +3x, —12x, + 2x, =—12.
22-variant
-1 0
-1 3
-5 -4
. 2. A=| 3 2|
b2 4 0
-1 1 -
2x,— x,+5x,— x,= 9,
3 x, +3x, —4x, =-5,
5x, = 2x,+ x,=-6,
3x, +4x, — x, = 1.
23-variant
3 -1
0 -2 -
2. 4=| 3 ,
2 4
1 3
2x, +3x, —4x, =—1,
3 4x, — x, +2x, =5,
X, +2x, -3x,+ x,=-1,
-x, —3x, +9x, - Tx, = 2.

B,

2 1
0 2

|
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2

1
-2
-3

2
3
1
2

-3
3
-2
3

~2
4
—4
3

—4
-1
0
1

-3
-3
1
2

—_— = N W

1
-2
-1

5

24-variant

3 1

0 -2

2x,— x,+ 4x,+ x, =6,
X, +2x,— 3x,+ x,=1,
Sx
x, —3x, +13x, + x, =8.

] - X, +2x,=6,

25-variant
3 -1 30 -1
2. A=|1 1], Bz( j
2 1 3
2 -3

—x, +3x, +2x, +2x, =1,

2x, — x, + 6x, =38,

3x, +2x,— x,=6,

x, +5x, —3x, =4.
26-variant

4 -1

3 -1

2x,+2x,— x, +3x,= 6,

-x, + x, +3x, = 3,
3x, — 2x, —4x, =-3,
X, +6x, —4x, = 2.

-2 4 1
2. A=|3 —l,Bz( j

-3 1
2. A=|1 —3,B=(0 3 j
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-3
4
2

-1

—_— O W N

-2
1
-1
4

1

-1
-2
3
0

(OSTI NI NS T

—_ W N

27-variant

-2 1

3 0 -4

-2 1 1
2. A=| -1 3,B=( j

3 2

2x,+3x, - x,— x,=3,

x, —4x, +5x, =2,
4x
2x, +8x, +3x, - 9x, =4.

] +3x,+ x, =8,

28-variant

I 2

2 -3

3x, +2x,— x,—2x,=2,
-x, +3x, - x, +2x,=3,
2x, + 5x, — 2x, =35,

x, +8x, —3x, +2x, =8.

29-variant
2 =5
2 0 -1
2. A=|1 1|, B= .
3 1 4
2 =2

5x, — x,— x, +2x, =-3,
— X, +2x, -3x,= 0,
2x
6x, + x,+2x, =-7.

] +3x, + x, =-4,

-3 2 1
2. A=|3 —2,B=( ) j
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30-variant

0 -2 1 2
1 -2 -5 —4 b4 5 -3 1
1. . 2. A=|3 -3 B= .
2 -4 2 -3 2 30
2 5
31 -1 0

4x, +2x, — x,+2x,= 2,
X, =3x,+ x,— x,= 5,
2x, —

x, +6x, —4x, +3x, =-8.

x, +2x, =17,

I-MUSTAQIL ISH

1. Berilgan determinantni hisoblang: a) i-—satr elementlari bo‘yicha
yoyib; b)j— ustun elementlari bo‘yicha yoyib; c)j— ustundagi bittadan
boshga elementlarni nolga aylantirib va shu ustun elementlari bo‘yicha
yoyib.

2. A, B matritsalar va «, B sonlari berilgan. a4+ BB, AB, A’
matritsalarni toping va 44~ = E ekanini tekshiring.

3. Tenglamalar sistemalarini tekshiring. Birgalikda bo‘lgan sistemani
Kramer formulalari orqali, matritsalar va Gauss usullari bilan yeching.

4. Bir jinsli tenglamalar sistemalarini yeching.

I-variant
1 2 3 4
5 4 2 5 4 -5
-2 1 -4 3
1. J=1j=2. 2.4=|3 2 4|,B=|3 -7 1|,
34 -1 2
1 0 5 1 2 2
4 3 -2 1
a=-1, p=4.
2x,— x, —3x, = 4, 3x, + x, +2x, =1,
3. a){3x, +2x, —3x, =15, b): x, +3x,+2x,=7,
x, —4x, —3x, =6. 2x, + x, +3x,=6.
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2x,—3x,+ x, =0, x, +3x,— x,=0,

4. a) 5x, +2x, =0, b)<4x, —5x, + x, =0,
4x, —x, +4x,=0. 3x, —x, +4x,=0.
2-variant
-1 1 -2 3
3 -10 -1
1 2 23
1. ,i=3,j=2. 2. 4=|3 5 1|, B=| 1 -8
-2 3 1 0
4 -7 5 3
2 3 -2 0
a=-3,p=5.
4x, — x, +2x, =1, 2x, —x, +2x,= 3,
3.a)< 2x,-3x,— x,=7, b): x, +x, +2x, =4,
—2x, +8x, +5x, =10. 4x, + x, +4x, =-3.
4x, —2x,+ x, =0, 4x, —3x, — x,=0,
4. a)<3x, + x, —3x, =0, b){3x, + x, —2x, =0,
2x, +4x, = 7x,=0. X, + 6x, =0.
3-variant
2 -2 0 3
5 -8 -4 1 5
3 2 1 -1
1. , 1=3, j=4. 2. A=|7 0 -5| B=|1 2
1 1 -2 1
4 1 0 2 -1
3 4 -4 0
a=5, f=-1.
3x,+x,— 5x,=0, 3x,+ x,=2x,= 6,
3.a){2x, +x,+ 3x,=7, b): 5x, —3x, +2x, =4,
4x, +x, —13x, =2. 4x, —2x, —3x, =-2.
2x,+ 5x,— x,=0, 2x,— x, +3x, =0,
4. a): 2x, +11x, — 5x, =0, b){3x, +2x, — 2x, =0,
2x, - x, +3x,=0. x,—3x, +4x,=0.
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6 0 -1 1
2 -2 01
1. J=2, j=2.
1 1 -3 3
4 1 -1 2
5 -8 -4 1 5 5
2. 4=|7 0 -5, B=|1 2 1| a=-3, p=1.
4 1 0 2 -1 -3
4x, +2x, — x, =11, 3x,— x,+ x,=-11,
3.a)] 3x, — x, +4x, =6, b): 5x, + x, +2x,= 8,
5x, +5x, — 6x, = 26. X, +2x, +4x, = 16.
5x,— x, —3x,=0, x, +7x,—3x, =0,
4.a){3x, +2x, + x,=0, b)<4x, — x, +3x,=0,
X, +5x, +5x,=0. 6x, +4x, —2x,=0.
5-variant
1 -1 0 3
3 2 1 1
1. , =3, j=1.
1 2 -1 3
4 0 1 2
1 2 1 7 5 1
2. A=|1 -2 4| B=|5 3 -1, a=-1, p=-3.
3 -5 3 1 2 3
2x, +4x, — 5x, =10, X, =3x,— x,= 1,

3.a)

3x, = 3x,+ 4x,= 1,
x, +11x, —14x, =18.

4x, + x, —3x,=0,
5x, +2x, — x,=0,
x, + x,+2x,=0.

4-variant

b):<2x, +x,+ x,=-7,

2x, —x, —3x,= 5.

2x, +3x,— x,=0,

b): x, - x, +3x, =0,

3x, +5x,+ x,=0.



5 0 -4 2
1 -1 2 1
1.
4 1 20
1 1 -1 1
3 2
2. A=|-1 0 2|, B=|2
1 2
5x, —4x,+ x,=6,
3.a){3x, +2x, — x,=3,
x, +8x, —3x, =2.
5x,+ x,— 4x,=0,
4.a){2x, — 3x,+ 2x,=0,
x, —10x, +10x, =0.
1 8 2 -3
3 -2 0 4
1.
5 -3 7 -1
3 20 2
6 7 3 2
2. 4=|3 1 0|, B=|4
2 21 4
4x, + x, —3x,= 3,
3.a) 5x, +2x,— x,= 5,
X, + x,+2x,=-2.
2x, — x, —3x, =0,
4. a){3x, +2x, —3x, =0,
x, —4x, - 3x, =0.

6-variant

2
1, a=1, =1
1
X, +2x,+ x,=8,
b): 4x, —3x, - 2x, =1,
2x,— x, +3x,= 1.
4x, +2x, = 3x, =0,
b): x, + x, +2x,=0,
3x, +2x, —2x,=0.
7-variant
, a=1, =3

2x, +3x, — x,= 2,
b): x, — x, +3x,=-4,
3x, +5x, +x, = 4.

3x, + x, +2x,=0,
b): x, +3x, +2x, =0,
2x, + x, +3x,=0.
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O O W

8-variant

b)

2 -3 4 1
L+ ,i=2, j=4
3 0 21
3 -1 -4 3
-2 3 4 3
2. A=| 3 -1 -4}, B=|0
-1 2 2 1
S5x,+ x,— 4x,=-3,
3.a){2x, — 3x,+ 2x, =13,
x, —10x, +10x, =30.
( 4x, — x, +2x,=0,
4.a): 2x,—3x,— x,=0,
—2x, +8x, +5x, =0.
0 4 1 1
-4 2 1 3
1. , i=4, j=3.
0 1 2 -2
1 3 4 -3
3 4 2 1 4
2. 4= 1 5 3|, B=|1 3
0 1 2 4 1

4. a){

2x, + 6x, —3x, =
3.a){3x, — 2x,+ x,=12,

-3,

1

x, +14x, = Tx, =-8.

4x, + x, —3x,=0,
x, —2x,+ x,=0,
2x, =0.

b)
9-variant
4
2, a=-5,
2

b)

b)

ﬂ:_

4x, +2x, —3x, =-2,
X+ x,+2x,= 5,
—2x, =-1.

3x, + 2x, X

2x, —x, +2x, =0,
X, +x,+2x, =0,
4x, +x, +4x,=0.

B=1.

(2x - x,+ 5x,=27,

5x, +2x, +13x, =70,
3x - x,= -2

1 3
5x,+ x, —2x,=0,
2x, — x, +3x,=0,

2x +7x, =0.

1
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10-variant

0 -2 1 7
4 -8 2 3| . ,
,i=4, j=2.
10 1 -5 4
-8 3 2 -1
-1 0 2 3 01
A= 2 3 2|, B=|-3 1 7| a=-1, p=4.
37 1 1 3 2
(3x, —2x, + x,= -6, 4x + x, —3x, =6,
. a)37x, —9x, + 5x, =-10, b)< 8x, +3x, — 6x, =—15,
2x, +3x, = 2x,=2. x, + x,— x,=-4.
4x, —x, + 3x, =0, 2x,— x, —3x,=0,
. a)4 5x, — Tx, =0, b): x, +5x,+ x,=0,
x, +x, —10x, =0. 3x, +4x, +2x, =0.
11-variant
5 -3 7 -1
3 o 2| . .
, =3, j=4.
2 1 4 -6
3 -2 9 -4
1 7 3 6 5 2
.A=|-4 9 4| B=|1 9 2| a=-3, p=-2.
0 3 2 4 5 2
2x, = 3x,+ x,=-1, x, +3x,— x,=0,
. a) 5x, +2x, =2, b)<4x, —5x,+ x,=7,
4x, —x, +4x, =-3. 3x, —x, +4x, =—4.
2x, +3x, — x,=0, 2x, — x, +2x, =0,
.a){5x, — x, +2x, =0, b) { x + x, +2x,=0,
x,—Tx,+4x,=0. 4x,+ x, +4x,=0.
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12-variant

4 -1 1 5
0o 2 -2 3
1. ,i=1, j=2
3 4 1 2
4 1 1 2
2 6 1 4 -3 2
2. A=|1 3 2|, B=|-4 0 5| a=1, =2
0 1 1 3 2 -3

2x,+ S5x,— x, =1,
3. a) 2x, +11x, — 5x, =3,

- x, +3x, =1.

3x, = 2x,+ x,=0,
4a) 4x,— x, —2x, =0,

—3x, +4x,=0.

21 2 0
3 4 1 2
1. , i=
2 1 1
1 2 -3 =2

2x, — x, +3x, =1,
b){3x, +2x, - 2x, =1,
x,—3x, +4x, =3.

2x, + x, +3x, =0,

b): x, —5x
3x,+4x,+ x,=0.

| 2_x3207

13-variant

2, j=3.

11
2. A=| -1 -1 1|, B=|3 4 3| a=5 B=2.
05

x, +7x, =10.

3x, +x,— 5x,=0,
4.a){2x, +x,+ 3x,=0,
4x, +x, —13x, =0.

3x,+ x, —4x,=-4
3.a) x, +2x, — x,=-4,

1
2
4x, —Tx, =1,
b):2x, +x, = 3x, =-1,
3x, +5x, =16.

3x,+ x, —2x,=0,
b)1 5x, —3x, +2x, =0,
4x, —2x, —3x, =0.
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14-variant

3 2 0 -2
1 -1 2 3
1. ,i=3, j=1
4 5 1
-1 2 3 -3
1 0 3 35 4
2. 4=|3 1 7|, B=|-3 0 1|, a=-5 B=-
2 1 8 5 6 -4
4x, + x,-3x,=-4, S5x,+7x, — x, =1,
3.a):2x, — 3x,+ x,=6, b): x, +7x, =6,

2x, —10x, + 6x, =10.

2x, + 6x, —3x,=0,

2x,— x,+ 5x,=0,

4.a) {3x,— 2x,+ x,=0, b)<5x, +2x, +13x, =0,
x, +14x, —7x, =0. 3x, - x,=0.
15-variant
3 1 2 -3
4 -1 2 4
1. , i=1, j=3
1 -1 1 1
4 -1 2 5
5 1 =2 3 55
2. 4=|1 3 J,B7 1 2|, a=-2, f=-
1 6 0
3x, +7x, — x, =1, 3x, +2x, — x, =6,
3.a):2x, +15x, + x, =10, b): x +3x, +2x, =9,
4x, — x, —3x,=10. 4x,—5x,+ x=5.
3x, = 2x,+ x,=0, 4x, + x, —3x,=0,
4.a){7x, —9x, +5x, =0, b):8x, +3x, — 6x, =0,
2x, +3x, —2x,=0. x, + x,— x,=0.

2x,—4x, +5x, =-1.
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16-variant

3 1 2 0
50 -6 1] .
=3, j=2.
-2 2 1 3
3 2 1

[
I
I
[
I
[

A=|{3 0 6| B=| 2 3

4 3 4 I -2

5x,— x,— x,=3,
x, +3x, +7x, =8,
3x, + x, +3x,=7.

x, —2x,—3x,=0,
x, +3x, —5x, =0,
2x,+ x, —8x,=0.

4x, + x,—3x,=5,

x, — Tx,+ x, = 14,
2x, +15x, — 5x, =-20.
3x, + x, —2x,=0,

x, +3x, —5x, =0,
5x, —

= x,+ x,=0.

1
3, a=-1, f=-2.
-1
2x, + x, =3x, =11,
b): 4x, +8x, =—4,
5x,—6x, =21.

3x,— x,+ x,=0,
b):5x, + x, +2x,=0,
X, +2x,+4x,=0.

17-variant
5 3 2
4 1 O
,i=2, j=4

-2 2 1

1 -2 4

2 -1 -3 2 -1 =2

. A= 8 -7 —-6| B=|3 -5 4|, a=1, p=2.

-3 4 2 1 2 1

3x, — x,+3x,=2,
b)< 3x, + 6x, =3,
2x, —5x, =-12.
2x, —3x, +4x, =0,
b){ 3x, + x, —5x,=0,
4x,+ x, +6x,=0.
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32 0 =5
4 3 -5
1. s i=1 j=2
1 0 -2 3
0 1 -3
31 0 3 1
2. A=|4 3 2| B=|4 3
2 2 -7 2 2
3x, +5x,— x, =7,
3.a):2x, +11x, —5x, =6,
4x, — x,+3x,=6.
4x, +2x, — x,=0,
4. a){ 3x, — x, +4x, =0,
5x, +5x, —6x,=0.
6 2 10 4
5 7 -4 1
1. , 1=2,j=3.
2 4 -2 -6
3 0 -5 4
-3 4 0 1 7
2. A=| 4 5 1| B=|0 2
-2 3 3 2 -1
3x, — x, +2x, =0,
3. a)< 4x, +3x, =4,
X+ x,+ x,=-2.
2x, +4x, — 5x,=0,
4. a) 3x, —3x, + 4x,=0,
x, +11x, —14x, =0.

18-variant

0
2, a=2, p=5.
-7
2x, +4x, —x, =7,
b)<4x, — x, +5x,=-11,
X, +3x,—x, =6.
3x,— x,+ x,=0,
b):5x, + x, +2x, =0,
x, +2x, +4x, =0.
19-variant
-1
6, a=1, p=3.
1

b)

b)

3x, +5x, — x, =1,
2x, + x, + x,=-3,
X, +4x,—3x, =2.
x, —3x,— x,=0,
2x,+ x,+ x,=0,

2x, — x, —3x, =0.



-1 2 4 1
2 3 0 6. .
1. Ji=4,j=3.
2 2 1 4
31 2 -1
-3 4 -3 2
2. A= 1 2 3| B=|5
5 0 -1 1
4x, + x, —3x, =1,
3.a)y x, —2x,+ x,=2,
5x, —x, —2x, =-5.
5x, —4x,+ x,=0,
4.a){3x, +2x, — x,=0,
x, +8x, —3x, =0.
1 1 -2 0
3 6 -2 5
1. , i=4, j=1.
1 0 6 4
2 3 5 -1
3 5 -6 2

2. A=| 2 4 3| B=|-3

-3 1 1 4

4x, —x, + 3x,=-8,
5x - Tx,=-3,
x, +x, —10x, =3.

1

5x,— x, —2x,=0,
3x, —4x,+ x,=0,
2x, +3x, —3x, =0.

20-variant

-2 0

4 1|, a=4,p=5.
I 2

5x,+ x, =2x, =17,
b){ 2x, — x, +3x, =2,
2x + 7x, =16.

1

x, +2x,+ x,=0,
b)<4x, —3x, —2x, =0,
2x, —

= x, +3x, =0.

21-variant

g8 -5
-1 0|, a=3, B=2.
5 3

2x, — x,—3x,=-9,
b): x, +5x, + x, =20,
3x,+4x, +2x, =15.

Tx, —5x, +x, =0,
b)< 4x
2x,+3x, +4x,=0.

] + x,=0,
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[—
A~ O O D

2. 4

-1

22-variant

0 -1 -3
3 -9 0| 3 o3
2 -1 3T
2 0 6
2 -1 0 -3 0 -2
2. 4=|3 3 1, B=| 1 -6 3| a=2, p=-3.
4 -4 -5 2 0 2
2x, +3x,=-2, (4%, — x,— x,=10,
X, — X, +2x,=-5, b)< 2x, +6x, =38,
X+ x,+ x, =1 3x, —Tx, =35.
5x, —5x,— 4x,=0, ( x, +x,+2x, =0,
4x, —4x, — 9x, =0, b)<4x, +x, +4x, =0,
3x, —3x,—14x, =0. 2x,—x, +2x,=0.
23-variant
2 0 4
2 -3 1 1
, i=4, j=4.
3 -1 2 4
2 0 1 3
2 -1 -4 0O 0 -4
=4 -9 3|, B=|5 -6 4| a=-5 p=I.
2 -7 1 7 -4 1
x, —2x,—3x,=3, 3x, — x,+ x, =12,
x, +3x, —5x, =0, b){5x, + x, +2x, =3,
2x, + x, —8x,=4. X, +2x,+4x, =6.
3x, — x,+2x,=0, 3x,+5x, - x,=0,
4x, +3x, =0, b):{2x, + x,+ x,=0,
x,+ x,+ x,=0. x,+4x,—3x,=0.
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24-variant

4 1 2 0
-1 2 1 -1
1. , i=3, j=2.
31 2 1
5 0 4 4
8 5 -1 4 -7 -6
2. 4=|1 5 3| B=|3 2 -1} a=-1,p=-2.
1 1 0 o 1 2
3x, + x, —2x,=5, 2x, —3x, +4x, =3,
3.a)] x +3x,—5x,=3, b){3x, + x, —5x, =10,
5x, — x,+ x,=1. 4x,+ x, +6x,=1.
3x, + x, —4x,=0, 4x, —Tx, =0,
4.a) x, +2x, — x,=0, b)< 2x, + x, —3x, =0,
x, +7x, =0. 3x, +5x, =0.
25-variant
4 3 -2 -1
21 -4 3
1. , 1=2, j=3.
0 4 1 -2
50 1 -1
2 1 -1 3 6 0
2. 4=|2 -1 1, B=|2 4 6|, a=3, pB=5.
1 0 1 1 -
5x,— x, —2x, =1, 7x, —5x, +x, =-33,
3.a)3x, —4x, + x,=7, b): 4x, + x, =7,
2x, +3x, —3x, =4. 2x,+3x, +4x, =12.
4x, + x,-3x,=0, 3x,— x, +3x,=0,
4.a); x, — Tx,+ x,=0, b)< 3x, +6x, =0,
2x, +15x, = 5x, =0. 2x, —5x,=0.
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35 1 2
0 1 -1 -2
1. Jd=4,7=1
3 1 -3 0
1 2 -1 2
-6 1 11 3
2. 4= 9 2 5|, B=|0
0 3 7 1
5x, —5x, — 4x, =-3,
3.a) 4x, —4x, — 9x, =0,
3x, —3x,—14x, =1.
3x, +5x, — x, =0,
4.a):2x, +11x, —5x, =0,
4x, — x,+3x,=0.
2.7 2 1
1 1 -1 0
1. ,i=4, j=1
34 0 2
05 -1 -3

2x, +3x, — x,=-7,
5x,— x, +2x, =12,
x,—Tx, +4x, =20.

2x

X, —

] +3x, =0,
x, +2x,=0,

x,+ x,+ x,=0.

26-variant

0
2 7|, a=2, f=-1.

X, +x, +2x, =-4,

b)<4x, +x, +4x, =-3,

2x,—x, +2x,=3.

2x, +4x, —x,=0,
b){4x, — x, +5x, =0,

x,+3x,— x,=0.

27-variant

2x, —

] x, +2x,=0,

b): x + x, +2x,=4,

4x,+ x, +4x, =6.

4x, — x,— x,=0,

b)< 2x, + 6x, =0,

3x

—Tx,=0.

1
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4 -5 1 -5
-3 2 8 -2
5 3 -1 3
-2 4 6 8

8 -1 -1

,i=1 j=3

28-variant

3 25
2. A= 5 -5 -1, B=|3 2 1|, a=4, p=-4.
I 0 2

10 3 2

4x, —2x, + x, =5,

3.a):3x, + x,—3x, =5,

4. a) 2x, —

2x, +4x, = Tx, =4.

4x, + x,-3x,=0,
.= 3x,+ x, =0,
2x, —10x, + 6x, =0.

(\®)
(e}
—_— e e W
|
[

3 -7 2 0 5

4 -2 3 2

5x, — x, =3x,=19,
3x, +2x, + x,=-2,

x, +5x, + 5x, =-20.

3x, + 7x,— x,=0,
2x, +15x, + x,=0,
4x, — x,—3x,=0.

1

1

4x, —3x,— x, =95,
b){3x, + x, —2x, =-2,
x, + 6x, =-5.

5x, +7x, — x,=0,

i=4,j=4.

b): «x, +7x, =0,
2x,—4x, +5x,=0.
29-variant
-3
1, a=-1, f=2.
-5
x, +7x, — =0,

)14x, — x, +3x ——8,
6x, +4x, —2x, =0.

3x, +2x,— x,=0,
x, +3x, +2x, =0,
-5x,+ x,=0.
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30-variant

4 1 20
2 -1 2 3
1. i=2, j=2.
3 0 1 1
2 1 2 3
4 1 -4 0 -1 1

2. A=|2 -4 6| B=|2 5 0|, a=-4, p=4.
1 2 -1 112

3x, = 2x, + x,=3, 2x, + x, +3x,=-3,
3.a) 4x, — x, —2x,=6, b): x, —5x, - x,=-10,
2x, —3x, +4x, =2. 3x,+4x,+ x,=4.
5x,— x,— x,=0, 2x, +x, —3x, =0,
4.a)] x, +3x,+7x,=0, b)< 4x, +8x, =0,
3x, + x, +3x, =0. 5x,—6x, =0.

NAMUNAVIY VARIANT YECHIMI

-4 1 20
2 -1 2 3
1.30. =2, j=2.
-3 0 1 1
2 1 2 3

@& a) Determinantni i =2 —satr elementlari bo‘yicha yoyamiz.
Determinantning 9° xossasiga ko‘ra
A=a,A, +a,A,+a,A,+a,A,=-a,M, +a M, 6 —a M, +a,A, =.

217721 227722 237723 247724 247724

1 20 -4 20 -4 10 -4 1 2
—2.00 1 1|=1:]=3 1 1|-2:{-3 0 1{+3-[-3 0 1|=
1 2 3 2 23 2 13 2 1 2

=2-3+2+0-0-2-0)—(-124+4+0-0+8+18)—-2-(0+2+0-0+4+9) +
+30+2-6-0+4+6)=—6—-18-30+18=-36.



b)Determinantni ;j =2 —ustun elementlari bo‘yicha yoyamiz:

A = alZAIZ + a22A22 + a32 A32 + a42 A42 = _aIZMIZ + a22M22 - a32M32 + a42A42 =
3 -4 2 0 -4 2 0
=—1-/-3 1 1|-1{-3 1 1|-0+1:] 2 2 3|=
2 3 2 23 -3 11

=—(6+4-18-6-4+18)—(-124+4+0-0+8+18) +
+(-8-18+0-0+12-4)=-0-18-18=-36.

c) Determinantni j=2-ustundagi bittadan boshga elementlarni nolga
aylantirib va shu ustun elementlari bo‘yicha yoyib hisoblaymiz.

Buning uchun:

— I-satr elementlarini 2- satrning mos elementlariga qo‘shamiz;

— 1-satr elementlarini (-1)ga ko‘paytirib 4-satrning mos elementlariga
qo‘shamiz;

— determinantni 2-ustun elementlari bo‘yicha yoyamiz

4 1 20
~2 4 3 -2 4 3
-2 0 4 3 .
A= =1-(-D™] =3 1 1|=-{-3 1 1]
3 0 1 1
6 0 3 6 0 3
6 0 0 3

Uchinchi tartibli determinantda 2 -ustunning 2 -satri elementidan
boshqa elementlarini nolga aylantiramiz. Bunda a,element nolga teng

bo‘lgani uchun faqat a, elementni nolga aylantiramiz. Buning uchun 1-satrga
(-4)ga ko‘paytirilgan 2-satrni qo‘shamiz, hosil bo‘lgan determinantni
2 —ustun elementlari bo‘yicha yoyamiz va kelib chigqan ikkinchi tartibli
determinantni hisoblaymiz:

100 0 —1
A=— =3 1 1 |==1-(=1)""-
6 0 3

=-36. O
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4 I -4 0 -1 1
2.30. A=|2 -4 6], B=|2 5 0|, a=-4 pB=4.
I 2 -1 I 1 2
@ a) ad + BB matritsani topish uchun 4 matritsa elementlarini « ga, B

matritsa elementlarini g ga ko‘paytiramiz va hosil qilingan a4 va pB
matritsalarning mos elementlarini qo‘shamiz:

4 1 -4 0 -1 1
ad+ BB=(-4)-|2 -4 6|+4-[2 5 0|=
1 2 -1 1 1 2
~16 -4 16) (0 -4 4
=|-8 16 -24|+|8 20 0]=
~ 4 -8 4] |4 4 8
1640 —4+(-4) 16+4) (-16 -8 20
=|— 848 16+ 20 -24+0|=| 0 36 -—24].
— 4+4 -8+ 4 4+8 0 -4 12

b) 4B martitsani matritsalarni ko‘paytirish qoidasi asosida topamiz:
4 I —-4)(0 -1 1
AB=|2 -4 6112 5 0]|=
1 2 —-1){1 1 2

0+2-4 -4+ 5-4 4+0-8) (-2 -3 -4
=[0-8+6 —2-204+6 2+0+12|=|-2 —16 14 |
0+4-1 —1+10—-1 140- 2 3 8 -1

c) 4 matritsa determinantini hisoblaymiz:
4 1 -4
| A= 2 -4 6 |=16+6-16-16—-48+2=-56=0.
I 2 -1

A, algebraik to‘ldiruvchilarni topamiz:

—4 6
2 -1

2 -4
1 2

= -8, A =

Il
o

13

A]] :‘
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1 —4 4 —4 4 1
2‘:_‘2 —1‘:_’ SO TS 23:_‘1 2‘:_’
1 -4 4 —4 4 1
A3]—‘_4 o =710 A= =532 AB:‘Z _4‘:—18.
Bundan
I 1T 5
A, A, A, ~8§ -7 —-10) | 7 8 28
oLl 4, 4= s 0 -32|=|-L 0 ©
14| ~56 7 28
A4, A, A, 8 -7 —-18 1 1 9
7 8 28
AA™ = E ekanini tekshiramiz:
I 1T 5 4-1+4 4+0-4 20+16-36
4 1 -4)| 7 8 28 7 8 28
ii—ls 4 el|_Ll y 16]_|244-6 2-046 10-64+54)| .
7 28 7 8 28
2 -1 1 1 9 1-2+1 1+0-1 5+32-9
7 8 28 7 8 28
3x, = 2x, + x,=3, 2x, + x, +3x,=-3,
3.30. a)<4x, — x, —2x, =6, b): x —5x,— x,=-10,
2x, —3x, +4x, =2. 3x,+4x,+ x,=4.
@ a) Sistemaning kengaytirilgan matritsasi ustida elementar
almashtirishlar bajaramiz:
m 3 I 3 -21]3
C={ 4 -1 =216 ~[i»—2 4 -—-116
2 -3 4| 2 = 4 2 =312
1 3 =2 3 I 3 -2] 3
~ 0 10 -5 12 |~ 0 10 -=-5]12|
Lo -10 si-10] (0o o of2

r(A)=2=3=r(C). Demak, sistema birgalikda emas.
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b) Sistemaning kengaytirilgan matritsasi ustida elementar almashtirishlar

bajaramiz:
<2 1 3| =3 1 -5 —1]-=10
c={\1 -5 -1 |-10 ~% 2 1 3| =3~
3 41 4 23 3 4 1| 4
e 1 -5 —1]-10
1 =5 —1(-10 e 5w
0 19 4| 34 0 19 4] 34
1 -5 —1 |-10 1 -5 —1]-10
1
. 0 1 % % - 0 1 % %
~19 51| 51 |21 -
0o o 31|31 el GO
, 11| 11

r(A)=3=3=r(C). Demak, sistema aniq sistema.

1) Sistemani Kramer formulalari bilan yechamiz.
Sistemaning determinantini va yordamchi determinantlarni hisoblaymiz:

2 1 3 3 1 3
A=|1 -5 —1|=51 Ax,=| =10 =5 —1|=-5;
3 4 1 4 4 1
2 -3 3 2 1 -3
Av,=| 1 —10 —1[=102; Ax,=|1 -5 —10 |=-5I;
3 4 1 3 4 4

Tenglamaning yechimini Kramer formulalari bilan topamiz:
o2, Ay oS50

Ax, -51 Ax,
= =-1; x,= =——=2; x —
A 51 A 51

X, -
A 51
2) Sistemani matritsalar usuli bilan yechamiz.
Sistema uchun A =5I1.



Sistema determinantining algebraik to‘ldiruvchilarini topamiz:

-5 -1 I -1 1 -5
Tl B R do==3  |77% A=l g 4|71
I 3 2 3 2 1
2=y T R s PR
1 3 2 3 2 1
A, = =14, A, =— =5, A, = =—11.
-5 -1 1 -1 1 =5
U holda
-1 11 14
a=L_s 27 5|
51
19 -5 -11
Tenglamaning yechimini X = 4'B formula bilan topamiz:
. -1 11 14 -3 . 3-110+56 -51 -1
X=A"B=—|-4 -7 S51]-10|=—| 12+ 70+20 =L 102 |=| 2|
51 51 51
19 -5 -11 4 —-57+ 50-44 -351 -1

Demak, x, =-1, x,=2, x,=-1.

2

3) Sistemani Gauss usuli bilan yechamiz.
Gauss usulining 1-bosqichi yuqorida sistemani tekshirishda uning
kengaytirilgan matritsasida bajarildi va quyidagi ko‘rinish hosil qilindi:

1 -5 —-1|-10
o 1 3|1
11 11
0 O 1 -1

Gauss usulining 2-bosqichini bajaramiz:

x, —5x,— x,=-10, x,= —1,

x+ix—1—7:> x+i(—1)—1—7:>
? o 11 11’
x,=— 1 x, —5x,—- (=1)=-10

3
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x,= 2, =>qx,=2, O
x,—-5-2,=-11 x, =-1
5x, — x,— x,=0, 2x, +x, —3x,=0,
4.30. a)< x, +3x, +7x, =0, b)- 4x, +8x, =0,
3x, + x, +3x, =0. 5x,—6x, =0.

@ a) Sistema matritsasi ustida elementar almashtirishlar bajaramiz:
[—5»5 1 —1 0 -16 -36) (0 —-16 -36
A= I 3 7|~ 1 3 7 1~l1 3 7 1.

Eli‘3 1 3] 20 -8 -18) |0 0 0

r(A)=2, n=3, r <n. Demak, sistema cheksiz ko‘p yechimga ega.
Ularni topamiz:

5x, — x,— x,=0, 5x, — x,=x,,
=
x, +3x,+7x,=0 x, +3x,=-7x

=16, Ax:‘

-
5 -1
1 3

1

-T7x, 3

:Ax] 5 :Ax2 :_9x

LA 4777 A 4

Erkin noma’lumni x, = -4k (k —ixtiyoriy son) deb, sistemaning umumiy
yechimini topamiz: x, =k, x, =9%, x, =—4k.

b) Sistema matritsasi ustida elementar almashtirishlar bajaramiz:

2 1 -3 2 1 -3 1 0 2
( -2
A=:4/4 0 8|4\1 0 2|~ 2 1 -3|~
5 -6 0)(5 -6 0 5 -6 0

1 0 2 1 0 2
~ 0 I -7(~/0 1 =71.
0 -6 -10 0 0 -52

r(4)=3=n. Demak, sistema yagona x, =0,x, =0,x, =0 yechimga ega. O
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I1 bob
VEKTORLI ALGEBRA ELEMENTLARI

2.1. VEKTORLAR

Vektorlar ustida chiziqli amallar. Vektorlarning chiziqli bog‘liqligi,
bazis. Vektorning o‘qdagi proyeksiyasi.
Koordinatalari bilan berilgan vektorlar ustida amallar

2.1.1. Tayin uzunlikka va yo‘nalishga ega bo‘lgan kesma vektor deb
ataladi va 4B yoki & kabi belgilanadi. Bunda 4 nuqtaga vektorning
boshlang‘ich nuqtasi, B nuqtaga uning oxirgi nuqtasi deyiladi. B4 vektor

-

AB vektorga qarama-qarshi vektor hisoblanadi. @ vektorga qarama-qgarshi
vektor (- a ) bilan belgilanadi.

AB kesmaning uzunligiga AB vektorning uzunligi yoki moduli deyiladi
va |4B| ko‘rinishda belgilanadi.

Boshlang‘ich va oxirgi nuqtalari ustma-ust tushadigan vektor nol vektor
deb ataladi va 0 bilan belgilanadi.

Uzunligi birga teng vektorga birlik vektor deyiladi va ¢é orqali
belgilanadi. & vektor bilan bir xil yo‘nalgan birlik vektorga a vektorning
orti deyiladi va 4" bilan belgilanadi.

Bir to‘g‘ri chizigda yoki parallel to‘g‘ri chiziqlarda yotuvchi vektorlar
kollinear vektorlar deb ataladi.

a va b vektorlar kollinear, bir xil yo‘nalgan va uzunliklari teng bo‘lsa,
ularga teng vektorlar deyiladi va a =5 kabi yoziladi. Teng vektorlar erkin
vektorlar deb yuritiladi. Vektorni fazoning ixtiyoriy nuqtasiga o‘z-o‘ziga
parallel ko‘chirish mumkin.

Bir tekislikda yoki parallel tekisliklarda yotuvchi vektorlar komplanar
vektorlar deb ataladi.

d va b vektorlar yig‘indisi deb 4@ va b vektorlar bilan komplanar
bo‘lgana +b vektorga aytiladi. Ikki vektorning yig‘indisi uchburchak yoki
parallelogramm goidalari bilan topiladi.

Bir nechta vektorni uchburchak usuli bilan ketma-ket qo‘shib borish mum-
kin. Bir nechta vektorni bunday qo‘shish usuliga ko ‘pburchak goidasi deyiladi.
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—

i va b vektorlarning ayirmasi deb, bvektor bilan yig‘indisi a
vektorni beradigan d —b vektor tushuniladi.

a vektorning A #0songa ko ‘paytmasi deb, a vektorga kollinear, uzunligi
|A|-|d|ga teng bo‘lgan, A >0 bo‘lsa a vektor bilan bir xil yo‘nalgan, 1 <0
bo‘lganda a vektorga qarama-qarshi yo‘nalgan Aa vektorga aytiladi.

Agar b =2a bo‘lsa, u holda a(a+0) va b vektorlar kollinear bo‘ladi va
aksincha, agar @ (a@=0) va b vektorlar kollinear bo‘lsa, u holda biror 1 son
uchun 4 = Aa bo‘ladi.

a=la|-a’, ya’ni har bir vektor uzunligi bilan ortining ko‘paytmasiga
teng bo‘ladi.

l1-misol. A4BCD to‘g‘ri to‘rtburchakning tomonlari A4B=3, AD=4.
M — DC tomonning o‘rtasi, N—CB tomonning

o‘rtasi (3-shakl). AM,AN,MN vektorlarni mos D

ravishda 4B va AD tomonlar bo‘ylab yo‘nalgan
i va j birlik vektorlar orqali ifodalang.

@ da=al-a’ bo‘lishidan, topamiz:

M C

AB=|AB|-i =3i, AD=|AD| j=4].
3-shaklga ko‘ra

DM =MC=Lpc=Lup=37,
2 2 2

~.

~

BN=NC=%BC=%AD=2].

1-shakl.
Vektorlarni qo‘shish qoidasi bilan topamiz:

AM=AD+DM=4]+%?; AN = AB + BN =3i +2J;

MN:MC+CN=MC—NC=%Z—2}. (]

—

21.2. aa +a,d,+..+aa, ifodaga a.a,,.,a, vektorlarning chizigli
kombinatsiyasi deyiladi, bunda «,«,,...,a, —tayin sonlar.

Agar d,,d,,...,a, vektorlar uchun kamida bittasi nolga teng
bo‘lmagan shunday «,,«,,...,«, sonlar topilsaki, bu sonlar uchun
a,d, +a,d, +...+a,d =0tenglik bajarilsa, u holda 4,,d,,...,a, vektorlarga

chizigli bog ‘lig vektorlar deyiladi.
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Agar a4, +a,d, +...+a a, =0tenglik faqat o, =, =...=«, =0 bo‘lganda

o‘rinli bo‘lsa, u holda, a,a

»d,,...,a, vektorlarga chizigli erkli vektorlar
deyiladi.

Ikkita vektor chiziqli bog‘liq bo‘lishi uchun ular kollinear bo‘lishi zarur va yetarli.

Uchta vektor chiziqli bog‘liq bo‘lishi uchun ular komplanar bo‘lishi zarur va yetarli.

—

Agar R" fazoda ixtiyoriy a vektorni n ta chizigli erkin = &.é,,....
vektorlarning chiziqli kombinatsiyasi orqali ifodalash mumkin bo‘lsa, ya’ni
i=agé +a,é +..+aé tenglik bajarilsa, u holda ¢é,é,,....é, vektorlar R"
fazoning bazisi deb ataladi.

a=age +a,é +ae, tenglikka a vektorning ¢.é,,¢, bazis bo‘yicha

1272273

yoyilmasi, «,,a,,a, sonlarga a vektorning é&,é,,¢, bazisdagi affin

1272273

koordinatalari deyiladi.
Uch o‘lchovli R’fazoda komplanar
bo‘lmagan ¢é,¢,,é,vektorlar bazis tashkil

qiladi. Ikki o‘Ichovli R* fazoda kollinear
bo‘lmagan ¢ ¢, vektorlar bazis tashkil etadi.

2 —misol. Uchburchakli muntazam
piramidada AB,AC,AD - A uchning qirralari,
DO - D uchdan tushirilgan balandlik (2-shakl).
Agar ¢ ,¢,,e, mos ravishda 4B,A4C,AD qirralar

bo‘ylab yo‘nalgan vektorlar bo‘lsa, DO
vektorning ¢,é,,e, bazis bo‘yicha yoyilmasini
toping.

& Vektorlarni songa ko‘paytirish 2_shakl.
amalining xossasiga asoslanib, topamiz:

AB=22, AC=Az2,, AD=22, buyerda 1,1, —haqiqiy sonlar.

1712 2720 3739

—_ -

Piramidada é&,é,,¢, qirralar komplanar emas. Shu sababli DO vektorni
é.,e,,e, bazis bo‘yicha yoyish mumkin.

Piramida muntazam bo‘lgani uchun uning balandligi asosining
medianalari  kesishish  nuqtasiga  tushadi, ya’ni  O-uchburchak

medianalarining kesishish nuqtasi bo‘ladi.
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Vektorlarni qo*shish qoidasiga ko‘ra DO = DA + AO.
Bunda
— —— 2—— 2 AB+AC 1
DA--AD=-As, AO=2api=2.48+4C 155 6).
3 3 2 3
Demak,

DO=-1¢, + %(z]a +212,) O

2.1.3. 4 nuqtadan o‘qqa tushurilgan perpendikularning A4, asosiga
A nugtaning | o ‘qdagi proyeksiyasi deyiladi (3-shakl).

A va Bnuqtalarning / o‘qdagi 4,va B, proyeksiyalarini tutashtiruvchi
AB vektorga AB vektorning |  o‘gdagi
tashkil etuvchisi deyiladi (3-shakl).

ABvektorning 1o ‘qdagi proyeksiyasi deb
A B, tashkil etuvchi va I o‘qning bir tomonga

yoki qgarama-garshi tomonlarga yo‘nalgan
bo‘lishiga garab, musbat yoki manfiy ishora

bilan olingan | 4B, | songa aytiladi va IIp, 4B
bilan belgilanadi, ya’ni
Ip,AB =+| 4B, .

a vektor bilan uning /o‘qdagi tashkil
etuvchisi g orasidagi ¢ burchakka a vektor bilan [o‘q orasidagi burchak
(ikki vektor (a va a,) orasidagi burchak) deyiladi (3-shakl).

Vektorning o‘qdagi proyeksiyasi quyidagi xossalarga ega:

N N

QY QY
<
e\

N
)
>

3-shakl.

1°. Hp,g =| a |cosg;
2°. Ilp (@, +a, +...+a )=Ipa, + Ip,a, +...+ Ip,a_;
3°. Ip(A-d)=A-Tlp.a.
2.1.4. Bazisning vektorlari o‘zaro perpendikular va birga teng uzunlikka

ega bo‘lsa, bu bazis ortanormallangan bazis deb ataladi. Dekart
koordinatalar sistemasi Oxyzortanormallangan bazis tashkil qiladi. Bunda

bazis sifatida Ox, Oy, Oz o‘qlarnig ortlari bo‘lgan i,;.k vektorlar olinadi.
a vektor i, j,k bazisda quyidagicha ifodalanadi:
di=ai-+aj+ak. (1.1)
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(1.1) ifoda vektorning i,j,k bazis bo ‘vicha yoyilmasi deb ataladi va
qisqacha a={a;a;a } deb yoziladi. Bunda a, ,a a larga a vektorning
koordinatalari yoki proyeksiyalari deyiladi.

a vektor uchun
ld|=Ja] +a, +a’, (1.2)
ya’ni vektorning uzunligi uning koordinata o‘qlaridagi proyeksiyalari
kvadratlarining yig‘indisidan olingan kvadrat ildizga teng bo‘ladi.
d={a;a a} vektorning yo‘nalishi uning Ox,0y va Oz o‘qlari bilan
tashkil gilgan «, 8,y burchaklari bilan aniqlanadi.
Bunda
cosazﬁ_lj‘ , cosf=——, cos;/=a—j.
cosa, cosf, cosy sonlariga a vektorning yo ‘naltiruvchi kosinuslari
deyiladi. Bunda cos’ a + cos® B +cos’y =1.

a vektorning birlik vektori uchun a° ={cosa;cos B;cosy}.

3-misol. Uzunligi |a |=2 ga teng vektor Ox,Oy koordinata o‘qlari bilan
a=60°, B =120°1i burchaklar tashkil giladi. @ vektorning koordinatalarini
toping.

@ Vektorning o‘qdagi proyeksiyasining 1° xossasidan topamiz:

_ 1 _
a, =|a|cosa =2cos60’ =2-5=1; a, =|a|cosf =2cosl20° :2-(—%j:—1.

Vektorning uzunligini topamiz:
2=\l+1+a’.
Bundan o’ =2yoki a.=+/2 va a_=—+/2.
Demak,
a={;-1;v/2} vaa={;-1;-2}. @
21.5.d=ai+a,j+ak vab=bi+b j+bk vektorlar berilgan bo‘lsin.
U holda
atb=(a £b)i+(a,+b)j+(a £b)k (yoki atb={a +b;a, +b;a +b}),
Aa=lai+Aa,j+ak (yoki la={la;la ;la}).

i=b dan a =b, a,=b, a =b, kelib chigadi.
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4 —misol. d=-4i -2 +4k vektor berilgan. Bu vektorga qarama-qarshi
yo‘nalgan, kollinear va uzunligi |5 |=9 bo‘lgan vektorning koordinatalarini
toping.

@ b vektorning koordinatalari b,,b,,b., ya'ni b ={b ;b ;b.} bolsin.
dva b vektorlar kollinear bo‘lsa ¢ =15 bo‘ladi, bu yerda A —ixtiyoriy son.

U holda ikki vektorning tengligi shartidan b =2a , b, = Aa, , b, = Aa_yoki

b,=—44, b,==2A, b, =41.

Bu koordinatalarni va » vektorning uzunligini hisobga olib, topamiz:

9=+164>+42° +162*, 9=+61 yoki 1:%.

d va b vektorlar qgarama-qarshi tomonlarga yo‘nalgani uchun 1 <0, ya’ni

a=-2.
2

Demak,
b=1{63-6. O

Oxyz dekart koordinatalar sistemasida OM vektorning koordinatalari
M nuqtaning koordinatalarini aniqlaydi. OM vektor M nuqtaning radius
vektori deb ataladi va r={x;y;z} bilan belgilanadi. Bunda M nuqtaning
koordinatalari M (x;y;z)kabi belgilanadi.
A(x,;y,;z,)va B(x,;y,;z,) nuqtalar berilgan bo‘lsin.
U holda
AB={x, - x;y, - y;z, - 2}, (1.3)
ya’ni vektorning koordinatalari uning oxirgi va boshlang‘ich nuqtalari mos
koordinatalarining ayirmasiga teng bo‘ladi.

[4B|=(x, = x) + (1= 3)* + (2, -2 (1.4)
ya'ni 4B vektorning uzunligi 4 va B nugqtalar orasidagi masofani aniqglaydi.
(1.4) tenglikka ikki nugta orasidagi masofani topish formulasi deyiladi.
5 —misol. A(1;2;-1), B(4;5;1), C(3;—1;1) nuqtalar berilgan. a = AB -3AC
vektorning uzunligini va yo‘naltiruvchi kosinuslarini toping.
@ Vektorlarning koordinatalarini topamiz:
AB={3;32}, AC={2-32},

G=AB-34C=1{3-3-23-3-(=3);2—3-2} = {-3:12;—4}.
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Bundan

12 4
|a|=v9+144+16 =13, cosa =—%, cos f3 :E’ cosy =—B. o
Boslang‘ich va oxirgi nuqtalari A(x;y;z,) va B(x,;y,;z,)bo‘lgan AB
kesma berilgan bo‘lIsin.

AB kecmani berilgan A >0nisbatda bo‘luvchi, ya’ni bu kesmada A€ _;

tenglik bajarilishini ta’minlovchi B nuqta bilan ustma - ust tushmaydigan
C(x;y;z) nugtaning koordinatalari

A ntAy,_z+ Az
1+4 ° | 1+ 1
formulalar bilan, xususan, kesma o‘rtasining koordinatalari
x:xl+x2’ :y]+y2’ZzZ]+ZZ
2 2 2

tengliklar bilan aniqlanadi.

6 —misol. @ ={2;-6;3} va b ={-4;3;0} vektorlardan hosil bo‘lgan burchak
bissektrisasi bo‘ylab yo‘nalgan d = {x; y;z} vektorni toping.

® a={2-63} va b={-43,0} vektorlarni O nuqtaga parallel
ko‘chiramiz. Bunda a.,b,d vektorlar oxirlarining koordinatalari  4(2;-6;3),
B(-4;3;0), D(x;y;z) bo‘ladi.

Burchak bissektrisasi xossasiga ko‘ra

,_|4D|_Ja|_J4+36+9 7

IDB| |b| V16+9+0 5

Kesmani berilgan nisbatda bo‘lish formulalaridan topamiz:

7 7
2+—-(-4 -6+—--3
x:xl+M2: 5 ( ):—E ; y:yl+iy2: 5 :—E'
1+ A 127 27 1+ 2 "y 4’
5 5
7
_;+1%_3+§0_1§_§
1+ 4 1+Z 12 4

Demak,
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Mustahkamlash uchun mashqlar

2.1.1. Agar |a+b|=a—-b| bo‘lsa, @ va b vektorlar ganday shartni
ganoatlantirishi kerak?

2.1.2. ABC uchburchakda A4M to‘g‘ri chiziq ZBAC burchakning
bissiktrisast  bo‘lib, M nuqta BC  tomonda yotadi. Agar
AB=a, AC=b,|d|=2, |b|=1bo‘lsa, AM vektorni toping.

2.1.3. ABCD teng yonli trapetsiyada £DAB=60°,| AD|=|DC|=CB|=2,
M,N -mos ravishda DC va BC tomonning o‘rtasi. BC,AM,AN,NM
vektorlarni mos ravishda 4B va AD tomonlar bo‘ylab yo‘nalgan mva 7
birlik vektorlar orqali ifodalang.

2.1.4. m ning qanday qiymatida ¢ =G —mb va d =—/3d + 6b vektorlar
kollinear bo‘ladi?

2.1.5. Tekislikda uchta a={3;-2}, b={-2i1} va ¢={7:-4} vektorlar
berilgan. Har bir vektorning qolgan ikki vektor bazisi bo‘yicha yoyilmasini
toping.

2.1.6. Biror bazisda a={m;-1;2}, b ={3;n;6} vektorlar berilgan. a va

b vektorlar kollinear bo‘lsa m va n ni toping.

2.1.7. a={2;1,0}, b ={1;-1;2}, ¢ ={2;2;—1} vektorlar berilgan. d = {3;7;-7}
vektorning d,b,¢ bazis bo‘yicha yoyilmasini toping.

2.1.8. ABCD to‘g‘ri burchakli trapetsiya asoslari | AB|=4 va |CD|=2 va
/ABC=45". AB, AD, DC, AC vektorlarning CB vektor bilan aniglanuvchi
[ o‘qqga proyeksiyalarini toping.

43

2.1.9. 4BC teng tomonli uchburchakning tomonlari -, & teng.

Uchburchak 4B, BC, CA tomonlarining va 4D, BF , CE balandliklarining
/BAC burchak bissiktrisasi bo‘ylab yo‘nalgan / o‘qqa proyeksiyalarini
toping.

2.1.10. @ = {- 1;5;-2} va b ={2;—1;3} vektorlar berilgan. Quyidagi
vektorlarning koordinata o‘qlaridagi proyeksiyalarini toping:

. 1. 2~ R .
1) 36— 25 2) - jd+ b 3)-25—55; 4) 46 —G.

2.1.11. Agar a={2;-1;1} vektorning boshlang‘ich nuqtasi 4(3;—2;—4}
nuqta bo‘lsa, uning oxirgi nuqtasining koordinatalarini toping.
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2.1.12. Agar a=1{2;4-1} vektorning oxirgi nuqtasi B(-1;3;—4}nuqta
bo‘lsa, uning boshlang‘ich nuqtasining koordinatalarini toping.

2.1.13. Tomonlari a={-1;0;7} va b ={5-4;—-5}vektorlar uzunliklaridan
iborat bo‘lgan parallelogramm diagonallarining uzunliklarini toping.

2.1.14. 4 va B nuqtalar berilgan. 4B vektorning uzunligini va ortini
toping:

1) A(—4;-9;6), B(8;6;—10); 2) A(6;-1,9), B(2;—4;-3).

2.1.15. Oxo‘qining berilgan A4 nuqtadan « masofada joylashgan
nuqtasini toping:

1) A(-3;3), a=5; 2) A(4;12) a=13.

2.1.16. Oy o‘qining berilgan nuqtalardan teng uzoqlikda joylashgan
nuqtasini toping:

1) A(-4;2) va B(60); 2) A(8:2) va B(3;-3).

2.1.17. Uchlart A4(4;1;-3), B(1;4;-2), C(1;10;—8) nuqtalarda bo‘lgan
ABC uchburchakning 4D medianasi uzunligini toping.

2.1.18. M nuqtaning radius vektori koordinata o‘qlari bilan bir xil
burchak tashkil qiladi va uzunligi 3 ga teng. M nuqtaning koordinatalarini
toping.

2.1.19. a vektor OXva OZo‘qlari bilan mos ravishda 60°va 120°li
burchak tashkil qiladi. Agar |ad|=4bo‘lsa, bu vektorning koordinatalarini
toping.

2.1.20. 4 ={23}, b ={1;-3}, &={-1;3} vektorlar berilgan. ¢ ning qanday
qiymatlarida 7 =a+ab va ii=a + 3¢ vektorlar kollinear bo‘ladi.

2.1.21. d=16i —12j +15k vektor berilgan. Bu vektor bilan bir xil
yo‘nalgan, kollinear va uzunligi |b|=15 bo‘lgan vektorning koordinatalarini
toping.

2.1.22. A(2:-1;0), B(1;-1;2), C(0;5;3) nuqtalar berilgan. G = 4B — CB
vektorning ortini toping.

2.1.23. Uchlari berilgan nuqtalarda joylashgan uchburchak medianalarining
kesishish nuqtasini toping:

1) A(7:-4), B(-1;8) va C(-12;-1); 2) A(-4;2), B(2:6) va C(0;-2).

2.1.24. a=1{5;2;14} va b = {-3;0;,—4} vektorlar orasidagi burchak

bissektrisasining birlik vektorini aniglang.
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2.2. VEKTORLARNI KO‘PAYTIRISH

IKkki vektorning skalyar ko‘paytmasi. Ikki vektorning vektor
ko‘paytmasi. Uchta vektorning aralash ko‘paytmasi

2.2.1. Ikki @ va b vektorning skalyar ko ‘paytmasi deb bu vektorlar
uzunliklari bilan ular orasidagi burchak kosinusi ko‘paytmasiga teng songa

aytiladi va ab, a-b yoki (a,b) kabi belgilanadi, ya’'ni
ab =|a|-|b|-coso, (2.1)
yoki
b =|b |-Ip,a=a|-lp,b,

buyerda ¢= (Ez:l; )

Skalyar ko ‘paytmaning xossalari:
1°. @b =ba (o‘rin almashtirish xossasi);
2°. (Ad)b = A(ab) (skalyar ko‘paytuvchiga nisbatan guruhlash xossasi);
3°. a(b +¢)=ab +ac (qo‘shishga nisbatan tagsimot xossasi);
4°. G L b= ab=0. Shuningdek, @b =0 (|a}#0,/b}#0)= a_Lb;
5. > =a|’ yoki va’ =|a|[Va* =a).
Koordinata o‘qlari ortlarining skalyar ko‘paytmalari:
i2=j*=k*=1, i-j=j-k=k-i=j-i=k-j=i-k=0.
1-misol. Agar |d|=4, |5 |=6,p= (a,B):% bolsa, (3G —b)-(2G + 4b)
ko*paytmani hisoblang.
@& Skalyar ko‘paytmaning ta’rifi va xossalaridan foydalanib,
hisoblaymiz:
(3d—b)-(2d+4b)=3G-2d—b-2G+3d-4b—b -4b =6a° +10Gb —4b* =

=6|Ez|2+10|Ei|-|5|cos§—4|5|2=6-42+10-4-6%—4-62=96+12O—144=72. )

2 —misol. Agar |d|=4, |b|=3,p= (Zz,l;j ~ 2?7[ bo‘lsa, bu vektorlarga

qurilgan parallelogramm diagonallarining uzunliklarini toping.
@ d va b vektorlarga qurilgan parallelogram diagonallari a+5 va
d —b vektorlardan iborat bo‘ladi.
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Skalyar ko‘paytmaning xossalaridan foydalanib, topamiz:

(G+b|=AJ@+b) =Va* +2ab +b> =y|a[ +2|@|| b |cosp+|b|* =
=\/16+2-4-3-(—%)+9=\/§,

|G—b|=y(@-b) =+a’ —2db+b* =|a| -2|a@l||b|cos+|b [ =

=\/16+2-4-3%+9=\/ﬁ )

i=ai+a,j+ak,b=bi+b j+bk vektorlar berilgan bo‘lsin.
U holda
ab=ab +ab, +ab, (2.2)
ya’ni koordinatalari bilan berilgan ikki vektorning skalyar ko‘paytmasi
ularning mos koordinatalari ko‘paytmalarining yig‘indisiga teng bo‘ladi.

3—misol. Agar a = {4;-2;3},b = {1;-2;0},¢ = {2;1;-3} bo‘Isa,
(4 +3b)-(d—b +¢) ko‘paytmani hisoblang.

@ m=d+3b vaii=a-b+¢ vektorlarning koordinatalarini topamiz:
m={4+3-1,-2+3-(-2);3+3:-0}={7;-8;3}, n={4—-1+2;-2+2+1;3-0-3}={5;1;0}.
Bundan (2.2) formulaga ko‘ra

m-n=7-5+(-8)-1+3-0=27. O

Skalyar ko ‘paytmaning ayrim tatbiqlari
1. Ikki vektor orasidagi burchak. a=ai +a,j+ak vab=bi+bj+bk

vektorlar orasidagi burchak ¢ = (Ez:l; ) bo‘lsin.
U holda
b
b

CosSQ =

yoki

ab, + ayby +a.b.

COS¢p = 2 2 2 2 2 2"
a,+a,+a. /b, +b, +b.

(2.3)

L(a,;B.57,) va L(a,;B,;7,) yo‘nalishlar orasidagi burchak uchun
COSQ =cosa, cosa, + cos B, cos B, + cosy, cosy,
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2. Ikki vktorning perpendikularlik sharti. a 1 b bo‘lsin.
U holda
ab +ab +ab =0. 2.4)
I, va I, yo‘nalishlarning perpendikularlik sharti
cosa, cosa, +cos 3, cos B, + cosy,cosy, =0.
3. Vektorning berilgan yo ‘nalishdagi proyeksiyasi:

—

o ab yoki e ab, + ayby +a.b.
pga =— p[;a = .
b | 4/bf+bf,+bf

4. Kuchning bajargan ishi: A=F-S-cosp  yoki A=FS, bu yerda

¢=(Fj§), ya’ni moddiy nuqtaning to‘g‘ri chiziqli harakatida o‘zgarmas
kuchning bajargan ishi kuch vektori va ko‘chish vektorining skalyar
ko‘paytmasiga teng.

4-misol. Moddiy nuqta  A(1;-2;2) nuqtadan B(5;-5;-3) nuqtaga
F={2-1;-3} kuch ta’sirida to‘g‘ri chiziq bo‘ylab ko‘chgan. Quyidagilarni
toping: 1) F kuchning bajargan ishini; 2) F kuchning ko‘chish
yo‘nalishidagi proyeksiyasini; 3) F kuchning ko‘chish yo‘nalishi bilan

tashkil gilgan burchagini.
@® Moddiy nuqta ko‘chish vektorini, uning va F kuchning uzunligini

topamiz:
S=AB={4-3;-5}, |S|=v16+9+25=52, |F|=v4+1+9=+/14.
U holda:
1) A=FS=2-4+(=1)-(-3) + (-3)- (-5) =26 (ish b.);
_FS 26 132
S| 5v2 57
ES 26 1347 1347
3)cosp=———= = , () =arccos . O
|F[-|S| 54214 35

5—misol. #m=d+2b va i =54 —4b 0‘zaro perpendikular vektorlar bo‘lsa
d va b birlik vektorlar qganday burchak tashkil qiladi?

@ L7 bo‘lgani uchun (G +2b)-(5d —4b)=0 bo‘ladi.
Bundan

2) Ip F

56> +6ab —85>=0 vyoki 5|af* +6|a|-|b |cosp—8|b [*=0.
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d va b birlik vektorlar bo‘lgani sababli: 5+ 6cosg —8=0.
Bundan

COS _1 oki p== ()
® 2y ® 3

2.2.2. Agar komplanar bo‘lmagan vektorlar tartiblangan uchligining
uchinchi vektori uchidan garalganda birinchi vektordan ikkinchi vektorga
eng qisqa burilish soat strelkasi yo‘nalishga teskari bo‘lsa, bunday uchlikka
o‘ng uchlik, agar soat strelkasi yo‘nalishida bo‘lsa chap uchlik deyiladi.

Masalan, i,;,k vektorlar o‘ng uchlik, j,7,k vektorlar chap uchlik tashkil
qiladi.

a vektorning b vektorga vektor ko ‘paytmasi deb quyidagi shartlar bilan
aniqlanadigan ¢ vektorga aytiladi:

1) ¢ vektor a va b vektorlarga perpendikular, ya™ni ¢ La va ¢ Lb;

2) ¢ vektorning uzunligi son jihatidan tomonlari « va b vektorlardan
iborat bo‘lgan parallelogrammning yuziga teng, ya'ni |¢|=a|-|b |sine,
bu yerda ¢ = (Ez:l; );

3) a,b,¢ vektorlar o‘ng uchlik tashkil giladi.

a va b vektorlarning vektor ko‘paytmasi @xb yoki [4,5] kabi belgilanadi.

Vektor ko ‘paytmaning xossalari:

1°. 5xl;=—l;x&';

2°.(Ad)x b = A(d xb) (skalyar ko‘paytuvchiga nisbatan guruhlash xossasi);
3°. ax(b+¢)=dxb+axé (qo‘shishga nisbatan tagsimot xossasi);

4°. Agar nolga teng bo‘lmagan ava b vektorlar kollinear bo‘lsa d@xb =0

bo‘ladi. Shuningdek, agar a@xb=0 (|d[#0,|b}«0) bo‘lsa dva b vektorlar
kollinear bo‘ladi.

6 —misol. 7, j,k vektorlarning vektor ko‘paytmalarini toping.
@& Vektor ko‘paytmaning ta’rifidan quyidagi tengliklar bevosita kelib
chigadi:

X
Haqiqatan ham masalan, 7 x j =k uchun: 1)k Li,k L J;
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2) |k =7 j|sin90° =1; 3) 7, j,k vektorlar o‘ng uchlik tashkil etadi

Shu kabi jxk=i,kxi=.
U holda vektor ko* paytmanmg 1 Xossas1ga ko‘ra
]Xl——k kx]— ', zxk——]

Vektor ko‘paytmaning 4° Xossas1dan topamlz
le—]X] kxk=0. O

7-misol. Agar |a|=3,|b|=4,dLlb bo‘lsa, |(3d—-b)x(d—2b)| ni

hisoblang.
@ Vektor ko‘paytmaning ta’rifi va xossalaridan foydalanib,
hisoblaymiz:
(3d—b)x(d—2b)=3dxd—bxd—6dxb+2bxb=-5axb, chunki @xa=0,bxb =0,
Bundan
|(3a —b)x(d@—2b) | 55><l;|=5|Ei|-|l;|sin(p=5-3-4sin%=60-1—60 )
i=ai+a,j+ak,b=bi+b j+bk vektorlar berilgan bo‘lsin
U holda
. =~ |a a |- |a a |- |4 4,
axb= b b i — b b Jj+ b byk
yoki
i j ok
ixb=|a, a, a. (2.5)
b b b

8 —misol. Agar a = {1;3;-2},b = {2;-2;5} bo‘lsa, (2a +3b)x (i —2b)
ko‘paytmani hisoblang.
@ m=2d+3b va ii=a-2b vektorlarning koordinatalarini topamiz
M={2-143:2;2-3+3-(=2);2-(=2) +3-5} = {80:11}
{1-2-23-2-(=2);—2-2-5}={-3;7;-12}.

i 8 11*'+ 80k 77i + 637 + 56k
S I S T U I T A - O

Bundan

0 11
7 —12

mxn=
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Vektor ko ‘paytmaning ayrim tatbiqlari
1.Ikki vektorning kollinearlik sharti. @va b vektorlar kollinear bo‘lsa

Gxb=0
yoki
a a a
co L 2.6
b. b b (2.6)

9 —misol. m, n ning qanday qiymatlarida a = {-2;3;n} va b = {m;—6;2}
vektorlar kollinear bo‘ladi?

@ Ikki vektorning kollinearlik shartiga ko‘ra _72 = i6 = g :
Bundan m=4,n=-1. O
2. Parallelogramm va uchburchakning yuzlari:
a. ’ a ’ a, a, ’

10-misol. @=2j -3k va b=4i +3j vektorlarga qurilgan
parallelogrammning yuzini hisoblang.
@ Parallelogrammning yuzini topish formulasiga ko‘ra

:

3. Nuqtaga nisbatan kuch momenti:

M=FxF ,
ya’ni qo‘zg‘almas nuqtaga nisbatan kuch momenti kuch qo‘yilgan nuqta
radius vektorining kuch vektoriga vektor ko‘paytmasiga teng.

2 2

2 -3
3 0

0 -3
4 0

0
+
4

2 2
+ ; ‘ =\/92 +12° +(-8)’ =17(yb.). O

2.2.3. Uchta a,b, ¢ vektorning aralash ko ‘paytmasi deb a vektorni
b vektorga vektor ko‘paytirishdan hosil bo‘lgan @xb vektorni ¢ vektorga
skalyar ko‘paytirib topilgan songa aytiladi va a@h¢ kabi belgilanadi.
Komplanar bo‘lmagan uchta vektorning aralash ko‘paytmasi qirralari
bu vektorlardan iborat bo‘lgan parallelepiped hajmiga ishora aniqligida teng
bo‘ladi, ya’ni ¥ =+ ahé, bunda vektorlar o‘ng uchlik tashkil gilsa musbat
ishora, chap uchlik tashkil gilsa manfiy ishora olinadi.
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Aralash ko ‘paytmaning xossalari:

1°. (Gxb)-¢=a-(bx?);

2°. @b¢ =béa =cab;

3°. Ikkita qo‘shni ko‘paytuvchining o‘rinlari almashtirilsa aralash
ko‘paytma ishorasini almashtiradi. Masalan, dbé =-bac ;

4°. Agar nolga teng bo‘lmagan 4,b,¢ vektorlar komplanar bo‘lsa,
ularning aralash ko‘paytmasi nolga teng bo‘ladi. Shuningdek, agar
dbc =0 (|d|#0,/b#0,¢|=0) bo‘lsa &,b,¢ vektorlar komplanar bo‘ladi.

i=ai+a,j+ak,b=bi+bj+bk, ¢=ci+ec,j+ck vektorlar berilgan
bo‘lsin.

U holda
a, a, a,
abé=| b, b, b_|. (2.7)
C C C

11-misol. a={-1;-3;2}, b=1{2;2;-4}, & ={3;0,—5} vektorlar berilgan.
ab¢ ko‘paytmani hisoblang.
& Aralash ko‘paytma formulasidan topamiz:

-1 -3 2
abc=| 2 2 —4(=10+36-12-30=4. O
30 -5

Vektor ko ‘paytmaning ayrim tatbiqlari
1. Fazodagi vektorlarning o ‘zaro joylashishi: agar abé>0 bo‘lsa, u
holda vektorlar o‘ng uchlik tashkil qiladi, agar @bh¢<0 bo‘lsa, u holda

vektorlar chap uchlik tashkil giladi.
2. Uchta vektorning komplanarlik sharti:

abc =0
yoki
a, a, a,
b, b, b |=0. (2.8)
C C C
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3. Parallelepiped va piramidaning hajmlari:

a, a, a
vV,=6V, =detl b, b b,
C C C

12-misol. a={2;;-3}, b={;2;1}, &={1;-3;1} vektorlarga qurilgan
piramidaning 5 va ¢ vektorlarga qurilgan yoqiga tushirilgan balandligining
uzunligini toping.

@ G={21;-3}, b={1;2:1}, & = {1;-3;1} vektorlarga qurilgan piramidaning
hajmini hisoblaymiz:

2 1 -3
V,,i,=%det1 2 1 =—|4+1+9+6+6 1|_%
1 -3 1

b va ¢ vektorlarga qurilgan yogning yuzini hisoblaymiz:

SZAJ
2

Piramida uchun 7V = %hS . Bundan

2

2
2 1
-3 1

1 2
+
1 -3

1 52
=—5"+0° + (-5 =—=.
o (-5 ==

+
1 1

325
W 7 52
h=""—-_9 _ ub) O
s T sh 2( )-
2

Mustahkamlash uchun mashqlar

2.2.1. Agar |d|=6, |b|=4, ¢ = (Zz:E ): 2?” bo‘lsa, quyidagilarni toping:

1)a-b; 2) 2d+b)*; 3) Ba-b)-(G+b); 4) (2d-3b)-(d—-2b).
2.2.2. a={;-2;2} va b={24-5} vektorlar berilgan. Quyidagilarni
toping: 1) a-b; 2) a'; 3) 3d-2b)-(G+b); 4) @G-b).
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2.2.3. Berilgan vektorlar m ning qanday qiymatlarida perpendikular
bo‘ladi? 1) a={;—2m0}, b=4{4;23m}; 2)a=4{2:-2;m}, b=1{3m;l};
3) a={3-m0:8}, b={3+ml;2}; 4) a={m-52}, b={m-2;m;m+3j.

2.24.

ee, +ee, +e,

é, ¢,, e birlik vektorlar uchun ¢ +¢, +¢, =0bo‘lsa,
¢, ni toping.

2.2.5. Oxz va Oyz burchaklarning bissektrisalari qanday burchak
tashkil qiladi?

2.2.6. Tomonlari @ =2i + j va b =—] + 2k vektorlardan iborat bo‘lgan
parllelogrammning diagonallari orasidagi burchakni toping.

2.2.7. Berilgan yo‘nalishlar orasidagi burchakni toping:

1) ZI(Z;Z;ZJ va lz(z;z;zj; 2) ZI(Z;Z;ZJ va 12(5_”;2_”;£j_
4°2°4 4’472 634 6’32

2.2.8. a={3,-6,-1}, b={1;4,-5}, ¢ ={3;—4;12} vektorlar berilgan.
Quyidagilarni toping: 1) IIp.a; 2) Hp.(a+b); 3) IIp.(2d —3b).

2.2.9. A(1;2;-3) nuqgtani B(5;6;—1) nuqtaga to‘g‘ri chiziq bo‘ylab
ko‘chirishda F = {2;-1;3}kuchning bajargan ishini toping.

2.2.10. a={3;-1;5} va b ={1;2;-3} vektorlar berilgan. Agar X-a =09,
X-b=-4va X vektor Oz oqiga perpendikular bo‘lsa, ¥ vektorni toping.

2.2.11. a={2;-31}, b={;-2;3} va ¢ = {1,2;~7}vektorlar berilgan. Agar
XLlad, ¥L1b, x-¢=10 bo‘lsa, ¥ vektorni toping.

AN

2.2.12. Agar |d|=4, |b|=6,¢= (Zz,E ):%T bo‘lsa, quyidagilarni toping:
1) axb; 2) [(2d —-3b)x (G +4b)]|.

2.2.13. Tomonlari @ va b vektorlar uzunliklaridan iborat bo‘lgan
parallelogrammning yuzini toping:

AN

1) G=in+2ii, b=2m+i, buyerda |i|=1, |ii|=1, qoz(ﬁé,fz’):%;
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AN

2) a=3m+2i, b=2m—i, buyerda |m|=4,|i|=3, ¢=(m,i)=

§

3) =320, b=5m+4i, buyerda |i|=2, |i|=3, o=(,i)=

w|y &

2.2.14. Agar |d|=5, |b|=10, ab =25 bo‘lsa, | x b |ni toping.
2.2.15. Agar |d|=3, |b|=13, |axb |=36 bo‘lsa, abni toping.

2.2.16. i ={-1;2;3} va b ={2;-1;3} vektorlar berilgan.
Vektor ko‘paytmalarni toping: 1) axb; 2) (3a—b)xb;
3) (G@+2b)xad; 4) (2a+b)x(3b —a).

—

2.2.17. Tomonlari @ va b vektorlar uzunliklaridan iborat bo‘lgan
uchburchakning yuzini toping:
1) @={;-2;5}, b=1{0;5-7}; 2) a={2-21}, b={84l};

3) d={3;5-8}, b=1{63;-2}.

2.2.18. Uchburchak uchlari A(1;2;,0), B(3;0,-3), C(5;2;6) berilgan.
Uning yuzini va B uchidan 4C tomonga tushirilgan balandlik uzunligini
toping.

2.2.19. 4nuqtaga F kuch qo‘yilgan. Bu kuchning B nuqtaga nisbatan
momentini toping: 1) F ={2;—4;5}, 4(0;2;1), B(-1;2;3);

2) F={3:4:-2}, A(2:-1;-2), B(0;0;0);  3) F={;2-1}, A(-L:4-2), B(2;3;-1).

2.2.20. Kollinear bo‘lmagan m va 7 vektorlar berilgan. d =« -+ 67 va
b =3m —2ii vektorlar o ning qanday qiymatida kollinear bo‘ladi?

2.2.21. G ={-1;3;a} va b ={B;—6;-3} vektorlar ¢ va Bning ganday
qiymatlarida kollinear bo‘ladi?

2.2.22. Ikkita a={2;-3}, b={-15) vektorlar berilgan. Quyidagi
shartlarni ganoatlantiruvchi ¥ vektorni toping:
)¥Llavab-¥=7;, 2)x|avab-¥=17; 3)a-¥=b.
2.2.23.Quyidagi vektorlar komplanarmi? 1) a = {3;-2;1}, b = {2;1;2},
E={3%-1-2}; 2)a={2-1;2}, b={3-47} ¢ ={;2-3};
3) a={2;3-1}, b={1;9;—11},¢ = {1;-1;3}.
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2.2.24. o ning qanday qiymatlarida d,b,¢ vektorlar komplanar bo‘ladi?
1) a={ka}, b={005, ¢ =301 2) a={a3l}, b=1{5-12}, ¢ ={-1;54}.
2.2.25. Piramida uchlarining koordinatalari berilgan. Piramidaning
hajmini va D uchidan tushirilgan balandligini toping:
1) A(1,-2;2), B(-1;1;2), C(-1;-2;8), D(1;1;10); 2) A(L;1;1), B(2;0;2),C(2;2;2), D(3;4;-3);
3) A(5;1;-4), B(1;2;-1),C(3;3;-4), D(2;2;2).

2.2.26. a, b, ¢ vektorlar berilgan. Bu vektorlar qanday uchlik tashkil
etishini aniqlang va qirralari bu vektorlardan iborat bo‘lgan parallelepiped
hajmini toping:

1) a={340}, b={0:-31}, e={0:25);  2) a={L-21, b=32l, &= {-L01;
3) a={363}, b=1{13-2}, e= {222 4) a={L33}, b={-120}, &={1;2-3}.

2.2.27. a={-11;2} va b={1;-2;2} vektorlar berilgan. Agar ax=-7, Xab=6
va ¢ =axx vektor Oxo‘qiga perpendikular bo‘lsa, ¥ vektorni toping.

2-NAZORAT ISHI

1. @ va b vektorlar berilgan. Bu vektorlar bo‘yicha tuzilgan ¢va d
vektorlarning kollinear yoki ortogonal bo‘lishi- bo‘lmasligini tekshiring.
2. A nugtaga F kuch qo‘yilgan. F kuchning to‘g‘ri chiziq bo‘ylab
AB ko‘chishda bajargan ishini va Bnuqtaga nisbatan momentini toping.
3. Uchlari 4,B,C,D nuqtalarda bo‘lgan piramidaning hajmini va ABC

yoq yuzini toping.

I-variant
1. a={50-1}, b=1{7:23}, ¢=2d—-b, d=3b - 6a.
2. F=(-6;2;5), A(-3;2;—6), B(4;5;-3).
3. ALL2), B(-L1;3), C(2;-2;4), D(-1,0;-2).
2-variant
1. a={4;2;-7}, b={50;=3}, c=ad—3b, d =6b —2a.
2. F=(-6;1; 4), A(-7;25), B(4;-21).
3. A(-1,2;-3), B(4;-1,0), C(2;1;-2), D(3:4;5).
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3-variant
={5,0;-2}, b =1{6:4:3}, ¢ =5a-3b, d =6b—10a.

a
. 17":(3; 4; 2), A(S; —4;3), B(4;—5; 9).

A(—4;2;6), B(2;-3;0), C(-10;5;8), D(-5;2;—4).

4-variant
={0;3;-2}, b={1;-2;1}, ¢=5a—2b, d="5b +3a.

a
2. ]7":(5; l;—3), A(-5; -4;2), B(7;-3; 6).

A(0;=1;-1), B(-2;3;5), C(1;-5;-9), D(-1;-6;3).

S-variant

a=1{3;7;0}, b={46,—1}, ¢ =3a+2b, d=-7b +5a.
2. F=(—4;3;4), A(-9; 4,7), B(8;—1; 7).

A(1;2;,0), B(3;0,-3), C(5:2:6), D(8;4,-9).

6-variant
{;-2:3}, b={3;0,-1}, ¢=2d+4b, d =3b—a.

5 =
. F=(53-3), A4; 7;-5), B(2;-3;-6).

A(L=1;2), B(Z;12), C(L;1;4), D(6;-3;8).

7-variant
={1;-2;5}, b={3;-1,0}, ¢=4a—-2b, d=b-2a.

a
2. F=(-5;-3;7), A(-5; 3, 7), B(3; 8-5).

A(L-11), B(=2;0;3), C(2;1;-1), D(2;-2;4).

S-variant
={-1;3;4}, b ={2;-1;0}, ¢=6a—2b, d =b —3a.

a
2. F=(3; ,-5), 4(2;-47), B(0;7; 4).

A(1;2;-3), B(LO;), C(-2;-1;6), D(0;—5;—4).
9-variant

={3;7;0}, b={1;-3;4}, ¢=4a-2b, d=b -2a.

a
cF=(-2:4;2), 4(-3;2;0), B(6;4;-3).

A(1;3;0), B(4;,-1;2), C(3;051), D(—4;3;5).
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10-variant
a={-1;2.8}, b={37-1}, ¢ =4d —3b, d =9b —12a.

. F=(=5,4;4), 43; 7;-5), B(2;-4;1).

. A1;0;2), B(1;2;-1), C(2;-2;1), D(2;1;0).

11-variant
a={7;1;-3}, b={80:5}, ¢ =-9a —12b, d =3b —4a.

2. F=(4,7,-3), A(5-4; 2), B(8; 5;—4).

. A(4:4;3), B(2;—4;5), C(-1;3;-4), D(4;-7;-9).

12-variant
. a={-2L7}, b={3;5-9}, ¢=5a+3b, d=2b—a.

2. F=(2;2:9), 4(4; 2;-3), B(2;4; 0).

. A(4-2.9), B(3;5-1), C(5:1,7), D(=6;-3;5).

13-variant
a=1{537}, b={4-21}, ¢=d—2b, d=6b-3a.

 F=(4;-2;7), A(-54;-2), B(4;6;-5).

. A(5-39), BB=51), C(=7;5;-3), D(4;2;5).

14-variant

={2:5;-3}, b={-1;7;-2}, ¢ =2d +3b, d =2b +3a.

a
2. F=(-1;-3;6), 4(7; 1,-5), B(2;-3;6).
. A(5-4;-2), B(T;5D, C(3;2,-4), D(-2;-5;3).

15-variant
a={327, b={-1,0;5}, ¢=3d—6b, d=2b—a.

2. F=(-7-1,8), A(-3; 5,9), B(5;6,-3).

. A(-5:4;2), B(—4:6;2), C(1;-5;3), D(3;6;—4).

16-variant
a=1{0;-2;6}, b ={2;4;—1}, ¢=3a—6b, d=-2b—a.

. F=(3-57), 4(2;3;-5), B(0;4;3).

. A(—4:4.3), B(4;,-3;-2), C(6;4;—1), D(1;3;1).
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17-variant
a={7-21}, b={;4-2}, ¢=—a+2b, d=5b-3a.

. F=(5411), A(6;1;-6), B(4;2;,-6).

. A1:3:6), B(2;2;1), C(-1;0;1), D(—4;6;-3).

18-variant
G=1{-1,03}, b={3-21}, ¢=—a+3b, d=b-2a.

2. F=(-9;5;-7), A(l; 6;-3), B(4;-3;5).

. A(7;2:4), B(7,-1,-2), C(3;3;1), D(—4;2;1).

19-variant
a=1{-30;5, b={-72:4}, ¢=-2d+6b, d=6b—3a.

2. F=(6:5-7), A(7;-6;-4), B(4; 9;-6).

. A(5;2;0), B(2;5,0), C(1;2;4), D(-LL1).

20-variant
d={3:46), b={-2;0;5, ¢ =4a+3b, d=-2b +3a.

. F=(=3-2;4), 4(5; 3;-7), B(4;—1;-4).

. A(2;-1;2), B(1;2;-1), C(3;2;1), D(—4;2;5).

21-variant
d={5-1;-2}, b=1{6;0;7}, ¢ =3G—2b, d=4b - 6a.

2. F=(5-3;9), A43;4,—6), B(2; 6; 5).

. A(2:3;]), B(41;-2), C(0:3;7), D(7;5:-3).

22-variant
a={L0;l}, b={-23;5}, ¢=ad+2b, d=-b+3a.

2. F=(3; ;-9), 4(6:—3;5), B(9;5;7).

. A(4-1;3), B(-2;1;0), C(0;=5;1), D(3;2;-6).

23-variant
a={3:4-1, b={2-11}, ¢=6d-3b, d=b-2a.

. F=(2:19;,-4), A(5;3;4), B(6; —4;—1).

. A(1;2;0), B1-1;2), C(0;1;=1), D(=3;0;]).
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24-variant

—

= (3,54}, b=1{59;7}, ¢=-2d +b, d =-2b +3a.

a 2a +
2. F=(-4;5-17), A(4;-2;3), B(7; 0;-5).

A( > 09_1)9 B(_293a_5)9 C(_6909_3)9 D(19_492)

25-variant
g ={-1;4;2}, b ={3;-2:0}, ¢=2d—b, d=3b—6a.

2. F=(4;11;-6), A(3;5 1), B(4;-2;-3).

A(0;-351), B(—4;1;2), C(2;-1,5), D(3;1;-4).

26-variant
= (3;-1;6}, b=1{5;7;10}, ¢ =4a —2b, d =b —2a.

a
. F=(3-57), 4(2;3;-5), B(0;4;3).

A(=3;-5:6), B(2;1;-4), C(0;-3;—-1), D(-5;2;-8).

27-variant
a=1{508}, b={-31;7}, ¢=3d—4b, d=12b —9a.
F=(5411), A(6;1;-6), B(4;2;-6).
A(2;1:4), B(-1,5;-2), C(-7;-3;2), D(-6;-3:6).

28-variant
= {1;-2:4}, b ={7;3;5}, ¢=6d-3b, d=b-2a.

a
2. F=(-9;5;-7), A(l; 6;-3), B(4;-3;5).

A(2;-1,-2), B(1;2;1), C(5;0,-6), D(=10;9;-7).

29-variant
(8:3:—1}, b=1{41:3), ¢=2d—b, d=2b-4a.

=
. F=(6;5-7), A7,-6;,-4), B(4; 9;-6).

ALL-1), B(2;3:0), C(3;2;1), D(5;9;-8).

30-variant
G=1{-24:1}, b={1;-27}, ¢=5G +3b, d =—b +2a.

. F=(—41;3), AB3-6;-1), B(6;—2;3).

A(=3:4,-7), B(1;5-4), C(=5-2;0), D(2;5;4).

87



2-MUSTAQIL ISH

1.4,B,C nugqtalar berilgan. Quyidagilarni toping: a) ab skalyar
ko‘paytmani; b) Iip ¢ proyeksiyani; c)¢p = (@,¢) burchak kosinusini;

d) dvektor ortini; e) ! kesmani «:B nisbatda bo‘luvchi M nuqta
koordinatalarini.

2. d,b vektorlar berilgan. Quyidagilarni toping: a) tomonlari dvab
vektorlardan iborat bo‘lgan parallelogramm yuzini; b) parallelogramm
diagonallari orasidagi burchak sinusini , bu yerda ¢ = (i, 7).

3. a,b,¢,d vektorlar berilgan. Quyidagilarni toping: a) d vektorning
d,b,¢ bazis bo‘yicha yoyilmasini; b) qirralari d,b,¢ vektorlardan iborat
bo‘lgan parallelepiped hajmini; c) parallelepiped balandligining uzunligini
( a, b vektorlar parallelepiped asosida yotadi).

1-variant
1. A(1;3;2), B(-2;4;-1), C(1;3;-2};
G=AC, b=CB,i=AB, d=2¢+5b, |=AB, a =2, B=4.
2. G=im+i, b=2in—in, |ml=2, |il=3, (p=§.
3. a={20:1}, b={L1;0}, ¢ ={41;2}, d ={80;5).

2-variant
1. A4(4:6;7), B(2;-4;1), C(3;—4;3};

G=BC, b=AC,¢=AB, d=5¢-2b, |=BA, a =4, B=3.

2. a=m-2i, b=m+3i, |ml=l, |il=2, 0=

a={;2;-1}, b={3;0;2}, ¢={-LLI}, d ={8&L;12}.
3-variant
1. A(-4;-2:-5), B(3;7;2), C(4;6;-3};
G=AC, b=BA,é=BC, d=3¢+9, [= 4B, a =3, f=4.
T

2. a=6m—i, b=m+i, |ml=3, |i|=4, 0=7

3. a={L0l}, b={1;-2;0}, ¢={0;3;1}, d ={2;7;5}.
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4-variant
1. 4G4, B(5:-2;6), C(4;2;-7};

B e —

d=BC, b=AB, ¢=AC, d=-7¢+5b, |=AB, a =2, §=3.

2. G=3m+2i, b=3m—i, |ml=l, |il=2, q0=%.
3. a={0;;2}, b={L,0;1}, ¢ ={-1,2;4}, d = {-2;4;6}.
S-variant

1. A(6;4;5), B(7:1;8), C(2;-2;-7};

G=AB, b=CB,=AC, d=-2¢+5b, |=BA, a=2, B=3.

2. G=3m+ii, b=2m—i, |mn|=4, |il=3, @=_1

.
3. a={21-1}, b=1{03:2}, ¢ ={l;~L1}, d = {1;~4:4}.

6-variant
1. A(43;-2), B(-5;2:6), C(4;-4;-3};

G=AB, b=CB,¢=AC, d=-¢+4b, |=AB, a =3, B=5.
2. G=2im+4ii, b=2m—i, |ml=7, |il=2, (p=§.
3. a={-20:1}, b ={I3:-1}, ¢ ={0:41}, d ={-5:-5.5}.

7-variant
1. A(2:4:5), B(1;-2;3), C(1;-2;4};

G=BC, b=AC,¢=AB, d=3¢—4b, |=BA, a =2, B=3.

’ (P:g

—

2. G=m+3i, b=2m-30, |ml=2, |il=l, 7
3. a={0:1;1}, b ={-2:0;1}, ¢ ={3;L;0}, d ={-19;—1;7}.

S-variant

1. A(-5;-2;-6), B(3;4;5), C(2;-5;4};

G=AB, b=AC,c=BC, d=-50+8b, [=CA, a =4, B=3.

2. G=m+2i, b=3m-2i, |ml=3, |il=2, (p=§.
3. a={3L0}, b={-1;2;1}, ¢={-1,0;2}, d ={3;3;-1}.
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1
2
3
1
2
3

1

9-variant

. A(6;5:-4), B(=5;-2;2), C(3;3;2};

G=AC, b=AB,c=CB, d=-5¢+6b, |=CB, a =5, B=1.

.da=m—4i, b=m+3i, |m=2, |il=zl, ¢@=

. a={LL4}, b={0;-3;2}, ¢ ={21;-1}, d ={6;5—14}.
10-variant

. AG544), B(=5;2;3), C(4;2;-5};

G=BC, b=AB,¢=AC, d=11¢-6b, |=CB, a=1, B=3.

.a=3m-2i, b=m+2i, |ml=2, |il=l, e=—.

. a={L0;5), b={-1;3;2}, ¢ ={0:—L1}, d ={5:15;0}.

11-variant
. A(2;-4;3), B(-3;-2;4), C(0;0;-2};

y/

6

T

3

G=AC, b=AB,¢=BC, d =3 -4¢, |=AC, a =1, B=2.

2
3
1
2
3

1

.a=3m+2i, b=m-2i, |ml=4, |il=l, @=

T
.

. a={02:1), b={0;1;-1}, ¢={5-3;2}, d ={15;-20;—1}.

12-variant
. A(4;3;-2), B(=3;-14), C(2;2;1};

G=AB, b=AC,¢=CB, d=2¢-5b, |=CB, a =4, B=3.

La=5m—-3i, b=m+3i, |ml=l, |il=l, =

. a=1{1;30}, b={2-1;1}, ¢ ={0;-1;2}, d = {6;12;-1}.

13-variant
. A(=3-56), B(3:5;-4), C(2:6;4};

T
5

G=CB, b=BA,¢=AC, d =4¢-5b, = AB, a =2, B=4.

2
3

La=3m-2i, b=m+2i, |ml=2, |il=4, ¢=

. d={&LL, b=1{20;-3}, ¢={-1;2%1}, d ={-9;55}.

T
T
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14-variant
1. A(3;4:6), B(—4;6;4), C(5-2:-3};

BA, b=CA,¢=BC, d=11¢—6b, I=AB, a =3, B=5
2.4

m—ii, b=3m+i, |ml=4, |il=l, (0=%.

3. a={5L0}, b={2-1;3}, ¢ ={1;0;-1}, d ={13;2;7}.
15-variant

1. A(3:5:4), B(4:2;-3), C(—4;2;7};

AB, b=BC,¢=AC, d=-4¢+3b, |=AB, a =5, B=2
2. a=2m+i, b=2m-30n,
q=1{1;0;2}, b={0;1;}, ¢={2-1;4}, d ={3;-3;4}.

iml=2, [nl=

T
2, p="—.
=4

16-variant
1. A(3:4-4), B(-21;2), C(3;2;-5};

BC, b=AB,¢=AC, d=-4¢+3b, |=AB, a=1, B=5
2. G=m-2i,

b=2im+2i, |ml=1, |i|=4, (pz%.
3. a={-1;2;1}, b ={2;0;3}, ¢ ={L;L;-1}, d ={-1;7;-4}.
17-variant
1. A4(2;-3;2), B(1;4;2), C(1;-3;3};
=AB, b=BC,¢=AC, d=-8¢+4b, |=CB, a =1, B
2. G=2im-2i, b=m+2i, |ml=2, |il=3, ¢ %
3. a=

{;-2;0}, b ={-11;3}, ¢={1;04}, d = {6;-1;7}.

18-variant
1. A(3;2;4), B(-2;1;3), C(2;-2;-1}

BA, b=AC,¢=BC, d=4¢-3b, |=AC, a =4, B =2
2. d=m+i, b = — 4,

3. a={LL0}, b=1{0;;

- - T
|I’I’I|=3, |l’l|=4, ¢Q=—

.
-2}, ¢ ={1;0;3}, d ={2:—1;11}.
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19-variant
1. A(2:4:6), B(-3:51), C(4-5-4};
i=CA, b=BC,¢=BA, d=2¢—-6b, [=CB, a=3, f=1.
2. G=in-3i, b=m+2i, |ml=t. |l @=Z%.
5 2
3. G={0;1;3}, b ={1;2;-1}, ¢=12:0:—1}, d = {3:1;8).

20-variant
1. A(-2-2:4), B(1;3;-2), C(1;4;2};

G=BA, b=BC,¢=AC, d=2¢—-6d, |=CB, a=3, B=2.

L ~ L . . T
2. 4m + i, b=m-n, |ml=17, |il=2, qozg.

3. G={10:2}, b={-L0;l}, &=1{2:5-3}, d ={11;5-3}.

21-variant
1. A(43;2), B(—4;-3;5), C(6;4;-3};
_.:E, B:B—a 5:A_C;’ j:85_5[;, Z:CB’ a:S’ ﬂzz
T

2. a=3m+2i, b=m+2i, |ml=8, |il=l, 0=

3. a={0;L5}, b={3-1;2}, ¢={-L0;I}, d = {8-7;-13}.

22-variant
1. A4(2;-2:4), B(3;1;-4), C(-1;2;2};
G=BA, b=¢=AC, d=4¢+2d, |=AB, a =2, B=3.
2. G=m+2i, b=3m+2i, |ml=2, |il=], (pz%.
a={L14}, b={-30:2}, ¢={1;2;-1}, d ={-13;2:18}.

23-variant
1. A4(0;2;5), B(2;-3;4), C(3;2;-5};
G=BC, b=AC,¢=AB, d=-3¢ +4d, |=AC, a =3, B=2.
2. G=2im+20i, b=3m-2i, |ml=6, |il=2, (p=§.
3. a={03;1}, b={;-1;2}, ¢ ={2;-1;0}, d ={-1;7;0}.
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24-variant
1. A(5;65D), B(—2;4,-1), C(3;-3;3};

G=AC, b=BC,¢=AB, d=-4¢ +3b, |=BC, a =2, B=3.

—

2. G=m+50,  b=m-3i, |m]=3, |il=2, (0=%.
3. a={0:1}, b={0;-21}, ¢={1:3;0}, d = {8,9:4}.

25-variant
1. A(453), B(-4;2;3), C(5;-6;2};

G=AC, b=BC,¢=AB, d=9¢-4b, |=CA, a =1, B=5.

G=3m-2i, b=3m+2i, |im}=l, 7

il=4, o==.
|7 9=

2.
3. a={0:51}, b={3:2i-1}, ¢ ={-LL0}, d = {-155:6}.

26-variant
1. A(-54;3), B(4;5;2), C(2;7;:-4};

G=CA, b=BC,¢=AB, d=2¢+3b, |=CB, a =4, B=3.
b=3m—2i, |ml=2, |il=3, ¢@=_.

2

a=2m+ 20,
a={L4l, b={-320}, ¢={;-1;2}, d={-9;-17;-3}.

2.
3.
27-variant
1. A(-2;-3;4), B(2;—4,0), C(1;4;5};
G=AB, b=AC,¢=BC, d=-8¢+4b, |=CA, a =2, B=4.
2. G=3m—4ii, b=3m—i, |m|=3, |il=4 7
3. a={0;-21}, b={3;1;-1}, ¢ ={40:1}, d ={0;-89}.

28-variant
1. 4(10;6;3), B(-2:4;5), C(3;—4;—6};

G=BA, b=BC,i=AC, d=5¢-2b, |=CA, a=5, B=1.

T
mi=2, izl g=—.
|7 =L e=2

—

2.G=3m+3i, b=m-3i,
3. a

={1;-1;2}, b=1{32;0}, ¢ ={-LLl}, d = {11;-1;4}.
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29-variant
1. A(-2;3;-4), B(3;-1;2), C(4;2;4};
G=AB, b=AC,¢=CB, d=4c+7b, |=BA, a =5, B=3.
2. G=3m+ii, b=3m-2i, |ml=l, |il=2, (0=%.
3. a=1{2:1,0, b={L0;1}, ¢={-2L1}, d=1{-513}.

30-variant
1. A(-1;-2;4), B(2;45), C(1;-2:3};
G=CA, b=BA,¢=BC, d=3¢-4b, |=BC, a =2, f=4.

- - - T

2.a=d4m+2i,  b=m+2i, |2, il p=".

3. a={0;1;-2}, b={3;-L1}, ¢={4L0}, d={-59:-13}.
NAMUNAVIY VARIANT YECHIMI

1.30. A(-1,-2;4), B(2;:4;5), C(1;-2;3};
G=CA, b=BA, ¢=BC, d =3¢ —-4b, |=BC, a =2, B=4.

@® a,b,¢ vektorlarni topamiz:

G=CA=1{-2,0;!, b=BA={-3;-6;-1}, ¢ =BC={-1,-6;-2}.
U holda
d =3¢ —4b = {-3+12;—18 + 24;—6 + 4} = {9;6;-2}.
a) ab skalyar ko‘paytmani aniglaymiz:
ab =(=2)-(-3)+0-(=6) +1-(=1)=5.

b) ¢d skalyar ko‘paytmani topamiz va |d | modulni hisoblaymiz:

¢d=(=1)-9+(=6)-6+(2)-2=-49, |d|=+9> +6* +(-2)* =11.
Bundan
cd 49
1] «_‘:T:__.
pae d| 11
c) ac skalyar ko‘paytmani va |a|,|¢| modullarni topamiz:
Gt =(-2)-(-D+0-(=6) +1-(-2) =0, |@=1/(-2)° +0° +1* =45,
=D +(=6)° +(<2)" =41,
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Bundan

—_—

ac 0 _0((p_£j
lal-|é| 5441 2 )

d) d ={9;6;-2} vektorning modulini topamiz: |d |=+/9° +6° +(-2)* =11.

COSQ =

U holda d° —{3 0. —3}.
11°11° 11
&) 1=%-%_5 Uholda
B 2
. x+/lx 2+2-1:ﬂ y :yB+;tyA:4+2-(—2):O
Y1+ 1+2 3 Y1+ 142 ’
Z,+Az, 5+2-3 11
IR 1+2 30
Demak,

4 11
M —0—| O
505
230. a=4m+2i, b=m+2i, |ml=2, |il=1, q):%.
@ a) axb vektor ko‘paytmani topamiz:
G x b = (470 + 2ii) x (i1 + 27i) = 47 it + 87 x 7i + 27 x iy + 4ii x 7i =
=8mxn—2mxn=>6mxn.
Vektor ko‘paytmaning ta’rifiga ko‘ra tomonlari avab vektorlardan
iborat bo‘lgan parallelogrammning yuzi
3

S:|Zz><5|:6|ﬁ1|-|ﬁ|sing0:6-2-1-7:6\/§(y.b).

b) @ va b vektorlarning yig‘indisi va ayirmasi tomonlari bu vektorlardan
iborat bo‘lgan parallelogrammning diagonallari bo‘ladi.

d=d+bvad =da-b,y= (Ez,l;) bo‘lsin. U holda vektor ko‘paytmaning
ta’rifiga ko‘ra |d xd,|=|d |-|d,|siny. Bundan
|d,xd, |

sy =-———=—.
d,|-1d, |

— —

d, d,, d xd, vektorlarni topamiz:
d =47 + 27 + i + 2ii = 5 + 4,
d, =4 + 2ii — m — 27 =3,
d xd, = (5m+ 4ii) x 3 =127 x in.
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Bundan

d, |= /(57 + 4ii)* =~25im> + 40imii +167° = 25| m |* +40 ||| 7i|cos@ +16|7i|* =

:\/25-4+40-2-1%+16-1:2\/§, |d, |=3vm* =3|ml=3-2=6,

NG

\d xd, |:12|ﬁ><ﬁ1|:12|ﬁ|-|ﬁ1|sing0:12-2-1-7:12\/§.

U holda
siny = 12\/3 = \/E
24396 13
3.30. a ={0;1;-2}, b ={3;-L1}, ¢ =410}, d ={-59;—13}.
@® a) d=ad+ fb+)¢ bo‘lsin. U holda

o

3+4y= -5, a- p+ =09, a- f+ y= 09,
a— f+ y= 9, =120+ B =-13,=> - p+2y= 5 =
—2a+pf =-13 3+4y= -5 3p+4y= -5
o — ﬂ+ y = 9) Y= 1, Y= 1, o= 5,
= B-2y= -5= p-2-1=-5 = B =-3,=>B=-3

10y = 10 a-p+ 1=9 a+3=38 y= 1.

Demak, d =5G-3b+¢C.

o 1 -2
b) ab¢ ko‘paytmani topamiz: abcé=|3 -1 1 |=-10.
4 1 0

Bundan
V =|abé |=10(h.b.).

¢) dx b ko‘paytmani aniqlaymiz:

ik
. 1 -2 o =2 o 1]. - . .
ixb=|0 1 -2|= - i+ k=-i-6j-3k.
1 1 301 3 -1
3 -1 0

U holda S =@ xb |=+/(=1)* +(=6)* + (-3)* =+/46. Parallelepiped uchun ¥ =S - .

Bundan

1

0 :Sm(u.b.). o
Ja6 23

h:K:
S
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III bob
TEKISLIKDAGI ANALITIK GEOMETRIYA

3.1. TEKISLIKDA KOORDINATALAR SISTEMASI

Dekart koordinatalari. Qutb koordinatalari.
Koordinatalarni almashtirish

3.1.1. Umumiy boshlang‘ich O nuqgtaga va bir xil masshtab birligiga
ega bo‘lgan o‘zaro perpendikular Ox va Oy o‘qlar tekislikda dekart
koordinatalar sistemasini hosil qiladi. Bu sistemaning Ox o‘qiga abssissalar
0 ‘qi, Oyo‘qiga ordinatalar o‘qi va ular birgalikda koordinata o‘qlari deb

ataladi. Bunda Ox va Oy o‘qlarning ortlari ; va j bilan belgilanadi
(|f|:|]|:1, fi]),() nuqtaga koordinatalar boshi deyiladi, Ox,0y o‘qlar
joylashgan tekislik koordinata tekisligi deb ataladi va Oxy bilan belgilanadi.

Oxy tekislik M nuqtasining OM vektoriga M nuqtaning radius vektori
deyiladi.

OM radius vektorning koordinatalariga M nugtaning to ‘g ‘i
burchakli dekart koordinatalari deyiladi. Agar OM = {x;y} bo‘lsa, u holda
M nuqtaning koordinatalari M (x;y)kabi belgilanadi, bu yerda x soni
M nuqtaning abssissasi, ysoni M nuqtaning ordinatasi deb ataladi.

3.1.2. Tekislikda sanoq boshiga, musbat yo‘nalishga va masshtab
birligiga ega bo‘lgan Op o‘q qutb o ‘qi, uning
O sanoq boshi qutb deb ataladi.

Tekislikning  qutb  bilan  ustma-ust T
tushmaydigan ixtiyorly M nuqtasining holati
ikkita son, O qutbdan M nuqtagacha bo‘lgan
» masofa va Op qutb o‘qi bilan OM yo‘nalgan
kesma orasidagi ¢ burchak bilan aniglanadi.

r va ¢ sonlariga M nuqtaning qutb

y

koordinatalari deyiladi va M(r;p) deb
yoziladi. Bunda » masofa qutb radiusi,
¢ burchak qutb burchagi deb ataladi. 1-shakl.
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Qutb koordinatalari 0<r <+w, —7 <@ <7z kabi o‘zgaradi.
Nugtaning qutb koordinatalaridan dekart koordinatalariga

X=rcosQ, y=rsing. (1.1)
tengliklar bilan o‘tiladi (1-shakl).
Nugtaning dekart koordinatalaridan qutb koordinatalariga o‘tish

r=4x’+y?, l‘g(p=l. (1.2)
x

tengliklar orqali amalga oshiriladi. Bunda ¢ burchakning giymati nuqtaning
joylashgan choragiga (x, y larning ishoralari asosida) qarab, -~z <¢p<rx
oraliqda tanlanadi.

1-misol. M (-3;-3)nuqta berilgan. M nuqtaning qutb koordinatalarini
toping.
& (1.2) formuladan topamiz:

M nugtan IIT chorakda yotadi. U holda n=-1 vap= % -7 = —377[ bo‘ladi.
Demak,
M (3\/_ ;—377[) . O

2 —misol. Qutb koordinatalarida berilgan M (r;¢p,)va M,(r,;p,)nuqtalar
orasidagi masofani toping.
@ Ikki nuqta orasidagi masofa

formulasida (1.1) bog‘lanishni hisobga olib
topamiz: B
d:\/(xz_x1)2+(y2_y1)2: 4
= (1, cosp, —r;c089,)’ + (1, sin g, —7;5in @,)* = i .
= \/rlz +r —2rr,(cosg, cosg, +sing, sing,) = i i |
=\’ +1) =251, c08(p, — @,). o A 5 C X
Demak,
d= \/rf +r =2rrcos(p, — ). O 2-shakl.
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3 -misol. 4BC uchburchakning uchlari berilgan: 4(x,;y,), B(x,;y,),

C(x,;y,). Uchburchakning yuzini koordinatalar usuli bilan toping.
@ A4,B,Cuchlardan Ox o‘qiga 44,, BB,, CC, perpendikularlar
tushiramiz. 2-shakldan topamiz:

SABC = SAAIBIB + SBIBCCI - SAIACC] .
Bundan
+ Y, Ty y+
SABC :%'(xz _x1)+%(x3 _xz)_ ] 2y3 (x3 _‘xl):

1
:E(xzyl —XV TNV, XY, XY, — XY, XY, XY, XY, XY, XY, +X1y3)=

:%(xs(yz _yl)_xl(yZ _yl)_x2(y3 _yl)+xl(y3 _yl)):

1

:%((yz _yl)(x3 _xl)_(y3 _yl)(‘x2 _‘xl))zz

X, —X, X, =X

Yi= Vi Vo=

Demak,
X, =X, X, X,

Yi=Vi Vo=

S, =—

2 o

3.1.3. Nugtaning bir sistemadagi koordinatalarini uning boshqga
sistemadagi koordinatalari bilan almashtirishga koordinatalarni almashtirish
deyiladi.

Tekislikda Oxy to‘g‘ri burchakli koordinatalar sistemasi berilgan bo‘lsin.

Koordinata o ‘qlarini parallel ko ‘chirish — bu Oxy sistemadan uning
o‘qlari yo‘nalishlarini va masshtablarini o‘zgartirmasdan faqat koordinatalar
boshining joylashishini o‘zgartirish orqali yangi O,x,y, sistemaga o‘tishdir.

Koordinata  o‘qlarini  parallel ko‘chirishda  tekislik  ixtiyoriy
M nuqtasining Oxy sistemadagi (x;y) koordinatalari O,x y, sistemadagi
(x";»") koordinatalari orqali

x=x,+x, y=y,+) (1.4)

formulalar bilan bog‘lanadi, bu yerda x,;y, — Ox,y, sistema O, koordinatalar
boshining Oxy sistemadagi koordinatalari.

Koordinata o ‘qlarini burish —bu Oxy sistemadan uning koordinatalar
boshini va o‘qlari masshtablarini o‘zgartirmasdan faqat koordinata
o‘qglarini biror burchakka burish orqali yangi O,x,y, sistemaga o‘tishdir.
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Umumiy O nuqtaga va bir xil masshtabli o‘qlarga ega bo‘lgan Oxy va
Ox,y, koordinatalar sistemalarida M nuqtaning koordinatalari

x=x'cosa — y'sina, y=x'sina + y'cosa (1.5)
tengliklar bilan bo‘g‘lanadi.

Agar yangi sistema eski sistemadan koordinata o‘qlarini parallel
ko‘chirish va burish orqali hosil gilingan bo‘lsa, u holda

x=x,+x'cosa —y'sina, y=y, +x'sina + y'cosa. (1.6)
4 —misol. To‘g‘ri burchakli koordinatalar sistemasining o‘qlari 4(12;-6)

nuqtaga parallel ko‘chirilgan va « =arctg% burchakka burilgan. Yangi

sistemaga nisbatan 4 va B(5;5) nuqtalarning koordinatalarini toping.
& (1.6) formulalardan topamiz:

x'cosa — y'sina =x—x,, x'sina+y'cosa=y—y,.

Bundan
x'=(x—x,)cosa +(y—y,)sina, y'=(y—y,)cosa—(x—x,)sina. (1.7)
3 1 4 4\ 3
a=arctg— da cosa = =—, sina=,/1-|=| ==.
4 \/ ( 3) 5 5) 5
1+1tg°| arctg—
4
U holda

oo M mx) 3=y A= y) -3 -x,)
Nugtalarning yangi sistemadagi koordinatalarini oxirgi tengliklar bilan
topamiz:

A nuqta uchun:
o= 4(12-12)+3(-6+6) 0, = 4(-6+6)—-3(12-12) _

5 5
B nugta uchun:

0, ya’ni A(0;0);

e 4(5‘12); 3546y o 4(5+6)‘53(5‘12) —13,ya’ni B(L13). O
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Mustahkamlash uchun mashqlar

3.1.1. Ox, Oy o‘qlariga va koordinatalar boshiga nisbatan

A(-3;2) nuqgtaga simmetrik bo‘lgan nuqtalarni toping.

3.1.2. Berilgan nugqtalarga I va III chorak bissektrisalariga nisbatan
simmetrik bo‘lgan nuqtalarni toping:
A(=1;2), B(4;-1), C(=2;-3), D(4;3).

3.1.3. Berilgan nuqtalarning qutb koordinatalarini toping:

AW B(—/3:-1), C(=3;-3), D(0;-3), E(-3;0).

3.1.4. Berilgan nuqtalarning to‘g‘ri burchakli koordinatalarini toping:

A(3:0), B(Z;—%), C(S;%j, D(l;%”j.

3.1.5. Qutbga va qutb o‘qiga nisbatan berilgan nuqtalarga simmetrik
bo‘lgan nugtalarni toping:

0\ T T
A(3:0); 3(2,4} C(l, 3).

3.1.6. ABCD parallelogramm diagonallarining kesishish nuqtasi qutb
koordinatalar  sistemasining qutbi bilan ustma-ust tushadi. Agar

A(?;;—%[j, B(S;?’Tﬁj parallelogrammning ikkita uchi bo‘lsa, uning qolgan ikki
uchini toping.

3.1.7. A(S;%) va B(S;—%j nuqtalar orasidagi masofani toping.

3.1.8. Uchlari o qutbda va A(r;¢,), B(r,;p,) nuqtalarda joylashgan
04B uchburchakning yuzini toping, bu yerda ¢, > ¢,.

3.1.9. Kvadratning ikkita garama-qarshi uchlari berilgan:
A(Z;—%} B(Z;— 2?7[} .Kvadratning yuzini toping.

3.1.10. Kvadratning ikkita qo‘shni uchlari berilgan: A(6;%), 8(2;4?7[).

Kvadratning yuzini toping.

101



3.1.11. Uchlari 4(-3;2), B(3;4), C(6;1), D(5;-2)nuqtalarda bo‘lgan
to‘rtburchakning yuzini toping.

3.1.12. A(1;2), B(4;4)nuqtalar berilgan. Agar ABC uchburchakning yuzi
5ga teng bo‘lsa, Oxo‘qida yotuvchi C nuqtani toping.

3.1.13. A(5:5), B(2;-3), C(-2;3)nuqtalar berilgan. Koordinata o‘qlarini
o‘zgartirmasdan koordinatalari boshi ko‘chirilgan: 1) 4 nuqtaga;
2) B nuqtaga; 3) C nuqtaga. 4,B,Cnuqtalarning yangi sistemadagi
koordinatalarini toping.

3.1.14. Koordinata o‘qlarini or=30° ga burib 411, B(3;2) C(0:2v3)

nuqtalar hosil qilingan. Bu nuqtalarning eski sistemadagi koordinatalarini
toping.

3.2. TEKISLIKDAGI TO‘G‘RI CHIZIQ

Tekislikdagi chiziq. Tekislikdagi to‘g‘ri chiziq tenglamalari.
Tekislikda ikki to‘g‘ri chizigning o‘zaro joylashishi.
Nugtadan to‘g‘ri chiziqqacha bo‘lgan masofa

3.2.1. Oxy tekislikdagi chiziq tenglamasi deb aynan shu chiziq barcha
nuqtalarining  xvaykoordinatalarini aniqlovchi ikki o‘zgaruvchining
F(x,y)=0 tenglamasiga aytiladi; koordinatalari ikki o‘zgaruvchining
F(x,y)=0 tenglamasini qanoatlantiruvchi Oxy tekislikning barcha M (x;y)
nuqtalari to‘plamiga tekislikda shu tenglama bilan aniqlanuvchi chizig
(to‘g‘ri chiziq yoki egri chiziq) deyiladi.

Tekislikdagi chiziq qutb koordinatalar sistemasida F(r,p)=0 tenglama
bilan beriladi, bu yerda r,p — chiziq nuqgtalarining qutb koordinatalari.

Ayrim hollarda tekislikdagi chiziq y = f(x) tenglama bilan beriladi.
Bunda chiziq y = f(x) funksiyaning grafigi deb ataladi.

Tekislikdagi chiziq ikkita x=x(¢),y=y(?),reT tenglamalar bilan ham
berilishi mumkin. Bunda x=x(¢),y=y(¢)tengliklarni qganoatlantiruvchi
barcha M(x;y) nuqtalar to‘plamiga tekislikdagi chizigning parametrik
berilishi, x=x(¢),y=y() funksiyalarga bu chizigning parametrik
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tenglamalari, ¢ ga parametr deyiladi. Chizigning parametrik tenglamalaridan
F(x,y)=0 tenglamasiga x =x(1),y = y(¢t) tengliklarning har ikkalasidan
gandaydir usul bilan ¢ parametrni chigarish orqali o‘tiladi.

Tekislikdagi chizigning ikkita x = x(¢), y = y(¢#) parametrik (skalyar)
tenglamalarini bitta 7 = 7(¢) vektor tenglama bilan berish mumkin.

3.2.2. x,y o‘zgaruvchilarning har qanday birinchi darajali
tenglamasi tekislikdagi biror to‘g‘ri  chiziqni ifodalaydi va aksincha,
tekislikdagi har ganday to‘g‘ri chiziq x,y o‘zgaruvchilarning biror birinchi
darajali tenglamasi bilan aniglanadi.

To‘g‘ri chizigning tekislikdagi har xil o‘rni (berilish usuli) turli
tenglamalar bilan aniqlanadi.

1. Berilgan nuqtadan o ‘tuvchi va berilgan vektorga perpendikular

to ‘g ri chiziq tenglamasi:

A(x=x)+B(y - »,) =0, (2.1)
bu yerda 4,B— to ‘g ri chizig normal vektori (to‘g‘ri chiziqqa perpendikular
bo‘lgan vektor) 7 ={4;B}ning koordinatalari; x,,y, —berilgan nuqtaning
koordinatalari,  x,y- to‘g‘ri chiziqgda yotuvchi ixtiyorly nuqtaning
koordinatalari.

2. To ‘g ri chizigning umumiy tenglamasi:

Ax+By+C=0, (2.2)
bu yerda C -ozod had; 4°> + B> #0.

Bu tenglama bilan aniqlanuvchi to‘g‘ri chizigning xususiy hollari:
Ax+C=0 (B=0)- Oy o‘qqga parallel yoki Ox o‘qqga perpendikular;
By+C=0 (4=0)— Ox o‘qqa parallel yoki Oyo‘qqa perpendikular;

Ax+ By =0 (C =0) — koordinatalar boshidan o‘tuvchi;
x=0 (B=0,C=0)- 0Oyo‘qda yotuvchi;
y=0 (4=0,C=0)- Oxo‘qda yotuvchi.

3. To‘gri chizigning kanonik tenglamasi ( yoki berilgan nugtadan

o ‘tuvchi va berilgan vektorga parallel to ‘g ri chizig tenglamasi):

x_xozy_yo (23)
p q
bu yerda p;q— to ‘g ri chizig yo ‘naltiruvchi vektori (to‘g‘ri chiziqqa parallel

bo‘lgan vektor) § = {p;q} ning koordinatalari.
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4. To ‘g ri chizigning parametrik tenglamalari:
X=x,+pLy,=y+ql, 2.4)
bu yerda 7 —parametr.
5. To ‘g ri chizigning vektor tenglamasi:

F=F +15, (2.5)
bu yerda 7,7 - mos ravishda M(x;y), M, (x,;y,)nuqtalarning radius
vektorlari.

6. Berilgan ikki nugtadan o ‘tuvchi to ‘g ‘ri chiziq tenglamasi:

X=X _ V=N (2.6)
X, =X Yy ’
bu yerda x,y,,x,,y, —berilgan ikki nuqtaning koordinatalari.
7. To ‘g ‘ri chizigning kesmalarga nisbatan tenglamasi:

X, 2.7)
a b

bu yerda a,b— to‘g‘ri chizigning moc ravishda Ox va Oy o‘qlarida ajratgan
kesmalari.
8. To ‘g ‘ri chizigning burchak koeffitsiyentli tenglamasi:
y=kx+b, (2.8)
bu yerda k=1gp—to‘gri chizigning burchak koeffitsiyenti; o— to‘gri

chizigning og ‘ish burchagi (Ox o‘qning musbat yo‘nalishdan berilgan to‘g‘ri
chiziqga soat strelkasiga teskari yo‘nalishda hisoblangan eng kichik
burchak); b— to‘g‘ri chizigning Oy o‘qda ajratgan kesmasi.
9. Berilgan nuqtadan berilgan yo ‘nalish bo yicha o ‘tuvchi to‘g'ri
chiziq tenglamasi (yoki to ‘g ‘ri chiziglar dastasi tenglamasi):
y=y,=k(x-x), 2.9)
bu yerda x,y, —berilgan nuqgtaning koordinatalari.
10. To ‘g ‘ri chizigning qutb tenglamasi:
recos(a —@)=p, (2.10)
bu yerda p —qutbdan to‘g‘ri chizigqacha bo‘lgan masofa; « —qutb oqi bilan
berilgan to‘g‘ri chiziqqa perpendikular o‘q orasidagi burchak; r;¢ — to‘g‘ri
chizigda yotuvchi ixtiyoriy nuqtaning qutb koordinatalari.
11. To ‘g ri chizigning normal tenglamasi:
xcosa + ysina — p=0 (2.11)
bu yerda p —koordinatalar boshidan to‘g‘ri chiziqggacha bo‘lgan masofa;
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a—-Ox o‘qi bilan berilgan to‘g‘ri chiziqga perpendikular o‘q (7normal
vektor) orasidagi burchak.

& To‘g‘ri chizigning (2.1)-(2.11) tenglamalaridan har birini
golganlaridan keltirib chigarish mumkin.

l1-misol. aning qganday qiymatlarida (a-2)x+(a’>-3a)y—2a+1=0
to‘g‘ri chiziq: 1) Ox o‘qqa parallel bo‘ladi; 2) Ox o‘qqga perpendikular
bo‘ladi; 3) koordinatalar boshidan o‘tadi.

@ 1) To‘g‘ri chizigning umumiy tenglamasida 4=0 bo‘lsa to‘g‘ri
chiziq Ox o‘qqa parallel bo‘ladi. Bundan a«-2=0 yoki a=2.

2) (2.2) tenglamada B =0 bo‘lsa to‘g‘ri chiziq Ox o‘qqga perpendikular
bo‘ladi. U holda a* —3a=0 yoki a=0,a=3.

3) To‘g‘ri chiziq koordinatalar boshidan o‘tishi uchun to‘g‘ri chizigning

umumiy tenglamasida C =0 bo‘lishi kerak. Bundan —2a+1=0
1

y0k1 a= 5 (&
2 —misol. 3x -2y —6=0 tenglama bilan berilgan to‘g‘ri chizigni chizing.
@ Tekislikdagi to‘g‘ri chizigni chizish uchun uning ikkita nuqtasini
bilish yetarli.
To‘g‘ri chiziq tenglamasida, masalan x=0deb, y=-3n1, ya’ni 4(0;-3)

nuqtani va shu kabi B(l;—%) nuqtani topamiz. Bu nuqtalarni tutashtirib,

berilgan tenglamaga mos to‘g‘ri chiziqni chizamiz. (3-shakl).

Bu masalani boshqacha, ya’ni to‘g‘ri chiziq tenglamasini kesmalarga
nisbatan tenglamaga keltirib yechish mumkin.
Buning uchun tenglamaning ozod hadi (-6)ni
o‘ng tomonga o‘tkazamiz va hosil bo‘lgan
tenglikning har ikkala tomonini 6 ga bo‘lamiz:

3x 2y .
3x-2y=6, —-"2=1 yoki
y c 6 y

LB A
2 (3
Bu tenglama bilan aniqlanuvchi to‘g‘ri chiziq
koordinatalar boshiga nisbatan Oxo‘qida o‘ng
tomonga 2 ga teng kesma va Oyo‘qida pastga 3 ga 3_shakl.

teng kesma ajratadi (3-shakl). @
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3-misol. To‘g‘ri chiziq tenglamasini tuzing: 1) M, (2;-3)nuqtadan
o‘tuvchi va a ={-3;4} vektorga perpendikular; 2) M,(-2;2) nuqtadan o‘tuvchi
va b = {3;-2} vektorga parallel; 3) M, (4;-1) va M,(1;-3) nuqtalardan o‘tuvchi;

4) Oxo‘qi bilan (ng burchak hosil giluvchi va Oy o‘qni M, (0;4) nugtada

kesuvchi; 5) M.(2;-2) nuqtadan o‘tuvchi va Ox o°‘q bilan (pz% burchak

hosil qgiluvchi; 6) koordinata o‘qlarida 