VY3BEKUCTOH PECIIYBJIUKACH OJIMU BA YPTA MAXCYC

TABJUM BA3ZUPJIUTU THT YA AT
My Hpoapwnxa
A.TA3BHUEB, U. UCPAIJIOB, M. SXIIIUBOEB 1006
2-606
3-606
4-6006
MATEMATHUK AHAJIN3J]1IAH Wnosanap
MHUCOJI BA MACAJIAJIAP
2 - KHCM & =P
e I
(VKyé Kynnanuma) Opkar a
Caxwunda 1/708
TynukKk akKpaH
Unkwunuw

TOIIKEHT - 2012



A. T'azueB, U. Ucpawnos, M. SAxmmnboes. «MareMaTHK aHAJIU3IAH MHCOJI

Ba MacaJjiajiap», 2-KucMm (YKyB KyJimanma). TOLIKeHT. "$aH Ba TEXHO-

v

norusinap'" Hawpuérn 2012 n.

Ymly KyuianmMa MaTeMaTuK AaHAJIM3HUHT aHMKMAc MHTErpajjap, aHHuK
MHTErpajulap Ba YJIAPHUHT TaAOUKIApU XamJa KYN Y3rapyBUMiId (QyHKUIUSAIAP
Map3yjapu  Oyiunya Tamabanmapia MHUCOJ Ba MacajalapHU MYCTAKWI EYHII
KYHUKMAaCHHU XOCHJI KWIMILTa MyJKaJJIaHTaH.

Kynnanmanusr xap Oup maparpaduia, aBBajgo MaB3yHUHT Ha3apuil KUCMUIaH
KHCKada axO0opoT OepwiraH, cyHrpa Map3yra MOC THIMK MHCOJ Ba Macajaiap
Oatadcunt eynd KypcaTwiraH xamJa MYCTaKWiI MIJIANl y4yH €Tapiii MHKIOp.a
MHCOJI Ba MacaJiajiap »*aBo0apu OuiiaH Oepuiras.

VKyB KynmaHMa OGakanaBpUATHHHI «MaTEeMATHKa», «MEXaHHKa», «aMalluii
MaTemMaTMka Ba uH(popmaTHka», «pusuka» HYHanUMIUIApM Ba  TEXHHUKA
HyHanmunuiapyuHuHr «Onuii MaTeMaThKa» YyKypJallTUPWITaH JacTyp acocuaa
VKUTHJIAINTaH Tajabagapyu Xamaa YKUTYBUMIAp YUyH MYJDKaJlJIaHTaH.

Takpuzuujap:

duznka-mMareMaTka (haHgapu TOKTOPH, MPOd. A. CoJieeB
®du3snka - MaTeMaThka paniapu T10KTOpU A KanunioB
®du3snka - MaTeMaThka (paHiapu HOM30/H, JIOL. Y. Hap3yJiaes

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBsanap

QQFWT ,HJE?
le q
Opkar a
Caxwudca 2/708
TynumkKk skpaH

Uk uw


candi
Text Box

candi
Typewriter
"Фан ва техно-

candi
Typewriter
логиялар" нашриёти 2012 й.


MyHaapuxa

Cy3 0oumm

1-6000. AHMKMAac MHTerpaJsIap

1-§. bomuanFuy PpyHKI U, AHUKMAC HHTErpaJl TyIIyHYAJIapu. AHUKMAac
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4.2. jR[x,(ax+b) (ax+b)’,...,(ax+b) ]dx, jR[x,(Cde ,(CHd) ,...,(Cﬂdj Jdx

(a, b, c,deR, ad —cb #0) kypuHHIIAar® doaaTIapHA HHTETpaLIalll

4.3. I R(x,m )jx, IR(X,\/m )dx, _[ R(x,\/xzi—a2 )jx KYpuHUIIIArU U oaaIapHH
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MycTakui eduil y4yH MHCOJUIAPHUHT jKaBoOJapu

8-§. AHUK UHTErpaJHHU XHCOOIAI
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Cy3 0omm

Maskyp kymianmMa «MaTtemaTuk aHanu3» QaHu Oyiinya YKyB-
yciyOuii MakKMyaHUHI TapKuOMil Kucmiapuaad Oupu Oyiaubd, yHzaa
MaTeMaTUK aHAJM3HUHI aHUKMAc HWHTErpajjap, aHUK HHTerpauiap Ba
yIApHUHT Taa0MKIapu XaMJa Kyn y3rapyBuwiM (QyHKuusiap Oyiumiiapu
Oyiirya acocuii TynryH4ajiap KeJITHPUIITaH.

VkyB kynnanma Typr 606man nGopar. bupnnun 60613 GomaHruy
¢yHKIMS Ba AHMKMAac MHTErpajd KapajraH XamJa WHTerpasuial
yCyJUIapUHUHT Oapuacu oun® Oepwirad. KymmanMaHMHT UKKMHYM O00U
aHUK MHTErpall, YHU XHUCOOJalml ycyiapu Oyilmua MaB3ylapHU Y3 WUHUra
oJiraH. YUnH4YU 000/1a aHWK MHTETPATHUHT (PU3MKa, MEXaHUKA, UKTUCOIUET
Kabu coxamapja yuypalauradH MacajaJlapHUHT EUWIUIINra TaaOuKiIapu
Kapanran. Oxupru, TypTuHYH 600712 R" (dazo, Kym Yy3rapyBUHIH
byHKIMATAp, YJIAPHUHT JTUMUTH, Y3TYKCU3IIWTH, XYCYCHH XOcuJanapu,
muddepennmamiapu,  IOKOPU
AKCTPEMYMIIAPU KapaJraH.

TapTHOMW  XYCYCHH  XOCHJIaJapH,

V3 mapGarmma, xap Omp 606 Termmum maparpaduapra OyiIMHIaH
O0ynu6, xap Ouwp maparpad MmaB3yra TabAIYKIH acocuii Tabpudiap,
TacJAUKJIap, TEOpEMalapHU Y3 WYUra OJiaJi, LIYHUHTACK, YJIAPHHUHT Xap
OupH aHbaHABUW MUCOJUIApHU OaTadcuil Taxjiui €paamMuja €4uil OpKaiu
Hamouum KwiuHrad. Kymmanmana xamu 198 Ta Mucon Ba macananap
eumwnrad, 1566 Ta MycTakui €4YWIl y4YyH MHCOJ Ba Macajlajap TaBCHS
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KWIMHIaH Xamja YJIapHUHT KaBoOyiapu OepwiraH. XO3UpPrH BakTAa
amanuérna Oup Heda XM PUBOXKIAHTaH MatemaTuk aactypiaap (Mathcad,
Maple, Mathematica, Mathlab Ba X.k.) MaTemaTuk MacajgagapHu
KOMITIbIOTEp UMKOHUSTIapuaH (oigananubd eduiiga camapalid HaThxanap
oepmokna. llly anbanagaH yeTna KOJMAcCIWK Y4YyH, KyJlaHMmMaza Oab3u
Oynumiiap Oyitmya MucOd Ba Macajaiap euuiiga «Maple» TU3UMUHUHT
KYJUTAaHWIKIIKA Ba YHUHT KyJTaIMKIapyu HAMOWHUII STUJITaH.

Ymby kymnanmanu €3umra  MyaiudJapHd  yHIAraH —Hapca,
yIapHUHT Kyn Hwmap moOaiiHuga CamapkaHja JaBiiaT YHUBEPCUTETHA
MaTEeMaTUK aHalu3 KypcuaaHn onub OopraH Mabpy3a Ba amaiaui
MAIIFyJIOTIAPHIA OPTTUPraH TaKPHOACH HATHXKACHIUD. Y HIaiMHU3KH,
KyutanMa Y3 YKyBUWJIApUHM TOIAIX Ba OOIIKA MaBXya VKYB anaOuériapu
KaTopuja MaTeMaTHK aHalu3 KYpPCHUHHHT alTuO YTuiran Oyiaumiiapu
Oyiinya ynapra OMIuMIapUHU OIIUPHINTa KyMaK Oepasiu.

VKkyB KynamaHMa Xakumard GHUKp MyJIoxasanap, YHIATH MaBxy
KaMuuIukiIap Oyitnda taknudiaapau Mmyawtddiap MaMHYHUSAT OuiiaH KaOyi
KWIaniap.

Myauaaudgaaap
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1-600. AHUKMAC UHTEI'PAJIUIAP

1-§. boumuianFuy pyHKI UL, AHUKMAC MHTErpaJj TyuIryHYajaapu. AHUKMAac

HHTErpaJJHUHI CoAda XoccaiapHu. AHHKMac HHTErpaJjJjaap kajaiBaju.

1.1. Bouwianruy GPyHKIMA TYHIyHYACH. AHUKMAC HHTErpaJl.

XapakaT OOIJIaHTaHJIaH YTraHt BaKT MYMJIa MOJIJAUN HYKTa s(t) WYJI yTra”n
OyicuH, y xoiaa, v(t) oHuii Te3MuK, s(t) QYyHKIMSHMHT XOCHJIACHIa TEHT, SbHU
v(t)=s'(t) . AManuéraa Teckapd Macajga XaM ydpaam: Moaaui HyKTaHuHr V(t)
Xapakar Te3JIMru OepuiraHia, YHHHT GocuO yrrad s(t) HYJIMHA TOIMHT.
Amanuérnaru OyHmail macana, f(x) QYHKUMAHUHT 6owiansud  QyHKYusCcu
TyIIyHYacHUra om0 KeJaju.

f(x) Ba F(x) ¢pyrkuusmap 6upop X (OYMK E€KM ENMK: YEKIH EKM YEKCH3)
OpaJMKIa aHUKJIaHTaH O0yiu0, ymap

F'(x)=f(x) (1.1)

MyHocabaT/aa OYJICHH.
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1.1-tabpud.  Arap F(x)  ¢yHkuus  Gupop X OpauKIa
muddepennmamianyBun 6ynuo, vxe X nap yuyH (1.1) tenrnuk ypunnu Oyica, y
xonga F(x) ¢yskuusaa X opamukna f(x) ¢yukyusnune bownanzuy gynxyuscu
Oetiunaou’.
1.2-tabpud. Arap f(x) Ba F(x) pyakuusiaap X =[a; b] kecMaia aHUKIaHTaH
Ba Vxe(ab) yayH F'(x)=f(x) éku dF(x)= f(x)dx Oyau0, a Ba b Hykramapma
F'(@+0)= f(a), F'(b—0)= f(b) Tenrnukmap  Yypumam OYyuaca, y xomma F(x)
dyukuusara X =[a;b] xecmanma f(X) yukyuanune 6ownansuy Qynkyuacu
oeuunaou.
1.1-teopema. Arap F(x) Ba ®(x) ¢yEkuusmap X opamMkiaa
nuddepeHnnanaanysud Oynub, yaapHUHr xap Oupu f(x) QyHKUMSHHHD X
opamykaard oouutanrus QyHKuusiapu O0yica, y xonga F(x) Ba ®(x) GpyHKuusiap
X ma 6up-Oupuman y3rapmac conra (¢hapk Kuiaau, SbHHI
d(x)=F(x)+C, X e X.

Arap f(x) pyHKIuSSHEHT X opaiukaa Oupop F(x) GomutaHfud (GyHKIHACH

1.«bonuranruay ¢yHkms Tepmuan, oupuaan 6ymm6, XVIII acpruar oxupu XIX acpauar 6onmapuna Jlarpamk
TOMOHHU/IaH KAPUTHIITaH.
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MabiyM OVyiica, YHUHI OOMIKAa MCTairan Oouutanrud QyHkuus F(x)+C dopmyna
OpKaJI TOTIHJIAIH.
1.3-Tabpud. f(x) QYHKOUUAHUMHT X  oOpaluKAard Oapua OOILIAHFHY

yukrmsap Tymwiamura, f(x) QyHKIHSHUHT aHUKMAC unmezpany NERWIaaI Ba y
[ £ dx
Kabu OenrwiaHaau, OyHna I - uHTerpan Oenrucu, f(X) - WMHTErpai OCTUIATH

dyuxuus, f(x)dx oca, - ummeepan ocmudazu ughooa oeuunaou.

Arap F(x) ¢ynkums X opamukga f(x) QyHKUMSHUHT OUpOp OOILITaHFUY
GyHkmscu 6yica, y xoana f(x) pyHKIUSHART aHUKMAC MHTETPaI

J. f(x)dx=F(x)+C (C — uxtuépuii y3rapmac CoH)
€K1
_[f(x)dx={F(x)+C}

Kabu €3umnaau.

1.1- mucoa. Bepunran opanukna Oepunran F(x) ¢ynxumus Oepunran f(x)

(YHKIUSHUHT OOLIAaHFUY  (QYHKIUACH SKAHJIUTMHU KYPCATUHT Ba aHUKMAC

VHTErPaIVHU E€3UHT:
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4

1), F(x):XI, F(x)=x*, X = (o, 0)=R;

sin ax
a

2) F(x) =

, f(x) = cosax (a=const), X =(~o0, 0)=R;

3) F()=v1-x2, f(x)=—\/1x_2 , X =(-11);
—X

4) F(x)=§\/?, f(x)=~/x, X =(0;0);
5) F(x) =+/x —cos(x+1), f(x)=i+sin(x+1), X € (0;+ ).
2Vx

Eumwmimm. 1) f(x)=x° ¢QyHkupsaaar X =(-oo, 0)=R  opanukgaru

4 4
Oommanrud GyHKOUACH F(X) = XT Oynmanu, yyHKH F'(X) = (XT] =x°.

4
emak, |x3dx X ic.
il | .

2) f(x)=cosax (a=const) GyHKuusHUHr R maru GouwtaHFUd (QYHKLIUSICH

F(x) =222 Gynanu, aynku F'(x) = (smaax) =cosax = f(x).
a
Jlemak, _[cos axdx =21 L ¢

a
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3 f(x)= GyukuustauEr X =(-L1) opamukmard  OOUUIAHFHY

X
V1-x°
byHKIMsICH F(X) =+/1-x* OVmamu, 9yyHKH F'(X) = (V1-x?) = -

X — ().
1—x?

dx =+/1-x?> +C .

— X
Jlemak,

J7—=
4) f(x)=+/x (yHkuusHUHr X =(0;00) OpaNMKAAru GOIMLIAHFUY (DYHKIHACH

F(x)=§\/? Oynaau, yyHKH F'(X) = ( \/_j x—f( Jlemak, J‘\/;dx=§\/?+c.

5) f(x)= i+sin (x+1) ¢ynxupsauar X €(0;+00) opanMKaard GOLLIaHFHY

2/

GyHKIHACH F(x) =/x —cos(x+1) naH nbopar Oynaau, YyHKH

F'(X):(\/;—COS(X'F].))' = %+sin(x+1)= f(x) .

Jlemak, J'( +sm(x+1)jdx Jx —cos(x+1)+C .

1.2— mucou. f(x) Gynkuusaunr, rpaduru Oepunran A(X,,Y,) HyKTa OpKaiu

YyTaguraH, OOUUIaHFUY (PYHKIIUSICUHU TOTIUHT.
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1) fx)=x*, A2 2); 2) f(x):sinx+%x ,{%;3).
T

Eummamm. 1) f(x)=x° ¢QyHKupsHuHr X = (-0, 0)=R  OopamMkgaru

4

Oouwtanruy  Qyskiuacu  F(x)= X? +C  pman  ubopar  Oynagu,  YyHKH

4 4

F'(x)= (XT - CJ =x* = f(x). Duau C y3rapmac COHHU TOmamMu3. F(x)= XT +C

GYHKIUSHAHT Tpadurd  A(2; 2) HyKTagaH YTCHMH. X=2, y=2 napHu F(x) Ba X

4
JApHUHT YpHUTA KYHUO, 2:27+C TEHIJIMKHU XOCWUJ Kujlamu3, OyHna C =-2.

X4
Jemak, F(x)= 72

2) f(x)=sin x+%x GyHKIUAHMHT X = (=00, 0)= R OpajuKaaru OOLLIAHFUY
T

F(x)=—cosx+i2x2+C naH
T

byHKIIHACH noopar oymanu, YYHKU

F(x)=—cosx+i2x2 +C

F'(x)= (—cosx+izx2 +C)'=sinx+%x = f(x).
T T T
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GYHKIUSHAHT Tpaduru A{% 3) HyKTaJaH YTCHH. X =%, y =3 JnapHu F(X) HUHT

2
udoaacura Kyino, 3= —cos% +iz(%j +C HHM XOCHJI KHJIaMu3, OyHaa C = 2.
T

4
Jlemax, F(x)=—cosx+?x 20

1.2. AHMKMAC MHTETPAJTHUHT aCOCHI Xoccajapu. JjaeMeHTap
GYHKIUSIJIAPHUHT aHUKMAC HHTErPaJIJIapH sKaBaJIH.
1% f (x) pynkyus X opamukda Gownansuy Qynkyusiea sea 6yuca, y x010d,
VxeX yuyn
d ([ £ (0dx)= f(x) o (1.2)
meHeIuK YpuHau 0ynaou, avHu ouggepenyuan odeneucu d, unmezpan beneucu

j oan 010uH Keneanoa d ea j beneunap y3apo Kuckapub urmezpani ocmuoazu

ugooazca memne 6ynaou;
2°. @ynxyus duppepenyuanunune anukmac unmezpanu, wy QYHKYUs GuIaH

y3eapmac COHHUHE UUSUHOUCUSA MEHS, SAbHU

J.dF(x) =F(X)+C eéxu J.F'(x)dx: F(x)+C (C =const) (1.3)
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MeHeNUK Ypuuiu 6y1aou, sibHu j unmeepan beneucu, d oughgepenyuan dencucu

0aH 0JIOUH Keleanod, I 6a d Oeneunap ysapo xuckapaou, nekuu 6y xonoa, F(x)

QyHrkyusea uxmuépuii yzeapmac con C HU Kyuiuul Kepax.

3° deap f (x) 6a g (x) Qynkyusiap X opanuxda Gownaneuy QyHKyusiapea
sea O6ynub, Aea u aap xakukuil yzeapmac cowaap o6yiaca, y xonoa A f(x)+ wg(x)
@YHKYUs Xam wy opaiukoa bownaneud yHKyusea sea 6yiaou, xamoa

[L2 £ (0 +29()Tdx = A[ £ ()dx+ ] g(x)dlx (1.4)

MEHSUK VPUHIIU.

1.2-3cnarma. (1.4) ¢dopMmyrnagarn TEHIVIMK, [MAPTAM paBHIIAA, SbHU
TEHIVIMKHUHT VHT Ba Yal TOMOHJIAPU y3ap0 UXTUEPHUM y3rapMac COH AHUKJIMTHUIA
TEHT, 1e0 Kapajgaiu.

Congma »snemeHTap GYHKUMSJIAPHUHT aHMKMAC WHTETpAJLIapH >KaJBajiu

KyWuJarunqagup:
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1. [o-dx=C.
2. [1-dx=x+C.
) TutTynsBapack
Y T
3._[x dx=a+1+C(a¢—1). My Haoapwuxa
4, jldx:ln|x|+c(x¢0). 1-606
X
x 2-606
X a X X
5. ja -dx = +C,0<a¢1,je dx=e* +C.
Ina 3-606
6. J.sinxdx:—cosx+C. 4-606
7. Icosxdx:sinx+C. WMnoBanap
8.] —dx=1tgx+C (x¢z+nzz,n=0,il,....j.
COS“ X 2
9. j _1 dx=—ctgx +C (x=nz, n=0,%1,....). g
sin® x QA | 4
10. _[shxdx:chx+C. I* »]
11. J'chxdx:shx+C. Opkar a
12.J- £ dx =thx +C. Cax u dga 23/708
ch?x
T
13. | L dx=—cthx+C. yARE S ER At
sh®x

Uk uw



14I =—arctg +C_—1arcctg +C.
x> +a’ a

1 X—a
15. dx=—In
sz—a2 2a |x+a

——|+C.

dx . X X
16. j— = arcsin = +C = —arccos ~ +C, [x| < a.
vJa? —x? a

a

x=|n‘x+ x*ta’|+C, x| >|q].

1
17. | ————d
I [XZ iaZ
AHHMKMAac HMHTETPAJIHUHT Tabpudu Ba Xoccamapujan Qoitmanmanud, Kyhuma

Oepunrad 0ab3u AHUKMAC MHTErpaUIapHU XUCOOIaMU3.

1.3— MucouL. I x?(x +2) (x—3)dx MHTErpasHK XUCOOIAHT.

Eunnaumm. AHMKMac MHTETPAIHMHT 3 — XOCCacH, XamJa >KaaBajjgarun 3 —
dbopmysara acocaH:
x> x*
J'xz(x+2) (x—3)dx :J'(x4 —x3 —6x2)dx :?—T—ZXS +C Oymanu
Texmupum. Tommiran OonuiaHFUY (QYHKIOUS XOCHJIACHHUHT HHTETPa

octuaaru GyHKIUATA TEHT €KW TEHT YMACIUTUHA TEKIUPUO KYpammu3:

5 4

(%—%—2x3+CJ =X —x®—6x% +0=x*(x* = x—6)=x*(x+2)(x-3), xeR.
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Jemak, 6epuiirad QyHKIIUSSHUHT aHUKMAC UHTETPaiu TYFPU TOMUITaH dKaH.
Muconnu Maple musumuoan poudananud euum:

>Int ((x)*2* (x+2) * (x-3) ,x)=int ((x)*2* (x+2) * (x-

3) ,x);
IXZ(X+2)(X—3)dX—X—5—ﬁ—2X3
5 4 '
4 2 3
1.4— mucou. I ((—3——2+—) dx] WHTErPATHA XUCOOIaHT.
X® x° X

Eunaumm. I/IHTGI’paJ'I ocTnaaru q)yHKIH/ISIHI/IHF AHUKJIaHUIII COXaCHuja,

aHUKMAac MHTErpaJUIApHUHT 3 — X0ccacu, xamaa 3-, 4- hopmyranapura acocas,

4 2 3.\ o3 P 1. 2 2
J‘(—S——2+;dx]_4_|‘x dx—2jx dx+3j.;dx——x—2+;+3ln|x|+C, x#0

X° X
SKAHJINTUHU TOTIAMU3.
Texmmpum. Tonunran OonutanFud QGYHKIUS XOCHUIACHHUHT MHTETpall
octuaaru GyHKIUATA TEHT KM TEHT IMACIIUTUHU TEKITUPUO KYpaMus:

-2 2 4 2 3 <
— +=+3In|x+C |=— —— +=. JlemMak, aHUKMacC HHTETPaJl TYFPHU TOIHITaH.
x> X X x* X

Mucoanu Maple muzumuoan ghoiioananué eunni:

>Int (4% (x)*(-3)-2*%(x)*(-2)+3/x,x)=int (4* (x)*(-3) -
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2* (x) * (-2)+3/x,x) ;

ji_£+§dX:—%+g+3ln(X).
x> xc X Xs X

A+ x% +2/4-x°

V16— x*

Eunaumm. I/IHTGFpaJI ocTnaaru (byHKLII/ISIHI/IHI“ AHUKJIaHUIII COXaCHuja,

1.5 — mucoJ. j

dx MHTErpaJiHu XUCOOIaHT.

AHUKMAC MHTCTPAJTHUHT 3 - Xoccacu, XaMia MHTCTpaJlIap KaaBajlugaru 16 Ba 17

dbopmynanapunan Qoiinananuo,

J'\/4+x2 +24/4- %2
V16 — x*

_I _dx+2j —

SKAaHJIUT'MHU TOIIaMU3.

dx =

dx = arcsm— In‘x+\/x + ‘+C X=14

Texmmpum. Tonunran OonutaHFud QYHKIUS XOCHUIACHHUHT HMHTETpA

octuaaru GyHKIUATA TEHT €KW TEHT AMACIUTUHU TEKITUPUO KypaMus3:

. _ : :
(arcsin5+2In‘x+\/x2+4‘+Cj _ 1 i 2(\/4+x +x) :\/x +4-24—x
: 7 ST N N T

[Ilynmait kunub, WHTErpad OCTUIArd (PyHKIIUSHH XOCWI KWIIHUK, JIeMak

AHUKMAC UHTETpaj TYFPU TOMWITAH.
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1.6-mucour. J. ctg *xdx MHTErpasHu XUCOOIaHT

Euywimmmu. HWaTterpan octugard (QyHKIUSHUHT aHHUKJIAHMIIL COXAaCH[a,
aHUKMAC MHTETPATHUHT 3— XOCCACH Ba MHTETpaliap kaJBaluHuHT 9—hopmynacura

aCOCaH:

1 o
J.Ctg 2xdx = '[ ———1|dx=—ctgx —x+C, xeR OYIUIIIMHY TOTIAMU3.
sin® X
Texmupum. Tomwiran OonuaHFUY (QYHKIUS XOCHUJIACHHHHT HWHTETpal
ocTHIaru (PyHKIUSITAa TCHT KU TEHT AMACIUTHHU TEKIUPUO KYpaMmus3:

(—ctgx —x+C) = —1=ctg’x

sin? x

Jlemak, aHMKMAacC UHTETPAJ TYFPH TONWJITAH.

X X

dx mHTErpayyIapHu XUcoOJIaHT

X

1.7-mmuco. I 2

Euynnmmu. AHUKMAcC HHTETpalHUHT  3-XOCCacH Ba  WHTErpasmiap
KaJBATHUHT 5- (popmynacuaan ¢oinananuo,
IZ a2 dx:J.idx+J.idx:J'5’de+_|-2’xdx:—2 - +C, xeR,
10* 5 2" In2 In5

OYJIMIIIMHN TOTIAMU3.

Texmupum. Tomuwiran OomIaHFUY (QYHKIHUS XOCUJIACUHUHT HMHTETpaj
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oCTHAAru (PyHKIHUSITA TEHT KU TEHT SMACIUTHUHU TEKIIUPUO KYpaMu3:

2% 5X Y 1 1 2545
— — +C | =—+—=
N2 In5 2x ' 5X 107

Jemak, Tonuiarad OonutaHFud (YHKUUSHUHT XOCHJIACH MHTETpall OCTHUJAru

(GyHKUHMATA TEHT KaH.

MycTrakui eyril Y4yH MUCOJLJIAP

Kyhugaru @yHkiusimapHuar 6uTTa OonuIaHFud (PYHKIMSICUHU TOTIHHT.

1.1. f(x)=5x". 1.2. 2) f(x)=cos2x. 1.3. 3) f(x)=e"*.
14. 4 f(0=clgdx. 155 f(x)=—>+2%.  1.6.6) f(x)=x+¥x.
CoS“ 3X

Bepunran opamukga F(x) ¢yskous  f(x)  QyHKUMAHMArD GOILIAHFUY

GYHKIMACH SKAHJIWTHUHU KYPCATUHT Ba aHUKMAaC MHTETPATMHH €3UHT

3

1.7.0) f(x)=2- .
) 1) cos? 3x

1.8.2) f(x)=ctg?5x.

1.9. 3) f(x)=3(3x+5)*. 1.10. 4) f(x)=sin2x-cosX.

: 5 N2
1.11.5) f(x)=[s'”2"‘25'n Xj . 1.12.6) f(x)=In"x—In?x.

1-1tgx
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f(x) ¢yukuusaunr, rpapurn  Oepuiaran A(X,,Y,) HYKTa OpKaJId YTaauraH

OouutaHFuy QYHKUUSACUHU TOIUHT.

1.13.1) f(x)=x*, A32). 1.14.2) f(x)=cosx+2x , A(gsj

7

1.15.3) f(x)=e" +sin2x , A(O;Ej. 1.16.4) f(x)=§+2x : Ae).

1.17.5) f(x):Zcoszg ,  A0;3).

1.18.6) f(x)=e** —4sin(2x+3), A[_?s,o}

Arap F(X) dyskuus f(x) GyHKuusHuHr GonnianFud (QyHKOUsICH O3ica,
Oepwirad QyHKIIUSHUHT OONUTaHFUY (PYHKIIUSUTAPUHMA TOTIHUHT.

1.19.1) 5f (5x). 1.20.2) 3f[§j. 1.21.3) —4f(-4x+3).

1.22.4) 31 (-3x+2). 1.23.5)§f(§x+7j. 1.24.6) cf (ax+b).
Ky#tugaru uaterpaimapau XucoOJIaHr:

dx
1.25. [4x"dx. 1.26. | =

4 3 _ 4
1.28.I3X +5x° —6X \/;+4dx.

X

2
1.30. ] (xm _Xf,zj dx.

1.27. [(5x° —2x* +3x—8)dx.

4 _5x Yx +7Jx
dx.
XX

1.29. [
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Kylingaru uaterpaiiapHi XucoOJIaHr:

1.31. [(x=1) (x+2)dx 1.32. [X* (x+1) (5x—3) dx.
1.33. [3/x* 83/x -1 dx. 1.34.j£&—‘1ldx.

125- x
135J&+3 136]\/_ :

Ky#tugaru uarerpaiiapHu XucoOJIaHr:

1.37. ISX dx. 1.38. I53X -e” dx.
1.39. 5% o 1.40. [* 32 -2 gy
1.41. [6* (6" +4)dx. 1.42. [ —1) (3 +1)dx.
Kylinaru uHTEeTpauIiapHu XUCcoOIaHT:
1.43. _[8cosxdx. 1.44. Ism X4
5
1.45. : 1.46. dx.
I 5sin? x dx J.[cos X smzxj .
1,47, [52405 X g 1.48, [TH2XSI0°X g
cos“ X sin” x
Kyitnmarn I/IHTeraJ'IJ'IapHI/I XUCOOJIaHT:
149.[ % 150, [1-505 2 gy
COS” Xsin® X 6sin X
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2
151 [ % 152, [1299X
sin? X +cos 2x COS” X
1+cos® X
1.53.I(ctgx—tgx) dx. 1'54'I1+cos ™ dx.
Kyiingaru uarerpaiiapHi XucoOJIaHr:
2
1,55, L4 156, [ |- g
V4 - 16— x4
Varx? 4% 3+x°
1.57. dx. 1.58. || dx.
'[ V16 —x* I x* -9
159 I\/x +9 6
Ky#tugaru uarerpaiiapHi XMcoOJIaHr:
161 [ 37 ax 162j12X dx
X (l x?)
(2x* +5) dx
1'63'I x?(x* +5)
1.66. I
x* +4x?
Kyﬁlxmarn I/IHTeraJ'IJ'IapHI/I XHCOOJIaHT:
h2x
1.67. | ———— 1.68.2) [
jch x sh?x’ ) -[chzx sh®x
1.69. [sh’xdx . 1.70. [ch®xdx.

1.71.jth2xdx. 1.72.jcth2xdx.

dx.
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Kyiingaru uarerpaiapau xucoo0nanr (a = 0)

1.73. [e™ dx. 1.74. Isin(ax+b)dx.
1.76._|'b""xdx, b1 b>0. 177]
cos? ax
179[ 1.80.J' (ax +b)* dx.
b+ax
dx
1.82.]az —oT 1.83.]W.
dx
1.85. | ———. 1.86. |va? —b?*x%dx.
o f
1.88. _[shaxdx. 1.89. Ishzaxdx.
1.91._|'ch2axdx. 1.92. I
ch?ax

Kylinnaru uHTEerpauIiapHu XUCcoOIaHT:
1.94. [e”*dx. 1.95. [(12x—5)" dx.

1.97._|'0055de.

1.100. jW. 1.101. j6x+5
1.103. j 632 dx. 1.104. j 9+25X
1.107. j

\/25—9x2'

1.98. J‘sin(z —3xj dx.

1.75. _[cos(ax+b)dx.
178j

sin® ax

L8L{ o

1.84. f\/az +b?x2dx.

dx
1.87. | ——.

.[ /bzxz_az
1.90. _[chaxdx.

193]

sh?ax

1.96. J.\/9x+ dx.
1.99.f

(6- 5x)
1.102. j

7 — 5x
1.105 j

25-16x?’

1.108. | —.
'[\/16+25x2
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MycTaKku/ e4HIl Y4YH MUCOIVIAPHUHT KAaB001apH

1.1. F(x)=x". 1.2.F(x):%sin2x.

1.5.F(x) ——t93x+%|8x

14.F(x) = % In|sin 3x.

1.7.2x—tg3x+C. 1.8.—éct95x—x+C.

1.10. —%cosx—%cos3x+c.

2

3
1.13. X _7, 1.14.sinx+ x> +2 -7
3 4

1.17. x+sinx+3.

Lzo.ep(l}
2

123.§F[gx+7}
5 3

1.16. In|x|+ x> —€?.
1.19. F(5x).
1.22. —F(-3x+2).

1.26.- -~ +c.
4x

1.25. —x +C.

5
§X3—2—54X4 +41In|x +C.

128 x*

1.11.£x—£sin 4x +C.
2 8

1.3.F(x)=—+ e,

1.6. F(x) =zx\/§+§xi/§.
3 4
1.9.%(3x+5)5 +C.

1.12. —+C
In x

1.15.¢" —%cos 2X + 3.

1.18. %e”x +2sin(2x +3) — 2,5.

1.21. F(—4x+3).

1.24. g F(ax+h).

2

127 &L a DB maE
3 2

5)
4 7/2

1.29. = 7 —6xXS6 +7In|x +C.
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4 3 2
l.30.%—4x—%+c. 1.31.%+X7—2X+C.
X

1.33. 4x? —Exs’3 +C. 1.34. x—6\/§+3ln|x|+i+c.
5 Jx
1.36 SR 15x‘”3 25x+C. 1.37. ) +C.
In8

X—2 X
139.2 ¢ 1.40.%°*3 . ¢

n 2% -In
1423 I;: : LC. 1.43, 8sinx+C.

1.45.—%ctgx+C. 1.46. 2tgx +5tgx +C.

1.48. — 7tgx + x* +C. 1.49. tgx —ctgx +C.

1.51.tgx +C. 1.52. tgx + 4ctgx + C.

l.54.%(x+tgx)+c. 1.55. arcsin = + x + C.
1.57. arcsin g — In‘x +UX% + 4‘ +C.

1.59. In‘x+\/x2+9‘—2arctg§+c. 160.%arctg§+c.

4
1.32.x° +X7—x3 +C.

141,867 +8) ¢
2In6

1.44. —écos x+C.
1.47.5tgx —4sinx +C.

1.50. —%cos X+ C.

1.53.tgx —ctgx —4x +C.

1.56. arcsin§+C.

1.58. In‘x + \/E‘ +C.

1.61. x+2arctgx +C.
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1 x| 1 1 x 1 3+x
1.62. —I - ~+C. 1.63. —arctg——-=+C. 1.64. —I —x+C
2 x| x J5 gﬁ X 3ox|
1.65. — 2arctg——|n X2 +C. 1.66. —i—larctg§+c, X # 0.
2 X+2 4x 8 2
1.67. —cthx —thx +C. 1.68. thx —cthx +C. 1.69.%sh2x—%x+c.
1 1 1.,
1.70.Zsh2x+§x+c. 1.71. x—thx +C. 1.72. x—cthx +C. 1.73. =e* +C.
a
1 1. 1 b*
1.74.— =cos(ax+b)+C. 1.75.=sin(ax+b)+C. 1.76.=—+C, b=1 b>0.
a a alnb
1.77.1tgax+C. 1.78.—£ctgax+C. 1.79.= In|ax+b|+C
a a
a+l
1.80.M+C. 1.81. —arctg%+C_—iarcctgb—+C
a(a+1) ab ab
1.82.iln SR +C. 1.83.lln‘bx+\/a2 +b*x?|+C
2ab |a—bx b
[ 2 2,2 2
1.84. %Jr%ln‘bwm/a%bzxz +C. 1.85.%arcsin%+c=—%arccos%+c.
a Al

b22 2

1.86.
2

2 —_—
u+%arcsin%+c. 1.87.%In bx +vb*x? —a?

+C. 1.88. lchax +C.
a a
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1.89.
da

sh2ax_§+C.

1.93. —Ecthax +C.

a

1.96.2_27,/(9x+7)3 +C.

1

'15 (6-5x)°

1.102.—%In(7—5x)+C.

1.106. % In
12

1

3-2x
3+ 2x

+C.

+C.

1.90. Lshaxsc. 1.01.5M& X .~ 192 lhaxsc.
a 4a a
l 3x+4 1 8
1.94. Ze¥** 4 C. 1.95. —(12x-5)° +C.
3 96
1. 1 T
1.97.=sin5x+C. 1.98.—cos[——3xj+C.
5 3 4

1.100%3,/(9x-7)2+c. 1.101%In|6x+5|+c.

63x+2

3In6

5+4x
5-4x

1.103.5ic 1104 taragX4c. 1.05. L
15 3 40

1.107. 1arcsin =K +C.
3 5

+C.

1.108. % In ‘5x ++/16+ 25x%| + C.
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2- §. UHTerpannam ycyajaapu

2.1. V3rapyBuniapuu aMamTHPUII yCyJIH.

V3rapyBupnapHu anMamTHPHII yCy/TH aHUKMAC HHTETPAIHH XUCOOIAIIHUHT
9HT MYXUM ycyJutapuaaH Oupu O6Yau0, yHaa xucoosai Tanad KWIMHTaH UHTETpad,
XHCOOMaml y4yH KyJaid (OCOH) OyaraH WHTErpajra ajJMallTUPWIAAH, Y 3ca,
KyHUJaru TacIuKKa acoClaHaIu:

t=p(X) dynxyus oupop X (unmepean éxu cecmenm, apum VK éKu COH YVKU)
opanukoa auukiaHeaw 6a Oupgepenyuaiianysuu OVIUb, VHUHE KUUMAMaap
mynaamu T ={t} 6yncun. T mynnamoa 9(t) dynxyus anuxnanean 6yaub, yHunz yuym
G(t) Gpynxyus bownanzuy Gynxyus OyICUH, SoHU

J.g(t)dtzG(t)JrC. (2.1)

V  xonoa X Glg (X)]

HYKmanapuoda Gdynryus

MYNIAMHUHE — XAMMA

adle(X)]e' (X) pyuxyusa yuyn bownanauy Gynkyus 6yiaou, AvHu
[alp (1@ () dx =Gp(9]+C (2.2)
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Yoy
[RECOL (2.3)
WHTETpaIHU XucoOuaml Tanad KuiauHran OyncuH. Kyn Xommapaa, sHru y3rapyBuu
cudaruaa myHaan nuddepeHnnaIaHyBuUn t = ¢(X) (PYHKIUSHU TaHJIAIl MYMKHH
oynaauku, OyHaa
f (x)dx = gl(e(x))]¢'(x) dx (2.4)
TEHDIMK Ypumian OYam0, g¢(t) ¢dyskums, f(x) ¢yakuouara HucGaTtaH OCOH
UHTETpalilaHa v, SbHU

Ig(t)dt:G(t)+C

OyHIaH xucobOmamr Tanad KWIMHTAH

t=p(x)

HHTCT'pAJIHA XOCUJI KHJIIAMHU3:

AJIMAlITUPHII  HATHKaCHU1a

J.f(x)dx:G[(p(x)]+C (2.5)

(2.3) mHTErpaTHU XUCOOAITHUHT Oy yCYII, Y3rapyBUWIAPHU AIMAUMUPUUL YCYIU

oelunaou.
Anbarta, WHTETpAIAITHUHT Oy YCYylIM XaMMa HHTETpPALIApHH XHpCOOall
Y4yH XaM KyJulaHuiaaBepmaiian. MHTerpannapHu xucoOiaraHja, y3rapyBUWJIapHU

aJIMallTUPHIIL YCYJIIMHHA KS"J'IJ'I&HII[&, AJIMalllITUPUIITHA TaHJIaIll

TYFpHU
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X,I/ICOGJ'IOB‘II/IHI/IHF MaxopaTtura 6OFJ'II/IK.

Mucon yuyH, j %dx KYPUHUILJATH UHTETpa/IapHU XUco0ania, anodarra,

t =@ (X) aIMaIITUPHUIL, OJIUII KEPaK:

mdxﬂ.mz'f%:(lnhhc)‘

= C 2.6
o (%) 0 (%) e 0]+ (26)

t=p(x)
[y Tumaard HHTErpauiap Typura j Ctgx dx XaM KHpaju:
(sin x)' i
Ictgx dx = I_—dx =Injsinx|+C.
sin x

bab3u xonnmapnaa, MHTErpagHu XMCOOJala, Y3rapyBuUMIapHU aIMaIITHPHIIL

YCYJAWHU KYJUIalll y4yH, aBBajo, HWHTErpal octuaa GYHKIUSHUHT [IAKIUHU

o o 1
y3raptupuin Makcaara MmyBoduk 6ynaau. Macanan, | ——dx WHTErPATHU
sin x

: X X
Xpcoomamaa, sinx = 2sin ECOS_ TEHTJIMKHU IBTHOOpTra OJaub, WHTErpajg OCTHIArU

U(OJTaHUHT MAKIUHY Y3rapTupuo, (2.6) dopmynanu ypTHOOpra 0JIcCak, HaTHXKA1a
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o= [— 1 dx=

i . X X
SR 25In —CcoSs —
2 2

=[— = j( Xj In|t|+C* tg;'”

tg g +C. 2.7)
2tg = -cos® = tg —
9 2 9
OYJIUIINHA TOTIAMMU3.
2.1 — mucon. Kylinnaru nHTerpajsiapHu XMCcOOIaHT:
J-xdx J- cosxc_lx ; 3)_[tg3¢)d¢); 3)'[‘/2““)(, s i
v1+3sin x X
2
5)J'x\/a—xdx; 6)I : 7).[ X+
Ja+t? VX® —7x* +x°

x“dx _ 3
Eunanmu. 1) I P UHTETpaTHU Xucobnama t = X° aJIMamTUPHUIIHA
- X

onuIl Kynaid. by anmamtupunian 6axxapu6, HHTErpauiap >kaIBaIMHAHT

15—dopmynacura acocan, Kydugarura sra 0yiamus3:
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dt = 3x2dx, x2dx = %dt,

Ixzdx_lj dt _‘lf dt |t | ‘ B
3-x® 3'3-t2 3 tz_(\/g)Z_ 6\/_ ‘t+\/_‘ =3 T

Muconnu Maple muzumuoan goiidananuo, eunu:

> £:=(x*2)/(3-%"6) ;

> Int(£f,x);

> int(f,x);

&
9

3
3 arctanh[X ﬁ}
> Int(f,x)=int (£f,x);

2 3]
JX dx:éﬁarctanh(x fj

3-x8

2) .[ cos xdx

W MHTETPAJIHU XucoOjamaa t=1+3sinX aaIMallITUPHUIITHNA OJIUIII
+3sin

Makcaara myBohuk 6ynaau. bynmnan

6\/_ ‘x +\/_‘
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\%

\

\

V

dt =3cos xdx, cosxdx = %dt,

= %«/1+ 3sinx +C.

1

cos x dx 1| .. 5
=—t2m——2ﬂ+c
J‘\/1+3sm 3'[ 3[ ]

Muconnu Maple musumuoan poudananué euuw:

t=1+3sinx

f:=cos (x)/sqrt(1+3*sin(x)) ;

_ cos(x)
CJ1+3 sin(x)

Int(£f,x);

cos(x) dx
A1+ 3sin(x)
int(£f,x);

1+ 3sin(x)

wWIiN

Int(f,x)=int(£f,x) ;
L cos(x) 40 2 :
J’ 1+ 3sin(x) dx_3 1+ 3sin(x)

3) _[ tg°pde MHTErpamHu XUCOOIAI YUyH ¢ = arctgt, t=tge aaIMaIITHPHII Ba
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d(l+t?)
d = = t =——— =
e J( 1+t? j I 1+t?
i ’ T apa
:(t——lln‘1+t2‘+CJ _9 (p—iln‘1+tgzg0‘+c 9 ¢+In|cos¢)|+c MTyhnBapak
2 2 =199 2 2 2 My Hpoapwmxa
oynanu. 1-606

N 2-606
4) J. 1+Xlnx o

dx uWHTerpamHu xucooOmamjga t=1+Inx aaMalTUPUII OJaMu3.

3-606
Hartwmxana 4-606
1 3
at = jVl*'“dx:jﬁdt:jtzdt:[gtch =§,/(1+|nx)3+c. A D e L E
X X t=1+Inx
oymasu.
Muconnu Maple muszumuoan goiidananuoé evuu: & —:'
> f:=sqrt(2+1n(x))/x; 1 -
(_/2+Tn(x) & »l
T x
Opkar a
gk c 431708
(24109 axiuda
X TYynumk sKpat

> int(£,x); S W



2 2.+ In(x))?
3
> Int(f,x)=int (£f,x);

J'«/Z + In(x) dx — g (2+ In(x))(s/z)

X

5) _[ X+va—xdx - MHTeTpaIHu XucoOnamaa t=+a—X aJIMallTUPUIIHA OJIMIII

Kynai 0ynaau. bynnan, t* =a—x, dt =—2;dx, x=a—t?, dx=-2tdt,
a—X

[ xa—xdx =-2[(a—t* k*dt =2 (at* t* Jit =

3 5
:(—Za%+2%+cj :E(SXZ—ax—2a2)+C

t=va-x

Muconnu Maple musumuoan poudananud euuw:

> Int(x*sqrt(a-x) ,x)=int (x*sqrt(a-x) ,x);

fx 3% dx = — 2(2a+3x1)5(a—x)

(312)

1 o
6) I _a HHTETpaijia X =3 anMallTHpHI om0, yHU KyWhujgaruda

t?\Ja+t?

XUCOOIaliMu3:
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I x dx

va+ x?

I ——Ia+x)ld(a+x)

a+t?
TutTynsBapack

(1
—(—5-2\/a+x2+CJ i a+t—2+C My HAaoapuxa
‘ 1-606
Muconnu Maple musumuoan poudananué euuw: 2-606
> Int(1l/(t*2*sqrt(a+t*2)),t)=int(1/(t*2*sqrt(a+t*2)),t); 3-606

1 Ja+t?
Lo dtE 4-606
el ta 0

MnoBsanap

7) j dx UWHTerpajja aBBajo, MHTETpald OCTUAArH U(OJAHUHT

X8 —Tx* + x?

IAKJIMHYA Y3rapTUPaMU3:

1 Lo
I\/ﬁdx:j—xldxz
X> —7X" +X 2
VX _7+7 Opkar a
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1
OyHga t=x--. DHAM HHTETpaUIap KaaBaJWHWHT 17-¢opmynacura acocaH,
X

N [x? —7+i2
X X

Mucoanu Maple muzumuoan ¢oiioananuod euun:

MHTErpajiHu xucoonaimMus. Hatmxkana,

dx = [In‘t+\/t2—‘+cj =In

2

I\/ —7x* +x°

oynanu.

+C.

> Int((x*2+1)/sqrt(x*6-7*x*4+x*2) ,x)=int ((x"*2+1) /sqrt (x*6-
T*x* 4+x*2) ,x);

X2+ 1

X8 =T x*+ X2

_ 2
BT (i~ [T ) sartan X
1 2 2. /x4 —7x%+1
2 IxXE—Txh+x?

dx =

2.2. byaakia0 uHTerpasiam ycyJiu.

WNuTterpammapan  xucobOnmamga Oynakinad WHTErpauiam  yYCyJld MYyXUM
ycyinapaaH oupu xucobianaau. by ycyn Kyiiugaru TacqukkKa acociaHraH:

u(x) ea v(x) ¢yurkyusrap bupop X  oparukda anuknawearn — 6a

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBsanap

«
& =]
Opkar a
Caxwuda 46/708
Tynuk skpat

Uk uw



ouppepenyuannanyeuu 6yncun. Azap wy opamkoa v(xu'(x) gyukyusnune
oownaneuy @yHkyusacu masxcyo oyaca, y xonoa U(xX)V'(x) @yHKyusHune Xxam
bownanauy ynKyuscu mMasxcyo 6yiaou ea

_[u(x)v'(x)dx =u(x)v(x) — J.v(x)u'(x)dx (2.8)
€K

fudv =uv - [vdu (2.8)
dbopmyna ypurnu. (2.8) éku (2.8") bopmyna 6yraxnab unmezpannaws Gopmynacu
nevunamu. (2.8) dopmyna _[ u(x)v'(x)dx HWHTETpalHU XHCOOJall MacajJacHuHH,
J. v(x)u'(x)dx wmHTEerpamHu xXucobJyam Macainacura onubd kemaau. Kym Xostapna,
OXUPTH WHTETPajl, OJIIMHTH UHTETpaJIra Kaparanjaa OCOHPOK XUCOOIaHa/IH.
2.3 - mucoa. Yoy

_[x“lnxdx, aecR

WHTETPAIHU XUCOOIaHT.
Eunnumm. 1) ABBano, HUHTErpajliHu o« =-1 Oydaranga xucoOjgaiMus.

" dX Xa+l
u=Inx, dv=x“dx nebd 6enrmnad, du=—,6 v=
X a+l

dbopmynanapra acocas,
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a+l a+l a+l a+l
J=J.x“Inxdx:X Inx—L x’”dx=X Inx— X 2+C=X Inx—L +C
a+l a+l a+l (a+)) a+l

OKaHJIUTUHU TOIIaMU3.

2) a =-1 6yncuH. by xonaa

_[x‘l Inxdx=jm—xdx=J.Inxd(lnx)=£In2x+C.
X 2

2.4 - mucoa. Yoy
I x> 3" dx
MHTETPATHN XHUCOOJIaHT.

Euniaummu. u=x*,dv=3"dx nae6 Oenrmnad, (2.8) dopmymara acocaH,

TOIIAMU3:
X
du:2xdx,v:|3—,
) x2.3% 2
Ix .3%dx = — = | x-3%dx.
In3 In3

Oxupru wunHTerpanra sHa (2.8) ¢opmynanm Kymiaimus: u=x,dv=3"dx 1eb

oenrminad, (2.8) dbopmyiara acocaH,
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X

In3
x-3" 1 3de=x'3 3 _
N3  In3 In3  (In3)?

du=dx,v=

jx-Sde:

SKaHJIUTUHU ojamu3. Oxupru HaTwxkanu (2.9) ra kenTupud Kyicak, HaTKaaa

X X X
e et et LA o
In3 (n3)2 (n3* M3{" I3 (I3

OYJIMIIIMHU TOTIAMU3.

Mucoanu Maple muzumuoan ¢oiioananuod euum:

> restart:with(student) :J=Int ( ((x)*2) *(3) *x,x) ;

J::szsxdx
> J=intparts (Int (((x)*2)*(3)*x,x) ,x"2) ;
2 X
1=1% g2 x-3%dx
In3 In3

> intparts (%,x);

29X X X
J:x 3 B 2x32+J- 232dx
In(3) (In3) (In3)
> value (%) ;
x?3¢  2x3*  23*
= - 2T 3
In(3) In(3)° In(3)
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2.5 - mucoa. Yuioy

_[ x*arctgx dx

MHTETrpajIHu XUCOOJIaHT.

Egynaummn. u = arctgx, dv= x*dx ned OeaTuIalIvK., vy XoJa,
1 x° .
du = T dx, v= = dopMynanapra acocaH, WHTErpaJHUHI KUWMaTH
+
1 10 x°
x?arctgx dx = = x’arctgx — = dx =
I : g . 3 j 1+x°
2
=lx3arctgx—1j(x— X ]dx—lx arctgx — J.d(1+x ) _
3 3 1+ x? 3 1+ X
2
= lx3arctgx X +1In(1+ x2)+ C
3 6 6
oymasu.

2.6 — mucoa. Ymoy
I x? sin x dx
WHTETPAIHA XUCOOIaHT.
Euunumu. Bepuiaran MHTErpajdd XucoOnam ydyH u=Xx’, dv=sinxdx e0

om0, (2.8) dopmynara acocan, du = 2xdx, v=—cosX, OVIUITUHA TOTTAMH3
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Yuaa
szsin xdx = —x’ cosx+2jxcos XdX. (2.10)
oynagu. OXupru MyHOCaOaTHUHT YHT TOMOHHMIArd HMHTETPATHU XUCOOJaIl yuyH
yHTa siHa oup mMapTa (2.8) hopmynanu KyTaiMus:
u=Xx, dv=cosdx, du=dx, v=sinx
bynnan
_[x-cosxdx = x-sinx—J'sin Xdx = X-Sin X + COS X.
SKaHIMruHU Tonamu3. Onuarad Hatmkanu (2.10) ra kenTupub KysiMus.

Hatmxama, | X sinxdx = —x cos X+ 2xsin X +2¢0s X =(2 — x? )cos X+ 2xsin x + C.

2.7 — MUCOJI. | = I\/ x* +a’dx MHTErpaaIHu XUCOOIAHT.

Euniuiu. u=+/x>+a® dv=dx  ge0 Oemrumab, (2.8) dopmymaman

doitmanann6, 6epuiraH MHTETPATHN KyHUAaru X0Jra KeITHPaMU3:

2
d
I\/x2+a2dx=x-\/x2+a2 —Iﬁ. (2.11)

(2.11) HWHr YHr TOMOHHWJATM HMHTETPATHH XHWCOOJIANIa, HMHTErpajuiap

xajBanuHuHr 17 - popmynacunan doiinananamus:
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IX\/J% j\/%=l—azln‘x+ x> +a’|. (2.12)
X%+ x* +
(2.12) uu (2.11) ra oaub 60puO KYHHUII HATHXKACKIA,
[2 2 2
J‘\/x2+a2dx:%+%ln‘x+ x> +a’|+c (2.13)

SKAHJIMTUHU  TOMaMu3. 2-0aH00a €UWIraH MUCOJUIAPHU  TaXJWJd  KUJIUII
HaTWXKacuja, Oymakima®  uWHTerpauiam  ycynu  OwinaH — XucoOJaHaauraH
MHTCTPAJUIAPHUHT KYNMPOK KUCMHWHH, IIAPTIM paBHINIA, KyWHJard yd Typyxra
QXpaTUIl MyMKHH.

1. bupuHuymn rypyxra MHTErpaj ocTujaard (yHKIUsS TapKuOWAa KYMauTyBYU
cudarunaa

In x, arcsin x, arccos x, arctgx, (arcsinx)?,
(arccos x)?, (arctgx)?, In g(X),...

byHKUMATapAaH OMpU KaTHAIITaH MHTerpauiap kupamu (2.3, 2.5 — mmcosuiapra
KapaHr).

1-3cnarma. WHTerpan octunaru GyHKIWS TapkuOWaa KynanTyBun cudaTuaa
(arctgx)’, (arccosx)’,... (yHKUMsUIAp KaTHANICA, WHTErpamHu xucobmampga (2.8)

dbopmyiia KKK MapTa KYyJUTaHUIA U,
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2. Nxxunun rypyxra _[p(x) cos(kx)dx , I p(x) sin(kx)dx, _[p(x)akxdx
KYPUHUIIAATH UHTErpauiap kupaau, oOynaa p(x) — y3rapmac kodpdumueHTm N —
napaxxany Kynxanu, K - y3rapmac coH.

2-3caaTMa. VKKMHYM TypyxjJard HMHTerpaulapHud  xucoOmamga  P(X)
KYTIXaJHUHT Japakacu KaHda Oyiica, myHda Mapra (2.8) gopmyna KyJUlaHWIaIU,
Ooynma U(X) cudaruga p(X) HU onumn Makcaara MyBoduk Oymamu. (2.8) dhopmyna
Xap Oup kymnanranga, P(X) KynmxaaHWHT aapakacu Owrrara kamasau. (2.4, 2.7 —
MHECOJIJIApTa KapaHr).

3. YuuHuHU rypyxra, Kyuuaara
~“ez"xsin bx dx, Ieax cosbxdx, ~fsin(ln x)dXx, jcos(ln X)dx, ...

WHTerpayuiap kupaau (2.6 — Mucosra KapaHr).

OHOW, OKOpHIa KENTHUPWITaH y4Ta TypyXHHHT OWpopracura xam
KupManaurad, JiekuH (2.8) Oynmakna®d wHTerpamuiam (Gopmynacu €paamuia
XMCOOJIaHATUTaH MHTETPAJUIAPHUHT Oab3WIapUHA KapaiMu3.

2.8 - mucoa. Kytinnmaru

J= Jeaxsin bxdx, J, = J'eax cosbxdx (a,b = const)

MHTErpaJUIapHU XUCOOJIAHT.
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Eunnumm. u=e*, dv=sinbxdx ned 6enrumnad, (2.8) dopmynara acocas,

cos bx
du = ae®dx, v=—

(2.14)
e® . coshx N a

b b

J=- jeax cos bxdx

oymumnan onamu3. Oxupru (2.14) MyHOocaOaTHUHT YHT TOMOHUJATH UHTETPAIHU
XpcoOJant yayH, yHra sina oup mapta (2.8) dopmynanu Kymuiaiimus: bynaa

u=e*, dv=cosbxdx nme6 OenrumanmmMms. Y xoi/a,

du=ae®dx, v= sinbx
Ba
[e™ cosbxdx = %—%[e”sin bx dx :%-eaxsin bx—%l. (2.15)

(2.15) 1y (2.14) ra o6 60pud Kylicak, HATHKAA,

e™.coshbx a ) a’
| :—T'Fb—zeaXSlan—Fl y

| ra HucOaTtaH OWPWUHYM TApPTHOIM YW3HUKIM TEHTJIaMaHW XOCWJI Kujiamu3. by
TEHIJIaMaJaH,

asinbx —bcosbx .
| = = 5 e
b°+a
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OKAHJINTU KeIHO YHKA/IH.
Mynpaii kuuo,

asinbx — b cos bx oo

je sinbxdx = Y

+C (2.16)

Xy nryHaaum ycyn Ousnas,

bsin bx + acos bx

Il:IeaXcosbxdx= DY e™ +C (2.17)
AKAHJIUTUTA UIIOHY XOCHJI KUJIUIIT MYMKHH.
2.9 — mucon. Yoy
j sinX2 de
WHTETPATHA XUCOOIaHT.
Euynnuunm. by wuHTerpan rokopumaru y4 TypyX HMHTETPALIAPHUHT

Oupopracura xaM KApMaiau, JekuH y, (2.8) Oymaxmad uHTerpayuam (opmynacu

épmamua, ocoHruHa xucobnanaau. byama u=x, dv= .d>2< ned Oenrmnao,

sin” x
x dx COS X

I — :—xctgx+jctgxdx:—xctgx+_[.—d =
sin® x SinX

+C =—xctgx + Injsin x|+ C

u=sinx

= —XCtgX + IC:J—U = —xctgx + In|y|
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OYJIUIINHA TONAMMU3.

2.10 — mucoa.. Yoy

(a=const, n=12,..,)

X
n | (XZ 3 2 ) n
I/IHTeraHHI/I XI/ICO6JIaHF.

Euyniaumu._

By wuHTrerpan xaMm OKOpuAa KEATUPWITaH Y4

rypyXx

MHTETpaUIapHUHT OUpopTacura xaMm Kupmaiiau. by kypuHuInaru uHTerpamiapHu

XUCOONAIl yUYYH peKyppeHm

u= % dv=dx me0 Oenrunacax,
(x2 + az)

du=—2mx(x?+a?)"dx, v=x

oynmasu.

VY xonna, (2.8) 6ynaknad uaTEerpasam GopMyiacura acocaH,

el

| :j dx _ _
e +a?) (X +a’ i

2
+2nl, -2na‘l

X
(x2 n az)"

oynanu. bynnan |, HU TOomamus:

dbopmyna KeATUpUO YHUKapamu3:

OYHUHT YYyH
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X 2n—-1

I = ot 2
2na’(x* +a’)’ 2na

| (2.18)

n+1 n*

HWHTCTpaJITHA XI/ICO6JIaH_IHI/I | HHTCTpAJIHA

by pexyppentr dopmyna, |, ;
xucooOuaira, sSbHU MHAEGKCH OWTTa KamM OYiaraH MHTErpajJlHd XucoOJjalira
kentupagu. (2.18) pexyppeHt ¢opmyna, |, uHTerpan xucoOiaHrasga, |,
MHTErPAJIHKA XUCOOTalna Xed KaHJal KMIMHYMINK TYFaupMaiian. Y3 HaBGatusa,
|, Oepwiranna, (2.18) popmynaga n=2 ne6, |, ©HTErpaj TONUIaAN, Ba X0Ka30 n
HUHT KOJITaH OOIIKAa MCTaJIraH KUMMaTura TYFpH KeJraH WHTETPajHU XHUCOOJall
XeY KaHJaul KUUAHYWIMK TyFAupMamau. |,

HHTCIpaJl 3Ca, HWHTCTpaAlIap

*anaBamHuHr 14-popmynacura acocaH, XMcoOJIaHA M.

Yoy

I :I\/az—xzdx, a=0.

2.11 -mucoJ._

MHTErpas XUuCOOIaHCHUH.
Eunnumm. bepunran uHTErpall OKOpUIArd yd TypyX HHTErpajilapHUHT

OupopTacura xaM KUpMaWJu, JIGKHH y Oynakia® HWHTerpajam ycyid OuiaH

xucobmanaau. XakuKaTaH xaM, U=+/a’—x’, dv=dx neb omuHCca, y X0//1a
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du= —ﬂ, v=x, Oymanu Ba (2.8) popmynara acocaH,

a’—x
2
| = |va® —x?dx=xva’—x* + x—dx
R [0

Oxupru MyHOCAaOATHUHT YHT TOMOHHUJArd MHTETPAIHHM XMCOOJIAall y4yH, HHTETpall

oCTHaaru q)YHKI_II/IHHI/I KyﬁHI[aFPI‘Ia [TaKJI aJIMallITUPAMHU3:

x> x*+a’-a’ a’ PR

= = —Ja%-x?,
Jai—x?  Jail-x2 Jai-x?

Ba XHUCOOJIAUMU3:

2 2 2
Ix—dx = J.a4dx—f\/a2 “x2dx =2 arcsin X 1.
LE 8 LE 2 2 |a|
[Mysnai Kuomb, Gepuirad HHTETpaTHd XUCoOIall yIyH,
2

2 2 a . X
| =xla® — x° )J+—arcsin— — |
2 &

MyHOCa0aTHH XOCHJ Kriiamu3. byHiaH,

[~2 2 2
1=V ZX 8 aresin X 4c. (2.19)
2 4 El

2.12— mucour. Yoy
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11 =j L dx n>2 2)1, Isin”xdx, n>2
" Jsin"

KYPUHUIIIATH UHTErpAJIapHU XUCOOJAIl YUyH PEKyppeHT dopmyanap KeaTupud

YUKAPUHT.

UHTETpaIHU Oynakiad MHTerpajam yCcyiu

Eunaumu. 1) I —
sin" x

épramuaa XucoOaanMms:

dx dx 1 dx
I = = =|U= , dV =
! Isin”x fsin”‘zx-sinzx { n-2

sin"? x sin? x’
Cos X

sin™™ x

cos? X COS X dx
2- dx=——2% 4 (2
+( n)j sin” x X sin“’1x+( n)Jsin”x
o) o SSX o ), —(2-n),,

sin"? x sin™* x

du =(2-n)sin*" x-cosdx, v =—ctgx]=—

bynnan,

COS X n-2
| =— | . 2.20
" (n—l)sin“’lir n-1""? (2.20)

(2.20) pexyppeHT ¢opMysaHuW KyJuramia, aBBaIO n=3 €ku m=3 1e0,

dx
I _j— I, = j ——— HUHTerpajuiap XucoOiaHaiu. I— WHTErPAIHU XUCOOJIAI
sin x COS X sin x
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10Kopua kypcatwinu (2.7 ¢popmysiara K.).

2) 1, =jsin”xdx MHTErpajHd  XUCOOJAUIHUHT PEKYPPEeHT (POpMYIacHUHU

YUKapHII YUYH, YHU Kyiinaarnya 6ynakinad uHTerpaiaiMus:

I, = [sin" xdx =—[sin"" xd cos x = lu=sin""x, dv=dcosx,

du = (n—1)sin"? x-cos xdx, v =cosx|=—cosx-sin"* x+

+(n—1)[sin"2 xcos® xdx = —cos X -sin"* x+ (n 1) sin" 2 x{L—sin? xhix = -

=—cosx-sin"* x+(n-1)1,_, —(n-1)I,.

bynnaun

cosxsin"*x n-1
I, =- + I,
n n

KYPUHHILJIATH PEKYPPEHT (GOPMYITaHH TOMTaMMU3.

MycTakui e4uin y9yH MHUCOJLJIap

Ky#tugaru uaterpaimapau XucoOJIaHr:

2 3x
2.1, [ = 7elx. 22— i 2a [ G
.[X X X .[5/3_)(3 X J.((93X—4)3
dx 2x+1 2Xx—-3
2.4 [ 22X 2.5, | ———_dx. 26— =
J‘x2+8 SIx2+x—5 X 6J‘8+3x—x2

dx.
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6x—-5

2.7._[—_dx.

V3x% —5x + 4

2.8.j

Kylingaru uarerpaiiapHi XucoOJIaHr:

e*dx
2.10.'[26)( e

{In® x dx
X

5x

€
2.16.[ = d

X.

5
exdx

2.14. j x2e* dx.

9*dx

J81 41

2.17.I

Ky#tugaru unrerpajiiapHu XMcoOJIaHr:

2.19. Itgxdx.

COS X
222 22 o

2.25. j

226I

dx
1/ctg *x sin® x

2.20. _[ctgxdx.

smx
2.23. j— X
COS™ X+/COS X

—1/x

Kylinnaru uaterpamiapau XucoOiaHr:

2.28.] ARSI

VJ1-x?

299, J',/arctgx

x-1 dx
\2x — X2

29[10" 3

x® —5x?

2.12. [—1dx.
xIn x

5%dx
9+5°

2.15.I

218j

xgx

2.21. _[sin X OS> X dX.

294 J,,/128th

Cos™ X

2.27. j&dx.

SIN~ Xv/SIN X

230.[ -, &

(x* +1)arctgx

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBsanap

Opkar a
Caxuca 61/708
TynumkKk skpaH

Uk uw



2.31. J.e5°°sx‘lsin Xdx.

234[ cos xdx
2+sin?x’

dx
' xJIn2x—5

2
COS—

[ Sinxdx_ 2.33.[— X dx.
cos“ x—5

2-36. J.Sll’l x°

Ky#tngaru uarerpaiiapHi XucoOJIaHr:

2.37. jch3xshxdx.

chx
2.40.jﬂd

2.39.Ish7xchxdx.

thx

Ky#tugaru uarerpaiiapHu XMcoOJIaHr:

2.43. _[xsin X dx

2.45. _[(1—4x)sin xdx.

2.47. J'(x +5)6” dx.

2.49. _[(x2 +3)sin X dX.

ZSlj

cos? X

2.44.I(x+3)cos xdx.
2.46._|.(2x+4)eX dx.
2.48.J'x2 cos X dXx.

2.50. J.(Zx— x%)e ™ dx.

252[

sin? X
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WuTerpamnapHu XucoOnaHr:

2.53. J.In X dX.

2.55. Ixz In(x + 4)dx.

2.57. XX gy
X

2.50. [ A€ X gy
X

arccos X

N1-x?

Kylinnaru uHTEeTIapHU XUCOOJIAHT:

2.63. _[ex Ccos xdXx.

2.61.jx dx.

2.65.I2Xcosxdx.
2.67._|'eax cosbxdx , a? +b? #0.
2.69. _[xex sin? x dx.

2.71. _[cos(ln X) dX.

2.54._[In (1+ xz)dx.

TutTynsBapack

2.56.Ixarctgxdx. My HAaZapmuxa

1-606
2.58.Iln(x+\/1+ xz)dx.
2-606
2.6O.Ix3arctgxdx. 3-606
4-606
X
2.62.jarcsm2dx. Wnosanap
N2—-X

2.64.Iexsin Xdx.

« >
& =

Opkar a

2.66.Ieaxsin bxdx , a’* +b? =0.

2.68._|'x2eX cos X dx.
/
2.70. [sin (I x) dx. SR I

TynumkKk skpaH

2.72. _[xz sin (In x) dx.

Uk uw



2
2.73.[(“3%) d

Kylingaru uarerpaiiapHi XucoOJIaHr:

2.74. J.xssin X dx. 2.75.Ix6e‘xdx.
2.76. J.x“ cos 3x dx. 2.77._|.x3e‘XZ dx.
2.78. J.e&dx. 2.79.J.cos5 X dX.
Ky#tugaru uarerpaiiapHu XucoOJIaHr:
2.81. [Jxsin/x dx. 2.82, [ XInX
I X sin~/x dx '[\/1T
2.84, [ M9 g 2.85. [ xarctg x* dx.
Cc0s? x
arctg\/x+ 2/x
2.86J' e X. 2.87. J'arcsm(lerde

n
Kylingaru TeHIITUKIapHA KCOOTIIAHT [Pn (x)=> a, X"

k=0

2.88. [P, (x)eaxdx_(P (x)—P;X) ) P"(n)(x)jeax

n

a a

2.80. _[sinG x dx.

2.83._|'cos2 In x dx.

,a0¢0j:
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2.89. IP (x)sin axdx—{p (x) P(:(X) N Py (%) _j cosax

a* a

+C.
& at 2° l

po p© =1 :
{ SR PP sinax

2.90. [P, (x)cosaxdx =| P, (x) - (2)(X)+Pn(4)(x)___ sinax_
a’ a’ a

+C.

® ©) ®)
+[Pn (x) P (x) N P (X) _j COS ax

a o 2 a

Ky#tugaru unrerpajiiapHu XMcoOJIaHr:

2.91.len

1+

%dx. 2.92._|'sinxlntgxdx.

293, I(In x]

2.94. I In® X d 2.95._|'cosxln(1+sin2x)dx.

2.97.J'xcos2 X dx. 2.98.Ixtgz4xdx. 2.99._|'xln3 X dX.

2.100. _[xshxdx. 2.101. jxchxdx. 2.102.Ix3ezxdx.

2.203. Ixz cos 3x dx. 2.104. _|'(x2 —5x+7)e4xdx. 2.105. IXSarctg 2x dX.

2.106. Ix\/l— x?arcsinxdx.  2.107. '[(xz +2) cos3xdx.

2.96._[xsin(6x—11)dx.
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2.108. J.xex sin? x dx. 2.1009. J.xe3x sin (Zx—%jdx.

Kylingaru uarerpaiiapHi XucoOJIaHr:

2.110. Ix“ cos px dXx. 2.111. Ix“sin px dx.
2.112. J.x“eax dx. 2.113. J.x”eax dx, a # 0.
2.114. J.x” cos pxdx, p #0. 2.115. Ix" sin pxdx, p#0.

J, (neN) uHTErpaj yuyH peKyppeHT popMya KeATUpUO YUKAPUIICHH:

2.116.J, :J'cos” xdx, n> 2. 2.117.3, =.[Inn X dXx.
2.118.7, :Ish”xdx, n> 2. 2.119.7, =Ich”xdx, n>2.
2.120.3, = [——dx, n>2 21213, = [-*—dx, n>2.
cos" X ch"x
21223, = [x*In"xd a#-1.  2123. = [——dn>2
x° +a

2.124. Yoy f'(x*) = % X >0 mapTHU KaHOATAaHTUPYBYH f (X), X (0;0)

(G YHKIUSHYA TOMUHT.

2.125. Yoy
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L xe(Gd],
f'(Inx) = <(0]
X, Xe(l+x),
-
MIapTHU KaHOATIAHTUPYBYH f(X), X eR (PYHKIMSIHHU TOIMHT. nTynsapack

My HAaOapuxa
2.126. Kyitngaru SIS

1-606
x f'(x*) + g'(x) = cos x — 3x?, f (x*)+g(x) =sinx—x*
2-606
IapTiIapHu KaHoaTIaHTUPYBUH f(x), xe(0;+) Ba g(x), XxeR 3-606
-6o0
G yHKIUSITAPHU TOTIMHT . 4-606

2.127. x>0 y4yH KyWujaaru Mnosanap
4

X
a) f)+g=x+1 D TRTa0)="¢

f'(x)-g'(x) =0, f'(x)+g'(x) =sinx,

f'2x)+g'(=2x) =1-2x2.  F'(2x)+9g'(-2x) =0. Q‘i 9
MapTIapHd KaHoaTnaHTupyBud f(X), Xxe(0;+) Ba g¢(x), XxeR  QyHKUMATApHU !Q @
TOIIUHI. Opkara

Cax uca 67/708
MycTakui e4uil Y9yH MUCOJUIAPHUHT KaBo0JIapH

TynumkKk skpaH

2.1.%,/(x2_7)3+c. 2.2._%5,/(3_33)4+c. 231 1
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2.4.£In‘x2 +8‘+C.
2
2.7.24/3x* —=5x+4 +C.

2.10. iln\ZeX +7\+C.
2

2.13. L (Inx)?7 +C.
12

e —2

2.16. 11 &
e +2

20

+C.

2.19. —In|cos x|+ C.

2.22. gifsin6 X +C.
2.25. —%Z/ctg ’x +C.

2.28. arcsin x —2arcsin® x +C.

231, _%emx—l LC.

2.5. In‘x2 +x—5‘+C.

2.8.—\2x—-x2 +C.
211.—Lesic
5
214._ e i
3
2.17. ﬁ In| 9% + /81" +1‘+c.

2.20. Injsinx|+C.

293 2 .c.

3C0S XA/ COS X

2.26.0,25e Y% +C,

2.29.% 4larctg°x +C.

23 L p|cosx+V5

245 cosx—\/g‘

2.6.—In‘8+3x—x2‘+c.
2.9.— In‘x3 —5x2‘+C.
2.12.InfInx/+C.

|n\9+5x
In5

2.15. +C.

218, 1nlnx)

lge

cos® x

2.21.- +C.

2.24. %tgx 1/tgx +C.

2
\/sin X

2.30.In|arctgx| +C.

2.27.- +C.

2.33.-Lsin 2 i c.
6 X
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1 sin X 2y 1 5
2.34. 7 arctg —— 7 +C. 2.35.In‘|nx+\/ln X 9‘+C. 2.30. 5ctgx +C.
8
2.37. Lentxsc. 2.38.- L ic. 2.39, 50X
4 chx

240. - L (¢

2.41.-0,5cgh*x +C.
shx

2.42. 05th*x+C.

2.43. —xcos x+sinx+C. 2.44.sinx— (x+3)cosx +C.

2.45. (4x -1 cosx—4sinx+C. 2.46.2e*(1+x)+C. 2.47. A leic,

In?6

2.48. x?sin x—2sin x + 2xcos X + C.

2.51. xtgx + In(cos x) +C. 2.52. In(sin x) — xctgx +C. 2.53. xInx—x+C.

2.54. xIn{1+ x?)— 2x + 2arctgx + C.

2.55.%(4+x) In(x + 4)—3—32—% %xz—%ﬁ 4In (x+4)x+4F +16(4+x) +

2
16(4 + x)In(x +4)+C. 2.56. X7arctgx —%x +%arctgx +C.

2 57, & X—arctg ! —+C. 2.58. xIn (x+\/1+ xz)—\/l+ x> +C.
X 1-x

_ 2
2.59._arccosx+ 1-x LC

22 2X

2.60. 1x“arctgx ey —larctgx +C.
4 12 4 4

2.49. 2xsinx—(x? +1)cos x+C. 2.50.e"x? +C.
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2.61. — x—+/1—x? arccos x +C. 2.62.-2\2- xarccosg—4\/2+ X +C.

2.63.1e" cos x+ Le*sinx+C. 2.64. Lexsinx—Lercosx+c.
2 2 2 2
X X COSZ)Z( asinbx —bcos bx
2.65.(2“th——2th2—ln2+2X In 2]—2+C. 2.66. — e® +C.
2 2 1+In°2 a“+b
2.67. acosb;<+b25|n bx e +C. 2.68. 1(x2 -1)e* cosx—(—lx2 + x—ljeX sinx +C.
a‘+b 2 2 2
2.69.£xex—1ex—1 lx+i exc032x+1 —Zx+i e*sin2x+C.
2 2 2\ 5 25 2\ 5 25
2.70.—§cos(ln x)+%xsin(|n X) +C. 2.71.§[cos(ln x) +sin (In x)]+ C.

N stg('nX) x ('HXJ
272,10 5 2) 10 2/ c. 2.73.%[(—2cosx+25inx)cosx—1]e2X+C.

2.74. —x°cos X +5x”sin x + 20x® —60x sin x +120sin x —120xcos x + C.

2.75. — (x°® +6x° +30x" +120x® +360x2 + 720x + 720 +C.

2.76. 1x4 sin 3x+ﬂx3 cosBx—ﬂx2 sin 3x+§sin 3x—£xc033x+C.
3 9 9 81 27
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2.77. —%(1+x2)eXZ+C. 2.78. 2(\/_ 1) X +C.

TuTynBBapack
2.79.Ecos4 xsinx+icos2 xsinx+§sinx+C. Y P
5 15 15

My Hpoapwnxa

2.80.—lsin5 xcosx—isine’ xcosx—isin xcosx+£x+C. 1-606
6 24 16 16
2-606
2.81.—2xcos+/x +4cos/x + 4v/xsinx +C.  2.82. (—§ 1+X+= Inx\/1+ j 3-606
4-606
_20 Q\/1+ —Inx(———\/ j— —In( 1 +xj+C.
9 2 2 MnoBanap
2.83 §xtg“(ln—xj—ﬂxtg3(|r]—)(j+gxtgz(In—xj+£xtg(l Xj+3x+c
5 2 5 2 5 2 5 2 5
1 2 2 1 4 | I ‘______i
2.84. tgx Intgx —tgx + C. 2.85. EX arctgx —Zln(1+x )+C. Q ) Q
& »l
2.86. 21+ x arctgv1l+x —In(2+x) +C. 2.87.—2sign(l— x)v/x + (1+ x)arcsin&quc_
1+x o
pkKar a
X? 1 1 X X
2.91. 7In1+——EIn|x+]J+E+C. 2.92.Intg§—cosx-lntgx+C. Caxunda 71/708
X

1 3 3 3 g 9 TynumkKk skpaH
2.93. ——(In3x+—ln2x+—lnx+—j+C. 2.94. ——x‘3’2[—ln2x+3lnx+2j+c.
2 2 4 27 4

2x2 UMK WM LW



2.95. sinxIn (1+ sin® x)— 2sin x + 2arctg sin x +C.

1 . 1
2.96. — 1) —— _ :
96 36sm(6x 11) [6x + 22)cos (6x —11) + C

2.97. x(—lsin 2x+1xj+lsin2 x—lx2 +C.
4 2 4 4
2.98. 1xtg ax— 1y —iln(1+tgz4x)+ C.
4 2 32
2.99.1x2 In? x—§x2 In? x+§x2 Inx—§x2 +C.
2 4 2
2.100. xchx —shx+C. 2.101. xshx—chx +C.

2.103. 2—17(9x2 —2)sin3x +§xcos 3x+C.

2.105. i(16x4 —1)arctg 2x I )
64 24 24

2.102.%(4x3 —6X* +6x—3)e” +C.

2.104. X (8x® — 24x —67)e* +C.
32

2.106. —%,/(1— x*)*arcsin x + C.

2.107. 8i1(27x4 +72x% +92)sin3x + (12x° +16x)cos 3x + C.

2.108.1(x—1)ex—1 1x+i eXc032x+1 —Ex+i -e*sin2x +C.
2 25 2\ 5 25

2\5

2.109.—ie3X cos2x + = —Eesxsin ox+Z|+C.
13 4 13 4
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2.110. %(4 p2x3 —24x)cos px+i5(p4x4 —12p3x? —24)sin px+C.
P p

2.111. i41(4p2x2 —24x)sin px—is(p“x4 —12p?x® +24)cos px+C.
P p

44 fa3y3 2o _
2112. a"x" —4a°x’ +12a°x 24ax+24eax

+C.
a5

a a.2 a3 an a.n+1

n n-1 n-2
2.113.ea{X__”X GO ey g “!}

n n-1 _
2.114. % sin px+ nx2 COS pX — n(n ; Y J'x”‘2 cos px dx.
p p

n n-1 _
2.115. —%cos PX + nx2 sin px — n(n2 1)J.x"‘zsin px dx.

sinxcos"*x n-1

2.116.J, = t J.,. 2117.J3 =xIn"x-nJ .
n
n-1 _ n-1 _
2118. Jn:ChX sh™x n 1Jn72. 2110. Jn:shxch X n 1Jn72.
n n n n
sin x n—2 shx n-2
2.120. J =- — TR J. 2.121. 3, = o J. .
(n—=Ycos™ x n-1 (n—=Pch™x n-1
a+l n n-1 2 .
2122, 9 XIx_n 4 2123 g X Wxta n-lyy
a+l a+1 n n
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Xx+1+C, x<0,

2.124. f(x)=2Jx+C. 2.125. f(x) :{
e*+C, Xx>0.

2 4 TutTynsBapack

2.126. f(x)=C -2, g(x)=sinx— > +C.
2 4 My Haapmuxa

’ §+c, x>0 1-606
2.127.a) f(x)==+x-C, g(x)=

2 g—x3+C, Xx<0 2:000
3-6006

x* cosx
. ~—_+-2-C, x>0, 4-606

b) f(x):’l‘—z—&;xuw, g =112 2

S +1-C. x<0, qnosanap
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3-§. PAHUOHAJ ®YHKIOUAJAPHU UHTET'PAJIJAILI

3.1. Homabaym ko3 puuueHTaap ycyJau.

Wkkura anrebpank KYmxaJHUHT HUCOATUTA, STHHU

F(x)= gr: E’;; (3.1)

ubonanu payuonan @yHkyua EKU  payuouwan Kacp nevwnnaau. byHpa,

P

m

(X)=b, +bx+..+b x" Ba Q,(x)=a,+a, +..+a x"(b,, a,#0, m>0, n>1) XaKUKui

ko3 puIMeHTIn Kynxaniap, Ae6 dbapa3 KuiIuHaIu.

Pulx)
Q.(x)

Oynranma sca, Homyepu kacp payuonan @yuxkyus naevinnanu. Arap (3.1) panuonan

Arap m<n 6¥ynca, y xonaa mygpu KAacp payuoHan (QyHKyus, m:=n

Kacp, HOTYFpHU Kacp Oyica, y, KACDHUHT CypaTHHU Maxpa)kura Oyiuin Wynu OumaH,

£ (x) = wix) + ) (k<n) (32)

KYpHUHUIITA KeATUpWiIaan, OyHmaa W(X) — Oupop Kymxa.

Onuii anreOpa KypcuIaH MabIyMKH, Xap Kaugai Q,(x) kymxamanu, ymoy
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Q,(x)=a,(x—a)x—pB).. (x—V) (3.3)
(Oynma a,- Q,(x) Kymxamma xHHHT FOKOPH Japakac OJauaard Kod()(QHUIUEHT,
a,B,...v aap - Q,(x)=0 TeHIIaMaHWHI WIAU3JIApH) KYPUHUIIAA TacBUPJIALI
MYMKHH.

Arap KYNXaJIHUHT WIAU3JIapd HWYHAa y3apo TeHIJapu Oyica, y XoJjja,
KYIXaf,

Q. (x)=a,(x—a) (x= ) ...(x~v) (3.4)
KypUHUIITA KenTupuinaam, Oyaaa r, S,...t - OyTyH connap, «,f3,...,v COHJIap 3ca,
Moc paBuinga, Q. (x) KynxamHuer r,S,..t Kappaad WiIgu3gapu IeWuaagd Ba
r+s+...+t=n o6ymamu.

Kymxamuuar (3.3) garu uiausiapyd HUuIa KOMIUIEKC WIA3IAp XaM OYITHIIm
MyMKHH. AnreOpa  KypcuJgaH  MabIyMKH,  arap a=a+ib XaKUKUI
KOd(pPUIIMEHTIN KYMMXaJIHUHT I — Kappaiau WiIgu3u Oyica, y Xojja yHra KyIiMa
a =a—ibcon xam xymxagHuHr I - Kappaau wign3u Oyiaaan. bomikada aiTtranma,

arap (3.4) HuHT TapkHOUIA (X—a)r(a:a+ib) oynca, y xomnma, (3.4) HHHT

r —\r 19 %) %) %)
TapkuOuaaru (X — a) Ba (X - a) JApHUHT KynaWTMacH, Kyiugaruda oynaau:

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBsanap

-
le q
Opkar a
Caxwuda 76/708
Tynuk skpat

Uk uw



(x=a) (x-a) ={x—(a+bi)]-[x-(a-bi)]}" =
= [x2 —x(a+bi)-x(a—bi)+a’ + b2]r = [x2 —2ax+a’ + bz]r =
=(x2 +2px+q)r,
OyHma p =-—a, q=a’+b? p?-0<0, pBa(— XaKUKHUii COHIAP.
Xy/UIM IyHIai FOKOPHATH MyJI0Xa3alapHu GOk KOMILIEKC HILTH3IAp

YUyH XaM IOPUTCAaK, y X0J1/a, (3.4) Kyiumard KypuHUIIHA OJIajIu:
Q,(X)= 4, (x—a) -(x=B)..(x* + 2px+q) (x* + 2ux+v)",... (3.5)
oyuna a,f,...,p,q,U,V - Xakukuii connap, I, S,...,t,K— Harypan comap.

Anrebpa Kypcuaa Kyduaaru reopemMa ucOoT KUIHMHAIH.

3.1-teopema: Arap gmg);; TYFpU paluoHan Kacp Tapkubumard Q,(x) Kymxan

(3.5) makmnga TacBUpIaHTaH Oyica, y X0Jia, palioHa Kacp, STOHa PaBHIIA,

Pm(x)= & o+ Ay —+ ot A —+..+

QW x-a (-af T x-a) .
M,x+ N, M,x+ N, M x+ N, '

ot +

x> +2px+q (x2 +2px+q)2 +"“+(X2+2F>X+Q)t

(6ynma AA,,..,A,...M,N,M,N,,...M,N,,..., - HOMabJIyM XaKUKUW COHJIAP) KYpUHUIIIAA
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tacBupiiaHaau. (3.6) TEHINIMK, X HUHT Q. (x) KYNXAJHUHT XaKUKUI WIAU3JIapura
TEHT OYyJIMaran xaMma KuimaTiapuia YpuHiIu.
(3.6) marm HOMabiIyM KOd(pdUIHMEHTIapHH Tonwm yuyH (3.6) HU ymymwuii

Maxpaxra Keatupud (ymymmii Maxpax Q,(x)) HKKH KYIXaJHHHT TCHIJIUIH

XaKUJard Teopemara acocaH, YHI TOMOHHJIArd CypaTgaru XOcui OyiraH Kymxana
Oounan P (x) Kymxaggark X HUHD  OMp XWI Japaxainapd  OJIuIard
K03 PUIMCHTIAPHN TEHIJIAIITUPUII HATHXKACHA, HOMAbIyM KOd(PQHUIIUEHTIApra
HUCOAaTaH YM3HKIM anreOpaWKk TEeHIJIaMalap CcHCTeMacu Xocun Oynamau. by
CHUCTeMaJiaH HOMAabIyM Ko3(h(UIHMEHTIaApHU TONMKUO, TomMIran KuiMatiapuu (3.6)
TEHIJIMKKAa  KeaTupud  kysamu3.  KacpHuHr  émiMmacugard  HOMabiIyM

KOd(DPUIIMEHTIIApHU TONUIIHUHT Oy YCYIU, HOMABAYM KOdhuyuenmuap ycyiu

IeUnIaan.

Pu(x)

[lysnait kumuob, f(x)=-_m

Q.(x)

W(X)= X< + ¢ X" +....+ a, IAKIJATY KYIIXaJH{ UHTErpajIalira Ba Kynumara

pamduoOHal KaCPpHUHIT HHTCIPAJIMHU XI/ICO6J'IaHI,

LA A MEN ey Ml (3.7)

X—o (X—CK)r X2+px+q’ (X2+px+q)
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2

(r>1) (6ynmma AM,N,a, p,q — Xakukuil coniap, ( _pT >0) KypuHHLIIArU

CONNa KacpJapHM MHTErpajjialira KeNTHpUIamd. by cojama KacplapHHHT

MHTErpayIapy KyHuaarnda XucoOIanau.
A Bx+C

x—a)" (x*+ px+q)

KYPUHUIIAATH c000a KACplapHu Kapaitmus. Y Xosjaa:

Ky#innarn, ( - (A/B,C,a, p,geR , kmeN)

1) m=1 o6ynranna, .[X—AadX: AJ.% = Aln‘x—a‘ +C.

o A L A 1
2) m>1 OoVaragma, |———dx=A|(x—a)"dx= +C.
) e J.(x—a)m Jx-2) 1-m(x—a)™
2
3) k=1 Oyaranma, a’=q b x+§ =t aJMamTUPUII OJu0, KBaapaT

4
yUXagHH, X’ +pxX+Qq=a’+t*> KYpHHHUIINra KEeJITUpaMu3, Ba OepuiraH KacpHHHT

AHUKMAC MHTCTPAJIMHN TOIIAMMA3:

Bx+ D tdt  (2D-Bp); dt
—— "~ dx=B + =
.[ J.aZ_I_tZ 2 .[az_l_tz

X2 + pX+(q
2X+p

M arctg [ N
VAq-p’ VAgq-p’

:gln(x2+px+q)+ +C
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2
a’ :q—p—, X+ —t

4 AJIMallITUPUIIT OJII/I6, KBaJapar

4) k>10ynranna,

yuXagHU X+ px+q=a’+t° KypuUHHINTa KeITHpamMu3 Ba OEpHiraH KacCpHUHT

AHUKMAC MHTCIpaJIMHU TOIIAMU3:

dx

I( Bx+D B 1 1 _(2D—Bp)j( dt

X* + px+q) T21-k (a2 +t2)” 2 a?+t?)

Oxupru udonanara HHTErpal 3ca, Kynuaaru

dt 1 t dt
- _(ok—3)—2
J‘(az +t?)  2(k-1)a* [(a2 +t?)7 ( )j (a2 +t2)li
PEKYPPEHT GopMyJia OpKAIIK TOIMIAIN.

| Ba |l Tummaru xacpiaapHUHT HWHTErpauiapu, t=X—o aJIMAIITHPHUILI

Epnamua XucoOaaHaIu:

I A dx:A_[ﬂzAln|t|f +¢ = Aln|x—a+c.
X—a t =X

A dt A 1 A 1
dx = A | .= iC =— - C.
J.(X—Ot)r X tr [r—l tr—l + }|I=X¢z (r—l) (X_a)r—l +

Il Tunparm KacpHUHT WHTETpaIMHU XHCOOJAIl Y4YyH, KBaApaT YUXaJIHH

KyhuJarnya maxia aiMallTHPAMA3:
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vV

TUIIAru

t=X+—-
2

X2+ px+q=

P

Idezj

X* + pX+q

2 t*+a’

KaCpPHUHT

:MIZM %N_Mq dt

(3 %)

t? +a?

2

HHTCTpaJInHU

xXucoOaniaa

ne6 6enrunad oaub, MHTErPATHU XUCOOIaiMu3:

Mt+[ _I\/lej
dt =

(3.8)

IOKOpUJIaru
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N o

2
: a=,/q- pT Oenrunanuiapaad goiganaHamMus:

f( Mx + N deMH( _Nzlpjdt:

X2 + px+q)r (t2+a12)r
_M d!t2+a2!+(N_ij dt M
27 (t?+a?) 2 )t +a2) 2Ar-y) :

+

Mp dt B M . 1
.(N 2 j".(t2+a2)r “2(r-1) (t2+az)r—1

~Mp) dt M 1 (_ij dt
+[N 2j(tz—az)r Z(V—l)(x2+px+q)r_l+ N j(t2+a2)r

KeuHTH uHTEeTpai (2.18) pexyppeHT Gopmysia opKaau XUcoOIaHaIH.

[Mysgatt kb, xap KaHmal XakKuKud KOADPUIMEHTIN  XaKUKUHA
Y3rapyBUMIM palroHall (paruoHan Kacp) GYHKIUSHUHT OONMIIaHFUY (YHKIUSACH —
norapudM, apKTaHTCHC Ba paliioHan QPyHKIUsS opKaiu udoganap sKaH.

3.1 — muco. Yoy

dx

J-x6—2x4+3x3—9x2+4
x> —5x3 + 4x

WHTETPATHU XHUCOOJIaHT

Eunianm. WNuterpan octumaru kacp — HOTYFpU Kacp OYIraHiuru
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yuayH, (3.2) ra acocan, P,(x)=x® —2x* +3x° —9x? +4 xymxaman Qs (x)= x> —5x° + 4x
Kynxaara Oymu0, W(X)=x Oynuama Ba P, (X): 3x* +3x® -13x® + 4 komaukHH

TOIIaMH3, AbHU

x® —2x* +3x* —9x* + 4 3x* +3x° —13x°* + 4
5 3 =X+ 5 3 °
X~ —5x" +4x X~ —5x" +4x

PaBmiankn, Qg (X)= x> —5x3 + 4x kynxan X=1 Xakukuil uUIgU3ra  ora,
Q,(x)=x* —5x> + 4x xynxaauu X —1 2a 6YauO,

Q,(x)=x(x—1)x +1)x —2)x +2)
KYPUHUILTA KEITUPAMU3.

3.1-Teopemara acocas,

kacp (3.6) kypuHHIIZArd cojajma KacpJiap

HuFuHIMCH cudaThaa TaCBUPJIaHAIN, SHHHA

3x* +3x* —13x° +4 A B  C D E
=—+ + + - : (3.9)
X(x=Dx+1)x—2)x+2) x x+1 x+1 x-2 x+2

OXupru TEHIITMKHA YMYMHH Maxpaxra KeITupuo, ymoy

3x* +3x° —13x% + 4 = A(X* —1)x* —4)+ Bx- (x + 1|2 —4)+
+C-xX(x—1)x2 —4)+ D-x(x? ~1)x + 2)+ E- x(x* ~1|x - 2)

TCHIJIMKHHM XOCHJI KHWJIaMH3. TEeHrMTUKHUHT S’IHF TOMOHHOArun KaBCJIapHH O‘II/I6,
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KYTIXQUITApHUHT ¥3ap0 TEHTJIMTH XaKUJard xoccaaaH (pormananud, x HUHT OUp XU
Japaxanapu oiaauaaru Ko3pOUIMeHTIIapHU TeHTJIAIlTHPaAMU3:

xﬂ3:A+B+C+D+E
xﬂ3:B+C+2D—2E

X*| -13=-5A-4B-4C-D-E (3.10)
X 0=-4B+4C-2D+2E
X’| 4=4A

Harmwxana, A,B,C,D,E nomabiaymiapra HucOatan OemiTa YM3UKIM alreOpauk
TEHTJIaMajlap CHUCTEMAcH XOCHJ KWIMHAM. by cuctemanu e4yub, HOMabiyM
HOMaBJIYM KO3 DHUITUEHTIAPHU TOIIAMU3: oyama, A=1, (3.10) cucremaHUHT
WKKUHYUCH Ba TYpTUHUYUCUHU Oupra eund, B=C -1 »skannurunu, OupuHYM Ba

yauHYHCHHN Oupra eund, D=—-E »skawnmmruam tomamus. bymapHu sbpTHOOpra

o 3 1 o
onu0, TYPTHHYM TeHIIamasaaH, C =5 B =5 sKaHJIUruHA Tonamus. [llyHman

KWINO, HOMabayM K03()UITMEHTIAPHUHAT XaMMacH TOTTHJIIIN:

A=1, le, C:§, D=1 E=-1.
2 2

Jlemak,
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X® —2x* +3x° —-9x* +4 X' +3x° -13x°3 + 4
j dx:j ( )d =

x° —5x° + 4x X(X —1)(x +1)(x — 2)(x + 2
2
_J-XdX+J~dx 1 dx +J- dx _,[ dx :X—+In|x|+
xl 2 X+1 Jx-2 X+2 2
2 X(X=2)x+1),/|x* = ‘
+%In|x—]4+§ln|x+]4+In|x—2|—|n|x+2|+c_X?+In} (=2 )‘ q+c

X+2 ‘

Ty¥pu panmonan kacpiaapHu HOMabiayM Koddduimentiau (3.6) KypuHuaaru
coaia Kacpyiap WUFMHIWMCH INAKIWAAa TacBUpJAaraHjga, yHIArdk HOMAablIyM
ko3 duIMeHTIapH  oKopuaa Kypcatwirad (3.1-mMuconra K.), HOMabiIyM
koddduinmentnap ycynumad GoHgamaHuO TOMHUINAA, YH3HUKIM — anreOpauk
TEHTJIaMaJIapHU €YHINTa TYFPU KeJNaau, JIEKUH YM3UKIN TeHIIamManap CUCTEMacuHU
€UMII, Xap JOWMM XaM €Hruia OymaBepMaiiau. Xycycui Xosurapjaa, HOMabiIyM
KodhunmeHTnap ycyiaura Kaparahjaa, KyJdaipok Oyiran, sSbHA HOMabIyM
Kod(hPHUIMEHTIapHU TOMMINAA OCOHPOK Oynran, ycymiap MaBxyna. MacanaH,
Xesucatio  ycynu, Topuep cxemacu, ougpghepenyuaniawoarn hHongaATAHATIT

yCyJUIapH, UIyJiap )KymJjiacura Kupaam.

Pm (X)

3.1.1. XeBucaiin ycyam. Arap Q—()(m<n) TYFPH KAaCPHHHT MaxpaKu
X
n
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Qu(x), ym6y

Q,(x)=a,(x—a \x—a,),...(x—a,), a, =1, (3.11)
KYpUHUIIA  TacBUpJIAHCAa, a,0y,...a, —  XaKUKUi  conmap  OYynwmO,
Q, (ai ) =0, (i =1n ), yauHT (3.6) makingaru comjma Kacpiapra EHuIMacHIarud
ko unuentTnapau, XeBucaWn ycynuaad —Qoigasanud, TONMUII Makcaara

MyBoUK Oynaau. by ycynHu, Kuckaya, Kyiuaaru Taptuba amanra omupaMus:

P, (X
1-xaoam. Q"‘E ;(m<n) TYFPU KAaCpHUHI Maxpaxu Qn(x) auHar (3.11)
X
n
udoranaru KynanTyBUmIapy OpKalIu €311, SbHU

Pu(X) _ Pu (%)
Q,(x) (x—ey)x—a,)(x~a,)

2-kaoam. Q, (X) HUHT (X — g )(i :1_n) KYTaUTYBYNCHHH BaKTHHYA EMUO, | HUHT

xap Oup KuiiMaruaa €EnwiaMaraH KymauTyBUWIapJa X HU «, COH OuilaH

anMamrtupamus. by aca, Xap Oup «, wiau3 yayH A COHHU Oepaju:
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A la )l -a)
_ Pu(@,)

AZ_(az O‘l)(az_o%) (0‘2 an),

_ ..................... Pm(an) ............

N - —a,)
3-xkaoam. Pm—(x) (m < n) panroHan KacpHH

Qy(x)
P A LA A
Q,(X) x-a, x-a, = x-aq,

KYpHUHUILIA E3UML.

Mucon yuyH, Oy ycyaau 3.1 - mucoira TatOukK Kuicak, A, B,C,D, E

K03 (D pUIIMEHTIApHA OCOHTHHA TOTUII MyMKHH:
1 - xaoam.

P,(x)  3x"+3x®-13x*+4 "
Q(X) x(x-D(x+D)(x-2)(x+2)" *

4

2-Kaoam. A=——" =1
(-1)-1-(-2)-2

=0, a,=1 a; =- =2, 0, =-2.
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B:_—3:l;
1.2.(-1)-3 2
_ 3-3-13+4 :g
-)-(-2):(-3)-1 2’
 3.16+3-8-13-4+4 _
- 2.1-3-4 -
:3-16—3-8—13-4+4:
(-2)-(=3)- (- -(-4)
P, (X)
Qs (X)

P
W) _A B C D E

D 1,

3 - kaoam. bepunran TYFPH KacpHH,

Qs(x)_; x—1 x+1 x-2 x+2
11 1 3 1 1 1
=— 4+ —- + —- + —
X 2 x-1 2 x+1 x-2 x+2

KYypHUHHULIAA E3aMHU3.
Kym xomnmapma X HMHT KHMaTJIapuHU, MacaiaH, X=0,+1+2,... kaOuiapHu,
TaHjam épaamMuaa XaM HOMabJIyM K03 GUIIMEHTIapHU TOUII KyJai Oymanu.
3.2-MHCOJI. X HHHT COHJIM KHMMaTiIapu EpaamMuaa

x* +1 A N B N C
x-)(x-2)(x-3) x-1 x-2 x-3
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udonanaru A, B, C xorddunmentiap TONMICHH.
Eunnumm. Jlactinab TeHrnamana kacpaaH KyTUJIaMuU3:
x> +1=A(x—2)(x=3)+B(x-1D(x—-3)+C(x—=1)(x-2). (3.12)
Ouau A, B, C xoadduieHTIapau TOMUII YIyH, MOC paBuiiia, (3.12) TeHraukaa

x=1x=2,x=3, KUAMaTIapHU KETMA-KET KysIMU3:

1+1=A(-1),(-2),2=2A A=1
22 +1=-B,B=-5,

3°+1=2C,C =5.
Hartmxana,
X2 +1 _1 5 5
(x-)(x-2)(x-3)(x—4) x-1 x-2 x-3
oynmasu.

3.3 - Mmuco. Yoy

X
X3 +6Xx%+11x+6

KACPHUHT HOMAabJAyM KO3(Q(QUIMEHTIN COJJa Kacpiap HUFUHIUCU IIaKIUJaru

udogacugaru HoMabiym K03 PUIMEHTIAPHUA TOMUHT.

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBsanap

-
le q
Opkar a

Caxuca 89/708

TynumkKk skpaH

Uk uw



Euywinmmmu. 1 - xaoam. bepuiran KacpHUHI MaxpaKMHU KyNanuTyBUMJapra

aKpaTaMu3:

Q,(X) = x* +6x* +11+6 = (X +1) (X* +5x +6) = (X +1) (X +2) (X + 3).

Hemak, Q,(x) mMaxpax , o, =-1 a,=-2, @;=—3 COAJa XaKUKWAW WIAU3Japra

sra. lllynra acocaHn, 6epunran KacpHH,

X X

C 46X +11x+6  (X+1)(x+2)(x+3)

KypuHHIILIA €310 OJIaMU3.

2 - Kaoam.
-1 1
:—1 =—=——,
“ A=12772
-2
=—2' = = ,
a, 2= 11
-3 3
— 3 A-——= -2
= AT 2

3 - kadam. bepunran KacpHH, yIoy
X 1 2

3

= — + —
XX +6x*+11x+6  2(x+1) x+2 2(x+3)

KYypHUHHUIIAA E3aMHU3.
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3.1.2. Indpdepenumanaamgan doigananum ycyau. by ycynHwy,

(m<n) tyrpu kKacpHuHr Q,(X) Maxpaku, XaKMKHH Kappajid WIAH3JIapra sra
Oynranna Kysiam KyJiai Oyiagu.

3.4 - mucosa. Yoy

x-1 _ A B _C
(x+2)° x+2 (x+2)* (x+2)°

tearnamana A, B,C  Homabnym kodddurnuentiapau auddepeHnnaiiangan

dolnanaHuI ycyau Oyirda Tonuil )xapaéHuHu 0atadcui Kapad YMKaMus3.
Eunwnnmu. 1-gxadam. Jlactinab kacpian KyTUIaMu3:
x—1=A(x+2)" +B(x+2)+C (3.13)
by Tenrnamana, x=-2 neb oncak, C =-3 6}"1JII/IHII/IHI/I TOIIAMMU3.

2-kaoam. (3.13) TEHINIMKHMHI WKKajJla TOMOHHMHH X ra HucOaTaH

muddepenunamiad,
1=2A(x+2)+B (3.14)
TEHTJINKHU XOCWJ Kuinamu3. byHna x =-2 ne6 oncak, B =1 6ynaam.

3-kadam. Ouman (3.14) TEHTIMKHUHT WKKaJa TOMOHWMHH X Ta HucOaTaH

muddepennmaniacak, HaTmKaaa
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0=2A A=0

oynanu.
Jlemaxk,

x-1 1 3
(x+2)° (x+2)? (x+2)°

3.1.3 T'opHep cxemacu. Xap KaHaail N — napaxaiu
P(x)=a,x"+a , X" +...+a,x* +ax+a, (a, #0)
KYIIXalHU X—o UKKUXAJHUHT Japaxanapu Oyinda EWnin MyMKUH:
P)=AX-a)" +A (x-a)™ +..+ A(x—a) + A(x—a;)+ A,

oyaga A (i=0,n) HoMabaym KoddduuueHtnap. I'opHep cXeMacHHH KeTMa-KeT

Kymnam épaamuia, A (i =0,n) HOMabiyM Kod(QUIMEHTIAPHH TONMII Ka/BaJUHU

KEJITUPAMU3:
Xn Xn—l Xn—2 X XO
a, a, ., a, ., a, a,
0
X1 «a a, oa, +a, ,=b , ob, ,+a, ,=b, , .| db,+a =b | db+a,=A
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1

X a a, @, +b,=c, | o€, +b, ,=C, , | .| aC, +b =A

S a, oa,+c,,=d, |ad, ,+C, ,=d,, | .. TnTynBapack
My Hpoapwnxa

X o a, aan—i_gn—l:hn—l ahn—1+£n—2 =A 1-606

. 2-606

Xl a a, aan_'_hn—l:Aw—l 3-606

Xla|a =A 4-606

MnoBsanap

PO)=A(x=a)" + A (x=a)"" +..t A(x—a)* + A(x—an) + Ay,

o n+ o P, (x o
kynxamgau (x—a)™ ra 6ynamus, HaTWKaza, L)M TYFpU paliOHANl KaCpPHH O
(X—a) QA O AQ
coliJia Kacpiapra €ilran oyinamus: IQ i&l
P, (x
n()nl= Aﬂ 7 An712+""+ Azn—2+ A:Ln—l—i_ Aon+1 OpKara
X—a)"™ x-a xX-a) (x—a) (Xx—a) (x—a)
Caxuca 93/708
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Eunnumm. TopuHep cxemacuman  Qoiigananu6d,  P,(x)=x*-2x*+3

KYMIXaaHU X+1 UKKUXQIHUHT Japaxanapu Oyimda €smu3. Jlactmad Kydumgaru

JKaaBaJIHU Ty3aMH3:

x4 x3 xz X )CO
1 0 -2 0 3
X [-1 |1 -1 -1 1 2=A,
|1 |1 -2 1 0=A,
¥ [-1 |1 -3 4=A,
x [-1 |1 -4=A,
x* |-1 [ 1=4,

By okagBamra acocaH, P,(X)=(X+1)*—-4(x+1)°+4(x+1)°+0(x+1)+2 KymxaaHu
Tysamms. DEmE P, (X) xymxagan (x+1)° ra 6ymu6, GepuiraH TYFPH pamEoHAN

KAaCpHU COJIJIa Kacpiap opKaiu €inimacura sra 0yaaMus:

P _ 1 4 4 2
(x+1)° x+1 (x+1)? (x+1)° (x+1)°°

3.6 - Mmucoa. Ymoy
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J- 4x? —8x ’
(x+1)%(x* +1)*

MHTETrpajIHu XUCOOJIaHT.

Eunmnmm. 1 - kadam. Bepunran unterpanga P,(X) = 4x* —8x,

Qs (X) = (X +1)?(x* +1)* , unTerpan ocTuaarn (GpyHKIUS TYFPU KacpaaH nGopat
Oynranu yuyH, 3.1- Teopemara acocaH, MHTErpajl OCTUJArd TYFpPU KACPHU
KyHHIary coj/ia Kacpyiap WHFUHINCH IIAKIINIa TaCBUPIaiMu3:

4x? —8x A B Dx+E Mx+N
= + + + ,
(x+D2(x* +1)* (x+1* (x+1) (X*+1* (x*+1)

OyHma A B,C, D, E, M, N - HoMabayMm Koddpuiimentiap.
2 - kaoam. OXHpru KaCPHU YMYMUN Maxpakra KeITUPUIL HATHKACUA,
4x% —8x = A(x? +1f +B(x+1)(x? +1f +(Dx+E)(x+1)* +
+(Mx+ N )(x+1) (x* +1) (3.15)
MyHocabartra asra Oymamu3. (3.15) HUHT WKKH TOMOHHJArd KYIXaJJIapHUHT MOC

Ko3(ppuLMeHTIapuHA TEHIJIAII TUPUIIT HaTW)XACUJA, HOMAabJIYM

A B,C, D E, M, N xoxbdunuentiapra HucOATAaH YU3UKIA TEHIJIamajap

cucteMacu xocusl Oynaau. Jlekun, Oy cuUCTEMaHM edMIlra HUCOATaH KyJalpoK
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(oCOHPOK) ycysn MaBxya OYynu0, y Kyimmarmda amaira omupmiaaum: (3.15)
TEHTJIUKIA X =—1 1e0 0aud, A=3 3KaHIUruHU Tonamu3. CyHrpa, x =i 1eb oncak,
—4-8i=(Di+E )(i+1) =—2D+i2E,

OyHJla XaKUKWM Ba MaBXyM KUIMaTIapHU TEHIJIAIITHPUO,
-4 =-2D, -8=2E, D=2, E=-+4

JIapHU TOTIaMU3.

3 - kaoam. (3.15) TEHITUKHUHT HKKala TOMOHHMHH auddepeHimaniao,
CYHrpa x =-1 Ja HOJIra aiilaHMalIurad XaJJlapuHu €3u0 oJlaMu3:

8x —8 = 4A(X? +1)- x+ B(x? +1f +...

OyHmaH, x =-1 e oyicak, —16=-8A+4B=-24+4B 8=4B; B=2 Oynaau.

4 - kaoam. (3.15) HuHT WKKana ToMOHUHU quddepeHnmramiad, Gakar x =i ga
HOJITa alTaHMalINTraH XaaJapHu €3u0 oJaMu3:

8x —8=D(x+1)2 + 2(Dx+ E)(x +1) + (Mx+ N )(x +1)° - 2x +...

By TEHrnmMKHUHT WKKajJla TOMOHHMIa X=i HH KyWuO, KoJIraH UKKHUTa

KO3(ppULIMEHTIIapHH TOTIAMU3:

8i—-8=2(i+1f +2(2i—4)(i+1)+ (Mi+N(i+1)°-2i
8i—8=-12-4Mi—4N,  4-8i =—4N —4Mi,
4=—4N, —8=—4M, N=-1 M=2
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5 - kadam. Wynaa kunuo,

.[ 4x% —8x _J- A, B  Dx+E Mx+N),
(x+1)2(x' +1)* (x+1)? x+1 (xX*+1)* x*+1

=3_[ ox 2+2_|. o +2j ):_22+.[22(_1dx=
(x+1) x+1 (x*+1) X +1

__ 3 1 dx 2
— X+1+2In|x+]4 ] 4I(X2+1)2+In‘x +ﬂ arctgx.

KkeirHru uHTerpai (2.18) pekyppeHT hopMyiia OpKad TOMUIAIN:

dx 1
[——F5 =7 +—=arctgx + C.
(x*+1) 2(x“+1) 2

Jlemaxk,

4x? —8x 3 2x+1

S _ +In(x+1)?(x? +1) —3arctgx + C.
(Xx+D*(x*+1D)*>  x+1 x*+1 (D ) .

Pannonan kacpinapHu cojjia Kacpiapra €Mn0 MHTerpaanaa Kyl xojmapaa,
Mypakka0 xucobnanurap Oaxkapuira TYFpu Kenaau. bab3m Xonmapaa, WHTErpai
OCTHJArd paluoHal KAaCpPHUHI IIAKIWMHU  alIMallTUpuO, Y3rapyBUYHIApHU
anMamTupuil, Oynakiad HWHTerpaiiam ycyulapuaaH oiinananuil, OepuiaraH
MHTETPAIHU XUCOOJAITHU EHT UILIAIITUPAJIH.

3.7 - mucou. Kyitugaru:
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dx : dx .
Vg 2

4)J' X2 +1 ) 5)'[ 2 dx

X' +3x% +1’ (x> +3)%
9 4
6) %? 7)%
X" (1+x°) (X7 +1)
MHTErpajulapHu XUCOOIaHT.
Eunnaunimn.
dx 1;3-x*+x?
1)_[ 2 22 :_J‘ 2 272
X“(3+x ) 37 x°(3+x%)

1 dx
:_I( T34 j X_EI(3+x2)2 -

X

ax .
3) j—x(z_x3)2,

TutTynBapack
My HAapuxa
1-606
2-606
3-606
4-606

ZEJ’ dx _1p_ dx Wnosanap
37 x*(3+x?) 37 (3+x%)?

- =

R - L arctgi
9x 18(x*+3) 643 J3

i—iarctgi— L arctg — =
9x 93 3 18(x*+3) 18/3 3

e =]

Opkar a

+C

d(x?) 1 du Caxuda 98/708

xdx
Z)J‘Xa(XZ—I-Z):J.X (X +2) I

u+2- u 1
B J.u (u+2) B I___

X"(x2+2) 23 uP(u+2) 2

TynukKk akKpaH

Uk uw

u(u+2)



1 1 1, x*+2

:__—lln|u|+lln|u+2|+c:——2+—In —+C.
u 4 4 2x° 4 x
B)J' dx _J~ x2dx _EJ' d(X3) _EJ' _
x2-x)? Ix2-x%)" 3Ux2-x%)" 3 u-u)’|, s
e D8 5 S dpd g
672-ul u 2-u (2-u)? 122u12
3
L ——In|2 u|+—|n|u|+C—;3+iln X —+C
6(2 u)y 12 6(2—x°) 12 |2—x
x* +1 Xz(lerlzj d(X_ij
4)-[x“+3x2+1dxz-“ 1 = de:
xz(x2+3+2j (x_j +5
X X
—I—du ( arctg — j = —iarctgi_l+c
u*+5/ 1 (5 f o) BT X

3 xxdx _xdx+3)
I( J.x+3)
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_1(_ X +EJ» dx )= X +i X_
T3 2 +3) 27 (x243f 61X’ +3) 36x°+3
TutTynsBapack
\/_arctg\/_ My HAOoapuxa
c x“dx x2+3—3d _ dx 3 dx 1-606
e g ey Iy 2-606
X X 3-606
6(x*+3) 6\/_arct \/_ 4(x2+3)2 4-606
Lo 1eex 1 x 1 X y
S 8\/§arctg \/5 4 23 2 (x2+3)2 o \/_arctg \/_ +C nosanap
1 Cpl-xtaxt (- x?)a+x?)+x*
6)Ix 1+ x? ) -[ e x?) dX I x* L+ x?) = . _:
1-x2 dx 1 1 e =
_J' I1+x :—3X3+;+arctgx+C IQ ;’I
2x +3x* 1 d (xt° +1) 3¢ dx° 1 .du 3, du Opkar a
7) to——l =
.[( 10 1) "5 (X10+1)2 J((X ) +1)2 5~[ oxd0in 5-“(u2_'_:|_)Z N Caxuda 100/708
1 x° 1
=— + +=arctgx® +C.

TynukKk akKpaH

x(x°+1) 2 +1) 2

Uk uw



3.2. UaTerpa/IHMHI palMOHAJ KHCMHUHHU askpaTuuia Ocrporpaackui
yCYJIU.

P(x o
L; TYFpU KaCpHUHI Maxpaku Kappajd KOMILIJIEKC Uiau3Jiapra osra

Qx
OynraHja, yHM HHTETpajulaliia, Mypakkad xucoOmanuiap 0axxapuiira TyFpu
Keau.

bynnaii xomnapaa, ymoy

P, R (R,
0 ok o

Octporpanckuii dopmynacuaad donganaHumn Kymnail Oymamu, OyHma QZ(X)—

(3.16)

WIAU3IIapu Q(X) KYTIXaIHUHT XamMMa cozia (Oup kappaian) wiau3inapuaad uoopat
QX)=Qu(x)- Q;(x) Pi(x) B2  Py(x) map
R(x)  P(x)

K02 QHUIMEHTIN KynXaanap 6ynu6, ——— Ba
Q, (%)

Q,(x)
KYIIXaUIADHU TOIHWII  YYYH,

oynran

KYTIXa/l, HOBMAITYM

TYFpU KacpiapaaH nuoopar.

P(x) Ba Py(x) yJaapHd  HOBMAIyM
kodhpunmentnap Epmamuma €3ub ommb, cyHrpa, (3.16) HHHT WKKajla TOMOHWUHU

muddepennmamiaiiMmus, HaTwkaa, (3.16) TeHTIMKKa TEHT Ky4JIH,
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P0) _(R0)Y |, P
B [Ql(x)] Q,(x) (3.17)

TEeHrJuKra osra Oynamu3. By TeHrnukaaH HoMabiyM K03 UIIMEHTIap yCyauaaH

ol1anaHuo, P (x Ba P, (X JADHUHT  TapKUOMJAardk  HOMAbIyM
1 2 p p 3

kodpdunuentinapuu  tomamus. OcTporpajackuii  GopMmynacu, HHTETPATHUHT

P(x)

panuoHan KUCMUHM (MHTErpajjlaMacaH) aXpaTulira UMKOH Oepaju, m TYFpHU
X

KaCpHU HWHTCTpaJuiall MacajldCH, YHI'A HucOaTaH OCOHPOK HHTCTrpaJulaHaAAUTaH

P, (X
L TYFpU KaCPHU MHTETPAJIIAINTa KeITHPUIIAIH.
Q,(x)
3.8-mucoua. Yoy I X—_lz dx HHTErpajHu XUCOOJIAHT.
(X2 + x+1)

Eunnumn. By xonma, P(x)=x-1 Q(x)=(x* +x+1),Q,(x)= x> +x+1,

Q,(x)=x?+x+1. (1) hopmymara acocasn,

dx

X?+x+1

x—1 Ax+B Cx+D
J‘(xz +x+1f w= X? +X+1+I

ne6 &3mb omamm3. A B,C,D HoMabiym kKo3(DPUIIMEHTIIADHW TOMHIN YUYH,

IOKOpHUJard TCHIJIMKHUHT HWKKajla TOMOHHHU JuddepeHnaiianmus:
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1-606
2-606
3-606
4-606

MnoBsanap

-
le q
Opkar a
Caxua 102/708
Tynuk skpat

Uk uw



x—1 _( Ax+B j’+ Cx+D

@2+x+1f_ X2+x+1) xXP+x+1
x—1 _A(x2+x+1)—(Ax+B)(2x+l)+ Cx+D Tutynsapack
(x + x+1f (x® + x +1f X* +x+1’ MyHAOapuxa
OyHI1aH 1-606
x—1= A(X? + X +1)— (Ax+ BY2x+1)+ (Cx + D)Yx? + x+1). 2-606
TeHTIMKHUHT MKKajla TOMOHUJArd X HUHT OMp XWJI Aapakajiapy OJIIUJIaru 3-606
K03 PUIMEHTIapHU TEHIJIAIITHPAMU3: 4-600
ﬁ|0:Q MnoBanap
X! 0=A-2A+C+D,
X| 1=A-A-2B+C+D,
x| -1=A-B+D, ‘;ﬁ‘ __’
6ynmad, C=0, A=D=B=-1.
T ¢ »l
[Iyunmai ko,
FREREE Opkar a
I x-1 dx = — X+1 _I dx B
(Xz +X+1)2 x2 +x+1 ( 1j2 (\/5]2 Cax unda 103/708
X+=| +| —
2 TYynuk akKpat
= X—+1 2 arctg YUunkwnuw

\/_

x2+x+1 3



MycTaku/ e4uil Y4yH MHCOJLJIap

I/IHTeraJ'IJIapHI/I XUCOOJIaHT:

dx

31 f 22

34~[ a+bx) 39 J‘x+l)(x 3)

dx
7'-[(3x+5)(4x+9)' 38 -[ a+bx)(c+fx

X dx x dx
3':I'O'-[(Zx+5)(3x—4)' S J‘(a+bx)(c+ fx)

WNuTterpammapan XxucoOmaHr:

312 [ 33 e
dx dx
315, —F——. 3.16. :
j (2+x)x-3)° I (3—4x)5-2x)*

3.18.I - xdx . 3.19..[ xdx

(a+bx)c+ &)

I
X =X
2 7
2x+3)(x+4)

X dx
(x+3)(x—4)

36. [

3.9.]

314j

a+bx)

3.17. [ &

3.20.| _ A e
4x* —4x +5

(a+bx)c+ )
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3.3. UHTerpamiapHu XucoOIaHr:

dx
x(a+bx)c+ fx)

321, [

dx
3.22. Im

dx 4Xx +8
3.24.| s e 3.25.|

327[ ox+ f i 328I x +x+l)dx

ax®> +bx+c x 3ix +4i
3.30. de
X° —4x

WNuTerpamnapuu XucoOIaHr:

6 4
3-31-IX 2x —3x® —9x? +4d.

—5x® +4x

4 3
3-33-IZX —3x +4x° 5X+6d.

x? —3x+1

—————0X
4x° +6x—-13

dx
323 I (x—3)3x* +4x+2)

3.26. jde
33X —Xx+5

3x? —7x-20

dx.
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WNurterpamnapau XxucoOnaHr:
1
; dx

dx
338 '[ (x+1)x+2) (x+3)°*

336J'X+

24 I (x— 1)(x+2)(x+3)d '

3.6. MHTerpamiapuu xuco0JIanr:

3
3.44.[% szldx.
X —

3.46. | _ X6 4

x* +6x%+8

2)x dx

3.48. I x+2) (3x? —2x+4)

337I

) (x+3)
3.39. j@de.

_X2)3
1+x
St I x 1ix +1i

343.[ 5x% + 6x —23 dx

1)’ (x+1)*(x-2)

dx
(x2 —4x+5)x? —4x+3)'

3.49. | LoD

(2 —ox+ 202 + 2x12)
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MycTaku/i e4HuIl Y4YH MUCOJIAPHUHT KaB0O0JIapH

TutTynsBapack

1, 12 1. 15 2,13 5 1 |a
3.1. —Eln;+l‘+c. 3.2.—gln;+2 +C. 3.3.—§In5+—+c. 3.4.—gln;+b +C. My Haapuxa
1-606
3.5. ——| Y o3 i e 37 P 38 L ¢
x-3 5 | x+4 7 14x+9 bc—af c+ x| 2-606
3.9. L(3infx+ 3+ 4lnx—41+C. 320, 2inf2x+5 + L infax—4j+C. 3:000
7 23'2 3 4-606
~Sinfc+ &J+C.  3.12. l(i—llnfﬂﬂm. Mnosanap
f 4{4+x 4 |X
3.13 —[L—1|n3+4]+c. 3.14. 11 _Iiningsc
3 |x aa+bx a |[Xx
-1 1 |x+2 1 1 |3-4x g [
3.15. —In—=|+C. 3.16. ——————1I C. S
5(x — 3)+25 =3 14(2x-5) 49 In‘5—2x " Q‘ | >
3.17. L ENNN L DY ¥ B B D i =l
(bc —af )c + fx) (af — |c+ fx| 22(2x+5) 121 |2x+5
Opkar a
C af |a+bx|
3.19. - 2
f(af —bc)c+ fx) b(af —bc) |C+ fx| Caxwn da 107/708
3.20.%In‘4x2—4x+5‘+%arctg 2X_:I'JrC. TYynuk skpat
3.21. iIn|x|+Lln|a+bx|—;ln|c+ fx|+C. Hukuuw
ac a(af —hbc) c(af —bc)



1 X2 3 2X+3
3.22. —In — arct +C.

10 x*+3x+5 511 VT J11

1, | (x=3f | 1 3+ 2
3.23. —In — arct +C.

82 |3x* +4x+2| 412 N

2

3-24-i|n(22)(;5) ﬁarctg X-2.c

93 [x*—-4x+7| 31 J3
3.25. Zinfax +6x -1 +— n|4x 3481

2 2\/_ ‘4x+3+\/_‘

1 13 6X — 1
3.26. =In[3x* —x + 5+ arctg

6 | | 359 J5o

o 2ap — ba 2ax+b

—Infax? + bx +¢| + , 4ac—b* >0
5o 2a | [+ av4ac — b2 \/4ac b2 .
R +C.

2af —ba |2ax+b Vb —4ac|
_4ac>0

a
—In‘ax2 +bx + c‘
2a

2avb? —4ac ‘2ax+b Vb? 4ac‘

3.28. In|x—3|—%arctg§+c, 3.29. (X 3)°

X*(x-2)
(x+2)

3 2
3.30. 2+ X fax+int
3 2

‘ X+ 2 ‘

+2In[3x+5 - x4+ C.

+C. 3.31. —2 ‘ X_Z)(XH)V‘XZ_qLc
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4
'3>.32.X—+£x3+6x2 +30x—i+72ln|x—2|+C.
4 3 X—2

3 |2x 3- \/_|
3.33. —x +=x* +11x+= Inx —-3x+
2 ‘ 1‘ 2\/_ ‘2x 3+\/—‘
1 3 11 7
x=2 (x-2f 3(x-2° 4(x-2)
4 2 1
3.35. In|x +1 + - - +C.
e+ x+1 (x+1)° 2(x+1)*
2
3.36. - i Yc. 337, 16— 21x—6x x=2
(x-2¢ | x | 250(x— 2)(x + 3)° 625 Mxval”
2 16 3
3.3 20 +500+68 1 Mer e 2f o ggq XX L fied o
Ax+2fx+3f 87| (x+3)f | 8-xf 16 [1-x
2
3.40.iIn|x—]j—fln|x+2|+gln|x+3|+C. 3.41. 11 (x2—1) +C.
12 3 4 2 x*+1
342,22+ Zarag 2+ 343 pbcx-2) 3 1 ¢ 1
8 Ix+el 4 (x+1) 2(x-1° x-1 x+1

3.44. %In|x—]4 +%In|x +1] —%arctg X +C.

3.45 1 In|x -3 —iln|x -1 +i|n(X2 +4x +5)+Larctg(x +2)+C.
52 20 65 130

+C.

+C.
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2
3.46.1n 4 +§arctg 5

arctg —
VX242 \/_
348— Inx + 2 arct
T + |+| \/_ g \/_

\/_

+C.

+C. 3.47. —I =
10 3x +5X+2

3.49.

X_
In——

—5x+2 LC

x—g +arctg(x+1)+C.
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4-§. bab3n uppauuonaj udgoaajiapHu HHTErpaJJIaml

Arap uHTerpan octujaru (QpyHKUus uppauuoHan (QyHKOus Oyica, Oab3u
XOJlap/la YHUHT HMHTETPAIMHM XHCOOJaml macajacd, panuoHal (QYyHKIUSHUHT
UHTETpaIMHU XucoOsamra onub kenuHaau. by ycynara wuHTerpam ocruaaru
uboaaHN palMOHAJUIAIITHPHII YCyau Aeiunaau. buz 0y maparpadaa uppanronan
udonamap KaTHAIITAH WHTETPAJUIAPDHUHT Oab3W TYypJIApUHH PallOHAJUIAIITHPHUIIL

YCYJIJIapUHU KEeNTUpamu3. X, X,,...,X, Yy3rapyBumiapra HucOaTaH palioHal

oyaran GyHKIMAHE R(X,X,,...., X, ) 10 OenrumaiMus.

4.1. j' R(x, X, X7 ..., xY )dx KypuHuumaara udgogajapHu MHTErpaJijiaml.

bynna R(x, x“, x# ,...,x”)- Y3 apryMEHTIIApUHUHT palHOHal (YHKIHUACH,

m2 m2 ms

a=—%,p=—%.v=—= - panumoHan cowiap. by wuHTerpamHu xwcoOiar,
r]2 r]2 ns

x=t“(k—n,n,,.. JAPHUHT DHr KHYMK YMYMHH OYJIHHYBYMCH) aJIMaIITHPHUII

épaamujia paruoHan GyHKUUSHUHT UHTETPAIIMHA XUCOOaIITra KeITUPUIaIn.
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My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBsanap

-
le q
Opkar a
Cax uda 111/708
TynumkKk skpaH

Uk uw



X +&/x
x(1+%/x)

4.1-mucoa. Ymoy I —————dx MHTETpaIHu XUCOOJIaHT.

Euywimmmu.  Materpan  octujgard  QyHKIMS, X, =X, X, =X3, X3 =X

y3rapyBumiapra HucOaraH panuoHan Gynkuus. bepwiran unrerpan 4.1- 6angnaru

1

WHTErpaJl KypuHUIIUAa OYynud, o =%, B = 5= 3,n,=6k=6. Yau xucoOmarr,

4.1- Oanara acocaH, x=t° anMamrupuin Epaamuaa paruoHan (QYHKIMSHUHT

MHTErpaJuHU XHucoOallra KeITupuIaan: dx = 6t°dt,

t°+1 t+1

J- x+‘i/_ J- t® +t

x(1+3{/_) t°(L+t%) dt—6_[

dt_(sj(t3

3

4.2.

J.R[x, (ax+b)*,(ax+b)’,...,(ax +b) 1dx,

a g v
_[R[x,(a“bj ,(a“bJ (a“bj Jdx (a, b, ¢, d eR, ad —cb =0)

cx+d cxX+d cx+d

KYpUHHIIAATY U(OIAJTAPHUA MHTErPaJJIAI.

(4.1) éxu (4.2) KYpUHUIIUIATH HHTErPAUIAP, MOC paBHIIa, ax-+b=t" éku

= §t4 +3t° +6arctgt + 3In(1+t)+C :=§§/F+3\/;+6arctg§/;+3ln(l+ ?{/;)JrC

(4.1)

(4.2)
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ax+b
cx+d

=t* anmamTupuin épramMuaa panuoHAIAIITAPWIAIH, OyHaa k - a, B,...,V

palMoHaJl COHJIAPHUHT 3HT KUYUK YMYMUUH OYJIMHYBYHCH.

4.2-mmcon. Yuly I lwfx;zdx UHTETPaIHU XUCOOJIAHT.
xV X

Eunaummu.

X—2 .
S £ aIMaIITUPUII EpJlaMuIa PAIIMOHAIIAIITUPUINO, XUCOOIaHaIu:
X
1-t

J.l /X;de:xziz, dx = 4t2 ~dt| = ZIMdt
x\ x it 1-t?) (1-t%)?
-2t Yo =2 X2 inxa- X=2)4c.
1+t X X

4.3, J'R(x,\/a2 —X? )dx, IR(X,\/aZ + X° )dx, _[R(x,\/x2 —a’ )dx

u(ogaJIapHU MHTETrPAJLIALL.

1
zjdt+zjmdt=

KYPUHHUIIIATH

Kyitnmarn
J'R(x,\/a2 —x? )dx, IR(X,\/aZ + x° )dx, .[R(x,\/x2 —a’ )dx (4.3)

KYpHUHUIIAArUM UHTETpajlIap, MOC paBulIga X =asint, x = atgt, x =asect, aeR, a=0,

bepunran wmaTerpan (4.2) KYpUHUIIIArHW HWHTErpan Oyiuo,
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aNIMAIITHPHUIILIAD HATHKACHA PAIMOHAIAIITHPUING, XHCOOIaHA .
4.3 -mucost. YmGy [x*v4-x"dx HHTErpaHu XHCOGMAHT.

Eunnumm.  bepwiran wunrerpan (4.3) kypuHunimarua udomaiapHUHT

OMpPUHYN MHTETpald KYpUHMUIIKJA OYITaHIIUTH Yy4YyH, X =2sint aJIMallITUPUIIHU

O6axxapu0, xucobamus:

Ixzx/4—x2dx:‘x:25int, dx = 2costdt, v4—4sin® =2cost‘:
- 2 2 - 2 1 -
=16]sm tcos tdt=4jsm 2tdt =2_[(1—cos4t)dt =2t—§sm4t+C.

sin4t = 2+/1—sin’t sint(l— 2sin? t),—

stsz, sin arcsin5 =5,—2§x32
2 2 2

Ny

dhopmynamapHu YbTHOOPTa OJITaH X0JIJIa, 3CKHU y3rapyBuHra KanTuO, HHTErpaTHHA

XUCOOIaiiMu3;

IXZ\/4—x2dx =2t—%sin4t+C =2arcsin§+§(x2 —2N4-x* +C.
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4.4. R(x, Vax® +bx + c}ix (a #0, b’ —4ac= O) Kypunumaaru udgoaanapHu

HHTer pauiall.

Kyitngaru

_[ R(x,\/ax2 +bx+c}ix

WMHTErpajHu XucoOsam, YHOaru a,b,c

(4.3)

koddduinuentnapra OOFIMK, yd4Ta

AJIMalITUPHUII ép}laMI/I)Ia panruoHalI (1)YHKIII/ISIHI/IH1“ HHTCTIpAJIMHUA cho6J1a111ra

KEJITUPUIIAIN:

1-xox. a>00ymranma, (4.3  wuHTerpamma
AIMAIITUPHUII OaXkapuIaiu.

2-X01. c>00ynranga, (4.3')  wuHTerpamaa
ANMAIITAPHUII Oa)Kapriiau.

3-xon. a=0, b®’—4ac>0 Oynaranma aca,

Jax? +bx +c =+t ++ax

Vax? +bx+c =+xt £+/c

(4.3")

WHTErpaija

Vax? +bx+c =t(x—x,) éku vax® +bx+c =t(x—x,) anmamTupuIn GaxkapriIaIm.

Opnatna, 'oKopHIa KeITUPWITAH yuTa alIMallITUpUILLIAp - Jiiep

armawmupuuiiapy 1ed auTuiaam.
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dx

1+xN1+x NG

Eunnumm. 1+x—x? KBapaT y4xaJ KOMIUICKC WIAu3ra ara Ba a<0,¢>0

UHTETPaTHU XUCOOJIaHT.

4.4 -mucoa. Yuoly j

OyiraHu y4yH 2-yon1 acocaH 1+ x—x’ =tx —1 aJMaIlTAPHUIITHU OakapaMu3:

1+x-x° —2tx+1 1-x=t*x-2t; x_%'
1+t
dx = Mdt X —x = t2 +t—1
(1+t) 2 41
Ilynpait Kumuob
Fromsemrchl At-v) dt =
(1+X)\/1+x7—x2 (1+t2)2(1+1+2tj' 2 4t—1
t?+1) | t°+1
2
Z_ZI—Z:_zarCtg(t"'l)"'C:—Zarctg M+x+1+c
(t+1) +1 o

—VX?+3x+2

4.5 -mucoa. Ymoy j
X+X2 +3X+2

dx HMHTErpasHu XUCOOJIaHT.

Eunnumm. Muterpan octumarn x°+3x+2  KBaapaT ydxamg X, =-1 X, =—2
XaKUKAA wWiaW3nara dsra Oynranum yuyH, 4.4- Oampmarum 3-yoszea acoca,

VX% +3x+2 =t(x+1) anMamTupuin 6axxapud, GepUITaH MHTETPATHU XUCOOIaiMu3:
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t° -2

(x+1)x+2)=t?(x +1)*; x+2=t*(x+1); x= T
dXZZt(l—t2)+2t2(t2—2)dt: 24y 2 g
(1-t?) (-t?) (-t?)
J»x—\/x2+3x+2dxz x>+ x> —3x-2 dt:—j 3x+2
X+VX* +3x+2 (x+\/x2+3x+2)2 (x+\/x +3x+2 )z
(3;2 6+2Jt dt t(2—24)
=2 ¢ =2f —L dt =

1
hef[ P22, 2 Y 2
e T e 1=

_ J- 4)dt _ J- t+2 _ J- t+2 t
(- t)(t+1 t-2r - t)(t+1 (t- 2 (- t)(1+t t—2)

Oxupru MHTErpajijga, UHTErpajn octuiaru udona TYFpu Kacp OYITaHIUTH Y4yH,

1.3.1 — Teopemara acocas, YHH, COja Kacpiaap WUFUHINCH IIaKIUIa,

2t(t +2) _A,B C D  E
(-t a+t)’(t-2) 1-t t-2 1+t @+t (@+t)

KYpuHUIIA TacBupaad, A B, C, D, E HOMabiayMm KO3 PUIMEHTIAPHU TONAMHU3.

IOxopunaru TeHruKaaH,
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2t(t+2)= At —2)1+t)’ + BL-t)1+t) +cl-t)2-t)1+t)" +
+DA-t)1+t)t—2)+EQ-t)t-2)
MyHOcabaTHU Xocwi KuiamMu3. OXHUpru TeHraukaa t=1t=-1t =2 KuiMaTaapHu

KeTMa — KeT Kyino, A= —%, E =%, B= —g SKAHJINTUHU TonlamMu3. D koadduiu-

CHTHHU TOIIUII YYYH,

2t(t+2)= Alt—2)1+1)° + BL-t)1+t) +cl-t)2-t)1+t)* +
+DA-t)1+t)t—2)+EQ-t)t-2)

TEHIJIMKHUHT HMKKajda TOMOHWHU 1uddepeHnuamiad, cyHrpa yHra t=-1HH
kenTtupud kysmusz. Juddepennuamianragia TeHIITUKHUHT YHT TOMOHUIA t=-1
Jla HyJITa aiJJaHMalIural XaiapHu €3u0 oJIaMu3:

4t + 4 = D[-2t(t — 2)] + E[(t — 2)+ (1—t)]

5

bynman t=-1 1e06,0=-6D+5E =-6D+ 3 D= % SKAHJIUTUHUA  TONamu3. Xy 1

myHaai, C ko3 OUIMEHTHN TOMHIIIA XaM,

2t(t+2)= Alt—2)1+1)° + BL-t)1+t)’ +c@-t)2-t)1+t)* +
+DA-t)1+t)t—2)+E@L-t)t-2)

TEHIIMKHUHT MKKajla TOMOHUHU auddepenimamniad, TEeHIJIMKHUHT YHT TOMOHHAA

t =1 1a HoJra alaHMaJuraH XaJjlapHu €3u0 omaMus:
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4t +4=AN(L+t) +3(-2)1+t)°]+B[-(L+t)’]+C[(t -
+D[-(@+t)t-2)]-E(t-2)

2)1+t) -]+

bynnan, t=1 ne6 onuo,

8=-4A-8B+4C+2D+E =3+ 128 +4C + E 1 C=—£6yJ'II/IH_II/IHI/ITOHaMI/I3
27 108
Jlemak,
jx““ S VO O T AP B S 3
N e 4 27 108 18(t+1) 6(t+1)
6 VX2 +3x+2
yHAa t=————.

X+1

4.5. bunomuaua nuddepeHnmuaIApH HHTErpaJialll.

4.1-tabpud. VYmly xm(a+bx“)de-K}“1pHHHmz[arH udonara, OuHoMuan

ougpgpepenyuan nevivnaau, OyHmaa a,b - XaKuKWil COHJap, m,n, p - Jap 9ca,
parmoHa CoHiap.
_[x'“(a+bx”)P dx (4.4)

KYPUHUIIJATd HWHTErPalHU  XUCOOJIalll,

KyWujgaru y4drta XoJja, paludoHal

(YHKIUSHA UHTETpajuIallira KeITHPUIIain:
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1-xon. p- OyTyH coH. By xonaa m, n Kacp COHJIap Maxpa)KUHUHT HT KUYHMK

A

yMyMui OYIMHYBUYMCHMHH 4 opkanu Oenrmnad, (4.4) wuHTEerpamma x=t
aMaITUpuIn 6axkapuiica, HHTeTpaj octuaaru udoaa paruonan udojgara aiaaHuo,

(4.4) uaterpan panroHan GYHKIUSHI HHTETpAILIANITA KSITUPHIAIH.
2-x011. mT+1_ OyryH con. By xonna (4.4) uaterpanma a+bx" =t°, (s coH - p

KaCpHUHT Maxpakv) ajMallTupuml Oaxkapuiica, HWHTerpan octugaru udoaa
panonan udoara ainanu0, (4.4) UHTErpaJiHU XMCOOIAIl palnroHan (QYHKIHUSHU

MHTETpaJUIaIITa KeITHPUII/IH.
3-xon. m+l, p-0yTyH coH OYncuH. by xonna (4.4) uaTerpanaa, t° =ax ™" +b
n

(s COH - p KaCPHUHT Maxpaku) aJIMAIITHPHUII OaKapUITHIIN HATH)KACH/IA PAIllHOHAI

GyHKIMS UHTETPATMHU XUCOOIaIra KeITHPHUIIA N,
4.6 — MmucoJ1. j Jx (l+ i/;)4dx WHTETPATHA XUCOOIaHT.

Eunnumm. HWaTerpan octugarn  umdoma OuHoMmMuan  auddepeHmma

maknuaara udoaa 6ynud, OyHma m= L

> n =%, p=4. p—OyTyH OVATaHIUTH Y4YyH,

4.5 - Gaumgmarn  1l-xonmra acocan, t=%x, x=t° aJIMalITAPUILI OJIMHCA, MHTETpal
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ocTUard upoaa pauuoHall KYpUHUIIra KeJlau:

[Vl 3/x) de = [l ottt =6[t2 L+ 467 + 6t + 4t° +1° )t =

TutTynsBapack

9 11 13 15 17
Y LA £ S SL SNTLS S IRpe My Hpaapuxa
9 11 13 15 17 1-606
17
:gt 24 §t13+§.t15+6.t_+c’: 2'6 (0] 6
g 11 13 5 17
36 g 3-606
— 26 2 26
_—x\/_+—x\/—+ +5x x+ \/—+C 4-606
4 MnoBsanap

X
dx MHTErpaJIHK XUCOOIaHT.

4.7 — MuUCOJI. I lx_5

Eunimumm. by xonma, m=-5 n=4, p:% 0y1u0, m_+1:—54+1
n

=-1 OyTyH

Oynranu yuyH, 4.5- Ganmmarm 2-xosra acocaH, 1-x*=t° alMamTHPHUII OJHHUO,

MHTETpaj ocTuaaru udoja parruoHaUIam TUPUITIAIN:

I /—1—x4 ) 1 1 1 B Opkar a

= dx = [ x "0 x*Jodx=[x =1 +12)s, dX:‘E(l‘tz) )= Caxuda 121/708

2d 2
:_EJ' zstm t_ )3/4:_%."1%2)2&: TYynuk askpat

Uk uw



1 dt 1 dt
J' —

% Ej(l_tz)z -

__J' —t? —l
1

=_1|n|1_t|+1|n|1+t|+1|n|1_t|_—_1|n|1+n|+C=
4 4 8 8

8(1-t)

1 t

+
8 1-t?

Lt
8

OyHma t=+1-x*
4.8 — muco.J. _[ 3/x{1—x? Yax WHTETPATHA XUCOOIaHT.

1+t
1—t| t

1 i

8(1+t) 8

1+t
1-t t

Eunaunmu. bepuiran unrerpanga m =%,n =2, p =%, m+l, p=1 OyTyH
n

Oynranu yayH, 4.5— 6aHngaru 3- XoJira acocaH,

X =t x= ‘/—1
1+t% 1+t%

I%/xil—xz idx=jx;(1—x2);dx: 3 =

dx:—E[ 31 j " tdt
2\t° +1

3

.;Etz( 1 }_Zdt_
(]__|_t3)1/3 2 t3+1

XACOOJIaiMU3:

=—J.(1+t3)_f13

1 3
——1=t> anmamTupuin 6axapuo,
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_3 Y
ey

3p dt 3
J

dt 3 dt 3 dt
LT ove el Ia

+_
L+t)° —t+1) 27 @rtp(2—t+1f
Oxupru uHTErpajiapja, MHTerpajl octuaaru udoaanap Tyrpu kacp OViIraHu y4yH,
yJIapHU HOMAabJIyM KOd(pIUIMEHTIM CcoAJa Kacpiap WUFUHAWCH IIaKIuja

CyHrpa HOMabiayM Kod(duuueHtiapau Tonud, cojifa KacpHH

TacBUpJIa0,
MHTeTpajliall ycyiauaan Qoiiananuo, MHTerpajlapHi XUcoOIaiMus:

1 __A _ Bt:C
Q+t)t2—t+1) 1+t t2-t+1

Oymma 1= A(t? —t+1)+(Bt+c)-(1+t), 1= Alt> —~t+1)+ (Bt + C)-(1+t) Tenrmukaa t=—1
1166, A=~ SKAHIHTHHN TOMAMHS. t HUHT OUp XWJI Japaxkaiapy OJIUIark

K03 pHUICHTIapHU TEHIIATUPUO, Kyiuaaru

t> 0=A+B
t 0=-A+B+C
t® 1=A+C

2 1 _.
CUCTEMaHU XOCu1 KuiaMu3. bynnan, C = 3 B= = oYUM KeTuO YUKAIH.
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Xynau myHaan,

1 __A__ B _C+D __ Mt-N
Q+tPE2 —t+1f 1+t @+t) € -t+1 (¢ —t+1f

Ba

1= AQ+t)(t? —t+1f + Bt —t+1f + (ct+ D)L+t P(t —t+1)+
+(Mt+ N )1+t)

TEHIIIMKHHU XOCHJI KUJIaMHM3.
Oxupru TeHrmMKaa t=-1 1e6, B :% SKaHJIMTUHHU TOIIAMM3.
1= AQ+t)(t? —t+1f + Bt —t+1) + (ct + D)L+t F(t —t+1)+
+(Mt+ N )1+t)

TEHIJTUKHUHT UKKA TOMOHUHU nuddepennunamiad, t =—1 xa Hyjdra airanManurad

XaJJIapHU €310 OJIaMH3:
0=A(t? —t+1) +B2(2t —1)t> —t +1)+....

bynnan, t=-171e6 oncak, 0=9A-18B, A =§ oYUy KenO YUKaIH.

1= AQ+t)(t? —t+1f + Bt —t+1) + (ct + D)L+t P(t —t+1)+
+(Mt+ N )1+t)
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TEHIVIMKHUHT MKKaja TOMOHUJAru t HUHT OUp XWJl Aapa)kajapy OJIUJaru
KO3 pULIMEHTIapHU TEHIIAIITHPaMU3 Ba

t°: 0=A+C

t*:0=-A+B+C+L

t> :0=A-2B+D+M

t? :0=A+3B+D+2M +N
t :0=-A-2B+C+D+M +2N

t® :1=A+B+D+N
CUCTEMAaHU XOCWJI KuiaMu3. by cucremanan , C = —%, D=1 M=-1 N=-1

KHP'IMaTJIapHH TOITaMM3.

Jlemaxk,
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dt 2 1 1pd*-1y 2 dt

I(1+t)2( t+1)2__ln|l+t| 3(L+t) 3j(t2—t+1)+3jt2+t+1
dt?—t+1) 1, dx 2 1

__I —t+1f +§I(t2—t+1)2_§ln|1+t|_M_

+2 \/_arctg\/_( ;j

[Mynnai kb, Oepuirad HHTErpai Kyiuaaruda XucoOaaHaau, SbHHA
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I%/xil—xz ix = —%In|1+t|+%ln‘t2 —t+ﬂ—%arctg %(t—%}t

+In|1+t|—ﬁ+%ln‘t2—t+q+ arctg\/_( ;)+

-3)
3 2 2 2 1
A —arct t——|+C=
4@@ 1)2 3 3 g@( z)

2 4
=1In|1+t|+§In‘t t+ﬂ
2 4

R

4.9- MmucoJ. _f WHTETPATHA XUCOOIaHT

Y1+ x*

1 m+l 1

Euninumm. by xonma m=0,n=4, p= 4 +p= P —% =0 OynraHuy4yH
n

o

X

4.5- GaHaHUHT 3- X0JIMra acocaH, t =3/x" =

aNMaIITUPUIIHYA Oakapuo,

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBsanap

«
& =]
Opkar a

Caxwua 127/708

Tynuk skpat

Uk uw



OepuiiraH UHTETPaTHU XUCOOIaiMMU3:

[x=(t* =1, dx=t*(t* —2) 4o =

P

__J~t2dt 12 1
t*—-1 49(t+1 t- 1 2+1

:—InE —Earctgt+C,
4 |t-1 2

OyHma t=%x"*+1 .

MycTakui e4uil y9yH MHCOJLJIap

Kyiinpgaru uHTErpasuiapHu XMCOOJAHT.

dx
e Pl A8 Fvwwrow
1+4/x+1 1 \/ﬁ
e Blrmrr e
Vx+1+1 Vx+1-Vx-1 Vx-2
4.1, u%*l . 48 IJ% s 4.9.Imdx.

4.10. | H=2 0% 411, |20y 412, [ (x-2),| =X ax
X+2 X X+1 1-x
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[ x dx Ux+2 Xz—
4.13.J. TiE 4.14.J'W+6\/; Xsdx. 15"[(4x—3 4X_de

Kytingarn maTerpayapau (Ditnep anMamrupunuiapuiad Goimgaaanuo)
XUCOOJIaHT.

dx dx
4.16. . 4.17. . 4.18.
'[1+\/x +2X+2 '[x\/4x2+4x+3 ‘[l+xN1+x+x
dx
4.19. . 420 ————. 4.21. .
'[x+\/x2—x+1 '[x\/xz—x—S '[x+\/x2—x+4
422 ] 423 X% 424 o |
XV2+x—X? \/(6x—8—x2)3 x—2)\/(7x—x2 —10)3
2 2
495 [—X 9 406 [ 23K 4 407 (X=X
'[\/1—2x—x2 J.\/x2—2x+5 " '[\/3 2X — X2

Kyiinnaru unTerpamiapau, Omaomuan quddepeHnrauiapHi HHTErpajlial
ycynuaad ¢oiaananno,XucoOIaHTr.

4.28. [/x-+x dx. 4.29.]%(3&—1)2@. 430.[ — %
X

‘{/_(f 1f
l+§/§ 1+ x3
431 [ % (1+~°<F) 4.32. [ o 4.33.] v o
434 [ L+ i ax 435, \/f'X_ 4.36. [ Y7-3xdx
X + X
dx
4.37. 4.38. 4.39. .
J’\/_\/2+ Ix\/1+x '[‘{/1+x4
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4.40.[— %
x3 5/1+1
X

4.43. _[x’”(l+ x* )71/2dx.

%/—(\/_Jrl) . 4.42Iﬁdx.

Kyiimmarn uHTETpaIapHu, _[ R(x, Vx?+a? )jx, jR(x,\/ a?—x? )ix

rndoaanapHu HHTETpAIIIAII YCYauaaH ¢oigaiann0, XucoOIaHTr.

4.44. j\/9 —x%dx.

dx
4.47.| ﬁ
4.5O.J'x\/(a2 —b?x?)"dx.
4.52. [x*\a-x*dx.
4.54. [Va+x*dx.

4.506. _[\/(9+ x2)3 dx.

4 .58. J.x\/ a2 +b2x2)mdx.

\/16+ NG
dx.
va? +b2x2
X2

460j

dx.

4.62.I

4.45. I\/Q 16x2dx 4.46. I\/az—bzxzdx.
' 2 b2 2

dx
e ey

4.51. Ix va? —b%x2dx.
4.53. [x*\/(a® ~b2x? )" dx.
4.55._[\/&2 +b2x%dx.

4.57._[\/ a2 +b?x? 3dx.
va? +b*x?

4.59. j4d

V25+x
dx.

V4+x
v dx

461J'

4.63. j
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Kyiinparu uHTErpasuiapHu XMCOOJIAHT.

dx
4-64- J‘W-
x2dx
4-66- IW.
X3
—dx.
va? —b?x? "

dx
x2+a? —b2x? '

4.68.

4.70.]

2dx
465, [ 2%
I\/ 25 — x?
3
4.67.[ ~ X 4

VA —x?

X4
—dx.
Ja? —b%x?

dx

4.69.

4.71.j

MycTakui e4ul y9yH MUCOJIJIAPHUHT KaB00JIapu

4.1. 2&—4W+4In‘W+q+C. 4.2. 6[%.\/_—%§/;+§/;—In‘l+§/;‘]+c.
4.3. 2\/x+1—2ln‘\/x+1+#+C.4.4. x+1—2\/x+1+2In‘\/x+1+2‘+C.

4.5.2x —33/x —84/x +6 &/x +48 ¥x + +3In<1+13/;)+3—2:)’ln(§/§—13/;+ 2)—

171 2 13/?—1+

—~=arctg N

C.
\/7
3 6 6

4.6. 6t—3t>+=t*+=t>——t’ +3In
2 5 7

(L+t?)-6arctgt + C, t =&/x+1.
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4.7. x+4\/x+1+4ln‘\/x+1—ﬂ+c. 4.8. %xz—%x\/x2—1+%ln‘x+\/x2—1‘+C.

4.9.6 [{/x —2In&/x + In("&/; +1)— arctg¥/x]+C  4.10.In

4.11.2mt=2
4 |[t+2

ot 4x -5
5 C, t= :
t° -4 X+1

4.12. (1—%}/1— x? —arcsin x+C.

4.13. —g X*5 ¢ 4.14.4 4/x -6 §/x +12 ¥/x + 2In[x — 36 In(&/x +1)+ C.

X
4.15. —\/ (4x -3y’ +—\/4x -——+C.
32+/4%x -3
2

4.16. InIx+1+Vx?+2x+2 )+ +C.

( ) X+2+VX2+2X+2

2

417. L 2x+\/4x +4x+3-4/3 LC. 4.18.—2arctgl+x+\/1+x_x ‘C

\/_ 2X +/4x2 +4x+3+/3 X

1 3 3 VX2 —x+1+1

4.19.2In|t|—§In|t—ﬂ+m—iln|t+]4+c, OyHa t_f.
4.2 1 |\/ —X+5+x-— \/_|

\/E ‘\/x x+5+x+\/_‘

ﬂ‘ —2arctigt+C, t=,]——.
1-t
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VX2 —X+4+2

4.21.8In[2t+3 -2t -t +4+ > +C, Gynna t-

X
499 ——I |\/2+x X2 +\/_ 1 |+C. 423, 20x-=2)  Jex-8-x° e
J2 ‘ X \/E‘ \V6X —8— X2 X—2
& / 2
4.24.1(}—2t—t—]+c, OyHzaa tzw.
27\ t 3 X—2
4.25.1(3—x)\/1—2x—x2 +2aresin X c.
2 V2
4.26.x\/x2—2x+5—5|n(x—1+\/x2—2x+5)+C.

4.27.14arcsinXTH—%(SX—19)\/3 2x —x2 +C. 428 3 ﬁx“’6+3x4’3+c.

Ux-1 3%
W+1‘ Ux-1

Lc430 % 2 ¢

f/x-1f  fx-1

4.29.6W+gln

4.31. 3{'“%11{3} + 1+13&] +C. 4.32.20+¥x]"* +C

1 [3a+xf 3h+x 1 21+ x% +x §/1+x3| 1+ x°
4.33.=In ——: +1|+—=arctg — =Infl- —
6 X X BT B X | X

+C.
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4.34. ;(14- 4\/;)7/3 = (1+ 4\/;)4/3 +C.

4
4.36. —2+%+C t=%/7-3x%.

1 jt-1
' t+1

4.39.%In1+t—%arctg+c, OyHma t=

1-t

5 1 3
4. 40 *+C, OyHza t—5‘/1+— 441 -——
o X 20/x +1)

4.42. —+§t +t+C, Bynma t=+x’—1 4.43.16) —

2

g SEEE LB e 4.45.x Y2~ 16" ©

2 2 3

2_p%x? a? _ bx X
4.46.XY2 a Xic 447X ic. 448

> + 2b arcsin + 4m+
1 |a+\/a2—b2x2| J@? b))
4.49.—~In + 4.50.
a ‘ bx (m+2)p?

V1+x 1

4.35. —I
3 [Vi+x® +1

4.37.3)(2x¥* +1f +C.

e % arctgt+C, OyHaa t=31+x°.

Y1+ x*
o

t° td

U, e 6Gymma t-
10 3 YHA

——— 4+ —arcsin % +C.
8 4

a’va?—b%x?
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243 _ 2 4
4.51.M\/a2 —b?x? +a—arcsin%+C. 4.52.2arcsin§(2—x2 N4-x%+C.

8b? 8b* a
,—m+ ,—m - TutTynsBapack
4.53. —b%¢ )™ —bhe )™ 4.54.% 4+x° +2In‘x+ 4+x*|+C
(m+4) b4 (m+2)b4 ' T2 ' My HAaapuxa
1-60606
[ 2 2.2 2
4.55.M+a—ln‘bx+\/a2 +b*x*|+C.
2 2b 2-6006
3 94 3-606
4.56.M\/9+x2 +3 - In‘x+ 9+ x%|+C.
8 8 4-606
5a’x +2b°x® m—>—5 3a‘ RN MnoBanap
4.57.Tva +b%x +Eln‘bx+\/a +b*x?|+C.

458, M@ 0" 4.59. a2 + 02X —aIn%aJr Va; b5
X

m+2)b ' 9 g
m+? | - =

4+ ~16 + x> V25 + x?

4.60.16+ x2 —4In » +C. 4.61.- - +In‘x+ 25+ x?|+C. ¢ »|
Opkar a
4.62.- Y2 b Ja? v b+ 4.63.—\/;7—%In£+c. Caxuda 135/708
TynumkKk skpaH
464, — X _.cC. 4,65, - 2= X L= +BarcsinX+c. Uuk W w
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a

2

- arcsin% +C. 4.67.-

2b

2
?;;—?X\/az —b2x? +C.

a

4.69. -

2
I X N4—x? +C.
3

2b%x® +3a®x

8b*

4.3

4
Ja? —b%x? +%arcsin%+c.

a

2 2.,2
4.71. _a;ﬂ\/az “bix? 4.C.

a X
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5-§. TapkuOuaga TPUTOHOMETPUK PYHKIUAIAP
KAaTHAmITraH ndogajjapHu HHTerpajjail

5. 1. J' R(sinx;cosx)dx ~ KYPHHHIIAATH HHTErPAJLIAPHH XHCOOJIALLL

Yoy
_[ R(sin x; cos x dx (5.2)

HWHTCTPAJITHA KapaﬁMHS.

1)R(sinx;cosx) - sinx Ba coSX JAPHUHI panroHan QyHKusacH OYyiacuH. By xonna

(5.1) wmHTerpanma t=tg§ (-mr<Xx<z) yHueepcan aIMAIITHPHII OIMHUO, YHH

xpcobmami, t ra HUcOaTaH panuoHal (YHKIUSHUHT WHTETPATWHU XHCOOJaIira
KenTupuiaai. XaKuKaTaH xaM, Kyruuaaru

) 1-t 2dt
sinx=———, coOSX=—, dx= 5.2
1+t? 1+t? 1+t° (5.2)

MyHoca0aT/IapHH 3bTUOOpra ojicak, (5.1) unrerpardn,

J.R(Sinx,cosx)ax:J‘R( 2t HZJ ,

1+t%'1+t% J1+t2

KYpHUHHUIITA KEJIAIH.
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2) R(-sinx;cos x)=—R(sin x;cos x) 6yiica, y xoimua, z=cosx, x € (0; 7)
anMamThpuIn oaxapwica, (5.1) uaterpan octuaaru udojaa, z HUHT  parMoOHAI

GyHKUMACUTA KEATUPUIIATH.

3) R(sin x;—cos x)=—R(sin x;cos x) 6yica , y Xoaaa, z=sinx, xe (_Z; %)

anMarnTupuin 6axapuica, (5.1) uaterpan octuaaru nhoaa, z HUHT pallMOHAI

GyHKIUMSACUTa KENTUPUIAMIN.
4) R(-sinx;—cosx)=R(sinx;cosx) O¥ica, y xonma, z=tgx, Xxe [—%; gj EKH

Z = C0os2X alMallTUpUIIUIapAaH Oupu Oaxkapwuica, (5.1) uarerpan ocrunaru udona,
Z HUHT palroHaN QYHKIHSICHTa KeITHPHUIIA M.

dx
SinX+2cosx+6

5.1-mucoa. Yoy I UHTETPATHU XUCOOJIAHT.

Eunnumm. t:tgg YHHBEpCAJl alMamTupuin oinubd Ba (5.2) ¢opmymnanapra

acocaH, yHHW t ra HucOaTaH paroHan (DYHKIIUSHUHT WHTETPAJIMHU XHCOOJalra

KEJNITUPAMU3!
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dx dt 1 dt 2 4
j - =2.[ 5 == . ——arctg — (t + )+C_
Sin X +2cos X + 6 42 +2t+8 2 (t 1j 31 3l V31
4 16 TuntynBapack
_ My Hpoapwnxa
= arctg (tg + )+C
V31 \/_ 1-606
5.2-MucoJ1. Yoy I ———— WHTErpaJIHA XUCOOJIaHT. 2-606
sin* xcos x
1 3-606
Eunnummu. Arap ———— udogana cosx HU —COSX Tra aJMaIlTHpCaK, y
sin® xcos x 4-606
X0J1a, YHUHI MIIOpacH, Kapama - Kapiuu umopara y3rapaau. LIIyHuHr yuyH, MnoBanap

. /4 o o
t=sinx, xe (_E; Ej aJIMAIITUPUIITHYU OJIUII KyJak Oymanu. byHna,

i _ 2, 2 l —
_dt, cos X = V1-sin? x =1—t? ¢ »

X =arcsint, dx =

1-t
& »l
Ba
J. dx ZJ- 1 1 dt=.[ dt _ Opkara
sin* x cos x t4\1—=t? +J1-t? tA‘l—tz) Cax uda 139/708
_J‘dt dt dt __i_} 1| 1+t _ 1 _ 1 ll 1+sinx C TYynuk askpatH
t2 1—t2 3t 2 |1-t t 3sinx® sinx 2 |1-sinx '
Unkwuw

~— HWHTErpalHi XUCOOJIaHT.

5. 3 -MHUCOJI. yH_I6y Im



Eunwimmu. UaTerpan octuaaru udoaana sinx HU —sinx ra ajaMaliTHpraH-

1, y ¥3 UIIOPACHHU TeCKapUCUra aaMalTupaan. by xonaa 2) alMamTupUIlHU,

ABHU t =cosX, x e (0; 7) ne6 onum Kysai 6ynaau. bynna,

X =arccost, dx=—

—dt, sinx = J1-cos? x =+1-t?, sin® x = /(1—cos® X)° =/(1—t?)?
1-t

Ba

Jﬂl_)dt j—dt+j

1 —I |1+cosx|
COS X |1 cosx|

dx
-[sm X COS x_j\/l t 2\/1 t2

sin xdx
2sin x +3c¢os X

5.4-mucoa. Yoy _[ WHTETPATHU XUCOOJIaHT.

Eunnnmu. UaTerpan octuaaru udomaa, sinx Ba cosx JIApHU ,MOC PABHII/IA,

—sinX Ba —COSX Japra aJMallTUPraHaa, y3 UIIOPACUHU y3rapTupMmanau. by xomnna

T T
t =tgx, XE(—E; EJ anMalTUpUIl Oa)kapuiub, OepuwiiraH HMHTErpajl OCTHAArd

udozaa t HUHT panyoHan QyHKIUACHTa KEATHPHIAIU. X = arctgt, dx=——- Ba

1+t
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J- sin xdx _ .[ tgxdx .[ tdt

2sinx+3c0sx Y 2tgx+3 2t +3)L+t?)

t .
T (IR TYFPU palMOHAl KacpHH, HOMabiayM Kkodhdumuentiu (3.6)
+3)[1+

KYPUHUILJATU COJJIa Kacpyap WMFUHINCH IAKINAA TACBUPJIAUMU3:

t A +Bt+C
(2t+3)(L+t2) 2t+3  1+t?

YHaarn HOMabJIiyM KO3(PQOUIIMCHTIApPHW TONUIN YYYyH, IOKOpHAA KypcaTWITraH
HOMaBIyM Kod(dumueHntnap ycynuaaH ¢Gongananud, YM3UKIN —alredpauk

TCHIJIaMaJlap CUCTCMACUHU CYAMM3!

tz\ A+2B =0,

t=AL+t?)+(Bt+C)2t+3)=>1t| 3B+2C=1, »A=-2B=3c=2
) 13'° 13" 13
t°|  A+3C=0,
J- .smxdx =I A +Bt+§:]dt=—£ dt +i 3t+22dt=
2sin X + 3c0s X 2t+3 1+t 137 2t+3 137 1+t
=—iln|2t+3|+iln‘l+t2‘+£arctgt+C=—iln|25inx+3cos|+£x+C.
13 26 13 13 13
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5.2. J.sinaxcosﬂxdx, J.sinaxsin,Bxdx, ICOSaxcosﬁxdx KYPUHUIIAIATH
HHTEerpalJIapHU XUCOOJIalL. T T A
By unrterpamnap octunaru udonanapaa, Kynuaaru My Hpoapuxa
sin axcosﬁx:%[sin(a+,8)x+sin(a—ﬂ)x], *) 1-606
2-606
sin axsin fx = 1 [cos(a — 8)x — cos(e + B)X]
2 ’ 3-606
COS X COS X = %[cos(a + f)x +cos(a — B)x] 4-6006
. MnoBanap
dbopmynanapaan ¢oiinananub, yJapH HHTETpaJIall MyMKHUH.
5.5-mucoJ. Yoy J.sin axcos fxdx WHTErpaJHU XUCOOJIaHT.
Eunmnmm. (*) popmynanan doitnananu® WHTErpalHU XHUCOOTANMU3: Q‘f 9
. ¢, . . 1 1
sin8xcos 2xdx = = | (sin10x + sin 6x)dx = ——c0s10x — —cos 6x + C. ; a
J 5| Gl == B l& >
Opkar a
5.3. _[sinm xcos" xdx (N, me Z) KYPUHUIIAATH HHTETPAJIAPHA XUCO0JIAIII. Caxuda 142/708
I. nm - map mandwmii Oynmaran xypT conyap Oynaran xoi. by xoinna, Tynunk akpaHt
YUnmkunuw

JapakaHu NacauTUPULI, TbHU



sin? x = %(1—cos 2x), Cos” X = %(1+ cos 2x)

dbopmynanap KyuTaHUIAH.

Il. n,m - map Hatypan connap 6ynu0, xeu OyaMaraHjaa yJapHUHT OUpopTacH
TOK Oynran xoj. By xonma, mMucosn ydyyH, m TOK OyiaraHja, sinx=t ; n TOK
Oynranma 0dca, cosx=t aJIMalITHPHWII OJWUHAAM Ba 1-—cos’x=sin’x &ku
1-sin® x = cos® x hopMynaJapHUHT OUpuAaH HoHaaTaHUIITa TYFPU KEJIa .

[11. n, m - napHuHTr UKKanacu xaM OyTyH mMaHbuii 6y116, [n| Ba |m| conmap

Kyt €ku TOK Oynran xoi. by xonmma tgx =t €Kku ctgx =t aJIMaIITUPUII OJIUHUO,

1+tg°x =

2
— 1+cgx=—
COS“ X sin® x

dhopmynanapHuHT OupumIad GoiganaHuIa N,

Yoy
X X
j_dn ,n>06afdm,m>0
sin" x cos
unterpamuiap xam |l - xonra kenrupunmn6, xucobmaHaau.

XaKUKaTaH XaM,
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) \
dx 1 2 1 du
Isin” x 2™ '[Sinn >2<.Cosn>2< g Isinn ucos"u

X
u=—

J~ dx :J- d(x+2) :.[ du ‘

cos™ x Cm T sin™u
sin x+E

IV. n,m - 6yryn manduit connap 6yaub, |n| Ba |m| COHIAPHUHT OMPH TOK

T
U=X+—
2

Oynran xon. Y xonja, arap |m| - TOK O¥Ynranga oca, sinx=t, |n[- Tox 6¥ca sca,
cosx =t aIMalITHPHUII ONUII Makcaara MyBoduk Oymamu. bab3u xommapzpa |n| Ba
Im| mapHMHr fmapakanapu KarTra OyiIraHIa HMHTErpal OCTHAArd (GYHKIHSHHHT

cypatuaa 1 HU sin® X +cos® X WMFUHIM OWJIaH alMaIITHPHII KyJTai Oymaau.
V. n - xydT coH, m - 3ca OyryH maHbuii coH Oynran xon. by xomnma

sin® x =1—cos” x hopmynanan ¢oiganaHu0, HHTErpa

I d): , aeN
COS™ X

KYPUHHIIAATH HHTETpara KeaTHPUIIAIH.
m- KkyhpT CcoH, n- 3ca, OyryH MaHbuii Oynranma cos®x=1-sin’Xx

dbopmynanan Qoitnananubd, XMCOOTAHUIIIN Kepak OYITraH HHTErpall,
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I_dz , aeN
SIN™ X

KYPHUHUIIIArd HHTErpajira KeaTHPUIaIu.

VI. n - ToK, coH m - 3ca, OyryH maH(puil coH Oyica, Oy Xoyima cosx=t
aJIMAIITHPUII 0JTHO, sin® X =1-co0s® x (hopMyiagaH GonIaTaHuII KepakK.

m - TOK, n - 3ca, OyryH MmaH(®uil COH OYyiraHga amaMamITAPUII OJIHO,
cos’ x =1-sin® x hopmynaman GoigagaHUII KepaK.

bab3n Xxoymapia, sbHU |n| Ba |m| gapaxkajap eTapiad KaTTa Oynrax
MHTErpaJl OCTUAArd (PYHKIUSHUHT CypaTHIard 1 HU sin® X +cos” XxTa aJMallTHPHIII
KyJai Oynasu.

5.6 - mucoJ. Kyitnmaru uHTerpaiapHi XUCOOJIaHT:

1).|.sin4 xcos® xdx; 2).[sin3 cos® xdx; S)I%dx;
sin® x cos® x
sin® x 1 cos® x 1
4 dx; 5 dx; 6) | — dx; 7| —————dx
)-[ cos® X )Isinsx )JS|n2x )-[smzxcos3x
Eunnumm. 1) By epga n=4, m=2 Oynaranu yuyH, |- xonra acocas,

. 1 . o
sin? x = 5(1— cos2x) dopmynanan (oiigananud, HHTErPATHU XUCOOTaNMU3:
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dx =

J‘sin4 xcos? x dx :ljsin2 X -sin? 2x dx =EI1_COS 2K LK
4 4 2 2

= %I(l—cos 4X — C0S 2X + C0S 2X COS 4x JdX =

= Lsinax—2Lsin 2x+ij(cos 2 +c0s 6 )dx =
16 64 32 16

=ix—isin2x—isin4x+isin2x+isin6x+C =
16 32 64 162

=ix—isin 2x—isin 4x+isin 6x+C.
16 64 64 192

2)[sin® x-cos® xdx WHTerpasHu XucoOmamima |l- xonmaru amaMalITHpUIIIaH
doitmananamMus: OyHaa n=3, ’bHU Y TOK OYNTaHU Y4YyH, COSX=t aJIMaIITHPHUIIHH
Oaxapu©O, Kyiuarura sra 0yIaMmus3:

Isin3 X -0S2 XdX = —.[sin2 xcos? xd cos x = —I(l—cos2 x)cos2 xd cos X =

3 5
cos®x . cos® x
:—j(coszx—cos4x)dx:— s Tt +C

3) mHTerpanga n=-3, m=-5 0ynuO, |n| Ba |m| TApHUHT MKKaTacH XaM TOK

oymrann yuyH, Il - Xxomra acocan, ctgx=t amMamTHpUITHH Oa)kapuo,

1+ctg’x = dbopmynanan oiiananral xoiaaa, XucoOIanMus:

sin? x
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1 dx dctgx
jsin3xcos5 de:_[ T

5 = =
- COS’ X .

sin® x-———-sin®x ctgf’x~72
sin® X (1+ctg x)3

_I (L+ctg®x) dotgx _(1+ lu? ) du
ctg °x B u®

[ ut 3
=[+—+=u
u=ctgx 4 2

1 3 1
ct“+_' 2
g°x 2 ctgx

u=ctgx

1 3 3
=—I —+—+—+U(du
u> u’ u

2
—3In|u|—u?+CJ

u=ctgx

2
9 C+C.

1
4

—3ln|ctgx| +

4) uHTerpayimia n=5 m=-2, SbHU N - TOK, m - OyTyH MaHpuil OynraHu
yuyH, VI Xonra acocaH, cosx=t aJIMalITHPHUII oOJaMH3 Ba sin®x=1-cos’ X

dbopmynanu Kymuiad, MHTETpaTHU XUCOOIaMu3:

du =

U=CoSsX

J-sinsde:_J-sin“xdcosx__.[1 cos? x dcosx:J-l—2u2+u4

cos? x cos? X cos? X u’

3 3
= 1+2u—u—+C :L+Zcosx—Cos X+C.
u 3 osy  COSX 3

5 |

X
g WHTETpAJIHKM  XucoOamija,

. . X X
- sin X = 2sin —CoS —
sin” x 2 2

dbopmynanan

¢dolnananub, yHu Kyinaaru
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dl %
dx 1j 2 3 1I du
< 5 4 - . 5 5
sin>x 2 sin5)2(c035)2( 24 sinucos’ U,

J

N | <

KypuHMIIra KeiaTupamu3. KeduHru wuHTerpaiga n=-5 m=-5 0ynub, n Ba m
JApHUHT WKKajacu XaM TokK Oynranu yuyH, Ill - Xosra acocaH, ctgx =t

aIMAIITUPUIITHYU OJIMII KyJiail Oyiaau:

dx 1 detgu 1 (1+22)
I——l— =
sin>x 247 ctg’u-sin®u 16 z

= [1+ ctg *u =

a2
SInN~ u z=ctgu

1 ¢1+4z° +62* +42°+ 28

:(_iz—‘*_lz-z +§|n|z|+122+iz4+Cj
64 8 8 8 64

z=ctgu
6) uaTeTpama n=-2, m=3, AbHU n - OyTyH MaH(uii, m - TOK OYIraHu y4yH,
V - xojra acocas, sinx =t aJMalITHPHII ojJaMH3 Ba cos’ X =1-sin’ x (opMmynaanax

doitmanann0, THTETPATHA XUCOOIANMU3:

.[g(i):z:dxz j(l_Si:izr])z()S sin x :I(l—jzz)du|

u=sin x
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=Iu‘2du—.[du :(—%—u +CJ

u=sinx

1 .
=——-sinx+C.
sin x

7) uHTerpanga n=-2, m=-3 AbHU N Ba M MaH}uii connap 6ymub, |m/ TOK

Oynranu yuyH, V- xonra acocaH, sinx=u aJIMalITUPUIIHU OJIUO, WMHTErpaIHU

XUCOOJIaliMu3:

COS X d J‘

d sin x du

1
J'sinz X cos® xOIX :I

sin? x-cos* x

du

sin® x(1—sin?)? :J.uz(l—uz)2 u=sinx

=] wL-uf@ru)

HNuTerpamapau XucoOaHr.

5.1.J'cos2 X dx.

5.4. Icos“ pxdx.

5.7. J.Ct3xdx.

5.10. J'cos7 xdXx.

5.13. _[sh3xdx.

5.2. J'cos3 pxdx.
5.5. _[sins xadx.
5.8. J'coss xdXx.

5.11. J.Ctg“xdx.

5.14. Ich3x shxdx.

MycTakui e4yri Y4yH MUCOJIIAp

5.3._|'sin3 pxdX.
5.6.J.tg‘°’dx.
5.9._|'sin4 pX dX.
5.12.'[sh2xdx.

5.15._|'ch2xdx.
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5.16. _[sh“xdx.

5.17. J.ch3xdx. 5.18._|.ch4xdx.

J. sin px cos gx dx, Isin pX sin gx dx, _[ COS pX €0S gX dx KYpUHHIIAAru

MHTETpaNIapHU XUCOOIaHT.

5.19. _[cos 5x cos 9x dx.
5.21. _[cos4xcosx dx.
5.23. _[sin3xcosSx dx.

5.25. _[sin pxsin gx dx.

5.27. _[sin Xsin 2xsin 3x dx.

5.29. Isin Xsin = sin = dx.
2 3
5.31. Isin3 2xc0s? 3x dx.

5.33. _[sh2xsh5x dx.

5.35. J' sh3x ch5xdx.

5.20._|.sin 5xsin 3x dx.

5.22._|.sin 7xcos 3x dx.
5.24. | cos pxcos gx dx.
5.26. _[sin pxcos gx dx.

5.28. J'cosx cos cos5x dx.
5.30. J'cosz axcos? bx dx.

5.32. Icos X COS 2X c0S 5x dX.
5.34. Icthch?x dx.

5.36. [ sh(2x+3)sh(2x+5)dx.

dx dx o
I j — KypUHHULIJAr¥d HHTCTpaljIapHu XUCOOJIAHT.
cos™ x

sin™x’
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5.37. [ 9

540]

5.43.

546j

sinx’

sin® x

Icos S x

cos® X

J-cospx " J-sinp
sin® x

552]
555[
558I
561I

5.64.

cos*

SII’] X
COS X

sin X

cos’® X
sin* X
cos® X
COS X
sin x

cos? X
sin® X

538[
541]
544[

547j

sin® X

sh®x’

ssojﬁ%

dx KYpUHHUIIIArd HUHTETpaUIApHU XUCOOJIAHT.

553I
556J‘
559J'
562J'

5.65. |

sin® X
COSX
sin® X
COoS
sin
CoS
COsS
sin X
cos® X
sin® X

w N

w W

sin® x’

cos’ x

539[
542[
545]

548j

COSX

sh'x’

551 J~shx

554J'
557_[
560J'
563_[

5.66. |

sin* X4
cosx
sin? X 4
cos? x
smsx

CoS x
cos* X4
sin x
cos’ X4

sin® X

N

sin® x

cos® X
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cos® X
>67. Ism X

5.68. ICOS X

SIn -~ X

5.69. J~COS X dx

SN X

chPx shPx o
[Zodx, [===dx KypuHHIIIArM HHTErpAIUTAPHH XHCOGIIAHT .

sh9x
570jShX

shx

ch9x

shx

579[ChX
582 J-ch X

5.85. I—d

chx

571[ChX

shx

shx

580, J-ch X

chx

chx

chx

572[ShX

shx

shx

581 ICh X

chx

chx

J' sin® xcos? xdx KYpUHHILIJArd HHTETpaJLIapHU XUCOOJIAHT.

5.90. _[sinz xcos? dx.

5.92. _[sinz xcos” xdx.

5.91. fsinz X cos> X dx.

5.93. fsinS X COS X dX.
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5.94. J.sins xcos? xdx. 5.95. _[sin3 X COS X dX.
5.96. J'sin4 X COS X dX. 5.97. J'sin“ xcos? X dx.

5.98. _[sin“ x cos® x dx. 5.99. J'sin“ xcos* x dx.

I shPxchxdx KYpUHMIIIaTd WHTETPaUIAPHU XUCOOJIAHT.

5.100. _[shxchx dx. 5.101. J.shzxchzx dx.
5.102. Ishzxch4xdx. 5.103. J.sh3x ch?x.
5.104. jsh3x ch®x dx. 5.105. J'sh3xch2xdx.
5.106. Ish3xch4x dx. 5.107. J'sh“xch“x dx
dx o
j W KYPUHHUIIIard WHTErPaUIapHU XHUCOOJIaHT.
5.108. j 5.1009. j .
sin xcos X’ sincos? x
5.110. j— 5.111. j .
sin xcos® x sincos* x
5.112. j . 5.113. J.—
sin? xcos x sin? xcos? x
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5114j
5116j
5118J'
5120j

5122j

sin®cos? x’
sin® xcos x
sin® xcos® x
sin® xcos? x

sin® xcos® x

5115j
5117I
5119I

5121I

sin? xcos* x’
sin® cos? x
sm4xcosx

sin* xcos* X

dx o
J' KYPUHHUIIAATH HWHTETpaJJIApHU XUCOOIAHT.

shPxchx

Sl 28 jshxchx

5126j

5129j

sh3xchx

S jsh4 chx

shx ch '

5124j
5127I
5130I

5133j

shx ch X

shzx chx’

sh3x ch 2y

sh“x ch 5

5.125. .
j shx ch X

5128j
5131j

Dl Ish“xch X

shzx ch X

shzx ch 8
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_[ R(sin x, cos)dx, (OyHma R— panuoHaia pyHKIUS) KYpHHUIIIATH

MHTETpaNIApHU XUCOOIaHT.

1 S —
LS ~[3+5003x

137. (———.
DL ~[5+4cosx

5139j

3+53|nx'
>-141. Ia+bcosx
dx
4cos X +3sinX+5
dx
5—4sin X+ 2C0S X
dx
2sin X +3cos X +3°
dx
a+bcosx+csinx’

5.143.j

5.145.j

5.147.J'

5.149.j

dx

5.150. Yoy J, =_|.

(acosx +bsin )’
asin x —bcos x

5136[

10+8cosx

5138[

13+55|n X

5140j

5+33|n X

142. .
2 Ia+bsmx

dx
SinX+3CoSX+5

5144I

5.146.[33"1 X — 2.C0S X dx.
1+cosx

5148I

3sinx — 4cos X

(a2 +b?#0,ne N) UHTErpaj yuyyH

B 1
I = (n-1)a’ +b2)((

acos x +bsin x)"

—2)Jn_2j, n>1

peKyppeHT hopMynaHu UCOOTIAHT, YHUHT EpJaMujia
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5.1.

dx
I = j — MHTErPAHKA XUCOOJIAHT.
(2cos x +sin x

dx

5.151. Y6y J, :I(acosx+b)”

(a#[o, neN) urTErpan yuyn

1 asin x
" (-1l —'ﬁ’z)((c'alcoswrb)”‘l ~(en-3pJ, , +(”—2)3n_2} n>1

peKyppeHT dbopmynaHu UCOOTIIAHT, YHUHT ép):[aMI/IJZ[a

a O 1 b) 1
'[1+ cosx =S ) j1+(9cosx £

J

WHTETpaJIJIApHHU XUCOOJIaHT.
MycTakui e4niln Y4yH MUCOUIAPHUHT JKaB00apu

Leilsinax+c. 5.2 Lsin px—isin3 px +C. 5.3, cos? px—icos px +C.
2 4 p 3p 3p p

5.4.§x+4—1psin 4px+C. 5.5.-cos x+§cos3 x—%cos5 x+C.5.6. 6) %tg2x+ In|cos x| +C.

5.7. —%ctg ? —In|sin x|+ C.

5.8.sin x—%sin3 x+%sin5 x+C.

5.9.3—;—isin2px+32isin4px+c. 5.10.sin x —sin® X+gSin5 x—%sin7 x+C.

5.11. ctgx —%ctgsx+x+c.

np
5.12. 1sh2x—§+C.
4 2

5.13. —chx +%ch3x+C.
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5.14.1ch“x+C.5.15.ish2x+§+C. 5.16.§x—§shxchx+£sh3x chx +C.
4 4 2 8 8 4

5.17. shx+%sh3x+C. 5.18. gx+gshxchx +%shx ch3x + C.

5.19. 1sin4x+isin4x+C. 5.20.£sin 2x—isin8x+C.
8 28 4 16

5.21. 1sin 3x+isin 5x + C. 5.22. —Ecos4x —icoslox +C.
6 10 8 20

sin(p+q)xWLSirl(IO—Q)X+ 2 22
928 2(p+a)  2(p-q) C. (p?#a)

5.23. —ic058x+1cos 2x+C.
16 4

5_25__5in(p+Q)X+Sin(q— D)X+C’ <p2 ¢q2)
2Ap+a)  2a-p)
526, — COS(p+q)X_COS(p—q)X+C’ (pz ¢q2)
2p+a)  2(p-q)
5.27.c056x_cos4x_0032x C 5.28.sin9x+sin7x sin3x+sinx

+C. +
24 16 8 36 28 12 4

5.29.gcosi—icosg—icosﬁjticosg+C.

2776 10 6 14 6 226
530 X, Sin2ax_sin2bx sin2(a-b)x  sin2(a+b)x
4  8a 8b 16(a—b) 16(a+b)

+C.

+C.

5.31. —icos 2x+icos4x+icos6x—ic058x+icos 2X + C.
16 48 128

5.32. %sin 2X + isin 4x + isin 6X +isin 8x +C. 5.33. ﬁsh?x —%sth +C.

5.34. L sh10x + = shax + C. 5.35. - chex— S ch2x+C. 5.36.— X ch2 +£sh(4x +8)+C.
20 8 16 4 2 8
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5.37.Intg§ +C 5.38.— C?Sz)( +llntg§+c
2 2sin“x 2
5.39. - C(_)ng —gctgx+C=— ——ctgx+C. 5.40.- COSX _3 cosx §I ‘tg
3sin®x 2 3ctg °x 4sin“x 8sin’x 8

1
5.41.—Zctg®x—
5cg X

5.43. sz( +1Intg X
2C0s° X 2 4 2

5.45. sin X +3 sin X 3 tg
4cos*x 8 cos?x 8 2
sin X

5¢0s° X

547 _ chx 1 ‘

%ctg ’x —ctgx +C.

+C.

5.46.

— ZInft X

5 +C.
25h 2

549

4 ;arctg (shx)+C
5.51. Echzx —Inchx +C.
5.53. %cos2 X — In|cos x| +C.

5551 .cC.
COS X

5.56.tgx — x+C.

5.58. tgx +%sin X COS X —gx +C. 5.59.

+C.

2c0s” X

5.42.1n +C.

Vs
tal =
9(4"'

sin X
3cos® x

;)

5.44.

2
+—t 3x+—t x:—t °X + —tg°>x + tgx + C.
59 59 59 39 g

5.48. —%cthSX +cthx + C.

]

5.50. —%th3x +thx +C.

T
tg| = +
o(3

5.52. —sinx+In +C.

5.54.15in3x—sinx+lntg Z X
3 4 2
5.57.cosx+i+c.
COS X
1 1
+Injcosx|+C. 5.60.- + +C.

cosx 3cos® x

+§tgx+C =%tgsx+tgx+C.
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2
5.61.cosx+|ntg§+C. 5.62. % X+In|sinx|+C.
5.63.1c033x+cosx+lntg5 +C. 5.64. —ctgx + x+C. 5.65.—sinx—_i+c.
3 2 sin X
5.66. —ctgx —0,5sinxcosx —15x+C.  5.67.——=———In|sin x|+ C.
2sin” X
1 1 1. 3
5.68.—-——+C. 5.69.—=ctg*x +ctgx + x + C.
sinx  3sin” x 3
5.70. shx—arctg(shx)+ C. 5.71.%ch2x—lnchx+c.
5.72.%sh3x—shx+arctg(shx)+c. 5.73. x—thx +C. 5.74.—§x+%sh2x+thx+c.
5.75.- sh>2< +£arctg(shx)+C. 5.76.— 1 13 e
2ch“x 2 chx  3ch’x
5.77. —%thSX—thX+ x +C. 5.78.%th3x+C. 5.79. chx + Inthg +C.
1., 1 . X
5.80.§ch X + In|shx| + C. 5.81.§ch x+chx+|nth§ +C.
5.82. chx + njshx +C. 5.83. x — cthx + C. 5.84.shx——— +C.
shx
5.85.gx+%sh2x—cthx+c. 5.86.—%cth2x+ln|shx|+c.
chx 3 X KIR.
5.87.chx—————-—Inth—|+x+C.  5.88.-=cth®x—cthx + x+C.
2sh“x 2 2 3

5.89. —lcth3x+C. 5.90. 1x—isin 4x+C. 5.91. 1sin3 x—isin5 X+ C.
3 8 32 3 5
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5.92. % +isin 2X —isin 4x —isin 6Xx +C. 5.93. 1sin4 X +C.
16 192 4

64 64
5.94. 1cos5 x—lcose’ X+C. 5.95. i(10055x—3005 2xj+C.
5 3 64\ 3
=5
596" X, c. 5.97.ix—isin 2x—isin4x+isin 6x +C.
5 16 64 64 192
5.98.lsin3 x(g+§cos2 X —cos* xj+C. 5.99.ix—isin 4x+isin8x+c.
7 5 5 128 128 1024
2
5 10, 2 e = 0L, = X L e
2 8 32
5.102.15h3xch2x+£sh3x+c. 5.103. —ix—ish2x+ish4x+ish6x+c.
5 15 16 64 64 192
5.104. Esh2x ch3x—£ch3x+C. 5.105. 1sh‘5x+lsh2x=lch6x—£ch“x+c.
5 15 6 4 6 4
5.106. EShZX—EShZXChSX-l-C. 5.107. ﬁ—ish4x+ish8x+c.
7 35 128 128 1024
5.108. Inftgx| + C. 5.109. 1 +intg 2|+C.
COS X 2
5.110. 12 +Inftgx| + C. 5.111. L . 13 +Intg§ +C.
2C0S° X cos X 3cos® X
5.112. Intg(z+§j —_L+C. 5.113.-2ctg2x +C.
4 2 Sin X

1

+C. 5115~
3sin X cos” X

5.114.[ 12 —§j _1 +§Intg(£+% —§ct92x+C.
2C0s°x 2)sinx 2 4 2 3
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5.116. -

+ In|t C.
2sin? x n|gx|+

2C0S 2X

sin? 2x

5120.-— * _ Sagoxic

3cosxsin®x 3

5.118. -

+2Injtgx| + C.

5.122. - _2 — _13 + sz( +§I
sinx 3sin®x 2cos“x 2

5.124. —+In

t
ChX g

SAZE,

chx 3ch®x

+C.

th X
2

5.128. - 2cth2x +C.

chx 2sh?x 2

5132, = _
shx 3sh°x

5.134. 8cth2x —gcth32x +C.

tg—
5.136. —arctg 3 +C.

nit (er)
272

— +arctg (shx)+C.

5.117._L(#_§j+§|n‘tgi

cosx\ 2sin’x 2
T
tg| = +=
g[4

5.121. —8ctg 2x —gctg 32x+C.

5119. - —— -
sinx  3sin®x

+In

+C. 5.123. Injthx| + C.

5.125. —%thzx + In|thx| +C.

1
5.127 - L L (shx)+C

5.129. —%cth2x+ In|cthx| + C .

5.131. 1thzx —%cthzx — 2In|thx| +C.

1 shx

5.133. - -
shx 3sh°x 2ch X

tg—+2

5135. LIn LC.

X
tg—-2
g2

tg >
5.137. —arctg TZ +C.

+ g arctg(shx)+C
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. 13tg X +5 . 3tg X +1
5.138. Zarctg] — 2 |+C. 5.139. ;In—2—|-C.
& Lz 3tg X 19
2
\/az—bztg5
. arcty———24C, a? >b?,
0 5+tg = +3 a’ —b? a+b
5.140.  arctg TZ +C. 5.141.
1
+C,a’ <b®
J____
5 atg +b
arctg —+C, a’>b?,
va® —b? Ja® - ’
5.142. 5.143. - +C.
. atg5+b—\/b2—a2 tg X +3
—— In i +C,a% > b2 2
b*-a Mg5+b+vw—a2
) 1+2tg; ) 3t;4
5.144, — arct +C. 5.145. —arctg| —= |+C.
V50 s N N
5146.Zg§+3mng+4—4mdg§+c. 5.147.= Inmg X 3+cC.
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5.149.

In—2-2,¢c
tgi_i_é
2 2
5 (a-blig X +c
—arctg———=%—,a° > b’ +c?
va® +b? —c? g\/az—bz—c2
1 (a—bﬁg;+c—Vb2+c2—a2
In
Vb* +c* -a®2 (a—b);+c+\/b2+cz—a2
1Ina+ctgi,a:b
c a
———:3——;,a2=b2+c2
c+—(a—b)tgE

a’<b?+c

2
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11-000. AHMK MHTerpaJI

6-§. AHMK MHTErPaJHUHT TabpUudaapu

6.1. Puman unTerpasu.

f(x) ¢ynxums [a,b] kecmana ammkmamran Gymcun. [a,b] xecmammHT
aA=Xg <X <X, <...<X,4 <X, =D IIapTHN KaHOATIAHTHUPAAWUIaH YEKIH COHJAru
{x, }i_, HyKTamap cucremacura [a,b] kecMaHuHT Oyaunuwu netinnann Bay P ={x,}_,
KaOu OenruiaHagu. X, (kzl,_n) HYKTa P OYJIWHUIIHUHT OYITyBYM HYKTaCH [X,, X, ]

KecMa 3ca, Kucm opanusu acvmnamn. Arap [a,b] kecmammHr wuxTmépuii P

OYJIMHUIINIATA KUCM OpPaJIUFUHUHT Y3YHIIMKIapu Oup Xwi1 Oyica, y Xonma, OyHmai

Oy uHMII, [a,b] KECMaHUHT peayasap OVAUHUWU NeHIITaIN.

d=d(P)= max AX, (A%, =X, =X, ), P OYnuHHMIIHMAT Juamempu, n1ed aramagu. Xap

oup [x,, X,.,] KecmagaH (k = O,n—l) V&, HYKTaHU OJIaMU3: X, <& <X, 4.
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6.1 — Tabpudg. Yoy
oo(f)=on(f 5= 3 F(6 %, (6.1)

iimFnaura, f(X) GymkuusHuer, P GynuEMmra Ba &, HYKTaHM TaHIAIra MOC
KeJITaH, unmeepan uueunoucu (Puman tiuzunoucu) ned atanaam.

6.2— tabpud. Arap Ve >0 onuHranga xam, mryHjaan 6=O‘(8)>0 MaBXYy/I
0yau6, nuamerpu d(P)<o 6Ynran [a,b] xecmanunr xap xammail P OyaMHMIINAA,

xamaa V&, (x, <& <X,,,) HyKTaHH TaHjaamra OOFIUK OyiMaran Xojja,

“] _nzl:ap(fa{égk}*<g (6.2)

TEHTCU3JUK Oaxkapwica, y Xoijaa, my J COH, ummezpan UUSUHOUHUHE JUMUMU
nediunaau Bay J = d(ILr)nO o, (f) kabu é3unanuy.

6.3— Tabpud. Arap f(X) bynakius yayH, (6.1) uHTErpas WAFUHIMHUHT
d(P)—>0 ma J numumTH MaBXKyn Gyica, y Xoiua, f(X) byukmus [a,b] xecmama

Puman mavnocuoa unmeepannanygyu neiunagy.

Wurerpan imrunauanar J mumurura f(X) dysxiusnan [a,b] kecma 6yiinua

OJIMHTaH aHux unmeepai (Puman mavnocuoa) nevinnanm Ba y
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T f(x)dx=J (6.3)

cuMBOJI opKanu Oenrunanamy (6.3) ma, f- mHTerpanm octumaru ¢GyHKIHS, a COH-

MHTETPATHUHI KyWM 4erapacu, b COH 3ca,- MHTETPAJIHUHI IOKOPH uerapacu, ae0
atanagu. MHTerpan octugarn X Vy3rapyBUMHU OONIKa y3rapyBuWra ajaMalliTHPUII

XdM MYMKUH, AbHU

Ba X.K.

a b a
Tabpud 6yiinua, I f(x)dx =0, I f(x)dx =— j f(x)dx ( a<b me6 omamus).

b

6.1- mucon. f(x)=x ¢ynkuus nxtuépuii [a,b] xecmama Puman masHOCHIA
UHTETPA/UIAHYBYH SKAHIUTHHH KYPCATHHT.
Eunmumu. [a,b] xecmanuar VP ={x }.; Oymuaumuuu ogamu3. Hatmkama

[a,b] KecMa [X0, X1 1,[X1, X5 1o [Xnqs Xp] Oymakiapra OynuHa N Ba

Xi + X;_ L — . .
:ITII (& €[Xig,%]1) i=1n ne6 OGenrumaiiMus. P OYIMHUINIra MOC KENraH

Si
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WHTErpaJl UMFUHIWHYU Ty3aMU3:

n n

UP(f)=UP(f’{§i})=Z f (& )AxX; =Z—Xi +2Xi—1 (x; _Xi—1)=i&=

i=1 i=1 ) 2
=%[(X12 —X§)+ (X% —xlz)+...+(x§ _Xr%fl)l =%(x§ _Xg):%(bz _az)

» o . b2-a? B
KypuHuiaa 6yaaau. bynman OI(IFl)n)l Oop(f )= = I xdx.

a

Hemak, f(x)=x ¢ynkuus uxtuépuii [a,b] kecmama Puman mawbHOCHIA

MHTETPAJUTAHYBYH KaH.
AHUK WHTerpaqHMHT Tabpuduman, xap KaHgad Puman wmabHOCHIA
WHTETPAJUTAHYBYM (YHKIUS YerapajaHraH OYJIWIIMra WUIIOHY XOCHJ KHUJIUII KHHIH
aMac, JIEKHH Xap KaHJai derapajaHraH (GyHKIUS Xap JOUM XaM HHTETPaJUIaHyBYH
OynaBepmaiiau.
6.2— mucoa. Yoy

D(x)— 1, x ratsonal son bo'lganda,
10, x irratsonal son bo'lganda

Jupuxie ¢yrkmmacu  [a,b]JcR (a<b) kecmama Pumanm  MabHOCHMOa

VMHTETPAJJIAHYBYHM IMACIIUTUHU KYyPCATHHT.
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Eunnumm. [a,b] kecmanunr VP O0ynuaummzm 0ml, Kyiduaaru

WUFUHIUIApHU Ty3aMu3. &, €[x.,, X,] HyKTa cudaruma [x,,, X,] KecMagaru
UXTUEPUI palMoHan HyKTaHW, 7, cudaruga sca (p, €[x,,, % ]), Iy KecMamaru
MXTUEPUI WppalMoHai HyKTaHu onamu3. Y xoama, D(& )=1 D(n, )=06ynaau.

[[TyHuHT y4yH,
LARE ZAXK =b-a, o,(D;{n})=0
k=1
Jlemak, b —a =0 yuyn Jdupuxie QyHKIUICHHUHT HHTETPAI HUFHHIUCH,
6.2— tavpudra O6mHoaH, aumuTra sra smac. llynaunr yuyn, Hdupuxne dbyHKuuscH
[a,b] kecmama mHTErpasIaHyBYH SMACc.
6.3 — mucoa. Yoy

; (x)— X, X ratsonal son bo'lganda,
~ |=x, x irratsonal son bo'lganda

¢yakuusaunar [a,b]JcR (a<b) kecmaga PuMan MabHOCHZA MHTETPAILIAHYBUYH
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OMACJIUTUHU KYPCATUHL.

Eunnumm. P J=[ab] kecMaHuUHT uxTu€puil OYnuHuIIM OYicuH. YHAA

J=[ab] xecma Ji,J,,.,J, KecMamapra OymuHagu. & e[X.4, X ]=J, HyKTa

cuparuga, [x_,, x,] KecMamaru MXTHEpUI parmoHan Hykrawu, 7, (7, €[X._.%])

cudaruaa 3ca, My KecMagard UXTUEpui UpparoHal HyKTaHu ojaMu3. Y X0Jja,

GP(f;{gk})zéf(égk)'Axk :éfk F Ay,
UP(fi{ﬂk})Zer;f(ﬂk)Axk =§:(—Uk)'AXk

WuFMHAMIapHE Ty3amu3. bydnma op(f;{&}) #mruEmn  f(x)=x QyHKIMA y4uyH
WHTEerpasl imFUHIK OViaau Ba 'y 6.1-mMuconra acocas,

b% —a?

b
d(|;r)logp(fi{§k}): :£de-

oymamu. op(f;{n}) ¥uruamm oca, f,(x)=—x (QyHKIMS y4yH HUHTErpan HHFUHIA
0yuo,

b2_g2 O
li f; =- = —| xdx.
d(;r)loap( {n3) aX X

2

oynanu. lllynnai kunub, Oepuiarad UHTErpall UMFUH]IU SITOHA TMMUTTA 3Tra 3Mac.
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Jlemak, Oepwiran ¢ynknus [a,b] kecmama Puman  mabHOCHIA

UHTETPaUIaHyBYH IMAC.
6.4— wmmcoa. [a,b] kecmama uyerapamaHmaraH QYHKUUSHUHT Puman
MabHOCH/1a HHTETPAJUIAHYBYH IMACTIUTUHH UCOOTIIAHT.
Eunmumm. f(X) dysxums [a,b] xecmama werapananmaran G6yncun. [a,b]
KeCMaHM 4ekiau P ={x, },_, HyKTajap cUCTEMacH €pJaMuJa Y€K COHAAru [x, ,, X,]
KecManapra 6ynamus, y xonaa, f(X) GpyHkuus my kecManapHMHT, Xeu GyIMarana,

Oupuaa yerapajaHnMaran Oyiaau. YMyMUWIMKHU Oy3MaclUK Y4yH, f(x) byHKIHSA

yerapajanMmaraln OVJICHH,

[%,,%] xecmana

ne6 ¢apaz xkunamm3. Kouran
[X, %51, [X5, X3, . IX,4, X,] kecmanmapnan V&, &,...,&, HyKranapHu onu0, yiapHU
OenrunaliMu3 Ba yoy

op(t)=0p(f 63 = T(E)A% +...+ T(&,)Ax,

WUFUHIMHA Ty3aMHu3. DHJIN f(x) GyskmustHE [Xy,X;] Kecmanma kapaiMus. f(x)

Gynxmms [X,,%] KecmMajma dYerapajaHMaraHJIWTH YYyH, UXTHEPUH OJIWHIAH

oepunran M >0 con yuyH, Oy kecMamaH IIyHmai ¢& HYKTa TONWIAAUKA, Oy

(G,+M)
f()z 2 M)
HyKkraza |f(&) -

1

oynmamu. bynman, [f(£)-Ax, =|6,|+M Oynagn. LlyHusr
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yayH, VP ={x },, OVIuHUIITa MOC KEeJITraH UHTErpaJl UNFUH]IU,

o, (.43 =

Zi: f (ka )Axk

=|f(&)a% +ae(f)2|f (&) A% ~[or (f) 2 M

TCHI'CU3JIMKHU KaHOATJIaHTUPAIH.

limM, =+o0 O6ynran {M  } conmap keTmMa—KeTIMTHHH, XamIa [a,b] KecMaHHHT

n—oo

nuamerpiaapu d, (p)—0 6ymran P, P,,..,P

n:

OYIUHUIIIIAPU KETMa — KETJIIUTUHH

Kapainuk. by OVnuHunpiapra moc Ba ‘GB(fXZ M, mapTHM KaHOATIaHTUPYBYU

{Gg(f)} MHTETpal WUFHHIWIAP KeTMa —KETJIWTHHH XaM Kapaiimus. By mHTerpan
WMFUHIMIAD KeTMA — KeTIUTH Y30KjiamryBunm Oymamw, seeu f(X) dyskmums [a,b]
KecMana uHTerpaianyBuu Oynmaiinu. Illynmaii xkunuO, rokopumaru Tabpud Ba
6.2-6.4- Mucomapaan, KyWuaard XyJOCaH!U YUKAPUIIT MyMKHH.

Arap f(x) dysxums [a,b]lma umTerpammamysum Gynca, y Xonmma, y Iy
KecMaJia yerapajganran 0ynanu. by TacIUKHUHT TECKapUCH YPHUHIIN 3Mac
(6.2 - muconra kapanr), apHu T (X) GyHKIMAHUHT MHTErpaiIaHyBuH GYIMIIN YUYH,

VHUHT 4erapajaHTaHIuTu 3apypull wapm O0Ynu0, IeKuH emapau wapm 0Yia oamac

OKaH.
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Tabpud OyiWYa, SbHU MHTETPAIHH HHTErpaj

AHMK WHTErpajHu,

WWFUHIWHUHT JUMUTH cudaTuaa Kapad, xucooaiira Joup MUCOJUIAp KeITHPaMU3:
T

2
6.5 — mucoa. Yuioy J. cosdx wuHTerpaiaHu Tabpud Oyinuya XucoOIaHT.
0

Eunimmm. [0;%] KeCMaHUHI'  PETYJIIP P OYynuHUIIMHM, SBHU
T T o o T
P= {xo =0, X, = o X, :E} OYMUHUIIHK KapaWMu3. Y Xoiaa, AX, =X, —X, = on

Ooynmaau. &, Hykra cudaruna, [, X,.,,] KECMAaHUHT VHT YE€TKM HYKTaCHMHM OJIAMH3,

ABHU &, = X,,,, PYHKIUSHUHT & HyKTajapJaru KMiMaTiIapuHu XucoOaanmus:

3 e 3 _(k+)x 3 3
(&) =cosgy =cos_ o, F(5) = cosg ===, £(6,) = cos g, =0

OHau cos X (PYHKITUSHUHT [0;%] KecMa yYyH WHTErpajl WHFUHANCUHU TYy3HO,

YHUHT N —> 00 Ja JUMUTHHU XHUCOOJalMM3:
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,_\

n-!

op(f)=0p(cosx)=D f(& A%, = Zcosék =

i
o

i ; . (h-1)r 7r-sin4sin(n;:)ﬂ TutTynsapack
= —[cos— + c0S — +... + COS = :
2n[ 2n+ 2n+ " 4n ] on-sin * My HAOapwuxa
n-sin —
an 1-606
7r-sin§~sin(n_1)ﬂ 2-606
T 4 4n
lim, ()= lim Y 3-606
2n-sin—
4n 4-606
bynpna, lim 2n-sin4£=%, sin X HUHT Y3JYKCH3JIUTHHU YBTHOOpra oJIcak, y X0J/a, Mnosanap
nN—o0 n
5 z-sin?
Icos dx = limo, (cos x) = TA' =1.
i g ]
2 << =
6.6. — mucoa. Yoy IQ 3&.
p Opkar a
Ix"‘dx (0<a<b), m=-1 P

a

Cax uda 173/708

WHTErpaJIHA Tabpud OVilnya XucOoOIaHT.
P p(by TynumkKk skpaH
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b o .
P = {xo —a<X <X,<..<X =b 6ymma x, =aq“, q= n\/:} OYIUMHUIIHUA KapaMus. ¢&,
a

HyKTa cudaruaa, [X,,X,,,] KECMaHUHT Yal YeTKU HYKTACUHH OJIaMH3, SbHU & = X, .

VY xonna, uHTerpans MMFUHIAMHUHT KYPUHUIIK Kyluaarnya 0yiaam:

LN

n—

n-1
O-P(f):O-P(Xm): f Axk ng X —
k=0

=~
]
o

n-1 n1  k(m+1)
— Z (aq ) ( k+1 q ) m+1 (q 1)2 q
k=0 k=0

bynaaH, reomeTpuk nmporpeccus Xxaajiapu WHFUHANCH (POpMyTIacCHHU XUCOoOTa oJiraH

X011,

- b m+1
a (q _1):[8‘} _1] _ ( m+l am+qu _1)

O-P(Xm): qm+l_1 qm+1_1

b LAy -1
MyHoca6aTHH XOCHJI KHUJIaMU3, 6YHI[a N—>o0 ga g=r g —1 Ba |/1Irr(lJ T:

dhopmynanu YpTHOOPTA OJICAK,

d Tl s —1
ax_ﬁ_r'w'i?o“( )= - l)uinlqg”—lz i

bm+l _ a‘m+l

m=-1 Oynrad xojija,
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o, (x*)=n(g-1)= n[n\/g—l]

=Ina ¢opmynanu 3pTHOOpra OJcCaK, y X0J/a,

b
Idx_llma _Ilmop(lj—lim n(n\/g—ljzlnb—lna
2 nN—oo n—oo X nN—oo a

DKAHJIUTH KEIno YuKaau.

A

6ymamu. Byepaa lim a -

1

6.7— mucona. Yoy jexdx aHUK MHTETpaliHu Tabpu@ OViinua XruCcoOaHT.
0

Egynaummn. f(X)zeX dbynakuus [0,1] kecMaaa aHUKJIaHraH. [0;1] KECMaHUHT

P={x,=0<X, == <...<X, = K < <X, = n =1} perynsap OYIMHUIINHA KapaMu3.
n n

PaBmankmn,

k
KECMaHMHT Yall YSTKU HyKTaCUHU OJ1aMM3, IbHU &, = X, = —(k =01...,n —1).
n

OHau ity P OYIMHUINTA MOC KEJITaH WHTETpall HUFUHANHY TY3aMH3:

n1 k 1 2 1) 4
o, (e")= Ze”—(lJre +en +.. +e”]-—.

k=0 n

1
[X.;X.,] KECMaHUHI Y3YyHIWUIH, AX, =—. & HyKra cudaruna,
n

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a

Caxwua 175/708

Tynuk skpat

Uk uw



1
1 n-1 it
1+e" +..+e" HUFUHAM, OUpUHYM Xaau b, =1, maxpaxu ( =€" OYIAraH reoMeTpuK

mporpeccusi N Ta  XaAWHUHT  HUFUHAMCHAAH uOopaT  OyiraHu  y4yH,

1 n-1
lven+..+en =1
en -1
Mynnait kuuo,

G(e) O'P(e {}j % 6‘1—1

e" -1
bynnas,
1
leap(e {—}j:(e Dlim —"—=e-1
en -1
Jemak,
1
J=[efdx=e-1.
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6.2. Jlap0y unruHauIapu.

bu3 OyHnaH kelnH, XaMMma BakT 4YerapajaHraH (QyHKUMsUIADHH KapaMu3,
YyHKHU 4Yerapasanmarad ¢GyHkius Puman MabHOCHIa HHTETpaJNIaHYBUYM dMac

(6.4 — mucoura KapaHr).

f(x) ¢ynxums [a,b] xecmama uerapanamran 6ymcmn. [a,b] KecmaHmHT
uxtuépuit P={a=x, <X, <X, <..<X, =b} OVIMHHUIINHU KapalMH3. f(X) byHKIMSA
[a,b] kecmazna yerapananran OViaranu yayH, y V[x,_,,X,] KecMajaa xaM derapajaHTraH
oynaau. f(x) GYHKIUSHUAHT [X, ,,X,] KecMagaru m, aHUK Kydu, M, aHUK FOKOpU

yerapamapu, seHH m, = inf f(x), M, = sup f(x) Mamxkyn Oymamu Ba

X1 XX X1 SXSX
V&, e[X %] yayH m, < (& )< M, TEHTCH3JIMKIAD YPUHIIHM.

6.4 — Tabpud. Yoy

Sp(f)=MAX +M,AX, +...+ M AX, = > M, AX, (6.4)

k=1

n
Sp ()= MAX, +M,AX, +....+ M AX, =D M AX, (6.5)

k=1

WAFUHIWIAP, MOC PaBHILA, f(X) dbyHKUMSHUHT, Oepwiran P ={x },, OynuHuIIra
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MOC KeJIraH, Kytiu 6éa lokopu Japoy uugunourapu NeAAIaIq.

JHapOy HuFruHaUIapy KyHuaaru xoccajiapra sra:

1-xocca. JlapOynunr xap kanmai (6.5) xyim wurungucu, J{apOyaunr (6.4)
I0KOpH MnFuHANCHAAH omMaimu: s,(f)<S,(f).

2-xocca. V&, (x, <& <X,,) HyKTaHW TaHiamra OOFIMK OyaMaraH Xoija,
JapOy iurunauinapu yayH, s,(f)<o,(f)<S,(f) TeHrcusnuknap Yypurim.

3-xocca. Xap KaHgail P OYJIMHMIN y4yH,

S,(1)= sup o, (f:4&,), Se(f)=inf

el X g% 7 %1%

op(F3 1)

MyHOcabaT/iap YpuHiIu.

4-xocca. JlapOynunr (6.5) KyHuW WAFUHIWJIAPU TYIUIAMH  IOKOPHJIaH
gyerapasanras, (6.4) oKopu HMFUHAWIAPH TYIIAMU 3ca, KyWHIaH yerapajgaHraH.

5-xocca. Arap P —[a,b] xecmanunr uxTuépuii 6ymuanmm 6y, P~ oca, -

P OVIMHWIIHUHT HyKTaJdapura 4YeKJIW COHJArd SHTU OYJIMHUIN HYyKTajJapw
KYIIUIIIaH XOocui Oynran OynuHui 6yica, y Xonaa,

sp(f)<s.(f) S.(f)<S,(f)

MyHocabaTiap YpuHiIu Oynaau.

(6.6)

6.4 — Tabpud. {s,(f } TYmaMEMAET aHKUK 0KOpH uerapacy, f(X) GyHKmmamaH
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[a,b] xecma O¥iinya onunran JlapOyHUHT Kytiu unmeepanu ned aTaaaam Ba y,
b
sup(s; (=3 = [ f(x)x

KaOu OenruiaHaIu.

6.4'- Tabpud. {S,(f)} TYIIAMHMHI aHWK KyHH derapacu, f(x) byHKIUAIaH

[a,b] kecma Gyiinua onuuran JlapOyHUHT roKopu unmeepanu 1ed atagaam Ba Yy,
b
inf{S,(f=3=[f(x

Kabu Oenruia”aiu.

6-xocca. J[apOyHUHT KyHU UHTETpai, YHUHT IOKOPH UHTETpAIMIaH KaTTa

Oyna onmaiau, SpHU

J<J.
6.5 — Tabpud. Arap f(x) dysximssuar [a,b] kecMazaru Kyiiu Ba 1OKOpH
Jlapby mHTerpamiapu 6up — 6upura TeHr Gynca, y xomma f(x) ¢ymxuus [a,b]

kKecMmana Jlapoy mavHocuda unmeepauiaHysuu JCWUIIaTd Ba YIAPHUHT YMYMUH

KUUMAaTH

|
Il
<
Il
o
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f(x) ¢ysxumsmmar [a,b] xecmamaru ammk wmTerpamu (JapOy MabHOCHIA)

JeUnIaau Ba y
b
J :_[ f (x)dx

KaOu OenruiaHaIu.

Arap J=#J 6ymica, y xouua, f(x) oysxmms [a,b]  xecmana

UHMe2PAaNIany 84U dSMac NeHNIau.
6.3 — Ba 6.5 — Tappudap, ¥3apo TEHTr KyWIin Tabpudiaapaup.
6.8— Muco.. f(X)z x* dyHKUps yayH, [-2;3] KecMajaa, HXTHEPHIl peryisp
P O6ynunmITa MOC KeNraH, Kyin Ba 1okopu J{apOy WMFUHAMIAPY TY3HJICHH.

Eunnumm. [-2; 3] KeCMaHUHT yII0y

P={x,=-2<X :—2+§< X, =—2+E<...< X, =—2+%<...< X, =3} peryisap
n n n
OYJIMHUILLINHUA KapanMmus, OyHJ1a [X 1 %] KECMaHUHT Y3YHIIUTU
5k

AX, _> (k =1,_n) x,=—2+—. (6.3) Ba (6.4) dopmynamapra acocan, JlapOy

n n
WWFAHIWIAPUHU TY3aMHU3.

bepunran ¢yukius [-2; 3] kecMmaaa YCyBUM OYJITaHIUTH YYyH, Y Y3UHHUHT
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AHUK KYﬁH Ba aHUK HOKOPH 4dY€rapacura, MOC paBHUlIad, KECMAaHWHI Yall Ba S'/'HF YCTKHU

HyKTaJlapuja dpUIIaan, sibHU

Mynnpaii kuuo,

n-— 3 n 3
R Ok

k=0 n

Ouau, apOy WHFUHAMIAPUHU XUCOOTaNMuU3:

sp(x’*):ﬁz(— j Sy 3. EE’ k2.2+

N\ Ny n

+35k4 8] = 6252k3 150- SZkZ 3OOZk 40.
n n® n

k=1
Mabnymku,

SPRLG +1)1 Z”:kz _n(n+1)2n +1), Z“:kg _n*(n+1)°

k=1 2 k=1 6 k=1 4

by dbopmynanapuu spTHOOpra 010, OXUPTH TCHIJIHKIAH,

1 175 125
S, (x°)= 165+ 0+,

OYJIMIIIMHU OJIaMM3.
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Opkar a

Caxwua 181/708

Tynuk skpat

Uk uw



Xynau myHaan,

1 175 125
P()16Z_E+n_2 Tutynsapac
udoa ronuaagu. My Hpaapwuxa
1-606
2-606
6.9-mucoan.  f(x)=2x, xe[0]1], P= { 1&191} Ba §1=ia§z=i’§3:§'
8'4'2'4 16’7 16 8 3-606
5 3. , 4-606
£, =§,§5 :Z6yJICI/IH. V xonna:

Mnosanap
a) AX;, AX,, AXg, AX,, AXsKuiiMaTiap;

= A
c) m, m,, My, M,, My KuiAMaTIap; &< =P
d) f(egl)’ f(§2 )’ f(fs)l f(%€4)’ f(éfs)’ KuiMaTiap; !Q &I
e) M,, M,, M;, M,, M, kuiimariap Opkar a
f) so(f) xyiiu JlapOy Murungucy; Caxuda 182/708
9) S”(f) Puman WUFMHIUCH; Tynuk akpaH
n) S.(f) rokopu J{apOy MuFUHIMCH TONMICUH Ba YUnkuuw
(i) sp(f)<S"(f)<S,(f) MyHOCAGATHUHI OAKAPMIIUIIK KYPCATHIICHH.



Eummmmmm. Bepunran f(x)=2x ¢ynknus, [0;1] KecMaga y3iayKCH3, YCyBYH

¢bynkuuanan noopar. [0;1] xecma P OynuuHuin €pnamuna,s Ta,

3ot [aat [z

KHCM KecMmaiapra OYJIuHTaH.

o

|

a) KUCM KeCMAJIApHUHT Y3YHJIUKIAPUHUA XHUCOOIaiMu3:

1 1 1 1
AX, =X, — X, ==——0==; AL =X,—X,==——==
1 1 0 3 ) 2 2 1 4 8
1 1 1 3 1 1
AXS:X?’_XZ:E_Z:Z; AX4:X4_X3=Z_§=Z'
Jlemak,
1 1
AX =3’ AX, =—; AX; = AX, = AX; =— DKaH.

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Cax unda 183/708
TynumkKk skpaH

Uk uw



1 1 3 3 3 3
d) f(&)=2-—==: f(&)=2->=2: (& )=2.2=2;
) f&)=2-o=0i 1(&)=2- o =5i f(&)=2-0=
5 5 3 3
f =2.===: f N N TuTynsBapack
(E)=2-g=51 f(&)=2-7=3
N1 N 1 . My Hoapwmxa
e) Mlzf[gjzz; MZZf(ZJZE; M3:f(§j=1; 1-606
2-6060
3) 3
M,=fl2|=2: M.=f(1)=2.
=133 me- 10 6o
f) s,(f)=mAx +m,Ax, + mA, +m,AX, + MAX, = 4-6006
— E+l1+££+l 1+3 1 i+l+l+§= MHOBaﬂap
8 48 24 4 24 32 8 4 8
1 1 1 1+8+16 25
=—+—F+t—=——"—=
32 4 2 32 32
9) S™(f)= (& )Ax, + F(&)A%, + F(&;)Ax% + F(&,)Ax, + f (& )Ax; = & =P
1131315131 1 3 3 5 3 9 315
e T S e e B B e H |
88 88 44 44 24 64 6416 168 16 8 16 Y P
h) S,(f)=M,Ax + M,AX, + M AX, + M,AX, + M Ax, = Opkar a
2t1111.,131.,1 1.1 1.3 1 1+2+8+12+16 39
48 28 4 24 "4 3216 4 8 2 32 " 32 Caxuda 184/708
25 . 15 39 25 15 39 Tynuk akpadt
i) s,(f)=—<S(f)=—<S,(f)=—, 9pHH —<—<—.
)P()z ()16 ”()32 32 16 32

Uk uw



6.10 — mucoJ. f(X):2X dbynkuus yuyH, [01] kecmana, Plz{o,%,%,l} Ba

1
P:01_1
SE

yJapHU COJUIITAPHHT.

12 . .
Egl OynuHuIUIapra Moc kenrad, J{apOy WUFMHAWIAPUHU TY3UHT Ba

N

Eunwnmmn.l) P, 6Ynmunun, [0;]] kecManwu, [O;%], [%;%], [%,1] (x, =0; x, =1)

KACM KecMajapra Oyiaju. f(X):2X dbynkus, [0;]] kecMaga y3JIyKCH3 Ba YCYBUH
OynraHu ydyH, KeCMaJapHHHI 4Yall YeTKH HyKTamapuaa m; (i =1,2,3) MHHUMAJI
KUMMaTIapura, YHT YeTKH HyKTajdapuaa Mi(i :1,2,3) MaKcuMaJl KuiMatjapura

opuIIaguv, AbHU

AX; (i = 1;2;3) —KHACM KECMAJIAPHUHT Y3YHJIUKIAPUHHA TOMIAMU3:

Axlle_xo =%—0=1, AXZ :l_lzl

,Axszl—lz
4 2 4 4 2

N |~

VY xonna, (6.3) Ba (6.4) bopmynanapra acocas,

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Cax unda 185/708
TynumkKk skpaH

Uk uw



Sy, (f)=MAX + M,AX, + M;AX, _%

s, (f)=mAx +m,Ax, +mAx, =0-

|\>||—\

0|
-l>||—\

% } Oynunul, [0;1] KecMaHu,

2) P, = {0,

A1 11 11, 12 2
[015]1 [572]! [Z’E]! [Elg]l [gl]

KUCM KecMmajapra Oynaau. f(X):2x GyHKIMSA, KECMaJapHUHT YHT YETKU
HyKTaJapuna, Mi(i :E) MakcuMall KUHMAaTJIapHU, 4yal 4eTKH HyKTaJlapujaa jca,

m; (i :l,_5) MUHHUMAaJI KHAMAaTIapHu KaOyJ KWiIaau, SbHH

Ml:f(ljzi’ Mzzf(ljzi’ Mszf(lj L M _f(gj
8 4 4 2 2 3

1 1 1 1 1 2 4
m=f(0)=0;,m,=f| = |=—, m=Ff| ===, m,=f =Im.=f|=|=—=
= 10) ’ @ 4" (4j 2 [2) ’ 3j 3

AX; (i =1_5) KUCM KE€CMaJapHUHT Y3YHIIUKIIAPU:

1 1 1
Ax1=§; AX, =§; AXy ==, Ax4=€; AXg =

VY xonna, (6.3) Ba (6.4) dbopmynanapra acocas,

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxwua 186/708
Tynuk skpat

Uk uw



11 11
Sp, ()= M,AX + M,AX, + MAX; + M,AX, + MAX, = 2828t
+1£+ﬂ1+21:§,
4 3 6 3 288
11 11 1 41 221
= MAX + MAX, + MAX; + M,AX, + MAX, =0-— =4+ —- —+1. -+ —. —=——
rnl Xl 2 2 3 3 4 4 5 5 4 8 2 4 6 3 3 2 8

Ounau, JdapOynunr, P, Ba P, OyiauHMIUIapra mMoc KejraH, KyWH Ba IOKOpH

ﬁI/IFI/IHJII/IJIElPI/IHI/I COJIMIITUPAMU3.
11 5
Sa(f):§:1,375, sa(f)=§=0,625,

355 221
S, (f —1,233, f)=25--0,767.
»(f)= 288 S, (1) 288

Hemak, s, (f)<s, (f)(Sy(f)>S,(f)), spHM P OyimHMmra sHrM HyKTanap
kymmnranaga, S,(f)  Kyliu HuFMHIMEUHT  KamaiMacauruau, S.(f)  rokopu

WUFUHIUHUHT OPTMACIUTUHU KypaMus.

6.11 — mucou. f(x):l— X ¢yHkmus y4ayH, [0; 2] kecmana, P, ={0;%,%,1,2} Ba
112 3 3
P, ={0, 5'3'3'%" E 2} OymuHMIIIapra Moc kenraH, /lapOy WMFUHIWIAPWHU TY3WHT

Ba YJIAPHH COJIMILITUPUHT.

Tutynsapack

My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Cax uda 187/708
TynumkKk skpaH

Uk uw



Eunmnmm. 1) P, O6ymuamm, [0; 2] kecmanu, [O; ] [3 4] [4 1], [52] kucm

KecMmajapra axparaiu. f(x):l— X (QyHKIMsS Kapaia€TraH Kecmajaapaa KaMaroBYU
OYNTraHgurd  y4dyH, Y3UHHUHT Mi(i =1_4) MakCUMaJl KUKWMaTJIapuHHU, KUCM
KECMaJapHUHI Yall Y€TKUM HYKTaJlapuaa, m( 14) MUHHMMaJl KUWMAaTJIIApUHHU Hca,

KeCMaJIapHUHT YHT YETKU HyKTaJlapujia Kaoys KUIaau.

Jlemaxk,

AX; (i =1,4) KHCM KeCMaJIapWHUHT Y3YHJIIUTUHHA XUCOOIaiMu3;

Axlzl— =1; AXZ:E—1 5, 3:1—§=1; AX, =2-1=1
3 3 4 3 12 4 4
[ynnait kumoO, JapOy WuFuHIUIAPU:
S, (f)=M,Ax, + M,AX, + M,AX, + M ,Ax, =1- 1,25, 11 048
l 3 315 44 144
s, (f)=m,AX, +m,AX, + M,AX, +m,AX, _2. £+£'£+0'1+(—1) __3r
1 33 412 4 144

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Cax unda 188/708
TynumkKk skpaH

Uk uw



Bynna, s, (f)<S,(f)
2) P, 0ynuHum, [0, 2] KecMaHH,

23 3. 3 3
]l [512]! [211]! [175]! [512]

1, 11
051 Igi3

1.2
L5

KUCM KECMaJlapra axparajiu.

bepunran ¢yHkius kapanaéTtraH KecMmaja Y3JIYKCU3, KaMalOBYU OYITaHIUTH

YYyH, Y Y3UHUHT Mi(i =1_7) MaKcuMall KUWMATJIapUHH, KECMaJapHUHI Yall YETKU
HyKTajJapuaa, m, (i=1,_7) MUHHUMaJl KAWMAaTIApUHU KECMaJapHUHI YHI YETKHU

HyKTajapuaa Kadysi Kujaaau, SbHUA

1

M, =f(0)=1-0=1 Mzzf(—jzl—lzﬁ,mng sz,M4=f(gj=1—§:1,
6 6 6 3 3 3 3

1) 5 1) 2 2 3)_1
6) 6 3) 3 3 4) 4
3)_ 1
m, = f(1)=1-1=0, ms_f(ij:_i’ m, = f(2)=-1

AX; (i =1,7) KHCM KECMaJapHUHT Y3YHJIHUKIAPUHU XUCOOIalMu3:

1 1 1.1 1 1 1
AX =23 A% == AXg == AX,—; AXs == AXg == AX, ==
e e 3 T 4 2 T2

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a

Caxwua 189/708

Tynuk skpat

Uk uw



! 51 21 11 11 1 1)1 1 45
S (f)=) MAX=—-=+—=—-=+=.Z4+=-—+0-=+| = |- =+(-1)==——;
»(1) LM = et 3 833 4(2}2 Y=
7
Sp (f):ZMIAXI:]'.l_Fg 14_2 l+1i+£1+0 1+(_ljl—ﬁ
2 6 6 6 33 312 4 4 2 2 144

Hemax, s, (f)<S, (f).

Onau, P, Ba P, OynuHunuiapra moc kenras, lapOy HUFUHIMIapUHU TaKKOC-

JJauMU3;
87
f)=-0,673; S, (f)=—~0,6042,
s, () 2 (1)=122
45 65
f)]=——=-0,312, S, (f)=—=0,451;
s, (f)=—12 o ()=

5 (F) <5, (1), S, (£)> S, (F),
SbHU, Oy X0J1a XaM, P Oy IuHUINTa SSHTH OYIMHUII HYKTATapUHA KYIIUIT OuiiaH,
JapOyHUHT Kyiin HAFUHANCH KaMaliMaclIuri, I0KOPH HUFUHIUCUHUHT OPTMACITH-

rura uiioHY XO0CHUJI KNJIaMM3.

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxua 190/ 708
Tynuk skpat

Uk uw



6.3. AHUK MHTerpaJ épaaMuaa JUMHUTIAPHA XUCOOJIaIl.
Tutynsapack

6.12 — mucos. Yoy My Hapapwumxa

Iim( n - n - n j 10060
>\ n?+1> n?2+22 7 n?+n’ 2-606
3-606
JIAMUTHHU XUCOOJIaHT.
4-606
n n n .
Euwwaumm. S =———+———+..+ 5—— 1e6 Oenrunaiimus. by Wnoesanap
n°+1 n°+?2 n°+n

WUFUHIWHA KyWUAard KypuHUIIA €310 oTamMu3:

« »

13 1
O-n = ' L __
ns (') l¢ »l
14—
n
Opkar a
o 1
OyHJa 1 o 1 A 1 > KyIIMJyBUHMiIap, > (yHKUUSHUHT Caxwpa 191/708
1 2 n 1+X
1+~ 1+ - 1+ — TYynuk skpat
n n n
YUnmkunuw
1 2 .
X, = X, =ﬁ""’X” =—=1 HyKrajapjgaru kukMatiapuau wudona xunagu. [0;1]



KecMaHUHT perymsap P ={X, =0<X < X,,....< X, ; <X, =1} GYynmmAMImMEE onamus3:
[0 =[0; x, JU[X; X, ]U...u[X 4; %, ], OyHAA AX =X —X._, :l. Masbnymku, Tabpudra
n

aCoCaH, HMHTCrpaln ﬁHFHHﬂHHHHF JJUMHUTH, KHUCM KCECMalapAaH OJIMHIaH éi

HyKTaJlJapHU TaHiamra 6ornuk sMac. LllyHuHr yuayH, & = X; 1eb oncak, y Xxoiaa,

Oy :Zf(é:i)AXi :Zn:#%

n
£ I 2
=1 1=1 l+ ()
n

1
WAFUHIA f(x)= HKIASHUHT 01] xecmamarm Puman wuHTErpan
m,  f(x) [y Oy , [01] i p

HuruHAMCH OYIU0 XMCOOIaHA IH.

Jlemak, Tabpudra acocaH,

lim n + n +..+ n j' ! dx 0 Y
= = arctgx| = —
>\ n? +1%  n? + 22 n>+n®) ¢1+x? o™y

6.13 — mucos. Yoy

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
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Opkar a

Caxwuda 192/708

Tynuk skpat
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lim 1(‘/1-%1 + ‘/1+3 +..+ ‘/1+Ej
o n n n

JIMMUTHHU XHACOOJIaHT.

\ :
Euynimmm. Pasmanku, o, :EZ 1+1 fimrunan, f(x)=+v1+x (QyHKUUSHUHT,
ne n

[01] xecmanum TeHr N Ta Oynmakka OyiraHmaru, WHTETpal WUFUHIAUCUHU

udonanaiau. IlyHunr yuyH,

1 1
limo. = 1+xdx:g 1+ x)
= .
0

n—

=§(2\/§—1).

0

MyCcTaKuI e4ril YUyH MHCOJLIap
6.1. f(x)=x+1 ¢yakuus yayH [-1 2] KeCMaHu TeHTI n Ta Oymakka 6Yiuo,
xamaa & (i =1,_n)HYKTaHI/I [%_: %] xecMmanunr ypracu neb6 omub, o, (f) unTerpan

ﬁHFHHHHHH TY3HHI.

Kylnnaru 6epunran f(x) GyHKIUS ydyH KYpcaTUIraH KECMAHU TEHT N Ta

6ynakka 6yau0, JapOynunr s,(f) Ba S,(f) HAFMHIUIAPUHN TY3HUHT:

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Cax unda 193/708
TynumkKk skpaH

Uk uw



6.2. f(x)=x* xe[-23]. 6.3. F(X)=+/X, xe[0;1]. 6.4, f(x)=2", xe[0, 10].

6.5. f(x)=x* dydakums yuyH, [L 2] KeCMaHH, Y3yHIHKIAPH TE€OMETPHUK
mporpeccusi TalIKWJ 3Tagurad n Ta OYymakmapra Oynmub , JlapOyHuHr Kyiu
WUFUHIMCUHM TY3UHT Ba YHUHT N —> oo JIard JJUMUTUHU TOTIMHT.

Kyinnaru Gepunran f(x) GpyHKIMs yuyH, Oepuiaran KeCMaHMHT Oepuiirad P

OynuHuIMra Moc, JlapOyHuHr Kyill Ba I0KOpY HUFUHIUJIAPUHN TY3UHT.

6.6. f(x)=2xx<[01], P= {o, %% 1}.

6.7. f(x)=x%, xe[-L 0], Pz{—l,—%, —%,o}.

P:{o,l,l}.
2

x*, xe[-L1], P=

6.8. f(x)=x%+1, xe[0:],
6.9. f(x)=

6.10. f(x)=sinx, xe[0; z], P= {O 5 E }
Kyiinnarn Oepwiran f(x) ¢GyHKIUS ydyH, KypcaTWiIraH KECMaHUHI P

OYJIMHUILIA Ba KUCM KecMmajapjJa TaHJaHTaH ¢ (i =1_n) HyKTajapra MoOC KeJIraH

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Cax uda 194/708
TynumkKk skpaH
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o,(f) Puman unTerpan MUFMHIANCUHM TY3UHI Ba YHUHI KaHJal (pUrypaHUHT FO3UHU

u(poaanamHl Yu3Majia KypcaTHHT .

6.11. f(x)=x>

6.12. f(x)_—x+1 xel0;2], P =

6.13.

3
§3=§, Sa=

Kyiinmaru wuHTErpamapHu,

cudaruma Kapad, XMCOOIaHT:

2
6.14. Isin x dx.
0

6.16.1'|93de.
0

, xef01], P={0

{o,

f(x)=2x%, x€[0;1], P ={0,

113 1 3 5 7
___111 = = = ==
G } &1 3 ) 3 &3 3 $4 3
1 3 3 1 1
RN 11_121 = =
4'4" 7 2 b o1 8 °277
11 1 2 1 3
P _1_’11 = =
8'4 2'3 b o1 16’ °? 16

Puman wHTErpasl WUFUHAUCUHUHT

2

6.15. [&

1 X

617.Te”dx

JIMMHUTHU

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxwua 195/708
Tynuk skpat

Uk uw



1 1
6.18. Ixzdx. 6.109. J.x(l— x%)dXx.
0 0

Tutynsapack

b
1 ) -
6.20. J.Fdx (0O<a<b) (& =xx,, (i=0,n) ned OJMHT). My HAoapuxa
e 1-606
6.21. j Inxdx ([L €] KecMaHU reOMETPUK MPOrPECCUSHHU TAIIKUII KHIaId TaH 2-606
1
HyKTanap épaaMuia KHCM KecMmaiapra OYIIuHr ). 3-606
4-606

4
6.22. Yoy Ix3dx UHTErpAJIHA KyUUAaryu mapriapaa:
1

MnoBanap

1) [L; 4]kecMaHu TeHT OYymakmapra OYnu0, ¢ HyKra cudatuga  KUCM

KECMaJIapHUHT Yall YeTKH HyKTaJlapUHU OJTHO;

2)[; 4] xecmanm TeHT Oynakiapra OymmbO, & HyKTra cudaruga KUCM Q @

¢ >l

3)[L 4] xecmanu TeHr Oynakmapra OymmuO, & HyKra cudatuga KucMm Opkar a

KECMaJIApHUHT VHT YE€TKH HYKTaJJApUHU OJUO;

KeCMaJapHUHT YpTa HyKTaJlapuHU OJIHO; Caxuda 196/708

4) [1; 4] KeCMaHu Xy, X,, X,,..., X, (OyHIA X, :q",q :Q/Z) HyKTanap €épaamMuia Uy u e [ E

Ooynmub , & Hykra cudaThaa, KUCM KeCMaJapHUHT Yall YeTKH HyKTaJIAPHHH 0JIHO; Hunknuw



5 [1 4 kecmaHH Xo» Xoy Xgyeees X (Oynma X, =qk,q=Q/Z ) HyKTaJiap
épmamuga Oynmub , & Hykra cudatuga, KUCM KECMaJapHUHT YHT YETKHU

HYKTaJapyuHU 010, XHUCOOIaHT.

6.23. Ymoy f(x)=sgn(sin %), y3uaumira sra , GyHKuusHUHT [0;1] KecMana

HUHTCTpAJIaHYBYANJINTUHA MCOOTJIAHT.

6.24. Yoy

0, x—irratsional son bo'lganda,

X) =
v 1 x=1 bo'lg anda
n n

(byuma m Ba n(n>1) map ¥3apo TyO OyTyH commap) PumaH ¢yHKUMSCHHUHT
UXTUEPHI YSKITH KeCMa/ia MHTETpAIIaHYBUYMITHTHHN HCOOTIIAHT.

6.25. AmHuK uHTerpamHuHr tapudura Kypa, arap f(x) QyHkums Oupop
KecMaja WHTErpaJUlaHyBuYHM Oyiica, y XoJiJa YHUHT Iy KeCMaja dYerapajaHra

OYyIUIIMHU UCOOTIIAHT.

6.26. Arap f(x) ¢pynxuus [a,b] xecmana unTerpannanysuu 6yica, y xonaa

b
Lim)sp(f _I|mS ;[f (x i

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606
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-
le q
Opkar a
Caxwua 197/708
Tynuk skpat

Uk uw



SKAHITUTUHHE HCGOTIAHT (2 = max|Ax,|).

AHMK wuHTErpan €paamuna,
XUCOOJIAHT.
6.27. lim L+i+...+i )
nsoln4+1l n+2 n+n

1 1 2 n
6.29. Iim—(en +en +...+e”].

N—o0 n

N—o0 2 2

2
6.31. Ilm[i+i+ +(n—1) Jl
n? n n n

6.33.limip+—- 4+ 4+t 3
n—mn 2 T 2
COS™ — COS™ —
4n 4n
o/nt
nN—oo n '
6.37. Ilm( 1 1 1
>\ fan? —1 \/4n 4n?

Kyuuaaru

WUFUHIAIAPHUHT

6.28. Iim(i+£+...+ 2l _lj .

n—oo n 2

6.30. lim 1+ —
n—>oc\/_[ \/— \/_
3
6.32. |.m[i4+i+ =y Jl
nN—oo n n n
6.34. mla”a;'"*”a (@>0).
L. n 1
6.36. limsin zz—
n—o0 n ] 2+Coskr7]z.

_on

JIMMHUTHUHU

=

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

«
& =]
Opkar a

Caxwua 198/708
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6.38. lim 1[sinZ +5sin 2z 4 +sin (n-D=
n—o N n n n

6.39.Iimn( 1 L o j

1.

+ ot
oo (N+1)° (n+2)° (n+n)?

6.40. Iim§[1+ LU L L].
n—> n+3 \n+6 n+3(n-1)

(n=-Yr

1.

6.41. lim 1[1+ cosz—ﬂ Jrc053—7r +...4C0S
n— 21 2n 2n

MycTakui e4uil y9yH MUCOJIJIAPHUHT KaBo01apu

1 175 125 1 175 125

6.1. O'P(f)—4,5 6.2. Sp(f)_16Z-E+W’ Sp(f)—16z+E+W.
9
13 i 1 i 10230 .
6.3. SP(f):Hg o Sp(f)zﬁé n 6.4. SP(f):T’ Sp(f) 10

n@2" -1 n(2" -1)

v2-1 . 31 5
. f)=31- =—, 0. =— =—.
65. 5,(1)=31- 25, fms,(1)-2. 66, 5,(1)=2, 5,(1)

10230-2"
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/-§. AHMK MHTerpaJHUHI MaBKyIJIUru. MHTerpasianyBuu

(QYyHKUMSJIADHUHT CHH(JIapU. AHMK MHTErPAJHUHI X0CCAJIapH

7.1. AHMK MHTErPAJHUHI MABXKY/IJIUTU.

7.1- Teopema. [a,b] xecmana werapanmamran f(X) ¢ymxuus, my kecmama dapGy
MabHOCHA WMHTETPAUIAHYBYM OYJIMINN Y49yH, Ve>0 OIMHraHma XaM, MIyHaai
5 =06(g)>0 con Tomumu6, [a,b] kecmanuEr nHamerpu d(P)< S 6yaraH Xap KaHmaif
P OynuHUIIMTa HUCOaTaH, JlapOy HUFUHIUIapUHUHT,
So(f)—sp(f)<e (7.1)
TEHICU3JIMKHHA KAHOATIIAHTUPHUIIIH 3apyp Ba €TapIuIup.
Arap f(x) dysKumssuEr [X,, X,,] (k :O,n——l) KECMalard TeOPaHUIIUHHE o,

ne6 Oenrunacak, y xonaa (7.1) TeHrcusnuk, Kywuaary,

n-1
Za)kAXk <&

k=0

TEHICU3JIMKKA TEHT Ky4Win OYyiaau.
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7.2— Teopema. f(x) ¢ynxumsmuer [a,b] kecmama Puman MmawHOCHIA

MHTErpajulaHyBUd OYnumu y4dyH, YHUHr JlapOy MabHOCHMAA HHTErpaslaHyBUYU
OynuIy, 3apyp Ba €TapIuaup.

by xonna, Puman unrerpanu, JlapOy MabHOCHIAru UHTErpaira TeHr OyIaau.
bus Oyngan keiinH, «Jlap0y MabHOCHIArd MHTErpal» JeraH TEPMUHHU

unjiaTMacaal, S”H_Ia HHTCTpAJIHA «Puman MabHOCHOATIW» UHTCIPAJL II66 aTanMus.

7.2. MaTerpa/uianyBYM (PyHKUMSIJIAPHUHT CHH(JIapH.

7.3 — Teopema. Arap f(x) gynxuus [a,b] kecmana y3mykcms 6yica, y xonna,
f (X) GbyHKIHS 1Ty KecMajia MHTeTpaUIaHyBYH Oyiiaau.

7.4 — Teopema. Arap f(x) dymxims [a,b] kecmana uerapamamra Ba
MOHOTOH O¥ica, y xoina, f (X) GbyHKIMS 1Ty KecMaia HHTEeTpaJlJIaHyBYM OYIaau.

7.5~ Teopema. Arap f(x) ¢ymxums [a,b] xecmama uerapanmadran Ba

KECMaHWHT YEeKJIW COHJArm HyKTaJlapuja y3wiuiira sra OynuO, KonraH Oapda
HyKTajlapuja Y3JIykcu3 Oynca, y Xoija, f(X) byHKIMS 1y  KecMaja

WHTErpaJUIaHyBUU OYIaau.
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AHUK UHTErpajHUHIr Tabpuu Oyinya, SbHU yHH, UHTErpaj WMFUHIUHUHT
auMuTH cudaTtuna Kapadb, 6ab3u Oup coaga (QYHKUMSJIADHUHT WHTErpaulapuHU
xucoonam MyMkuH. JlekuH, KynuH4Ya, Xap KaHaal y3iykcu3 (QYHKIUSHUHT aHUK
MHTETrpajuHu, UHTErpajl WUFUHIMHUHT JUMUTH cudatuga Kapab, xucoOmam aHya

HOKYyJailInKjapra Ba KHHMHYMIIMKIIapra o110 Keaaau.

T

2
7.1 — mucoa. Yoy ‘[ sin XdX WHTerpaJiHu XUCOOJIAHT.
0

Eunnnmm. f (X) =Sin X ¢yHKIHS [0;%] KecMajia y3IyKcu3 OYiraHu y4yH,
7.3— Teopemara Kypa, y Kapana€TraH KecMajia MUHTerpajUlaHyBuu OYIaau.

T vy
Jlemak, Oepunrad QyHKIUSHUHT [O;E] KecMma Oyiinya MHTErpaIiHU Tabpudra

Kypa xucoOJaia, [0;%] KecMaHUHT P OyiIumHUIIMHM, XaMaa xap Oup [X,, X,.,] KuCM

KecMaJaH &, HyKTajJapHU 00, MHTErpajl WMFUHJIWHYU TY3UII Ba YHUHT JIUMUTHUHU

Xpcoomamra Kyinail Kuaub onuin uMKoHusTara sra 6yinamus. lllynapan spTrbopra

OJITaH XOJIJA, [0;%] KeCMaHu N Ta TeHr Oynakka OYnuo, ¢&, (k:O,n—l) HyKTaJIap
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cuparuga [x,X.,] KECMaHMHI dYan 4YeTKM HyKTajlapHu onub, o,(f) umHTErpan

WAFUHIVHU Ty3aMU3:

. < .k
oo (f)=0op(sin X):%HSI“Z_Z
0 sin (n+1)a. in "%
Zsin ka = 2 p 2 dopmynara acocas, o, (sin x) HAFMHAWHH,
k=l sin—
2

sin(ﬂ—”]
V2.7 T4 4n
4n

UP(f):

. T
sin—
4n

KypuHHUIga €316 oJaMus.

OHJIU UHTETPa] HUFUHANHUHT N —> 00 Jard JUMUTHHU XUCOOIaiMM3:

. T T T
N sm(4—4nj o Ea
lim o, (f) = lim . =\/§|imsin[___j.L,
n—w n—>o 4N Sini n—»w n Sini
n 4n

bynnan, f(x):sin X (QYHKIMSHUHT KapalaéTraH KecMmaja y3JYKCH3JIUTHHU, Xama
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T

lim—2"_ -1 skaumuruHN bTUOOpra 0JICAK, y X014,

n—>wo _ 7T
sin— Tutynsapack
4n
i My HAaapuxa
Ilma (sinx) Ismxdx \/_S|n—= 1-606
¢ 2-606
ynaau.
. 3-606
Jlemax, f(X):SinX byHKIHS [O;E] KecMaja y3JIyKcu3 OYyJIraHu ydyH, Y 4-606

MHTETpaslaHyBUYH Oyiap dKaH. MnoBanap

Arap g(x) dyuxuus [a,b] kecmana aHuKIaHraH Ba KECMAHUHT YEKJIM COHIArH
nykranapuga, f(x) QyHKOuSHMHT Kuiimarinapumad (apkian (6omka) Kuiimariap

KaOyn1 KuiIca, y xoiaa, g(x) gpynkuus [a,b] xecmana unaTerpanianysuu 6yaanu Ba Qr"-‘ P

. I =

a a Opkar a
TEHIJIMK YPUHJIA. Caxuda /708
7.2-mucoJ1. Yoy
TynukKk akpaH

X

.1 .
f(x): sin=, 0<x <1 bo'lganda, Unk u w
5, x=0 bo'lganda.



ynkiusaau [0; 1] KecMaga MHTErpaIaHyBYM SKAHIMIHHN KYPCATHHT.
Euninumu. Bepunran ¢ynxnus, [0;1] xkecMmana yerapananrad Ba KECMaHHHT
x =0 HyKTacHaa y3wIHIlra sra 0yau0, Koiarad 6apya HyKTajgapuaa y3JIyKCHU3.
llemak, 7.5- Teopemara acocas,

Oepunran  Qymknus, [0;1] xecmana

WHTErpaJIaHyBUU OYIIaiu.

2,%x €[0,3) U (3,4]

7.3-mucou. g(x)= {7 3

¢yHKkmusauHET  [0,4] KecMaja MHTErpaUlaHyBUdM DKAHIMIMHU KYPCATUHT Ba
MHTErPAIHU XUCOOIaHT.

Eunwmammn. Bepunran ¢ynknus, ysrapmac f(x)=2, xe[04] dyHkuusman,
dakat x =3 HyKTaga Gapk KuIau.

PaBmankwu,
4
I f(x)dx =8.
0

Ouau [0,4] kecmMaHuHT UXTUEPUEN P (peryisap €ku peryisp OyaMmaraH) OVIHHHUIINAA,
8 conn s,(9)<1<S,(g) TEHICH3IMKIAPHU KAHOATIAHTHPAIAMIaH AroHa | COHOaH

MOOPATIUTUHU KYpCaTCaK,
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]Eg(x)dx =:;

Oynuiy KypcatuiaraH (McOOTIaHraH) OYiaau.

P-[0,4] xecMaHMHI UXTHEpUNA OYyIMHUIIM OYICHMH. By OYAMHUIIIAH XOCHI

Oyaran [x_,, x] KACM KeCMalapHUHr Xap Oumpuaa m = min g(x)=2,i=12,..,n,

Xe[Xi_1, X1

M, = max g(x)>2, i=12..,n. VY xonzaa, Kyiiu [{apOy WAFHHIUCH,

b xelxig xi]
Sp(0)=2-AX +2-AXy +...+2-AX, = 2(AX, +...+ AX,)=2-AX=2-4 =8,
Ba oKopH JlapOy HuruHauCH,
Sp(9)=2-AX +2-AXy +...+2-AX, = 2(AX, +...+ AX )=2-Ax=2-4=8
oynmasu.
[lynmait kumu6, [0,4] kecManuHr Gapua P Oymumumuiapuaa, s.(g)<8<S.(g)

TEHI CU3JIMKJIAp YPUHIIH.

OHIU SITOHATMKHA ncOoTnaimMms. [0,4] kecManuHr Oapua P OynuHumiapuna,
s-(9)<1<S.(g) (7.2)
Oyncun, ne6 ¢apas Kumamus. S,(g)=8 MyHocabar, Gapua P Oynuuumuap yuys

Oaxapunraniaurugan, |, xed Oynmaranjga, 8 ra TeHr Oymaau. OHAu, ¢apas
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kunainukk, | >8 Oyncun Ba [0,4] kecMaHuHr P OynuHUIIMHM 1IyHJIan
. 1
y3rapTUpaMusKu, A, =max|Axi|<§(I —8) Ba 0=X <X, <..<X_, <3<X <..<X =4

oyncuH. Y xonna,
Sp(9)=2AX + ...+ 2A%_; + TAX, + 2AX, | +...+ 2AX, =

= 2(AX + AX, + AX, +...+ AX, )+ 5AX, =8+ 5AX, <8+g(l -8)=1

Oynmumy  kenuO  uukagu, OyHmaH, | connunr  (7.2) myHOocabaTHH
KaHOATJIAaHTUPMACIIUTH KenuO umKaau. by Kapama—Kapmmwivk, | COHHUHT 8 JaH

KarTa Oynmaciaurunu, sbHu | =8 OYynumuuu ucoornanam.

7.3. AHMK MHTEIPAJHUHI X0CCAJIAPH.

AHHK WHTETPAIHHHT, Tabpu(d-maH OeBocuTa KeauOd YMKAJWTaH, KyWHaard

XOccaJapuHU KEITHPAMU3:
b
1" j dx=b-a.
a

2°. Arap f(x) gynxuus [a,b] kecmaza unTerpamtanyBun Gyica, y HCTaIraH

[a, Blc[a,b] kecMama Xam UHTeTpaIaHyBuU OYiIau.
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3°. Arap f(x) dysxmus [a,c]sa [c,b] kecmanapna unTerpanmanysuu 6¥yica,
y xonma, f(x) dymsxmus [a,b] na xam naTerpamianysun 6ynaau Ba ymey
b c
[ f(x)d j dx+jf (x)}x, a<c<b, (7.3)
a
TEHIJIUK YPUHIIH.
4° Arap f(x) Ba g(x) dbynkuusiap [a, b] Aa uHTEerpayuianyBumu Oyica, y
xonga, VA,pueR map yuyn Af(x)+9(x) dynxkous xam  [a,b]  kecmanma

MHTETpalIaHyBuYH OyIaau Ba

b b b
J.[/l f(x)+ 2 g(x)ldx = AJ- f(x)dx + ,u.[ g(x)dx (7.4)
TEHIJIMK YPUHIIN.
7.1 — matmka. Arap f, (X) ,(X),..., F. (x ) byukiusutap [a,b] kecmana

MHTErpaIanyBuu oyica, y xonaa, C, f,(x)+C,f,(x)+...+C, f (x) (Ck = const, k =1,_n)

GyHKIHS XaM 11y KecMajia MHTErpajuiaHyBuH OYiaau Ba
b
J.[lel(x)+...+Cnf (x)ldx=C I x)dx +...+C jf (x)dx (7.5)

TEHIJIUK YPUHIIN.
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5°. Arap f(x) Ba g(x) dyuaknusap [a,b] kecmana uHTErpamutanyBuM Oyica,
y X0JJa, YJIapHUHT f(x) g(x) KynauTMacu XaM Iy KecMaJa WHTerpajulaHyBud

oynanu.

7.2 — matmxka. Arap f(x) ¢pynxumsa [a,b] xecmana mHTerpannanysun 6yica,
VneN yuys, [f(x)]" GyHKIusS XaM 11y KecMaia HHTErpajiaHyBuu Oyia .

6°. Arap f (x) dpynxuus [a,b] xecmama unTerpannanysuu 6yau6, Vx <[a,b]

yayH, f(x)>0 TeHrcus3aMK Ypurau Oyica, y Xoia,

f(x)dx>0 (a>b)

D ey T

TEHI'CU3JIMK YPUHIIU.
7.3- marmka. Arap f(x) Ba g(x) ¢ymxumamap [a,b] kecmama
MHTErpaIanyBun 6ymuo, Vvxe[a,b] yuyn, f(x)<g(x) Tenrcusnuk ypunam Oyiaca, y

XoJjaa,

T 106)< ol 7.6)

a
TEHICU3JIUK YPUHJIN.

7°. Arap f(x) dysxums [a,b] xecmama wmmrerpamanysum 6yimca, |f(x)

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Caxwudpa /708
Tynuk skpat

Uk uw



(GyHKUHMA XaM 11y KecMa/la UHTerpajulaHyBun Oyiaau Ba

j' f (x)dx

b

< ﬂf(x)dx (7.7)

a

TEHI'CU3JIMK YPUHIIU.

By XoccaHMHI TeCKapuCH Xap JOMM XaM YpHHIM dMac, sbHH |f(X)
GYHKUMSHUHT 11y KEeCMaJla MHTerpajulaHyBuUd HKaHJIUTHAH, f(x) (GYHKUMSHUHT

HWHTCTPAJUIAaHYBYH 3KAHIIUTHU Keano ‘IHKMaﬁ}IH.

8°. Arap f(x) Gyukius [a,b] kecmana uHTErpasTaHyBUM OyIica, y X0Ja,

ImyHgai u y3rapmac cod (m< u < M) MaBKyz Oyaaau Ba

f(x)dx = u(b—a) (7.8)

D —— T

TEHIIIMK YpuHiH, 6yHIa m= jnf {f ()}, M =sup {f(x)}.
as<X<b

a<X<b
9°(Ypra KuiiMaT XaKHAard Teopema). Arap f(x) Ba g(x) byHKIMATIAp
[a,b] xecmana unTerpannanysun 6ymu6, g(X) GyHKIus 1y KecMaza ¥3 MIIOPACHHH

cakyaca, y Xola, IIyHgai u y3rapmac coH (m< u < M) mMaBxyn Oymamu Ba

[ #(c)glx= ] gt (7.9
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TEHIJIUK YPUHIIU.

7.4 — matmoka. Arap f(x) gysxuus [a,b] xecmana ysmyxens 6yica, y xonna,

[a,b] kecmana mynpaii & (£ e[a,b]) MaBkyn OVaaau Ba

f(x)g(x)dx = f(£)b~a) (7.10)

D ey T

TEHIJIUK YPUHIIN.

Arap f(x) ¢ynkiusa [a,b] kecmana unTerpanianysun 6yica (a<b), y xonaa
y aHHK HHTerpatHUHT 2° -X0ccacura acoca, [a, X] (a<x<b) kecmana xam

MHTETpaJJIaHyBYH OYi1au. AHUK WHTETPATHUHT FOKOPH Yerapacu b HU x Ta,

UHTErpall octuaard udomana X y3rapyBuuHH t ra aJMamTHpcak, y Xouja,
X
[ f(txt
a
x Ta 60ormuK udoma xocun 6ynaau, yHu (D(X) OopKayu OenrunanmMus:
o(x)= [ f(t)dt (7.11)

By pynkuusa Kyitmaaru xoccanapra sra:

10°. Arap f(x) dysxums [a,b] xecmana unTerpannanysun 6yica, y Xonma,
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D(x)= j f(tlt Ba F(x)= i f(t )t

byHKIMsIIap XaM Iy KecMaja y3ayKcu3 Oymaau.
11°. Arap f(x) dysxums [a,b] xkecmana mHTerpammamysun 6ymm6, Gupop
X, €[a,b] mykTama ysnykcus 6yica, y xomma, @(x) Ba F(X) dyHxmmsmap xam X,
HyKTaaa nuddepeHuanianyBuu 0ynaam Ba
D (x,)=F(x,) F(%)==F(x,) (7.12)
TEHIJIMKIIAP YPUHIIH.

7.1-3cmatma. Arap X, HyKTra, [a,b] kecMaHMHr 4eTKH HyKTajgapu OWiaH
ycTMa-ycT Tymica, y xomna, ®(X) QyHKIMSHMHT X, HYKTaJard XOCHIACH, YHT SKH
qar Xocuia 1e0 TYIIyHIIAIH.

7.5- marmxka. [a,b] xecmana yamykcus Gyiran xap kanmait f(X) ¢ymxuus,
nry kecmaaa Oonutanrud ¢yHkiusra sra Oymanu. Iy 6ommanruyu QyHKIMsIIapaan

oupu

[ f(x)x= [ f(t)t+c (7.13)

a

oynanu. by popmyna anukmac uHTerpasi OuiiaH aHUK UHTErpall Opacujaru
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OonuTaHUIIHY Udoaa KUIaaHu.

7.4-mucou. Yoy
f(x)= {x, 0<x<1/2 bo'lganda,
1, 1/2<x<1 bo'lganda.
GynkuusHuHr [0; 1] KecMana MHTErpaIIaHyBYH SKAHJIUTUHU KYPCATUHT.
Euninumu. Bepunran ¢ynkuus [0;1] kecmana yerapanaHrad Ba KECMaHMHT

1 o
X == HyKTacuja y3ujuiira sra 6ynu0, kojaran 0apya HyKTajapuja y3IyKCHu3.

0
Jemak, 7.5-teopema Ba 3° - xoccara acocaH, Oepwiran QyHkiws, [0;1]
KecMaJla MHTErpajulaHyBuYu Oyaau, sbHUA

1/2

j[f (x)ix = _[xdx+jldx—
0 0

oo | Ul

0
2

OOII—‘

1/2

7.5 — mucon. P(x) ¢yuxmus [a,b] xecmana mHTerpamianyBun Ba MaH(buit
omac, f(x) oymxmms oca, [a,b] kecmanma m< f(x)<M wmyHocaGaTmapuu
KaHoaTaaHTHpCUH. Arap f(x)P(x) QpyHKIMS 1y KecMala MHTErpalanyBuu Oyica, y

XoJjaa,

j)- x)dx < J.P f(x)dx < MJ. (x)dx (7.14)

a

TEHICU3JIMKIAp Oa)KapUIUIINHU UCOOTIIAHT.

Euninummm. Ilaptra xypa, Va<x<b yuyn, m< f(x)<M Oyarannmurumas,
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mP(x)< f(x)P(x)< MP(x) TeHrcusnmknap Ypumin. By TeHrcusnmukiapHu, anad b
radya, XxaaMa — XajJl MHTerpajjiam Hatwkacuaa, (7.14) TeHrcusnuKIapHU XOCHII
KUJIAMU3.

7.6 — mucon. P(x), f(x),o(x), w(x) dbynxmmsnap [a,b] kecmana Gepumran
O0ynu0, ynap Kyiuaaru mapTjiapHd KaHOATIaHTUPCHUH:

a) P(x)— man@wuii smac;

b) p(x)< f (x) <y(x)

c) f(x)P(x), p(x)P(x), w(x)P(x) byukuusmap [a,b] kecmana nuarerpamianysyan

oyncuH. Y xonna,

b

I p(X)P(x)dx <

a

D — T

f (x)P(x)dx < j.z//(x)P(x)dx (7.15)

TEHICU3IIMK OaKapUIIMIIKHA UCOOTIIaHT.

Eunsmmn. laprra kypa, P(x)>0, ¢(x)< f(x)<w(x) 6yaranmura yayH,
P(x)P(x) < f(x)P(x) < w(x)P(x) Tenrcusnuknap xam ypurau 0yaaau. bBynman (7.15)
TEHICU3JIUKIAD KEIUO YMKaIY.

7.7 —mucoa. Yuoy
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O<J' SIn X Y < T

05\/X2+2 %

TEHTCU3JIUKIApHU UCOOTIIAHT.

Edqnmmmm. — P(x)=sinx, f(x)=- 21 ne6 OGenrwiaiuk.  [0;7]kecMmaza
X" +2
1 1 . o
0< <——, sinx>0. 7.5— muconnaru (7.14) Tenrcusnukiapra Kypa,
x2v2 %2

V X 1 \ 2 0 \ 2

7.8 — mucoa. Yoy

1 ¢ x° 1
< dx <
103 ! J2ix2 4210
TGHFCI/IBJ’II/IKJ’IapHI/I I/IC60TJ’IaHF.

1

Eunmnmu.  P(x)=x°, f(x)= ———
V2 + X

ne6 Oenrmnacak, y xomma, [07]

kecMana P(x)>0 Ba MHTErpajUlaHyBYH, %< f(x)< T xamaa  f(x)- P(x) pyHKIMS

VMHTETPAJJIAHYBYH.

Tutynsapack
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Hemak, 7.5 — mucongaru (7.14) TeHrcuznukiapra Kypa,
*dx .

1 ¢ 6. ¢ X 1
— | xXdx < | ————dx<— | x
\/5'([ '([\/2+x2 \/Ez[

TCHICU3JIMKIIAPHUHT S’pr/IHJ'II/I OKaHJIUTHUHH

1 ¢ x°
bynnan, < dx <
Y e

OJIaMH3.

3
X . .
7.9 —mmcoa . x——<sinx<x, x>0 TeHrcuzaukiIapaan ¢oiinananuod, ymoy
6 b

zof 2.5in x 4JE
=g e

TEHI'CH3JIMKJIADHU HCOOTIIAHT.
Eunanmn. [0;2] kecMaga +/x >0 Gyuarammru yuys, 7.6-mucomgaru  (7.15)

TCHI'CHU3JINKJIapra aCoCaH,

L
6

I/\
o'—.m
5
><
><
o'—.m
<<
x

Oy N

bynnan,
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X 7
2X——— 2/ 1 5 2
I 6 :J‘ XZ—EXZ dX:4'£—£'2—:M,
SN 6 3 6 7 21
2

OyNTraHIUTHIaH,

2 .
20\/§S.‘-smxdx£4\/§
21 0

Jx 3

TCHT CU3JIMKJIAPHUHT ypHHHH SKaHJIUTH Keano YUuKaau.

7.10- mucoa. Yoy

X

i)
25

e

;[(x+2)(3—x)

e-1)< << (e-1)

TCHI'CU3JINKJIApHHU UCcOOTIIaHT.

Eunaumm. f(x):m GyskuusHuAEr [0;1] KecManaru
+ —
/ 2X - 1 1 o
f'(x)= XOCHJIACH, ~ X=>  HyKTaxa  HON'a  TeHT Oynaam.

(x+2)(3—x)’

1 o o o
OYHKIUSHUHT XOCHUJIACH, X=E HYKTaJaH YTHUIIAA, y3 HIIOPACUHHU, MaH)uiigaH
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mycOartra y3raptupanu. LlyHuHT y4yH, f(X) ¢yHkuus Oy HyKTaga MUHYMyMra

1) 4 .
opumiagy, apHU f > % OyHKIMA MakCUMyM KunMatura [0;l] KeCMaHUHT

Mynpait  Kuauo,

ol

YeTKW HyKTajgapuaa opumiaam, seau . (0)=f _ (1)=

4 1 1 1 y
—<———— <> x=#0, x> Ba x=1 0ynranja sca,
25 (x+2)3-x)" 6 2

4 1 i ex
S ledx<[— 5
25£e X<I(x+2X3—x)

0

<%j}.exdx,

%€V rpEm<ge-d

Hemak, 7.5 — mucongaru (7/.14) TeHrcusnmkiapra acocas,

X

e

41 1 11
2—5.([6 dX<-([(X+2—)(3_X)<E-(|;e dx .

byHnaH Tana0 KWJIMHTaH TCHTCH3JIUK KEITUO YHKAJIH.

7.11 — mucoa. Kyitngaru
1 1
J"\/1+ x2dx Ba jxdx
0 0

MHTErpaJUIApHUHT Kaiicu Oupu Karra?
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2

Eynnuuim. 1+x Ba x (QyHkuusuap [0] kecmaza  y3IyKcH3

(uHTerpaymanyBun). [0;l] KecMama X<+1+x® TEHICH3JIMK YPHHIU. Y Xoija (aHUK

MHTErPAIHUHT 6'- XOCCACHTra acoCaH),
1 1
jxdx<J\/1+ x2dx T
0 0

TEHTCU3JIUK YpUHIIU OYaau.

7.12- wmucoan. Arap f(x) Ba ¢@(x) dysxkumsmap [a,b] kecmama

MHTETpalaHyB4H OyJca, y XoJja,

b

I X Jdx

a

< \/I f2( Twz(x)dx (7.16)

a

TEHICU3NIUK VpUHIU OynumuHu ucoomianr. Opatna, Oy TeHrcusiauk, Komu —
ByHsSKOBCKMI TEHTCU3IUTH €0 aTaliaau.

Eunmnmn. [ f(X)— Ap(X)]* ¢ysxuusan xapaiimus. Bymga A - uxruépwuii
xakukuit con. by dynkims [a,b] kecmana wHTerpanianyBun. AHHK HHTETPATHUHT

0
6 - xoccacura acocas,

b

[ (x)-2p(x)Pdx >0

a
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)fjl(pz(x)jx - Zij. f (x)p(x)dx +i f2(x)x >0.

By TeHrcu3nuKHUHT Yal TOMOHU A Ta HUcOaTaH KBaApaT yuxaajaaH uoopar
0ynu0, y A HUHT Oapya KMAMaTiaapuaa HoMaH(HiA, 1eMaK, KBaapaT yuIXaaHUHT

JTUCKPUMHUHAHTU MaHU dMac:
b b b Z
I f Z(X)ZIX'J'ggz (xbx—{j f(x)ga(x)dx} >0,

Oyuman (7.16) TEHTCHU3IMKHUHT YPHHIN SKAHIUTH KSJTUO YMKaIH.

7.13 — mucoa. Yoy

3
X2 -Jcos xdx < %

O v |y

TEHI'CHU3JIUKHM UCOOTIIaHT.

Evnnunnnm. f(X)= xZ, g(X): COsSX neb oncak, (7.16) dopmynara acocas,

X2 -rJcos xdx < 4| | x2dx -4/ | cosdx = %

O | N
O t—n N
O =N [N

OyuIIM KeInb YMKaIN.
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Arap ¢(x), 1//(x) dyukuusap, [a,b] kecMana nuddepenimanianyBuu 0yiuo,
x e[a,b] yayn, A<p(x)<B 6¥ymca, f(x) aca, [A B] xecmama y3nykcus 6yica, y

xXoJrga

y(x)
F(x)= jf(t)dt; a<x<b

o(x)

byukius [a,b] kecmana nuddepenimanianyBun 0ynaam Ba
d y(x) . .
- ] 100t = 0 0)-v ()= Fplx))- 0 (+) (7.17)
o(x)

dhopmyna YpuHIH.
7.14- mucoa. Yoy
A
dx 1+t
XOCHUJIaHH XUCOOIaHT.

Eunaummu. (7.17) ¢opmynara acocaH,

2
dt _ 1 a3y - 1 o 3X 2X

d
dX;([\/1+t4 Ji+x?) Ve 1ex® Ve
7.15— mucoa. Yoy
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o[ 1o e

yHKIHSA yUyH,
b
Jgc(xpx=0
a

OKAHJIMTUHU UCOOTIIAHT.

Hcootn. [a,b] kecmammar, P={a=X,<X <..<X,=b } Gymurumman
onamu3. Papa3 KumailmMk, C HyKTa, KUCM KeCMaJapHUHT OWpuaa €TCHH, MHCOJ
y4yH, C€[X., X,1] OYncun. Bepunran gc(x) byakuusHuHr P OyuHUIITa MOC
KeJIraH WHTEeTpall HHFHHINCHHYU Ty3amu3: &£, 1e0, KUCM KeCMaJapHUHT Yal YeTKH

HYKTaJIapUHHU OJIAMH3:
op\9 ( ) =

KOJITaH vurunauiap Hoara ter. lapTra kypa,

9:(x) <[A

(X)Axk 0 (&n )% 1 + 8.(60 )%,

i Mj

OyJraHu y4yH,

s (9. ) < |A(AX,, + AX, ).

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxwudpa /708
Tynuk skpat

Uk uw



b
Bynnas, OI(Ig)r)n O (9.)=0 sBHU I 9. (x)dx =0 SKaHIUTH KeauO YNKAIIH.

a

7.16- mucoa. Arap f(x) dynxums [a,b] xecmana muTerpanmanysun 6ymuo,
YHHUHT KHUAMaTHHH Oupop Ce<[a;b] Hykrama y3raprupcak, HaTWxKana, sSIHTH XOCHII

6ymran f,(x) dpynxuus xam, [a,b] kecmana naTerpanTanyBuH 6YIMIIMAK Ba

b

f, (x)dx :I f (x)dx

a

D ey T

TEHIVIMKHUHT YPUHJIN DKaHIUTHHE KCOOTIIAHT.
Eunnumu. [laptra kypa,
f ):{f(x), x e[a;b], x = ¢ bo'lg anda,
f.(x)= f(x), x=c bo'lganda.
Hemak, f,(x)= f(x)+g,.(x), Oynna,

)= 0, xela;b],x#c bo'lganda,
0= A, x=c bo'lganda.

0
AHMK MHTETpaJIHUHT 4~ - Xoccacura, xamaa /.15 - Mucosra acocas,

f,(x)ix = j. f(x)dx + j. g, (x)dx = _b[ f (x)dx.

D ey T
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7.2 - 3caarma. 7.15- Ba 7.16- mucomnapra acocaH, KyWuJard XyJOCaHU

YUKAPUII MYMKHH: f(x) (GYHKUMSHUHT HWHTETpaUVIaHYBUWIIMIY, YHUHT Oab3u

OepwiiraH HyKTajJapiaru KuiMmatiapura OOFIuK OyiMaiau.

MycTaKkuj e4uil y4yH MHUCOJLIIAP

Kytinnaru QyHKIussiapHuHT Oepuiirad KecMajia MHTErpajljlaHyBYd
SKAHJINTUHU KYPCATHUHT.
XIn x

T DeRel Bylganet: 1 0<x<l1 bo'lganda,
7.1. f(x)=40, x=0 bo'lganda, 7.2. f(x)=10, 1<x<2 bo'lganda,
-1, x=1 bo'lganda. 3, 2 < x<3 bo'lganda.
! 0<x<1bo'lgand X1 1<x<2 bo'lgand
7.3. f(x)= cos;, <x<1 bo'lganda, 7.4. £(x)= §+§’ <x <2 bo'lganda,
2, x=0 bo'lganda. X, 2<x<3 bo'lganda.

7.5. Arap f(x) dynxuus [a,b] kecmana unTerpannanysuu 6yica, YHHHT Iy

KEeCMaa d€rapajlaHIad SKaHJIUTUHA UCOOTIIAHT.

7.6. f(x) ¢ysxumsauar [a,b] xecMmaza mHTerpamTaHyBuM GYNMIIM yuyH,
Ve>0 OJIMHraHia XaM, IIyHaau 5:5(8)>0 con Tommnub, [a,b] xecmanuHr,

IUuaMeTpiapu & JaH KMYWK OYnraH, Xap KaHaail P,Ba P, OYynuHULLIapuaa
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‘apl(f)—apz(fj <&
TEHICU3JIMKHUHT Oa)KapuIUIIM 3apyp Ba €Tapiid SKaHIUTHUHU UCOOTIIAHT.
7.7. [a,b] xecmana xap xaHai yerapansanraH MOHOTOH (DYHKIMSIHUHT LTy
KecMaJla MHTerpaJUIaHyBUX SKaHIUTHHU UCOOTIIAHT.
7.8. Arap f(x) Ba g(x) dyuxumsap [a, b] kecmana ysnykcus, P = {x, }‘;ZO

Oy KeCMaHUHT OYIUHULIY, & €[X 4, X1, 7 €[X 4, %], A% =X —X,, i=12,..,k, OVyica,

y X0u1a,
i 3 6 o o, = 1)k

TEHTJIUK YPUHIIM SKaHJIUTUHU UCOOTIIAHT.
7.9. Arap f(x) dbynakuus [0; 1] kecmaga MOHOTOH OViica, [0; 1] kecmazna
i 13, (k 1
f(x)Jdx—=>» f|—| =0[=| n—>
[room=2(5) =o{5) -

SKaHJIUTHHU UCOOTIIAHT.

7.10. Arap f(x) ¢ymxums [a,b] xecmana uerapananran Ba KaBapHKIMIH

IoKopura Kaparan (00TuK) OVica, y XOJjJa YHUHT Iy KecMmaJa WHTErpajUlaHyBud

OynuiuM Ba
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(b—a)w < i f (x)dx s(b—a)f(a—mj

2
TEHTCU3JIMK YPUHIM SKaHIMIMHA UCOOTIIaHT.
7.11. Arap f(x) ¢yskuus [a,b] kecmama PuMan MabHOCHIA

MHTErpajulanyBun Oyica, y xojja,

lim s, ()= lim sp(f)=i f (x)dx

ﬂ.p —0 ﬂ.p —0

TEHTJIMK YPUHIIM SKaHJIUTHHU UCOOTIIAHT.

7.12. Arap f(x) ¢ymxums [a,b] xecmama mHTerpammaHyBum, Vx <[a, b] 1ap
yayn c< f(x)<d 6ynu0, g(x) bynkmus [c, d] kecmana y3nykcus Oyica, y Xohja,
9(f(x)) pynkuusaunr [a,b] kecMana uMHTErpaIaHyBYM SKAHIUTMHA UCOOTIIAHT.

7.13. Kgagpatu wuHTerpajylaHyBud OYiauO, Yy3M HMHTETrpaulaHMaauran
(GYHKITHSTa MUACOJT TY3HHT.

7.14. VwrnaMcH  MHTETPAIUIAHYBUYM OFIIMO, KYIIMIYBUHIAPHUHT Xap OUpH
WHTETpaJUTAaHMAWIUTaH QYHKIIHsIapra MUCOJ Ty3HHT.

7.15. f(x)g(x) ¢pynxuusnunr [a,b] xecmanma uHTerpamnanysum OynMIIMIAH,

f(x) Bag(x) pynkuusnapaunr [a,b] kecMama Xap 1OMM MHTErpaIaHyBuM OYIJIULINA
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Keano ynKagumu?

7.16. Arap f(x) ¢yuxkuus [a,b] xecmama amuknmanmran  (a,b) kecmana
Tutynsapack

y3inykcu3 Oyica, y xonaa [a,b] kecmana mHTerpauianManaurad GyHKIAIra MACOJ
My Hoapwmxa
1-606

2-6060

TY3HHT.

Ky#ugaru uarerpaiiapau 0axoJaHr.

i 2r 3-606
7.17. 3 =I 1+ Lsin? xdx. 7.18. J = .[d—x
5 2 5 10 +3cos x 4-606
¢ dx CH Wnosanap
7.19. J=|——. 7.20. J=e ™ dx.
!;\/2+x—x2 2[
L y8 V3
ik a=|| = 7.22. 3 = [ xarctgxdx. i
+X 7 T —
° : « -
Kyiugara TeHrcu3InKiIapHd HCOOTIIaHT. & 2l
3 05 4 Opkar a
7.23. [e -RS'"*dx>—(1 e®)(R>0) 7.24.05< [ —— <7 (n>1).
0 sVJl-x> 6 Cax udga /708
2§ Tynuk akKpat
7.25. —< d 7.26. — < |e¥*dx<2e
-[,/4 X2 — x° e 2[ Ynkuuw



xdx 1 x+1

707 2o [ L 7.28. 9<.|.—dx<95
5 11+x° 2
k+1
7.29. L<.|‘%<i Ba 1 1+ +1 —<1+ + +i
k+1 ¢ x K 2 3 n-1
1
730 L 1 1 7z+arctgx § 731 2<J-cosx
1 Ux*+8 %2

Ky#ugaru uaterpaiymapHUHT Kaicu Oupu KatTa (MHTerpaiHu XucobiaMacian

XyJI0ca KWJIUHT)?

Vi

2
7.33. .[sinlo xdx Exu Isinzxdx.
0 0

N[N

1 1
7.32. J.\/l+ x2dx Eku dex.
0 0

vy

7.34. j'e‘xdx &xu Jz.e_x 7.35. _[e cos?xdx Eku Ie‘x cos? xdx .
0

0

K

2 1 1
7.36. [ Xax e [N ¥ 737, [ % s [

E[ X .[ l-/“Z \/; 17"23 X

1 1 2 2
7.38. Ie‘x sinxdx €éxu J.e‘x2 sin xdx . 7.39.[ & KU o

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Caxuda /708
TynumkKk skpaH

Uk uw



1 1 2 2
7.40. _[xz sin? xdx Eku Ixsinz xdx  7.41. jln xdx Exu I(In X ) dx
0 0 1 1

Tutynsapack

7.42. jln xdx €xu j‘(ln xz)dx : 7.43. ]Ee‘xz cos® xdx Exu Texz cos® xdx My HAOoapuxXa
3 3 0 V4
7.44. Arap f(x) bynkuus (p—a, p+a) KecMaja y3JIyKCu3 Ba YCyBUH Oyiica, y ; - Z Z Z
et 3-606
2af (g - p?)< prf(x2 — 2px+q }ix < 2af (a® + ¢ — p?) 4-606
P Mnosanap

TCHIT CU3JINKJIApHHA UCcOOTIIaHT.

Yoy

m+1

a

j.x'“dx = M, m# -1, ]jsin xdx =2 Qf _AQ

MyHOcabatriap Ba 7.6 — muconmmaru (7.15) TeHrcusnmukiapaaH oiigananuo,
Opkar a

; Caxunda /708
r t\1+sin? x ®

7.45. | X 7.46. [YTO0 Tdx

o v1+x® 1 X Tynuk akpatH
V2 e L‘I

7.47. J'«/12+x-sin xdx. 7.48. J.§/1+In2x x2dx. SR
0 1

KyHuJard MHTEeTrpaJijlapHu 0axoJIaHT:



3 3
7.6-muconnparu (7.15) dbopmyna Ba  x —% <sinx<x—

=—(x>0)
6+—
120
TEHICU3IMKIaH (oiinananub Kyiuaaru MHTErpajiHu 0axoJiaHr.

0,512

7.51. J.?\’/;Sin xdx.
0

7.49.3 = j“s'”x 7.50. J :jj'“&sinxdx.

2 2 3
7.6- mucosmaru (7.15) ¢opmyna Ba x—X?<In(1+x)<x—X7 +X?(x>0)

TeHrcU3MKIapaad ¢oigananud, Kyduaaru uHTErpaiapHu 0axoJiaHT.

7.52. j '”(“ X dx. 7.53. j& In(L+ X)dx.

Komu -ByHsSIKOBCKHI TEeHrcH3MUIruan Gpoigananuo, Kynugarm

TCHI'CU3JINKJIApHHA MCOOTJIAHT.

1 1
7.54. | V1+ XZ\/X3+1dXS§. 7.55. [V1+x*dx <1,2.
3
0 0

2 271°
7.56. J'xz\/sin xdx < =
0

Kylinnaru xocunanapHu XucoOIaHr.

4 4
7.57. .[ (1+ x?)sin xdx < 27[+%.
0
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COSX

758. 9 [Vt 7599 [cos t°at.
dx < dx

sinx

NP X
7.60. % jzs'”t dt. 7.61.ijlntdt (x> 0).
dx 5 dx 4
d Jx d b
7.62.— [cos(t”)dt (x> 0). 7.63.— [sin x’dx.
dx da<,
i 1 dy
7.64. Arap x = jtlntdt, y = Itz Intdt (t >0) Gyuca, y xonaa, o, M TOMHHT,
1 t2 X
tInz ! d
7.65. Arap x = I —dz, y= Iezdz oynca,y xomnaa, d—y HH TOITHHT.
z X

2 5]

Kylinaru tuMuATIapHA XUCOOJIAHT.
X sinx
Icos x2dx [JJtgxdx
7.66. lim&——-—. 7.67. lim 22—
X—0 X x—>+0 19X

Imdx

0

AHMK wuHTerpan €Epaamuaa Kydugaru — QYHKOUSJIApDHUHT  OepuIiraH

KECMAJIAPJIaru ypTa KUAMATUHHA TOIUHT.

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Caxuda /708
TynumkKk skpaH

Uk uw



1

7.68. f(x)=——, [L15]. 7.69. f(x)=cos® x, [0; 7].
X + X
7.70. f(x)=sin* x, [0; 7]. 7.71. f(x)= Xl ,[0:2] .
e’ +1

7.72. f(x)=sin’x, [0;7] . 7.73. f(x)=20+4sinx+3cos x, [0;27].
7.74. (x)=+/x, [0:100]. 7.75. f(x)=sin x-sin(x + &), [0;27].

2
7.76. DOnmunc  Qokan r= %[0 <e<l p= %j paiuyc  BEKTOP

Y3YHJIMTUHUHT YPTa KAWMATHHA TOIIKHT.
T . 27ma o o
7.77. [0; Z] kecmama f(t)=sin = (GYHKUMSAHMAT YpTa KHAMaTHHU
TOMNHHT, OyHIIa o -TIapaMeTp.

7.78. ¢ HuHT KaH#ai Kuiivatuga  f(t)= sin(@ + go) byHKIESHUHT [0; TZ]

KecMaJiaru ypra KuiiMatu — Tra TeHr Oynaaun?
/4

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxwudpa /708
Tynuk skpat
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b
Kyitnnaru Muconnapaa, & HUHT KaHpai kuiimatuna, [ f(x)dx= f(£)b—a)

Tutynsapack

<£E< Y, Y, 9
a<¢&<b ,TeHrnUK ypuHIN 6ynaz[1/1. Bsz[a T

7.79.f(x):2x—§x2, a=0,b=27.80.f(x)=tg’x,a=-2, b=0. 1-006
4 4 2-606
7.81.f(x)=Inx, a=1, b=¢? . 3-606
) i 4-606
Kyitnnarn Mucomnnapnia, & HUHT Kannai kuitmatuna, | f(x)g(x)dx= f(£)[ g(x)dx Mnosanap

TEeHrJIUK YpuHau 0ynanu? byHnna

7.82. f(x)=x, g(x)=v1-x*,a=0,b=1.

- »
& =

Opkar a

7.83. f(xX)=v1-x?, g(x)=x, a=0,b=1.
7.84. f(x)=x+1 g(x)=1/V1-x*,a=0,b=1.

_ _y?2 _ _ _
7.85. f(x) =1/V1-x*, g(x)=x+1 a=0b=1. Caxuda /708

7.86. f (x) = x, g(X)=COSX,a=O,b=%. TYynuk akpat

P Unkwunuw
7.87. f(x)=cosx, g(x)=x, a=0,b=?



MycTakuni equil yY4yH MUCOJUIAPHUHT KaB00OJIapu

7.10. Kypcatma. 4 >0, 4, >0, 4, + A, =1, 4, F(x )+ 4, f(x,)< F(A4x +A,x,)

713, f(x):{ 1 x ratsionalson bo'lganda,

TEHTCU3JIUKIaH (oiaaiaHr. o )
x irratsionalson bo'lganda.

7.4 f(x)z{

1, x ratsionalson bo'lganda, ( )_ -1, x ratsionalson bo'lganda,
0, x irratsionalson bo'lganda. -

1, x ratsionalson bo'lganda,
-1, x irratsionalson bo'lganda.

7.15. (x)= g(x){

1

7.16. f(x)—{—(x_a)(x_b)’ selebh g ZegoZ |
2 2\V2
0, x=a, x=b.
7.18. 37z< J <27r. 7.19.E< J <£. 7.20.1< J<1.
13 4 3 2 e
7.21.£<J<i. 7.22.2—”<J <4—7[.
20 10 9 9

7.32. bupununcu. 7.33. UkkuHuucH. 7.34. UKkuHYHUCH.

7.35. bupununcu. 7.36.VIkkuHYHCH. 7.37. bupunuucwu.

7.38. bupunuucw. 7.39. UkkuH4ucwu. 7.40. UkxkuHYUCH.

0, x irratsionalson bo'lganda.

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap
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7.41. bupunuucu. 7.32. UkkuHuucu. 7.43. bupuHuucwu.

7.45.§<J<%. 7.46. %<J<¥. 7.47. 2412 <) <2312+7.
3 _ 3
Sl P ‘/;(e ~1) 7.49. 0,5-0,125/18 < J < 0,5-0,125/18+,03125/600.
1 1 1
7.50. 2_ = 4 2_ = 4,
50. 0,8[0,4(0,64) 21(0,64) 1< J <0,8[(0,64) 21(0,64) 500 —(0,64)°].

3 1 3 1 1
7.51. 08[=(0,512)* -—(0,512)*]< J <0,8[= (0,512)> —— (0,512)* + - (0,512)°].
SR =Sl [ d <l S0l = (sl & == (el

7.52. %<J <§. 7.53. 3—95<J <%. 7.58. 2xy1+x".
7.59. —sin xcos(z cos® x) — cos x cos(zsin® x). 7.60. sz\/_

7.61.Inx 7.62. ;O—j;X+X—12cosX—12. 7.63. —sina’.  7.64.-t.
7.65. F 7.66. 1. 767. 1. 7.68. 03648.  7.69. O.
7.70.%. 7.71. 0,283, 7.72.05.  7.73.20. 7.74. e%.

7.75. %cos a. 7.76. =b —3JITUTICHUHT KMYUK YKU Y3YHJIUTH.

1-¢°

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
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7.77. 12057 778, p=2kr, p ="+ 2k, keZ 7.79.0;:%, £ =2.

/104
_ 2 _ Tutynsapack
7.80. &= —arctg 2= 781 me=%"1 7.82. &

T e’ +1 3r My HAOapwuxa

7.83. \f 7.84. 2. 7.85. |71 L0k

T T+2 2.606

7.86. T. 7.87. arccos 228, 3-606

4-606

MnoBanap

- -
le =
Opkar a
Caxuda /708
Tynuk akpaH

Uk uw



8-§. AHMK MHTerpaJiHi Xucooaai

Xap aouM, xap KaHJall WHTErpaUIaHyBUYM (YHKIUSHUHT aHUK WHTETPATHHH,
WHTErpaJl HUFUHIUHUHT JIUMUTH cudaTuaa Kapad, Xxucooiam ocoH OyinaBepManiu,
SbHA WHTETpal WWAFUHAWMHU Ty3WO, YHUHT JIMMHTHHHA XHCOOalijga aH4a
HOKYJIAWJWKIAD Ba KUHMHYWIMKIApra 1ayd kenwHaaw. IIIyHWHr y9yH, aHUK
MHTETPAJIHA IOKopujaaru Tabpud Oyiinda Xucobmamn ycyiaujaaH OOIIKa COIIapOK

YCYJIUHU TOIHUII 3apypUiTH TyFWIaau. by ycynnapHu Kyiuaa kentupud yramus.

8.1. HerotoH-JleiOHu dpopmy.iacu.

IOxopuna kypaukky, arap f(x) ¢ysxuus [a,b] xecMama y3nykcus 6yica, y xonna

y Iy KecMaja GomutaHFud (yHKUmsuapra sra 6yuaagn. Anuk maTerpanmuar 11° -

Xoccacura aCcoCaH,

Oyuxrwst, f (X) (GYHKUMSHUHT OOLLTaHFUY (YHKIUSIIapUaaH OUpUInp.

F(x)- f(x) byakuusauar  [@,b] kecmamarm uxtuépuit  Gomutanrud  (QYHKIICH

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
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Opkar a
Caxuda /708
TynumkKk skpaH
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Oyacun. Mabnymkn, @(x) Ba F(x) OoumuiamFrud (QYHKIUSUIAPHUHT — OUpH,

WKKWHYMCHJIAH Y3rapMac coHra papk Kujiaau, SbHU
Tutynsapack

bynnan, x=a ne6 onuo, 1-606
0=F(a)+C, C=—F(a) 2-606
3-606
OKaHJIMTWHU TOIIaMU3, IbHU VX €[a,b] y4yH,
X 4-606
J.f(x)dx:F(b)—F(a) (8.1) Mnosanap
Heroton — JletiOuuil ¢popmynacura sra 6ymamus. Onataa, (8.1) dopmyna, unmeepan
Xucobnume acocutl popmynacu, 1ed XaMm FOPUTHIIAIH. | '
8.1-scmarma. OmaToaruaex, Q‘ | 9
F(x)} = F(x) = F(b) - F(a) e =l
Opkar a

OenrmIaNIHA OJicak, y xo0iaa, (8.1) Heroton — JIelOHUI] dopMyIacuHH,
Caxuda /708

b
JAf(X)dXZF(XXg TYynumk sKpat
a

o . Uk uw
KYpPHHHIILJA XaM €3UII MyYMKHH.



b
8.1- mmucoa. Ymoy I x"dx, m#—-1  waTerpamaum Hrroton — JlelGHun
a

dhopmynacu OpKaJId XUCOOIaHT.

Eunnumm. MabinymMKky, HMHTErpajl OCTHIArU f(x):xm (GYyHKUUSHUHT

m+1

X
Oomnmanrud  QyHKIUSCH, F(X): 1 nan wubopar. Heroton — JlelOHun
m +

dbopmynacura acocas,

b
.[dex B Xm+1 ‘b B bm+l _am+1

= a , m#-1
m-+1

m+1

a

oynamu. Xycycuit xonna, m=—1 6ynranna,

b
[~ njy
X

a

> =Info|-Infa .

lynmait Knanb, aHUK WHTErPaTHU XUCOOJAIl MacalacH, MHTETPpall OCTHAAru
WHTETpaUIaHyBUM (DYHKIIUSHUHT OONUTaHFUY (YHKIUSICHHU TOIMII Macajlacura
KenTupwiap dkaH. JIeKuH, Xap KaHmall WHTETpANIaHyBYM (DYHKIIUSHUHT XaM
OolTaHFud (PYHKUUSICHHU TOMUIN OCOH OynaBepmaiiau. IIIyHUHr y4yH, aHHK

MHTErpaJIHi XucoOamnia, OoKa ycyuiap/iad XxaM (poiiiasianuiira TYFpy Keaau.

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606
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8.2.AHI/IK HHTErpauiapiaa y3rapqunﬂapHM ajMalITupui ycyJin.

8.1- Teopema. x=g(t) byHkuus [o, f] KecMana aHHWKJIAHTaH Y3JIyKCU3
nuddepeHnnaaIanyBud Ba yHMHT KuiimMaTinapu Tymiamu [a,b] kecmamanm mGopar
6ym6, g(a)=a, g(B)=b 6yncun. Arap f(x) ¢pynxums [a,b] xecmama ysmykcus

Oyica, y Xxonaa,

D ey T

F (e~ | FTo(0lg (o 82

dhopmyna YpuHIH.

By dopmynara, anux unmeepanoa yzeapysuunapuu armawmupuus Gopmy-
JIaCH JeVniIaIu.

8.2 — mucod. (8.2) popmymanu ucOoTIIaHT.

Eunmnmn. f(x) ¢pynxuus [a,b] kecmana yanykens 6ynranu yuaym,
7.5 - matwkara acocan, f(x) ¢pynkuus, [a,b] xecmana, @(x) Gommanruy dyHKmsra

sra 6ynaau. By xonma, F(t)=@[g(t)], (a <t <) mypakkald QpyHKIHs XOCUIara sra:

F(t)=®[g(t)] g (t)=flat)]-g (t).

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606
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bynnan, Hetoton — JleiOuuiy hopmynacura acocas,
5 5
[ flo()g (tht = [ F (t)dt = F(5)- F(a)=2{g(8)]-
~ alg(a)] = @(o) - afa)= [ f (i

8.3 — mucos. Yoy

o'—.m‘s‘
ol
+ |1
x | X

HWHTCTPAJITHA XI/ICO6HaHF.

Egynaumm. X =cost AJIMAIITUPUIITHA  OJIaMHU3. By AJIMAlITUPUITHUHT

TYFPWIMTMHUA KypcaTuiml y4yH, 8.1- TeopeMaHUHT WIApTIApPUHHU TEKIIUPUO

KYpaMu3: X:g(t):COSt byakmus R nma y3mykcus, sHTH U ¥3rapyBuw, te[%;%]

o o 2 o
KecManga ysrapraiga, ocku x=g(t) ysrapysuwn, {O%} KecMana yi3rapaad, SbHU

g(%) = % 9(%} =0; g'(t)=-sint, [%;%] KecMasa y3nykens. Jlemax,

8.1- TeopemMaHUHT XamMMa apTiaapu Oakapuiiau.

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap
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[ynnait kumod, x = cost, dx = —sintdt, g[%) =0, IbHU

ﬂi,g(zj‘ﬁ a= 1_X‘1_C°St=t92%

2 4’ 1+x 1+cost

Bbynapuu 3’E>TI/I60pFa OJITaH X0JIa,

1- x R 2
I oy =I 95 smt)dt—j(l—cost)jt:
: ;
=[t-— 5|nt]2:——1—Z £_£—1+£.
T2 T 4 2 4 2
8.4 — muco. Yoy
In3 _x X
Ie e +1IX
e*+5

0
WHTETPAIHA XUCOOIaHT.

Eunaumu. +e*+1=t anmamrTupuimHud Oaxapamus: X, =0 Oynranaa,
t, =+/2, x, =In3 oynranma, t,=2. Jlemak, X ¥3rapyBum, [0;In3] kecmana

y3rapranfa, suru t ysrapyBum [+/2;2] KkecMama y3rapajii. x:ln(tz—l) byHKIHS,

2t
t2 -1

—+e* +1 ¢Qynkuuara Teckapy, [/2;2] KecMaaa MOHOTOH, Y3IyKCH3 Ba X, =

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxwudpa /708
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ynnait kuaud, 8.1— TeopeMaHUHT XaMma MapTiapyd YPUHIH, IIYHUHT YYYyH,

(8.2) popmynara acocas,
Tutynsapack

II Jz-t—lttht IZtZdt: MV H oAb xa
Jehs L[ ra)e-1) Ltt+a yrnaap
1-606
4 Jz 2
=2|1- = 2[t — 2arct =2[2 - 2——\/_+2arct —]1=
JL( t2+4j 2t~ 2areg 17, =21 97 ] 2-606
:4—\/;—2\/§+2arctg§. 3-606
4-60606

MnoBanap
8.3. byaakia0 uHTEerpaiam ycyJiu.

8.2 — Teopema. Arap U=u(x) Ba V=V(X) ¢ynxumsmap, [a,b] xecmama

(e —
Y3JIYKCH3 Ba y3JIYKCH3 XOCHJIajapra sra 65'011/16, YJIapHHUHI XOCHJIaJIapH, 11y KecMaaa Q‘ : ‘Q
MHTErpalJIaHyBYX 65’/JIca, y XoJ4a, IQ *’ I
p ) Opkar a
J'udv =uv Z—Ivdu (8.3)
a & Caxuda /708
Cku TynumkKk skpaH

u(xe v (x)dx = u(x v(x * Iv(x)u'(x)dx UMK uw

D —y T



dhopmyna YpuHIn.

8.5 — mucoa. Yoy .
MTYyn Bapack

3
xarctgx dx My Haapuxa
0
1-606
MHTETrpajIHu XUCOOJIaHT.
2-606
Eunnumm. HWaTerpan octugaru QyHkuusuiap, 8.2— TeopeMaHUHT Oapya
3-606
ApTIApUHA  KAHOATIIAHTUPHUIIWIAa MIIOHY XOCWJI KWIWII KHUUH  3Mac.
4-606

u=arctgx, dv=xdx ge6 onuo, (8.3) dopmymnara acocaH,
MnoBanap

V3 2
Ixarctgxdx=[du= dxz,v:X_]:
5 + X 2
s
—X—Zarctgx 3—lfdex]—fé_l(x_arctgx%ﬁ _ . :
. 23lex®T 32 2 . &= =P
7 Vg om)_z B 2w V3 &« =]
2 2 3 2 2 6 3 2
Opkar a
Mucoanu Maple muzumuoan ghoiioananuod, eunui: Caxnpa 108

> int(x*arctan(x) ,x=0..sqrt(3));

27z\/§

3 2 Unk umuw

TynumkKk skpaH

8.6 — mucoa. Ymoy



1
Jnyaz.[x"ln”xdx, a>0,neN, (8.4)
0

MHTETrpajIHu XUCOOJIaHT.
Eummamm. f(x)=x*In" x ¢pynkuus (0] kecMaaa aHUKJIAHTaH Ba y3IyKCH3,

xamzaa lim f(x)=0. f (X) GyHKUMSAHM KaliTa anukaaivus, sebEn X =0 na f (X) =0

ne6 oncak, y xona f(x) dpymsxuus [01] kecMana y3mykcus 6ymanm, ssau y [01]
KecMaJia MHTerpajylaHyBuu Oynaau.
bepunran (8.4) unterpanau 0ynaknad UHTErpaIaiiMus:

In"* x

X

1
Jnla:.[x“ In" xdx =[u=In"x,dv=xdx, du=n dx,
0

1 1
X 1 n _
V= ]=—— x“"In"x ———[x*In""xdx =
a+l a+l o a+1g
o
a+1l "

bynnan, ketma — ket 6ynaknad HHTErpaJIall HATHXKACH/IA,

n! nt ot
——J,, =(-1) — | x“dx =
(a+1) o (a+1) ;';

_n
(0{ +1)n+1 '

-y

-y

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606
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pPEKYppPEHT hOpMYyJIaHU XOCUI KUIaMU3.

8.7 — mucoa. Yoy .
MTYyn Bapack

Ilenxdx, My Haapuxa
1
1-606
MHTETrpajIHU XUCOOJIaHT.
2-606
Egynaumm.
2In x 3-606
u=1In’x; du=(In’x)'dx = dx; 2 i
I ’ 1 X ¢ x? 4-606
lenzxdx: , X -~ In?x - X 2R e
! dv=xdx;v=X? 2 | 12 X MnoBanap
u=Inx: du=(Inx)dx=2dx 2 )
e’ | T x| e2 X tx1
=?—lenxdx g =?—7|nx +I7;dx: S
! dv:xdx;v:7 2 1 Q N ’

e e 1% e 1

& =]
:__—+—jxdx:———-

2 2 2 4 4 Opkar a

1

. Caxwnda /708
Muconnu Maple muzumuoan ghoiioananuo,euui: ¢

TynumkKk skpaH

> int (x* (1ln(x))*2,x=1..exp (1)) ;

leZ_l YUnmkunuw
4 4



8.8 — mucoJ. Yoy

j Q,(x)P, (x)dx =0 (8.5)

n 2 n
1 d [<X 1)] — Jlexxanap Kynxaau

TEHIIMKHU UcOoTIanT, oyuna, P,(x)= o
n! X

(n=0412,..), Q,(x)sca, napaxacu M<nN OYIraH UXTHEPHIA KYTIXaL.

d*[(x* -1)']
Euynimmm. PaBmankuy, — o (k=0,12...) dynkuus x=-1 Ba x=1
X

HyKTaJlapja HyJra aillaHajau. bepuiiran HHTerpajaHu KeTMa — KeT 0ynakiao

HWHTCTpaJIalll HATUXKACHU A,
(2”n'j_ [ 0nlo0R ) [u =Q,(x), dv= d"[(x*-1)'] _ ol[Ol"l(x2 1) | _

—jQ;(x)%dx;.. :(_1)mq<m>(x)jwz

Qe e

T ol LS Y

an m-1
SKAHJINTUHU KEATUPUO YMKApaMU3, UYyHKHU Q,(nmﬂ)(x) =0. Byngan (8.5) TeHrnuk-

HUHT YPUHIINA SKaHIUTH KeTUO YMKa/IH.

Tutynsapack
My Hoapwmxa
1-606
2-606
3-606
4-606
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Mycrakui e4ril Y4yH MUCOJLJIAP
Tutynsapack

Kyhiugaru unrerpamnapau, Hbptoton — JleiOHuiy ¢opmynacura acocas,
My Hoapwmxa
XUCOOJIaHT.

. . . 1-606
8.1.J.(2x—3)dx. 8.2. I5x4dx. 8.3..[2\/;dx. 2.606

0 1 1

. o , A 3-606
8.4. _!'2\/x—1dx. 8.5.:[2(x+1)(x—2)1x. 8'6'![3t+t_2jdt' 41-606

x 1 13 1 MnoBanap
8.7. _[(1+ cos )dx. 8.8..|'(x2 +\/§)dx. 8.9.j[x2 —xzjdx

0 0 0

1 17 a( )2 26_t

8.10. [ (1+x) dx 8.11. [Wa—+/x) dx. 8.12. [——dt. I E—

! ! I%s - =»
Kyiiugaru wunrterpamnapau, Heioron — JleiOHuiy ¢opMymnacura acocas, !Q &
XHACOOJIAHT. Opkar a

I 4 ¢ dt
8.13. I(3x2 —4x+7)x.  8.14. j—zdx. 8.15. j— Caxudpa /708
X
=l 1

TynumkKk skpaH

8.17. Ix’m 2’3)3/2dx. 8.18. jsin25xdx. Unkuw
0

8.16. )
J (2x +1) o



713

0
8.19. [sec’tdt. 8.21. [secxtgxdx..
0

3

3z X
8.20. ;[ctg 2 de.

/2 72 7l3

8.22 [5(sinx )2 cos xdr. o, 1 CEIEEEN . mon B
Jstinx) | s | Faset™

713 dX 8 3zl4

8.25. 8.26. [—2X 8.27. |cosecx ctgxdx.
I 5 C08” X '!.\/5+4x—x2 ﬂ'l;4
V21 2
8.28. | (X——is]dx.
L2 X
Kytinmarn wunHTerpamnapra, Hpioron—JleliOuun ¢opmynacuau  dopmant

paBHILIA KS'/JIJIaFaHI[a, HOTS'/FpI/I HaTHXara KCJIMHUIINHHA N30XJIaHT .

dx i d td
— 8.30.] arctg dx. 8.31. |—.
(2+tg x)cos X 7, dx X L X

829j

Ky#ugaru uaterpaiiapHu XucoOJIaHT.

8.32. T(2x+5)dx. 8.33.}(% +x i 8.34. fwdx.
5 0 =

2
8.35. dex. 8.36.
|

H
S
-
>

9
8.37. J'i/x—ldx.
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3z

8.38. ]E(1+ cos X Jdx.
0

V212
8.4L. | (u——is)du.
2 4

Kylugaru uarerpaiiapHu XucoOJaHT.

4

4
8.42. _[|x|dx.
24

8.44. stdx. 8.45. j x“dx
0 0

1+x%°

V4 1 dX
8.47. jsinzxdx. 8.48. _[2—

i 0 4X° +4X+5
g50, [ooslnxdx gy p__dX

-!- X -[xi1+ln2xi

1 23
8.53.j ——dz.

v 2 +1

4
8.39. _[cos ec x dx.

8.40. Jz'(8y2 +sin y)iy.

z
2

6

8.43. _[x|x|dx.

1
8.52. I\/4— X2 dx.
0

Kyiingaru aHuk HHTErpaJUIapHU, Y3rapTUPYBUIIAPHU aIMAILITHPHUIIT

épnamMuia, XMCcoOJIaHT.
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3 0 V3
8.54. [Jy+1dy. 8.55. [fy+1Ldx 8.56. [3cos” xsin dx.
0 -1 0

Tutynsapack

3z
8.57. _[cosz xsin xdx. 8.58. I dx. 8.509. I dx. My Hpapwuxa
he 4+x ) 4+x )
1-606
z s 2-6060
8.60. [ (L— cos3t)sin 3tdt. 8.61. [(1—cos3t)sin3tdt. 8.62. [t 4t
! ';[( ) Im 3-606
6 4-606
1 % MnoBanap
8.63. [0St 8.64. [/x°+2x(Bx" +2)Jix.  8.65. [cos 2xsin 2xdx.
I Tast [ e +2p Joos*2xsin2uds
% . 1 7l3
8.66. |(1—sin2t)’'* cos 2tdt. 8.67. | sin zxdx. 8.68. |ctgxdx.. L
.([ .(I). 7rJ/.6 Q ' ’
wl4 l/X c d IQ ¢|
8.69. [ SNXy 8.70. X 8.71. [
J‘Mcosx -[x -(|,-x2+c2 Opkara
Caxuda /708
Inx® 1+smx ¢
15 dx. 8.73. _([ s x 8.74. .([(1—2x)3dx ek s

Uk uw



8.75. Tsin2(1+ LJdt.
5 2

Kylinnarn y3rapyBuuiapHu

doinananu6, XucoOaaHr.

MHTErpaulapHH,

h \/e_xdx

S dx
8.76. : 8.77. | ———.
'lfx\/1+ X’ '([\/ex +e”
a 3
879. [ X 880 [ X
o X++/a® —x? < 1+5sin X + COS X
882 [ 8.83. [(e" +e koxa
1 Xv1+1Inx e

aIMalITUPULI  YCYIUAaH

v 9

6 2
8.78. [ dx.
X
3

arcsin/x

Jx(1-x)

8.81. i dx.
0

8.84. J-ll+ X2

dx.
s 1+x!

.
8.85. Yoy I(XZ —6X + 13)jx pHTerpanga, X° —6X+13=t aIMamTHpUIIHH

1

oJiiill MyMKUHMH? JKaBOOMHTU3HM IIApXJIaHT.

1
8.86. Yoy j V1-x?dx wmHTEerpanma, X =SiNt aJMamTHPHIITHU OJUIII
0

MyMKUHMU? JKaBOOMHTU3HU IIAPXJIaHT.
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8.87. Yoy I uHTerpanaa, tgx =t aJiMalTUPUILIHUA OJIUII

1+sin®x
Tutynsapack
MyMKUHMH? JKaBOOMHTU3HU IIAPXJIAHT.
o .. My Hoapwmxa
bynakna® wunHTerpamnam Qopmyrnacu E€paamuaa, aHUK HMHTETpaUIApHU

1-606
XUCOOIaHT.
4 2 7l2 2 - 6 0 6
8.88. jxe‘xdx. 8.89. len Xdx. 8.90. Itzsin 2tdt. 3-606
0 1 0
4-606
1 713 2
8.91. _[xarctg (xz)dx. 8.92. Ixtgzxdx. 8.93. Ix3 In xdx. Wnosanap
0 0 1
1 e? e?
8.94._[x2e‘xdx. 8.95. jxln Jxdx. 8.96. '[Inxdx. _ ,
0 1 1 Qﬁ"; ‘9

8.97. lj.zx-cos zxdx. . 8.98. j'ln(1+ xz)dx. 8.99.1_/|'4arcsin 2xdx. !Q &
0 0 0

Opkar a

Kyitunarm  uHTerpajutapHu, Oymakmad  uHTerpamiam  GopmynacuaaH Caxwnda /708

o TynumkKk skpaH
dhoiinananu0, XucoOIaHT.
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4

2 2 V4
8.100.Ixcosxdx. 8.101. _[(3x+2)|n xdx. . 8.102. jexsinZde.
0 1

In
_SdX'
X

z 3
8.103. Ix3sin xdx. 8.104. jxarctgxdx. 8.105.
0 0

P C— N

T

2 V4
8.106. .[sinA xcos? xdx. 8.107. _|'eX cos? xdx.
0 0

In(2a - x) e .
8.108. dx (a>—J 8.109. |sin xsin2xsin 3x dx.
J.ni4a ) .([

1 1
8.110. .[x15\/1+ 3x®dx. 8.111. Iarccos X dX.
0 0

Kytinnaruy, y3unuiira sra 6yiarad derapajganrad, GQyHKIHSUIAPHUHT aHUKMAc

HHTCIpaJlJIapUHA TOIIWMHI .

8.112. jsign X dX. 8.113. _[sign(sin X dx. 8.114. j[x]dx.
8.115. [ x[x]dx 8.116. [ (-1fdx.

t|<1 bo'lganda,

1,
8.117. | f(tpt , 0 ft)=
I (tp , Gysma £() {O, t|>1, bo'lganda, 1>0.

Ky#innaru, y3unuuira sra Oyiarad yerapajiaira, QyHKUUSJIADHUHT aHUK
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MHTErpajIapuHu XUCOOIaHT.

3 2 6
8.118. [sign(x—x* hix. 8.119. [[e* Jdx. 8.120. | [x]sin%dx. TuTynsapack
0 0 0
. o . My Hoapwmxa
8.121. jxsign(cos X)X . 8.122. J'In[x]dx,n e N. 8.123.Isign(sin In X JIx. 1-606
0 0 0
2-606
MycTaKuiI e4uill Y4YH MUCOJUIAPHUHT KaB00JIapu 3-606
) 4-606
8.1 —2. 8.2. 1. 8.3.28/3. 8.4.32/3. 85. . Anosanap
8.6.13/2. 8.7.x. 8.8. 1. 89. - % 810. X(2¢-1).
15 18
1 7 | —
8. 11 a’. 8.12. o 8.13. 16. 8.14. 2. 8.15. 2. Q ) @
l¢ »l
8.16. 8. g17. 23 gig 7. 8.19. V3. 8.20. 643-2r.
160 2 Opkar a
8.21. —1. 8.22. 2. 8.23, 1. 8.24. J2-1. 825 8‘;—‘F Caxuda /708
16\/_ 19 A TynumkKk skpaH
T
8.26. > 8.27.0. 8.28. = 8.20. \/Earctg(ﬁJ byHKIMS, Uk mw
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Y3WJIMIITA 3Tra.

8.31.
[-11] xecMmana y3WIMINTA OTa. 8.32. 6.
8.35 2(2-1) 8.36. 7/6. 837. =,
g.41, 16¥2-10 8.42 16. 8.43 0.
48
8.47. r. 8.48. %arctg(4/7).
8.51. Z. g52. 7.3
4 3 2
8.55. 2/3. 8.56. 3) 2.
8.59. 1/8. 8.60. 1/6.
8.63. 0. 8.64. 2./3.
8.67. 2/x. 8.68. %In&

1
8.30. arctg — ¢dynkums, X =0 HyKTajga y3WIuIilra ra.
X

1
MuTerpan octuaaru — QyHKIUsS Ba yHUHT In|x| OouuianFud QyHKIMACH,
X

833.1. 8.34. 0.
8.38. ~. 8.39. 0.
844. 8 gus T
In3 12
8.49. %In(Z/S).
8.53. ~.
6
8.57. 2
8.61. 1/2.
8.65. 2.
4
8.69. 0. 8.70.

8.40.

8.46.

8.50.

8.54.

8.58.
8.62.

8.66.

278

In1,5.
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e—+e.
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4c

8.76. InM

1+\/§ '

8.81.~.
12

8.86. MymKuH.

-4

8.90.

8.94. 2_5¢,

8.98. In2+%—2.

8.102. o.

8.106. ~.
32

8.111. 1.

8.72. 3/2. 8.73. 2. 8.74. 0.8.75. %+sin2.
2
877.meTV1=¢" g7 V8  g107  ggy oo
142 72 4
8.82.2(v2-1) 8.83.8) 0. 8.84.=. 8.85. Iiyx.
V2
8.87. iy 8.88. 1-5¢*.  8.89. In4—%.
2
891. Z_Lino 892 ™3 _ ;2% 893 am2-X.
8 4 3 18 16
8.95 3et11 896 41 go7. 1 1
8 8 2T 7
899. 7, ¥3-2 g100 T 4 8.101. 10217,
24 4 2 4
8103. ° 6z 8104 2% V3 8.105, =2 _In2.
3 2 256 64
8.107. 3(e"-1) 8.108.a 8.109. 1. 8110 2.
5 6 270
8.112. |x+C. 8.113. arccos(cos x)+C.

8.114. x[x]—wz]”)m. 8.115, X g DI+ @XI+1)
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8.116. larccosx(0037zx)+C. 8.117. %(]x+l|—|x—l|). 8.118. -1.
T
2
8.119. 14—In(7) 8.120, 32 8.121. -~
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8.122. In(n!).
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111-000. AHMK HHTerpPAJTHUHT TAAOUKJIAPH

9-§. AHMK MHTerpaJ épaamMmuaa TeKUC MAKJIHUHT I03MHU XHCOOJIaII

0.1. lekapT KOOpAMHATAJAP CHCTEeMACH/Ia OePUJITaH TEKUC MAKJIHUHT

I0O3MHH XHCOO0JIAIIL.

Texucnukna xOy JlexkapT koopauHATAIAp CUCTEMacu Oepuiran OVIICuH.

9.1-tabpud. TexkucaukHUHT L oxnuii (kappajiy HyKTajapra 3ra Oyiamaras)
€MUK 3rpy YM3UK OUJIaH YerapajlaHraH KUCMU- meKuUc wakxi (pueypa) nevunaim.
bynna L - Tekuc MIAKIHUHT Yecapacu JeUNIaau.

Yinapza nucéaman cmandapm coxanap.

9.2-rabpud. Koopaunaramapu, [a,b] kecmama ysmykeus f,(x) Ba f,(x)
a<x<b, f,(x)<y<f,(x) MyHOCa0aTIapHu

dbyHKIUSIAP YUYH,

KaHoaTaaHTHpaauran M(x,y) HyKramap TymuaMu D —Ox YKKa HuCOaTaH cmanoapm
coxa nevuiaau.
TabpupHUHT 2ceomempux mavHocu NIyHJIaH UOOpaTku, D coxa yamjaH Ba

VHIIaH, MOC paBHIa, X=a, y=b Tyfpu uusukiap kecmanapu Ounan ( Oy

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap
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KecMaiap HyKTajapra aijlaHuIl XaM MyMKHH) derapananras; f,(x) QyHKIUSHAHT
rpagpury D coxa HHMHI FOKOpH uerapacuiad, f,(x) (yHKusauHr rpaduru sca,
YHUHT Kyiiu yerapacujad uoopar (9.1-uuzma).

9.3- Tabpud. Koopaunaranapu, [c,d] kecmana yzaykcus g,(y) Ba g,(y)
GyHKUMAIAp YUYH, c<y<d, g,(y)<x<g,(y) MyHOCa0aTIapHH
KaHoaTaaHTHpaauran M(x,y) Hykramap TtymiaMma D, -Oy YKka HucOaTaH

cmanoapm coxa Nevunaim.

TabpudHUHT eeomempux mavHocu MyHAAH UOOpaTKH, D, coXa IOKOpHIAH
Ba MacTJaH, MOC paBulaa, y=c, y=d TYFpu 4n3uKiIap kecMmanapu ( 0y kecmamiap
HyKTaJlapra aijJaHuIl XaM MyMKHUH) OWIaH, yaniad Ba YHTIaH MOC paBuiaa g,(x)

Ba ¢,(x) Gynkuusnapaunr rpaduknapu Omnan yerapananraggap (9.2-unszma).
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/gzl:y:]

F &
¥
b M
4
D *
; . 0
i ;] :
a 0 5 o i
9.1-yu3ma.
Vmapra HUcOaTaH CTaHIApPT COXaJapHUHT
dhopmynanapu:
1.0x Vkka HucOataH cmandapm

COXAaHHHI S, 03U
b
Sp = [, ()— f,(x)ldx

dbopmymna OVitnda xucobaaHaIu.

2.0y HucOaTaH cmandapm

YKKa

COXaHUHI S 103U

¥

g0

9.2-yn3mMma.

ro3ajIapuHA XI/ICO6J'IaH_I

D={(x,y):a<x<b, f(x)<y< f,(x}

D, ={(x,y):c<y=<d,g(y)<x<g,(y}
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j [9.(y) - 9.(y)ldy

dhopmyina Oyitnya XxucoOaaHaIu.

Xycycuit Xxoiaa

3. f(x) dbynxuusa [a;b] xecmana anmkmanran Ba ysmykcns 6ymm6, VX €[a;b]
na f(x)>0 6ymcun.

IOxopunan f(x) (GyHKUUSHUHT Tpadurd, €H TOMOHJIApaaH X=a Ba X=D
TYFpU YM3UKJIAp, MAcTAaH dca Ox YK OWIaH yerapajaHTaH MIAKIHUHT (ojaTaa

OyHJal MaKI, 22pu Yyu3uKkIu mpaneyus, 10 IOPUTUIAIN) FO3H,
b
S :If(x)dx (9.2)

dhopmyna 6Vitnya xucobnananu (9.3 — yuzma).
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a it 2]

/ /\\f_,/ 0 // // // . X.;
/) /1 Ql// /
/1] /) h %@
o a y=0 b e
9.3 — yn3Mma. 9.4 — yn3Mma.

4. Arap [a;b] xecmana ammkmanran, y3aykens f(X) GpyHkuus Manbuit, sbHH
f(x)< 0 O¥ica, y xomma, acocu [a;b] xecmaman nbopar 6ynuo, Kyiingan Yy = f(x)

byHKIUSHUHT Tpadurun OmnaH derapananrad (9.4 - ym3ma) TpamneHUsSHUHT —FO3H
MaHpwuit 6Ymanu.

b

s=|[flx

a

b

Jf (x i

a

5. Arap [a;b] xecma, yexiam commaru KucMm opanukiaapra OyiuHran 0yiauo,

YVIapHUHT Xap Oupuna QyHKIUSHUHT KAWUMaTH MaHpuid 3mac (f(X)ZO) ExH
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myc6ar smac (f(x)<0) 6ynca, y xonna, (9.1) mHTErpan, ueknu coHaaru, Ox YKIaH

IOKOpHJIa Ba YHJIAH MacTAa >Kounamrad (:03u MaH(Uil), STpU YU3HMKIW coXajap

I03JIapUHUHT HuruHAMCUTra TeHT 0ynaau (9.5 - un3ma), spHH

+jf

x4

jf Jdx

X1

S = lef dx+

+jf )ax +

jf Jdx

9.5 — yn3mMma. 9.6 - yn3zma
6. f(x) g(x) ¢ynakumsmap [a;b] xecmama aHuWKIaHraH —y3IyKcus,
f(x)>0,9(x)>0 Ba Vxe[a;b] yuym, f(x)>g(x) OYacun. VYV  xonna,

y=f(x), y=g(x) x=a, x=b unsukmap OuIaH yerapajaHran COXaHHHT [O3H,

b

s = J1f ()~ 9 (Xl 92)

a
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dbopmyna opkanu Tonuiaau (9.6 - unzma)
TacaBByp KuiiuHaaurad (ugoaajioBum) TYFpu TypTOypUaKIap.
bu3s roxkopuna KypAMKKHA, aHUK UHTErpall, PUMaH WMFUHIUCUHUHT JIUMUTH

maKianaa, Kyiuaaruda udoganaHanm:

T f(x)dx = im [ f(&)Ax, + F(&,)Ax, +...+ F(&,)Ax, ] (9.3)

|P[—0
Bynna &, [X_;,% ] opanuknaru uxrtuépuii rannanran uykra, f(&)aca, f(x)
DYHKIMSAHUHT Iy OpaINKIa TACABBYpP KMIHHAIUTAH Kuitvatumup. Arap f(X)
byHKkIms mycoar 6yaca, f (fi )Axi KymaiiT™a, 9.7 — yn3maja KypcaTuiarad TacaB-

BYp KWJIMHAJIUTaH TYFpU TYPTOYpUYAKHUHT I03UHU Oepajiu.

¥4 Vi
Joi) =1t
/\_//fl [ Y —
11 : diiks
xl.* b X I | | >
Xl es| % é || b X
& X &x!'

9.7-uu3ma. 9.8-yusma.
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(9.3) dopmyma Owmsra, OepwiraH SIpyd YU3MKIAH IacTAa >KOWJAINTaH FO3aHH,
TacaBBYp KWJIMHAJAWIaH TYFpU TYpTOypuUakiap lo3ajlapu HUFMHAMCH cudaTuna,
TaCBHpJIAll MYMKUHJIUTHHU KypcaTtanu (9.8-un3ma).

Ouau () coxa, IKOpUAaH f(x) (GyHKUMSHUHET Tpadury, nactaan sca, g(x)

GbyHKUMAHUHT Tpaduru 6unan yerapananrad Oyicud (9.9 - yuzma).

V4 y=tix) Y4
' £ '
v .y
a p X 8
9.9-yn3ma. 9.10-yu3ma.

VHzaa () COXaHHUHT IO3H, f(X)—g(X) GyHKIMsIHE, X =a gaH X =D raua, X Oyiinua

HMHTETpaJljaall €pamMuaa Tonuiaan (Xxucobianaau), SbHA
b
So = [ (x)- g(x)ldx.
a

by xonma Puman iuruHaucw,
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[(&)— (& 1A% +[F(£,)— (&A%, +..+[F(&,)-9(&, A,

makiauaa Oyinaay Ba TaCaBBYp KWIMHAAWIaH TYFPU TYPTOYpUAKIAPHUHT YiIdyamiapu
TutTynsBapack
Kyiugarnga: f(&)—g(& ) - «Oananmmr» Ba Ax, - «acocw» (9.11-un3ma) Gynaau.
My Hpoapwnxa

OHau Yy ra HucOaTaH UHTErpauiam EpAamMuaa o3ajJapHU  XucoOJamn

1-606
dbopmynacunu keatupud yukapamuis. 9.11 — uynzmaga kypcatunran (2 COXaHUHT 2-606
yerapanapu, X HUHT QyHKUMsIapu OynamaciaH, yjaap Y HHUHT QYHKUMsUIapUIaH 3-606
noopat Oyiran XoJHU KapanMus. 4-606
v4 MnoBanap
g d| - - — —
p // - - .
,\/\ < ﬂ”i_;‘:‘;'l‘i' —————— “ﬁ\\'
: I |
Y =G L
=66 ) O \ o) <4 ©
< /,f' & 4
. // / x=F) o — e Opkar a
R Caxuda /708
P, P Tx
¢ TynumkKk skpaH
9.11-un3ma. 9.12-un3ma.

Uk uw

By xonna tacaBByp KUJIMHAIUTAH TYFPU TYPTOYpUaKIAPHU TOPU30OHTAN KYpH -



HUIIIJIa OJIaMU3 Ba F03aHH,
[F(2.) = G(m 1Ay, +[F(7,)~ G )JAY, + ...+ [F(17,)— G, )1y,
Puman MuFMHAMCUHUHAT TUMUTH cudaTua, TacBupiaaimus (9.12-uyuzma).

JleMak, OepuiiraH COXaHUHT F03H,

d

[IF(y)-G(y)ldx

c

MHTETpa OpKaiau udoaananaau. by epaa uHTerpaman,
F(y)-G(y)

«TOPU30HTAJ OYJIMHUIIY HU Y Ta HUCOaTaH OakapaJm.

2
9.1-Mmco1. X=Y° Ba X—Yy=2 uym3uKiIap OWIaH YerapajlaHraH COXAHHHT
I03MHHM: @) X ra HucOatan, b) Yy  ra nHucOaraH MHTErpaiami &EpaaMuaa

XACOOJIaHT.

Eunwmmm. Assano, Oepuiaran umsvKiaapHuHr (L-1), (4;2) HyKTanapaa

KCCHUIINIIHTa NITOHY XOCHJI KUJIWII MYMKHH.

a) X Oyiu4ya WHTETpa/Ulalll y4yH, TacaBBYp KWJIWHAJAUTAH TYFPH

TYpTOypUaKIapHU BEPTUKAI KOMIAIITHPaMU3 Ba TEHIJIaMajapHU Y ra HucOaTaH
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euyamMu3: X =Yy’ TEHINIaMaHH Yra HucOaTaH eduo, y:iﬁ OYIUIIMHA OJIAMM3,

OyHga Y= Jx- napaboNaHUHT I0KOPU APMUJAH, Y =—/X 3ca, MapaOoJaHUHT Kyiil

ApMUJAH uoopaT. X—Y=2 TYFpU YU3UK TEHIJAMacuHU ,Y=X—2 IIaKIuaa

é3amu3 (9.13- umzma). Kapana€rran cCOXaHMHI IOKOpHM 4erapacw, y=\/; rpU
YM3UKIaH MOOpaT. YHHUHT KyHH dYerapacw 3ca, MKKWTAa, Xap XWI TEHIJIaMalap
opkanu udonanaagu: x=0 AaH x=1 raua y3raprasia, y = —/x orpd 4usuK, x=1
JaH X =4 raya y3rapragjga 3ca, Y =X—2 Tyrpu un3uk. lllynnait kunub, coxaHuHr

I03H,

Y
3

N .

9.13-yusma. 9.14-yusma.
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5 = [V~ (XN IV — (x— 2 = 2[ s [T - xc+ 2o =

0

+[— /——x +2x]

b) y OViimua wuHTerpajiam Yy4yyH, OW3 TacaBBYp KWIMHAIUTaH TYFpU

TYpTOypUakiapHu ropu3oHTan xounamrtupamu3z (9.14-yuzma). bynpa, yHraan
YerapajioBuu TYFpU YM3UK X=Yy+2  Ba YalJaH 4YerapaJoBud dIPU YU3HUK 1Ca,
X= y2. Monomuku, y, —1 1a” 2 rada y3rapap dKaH,
2 9
S= I[y+2 y21dy = [ y2 +2y——y y =2
-1 -1
9.2— mucout. Yy Yy =2X Tyrpu 9msuK Ba Y =3 — X° mapabona 6uian

YerapajlaHraH COXAHUHT I03MHU TOIIUHT .

Eunnumm. bepunran TyFpu yn3uK OuiaH napa0oJlaHMHT KECUIIUII HYKTa-

JJApUHHU TOITaMM3:

y = 2X ) )
3_y2’ 3-X"=2X, X"+2x-3=0;, x =1x,=-3.
y=5-X

JlemMak, TYFpu uM3uK Owian mapabona (L 2) Ba (-3, -6) Hykramapaa
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KeCcHullnaau.

[ynnait kO, u3naHa€Trad COXaHUHT 031 (9.15 un3ma),

1 3 1
S=I[3x22X]dx:(3xX?x2j >
3

=g—(—9+9—9):§+9:% (KB' 6Hp)
-3

v

9.15 yu3ma. 9.16- yn3ma.

9.3 — mucoa. Yoy (y — X)2 = x® orpu 4M3HK Ba X =1 TYFPH YU3HK OHIAH

qgcrapajianrad COXaHHHI' FO3MHU TOIIMHT .

Euunumu. PaBmanku, Y, X HUHT omkopmac ¢yHkiuscu cudarmma, X >0

YUYyH aHHUKJIAHTaH. Y — X = +Xx+/X OIPY YM3UKHUHT Y; = X+ X/ X, Y, =X~— Xv/X
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raxo04anapuiad OUPUHINCH Xap JouM MycOar 6yiud, x>0 na, y, (X)Z Y, (X)

TEHTCH3JIMKHA KaHoaTiaaHTupaau (9.16 - yuszma). (9.2) popmyara acocaH,

S =j.[)ﬁ(x)—yz(X)]dX=j.(X+X\/;—X+X\/;}iX=Zj‘xx/;dng\/x?l 4

| =z (xB. Oup.)

Arap (S)- coxa, ymoOy (S)={x y):c<y<d, x(y)<x<x,(y)} kypununiza

oynca (9.17- unu3ma), y X0J/1a YHUHT S 103U, KyHUIar ,
d
S = [[x,(y)—x(y)ldy (9.3)

dbopmyIa OpKaIu TOMUIAIH.

et

d a-Bl-
PR O :
/ 4 / xa(y)

Q- oy
/

h J

i < -2a L 0

-7
(y) |
-

/- D / E
/N * ‘I

9.17- yn3zma. 9.18-yu3ma
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9.4— mucoa. YOy x?+2ax—y?=0, ax—y®+2a’=0, (a>0) orpu 4YnM3uKIap
OwJiaH yerapajaHTaH COXAaHWHT FO3WMHU TOIIHHT.

Eunnumm. Kapamaétran D coxa, Ox VKKa HucOaTaH CTaHIApT
OYJIMaranjiura y4yH, yHH, Ox YKKa HUCOATaH CTaHAApT OYyJiraH yuyra coxajapra

axxpatamu3 (9.18-unzma) :

D, ={(x,y): —2a<x<0,—/2a’ +ax <y <+/2a’ +ax},
D, ={(x,y):0<x<a, Vx +2ax < y <~2a% + ax},
D, ={(x,y):0< x<a~ v2a® +ax < y < —/x + 2ax}.

D - coxa Ox YKKa HUCOaTaH CUMMETPUK OYJITaHJIUTH YYyH, YHUHT S 103U Ox
VKKa HUcOaTaH cTaHaapT OYiran 31 ={(x,y): —2a<x<0;0<y<+2a’+ax}Ba D,

CoxXaJIap IO3JIAapUHUHI" HKKUJIAHTaHHUI'a TCHI':

S=27 j)'\/Za2 +ax dx+I(\/2a2 +ax —x’ +2ax)1X] =

a
—2a 0

=2[ j‘\/Zaz +ax dx—jf\/x2 +axdx]=2[ j\/ZaZ +ax dx—jl'\/(x+a)2 —a?dx] =

—2a 0

—2a

a

B 2
+a7|n(x+a+\/x2+2ax1]
0

0

2 3|
=2[— (ax + 2a2)
3a N

=2a%/3 +a? In(2+x/§)

—(X%a)\/xz + 2ax
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bepunran coxa Oy Vkka HUcCOaTaH CTaHAAPT coxajaH uobopar:

2 2
D={(x,y):-a 3Sy£a\/§,ﬁgxg_a+m}
a

By D coxaHMHI CHMMETPUKIUTUAAH siHa Qoilnanancak, Kylinaarura sra 0yaaMus

2
S = ZI( y>+a —a—y—+2ajdy_
a

2a2\/§+(y\/y2+a2 +a2 In y+\/y2+a2 —

~2a2\3+a%In2+3)

9.2. Tenriiamacu nmapamMeTpMK IIAK/JIAA OCpPWIraH 3rpH YHM3UK OWJIaH

qerapajanraH COXaHuHI' O3UHU XHC00J1a1I.

dapa3 KuIamK, TEKUCIUKIATH MAKIHA Ypad TypyBYH YH3UK,

x:x(t) <
yzy(t)} astele)

napaMeTpuK TeHIJlaMacu Owiad Oepuiiran OYJICHH.

1) Arap X= X(t), y= y(t) bynkuusnap [«, f] Aa y3nykceus, Vvt ele, ] na
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X(t)>0, y(t)>0 Ba x(t) pynxims y3myxcus manduit 6yamaran X (t) xocumara sra

Oyica, y Xoi1a u3aaHaéTraH COXaHUHT 103U
s

S = [ y(t)x (t)dt (9.4)
A

dbopmyna Oyitnya TOMMIAIN.
2) X= X(t), y= y(t) bynkuusnap [«, 8] Aa y3nykcus, Vt ela, f] na
X(t)z 0, y(t)z 0 Ba y(t) byHKIMS, Y3IIyKCu3, MaHbuii OYamarax y'(t) Xocujiara

ara Oyiica, y xojija, u3j1aHaéTraH COXaHHUHT 03H,
B
S = [ x(t)-y (t)dt (9.5)

dhopmyia opKaau TONUIaIH.

x = a(t —sint),

9.5 - :
MHCoJ. YOy y = altl— cost)

} (0<t<27x) orpu un3uK Ba Ox YK

onman qgcrapajianrad COXaHHHI' FO3MHU TOITKHT .

Eunwnnmu. [uxknonganuar 6up apkacu, t Hunr, 0 qan 27 rada y3rapumu
HaTW)XacuJa YM3WIaau, YyHKH y(O): y(27r):0, t HUHr KOJTaH KUUMaTIapuia,

y >0, x(0)=0 Ba x(27)=27a.
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ynpait KunuO, n3naHaEéTraH COXaHUHT 03U,

2ra

SE _[y dx
0
Gopmyna opkamu Tomwimagd. bynma, x=al(t—sint), y=a(l—cost), dx =a(l-cost)dt

SKAHJINTUHU YbTHOOpPra oJicak, y Xoiaa (X, [0;2za] opanukna y3rapranja, t, [0;27]

OpaJIMKJa y3rapaam),

2z 2z
S = aj(l— cost)-a(l- cost)dt = a* _[(1— cost)’dt = 3z a®(kB. Oup.).

0 0
Jlemak, m3naHa€Tran 103a, paguycu a Tra TEHr OYyJraH aoupa HO3UHUHT

ywIaHranura TeHr skaH (9.19 - yuzma).

¥ -

2m -m 0 ma 2ma

-1

9.19 — ynu3ma. 9.20 - ynzma
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2/3 2/3
9.6— mucoa. Yoy (—j - (%) =1 3rpu YM3MK OWJIaH YerapajiaHraH

COXAHUHT FO3UHU TOIIVHT.
Eunnumm. Papiianku, srpu un3uk Ox Ba Oy YKjiapra HUCOAaTaH CUMMET-

puk (9.20 - yuzma) 6ynaau.  LlyHuHr yuyH, srpu ynzukiun OAB y4OypuyakHUHT
I03WHU TOTHO, YHU 4 Ta KyMalTUpcaK, n3NaHaéTraH COXAHWHT F03U TOMUJITaH
oynasnu.

DOrpy YM3MKHHUHT TEHITIAMACHHHU, IApaMETPHUK, X =asin’t, y=bcos®t (0<t<2r)

makiaa Taceupnaiimms. bBynma,  x(0)=0, X(%J =a.[0; %] OpaJIUKKA STPH YH3HK-

v
HUHT AB €UM TYFpU Kenaau. OTPpU YM3HKIN S,,p YUOYPUAKHUHT FO3UHH,

(9.4) popmyna opkanm, XHCOOIANMU3:

So = | YOX (1. *)

By KO03aHH XI/ICO6J'IaHIHI/I CoqgJaIaliTUPUIIT MaKCaanaa, OXUPIru HHTCTPpaIHA

Oynakiiab UHTErpaIaiMu3:
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&

2
SOAB = -
0

)y (0t =~y et ()

o t— |3
ot |

y(E)X ()t = y(t)x(t)
Tntynsapack

(*) 6mman (**) Hu Kymamus: My HOoapwuxa

Ly -ty 0 (o =
Soas == |[y(t)x (t)—x(t)y (t)]dt

o 2! 2-606
VYuna, (***) popmynara acocas, 3-606
z z 4-606

14 . . - ) 3abf ., )

S =§j[cos tsin“t+sin”t-cos t]dt:TIsm tcos“tdt = Mnosanap
0 0

: -
= @J‘sinz 2tdt = 3ib-j(1—cos4t)dt _3rab

8 9 8 ¢ 32 ‘;** “’j’

[ynnai kom0, u3naHa€TraH COXaHUHT FO3H, . N
& »l

3mab  37mab
S=4.Sg =4 ——="—.
32 8 Opkar a

Caxuda /708
TynumkKk skpaH

Uk uw



9.3. Tenrjiamacu KyT0 KOOpIHHATAJIAP cHUCTeMAacCHUAAa OepWJIraH 3IpH

YHM3UK OMJIAH YerapajaHraH COXaHUHT I03MHHU XUCOO0JIAlll.
®apa3 Kunaiiuk, r=r(p) GyHkuus [o;B] opanmukna anuknanran (0<pf-a<2x),
y3nykcus Ba Veela; 8] na r(p)>0 OYncun. YV xomma, r=r(p) (QYHKIUSHHUHT

rpaduru xamypa OA Ba OB paauyc BeKTOpiiap OujiaH yerapajaHraH coxa — 3TrpHu

YU3UKJIM CEKTOPHU Kapaiimus (9.21- ynzma).

9.21 - ynzma

Kapanaérran cCeKTOpHHUHT 103H,

S =%fr2(¢>)d¢> (9.6)

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Caxuda /708
TynumkKk skpaH

Uk uw



dbopmyna Oyitnya xucoOaaHaIu.

9.7— mucoa. Ym0y r=asin3p, a>0, 3rpu 4M3UK OwWiaH yerapajiaHra

COXaHMHT FO3WHH TOIIMHT.
Euynwimmmu. bepunran srpu 4u3MK, Xap OuUpH 3rpU UYM3HKIM CEKTOpJaH

nbopar 6ynran coxanu (9.22-yn3zma) derapanaiau. YnapiaaH OMPUHYUCHHU, SIHHU

(s,)= {(r; 9):0<p< %,O <r<asin 3(/)} CEKTOPHU KapailMu3, YHUHT [O3H,

(9.6) popmyna épaamua XucoOIaHaIH:

1% . ra’
S, ==|a’sin’3pdep = :
1 2! pup 12
. ; 3 , 7a’
[ynnait kb, n3naHaéTrad COXaHUHT 103H, S = N ra’= e (xB. Oup.)
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Y

' 3asin ¢cos
9.22-un3ma. p =asin3¢, a>0. 9.23-yn3ma. p:#.
sin® p+cos°® ¢
9.8 —MmcoJ1. Y0y x°+y® =3axy arpu 4M3uK OWIIaH yerapajaHraH coxa-
HUHT F03WHU XUCOOJIaHT.
Eunnumu. bepuiran srpu YN3MKHUHT KyTO KOOpAMHATAIAp CHCTEMAaCH 1a-
I'¥l TCHIJIaMacH Kyiuaarnda Oyiiaam: ,o(sin3 ¢ +cos® (p) =3acos ¢sin¢. bynaan,
_3acosgsing
sin® g +cos® ¢

T o
[O;E] OpPaJMKHUHT UYWJIA, TCHTTTUKHUHT YHT TOMOHHU MYCOaT, OpPaTHKHUHT

T

YETKHU HYKTajnapuaa, ibHu ¢ =0 Ba ¢ = % na p=0 o0ynanu. Y xonmga, 0< < .
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CEerMeHT Xayikara akciantupuianu (9.23- yuzma). XalKkaHUHT I03UHH, YIIOY

S=lj.p2d(/) TuTynBsapack
2 0

My Hpoapwnxa

dhopmyna OVitnya XxucoOmanMus3: 1-606

S lj 24 = j cos’® gsin® ¢ do 2-6060

29 2 (sin® o + cos (0) 3-606

cos” gsin’ ¢ 4-606

j dp aHMKMac MHTETpajja, z =tge AIMAIITHPUIIHHA OO0, YHUHT

(smgo+c05¢ MnoBanap

OomIaHFUY (1)YHKLII/I5[CI/IHI/I TOIIaMMH3:

.[( cos’ psin® ¢ do J-( g’  do

sin® @ + cos (p) 1+tg3go)2 0052(0: “77-‘ __’

2dz 1 —cos®
_I (L+2°) - 3L+2° )+C:3(sin3go+cz)s?’¢>)+c' L »|
bynnan, Opkar a
T Caxunda /708
9a° COS3(0 5_3612 TYynuk skpaH

S =

[- l =—
2 (-3 3) 2
3|sin~ @+ cos* ¢ 0 I



MycTaKku/1 e4HuIl Y4YH MHCOJLIIap

Kylngaru ynsuknap OuinaH yerapajaHraH COXaHUHT FO3UHU TOTHHT.

9.1. y=x, y=2-x° 9.2. (y—xf=x* x=1. 9.3.y*=ax, x* =ay.

94.y=6x—x*-7, y=x-3. 9.5.y=sinx, y=0, 0<x<r.

9.6.y=x"+1, x+y=3. 9.7.y* =2x+1, x—y-1=0.

9.8.y=2-x% y*=x° 9.9.y=1, y=0,x=a x=b,a>b>0.
X
9.10.y=e*, x=0,y=0, x=a.

Ky#tugaru ynsuknap OuiaH yerapajiaHraH COXaHUHT FO3WHU TOTIHHT.

9.11.y:x—%,y=cosx, x=0. 9.12.y=sinx, y=cosx, 03x§% :

0.13.y=2", y=2, x=0. 9.14.y = (x+1)*, x=sinzy,y =0 (0< y <1)
X2 y2

9'15'¥+b_2:1' 9.16.y=a*, y=a,x=0a>1.

9.17.y=|log, x|, y=0, x=1/a, x=a, a>1. 0.18.y =tgx, yzgcosx, x =0.

9.19. y=—x*, y=x*-2x—4
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9.20-9.26 mucomapaari Yn3uKiap opKaiu Oepuirad COXaH!u YU3HHT.

CyHrpa COXaHUHT I03MHU: a) X Oyitmua ; D) y Oyitmua maTerpan cudarnaa
TutTynsBapack

TaCBHPJIAHT T E e e
0.20y=x% y=x+2 (x=\/§, x=y—2). 9.21.y=x% y=2x° (X:W,x:%ﬂ} 1-606
9.22.y = —J/x; y=x—6(x=y2,x=y+6) 270060

3-606
9.23.y=[x|,3y-x=8(x=y,y>0, x=3y-8) 4-606
9.24.x+4=y? x=5 9.25.y=2x,x+y=9,y=x-1 (x:%, X=9-y, x=y+1j Wnosanap
9.26.y=x"3, y=x*+x-17.
9.27- 9.32 wmwucomtapaa OepwiraH YM3uKIap OWJIaH yerapajaHraH COXaHU Q @

YU3WHI' BA YHUHI FO3WHHU XI/ICO6JIaHF.

¢ >l

9.27. 4x=4y—vy?, 4x—y=0. 0.28. x=y?, x=3-2y?
Opkar a
9.29. x+y—-y®=0, x—y+y*=0. 9.30. y=cosx, y=sec’x, xe[-2,%].
4 4 Cax udga /708
9.31. y=cosx, y=sin2x, xe[-z,z]. 9.32. y=sin®xcosx, x [0, z/2]. Tynuk skpa-H
9.33. Bepuuran (0, 0), (1, 3), (3,1) HyKTanapaan YyTyBuH y4OypPYAKHHHT FO3HHH, Unknw

MHTErpajlialll aMaJInHu 0a)kapuO, XHUCOOJIaHT.



9.34. Yumapu, (-2,2), 1,1),(51),(7,2) Hykranapma €Trad TpaneHUSHAHT
I03MHH, MHTETpaJlJIall aMaJIuHKu Oakapu0, XucoOJaHT.

9.35. y=6-x°,y=x(x<0) Ba y=-Xx(x>0) wumsukmap OGunan
yerapajaHTaH COXaHHW YM3HMHT Ba YHUHT F03WHHU XHUCOOJIAHT.

9.36. y=x* Ba y=4 um3ukjiap OWIaH uerapajaHraH COXaHW YHU3HHT. By
coxa, Y =C YM3WK OpKaJH, HKKUTA, TSHT F03aJIi, KHCM coxaiapra OyiuHran oyica,
¢ HY TOITUHT.

Kylinmarn Mucosiapaa, KuiiMatu OepuiraH COXaHUHT IO3Ura TeHT OVIiras,
MHTETPATHU E3UHT.

9.37 Coxa, Ox VK, Y= /3% TYFpu 4m3uK Ba X° + Y2 =4 aiinana Gunau
gyerapajianraH 0ynub, OupuHYN Yopakaa ETaIu.

9.38. Coxa, x*+y?’=4Ba (x—2f +(y—2f =4 aliylaHaJapHUHT KECULIUIINA
HATHYKacHUIa XOCHJI KIJIMHTaH.

9.39. Tyrpu TYpTOypUaKHUHT OWp y4H, KOOpJAWHATajdap Oommaa, Kapama —
Kapiu yuu 3ca, Y =Dbx" umsukHuMHr X=a 6yaran (a >0,b>0,n> O) HYKTacua,

YHHHT TOMOHJApW 3cCa, KOOpJAHMHATajap VYKJIapura mnapamien. Y Xojja, TYFpu
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TypTOypyakHunr Y =bX" YM3MKIaH macTaa JKOWIAINraH KUCMHU FO3MHMHT, TYFpH
TYpTOYpUYaKHUHT TyJia rO3ura HucOatu, (akar nra OOFIMK OYJIUIIUHM, SBHU
HUCcOaT a Ba b mapra GornmK OYIMacIMTUHHA KYPCATHHT.

9.40- 9.49 wmucomiapaa 6epwirad YM3uKiIap OujaH dyerapajaHraH COXaHUHT
F03UHU XUCOOJIaHT.

9.40. y=6x*-5x+1, y=cosax,0<x<05 9.41. y=sin2x, y=sinx.

0.42.y =arctgv/x, y+ x> =0, x =1. 0.43.y=2x%¢*, y=—x’".
9.44. 2y =x* x> +y* =4y, 2y > x°. 9.45.y? + x=4, y* -3x=12.
9.46.y =+/x, y=x—2, x=0. 9.47.y =arcsin x, y = arccos X, y = 0.
5X x> y? 9 9
948. y=x* y=x"+x-1Ly="2,y<x’ 949 = +2 =1 y=—x* y<—x*
| | i 2 | 4 9 y 32 i 32

9.50. y?=2x mapabona x*+y”>=8 aiijaHa OWJIaH YerapajaHraH JOUPaHUHT

I03WHU KaHjai HucOarra OVmamgu?

2
. a .
9.51. x*+y®=a’ aitmana, x>-2y°= " rurepbosia épaaMua yuara KHCMra

oynunrad. [y KucMiapHUHT 1031apUHU TOUHT.

9.52. y=x*-2x+2 mapaboja, yHra M(3; 5) HyKTaJaa yTKa3WiraH ypuHMa Ba

OopJvHaTanap YKy OujaH yerapajaHraH COXaHUHT FO3MHU TOIUHT.
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9.53 y =-x*+4x-3 mapabona Ba yura M,(0; —3), M, (3; 0) HyKTaapaa
YTKa3uiran ypuHManap OujiaH yerapaianrad COXaHWHT F03WHHU TOMUHT.

9.54. y=x*+4x+9 mapabosa Ba yHra aOcuuccamapu x, =-3, X, =0 Oynran
HyKTaJlapJia YTKa3wiral ypuHManap Ouiad dyerapajsanraH COXaHUHT FO3UHU
TOTIHHT.

Ky#ngaru, TeHriiaMacu napaMeTpyk makiaa Oepuirad, Yu3ukiaap OuiaH
yerapajaHTaH COXaHUHT FO3WHH TOTIHMHT.

9.55. x=a(t-sint), y=a(l—cost) (0<t<2z), y=0. 9.56.x=acos’t, y =asin’t.

9.57. x=at-t?, x=at*-t%, a>0. 9.58. x=1+t-t°, y=1-15t°

9.59. x =at —bsint, y=a—bcost (0<b<a) TpPOXOMIAHUHT OUP TAPMOFH.

9.60. x = acost(1—cost), y = asint(l—cost) KapaOUJaHUHT WYUK ETTAH

COXAHMHT FO3UHU TOTIMHT.
9.61.x=asin2t, y=asint,a>0. 9.62.x= a[gt —sintj, y =a(l—cost), a> 0.
T
9.63. x = a(l+2cost), y = altgt + 2sint), a > 0.

Kyiunnaru, TeHrnamanapu KyTO KoopAMHATalIap CUCTEMacuaa OCpuiraH,

YU3UKJIAp Ooman gcrapajianradl COXaHWHI' FO3WHHW TOIIHMHI .
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9.64. r? =a’cos4p (IEeMHHUCKATA) . 9.65.r =a(l+cosp) (kapaouna).

9.66. rp=a (runepOonuk criupan) ¢, <e<@, ¢,—@ <2r.
9.67.r= Zi(p (Apxumen ciupanu) ¢, <p<@, @,—@ <2r.
T

9.68.r =Re"’, k >0 (morapupmMuk crnmpan) ¢, <p<@, ¢,—@ <2r.

9.69.r = 24/3acos ¢, p = 2asin . 9.70. r =2—cos ¢, p = cos .
9.71.r=—PL | Z< gﬁj Gona). 9.72. :L[Zg gﬁj.
1 cose (4 p<7 | (napabona) v zcosp 2 P77
9.73.r=a C(;)S(pSIr-]gz; (Oﬁ(pézj. 9.74.r =a(l—cosp), r=a
cos” @ +sin” ¢ 2

9.75. r? =a’(1-2cosg), r=a, r<a.
9.76. r=a,/cos2¢p uM3WK OWJIAH YyerapajaHraH Ba I = % JIOMPAHUHT

naunjga €Tra” COXaHHUHI' FOBMHHU TOIITUHI.

9.77. r =a(l+ cos @) UM3MK OUIIAH YerapaaaHTaH Ba I =3aC0S ¢ YN3UKHUHT

TallKapucuaa JKoMJIanrax COXAaHHUHI' O3MHHN TOIINHT.
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MycTakuj e4uil y9yH MUCO/UIAPHUHT KaBo0Japn

4 a’

91. 2. 924 93 & 94 2 95 2 96.45.  9.7.5%.
2 3 2 2 3

5

2

98.22. 90 n{%} 9.10. 1—e?. 9.11. 1+%.

9.12. J2-1.
15

9.13.2- % ~056. 9.14. 42 <097, 9.15. zab. 9.16. ari=d)
In2 3 Ina
2 2

917. &1 @=1)"  gg 1+|n[ﬁ]. 9.19. 9.
a alna 3 2

9.20 a) [[(x+2)-x*Jdx, b) j[ﬁ—(ﬂ)}dy+j[\/§—(y ~2)Jdx.
9.21. a)j[zxz — x%]dx, b)j[y5 —@ yj Tdy.

9.22. a)j[O—(— &)]dx+i[0—(x—6)]dx, b)jl[(y+6)— y2]dx.

2

b) [[y—(-y)idy+ [[y—(3y—8)ldy.

0

9.23. )j[8+—x—— X)ldx +J.[8+—X—x]dx

TutTynsBapack

My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Caxuda /708
TynumkKk skpaH

Uk uw



9.24. a) j[\/4+ X (- a4+ x)dx, b) T[s—(y2 — 4)idy

9.25. a) j[zx—(x—l)] dx+j[(9— x)—(x—1)dx, b) _[[(y +1)—%y]dy +j[(9— y)—%y]dy.

9.26. a) Jl.[x“3 —(x2 + x—l)]dx,
O

0) [ =5+ 38775 )-(~3 3 V5 v+ [l-5 4 3 AV e S -y'ley

-5/4

NE

9.27.9/8. 9.28. 4  9.29. E 9.30. 2— 2. 9.31. 8 932 =
39 2 ﬁ 1
933 4 934 2. 935 27. 936 4° 9.37. [[fy-y’ ——=
0
2 1 1 9
9.38. A= [[Va—x® —[2—ax—x" Jox. 9.39. -1 90.40. 11 941 °
) n+i’ 7 8 4
9.42. £ 2 043. 1867 -2 944 B0 945 36
2 3 3 3
9.47. J2-1. 9.48. % 9.49. 67— 6arcsm§—%. 9.50. 37[+2.

051, '~ 2i(54v2). o~ Y2in(5+ V2], a2 + 25 442),

4

9.46. 8.
3
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952.9. 953 z%. 9.54. % 9.55. 3ra’,

9.58. 8.  9.59. x(b?+2ab) 9.60. % 3” a’. 9.61.

9.63. az(\/g+4?”—4ln(2+\/§)} 9.64. a?. 9.65.

9.67 & (@2 —¢?d) 9.68 R_Z(ezwz_ezm)

. " 24 2 2 17" . 4k .
2 2

9.71. P (3+42). 972. P
~(3+442) e

9.75. a2(27r+3\/§—6)/3. 90.76. a—;(ﬂ+6—3\/§).

9.56. >za 9.57. &
60
2 Tntynsapack
4a 9.62. aZ(E—iJ
3 2 My Hpoapwmxa
2 -
Yo 9@ a_[i_ij. LoD
2 2\o 9 2-606
9.69. az(g _f3). 9.70. ”T” 3-606
4-606
9.73. %az. 9.74. 2a (%’l ) Mnosanap
2
9.77. 2 %,
4 ) |
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10-§. AHUK HHTerpaJ épaaMuia YM3NKHUHT €M y3yHJIUTMHI

XHUCO00J1AIII

10.1. lekapT KoopaAuHATAJAP CUCTEMAacHAa OepuJraH YM3MKHUHI éin

Y3YHJIMTHHHA XUCOOJIAII.

®apas kunaimk, AB &, pasona x=x(t), y=y(t) z=2(t) tela, B], Tenrnamanap

CUCTeMacH OpKaJlu aHMKJaHTaH OyincuH. byHna, X(t), y(t), Z(t) bynkuusnap, [a; /]

)

KecMaja y3nykcus quddepenunamianysun pynkuvsuiapaup. by  xonmma, 4B

EUHUHT Y3YHJIUTH ,

| = I\/(x(t))z +(y @) +(z'(t)f at (10.1)

a

dbopmyna OViinya xucobiaHaIu.

v
AB €1 Tekucnukaa Oepuirania, yHUHT Y3YHIIUTH,

= [ OF b O e (102)

dhopmyiia opKaau XucoOJIaHaIH.
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Arap Orpu  YHU3UKHUHT (AUB -élHMHT) TEHIJaMacH OIIKOp, SbHH
y=f (X), x e[a,b] KYpUHUIIITA Oepwuuica, ( f(x)—y3nykcus

g depeHuramianyByu ), YHUHT €l y3YHJIUTH,
b
| = [J1+[F ()] dx (10.3)
(dbopMmyna opKaIH TOMUIATH.
10.1 — mucoa. Yoy y= gxs’ *, 0<X<9 3rpH YM3UKHUHT Ei y3yHIUTHHH

TOTIUHT.
Euunnmu. bepunran srpu yn3ukHUHT €l y3yunuruny, (10.3) popmynanan

doiinananuO, Tomamus:
. 45 1 L 9
y, =—-— X% =x4; _H yX Fdx = j 1+x dx.
5 4 0
OXMpTH HHTETpana, 1++/x =t aaMamTHpHIIEE 6axKapuo,
|_4jt (t 1t = 232

OKAaHJIMT'MHHU TOIIaMH3.

10.2- mucosr. YOy x=a(t—sint), y=a(l—cost), 0<t <2z, 5rpu YNU3MKHHHT
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€1 Y3YHJIUTUHU TOIIUHT.
Euninmu. bepunran srpu yn3ukHuHT € y3ynnurunay, (10.2) popmyna

OpKaJIk TOIIaMHU3:

x, =a(l—cost), y, =asint, /(x)?+(y,)* = 2asin%dt,

27

2r
| = IZasinldt =—4acosl =8a.
0 2 2

0
10.3- mucosr. Yoy x =a(l-sint), y =a(t—cost),z = 4asin%, 0<t<t,, orpu

YU3UKHUHT €U y3YHJIMTUHU TOTIHHT.
Eunnumm. bepunran srpu yn3ukHUHT €1 y3yrinuruay, (10.1) popmyna

OpKaJIn TOIIaMHu3:

x, = —asint, y, =a(l—cost), z, = 2acos%, (X)) +(y,)? +(z,)* =
= (—asint)® + (a(l—cost))® + (2acos%)2 = 2a*(1—cost +2cos? %) = 43>,

to
Hemak, | = _[ 2adt = 2at,,.
0

10.4 — mucoa. Yoy
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x:js'n jco(” 1<t <t,

TeHTJamMa OwjiaH OepHIITaH STPU YM3UKHUHT y3yHJIUTHHU TOTIHHT.
Euninmu. PaBmanku, t =1 Gynranga, srpu 4u3uK KOopJAuHaTaIap OOomu-
JaH YTaJu.

F smt Cos @ cost
=[f 7¢”d¢]t —[j —d ol=——,
1

smt cos’t 1
\/(X) +(yt t—2:¥

[ynpait Kunub, u3nanaérrad yu3ukKHUHAT y3yHaurd, (10.2) ¢popmynara acocas,

¢ % dt
S:I (X)) +(y,)?dt = T_Int
1

1
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10.2. Kyr0 koopauHaTajap cucreMacuaa OepwiraH YU3HKHUHI €iin

Y3YHJIMTHHHA XHCOOJIA1II.

Arap AB orpu uM3uK &M KyTO KOOpaMHaTaiap cucremMacuaa r=r(p) (¢, <p<o,)
TeHrnaMa Omnan Gepuiran 6ymuo, r(p) GyHkuus [p,, o,| na ysmykcus Ba y3nykcus

xocujara ara 0ymica, y Xoia, 3rpyu YU3UKHUHT i Y3YHAuzY,

1= A8 = ["\[r(o)F +[' (@) do (10.4)

dhopmyina 6Vitnya xpcoOaHaIu.

10.5 — mucoa. Yuby r=a(l-sing), —% <p< —% TeHrJIaMa Ouian Gepuiran

YU3UK EMHUHT Y3yHJIUTUHU TOIHHT.

Euynnumu. bepunran Yn3nKHUHT, I = a(l— sin gp) TEHIJIaMacCH/iaH,

[, =-acosg, \/rz +(r)" = Ja?(L-sing) +a2cos? ¢ =
=a/1-2sinp+sin’ p+cos’ ¢ = av/2,/1—sing

SKAHJIUTUHU TONIAMU3. DHAM, U3JIAHAETTaH YHU3WK EMUHUHT y3YHJIUTH,

(10.4) dhopmyita EpraMua TONMIIATN:
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: -
| = Iaﬁ-,/l—sin¢d¢=aﬁ- J',/l—singodgo:Za.

z
6
z
2 2

MycTaKkui1 e4uill Y4yH MU COJLIAP

Kyihiugarn OepwiraH 4YHM3MKJIApPHUHT KypcaTWiraH KecMmajapjaard &

Y3YHJIUKIIApWHU TOIIUHT.

10.1. y=Inx, §SXSE. 10.2. y=1-Incosx, 0<x <2,
4 5 3
10.3. y =+1-x? +arcsinx, OSXSg. 10.4. y=e* (0<x<x,)
1 1 x°® 5
10.5. x==y?*-=Iny (l<y<e) 10.6. y* = 0<x<=-al
x=gy iy lsy=e) y 2a—x( 3)

10.7. y:\g(l—x), (0<x, <x<1), 10.8. x=§ (y-1)° (osxszﬁ).
10.9. y=In(x* -1) 2<x<5.
10.10. y:achg YU3UKHWHT, A(O; a) HYKTaJaH, B(b;h) HyKTarada O¥yJran

KHCMH.
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. T T .
10.11. y=Insinx Yu3WKHUHT, abcluccaIapu, 2 Ba 3 OynraH HyKTanap

opacujaru KUCMH.

10.12. y? = x* YM3UKHHUHT X = 3 TYFPHU YU3UK OMJIaH KECUIITaH KUCMH.

2
10.13. y= X? —1 YU3UKHUHT OX YK OMJIaH KeCHJIraH KUCMHU.

10.14. y? =(x+1)’ yn3UKHUHT X =4 TYFPU YU3UK OWIIAH KECHIITaH KUCMH.
10.15. y=arcsine™ unm3ukauHT, X =0 man X =1 raua O6ynraH KUCMHU.

Kylinnaru 6epuiran 4n3uKJIapHUHT KYpcaTWITaH KecMajapaaru ¢u
y3YHJIMKJIAPWUHN TOIUHT.

10.16. x=a(t-sint), y =a(l—cost) (0 <t <2x)

10.17. x = a(cost +tsint), y =a(sint—tcost), (0<t<2rx)

10.18. x=acos’t, y=asin’t.

10.19. x =e'(cost +sint), y =e'(cost —sint), 0<t <1.

10.20. x=acos’t, y=asin’t (0<t<2x)

10.21. x=a(sht-t), y=a(cht—-1)(0<t<T)
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10.22. x =sin*t, y = cos’t, (Ostég}

TutTynsBapack

10.23. x = js'”q’d j"o“”dgo,lgtgto.
1 My Hpoapwnxa
10.24. x =2acost, y = 2asint, z=at, (0<t <27). 1-606
2-606
10.25. x=3t3+1t2,y=—ft3+3t2, z_1t3+t2,osts1.
3 2 3 2 3 3-606
10.26. x =e'(cost+sint), y =e'(cost—sint), z=ht, 0<t < 27. 4-606

10.27. x:a(cost+lntg£), y=asint, 0<t, <t<”. Mnosanap
2 ° 2

Kytinna 6epuirad YM3uKJIApHUHT KYpCaTHIITaH KecMaapaaru i

Y3YHJIMKJIAPUHYU TOIIVHI.

« >

10.28. r=cos’Z, 0<p<Z. 10.29. r=¢?, 0<gp<nr.
3 ’ re I« =l
10.30. r=ap Apxumesn CHUPATUHUHT pPATUYyCU 2ax OYIraH JOUPAHUHT Opkar a
WYUIard KUCMH. Caxwuda /708
10.31. r=ae™ (m>0,0<r<a) 10.32. r=—P o <Z. Tynuk skpat
1+cosg
YUnmkunuw

10.33. r= ath%, 0<p<2r 10.34. r=a(l-cosp) kapauouna.



10.35. r=agp’, 0<p<4. 10.36. r=ag*, 0<p<3.
10.37. r=a(l-sing), —%S(/)S—%.

10.38. r=a(l+cosp) KapAOHUJaHHHT Y3YHIIHIH.

10.39. ¢=%[r+%),lsr£3.

MycTakui e4uin yY4yH MUCOJUIAPHUHT KaBo0JIapu

101 2242 102 nf2+v3) 103 ¥
2Xo 2
10.4. x, —\2 +1re? —nITVEe” o qgp &+
1++/2 4
0. 4a/1++/3In : ./. 10,8. .0. 14/3. 9. 3+In2.
10.6 e 1}? 10.7 10.8 10.9
1010, ¥ —a’. 1011 “h3. 1012 22, 1013 VBIn(VZ++3)

1014 °2. 1015, mf+Ve"-1)  10.16.8a 1017, 2’ 1018, 6a
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10.19.

10.21.

10.22.

10.25.

10.26.

10.27.

10.30.

10.32.

10.36

2e-1)  10.20. 2a(5+iln(2+ ﬁ)j

2.3
T Jﬂm1+va
Z(Ch——VChT —1)—~J§In 2 .
2 1+J§
05V5+0,25I(2++5)  10.23. Int,. 10.24. 2a57.

L e743-246)
21

v _
Jh2+m¥”—Jh2+4+hk{ R h}—Zﬂ

vh? +4 —h
_alnsint,. 10.28 §(2ﬁ+3\/§) 10.29. %[w/(ﬂ2+4)3—8].

/ 2
8{7[\/472’2 +1+%|n(27r+\/47r2 +1)} 10.31. 1+m a.

m

pIv2 +Infl+v2). 10.33 a2z—thz). 10.348a  10.35 2(205—%%}

1423a

=3 10.37 2a. 10.38. 16a. 10.39. 2+%In3.
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11-§. AHUK UHTerpaJj épaaMmuaa aujaaHMa ;KUCMHUHT Xa:KMHUHHA
XucooJ1an
11.1. [lekapT KoopAUHATAJAP CcHCTeMacujaa OepujraH amjaaHMa

JKUCMHMHT Xa'KMUHH XHCOO0JIAIII.

dapa3z KumaWnuk, Ouszra Oupop T kucMm OepunraH Oynub, yHUHT Oy VYKKa
napajien OyiraH KeCHMIIAPWHHMHT [03acH  MabliyM OyicuH. By 103a, X
Y3rapyBUMHUHT QyHKIUACK OYnanu, yuu S = S(x) opkamu OenruaaiMus

(11.1-uu3ma).
Arap S=5(x) ¢ynkuus [a; b] kecmaga y3nykcus 6yinca, T *KUCMHHHT V

XaKMH, yIIOy

Vv :is(x)dx (11.1)

dbopmyna OVitnya xucobianaau.
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11.1-yu3ma.

2 2

11.1-mucon. Yumly X—2+
a

ZZ
t7

=1 3JUIMIICOU]T CUPT OWJIaH dYerapajiaHraH
c
KUCMHMHT XaKMUHH TOIIHHT.

Eunnumm. Jlactnab 6epunran TeHriama 6yiinya 3JUTMIICOUTHA sICAaiMU3.
Dnnuncouanan Oxz TEKUCIMKKA Mapajuien Oyirad, ye[-b;b] xecmana y3rapysum,
y = p TeKHCJIHKIap Omian kecamu3. Kecumia smummrnc Xxocui Oynanu:

XZ 7 2 2 2 2

2
p p X z
zt =l 17720 =+ 7=l

QD
(]

byHnia 3JUIMIICHUHT SIpUM VKJIapH,
a, = %,/b2 -p?, ¢ = %,/ b’ — p?. By KeCHMIApHUHT [O3/IapH, pra OOFIUK OYjras,

ayudrc OWJiaH YyerapajiaHraH r3ara TeHr Oyaau:
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S(p)=rab, —”bac(b —p?).

S(p) xecumiapuunr ro3acuad  (11.1) dpopmynara kenTupud KyinO, V )KMCMHUHT

_7mac b2p—p—3
b? 3

y=f(x) ¢yHkous [a,b] Kecmama aHUKJIaHTaH Ba

XAKMHWHHU TOIIaMH3.

b

V= i;rac p= E?Ci(bz— =g7racb.

0

®apa3 KWIANIINK,
y3IyKcH3 0yiub, Vx e[a, b] yaya f(x)>0 6yncun. IOxopuman y = f(x) GhyHKIHs
rpaduru, éH TOMOHIApJAAH X =a, X=Db BEPTUKAI TYFPH YM3HKJIAp, MacTaaH OXx
KecMa OuWjiaH dYerapajaHral IIaKJIHH —Ox

Vknaru [a,b] VK arpoduma

alJIaHUIIMIaH XOCWII OYJraH aiiiaHnMa T SKHCMHHHT Xaxxmu (11.2-un3ma),

(11.2)

dbopmyna Oyitnya TOMUIAIH.

Arap D 3rpu YM3MKJIHM Tparemys, okopuaan f(x), mactaan g(x) y3aykcu3

ATpU YHM3HKJIap OwiaH, €H TOMOHJApJaH 5Cca, X=a Ba Xx=b TYFpU YU3UKIAP
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OwnaH derapajaHraH Oyica, YHMHT Ox YK arpoduaa ailaHWIIUAaH XOCHII

Oynran ailanMa T KUCMHHUHT XaxMmu (11.3-um3ma),
TutTynsBapack

b
V, =z [[£2(x)- g7 (x)]ax (11.3) My Hpaapwuxa
: 1-606
dbopmyna Oyitnya TOMWIAHN. 2-606
" 1 3-6006
y ¥
fix) 4-606

fi
/(Hj 4 MnoBanap

; D/_EW- IS I

e =l

11.2- an3ma. 11.3- un3ma. Opkar a

y = y(x) byuxims, [a,8] keemama Xx=X(t), y=y(t) napamerpux Caxwuda /708

2 T
TeHrJamajgapu Owunan Oepwiradn OyncuH. by (yHkmumsnap [a,f] Oda y3lIyKcus, ynank sKkpan

. YUnmkunuw
vt e[a, B] kecmana y(t)=0 Ba X(t) Gynxuus, ysnykcus, manduii 6yamaran X (t)



xocuiara sra, xamaa a=x(a), b=y(B) O6yiuca, y xonma, T aillaHMa KUCMHHHT

XaKMH,
TutTynsBapack
5
Y =7z_[ y2(t)x (t)dt (11.4) My Haoapuxa
) 1-606
dbopmyna Oyitnya TOMMIAIN.
2-606
Arap X(t) dymxums [a, ] kecMana kamaiosun Ba a=x(a), b= y(B) 6ynca, y 2606
-6 0
XOJI/1a, FOKOPHU/IAry Iapriap Oaxkapuiaranaa, T aiilaHMa >KUCMHUHT XaXMH, o
5
Vo =—x[y?(t)x (t)t Mnosanap

a

dhopmyna Oyitndya TOTMIIAIH.
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TutTynsBapack
My Hpoapwnxa
1-606
s 2-606
3-606
4-606

[

MnoBanap

11.4- yu3ma. 11.5- yu3ma.

Oy (x =0)¥yK aTpoduaa aliTaHTUPHIIIAH XOCKI Oyaran @ ainanMa *g _.’
*KUCMHUHT Xaxwmu (11.4-, 11.5- yuzma), rokopunaru (11.2), (11.3), (11.4) I & 7"
dbopmynanapra yximam Kyduaara o —

Vy=7rigz(y)dy, Caxuda /708

TynumkKk skpaH

vV, =ﬁi[f2(y)—92(Y)]dy, UMk uw



V =z x*(t)y (t)t

dhopmynanap 6yirva TONMUIAIH.

11.2-mucoa. Kyiingaru, y* =2px, y =0, X =a YU3UKJIap OWJIaH YerapajaHraH
makaHd, Ox (y=0)yK aTpoduaa allaHTUPUIIJAH XOCHJ Oyirad ainanma
KUCMHUHT Xa)KMHHU TOITHMHT.

Eunaumu. D coxa, IOKOpHIaH Yy°=2px y3aykcu3 GyHKIUS OwuiaH, EH
TOMOHJApJaH, Xx=a Ba x =0 TYFpHU YM3MKJAp, MACTIAH 3ca, Ox (y = 0) VK onnag
Oumu, D

yerapajaHras. Ox (y=0)yk arpoduna

STPU  YM3UKJIU COXaHU
alIaHTUPHUIIIAH XOCWUJ OyiraH ailaHma KUCMHMHT XaxMmuHu, (11.2) dopmyna
Oyitrda Xxuco0IaiiMus:

a
V. =7rjy2dx=7zI2pxdx = 2p7zx7 =z pa’.
0 0
0

11.3-muco. Ky#unaru, x=a(t—sint), y=a (l-cost), 1<t<2z),y=0
YM3KKIap OWiaH yerapananrad makiau Ox (y =0) YK arpoduia aimaHTHPHILIAH
XOCHJI OYJIran aiiJlaHMa >KUCMHUHT Xa)KMHUHH TOITHHT.

Eunaumu. AitanMa xxucMHEHT XaxkMuHu (11.4) popmyna OVitrnua
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TOIIaMM3:

2z 2r 2r 3
V, = 7zJ'a2(1—cost)2 a(l-cost)dt =z a® I(l—cost)Sdt =8ra’ I(Sin2 %j dt =57a°.
0 0

0

11.2. KyT0 koopanHaTajap cucreMacuaa Oepu/iral aiiJiaHMa ;KUCMHMHT

v
XA)KMHHU XHco0aam. Arap AB3rpyu YM3UKHUHT TEHIJaMacHu KyTO KoopAuHaTaIap

cucremacuna r=r(p), 0<a<@p<pB<2z, Kypunumga Oepuiran Oymub, [a,/]

kecmama  r(p) - ysuykcus Oymca, y xonma, Kyrt® Hypu artpoduna
T={r,p):a<p<p 0<r<r(p)} aiilaHMa CEKTOPHUHT XaKMH,
s
V= 2?”J.rS(go)sin pdo (11.5)

a

dbopmyna Oyitndya TOTMIIAIH.
v
Arap 4B orpu 4YM3WK TEHIVIaMachu KyTO KOOpJWHATalap CHCTEMAacHja

r=r(p), —2<a<p<p<

NN

%, KypuHuinga Oepuiaran O0ymub, [o,f] kecmama r(p)

o T
Y3IIYKCH3 oyica, y X0J11a, 0=" KyTO HYpH aTtpodua

T={r¢):a<p<p 0<r<r(p)} alinaHmMa CEKTOPHUHT XaXKMH,

TutTynsBapack
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),
V= %ﬂjﬁ((p)cowd(p

dbopmyina Oyitnya TOMMIAN.
11.4-mucon. Ymoby r=a(l+cosep) KapaMOJaHUHI KyTO VKM arpoduaa
alJaHTUPUIIIAH XOCUJI OYJIraH aijlaHMa >KUCMHUHT XaQ)KMUHU TOTTHHT.
Eunyinmm. r=a(l+cosp) KapauogaHuHr  Kyr0  Yku  arpoduma
alJIaHTUPHIIIAH XOCWI OYiraH ailaHMa >KUCMHUHT XaxxkmuHH, (11.5) dpopmynara

Kypa, TOIaMu3:

Vo2 (p) h 31—
= 3£ Sln(pdgo— Ia cosgo *singpdg =

0

:Za3(1—c0sgo)4 =—a".

MycTakuj e4ui y9yH MUCOJLIIAP

Kylinnaru yn3zuknap Owian yerapaianrad GurypaiapHy KypcaTUiral VK
aTpoduaa alTaHTHPUIIIAH XOCHII OVIIraH aiiaHMa >KHCMIIADHUHT XaXMIIapUHA
TOITHHT.

11.1. y=sinx,0<x<7z: a) Ox VK atpoduaa. b) Oy Yk arpoduaa.
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11.2. y=2x-x*,y=0:a) Ox yk arpoduna. b) Oy Vk atpoduza.

11.3. y=sin2x,0< xs%, y=0: Ox VK atpoduna.
X 2

11.4. y=bs (Ej , 0< x<a OxYK arpoduna.

11.5. xy =4, x=1, x=4, y=0 Ox YK atpoduna.

11.6. y=+/xe™, y=0, x=a Ox ¥k arpodusa.
11.7.y=a ch™ Ox VK Ba X ==+a TYFpHW 4u3UK aTpoduaa.
a

11.8. y=arcsinx, y=0, x=1: a) Ox YK arpoduna. b) Oy Yk arpoduza.
11.9. y* =4x, y=x Ox ¥k arpoduma.

Kylinmarn um3ukiiap OujlaH dverapajaHraH (QurypamapHu KypcaTuiraH VK
aTpodua aIaHTUPUIIIAH XOCHJI OYJraH aijaHMa >KHUCMIIADHUHT XaXMIIAPUHU
TOIUHT.

11.10. x> +(y—b)’ =a® (0<a<b), Ox yx atpoduna.
11.11. xy=k? y=0,x=a, x=b, 0<a<bh, Oy ¥k atpoduza.

11.12. 2py=a®—(x—b)’, y=0,0<a<b, Oy Yk arpoduna.
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2 2

11.13. X—z—;’—zzl, a<x<m, Ox YK arpoduna.
a

2 2

11.14. X—+E)/—2:1, a>b, OxVYK arpoduna.

22
11.15. y* =2px, y=0, x=a, Ox VK aTpodwuua.
11.16. y*(x—4a)=ax(x—3a), 0< x<3a, Ox YK arpoduma.
11.17. y?> =(x+4)’, x=0, Oy Yk atpoduna.
11.18. 2py =(x—a)’, 2py=a®:a) Ox ¥k arpoduma. b) Oy Yk arpoduma.
Kytinnaru ynszukiap O6wiad yerapaianrad GurypajiapHu KypcaTuiral VK
aTpoduaa alTaHTUPUIIIAH XOCHII OYIIraH ailllaHMa >KUCMITAPHUHT Xa)KMIIApUHU
TOTIMHT.
11.19. x=a(t-sint), y=a(@—cost) (0<t<2z): a) Oy VK arpoduna; b) y =2a
TYFpH YM3HK aTpodua.
11.20 x=asin®t, y=bcos’t (0<t<27): a) Ox VK atpoduna; b) Oy YK arpoduna.
11.21. x=2t-t?, y=4t—t*: a) Ox ¥k arpoduza; b) Oy ¥k atpodua.
Kylinnaru yn3zuknap Owian yerapaianrad GurypaiapHu KypcaTUiral yK
aTpoduaa alIaHTUPUIILIAH XOCKJI OYJIraH aiijlaHMa )KUCMIIAPHUHT XaXMJIapUHU

TOIINHT.
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11.22. r =asin® ¢, KyTO yKH aTpodua.
11.23. r = asi y :
3. r=asing, KyT0 yKu arpoduia T e e

11.24. r=ap (a>0, 0<p<27) (Apxumen crimpanu), KyTO YKu aTpodua. -

11.26. a<r<a,2sin2¢, KyT0 yKu arpodua. 1-606
11.27. 0<r<agp, 0<p<rx, KyTd VKU aTpoduaa. 2-606
11.28. 0<r<acos’ ¢ , Kyrd yKu aTtpodua. 3-606

4-606

11.29. 0<r<a3/cos3p, |¢ < 2 kyr6 yku atpoduza.
6 Mnosanap

11.30. 0<r<?2a , 0<p< z , KyT0 VK1 aTpoduaa.
CoS @ 3

11.31. a<r<asine, o =2 Hyp aTpodua. I
¢, ¢ =~ Hyp aTpopun ¢ »
1132 asr<a 31/C053§D, |(D|S %, (1)) =% HYP anO(bHI[a- !Q ‘@

Opkar a

COS 2¢ V/d V4
11.33. Oéréaw, | |S§, Q):E HYD anO(bHI[a- e
Kyiinnaru cuptiap OuinaH yerapajaHraH )KUCMHHUHT Xa)KMHHH TOIIUHT : Tynnk skpat
’ Unkwunuw

2 2 2
1134 24 1 |7=H, H>0. 1135 2 +¥ —17-5x7=0, z=0.
a“ b a~ b a



2 2 2 2 2 2
11.36. X—2+;/—2—Z—2:1, Z ==C. 11.37.X—2+Z—2—Z—2:1, z=c+H
y c a c
2
11.38. x+y+22 =1, x=0,y=0,z=0. 11.39.¥ +X2_1 x—0 y=0,z=0.
a a

11.40. x> +y* + 2 +xy+yz+zx=a*. 11.41. x* +z* =a®, y*+z°=a’.

2 2

11.42. %ﬁ_z =0, 2+%-0,(z20)

Y
C b

o<
O |N

O |N

Kyitnnaru srpu un3ukiaap OwiaH yerapananran ¢purypanu Ox YK arpodmuma
alTAaHTUPUIITUIAH XOCHIT OYJITaH )KUCMHHHT XQ)KMHHH TOITHHT.

11.43.x* + y* =a’x>. 11.44. x* +y* = 2axy?

11.45. (x2 +y*J =a’x*. 11.46. (2 +y2f =a?(x* - y?)

Ky#innaru srpu un3ukiiap OuiaH yerapainanran gurypanu Oy Vk arpodua
AMJIAaHTUPUTITUIAH XOCHIT OYJITaH )KUCMHHUHT Xa)KMUHU TOITHHT.

11.47. x* +y* = ay®. 11.48. x* + y* = 2axy®.

11.49. (x*+y*) =a*(< -y*J. 1150, (x +y?) =a?(x*—y?f .
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MycTakui e4unl Y4yH MUCOJUIAPHUHT KaBo0JI1apu
TutTynsBapack

11.1. 2) 0572 b) 277, 11.2. a) =2z b) 87 11.3. 02572 11.4. 3 rab2. My HAapuxa
157 73 7
1-606
—2a 3[A2 -2
11.5. 127. 11.7. 0,25[1—e **(1+2a)). 11.8. 0257a°(e?+4—e?) 5606
11.9. a) 0,25z(z* —8) b) 0,25 2. 11.10. %ﬂ. 11.11. 27%a%. 3-606
A . 4-606
11.12. 27z k*(b—a). 11.13. %ﬂa%. 11.14. R b?(m—a)’(m+2a) T
11.15. %ﬂ'abz. 11.16. 7 pa’®. 11.17. 05za*(15-16In2). 11.18. 585x.
11.19. a) gﬂ' p®. b) g p® 11.20. a) 67°a’. b)7~*a’ Q @
19.2) £ p’.b) Swp .20. . . |
¢ »l
11.21. a) 22 zab? b) Zzah, 1122 )%, p) 2, 1123 8, |
105 105 35 105 105 Opkara
2.8
1124, T2 1125, %(ﬂ‘*_w)a% 11.26.§;z. 11.27. 2(z* 672 )% /3. Caxnda /708
dra TynumkKk skpaH
11.28. 4za®/21. 11.29. m®/24.  11.30. ma*(51-64In2)/4. 11.31. 22

Uk uw



11.32. ‘FZ a 11.33. m@*(37-8)/3.  11.34. 2zabH.  11.35. %abc.

TutTynsBapack

3]
11.36. 3% 1137 P24 430 1138 4 11.39, &
3 3c 15 15 My HAOoapuxa
3 & 3
1140, Y2 g 4 1620 11.42, 43 1943 2B ERO
3 3 3 3 2.606
3 3 3 2.8
1144, 22 1145 Y2 1146 [In(\/f +1)-£} 11.47. 72 3-606
3 21 242 3 16
4-606
3 3
1148 Y2 1149, %% 11.50. 47a°(16v2 - 9)/105. Mnosanap
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12-§. AHUK HHTerpaJ épaaMuaa ailjJianHMa ;kucM CHUPTHUHHHIT

I0O3MHHU XHUCO0J 1AL

12.1. JlekapT KoopauHATAJApP cHUCTeMacHAa OepujraH aijlaHmMa cHpT

I03MHH XHCO0JIAIIlL.

y="f(x) ¢ymkuus [a;b] KecMaja aHUKIAHTaH Y3JIyKCH3 Ba y3aykcu3 f'(x)

xocuiara sra 0ynub, Vxe[a;b] yuyn, f(x)>0 Oyacun. By QpyHKIus rpadUruHuHD

A(a; f(a)) Ba B(b; f(b)) mykramap opacmmaru AB &ifuHM Ox YK arpoduna

alIaHTUPUII HATHXKACKIA XOCHII OVJIraH CAPTHUHT FO3H,

b

Q, =27rjf(x) 1+ (f'(x))2dx

a

(12.1)

dbopmMya opKaau XHUCOOIaHAIH.
Arap AB rpu umsuK, X = ¢(t), y =w(t), a <t <, Tenrnama Gunan Oepuiarad
6ymmo0, w(t)>0, ¢(t) pynkuus, t o mam B raga ysrapranga, a gad b raua ysra-

pub, ¢la)=a, o(f)=b Oyuca, y xonna, (12.1) popmynana, x = ¢(t) anMamrapumn
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HaATH KACHIa,

Q, =22 [N O + & O ct (12.2)

(V)
dbopMynaHu XOCHJ KWUJIAMU3, S’IbHU AB STpU YM3UKHUHI TEHIJaMacu MapaMeTpuk
maknjga OepwiraHaa, yHMHI Ox YK arpouaa aigaHMIIM HaTHXKachAa XOCHI

OYNraH CUPTHUHT F03WHU TOMUII (POPMYIACUHHU XOCHII KUIIAMMU3.
12.1 — mucoa. Y6y y? =2px (0 <x< Xo) YU3UKHUHT: a)Ox YK ; b) Oy VK

anO(I)I/IJIa alJIaHMUIIN HaTH>Xacujga XOCHJI 6SJ/JIFaH CUPTHHUHI' FO3UHU TOITUHT.

Eunwnmmmu. a) bepwiran 4Ym3ukHMHT Ox VK aTtpodujga aiiaHuiiu

HaTWKacuaa Xocui OynaraH cupTHUHT 1o3H, (12.1) dbopmynara acocaH TONWIAIH,
oynma, f(x)=,2px, f'(x)=——, y1+(f'(x 1+—

[ynnatt kummb, OepwiraH YU3MKHUHT Ox YK aTpoduaa airaHuImm

HaTH>Kacuaa XO0CHuJl 63"J'IF3H CUPTHHHI IO3H:

—2;;] Wi+ (f (x)?dx = Zﬂ\/_j,/p+2xdx_
27T‘/_[\/(|0+2>< —F]—— [(p+2%, )y p* +2px, — p°1.
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b) bepuiran YM3NKHUHT Ox YKKa HUCOAaTaH CUMMETPUKIUTMHM dbTHOOpra

050, u3naHa€TraH CUPTHUHI FO3UHH,

V2%

Q, =47 [X(YN1+IX(y)dy

0

dbopmyna OpKajgu TOMAMM3:

J2px 2 J2px
2 2
Q= [yt 1+ Ly =27 [y2[p? +y?dy=
P % p P~ %

3

=u=y,dv=y ’p2+y2dy; du=dy;V=%(p2+y2)2]=

27 [y(p2 +y2 ) p? TFo s Py JFer)
=21 g g WPty +phnly+ypT+y

V2pXo _
0 =

p 4

=%[(p+4xo)m_ oZIn \/ZXO +\/\/_p+2x0]
p

12.2— mucoa. Ymby x=a(t—sint), y=a(l—cost)(0<t<27), YMBUKHUHT Ox YK
arpoduIa alIaH|IIN HATHXKACKIA XOCKIT OYJIraH CUPTHUHT ¥03MHH TOIUHT.

Eunnumm. W3mana€tran  cuptHuHr o3m, (12.2) dopmyna opkaiu

XUCOOJIaHaIN:

TutTynsBapack
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x, = a(l—cost), y, =asint, ds =/(x;)? +(y;)?dt =

= Ja?(1—cost)’ +a?sintdt = av2+1—cost - dt = 2asin%dt,

2 2z
Q= 27zJ.a(1—cost)-2a-sin Lt = 27zj4a2 sin® Lt =
0 2 : 2

:167za2'[sin3vdv: 6—347za2
0

12.2. Kyt6 KOOpAMHATAJIAP cHUCTeMacHaa OepwiraHn amjaHMa

CUPTHHUHI FO3UHHU xncoﬁnam.

Arap 4B orpM YM3MKHUHT TEHIJIAMAcH, KyTO KOOpIMHATAIap CHUCTEMACH]A,
r=r(p), a << p, Kypurumuga oepuiran 6ymuob, r(p) - [a, f] KecMaga y3iIykcus,

Y3JIIyKCHU3 XOcHiiara ara 0yica, y xonza, (12.2) dbopmyna,

s
Q =2x[r(p)singy/(r(p)’ + (r'(p)de (12.3)
KYpuHUILIA OYIau.

12.3 — mucou. Y0y r? =a’cos2¢ YM3UKHUHT: a) KyTO YKH; b) ¢ =" VK

NN
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arpodua alIaHUIIN HATHXKACKIA XOCWII OYJIraH CUPTIAPHUHT I03JapUHU TOIIHHT .

Eunanmu. ¢) Mabnymku, r=a,/cos2¢p - BepHyanu nemHucKaTacu 6ynuo,
KOOpIMHATaJap VKIapura HUcOATaH CHUMMETPHK JKOWIAIIraH, KOOpIAHHATAIIAP
Oomm - Kyr0 OunaH, mycOar sipuM VK - KyTO YKu OunaH moc tymanu. [yHuHT

y4yH, U3naHa€Trad CUPTHUHT 103H, (12.3) hopmysara acocan TONMUIAIN:

Q= 47sz r(p)sin oy/r?(p) + (r'(p)>de, rsing = a./cos 2¢ -sin g,

N

_asin2g

' [ 2 N2 _ a
k Jcos2¢ ) \/c0s 2¢

b) Xynnu, FOKOpUAaru a) OaHIIAruACK,

,Q, = 47zzfsin pde = 27ra2(2—ﬁ)
0

Q =4ra’[cospde=22ra’

o t— N

b) By xonna, ¢ :% HYpHH, I,,0 cUCTeMajaru Kyto Yku, n1e0 Kadyn Kuja-

mu3, y xonma, r,(8)=r(p) 6= (p—%. Iynpai kKuaub, u3naHaéTrad CUPTHHHT FO3H:

Q=Q +Q, 0y1m0, Q BaQ, ,MOC paBHII/A,
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o
4

Q =4r j r(9)sing]-\/r?(6)+ (r;(6))2de, (*)

4;;] (0)sin@-\/r2(6)+ (1, (9))*do
pn

4

dbopmynanap opkaiud Tomwianu(r,fcucremacunga, 6 —% nmaH 0 raga

y3rapranga, sind GyHkius Manbuil KuiiMaTiap KaOyn kuiamu). (*) dopmyna-

Japnaa r,0 naH, r Ba ¢ japra yTcak, y XoJa,

0 0
Q,=4ra’ J' \/C0S 2¢si do :47za2j
T cos 2¢ °

4 4

. T
sin(p —=)|do =
(o 4)‘ ®

4
= 27za2\/§,

/4

Q, :47Zazj
0

4
. T _ 2 - T _
Sln(go—z)‘d(p =—4ra -([sm((o—z)dgo =

B
V[ = 2za2(2-2).
0
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MycTaku e4uil Y4yH MUCOJLIAP
TutTynsBapack

Kyiingaru ynznknapHau KypcaTwirad yK atpodua aiaHTUpULIAA XOCHIT
My Hpoapwnxa

OynraH aiiJlaHMa CUPTIAPUHUHT IO3JIAPUHU XUCOOJIaHT.

1-606
2
12.1. y :X? napaboJlaHUHT Yy =15 TYFpU YM3HUK OWJIaH KECHJITaH KUCMUHU, 2-606
X =2 YK arpoduma. 3-606
4-606

12.2. y? =4 + X mapabonaHUHT X =2 TYFPU YN3UK OHIAH KECHITaH
MnoBanap

KUCMUHU OX YK atpoduia.

7X o
12.3. y =cos—— YM3UKHUHT, X; =—a AaH X, = arada OyiaraH KUCMUHUHT OX
a

yx aTpoduna. & i

12.4. 3x* +4y? =12 smnuncauar Oy YK arpodua. !Q ,@
12.5. y =tgXx [OS X S%j, Ox S'IK anO(l)I/II[a. Opkar a
Caxuda /708

12.6. y=e™ (0<x<a), OxyKx arpoduma.
TynumkKk skpaH

12.7. 2ay=a® +x* (0<x<a), Ox YK arpoduna.
YUnmkunuw

12.8. x =%y2 —%In y(l<y<e) Oy ¥k arpoduna.



12.9. x:ln(y— y? —)Gs y <

w | o

j, Oy VK arpoduna.

12.10. y* +4x=2Iny (1<y<2

N—

, Oy VK atpoduaa.

12.11. y= achg, ([x| <b), Oy ¥k arpodua..

12.12. y =§ (1< x<a), Oxyk arpoduna.

Ky#ugaru yuzukinapau KypcaTwirad yK atpoduia alaHTUpULIAA XOCHIT
OyiraH CUpTIIApHUHT FO3JAPUHU XUCOOJIAHT.
T

12.13. x=a(3cost —cos3t), y =a(3sint —sin3t), 0<t<—,

> a) Ox VK artpoduna;

b) Oy ¥k aTtpoduma.
12.14. x=e'sint, y=e'cost, 0<t< % Ox Yk arpodwuia .

12.215. x=a(t—sint), y=a(l—cost) (0<t<27z), a) Ox ¥k arpoduma; b)Oy YK
atpoduaa; c) y =2a TYFpu YU3HK aTpodua.

12.16. x=acos’t, y =asin’t, y=x TyFpu 4u3uK aTpodua.

3 2
12.17. x:%, y:4—%,|t|£2\/§, Ox VK arpoduia.
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12.18. x=2+/3cost, y =sin2t Ox Yk aTpoduna.

at .
12.109. x=a(1+t2), y=§(3—t2) Ox VK atpodwuia. TUTynBapac
My Hpoapwnxa
a alt’ —t) _ ..
12.20. x = Y= OxyK artpoduna.
11T et S arpoti 1-606
12.21. x =a(cost +tsint), y =a(sint—tcost), (0<t<z) OxyK arpoduma. 2-606
Kyliugaru ynsukinapHu KypcaTwirad YK arpoduia aiaHTUPHUIIIA XOCHIT 3-606
OYNraH CUPTIIAPHUHT FO3JIAPUHU XUCOOJIAHT. 4-600

. MnoBana
12.22. r =2asing, 0<p < % , KyTO YKu atpoduma. P

12.23. r =/cos2¢, 0< p < %, KyTO YKH aTpoduia.

- >
€ »l

12.25. r=asec2%, OSgogg, KyTO YK1 atpoduma. Opkar a

12.24. r* = a’sin2¢, 03@32—”,K 1O Yxku arpoduaa.
3 YTI0'y p

. P Caxuda /708
12.26. r?=2a’ cos2p, a)KyTO yku arpodmuaa;b) ¢ == Hyp aTpodua;
2 TynumkKk skpaH

T
c) @ =7 WP atpoduma. Unkunw



12.27. r=a,/cos2¢p (NemMHUCKaTa), y=X TYFpU YMU3HUK aTpoduaa.
Kylingarn nuamHApuK YM3UKIAPHU KYypcaTWirad YK atpouaa aillanTu-

pHILIa XOCHUJ OYIIraH CUPTJIApHUHT 03JIAPUHU XUCOOJIAHT .

2

2
12.28 %th))/_z:l’ a>b, Ox ¥k arpoduna.

12.29 —+E)/—2—1, a>b, Oy ¥k arpoduna.

X2 2

12.30. —2—;/—2:1, —~h<y<h, Oy ¥k arpoduna.
a
2 2

12.31. %—g—zzl, a<x<m=Ja, Ox YK arpodwuza.

12.32. y* =2px,0< x<a, Ox ¥k arpoduna.
12.33. y® = px®, 0<y<a, Ox ¥k arpodunia.
Kyiinaary MUInHAPUK CUPTIAPHUHT OCITHIaHTaH KHCMHIATd CUPTIIApH

103JIApMHHA XMCOOJIaHT.
12.34. x? + y? = a?, ngsﬂx, X = 0.
a

12.35 y=b-2x?, 0<z<"
a a
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X2 y2 h
12.36. —2+—2—1 0<z<—x, x=0, y>0, a>h.
a“ b a

MycTakuj equil y9yH MUCOJUIAPHUHT KaBo0Japu

2 2 2
12.1. 14?” 12.2. 627” 12.3. 2r? +4a? + 28 |n’”“; aE
T a

12.4. 27(4+3In2). 12.5. 2[(5-+2)+In (‘/5”5‘/5_1)].

-a / 2a 2
12.6. ﬂ(\/f—eaxlh e’ —In %J. 12.7. ﬂ%-(&ﬂﬂ(ﬁ +l)+ 7\/5)
+

12.8. %(e—l)(e2+e+4) 12.9. 7(-5-9In2+16In3)/6.  12.10. %ﬂ'

\/a +1 \/a +1+a?
a’ V2 +1 '

Zﬁf € —2).

12.11. 987/3. 12.12. [

12.13. a) 97° a’.b) 24ra’. 12.14.

12.15. a)G—;';raz. b) 167* a*. c)%ﬁaz. 12.16. 3; 2(4\/_ )
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157z

12.17. 59,2x. 12.18. ?(4+| ns) 12.19. 7)3za’
12.20. a%6In2-4)/3. 12.21. 67%a’. 12.22. 4z7%a’. Tutynsapack
My HOoapuxa
12.23. 27(2-2) 12.24. 47a’. 12.25. 8ra?(2d2 1) YRASE
3 1-606
12.26. a) 47ra2(2—\/§).b) 427a®. c)8ra’. 12.27. 4z a’. 2-606
2 2 2 2 2 -
12.28. 2z [b? + arCS'”g] _VaTb 1999 24 [a? +—| 1+‘9] P Il $:0060
1-¢ a 4-606
2
12.30. 27 ah[v1+u? ﬂ‘ﬂ)] a jb . 12.31. zabaAuE-1-2 - Wnosanap

[ 12,2 /a2 2
—EI EUAE - e:a—+b. 12.32. %72’[(23.-!— pl/2ap + p® - p?].

€ et4e? —1 b? ‘L** ___j’
(8 Y 9a) (27a

12.33. E(§ pj[ (“Rj [T_z] 2}. 12.34. 2ah. Y P
Opkar a

= : Caxuda /708

2 2 2
12.35. —[ @2+a02f -2 12.36. %h(ul‘g 1”} g=Y2 oD

2¢ l1-¢

TynumkKk skpaH

Uk uw



13-§. AHUK HHTETrPAJHUHT MeXaHUKA MacaJajapura Taaduru

13.1 CI’IJIJ’II’IK Irpu YUNBUKHUHI' CTATUK MOMCHTH Ba OFUPJIHUK MapKa3u.

bupop m- maccara sra Oynran Mojaud HYKTaHUHT OuUpop p VKKa HUcOaTaH
CTaTHK MOMEHTH Je0, YHHHI Mmaccacu OwiaH yHAaH p YKKada Oynradn d

Maco(paHUHI KynadTMacura, sbHU M =md coHra aiWTunaau. Texkucnaukna €rran
Maccajajgapd MOC paBuIIga m;,m,,..m,, p yKkra HucOataH Macodanapu

d,, d,,...,d, Oyaran nTa Moaaui HyKTajdap CUCTEMACUHUHT CTAaTUK MOMEHTH,

M, :Zn:midi
i=1

Oynaau, OyHAa YKHUHT OMp TOMOHHUAA €TTaH HYKTaJTapHUHT Macodanapu mycOaT
uiopa OWIaH, WKKMHYM TOMOHHUAA ETTaHIapuHUHT Macodanapu 3ca, MaHpuit
umopa OuiiaH OJIUHAIH.

Arap Macca, ailpuM OJIMHTaH HYKTaJlapJa TapKajJMaclaH, OUpop CHIUIMK
yu3uK €Ku Tekuc Qurypa OVinad Tekuc TapkairaH OVyica, y Xojijaa, CTaTHUK

MOMEHTJAru WNFUHAN YPHUTA UHTETPAJl OJIMHA/IH.
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®apa3 KWIAWIIHK, Oxy TEKUCIMKIA m
maccasii oupop (AB) CHILIHK 3TpU YM3UK OepriIraH

0ynu0, yHUHT y3yHJIUTrH | OYJICHUH.

8
(AB) cwuMK OrpM  YM3MKHHHT  Xap  OHp
z HYKTaCUJArd YU3UKJIU 3UWIHK p = p(s) - s
13.1-un3ma. Y3rapyBUYMHUHT  Y3IyKCHU3 (PyHKIuUsick OYJIcuH

(13.1- ymsma). YV xomma, (AB)cwmuMk sSrpy YM3HMKHHHT Maccacd KyHuaard

dhopmyna Oyitndya TOMMIIAIN:

m= [ p(s)ds,

0
oyaga dl =+/(dx)’ +(dy)’ - & muddepenuuanu, | 5ca, OepUIraH YU3MKHHHT
Y3YHJIUTH.

Acaarma. Arap (AB) cuimuk arpu Yu3ukHU 6upoicuncau 1e6 dapas KUicak,
y XOJia, YHUHT O YHU3UKIH 3UWIUTH (OMp OMPIMK Y3YHJHKIArd Macca, YHHHT
Y3YHJIUTH OWIaH yiuyaHanau), y3rapmac, ne6 kapaiimu3. Conanuk yuyH, po=1 neb

OJIaMU3.

(AB) um3uKHHHT 3jeMeHTap ds OymarmHuM axxpartamu3. FOxopumaru
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dapazumuz Oyinua, ds oasemeHTap OViakmard Macca, m COH OpKajiu
uponanananu. UM3MKHUHT 37eMeHTap ds EMMHM, TaKpuOMl MOAIMNA HYKTa, 110
KaOyJ KWJICAK, Y X0JIa, YHUHT Ox YKKa HHCOaTaH 3JIEMEHTap CTaTUK MOMEHTH,

dM , = yds
Oynanu. Opkin y3rapyBuu cudatuga, A HyKrajgaH Oonuiad xucobliaHaauraH, ds

€U 0nu0, IEMEHTap CTATUK MOMEHTIApHU HUFCaK, HATHXKaaa

oynmasu.
m MaccainM, YM3UKIU 3uWwiurd p = p(s) 6Yymran (AB) orpu uM3HKHMHT

M(X,,; Yy ) OFUPIUK MapKa3u KOOpAMHATAJAPHU 5Ca, yHIoy
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dbopmynanap Epaamuga XucoOaaHaH.

M Maccallv, YU3UKJIN 3UUIHTH p = p(s) 6yiran (AB) srpu uusuKHUHT Ox Ba

Oy YyKnapra HUCOATaH UHEPLUS MOMEHTIIAPH,

= j'yz s)ds, 1, jx
0
bopmynanap EpraMmuia XMCOOIaHAIH.
Xycycwuii xomaa, oupxkuncnu ( p(s)=1) 6ynran (AB) srpu YN3UKHUHT m
maccacu, Ox Ba Oy YKiapra HucOaraH, M, M, cratuk Ba |,, | mHEpIMs
MOMEHTIIapH, Xamaa M(x,,;y, ) OFUPIUK MapKa3MHHHI KOOPIMHATAIAPH, MOC

paBuIIIA,

~[y2(s)as, 1, = [t (s)as (13.1)

dbopmynanap €paamuga XucoOaaHau.

Teopema (I'yJbIUHHUHI OMPUHYHU TEOPEMACH). (AB) OIPU YM3UKHU, YHU
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Kecub YyTmaiauran, YK arpoduia aWIaHTUPHUIN HATHUXKAcUJa XOCHJI OVyiras
alJIaHUII CUPTUHUHT F03U, YHUHT OFUPJIMK MapKa3u YM3raH aillaHa y3yHJIUTUHUHT

11y 3TPU YA3UKHUHT | €1 y3yHIUIUra KynanTMacura TeHrI:

|
27 yyl =27 ydi (13.2)
0

2 2
13.1- mucoa. Yumoly X—2+y—2:1 JJUTMIIC OKOPU KUCMMHUHI Ox VKKa

QD
(o3

HHCOAaTaH CTATUK MOMEHTHHH TOITMHT.

Eduinmmu. Dmiurnc 1oKopu KUCMUHUHT Ox YKKa HUCOATaH CTaTUK MOMEHTHU
a
= J ydl
—a

dbopmyna OVitnya tonunaau, Oyana dl — snementap € y3yunuru. [llaptra kypa,

y>0, y xoJizaa,

b? - b?
ydl = yy1+y, dx=/y? +(yy,)?dx, y* = ——X W=-"%
2 _h2
ydl :\/bz—b—x +— \/ —e?x%dx, &° a 2
a

a’ a’

& — OJUIMIICHHUHI SKCHCHTPUCUTCTH.

[lynmait kuimo,
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M, = _|.\/a2 —gzxzdx:b(b—garcsing}
A &

13.2 — mucoa. Ymoby x=a(t—sint), y=a(l—cost)(0<t<27) , 5rp¥ YN3MKHHHT
OFUPIIMK MapKa3MHH TOIIUHI.

Euninum. Bepuiaran OUpKMHCAM OIpM YH3MK, X=7a TYFPH 4YH3UKKA
HucOaTaH CUMMETPHK OYIIraHW y4yH, YHHHI OFUPIMK MapKasu LIy TYFPH YU3HMKIA
€raau, AbHU X, =7a.

10.2 - Ba 12.2 - MucommapHu >bTHOOPra OJraH XOJja,

['ynbauHHMHT OWMpUHYM Teopemacura acocaH, ssbHu (13.2) popmymnanas,

27y, -8a:6—;~7za2, n:ga

4
SKAHJUTHHH ojamMu3. JleMak, IMUKIOWJIaHWHT OFUPIIMK MapKasu, M [7: a; ga .

13.2. Texkuc ¢purypaHuHr cTaTUK MOMEHTJIAPH Ba OFUPJIUK MAPKa3HU.

Texnc ¢urypa, tokopuman Y, =f(x), mactmam vy, =g(x) dynkumsmap, &n

TOMOHJIAPUJIAH 3Ca, X=a Ba X=Db BepTUKAI YU3UKIAp OWJIaH YerapajaHraH

OYJICMH. m Maccajiu TeKUC (PUrypaHUHT Xap OuUp HYKTacuja YM3UKIH 3UUWINTH
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p = p(x) x y3rapyBunHMHT y3nykcu3 GyHkimsacu 0yiacun (13.2-uu3ma).
"
J‘zﬂ\/

| O L Lo
T A

» = oy
] Jl gX

!

(o 2 Sy

0| a X x+dx

13.2-yu3ma.

Texuc ¢urypanunr m maccacu, Ox Ba Oy YyKumapra HucOatan, M,, M,

cTtaTuk Ba |,, |, MHEpUHUS MOMEHTIApH, XamJa M(x,\,,;yM )ompﬂmc MapKa3uHUHT

KOOpAMHATAIapH, MOC paBHIIIa, KyHHaTH,

m = J (160 9ol

b

M, :Ej(fz(x)—gz(x))p(x)dx, M, :Tx[f(x)—g(x)]p(x)dx :

a a

1 =L 11200 0o, 1, = [0t (x)- g(olxx,

(13.3)
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dbopmynanap Epramuaa XxucooaaHaIu.
13.1-3caarma. Tekuc durypa O0Viiad macca TEKUC TapKairaH, SbHU YHUHT

CUPT 3UWINTU P Yy3rapMac OYiacuH. YMyMmuilnukHu Oy3Macnad, p =1 ne6 onamwus.
VY xonna, Tekuc GUrypaHuHr m Maccacd, Ox Ba Oy Vkiapra Hucbatan M, M,

cratuk Ba |, |

.» |, MHEpINs MOMEHTIApH, Xamaa M(X, Y, ) OFUPINK MapKa3HHUHT

KOOpAWHATaJIapHu, MOC paBUlIAA,

n=f(1(00- gk =S,

szﬂ( 2(x))dx, M, jx[f (x)ldx,
_—J'[f (x)1dx, 1, jx[f (x)]dx,,
_My _Mx
Xm _T’ Yu = &

dbopmynanap €pnamuaa xucodiaanaau, Oy epna S = I x)dx — TeKHuC (pUIypaHHHT
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FO3H.
b
OfupauK MapKa3uHUHT OpAMHATacu (QopMylacuiad, 2ry,, -S= ﬁjyzdx
a

MyHOCa0aTHU XOCUJI KujiaMu3. by popMynaHuHr YHT TOMOHH, ABCD ¢durypanu Ox
YK atpoduna alIaHTUPUIN HATHXKACHAA XOCHJI OYiraH MXUCMHUHT XaKMUHU
udopaanaiiiv, yan TOMOHH 3Ca, OFUPJIMK MapKa3H Ba y YM3TaH ailllaHa y3yHJIUTHHH,
burypaHuHr 1o3ura kymaiitmacura teHr Oymap skad. lllynpmaht kunu6, Kyiumaru
['ynbIMHHUHT UKKMHYHU TEOpEMAacura KeJaMus.

Teopema (I'yIbAHHHUHT UKKMHYH TeopeMacu ). Tekuc Qurypanu, yHH
KecMaiiuran VK atpoduia ailaHTUPUIN HATHXKacuAa XOCWJI OYJIraH >KUCMHHUHT
XaKMH, YHUHT OFUPJIMK MapKa3W YM3TaH ailjlaHa Y3YHJIMTMHUA TEKUC (QUTYypaHUHT
FO3UTa KynahuTMacura TeHr, sbHu V =277-S .

KyT6 kKoopauHaramap cuctemacuaa cekrop, 0<r<r(p), a<p<p,
TEHICHU3JIMKIAp OpKanu Oepwiaran OyiacuH, Oynma 0< f-a <2z , r(p) QpyHKIus
[«, B] kecmana y3nykcu3. Macca cekTopaa TeKUC TapKaJraH OYJICUH, SSbHU YHUHT
p 3uuaura y3rapmac O0yicuH. By epma xam, ymymMuiinukau Oy3Maciuk yayH, p =1

ne6 onamus. Y xonga, OxBa Oy YKjiapra HUCOAaTaH CTATUK MOMEHTIIAP Ba OFUPJIMK
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MapKa3WHHUHT KOOpAUHATAJIApH, KyHuJaaru

s
M, =%:!:I’3(g0)sing0d(p, M, :%lr"’((p)coswdgo,
X —& —MX
M T S 1 yM - S ]

dbopmynanap opkajiu Tonuiaad, OyHAa S - CEKTOPHUHT I03H, S’IbHU

13.3 — mucoa. Yoy §+%=1, x=0,y=0, a>0,b>0 yusuknap Ounan

a
yerapajaHran Tekuc @urypanuHr Ox Ba Oy VYKjgapra HucOaTaH CTaTHK
MOMEHTJIapU Ba OFUPJIMK MAapKa3WHUHI KOOpAWHATAIaPUHU TOIHUHT.

Eunmumu. (13.3) popmynanapra acocas,

2
2 (a=x)Vdx = =
(a X) X 2a> 3 6

sz b (a-x) _ab’
b
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a‘h ab?
6

Xon = —— : E — X -V -
S T T M T s
2
ab
JleMak, M(XM;yM):M(g;gj.

YU3UKIap OusiaH

13.4 — mucon. YOy x=asint, y=bcost, |t|§%, y=0

yerapajaHran coXaHuHr OxBa Oy VKiapra HucOaTaH CTaTMK MOMEHTIApH Ba

OTUPJINK MAPKA3UHUHI' KOOPpAWHATAIAPUHN TOIIWHI .

Eunmumu. (13.3) popmynanapra acocas,

T
2 2 2 2 3.2 2
MX:lJbzcoszt-acostdt=£j(1—sin2t)d(sint):£ sint — ¢ _ 2ab :
2 2 J 2 3 )| . 3
2 2 _E
: : PN
M, = Iasint-bcosta-costdt:—azbj'cosztd COSt:—Tcos3t =0

z
2 2

N

T

2 .
bcost-acostdt = ab Icosztdt- - ab(%u 3":12'[)

S

Il
—n N

NN

2
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My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxwudpa /708
Tynuk skpat

Uk uw



0 X 4b
SRR s s v >
2

13.5- wmmucoa. ['yIbAUHHUHT WKKHHYMA TeopeMmacuaaH Qoiinananuo,
x*+(y—by =a?, a<b, moupaHuHr Ox3YK arpoduaa alaHUIIA HATHKACHIA XOCHII
OyJraH TOPHUHT XaXMUHHU TOTIHHT.

Eunaumu. MabiyMKy, OepwiraH MOMPAHUHT FO3M S =7za’, JOUPAHHMHT
OFUPJIMK MapKas3W, YHUHT Mapkaszuaa Oynamau. Jlemak, moupaHuHr Ox YK atpoduia
alJIaHUIIM HATUKACWA, YHUHT OFMPJIMK MapKa3u YM3raH ailllaHAaHWUHT Y3YHJINTH,
2zb ra Tenr. Y xonna, ['yIbIUHHUHT UKKMHYU TEOPEMACHUTA aCOCaH, W3JIaHAETTaH
XXM,

V =ra®-2zb=2xa’b.

13.6 — mmcoa. Ymby x=a(t-sint) y=a(l—cost) (0<t<2z) wnukIOHIA
TapMOFfu OWJIaH 4erapajaHraH COXa OFUPJIMK MapKa3WHHUHT KOOpAHHATaJIapUHU
TOIUHT.

Eunnumu. FOxopugaru 9.5 - Ba 11.3 — mucosutap, xamaa I'yabIMHHUHT

HKKHWHYMY TCOpEMacCura acoCaH,
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2ry, -S=5a'z% 2rvy, -3ra’=5az%, y, =%a,

COXaHHUHI' CUMMCTPUKIINTUOAH, X,, = 7a..

Mynpait kunuo,
Mx:agTﬂ(ﬂ'z—G)’ My=%1a3¢COSd¢=a3(4_ﬂ-2)’
1% a? 2 aird
T i -
Oynaau Ba
o =M 8) gy o,y <M ol
S V4 S

MycTakuj e4ui y49yH MUCOJLIIAP

Kyiinga Oepuiran 4Yu3MKIapHMHr M, Ba M, CTaTuK  MOMEHTJIAPUHU

X

TOTIHHT.
13.1.f+%=1,x20,y20. 13.2. x* +y? =4, y>0.
a
X2 y2
13.3. y=chx, 0<x<1. 13.4. —+=5=1y=>0, a>h.

QD
(o3
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2 38 2
13.5. bupunun yopakza xoinamran X3 + y? =a acrpouna EMuHUHT

KOOpJWHATANAp YKjiIapura HUCOATaH CTATUK MOMEHTJIAPUHU TOIIHHT.
VA T o
13.6. y=cosx, (_E <x< Ej KOCUHYCOMJAHUHT  Ox YKKa HUCOAaTaH CTaTHUK

MOMEHTHUHHU TOITHHT.
13.7. y=sinx, 0<x<zx, CcHHycOMAaHUHI Ox VyKKa HHCOATaH CTaTHUK

MOMCHTHHHU TOITUHT .

13.8. Ymiby y?* =2px (O <x< Bj napabosia EHUHUHT X =§ TYFpU YHU3UKKA

2
HHUCOATaH CTATUK MOMEHTHHU TOIIUHT .

Tenrnamanapu mapaMeTpuk Mmakiga OepuiraH KyHugaru Yu3MKHUHT M, Ba

M y CTaTUK MOMCHTIIAPpUHH TOIIMHI .

13.9. x =asint, y =bcost, Osts%, a>b (p=1).

13.10. x=asin®t, y=acos’t, 0<t<= (p=1).

NN

KyT0 koopaunaranap cucremacuaa O€puiirad Yu3MKHUHT M, Ba M cTaTtuk

MOMCHTJIAPHUHU TOIIMHT .
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13.11. r=2acosg, OS(/)S% (p=1). 13.12. n=a(l+cosp), —7<p<z (p=1).

13.13. r=ae?,0<¢p<2z (p=1)
Ky#iraaru Gepuiran Yu3nuKiIap OFUPINK MApKasHHUHT x,, Ba Y,, KOOPIH-
HaTaJIapUHH TOIIWHT .

13.14. x*+y*=4,y>0. 13.15. x?/3 +y?2 =a?® x>0, y>0.
13.16. y=ach(x/a), | <b. 13.17. x=%y2—%ln y, 1<sy<2.
13.18. x=a(t-sint), y =a(l—cost), 0<t < 27x.

13.19. r=a(l+cosp) 0<p< . 13.20. r=ae’, %S(pﬁﬂ'.

13.21. Paguycu a ra TeHr OynAraH sSpuUM aillaHa OFUPJIMK MapKa3MHUHT
KoopauHaTanapuHu ['yiabIuH TeopemMacu €p/ilaMmuia TOIHUHT.
Kylinmarn OepwiraH 4YM3MKJIAPHUHT, Ox YKKa HucOaTtaH, |, wWHepIus

X

MOMEHTHHH TOITHHT.
13.22 y=+r*—x*, —r<x<r. 13.23. y=e*,0<x<0,5.
13.24. y=05a(e*'* +e—e™*) 0<x<a

13.25. x=Rcos¢p, y=Rsing, 0<p<a<2r.
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Kyiingaru Oepuiiran YM3MKHUHT, KOOpJAMHATaIap YKIapura HucOaTaH,

|, Ba | MHEPIUSA MOMEHTJIAPUHU TOIHHT.
TutTynsBapack

13.26. y=chx, 0<x<1. 13.27.x=acos3t,y=asin3t,0§ts%. My HAapwXa
13.28. x=a(t—sint), y=a(l—cost), 0<t < 2z. LoDk
. 2-606
Kyiinga O6epuiaran yusukiaap OWiIaH derapajaHraH TEKHC IMAKUTAPHUHT M,
3-606
Ba M, CTaTHK MOMEHTJIAPUHU TOIHHT. 4 6oc
-60
13.29. x+y=1x=0, y=0. 13.30. y=cosx,|x|£%,y=0. Mnosanap
13.31. y=x2, y=+/x. 13.32. y= ~, y=x%,x=0,x>0.
1+x
13.33. x=acost, y =bsint, —%Stsg, y =0. Q‘ﬁ"-‘ gy
13.34. x=a(t-sint), y=a(l—cost), 0<t <2z, y=0. I »l
Opkar a

Kyitngarn wmmucosiapaa OepuwiaraH Srpd YW3WKiIap OWJIaH dYerapajaHra
COXAHMHT TpadUrMHNA YM3UHT Ba OFUPIINK MapKa3WHH TOIIHHT. Caxwuda /708
13.35. y=6x—x*, y=x. 13.36. x2 =4y, x—2y+4=0. Tynunk akpat

13.37. y* =x?, 2y =x. 13.38. y=x*-2x, y=6x-x>°. Hu kv w



13.39 x+1=0, x+y*=0.
13.40. y=2x* Ba y=3-x* mapabonamap OwWIaH derapajaHraH COXaHHU

KOIIIOBYH IOIKA TCKHUC IITACTUHKAHUHI OFUPJIMK MAapKa3WHW TOIIMHI

2
13.41. bupunuu 4dopaknga, Oy VK, y:XT napabona Ba y=4 TYFpU YHU3UK

oman qgcrapajiaHraHn <<y‘l6ypanJ'II/I» COXaHHu KOIIJTIOBYH IOIIKa TCKHUC

IJTACTUHKAHUHT OFUPIIMK MapKa3MHH TOIUHT.

13.42. x=a(t—sint), y =a(l—cost), HMKIOMIAHUHT OUP apKK Ba YHUHT aCOCH
OWJIaH YerapajaHraH MIaCTUHKaHUHT OX YKKa HUCOAaTaH CTaTHK MOMEHTHUHU
TOIIMHT.

Kylingarn mucosuiapia Oepwiran Srpyd YM3HKIAp OWJIAH YerapajaHras

COXAHUHI OFUPJIMK MapKa3u KOOpAUHATAJIApUHU TOIIUHL.

2

x2 +Z_ZS1 (0<x<a, 0<y<h)

2
13.43. =
a

13.44. x* +4y-16=0 Ba Ox YK OWiIaH yerapajaHraH.

13.45. y:Ex TYFPH YM3KK Ba y =sinx (x>0) .
T

13.46. x2+4y®> =4 Ba X* + y° = 4(6GUpUHYK YOPAKIATH KHCMH) .
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2
13.47. y:h(l—x—zj,yzo,h>0,a>0. 13.48. yzzx,yzsinx, y =0.
a 7

13.49. y® =2px, x*=2py. 13.50. Vx+.y =+a, x=0, y=0.
13.51. y*=2x, x+y=4. 13.52. y=x3 x+y=2 x=0.
13.53. x=a(t-sint), y=a(l—cost), 0<t<2z, y=0.

Kyiingarn KyTd KOOpauHATalap CHCTEMacuaa OCpHITraH SrPH YU3UKIIAP

OwJiaH yerapajaHTraH COXaHWHT OFUPJIMK MapKa3W KOOPJAMHATAJIAPUHHU TOITHHT.
. T
13.54. r =asin2¢, 0<p< >

13.55. r=ag (0< @< 7) Apxumes cmpanu Ba ¢ =0, ¢=7 Hypiaap Ouian
yerapaaaHraH.

13.56. r=a (1+cos ) Kapaoua.

13.57. r? =a’cos2¢p—bepHyu JeMHUCKATACKHHUHT YHT KHUCMHU.

13.58. YubypyakHuHT acocura HUCOaTaH MHEPIIUS MOMEHTUHHU TOTIHHT.
13.59. Tomonmapu a ra TeHT OyiraH KBaJApaTHUHT, YHUHT JHArOHAJINTA
HUCOAaTaH, HHEPITUS MOMEHTHUHU TOTIHMHT.

13.60. Acocu b, Gamammmru h 6yaran (p=1) y4Oyp4yakHWHr, acocura

HI/IC6aTaH, CTAaTUK Ba MHCPLHUA MOMCHTIAPHWUHU TOIIMHI.
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13.61. Spum Yyxmapu a Ba b OyaraH, OUPXKHUHCINA SJUTUIICCUMOH
TUTACTHHKAHWHT, YHUHT OOMI VKJIapura HucOaTaH WHEPIMS MOMEHTIAPUHU TOIHUHT
(p=1).

13.62. 'ynpaen TeopeMacuaan goiinananud, R paguyciau SpuM ailslaHaHUHT
OFUPJIMK MapKa3u KOOPJAWHATAIAPUHU aHUKJIAHT.

13.63. T'ynpnen teopeMacumad ¢oigananub,  I1Iap CUPTHUHT FO3UHHU
XUCOOJIaHT.

13.64. T'ynpnen Teopemacuaan Qgoigananud, IOMpaBUM KOHYCHUHT XaXMU

Ba €H CUPTHUHHUHI FO3WHHU XHCO6JIaHF.

MycTrakuj e4uil y49yH MUCO/LUIAPHMHT KaBo0JIapu

bva? +b? ava? +b?
130, M, =28 DTy, o BNEEDT

> y 13.2.M, =4, M, =0.

13.3. M, =0,25 (2+sh2), M, =shl—chl+1. 13.4. M, =b(b+éarcsin g),
&

M, =0, s=Y2 =2 135 M, =M, =a%. 136, M, —¥2+hl+V2)
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137. V2 +In(+v2).  138. M, :%2(&+5|n(1+ﬁ)).

_ __h?
139. M, = ab(gxll & +arcsmg) M :a—(1+1 id In“—gJ g=22 b :

2¢ 2 2¢ 1-¢ a
13.10. M, =M, = a2, 1311, M, =2a%, M, = za’,
5
2
13.12. M, =0, My =22, 1313, M, ( et h2 M, ( ~1}2,
13.14. xy =0, yy = . 13.15. xy = yy, = 2a/5.
T
13.16. x, =0y, = ash(2b/a)+ 2b
4sh(b/a)
27-16In2—4In?2 20
13.17. x, = Yy = 13.18. x, =m; vy, =4a/3,
X 8(3+1In4) Yu 3(3+In4) Xu =7 Yu =44
a2e® +e” a e —2e”
13.19. Xv = Ym =4al/5. 13.20. Xu :—EW; Ym :g W
3
13.21. x, =0, 7, :g.i 12,29, % 1228, %[\/(1+e)3 _242]
T

2

13.24. a’(e—e*)e? +e? +10)/ 24, 13.25. %(Za —sin2a)R°®.
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13.26.

13.28.

13.30.

13.32.

13.34.

13.36.

13.39.

13.42.

13.45.

|, =shl+ lsh31, |, =3shl—2chl.

1, =204, 1, =16(7z2 —@ja?
15 45

M =

M, = M, =In2-0,25.

z
4l
2
—+
5
M, =2,5m°, M, =3z’a’.

8 10
Xw =1 Yy :g-

Xy =—g, yu =0. 13.40. x, =0, vy, =§.

13.37. x, =73 Yu

13.27. 1. =1, =2a%
8

1329. M. =+ M. =1,
(3] 6

1331 M, =M, =>.
20
13.33. M, =Zab", M, =0,
5
13.35. x, =5 Y =5.
_40 13.38. x,, =2, y,, = 4
-~ 38. Xy =2,y =4
13.41. x, =3, y, =%.

M, =g7za3 13.43. x, :g—z, Y =%. 13.44. x,, =0, v, =§.
Xy, :6(47;:)' Yu :E:g; 13.46. x,, =%, Yu =%.

. Xy =$; Yur :i_:' 13.48. x,, —%, Y =5§(ﬂ+4).

C Xy =Yu =i—g. 13.50. x,, =y, :%.
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13.51. x,, =5 Yu =-1. 13.52. x,, =20 Vv =108
13.53. x, =7a; vy, _%a 13.54. ¢, =n, _128a Turyneapak
6 105~ My HAaapuxa
2 2
13.55. &, :6(4‘—f)a;nM 2z ‘26)6‘ 13.56. &, :%""; =G 1-606
T T
& \ 2-606
1357. &, %32, _0 1358 1 =Lzh 1359. | =&
3.57. &, ="2%ip, =0 1358.1,—=xh 359. 1,2 3-606
2 3 3 3 4-606
13.60. M =20 B 434 A _7ab
6 12 4 MnoBanap
13.62. x, =0, y, =;‘_R. 13.63. S = 47R2. 13.64. V=%7rR2H, S = 7RL.
T
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14-§. AHMK MHTErpaJIApHA TAKPUOUIA XUCOOJIIIIIT
Yoy

(14.1)

j)‘ f (x)dx

MHTErpaNHu Xucobnam Tamab Kummeras 6ymcus, Oymma f(x) dysxums [a,b]

KecMaza y3nmykcwms, ned dapa3 xkwimHagu. bus, [oKopuaa, aHWK HHTETPaTHU
XUCOOJaNI yCY/UIapruHA KYpHO YTIAWK, IEKHH 0ab3u (PU3UK, MEXaHUK MacajlaapHH
SUHMIIIa, UHTETPAT OCTHAArH (YHKIVSTHHHT OONIIaHFUY (PYHKIMSICHHU SJIIEMEHTap
dbyskusIap opkanu udomanmad OynIMaiauraH HHTErpauiap yudpanau. bynpai
WHTerpaJUIapHU TaKpuOWM XucoOJamra TYFpu Kenaau. MHTerpamiapHu TakpuOuit
xucooOmam yayH Oup Heura (opmynanap MaBxkyn OYmuO, Ou3 Kyiuaa yIapHUHT

Oab3winapy OWIaH TAaHUIIIAMUS.

14.1. Tyrpu TypTOYpUAKJIAP YCYJIH.

[a,b] xecmanunr, uxtuépuit P ={a=X, <X, <...<X,, =b} perynsp 6ymuaummnn

KapauMus.  [X, ,, X,,] =~ KECMaHUHT  ypTacugard HYKTaHU X, , OPKAIH
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oenrmnarimu3(14.1-yuzma). Tyrpu TypTOypuak ycynm, (14.1) mHTErpasHu, Moc

a y
paBuiga, OamaHUIMKIAp (X, ), ACOCHAPHU 3Ca, X, — Xy , = —— raTenr oyaram,

TYFpU TYpTOYpUaKiIap r03JapUHUHT,
b—a
L)+ F06) 4+ T )]

MMFUHMCHIa TAKPUOUI aIMAIITUPUIIIAH HOOpaT, SbHU
p b-a
.[f(x)dXzT[f(xl)+ f (X )+t T (Xpy )] (14.2)

(14.2) dopmynara, myspu mypmbypuax gopmynracu nevnnamud. by dbopmymnanw,

«KymmM4Yay Xan épaamuia, ymoy
b
jf dx——[f( ) (X3)+....+ f(xZn_l)]+R (14.3)

KYpUHHIIIA €3I MyMKHH, OyHIa R — KOJIIUK Xa.
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TutTynsBapack

! My Hpoapwnxa

.J! | 1-606
J 1 1 I\I : 1 :
VAR (B Al IIE

{ i , e 11 2-6060

' — . % 3-606

a xp O0xy 2y xy Xy x5 h x @ =a, x5 0 ap, sy oy X, =
4-606
14.1-yu3ma. 14.2-yu3zma.

MnoBanap

Arap f(x) dyskuus [a,b] kecMana y3myKCH3 HKKHHYM TapTHOIM XOCHIATA

sra Oyiica, y XoJ/1a Iy KecMaja IryHaail 7 Hykra tonwiaauku, (14.3) dopmysa-

I JR—
Jary KOJIUK XaJ y4yH, ‘ ) —,»
R_(b‘a)3 £(n) e =]
~ oz
Opkar a

TEHJIMK YPUHIN OYIaan

Caxuda /708
14.2. Tpaneumsinap ycyau. (14.1) wHTerpanmHm xucoOiam Tajad KUJIMHTAH

. o TynumkKk skpaH
oymcun. [a,b] xecmanumnr wuxtuépunn P = {a =X, <X, <...<X, = b} peryisip

YUnmkunuw
OynuHUIIHHE olamu3 Ba Y = f (X) G YHKUIUSIHUHT



Yo = f(Xo)v Yi= f(Xl)’ ----- v Yo = 1:(Xn)

KuiiMaTinapuHu xucoonaiimu3. Tpaneuusanap ycynu, (14.1) uarerpannu,

?{[f(xm FOWT+LF () + £ O+ [F (%) + £ x, )1} =
_ E{f(ah f(b)+ 22 f (%, )}

2n
HuFUHIUTa, KU acociaapy, MOC PaBHIIA, f(xk_l) Ba f(x ) mapra, Gamanmmuxnapu
b-a y .

X, =X q = e ra TeHT OYJraH, Tpaneusiap 13JIapUHUHT HUFHHIUCHUTA

(14.2-yn3ma) TaKpUOH aTIMAIITHPHUILIAH HOOPAT, AHHH
[ b—a n
[ (=2 {f(a)+ f(b0)+ 23 F(x, )}. (14.4)
a k=1

(14.4) dopmynanu, KOIAUK Xaa EpaamMua,

zf b a{f(a)+f(b)+zgf(xk)}+ar

KYpUHHIIA &3l MYMKHH, OyHna R,- konmuk xax. Arap f(x) ¢ynxuus [a,b]
KecMajia y3JIyKCH3 MKKHHYM TapTHOIM XOCHIara ara 0yica, y xonaa, [a,b] kecmana

WyHAAW 7 HyKTa TONWIAAUKH, R, Y4yH,
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TEHTJIUK YPUHIH OYIaiu.

14.3. IlapaboJsanap ycyJiu.

(14.1)  wHTerpamHu  xumcobOmam  y4dyH, [a,b]

P={a=x, <X, <..<X,, =b}
KECMaHMHT  YpTacUaaru

Xok—o + Xpi

X == k =1,n. ITapa6onanap ycynunaa 6epunran (14.1) unrerpan, f(x)

GyHKIMS TpaUIHHUHT, abCIUCcCaapd Xy, ,, Xop 4 Ba Xy

r

perysip

HYKTaHH Xok 1

14.3-uu3ma.

KECMaHUHI  UXTUEPUU

Oy IMHUIIMHYA [Xok_2s Xar]

OermwianMns:

OynraH HyKTajzapaaH

y=Ax24+Bx+C
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VYTyBuM napabosangap OCTH/Ia KOMJIAIITaH Tpaneusiap 3JI1apuHUHT

PR (k) + 4100+ FO 4T () +4706)+ £ (] + .+

_ n-1 n-1
+[f (in—z )+ 4f (X2n—1)Jr f (XZn )]} = %{f (a)+ f (b)+ 22 f (sz )+ 42 f (X2k+1)}
k=1 k=0

ﬁHFHHHHCHFa TaKpH6Hﬁ aJIMallTUpUIaanu, SbHA

if —{[f(x0)+4f(xl)+f(xz)]+[f(x2)+4f(x3)+f(x4)]+
+...+[f(x2n72)+4f(x2n,1)+f(x2n)]=—{f +22f Xop )+ Z (Xt I
&xu
Tf Jdx = —{f() (b)+2nz_?f(x2k)}+42f(x2k+l)+Rpa, (14.5)

Oynzma R ,- KOJIHK Xal.

Arap f(x) dyskuus [a,b] xecmana y3mykcus TYpTHHYM TapTHOIM XOCHIATA

sra Oyiica, y xoiaa [a,b] kecmana nmiynmaii Hykra TOMHIAIMKH,

(14.5) popmynanapnaru xan R ,- y4yH,

b—a)
pa :_(288On)4 f(4)(77)' asnp< b:

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap
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Caxuda /708
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TeHrnuk Ypuniau 6ynanu. (14.4) bopmynara, napaboranap (Cumncon) popmynacu
nevmnaay (14.3-yu3ma).

14.1- mucoa. Yoy

9
j\/5x+4dx
1

WHTETPAJIHU, UHTETpajulalll OpaIMFUHM, 8 Ta y3apo TeHr Oymakka Oymub: 1)
Hetoton — Jleit6onuiy; 2) tyrpu TYpTOypuaKiap; 3) Tpanenusiap Ba 4) mapabosanap
dbopmynanapu €paaMmuaa XMCOOJAHT, CYHTpa TakpuOuii xucoOmiamn (opMymnacuaa
KYHWIran abcoJitoT Ba HUCOUN XaToJapHH (ou3iap/ia TOIHHT.

Eunnumm. 1) bepwiran uarerpanau, Hetoton — JleiOnui ¢popmynacura

acocaH, XucoOJalMus:

9

% 3
J = [Vox+4dx = lj(5x+4)“2d(5x+4): 3(5x+4)5\§’ = 3(343—27): 832 _p2
) 59 15 15 15 15
2) Tyrpu TtypTOypuakmap ¢dopmynacu Oyiinya XHCOOIANMMU3: 1 9]
KECMaHWHT, P={l=x,<X,<..<X,=9} perymip OYIUHUIIUHA  KapanMus.

y=f(x)=v5x+4 GYHKUUSHUHT, Oy KECMAJIADHUHT YpTallapujaru KHiMaTIapuHu

X + X —
. Koo T Xy . :
Xpcoomaimms3: Xoxq = 5 (k =1,8);

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap
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xl=g, f(x)= f(g): /?:3,3911,
TutTynsBapack

xgzy, f(x3)_f(/) \/7 4,0620, N [ @ @ R
1-606

X =", f(X)—f(/)\/746368 —
;=9 . f(X7)—f(/)—\/> 51478, 3-606

4-606

xgzl%, f(xg)—f(}/) \/7 5,6124 Wnosanap
X, =13, , f(x) = fA3)) = \/7 6,0415,

=19 . flw)=1d%)= \/7 6,4420, Q ap
I =l

=07, f(xs) = TA75) = \/7 6,8190. Opkar a

Caxuda /708
d=_
Xap Oup KecMaHMHT Y3yHIUru h==—-=1. OyHKUUSHUHT TONWITaH

8 TynumkKk skpaH

kuiiMatinapuau (14.2) tyrpu TyptOypuakimap dopMmynacura KeaTupud Kynwuo, Unknw

XUCOOIaliMu3:



PECN S NN NN NN o

1

. TutTynsBapack
Taxpubuii xucobnanuiapaaru adCoNOT XaTo:

My Hpoapwnxa

A=[3-3= ‘@—42 1526‘ 42,1333 - 42,1526 = 0,0193. 1-606
) : 2-606
HucOwuii xato (dousnapaa): = 210006 -2 00193-100 0,0458%.
J 632 3-606
3) Tpanenusuiap popmyacu Oyitnya XucooanMus: 4-606
a=x,=1 b=x3=0. Mnosanap
a=X,=1 f@=1f1) =3
X, = f(x,)=f(2) =14 =37416
X, = f(x,) = f(3) =19 = 4,3588 Qf _‘9
X, =4 f(x,) = f(4) =~/24 = 4,8989 . 1
X, = f(x,) = f(5) =~/29 =5,3851 } 37,0934 € »l
X; =6 f (x;) = f(6) = /34 =58309 Opkar a
Xs =7 f(x;) = f(7) =+/39 =6,2449 T —
X, =8 f(x,) = f(8) = /44 = 6,6332
TynumkKk skpaH
b=xs=9 f(x)=f(9)=7

YUnmkunuw
OYHKUUSIHUHT Tonmwirad KuiiMarnapunu (14.4) popmynara kentupud kyituo,



XUCOOIaliMu3:

632 1[3 7+2(\14 + V19 +~/24 + /29 + /34 + /39 +/44)] = 5+ 37,0924 = 42,0934

TutTynsBapack

My HAaapuxa
AOCOIIIOT XaTo: A= |J J2|— @—47 0934‘ 421333 -42,0934 = 0,0399. I
15 -
1-606
* * 0,
HucOwuii xato (dpousnapaa): = %100% b 0’3:??2 100% 0,0946%. 2-606
3-606
4) Tlapabonanap popmyrnacu Oyitndya XxucoOaanmMms: Y
-60
X, =2, f(x,) = f(2) =14,
MnoBanap
X, =3, f(x,)=f(3)=+19,
Xg =4, f(x)=f(4)=24,
X =5, (%)= (5) =29, < =D
X0 =6, f (%) = f(6) =/34, J& »|
X, =7, f(x,)=f(7)=+39, Opkar a
x14:8’ f(X14)=f(8)=\/ﬂ, Caxwndga /708
Tommnran Kuiimatinapuau (14.5) popmynara kentupub Kyinod, XucodaaiMus: Tynuk skpaH

Uk uw



e _ 632 1[3 7+2(\14 + 19 + 24 + /29 + /34 + /39 + V44) +

“{\/7 \/7 \/7 \/7 \/7 \/7 \/7 \/7J]— [10+2-37,0934 + 4-42,1526] = Tntynsapack

My Hpoapwnxa

10+ 74,1868 +168,6104
= = =421328. 1-606
2-606
AGcomoT xaTo: A=|J —Jg| = 421333-42,1328=0,0005. 3-606
Huc6wuii xaro (Gousnapaa): & = %100% :15'0’%%(;5'100 ~ 0,0111%. 4:606

MnoBanap
0

14.2- mucoa. Yoy j(xz —1)J|x UHTETPATHUHT KuAMaTtuHu: 1) Tpanenusiap
-2

yeyma (n=4); 2) Cummcon ycyam (n=4), Oyiinya sSKMHIAIIMOUIAD Oa)apuo, Q‘i

e =l

Opkar a

XMCOOJIaHT.
Eunwnumu. 1). Tpaneuusiiap ycynuaad ¢oiigaaaHuII:

a) f(x)=x*-1[a,b]=[-2,0], n=4 6yaranu y4ayH, [-2,0] KECMaHUHT
Caxuda /708

P= —2—E —11 0+ peryisap OVIMHUAIIMHEN KapalMu3, XaMmaa OVIIMHUII HYKTa-
= T T PETYJIAp Oy Kap , Xamfia Oy yK Tynuk skpat

napuaa GQYHKIUSHUHT KUIMaTIapUHU XUCOO0IaliMu3: Unkwuuw



f(-2)=3; f(—gjzﬁ; f(-1)=0; f(—lj_

4

Yuna

_i(x2 —1)1x;2—?4{f(— 2)+ £(0)+ 2[f(—gj+ f(-1)+ f(

1 3—1+2-[§+0—§] :1{2+1}=§=o,75.
4 4 47 4 4

Duau f"()=2,h :% SKaHIuruaan Gomanancax,

1 1
Risg g 2=5~008
oynmasu.

b) Wuterpamuu 0eBocuTa XUCOOIaAMMM3:

-2

Jlemak, |R,|=[0,67 0,75 =0,08.

¢) TakpuOuii XxucoOmanaaru abcoI0T XaTo Ba HUCOMA xaToapau (pons-

Japjaa) TOlaMus3:

ff(x2 —1)1x=zx2dx—idx=x—33‘92 —x‘?z =O—[_—8j—(0—(—2))

1

Zﬁ}:

TutTynsBapack

My Hpoapwnxa

1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Caxuda /708
TynumkKk skpaH

Uk uw



1
B .
5= %100% = £100% = 0.125%.

. a) 0,75; 0,08, b)

_1
12’

Jlemak, %; 0,08, c) 0,125%.

0
2).CuMIicoH ycynuaaH (oimaaaHul. a) I(XZ —1)jx UHTETPATHUHT TaKpUOU
-2

kuiiMatuau, CUMIICOH ycynu Oyindya XucoOnam ydyH, Ousra, (QyHKIHUSHHUHT,

OynuHuIITa  Xocun  OynraH  HyKTajapjaard  KudMaTIapujaH  TallKapu,
[xi,,x] 1=1 2, 3,4 KucM KecMmaniap,
3 o 1 1
_21__ ’ __1_1 ’ 11__ ) __10
[-2-2) [-5-1 =21 [-5.0]
o o 7 5 3 1
HUHT ypTa HyKTanapu OViran, & = 2 & = _Z; &y = 7 &, =—— HyKTajzapjia
3

GyHxuusHunr  f (&)= (&)= 6; f(&)=——; f(&)=->= xuiMamIapu Kepak

oymanu. YHaa

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxwudpa /708
Tynuk skpat

Uk uw



i(xz “1hix= 6%{1‘(— 2)+ £(0)+ 2[f@j+ F(-1)+ f(-ljp

A2 (e

1 33 9 7 15 1 1  33+49-7-15, 2
N ST S S T =242 244 2215 T 2
12t 0 s e 16 161 T 12t 2 6 13

|RC|S%~2%- f™(7)=0=R, =0.

0
b) UuTterpanau 6eBocHTa XHCOOIARMU3: I (x2 —1)1x = %
=2

¢) TakpuOuii XxucoOnamaaru abcoI0T XaTo Ba HUCOU xaTosiapau (pous-
2 2
napaa) tonamus: 0%. Jemak, 2) a) 5; 0, b) 5; 0, ¢) 0%.

b
SlHa Owm3 ymoy If(x)dx UHTErpaIHu Kapaimus, Oyaaa f ¢yukiusau [a,b]
a

Ja y3JyKCU3 Ba 4M3Maja KyJail Oynuiiu ydyH, yHU mycOaTr pyHkuus, ned ¢apas

xkuamu3. [a,b] kecmana perymsip P ={Xy,X;,X5,....X, 4, X,} OYmHHII oyamu3, y

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap
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Oepuirad KeCMaHu OUp XHJI

y3YHJIMKAAru N Ta KUCM KecMmanapra Oynaau:

b-a

[a,0] =[Xg, X JU... UlXiy , X JU UXo g, X ] A% =% =Xy =——

n

14.3-unzmagaru 2; coxa Oup Heua ycyyaap OwiIaH SKUHIAIITAPUINIIN MyMKHUH:

H"

14.4-chizma

7

14.5-chizma.

E

1. [X_4,X;] KECMaHUHT Yam YeTKH HyKTacuaa GYHKIUSHUHT KHAMaTu Oyiinya

scairad TYFpU TypTOypUYaK OpKaiu, yHAa Oy TYFpu TYpTOypUYAKHUHT 03U

(14.4- yuzma),

o3 = 15 1), = £(6,1)2 2

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Caxuda /708
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oynanu.

2. [Xi_1, %] KecMaHHUHT YHT YeTKH HyKTacuaa QyHKIUSTHUHT KHMaTu Oyitnda
TutTynsBapack

SFDH TVDTO 14.6- Oy Ty¥pu TYpTO
sgcaliraH TYFpH TypTOYp4YaK OpPKalIn ( III/I3M3,), YHOA Oy Ty¥pHu TypTOYPYAKHUHT My Haapuxa
1-606
b—a
o3a= f(x)Ax = f(x)—— 2-606
3-606
4-606

# \ 7 /\ Mnosanap

O3

; n
s for
T _.' T . ; . .,/: R _(r.,- f
b 5

)J )(? £ e _.-) /: 2 __Jz_.-/

o 4 ! Fi . f ]

: : . "l_,.- ¢ e mimliane oo
ik 1 £ =

; T Il h A A B § o1
cear R / ! T L ‘

Sy 3 )". LA ‘. 2 o g .

r A ¢ '3 e ! TR
gitagy ] Pl % £ .-’( P P l - 2
E
/ : ¢ »l

s ! i 'r’.f ey R ;'rl &l ar

sl P g, FaoE

Ao A el L 1 i i -

L ! . L
v X X Y X A ¥ Op Karl a
Xi1 i d i
2

Caxuda /708
14.6-chizma. 14.7-chizma

TynumkKk skpaH

3. [X_4,%] xecmammHr ¥ . 6V UMK U W
DA ypra Hykracuja (YHKUMSHUHT KUiAMaTH Oyiinya



sicarad Tyrpu TYpTOypuak opkanu (14.7- unzma), Oy TYFpu TYPTOYpUYAKHUHT 03U

4. Acocnapunu [X; ;,X;] KeCMaHUHT Yan Ba YHT yeTinapuaa GpyHKIUSHUHT

oynanu.

KAAMATIIapU TAIIKKWI 3TYBYH Tpaneius OpKaau, yHUHT 1031 (14.8-un3ma)
05 2T 1)+ £ 061K, = 117 () + £ 122
Oynasu.
5. INapabonuk coxa opkanu (14.9-un3ma), OyHIa FOKOpUAA THUJITa OJIMHTAH
y4yTa HyKTajgapra MOC KeJraH HyKTajlapJaH YTyBUH Y = A2 4 Bx+C napaboJia

KapajaJu, YHUHT K031

: . _ _ b—
Iosazé[f(xi_l)+4f(x'l—z+x']+ £ (x, JJAX :[f(xi_l)+4f(%} £(x, )]G—n"".

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap
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,zx
X /
14.8-chizma. 14.9-chizma

PaBmianku, arap Oy yuta HyKrajgap Oup TYFpH uM3uKia €rca, mapadoina €in
TYFpU YW3WKKA aiylaHajad Ba MMapabojMK coxa Tpameuusuin coxa (4-xon) ra

KCIITUPHIIAIN.

Hlynnait kumuO, (2, coxaHu Ou3 I0KopuAa KYpub YTraH sKHUHIAIITHPUILLIAP
b
I f (X)dx WHTETpal KAUMATHHUHT KyHUIard SKUHIAITUIIUIAPATa 00 KeJlau.
a

1)  Yan yeTkW HYKTa OpKaJId SKWHJIAIIUIIL:

z =b;n""[f(xo)+ F(x )4+ F(x )] (14.6)

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Caxuda /708
TynumkKk skpaH
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2)

3)

4)

5)

VYHr yeTKn HYKTa OpKaJIl SAKHWHJIAIIWIIL:

R =201 (0)+ )+ £,

VYpra HykTa Oyiinya SIKMHJIAIIUII:

M, = 2= a[f(xole}r f(_xl“;"2]+...+ f(—xn—;)‘"j].

Tpanerus Oyiinya sKUHIAMUII (Tpanenusuiap KOUaacu):

Tn :b—a[f(X0)+ f(X1)+ f(X1)+ f(X2)+___
n 2 2 2
b-a

:T[f(x0)+2f(xl)

o 28 (X )+ (X,

[Tapa6osa 6Viinua skuaammm (CUMIICOH KOWIACH):

b-a
=22

4[f(x0 +le+
2

S [f(xg)+ F(x,)+2LF(x)+ Fxp)+--+ F (X, )]+

Xna + X,
+ f(—z j] )

+ f(xn—l)+ f(xn )] —

(14.7)

(14.8)

(14.9)

(14.10)

By skuHIamunuiapHuHT nactiabku ydracH, seHU Z,, R, Ba M, map Puman

nuruHaMIapu 6ynmub, T, Ba S, map oca, Puman hinrunamnapu cudatuaa E3uauImm

MYMKHH.

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxwudpa /708
Tynuk skpat

Uk uw



&
14.3-mucon. YOy I V4+x*dx MHTErpaJHMHI TaKpuOWil KUMMAaTIApUHH,
0

n=6 ne6 onub: a)yam YeTKH HyKTa OpPKaIMd SKUHJIAIIWII, b)VHT 4eTKH HyKTa
Oyitnua;c) ypra HyKra Oyinua; d) Tpameuus Oyiimda (Tpamemusi KOHWAacH);
e) napabona (CUMICOH Koujacu) Oyinya sSIKMHJIAIIUIITIApUHU TOIHHT.

Eunimmmm. n=6 6ynranga xap oup [X; 4, X;] KHCM KeCMaHUHT y3yHJIHTH,

b-a 3-0 1 o o
— T = E ra TeHr 6yna1m. bynunui Hykranapu
n
1 3 5
Xo=0: % =—, X =1, Xa=—,X, =2, Xc =—, Xz =3
0 1 2 2 3 2 4 5 2 6

f(X):\/4+ x*  (GyHKUMSHHHT Oy OV/IMHAII HYKTAIApUAAard KHiMATIApUHH

xuco0Omaiimus: f(0)= 2; f(%j =203 f(1)=2,236; f@j =2716; f(2)=3464;

f(g]54'430’ f(3)=5568 ( 6y epma XucobIamuiap yd4ra YHIMKIAp XOHACHIada

SXJWTIAHTaH). YHIa

a) Z, =%[f(0)+ f[%)+ f(1)+ f@j+ f(2)+ f[gj];

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap
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~

N |~

[2,000 + 2,031+ 2,236 + 2,716 + 3,464 + 4,430] = % -16,877 =8,4385.

1 1 3 5
b)) R. ==[f| = |+ f(1)+ f| = |+ f(2)+ f| = |+ f(3)] =
)Ro=311(3 )+ 10+ (3 )+ 1@+ (3 )+ 1)
= %[2,031+ 2,236 + 2,716 + 3,464 + 4,430 + 5,568] = % -20,445 =10,2225.

c) [x_5,%] xucMm kecmanmapauHr (i =1, 2, 3, 4, 5, 6) ypTa HyKTaJapuHu
TOIIAMU3:

Xo+X% _0+05 1 X +X; 1+15_5

_05+1 3 X;+Xg
2 2 4" 2 2 4" 2 2 4’

Xg+X, 1942 7 X4+X _2+25 9 Xs+Xs 25+3 11

2 2 4 2 2 4 2 2 4
f(x)=+4+x°

xucoOmaiimu3 (0y epma xam XucoONamUIapHU ydTa YHIHWKIAP XOHAacHrada

Tonumnran  HyKramapaa GYHKIUSAHUHAT — KUMMaTJIapUHU

AXIUTIANMU3):

f[lj =2,004; f [§j =2103; f(Ej =2,439; f [Zj =3,059; f [gj =3923; f [Ej =4,980
4 4 4 4 4 4

VY xonna, (14.8) bopmynagan

TutTynsBapack
My Hpoapwnxa
1-606
2-606
3-606
4-606

MnoBanap
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Caxuda /708
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w2 e 3 G )

:%[2,004+2,103+2,439+3,059+3,923+4,980] :%-18,508:9,254 Tuntynsapack
My Hpoapwnxa
d) (14.9) bopmynaman, n =6 Oynranaa KyWuaaruHu XOCHJI KAJIaMU3. 1-606
-00
Te :L[f(o)+2. f(lju. f(1)+2- f(§j+2- f(2)+2- f(§]+ 2-606
2.2 2 2 2
1 3-6006
+ f(3)]= =[2,000+2-2,031+2-2,236+2-2,716 + 2- 3,464 + 2 - 4,430 + 5,568] =
4 4-606
=%[2,000+4,062+4,472+5,472+5,432+6,928+8,860+,568] ==%‘37,322=9,3305 WnoBanap
e) (14.10) popmyrnama n=6 Oynranma
S = £ (0)+ FR)+ 20 f[ )+ F @)+ f[ 2|+ F(2)+ £ 2 )+ L
6-2 2 2 2 ¢ 4
+4[f(3j+f£§)+f(§j+f(zj+f[g)n[l—lj]}; ¢ 2l
4 4 4 4 4 4
Opkar a

= i{2,000 + 5,568 + 2[2,031+ 2,236 + 2,716 + 3,464 +
12 Cax udga /708

+4,430]+ 4[2,004 + 2,103+ 2,439+ 3,059 + 3,923+ 4,980]} =

TynumkKk skpaH

= i(7,568 +2-14,877 +4-18,508) =
12 YUnmkunuw



é (7,568+ 29,754 +74,032) = é 111,354 =9,2795

1
14.5- mucoJ. I Jxdx mHTerpamHMHT KuitMaTuHH: 1) Tpamenmsiap KOWmacH
4

Oyiinya; 2) Cumncon Koujgacu Oyiuya  sKUHJIAIITApUILIIAD  Oaxapud
xpcoOJaranja, N HUHT, abcomtoT xaTo 6epwiran & =0,001 JaH KUYUK OYJIUIIUHU

Kadoataaiurad KHAMaTUHHA TOTIUHT.

Eunnumm. |. Tpanenusiap kougacu Oyinda ssKUHJIAIIAII Oa)kapuiiranjaa 77

HUHT KOJJIUK ‘Rtp‘ < & OVNMUIIMHYU TabMUHJIAWIUTaH KWMMATUHU TonaMu3. byHuHT

yayH, popMmyaaga h= =— ==, p=2 0yuacun. Yuma f ()=-0,0884.

b-a 4-1 §
n n n

Jlemaxk,

2 2
Rpp| < b_a-(b_—aj -‘f"(ry)(:%-i—zo,0884<g

E€KH

oynuim Tanad KwinHaau. by epaan,

TutTynsBapack
My Hpoapwnxa
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2-606
3-606
4-606

MnoBanap
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0,1989 <0001

TEHTCUBJIUK EKU

n? s 9199 _1qq
0,001

OynuIIM, S’bHU N >14; n>150YIUILIUHA OJIAMU3.
Jlemak, Tpanenusiiap Kouaacu Oyinya ssKMHJIAIIUII Oa>kapuiiraiia, abcooT

xato £=0,001 nan kuuuk OYauIIMHU Kadoyiariam y4yH, [1, 4] KeCMaHH, KaMUJIa

15 Ta kucMm Oymakiapra OVIuII JIO3UM OYaau.
2) CumricoH Kougacy OVitnua SKMHIAMUIT Oaxapuiranaa, N HUHT, KOJIJIUK

IR,| < &=0,001
. . . 3 y
OYJIMIIMHA TAabMUHJIAMINTaH KAUMATHHU TonaMu3. h = 7 n =2 6yncuH. Y Xoi7a,
V()= £ (V)(2)=—-0,0828.

Jlemak,

4 4
|RC|£E-(EJ -O,OSZSZE[EJ -0,0838< ¢
12 \ n 4\ n

EKU
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8—:L-i0,0838 < 0,001
4 n*

oynuiu tanad kunuHanu. by epaaH,

168 o 1681

=—-<0,00, n*>>"-=1681=n>6
n* 0,001

oynumHu onamus. Jlemak, n>7.
MycTakuj e4uiln yY49yH MUCOJLJIap

Kyihiugaru wunTerpannu OepwiraH kKagamjaa TYpT Oypyak Qopmynacu

épramua TakpuOU XUCOOJIaHT.

2 5 dX
14.1. [x*dx, h=02. 142. [—4 h=05
0 l1+x
x2 1
143 [e“dx, h=02. 14.4. | '“(“X)dx, h=02.
X
0 0

Kyihiugarm wHTErpasiHM OepwiraH Kajgamja Tpamenwsuiap GopMysacu

épaaMua XMCOOJIaHT.

7 1
145. | LIS 14.6. [xJ1-x?dx, h=01.
2

X+2 0
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1

2
14.7. J\/l+ x*dx, h= %
0

0
Kylinnarn uaTerpanau 6epwirad Kagamaa Cummcon gopmyrnacu €pramuaa

TaKpuOUii XUCOOIaHT.

3 2
14.9. | X4y, h=o0s. 14.10. [e”dx h=02.
1 X 0

2 V.4
14.11. j e*dx, h=0,5. 14.12. j J3+cosxdx, h=7/6.
0 0

Kyiiugarn unTerpan yuyH Oepwiran kagamaa TYpT Oypuak ¢dopmyriacu

€prnamua abCOIOT XaTOHU XUCOOJIAHT.

2 V.4

14.13 jx“dx, h=0,2. 14.14. jsindx, h=7/6.
0 0
5 5

14.15. (¥ h-04. 14.16. j—d‘““lx, h=0,25.
1 X 1 X

Kyiiugarm wHTETpanm y4yyH OepwiraH Kagamjaa Tpanenus Gopmyiaacu
€pramMuia abCOIOT XaTOHU XUCOOIaHT:

14.17. j_l h=1. 14.18. j d 1

2 1+ x° 3
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7 5
14.19. | L 14.20. [In? xdx, h=05.
SNX+2 2

Kyiiugaru wunterpan yuyyH Oepwiran kagamaa CumicoH dopmynacu

épaamua abCOJIIOT XaTOHU XHUCOOIaHT

7l2

3
14.21. | cosXax, h="Z. 14.22. [In2xdx, RIS
0 2 8 1 3

; 1 t dx
14.23. [xIn(4+x)x, h=7 14.24. II— h=0,5.
0

> Inx

Kyliumarn wuHTETpadHu TYFpu TYpT Oypuak dopmynacu Epaamuaa
XHcoOiaranja, Kyiuaarn XaTOHMHT OepuiiraH & JaH OIIMACIWTH Y4yH h Kajaam
KaHaai OYIuIm Kepak?

713

2
14.25. jx“dx, £=1072 14.26. _[cos 2xdx, € =1072.
0 0

14.27. j.ln(1+ xz)dx, e=10" 14.28. j.\/1+ x3dx, £ =107
0 0

Kylinmarn wHTerpanHu Ttpanenus Qopmynacu Epaamuaa XpcoOjaraHaa
KYWHJITaH XaTOHUHT OepuiiraH & JaH OIIMACIHUIH Y4YyH h KajgaM KaHaau OYyIuimm

Kepak?
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3 1,2
14.29. ji,g:m*. 14.30. [e*dx, &=10.
0x+2 5

3 0,5
14.31. _[sin xdx, £=10"2 14.32. '[arcsin xdx, £ =107,
1 0

Kyitugaru unrerpannun CumncoH dopmynacu €praMujia XucoOJIaHraH[a,
KYWWJITaH XaTOHUHT OepuiiraH & JaH ONIMACIUTH y4yH h KajgaM KaHjad Oynuiiu

KEpaK.

ya

2 3
14.33. Icosgdx, e=10"3 14.34. jln 2xdx, £=10".
0 1

dx

2
14.35. I— £=10"
1

27

2
14.36. Iarctg xdx, £ =107",
0

14.37 -14.41 wmuconnapmaru Tajabiap WKKA KUCMJaH uoOopar Oynmo,
ylapaaH Oupu Tpamnenus KOWAacu, UKKHHYKCH 3ca, CUMIICOH KOMJTACHHH KYIiao,
MHTETPAJTHU TAaKPUOMI XUCOOIalI cypaaim.

1. Tpaneyus xouoacu ( ycyau)oawn ¢hotioananuw: a) MHTETpaaHu N =4 xamam

Y4yH SIKUHJIAIITUPUHT Ba

b_ath, h:b—a

‘Rtp‘ = 12 n

,[‘Rtp‘ < bl_za‘f"(nj-hzj, n e[a,b]
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MyHocabaTaaH ¢oiinananuo, Rtp‘ yUyH IOKOpU YerapaHu TONUHT; b) HHTErpalHu

OeBocHTa XUCOOJIAaHT Ba ‘Rtp‘ HY TOIMHI; C) TaKpuOWil XucoOnamjgaru HUCOMH

xaToHu (% Jap/ia) TOTUHT.
| I. Cumncon (napabona) kouoacu (ycyau) oau gotioananuus. a) MHTETPaTHU
N =4 xagaM y4yH SKUHJIAIITHPUHT Ba

b-a b-a

Ry < h*M, h=—2 [‘Rtp‘ﬁ%‘h“.f@)(,dj’ne[a,b]

12 n

MyHocabataaH Qoiinananud, |R.| ydyH I0KOpH uYerapaHu TONMHT; b) HMHTErpanHu
OeBocuTa XMCOOJAHT Ba ‘RC‘ HU TONHUHT; C) TaKpuOWil XucoOnamaaru HUCOMA

xaToHu (% Jnap/ia) TOMUHT.

14.37. fxdx. 14.38. j(xz +1)ix.
1 -1
14.39. j.(xs + x)jx. 14.40. j.xizdx
0 1

14.41. _[sin X dXx.
0

Kylinnaru wucomiapga »kaBoOJapHU TYPTTH YHIMKIAp XOHAcuraya
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SAXJIATIA0 E3UHT.

12
14.42. YOy J x?dX MHTerpadHMHI KMAMATH: a) Yam YeTKH HyKTa Oyiinua
0

(n=12 ne6 o1m0O); b) YHr yeTku HykTa Oyinda (N=12n1e6 oaub); c) ypTa HyKTa
oyiinua (N=6m1e6 onub); d)Tpamenusaap Kowmacu OVitmua (n=12 me0d onmO);
e)Cumricon koumacu Oyimua (n=6 npe0d oamub) sSKUHIAIMIUIAD Oaxapuo,

xucobnanr. HatwkanapHu, HHTerpaUiaiiii 0axapu0, TEKIMUPUHT (COJIMIITUPUHT).

1
14.43.Ymily j sin? 7 xdx WHTErpaJHUHI KMHMATHHH: a)4yall YeKTH HyKTa
0

oyiimua (n=3 nae6 onmb); b)yHr ueTku HyKTa Oyiimya (n=3 ned oauod);
) Tpamerusuiap Kougacu oOyiinda (n=6 me6 oaub); d)CuMIICOH Kouaacu Oyiinua
(n=3 ne6 omub) sxkuHTamuUnUIap Oaxapud, xumcobnmanr. Hatmwxkanapau

WHTETpaJUIalHN OakapuO, TEKITUPUHT (COTUIITHPUHT).

1

14.44 Yy
gl + X

> HWHTCTPAJITHUHT KHﬁMaTHHHI a) TpancuuAaiiap Konaacu

(n=4 ne6 omuO); b) Cumncon koumacu (n=4 nae6 0au0) Oyitnua sIKMHJIAIIMIILIAP

O0axxapu0, XxucoOIaHT
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1
14.45. Yoy JCOSXZdX WHTETPAIHUHT KUHUMATUHM: a)ypTa HyKTa Oyilnda
a

(n=4 ned onmO); b) Tpanerusuiap Kouaacu Oyinya (n=8 med onud); c) Cumicox

Koujgacu Oyiinda (n=4 ae0 onb) SKUHIANIMIILIap Oakapr0, XHUCOOIaHT.

2
2
14.46. YOy Ie_x dX WHTerpaJHUHT KHAMATHHU: &) Tpaneusuiap KOuaacu
0

(n=10 ne6 ommb); b) Cumncon Koumacu (n=5 aed onb) OYiinya SIKAHIALITUIILIAD
O0axapu0, XucoOJIaHT.

Ky#tugaru Mucosuiapa, MHTETpATHUHT KHHMATUHU: a) Tpanenusiiap Kouaacu
oyitnua; b) CUMIICOH Koujacu Oyirya SKUHIAIITHPHIIIAp Oakapud xucobraranua
abcomioT XaTo OepuiraH &JaH KUYMK OYIuInMHU Kadoiariaiauran

N HUHT

KHUMaTUHU TOIIMHT.

4 4
14.47. j Jxdx, &=0,01. 14.48. j Jxdx & =0,00001.
1 1

V.4 3
14.49. j sinxdx; & =0,001. 14.50. j e*dx, £=0,01. .
0 1
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2
14.51.5) [e™dx, &=0,0001
0

MycTakuj equil y9yH MUCOJUIAPHUHT KaB0o0JIapu

14.1. 6,37. 14.2. 0,23. 14.3. 161. 14.4. 0822 14.5. 2,002. 14.6. 0,3296.

14.7. 3,482. 14.8. 0,8350. 14.9. 2,4859.

14.12. 5,4024. 14.13. 0<R<0,6.

14.10. 16,5. 14.11. 0,8821.

14.14. —359-10% <R <0.

14.15. 0<R<0,053. 14.16. 912-10° <R <8,06-10°.

14.17.-167 <R <-2,28-10°, 14.18. -6,95<R<1,61-10"°.

14.19. -9,77-10° <R<-1,29-10°% 14.20.

14.21. —1,3~1O’5 <R< —0,91-10’5. 14.22.
14.23. -1042<R< —1,08-10’6. 14.24.
14.25. 1/20. 14.26. % 14.27.
14.29. 1. 14.30. % 14.31.

14.34. 1/6. 14.35. 01. 14.36.

~-959.10° <R<3,12-10°.
1,01-10° <R <8,23-10™.

1,02-10% <R <-3,26-10".

1/50. 14.28. 4) 1/8.

1/13. 14.32. 1/18.14.33. %.

1/5.
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14.37. 1. a) 1,5;0. b) 15 0. ¢)0% IlI.a)15; 0.b)1,5;0. c) 0%.

4.38. 1. a) 275; 0,08. b) 2,67; 0,08. ¢)0,0312~3%. 1. a) 2,67;:0. b) 2,67;0. c)0%
14.39. 1. a) 6,25; 0,5. b) 6; 0,25.c) 0,0417 ~4%. 1l. a)6; 0. b) 6; 0. c)0%.

14.40. 1. a) 0,509; 0,03125.b)0,5; 0,009. c) 0,018 ~ 2%.

I1. a) 0,5004; 0,002604. b)0,5; 0,0004. c) 0,08%.

14.411. a)1896% 0161.b)2; 01039. c)0,052~5%. II.a) 2,00456; 0,0066. b)2; 0,00457. c)0,23%.

14.42. 7,, =506; R, =650; M, =572; T,, =578; S, =576.

14.43.7, =1,394; R, =09122; M, =11852; T, =11533; S, ~11614.

14.44. T,=0,7828; S, =0,7854 . 14.45. M, =18440; T, =1,7915; S, =18090.
14.46. T,, = 0,8818; S;=0,8821. 14.47. a) n>8;b) n>2.

14.48. a) n>238; b) n>10. 14.49. a) n>51;, b)n>4.14.50. a) n>37; b) n>3.

14.51. a) 78; b) 7.
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15-§. AHMK HHTErpaJHUHT (PU3NKA MACAIATAPUTA TAAOUKJIAPH

15.1.7KucMHuMHT 00cH0 YTraH uyJjim.

Kucm TYFpu UM3UKIM XapakaT KWJIraHJa, YHUHT t BakKT JaBOMHJA Yy3rapmac v
Te3MKaa 00cub YTran uynu s, ymoy

s=vt (15.1)
dbopmyna OVitnya aHUKIaHATH.

Arap *KHUCM TEKUC XapakaT KWJIMaca, YHUHT V TE3JIUTH t BaKTra OOFJIUK
paBUILIA y3rapaau, SbHU
v=f(t).

by Xonpa >kucMHUHT t=t, mdaH t=t, rada OynraH BakT JaBomuga OocuO YTraH
WYJIMHA TOINMII Y4YyH, t,—t, BaKT OpaJUFMHM N Ta TEHI Ba XyJa KHYHK At
Oynakmapra Oynamu3. @apa3 KulIaliuK, At BakT OpaJIMKIAPUHUHT Xap Oupuaa
KUCMHUHT TE3JIUTH Xap OWp KUCM BaKT OPAJIMFUHUHT OXMPHIA, CAKpalira ira
Oynran xonaa, y3rapmac Oynu0, KOJICUH, t,—t BAKT

opaiuru At=1Cex

opaliuKJjiapra OyJIuHran OYJicHuH.
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dapazumusra Kypa, BaKT OpPAIUFUHUHT OMPUHYM CEKYHAHAA >KUCM TEKHUC
XapakaT KWwinO, YHUHT OXUpHUJA Y3 TE3MUTHHU Y3rapTUpaad, UKKUHYM CEKYHAAa
3ca, OJIMHTAH TE3JUK Oyinda TeKHC XapakaT KWiIaJul Ba UKKUHYM CEKYHIHUHT
OXUpHUJA SHTU TE3JMKKa 3ra Oyiaaau Ba YYMHYM CEKYHJ JaBOMHA TEKUC Xapakat
KWJIaJU Ba X.K.

[IyHuHT y4yH, )KUCMHHHT At BakTaa 0ocu6 yrtran uymm (15.1) popmyna
OpKaJld TONWJIaAM Ba TakpuOad f(t)At ra TeHr Oymamu, Kapaaaérrad t,—t, BakT

opanuruga 6ocud yTuaTaH Uy oca,

|9}

S~ f(t)at

t=t,

ndoara TeHr Oynau.
OHaU n OYIWMHUILIAD COHUHU KYTIaWUTUpaMu3, y X0JIa At Xamjaa xap oup At

OPAJIMKHUHT OXHPHAA TE3JUKHUHT Y3rapuIilUgard cakpamnuiap, Oopran capu
KH4upaitnd oopanu.

Arap n—oo Oymca, At—0, memak, f(t)At—0. By maprga >KucMHHHT

TE3JINTU, CAKpaIlIapCh3, ’bHU Y3IYKCU3 y3rapaau Ba yHUHT 00cuO YTraH iynu,

1%
s=1im > f(t)At

t=t,
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uponara TeHr Oymanu, OyHIaH, aHUK MHTETPATTHUHT Tabpudura Kypa,
t, t, t
s=lim > f(t)at=] f(t)dt,s= [ f(t)t (15.2)
iy t t
15.1 - mucour. )KUCMHHUHT XapakaT TE€3JIUI U
V= (Zt2 +t) eml cex
TEHTJIaMa opKaiu Oepuirad. JKUCMHUHT Xapakar OollJIaHTaHAaH CYHT 6 CeKyH/
BAKT TaBOMUJA YTTaH NYJIMHU aHUKJIAHT.
Eunmumu. (15.2) popmyara acocaH,

6 6
s= [t +tht=(23+242 ) =26+ 267 =1620n.
) 2 Jg 3 2

15.2. Ky4 0axapruy uui.

dapa3 KWIAIMK, )KUCM y3rapmac F Kyd TabCHUpH OCTHAA TYFpU YU3UK OViinad
XapakaT KWicuH. Y Xoima Oocu0 yTwnran x #ynga Oy F  Kyd TOMOHUIAH
Oaxxapuiran P wii,

P=Fx (15.3)

dbopmyna Oyitmya Tonwiaau, OyHaa x— MeTpiapaa, F - kwiorpammiapaa, Paca
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KHAJIOTpaMMOMeETpiapaa udoganaHagy.

Arap >kKMCM Y3rapyBuaH Kyd TabCHPU OCTHJA XapakaT KuWica, YHHHT
Oaxapran WIIM aH4ya KUWMH aHUKIaHaAu. By Xon yuyyH QopMynaHu KeaTHpuO
YUKapamus.

®apa3 kunainuk, O HyKTaja THHY X0JIaT[a TypraH *HUCM, YTHIITaH WY X ra
OOFJIMK paBHILJIA y3rapaaurad F Kyd TabCHUPH OCTHJAA Xapakar KujiaérraH OYiCcHH,
SHHU

F = f(x)
HlyHuHraex, BAKTHUHT 0ab3u MOMEHTJIapH/ia )KUCcM A Ba B HyKTanmapna

oyncun (15.1- ynzma), Oyrma OA=a Ba OB=b OYicuH.

15.1-yu3ma.
OHau uynmHuHrT AB=b-a OYymaruga Oepwiran Kyd OakapraH HWINTHU KaHJaW
AHHUKJAll MYMKUHJIUTUHU Kypcaramu3. DyHHHT y4yyH, HUYJIHUHI Kypcatran AB

OyJnaruHu n Ta, y3apo TEHT Ba XKyJa KUYMK AX KecMmayapra Oynamus. By epna xam
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IOKOpUJAaru MyJaHW TONMIN Macalacuaard KaOu, Xap Ax KecMmaaa Kyd, y3rapmac
KOJMO, YHUHT OXMpHJA, cakpaiura sra 0ynuO, y3rapanu, ned ¢gapas kunuHagu. Y
xonaa, (15.1) dbopmynara acocaH, HYIHHHT Ax OYyiaruaa KydHHHT OakapraH HIIIH,
TakpubaH

f (x)Ax
udonara TeHr 6ynaau, KydHUHT OyTYH AB =b—a Wyn naBomuga 6axaprad UIIH

aca, TakpubaH,

oymasu.
DOHau OYIMHMIILIAD COHM N HU YEKCU3 OPTHPPCAK, AX MHKIOpP, Ba JeMak,
f(X)AX MHKIOp XaM 4eKCH3 KHYUK MUKHopiap Oyiaaau. ByHma Kyd, cakpauuiapra

sra OynMacaaH, y3ayKCcU3 y3rapaau Ba U3IaHaETraH Ui,
b
P=1lim » f(x)Ax
Axaoxzze; ( )
udomara, OyHIaH aHUK UHTETPATHUHT Tabpudura kypa,

P :_T f (x)dx (15.4)
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oynanu.

15.2-mmcoa. 1 Kr MUKAOpAATry Ky4 Npy>KMHAHU 3 CM ra 4y3raija, y KaHjuau
uil Oa)KapuIIMHA aHUKJIAaHT.

Eunimmmm. ['yk KOHYHUra acocaH, Ky4 NPY>KMHAHUHT Yy3UIUIIN EKU
KUCWIMILNIA TYFPU MPOMOPLUOHAN, SIbHU

F =kx,

OyHIa X—IPYXUHAHUHT YY3WIUII €KW KUCUIIUII MUKIOPH, K — MPOMOPIMOHALTUK
KO3 HUIIUEHTH.

Kapanaérran wmacamaga k HUHI KMUMAaTHHUA TOIMII YYYH,

OepunrannapHu, ['yk KoHyHMHH udojamoBud, F =kx TeHrJiaMara KeJITUupuo

Kyssmu3:1=k-0,03, Oy epaaH k = ﬁ SKAHJIUTH KEJIUO YUKAIH.

Jlemak, npyKHUHaAHU Yy3YBYU Ky4

0,03

KypuHHIIAa udoaaraHaam.
Kyd TuHY xonmatma OynraH mNpyXWHAra TabCHp KWiaranu ydayH, (15.4)
dbopmynanaru MHTErpAIHUHT Kyl yerapacu a=0 Oynaau, IOKOpU Yerapacu ica,

b=0,03 6ynaau.
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Jlemak, n3naHa€Trad MI:;

0,03 2 2
P jixdxzix_ :i.(o,gs) —0,015 xIm.

0,03 0,03 2 0,03

15.3— mmcoa. Maccacu m Oynran xucMHHHT Ep cuptuman BepTukan h
Macodara kyTapuiga 6akapuiaurad UIIHA TOTHHT.
Eunnumm. Epaunr toprumn kyuuHu F, EpHMHr mMaccacuHM M, opKanu

6 H MM 55 6
ClIrnjiacCak, y Xo0J1aa, BOTOHHUHT KOHYHI/II‘a acoCaH, F=G XZ yﬂa)m, YHJIa,

x— skucMmaaH EpHuHr Mapkasuraya Oynran macoda. Y xomma mm-G=K 1eb

Ooenmrunmacak , F= £2 R<x<h+R, R-Epaunr pamguycu. X=R Oynranna,
X

F(R)- Ky4, ’)KHCMHMHT Maccacu P =mg ra TeHr Oyaaau, SbHU

K
=P K=P-R? F(x)

_ PR?

XZ

ynmait ko, (13.3) dopmynacura acocan, Tomamus:

R+h

R+h 2 R+h
e X © X Xlg R+h

15.4 — mucoa. Orupnaurun P =1,5m Oynran pakeranu Ep cuptuman H =2000
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KM OanaHJIMKKa KYyTapyIl y4yH Oa)KapuiIUIIM 3apyp OYiIrad MIIHU TOIMHT.
Euninmu. EpHUHT )KUCMHU TOPTUII Kyud F Ba )KMCMHUHI OFUPJIUTH,
yHUHT EpHUHT Mapka3ujaH KaHaail X y30KIMKIA KOWIAIITraHIurura OOFiIuK

oynaau:

F(x)=%, Oy epia A— y3rapmac COH.

Arap P - xucMHuHT, y Ep cuptuna, aspHu EpHUHT Mapka3uaad R paauycra

TEHI' Maco@ana KOWJIAIITAHJAru  OFUPJIUTH 65’/J10a, y XoJjaa Pz%, A=PR? Ba

KyTapunaéTral JBUTATEIHUHT, pakeTa EpHMHr Mapkasuman X macodana Oynran
MOMEHTHaru, Oaprapad Kuiaauran F Kydd, X HHHT MabiyM (QyHKIUSICHIIAH

PR?

X2

nbopar 6ynamu: F(x)= DHJIM pakeTaHW X OajaHUIMKKa KyTapuilga YHUHT

JBUTaTENY UINMHA KaHgaimup q(x) Gyskums ne6, xamMmaa pakeTanu sHa OX KUYHK
OamaHUIMKKAa KyTtapumga, F  QyHknms y3rapmaiiam  ne0, OakapwiraH HII

OppTUpPMACH Y4yH,

PR?

Aq ~ F(x)dx dx =dqg

TaKpUOW KHMMATHHU TOTIAMM3.
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Pakeranu Ep cuptunan H OanaH/uyiMKKa KyTapuiiga X y3rapyBuu R naH

R+ H raua y3rapagu. llly cababnu, n3nanaétran A u,

R+H R+H dX 1
A= jF(x)dx: PR’ j F:PRZ(——j

R R X

r _ PRH
" R+H

MHTErpaj opKaiu udoaanaHaiy.

P =15t, H=2000km, R =6400 km Oynranauruaad, Q=2 285714000kI'm ~
~ 2 2422854340 dj 6}"/J1a211/1. OHJIM IBUTATEJIHUHT, pPaKeTaHW EpHUHT TOPTUIUIIMAAH
TYyJla 030] KWIMII Y4YyH OaXapull Kepak OynraH WmuHU, H yekcu3 optud

oopranaa, A(H) HIIHMHT TUMATA cU(aTHIa aHUKIANl MYMKHH:

lim A(H)= lim
H—0 Hoo R+ H

P Ba H HuHT 0Kopuaa 6epunran kuiimaTiapuaa 6y um 9600 000 000 kI'm ~
94176000 000 6ymann.

15.5 — mucou. bamannmurun H =15m Ba paguycu R=0,4m OYnTaH MUIUHID
(10330 KF/MZ) atMocepa OocMMH OCTHIAa Ta3 OwIaH TYIaupuiarad Oyiauo,
nopiieHb Owian Emwiarad. [lopmennn wwmuHap wuuaa h=12m wmacodara
KYYUpHUII Y4YyH Ta3HU M30TEPMHUK Kecuiijga capdiaHaaural uil (MUKIOPH)

TOIINJICHH.
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Euynnumu. ['a3 XOJaTMHUHT M30TEPMUK, S’TBHM TEMIEpaTypa y3rapMaraH
X0J1/1a, Y3rapuinaa V XakMm Ba Fra3HUHT P OOCMMHU opacujiard OOFJIaHMIL,
Boiine — MapuoTT KOHyHHUTa acocaH, pv=c=const (popmysa opkanu nudoaganaHaiu.

IyHUHT y4yH, arap NOplieHb UWJIMHAPHUHT MUKUa X Macodara urapuica,

MOPIICHHUHI" F03a 6I/IpJII/II‘I/II‘a T'a3HUHT p(X) 6OCI/IMI/I,

P =6 5 -

MOPIIEHHMHT TY1a S ro3acura Oyiaran 6ocum 3ca, P(x)= Sp(x):HL Oymanm.
—X

DHIM NOPIIEHHH X u Ta MTapuIia capdiaHaguras MIHA Kaemaimmp ()
¢bynkuus ae6 onub, Ba MOpIIEHHU KUUMK (X Macodara WTapuiga yHra TabCHP
KHJIaIUTaH P(X) OocuMmHHU y3rapmac, ae6 xuco6iao, q(x) GyHKIUS OpTHPMACH

mudepeHITMaTHHUHAT TAKPUOUH MUKJIOPUHU TOTIAMHU3:

c
—X

AqQ =~ P(x)dx = v dx =dq

W3nanaétran ymymuii A wuimra X HMHT O JaH h rava y3rapumid MoC KeJajw,

LIYHUHT YYYH,
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A:cTdex

0

=——cIn (H=x)"=clIn .
( )10 H-h

H=15m, R=0,4m,h=12m, p, =10330kI"/ m* Oynranna,

Vo =7 R*H =0,247m?; ¢ = pyVv, = 2479,27; Q ~12533,3KI'm ~ 122951,7 xc.

15.3. UkTHCcOaAMid XMCOO-KUTOOIapra TaA0uKIap Oyiiuua MucoJiap.

15.6 — MucoJ1. Arap KOpXOHaaru UIMYMHUHT MEXHAT MaXCYIAOPIUTH

3
flt)=——+4
() 3t+1Jr

byHKIUsA opkanu udomanaHca, WY WIN KYHWHUHT YYUHYU COATH JaBOMHJIA
KaHYa Xa)XMJard MaxCcyJIOT UIIa0 YMKAPUITUHNA aHUKJIaHT.
Euynnumu. Arap MIDIYUHUHT t BAaKT JaBOMHUJArd MEXHAT MaXCyJAOPJIUTH

Y3JIYKCH3 f(t) dbyHkius opkanu udoganaHca, UIuy t, JaH t, rada yTraH BaKT

opajiuruaa, XaKMu

t

V= f (et (15.5)

4
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dbopmyna OVilMua aHMKJIAHAIUTaH, MaxcyJoT umad uyukapagu. Kapamaérran

MHCOJIA,

3
f(t)=3t—+1+4; t,=2t,=3

OYNraHIUTUIaH, U3JTaHAETTaH XaXM,

3 3
Vv =£(3t+1+4)dt =(In(3t+1)+4t)|2=

:In10+12—ln7—8:In§+4

Oymasu.

15.7— mucon. Arap marasuHra sHrd ToBap oiaMO KenaumHumu f(t)=2t+5
dbyHkIus opkanu udojamaHca, MaraspHaa y4 KyH MoOaWHMIa KaHYa Xakmaa
TOBap TYTUIAHUIIMHU aHUKJIaHT.

Eunnumu. Kapanaétran mucomnaa

f(t)=2t+5, t,=0,t,=3
Oynrannmurumad, w3naHaétran xaxm yuayH, (15.5) d¢opmymaman dorinananran

X014,
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3

2t2
(2t +5)t = T+5t —9+15=24
0

V =

O ey O

OYJIUIIMHU OJaMU3.

15.4. DJyieKTp 3HEPrUusiICHHUHT capPIAHNIIUHMA 0AIIOPAT KHJIHII

(oiAMHIAH AWTHIL).

MabiyMKH, 3JEKTp DHEPTUSACHHUHT Xap OWp YHMpOK €EkM (OHAp TOMOHHMJIAH
capduanuiy, Ky€m OoTraHiaH TO y YMKKyHYa aaBoM dSTaiu. Keda kaHda Kucka
6¥y1ca, IIyHYa KaM 3JIeKTp SHeprusacy capdnanaan. Munma 90T KUCKa TYH 22 HIOHra
TYFPU KENTAHJIUTUHY, 2HT Y3YH TYH 3ca, 22 nekadpra TYFpy KeJITaHJIUTHHU XucoOra
OJICaK, ynapJaH OWpPUHYUCHAA, UKKUHYUCUAAH KaM OHHeprus cap(iaHuIIuHA
OJIaMU3.
lynmait KuimO, SHEPTUSHUHT capQIIAHUIINA @ — TEOPAHUIILTN KapaéHIaH

nbopar skaH. by xxapaés,

w=b+ccos(27(t +0,025)) (15.6)

byHKIMS opkanu udomananumu MyMKuH. bynga 0,025 kyumunyBuw,

MaKCUMyMHHHT, t=-0,025 KuiiMatra TYFpU KEJIUIIWHU, SBHU Xap Oup WHun
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Oouutanumugad 0-025-365=9 KyH OJauHra, 22 nexkabpra TYFpU KeJIUIIUHU
Kypcataau; 2z KymaWTyBuYu 3ca, y3yHiauru | ra (¥Mwira) TeHr OYiraH OaBpHHU
AHUKJIANIN.

15.8- mucoua. Tapmoxk ToMoHMAAaH, X =0 AaH Xx=1 rada, Oup HuiIAa SHEPrUs
capdnanuiy, (15.6) byakus opkanu udoaanaHcuH, Oy epaa b Ba ¢ KaHgaiaup
conyap. Y xoJyija, TapMoK t=0 gaH t=1 rada yTrad Oup WWiga KaH4ya dHEPrus
capdaluHyi aHUKJIaHT.

Eunnumm. FOxopunarun 6anmiapaa OakapuiraH WIUIADHA XUcOOra oJiraH

Xonjaa, dt BakT maBomuza capdiaHrad sHeprus wdt, w1 maBoMuga capdiiaHraH

SHEPIHUs 1ca,
1
I wdt
0
WHTETpajra TeHT OYIUIINHN KypaMu3. Y X0Jija,
1 1
f wdt = J. [b+ccos(27(t +0,025))jdt =
0 0
1
=b+c|cos(27(t+0,025))dt.
0

Oxupru HMHTErpajiHd XHUCOOJall  y4yH, 27r(t+0,025):z AJIMAIITUPHUII OJIAMH3.
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Hartmxana,

t= 2 _0,025, dt= 92,
a 21 27
[ cos(27(t+0,025))dt = |t =0=> 2 = 0,057; =
0 t=1=7=2057
2,057
- Zi [cos zdz = zi(sin zjgggz =0
T T !

0,05
oynasnu.

by epnan, 6up iinnga sHEPrusiHUHT capiaHuIy, b OUPIUK KyBBaTHU
TAIIKWJI STUIWHA OJIAMU3.

15.9 — mucosa. Xap Oup nammna Ba ¢GoHapHUHT X=0 JaH x=1 raya dHEprus
cappumamu (15.6) dyHkumus opxanum wudonmamanran OyicuH,0yHma b Ba c-—
KaHIauaup coniap. TyMaHHWHT EPHUTHUII TapMOFH U=U,+at YU3UKJIH KOHYH
Oyiimua YccuH (oprcumH), Oy epna t— Hwoiap Ownad YyidaHaad. Y  XOJja,
TapMOKHUHT t=0 gaH t=1 rawa ¥yTran | #wmnga capduaraH 3HEPrUSCUHU

XUCOOJIAHT.
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Euywimmmu. by muconga dt Bakt Oupiuru gaBomuzaa cap(ianral SHeprus

uwdt mMukgopra, Oup iui naBomuaa capdiaHraH YHEPTUs dca,
1
j uwdt
0

MHTErpajra TeHr OYIUIINHYA KYypaMus3.

Jlemak,
1 (1)1
j uwdt = J. (u, +at )b +ccos(27(t +0,025))]dt =
0 0

_ |bo’laklab integrallash  usuli, N
- 0'zgaruvchilarni almashtirish usuli -
~ bu, +0,5ab + 0,025 ac.

by epman, TtapMok ToMoHumaH 1 Wwima capdiaHraH DJHEPTUs MHUKIOPH

bu, +0,5ab+0,025ac OMpIUK KyBBaTAaH HOOpAT OYIUIIN KEIHO YUKAIH.
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MycTaku e4uil Y4yH MUCOJLIAP

15.1. bymumkna mnactra TymaérraH >KUCMHUHL TE3JIUTU V=98t m/cex
dbopmyna Oyiinua anukiganaau. JKucM tymum Oonutanrangad 10 cexkyHJ BakT
yTranja Kanya iuyn 60ocu0 YTUIIMHYA aHUKJIAHT.

15.2. KucMHUHT XapakaT TE3JIUTH v=(3t2—2t) cmlcex  opmyna OVyitnua
anuknaHaau. JKucm xapakaT OoluiaHranjgaH 4 CEeKyHJl BakKT YTraHaa KaHya Wy
6ocub yraau?

15.3. JXKucMHHHr XapakaT Te3OMrd V=-/5t+4 u/cex (opmyna O¥itnua

aHuKiIaHaau. JKucMm XapakaT OonuiaHraHgaH 9 cek BakT yTranjaa KaHdya uym 6ocuo

yraau?

15.4. JKucMHUHr XapakaT Te3JIUrU V=(4t_t%) cmlcex YHUHT  yUUMHYU
CeKyHJa 00cu0 YTraH WYIMHU aHUKJIAHT.

15.5. 6 xI' MuKIOpAaru Kyd mpyXKMHaHU 8 CM Ta 4dy3raHja, y KaHjaad Wil

OaxapUIITUHU aHUKJIaHT.

15.6. [Ipyxxunanu 4 cm ra uysranga 10 kI'm Mukmgopaaru umn 6akapuTHIIg
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MabayM. [Ipyxxunanu 10 cM ra 4y3ui yayH KaHjaai OaxapuiuiMHA TOIUHT.

15.7. Paguycu R ra TeHr Oyiaran spuM IIap LIAKIWAArd KOFO3/JaH CYBHHU
yuKapuiaa capd Oynagurad Uil MUKJIOPUHM aHUKJIAHT.

15.8. Hunuuapna auamerpu 20 cM Ba y3yHiuru 80 cMm OyiaraH mopiiueHb
Xapakat Kwiaau. by nunuaap P, =10xkz/cv® 60cUM ocTHia OYF OWIaH TYJIIUPUITaH
Oynca, TeMmmepaTypaHu Y3raptupmaciaH KaHAal wuml Oaxapuiranjaa, OyFHHHT
Xa)KMU UKKU OapaBap kamasiau?

15.9. Arap 5 kr Ky4 npyXuHaHU 25 cM ra uy3ca, y XoJyiJ1a Mpy>KuHaHu 6 cM
ra yy3uill yuyyH KaHjaai um 0axkapuil kepak?

15.10. Arap 1 Kr Kyd4 23JIaCTHK MpYyXHHaHH | cM Ta 4Yy3ca, y XoJiaa,
npyxuHanu 10 cM ra uy3uim ydyH KaHjai um O6axkapum kepak (I'yk kommacumaH
dhoinanaHuI Kepak)?

15.11. Arap KopxoHaJaru HITYUHUHT MEXHAT MaxCyJIJIOPIUTH f(t): 4 +1

4t+1
GyHKIMs opkaau udogamaHca, MMM MII KYHHHMHT TYPTHHYM COATH JAaBOMHIA
KaH4a XaKMJArd MaxCyJoT UIUIab YMKAPUIIUHU aHUKJIAHT.
15.12. Arap MarasuHra sHrH TOBapaap oaMO KenuHuIud f(t)=2t+5

dbyHK1Ms opkanu udogananca, Marasuiaa 6 KyH mMoOaliHMIa KaHYa Xa)XMJia ToBap
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TYIUIAaHUIITUHA aHUKJIAHT.

15.13.Tapmok TomMoHMIaH x=0 AaH x=1 raya ytrad, Oup Huima sHeprus
capuianumu w=3+2cos(2z(t+0,025)) GyHKuusA opkamu upomaTaHCUH. 2 Huia,
ApbHU t=0 JOaH t=2 raya YyTraH JaBpja cap(iaHraH 5SHEpPrusi MUKIOPUHU
AHUKJIaHT.

15.14. Xap 6up nammna Ba ¢QoHapHUHT x=0 1gaH x=1 rava yTraH BakKTIa
sHeprus capduamm  w=3+2c0s(27z(t+0,025))  GyHKIMS OpKanu udogATaAHTAH
OyncuH. OyHzIa b Ba c— KaHgaiaup conjap. TyMaHHUHT EPUTUII TapMOFH
U=2+5t YM3UKIM KOHYH OYinua yccuH (opTcuH), Oy epaa t— iwimap OunaH
Yyimuananu. Y XoJjga TapMOKHHMHT t=0 JgaH t=1 rada ytradn 1 #Wwnga capdiaran
SHEPTUSACHHU XUCOOIaHT.

15.15. Xap Oup namma Ba (¢GoHapHMHT x=0 gaH x=1 rada DHEPrus
capumamu w=3+2cos(27(t+0,025)) (ynkumsa opkanu udoaagaHran OyiacuH,0yHaa
b Ba c— KaHIAWAUP COHJIAP TYIUIAMHUHHUHT EPUITHIITN TAPMOFH U =1+ 2t> KBaJpaTHK
KOHYH OVimda yccuH (opTcuH), Oy epaa t— Wwmmap OwiaH yiadanamud. Y XoJifa,
TapMOKHMHT t=0 pgaH t=1 raya yTtran 1 Hunga capdiarad 3HEPrUsiCUHU

XUCOOJIaHT.
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MycTakuj e4uil y9yH MUCO/UIAPHUHT KaBo0Japn

134

15.1. 490 . 15.2. 48 15.3. 2.
7ZR4

15.5. 0,24 xI'm. 15.6. 62,5 kI'm. 15.7. TKFM..

13.9. A=36xT . 13.10. 4=05kJ. 15.11. |n%+1.

15.13. 4 Gupnuk KyBBat. 15.14. 9,25 Gupiuk KyBBar.15.15.

15.4. 9cm

13.8. 1740«T cm .

15.12. 66.

5,26 OUPJIMK KyBBarT.
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1V-606. KYIT Y3TAPYBUWJIN ®YHKIIUSAJIAP

16-§. EBkiua Texkucauru Ba EBxiua gazocu.
EBrkima ¢azocugara Myxum TyIiamiiap

16.1. EBkiua Tekucauru Ba EBkiaua pazocu.

XBa Y XaKWKWH COHJAPHUHI MYMKHH OYJraH Xap KaHJIad TapTHOJaHTaH
(x,y) *KybToapu - TyIUIaMHIa Koopounamanap mexkuciueu aeinnand. ByHga xap
oup (x,y)- XKyQmIMK KOOpPIMHATIAP TEKMCIUTUHUHI HyKmacu JAeHWIagd Ba
KHCcKaua, M xapdu opKaimm OelarmiaHaad. X Ba Y COHJIAp- M HYKTaHHHT
koopounamanapu neviunagda. M(x,y) éyema, x Ba y - M HyKTaHUHT
KOOpJAWHATATIAPUHU aHTJIaTa IH.

16.1- Tabpud. Arap KoopaMHATaIAp TEKMCIUTUHUAT UXTUEPHH M, (X.;y,) Ba
M,(x,;y,) Hykramapu opacumaru p(M;,M,) macoda TylIyHYacu KUPUTHUITAH

oynmumo, y

P(M1,M2)=\/(X1—X2)2 +(yp - y2)
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dbopmyna OyilMya aHMKIAHCA, Yy XOJJa KOOpJAWHATANAp TEKUCIUTU Eeriud

mexuciueu neinnany Ba R? opkaau GenruiaHam.

m—¥4oBnu KoopauHatanap ¢dasocu Ba EBkinua ¢azocu TylryHUagapu xam
IIYHTa YXIIam KUPUTHIATAA. X, X, ..., X, XaKUKAH COHJIAPHUHT MYMKHH OYJITaH Xap
KaHJail TapTHOIaHraH X, Xy,..., X, KAAMATIap TYIUIAMHTa KOOPOUHAMAApP (Pazocu
nevunanu. bynaa xap 6up xoopaunaranap GazoCUHHUHT ( X, X,,..., X, ) HyKTacu M
€Kk M (X, Xp,..., X, ) OPKAJIH OCITMIIAHAIM, X, Xp,..., X, COHJAp 3ca, M HyKTaHHHT
KOOpOuHamaiapu ACuIaIm.
M(xlxzxm)

Arap KoopaHHATaIap (baaocI/IHHHrM'(xi,x'z,...,x;n) Ba

HyKTaJlapd OpacHaaru p(l\/l ; M")MaCO(l)a TYIIYHYACH KUPUTHUITAH OYIu0, y

p(M',M ):\/(x1 XS+ (=%, f 4t (3 = f
dbopmyna Oyinua aHWKIaHCA, y XOJiga KoopauHatamap ¢aszocu, Eexmuo gazocu
neiimmanu Ba R™ kxabu Oenrumanagy.
R™ ¢asoma XxBa Yy mHykrtamap opacumaru p(x,y) Macoda Kyhugaru
Xoccajapra Jra:

1°, p(x,y)=0, p(x,y)=0 daxar Ba pakar X =Yy Oynranga;
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16.2. EBkiauj pazocugaru Myxum TymiamJjiap.
EBxnua dazocunaru {M } TYIUIaMTa JIOUP MUCOJUIAP KEITUPAMMU3.

1) {M}={(X,y)IXE R, yeR,(x—a) +(y—b?)< rz}

ra TCHT

o 2
tymnamra, R° ¢da3zona,

mapkasu M(a;b) Hykrana, Oynran énux Ooupa

((x—a)

<
Ba (X, Xy,... ,Xm) TapTUOJIAHTaH KYPTIMK, YWIMK Ba XOKa30JIApHU MKKH YIYOBIIH,

paauycu I

(y bY <r? ra ouux doupa) aevnnaan. Moc paBHIIa, (Xl, X, ), (Xl, XZ,X3)

y4 YIYOBIM Ba M YIYOBIM BEKTOPJIAPHUHI KOOpAMHATAIapu 1e0 XaM Kapaml
MyMKHH:
X:(XI’XZ)’ X=(X1,X2,X3), X:(X1’X2! ----- ’Xm)'

Ky xonnapna, X = (Xl, ) CYIE X

oynran M nHykTa Ekm oM BEKTOp, 1e0 Kapaaiy.

16.1-3cnatma. Arap R" koopamHatamap  (a30CHHH KOOpAWHATAIAPU

Xy, Xo,... Xy, OYIran X g@exmopaap  ¢aszocu 1nebd Kapaica, y  X0JIa,
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X=X, Xy s X0 )y Y= (Y11 Yyreenr Yy, ) BEKTOPIAPHUHT tiueunoucu 1e0, KOOpIUHATAIapH
X, + Vi, Xp + Yoo Xy + Y, OYJATaH BEKTOPra alTWIAmU, X=(X.,X,,..,X,) BEKTOPHHHIL
OUpop A— XaKUKHUHU COHTa AX Kynaummacu 1e0, KOOPIAUHATAIAPU AX;, A Xy, A Xy
OynraH BeKTOpra auTuiaay.

Arap R"- gexmopaap ¢azocu ned xapananbd, yHUHT JJIEMEHTIAPUHU KYIIIUII
Ba OMPOp XAKUMKHUI COHra KyNmaWTUpHILI aMasslapyd aHUKJIaHrad 0ynuo, Oy amaiiap,
Kyidugara: 1D)X+y=y+Xx; )(x+y)+z=x+(y+z),  3)myngaii 0 HOJIb dJIEMEHT
MaBKyJ 0ynub, VX sneMeHT yuyH x+0=x, 4) VX ydyH yHra Kapama — Kapuiu
X BEKTOpP MaBXyJ OYmu0, x+x =0; 5) A(x+y)=Ax+Ay; 6) (A+u)x=Ax+x; 7)
Aux)=(Au)x; 8) 1- X=X akcMOMalapHH KaHOATJIAHTUPCA, Y X0iaa, R™- uusuxiu
eexkmop ¢hazo nennanu.

R™ umsukau BekTop  (azoma HMKKUTA X = (X, X5, Xm)h Y= (Y1, Y210 Yim)

m
Bektopra (X, Y)=in Y, COHHH MOC KYMHII OpKald, MKKA BEKTOPHHUHI (X,Y)
i1

CKaAp Kynaummacy aHUKJIaHAIH. +/(X,X) COH X BEKTOPHUHI Y3VHaucu ACUWIIA]INA

Bay |X Kabm OenrumaHain.
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Arapna (X, y)=0 Oynca, y Xojija, X Ba Y BEKTOpJap )3apo OpmMO2OHAT
NEeUUIaIHN.
Arap X Ba Y BekTopiap HynaaH (apkiau BekTopsap OVica, y xoJija, yjiaap

opacumaru ¢ (0< ¢ <) Oypuak

dbopMyIia OpKaIH TOMHIAIH.

2) (M}= {(x y,z):xeR,yeR,zeR,(x-a) +(y-bf +(z—c) < rz}
tymiam R® dasonga mapkasu Mo(a,b,c) HYKTaJa, paguycu I ra TeHr OyiraH énux
wap ((x— a)2 +(y— b)2 +(z- C)2 <r®— ouux wap ) DeWMITAIM Ba y KHCKada,
p(M,M,)<r, (p(M,M,)< y) Kabu é3mnaau.

3) {M}={xy):xeRyeR|x—a/<d,|y-b/<d,} Tymmam wmapkasu M,(a;b)
HyKTaja Oyiran KoopauHaTaIap myepu mypmoypuacu,

M}={xy,y):xeR,yeR,zeR, |x—a|<d,|y-b/<d,.|z—c/<d,}

TYIUIaM  3ca, MapKas3u M O(a, b, C) HyKTajga Oyiran KooOpAWHATaIap

napanieienuneou Aeunaam.
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4) M}= {(xl,xz,...,xm): X € Ri=1m,(x, —x0f +(x, =X J .ot (x, =x° f < rz}
tyiam, R"™ ¢aszoa, mapkasu Mo(xlo, X3, x%) HYKTaJa, paaguycu I Ta TeHr OYyaraH
énuk wap Jednnagd  Ba kuckada, p(M,Mg)<r makimuga &é3unaau
(p(M,M,) < r —ouur wap).

5) {M}= {(xl,xz,...,xm): X € Ri=1m,(x, —x0f +(x, =X f +.ot (x, = x°f = rz}
tymiam, R™ ¢aszona, Mapkazu M 0(x1°, X9, xr?]) HYKTaJia, paguycd I TeHT Oyirax
cghepa nevimnanm.

16.2-3ciatma. Mapkasu Mo(xf X9, x%) HYKTaJa, paauycu I' ra TeHT OViran
OYMK IIapra, Mapkazu M 0(x1°, X3, x%) HYKTaJa paguycu I ra TeHT Oynran chepaHu
KYyILIcaK, HaTWKala Mapkasu M, Hykraga paguycu I ra TeHr Oynrad €nuk Liap
XOCHJI OV Imaiu.

0

16.2 — Tabpud. Mapkasu Mo(xlo ,x2,...,x,?1) HyKTana paguycu & >0 Oynran

ourk p(M,M,)<¢ mapra M, HyKTaHUHT ampogu neinnaim.
M} = {(xl,xz,...,xm): x, € R,i=1m, ‘xl —xlo‘z <d,, ‘xz —ng < dz,...,‘xm —xri‘ < dm}

tymiam (dq,d,,..,d,— Jap  Oupop ¥y3rapmac COHJAp), M- YIYOBIM OYHK
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KOOpJHMHATaIap napamienenuneayu €ku M, HYKTaHUHT myzpu Oypuaxkiu ampogu
NEeUWIaan.

Kylingaru snemeHTap Tacaukinap ypuniu: M, HyKTaHMHI UXTHEpHHA & -
arpodpu, M, HyKTaHuUHT Oupop Tyrpu Oypuaknum arpopupa xoinamagy; M,
HYKTQHUHT MXTUEPUN TYFpu OYpuakiu atpodu, yHUHT Oupop & - arpoduna

JKoMaIamay.

Xakukatad xam, Oenrmianran € >0 nma d, =d, =..=d =2 51e6 onunca, y

" Jm
xonga Kypcatwiran dg,d,,.,d, — gapga M, HyKTaHuMHT Tyrpu Oypdyakiu aTpodu
YHUHT & - aTpodua >Koualiaim.

Arap d;>0,d,>0,.,d,>0 map O6enrmnanub, &=min{d;,d,,...d,} neod
OJMHCa, y Xoiaa, M, HykTaHuHr (kypcatwiarad dq,d,,..d, — jnapra ) Tyrpu
Oypuaxiu arpoduaa, yHUHT £ - aTpodu éraau.

16.3 — Tabpud. Arap M € {M}c R™ HyKTaHUHI HIyHIal & - aTpO(YU MaBKy/I
6ynu6, Oy arpoHHUHT Oapua HyKTaNIapu {M } TYIUIamMra Kapamnuia 0yica, y xonija,
M HykrTa, {M } TYIUIAMHUHT UYKU HyKmacu Aeuuiaau.

Arap M € R™ HyKTaHUHT IIyHIal & - aTpodu MaBKy. 6Yaub, Oy aTpoGHUHT
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Oapua HyKTanapu {M} Ty1iamra Kapamuu 0ynamaca, M HykTa, {M} TYTUIAMHUHT
MawiKu HyKkmacu Jeiunaiu.

16.4—tabpud. Arap M e{M}cR™ uykra, {M} TYymmamMHUHT HUKE HyKTacH
XaM, TalllKd HYKTacu XaM Oynmaca, y xonna, M HyKTa, {M } TYIUJIAMHUHT Yezapa
HyKmacu JIeuniIaiy.

16.5-rabpud. Arap {M}c R™ TyIuilaMHUHT XaMMa JJIEMEHTIIAPH YHUHT HYKH
HYKTaJIapy, SbHU YHUHT UXTUEépuii M HyKTacu, Y3WMHUHT HUXTHUEPHH & — aTtpodu
ownan {M } ra Kapanuim, 6yica, y XoJja, {M } TYIUIaM, OYUK Myniam JeANIaan.

16.6 — tabpud. M, HyKTaHU y3una CaKIOBYM UXTUEPUNA OUUK TymiaMra M,
HYKTaHUHT ampogu nenunaiu.

16.7— tabpud. Arap uxtuépuii {M}cR™ TYmiam Y3uHHHI XamMMa 4erapa
HyKTaJIapUHHU y3UJa CaKjaca, y XoJiaa, {M } TYIUIAM, €nux myniam JIeuunajau.

16.8 — Tabpud. Arap 4 eR™ HyKTaHUHI UXTHEPHIA & — atpoduaa {M}c R™
TYIUIAaMHHUHT, Xe4 OynMmaranma, 4 mad ¢apkiu OWTTa HyKTacu MaBxXys Oyica, y
xoJnijaa, A HyKTa, {M } TYIUIAMHUHT AUMUM HYKmacyu JeWIaau.

{M} Tymam €nuK OYIuIIM y4yH, YHUHT XaMMa JIMMHUT HYKTajdapu YHra
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Kapaiu OYIIHIIY 3apyp Ba ETapIHIUD.

16.9 — rabpud. Arap myHmail m- Ya4YOBIM MIap MaBxXyA OYnauo, {M}
TYIUIAMHUHT Oapya 3JIEMEHTJIapu Iy IIapra Kapamuwid Oyica, y XoJjja, {M}
TYIUIAM, Yecapalanean NeUnuaaun.

16.10- Tabpud. Yoy

L = {M (XX X ) € R™ 33 = {t) Xp = 0 (Do Xy = 0 (), 2 << 3],
ymaam, OyHma ¢y (t), @, (t)...on () dysakumsnap [o;B] cerMeHTAA Y3IYKCHU3
dyskmsap, yarykcus wusux neiunamn. Al (a)...om(@) Ba B(e(8),...0.(8))

HyKTaJlap L YM3WUKHUHT yuiapu JCHUIIAIN.

Yoy

M X0 X0 ) € R™ 1% = X0 + it X, = X0 + oty Xy = X0 + @t —00 <t < o0
(6ynpa x0,..,x°;a,,a,,...,a, —Kaugaimup connap) tymwiam, R"™ dazoma myzpu uuzuxk
nevnnaau. Mabinymkn, Oy TYFpu um3uk M O(Xf : Xg - ,Xg) HyKTagaH yramau (M,
HyKTa t =0 ra MOC KEJIaJin).

16.11 — Tabpud. Arap {M } TYIUIAMHUHT UXTUEPUNA UKKUTA HYKTaCUHU, LIy

TyIiamaa TYJIUK ETyBUYM Y3JIyKCHU3 YHM3UK OWIaH TYTAIITUPUIL MYMKHUH Oyica, y
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xomna, {M} T¥mnamra Goznamau myniam nefumamm.

16.12— tabpud. Arap EcR™ Tymnam ouuk Oornamiu tymiaam Oynica, y
xonga, E tymmam, R™ dasona coxa neiinnanm.

Coxa Ba yHUHT Ye€TapaCUHHUHT OUpJallIMacu — énuk coxa NeUIain.

16.1 — mucoJ. Texucnukna koopauHaTagapu, ymoy

(x—2f +(y+3)* <25 (16.1)

TEHTCU3JIMKHHA KAaHOATJIAHTUPAIUTaH HyKTajJap TYIJIAMUHUHT T€OMETPUK YPHUHU
AHWKJIaHT.

Eunnmn. Mabiaymku, {M|= {(x y):xeR,yeR:(x-a)f +(y-b) < r2} TYILIaMm,
R? ¢dasona, mapkasuM(a,b) HyKkTaza, pagmycu I ra TeHT GYIraH OYHK JOUPAHH
udonanaviqu.  [lynamar  yuyH, koopauHataizapu  (16.1)  TEHTrCU3IUKHU
KAaHOATIAHTHPYBYM HYKTaJlap TYyIuiaMud - Mapkasu M 0(2;—3) HYKTaJa, paguycu

r =5 6ynran ounk goupanu uponanaiau (16.1-yuzma).
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16.1-yu3ma. 16.2-yu3ma.

16.2 — mucoJ. Tekucaukaa KoopauHaTagIapu

(x+4)* +(y—2) <25,

16.2
X-y+1<0 ( )

TEHICU3JIUKJIAD CHUCTEMACMHHM KAHOATIAHTHUPYBYM HYKTajdap TYILUIAMUHUHT

r€OMETPUK YPHUHM aHUKJIAHT.
Eunmmmn. Mapkasu My(—4;2) HyKTaza, pagdyCHd 5 ra TEHr OYiIran &mmk

mompaza &TraH Oapya HYKTAaNIapHUHT  KoopauHaTamapu (x+4)°+(y—2)2 <25

TCHICU3JIMKHKW KaHOATJIaHTHUPAIH.
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X—Yy+1<0 TEHICHU3JIUKHHU Y>X+1 KypuHHUILIA €310 ojlaMu3. Yy=X+1 TYFpHu

YM3MKJIA Ba YHIAH IOKOpUAA JKOWJIAIraH HYyKTaJapHUHT KOOpJHWHATalapu

X — Yy +1<0 TEHICU3IUKHU KaHoaThaHTupaau (16.2-uyuzma).
(x+4) +(y—2)* =25 aiinama OumaH y=x+1 TYFPM UM3UKHUHT KECHIIMII

(x+4Y +(y-2) =25

CUCTEMaHW Ouprajukiaa e4uo,
X—y+1=0

HYKTaCMHU TOMNMII YYyH {

AlL2), B(-4,-3) okamnmuruan tonamus. (16.2) TeHICU3IMKIAp CHCTEMAaCHHH

KAaHOATIAHTUPYBYH HyKTanap Tymiamu, (x+4)° +(y—2)=52 aiinaHa Ba yHUHT HUMA
XKoWnamran, xamaa Y=X+1 TyFpu uM3WK Ba YyHJAH FOKOPHJA >KOMIaIraH
HYKTaJJAPHUHT KECHITMACHIUP.

16.3 — mucon. ®a3zona KoopaAMHATAIAPH,

x> +y%+12° > 36,
2x—-3y+2-22>20

TCHICU3JIMKIAap CHCTEMAaCHHU KaHOATIIAHTUPYBYM HYyKTajIap TYIJIAMUHUAHT
F€OMETPUK YPHUHH aHUKJIAHT.
Eunanmm. x° + y2 +2%>36 TEHICH3NHKHH, X’ + y2 +22=36 chepana Ba

YHIAH TalKapuaa €ETras, 2Xx—3y+2—-2>0 TEHICHU3JIUKHU 23Ca, Z=2-2X+3Y
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TEKUCIMK Ba YHJIAaH IOKOpMJA JKOWIAIraH HyKTajap TYIUIAMAHUHT

KOOpAMHATaIapyu KaHoaTiaHTUpadau. Jlemak, cuctemManu, z>2-2x+3y ¢a3o Ouiax

x? +y?+2?>36 INAPHUHI KECHIIIaH KUCMHHM OJMO TalLIall HATHXKACHIA XOCHII
Oynra" KUCMUJAru HyKTaJapHUHT KOOpJUHATaIapyu KaHOATIAHTUPAIH.
16.4 — mmcon. Mapkasu My(L,2) Hykraga, paauycu 4 ra TeHr Oyirad

as<x<b,

TCHI'CU3JIUKJIIA CUucremacu
o(x)<y <y (x) P

JOUpAard HyKTajlap TYIUIAaMUHU, {

KYPHUHHUIIUAA TACBUPJIAHT.
Eunnumm. PaBmianku, Oepwiiran qoupaaard HyKTaJlapHUHT adcnuccacu — 3
ailtaga

maH 5 rawa  ysrapamm.  (x—1)2+(y-2)° =16 TEHIJIAMaCHHH,

y=2++v15—x% +2X KypuHHUIIIA E3aMu3.

bynna, y=2+\/15—x2+2x AlJIAHAHUHT IOKOPU KUCMUHH, y:Z—\/15+2x—x2

aca, alllaHAaHWUHT MAacTKUW KUCMUHHM udomamaiinm. Jlemak, x [-3;5] cerMeHtma

y3rapraija, Yy HHUHI KuUWMaTiIapu 2-\J15+2x—x?> gaH 2++15+2x—x?> Taya
y3rap p

V3rapaau. lllynnait kuinb, Oepuiirad JOUPaHUHT HYKTaJIapy TYTIJIAMHU,
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{—BSXSS,

2-V12+2X—X* <y <2+4/15+2x—Xx°

TEHTCU3JIMKJIAp cucTeMacH €paaMuaa Oepuirad SKaH.

2 2

X
16.5 — mmcoa. Ymoy E+I—6+ 2? =1 osmMncoua OWJIaH YerapajaHraH
as<x<b,
TYIUIAMHH, KyHuaard, <o(x)<y<wy(x,)  TEHICHU3JIMKIAp CUCTEMACH KYPUHHUILKIA

d(x,y)<z <¥(x,y)

TaCBUPJIAHT.

Egynaummn. BepI/IHFaH OQJUIUIICOM, TCHIJIaMaCHIaH z=+1-——-—

2 2

. X
SKaHJIUTMHU TomaMu3. JlemMak, Z HUHT y3rapuil coxacu, 1- T I_6 >0 maH ubopar.

2 2

X
by coxa, X +Y 1 smmme 6uman yerapajaHraH. OJUIAIIC TEHIJIaMacHjaH,

25 16

2
Lox? . o
y==4 1_E OynmumuHM Tormamu3. byHman X HUHT - 5 gaH 5 raya y3rapuim Keiauo

2 2
yuKaau. X [-55] cerMeHTma y3rapraHpa y Yy3rapyBuu, —41/1—% JTlaH 41I1—;—5
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raya ysrapaju.

2 2

Arap M HykTa DSJUIMICHUHT uWuuga €Tca, ywiapu - —)2(—5 - 1—6 Ba
X2 y2
1- P OyJraH KUCMU SJUITMIICOMIHUHT Wuuja €raau. Jlemak, aJuIumncou/,
—5<x<5,
2 2
e cy< 1o X
5 5
2 2 2
_ XY o XY
25 16 25 16

TEHICH3JIMKJIAp CUCTEMAacH EpaMuia Oepuiaau.

16.6-mMucost. {M} - TEKUCIMKIAa KOOPAMHATANIAPH X° + Yy° <25 TEHTCU3IMKHH
KAHOATIAHTHUPYBYM HYKTajap TyruiamMu  OyicuH. Y Xoifa, A(3;4) HYKTa, {M}
TYIUIAMHUHT JJAMHAT HYKTACH SKaHJIUTHHHA UCOOTIIAHT.

Eunnmmm. A(3;4) Hykranusr, [x-3<3,|y-4 <6 (0<5<1) TeHrcusmmKiIap

OopKaiu OepuiiraH UXTUEPUM aTpODUHU OJIaMU3. B[S—%A—%) HyKTa Oy artpoda
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2 2
éramu Ba (3—%) +(4—§j <3% +4% =25 TeHrcusaMK ypunau Oymamu. Jlemak, B

mykra {M } Tymnamra Kapanum skan. lyrmait ka6, 16.8- taspudra kypa, 4(3:4)
HyKTa - {M } TYIUJIAMHHHT JIUMUT HYKTacu OY1au.

16.7 — mucou. Texucaukaa y > x* TEHICH3JIMKHA KAHOATJIAHTUPYBYH Oapua
HyKTajiap TYIiaMd {M } HUHT €MUK TYIUIAM SKaHJIUTHHU UCOOTIIAHT.

Eunanmu. Mabnymku, {M} Tymiam énuk OYnuimd y4yH, YHUHT Gapuya
JUMUT HyKTanapu ¥y3ura Kapauum Oymumu kepak. IIyHUHT ydyH, UXTHEpHI
A@;b)e{M} mHykra {M} TYIIIaMHUHT JTUMHT HYKTach OYJIMACIMIMHH KyPCATHII

etapnu.  A(ab)e{M} 6yacun. Y xomma, b<a? TeHrcusImMKKa sra Oynamms.

& &
g=a’—b>0 ne6 onamus. Mynnait & < > TONUIATANKH, |X—a|<S TEHICH3IUKIaH

‘xz_a2‘<g Oynumm  kenmuO  yukagu. Y X0nja, x—a|<ds,|y-bl<s

TCHICU3JIMKJIapaaH

x> —y=(a%=b)+(b-y)+(x*-2a’)=(a’ —b)—|b—y|—‘x2 —a2‘>g—§—§=0

Jemak, A HykTamuer 6 atpodu {M} Tymmamra xapamumm smac. IlyHuHr
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yuyH, A HyKTa- TYIUIAMHHHT JIAMUT HyKTacu 6yna onmaiiau. Mlyanai kb, {M}
TyI1aM €MUK DKaH.

16.8 — mucon. Yoy x* + y® <100 TeHrcusmmk opkamu Gepuiaras {M}
TYIUTAMHHHT YeTapa HyKTaJTapUHUA TOTIUHT.

Euniaumu. bepwirad TeHICU3IMKHU KaHOATIAHTHPYBYH HYKTaJIap TYTUIAMH
— Mapkasu KoopauHaTanap Oommma, paguycu 10 ra TeHr OyiraH ailaHAaHUHT
MYMIard HyKTauap TYIlamuaad ubopar (aiiaHagard Hykrajgap (M} Tyruiamra
Kapalii Mac).

[eoMeTpUK HyKTaW Ha3apuaH, pPaBIIaHKH, (M| TYIUIAMHUHI Yerapacu
x? +y? =100 aitnanaman ubopar, x> + y? <100 Ba X + y* >100 TeHrcH3IHKIap
Owran Oepwiaran TyIlamiaap O4YMK TyIulamiapaad wubopar. LyHwHr yuyH,
x? +y? <100 TYmwIaMHHHT HYKTalapH Xam {M} TYynmamHMHr 4erapa HyKTajapu
Oyna onmanu.

Oumu X° + y® =100 aiiTaHAaHWHT HyKTaIapUHU Kapaiimu3s. VA(a;b) HyKTa my
aimanama €rcuH. A HYKTaHUHT HXTUEpPHN aTpoduHM Kapaiimu3. by artpodma

KOOpJAMHATATIAPH x| <l|al, |y| <|b| TCHT CU3JIUKIIAPHH Ba X >1al, |y| > b]
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TEHTCH3TUKIAPHA KAHOATNAHTHPYB4M B(X,y) Hykramap Mapxyn. BupumHum
TEHTCH3JIMKJIAPHA KAaHOATIAHTHUPYBYM  HyKTajgap Y4yH, X°+Yy*<a®+b?=100,
WKKHHYY TCHICU3IMKIAPHU KAaHOATIAHTUPYBYH HyKTanap yudyH x°+y? >100.

Hemak A(a;b) mykra {M} Tyruiam yuyn, 16.4-tabpudra xypa, uerapa HyKra
Oynmaau. MabaymMku, OepwiraH TYIUIAMHHHT XaMMa dYerapa HyKTalapH, YHHHT
yerapacu Oyiaau.

16.9 — Mucoa. {M} - TeKMCIMKIA MKKala KOOPAMHATAJIApH XaM palroHa
OYaran HyKrajgap TYIIaMu OYicHH. Y XOJ[a TEKUCIHMKAaru uxtuépuii Aa;b)
HyKTa {M} TYIUIAMHUHT JIAMHUT HYKTacH OYJIMIINHA UCOOTIIAHT.

Eumnmmm. A(a;b) Hykrauer uxtuépuii |[x—a/<d, |y-b/<d arpoduHn
KapaiMu3. a JaH GpapKiu HIyHAAH r, palMoHal COH TONMMIANUKH, |, —a|<S§ XyIaau
IIyHAa#, b jaH GapKiy r, OIyHAal paluoHal COH TONMIAINKY, |r, —b|<dS Oymanu.
V xonma, B(r;r,) Hykta {M} Tymmamra kapamum 6yam0, y A(a;b) HyKTaHUHT
Oenrwinanran arpoduna éramgu  (B(r;r,)=A(a,b)). Jemak, A HUHI HXTHEPHI
atpoduma {M} TymiaMauHr A naH GapkiaM HyKrach MaBxya SkaH. [llyHuHr yuyH,

16.8- Tabpudra kypa, A(a;b) Hykra, {M | TYIIIAMHUHT JTUMHUT HYKTacH OYJIaIy.
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MycTakuil e4uill Y4yH MU COJLIAP
Tntynsapack

WU Iark TEHICU3JIMKIIap OWIan Oepwjirad HYKTaJIap TYIUIAMAHWHT
Kyitnn p p yKTanap Ty W A

FCOMETPUK YPHUHU aHUKJIAHT. 1-606
16.1. y<2x+4 16.2. y* >6x.. 2.606
16.3. (x—4) +(y+6) <25, 16.4. x* +6x+y?2y—26>0. 3.-606
2 2 2 2 _
65 [Ty >0 16.6. 0<x?+y%<25 4-606
x* +y’® <16. y > 2x%. MnoBanap

16.7. A tymmam, x*+y? >1 TEHICU3IHK, B — X’ + y* <4 TEHICH3IIUK,

D -y <8—x* TEHICU3IuK, C—Y > X* TEHICU3JIMK OWJIaH aHUKJIAHTaH/a,

a) (AUB)n(CuUD), b) (AmB)uU(C D), Q @

TYIUIAMJIAPHUHT TEOMETPUK YPHUHU aHUKJIAHT. !Q ‘@l
16.8. x* —4x+y? +6y =0 aiinana Ba X+2y+1=0 TYFpu YM3UK OMIaH Opkar a

gyerapajlaHraH aljlaHMa CETMEHTHUHT HYKTJIApH TYIUIAMHUHU TSHTCHU3JIMKIIAP Caxuda /708

cucremMacu €paamuzia upoJanaHr. TYnuK akpa-H

16.9.  VYumapu,  A(-12) B(37), C(6;4) D(0;-2) mHykramapma  Oyiras Un K w

TYpTOYpUYAKHUHI HYKTQJIapyu TYIUIAMUHU TEHICU3JIMKIApP CHCTEMacHu &paamMujia



uoaanaHr.

16.10. Vumapun A(-31), B(2;4) C(6;2), D(-1) uykramapma O6ynran ABCD
napaieIOTpaMMHUHT ~ HYKTaJapd TYIUIAMHHA  TEHTCH3JIMKJIAD  CHCTEMAacH
épnamua udoaaaaHr.

16.11. y = x* -6 nmapabonafaH y =2x+1 TYFpu YM3KK EpaaMuia Kecuo
OJIMHTaH CETMEHTHUHT HYKTAJIapU TYIUIAMHHH TEHICU3JIUKIIAp CUCTEMAacH
Epnamuia nudomanaHr.

16.12. Texkucnukna x—3y+4=0 TYFpU YU3UKIAH FOKOPUJIA, MAPKaA3H
M,(2;-1) mykTama, paguycu 10 ra TeHr OYiran goMpajaHd TallKapua XKoiamrad

HYKTaJap TYIJIAaMUHU TEHTCU3JIUKIAp cucTemMacH EpaaMusa udogaiaHr.

2 2

16.13. Ymoy % +I—6 =1 2JUIMIIC/Ia Ba YHUHT Wunja €Trad HyKTajgap, ydjaapu

A(0;5), B(~3;6), C(3,0) HykTamapaa Oyiaran y40ypyakHMHI HyKTalapy Xamaa Yy = X’
napabonagan Kopuaa ETraH HyKTauap TYIUIAMHHMHT YMYMHMH KMCMHIaH HOOpaT
OyaraH, ydra TYIUIAMHMHI HyKTaJap¥ TYIUIAMUHH TEHTCH3JMKIAD CUCTEMACH
épnamua udoIanaHr.

Kylinnaru 6epuiran tyninaMmiaapHu OuTTa €Ku OUp Heura,

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606
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a<x<b . .
{ KYPUHUIIIATH TEHTCU3IIUKIIAp cUcTeMacu épaamua udoianaHr:

o(x)<y <p(x)

16.14. Tomonmapu: x=3, Xx=5,3x—2y+4=0, 6x—4y+2=0 Oynran Tnryneapak

My HpapuxXa

napajieIorpaMH.
1-606
16.15. x>0, y>0, x* + y* <4 TeHrCU3JIMKJIap OuIaH OepHUraH coxa.
2-606
X2 y2
16.16. EJFE <1- DJUIAIICHUHT WYKUA KUCMH. 3-606
4-606

16.17. y=x?, y=+/x mapaGonanap GunaH derapanaHraH coxa.

WnoBana
16.18. y* =6x mapaboiia Ba X =2 TYFpH YM3HK OWJIaH yerapajaHraH coxa. >

16.19. x=2, y=x TYFpu 4M3UKIap Ba Xy =1 runepOosia OmiaH yerapajaHTaH

coxa.

- >
€ »l

da3o/1a TEHICU3IIMK €KUM TEHICU3IUKIIAp CUCTeMacH épaamMuia Oepriiran

HyKTaJap TYIUIAaMUHUHT T€OMETPUK YPHUHU aHUKJIAHT:

x>0, Opkar a
16.20. {y>0, 16.21. xyz >0. Caxuda /708
z>0.
TynumkKk skpaHt
16.22. x*+y*+2°<09. 16.23. 4<x*+y*+1z2°<16.

Uk uw



2 2 2
16.24. {x +y +2° <25

x> +y?<3.

16.25. ®asomarn A(4L,5) HyKTagaH 2x+6y+3z-12=0 TEKUCIHMKKA Mapajuie

TEKUCIMK YTKa3WiraH aijaHMa napaOoJoOWJHM NIy TEKHUCIMK OujiaH KecraHjaa

XOCHJI OYJIraH COXaHU TEHICU3JIUKIIAp CUCTEMACH OpKaJu U(o1ajIaHr.
Ky#ugaru Gepuiiran TyniaMmiaapHH,

a<x<b,

p(x)<y <w(x,)
d(x,y)<z <¥(x,y)

TCHICHU3JINKJIAp CHCTCMACH KS'/pI/IHI/II_III/II[a I/I(i)OILaJIaHI“:

4 4 4

16.26. =+ Y 12 1 CUPT OWJIaH YerapajaHTaH coXa.
25 16 9

2 2N 2

16.27. (X—z - g—ZJ - 2_2 =1 cupT OWJIaH YerapajaHTaH coXa.
a c

16.28. x=0,y=0,2=0, x=2, y=4, X+ Y+ =8 TCKUCIUKIIap OnIaH

qgcrapajianrad coxa.

16.29. 2az = x* +y® mapabosouna Ba x° +y’ +z° =3a’ map ownan

gcrapajJiaHrad coxa.

Tntynsapack
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3-606
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16.30. x*+y?+z° =R? map Ba x* = y* +z?(y >0) KOHyC OWIaH yerapajgaHran
coxa.

16.31. {M} - TeKMCIMKIATH WUKKaJa KOOPJAMHATACH XaM UppAIHOHAI OYiraH
HyKTanap TYyriaMd OYiacuH. Y Xojjaa, TEKUCIMKHMHI MXTHEpui A(a;b) Hykracw,
{M} TYIiaMHMHT TUMUT HYKTACH SKAHJIMTUHU UCOOTIIAHT.

16.32. {M} - TEKUCJIMKIa a0cuuccacy paldoHal, OpJuHATaACH dCa,
uppanroHan oynran 6apya HyKTajgap TymiaMu OYJcuH. Y X0Ja, TeKUCITUKHUHT

uxTuépuit  A(a;b) Hykracu {M} TYIIIAMHHMHT JTUMUT HYKTACH DKAHJIUTHHH

UCOOTJIAHT.

16.33.  TeKHUCIMKHUHT A(llj (mn=12,....) KypuHumgaru Oapya

HyKTajJapugaH ubopar Oyiran (M} TYIUIAMHUHI JMMHT HYKTaJapUHU TOIMHT.
Koopaunatanap 6omu {M } TYIUIAMHUHT JIMMAT HyKTacH Oyaaaumu?

16.34. A(3;4) Ba B(—12) mykTanap Ba pakaT Iy HyKTanap JIMMUT HyKTalapH
OynraH, xed Oynmaranaa, OUTTa TYIjiaM Ty3HHT.

16.35. Xamma nmumut HyKranapu ¢paxar A0;n) (n— OyTyH COH) KYpUHHUIIIA

OyJraH TYIJIaMHU TY3UHT.

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606
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16.36. MkkuTa 04MK TYmjIaMIapHUHT WAFUHIUCU OYUK TYIUIAM SKaHJIUTMHU
UCOOTIIAHT.

16.37. Vkkuta €nuk TYNIaMIapHUHT HUFUHANCH €MUK TYTIJIaM SKaHJIUTUHU
UCOOTIIAHT.

16.38. KoopauHaranapu Kyiumara x+y >5, x> +y? <100 TEHICH3JIUKIAPHU
KaHOATIAaHTUPAIUTaH HyKTalap TYTUIAMUHUHT OYHK TYTIJIaM SKaHIUTHHA
UCOOTIIaHT.

16.39. Koopaumnaramap ymOy Xx+y=>5 x°+y><100 TCHICH3JIUKIAPHU
KaHOQTJIAaHTUPAJUTaH HyKTajap TYIUIAMUHUHT €MUK TYIUIaM  SKaHJIWTUHU
UCOOTIIaHT.

Kylinnary TeHrcu3nukiap opKaJiv aHUKJIAHTaH TYTUIaMIapHUHT Kalicu Oupu
coxa Oymanu?

4<x*+y?® <10,

16.40. 4 < x* + y? < 25. 16.41. {
-1<y<l1.

Tntynsapack
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MycTakuj e4uil Y4yH MUCO/UIAPHUHT KaB001apu

16.1. y=2x+4 TyFpu YM3UK Ba YHJIaH NACTAAru HyKTajgap.
16.2. y?=6x mapabona ycTuaa ETYBYM Ba YyHJAH TalIKApUJard HyKTalap

TYILJIAMHU.

16.3. Mapkasu M,(4,-6) HyKTaza, pagdycu 5 ra TEHI OYIraH aijgaHajaa Ba YHUHD
W4Ka éTrad HyKranap tymiama.  16.4. Mapkasu M,(-3;1) HyKraga, pagaycu 6
ra TeHT OyJraH ailaHaJaH TalIKapya KOMIAIraH HyKTajlap TYTUIaMH.

16.5. Mapkasu M,(0;0) HykTama, paguyciapy 3 Ba 4 Oyiran KOHLEHTPUK

alllaHanap opacuaaru HyKrajgap TYTIaMH.

16.6. Mapxkasu M,(0;0) HyKTaga, paaMycH 5 ra TEHT OYIiIraH ailaHaHMHT WYUAATHU

Xamza y = 2x* mapaboJiajiaH I0KOpH/Ia KOMITAIraH HyKTajaap TYTUIaMH.

5 13
yszx+z,
2 2
16.8. {(X_Z) +Hy+3) <13 16.9. Jy<-x+10,
Xx<-2y-1. y=x-2,
y > —4x—2.
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16.16.

16.12.

16.14.

16.16.

16.18.

16.20.

1
“(x+4)
y>3&+ )

(x=2) +(y+1)* > 100.

—-5<x<5,

—%VZS—X2<y<gMZ5—x?

0<x<2,
—J6x <y </6x.

16.13.

16.19. {OSXSL

bupunun oxraHTnaru HykTtaizap (KoopAMHaTanap TEKUCIUKIApUAaH

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606
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tamkapu). 16.21. BbupuHYM, yY4YMHYM, OJTUHYM Ba CAKKU3WHYM OKTAHTIAru
HyKTanap (KoopauHaTajgap TEKUCIUKIAPUIAH TAIKapH) . 16.22. Mapkasu
KoOpAuHaTanap Oomuaa, paanycu 3 ra TeHT OViraH MapHUHT HyKTaJapH.

16.23. Pagmycnmapu 2 Ba 4 ra TeHr OyJAraH KOHIEHTPUK cdepanap OunaH
yerapajianran coxa (0y cdepanap xam Kupaau).

16.24. Mapxka3u koopauHaTtagap Oommaa, paiuycu 5 ra TeHr Oyiaran cdepa xamaa
yku Oz Ba paauycu 3 ra TEHr OYyiraH JOMpaBUil HWIMHApP OwWIaH yerapajaHTaH

coxa (coxa yerapajapuaaH Talkapu).

4 4
16.25.x% +y> <7< 2x+6y+32-29. 16.26.1—4/16 1—;—5j£y£416(1—x—],
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16.27.

16.29.

16.34.

16.40

—a<x<a,
b ay<2 e,
a a
2 2
X2 yZ X2 y2
—c\/l—[a—erb—zJ SZSC\/l—(?+b—Z
—a<Xx<a,
—Ja’-x* <y<+a®-x?,

i(x2 + yz)g z7<4/3a% —x* —y’.

2a

An(3+%;4j Ba Bn(—1+1;2j M =102

n

. Coxa.

16.28.

16.30.

16.35.

16.41

0<x<2,
0<y<4,
0<z<L8-x-Y.

0<x< R%,

~X<y<X,

Mucon yuyH, A, (%nj

. Coxa smac.

-y << X -yl

Tntynsapack
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1-606
2-606
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17-§. Kyn y3rapyBumniau (yHKUHMS TYHIYHYACH Ba

YHUHT aHUKJIAHHUII COXaCH

{M} ({M}c R?) T¥ruiam Gepuiran 6yicuH.

17.1 — Tabpud. (M} tymwiamMauHr xap 6up M(x,y) HyKracura OUpoOp KOHYH
ékn Kouma épaammaa U coH (ueR) mMoc Kyhusiran Oyiaca, {M}rymiamma uKKu
yarapyBumian u=u(M) ékm u=f(M)=f(x,y) @yukyus anuxnranzan neRWIANN.
Byuna {M} tymiam- QYHKIMSHUHT aHMKJIQHWOI COXacd, {Uj Tymuiam oca,
GYHKIUSHUHT Kutimamaap myniamu €Ky y3eapuul coxacu NeHIaIn.

{M}c R™ Tymiam Gepuiran GyicuH.

17.2 — Tabpud. (M} TymwiaMmauar xap 6up M(x,X,,...,X,) HyKTacura Oupop
KOHYH €ku Komaa Epaamunga Oupop U COH (u € R) MOC Kyuwnran Oyica,
{M }Tymmampa m ysrapyBunnm @pyukyus anukiaHean NEVANany Ba y U= u(l\/l) €K1
u=f(M)=f(x,%,,..,X,) Kabu Oenrumanamu. Bynma (M} Tymwiam QyHKIUSHHHT

anuknanuw coxacu nevmnand. {U} TYIUIaM 5ca, YHUHT KuiMamiap myniamu éxu

y3eapuw coxacu nevmnanav. byHnan Oy€H, QYHKUMSIHUHT aHUKJAHUIL COXACHHU
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D(f), ¥3rapum coxacurm aca, E(f) opxamu Genrumaiivus.

17.3-tabpud. f(M)= f(x,X,,...X,)=C(CeR) mApPTHH KAHOATIAHTHPYBYH
M cE (E < R") mykranap Tymiamura, f(M) GyHKIESHUHT C— camyu neRumamy.
K3yn xosmnapaa, ukku y3rapyBuwin f(x,y) QyHKUMSHUHT C — CaTXH, Camx Yuzusu,
ya ysrapysummu f(X,y,z) GyEKumsHMHr C— caTXu oca, camy cupmu 1ed
IOPUTHITA]TN.

u= f(M ) bynkuus E coxana (M cEc Rm) Oepuiiran OYJICHH.

17.4—rabpud. Arap VM € E, AM € E, L eR yuyH

fAM) = F(AX, A%, 00n AX, )= A7 F (X, Xgyeees X, )

TEHIIMK Ypuunu Oyiaca, y xonma f(M)— o mapaxanm 6up oiCuHCau (YHKYus
IeUnITaan.

Arap roxopumarn waptiapaa f(AM)=[4" f(M) Tenrimk Ypumnu Gyica,
f(M) m-— mapaxanu mycb6am GupscuHcau GyHKyus NeHnIam.

Macanan, f(x)=x, xeR, 1- napaxanu oupxuacan Gpyskmus, f(x)=|x, xeR,

1- napaxxanu mycoam oupscunciu QyImHKIASIIAD.

17.1 — mucoa . Kyitnaa 6epuiiran GyHKIUSTAPHUHT aHUKJIAHUIII COXACH Ba
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Y3rapuill COXaCUHU TOIHHT:

D u=416-x"-y*;2) u=Inxy; 3) u=x>+x +..+Xx>.

Eunaumu. 1) bepuwiran QyHKIUS TEKUCIMKHUHT  KOOpPJIHWHATAJIAPH
16— x* —y* >0 TEHICH3JIMKHU KaHOaTIaHTUpaguran M (X, y) HYKTaJIap TYIUIAMUIA
aHWKJIaHraH. By TeHrcusauk, x°+y°<16 TEHICH3JIMKKA TEHr Kywid. OXHpru
TEHTCHU3JIMK, Mapkasu M, (0,0) HykTazaa, paauycu 4 ra TeHr Oyiran goupanu uomaa
Kuaaan. JleMak, QyHKIMSHUHT aHMKIaHMII coXacH D(u): TEKUCIMKIArd MapKasu

KoOpAuHaTanap Oomujaa, paauycu dca, 4 ra TeHr Oyiaran €nuk aoupajaH,

KAMaTaap TymiaMu éku ysrapuin coxacu E(u): [0;4]— cermMeHTaaH nOOpar SKaH.
2) u=Inxy QyHKIHS, TEKHCIUKHUHT KoopauHaTamapd Xy >0 TEHICH3IUKHU
KaHoaTaanTHpaauran M(x,y) HyKTajap Tymiamuaad uoopar. OXUpru TEHICU3INK,
a)x>0,y>0; b)x<0, y <0 TEHICU3IIUKJIAp CUCTEMACUTa TEHI KY4JIH.
Hemak, OepwiraH (QYHKIUSHUHT aQHUKIAHWII COXAaCH, KOOPAMHATIIAP

TEKUCIUTUHUHT OMPUHYM Ba YYMHYU 4YOpakjIapuaaH uOopar (KOoopJauHaTajiap

YKJIapu KMpMaiiam), y3rapuin coxacu E(u) oca, —oo<U <00 COH YKHMIaH uOopar.

3) u:Xl2 +X§ +...+ Xé Gynkumsa R™ ¢aszona anmknanran 6ynub, yHUHT
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y3rapuin coxacu, [0,00) gaH nOopar.
17.2 — mucoa. Kyiinga Oepuiaran (QyHKIMSUIAPHUHT AHUKJIAHUII COXACH

TOIUHT Ba YHU YA3MaJla KYPCATHUHT.

1) u:3x+y; 2) u=,/ix—2iy+3i; u=Inx-Iny;
X—y

2, 2 2 _
P i S 3
2X=x" -y Jo-x*—y2-7°

X+y o
Eywimmmu. 1) u=—= ¢yHkuusg, X Ba Y Y3rapyBUMJIADHUHT, KaCPHUHT

3xX—y

MaxpaXuHH HOJIT'a aﬁHaHTHpMaﬁHHFaH KHﬁMaTHapH Tg’HJIaMI/II[a AHUKJIaHI'aH, SIBHH

D(u) OyTYH TEKHUCIMKHHUHT Y =3X TYFpH YU3HKIAH TalIKapy KUCMHUIAH HOOpat

skaH (17.1-uynu3ma).
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b e e Gt S o

17.1-qu3ma. 17.2-uu3ma.

2) u=,(x-2Yy+3) QyHKIUSHMHT MaBHOTa O3ra OYIMIIM  y4yH,

X—22>0,

(X — 2)(y - 3) >0 TEHTrCH3NIUK YpHWHIN OYyNHIN Kepak. by TeHrcusmuk, { 350
y+o=2

Xx—2<0
E€KH TCHI'CU3JIMKIIAp CUCTCMACHUI'a TCHI' KYYJIH.
y+3<0

bupunun cuctemaHwuHr euynmu, X>2,Y>-3 gaH wubopar, HKKUHYU

CUCTEMaHUHT euyuMHu 3ca, X<2, Y<-3 maH uOopar. M3nana€tran coxaHu, s’bHU
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Oepunran (QYHKUMSHUHI QHUKJIAHUALI COXACHUHHU, TOMNMII YYyH KOOpAMHATaIap
TEKHCIUTUAA X =2 Ba Y =—3 TYFpU YM3UKIapHU yu3nil erapiu (17.2- yuzma).

3) u=Inx-Iny QyHKOUAHUHT MabHOra dra OYaumm y4dyH, X>0,y>0
TEHICU3JUKIAp YpuHAM Oynumu kepak. Jlemak, Oepwiran (QyHKUUSHUHT
AHUKJIAHUII COXACH, KOOpJMHATaJIap TEKUCIUTMHUHT OMPUHYM Yoparujan udopar

(koopauHaTanap ykiapu kupmaiian) (17.3-uu3ma)

><V

17.3-uu3ma. 17.4-yu3ma.
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2 2
g) yo | X HYIoX

5 2 > ®YHKHHﬂHHHF AHUKJIAHUIII COXacCHu, TCKUCIHUKAA
X—X* -y
X% +y%—x
KOOpJIMHATAJIapH, = 5> >0 TEHICH3IMKHH KaHOATIAHTHPAIUTaH (x,y)
X—X2—y

HyKTanap TyriaMmujad ubopar. by TeHrcusnuk Kyiuaaru

{x2+y2—x20, {x2+y2—x§0,

2x—x*—y?*>0; [2x-x"-y*<0

EKn

HUKKHUTA TCHICU3JIUKJIAP CUCTCMACUT'a TCHI' KY4JIH.

1
bupuHuM TeHrcusnukIap CUCTEMAaCMHHU MapKasu MO[E;Oj HYKTaJa, paanycu

1 o ..
E ra TCHI' 6YJIF3H CIIMK AJOHMPAHUHI TallIKapuCHUIArn HYKTAaJIapHHWHI, Ba MapKa3u

Ml(l;O) HyKTaJa, paguycu | ra TeHr OYyJraH OYMK JOUPAHUHI HYKApUCHUIATU

HYKTAJIAPHUHI, KOOPpAMHATAJIapHM KaHOATJIAHTHUPAAHW, HWKKHMHYM TCHICHU3JIUKIIAP
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1 1 o .
CUCTEMAaCHHHU d>Ca, MapKa3u MO[E;O) HyKTajga, paguycu 5 ra TeHr OynraH €muk

JIOMPAHMHT MYUIATY HYKTaJapHUHT Ba Mapkasu M, (1,0) HykTaaa, paauycu | ra TeHr
OyJaraH OYMK JOUPAHUHT TaAlIKAPUCHAATH HYKTAIAPHUHT  KOOpAMHATalIapu
KaHoatnantupanu (17.4-uyuzma).

[Mynnatt  kuamb, OepwiraH  (QYHKIUSHUHT  QHUKJIAHUII ~ COXACH:
KOOpAMHATANAPH X < X° +Yy° <2X TCHICU3JIUKHU KAHOATJIAHTHPYBUM HyKTajaap

TYIUIaMH1aH HOOpaT HKaH.

2
X>+y-1 o
5 u= y (GyHKIMS MabHOra dra OynumM ydyH, X,Y,Z
\/9 X2 —y? 72
y3rapyBuniap 9-x*—-y*-2*>0 EKu x> +y*+2° <9 TCHI CU3ITUKHU

KaHOATIAHTHPUIIU Kepak. by TeHrcusnuk, (azoma mapkasu KoOpAMHATAIAP

oomuaa, paanycu dca, 3 ra TeHTr OynraH o4MK ImapHu udonanaiiau (17.5-un3ma).
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A

(=)
<V

17.5-yu3ma.

17.3 — MucOa u=,-1-x*-y° (sin2 7X +Sin? ﬂy) (GYHKIMSHUAT aHUKJIaAHHUIIT
COXACHHH TOIIHHT.

Eunmnumm. -1-x>-y°> - wudoma X Ba Y HHUHI HXTUEPUN XaKUKHUIA
KUKAMaTiIapuaa MaBXyM
conHu ugonanaiiau. lllynunr yuyn 6epwirad GyHKUMS-HUHT aHUKIAHHUII COXacH X
Ba Y HUHT

sin® zx +sin® zy =0 (*)

TEHTJIaMaHW KaHOATJIAHTHPAJWraH KUWMaTiap TYIlamMuaaH uoopat Oymamu. (*)

naH sinzx=0, sinzy=0. By TeHrnamamapuu, X Ba Y HHUHI OyTyH KuWMartiapu
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KaHOATIaHTHPaaU, sbHH A(n;m) HyKramap Tymiamu (n Ba m OyTyH COHJap),
Oepwiirad PyHKIUSHUHT aHUKJIAHUII COXACUHU Udorananu.

17.4 — mucoa. Kyiinnaru 6epuirad QyHKUUsIapHUHT C — caTX YU3HUKIapU

TONHUJICHH:
1) u=xy, 2)u=,y-X,
3) U =+/36—4x2 —9y?; 4)u=— 2? > (x2+y2+22¢0)
x> +y’+z

Euniaumu. 1) U=Xy QYHKOUSHUHT caTX 4YM3UKIapyd OWJacH - X Ba Y
JIAPHUHT, xy=C TEHIIaMaHW KaHoamIaHTUpamuran (X,y) KuiMatiapu
TymiaMuaan uoopat Oymamu, 6ynnma CeR. C ra xap Xwil KuiimaTiap Oepuinn
HAaTWXKAcUIa, Xap XWJI CaTX YWM3UKIApUHUA XOCWJ Kuwiamu3. Macaman, C=12,...,n
KuiiMatinapaa Xy =1, Xy=2,...Xy =N, OupuHYM Ba YyYUHYM 4YOpaKiIapaa
KoMmamran rtunepoogoumIap owiacuHu; C=-1,-2,..-n KAWMaTiIapjaa aca,
Xy=-1 Xy=-2,....,XY=—N HUKKAHYHM Ba TYPTUHYU 4UOpaKiIapja KOWIaITaH
runepOoonyiap owracuHn xocun Kwiamu3. C=0 ma Xy=0, sapHEM  carx

ym3ukiaapu X =0 Ba Y =0 TyFrpu umsukgapaan udopar 0ynaau.

Tntynsapack
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2) u=.y-Xx,Jy-x=C, Oyngan y=x+C?. Jlemak, Oepwiran u=.y-x
(GYHKIUSHUHT caTX uusuru, C>0 Oynranna, (0; CZ) Ba (1; 1+ Cz) HyKTaJapaaH

VTyBUM TY¥pH uM3uKIaH, C <0 Oynranma sca, ¢ - Oym tymiamaad ubopar.

3) /36—4x2—9y® =C, 36-4x’-9y>=C?, 4x2+9y®>=36-C?. Arap C <[0; 6]

Oysca, Oepuiaran pyHKIMAHMHT CaTX YM3uFd- Mapkasu (0;0) HykTana, Gokycu Ox

g . J36-c? +36-c?
VKJa, IpUM YKJIapu 3ca, MOC paBUIIA, 7 2

Oynran smuncaan; C =6

oynraunma, (O;O) HyKTanaH, C¢[0;6] Oynranma, ¢ - Oym TymiamaaH uoopat
oynmasu.

21 1y 1
) ——  _-C, xX*+y’+|z2—=| ==
) X% +y? + 22 4 ( Cj C?

Arap C=0 0Oynca, y xonaa, Oepuwirad GyHKIUSHUHT CaTX CUPTH — PaJANyCH
ﬁ, MapKaszu (0;0;%} HyKTajga OynraH cdepanaH ((O;O;O) HYKTaJaH TaIlKapH)

nbopar; arap C =0 O¥uca, (O;O;O) HyKTagaH Tamkapu Z=0 TexucnmkmaH ubopar

oymaau.
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V2 i Y

175 — mmcoa. Ymby u=x"2sinL+y"? cos X (YHKUMSHUHT  OUP>KUHCIIN
X y

SKaHJIUTHHU UCOOTIAHT Ba YHUHT 6I/Ip)KI/IHCJII/IJII/IK AapaxaCuHHW TOIIMHI .

Evywimmmu. X Hu AX ra, Y HU Ay ra anMamTupuO, TOAMM3:

u = (Ax)" sin(;t—y)+(/1y)ﬁ cos@ =27 7 sind 4 27y gos X =
(4x) (4y) X y

:iﬁ(xﬁ -sinX+ yﬁ -coszjzﬁﬁ -u.
X X

Hemak, 17.4 — tabpudra kypa, 6epunran QyHKIusi OUPKUHCIN Ba YHUHT

OMPXKUHCIIWIIMK Aapakacu A = J2.

Xy + zt

GYHKIUSHAHT OUPIKUHCITN YKAHIIUTH
Xyz + yzt

17.5 — mucos. Yoy U =

UCOOTIIAHT Ba YHUHT OUPKUHCIMIIMK JapayKaCUHU TOTIMHT.

Eunnaumm. X #Hu AX ra, Y HU Ay 1a, Z HU AZ ra, t Hu Al ra anmMamTupuo,

TOIIaMMH3:

X Ay+Az At Py Azt 1 xy+zt _
AX-AY- A2+ Ay -Az- 26 Axyz+Ayzt A xyz + yzt '

Jlemak, 6epuiirad (yHKIUSI OUPKUHCIIN Ba YHUHT OUP KMHCIWIUK Japakacu

Tntynsapack
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MycTakui1 e4uill Y4yH MU COJLIAP

Kyliugaru QyHKUMSHUHT aHUKJIAQHUII COXAaCMHU TOIHUHI Ba

YU3UHT.
17.1. u=41-x*-y>.
17.3. u=——_
X+Yy

2 2
17.5. u:arccosx ;y .

17.7. u={R*> x> —y* +

17.9. u=/(x2 + y2 —1f4 - x> —y?).

1

17.2. u=+1-x" +,/y’-1.

17.4. u=

X aF y .
IX—y  x+y

17.6. u=In(y* —4x+8)

17.10. u

178, u_ V&Y’

. InL—x2 —y2)

X +y?—x
2 2"

2X—X"—Yy

Kylinnaru QyHKUUSIHUHT aHUKJIAHUII COXaCUHU TOIUHT.

17.17. u=In(l—-x-y-z)

17.12.

u

_ 1
\/1—x2—y2—22'

YU3MaCHuHHU

Tntynsapack
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17.13. u=arccos——~. 17.14. u=48-x>—2y>—47°,

1 1 1 . X .y . Z
17.15. u=—+—+—. 17.16. u =arcsin =+ arcsin = + arcsin —.
x oWy Vz a b c
9 1
17.17. u= I Jx2+y?-9. 1718 u=— .
U=Xy+ nx2+y2+ X°+y u m

17.19. u =\/2(x2 +y2+ 22)—(x2 +y?+ 22)2 -1

17.20. u=%+ln(5—x—y—z).
y_

Kyitnparu u = f(x,y) QyHKimsauar (x,y)e E Tymwiamaara Kuimariapu
Tynmamuss ( y3rapum coxacu) Tomuar ((x,y)e E < R?):

17.21. u=x-2y-3, E={x,y)x+y=1 x>0, y>0}

17.22. u=x*—xy+y%,E={xy):[X+|y|=1}

17.23. u=x>+y?-12x+16y+25, E = {(x y):x2+y? = 25}.

17.24. u= In(2x2 +3y2), E={(x,y):x+y=2 x>0, y>0}

Kylingarn G yHKUUSHUHT CaTX, YM3HKIAPUHN TOIHHT.

17.25. u=y-x 17.26. u=,y-x.
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17.27. u=x*+y’. 17.28. u=x*-y’.

17200 i 17.30. 7= *

X% — y? X% +2y%

17.31. u=.y-sinx.

Tntynsapack

My HpapuxXa

1-606

Kyiingarn mucomnapiaa Gepwirad (QyHKIHSHAHT aHWKJIAHUII Ba Y3rapuiil 5606

COXaJapuHH TOIMHI XaMmJa YHHHT carxX YM3HMKIapuHHA aHuKmaHr. Carx 3-606
0 :

YH3HMKJIApHIAH OUPUHU YU3UHT 4-606
17.32.f(X,y)=9X2+y2. 17.33.f(x,y):%.. MnoBanap
Kyitrgarun ¢ yHKIUSHUHT caTX, CAPTIApUHA TOIKHT.

17.34. u=x+y+z. 17.35. u=x*+y?+7°. _ ‘,
1 - »
17.36. u= 17.37. u=In(x+y?+2?)

e =l

17.39. u=/(x+1)? +y* +22 +(x=1)* +y* + 22, Opkar a

Caxuda /708

x> +y2+z2+2x

22
+yi+z

17.38. u=

X2

=
Kyiingarn mucomnapna Oepwirad (yHKIUSTHUHT aHUKIAHUIT Ba Y3TapwHII
TynumkKk skpaHt
COXAQJIAPWHU TOIMHT XaMJia YHUHT CaTX CUPTJIApWHU aHHUKJIaHr. CaTx cupTiapu-

YUnmkunuw
JlaH OMPUHU YU3HHT.



17. 40. f(x,y,z)=x*+y* -z 17.41.9(x,y,2)= 75—
X2 +y?+z

Kyiingaru QyHKIusSHA OUp )KUHCIAMIMKKA TEKIIUPUHT Ba YHUHT

6I/Ip)KI/IHCJ'II/IJ'II/IK AapaKaCuHH TOIIHMHT .

2 2 2 2
1742, u=Y*Y oo 17.43. u= S _39+Y

X ' S 2y —y?

17.44 u=8/x°22 +2xy*z+xy?-2°. 17.45. 4) u=x2+y*+2° -t

n-1
17.46. u=9*+% 17.47. u=S x*(Inx., —Inx )
u XyZ+th u iZ=1:XI (nXH—l nXI)

17.48. u=x*y+z°+yz.

17.49. x, y y3rapyBUMJApHHUHT Xap KaHAall A XypT mapaxanu OMpKUHCIH
pynkumsacunn,  f(x; y)=|x|i(p(XJ KYPUHUIIA  TacBUPJANl  MYMKHHJIWTHHU
X

KYpCAaTHHT.

17.50. x,y y3rapyBUMIapHHHT Xap KaHIail A TOK Japakaid OUp KUHCIH

Gynkuusacunn,  f(x; y)=|X|/”X¢(XJ KYPUHHMIIIA TAacCBHUpJAl MYMKHHJIUTHUHU
X

KYpCAaTHUHT.
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17.51. Yoy f(x; y,Z)=|X|i(p(¥,§) GyHKmusHEHET A KyQT  mapaxkanu

OMPKUHCIIA SKAHIUTHHU UCOOTIIAHT.

17.52. x,y,z y3rapyBUMJIapHUHT Xap KaHAal TOK Japaxajid OUp>KUHCIU

. -1 y.Z 3
(I)yHKI_II/IHCI/IHI/I f(X, Y, Z) = |X| X- f(—,—j KypuHHUIIAa TaCBUPJIAIl MYMKUHIIUTHHHA
X X

UCOOTIIAHT.

MycTakui e4un MUCOJIAPHUHT JKaBo0J1apu

17.1. Mapkasu (0;,0) HyKTaga, paauycu 1 ra TeHr Oyirad €nuk aoupa.
17.2. X <1, |y|=1. 17.3. y=-x TYFpH YH3UK HyKTaJIAPUIaH TaIIKapH

TEKUCTMKHUHT XaMMa Hykrajgapu. 17.4. Bypuak OuccekTpucanapu Omian
YyerapajgaHraH YHT BEpTUKaI OypYaKHUHT MYKU KACMHU.

17.5. Mapkasu koopauHatanap Oommaa, paanycu 3 ra TeHT OyiraH goupa.

17.6. Yuu (2;0) nykrama Ba ¢pokycu (3;0) HyKrama OynraH mapaOolaHUHT TallKU
KHCMH.

2

17.7. TekucaukHuHT X +y° =R? Ba X +y® =r? ailmaHanap opacuIard KHCMH.
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17.8.TekucIMKHUHT y* = 4x TapaboJIaHUHT Uuu OWiaH Xx° +y* =1 ainaHa
opacuiaru KkucMu (rapabosna €iin kupaau, aiinaHa €l KupManan).

17.9. 1< x* +y® < 4- xanka. 17.10. x<x* +y?* <2x - oiua.

17.11. (10;0), (0:10), (0;0;1) HyKTaNapaaH YTYBUM TEKHCIUKIAP OWUIAH YerapajaHraH
Ba (0; 0; O) HYKTaHHU Y3H1a CaKJIOBYU OUMK sipuM (a3zo.

17.12. Mapkasu (0;0;0) HyKTaaa, pagdycu | ra TeHr OYIraH O4MK map.

17.13. x* +y? —z* =0 KOHYCHHUHT TalllKi TOMOHH (Yerapac KMpaau, yuu

2 2 2

KUpManIn). 17.14. ®a3ouuHr % + yT + i 1—3JMIcou Oninag

yerapajaHral KUCMH (3JUTMIICOUTHUHT HYKTaJIapy KUPaIH ).
X <a,
17.15. bupunun okrantaa.  17.16. {|y|<b,
lz|<c
17.17. ®akat x* +y®> =9 alJaHaAHWHT HyKTaJIapH.
17.18. z=x? y=0 mapabonanunar Oz YK aTpoduaa ailTaHHUIIN HATHKACHIA XOCHIT
Oynran aiyaHMa napabOIOMTHUHT WYKH KHCMH.

17.19. Mapxkasu (0;0;0) Hykraga, paguycu 1 ra Tenr 6ynran chepa.
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17.20. Yunapu (4;1;0) , (0;1;0), (0;5;0), (0;1;4) HykTasnapaa 6yiran o4uK

mapamuna. 17.21. [-5-2].  17.22. Bl} 17.23. [-50,150].

17.24. {In %; In 12] 17.25. (0;C) Ba (L1+C) HyKTanapaad YTyBYH TYFPH

YU3UK.

17.26. Arap C>0 06Y¥ca, (O;CZ) Ba (L1+C?) HyKTaJapJaH YTYBUYH TYFpU YH3UK;
arap C <0 Oyica ¢- 6yuI Tymiam.

17.27. KoHneHTpuK aiimaHaap.

17.28. y=+x ymymuii acuMnToTara 3ra OyJiran TeHI TOMOHJIM TunepOoanap
ommacu.  17.29. C>0 6ymramma, mapkasu (0,0) HykTana, pokycu Ox YKna,
ApUM YKHU % Oynran runepbona;, C <0 Oynranga, ¢- Oyl TYIIIaM.

17.30. Dmurcra yxmam Qurypanap ouIacu.

17.31. Arap C >0 6¥ca, y=C? +sinx—cuHycousa, arap C <0 Oyica, ¢- 6y
tymiam.  17.32. D(f)=R?, E(f)=[0, ), smmmncnap.

17.33. D(f)={(x,y): x#0vay =0}, E(f)=(~o0; 0)U(0, ), runepbonanap.

17.34. Tlapamien TEKUCIUKIIAP OUIACH.
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17.35. Mapka3u koopauHaTa 6oiuaa Oyiran cepaiap ounacu.
17.36. Arap C <-1éku C >0 6yica mapkasu (-1,0,0), paauycu ‘/CTH Oyman

chepa; C=-1 6yica, (-1,0,0) HyKTa, —1< C <0 OYca, ¢- O TYIIAM.
17.37. Mapkasu (0; 0; 0) HyKTaza, paguycu e ’? ra Tenr 6yiran chepa.

17.38. C#0 6ynranma, Mapkasu (O;O; %) HYKTaJa, paanycu |i ra TeHr Oyiran
c

cepa ((0; 0; 0) HykTa KMpMaiiau), C =0 Oyaranza, (0; 0; 0) HyKTaJaH TalIKapy

2 y2+22

z=0 Tekucimuk. 17.39. Arap C>2 Oyica, +
P Y Cr2r T (crf

=1 J3JUIAIICOUT;

C =2 6ynca, [-11] kecMa; C <2 6yica, ¢- Oy TYILIAM.

17. 40. D(f): Oxyz dazonunr 6apya HyKradapu, E(f): Oap4a XaKukuii coHap,
SJUTHIITHK TTapabonons z = x* +y® +1. 17.41.D(f)=R*\{(0,0,0)}, E(f): mycbar
XaKHKHid COHIap, chepa x° +y*+2% =1.

17.43. 2=1. 17.44. 2=4/3. 17.45. 2=1.
17.47. =.

17.42. Aa=0.

17.46. A=-1. 17.48. bupxxuncou smac.
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18-§. R™ ¢a3zona conyiap KeTMa — KeTJIUTH Ba YHHHT JJUMHTH

R™ ¢aso Ba N- Harypan commap Tymiamu Oepuiaran OyiacuH. Xap Oup
n(neN) Harypan conra, 6Mpop KOHyH éku Kouna épaamuaa, R™ (dasonunr 6upop
myaitsg M, =M, (x", x",..,x") (M, = R™) mykTacu Moc KyiuIraH, sbHU

1- Ml(xl(l), xW . x 1)),
25 M, (7, x?)

oyaca, R"™ dazoma M, M,,...M, .. courap kemma — Kemaucu aHUKIAHSAH

IEeWMIaau Ba KUCKaya {M 0 }(I\/I N C Rm) KaOu OenrniaHau.

11 11 11
M CDOMo =M | —— M, (11), M,| = = |...M_| —,— |...
womap =, (3. 3) w0 (1.3} (1.

)M, = Mn(o,%j: M,(02), Mz(o,%j,...,mn(o,l}...,

n

AIM, = M{l, 0, 1): M, (10,2), M{l, 0, 1) Mn(l,o, 1}
n n 2
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By keTMa-KeTIUKIApHUHT OMPHUHYM Ba MKKHHYUCH, R’ (Da30HMHI HyKTaJapuiaH,
YYUHYHCH 3ca, R® (a30HMHT HyKTalmapugaH TAlIKWJI TONIaH COHJIAD KeTMa-
KETJIUKJIaAPUAUP.
R™ dazona
M, M,,..M_,... (18.1)
coxajap KeTMa-KeTauru Ba A= A(a,,a,,..,a,)e R™ HyKra Gepuiran 0YJICHH.
18.1-tabpud. Arap Ve>0 oNMHTraHma Xxam, MyHAaM n,eN TOMUIICAKH,
O6apua n>n, Jap yuyH
p(Mn,A)<g (18.2)
TEHICU3NIMK Oakapwica, A HyKra {M,k} Kemma-Kemauknune umumu A€AUIAIA Ba

limM, =A &ku n—>o 1a M, — A Kabu OenTrIaHaIn.

n—o0

Arap (18.1) keTmMa-KeTIMK JIUMHTTA 3ra OVIica, Yy, AKUHAAULY8UU KemMAa-KemauK
nevmnanu. Jlumut Tabpudugard MapTHH KAHOATIAHTUPYBYM A HYKTa MaBXKY/I

OynaMaca, {M,} KeTMa-KETIUK Jqumumea 52a dMAc IEHNNAnd, KeTMa-KETIMKHUHT

V3u 3ca, yzoxnawysuyu ned aramaan. KeTMa-KeTIUKHUHT JUMHUTH Tabpuduaaru &

uxXTuépuii Mycbar coH OYyamO, msmamaérran n, (n,eN) dca, my & ra OOFIHUK
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paBHIIIa TOMIAIM, IIYHUHT Y9yH, 0ab3d Xo/uIapaa, n, =n,(s) kadu é3unam.

18.1- mucou. R? ¢azona Gepuiras {Mn}:{Mn[g%j} KeTMa-KeTIMKHUHT
n'n

mumuTH A = A(0; 0) SKaHIIMTHHHU KYPCATHHT.

Eynnmmu. Ve >0 COHHM oOnaliuvk. bepuwiran & ra Kypa, n0=|:—:|+1
&

JIeCaK, yHJ1a Vn>n, Jiap y4yH,

w3 ) 3] [

Vio V10 410

n
0 {O}+1
&

TeHrcu3IMK Oaxxkapuinanu. Jemak, p(M,; A)<¢. 18.1- Tabpudra kypa,

|

limM, = Iim(E, ij = A(0, 0)

N—o0 n—o\ N n2
oymanu.
18.2 - mumcoa. R’ asoma, Gepuiran {Mn}={Mn((—1)”*l,(—1)”*1)} KeTMa-

KCTIIMKHHUHI JIMMUTH MaBXYy/J OSOMAaCJIMT'MHA KS"pCElTI/IHF.
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Eunimmu. Teckapucuaal ¢apa3 KWIAWIUK, SbHA O€pUIIraH KETMa-KETIUK
JIMMHTTA 3Ta Ba YHUHT JUMUTH A= A(a,,a,) OViacuH. JIMMUTHUHT Tabpudura Kypa,
Ve >0, KymilaiaH ¢ =1 y4yH WIyHAAW n, € N HOMEp TONMWIAAWKH, Vn>n, IaH
oonnao,

pED) (s a,)<e pl-1-1) () <e
TEHTCU3IUKIap Oaxapuiaau. by TeHrcusnuknap épramuaa
242 = p(1; 1), (-1 -1)) < p(1; 1), (a;8, ). )+ p((-1-1). (a;8, ) ) < e+ =25 =2 (s =1)
SUAAUATHU XOCUI KAJIAMU3.

by 3upgaustra ca6ab, kapama€rraH KeTMa-KeTJIMK JUMHUTra dra, Jeras
dapazumuzaup. [emak, 6epunran KeTMa-KeTJIUK JJUMHUTIA 3Ta 3Mac.

18.1 — Teopema. R" (azona {M n(xl(”), xM ..., xr(,?))} KeTMa-KEeTIUKHUHT

A=Aa,,a,,..,a, )eR" mumurra sra 6yauimy, s6Hu limM, = A yayH, Gup BakTaa

n—o0o

lim x" = a,
n—o

() _
limx,” =a,

Oynuiu 3apyp Ba etapiu. byHaaH,
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AKAHJIUTU KEJTUO YUKAH.

18.2-tabpud. M, = R™ OyicuH. Arap Ve >0 OJMHTaHAA XaM, IIyHJaal n, € N
Tonuianb, Oapua n>n, p>n, (peN)iap y4yH p(l\/ln, M p+n)< & TEHICU3IIUK
Gaxxapunca, {M |} kerma-ketauk R"™ (asoma gynoamenman xemma-kemaux neod

aTajagu.

PaBmianku, arap {Mn}(Mn cR”‘) KeTMa-keTnuk R™ da3zoma ¢yHmameHTan

KeTMa-KeTIuK Oyica, M, HHMHT KOOpAWHATAJIaph XOCHWJ KUJITaH {x{”)}, {xﬁ")},...,{xﬁf)}

KeTMa-KeTJIUKJIApHUHT Xap Oupu ¢pyHIaMEHTall KeTMa-KEeTJIMK OYJIaii Ba aKCHHYA,

{x{”)}, {xﬁ”)},...,{xﬁf)} KETMa-KEeTIUKIAPHUHT Xap Oupu ¢yHIaMEHTal KeTMa-KeTJIMK
6yaca, (M,}(M, cR") kerma-kermmk R" (azoma (yHIAMEHTAN KeTMA-KeTIHK
Oynaau, SbHU KyWHaaru TeopemMa YpuHIIH.

18.2— teopema. R™ dazoma M, =M, (x", x",..,x") kerma — KeTTHKHMHT

dbyHgaMeHTan OYynMIIM Y4yH, YHMHI KOOpJMHATajlapujaH XOoCHJ OVyiran
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{Xl(”)}, {Xé”) },...,{Xg‘)} KETMa—KETIUKJIADHUHT Xap Oupu (QyHAaMEHTal KeTMa —
KETJIUK OYIUIIN 3apyp Ba €TapJiu.

18.3-reopema(Komm npunuunu). {M, } KeTMa-KETJIUKHUHI SKUHJIAIIYBYH

OYNUIIY y4yH, YHUHT (hyHIaMEHTall KeTMa-KEeTJIMK OYJIUIIN 3apyp Ba €TapJiu.

18.4-teopema. Arap {M,} KeTMa-KETJIMK SIKUHJIAIIYBYH OYiica, YHUHT
JUMHTH STOHATUD.

18.3-rabpud. Arap {M,} KeTMa-KETIIMKHMHT Oapua XaajapuiaH Ty3WIraH
TYIUIaM uerapagadran 6yica, {M,} KeTMa-KETIHK ye2apananzan Kemma-Keniux
ned arajaau.

18.4-tabpud. Arap 3IR>0 wmapxkyn 6ymm0O, vn map yuyn p(M,,0)<R
TEHICU3IMK Oaxkapwica, {M,} KeTMa-KETIUK u4e2apanianean Kemma-KeniuKk
neimnanu, Oynga 0(0, 0,...,0).

18.5-teopema. R" ¢aszona {M,} KeTMa-KETJIMKHMHI dYerapajaHrad OYiuil
yuyH, Oy KeTMa-KeTJIMKHUHI KOOpAHMHATajapuaaH uobopar {xl(">}, {xg”)},...,{xg‘)},...
COHJIap KEeTMa-KeTJIMKJIApH Xap OWPUMHUHT dYerapajaHraH OyiuIIu 3apyp Ba

eTapauaup.
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18.6-teopema. Arap {M,} KeTMa-KeTJIHMK SKHHJIAIIyBUH Oyica, y

yerapajaHras 0ynaaau.

18.7-teopema. Arap {M,} KeTMa-KE€TIUK SKUHJIAIIYBYH OYIMO, YHUHT
muMut A Gyiica, y xoiga {kM, } (k € R) KeTMa-KeTJIMK XaM SKMHIANIyBYH OYiuo,

YHUHT JUMUTH KA Ta TeHr 0ynaau, sbHu limkM, =klimM,_ =kA

n—oo N—o0

18.8-Tteopema. Arap {M,} Ba {N, } KeTMa-KeTIMKIAp SKUHJIAIIYBYH OYiuO,
YIApHUHT TMMHUTJIApH, MOC paBumiga, A Ba B OVyica, y xomma {M, +N, } kerma-

KETJIMK XaM SIKMHJIAITyBYM OYJiaay Ba yHUHT JTUMUTH AXB ra TeHr Oynaau, sbHU

lim(M, £N_)=limM_+limN =A+B
R™ dazoma M, = Mn(xf”), x"..., xﬁf)) KeTMa-KeTIMK Oepuiran OyicuH. by

KETMA-KETIIMKHMAT  N,N,,..,N,,... (N <n,<..<n <..n eN, k=12.)  HOMepuH

XaJIJapuiaH TallKW TOINTaH, Yoy M, M, .M (M eR"™, k :1,2,...) KeTMa-

Ny Ny

KCTIIHK, 6epHnraH KE€TMa-KCTIIMKHHUHT ;gucmuii Kemma-KemJjaucu ,Z[GIZHH&I[PI Ba y

{M nk} Kabu OenruaHaau.

Macanan, R? dazona
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KeTMa—KeTauknap,  (L1) [1 ; lj,

KeTMa—KeTJIUKJIapu OYiaau.

18.9-teopema. Arap {M,} KeTMa-KeTJIMK SKUHJIAIIYBYH OYIUO, YHUHT
aumuta A (AeR™) O¥ica, y xonga, Oy KeTMa-KETIMKHHUHT Xap oup {M nk} KUCMUU
KETMa-KeTJIUTH XaM SKUHJIAIIYBYM OYyland Ba YHUHT JIUMUTH XaM A Tra TEHT
oynmasu.

18.1-3cmatma. KeTMa-keTnWK KHUCMHUH KETMa-KETIMKIAPUHUHT JIUMHUTH
MaBxXya Oynummaan, Oepuiraln KeTMa-KeTIUKHUHT JJUMUTHA MaBXYyJl OVIHIIN Xap
b ()20 Xam Kenuo YUKAaBEPMan/Iu. Macanas, ymioy
(@©1),(-1-2),@), (—];—1),...,((—1)”*1;(—1)"*1) KETMa—KETJIMK JIAMHTra 3ra 5Mac, JIEKHH
YHHHT KHCMHMH KeTMa — KeTIMKJIapH, Moc pauiia, (11) Ba (-1-1) numuTiapra
sra. Ilynpgaii kmmu6, {M,} KeTMa-KETIMK IMMHUTra 5ra Oyamaca XaM, yHHHT

KHUCMUI KETMa — KETIUKJIApU JTUMUTTA 3ra OYIUIIN MyMKHUH JKaH.
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18.9-teopema (boabuano-Beiiepmirpacc). Xap KaHmail uerapajiaHraf

KCTMAa-KCTIMKJAAaH AKWHIIATyBYN KHCMHﬁ KCTMA-KCTJIHUK aXpaTUIll MYMKHH.

n+2 n+3 oN __ o gntl
18.3- mmumcos. R? dasoma (M, }={M, 2 #3837 52 —3° KeTMa-
2" +3" 100-2"+2-5"

KEeTJIMKHUHT JTUMHTHHU TOTIHHT.

Eunaumu. bepuiran KeTMa-KeTIMKHUHT KOOpAMHATAJIapuIaH TalIKUI
TONTaH KeTMa-KeTIUKJIap, COHJAap KeTMa-KeTIHKIapu Oynub, ymap Kyluaaru
KYpUHMILLIA OYIaau:

(n) 2n+2 +3n+3 (n) 52n _3.5n+l
X =, Xy = .
2" +3" 100- 2" +2-5"

PaBmankmn,

n+2 n+3 n
lim Xl(n) — Iimi = lim w =27,
N> oo 20430 mowe (2/3) 41

lim x{®) = fim (/9" =15 _ 15

N0 n>x100-(2/5)" +2 2

Hemak, 18.1-teopemara kypa, Oepuiran KeTMa-KeTIUKHUHT JTAMHUTH

n+2 n+3 .o _ 2. n+1
limM, =lim| £ +3 ~ 32 =33 :A(27;—Ej.
nee oo\ 2" 43" '100-2"+2.5" 2

n—oo
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2 n
18.4- mucon. R* dazoga {Mn}_{Mn[\/nJrl—\/ﬁ;n_l; 2n 2_1;(“2) ]}

KE€TMAa-KCTIUKHUHI TUMUTHUHHN TOIIMHT.

Euniaummn. EepI/mraH KCTMA-KCTIUMKHHUHI KOOpAWHATAIapuJaaH TallKKWJI

TONTaH KeTMa-KeTIUKIAp COHJIAp KeTMa-KeTIUTu 0YIuo, yiap

=Jn+1-+n; X" _n_l; xg">:2” 5 1;x£”) :(1+gj
n n n
Kypunuiga 6ynaau. bynap yayn
n-1
lim x" —Ilm(»\/n+ \/_)_Ilm =0, I|mx =lim——=1,
n—o0 L n—o0 In+ +\/_ n—o0 n—o0 n
2 n
limx® =tim 2™ "o jim =|im(1+ 3) —e2,
n—»w n— n n—o n—oo n

Hemak, 18.1-teopemara kypa, Oepuirad KeTMa-KeTIUKHUHT JIUMHUTH-
A0; 1; 2; €?) 6ymamm.

1 1

18.5- mmcoa. R?  (asoma {Mn}:{Mn(H; Hj} KETMa-KETIINKHUHT

dbyHaaMeHTan OYJIUIIUHN KYPCATUHT.
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22

Euynnumu. bepunran Ve >0 ra kypa, n, ={—} 1 ne® onuHca, y Xojijaa
&

vn>n,, Vp (peN) gap y4yH.

s )2t -

<2 +h<v2 e hy-2atan s
pn Ny, Ny Ny 2N2

<

7

TeHrcu3muK ypuuiau Oynmamu. [emak, 18.2- Tabpudra kypa, Oepuwiran kKerMa-

KeTIuK pyHIaMeHTal Oyap sKaH.

18.6 - mucoa. R? dasona {Mn}:{Mn(1+%+%....+ 1;Oj} KETMa-KETINKHUHT
n

dbyHIaMEHTaNl SMACIUTHHA KYPCATHHT.
Euyuwaumu. vn, nap yuyH, 6epunrad e, :% ra kypa, n>p (peN), nebd

OJIMHCA, Y X0JI/1a,

'D(Mn+p(xn+p’0> M, (x,.0 )): (me —xn)2 =

X X

n+p  ““n| —

:L+L+....+ 1 >_P

n+1 n+2 n+p n+p’
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byunan, n=2p 6ynranna,

p(Mn+p(Xn+p’0); Mn(xn’o))>§>%:go

SKaHauru kenud uukaau. by sca, Oepunran KeTMa-KeTIMKHUHT (QyHIaMEHTal
AOMACIIMTMHU KypCcaTau.

18.7- mucoa. R® dazomna

sinl sin2 sinn cosl! cos?2! cosn!
M, }=M | =+ +. .+ ; + Fot
2 4 2" "1.2 2.3 n(n+1)

KEeTMa-KEeTJIIMKHUHT SKUHJIAIIYBYU YKAHJIUTHHU UCOOTIIaHT.
Eunimmm. bepwiran KeTMa-KEeTVIMKHUHI  SIKUHJIAIIYBYM  OKAaHJIMTMHU
KypcaTHIll Y4YyH, YHHHT (yHIaMEHTal KEeTMa-KETJIMK DKAHJIUTUHU KYpCaTHII

erapiau. byHuUHr yuyH {Mn(xn,yn )} KETMa-KETJIMKHUHT KOOpAMHATAIapu XOCHII

KHWITaH {xn } {yn} KETMa-KeTJIUKIAPHUHT Xap Oupu (QyHIaMEHTal HKAHIUTHHU

o o 1

Kypcatammu3. bepmiaran Ve >0 ra kypa, n,=|log, = |+1 neb6 onmHCca, y X0Jja,
&

vn>n, Ba Vp (peN) nap y4dyH,

:|sm(n+1)+S|n(n+2)+_m+sm(n+ p)|S 1 1, 1
| 2n+l 2n+2 2n+p | 2n+1 2n+2 2n+p

X —X

n+p n
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1 1 1 1 1 1 1
< n+1+ n+2+""+ n+ + ~ onil n < n <
2™ 2"+ 2 1720 on

TEHTCU3JIUK YpUHIIN OY1aau.

Jlemax, {xn} KeTMa-KeTIuK pyHAaMeHTall Oyiap SKaH.

cosl! cos?! cosn!

—— P ——TPgn T ———x KE€TMAa-KCTIUMKHHWHIT HAaAMEHTAJI
1.2 23 n(n+1)} by

Sumn  {y, }:{

KETMa-KeTJIMK JKaHIWTMHU KypcataMu3. bepwiran Ve >0 ra kypa, n, = F} +1 ned
&
OJMHCa, y Xoiga Vn>n, Ba Vp (peN) jnap y4dyH,

| | |
| cos(n+1)! ,_cos(n+2)t  cos(n+ p)! |

yn+p_yn - S
I(N+1)-(n+2)  (n+2)-(n+3) (n+p)-(n+p+1)|
1 1 1
< + +....t =
(n+D)-n+2) (N+2)-(n+3) (n+p)-(n+p+D)
1 1 1 1 1 1 1 1 1 1
I < <&

= - +. — - = - <
n+l n+2 n+2 n+3 n+p n+p+1 n+l n+p+1 n+l1 n,+1
TEHICU3JIMK YpUHIH OYiIaau.
Mlyamait  xkum6, 18.2- Teopemara Kypa, Oepwiran KeTMa-KETIUK

dbyHImaMeHTan KeTMa-KeTauK Oymaau, OyHmaH 5ca, 18.4- Teopemara acocaw,

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Caxuda /708
TynumkKk skpaHt

Uk uw



6epI/IJ'IFaH KE€TMa-KCTIMKHHUHI AKUHJIAITYBYX SKAHJINUTU Keano YUKaau.

MycTakui1 e4uill Y4yH MU COJLIAP

R? (ba3oz[a KyUUJaru Ke€TMa — KETJIUKHUHT JIUMUTHA A (Ae Rz) SKAaHJIUTUHH

S
18.2 {Mn}z{M{nin_zl;%j},A=(4 -1)
s o33

18.6. {Mn}:{mn(%;'%”j}, A(L0). 187, {Mn}z{m{%;g_:]}, ALO).

R? dazona Kylnaaru KeTMa — KETJIMKHUHT JUMHATH A (A € Rz) SKAHJIUTMHA

UCOOTJIAHT:
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18.9. {M,}={M,(%s; 20.25), AL1).

18.10.

18.11.

18.18.

18.15.

18.16.

18.17.

18.18.

18.109.

18.20.

=M [\/‘@_1 1}} A(3; 3).

M, j= {M . (%;%:)}, (a>0), ALO).
{

M, }= M(Ml; Dl J} A00).

n>-1 n®+4n*-5n+6

)=, [ ), A,

M, }=M (\/Bn \”/n3+3n)} A@1).
log.(n*+1) n-Ign 1

)= M, g(n )'I092(4?+1)J}’A(0’5j'

2. 1 .
Mo (n+2)"(0,3)" -n!]} AR).

"2 22 28 2”’ n+1

i
i
{Mn}:{Mn M—\/ﬁ;'ogTanj}(aﬂ), A(00).

M =M {l+i+i+.... 2n-1 ¥n’ S'””'J} A30).
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B 1?3 (2n-1° n 4 j
18.21. {M"}_{M”(?JFF_F"'JF 5 ’2"]}' A(B,O.




19-§. Kyn y3rapyBuniu GpyHKUMAHUHT JUMHUTH

19.1. Kyn y3rapyBumn/iu pyHKUUSIHUHT JUMUTHHUHI Tabpudaapu.

u=f(M) dyskuus {M}cR™ Tymamaa Gepunran 6ymu6, Aa,a,,.a,)
HyKkTa {M } TYTIAMHHHT TUMAT HYKTACH GYTICHH.

19.1- Tabpu¢ (Ceiine Tabpudm). Arap {M} TYIUIAMHUHT HYKTaJlapHJIaH
Ty3WwIrad Ba A Ta MHTWIYBYM Xap Kaumaii {M, } (M, = An=12..) KeTMa-KEeTJIHUK
OJIMHraHga XaM, (YHKUUSHUHI yHra moc keiran {f(M,)} KuiimMaTiapu KeTma-
KETJIMTY XaMMa BakT, AroHa B (Uekinu €KW YeKcH3) JMMHUTIa MHTHJICA, 1y B ra
f(M) ¢ynxyuanune A nykmaoazu (éxu M — A dazu) aumumu IeWdIaay Ba y

lim f(M)=B &n I|m f (X, %, X, )=B éku M —> A na f (M) > B

KaOu OenrunaHagy.
19.2.-tabpu¢d (Komm Tabpudmu). Arap Ve>0 coH ydyH, I5>0 0ymuo0,

0<p(M;A)< S TEHICU3IUKIAPHU KAHOATIAHTUPYBUU Oapua M e {M } HyKTajapaa
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[f(M)-B|<e
TEHICU3JIMK Oa)kapuica, 1y B coHra f(x) dynkyusnune A Hyxmaoaeu (M — A
oazu) rumumu IeHNITaaN.

u=f(M) dpyskmma {M}c R™ Tymiamaa annkmanran 6316, o sca, {M}
TYTUIAMHHHT JTAMUT HYKTacH OVIICHH.

19.3- Tabpu¢g (Ieiine Tabpudpu). Arap {M} TYIIaMHUHT HyKTaJIapUJiaH
Ty3WIraH Xap Kaugai {M,} KeTMa-KeTJIMK yuyH M — oo 1a QYHKIUSHUHT YHTa MOC
kenaran {f(M, )} KuiMaTaapu KeTMa-KETIMIM XaMMa BakT SroHa B coHra MHTHIICA,
M >0 Oagcu aumumu JIEeHWIagA Ba

my B coHra f (M) QyHKUMSIHUHT

lim f(M)=B kaOu Genruaanamy.

M >0

19.4-tabpud. Arap Ve>0 coH yuyH, myHmaii 3JE>0 Oymub, p(M,0)>E
TCHICH3JIMKHH KaHOATIAHTUPYBYM Oapya M e{M} wHykramapma |f(M)-B|<e
TeHrcu3nuk Oaxkapuica, B con f (M) yukyuanune M —oo Oacu aumumu

neinnazm Ba lim f(M)=B &xu lim f(x,%,,...X, )= B kabu Genrunanau.
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19.5-tabpud (Komm Tabpudm). Arap Ve>0 coH yuyH I5>0 OYynuo0,
0<p(M,A)<S TEHICHU3IMKHA KaHOATIaHTUPYBYM Oapya M e{M} HyKTanapaa
[f(M)|>e (f(M)> g f(M)<—¢) 6yaca, f(M) @yukyuanune A nykmadacu (M — A
oazu) numumu +oo (—oo) qeHUIaIu.

19.1- mucos. Ymoy

X,y x> +y% >0 bo'lganda,

f,y)=14/x2ry?’

0, x> +y?=0 bo'lganda,
GyuxuusarHr M (X, y) — A(0;0) (x - 0,y — 0) 1aru JMMHUTH HOJIa TEHT SKAHIUTHHH
KYpCaTHHT.
Eunnumm. f(x, y) dyrxmus R? ma Gepwiran 636, A(O;O) HYKTa Iy
TYTUIAMHHHT JIUMUT HyKTaCHJIaH HOOpaT.
1) Teiine mavpugu 6Oyiiuva: R? Tymmamman A(O;O) HyKTara WHTHITYBYH
M, =M, (xV;y®) (M, = A0,0), n=12,.) KeTMa-KETIMKHH OIaMH3.

UXTUEPUIN

®yHKIUSHUHAT yHra Moc Kenrad {f (M, )} KuiiMaTiaapyu KeTMa-KeTJIUTU y4yH,

.yt Wy
F(M, )= £ (x, ym)o Xy \/(Xm));z +y(y(n))2_ Y < % Ty
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Oymanu. bynnan xM -0, y(”) —0 ma xM.y™ 0.
Jemak, lim f(M)=lim—=— =0.
M—->A )}(/::g IXZ + y2

2) Kowu mavpugu 6ytuua: Ve >0 conra kypa, O =2¢& naeinica,y Xoija,

0<p(M;A(0,0))<5 TEHICU3IUKIAPHA KaHOATIAHTUPYBYH Ooapua M (X; y)
HyKTajlapaa
. Xy 1 1 2 1 ) 1.
|f(X,y)—O|—WSE X" +Yy —Ep(M,A)<55—€

TEHICH3JIMK YPHUHIIN OYaau.

19.2-mucoa. YOy f(x,y)zxzzjr(yy2 GynkupsEuEr  M(X, y)— A(0;0)

(x—>0,y —>0) maru JUMHUTH MaBXKYyJ] SMACIUTHHU KYPCATHHT.
Eunsnmmn. By ¢ynkuus R*\{(0,0)} tyrmiampa anuknanran 6yau6, A(0;0)

HyKTa- 11y TYIUIAMHUHT JIAIMUT HyKTacuaup. PaBmianku,

n

n n'n?

KeTMa-KeTIUKIap n—ooga M, — A(0;0),Mn — A(0;0). @yHKUMAHMHT Oy KeTMa-
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kemmimapra Moc kearan {f(x, y™)} {f (i(”),y‘”))} KMIMAaTIapy KeTMa-KeTIUTHU

H, M BHIII
YAYH, Mo¢ pa A2 TutTynBapack

1 2
- Z-n—2 () =) o) My HpapuxXa
f(x, y™)= 1, f( , ):
(X y) 1 1njo X Yy 1 1—>O 1-606
ne " n? n? "t

2-606

oymamu. By sca, M(x;y)— A(0;0) ma Gepwiran (YHKIMSHUHT JIAMHTH MaBxKy/l 3-606

SMACJUTHHYU aHTJIaTaJIHu. 4-606
19.3 — mucoa. Yoy lim—*Y  jumuraEN XUCOOJIaHT. MnoBanap

yoo X2 — Xy + y?

y—

Euniauiu. PaBiranku, x°+xy +y? > Xy TEHICU3JIUK JOMMO YpuriH. byHmaH,

x=0, y=0 Oynranna, “77-‘ - '

OS| A |S|X+y|gi+l X P
=T DN = =l
Opkar a
TEHI'CU3JIMKHU ojiaMu3. byepas,
1 1 Caxuda /708
0<lim—2Y I <iim| =+=|=0.
ol X2 —xy + Y2 X |yl Tynuk akpat
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X+Yy

Mlynnai ka6, lim——————=0.
- e X* =Xy +y*
4_|_y2
19.4-mucon. Yoy f(x, y): —— QYHKIHMA X —>c0,y —>co0 Ja JUMHUTITA 5Ta
X*+y

OYIMacIUriHUA UCOOTIIAHT.
Eynwaumm. x=t, y =t* ned OJIMHCA, t —>oc0 Ja X — oo, Y —> o0 Ba

t* +1°

lim £ (¢, )—mt —=0.
) . t® +12
HMxxuHuu TOMOHAAH X =t°, y=t neuuica, I|m f(t t)—!lmt o =,
—>00 _|_
x“+y2
Jlemak, lim - - MaBxXyJ oMac.
e Xty
sin(xy) :
19.5.-mucou. Yuioy Iingf(x, y), Oynma f(x,y)=1 x% x#0 bo'lganda,
y—3 3, x=0 bo'lganda,

JIUMHATHHU XUCOOJIAHT.
Euynnnmu. x=0, y=3 6ysnca, Oepuiran KaCpHUHT CypaTH XaM, MaXxpaku XaM
Hoira ainmanamu. Ilynuur yuyn, x’y=«a ae0 onamHca, y xoiama, Xx—0 Ba y=3

Oynranma « —0 Ba
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- 2 - 2 -
lim s'”(i y):limsmz(x y)-yzlims"‘—“-yzl-e,:s.
x—0 x>0 yx y a—0
y—3 y—3 y—3

Arap x=0 6yica, f(x,y)=3 Ba lim f(x,y)=3.
y—

19.5-mucoa. Yoy

JUMUTIIAPHU XUCOOJIAHT

Eunammu. a) PaBmanku, x*+y? >2xy TEHICHU3IMK YPHHIIM.

(V)

WA
X2 +y?

puniaup. bynapau apTH0O0pra onras xonuaa,

O<( zxy ZJ S(%} —>0
X +y X—>00

N |~

OKaHJIMTNHHU OJIaMM3.

2

X—>+00

bynnan

X
Jlemak, Oy TEHTCH3IHMKJaH, Iim( Xy j =0 DKAHJIUTHU KeJINO YUKaIH.

X +Yy

y—>+0

b) 0<x®+y?*<1 Oyaranna,
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2y2 1(x2+y2)2

x’y? s%(x2 +y?f, 12 (x2 + yz)X > (x2 + yZ)Z
TEHTCU3IUKIap YpuHiIu. By TeHrcusnukiaapau 3THOOpPra omimo,

)%(szryz)z _

Iim(x2 +y?
Xx—0 y

y—0

OKaHJIMT'MHU TOIIaMU3.

2

. X2y

I[eMaK, (*) TEHI'CU3JIMKKa aCOCaH, |||T3(X2 + yz) =1 ’KaHJIUTH KeJIno YUKAIHN.
X—>!
y—0

u=f (M) byakuus {M}cR"™ Tymiamaa 6epunran 6ynuo, A(al, az,...,am)

HYKTa {M } TYIUJITAMHUHT JIAMUT HYKTacu OYJICHH.

19.2. Yekcu3 KHYUK BA YeKCH3 KATTA (PyHKUMSLJIAP.

a(M) pynkmus {M}c R™ TymiamMaa anukianrad 6yiu6, A(a,,a,,...a,) HyKTa
{M} TyIIaMHMHT TUMUT HyKTAcH GYIICHUH.

19.6-trabpud. Arap M >A na (M) QYHKUMSHMHT JHMHTH HOJ, SBHH
“I/LmAa(M)z 0 6ynca, y xonaa, a(M) GyHkuus, M — A 1a uekcus Kuuux QyHKyus

IeNnIaan.
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19.1-3caarma. bepuiran f(M) dydkmus M — A ga B jumuTra ora 6yimimm
yayH, a(M)= f(M)-B HHHI YeKCHU3 KMYHMK (YHKLUs OVIHMIIN 3apyp Ba €TaplIu.

Iemak, M —> A na f(M) dydaxkuus B aummurra sra 0yica, Oy (QpyHKIHMSHH,
Xap J0uM,

f(M)=B+a(M) (19.1)
KypurMIIga udomanam MyMKUH, 6yHaa «(M) 4eKcu3 KHUMK (YHKIHS.

Yexcus KUuuk GyHKyuaLap Kyuuoazu Xoccanlapaa 32a:

1- xocca. Arap M —» A 1a «(M)Ba S(M) dekcu3 Kuuuk GyHKuusIap 6yica,
y xonaa, a(M )+ B(M) xam yekcu3s Knuuk GyHKIus OYaaam.

2- xocca. Arap M —» A na a(M)- yekcu3 kuunk Gynkous, A(M) GyHKIus
5ca, uerapajanran Oyica, y xomnma, «(M)-A(M) (ynapHuHr KymaitMacu) Xam
YEeKCU3 KUYUK OViIaau.

19.7-rabpud. Arap {M}c R™ Tymiamna ammknmanras F(M) dyEKIus yayH

lim F(M)=o0 6ysica, F(M) dyakuus M — A 1a vekcus kamma (pyrkyus Jeinnaim.

M—-A

3- xocca. Arap M — A 1a (M) uekcus kuank (a(M)=0) pyHkums 6yica, y
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1 .
Xojaa m - M — A 1a uekcu3s katta QyHKIus OYymanu.
(04

4- xocca. Arap M —>A ga F(M) uekcu3 karra (yHKus OVica, %

byHKIMS M — A J1a YeKCU3 KUYUK QyHKIUS OYIaau.

19.3. Jlumutra 3ra 6y/jaran GyHKIUsUIAPHUHT X0CCAJIAPH.

{M }C R™ tymmamua f(M ) dbyHKIMS aHUKJIaHTaH 0Yyiuo, A(Ae Rm) HYKTa
{M } TYTUTAMHUHT JIAMUT HyKTacu OVJICUH

1- xocca. Arap hI/IimAf(M)zB MaBxKyn 0ymub, B> p(B<q) 6yuca, y xomma A

HYKTAaHUHT cTapiin KHNYUK

f(M)>p (f(M)<q) 6ynann.

atrpopunaru = M e{M} (M =A) HyKTanapjaa
XycycaH, B=0 Oynca, y xonga, A HYKTaHHHT €Tapiid KHYHMK aTpoduma
f(M)=0 6ynann.

2- xocca. Arap hlﬂimAf(M)z B MaBxyjq OYyica, A HYKTAHUHI €Tapiid KMYHK

atpopumarn M e{M}(M = A) nykramapaa f(M) QyHKuMS yerapagaHran Gyiai.
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{M}cR™ tymmamua f(M)Ba g(M) Gpyukuusiap Gepuiaran GYICHH.

3- xocca. Arap f(M)Ba g(M) dynkumsuap, M — A j1a, MOC paBuIia, B Ba

f(M)

C muMumiapra sra Oyunca, y xomma f(M)£g(M) f(M)-g(M) Ba ) (C#0)

byHKUMATAp XaMm, Moc paBuiga, B+C, B-C, g JUMUTIIapra sra 0ynaau.

19.2- 3ciatma f(M)Ba g(M) QyHKIMUIAPHUHT HHFUHIMCH, KYIAWTMAcH Ba
HUCOATH TUMUTra 3ra OynuImuaad, Oy QyHKIUsIapaaH Xap OMPUHUHT JIUMHUTTA
ara OYIuIIM Xap IOMM XaM Kelnul 4uKaBepMaiau.

19.3- acaarma. Arap:
f(M

N—"

1) “lliLnAf(M):O, I\I/Ii—>mAg(M)=O oyica, ) udona;
. . . f(M) _
2) hl/IILnAf(M)zoo, hIlllinA\g(M):ooGynca, ) udona;

3) lim f(M)=0, “I/LmAg(M)zoo oyica, f(M)-g(M) udona;

M—-A

4) f(M)Ba g(M) ¢yukmmsmap M — A ga Typad X MIIOPAId YEKCH3

numuTra ora  Oyaca, f(M)+g(M) wudoma; moc pasuma, ,0-00,00— 00

818

61

KYPUHHUIITUATH aHUKMaCIUKIapHu ndoaananam.
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19.4- 3caatma. Arap:

1) lim f(M)=0, '\IAimAg(M)=0 0yca;

M—-A

2) lim f(M)=1, lim 9(M)=c06¥1ca;

M—-A

3) lim f(M)=oo, hIAimAg(M)=0 oyca,

MoA
y xonma, [f(M)*™ - wudona, Moc paBumiga, 0°1%,00°  KYpUHMIIZArH
AHMKMACIIUKIIAPHU H(oaatai .

19.1-reopema(Komu kputepmiicn). u=f(M) QYHKIUIHUHT YEKIU
JIMMUTIa 3ra OYIuMIM ydyH, Ve>0 COH OJNMHTaHaa XaM, IMyHaad &6>0 6yiuo,
0<p(M,A)<5, 0<p(M",A)<5 TEHICU3IWKIAPHA KAHOATJIAaHTUPYBYM Oapya

M’ M"e{M} Hykramapaa |f(M')—f(M") <& TEHICH3IMKHMHI Oa)KapHIMIIU 3apyp

Ba €TapJIN.

19.4. Takpopuii 1MMHUTJIAP.

bus rokopuma u=f(M)=f(X,X,,...x,) QyHKUHSHUHT A=A(a,a,,..a,)

HyKrajarn aumuty lim f(M)=B &ku  lim f (X, %,,...,X,, )= B OWJIaH TAHMILIKK.
- a
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Jlemak, (QyHKIMSSHUHT JTUMHUTH, YHHHT apTyYMEHTIApH X, X,,..,X, JAPHUHT
Oup iyma, Moc paBHIIAA, &;,d,,...,8, COHJApra MHTWITAHAAru JUMUTHAAH
nbopar skaH. buz 6ynnan Oy€H, Oy TUMUTHU, Kappaiu aumum Aed aTaitmMus.

Kyn y3rapyBunnm dyHKIusaapraruia xoc OVyiran, OOIIKa KYpUHMIIJIATH,
JIMMUT TyIIyHYacuHH Kuputamus. U= f(M)=f(x,%,,...X,) OyHKmHs {M}cR"
Tymamaa Oepuiran 6ynmub, A=A(a,,a,,..a,) HyKra- {M} TYIJIAMHUHT JIAMUT
HyKracu  OyncuH. bepwiran  QyHKkumsHUHr X, —> &, (konran  Gapua

apryMeHTIapuHy TaWumial®) gard JuMuTd  lim f(X,X,,..,X ) HA Kapaiiuuk, Oy

X &

JUMHUT X, ,Xg,...,X, Y3rapyBuuiapra OOfIuK Oynanu:

lim (X, Xy X, ) = @, (Xp, Xgree X, )

X, —>8
OHIU  @,(X,,...,X,,) QYHKUMSAHHHT X, —>a, (Kojiran Gapya apryMeHTIApHH

Genrnma0) narn JMMMTHHHE Kapaiimus, Oy lim @u(Xy, Xg ey X)) TTAMET X5, X, ev0y X,
2 2
y3rapyBumiaapra 0ormuk oymamu:  lim @, (X,, Xg,ee, X, )= @, (Xg0 Xy sevees X, ).
X, —>8,

Xyaau myHjaa, OUpUH KETHH, X; —> &y, X, —>8,,..., X, —> &, Ja JUMHUTra YTuo,

lim lim ..lim f(X,%,,.,X,) HA Xocun Kwiamu3.By numurra f(Xl,XZ,...,Xm)

Xm—>8m Xm-18m-1 X8
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(GYHKUMSHUHT MaKpopuil aumumu JeAunaiu.

Xymau wyspai, f(x,X,,..,X,) OYHKIHSHAHT Xi, s X, --+,&, ApryMEHTIapH,

MOC PaBHIIJA, &,,a, ,..,d Jiapra MHTHIrasgard lim ... lim f(x,X,,..., X, ) Takpopwuii

i, =, X, —>a,
JIMMHUTHHU XaM Kapam MYMKUH.

GYHKIUSHUAHT X, X, ...y X

PaBrianku, f(x,X,,..., X, )

apryMeHTJIapu, MOC

m

paBuma, &;,8;,...,8; COHIApra, Typid TapTHOJA WHTWIraHIa, (YHKUMSIHUHT

TypIM TaKpOPHI TMMHUTIAPH XOCHI OYJIau.
19.6-mucoa.  f(x,y)=(x+y)sin Lond Gynkupsauar  M(x,y)—O(0;0) na
Xy

YeKCH3 KMYUK (DYHKITHS SKaHIUTUHU UCOOTIIaHT .

Eanmmmm. Yexcns kuank QYHKUMAHMHT Tabpudura Kypa, lim f(x,y)=0
X—
y—0

TEHIVIMKHUHT YPUHIN JKAHJIUTUHU KypcaTtum eTapin. Pasmanku, 6epunran f(x,y)
GbyHKIMS KOOpAWHATaNIAp VKIapuaa aHWKJIaHMAaraH, JJICKUH O(O;O) HYKTa (QYHKIHS
AHUKJIAHUII COXACUHUHT JIMMHUT HyKTacuman uOopar. lllynunr yuyn, Oepuiran
0(0;0)

(YHKIUSTHUHT HYKTaJaru JIMMUTAHU Kapall MYMKUH. by JIuMHTHH,

auMutHUHT Komum tabpudu Oyitmuya kapaiimMus. Ve >0 coHra kypa, S=&/2 1eb

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

le q
Opkar a
Caxuda /708
TynumkKk skpaHt

Uk uw



onuHca, y xomzxa, p(M(x,y);, 0(0,0)=+/x* +y* <3 nmaH |x| <5 Ba |y|<5 Oymmmm kemu6

(x+ y)sin%sin— <|+|y|<26=¢. bynnman, Tappudra

ankamd. Jlemak, |[f(x,y)-0/= )1/

o . . .1 .1
kypa, lim f(x,y)= Ilng(x+ y)sin =sin= =0 SKaHJIMUIU KEJIUO YNKAIHM.
X— X—> X y
y—0 y—0

Mynnait kunud, 6epunrad QyHKUUSHUHT M — 0 J1a YeKCU3 KMYUK (QPYyHKIUS

SKAHJIATH UCOOTIaHAH.

19.7- mucoa. Yoy f(x,y)=(x+ y)sin%-sin% Gyrkusauar 0(0;0) HyKTana

TaKpOPUM TUMUTIAPU MABKYIMU?

Euwmamm.  limlim f(x,y)—  Takpopuii JTUMUATHHHT lim  f(x,y)-uuku
y—0 x—0 x—0
y#0, 6ereunanea

JUMHTHHHE Kapaiimu3.  ApBano, Oepuiaran f(x,y) (QyHKuusSHM Kyliugarada

o .1 1 .1 .1
TacBupnaiimus: f(x, y)=xsm;~sm§+ ysm;sm;. bynna, Oenrunanran y=0 y4yH,

. . .1 1
OMPUHYM KYIIMIIYBUMHUHT X —0 Jard JUMUTH, SbHU Ilrrg X-Sin—=-sin—=0; UKKUHYU
X—> X y

KYIIUIyBUUAATH Y -Sin lI<}“1Hau7ITquI/I, y # i(n €Z) Oyaramga, HommaH (apkin
y m
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o 1L
y3rapMac CoH, sin— KyNaWTyB4M 3ca, X —>0 Ja JUMUTIa 3ra dMac, JeMaK, UKKMHYU
X
. o o 1. . .
KYIIWIyBYM JHMMHITa dra Oyiamabau. Y xomma, f(x,y)=xsin=-sin=+ ysin=sin=
Xy Xy
¢bynkuus, oenrmnanrad y (y=0, y#=nz) yudyH, x —0 Ja JUMUTTa 3ra OyIMaiau.

Mynpait KO, MUKK JTUMHUT MaBxXKYyJ dMac, IIyHra Kypa, Iing Iing f(x,y) Takpopwmii
y—0 x—!

JIUMHATHUHT MaBXYy/]l SMAaCIIUTH KeJIno YUKaIU. Xynau HIyHaM,

lim lim f (x, y) TAKpOpHil TMMUTHHHT XaM MaBKYyJl SMACIMIMHH KYPCATUII MyMKHH.

y—0 x—0

19.5- 3caarma. 19.6- Muconna f(xy)=(x+ y)sinisin1 (GYHKIUSHUHT
X y

O(O;O) HyKTaJlaru KappajJd JUMHUTH MaBXKyJ] Ba YHHUHI HOJIIa TEHI DKAHIUIU

ucObornanrad sau. 19.7-muconga sca, YHUHT TaKpOpUi JUMHUTIAPUHUHT MaBXY
AMACIHTU KypcaTwinu. [leMak, QyHKIIUSHUHT HYKTaJa Kappaid JUMUATA Xap JOUM
MaBXyJIMTHIaH, YHUHT Iy HYKTaJla TaKpOpUH JIMMHUTIAPU MaBXKYIJIUTH KEIuO
YUKMACIIATHA TYFPUCHJIA XYJI0CAa YUKAPUII MYMKHH 3KaH.

2y
X +y°

19.8- mmcon. f(x,y)= GynkupsEuEr O(0;0) HyKTagaru TakKpoOpHid

JIUMUTIIAPpUHHA XHCOOJaHT
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Euynimmm. Takpopuid JIUMUTIAPHUA TOIIAMHU3:

fim lim £ (x, y) = lim| lim —2Y_ :lim(%jzo.
x—0 y—0 x—>0[ y—0 X +y x—=0\ ¥

X—6enzu
x=0

Xy myHIau, Iing Iirrg f(x,y)=0 SKaHJIMIMHH KYPCATHII MYMKHH.
y—0 x—

DY

> Gynkuusaunar - 0(0,0)
X" +Yy

19.6-3caatma. 19.2- wmmconma f(x,y)=

HYKTa/Ja Kappajiu JUMUTH MaBXyJ dMaciauru kypcatwiran sau. Jemak, 19.2- Ba
19.8- wmmcomtapra acocaH, OepuiraH HyKTajaa TaKpOpUH JINMUTIIAPHUHT
MaBXYyIJUTH Ba YyJApHUHT TEHTIUTHAAH, Oy HyKTaja (GYHKUUSHUHT Kappaid
JUMUTH MaBXYJUTUTH Xap JIOUM KeIubd YyMKaBepMac 9KaH, JAeTraH XyJjloca YHUKAPHIII
MYMKUH.

19.9- muco. Yoy

X—Yy+X*+y?
X+Yy

, Yy #—x bo'lganda,

f(x,y)=

0, y =—Xx bo'lganda,

(GyHKUUSHUHT X — 0, y —0 Jaru Takpopuid JUMUTIAPUHU XUCOOJIAHT.
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Eunnumm. y Genrunanrad Ba y =0 OyicuH. Y xonaa,

X—y+x*+y* _—y+y’ il

lim f(x,y)=i

OyH/IaH, Iirrg[lirrgf(x,y)]=|ing(—1+y)=—l OynuMmy  Kenu® YMKamd.  OJHIH X
y—0 X— y—

OenruiiaHraH Ba x =0 OyicuH. Y xonja,

2 2 2
.  X—y+xi+ X+ X
lim f(x,y)=lim y y _ =1+X,
y—0 y—0 X+y X

Oynzma lim[lim f(x,y)]= Iing(1+ X)=1 OYIMIIN KETUO YNKAIH.
X—0 y—! X—>

Mynmait kuand, OepwiraH (QYHKIUSHUHT TaKpOpUH JTUMUTIAPU MaBXKYII,

JICKHH yNap §3apo TEHT 5Mac, sbHH lim[lim f(x y)] = lim[lim f(x y)l.
X—0 y— y—0 x—>

19.7-3cnarma. 19.9- muconman kypuHaguku, (QYHKIUSHUHT Kappaid Ba

TAaKpOpUN JTUMUTIAPUHUHT TEHT  OYnumu

Y4yH, MAabJIIyM LIapTIAPHUHT

OakapuIIHMIIK Kepak Oyiap SKaH.
19.2- reopema. U= f(M) dyuxmms {M}={x y)eR? =% <d,|y-y°|< d, |
Tyiamaa oepuirad 6yiauo, y KyHugard maptiapHu KaHOATIAaHTUPCHUH:

1) (xy)=>(x°y°) ma f(x,y) bynxuusaunr lim f(x,y)=B Kkappamu TuMHTH

y—-y°
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MaBXY/;

2) xap Omp Taiimmmanran X ma lim f(x,y)=¢(x) MaBxyn, xap Oup

y=y

TalinHnanrad  yaa lim f(x,y)=e(y) MaBxyn O6yncun. VY xonma lim lim f(x,y) Ba

X=>X" Yoy

lim lim f(x,y) Takpopuii TMMHTIAP XaM MaBXy/l Ba yjiap B ra TeHr Oyiaaiu.

X—X" y—>y
Haruxa. 19.2- TeopeManuHr mapmiapu Oaxkapuirasjia,

lim f(x,y)=lim lim f(x,y)= lim lim f(x,y)
X—>X x—>x% y—>y y—y? x—>x
y—y°

MyHOCa0aT YpUHIIH.

MycTaku/ e4uil y4yH MUCOJLJIAP

Kylinnaru tuMuTiIapHyd XUCOOJIAHT:

19.1. lim e’ cos x. 19.2. lim >2<—y2_
X—>7T Xx—1 X< — y
y—In2 y—1

19.3.1im Injx+y + 2| 19.4. lim SIXy.
X=. X—> X

y—>-1 y—a

Z—¢€
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19.5. lim 929 19.6. lim{1+xy*) oo

2o XY e
b ) ) Tntynsapack
. ax + by X +y
197 %gm 198 )I;% X4 +y4 ' My H A a pnX a
X2 + y2 ( ) 1 = 6 0 6
19.9. lim - 19.10. lim(x+y) ¥+,
22y ey 2-606
3-606
19.11. lim(x? +y?)".
30 4-606
19.12. Y6y lim f(x, y)uu xucobuanr, OyHaa Wnosanap
y—1
X%y

,X?y # 0 bo'lg anda,

f(xy)=1y1+x*y -1 s
2, x’y =0 bo'lganda. T ' ’.
¢ »

Opkar a

Ky#ugaru kappaiu JUMHTIAPHU XUCOOJIAHT.

2,2 _ in(v4y2
19.19, fim YAy ~1 19.14. 1im Sn0'Y?)

2 2 2" Caxundga /708
MRS (¢ +y?) i
q TynumkKk skpaHt
2 2 Xyt
. X® + . e
1915, tim_ X +Y7) 19.16. lim YuK i ow

2 2 4 4"
;:%l—COS(X +y) X +yY



1 2

19.17. Iim(1+x2y2)x2+y2. 19.18. "m(x+—y)2.
x—0 X—>0 2 4
y—0 y—o (X Ty )

19.19. lim(x* +y?)si :
Xm(x +y?)sin Y

y—

19.20. Ym0y lim f(x,y) TUMUTHE XKUCOOIAHT, OyHIa

y—1

X% +2xy —3y?
fhy)=1 x*-y°
4/3 , X =y bo'lganda.

, X# Yy bo'lganda,

Ky#tugaru kappaiu JUMATIAPHUHT MaBXKY/] YMACIUTUHUA UCOOTIIAHT.

19.21. lim—*—. 19.22. lim 2=,
25X+ 20X+
2 2
19.23. tm X =Y 19.24, lim +Y),
o X Y O
M (x,y) #(0,0) bo'lganda
19.25. Yoy f(x,y)=<x*+y?" = ’ ’

0, (x,y¥)=(0,0) bo'lganda.

¢yrxuusaunr (0, 0) HyKTaga Kappany JIMMUTH MaBKyJl SMAcIMIMHH KYPCATHHT.

19.26. Ymoy
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1 X+y
1+ , X+y=0 bo'lganda,

1, Xx+y=0 bo'lganda TutTynBapack
(YHKIMAHUHT X—>00, y—o00 JIarM Kappajld JHUMHUTH MaBXyJ OMACIUTHHHU My HApapnxa
1-606
UCOOTIIAHT.
2-606
Kyinmaru lim lim f(x,y) Ba lim lim f(x,y) Takpopuii TMMHUTIAPHH
x—>x? y—y° y—y° x—>x° :
3-606
XMCOOJIaHT. 4-606
2 2
19.27. f(x,y):%, x° =0, y°=0. MnoBanap
X" =Xy+y

19.28. f(x, y)=%§yy), x*=0, y°=0.

oy’ | I =

2 2
19.30. f(xy)=2—Y, X’ =o, y’ =0, Opkar a
x? +y

19.29. f(x,y)= X7V o _g yo =0 Q | >

Caxuda /708

xV
19.31. f(X,y):1+Xy, X° = oo, y0:0- TYynuk skpatH

0 0 Unkwuuw

19.32. f(x,y)=sin

2X+Yy



19.33. f(x,y)=itg Y x0=0, y =
Xy “l+xy

19.34. f(x,y)=log, (x+y), x°=1, y°=0.

:sin3x+t92yt Xy

19.35. f(x,y) oxi3y Ol

x=0, y*=0.

Kyhiugaru Oepwiran QyHKUUSTIAPHUHT (xo, y°) HYKTaJa Kappaiu

TaKpOpU JTUMHUTIAPU MaBXKYIMHU?

2 2

19.36. f(x,y)= §2;§2 , x°=0, y°=0.

19.37. f(x,y)=log, (x+y), x°=1, y°=0.

_sinx+siny
X+y

19.38. f(x,y) x° =0, y° =0.

MycTakuj e4uil Y4yH MUCOUIAPHUHT KaB00Iapu

19.1. -2. 19.2. 05. 19.3.1. 19.4. «. 195. 2. 196.¢°. 19.7.0.
19.8. o. 19.9. o. 19.10. 0. 19.11.0. 19.12.2. 19.19. 0. 19.14.0.

19.15. 0. 19.16.0. 19.17.1. 19.18.0. 19.19.1. 19.20. %

Ba
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1927.1,1.1928. L. 1 1929 Y gal. 1930 0Ba 1. 1931 > Ba 1.
2 3 2 2 2

2 TutTynBapack

1932. 0Ba 1. 19.33. 0Ba 1. 19.34. 1Ba ». 19.35. %Ba Y

2 My HpapuxXa

19.36. Kappamn mamut mapxyn omac, lim lim f(x,y)=-1Ba lim lim f(x,y)=1. 1-606
19.37. Kappanu ymmut Magkys omac, limlim f(x y)=1sa limlim f(x, y)=co. 2-600
X—1 y—> y—0 X—>
: . . 3-606
19.38. lim f(x,y)=limlim f(x,y)=limlim f(x,y)=1.
x—0 x—0 y—0 y—0 x—0 4 = 6 0} 6

y—0

MnoBanap
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20-§. Kyn y3rapyBYmjin pyHKUMSHUHT y3JIYKCH3JIUTH

20.1. Y3nyken3 GQyHKIUAHUHT Tabpudiapu.

u=f(M) dyaxkuus {M}cR™ Tymiamzga Oepuiran 6ynmub, A= Aa,a,,..a,)
Hykra {M} TYILUIAMHUHT JIMMHUT HyKTacH Ba A4 c{M} OyicuH.
20.1-tabpud. Arap M > A ga u=f(M) QYHKUMSHUHT JIAMHTH MaBXKY]l
0ynuo,
“&iTAf(M)= f(A) éxu Jim f (X, Xy0e X, )= T(a,,8,,...,8,,)

oyaca, y xonma f(M) byHkuus A mykmada ysaykcus ned aramagd, A= lim M

M—A

Oynranu yuyH, QYHKIUSHUHT Y3TYKCU3IIUK IIAPTHUHH,
lim f(M)= f(!\IAILnAM) (20.1)
KYPHHUIIIA XaM €31 MyMKHH.
{M} TymaMHUHT QYHKOWS Y3JIYKCHU3IUTH IIAPTHHH KAaHOATIAHTHP-

MaIurad HyKTaJlapu QYHKUUSHUHT y3uiuws HyKkmanapy Aeuuiaau.
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20.2-tabpud (I'eiine Tabpudu). Arap {M}cR" TYIJIaMHUHT HyKTaJlapuIaH
Ty3Wwirad, A e{M?} ra uHTWIYBYM Xap KaHaau {M,} KETMa-KETIUK OJUHIAHAA XaM,
yHra moc keiaran {f(M,)} keTma-KeTiuK, xamma BakT f(A) ra tenr Oyuca, f(M)
byHKIUs A HyKmaoa y3iykcus neb aranaiu.

20.3-tabpud. (Komu tabpudmu). Arap Ve>O0COH ydyH, myHAa & >0
Tonuicaku, p(M,A)<S TEHICU3IMKHHM KaHOATIAHTUPYBYM Oapua M e{M}
HyKTajap/a,

[f(M)-f(A) <e

TEHTCHU3JIMK Oaxkapuica, f(M) GyHKuUs A nykmaoa ysnykcus 1e6 aTaaaim.

Arap f(M) pynkuus {M} TYIIaMHUHT Xap OMp HyKTacHaa y3iayKcu3 Oyiica,
y xonga f(M) pynkuus {M} myniamoa yznykcus neduaaim.

Vuby Au= f(M)- f(4) atiupmara  f(M) (QyHKUMSHUHT A HyKTajarda
opmmupmacu éxu myaux opmmupmacu NeHnIaau.

A Ba M HyKTajap, MOC paBUIIA, &,,3,,..,8, Ba X,X,,..., X, KOOpAUHATAJIapra

sra OyncuH. Yoy

X —a, =AX;, X,—a, =AX,,...,X, —a, =AX,

m m
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Oenrmnamapaad  Qoinananud, (QyHKUUAS apryMEHTIApUHUHT  AX,AX,,...,AX
OpTTHpPMaJapura Moc KeiayB4d OpTTUPMACH yUyH,

Au=f(a; +AX;, a, +AX,,...,a, +AX,)—f(a;,a,,..,a,)
udoaann xocui Kuwiamu3. PaBmanky, u = f(M) QyHKIMSHUHT A HYKTaja y3JIyKCH3
OynuIIM y4yH, YHUHT OPTTUpPMacu A HYKTaJga YeKCH3 KUYHMK OYiuIm 3apyp Ba
eTapiiu, SbHU

lim Au = lim Af = AI)mA(f(M)—f(A)) =0 &u Jim Au=0 (20.2)
Ax;—0

Oyaumu 3apyp Ba erapad. (20.2) maprra u=f(M) QyHKUMSHMHT A HyKTaaa
Y3TYKCU3IUTHHUHT QuupMa waxkiu 0etuiaou.

Kyn y3rapyBumim GyHKIMSHUHT OWTTa apryMeHTH Oyiinya (KOoJTaHjIapu
Oenrmwianran 1e0) Y3IMYKCH3JIMK TYINIYHYaCMHH XaM KHPUTHII MYMKHH. by
TYIUyHYaHd KUPUTHII y4dyH, U= Tf(M)=f(X,X,,...X,) (YHKUMAHMHT, YHUHT
AHUKJIAHUII COXACUTa TETUILIH M (X, X,,..., X, ) HyKTaIard, Xycycuii opmmupmaiapu
ned aramyBud TyIIyHYaJapUHU KupUTamu3. bolka aprymeHTIapu OenruiaHTaH

neb kapad, GYHKIIMSHUHT OMPHUHYM apryMeHTura AX, oprrupma 6epamus. Yoy
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X, +AX, Xy X

m
KOOpJMHaTaapra 3ra Oyirad HykTa QyHKIIUSHAHT aHUKJIAHUII coXacuaa €TCUH.
By oprrupMa, (QYyHKUMAHMHT M (X, X,,...,X,) HYKTagaru, X apryMEHTHHHI AX,
OpTTMpMacura Moc KeldyBYH, Xycycuii opmmupmacu paevmnamy Ba A, U xabu
OenruiaHagu:

Ay U= (X + A%, Xp ey Xy ) = F(Xg, Xg 00 X))

QYHKUHUSIHUHT KOJITaH apryMEHTIapu OpTTUPMAJIapyUra MOC KEeJIyBUM XyCYCHIA

OpTTUPMAJIapHU XaM, IIIyHra YXIIaIl aHUKIaHaIH:

A U= T (X, Xy + Ay, X ) = F (X X000 X))

A, U= F (X, Xy Xy + AX) = (X, X0 X))

Arap Ax, >0 na GyHKUMSHMHT Ax,f XyCyCHid OpPTTUpPMAcH XaM HOJTa

MHTHIICA, SBHA lim A, f =0 Gynca, f (x,, X000 x,, ) OysKIHS M(X,,X,,..., x, ) HyKTaga

X, V3eapyeuu oOyuuua y3iyKcu3 Neuuaiu.

20.1-3cmatma. Arap f(x;,x,...x,) byExmms M,(x°,x3,..,x%)e{M} HykTama
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(Oup ityna) y3nykcus Oyica, GyHKUIMS 1Ty HYKTaja xap oup y3rapyBuu Oyiindya xam
y3yKcu3 Oyiaau, JeKuH QYHKIUSHUHT OUpop HyKTaja xap Oup y3rapyBuu Oyitmda
XYCyCHH y3JIyKcu3 OYIMIIMIaH, YHUHT 11y HyKTaja (Oup iyna) y3nykcu3 Oynuiiu
Xap IOUM XaM KeJInO YuKaBepMauiu.

20.1- mucoa. Yoy

X'+ x2y? +y?

X2+ y? , (X, y)¢(0,0) bo'lg anda,

f(xy)=
0, (x,y)=(0,0) bo'lganda

dyHKIMSHEET R® 18 y3IyKCH3 SKAHITHTMHN KYPCATHHT.
Eunmmmmn. v(a,b)eR? ((a,b)#(0,0)) HykTanu onammus:

: x4+ xy*+y*t a*+a’h®+b’
i (1) tin XYY 20D (o)
y—b y—b

TEHTTIMK Ypuninu Oynaau. by sca, Oepwiran ¢dyukuusauar 20.1-tavpudra kypa,
(a,b) HyKTaga y3MyKCH3IUTUHK OUIIUPAI.
Ouan Gepuwiran (yskumsauar (0;0) HyKraga  y3iyKCH3 SKAHIUTHHE

KypcaraMu3. byHUHT y4yH KyHHIard AJIMAlITAPUILIHYA OJIAMHU3: X=rCOS@, Y =rSing.
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lim (x,y)= lim f(rcos g, rsing)= lim r?(cos? g +sin* p)=0
y—0

Aemak, lim f(x,y)=f(0;0)=0. Bynnan f(x,y)bynxuusaunr (0;0) mykrana

y—0
Y3IyKCHU3 DKAHIIUTY KEJINO YUKaIH.
20.2- mumcon. YmOy f(x,y)=2x-3y+z OQyHKUMAHUHT R’ fga  y3iIyKcus

DKAHJINTUHU KYPCATHHT.

Euynnummu Ve >0 coHra kypa, o :% neb oJIMHCa, Y X014,

p(l\/l (X' Y, Z)’ Mo(xo’ yo'zo)): \/(X_X0)2 +(y_ y0)2 +(Z - 20)2 <o
TEHICHU3JIMKHU KaHOATIaHTUpyBYn VM (X, Y, Z) e R™ mykranapna,

| T(%, ¥, 2)— F(Xo, Y. 20) = |(2x =3y + 2)— (2%, =3y, + 2, | S[2(x — %, ) +
+3|y—y0|+|z—zo|£6\/(x—x0)2 +(y—y, ) +(z-2,) <65=¢

TeHrcusmuk ypunau Oynanu. Bymman, 20.3- taspudra kypa, f(x,y)=2x-3y+z
GYHKIUAHUHT VM (X, Y,,2,) HYKTa[a y3IyKCU3JIUTU KENTUO YNKAIM.

X—-2y+4

20.3-mucon. Yoy f(X,y)=X2—y23
+y°+

GyrKIMAEMAT VM (X,, Y, ) € R

HYKTaJa y3JyKCHU3 KaHJINTUHU KYpPCATHUHT.
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Eummmmm. M (x,;y,) HyKrara Ax, Ay optapMainap 6epu6, Oepuiran

(YHKUMSHUHT TYIUK OPTTUPMACHHH TOIIAMM3:
Af (Xo’ yo): f(xo +AX, Y, +Ay)_ f(X0’ yo):
(o +AX)=2(y, +AY)+4 X, -2y, +4
(X, + AX)® +(y, + Ay ) 13 x+yi+3
(xg +y2+ 3l(x0 + AX) = 2(y, + Ay) + 41— (X, — 2y, + 4)(x, + AX)* +(y, + Ay)* +3]
(xg +y2+ 3l(x0 +AX)? +(y, + Ay)* +3]

By tenrnuknan AIim0 Af(Xy,Y,)=0 oKkammuru kenuO umkamu. (20.2) maprra Kypa,
Ay—0
Oepuiarad GyHKIUSHUAT VM (X, Y, ) HYKTa1a Y3IyKCU3 SKAHIUTU KEIUO YUKa M.
20.4- mucoa. Yoy
X2y2

x*+y*

x*+y* =0 bo'lganda,

f(xy)=
0, x* +y* =0bo'lganda

¢yukuusaunar 0(0,0) Hykraga xap OMp Y3rapyBumcd Oyiinua y3JayKCH3, HKKaa
y3rapyBuucu Oyiinua Oup iyna y3mIyKCu3 dIMACIUTHHU KYPCATHHT.

Eunaumu. f(x,y)  ¢ynkuumsuuar — O(0,0)  HyKragaru  XyCycuii
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OpPTTUPMAJIApUHU KapalMu3: x Oyinya XyCcycuil OpTUpMAacH
Au = f(Ax,0)- f(0,0)=0-0=0

Papmianky, lim A,u=0. bynnan f(x,y) ¢Gyskuusauar O(0,0) HyKraza X

aprymMeHT Oyiuya y3JyKCU3JIUTY KeTUO YnKaIu.

Xymu myngait, f(x,y) dyaxuusauar O(0,0) HyKraza y apryMmeHTt Oyiuda
XaM y3JYKCU3JIUTU KYpCaTHIIa M.

Oumu f(x,y) oyakusauar O(0,0) HyKTaja HKKajga y3rapyBud OViinua Oup
ifya y3mykcu3 dMacluruHd Kypcaramus. M(x,y) mykra O(0,0) mykrara, 0(0,0)
HYKTaJaH YTyBYH Y = kX TYFpH du3uKiIap OViiiad WHTUIICHH. Y X0JiIa,

o xX%y? : k2x* k?
lim———=lim———= e
0T 4yt o0 x4k XY 1+K
y—0

y=kx

Jemak, M(x,y) HyKTa, Typid TYFpy uM3nKkiap (k HUHD Xap XWJI KAMMaTuaa)
Oyiinua, O(0,0) HyKrara MHTWIraHAa JTMMUTHUHT KHMMaTH Typiauda Oyaagm. By

X0JI, Kapana€TraH JUMHUTHUHT MaBXyJ 3MaciIurudu ownaupaau. llynmai kuauo,

Oepuiran GyHKuusHUHT O(0,0) HyKTamarn Kappaiu JIUMATH MaBKyJl SMac dKaH.

20.5- mucoa Yoy
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My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Caxwudpa /708
Tynuk skpat

Uk uw



COS X — COS Y
=f(x,y)= X—y
0, x—Yy =0 bo'lganda

, X—Yy #0bo'lganda,

Gyuxuusau - 0(0;0), A(%; %) HyKTajgapia Xxap OMp apryMeHTd Ba HKKaja

aprymeHTH Oyinya Oup iyna y3i1yKCU3IMKKaA TEKITUPUHT.
Eunnnmmu. Kocunycnap aitupmacu popmynacuaan oiinananuod, Oepuiiran

GyHKUMAHA KyWHard KypuHUIaa €3u0 oaMus:

X+y . X—Yy

—2sin sin
— , X—y #0 bo'lganda,
f(xy) Yy y g
0, x—y =0 bo'lganda,
- sin XY sin &
1) lim f(x, y) = —limsin 2 lim 2 Ilmsm XV lim—2-0.1=0= £(0,0).
x—0 x—0 2 x>0 X-—y 2 ts0 t
y—0 y—0 y—0 T y—>0 E

Jlemak, f(X,y) gynxuus O(0;0) HyKTama MKKkama apryMeHTH GYyitimua Gup ityma

y3nykcu3. Y xonma, 20.1-acmatmara acocaH, Xap OuWp aprymMeHTH Oyiimda xam

y3IyKcu3 Oyau.

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606
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sin 2~
2) IM1Nxﬁ=—"mﬂﬂx+ﬂﬁm—Yj;—:4q
x> X X y
- - oo 2
VA o V1
JIEKUH f(Z—LJ =0 Oynranu yuyH, f(x,y) QyHKms A(Z—Arj HYKTaJla UKKaja

aprymeHTH Oyiinya Oup iyna y3imyKcu3 smac.

T T
X+— X—=
—2sin 24sin 24 .
, X #— bo'lganda,
Yoy f(x,zj: r 4 g
4 X_Z
0, x:% bo'lg anda

byHKIUAHA Kapaiimui. OyHKIUSHUHT Oepuuinura Kypa, VX yadyH f(x,%) =0,

KymiIaJaH, y X :% J1a XaM HOJITa TEHT OYaiu.

T T T
X+— X—= X—=
x —2sin 4 sin 4 X+ — sin 4
nmf(x—)=nm 2 2 __limsin—%lim 2 _
p 2 V4 T z T
x>% x>7 X — = oy (X —*)/2
4 4

Tntynsapack
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V2 V2 f(ﬂ ”j:o.

:——1:—— — =
2 2 4 4

Hemaxk, f(x,%j byHKIMS X =% J1a y3JIyKCHU3 dMac.

OHau
_2sin 4 sin 4 .
(72' ) 2 2 y+7” bo'lganda,
fl—y|= T _y 4
4 4
0, yz% bo'lg anda

byHKIUIHA Kapaiimuz. OyHKIUSHUHT Oepuininura Kypa, Vy y4yH,

ToyoTy L
. _2sin 4 sin 4 " y sin 4

lim f(—,yj=lim g 2___limsin 42 lim 2__

e % %—y ad s (%—y)/z

Jemaxk, f(% yj byHKIUA Y :% HYKTaJ1a y3J1yKCHU3 3MacC JKaH.

Tntynsapack
My HpapuxXa
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20.6- mucoa Yoy

X+Yy
x*+y°

f(x,y)=

(GYHKUMSHUHT y3WIUII HYKTaJapyuHU TOMUHT.

Euynwnmmmu. bepunran ¢yHkums, xacp panuoHan (QyHKuus OYnuO, yHHHT
CypaTu XaM, Maxpaku Xxam y3iykcu3 pyHkuusuiapaad uoopat. LLlynunr yuyH,
(GYHKIMSHUHT  y3WIMII HyKTamapu, X°+y°=0 [apTHH KaHOATJIAHTHPYBUYH
HyKTajapJaH uoopar 6ynanu. by TeHrsiaManu y ra HucOataH e4amms: y =—X.
Hlynpait kunuO, OepwiraH (YHKUUSHUHT Y3WIMII HYyKTaJlapw, y=-X TYFpH
YU3UKHUHT HyKTaJJapuaaH noopat dKaH.

X, #0, Yy, #0 Ba x,+Y, =0 O0yncun. Y xonna,

l +y i 1 B 1
xl—g(] 3 3_xl—>r£| 2 27 2 2"
o X" +Y o X" —=Xy+Y Xo =XYoo T Yo

Y=o

Yy—=Yo

X+y
X +y?

Jemak, y=-x(x#0) TYFpu YWBHKHHMHI HyKTajapd, f(x,y)=

GYHKIUSHAAT WYKOTWIMIIA MYMKUH OYnrad (OMpUHYM TYp) Y3WIHII HYKTaJapw

OyJnap sKaH.

Tntynsapack
My HpapuxXa
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. X+
lim y

x—0 X3 4L y3
y—0

. 1

=lim— - = +00
X—)OX _Xy+y
y—0

MyHocabaraad 5ca, 0(0,0) HykTa Oepuiirad QYHKIMAHUAT YeKCU3 (MKKMHYH TYD)

Y3WJIMII HYKTaCH SKaHJIINT'HU Keano YUKaau.

20.2. Y3aykcu3 pyHkuusiaap ycruaa apugmeruxk amauiap. Mypakka0o

(PYHKIUAHUHT Y3y KCU3JIUTH.

u=f(M) Ba v=g(M) bynaxuusnap {M}cR" Tymiamupa Gepwiran, AeR”

HyKTa 3ca, {M} TYIJIaMHUHT JJUMHUT HyKTacu Ba A e{M} OYicuH.

20.1-reopema. Arap f(M) Ba g(M) Qynkumsuap A HyKTaza y3IyKCH3
f

oynca, f(M)+g(M) f(M) g(M) xamna %(Q(A);éo) GyHKUMSAIAp XaMm Iy

HYKTaJa y3JIyKcu3 Oyiaam.

20.2-3caatma. Ukkuta QyHKIUSHAHT WAFUHIWACH, alMpMacH, KymanTMmacu
Ba HHUCOATH Y3TyKCU3IUTHAAH, yJap/aH Xap OUPWHUHT Y3ITyKCHU3IIUTH Xap JOUM
XaM Keaud YMKaBepMamIu.

20.7-mucon. Ymby {M}={xy)eR?:|{<1y<1}c R? TymiaMHUHT pammoHa

Tntynsapack
My HpapuxXa
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HyKTajlapu ( Xap MKKaja KOOpJUHATACH XaM pallMoHal COH) TYIJIaMUHU {M p} ned

Oenrnnanimus. {M} TyIiamaa

L (xy)eM,}

fixy)= {0, (xy)eMmirim, |

-1, (x,y)e{Mp}
0, (X1y)E{M}/{Mp}

byHKUMATapHU Kapaiimus. By GyHKUMSIIapHUHT WHFUHIUCH
f,(xy)+ f,(xy)=0 (x y)e{M})

Oynuo, y my Tyrmiamaa y3JIyKCcH3, JEKUH fl(x; y), fz(x; y) OYHKIMANAPHUHT Xap

f,(x, y)={

oupu {M } TYIUTamMza y3JIyKCHU3 3Mac.

20.3-3caatma. FOkopumaru 20.1-TeopeMa KYMIMITyBUMIAD COHHM HMXTUEPHIM
YeKJIM OYJIraH X0JIJa XaM YPHHIIH.

u=f(M)=f(x, X X,) Gymxmms M} ((M}cR") tymramma Gepuiram
Oymuo,  X;,X5,...,.X,,  Y3rapyBUHJIAPHUHT xap Owpu, y3 HaBOaruna,

IN} (IN}eR*(k =12.....)) Tymmamza,

Tntynsapack
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X = ¢1(t1’t2""’tk )’

X, =(02(t1’t21---1tk)! (203)
Xm D (tl’tZ """ tk)
KYpUHHMIIIA Oepuiran OYIICHH. t=(t,t,,..t,)e {N}c R¥ Oyaranma
M =M(X,X,,.. X, )e{M}cR™  1e0 Kapaiimu3. Hartmxkana, xap  Oup

M (X, Xy,....X,, )€ {M } HykTara, (20.3) popmyna épnamuna,
U= F @ttty )2 (6, 6o B s @ (E b s b)) = ot sty ) = F (1)
HyKTa MOC KyHunaau, sbHU Mypakkad (QyHKIHs XOCUI O¥aau.

20.2-reopema. Arap o,(4,t,,...t,) (i=12,.,m) QYHKUUAIAPHUHT Xap OUpH

to=(t°,10,...1°) Hykrama ysmykcms 6ymu6, f(M)=f(x,X,...x,) (yHKIES Sca,
t, = (tf,tg,..., t,‘j) HyKTara mMoc,

Mo(xg) = (2, 2, 22 No® = 0, (0,22, 2%), 28 = 0 (E2100s£0)s X2 = 0, (2,3, 1))
HyKTaga y3IyKcu3 Oymnca, u=F(t,t,....t,) Mypakka® dymxmms f,=(2,£,....,1°)

HYKTaJla y3JIyKCU3 OYyinaau.

Tntynsapack
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20.3. Hykraaa y3iaykcus 0yJiarad GyHKIMSJIAPHUHT JIOKAJI X0CCAJIAPH.
Tntynsapack

u=f(M) ¢ynakuus {M}cR™ Tymiamupa Oepuiran OyiacuH. By Tymiamman My Hpoapwuxa
M, (xf,...,xf,)e{M} HYKTaHU OJIMO, YHUHT €Tapiu KMUUK aTpOPUHU KapaiiMus. 1-606
1-xocca. Arap f (M) dyHkuuss M, HyKTajga y3aykcu3 Oyica, y Xonaa, 22006
byHKIMA M, HyKTaHUHT €Tapiii KU4UK aTpoduia dyerapajiaHrad 0yaaau. j i 2 ° Z
-00

2-xocca. Arap f(M) dJynkuus My HykTaga y3iIykcusz — OynwmoO, Mnosanap
f(M,)>0 (f(M)<0) OYymca, M, HyKIaHUHI e€Tapid KHYMK aTpodugarn M
Hykranapaa xam f(M)>0 (f(M)<0) 6ynanm.

3-xocca. Arap f (M) dbyukus M, HyKTaga y3aykcu3 Oyica, M, HyKTaHUHT Q; 9
eTapau  KW4uK arpodumaru uxtu€puit M, e{M}, M, e{M} HyKTamap yuyH, !Q @
| /(M) - f(M,)|< & TeHrcU3NIUK YpUHIN OYIaau. Opkar a
Caxuda /708

TynumkKk skpaHt

Uk uw



20.4.Y3aykceu3 0yiaran GyHKUMsUIApHUHT TJ100aJ1 XoccaJ apu.

20.4-Tabpud. Arap myHaail ¢ Ba C corap MaBxyn 6yaub, VM e {M} yayn
c< f(M)<C Tenrcusnuk ypumiu Oynaca, u= f(M) Gyukuus my {M} Tymiamaa
yecapananean JENAIIAIN.

20.3-reopema(boabuano-Komuuuur OupuHuM Teopemacu). u= f(M)
bynkus {M}cR™ Ooramii  Tymuiamaa OepuiiraH Ba y3lykcus OyiacuH. Arap Oy
(GYHKIMS TYIIIAMHUAT UKKMTa A(a,,a,,..a,)e{M}, B(b,b,,..,b,)c{M} HyKTacua
Xap XWJ WINOpaid Kdimatiapra sra 6yica, y xoima, myHgai C(c,c,,...c, )e{M}
HyKTa TONWIAAMKH, Iy HyKraga (QyHKOUs HoOAra aigaHagd, SbHH
f(C):f(cl,cz,...,cm):O.

20.4-teopema(boabuano-KomMHUHT WKKAHYH Teopemacu). u= f(M)
byakuus {M}cR"™ Oornmamim TyIuilamaa OepwiraH Ba y3nykcu3 OynuO, {M}
TYIUIAMHUHT WKKMTAa A(a,,a,,..a, ), B(b,b,,..b,) Hykracuna f(A)= f(B) Oyuca, y
xonga, f(4) Ba f(B) xuiimatmap opacuga xap KaHgaii C COH OmMHCa XaM, {M}

Tymiamaa wmyHgai  C(c,,c,,..,c,) Hykra tomunamuku, f(C)= f(c,c,,...c,)=C

'm

Tntynsapack
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oynanu.

20.5— Teopema (BeitepuurpaccHUHT GUPHHYHA Teopemacu). Arap u= f(M)
bynkus, {M}cR™—derapananran €nuK TyrjaaMjaa Oepuirad Ba y3jiykcu3 Oyrica,
byukuusa my {M} Tyriamaa yerapajaHrad Oynanu.

20.6— Teopema(BeiiepITpaCCHUHI WKKHHYH TeopemacH). Arap f(M)
dbyHkius yerapananrad €nuk {M}cR"™ Tymiamaa y3imykcus Oyica, y 1y Tymiamaa

Y3UHHMHT aHHUK FOKOPH XaMm/a aHUK Ky yerapacura dpuiiaiu.

20.5. Kyn y3rapyBumnjyn (pyHKIUSTHUHT TEKUC Y3JIyKCH3JIUTH.

f(M) dbynkuus {M}cR™ Tymaamaa Gepuiaran 6YICUH.

20.4— tabpud. Arap Ve>0 CcOH ydyH, IIyHAa o >0 Ttomwicaku, {M}
TymIaMHUHr  p(M',M")<S TEHICU3IUKHA KAaHOATIAHTUPYBUU VM',M" e {M}
HyKTaJapuia

<¢&

f1)- f (M)

TEHTCH3IMK Oaxkapuica, f(M) dynkuus {M} TymmaMua mexkuc y3aykcus IeHnIaIm.

20.4-3¢caaTma. OYHKIUSHAHT TEKUC Y3ITYKCU3IUTH Tabpudugaru 5 >0 COH

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

le q
Opkar a
Caxuda /708
TynumkKk skpaHt

Uk uw



dakat ¢ >0 ra OOFIUK Oymanu.

20.7-teopema (Kantop Teopemacu). Arap f(M) (yHKuus yerapanaHraH
€nuK TymiaaMaa OepwiraH Ba y3iaykcu3 Oyica, QyHKIUS 1My TYyIulamaa TEKUC
y3IyKcHu3 Oynau.

20.5-3cnarma. Yerapamanran {M} tymnamMmHuHr VM',M"e{M} HyKTajapu
opacumaru p(M’,M") MacodaHMHI aHHMK FOKOpPU dYerapacura {M} TYIUIAMHHHT

ouamempu NeHnNIaIN.

Harmka. Arap f(M) QyHKIMs derapananrad €Mk TyIsiamaa OepuiraH Ba
y3IIyKkcu3 0yica, y Xxonna Ve >0COH y4yH myHAal 6 >0 tomunud, {M} TyIruiamMHy,
Oouamempu § naH knuuk 6ynran, {M,}c{M}(i=12,..k) Oynaknapra Gyiranumusga
Oy GynaknapHuHr xap oupuaa xaMm, f(M) QYHKUUAHUHT TEOPAHMIIN & aH KAYMK

Oymasu.

X +y?

2 2

%01 (¢ =
my ux+y

20.8-mmucour. byHKIUSIHA

M={xy):0<x*+y? <1

TYIJIaM/J1a TEKUC y3IYKCU3JIMKKA TEKITUPHUHT.
3,3 2, 2
Eunaumm. bepunran QyHKUMSHUHT cypaTd X + Y~ Ba Maxpaxu X° +Y

{M} 1ymnamna yanykens. emak, dyakuus {M} na ysnykeus (0(0,0)g {M}). {M}

Tntynsapack
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Tyiam énuk Tymiam smac. llynunr yuyH, Oy xonna Kantop teopemacunu Kyninab
OynMaiinu, JeKuH u(x, y) byHKIUSHA O(O;O) HYKTaJla KaWTa aHUKJACAaK, S’bHU
u(O;O):O Jecak, y XoJjijaa u(x, y) ynkimsa O(0;0) HyKTama ysiykcus Oyiajm.
XaKuKaTaH XaM, X=ppC0S@, Y= pSing QJIMAlITUPUIIHU OJicak, X—0,y—>0 n1a

p—0, SBHU |in3u(x,y)=|in2)u(pCOS(0,pSin(0)=|in’(l)p=O Ilynnait kw6, u(X,y)
X—> p— p—>

y—0
Gyukuusaun O(0;0) HyKTajza Kaita aHUKIACaK, SAbHH u(O;O):O Jiecak, y XoJija
Oepwiran  (QyHKIUS {M}z{(x, y):x2+y2§1} EnuK TYyIuIaMaa y3iaykcu3 Oynmaam.
Jemak, Kantop teopemacura acocaH, Gepuwiran QyHkius, mMapkasd O(0;0) omu0

TalUIaHTaH {M }— noupaja, SbHU {M } TYIIamMaa TEKUC Y3IyKeu3 OYaiu.
20.9- mucoa Ymby u= f(x,y)= arcsin > (YHKIMSAHN aHUKJIAaHWII COXACHa
y

TEKUC Y3JIYKCU3JIMKKA TEKIIUPHHT.

Eunnnmu. bepunran QyHKIUSHUHT aHUKJIAHUII COXACH:

M= {cy)x<Iv, y =0}

By coxama f(x,y)= arcsin > GyHKIMS y3TyKCU3 QYHKIMSUTAPHUHT CYNEPIO3UIIUSCH
y

Tntynsapack
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cudaruaa, y3nykcus. DHAU Oy (QyHKIMSHU {M} coXaJla TEKUC Y3TYyKCH3JIUKKa

TEeKIIMpamus: M G ij M{%;—%) (n=12...) HyKTanap y4yH TuTynsapac

My HpapuxXa

. 1 1) (1 1) 2
p(Mn;Mn)=\/[ﬁ—;j +[ﬁ+ﬁj ==l Le0OC

. 2-606
OyHKUMSHUHT Oy HyKTajgap/ard KuiMatiiapu,
: : : : 3-606
u(M, )- u(M nl =[arcsinl-arcsin(-1) = 2arcsinl=7 >1=¢
4-606

MYyHOCa0aTHU KaHOATJIaHTUpaAH, ibHU 20.4- TabpuPHUHT MAPTH OaXKapHIMaNIH. 7
noBanap

Hemak, 6epuiiran GyHKIUs {M } TYIIaMJla TEKUC Y3ITyKCU3 dMac.

MycTakuj e4ui y49yH MUCOJLIIAP _ ;
« »

Ky#tugaru QyHKIUSITapHUHAT y3WIHUIIT HYKTaJapHUHA TOITUHT. !Q ,@

200 u=—t™ 0, =

\/ﬁ' Opkar a
X +y X* +y?

Caxuda /708

Xy
203 u=i-x*-y?) 20'4'uzx+y' Tynuk skpaH
20.5. u=sin=. 20.6. u=sin—. Ynkouw

y Xy



Kyihingarn QyHKUMSUIApHUHT XaMMa y3WJIUII HyKTajJapUHU TONUHI Ba yiap

WYM/Ia UWKKala apryMeHT Oyinya MYKOTWIMIIM MYMKUH OViraH y3wIMIl

HYKTaJIApDUHU KYpCATHHI.

3 2

ZON T 208 |
u x2+y2 uX2+y2
X +y?
) O b II d s
20.9. u=4 x+y X Ty7 T bogantd 20.10. u%
3 X+ y =0 bo'lganda. SIn x+sin-y
2 " .
20.11. u=xsin 20.12. y= SN x-siny

X2 +y? sin® x+sin?y’

(x2 +y? —1)sin , x> +y® =1bo'lganda,

20.13. u= L& —

0, x* +y? =1 bo'lganda.
Ky#tugaru QyHkusimapau KypcaTuiral HyKrajgapaa xap Oup apryMeHTH Ba

XaMma apryMeHTIapH Oyiinya Oup Hyn y3TyKCU3TUKKA TEKIIUPUHT.

x*y? P
, X"+y" %0 bo'lganda,
20.14. u=qx*+y* 4 J 0(0;0) va A1;2) .
0,

x* +y* =0 bo'lganda,

Tntynsapack
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X3y2
20.15 ——— x*+y*=0bo'lganda,
5. u={x"+y

0(0;0) Ba A(10*10°) .

0, x* +y* =0 bo'lganda,
X2 +y” x* +y* % 0bo'lganda
20.16. u=< x+y ' " 0(0;,0) Ba Al-1).
0, x*+y* =0 bo'lganda,
S A
, X“+y°#0 bo'lganda,
20.17. u={x*+y? g : 0(0;0) 6a A(0;1).
1, x> +y* =0 bo'lganda,
sinx+siny .
—=, x+y=0 bo'lganda,
20.18. u={ x+y / : 0(0;0) va A(%—%)
1, X+ Yy =0 bo'lganda,

Kytinnarn QyHKIUSIIApHUHAT KYpCaTUITaH coXaja YerapajaHrad €Ku

yerapajgaHMaraH SKaHJIMTMHU aHUKJIAHT.
20.19. u=x*>-y?, {M}:{(x, y): x2+y? < 25}.
20.20. u=x>-y?, {M }:{(x, y): X2 +y? > 25}.

2 2
20.21. u= m,xz +y?#0, (a Ba b XaKMKui COHIAp).
x> +y

Tntynsapack
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20.22. U= sin(x +y)—sin(x—y)

u= , Xy =0.
Xy
20.23. Y6y TWT Y A Bta K
My HpapuxXa
zxy ~, X*+y?#0 bo'lganda,
Uu=<X"+Yy 1-606
2 2 ]
0, X“+y“ =0 bo'lganda 2.606
Gyukuus 0(0,0) Hykraga: 1) x OYyiuua ysmykcus; 2) y Oyiiumya ysmykcus; 3) 3-606
WKKaja apryMeHTH Oyiinua Oup iyn y3nykcus Oymaaumu? 4-606
20.24. a HMHT KaHAal KuiiMaTuaa yimoy MnoBanap
2 2
X2 y2 , X +y?#0 bo'lganda,
u={x*+y
a, x* +y? =0 bo'lganda Q‘i _9
¢yukuus O(0,0) mykrama: 1) x Oyiuya ysmykcus, 2) y OYiu4a y3IyKCH3; I¢ Y

3)y=kv/x, (k=#0) umsuk OVitnua y3mykcus; 4) MKKaga apryMeHTH O¥yifnda Gup o
pkar a

nyia y3nykcus oviaaumu?
v ysiy 4 Caxuda /708

20.25. a HMHT KaHAal KHiMaTuaa ymoy
TynumkKk skpaHt

Uk uw



X = xy?
u=4J x2+y?’

x* +y* # 0 bo'lganda,

a, x*> +y? =0 bo'lganda
dynxmus 0(0,0) HykTana: 1) x=at, y=f (a® + #% #0) unsuk Gyitnua y3mykcus; 2)

WKKaja apryMeHTH Oyiinua Oup iynna y3nykcus 0ymnaau?

20.26.Yuiby
2
4X y4, x*+y*#0 bo'lganda,
u=<x"+y

0, x*+y*=0 bo'lganda
Gyukuusauar - 0(0,0) HykTama: X=tcosa, y=tsina (0<t<ow) uusuk OYiinua
Y3IIYKCU3JINTUHH; WKKaja apryMeHTH Oyiuva Oup WHyna y3widmra  dra
SKAHJINTUHU KYPCATHUHT.

20.27. a HMHT KaHJal KHMMaTuaa ymoy

__4
1 e x+Y|

, X+Yy =0 bo'lganda,
U=9Xx+y

a, X+ Yy =0 bo'lganda

byukus R na y3mykcus Oyimasim.

20.28. a Ba bHUHT KaHIal KUAMaTiIapuaa ymoy

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606
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a, x> +y*<4 bolganda
u= Jo-x2—y —\/x +y>—4, 4<x®+y’<9 bo'lganda,
b, x> +y? >9 bo'lganda

byuknus R* ga y3iaykcus Oymaau.
Kyiingarn QyHKOMSHAHT —KypcaTWITaH CcoXaJa uYerapajaHraHIdruHA
UCOOTIAHr, YHHHI aHWK 4YerapajapuHd TONHHI Xamaa (YHKIUSHWHT aHHK

qgcrapajiapura spuliuimu €KH OPUIIMACIIATUHH aHUKJIAHT .

2 2

20.29. u:%, x> +y?=0 .
X* +y

6 6

20.30. u:zzliz, MI={xy):0<x2+y> <9} .

20.31. u_X—y4, X*+y*=0 .
X' +y

20.32. u=xye™, {(M}={xy):x>0, y>0} .
Kylinnarn QyHKOUATApHUHT KypcaTWIraH TyIulaMAa TEKUC Y3JIYKCHU3
SKAHJIUTHHHA TabpuQra acocaH UCOOTIAHT.

20.33. u=ax+by+c, (@=0,b=0),
20.34. u=x*+y? MI={xy):x+y? <1} .

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606
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20.35. u=x*+y?, (M}={x,y):|[x <o, |y| <o} .
20.36. u=4x*+y*+z*, R°.

20.37. u=x>-y? {M}={(x,y):1<x<2 0<y<2} .

20.38. u

x4 1+ y4
= vy

ey {(x,y):0<x2+y2£25} .

20.39. u=xysin1, M}={(x,y):0<x<1 0<y<1} .
y

20.40. u=In(x? +y?) M}={xy): X’ +y?> =1} .
Kylinnarn GyHKOUSTApHUHT KYpcaTWITaH TyIUlaMaa TEKUC Y3JIYKCHU3

AMACIUTUHU KYPCATHUHT.

4 4
2041, y=YX Y

Ty ,{M}z{(x,y):0<x2+y2s1} .

20.42. u=xsin%, M={(xy):0<x<1 0<y<1 .

2 2
20.43. u= i‘:z‘“ MI={xy):0<x2+y> <1} .

2044, u=sin—— IM}={xy): x> +y* <1} .

1_X2_y2’

Tntynsapack
My HpapuxXa
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20.45. u= sin2L

x> +y? -1 {M}={(X'y)3xz+y2<1} :

Kylingarn QyHKuusmapHu KypcaTWiraH TyIjamaa TEKUC Y3IyKCU3IMKKa

TCKIONUPHWHI.

20.46. u=2x-3y+5 {M}={xy):[¥ <o, |y <o} .

20.47. u=J4-x"—y?, M}={xy):x* +y> <4} .

20.48. u = arcsin % M={xy):]y < x} .

20.49. u=f(x,y) ¢dynkuus R® ga ysmykcus Oyica, u= f(x,y) R? ma Tekwuc

y3JIyKcu3 0ynaaumu?

MycTakuj e4uill Y4yH MUCOUIAPHUHT KaB00JIapu

20.1. 0(00). 20.2. 0(0,0). 20.3. x*+y?*=9-

alJIaHAHUHT
HyKTaJlapu. 20.4. x+y=0YU3UKHUHT XaMMa HyKTaJlapH.
20.5. y=0 TyFpu YM3UKHUHT XaMMa HyKTaJapHu.

20.6. Koopnuaarta YKIapUHUHAT XaMMa HyKTaJlapHy.

20.7. 0(0;0) HYKOTHIMIIY MYMKHMH OYJIraH y3WJIMII HyKTa.

XaMMa

Tntynsapack
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20.8. 0(0;0). 20.9. x+y=0 umsuknuHr (1;-1) Ba (-1;1) HykTamapaan 6oIka
XamMMa HyKTaJlapu Y3WInIll HyKTanapu 0Vnaau, (1;-1) Ba (-1;1) HykTanap aca,
HYKOTHIMIIK MYMKKH Oyiirad y3uuin Hykranapu 0yaamu. 20.10. (z&;m), k,ne Z.
20.11. 0(0;0) MYKOTHIMIIM MyMKHH OVJITaH Y3UJIUII HYKTACH.

20.12. (#&;/m), k,ne Z. 20.13. Y3uium HyKTajgapu uykK.

20.14. O Ba A mykranapuaa GyHKUHUS Xap OUp apryMeHTH OViuva y3JIyKCus.

20.15. O Ba A HyKTanapaa QyHKIuUs Xxap Oup apryMeHTH Ba XaMMa apryMeHTIapH
Oyiinya Ooup nyna yznykcus. 20.16. O Hykrana GyHKuus xap Oup apryMeHTH Ba
XaMma aprymMeHTH Oyitnda Oup iyna y3mykcus, A HyKTazaa 3ca, Xap Oup apryMeHTu
Ba XaMMa apryMeHTH OYyinda Oup Wyina y3uJIdiira sra.

20.17. O mwykraga GyHKUMS x apryMeHTH OViWYa y3IyKcu3, y apryMeHTH Ba
XaMMma apryMeHTiapu Oyiimda Ouwp Hynma y3unumra isra. A HyKrajga Xap Oup
apryMeHTH Ba XaMMa apryMeHTH OVitnda Oup iyna y3nyKkcus.

20.18. O wmykraga ¢yHkmus xap OWp apryMeHTIapu Ba XaMMa apryMEHTIapu
Oyitmya Oup WHynma y3aykcu3; A HyKTajaa xap OHp aprymMeHTH Ba XaMma
apryMeHTiiapu Oyitnya Oup iyia y3uaumira ara.

20.19. Yerapananras.

20.20. Yerapamanmaras. 20.21. YerapamaHraH.

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606
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20.22. Yerapananmaras. 20.23. 1) Xa. 2) Xa. 3) I7I§/K.

20.24.1) 1. 2) -1. 3) —1. 4) Maexkyasmac. 20.25.1) 0.2) 0. 20.27. 0.
20.28. a=+/5, b=—+p5. 20.29. supu=1, Oyura spumiaau, macanas, (1, 0)
HyKTaja, infu=-1, OyHra spumaau, Macanas, (0,1) HyKTaza.

20.30. supu=81, Oynra ospumiagu, macanas, (0;3) Hykraga, infu=0, OyHra
pUIIMANAN. 20.31. supu=0,5, Oynra ospumiaam, macanas, (1, 1) HyKrana,

infu=0, 6yHra dpuIIaau, MacajiaH, (0,1) HyKTaza.
20.32. supu= 1, Oydra spumianau, Mmacanad, (1 1) Hykraga, infu=0, OyHra
e

spuIaau, macanas, (0,0) HyKTaza. 20.46. Texuc y3nykcus.

20.47. Texuc y3iayKcus. 20.48. Tekuc y3ayKcu3 smac. 20.49. Iy

Tntynsapack
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21 -§. Kyn y3rapyBumjin (pyHKIIUSTHUHT XyCyCHIl XOCHJIAJIapH Ba

g depeHuraNIAPH
21.1. Kyn y3rapyBuniy pyHKUMSHUHT XyCyCH XOCHJIAJIAPH.

u=f(M)=f(x, x5 x,,) Gyakuus ounk (M} ({M}<R™) Tymwiamua
aHuKIaHrad Oyacun. By Tymmampan  M(x,,x,,..,x,) HYKTaHd OJIaMH3 Ba
GYHKIUSIHUHT x, apryMEHTUTa AX, OpTTHpMa Oepamu3 (KOJTraH apryMEHTIapUHU
ysrapmac, ne6 xucoOnaiimus). Hatmkana, GyHKIMs Xam A, U OpPTTHpMA OJIajiu.

Yoy

AU (X0 X rmees X0 X DX Xy Xy )= F OG0 X000 X ) (21.1)
AX, AX,

HUCOATHY KapaMu3, OyHIA M(x,, Xy ,..., X, 1, X, + AX,, X100, X, ) €{M}.
21.1-tabpud. Arap Ax, >0 ma (21.1) HUCOATHUHT JIMMHUTA MaBXYyI Ba
ueknu Oyica, Oy muMHUT f(X,,X,,...,x, ) QYHKIUSHUHT M(x,,X,,...,X, ) HyKTagard x,

apryMeHTH Oyiuua xycycui xocunacu 1einiaam Ba
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KYpUHHUIIAA E3UI MYMKHH.
21.1-mucon. 21.1-taspudaan doiinananuo, ymoy
f (X, y) _ 32x+y

Gyukuusauar O(0,0) HykTamarn  f,, . XyCycwil XOCHJIaJapuHH XHUCOOJIaHT.

y

Eunnmmm. 21.1-ravpudra xypa, f,, f, Xycycuii XocHIagapuHu TOaMuU3:

2AX
of (0,0) _ im f(0+4x,0)-f(0,0) _ T
OX Ax—0 AX Ax—0  AX
A
of (0,0) _ - f(0,0+Ay)- f(0,0) _ im 31
ay Ay—0 Ay Ay—0 Ay

Hdemaxk, f,(0,0)=In9 f (0,0)=In3.

21.2-mucon. Yoy

£(x,y)=(x—1 +(y 1)

=2In3=1n9,

=In3.

Tntynsapack
My HpapuxXa
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A1) wHyKrazaru f,, f.  Xycycudl XOCHWJajJapd MaBKyjl

(O YHKIUSTHUHT ,

OMACJIMTUHU KYPCATUHL.

Eunnmmn. ®apas kunaiinuk, (x,y)# (L 1) 6yucun, y xonna, f,

X ?

f, Xycycuii

XOoCuJIaJIapHHU TOIIAMH3.

-1 . -1
. ik y)=—2

Jx=1) +(y -1y Jox=17 +(y-2?

Jemak, (x,y)# (L 1) na Gepuiaran GyHKIUSHUHT XyCYCHH XOCHIIaIapyd MaBKy/l.

f(xy)=

21.1-tappudra xypa, Oepmwiran ymxumsauar - f(L1), f (L 1) Xxycycwit
XOCHJIAJIAPUHH TOTIAMHU3:
of(L1) _ i F0+ A1)~ fLL) - M’
AX—0 AX MAX—0 AX
ofwy)_ . fi+ay)-f@y . [aY
ay Ay—0 Ay Ay—0 Ay
|ax] Ay . o
Bynma lim—, lim —— jnuMmuTIap Xap X KMAMaTiapra sra OYJIraHiiurd yayH,

AX—0 AX  Ay—0 Ay
JIMMHUTIIAp MaBXKXYyJl dMac.
Jemak, 6epuiirad (yHKIIUSTHUHT A(l, 1) HYKTa/1a XyCYCHI XOCHianapu

MaBXYyJ d3Mac.

Tntynsapack
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21.3-mucoa. Kyiiunaru:
1) f(x, y)=arcsin§; 2) f(x,y,z)=e""

GYyHKUMATAPHUHT XyCYCUN XOCUJIATapUHU TOIIUHT.

u/

VJ1-u?

Eunnnmm. 1) (arcsinu) = dbopmynara acocan, f,(x,y) Ba f,(x,y)

XYCYCI/Iﬁ XOCHUIAJIapHU TOIIAMHU3:

of 1 1 1 of 1 X yX

x 2.§: yz_Xz’ &N T _yz yz_xz'
) +{5)
y y

2) (e“ )': e'u' opmymara acocan, 6epunran GQyHKIUSHUHT XyCYCHM

XOCHUJIaJIapruHU TOIIaMHU3:

ou ou ou
_:eXyZ- , _:eXyZ.XZ’ _:exyz, .
OX . oy 0z 84
1,2, .2 ou ou
21.4-mucoa. Yuiby u= E(X +y)+o(x—y)  dyHruus > +5 =X+Y
X

TEeHIJIaMaHU KaHOATJIaHTUPAIUMM ?

Eunnumm.  Jlactia0, Oepwiran (QyHKIUSHUHT u %u XyCycuu

Tntynsapack
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XOCHJIaJIApUHHA TOIIaMU3:

Z—iﬂw'(x—y) %u= y—¢'(x=y)

OHau Oy Xycycuil XOCuilallapHU TeHIJlaMara ojind 60pub KyusiMus:

X+ (X—y)+y—@'(X—y)=X+y=X+y=X+Y.
Hemak, u= %(x2 +y))+p(x—y) (yHKIMA OUPUHYM TAPTUOIM XyCYCHii

xocwiianu auddepeHnnan TeHrIaMaHuHT €YUMHU SKaH.
21.1-3caatma. bepunran HykTaga (QYHKIUSHUHT XaMMa  XyCYCHH
XOCWJIAJJADUHUHT MAaBXyJUIMTUAAH, YHUHI IIy HYKTaJa Y3JIYKCHU3JIUTH Keaud

yuKaBepManau. Macanas,

Xy

u= X2+y2

, x*+y*=0 bo'lganda,
0 , x*+y?*=0 bo'lganda

Gynkuus M,(0,0) HyKrama y3iyKCcu3 5Mmac, IeKMH Oy (QYHKIUS KYpCaTHJraH
HyKTaJla X Ba y apryMeHTIapu Oyiinya Xycycui XocHuianapra ira:

8_u =O; 6_U

=0,
OX (0,0) ay

(0,0)

aynku f(x,0)=0, f(0,y)=0.

Tntynsapack
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21.2. Kyn y3rapyBumwim (GpyHKHusiHUHT auddepeHunasiaHyBYAHIUTH

HIAPTH.

u=f(M) dynkius (M} ({M}c R™) tyruiamaa Gepuiran 6yiacun. MabiyMKy,
u=f(M) QyHKuUMIHUAT M (x,,X,,..., X, ) HYKTaJard TYJIMK OPTTUPMACH:

AU = T (X + AX, Xy + AXy . X+ AX )= T (X, Xg, oo X ) (21.1)

nudomanan noopar (20-§ ra kapanr).
21.2-tabpud. Arap u=f(M) JyukuusaEAr M HyKTajard TYJIMK
OPTTHPMACUHH

Au= AN, + ANx, + ...+ A, Ax, +a,Ax, + ...+, Ax, (21.2)

OyHna 4,4,,.,4, 7nap, Ax,,Ax,,.,Ax, Japra OOFIMK OYyIMaraH ¥y3rapmaciap,

a, ;.. @, AP 3Ca, Ax;,Ax,,..,Ax, Japra O00FIHMK Ba Ax, —0,Ax, —0,...,Ax,, >0 n1a

a, >0,a, >0,..a, >0 (Ax =Ax,=..Ax, =0 Oynranma s3ca, o, =a,=..=a, =0

m

ne0 onuHanm), KypuHMImga wudomamam MyMKMH Oyiuca, f(M) ¢yHkous

M(x,,x,,...,x, ) HYKmaoa oupgepenyuanianysyu neinnamm.
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My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Caxuda /708
TynumkKk skpaHt

Uk uw



21.1-reopema. Arap u=f(M)=f(x,x,...,x,) OGyHKIAT  M(X,, X,,... X,

HyKraaa qupdepennnamianyBun 6yica, 0y QyHKUMSHUHT M(x,,X,,...,x, ) HyKTaaa

" 5 ou; .
Oapua aprymeHTiIapu OVinuya XyCcycuid XoCHiajJapu MaBxKy] Ba a—' =A (| =12,..., m)

oYynanu, 6yana 4, (i=12,...,m) nap (21.2) mapraan TOMAIAIH.

21.1-naTmka. (21.2) nuddepeHnnanianyBYaHINK IAPTUHH,

ou ou ou
AU =—AX +—AX, +...+ — AX,, +0 21.3
ox, 1 ox, 2 ] m (,0) ( )
KYPUHHIIIA é3mI MYMKHH, OyHa p- M(x,,x,,..., x,,) Ba

M, (X, + AX, X, + AX,,...,X, ++AX )e{M} Hykramap opacugarm Macoda, SHHH

21 Ay

P =A% + A 4.+ AX, 2.

21.2-natmka. Arap wu=f(M) ¢yakums  M(x,,x,,..,x,) HyKraga
nudepeHnrauianyBud  Oyica, YHUHT TYauK oprtrupmacu (21.2) mrakimga
TaCBUpIAHUIIM siroHamup. Arap wu= f(M) dynkuus M(x,,x,,..,x,) HyKTaga
muddepeHnmamTanyBuu O0yica, y 1y HyKTaaa y3iayKcu3 Oynaau.

0

m

21.2-teopema. Arap u=f(M) dyskmms M,(x0,..,x’) HyKTaHHHT GupOp

atpoduaa Oapua aprymeHTiaapu Oyinuya Xycycuil Xocwianapra sra Oymnu0, Oy

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Caxwudpa /708
Tynuk skpat

Uk uw



xocuianap M, HyKTajaa y3iaykcu3 Oyica, y xonaa, Oepunran ¢yHKuus M, HyKTaja
¢ depeHuramianyBuu Oyaaau.

21.6-mucoa. Ymoy f(x,y)=3/xy ¢ynkuusauar O(0,0) HyKTaga Xycycuii
XOCUJjanapra STaJIMTMHU Ba y Iy HyKTajaa AuddepeHuuayiaHyBUd 3MaCIUTMHU
KYpCAaTHHT .

Eummmm. Taspudnan  ¢oiigananud, Oepuiran QyHKuusHuar  O(0, 0)
HYKTa/Iaru XyCyCui XOCHIaJlapuHu TOTIAMU3:

of (0, 0)

p— 3 .
. f(0+ Ax,0) f(o,o):Iim Ax-0 o

OX AX—0 AX Ax—-0  AX

o (0,0) _ - f(0, 0+Ay)-f(0,0) _ - 3/Ay -0 o
ay Ay—0 Ay Ay—0 Ay ’

O(O, O) HyKTaja Oepuiran QyHKIUSHUHT TYJIa OPTTUPMACHHU TOTIAMH3:

AF(0, 0)= f(ax, Ay)- (0, 0)=3/Axdy (*)
®apa3 xunainuk, Oepwiaran (ynkuus O(0,0) Hykraza audQepeHnnasIIanyBIn
oyncuHn. Y xongaa, (*) oprtupma ymoy

Af (0, 0)= f,(0, 0)Ax + f (0, 0)Ay +0(p)

KypuHHUIIIa ndoganaHamm, OyHua p =+Ax* +Ay® . Kyiugara TMMATIapHA

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Caxwudpa /708
Tynuk skpat

Uk uw



Kapanmus:

i AF (0,0)- f,(0, 0)Ax + f, (0, 0)Ay i 3/AxAY 0
= lim ——=— #0.
i::g JAX? + Ay? i;:g JAX? + Ay?
3 3 2
3| AXAy _ VAX s o,
AXZ + Ay® |AX|\/E

JHlemak, 6epuiirad QyHKIIUs O(O, O) HyKTaja quddepeHnuanianyBuu dMac.

Arap Ax=Ay -0 na

21.3. Kyn y3rapyBuniau pyHKuMssHUHT 1uddepeHnuanu.

u=f(M) pyukiusa {M} ({M} < R™) t¥ruiamaa Gepuiran 6ynub, 6y GyHKIus
M(x,,x,,...,x, )€ {M} nykraga nuddepenuuamaanysun 6yucun. Y xomnma u= f(M)
GYHKUIMSHUHT AU TYJIUK OpTTUpMacH yuyH (21.2) dopmyna ypurmu:
Au=ANx, +..+ 4 A, +aMx +...+a,Ax, .
21.3-tabpud. u= (M) QyHKIHMI AU OPTTHPMACHUHHHT Ax,Ax,,...,Ax, Japra
HucbaTaH uM3MKIM Oom  KucMu, u= f(M) QyHKOMSHMAT M HyKTajaru
oupgepenyuaru (myaux ougppepenyuanru) ned aramaagu Ba Y, du, df Exm

df (X, X,,..., X, ) Kabu OenruIaHaim.
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Jlemaxk,
du=df =df (x;,%,,..., X, )= A Ax, + A,Ax, +...+ 4, Ax,, (21.4)
21.1-teopemanu 3bpTHOOpPra ojicak, y xonna, (21.4) dbynkuus nuddepeHunanu HA
KyuuJary,

e e 2w 2 g (21.5)

ox, ox, ox,
KYPUHHIIAA XaM €3UI0 MyMKUH. X, (i =12,...,m) y3rapyBuvHuAr auddepeHnuainam
dx, (i=12,...m) nme0, wuxtuépuii (x,,x,,..,x,) Japra OOFIMK OYyIMarad CoOH
TylyHWwiaad. By connm, OyHman keiimn, Ax, (i=12,..,m) ra TeHr ae® oiumira

KeIMIIUO onamu3, SbHH dx,=AX, (i=12,..,m). By KeauimmyBHM >bTHOOpra OJCaK,

(21.5) Hu Ky#ugary,

a’u:—dler—udx2 +...+§udxm (21.6)

KYpUHUIIAA E3UII MYMKHH.

5.6-mucou. Ymily z = XY’ GyKIusHUHT dz OMPUHYN TAPTHOIU TYITUK
nudpepeHanTuil TOMUHT

Eunnumm. bepunran ¢yHkiusgan x Ba y y3rapyBumiiap Oyinda Xycycui
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XOCHJIaJIapHHW TOIIaMHU3:

. (eX2y2 )X — e 2xy?, i (exzy2 yy = eV 2x2y.
OX oy

Tonunran GupuHYM TapTUONM XycCycHit XocunanapHu dz=z,dx+z,dy Qopmynara
KEeNTUpHUO KyIMu3
dz ="’ 2xy?dx + ey’ 2x°ydy = ey’ 2xy (ydx + xdy) .
21.7- mucon. OyHKIUUSHUHT OPTTUPMACUHH YHUHT nuddepeHimanra

%' coHHM TaKpUOWIi XUCOOJIAHT.

anMainTupu6, ymoy (0,98)

Eunnmmn. Kyiingarn u=x’ QyHkuusau Kapaiimus. by Gyuaxuusaunr (12)
HyKTajard Kuiivata  u(l; 2)=1 6ymamu. u=x’ ¢pyHkuusaunr (0,98; 2,01) HyKragaru
KAUHMAaTHHHU XUCOOJIaMU3.

Jlactiab u=x" dyekuusHuAEr(L2) HyKTamara U, U,  XyCyCHi
XOCHIIAJIAPUHH TOTIAMHU3:

u =y u@2)=2 u,=x"Inx, u (L 2)=0.
Bepuiaran coHHE  U(X+AX, y+Ay)=u(X, y)+u, (X, y)Ax+u,(x,y)Ay  dopmyna

Oyitnua xucobmaitmMus, OyHaa Ax =-0,02, Ay =0,01,
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(0,98)**" =u(1-0,02,2+0,01) ~ u(%; 2)+u, (L 2)Ax +u, (L 2)Ay =

=1+2-(~0,02)+0-0,01=0,96.

21.4. Kyn y3rapyB4u/au Mypakkad (pyHKIIUAHUHT XOCUJIACH.

u=f(M)=f(x, x5, x,) OGyakmusa (M} ({M}cR™) Tymiamaa Oepwiran

oymub, x,,x,,.,x, Y3rapyBUMJApHUHT Xap Oupwu, ¥y3 HaABOATUIA, f,L,,...,L,

m

y3rapyBuninapHunr ¢ysknuscu cudaruga, {N} ({N}cR*) tymiamuma Gepuiran

byHKIusIap 6YICHH:

(21.7)

Byuna, (t,t,,....t )e{N} 6ynramma, yara moc xemran (x,,x,...x,)e{M} 6yucun,
ne6 dapas kunuHaau. Hatmwkana, ymoy
u=fe sty to) @ttt 0n ot t)

KYTI Y3rapyBUMiIM Mypakkad GyHKIusra sra 0ynamMus.

21.3-Teopema. Arap (21.7) ¢ukumsmapuuEr xap Oupu N, (2,2,....20)e (N}

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Caxuda /708
TynumkKk skpaHt

Uk uw



HyKraaa quddepeHnmaianyBun 6yiuob, u = f(x,,X,,..., X, ) QYHKIUSI 5ca yHIra MOC
Mo 58, x? e M} (6 = @y (17,8280 ) 30 = 0, 0960, 80 ) X = 2 (1,82 80)
HyKkTaga maubdeperumantanysun 6yica, y xomma, ottt ) on(titynt,))
Mypakkad QyHKIHS Xam No(tf,tg,...,tf) HyKTaja auddepeHnyansianyBun 0yaaam Ba

YHUHI XYCYCUH XOCWJIAJIApU

o O, O O, O O

— = e ,

o, o0x, 0t 0x, ot ox, ot

ou ou 0x; Ou Ox, ou 0x,
=——+——=+..+—

ot, ox, o, ox,ot, ox, of, (21.8)

ou du%Jr()udﬁ +()u0xm

—=— — 2+
ot, 0x, ot, 0x, Of, ox,, Of,

dhopmynanap opKaau TOIHIIAIH.

21.4-3¢aaTma. Xycycuit xonma, (21.8) maru dyHKUUAIApHUHT Xap Oupu
dakar Outra t Tra OOFnMMK Oynca, y xomma, Ou3 dakat t ra OOFmMK OYynraH
u=f(x,x,..,x,) x, =) (i=12,..,k) Mypakkab ¢yHnkuusra sra Oymamus. By
Mypakkad QYHKIUSHUHT XOCHIJIACH

du_du_dxl+du .dx2+ N du dx,

dt dx, dt dx, dt  dx, dr
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dbopmyna OViinya TomuIaau.

Hxxu  yzeapyeuunu @ynkyus yuyn 3zamdicup kouoacu: Azap W = f(x,y)
audepeHuanianyBud QYHKIUS, X Ba Yy Jap d5ca, t SPKIM Y3rapyBUHMHUHT
mudepeHnmasianyBun GyHKIusIapu Oyinca, y xonna, W ¢yukyus xam t 3pKIu
Yy3rapyBYMHUHT TU(epeHIMATUIaHyBYH (DYHKITUSACH OYIaau Ba

AW _ oW dx oW dy
dt  ox dt oy dt

dbopmyna YpuHIH.
o . dw
By TacIMKHUHT «IapaxT quarpaMmacu» KyWujaaruda. = HU TOIHUII YYYH,
W nman Oomurab, xap Oup iynm Oyitmya mactra Kapa® XapakaT KWJIWHHO, Hyima

ydparaH xocuiaiap KynmanTupuino, CYHrpa yiap KyIuaaau.

dw _ oW dx oW dy
dt  ox dt oy dt
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¥ = flxy)

AN

VAR
AN

x ¥ o'ttao’zganavchilar

etksiz o'zganmchi

N

| B
B &

i etkli o’ zgarnavebd

Yu yzeapysuunu mypaxxkab @yukyus yuym 3andicup  Kouoacu: Arap
W = f(x,y,z) audepeHuuamnanysun (GyHKUus, X, y Ba Z Jap 5ca, t SPKIH
Yy3rapyBUMHUHT nudepeHnamuianyBun GyHKuusiapu 0yica, y xonna, W QyHKIus
XaM t SPKIM Y3rapyBUMHUHT qudepeHInaianyBIn GyHKIUACH OYiany Ba

dW_aW%JraWﬂJraW%
dt ox dt oy dt oz dt

dbopmyna YpuHIH.

o W
by TacauKHUHT «JapaxT auarpaMmacu» Kyuujaaruya: dd_t HHU TOIHII YYYH,
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W gan Oomnwiad xap Oup iyn Oyiimua mactra Kapa®d XapakaT KWIMHHO, iynna
ydpara xocuiajiap KymanTupuinbd, CyHrpa yiaap Kyluiuiaaau:

dw_aW%ﬁWﬂﬁwg
dt ox dt oy dt oz dt

etksiz o zganrrchi

N

de
clt

etkli o’z garaveld

Hxxuma spkau yseapysuu e6a yuma Ypma y32apy8uuiap Y4yH 3aAHHCUD
Kouoacu:  Azap W =f(x,y,2) x=g(r,s), y=h(r,s) Ba  z=K(r,s)
mudepeHMamianyBul QyHKIusaap Oynca, y xomma, W QyHKmUS XaMm r Ba S

APKJIM y3rapyBumiiapra HucOaTaH XyCycHil Xxocuianapra sra Oyiaau Ba yjiap y4yH,
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oW 6W8X 6W8y oWa oW 8W8X+8W8y oW oz

or 8xar 8yar oz or' os OX 0s oy 05 oz o
dbopmynanap YpuHIH.
o oW
By TacmMKHWHT «mTapaxT auarpaMmmacu» KyWuaarada: =" g HH TOmHI

yuyH, W naH 6omnad xap 6up iyn 6yiinya mactra Kapad XxapakaT KWIMHUO, Wyiaa

ydparaH Xocwiajiap KynmauTupuino, CYHrpa yiaap KYIIIaan:

¥ = flx.y.z) etksiz o'zganrrchi W= f{x’y,z] erksiz o’zganwchi
x o w il <. o
b - & / =
x ye Zz 0o'tta o’zgaruvchila i / ¥ Z o'rta o’zgaruvchilar
S /s \
ﬁ\ g /3_ 2 &
dr \\5 // I d A i
N/ \

etkli o’'zgamavehil ar iy erkli o'zgaruvchilar

oW 8W8x 8W8y oW oz
axas 6yas oz 05

oW awax away W az
o x 6r oy 6r oz or’ 0s

Arap W =f(x), x=g(r,s) mudpepenumamnanypun QyHKUMATap Oyiaca, y
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xonga, W (QyHKOMS Xam  Ba S DPKIM y3rapyBumiapra HuUcOaTaH XyCyCHil

XOocuiiajapra 3ra 0yiaaau Ba yjaap y4yH,

W AW ax W dW ax
or dx or  os  dx os

dbopmynanap YpuHIH.

By TacaukHuHr “mapaxt nuarpammacu’ Kymujgaruya: aaﬂ aaﬂ JIApHU TOTMII
r S

dw o o
yayH, W naH Oommiab xapakat KUJIMHHUO, 5 XOCHTa X §pTa ¥3rapyBuMHHHT r Ba

S 9PKJIM y3rapyBUmIap Oyiinya XyCcycuil Xocuianapura KynantTupuiaam:

W= flix) etkaiz 0"z ganrrchi
ax
x o'rta o zganrvchi
e ﬁ
dr ds
F 5 etkli o’zgatuvehil ar
aW_dWGX aW_dW8X

o dxor’ & dx os
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W= f(X, %0 X, ) X =X, (t), x, = x,(t),....x, =x,(t) (n Ta ypra y3rapysumnap,

OUTTa SPKIIM Y3rapyBud X0Jin) OYiica, JapaxT AUarpamMmmacu

Tt | G N etksiz o’zganrrchi

A o'tta o'z gatuvchilar

etkli o’z garwveld

KYPUHUIIHA OJaau Ba W QYHKIUSHUHT t DpKIM Yy3rapyBud Oyinya TYIWK

XOCHJIACH,

dw of dx, of dx, of dx,
—=——"+ +.ot
dt ox, dt oOx, dt ox, dt

dbopmyna Oyitnya xucoOaaHaIu.
W= (X, X0 X, ) X =0t et ) X, =0, (E, T st )y X, = 0, (80,00 T,

(GyHKIMS y4yH “IapaxT Auarpammacu’
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ethsiz o'zganrrchi
Tntynsapack

My HOoapwmxa

. o’tta o’zgaravchilar 1-606
2-606
3-606
4-606
toi=l2. o, etkli o’zganachil ar
MnoBganap
KYPUHUIITHA OJlafd Ba W QYHKIUSHUHT t, i=12..,m, SpKIH Yy3rapyBUHiap
Oyitnda XyCcycuil XocHajapH, _
ow_of o of &,  of ox, Q‘ »
o, ox, ot ox, o, . ox, ot &< =]
ow _ of ox, of ox, of ox, o
o, ox o, ox, o, | ox, ot prara

............................................................. Caxudga /708
ow of ox, of ox, of ox

=— + +...+ TynumkKk skpaHt
ot, ox ot, Ox, ot ox, ot

. Uk uw
CDopMyJIaJIap epaaMuaa XUCOOJIaHaIN.



21.8-mucon. Ymby W =x> —xy, x=1-t?, y=t* mypakka6 dyHKuuSHHHT
a)3amxkup Kougacunan oiinanmanud; b) OeBocuta t OViimua auddepeniuanad,

dw o dw
—— HHU t HUHT QyHKOUsAcH cudaTuaa udoaaianr, cyHrpa —  HHHD Oepunran

dt

t=1 HyKTaJaru KWMMaTWUHU TOIIWHT.

dw
Eunnumm. a) ~5p TP TOIMIL yEYH, IAPAxT AHArpaMMack»a acocas, W

naH Oonutad, xap Oup iyn Oyiinua mactra Kapab xapakat KWiuO, Wynaga yuparas
XOCWJIAJIAPHU KYTTAUTUPAMU3, CYHTPA YJIAPHU KYIIAMHU3:

dW W dx W dy [ o oy > a\ad — ot(ar?
e (3—6t> +2t* |- 2t)+ (t> —1)at® = 2t(at? —3)
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=z - Xy ethsiz o'zgarsvchi

—3x -F=

f+/ \

=-x=f2-1

» o o'tta o’z gatuvchilar

[ etkli o’ zgaruveh

dw 6de+6Wdy dbopmyna
dt  ox dt oy dt PoPMY

b) Mypakkab ¢yHKIHSIHUHT dd—V:/ XOCHJIACHHU

OyirJa ToraMms3:

W _ -t -1, %——2t, ﬂ=4t3,

dt dt

aaﬂ:\?,x2 _y=3(]_—t2)2 —t* =3-6t% +2t*,
X

dw aw dx oW dy

i oy — (3-6t2 + 2t* Y- 2t)+ (t? —1)at® = 2t(4t? ~3)

dw .
OHnn = Oepunrad t =1 HyKTagaru KHAMaTHHUA TOTIAMU3:

aw

g t:1=2t(4t2 —3}t: —2.

1
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21.9-mucon. Yoy z=e*y?, x=u’-v?, y=u-v Mypakkad QyHKIUSTHHHT
XyCyCUH XOCUJIACUHU TOIIUHI.
Eunnumm. z(x(u,v), y(u,v)) Mypakkad QyHKIUSIHUHT XYCYCHUM XOCHJIACUHU

Tonui popmynacuaal ¢hongataHaMus:

0L  «..2 oX

ox ’

—=2u, —ZV,Q:ZyeX, Q:v, @:u,
ou ov oy ou ov

2_2 XY _ e*y2-2u+2ye* -v=2e""" .udv? +2uv?e” " == 2uv2(u? +1)e” ",
ou Ox ou oy ou

0z 0L OX 0L 0y  » . x u2—y2 2
—=——+—-—=eYy - (-2vV)+2ye" -u=2e"y(u-vy)=2e -uv(u—veu) =
> o y© - (=2v) +2y y(u-vy) ( )

= 26" " uv(1-v?).
u=f(x,x,,..,x,) Qyakuus {M}c R" Tymiamaa Gepuirad GYICHH.
21.4- Tabpud. Arap {M} ({M}cR™) TymiaMHuHr Xap Oup HyKTacuaa Ba
Xap Oup t jap yuayH
floey, ey, te,) =17 £ (x), %50 X,,) (21.9)
TeHrnuK Gaxapwuica, u= f(x,x,...x,) Oynkuus (M} ({M}cR™) Ttymmamma p-
oapasicanu OUpHCUHCIU QYHKYUS NEHUTAIN.

21.4-teopema(bup:xkuncan QGyHKOUSJIAp XaKuaa iljiep TeopeMach).
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Arap u= f(x;,x,,..,x,) OQyHkuus {M} Tymwiamaa xuddepeHMaIaHyBYd P -
napaxanu OupxkuHcau (yHKuus Oynca, y xonma {M} TYIJIaMHUHT Xap Oup

ou ou ou .
M(x,,x,,...,x, ) HyKTacuga — X, + — +..+ —x, = pu TEHIJIMK YPUHJIH.
ox, ox, ox,,

21.10-  mmcoa.  Arap f(x,y,z2)  ¢yskuus  {M}  TYmamaa
b depeHnramanyBYu p -Iapaxkanu OUP>KUHCITH byHKUMSA oyica,
f.(xy.2) f,(xy,2), f,(x y,2) Xycycmit Xocumamapu p-1-mapaxans OUPKUHCIH
GbyHKUMATAp SKaHIUTUHA UCOOTIIAHT.

Eunnumu. [laptra kypa,

f(x,ty,tz)=t"f(x,y,2)
O0ynr0, TEHIJIMKHUHT Yarn TOMOHM nuddepennnanianyBuu. TeHITUKHN X Oyiinda
b depeHnmamiaiMmns:
f(tx ty, 2)t=t"f (x,y,z) éxm f, (X, ty, 2)=t""f,(x,v,2).

Bynnman f,(x,y,z) GyHkuus p—1- qapakann OUpKUHCIN (YHKIUS SKAHIUTU KEIU0
ankagn. f,(x,y,z) Ba f,(x,y,z) GyHKupsUIapHEET XaM p —1- gapakanu GUPKHHCIH

(YHKIMS SKAHJIUTU XYW IOKOPUJAruIeK KypcaTHiaamn.
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21.5. Inddpepennuan makjad MHBAPUAHTIUTHHUHT CAKJIAHUIIIN.

u=f(M)= f(x;,%,,...,x,) OGyakmus {M} ({M}cR™) tymmamma Gepwiran
Oyncun. buz rokopuga KypraH OSAMKKH, arap x,.,x, AapryMEHTIAp OJPKIH

Ay

y3rapyBuriiap 0yica, GyHkuussHUHT gudpeperimany (Tyauk auddepeHimani)

du:a—udxl+a—udx2 +...+;udxm (21.10)

X, Oox, X,

KYpUHMIIIA TACBUpPJIaHAIUd. DHIUA X,,X,,..,X, APIYMEHTIAp DPKCH3 Y3rapyBUWIIH,
SBHU oupop N, (tf e ) ) e{N} HYKTaJa, i depeHnnatIaHyBun
X = t,t,,..t,) (i=12..m) byakuusnap, u= f(x,x,,.,x,) OGyHKIUS  dca,
M, (xfxgxf;) HykTaga auddepeHiuamianysun 0yiacuH, 1e0 gapas Kuiaiauk. by
xonma, u= f(x,X,,...x,) OYHKUUSHH, 1,,1,,..,t, Y3TapyBUMIAPHHHT MypaKKal
byakuusacu ned xapaiimus. 21.3-teopemara acocaH, Oy mypakkad (QyHKmus N,

HyKTaga nuddepeHnuamanyByu 0ynaau Ba yHUHT quddepenmnman,

du="at + M+ M (21.11)
o, ' dt, ot

m
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o ou
KYpUHUIIJA TacBUpiaHagu, OyHIa a—tnap (21.8) dbopmynanap opkaiu TOMUIIAH.

i

2:’ napHuHT udonanapunu (21.8) gan (21.11) ra kentupud Kyiuob Ba su JIAPHUHT

i xi

K03 pULIMEHTIapUHY kami1al, HaTHKaia

8xl ) ax ) o

m

du=1[% dt, + Y dt, +.. LY dt LN . dt, + 2 dt, +...+ X, dt, | (21.12)
o, * ot at, at, at at

MyHOCa0aTHH XOCHJI KMIamu3. MabayMKu, S—u (i=12,...m) HUHT KOd(DUIUEHTH,
X

x, =@t tynt,) ((=12,...,m) QyHKIMAHEAT dx, (i=12,..,m) auddepeHmanuamn
udonanaiau. lllyaunr yayH, (21.12) auar kypuHummag, (21.11) xypurumga €3uin

MYMKHH. Hemak, x,,x,,.,x, Jap OPKCH3 Yy3rapyBuwjap OyiaraHga Xawm,

u=f(x,x,,..,x,) Qynxkuusauar guddepennuann (21.11) kypunumga 6ynap sKam,
SbHA KYN  y3rapyBUYWiIM Mypakkad QYHKIUSHUHT OUPUHYM  TapTHOIU

g depeHnany MaKim HHBAPUAHTIUTH (KYPUHUIIIH) CaKJIaHap dKaH.

u=f(M)Ba v=g(M) pynkuusnap ounk {M} ({M}c R™) tymnamaa Gepunran

6y1u6, (M} Tymiamaa auddepeHumamIanyBun 6yica, y Xomaa, ULy, uv, — (v#0)
v

bynkusap xam my M HykTaga — AuddepeHIuauiaHyBYM — Ba  YJIApHUHT
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muddepeHunany yayH, KyHuaard,

d(cu) =cdu (c = const)

dutv)=dutdv, Tutynsapack
d(uv) =udv +vdu , My HpOoapuxa
d(uj:vdu—zudv 1-606
1% v
dbopmynanap ypuHau 0yaaau. 2-606
3-606
21.6. Uynanmm 6yiinua xocuna. Fpaauent. 4-6006

N
Mabnymku, Oup y3rapysBumnmu y=f(x) (xeR, yeR) (yHKUHUSHHHT Z—f nosanap
X

Xocunacu, OepwiraH QYHKIUSHUHT V3rapuil Te3NUTruHU Ownaupamu. Kym

yarapyBumma  u=f(x, %%, )= f(M) (%, %%, )€ R ueR) byHKIHIHUHT Q @

XyCyCUil XocCwiajapu XaM Oup Yy3rapyBuwid (DYHKIUSHUHT XOCHJIacu Kalu l 4 @!

SKaHJIMTUHKA 3HTHOOpra oo, 8f sf ;f Gyakumsnap xam, u= f(x;,x,,..,x, ) Opkar a
X, e

Caxuda /708

GYHKIUSHUHAT, MOC paBumiaa, Ox,0x,,..,0x. Vkigap OViimua R™ na y3rapwii

m
< TynunkKk skpaH

Te3IUruHu udoaananam, 1e0 Kapami MyMKUH. J P

OHIW Ky Y3rapyBUrim GYHKIIUSHAHT UXTUEPUN WyHAMMII OYVitnda y3rapuii Huknuw

TE3MUIMHU U(OAANOBYM TyllyH4Ya OwiaH taHumamui. Coamanuk y4yH, yd



y3rapyBuriaM QYHKUUSHA KapaiMus. u= f(x,y,z)= f(M) GyHKOUsS OYMK {M}cR®
Tymiamaa OepuiaraH OYJICHH. r = r(cose,cosf,cosy) OHpIMK BEKTOp — OmiaH

5
aHuKJIaHaguran Oupop | WHYyHanuIHKM Kapainuk. {M} Tymnamaa UXTUEPUMA

M(xy,v9,2,) HyKTanu onub, Oy HyKTa OpKald VYTyBYM, MNYHAJIMIIH,

-

- o
r = r(cosa,cos 3,C0s y) BEKTOp MyHAIUIIATA MOC KeiraH | WYHaJIMIIHU Kapailiuk.

-

iyHamamua M, (x,, v, z,) HyKTara sKaH &TraH MXTUEpHH y3rapyBun M(X,y,z)

HYKTaHU OJaMu3 (M e{M }). M, M iyHanran kecma {M}cR® TyIuiamra TETHUILUIH,
y X0J1/a,

X=X Y=Y Z—1,
——2 - =¢0Sa, ——>—~=C0S ff, ————~=COSy 21.13
p(Mgy,M) p(Mgy,M) p(My,M) el

oymasu.

-

21.5-rabpud. Arap M(x,y,z) HykTa | HyHaNIran TYFpU 4YU3UK OYiinad
M,(x,, vy, 2,) HyKTara uatuiarasga (M — M, ), ymoy

f(M)_ f(Mo)_ f(X,y,Z)— f(xovyOvZo)

p(Mo’M) p((XO,yO,ZO)(,X, y,z))

HUCOATHUHT JIMMHTH MaBXKyn Oyica, Oy mumutra f(x,y,z)= f(M) GyHKUUSHUHT

Tntynsapack
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1-606
2-606
3-606
4-606
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of (M)

M, (x4, v9,2,) HyKTaga | uynamuw 6ytiuua xocunacu ned atanaiy Ba y

( EKU
o1
Tntynsapack
M KaOu OenruiaaHai.
6T My HAOapwuxXa
21.5-tabpudra kypa, yuu 1-606
Ay 100 1(00,) 2-606
or MM p(Mg,M) 3-606
4-606

KypUHULIAA €3I MyMKHUH.

21.6-Teopema. Arap u= f(x,y,z)=f(M) dyHkuusa o4uK {M}cR® TYriamua Mnosanap

Oepuiran 6Ymub, y M,(x,, vy, 2,) e{M} Hykraga muddepeHuuanianysun Oyica, y

xonma, u= f(x,y,z)=f(M)pyHKuMs My HyKTaga Xap KaHgan | #yHamim 6Yitnua Q‘i _‘Q
Xocuiiara ara 0ynanau Ba Oy Xocuia, l P 3”'
auM,) (X, Yo:2y)  OF (X0 Yo 2o) o (Xg, Yo, 2o)
ai)o — OaTO 0 — OaXO 0 CoScx + 0 0 0 Cosﬂ_'_ Op Kar a
Caxuda /708
§ AororZo) g, (21.14)
0z TYynuk askpatH

dhopmyia opKajau TONUIagu. YUnkuw



21.11- mucos. Yoy f(x,y)= arctg% ynkiusarar 0(0,0) HykTaman M, (11)

HyKTara kapab nyHairan I HyHanmum O6yinya XOCUJIACUHU TOIUHT .

Eunmanmu. | OGUPHHYM KBaIpaTHHHT M,(1,1) nykracuaan ytysun Ba 0(0,0)
HyKTajaH M,(1,1) Hykrara Kapa® WyHanaran OuccekTpucagaH ubopar Oymaim.
(21.13) ¢opmymara acoca, ga:%. Bepunran ¢Qynkums  M,(11) Hykraga

muddepeHnMamianyBui OYJIraHu Y4yH, YHUHT WYHalIuIl OyinWya XOCHIJIACHHU
(21.14) popmyna OVitrua TOmaMu3:
8f(x,y):ﬁ(x,y)cosgr@f(x,y)cosz:( y X J@
4 oy 4

o1 OX X>+y, Xx*+y?

Jemak, o (il) =0.
ol

21.12- mucon. Yy f(x,y)=./x* +»* dynkuusauar M,(0,0) HyKTama

T S oy of (0,0 .
uxtuépuil | UyHanum Oyiinya XocHiiacu # =1 DKAHJIUTUHU KYPCATHHT.
ol

Eunnumm. Kylingarn HucOatHu Ty3amus3:

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

-
I« 2l
Opkar a
Caxwudpa /708
Tynuk akpatH

Uk uw



OyHJaH,
o 00)_ . fM)-f(M,)

N

ol p0 p(Mo’M)

21.13- mucon. Ymoby f(x,y)=x+|y| GyHkuusauar M,(0,0) Hykragza Ox Ba
Oy KoopauHaTanap YKjiaapu OYVinya XOCUJIaCH MaBXKYaMU?

Euwmmmm. Bepunran  f(x,y)=x+|y| QyHkuusauar M,(0,0) Hykraga Ox
KOOpAMHATAIAp VKU OVinua Xocuiacu 1 ra TeHr Oynub, Oy KoopawHaTa VKU
Oyitrya XocHIacu MaBxXyJl dMac.

21.4- racaatma. OyHkiua 6upop HykTaga auddepeHImauiaHyBun OyaMaca
XaM, y Iy HyKTajga Oupop HyHamuIm Oyiuda Ba XaTTo Xap KaHmau HyHaIUII
6yiiuua xocunmara sra GyIumM XaM MyMKHH. Macanas, ymoy f(x,y)=/x*+y*
Gynkuus M,(0,0) mykrama auddepeHnrasIanyBud 3Mac, JIEKMH OM3 FOKOpUAA
KYpaukku, 0y ¢yHkuus M,(0,0) HyKragza MXTUEpMM WyHamum Oyiimya Xocwuiara

ora.
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21.7- tabpu¢. KommnoHeHTasapu (KOOpAHHATaJIapH) u Ou u Oynran

ox ' Oy oz
BEKTOp, U= f(X,y.z2) OYHKUMSHUHT M, (x,,vy,2,) HyKmaoazu zpaduenmu, ne0

aTajiaay Ba 'y

7, 20l oy

gradu(M,) = M) i+ k (21.15)
OX oy 0z
ou Ou Ou .
Kabu Oenrwnanaau, OyHza o' g, Xycyeil xocuranap M,(xy, vy, 2,) HyKTama
X Oy Oz

- >
XI/ICO6HaHFaH. r= r(cos «, COS ,B, COS 7/) SKaHJIUTMHU 3’bTI/I60pFa OJICaK, y XoJiga

(21.14) vu, ymoy a—li = (? gradu) (21.14) xypuHuUII1a €3UI MyMKHH.
ol
2 2 2
‘gradu‘ = (Guj + ou + (ﬁuj (21.16)
\ ox oy 0z

SKaHJIUTHHH Xucobra onuo, (21.15) popmynanu,

8—2 = r |-| gradu | -cos ¢

ol

R
KYpUHHUIIJA XaM €3Ull MYMKHH, OyHJa ¢-— r OWIaH TpaJueHTHUHI Opacujaru

Oypuax. |?|=1 OynraHu y4yH,
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8—li=| gradu | -cos ¢ .

ol

By dopmynanan kypuHaauku, WyHamui Oyitnda Xocuia Y3WHUHT MAaKCUMYM
ou o o q oo
— KUiiMaTura cosg=1 OynraHga sSIbHM 7 BEKTOPHUHT HYHAIUIIU
ol max

oo ou -
FPAJIMEHTHUHI WYHAJIUIIWIa MOC TYIITaHAa JPUIIAJIH, (T =| gradu|. Arap r
Ol ) ax

oo oo o ou o
HUHT HYHaIWIIM TpajueHTra MepIeHIUKYJsp WyHanraH Oyiica, — =0 oynanu,
ol

YYHKHU (ng, cos%=0.

21.14- mumcon. YOy u=x>+y’+2z? ckanap QyHKuusHuer P(1,1,1) Ba
Q(l, -1 1) HyKTajlapAaru rpaJueHTiIapu opacuaaru Oyp4akHU TOIUHT.
Eunnumm. [Jlactnab, Gepwiran ¢yukuusauar — P(L11) Ba Q(L-11)

HyKTaJapJaru XyCyCui XOCuialapuHU TOIIaMHU3:
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W_p, A, o,
OX 8xp 8XQ
o, a
o lp ¥l
u_y, ol _, Al o,
0z azp 82Q

(21.15), (21.16) dopmynamapra acocan, u=Xx’+y®+z> ckaasip (QyHKIUsA

ydyH gradu(P), gradu(Q) xampa |gradu(P), |gradu(Q)| TapHu XHCOOTANMU3:

gradu(P) = 2?+ 27+ ZE, gradu(Q) = 27— 27+ ZE,
gradu(P)| =2v3, |gradu(Q)| = 2v3.

OHIU TpagueHTIap opacuaaru OypuakHU TOIIaMM3:

_ gradu(P)grad(Q) _2-2+2-(-2)+2-2 1
grad(P)|grad(Q) 23 24/3 3

cos

Jemak, Oepuwiran u ckamap ¢yHkuusamar P, 1,1) Ba Q(L-11)

1
HyKTaJapJard rpaaueHTIapy opacuaaru Oypyak ¢ = arccos 3
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MycTaku e4uil Y4yH MUCOJLIAP

Kylingaru QyHKIUsIapHUHT XyCYCUN XOCUJIATapUHU TOTIHMHT.

21.1. u=x*+y*+3x%y°.

21.3. u=xyz X
yz

21.5. u=tg(x+y)-e.

21.7. u=e*(cosy+xsiny).

219.u:(1j.
X
2 2

21.11. u=arcsin |~ —Y

X2 +y?

21.13. u=x"y*z*.
1 1 1

21.21. f(Rl,RZ,R3)=§+_+__

R, R,

Kylinnaru QyHKussIapHUHT OE€pUIraH HYKTaJaru XyCyCuil XocuiiajlapuHu

TOIINHT.

2Lzu=x“;).

y

21.4. u=sin(xy + yz).

21.6. u =sin§-cosl.

y X
21.8. u=x".

21.10. u=1In —vx2+y2—x
X2 +y? +x

21.12. u= (1+sin2 x)my.

21.14.9(r,8)=rcos@+rsiné.

21.16. P(n,R,T,V)znvﬂ.
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21.17. u=—, (@1) . 21.18. u:|n(1+1], 1L2) .

y y
21.19. u=xye™™, (12) . 21.20. u=(2x+y)*", -1 .
21.21. Ymby u=3%/xy  QynakuusHuEr O(0;0)  HyKTajaru Xycycwuii

XoCHJIanapuuu TomuHr. By ¢ymkmus O(0; 0) Hykrama muddepeHnmamianyBun
oynagumu?
Kyitnnaru Gepunran  U(X,y) dysxkmmsmap O(0;0) HykTama Xycycuit

XOCHJIajlapra 3raMd, O(O; O) HyKTana nuddepeHnuanianyBuu 0yinaaumMu?
21.22. u=x*+y". 21.23. u=x*+y* .
21.24. u=g/xy 21.25. u=3/x%y?

1

21.26. u= ex+?, x*+y2?=0bo'lganda,

0, x2 +y2 =0 bo'lganda.
x* +y*
21.27. u={x*+y?*’
0, x? +y? =0 bo'lganda.

x> +y* %0 bo'lganda,

21.28. u(x,y) QpyHKImS:

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

-
& =]
Opkar a
Caxwudpa /708
Tynuk skpat

Uk uw



X

. . Xou ou
KYpuHUIUIapaa Oyiaranaa, = yg o aHu XUCOOIIaHT.

a)u= b)u=|n(x2+xy+y2)

21.29. u(x,y,z) GyHKIus:

a) u=(x—yly—z)z-x) b) u=x+-Y
y—1
. " ou ou ou
KYpUHHULLIapAa 6yiranza, P ey = 1u(oaaHK XUCOOIaHT.

21.30-21.35- mucomtapaa u= f(x,,X,,..., X, ) QyHKIMs yayH KyHAuaara
TaCIUKJIAPHUHT Kalicu OUpH TYFpH, Kalicu OUpPH HOTYFpHU?

21.30. f(Xl, X2,..,Xm) dbyHKIMSA OMpOp HYKTaa XaMMma apryMeHTIIapu OVinda
XyCyCcHU# Xocuianapra ara 0yica, y ury HyKTajaa y3JIyKcu3 Oymaiu.

21.31. Arap ¢ymxkmus R™ Qasommnr xap Oump  HyKTacHja Xamma
apryMeHTiIapu Oyiimua XycycMil Xocwiajapra sra Oyica, y R™ nma ysmykcus
oymanu.

21.32. Arap ¢yskius Oupop HykTama nuddepeHnuamanyBun 0yica, y 1ry

HYKTaJla XaMMa apryMeHTIapu Oyilndya Xycycui xocuiajiapra sra 0ynaau.
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21.33. Arap QyHKUMSHMHI OUpOp HYKTaJa XamMMa aprymMeHTiiapu Oyiinua
XyCyCcUll Xocwiajlapyu MaBxyJ Oyica, y my HykTaga AuddepeHunamianyBuu
oynanu.

21.34. Arap ¢ynkuus Oupop HyKTaga auddepeHuuasianyBuu Oyica, y
X0J/1a, Wy HyKTaga (QYHKUMSHUHT XaMMma aprymMeHT/apu Oyinya y3lyKcu3
XyCyCcHU# XOocuianapu MaBxya Oyiaau.

21.35. Arap GyHKIUSHUHT OUpOp HYKTaJa Y3IyKCH3 XYCYCHH XOcCujajaapu
MaBxXyJ Oyiica, y Xonaa, GyHKIus 11y HykTagaa guddepeHmamuianyBau 0yaaau.

21.36. Arap f(x,y)—Oxy TeKHCIMKAArd G OYHK COXaJa aHUKJIAHIaH, YHUHT

f, Ba f, xycycuil Xocmmanapuy G Ja derapanaHrad Gyica, y xonma, f(x,y) G na

Y3IyKCU3ZITUTHUHU UCOOTIAHT.

Kytinnaru 6epunran GyHKUMsUTapHUHT TU(dHepeHIIMAIMHN TOTTHHT .

21.37. u=2x*-3x’y* +x’y. 21.38. u:(y3+2x2+3)4.

21.39. u=J+% 21.40. u=-——"%

Xy eyt
y

21.41. u=a *. 21.42. u:ln(x+w/x2+y2).
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21.43. u=|nsinX—Jrl 21.44, u=arctgu.

Jy X—y

21.45. u=(1+xy).

Kyiingaru @yHkiusiimapHuHar 6epuirad HyKtanapaaru qudgepeHunanuiu

TOIIHMHT .

AR e a) (L1): b) (0:2) 21.47. u= |xy+>, (21)
X2 +y? y

21.48 u=cos(xy +xz), M(x,y,z) Ba N(l;%;%j HyKTalapa.

21.49. u=¢¥ -M(x,y) Ba O(0;0) HyKTaza.
21.50. u=x¥, M(x,y) Ba M,(2; 3)ayKkTanapza.
21.51. u=xIn(xy), M(x,y) Ba M,(-1~-1) HyKranapma.

2152, u=—>

X*+y?+1 22

21.54. u=(xy+5) M1, 1).
y

M, 0,1) . 21.53. u=arctg Y, M(3 21).

Kyiinnarun 6epunran f(u) ¢pyHxkuusau auddepeHnnanianyBun Ba YHUHT T

XOCHJIaIaHy aHuK ae6 dapas kuamo, f(u) Gpynxuus Gpynakums yayn f , f

y

TOIINHT .
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21.55. u=x*+e’ . 21.56.u=3/x*+xy*>.  21.57.u=arctg(x+Iny)
Kyinnarun Oepuiran f(u) f(uv) f(u,v,w) GyHKIHsITapHU

mupdepenunamianyBun Ba ynapHuur f,, f, f

Vv w

Xocwiallapu aHuk 1e0 dapas

KWINO, KyWnaaru ¢ QyHKUUSHUHT AudepeHIInaTnHu TOTHHT.

2

21.58.0 = f(u), u:xy+y7.

21.59.2) p=f(u,v) u=—2— v=x*—y°
X+y

21.60.0=f(u,v,w), U=x>+y? +2%, V=X+y+2, W= XyzZ.
21.61. Arap W =sin(xy +z),x=¢' Ba y =In(t+1) 6yica, t =0 ga (l—\f[v XOCHJIaHH

XUCOOJIAHT.

21.66. Arap W =sin(2x—y),x=r +sins, y=rs Oyiuca, r = Ba s =0 Oyuaranma,
ow ow o
MOC PABHIIIA, —= BA —= XyCYCHii XOCHII/PHH TOTHHT.

21.67. Ymby W(X,y,z)=xy + yz +x2 QYHKIUSHUHT X = COSt, y =sint, z = cos 2t

ATPH YM3MKJAru t OViinda XOCUJIACHHUHT t =1 1aru KWMMaTHHHA TOTIMHT.

21.68. w=f(z,0), r=yx*+y?, o= arctg% oyncun. Y xounza,
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ow ow
—— Ba — JIapHU TOIMMHT Ba )KaBOOMHTU3HU I Ba ¢ OpKajIu U(DOJaIaHT.

OX oy

Kylingaru muconnapaa: a)3aHXup Koujpacujaal Qoiinananuo; b) 6eBocura t

e W
oyiinua nuddepenunanad, dd_t HU t HUHT (QyHKOusAcH cudatuna udoaanaHr,

C}”/Hrpa dd—V:/ HHUHT 6CpI/IJIFaH t :to HYKTaJaru KHﬁMaTHHH TOIIHMHT .

21.69. W = x* +y?, x=cost, y=sint; t, =7.

21.70. w =2 4+Y x—cos?t, y=sin’t, z=
7z

; t, =3.

21.71. W =2ye* —Inz, x= In(t2 +1), y=arctgtt, z=¢e'; t, =1.

21.72.  Arap W =(x+y+z)°, x=r—s, y=cos(r+s), z=sin(r+s)  0Oyuica,

04 TOTIHHT.
OF | oo
_v2 . Y L _ v oW
21.73. Arap W=x’+=, x=u—-2v+l, y=2u+v-2 0O¥ymca, — HU
X O luv)~(o:0)
TOIUHT.
21.74. Arap W =arctgx Ba x=¢"+InvoOyica, ol , g JapHU
ou (u,v)=(In2;2) ov (u,v)=(In2;2)
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TOIIMHT .

21.75. Arap a Ba b - y3rapmac coniap, w=u®+thu+cosu Ba u=ax+hy

. ow |, ow o .
O0ynca, a— = ba— MyHOCa0aT YPUHIIM SKAHJIUTUHU KYCATUHT.
X

21.76. Arap f(u) wuxtuépuii quddepennmamianyBun QyHkus 6yica, y

200 xya—go =X TEHIJIaMaHU

xonaa,  ¢(x, Y)—Yf(x y) GyHKkUMA, Y oX oy

KaHOATJIIAHTUPUITNHHA MCOOTJIAHT.

21.77. Arap f(u) wuxmuépuii muddepennmanianysun QyHkus 0yiaca, y

xonaa,  @(x,y)=xy + xf (lj QyHKIWHS, Xéa_(o + y% =Xy+¢@ TEHIJaMaHH
X X

KaHOATJIIAHTUPUITNHA MCOOTJIAHT.

21.78. Arap f(u) wuxmuépuii muddepenumanianysun QyHKMsa Oyiaca, y
. . . op op
xonaa,  ¢(x,y)=sinx+ f(siny-sinx) ¢ynxkuus, cosy— o ? tcosx? o =Xy +@

TCHIVIaMAaHN KaHOATJIAHTUPHUIIWHA 1cOOTIIaHT.

21.79. Arap f(u,v) uxtuépmii nuddepenunannanysun GyHkuus 6yica, y

XO0JI71A, ¢(x,y,z):f(§,x2+y—zz) GyHKIHS, ZXZ?3 +2yzay+(2x +y)
y
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TCHI'JIaMaHU KaHOATJIAaHTUPUIIINHA 1COOTIaHT.

21.80. Arap w= f(s)-s muHr auddepeHnnaIanyBun GYHKIUICH, S = Y +5X

o ow _ow o
Oyica, y xonaa F 55 =0 mycOaT OaKapUIUIITUHUA KYPCATHHT.

21.81. Arap a Ba b- y3rapmac commap, w=u’-+thu+cosu Ba u=ax+hy

o oW |, oW o o
oynca, aa = b& MycOaT YpUHIIN SKaHIUTUHUA KYCATHUHT.

21.82. Arap f(u,v,w) audepeHnnamianyBdn GyHKIHUS Ba U=X—Y,V=Yy—Z

o of of of o
XaMua W=z-x Oynca, —+—+-—=0 DKAHIUIMHH KYPCATHHT.
oX oy oz
21.83. ®apa3 xwnaimmk, W = f(x,y) audepeHuuamnanysun QGyHKIUSIA
X=rcosd Ba y=rsingd Kyr0 KoopAMHATaIapura YTHII amajra OLIMPUIra (

KyTO aJMamTupuiIiapu 0axapuirad) Oyiucus. Y xonma

a) W _ f. cos@+ f, sing, Eaﬂz—fx' sing+ f, cosé,
or r oo

9KAHJIMTUHU KYPCATHHT;
b) a) Gammmarm Tenrmamamapen f, Ba f, mapra HucOGaTaH e4mO, ymapHH

oh Ba —— Jap opKaiau udoaanaHr,
or o0 TP OP ’
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o (17 (6 () + 2 (2]

r

SKAHJINTUHU KYPCATHHT .

21.84. f Ba g—x Ba y HUHT WIyHAal QyHKUUATIApAaH HOOPATKH, %: =

pa O = %g MyHOca0aT Ypurin O0yiacud. dapas Kulaiimk, (;i =0, f(1,2)=9g(@2)=5
X

OX
Ba (0,0)=463yncun. Y xonma, f(x,y) Ba g(x,y) JapHu TONUHT.

21.85. bupuHun TapTHOIM XyCyCcUi XocuiaigapiaH 8a_w =1+e*cosy Ba
X

=2y-—e*siny xamaa (In 2,0) HYKTaJard KWAMaTuHU 2+ In2 ra TeHr Oyiraxn

2[2

(f(In2,0)=2+In2), w= f(x,y) QyHKUMAHM TOMMUHT.
21.86. Arap u= f(x,y,z) ¢pynkuus oupop E coxama muddepeHuanianyBun

o ou ou ou
0yuo, xa—+ Yy—+Z— = pu TEHIJIaMaHU KaHOATJIaHTHUpPCA, y XO0jda, YHUHI P -
X

oy oz
Japakaau Oup KUHCIH QYHKITUS OYITUIITMHU UCOOTIIAHT.

21.87. Arap u=f(x,y,z) ¢ynkums Oupop E coxama MKKH MapTa
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2
audepeHnnamianyBuu 0yica, y XoJaa, (x% + y% + zaﬁj u=p(p-1u
z

TEHINIMKHUHT YPUHIIA SKaHIUITMHE MCOOTIAHT.
Yy, X ou ou
21.88. Yoy u=x’y”* dyuxuus X ya =(x+y+Inu)u Terrnamann
X

KaHOATIIAHTUPUIITNHN 1COOTIIAHT.

21.89. by u=>-7 S=x GyHKIMS M M M NG reprmamanm
-t y-z OX oy oz

KaHOAQTJIAHTUPUIITHU UCOOTIIAHT.

Kylinnarn ¢gyHkuussHUHT M, HyKTajaa M:M HyHanmum Oyinda XOCHJIaCHHU
TOIUHT.

21.90. f(x,y)=5x+10x’y +y°, M,(12), M(5,-1)

21.91. f(x,y)=xy?z*, M,(3,21), M(7,5.1)

21.92. f(x,y,z)=arcsin—~——, M,(L 1 1), M(L 5, 4).
x* +y°
21.93. Yuiby f(x,y)=3x*+y* +xy (ynxkuusauar M (1,2) mykrama, Ox VK

Owrnan 135° Oypyak TalIKWJ KWITaH HYPHUHT HYHaIUImM Oyinya XOCHJIACMHU

TOIINHT.
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21.94. Y6y f(x,y)=arctg y (YyHKIUSHUHT x* +y® =2x alJlaHaHUHT
X

1 3 . . -
MO(E, 7 HYKTaCI/IFa YTKaSI/IJIFaH TalllK1 HOpMaJ'IHI/IHI‘ I/IYHaJ'II/IH_II/I 6y1/11/1qa

XOCHJIACUHHU TOIIHNHT .

21.95. Kyiugaru f(x,y,z)=In(e* +e” +e*) dynxkumsmuar M, (0, 0, 0)

HyKTaaa, Ox, Oy, Oz KoopAMHATajap YKjaapu OWJIaH, MOC paBHIILIA,

w| N

/4 T
,— Ba —
4 3

OypyakJIapHU TalIKWJI KWJITaH HYpHUHT HYHaIUIIM OViAuYa XOCMIIACUHUA TOTIUHT .

f(x,y)

Ycuim HyHaTUNUIApUHW TOMHHT Ba Xap Oup WyHanmmm OViinua

21.96-21.97- wmucomnmapna OepunraH GYHKIUSHUHT P, HyKTaja

KaMaiuIiln Ba

-

xocuinacudu tornuHr. lynunraek, f(x,y) QyHKUMSHUHr P, HyKTaja Vv BEKTOp

WYHAIUIIAIArd XOCWJIACUHH TOIIHHT .

21.96. f(x,y)=cosx cosy, PO(%%J V=37+4T.

21.97. f(x,y,z)=In(2x+3y +62), P,(-1-11), v=2i+3 j+6k.
Kyitngaru ckaisp MailIOHHUHT OepUIrad HyKTagard rpaJieHTHHA TOIMHT.

21.98. u(x,y)=x*-2xy+3y-1, gradu |M(X’y) — 7,
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21.99. u(x,y) =5x*y —3xy® +y*, gradu |M(X 5=?

21.100. u=x*+y?, gradu|(3; 3 =?
21.101. u=4+x*+y?. gradu|(2; =7

21.102. u=arctg y

" gradu|(1;1) =7

21.103. u = arctg X cKaJisip MaoHHUHT (L 1) Ba (-1 —1) HyKTajapaaru
y

IpaJiMeHTIIapy Oopacuaaru OypuakHU TOIUHT.

21.104. z,=\x*+y?, z,=x-3y+./3xy (yHKUMIapHUHT (3,4) HyKTagard

rpagueHTIapy opacuard OypuyakHU TOIHUHT.

21.105. grad(pw)=e@grady +y grad¢ TeHIIHKHN HCGOTIAHT.

21.106. z=pU,v), u=y(Xx,y), v=~,(XY) byHknusIap  OepriraHaa,
op op o y
gradz = = gradu + = gradv TEHITIMKHUHT TYFPUIMIMHU KYPCATHHT.
u

21.107-21.111 muconnapaa GyHKIIUSHUAT OPTTUPMACUHU YHUHT
muddepenHnmanura anMamTupuo, Kyitnaa oepuirad udoaanapHu TaKpruOUii

XUCOOJIaHT.
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21.1.

21.3.

21.4.

21.5.

21.6.

21.7.
21.8.

21.9.

21.107. (1,02)"*.

MycTakuj equil y9yH MUCOJUIAPHUHT KaB00JIapu

21.108. /8,042 +6,03%. 21.109. (1,02)°-(0,97).

21.110. sin32°cos59°.  21.111. In(09° +099°) 21.112. /2,03 +5¢°%.

B ' g2
u;(:2x+6xy3,u'y:3y2+9xz+y2. 21.2. u;zzxzy,uyzxy 32X .
y y
1 X X
U =VZ+—, U —XZ—— U —Xy——z.
yz y2z yz

u, =Yy-cos(xy+yz), u, =(x+z)cos (xy+yz) u,=y-cos(xy+yz).

I x/y 1 ) x/y X
Uu=———+tg(x+y)e’Y-=, u =—— +tg(x+yk”’ .
X COSZ(X+y) g( y) y y COSZ(X+y) g( y)e [ y J
U;( zlcosicosl—klzsini-sinl, U;/ =—l2cos§cosl—lsinisinl.
y 'y X X y X y y x X 'y X

u, =e*(xsiny+siny+cosy), u, =e*(xcosy-siny).
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2 , 2X

2110, u, =——S u, =—2
2 2 2 2
2111u_xy -2y . WX 2X° +2y

Ivl( v T

21.12. u, =sin2xIng{l+sin®x)™, u!

y

Wy -x*)

= l(1+sin2 x)'ny ~In(1+ sin? x)

y

zl x+l

21.13. u, =x"y" 2+ X'y - Inz, u, =x'y*z" Inx+x’y ,

le

u =x"y’z*Iny+x""y’z

21.14. 8—g=C050+Sin9, a—g:—rsin6?+rcos¢9.
or 00

of 1 o 1 of 1

21.21. =— > ; = — 5 ; =——.
R, R’ R, R’ R, R,
2106, PR & _0T. ® R P __nRT
on V'R V' T V'V Vv
21.17. u,(11)=1, u,(11)=-2. 21.18.u (1;2)= % u'y(1;2)=—%.

21.19. u,(11)=1-7, u,@L)=1-~. 21.20. u,(L-1)=2 u,(L-1)=1.
21.21. u,(0;0)=0, u, =(0;0)=0. @ynkuus O(0; 0) HykTaa auddepeHnraTIaHyBIH

sMac. 21.22. u,(0,0), u,(0;0)map mMamsys smac, (X, y) dynxmums 0(0;0)
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HyKTaza quddepenimamianysun.  21.23. u,(0;0)=u,(0,0)=0; u(x,y) byHKIHA
0(0; 0) HykTaga audPepeHInaIaHyBYH.

21.24. u,(0,0)=u,(0,0)=0; u(x,y) byHxims 0(0;0) HyKTana KUpepeHIHAITAHYBYH

sMmac. 21.25. u,(0,0)=u,(0,0)=0; u(x,y) Gynkuus O(0; 0) HyKTazna
nuddepeHnraIIanyBym. 21.26. u,(0,0)=u,(0,0); u(x,y) dyskuus O(0; 0)
HyKTaja auddhepeHnnaianyByH. 21.27. u(00)=u,(00) u(x,y)

Gyuxuus O(0; 0) Hykrana quddepeHImanIanyByH.

21.28. a) 0; b) 2. 21.29. a) 0,b) 1. 21.30. Hot¥y¥pmu.
21.31. Hotyrpu (n>1 6yaranmga). 21.32. Tyrpu.
21.33. Hoty¥pu (n>1 6ynranga) . 21.34. Hotyrpu. 21.35. Tyrpu.

21.37. (8x° —6xy +3x%y)dx + (x* —6xy Jdy.

21.38. 4(y3 +2x2y+3)- (4xydx +(3y2 + 2x2)dy). 21.39. X =y (%—QJ

Xy Xy
21.40. y(x2+y2)73/2(ydx—xdy). 21.41. Z’V’Xm—f(ydx—xdy).
X
1 ydy 1 X+1 X+1
2142, —|dx+ ————|. 21.43. ——ctg (dx— ]dy.
ﬁ[ x+w/x2+y2J Jy Wy 2y
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21.44.

21.46.

21.48.

21.49.

21.50.

21.51.

21.53.

21.55.

21.57.

21.58.

xdy — ydx

1y’ 21.45. (1+ xy)y‘l(yzdx +(xy + (L+xy)In(1+ xy))dy).

a) dx—dy, b)0. 21.47. %dx
dul, =-sinx(y +z)-[(y + z)dx+ xdy + xdz], du], :—g(%dx+dy+dzj.

dU|M = e" (ydx + xdy), du|O =0.

du|,, = xy[l dx+In x dyj, dul  =12dx+8In2 dy.
X Mo

X 1
d”|M =(1+1n xy)dx+;dy, d“|M0 =dx+dy. 21.52. du|M = —Edz.
au), = 3—17(2dx+3dy—12dz). 21.54. gy, = (2dx+In4dz).
. - - . 3x* +y? o 2xy .
fr=oxf,, f. =e'f.  21.56. f = £, f = .
Y 33’(x3+xy2)2 Y 33/(x3+xy2)2
fX' = —1 f',f = ! f

1+(x+Inyy " 7 yl+(x+iny)) "

2
de =(y—y—2j fu'dx+(x+ﬂj f,dy.
X X
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21.59. do=|2xf —— Y ' |d X f _3y?f |y
() (X v (X+y)2 uj X+((X+y)2 u y vJy

21.60. dp=(2xf, + f, +yzf. Jx+(2y £, + £, +xef, Jy + (22 f, + f, + yxf,. Jdz.

dw ow ow
2161 Et:(): 1. 2166 5 (rs)=(z,0) = Z,g (r.s)=(z,0) =2-T.
21.67. (Z_W = —(sin1+cos 2)sin1+ (cos1+ cos 2)cos1+ 2(sin1+cosl)sin 2.
th
ow oW sinc oOw OW .  OW COSo OW
21.68. —=coso— ———-—; —=sinoc— + —.
OX or r oo oy or r oo
21.69. MW o MW _o 2170 W _, dW _,
dt tf dt dt |,
21.71. W _aretgt 41 W 41 21.72. W _12.
dt dt to=1 or (r,s)=(1; -1)
21.73. W — 7. 21.74. W _p o —1.
ou (u,v)=(0; 0) ou (u,v)=(In2;1) ov (u,v)=(In2;2)
21.84. f(x,y)=%+4; g(x,y):§+g. 21.85. w=f(x,y)=x+y?+e*cosy.
21.90. ~18. 21.91. % 21.92. % 21.93. ‘%-
21.94. % 21.95. 2+6\/§' 21.96.J=—%T—72T nyHanmuiaa ycamu,
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> 22 2~ . (o2 N2 (. =\ 2.

—u:—7|+7j nyHamumaa kamasau. f | Bysu == flPR—U|=——;

f(PO;Jlj=—l,Jl=l. 21.97. J=3T+§T+§E WyHamuIIa ycaau;
10 v 7 777

j:-%?-%}?i HYHaIMIIIa KaMasiu, f(PO;J):ﬂ f(PO;—Jj:—Y;

-

f'(Po;Jlj =T Uy =rs. 21.98. gradu |, = 2(x— y)?+(3—2x) j

21.99. gradu |M(X‘y) =(10xy—3y3)7+(4y3—9xy2)7 21.100. gradu|(3; 2)=67+4T.

22 1~ 12 1=
21.101. gradu|(2;1) =343l 21.102. gradu|(1;l) =—i+3 1

21.102. ¢ = 7. 21.107. 1,08. 21.108. 10,05. 21.109. 1,00.
21.110. -0,03. 21.111. 0,273. 21.112. 3,037.
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22-§. Kyn y3rapyBYnjin pyHKIUSIHUHT I0KOPH TapTHOJIM XyCyCHi

xocusanapu Ba augdepeHumnaiapu

22.1. FOxopu TapTHOIU XyCyCHid XocHJIaaap.

u=f(x,x,.,x,)=f(M) dyakuus {M}cR" ouuk TYIulamaa Oepuira
6ynu0, yuunr xap 6up M(x,,x,,...,x,) Hykracuna f _, f, .. f  Xycycuit xocunanapra
ara 6yncuH. By xycycuit Xocunanap, ¥3 HaBOaTuaa, x,,x,,..,x, y3rapyBUHJIADHUHT

dbynkauscu cudaruna, {M} TyrIaMaa aHUKIaHTaH OYJICHH.

aau (i=12,...,m) GyHkuus xam, Oupop M e{M} HyKraga x, apryMeHr Oyiuda
X

1

XyCYCHM Xocwijiara 3ra Oynumui MyMKuH. By x, apryMeHT Oyiimda Xycycuit
xocuna- Gepwiran u = f(x;,x,,...,x, ) (QYHKUMSHUHT UKKUHYU MapmubIu xXycycuil

2
xycycuii Xocunacu JeWnIanad Ba y 8au 2, u® (i=12,..m; k=12,..,m) xabwu
X, OX; o o

2

Oenrunananu, OyHma i=k Oyica, y Xxonaa XyCyCUW XOCWiIara, apanaul

x, OX,

1
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2 2
= " ne6 &3um YpHura, ZL;: 7

k
X

xXycycuul xocuna Aewunagu, k=i Oyiaranma —
k=" k

kabu ésunanu. Xymau mwyHnam, f(x;,x,,..,x, ) QYHKIUSHAHT YYUHYH, TYPTUHYH, Ba
X0Ka30, TapTHOAM XYCYCHH XOCHJIAJApUHUHT Tabpudu OGepunamu. f(x,,x,,.,x, )
Gynkums  x,x, ,...x, aprymentiapu Oyiuua (n-1)-

. TapTHOIN  XyCyCHUi
xocuianapra sra OyincuH. By (n-1) TapTuOnm Xycycuid Xocwiajliap Xaw,

M(x,,x,,....x, )e{M} HyKTaga x, apryMeHTH OYyiW4ya XyCyCHH XOcCHjara ora

oyacun. By xocunma, wu=f(x,x,,..,x,) QYHKUHESHHHT X, ,X; ,..., X,

o+ X, 1 X, @PTyMEHTIIAp
Oyiimya M HyKTagaru n-mapmuoau xycycui xocunracu aevunaau. llynnait kumuo,

Xi. 2 Xi, seres Xpg» Xy APTYMEHTIIAP OYHMYA N -TAPTHOJIM XyCyCHUld XOCHIIAHHU,

o"u 0 0" 'u
OX Oy 1500, OX; OX; OXpy | OX 400X OX;.

KaOu &3 MYMKWH. Arap i,i,,..,i, WHICKCIAPHUHT XaMMacu OupjaHura Oup-

n

n

Oupura TeHr OynmMaca, y xoiaa :
OX

XYyCYCHUM XOCHIIa h-mapmuoau apaiau

Oy O, OX;.

Xycycuu xocuna Neuuiiaam.
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2 2
22.1-mucox. Yoy f(x,y)=In(x* +y?) dysKims (ZTI + 2 =0 TeHIJIaMaHu

KAHOATJIAHTUPUILINHYU KYPCATHHT.

Euynwinmmu. bepuiran QyHKuMssHUHT X Ba y Oyinya MKKMHYM TapTHOIN

XYCYCI/Iﬁ XOCWIIAaJIapruHU TOIIAMU3:

of (x,y) 2X o (x,y) 2y

X xP+y? oy xXi4yR

% f(x,y) _ 2(y* —x?)  8*f(x,y) _ 2(x* - yz).
aXZ (XZ + y2)2 ! 8y2 (XZ + y2)2

2 2
g I + Zyz =0 TeHrjaMara UKKMHYM TapTUOJN XyCYCHM XOCUJIaJapHU KeITUPUO
X
KYSIMU3:
o*f(xy) o f(xy) 2(y* -x%) , 20 -y?)
+ = =
aXZ ayZ (XZ + y2)2 (XZ + y2)2

Jlemak, Gepriran (GyHKIMS TCHITIAMaHN KaHOATIaHTHpap SKaH.
22.1-teopema. u=f(x,y) dynxums {M}c R? ounk TYymIamma aHEKIAHraH
oymu6, my tymmamma f, f. f ,f  Xycycwit Xocwiamapra sra OyiacuH. Arap

X1 Ty Txy? Tyx

apamam xocunanap M,(x,,y,)e{M} Hykraga ysmaykcu3 Oyica, y Xoijga, IIy
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HYKTaJa,
f,gr(xovJ/o) = fy’;(xo’yo)
oynanu.

22.2-mucoi. Yoy f(x,y)=x*—2xy? QYHKUUAHAHT MKKAHYA TapTUOIH
2 f 2

Ba

oxoy 0yoX

XOCHUJIAJapHUHT Y3ap0O TEHIJIMTUHU KYpCATHHT.

apajaml XyCycuw

XyCYCUM XOCHWJIAJJADUHU TOMNMHI Xamza

Eunnnmu. bepunran QyHKUussHUHT OUPUHYM Ba UKKMHYM TapTHOIN
XyCyCUI XOCUJIAJIAPUHU TOIAM3:

f (% y)=2x-2y? f, =—4xy,
f.(ay)=2 f,=—4x fi(xy)=-4y, f,=-4y.

o*f o°f
DHOW apalialll XyCyCHil XOCHJIaJIapHA = TEHTJIMKKA KEJITUPUO KYIMU3:
Ad ap yCy X p Xy Byox puo Ky
0% f _ 0% f .
OXoy  OyoX

22.3-mucoa. Yoy u=arctg > GYHKIUSHAHT UKKUHIA TapTHOIM XYCYCHM
y

XOoCujaajJdlapruHU TOIIWHT .
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Euninmu. bupyuHyy Ba UKKMHYM TapTUOJIM XyCYCUH XOCUJIATApHU TOTIAMU3:

u__y o X
x x2+y?rl oy xXP+y?
’u _ x*+y®? 2w 2xy
xoy  (x+y?f (X +y?)f
’u _ x*-y* du_ 2
Oyox (x2+y2)2’ oy* (x2+y2)2
o%u o%u o o
By mMuconga Ba apaJail XyCcycHii Xxocuaanap Oup-oupura TeHr. Y Mymuii
0y0x ox0y

Xoj/a, Oy apanai Xycycui xocumanap Oup-Oupura TeHr OYIMaciauru XxaMm MyMKHH.

Muconnu Maple muzumuoan ¢otioananuod euuw

> z:=arctan(x/y) :diff(z,x,y) ;diff(z,y,x);

1 2 x2
+
? 29 2
! X" ? 29
y2?1+_? 45 X745
? 22 Y f1+—;
5 Y75 2 22
H . ? y ?
1 2x°
+
2
y231+ng 43 22
27 e VI1E 3
5
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22.4-mucona. Yoy

2 2
u= xy%’ X2+y2¢0,
xX“+y , ,
, x°+y°=0
0u 0u o
(O YHKIIUSTHUHT 58y P2 75, SPaall XyCYCHI XOCH/IANapHHIHT M,(0,0) HykTana
yOoxX Xoy

MAaBXYIJINTU Ba YJIAPHUHT 6Hp—61/1p1/1ra TCHI' DOMACJIMTUHH KS’/pcaTI/IHI‘.

Eunanmmu. bupunun Taptubim Xycycuii XocuiiajgapHu TOaMu3:

y(x“ . y4 +4x2y2)

2 2
ou , X“+y"#0,
>l W)
0 . X2+y?=0
OynraHu y4yH,
ou | ou |
aZU ) & x=0, y=0 _& x=0, y=0
— |, =Ilim =-1.
oyox e y
. 0o% "
Xyaayd IIyHJau, ﬁh:o, yo=1 oxanmurunu tonamus. Illynmai KumuoO, M,(0,0)
xXoy
HyKTaJa u # Fu JKaH
Y Ox0y  OxOy )
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u=f(x,%,..x,) Oyakuus {M}cR"™ ouuK TyIIamaa

22.2-Teopema.
aHWKJIaHTaH, Oy TymiamMja MyYMKHH Oyiaran xamma (n-1)- TapTuOrada XycCycHi
XOCHJIanapra Ba n-TapTHOJIM apajall Xocuianapra sra 0ymu6, Oy xocunanap {M}

TYIIamaa y3iaykcu3 Oyica, y Xoiaa UXTUEpU n-TapTHOIU apajainl XOCHUJIaHUHT

ndoaacu, XOCWIaHU TOIMII TApTUOUTA OOFIUK OYIMalIu.

22.2. IOxopu tapTudm guddepenunaspnap.

Kyn y3rapyBumnm (QyHKUMSHUHT IOKOpH TapTuOau nuddepenumanu

TYIIYHYACHHH KHPHUTHIIIAH aBBall, (GyHKIMSHUHT n MapTa
nuddepeHnaTIanyBYaHIUIE TYIIYHYaCHHE KUPUTAMUS3.
u=f(x,%,..x,)=f(M) dyakuus {M}cR"™ oumk Tymiamza Oepuiran 6Yiuo0,

My (%S, X% )e{M} 6¥mcHH. U= f(X,X,,....X,) QyHKIMs {M} T¥mmamma fo, £l £,
Xycycu# xocuianapra sra Oyacun. Arap f, f/ .., f/ dynkumsanap M, HyKraga
nudpdepennuannanysun  O6yinca, f(M) ¢ynkuums M, HyKTaga ukku mapma
oughghepenyuanianysuu neRIaINA.

Arap f(M) ¢yakuus (M} tymiamma (n—1)-TapTubiu Xycycuii Xxocuiagapra sra

6yau0, Oy xycycuii xocunanap M, Hykraga quddepenumamianysun 6yiuca, (M)

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

le q
Opkar a
Caxuda /708
TynumkKk skpaHt

Uk uw



¢yHkuua n mapra auddepeHunamiianyBuu 1e0 atanaau.

22.3-treopema. Arap {M}cR" oumk Tymiamma f(M) QyHKIMAHHHT n-
TapTHOIUrada 6apya Xycycuid Xocuiaiapu MaBxyd Ba M, e{M} HyKTajia y3IyKcH3
oyaca, f(M) ¢yukuus M, HykTaga n-mapra auddepeHIMaIaHyBUd OYiiau.
u=f(x,%,..x,)=f(M) oyukuus {M}cR"™ oumk Tymiamma Oepuirad 6Yiuo,
M e{M} nHykTaga nuddepeHunaIaHyBuUu OyJica, y X0JiJaa, YHUHT' M HyKTajgaru

muddepeHuanu

du=a—udxl+a—udx2+...+a—udxm (22.1)

ox; ox, ox,,
Kypuaumga Oymamn, OyHaa dx,dX,,.,dX, Jap X,X,.,X, Yy3rapyBUHIapHUHT
UXTHEPUU OPTTUPMATIAPUIHD.

®apa3  xunmaimuk, f(M) ¢Qyskums M e{M} HyKraga MKKA MapTa
muddepeHnuamuianyBuu  OYIICHH. f(M)  GyHKUpSHUHT M HYKTaJaru
nudpdepennnanu df (M) munrr guddepenumanu, Gepwiran f(M) QyHKIUSHUHT

UKKMHYY TapTuOiam auddepenuuann ne0 aramagu Ba y d°f =d(df) xabwu

OenruiaHau. (22.1) dbopmynanu 3bTHOOpra onub, auddepeHunanIan

dbopmynanapuaan Qoiiianancak, KyWnJaruiHi TOMaMH3:
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d?u=d(du)= d(sudxl +a—udx2 T dmezd(au]dxl +d(§u de2 +...+d( Ju jdxm =

X, X, X X, X, ox,,
o%u o%u o%u o%u o%u (22.2)
=| — o +———dx, +...+—dx, |dX, +..+ dx, +...+—dx,, [dx, =
ox; 0x,0x, ox,, 0x,,0x; ox;,
o’u o’u , , 0°u
.- dx, + i dx; +..+2 o2 on dx,,_,dx,,

u=f(X,%,..%)=f(M) (QYHKUMAHMHT Y4HHYH, TYPTHHYH Ba XOKa30 TapTHOIH
auddepeHnruamiap xaM Xyaau okopunaruaek tabpudnanaau. [yanaid kummo,
f(M) dysaxumsauar M Hykragarud (n—1)- Taprubnu guddepennmand d"'u HUHD
nuddepennnanura oepuirad f(M) OYHKUMAHUHT n-mapmubau ougdepenyuanu
nennnaau Ba d”u:d(d”‘lu) kabu OenrunaHagu. (22.2) dbopmynanaH KYypUHAIUKH,
OKOpH TapTuOau aud@epeHIIMaTHUAT TAapTUOW OINTraH Capyd YHUHT XYyCYCHM
xocuianap opkainu udomgacu Mypakkadiamu6 Oopamu. Illy cabGabmu, rokopu
TapTuOan auddepeHnmaiapan  comapox  Qgopmaza udonmanam ydyH, (M)
(G YHKITUSTHUHT

du =0—udxl +a—udx2 +...+a—udxm
ox; ox, ox

m

mudepeHmanuiy, CUMBOJMK paBuiijga (u HU ¢dopman paBullga KaBCIaH

TalKapura yukapuo), Kyiugaruda
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du =[idxl +idx2 +...+idxm]u

ox; ox, ox,,

€3amMu3. YHAAa QYHKUMSHUHT UKKUHYY TapTUOIN auddepeHnuan,

2
d®u =(idxl jtidx2 +...+idxmj u

ox; ox, ox,,
KaOu E3WIMImM MYMKUH. ByH&a, CHMBOJMK paBUIa. KaBC HYMIATHM WHFUHIA
KBaJparra KyTapuiauO, CYHTpa U Ta «Kynaumupuiadu», OyHIA Hapaxa
KYpCAaTKUWIAPU XYCYCHH XOCHIIAJIADHUHT TapTHOM, 1e0 Kapayiaau. Xyaad IryHaan

CUMBOJIMK paBUIAa GYHKIIUSHUHT n-TapTUOIu AudepeHimanu

d"u =(idx1 Jridx2 +...+aidxmj u

X, ox, X,
Kabu é3mIaau.

Xycycuit Xoima, x Ba y OPKIM y3rapyBumjapra OOFnuK Oyirad u= f(x,y)
GYHKUMSHUHT WKKHHYA Ba YYUHYM TapTHOIU TYIUK auddepeHaiiapuai,
KyWu1aru

2 2
d2u=££dx+ﬁdyJ _a—udx +28—dxdy+8—udy
x oy ox2 oxdy oy
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=u_,dx’ +2u;ydxdy+u;2dy2, (22.3)

3 3,
d2u:(£dx+£dy) u—8—dx +3 dxzdy+3
0 oy ox° ox2oy OX

= u dx + 3uxxydx2dy +3u

dxdy2 +— dy
xoy* oy®

nydxdy +u dy

KYypHUHUIUIApAA €3UI MyMKUH.

22.9-mucon. Yoy u=x*-y? —In X (GYHKIUSHUHT UKKUHYU TapTUOIN
y

TYIUK nuddepeHIInaIuil TOMUHT.

Eunnumm. Jlactna® OepwiraH (QyHKIUSHUHT OMPUHYMA TapTUOIU XYCYCHM

ou 1 au 1
XOCWJIAJIJAapUHU TOMAMU3: — =2X—— =-2y— g . Hxxuaun TapTI/I6JII/I

OX X 8y

Xycycuii Xocunanapuau tonuo, (22.3) opmynara keaTupuod KysIMH3:

. " z 1 1
d®u= uxzdx2 4 2uxydxdy+uy2dy2 = (2+7)-dx2 +(F—2)~dy2.
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22.3. Mypakka0d GyHKUMSHUHT IOKOPU TapTHO/IU A depeHnaIapu.

Bus  rokopuma  Kaparad, U= f(X,X,,..,X,) (X = olt,,t,,....t, )i =12,...,m)

Mypakka0 QYHKUHUSHUHT FOKOPU TapTHOIU nudpepeHnaaIuHu TonaMus.

GyHKUMATApHUHT  Xap  Oupu

Masbnymkn,  x, =o(t,t,,...t, ) ([i=12,...,m)

No(tf,tg,...,tf)e{N}c R mykrama aupdepenuuamianyBan 0yaub, u= f(x,x,,...,X,)

byHKIMS  9ca, MOC  paBHIIJA, M O(Xf VX ey X ) e{N}cR"  HyKkTaga

muddepennmamianyBun  Oynca, y xonna, 21.3-reopemara acocaH, Mypakkao

byuknus N, e{N}cR* Hykrama muddepeHnuamaanyBun  Oymagd  Ba
muddepeHan  IMIAKIMHAHT WHBApUAHTIMK XOCCAcWra acocaH, Mypakkao
GbyHKIUSHUHAT TudepeHIany,
du =0—”dxl +a—udx2 +...+a—udxm
ox; ox, ox,,
KYPHHHUIIIIA oymamu. dapa3 KUJTAMITHK, X, =@, (t,ty,t ), (i =12,...,m)

GYHKIVSUTADHUHT Xap Oupu No(tf,tg,...,tf)e{N}c R HyKTama WMKKA Mapra audde-
pennuamnanysun, f(x,x,,..,x,) (QYHKOUS 5ca, yHra mMoc, Mo(ﬁ,xg,...,xﬁ)e{N}c R™

HyKTaJa, WUKKM Mapta auddepeHnrayianyBud OViIcHMH. Y Xojja Mypakkad
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byHKIIUSA XaMm, No(tf,tg,...,tf ) HyKTaJa UKKA MapTa nuddepeHnuaimanyBun 0ymaau.
Huddepenumamiamn  Kouaanapuaad  Qoiinananu®, (QYHKIUSHUHT  HUKKUHYA

TapTHOIU AuQdepeHInaTuHI TOIaMU3:

d?u =d(du)=d(a—udxl +a—udx2 +...+aa—udmezd(a—qux1 +§—ud(dxl)+ d((f—ujdxz +

Xl 2 Xm aX:l. 1 XZ
2
+8—ud(dx2)+...+d o dx,, +a—ud(dxm): idleridx2 +...+idxm u+ (22.3)
oX, X, X,y OX OX X,
+a—ud2xl+a—ud2x2 +...+a—ud2xm
0%, oX, OX,,

Xyoau mryHaal ycyiaaa Mypakkad QyHKIUSHUHT, KEWHHTH, FOKOPU TapTHOIH
muddepeHnmamIapy XaM TOMUIa M.

(22.1) Ba (22.3) QopmynamapHud COJUINTHPHUIN HATHXKACHAA, HUKKHHUN
taptuOonmu  auddepeHnuamiapaa  auddepeHnran Makid HWHBAPUAHTIUTHHUHT
CaKJIaHMACJIUTUHU Kypamus.

22.5-3cnatma. Arap x =g, (t,,t,,...t, ),(i=12,...,m) QyHKIMsIIAapHUHT Xap Oupw,
(t,t,,...t, ) Y3rapyBUMIapHUHT

X, =af; +at, +..+aut, + 4,

Xm =amltl +am2t2 + .. +amktk +ﬂm
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YM3MKIM QYHKOUsiaapu Oyiaca, y xomma, f(x,X,,..x,) Mypakka® (GyHKIMSHHHT
oKopu TapTubiu auddepeHunanIapy Makid HWHBAPUAHTIUTH CaKJIAHUIIUHU
KYpHILI KHWWH 3Mac.

22.10-muconr.  YmlOy W = f(u,v), u(x,y)=xsiny, v(x,y)=ycosx Mypakkab
(GYHKUMSHUHT UKKUHYY TapTUOIM U PepeHnaTiiy TOHHT.

Euwmmmm. Mabnymkd, W = f(u,v) QYHKIMSHUMHT OWUPUHYM TapTUOIH
auddepennuany dW = f du+ f,dv, Mypakka® GYHKIUSHUHT HUKKHHYHA TapTHOJIH
nuddepeHimany sca,

d’W =d(dwW) =d(f,du+ f dv) = (f, du+ f dv)du+ f, -d?u+(f, du+ f dv)dv+ f -d?v,
KypuHuiga 6ymanu, Oyaaa du=siny dx+xcosy dy, dv=-ysinx dx+cos xdy,
d®u=2cosy-dxdy —xsinyd?y, d°v=—cosxd’x—2sinxdxdy. Duau Oy wudomazapHu
Mypakka0 (QYHKIUSHUHT UKKUHYA TapTuOnu  auddepeHnnanIuHd  TOMUII
dbopmynacura KeNTUPUO KysIMU3:

d?W =[f, (siny dx+xcosy dy)+ f. (~ ysinx dx+cosxdy)](sin y dx+ xcos y dy)+
+ f, -(2cos y-dxdy — xsin yd?y) +[f.(siny dx+ xcosy dy)+

2

+ f,. (= ysinx dx +cos xdy))](~ ysin x dx +cos xdy)+ f, -(— cos xd?x — 2sin xdxdy)
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=[sin’y- f, —2ysinxsiny- f +y*sin®x-f_—ycosx-f,]dx*+
+[xsin2y- f. +2(sin ycos x—xysinxcosy)- f_, — ysin2x- f, +2(cosy- f, —sinx- fv')]dxdy+
+[x*cos®y- f,, +2xcosxcosy- f,, +cos®x- f —xsiny-f ]dy’.

22.4. Ypra KuiiMaT XaKuaara Teopema.

u=f(x, X0 X,)= f(M) Pynkmus (M} ({M}IcR™) tymiamma Oepuiran
Oyacun. By tymmampa mynmait  Aa,a,,..,a,) Ba B(b,b,,...b, ) HykTamapuu
OJIAMIMKKH, Oy HyKTaJlapHU OUPIAIITUPYBYH,

E ={(,%,..X,)eR™ 3, +t(b, —a, ), X, =a, +t(b, —a,)..., x, =a, +t(b, —a, ) 0<t <1}

TYFpM YM3UK KECMACH, Iy {M} TyIuiamra Kapauuid, sbau E c M GyiicuH.

22.4-teopema. Arap f(M) ¢ynkuus E kecMaHuHr A Ba B HyKramapuia
y3IyKcHu3 O0Ynnb, KECMaHMHT KOJITaH HyKTadapuaa nuddepeHnuaianyBun 0yica,
y xonaa, E kecMmana myHmai C Hykra Tomunaguku (C = c(c,,c,,...,C, ),

((8) F(A)=,(C)b-a)+ 1, ()b, ~2) -+ £, )b, ~2,)

oymanu.
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22.5. Kyn y3rapyBunim GpyHkuusiHuHr Teilsiop ¢popmyaacu.

u=f(M) dyskmqus {M}cR"™ Tymiampa Gepwiran Oyacun. (M)
byskiusHUHT M e{M} HyKTajgaru k-taptubiau guddepeHnuanuid d u‘

OenrunanMus.

22.5-Teopema. U= f(x,X,,...x,)= (M) dysxmas M,(x’,xC,...x%) HyKTaHHHr
(M, e{M}) 6upop U,(M,) arpoduna n+1 mapra quddepenmananyBun Oyiacud. Y
xonma, 6epuiran GysKuusHIET Mo (x°,X0,...,x% ) Hykramarn Au=f(M)- f(M,) T¥mK

OpTUPMACH KyHHAaru

AU = du " (224)

—d? +---+£d"u
Mo n!

n+1
d ul,

0

v (n+1)

KypuHuiaa Tacsupiaanamu, oyuma N -U,(M,) arpodmarum M(x,X,,...,X,) HyKTara

udogamapaa KarHamryB4du dx;

OofnuK OynraH Oupop HyKTa, d u‘ Ba dn+1u‘

map Ax, =x —x° ra Tenr. (22.4) opmynara u = f(x,,X,,...,X, ) Gyaxuusaunar Tetiiop

¢opmynacu ned aranaam.
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Arap Ax =x —x°(i=1 2,..,m) 1e6 Gemruma6, d€u| (k=1 2,..,n+1) TYIHK
MO

muddepennuan ndpomaann ound &3cak, y xonga, (22.4) dopmynaHu KyWuaarnda

€311 MyMKUH:

f (X, Xp ey Xy ) = f(M0)+—8f(g|v|°)(xl—xlo)+...+—8fa()l(v|°)(xm —x%)+

X
10%f(M,) 1 l(92f(|\/| ) i (225)
ETzO(Xl_XlO)Z+"'+HT§1()(Xm_Xr?1)n+Rn+lEpn(xl’XZ""’Xm)+ Rn+1’

OyHma P, (X, Xy, X)) = X, Xp, X, Y3rapyBuMjapra OOFIMK OYJIraH n Japaskaiu

dn+1

Kynxan, R Ul  KOJIHUK KYIIXas. Pn(xl,xz,...,xm) - kynxaara Teinop
N

il = (n+1)!
Kynxaou nennaam.
n=0 Oymranma, (22.5) dopmyna kyn Y3rapyBuwiv QYHKIHS YIyH YCKIH
opTTUpMaIap Xakuaaru Jlaepawoic oopmynacu aennany, y Kyduaara

(X2 + AX, X$ + AX, .00, X +Axm)— f(Mo)=¥AXl+.._+afa)((N)AXm
1

m

KypHUHHUIITA 3Tra.

Yoy p=p(Mg,M)=/AX? +AX? +...+ Ax’ GeNrHIALIHM KUPUTCAK, y XOIIa
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(22.5) popmynamgaru KOIIHMK Xaa R, = o(p") [leaHo KypUHUIIIATH KOJIUK Xaara

sra Oynaau.
22.6-mucoa. Ymoy f(x,y)=x*-2xy’ +y* +4x  QyHKUMUAHH

atpoduaa Teinop hopmynacu 6yitnua EMUHT.

Tntynsapack
All,-1) HYyKTa
( ) K My HpapuxXa

1-606

Eunmmmmm. /{actna6 Gepuiran GpyHkuusHuar A(L—1) HyKTagard KAiMaTuHd 2.606
xucobnaiimuz:  f(;1)=1-2-1+4=2. Duau Oepwirad (QYHKUUSHUHT XyCYCHii 3-606
XOCHUJIAIAPUHU TOTINO, YITapHUHT A(l;—l) HYKTaJaru KUiMaTJIapuHu XUcoOIaiiMus: 4-6006

f.(xy)=3x*-2y’+4, f (L -1)=5
f,(x,y)=-4xy +3y*, f,(L-1)=T;

bepunran QyHKIUSHUHT KOJraH XyCyCHUW XOCWJIaJlapu HOJra

dbopmynacu OYViinya Kyinaaru u3naHaétran €innmara sra Oyaamus:

MnoBanap
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f(x,y)=2+5(x—1)+7(y +1)+3(x 1) +4(x —1)y +1)—5(y +1)° +

+(x=1)° —2(x =1y +1)* + (y +12)’.

MycTakui1 e4uill Y4yH MU COJLIAP

Kylingaru QyHKIusIIapHUHT KYpcaTHIIral TapTUOJaru Xycycui

XOCHUJIaJIapuHU TOIIUHT.

ou ou o®

22.1. u=sinxy- =7, =7. 22.2. u=x*cosy+ y* cos x, 49
Y 8x26y 8x8y2 Yy 8X48y4
alOu m+nu
22.3. u=sinxcos2y, ——="?. 22.4. u=x"y", ——2.
ox“oy xX"oy"
10, m+n n
22.5. u:(x2+y)wtgx,a—ug:?. 226, u=2"Y o _u =?, ou_,.
6Xay X_y axmayn ayn
4 m+n
22.7. u=In ! ou ?  22.8. u:(x2+y2)ex+y, o,

Jox—ef+(y—n) oxoydcon Xy
_ _aX (m+n) _
22.9. u=f(xy)=e*siny, f7(0,0)="?.

Kylinnarn GyHKIUSIApHUHT KYpCcaTWIraH HyKTajlapAard UKKUHYM TapTUOIn

XyCYCHM XOCWJIAJIAPUHU TOIIWHT.
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22.10. u=——, (:0) 22.11. u=y’(-¢") (02)
0. u X+y,(,0) u=y2@-e*) (03)
TuntynBapack
22.12. uln(x? +y) (0;1). 22.13. u=ysinY, (2;7). y g
2 My HOapmxXa
22.14. u=arcsin——>— (;-1) 22.15. u=y+>, (L) 1-606
Py y
2-606
22.22. u=x+xy—5x° +In(x? +1) (1;1). 3-606
X% -y , 4-606
2217, t(xy)- ny2+y2’ (x,y)#(0,0) bo'lganda,
0, (x,y)=(0,0) bo'lganda Wnosanap

Gyuxus (0,0) HyKTa y31yKCU3 SKaHIMIH MabiayM (Kypcatuur!). Y xonaa, yHUHT

f,(0,0) Ba f,(0,0) Xycycuii XOCHIaTapUHH TOIHHT.

« >

Kytinna Gepunran f(x, y) GYHKIUSHAHT KypcaTWJITaH HYKTajga WKKUHYIU ! & _ &I

TapTrOIU AuddepeHnaTnHi TONHT:
Opkar a

22.18. u=f(x,y)=e", (1-1) 22.19. u= f(x, Y)=§exzv (052). Caxuda /708

TynumkKk skpaHt

22.20. u= f(x,y)=xcosxy, (%;—1). 22.21. u=f(xy)=arctg(x?—2y) (L)

Uk uw



22.22.  u=(sinx)*, (%%) 22.23. u=e", L 11).

Kyihiugarn QyHKOMSUIApHUHT KypcaTWiraH Ttaptuoaarn auddepeHuuan-

JIApUHU TOIIWHT .

22.24. u=x+y>-3xy(x-y) d’u="? 22.25. u=sin(x’+y?) d%u=2
22.26. u:ln(xxyyzz), du="? 22.27. u=e>*",d"u="2

2 2
22.28. u=X(y)-Y(y), d"u=2. 22.29. u=sinx chy, Au:%+%—?

Kylinmarn mypakka® QYHKIUSJIIADHUHT OWUPHHYM Ba WKKUHYHM TapTUOJH

muddepeHnmamapuid TomuHr  (x,y Ba Z JIap — 3PKIIK Y3rapyBumiap):

22.30. u=f(t) t=x+y. 22.31. u=f(t), t=¥.
2232, u=t(x+y?). 22.33.u=f(t) t = +y? +2°

22.34. u=f(&n) E=ax,n=bhy. 22.35. W = f(u,v), u =%(x2 —y?)v=Yxy.

e s . ou ,o%
e “t  GYyHKOUSHUHT KyHUIara E:a —

22.36. Yoy u =
Y = aat o

HCCHUKJIINK S'ITKaBYB‘-IaHJ'II/IK TCHIJIaMaCHHU KaHOATIIAHTUPHUIITNHA KS”pCElTI/IHI‘.
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22.37.Ymby u= % r=+(x—af +(y—bf +(z—c)’ dyHKIEIHUHET, %0

_ o . o’u  o%u

oymragma, Au +
) ox* oy* o1’

Jlannac TeHriaaMacuHU KaHOATJIAHTUPUIITUHA

nucOOTIaHT.

22.38.Y1ui0y u = Ge G byHkms, OyHaa r=+x*+y*+2°,c,C,
r

o%u 0%u du
y3rapmac coniap, Kydumaru + + =Cu [enpbMrosnpll TEHrJIaMacHuHU

ox*  oy* oz°

KaHOATIIAHTUPUIITUHA UCcOOTIIaHT.

2
22.39. Yy u(t,x)= RN (QYHKIMSAHUHT i%u+27l:=0 HIpénunrep

Jt
TCHITIaMAaCHHH KaHOATIIAHTUPHUIITUHHU MCOOTJIAHT.

22.40. f —r apryMeHTHHUHT UKKU MapTa auddepeHmamianyBuu QyHKIHICH,

OyHma r=4x*+y*+z*, 6yncun Ba f, +f, +f,, =0 MyHocabar ypunmn 6yiacun. Y
X0J1/1a, KaH#aiaup a Ba b y3rapmaciap yuyH, f(r)= 2 1 b >KaHIMIHHEK KYpPCATHHT.
r

Kyhinnarn wuxtuépuii ¢,y Ba X0Ka30 (QYHKIUSAJIApDHU HCTAIFaH MapTa

muddepenuuamianyBu, Ae6 ¢dapa3 Kwinb, Kyilnaa OepuiiraH TEHIJUKIApHU
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TCKIONUPHWHI.

cet y%—x%:O, Zz(p(XZerz)' Tuntynsapack
22.42. XZ%—W%+y2: , Z:;’_;Jr(p(xy)_ My Ilfl.6a:6m X a
22.43. )%J+ay%+ﬁzg—l:=nu, u=x”(p[la,xiﬂj_ 22 0:

-6 0
22.44. Ztil::aza—;lj, u = g(x —at +¢(x +at)). 4-606

MnoBanap

2 2 2
22.45., xza—u+2xy ou +yza—u=n(n—1)u, u= x”(p(%j+x1‘”z//(z}

Ox? OXoy oy*? X

Bepunran f(x,y) Gynkuusau Oepuiaran Hykra arpoduma Teiinop Q*"J _Q
dbopmynacu OVitnua EluHT. !Q &I

22.46. f(x,y)=x*—3xy+y? —4x+5y, AL 1) Swrar A

22.47. f(x,y)=—x*+2xy+3y> —6x—2y—4, A(-2;1) Caxwda /708

22.48. f(x,y)=x>+3xy—2y°, AL 2). Ty MK 3k A

22.49. f(x,y)=x*—5x* —xy +y® +10x+5y, A(2; 1) E—_—

Bepunran f(x,y) ynkuusam Gepuaran nykra arpoduma Teimop



(bopMyTacCUHUHT YUUHYM (n =3) xaauraya EiuHT.
22.50. f(x,y)=+1-x*—y?,0(0,0). 22.51. f(x,y)=x", Al 1)
Kyinga 6epunran ynkuusiapau Tenop dopmynacu 6yiinya MKKUHYH

Xaauraya (n=2) éHuHT.

2252, f(xy)=——. 2253. f(xy)=Jxty. 2254 f(xy)=e"".

22.55. f(x,y)=x*+2y’ —xy byHkius Oepuiaran. f(x+h, y+k) GyHKIHSHUA
h Ba k HUHT Aapaxkanapu Oyilmda UKKMHYM Xajarada Tensnop dhopmynacura EMuHT.

22.56. 2) f(x,y)=¢€*siny ¢yHkmusa oepunrad. f(x+h,y+k) QyHKIusHn h Ba
k HUHT Aapaxkaiapu Oyinda yuynHuUd Xaarada Teinmop ¢opmynacura éimar. by
HaTwkajaH Qoiinananud e%1sin 0,497 HUHT KMIMATHHH XUCOOJIAHT.

bepunran f(x,y,z) dyakuusan Oepwiran HykTa atpoduna Teitmop
dbopmynacura EWUHT.

22.57. f(x,y,2)=(x+y+z), 11 -2)

22.58. f(x,y,2)=x*+32" -2yz-3z, (0;1; 2).

22.59. f(x,y,z)=xz, (L2 3)

22.60. f(x,y,z)=x>+y>+2°-3xyz, (L 0;1)
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22.61. f(x,y,2)=x>+y?+2° —2(xy +xz +yz), (L -1 2)

Kyinna 6epunran pynkuusuiapau MakiiopeH ¢popMynacu Oyitnda ydauH4d

xanaraya (n=3) iuHr.

22.62. f(x,y)=¢€"cosx. 22.63. f(x,y)=sinx shy.

22.64. f(x,y)—n napakaiau GUpKUHCIN QYHKIMS, SbHU Oapya t,x Ba y jap

Xamza n- HomMaH(pui OyTyH COH Y4yH:
fty)=t"f(x,y)

MyHOca0aT ypuniu, Oyicun. bynnai ¢yHkuus yqyH,

a) x4 y% =nf(x,y); b) xz[az f j+2xy{ o't J+ yz(éz f j =n(n-1)f(x,y)

OX ox? OXoy oy°®

MyHocabaT/Iap OakKapuIUIITUHN UCOOTIIAHT.

MycTakuj e4uil Y4yH MUCOUIAPHUHT KaB00JIapu

22.1. u,, =-2ysinxy —Xxy’cosxy, U, =-2XsinXxy —Xx*ycosXy.

o*u

ou
22.2. — = 24(cos y +cos X). 22.3. o

oy =—-2°%sinx-cos 2y.
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m+n 10 2
224, 92U _ . 225, 2 Y 10 2xigx+ Y |
ox"oy" oxoy’® cos® X
996 0" _ 2(-1)"(n+m-1)!(nx+my) " _ 2xn!
axmayn (X _ y)m+n+l ! ayn (X _ y)n+1
o' 6 48x=¢f(y-n)  _ 2 2
6x6'y8§877_ r4+ rg ,r_\/(x é:) +(y 77)
22.8. aam+ un =e"V[x* +y? +2(mx+ny)+m(m-1)+n(n-1)].  22.9. sinn%.
X
2 2 2 2 2 2
22.10. U _o OU 4 SU_5, 2211, JU_p, OU_ 5, OU_4
ox* ooy oy ot oxdy oy?
2 2 2 2 & 2 2 2
2212, YU _p OU o 0U_ 4 2213, dU__m OU_7 O0U_ 7
oxE oxoy oy o 16 oxoy 8 oy 4
2 2 2 2 2 2 2
22.14.8u:8u:1’6u:0. 22 15, auzo’auzz’au:au:_
o oy 2 oxdy o2 oyE C oxoy | oyex
o°u o°u o’u 0%
22.22. — =-30, =0, = =1. 22.17. f (0,0)=-1 f_(0,0)=1.
Ox? oy° OXoy  Oyox +(00) x(00)
22.18. d%u=e*(dx? +dy?). 22.19. 2dx d’u=—2dxdy.

22.20. u= —2(dx2 —ﬂdxdy). 22.21. d*u = —dx* + 4dxdy — 2dy?.
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22.22. d?u=-2+/3dxdy +In22 dy?.
22.23.d%u = e[dx + dy + dz]?* + 2[dxdy + dydz + dzdx].
22.24. d°u= 6(dx3 — 3dx?dy + 3dxdy? +dy3).

22.25. d*u =-8(xdx + ydy)’ cos(x2 1 yz)— 12(xdx + ydy)(dx2 + dyz)sin(x2 + y2)

4 4 4
22.26. d*u =2(dxxg - dyys + ] 22.27. d"u =™ (adx-+bdy)'.
22.28.d"u =Y CEX " (x) Y Oy ix"*dy*. 22.29. Au=0.
k=0

22.30. du= f (t)dx+dy), d?u = f (tXdx+dy).

2
22.31. du= f'(t)Xdy;zde, d2u = f"(t)()“j3’;—43"j)()_2f'(t)dx(><dl)/(; de)_
X

2 2
22.32. du = f'.M; d2u=f" (de"‘de) 4 f .(de—Xdy)

m X2 1 y? (XZ Ty )3/2 :

22.33. du=2f (t)xdx+ ydy + zdz], d?u=4f"(t)[xdx+ ydy + zdz] + 2 (t)[dx* + dy?® + dz?].

22.34. du=df dx+bf dy, d°u=a’f ..dx’+2abf , dx*+b’f  dy’.

22.35. dW = (xf, + yf,)dx+ (xf, — yf.)dy,

d2W =[X%- ) +2xy- £+ y2- £+ £,1dx% + +2[xy- £+ (x> —y2)- £, —xy- ., + f,Jdxdy +
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[y* fo, —2xy- f, +x°- £, — f,1dy”.

22.46. f(x,y)=-5(x—1)+4(y -1)+(x -1 = 3(x =1y 1)+ (y -1)".

22.47. f(x,y)=1—(x+2) —2(x+2)y-1)+3(y -1).

22.48. f(x,y)=-9+9(x—1)—21(y —2)+3(x -1f +3(x—1)y - 2)-12(y —1)°* +
+(x=1) —2(y-2)’.

22.49. f(x,y)=6+3(x—2)+(y+1)+(x—2f —(x=2)y +1)+(y +1)° + (x-2)°.

22.50. f(x, y)zl—%(Ax2+Ay2)+ R,. 22.51. f(x,y)=1+Ax+AxAy+%Ax2Ay+ R,.

Ay — AX N AX? + 2AXAY + Ay2
(x=y)? (x=y)?

2 2
5 6L e AX+ Ay +Ax +2AxAé//+2Ay
24 X+Y 8(x+Y)

22.52. Az= +R, ,

+R,,

2
22.54. Az =" (AX+Ay)+e*" M+ R,.
2

22.55. x®+2y°® —xy+h(3x2 — y)+ k(6y2 —x)+3xh2 —hk + 6yk? +h* + 2k*.

22.56. f(x+h,y+k)~ f(x,y)+e*[siny+hsiny+kcosy+

+%(hzsin y + 2hk cos y —k?sin y) + %(h3sin y +3h%k cos y —3hk*siny —k®cos y)] + R,
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f (0.1; 0,497) ~11051.

22.57. f(x,y,2)=(x-1) +(y-1f +(z+2)* +2(x =1y —1)+ 2(x =Yz + 2)+ 2(y - 1)z + 2).

22.58. f(x,y,2)=2-4(y-1)+7(z-2)+x*+3(z-2)° - 2(y-1)z-2).
22.59. f(x,y,2)=6+6(x—1)+3(y—2)+2(z—3)+3(x-1Ny-2)+
(y=2(z-3)+ (x-1fy-2)z-3)
22.60. f(x,y,z)=2+3(x-1)-3y+
3(z-1)+3(x -1 +3(z-1) —=3(x—1)y —3y(z-1)+ (x—1) + y* + (1)’ —3(x -1)y(z -1).
22.61. f(x,y,2)=8-8(y+1)+4(z-2)+(x—1) +(y+1)* +(z-2)° —2(x -1y +1) -

—2(x-1)z-2)-2(y+1)z-2).

22.62. f(x,y)=1+ y+%(y2 —X2)+%(y3 —3x2y)+o(p3), p=~/X°+V2,

+2(x—1)z-3)+

22.63. f(x,y)= nyr%(xy3 —x3y)+o(p“), p=+x>+Yy2.
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23-§. Kyn y3rapyBumjin pyHKUMSHMHT IKCTPpEeMyMJIapu

23.1. DyHKUUMSHUHT MAKCUMYM Ba MUHUMYM KUMMATJIApPH.

u=f(x,X,0, X, )= F(M) byrkuust ounk {M} ({M}cR"} Tymnamma Gepuiran
63116, M,(x%,X0,...x%)e (M} 6¥mncun.

23.1- Tabpud. Arap M, HyKTaHUHT IIyHJaH

UJ(MO):{M e M} p(M, M) =%, —x°F +..+(x, —x ) <5}c{|v|}

arpopu  MaBxKyn OYauo, VM eU,(M,) yuyH

f(M)< f(M,) (f(M)> f(M,))
TeHrcusauk Gaxapwica, f(M) GyHkuus M, HyKTama makcumymea (MUHUMymea )
sra peiimmamu. f(M,) kmiimar sca, f(M) QYHKUUSHUHT makcumym (Mumumym)

Kuumamu éKu Maxcumymu (MuHUMyMU) JeUnIaan Ba Y,

£(M, )= max{f (M)} (f(M0)= {f(m )}J et e,

MeUs (M,) eUs(M
23.2 — tabpud. Arap M, Hykramuer myHmaii U, (M,) atpodu MaBKyq

6ymu6, VM eU,(M,)/{M,} yayr f(M)< f(M,)f(M)> f(M,)) Tenrnuk Gaxapmuica,
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f(M) dbyukums M, HyKTaga Kameuil Makcumymea (KQomuil MUHUMYM2a) dra
neimnanu, f(M,) kuiimatra oca, f(M) QYHKUMSHUHT Kambui makcumym (Kamwvuil

MUHUMYM) Kutimamu €Ku kamoutl makcumymu (Kamvutl MUHUMymu) TSUNTAIN.
OYHKUUSHUHT MAKCUMYMU 84 MUHUMYMU, YMYMUL HOM OUNAH, YHUHE IKCMPEMYMU
0eb 1pumuiaou.

23.1. Ba 23.2 — tabpudpmapgarm M, Hykra f(M)  QyHKOMATA Makcumym

(munumym), kamouti makcumym (Kavmuii MuHuUMym) Kuumam Oepaducan HyKma

neiimnann. 23.1. Ba 23.2 — taspuduapaan kypunaauky, f(M) QyHKIUSHUHT M,
Hykragarn f(M,) KuiiMartd, yHMHT IOy HyKTa atpoQuuard HyKrajiapiard
KuiiMaTiapu OunaH conmumtupuiap dSkaH. LyHuHr yuyH, QyHKUUSHUHT M,

HYKTaJaru SKCTPEMYMHU, JIOKA IKCmpemym 10 IOpUTHIIA]IH.

Mucoa. Kyitnmaru
Du=x>+y?% 2Ju=|x=y3) u=y1-x* -y
GyHKIUsTapHu Kapaiimus. PaBmanku, M,(0;0) nykra: 1) QyHKuusS ydyH KaTbuii

MUHUMYM; 2) QYHKIHS Y9yH, MUHUMYM; 3) QYHKIUS Y9yH 3ca, KATbUH MaKCUMYyM

HYKTacH oymamm. XaKuKaTaH Xam, M, (O;O) HYKTaHUHT IyHIai
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U,(00)={xy)eR?:x>+y? <r?} (0<r<1) arpodunn Kapaittuk. By aTpodnan

onuHran VM (x,y)eU, (0;0)/{0;0)}y4yH, U =+1-x*—y? <U(0;0) =16¥ynaau.

23.2. ®yHKUMS IKCTPEMYMUHUHT 3apypPHH LIAPTH.

U=f(X, %.nX)=F(M)  oyskmus  ounk  {MI((M}cR")  rymramaa
aHUKJIaHTaH OVJICUH.

23.1 — TeopeMa (IKCTPEMYMHMHI 3apypmii mwapru). Arap (M) dysxuus
M, HyKTaja SKCTpeMymra sra 6ynu0, ury Hykraga Gapua f,, f, ... f, Xycycwuii

Xocunanapra sra 6yica, y xonzaa, f,(M,)=0, f,_(M,)=0,..,f, (M,)=0 6ynaam.

groog Use

23.1-3cnatma. f(M) ¢ynkuusHunr 6upop M' Hykrtaga Gapua f, , f f,

5 97000 s

Xycycuii xocunamapra ora Ba f (M')=0, f_ (M'):O f, (M')zO OynummIaH,

YHUHT IIy M' HyKTaja JKCTpEMyMra sra OYIMIIM Xap AOMM XaM Kelub duKa-
BEpManIu.
Macanan, u=f(x,y)=xy ¢ynkuus R" Tymwiamaa aHuWKjIaHrad Oyiuo,

u_ o
ox oy

=X Xycycui xocmiamapra sra 0ymu0, ymap M,(0;,0) HykTama Hoira
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ainanann. Ammo, Oy ¢yakmms M, (0,0) Hykraga Houra aimaHagd, VU (0,0)

atpodaa sca, mycOar Ba MmaH(uil KuiiMaTiap KaObysa KUjiau.
Hemak, 23.1 — Teopema (yHKIMS 3KCTpEMyMra sra OYJIUIIMHUHT 3apypuil

mwapTuHn udonanap skad. u=f(M) QYHKUMSHUHT OMPMHYM TApTHOIM XYCYCHH

XOCHUJIAIAPUHU HOJITA allIaHTUPYBYM HYKTaJlapra cmayuoHap HyKmanap Neiuiaau.
Crauuonap HyKTajapjaa GyHKLIUS SKCTpEMyMTa 3ra OYJIuIIM XaM, 3ra 0yaMaciauru
XaM MYMKHH.

23.2 —3caarma. Arap f(M) dyuknus M, HykTaga muddepeHnmanianyBuu
Oyaca, y Xonma (QYHKIHMS SKCTpEMyMIa dra OYJIMIIMHUHI 3apypuii IIapTUHH,
df (M,)=0 KypUHHUIIAA XaM E3UII MyMKHH.

23.1 — mucoa. Yoy

u=f(xy)=yx2+y*
Gyukuus M, (0;0) HykTaga sKcTpeMymra sra 0ynaguMu?
Eunmmn. Bepunran ¢ynxums M, (0,0) Hykraga nHonra ainamamu. M, (0;0)

HyKTaHuHr uxTiépuit U;(M,)={(x, y)e R? : X* + y? < 5} (5 > 0) aTpoduru Kapaitmus.

Vaga YM(x,y)eU,;(M,) yayn f(x,y)=+/x*+y® > (0;0)=0 6ynann.
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Jlemak, Oepwiaran ¢yHkuus M (0;0) Hykrajga MUHHAMyMIa o5ra  Ba

min{ f(x,y)}=0 OYymamu. Jlexkun, f(x,y)=x*+y? oynakuus M (0;,0) HyKraza
Xycycuil Xxocunanapra sra smac. Illynmait kummob, u = f(x,,X,,..., X, ) QyHKIHSA, OUKK

{M}c R™ TymnamMHuHr:

1) OGapua  Xxycycuil  Xocwiajap  HoJira  aljaHajuraH,  SbHH
ou ou ou )
v 0, Vil 08_ =0 TeHrIaMallapHu KaHOaTJIaHTUpaJauraH HyKTajJapuaa,
Xl X2 Xm

2) xycycud xocujaimap MaBxXyJ OyiamaraH HyKTaJapuaa 3KCTpeMyMra

OPUIIHUIITN MYMKHH.

23.3. ®yHKIUS IKCTPEMYMUHUHT €TAPJIU IIAPTH.

23.3.1. KBagpatuk ¢opma TyFpucHaa KUCKaya MabJymMor. KBaapatuk

dbopmanap anredpa Oaradcun ypranwica-ma, Owus,

KYyJUTaHUJAJUTaH, KBaapaTuk ¢opmara oun 6ab3u Oup TylmTyHUAJapHH KEITUPHO

Kypcuaa KeJrycuaa

yramuz. Yoy,

2 2 2
Q(Xys X yeeey Xy ) = @ X2 A8y, Xy Xy e By Xy Xy + 8oy X Xy + BppXE .8, X2
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m
(€xu Q= > a;xx;) udomara,x,X,,...,X, Y3rapyBUMIAPHUHT Keaopamux gopmacu
i,j=1

nermnanu, OyHaa a, (aij :aji) Jap - KBagpaTukK (HOPMACUHUHT KOI(@uyuenmaapu
nevunanu. by koadpunmentnapaan Ty3uiras,

11 &8y
A=]2a, ay..a
a,.

2m

Q. D O

a

ml mm

MaTpullara — KBaapaTuk GOpMaHUHT Mampuyacy Nednnaan. Yoy

a
a8y, 11°**%1m
818, a8,
51 = a111 52 = a ""5k = |boooooooocood ,....,5m =
21722 akl”.akk ............
= I -

JeTEpMUHAHTIApra 5ca, A MAaTPUIAHUHT MuHopiapu Jeinnann. PaBiaHkw,
X =X, =..=X, =0 Oynranga xap Kanmail ksagpatuk ¢opma ydyH, Q(0,0,..,0)=0
Oynaau. DHau OomiKa HyKTaJapHU Kapalnuk. BbyHnma kyiwmmarun xojutap Oymwimig
MYMKHH:

1.Bapua X7 + X2 +...+x2 >0HyKramap ydyH, Q(x,X,,...X,)>0 0OYyuaca, Oy xonga

KBaJpaTuK popma mycbam anukiaHean NEUNIaIn.
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2. Bapua X7 +xZ +..+x2 >0 HyKramap yuyH, Q(X.,X,,.X,)<0 O¥yiaca, Oy xoiaa
KBaJpaTuK popMa mangpuii anukianean NeUIaan.

3. bab3u (X, X,,..., X, ) HyKTanap yayH, Q(x,,X,,...X, )>0, 6ab3u (X, X,,..., X, ) HyKTauap
y4yH 23ca Q(X,, X,,...X,, ) <00ynca, Oy xonga KBaapatuk (GopMa HOAHUK
(aHMKTaHMaraH) JehuIaIm.

4. bapuya x2+X2+..+x2 >0 HyKragap y4yH, Q(x,X,,..X,)>0 Ba ymap opacuja,
Q(X,, X,,...X,,)=0 OYmamguran (x,,X,,..,X,) HyKTramap xam 0op OYjca, KBaapaTuK
dbopma - sapum mycoam anukiaHean NEHAIIAIIH.

5. Bapua X7 +x? +..+x2 >0 HyKTamap ydyH, Q(X,X,,.X,)<0 Ba ymap opacuua,
Q(X,, X,,...X,,)=0 OYmaguran  (x,,X,,...,X,) HyKTajmap Xxam Oop O¥yica, KBaapaTuK

dbopma - apum manguii anukiaHean NTEANITaIN.

m
QX Xy ooy X )= D 8, XX, KBAAPATHK (OPMAHHUHT
i,k=1

CunbBecTp aJIOMATH.

MycOaT aHWKJIaHTaH Oymumm ydyH, &, >0, 5, >0,..,6, >0 TEHICH3IUKIAPHUHT,
ManQMi aHUKIAHraH OymumM ydyH, o, <0,8,>0,d,<0,8,>0,...,(-1)"5, >0

TEHICU3JIMKJIAPHUHT OakKapHJIHILIU 3apyp Ba eTapJiu.

OYHKIUS UKKU y3rapyBuura OOfIuK OViIran Xycycuil XOJHU KapaiiMus.
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u=f(xy) GyHKIUS M, (%, Yo) HYKTaHHHT oupop

U,;(M,)={(x,y)eR?: p(M,M,)< 5} (6 >0) arpodmmna anukmanran, y 6apua Gupnaan

Ba MKKMHYM TapTUONM Y3IyKCU3 XYCycHH Xocujanapra sra Oymu0, M, HykTa
u=f(M) QYHKIUUSHUHT CTAlMOHAD HYKTACH, SHHH
f,(M;)=0, £,(M,)=0

63ncun. a. = f,(M;) a, = f, (M), a, = f(M,) ne6 Genrunaiimus.

allalZ

1°. Arap —a,,a,,—a5 >0 Ba a, >0 6yuca, f(M) dynakuus M, HyKTana

2185,
MHUHHMYMIa SPMIIAIN.

2°. Arap a,a,,—a%>0 Ba a,<0 6ymca, f(M) ¢yEkums M, HyKraga
MaKCHUMyMTa SPHIIAIH.

3°. Arap a,a,-a% <0 6ymca, f(M) dyHKIMS M, HYKTaga SKCTpeMyMra
SPHUIIMAKIN.

4°. Arap aa,,-a%=0 6yurca, f(M) dbyHkuus M, HYKTaja dSKCTpeMyMra

OPUIIHIITN XaM MYMKHH, SPHUIIMACIUTIM XaM MYMKHH.
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23.3-Teopema (IIAPTCHU3 IKCTPEMYMHUHT eTapiau maptu). f(M) ¢Gysxuus

M, (xfxgxg) HYKTaHHHT OUpOp aTpoduia MKKUHIM TAPTUOJN Y3IYKCU3 XYCYCHM

0
n

xocmnanapra sra Ba My(x0,x2,..,x°) Hykta - f(M) OYHKIMAHHHI CTAIHOHAp
HyKTacu O0yicuH. Y xonja:

1) arap

n n A2
B(dx,,dx,,...,dx, )= dexkdx

i
ka a OX(OX;

kBagpaTuK dopma, spuu f(M) byHKuusEuET M, (x0,x2,...,x°) HyKTagarn MKKHHYM
taptubmn  guddepentmany  B(dx,dx,,...,dx, )= d*f(M,) wmycbar (Manpwuii)

°) mykta - f(M) QYHKIMSHMHT — MHHEMyM

aHWKJIaHraH Oyica, M, (xf Xy ey X
(MakcuMyM) HyKTacu OYaim.
2) arap B(dx,,dx,,..,dx, ) KBagpaTuk (popma aHMKIaHMaran Oyica ( xam mycbar, xam
Mau(uil KuitMaTiap KaOyn kmnca), Mo(x0,x2,..x°) Hykra - f(M) QyHKIHSHEHT
AKCTPEMYM HYKTacu Oynmaiiau.

23.2 — mucoa. Kyiingaru

a) u=xX"—xy+vy: b u=x*—xy—y?
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(GyHKUMATAPHU 3KCTPEMYMIa TEKIIUPHHT.

Euynwimmu. a) bepwiran GyHKIUSHUHT XyCyCHIl XOCHJIATapUHA TOMaMHU3 Ba
HOJra TEHIJAITHPaMu3. U, =2X-Yy =0, u'y =-x+2y=0. By cucremanu euuo,
AKCTpEMyMra Iyoxalu, MO(O;O) HYKTaHH ToMaMu3. ODHJAM HMKKUHYU TapTUOIU
Xycycui XOcUIalapHu TONAMM3: a. =U, =2;a, =U, =-1 a,, = u;z =2. by xycycunii
XOCHJIAJIApHUHT MO(O;O) HYKTaJard KuiMaTiIapHu XUCOOIaiMu3:

u.(Mo)=2,uy(Mg)=-1 u,(My)=2
Ilynpaii kumub, a,,a,, —as =2-2—(-1 =4-1=3>0, a, =2>0.
Hemak, CunbBecTp aJIOMAaTUHUHT 1° - mapTura acocas, Gpyakuus M,(0;,0) Hykraza
MHHMMYyMra dpumaam, seau U, (0;,0)=U(0;0)=0.

Muconnu Maple muzumuoan gpoiioananué euuin

> readlib (extrema) :
> extrema (x*2-x*y+y*2,{},{x,v},'2');z;

{0}
{y =0,x=0}}

b) Xynmu a) OaHAmard CHHTapH, U, =2X-—Y, U, =—X—2y XyCyCHi
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XOCUIaTIapHA TOMHO, yIAapHH HOJITa TCHIIAII THPAMU3
u, =2x—y=0,u, =—x+2y=0. By cucremanu eund, M,(0;0) cTarmoHap HyKTaHH,
S'BHU DKCTPEMyMTa [IyOXaar HyKTaHH TOMaMH3.
VKKMHYA TapTUOJIM XyCYCHM XOCHIadapHU TONMO, ynapHuHr M,(0;0) crammoHap
HyKTaJlard KAHMaTIapuHu XUcoOmaimMu3: a. =u , =2; a;, =u,, =—1;
8, =U, =—2. YHAA a,3,, —a;, =2-(-2) - (-1 =4-1=-5<0.
Hemak, CunbBecTp aJIOMAaTHHUHT 30 - mapTura acocas, (QyHKIIHS MO(O;O)

HYKTa/1a 9KCTpEMyMTa 3pUIIManin.

23.3 — wmmucoa. YuiOy U=x>+2y? +2°-2x+4y—6z+1 QyHKIUAHA

AKCTPEMYMIa TEKIIUPUHT.

Eunnumm. bepunran QyHKIUSHUHT XyCyCHi XOCHIAapUHU TONMHO, ylIapHU
HOJITA  TCHIJIAITUPAMU3: u,=2x-2=0, u,=4y+4=0, u,=2z-6=0. by
cucreManu eunO, M (L—13) cTanoHap HYKTaHH TONAMM3.

DHAM WMKKHHYM TapTUONM XYCYCHH XOCHJIANapHH TOmub, yiaapHuUHr M, (L-13)

CTalMOHAp HYKTaJaru KuiMaTiapyuHu XUCO0IaiMu3:

u;Z(MO):Z' u;y(Mo):o’ U;X(MO):O, u;z(Mo):O’ u;x(Mo):O'
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u"2(|\/|0)24’ u;z(Mo)zou;y(Mo):O' U;Z(Mo)zo'

y

YHaa
a2 20 a, a, a,| 200
5,=a,=2>0,0,=| """ :‘ ‘:8>0, S, =la, a, a,|=[04 0=16>0
a,a,,| (04
a, a;, 85 [0 0 2
oynanu.

Hemak, o,>0, 6,>0,5,>0. Ilynnmaii kw6, CuiabBecTp ajqoMaTWra acoca,

M,(L—13) HykTaga GyHKIusS MUHUMYMra spumand: U . = u(L-13)=—-11.

23.4. Kyn y3rapyBumJn GYHKUUSTHUHT IAPTJIN IKCTPEMYMM.

buszra OGupop ounk G (G — R") TymiaMuja aHUKJIAHTaH, N Y3rapyBUMiIu
Z=f(XXyr, X, )= T(M) (23.1)
byHKIMA Oepwirad 0Yau0, YHUHT X, X, ,..., X, QpTyMEHTJIapH ¥3apo yioy

¢1(Xll Xz,-...Xn): 0
(pz(xl'XZ!""Xn):O (232)
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KyIMMua MyHocabariap Ouiad Gofnanran 6yicuH (m<n).

(23.2) TeHriamamap CHUCTEMAacu — OOIAHUWLAD MEH2AAMANAPU  EKU
boenanuwinap nevinnanu. Koopaunaranapu (23.2) cucteMaHu KaHOATJIAaHTUPAAUTaH

HyKTanap TymiaMuHu E (E — G) opkanu OenrujiaiMus.
23.3 — tabpud. Arap M, (M, cE) nykranunr mynmaii U(M,) arpodwu
MaBxya 0ynub, E mU(MO) TYIUIAMJIaH OJIMHraH VM HyKTajap y4yH,
f(M)<f(M,) (f(M)>f(M,))
TEHTCU3JIMK Oaxkapuica, M, € E uykra f(M) ¢yHkuusaunr, (23.2) OornaHuIuIapra
HUCOATaH, Wapmiu MaKCUMym (MUHUMYM) HYKmacy NeHnIaIu.
23.4 — tabpud. Arap M, (M, cE) nykranunr mynmaii U(M,) arpodwu
MaBxyJ 6ymu6, E~U(M,) TymiamMaan omuHrad VM HyKTajaap y4yH
f(M)< (M,) (f(M)>f(M,))
TEHrcH3JIuK baxkapuica, M, € E Hykra f(M) QpyHKuusuunr, (23.2) 6oraaHuuiapra

HUcOaTaH, wapmiu Kamvuii MaKCUMyM (MUHUMYM) HYKmacyu NeUIIan.
by epna xaMm, maptim MakCMMyM Ba MIAPTIM MUHUMYM, YMYMHIl HOM OuiaH,

wapmau sKkcmpemym 1e0 I0pUTUIaIu.
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bomikava aiitranna, wapmau makcumym (mMunumym) - GyHkuusauar, M, (M, e E)
aykrauuar U(M,) atpoduaru Gapua HyKrajgapra HucOatadH smac, OGanku, U(M,)
atpodaaru (23.2) cucreMaHu KaHOATIAHTHpPAAWIraH HyKTajapra HucOatan M,
HYKTaJlary HT KaTTa (9HT KUYUK) KUMMaTu 1aH HOOpaTIup.

Macanan, u=f(x,y)=xy QyHkuus ¢(x,y)=y-x=0 OOFIaHMIIra HUCOATAH
0(0,0) HyKTasa WAPTIM KaThUii MEUHMMYyMra ra, 4yHkd f(0,0)=0, aMmmM0 y—x=0
TEHIJIAMaHW  KAHOATIAHTHpaauran (g,&), €#0, HyKrajgapaa QYHKIUSHUAHD
KuiiMaTiapu mycoar: f(s,g)=g”>0.

[lapTiid 3KCTPEMYMHH TOIMII XaKHIard MacajaHh €YHIIHUHI HMKKHTA
YCYJIMHU KapanMus.

23.4.1. Y3rapyBumIapHUHr OMp KHCMHHH iiyKoTmm ycyanm. Papas
Kunaimk, M, (M, € E) nykranunr 6upop o=U(M,) arpoduna: 1) f(M) pyukius
Ba (23.2) cuctemamaru ¢(x)i=1m  Qynkuuanap auddepeHnraIaHyBuH; 2)

op
ox.

]

(i=1,m; j=1n) xycycuif xocunanapu M, HyKTaja y3Iykcus; 3) ymoy
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oX,  OX, oX,
X, X,  ox, (23.3)
o0, 09, Op,
o o,

MaTpUIIAHUHT OupopTa m- TapTHOIM MUHOPH M, HYKTajJa HOJAAH (QapKiu

D(@, 0,10 0)
D(X,, X500 X,y)

oyncun. Macanas, #0, sapHu (23.3) MarpuimauuHr M, HyKTaza

paHTu m ra TeHr OyJcuH. Y Xoija, M, HyKTaHUHT KMYUK aTpodu, Q < a)ZU(MO)
napayienenuneana, (23.2) cucremMa, KaHIAHIup m Ta y3rapyBumiIapra, Macalja,
Xy, Xy ey X,y Y3T@pyBUMIIApPTa HUCOATAH SITOHA €UUMTA 9Ta OYnaau, sibHU

X, =W, (X Xoigs Xopigoen Xg )y 1 =1, (23.4)
OyHma v, v,,..w, Jap (23.2) cucremajgaH aHUKJIAHAJWTaH OIIKOPMAC
byakuusmap. Y xonga, Q mapamenenunenna (23.2) CHCTEMA, X, Xpiorer X,
y3rapyBuumnap spkiu ned Kapanaauras, (23.4) OorimaHUNLIIApPTa TEHT Ky4iIu OyIaam.

Arap X, =y, (X, ., X, X X,), i=1m, QYHKUUSIAPHU OLIKOpP PaBHIIIA

m+1? *m+1? *m+2 171 n

TOTHII MYMKHH OViica, ymapau (23.1) ra kentupub KyHnoO, n—m y3rapyBUHIIH,
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z=f (l/jl(merl""' X, )""’ \Pm (Xm+1""' Xn)’ Xinsar-Xp, ) = g(xm+1""xn ) = g(M )
(GYHKUMSHA XOCUII KUIaMU3. Q  Hapajulelienuies] OWlaH derapajaHral coxazia
g(M ) GyHKIMAHMHAT  uXTHEPUE  M'(X x,) HyKTamaru Kuiimatu, f(M)

m+11**1 *p

¢bynkuusHuHr  (23.4)  TEHINIAaMaJapHM  KaHoaTJIaHTHpamuraH, ¢&xu  (23.2)

TEHIJIaMaJlapH¥ KaHOATIaHTUPAIUraH, yHra Moc M(x,,X,..X ) HyKTajard KAiMaTu
Owran yctma — ycr tymagu. Iy ca6abmu, (23.1) dysHkuusHuar Q

napayienenuneaaaru (23.2) OornaHunuiap OaKapwiraHIard MapTid SKCTPEMyM

Mmacajacw, g(M ) (GYHKIUSHUHT IIAPTCU3 SKCTPEMYMHU Macajacura KeJITUPUIIA/IH.
23.4 — Mucou1. Y3rapyBUMIapHUHT 6Up KHCMUHH HYKOTHUII yeyiIu Oyitnua,
FM)=x} +x5 +X3, (M (x,,,,%,))
(GYHKIUSHUHT SKCTPEMYMUHU
X, + X, + X =1 &)
OofnaHunuiap OakapuiaraHja TOMUHT.

Eunmmm. Macanagarn o(M)=X, + X, + X, —1=0 TeHrIamMagaH X, =1—X, —X,
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Hu Toruo, f(x) QyHKIMAra KENTUPUO KYSIMH3 Ba MKKHU Y3rapyBUMIIA
g(M") = g(x,, X, ) = 2X2 +2x2 + 2X, X, — 2%, —2X, +1 (M'e R?)

GyHkumsaan  xocua Kuiamus. Lynpaii kw0, Oepwiran  f(M)=x7+x2 +x2
byHKIUSHUHT (*) TeHriaamara HucOaTaH M, (x),x;,x;) € E HyKTaJard IIapTiIH

SKCTPEMYMHMHHM TONHMIN Macajdacuuu, ¢(M') (QYHKIUSHUHD P(xl0 : x;’) HYKTaJaru
mIapTCU3 SKCTPEMYMHMHU TOMUII Macajacura KeJITUPAUK. DHIU OXUPTrA MacalaHUHT

CTalMOHAP HYKTAJIAPpWUHU TOIIAMHU3:

5—9:4x12x2—2:0 , o X ==
X X, +X, —1= !
5 :{21 e
B gy, 42x,—2=0 FeTXTL= , ==
., 3

Tlemax, M,(x?, xg):M(;(%, %} Hykra, g(M') (M'eR?) (QpyHKUMSHHHI CTalHOHAP

HyKTacuaup. by cranumoHap HyKTa, g(M ) (M'eR?) ¢yHkiusHAHT  (aOCOITIOT)
MHMHMMYM HyKTacH Oymaau, uyHKM ¢(X,X,) KaTbuil KaBapuk (QyHKIHSAIUP.

XakukataH xaMm, Oy (QYHKUUMSHUHI MKKUHYU TapTHOJIM XyCyCUH XOCWUJaJilapu
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4 2
MaTpuLaCH (2 4] 0ynu0, yHuHT OOl MUHOpIAapu o, =4>0, 5, =12>0= Marpula

MycOaT aHUKJIaHTaH.

L 5
=3 KuHMaTIapHu X, =1-x, —X, udomara KenTupud Kyino,

1
X?? = 5 OKAaHJIUT'UHU TOIIaMH3.

111
JleMak, Mo(xf,xg,xg):MO(g,g,gj HYKTa - OepuiraH MIApTIA SKCTHMYM

Macajacuia MUHUMYM HyKTacu O0ynaaun. MakcuMyM HYKTacH MaBXy[l dIMac, YyHKH,

sup(xf + X5 +X3):+oo, X, +X,+X% =1 xeR®

Arap (23.4) dyHKUMSAIApHU OIIKOp KYPUHUIIA TOMHIN KUWUHYMIUK
TyFIUpca €KW YHUHT WIOXHU OyiMaca, KyWuaaruda vl Kypuil MymkuH. ®Dapas
KiIanmmk, (23.4) dynakmusunap (23.1) ra kentupud KyWuirad Ba yHUHT HaTHXKacuaa

g(M ) GbyHKIMS XOCWJ KWIMHTaH, xXamja ymap (23.2) TeHriamamapra KelITupuo

KYWWIITaH, HaTHKa/la TEHIJIaManap alHugTIapra aiianran OyjacuH. Y xoJija g(M )
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byHKkuugHUHT  aupdepeHuuanuiy, OupuHuM  JuddepeHuran  MAaKIMHUHT

HHBapHUAaHTIUIUTA aCOCAaH,

n

dg = Zi dx; (23.5)

T OX;

KYpUHMILJIA E3UII MYMKHH, OyHAa dx,.,,dX,.,,..,dX, — SPKIU Y3rapyBUMIAPHUHT

nuddepennuamiapu, dx,, dx,,..,dxgap aca, - (23.4) omkopmac GpyHKIHUSIAPHUHT

nuddepeHmamIapuanp.
muddepeniuaniao,

IOkopuna XOCHII KAJIWHTaH allHUATIAPHU

%dxl +%dx2 +...+%dxn — (0,
0%, oX, OX

........................................................... (23.6)

O dx, + O dx, +...+ O dx, =0
0%, 0oX, OX

YH3UKIM TEHTJIaMajap CHCTEeMacWHM XOCWI Kwiamu3. by cumcremanan (23.4)

omkopMac (PpyHKIMSIApHUHT  dX,,dX,,..,dx,  AudPepeHIraIapuHu, d3PKIU

Y3rapyBUMJIADHUHT  dX

mHlee

dx, auddepeHnmamiapy opkaau  uomATANMU3.
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dx,,dx,,...dx. Jap yuyyH ojuHraH udomamapHu (23.5) MyHocabarra KeaTUpUO

m

Kynuo,

dg = ZH:A(xlxz,...xn)dxi (23.5")

i=m+1

TEHITIMKHU XOCHJI KMJIaMu3, OyHa
X; =W (Xpozs Xz oo Xp ) J =2,2..M

Arap g(M') dysxums M, =(x°,,x° x°) HyKTaJa SKCTpEMyMTa SpHIICa,

m+1? Am+21700 A

dg|M6 =0, SbHHU

SA (K X0 X2 X )i =0 (23.7)

i=m+1

Oymamu, OyHma

X(j) :l//j(xr?1+1’xr?1+2""’xr?):Wj(M(I))1 j=1m.

dX,.1s OX;ypye, OX, JTAP BPKIHM Y3rapyBUMIAPHUHT AuQdepeHIamiapu

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

Opkar a
Caxuda /708
TynumkKk skpaHt

Uk uw



oynrannuruaad, (23.7) myHocabataaH,

A(xf, XS ey XX sy xn)z 0,i=m+1n (23.8)

OKAaHJIUTHUHHU OJIaMMU3.

Myngait kunu6, (23.8) TEHIIUKIAp CUCTEMACH, g(M ) GYHKIUSIHUHT M,

HyKTaJa OSKCTPEMyMra ora OVYJIMIIMHMHT 3apypuil [mapmiapuad Eku (M)

byukiusauar, (23.2) OoFJIaHMILIAp KaTHAIITAH/A, Mo(xf xgxg) HYyKTaj1a

IIAPTIM SKCTPEMYMTa 3ra OYJIUIIHUHT 3apypult maptiapunu udoaa kunaau. by

0

epllaH, Kapaja€TraH Macajajia J3KCTpeMyMmra mryoxamu Oynran Mo(xf,xg,...,xn)

HYKTaJapHU TOMHII YYYH, N Ta X;,X,,...,X, HOMabIyMmjapra HucOaTtaH, n Ta,

{gpi(xl,xz,...,xn):o, i=1Lm (23.9)

A (X, %00 X, )=0, i=1,m+1n
TEHIJIaMaJIap CUCTEMACHHHM SUHII JIO3UM OYIaIu.

Arap 3KCTpeMyMra nryoxaiau OyiraH Mo(xf,xg xr?) HYKTa TONWIraH Oyica, yHU

Tntynsapack
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DKCTPEMYMIa TEKIIUPHILI, dsz, UKKUHYM TapTUOIM TYIUK AuddepeHunaiiu
0

xucoOnamra 0ornuk 6ynaau. bynu xucobnamna, f Ba ¢ (i=1m) ynkumsmap

UKKH MapTa quddepeHimamianyBun ned dhapas kuaub, dg yuyH osuHra (23.5')

TeHrnmukHu  auddepennuamiam  Ba (23.4) omkopmac  (PYHKIUSIIADHUHT

dx,, dX,,...dx,  nuddepenumnammapu yuyyH (23.6) cucTemMazaH  TOMMITaH

udonanapman  dongananum  3apyp.  Hartwkama, 6wz dx, ., dX dx

m+1? m+21°""1 n

y3rapyBumniapra Hucobatan d? f|M‘ - KBaApaTUK (POPMaHU XOCHUIT KMIIAMU3.
0

Arap Oy kBagpatuk ¢dopma mMycOar (Mandwuit) anukaanran Oyica, (23.1)

byHKIMA M, HyKTaJla mapTid MUHUMYM (MakCUMyM ) Ta SpHUIIa/IH.

23.5 — mucou. VarapyBumIapHUHT GUp KUCMHHHE HYKOTHIN YCYIIH paaMua,

U= f(X, X, X3)= X, +X, =X, (23.10)
(YHKIUSHUHT S5KCTPEMYMUHH,
43 +4X3 +4x3 +12x, +12x, +12x, =13 (23.11)
X +X, =1 '
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OOFJIaHMILLTIAP TEHIVIAaMaJIapy OakapuiraHjia TOIHUHT.

Euynwimmmu. by mMacananu eumiia 10KOpuaa KeJITUPUWITaH UKKUHYU YCYIIJIaH,
spHM (23.11) TeHrIamanapaa y3rapyBuniiapiaH KaHIaiIup UKKATACHHU YYUHYHUCH

OpKaJIM OILIKOp paBuila udoanam MyMKIH OYJIMaran ycyiajaaH (oiiianianamus.

(23.11) cucrema wukkm Mapra audQepeHIMAIAHYBUM  X,(X,) Ba X,(x,)

omkopmac GyHKIMSUTApHU aHUKJIAWa1, 1e0 ¢gapa3 KuiaMu3 Ba yinap OOFJaHUIILIAP
TEHIrJamMajgapura KenTupuO Kyuwmiran ned xuco6sad, (23.11) TteHrmamanapHu
alHuATIAp cucTeMacu kaOu Kapahmuz. (23.11) aiiHuUATIApHU Xap WKKaia

ToMoHUAAru auddepeHuamiapau xucoomad, HaTmwkaaa

{(xf +1)dx, +(x2 +2)dx, + (x2 +1)dx, =0

dx, +dx, =0
MyHoOca0JIapHu Xocua Kuiamu3. by epaan,

dx, = —dx,,
-2x +1

dx, = ———dx
Pox2+1

(23.12)
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SKAaHJUTHHM TonaMu3. by udonanapuu, (23.10) pyHKIMAHUHT du = dx, + dx, — dX,

KypuHHIIgary augdepeHnuant udoaacura KEATUpUO Kynuo, TnTtynsapack

My HpapuxXa

du=2%"Lax = adx, (23.13) 1-606
X; +1

2-606
MYHOCa0aTHHU XOCUJI KUJIaMu3. 3-606

4-606
OHnu, (23.11) renrnamanap Ba A=0 TeHIJIamajaapaaH TAllKW TOMTaH,

MnoBanap

4x} +4x5 +4x3 +12x, +12x, +12x, —13 =0,
X +X, =1=0,

2x, -1 Qr"-‘ _ 9

=0

Besd I =l

Opkar a

TEHTJIamManap cuctemacunu (0y cucreMa, Kapanaétran xoi yuyH (23.9) cucremanan

1 1 Caxuda /708
nbopat) kKapaitmus. by cumcrema, sroHa x, =-, X, ==, X, =0 edyumra sra, SbHU
2 2 TynumkKk skpaHt

M, :[1/2,%0) - (23.10) o¢yskmusauET (23.11) OoFfnaHMIUIapra HUCOATaH Unk unw



AKCTpEMyMra 1yoxanu OYiras siroHa HyKTacuaup.
OHnu du HuHT (23.13) naru udgomacunu guddepeHmamnianmMus:

~2(x2 +2)dx, — (2%, —1)2x,dx

d?u
(x, +1)

3 dx, .

Oxupru udonanas, (23.12) tenrnamanapau xucoodra onuo,
d’uly, =2(dx, )’

MyHocabatra keiaamm3. Mogomuku, 2(dx, )’ —dx, Oup ¥y3rapyBUMHUHT Mychat

aHWKJIaHTaH KBajapaThk Gopmacu dkaH, (23.10) dyukmus (23.11) Gornmanumapaa

M, HyKTaJla MUHUMYMTa pUILIAIH.

23.3-3caatma. bu3z  wmacamamm, (23.11) cuctema HWKKM ~ MapTa

nuddepeHnnanIanyBun X,(x,) Ba x,(x,) pyHKuMsanapau anuknaiamn, ned dapas

Km0, edauk. DHay, Oy mwapTHUHr M, = (1/2,1/2,0) HyKTaHUHT GMpop aTpoduia

OakapwIMIIUHK Kypcaramu3. byHuHr yuyn, 1- Oanpmaru 1)- 3) maprinapHu

Tntynsapack
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TEKIIHPaAMHU3.
@,(0,, %, %, ) = X2 + 43 +4x3 +12x, +12x, +12X, —13 Ba @, (x,,x,,%;)=x, +x, -1

byHKUMATap M, HYKTaHUHT UXTHEpU atpoduaa auddepeHnnaniaHyBuu;

o1 _ 12(x22 +1), o1 _ 12(x32 +1), 99, _ 1, 59, _ 0 Xycycwi Xocwiamap M, HyKTajga
ox, Ox; ox, Ox

y3iykeus; o, (x,,x,,x;) Ba ¢,(x,,x,,x,)PyHKIUsIap M, HyKTaja HOJIra aiaaHaay Ba

D(q)l’ ¢2) =-12 #0.

Dixz, x3iM0

Hlemak, 1)- 3) maptnapra acocan, (23.11) cuctema M, HyKTaHUHT Oupop aTpoduaa
ATOHA X,(X,) Ba X,(X,) GyHKUUsIApHU aHuKIakian. Bynmaan tamkapu, ¢ (x,,x,,x;) Ba
@,(x,,x,,x;)byHKIMsIap M, HYKTAaHUHI UXTHEPUI aTpoduma HUKKM MapTa
nuddepeHnnanIanyBud, y Xouma X,(x,) Ba X,(x,) QyHKOManIap xaM MKKM Mapra

nudepeHnmamianyBuu Oyaaau.
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23.4.2. Kyn y3rapyBumwiun QYHKOUSHUHI IIAPTJIM JKCTPEMYMHUHH

TonumIHUHr Jlarpanx KynmautyBumjaapu kKouaacu. Illaptnu skcTpeMym

Tntynsapack
MacallaCUHU €4YMIIJIa FOKOpUJa KYpuO YTUITaH yCyJIapHU KYI XoJuiapja KyJiad

My HpapuxXa
OynMaiinu, ssbHU OOFJAHUIITIAPAAH Y3rapyBUWIAPHUHT OUP KUCMUHU KOJTaHJIapH

1-606

OpKaJIM OILIKOp KM OLIKOpMAC IIakiaga udoaanan MyMKUH OyiMaiau. e
2-00

byHnaii macanaiapHau euuinga Kyduaarndya Uil Kypuiaam. P
3-60

busra, (23.1) GyHKUUSHUHT dKCTpeMyMUHH, (23.2) OofnmaHuIUIap OakapuiraHmia, o G
= (0]

TONMII Macanacu Kykuiaran 6ymcun, xamaa f(M), (M) (i=1m) QyHKumsIap y
nosanap

M, (xf Xy ey X0 ) HyKTaja Ba  YHHHr  Oupop  arpoduiga  y3IyKCH3

n

mudepuHIMaIIaHyBYU, Ba HUXOST,

o0(M,) omlM)  on(M,)
X, X, oX, Q »
a(Pz(juo) 8(02(M0) 8(02(M0) Q :@l
X, X, X, OpKar a
0pn(My) 00n(My) — 0pn(M,)
X, X, OX, Caxuda /708

) & o TynumkKk skpaHt
MaTpULIAHUHT PaHrd m Ta TeHr OyicuH. Kyiiugaru n+m y3rapyBuniiv

L(M 'ﬂ“): f(M)+ﬂl¢1(M)+}“2¢’2(M)+""+ﬂm¢m(M) (2314) Hnkwuuw



dyHKUMAHK KupUTaMu3, GyHna M eG (G <R")AeR™, A=(4, Ay Ay )-

Ay Aoy A= Jlacpanore kynatimyeuunapu, A- Jlaepanoce eexmopu, L(M, 1) GyHKIms

aca, Jlaepanoic ¢pynkyuscu ned atanaiu.

23.4-teopema (Jlarpanmk kynmadryBumiaapu kKouaacu). dDapas KuIaiiuk,

Mo(x0,x0,..x°) - f(M) dynxumsmumr (23.2) GoFaHMULTAp GakKapHITaHIArH

[IAPTIIA IKCTPEMYM HyKTacu OVicuH. Y xojjaa, myHmai srona A° = (4, A3,..,A)

Jlarpamx BeKTOpH TomHUaaauku, (M,,A°) KyPTIUK y4dyH,

MyHOcabaTiap Oakapuiaam.

oM, L) _, oMy ), -

oM o,
LM, 2°) Ca(mg, )
#—¢1(MO)—O,....,ﬁ

J=1m, (23.15)

=¢,(M,)=0 (23.16)

(23.15), (23.16) myHocabaTiapHu KaHOATAaHTUPYBYH (M,,A°) XKyPTIUK-

Jlarpanx (QyHKIMSICHHUHT CTAallHOHAP HYKTACH,

wapmau cmayuoHap HyKkmacu Aeuiaau.

23.4-teopemanan kenmuO uwmkaguku, (23.1) ¢yHKIUATA,

IapPTIN KCTPEMYM MacCajlaCUHUHT

(23.2) OornaHUILIAD

KaTHAIlITaH/1a, MIAPTIU SKCTPEMYM OEpUIIM MYMKHUH OYJIraH HyKTaJdapHU TOMHUII

Tntynsapack
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VIYH, N+M T, X;, Xy, X,y Ay Ayyeeey A, HOMABIYMJIApra HUCOATAH,

0, (X,, Xy 00 X, )=0, i =1,m
(23.17)
Alttutda) | i
OX;

N+m Ta TEHIJIaMajap CUCTEMAacCUHU euuil JioduM Oynamu. (23.17) tenrmamanap
CUCTEMAaCH- CMAYUOHApPIUK TCHTIIaMaJlapi CUCTEMACH JIeHnIa Iu.

lynmaii kuu6, arap (M,,A°) xybmimk (23.17) TeHriamanap CUCTEMACHHHHT
eunmu OYica (OyHmail eunmiiap Oup HeyTa OYIUIINA XaM MYMKHH), M, (xfxgxg)
HyKTa - (23.1) dyHkumsra, (23.2) 6oraaHMIIAp KaTHAIITAHIA, IAPTIH SKCTPEMYM
Oepui MYMKHH OYlIraH HyKra Oynanw. by HYKTaHUHT IIApTIA DKCTPEMYM
HyKTacu OynumuHu aHukimamaa, (23.1) ¢yskuus Ba (23.2) OornaHuNLIapaa
KaTHamaéTran (QyHKIMsUIAp MUKKUHYMA TapTUONHM Y3IYKCH3 XYCYCHH XOcuiaiapra

ora, n1e6 dapas kumuHuO, Jlarpamk QyHKIUACUHUHT, Oenruaanrad A, A,.., A, jgap
yUyH, Mo(xf,xg,...,x,?) HYKTalla X,,X,,...,X, y3rapyBumiap Oyinda XucoOJaHTaH,

& O°LIM,, A
dZL(MO,I’):;;a)((k;;X_)dxkdxj
=1 j= j

(23.18)
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UKKUHYM TapTuOm aud@epeHnnany Kapaiaiu.
23.5-TeopemMa (IIAPTJIM IKCTPEMYMHUHI MKKHHYM TapTHOJM 3apypui

O) - f(M) QyHKUUSHAHT (23.2)

n

maptu) Papaz KuIaNIHK, Mo(xl0 VXg ey X
OOoFIaHMIUIAp OaKapUITAHIArd IAPTIH MHHHUMYM (MakcumyMm) Hykracu, f(M),

o (M),(i=1m) ynxuusmap Mo(xf,xg,...,x,? ) HYKTaHUHT OMpOp arpoduaa UKKHHYH

TApTHOJIM Y3IIyKCHU3 XYCYCHH XOCHJIajgapra sra, Xxamja Mo(xl0 ,xg,...,xg) HyKTa1a
(23.3) MmaTpuIaHUHT paHrd m Ta TeHr OyicuH. Y xoiaa, myHmgain A = (42, A3,..., A°)

Jlarpamx BEKTOpH Tomwiaamuku, (M,,A°) xydriuk - Jlarpawx ¢GyHKIHMSICHHHUHT

CTaIlMOHap HyKTacu Oyiaau Ba

6¢1(M0)dxl +a¢l(M0)dX2 +....+6¢1(M0)dxn =0,
ox; ox, ox,
(23.19)
awm(l\/lo)dxl_|_a¢m(|\/|0)dx2 + m+a¢m(M0)an :O
ox, ox, ox,

TEHIJIaMaJlap CUCTEMACUHU KaHOATIIAHTUPYBYHU dX,,dX,,....,dX, JIap y4yH
d2L(My, )20  (d?L(M,, 4°)<0)

MyHoca0aT Oakapuiiau.

Tntynsapack
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23.6-Treopema  (WIAPTIM IKCTPEMYMHHHI eTapau maprtu). f(M),

o(M), (i =L m) dyuxumsaap M,(x0,x2,...,x°) HyKTaHHHT GUPOpP aTpodHId HKKMHUK

TapTUOJIN Y3TYKCH3 XyCYCHH XOocHiiajapra ara, M, (xf Xy ey X0 ) HYKTaJ1a

(23.3) MatpunaHuHr paHrd m Ta TeHr, xamma (M,,A°) xydriauk- Jlarpanx

(GYHKUMSACUHUHT CTallMOHAp HyKTacu OYJcuH. Y Xxonja:

1) arap dZL(MO,}LO), dx,,dX,,...,dx, Jgap (23.19) TeHrIamMagap CHCTEMaCHHHU

n

KaHOATJaHTHpraHjaa, MycOaT aHWKJIaHTaH KBaJapaTHk (Gopma O¥yiica, Mo(xf,xzo,...,xo)

n

nykra - f(M) ¢yakuusauer, (23.2) Oornanuuuiap Oakapuirawia, IIapTin

MUHUMYM HYKTacH OViau.

2) arap dZL(MO,/’LO), dx,,dX,,...,dx, Jdap (23.19) TeHriIamamap CHCTEMAaCHHH

n

KaHOATJIAHTHpraHaa,  MaHpui dopma  OG¥ica,

Mo(x0,x2,...x°) HykTa - f(M) dbysKiusEnaT, (23.2) 60FTaHMIITAD GaXKapHITanH/a,

AHUKJIAHTaH  KBaJpaTHK

IapTIN MAaKCUMYM HYKTacu Oymaiu.

3) arap dZL(MO,/io), dx,,dX,,....dx, Jap (23.19) TeHrIamMamap CHUCTEMAaCHHHU

n

KaHOATJIAaHTUPTraH/ia, aHUKJIaHMaral kBajpaTuk ¢gopma (Xxam mycOat, xam MaH(puii

0
n

KuiimMaTiap KalOyn KuiyBuu) Oyica, Mo(xf,xg,...,x ) Hykra - f(M) QyHKUUSHUHT

Tntynsapack
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IapTIN SKCTPEMYM HYKTacu OyIManu.

Xycyeuit xomaa, u=f(x,y) GyHKuus ¢(x,y)=0 OOFIaHMILIAD TEHIJIAMACH
Tntynsapack
Ownan 6epuiran O6yica, Jlarpamxk QyHKIMICH KyHUard KYpUHUIIIA OY1aau:

My HpapuxXa
L(x,y,2) = f(x,y)+p(x,y)

1-606
(23.17) Tenrmamaiap CUCTEMacH, ydTa TCHIJIaMajJaH uoopart Oyiaau: 2-606
Lo, 3-606
OX
ad_y 4-606
oy MnoBanap
o(x,y)=0,

(M,, %) xydriuk- Jlarpanx GyHKIUSICHHUHT CTallHOHAP HYKTAacH OYJICHH Ba

0 o(Mg)  9,(M, &= =
A= (Mg) Ly (Mg, 4) LMy, 4 ). le ol

¢7;/(Mo) L"xy(Mo'ﬂo) L"yy(MO’ﬂ“O
Opkar a

Y 0 0 _ _ _
Arap A<0 Oymca, M,(x°,y°) mykta - u=f(xy) oyskumsEmar, ¢(x,y)=0 Caxnda /708

OofnaHunUIap Oakapuiarasjaa, MAPTIM MAKCUMYM HyKTacu Oyiaau. Tynuk skpan

0

ArapA>0 Gymca, My(x°,y°) mykra - u=f(xy) dyskumsamEr,  @(X,y) '
MKW W

OofnaHunuiap Oaxkapuiarasia, MAPTIM MUHUMYM, HYKTAacu Oynaiu.



H3oxaap.

1. OYHKUUATAPHUHT OSKCTPEMYMHHH OOFJNaHUIUIAD KAaTHAIITaHJa TOIMII
Macaniajgapy KyJa KeHT TapKajiraH, yjap dKCTpeMall MacalaJapHUHT OUp KUCMHUIaH
ubopar 0ynub, ynmapHu YpraHyBud OYIUM — dKCmMpeManl MAcanianap Ha3apuscu,
XO3UPTH BaKT/a, Ky aMaluii Macananapia KyJUIaHUIMOK/IA.

2. bus rokopua Kyprad Macananapaa, XaM SKCTPEMYMHUHH TOIUII Tanad KIUJIMHTaH
byHkuugaHu, xam OornaHunuiap QYHKIUSJIAPUHM €Tapiid CWUIMK, 1e0 ¢apas
Kuirad SaukK. JIekuH OormaHunuiap gakaT TeHIVIMKIAp KYpUHHUIINAA dMac, Oayku
TEHTCU3JIUKIAp KYpPUHMINUIA XaM OYIuInM, ynapaard (QyHKOMsIap OJaTaaru
MabHOa MU PepeHnauIanyBuu OYIMacIUru XaM MyMKHH.

3. bornanummap ¢yskuusuiapu Epaamuaa Ty3wirad (23.3) MaTpUIIAHUHT PaHTH m
ra TeHr OYJICWH, JieraH Tajdad XaM aH4ya Ky4wId, Kyl mMacajanapaa OyHman TaiaOHu

KyWuil MYMKUH 5Mmac. by xonpa, Jlarpamxk — KynmauTyBUMJIapu yCYJIWHUHT

yMyMIaliMacuaaH,  aHUKpOoFW,  ymymuamrad  Jlarpamk — QyHKOMscumaH
dhorinananuIaIu.

23.6-mucon. Jlarpamxk ycymuman ~Qoiimamanu0, ymoy u=2x+4y-5
GyHKUUAHUHT  X° +y? =125  OOFJIAaHUIIIAPHH  KAHOATIAHTUPYBYHM  IIAPTIIH
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SKCTPEMYMJIAPHUHH TOIIHHT.
Eunnumm. Jlactna6 Jlarpanx GyHKIMSICUHA KypaMu3:
L(X, y,A) = 2x+4y —5+ A(x + y* ~125).
Ouau Jlarpanx GyHKIUSACUIAH XyCYCUi Xxocuinanapau onu0, (23.17) TeHriamanap

CUCTCMACUHHU Ty3aMH3:

ﬁ=2+2/1X,

gi 242X =0,

— =442y, =>4+22y =0,

% x?+y2=125
2 2 y - *
X“+y =125,

by cuctema nkkuTa euumra sra:
X, =-"51Y,=-10, 4, =02, x =5V, =10, 4 =-0,2.
L(x,y,A) Jlarpamk (GYHKUMSCUHUHT UKKMHYU TapTUOIU XyCyCHH XOCHJIaJapUHK

TOMNO, UKKUHYHU TapTUOIN nuddepeHIInaInan Ty3aMu3:

2 2 2
82L=2,1, ’L_, 85=
ox Xy oy

24, d2L =24(dx? +dy?).

4, =02 Oymramga d°L>0 . Ilysunr yuyn, 23.6-Teopemara  acocad,

M,(~5;—10) HyKTaza u (yHKIHS IIAPTIA MUHMMYMIa 3ra Ba U, =u(-5, —10)=-55.

Tntynsapack
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A, =-0,2 6ynranma d’L<0 . Ilynunr yuyn, 23.6-teopemara acoca, M,(5;10)

HyKTaJa U (QyHKUIUS IApTId MAaKCUMYyMra 3ra Ba YHUHI MAaKCUMyM KuiMatu 55 ra

TeHr, u,, =u(5,10)=45.

U GYHKIMSHU MAPTIM SKCTPEMYMIa TEKIIUPUIITHUHT OOITKA MYITMHU KapaitMu3.

A, =0,2 6ymranga o(x,y)=x*+y® -125, ¢, =2x, ¢, =2y, ¢,(-5-10)=-10,

2 2 2
¢,(-5-10)=-20, a—2L=o,4, L o 9 5 =0,4.
OX OXoy oy
Jlemaxk,
0 -10 -20
A=—--10 04 0 [=200>0
-20 0 04

JHemak, Ml(— 5;—10) HYKTaJa U (YHKIIUS MIAPTIH MUHUMYMIa 3Ta Ba YHUHT
MaKCHMMyM BUMMaTu —55 Ta TeHr, SbHM U, =u(-5, —10)=—55.

Xymau, mydra yxmam, A, =-0,2 O0yaran xonma Ba M,(5;10) HykTana

0 10 20
A=-10 -04 0 [=-200<0.
20 0 -04

Hemaxk, M2(5; 10) HYKTaJla U (QyHKIHUS MIAPTIM MAKCUMYMra 3ra Ba YHUHT
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KuiimMaTu 45 ra TeHr, sisbHU U, = u(5, 10)= 45,

Muconnu Maple muzumuoan pouidananuo ewum

> readlib (extrema) :
> extrema (2*x+4*y-5, {x*2+y*2-125=0},{x,y},'u') ;u;
{-55, 45}
{{y =10, x =5}, {y =-10, x =-5}}

23.7-mucon. Jlarpanx ycynuaaH ¢oiganmanud, u=xy+yz GYHKIUSIHAHT
X2 +y?=2,y+z=2(x>0,y>0,z>0) OOFJIaHUTIUTAPHH KaHOATJIaHTUPYBYH
AKCTPEMYMJIAPUHU TOIIHHT.

Eunnumm. Jlactna6 Jlarpanx GyHKIUSCHHH Ty3aMU3:
L(X, Y, 2,4, )=y + yz + A(X? + y> = 2)+ A(x + 2 —2).

by Jlarpamx QyHKIusicUIaH XyCyCcHil XOCUIaIapHu 0JIno0,
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%:y+2/1x,
OX
y+2ix =0,
oL
EZXJFZJFZ/WJFM X+2+24y+u=0,
= + :O,
AL _ys y2 u2_2
az ﬂ’ X +y2_ '
+2=2.
X2 +y? =2, ’
y+z=2.

TCHIJIaMaJlap CUCTCMACHUHU TYy3dMU3. By CUCTCMalaH A Ba u COHJIapHHU Ba

CTallMOHAp HYKTAaHWHT KOOpAWHATAJAPUHU TOMAaMU3. X=Yy=2z=1 A=-=, u=-1

L(x,y,2,4, ) Jlarpamk (QpyHKUMSACMHUHI MKKAMHYNA TapTUOId muddepeHiuaiiim
1 o o

TOTIAaMU3 Ba YHTA A = — KHAMaTHY KENTUPHUO KYSIMU3:

d2L = 24(dx? + dy? )+ 2dxdy + 2dydz = —dx? — dy? + 2dxdy + 2dydz.
bornmanunurap TeHrnamacumad, dy=-dx=-dz SKaHIMTH KenuO YMKagu. byHu
bTHOOpPTra OJIcaK, y xoima d’L =—dx* —3dy? —2dz* <0 Oymaau.

Jemak, 23.6-teopemara acocan, M, (1, 1, 1) HyKTaga u GyHKIMS IIAPTIN
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MAaKCMMYyMra 3Ta Ba YHUHT KMMMaTH 2 Ta TEHT, IbHU U, = u(l, 1, 1) =2.

23.5. Kyn y3rapyBumium (PYHKIHUSIHUHT HSHI KHYHUK Ba JHI KaTTa

KHHMAaTJIapHu.

Arap u=f(M) ¢yakuus dverapanadnran émuk {M}({M}cR™) Tymiamaa
y3iyKcu3 Oyiica, y xonaa 0y yHKuus my Tyruiamaa Y3WHUHT aHUK FOKOPU Ba aHUK
Ky#u uerapanapura spuianu (Beiiepmrpace Teopemacu).

u=f(M) ¢yHKkus yerapajaHran coxaaa audQepeHIuaIaHyBYd Ba
COXaHUHT Yerapacujaa y3iykcu3 Oyica, 0y ¢yHKIus, €KW CTallMOHAp HyKTalapja,
€KM COXaHUMHI Yerapa HyKTajlapuJa Y3WHUHT OHHI KaTTa Ba OHHI KUYUK
KUHAMAaTIapUura Spuilaim.

Kyn y3rapyBumnm (QyHKIUSHUHT SHI KHYUK Ba DHT KaTTa KUMMaTIapUHU
TOMUII KOUJACH KylHaaruya :

1) Oepunran coxaga >KOWJAIITaH CTAlMOHAp HYKTAJApHW TOMMII Ba
GyHKIUSHUHAT Oy HyKTajJapaard KniMaTaapuHu XUCo0Ialr;

2) COXaHM YeTrapacHHM TAIUKWI KUJTYBYM YM3UKAA QYHKIUSHUHT 3HT KUUHUK

Ba OHI" KaTTa KHﬁMaTHapHHH TOITHIII,
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3) GYHKUMSHUHT TONWITaH Oapya KUMMaTIApUHU COJIMIITUPUIL: OYyIapHUHT
SHI KWYUTH Ba SHT KAaTTacu, MOC paBulAa, (YHKUMSHUHI KapaJa€TraH coXaja dHT
KMYUK Ba SHT KaTTa KUiMaTu Oyiaau.

23.8-mucoa. Yoy u=x>—4x—y?  QyHKUMSHUHT X°+y? <16 aoupajaru
SHT KMYMK Ba 3HT KaTTa KAHMATJIApUHU TOHUHT.

Eumwmmmn. 1. u=x?—4x—y? QyHKUMSHUHT OMPUHYM TAPTUOIM XyCYCHii
XOCHJIAJIApUHU TOTIAMHU3!

uy =2x—4, ug,:—Zy.

By xycycuil xocunanapHu HOJIra TEHIVIAIITUPUO, cucTteMaHu edud, 6utra P, (2;0)
CTallUOHAp HYKTaHU TOMAaMM3, yHJIA (DYHKUHSHUHI KUKWMaTud -4 ra TEHI, SbHU
2(2,0)=4-8-0=—4

2. DHIM GOYHKUMSHUHT Yerapajaru, SbHH X2 +y2 =16 aiilaHajard SHT KAYHMK Ba

SHI KaTTa KUHMAaTIApUHU TomaMu3. U=x>—4x—y?  ¢dyHKuusan Oy aiinana

HyKTajapujaa OUTTa X y3rapyBUYMHUHT QyHKIUACH cudaTuaa udomanan MyMKHH.

y? =16 - x> byHKIIUSIHA u byHKIMSTA KEeNTUpuo KYSAMU3:

u=x%—4x+ y2 =2x2 —4x—16 y=1v16— x? GYHKIUSHUHT aHUKJIAHUIL COXACHU
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[-4; 4] 6Ynann.

[Iynmaii kuanb, UKKUA Y3rapyBUYHIN KIMSAHUHT X2 +y° =16 aillaHagard SHT
yHIau K e Gynxn y A Tutynseapack

KMYMK Ba HI KAaTTa KUHAMATIApUHM TONUII, OUp Y3rapyBuWId, U=2x>—4x—16 My HAaapmxa
(GyHKUMAHUHT [-4; 4] KecMagaryu SHI KHYMK Ba DHI KaTTa KUMMATIapUHK TOIMIIra 1-606
KenTupuian. By QyHkuusauar (—4; 4) opaaMKaard KPUTHK HYKTAJIApUHU TOTIAMM3 2-606
Ba OpPAJMKHUHI YeTiapuJiard KUAMaTIapUHU TOMaMu3: u'=4x—4, 4x=4, OyHJaaH 3-606
X =1 KPUTUK HYKTaHU OJIaMH3: U/,_;=-18, cyHrpa u/,_,=0, U/,__,=32 SKaHJIUTUHU 4-606

TONaMU3. Wnosanap

3. bepwiran ¢GyHKUMSHUHT CTAallMOHAp Ba uerapa HyKTajlapjard KaWMaTiapuHH

Xpco0J1a0, yJIapHU COTUIITHPAMU3:

U(=2;0)=—4, u®—-2v2)=-11, u(4:0)=0, u(L2v2)=11, u(~4;0)=32 & =P
u(0:4)=-16, u(0;—4)=-16. ¢ 2l
Jlemak, Oepuiran (yHKIUSHUHT SHT KHYUK KHHUMaTH -16, SHr KaTa KUAMAaTH dca, Opkar a
32 Oynanu, Caxwnda /708
Ugkich =U(0;4) =u(0;—4) =—16,  Ugya =U(—4;0)=32. TYynuk skpat
23.9-mucon. TYrpu Oypuakiy mapaieiaenuIeiilan HoopaT yCTH OUHK 0aK V Unkuw

JUTP Xaxwmra sra. bakHUHT Va4oBiapu KaHaal Oynranma, yHra capdiaHaaurad



MaTepuall SHT KaM Oynaau?
Euwimmmu. Tyrpu  Oypuakiu  MapajuleNeNUNeIHUHT  YIIYOBIAPUHU
X, ¥,Z (x>0,y>0,z>0) nebd OenrmwnaitmMmus. Y X0i1a, YHUHT XaXMHU, V = Xxyz Oynaau.

Vv v "
bynnaun Z=—. MacanaHuHr [1apTUra Kypa, TYFpU Oypuakiu

Xy

NapauieJICNUNEAHUHT TyJIa CUPTH,

S=S(X,y)=2(xz+2yz) +xy =2(X+ y)i+xy:2\/(1+l)+xy
Xy Xy

Ooynmamu. S(x,y) QYHKIUSHUHT SHT KHYMK KHHMAaTHHHU TolmamMu3. PaBiaHkw,

Y
SX =——2+ y,
X
Sy =—2—\£+x
y

CranyoHap HyKTaJapHd TONMII  y4YyH, XYyCyCHMMl  XOCHWJIajJapHU HOJITa
TEHIJIAIITUPUO, XOCWJI KUJIMHTaH CUCTEMaHU €4aMu3:
2V

-—+y=0 _3
x =YW e = (VB )

Wkku y3rapyBumim GyHKIUS MUHUMYMUHUHT €Tapid HIAPTUHU TEKIIIUPAMU3:
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4 p—
SXX -

il
XS’

. A
Sy2 = —

y3
Sy, =1

SAGHEAGY

sr.®v,¥av)=2

sgz(%/ﬁ, 3ov)=2

sp&2v, Y2v) =1

— St (Ry)=4-1=3>0,

S (Fo)>0.

Jlemak, S(x,y) dynkuus, Py(3/2V, 32V) HykTaga MuruMyMra sra 6yiaau:

Vv V Jav
XoYo 3av 2

Smin =S(P) =2V (5=

r

Ly
NV

MycTakuj e4uil Y4yH MU COJLIIAP

—33/4v?

Ky#tugaru ukku y3rapyBuniau ¢ yHKIHUSIIAPHU IKCTPEMyMTra TEKITAPUHT :

23.1.
23.3.
23.5.
23.7.
23.9.

u=-—x>—xy.
u=x®—-3xy—3y.
U=-2Xx>+xy —2y> +6X+6Y.

u=x®+6xy+8y° -

U=x*>-3xy+y>—4x+5y+6.

23.2. u=2x>+xy +y°.

23.4. u=x"+y* —4xy.

23.6. u=x®-9xy +Vy°

23.8.u=xy(l-x—vy)

23.10. u=x*+y*-8x-2.
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23.11. u=x*+xy—y> —3x—6y.
23.13. u=3x*-y* +4y+5.
23.15. u=—x*—xy—y® +3x+6y.
23.23. u=x>-3axy + y°.

23.19. u=sinx+siny+sin(x+y), Oyama 0<x<>, 0<y<=.

23.20. u = xe¥sny

23.12. u=3x*— x> +3y” +4y.

23.14. u=x>+xy+2y* —x+Yy.
23.16. u=(x+y2 2.

23.18. u=x*+xy+y®>—4Inx-10Iny.

él

2 2

2321 u=3+%4y
Xy

23.22. (X, y)=x>—xy+y? +2x+2y—4.

23.23. f(x,y)=2x>+3xy +2y°.

23.24. f(x,y)=x*+y® +3x* —3y?.

Kytinnaru ya y3rapyBunian QyHKIUIAPHU SKCTPEMYyMra TeKIITUPHUHT :

23.25. u=x*+y?+2° —4x+6y-2z

23.27. u=x>+y* +(z+1* —xy + x.

23.29. u=xyz(16 — x—y —22).

23.31. u=1+£+l+x+1.
Z y X

Kylinnaru ukku y3rapyBUuian QyHKIUSIAPHU IAPTINA SKCTPEMYMTIa TEKITUPUHT:

23.26. u=x>+y*+72° —xy +x-2z
23.28. u=x>+y® +2° +6xy —41.

2 2
P50, m= 20 Y oa

X 'y z

23.32. u=x*3 4 y?* 4773,
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23.33. u=xy, x+y—-2=0. 23.34. u=x*+y?* x+y-1=0.

23.35. u=x*+y?% 3x+4y-12=0. 23.36. u=xy, 2x+3y-5=0.

23.37. u=xy?, x+2y—-1=0. 23.38. u=x"+y* —xy+x+y—4, x+y+3=0.

23.39. u=cos® x+cos’y, x—y—%:o. 23.40. u=5-3x—4y, x*+y® =25
23.41. u=1-4x-8y, x> -8y’ =8. 23.42. u=x>+xy+y?, x*+y’ =1

Kyiingaru yd y3rapyBunin GyHKIHSIAPHU MAPTIA SKCTPEMYMIa TEKITHPHUHT.
23.43. u=2x*+3y*4z*, x+y+z-13=0.

23.44.u=xy?z®, x+y+z-12=0, x>0,y>0,z>0.

23.45.u=x-2y+2z, x*+y*+2°-9=0.

23.46.u = xy +2xz + 2yz, xyz =108.

2 2 2

23.47.u=x*+y* +12%, X—2+y—+z—2:1, a>0,b>0, c>0.
a

b®> ¢
23.48. f(x,y)=x*+y* Qynkuusauar x* +y? =1 aiimaHagard >KCTPEMyM
KUMMATJIADUHU TOIMHT.
23.49. f(x,y)=x? +3y? + 2y QyHKUUSHUHT X° + Yy’ <1 JOMpamaru SKCTPEMyM

KHﬁMaTHapHHH TOIINHTI.
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23.50. f(x,y,z)=Xx—y+2z QYHKUMAHUHT X° + Yy’ +2° =1 OupauK chepagaru
SKCTPEMYM KMAMATIAPMHH TOIIMHT.

23.51. f(x,y,2)=x(y+2) dyHKuusHUHT X* +y® =1 TYFpU JOUPaBHii KOHYC Ba xz =1
TUIEepOONUK MUIMHIPIAPHUHT KECHIIUII YM3HFUAATH DKCTPEMYM KHAMATIAPHHH
TOIIHHT.

Kylingarn G yHKIUAIapHUHET KypcaTHirad D TYIuiamaa SHT KaTTa Ba DHI KHYUK
KUHAMAaTIApUHH TOIINHT.

23.52.u=x>-3xy +y°, D={(x,y)e R?:0<x<2 -1< ysz}.

23.53.u=x-2y+5 D= {(x,y)e R?: x>0, y>0, x+ ysl}.

23.54.u=x>-4x-y? D= {(x y)e R?: x% +y? $9}.

23.55.u=xy(4—x-y), D= {(x y)eR?: x>0, y>0, x+y$8}.

23.56.u=x>-9xy + y* +27, Dz{(x,y)e R*>:0<x<4 0< ys4}.
23.57.u=sinx+siny+sin(x+y), D={xy)eR?:0<x<7/2 0<y<z/2}

Kyiuaaru @ yHKUMsAIapHUHT KypcaTuirad D TyIjiamja SHT KaTTa Ba HT KHYUK

KHﬁMaTHapHHH TOIINHI:

23.58.u=xy+x+y, D:{(x,y)eRZ:—ZSXSZ —Zgysz}.
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23.59.u=x*—6xy +8y°® +1, Dz{(x,y)e R?:0<x<2 —1£y£1}.

23.60.u=3+2xy, D {(x,y)e R21—4SX2+y2S9}.

23.61l.u=x*-y* D= {(x,y)eRz'x2+y2£9}.
23.62.u=x2+y?, Dz{(x,y)eR2 (X—~/2)% +(y—+/2)? <9}
y

23.63.u=cosxcosy cos(x+y), D={xy)eR*:0<x<z 0<y<z}

bepuiran GpyHkuusaapHuHT Oepriirad R coxaja MaKCUMyM Ba MUHHUMYM
KAHMAaTIaPUHH TOTIHHT.

23.64. f(x,y)=x>+xy+y®>—3x+3y, R: OMPHHYM KBAIPAHTAA X+ Yy =4 TYFPU YU3UK
OWJIaH KecWIraH yaOyp4akid coxa.

23.65. f(x,y)=y*—xy—3y+2x, R:x=12 Ba y=12 TYyFpyd YHU3HKIApD OWIAH
yerapajaHral KBaJpaTuK coxa.

23.66. f(x,y)=x*—-y®>—-2x+4y, R: nactaan Ox YK, IOKOPUAAH Y =X+ 2 TYFpU
YM3UK Ba YHIJIAH X =2 TYFPHU YM3MK OWJIaH yerapajaHraH y4OypUakiIH coxa.

23.67. f(x,y)=x*+y*+3x? —3y?, R: x=+1 Ba y = +1 TYFpu YM3UKIAp OUIAH

qgfrapajiainral KBaapaTHuK COoXd.
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MycTakuji e4uil Y4yH MUCOJUIAPHUHT KaB00J1apu

23.1. u,, =u(00)=0. 23.2. u, =u(0,0)=0.
23.3. (-1 1) cranroHap HyKTaaa SKCTPEMYM HYK.

23.4. u,,, =u(l; 1)=u(-1 -1)=-2, O(0; 0) cTarOHAp HyKTaaa IKCTPEMYM HVYK.
23.5. u,, =u(2;2)=12.

23.6. u,,, =u(3;3)=-27, 0(0; 0) cTarMoOHap HyKTaaa SKCTPEMYM HVK.

23.7.u.. —u(-L-05)=0. 238 u_ :u[l; lj:i.
3 3 27

23.9. G —éj cTanyoHap HyKTazaa skcTpemym uyk. 23.10. u,, =u(4; 0)=-18.
23.11. u,,, =u(0; 3)=-9.
2 4 2 .
23.12. u,,, = u(O; —gj == (2; _Ej CTallMOHAp HYKTaJla SKCTPEMYM VK.
23.13. DKCTpeMyM HYK. 23.14. u,,, =u(;-1)=0. 23.15. u,, =u(0; 3)=9.
2

23.16. u,, =u(-2; O)Z_E'
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23.23. a<0 da u, =u(aa)=-a®, .a>0da u, =u(aa)=-a’.

23.18. u, —u(t; 2)=7-10In2. 23.19. u,, :u(%,%):g\@. 23.20. DKcTpeMyM K. Turyn Bapax
My HpapuxXa
2321 u=u, (4 2)=6. 23.22. f. —f(-2-2)=-8. 2323. f_ - f(—l,—l):l.
2 2) 4 1-606
23.24. . =1(02)=-4, f_, =f(-20)=4. 2-6006
2 1 4 3-606
23.25. u,,, =u(2;-3; 1)=-14. 23.26. u,,, :u(——'——; 1j=——
3 3 4-606
23.27. u =u( % % j % 23.28. u., =u(6;-18; 2)=-112. A& LE [
23.29. u,, =u(4; 4; 2)=128. 23.30. u,,, =u(8; 4; 2)=60.
23.31. u,, =u;11)=5 u,, =u(-11L-1)=-3. 23.32. u,, =u(0; 0; 0)=0. Qf 9
23.33. u,, =u(f 1)=1. 23.34. u,,, =u(05; 0,5)=05. & 2|
23.35. :u(% 48} 144 23.36. u,, =u(§; 5}:5 Opkar a
25" 25 4'6) 24

Caxuda /708
23.37. u,, =ull; 0)=0 u,, :u(%; éj:i 3.38. u,, =u(—§; —Ej:—g.

4 TynukKk akKpatH

y
23.39. u, . :u(—+7zk; §+ﬂkj:1—\/§, U :u(%wzk; —%+ﬂkj=l+€, keZ. AR



23.40. u=u,, (3;4)=—-20, u=u

23.41. u=u,, (-41)=9 u=u,_, (4 -1)=-7.

23.42. u=umm(i£;$£jzi u:umax[iﬁ;iﬁ]:i
2’ 2 ) 2 272 ) 2
23.43. u,,, =u(6; 4; 3)=156. 23.44. u,, =u(2; 4, 6)=6912.

23.45.u,, =u(; -2,2)=9, u,, =u(-1 2,—-2)=-9. 23.46. u,, =u(6; 6; 3)=108.

23.47. U, =u(*a;0;0)=a’ u,, =u(0; 0; c)=c?.
23.48. f = f(0£1)=f(10)=1 f = f(-10)=-

max

23.49. f_, =f(01)=5 f = f(o,—1/3)=—1.

23.51. —2 ] MaKCHUMYM HYKTajapH, ynapaa GyHKIUs

Fedmlm s
gKI/IﬁMaT KaOyJI KWK, (—%%—\Ej ( 75’ \/_ 2 j MUHHMYM

1 o
HyKTajapH, ynapjaa (QyHKIus 3 KUMaT KaOyJ Kuaaau.
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23.52.
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Ue wicn. = _6’ Ue at. =12. 23 61 Ue. ich.
Ue kicn. =0, Ug . =23 23.63. Ue tich. =~ 5
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24-§. Omkopmac (pyHKIUsIap

24.1. Omkopmac pyHKIUS XaKUAA TYLIyHYA.

dapa3 KWIAMIKK, X Ba Yy Y3rapyBUMJIApHUHT KMMMaTiIapu, ¥3apo, yuoy

F(x,y)=0 (24.1)

TEHIJIaMa OpKauu OornaHran OyiacuH. ByHma F(X,y), HMKKM Y3rapyBYUMHUHT

bynkimscn cudarmma,  {M}={xy)eR?*:a<x<b c<y<d} Tymiamma Gepuiran

oyacun. Bupop x, coHHu (X, €(a,b)) omuO, yuu (24.1) TeHrmamamard X HHHT

VpHHTa KyMcak, HAaTUXKajaa, y HA TONHUII YUyH, KyMuJIaru
F(X,,y)=0

TeHrJiamara sra Oymamu3. By TeHrnmamanu eumiiga KyWuWgard XoJuiap OYIuIIu

(24.2)

MYMKHH:
0
1°. (24.2) Tenrinama sroHa Yy, €4MMra ara,
0
2". (24.2) Tenrnama OWTTa XaM €4nUMTa dra dMac ,

0 o .
3". (24.2) Tenrnama Oup HedTa, XaTTO, YEKCH3 KYII, €4MMIa dra OYIWIIH

MYMKHH.
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2 2

Macanan: 1) F(x, y):x—2+y——1:0 TeHIJIaMa [—a,a] KecMaja y HH, X HHHT
a

b2
WKKU KuiMatiu QyHKiuscu cudaruia aHukKIauau: y = J_rE\/a2 —x* . bynu
a

2 2

X . - .
F(x,y)= =t Y__1-0 tenrmamanaru y HHUHI YpHHUIa Kylcak, HaTWXKajga allHUAT

b 2
XOCHJI OYmaiu.

2) F(x,y)=yVx®*-3-2=0 TeHIJamMa, X HUHT R\{XeR:— 3SXS\/§} JaH OJIMHIaH

o 2
xap Oup KuiMaruja, siroHa Y= eduMra sra, OyHAaH F(x,—jzo.

Vx? -3

IOxopunaru kentupuiarad 1) Ba 2) Mucoiuiapaa, y HUX OpKajau udomaman MyMKUH

x? -3

oynau. Jlekun, xap n1ouM XxaM OyHAal ocoH OynaBepmaiiau. MacanaH, ymoy

F(x,y)=y—-x—egsiny=0 (0<e<1) (24.3)
TEHIJIAMaHW Kapaiivk. ByHaa y Hu, X OpKaiu dJieMeHTap QyHKIHsIap épaaMuia
anuk1ad 6ynmaian. Jlekun, F(x,y)=y—-x—esiny=0 (0<e&<1) TeHramMa, yMyMui
XOJIa, Y HH, X HUHT OUp KuiiMativ GyHKIUscH cuaruaa aHukiaiam. XaKukaTan
XaM, TeHrIamMaHu X=Yy-—gsiny=g(y) (y e(~oo;+0)) xypunumma é3m6 omud, ¢(y)

(GYHKIMAHUHT (—o0; 00) OpalvKaa  y3jIyKcusmurura, xamaa ¢'(y)=1-ecosy >0
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XOCHJIara 3ra SKaHJIUTUra MIIOHY XOCHJI KWIaMu3. YHJa, TeCKapd (YHKIMSHUHT
MaBKyJIJIMTU TYFPUCHIATU TEOPEMAra acocaH, AroHa y =g *(x) (QyHKIUs MaBKyI.
(24.3) Tenrmama - Keriep TeHriamacuau udoaanaiim.

Jlemak, (24.3) Tenrmama, sroHa y =¢ *(x) edumra ara, 6yraa F(x ¢ *(x))=0.

3) F(x,y)=x*+y?’-Iny=0 (y>0) TeHr1ama, X HUHI (—co; c0) OPAIUKIAH OJMHIaH
Xed KaHjail Kuiimartuga edumra sra oMmac. YyHku, 1ouMo y? —Iny >0 MyHocaOaT

ypuriu. by xonjma Oepuirad TeHriama OMTTa XaM €4HUMIa dra dMac.
F(x,y)=0 TeHrnaMa ydyH, 1-XONHHMHI VPHHJIM OVIMIIM MyXUM axaMHsATra Ora.
VYuunr €épaamuia GyHKIMS aHUKJIAHUIITA MyMKHH.

X  y3rapyBUMHUHT KUHUMaTIapuaaH uOOpaT, X HUHT YHAAaH OJIUHTaH Xap Oup
KUUMaTuaa F(x, y)=0 TEHIJIaMa sroHa eduMra jsra OynraH, X  TYIUIAMHHA
Kapaiimu3. X TYIUIaMIaH UXTHEPUH X COHHHM onub, yHra, F(x,y)=0 TeHIJaMaHUHT
ArOHa €YuMHU OYNTaH, Yy HU MOC MOC Kysimu3. Hatmxkaga, X TyIuiamiaH OJMHTaH
Xap Oup X Tra, IOKOpHIa KypcaTWiraH Kouwjara Kypa, OWTra y Moc Kyumimo,
byaknus xocwn Oymamu. byHma x Ba y y3rapyBumiap opacuaard OOFJIaHUII,
udonamanran  Oymamu. Ompatna,

F(x,y)=0 Tenrmama é&pmamuaa OyHzaii

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

le q
Opkar a
Caxuda /708
TynumkKk skpaHt

Uk uw



aHUKJIaHTaH QYHKIMSA, owKopmMac pynkyus neinnaam Ba y x — y:F(x,y)=0 xabu

oenrunananu. Macanas, 2), 3) Mucosuiapiara omkopmac GyHKIusuiap,

XY= 2 J:O, x—y=¢(x): F(x,o?(x)=0

el
W-3" U Vx-3
Kabu €3mnaau.

24.1-3cmatma.  Arap F(x,y)=0 TeHIamMa OLIKOPMAac KYPHUHHUIILIATH
GyHKIUSHE aHUKJIamaca, Oab3u XoJulapna, y Ta MabiIyM IIapT KyWHIn
HaTWKacuaa OepwiraH TEHrJIama, OIIKOpMac (QYHKIHSHH aHHUKJIAIIN MYMKHH.

Macanan, F(x,y)=x*>+y?-1=0 TeHIIaMa X HHHT (-1 1) OpaJMKIaH OJIMHTAH Xap

6Up KUiiMATHIA, MKKNTA, y=—V1—X*, y=+1—x’ eunmiapra sra. Arap y ra, yHHHT
KuiimMaTiaapu [-1,0] kecmaza OYJICMH, JeraH INapT Kyimica, y Xoijaa, Oepuiran
TeHrIaMa EplaMuIa aHUKJIAHTaH,

X —> y:—\/l—T,F(x,—\/l—T):O

KYPUHHIIIATH OMKopMac GyHKIIUS XOCHI OYiaau.
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24.2. Omkopmac QyHKIUSITHUHT MaBKy/IJIUTH.

F(x,y) dyakmus M(x,,Y,)e R® HyKTaHUHI OGUPOD

Uhvk((xo,yo))z{(x,y)e R%:x,—h<x<x,+h, y,—k< y<y0+k} (h>0, k>0) arpodpuna

24.1 — Teopema.

Oepwiran 0ynub, y KyHuaaru maptiapHd KaHOATIIAaHTUPCHH:
1) U, (%Y, )) ma y3mykens;
2) x ¥y3rapyBumHHHT (X, —h, X, +h) OpanMKIaH oJMHraH xap OUp TallMH KUMMaTHIa,
y Y3rapyBYMHMHT (QyHKIUACH cu(aTUIa, YCyBUH;
3) F(x,,Y,)=0 Oyucum.
V xomma M, (X,,Y,) HyKTaHUHT OIyHIai
U,, (%0, ¥o))= {6, y)eRZ i X, =8 < X< X, + 8, Yo —6 <y <Y, +£}(0<5<h, 0<e<k)
aTpodu TONMMIIAIUKU:
a) Vxe(x,—d,%+5) yuyn F(x,y)=0 TeHrnama, sAroHa Yy edumra
(ye(y,—&Y,+¢)) ora, sean F(x,y)=0 tenrmama épmammma x—y:F(xy)=0

OILIKOpMAC KYpUHUIIAATU PYHKINS aHUKJIAHAIH,

b) x = x, Oynranaa, y =y, yHra Moc KeJJiu;
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) x—y:F(x,y)=0 omkopmac QYHKIUSA (X, —35,%X,+J) OpaIUKIA Y3IYKCH3

oynanu.

24.3. Omkopmac GyHKUUSTHUHT XOCHJIACH.

24.2 — Teopema. F(x,y) ¢yukmua M,(x,,Y,)eR? HyKTaHMHT OHpPOp
U (%, Yo )= {6 ¥) € R? 1y —h < x< X; +h, y, —k <y <y, +k} (h >0,k >0)  aTpoduaa
Oepwiran 0ynuob, y Kyduaara mapTiapHu KaHOATIaHTUPCHH
1) U, (oY) ma y3mykens;
2) U, ((xYo)) ma y3mykeus F,(x,y), F,(x,y) Xycycuit xocunanapra sra Ba
F, (XYo)#0;
3) F(x,¥,)=0.
V xomma, M,(X,,Y,) HyKTaHHHT IIyHIaM

5a (X0, Yo ) ={(xY)eRZ i X, —S < X< X, +3, Yo~ <y <Y, +£}(0<5<h, 0<&<K)

aTpou TOMHUIIAIUKU:

a) Vxe(x, -3, X, +5) yuyn F(x,y)=0 TeHrmama sroHa, y  edumra

(ye(y, —& Yy, +&)) ora, spum, F(x,y)=0 Tenrnama éppamumaa, x — y:F(x,y)=0
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omkopMac GYHKINS aHUKJTaHAIN;

b) x=x° Oyiranma, y =y, yHra Moc KeJIu,;

c) x— y:F(x,y)=0 omkopMac KypuHHIIIa aHUKIaHTaH QyHKIUs (X, —J, X, +O)
opaliuKaa y3JIyKcu3 Oyiaau,

d) omkopmac KypuHHIILAAaru QyHKIHs (X, — 5, X, +J5) OpaJIHMKAA Y3IyKCU3 XOCHIIAra

sra Oyiaau Ba YHUHT XOCHJIacu

L) (24.4)

dhopmyna 6yitndya XxpcoOaaHaIu.

F(x,y) oyrkuus, U, (%, Y,)) atpodaa y3mykcn3 HKKHHYH TapTHOIN

F.(xy) Fy(xy) F. (x,y) Xycycuil xocumajapra sra OYJCHH. Yy HHHI X TIa

OOFNMKIUTUHU YbTHOOpra onub, (24.4) Tenrnukan X OVitmda muddepeHnumamsiao,
KyWHJIAaTUHA TOIAMM3:
T 02w 2
 2RFF-FF, -FF,

- i

Xyaau I1IyHJIad, OmIKOpMac KYpUHHIJArd (YHKUUSHUHT YYMHYM Ba XOKa3o

TapTUOAAru Xocuiaaapyu TOMMIAIN.
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24.4. Kyn y3rapyBumn/m omikopmac pyHkuusiiap.
TunTtynsapack

F(X,¥)=F(X,, X100 X, Y) (X = (X, Xprees X, ) € R™) DyHKIIUS My Haapuxa
MY={xy)eR™ :a, <x <b, a <X, <b,,..a, <X, <b, c<y<d] 1-606
TYyIUIamMja aHUKJIaHTad OyacuH. Yoy 2-6060

F(x,y)=F(X, X, X, Y) =0 (24.5) 3-606

4-60606

TEHIJIaMaHu KapaiMu3. X € R™ HyKTallapJiaH uoopat, YHJaH OJIMHTaH Xap Oup
x HykTtaga (24.5) TeHriiaMa sroHa XaKHKdAW euymMra sra OyaraH, X (X cR") UnoBanap

TYIIaMHH KapaiimMu3. X TyIulamMaaH HXTHEpUH X HyKTaHd om0, yHra (24.5)

TEHIJIAMAHUHT TOHA XaKUKU €YMMHU Y HHU MOC KysiMu3. Hatmxkana, X TyrmmamaaHn

L
OJIMHTaH Xap OMp X HyKTara, IOKOpuIa KypcaTuiraH Koujara Kypa, Outra y Moc Q ' 9
KyWnnnoO, (yHKOuMs Xocua KuiIMHanW. byHpali aHuMKiIaHran QyHKOMAra, Kym J& 2l
y3rapyBunian (m y3rapyBuMiIin) OWKOPMAC KYPUHUWOA AHUKIAHeaH (QYyHKYus 1ed Opkar a
aTrajagy Ba 'y, Caxudga /708
X = (X, X yees X ) = Y 2 F (X4 Xg 000y X, Y) =0 Tynuk akpa-H

KaOu OeruiaHaIu. Unkuuw



24.3-Teopema. F(X,y)=F (X, X, X, y) yHKIHEA (X°,Y, )€ R™ HyKTaHMHT
oupop
U oh, seeern, ok (X% y,)={x, y)e R™ : x¢ —h, < x, <X +hy, X\ —h, <X, <xC+h,,....
X0 —h, <%, <XC+h,y,—k<y<y,+k} (h >0,i=12,.,mk>0)
arpodua aHUKJIAHTaH Ba y KyWHIard MapTiapHi KaHOATIAHTUPCHH:
1) W o orovst o ((xo, yo)) 7a y3IyKCH3,;
2) X = (X, Xy ey X,,) Y3rapyBUUHHHT
{XE R™:x)—h <x <x +h, x3—h, <x, <x2+h,,...x° —h_<x_<x° +hm}
TYIUTaMIaH OJIMHTaH Xap OWp TallMH KMUMATIapuaa, y Y3rapyBUYMHUHT ()yHKIIUSCH
cudaruma, ycyBuu (KaMaroBYH ),
3) F(xo, yo)z 0.V xonna, (xo, yo)e R™! HYKTaHUHT IIyHIaH
Ugis, s ve (xo, yo): {(x y)eR™ :x? =5, <X, <X+, X3 =8, <Xy <X3+ 5,y ,..n,
X0 =6 <X <X+, Y, —&< y<y0+e} (0<s <h, i=12,..,m 0<e&<k)
atpodu TomMImamMKK: @) VX e{(X, Xy Xy) €RM X =5, <X <X+,
X, =8 <Xy <X 48y, X0 =8 <X <x2+5} yUYH, F(x,y)=0  TeHrmama,

y(ye(y,—&Y,+&) #Aroma xakukuii eummra ora, sbHM (24.5) TeHrmama,
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X = (X, Xg e X ) = Y I F(X, Xp 00, X, Y) =0 OIIKOPMAC ~ KYpUHMIIZAAIH  (DYHKIMAHH
AQHUKJIAW]IN;
b) x=x° Oyiranma, y =y, yHra Moc KeJIu,;

C) OIIKOPMAC KYPHUHHMILAA AaHUKIAHTAH (X, Xy,..., X, ) = ¥V 1 F(X, X500, X, ¥) = 0

byHKIMS,

LX) X X, ) ER™ i) =8, < X, < X0+, Xy =0 <Xy <X +8ypeey X0 —

e X0 =0 <x <X’ +65 }
TYIUIaM/Ia Y3IyKCHU3 OYIIa .
24.4-teopema. F(X,y)=F(X,X,,..X;,y) dyrxmms (x°,y,)e R™ mHyKkTaHHHT

oupop

U, o, o ok (X% y5)={x, y) e R™ : x¢ —h, <%, <X +hy, X\ —h, <X, <x$+h,,....

XC—h, <X, <XC+h,, Yo~k <y<y,+k} (h, >0,i=12,.,mk>0)

aTpoduaa aHUKIAHTaH OYnIuO, y KylWHaard mapTiapHd KaHOATIaHTUPCHH:
DUy, op, vevern, ok (xo, yo) 1a y3IIyKCH3;
2) Uy up, eeorn (xo,yo) ma F (X, % Xy, ¥) (1 =10,2,m),  F, (X, Xy, Xy, Y)  Y3TYKCH3

XycycHii xocunanapra ora Ba F,(x;y)#0;

3) F(x°,y,)=0.
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Y xonna, (xo, Yo )e R™! HyKTaHUHT IIyHIAH
U L0 Y )= {6 y)eR™ X0 =8, < X < X0 +68,, X8, <Xy <X0+5yponen
xﬁ—ém<xm<xr%+5m,y0—g<y<yo+g} (0<s <h, i=12,..,m 0<e&<k)

aTpodu TONMMIIATUKHU:

a)
UX €{(X, Xy X ) ER™ iX) =8, <X, <X. + 85y, Xy =0 < X, < Xg + O

27’m

-5, <x <x’+6 }
yayH, F(x,y)=0 tenrmama, y (ye(y, —&,Y, +&) AroHa XakKuK{il €4uMra sra, SbHH
(24.5) tenrnama, x=(X,X,,....X, )= Y :F(X,X,,.... X,,,¥)=0 OLIKOpPMAC KYpPHUHMIIIAIH
(GYHKIMSIHE aHUKIANiIu;

b) x=x° Oynranma, y =y, yHra Moc KeJIu;

C) OILIKOPMAC KYPHHHMIIAA AHUKIAHTAH (X, Xy ..., X, ) = ¥V F(X, X500, X, ¥) = 0

byHKIHS,

LX) Xy e X ) ER™ 1 X0 =8, <X, <X. + 8y, Xy =0 <Xy < X5 +Fypey Xo =, <X, <X0+3,}

TyIamaa y3nykcus Oyiaau.
d) omkopmac KypuHHIIAaru GYHKOAS Y3IYKCHU3 XYCYyCHM XOcCWjamapra osra
oymaau.

24.1 — mucou. Yoy
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y* —4x?y? +sinx=0

TEHIJ1aMaJaH Yy HH, OIIKOP IIAKJIAA, X OpKajiu hdoanaHr.
Tntynsapack

Eunnumm. y? =z anmamTupuin oaud, z> —4x*z +sinx =0 KBaapar
My HpapuxXa

TeHIIamara sra 0ynamus. Bynnan, y? =z,, = 2x* +4/4x* —sinx, y* >0 Oynranu 1-606
y4yH, KBaApaT WIAU3 ojauaaru “+”°  UIIOpaHU OJIaMU3: 2-6060
yzi\/2x2+\/4x4—sinx. 3-606

4-606

24.2 — mucoJa. Yoy
MWnoBana
y?=2x°y+x® —x* +x* =0 (24.6) >
TeHIama, y Hu M,(0,0) HyKTa atpoduaa x HUHT OMp KUMMATIIN Y3IIyKCHU3

byakusacu cudaTuaa aHUKIaAnIuMu ?

- >
€ »l

Opkar a

Eunimnmm. F(x,y)=y? —2x°y +x° —x* +x%, F} =2y—-2x°. By xocuma M,(0,0)
HyKTaga F 'y(O;O) =0 Oymamu. Jlemak, omkopmac (GYHKIMSHUHT MaBXYUIUTH Ba

Y3IYKCU3NUTH Xakuaaru 24.1 — reopeManuHr mapTiapu Oaxapunmanau. LIlyauar
Caxuda /708
y4yH, OepuiraH TEHrjama, MO(O;O) HYKTaHUHT aTpoduaa omKopMac QyHKIUSIHA
TynumkKk skpaHt
aHUKJIamMaiau. XakukataH xaMm, (24.6) TeHriamaHu y Ta HHcOaTaH e4uo,
YUnmkunuw

y =x> £ xvVx* -1 HE XocuI Kuwnamu3. by ¢pyHkmusnap x =0 Ba |X>1 Ja aHUKJIAHTaH



0yamu0, M,(0;,0) HykTanuHr atpoduma, (24.6) TeHIIaMaHW KaHOATIAHTUPYBYH
M,(0;0) HykTamaHn OomiKa OMpopTa XaM HyKTa MaBxyj omac. M,(0;0) HykTa- srpu
YU3UKHMHT SKKAJIAHTaH HYKTacH Oyap SKaH.
24.3 — mucoJ. Yoy
ye* —xIlny-1=0

TeHama, x =0 HyKTa arpoduaa, y3iaykcu3 y= f(x) QYHKUUSHA aHUKIadauMm?
Arap anukiaca, 0y QyHKIMs xocuiaara sramMu? Arap xocuiara sra 0yica, YHUHD
XOCHUJIACHHH XUCOOJIAHT.

Eunnumm. ye* —xIlny-1=0 TteHrmamara x=0 KuiMaTHH Kyino, y=1
OyaumuHn  Tomamu3. Ouau M, (0;1) mHykTa arpoduma F(x,y)=ye* —xIny-1
GyHKIUSHUHT 24.2 — TEOpPEeMaHUHT MIAPTIAPUHU KAaHOATIAHTUPHUIIUHU TEKITHPHUO
Kypamus:

1) F(x,y)=ye*—xIny-1 ¢yHkuus, y>0 sSpuM TEKHCIMKIA AHHUKJIAHTAH,

Y3JIYKCU3. Y HUHT XyCYCHM XOCHJIAJIAPU MaBXKy/]l Ba y3IIYKCHU3:

F.o=ye*—Iny, F, _er X
y
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2) F,(01)=¢° —%:1;&0.

Mynmait kunub, 24.2 — TeOpeMaHWHI IIapTiIapu Oa)kapwiaad, LIyHHHT
ye* —xIny—1=0 Tenrnama M(0;1) HykraHuHr arpoduma x — y(x):ye* —xIny—-1=0
KYPUHHIIJATH OIIKOPMAac y3IOyKcu3 (YHKIMSHM aHUKIaiam. By omkopmac

byHKUMA, KyWHJard y3JIyKCU3 XOcuiiara ara:

: F, ye* —Iny y(yeX —In y)
y Z—FZ— X - .
y P yer —X

y

24.4 — mucoa. Yuioy xe”’ —ylnx—-8=0 omKkopMac KypuHHUIIIa OEepHran
GYHKIUSTHUHT OMPUHYH Ba UKKUHYH TApPTUOIH XOCHIaIApHHH TOTIHHT.

Euniaumu. xe” —ynx-8=0 TEHIIUKHA X Oyinya (y HH X HHHT

byakuusacu, n1ed kapad) ukku maprta quddepeHnmamianMms:

a)e” +xe? -2y —y -In x-J -0
X
b) e? -y +e? .2y +2x(ery -(y')2 +e2y-y")— y nx-Y X Z_y =0.
X X

a) J1aH
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X_eZY

e Y
X

T ! 24.7
2%e? —Inx Inx—2xe? ( )
b) man
' 2 2.2 '
Bty s

2xe?Y —Inx

Arap (24.8) nma y HuHr ypuura (24.7) naru udomaHu KenTUpHO KYyicak,
HAaTWKaJa y HUHT X Ba y OpKajau u(omaacy TOMHIAIM.

24.5 — mucour. YOy z° —3xyz =8 tenrnamanudr M, (0;-12) Hykra aTpodua,
arona, z=f(x,y) omkopmac (QYHKUMSHM AHUKJIAIIUHA HCOOT KUJIMHT. YHHHT
z,(0;-1) Ba z,(0;—1) XycycHit XOCHIaNTaPHU TOIMHT.

Euwmmm.  F(x,y,z)=2°-3xyz -8 ¢dyrkuus M, (0;-12) nHykra arpoduma
muddepennuamianysun. Yauer F, =32° —3xy =3(z2 —xy) xocmmacu M, (0;-1;2)
HyKTaJa y3Iykcus, xamaa F(0;-1,2)=0, F,(0;-1,2)=12 % 0. [lemax,

24.4 — TeopeMaHMHT Xamma TmmapTiapu Oaxkapwnanu. Lllyaunr yuyn, Oepuiran
M,(0;-12) nubdepennuanianysun, z= f(x,y)

TCHIJIaMa,

HyYKTaJla SroHa,

KYPUHUIIJIATU OMKOpMAac (YHKIUSIHA aHUKJIAN]TH.
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z=f(x,y) pyHKIHsHUHT (0;—1) HYKTagarn KAUMAaTHHA XUCOOTaiMuU3:
2°-3.0-(-1)-z-8=0,2°=8,z=2.
Ouau z° —3xyz =8 TEHIJIAaMaHH, MOC pPaBMIIa, x Ba Y Oyiinua
g depeHunamIaiMms:
3z%.z, —3yz -3xyz, =0, (24.9)
3z% -z, -3x2—3xz—3xy-z, =0 (24.10)
(24.9) ra x=0, y=-1, z =2 KuiMaTIIApHU KEITUPUO KYHHO,
3-4.z, -3-(-1)-2-3-0-(-1)-z, =0, z,=-05
OYIUIINHYI TOMIAMU3.
(24.10)ra x=0, y =-1, z =2 KuAMaTIAPHH KCITUPHO KYHHO,
3-4-z,-3:(-1)-2-3-0-(-1)-z, =0, z,=0
SKAHJIUTUHHU TOIIAMU3.
24.6 — mucoa. Yoy cos® x+cos’ y+cos’z=1 TeHriama OWIaH aHHUKIAHTaH

z(x,y) omkopmac (QYHKUMSHMHT  XyCyCHH  XOCUIANApMHK  Ba  TYJIMK

nudpepeHuanTuHy TOMUHT.

Eunianinn. cos® x+cos” y+cos’ z—1=0 TEHIIaMaHW, MOC PaBHUINIa, X Ba Y
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Oyiinua (z HM x Ba Y HUHT QyHKIMCH, 1e0 Kapald) auddepeHmamniaimmus:
—2cosx sinx—2cosz-sinz-z, =0
—2cosy-siny—2cosz-sin-z, =0.

: sin2x _. sin2y
by Tenrnamanapnaan, z, =—— 2, =——
sin2z sin2z

XyCYCHI XOCWJIaJJapHU TOIIAMMU3.

Wkxu y3rapyBumim QyHKIUSHUHT TYIUK JudpepeHnnaniiu Tonui Gopmynacura

acocas,

sin 2x dx + sin 2ydy

dz=-z.dx+z. dy=—
X y& sin 2z

24.7 — mucoar. Yoy x* +y? +z° = 2z TeHriaama Ouilad aHuKianrad z(x,y)
(GYHKIIUSHUHT XyCYCHH XOCUJIaaapy, OMPHUHYH Ba UKKUHYN TAPTUOIH TYIIHUK
muddepeHIagIapuHu TOTTHHT .

Euniaumu. x° +y? +z° = 2z TeHIrIaMaHu, MOC paBUIlIa, x Ba Y Oyiinua

b depeHnmamiaiMms:
2x+22-2, -2z, =0, (24.11)
2y+2z-2,-22, =0, (24.12)
Bynnamx, z'xz—i, A dz = XYy

z-1 7 z-1 1-z
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(24.11), (24.12) napuu, Moc paBuiIia, x Ba Y Oyinda quddepeHmaianmms:

v \2 " "
1+(zx) +z2-2,-2,=0,
v \2 " "
1+(zy) +2:2,-2, =0.

by Tenrnamanapaas,

2

X
. 1+ ——

. 1+(2) +(1—z)2 (1-2)° +x?

Z , = = =

S T () i (W

@-z)f +y*

2, =

Y @-2)
(24.11) um vy OVimua, (24.12) HU X oyiinua auddepeniumamiad,

Xy " Xy

Z = =

Xy (1_2)3 T (1_2)3

GYHKIMSHUHT UKKUHYU TapTUOIH nudpepeHrantiiy TOMUII KOUacura acocaH,

2 2 2 2
d’z= gdx+£dy z:ﬁ—fdx2+2 oz dxdy+a—§dy2 =
x oy x X0y oy

_([@-zf+x° 0l 2

@-2)° @-2)°

2 2
(1_ Z) +y dy2

(@-2)°

dxdy +

apajam XocwiajJapHu Tomamu3. HWKKW y3rapyBUMIN
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24.5. Tenraamajgap cucreMacd OWIAH aHUKJIAHAAUIAH OLIKOPMAC
(pyHkumsIap.

Yoy F (Uy,Uy,..,U,, X, X, e, X, ) (i =1,M) pyHKIMSIIAD GHPOP

D = {(Uy,Uyrooes Uy s X, X oo Xy ) € R™ 8y < X, <By,end, < X, <D

1Y

c, <u, <d,..c, <u,<d }

m?

Ty1iamaa oepuirad OYicuH.

F, = F(u,,Uy,...,U, , X, X, e, X, ) = O,

1Yy 1 N m

F2 :FZ(ul’UZ""'un’Xl’X2""’Xm) 0’

(24.13)

TEHJaManap  CHCTEeMAaCHHH Kapaimms. X =(X,X,,.,X,)  Y3rapyBUMHHUHLT

KAAMAaTIapuaaH noopart, YHIaH OJMHIaH Xap Oup X = (xl X yeeny xm) HYyKTaja
(24.13) cucrema srosHa u,U,,..,u

euuMJiap CHUCTeMacura odra Oyiras,

n
D, = {x eR":a <x <b,...,a, <x, < bm}c R™ TymnaMHu Kapaimui. D, TyrmamaaH
OJIMHIaH UXTHEPHH X =(X.,X,,..., X, ) HyKTanu onub, yura (24.13) cucreMaHuHT
ATOHA, U,U,,....,U, €4AMJIap CUCTEMAacHHU MocC Kysamu3. Hatmxana, D, TymnamuaaH

OJIMHTaH Xap Oup X HyKTara, OKOpHaa KypcaTuiraH Koujaara kypa, u,,u,,...,u, Jiap

MOC KYyHuianoO, n Ta GyHKIUs Xocun Oynaau. byHpall aHukianradn QyHkuusiap,
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(24.13) Tenrmamanap cucTeMacu €paaMHia aHWKJIAHTAH OWKOPMAcC QYHKYusiap
cucmema ne6 aTanaau.

24.5-Teopema. F.(i=1n) (GyHKIUSTApHUHT Xap oupw,

(uo, xo)z(uf,ug,....,ug, xfxgxﬁ) HYKTaHUHT OUpOp

Uk,h(uo’XO):Ukl,kz,...’kn thy thy trh ik (Xov YO):

= {(u x)e R™™:ul —k, <u, <u +k,, ud—k, <u, <ud +k,,..,ul =k <u, <ul+Kk_,

X\ —h <x <xX+h, x)—h, <x, <x3+h,,... x5 —h <x <x2+h }

(h)>0,i=12..,m, k; >0, j=12...,n

arpodu1a aHUKJIaHTaH OYIIHO, yinap KyWnaard mapTiapHu KaHOATIaHTHPCHH:

HU,, ((u° ,X° )) Ja y3IyKCH3,;

2U,, ((u0 , xo)) na bapua XyCycui XOCHIajgapra ra Ba yjiap y3IyKCu3;

3) Xxycycuil XOCHJIaJapHUHT (uo,x") HyKTaJard KHiAMaTiapuaaH Ty3WIraH

JEeTEPMUHAT HOJTaH (apKiIn:
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oF, oF,  oF,
8u1 * uz |||||||| aun

oF, oF, oF,
T
oF, oF, oF,
T o

4) (°,x°) mykrana F,(u°,x°)=0 (i=1n).
VY xonsa, (uo : x°) HyKTaHUHT OIyHAal U, ((uo, x°))= Uss s s, ((uo,xo))
(O< 5 <n <h,i=1m 0< g <Kk, zl_n) atpodu TOmMMIIAIUKH, Oy aTpoda:
a) (24.5) cucrema, omkopmac GyHKIHsIIAp CHCTEMACHHH aHUKJIANIH,
ynapsu U, = f,(x,X,,...,X, ), i =1,n OpKaIu Oenruiaimms;
b) x=x° myktama f,(x°)=y?, i=1n, Gymamm;
C)  OIIKOpMAac byHKIMATIAp

KYpUHHIIIAA

aHMKJaHraH  f, (i = 1_n)

TyIJIamMJa  y3JIyKCM3  Ba

Y3JIIyKCU3 XyCYCH XOcHiianapra 3ra Oynau.

24.8 — mucou. Yoy
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X+y=Uu+V
Xy+y=1

Tntynsapack

cucrema, (L1 2,0) HYKTQHHHT arpoduma, omkopMac (QYHKIUSIAPHU
. My HpapuxXa
AHUKIIAUIUMHA ?
1-606
Eunwmmm. Pasmanku, F(X,y,u,v)=x+y—-u—-v, F,(X,y,u,v)=xy +yw-1
2-606
byHKIUsATIA (1; 12 ,0) HYKTaHUHT atpoduia y3IyKcu3 xamja 6apya 606
3-60
OF,  OF R __ R __, 1 6oc
OX oy ou ov
oF,  oF, 8F2_06F2_ MnoBanap
ax_y’ay_’éu_ oy Y

XyCYCHM XOCHJIaJIapra 3ra Ba yJiap XaM Y3JIyKCH3. (1; 12 ,0) HyKTazga

oF, oF, Qf _‘9
u v _tTho _ _ _ :
oF, oF, ‘0 j_ 1#0, F(1,120)=0, F(1L20)=0. I¢ »l
o Opkar a

emak, 24.5 — reopemara xypa, Oepuiarad cuctemMa, U Ba V JIApHH, X Ba
A ’ p ypa, bep ’ P y Caxuta 677/708

y3rapyBUMIapHUHT (YHKIHUICH CH(aTHIa AaHUKTANIN:
TynumkKk skpaHt

1 1
U=2Xx+y—-—, v=——X. W) 7 (% pal
y
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24.8 — mucod. u(x,y) Ba v(x,y) omkopmac GpyHKIMsIIAp, YOy

XU+ YV =4,
yu—-v=0

CHCTEMa OpKadM aHMKiIaHraH. Arap x=1, y=-1 ma u(x,y) Ba v(x,y) QyHKOUsIap
ul-1)=2,v(,-1)=—2 KuiiMaTIapHu KaOyn KWica, y XoJja yJIapHUHT Oapua
XyCycuil  XOoculanapd, ~— OMpPMHYM  Ba  WKKMHYM  TapTUONM  TYJIHK
b depeHnramiapuHy TOTHHT.

Euninumu. Bepunran cucreManu ukku Mapra auddepennuaniaiMus:

{udx + xdu + vdy + ydv =0, (24.14)

udy + ydu —dv = 0.

dudx + dxdu + xd ?u + dvdy + dydv + yd >v = 0,
dudy + dydv + yd u —d v =0.

{dedu +xd ®u + 2dydv + yd >v = 0, (24.15)

2dyd “u + yd >u —d?v =0.
(24.14) cucremara x=1, y=-1, u=2, v=-2 KAUUMATIapHUA KEATUPUO KYiHO,

2dx + du —2dy —dv =0, Sxcnt dv = dx
2dy —du—dv =0. du = 2dy — dx
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ov .
DKAHJIUIMHU Tonamu3. byHnan, = =/ Xynau LyHzaau,
X

x=1y=-1 u=2,v=-2 KuUWMamIapHU, Xamaa dv Ba du JApHHUHI, IOKOpPUIA
TONWITaH, KuhmMatiapunu (24.15) cuctemara keaTupubd Kyiuo,
{de(Zdy —dx)+d?u + 2dxdy —d?v =0, - {6 dxdy — 2(dx)* +d?u—d?v =0,
2dy(2dy — dx)—d?u—d?v =0. 4(dy)* —2dxdy —d?u—d?v =0
OYIUIIMHY TOMAMU3.

bynnan,

d2u—d?v =2(dx)* — 6dxdy,
d2u+d?v =4(dy)’ - 2dxdy,

d%u = (dx)* +4 dxdy — 2(dy)?,
d?v =—(dx)* + 2dxdy + 2(dy)’.

Jlemak, MKKH Y3rapyBUWIM (QYHKIUSHUHT UKKUHYH TapTHOIU nuddepeHnmnanuiu

TOTIHIIT dhopmymacuHu pTHOOpTA OJICaK,
2 2 2 2 2

a—l,j: , ou =2, 6_\2/:_1, oV =1, 8_\2/:2 JIJApHU TOIIaMMU3.

OX oxdy OX oxdy oy

MycTakuj e4ui y4yH MUCOJLIIAP

Ky#tungaru tenrmamanapau y ra aucOaran eun0, X HUHT QyHKIusAcH cudaruaa

rndomananr.
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24.1. y* —5x*y +4x* =0. 24.2. y* —4x*y? +sinx =0.

24.3. X" _x®—6=0. 24.4. x*y* —3y® +6x°y* =3y +x* =0.
24.2. Kylingaru TeHriamanap CUCTEMacMHM, Yy Ba z Jiapra HucOataH e4uo, X
HUHT QyHKIuUsicu cudaruaa udoaaiaHr.

2

y+2z=x°, yz = x*,

24> { y+z+x(y?+22)=3x-1.

24.6.
y? —yz + 2% = 6x. {

Kyiingarn TeHrimamanap, KypcaTHIraH HyKTa atpoduia, omkopMac (QyHKIUSHU
aHUKJIauIuMu?

24.7. F(x,y)=y* +xy+y*-3=0, AL 1)

24.8. F(x,y)=x® —3axy + y* =0, A(a 34; a i/i)

24.9. F(x,y)=e’ +ysinx—x>+7=0, A(2;0).

24.10. F(x,y)=x(x? +y?)-alx?-y?) A0; 0)

Kyiiugaru omkopmac kypuHuiiga OepwiraH GyHKIUSIApHUHT — Oepunrad A
Hykraga f,, f Xycycuii XocunamapuHu XHCOONaHT.

24.11. u® —2ux+uxy —2=0, A1) 24.12. u® +3uxy +1=0, A(0; 1)

24.13. €' —xyu—2=0 AL 0). 24.14. u+In(x+y—u)=0, AL —1)

Kylinnarn omkopMac KypuHUIIAArd QYHKUUASJIIADHUHT OUPUHYM  TapTUOIU
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XOCHJIACHHUHT OepuiiraH HyKTaJaru KHAMaTHHU TOTIMHT.
24.15.x°* —2y? +xy =0, (L 1). 24.16.x* +xy +y? -7=0, (L 2).

Kyliugarn omkopmac KypuHuiiaa Oepuiran QyHKUUSTApHUHT OUpUHYM Ba
WMKKHHYY TapTUOIN XOCUIIaJapuHN XHUCOOJIaHT.

24.17. x* —y*—4=0. 24.24. 1+xy—|n(exy+e’xy)=0.

24.19. 2cos(x—2y)—2y+x=0. 24.20. x*+y* —3xy =0.

Kyitnnarn omkopMac KypuHHIIAard GYHKOUSJIAPHAHT OWPUHYH  TapTHOIH
XOCWJIACHHUHT OepwiITaH HyKTaJard KNAMaTHHHU TOTIMHT.

24.21. 22 —xy+yz+y>-2=0, (L 1 1).

24.22.sin(x+y)+sin(y +z)+sin(x+z)=0, (7; 7; 7).

Kylinnaru omkopmac KypuHuiiga 6epuirad GyHKIUSIAPHUHT OUPUHYN TapTHOIH
XYCYCUH XOCHJIAIapUHU Ba TYIUK nudepeHnraniiapuau XucoOIaHT.

24.23. x* +y* +12* -6x=0.

24.25. 7> —xy =0.

24.24. x* +y® +2° —2xz =a’.
24.26. z° +3x’z—2xy =0.
Kyiiugarn omkopmac KypuHMIga Oepuiarad (QYHKIUSJIADHUHT OWUPWHYMA  Ba

WMKKWYY TapTUOIH TYIUK Au(depeHinaiiapuii XucoOIaHT.
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24.27. x* +y? +2? —22=0.  24.28. 7*—3xyz=a°.  24.29. 3) x—zIn§=0.

u+v=yx,

24.30. u(x,y) Ba v(x,y) omkopmac KypuUHUIIAArH GYHKIHUsIIAP, YOy {u W0

CHCTEMa OpKadM aHWKIaHran.  u(x,y) Ba V(X,y) OLIKOpPMAC KypHHHIIIArH

GyHKUMATApHUHT OMPUHYM Ba WKKWHYM TapTUOIM TYIUK nuddepeHunamiapuam

XMCOOJIaHT.
24.31. u(x,y) Ba Vv(Xx,y) oOImKOpMAC KYpUHHUILAArd QYHKUIHUIAp, yHIOy
XU+ yw=1
cHCTeMa OpKand aHuKiadrad.  u(x,y) Ba v(x,y) omkopmac
y+Xx+u+v=_0

KYpUHUIIAArd (YHKIUAJIAPHUHT OWPUHYM  Ba  MKKHHYMA TapTUOIM TYJIHMK

muddepeHamIapuHl XUCOOIaHT.

24.32. u(x,y) Ba v(x,y) omkopMac KypuHMIIZard (QyHKOMAIAp, YOy
U+V=X+y,
_ _ cHCTEMa OpKald aHukigadnraH. u(x,y) Ba v(x,y) omkopmac
ysinu—xsinv=0

KypuUHHUIIIATH (GYHKIASJIAPHUHT OWPUHYM  Ba  MKKWUHYMA TapTHOIW TYIIHK

nudpepeHramIapuHl XUCOOIaHT.

Tntynsapack
My HpapuxXa
1-606
2-606
3-606
4-606

MnoBanap

-
le q
Opkar a
Caxwua 682/708
Tynuk skpat

Uk uw



MycTakuji e4uil Y4yH MUCOJUIAPHUHT KaB00J1apu

24.1. y=4x*, y=x*. 24.2. yzi\/sz +ax? —sinx. 24.3. y=5/In(x® +6)—x".
_ 3++/9-16x" i\/(3+\/9—16x4 )2 16, 3-+/9-16x" i\/(B—\/9—16x4)z -16
- 4 s 4 '

24.4. vy,
x?’i‘/8x—1x6 x3$‘/8x—1x6 1 —14135x°
245, y= 3 ;- 3 24.6. y,, = —{=TVITOX
2 2 2 2X
2 2
—1++/1+5x° ) 1 —1+v1+5x® _ |[-1++1+5x° )
BT ) e T )

24.8. Anukiiamaiian. 24.9. AHuxianam.

24.11. (1, 1)=g, f, (& 1)=—§.

24.7. AHuUKIannun.

24.10. AHukiIaMangu.

24.12. 1,(0;1)=1, f (0;1)=0. 24.13. f (L 0)=1, f (L o):'”—z.
24.14. £,(L -1)= fy'(l;—l):—1 lu , Uy— U-+Inu=0 TeHIIAMAHUHT WIIH3H.
+ 0
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24.15.

24.24.

24.20.

24.21.

24.23.

24.24.

24.25.

24.26

24.27.

4 4 C_X e YR-X
—. 24.16. ——. 2417. y, ==, y, =
3 5 =y y’
) 24.19.y, -2, y., =0,
X X 2 X

C Xy (xz—y)(yz—x)JFZX(yz—x)2+2y(x2—y)2
Ys=T—21 Y = 273 '

X—Yy (X=y?)
o Lo _ 3 o400 & - &
ax(l;l;l) 4 6ylll 4 ax(ﬂ';ﬂ';ﬁ) ay(,z-;,[;,[)

oz 3 o -y 1

2 _27X Z_TY gz ==[(3-x)dx— ydy].

el ~[(3—x)ax— yay]

a =1, @zi, dz=dx+idy.

ox oy X-—1 X—1Z

or_y oz_ X dZ_ydx+xdy

x 2z @8y 21 2z

oz 2y-6xz oz

_ (2y-6xz)dx+ 2xdy

C X ix+yi8y 3(x* +y? 3(x* +y?)
2
dZ:xdx+ydy’ 427 — 1— 27+ X 1-24% o, 2Xy3dx 1—z—+);
1-z (1-2)° 1-2) @-2)

2
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3 4 2 2.2
2428(1_!Eﬁil§Q g2 = 27 (o, 5 2(20 = 202" - X7y

2° = xy (z—xy)° (Z—xy)°
2 2
DAGE, B e, (de—Xsdy)_
y(x+2) (- xy)
24.30. du ydx+vdy’ dv = dx— vdy 42U = 2(dxdx —vdy?) div=_du.
1+y 1+y 1+y?
24.31. dy= Y-Wdx+(y-vdy . (x-udx+(x-v)dy
X=y y—X
== Ly v ux)by +(a X))
L=
2432 du _ (sinv+xcosv)dx—(sinu — xcosv)dy
XCOSV+ ycosu
dv = (=sinv +ycosu)dx + (sinu + ycosu)dy
XCOSV + Yy Cosu '
42U = —d2y = (2xcosV + xdvsinv)dv — (2dy cosu — ydusin u)du.

XCOSV + y COSU

3
dxdy +
(z
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1-unoBa

bab3y YN3MKJIAPHUHT TEHIJIaMaJIapu Ba rpadukiapu

¥ ¥
—a<0
—a=0
“a>0
5 Fos 0 X
—ag<0 —a<l
—ax=0
1. Parabola: y=ax’, : 2. Kubik parabola: y=ax’,




A
¥
) _
4 —a<0
x
A
¥ A

Y - -

o  Opkara
y=-fx

5. Parabola: y* = x , 6. Kubik parabola,



.
2
y=x’
{Bbas-
o] X
. 3 2 . | X= f3
7. Neyl parabolasi: y* = x* yoki e
.]I = f

—y=a‘la>l)

—y=a"D<acl)

L]

e} X
8. Yarimkubik parabola: y* =, |* ="
- YarimkubiK parabola: y- =x7, |1'=f3

—y=lg,xDcazl)

e—y=log,xla=1)

0 X

9. Ko’satgichli funksiyva: y=a".

1 X

10. Logarifmik funksiya: y = log_ x.
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1
y=cosecx=——

y=s8ecx=
CO8X sinx
| A1 oy oy Tutynsapack
A A | AW M
o ‘\J X/ 1\\ /1 YHOaAapWXa
0 _ | 1-606

2x %1'_: dn X 2-606
7 3-606
! 4-606

11. Sinus va kosinus funksivalar. 12. Sekans va kosekans funksiyalar.
MnoBanap

y=Arcsinx
Uk uw

Y{ ; Y
¥ =tgx —| ¥ |+ y=ctax { i ? y;'AfCCOSI Qﬁ”' g
NS oy | ’
Ny=Arcsink _ i 7@
31t , %‘ i/] y=arccosx Q l
1 y-—-' L y=arcsinx Y-y
é&l. v ' : Opkar a
al : z AT X i O TR P
B;r -x ]I{ -1 !ff 3; iz E
il =7 7 7 =18 s’ 4 Caxwua 689/708
i i | y=Arccosx
R % 1 i Tynuk skpat

13. Tangens va kotangens funksiyalar. '/



i Wi
. y=Arctge P
yarelpr 2 3
__% LE t s
7 f9= reclgx
F-2-L70r2 8 X K =arcetgx
f 3 g4t e
ﬁci X W #2246 A
e g x
_%! "2 sy~Arcetgx
R

14. Teska trigonometrik funksiyalar.

e
o yomothie
e -e

. J-..-L_;-'P'.‘:.

16. Giperbolik tangens va giperbolik
kotangens funksivalar.

b4 y:chh%%

< y=shx=

&' —e

15. Giperbolik sinus va giperbolik kosinus

funksiyvalar.

17.Dekart vaprog'i:

3af 3at®
= p=

v= Lx=

L+1* 1+ ¢

,\
—d

41 —ax =0,

Jasm gcos .
5 geose. az=0)
S @+ C0s @
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18, Sissoida: x* +(x-a)y’ = 0,

19, Strofoida: (x+a)x” +(x-a)v’ =0,

| | -a !
20. A:lru:sa: (f’*' Vv —a'y -27a'x"y =0,
X hy=a.,

{x - acos’ 1,

y=asin’t

at’ at’ 2asin 2 a(t’ 1) at(f - 1) acos2e
S Y s 0), = = = a
* 1+r"y 1+0 £ cosgp = i 141 ¥ 1+F [ 4 e (a>0).
¥
! \;Za > R
N N NS
Y A"
| —2ra 0 lra X |

| 21. Sikloida: amwza_y’_{;:“(‘*mﬂ’ 250

a

=afl-cost), |
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22. Troxoida: x=af- Asint, y=a- Acost. 3 1 2
s ] 13 pitine X, ¥ x=acosl, b

23. Ellips ;__b____:1 {‘ acod P ) 4 - 6 0 6

v - bsint, a—coosg
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24.Giperbola: Y x = ach, p= bi 25, Parabola: y*=2px, JX= 5
y=bsht, a-ccosg Unkwuw
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26. Garmonik tebranish: y = Ae™ sin{wx + a). ”) p = aq) (a > 0)'

; Opkar a
1

X =
R

b)p=apl(a<0), d)y p=ap+I(a>0,1>0).
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e) p=ap+i{a<0,l<0),

27. Arximed spirallari: o). b), d). e).

B p=2+1(a>0,I>0).
@

28. Giperbolik spirallar: «). b).

o)
i

a) p=b" (b>0,a>0).
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v A

O O\ o
N

>)

b) p=b7 (b>0,a<0).
29. Logarifmik spirallar: «). b).

A

&};
&paqf (a<0).

dl
N

a) p= atpz (a>0).

-

dyp=ag -1 (a>0,120).
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My Hpoapuxa
P 1-606
RO /%\ oo
- 2-60
/ 4-606

a
g p=—(a<0).
@

)

MnoBanap
30. Galiley spirallari: a).b).d).¢). ). 2). 31. Ferma spirali: pz o 02¢).

& 1 « »

//—\ I =l
Opkar a
o : B :
O__/ 4 Caxuda 697/708
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32. Parabolik spival: (o — 1)’ =a’@ (1> 0). 33. Jed spirali: p* = — (a > 0). Hnkwuuw
@

()

|




a
p—_
P ¢ *
a
b) p=asinlg.
a) p=acosle, 34. Uch yaproqli ativgul: a). b).
A
Y
- A
a

Z/ N

) p=asin2g.
a) p- acosp . 35 To'rt vaprogli ativgul: a), b).




N

a)2a>1.

&)

=
A

d) 2a<l,

(Y
_/

jEma-

v A

d p

B
\/ X
by 2a=1.

v A

Y

i
N

e) p=2a(l—cosg), 2a>0.

36. Paskal chig’anog’i: p=2acosg+1,
a). b), d). e).
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37. Kardioida: g = 2a(l +cos¢),

(x +y)(x + ¥ —2ax)-ay =0,
x = acosf(l+ cosf),

{y = asin 1+ cos?).

p=actgp.

Y

ax

38. Bernulli lemniskatasi: o' = a’ cos20,

(2 +37f ~a(-17)=0

r A

—3an

%

40. Makloren trisektrisasi: p= ~~

cos—
3
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41. Koxleoida: p=

sin
P 8

by a=1I>0.

a) a>I>0.

d) I»a>0,

42. Nikomeda konxoidasi: p= _i+l. a). by, d).
Smao
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43. Anyezi gajagi: (x' +a')y—a’ =0,

asin’ g

cos@

Y

45. Gauss funksiyasi:y =




Yy A




2- UJIOBa

AMaauéTaa Kyn yupaiaurad 0ab3u y3rapmaciap Ba YJIAPpHUHI KHIMaTJIapu

Muxknopiap X Ig X Muxkngopiap X Ig X

P 3,14159 | 0,49715 % 0,36788 | -1,56571
27 6,28318  0,79918 ¢ 7,38906 = 0,86859
% 1,57080  0,19612 Je 1,64872 0,21715
% 0,78540 | -1,89509 e 1,39561 0,14476
% 031831  -150285 @ M=lge | 043429  -1,63778
7 9,86960 | 0,99430 % ~In10 | 2,30258 | 0,36222
Jr 1,77245 0,24857 | pagman ~ 57° 17" 45"

Y 1,46459  0,16572 arc1’ 0,01745 = -2,24188
€ 271828  0,43429 g 9,81 0,99167
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