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SO‘ZBOSHI

Respublikamizda kadrlar tayyorlash Milliy dasturining birinchi (1997-
2001 yillar) va ikkinchi bosqgichlari (2001-2005-yillar) yakunlandi. O‘tgan
vaqt mobaynida Respublika Oliy ta’limi tizimida katta o‘zgarishlar bo‘ldi,
xususan, yangi Davlat ta’lim standartlari ishlab chiqildi va tasdiqlandi. Ilm-
fan jadal taraqqiy etayotgan, zamonaviy axborot-kommunikatsiya tizimlari
vositalari keng joriy etilgan jamiyatda turli fan sohalarida bilimlarning tez
yangilanib borishi, ta’lim oluvchilar oldiga ularni jadal egallash bilan bir
gatorda, muntazam va mustaqil ravishda bilim olish vazifasini go‘ymoqda.

Qabul qilingan yangi Davlat ta’lim standartlarida ilg‘or chet el oliy
ta’lim muassasalarida keng qo‘llaniladigan va yaxshi samara beradigan mus-
tagil ta’lim olish usuliga asosiy e’tibor qaratildi. Talabalarda o‘quv ada-
biyotini mustaqil o‘rganish va undan foydalana bilish malakalarini hosil
gilish, mantiqiy fikrlashni o‘stirish va matematikaviy madaniyatning umu-
miy saviyasini ko‘tarish, tatbigiy masalalarni matematikaviy tomondan tek-
shirish malakalarini hosil qilish va bu masalalarni matematikaviy tilda ifo-
dalashga o‘rgatish magsadida o‘quv dasturlariga matematik analiz fanidan
mustaqil ishlar kiritildi va o‘quv rejasida ularga mos soatlar ajratildi.

Ushbu gqo‘llanma matematik analiz fani chuqur o‘rganiladigan univer-
sitetlarning talabalari tomonidan mustaqil ishlarni bajarishga mo‘ljallangan
bo'lib, u bakalavriatning «Matematika», «Tatbiqly matematika va informati-
ka» va «Mexanika» vo‘nalishlari Davlat ta'lim standartlariga mos keladi.

Qo‘llanma to‘qqiz paragrafdan iborat bo'lib, 1-§ da matematik analiz fa-
nidan mustaqil ishlarni bajarish jarayonida kerak bo‘ladigan asosiy formula va
qoidalar keltirilgan. Qolgan paragraflarda esa «Ketma-ketlik va funksiya limi-
ti», «Funksiya hosilasi va differensiali, ularning tatbiglari», «Aniqmas va anig
integrallar, ularning tatbiglari», «Ko'p o‘zgaruvchili funksiyalar», «Sonli qator-
lars, «Funksional ketma-ketliklar va qatorlars, «Xosmas va parametrga bog‘liq
integrallars va «Karrali va egri chizigli integrallar, Sirt integrallari va maydon-
lar nazariyasi elementlari, Furye qatorlari» mavzulari bo‘yicha 8 ta mustaqil
ish tavsiya etilgan. Har bir mustagil ishni berishdan avval shu mustaqil ishni
muvaffagiyatli bajarish uchun lozim bo‘ladigan asosiy tushuncha va tasdiglar
keltirilgan (A bo‘lim). B bo‘limda talaba bajarishi va keyin topshirishi lozim
bo‘lgan 21 ta variantdan iborat mustaqil ish vazifalari tavsiya gilingan. D
bo‘limda esa talabaning mustaqil ishni bajarishini va undagi materialni
o‘zlashtirishini yengillashtirish magsadida 1 ta vanantdagi (21-variant) barcha
misol va masalalar to‘lig yechib ko‘rsatilgan.

Qo‘llanmani tayyorlashda mualliflar tomonidan mavzularning oddiy va
sodda tilda, tushunarli va ravon bayon ectilishiga, faqat zarur, lekin fanni
malakali tushunish uchun yetarli ma’lumotlarni berishga, Mirzo Ulug‘bek
nomidagi O‘zbekiston Milliy universiteti Mexanika-matematika fakultetida
matematik analiz fanining o‘qitilishi jarayonida yig'ilgan tajribalardan imkon
darajasida to‘liq foydalanishga harakat qilindi. Shu munosabat bilan muallif-
lar o‘quv qo‘llanma talabalarda bilim olishga intilish hissi, mustaqil fikrlash
malakalarining shakllanishiga xizmat qiladi, deb umid bildiradilar.
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1-§. ASOSIY FORMULA VA QOIDALAR . )
1% Qisqa ko‘paytirish formulalari va Nyuton binomi
1. (a+b)2 =a’ +2ab+b°.
2. (a+b) =a’ +3a’b+3ab’ £b°.

(S

3. (a:l:b) =a' +4a°b +6a°b* :l:4a£:|3 +b"

4. ' -b" =(a-b){a+b). EAR

5 a +p -—-(aib)(a2 Fab+b'). - ST gt

6. (a+b) =Zn:C:a""‘b" =i:Cfa’}b";Jt , R \ A.

=0 k=0 ._ < e N

b d C*=--L!—— pl=1-2-..-n va 01=]," -
__.u yerda ,, k!-(n—k)!’ b= a 01=1,

N -] n—1
7. an _bn = (a__b)zan-—l—vkbi z(a__b)zakbnhl-i‘ =
. k=0 k=0 .
=((,:f~¢':-)-(ae""1 +d7h+am b +...+ab”'3+b"'[) bu yerda ne N, n>1,
- 8. a"+ b =(a+ b)[a”" @+ a7~ L+ b"“’) , bu yer-

da »-1 dan katta bo‘lgan ixtiyoriy toq natural somn.
20, Daraja va ildizning xossalari. Logarifmlar

1 & =1, &a'=a%, L=a7, (a) =d®, (a-b) =a" ¥, -;1~
—J_ , ko 3
2. ’\'fa_'":a" %’/_ tfa-4b ”‘“"JE (\/E) =__a s

3 zdam:@:{a’ agar a20 bo'lsa, o =—2%fg, agar g>0 bo‘lsa;

—a, agar a<0 bo'lsa
tfa<2fb, agar 0sa<b bo'lsa.
4 Ixtiyoriy » uchun 4" >90;
- a'=a"ox=y.
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5. o' a’ o x>y, agar a>1 bo‘lsa,
x<y, agar 0<a<] bo‘lsa.

6. (x>0, a>0, y>0, b>0). p=g"%"> log,x=1, log, 1=0>
log, (D’) =log,x+log, y, log, Z= log, x-log, y, log,x" = L;ci log, x ,
y

|
log, x = 98 og, b=
log, a’ log, a

3% Trigonometrik funksiyalar va trigonometriya formulalari
1. Trigonometrik funksiyalarning ishoralari

sin x oS X g x ctg x
+ + + +
O<x<—
. 2
n + - - -
—<x<r
2
K74 - - + +
TLX<—
2
3T - + - -
T<x<27r

2. Trigonometrik funksiyalarning ba’zi bir burchaklardagi

giymatlari
Radianlar (] z z L T T '&_;;; 27
6 4 3 2 2
Gradustar| 0" 30° | 45" | 60" | 90" | 180" [ 270" | 360"
sinx ] NN E 1 0 -1 0
2 |2 |2
cosx 1 N5 J2 1 0 -1 0 |
2 2 2
tgx 0 | R I B 0 - 0
3
ctg x — Jg | \/3' 0 — 0 -
3
6
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3. Asosiy {rigonometrik ayniyatlar

N ST sinx 2 :
o 1isinfx+cos x=1, - . 2. tgx= . |x#E=+7an|,
v o
3. ctgx=——, (XxX#*7N), 4, tgx-ctgx=1 [x;é——]_
S AR ( ) & ’ 2
_.' - f'-' . I
5 1+1g°x=——!) (x=t£+:rn} Gl +ctg’x =—  (x2 m), (neZ).
< TLe ] costx 2 sin” x
4. Keltirish formulalari
y - g—ix Ttx 3—Eﬂ:x 2rtx
siny cos X Fsinx —cosXx Tsinx
cos y Fsinx ~COS X +sinx cosx
tgy Fetgx Htgx ctgx +tgx
cigy Figx totgx tgx *etgx

5. Burchak yig‘indisi va ayirmasi uchun formulalar
tgxtigy

1. sin(x;ty)ﬁsinx-cosyiOOSx'Si‘U’- 3. tg(Xiy)zﬁtgx-tgv'

stgx-ctgy+l
cigytetgx '
6. Ikkilangan va karrali burchak uchun formulalar

2.cos(x*y)=cosx-cosyFsinx-siny 4. cig(xty)=

2tgx
1+tg*x " -

1. sin2x=2sinx-cosx=
2 7 .

1-tg*x

i+tg x

+ . s a2
2. c0s2x=¢os" x—sin"x=2cos" x—-t=1-2sin" x=

2tgx 2 4 ctgzx:ctg'x—l:ctgx—tgx-
T 2etgx 2

tg2x= — =
3. % I-tg"x ctgx—igx

5. sin3x=3sinx-_~4sin3x. 6. cos3x=4dcos’ x—-3cosx-
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2 g ctg3x=0tg x:3ctgx
[-3tg"x ) 3etg” x—1

7. Yarim burchak uchun formulalar

X I-cosx X fl—cosx sinx l-cosx
1. sin—=+ . 3. ig==¢% = = .
2 2 2 I+cosx 1+cosx sinx

x [+cosx X fl +CoSx sinx 1+cosx
2. cos—=+=% . 4. clg—=+ = =— .
2 2 2 l|—cosx 1l-cosx  sinx

143

[T )

ishora z burchakning gay-
si chorakda joylashganligiga qarab tanlanadi.

Izoh: Tengliklardagi “+” yoki

8. Trigonometrik funksiyalarning darajalari uchun formulalar
I-cos2x
2

3sinx —sin3x s+ 3cosx+cos3x
=" 4, cOS x="—TTTT"——""
4 4
9. Trigonometrik funksiyalarning yig‘indi va ayirmalari uchun
formulalar

. . . X+ x—
1. smx+smy=25m—21-005—Z .

_I+cos2x

1. sin’x= 2. cos’x=

3. sin’x

. . . X— x+y
2. smx—smy=2sm—2):~cos——2l

C+ - X+y . x—
By XY XY XY

2
5. cosxtsinx= 2sin(%ix)=\/§cos(%¥x)

6. A-cosx_+Bsinx=+v 4+ B sin(x+y),

. A B
bu yerda 4+ 5 20, ST OV TR

sin{x+ sin{x*
7. tgxitgy=———( y). 8. ctgxtetgy=—m-= ( .y).
COSX-COS Y sinx-sin y

3. cosx+cosy=2cos 4. cosx—cosy=—2sin sin

cos(x—y) 10, clgx—tgy= cos(x+y)

9, tgx+ctgy= — - .
cosx-siny sinx-cosy
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10. Trigonometrik funksiyalarning ko‘paytmala:j uchun formulalar
1. sinx-.siny= %[cos(x -y)- cos(x+ y)] .
2, cOsx-cosy= l[cos(x —y)+cos(x+ y)} s
2 »

3, sinx-cosy = %[sin {x—y}+sin{x+ y):[ )

4, cosx-siny= %[sin (x + y) —sin (x - y)] :

ot of AR S
5. tgx-:gy:ﬁx_ﬂ__ 6' C{gx.c[gy;:w‘ :
Cfg.\? +Cfg]) ng + Igy

7. sin(x+y)-sin{x- v)zcoszy—coszL

8. cos(x—y)-cos(x+y}=cos’ y—sin’

Izoh: Yugorida keltlrllgan aymyatlar va formulalar tengllknmg
har ikkala tomoni ma'noga ega bo‘lgan giymatlarida o‘rinli bo‘ladi.

4%, Teskari trigonometrik funksiyalar .
1. y=arc¢sinux. %
D(y):[_l’ ]]s E(.v)=li&_£55}: f(——x):—-.f(x)' -
2. y =arccosx. '

D) =[-t 1}, E()=[0;x], arccos(~x)=n—arccosx.
3. y=arcigx.

P ={-wia), £(2)= ( Z), )=,
4, y=arccigx. :
D(y)=(—0;+0), E(y)=(0;x), arcctg(—x)=n—arcctgx.. -
59, Trigonometrik tenglamalar '
la]>1=>xed
1. sinx=a= )
!a| Sl=x= (1) arcsina + 7k,

9
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b .
bu yerda [ ez va —ESarcsmasg,

laj>1=xe@

2. cosx=a=> { bu yerda O<arccosa <.

]als | = x=*arccosa + 27k,
T

3. tgx=a=>x=arctga+rk, bu yerda arctgae =505 ) va aeR.

4. ctgx=a=>x=arcctga+ k. bu yerda arcctgae(O;n') va geR.

6°. Eng sodda trigonometrik tenglamalar yechimlari jadvali (k e”Z )

a sinx=u cosx=«u
0 x=7mk
i x=Zsrk
2
] x=2xk
x=%+27rk rE
-1 =
Nx=~-Z 427k =7+ 27k
2 .
L v=(-1) Za x=2Z 427k
2 6 3
1 x=(—|)“"£+7zk x=i37—r-+27rk
2 6 3
,‘é x=(—l)k£+n’k x=+Z 427k
2 3 6
B x=(-1)" T 7k x=+% 4y omk
2 3 6
_\/_5_ x=(—l)k£+7rk x=+Z 127k
2 4 4
_[2_ x=(—-l)k“£+7rk x=i§—75+2nk
> 4 4

10
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a tgx=a ctgx=a
=k
0 e .
2
| ' »
x=—+nk x=" stk
. | x:—£+ﬂ-k x=£+;z-k
4 4
‘\/5 = £+;rk x=£+ﬂ'k
3 5 .
—'\/5 x:~_—£+ﬂ-k x=~5-£+xk
3 6
*@ x=Z sk v=X ok
3 6 3
_ﬁ x=-Zotrk x=2F sk
3 6 3
7%. Giperbolik funksiyalar
1. shx:=2"% ] 3 chx:=® +e Ea
i chx g" —[—e"‘ | : th ex_e x o
S. ch’x-sh’x=l. . 6 sh’x=2shxechxiay g
7. ch®x=ch’x+sh’x, w0 8. thx-cthx=1.

8°. Arifmetik progressiya
“da,l:a,a,,...a,... — arifmetik progressiya Vne N uchun

a,, =a,+d (J—ayirma), _ _
L au=a, +d, .o Lo, :fg% (n>1).
) a,=a+(n-1)d. e 4 a,=a,+d-(n-k) (I<ksn-1).

11
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an-k + an+k

2
n+m=k+p bo‘lsa.

5. a,= , (Isk<n-1). 6.a,+a,=a,+a,  agar

ata, . _ 2aq, +d(n—l).’7
2
9°. Geometrik progressiya
{6,}: B.by..b,,... (B #0) — geometrik progressiya & VYneN
uchun b, =b,-9 (g9 —maxraj). .

7. S,=a+a,+...+a, =

L bn-H =bn q- 2' bn2 =bn—i 'bn-H’ n>1.
3. b,=b-¢"" 4. b, =b,-q"*" (1sk<n-1).
5. bn=bn-k'qk’ (lSkSn-]) 6. bn+k=bn'qk’

7. B =b,y by (1<k<n—1). 8. b, -b=b b, agar n+m=k+p bo‘isa.

b .l_q" = bnq_bl

1 , g F i
9. ‘Sn=b]+b2+...bn= l—q q-l
b -n, g=1
10. S=lims, =l-f”7q- agar0<|qi<1 bo‘lsa.

10°. Tenglamalar
1. Chizigli tenglama ax=b:

a) agar a=0 bo‘lsa, yagona x=—(; yechimga ega;

b) agar a=0, b#0 bo‘lsa, yechimga ega emas;

d) agar a=b=0 bo‘lsa, cheksiz ko‘p yechimga ega. Bu holda
ixtivoriy x tenglamaning yechimi bo‘ladi.

2. Chiziqli tenglamalar sistemasi

ax+by=c
a,x+hy=c,
Aytaylik, A=ab, ~a,b,, Ax=b,c,—bc, va Ay=ac, —a,c, bo'lsin.

. Ax Ay )
a) agar A0 bo‘lsa, yagona X=X, y=—A— yechimga ega;

b) agar A=0 bo‘lib, Ax va Ay lardan birortasi 0 dan fargli
bo‘lsa, yechimga ega emas;

12
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d) agar A=Ax=Ay=0 bo'lsa, cheksiz ko‘p yechimga ega.

e) Geometrik talqini: ax+by=c tenglama tekislikda to‘g‘ri chi-
zigni aniglaydi. A+ 0 shart ikkita to'g‘ri chizigning kesishishini va
ularning yagona umumiy nuqtaga ega bo‘lishini bildiradi. b) dagi
shart jkkita to‘gri chiziglarning parallel bo‘lib, ularning umumiy
nugtaga ega bo‘lmasligini anglatadi. Va nihoyat, A =Ax=Ay=0 shart
ikkita to‘g‘ri chizigning ustma-ust tushishini va ularning cheksiz
umumiy nugtaga ega bo‘!ishini bildiradi.

3. Kvadrat tenglama o’ +bx+c=0: D=5"—4ac bo'lsin.

a) a=0 bo‘lsa kvadrat tenglama yugorida ko* rllgan chizigli teng-
lamaga aylanadi; =0 bo‘lib,

b
b) p=0 bo‘lsa, yagona x=—5 yechimga ega;

. -hxD
d) D>0 bo'lsa, ikkita x]_3=—2;i/—_- yechimga ega;

. €) D<( bo'lsa, yechimga ega emas.
4. Viyet teoremasi:
~a) agar x, va x, lar x* + px+g=0 tenglamaning yechimi bo‘lsa, unda

{x, +X,==p
XX, =
bo‘ladi; - 2 =4
b) agar x,, x, va x, lar ¥+ px’ 4+ gx+r=0 tenglamamng yechi-
mi bo‘lsa, unda
X X, X =P,
XXy A X X XX, =g
: T xl.xe-xB:_}‘ il or L
bo‘ladi.
5. a"=b, a>0 tenglama
a) b>0 bolzanda x=log b yechimga ega;
b) h<0 boflganda yechimga ega emas. :

-' 6. log x=b tenglama ;>0 bo‘lganda _ yeclnmga ega. _
7. Trigenometrik tenglamalar: _
n—ixtiyoriy butun son bo‘lsin. ok

.. a) sinx=a tenglama <1 bo‘lganda x=(—l)" arcsina + nw

yechimga ega, |o|>1 bo‘lganda esa yechimga ega emas; :

13
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b) cosx=a tenglama |o|<1 bo‘lganda x=+tarccosa+2nr
yechimga ega, |o|>1 bo‘lganda esa yechimga ega emas;

d) tgx=a tenglamaning yechimi x=arctga+nr bo'ladi.

¢) ctgx=a tenglamaning yechimi x=arcctga+nz bo‘ladi.

11°. Tengsizliklar
1. Tengsizliklarning xossalari:
a) azbp <« ixtiyoriy ¢ uchun g+c2b+c;
b) azb Va c2d = a+czb+d;
d) azbh va ¢>0 = aczbe
€) yzb va c<0 = ac<hc.
2. Chizigli tengsizlik gx>5:
a) ¢=0 va b20 bo'lsa, yechimga ega emas;
b) a=0 va h<0 bolsa, xe(-o0;+0) boladl

b b
d) a>0 bolsa, xe[;;ﬂo) va g<0 bo‘lsa, :_-_.xe("fﬂ;;)

bo‘ladi. _ _
3. ax<b tengsizlik (—1) ga ko‘paytirilish yordamida —ax>—b
tengsizlikka keltiriladi.
4, Kvadrat tengsizlik ax’ +bx+c>0: D=5»"-4ac bo'lsin.
a) g=0 bo'lsa kvadrat tengsizlik chizigli tengsizlikka ‘aylanadi;
b) a<0 bo’lib, D<0 bo‘lsa yechimga ega emas;
o[ bxyD - ;‘/‘BJ bo‘ladi;
a

d) 4<0 bo'lib, P> bo'lsa,
' 2a

- ¢) a>0 bo'lib, D0 bo'lsa,

[ _ —b_\/BJ ('-b+\f5 ] . .~ WA

2a

f) >0 va D>0 bo'lsa, x&(~w;+0) bo'ladi.
5. ax’ +bx+c <0 kvadrat tengsizlik (—1) ga ko‘paytirilish yor-
‘damida ~ax’ —bx—c>0 tengsizlikka keltiritadi.
6. a) g>1 bo‘lganda o™ o*9 tengsizlik f(x)> g(x) teng-
sizlikka teng kuchli; : S -
14
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b) 0<a<l bollganda 1) 5 4# tengsizlik f(x)<g(x) teng-
‘sizlikka teng Kuchii.
7. a) b>1 bo‘lganda log, f(x)>log, g{x) tengsizlik
f(x)>g{x)}>0 tengsizlikka ekvivalent;
b) 0<b<l bo‘lganda log, f(x)}>log, g(»¥ tengsizlik
0< f{x)<g(x) tengsiziikka ekvivalent.
8. Ratsional temgsizliklar intervallar usuli yordamida yechiladi:
ratsional kasr surat va maxrajining barcha ildizlari butun sonlar
o‘qini intervallarga ajratadi. Har bir intervalda ratsional kasr o‘z '

ishorasini o‘zgartirmaydi. Kerakli intervallar tekshirish yordamida -

topiladi.

9. Trigonometrik tengsizlikiar:

a) sinx>a fengsizlik:

1) 2>1 bo'lsa, yechimga ega emas;

2) a<-1 bo'lsa, xe(-o0; +e0) bo'ladi; .

3) —1<a<l Dboflganda, xe(arcsma+2mr, 7 —arcsina + 2n7z)
bo‘ladi. :

b) sinx<a tengsizlik:

1) g<-1 boflganda yechimga ega emas; -

2) a»] bo'lsa, xe(—0; +) boladi; _.

3) _t<a<! bo'isa, xe(—frﬁarcsina+2mr; arcsina+2n7:)
bo‘ladi.

d) cosx>a tengsizlik:

I} a=1 bo‘lganda yechimga ega emas;

2) a<-1 bollsa, x&(~w; +w) boladi; .

3) -l<a<l bo‘lganda; xe(—arccosa+2mr arccosa+2nw)
bo‘ladi.

e) cosx<a temgsizlik:

1) a<-1 bo‘lganda yechimga ega emas; =~

2) a>1 bolsa, xe{-o; +0) bo'ladi; -
3) -1<ax<1 bo'lsa, xe(alccosa+2mf 27 arccosa+2mr)
bo‘ladi. -

. _
f) tgx>a tengsizlik *€ [arﬂfga + Az, 0y +nr J yechimga ega.

k2
g) fgx<a tengsizlik ¥ € (—'5 +RE, arciga+ urw ] yechimga ega.
15
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“h) ctgx>a tengsizlik xe(nm; arctga+nx) yechimga ega.
i) ctgx<a temgsizlik xe{arcctga+nm, z+nx) yechimga ega.-
10. Modul qatnashgan tenglama va tengsizlikni yechish uchun
modul ostida qgatnashgan funksiyalarning barcha nollari topiladi,

ular yordamida sonlar o‘qi oraliglarga ajratiladi va har bir oraligda
moduldan qutulinadi.

12°. Ajoyib va muhim limitiar

. 7”
1. lim==0, 2. lim= =0,
"—)'J:'z" ﬂ"""’in!
. n : : . a [
3. !‘_{1;;?:0 (a>1). . 4, P-IQ;E:O {va>0). , 0
5. limng" =0, g|<1. 6. im¥a=1 (a>0).
. im0 (o), 8. lmdm=1.
: e - e
. . 1 n
g, lim-m===0 1. Iim[l+-l~) =e~2,71828,
n—w}"n! H=rat ¥
. osinx ey sty . sinax _
11 lip===in=Esln-=sln-==1 12, In—""=a (aeR).
1 L In(t+x
13. lim(l1+x)* =e. 14. llm—(——)=l.
: =0 x=0 X
' AR | _ ,oa -1 _ N :..; o
Se1s. lim——-=1. 16, lim——=lng (a>:0‘)'f‘f’
1+x)" ~1
17. Iim(——)—-=a (aeR).
-0 x . .
18. Hmox" nx=lim x™x=limx¢" =0 {a>0), P

13%, Differensiallashning umumiy qoidalari
1. y=c=const, y'=0. 2. yv=c-u (czconst‘), y'=c-u'.
3. y=uty, y'=u'tv'. ' 4. y=u-v, y'=n"v+u-v'. -
16
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5, y:% (v(x);tO),. '

.7. y=f(x}), x=7"(y) Y=

6 y= f(u) {u=u(x)), Y=o

. 8. y=u', y'=u" V' inu+u

149, Asosiy elementar funksiyalaming hosilalari

1. (x”)' = px""!

3. (sinx)'=cosx.

> (tgx)'= cos’x

.
7. (Inx) =
9. (e“)‘ze".

1

11. (aresinx) '=
l-x

13. (arctgx)'= e

15. (shx)'=chx.

17. (thx)':EE'

19, arcsh r)
x +1

21. (arcthx)' = ! -

1-x

3 .

2.
4.

.

R

10.

12.

14.

16.

18.

20.

22,

(,u"")':.urjr {l+Inx).

(cosx) =-sinx.

v
(ctgx) T osin®xC

1
log, x)'=—— (a>0, a=l),
(log, x) o (a>0, a=l)

(a“' )' =g Ina (a>0}.

1

( Nt
(arcetg x) =TT
(ch x)' =shx.

|

hx) = -
(Ct x) shx’
}

arcchx)'= =
e = T
(arccthx)E- ]‘

l1~x

15, Integrallashning umumiy qoidalari

d“f(x)dx]"—'f(?)dx-_

17
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O )

. _[cf(x)dx =c jf{x)dx (c=const=0).
. f[f(x)ig(x)]dx = If(X)dx:t Ig(x)dx,

16°. Aniqmas integrallar jadvali -
2. Ia’x:x+c,

st

. fo-d=7.

+)
3. ff’dx:ﬁ-ﬁc (@=-1, @<R).

1
=——+c,
x

dx
5. _l.—;;

e
7. Iax+b a

S ALY
9, J}I dx—wl—l;;h:' (a>0, G“#l), 14,
11. Icosxdx:sinx%—i:‘".\" 12,
13 [=o=wrre, 14.
15. fchxdx=shx+c, 16.
die .
17. jr:hzx =t +c, Ichlx =thx+e, 18,
19 j . =imctg£+c (a#0). 20
X a a o
21. I\/;x? =arcsin—z-+c (a>0). 22
dx !, Ja+x|
—=—1 0
23. -[az -x° 2a nla—x|+c (a:t_ ).

4. I%

=2‘\/;+C- ‘ . ,. - .

6. I%:In[:chc,,gh_;.l_‘_ i

i8

:llnlax+é|+_c (a=0). 8. je*dx:eﬂ—c.

]‘sinxdx =—cosx+e. - L -

dx

-"sin'x

ISh xdx=chx+ C.:{, Con

I—q—ﬂ:—cthx+c‘
sh® x

dx
_[ —=qareigx + ¢,
i+x°

P . .
I = =arcsinx +¢_

[—x"

o

L& _L]nh— l e
¥ -a& 2a |x+a|
fimz, =a
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24. J.\/»x;—d):_—; =ln_'|x+\}x2+ai+.c. (0;50)

Iﬁ @E we, 1.&4_1'1?"5-::--'__ SRR

26. I\/a —xTde=2Na =% +-é—arcsm +c (a>0)
e

ad
2

27. I\}xz +a’dy = g‘"f + i%.—ln|x+ Jx? +a2]+c .

28 [ =i X 29. =In tg(i+£J+0 |
o Jsinx 2 cosx 2 45 7

- ¢ AP ax__

30. :c—-g:;: ]nlsmxl—i—c T 31. Ictgx = --lI'llCOSx|+C .

17°. Aniq integralning tatbiqlari
1. Aniq integral yordamida tekis shakining yuzasini hisoblash.
. a) Dekart koordinatalar sistemasida berilgan shaklning yuzasini

,giigohlash. -
Agar f,(x)eCla,b], fi(x)eC][a,b] bo'lib, . . R
' asx<h, o

A=y AG)
S= iﬂ:fz (x)—j](x)]dx

bo‘lsa, u holda

" bo‘ladi.

b) Qutb koordmatalar sistemasida berilgan shaklnmg yuzasini
hisoblash, .

Agar : ) R o ¢ s
_ o= Q = ﬁ, T RS IR ¥ C (_-»’
“losrsr(e)
bolib, r(p)eCla,B] bo'lsa, '
' 19
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1%,

S=-2—Jr (p)do

bo‘ladi.
2. Aniq integral yordamida yoy uzunligini hisoblash.
a) Dekart koordinatalar sistemasida berilgan yoy uwzmligini hisoblash.
AB: {(x,f(x)):xe[a,b]} bo‘lib, f'(x)eC[a,b] bo‘lsa, unda

4B egri chiziq uzunligi / ushbu

I= :,/H[f'(x)]:dx

formula yordamida hisoblanadi.
b) Parametrik ko‘rinishda berilgan egri chiziq yoyining uzun-
ligini hisoblash.
i x=p(1),
Age B:
gar A4 y= l/f(l)

w'(1)eCla, B8] bolsa,
1= o' )T +[w'(x) T e
bo‘ladi. :

d) Qutb koordinatalar sistemasida berilgan egri chiziq yoyining
uzunligini hisoblash.
a<p<p,
Agar 4j: r=r(p) bo'lib, r'(p)eCla,B] bolsa, unda

I= j\/r2 (q)) + [I"(¢)]2d¢

ast<fi bolib, ¢'(1)eCla,p] va

bo‘ladi.

3. Aylanma sirtning yuzasi.

AEZ{(,\‘,f(x)):xe[a,b]} bolib, f(x)20 va f'(x)eC[ab]
bo‘lsin. 4B yoyni OX o‘qi atrofida aylantirish natijasida hosil
bo‘lgan aylanma sirtning yuzasi ushbu

S= 27zbjf(x),/1 +[£1(x)] ax

formula yordamida hisoblanadi.
20
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4. Aylanma jismning hajmi.
asxsh,
Ushbu L= 0<y< f(x) egri chiziqli trapetsivani QX o'qi

atrofida aylantirishdan hosil bo‘lgan aglanma jismning hajmi

V= 7Z':ﬂ:f (Jc):l2 dx

formula yordamida hisoblanadi.

5. O¢‘zgaruvchi kuchning bajargan ishi.

0OX o‘qida shu o‘q bo‘ylab biror jism F=F(x) kuch ta’sirida
harakat gilayotgan bo‘lsin. Agar F(x)eC[a,b] bo‘lsa, F=F(x)
kuch ta’sirida jismni ¢ nuqtadan p nuqtaga o‘tkazishda bajarilgar
ish ushbu

A= l]F (x)dx

formula yordamida hisoblanadi.

6. Statik moment. Og‘irlik markazi.

Egri chizigning 0x va Oy o‘qlariga nisbatan statik moment.
lari M, va M, lar

M, = I’[ydl va M, = i[xdl
0 0

formulalar yordamida hisoblanadi. Bu yerda ¢/ =,[(d\')2+(dy)2'

yoy differensiali, / esa berilgarr egri chiziq uzunligi.
Berilgan egri chiziq og'irlik markazining koordinatalari esa ushb

X

Xo =773

/
formulalar yordamida hisoblanadi.
7. Geometrik figuralarning statik momentlari va og‘irlik markazi

Agar geometrik figura

)’ozl

{ansb

0<ys f(x)
egri chizigli trapetsiyadan iborat bo‘lsa, unda

21
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1b'2 lb. - . _M\'M,
M, ='2‘!}’ d", M, =§-‘;|‘,\ydx va (-‘ovyo)‘[T’T)

b
bo‘ladi. Bu yerda S= J'J’(-")d-" —trapetsiyaning yuzi.

18°. Matematik belgilar

Formula, ta'rif va tasdiglarni yozishda quyidagi matematik belgi-
lardan foydalanish qulay bo‘lib, yozuvni ancha ixchamlashtiradi:

e —tegishli,

¢ —tegishli emas,

c —qism,

v —ixtiyoriy,

3—mavjud,

I1—mavjud va yagona,

= —kelib chiqadi, “...bo‘lsa, ...bo‘ladi”,

<> —teng kuchli,

:=-ta’rifga ko‘ra teng,

:—shunday,

ATVa,

\V, -yoki,

< —isbotning boshlanishi,

o —isbotning oxiri.

22
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2-§. 1-MUSTAQIL ISH
Ketma-ketlik va fuuksiya limiti "~ .\
Sonli ketma-ketlik va uning limiti. o
. Cheksiz kichik va cheksiz katta ketma-ketliklar. "
© Monoton ketma-ketliklar va ularning lifhiti.
* Fundamental ketma-ketliklar.
- Ketma-ketlikning ynqori va quyi limitlari.
.+ Funksiyaning limiti,
Funksiyaning uzluksizligi va uzilish nuqtalan
. Funksiyaning tekis uzluksizligi.

—A— o
Asosiy tushuncha va teoremalar

1°. Sonli ketma-keflik va uning limiti

1 ta’rif. Agar har bir ne N natural songa biror qonun yoki qoi-
daga ko'ra bitta x, hagigiy son mos qo yilgan bo'lsa, x,,x,,...,x,,...
sonki kewma-ketlik berilgan deyiladi va u {x,} kabi belgilanadi.

x, {(n=1,2,...} migdorar {x,} ketma-ketlikning hadlari deylladh_
{1‘,,} va {y,,} ketma-ketliklar berilgan bo‘lsa, ' -
fx, + ¥} ={x+y, n+y..},
B A o e e T e YN S
{x" -y,,} z{xi “Yis Xz 'J’g,...},

Gy
. yn y;’ y:’ ” (yH¢O, ?1—':1,2,...)

ketma-ketliklarga mos ravishda {x,} va {y1} ketma-ketliklarning
yig‘indisi, ayirmasi, ko‘paytmasi va nishati deyiladi.

2-ta’rif. Agar 31 (3Im) son mavjud bolsaki, vne N uchun
x, SM (x,2m} tengsiziik o%inli bosa, {x,} ketma-ketik yugori-
dan (quyidan) chegaralangan deyiladi. Aks holda esa, ya’ni

VM (Vm) son olinganda ham 3ne N son mavjud bo'lsaki, x,>M
(x, <m) bo'sa, {x,} ketma-ketlik yugoridan (quyidan) chegaralan-
magan deyiladi. Co o o . '
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3-ta’rif. Agar 3IM >0 son mavjud bo‘lsaki, YneN uchun
|x,|sM bolsa, {x,} ketma-ketlik chegaralangan deyiladi. Aks hol-
da esa, ya’ni WM >0 son olinganda ham 3pne N son ftopilsaki
|x,|>M boisa, {x,} chegaralanmagan ketma-ketlik deyiladi.

4-ta’rif. Berilgan {x,,} ketma-ketlik uchun shunday a son topilib,
Ve>0 son olinganda ham 3n,=n,(g,a)e N son mavjud bosaki,
n>n, tengsizlikni qanoatlantiruvchi barcha natural sonlar uchun
|x,—a|<s tengsizlik orinli bo‘lsa, a son {x,} ketma-ketlikning limiti
deyiladi va iMX,=a ko rinishda belgilanadi. '

Agar 4-ta'rifdagi shartni qanoatlantiruvchi a4 son mavjud
bo‘lmasa, {x,} ketma-ketlik limitga cga emas deyiladi.

5-ta’rif (4-1a’rifning inkori). Agar Vn,e N son olinganda ham
3e>0, 3n>n, son topilsaki, |x,—adl2¢ bo'lsa, a son {x,} ketma-
ketlikning limiti emas deyiladi va iMx,=a ko‘rinishda belgilanadi.

6-ta’rif. Agar {x,} ketma-ketlik chekli limitga ega bo‘sa, bu
ketma-ketlik yaginlashuvchi deyiladi. Aks holda bu ketma-ketlik uzoq-

lashuvchi deyiladi.
29, Cheksiz kichik va cheksiz katta ketma-ketliklar
1-ta’rif. Agar {x,} ketma-ketlikning limiti nolga feng (limx,=0)
bo'lsa, {x,} ketma-ketlik cheksiz kichik ketma-ketlik deyiladi.
2-ta’rif. Agar YM >0 son olinganda ham 3n,e N son mavjud
boIsaki, ¥n > n, natural sonlar uchun lxnl >M tengsizlik o'rinli bosa,
{x,} ketma-ketlik cheksiz katta ketma-ketlik deyiladi.

Agar {x,} cheksiz katta ketma-ketlik bo‘lsa, limx, =co
ko‘rinishda yoziladi. Agar {x,} cheksiz katta ketma-ketlik bo‘lib,
biror nomerdan boshlab barcha hadlari musbat (manfiy) bo‘lsa,
limx, =+e0 (limx, =—) ko‘rinishda yoziladi.

Har ganday cheksiz katta ketma-ketlik chegaralanmagan bo'ladi,
lekin bu tasdigning teskarisi har doim ham o‘rinli bo‘lavermaydi.

1-teorema. Chekli sondagi cheksiz kichik ketma-ketliklar yig indisi
cheksiz kichik ketma-ketlik bo‘ladi.

2-icorema. Chegaralangan ketma-ketlik bilan cheksiz kichik ket-
ma-ketlik ko'paytmasi cheksiz kichik ketma-ketlik bo ladi.
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‘3-teorema. Agar VYneN uchun x,#0 bo'lib, {x,} — cheksiz

: 3 , i
katta (cheksiz kichik) kefma-ketlik bo'lsa, u holda {x_

kichik (cheksiz katta) kefma-ketlik bo‘ladi. ’

. »
4-teorema. HMX,=a po¥ishi uchun {a,}={x,—a} ketma-ketiik-

} 'cheksiz

ning cheksiz kichik ketma-ketlik bo'lishi zarur va yetarlidir.

3% Yagqinlashuvchi ketma-ketliklarning xossalari

1-teorema. Agar {x,,} ketma-ketlik vaginlashuvchi bo‘lsa, uning
limiti yagona boladi.

2-teorema. Agar {x,} kemna-ketlik yaginlashuvehi boIsa, u che-
garalangan bo ‘ladi. '

3-teorema. Agar {x,} va {y,} ketma-ketlikiar yaginlashuvchi
bolsa, u holda {x,xv,}, {x,-v,} ketma-ketliklar ham yaqinlashu-
vehi boladi va -

im{x, £y, }=limx, tlmy,
| fim(x, ) =limx, - limy,

formulalar o‘rinli bo‘ladi. _
- 4-teorema. Agar {x,} va {y,} ketma-ketliklar yaginlashuvchi

- X,
bolib, “neN uchun y #0 va 1’_{2)’" #0 posa, {;‘} ketma-

ketlik ham yaqintashuvchi bo'ladi va
hmx,
lim L =222 —
o y]'i llm y“
formula ofrinli bo‘ladi.
5-teorema. Agar 1, =a bo'lib, biror nomerdan boshlab x,>c
(x,<c) botsa, u holda axc¢ (a<c) botadi.

6-teorema. (“Ikki mirshab hagidagi teorema”). Agar limx, =a,
Lihe
limy, =a po%ib, biror nomerdan boshiab x, <z, <y, fengsizlik o'rinli
bo'lsa, u holda f-'-!_iﬂzn =4d boladi. '
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: o : ‘ ) )"c" 0
Agar limx, =0, limy, =0 bo'lsa, ’lrlﬂl];y— & ko‘rinishdagi
¥a]
anigmaslik deyiladi. e 0-w, w-w va boshga ko‘rinishdagi
anigmasliklar ham shu kabi ta’riflanadi.

4%, Monoton ketma-ketliklar va ularning limiti
1-ta’rif. Agar {x,} ketma-ketlikning hadlari wne N wuchun

x,<x,,, (x zx,) tengsiziikni gqanoatlantirsa {x,} o‘suvchi (kama-

yuvchi) ketma-ketlik deyiladi.

2-ta’rif. O'suvchi va kamayuvchi ketma-ketliklar monoton ket-
ma-ketliklar deb ataladi.

I-teorema. Agar {x,| ketma-ketlik o'suvchi bo'lib, yugoridan
chegaralangan bofsa, u holda u yaginfashuvchi boladi.

2-teovema. Agar {x,} ketma-ketlik kamayuvchi bolib, quyidan
chegaralangan bo'lsa, u holda u yaginlashuvchi bo‘ladi.

5*, Fundamental ketma-ketliklar
1-t2’rif. Agar ve>0 son olinganda ham 3n,=n,(¢)eN son
mavjud bo‘lsaki, ¥n>n, va pe N sonlar uchun |x,,+ » —xn|<€ teng-
sizlik bajarilsa, {x,} fundamental ketma-ketik deyiladi.
2-ta’rif. (I-ta’rifning inkori). ¥n,e N son olinganda ham shun-
day n>n,, peN, g£>0 sonlar mavjud bo'lib, |%,,, x,,!ZS fengsiz-

lik o'rinli bosa, {x,} ketma-ketlik fundamental emas deyilali.
Teorema (Koshi). Ketma-ketlikning yaginlashuvehi bolishi uchun
uning fundamental bolishi zarur va yetarlidir,

6%, Qismiy ketma-ketliklar. Ketma-ketlikning yugori
va qoyi limitlari
{x,} ketma-ketlik berilgan bo‘lib, k., k,....k,,... (k,>n)
o‘suvchi natura] sonlar ketma-ketligi bo’lsin. {x,} ketma-ketlikning
k.ko.....k,,... nomerli hadlaridan Xx,.%, ,...% ,... ketma-ketlikni
tuzatmz Hos;l bo‘lgan {x,‘} sonli ketma- ketllk {x,,} ketma-ketli-
kning gismiy ketma-ketligi deb ataladi.
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1-teorema. Agaor }}_}“} X,=a boTsa, u holda uning har ganday
gismiy ketma-ketligining limiti ham a ga teng bo'ladi.

2-teorema. (Bolsano-Veyershtrass). Agar {x,} ketma-ketlik che-
garalangan bolsa, u holda bu ketma-ketfikdan yaqinlashuvchi bo ‘Igan
gismiy ketma-ketlik ajratish mumkin,

1-tarif. {x,} ketma-ketlikning gismiy ke!‘ma»kethg: limiti {x,}
ketma-ketlikning qismiy limiti deb ataladi.

2-ta’rif. Yugoridan (quyidan) chegaralangan ketma-ketlik gismiy
limitlarining eng kattasi (eng kichigi) berilgan ketma-ketlikning yugori
(quyi) limiti deyiladi va \imx, (ILLIIHJ ko rinishda belgilanadi.

H=rae

3-teorema. [““x =a pofishi uchun llﬁu =limx, =a popepy

H=pa

zarur va yeltarli.

79 Funksiya tushunchasi. Funksiya limiti

Bizga biror X — R to‘plam berilgan bo‘lib, x o‘zgaruvchi mig-
dor X to‘plamdan olingan bo‘lsin. Agar har bir xe X songa biror
gonun yoki qoidaga ko‘ra bitta ¥ son mos qo‘yilsa, u holda X
to‘plamda funksiya aniglangan deyiladi va y= f(x) kabi belgilana-
di, x o‘zgaruvchiga erkli o‘zgarnvchi (yoki funksiyaning argomen-
ti), X to‘plam f (x) funksiyaning anmiglanish sohasi, x soniga
mos keluvchi ¥y soniga esa funksivaning x nuqtadagi xususiy qi-
ymati deb ataladi. f(x) funksiyaning barcha xususiy giymatlar
to‘'plami ¥ ga f (x] funksivaning qiymatlar to‘plami (yoki o‘zgarish
sohasi) deyiladi. Shunday qilib,

Y={yeR: y=f(x), xeX}.

Agar a (aeX & a¢X } nuqtaning ixtiyoriy atrofida x
to'plamning o dan fargli kamida bitta nuqtasi bo‘lsa, v holda 4
nugta X to‘plamning limit nuqtasi deyiladi.

Bundan keyin butun paragraf davomida x — f (x) funksiyaning
aniglanish sohasi, ¢ nuqta y to‘plamning limit nuqtasi deb tus- |
huniladi, :
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P

1-ta’rif. (Koshi). Agar ve>0 uchun 38=35(s.a)>0 topilsaki, -
O<|x—al<& rengsizlikni qanoatlantiruvehi YxeX  uchun
\f(x}-bl<& tengsizlik bajarilsa, u holda b soni f(x) funksivaning
a nugtadagi limiti deyiladi va lim f(x)=b kabi belgilanadi.

2-ta’rif. (Geyne). Agar X fo0 ‘plamning nuqtalaridan tuzilgan, a
ga intiluvchi Vix,} (x,#a, n=1, 2, .) ketma-ketlik uchun {f(x,)}
ketma-ketlik hamma vagt yagona b soniga intilsa, shu p soni f(x)
funksiyaning o nugtadagi limiti deb ataladi.

Keltirilgan ta’'riflardan ko‘rinib turibdiki, funksivaning & nuq-
tadagi limiti mavjud bo‘lishi uchun funksiva ¢ nugtada aniglangan
bo‘lishi, ya’ni ge X bo'lishi, mutlago shart emas (¢ nuqtaning
X to‘plam uchun limit nugta bo‘lishi yetarli, ya'ni, umuman
olganda, g¢ X ).

Endi 1- va 2-ta’riflarga teskari ta’riflarmi keltiramiz.

1-ta’rifning inkori. Agar 3o-0 fopilsaki, ¥w5>0 uchun
O<|x—al<& rengsizlikni ganoatlantiruvchi 3xe ¥ mavjud bo b,
|7 (x)-blz& tengsizlik bajarilsa, b soni f(x) funksivaning a nu-
gtadagi Iimiti emas deyiladi |lim f (x)ﬂ?{.

2-ta’rifning inkori. Agar & nugtaga iniiluvchi 3x,}
(x,€X, x,#a, n=1,2, ..) ketma-ketlik topilsaki, unga mos
{ flx, )} ketma-ketlik b ga infilmasa, u holda b son f(x} funksi-
yaning -a nugtadagi Iimiti emas deyiladi.

t-teorema. Funksiva limitining [~ va 2-ta’riflari ekvivalentdir.

Biz 1-teoremadan quyidagi xulosani chigaramiz: funksiyaning
limitini hisoblayotganda gaysi ta’rif bo‘yicha hisoblash oson va quiay
bo‘lsa, shu ta’rifdan foydalanish kerak.

Ba’zi bir hollarda f(x) funksiyaning o nuqtadagi limiti mavjud
bo‘lmaydi. Ana shunday hollarda funksiyaning nugqtadagi bir to-
menli (o‘ng va chap) limitlari to’g'risida gap yuritiladi.

3-ta’rif (Koshi). ¥ ¢>0 uchun 35=5(a,e)>0 topilsaki,
a<x<a+d (a-8<x<a) fengsiclikni qanoatlantiruvchi vxeX

P
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uchun | f (x)-b}<8 tengsizlik bajarilsa, » son f (x) Junksiyaning
a nugradagi o*ng (chap) limiti deb ataladi va

lim 7 (x) = f (a+0)=b ( lim f(x)=/(a~0)=0)

Ao+l

kabi belgilanadi. .

4-ta’rif (Geyne). a nugtaga intiluvchi V{xn}, x,€X, x,>a
(x, <a) ketma-ketlik olinganda ham unga mos { f (x,,)} ketma-ket-
lik b somiga intilsa, b soni f (x) Sfunksiyaning a nugtadagi o‘ng
(chap) limiti deviladi.

2-teorema. ELmdf(x)=b bolishi uchun f{a+0)=f(a-0)=5
tenglikning bajarilishi zarur va yetarii.

Endi funksiyaning x— -0 dagi limiti ta’rifini beramiz. f(x)
funksiva (c,-mo) cheksiz oraligda aniglangan bo‘lsin.

5-tarif. (Koshi). vz >0 uchun 34>0 (A=c) topilsaki, x> A
uchun [ f (x)—b‘<8 tengsizlik bajarilsa, b son f (x) Junksivaning
x— +o dagi limiti deyiladi va i f (x)=b kabi belgilanadi.

6-ta’rif. (Geyne). +oo ga infiluvchi ¥{x,} (x,>c) ketma-ketlik
uchun unga mos { f (x,,)} ketma-ketlik b soniga intilsa, b soni f(x)
funksiyaning x — +oo dagi Hmiti deb atalodi.

3- va 4-ta'riflar hamda 5- va 6-ta’riflar bir-biriga ekvivalent.
Jlim £ (x}=b ning ta’rifi ham yuqoridagiga o‘xshash aniglanadi. Agar
Tim f(x)“ lim f(x) b bo‘lsa, u holda lim f (x)=b deb yoziladi.

X=pta

7-ta’rif. Agar lim f (x)=00 ¢ bm 7 (¥)=9) botsa, f(x) funksiva

a nugtada cheksiz katta (cheksiz kichik) funksiya deyiladi.

Cheksiz katta va cheksiz kichik funksiyalar ham cheksiz katta
va cheksiz kichik ketma-ketliklar uchun 2%-punktda keltirilgan
xossalarga ega,

8. Limitga ega bo‘lgan funksiyalarning xossalari
1-ta’rif. Ushbu Uy(a)={xeR: O0<|x—a|<8} toplam a nugta-
ning o‘yilgan 5 atrofi deb ataladi.
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1-teorema. f(x) va g(x) funksiyalar a nugtaning biror o'ilgan
atrofida aniglangan bolib, fim f (x)=5 va limg (x)=c botsin. U holda
1)llm[j (o) g( x)]—hmf +hmg(t) bte,
2) ]ll;rl[f (a) g(x)]—llmf(\‘) llmg(x) b-c,
f(x) lim (=)

3) agar ¢#0 botsa, lim () hmg(x)=-; bo ladi.

2-teorema. («Jkki mirshab hagidagi teorema»). Agar f(x), g(x)
va h(x) Junksiyalar « nugtaning biror o‘yilgan atrofida aniqlangan
bolib, shu atrofda f(x)<g(x)<h(x) tengsizlikni ganoatlantirsa va
lm f (Y)—llmh x)=b tenglik bajarilsa, u holda lim g {x (x)=b boYadi.

o Fu11k31ya hmmm hisoblashda quyidagi ajoyib hmltlar katta ahami-
yatga ega.
Birinchi ajoyib limit:

sinx

lim——=1 (D
-0y
Ikkinchi ajoyib limit:
, 1Y
hm(l«l——) =e 2)
X=yr X

9%, Funksiya limiti uchun Koshi tcoremasi

f(x) funksiya X to‘plamda berilgan bo‘lib, a nuqgta X
to‘plamning limit nuqtasi bo‘Isin.

Ta’rif. Agar ve>0 uchun 35 >0 topilsaki, argument x ning
O<|x'~a|<8, O<|x"-d|<&  rengsizlikni  ganoatlantiruvchi
Vx', x" (x'eX,x"€X) giymatlarida I f(x")-~71 (x')] <& tengsizlik
o‘rinli bo'lsa, f(x) funksiya uchun a nugtada Koshi sharti bajarila-
di deyiladi.

Ta’rifning inkori. Agar 3¢ >0 son topilsaki, ¥§>0 son uchun,
0<|x-q|<6, 0<|x"-d|<& tengsizlikni qanoatlantiruvchi
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vx', x"e X lar mavjud bo‘lib, f f (x)-f (x')jzs tengsizlik bajarilsa,
f(x) funksiya uchun a nuqtada Koshi sharti bajarilmaydi deyiladi.
Teorema. (Koshi). f(x) funksiva a nugtada chekii limitga ega

boishi uchun bu funksivaning a nugrada Koshz shartini bajarishi
zarur va yetarlidir.

10°, Funksiyaning uzluksizligi va uzilishi
f(x) funksiya o nuqtaning biror to‘liq atrofida aniglangan bo‘lsin.
1-ta’rif. Agar IR :
limf(x)=/(a) .~ . @

bo‘lsa, f{x) funksiva o« nugtada wzluksiz deyiladi.

Funksiya uzluksiziigi ta'rifini Koshi va Geyne ta’riflari yordamida
ham berish mumkin. Biz ularga to‘xtalib o‘tirmaymiz.

Endi f(x} funksiva ¢ nuqtaning biror o‘ng (chap) yarim
atrofida, va'ni [a, a+&) (mos ravishda, (a-3,4q]) varim in-
tervalda aniglangan bo‘lsin. - : o

2-ta’rif. Agar

Jim ()=7(a) (lim 1 (x)=(a))

a0
bo'lsa, f (x) funksiya ¢ nuqtada o‘ngdan (chapdan) uzluksiz de- -
yiladi. '

Teorema. f(x) funksivaning a nuqtada uzluksiz bo tishi uchun
uning shu nugtada o'ngdan va chapdan wzluksiz bo'lishi zarur va
yetariidir.

Faraz qilaylik, f(x) funksiva o nugtada uzluksiz bo‘lsin. U -
holda limf(x}=7(a) bo‘ladi. = lim[f(x)-/(a)]=0. Agar.
Ax:=x-g — argument orttirmasi va Ay:=Af(a)=f(x)-f(a) — _
funksiyaning g nuqtadagi orttirmasi belgilashlarini kiritsak,
x=a+Ax va Ay=Af{a}=f{a+ax)- f(a) bo'ladi. Natjjada, biz
lim [f(x)—f(a 14 !lm[)"(a+ Ax)— f(a)]— Izm Ay =0

r—gr—0 A=)

ekanligini hosil gilamiz, Shunday qilib,
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limAy=0 4)

Ax—0
tenglik bajarilsa, f (,\) funksiya « nugtada uzluksiz bo‘ladi.
3-ta’rif. f(x) funksiva (c,d) intervalning har bir nuqtasida
uzluksiz bo‘lsa, funksiya (c,d) intervalda uzluksiz deyiladi.
f(x) funksiya (c,d) da uzluksiz bo‘lib, s nugtada o‘ngdan, 4
nuqtada chapdan uzluksiz bo‘lsa, unda u [c,d] kesmada uzluksiz
deyiladi.

X to‘plamda uzluksiz funksiyalar sinfi C(X ) kabi belgilanadi.
4-ta’rif. Agar

]‘l_ry’f(x) =b= f(a) (1—hol)
lim £ (x)~2 (2~hol)
il_rE f(r) =0 (3—hol)

bo'lsa, unda f(x) funksiya a nugtada uzilishga ega deyiladi.

Funksiyaning ¢ nuqtada uzilishga ega bo‘ladigan hollarini alo-
hida-alohida ko‘rib chiqgaylik.

a) lim f (x)=b# f(a) boisin.
Bu holda xl_l;llnof(x)=f(a+0) va lim f(x)=f(a-0) Iar

x=>a~0
mavjud bo‘lib, f(a+0)=f(a-0)# f(a) bo‘ladi. Bunday nuqta
bartaraf qilish mumkin bo‘lgan uzilish nuqtasi deb ataladi.

Misollar.
) x*, agarx 0 bo'lsa,
Lof()={""" ‘
1, agar x=0 bo‘lsa

funksiya uchun x=0 nuqta bartaraf qilish mumkin bo‘lgan uzilish
nuqtasi bo‘ladi, chunki

Jim, /()= lim7 () =0 "2 S(0)=1.

Agar f (0):0 deb gabul qilsak, funksiya uzluksiz bo‘lib goladi.

32

www.ziyouz.com kutubxonasi



L]
5 f(x)= l—xsm;,z‘tgarx#O bo'lsa,
2, agar x=0 bo'lsa
funksiya uchun ham x=0 nuqta bartaraf gilish mumkin bo‘lgan
uzilish nuqtasi bo‘ladi, chunki

lim f(x):ﬂr_iof(x)ﬁ va f(O,)=2.

x->a+0"

b) lim f(x)-3 bo‘lsin.

x40

Bunda quyidagi uchta hol bo‘lishi mumkin.

1) lim f(x)=f(a=0) va lim f(x)=f(a+0) lar 3 va

XN=par—1} x->a+0

f(a-0)# f(a+0).

Funksiyaning bunday nuqtadagi uzilishi birinchi tur uvzilish va
| f(a+0)-f (a—O)l ayirmaga funksiyaning ¢ nuqtadagi sakrashi
deyiladi.

Masalan,

__1_“ agarx#0 bo‘lsa,
F(®)=11425

0, agar x=0 bo‘lsa
funksiya uchun ¥=0 nuqta 1-tur uzilish nuqtasi bo‘ladi va funk-
siyaning bu nugtadagi sakrashi 1 ga teng:

|£(a+0)= £ (a=0)|=|f (+0)~ f(-0)|=o-1}=1;
2) x—>a da f (x) funksiyaning o‘ng va chap limitlaridan hech

bo‘lmaganda biri Z. Funksiyaning o nuqtadagi bunday uzilishi

ikkinchi tur uzilish deyiladi.
Misollar.

. 1
Jsm—, agarx>0 bo‘lsa,
1. f(x)= x
l—x, agar x<0 bo'lsa
funksiya x=0 nuqtada ikkinchi tur uzilishga ega, chunki
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lim f(x)= \!290(-‘) =0=f(0), lekin !in:of(.\') =lim sinl~21 .

x>~ x>0 X

2. D(x)={?

. agar x —ratsional bo‘lsa

, agar x —irratsional bo‘lsa,

funksiya vge R nuqgtada ikkinchi tur uzilishga ega, chunki x 5«
da D(x) funksiyaning o‘ng limiti ham, chap limiti ham 3.
3). x> a da f(x) funksiyaning o‘ng va chap limitlaridan biri

cheksiz yoki o‘ng va chap limitlar turli ishorali cheksiz. Funksiya-
ning a nuqgtadagi bunday uzilishi ham ikkinchi tur uzilish deyiladi.

d) limf (x)= bolsa, f (x) funksiya x=qa nuqtada ikkinchi
tur uzilishga ega deyiladi.

11°, Uzluksiz funksiyalarning xossalari

1-teorema. Agar f(x) va g(x) funksiyalar x — R fo‘plamda
aniglangan bo 1ib, ularning har biri o c X nugtada uzluksiz bo Isa, u holda

1 f(x)xg(x),

2) f(x) g(x),

)g(x) (VxeXx uchun g(x)#0)
funksiyalar ham shu nugtada uzluksiz bo‘ladi.

Izoh: I-teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan, f(x)=x va

I
sin—, agar x#0 bo‘lsa,
glx)=1" %"
0, agar x=0 bo‘lsa
. .1

funksiyalar ko‘paytmasi f (x)-g(x)=x-sm; funksiya R da uzluk-
siz, lekin g(x) funksiya x=0 nugtada uzilishga ega.

Aytaylik, y=f(x) funksiya y to‘plamda, z=g¢(y) funksiya
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esa Y={y=f(x):xeX} to‘plamda aniglangan bo‘lib, ular
yordamida x to‘plamda aniqlangan z=(o[f(x)] murakkab
funksiya tuzilgan bo‘lsin.

2-teorema. Agar y=f(x) funksiva ae X nuqtada, z=g¢(y)

funksiya esa, unga mos y,=f(a) nuqtada uluksiz bo‘lsa,

Z:(o[f (x)] murakkab funksiva a nuqtada uzluksiz boYadi.

Bu teorema limit hisoblashda juda muhim rol o‘ynaydi va
uning yordamida 1—§ ning 9° —punktidagi muhim limitlar keltirib
chiqgariladi.

3-teorema. Agar lim f (x)=b (6>0) va limg(x)=c bo'sa,

lim[ f(x)]*” =¢ boYadi.

[ ¥ (x)]gm ko‘rinishdagi funksiyaga darajali-ko‘rsatkichli funk-
siya deb ataladi.
12°. Funksiyaning tekis uzluksizligi
Biror y=f (A) funksiya X to‘plamda berilgan bo‘lsin.
Ta’rif. Agar Ve>0 son uchun 35=5(¢)>0 son topilsaki, X
to ‘plamning |x"~x|<& tengsizlikni ganoatlantiruvchi Vx' va x"
(x'.x"e X) nuqtalarida | fix)-f (x’)|<£ tengsizlik bajarilsa, f(x)

funksiya x to‘plamda tekis uzluksiz deb ataladi.
Ta’rifning inkori. 3g'>0 son topilsaki, v§>0 son olinganda

ham |x"—x'|<5 tengsizlikni ganoatlantiruvchi shunday Vvx'x"e X
nugtalar maviud bo‘lib l F(x")-f (x‘)]Za tengsizlik bajarilsa, f(x)
funksiva x to‘plamda tekis uzluksiz emas deyiladi.

Kantor teoremasi. Agar f(x) funksiya [a,b] kesmada aniglangan
va uzluksiz bo‘lsa, u shu kesmada tekis uzluksiz bo‘ladi.
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NAZORAT SAVOLLARI

. Sonli ketma-ketlik tushunchasi.
. Ketma-ketlik limitining ta’rifi va uning inkori.

Yaqintashuvchi va uzoqlashuvchi keima-ketliklarning ia’riflari.

. Cheksiz kichik ketma-ketliklar va ularning xossalari.
. Cheksiz katta ketma-ketliklar va ularning xossalari.
. Cheksiz kichik va cheksiz katta ketma-ketiiklar orasidagi bog‘lanish.

Yaginlashuvchi ketma-ketliklarning xossalari.

. Monoton ketma-ketlikning ta’rifi.

. Monoton ketma-ketliklar hagidagi Vevershirass teoremasi.
Fundamenta! ketma-ketliklar va Koshi teoremasi.
Qismiy ketma-ketlikiar. Ketma-ketlikning yuqort va quyi limitlari.

12. Funksiya tushunchasi. Funksivaning aniglanish sohasi va givmatlar
to‘plami.
. 13. Funksiya limitining Koshi ta’rifi va uning inkori.
14, Funksiya limitining Geyne ta’rifi va uning inkori,
15, Funksiya limiti Koshi va Geyne ta'riflarining ekvivalentligi.
- 16. Funksiyvaning bir tomonli limitlari.
17. Limitga ega bo‘lgan funksiyalarning xossalari.
18. Ikki mirshab haqidagi teorema.
19. Birinchi ajoyib limit.
20. Ikkinchi ajoyib limit.
21. Funksiva limiti haqgidagi Koshi teoremasi. .
22. Funksiyaning nuqtadagi va to‘plamdagi uzluksizligi ta’riflari.
23. Bir tomonlama uzhuksiziik.
24. Bantaraf gilish mumkin bo‘lgan uzilish nugtasi.
25. Birinchi tur uzilish nuqtasi.
26. Ikkinchi tur uzilish nuqtasi.
27. Uzluksiz funksiyalarning Xossalari.
- 28. Funksiyaning tekis uzluksmhgl va Kantor teoremasx

LA %L

36

www.ziyouz.com kutubxonasi



- -B— .
" Mustaqil yechish uchun misol va masalalar P

-

Dwn it

l1-masala. limx, =a ekanligi ta’rif yordamida ko‘rsatilsin -

(n(£)-7). R *

11 x,= ;’;:? a=% 12 x,,=;1:;:, a=2.
1.3 xﬂ=%;:—;, a:%. 1.4 x"=19+'2’::_}, =__;.
1.5 .\‘,,x;:_i?:;, a=—-}2—, L 1.6 xnz__;ff_]’. a=-5. R ._
1.9 xn=]n;2i, a=-2 1.10-x,,:i"2,f, =:3‘~.
ar n =22 a2 g 5 =22 s
1.13 &=%:2—E;, a=~%..’_: 1.14 x,,=§i;:?, a=—§. J
1.15 ;=§:: a:%, Y xn=,50’,’.,i’3, a=-§~_ “‘:;
L P R
: 6—x L n+5 n
£ 119 x=i:i? a=%. ? 120 x,,:z-;%;-i-, a:--%. H
.1.21' x=n§’i2 =2 iy u
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2-masala. a soni {5} Kketma-ketlikning limiti emashigi ta’rif
yordamida ko‘rsatilsin. S LR

" an 1
201 = = — = -'-'—’ =—. . . .
x, =(~1) +1, alu. 22 X, mC0s—, a=o.
. N n
] H= n“‘s :_. . - = T :_I.
2.3 x =st p a 7 2.4 x, c;os]00 a |
25 5 =207 g=0. 26 x=n[1+(-1)] a=0,
27 x,=(-1)", a=-1. 2.8 x =(-1)",a=1. |
2—cosan Yy
9y =r—— a= =|=1, a=I,
29 x, St cosan a=} 210 x, [2J a
|
211 %, =222 a=1, 212 5, =203 4o
F14 ol n ¥
1 : . n
. = = - = §ip — =}
2.13 x, Sl a 3 | 2.14 x, =sin 5 a=i,
(-1)y . wn
215 x, =—"—, a=-1. 2,16 x,=sin—, a=0,
n : 3
217 5L Lk ,,
- xﬂr'_3_2n2’ a= 2 2.18 xn=(—2]) n,a=—~1.
218 x,=n"" a=0. 220 x, =772 gy,
w+l :

221 x, = +l-n, a=1,

3-masala.
Yaginlashuvchi ketma-ketlikning chegaralanganligi hagidagi teo-
remadan foydalanib {x } ketma-ketlikning uzoglashuvchi ekanligi
ko*rsatilsin.

3.1 %, = ntVr 3.2 x, =5’ sin—?— 3.3 =x, =J§cos—'zi

34 x,=(-1Vlan 3.5 x, =(-1)' Iat

L4

Cheksiz kichik ketma-ketlikning chegaralangan ketma-ketlikka

ko‘paytmasi hagidagi teoremadan foydalanib {x,} ketma-ketlikning
yaginlashuvchi ekanligi ko‘rsatilsig,

3.6xn = _1_+ n("”‘a
#

8 +sinn)°

_sgnftgn) o= A
37 5 ==2ES. 38 5 39 7 Loy ]
38 : .
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T :f‘-_'.l- f.’._ LA B
coszn : sin 4 ) v
310 X, =—F, 3.11 x =—-1, 312x,,~
Jn ’ n » In ( )
. Qismiy ketma-ketlikning limiti haqidagi teoremadan foydalamﬁ
{x,} ketma-ketlikning uzoglashuvchi ekanligi ko‘rsatilsin.

R
313 x =(0,50"". 304y =2t
- T B i R RN s
315 x,=[2+(-1f]. Y 36 «, sin— . |

«Ikki mirshab haqgidagi teorema» dan foydalanib {x,,} ketmas,
ketlikning yaqinlashuvchiligi ko‘rsatilsin, '

A} n+10Y e g
347 %=~ _ 3.18 x,= .

s 2n-1
319 ST 320 x TitYrsing o

@) "

2n+3Y i 2
321 5 =232

4-masala. Koshi kriteriyasi, monoton ketma-ketlikning limiti ha-
qidagi teorema yoki limitlar ustidagi amallar hagidagi teoremalardan
foydalanib {x } ketma-ketlik yaqinlashishga tekshirilsin.

. zﬁ[z]
41 =ntT 0D S, 12 j2]
n n In(n+1) _ _
n+n S » COSAH

' = e x ={~1} |1+ -
4.3 -rn n_n3 N -__,‘ ﬁi,‘ 4.4 ] ( ) [ \(;_1 ),r. ‘e‘\\&):‘_
n~!—sin[£;} S B ‘- n+1 1t
; 43 =g 4.6 % w(8+sinn)"

' o0 L : ] O
a7 33 ?)“{:2} 18 o)L,

W
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sin  sin2«a sinna
49 x, = F——t...
9 2 2° i
4-11 " 22 32 b (n+])2 .
1
4.13 x,,=i,',§
cos2 cosn
4,15 x =cosl+ 3 -
2 n°
]
4.17 x, =2
n
4.19 -“,,=0,7Z-‘£7,

4.21 x,=1+— ! +.. +i
2! n!’

410 x _Isin1|+|si|12|+ |sin ]
. 4. 4 5  ERRAA T
4.12 x,,=l+l+...+l,
n
4.14 x =(1+1J .
n
|
4.16 X, =l+—=
6 JE E
4.18 x, =2—
n|
_ l ( I)/ll
4.20 %= 1.2 2. 3+” n(n+l)'

5-masala. Sonli ketma-ketlikning limiti hisoblansin (,lli_glx,,—?)_

5.1 x, =n[\/n(n—2) —\/n2 —-3],

53 x, =‘/(n2 + I)(n: —4) =9,

=Jn*=3n+2-n-

55 x

5.7 x, =\/n(n+2)—\/n2—2n+3 .

59 x, =n? [1/11(/74 - l) —ﬁ]

5.11 x, =\/n2 +3n-2 —\/112—3 .

5.13 x, =,/n(n+5) -n.

5.15 x - \/(:13 + l)(u2 +3) -\]n(n‘ + 2) 516

2Jn

5.2 x, =(n—%/I;;IE)n ",

\/fzs—8—-n\/n(n2 +5)
\/’_1 .
56 x =n+¥4-n*.

5.8 x, =‘/(n+2)(n+l) —J(;1—l)(n+3) .

54 x,=

5.10 x, =f12(\./3 5+n —\/33+n3),
512 %, =n(Va+2-vn=3).
5.14 X,,=\/n3+8(\/n3+2—\/n3—l),

x, =n—Jn(n-1).

40
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5.17 x,,=n3[$/n3 (n* +4) =¥ n"'-ﬂl]. 518 x, =i/E[%/n_2—$/n(n—l ]

5.19 x,=Vr+2(vVn+3-vn=4). 520 x “n(m_\/;___)

5.2% xnfr:(35+3n3 -—211)_

6-masala limx -?

1 2 3 -1
61 x,=—+—3
n o"

- I

6.3 x, =

e e

l+3+5+‘..+(2n—l]_ T+l

n+l 2

6.5 1+ 2+.+n
R On' +1]

6.7 x, =

n+3

(n+4)!—(n+2)!\

6.9 xn' = ? (”+ 3)! .
2:! __SM-!-I , ; S

6‘11 Xy = 2n+| +5u+2 ‘

613 x = Y +5-\3n* +2

F+3+5+..+02n~-0"°

6 15 X —__.j_i_.___z

1+243+...+n 3

6.17 x. =

14345+, @n=1)

ron d

I-5+4-TF+. .. +2n-(2n+3) 6.18 ¥

»
2in+ )+ (242
I CE IIC T Y
(2n+3)
2H+I+3rt+l
L 6.4 x, =————
L 2H+3H
66 [4+345+..+(2n-1)
b x = .
! 14+243+..+n
6 x_l+4+7+...+(3n—2)
8 \/Sn"+n+l
6.10 - Gn-DH G+l |
! 3ul(n-1)
1 1 i
l+:+—~.z-+‘..+—“~
612 Y =1 I
. 1 1 P .
B B e T PL s
a 5 5 5"
3”“_‘2!}
6'14 'Ix-'”hsn—l_i_zu N
13 3n+2”
. X =—+—+..+
6.16 x, s 36 =

(7n+l)'+(7n+7)l

n+3

” ("n+_))l G+

41
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S P O b T 1 )
3 5.9 1+2"

21 X, =ttt
"-61'41664 4

7-masala. limx, -7

- N it n Wt
71 x = W —6n+7)" '7 % = 2 +2
A% 02 2208 —) -, .Z-i..”"— 2n2+] . v
.H—'l o ' ”2“‘ g Ct
7.3 x, = __] Col w14 x,={—3 } R
ne3) n S
75 - 2n+3)u+l . 76 . _(n-i-l]" R
RN T Vo VA
W —3n+6\ | n-107"
B A oL X, =
77 % n3+5n+1) BT 7.8 % ( n+1)
3 Tl R 20+5
79 x =[6777 o 710 x=| Stin=l 3% +4n-1
S 6n+4 o . "\ 2n+ T
‘- W enelY" . = 22+ 5+ TY
7.11 n n2+”_[ 7-12 “ru 2?1 +Sn+3
n—1Y (57 +3n-1Y
713 x,=|— 1! . . 7.14 %, = ————r
n+l - : 5n° +3n43
- -
715x~3”+1i3 716x=2n+?n1
’ "\ 3n~1 T ’ "l 20 + 301
7 17 . h(n+3}n+4 . . 7 18 .- n3+ Znea®
: " An+s) ' " olnt -1 '
Tqp x (10m=3Y et osn o
19 %= 10n-1) ° 20 % 3n* ~5Sn+7
X 22+ 217" s
721 .” 21 +18n+9

42
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gt Jnoea 0 o ' y R R '-‘é'*é....;_-,;;-é )
&-mas’;i&%- {x,}" ketma-ketlikning yuqori va duyi fimittas" topilsin
. (mx" _.?’ !ﬂ}lx"-?}. - K

a <, el L
8.1 x, =[c037;—n) ) : 82 x = I+ (-1}

' . in2 : 1 . znm

85 x"::;[l_(-l) ]'2"“. 86 5 2.

2"+3 S

' . L o )
8".7 x".=2(-"} "n- e 8.8 xrxx(‘_l‘) I(l""%}.

n+l
’ n nr oo n . AN
x,=2+——cos—. " 810 x,=-~——sin" =,
89 mel 2 8.10 x, =———sin"~

+
n+l ., 7n
8.12 x, =— sin” =

-1

A

3.11 X, = iz_—!cosnfﬁr .
IR n+l

813 %= Y gy x,,=(1,s.coszfnJ .
it 2 ) 3
' o sin” 1 ' n("+']n +3n-1
815 ¢ oo 2 .. 816 x=(-1) 2 o]
) n+l ST —n—n

8.17 X, = iy cos . 8.18 x,= 6

n+l  2nn ~4n +3ntzsin££+2§f) _
20 -1 3 Yt W .

H"l"] g " LR n+2 n
=|——{ (=1} +sin— " 8, = tn—
8.19 x, ( n)( ) . 820 5,=""sin”

8.21 x,,=sinn°, \. SEA G
43
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s S, y=7() i

nksiyaning amniqlanish sobasi topilsin
(p(1)-2).

4 -
9.2 y=log, 1030,5 ('5_ -2+ ) .

91 | 3}-_=1n[1-1g(x3 ~-5x+16)].

.93 vy - log, ., (x2 ~3x+ 2) )

x+5

95 V=130 sx)-

3x~x°

9.7 y=1Ig

x-1

9.9 y=ig(16-x")+crgx. -

9.11 y=,x*~|x-2.

9.13 y:ﬂ3——5x—2x3.' by

tgx
cos2x

815 y=

9.17 y= arccos(0,5x ~1).

x
¥ =9’

9.19 y=arctg

_ arcsin{0,5x 1)

9,21 Vv =
X =3x+1

g

e

RO 13 I

P

R

. x4
9.4 log, (x2 +2x—*2) :
9.6 y=,llog, alniay
%=1
o x+2 S
5.8 ¥ lgcosx * .
9.10 y:(S—-Zx—x:)-E. L
_ X
9.12 y— 1_!x1 . F Lt g '
. . \ s
X
9.14 y—\ﬁs_x. S
9.16 y= [artoosx
$IN X -~ COS X o

9.18 y=arccosx —arcsin(3-x). -

x -1

9.20 y=arcsin Lo

£ h b

10-masala. Quyidagi tengliklar ta’rif yordamida isbotlansin

2x* +5x -3 _

N O
10.1- lm x+3

==}

(5(¢) ~topilsin).
7. 10.2 limM =
Xl X —
44
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R N S Y
RREERLR - \'..E{,\L.'.E ek

10.3 351-12 : x+2 =_7_'_: | 104 !'I-IS x—3
L 6xTex=l et CoGxtex—=1 _ 5oL
10.5 WM T g0 limT—Tees,
) x+§ : S :
lim 9x2"1—_5- il s gy P -sx-2
107 0 1 et T 108 lim——=7.
Ko X+ — X2 x_z
3 2 1 " éi.F%
- XT —LX ' . 2
S im et =4 ‘ . Ix"+8x+1
. l Pl L S
109 .t 1 - 10.10 lim "
%01
' L - . 22t 43x-2
1001 =235 qopp limT— RS
=3 x—3 0 gpgr T e b
. >
L 6 =Sx+l o, . 10x*+9x-7
hadibuk AL Rt U SOV SN Ox +ox—7
10.13 M 1 R TR T 19
3 JC-'—3- ST g x+g

S 28° +13x+21 1
10.15 lm? Y47 _*2.

X=b—=
bl

b 2P -0xk10 1
1036 23 o5 2.
S - | |

6x'—75x—39=__81.

6x* +x-1 ' .
lip————— =5 lim
1017 S 1T 1018 et L1
) 3 I e 2
P =21x -] . 5x*—24x-5
10.19 lim 222X _or 0 20 im2X 20 106
= -1l ¥ x5 x—35
2_9 .

10.21 lim

P r
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11-masala. Limitlar hisoblansin.

JE_L
lim—tY2 3

11.1 ’
; %+x_V6;

113 lim\/9+2x—5
* x=3 é/;._‘.’_4 .

11.5 lim ::—6—:2—

x=>-2 x+2

11.7 hm\/_ l
x-) Y —_—
+x-J1—-x
11.9 lim——e—es
"’0\/3l+v PN-x"
L1l llm\/27+x—%/27-x
=0 x+2-{[x—4

11.13 lim

X0

Yx-2
11.15 {m\/— R

\/x+] ~24x+1

11.17 lim

11.19 Jim———
1 9 v—-§ 2+,§/;

lim Y222
1121 lim=r——

VI-2x+x* -(1+x)
— :

11.2 ) )
: %+x—v5§

Jl6x -4
114 lim——————
4+ x — \/—2;

116 I Pox -3
) *“”\/J—Hc \/5;

Yax -2
11.8 lim——=——p=
224 x - \/E;

11.10 lim————re -t
ol I+ x—2x °

3 2
11.12 lim¥3*3x+x -2

x—0 X+ xz

. Bvax-s
11.14 Xz
r—)s ,’ _,2

Yx-6+2

11.16 lim

11.18 lim =
x>0 3 x- —l

20, lim¥XT2 2
11.20. lim==—
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12-masala. Limitlar hisoblansin.

x* -1 . X —x+1-1

12.1 lim . 12.2 lim
=1 Inx x| Inx
I-sin2x
. 1+cos3x lim —— ¥ X
3 lim————, 24 i, .
123 rl—-';l; sin- 7x 1 ,\'—);(ﬂ' 4X)2
1+coszx . 1g3x
lim —————— lim
12.5 'm P 12.6 oL Igx -
. sin*x—1g’x . X —x+1-1
12.7 {gn—r”)%—. 12.8 lim~>—,
T X g’ﬂ-x
- . sin7x-sin3x
12,9 limS82X=cosIx 12.10 lim ———-—
x>z sin” x T e —e
1211 lim—l=29 1212 fimYX=3x+3-0
' =2 ]0"‘3x "'2 ) ) x—>] Sin aTx )
¥ = ) 35x-3_32r'
i lim
12.13 !r'_r»r,l: iy 12.14 1m P
. In2x-Inx
.27 -16 im ————
12.15 lim 12.16 % gin 2% cosx -

=4 singx

. gy N9 — 2x°
hm —=— i ____.__"(9 2x7)
. I . 12.18 lim— .
12.17 =% cos2x =2 §in27xx
lim -2 fim 1 = 2605 %
12. 19 x-»2 Z(J-z—x_ ’3 2 —5.\"*‘ 2) . 12.20 """% ”_3x
ez? _e.\‘

. lim—————
12.21 «rrginS5x —sin3x

47
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13-masala. Limitlar hisoblansin,

13.1 Iim(l‘.—')"'l
X} .\-+l
]
13.3 h’m(\z'\ﬁ_l)"‘-'
X! X
]
13.5 lim[ 2"'*7)°“2
% 1-_*_]
13.7 lim ﬁ)a"'
Y- X
7 CIg2x/sin2y
13.9 .rl_l’lg(cosx) )
13.11 nm[G‘*)“ :
X3 3
13.13 lim(3-2x)*%
X~}
13.15 nm(ﬂj C
x=3 3
M x=] \T}'
13.17 !\-I-T(ze _]) 1
. R
13.19 L;_;;rl](ze _]) r
13.21 “fg(sinx)'ssin'dﬂ‘"’x-

X2

48

13.2

13.4
i \Ifcos(37/4~x)
13.6 lm(iex)
4
W
13.8 Iim(2_£) o
x>a a
13.10 l]r!‘ (con)I/sinzz_\. .
13.12 lim (COSX)"‘W"/sier .
x4z
13.14 “n] (COS x)5lrg5.\'.sin2x'
x=4d5
1 . 6/gx-193x
13.16 'm(sinx)
L
i X -2
13.18 lim (lg—] :
.\'-)% 2
13.20 lim(1+cos3x)™
2

. [ siny Yo
limj — )
X=per SIn a

!
. [ cosxy )2
lim .
+-2{ cos2

www.ziyouz.com kutubxonasi



I4-masala. Lllmtlar hisoblansin.

14.1 lim 77 o8 ’ 14.2 i ¢ e b
- 14. —_— 2
=02 x — arctgax o . x=0 D aresin x — sin x
IS R
2 _7-3x 85, ”—e x
14.3 llm—G———-—— _ C 144 im—— .,
*=0 51n 3x-2x 50 gin 2x — $in X
_ 5 G TSNP VPR
11m~——~—————. iim
14.5 5% @reigy + x° ) 14.6 7% arctgx — x°
5.\' 7 i ’3 . . ed.\' _e—z.\r 3». XS
lim—— o o m——————, -
14.7 0 x—sin0x g 148 0 2arctgx —sinx '
A AR P S T XS
14.9 lm-————. M iim————, v AES
02 arcsinx —x __ =03inx —2x
. W o, e —e v B3 B
14.11 lim——————i *-00 1412 hm—, LEEs
¥=0 gresin 2x — x _ =0 aresin X + &7 e
llm -2" : R hm_ex——_e;_ NS
14.13 M1 tg3x— 2 : R 14.14 0 g 2% —sinx SRS
107 77 e —e' :
Hm ———-——-; » Iim——— . )
14.15 % Ugx —arctgx’ | g B 14.16 =0gin3x—sinSx . U
73) __3_.'.‘ . . e4,l‘ _eg.\'
lim - lim——————.
14.17 % x4+t ' 14.18 % 2tgx —sinx
PR VgLt
R . : 2 -5
I S & . € —e
14.19 lim————— .+ 14.20 lImo———— . _
x0 arcsin3x - 5x 02X —igx
ook
9.t _ 23.\‘ . 4 )
14.21 lmp——— . _ -

=0 grerg2x —Tx

15-masala.  y=f(x} funksiyaning x=x, nngtadagi o‘ng va ;.
" chap limitlari topilsin (f(x,+0)-?, f(x,~0)-").
) 1
1 = e = o
15.1 f{x)=arctg—, x,=1. 152 7 (x) m %=0,
b-x , l+er
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15.3 f(x):X;x s % =0, 15.4 f(x)=arccos(x—1), x,=0.
2(1 1-
N (5 T

15.7 f(x)=sign(cosx),x, = -725 ) 15.8 f(x)=arctg(tgx),x, ==

AU : 1
159 S)=——% X, =3. 15.10 f(«“)=x—_m’ X=-1

X+ 33

”

15.01 f(x)=x+[¥]%=10. 1502 S(x)=lim"—, 5 =i,

1513 /(x)=lim x”—_lJ X =1. 15.14 f(,\)_e— 0.
sinx . X
=22 =0 S(x)=——=,%=3
15.15 /(x) =775 %=0. 15.16 /(%) Gy
N Xl f(x)= 2
15.17 f(l)=|7_—1|’ X =1, 15.18 7 ¥)= :
1+22x
COS X
1519 7(x)=Y12052Y o, 1520 F(0)= = % =0,

x+1, x<2,
15.21 f(")‘{_sz, o ¥e =2

16-masala. y=f@)ﬁthax:a,mmmMImmmu(*mmg
ta’rif yordamida isbotlansin (&(&)—topilsin).

16.1 f(x)=5x"-1, x,=6. 16.2 f(x)=4x"-2, x,=5.

16.3 f(x)=3x*-3, x,=4. 16.4 f(x)=2x"-4, x,=3.

16.5 f(x)=-2x"-5, x,=2. 16.6 f(x)=-3x*—6, x,=1.

16.7 f(x)=-4x"-17, x,=1. 16.8 f(x)=-5x*-8, x,=2.

16.9 f(x)=—5x3—9, X, =3. 16.10 f(x)=~4x2+9, x, =4
50

www.ziyouz.com kutubxonasi



1611 f(x)=-37+8 x,=5. 1612 /(x)=-25+7, x=6.

16,13 f(x)=2%°+6, x,=7. 16.14 f(x)=3x*+5, x,=8.
16.15 f(x)=4x"+4, x0—9 16.16 f(x)=5x"+3, x,=8.
16.17 f(x)= SA +1, x,=7. 16.18 f(x)=4x*-1, x,=6.
16.19 f(x)=3x"-2, xo—-S 16.20 f(x)=2x»3, x,=4.
16.21 f(x)=-2x"-4, x,=3.

17-masala.
Quyidagi funksiyalar a ning qanday qiymatlarida +uzluksiz
bo‘lishi aniglansin.

b4 2
xetg2x, x=0, |[x{<—, ax” +1, x>0,
17.1 y=1""¢ M<2 12 y={

- <0
a, x=0 % X
cosx, x<0, X +a, x>0,
17.3 ¥ a(\—l) x>0 17.4 7 1-x%, x<0
2, x=20, (7r+2\‘)tgx,-7r<x<£_.x¢—z,
17.5 V= 17.6 y= 2 2
a(x-1), x<0 7
a. x=-—
2
arcsin x)cigx, x#0, _J/—, x=0,
17.7 ) { ) 17.8 Y51 ¥
@ x=0 a, x=0,c>0,
——x——-, x#0 -5
17.9 Y=1In(+2x) 17.10 Y=1¢ , x#0,
a, x=0 a, x=0
Quyidagi funksiyalar uzluksizlikka tekshirilsin va grafiklari chizilsin.
2n In (l + e"’)
x” 1 lim ——~
17.11 f(.x)—l‘lm = 17.12 m ln(]-l—e’) )
. 1 . 1
‘)= ———— = Y] S—
17.13 f(.\) 'l'!-?ll+x2"*' ] 17.14 f(x) szg,n(co x]'
51
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1715 f(x)=limeos™x, " 1716 f(x)=[x]sinzx.

.07 f=tim i gag ()=l Yeox ey,

%]+ e

17.19 f(x) = llm \II -+ xz" 17.20 f(x) - _[xz]’ s

Voo

X

_| —_— .
17.21 f(l) “1—‘3?’]+(25inx)2”
' IS-masaIa o
Quyldagl funkﬂyalar berilgan oraliqda tekis uzluksizlikka
tekshirilsin

-13._1 f(x)= _x” —tgx<t. 18.2 f(x)zlnx,0<x;<1.

133 f( )=§Iﬂ.{ O<x<z. = 18.4 f(x):e*cos%, 0<x<l'::

185 F(x)=arctgx, —cwo<x<+o, 18.6 f(x)=xsinx,0<x<+00,

-, -lgx<0 x+1, x<0,

18.7 /(%) ={

I+x O0<x=gl —l<x<l

18.8 f(x)= {

,x»0, —wm<x <+

y=7{(x) funksiya X to‘plamda tekis wuzluksiz cmasligi isbotlansin,

I 1
18.9 f(x)=cos—, X=(0.1). 18.10 )= x=(0).
18.11 f(x)=sinx’, X =R. 18.12 f(x):sini, X=(0,1).

18.13 f(x)=x", X=R. B4 f(x)=;—1-5, X=(23).

y=f (.).) funksiya X to‘plamda tekis uzluksiz ekanligi ta’rif
yordamida ko‘rsatilsin (& =5(¢g) topilsin).

18.15 f(x)=-x+1, X=(—oo+o0). 18.16 f(x)=¥x, X =[0;2]. ::
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i

18.17 £(x) % x=[o5 1]. © 1818 f(x)=26+5 X=[1;7].
18.19 f(x)=x 25—, X=[-25]. 18.20 f(x)=x+1, X=[-23].
18.21 f(x)=2sinx-cosx, X =R.

;

»

D= .
Namunaviy variant yechimi -

‘Namunaviy variant sifatida 21-variantni olib, shu variantdagi -

misol va masalalarning yechimlarini keltiramiz.

1.21-masala. limx, =a ekanligi ta’rif yordamida ko‘rsatilsin

(n,(s) -7).

-2
q (limx,=ay o (V5>0 Hnozno(g)eN:_Vn>no [x,,«-ai<s)._
I, “alu | _j2r -2’ 6l - 6
-3 E n -3 1 ln -*3'

~ 6 6

. v ;.; (H_.\aﬁ)(nz +y§n+{/3_2‘) < N %/?:H-l-i/g < i‘ﬁn’ <

6 6 [6]
<—<LEDR>—DH, = —
n Fy £

Demak, ¥¢ >0 son olinganda ham no=tnax{2, [g]} deb oi-

sak, ¥n>n, vehun |x,—af<e boladi. = limx,=a

2.21-masala. a4 soni {x,} ketma-ketlikning limiti emasligi ta’rif
yordamida ko‘rsatilsin.

=Jn*+l-n, a=1
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< (limx, #ay e (Vi eN 3e>0,In>n,: x,~dzs) |, *4 l ¥ +1—n)— i

2 41— 2 l-n" ~2n— ll 2
=Wn*+1- l1+l‘ ey |_(n y L >
' ( ) |\/n +l+n+l| \[n +1+n+1 \/n:+l+n+l

2n _2n _2n |

= = ==_
Jr*+30® +n+n 2n+2n 4n 2

1
Demak, £=7 deb olsak, VneN uchun |x,—a|>¢ tengsizlik

bajarilar ekan. Bu esa P_‘j}%*ﬁa ekanligini anglatadi.
3.21-masala. “Ikki mirshab haqidagi tcorema”dan foydalanib
{x,} ketma-ketlikning yaqginlashuvchiligi ko‘rsatilsin.

x_(2n+3)"
" n?
2n+3 2n+3n S5n 5

]
< e m e K . ¢
4q —< < agar n>10 bo‘lsa

n n? P i

2n+3 2+3 5
n n _n'

1
—>-—— agar p> bo‘lsa.
50 gar n>10

i 1
Agar Y, = 0" va Z,,=; deb belgilasak, unda v n>10

uchun y, <x, <z, qo‘sh tengsizlik bajariladi. limy,=limz, =0 vy

n

“ikki mirshab haqidagi teorema” ga ko‘ra limx, =0 bo‘ladi.

1
4.21-masala. x,,=1+§+...+;1—' ketma-ketlik Koshi kriteriyasi,

monoton ketma-ketlikning limiti haqidagi teorema yoki limitlar
ustidagi amallar haqidagi teoremalardan foydalanib, yaqinlashishga
tekshirilsin.

a Monoton ketma-ketlikning limiti hagidagi teorcmadan foy-
dalanib, berilgan {x,} ketma-ketlikning yaqinlashuvchi ekanligini
ko‘rsatamiz.

X =X +_]___
n+l ” (n+])'
54
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Endi bu ketma-ketlikning yuqoridan chegaralanganhglm
korsatamiz:

X, =l+—+—F— F—< -+t - <
) 2t 31 4t ! 2 20 2 2"
. ; »
: SV -*——l_, PN B
2.. 3 21: 2n I_l
2

Shunday qilib, {x.3 71 va YneN  uchun
x,£2 = limx,-3 = {x,] —yaqginlashuvchi Co

=

5.21-masala. Sonli ketma-ketlikning limiti hisoblansin
( limx, ~7) '

H=rF

x, = {35+ 80 - 2n)
n[(5+8n3)-—(2ﬂ)3]
limix, = limn( Y5+ 87 - 20) = lim - -
o lm, m o -2 ""”{/(5+3n3)2 i

3.5.9 1+2°
X, =—+—+—+..+

4716 64 4" ey
CoL 3,5, 9 T2t w2 1427 142 1427
e T

= l+L~+...+w]+ l+—17+—1~-+...+L =y bz, =
4 & )22 Y N

= limx, —hm(yn-!-z")-—hmy +limz =

—-w T
| [
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7.21-masala. limx, =?
N~

207 +2In-17 o
S e T
2 +18n+9

, (227" oy (2P +18n4943n—16)""
q limx, =lim | ————— =(l )=l|m =

% i\ 22 418149 nsr 21 +181n+9

=[im l+——3£—]i—fm = lim(l+a)?zl_—e i
woel 207 18149 n—> tenglikdan  foy-

dalanamiz. i B1716)2141)

-

. 3n-16 im =
Bizning hoida @ =——F————||=¢"™" "+ =
2n” +18n+9

n:(Sn—l—('-I}a-l»)
Tim -— n n
= " n’(z+]—§+—9-] 32
e n o =¢ 2 =@3 >

8.21-masala. {x,} ketma-ketlikning yuqori va kuyi limitlari

topilsin (Iin;{x,,—?, li_mx,,-—?).
x, =sinn®
<« Berilgan ketma-ketlikning giymatlari to‘plamida
0, *sinl® %sin2°,..., £sin89°, #1

sonlari cheksiz ko‘p uchraydi, chunki vpe N vaVpe N uchun
keltirish  formulasiga  ko‘ra  sinn® =sin(360°p + n°) va
sin (1800 J_rn°)=T-sin n°. Demak, yuqoridagi sonlarning har biri ber-
ilgan ketma-ketlikning gismiy limiti bo‘ladi. Shu bilan birgalikda
{x,} ketma-ketlikning yuqorida ko‘rsatilgan 181 ta sondan boshqa
gismiy limiti yo‘q. Diﬁﬁxnﬂ va limx, =-1 p

9.21-masala. y=f(x) funksiyaning aniqlanish sohasi topilsin
(p()-7)-
_ arcsin(0,5x ~1)

Vxt =3x+1
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0<0,5x<2
1£0,5x-1<]

o [ .
0<x<4 { . [ ( ]
J [3+\/— }

= XE(—”AJ,3—2\/§JU(3+2\/— JDD(f) [

10.21-masala. Quyidagi

x =9
lim
\—)Sx __)x

tenglik ta’rif yordamida isbotlansin (&§(e) topilsin).
4 (hm/( )= b) & (V£>O 35(¢)>0: O<|x—d|<s = |f(x)—b|<a).

f(x) funksiyani x=3 nuqtaning biror atrofida, masalan (2; 4)
intervalda, garaymiz.
Ye>0 son olamiz va |f (x)—?.l ayirmani x#3 da quyidagi
ko‘rinishga keltiramiz:
.2_9
x)=2 =I u
7 (0)-2f=3
chunki xe(2; 4) edi.
Oxirgi tengsizlikdan ko‘rinib turibdiki, agar §=2¢ dcb olsak,
0<|x—3}<(5 tengsizlikni ganoatlantiruvchi Vxe(2; 4) uchun

|x3|<>25
r(x)-2=E <2

=2

_|3-x]_ |x-3| I\’ 3|
I X l |x| 2

_2 =]x+3_2
¥

]

f . . X
bo‘ladi. Bu yerdan ta'rifga ko‘ra lim—
x3 x° —3x

=2 ckanligini hosil

gilamiz o

Jo+2x -5 ’

11.21-masala lim hisoblansin.
L e

i Y925 =5 (_)_“m (9+2x)-5" I +2.-Yx+2°
4 w8 Yy -2 0 8 x=2’ V9+2x +5
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—rsinSx—sin3x \ 0 X—=>r=>t—>0
e~ 1-¢ ‘
=lim =¢" lim—————= " 1im_i._l_.=
10 sin (57 +5¢)~sin (37r+31) 1-¥0 —sin 57 +sin 3¢ 10 Sin 5¢ —sin 3¢
¢ -1 . e =1
x { hng =1 | e
=e “m n = = ! =t ——=e, >
:—»ob._____sm51_3.§m31 i sina 5-3 2
5t 3t - a
18sinx

Beost theosy
=}il_33(cost) ~i =Ei_x’13[l+(cost—l)] ® =

2x-8)(* +2-3x +4)

=lim

=2-lim

I X

12.21-masala. lim———%—— hisoblansin.
=»rsinSx—sin3x

e" —ef (OJ ((‘c =7 +¢t almashtirish bajaramiz
q M= ==

13.21-masala. iﬁ(sinx) ““ " hisoblansin.
T2

_ T
18sinx X=_+t
lm(sinx) ow =(1)=|| 2
i
T2

8cost

'
36cos? #-sin® = 2
im 18€08¢ . 18cos?r, . 21 fim -2 lirn} 13605 ¢ 0t
- {cosr-1) lim— === 2sin? = P | 30 [] 2
=0 gt = g sin 2 - 2sin>-cos cos-
e 272 =g 2

14.21-masala. Ushbu limit hisoblansin.

X _ 23.\'
lim ————
=0 qretg2x —1x

9* 1 23

'\"/}c—z+2-m
w8 (x—8)(J‘7~T2§+5) = J94+2x +5

T .. . .
X =t — 0 almashtirish bajaramiz

=e

X 3x "'3 i
li 1——————9 2 —(9]=}im X 3x o

X0 9. al'Ctg_g.E -7
2x

4 x0garctg2x—-T7x \ 0
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=2,4. >

)

=1.

1
[(Lm (1+a)a =¢ dan foydalanannz)) =

SIn-
0

>



= [[lima’_lvlna a3 llm arctg? _ ID= o
' ;-fo t =0 i )

In%-3n2 1.9 P S PSS S TN
He———=——ln=, P cetter T
2-7 5 8 »

15.21-masala. y=f(x) funksiyaning x=x, nnqtadagl 0n§ va
chap limitlari topilsin (/(x+0)~7 f(x%~0)-?) .« ;

x+1, x<2,

f(x)={~2x+l, 52, 02
o S +0)=F(2+0)= lim f(x)= fim (2x+1)=-3

f{x-0)=7(2-0)= lim f(x)— llm (x+]) b |

x—+2=0
2y

16.21-masala. y=f (x) funksiya x=x, nuqtada uzluksiz ekan-
ligi ta’rif yordamida isbotlansin (5(¢) topilsin).
' f(x)=-2x*-4, x,=3
« f(x) funksiyani x, =3 nuqtaning biror atrofida, masalan,
(2; 4) intervalda qaraymiz. Vg>0 son olamiz va
17 (x)~ f(x)|=|F(x)- f(3)| ayirmani baholaymiz:
()= 703 =X —a-(-22)] =|-2x? +18) =2} - 9| =
=20x+3|-|x -3 <14:|x 3.

£
Bu tenglikdan ko‘rinib turibdiki, agar §:ﬁ deb olsak,
|r—3|<& tengsizlikni qanoatlantiruvchi vxe(2; 4) uchun

17 (x)-7(3)l <l4|x-—3i<145=14-1%=8 boladi. = f(x)=-2x*-4
funksiya x, =3 nuqtada uzluksiz.

' x
17 21-masala. S (*)= },‘.,'7}1 + (2sinn )-u funksiya uzluksizlikka tek-
shirilsin va grafigi chizilsin. ' :
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x, |2sinx|<1,

x
x hm-————: X losind=1, =12
q f( ) ”_‘”OI+(2 )Zn 2 I l

0,

0. |2sinx|>]

Bu tenglikdan  ko‘rinib  turibdiki  f(x) funksiya

(—%sz; %+;zk va %+7rk; 5~67[—+7rk , keZ oral‘i’qlarda

uzluksiz hamda x=i%+ﬂk, keZ nuqtalar funksiyaning 1-tur
uzilish nuqtalari bo‘ladi. Yuqoridagi ma’lumotlardan foydalanib funk-
siyaning grafigini chizish giyin emas. o -
18.21-masala. y=f(x) funksiya x to‘plamda tekis uzluksiz
ekanligi ta’rif yordamida ko‘rsatilsin (5=5(¢) topilsin).
f(x)=2sinx-cosy, X =R
< (f(x) funksiva X to‘plamda tekis uzluksiz) <«
(V8>O 35=56(£)>0, Va'\x"e X: |x"-x|<S = [f (x") - f(x )I<8)
Ve >0 son olib |f(x")-f(x) ni baholaymiz:
If(x")— f(.\")| =|(2sin x"- cosx")—(?.sin)c'— cos.\")| =
-8 .a+B

, . . . .o
=[2(sinx"-sinx") - (cos x"- cos.v')| = sina -sin f =2sin—"cos 3

va

o= . o+ .
cosa —cos ff=-2sin 5 B -sin 3 A formulalardan foydalananuzj) =

" ' n ' n -

. x"-x x"+x . x"—x .x+r]
=14sin -COS +2sin =
2 2 2 N

sin x"+x’|]s
2 |

<d

tengsizlikni qanoatlantiruvchi Vy',x"e R uchun |f(x")-7(x)|<e
boladi. = f(x) funksiya R da tekis uzluksiz. »

=2-sinx"—x'-2.cosx" '.'+sin"."+""|,<_2.|'\"—'1. 2-[cos - "|+
2 2 2 l 2 2 l

<lx"= x| (24 1) =3-x"= x

Bu tenglikdan ko‘rinib turibdiki & =§ deb olsak, [|x"-x'
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3-§. 2-MUSTAQIL ISH

Funksiya hosilasi va differensiali. Ularning tatbiqlari.
Funksiya hosilasi va differensialining ta’riflari.
Hosilaning geometrik va mexanik ma’nolari.

Turli usulda berilgan funksiyalarning hosilalari.*
Yugori tartibli hosila va differensiallar.

Differensial hisobning asosiy tcoremalari.

Lopital qoidasi.

O-simvolika.

Teylor formulasi.

Funksiyani to‘liq tekshirish.

-A-
Asosiy tushuncha va teoremalar
1°. Hosila va differensial ta’riflari. Hosilaning geometrik va
mexanik ma’nolari
y=f(x) funksiya (a,b) oraligda aniglangan bo‘lib, xe(a,b)
bo‘lsin. Bu x nuqtaga shunday Ax orttirma beraylikki,
x+Ax €(a,b) bolsin.

I-ta’rif.  f'(x):=lim Y fim

A0 Ax A0
ning x nugtadagi hosilasi.

s (x+A2_f (x) (1) — funksiya-

2-tarif.  f'(x+0): _A‘v‘i‘loi\,‘;‘_,wf(“m) fx) o'ng

hosila. f’(x—O):=Alim_oéJ—)= lim f(x+Ax)‘—f(x)
Ar-0 Ay Av--0 Ax

1 va 2-ta’riflardan quyidagilar chigib keladi:

1)Agar y=f(x) funksiya x nuqtada f'(x) hosilaga ega bo‘lsa,
u  holda  f'(x+0) va  f(x-0) lar mavjud va
S'(x+0) = f'(x=0) = f'(x) bo‘ladi.

2)Agar  f'(x+0) va f'(x-0) lar mavjud bolib,
f'(x+0) = f'(x-0) bo‘lsa, unda f'(x) ham mavjud va
f'(x)af(x+0) = f'(x=0) bo‘ladi.
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1-teorema. Agar x, nuqtada f' (xo) mavjud boIsa, u holda
y=f (\) funksiya grafigining (xo, f (xo)) nugtasiga urinma o ‘tkazish
mumkin va bu urinmaning burchak koeffitsienti f’(.\'o) ga teng boladi.

y=f(%)+f"(%)(x-x,)-(2) - urinma tenglamasi.

1
y=rf(%)-= -(x—xo)_(3) - normal tenglamasi.
f'(x)

Agar S=f(1) moddiy nugtaning sonlar o‘qidagi t vagiga mos
keluvchi o‘rnini bildirsa, unda Af = f(¢r+Ar)- f(r) - nuqtaning

fe+ary-£(1)
At
S'(¢) esa t momentdagi oniy tezlik bo‘ladi.

3-ta’rif. Agar Ay ni ushbu

Ay= f(x+Ax)— f(x)=A(x)-Ac+a(x,Ax)-Ax, e
bu yerda Ax—0 da a(x,Ax)—>0 ko‘rinishda ifodalash mumkin bo‘lsa,
unda y=f(x) funksiya x nuqtada differensiallanuvchi deyiladi.

A(.\')-Ax ifoda funksiya orttirmasining chizigli bosh qismi yoki
funksiya differensiali deb ataladi va dy kabi belgilanadi.

a(x,Ar) ifoda funksiya orttirmasining goldiq hadi deb ataladi.
Agar O-simvolikadan foydalansak, Av—0 da Ay=4-Ax+i(Ax)
tenglikni xosil gilamiz.

- o'ttacha tezlik,

At vaqt oraligiidagi ko‘chishi,

2-tcorema. y= f(x) funksiya x nugtada differensiallanuvchi bo ‘lishi
uchun shu nuqtada chekli f '(x) mavjud bo fishi zarur va yetarii.

3-teorema. Differensiallanuvchi funksiya uzluksiz bo ‘ladi.

Agar 2-teorema shartlari bajarilsa df (x)= f"(x)-Ax=f"(x)-dx
bo‘ladi. Differensiallashning asosiy qoidalari va elementar funksiyalar
uchun hosilalar jadvali 1-§ ning 3% va j4¢ punktlarida keltirilgan.

2'. Turli ko‘rinishda berilgan funksiyalarning hosilalari
a) Murakkab funksiyaning hosilasi
Aytaylik,y=f(z? va u=j(x) funksiyalar berilgan bo‘lib, ular
yordamida y=f[j(x)] murakkab funksiya tuzilgan bo‘lsin. Agar
u=j(x) funksiya x nuqtada va y=f(u) funksiya x nuqtaga mos
keluvchi  © nuqtada hosilaga ega bo‘lsa, unda

62

www.ziyouz.com kutubxonasi



Ve=y' u (5
tenglik o‘rinli bo‘ladi.
b) Teskari funksiyaning hosilasi
Agar y=f(x) funksiya x nugtada f'(x)=0 hosilaga ega bo‘lsa,
bu funksiyaga teskari x=jf"'(y) funksiya x Jnuqtaga mos
bo‘lgan ¢ nuqtada hosilaga ega va

, 1
¥ =
S (6)
bo‘ladi.
d) Parametrik ko‘rinishda berilgan funksiyaning hosilasi
Faraz qilaylik, y= y(x) funksiya parametrik ko‘rinishda.

{x=¢0)
y=v()
sistema yordamida aniqlangan bo‘lsin. Agar ¢(r) va w(¢) funksi-
yalar differensiallanuvchi bo‘lib, go'(t)¢0 bo‘lsa, unda (7)-sistema
differensiallanuvchi y=l//[tp" (Y)] funksiyani aniglaydi va

AAU
y.\'_x' _(/)'(1) (8)

a<i<p )

(]
tenglik o‘rinli bo‘ladi.
e) Oshkormas funksiyaning hosilasi
Agar biror oraligda differensiallanuvchi bo‘lgan y= y(x) fun-
ksiya F(x,y)=0 tenglik yordamida aniglansa, unda oshkormas
ko‘rinishda berilgan funksiyaning y'= y’(x) hosilasini ushbu

d
S F(x)=0 ©)

tenglikdan topish mumkin.
Masalan, ushbu y’ +y* + y—~x=0 tenglik yordamida oshkormas
ko‘rinishda berilgan y= y(x) funksiyaning ' hosilasini topaylik.
<a (9)-tenglikka ko‘ra

4
( V+y +y-x )_=0:>5y“-y’+3y2-y’+y'—l=0:>y’4—1,—.l>
¥ 5y +3y” +1
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3%, Differensialning taqribiy hisoblashga tatbigi
Ma’lumki, y=f(x) funksiya x, nuqtada differensiallanuvchi
bo‘lsa, unda

Af (x,) =df (x,) + o(Ax)
tenglik o‘rinli bo‘ladi. Agar df(xn);to bo‘lsa, bu tenglikdan yetar-
licha kichik Ax lar uchun

Af (xo) = df (x,)
yoki

Flxg+ax)= f(x,)+ /" (xy) Ax (10)
taqribiy hisoblash formulasini hosil gilamiz.
4%, Yuqori tartibli hosila va differensiallar
a) y=f(x) funksiyaning yuqori tartibli hosila va differensial-
lari ushbu

t

f(n) (\) - {f(n-!) (\)} (n = 2,3,...);

d'y= d(d”"y) (n = 2,3,...);
tengliklar yordamida aniglanadi.
b) Asosiy formulalar
*\ x n . X () X
1) (a) =« -In"a (a>0); (e) =¢

2) (sin x)(") =sin| x+ CIZE

3) (cosx)(") = cos[x + g]

4) (.\"‘)(") =a(a- l)...(o:—n +1)x*", aeR

) -1 " ) -1)!
5) (ln.\*)()=—————( ) ”(” )
X

d) Leybnis formulasi
Agar u=u(x) va v=v(x) funksiyalar n-tartibli hosilalarga ega
bo‘lsa, unda y=u(x)-v(x) funksiya ham n-tartibli hosilaga

cga bo‘ladi va

"

A = ()" =3l (1

£=0
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. € sqs 1 1 n!
tenglik o‘rinli bo‘ladi. Bu yerda 4 =y, =y va Cf=m.

(1)-formulaga n-tartibli hosilani hisoblash uchun Leybnis for-
mulasi deyiladi.

u(x)-v(x) funksiyaning n-tartibli differensiali d"(u-v) uchun
ham Leybnis formulasi o‘rinli.

5°. Differensial hisobning asosiy teoremalari _

Aytaylik y=f (r) funksiya [a,b] oraligda aniglangan bo‘lsin.

1-teorema. (Ferma teoremasi). Agar

1) f(x)eC[a,b],

2) Vxe(a,b) uchun chekli f'(x)-3,

3)ichki ce(a,b) nugtada f(x) funksiya eng katta (yoki eng
kichik) qiymatga erishsa, unda f’(c)=0 bo‘ladi.

2-teorema. (Roll teoremasi). Agar

1) f(x)eCla,b],

2) Vxe(a,b) uchun chekli f'(x)-3,

3) f(a)=1(b)
bolsa, 3Ix,e(a,h) nuqgta topiladiki, f'(x,)=0 bolad.

3-teorema. (Lagranj teoremasi). Agar

1) f(x)eC[a,b]

2) Vxe(a.b) uchun chekli f'(x)-3
bo‘lsa 3x, € (a,b) nugta topiladiki

£ ()= (@)= £'(3)-(b=a)
bo‘ladi.

1-natija. Agar Vxe(a,b) uchun f'(x)=0 bolsa, unda (a,b)da
f(x)=const  bolad.

2-natija. Aear f(x) funksiya (a,b) intervalda chegaralangan f'(x)
hosilaga ega bo‘lsa, u holda f(x) (a,b) da tekis uzluksiz boladi.

Lagranj teoremasini ba’zi bir tengsizliklarni 'isbotlashda go‘llash
mumkin. Masalan, (I+x)”21+ax Bernulli tengsizligi vx>_| va
a>] da o‘rinli ekanligi isbotlansin.
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al-hol. x>0 bo‘lsin. Unda f(u)=(1+u)", ue[0,x] funksiya
uchun Lagranj teoremasiga ko‘ra 3x, e(0,x) nuqta topiladiki
F(x)=f(0)=(1+x)" —1=a-(1+x)" -x>ax boladi = (1+x)">1+ax
2-hol.- I<x<0 bo‘lsin. Unda f(u)=(1+u)’, ue[x,0] funksiya
uchun  Lagranj teoremasini qo‘llaymiz. = 3x,&(x;0)
£(0)=f(x)=1=(1+x)" =a-(1+x,)" (0-x) =((1+x, <1)) <~x = (1 +@x)" > | pogex -
3-hol x=0 bo‘lsin. Unda (1+x)" =1+ax=1 bo'ladi. Endi 3 ta
holni umumlashtirsak, isbot qilishimiz kerak bo‘lgan Bernulli teng-
sizligini hosil gilamiz. >
4-tcorema_(Koshi teoremasi). Agar
D f(x),g(x)eCla,b],
2) Vxe(a,b) uchun chekli f'(x)va g'(x)-3 hamda g'(x)=0
bo‘lsa, unda 3x,e(a,b) nuqta topiladiki,
f()-S(a) _f'(x%)
g(t)-g(a)  g'(x)

tenglik o‘rinli bo‘ladi.

6°. Aniqmasliklarni ochish. Lopital qoidalari

0 o
2-§ da ko‘rganimizdek funksiya limitini hisoblashda biz P

0., w—oo, 1, ° va shu kabi anigmasliklarga duch keldik. Bu
anigmasliklarni ochishda Lopital qoidalari katta yordam beradi.

Teorema. f(x) va g(x) funksiyalar uchun quyidagi sharflar
o‘rinli bo‘lsin.

1) f(x)va g(x) funksiyalar a nuqtaning biror atrofida aniqlan-
gan va chekli hosilaga cga, ’

2) lim f (x) =lim g (x) =0,

3)a nugtaning shu atrofida [ f '(x)]z-i-[g'(x)]::tO,

’

4) limf_(x—-chekl' oki cheksi
! g'(x) 1 YOKIi 1Z.
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U holda
W) ()
fim (%) =lim 2(%)

tenglik o‘rinli bo‘ladi.
Izoh: Agar bu teoremaning shartlari g nuqtfning chap (yoki

/(x)

o'ng) yarim atrofida bajarilsa, unda teorema g( x) ning a nuqta-
dagi chap (yoki o‘ng) limitiga nisbatan o‘rinli bo‘ladi.

Yugoridagi 0 ko‘rinishidagi anigmasliklar uchun keltirilgan

0
lLopital teoremasi " ko‘rinishidagi anigmasliklar uchun ham o‘rinli
. .. . . . 0 o0
bo‘ladi. Boshga ko‘rinishdagi anigmasliklar esa — va >

.. . i er g 0
ko‘rinishidagi anigmasliklarga keltiriladi.

7% O-simvolika

Funksiya limitini hisoblashda va funksiyaning asimptotik xarak-
terini o‘rganishda «o-kichik» va «O-kattas tushunchalari muhim
ahamiyatga ega. Biz & nugta deganda chekli son yoki « ni tushu-
namiz. & chekli bo‘lgan holda nuqtaning atrofi deganda quyidagi
to‘plamlardan biri tushuniladi: (a-5;a), (a:a+6), (a-5;a+5),
bu yerda §>0. Agar g=c bo‘lsa, u holda « nuqtaning atrofi
deganda quyidagi to‘plamlardan biri nazarda tutiladi: (—oo;-—A),
(A,+0) yoki (—o0;—A)(A,+0), bu yerda A > 0. Aytaylik, berilgan
funksiyalar « nugtaning biror atrofida aniglangan bo‘lsin.

1-ta’rif. Agar shunday o‘zgarmas x son topilsaki, a nuqta-
ning biror atrofida

lo() <K -l (»)
tengsizlik bajarilsa. u holda shu atrofda ¢(x) funksiya w(x) ga
nisbatan O -katta deyiladi va ¢(x)=0(p(x)) kabi belgilanadi.
2-ta’rif. Agar « nuqgtaning biror atrofida ¢(x)=a(x)-w(x)
tenglik o‘rinli bo‘lib, li_l)l}a(x)=0 bo‘lsa, unda x—a da ¢(x)
funksiya y(x) ga nisbatan o -kichik deyiladi va ¢(x)=o(w(x))
kabi belgilanadi.
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1-ta’rifdan ko‘rinadiki, agér w(x).al'e.'_l?_.'bo‘lsa, vnda [im ;’i?) =0
bolganda ¢(x)=o(y(x)) boladi. - '

Izoh. Quyidagi tengliklar o‘rinii:

1 o(F(x))+o(f(x)}=0(r(x)}, | R

2) K—o(f(x)) =o(f(x)), Z';I:;,;': a i,

) olf () olf()=olf(x)). =

4) o{f(x)}-0(f(x))=0(f(x)),

5 x>0 da x"':o(x")c:nn)n

6) x>x da x”’=o(x“)<:>m<n_ : r

3-tarif. Agar x—a da p(x)-w(x)=ofw(x)} bolsa, unda

x->a da (3} va w(x} funksivalar ekvivalent deyiladi hamda

@(x)~w(x) kabi belgilanadi. )
e(x

Bu ta’rifdan ko‘rinadiki, agar {x)=0 bo‘lsa, unda !}_I}:w (x) =1

bo'lganda ¢(x}~(x) boladi.
1-teorema. Agar ushbu

lim qa(x)+o(¢9(x)) . h gv(x)
- yoki hm——o
| ey (x)+o{y(x)) way(x)
hmltlardan birortasi mavjud bo‘lsa, unda
i 2 +o(e(x) _

A~ W(x}.‘_ O(l’zf (x)) l'—-’(l W(l)
tenglik o‘rinli bo‘ladi.

[-teoremadan foydalanish samaradorligi Teylor formulasi yor-
damida yanada oshadi.

2-teorema. Agar f(x) funksiya a nuqtada [f'(a),
Fa),on f ("}(a) hosilalarga ega bo‘lsa, u holda ¢ nuqtaning bi-
ror atrofida ushbu

- f' a f( ) " N
()= £ (a)+ 1( Ymayrt LD ey o (s-a).
Peano ko‘rinishidagi qoldiq hadli Teylor forntulasi o‘rinli bo‘ladi®
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Natija. x— 0 da quyidagi tengliklar o‘rinli bo‘ladi.

1 (14x)" =l+mx+ m(nzz'—l) R m(m— l)...('m—n+ l)x" +o(x")
! n!
2 U]
2. e"=l+x+l;%+...+—J‘—’+o(x") v
: ! n!
2

X at X" »
3. ln(l+x)=x—7+...+(—l) -;—+0(x)

3 2n-}

. X =l X n
4, smx=x—§+...+(—l) 'm‘f‘O(K )
.\'2 n xz" s
5 cosx:l-——2—1+...+(—1) -@7—)—!+o(x ’)

6. tgx=x+%x3+o(x4)
7. arctgx=x—%x3+o(x")

Incosx + x%

i lm——— i i
Misol. M5— " P hisoblansin.

1 ,
. In 1——x2+0(x2) +x°
. Incosx+x~ . 2
lim =lim =

=0 sinx-1gx 0 (x+o(x2))(x+0(x2))

(——%xz +o(x2))+o(——;—x2 +o(x3))+x2 _

= lim 3 S
¥=0 X7+ o(x')
I 1
——x? +o(x2)+x2 —x2 :
=lim =lim =— -
=0 Py o(xz) =0y 3 7

Izoh. Limitni hisoblash jarayonida biz natijada keltirilgan 5, 4,
6, 3 tengliklardan va I-teoremadan foydalandik.
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. 89.Funksiyalarni tekshirish

a) Funksiyaning monotonligi _
.1 Faraz qilaylik , y= f(x) funksiya (a,b) oraliqda berilgan bo‘Isin.

L-ta’rif. x, > x, tengsizlikni qanoatlantivuvehi ¥x,,x, €(a,b) uchun
)2 ()< (%)) botsa, f(x) funksiva (a,b) oralig-
da o‘suvchi T (kamayuvchi ) deyiladi, ' .

Agar funksiya o‘suvchi yoki kamayuvchi bo‘lsa, bunday funksi-
vaga monoton funksiya deyiladi.

1-teorema. f(x) funksiva (a,b) intervalda chekli f'(x) hosiloga
ega bolsin. Bu funksiva shu intervalda o Suvchi (kamayuvchi) bo lishi
uchun (a,b) da f'(x)z0 (f’(x)éo) bofishi zarur va yelarfi,

b) Funksiyanring ekstremumlari

y= f{x)funksiya {a,b) intervalda berilgan bo‘lib, x, {a,b} bo'ksin.

2-ta’if. Agar x,nugtaning 3 %) atrofi mavjud bo'lsaki,
Yy e U§(-*o) uchun -

Fx)sf(xn)  (F)zf(x))
tengsizlik o‘rinli bo‘lsa, f (x) funksiva x, nuqtada maksimumga
(minimumga) erishadi deyiladi. f(x,) qiymat f{x) ning maksi-
mum {minimum) qiymati deyiladi va :

0= g o) | 00 gy

kabi belgilanadi.
Funksiyani maksimum va minimumi umumiy nom bilan uning
ekstremumi deyiladi. '
2-teorema.(Ekstremumning zaruriy sharti). Agar f (.1) Junksiva
x, nugtada { x,e(a,b) ) chekli f'(x,) hosilaga ega bo'lib, bu nug-
tada f(x) funksiva ekstremumga erishsa, u holda f'(x,}=0 bo%adi.
Endi funksiya ekstremumga erishishining yetarli shartlarini kel-
tiramiz.

Faraz qilaylik, y=f(x) funksiya x nugtada uzliksiz bo‘lib,
U (%) & {x,} da chekli f'(x) hosilaga ega bo‘lsin.
' o 0
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3-teorema. Agar f'(x) hosila x, nugtadan otishda o7 isho-
rasini musbatdan (manfivdan) manfivdan (musbatdan) o‘zgarfirsa, unda
f(x) funksiva x nuqtada maksimumga  (minimumi) erishadi. Agar
S'(x) ishorasini o%gartirmasa, u holda f(x)funksiva x nugtada
ekstremumga erishmaydi,

d-teorema, f{(x) funksiva x, nugtada J',f’ . f“ hosilalarga
ega bo'lib,

f'(x0)=f"(x0)=...=f("") (%) =0, o (xo);tO

bo’lsin. Unda '

1)agar n juft son bo‘lib, G

F9(x)<0 (77(x)>0)

bolsa, f(x) funksiya x, nuqtada maksimumga (minizmmga) erishadi.
2)agar n toq son bo‘lsa, f(x) funksiva x, nugtada ekstrem-

umga erishmaydi.

Funksiyaning hosilasi nolga aylanadigan yoki hosilasi mawvjud
bo‘lmagan nugtalariga uning Aritik nugtalari deyiladi.

Izoh: Funksiva hosilasi mavijud bo‘lmagan nugtalarda ham fun-
ksiya ekstremumga erishishi mumkin. Masalan, f{x)=|x funksiya
uchun f '(O)— mavjud emas, lekin fonksiva y=0 nuqtada mini-
mumga erishadi.

[a.6] kesmada uziuksiz bo‘lgan f(x) funksiya o‘zining shu
kesmadagi eng katta (eng kichik) giymatiga kritik nugtada yoki
kesmaning chegaraviy nuqtasida erishadi.

d) Funksiyaning qavariqligi, egilish nuqtalari

3-ta’rif. Agar (a,b) oraligda berilgan y= f{x) funksiya grafigi
V[x.x.}<{a,b) kesmaning chetki nugtalarini tutashtiruvchi vatardan
yugorida (pastda) yotsa, unda y= f(x) funksiva [a,b] oraligda
gavarig (botig) d:b ataladi.

5-teorema. y=f(x) funksiva (a,b) intervalda aniglangan va
bu intervalda chekli f'(x) hosilaga ega bo'lsin. f (x) Junksiyaning
(a,6) da qavarig ~(botigu) bolishi uchun f'(x)ning (a,b)da
kamayuvchi (o°suvchi) bolishi zarur va yefarli.

6-teorema. y=f(x) funksiya (a,b) intervalda aniglangan va
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bu intervalda ikkinchi tartibli f"(x) hosilaga ega bo‘lsin. f(x) ning
a,b) intervalda (V) bo'lishi uchun shu intervalda f"(x)<0
é fr &-)20) tengsizlikning bajarilishi zarur va yefarii.

4-ta’rif. Agar x=a nuqtadan o‘tishda y= f(x) funksiyaning
grafigi qovarigligi yoki botigligini o‘zgartirsa, u holda x=a nuqta
funksiya grafigining egilish nugqtasi deyiladi.

¢) Funksiya grafigining asimptotalari

S-ta’rif. Agar )l{iﬁn(xff‘(x):oo bolsa, x=a to'g'ri chizig y=f(x)
funksiya grafigining vertikal asimptotasi deyiladi.

6-ta’rif. Agar lim f (x)=b bolsa, y=b t0g'i chizig y=f(x)
funksiyva graﬁginin‘s;7 gbrizontal asimptotasi deyiladi.

7-ta’rif. Agar lim{ f(x)~(ax+b)]=0 bo'sa, y=ax+b tog'ri
chiziq y=f (\) fuhksiya grafigining og*ma asimptotasi deyiladi.

T-teorema. y=f(x) funksiya grafigi x — +oda y=ax+b og'ma
asimptotaga ega bo‘lishi uchun

in Lo, i [(9)-a]=s

bo‘lishi zarur va yetarlidir.
Bu tcorema x-— —o da ham ofrinlidir.

9%, Funksiyalarni to‘liq tekshirish va grafiklarini chizish

Funksiyani to‘la tekshirish va grafigini yasash quyidagilarni anig-
lash yordamida amalga oshiriladi.

1) Funksiyani aniqglanish sohasini topish.

2) Aniqlanish sohasining chegaraviy nuqtalaridagi xarakterini aniqglash.

3) Funksiyaning juft yoki toqligini va, agar imkon bo‘lsa, boshqa
markaz va simmetriya o‘qlarini aniglash.

4) Davriylikka tekshirish.

5) Uzilish nuqtalarini topish va ulaming turini aniglash (2-punkt-
ni to‘ldiradi).

6) Koordinata o‘glari bilan kesishish nuqtalarini topish.

7) Funksiyaning ishorasi o‘zgarmaydigan oraliglarni aniglash.

8) Monotonlik va ekstremumga tekshirish.

9) Egilish nugtalari, qavariqlik va botiglik oraliglarini topish.
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10) Asimptotalarni aniglash
11) Tekshirish natijalarini yollart x, y, f{x), f'{x}, f"(x) larga
mos bo‘lgan jadval ko‘rinishida ifedalash (oxirgi yo‘lda fagat isho-

ra aniglanadi).

12} Jadvaldagi nuqtalarni tekislikda ifodalash.

13} Asimptotalarni yasash.

14) Yuqoridagi tekshirish natijalarini hisobga olgan hoida tekis-
likdagi nugtalarni chiziq vordamida tutashtirish.

Izoh; Agar funksiva parametrik ko‘rinishda yoki qutb koordina-
talar sistemasida berilgan bo‘lsa ham u yuqoridagi sxema yordam-
ida tekshiritadi.

hadab Bl s

Nazorat savollari
Funksiva hosilasining ta’rifi. _ e
Bir tomonii hosilalar. : :
Hostlaning geometrik ma’nosi.
Urinma tenglamasi.
Normal tenglamasi.
Hosilaning mexanik ma’nosi.
Funksiva differensialining ta’rifi. '
Differensiallanuvchi va uzluksiz funksiyalar 0ras1dag1 boglanish.
Murakkab funksiyaning hosilasi. .

. Teskari funksiyaning hosilasi.

. Parametrik ko‘rinishda berilgan funksiyaning hosilasi.

. Oshkormas ko‘rinishda berilgan funksivaning hos1las1.

. Differensial vordamida taqribiy hisoblash.

. Yuqori tartibli hosila va differensiallar.

. Leybnis formulasi.

. Ferma teoremasi.

. Roll teoremasi,

. Lagranj teoremasi.

. Lagranj teoremasining natualarl

. Koshi teoremasi. L

. Lopitalning birinchi qoidasi. B P :

. Lopitaining ikkinchi qoidasi. =" " e
. O -simvolika. N, o ' '
. Teylor formulasi.

. Funksiyaning monoionligi. '

. Birinchi tartibii hosila vordamida funksiyaning ekstremumini toplsh
. Yuqori tartibli hosilalar yordamida funksiyaning ekstremumini toplsh

. Funksiyaning qavarigligi va egilish nuqtalari.
. Funksiya grafigining asimptotalari,

. Funksiyani to‘la tekshirish va grafigini vasash.
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-B-
Mustaqil yechish uchun misol va masalalar

1-masala. Hesila ta’rifidan foydalanib I (0) topllsm (agar u
' ma‘jud bo‘lsa). :

3,2 b sin(xsinn),x#l),
11 f(x)= :g(x +x smx], x=0 L2 f(x)= ¥

0, x=0. 0, »=0.
8, x=0,
s : arcsin(x’ cosgi}l- %x,x =0, )= 5
1.3 N o 1.4 I+ln(1+r25inl) *-LX#O.
x=0 X :
arctg(xcos J x;ﬁO sm[ ” J+x,x¢0 -
15 f(¥)= 16 /(>

: 1 | 0, x=0
In! t—sin{ ¥ —]-L 0, . ’ i
17 f(¥)= n[ sn[ P 18 F)=y . 4 &

0 x=0. x” -_cos3—;+?,x¢0..

2 , 1l
. tg| X —x2 sin— |,x%0, xeos” —,x 20,
1.9./(x)= mg[ ¥ Sm:".x] R e fG)= xT0
' 0 x=0 0, x=0.

. in x- cos> 2x° +x*cos—,x =0, -
111 f(x): sin x cosx,xiﬂ, 1.12f(x)= x

0, x =0, 0, x=0.

o . [ . 6] o Incosx 220
) x+aresinf x~sin— ,x#0, Ry R »
113 /(x)= x Lig F(x)=¢ «x

. 0’ =0 0, x=0
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rowk | .1
rg(z" —l+x],x¢0, 6x+xsin—,x#0

15 /()= 1.16 /()= x
0, x=0. Oax=0
arcigx sin7 x#0 insx 0
_ . X -, 3 e.\'~S|n .\‘l, x#0,
L7 f(®)= x 1.18 f(X)=.{
0, x=0. 0, x=0.
2 2 l ‘zﬁin‘:’.
f{x)=2x" +x cos—, x=#0, . T e
1.19 (%) Ox 1.20 f(1)= 3 1+2x, x=0,
0, x=0. 0, x=0.
0, x=0,
1.21 f(x)'—‘ ¢ —cosx
—_—x#0.
X

2-masala. Funksiya grafigining abssissasi x, bo‘lgan nuqtasiga
o‘tkazilgan normal (2.1-2.12 variantlarda) yoki urinma (2.13-2.21
variantlarda) tenglamasi topilsin.

Ax-x

2.1 y= 4 2 Xg =2, 2.2 y=2x"+3x-1l,x,=-2.
2.3 y=x-x'x =-1I. 24 p=x*+8Jr-32,x,=4.
2.5 y=x+ x:‘,x =] 2.6 y:{/x_z-—ZO’x =-8.
0 0
[++x
2.7 )’=m>xo=4. 2.8 y:x%—70,x‘)=l6-
. X2 =3x+6
2.9 y=2x -3x+lx,=1. 2.10 y=—:2—1,x0=3.
. 43
2.11 y=\/;-—3"x,.\’(,=64- 2.12 y=;3‘?'2“ax0=2-
) x7+6
2.13 y=2x"+3,x,=~1. 214 y=—r %=l
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2.15 y=2x+l,xo =1,
X

X’ +1

2.17 y=x—4+—l
2.19 y=3(¥x-2vx),5,=1.

2.21 y=

X =1,

axo -

x +1

3-masala. Differensial yordamida ifodaning taqribiy giymati hisob-

lansin.
3.1 y=3Yx,x=1,76.

’=x+\/5—x:
2

33 y
35 y=3Yx®+2x+5,x=0,97.
3.7 y=x”,x=],021-

3.9 y:%/?rx':],o:;.

3.11 y=4x-1,x=2,56.

,x=0,98.

1
13 y=——=—=,x=1,016
3.13 V237 +x+1
1
3.15 y=7_;,x=4,16_
3.17 y=x",x=2,002.

3.19 y=4x-3,x=1,78.

3.21 y=3x’* +7x,x=1,012.

2 X =1
2.16 V 3(4+]) o =1,
X'+
= . 1
218y
1
= WXy =2
2.20 y 5%

3.2 y=4x,x=27,54.

3.4 y=arcsinx,x=0,08.
36 y=vx’+x+3,x=197-
3.8 y=x",x=0,998.
3.10 y=x*,x=2,01.

y=¥x,x=1,03.
y=+l+x+sinx,x=0,01.

3.12

3.14

3.16 y=33x+cosx,x=0,01.

y=4,/2x—sin%,x=1,02,

y=Vx' +5,x=1,97.

3.18

3.20
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4-masala. Hosila hisoblansin.

4.1 y~3x+\/’;
’ Vit +2°
(x+3)V2x -1
43 y=>——
2x+7
4.5 y= x 2
) 2W1=x* "
47 y=2x*
x+x+1
x+7
4.9

y=6\/x3+2x+7'

x+1
=33 B
e

4.11
4.13 y= Nx+x+l
x+1
y= 1
4.15 (x+2)-\/x2+4x+5'
c—1-(3x+2
axr y=X2l02)
1+ x
4.19 Yy=—F——,
2:.4/142x"
+x -2
421 Y=

Ji—x® O

I-/x
1+x "

»
(2x+)Vx* —x
- .
x

42 y=2-

4.4

x-=1

46 7T ) es -
(257 +3)-Vx* -3

9x*

- _z./.w 1
4.10 y—(l x)sx +x.

=\/2x+3-(x—2)

48 y=

4.12 y
X
x* +8x° ~128
4.14 Y=W
l+x2)3
4.16 =__.___.( .
4 3x°
2 _9\../ K
418 y=(t 2) 34+,x .
24x
Y= 4 +35°
4.20 x 3(2+ \3)2
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5-masila: Hosila hisoblansin,

- nsin Jx . | .
51 y= (arctgx) fiaal L 32 y=(sin“/;)l RN
53 y= (Sin x) . ; 5.4 y= (arcsin )c)c‘l . :
5.5 y=(]nx)3 _ AT 5.6 y:xmsi"".
5'7 y - (ctg3x)2¢‘ . A L 5.8 y = xg&w .
5.9 y= ({gx)w . 5.10 y= (cosSx)
5.11 y= (xsin x)sin{xsjnx} . e 5 5.12 y= (x3 + 4)1' ;
513 p=ypnr. S 514 y=(xtes)T L
515 y=(sinx)T. L 516 y =(x ) .
517 v =]9""‘J -x"’e}_ 5,18 V=X 2“
519 y=(sinvx) . 0 520 pax®
521 y=xtes s

6-masala. Funksiya grafigining abssissasi x, =x(¢t,) bo‘lgan nuq-
. tasiga o‘tkazilgan urinma va normal tenglamalari topilsin. P

=3 cost le(rcost—Qsin.f)
6.1 _ y:sint,[o :i;- SR 6.2 y=€(!$il‘lt+2¢051),f0=—
- .= 3af _
6.3 2 o 6.4 3(}[2 : B
y::;!_r’! =l =-————,{ =2
° YEIE
x=2sin’f £k x=21n(ctgt)+l <
_ 6:5 y:2c083 f’to = _}:; 606 y___tgr_i_ctgx!to = —
' Y “ong g
x=3(f—sint) . X = qtcost
6.7 y:3(l_cost),,0:_f_ 6.8 y=arsint,to=% Lo
, 3 :
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6.9

-

6.117

6.13 1

P
6.15

6.17

6.19

6.21

7-masala. Parametrik ko‘rinishda berilgan funksiyaning ikkinchi

=y1-1

o]

{ .
x =sin*?

r
y=cos’t,ly ==
( 6

X =arcsin

y =arccos

1+In¢
3+2Int
= ,[0'—
!

1+

x=—

x=asin*t

3 7Z.
y=acos tty=—
L 6

(x= a(tsint +cost)

{x=l—12
3
y=1=1,1,=

y=a(sint —fcost),t, =%

6.10

6.12

6.14

6.16

6.18

6.20

e
[
;:
)
{
o

—In ]+l

={- anctg,lt =]

x=t-(1-sin¢)
y=r-cost,t, =0

1+7

? -1
x=3cos/

=4sint ¢, =
x=
y=£-r=1

tartibli hosilasi hisoblansin,

X =Cc0Ss2¢

y=2sec’ 1

=V -]

y=Int

7.3 I

y=7
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X =cos/ +Esins
y=sint—tcosf

Wl
o
g

x=¢ cost
7.5 v=¢sint

x=
7.8

720{

-3
~m0—ﬂ

X =Cos?
=In(sin¢)

x=2ft- smt)
y-4(2+cosr)

8-masala. n-tartibli hosila hisoblansin.

8.2 y= sfe'fx—l .

8.1 y=sin2x+cos{x+1).

8.3 y=

4x+7
2x+43

8.5 y=2".

8.7 7

2x+5

BB+

8.9 y=sin(x+1)+cos2x.

8.4 y=Ig(5x+2).

X

8.6 V= 2(3x+2)"

8.8 y=4"",

8.10 ;=Y.

" o0
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(x=cos’t
7.6 1},:&2‘
!
x=-
f
7.9 1
¥ l+r2_'
x=f- smr '
+ 112 y=2- cost
x= fgt
715
smzr
718 y =arcsint
x=f+sinf
y=24+00s5f

X



4x+15

8.11 ¥= . 812 y=lg(3x+1).

Sx+1 7
: G , _ X

8.13 y:?Sx. o e 8-14 yﬂg(4x+9)-

4 .. ISR LR = 5”_.__"-1
8.15 J/“;. : B - 816 hd 13(2.\""3)‘
8.17 y= ) o 8.18 y=sin{3x+1)+cos5x.
8.19 E o . 8.20 y= L1+ 12y

. y=+e . ) -‘ . y 6x+5 .

821 y= lc( x+7).

i 9.masala. Quyidﬁgi tengsizliklar isbotlansin, |

X
9.1 ln(1+x)>m,x>{). 9,2 In(l+x)<x,x>0.
8.3 #>1+x,xeR. ' 9.4 o >ex,x>,

9.5 i ~d'>n(b-a)d",0<a<aneN. 9.6 (a+b)’ <a*+b',0<psl.

X ' 1
9.7 cosx>l-Tx>0. 9.8 2/5>3-=x >

3 : ’ 3

X PR X
9.9 sinx>x—'g',x>0. ek 9.0 arcrgy > x - —3”,0<x_<_1. __"'

2 " 3

X
9.11 e‘“21+x+%+..‘+i—',x20.neN. 9.12 arcfgx<x——6-,0< y<l.

2 3 2

9.13 ln(l+x)£x—%~+%—,x20. 9.14 e"21+x+%,x20,
ol H

%
a _a-b . x'e"
9,15 ln; <T,0<5<a. . 916 ' <l+x+ 5 ,x20,

n

9.17 » -y <™ (x—y), 0<y<x p>1. 9.18 ln(1+x)2x—52—~,x20.’;
8l
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9.19 Iarctga —arctg bl < |a - b| .

b

9.21 b"-a"<n-(b-a)b™",0<a<p,neN,

10.1

10.3

10.5

10.7

10.9

10.11

10.13

10.15

10.17

10.19

10.21

10-masala. Limit hisoblansin.

hm
XP=7 x

e
fim =
x>+ x

lim »'% (O Ol) .

X4

x* +sinx
lim ——=
s45 ¥ 4 COSX

. X +nx
lim ————

x> x4 cosx

2 X
X" +e
lim
—senginyx + e

lim
x>em @® 4giny

x=0

1
hm(tgx) .
x~=>0 x

1
1‘123 (cosx)snr,

2x *

x* +cosx

10.2 lim In(l~x)-cigmx

10.4

10.6

10.8

10.10

10.12

10.14

10.16

lim (x‘2 - clgz.\f) . 10.18

10.20

82

hm(2 2\’)’“n

_)-

2

. -
lim+JxIn®x,
x—>+0

sins

llm X

llm|:(x—l)

x=>1

hm(

x=—0

“ —sin™ \)

- .y )
lim x™*

x=+0

—b
9.20 ln3>“—a—,0</,<a.

hm[tgt (1-sinx) ]

N>

nx].

1@(;[(@ —1) -y ] :

. _\182
lim (rgx)*™

X

3
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11-masala. Quyidagi masalalar yechilsin.

11.1 Yig‘indisi o‘zgarmas a soniga teng bo‘lgan 2 ta musbat
sonning m va n darajalari (m>0,n>0) ko‘paytmasining eng katta
givmati topilsin,

11.2 Ko‘paytmasi o‘zgarmas a soniga teng,bo‘igan 2 ta musbat
sonning m va n darajalari (m>0,n>0) yig‘indisining eng Kichik
giymati topilsin. :

11.3 Yuzasi Sga teng bo‘lgan barcha to‘g‘ri to‘rtburchaklar
ichidan perimetri eng kichik bo‘lganini aniglang.

11.4 Kateti va gipotenuzasi vig‘indisi o‘zgarmas bo‘lgan to‘g‘ri
burchakli uchburchaklar ichida yuzasi eng katta bo‘lganini aniglang.

11.5 V hajmli yopiq silindrik bankaning o‘lchamlari ganday
bo‘lganda u eng kichik to‘la sirtga ega bo‘ladi?

11.6 ';—2+ ;;2 =1 elipsga tomonlari ellipsning o‘glariga parallel

bo‘lgan shunday ichki to’g'ri to‘rtburchak chizingki, uning yuzasi
eng katta bo‘lsin.

11.7 R radiusli yarim sharga asosi kvadratdan iborat bo‘lgan
shunday ichki to‘g‘ri parallelepipedni chizingki, uning hajmi eng
katta bo'lsin. .

11.8 R radiusli sharga shunday ichki silindr chizingki, uning
hajmi eng katta bo‘lsin,

11.9 R radiosli sharga shunday ichki silindr chizingki, uning
to‘la sirti eng katta bo'lsin.

11.10¢ R radiusli sharga shunday tashqi konus chizingki, uning
hajmi eng kichik bo‘lsin.

11,11 Yasovchist / ga teng bo‘lgan eng katta hajmli konusning
hajmini toping.

11.12 M(p,p) nugta va »* =2px parabola orasidagi eng qisqa
masofani toping.

11.13 A(2,0) ruqgta va x*+y* =1 aylana orasidagi eng qisqa va
eng uzun mascialar topilsin

2 2

r ¥
11.14 —~+=%
a b
o‘tuvchi eng katta vatarini toping.

=1 (0<p<a) ellipsning B(0;-b) nuqgtasidan

83
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11.15 zz +%—2~=1 ellipsda shunday M (x,y) nuqtani topingki,
)
shu nuqtadan ellipsga o‘tkazilgan urinma va koordinata o‘glari yor-
damida hosil bo‘lgan uchburchakning vyuzasi eng kichik bo‘lsin.
11.16 R radiusli doiraga shunday ichki to‘g‘ri to‘rtburchak chiz-

ingki, uning perimetri eng katta bo‘lsin.

11.17 4(1;2) nuqtadan shunday to‘g‘ri chiziq o‘tkazingki, shu

to‘g‘ri chizig va musbat yarim o‘glar yordamida hosil bo‘lgan uch-
burchakning yuzasi cng kichik bo‘lsin.

11.18 @ musbat sonni shunday 2ta musbat qo‘shiluvchiga ajrat-
ingki, ular kublarining yig‘indisi eng kichik bo‘lsin.

11.19 Uzunligi / ga teng bo‘lgan setka bilan bir tomoni devor
bilan to‘silgan shunday to‘g‘ri to‘rtburchak shaklidagi yer uchast-
kasini o‘rash kerakki, uning yuzasi ¢ng katta bo‘lsin.

11.20 Teng yoqli uchburchakni 2 ta teng yuzali uchburchakka
ajratuvchi eng kichik kesmaning uzunligi topilsin.

11.21 Derazaning perimetri P ga teng, yuqori gismi yarim
doiradan iborat bo‘lgan to‘g‘ri to‘rtburchak shaklga ega. Deraza-
ning o‘lchamlari ganday bo‘lganda undan eng ko‘p yorug'lik o‘tadi?

12-masala. Birinchi tartibli hosiladan foydalanib funksiyaning
grafigini chizing.

" ‘3—9.2

12.1 p=x*(x-2). 122 y=2""T +6x-9.
12.3 y=2-3x*-x. 124 y=(x+1)"-(x-1)".
12.5 y=2x*-3x-4. 12.6 y=3x"-2-x".

) : X +3x°
127 y=(x=1) -(x-3). 128 y=""--5.
12.9 y=6x-8x". 1210 p=16x*-(x-1).
12.11 p=2x +3x*-5. 12.12 y=2-12x*~8x".
1213 y=(2x+1)"-(2x-1). 1214 y=25"+9x" +12x.
12.15 y=12x*-8x° -2. 12.16 y=(2x-1)"-(2x-3).
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27 (x“ —xz)

12.17 y=_—4—_x-
12.19 (-4)
- y—_-___lG_——'l
2 (v a4)?
12.21 )2=LM.
16

13-masala. Funksiyaning asimptotalarini toping va grafigini yasang.

X =2x"=3x+2

13.1 y= 3
) —x°
x* =11
13.3 )/'—-4_\._3 .
135 y=22]
. ="
¥ +3x7=2x-2
13.7 y= 232
3x2 -7
13.9 y= el
) Vox*—-4"
17-x"
13.13 y= oy
x' —4x
13. =— .
15y 3x- -4
4x* +3x* —8x-2
13. = -
17y 2-3¢
2x7 ~6
13.19 y= 5
4x° =3x
13.21 'v——li:\‘z—] .

(19 _ 22
12.18 y=£—xl.

12.20 y=16x"—12x" 4.

»

2x* -9
13.2 V=,
x -]
3.4 y=2x3—3x:—’2.\'+l.
1-3x"
21-x"
13.6 y= .
Y Tx+9
3.8 = X +16
- 9y -8 °
X —6x+4
13.10 y_——3x_—2_
13.12 )"—'\f't‘l'“
) Vax* =3
4x* +9
Jd4 y= .
13.14 y 4x+8
‘ 3x* -2
2x° +2x7 =3x-1
13.18 y= A
x* -5
1320 y=2—22.
5-3x"
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14-masala. Funksiyani to‘liq tekshiring va grafigini yasang.

3
141 y=222
143 y=— .
2 _3x+3
14.5 y:x___"l_
x—-1
—4x+1
14.7 yzf____ﬂ_
x~-1

2
14.9 y:.(_x;'l)_..
3

1 2
y=(l+—] .
X

9+ 6x-3x"
x> =2x+13°

14.11

14.13

14.15

14.17

14.19

14.21 y

1.21-masala. Hosila ta’rifidan foydalanib, f'(0) topilsin.

142 y=—_
3+x°
12x

M4 y=5
4__ 3

146 y=-——
25 +1

148 y=2X7

x2

14.10 y=(~x__ﬁf‘

14.12 y=%-

14.14 y=—x28f_ 7.

14.16 J=3x;3+['

14.18 y=%i——])17)°

14.20 y=;i_22::’3]-
-D-

Namunaviy variant yechimi

/(%)=

e* —cosx
X#0;
x

0,x=0
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£ ool (¢ =1)+(1-cos)
Jas 0 T A i ¢ - —oosAax
(0)=lim /( )=/ )=lim Av = lim T2 < fim 3 =
\\ Ae=0 Ay Ar-d Ax Ar—h) Av
: 2sin? & "sin &
. eN — . I=c Y . 2 1 3
= tim £ , l+ lim cos:Arz I+ lim ——2-= | +—lim £ | =l+—==p>
avon Ax? o Ay av=t Ax? 2avn]  Ax 2 2
2

2.21-masala. Funksiya grafigining abssissasi x, bo‘lgan nugtasiga
o‘tkazilgan urinma tenglamasi topilsin.
X
X +1
< Ma’lumki, urinma tenglamasi

y=_/'(x0)+f'(x0)-(x—x(,)

y:

’ x0=—2;

ko‘rinishga ega. f(x,)=f(-2)= —_.—=..._

(\‘+|) (\ Tl)
1-»? -4 3
= 3 Iy ) WP AP
(.\‘:+1”:>f(\°) =2) 25 25
2 3
=>)=—§—?—5-'(\*")=> Urinma tenglamasi: 3x+25y+16=0

3.21-masala. Differensial yordamida ifodaning taqribiy giymati

hisoblansin.
_)’—_-‘\}3 x3 +7x, x= laO]z
q Tagqgribiy giymat

Flxg+ax)= fx)+ f'(x,) Ax | n

formula yordamida hisoblanadi.
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Bizda

"

3 +7

—— f(x)=Y1+7 =2,
3-13/(x3+73\)

Topilgan ifodalarni (1) tenghkka olib .borib go‘yamiz:

S(x)=¥x +7x %=1, &=0012=71"(x)= ( +7.x [x’+7,\%]
2

=%-(x3 + 7,\7)'§ -(x3 + 7.\')' =

{/(1,012)"+7.1,012z2+%-o,012=2+5-0,002=2,01>
4.21-masala. Hosila hisoblansin.

A+x -2
fds
e 2) IR (s 4 -2) (7
S (=)

L4

< 2 2 K 3 —2x
R A (o) eale e

I-x* (l-xz)-\[l—xz

x(S.x° —6x* +2x° ~3x+ 2)
= D

(xz—-l)-\/l—x2

5.21-masala. Hosila hisoblansin.

y=x2.t_5.\'.

ay' = (xz*‘ -5 )' = [eh('rz's") ] =) -[ln (.\'z" -5 )]' =x*.5"[2xInx+x-In 5]' =

=x™.5[2lnx+2+In5]= x5 (2 +In5x’).0
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6.21-masala. Funksiya grafigining abssissasi x, =x(r0) bo‘lgan
nuglasiga o‘tkazilgan urinma va normal tenglamalari topilsin.

x=1-£,
y=t—£.t,=2.

a Biz y*f(xn)+f’(xo)-(xuxo)-(Z) (urinma teng!arﬁési)', -
y=r ( 0) ( ) (Y a)-(3) (normal tenglamasi),

A
va Y= —(4) (parametrik ko‘rinishda berilgan funkswamng hosnlasn)
formulalardan foydalanamiz:
Xy =1-27==3; f{x)=2-2"=-6;

o '3) I3 ()=

(i- r) -2
Topilgan qiymatlarni (2)va(3)-tengliklarga olib borib go‘yib urm—
ma va normal tenglamalarm topamiz:
y=—-6+~:4~-(x+ 3) - 4y —1ix-9=0-urinma
4x+11y+78=0—normal >

1-3-4_11
-4 4’

y=-06- -i(x +3}
7.21-masala. Param atrik ko‘riniskda berilgan funkswamng lk-
kinchi tartibli hosilasi hisobiansin.
x=t+sinf
{ y=24cost

"q Bu masalani (4)-formuladan ikki marta foydalanlsh yordam-
ida yechamiz.

J = (2 + cosr) ~cost
" "': (¢+sin t) ~Trcost
, —cost \ _
i _(’_v_",)! _\1+cost sanr (l+cosr)-costsmf sint
I I+ cos? (1+cosr)’ (l+cost)
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'78.21-masala. netfﬂ‘tlbll hosila _hisoblansifi:
DET AR et
K = (2x+7).

In(2x+7)“
ni0  Ini0
2 1 : .‘xf\fl}- '
i (234 7} ==
i Gl Rk v

a y=lg{2x+7)= -In(2x+7)

-

2° b
Y= (y) ﬁ]nli) [ (2x+7) }(- ): 1n10'(2x+?)?:-

2? 21
n10 (2x+7)

Bu jarayonni davom ettirish natijasida ¥pe N uchun
. (”} _ n= l 2' (”‘—]),

y -(‘) 1o (2 +.}.)» tenglikni hosil gilamiz.p

y"' = (}:”) =

'zf‘_'&’l'
9.21-masala. Quyidagi : - : _"‘“_ i
B g <n-(b-a) b, 0<a<bneN '
tengsizlik isbotlansin.

< Bu tengsizlikni Lagranj teoremasidan foydalanib, isbotlaymiz.
f(x)=x" funktsiya uchun {a,b] kesmada Lagranj teoremasini

qgo‘llaymiz:
F(e)-fla)=7"{x) - (b-a),
c€(@b) =" —a" =n-x"" (b~a)<n- (b a) N
= 19, Zl-masala Limit hisoblansin, ! '
1
.]\.i_‘}}(cos"");:

C ln{gas.x

[N
QIim(cosx)'sﬁ? =(1"’)= poh s =g ( } ((Lopltal teoremasndan
0

: ) i {infeos x}} \) ' osiax siax
o T i ST 208X : .
foydalanamlz )) e*_m {sin “) elETtlr [ - elﬁcosz ¥ = 8 =] b
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11.21-masala. Derazaning perimetri P ga

teng, yuqori gismi yarim doiradan iborat bo‘lgan

R to‘gri to‘rtburchak shakiga ega. Derazaning

R R o‘lchamlari qanday bo‘lganda undan eng ko‘p
yorug‘lik o‘tadi?

4 Masala shartiga ko‘ra deraza 1-chiz-

mada ko‘rsatilgan shakliga ega. Chizmadan

y y
ko‘rinadiki,
x

R=5. Unda

X .
P=x+2y+R=x+2y+ ==

I-chizma. 2

P x_mx

Y=3TIT

2 2 2 4 ¥ 8 2 2 8 %)

Derazadan eng ko‘p yorugiik o‘tishi uchun derazaning yuzasi

cng katta bo‘lishi kerak. Buning uchun (5)-funksiyaga maksimum
giymatni beruvchi x ni topishimiz lozim.

1)

vy P TX . iy (= _r )
S(.\)—2 X= S(,x)—O:m-(XH]—?:MO—”—— — stat-

—+1

7 4

sionar nuqta. Bu nugqtada S'"(-\‘o)=—|—z<0:>max. Demak, de-
2P
razadan yorug‘lik eng ko‘p o‘tishi uchun uning asosi X=7r+ y

bo‘lishi kerak ekan. Balandligi esa

P x zx P P aP  P(z+4-2-z) P
2 2 4 2 z+4 2(z+4)  2(r+4)  m+4
bo‘lar ekan. o

12.21-masala. Birinchi tartibli hosiladan foydalanib

x*-(x-4)’
T
funksiyaning grafigini chizing.
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<« Berilgan funksiyaning hosilasini hisoblaymiz:

, e(x—4 x{x—d){(2~4) x-{x-2)(x-
y'=—|‘8[2\‘-(x——4)'+.\2-2(x—4):|=—2;\-(l—%-—).-[,\‘——4+_\']=\‘(r )8( * )=*\ (x 4)(1 ) .
Intervallar usulidan foydalanib, bu ifodaning ishorasi saglanadigan
oraliglarni topamiz va quyidagi jadvalni tuzamiz.

x (~=2,0) 0 (0:2) 2 (2,4) 4 (4:490)
b - 0 + 0 - U +
y ~a m in f max \ min /

Jadvaldagi ma’lumotlardan foydalanib, berilgan funksiyaning grafi-
gini chizamiz (2-chizma). p

4
Yy

o] 2 4 b3
2-chizma.
4x’ -3x . . e
13.21-masala y= A o funksiyaning asimptiotalarini toping

va grafigini yasang,

24
ST TS ) N GO :
CTEEE T (L)

4

l 1
a) Vertikal asimptota: X=-o va x=7 to‘g‘ri chiziglar ver-

tikal asimptota bo‘ladi, chunki xl_iﬁ‘lf(x)=°° va !'ﬁ‘f(‘)=“°
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I‘'unksivaning shu nuqtadagi o‘ng va chap limitlarini ham hisob-
liymiz:

lim f(x)=— lim F(x)=+0»
\--)-—+0 s .r—-o-——-
2
lim F(x)=—0 hrln f(xT=+o
r-—)2+0 .\'—)E—O
4x° —3x )
b) Gorizontal asimptota: hmj (\)_ 11_'33 m=°0=> gorizon-

tal asimptota yo‘q.
f(x) . ax’-3x

d) Og‘ma asimptota: «=Ilim =lim =1,
) sy XD X(4I2 _])
4 —3x 4 =3x—4x* +x -2x
h=lim )=lim —x]=lim ~ =lim——=0=y=x —
.\-Jm[j A—)K[ 4.\‘2 —1 } X3 4x° -1 xn oy — | Y

og‘ma asimptota.
Bu asimtotalardan foydalanib, funksiya grafigini chizamiz

(3-chizma).

A
y r P

{

i
! |
l I
' ;
i i
i ¥

71
LY .
L/| A x
,r :
1 :
] §

1
¥ ¥
¢ :

3-chizma.
X' —x+1 s .
14.21-masala. y=——T— funksiyani to‘liq tckshiring va grafi-

x—

gini chizing.
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<« Funksiyani paragrafning A bo‘limi 9-punktida taklif gilingan
sxema asosida to‘liq tekshiramiz.

Funksiyaning aniglanish sohasi: J(y)={x# 1

Funksiya juft ham, tog ham, davriy ham emas.

x=1 nuqta funksiyaning 2-tur uzilish nuqtasi, chunki
Jim f(x)=-w va lim f(x)=+0 OY o'qi bilan kesishish nuqtasi:
y=f (O)=—l.

OX ofqi bilan kesishish nugtasi: y=0=>x"-x+1=0=>xe0=
OX o‘gi bilan kesishishmaydi.

Funksiyaning ishorasi o‘zgarmaydigan oraliglar:

X (~o031) (1;+00)
Y

- +

Endi funksiyani monotonlik va ekstremumga tekshiramiz:

v _(.\*’ —x+ l) _(2"’])'(""1)“(—"1 ‘—"“)“ 28 =3y l= -l P -2r xe(x=2)
’ x=1 (x-1)’ (x=1)° (x=1) (x-1)

Intervallar usulidan foydalanib, bu ifodaning ishorasi sagqlanadi-
gan oraliglarni topamiz va quyidagi jadvalni tuzamiz:

X

(~;0) 0 (o:1) | 1 (1;2) 2 (2:+oo)
y' -+ 0 - Fs - 0 +

Ly /0| max \ ! \ min ya

[

Qavariglikka tekshirish uchun y"ni hisoblaymiz:

_}"”=(,V’)’= —'\—-—::—:-)';{ ={1- ! 1= 2 7= X<1dam Ya x>1dauv.
G e ey '

Funksiya asimptotalarini topamiz:
a) Vertikal asimptota: y =1 -vertikal asimptota.
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2
—-x+1
b) Gorizontal asimptota: lim f (x) —-llm—x—=°0=>gorizon-

X xX— l
tal asimptota yo‘q.
J («\) — X+

‘ : . a=lim =lim =]
d) Og‘ma asimptota: -, o (x—l)

h= hm[f -—a\] = hm( v .\'J = limw = lim—l-— =0=>y=x

Xeyr Nedy. k xr—1 Nb7, x—-1 sy —|

og‘ma asimptota.
Endi topilgan ma’lumotlardan foyda]amb funktsiya grafigini
chizamiz (4-chizma). o

4-chizma.
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4-§. 3-MUSTAQIL ISH
Anigmas va aniq integrallar, ularning tatbiglari

Boshlang‘ich funksiya.

Anigmas integral.

Anigmas integralni hisoblash usullari.

Ratsional funksiyalarni integrallash.

Ba’zi irratsional ko‘rinishdagi funksiyalarni integrallash.
Binomial differensial va trigonometrik funksiyalarni integrallash.
Aniq integral va uning tatbiglari.

Elliptik integrallar.

-A-
Asosiy tushuncha va tcoremalar
1°, Anigmas integral va uni hisoblash usullari

f(x) funksiya biror (a,b) intervalda aniglangan bo‘lsin. Quy-
idagi masalani qaraymiz: 3F(x) funksiyani topish kerakki Vix&(a,b)
uchun F'(x)= f(x) bo‘lsin.

1-ta’rif. Agar Vxe(a,b) uchun F'(x)=f(x) bo‘sa u holda
F(x) funksiya (a,b) intervalda f(x) funksiyaning boshlang‘ich
funktsiyasi deyiladi.

Ma’lumki F(x) funksiya boshlang‘ich funksiya bo‘lsa F(x)+e¢
ham boshlang‘ich funksiya bo‘ladi.

2-ta’rif. (a,b) intervalda berilgan f(x) funksiya boshlang‘ich
funksiyalarining umumiy ifodasi F(x)+c¢ shu f(x) funksiyaning
aniqmas integrali dcb ataladi va

J S (x)dx

kabi belgilanadi.

Demak,

_[f(x)dx= F(x)+c €}

Integrallashning umumiy qoidalari va anigmas integrallar jadva-
li 1-§ ning 12* va 13° punktlarida keltirilgan. Biz ularga to‘xtalmay
anigmas integralni hisoblash usullarini keltiramiz.

I-teorema.(O‘zgaruvchilarni almashtirish). Agar

[f(tyde=F(1)+c Q)
bo‘lsa unda
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[fle(x)]e' (x)ax=F[p(x)]+c 3)

bo‘ladi ((3)-tenglikda f(r),p(x),¢'(x) funksiyalar uzluksiz deb faraz
gilinadi).

2-teorema. Agar u=u(x) va v=v(x) funksiyalar (a,b) inter-
valda uzluksiz »'(x) va (x) hosilalariga ega bo‘lsa unda shu
intervalda ushbu

J.u(x)dv(x) =u(x)v(x)- jv(x)du (x) 4
bo*laklab integrallash formulasi o‘rinli bo‘ladi.

Amaliyot shuni ko‘rsatadiki bo‘laklab integrallash usulini go‘llab
hisoblanadigan integrallarni asosan, uch guruhga ajratish mumkin.

Birinchi guruhga Ko‘paytuvchining biri ma’lum funktsivaning
hosilasi bo‘lgan ikkinchisi esa ushbu
In(x),arcsinx,arccosx,arcigx,(arctgx ), (arccosx), Ingp(x), ...
funksiyalardan biriga teng bo‘igan funksiyalarning integrallari kiriti- ~
ladi. Bu holda u(x) deb shu funksiyalar belgilanadi.

Ikkinchi guruhga _[(a\'+b)"cos(c.\')d\-, j(ax+b)"-sin(cx)dx va
J(av+b)"e”‘clr ko‘rinishidagi integrallar kiritiladi. Bu holda
1,(,\-)=(ax+b)" deb olinib bo‘laklab integrallash formulasi n marta
go‘llaniladi.

Uchinchi  guruhga Je"" cosbxdx, J'e‘“ sin bxdkx, Isin (Inx)dx,

Icos(lnx)dx,... ko‘rinishidagi integrallar kiritiladi. Bunda integralni

I deb belgilab bo‘laklab integrallash formulasini ikki marta go‘llasak,
I ga nisbatan chizigli tenglamaga kelamiz.
Bu uchta guruhga kirmagan ba’zi bir integrallarni ham bo‘laklab
integrallash usuli bilan hisoblash mumkin. Masalan
1= [—E— (new)
2 2
(x +a )
integral yuqoridagi uchta guruhga kirmaydi lekin bu integraini ham
bo‘laklab integrallash usuli bilan rekkurent formulaga keltirish yor-
damida hisoblash mumkin:
1 X 20-1 1
sl T 2 . r : ]n (5)
na (x'-i—az) 2n a
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dx 1
1'=f " =2arcgc Agar (5)-tenglikda n=1 desak
A +a a

X I b
—I \ +a 7= 3 Prat 2a2 C"‘Cfg;+0 ckanini topamiz.
Izoh: Ma’lumkl, clementar funksiyaning hosilasi yana elementar
funksiya bo‘lar edi, lekin integral olish uchun bu tasdiq o‘rinli bo‘lishi
shart emas, ya’ni ba’zi bir elementar funksiyalarning integrallari cl-
ementar funksiya bo‘lmay qolishi mumkin. Masalan, ushbu

I fedx; 2. Icosxzdx;
. d/Y ~
3. J.smxzdx; 4. _[E—J; (x20,x=1),

COS X smx
5. | —dv (x#0); 6. | ——ds.
integrallarning har biri elementar funksiyalar yordamida ifodalan-
maydi. Bu funksiyalar amaliyotda ko‘p uchraganligi sababli ular-
ning giymatlarini hisoblash uchun alohida jadvallar tuzilgan va ular-
ning grafiklari yasalgan. Shu yo‘l bilan elementar funksiyalarda in-
tegrallanmaydigan funksiyalar ham to‘la o‘rganilgan.

2%, Ratsional funksiyalarni integrallash
3-ta’rif. Agar R(x) Sfunksiyani ikkita ko ‘phadning nisbati
ko rinishida yozish mumkin bo‘lsa, u holda R(x) ratsional funksiy-
alar (yoki ratsional kasr) deyiladi, ya’ni
P (\)
R(x)=—2% 6
B0t ©
P,(x)—n-tartibli, Q,(x)~m-tartibli ko‘phad.
Agar n>m bo‘lsa kasr noto‘g‘ri kasr; #<m bo‘lsa to‘gri kasr
deyiladi.
Ixtivoriy noto‘g‘ri kasr berilgan bo‘lsa, ko‘phadni ko‘phadga
bo‘lish yordamida har doim uni ko‘phad va to‘g‘ri kasrning yig‘indisi

shaklida ifodalash mumkin. Ixtiyoriy to‘g‘ri kasrni quyidagi 4ta
ko‘rinishdagi sodda kasrlarning yig‘indisi kabi ifodalash mumkin.
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4 1
x-a’ (x—a)
Mx+ N
1. M vV 72 w(m=2.3,.)
X"+ px+gq (X +Px+‘1)
2’

HI va IV da x"+px+¢q=0, ya'ni q——;—>0.
I va 11 ko‘rinishidagi sodda kasrlar to‘g‘ridan to‘g‘ri integralla-
nadi. IIT va IV ko‘rinishidagi sodda kasrlarni integrallash uchun

)
csa X+4)-=t almashtirish bajarish lozim.
3%, Ba’zi irratsional ko‘rinishidagi funksiyalarni integrallash.
Eyler almashtirishlari.

R(x, y) deganda x va y o‘zgaruvchiga nisbatan ratsional bo‘lgan

funksiyani tushunamiz.
fa.\‘+b\ ’ b
R| x,» dx ; : hi =T -
a) I [ vt dJ integralni hisoblashda ¢ id almash
tirish bajarilsa, ratsional funksiyani intcgrallashga kelinadi.

b) _[R(x,\/axz +bx+0)dx integralni hisoblashda quyidagi 3ta hol

garaladi.
1-hol. ax®+bx+c kvadrad uchhad har xil x, va x, haqiqiy

ildizlarga ega bo‘lsin.=> ax® + bx + c=a(x-x,)(x—x,). Bunda

Ja(x=x)(x-x)=t(x-x) (7

almashtirish bajaramiz.
2-hol. >0 bo‘lsin. Unda
ax’ +hx+c =t—x/—c;x(yoki\/ax: +bx+c =t+«[c;x) €3]

almashtirish bajaramiz.
3-hol. ¢>0 bo‘lsin. U holda

Vax* +bx+c =1x+\/2(yoki vax* +bx+c =tx—\/;)
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almashtirishni bajarish yordamida hisoblanishi kerak bo‘lgan inte-
gral ratsional funksiyani integrallashga keltiriladi.
(7)-(9) almashtirishlarga Eyler almashtirishlari deb ataladi.

4%, Binomial differensiallarni va trigonometrik funksiyalarni
mtegrallash
a) 4-ta’rif. Ushbu x" (a+bA ) dx ko rinishidagi ifodaga binomi-
al differensial deb ataladi. Bu yerda m, n, p, -lar ratsional sonlar.

I= j (a+[n (10)

integral quyidagi 3 ta holda ratsional funksnyaning integraliga kelar ekan.

1-hol. p-butun son. x=" almashtirish bajariladi. Bu yerda N
soni m va n ratsional sonlar (ya’ni kasrlar) maxrajlarning eng kichik
umumiy karralisi.

m+1 " ; )
T —butun son. Bu holda a+bx"=Z" N-p ratsional

2-hol.

sonning maxaraji, almashtirish bajarish kerak.

m+1 1 ;
3-hol. — + p—butun son. Bunda %*F b=Z"N-p ning
maxraji, almashtirish bajarish yetarli.
b) I= jR(sinx,cosx)dx;

integral berilgan bo‘lsin. Bu integralni ushbu

X
fg5=f —n<x<rx;

universal almashtirish yordamida har doim ratsional funksiyani in-
tegrallashga keltirish mumkin:
. 2 1-£ 2dt
sinx=——-, cosx= ~ dx=
1+

1+£ T
d) Aytaylik,

I= Isin" x-cos” xdx, (n,meZ)

integral berilgan bo‘lsin. Bu integralni hisoblash uchun quyidagi
hollar garaladi.
1-hol. n-toq, m-juft = cosx=¢ almashtirish bajariladi.
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2-hol. n-juft, m-toq = sinx=¢ almashtirish bajariladi
3-hol. n va m-toq. Bunda cosx=¢sinx=¢ yoki tgx=r al-.
mashtirishlardan biri bajariladi.
4-hol. n va m-juft. Bu holda
sin2x=2sinx-cosx ¥a cos2x=cos’ x—~sin’x
formulalardan foydalanib, tartib pasaytiriladi va yugoridagi holardan
biriga keltiriladi.

5% Aniq integral va uning tatbiglari.

Aniq integral tushunchasi va uni hisoblash usuliari maktab kur-
sida gisman va ma’ruzalarda batafsil o‘tilishini hisobga olib, biz
aniq integralni hisoblash usullariga qisman to‘xtalamiz hamda asosiy
¢’tiborimizni uning tatbiglariga garatamiz.

1. Nyuton-Leybnis formulsi. Agar f(x) funksiva [a,b] kesma-
da uzluksiz bo‘lsa va F'(x)=f(x) tenglik bajarilsa, u holda

’}f(x)dx=F(b)—F(a)=F(x)|:

formula o'rinli bo‘ladi.
Formulaning isbotida uzluksiz f{x} funksiya uchun ham ba-

jariladigan e
E( | f(:)dt] = f(x)

tenglikdan foydalaniladi.
2. Bo‘laklab integrallash formulasi. Agar f(x) va g(x) funk-
siyalar [a,b] kesmada uzluksiz differensiallanuvchi bo‘lsa, u holda

‘[f(x)g (x)dx=f If (x)g{x)dx;

bo‘ladi.

3. O‘zgaruvchini almashtirish. Agar ¢(¢) funksiya [, 8] kesma-
da uzluksiz differensiallanuvchi va p(r) e [, B] F a=p(a) F b=¢(B)
bo'lib F f(x) funksiya [a,b] kesmada uzluksiz bo‘lsa, unda

?f(-")d’f =?f[¢(t)]¢'(r)dt;
bo‘ladi. ’ c
i
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4. O‘rta giymat hagidagi birinchi teorema.
Agar f(x) va g(x) funksiyalar [a,h] kesmada chegaralangan va
integrallanuvchi bo‘lib, g(x) funksiya (a,b) da ishorasini o‘zgar-

tirmasa, shunday ue[m, M) (""“‘f{ ()} M= S'UP{ ()}] nugta
topiladiki,

:jf (e (")d“/"hlg(x)dx;

tenglik bajariladi.

a) Aniq integral yordamida tekis shaklning yuzasini hisoblash.

1) Dckart koordinatalar sistemasida berilgan shakining yuzasini
hisoblash.

f(x)eC[a,b] bo'lib Vxela,b] uchun f(x)=0 tengsizlik ba-
jarilsin va D scha quyidagicha aniglansin:

as<x<b
D=o< y< f(x) ~egri chiziqgli trapetsiya.
Unda ,
= [f(x)ax an

tenglik o‘rinli.
Agar f,(x)eC[a,b]. f.(x)eCla,b] bo'lib,

_{ansb
R VACEIEIAGE
bo‘lsa, u holda ,
=LA~ A()i 12

bo‘ladi.

2) Qutb koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash.

Agar D soha qutb koordinatalar sistcmasida

_ja<es yé)
D= 0<r< r(q))
ko‘rinishida berilgan bo‘lib, r(p)eCla,B] bo‘lsa,
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7
Jri (0)dp (13)

a

s=1
2
formula o‘rinli bo‘ladi.

b) Aniq integral yordamida yoy uzumligini kisoblash.

1) Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.

f(x) funksiya [a,b] kesmada aniqlangan bo‘lsin. Uning grafigi

quyidagi
{(x,f(x)) Xe [a,b]}

nuqtalar to‘plamidagi iborat. Shu grafikdagi A(a,f(a))
(h f (b)) nugtalar orasidagi egri chiziq yoyi uzunligi | ni
topish talab qilinsin. Agar f( SIE C[a b] bo‘lsa, unda

/= _[,/H[f'(x)]-a’,\f (14)
bo‘ladi. ’

Agar (14) da b=x desak, I(.\')=],/l+[f’(x)]zftt bo‘lib,
L TS =l = U+ £(x)] s .

Bu ifodaga yoy differensiali deb ataladi.

2) Parametrik ko‘rinishda berilgan egri chiziq yoyining uzunligi
hisoblash.

Agar

o(1)
AB {y=l//( )’ asiLf;

bolib, ¢'(1)eCla,B] va yw'(1)eCla,B] bolsa,

/= lj[\/(»'(t)2 + [:z//’(t)]2 dt (15)

bo‘ladi.

3) Quib koordinatalar sistemasida berilgan egri chiziq yoyining
uzunligi hisoblash.
Agar

{03
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v SO p,
AB:{a vsp
r=r(p)

bolib, +'(p)eCla,pB] bo‘lsa, unda

1= 1) T @ a9

formula o‘rinli bo‘ladi.

d) Aylanma sirtning yuzasi.

Aytaylik, f(x)eC[a,b] bolib, f(x)20 bo‘lsin. spyoyni OX
o‘qi atrofida aylantiramiz va aylanma sirtni hosil gilamiz. Agar
/'(x)eCla,b] bo‘lsa, unda shu aylanma sirtning yuzasi ushbu

S=27r:ff(x)-,/1+[f'(x)]zdx an

formula yordamida hisoblanadi.

€) Aniq infegral yordamida hajm hisoblash.

Faraz qilaylik, bizga biror T jism berilgan bo‘lib, uning OY
o‘giga paralle] bo‘lgan kesimlarining yuzasi ma’lum bo‘lsin. Bu
yuza x o‘zgaruvchining funksiyasi bo‘ladi, uni S=S(x) deb belgi-
laylik. Agar §(x)eC[a,b] bo‘lsa, unda T jismning hajmi ¥ ushbu

b

V= J-S(x)dx (18)

formula yordamida hisoblanadi.
Natija. (Aylanma jismning hajmi). Ushbu

as<x<bh

D =
0<y< f(x)
egri chizigli trapetsiyani OX o‘qi atrofida aylantirishdan hosil bo‘lgan
aylanma jismning hajmi

V=ﬂj[f(x)]2dx (]9.)

formula yordamida hisoblanadi.

1) O‘zgaruvchi kuchning bajargan ishi.

OX o‘gida shu o‘q bo‘ylab biror jism F =F(x) kuch ta’sirida har-
akat gilayotgan bo‘lsin. Agar F(x)eCla,b] bo‘lsa, F=F(x) kuch
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ta'sirida jismni ¢ nugtadan p nugtaga o‘tkazishda bajarilgan ish ushbu

A= J‘F (x)dx (20

formula yordamida hisoblanadi.

g) Statik moment. Og‘irlik markazi.

Aytaylik, m massaga ega bo‘lgan M(x,y)-material nugta berilgan
bo'lsin. my va mx ko‘paytmalarga mos ravishda berilgan nuqtaning
0X va OY ofqlarga nisbatan statik momentlari deb ataladi.

Egri chizigning OX va OY o‘glarga nisbatan statik momentlari

M, va M, lar ham shu kabi aniglanadi hamda

' !
M, = _[ydl , M. = Ixa’l (21)
0 4]

| 4

formulalar yordamida hisoblanadi. Bu yerda /= (a’:\-)2 +(dy)2 -yoy

differensiali, [ esa berilgan egri chiziq uzunligi.

Berilgan egri chiziq og‘irlik markazining koordinatalari esa ushbu
MM, 22
x=_;., = -

7 YT (22)
formulalar yordamida hisoblanadi.

h) Geometrik figuralarning statik momentlari va og‘irlik markazi.

Agar geometrik figura

a<x<bh
D=V0< y< f(x)
egri chiziqli trapetsiyadan iborat bo‘lsa, unda

d

-~ MV M‘,
(-w’)=( 5 S‘j (24)

b
bo‘ladi. Bu yerda §= Iy(x)dv ~trapetsiyaning yuzi.

I b ) l b
M.\.=§;fy de, M, =5 Pods 23)

va
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6°. Elliptik integrallar.
5-ta’rif. Ushbu

“ dx
Flhp)= [-—2
() Jdl—kzsinzx 23)
®
E(k,p)= J'\(l—k2 sin® xclx (26)
0

ko‘rinishdagi integrallar I va Il tipdagi elliptik integrallarning Lejandr
formasi deb ataladi.

(25) va (26)-integral ostidagi funksiyalarning boshlang‘ich funk-
siyalari elementar funksiyalar yordamida ifodalanmaydi. Shuning
uchun ham ularning giymatlarini hisoblash uchun maxsus jadvallar
yaratilgan.

Agar (25) va (26)-integrallarda <0=—72‘: bo‘lsa, u holda bunday

integrallar to‘liq elliptik integrallar deb ataladi va ular F(k),E(k)

kabi belgilanadi.
Demak,

dx

Ji—k*sin’ x
2

E(k)= M —k*sin*dx (28)
0

To‘liq elliptik integrallarning qiymatlari ham maxsus jadvallar

yordamida hisoblanadi.
2 2

Misol. Ushbu ;l:-+-b)%~=| ellips yoyining uzunligi hisoblansin.
d

Fk)= 27)

[ B Y

x=asin/

y=bsint, 0<1<2x kabi ifo-

Ellipsni parametrik ko‘rinishida {
dalab olamiz.

(1L
S

Unda /=4 =4- \/[,\"(t)]z +[y’ (1)]2 dt = 4].\/03 cos’ t + b sin* tdt =
0 0
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CRE

—4I\/ 1—sin® I Lbzsm tdl = 4a 1’]— sin’tdt = @b )

bu yerda g=—£;b—-elhpsmng ckssentrisitegj.

VRN B~

lash.

16.

lash.

17.
18.

a

Nazorat savollari

Boshlang‘ich funksiya tushunchasi.

Anigmas integral va uning xossalari.

Anigmas integralda o‘zgaruvchini almashtirish.
Anigmas integralda bo‘laklab integrallash formulasi.
Ratsional funksiyalarni integrallash.

Ba’zi irratsional ko‘rinishdagi funktsiyalarni intcgrallash.
Eyler almashtirishlari.

Binomial differensiallarni integrallash. -

Trigonometrik funksiyalarni integrallash.

. Aniq integral tushunchasi.

. Nyuton-Leybnis formulasi.

. Aniq integralda bo‘laklab integrallash formulasi.

. Aniq integralda o‘zgaruvchini almashtirish.

. Orta giymat haqidagi birinchi tcorema.

. Dekart koordinatalar sistemasida berilgan shaklning yuzasini hisob-

Qutb koordinatalar sistemasida berilgan shakining yuzasini hisob-

Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
Parametrik ko‘rinishda berilgan egri chizig yoyining uzunligini

hisoblash.

19.
20.
21.
22.
23.
topish.
24.
25.
26.

27.

Qutb koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
Aylanma sirtning yuzasini hisoblash.

Aniq integral yordamida hajm hisoblash.

Ofzgaruvchi kuchning bajargan ishi.

Egri chizigning koordinata o‘glariga nisbatan statik momentlarini

Egri chiziq og‘irlik markazining koordinatalarini topish.
Geometrik figuralarning statik momentlari.

Geometrik figura og‘irlik markazining koordinatalarini topish.
Elliptik integrallar.
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-B-
Mustagqil yechish uchun misol va masalalar
1-masala. Anigmas integral topilsin.

11 [ 1.2 [xsin® xdx.
sin’x°

13 [(v2-8x)sin3xdr, 1.4 jc:jfx.

1.5 [(4x+3)sinSxdr, 1.6 [(7x~10)sin4xdx.
1.7 [(x+5)sin3xdr. 1.8 [(2-3x)sin2xdx.
19 [(2x-5)cosdxdr, 1.10 [(8~3x)cosSxdx.
111 f(xv2-3)cos2xdx, 112 [(4x+7)cos3xdr,
1.13 [(5x+ 6)cos2xdx. 114 [(3x-2)cosSxdx.
1.15 [arcrg3x—1ldx. 1.16 [arctgJ5x—ldx.
117 e (2-9x)dx. 1.18 [e* (4x-3)dx.
119 [In(4x" +1)dx. 120 [(2-4x)sin2xdx.

1.21 [(4x~2)cos2xdx,

2-masala. Anigmas integral hisoblansin.

dx l+ln\f
2.2 dx
21 J-x\/.\'2+l°
dx x? +Ina?
2.4 -———dx.
23 U_] 2
25 J- xdx 26 J-(alccosx)3 —ldx
Vxt+x7 41 ) N ’
! J\+l
2.7 Jlgx-ln(cosx)clx, 2.8. I&x_g]j
I-cosx
=
2.10 J.(x—sinx)' .
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sinx—cosx

d xXcosx+sinx !
2.11. '[(cosx+sinx)S . 2.12 '[ (xsinx)2 ’
x° +x xdx
M3 e SN e f
215 jﬂé‘_ (-1
Mt/ U 2.16 J'];P_(x_—ldx
i ¥ +1)dx -1
2.17 (\3+3x+|) 218 j4arcrgx X 5
P : 1+ x* )
2.19 3
“+4 2.20 Ix+cosx de
2cosx+3sinx : x* +2sinx
221 [ 7
(2sin x ~3cosx)

3-masala. Anigmas integral hiseblansin.

3.1 j;idx. 32 I(\ A4){?3;(1):2 N
55 Ixf_liL 6 [ ™
3.7 j”f;_sza' 3.8 3;_): ds.

3.9 Affx_—l dx 3.10 J.%Z}dx
3.11 jg{;)% 3.12 ——i—ﬂd
a3 [z ’;(12‘2)2: N 34 fx—;if—;_d"'
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3x +2x7 +1

3.15 .[(x.,.z)(x—Z)(-\"")

3
X

s G ™.

—x> +25x  +1

.1 ——d
3.19 R
2 -8x +2
3.21 |[———dr.
'[ X -2x

dx |

3x° —12x° -7
SR

X =5x"+5x+23

3.18 J(x-;)(x+1)(.\--5)"‘*-

dx,

3.20 j:i‘__i9_‘_ii

X" +3x

4-masala. Anigmas integral hisoblansin.

dx

j.\j +4x° +3x+2
(x+l)2-(x2+l)
j 25" +7x* +7x -1
4.3 (x+2)2-(x2+x+l)

dx

J- 23 +4x° + 2x -1

7 dx
(x+1) - (x* +2x+2) ’

X +6x+9x+6

4.7 '[(x+1)2(x2 +2x+2) <.

2 +11x? +16x+10

. B
4.9 '[(.r+2)'-(,\‘2+2x+3>”'

3x° +6x° +5x~1

4.11 .(\ l) (\,_1_“) X

j\ Y0 +21x+21
4.13 v+3) (x +3)

dx

I\ P+ 6x° +8r+8cx
415 (x4 2) (x4 4)

—3x° +13x° —=13x+1
4.2 (,\c—2)2 -(x"’ ~Xx+ ])

¥ +2x +10x

4.4 J.(.\'+ i) -(x: —x+ ])

-[4.\'3 +24x7 +20x—28( .
4.6 (x+3)2-(x:+2x+2) e

dx

dx

X +x+1 ]
4.8 j-(,\'Z +Xx+ l)(_\-2 + l)dA .

J 2x° +4x7 +2x42 p
4.10 x:+x+1)(x:+x+2) e

4x* +3x+4

sulmEan ™
2x° ~x+1 )
4.14 I(xz -—.\'+l)(.\'2 +])d\

I X +x+l Py
4.16 \ —-\’-rl) (\ +l) e
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X 45+ 12x+ 4

4.17 I(x+2)2'(x2+4) dx.

2x* —4x? —16x-12

4.19 f(x_l)l.(x:+4x+5) g

_[ X +4xP +4x42
421 ) (P4 x )

dx

J- X +2x +x+1
4.18 x2+x+l)~(x2+l)

I’)x +2x° +2x+1
4.20 JL +x+l)( +l)

dx )

dx

5-masala. Anigmas integral hisoblansin.

\/]+\f—

5.1 ————d.

x4

3 -
53 | i_l:/‘;/;‘; ds.

5.5 J":/;/; dx,

Yi+3x
J'\Q/;; dx

5.7

Yi+3x*

5.9 O dx,
fi-57
5.11 dx.
e/

i+

x-x

5.2 j

3 (1 +3 xz)
5.4 I._ﬂ/_x_dx.

5.6 j\}|+
5.8 ji——““*f/"?dx.
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5.17 j‘“*f["—zdx. i3
X

518 [ ’f
i,
5.19 \/— . 520 I(l_,_\/—)
1 o
5.21 f(m/"—;)'

6-masala. Aniq integral hisoblansin.

61 “’]‘-‘Hln(x—l)d\_. (xl +l)dx

dx -

dx .

Cq__,.--

e+l x—1 6.2 (JC3 +3x+l)2 '
1
darctgx ~ X 4 2
6'3 J. l.l.x 6.4 Jl
0 0
* X+cosx 3
— T dx 2cosx+3sinx
6.5 I\f2+231nx T 6.6 j dx.
o (2sinx— 3cosa)
l
28y~ a/ctg2v Y xdx
6.7
J 1+ 4x7 6.8 5[\'4-1—1
1
V8 ‘€+— S
6.9 J' 10 Jarctgx+‘c K
BVX 0
v x—(arclgx) box?
. —dx, —dx
611()[ — 6.12 [

¥ (arcsin x): +1

6 1 Y ]-__.._:_\[_'—“—dr
.13 \/l——-—;\_: A, 6.14 1\/;'(-\'*']) .

0

dx jl+ lnr

AFxx+1°

—n

6.15
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Wy hih g

I.l + Inx* ' ’_’ “"_"- S ‘ o I .. e | |
' 618 Jiwtn(eosa)ar. o
6.19 . I—cosx ._

? i +1) e ) 620 ‘{(x smx’j dx g

o fei

7-masala. Amq mtegral hisoblansin.

71 (.l +5x+6)c052xdx 7.2 It .,4 cos3xaﬁr

—— o,

73 J(axeseosxds, x+2)'cos3x¢#-:

7.5

.__.c:,l_

(\:2 +7x+ 12)cosxdi\' ) 76 i{(zxg A 7)0652;;&{ ..

: 1]

'-—-*'L

7.7 (9\:2 +9x+1 l)cos3xdx .

7.9

[ =3
LT

(3x +5)0052rdr 7.10 2}(2x3—15)0053xdx,
0

7.11 _[(3 7" cos 2xdx | . - 712 2j'(l-ff‘.;c3]<:(1h541nﬂfx,
1]

(]
i}

7.13 ‘][(x +')1+1)sm3xahc 7.14 ](x3—3x)sin2xdr,' ’
O

7.15 [(* -3x+2)sinxdx VA

=y

X +6x+9)5m2\dx . “’OA

1 ==
——

7.8 ’]’(31‘2 +16x+ 1';') cosdxdx |
]

v
“8

71.8

vy 116 J(x2—5x+6)sin3£dx. PR

e -3 7.18 I(I—sz)sinxdt,'-.' S
7.19 I(Bx X )sm2rd\ o 3“ y A
B4 720 [xintxdr, '

! !I_ a
7.21 ](\ [)3 An*{x—1)dx. ' AN RERETREY o
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8-masala. Aniq integral hisoblansin.
61 f cos xdx 8.2 'mf_ (1-sinx)dx
7§ (l+cosx+sinx) ¢ cosx(l+cosx)’
]’ cosxdx ‘]- cos xdx
8.3 s l+cosx—sinx. 8.4 (1+cosx— va) 3
3 3
g5 2} cos xdx Ny zm]-g cos xdx
™~ Jl+cosx+sinx’ : (1+cosx)(1-sinx)
% sin xdx 2arci Jo I+sinx
8.7 I—-—-— 8.8 I —dx
¢ I+cosx+sinx (l—sinx)'
% .
8.9 __c_o_§_}_a_7\c____ (1+cosx)dx
7 o l+sinx—cosx 8.10 f
L o l+cosx+sinx’
.11 ’? cos xdx 7 ]+suu
T g S+4cosx’ 8.12 Jl+cosx +sinx
2arety )
e dx % dx
8-13 3 1 ) 2
,a,dgys’"x'(’ ~sinx) 8.14 2ang (1 + 50 X ~c0s X)
815 T/jcos,\ sinx 2andg3 dx
g (1+sing)’ 8.16 2umig2 COS X+ (I —cosx) *
2arciz2 . %,
17 J' - (d-‘ ) /i cos xdx
8. sin“x-(l+cosx). 8.18 5,
£ - 1 (1-cosx)
Qareig? dx y
8.19 f NI ; jﬂx_di
5 S (1 cosx) 8.20 I3 cosx
$.21 % sin xdx
) h (1+sin:s:)2 ’
114
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S-masala. Anig integral hisoblansin.

: £ 4 ’ ’
7 R X T PR . - 63:" :E .
0.0 [sin2ds. 9.2 [sin’Zcos T,
[ .

9.3

. b X, Tt 2 X o aX
05 1‘2431-116%_008_ —x~dx;' . 9.6 .5"2 slp 5 cos Ed\:. | E |
¢ - LT
2 2z - . LT
()T Sil]4x'COS4 xdx Lo a{': ) . 9.8 !S]n XCOos xdx.
R BRI 0
$ e 6 o
9.9 I2s sin' x-cos* xdv 9.10 :[2 Sm” x-cos -de. e 6 E
__;‘ * Ii'. e “Fz-
£t 2
zj‘ 2 X axd 9.12 cossidx
9.11 |sin 3 cos 1 %, . ; P EREREH
[u]
- 0 .
“ : LooEE 8 _: 6 2
9.13 jz“'COSs-;-dx. R R T _!2 sin” xcos” xdx |
0 oA
]-2ssinsxdx o ZJ{S' ® xcos” xd.
9.15 ! . S 9.16 J In” xcos” xdx )
2 C . RAEE
9.17 [sin*xdx, | Lil.. 9.18 [2'sin’xcos®xdx
) ToEy 0
; . . L : 2x
9.19 I2gsin6xcosz xdx .- 9,20 J"sin4 3xcos’ xdx LAy
JJ.ZS -sin’x-cosxdy - _
9.21 ; . RIS 3 ]
10-masala. Aniq integral hisoblansin,
RN 1
Wiiea o RO S e
: x* -9 .
10.1 [ . 102 [ .
. 3 - . v
115
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»

10.3 ; (s_x:)s . ﬁ | 104 / ,(16*-.1'2)3 ‘

T 10.6 Ix'—’ N9-x'dx .
. =3

R

2 T Wi 23 2 oA
V2 xdﬂf‘c T , Ve 10.3 I - dx_ BERICY:
; i

me o 10.10 :szmdg;
0 - . Y

0.2 [PVie—ax,
g " !: LA , BT 5

0 ' L
} R R L2 OI —

10.11

10.13

3 10.16 (4w -

10.15

£ 108 [,
10.17 Df

10.20

10.19 (9 . x;)%. .

2
dx
10.21 J

116

www.ziyouz.com kutubxonasi



11-masala. Quyidagi chiziglar bilan chegaralangan shaklning
yuzasi hisoblansin.

112 y=xv9-x*;y=0,(0sx<3).
114 y:«fa—xz;y=0;x=0;x=l.
11.6 y=ve' ~1L;y=0;x=In2.

118 y=(x+1)"0" =x+1.

L1 p=(x-2);y=4x-8.

1.3 y=4-x;y=x"-2x

11.5 y=x2\)4—f;y=0,(0_<_xs2) .

1
= y=0Ox=lx=¢
1.7 Y xm y .

11.9 y=arccosx;y=0;x=0.

11.11 y:x\/36—x2;y=0;(05x56)-
1L13 y=xarcrgr;y=0;x=4/3.

1115 x=+fe'-1;x=0;y=In2.

1.7 y=——pmsy=0;x=1
SRS v skl Lt

X

11.19 J'=(x2+]):y=0; x=1,

11.21 y:(x—-—l)zgy2 =x-1.

11.10 y=2x-x +3;y=x"-4x+3.
11.12 x=arccosy;x=0;y=0.
11.14 y=x\8-r;y=0[0<x<22).
1116 y=xJ4—x';y=0;(0<x<2).
11.18 x=(y—2)3;x=4y—-8.
11.20 x=4-y*x=y*-2y.

12-masala. Tenglamalari qutb koordinatalar sistemasida berilgan
chiziglar bilan chegarlangan shakining yuzasi hisoblansin.

12.1 r=3sing;r=5sing.
12.3 r=2cosb6p.

I2.5 r=cos@+sing.
12.7 r=sin6p.

12.9 )'——3—005 'r——s-cos

. 2 [/ 5 Q.
12.11 r=1+2sing.
12.13 r=%+cosqo.

12.2
12.4
12.6
12.8

r=2sing; r=4sing.
r=cosp-—sing.
r=2sindgp.

r=2cosg;r =3cosg.

12.10 r=4cos4¢p.

5. 3.
; ==sing,r==sing,
1212 r 25 pr 5 4

12.14 r=cosp;r=2cosgp.
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12,15 7=sing;r=2sing. - 12.16 r=6cos3p;r =3(r 23},
12.17 r"—"-;--!-sil‘l-(p. S 1218 r=6sin3¢;r:3(r23).
12.19 r=cos3p. 12.20. r=3sin3¢.
12.21 7=4cos3pir =2.(r22). o

13-masala. Parametrik ko‘rinishda berilgan egri chiziq
yoyining vzunligi hisoblansin.

13.1 x=5(¢t~sint);y=5{t-cost);0<t< 7.

13.2 x=3(2co§t~c052t);y=3(Zsint—sin2t);0£rs2:er.

13.3 x=4(coss +7sint); y=4{cost~tsint); 0<r<2.
13.4x=(t2—2)sinr+2rcost;yx(2ﬁt3)cosr+2rsinr;0£t5:?l-

13.5 x=!0¢os’t;y=105in3t;0£t:§%,
13.6 x=¢ (cost+sint);p=¢ {cost—sinz);0<1<7.

13.7 x=3(r-sint);y=3(1~cost);7r st <2x.
13.8 x=%‘305f—100523§y=-1-Sint—~~l—sin2:;—§-stg%7£. i '

13.9 x=3(cost+rsinr);y=3(sint-reost);0$rs%.
13.10 Jc=(4t‘2 —-2)5int+2tcost;y=(2—t2)cosr+2!sint;0 S;SZ;—.

13.11 x=6¢cos’f;y=6sin’ 1,0 <¢ s% .

13.12 x=e‘(cost+sint);y'=e’(cost—sint);%sts‘1r',.- A 2T

13.13 x=2,5(t-—sint);y=2,5(1—005:);%£t£;r,
13.14 x=3,5(2005r—cosZt);y=3,5(2sinrfsin?_r);0£fS%.
13.15 x=6(cost+1sin¢);y=6(sins —tsin¢);0<r< 7.

13.16 I=(t2-2)sint+_2rcos!;y=(2~—r:)cost+2!siur;05:g%_ o
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13.17 x=8cos’t;y=8sin*£,0<¢ s%,

13.18

13.19 x=4(s—sint);y=4(1-cost);= 5
13.20 x=2(2cost—cosZI);y=2(25inl—sin21);0Sts-j—r-,

13.21x =8(cost +sint); y =8(sins - rcost);0 <1 <

x=¢'(cost+sint);y=e'(cost—sinf);0<r <27,

T2
3

L2

r
e

14-masala.Quyidagi sirtlar bilan chegaralangan
jismning hajmi topilsin.

14.1 59;'*’}72 =];z=y;z:0_(y20).l4.2 z

143 —+—-z'=1;

145 =42 s i clz=tz=0,

14.7 z=x"+9y;z=3.

X y' z
9 —+—-—=-Lz=16.
149 9 16 64

14.11 z=2x"+8y%;z=4.
1413 S +2-——=-lz=12,
14.15 z=x+5y",z=5.
14.17 ;+
14.19 -

1421 S+ + =1
¢

=x"+4y;z=2.

Xy g
4 X X e,
144~ =g =k

146 x*+y =9z=y,z=0(y20).

14.8 '—\;1;+y2—-2=l;z=0;z=3.
¥y 2
0 —+=—+—=Lz=2;z=0
e TR IT; £
x ¥y,
A2 —+—-z"=l;z=0;z=2.
14.12 AT z
Xy 2
d4 —+—+—=4Lz=0,2=3,
14 4 9 36
2 2
r LY 2
1 .16 — -z =I,Z=O;Z=4
4 9 4
18+ E Ciomgz=0,
16 9 64
14.20 z=2x* +18y%,2=6.
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15-masala. Quyidagi chiziglar bilan chegaralangan shaklni
1-16 variantlarda Ox o‘qi atrofida, 17-21 variantlarda esa OY
o‘qi atrofida aylantirishdan hosil bo‘lgan jismning hajmi topilsin.

15.1 y=-x*+5x-6;y=0. 15.2 2x—x* ~y=0;2%" —=4x+y=0.
15.3 y=3sinx;y=sinx;0<x<7. 15.4 y=5cosx;y=cosx;x=0;x20.
15.5 y=sinz,\',,\'=—72£,y=0. 15.6 x={/3:-_2,x=l,y=l.

15.7 y=xe*,y=0,x=1. 158 y=2x-x*p=—x+2,x=0.
159 y=2x-x"y=-x+2. 15.10 p=¢",p=0,x=0,x=I.
15.11 p=x% )" —x=0. 15.12 »* +(y-2) =1.

1513 y=l-x*x=y-2,x=1. 1514 y=x’ y=1x=2.

15.15 y=x2, y=+/x. 15.16 y=sin§2-{,y=x2,

15.17 y=x*,x=2,y=0. 15.18 y=(x—1),y=1.

15.19 y=Inx,x=2,y=0. 2
y=Ihx,x=2,y 1520 y=x*-2x+1,x=2,y=0.

15.21 y=x+Ly=xx=0,x=1.

16-masala.
Quyidagi chiziglarni aylantirishdan hesil bo‘lgan aylanma
sirtlarning yuzalari hisoblansin.

a

16.1 y=- (05y<15) OY o'ai atrofida

16.2 y*=4+x (x<2) OX o‘qi atrofida.
16.3 3x° +4y” =12 ellipisni OY o‘qgi atrofida.

I 1
16.4 x=zy2—;lny (t<y<e) OX o‘gi atrofida.

16.5 y* +4x=2Iny (1sy<2) OY o‘qi atrofida.
16.6 y=x (0<x<1) OX o‘qi atrofida.

s
16.7 x=eé'sint;y=¢"cost [0 st 53) OX o‘qi atrofida.
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16.8 x=2cost~cos2t,y=2sinf—sin2t ni OX o‘qgi atrofida.
2 2

16.9 x2+i7=1 cllipsning OX o‘gidan yuqorida joylashgan

ho‘lagigining koordinata o‘qlariga nisbatan statik momentlari topilsin.
16.10 x+y=1,x=0,y=0 chiziglar bilan chegaralangan uchbur-
chakning OX va OY o‘qlarga nisbatan statik momentlari topilsin.

16.11 »* =2x,(y>0,0<x<2) parabola yoyining OX va OY
o‘glarga nisbatan statik momentlari topilsin.

z 7
16.12 y=cosx[—53x35) egri chizig yoyining OX o‘giga nis-
batan statik momenti topilsin.

X
16.13 Z+%=1 to‘g‘ri chizigning koordinata o‘qlari orasida joy-

lashgan kesmasining koordinata o‘glariga nisbatan statik moment-
lari topilsin.

2
16.14 y= T VA= x* chiziglari bilan chegaralangan shakl-

ning OX o‘qiga ‘nisbatan statik momenti topilsin.
16.15 x*+ )y  =qa*,y=0-yarim aylananing og‘irlik markazi
topilsin.
16.16 x% +y%=a%,x20,y20 — astroida yoyining ogirlik
markazi topilsin.
xZ 2
16.17 F+z—2s1(x20,y20) ning og'irlik markazi topilsin.
15 1 .. .. - .
16.18 x=7 ¥y ——2—ln y (1<y<2) chiziq yoyining og‘irlik markazi
topilsin.
Quyidagi chiziqlar bilan chegaralangan tekis shaklning og‘irlik
markazi topilsin.
16.19 ax=)*, ay=x" (x>0).

2 .
16.20 y=—% y=sinx (x=20).
16.21 x*+4y-16=0;y=0.
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-D -
§ Namunaviy variant yechimi.
1.21-masala. _{(4::—2)0052.\‘0‘-1‘ anigmas integral hisoblansin.
< Bu integratni bo‘laklab integrallash usulidan foydalanib, hisob-
laymiz:
¢ = dex

j(4.v-2)cos2xdr=( [H“_z Zvaly ]}=

dr=cos2xdx  ve Esm 2x

_zsin2x—ZIsin2xcﬁr=

= (Zx - l)sin 2x+cos2x+ce

2cosx +3siny

-dx . . . .
2.21-masala. I(ZSIM Jcos‘) anigmas integral hiseblansin.

4 Bu integralni o‘zgaruvchilarni almashtirish uwsulidan foydalanib,
. hisoblaymiz:

2 i .
I cosx + 3sinx ~dx = ((Zsinx —-3cosx=¢ deb belgilaymiz =
(2sinx~ 3cosx) :

= (2sinx - 3005.\:) dx =1"-df yoki {2cosx +3sinxy)dr = dr)) =

dt -3 = 1 1
== rdfz—+c=——<+c +ob

E -2 2r 7(25inx-3cos.\‘):
i 2x’=8x"+2
3.21-masala. IM“*“
2x

< Biz bu integraini ratsional funksiyani integrallash uvsulidan
foydalanib hisoblaymiz. Avval noto‘g'ri kasmi to‘g'ri kasrga kelti-
ramiz, so'ngra wm sodda kasrlarga yoyamiz:

dv anigmas integral hisoblansin.

-+ _ . . . . 2 2 '3 "
R(x)-l%g‘—i“i_zx-’w:m 2 _))=2x“+4,\"+ lq—i:_{ - ,8; 2
Xx—z Xr—: X XT=LX

. I -
= 122" +dxt 4 L.t d --l\—~+i-+ln[r 2]—-111[1|+c»-f-+i11-+|n x-2
x-2 x 2 3 2 3 X

+oir

¥orax® +dx+2
4.21-masala. I(x+])i .(xz +x+l) * anigmas integral hisob-

lansin.

< Bu integral ostida ham ratsional funksiya turibdi. Bu funksi-
vani sodda kasrlarga voyamiz.
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R(x)= X +4xt +4x+2 _. 4 . B Cx+D
(1) (Frxrt) X+l (x41)? ¥ +x+]
Bu tenglikning o‘ng tomonidagi noma’lum A, B, C va D larni
noma’lum koeffitsientlar usulidan foydalanib topamiz. Buning uchun

tenglikning o‘ng tomonini umumiy maxrajga skeltiramiz va berilgan
kasr hamda hosil bo‘lgan kasrlarning suratlarini bir-biriga tenglaymiz:

A(x+1)+ B(x* +x+1)+(Cx+ D) (x+1)° =x* +4x7 + 4x+2
(A+C)x" +(24+ B+2C+ D) +(2A+ B+C+2D)x+( A+ B+ D)=x" +4x" +4x+2

U
JA+C=1

24+ B+2C+ D=4
12A+B+C+2D=4 Bu sistemani yechib 4=0Q va B=C=D=]

A+B+D=2
Kanligini t iz. Demak R(x): ! + X+l eka
ekanhgini topamiz. mak, (x+1)2 C4x+l m

dx x+1
+j "
x +x+1

:>JR(x)dx=J- dx=1l+12 (*)

(x+1)2

+1)
tdt +
3
2
x+l=t 1.4.1 t +Z
_J- x+1 r x+1 o= = [—2 J'
e J( - 2+3 x=l—L S de=ar £l lJ‘ ol T
x+=1{ += x=t——=Sdi= 2
)+ ; R
2

—In

l + - I +:*+l 2 arctg —= L +c
1 2/, . e L=
2 ’z”i 2 ’:+(ﬁj T2 4 2 B3 3

-*lln(x2 +x+l)+——l—arctg2x+] +c
2 V3 N
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I, va [, ning giymatlarini (*) tenglikka olib borib qo‘yib, ust-

bu natuaga kelamiz.
X 4 +4x+2 1 1 5 1 2x+1
dx = +—ln(.\' +x+l)+—arc/g——-——+c >
x+1 2 \/37 \/3

j(Jr+l)2-(x2+x+l)

3
4(1+3/:wcT )
dx anigmas integral hisoblansin.

5.21-masala., (X ____~_
«Integralni differensial binomni integrallashdan foydalanib hisob-

laymiz:
3

3 4
I=]————a’x=[. J1+x% | dh=Da=b=lm=-—n=—p="=>
¥ty 5 57 4
]2+l
+1 5 3 ..
= tp= 2 +——=——+—3—=—|:>—l—+l=z“—a]mashtmsh.
n 4 4 w5
5 9
bajarish lozim :>\—( —l) = dx—_-..523.(; _1)'3dz Bularni 7
ga olib borib go‘yib topamiz:
7
6 52 4(l+{/x_4-)
I==5|fdz=~"—4c=-=-1—"tcp>
J 7 7 3
6.21-masal I Xk tegral hisobl
-masala. aniq integral hisoblansin,
ST ey i intee
SN NP | ;
xelx xelx _ "+5_”"~0:>’-2 _l?‘ de
SL3 \'(l\':-!-cll.x=1:>1=§- 2} 12.;.2
2 2 4

2
((1-§ ning 16°-punktidagi 24-formuladan foydalanamiz))

.{\[\ xi ] «‘.[J('\_:Jrl)--pi T2

% )
. 3¢ ~ 2 2 ~
=—lnt+V‘r+3 LI P §+Jg+i —I ( +1J 3+‘/l—-ll ‘/S.D
4 2 2 V4 4 2 2 3

i
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3
7.21-masala. I(x-—l)s-ln:(x-l)dx aniq integral hisoblansin.

< Bu integralni- bo‘laklab integrallash usulidan foydalanib, hisob-
laymiz:

»
2In(x-1
3 5 u=I*(x-1) dt = 2(11 )dx
_[(x-l)"-lnz(x—l)dx= , = " =
] dv=(x—1) dx v=(>~;)

-n? 2 317 3
= () for 0 1) =

|
u=in(x-1) H=TH

=
dv=(x-1) dx N CEI

4

3

=4ln:2—|§ J.(.\'— l)" I (x=1)dx = (

-

3
S |=

-

i 3 .
=4In:'2—é (x 4‘) ‘In(x-1) | -% Joxe=1y d\‘}=4lnz2—%[4ln2—%(x-—l)4

=4ln22—21n2+i-(l6—l)=4ln22—2ln2+—1—5—.>
32 32

7

8.21-masala. Jm

sin xdx .
aniq integral bisoblansin.

X
<« Bu integralni hisoblash uchun 1g§=1 universal almashtirish ba-

2dr .
jaramiz. Unda x=0=r=0x=2=1=l.va dx=—d—q;sm1= 2” '
2 1+7° 1+
Almashtirishdan so‘ng berilgan integral quyidagi ko‘rinishga keladi:

125

www.ziyouz.com kutubxonasi



I sin xdx

e Adt t+1 1 ' :
' . l+smx) {.[(IH) B J[!+1) [jf+l (r+l)}

=2[]n|t+l||z)+?~j:~flo] i =2[!112+%-«1]=21n2—11>

9.21 " jzs-singx—cosbxdx
.21-masala.

W

(ST

anig integral hisoblansin.
. . , 1+cos2e
alntegraini  sin2a =2sina-cosa,  cos’ @ =-——"

2

.2 |—cos2a . . .
sin” & = —————formulalaridan foydalanib, hisobtaymiz

=

x
= J'Es sin® x-cos® xdv =2 j'(?.sinx-ca:»sx)2 -cos* xehy =2 jsin12r {1+cos2x) dr=
: I[sm 2x+ 2sin” 2x t.o:-.?x+sm’2.1'~cos’2x}ix=2"-}(I—cos-’l.\']dx+2* j*:mZ\'d(sm?xH

. 3y,
+2° Isinz Axdx = 23(:: —%sin 4.\') [z +2* st 2

P
£
H

T
x+
2

=4+ 2(x- %sinSxJ [z =570

T
2

T

2

' dx
10.21-masala. .[ ( 4+ ) [1, 2 aniq integral hisoblansin.

< i
<« Bu integraini hisoblashda uchun 2-hol uchun Eyler almashii-
rishini bajaramiz, ya'ni ./y? + 4 =+ x almashtirish bajaramiz

]

4y
= X=

=dv= ’ +14 dr = 2 c‘:‘x = j ddt__ 5 ]’ afe +4‘) -
2 2 if4 +x’)\/4 +x g +4) oy (¢ +4)
_ ._.__2__ 2 i "
f2+4 2( l} 4J— . T .'i_'.;s'l\
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11.21-masala. Quyidagi y=(x- 1)2, y? =x~-1 chiziglar bilan che-
garalangan shaklning yuzasi hisoblansin.

2
y=(x-1
< {y: | sistemani yechib, bu chiziglarning kesishish nuq-
=x-
»
talarini topamiz: M, (1;0) va M,(2;1) Bu chiziglar bilan chegara-

langan soha S-chizmada tasvirlangan.

A
y

\

v

01\2 X

S-chizma.

S= ]-[\/l—'—_l—(x—l)z]dx=[§ (x—])3 - (.\'—1)3:|

-

N

I
3 '3
12.21-masala. Tenglamalari qutb koordinatalari sistemasida ber-
ilgan chiziglar bilan chegaralangan shakilning yuzasi hisoblansin.
r=4cos3¢; r=2,(rz2)
< Birinchi navbatda bu funksiyaning aniglanish sohasini topamiz
va uning chizmasini chizamiz.

!
6-chizma.
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hY/4 Tn 37 Iz

D |—£ - N _— 2

()= [ ]ULz 6 ]U[ 62 M 6 J
Yuzasini hisoblashimiz kerak bo‘lgan soha 6-chizmada shtrixlab

r=4cos3p

ko‘rsatilgan.Integrallash chegarasini topishimiz uchun {
y=

sistemasidan ¢ ni topamiz

::>cos3(p—l::3(o—£:>qo—£:>
2 3 9

l; R % %
S'=6S, =6.§J'[(4c053¢)'—23]d¢=3. 16 J.c0523(/)('[¢—4 _[d(p _
0 ; ;
V T
oo [rcossorao-so |50+ oo -4 )-
0

3 3 9 3 3

2
=3|i§—97£+£sin2£—fzr—} 3]:%[+ "{1:4—75+2\/§.>

13.21-masala. Parametrik ko‘rinishda berilgan egri chiziq yoyi-
ping uzunligi hisoblansin.

T
A x=8(cost+ssint); y=8(sinr—rcost); Oﬁfsz-

»'(1)=8(=sint +sins +rcost =8 cost)
)

v }:,» JEOF + () =8>

=8(cost—~coss +sint)=8¢sins

’7 = - ;rg . .
= j}\K"(’)} +[y' ()] de= /ISrdr =48 |3 =Z§_>
o 0

- 2

14.21-masala. Quyidagi ':12 +'Z2 +;—2=1 sirt bilan chegaralan-

gan jismning hajmi topilsin.
< Hajimni (18)-formulaga ko‘ra
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X,
V= fS(x)dx
:

formula yordamida hisoblaymiz. Euning uchun S(x) ni topish lo-
zim.
O‘zgaruvchi x ni fiksirlasak, ellipsoid kesipnida.

2 2
y z
y2 zZ \,2 - 3 + - 3 =]
o+ =1-= vyoki |p /1_1 c fl_f_ ellips hosil
b . (:2 a [ 02 (12
yZ zZ

bo‘ladi. Bizga ma'lumki, =5 +—5 =1 ellipsning yuzasi zmn ga teng
n

3

edi.=>

-

x‘_‘ v x: a
S(x)=m-bi-Z e fi-Z = mbe| 1-Z |2V = [$(x)dx=
(x)=7 ;J e cJ e nc( _J:> j (\') X

a
-a

a .2 3
= rbc J[l —%de = zbc(x —;—,) | = -:—ﬂ'abc. >
a a

-~

Natija. Agar g=h=c=R bolsa ellipsoid sharga aylanadi va
shar hajmini hisoblash ucun
V=—§-71’R3;
formulani hosil gilamiz.
15.21-masala. Quyidagi

y=x"+1, y=x,x=0,x=1
chiziglar bilan chegaralangan shaklni
OY o‘qi atrofida aylantirishdan hosil
bo‘lgan jismning hajmi topilsin.
aAvval OY o‘qi atrofida aylanti-
rish kerak bo‘lgan D sohani chizib
olamiz (7-chizma).

7-chizma.
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1 2
D=DUD,=>V =V +V, =7L’-[_“y:dy+ J‘(l—(y—-l))dy}=
] 1

3 2
v AY el (1. . 3) lx
=g |, +|2y—-=— =x|=+3-=|=—.>
[3 b (y 2)"} (3 2) 6

16.21-masala. Quyidagi
X +4y—16=0,y=0
chiziqlar bilan chegaralangan shakilning og‘irlik markazi topilsin.

aMasala shartidan ko‘rinadiki, berilgan chiziglar bilan chega-
ralangan D sohani ushbu

-4<x<4

D= 4

ko‘rinishda ifodalash mumkin. Bu shaklning og‘irlik markazining
koordinatalarini (23) va (24)-formulalardan foydalanib, topamiz.
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5-§. 4-MUSTAQIL ISH
Ko‘p o‘zgaruvchili funksiyalar

R" fazo

R" fazoda ketma-ketlik va uning limiti.
Ko‘p o‘zgaruvchili funksiyaning limiti va uzluksizligi.
Ko‘p o‘zgaruvchili funksiyaning hosila va diffcrensiallari.

Yo‘nalish bo‘yicha hosila.
Ko‘p o‘zgaruvchili funksiyalarning ekstremumlari.

Shartli ckstremum.
O‘¢zgaruvchilarni almashtirish.

-A-
Asosiy tushuncha va teoremalar
10. R" fazoda ketma-Ketlik va uning limiti
Ushbu

R”’:RxRx...R={(x,,x2,. X, )% € Rk =1, m‘

m—tu

to‘plamga m o°‘lchovli Yevklid fazosi deyiladi.
Ixtiyoriy x=(x,,...x,)eR” va y=(3,..y,)€R” nugqtalarni

olaylik. Quyidagi

p(x,.y)=\/(y,—x,)2+...+(ym m) = Z(yk—xk): (1)

migdor x va y nuqtalar orasidagi masofa deb ataladi.
U quyidagi xossalarga ega:
) p(x»)=0 va (p(x,y)=0<:>x=y);

2) p(x,p)=p(v.x);
3) p(x,z)< p(x, )+ p(».z); (uchburchak tengsizligi).

Natural sorliar to‘plami N va R” fazo berilgan bo‘lib, f har bir

neN ga R" fazoning biror x" =[x ") v e R™ nugtasini mos
Ill

go‘yuvchi akslantirish bo‘lsin:
f:N->R" yoki n—> X
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f:N— R" akslantirish obrazlaridan tqulgan
NURNC RO ' 2
to‘plam ketma-ketlik deb ataladi va u {x‘"’} kabi belgilanadi.

Demak, (2)-ketma-ketlikning hadlari R™ fazo nugtalaridan iborat.
{x{”)} ketma-ketlikning mos koordinatalaridan tuzilgan {x.[")},-..,{xi,'”}
lar sonli ketma-ketlik bo‘lib, {x‘“’} ketma-ketlikni shu m ta ketma-
ketlikning birgalikda qaralishi deb hisoblash mumkin.

Aytaylik R" fazoda {3} ketma-ketlik va a=(a,,..a,)cR"
nugta berilgan bo‘lsin.

I-ta’rif. Y& > 0.3a0,(c)e N:Vn>n,= p (x"",a)c £, unda a nu-
qta {+*’} ketma-ketlikning limiti deb ataladi va limx“’=a Kabi
belgilanadi.

Limitga quyidagicha ham ta'rif berish mumkin.

2-ta'rif. Agar a nugtaning V| J,(a)={xe R":p(x,a) <z} atrofi
olinganda ham In(s)eN:¥n>n,=x, el (a), unda a nuqta
{3 Kketma-ketlikning limiti deb ataladi. -

Teorema. R fazoda {x*}={(x""...x,"")} ketma-Ketlikning
a=(a,...a,)€ R" nuqtaga yaqinlashishi uchun 5 - e da bir vo‘la
xf")ﬁa},...,xﬁf) ~>a, bo'lishi zarur va yetarli.

R" fazodagi ketma-ketlik uchun ham sonli ketma-ketitk uchun
o‘rinli bo‘lgan xossalar o‘rinli. Biz ularga to‘xtalmaymiz.

2%, Ko*p o‘zgaruvchili funksiya limiti va uning azluksizligi

Ko'p o'zgaruvchili funksiya, funksivaning aniqlanish sohasi va
giymatlar to‘plami, ko‘p o‘zgaruvchili murakkab funksiva ta’riflari
bir o‘zgaruvchili funksivadagi mos ta’riflar kabi kiritiladi.

M < R” to‘plam berilgan bo‘lib, g nugia M to'plamning limit
nugtasi va y=f(x)=7(x,...x,) funksiya M to‘plamda aniglangan
bo‘lsin.

I-ta’rif. Agar Ve>0 uchun  35=65(g,a)>0 ushbu
0<p(x,a)<§ tengsizlikni qanoatlantiruvehi vxeds uchun
I (x)-b|<£ tengsizlik bajarilsa, unda & soni f(x) funksiyaning «
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nugtadagi limiti (yoki karrali limiti) deyiladi va
o hmf(x) b yokl Iun f(x) b,

kabi belgilanadi. »

Agar a=o voki b= bo‘lsa , unda ham shu kabi ta’riflarni
berish mumkin. Ko'p o‘zgaruvchili funksiyalar uchun boshga for-
madagi limit tushunchasini ham kiritish mumkin. Masalan, bunda
avval bir o‘zgaruvchi bo‘yicha limitga o'tilib, qolgan m-1 ta
o‘zgaruvchini fiksirlangan deb faraz qgilinadi. Keyin, golgan -1
ta o‘zgaruvchining birt bo‘yicha limitga o‘tilib, m-2 ta
o‘zgaruvchini fiksirlangan deb faraz qilinadi. Bu jarayonni m marnta
qaytarish natijasida hosil gilingan limitga f(x,,...,x,) funksiyaning
takroriy limiti deyiladi. m o‘zgaruvchili funksivaning jami m! ta
takroriy limitini qarash mumkin. Masalan, ikki o‘zgaruvchili

F(x%.%) funksiya uchun 2 ta limlim f{x,x) va

Ay TRed =Rl

lim lim f(x,x.) takroriy limitni ko‘rish mumkin.

Xy =y Xy ek

Misol. Ushbu
x-l-ysinl x#0
f(xy)= X7
\] fid 0,x=0

funk.g g (0 0) nuqtadagi takroriy va karrali limitlari hisoblansin.
alimlim £ (x,y) = limx=0-3,

=0 y0

B O A

limlim f(x,y)= llm(ylmlsm l)wﬂ, lekin \ "
X i

Y0 x—0 1
L e TR (x.v) va =0. Darhaqiqat,

<]\'| Iy[(vi()):::»llmf(r »)=0p

t—’»O

X+ vsm

O<|f('f y)-0=

Tabiiy savol tug‘iladi: Qanday shartlar bajarilganda karrali va
takroriy limitiar bir-biriga teng bo‘ladi? .
Bu savolga quyidagi teoremalar javeb beradi.
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Aytaylik, f(x,y) funksiya
M ={(x,y) eR’:|x-x)|<a, |y—y0|<a2}
to‘plamda aniglangan bo‘lsin.
I-teorema. Agar

l) ‘!Lr?“ f(x,J’) =b_39

Y=r¥a
2) Har bir fiksirlangan x da lim f (x.y)=0(x)-3 bo'lsa, u
holda lim lim f(x,») takroriy limit 3 bo'lib, lim lim f(x,y)=b

XX YNy oy Fb¥y
bo‘ladi.
2-teorema. Agar
lim f(x,y):b—a
%o

1) o
y=rig
2) Har bir fiksirlangan y da }{{‘}'f (x.¥)=0(»)-3 bolsa, unda

lim lim f(x,») —3 va p ga teng bo‘ladi.

PP Yo X=X,
Natija. Agar bir vaqtning o‘zida 1 va 2-teoremalarning shartlari
bajarilsa, unda

i/ (x.3)= lim lim £ (x,y)  lim lim £ (x,%) potladi.

Endi funksiyaning uzluksizligi ta’rifini beramiz.

M cR" to‘plamda f(x)= f(x,,...,5,) funksiya berilgan bo‘lib,
a=(a,,...,a,,,)eM nugta M to‘plamning limit nuqtasi bo‘lsin. Quy-
idagi belgilashlarni kiritamiz:

Af (@)= f(a + &x,,.a, + Ax, )~ f(a,...,a,) funksiyaning a nug-
tadagi to‘liq orttirmasi;

Ax, f(a)=f (A, 0y + Ax0sesa )~ f(ay,.a ) — funksi-
yaning a nuqtadagi x, o‘zgaruvchi bo‘yicha xususiy orttirmasi (k =1,m).

yoki ALIEIO Af (a)=0

2-ta’rif. Agar Li_l)naf(x)=f(a) bo‘lsa,
unda f(x) funksiya a nuqtada uzluksiz deb ataladi.
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3-ta’rif. Agar Al‘ixgoAx‘f(a)=0 bo‘lsa, f(x,..x,) funksiya
a=(a,,..,a,) nuqtade; x, o‘zgaruvchi bo‘yicha uzluksiz deb atala-
di. Odatda funksiyaning bunday uzluksizligi uning hususiy uzluk-
sizligi deb ataladi.

3-teorema. Agar f(x,..,x,)funksiya gqepy nuqtada uzluksiz
bo‘lsa, funksiya shu nugtada har bir o‘zgaruvchisi bo‘yicha ham
hususiy uzluksiz bo‘ladi.

Izoh: Tcoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan,

2xy
f(x,y)z x* +y2
0,x° +y° =0

X +y 20

funksiya (0,0) nugtada har bir o‘zgaruvchi bo‘yicha xususiy uzluk-
siz, lekin shu nugtada bir yo‘la uzluksiz emas, bu nuqtada hatto
limitga ega emas.

d-1a’rif. Agar imf(x)=3 yoki =, yoki li_l}gf(-\’)=b¢f(0)
bo‘lsa, u holda f(x) funksiya a nugtada uzilishga ega deyiladi.

S-ta’rif. Agar v &>0 uchun 35=65(¢)>0 M to‘plamning
p(x’,x")<¢5 tengsizlikni qanoatlantiruvchi x' va " nugqtalarida
|F(x")-F(x") <& tengsizlik bajarilsa, f(x) funkisia M to‘plamda
tekis uzluksiz funksiya deb ataladi.

4-teorema. (Kantor teoremasi). Agar f(x) funksiva chegara-
langan yopiq M c R™ to‘plamda uzluksiz bo‘sa, u holda funksiya
shu to‘plamda tekis uzluksiz boladi.

3%, Ko‘p o‘zgaruvchili funksiyaning hosila va differensiallari.
I-ta’rif. Ushbu

lim M, (k =l,—n-1);

Ay =0 A’Yk
limitga f(x)= f (X, ) Sfunksiyaning x° nugtadagi x, o‘zgaruvchi
of (x°

ox,

bo yicha xususiy hosilasi deyiladi va u kabi belgilanadi.
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Xususiy hosilaning geometrik ma’nosini bilish uchun A < R?
to‘plamda aniqlangan z=f(x,y) funksiyani qaraymiz. Aytaylik

of (x,, O (X5

f(xo,)’o) va ( 0 o) lar 3
ox oy

bo‘lsin. z=f(x.y) funksiya grafigi g* da biror sirtni aniglaydi.=

(x3>¥s) €M borlib, bu nuqtada

z=f(x,y,) ning grafigi sirt bilan y=y tekislikning kesishishida
hosil bo‘lgan I, chiziq bo‘ladi. z=f (xo,y)ning grafigi I, chiziq
bo‘ladi. Agar I', va T, chiziglarning (xo, yo,f(xo,yo)) nuqtasiga
o‘tkazilgan urinmaning Oxy tekisligi bilan hosil gilgan burchak-
larini mos ravishda « va £ deb belgilasak, unda

Xgs
af(x()a) ) va W( 0—y0)=tgﬁ;
%%
bo‘ladi. Bundan 7-f(x y) sirtning (x,,¥,,2,) nuqtasiga o‘tkazilgan
urinma teckislik tenglamasi ushbu

Of (X0> Yo % (%,
—Zo=~l%l'(x—“'0)+ (ay) ) (y=) (3

ko‘rinishda bo‘lishi hosil gilamiz.

I-teorema. Agar f(x) funksiya ,* nuqtada chekli
of (xo)
Ox,
shu nuqtada mos x, o%garuvchi bo‘yicha xususiy uzluksiz boladi.
2-ta’rif. Agar f(x) funksiya x? nuqtadagi Af (x°) orttirmasini

A(X°) = 4 -Ax, +..+ 4, - Ax, +0, - Ax, +..+ @, - Ax,, 4)

,(k =1,m) xususiy hosilaga ega bolsa, unda f(x) funksiya

ko‘rinishda ifodalash mumkin bo‘lsa, f(x) funksiya x° nuqtada diffe-
rensiallanuvchi deyiladi. Bu 4,,...,4,, lar Ax,..,Ax, ga bogliq bol-

hm a, = Om(k = m)

tengliklar bajariladi.
(4)-tenglik ushbu

Af(xo) =4 Ax +..+ 4, Ax, + O(p) &)
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tenglikka ekvivalent. Bu yerda p-*-\f Ay +..+(ax, ).
2-teorema. Agar f (1) Sunksiva ° nugtada differensiallanivchi
bolsa, u holda bu funksiva shu nugtada uzfuksiz bo‘ladi.
J-teorema. Agar [ (x) Junksiva ° nugtada di ﬁerenszaﬂanuvcht
bo'lsa, unda bu funksivaning shu nugtadagi barcha kusus:y hosilalari
A=) ¥
3 e ax T R ey axm
Izoh: Teoremaning aksi har doim ham ofrinli bo‘lavermaydi,

]
va’ni barcha xususiy hosilalari 3 bo‘lgan funksiya differensiallanuvchi
bo‘lishi shart emas.

Xy e
—=={ X, Y} 0,0 LA
Masalan, f(x,y)= Jey {x,7)#(0,0)
0,(x,5)={0,0) |
funksiyaning (0,0) nugtada hususiy hosilalari 3, lekin u bu nug-

tada differensiallanuvchi emas.

Demak, xususiy hosilalari 3 bo‘lishi funksiyaning differensial-
lanuvchi bo‘lishi uchun zaruriy shart ekan.

4-teorema. (Yetarli shart). Agar f(x) funksiva x° nugtaning
biror atrofida barcha o ‘zgaruvchilari bovicha xususiy hosilalarga ega
bo‘lib, bu xususiy hosilalar x° wnugtada uzluksiz bo‘lsa, unda f(x)
funksiva shu x* nugtada differensiallanuvchi bo‘ladi.

Ushbu
]
(),

=4, tengliklar o%vinli boadi.

X,

L

()=2)

df{x dx, +..+
o,

d.f (xo) = 6fB(XXO) dx, >(k = m)

ifodalarga mos ravishda f(x) funksiyaning x* nuqtadagi differen-
siali (to‘liq differensiali) va x, o‘zgaruvchi bo‘yicha xususiy diffe-
rensiali deyiladi.

Agar f(x) funksiya »° nuqtada differensiallanuvchi bo‘lib,

df(x") #0 bolsa

]
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()= () ro(e) va g 2NT) ) bortasi = 7(x7)= ()

7)

)
f(x," +AX,,..., X5 + A, ) zf(.\',",...,xo )+—Cifz(\%—)-A\', +ot

yoki
df(x")

dx

m

A\'ﬂl ( 6)

bo‘ladi (6)-formulaga taqribiy hisoblash formulasi deyiladi.

Endi yo‘nalish bo‘yicha hosila tushunchasini kiritamiz.

Ikki o‘zgaruvchili z= f(x,y) funksiya ochiq 5y < g* to‘plamda
berilgan bo'lsin. V4,(x,,5,)€M nuqta olib, bu nugtadan biror ¢
to‘g'ri chiziq o‘tkazaylik. Bu to‘g‘ri chizigning OX va OY koordi-
nata o‘qlari bilan hosil gilgan burchaklari o« va B bo‘lsin.

3-ta’rif. Agar A nugta ¢ to‘gri chizig bo'ylab A, nugtaga intil-
ganda ushbu

mn

A4, p(AO,A) ;

limit mavjud bo'lsa, uning giymatiga f(x,y)=f(A4) funksiyaning

Ay =(x, %) nugtadagi ¢ yo‘nalish bo‘vicha hosilasi deyiladi va

?f(AO) yoki o (x520)
or ot
Demak,

kabi belgilanadi.

P (4) _ iy LA =1 (4)

ot A p(4,,4) ™

5-Teorema. Agar f(x,y) funksiva Ay=(x,y,) nuqtada differ-

ensiallanuvchi bo‘lsa, u holda shu funksiya A, nugtada /¢ yo‘nalish
bo‘yicha hosiluga ega va

% (4,) - A (%9: ) Mcosﬂ

cosa +
of ox

8

tenglik ofrinli.
Izoh: Funksiya biror nuqtada differensiallanuvchi bo‘lmasa ham u
shu nugtada biror yo‘nalish bo‘yicha hosilaga ega bo‘lishi mumkin.

Agar differensiallanuvehi  w= f(x,3,z) va x=¢(uv),
v=w(u,v), z=x(u,v) funksiyalar berilgan bo‘lib, ular yorda-
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mida w=f[q;(u,v),t//(u,v),;g(u,v)]=F(u,v) murakkab funksiya
aniglangan bo‘lsa, unda murakkab funksiya ham differensiallanuv-
chi bo‘ladi va

ow _ow 6,\ ow oy 8w Oz

-_— — e e e »

ou  ox au Oy ou Oz o’ ©)
w_ow o ow oy ow e
v ox v dy v oz v

tengliklar o‘rinli bo‘ladi.
Ko‘p o‘zgaruvchili funksiyaning ikkinchi tartibli xususiy hosila-

lari quyidagi tenglik yordamida aniqlanadi:

. _ Of o [, —
o = Mn " ox [gJ (i =L (10)
o f _0
Agar i=k bo'lsa, ax 6& —axf f3 kabi yoziladi.

k

-

Agar jxk bo'lsa 3 . aralash hosila deb ataladi.

Yugori tartibli xususiy hosilalar ham shu kabi aniglanadi.

M to‘plamda 1,2,3,..., k-tartibli uzluksiz xususiy hosilalarga ega
bo‘lgan funksiyalar sinfi C®(M;R) yoki C®(M) kabi belgilanadi.

4-ta’rif. Agar f (x) funksiyaning x nugtadagi barcha ikkinchi
tartibli xususiy hosilalari mavjud bo‘lsa, unda funksiyaning ikkinchi
tartibli differensiali quyidagi tenglik yordamida aniqlanadi:

. ] " aZf(x) ) a ‘ a 2
d"f(x) = i‘kzsl —a—_\Ta—x—k—dx'dAk =['67'd.\, +...+5—dxm) f(JC)
Xuddi shunga o‘xshash
n N h— 6 . a - '
d"f=d(d 'f)=(adx,+...+5-—mm] f an

1 m

i xm

bo‘ladi.

6-teorema. (Teylor formulasi). Agar x va x+h nuqgtalarning o‘zi
va ularni tutashtiruvchi kesma M to‘plamga tegishli bo‘lib,
f(x)eC" (M) bo‘lsa, u holda ushbu Peano ko‘rinishidagi qoldig
hadli Teylor formulasi o‘rinli bo‘ladi:
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F(x+h,0x, +1,) = f(x,...%,) =

—ikll(h 24 ”,-i]kf(x)m(h").

k=l “vm
4, Ko‘p o‘zgaruvchili funksiyaning ckstremumlari
S (x)=f(x,-.x,) funksiya ochiq M cR* to‘plamda berilgan
bolib, ¥, =(%"..x))e M bo'lsin.

S-ta’rif. Agar x° nuqtaning E'U(,(XO)C M atroft topilsaki,

VerJ(x(’) uchun f(x)Sf(Xo) ( f(x)zf(x") )

bo‘lsa, f(x) funksiya +° -nugtada min (max) ga ega deyiladi. f (xo)
giymat esa f(x) funksiyaning lokal (max) min qiymati deyiladi va

f(x°)= max {f(x)} ( f(x°) =-'€Bi?“"){f(x)} )

Ry
kabi belgilanadi.

Funksiyaning max va min giymatlari uning ekstremumlari deb
ataladi.

x° nuqtaning U‘s(x") atrofida
A=f(x)-f(x") (12)

ayirmani ko‘raylik.
. (] . o . . .
Agar bu ayirma U 5("' )da o‘z ishorasini saglasa ya’ni har doim

A>0(A<0) bo'lsa, f(x) funksiya ° nugtada min (max) ga
erishadi. Agar A ayirma ,® nuqgtaning v atrofida ham o‘z isho-
rasini saqlamasa, unda f (v) funksiyva ° nuqtada ekstremumga
ega bo‘la olmaydi.

I-teorema. (Zaruriy shart) f ( Sfunksiya +° nugtada eks-
tremumga erishsa va shu nugtada f, 8 %o )sern f /s, (.\ 3 xususiy hosila-
lar 3 bo'lsa, unda

Bl

fa(%) == £ (x)=0 (13)
bo‘ladi.
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I-izoh. Teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masala, f(x,y)=x-y funksiya uchun (0,0}=7{0,0)=0, lekin
{unksiva (0,0) nugtada ekstremumga erishmaydi, chunki u (0,0)
nugtaning v atrofida har hil ishorali giymatlarni gabul giladi,

2-izoh. Agar f(x) funksiya »° nuqtada differensiallanuvchi
ho‘lsa, u holda funksivaning ekstremmumga erishishining zaruriy
shartini df (x°)=0 ko‘rinishda yozish mumkin.

2-teorema. (Yetarli shart.) f(x) funksiva x° nugtaning biror
U‘).(x") atrofida berilgan bo'lib quyidagi shartlarni bajarsin:

D rf (.1) Junksiva U J(x") da uzluksiz birinchi va ikkinchi tart-

ibli xususiy hosilalarga ega;
2} x° nugta f (x) Junksiyaning statsionar nuqtasi;

3) koeffitsientlari a, = [, (x°), (:‘,k=ﬁ) bolgan.

13

(&0, )= 2, ané, :_ C4).

i kmi :
kvadratik forma musbat (manfiy) aniglangan.

U holda f{x) funksiya % nuqtada min (max) ga erishadi.
Agar kvadratik forma noanig bo‘lsa, unda f (x) funksiva 4* nu-
gtada ekstremumga erishmaydi. :

Bu teoremani ;=2 bo‘lgan holda alohida ko‘ramiz:

=63f(x°) ity . &1 (x%)

a, 3 Gy = ) 3
ox; o, dx, O,

a] Iall

2 . .
A= =6y thy; — 45 boflsin. Unda

a:l a22

1) A>0,q, >0 bolsa, min;

2) A>0,0, <0 bolsa, max;

3) A <@ bo'lsa, ekstremum mavjud emas.

4y A=0 bo‘lsa, shubhali hol bo‘ladi. A

Biz shu vaqtgacha hech qanday shart berilmaganda
y= f(x.%,...,x,) funksiya ekstremumini topish masalasi bilan
shugullandik. Lekin matematikaning ko'p tatbiglarida funksivaning
argumentlari ba’zi bir shartlarni qanoatlantirgandagi ekstremumlarini
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topish talab qilinadi. Biz shunday masalani eng sodda hol uchun
keltiramiz.
Aytaylik,
u=f(x) (15)

F(x,y)=0 (16)
shartni qanoatlantiruvchi ekstremumini topish talab qilinsin. Bun-
day ekstremumga shartli ekstremum deyiladi.

Agar (16)-tenglamadan y=g¢(x) funksiyani topish mumkin
bo‘lsa, u holda shartli ekstremumni topish masalasi

zlzf[x,(/)(x):’zd)(x) (17
funksiyaning oddiy ekstremumini topish masalasiga keladi. Lekin har
doim ham y=g¢(x) funksiyani topish imkoni yo‘q. Shuning uchun
(16)-tenglamani yechmay turib shartli ckstremumni topishni

o‘rganamiz. Bunda Lagranj usuli yaxshi natijaga olib keladi.
Ushbu

funksiyaning

®(x,p)=f(x, )+ AF (x.y) (18)

Lagranj funksiyasini olamiz. (18) dagi 4 hozircha noma’lum
o‘zgarmas ko‘paytuvchi.

@Sv,_v) funksiyaning oddiy ckstremumi f(x,y) funksiyaning
F(x,y =0 tenglamani ganoatlantiruvchi shartli ekstremumi bilan
ustma-ust tushadi. ®{x,y)} funksiyaning statsionar nuqtasi va
noma’lum koeffitsicnt 2 quyidagi

r .

o

ox

op
I===0 |
o (19)
F(x.y)=0

shartlardan topiladi. Faraz q}laylik, M, (x,.¥,) nuqta ®(x,y) funk-

. . . . . 2 .
siyaning statsionar nuqtasi bo‘lsin. Agar d’® |, >0 bo‘lsa min va

v (8, 8 Y
d*® |, >0 bolsa max bo‘ladi. Bu yerda d'¢=[ad\‘+5y‘d)’J @
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Ofzgaruvchilari soni ko‘p bo‘lgan funksivalar garalganda shartli
ckstremum shu kabi aniglanadi va Lagranj funksivasi yordamida
{opiladi,

5%, O¢‘zgaruvchilarni almashtirish

s
a) Oddiy hosilani o‘zida saqlovchi ifodalarda o‘zgaruvchilarmi
almashtirish

Aytaylik, y=y(x) funksiya va e

A=D(x,y. Y1) v 20)
differensial ifoda berilgan bo‘lib, ST e
x=f(tu), y=g(tu) (21)

va u= n(r) bo‘lsin. Differensial ifodada yangi t o zgaruvchlga o‘tish
talab qilinsin. Unda (21) ga ko‘ra

Sy
_w____ii____
g R

o ou

ekanligini topamiz. Shunga o‘xshash yuqori tartibli y.,... hosilalar
ham topiladi va (20) ga olib borib qo ‘yib, yangi

A= (1‘ 1,0, ). )
differensial ifoda hosil gilinadi.

b) Xususiy hosilani o‘zida saqlovchi ifodalarda 0 zgamvchllarm
almashtirish.

Faraz qilaylik, z=z(x,y) funksiya va R

&2 & Pz 9 az
(22)

differensial ifoda berilgan bo‘ iib, c
x=f(uv) y=g(wv) @
bo‘lsin. Bu verda u va v lar yangi erkh ozgaruvchllar Unda

dz dz
e d - hususiy hosilalar ushbu
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................................

tengliklardan topiladi va ular (22) ga olib borib qo‘yib, yangi

B= Fuvé,gz——aigi——a- a——f—
ov’ ou*’ dudv’ ov

differensial ifoda hosil qilinadi.
Umumiy holda (22) ifodada ushbu

x=f(uv,w), y=g(uv,w), z=h(uv,w) (24)
almashtirish bajarilgan bo‘lib, u,v lar yangi erkli o‘zgaruvchilar va
0z 0Oz

w=w(u,v) yangi funksiya bo‘lsin. Unda 5:’—8;’ xususiy hosila-
larni topish uchun
Q(E+QL_@)+GZ(6Q g aw] oh , oh ow

ov\ou ow Ou d\du ow Oou au ow éu
@‘_(g_l_@i‘@ﬁ)_*?_z_(gg*_@g 8\») oh Gll.ﬁw
Ox\Ov Ow Ov) 0Op\Ov Ow Ov 6v ow ov’

.................................................................................

tenglamalar hosil qilinadi. Bu tenglamalar yordamida xususiy hosila-
lar topiladi va (22) ga olib borib qo‘yib, yangi

dw dw 8w w IFw
B= E’. ",v, W,"é—",——,'jl-.,—,—‘—',—,,‘,...

differensial ifoda hosil gilinadi.

Nazorat savollari
R™ fazo.
R" fazoda mectrika,
R" fazoda ketma-ketlik tushunchasi va uning limiti.
Ko‘p o‘zgaruvchili funksiva (k. o. f.) tushunchasi.
K.o'.f. ning karrali limiti tushunchasi.
K.o‘.f. ning takroriy limiti tushunchasi.
Karrali va takroriy limitlar orasidagi bog‘lanish.
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‘

8. Karrali va takroriy hmnlammg tengligi haqldagl teorema.
9. K.o".f. ning uzluksizligi.

10.

1L

12,
13.
14.

K.o'f. ning tekis uzluksizligi va Kantor teoremasi.

K.o'f. ning xususiy hosilasi ta’rift.

Urinma tekislik tenglamasi.

K.o'.f. ning differensiallanuvchiligi.

K.o'.f. differensiallanuvchi va uzluksiz funk31yalar orasjdagi

bog‘lanish.

I5.
16.
17.
18.
19.
20.
2L

tirish.

Tagribiy hisoblash formulasi.

Yo‘nalish bo‘yicha hosila.

K.o.f. vchun Teylor formulast.

K.o'.f. ning ekstremumlari.

Shartli ekstremum, Lagranj usuli.

Oddiy hosilani- o°zida saglovchi ifodalarda o‘zgaruvchilarni almashtirish.
Xususiy hosilani o‘zida saglovehi ifodalarda o‘zgaruchilarni almash-

-B-
Mustaqgil yechish uchun misol va masalalar
1-masala.

R® fazoda quyidagi ketma-ketliklarning limiti a{acR® )

1.1 &

13« =

1.5

1.7

19 .

1.11

ekanligi ta’rif yordamida isbotlansin,
13—n’ 2n-1 1 n+2 27 ) i )
(l+2n 2- 311} a(? __) 1.2 "(n]={4nz-l’n3—2]’ 0[4,2 d

1-
],a(—Z;-ﬁ)‘ 14 4 (4+2n 5n+15) ({_%;_5].

+3 2 o [-3n" 6-n

4l 4-n ) (41 1-24 LN W O Y
sre2312r fA3 T3 O S = | T T 2 )

2 =2 dn=1) (3.
(I_ Phaa (‘(0 ). 18 xm=(21—l ‘?n+l) a(2'2}
2 l+n\ 21 cosn n~1)
(.m'i-l 1-2n) [" QEJ' 1.1 1‘{"’=[T’n’+1}a(0’0)‘
1 3 2 =n
PR [—2— ;J'G(O 0) . ) 1.12 2 = [ m], 0(0.-1).
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R? fazoda quyiﬂi’gi ketma-ketliklarning limiti topilsin.

(a2 e faeenY
" = oo B 2t .
(2n+1 ) (2n+2)1 (n 1}’”2
L14 (2n+3)! n+3 '
[2n+l+3u+l n _1]‘}
6, 1+2+.+7 2n+3j"”"
1- 6- - \/9’1 +1 2n+l .

L.13.

[75]

115, W2

1.17.

L+4+7+..+(3n-2) [Ml” S TR DR

JSn +n+1 -]

(n+4)=(n+2)! [n +3 )MJ i f"ikf_;":f'-‘?'" s

(n+3)'

o =
1.18. s

\/n 53 +2 (P +1 2o
119 & 1+3+54.. +(2n—1) n—1

1.20 ,7(.("}=(~?l —5-—+-—9— 1+2” (J5+8n —ZJI)J

4 16 o4

1.2 2.3 n(n+])

o x(”}=[L+ L, ﬁ@%;\/ﬂ o

* 2-masala. Quyidagi funksiyalaring aniqlanish sohalati
topilsin va chizmada ko‘rsatilsin.

2.1. u =arccos 2.2, u=In(xyz).

x+y
. i P
2.3, u=lh{-x-y). 24. u arcsin -,
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25 u =1!Siﬂ(x2 +y2) . ' ; ;'5,' e'%{ 26 u= 1’] —(x2 +y)2 .

2. 2 .
pr N N L

H=
2.7. Py

210 H= M

29, u=\1-x" +y' -1.

F4
2.11. = aI‘CCOS_’—j— .
X+ y

B ol

2.13, “-l“h"(—i;xz—_y;)‘.

2.12.

2.14,

¥ =2x+y" "

U=xy+ fln~ i S Y+ -9
\} X4y :
2

3 J' Veela
U= ln[-x— P A J
9 4 *

r—-y
7 2.

Xy

2.15, u=arelg 2.16. 1;=1+m. | : ‘ 1;".\'.‘1’,\

207, u=Jx—Jy. 2.18. u=Jysinx. 3wy
2.19. u=.xcosy. ° : 2.20. u =aFCCOS_x~ -;y“ o
221 ¥ =arc51n~y—2+arcsm (1-y). ' ST

3-masala. Karrali limitlar hisoblansin.

st
3q M= gl
T SaeN Y Y Yom X TERVEY
3.3 Iim(l+l)m. a4 lim[ — 2) ST e
GRS e e ¢ 5 .
3.5 lim x; +y; Y lirn(x3 +y3)xzyz
e S A e ’

147

www.ziyouz.com kutubxonasi



2

) Xty : 2 ~(x+Y)
3.7 hm(1+%) v, 3. Jim (5 + 7))

X

b0 Yy
i In(x+e"') i sin(x"yz)
3.9 IM—m—=x 3.10 75 .
13 x4y 38 (x+07)
- i
eyt . ( A\ ,,)2l—‘2
11 lim . lim{1+x7y~ )<+
3 11 ‘::g x,' + )’4 3- 12 ,;’::((; .

1 3’ 4_ 72
. -2 S YN im 32 Y
LT3(1+A + 7 ) 3.14 E.L“sz”z-

y—0 y—=0

3.13

. 2\ . 1 , .
3.15 .‘lrl_x)xrx_(x2+)>')5n1x2+y2. 3.16 ~li_l)l’}(xz+y')ln(1+sm 21 ,).

yrn Yy ghtd
. X x’+.“1) i __\-2 +y2
lim (4\ + y) e—( lim
317 c 3 Py
L _ I—cos{x*y*?
3.19 !‘.I_I;I(}(x- +y-) 3 20 hm——T—(—Zl—)
- TR ()
In?(x+y)

lim
3.21 ot \[rz +yt=2x+1"

4-masala, lim lim f(x,y) ya "_{’}J'_ﬂ‘of (%) takroriy limitiar

0.

X3y Y+¥o >
hisoblansin.
. X ) =____x_+.\y+y2. ;. = =
4.1 f(x,y)=51112x+y;)q) =0Q ) =00 4.2 f(X,J) f—ay+yz %o =Vo
sin{x+y
4.3 f(xy)=log (x+y);x=1),=0. 4.4 f (x,y)=—2\(:§);xo= ¥, =0

COSX—008 Y . ]
4.5 f(xy)=——=; %=3=0. ,S'"M"S'“M. -
gud - 4.6 x’ = = _0.
X +y f(xy) F—x2+y’ X =Y
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sin3x—1g2y

T 0
Gx+3y J‘:o J’o

47 xy)=

4.9 f(x,y)#ﬁ;,—,% =40y, =40, °

. . J’+1
(%5)%(0.0)
411 fs)={7 77

0.{x»)=(0.0).0, =3, = =0

y _

.48 f(xy)— Ty =,

+ 4,10 f(x,y) -*-i'_gh‘t} w =0y, =0,
I Xy

[I+-—-—~—] SX+y=0

4.12 fxp=]N 7 :

Lx+y=0x=y,=c0

X=y+x+y
-.- o XEY sinvising g
4.13 flxy= g 414 flxy)=" TR
ST 0=, =3, =0 d
2 _ .2
sml+y i;l_{;l ][]
4.15 s(x y)—- ~x=y,=0. 0 416 flx,y)=
0,fx]=[¥],x, = ¥, =0
In[x-l»e-")
- T ———, n=lx ::=0 S-425- .X}
4.17 f(xgy)_ "J.':-i-yl X Y 4 ]8 f(l y)_ .‘}, 0 yo 0
f 12 ! x+y
4.19 f(x,y)=%§+%2—‘;xn=yu=0. 420 f(xy)= ( );xn=l,ya 0
71'(1'+y) ;
—_—= =00
421 J(e)= e,
5-masala.
51 f(xy)= |+| ‘ funksiya 0O{0,0) nuqtada cheksiz kichik

bo‘tishi isbotlansw.

52 f(xy)= sEn(x+y)-ln(x2+y3) funksiva O{0,0) nugtada chek-

siz kichik bo‘lishi isbotlansin.

X
53 f(x y)— 7 _:; furiksiya quyidagi hossalarga ega ekanligi is-

botlansin.
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a) M(x,y} nuqta O(0,0} nuqtaga shu O(0,0} nuqtadan o‘tuvchi
v to‘g‘ri chizig bo‘vlab intilganda ham funksiva limiti 0 ga teng.
b) 0(0,0) nuqtada funksiya limiti mavjud emas. (x,,y,) nugtada
S(x,y} funksiyaning karrali va takroriy limitlari mavjudmi?

2 2
5.4 f(x y)_’T;:w’x =¥ = =0. 5.5 f(.l‘, )=log_r(x+y);xo=]’yo=0‘

sinx+siny

56 f{xy)=—"—%=}=0,

= ={)
Xty Xo =W .

__ Xy 1t
38 f(ny)= Ty wense. 5.9 f(x,J’)=(x+y)ﬂ“;'s‘";;&==»,=o.

2xy
5.10 -f(x,y): m;xﬂ =y, =0,

T o (e =(00) =30

XY
P p+ ] X+y#0
512 flxy)=)\ *tY
Lx+y=0x,=y,=0

Quyidagi funksiyalarni berilgan nuqtalarda har bir o‘zgaruvchi
bo‘yicha xususiy va ikkala o‘zgaruvchi bo‘yicha birgalikda uzluksi-
zlikka tekshiring.

Yty 0, e g
5.13 f(x,}’)= x ty . 0(0,0) va A(l;Z):
5.2
R - - ,x4 +y4 ;&0,
544 f(xy)=1* "7 0(0,0) va A([o—d;lo-s). .
P00 0’x4+y4=0
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o L
X 4920
515 f(x»)=1" "7 o(o 0) va A(-1;-1).
0,x +y 0
: 2 . r
,j '"i"'Lz X +y2_;,¢‘.0, . .
516 f(xy)=]" :—y ) - 0(0,0) va 4(0s).
_ Lx*+y = e

smx+smy

; | Leytat PEN:
517 f(xy)= syt D 0(00) va 4| 353 .

L 0x-y=0

" [cosx—cosy . .——y 20,
] _ LA - i : T
518 f(xny)=)] * 77 0(0 o) va A{ e 4]

‘rx +y 23(I,}')¢(0 0) R D
519 f(xy)= 0.(5.7)=(0,0). 0(0,0) va .A(l;o)f

4—))2"“2 +J’2 #0, L
5.20 f(x,y)zr'f Ty 0(0,0) va A(1;0).
0,x"+y =0 B '
_-.}-,'j .
2.2?2,‘c2+y2::;§_0, .
521 f(x)=1" "7 . o 0(0,0) va A(L1).

6-masala.
fx y) funksiyani A to plamda chegaralanganlikka tekshirmg

6.1 f{x,y)=x"-y°, {(x, y)eR, ¥ +y 525}
’ C1s81
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62 f(xy)=x -y, M={(x.y)eR 5+ >25.

2 2 3 2
S Me{(ny)e Ry 20
cos(x+ y)—cos(x—~y ,
64 f(x.y)= ( )xy ( ), ={(x,y)e R*xy=0}.
sin{x+ y)~sin(x-y .
6.5 f(xy)= ( p ( ),M={(x,y)eR',xy¢0}.

Inx-—Iny .
6.6 f(x.y)= Ty sM={(x,y)eR‘,x¢y},

Quyidagi funksiyalarning ko‘rsatilgan to‘plamda chegaralangan-
ligini isboilang, uning aniq chegaralarini toping va funksiya shu
giymatlarga ecrishish-erishmasligini aniglang.

X~y )
6.7 f(ry):"—_'_’?, M={(J"a}’)€R",x2+y2¢0}'

X+ o r
6.8 f(xy)= P M={(x,y)eR ,O<x'+y's9},
2}’, 2 4 4
6.9 f(x y) P M= {(x,y)eR Xy ;tO}_
6.10 f(x,y)=xye™, Ms{(x,y)eRz,XZO,yzo}.
4(1\‘2 +y2)+222

6.11 f(x,.z2)= M={(x,y,z)eR’,x2+y°‘ +z¢0},

X +yr vz

7(x y) funksiyaning M to‘plamda tckis uzluksiz bo‘lishi
ta’rif yordamida isbotlansin(6=35(g)~-?).

6.12 f(x,y)=2x+3y+5 p=R>.

6.13 f(x,y)=x*+)" M={(x,y)eR2,x2 +y° <4} ]

6.14 f(x,y)=x*+y* M=R*.

6.15 f(xy)=x-2y+3, p=g?.
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Quyidagi funksiyalarni ko‘rsatilgan to‘plamda tekis
uzluksizlikka tekshiring.

2+ ? - n
616 £ (%)= ;4, M={(x,y)e R,0<x +y <1},
AT . ) r
6.17 f(x,y)~——7‘ ={(x,y)eR',0<x'sl},

.1 ,
6.18 f(x,y):l'sm; M={(x,y)eR', 0<x<|,0<y<l},

o ’
6.19 f(x,y):"ys‘“;a M={(x,y)eR', O<x<l, 0<y<l},

6.20 f(x,y)=y-c08%, M={(x,y)eR2, O<x<l, 0<y<l}

6.21 f(xy)=¥-y funksiyaning M={(.\‘,y)eRz,l_<.x sZOSysl}
to‘plamda tekis uzluksiz ekanligi ta’rif yordamida isbotlansin.

7-masala. Quyidagi funksiya 0(0,0) nuqtada xususiy
hosilalarga egami va bu nuqtada differensiallanuvchimi?

3 3
T+ =0
7.1 u(x,y)= sz +-y2 . 7.2 u(x,y)= |A|+|yl

0, |x{+]y=
7.3 u(x,y)=3xy . 7.4 u(x,y)=[xy-sinx.
7.5 u(x,y)= 3x? -{.-y'1 . 1.6 u(x,y)= ﬂxzy 1gx -
7.7 u(x,y)= Yxsiny. 7.8 u(x,y)=4x*+y*.
7.9 u(x,y)= 3y 7.10 u(x,y)= «/2x2—3y2 .

__t
eyt 4 4
7.11 u(x,y)=,’x4+y4. 7.12 u(x,y)= ¢ 4 X Ty *0

0,x*+y*=0
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113 u()=3 . T u(ny)=Pey -

4 4
L2V Ix+]y]=0
7.15 l’(-‘ﬁ)’)=\3/x3+y3 . 7.16 u(x,y)= Ixhb"
0, |x|+|¥=

,\2+
7.17 u(xy)= a0 7.18 u(x,y)=3x y* -sinx.

0% +y* =0
7.19 u(x,y)= 3y -1gx. 7.20 w(xy)=3xy sinx.
4 4
ad +y1 L+ YT #0,
7.21 u(x,y)= ¥ +y
0,x°+y* =0

8-masala.
Sirtga ko‘rsatilgan nuqtada o‘tkazilgan urinma
tekislik tenglamasi topilsin.

8.1 z=xy; A(L0,0). 8.2 z=sin(xy) A(l%——?)
8.3 z=x+)% 4(0, 1, ). 8.4 z=¢" Al 1, 1).
8.5 z=x+); A(1,-1, 0). 8.6 z=x"+y" A(l, 2, 5).

7
8.7 ¥ +y'+27=169; A(3, 4, 12). 8.8 Z=arctg%, A(l, 1, Z)
x ’ ’
8.9 z=y+In=; 4(LL1).
zZ

z=0 tekislik 0(0,0,0,) nuqtada quyidagi sirtga urinma tekislik
bo‘ladimi?

8.10 z=x"+y*;-aylanma paraboloid.

8.11 z=./x" +y: -konus.

8.12 z = xy; -giperbolik paraboloid.
Quyidagi miqdorlarning taqribiy qiymatlarini hisoblang.
8.13. 1,002-2,003*-3,004°. 8.14 sin29°./g46°.
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o _ :
p——— $in 0,07
8.15. Wdr()s‘; _ 8.16 2,67 .
8.17 Loz +1.97. 818 sinl,59-1g3,09.
8.19 z=x’-3x"y+3x*+1 funksiya M(3; 1) nugfada shu nu-
gqtadan (6; 5) nuqtaga qarab yo‘naigan vo‘nalish bo‘yicha hosilasi
topilsin.
8.20 z=arcrg(xy) funksivaning M(J§;1) nugtada birinchi chorakn-
ing bissektrissasi yo‘nalishi bo‘vicha hosilasi hisoblansin.
821 z=x'y*—xy' -3y—1 funksiyaning M(2;1) nuqtada shu nu-
gtadan koordinata boshlga garab yo‘nalgan yo nallsh bo‘yicha hosilasi

hisoblausin. P
9-masala. |

Quyidagi mnrakkab funksivalarning xususiy hosﬂalamm topmg

: (f va g-differensiallanuvchi). ..

9.1 u= (¥4 P+ N7+, 9.2 w=1(x-1y-m).
9.3 u=|:f(x—y)]g{x"v}. 94 u#f(x~y,ay].
9.5 u=f(x)-g(yz). - - w1 96 Flx+ya+yt) ie

97 u=f [— —}
Yy X
Agar f-ixtiyoriy differensiallanuvchi funksiya bo‘lsa, u(x,y) funk-
siya mos tenglamani qanoatlantirishini tekshiring.

= 2 2 ——— ‘.__:0
9.8 u f(l Ty ) Vox lay ’ _
9.9 u =x".‘f(‘}iJ; xa—u—Zy—qg:nu. | : ::._ } BN

9.10 usz(xz—J’z) yzg"*?a':"“ O R Dy "";':_'.
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0.11 u=L f 20U Oy
. U=+ , o WY -
3x (‘cy) Ox oy
o 0
9.12 u =x"f(x%,;z7]- . xgu+ay%+ﬂz-a—:-=mt .
% )

9.13 u=ﬂlnx+_\’f Z,i , xi+y.a£+z_li_ + X

z z'x ox Oy )z z

Funksiya differensialini ko‘rsatilgan nuqtalarda toping.

9.14 u=%, M(x,y,z) va M,(1,2,3).

ps
9.15 u=cos(xy+xz), M(x,y,z) va Mo(l,g,%)
9.16 u=x", M(x,y,) va M0(2,3).

9.17 u=xIn(xy), M(x,p,) va M,(-1,-1).

Out Ou

B va 5 xususiy hosilalarni hisoblash va f va g fuksiyalar-

ning hesilalarini (f va g-differensiallanuvchi funksiyalar) yo‘qotish
yo‘li bilan shunday tenglama tuzingki, u(x, y) funksiya uni ganoat-
lantirsin,

A4
9.18 "—f[;,;J. 9.19 u=f(x-y,y-z).
X
9.20 uﬂf[-y;). 9.21 u=x+f(xy).

10-masala. Ko‘rsatilgan tartibdagi xususiy hosilalar va differ-
ensiallar hisoblansin.

10 1 U= X+ y' a””"u m . n —a"'+nll
. x_y’ 6xmayn . 10.2 u=x ¥ N axmay,, .
0 3 - . y anunu alu
= ™ Y 3 s = —_ N,
10.3 w=e¢"siny+e cosz, "y 104 y=¢"; 5 P
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) 0"u u
10.5 wu=sinx-cos2y; W 10.6 u=x"cosy+y4sinx;%4‘.

) 10 0"u . d'u O’u
10.7 u=(x +y) 1gx; —“"‘ax o 10.8 u« =sinxy; ooy va o o

: xY
10.9 u=./x*+y"-e%; d%u- 10.10 u=(}-) sdu

10,11 5=x"; d%- 10.12 u=f(x+».x +y*); g%u.
10.13 u=f(xp) -g(xz); d2u. 10.14 u=f(sinx+cosy); 4.
10.15 u=f(x+,2%); g%.  10.16 u=f(w.x*+57); g2
10.17 w=f(2x-3y+4z); g"y. 10.18 u=f(2x,3y,22); d"u-

. Oz oz iIsi
z=z(x,y) bo‘lsa, = 2 o lar topilsin.
10.19 F(xp,yz,zx)=0. 10.20 F(xyz,x+y)=0.
10.21 F(y-zx,x—zy,z—xy)=0.

11-masala. Quyidagi funksiyalar ekstremumga tekshirilsin.

11.1 u=x2+xy+y2+l+—l—. 11.2 yu=-x*-xy-p*+x+y.
x ¥y

1.3 u=x>+y’ -3axy. 114 u=x"+y" -36xp.

1L5 u=x'+)' -2 +dy-2y*. 1L6 u=x"-2x97+y' -y,
11.7 u=e:"-(x+y2+2y). 11.8 u=3x"y+y’ -18x-30y.
11.9 u=xy+yz+zx, 11.10 u=(x2+y2)e'(“y_).
111 w=4-(x+y?)". 1112 y=2 +27+2—2x-+dy—6z+1.

11.13 u=2"+y +Z -2p+4z—x. 1114 u=x"+ay+y —22x+27 +3p-1.

11,15 u=i-x*+)" . 1116 u=(x-y+1).

1117 u=2x"+y'-x*-2y°. 1118 u=x’y’-(6-x-y).
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1119 u=x*+y"-x* -2xp—)". 1120 u=x*-(y~1).

1121 u=x"-2xp+4y" +62° +6yz—6z.

12-masala.
Berilgan funksiyaning ko‘rsatilgan to‘plamdagi eng kaita va eng
kichik giymatlari topilsin.

12.1 u=xy—,\':y-x)2/-, 0<x<1,0<y<2.

122 u=x"+3y" ~x+18y—-4 0<x<1,0<sy<1.

12.3 u=x"+3y"-3xy, 0<x<2,0<y<l.
xy X : x
124 0= -2 2 x20y202+ 751,

12.5 w=x"+)y°-3x* +6xp-3y°, 0<y<x<2.

12.6 w=cosx-cosy-cos(x+y), 0<x<m0<y<z.

1.7 u=(x-y*)-3J(1-x), y=<x<

108

128 y=x+ )y’ -9xy+27,0<x<6,0<y<6.

129 u=x'+y* -2x" +4xy-2y°,, 0<x<2,0<s y<2,
12.10 u=xy+yz+zx, x*+)y*+2°<9.

1211 u=x+y+z, ¥*+y°<z<l.

12,12 u=2sinx+2siny+sin(x+y), OS«YS%,OS}'S

.

N

Oshkoermas ko‘rinishda berilgan y= y(x) funksiyaning ekstrem-
umlari topilsin.

12.13 3y’ -2y -sinx=0,0<x<2x. 12.14 (y—-x)3+x+6=0.
12.15 (y—.\‘:)'=x5,x2+y2¢0. 12.16 x* +y* +xy=27.
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. Oshkormas ko‘rinishda berilgan z=z(x,y) funksiyaning
ekstremumlari topilsin.

1217 2x° +2y° +2° +8yz - z+8=0.
12.18 x*+y'+2' =2(x* +y* +2*).
12.19 5x° +5)° +52° ~2xy—2xz_2j,z_.72_zo. L
1220 2 rayzoxp —x =0, e

12.21 52° 4+4zy+ y* -2y +3x* —6x+4=0.

13-masala.

13.1 a tomoni va uning qarshisidagi A burchagiga ko‘ra ber-
ilgan uchburchakning eng katta yuzini toping.

13.2 Uchburchakning a,v tomonlri va ular orasidagi S burchak
ma’lum. Bu uchburchakning a va v tomonlaridan shunday kesma
bilan teng ikkiga (yuzaga nisbatan) bo‘lingki, natijada kesma uzun-
ligi eng kichik bo‘lsin.

13.3 y=x" parabola va x-y-2=0 to‘g’ri chiziq orasidagi eng
kichik masofani toping.

13.4 (x,,¥,,2,) nuqta bilan Ax+By+Cz+D tekislik orasidagi -
eng kichik masofani toping.

2 2 2

13.5 i +;—+E_~-I ellipsoidga ichki chlzllgan eng katta hajmli

o‘g'ri burchakh paralepepipedning o‘ichamlarini toping.

13.6 O‘lchamlari ganday bo‘lganda ko‘ndalang kesimi yarim .
doira, sirtining yuzasi 3zm? bo‘igan ochiq silindrik vanna eng katta
hajmga ega bo‘ladi?

13.7 O‘lchamlari qanday bo‘lganda usti ochig, hajmi 32 sm?®
bo‘lgan to‘g‘ri burchakli banka eng kichik sirtga ega bo‘ladi?

13.8 Hajmi 54n bo‘lgan silindrik banka, asos diametri d va
balandligi h ning ganday giymatlarida eng Kichik sirtga ega bo‘ladi.

13.9 Musbat a sonini 5 ta shunday musbat sonlarning vig‘indisi
ko‘rinishida ifodalangki ularning ko‘paytmasi eng katta bo‘lsin.

13.10 Qirralari vzunliklarining yig‘indisi a ga teng bo‘lgan to‘g‘ri
burchakli parallelepipedning o‘lchamlari ganday bo‘lganda uning
hajmi eng katta bo‘ladi?
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13.11 Hajmi V ga teng bo‘lgan to‘g‘ri burchakli parallelepipedn-
ing o‘lchamlari ganday bo‘lganda uning to‘la sirti eng kichik bo‘ladi?

Lagranj usulidan foydalanib u=u(x,y) (yoki u=u(x,y,z))
funksiyaning berilgan shartni ganoatlantiruvchi ekstremumlari
topilsin.

1312 u=xyz, x*+y*+2*=3.

xﬁ 2 2 .
13.13 u=?+%+c—2, Peyt+zi=1 (a>b>c>0).

13.14 u=x-2y+z x +y -z =1.
13.15 u=x’2", x +2y +3z =6 (x>0,y>0,z>0).
13.16 u=x*+y’-z"+5, x+y-z=0.
13.17 u=x*+y*+27* x-y+z=Il.
13.18 u=xy x*+y*=I.
1 1 1

13.19 u=x+y, F+?=?—'

13.20 u=x3+y2,§+%=l.

1321 w=x~2y+2z, x* +y*+2° =1.

14-masala. u va v larni yangi erkli o‘zgaruvchi sifatida qabul
qilib, quyidagi fenglamalarda o‘zgaruvchilarni almashtiring.

252_ aZ_ y
4.1 ¥ o x)’ay—2= W=y, V=S

5 0z 0z _ . . )
14.2 2y e 5;—41'6’, u=y +e*, v=y’ e
0z Oz
—+x—+xy=0, =2 o
14.3 yﬁty Y u=Toov=px.
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FEEE |

4+
2

5 o
. '14.4 2y 'é"‘"‘gy‘"‘zy 9, y_ v, x=

. o
45 y5+4§=x/5, x=v (u Wy

146 (+)F4 (2520, ymyp v=22E

X+z

-

oz oz
147 XtV =2, y=x v==,

ox oy .

‘ ) gz dz iy R .
M8 YT ey, Ve

b

14.9 (x+y)az-(x-y)5;=°, n=lnxt + 2, v=af'ctgf.

: &Y o ., |
10 (x5 ) #05o=27, st ey

Oz gz

14.11 yw_xay’ 0’ H=Xx V=x2+y2,

82 3 y
. 14 12 x'é'“"l'yay 3 1{:4x—7y’ v=8-;.
&z &z
14.13 §“§=0, u=x—y, v=i+y,
' &z &z 18 — g
__1414 g J’é‘y"{ 55;—0 (y>0), uzx.,- v=2\/;v..- .
2 2
o 14. 15 g_ﬁ_z 3z ?_._g._%zo, u:% x-—y), v:%(2x+y)..

0z L
14.16 x_a?.'-yé;:{]’ x=wcosy, y=usinv.
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14.17 y—a;—xgy-=0, X=ucosv, y=usinv.

oz (oY
14.18 | —| — o =0, x=ucosv, y=usinv.

O’z 0’z
14.19 axz*‘y“o, X=ucosv, y=usinv,

14.20 5x2+5;{+4z=0’ x=e4-cosv’ y=e4csi])v.

421 223020 iy veE
. axz ayZ s u=xy, y

_.D._.
Namunaviy variant yechimi
1.21-masala. g? fazoda ushbu

xw-( Ll R R J‘]

1-2 2.3 n (n+ )
ketma-ketlikning limiti topilsin.

11 1
a V=15t +n—(rTl) va z, =2.42-42-...X2 deb

belgilasak.

limy,.=lim(l—i+l—l+...+l—L =|im(1—L)=1 va
n-> n—». 2 2 3 n n+l o n+l

1

2
limz, =lim 2; T =2lh% =2 bo'lib, llmx =(52) ekanligini

n—yn n-»w

hosil gilamiz.>

2.21-masala. Quyidagi u =arcsin—+arcsin(I-y) funksiyaning

aniglanish sohasi topilsin va chizmada ko‘rsatilsin.
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X | 2 2 g ' |
P 2SS (s y)e B 0<y 52y sxs )
-1|<1 O<y<2 : -

-

Bu soha 8-chizmada tasvirlangan. g

4 D(u) =

. 8-chizma.
| 3.21£illlasa]a. Ushbu:

im I’ (x+y)

x>l Jx 2541 karrah limit hisoblansin. .

o Inf(x+y) et . .~ ~ _
' _'d;glg\/x’+yzﬂ-2x+1:((l"(x+y)'m[l+(x L+y)]~> 1+y))-

_ ~14yY {x—l:rcosrp x—)l} D
hm—(x—————= . “Sra0]|i=
=B ey ((y:mm¢ y=of 7’
2 . 2
timl (cosp +sing)

=(cosp+ sim;o)limrzﬂ b
=0 F

421-masala, fimlim £ (%)) va lim Hm f(x5) takroriy mit-
' l_ar hisoblansi-.

f(x,y)-sm 7+ y)

+3y Y
a(x+y) .z 3
| - = Jim Sin = = e
| qlﬁﬂ}?}hf(xy) s sy e 32
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lim lim f(x y)— lim lim sin ————= (x+y) =lim sm%—]

PV XX, I XIT 2x 4+ 3y Yy
5.21-masala. Quyidagi funksiyani berilgan nuqtalarda har bir
o‘zgaruvchi bo‘yicha xususiy va ikkala o‘zgaruvchi bo‘yicha birga-
likda uzluksizlikka tekshiring.

2xy . a
=¥ 0
f(xy)=x+y T

0,x* +3* =0

, 0(0,0) vaA(1,1)

< Ma’lumki, agar
1) Jim £ (x,30) =/ (3. ),
2) ]im f(xo,y)=f(x0’y0)
g I (5)=1(xo30).
y=rJo
bo‘lsa, unda f(x,y) funksiya (x.,y,) nuqtada

1) x o‘zgaruvchi bo‘yicha xususiy,

2) y o‘zgaruvchi bo‘yicha xususiy

3) x va y o‘zgaruvchilar bo‘yicha birgalikda uzluksiz bo‘ladi.
Shular asosida masalani yechamiz.

a) 0(0,0) nuqtada tekshiramiz. Shartga ko‘ra f(0,0)=0

f(x.0)=f(0,y)=0=lim f(x,0)=lim f(0,y)=F(0,0)=  jkkala
o‘zgaruvchi bo‘yicha xususiy uzluksiz.

=F 2 i
hmf(x»)’o):ﬁm 2xy =[[x ’c?s¢))=limr—ﬂ=sin2¢—3:>

2
Y= x>, x +y y=rsing r—0 r

Y=y,

birgalikda uzluksiz emas.

b) A(1,1) nuqtada tekshiramiz. Shartga ko‘ra f(1, 1)=1 funk-
siva bu nuqtada ham xususiy, ham birgalikda uzluksiz ekanligini
ko‘rish qiyin emas. o

6.21-masala. f(x,y)=x—)" funksiya M={(x))eR:1<x<20<y<]}
to‘plamda tekis uzluksiz ekanligi ta’rif yordamida isbotlansin.

aVe>0 olib, quyidagi ayirmani baholaymiz:

)7 (o) =i =32 (2 =0 (2 ~%) (2 <2 =]+
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=, —x,|‘|x'2" +X, X, +xf|+|y2 —y,|-|y§+yzy, "'J’12|"<‘5'("“2|2 +|x2|-|x,|+|xl|z)+

+5(Lv, +|]- Il + Il )s5-(4+2-2+4)+5(l+l+l)=15§=s=:»§=f§,

Demak, ves>0 uchun 9= i; deb olsak , M to plammng ushbu

~y|<d tengsizliklamni qanoatlantlruvchl V{x.»)

va (xz, ¥:) nuqtalari uchun | (%,,,)- f(%,3)|<# tengsizlik bajar-

iladi = f{x) funksiva M to‘plamda tekis uzluksiz. >
7.21-masala. Quyidagi

Y e aye

u(x y)= X4y
' : 0, ¥4y =0
funksnya 0(0 0) nuqtada xususiy hosilalarga egami va bu nugtada
differensiallanuvchimi?

ou(0,0) . u(Av0)-u(00) . A'+0 _
- At--H} Ax ’3"_’0 (Ar' + O)Ax .
au(0.0) _ " u(0,4)-u(0,0) _ limAy=0, Demak, xususiy

o =0 Ay

hosilalar 3. Endi differensiallanuvchilikka tekshiramiz. Diffe-

rensialianuvchi bo‘lishi uchun
8u(0,0) At 8u(0,0)

Au(0,0) = Ay+0
(0.0)- 20 ()
yoki e
Ax4+Ay4 9 2 ERTERE f.
=L ofJar 4 } botishi
| A A V" | bo‘lishi kerak. =
Au(0 v Ay Ax = rcos
0= 2400 AT (( ‘”D
¥ P (A +ay?)-Jar +ay \(Ay=rsing

= (cos’ @ + sin’ @)!ir}gr =0=
differensiallanuvchi. p '
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8.21-masala. z=x’y*-xy’—3y—1 funksiyaning M(2;1) nuqta-
da shu nuqtadan koordinata boshiga qarab yo‘nalgan yo‘nalish
bo‘yicha hosilasi hisoblansin.

< Yo‘nalish bo‘yicha hosilani

o (M) _of (M)
o¢ ox
formula yordamida hisoblaymiz. M(2;1) nuqta va koordinata boshini
tutashtirib ¢ to‘g‘ri chizigli hosil gilamiz (9-chizma).

A

+Ccosa +

-

v

NY S

g,

9-chizma.
2
|oM|=V2? +1* =5 9-chizmadan cosa =cos(7 +¢)=-cosp= %

/3 , 1
cos B = cos(; + ¢) =-—sing= 5 ekanligini topamiz.

M) (02 vy . F (M) 2
— =(29"-»’) ez =3 ———ax——(2xy ~3x" -3)=-1
Topilgan giymatlarni yuqoridagi formulaga olib borib go‘yamiz:

M=3.[_%J+LS=_%=- S
ou

Ou —
9.21-masala. > v 5 xususiy hosilalarni hisoblash va f va

g funksiyalarning hosilalarini yo‘qotish yo‘li bilan shunday tengla-
ma tuzingki, u(x, y) funksiya uni qanoatlantirsin.
u=x+ f(xy)
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< v o ) -
Coari g:*lﬂ’-f () ou

o o =>xa-?y--=x. (3
—-—-..—_xf’(xy) . '
dy

o 9 .
10.21-masala. z=z(x,y) bo‘lsa = o lar*topilsin.

Fy-zx,x~zp,z-3xp)=0
aé=y—zx, p=x-zy, {=z-xy deb _helgilab, berilgan teng-
lamani differensiallash yordamida topamiz:

, Y . & , (&2
F&‘(*"Z—xa]i‘ﬂ‘[l—y&)‘l‘f‘;'(a
& & & =
alergon(o3)n (3
& s FAF-yF
A-xF - R+ )=z F~F+y-F; & xF+yF-F

=
F—-z.F—-x.F
T ) g A
| ¥ Frr R

SEEIE

- 11.21-masala. w=x>-2xy+4y’ +6z" +6yz—6z funksiya eks-
tremumga tekshirilsin,

Ou (D
% ox_2y, Mg
w7 o
12 ovasys6z, 1 2E=0
a |oy oy
o Bu
X 12z+6p-6 | =0
% 12z+6y %

sistemani yechib, M,(-1,-1, 1) nuqta statsionar nugta ekanligini

" topamiz. Endi ikkinchi tartibli xususiy hosilalarni hisoblab, d°u |Me
ning ishorasini aniglaymiz.

& O _ Fu N Pu R
o =§f—2, a|z=azi="a5‘“a;&?—‘“2, an:a}l:mava_:az; =0,
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u u Fu &u

W=7 == 5 Ty O W12
a,a,| (2,2
- . = =12>0;
ay, =2> 0, a,a,, —2,8.
4y Gy a; 2 -20 1 -1 o0
a4 ay apl=|-2 8 6|=24:-1 4 3 |=
@ a, a,l |0 6 12 0 1 2

=48>0= d*u |Mo >0=>u,, =u(—-l;—l; l)=—3.\>
12.21-masala. Oshkormas ko‘rinishda berilgan z=z(x,») funkt-
siyaning ekstremumlari topilsin.

5z +4zy+y* -2y +3x’ —6x+4=0.
<« Birinchi navbatda oshkormas funksiyaning xususiy hosila-
larini va ular yordamida statsionar nuqgtalarni topamiz:

3-3x
1022, +4)Z' +6x—6=0 %542y [y -0
{102-2},+42+4z;-y+2y—2=0=:> . _l=y=-2z {z: 0
¥ 5242y Y

sistema va berilgan tenglamani x, y, z o‘zgaruvchilarga nisbatan
yechib M, (L 1; 0) va M,(1; 9; —4) statsionar nuqtalarini topamiz.
Funksiyaning bu nuqtalarida ekstremumga erishishini tekshirish
uchun ikkinchi tartibli xususiy hosilalarni hisoblaymiz:

1

S _(z,)' [ 3-3x) _-3-(5z+2y)-5z-(3-3x)
2T\ )T - 2
52+2y ), (5z+2y)

R )"v:(s—sx)-(szm)

5z+2y (5z+2y)°
_n =(z’)' =(1_y_22]' =(_.|_2z;).(5z +2y)=(~1-y=22)-(52, +2)
Oy Usz+2y ), (5z+2y)’
a) M, (1; IR 0) nuqgtada ekstremumga tekshiramiz.
» 3 ” v l,
M=z, IM,=—5§ 4=z, IM,'_"O ap =2, IM]=“5, =
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3
=>Mnazz—afz=z- Demak aq, <0 va A>0=>max=z,, =2z(l, 1)=0

b) M, (1;9;—4) nuqtada ekstremumga tekshiramiz.
s 1

I =—§; =

"
xy

: |
4
x My

— —_— — — —
a,=z =—=; a,=2z |M1—0 ay =2y

3
= Bayay - 4, =T Demak q,>0 va A>0=>min=z,, =z(1, 9)=—4
Shunday qilib z,, =z(1, 1)=0 va z,, =z(l, 9)=—4 >
13.21-masala. Lagranj usulidan foydalanib u=x-2y+2z funk-
siyaning x° + y®+2z°=1 shartni qanoatlantiruvchi ekstremumlari
topilsin.
a4 D(x,y,2) =x—2y+2z+l(x: +y*+2° —-1)
Lagranj funksiyasini olamiz va bu funksiyaning ekstremumlarini
qidiramiz:
(oD

—=1+24x,
ox
oD 1+2Ax=0 1 1 1
9 ——2+22y, -t 1,1
o P |aeaay=0 PTG
2+424z=0
& 2421z e A=t
dz X +y*+2°-1=0 T2
(X +y*+22-1=0
3 ) 1 2
a) ﬂ-‘-a bo‘lsin PxR=-3 NS ATy
o' o' o'D
gz—=2/1, -a;;=2/1 ?=2/% va aralash hosilalar nolga teng.

=>d®= 2/1|:(01'x)2 +(dy) + (dz)z} >0 = min =

Unin & u(—l’—%’_z) =-3
33 3

2

3 : 1

2
3; z,_=§, Bu holda

169

www.ziyouz.com kutubxonasi



d*® < 0= max = u,, =u(1;—Z;ZJ=3.>
3° 33
14.21-masala. u va v larni yangi erkli o‘zgaruvchi sifatida qabul
qilib, quyidagi tenglamalardan o‘zgaruvchilarni almashtiring.
: 82, Oz

a2 ? o

, U=Xxy, v=-—

Pz Pz 1) L8z, &2 1
o ? T o oudv Y o
va
8z 6[ & x az) [ &z x 622)
—SE| xS = x (X -
oyl ou y° ov ou” y* Oudv
x| &z x &z 2x &
-7 A e R
y* \ Oudv y° ov y oy

. & o'z L
Topilgan 55 va 5)— ifodalarning qiymatlarini berilgan teng-

lamaga olib borib qo‘yamiz.

2
g 22 22 Z oY
Sudv y v 2x
2 2
2xy -—q-z————qz-—=0:>2u 0z =@
ouov oy v
Demak, berilgan tenglama almashtirishdan so‘ng ushbu
2, -
2u gz =Z
Oudv  Ov
ko‘rinishga kelar ekan. -
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6-§. 5-MUSTAQIL ISH
Sonli qatorlar

Sonli qatorlar va ularning yaqinlashishi.

Musbat hadli qatorlar va ularning yaqinlashish alomatlari.
Ishorasi o‘zgaruvchi qatorlar va ularning yaqiglashish alomatlari.
Cheksiz ko‘paytmalar.

-A-
Asosiy tushuncha va teoremalar
1°, Yaginlashuvchi gatorlar va ularning xossalari.

Ushbu
T2 A
haqiqiy sonlar ketma-ketligi berilgan bo‘lsin.
I-ta’rif. Quyidagi
a+a,+.+a,+.. (1

ifodaga qator (sonli qator) deyiladi va u Zan kabi belgilanadi.
nml
Shunday qilib,

*x
Ya, =a+a+..+a,+.. Q)
n=)

ekan. {a,,} ketma-ketlikning q,,a,,...,a,,... elementlari qatorning had-

lari deyiladi, a, esa qatorning umumiy hadi deb ataladi. Ushbu

S, Zak, n=12,. 3)
yig‘indilar esa (2)-qatorning qxsmny yigéindilari deyiladi.
2-ta’rif. Agar {S,,}ketma-ketlxk chekli limitga ega, ya’'ni

imS, = S;

bo‘lsa, unda qator yaqinlashuvchi deyiladi va bu limitning giymati
S (2)-qatorning yig‘indisi deb ataladi hamda u

S=a +a,+..+a,+. —z a,;
n=|

kabi yoziladi.
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Agar {S,,} ketma-ketlik yaginlashuvchi bo‘lmasa, u holda uzoq-
lashuvchi deyiladi.
3-ta’rif. Ushbu

20
Z an = am+l + am+2 +... (4)

n=m+l

qator (2)-qatorning (m-hadidan keyingi) qoldig‘i deyiladi.

I-teorema. Agar (2)-qator yaginlashuvchi bo‘lsa, uning istalgan
(4)-qoldig‘i ham yaqginlashuvchi bo‘ladi va aksincha, (4)-qoldig-
ning yaqinlashuvchi bo‘lishidan berilgan (2)-gatorning yaginlashuv-
chi bo‘lishi kelib chigadi.

I-natija. Agar (2)-qgator yaginlashuvchi bo‘lsa, uning qoldig‘i

r

m = am+l

m—>c0 da nolga intiladi.
2-teorema. Agar (2)-qator yaqinlashuvchi bo‘lib, uning yig‘indisi

+ o

S bo‘lsa, u holda ann gator ham yaqginlashuvchi bo‘lib, uning

=)

yig'indisi ¢.S§ bo‘ladi, ya'ni

Sea,=c-Y a,
1w n=|

tenglik bajariladi. - -
3-teorema. Agar Zan va Zb" gatorlar yaginlashuvchi bo‘lsa,
o n=|

n=l

unda 2.(4,+5,) gator ham yaginlashuvchi bolib,

=l o 0 %
Z(an +bn)= Zan + an
n= n=t =
bo‘ladi, ' !
2 va 3-teoremalardan quyidagi natija kelib chiqadi.
2-natija. Agar Za,, va Zb,, qatorlar yaginlashuvchi bo‘lsa,

n=l n=l

>.(ca,+db,) (c,d~const) qator ham yaginlashuvchi bo‘lib,

nw=t

i(c-a,,+d-b,,)=c-5:a,,+d-ib,,

' nal =l n=l
bo‘ladi.
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4-teorema. (Qator yaqinlashishining zaruriy sharti).
Agar (2)-qator yaginlashuvchi bo‘sa, u holda
lima, =0 )

Ny

bo ladi.
Izoh. 4- teoremamng aksi har doim ham o ‘rinli bo‘lavermaydi.

o

1
Masalan, Z; uchun hma ~l!m;=0 lekin bu qator yaginlashu-
n=)

vchi emas.

5-teorema. (Koshi kriteriyasi) (2)-qatorning yaginlashuvchi bo flishi
uchun quyidagi shartning bajarilishi zarur va yetarlii Ye>0 son
uchun In,(¢)e N:¥nzn, va vy butun p=0 son uchun

n+p

3
kwn
tengsizlik bajariladi.

20, Musbat hadli qatorlar va ularning yaqinlashishi

Aytaylik,

la +a,, +..+a,,|<¢€ (6)

n+l mep

Za,,:q +a,+..ta,+.. (7

n=l

gator berilgan bo‘lsin. Agar Vne N uchun g, 20 bo‘lsa, unda (7)-
qatorga musbat hadli qator yoki gisqacha musbat gator deb ataladi.

Bu punktda biz musbat hadli qatorlar uchun yaginlashish alo-
matlarini keltiramiz.

1-teorema. (Veyershtrass Kkriteriyasi) (7)-gator yaginlashuvchi
bo Tlishi uchun uning gismiy yig indilari ketma-ketligi {S,,} yugoridan
chegaralangan bo ‘lishi zarur va yetarlidir.

Misol. Ushbu

—=lb—t =t .+
- @®

umumlashgan garmonik gatorning g >1 da yaqginlashuvchi ekanligi
isbotlansin.
1
—=1+_‘+ o Sn+ =Sn+ a
,,5::‘ ne va ! n+1)
Endi uning yuqondan chegaralanganligini ko‘rsatamiz:
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1 1 1
S <S,,”+ =l+_¢x+7+'"+———a=
o3 (2n+1)

( 11 ) ( 1 1 J 1 1
=+ —+—|+| —=+—|+...+ —+ —|<
2% 3% 4° 5 (2n)" (2n+1)

l+(2ia+—217)+(4ia+4la)+...+[(2’lz)a + (2’]7)«}=

(n=1,2,..)=>{S,} ketma-ketlik yugoridan che-
< |

garalangan. 1-teoremaga ko‘ra Zna umumlashgan garmonik qa-

nxl

a-
=85, <
271

tor ¢ >1 da yaginlashadi.r
Faraz qilaylik, (7)-qgator va ushbu

ibn=b,+b2+...+b"+... 9
n=|

qatorlar berilgan bo‘lsin. Unda quyidagi taqqoslash teoremalari o‘rinli
bo‘ladi.

2-teorema. (Birinchi taqqoslash alomati). Agar n ning biror
n,(n, 21) giymatidan boshlab barcha nzn, lar uchun

a,<b,

tengsizlik o‘rinli bo‘lsa, unda (9)-qatorning yaqinlashuvchi bo‘lishidan
(7) qatorning yaqinlashuvchi bo‘lishi va (7)-qatorning uzoglashu-
vchi bo‘lishidan (9)-qatorning uzoqlashuvchi bo‘lishi kelib chiqadi.

J3-teorema. Agar

. a
fim2==k  (0<k=w)
bo‘lsa, "

a) k<o bo‘lganda, (9)-qatorning yaqinlashuvchi bo‘lishidan
(7)-qatorning yaginlashuvchi bo‘lishi;

b) k>0 bo‘lganda, (9)-gatorning uzoqglashuvchi bo‘lishidan (7)-
qatorning uzogqlashuvchi bo‘lishi kelib chiqgadi.
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Natija. Agar n >0 da a,=0"(5,) bo‘lsa (y'm‘l 0<k<co bolsa)
unda (7)-qatorning yaqinlashishi (9)-qatorning vaginlashishiga ek-
vivalent bo‘ladi.

4-teorema. (Ikkinchi taqqoslash alomati). Agar »n ning biror
n,(n, 21) qiymatidan boshlab barcha n=>n, lar ychun

a b

i < #+1
a, b,

tengsizlik bajarilsa, unda
D (9)-qator yaginlashuvchi bolsa, (7)-gator yaqm!ashuvch;,
2} (7)-qator uzoglashuvchi bo‘lsa, (9)-qator uzoqlashuvchi bodladi. .
Endi musbat hadli (7)-qator uchun yaginlashish alomatlarini

keltiramiz.
S-teorema (Dalamber alomatl) Agar (7)-qator uchun
lim Zmt = g,

Hrdt a

bolib,
D d<l bo'lsa, qator yaginlashuvchi;
2) d>1 bo ‘Isa, qaftor uzoqlashuvckt bo ladi.

6-teorema. (Koshi alomati). Agar (7)-qator uckun
lim e, =q

bo 1ib,
I) g<1 bo'lsa, gator yaginlashuvchi;
3) g>1 bo'lsa, gator iwzoglashuvchi boladi.

Izoh. 5 va 6-teoremalardagi d va g=1 bo‘lsa, gator uzoq- |

rx-]

lashuvchx ham, yaqiniashuvchi ham bo‘lishi mumkin. Masalan, Z—

garmonik gator uchun d=g=1 va qator uzoqglashuvchi, Z—“
umumlashgan garmonik gator uchun ham d=g¢=1, lekin qator
yaqinlashuvchi.
7-teorema. (Raabe alomati). Agar (7)-qator uchun
fimz-| (-2 |
bo lib, ' o o
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I) p>1 bo'lsa, qator yaginlashuvchi;
2) p<1 bosa, qator uzoglashuvchi bo ladi.

8-teorema. (Gauss alomati). Agar (7)-qator uchun
)

all /‘ n
—= A+ (12)

a,u n n

16,]<c va g>0 bo'lib

1) A>1 bo'lsa, qator yaginlashuvchi;

2) A=1 va u>1 bosa, qator yaginlashuvchi;
3) A=1 va u<l bolsa, qator uzoglashuvchi;
4) A <1 bo'lsa, gator uzoqlashuvchi bo‘ladi.

9-teorema. (Koshining integral alomati). Faraz gilaylik, f(x)
funksiya [1;+0) oroligda aniglangan bo‘lib, f(x)>0 va monoton
kamayuvchi bo‘Isin. U holda

X

2./ ()

n=t

qatorning yaginlashuvchi bo‘lishi uchun
J' Sf(x)dx
1

integralning yaqinlashuvchi bo‘lishi zarur va yetarli.
3% Ixtiyoriy hadli qatorlar va ularning yaqinlashishi

Bizga biror

>.a, (13)

n=l

qator berilgan bo‘lsin. Agar bu qatorning hadlari v ishorani qabul
gilishi mumkin bo‘lsa, bunday qatorga ixtiyoriy hadli qator (yoki
ixtiyoriy qator) deyiladi.

I-ta’rif. Agar

o

> lal (14)

n=l

qator yaginlashuvchi bo Isa, u holda (13)-qator absolut yaginlashuvchi
qator deyiladi.
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1-teorema. Agar (14)-qator yaginlashuvchi boTsa, unda (13)-
" qator ham yaginlashadi, yani absolut yaginlashuvchi gator oddiy
ma’noda ham yaginlashuvchi bo Tadi.

2-ta’rif. Agar (13)-qator yaginlashuvchi bo%ib, (14)-qator uzo-
glashsa, una‘a (13)-qator shartli yaginlashuvchi qaror deyiladi.

Agar sonli qator Z( I)M yoki Z( 1) @, ko‘rinishda bo‘lib,

n=l
a, >0 bo'lsa, u holda bunday qatorga hadlanmng ishoralari al-
mashinib keluvchi gator deyiladi.

2-teorema. (Leybnis alomati). Agar

S{-9)"a, o (15)
qator berilgan bo'lib, "
D {a}d, yani g,24,,>0 (n=12..),
2) lima, =0
bo‘lsa, "1_; *holda (15)-qator yaginlashuvchi bo‘ladi.

el

Misol. Z( DI S S S

gator Leybms alomatlga ko‘ra vaginlashuvchi bo‘ladi va unmg sharth
yvaginlashuvchi ekanligini ko‘rish givin emas.

3-teorema. (Dirixle alomafi). Agar _
2.4, - (16)

. el
qator berilgan bolib,

D{a,} keima-ketlik monoton bo b nolga intilsa;

2 B, Zb (n=1,2,3)K..., chegaralangan bo’lsa, u holda (16)-
gator yaqm;'ashuvcht bo ladi.

4-teorema. (Abel alomati). Agar (16)-gator berilgan bo ‘kb

D {a,} ketma-ketlik monoton va ckegaralangan,

2 B, Zb}: qator yaginlashuvchi

kel

boIsa, unda (16)-gator yaginlashuvchi bo Jadi,
177

www.ziyouz.com kutubxonasi



Bizga v hadli (13)-qator berilgan bo‘lsin. Bu qator hadlarini
guruhlab quyidagi qatorni tuzamiz:
(a+a, +otay)+ (Quy + Qo+t ) + .oy (17)

bu yerda n <n,<.. va k5o da n 5w

5-teorema. Agar (13)-qator yaginlashuvchi bo 1ib, yig indisi S so-
niga teng bo‘lsa, unda (17)-qator ham yaginlashuvchi va uning
yig‘indisi ham S soniga teng bo‘ladi.

Izoh. 5-teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan,

S (1) =11+ 1=+

n=l

qator uzoglashuvchi, lekin bu gqatorni guruhlash natijasida hosil
bo‘lgan
(1-1)+(1-1)+(1=)+..=0+0+...+0+...
qator yaginlashuvchi.
Endi

0

>a, =a+a,+..+d,+... : (18)
sl

yordamida (13)-qator hadlarining o‘rinlarini almashtirishdan hosil
bo‘lgan yangi gatorni belgilaymiz.

6-teorema. Agar (13)-qator absolut yaqginlashuvchi bo lib, yig‘indisi
S soniga teng bo‘lsa, u holda (18)-gator ham yagqinlashuvchi va uning
yigindisi ham S soniga teng bo‘ladi.

Iroh. 6-teoremadagi (13)-qatorning absolut yaqinlashishi sharti
muhim shartdir. Aks holda teoremaning o‘rinli bo‘lishi shart emas.

<Masalan,
© n+l
Z _1—l+l—l+ A+(- 1)"”-—l-+
— 3 4 n
gator shartli yaqmlashuvch1 va S=In2. Darhagiqat,
xz x3 x“ n+l x"
1 =x——t———F..+(-1) —+ , x>-1
n(l+x)=x 2+3 3 (-1 - r,(x), x (19)

yoyilmada x=1 desak,

]n2=l—é+§-%+... ()™ ]—+r(l)=S,,+r,,(1) va
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AR |;»;,(1)’<——il bo‘ladi, = S=1lim§, =In2
n M=ol
Shunday qilib

w . 4l
Z( 1) =n2.
] n

ekan.=> Bu qatorning qismiy yig‘indilari

N 1 1 1 .
S, =], 5 o8 sl
: Z-.(zk I 2:«:) o =St T

chekh S lumtga ega:

1{1130.9 = thml =S=in2

Endi berilgan qatorda hadlarining o‘rinlarini almashtirish yor-
damida quyidagi

l-——— = +oF—— e,
2 4736 8 " Tan1 a3 an’ (20)
gatorni hosil qilamiz. (20)-qatorning yig'indisini hisoblaymiz.
' , Z f 1 1
_ S _Z[z'k«-l TR 4k) qismiy yig‘indini olamiz.

k=l

*"'l'““_——l—'“—!—=l[;— l ):'th -11m-- ( ]
2;("'] 4k -2 4k 202k -1 2k A=y 3w n_'mzkl 2k
=Lims, =15 lims; ,_Jim[s; . }=ls va mS.., =
2 s n 2 et s P 2H+1 2 jraren 342
=1im[S; A - ]=l3=> (20)- o vietindis
moe| T T2 01 dne2) 2 qatorning - yig indisi

I 1
S'wme§==In2 ]
5 5 ekan.p

7-teorema. (Riman teoremasi). Agar Zan gator shartii yagin-

sre]
lashuychi bolsa, u holda 4 (chekli yoki cheksiz) son olinganda

ham berilgan gator hadlarining o ‘rinlarini shunday almashtirish mum-
kinki, hosil bo'lgan gatorning yig'indisi xuddi shu A ga teng bo‘ladi.
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4%, Cheksiz ko‘paytmalar
Bizga
DysPasecs Pysens
sonlar ketma-ketligi berilgan bo‘lsin. Ulardan tuzilgan

PPy Pyre=]] p, 1)

n=l

simvolga cheksiz ko‘paytma deyiladi. Ushbu

E=1]p (n=12,..)

k=l
ko‘paytmalarga xususiy ko‘paytmalar deb ataladi.
Ta’rif. Agar P, xususiy ko'paytmalar n — o da chekli yoki chek-
siz P limitga ega bo'lsa
limP, =P,

H~y0

bu limitni (21)-ko ‘paytmaning qiymati deb ataladi va

P=]]p,

n==j
kabi yoziladi. Agar P =0 va chekli bolsa, u holda ko ‘paytma ya-
ginlashuvchi, aks holda uzoqlashuvchi deyiladi.
Bundan buyon cheksiz ko‘paytmalarni tekshirayotganimizda
p, #0 deb faraz qgilamiz.
Cheksiz ko‘paytmalarning birinchi m ta hadini tashlab yuborib

”m = I_I‘pn =pm+| 'pm+2 Sese (22)
goldiq ko‘paytmani hosil gilamiz.
1-teorema. Agar (21)-ko paytma ycagqinlashsa, (22)-ko ‘paytma ya-
ginlashadi va aksincha, (22)-ko‘paytmaning yaginlashidan (21)-
ko ‘paytmaning yagqinlashishi kelib chigadi.
2-teorema. Agar (21)-cheksiz ko'paytma yaginlashuvchi bo‘sa, unda
lim = - =1

m—ro
bo ladi.
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3-teorema. (Cheksiz ko‘paytma yaginlashishining zaruriy sharti).
Agar (21)-ko‘paytma yaginlashuvchi bo‘lsa u holda

lim p, =1

bo ‘ladi.
Yaginlashuvchi cheksiz ko‘paytmalar uchun ,3-teoremaga ko‘ra

limp, =1 — Biror nomerdan boshlab hamma p, lar >0 bo‘ladi.
Demak, umumiylikka ziyon keltirmasdan, barcha p, lar uchun

p, >0 deb faraz qilishimiz mumkin.
4-teorema. (21)-cheksiz ko‘paytma yagqinlashuvchi bo lishi uchun

ilnp,, (23)

nn]
qatorning yaginlashuvchi bo lishi zarur va yetarlidir. Agar bu shart
bajarilsa va (23)-qatorning yig‘indisi S bo‘lsa, unda

P=¢
bo ladi.

Agar p =1+a, bo‘lsa, unda [1r.= [1(+a,) botib, 4-teore-

nwl nal

maga ko‘ra (21)-ko‘paytmaning yaqinlashuvchi bo‘lishi uchun ush-

bu 2. In{ll+a,) gatorning yaqinlashuvchi bolishi zarur va yetarli

1=l
ekanligini hosil qgilamiz.
5-teorems. Agar biror n,e N nomerdan boshlab, barcha n>n,

lar uchun a,>0 (yoki a,<0) bo‘lsa, (21)-cheksiz ko'paytmaning
yaginlashuvchi bo lishi uchun

>.a, (24)

n=|

qatorning yaginlashuvchi bolishi zarur va yetarlidir.
Umumiy holda, ya’ni g, lar ishorani saglamagan va (24)-qator

yaginlashgan holda, (21)-cheksiz ko‘paytmaning yaqinlashuvchi
bo‘lishi uchun
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D

da? (25)

n=l

qatorning yaqinlashuvchi bo‘lishi zarur va yetarlidir.

Agar (23)-qator absolut yoki shartli yaginlashsa, unda (21)-chek-
siz ko‘paytma absolut yoki shartli yaginlashuvchi deyiladi.= (21)-
ko‘paytmaning absolut yaqinlashuvchi bo‘lishi uchun (24)-qatorn-
ing absolut yaginlashuvchi bo‘lishi zarur va yetarli.

CRNAND LN

Nazorat savollari

Sonli gator tushunchasi.

Sonli gator yagqinlashishining ta’rifi.

Qator yaginlashishining zaruriy sharti.

Qator yagqginlashishi uchun Koshi kriteriyasi.
Musbat qatorlar uchun Veyershtrass kriteriyasi.
Birinchi taqqoslash alomati.

Ikkinchi taqqoslash alomati.

Dalamber alomati.

Koshi alomati.

. Raabe alomati.
. Gauss alomati.
. Koshining integral alomati.

Ixtiyoriy hadli qatorlar va ularning yaqinlashishi.
Leybnis alomati.

. Dirixle alomati.

. Abel alomati.
. Absolut yaginlashuvchi qatorlarning xossalari.

. Shartli yaginlashuvchi qatorlar.
. Riman teoremasi.

Cheksiz ko‘paytmalar va ularning yaqinlashishi.

. Cheksiz ko‘paytma yaginlashishining zaruriy sharti.
. Cheksiz ko‘paytma yaqinlashishining zaruriy va yetarli shartlari.
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-B-
Mustagqil yechish uchun misol va masalalar

l-masala. Qator yig‘indisini toping.

11 Z9n +l2n 5 12 2—97——?%'3
1.5 25572&73 1.6 ZZ&T—_];;TE'
17 25rins 18 3
19 Yoy 10 3 i
111 i36n “24n-5" 1.12 gﬁ%ﬁ'
1.13 "Z::minj' 114 gm'
1.15 Zw;—gmgn—_% 1.16 2155?%;_:6
1.17 gm 1.18 :214”5&9'
119 Zzg—f%—g 1.20 Z%“_llzz—ﬁ
1.21 2;1%::5

2-masala. Qator yig‘indisini toping.
2.1 g%%%fz) 2.2 :Z,n(n+1) n+2)
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o}

2.5 §m 26 Z.s??(——%:_'—"z")

2.1 ,Z(,, ?;’;(:m)' - 2.8 E;@%T(;_s) .
19 S M0 Seee D
2.13 imﬁ;ﬁj 214 iﬁ;ﬁ
2.15 Zn(n+nl;(f:+2) | 2.16 gsmﬁr%_—l_)- | L
2.17 2(7_{);(%{)' o218 in—(,,“?)%j)

2.19 Zﬁﬁ 2.20 ;(n+2)(n+l) "o

c Sn—2
21 Z(n Da{n +2)

y=2

3-masala. Qatorning qismiy yig‘indisi S, va y1g‘mthsx Ay m

toping.
EY §l6n’w8n 5 3.2 ilm
236:1 2.24n-5 3.4 249}1 +Tn~12"
. 35 gm‘ EEREY glsn’-—sn 15 $
' o 184, |
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2 1
3.7 z:36nz+12n-35'

n=}

Z n

at (2n—1)-(2n+ l)Z '

3.9

3.11 i(m-ZM+\/;)

I

= 2
E Inf1- .
3.13 n=2 n(n+l)]

| 3
315 Fsino-cos.

1
/: .
3.17 D.arcig o

2 -1
319 >

3.21 Q. sin

= 2n+1
3.8 ;nz (n+l

3.10 Z"—;\/——é——f
3.12 Zln(l——).

n=2

n -1
In
3.14 22 =T

< 1
In————.
316 2

n=0

< mt 1
318 2(-)" 5
1=l

€

n

3.20 Lipn

4-masala.

Koshi kriteriyasidan foydalanib umumiy hadi o, ga teng

bo‘lgan Za" qatorning yaginlashuvchi ekanligini isbotlang.
n=l

COSHO
4.1 a,=—
3
1
43 a,=—.
n2
cosna —cos(n+l)o
4.5 a,= ( ) .
n
sin ne
4.7 a,= .
2l1

a = sinno
4.2 n-(n+l)'
44 a”=cosza

n

b b,
4.6 an=b0+1—(‘)+...+E+...(]b"|<10).

sin’ ne

48 ST ) (nes)
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4.9 a =—-2—. 4.10 a —_'1___1

T wtn S
1,

4.11 a, =—s;sin Z 4.12 a, =——-
n n n+n+l

Koshi kriteriyasidan foydalanib, umumiy hadi a, ga teng bo‘lgan
Z_;a” qatorning uzoqlashuvchi ekanligini isbotlang.

4J3%=ZLY 444%:;1}
4J5%=;:2 4.16 a =29
4.17 an=ln(l+l). 4.18 4, = ! .

n Jr2 +1
4.19 a,,:—\/%. 420 a, =

3n+2
1 ‘

a, = ——————,
4.21 )

5-masala. Qatorning yaqinlashishga tekshiring.

= sin® nin ( 1)”
5.1 Z—-——”\/; . 5.2 Znsm

n=l n=l

2 7T
< COS —= s Inn

53 ,,Z,,:n(n+l)(n+2)' >4 ;TIT;

1+(-1)"

. z 24(-1) « arctg n
552~%la 5.6
i B nn o n3 + 2
2+ cosnr , arcsin——
57ZJ2_11 58 Y ——2
=l n n=2 3 nJ -3n
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5.9 len n

~n +1

(-1)"-n
=» Arecos
5.11 n+l

513 3

=3

| i’ +3n
5102“ n+n

5.15 Z =sin

517 3

5.19 Z——-—-,-i-ctg%-
= n

" (2 4 cosjz—n)\/;;

ek 518

n=

51 3
i +

kd

61 zsn—l_'_n l

n=]

. n+5
n——-.
63 Xin

ko

, .
6.5 Z—-—-—arctg {/——

ami 1

61 ¥t

poc n +Sm2"

6.6 Y

\Jn —-n

. an

5-12 Zw

poer n3 +5 »r

2 n+3

5.14 55 n3,(2+sinf£)-
o .. 2

_. .
506 Yo

~m+n+l

"- . >20 ;Jns_-!-_n.

6-masala. Yaqinlasmshga tekshmng»_ o

- 6.2 Z— ‘gJ—

nsl 1

e

© 64 Ya=sint.

=l ‘V‘n n
2

» (nz + 3)

=l ns + ln‘ n

68 iz"+cosn
&3 +sinn
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S ; L 1 . 1
6.9 ;n—cos%n' 6.10 EQ/TT]—S]":[—,,:'
6.11 ZJ—arctg N, 6.12 Z 1

nm=]

n’—lnn

n+3
arclg

1
33— s g 2
6 ,——n+ 6.14 ZJ;+2 s

n=l =i

- | S ) > n+1
h_1).
6.15 Z, ,—-n+3(e 6.16 Zlnn2+n+2.

£ 3
6.17 wa—arctg— 6.18 >ln——.

n=| n=| n + 1

6.19 Z" tg . sin .
t:l 6 20 ; ‘\’ns +2
6.21 Z(l—cos—).
n

N2

7-masala. Yagqinlashishga tekshiring.

71 i2" ’Z:ll)r 7.2 Z("').

n=2 ] 2"2
22" (n +1) 10" - 21!
73 2 (n+ 1)l 7.4 Z @n)
= (2n+2)! 1 =n+5 . 2
1.5 ,,Z..:_-3n+5 o 7.6 ”Z:l: r smg.
g < arctg—s-
n
. ; n! 78 ;3"
= 6"‘(’12—1)
79 ;. nl ’ 7.10 ; n+2)'

n'
7112 7.12 Z(Zn l)"

neal
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1-3-5-...-(2n-1 2l
713 3 (2n-1) 7.14 Yt

nw= 3" '(n“}‘])! N n
7.15 i————(n—')—z——- 7.16 inl-sinl
' =) (3” +l)'(2n)' : =1 2"
\[_ r
=, (n+1)! 5.3
7.17 "Z; - 7.18 ;Wl),
3" 2,3:5-7-...(2n+1)

7.19 Zm

n=1

7.20 22.5.8.__,.(3,1_1)'

=}

nwl

7.21 ‘Z (2n)‘ gi

8-masala. Yagqinlashishga tekshiring.

. ”
8.1 Z(H—I-J %

n=y n
83 i 22 +1Y
<yl )

< 2n )"
8.5 ;" (3n+5 '

f 2n+1 o
8.7 2(3'1_2] :

n=l

8.9 z(z-_l) =z

3 2.: n_”_
8.13 > ’sin o

n=l

2 2n+2 3 3
8.2 ;(3’1“) (r+1),

= (4n-3Y
8.4 ;(5’”4) )

& /4
8.6 Znarcsin" —_
n=] 4n

2 n+2 g
8.8 2(3’1_1) )

n=|

n-3"
8.10 Z (2” + 1)" °

n=|

8.12 227

1)

)Zn

8.14 Zn(

n=|
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(ln )
og n ”’
8.17 ;(3’1_1) .
= 3 a T
. g —,
3.19 gn aretg”

z, 1 n \™
8.21 Zg:'("‘") .

o n+l

’.ﬂ_—
8.20 Zn -arctg™ -~

L

9-masala. Yagqinlashishga tekshiring.

9.1 ann (3n+1)
2 1
9.3 Z(zn+3)1n2(zn+1)'

n=]

2 1
9.5 ; (3n+4)In*(5n+ 2)'
2 1

9.7 g(n\/ﬁﬂ)lnz(n 3+2).

{
9.9 Z(2n ])ln (2n)

9.11 Z(3n l)lnn )

a2

5.13 n_z,(zn 3)1n Gn+1)’

9.15 Z'(n+3 In*2n

=2

< 1
L
9.17 “ipln (n-1)

= 1
9.2 Z nin*(2n +ﬁ'

n=1

n=3
2 1
9.6 nzun(2n+l)ln2(n 5+2)

o 1
9.4 Z(3n 5)In*(4n - -7

=5

3 1
9.8 Z(n—z)m (n-3)
9.10 Z(n+l)ln (2n)’

k2

912 z(zn 1)m (n+1)

n=l

9.14 Z:(n+2)ln n

n=

9.16 ,,E,;(Zn +3)lnz (n+1)

2 1
9.18 gzn-\/ln(sn—l)'
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e

o | 1
9.19 ;(n_z).\/—(n_B)- 9.20 §(3n'1)'\/|“('z—1)'

9.21 é(m 1n2(n+1)

|

10-masala. Quyidagi tengliklarni isbotlang. Ko‘rsatma. Qator
yaqinlashishining zaruriy shartidan foydalaning.

10.1 lim 2 <o, 10.2 ‘"“(;n) =0
n-w n n-»ox "
lim il fim -2

10.3 _m(zn), : 10.4 fme s

10.5 lim (271) . 10.6 lim ng)!=
n—px0 n n—»x nll
. (2n) n"
| =0 m—

10.7 "l-*n;(2n~ =0 108 e =0
10.9 10.70 tim 2D
"""°°( |) ¢ n—x n"

10.11 lgn(zs',',)"— 10.12 'Etl(zf)
” lim—"" -
10.13 Jmoy =0 0.1 el
1
10.15 1im D o, 10.16 nm(”_;l:
n->0 n n—rwo
10.17 lim———=0 10.18 lim——=
e (2n41)0 # (21 + 3)!
. (3n) . (2n+3)1
| -0 (2r+3)tt
0.9 -y 10.20 lim™—
10.21 1m0
n-so n"
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11-masala. "Z-I:an qator o ning qanday giymatlarida yaginlash-
ishini aniglang.

. 1Y
11.1 “n=(“"sm’;) : 112 a,=n"[In(n* +1)-2Inn].
11.3 a"=[arctgl_]n(l+l]] ] 114 4 =,3}n2+]_.‘3h12._1
n n n - .
g~ “ 1
n-sin— n
n
1ot ] ol 1 Y
11.7 a,,=(en n_.l——) . 11.8 an=ln(arctg—]—ln(tg—) .
n n n
I n-n) an® )
11.9 4,=[Cos—=— . =| | —si
9 ( In . J 11.10 4, (l sin 57
] [ i
s 1 13\~
11. a,=n-sin”| ——arctg— |. =[1- 1 )
1.11 (” ar gnJ 11.12 4 (cosn) J
| a e—(l+1) :,
o7 l n
11.13 4,=|e* —cos—~| . .14 &=
\ n (1 1)
—cos—
n

1Y a
: 11.16 ",,=[\/4n2+n+1—1)n+%) .

11.15 a,= lnn+ln(sin—)

n

n+l 2
In

11.17 aq,

n-1 n-1

a ] a
,7122. a".—:. *Li—-’ ln_’i .
11.18 [\/;;
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.a = ns.inl—-'cc;s—l—‘Jf . a.—( z - oS n ]a
np a= n 3 11.20 " 2n+2 2n+2)

11.21 a, =(m__\/;)a -h12"+l-

2n-1

.
12-masala. Yagqinlashishga tekshiring.

i21 (- )anz:l) 122 31" [ - )

ne=] Pty 2n+1

2.3 S . +1) 2.4 rzm%;;{;
12.5 ;E:_?nz-j:l | - 126 Z(nﬂ) Inn’
27 gnl(l:(ii 1). E _- : : S s :z‘]:n(4 ;):-:

12.9 i(;l)_;;zlﬁ 12.10 Z(l—)”.cosé’;.

21z S fg—
CE m=l

. . « -1
i (-»1)l . Z 7;( ) '
12.13 )2 o 1M s Yf3n+Ing
| | | 3Jn

12.11 Zn ln(2n)

#nl

s =0 (3F s Z(—l)" 2” -
1. (n+1)-[—)- o s

(Y re3) TR g 1y
.17 ; ey . 128 Z(2n+l) 2
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("f )

1219 ()" 3+_1 1220 3(-1)"-

nw=l e
(— 1 )n t
12.21 Z — 1

n=1

13-masala. Quyidagi qatorlarning absolut
yaqginlashuvchi ekanligini isbotlang.

(n+l)0052n [ i ) sinn
Inj 1+ arct; .
131 2 132 2|1+ o™

2 (-1) | 1 . sin(2n+%)
13.3 Zlnz(nH) eoso=| 134 34/

=t ; n-in+2
n
2, arcig(-n)’ 2 oS

135 2/ . .
§\]42n6+3n+1 13.6 nz-u:(n+2)\/ln3(n+3)

( 1)n+l v:( )
13.7 ; 13.8 "Z-l: T arcsm e
n+1 & 3
13.9 gcos n-arctg— L 13.10 gn sinn-e™V".
(=n) (1) -(2m)n
o Sy s SN
(=) -n*(n+1) i L cost |-cosmn.
13.13 Zl T 13.14 & n.sin;ll_ n
x, n(n+1) 2" + nﬂ « . 1 1
-1 . . -1 ———arcsin—m= |-
13.15 Z;( ) s 13.16 X )[arag 7~ ersin J;)
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2 (—l)"-sin_Bn - 1
13.17 zn-ln(n+1)-1n2(n+z);;_ 13.18 Z arctg;;.

A=l nel

in sinn o i
13.19 g[\/_ {{/n_z)} . ' . 13. 20 ;n -cosne 7,
T

B Y

A
perll 7 +4n

14-masala Quyidagi qatorlami yaginlashishga tekshiring,

. n{nul
w1 3 -——- | 142 Zsj—”

LL] - : #=1

S~ o8 27 D N cos3n
14.3 ; o 14.4 O .

=l

% cin2n . ’ - COS(H'F:!-]
S X M ey
wn Fyeszo | 148 (1) i
) =y J- . . ) E(_ ) Yn+1 -

£ s{w=1) 1 2 8
4.9 -1} 2z . -[1+—) .
1 E( ) Ja+l n it

l)"“l inn ' =(
14.11 Z——ﬂ—»_— | 14.12 2.

=) - A L

-1)”*‘ Jnln(n+2)
In (n + l)

na=| n=1 n

. e
14.13 Z(nfz))J;%— 144 Zcos[ +an sin .,
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1415 21 (l cos—ﬁj 14.16 Z( 0 m

n=l

2 n n+2 P 2 sin’ n
Ay P2 e X .
117 2(-1) e 1418 D

fiw]
< sinn &, 5
-~ . 1].
14.19 Zl:\/;ﬂinn 14.20 ,.Z.l“sm(” "+ )

L

Z sin2n -cosi
W21 Sinn(n+2) on

n=]

15-masala. Quyidagi qatorlar o ning qanday giymatlarida
a) absolut yaginlashuvchi,
b) shartli yaginlashuvchi bo‘lishini aniglang.

(- 1) sin® S (1) 2" -cos™ o
15.1 Zl 15.2 §( ) —
. ) = -1y
2. sin2n-In° n Z ( .
15.3 Z_'__n“ - _ 154 & [ m+(_])n]

nel

(2n-1)1

155 (1) [ e ] S X ;[%+(_l),]a'

n=i

= a(@-1)(@-2)-..{a~{(n-1)] s (Y

157 2 - . 158 & [nlnn+ (-1)"]" :
” S nh” (n+1) oy n-In® (n +1)

n-]

S sinn

15.11 Z( )

n=| =l
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(1) o s

- = o —1 "
n=l n—o ) . . 15 14 ln +(n“)
B (_1)" _ - = a-(aml)(a—z)._._.(a_zﬁ)
15.15 Z, oy ._ 15..16 ;, G2 .
) el (n+ 1)« . ‘ = n
e (-l)ﬂ ‘_ ) o (_l)n
e > _
15.19 4 [2m_ (_.l)n]" 1520 < [nz lnn+(—1)":|
1521 Y
=l n
16-masala.
Tenglikiar ishotlansin,
o 1 in - n!_l 2
1+ -1 |=2. 22
16.1 11[ +[2J ] 162 T3
ke jr 2 . @ 2 1
Eo_c o2 (.1
16.3 gcos ST 16.4 1_![ n-(n+1)] :
= ¥ sinx @ , 1
_— . l =i - . 1 .
16.5 E}Icoszn . | 16.6 H( +x7) = (%] <1)

B pmnin $ ———— ¥ et e i ( 3?? 3”

£ 2 2 2 " _ 271.
167 3B el ouvards | 168 55 3n+1]"3~/§'

1 w-'r 4 2 is 2 l n
16.9 E:I_l n (Vailis 16.10 H[l_.._ 2]::1-,

2 1l4p? -1 formulasi) | (2n+1)

. hd 1 2 = x  shx
PRI ch= 5

16.11 ,,I.,l[ M) > 16.12 J[ehs==
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Quyidagi cheksiz ko‘paytmalarning yagqinlashuvchiligini isbotlang
va ularning qiymatlarini topmg

® n? -4 (2n+1)(2n+7)
LT 16.14 H(2n+3)(2n+5)
= 1 = ()

16.15 H,[”I@Tz)} 16.16 E’[z "

Quyidagi cheksiz ko‘paytmalarni absolut va shartli
yaqinlashishga tekshiring.

16.17 ﬁ{”(—ln)m } 16.18 H[”( )}

n=l

16.19 Hﬁ% 16.20 H[H( )”}

n=2 n=2

16.21 ﬁ{' +(;,2—"J

n=|
-D-
Namunaviy variant ycchimi
1.21-masala. Ushbu
>3
S’ -3n-2
qator yig‘indisini toping.
3 3 3 1 |
9 "I n=2 of 1Y, _2) Gntl)-(n-2) 3n-2 3n+l
9(’1 + 5)(/’1 - 5)

[ 1 111 | I !
LI S RO UL N UL S S S B
=>a= 2(3/. 2 3k+l) 4 T T e el 3ned

k=1 kel

Demak, S:=1limS, —hm(l— L ):1,>
3n+1

n->o H—-r0

2.21-masala. Ushbu
Sn-2
n=2 (n—l)n(n+ 2) ’
qator yig‘indisini toping.
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< Birinchi navbatda bu qatorning umumiy hadini noma’lum
koeffitsientlar usulidan foydalanib, sodda kasrlarga yoyamiz:

Sn-2 1.2 _ L_l)ﬂ.(l_ I J:b te
(n 1)n(n+2) n-1 n n+2 \n-1 n n n+2) "

5,=Ya = Z(b +e)= Zzb +ch Z[k_l_ %):zz":(%_k_jr_z_)._.

k=2

L1111 1 1y (1 1 1 1.1 1.1 1. .1 |
ottt —— = |42 o C b oot e —— =
('22334 a1 n)2(2 2737573 65 7 nn+2)
2

1-1)+2(' At 1) 8 1 2 2 L siims =3-22,
n 2 3 n+l n+2) 3 n n+l n+2 et 3 3

3.21-masala. Quyidagi
3a
Z SIn 2n+l 2n+l

n=1
qatorning qismiy yig'indisi S, va yig'indisi S ni toping.
< Bu masalani yechishda

sinx-siny = %[cos(x-—y)—cos(x + y)] :
formuladan foydalanamiz

.3 1 a a
S, = Zsmzm-] 2T 52("052_&"“’5?:7):

k=) k=1

I a a a a a a a
=-—| COS———COS& + COS —- — COS—+ COS -5 — COS— +...+ COS —— COS ——
2 2 2 2’ 2? 2" 2

l(cosﬁ—coso: = S=1limS, =—(1 ~cosa)=sin*—.>
2 2" 2

n—-x

4.21-masala. Koshi kntenyasnda}n foydalanib, umumiy hadi

Jn(n+1)

bo‘lgan Z"n qatorning uzoglashuvchi ekanligini isbotlang.

n=l
< Ma2lumki, 3¢>0 son topilsaki ,Vn,e N olinganda ham
dn>n, va butun p20 sonlar mavjud bo‘lib,
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n+
Efa:

k=n

2E

tengsizlik bajarilsa, unda Za,, gator uzoglashuvchi bo‘ladi.
n=|

Agar g=1 va p=n deb olsak, unda Vn,e N olinganda ham
In>n, topiladiki va

Fal=3S ! =1 . ! +ot L >
g‘_ng.(k+l) Jn-(n+l) \/(n+l)-(n+2) \/(n+p)(n+p+l)

Y4 P p ™ n 1 @
> > b = =—=g ‘ .
J(n+p)(n+p+1) n+p+l 2m+p 2m+n 3 bo‘ladi =>§a" qa-

tor uzoqlashuvchi. o

w-(2+cosf22£)\/f_1

5.21-masala. gqatorni yaginlashishga tek-

nal (/n’ +35
shiring.
nr
2+cos—-)\/; . }
: 1
<1a,.=( 2)7 @)dn 3, pottib, 35,233
- Yn"+5 Yn’ nA n=l nal p’4

5
qator yaginlashuvchi, chunki 7 >1. Unda taqqoslash alomatiga ko‘ra

berilgan gator ham yaqinlashuvchi. >

£

r
< 6.21-masala. 2(1—005;) gatorni yaginlashishga tekshiring.

nw|

_ ﬂ'_ .2 __l_ _nt
a,,—l—cos;—2-sm P Agar b,,—n2 desak, x, da a,=0"(b,)

bo‘ladi. Darhagiqat, M (M cR)

x o 1
an = Z;? -yaqinlashuvchi = taqqoslash alomatiga ko‘ra
n=l n=]

1O

L 7[ )
Zan = Z(I‘COS;) gator ham yaqinlashuvchi.

=] n=|
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Iv-.':.‘. e * 1 l
7.21-masala. Z(2n)! 93 qatomi yaginlashishga tekshiring,

« Dalamber alomatidan foydalanib, tekshiramiz.

PSR TP I |
g (2n)1g5”’. >
(n+1)' nt{n+1) gL o
(2n+2)' 5"“ " Gn)t(2n+1)[2n+2] 85
. 0 1
1 s 1 1
= Bl =—I =0<1=>
f.ﬂf‘alrﬂz(znn) gL W0mened
5"

Berilgan qator yaginlashuvchi. o
_ 8.21-masala. |f(x)- f,(x)| <& qatorni yaqiniashishga tekshiring.
aKoshi alomatidan foydalanib, tekshiramiz:

. - 1 " e
g=limyfa, =—l—lim 2 =~1—iim[f—t-l~) =—1~ilm(1+ ) =21
. e Jaanl pal Ju-el n Jnw n . 3

Berilgan qator yaqinlashuvchi.
= 1
9.21-masala. Z(n +5)ln’ (n +1) qatorni yaqinlashishga tek-

=l

shiring.
«Bu qatorni yaginlachishga tagqoslash va Koshining integral
alomatlaridan foyd%lanib, tckshiramif: {

i =(n+5)lnz(n+l) {(n+l)ln3(n+l)<n-ln2n

=b . nz2

+7}

dx
I Tin7x_ /(*) bo‘gani uchun Koshining integral alomatiga

ko'ra Zb" gator yaqinlashuvchi va tagqoslash alomatlga ko‘ra
H=2

berilgan qator ham yaqinlashuvchi.
~ 106.21-masala. Quyidagi

~1\
lim (2n-1)1 _

. = H
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tenglikni qator yaginlashishining zaruriy shartidan foydalanib, is-
botlang.
) . (?.n—l)!! I ) )
<4Umumiy hadi a, =~———+— bo‘lgan Zan gatorni yaginlash-
n

n
n=l

ishga tekshiramiz. Bunda Dalamber alomatidan foydalanamiz:

d = lim 2oL = i (2n+{1!1!- " =fim{ 2+l - =—2—<1=>ia"
g, e (pael) (2n-1D)| m=on] (l+l) e pomr
n

yaqginlashuvchi = Qator yagqinlashishining zaruriy sharti, ya’ni

Im a, = lim (2”:])”

n=>0 n-ow n

=0 tenglik bajariladi.

11.21-masala. Za,. qgator o ning qanday giymatlarida yaqin-

nal

lashishini aniqlang.

a,,=(\/n+l~«/;)a-ln2n+}.

2n -
] = = ntl-n 1 =0'(L)
< Jn+1+dn  n+l+n Jn) 2

ln2n+1=ln(]+ 2_ |0 —!-):>a,,=0' L
2n—1 2n-1 n nH%

1

< o
Agar b, = deb belgilasak, b, gator 1+3>1, ya’ni ¢>0
n=

1+Z

n 2

bo‘lganda yaqinlashadi. =>Zan qator ham ne N da yaqinlashadi.

. (

12.21-masala. Z___ﬂ_’l qatorni yaqinlashishga tekshiring.
n=l 5}1—1
<« Bu qator ishorasi almashinuvchi gator bo‘lib, uning yaqin-

lashishini Leybnis alomatidan foydalanib, ko‘rsatish mumkin.
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p 4J— deb belgilasak I

I)VneN uchun g, >a,, >0 , ya'ni zu (x) va

n=|
4n 1
lm = lim . ={.
D AT T o
4n
bo'ladi = Leybnis alomatiga ko‘ra berilgan qator yaginlashuvchi.

13.21-masala., Quyidagi

Z n+3 [_I_(ﬁi)"}

n* +4n

qétoming absolut yaginlashuvchi ekanligini isbotlang.

_ja+3 ml 1 (-1)
a @G\ g BT, deb belgilaymiz. Unda quyidagi

munosabatlar o‘rinli bo‘ladi,

|a,] < n+3 ‘ln(1+—1—)<1fn +43n"l —_22—=bn
n'+4n n n n B

Zb Z“’ qator yayinlashuvchi =» taqqoslash alomatiga ko‘ra

i om=l anl B
x0 € X vaqinlashuvchi, ya’ni berilgan Z“ qator absolut yaqinlashu-

n=1
vehi. >
14.21-masala. Quyidagi

i sin2n

: “~In In(n + 2)

qatorm yaqmlashlshga tekshiring,

' 4Bu qatorning yaqinlashishini Abel alomati yordamida ami-

1 b= sin2n
glaymiz: 4q, =COS; va YT Inln(n +2) deb belgilab, Abel teore-

masining shartlari bajarilishini tekshiramiz:
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1) x, ketma-ketlik monoton (monoton o‘suvchi) va chegaralan-

gan O<cos-<1

sin2n
2) Z Z in (n +2) qator Dirixle alomatiga ko‘ra yaqinlashu-

nal n=}

vchi bo‘ladi. Darhagiqgat, agar1

“lnin(n+2) Y2 b, =sin2n
deb belgilasak,

a) }~L va Vx,eM i
b) B,=35, =3 sinz=Snlrrl)sinn
ket k=l sinl
(IB |<——T):> Dirixle alomatiga ko‘ra Z“ (x) qgator yaginlashuvchi.
Shunday qilib, berllgan gator uchl;;l Abel teoremasining shart-

= 2n
lari bajarilar ekan — sin
; " ,,Z.,lnln(n+2)
shuvchi. o
Izoh. Bu misolni yechishda elementar matematika kursidan
ma’lum bo‘lgan ushbu

chegaralangan bo‘ladi

|
os— qator yaginla-

. n+Dx | nmx
smg——-)--m

S(x)=Zsinlcx= 2 2 , X#2mm, meZ
k=l sinZ
2

formuladan foydalanildi.
15.21-masala. Ushbu .
Zcosn
il
qator ¢ ning qanday qiymatlarida
a) absolut yaqinlashuvchi,
b) shartli yaqinlashuvchi bo‘lishini aniqlang.
« Birinchi navbatda berilgan gator ¢ ning ganday giymatlar-
ida yaqinlashuvchi bo‘lishini aniglaymiz. Bunda Dirixle alomatidan
foydalanamiz. Agar

l
a,=—— va b =cosn deb belgilasak

1) o >0 bo‘lganda { }i va lima, -—hm——]—=0

n-yw nn
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n+l n

" cos——-COSE 1
2) B, =zb* =——-—-—-~—-l—— va l‘B'rl£ 1 bo‘ladi. = Dirixle
= sin— sig
) 2
< Z\ COSH o e
alomatiga ko‘ra 2.@Jb, =2 —— qator ¢ >0 bo‘lganda yaginlasha-

a=| a=1 y"

di. <0 bo‘lganda esa bu gator uzoglashadi, chunki <0 =

bo‘lganda qator vaginlashishining zaruriy sharti bajarilmaydi.

cosn i

e S

Endi gatorni absolut yaginlashishga tekshiramiz.

o 1 .
Z‘n? umumlashgan garmonik gatorning «>1 da yaqiniashuvchi

L]

E ICOSH . . e ] .
bo‘lishidan «>1 da Z o qatorning yaqiniashishint hos;l qil-
amiz. !

Endi 0<a <1 bo‘lganda berilgan gatorning absolut yaqinlashu-

2. [cosn ] o _
vchi emasligini, ya’ni Z o qatorning uzoglashishini ko‘rsatamiz.
a=l .

lcosr}_ cos’n _1+cos2n 1 cos2n
A 2n" 2n* 2n®

qatorning Dirixle alomatiga ko‘ra yaqin-

. | S COS 2R
tengsizlik hamda Z e
=l

lashuvchi bo‘lishi va x, qatorning uzoglashuvchi ekanligidan {S,, (x)}:
gatorning ham uzoglashuvchi ekanligini, tagqoslash alomatiga ko‘ra
S,{x)= qatorning uzoglashuvchiligini hosil gilamiz.
o COSH
Shunday qilib, ; e
a) a>1 da absolut yaqginlashuvchi,
b) 0<a<1 da shartli yaginlashuvchi bo‘lar ekan.

qator

16.21-masala. Quyidagi

ﬁ[n(—"lﬁl—]

n
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cheksiz ko‘paytmani absolut va shartli yaginlashishga tekshiring.
n+l
P —l+( l)

n

n+)
I ‘ .
=l+a,=a, _( ) 4 punktga ko‘ra berilgan

cheksiz ko‘ paytma absolut yaqmlashuvchl bo‘lishi uchun Zan ga-

n=}

torning absolut yaqinlashuvchi bo‘lishi zarur va yetarli.

Sal= 300

n=l

2 ] {yaqinlashuvchi, p>1,

=2

1=l

n?  |uzoglashuvchi, p<l.

Cheksiz ko‘paytmani shartli yaginlashishga tekshirishda 4° —
punktdagi 5-teoremadan foydalanamiz.
Unga ko‘ra cheksiz ko‘paytma yaqmlashuvchl bo‘lishi uchun

Zan qator yaginlashuvchi bo‘lgan holda Z gatorning yaqin-

nmi

lashuvchl bo‘lishi zarur va yetarli edi.

1
Z Z( gator p>0 bo‘lganda Leybnis alomatiga ko‘ra
el A=y

yaginlashadi.

a,20 qator esa p>5 da yaqginlashadi, Z” (x) da esa uzoq-

n=l

lashadi.
Shunday qilib, berilgan

cheksiz ko‘paytma
a) p>1 da absolut va

] .
b) '2'<PSI da shartli yaqginlashadi. >
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7-§. 6-MUSTAQIL ISH
Funksional ketma-ketliklar va qatorlar

Funksional ketma-ketlik tushunchasi.

Funksional ketma-ketliklarning yagqinlashishi va tekis
yaqinlashishi. .
Funksional qator tushunchasi.

Funksional qatorlarning yaqinlashishi va tekis yaginlashishi.
Funksional qator yig‘indisi va funksional ketma-ketlik
limitining xossalari.

Darajali qatorlar.

Teylor qatori. Elementar funksiyalarni Teylor qatoriga yoyish.
Darajali qatorlarning tatbiqlari.

-A-
Asosiy tushuncha va teoremalar
1°. Funksional ketma-ketliklar, ularning yaqinlashishi
va tekis yaginlashishi.

X c R to‘plam berilgan bo‘lib, unda
H(x)s o (%)sees £ (%)
funksiyalar aniglangan bo‘lsin. Ana shu funksiyalardan tuzilgan ket-
ma-ketlikka X to‘plamda berilgan funksional ketma-ketlik deyiladi
va u {f,(x)} kabi belgilanadi:
{0 A (3) o (3o £ (3)s )
f,(x) ga funksional ketma-ketlikning umumiy hadi deyiladi.
Ixtiyoriy x,€ X nuqta olib, ushbu
LoD} 2 £(%6)s (%0 ) eees £ (30 ) o )
sonli ketma-ketlikni qaraymiz. Agar bu sonli ketma-ketlik yagqin-
lashuvchi (uzoglashuvchi) Lo‘lsa, {f,(x)} funksional ketma-ketlik
X, nugtada yaqinlashuvchi (uzoglashuvchi) deyiladi, x, nuqta esa
funksional ketma-ketlikning yaqinlashish (uzoqlashish) nugqtasi deb
ataladi.
{ f,,(x)} funksional ketma-ketlikning barcha yaginlashish nuqta-
laridan iborat M (M c R) to‘plam {f,(x)} funksional ketma-ket-
likning yaqinlashish sohasi deyiladi. — WvxeM uchun ushbu
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lim £,(*)-3 bo‘ladi. Agar vxea uchun unga mos Keluvchi
,lli_{"wf:.(x) ni mos qo‘ysak, ya’ni

fix—>lim £, (%)
bo‘lsa, unda M to‘plamda aniglangan f(x) funksiya hosil bo‘ladi.
Bu f(x) funksiya { £ (x)} ketma-ketlikning limit funksiyasi deyila-
di. Demak,
lim £, (x)= f(x) (xeM) 3

Ta’rif. Agar Ve >0 son olinganda ham 3n,=n,(¢)e N:Vn>n,
va Vxe M uchun
£ (=)~ £.(x)| <& @)
tengsizlik bajarilsa, {f,(x)} funksional ketma-ketlik M to‘plamda
S(x) limit funksiyaga tekis yaqinlashadi deyiladi va f,(x) 3 f(x)
(xeM) kabi belgilandi. Aks holda, ya’ni 3¢,>0 VneN olingan-
da ham 3m>pn va 3x,e M lar mavjud bo‘lsaki

If(xo)_fm (x°)|2€o

tengsizlik bajarilsa, {f,(x)} funksional ketma-ketlik M to‘plamda
f(x) limit funksiyaga tekis yaqinlashmaydi yoki notekis yagin-
lashadi deyiladi.

1-teorema. {f, (x)} funksional ketma-ketlikning M toplamda
f(x) ga tekis yaginlashishi uchun

lim Sup|f (x)- £, (x) =0 ©)

tenglikning bajarilishi zarur va yetarli. :

2-teorema. (Koshi kriteriyasi). {f,(x)} funksional ketma-ketlik-
ning M to‘plamda f (x) ga tekis yaqinlashishi uchun quyidagi
shartning bajarilishi zarur va yetarlidir Vveg>0 uchun

dny=n,(€)eN:Vn>n, va y butun p>0 sonlari hamda barcha
xe M lar uchun

Sep (%)= 1 (x)| <e (6)

tengsizlik bajariladi.
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3-teorema. (Veye's’“" ass alomati). Agar El{a } sonlar Ketma-
ketligi mavjud bo‘lib,

1) vneN uchun g ,>0va 121;0’,,:0;

2) ¥xeM va barcha ne N lar uchun
f;:+p(x)—ﬁ,(x)|5a” »
bo'lsa, unda M to'plamda £, - f( x) bo‘ladi.

2, Funksional qatorlarning yaginlashishi va tekis yaginlashishi.
Biror X =R to'plamda {u,(x)} funksional ketma-ketlik be-
rilgan bo‘lsin. Quyidagi
 (x)+ 1, (x)+ o+, (X)+...
ifodaga funksional qator deyiladi va u 2% (X) kabi belgilanadi.
r=|

2t (%)= (x) # 2, () o 1, (3) 7

u, (x),2,(x),...4, (x}.... larga funksional qatorning hadlaxi, u,(x)
ga esa funksional gatorning umumiy hadi deyiladi.
Ixtiyoriy x, e X nuqta olib, ushbu

Z” (x)= (% )+ 11, {0, ) ot 1h, (%o ) + .. (8)

=l

sonli qatorni qaraym:z Agar bu sonli qator yaqinlashuvchi (uzog-

Iashuvchi) bo‘lsa, Z“ Y) funksional gator x, nuqgtada yaginla-

el

shuvchi (uzoqlashuvehi) deyiladi, x, nuqta esa funksional gatorn-
ing yaginfashish (uzeglashish) nuqtasi deb ataladi.
Z“n (x) funksional qatorning barcha yaqinlashish nugtalaridan

=]

iborat M (M cR) to‘plam bu funksional gatorning yaginlashish

sohasi deyiladi. = Vx,eM nugta olib, Z“» (%) sonli gatorni

=l
ko‘rsak, u yaginlashuvchi bo‘ladi. Uning yig'indisini S(x,) deb
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belgilaymiz. Xuddi shunga o‘xshash Vxe olib, unga 24 ()
n=l1
qatorning yig‘indisini mos qo‘ysak, u holda M to‘plamda aniqlan-
gan S(x) funksiya hosil bo‘ladi. Bu S(x) funksiya (7)-funksional
qatorning yig‘indisi deyiladi:
S(x)= 2t (%)= g (x) + 1 () + ot 2, (¥) + o
n=l

Ushbu

S, (x)= Zuk(x) n=1,2,.
yig‘indilarga (7)-funksional qatommg qismiy yig‘indilar deyiladi.
Shunday qilib, (7)-gatorga mos keluvchi

{8, (3)}: 8, (%), 85 (%) -es S, (%), (9)

funksional ketma-ketlikni hosil qildik va aksincha, (9)-qismiy
yig‘indilari ketma-ketligi beriigan holda har doim hadlari (7)-funk-
sional gatorning hadlariga teng bo‘lgan quyidagi

SI (x) + [SZ (JC) - Sl (x)] +..t+ [Sn (X) - Sn-l (x)] +e
funksional qatorni hosil gilish mumkin. = Agar (9)-ketma-ketlik
x, nugtada yaqinlashuvchi (uzoglashuvchi) bo‘lsa, u holda (7)-qator
ham x, nuqtada yaginlashuvchi (uzoglashuvchi) bo‘ladi va
S(x)=1limsS, (x)

.englik bajariladi.
Demak, funksional gator yoki funksional ketma-ketlikdan bir-
ning xossalarini batafsil o‘rganish yetarlidir.

Ta’rif. Agar (7)-funksional gatorning gismiy yig‘indilaridan tuz-
lgan {S,,(x)} funksional ketma-ketlik M to‘plamda qatorning
/igiindisi S(x) ga tekis yaqinlashsa, unda (7)-funksional gator M
o‘plamda tekis yaqinlashadi deyiladi.

r(x)=8(x)-5, (x) Z Uy (x) deb belgilaymiz.

k=n+1
I-teorema. (7)-funksional qatorning M to‘plamda tekis yaqin-
ashuvchi bo‘lishi uchun
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lim Sup}r, (x)| =0 (10)

n=r0 xeM
tenglikning bajarilishi zarur va yetarli.
2-teorema. (Koshi kriteriyasi). (7)-funksional qatorning M
to‘plamda tekis yagqinlashuvchi bolishi uchun quyidagi shartning
bajarilishi zarur va yetarli: Y&>0 uchun 3n,=n,(s)eN:Ymzn,
va ¥ butun p>0 hamda barcha xeM lar uchun

n+p
<& (1 1)

Z“k (»)

kmn

boladi.

Natija. (Funksional qator yaqinlashishining zaruriy sharti). Agar
(7)-funksional qator M to‘plamda teKis yaqinlashsa, u holda shu
to‘plamda u,(x) 3 0 bo‘ladi.

3-teorema. (Veyershtrass alomati). Bizga Z"n (x) Sunksional va
nw=l|

Zan, GMZO (12)
n=l

sonli qator berilgan bolsin. Agar Wxe M uchun
Iu,, (x)|$a,,, n=12,..

tengsizlik bajarilsa va (12)-sonli gator yaginlashsa, unda Z”n (x)

na=)

funksional qator M to‘plamda absolut va tekis yaqinlashadi.
Aytaylik, ushbu

3a,(x)-8,(x) 13)

n=l

funksional qator berilgan bo‘lsin.

4-teorema. (Dirixle alomati). Agar

1) har bir xe M uchun {a,(x)} monoton va M to‘plamda a,(x)
0 ga tekis yaqinlashsa;

2 B, (x)=24bk (x) qismiy yig‘indilar M to’plamda birgalikda che-

k]

garalangan ya'ni 3Kk vVxeM |B.(x)|SK bo'sa, u holda (13-
qator M to‘plamda tekis yaginlashadi.

S5-teorema. (Abel alomati). Agar

1) har bir xeM uchun {a,, (x)} monoton va {a,, (x)} ketma-
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ketlik M to‘plamda chegaralangan;

2) Zbk (x) Junksional qator M to‘plamda tekis yaginlashuvchi
n=|
bolsa, unda (13)-qator M to‘plamda tekis yaginlashadi.

3%, Tekis yaqinlashuvchi funksional ketma-ketlik
va qatorlarning xossalari
Funksional qatorlarda (ketma-ketliklarda) shuni ta’kidlash lozimki,
ulaming har bir hadi uzluksiz bo‘lgan tagdirda ham gatorning yig‘indisi
(ketma-ketlikning limit funksiyasi) uzluksiz bo‘lishi shart emas.
© x2

Misol. ;(l 2 )" funksional gator berilgan bo‘lsin. Bu funk-

2
sional qatorda % (x)= (1 +x 2),. € C(~m,+0) Berilgan qatorning
x

yig‘indisi topamiz:

S (x):i x’ ._._xz, 14 l ot 1 =>S(x)=]imS (x): 0.x=0.
! k““(l‘l".\‘z)t l+x1 - (l+x1)n Pty -\‘z+l,x¢0'

Bu tenglikdan ko‘rinadiki ngS(x)=£i_l)lg(x2+l)=l va
S(0)=0:>S(x) funksiya x=0 nuqtada uzluksiz emas. Berilgan
gator uchun ushbu

lim f:u,, (x) #i limu, (x)
x =
munosabat o‘rinli. > = "0

Tabiiy savol tug‘iladi: ganday shartlar bajarilganda funksional
qatorlarda hadlab limitga o‘tish, ularni hadlab differensiallash va
integrallash mumkin?

Bu savollarga quyidagi teoremalar javob beradi.

Bizga M to‘plamda yaginlashuvchi (7)-funksional gator berilgan
bo‘lib, bu qatorning yig‘indisi S(x) bolsin.

1-teorema. Agar Vne N uchun u,(x)eC(M) bolib, (7)-qator
M to‘plamda tekis yaginlashsa, S(x)eC(M) bo‘ladi, ya’ni
Vx, € M uchun

lim S(x)= lim > u,(x)= limu,(x)=> u,(x,)=5(x,)
Xdx, X=Xy pory ‘nat XXy el
tenglik bajariladi.
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Agar M to‘plamda yaginlashuvchi (1)-funksional ketma-ketlik
berilgan bo‘lib, f(x) funksiya uning limit funksiyasi bo‘lsa, unda
quyidagi teorema o‘rinli bo‘ladi.

2-teorema. Agar f,(x)eC(M), n=12,.bo%lib, M toplamda
£L,(x)C f(x) bo%sa, f(x}eC(M) boadi.

3-teorema. Agar (7)-funksional qator M to ‘plomda tekis yagin-
lashuvchi va x, nuqta M to‘plamning limit nugtasi bo b,

timu, (x)=c,(n=12,.)

X=rxg

bo'lsa, u holda

o
D Cn =6 Oty e

=1

gator ham yaginlashuvchi, uning y:g indisi C esa S(x) ning x-—>x,
dagi limitiga teng boladi: _

11’111 S(x)— llmZ (x) lemu (x) Zc =

n=]

Faraz qilaylik, [a,b] kesmada yaqmlashuvchl (N- funksional qator
berilgan bo‘lib, uning yig'indisi S(x) bo‘lsin.

4-teorema. Agar (7)-qator [a,b] kesmada tekis yaqintashuvchi
bo'lib, u,(x)eC[a,b] (#=12,.) bo‘lsa, u holda quyidagi

jul (x)dx+ qu (x)dx+...+ Iu (x)dx

qator ham yaginlashuvchi va uning yig‘indisi JS (x)dx ga teng -
bo‘ladi:

IS(x)dx i (x)}ix Zj.u {x)dx.

LE
Tzoh. 4-tcoremadag1 (7)-qatorning tekis vaqinlashuvchanligi sharti
yetarli shart bu'lib, u zaruriy shart emas, ya’ni ba’zan tekis yaqin-
lashmaydigait gatorlarni ham hadlab integrallash mumkin.

oy

R
Misol. Z[x:"“ ‘x:"-l) (0<x<1) funksional qator berilgan -

k=l
bo‘lsin. __
- 213

www.ziyouz.com kutubxonasi



af S b 5 0,x=0,
S,,(x):Z(xz"”—x-’ ‘J=-x+x- +“:&S(x)-hm (x)={l—x,0<xslz>

k=t

S,(x) [0,]] da S(x) ga tekis yaqinlashmaydi, lekin

J.S(x)dx I(l—x)dx—— va i}u"(x)dx—

n=l o

P l 1 % l 1 ] " l l
- x2n+l xzn—l =_ —_— . |==lim —_————
”Z;[J( J 24n n+l) 2,,_,(n n+l) 2'H==§(k k+l)
=llim(l——l—J=l.
2 n+l; 2

Demak, IS(x)dx ZI (x)dx —, lekin Zu (x) qator [0,1]

=l g n=)

kesmada tekxs yaginlashmaydi. o
5-teorema. Agar (7) funkszonal qatorning har bir u,(x) hadi

[a,b] kesmada uzluksiz u, (x) hosilaga ega bolib,

Zlu,, (x)=ul (x)+u2 (x)+..tu, (x)+... (14)

funksional gator [a,b] da tekis yaginlashuvchi bo‘lsa, u holda berilgan
(7)-qatorning yig'indisi S(x) shu [a,b] da S'(x) hosilaga ega va

s()=| S, <x>] S, @

n=| n=1
tenglik o‘rinli bo‘ladi.
Izoh. Bu teoremada ham (14)-funksional qatoming tekis yaqgin-
lashuvchanlik sharti yetarli shart bo‘lib, zaruriy shart emas.

4°, Darajali qatorlar
I-ta’rif. Quyidagi

2.a.(x-x) (15)

n=0
ko ‘rinishdagi funksional gatorga darajali qator deyiladi. Bu yer-
da aq,,a,,...,a,,...%, lar o‘zgarmas haqiqgiy sonlar.
Agar (15) da £=x-x, deb belgilash Kiritsak,

214

www.ziyouz.com kutubxonasi




ia,.f” (16)

n=0
darajali qatorga kelamiz. Demak (16)-ko‘rinishdagi darajali gator-
larni o‘rganish kifoyadir.
1-teorema. (Abelning birinchi teoremasi). Agar
. '

[
Za,,x" =a,+ax+ax’ +..+a,x" +.. (17)

nw0
darajali qator x=x,#0 nuqtada yaqinlgshsa, u holda qator x ning
x| <|x,| tengsizlikni qanoatlantiruvchi barcha giymatlarida absolut ya-
ginlashuvchi bo ‘ladi.

Natija. Agar (17)-qator x=x, nuqtada uzoglashuvchi bo‘lsa, u

holda bu qator {|x|>|x,]} da ham uzoglashuvchi bo‘ladi.
2-ta’rif. Agar 2,%%" darajdli qator {Ix|<R} da yaginiashib,
n=0

{Ix|> R} da uzoglashsa, u holda shu R=0 soniga darajali qatorning
yaginlashish radiusi, (-—R, R) oraligga esa yaginlashish intervali
deyiladi.

2-teorema. Ixtiyoriy darajali qatorning yagqinlashish radiusi R
mavjud bo'lib, bu gator {|x|<R} da absolut ve Vr < Ruchun {|x|$r}
da tekis yaginlashadi.

Izoh. Darajali qator yaqinlashish oralig‘ining chegaraviy x=4+R
nuqtalarida yaginlashishi ham, uzoglashishi ham mumkin. Darajali
qatorni bu nuqtalarda alohida tekshirish lozim.

Darajali gatorning yaginlashish radiusini quyidagi teoremalardan
foydalanib, topish mumkin.

0

3-teorema. (Dalamber). Agar M mavjud bo‘lsa, u holda

n=»x a"+‘
a
R=lim|-%
”1—1;2 aml (18)
bo ladi.
4-teorema. (Koshi). Agar ﬁ{g{’/ia,,] mavjud bo‘lsa, u holda
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1
Re—
lim ¢fla,| (19)
bo ladi.
S-teorema. (Koshi-Adamar) Agar R soni (17)-darajali gatorning
yaginlashish radiusi bolsa, u holda

Re— '
el )

formula (Koshi-Adamar formulasi) o‘rinli bo‘ladi.
Darajali qatorlar quyidagi xossalarga ega.

6-tcorema. Darajali qatorning yig‘indisi S(x) yaginlashish
oraligiiga tegishli bolgan vy nuqtada uzluksiz boladi.

7-teorema. (Abelning ikkinchi teoremasi). Agar (17)-gator
x=R (x=-R) nugtada yaginlashsa, unda bu qator [0;R] ([—R;O])
kesmada tekis yaginlashuvchi bo ladi.

Natija. Agar (17)-qator x=R (x=-R) nugtada yaginlashsa, u
holda S(x) yigindi [;R] ([-R;0]) kesmada uzluksiz bo‘ladi.

Endi Zan (x “xo)" ko‘rinishidagi darajali gatorni ko‘ramiz. Bu

n=0
gatorning yaqinlashish radiusi §a,,x” gatorning yaqinlashish radi-
usini hisoblash formulalari yordamida topiladi, fagat bu yerda ya-
qinlashish oraligi {{x~x,|< R} =(x,~R,x,+R) interval bo‘ladi.

8-tecorema. Agar R>Q soni quyidagi

f(x)=Ya,(x-%) @1)
n=0

darajali qatorning yaginlashish radiusi bo‘lsa, u holda

D) f(x) funksiya (x,—R, x,+R) intervalda ixtiyoriy tartibli
hosilalarga ega bo‘ladi va u hosilalar (21)-darajali qatorni hadlab
differensiallash yordamida topiladi;

2) bu qatorni V[a,b]c (x,~R, x,+R) oral({qda hadlab integral-
lash mumkin. '

216

www.ziyouz.com kutubxonasi



3) (21)-darajali qatorni hadlab differensiallash yoki integrallash-
dan hosil bo‘lgan yangi qatorlarning yaqginlashish radiuslari ham (21)-
qatornning yagqinlashish radiusi R ga teng bo‘ladi.

Izoh. Agar f(x) funksiya (21)-tenglik yordamida ifodalanib,
R>0 bo‘lsa, u holda f(x) furiksiya x, nuqtada (anigrog‘i, x,
nuqtaning atrofida) analitik funksiya deyiladi. 8-teoremadan anali-
tik funksiyaning cheksiz differensiallanuvchi ekanligi kelib chiqadi.
Lekin, ixtiyoriy cheksiz differensiallanuvchi funksiya analitik bo‘lishi

l
shart emas. Bunga misol tarigasida f (x)=exp(—x—2] funksiyani

olish mumkin.
9-teorema. Agar f(x) funksiya x, nuglada analitik bo‘sa, ya'ni

f(x)=Za,,(x—xo)"
tenglik x, nugtaning biror atrofi da o‘rinli bolsa, u holda
(n)
LR 010,
n!

=3 L

n=0

tenglik ham x, nugtaning o‘sha atrof da orinli boadi.

M

bo ladi, ya’ni (
") XO (x _ n

5% Teylor qatori. Elementar funksiyalarni
Teylor qatoriga yoyish
Ta’nif. Faraz gilaylik, f(x) funksiva x, nuqtaning biror atrofida
aniglangan va shu nuqtada ixtiyoriy tartibdagi hosilalarga ega bo Isin.
U holda quyidagi

(n)
Z /> °(x %)" 22)
qatorga f (x) funkswanmg x, nuqtadagl Teylor qatori deyiladi.

Izoh. (22)-qatorning yig‘indisi har doim ham f(x) bilan ust-
ma-ust tushavermaydi.

1
Masalan, f (x)'_'eXP(—xg) funksiya uchun barcha hosilalar

£ (0)=0 va (22) qatorning yig‘indisi 0% f(x)
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Lekin ba’zi bir shartlar bajarilsa ular orasida tenglik o‘rnatish
mumkin.

Teorema. (Teylor). Faraz gilaylik (x,—hX,+h) intervalda f(x)
funksiyaning o'z va barcha tartibdagi hosilalari birgalikda chegara-
langan bolsin, ya’ni 3M >0:Vxe (% —hx, +h) uchun

FO(x)|<M, n=0123,..
tengsizlik bajarilsin. U holda (x, -4, x,+#4) oraligda f(x) funksi-
ya Teylor qatoriga yoyiladi, ya ‘ni

=3, Ln
tenglik ofrinli bo‘ladi.
Agar Teylor qatorida x,=0 bo‘lsa, u holda hosil bo‘lgan ga-
targa Makloren qatori deyiladi.
« Endi asosiy elementar funksiyalarning Makloren gatoriga yoyil-
malarini keltiramiz.

(x=x,)"s|x = x| < A, (23)

on xn xZ x3
1. e‘=;;!=l+x+2—!+§+ (-oo<x<+oo).
w 2n+] 3 xs : 2n+l
2 Sh't=,.z=;(2n+1)!=x+§—!+§+ T (o< x <o),
o x‘ln x2 x4 "n
3 chx—§m=l+—! (2”), (0 <x < +o).
( ])n I+l x; ' xs (_1)"X2n+l
4. snm-; (2n+1) B ——:’v-!_-r-b'—!+“+ (2n+1)! e (—-oo<x<+ao).
l) t‘" xz 4 1)" 2n
5. cosx-g G = _E+Z (2n)' . (—oo<x<+oo).

6. In(l+x)= Z( 1)"*"‘ x——2+—— (l)mx

n=l

7. (I+\) —l-LZ

n=l ’7'
+a-(oz--l)(cz—2)x3 .y ala-1)-..
3t n!
218
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6°. Darajali gatorlarning tatbiqlari

a) Darajali qatorlar yordamida differensial tenglamalarni yechish.
Aytaylik,

y'+p(x)y +q(x)y=f(x) (24
differensial tenglamaning ushbu .
}’(xo) =N, y'(xo) =0, (25)

boshlang‘ich shartlarni qanoatlantiruvchi yechimini topish talab qi-
linsin.

Agar p(x), q(x), f(x) funksiyalarni x, nuqtaning biror atrof-
ida shu funksiyalarga yaginlashuvchi

ic,,(x—xo)"

n=0

ko‘rinishida ifodalash mumkin bo‘lsa, unda yuqoridagi Koshi ma-
salasi yagona yechimga ega bo‘lib, uni

W#)=3a,(x-%) (26)

n=Q
ifodalash mumkin. (26)-qatordagi noma’lum a, koeffitsientlarni
topish uchun (24)-tenglamadagi y, ', 3", p, q, f lar o‘rniga ul-
arning yoyilmalari olib borib go‘yiladi va noma’lum koeffitsientlar
usulidan foydaniladi.
Misol.
y'~xy=0 (27)

¥(0)=1, ¥'(0)=0 (28)
boshlang‘ich shartlarni ganoatlantiruvchi yechimini toping.
4 (27)-tenglamaning yechimini

y=2 a,x" (29)

n=0

ko‘rinishda gidiramiz. Unda

y"=‘2n(n—l)a,,x" —2a2+2(n+2)(n+l) a,,,x",

tenglamaning ushbu

n=2 n=l1
xy=x-p ax" =y ax"=3a x"
n=0 n=0 n=l
bo‘lib, (27)-tenglama quyidagi ko‘rinishga keladi:
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202+Z(n+1)(n+2) a, x' —Z a, x".

nel
Bu tenglikdagi x nmg mos darajalari oldidagi mos koeffitsient-
larni tenglash yordamida

=0, (n+1)(n+2)a,,,=a,,, neN (30
rekkurent formulam hosil qilamiz. q,=0 bo‘lganligi sababli bu
rekkurent formuladan a;=0, a,=0 va umuman

a, =0, neN
ekanligini topamiz. Shu formuladan yana

T (23)-(5- 6) [(3n ~1)3n]’
G =1 4)-(6-7)-... [3n (3n+1)]

tengliklar o‘rinli bo‘lishi kelib chiqadi. (28)-shartlar va (29)-teng-
likdan =a,=1,4, =0.

Demak, (27)-tenglamaning (28)-shartlarni qanoatlantiruvchi
yechimi quyidagi ko‘rinishga ega ekan:

3 x6 x3n

23 (23)(56) (2-3)-(5-6)-...-[(3;7-—1)-371]+
b) Darajali qatorlar yordamida integrallarni hisoblash.
Integrallarni hisoblashda ham integral ostidagi funksiyani dara-
jali qatorga yoyish ko‘p hollarda yaxshi natija beradi.
Misol. Ushbu

y=l+—r

1
I= J.de
0

integral hisoblansin.
<« Avvalgi punktdagi In (1+x) ning Makloren qatoriga yoyilmasi-
dan foydalanamiz:

f'*("—) I[;( l>"“‘]ﬂ |Zer% }tr-;_; n);—zx

l)IHI = ] = l 4 7[2
_Z ——) e e———= E‘.D

n-l 2)1 l 4n=ln
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Izoh. Sonli qatorlarning yig‘indilarini hisoblashda ko‘p hollarda
quyidagi tengliklar katta yordam beradi.

Z( 1) =In2, &1))
o0 l ﬂ_l »
,,_l.}1—2——6—- (32)
a 1 zt

,.Z,:(Zn-l)2 K (33)

e (34

2n—-1 4
n=|
Yuqoridagi misolni yechishda (33) va (32)-tengliklardan foy-
dalanildi.
Nazorat savollari
1. Funksional ketma-ketlik tushunchasi. )
2. Funksional ketma-ketlikning limit funksiyasi tushunchasi.
3. Funksional ketma-ketlikning tekis yaqinlashishi ta’rifi.
4. Funksional ketma-ketlik tekis yaqinlashishining zaruriy va yetarli sharti.
5. Funksional qator tushunchasi.
6. Funksional qatorning yaginlashishi tushunchasi.
7. Funksional qator tekis yaqinlashishining ta’rifi.
8. Funksional qator tekis yaqinlashishining zaruriy va yetarli sharti.
9. Funksional qator tekis yaqinlashishining zaruriy sharti.

B DD et et bt et ek et bt ok otk
—_ OV NLEWN=O

NN
W N

BN
[= R

. Funksional qatorning tekis yaqginlashishi hagidagi Veyershtrass alomati.
. Dirixle alomati.

. Abel alomati.

. Funksional ketma-ketlik limit funksiyasining uzluksizligi.

. Funksional qator yig‘indisining uzluksizligi.

. Funksional qatorlarni hadlab integrallash.

. Funksional qatorlarni hadlab differensiallash.

. Darajali qator tushunchasi.

. Abelning birinchi teorsmasi.

. Darajali qatorning yaqinlashish radiusi va yaqinlashish oralig'i.

. Darajali gator yaqinlashish radiusini topish uchun Dalamber formulasi.
. Darajali qator yaqginlashish formulasini topish uchun Koshi formulasi.
. Koshi-Adamar formulasi.

. Teylor gatori va Teylor teoremasi.

. Elementar funksiyalarni Teylor gatoriga yoyish.

. Darajali qatorlar yordamida differensial tenglamalarni yechish.

. Darajali qatorlar yordamida integrallarni hisoblash.
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-B-
Mustagqil yechish uchun misol va masalalar

1-masala. {f,(x)} funksional ketma-ketlikning M to‘plamdagi
limit funksiyasini toping.
L1 f(x)=x"-3x"%+2x"",M =[0;1].

1.2 f(x)— 3 +2M [0;+0).

1.3 f,(x)= /¥ +~-\/%, M=R.

14 f,(x)=(x~1)arctge", M =(0;4<0).
15 7 (x)=+x", M=[0;2].

16 f,(x)= oM =R

17 f,,(x)=sm x M =[0;7].

In?n+x?
2in’n+x* +xlhn

1.9 fn(x): Y xsinx,M={0;—;£].

1.8 £, (x)= M =(0;+0).

1.10 £, (x): cosx, M =[—£;-’£],

22
1.11 £ (x)= wx -e"",M=[0;+00).

L12 £ (x)= n(,/f +;]1.—'x),M=(O;+oo)_

1
L13 f,(x)= n[x; —1],M=[1;3].
1.14  f, (x)= narcignx®, M =(0;+).
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L 1 ' '
115 ﬁ,(x): n[x“ —xz"],M:(o;_,_oo)‘ e

L16 f(x)“"l” +(2] M =[0400).

sin n-\/’_

117 £,(x)= ]n( +1)M-—-[o,ﬂmo).

1.18 f (x) =

arcth’—M =[0;+e0).

1.19 f,,(x):.ln(1+ j‘;—”ﬂ,Mqo;m). .

120 f,(x)=

2

n% X e_‘r’;’M =[0;+C0),

ne’
1.21 f,(x)= h’[3+m)>M=[0;+w).

2-masala. Berilgan funksional ketma-keflikni ko‘rsatilgan
oraligda tekis yaginlashishga tekshiring.

21 f,(x)=>nZ0<x<).

23 f(x)—eh(’r "} ~l<x<l.
2.5 _f:l (JC)= e”'("‘);0<x{l.

2.7 f,(x)= xarcignx,0 < x <+,

2.9 £ (x)= arctgnx;0<x <+,

2.11 f{x)= Sin-E;ww< X < 440,

;=00 <X < +o0,

2.13 ﬁ,(x)=s":“

22 f,(x)=¥"0sx .2“.
2.4 fi(x)= x"
2.6 fn(x)=x";05.x£-l. '

28 f.(x)=x"-x"0<x<l.

1 .
2.10 f(x)= ——-—;O<x<+oo,

¥ 0<xgl.

O=x<l,

212 f,(x)=

l+ 1+ x

H

2.14 [ ]—-_J:'—x" 0<x<l-56>0.

o3
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l eLx5l+¢£,8>0.

2.15 j:,(x)="(\/;_+-':;-*/—]°<x<+°° 2.16 /(=1

n

x
~3;2 < X < +00.
+x

2.17 f,(x)= x2+i,_;—oo<x<+oo. 2.18 f,,(x)=

2.19 f,(x)=17 2.20 f()—

7 2,l<x<+c>o = 2,05 x<l.
nx

2.21 f..(x)=&,a)0$x<+oo,b)03xsl.
n+x+nx

3-masala. Veyershtrass alomatidan foydalanib, berilgan
funksional qatorlarni ko‘rsatilgan oraliqlarda tekis
yaqinlashishini ko‘rsating.

a 2x
3.1 Zarclg ey 3,|x|<+oo

3.3 iln(l+ J lx|<3

3.5 i co:znx s1%] < 0.

="l

o n

3.7 Y =sl<2.

n='l

o

nx
3.9 ’;H—S?,IXI < 400,

n?

3.11 Z(+; ;=2 <X <+c0,

I}

2 (] -1
3.13 Z( =10 x <o
=l X+

Il—l 'p,,

3.15 Z(

—l<x<l].

0
3.2 D xe™;0<x <+
n=1

< 40,

z, sinnx
3.4 Z nx/; >

sinnx

3.6 ;W’le<+°°
|
3.8 ZJ_(x +x° ) —<x<2.

o0

3.10 Z - ,,03x<+oo.

3.12 Z%;—w<x<+w.

a1 X TN

P n-1 "
3.14 Z( D 0<x<l,

=

& 1
;0Sx <+

3.16 ;(x+2n—1)-(x+2n+l)’
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3.17 ;S‘"T”’C’g 22 ;o<x<+o. 3,18 Zl“[” e J:—oo<x<+oo.

(x=1)" = nin(1+ nx)
;—1<x<3. —_—2 .
3.19 ;(3"+1) 3 <x< 3.20 ; o <X <+

ne=|

In|1+—>— _|0o<x<2.
3.21 Zn[ +n-ln2(n+l)J x

4-masala. Berilgan funksional gatorning ko‘rsatilgan oraligda
tekis yoki notekis yaginlashuvchiligini aniqlang.

4.1 ,,Z_:(l+\)(l+2x) Gemy CoF=h

nx
;1<
4.2 ;(l+v)(l+2x) (1+nx)’ rere

S 1
;0 +
4.3 ,,Z,,:(x+n)(x+n+l) D

V)

44 [( —])\+l](nx+])

<* an n+l &
4.5 Z(x__x J;_]ng_], 4.6 Z(]—x)x";OSxSl.

;0 <x < o0,

m\n o on+l r
4.7 Zx— 0 < x < 40, 4.8 zx_ -1<x<l1.
=0n n=t 1
4.9 ZSlnnx;ESxS:;—”. 410 Zsmnx;Ost27r.
n=| n 2 2 n=l n

4.11 22” smL ;0 < x <400, 4.12 iﬂ;0<x<+oo.
3x n

n=l nol

3 i ()PP i1 < cosz”T"
4.1 n=2n+Sinx’ ez * ;m;—w<x<+w
225
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4.15 Z"_W’o<x<§' 4.16 Zln (l+l +n'x’ ) Osx<

=l =]

4.17 Z( 1y’ ( )'5x<+"’- 4.18 i Z;@UOSKM

a=l net l

» ”\/'x' o
— 1< +00, 0< +00,
4.19 .,Zlmfx’ x< 4.20 g(nnx) x<

% n
—; 1< x <40,
4.21 Z(Hzxz)(]+4x2)...(l+2nx‘) ¥

n=l|

5-masala. Berilgan funksional qatorning yaginlashish sohasini

toping.

L) -1y

5.1 ;(x+n)/ 5.2 ;2’1 ] (l+1] ;
5 . 1 n+l 4, "

5.3 ,,Z_‘:n+l (3x2+4x+2)n' 5.4 ?.':‘ 3 (“—4x+6) .
= x" a°n+3_ i

5.5 gl_xu- 5.6 n=ln+1 (27x1+12x+2)n
S x" 0 n-zll' I

37 ,,Z_:‘l+,\°” 5.8 ,,Z,.:n+l (°x2+8x+6)"
21 (1+x)" (x ——6).+12)

9 Srlic) 10 2 i)

Z 1 . o, (-1)

5.11 »5 ({/;2__'_ ” +])2-f+' 5.12 "Z-I(x+n)3'.

= (-1)" w(x2~5x+ll)

5.13 Zm 5.14 Z S es)

5.15 Z(n+ ) 5.16 ngLT)

n=]

226
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s 30 5.18 Zl“.

=) (X + n)z n-l
= n+1
519 2T 5.20 ;nm

P

- »

5.21 2277(%7)"(25)‘2 +1)"

=)

6-masala. Berilgan funksional qatorming yaginlashish sohasini

toping.
6.1 i—xz"-sin(xwm). 6.2 Z—-v -sin(2x - 7n).
n=| =1 R
6.3 iix""-cos(x+7m). 6.4 i(é)"-sz'“cos(x—ﬂn).
n=4 n n=| 3 \/;;
x 23:1 an » 6" I
6.5 Z‘.—x -sm(3x+7zn). 6.6 Z— 2 sm(Sx ﬂn)
n-l'\’/; n=l1
6.7 ”-cos(x+7m). 6.8 i;—xxz"~sin(3x—7m).
n-l =) n
n, 3 o _'I:_ < L i
6.9 2’2 *"-sin—. 6.10 23 X osin .
6.11 223" x" Sm2— 6.12 i?)"-xz"-sinéi.
] n=1 \/;
3n n < 8"’ 3"'t __x___
6.13 Z 6.14 Z‘ Xy
N 3n | _2_)‘: = ,,. 3n _Y_
6.15 "Zﬂ:x tg3n' 6.16 nz-lZ X arcsm)n.
6.17 il6lr_x3rl.arcsin_{)_’%_. 6.18 g:;zn‘xs;;.arcsin_‘/%-
" _z_ I n 3/:. . X
6.19 %:2 X" -arclg—— 6.20 "2-;2 x arclgz.(n+3).
. 3x
6.21 ;27 X archZ,H_1
227
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7-masala. Berilgan funksional qatorning
yaginlashish sohasini toping.

7.1 Y 2n*Jx=2-¢ &) 7.2 z'____” .

=l n=i X—=e

7.3 i(l+%) -57"”)2. 7.4 Zn Nx —I-e_:‘_l

nmi n=t

7.5 Z’ (—X‘V”) 7.6 Z([,‘__I]_Z_) .3_3.
n= n=l
LI ey * I

77 25 . 7.8 Zln”(x_,)-

nal

1=

X x &0 1
5".\' . o t _— R —
7.9 ; alcg7m'.(x_l) 7.10 ;ﬂ;lnli(x+2)

__”i_ k2 1
7 11 2(l+ ) T 7-12 Zln"(X'}‘e)'

11w} n=1

7.14 X (-1)" e
n=|

il nzsinx-"'l
713 De .

ne=l

1 n
. [ (l+-)+lnlnz] “ (_])ru-l
“ L 7.16 D

=} x—e % por nl“i“'l .

2 1

$ .
7.17 = ln"(x+l) 7.18 Ysin" .

e wel X—n

= (_1 n+l o " —n’arcl_L
7.19 Z-(e—)m— 7.20 >.(-1)"-5 K

n=t n=l
7.21 i(—l)”-f’”'"('*ﬁ)_

n=1

228
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8.7

8.9

8.11

8.13

8.15

8.17

8.19

8.21

8-masala. Berilgan funksional gqatorning
yaginlashish sohasini toping.

(n 2) (x+3),".

Z 2n+3

24"-(2;;—1)’
Z (" 2)

“~ (317 + l) 2"

Z(r+5) tgi.

n=] 3 "
& 1

n=1 N

o (x+2)"

2

n=] n

2 (3n-2)-(x-3)"

n=| (n + 1)2 . 2”+l

i 1

= (n+2)-In(n+2)-(x-3)"
229

8.2

8.4

8.6

8.12

8.18

8.20

= (-3)
,,z,,: (m+1)-5" °

> 2n+3

S (1) x>

@ (x N 5)2"+|

2 3n+8

=l

= 3n-(x-2)"

(’C 2)".

DTSR

n=l

$ (x=5)

{(n+4)-In(n+4)

n=

www.ziyouz.com kutubxonasi



9-masala Ta’rifdan foydalanib, berilgan funksional qatorning [0;1]
kesmada tekis yaginlashishini isbotlang n,(£)—?. n ning ganday
qiymatlarida qatorning qoldig‘i Vxe[0,1] uchun 0,1 dan Kkatta

bo‘imaydi?

9.1 Z(—l)"7x_ 9.1 ;‘
9.3 Z:( 1)”4”"6 9.4 ;( 1y 3/—;—
05 2(-) 75 9.6 ;5;( s
9.7 ;(—l)" = "4 9.8 "Z:.(- J—3
9.9 ;5;'( 9.10 "Z_l( )%/—

Sy 5.12 ;( -y Gn"g
9.13 Z( )%/—;—— 9.14 2, "
9.15 Z( )< "]2 9.16 "2::(
9.17 ;‘( -1y’ thg 9.18 ;( U 10'
9.19 2(-1)' 17 | 9.20 ?;;( Y 5=

9.21 Z( y 7n 13

nel

230

www.ziyouz.com kutubxonasi



10-masala.Berilgan qator uchun uni majoririovchi gatorni toping
va ko‘rsatilgan oraligda tekis yaginlashishini isbotlang.

10.1

10.3

10.7

10.9

10.11

16.13

10.15

10.17

© 10.19

1021

x+l -COSHX S X 3.3
2 . TR R e
"Z_I: 3! 5y [0’ ]._'_}f'; 10.2 En-?." [ 2 2]
S ic."_ - sh”‘f’ 3 . fd " _i E
,,Z,,:n"’ [-2.2} iE 104 §”+1[2] . [ 2,2]-
e, 1] e (x-3)
Z}x , [_E’E] , 10.6 ,,Z_:‘W’ ~1,6]
- (x-3)" 2 (7 —x) cos” nx
. AT Al 112 |
E( y: (2n+1)- J_[ ‘103 Zﬂ n’ +1 1071
1 H ’
Z(x 92 N L TR 8 1 Z]:H(x+a) [5.-1]
#al s #=
a +l‘ (}.‘"2)2”
SN ey 0.2 Z] — [-33]
B 2u—l 'x2n—2 I 1 :| e xn |
§(4n_3)2, [ = 75| 10.14 Z%n o 22]
x+5)"7 (x+2
SEIT s 5O g
(1)"' g _1_1_] o (na ) [_11]
,,Z..: =35t 1018 Z@ 1 T2
(% 27“ 35 xX+5
Z;( )™ ) [-,5]. 10.20 Zl( A . [-6.4]
(x 2 u
, [1L3]
;(211 1) 2" [_ 3l Lt
5 |

B
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11-masala. Berilgan funks:yam Makloren gatoriga yoying.

IL1 F(x)=(t+x)-e™.

x =3x+1
11.3 f(x)=x3-5x+6'

I+x
11.5 f(x)uarctgi—_;«.
117 f(x)=arccos(1-2x).
11.9 f(x):sin’x. P

na fG)= (1 N
ez,

11.13 f(»)=

1
}1.15 f(x)—(x2+2)z-
11.17 f(x)=x=~4x+3'

X

e

DD e P f(r) =t 120, e

11.19 f (x)=m-_

11.21 f(x)=In(x* +3x+2).

1120 f(x)=

11.2 7(x)=sin’ x-cos’ x.

) = arerg =%
114 f(x)—arctgl x'

116 f(»)= arcsm\/i_-a—

1.8 f(x)=cos’x.
11.10 f(x)- +

x
X

nn f)=g=

X

11.14 f(X) = m.

11.16 f(x)zg+ -

_12-35x
6-5x-x" -y .

12-masala, Berilgan funksiyani ko‘rsatilgan nuqta atrofida Teylor
gatoriga yoying va bu qaterning yaqinlashish sohasini toping.

121 f(x)=r;x, =4
12.3 f(x)=cosx;x, =~

1
12.5 f(’CFmixﬁz

127 f{x)= cos’ x;x, = ——;25.

=3,

129 f(x)= %

122 f(x)=e";x;=-2.
12.4 f(x)xl'x — 2.

12 6 f(x)———'—sﬂxﬁ

12.8 f(x)=sin’xx, = 32{

1210 f(x)=e;x,=-1. i

232
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12.11 f(x)=sinx;x, =%~ 1212 f(x)= Jx; X, =3.

213 f(x)=simn=-7.  12.14 f(x)=cos’xix,=

tol'\q

1
12.15 f(x)=m;xo=—l. 12.16 1 (x)=3x;x, =8.

12.17 f(x)=sin’ 5z =7 12.18 f(x)=cos’x;x, =2
]
12.19 f( X, =-1. 12.20 f(x)=m;xo=

T
1221 f (x)=cos“x;xo=z-
13-masala. Quyidagi gatorning yig‘indisini toping.

13.1 Z( DALY 13.2 Z(Zn+[)x".

n=0 2" n=0
2(3_’”_123‘_ 134 S ——
133 27— A L (n+)
13.5 2t 13.6 >
nai nw|

137 35 13.8 2(2”),

el 1 n=0
13.9 g(nﬂ)x"- 13.10 2 " (2n=1)x"2,
13.11 f:n-("”)x""- 13.12 2;:_;
13.13 g(zn ]1))";-,- 13.14 22';_ L
13.15 iozxmll 13.16 Z(;( 1) 2"“']
13.17 i(z,,)r 13.18 x—4x* +9x° —16x" +
233
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l — + L
1-2.3 2.3-4 3.4.5

13.19 1-2x+2-3x2 +3-4x° +.... 13.20

14-masala. Berilgan qatorning yig‘indisini toping.

n=] -1
14.1 Z( 1) (l+ ) 14.2 ;(2" N7
n+l ] Hn+2 ( ])"— ;2!
14.3 Z( (n n+2)x ) 14.4 Z " 2n 2)
1"'( ) el "-‘( )
” 1) 1==]—.
14.5 Zo — 14.6 Zl( ) -
= (_‘l)”_l x" < l+(—])n-‘ 2]
W7 20Ty 14.8 ,,Z.OWX :
% X" ( ])”x2n+2
14.9 ;n-(ml)' 14.10 ?_:016" (2n+1)’
2n+2
14.11 ,,Z,:;(zn+1)(2n+2) 14.12 Z«( D) (n ,,H) R
) n-l X "+ 2 e-mr
14.13 Z,( 1) e ) 14.14 Z‘—n—
% x”n—l *
14.15 Zm 14.16 Z,[( -1)" + }
x (_ ] )”"’l " » (_ l)nd-]
+——x S S
14.17 Z{ . 1418 2
= (=) X &, sin” x
14.19 ,,Zo(nﬂ) n+2) 14.20 ,,Z;‘n-(n—l)'
» x"n+l
14.21 ,,Z,:Zn-(ZnH)'
234
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15-masala. Quyidagi qatorning

> 4 2 u+l'
i5.1 Z;( 49+ 5)x

i(n: +n+ l)x"”.

n=0

f:(n2 +5n+3 )",
n=0

> (3% +8n+ 5"

n=0

15.3
15.5

15.7

L

Z (2)12 +Tn+ S)x”*' .

=0

15.11 Zn (2n -1,

n=0

2(2112 -n— l)x".

n=0

15.9

15.13

o

Z(n2 +7n+ 4)x".

n=0

15.15

@

(2n +2n+ 1)

nal

15.17

o

15.19

n=0

¥,

15.21

n=0

Z(rf +2n+ 2)\’"*2.
Z(wf +5n+ 4)x"*2.

15.2

15.4

15.6

15.8

15.10

15.12

15.14

15.16

15.18

15.20

16-masala.

yig‘indisini toping.

2(3112 +Tn+ 4)x".

n=0

n

(27w dn+ 3,

n=0

£

Z (2nz + 50 + 3)x"” .

n=0

o

Z:(2n2 +8n+ S)X".

n=0

i (3)12 +Tn+ S)x".

n=0

i(n2 —n+1)x".

n=0

o

2(3112 +5n+ 4)\‘""' .

n=0

x*

Z (2112 -n- 2)x"“.

n=0

o

Z(n2 +2n—~ l}x”*'.

n=0

<L

Z(n2 +4n+ 3)x"“.

n=0

Integral ostidagi funksiyani qatorga yoyish yordamida berilgan
integralni hisoblang.

1
1
In——dhx.
16.1 ofnl_x .

16.2

235

i
Ilnx-ln(l—x)dx.
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+2

*t xdx

i :
163 [ 164 [0y
16.5 ]de.

0

Darajali qatorlar yordamida quyidagi differensial tenglamaning
berilgan boshlang‘ich shartlarni qanoatlantiruvchi yechimini toping.

16.6 y'~y=0, y(0)=1. 16.7 (1+2%)y' =1=0, y(0)=0.
16.8 y'+2%y=0, y(0)=1, y'(0)=4. 16.9 y'-xy=0, y(0)=1, y'(0)=0.
16.10 (1-x")y"-x'=0, y(0)=0, y'(0)=1.

16.11 (1-x*)y"=5xy' <4y =0, y(0)=1, y'(0)=0.

16.12 )" -xy=0, y(0)=0, y'(0)=1.
Integral ostidagi funksiyani darajali qatorga yoyish usuli
yordamida berilgan integralni 0,001 aniqlikda hisoblang.

1 .
Sin x
16.13 [——adx.
0 X

1

1
. >
16.15 |sinx’dx. 16.16 I u =.
0 oNI+x
4 JA
16.17 feAdx- 1618 [T ax.
2 SO
% 10 2
dx ln(]+x )
16.19 . 16.20 |——=—dx.
6[ V1 - x? 5[ x
1
16.21 Je“) dx.
0

i
16.14 [/x cosxdx.
0
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: o -D-
LfeT Namunaviy variant yechimi

I .x
1.21-masala. Ushbu J. (x)=|"{3+ nf:ez.r] funksional ketma-

ketlikning M =[0;+0) to‘plamdagi limit funksfyasini® toping.

. A nle* n'e”
d(x)zngﬁ(x)=£ﬁ_in[a+;4+e } ln3+.£%ln[l+m}=

In l+£-—
3(”4 +"'H) . n’e*

=In3+ lim s - lim —=m3+1-0=I3p.
s ne """‘Z’:(Jr:-'4 +e"‘)

H+x

2.21-masala. J, (x) J_ funksiona! ketma-ketlikni a)

n+x+

(i <y<+oo D) 0<x<l oraligiarda tekis yaqinlashishga tekshiring,
« Ikkala oraligda ham f, (x) ketma-ketlik yaquﬂashuvchl bo‘lib,
A+ X 1+
F(x)=1lim f, (x)=lim = lim B =]
e MRS g4y r x ?

X
I+=4 1~
"

i
bo‘ladi. Endi tekis yaginlashishga tekshirish uchun 1°-punktdagi
1-teoremadan fovdalanamiz.
Jnx

ntx |
X|= Xi— X} = ==
SR AU AC o Sy v Irony m
deb belgilasak, 1-teoremaga ko‘ra { 5y (x)} ketma-ketlik M to‘plamda
- tekis yaginlashishi uchun ushbu

lim Supr (x)=0;

N—D:c
munosabatning bajarilishi zarur va vyetarhi.
a) 0<x<+oo bO'lsin.

()< \/;-(n—x) _
(LN o ,,x)i;'f:*&’("’-’(")

237
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_;-,_;-___‘___________ lm S =_ 0 1.
n+n+~n-n 30 3:>”l_r)130”§z:v}r(x) 0= f,(x)=

D) 0<xx1 bo'lsin. Bu oraligda 7 ( x) >0 bo‘lgani uchun

{;;'(x)}T = iﬁgﬂ'(x)=ﬁ‘(l)=n+f& = S {x)= [[l”n+£x/_

HHE ()

= f,(x) funksional ketma-ketlik 1 ga tekis yaginlashmaydi.
Demak, berilgan funksional ketma-ketlik Q< x<+c to‘plamda

notekis, 0<x<] to‘plamda esa tekis yaginlashar ekan.™
3.21-masala. Veyershtrass alomatidan foydalanib,

an[l‘*n I (n +1)] funksional qatorning ¢<x<2 oraligda tekis

yaqinlashishini ko‘rsating.

x
)=t [l * n-In® (n+ I)} Berilgan 0<x<2 oraliqda qu—

yidagi tengsiziiklar o‘rinli.
[zt )l In[ a-n’ (n+1)il

2
a, =—————r i ining i -
Agar 4, n-]n‘(n+l) deb belgilasak, Koshining integral alo

n| 14— PR AP S S
adn*(n+1) | m-n’(n=1)" n-In’(n+1)

o I l

matiga ko‘ra Z"»:Z n‘-lﬁ_z(n—-k_l) sonli qator yaqginlashuvchi

Ke=] n=l
bo'ladi. Unda Veyershtras alomatiga ko‘ra berilgan funksional ga-
tor 0<x<?2 oraligda tekis yaqinlashuvchi.
4.21-masala, Berilgan ushbu

¥z

n
- (1+2x2)—(l+4x2)-...-(l+2nx3);
funksional qatorning |<x <+ oraligda tekis yoki motekis yaqin-

lashuvchiligini aniglang.
<« Bu qatorning tekis yaqinlashishini tekshirish uchun 2°-punki-
dagi 1-teoremadan, ya'ni (10)-tenglikdan foydalanamiz.
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n

u,(x)= (1 +2x2).(1 +4x2)-,..-(1+ 217.\'2)

1 1

. - |
D29 (1420) (1 4x?) o (14 2(n - 1)) (14200 (14 dx ) (1 200 |

»

n=23...

va

| ! ()= :
lﬁ(x)zzxg'(]_l 2{):?() g}lk(‘\)—?.xz[] (l+2x2)~(l+4f)-...-(l=211\;):1:>

7 va r,(x)=S(x)-S,(x)=

. |
= Vx€[l,+0) uchun S(x) =,I,'_',]lS" (x) T ox

1
= =S
(1+25%)-(1+4x%)-...-(1+20°) qf’ﬁJ"’b I= (|+2)(1+4)-....(1+2n):>

= lim Supl (x)|=0:> Berilgan qator [l,+«) oraligda tekis ya-

nE vl +r )

ginlashadi. >

n

25¢% +1)

2 nl

5.21-masala. ;m(

ginlashish sohasini toping.
< Yaginlashish sohasini Koshi alomatidan foydalanib, topamiz:

. n 2537 +l
B M e

I
¢ =3t <—>x < =Dxe|——;
bo‘lsa, yaginlashadi. x? 25 l I 5 ( 5’

funksional qatorning ya-

1
5
1 1 n .
ginlashadi. Chegaraviy x=ig nuqgtada esa 4, +§ =73 bo'lib,

2
limu,,(i—l—)=lim f =120
n-w n nr pn“ 4]
qator yaginlashishining zaruriy sharti bajarilmaydi — yagqinlashish

11
sohasi (—*5-,-5‘) interval ekan.p
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6.21-masala. Ushbu
D27 %" -arcig al
“~ 2n+3
funksional gatorning yagqinlashish sohasini toping.
< Bu qatorning yaginlashish sohasini Dalamber alomatidan foy-
dalanib, topamiz:

lim ty (X )'—hm

Il—)JI u x) I n—x

‘\

27 . X" arelg

2n+3

a

-27|x] -lim

nre

3IXI 243
2n+5 3|4

3x
27" x" - arct
& 2n+3

11

1
bo‘lsa yaqinlashadi. :>]xl<§ yoki ¥ E(—?g) da yaginlashadi.

Chegaraviy nugtalarda tekshiramiz.

_] e - (l)_arct 1 _00( l i ]
1) x—é— bo‘lsin "3 g2n+3 2n+3 va et 2n+3

1
uzoqlashuvchi =sberilgan qator x=§ nuqtada uzoglashadi.

=_l ai = u (—]—)= -1y ¢ !
2) x=-7  bo'lsin n (-1 arcig -

3 +3
Z( l) arctg 3
n=l

va

gator Lebnis alomatiga ko‘ra yaqinlashuvchi

1
= berilgan qator x=—§ nuqtada yaqinlashuvchi.
Demak, berilgan funksional gatorning yaqinlashish sohasi

11
[‘: ‘5) yarim interval. p

7.21-masala. Berilgan

5oy

n=l
qatorning yagqinlashish sohasini toping.
< Koshi alomatiga ko‘ra

lim g, (¥)] = lim 50 3 ;

240

www.ziyouz.com kutubxonasi



bo‘lsa, ya’ni x>0 bo‘lganda berilgan qator yaqinlashadi. Chegaraviy
x=0 nugtada = (0) ( 1) bo‘lib, Z( 1) gator uzoqlashadi,

=1

Demak, berilgan gatorning yaqginlashish sohasi (0,+oo) oraliqda
iborat ekan.p
20 l »

§.21-masala. ; (n+ 2) -In (H + 2) ( - 3)2“

yaginlashish sohasini toping.
< Qo‘yilgan masalani Dalamber alomatidan foydaianib, ve-
chamiz. Agar X
fin [z () _ i (2 2D+ 2) fr=3)7 <l
i, (x) | “‘”(n+3)ln(n+a) (x=3)"" (x-3)
bo‘lsa, wunda berilgan funksional gator vaqinlashadi

= (x-3) > 12 |x-3|> 1= x e (~;2)U(4;+0) to‘plamda berilgan
gator yaqm]ashadl Chegaraviy x= 2 va x=4 nugtalarda

funksional qatorning

“"(")‘(Mz)m(ﬂz)—

= 1
bo'lib, g(ﬂ +2)1n (n +2) sonti qator Koshining integral alomatiga

ko‘ra uzoglashadi — Berilgan funksional qatorning yaqinlashish
sohasi (-2} (4;+0) to‘plamdan iborat. ;>
9.21-masala. Ta’rifdan faydalamb

Z( )7n 13

nwl

funksional qatorning [0; 1] kesmada tekis yaqinlashishini isbotlang
(n,(£) - ) n ning qanday giymatlrida gatorning qoldig vx<[o0, 1]
uchan 8,1 dan katta ho‘lmaydi?

< Bu masalani yechish uchun vg>0 olinganda ham
I, =n,(e)e N topishimiz kerakki, Va>n, va barcha xe[0,1]

Zﬂk(x)“j tengsizlik bajarilishi lozim. ve>0 son

fun

uchun [n{x}=

olamiz va quyidagi baholashlarni amalga oshiramiz;

=B o)

] el

X 2 X

ﬁ:-l} T 13‘ .( Iy .3*( r 7-(n+1)-13 +H- )’*'7(“2)—13‘“‘_‘"
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<

. 1 1 1 1 |
=l(—1) -x [7,1_,3 -[7(,,+;)-13'7(n+2)—|3J'[7(n+3)-13-7(n+4)-13]_'"]
W

< < I
Tn=13 Tn-13

1{1
olinganda ham "n(€)=[7(*+13)] deb olsak, Vn>n, va Vxe[O 1]

<£:>7n-13>l=>7n>l+l3=>n>l(l+l3)=>\'/s>0;
£ £ T\¢

lar uchun

Zuk (x ;<3 tengsizlik bajariladi. Bu esa Z 1)

kwn n=l -13
funksional qator [0,1] kesmada tekis yaginlashishini anglatadl.

Masalaning ikkinchi gismini yechish uchun g£=0,1 deyish ki-

1{ 1 23 _
foya — ’7o(€)= 7 0—]“’"3 = = =3= barcha n>3 lar uchun

I (x)|<0.1 boladi.

(x-2)"
10.21-masala. Z 2n-1)-2 funksional gqater uchun uni [1;3]

n=}

kesmada majorirlovchi qatorni toping va ko‘rsatilgan oraliqda tekis
yaqinlashishini isbotlang.

2‘" I '
a Vxe[1,3] uchun I (A)l (2,1 1) Y (2" )7 bo‘lib,

nwl nul

1
(2” )7,, desak, Z a, Z(Zn 1) on sonli qator berilgan

gator uchun uni majorirlovchi gator bo‘ladi. Zan gator yaqin-

n=1
lashuvchi bo‘lgam’ uchun Veyershtrass alomatiga ko‘ra berilgan

(x-2)
2(2}? ‘) 5n qatormng [ ] kesmada tekis yaqm]ashuvcm ekan-

n=l

ligini hosil gilamiz. >

11.21-masala. f (x)-—ln( +3x+ 2) funksiyani Makloren qa-
toriga yoying.
< Bu masalani yechish uchun

f(x)=ln(x2 +3x+2).=ln[(x+l)(x+2)]=
=ln(l+x)+[n(2+x)=ln(l+x)+ln2+1n(l+§);

deb olib, 5%punktda keltirilgan
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n(1+x)=3 (- 1)”*”‘— xe(-1, 13

tenglikdan foydalanamiz: n=l

ln(x +3x+2) —ln2+ln(]+x)+ln(l+2)=

=In2+3 (- 1)"*”‘ Z( I)M ( )

n=l n=1

—ln2+Z( )"+'[ 2)x.l>

n=1

4
12.21-masala. f(x)=cos'x funksiyani X, =7 nugta atrofida Teylor
gatoriga yoying va bu gqatorning yaginlashish sohasini toping.
1
4 Avvalo COSZX=E(1 +¢0s2x) ekanini e’tiborga olib,

f(x)=cos*x= (cos2 x)2 = ;:-(l +2c0s2x + cos? 2x) =

=%[l +2c052x+1—+—02ﬁ)fj 3

= —+lc052x+—1—cos4x
2 8 2 8

. 7 . . .
bo‘lishini topamiz. So‘ngra szZ almashtirishni bajaramiz:
7y 3 1 T ] 3 1. 1 -
)= flt+—|==+—cos] 2t +— |[+—cos{4! + 1) ==——s5in 2t — —cos 4.
1) f( 4)82 ( 2J83( M)=5 72

Endi sinx hamda cosx larning 5° punktda keitirilgan yoyilma-
laridan foydalanib, ushbu

o {_1\? .92+
Sin21=2( l) 2 !2n+l

= (2ne) 7

cos4f=i~—-t(—l) & o,
pror (2;1)!

tengliklarga ~za bo‘lamiz. Natijada

1=2- 3 (x- 2] S CLE (1)

= n=0 n-O (7”)’
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gatorni hosnl qllamlz Bu gatorning yaqmlashlsh sohasi (—oo,+00)
ekanligini ko‘rish qiyin emas.

13.21-masala. Quyidagi

LU N R N
1.2 2.3 3.4 4.5

gatorning yig‘indisini toping.

+ s S o v [ (1)

erigan L., (n+1) qator uchun |I n+1 n(r1+1) i

taqqoslash amlomatlga ko‘ra u absolut yaginlshuvchi = Chekli
ig‘indiga ega. . '

Z = n(n+ 1)

deb belgilaymiz.
Ushbu

ks n+l

S(x)=zn():1+l) (D

n=1
yordamchi gatorni kiritamiz. Bu qator |x <1 da absolut va tekis
yaqginlashadi. Abelning 2-teoremasiga ko‘ra (5° punktdagi 7-teore-
ma va uning natijasiga qarang)
S= lim S(x);

x>-1+0

bo‘ladi. S(x) funksiyani topish uchun (1)-tenglikni 2 marta diffe-
rensiallaymiz.
S'(A Z——

nel 1
S (x)=>x"" =l+x+x" +x° +...=l—1—,[x|<1:>
n=i —X
' 1
= S(x)=|n'l_—x+cl va S"(O)=0:>
=6 =0=>5(x)=(1-x)-n(l-x)+x+c, va S(0)=0=¢,=0;
Demak, S(x)=(1-x)-In(1-x)+x ekan =>S=x_lf_fpw5(x)=2l"2_1-‘>

» x2n+l
14.21-masala. Zzn_ (2n +1)' qatorning yig‘indisini toping.

sl
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< Bu qatorning yaqginlashish sohasi [-—1; 1] kesmadan iborat
bo‘lib, bu kesmaning ichki nuqtalarida qatorni hadlab, differensial-

lash mumkin:
2n+l x

' » 2ul_
S(x)= Z,)n Gty =5'(x)= Z-——:S(x) Zx x+xt+xt

n=)

l-x'

xe(=11) S'(x)= I dx+c,——%ln(l—-x )+ va S'(O) 0=¢=0=>

S(x)= IS (¥)dx+c, =—= Iln 1 -x )a',\+c2 =((bo‘laklab integral-

1
lash usulidan foyda]anamlz))-——gln( )+?~+Elﬂ—]:—+cz va

$(0)=0=> ¢,=0.
i—iL—r+llnL:{—£ln(l—tz)
Demak, ,,,,12:1-(2n+1)—' S x 2 + ). ekan. Teng-

lik (-1; 1) intervalda o‘rinli.p

15.21-masala. Z(’72+5”+4)x"+2- qatorning yig‘indisini toping.

n=0
<« Berilgan qator ( I; l) intervalda absolut va tekis yaqin-
lashadi va shu intervaldagi v oraligda bu gatorni hadlab integral-
lash mumkin:

S(x)= Z(n +3n+4),{'*2 2(17‘*'1)(”*'4)-\""1=>A‘~S(x)=i(n+l)(n+4)x"‘-"=>

na =l awl

= ]‘«\‘-S(Jr)(h‘=i:(n+l),\'”*4 +6 =.\'4i(n+l).\'” +o=x"85(x)+¢
=0 da S5(0)=8,(0)=0=>¢ =
Demak,
[x-S(x)dx=x*-5,(x) va S,(x)= Z(”+1)X"::>IS x)dx =
n=0

Ed

_Zrnﬂ__x_'_x +x +.. =-1—'}:—+Cz x=0 da S|(O)=O:c2=0'

n=0 —X
N ' I
_[S (x)dx— S (x)= (] x) =(l—x)2 . Bu tenglik va
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fx-S(x)dx=x*5,(x) dan

4x* - (1-x)" +2x*-(1~x)

=>x-S(x)= (x -8, (x )) [(l )} (1=%) =

_20-0ox) 0 2 ()

(- T (1)

Shunday qilib,

i(" +5n+4) n+2 gi(z——x—).

n=0 (] - .x)3

16.21-masala. Integral ostidagi funksiyani darajali qatorga yoyish
1

, xe(=1; 1).>

usuli yordamida Je—x dx jintegralni 0,001 aniglikda hisoblang.
a Agar 5°—pu1(1)ktda ¢* uchun keltirilgan yoyilmadan foydalansak,
-? Z( 2n
ekanligini, bu ycrdan esa
"n+l k

- S CUT e e (1)
,[e dx = J{Z }‘i" ZJ'( ) Zn'(2n+l)l gnz-(zn)ﬂ)'

ne() h=t o n=()

bo‘lishini topamiz. Bu hosil bo‘lgan gator Leybnis qgatori bo‘lib,
uning m-hadidan keyingi qoldig‘i

= ()

r =

" ,,=,,,+,n'(2n+l)
uchun
< 1
" (m 1)t (2m+3)°
bo‘lishi bizga ma’lum. |rm|50,001 bajarilishi uchun oxirgi tengsiz-
likdan m >4 bo‘lishi kifoyaligini aniglaymiz. Demak,

i
je'“'zdle—-—— 11, comare
J 35 42 216
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. 8-§. 7-MUSTAQIL ISH
Xosmas va paramefrga bog‘liq integrallar

i~tur xosmas infegrallar va ularning yaqinlashishi.

2-tur xosmas integrallar va ularning yaginlashishi.

Xosmas integralning Koshi ma’nosidagi bosh qiymati.

Parametrga bog‘lig bo‘lgan xos integrallar va ularning funk-
sional xossalari.

Parametrga bog‘liq bo‘lgan xosmas integrallar va ularning tekis
yaqinlashishi. _

Parametrga bog‘liq bo‘lgan xosmas integrallar va ularning funk-
sional xossalari.

Eyler integrallari.

~A-
Asosiy tushuncha va teoremalar

" Biz 1-kursda If (x)dr aniq integralni o‘rganish jarayonida unga

2 ta shart qo‘ydiﬂ:
" 1) a va b lar chekli senlar,
2) [a,b] da berilgan f(x) funksiya shu kesmada chegaralangan.
- Endi biz aniq integralni quyidagi umumiyroq hollarda
- o‘rganamiz.
1-hol. Oralig cheksiz, lekin funksiya chegaralangan,
2-hel. Oralig chekli, lekin funksiva chegaralanmagan.
i-holda hosil bo'lgan integralga I-tur xosmias integral, 2-holda
hosil bo‘lgan integralga esa Il-tur xosmas integral deyiladi.
.. Birinchi va ikkinchi tur xosmas integrallar va ularning xossala-
rini alohida-alohida va batafsilroq o‘rganamiz.

1°. Chegaralari cheksiz xosmas integrallar
(I-tur xosmas integraliar)

Integraliash oralig’i cheksiz bo‘lgan holni Ko‘raylik. Bunda 3 ta’
. vaziyat yuz berishi mumkin:
1} a < x < +00;
2) ~0<xgb;
3) —o0 < x < 0,
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Aniglik uchun I-vaziyatni to‘liq ko‘rib chigaylik.
Faraz qgilaylik, f(x) funksiya [a,+) nurda aniglangan bo‘lib,

A
YA>q soni uchun _{f (x)dx mavjud bo‘lsin.

A
F(4)= [f(x)dx; ()
deb belgilaymiz. ’
1-ta’rif. Agar ushbu
4
lim F(4)= lim [f(x)dr,

A=r4r

limit mavjud va chekli bo‘lsa, uni f(x) funksiyaning [a,+w) ora-
ligdagi I-tur xosmas integrali deyiladi va u

[£(x)d; @

kabi belgilanadi hamda ?2)-xosmas integral yaginlashuvchi, aks hol-
da esa uzoqlashuvchi deb ataladi.
Shunday qilib,

Treac= jim J7()ae

Qolgan 2 ta vaziyatda ham l-tur xosmas integral shunga o‘xshash

ta’riflanadi: R

[ ()= fim, [7 ()

-0 A

+0 B
[£(x)ax:= lim [f(x)ax,

-c Boixd

Agar I f(x)dx va _[f (x)dx xosmas integrallar yaginlashsa, u

o
holda _[f (x)dx xosmas integral ham yaginlashadi va

Tf(x)dx= jf(x)dx+ jf(x)dx;
bo‘ladi. - ‘
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- o _
Misol. I (a>0 va ,1 - V haq:qty son) xosmas integralni

yaqm!ask:skga tekshiring.
a4 V¥V Ad>a olamig

mx=mAd-lnai=1.
-2

= boib, integral yaginlashadi. 2 <1

A>1 botsa lim F(4)=

bo Isa }iqle (A)=% poYib, integral uzoglashadi.
Shunday qilib,
= dx B yaqinlashadi, agar A>1 bo'lsa,
4 x* " | uzoglashadi, agar A <1 bo'lsa.
1-teorema. (Koshi kriteriyasi). (2)-xosmas integralning yaqin-
fashuvehi boishi uchun quyidagi sharining bajarilishi zarur va yetar-
lidir: Ye>0 uchun 3IB>a:VA4 >B va 4,>B lar uchun

bo Tadi.
Ko‘p hollarda Koshi shartini tekshirish qiyin bo‘ladi. Shuning
uchun tekshirish oson bo igan alomatlarni keltiramiz.
A
Bundan buyon biz har doim V4324 uchun Jf (x)dr  mavjud

deb faraz qilamiz.
2-teorema, ( Umumty tagqoslash alomati). Faroz gilaylik, [a +00)
nurda

) selx)
bolib, j g(x}dx xosmas mz‘egmi yaginlashsin. Unda J' F(x)dx  xos-

mas mtegm! ham yaginlashadi.
3-teorema. (Xususiy taqqoslash alomati). Faraz gilaylik

O<asx<+o nirda |f(x)| R ¢, A—-const va jsi boisin. U
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holda J.f (x)dx xosmas integral yaginlashadi. Agar 3¢>0:
‘ c
)z

boib, A<1 bo'sa, ff ()& xosmas integral uzoqlashadi.

2-ta’rif. Agar ﬂ f(x)ldx yaginlashuvchi bo‘lsa, u holda

+
_{f (’C)dx xosmas integral absolut yaginlashuvchi deyiladi.

‘ 2-teoremaga ko‘ra absolut yaqinlashuvchi integral oddiy ma’noda
ham yaqinlashuvchi bo‘ladi.

3-ta’rif. Agar J-f (x)dx  yaginlashib “f (x)[dx uzoqlashsa,

i
If (x)dx xosmas integral shartli yaqinlashuvchi deyiladi.

° 4-teorema. f (x) va g(x) funksiyalar [a,+x) oraligda anig-
langan bolib, f(x)20 va g(x)=0 boTsin.

Agar x-—>+o0 da
f(x)=0'(g(x));

> o
bo‘lsa, }.f (x)dx va Ig (¥)dx xosmas integrallar yoki bir vagtda

yaginlashadi yoki uzoqlashadi.
5-teorema. f(x) va g(x) funksiyalar [a,+) oraligda aniq-
langan bolib, ular quyidagi shartlarni bajarsin:

0

(Abel alomati) a) _[f (x)x yaginlashuvchi,

b) g(x) funksiva [a,+») da monoton
va chegaralangan;

A
(Dirixle alomati) a) 3K VA>a '_[f (x)dxlSK,
b) g(x) funksiva [a,+0) da monoton
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f

vag lim g'(x) 0,

X=bas

U holda _‘l F(*)dx xosmas integral yaqinlashuvchi bo‘ladi.

Misollar. 1) IS'"de xosmas integral” yaqinlashishga tek-

shirilsin.
1
< Ismx dx = Ixsmx —dx deb olib, f(x)=xsinx’, g(\)
deb belgllaymlz va Dirixle alomatmmg shartlarini tekshiramiz:

1) f(x)=xsinx* €C[l,+0) va F(x):——%cosx‘ - chegaralangan;

2) g(x)=—¢ va lim g(x)

X=>tr

= J'f(x)g(x) dx = ISi“ x*dx ~ yaginlashuvchi.
]

sinx
2) I —dx xosmas integralning shartli yaqinlashuvchi ekanli-

gi ko’ rsatllsm
1
q Agar f (x):sinx va g(x)=; desak, Dirixle alomatiga ko‘ra
yaginlashuvchi ekanligini hosil gilamiz.
Endi

_ ’Tlsin ] i
t | x

xosmas integralning uzogqlashuvchi ekanligini ko‘rsatamiz.

sinx
—ldx

X

) .o l—cos2x
lsmxIZSln X=——
Unda v4>1 uchun
]-‘sinx 1 %dx | tcos2x .
2 k> — |2~ dx;
7ox 27 x 27 x
bo‘ladi. Ma’lumki,

. e e . “tcos2x _ “foos2x
}LT, = —‘uzoqlashuvchi va }‘m I
. /—D+r‘ 1
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Dirixle alomatiga ko‘ra yaginlashuvchi. Shularga asosan oxirga teng-
sinx

+.
sizlikda 4y 4o da limitga o'tib, | ‘dx xosmas integralning
1

X
e . YEsinx , . . .
uzoglashuvchiligini topamiz. = I ——dx integral shartli yaqin-
M X

lashuvchi.

Eslatma: Birinchi tur xosmas integrallarda ham ma’lum shart-
lar bajarilganda aniq integrallarni hisoblashda qo‘llaniladigan
o‘zgaruvchilarni almashtirish, Nyuton-Leybnis, bo‘laklab integral-
lash va shu kabi boshga formulalar o‘rinli bo‘ladi. Ularning shart-
larida va ifodalanishida printsipial farq bo‘lmaganligi sababli biz
ularga to‘xtalmaymiz.

2%, Chegaralanmagan funksiyaning xosmas integrali
(II-tur xosmas integral)

Faraz gilaylik, f(x) funksiya [a,b) yarim segmentda berilgan
bo‘lsin. Agar V>0 soni uchun f(x) funksiya [a,b~a)c[a,b)
da chegaralangan bo‘lib, [a,b) da chegaralanmagan bo‘sa, u holda
b nuqta f(x) funksiya uchun maxsus nugta deyiladi.

Aytaylik p nuqta [a,b) oraliqda berilgan f(x) funksiya uchun
maxsus nugta bo'lib, f(x) funksiya [a, b—c] kesmada integral-
lanuvchi bo‘lsin.

h-a

F(a)= [ f(x)dx;

deb belgilaymiz. Bu funksiya (O,bn—a] yarim segmentda aniglan-
gan.
Ta’vif. Agar ushbu

h-a
lim F(a) =Ji_)n30 .ff(x)dx;

a0

limit mavjud va chekli bo‘sa, uning qiymatiga f(x) funksiyaning
[a,0) dagi IT tur xosmas integrali deyiladi va

[f(x)x; 3)

kabi belgilanadi hamda (3)—x(;smas integral yaginlashuvchi , aks holda
esa uzoelashuvchi deb ataladi.
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Shunday qilib,
b b-a
[£(x)dx=lim [ f(x)dx;

Xuddi yuqoridagidek, a nuqta f(x) funksiyaning maxsus nuqtasi
bo‘lganda (a,b] oraliq bo‘yicha xosmas integral, a va b nuqtalar funk-
siyaning maxsus nugtalari bo‘landa (a,b) oraliq boyicha ‘xosmas in-
tegrallar quyidagi tengliklar yordamida aniqlanadi:

[ (e)ae= tim ] £(x)e

at+a

':l'f(x)dx:= Ji_pgob_ff(x)dx _
a As0ate

1
Misol. I (b—x)‘ dx (A>0) xosmas integral 1<| bo‘iganda

yaqinlashadi va 21>1 bo‘lganda uzoglashadi.

Ikkinchi tur xosmas integrallar uchun ham birinchi tur xosmas in-
tegrallarda o‘rinli bo‘lgan ularni hisoblash usullari va yaginlashish alo-
matlari o‘rinli. Ulaming hammasiga to‘xtalmay, asosiylarini keltiramiz.

1-teorema. (Koshi kriteriyasi). (3)-xosmas integralning yagqin-
lashuvchi bo lishi uchun quyidagi shartning bajarilishi zarur va yetar-
lidir: ve>0 uchun 35>0: O<a"<a' <5 tengsizlikni ganoatlantiru-
vehi v o' va " lar uchun

u-a"

f F(x)dx

u-a'

<€
’

tengsizlik bajariladi.
2-teorema. f(x) va g(x) funksivalar [a,b) da berilgan bolib,
b shu funksiyalarning maxsus nugtasi bo‘lsin. Agar Vxe[a.b) da
0<f(x)<g(x);
b A
bo‘lsa, u holda J-g (x)dx integralning yaginlashuvchiligidan If (,x)dx

b
ning yaginlashuvchiligi; I.f (x)dx integralning uzoglashuvchiligidan

&
_fg (x)dx  ning uzoglashuvchiligi kelib chigadi.
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Natija. Agar |f(x)|<c-(b~x)" bo'lib, 21<1 bo‘lsa (3)-xosmas

integral yaqginlashadi. Agar f(x)z ¢>0,bo‘lib, A1

¢
(b-x)"
bo‘lsa, u holda (3)-xosmas integral uzoglashadi .

3-teorema. Agar x—p-0 da f(x)=0"(g (x)) bolsa, unda

[ b
If (x)dx yq jg (x)ebx integrallar bir vaqtda yaginlashadi yoki uzog-

lashadi. ‘
4-tcorema. f(x) va g(x) funksiyalar [a,b) da berilgan bo‘lib,
ular quyidagi shartlarni bajarsin:

b
(Abel alomati) a) If (x)dx integral yaginlashuvchi,

b) g(x) funksiya [a,b) da monoton va chegaralangan;

bh-3

;[ f(x)dx

b) g(x) funksiya [a, b) da monoton va
fim g(x)-_-o.

x—=b-0

(Dirixle alomati) a) wvg vs5>0 <K,

b
U holda If (x)dx  xosmas integral yagqinlashuvchi bo‘ladi.

3. Xosmas integralning bosh giymati

1-ta’rif. Aytaylik, f(x) funksiya —o < x <+ tog'ri chizigda anig-
langan bo'lib, undagi 7 kesmada integrallanuvchi bo‘lsin. Agar ushbu

lim ,_l[f(x)dx;

A=rix

limit mavjud va chekli bosa, ! f(x) funksiya (—o0,+w) oraligda
Koshi ma’nosida integrallanuvchi deyiladi. Bu limitning giymatiga
esa f (x) Junksiya xosmas integralining Koshi ma’nosidagi bosh qi-
vmati deb ataladi va

V.p J‘ Sf(x)dx.
kabi belgilanadi. -
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Demak,
+7 A
V.p _.‘f(x)dx:=l‘lit}\1m If(x)dx; ‘
-0 T-A

Teorema. Agar f (x) Sfunksiya tog bo‘lsa, u holda u Koshi
ma'nosida integrallanuvchi va uning bosh qgiymati»0 ga teng boladi.
Agar f(x) funksiya juft bosa, u Koshi ma’nosida integrallanuvchi
bo lishi uchun

Tr ),

xosmas integralning yaqinlashuv(c):hi bolishi zarur va yetarli.
2-ta’rif. Faraz gqilaylik, f(x) funksiya [a,b] kesmaning s
a<c<b) nugtasidan tashgari hamma nuqtalarida aniglangan boib,
éa,c) va (c,b) ga gism bo‘lgan vy kesmada integralanuvchi bo‘sin.
U holda, agar

c~a b
lim[ [ f(x)ax+ ff(x)dx].
a-»+0 : cra 4
limit mavjud va chekli bo'lsa, f(x) funksiva [a,b] kesmada Koshi
ma’nosida integrallanuvchi deyiladi va bu limitning giymatiga inte-
gralning Koshi ma’nosidagi bosh qiymati deb ataladi hamda u

b
kabi belgilanadi. ‘

]
Misol. f (x)=;_—2 Junksiya [1; 5] kesmada xosmas ma’noda

integrallanuvchi emas, lekin Koshi ma’nosida integrallanuvchi ekanli-
gi ko'rsatilsin.
« Xosmas ma’noda integrallanuvchi emasligi ravshan. Koshi
ma’nosida integrallanuvchi bo‘lishini ko‘rsatamiz.
5
2+a:|=

5 . 2-a , s - 2
V.p_[ dx =“m[J‘ dx + __dL}=lim[ln|x—2|l'_“+ln|x—2

jx=2 aw) Jx—2 d x=2 | @0

= lim (Ina + in3-Ina)=h3.>
a-++0
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4°, Parametrga bog‘liq xos integrallar va ularning funksional
xossalari

f(x,y) funksiya R*> fazodagi biror D={(x,y)eR*:asx<b,
yeEc R} aniglangan va v fiksitlangan ye £ uchun f(x,)
funktsiya x o‘zgaruvchining funksiyasi sifatida [a,b] oraligda inte-
grallanuvchi bo‘lsin.

Quyidagi

<D(y)=hjf(x,y)dv; 4

integralga paramectrga bog‘lig ingcgral, u o‘zgaruvchi esa parametr
deyiladi.

Parametrga bog‘liq integrallarda ®(y) funksiyaning bir gator xos-
salari (limiti, uzluksizligi, differensiallanuvchiligi, integrallanuvchiligi
va hokazo) o‘rganiladi. Bu xossalarni organishda f(x,y) funksiya-
ning u bo‘yicha limiti va unga intilish xarakteri muhim rol o‘naydi.

f (x, y) funksiya D to‘plamda berilgan, y; esa E to‘plamning
limit nugtasi bo‘lsin.

1-ta’rif. Agar ve>0 olinganda ham ( Vxe[a,b] uchun) shun-
day 5=58(e,x)>0 topilsaki, |y—y,|<8 tengsizlikni qanoatlantiru-
vchi Yye E uchun

|f (x2)- o(x) <&, xe[a,b];
bo'lsa, u holda (x) funksiya f(x,y) funksiyaning y-—>y, dagi
limit funksiyasi deyiladi.

S(x,¥) funksiya D to'plamda berilgan bo'ib, « nugta Ye
10'plamning limit nugtasi bo‘isin.

2-ta’rif. Agar Ve>0 olinganda ham (Vxe[a,b] uchun)
IA=A(g,x)>0 ropilsaki, |y|>A tengsizlikni qanoatlantiruvchi
VyeE uchun

lf(x,y)—qo(x)[<e, xela,b];
bo'lsa, u holda ¢(x) funksiya f(x,y) funksiyaning y—>o dagi
limit furksiyasi deyiladi.
Limit funksiya ta’rifidagi é‘=<§'(s,x)>0 ning fagat ¢>0 gagi-
na bog‘lin qilib tanlanishi mumkin bo‘lgan hol muhimdir.
3-ta’nif. D to‘plamda berilgan f (x, y) funksivaning y— y, dagi
limit funksiyasi @(x) bo‘lsin. Agar Ve >0 uchun 35=5(¢)>0 topil-
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saki, |y—y,|<& rengmzhkm qanaaﬂanﬂmvch: VyeE Ba Vxe[a 5]
lar uchun
[ (=)-e(@)<e
bo'lsa, f(x,y) funksiya o’z limit funksiyasi @(x) ga [a,b) da tekis
yaginlashadi deyiladi.
4-ta’rif. D to‘plamda berilgan f(x,y) funksining y -y, dagi
limit funksiyasi p(x) bodsin. Agar 3g,>0, v5>0 olinganda ham
ax,<[a,8] va [y-y,|<8 tengsizlikni qanoatlantiruvchi y, ¢ E topil-
saki, ushbu
lf(xﬂ,yl)-—qv(xonzé:
tengsizlik o'vinli bo'lsa, u holda f(x,y) funksiva p(x) ga motekis
yaginlashadi deyiladi.
1-teorema. (Koshi kriteriyasi) f(x,y) fimksiva y—y, da lim-
it funksiva p(x) ga ega bo'lib, unga tekis yaginlashishi uchun quy-
idagi shartning bajarilishi zarur va yetarlidir: ve>0 uchun
5§=5(g)>0 topiladiki, |y"-y,|<8, [y ~y,|<d tengsizliklarni
qanoatlantiruvchi Vy',y"e E hamda Vxela,b] uchun

|7 (x0") - F(x5) <5,

fengsizlik bajariladi.

. Fndi parametrga bog'lig integrallarning funksional xossalarini
keltiramiz.

2-teorema. Agar

Dy fiksirlangan yeE uchun f(x,y)eCla,bl,

D y->y, da f(x,y) funksiva o(x) ga tekis yaginlashsa,

u holda

| lim If (%, ) = I(o(x)dx 6
bo ‘ladi. .
3-teorema. Agar S(x.y) funksiya
{(x, y)e R :xela,b], ye[c,d]}

ro ‘plamda uzluksiz bolsa, u ho!da

o(y)= If (m)ae

funksiya [c,d] kesmada uzluksiz boladi.
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4-teorema. Aytaylik f(x,y) funksiya
D= {(x,y)e R*:xelab], ye [c,d]}
to plamda aniglangan va
1) fiksirlangan yeE uchun f(x,y)eC[a,b]

2) £,(x,»)-3 va eC(D)
boIsin. U holda [c,d] kesmada ®'(y) mavjud va ushbu

®'(y)= [£(%y)dx ©)

tenglik o rinli boladi.
S-teorema. Agar f(x,y) funksiya 3-teorema shartlarini ganoat-

d
lantirsa, unda j¢(y)dy integral mavjud va

_[f(x, }y jf(x,y)dy]dx Q)

munosabat o‘rmlzdzr
Endi umumiy ko‘rinishda berilgan parametrga bog'liq integral-
larni keltiramiz.
Faraz qilaylik, x=¢(y),x=y(y) funksiyalar [c,d] da aniglan-
gan bo‘lib, Vye[c,d] uchun
asp(y)sy(y)<b; ®
munosabat bajarilsin.

6-teorema. f(x,y) funksiya ushbu

= {(x,y) eR:xelab)], ye [c,d]}
to ‘plamda aniglangan bo 1ib,

D f(xy)eC(D);
2 ¢(y), w(y)eCle.d] bo'lsin. U holda
. w(»)
<D(y)=¢(f)f (x.y)dx ©)

funksiya ham [c,d] oraligda uzluksiz boladi.
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7-teorema. (Leybnis formulasi). Agar
D f(xy)eC(D),
2 f,(xy)eC(D),
3 ¢'(y) va v'(y)eClec,d]
bo'lsa, u holda &(y) funksiya ham [c,d] oraligda hosilaga ega va

v(¥)

& (y)= ff(x,y)dx+w(y) flv(»).y]- co(y) fle).y] (o

munosabat o rmlzdzr

6-teorema shartlari bajarilgan holda ®(y) funksiyaning [c.d]
oraligda integrallanuvchi ekanligi kelib chiqadi va (9)-funksiya uchun
ham (7)-tenglik kabi tenglik o‘rinli bo‘ladi.

5°. Parametrga bog‘liq xosmas integrallar va ularning
tekis yaginlashishi
S(xy) funksiya
D={(x,y)eR2:xe[a,+oo), yeEcR}
to‘plamda berilgan bo‘lib, Vv fiksirlangan ye€ E uchun
[fxy)& (yeE)

mavjud va chekli bolsin. Bu integral u ning giymatiga bogligdir.

I(y)= [f(xy)a (11)
(11)-integralga parametrga bog‘ﬁq I-tur xosmas integral deyiladi.
Xuddi shu kabi
jf(x,y)dx va If(x,y)dx

parametrga bog‘lic bo‘igan I-tur xosmas_nintegmllaming ta’rifini berish
mumkin.

Endi f(x,y) funksiya
D, ={(x,y)eR2 :xefa,b), yeEcR}
to‘plamda berilgan bo‘lib, v fiksirlangan ye £ da x=) nuqta
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f(x,y) funksiyaning maxsus nugtasi bo‘lsin va bu funksiya [a,5]
oraligda integrallanuvchi, ya ni

If(x’)’)d" (veE)

xosmas integral mavjud l;o‘lsin. Unda
]

L(y)= [f(xy)dx 12)

integralga parametrga bog‘li bo‘lgan II-tur xosmas integral deyiladi.

Xuddi shunga o‘xshash x=g nuqta maxsus nuqgta bo‘lgan para-
metrga bog'liq bo‘lgan II-tur xosmas integralga ta’rif berish mumkin.

Umumiy holda, parametrga bog‘liq chegaralanmagan funksiya-
ning chegarasi cheksiz xosmas integrali tushunchasi ham yuqori-
dagidek kiritiladi.

Biz asosan, (11)-xosmas integralning xossalarini o‘rganish bilan
shug‘ullanamiz.

Aytaylik, f(x, y) funksiya D to‘plamda aniglangan bo‘lib, V
fiksirlangan ye€ E uchun

I S(xp)dx-3
bo‘sin. = V[a,t]<[a,+w») da
F(ty)=[f(xy)dx (13)

integral mavjud va

1(y)= I J(x.y)de = lim F(1,y). (14)

(14)-tenglikdan ko° rindiki 7 (v) funksiya F(r,y) funksiyaning
t — +o0 dagi limit funksiyasi bo‘ladi.

1-ta’ril. Agar (—+0 da F(t,y) funksiya E to‘plamda o7 limit
funksiyasi 1 ( y) ga ftekis yaginlashsa u holda (11)-integral E to ‘plamda
tekis yaqinlashuvchi, notekis yaginlashganda esa notekis yaginla-
shuvchi deyiladi.

+%

Shunday qilib, If (x’J’)d" integralning Ye to‘plamda tekis ya-
ginlashuvchi bo'lishi quyidagini anglatadi:
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1) VyeE uchun jf (x,y)dx xosmas integral yaginlashuvchi;
2) V&>0 uchun 36=35(¢)>0:Vt>5 va VyeE uchun

y)dx<e . ,

tengsizlik bajariladi.

If (%,¥)dx integralning E to‘plamda notekis yaginlashuvchi ekan-
ligi esa quyidagini anglatadi:

1) Vye E uchun If (x,y)dx xosmas integral yaginlashuvchi;

2) 36,>0, v6>0 olinganda ham 3Jy,e£ va It >6,
t, €[a,+w) topiladiki,

>5,.
b

!Tf(x,yo)dx

b

bo‘ladi.
Misol. I1(»)= Iye‘”dx parametrga bog‘liq integral a)
0
E=(0,+) va b) E =[2,+®)c E oraliglarda tekis yaginlashishga
tekshirilsin.
<a) F(t.y)= Iye "dx=-f d(~xy)=1-e"

(0\t<+00):>Vye(0 +0) uchun 1(y)=lmF(ty)=lim(1~e")=

)=1=51(y)= J'ye‘-"fﬁc— yaginlashuvchi.
0

Endi beriigan integralni tekis yaginlashuvchanlikka tekshiramiz.

| 1
)’eE=(0,+00) bo‘lsin. Agar v§ >0 uchun & =§>’o >& va Yo =}—
0

deb olsak, u holda
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= g 0% =e-l =—l->§=gO

T yoe“’% dx| "

bo‘ladi. = integral E=(0,+00) da notekis yaginlashadi.
b) Endi integralni E, =[2,+0)c E to‘plamda tekis yaqinlashu-
vchanlikka tekshiramiz. vg >0 olamiz.

+n - e ) 1 1
Jye 'dxlzl—e”'t =e”’=—0— ((y>2t>5))<——-a:>5=§ln;

deb olsak, tekis yaqinlashish ta’rifidagi shartlar bajarilar ekan.

=1(y)= I ye®dr integral F =[2,+0) oraliqda tekis yaginlashadi.
]

2-ta’rif. Agar Ve>0 uchun 35=6(£)>0: £>6, £'>8 ni
ganoatlantiruvchi ¥t " va VyeE uchun

<&-
’

[f(xy)ax
tengsizlik bajarilsa, unda (11)-xosmas integral Ye to‘plamda funda-
mental integral deyiladi.

1-teorema (Koshi)., (}’)= ff (x,y)dx integralning Ye to ‘plamda

tekis yaginlashuvchi bo lishi uc;um uning Ye to‘plamda fundamental
bo lishi zarur va yetarlidir.

Bu teorema nazariy ahamiyaiga ega bolib, undan amaliyotda
foydalanish ancha giyin.

2-teorema (Veyershtrass). Agar 3p(x)20 (xe[a,+)) funksi-
ya topilsaki

1) Vxe[a,+») va VyeE uchun If(x,y)lS(P(x),

2) _[ o (x)dx yaginlashuvchi

+3
bo'lsa, unda 1(¥)= J F(x.y)& integral Ye toplamda tekis yagin-

lashuvchi bo ‘ladi.
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3-teorema (Abel alomati). f(x,y) va g(x,y) funksiyalar

=i(x,y)eR2:xG[a, +00), yeE};
to plamda berilgan bo lib,

v fiksirlangan y€E uchun g(x,y) funksiya [a,+) da x
o zgaruvchi bo yicha monoton va u D toplamda chegaralangan,

2) If (%.%)dx integral Ye da tekis yaginlashuvchi bo‘sa, u holda

If (%) g(x%y)dx,

integral Ye to‘plamda tekis yaginlashuvchi bo ‘ladi.

4-teorema (Dirixle alomati). f(x,y) va g(x,y) funksiyalar D
to plamda berilgan bolib,

D Vi>a va YyeE uchun

'_{f (x,y)dx' =€ (c=const),

2) v fiksirlangan ye E uchun g(x,y) funksiya [a,+w) da x
o ‘zgaruvchi bo yicha monoton va x—>+w da g(x,y) funksiya 0 ga
tekis yaginlashsa, u holda

[7(x)-g(x.y)d;
integral E to‘plamda tekis "yaqinlashuvchi bo ‘ladi.
6°. Parametrga bog‘lig xosmas integrallarning

funksional xossalari
f(x,y) funksiya D={(X,y)eR2:xe[a, +), yeE} to‘plamda
berilgan bo‘lib, y, nugta Ye to‘plamning limit nuqtasi bo‘lsin.
1-teorema. Agar
1) v fiksirlangan y€E uchun f(x,y)eCla, +oo)
2 y-y, da V[at] (a<t<+x) kesmada f(x,y) funksiya
@(x) ga teki: yaginlashsa,

3 1(y)= If (x.)dx integral Ye to‘slamda tekis yaginlashuvchi
bo‘lsa, u holda y—sy, da I(y) funksiya limitga ega va
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boladi.
2-teorema. Agar f(x,y) funksiya
D= {(x,y) eR :xefa,+x0), y e[c,d]}
to‘plamda berilgan bo lib,
D f(xy)eC(D),

21(y)= If (xy)dx integral [e,d] da tekis yaginlashuvchi

lim 7(y)= lim ? f(xy)de= j[)!gg f (x,y)]dx = ch(x)dx

bolsa, u holda I(y)eClc,d] boladi.

3-teorema. Agar f(x,y) funksiya
D= {(x,y)e R*:x€la,+), ye [c,d]}
to plamda berilgan bo lib,
D f(xy)eC(D), f;(xy)eC(D),

2 v fiksirlangan yele,d) uchun I(y)= j S(xy)dx yaginlashuvchi,

3) f £ (x,y)dx integral [c,d]| da tekis yaginlashuvchi bo‘lsa, u
holda 1(y) funksiya [c,d] oraligda I'(y) hosilaga ega boladi va
I'(y)= jf;(an’)dx;
tenglik bajariladi. ’

4-teorema. Agar f(x,y) funksiya
D= {(x,y) €R’:xela,+w), ye [c,d]}

to ‘plamda berilgan bo 7ib,
D f(xy)eC(D),
2) I(y)= If (x,y)dx integral [c,d] da tekis yaqinlashuvchi
bo‘lsa, u holda I(y) funksiya [c,d] da integrallanuvchi va
d df +x +o| d
f1ya=] | (x’y)dx}@‘—' I[If (x,y)dy]dx;

bo‘ladi.
264

www.ziyouz.com kutubxonasi



7¢. Eyler integrallari
(Beta va Gamma funksiyalar)
a) Beta funksiya (1-tur Eyler integrali) va uning xossalari
1-ta’rif. Quyidagi

B(p,g)= [x""-(1-x)"ax » (15)

integralga Beta funksiya yoki OI-tur Eyler integrali deyiladi.

Beta funksiya quyidagi xossalarga ega.

1) (15)-integral M={(P,Q)€R23 pe(0, +x), ge(0, +°°)}
to‘plamda yaqinlashuvchi, (p,>0,g,>0) to‘plamda esa tekis yagin-
lashuvchi bo‘ladi.

2) B(p,q)eC(M).

3) B(p.q)=B(g.p)-

e p-l

4) (p’q) J' )p+q
Natija. Agar q 1-p (0<p<1) bolsa,

Fa
B(p1-p)= Il+t sin pz’ (16)
tenglik o‘rinli bo‘ladi.
(16) dan 23(' ’) LA
22 sm-’—r- ’
5) Vp>0 va g>! uchun
q—
= B -
B(p.q) otg-] (p.g-1) (17)
tenglik o‘rinli.
Natija. (
_(a=1)t(m-1)
B(m )= T

b) Gamma funksiya (2-tur Eyler integrali) va uning xossalari.
2-ta’rif. Quyidagi

r(p)= pr"e"‘dx (18)

integralga Gamma funksiya yoki 2-tur Eyler integrali deyiladi.
Gamma funksiya quyidagi xossalarga ega.
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1) r()=r(2)=1

2) (18)-integral (0,+c) oraliqda yaginlashuvchi, V[a,b]c (0,+)
(0<a<b<+w) kesmada esa tekis yaginlashuvchi bo‘ladi.

3) I'(p)eC(0,40) va V¥n=12,.. uchun

I (p)= [xm1e (Inx)" dx € C(0,450)

4) r'(p+1)=pr(p) (19)

Natija. "'(n+1)=n!

Beta va Gamma funksiyalar orasidagi bog‘lanishni quyidagi te-
rema ifodalaydi.

Teorema. Vp>0, ¢>0 uchun

I'(p)-I'(q)
B(p.q)=—F—+" 20
(p,9) (r+a) (20)
mglik o rinli.
Natija. Vpe(0, 1) uchun
r Ir'(l-p)=
(p) T (1-p)= 1)
nglik o‘rinli bo‘ladi.
1
Agar (21)-tenglikda p=—2- desak
r(%}ﬁ 22)

vladi.

Eyler integrallari yordamida ko‘pgina xosmas integrallarni hisob-
:;h ancha osonlashadi.

Misollar.

1) I= j'e") dx - Eyler-Puasson integrali hisoblansin.

L=t>x=1t
g 17 ] NG
] = - = e 2 Leldt==— — = a—,
!e {(dx ! :d/ ] [’ ¢= I' “=3 (2} 2
\ 2

oz-xg
D 1= ;!Hx

— Xosmas integral hisoblansin.
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L 3/
SR e 'dt=lB(.l_;3)=_l.g(l_;l_l)=l._”_=L_>
4] 4 %

4.

Nazorat savellari

1-tur xosmas integral tushunchasi.

i-tur xosmas integralning yaginlashishi.

Koshi kriteriyasi.

Umumiy taqqoslash alomati.

Xususiy tagqoslash alomati.

Absolut va shartli yaginlashuvchi 1-tur xosmas integrallar.
1-tur xosmas integrallar uchun Abel alomati.

1-tur xosmas integrallar uchun Dirixle alomati.

2-tur xosmas integral tushunchasi.

0. 2-tur xosmas integralning yaginlashishi.

. 2-tur xosmas integral uchun Koshi kriteriyasi.

. 2-tur xosmas integral taqqoslash alomatlari.

. 2-tur xosmas integral Abel alomati.

. 2-tur xosmas integral Dirixle alomati.

. Xosmas integralning Koshi ma’nosidagi bosh giymati.

. Parametrga bog‘liq xos integrallar.

. Parametrga bog‘liq xos integrallarning tekis yaqinlashishi.
. Tekis yaqinlashishning inkori.

. Koshi kriteriyasi.

. Parametrga bog‘liq xos integralning uzluksizligi.

. Parametrga bog‘liq xos integrallarni differensiallash.

. Parametrga bog‘liq xos integrailarni integrallash.

. Parametrga bog‘liq xosmas integrallar.

. Parametrga bog‘liq xosmas integrallarning tekis yagintashishi.
. Koshi kriteriyasi.

. Veyershtrass alomati.

. Abel alomati.

. Dirixle alomati.

Parametrga bog‘liq xosmas integrallarning uzluksiziigi.

. Parametrga bog‘liq xosmas integrallarni differensiallash.
. Parametrga bog‘liq xosmas integrallarni integrallash.

. Beta funksiya (1-tur Eyler integrali) va uning xossalari.
. Gamma funksiya (2-tur Eyler integrali) va uning xossalari.
. Beta va Gamma funksiyalari orasidagi bog‘lanish.

. Eyler-Puasson integrali va uni hisoblash.
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-B-
Mustaqil yechish uchun misol va masalalar
1-masala. Quyidagi xosmas integrallar hisoblansin.

11 'j' dx 12 T odx
Sxfr -1 RPN P
dex 0 2 l

13 !xS—l' 4,!;‘:1
+n dx o

-

L5 o(x2+9) *+9 1.6 Je dx

40 X - e e d
dx.

L7 j(H"‘)‘[“'x 18 zJ-x ¥ +x-1
e T
1.9 °(Jx2+l+x) 1.10 (4x +l)\/x +1

I ) 2
1.11 !(_;—:de 1.12 Je‘“-sin’bxdx.

?
¢“dr,neN. W S
X'e™dx,ne 1.14 J,z[(x_l) =

2x— 1)\/x ~1
*t xlnx

j
0
115;
j
i

d.
1.17 ( x —-1)\/)6 —l 1.18 6[(1+x,,)2 X
“Farctg(1-x) x) oo
Rl ST
dx
121 -i x +x+l)
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2-masala. Quidagi Tl-tur xosmas integrallar hisoblansin.

8 x
2.1 i(lncosx) cos2nxd:c neN. 22 _[x-(msinx)dx.
o .
f .' . \ 1+x dx
Incos xdx.. : - In—=. i
2.3 OI | 24 ! Ry e
‘x*arcsinx , S ¥ o x o= JZ')
——dX. = ~Zcos= [dx.
2.5 I | 2.6 E!(xsnnxz mc':)sx2
2.1 -:\[(I—Jc2 arccosx - 28 f tgxdx.
% TS o
2.9 i ctgxdx. _ 2.10 jx- E—-—-dx,b>a.
0 : -x
a dx - a 4dx
2.11 lmﬂ?&ba& 2.12 _'!(1+x) 2
] - = 1
2.13 —[(lﬁ_xz.)'\h.—xzo - T 2.14 .:!‘(4 x) \[—-—
2f & : '
2.15 ljx-J3x2—2x—l. 2.16 Ilnsmxdx
g _
2.17 ng(x—l)- T 8 IT
0,25 _
219 | —F— 2.20 j'xln*
T s xeA2x 4]
b
&

[ JBb>a
22 ) =a)e-)

3-masala. Quyidagi II-tur xosmas integrallarni yaqiﬁlashishga

tekshiring,
In(1+3x°) &
1 AL =
_ 3.1 Jﬁ-sin«/;c ' 32 jsm[cosx) Jx
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33 ;jll_:“ildx 34 I!m ;Z:x)
3.5 :f %fx—w- 3.6 :fe,mfdx
. .
37 !S;’:xa&_ 3.8 ,! x+arctgx'
X
3.9 !xgx 33?4 3.10 OI mdx
. .
313 :.-l J<C:osx 314 ’;/"2_ eamx\_[co/lsjfcosx .
3.15 ;f ety - 3.16 ljln(lliizza— ;e-x
;
3.17 oj (1/ (/) . 3.18 'jxa.(l_x)ﬂ.mxdx.
;
3.19 ].xa l"p dx 3.20 }x“'(l—x)ﬂdx.
:

’V
3.21 fsin”x-cos’”xdx.
0

4-masala. Quyidagi xosmas integrallarni yaginlashishga tekshiring.

€ In xdx
;f x® N 4.2 J‘ X% lnx
lx + eax&
43 [ s [
"Farcigx *’”ln l+x‘2"‘)
4.5 o dx.
I ol e
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s
4.7 g 1+x% -sin”x
" dx, .
Read 0
4.9 !arctgl+ x(a>‘-)
*“‘ln(x“+e") o
411 |———="dx{a>0
P >0
% x%dx
4.13 ojxﬁ—ﬂ,ﬂzo
P ]
41 .Ismzxdx
P X
In xdx
4.17 Ix -

1 x :
—arctg ——=dx.
4.19 J\/;angz_i_J; |

+n

a21 |

o AT
3 X% In" x

“‘ln(l+xz) ‘
4 (!(:Ju:+4:1f)2 &
: *‘ln(l+x+x )
" L ie(a>0
410 oj Jx— (a ).
"412 I v
414 unxﬁ.

4.16 j‘[cosg—l)dx}
5 x

.1
o sin —

418 (x - c:;os—;":]2

4.20 ?
¢

5-masala. Quyidagi xosmas integrallar absolut
va shartli yaqinfashishga tekshirilsin.

'1J_1

Lt ey

L Ve S

: %¢cos’(In x)
53 J xnx

1
a . z
5 !(l—x) sm:dx.

%
5.2 jsin[;]- o
sSinx/ s x

]

‘Sinl+x_ dx
AT (o)
1 xa: 1
5.6 |——-sin—dx.

X

ae -1
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1
X1 lesin x¢
5.7 -[x +1sm—cix. 5.8 ——dx.

2

0 x s X
1
1 1 )dx 1 sm;
——-1]E gy
5.9 ofcos( = 5.10 I (o] x
0.5 @ ] _ a
5.11 j(——x—J oS- di. 5.12 I_(l_*f)_smldx,
o\1-x x o X x
Hesinx T x¥.sinx
dx dx.
5.13 I — 5.14 I -
2 (x+1)" smx cos xdx
5.15 2". Inx . 3.16 Jx“+lnx'
TS lnx) coSVx
dx.
5.17 .I 5.18 !x,,.m
s1y [E g0, 520 [*"-sinx’ds.
4] 0

jsm[ 1 ) dx
5.21 -

6-masala. Quyidagi xosmas integrallarning Koshi ma’nosidagi
bosh qiymati topilsin.

V.p. |sinxdx. 14
61 V| 6.2 Pf o
V. V.p. .
3 Vo |2 6 V.p Joosscs
65 V.p. [ arcrgxdx. 6.6 V.p.fxtgxdr.
- 0
% .
dx 1
V.p |———. V.p. gy + -= |dx.
6.7 p!3_53inx 6.8 pi(arcg\ = 2)
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% . 7
dx
6.9 V-p-Jzl 6.10 V.p. [
0 ——sfux jo-x
2
T 13+x %t &
V.p. : V.p.
6.11 plnﬂzdx 6.12 péfx2+x—6
A %
6.13 V.p. f———d"—— 6.14 V.p. | 1 &
o 1—2sinx 0 ——cosx
T 14 “iix_
6.15 V.p. oj = 6.16 -p-i —
+00 10 dx
617 V.p 5 6.18 V.p. .
5[1 5[7—x
edx *odx
V.p.|—. V.p. .
6.19 pr 6.20 ! =,

2 g
6.21 V-p- =
0¥ =

7-masala. Quyidagi funksiyalarning berilgan to‘plamda limit
funksiyalarini toping va tekis yaqinlashishga tekshiring.

7.1 f(x,y)=J;-sin—-x—;D={(x,y)eRz:xER,O<y<+oo}, Yy = +0.
¥y
7.2 f(x,n)=x2";D={(x,y)eR2:Ost-;—,neN}, 71, = 0.

7.3 f(xn)— 3—,, ={(x,n)eR2:le<+oo,neN}, Hy = 0o,

-

2.2 2

7.4 f(x,n)=%-sin—3—_—;D={(x,n)eR2:15x<+oo, neN}, Hy = co.
n°x n

7.5 f(x,n):sin(ne"'");D ={(x,n)e R*:1<x<+w,ne N},no =,
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1.6 f(x,n)=ln—nzx;D={(x,n)eR2:le<+oo,neN},no=oo.

nx

3 x \
1.7 f(x,n):nA[I—OOSTJ;D={(x,n)eR‘:05x<+oo, neN}, n=c.
78 f(x,y):;la--cos%;D={(x,y)eRz:0<x<1,0<y<+oo}, Vo = 0.
7.9 f(x,y)=(x—l)arctgx";D={(x,y)eR3:0<x<-ioo,0<y<+oo}, Vo =+,

7.10 f(%p)= Jt'2"'71—;';D={(J‘,}’)ER2:x‘sR,O<y<+<=o}, ¥, =+,

7.11 f(x,y)=x";D={(x,y)eR2 :O<x$1,0<ysl},yo=0_

COs

7.12 f(xn)= \/—+2—

713 f(x,n)=¥1+x";D={(x,n)e R® :OSxSZ,neN},no =

={(x,n)eRz:OSJr<~}<:'c>,nEN},n0 = 40,

7.14 f(xn) =narctg—lz—;D ={(x,n) eR*:0sx<+0o,ne N},no =00
nx

7.15 f(x,n)=n3xze"'";D={(x,n)eR2:O$x<+oo,neN},n°=oo
7.16 f(xn)= Jnsin—= \/— {(An)eR 05x<+ooneN} n, =

cosnx

7.17 f(x,n):ln(l+ \/nT_} ={(x.n) e R*:0<x<+0,ne N},n,=c.

718 f(xy)=17 2y” D={(x,y)e R*:0<x<LyeR},y,=.
7.19 f(x,y)=xsiny;D={(x,y)eR2;03xg3,yeR},yo=_
7.20 f(x,y)= sm-}-; ={(x,y)eR3:xeR,O<y<+oo},yo=+oo

7.21 f(x,y)=xzsiny;D={(x,y)e R’ :0$x$5,0<y<7r},}’o =3
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8-masala. Quyidagi funksiyalarning hosilalarini toping.

81 F(a)= | e an 82 F(a)= folltex) 4
sina 0 X

8.3 F(a)= Ismax 8.4 F(a)= [f(x+a,x-a)dx.
at+a 0

R :
8.5 Fla)= de.. i sin(* + ~o)d. 8.6 F(a)= [(x+)/(»)d.

8.7 F(a)= f(x+y)f(y)dy,f(y)— differensiallanuvchi funksiya;
0

F"(x)-? )
8.8 F(a)=jf(y)-]x—y|dy, a<b Ba f(y)eCla,b]: F"(x)-?

89 F(@)=[/0)-G=o) " B0 310 F(e)=Je oy

siny

8.11 F(a):xje‘*”ay 8.12 F(»)= j =2 gy

8.13 F(»)= [f(X+y,x—y)dX- 8.14 F(»)= jmf—xy—)

8.15 F(y):l;[ SL"xﬂdx 8.16 F(y)zyjz-r'_v "

8.17 F(»)= T(xz siny+-§-]dx. 8.18 Fly ‘[f(y t—y) &, F" (x)-?
8.19 F(y)= 2.’ F Y- ylav. r()eciz] Fr(x)-2

8.20 F(y)= j(x+)’)f (»)dy, F"(x)-2, f (y)— differensiallanuvchi
funksiya; B
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Xy
8.21 F(x)= [(x-32)f(2)de,Fy(%9)-" f(2)- differensialia-
nuvchi funksiyay

9-masala. Quyidagi integrallarni ko‘rsatilgan oraligda tekis
yaqinlashishga tekshiring.

9.1 Ie“”"sinxdx; 1< <+om. 9.2 Jx“e"‘dx; 2<a<3.
] 0
j%dx; ~ 0 <@ < +o. 9.4 I 3 0Sa<+w.
2 l+x P d(x-a) +
AP
Y e d; 0<ar < +co0. 6 Iludx 0<p<10
J xlx

,,,cosxdr 0<a<+mo. 9.8 I\/Ze"'"la’x; 0<a<+owo.
0

un
ét.-., c_... R 1
N .

e Vax 2<a<3. 9.10 Ie'("'“):dx; —00 < @ < +00.
-2(14)7) " 4 COSX
9.11 fe sinxdy, —oo<x<+®0. 912 Ie o ——dx;0<a<+w.
[+ 1
“Tsinx? x"
. > .
9.13 !l+xpdx, 220. 9.14 !\/l—_?dx,OSn<+oo.
o1 dx delad < 1
L% _ Hla) <.
915 osmx x"’ <n<2 9.16 ci’.{/(x—l)(x—Z)2 | 2
< ' sinax
9.17 J.‘/E'e-aﬁdx; 0<a<+o. 918 {x—a(dx; O0<sac<l.
2

Oty ™ O

9.19 j'e—xz(”yz) cosydy; xeR. 9.20 |x*'-In -l-dx, p>0.
0 x

e . COSX
J‘e—ax

9.21 dx; 0<a <+, p>0-fiksiflangan.

1
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10-masala.

10.1 Agar f(x)eC(0,4+0) va v4>0 uchun Ii%‘—zdx integral
A4

maviud bo‘lsa, unda ushbu
»

IM“‘:“O)"“E (a>0, b>0).
Py X a
Frullani formulasini isbotlang.

T -ax si
102 1(e)= j'e %ﬂxdx (@=20) integraldan foydalanib, ushbu
0

fSL e 2 signp.
o X 2
Dirixle formulasini isbotlang.

Quyidagi integrallarni hisoblang.

10.3 Twcﬁr (a>06>0). 10.4 Tﬁﬁd—g?%f-’—c—t—gé‘idx (a>0,6>0).
0 0
Me—m'z_ —ﬂxz a0 D5
10.5 I dx(a>0,ﬁ>0). 10.6 Ie ;e cosmxdx (& >0,0>0).
4] 0
LIn (l —azxz) ! m(l—azxz)
7 ; <1 laj<1
107 [ (0l=). 108 J———dr (el<))
mm(az‘*xz) Tarctgax-arctgfx |,
10.9 oj —g 10.10 oj - dt.
@ ln(14 a®x?)-n{1+ vo {22
10.11 _f ( il )x,, ( thx )dx. 10.12 J'e\ -"]dx(a>0).
0 0

. _ _px ooy
10.13 J’e——;;e—-dx(a>0,,8>0). 10.14 fe"""zcosbxdx(a>0).
0
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10.15 _"xe""z sinbxdx(a > 0).

10.16 I(Sm‘”) .

0

10.18 "Tsm dx

0

*Esin’ xdx
[~

10.20

11-masala. Quyidagi integrallarni hisoblang.

%
11.1 iln(azsin2x+bzcoszx)dx.

arctgx  dx

X 1-x" '

Jomd
w
—_—— o
]

ot
bt
9]

[+]
= e 4 . 4
Sin ax—Ssim X
j B 4.
0 X

[
-
\l

40
J-xsmax
g 1+x°

1111 Isin x% - cos2axdx.

COS
11.13 fa2 .

o
1L.15 Tx
o

U

11.2 ]111(1 —2acosx +a®)dx.
0

1 b__
11.4 jcos(ln—l-)" X 0> 0,6>0.
s x) Inx

L6 +]-°cosazx

0

+0
cosax

—d.
11.8 6[( ) o
11.10 Tsin(cvc2+bx+c)dx(a¢0).

1.12 Icosx’ -cos 2axdyx.

st.
4 [T

0
4

dx(a>0 5>0). 11.16 Ie"”“ sm(asmx)—.
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1.17 J-e“‘“cosbx—e coslxdxdx (a,c>0).

0

+r ‘1 +0 2 2
1L18 [ cos™ 119 Je

V] 0

%

Q)

11.20 ln

0
b
11.21 Isin(lnl)x > e,a>0,b>0.
S x Inx

Ko‘rsatma. 10 va 11-masalalarni yechishda xosmas integrallarni
parametr bo‘yicha differensiallash yoki integrallash hamda Frullani
va Dirixle integrallaridan foydalanish yaxshi natija beradi.

l+acosx dx (

1).
~acosx COSX [a|< )

12-masala. Eyler integrallaridan foydalanib, quyidagi
integrallarni hisoblang.

Tx i inx ex(1- x)p'

12.1 I dx. 12.2 | . —— g dx(>0.5>0).
12.3 J dv(0<a<1) 12.4 J1+x

H 2a- ]J. an,r
12.5 J ~dx(0<a<l). 12.6 0\/-—)

+o0 o (ix
12.7 Of 12.8 !H_xg)

o (o)
12.9 |sin®x-cos® xdx. 12.10 n>1).
12.11 Ixz" "zdx(n bunun son) 12.12 I X" dx(n>0)

0

[ dx. -(a>0,6>0.n>0

12.13 of iy 12.14 of ) )
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+0

!
dx »
12.15 I ("> 12.16 oje dx(n>0).
12.17 Isin‘" x-cos” xdx. 12.18 Ix"'e""dx
’ 0
% vy
12.19 f 1" xdx. 12.20 j(ln ;) .
0

12.21 I(x(az )Sfmx)dx (0<a<b, ¢>0).
-D-

Namunaviy variant yechimi
1.21-masala. Quyidagi
T
et (x2 +x+ l)3
xosmas integral hisoblansin.

X+ -;— =t
+x d +x o
< I= I 2 . = dxz +—=( | almashtirish | |= ILJ
-“(x -!-x+l) - (x+l) +2 bajaramiz ““(:’ +1)
2 4 4

Bu integralni hisoblash uchun xosmas integralda bo‘laklab inte-
grallash usulidan foydalanib, quyidagi ishlarni bajaramiz.

2udt
#* 270 2 ‘T dt u=——pSdu=o——
j—d% rctg = £+ (,z,,,_) _
Ta T s/_ g + 4 4
4 v=dt,v=t
bt ¢ ? at 3% dr ar 3% dt
—5| *+2 2art=2j2 "EI 32=7_;__I ~
4l Z .
@ 4
=>J‘ dt =_7Z
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Sdi=————

dr % d ( 2.3 )2 ( s 3)3 BH. 4
—_= = ' +- U +— =
i; ,[[2 3y 1 1 (,,+3)2

dv=dty=t

U=

T e _léx

Shunday qilib, berilgan integral 1 ga nisbatan ushbu

—=—=-3].
3 33
tenglamaga keldik. Bu tenglamadan
I—M dx _ 4z
- .:[ (xz tx +l)3 " 3,3 ckanligini hosil gilamiz.

2.21-masala. Quyidagi
b

dx
[—%  _bsa
I -a)-x)
II-tur xosmas integral hisoblansin.
4 x=a vax=p nuqtalar integral ostidagi funksiyaning maxsus
nuqtalari bo‘ladi. Agar integralda

x=acos’t + bsin? t;
almashtirish bajarsak, berilgan xosmas mtegral oddiy xos amq inte-
gralga kelib qoladi. Darhagiqat,

x=a=>1t=0 x—a=(b-a)sin’1
b~x=(b-a)cos’t
Bu ifodalarni berilgan integrallarga olib borib qo‘yib topamiz:

e,
T (;ft—zz.b.

281
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3.21-masala. Quyidagi
%
isin“ x-cos? xdx.

0
integralni yaqinlashishga tekshiring.
< Integral ostidagi funksiya uchun o <( bo‘lganda x=0 nug-

ta, B<0 bo‘lganda esa x=g— nugta maxsus nugta bo‘ladi. Shu
sababli integrallash oralig‘ini ikkiga ajratamiz:

x V %
. H o a p L B dx"'I r
I= }sin® x-cos? xdx = Ism x-cos” xdx + }SI X-COS™ xdx = [, + 1,.
0 0 x

4

x—>0 da sin“x-cos”x:()’(sin"x)=0‘(x"‘), .x—->—72£ da

8 % %
sin® x-cos” x=0" (cos” x)=0 [(g —x) J bo‘lganligi va _[x j

B ¥ % oa

5+ @ [~

integral ¢ >~] da z 2 %(f_x) integral Bg>-1 da
2

yaqinlashishini e’tiborga olsak, taqqoslash alomatiga ko‘ra I, inte-

gral ¢>-1, 8-V va [, integral B>-1, a-V bo‘lganda yagin-

lashishini hosil gilamiz = Berilgan integral o >-1, #>~1 da ya-

ginlashadi.

4.21-masala. Quyidagi
"T dx
$x%-nfx
integralni yaqinlashishga tekshiring.
<l) Faraz gilaylik o>1 bo’lsin. =&=a~1 deb belgilasak,
&>0 bo‘ladi. Unda

)| 1 1
f(x) ¥ I x x/

'l+5
/x 2l x ¥
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| 1
lim ———— = Vxz A 7 <1 poadi
Jim 7 vy 0=>34>2:Vx uchun x%-ln‘gx< bo‘ladi

=Vxz4 da f(x)._—-—-uqo(x) bo‘ladi
P .
Todx o dx dx
= + =I+1
!x“-lnﬁx Jx%-1n” x Jx“—lnﬂx v
4 dx
desak, 1= [ integral oddiy uzluksiz funksiyaning integrali
2

bo‘lgani uchun yaginlashuvchi.
R | o
I,= IW integral esa tagqoslash alomatiga ko‘ra yaqin-
A

L]

: dx
lashuvchi, chunki I¢(x)dx ITS; yaqinlashuvchi.

Lo

dx .
- Shunday qilib, Im integral & >1 bo‘lganda VS uchun

2
yaqintashuvchi.
2} Endi =1 bo‘lsin.
"]’:‘ dx ‘T dx Id(lnx) yaqinlashadi, 2>1,
Jx*-In’x  xln’x x  |uzoglashadi, f<1
3) a<l bolsin. Bunda s-l ~a deb belgilab, 1)-holda bajar-
gan ishlarni bajarsak, berilgan integralning uzoglashuvchi ekanligi-
ga ishonch hosil gilamiz.
Demak, berilgan integral o>1 bo‘lganda V 8 va p=1
bo‘lganda, F=>1! lar uchun yaginlashadi. Qolgan barcha hollarda

esa uzoglashadi.
‘I[ 1 J dx
sm) ~——— |t .
h I-x) 1-x

5.21-masala. Quyidagi
integral absolut va shartli yaqinlashishga tekshirilsin,
< Berilgan integralning yaginlashishini Dirixle alomatidan foy-
_ _ _ s3 _
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dalanib, ko‘rsatamiz.

f(x)= (_ e S"‘( _lx) va g(x)=1-x

deb belgilaymiz va Dirixle alomatining shartlarini tekshiramiz:
1) f(x)eC[0,1) va f(x) ning boshlang‘ich funksiyasi

1
F(x)= “COS(I ) -chegaralangan;

2) g(x)=1-x funksiya [0,1) da | va [im g(x)=0-

x~>1-0
3) g'(x)=-1eC[o0,1).
Dirixle alomatining shartlari bajarilayapti =

1 1
1 dx
= . dx: i _— |t —_— : :
Jf (x)-g(x) !Sln(l_xJ —x yaginlashuvchi.

Berilgan integral absolut yaqin]ashuvchi emas. Bu tasdiq
Ly sin® —
]—x| 1 -X 1-x

lf' 2( 1 J dx
smo| —— [-——-
o l-x/ 1-x’

integralning uzoqlashishidan kelib chiqdi. Oxirgi integralning uzoqlash-
ishini 1°-punktda keltiriigan 2)-misoldan foydalanib, ko‘rsatish qiyin
emas. Shunday qilib, berilgan integral shartli yaginlashuvchi.

6.21-masala. Xosmas integralning Koshi ma’nosidagi bosh giy-
mati topilsin:

.
5

tengsizlikdan va

+0

X
V.p | ——————.
p(;[x2 ~3x+2

5 dx +7 CLX‘ L5 di\'
vl ey [—F  _yp[— &
< p!x'—3x+2 p(;f(x—l)(x—Z) p;(x—l)(x—2)+

, & dx N
Vﬁ[(x 1)(x 2) I(x—l)(x 2) a->+0l:6’-(x—-l)(x—2)
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¥ I (x-—l)(x 2)} ﬂ*’ﬂ":l-'f(x )(x-2) J,,(l-n)x 2)J

g

dx 1 1
= - = ln|x—2|~Inpx~1
Agar j(x—l)(x—z) "{x—2 . ]dx In[x—2|~Inx~1| ekap.

foydalanib, yuqoridagi limitlarni

ligidan hisoblasak,

PI 3x " =-In2 tenglikni hosil gilamiz.

D={(x,y)eR2 :0<x<5, 0<y<7r}, to‘plamda
=§ nuqtadagi limit funk-

7.21-masala.

berilgan f(x,y)=x’siny funksiyaning Y,
siyasini foping va tekis yagqinlashishga tekshiring.
limit funksiya.

a o(x)= lxmf(v,y)—hmx smy—73x -
)-»—

f(x,») funksiya o(x) ga tekis yaginlashuvchi ekanligini 4°-punkt-
dagi 3-ta’rifdan foydalanib, ko‘rsatamiz. Vg >0 va quyidagi ayir-

mani olamiz.
-7 +7
|f(x,y)-go(x)]= xz'Si"J"gxz =x siny—-sin§{=x2- Zsiny 2/3-oosy 2/3{<
y—”
<x2-2~|—/3|<x2-53256=8=>5=—6;.
2 25
£ ~
Demak, Ve>0 olingarda ham 5=5§ deb olsak, ;V—-3- <9

tengsizlikni ganoatlantiruvchi Vye(0,7) va Vxe[0,5] lar uchun

|f(x.y)-0(x)|<& tengsizlik bajariladi. Bu esa y—>§ da f(xy)

funksiya ¢(x) ga tekis yaqginlashuvchi ekanligini anglatadi.
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8.21-masala. Agar
Xy
F(x)= [(x=y2)f(2)d votib, (z)-differensiallanuvehi fank-

y
siya bo‘lsa, F,, (xy) ni toping.

< Bu masalani 4°-punktdagi 7-teorema va (10)-tenglikdan foy-
dalanib, yechamiz. Teoremaning shartlari bajarilishi ko‘rinib turib-
di. (10)-formuladan ikki marta foydalanish natijasida talab gilingan
hosilani topamiz:

Fx'(x,y)=jf(2)dz+y'(x—y'xy)f(xy)—i-(x—y-%)f(%)=

y

f(z)d“(xy o) f();

‘<I-u—_.~§

R ()= Jo-deor £ (9) (=212 (x-39) 1)+

+(xy-_1y3).f"(w)-x=x(2—3y2)f(xy)+y—);f( J+x y( )f (xp)->

9.21-masala. Quyidagi

+%
J' g-ax COSX

P
; x
integralni 0<a <+w, p>0-fiksirlangan bo‘lganda tekis yaginlash-
ishga tekshiring.

« Berilgan integralning tekis yaqinlashishini Abel alomatidan
(5° -punk*dagi 3-teorema) foydalanib, ko‘rsatamiz. f(x,@)=e™* va

dx;

g (1 a) = deb belgilab, Abel alomatining shartlarini tekshiramiz.

DS (x, a)=e™" funksiya har bir fiksirlangan o e€[0,+) uchun
monoton va D={(x,a)e R :xe[l,+x),ae[0, +0)} , to‘plamda che-
garaiaugan | £ (x,a)|<l.
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cosx
) J' > dx—integral Dirixle alomatiga ko‘ra 0<a <+

to‘plamlda tekis yaqinlashuvchi. Abel teoremasining shartlari bajaril-
di. = berilgan intengral 0<a <+ to‘plamda tekis yaginlashadi.p
10.21-masala. Quyidagi ’
I arctgax

1 x x -
integral hisoblang.

arctgox
I(a)= j & [ deb belgilab olib, bu integraini para-

metr bo‘yicha d1fferens1allash amalidan foydalanib, hisoblaymiz. Bun-
ing uchun avval xosmas integrallarda parametr bo‘yicha differen-
siallash mumkinligi haqgidagi 6°-punktda keltirilgan 3-teoremaning
shartlari bajarilishini ko‘rsatamiz.

_arcigax ).
f(x,a’)—-——'—‘x2 N/ va D={(x,a)eR .1<x<+00,—oo<a<+_°0}
deb belgilaymiz.

|arctgax] y 4

X odxr =1 232 xt -1

1
x(l+a?e WP -1 vt

|[f (xa)j=

£ (v =

|
tengsizliklar va I oy «/—— s j \/__z_ldx integrallar yagqin-
1

XNX™ —

lashuvchi ekanligidan Veyershtrass alomatiga ko‘ra _ff (x,a)dx va
i

.ffa (x,@)dx integrallarning —o<a <+w to‘plamda tekis yaqin-

l:lishishini hosil gilamiz. Demak, berilgan integraldan parametr o
bo‘yicha xosila olish mumkin:

, dx

I (a) '[x(l aix )_sz 1 Bu integralda x=c#r almashtirish

1
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lof

’ n . . .
bajarib, (a)=5(l— m) bo‘lishini topamiz. Bu tenglikdan

I(@) ni topamiz. >0 bo‘lganda

Jda+c=12r—(a—\/l+a1)+c,a20

[{a)= I—(l—\ﬁ:d—
10)=0=c=2= H@)=Z(1+a-Vi+a®}azo0.

p 3
Xuddi shu kabi <0 bo‘lganda I(a)=—3(l—a—x/l+az)
ekanligini topamiz. Tkkala  javobni umumlashtirsak,

I(a)= %(1 +]a]-1+a? )sgn @, |aj<e tenglikni hosil gilamiz. >
11.21-masala. Quyidagi

1 b_ a
Ism(lnl)x X dx, a>0, 5>0.
H x/) Inx ?

integralni hisoblang.

b

xt—x % )
< Bu integralni ushbu ———= Ix’ dy tenglik va parametrga

bog‘lig integrallarni parametr bo‘yicha integrallash haqidagi teore-
madan foydalanib, hisoblaymiz:

‘fsm(ln‘c lnx dx J{sm ln Jx a'y}br J{Ix -sin ]n——)dy]dx—

W Y. si ( : ) x=e" >dx=~e"dt
= Ix +sin{ In— |dx dy = -
alo x x=0=>t=+0;x=1=>1=0 :

bl +o
= J{ je'('“')’ -sin tdt]dy =
all 0
{( { o

LI je Y sindt integralda ikki marta bo laklab integralla-
0
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sck, 1 ga nisbatan chiziqli tenglama hosil gqilamiz va
1

= iz ||= —F = )l = -
—(y+l)2+l ekanligini topamnz]]—j o arclg()+)’a arctg(b+1)

»1+(y+1)
b-a
g
1+(a+1)-(b+1)
»

—arcig(a+1)=arcig

12.21-masala. Eyler integrallaridan foydalanib, quyidagi

j(x A (b=3) 1 (0<a<be>0);
s (x+0)
integralni hisoblang.
< Berilgan integralni Eyler integraliga keltirish uchun shunday
almashtirish bajarishimiz kerakki, natijada [a,6] kesma [0,1] kes-

x—-a b-a
maga o‘tsin. Buning uchun ——=-—""

x+¢c b+c
kifoya.
Agar berilgan integralda shu almashtirishni bajarsak,

(x—a) (b a) ., [b—x) ___(b-—a) -(I—t)" va
xX+c b+c x+c a+c
dx b—-a

(x+c) (b+0) (a+c)
bo‘lib, u quyidagi ko‘rinishga keladi va oson hisoblanadi:

-¢ almashtirish bajarish

x—a m b n b— m+n+) ] .,
_[( ) S:+u+21) ( m+la) Lad) _[ '(l—t) dt:
: (o) {a+e)

(b_a)m+ll+l

(b + c)mﬂ . (a + c)n+1

Natija. Ager berilgan integrallarda m va n lar natural sonlar
bo‘lsa, unda

B(m+1,n+l).

(b - a)m"” mln!

(b + c)”m'l . (a + C')’H‘l | (m +n+ l)!

bo‘ladi. >
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9-§. 8-MUSTAQIL ISH

Karrali va egri chizigli integrallar. Sirt integrallari va
maydonlar nazariyasi elementlari. Furye qatorlari

Ikki karrali integrallar va ularning asosiy xossalari.
Ikki karrali integrallarni hisoblash.

Ikki karrali integrallarda o‘zgaruvchilarni almashtirish.
Silindrik va sferik koordinatalar.

Ikki karrali integrallarning ba’zi tatbiqlari.

1-tur egri chizigli integral va uni hisoblash.

2-tur egri chizigli integral va uni hisoblash.

Grin formulasi va uning tatbiglari.

1-tur sirt integrali va uni hisoblash.

2-tur sirt integrali va uni hisoblash,

Stoks va Gauss-Ostrogradskiy formulalari.
Maydonlar nazariyasi elementlari.

Furye qatorlari.

-A-
Asosiy tushunsha va teoremalar
1%, Ikki karrali integralning ta’rifi va uning asosiy xossalari

Rimanning karrali integrallar nazariyasi R" fazodagi Jordan
o‘lchoviga asoslangan. Jordan bo‘yicha o‘lchovli to‘plamlarning asosiy
xossalaridan biri, uning chegaralangan bo‘lishidir. To‘plam chegara-
sining Jordan o‘ilchovi 0 ga teng bo‘lishi zarur va etarlidir. R? (R7)
fazoda Jordan bo‘yicha olchovga ega bo‘lgan to‘plamga kvadrat-
Januvchi (kublanuvchi) soha deyiladi. n>3 bo‘lganda karrali inte-
grallar nazariyasi ikki karrali integrallar nazariyasidan prinsipial ji-
hatdan farq qilmaganligi va ikki karrali integrallarni tasavvur qilish
osonroq bo‘lganligi sababli biz asosan ikki karrali integrallar nazari-
yasini keltirish bilan kifoyalanamiz. Butun paragraf davomida biz
qaralayotgan sohani kvadratlanuvchi deb faraz qilamiz.

Aytaylik Dc R sohada f(x,y) funksiya aniglangan bo‘lsin.
D sohani Vv egri chiziglar to‘ri yordamida » ta D,D,,....D, soha-
chalarga bo‘lamiz.

D, sohada V(£,,7,) nuqgta olib, f(£,n,) ni hisoblaymiz ham-
da quyidagi
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0'=if(§u7h)'sk (1)

k]

f(x,y) funksiyaning D soha uchun integral yig‘indisini tuzamiz.
Bu yerda S, — D, sohaning yuzasi.

Ta’rif. Agar (1)-integral yig'indining /1=ﬁa_xdiam D. 0 ga in-

tilgandagi limiti mavjud bolib, u chekli songa teng bo‘lsa hamda uning
qiymati sohaning bo Tinish usuliga va (§x,17,,) nuqtalarning tanlanishiga
bog lig bo‘Imasa, u holda o'sha son f(x,y) funksiyaning D soha boyicha
ikki karrali integrali (Riman ma’nosidagi integrali) deyiladi va u

I=[[f(x¥)ds yoki I= [[f(x,y)dxdy;

kabi belgilanadi. f(x,y) funksiya D sohada integrallanuvchi deyi-
ladi. Aks holda f (x, y) Sfunksiya D sohada integrallanuvchi emas,
deyiladi.

Shunday qilib,

1= [[7 (o y) ety —hme (0:72:)- S, @

Izoh. Karrali mtegrallar uchun mtegrallanuvchl funksiya chega-
ralangan bo‘lishi shart emas. Lekin, biz tasdiglarning sodda bo‘lishi
uchun paragraf davomida integrallanuvchi funksiyalardan ularning
chegaralangan bo‘lishini talab gilamiz.

Ikki karrali integralni ham bir o‘zgaruvchili funksiyaning aniq in-
tegralidagi kabi Darbu yig‘indilari yordamida ham aniqlash mumkin.

Aytaylik, M,=Sp{f(xy):(xy)eD} va m =inf{f(x):(xy)eD,}
bo'lib, &, =M, -m, - f (x, y) funksiyaning D_ sohadagi tebranishi
bo‘lsin.

1-teorema. f(x,y) funksiya p sohada integrallanuvchi bo‘lishi
uchun

limzn:cokS =0 (3)

tenglikning bajarilishi zarur va etarhdlr

2-ta’rif. Agar V&>0 uchun EcR® to ‘plamm yuzalarining
vigindisi ¢ dan kichik bo‘lgan sanoqli sondagi to‘gri to‘rtburchaklar
bilan qoplash mumkin bo‘lsa, u holda E to‘plamning Lebeg o ‘Ichovi 0
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ga teng deyiladi. Agar E to‘plamni yuzalarining yig'indisi etarlicha
kichik bo‘lgan chekli sondagi tog'ri to ‘rtburchaklar bilan qoplash mum-
kin bo'lsa, unda E to‘plamning Jordan o‘lchovi 0 ga teng deyiladi.

Ta’rifdan ko‘rinadiki, Jordan o‘ichovi 0 ga teng to‘plamning Lebeg
olchovi ham 0 ga teng bo‘ladi. Teskarisi o‘rinli emas lekin Lebeg
o‘lchovi 0 ga teng kompakt to‘plamning Jordan o‘lchovi ham 0 ga
teng bo‘ladi. Jordan o‘Ichovi 0 ga teng bo‘lgan to‘plamlamning chek-
li sondagi yig‘indisining Jordan o‘ichovi, Lebeg o‘lchovi 0 ga teng
bo‘lgan to‘plamlarning sanoqli sondagi yig‘indisining Lebeg ofIchovi
0 ga teng bo‘ladi.

2-teorema. (Lebeg feoremasi). Agar f(x,y) funksiva o‘chovga
ega bo‘lgan yopiq D sohada chegaralangan va bu sohadagi Lebeg
o‘lchovi 0 ga teng bolgan E sohada uzilishga ega bolib, qolgan
barcha nuqtalarda uzluksiz bo'lsa, u holda f(x, y) Sunksiva D so-
hada integrallanuvchi bo ‘ladi.

Natija. Agar f(x,y) funksiya o‘ichovga ega bo‘lgan chegara-
langan yopiq D sohada uzluksiz bo‘lsa, u holda f (x, y) funksiya
D sohada integrallanuvchi bo‘ladi.

Ikki karrali integrallar ham oddiy bir o‘zgaruvchili funksiyaning
aniq integrali uchun o‘rinli bo‘lgan gator xossalarga ega. Biz ul-
arning barchasini takrorlamay, o‘rta giymat haqgidagi teoremalarga
to‘xtalamiz, xolos.

S (x,y) funksiya D sohada aniqlangan bo‘lib, shu sohada che-
garalangan bo‘lsin, ya’ni 3m va M sonlar: V(x,y)eD uchun

m< f(xy)<M;
bo‘ladi.
3-teorema. f(x,y) funksiva D sohada integrallanuvchi bolsa, u
holda 3 o‘garmas p (m<p<M) son mavjudki,

I=Hf(x,y)cbcdy=,u-S;

bo‘ladi. Bu yerda § — D sohaning yuzasi.
Natija. Agar f(x,y)eC(D) bo‘lib, D yopiq bo‘lsa, unda
3(a,b)e D nugta topiladiki

I={[f(xy)dxdy=f(a,b)-S
bo‘ladi. ?
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4-teorema. Agar g(x,y) funksiya D sohada integrallanuvchi
bo‘lib, u shu sohada 07 ishorasini o‘zgartirmasa va f(x,y)eC(D)
bo‘lsa, u holda 3(a,b)e D nugta topiladiki,

[[£ (x.7)g(x.y)dsdy = £ (a,b)- [[g(x,y)dxaly;

D D

bo ‘ladi. ,
2%, Ikki karrali integrallarni hisoblash

Tkki karrali integrallar amaliyotda takroriy integralga keltirish

yordamida hisoblanadi. Biz D soha to‘g‘ri to‘rtburchakli va egri

chiziqli trapetsiya bo‘lgan 2 ta holda ikki karrali integralni takroriy
integralga keltirish haqidagi teoremalarni keltiramiz.

1-teovema. f(x,y) funksiya D={(x, y)eR :a<x<bh, c< ysd}
sohada berilgan va integrallanuvchi bo ‘Isin. Agar har bir fiksirlangan
xe[a,b] da
d
I(x)= [f(xy)dy;

integral mavjud bo‘lsa, u holda ufs'hbu

: j'f (x,y)dy}d\';

takroriy integral mavjud bolib,

yf(x,y)dxdy = jff(x,y)dy:lﬂ’x; @

tenglik o‘rinli bo ‘ladi.
2-teorema. f(x,y) funksiya D sohada integrallanuvchi bo‘lib,
v fiksirlangan ye[c,d]da

1(5)= [f (xy)dy

mavjud bo‘lsa, u holda

’].l-]‘f (x,_v)dx]dy ;

cLa

integral ham mavjud bo‘ladi va
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£ [ (x.y) dxdy = ]‘[bff (x, y)dx}zy

tenglik bajariladi.
Endi soha

D={(x,y)eR2 :a<x<b, ¢,(x)$y$¢2(x)}

egri chiziqli trapesiya ko‘rinishida berilgan bo‘lib, ¢, (x) va

¢, (x)eC[a,b] bolsin.

3-teorema. f(x,y) funksiya D sohada berilgan va integralla-

nuvchi bosin. Agar v fiksirlangan xe[a,b] uchun
@ (x)
I(x)= J. f(x,y)dy
a(x)
integral mavjud boTsa, u holda

b %T)f(x,y)dy:‘dx

al a(x)
mavjud boladi va

8| wa(x)
[[7(x.y)axdy = J'f(x,y)dy}dx;
D ai afx)
tenglik bajariladi.
Agar D soha

D={(x,y)eR2:;V,(y)SxS(//z(y), cSysd}

(6

‘rinishda bo‘lib, ,(y) va ¥,(y)eC|c,d] bo‘lsa, unda quyidagi

eorema o‘rinli bo‘ladi.

4-teorema. f(x,y) funksiya D sohada integrallanuvchi bo‘lib,

v fiksirlangan yefe,d] uchun
‘llz(}')

1(y)= | f(xy)dx;

'l/l()")
navjud bo‘lsa, unda
d| va(y)
[ 7(xy)dx|ay;
< Wl(.V)
1avjud va
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ce AR
- }[If(x,y)draj}= ![ i}f{x=Y)df}dy )
bo‘ladi. |

3%, Ikki karrali integrallarda o‘zgaruvchilarni almashdtirish.
Silindrik va sferik koordinatalar sistemasi

"' DcR® soha berilgan bo'lib, F(xy) funksiya D da integral-
lanuvchi bo‘lsin. = Hf (x,5)dxdy -3 _
o J
= Qf(x,y)d\?dy (7)

deb belgilaymiz. Bizdan (7) ni hisoblash talab gilinsin. Ravshanki,
f (x, y) funksiva hamda D soha murakkab bo‘lsa, {7)-integralni
hisoblash qiyin bo‘ladi.

Ko'p hollarda x va u# o‘zgaruvchilarni boshga o‘zgaruvchilarga
almashtirish natilasida funksiya ham, soha ham soddalashib, ikki
karrali integralni hisoblash osonlashadi. _

Ayvtaylik, 2 ta x0u va u0v tekislikiar berilgan bo‘isin. x0u tek-
isligida chegaralangan, chegarasi @D sodda, bo‘lakli sillig chiz-
igdan iborat bo‘lgan D sohani garaylik. IKkinchi uov tekisligida
ham xuddi shunga o‘xshash A sohani olamiz.

@(u,v) va w(u,v) funksiyalar A da berilgan shunday funksiy-
alar bolsinki, ular A sohadagi V(u,v} pugtani D sohadagi (x,y)
nugtaga akslantirsin, ya’'ni

{xw(uﬂ)
. y=y(uv)
funksiyalar A sohani D sohaga akslantiradi. '

Faraz gilaylik, bu akslantirish quyidagi shartlarni ganoatiantirsin:

1)} (8)-akslantirish o‘zaro bir giymatli,

2} o(x.y),p{x,y)eC(D) bolib, bu funksiyalarga teskari bo‘lgan
funksiyalar ¢, (#,v}), %, (#,v)€ C{A) va vlarning barcha birinchi tar-
tibli xususiy hosilalari 3 bo‘lib, ular harn mos sohalarda uzluksiz bo‘lsin,

3) (8)-sistemadagi funksiyalarning xususiy hosilalaridan tuzilgan
determinant (yakobian) uchun

()
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o) | 5 5

_ Py ou Ov

I(u,v)= Dlur) Wy oy #0 ©)
ou Ov

shart bajarilsin.

Teorema. Faraz qgilaylik, (8)-sistema yordamida aniglangan funk-
siyalar A sohani D sohaga akslantirsin va yuqoridagi 1)-3)-shartlar-
ni qanoatlantirsin. U holda

I= }[jf(x,y)dxaﬁz = {If[cv(u,v),w(u,v)] 1 (u,v)| duav (10)

bo ladi.

(10)-formulaga ikki karrali integrallarda o‘zgaruvchilarni almash-
tirish formulasi deyiladi.

Uch karrali integrallarda o‘zgaruvchilarni almashtirish formula-
lari ham shu kabi bo‘ladi. Masalan,

x=g(u,v,w)
y=y¢(u,v,w)

z=y(u,v,w)
funksiyalar Ac R’ sohani Dc R’ sohaga akslantirib, yuqoridagi
1)-3) shartlarni qanoatlantirsin. Agar D sohada integrallanuvchi
f(»,y,z) funksiya berilgan bo‘lsa, u holda

.UJ' f(x,y,2)dxdydz = m[(p (uvaw),w (u,v,w), 2(u,v, w)] . |I (u,v, w)l - dudvdw
n A
tenglik o‘rinli bo‘ladi. Bu yerda

& o
u v ow
I(u,v,w)= D(x, y,z) Y ¥ ¥
(uvw) du v ow
oz oz ?i
ou v ow

berilgan akslantirishning yakobiani.

Ikki Kkarrali integrallarni hisoblashda qutb koordinatalar siste-
masiga o‘tish (x=rcosp, y=rsing, I=r), uch karrali integral-
larni hisoblashda esa silindrik yoki sferik koordinatalar sistemasiga
o‘tish ko‘p hollarda yaxshi natija beradi.
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Silindrik koordinatalar sistemasida VM e R® nuqta M(g,r,z)
kabi beriladi (10-chizma).

ALZ
z =N ) A
! \1 M(y,r, )
i »
1
1
1
0 1y
/’yt( ; /: Y
Xf e e =
X
10-chizma.

Silindrik koordinatalar sistemasini Dekart koordinatalar siste-
masi bilan bog‘lovchi formulalar (11) va (12) tengliklarda keltirilgan.

X=rcose (11)

=z, 0<p<2n, 0<r<+w

r= \/xz +y?
Q= arctgl (12)
x

z2=2

(11)-sistema uchun yakobian

D(x,y,z)
D(go,r,z)
Sferik koordinatalar sistemasida v/ e R® nuqta M(p,p,y) kabi

[1(pr-2)] =

=

H

/‘1\111 4

x 11-chizma.
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- beriladi (11-chizma). Sferik koordinatalaf sistemasini Dekart koordi-

 natalar sistemasi bilan bog‘lovchi formulalar (13)-tenglikda keltirilgan,

X = pcose - siny

yEPSIQSiY o np 0<peton, DSpsa (13)
z=pcosy -
. {13)-sistema uchun yakobian
X, Vs
I{9,0, e = p SIDW
HCYXTE D(fp,p,w)’

4°, Tkki karrali integrallarning ba’zi bir tatbiglari

a) Jismning bajmi. R* fazoda yuqoridan z= f(x,y) sirt bilan,
yon tomonlaridan vasovchilari 02 o‘giga parallel bo‘lgan silindrik
sit hamda pastdan OXY tekisligidagi D soha bilan chegaralangan
(V) jismning hajmi ¥ ushbu .

v=[[rGnaay R

formula yordamida hisoblanadi.
Misol. Ushbu

ellipsoidning hajmi topilsin. '
< Agar {z20} yarim fazodag1 eltipsoid bo‘lagmmg haJmlm v,

desak, unda
Xy
szﬁzzcij,fi—?-?dx@,
x2 yZ
D=t =g1
Z5e)

¥TArCOS@  almashtirish bajaramiz, unda D soha
y=brsing

" bo'ladi. Bu yerda
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A= {(r, gz)) :0<r<1,0sp< 27:} to‘gri to‘rtburchakka akslanadi va ya-
kobian

ox o

ordp | | acosg,-arsing |
I(r,¢)-—- oy - bsimp,brcos'? =abr;

or ¢

bo‘ladi. Unda
] 2z 1
V=2 H\/l —r? -abrdrdg = 2abc J{r\/l - I d(o}dr =4rabe Irx/ 1—-ridr= -43£abc. >
A ] L] (]

b) Yassi shaklning yuzasi.
Ikki karrali integraining ta’rifiga ko‘ra, D sohaning yuzasi

§= lf)fd"dy 5)

formula yordamida hisoblanadi.
Xususan, soha D= {(x,y) €R*:a<x<bh, 0<y< f(x)} egri chiz-
igli trapetsiya bo‘lsa, u holda

§ = ([dxdy= I]f(f)ay}ax = l:[f(x)dx;

bizga ma’lum bo‘lgan formulaga kelamiz.
d) Sirtning yuzasi. Aytaylik, z=f(x,y)eC'(D) bolib, bu funk-
siyaning grafigi R*® fazoda (S) sirtdan iborat bo‘lsin. U holda bu

sirt yuzasi
5= g\/:[f,' ()] +[ £ (3 | (16)

formula yordamida hisoblanadi.

e) Ikki Kkarrali integrallir yordamida mexanikaga oid masala-
larni yechish.

Aytaylik, D — xOu tekisligida berilgan zichligi p(x, y) ga teng
bo‘lgan bir jinsli plastinka bo‘lsin. Unda quyidagi formulalar o‘rinli
bo‘ladi.

M= Hp(x, y)dxdy an

(17)-plastinkaning massasi.
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Mx = ijp(x$y)dx‘1y’
D

My=”x-p(x,y)dxdy (18)
(18)-plastinkaning 0X va lz)Y o‘qlariga nisbatan statik momentlari.
. — M.V
Xy = 74"'
M, (19
M= M

(19)-plastinka og‘irlik markazining koordinatalari.
Ix = .U'yz 'P(x,}’)dXdy;
D

1= ﬂxz p(x,y)dxdy (20)

(20)-plastinkaning 0X va 0Y o‘glariga nisbatan inersiya mo-
mentlari.

L=1+1,= [[(+ + ) p(xy)drdy Q1)

(21)-plastinkaning koordinata boshiga nisbatan inersiya momenti.

‘Eslatma. [kki karrali integral oddiy bir o‘zgaruvchili funksiya aniq
integralining ganday umumlashmasi bo‘lsa, uch karrali integral ham
ikki karrali integralning shunday umumlashmasi bo‘ladi va prinsipial
jihatdan undan farq gilmaydi. Shu munosabat bilan uch karrali in-
tegralning ta’rifi, uni hisoblash usullari va ularning tatbiqlarini o‘qib,
o‘rganib olishni o‘quvchining o‘ziga havola qilamiz.

5° Birinchi tur egri chizigli integrallar va ularni hisoblash
Ushbu x=¢(r), y=y(t) funksiyalar [o, 8] kesmada aniglan-

gan va uzluksiz bo‘lib, ular ¢ ning turli qiymatlariga R? da turli
nuqtalarni mos qo‘ysin. Bu holda [a,B] kesmaning

b

funksiyalar yordamida R?> da hosil bo‘ladigan aksi 7y ga sodda
egri chiziq deyiladi:

r={(xy)e R :x=0(t),y=w(t).t e[, B]}.
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A=y(a) ga egri chizigning boshlang‘ich nuqtasi B=y(f) nuq:
taga esa egri chizigning oxirgi nuqtasi deb ataladi. Biz qaralayot-
gan egri chiziq to‘g‘rilanuvchi, ya’ni chekli uzunlikka ega bo'lsin
deb faraz qilamiz.

Aytaylik, xOy tekisligida biror sodda 4B egri chiziq yoyi va bu
yoyda f (x, y) funksiya berilgan bo‘lsin. 4B egri chizifini 4 dan V
ga qarab 4 =4, 4, 4,, ..,4, =B nuqtalar yordamida n ta 4, 4,
(k=0,n—1) yoyga ajratamiz. 4, 4,, Yyoyning uzunligini AS, va
l—krgf;xlAS‘ deb belgilaymiz. Endi V(&,.n,)e 44, (k=0n-1)
nuqgtalar olamiz va quyidagi

n-1

O'=Zf(§,:,7]‘.)'AS,, 3

k=0
yig‘indini tuzamiz.

Ta’rif. Agar lm(x)o- —3 bo'lib, u chekli I soniga teng bolsa va I
ning qgiymati 4B ning bolinish usuliga hamda (cfk,m) nugtalarning
tanlanishiga boglig bo‘Imasa, u holda shu I soniga f (x, y) Sfunksi-
yaning AB egri chiziq bo'vicha birinchi tur egri chizigli integrali
deb ataladi va u

f S (xy)ds
A
kabi belgilanadi. ’
Shunday qilib,
. n-1
E{f(x,y)ds=:5ma= L@g;f(fk,ﬂk)‘ASk 22)

ekan.
Birinchi tur egri chizigli integrallar quyidagi xossalarga ega.

1 %f("’y)d“&! f(xy)ds.

2) AB=ACUCE= J f(x,y)ds=z£f(x,y)dS+(‘IB f(x,y)ds.
3) J} of (x,y)ds=c- jj,, f(x,y)ds(c=const).

%) ZJ; [£(%7)te(xy)]ds =AJ,-, f(xy)ds Zg g(xy)ds.
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5) Agar Y(x,y)e AB da f(x,y)=0 bo‘lsa, u holda
J'f(x,y)dszo.
in

< _”f(x,y)‘ds.

ah

6) l J'f(x,y)ds
2

7) 3c.c;)e 4B nuqgta topiladiki, jf(x,jz),ds=f(0,,cz)'5'
B

bo‘ladi.
Izoh. Yuqgoridagi xossalarning hammasida f (x, y)eC(AB) deb
faraz qilinadi. '

Teorema. Agar AB= {(x,y) eR :x=p(f),y=y(t).te [a,,B]}
sodda egri chiziq va f(%y)eC(4B) bo'lsa,

rj
[£x)as=[1To@w(O]-[¢ OF +[v' ()T a 23)
AR a
bo‘ladi. .
Bu teoremadan (lllyidagi muhim natijalar kelib chiqadi.
I-natija. Agar AB={(x,y)eR°‘:y=y(x),c5xsb} (y(a)=A,y(b)=B)
bo‘lib, y'(x)eC[a,B] bo‘lsa, u holda

;‘if(x,y)ds = jf[x,y(x)]-,h +[y'(x)]2dx (24)
bo‘ladi.

2-natija. Agar ZE={(r,§o)zr=r((p),¢, $¢S¢2} bo‘lib,
r'(p)eClo,.p,] bo‘lsa, u holda

L]
If(x,y)ds = '[f(rcosgo,rsin ¢)-,/r2 +[r’(¢)]2d¢ (25)
AB @
bo‘ladi.
Eslatma. Agar 1-tur egri chizigli integralda f(x,y)=1 desak,

n-=1

Jds=lim> AS, =€ poadi, yarni
A8 k=0
f= J’ ds (26)- AB yoyning uzunligini hisoblash formulasi.
Ak
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6°. Ikkinchi tur egri chizigli integrallar va ularni hisoblash

Tekislikda biror yopiq bo‘lmagan sodda 4B egri chizig beril-
gan bo‘lib, f (x, y) funksiya shu chizigda aniglangan bo‘lsin. 4j;
egri chizigni 4, (k=0,n) nuqtalar yordamida n 1ta
4,4, (k=0,n-1) bo‘lakka ajratamiz va V(&7 ) € 4, 4;,, nugtalar
olib, quyidagi yig‘indini tuzamiz:

n-\

O.=Zf(§k377k)°Axk'
k=0 _
Bu yerda Ax, =x,,, -x, - 4,4, Yyoyning 0X o‘gidagi proek-
siyasi, A= max AS,, AS,—4.4,., ning uzunligi, deb belgilaymiz.

k=0, n-1 .
Tarif. Agar WO =1 mavjud va chekli boflib, I ning giymati
ARBning bolinish usuliga va (f,,,f)k) nugtalarning tanlanishiga bog‘iq
bo‘lmasa, u holda I soniga f(x,y) funksivadan 4 egri chizig boYicha

olingan ikkinchi tur egri chizigli integral deb ataladi hamda u
I= f F(xy)dx.
A5

kabi belgilanadi.
Shunday qilib,

I= lf(x,y)dxﬂggf(ﬁhm)m Q7)

ekan.
Xuddi shunga o‘xshash f(&,,7,) lami Ax,ga emas, Ay, larga
ko‘paytirib,

r=| F (o) =lim5 £ (6m) 0, (29)

ni hosil qilamiz.
2-tur egri chizigli integral ta’rifidan quyidagi xossalar kelib chigadi.

D [fGep)de==[1(52)d va [16end=-[1(x0).

2) Agar 45 yoy 0X o‘giga (0Y o‘qiga) perpendikular bo‘lgan
to‘g‘ri chiziq kesmasidan iborat bo‘lsa, u holda

[7()dr=0 uf(x,y)dy:o)

bo‘ladi.
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Endi faraz qilaylik, 4B egri chizigda 2 ta P(x,y) va O(x,y)
funksiyalar berilgan bo‘lib,

IP(X,)’)dx va _[Q(x’y)dy;
AB AR
2-tur egri chizigli integrallar mavjud bo‘lsin. Ushbu
[P(xy)ds+ [O(xy)dy;
AB 4B

yig‘indi 2-tur egri chizigli integralning umumiy ko‘rinishi deb ata-
ladi va
IP(x,y)dx+Q(x,y)dy;

Al

kabi yoziladi. Demak,
AIBP(x,y)dx+Q(x,y)dy= _I[P(x,y)dx+ A_}‘;Q(st’)aﬁ’ (29)

Aytaylik, 4B egri chizig, sodda yopiq egri chiziq bo‘lsin, ya’ni
A va V nuqtalar ustma-ust tushsin. Bu yopiq chizigni 7 deb belgi-
laymiz. Bu yopiq chizigda ikkita yo‘nalish bo‘ladi. Ularning birini
musbat (soat strelkasiga qarama-garshi yo‘nalganini), ikkinchisini
manfiy yo‘nalish deb qabul gilamiz.

Faraz qilaylik, » da f(xy) funksiya berilgan bo‘lsin. Bu y
chiziqda 2 ta w4 B nuqtalar olamiz. Natijada y yopiq chiziq 2
ta 4aB va Bh4 egri chiziglarga ajraladi (12-chizma).

Agar jf(x,y)dx+ _[f(x,y)dx integral mavjud bo‘lsa, u

AaB BbA

F(x.y) funksiyaning » yopiq chiziq bo‘yicha 2-tur egri chizigli
integrali deb ataladi va mf (x,y)dx kabi beigilanadi.
4

8 B
a
A
12-chizma.
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[ﬂP (x,y)dx+ ['ﬁQ(x,y)dy bo‘lgan umumiy hol ham xuddi shun-
ga o‘xshash ta’riffanadi.
Agar jp egri chizig fazoviy chizig bo‘lib, f(x,»,z) funksiya
shu chiziqda aniglangan bo‘lsa, u holda
. \ P
J‘f (xsy’z)dX, J-f(xsy,z)dya j.f(x’y’z)dz’ ]ar va
AR AB

A

IP(x.y,z)dH O(x,y.z)dy+ R(x,y,z)dz =

AB

= J-P(x,y,z)dx+ [O(x,y,2)dy+ IR(x,y,z)dz
i B B

lar ham yuqoridagidek aniglanadi.

Endi ikkinchi tur egri chizigli integrallarni hisoblashni
o‘rganamiz.

Faraz qilaylik, EB={(x,y):x=(p(t),y=gz/(t),te[o:,‘li]} bolib,
o) () <Cla Sl (p(@)w (@) =4, (p(B)w(#) =8 boisin,
hamda t parameir « dan S ga qarab o‘zgarganda
(x.7)=(p(1),w (1)) nugta A dan V ga qarab o‘zgarsin.

1-teorema. Agar ¢'(f)eCla.p] boflib, f(x, y)eC(AB) bolsa,
u holda

[ ()= Lo () (V' () 0

AB

bo‘ladi.

u holda p
[rGy)ay=[flo(0)w ()l ()ar G1)
bo ladi, i “
1-natija. Acar ¢'(1),p"(1)eCla, B] bo'lib,
P(x,y),0(x, y)eC(;IB) bo‘lsa, u holda

[P(x,9)ar+0(x.y)dy = ?[P(go(t),y/(l))q)'(l) + QOO 32
boiadi. ’
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2-teorema. Agar y'(t)eCla,f] botib, f(xy)e C(ZB) bolsa,

»




2-natija. Agar AB={(xy):y=y(x);asx<b}, y'(x)eC[a,b]
bo'lib, P(x,y),0(x,y)e C(ZB) bo‘lsa, u holda

IP(x y)de+Q(x,y)dy = ﬂ:P x,y(x))+Q(x, y(x))- (x)]d (33)

bo‘lad1

Misol. Agar (7 egri chizig O(0,0) va A(1,1) nugtalarni tut-
ashtiruvchi

a) to‘gri chiziq kesmasi.

b) ORA siniq chizig, P=(1,0) nugta;

d) OQA sinig chizig, 0=(0,1) nugta bo‘lsa,

I= I(x—yz)dx+2xydy;
hisoblansin. o
1
4 a) 5A:y=x,0£x$1:>1=ﬂ:(x—xz)+2x2:|dx=—
(1]

b) = [(x-y)dr+2mpdy= [(x~1")dc+2xpdy+ [(x-3*)dx+ 25pap =
or PA

OPA

OP:y=0,08x<1=>dy=0 ! t
= Y * Y = J.xdx+ IZyaj;:z,
PA:x=10<y<1=dx=0 H 0 2

d) I= -“(x—yz)d)g-{-z_xydy: I(x—yz)dx+2lj/dy+ I(x—yz)dx+2xydy=
OQA o o

_ 0Q:x=0,0sy<1=>dr=0 _n ; \ i L
_[[QA:y=l,OSx$1=>ay=oD"Joaﬁ +J|‘(x l)dx_ .2._,>

Izoh. Bu misoldan ko‘rinib turibdiki, 2-tur egri chizigli inte-
gralning giymati umuman olganda, 4 va V nuqtalarni tutashtiruv-
chi integrallash yo‘liga bog‘liq ekan.

Qanday shartlar bajarilganda uning giymati integrallash yo‘liga
bog‘lig bo‘lmaydi, degan savolga keyingi punktda javob beramiz.

7°. Grin formulasi va uning ba’zi bir tatbiglari

a) Grin formulasi.
I-teorema. (Grin). D c R* soha berilgan boib, uning chegarasi
aD bo‘lakli-silliq chizigdan iborat bo‘lsin. Agar P(x,y) va O(x,y)
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funksiyalar D da berilgan va P(x, y),Q(x, y),

oP(x, ) 80(x.y)
ox o

[jp(x,y)amQ(x,y)dy ﬂ[gg_gfj) '_ | (34)

tenglik o ‘rinli bo'ladi.
(34)-formulaga Grin fermulasi deyiladi.
Grin formulasidan D sohaning yuzasini hisoblash uchun ushbu

ec(D) bo‘!sa u holda

'S=-@ydx, (35)
S= dXdy, va (36)
oD i
i
S=—2~gxdy-ydx, o (37

formulalar kelib chigadi.

2-teorema. Agar P(x,y) va Q{x,y) funksiyalar D sohada Grin
teoremasining shartlarini bajarsa, unda quyidagi 4 ta shart bir-biriga
ekvivalent bo‘ladi.

1) D da --=—-— (38) tenglik bajariladi.
oy
2) D sohadagi v yopiq kontur ¥ uchun [ﬁde +Qdy =0

¥
3) V4,Be D nugtalar va bu nuqgtalarni tutashtiravchi 7z voy
uchun
J Pdx+Qdy ,
AR

integralning qiymati integrallash ve‘liga bog‘liq emas;

4y P{x,Wux+ Q(x,y)dy ifoda tolig differensial boladi, ya'ni
D sohada shunday u(x,y) funksiya topiladiki du = Pdx+ Qdy teng-
ik bajariladi va unda

[ Pdx+Qdy=u(B)~u(4) boladi.
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Agar du=Pdx+Qdy bo‘lsa, unda u(x,y) funksiya ushbu
u(x,y)= jP(x,y)dx+ (003 y)dy+c (39)

Jo
formula yordamida toplladn Bu yerda (xo,yo)ED -ixtiyoriy nugta.
Misol. Agar y chiziq koordinata boshidan o‘tmaydigan va
yo‘nalishi musbat bo‘lgan v yopiq chiziq bo‘lsa,
I= [jxdy ydx
2+ y?

s
14

integralni hisoblang.
< 7 chiziq bilan chegaralangan sohani D deb belgilaymiz.

I-hol. 0¢ D bolsin.
2 2
PV ogo_x PO yor _,
Pyt A4y oy o (x:+y2)

Grin formulasiga ko‘ra 7=0.
2-hol. 0e D bo‘lsin. Bu holda Grin formulasidan foydalana

olmaymiz, chunki, P(x,y) va Q(x,y) funksiyalar 0(0,0) nuqtada

aniglanmagan.
/¢
(0 ),

13-chizma.

D sohaning ichida yotuvchi YV 7,={(x,y):x2+y2=r2} aylana
olamiz. Endi G soha sifatida y va-y, chiziglari bilan chegaralangan

oP o
sohani olamiz. G da 5=a—g va 0gG. Unda Grin formulasiga kora

[ﬁpdx+Qdy=o=>o=[:ﬁ1>¢v+Qdy+[ﬂpdx+gdy=[jpdx+gdv—[ﬁpdx+gdy:
14 7 A 4 7r
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— = t,0<t <27,dx =—~rsi =
I=EﬁXdy ydx=((x rcost,0<t < 27,dx rsmtdt)]= far=27.0
0

> x* +y? y=rsint,dy =rcostdt

8°. Birinchi tur sirt integrallari va ularni hisoblash

»
Birinchi tur egri chizigli integrallar oddiy aniq integrallarning
qanday umumlashtirilishi bo‘lsa, birinchi fur sirt integrallari ham
ikki karrali integrallarining shunday tabiiy umumlashtirilishidir.

Bizga bo‘lakli sillig kontur bilan chegaralangan ikki tomonli
sillig (yoki bo‘lakli silliq) (S)c R® sirt berilgan bo'lib, f(x,y.z)
funksiya shu sirtda aniglangan bo‘lsin. (S) sirtni v tarzda o‘tkazilgan
egri chiziglar to‘ri yordamida (S,),(S,),....(S,) gismlarga ajratamiz.
(S;) ning yuzasini S, deb belgilaymiz (k=i:_—;). Har bir (S,) da
V(&,m.¢;) nugta olib

o =Zf(§u’7u§k)sk;

integral yigtindini tuzamiz va 4 =’}2%§‘150”?(Sk) deb belgilaymiz.
Ta’rif. Agar Ef_f}gd =1 mavjud va chekli bo‘lib, I ning giymati
(S) sirtning bo‘linish usuli hamda (gk,n,,,gk) nugtalarning tanlan-
ishiga bog‘liq bo‘lmasa, u holda I ga f(x,y,z) funksiyadan (S)
sirt bo‘yicha olingan 1-tur sirt integrali deyiladi va
H S (xy,2)ds;
(%)
kabi belgilanadi.
Teorema. Agar sirt ushbu (S)={(x, nz)e R iz=z(x,y),(x, y)eD}
ko‘rinishda beriigan bolib, z(x,y),z,(x,y),z,(x,y)eC(D) va
f(x3.2)eCL(8)] botsa, u kolda

(J;)"f (x,»,z)dS = ﬂf EX’- (x,y)]\/ 1+ (x, y)]2 +[z"‘. (x,y)]zdxdy (40)
boladi.
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99, Ikkinchi tur sirt integrallari va ularni hisoblash

Bizga ikki tomonli sillig (yoki bo‘lakli sillig) (S)c R® sirt ber-
ilgan bo‘lib, f(x,y,z) funksiya shu sirtda aniglangan bo‘lsin. (S)
sirtni vy tarzda o‘tkazilgan egri chiziglar to‘ri yordamida
(5,):(5,)5--(S,) qismlarga ajratamiz. (S,) (k:l, n) ning 0XY
tekislikdagi proeksiyasini D,, D, ning yuzasini esa S, deb belgi-
laymiz. Har bir (S;) da V (&,7,,$,) nugta olib quyidagi

0'=§:f(§p”k’¢k)sl),;

k=l
yigindini tuzamiz va "v:'ﬁ%di""’(&) deb belgilaymiz

Taif. Agar Umo =1 mavyjud va chekli bo'lib, I ning giymati (S)
sirtning bo Tinish "usuliga hamda (&,,1,,4,) nugtalaming tanlanishiga
boglig bo‘lmasa, u holda I ga f(x,y,z) funksiyadan (S) sirtning tan-
langan tomoni bo yicha olingan ikkinchi tur sirt integrali deyiladi va

[[7 (e.y.z)dxay,
)
kabi belgilanadi.
Shunday qilib,

I=(f3ff(x,y,z)dxdy= limif(fk,z;,‘,{k)sﬂ 41)
s A0 e L4

Shuni aytib o‘tish kerakki, funksiyadan (S) sirtning bir tomoni
bo‘yicha olingan ikkinchi tur sirt integrali, funksiyadan shu sirtning
ikkinchi tomoni bo‘yicha olingan ikkinchi tur sirt integralidan faqat
ishorasi bilangina farq giladi.

Ushbu (I,)[f (% y.2)dydz , (I!f (x,y,z)dzdx ikkinchi tur sirt in-
S S

tegrallari ham yuqoridagidek ta’riflanadi.

Ikkinchi tur sirt integralining umumiy ko‘rinishini keltiramiz.
Faraz qilaylik, (S) sirtda P(x,y,z), Q(x,y,z) va R(x,y,z) funksi-
yalar berilgan bo‘lib,

Ushbu

J' IP(x, ¥, z)dxdy J]Q(x, y.z)dydz J' fR(x, y,z)dzdx .
@ G s ’
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integrallar mavjud bo‘lsa, v holda ulaming yig'indisi 2-tur sirt in-
tegralining umumiy ko‘rinishi deb ataladi va
IIP(x,y,z)dx@+Q(x,y,z)M+R(x’y’z)dz‘&;
(5) .
kabi belgilanadi. - |
Endi R° fazoda biror (V) jism berilgan bo‘lsin. Bu jismni o‘rab
turgan yopiq sirt silliq sirt bo'lib, uni (3) deylik. f {(x.3,2) funksiya
(S) da berilgan bo‘lsin. @XY tekislikka parallel bo‘lgan tekislik bilan
(V) ni 2 gismga ajratamiz: (V)=(¥;)(¥;). Natijada, uni o‘rab tur-
gan (S) sirt (S,) va (S,) sirtlarga ajraladi. Ushbu
[[rGrz)asay+ [[7(xy.2)dsdy (42)
(S|) . (SZ)
integral (agar u mavjud bo‘lsa) f (x, y,z) funksiyaning yopiq sirt
bo‘yicha 2-tur sirt integrali deb ataladi va
(ff 7 (x.-2) ey
| | &) -
kabi belgilanadi. Bu yerda (42)-munosabatdagi birinchi integral (S,)
sirtning ustki tomoni, ikkinchi integral esa {S,} sirtning pastki
tomoni bo‘yicha olingan. Xuddi shunga o‘xshash
0l f (. y.2)dydz 0 (2,3, 2)dizalx ;
(%) ! (3}
hamda umumiy holda
IjIP(x,y,z)dxajf+ Q(x,y,z)dydz + R(x,y, z)dzdx;
) '
integraliar aniglanadi.
Teorema. Agar sirt ushbu

(%) ={(x,y,z) e R :z=2(x,).(x,y)e D}
ke rinishda berilgan bo'lib, z(%,y), z,(x.¥), z,{x,y}eC(D) va
f(%y,2)eCi(8)] bosa, u holda |
[[frz)ady= [[f[xrz(np)]ady @43y
boYadi, @ 7 L
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Izoh. Agar (S) sirtning pastki tomoni qaralsa, unda barcha 3, lar
manfiy bo‘lib,

(J;){f (%3, z)dxdy =~ _U f [x, »,z(x, y)] dxdy

bo‘ladi.
Natija. Agar (S) sirt yasovchilari OZ o‘qiga paraliel bo‘lgan
silindrik sirt bo‘lsa, unda

ﬂf (x, y,z) dxdy =0,
()
bo‘ladi.

Demak ikkinchi tur sirt integrallari ikki karrali Riman integral-
lariga keltirilib hisoblanar ckan.

Agar (S)-ikki tomonli silliq sirt bo‘lib, P(x.3.z), Q(x,1.2)
R(x,y,z)eC[(S)] bo‘lsa va (S) sirt normalining yo‘naltiruvchi ko-
sinusilarini cosa, cosf, cosy desak, u holda 1 va 2-tur sirt inte~
grallari orasida quyidagi munosabat o‘rinli.

HP(x, y2)dydz + Q(x, y, z)dzdx + R(x,y,z)dxdy =
()

= J'J.[P(x,y,z)cosa +Q(x,y,z)cos B+ R(x,y,:)cosy]ds (44)

N
IZ(()l)I. Agar (S) sirt z:z(x,y) tenglama yordamida berilgan
bo‘lsa, sirtning (xo,yo,:-:(,) nuqtadagi normalining 0X, 0Y, 0Z
o‘glarining musbat yo‘nalishlari bilan tashkil gilgan burchaklarini
mos ravishda «a, f, y orqali belgilasak,

cosa = ; ’; —,
i\/l+(zx) +(z) )
L
_z'
jcos B = L ,

(45)

cosy = = =
sfie(= ) +(3)

bo‘la.di va ular normalning yo‘naltiruvchi kosinuslari deyiladi.
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Iidiz oldida ma’lum bir ishorani tanlab olish bilan biz sirtning aniq
bir tomonini tanlab olgan bo‘lamiz. Masalan, ildiz uchun musbat ishora-
ni olsak, cosy >0, va’ni normal OZ o'gi bilan 7 o‘tkir burchak tashkil
ctadi va bu holda (S) sirtning “yuqori” tomonini tanlab olgan bo‘lamiz.

10°. Stoks va Gauss-Ostrogradskiy f8rmulalari

($)={(x.7,2)e R :z=2(x,p),(x,¥)e D} bolib, d(S)—bo‘lakli sil-
liq egri chiziq va &(S)-ning OXY tekisligiga proyeksiyasi 8D bo'lsin.

Faraz qilaylik, (S) sirtda uzluksiz P(x,y,z), Q(x,».z) R(x,y.2)
funksiyalar aniglangan bo‘lib, bu funksiyalarning barcha birinchi
tartibli xususiy hosilalari (S) sirtda uzluksiz bo‘lsin.

1-tcorcma. (Stoks). Agar yugoridagi shartlar bajarilsa, u holda ushbu

j P(x,y, 2z} + O(x.y,2) by + R(x, p, ). ~—J' o _or dxdy +
&8) () ax 5)’

oR OQ] opP aze]

- dz +| — —— |d=dx.

[ay Oz 4 [62 Ox : (46)

Stoks formulasi o'‘rinli boladi.

Shunday qilib, Stoks formulasi (S) sirt bo‘yicha olingan 2-tur
sirt integrali bilan shu sirtning chegarasi bo‘yicha olingan egri chizigli
integraini bog‘lovchi formuladir.

Endi Ostrogradskiy formulasini keltiramiz. R® fazoda pastdan
z=@,(x,y) tenglama bilin aniglangan silliq (S,) sirt bilan, yu-
qoridan z=g,(x,y) tenglama yordamida amqlangan (S’) sirt bi-
lan, yon tomondan esa yasovchilari OZ o‘giga parallel bo‘lgan sil-
indrik (S,) sirt bilan chegaralangan (V) jismni garaylik. Bu jis-
mning OXY tekisligidagi proeksiyasini p deb belgilaymiz. Faraz
gilaylik, (V) da uzluksiz P(x,y,z), Q O(x,,z), R(x,y,z) funksiya-

lar berilgan bo‘lib, ‘a_"é“’ Py GC[(V)] shartlar bajarilsin.

2-teorema. (Ostrogradskiy). Agar yuqoridagi shartlar bajarzlsa
u holda ushbu

or 6Q OR _ ~
(r ) 61 ay az Jd\dyd.. = [jj[’dyd;. + Qdzdx + Rdxdy (47)
Gauss-Ostrogradskiy formulasi o rmll bo ‘ladi.
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11°, Maydonlar nazariyasi elementlari

Uch oflchovli Yevklid fazosi g* ni olib, undagi nuqtalarni
(x, », z), koordinata o‘qlari bo‘ylab yo‘nalgan birlik vektorlarni esa
e, e, e, kabi belgilaymiz. Aytaylik, Dc R® sohadagi har bir
(%, », z) nugtaga 4(x, y, z) vektor mos qo‘yilgan bo‘lib, tanlan-
gan koordinatalar sistemasida u 4/(x, y, z), 4 (x, y, 2),
4, (x, ¥, z) ko‘rinishga ega bo‘lsin. U holda D sohada vektor funk-
siya aniglangan yoki D da vektorlar maydoni berilgan deyiladi. Agar
har bir 4, (x, y, z), k=1, 2, 3, funksiya uzluksiz, differensiallanuvchi
va hakozo boflsa, unda 4 vektor maydon uzluksiz, differensialla-
nuvchi va hokazo deb ataladi. Agar D sohada U(x, y, z) funksiya
aniglangan bo‘lsa, u holda D da {7 skalyar maydon berilgan deyiladi.
Tanlangan koordinatalar sistemasida qgaralayotgan skalyar va vektorlar
maydoni kerakli darajada silliq bo‘lsin deb faraz gilamiz.

Ushbu
gradl = gq’a_u_,gg_ =ela—U+e2§—g+e,a—U:U—>A
ox oy Oz Ox oy oz
operatorni (gradiyent) aniglaymiz. U bilan bir qatorda A vektorni
U skalyar maydonga akslantiruvchi

g4‘—+ai+ai:.4—>U
o&x oy oz
operatorni (divergensiya) qaraymiz. Vektor maydon vektor may-

donga quyidagi

g & &
8 o @
A= — — —|:A—>B
U % & @
A A, 4

formula yordamida aniglanadigan rotor operatori yordamida akslanadi.
" Agar simvolik nabla differensial operatorini (Gamilton operatori)
b3
V= 815;-*'625;+e3—5;;
tenglik yordamida aniglasak, u holda
gradU =V U,

rotA=Vx 4,
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divd=V -4

bo‘ladi.

Kiritilgan operatorlardan foydalanib, quyidagi tengliklarning o‘rinli
bo‘lishini ko‘rsatish qiyin emas:

1) rotgradU=VxVU=0,

2) divrotd=V-(Vx 4)=0,

3) graddivA = V(V . A),

4) rotrotd =V x(Vx 4),

5) divgradU =V -VU

(44)-formuladan foydalangan holda Stoks formulasini quyidagi
ko‘rinishda yozish mumkin:

J P(x,y,z)dc+Q(x,y,z)dy + R(x,,2) =

&(5)
cosa cosf cosy
- [ o 4 3
© ox oy oz
P Q¢ R

Agar bu tenglikdagi P, @, R funksiyalar o‘rniga 4 vektor
maydonning komponentalarini olsak va dS=(dx,dy,dz) deb belgi-
lasak, tenglikning chap tomonidagi integralostidagi funksiyani 4-dS
deb yozish mumkin. Agar n=(cosa, cos 53, cosy)-birlik normal
vektor bo‘lsa, tenglikning o‘ng tomonidagi integral ostidagi funksi-
yani yofd4.-n deb yozish mumkin bo‘lib, Stoks formulasining vektor
ko‘rinishi quyidagicha bo‘ladi:

[:ﬁ A-dS= Hn-rotAdS
S) (%)

(48)-tenglik maydonlar nazariyasi tilida quyidagicha aytiladi: A4
vektor maydonnning sirtning chegarasi bo‘yicha olingan sirkulyat-
sivasi rotd maydonning (S) sirt bo‘yicha olingan oqimiga teng.

(44) formuladan foydalanib, Gauss-Ostrogradskiy formulasi vektor
ko‘rinishida quyidagicha yoziladi:

5[J.A-ndS= J;ﬂdivAdV’ (49)

bu yerda dV =dxdydz hajm elementi.
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(48) va (49) formulalar vektorlar maydonidagi rotor va divergensi-
ya operatorlarining invariant ekanligini ko‘rsatish imkoniyatini beradi.

1-ta’rif. Agar A vektor maydon uchun shunday skalyar U may-
don topilib, gradU=A tenglik bajarilsa, unda A vektor maydon
potensial maydon deyiladi. Uy funksiva esa A maydonning skalyar
potensiali deb ataladi.

2-ta’rif. Agar A vektor maydon uchun shunday B vektor maydon topilib,
rotB = A tenglik bajarilsa, u holda A maydon solenoidal maydon deyiladi.
V vektor maydon esa A maydonning vektor potensiali deb ataladi.

Punktning oxirigacha biz maydonlar uch o‘lchovli fazoda qara-
layapti, deb faraz qilamiz.

1-tcorema. A maydon potensial maydon bo lishi uchun rotd=0
bolishi zarur va yetarli.

2-teorema. A maydon solenoidal bo lishi uchun divA=0 bo lishi
zarur va yetarli,

(48)-Stoks formulasidan va 1-teoremadan quyidagi tasdiq kelib
chigadi: Agar A potensial maydon bo‘lsa, u holda maydonning yopiq
egri chiziq bo‘yicha olingan sirkulyatsiyasi 0 ga teng bo‘ladi.

(49)-Gauss-Ostrogradskiy va 2-teoremadan quyidagi tasdiq kelib
chigadi: agar A solenoidal maydon bo‘lsa, u holda maydonning biror
jismni o‘rovchi yopig sirt bo‘yicha olingan oqimi 0 ga teng bo‘ladi.

Shuni ta’kidlash lozimki, ixtiyoriy vektor maydonni potensial va
solenoidal maydonlarning yig‘indisi ko‘rinishida ifodalash mumdkin.

11°. Furye gqatorlari

\-ta’rif. f(x) funksiva [-m;n]| kesmada absolut integrallanuvchi
boIsin. Koeffisientlari
1

—_[ (x)cosnxdx, n=0,1, 2,.
7

-1 j.f (x)sinaxdx, n=1,2,.
formulalar yordamzda amq/angan ushbu

~c)~—+Z( ,cosnx +b, sinnx) (50)

n=|

trigonometrik qator f(x) funksiyaning Furye qatori, a,, b, sonlar
esa-Furye koeffisientlari deyiladi.
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Absolut integrallanuvchi funksiyaning Furye koeffisientlari n — oo
da 0 ga intiladi. Agar funksiya juft bo‘lsa, Furye qatori fagat kosi-
nuslarni, toq bo‘lsa faqat sinuslarni o‘z ichida saglaydi.

1-teorema. (Rimanning lokallashtirish prinsipi). f(x) funksiya
Furye qatorining x, nuqtada yagqinlashishi, ixtiyoriy kzchzk 5>0 soni
uchun f(x) funksiyaning [x,~8;x,+3| kesmadagi Tgivmatlarigagina
boglig bolib, bu kesmadan tashgaridagi qiymatlariga bogliq emas.

2-teorema. Agar f(x) funksiya [-r;7z] kesmada bo‘lakli-uzluk-
siz bo‘lib, har x nuqtada chekli bir tomonli

f (x)— fim (x+Ax)A;f(x+0) ’

Ax—»+0

_ o S+ Ax)-f(x-0)
f (x) A]xl—)~0 Ax ?
hosilalarga ega bo‘lsa, u holda f(x) funksiyaning Furye qatori har

f(x+0)—f(x—0)

ga teng bo‘ladi. Xususan, funksiya uzluksiz bo‘lgan nuqtada Furye
qatori funksiyaning shu nugtadagi qiymatiga yaqinlashadi.

Yaginlashuvchi Furye qatorining yig‘indisi davri 27 ga teng
bo‘lgan davriy funksiya bo‘ladi.
3-teorema. Agar f(x) funksiya [-z;z| kesmada kvadrati bilan
integrallanuvchi funksiya bolsa, u holda quyidagi Bessel tengsizligi o rinli:
——+Z(a +b’) l'f (x)dx. (51)
Agar funksiya [—7:, 7:] da uquks:z va f(-7)=f(x) bo'lsa, unda
ushbu Parseval tengligi o rinli:

bir x nuqgtada yaginlashadi va uning yig‘indisi

a +Z(a +52) =— J'f2 x)dx. (52)

Agar f(x) funkszya [, b] kesmadc berilgan bo‘lib, ma’lum
shartlarni qanoatlantirsa, unda uni umumiyroq ko ‘rinishdagi tri-
x—a

-a
akslantirish yordamida [a, b] kesmani [-m; x| kesmaga akslanti-
ramiz. Natijada,

gonometrik qatorga yoyish mumkin. Buning uchun !=-7+2x
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1= 0()=1{a+ 22 b-0))
bo‘lib, ¢(t) funksiya [-z; #] kesmada aniglangan. ¢(f) funksiya
[-7; z] kesmada Furye qgatoriga yoyiladi va ¢ o‘zgaruvchidan x
o‘zgaruvchiga qaytsak, f(x) funksiyaning [a, 5] kesmadagi Furye
qatorini hosil gilamiz. Masalan, f(x) funksiya [/ /] kesmada
2-teoremaning shartlarini qanoatlantirsa va u shu kesmada uzluksiz

bo‘lsa, u holda

f(x)—-—-+Z(a cns—-l—+b n——l——)

n=|

tenglik o‘rinli bo‘lib,

iy
=%j‘f(x)sm——l-—dx n=12,..,
-/

bo‘ladi.

Agar f(x) funksiya [0; 2/] oraligda berilgan holda ham yu-
qoridagi tengliklar o‘rinli bo‘ladi, faqat koeffitsientlarni hisoblashda
integrallarni [0; 2/] oraliq bo‘yicha olish kerak.

Nazorat savollari

Ikki karrali integralning ta’rifi.

Darbuning yuqori va quyi yig'indilari hamda ularning xossalari.
Lebeg teoremasi.

Ikki karrali integralning asosly xossalari.

Ofrta qiymat haqidagi teoremalar.

1kki karrali integrallarni hisoblash.

Ikki karrali integrallarda o‘zgaruvchilarni almashtirish.
Silindrik koordinatalar sistemasi.

Sferik koordinatalar sistemasi.

10. Ikki karrali integral yordamida hajm hisoblash.

11. Tekis shakining yuzasini hisoblash.

12. Sitr yuzasini hisoblash.

13. 1kki karrali integrallarning mexanika masalalariga tatbiglari.
14. 1-tur egri chizigli integral tushunchasi.

15. 1-tur egri chizigli integrallarning xossalari.

16. 1-tur egri chizigli integrallarni hisoblash.
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. 2-tur egri chizigli integral tushunchasi.

. 2-tur egri chiziqli integrallarning xossalari.
. 2-tur egri chizigli integrailarni hisoblash.
. Grin formulasi.

. Grin formulasining tatbiqlari.

. 1-tur sirt integrali tushunchasi.

. l-tur sirt integralini hisoblash.

. 2-tur sirt integrali tushunchasi.

. 2-tur sirt integralini hisoblash.

. Stoks formulasi.

. Gauss-Ostrogradskiy formulasi.

. Maydonlar nazariyasi elementlari.

. Furye qatorining ta’rifi.

. Rimanning lokallashtirish prinsipi.

. Furye gatorining yaqinlashishi.

. Bessel tengsizligi.

. Parseval tengligi.

-B-
Mustaqil echish uchun misol va masalalar

1-masala. Berilgan egri chiziglar bilan chegaralangan D soha

uchun {J.f (x.y)dsdy jiai warrali integral takroriy integralga

keltirilsin va integrallash chegaralari ikki xil tartibda qo‘yilsin.

1.1
1.3
1.5

1.7

1.9

y=0, y=3, y=x, y=x-6. 12y=l, 2y=x, 2y=8-x, y=0.
y=xy=x+3,y=2xy=2x-3. 14 y=x', x-y+2=0.
P +y'22a", ¥ +y'<2ax. L6 y=2x-x", y=-x

1
y=x"-4x, y=x. 1.8 xy=4, y2§x2, y<6.
y<9-x%, y22x°. L10 y=x, y=4x, xy24, y<8.

1.11 y=x, y=4x, xy24, y<6.
L12 y=\2ax, ¥*+y* 22ax, x=0, x=2a, y=0.

1
113 y=x?—-4x, 2x—y=5. 114 y=5x", y3-x*, 0<x<l.
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115 xy=9, x+y=10, 1<y<3. L16 y*+8x=16, y° —24x=48.
117 y>x* +4x,y=x+4. 1.18 y*>x"—4x, y<x, x=1.

119 3? _3x=4, y?+4x=I1. 1.20 »*<6+3x, y*<8-4x, |yf<V2.
121 y>x*+2x, y=x+2.

2-masala. Integrallash tartibini o‘zgartiring.
0

0 0 1 0 N
21 J‘dy/J'fdx+ [ty [ s 9 [ay [ fax+ [y jfczx

2 ~J2+y -1 -y 0 ENY { - 2_)1
o Lo 2
2.3 jdy jfdx+ jdy f Jx. 24 [dy jfdx+ fay f f.
0 0 ! [¢
/'— arcsin arceos
2.5 .(dx Lfdy+ !dx_[fdy 2.6 _[dy J.)fdx+ ]jdy J-}fd,\.
-z _J'z_xl -1 x )/‘E

e~lny -t

-l 2y o
2.7 fdy jﬁix+ jdy jfdx. 2.8 I@ ffdw [dy jchr

o -Jr
=) -3 0 0 0
2.9 Idx j fdy+§dvjfdy 2.10 Id\JJ_fdeer_J_fdy
¢ W 2 2y
2.11 Idx Ifdy+ fdxjfdy- 212 [ [ s+ Jay J o
/4 sin —a o3y
2.13 jd» jfdx+ jdy [ A 544 J'dx(f)fdyJ— jdx jjdy
’V 0 2 ~2+x -1 Y
2.15 Idy jfdwfdy jfdx 2.16 fdy ; f"’”f"y Jakx.
Iny v ~J2-y

2.17 de_ffdx+ I dy I Sl 318 'jdyyjfdxfjdyz]yfdx.
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o T e fa | jdyjfdxjdyfdx

dx + 2
2.19 J J.T-;L-z d + J3[ _Hfdy 220 )% 1 J[

s N
221 [ax[fy+ Jax | fay,

3-masala. Ko‘rsatilgan D soha uchun j _[ f(»,y)dxdy integralda
qutb koordinatalariga (x=rcosg,y= rs?n @) o‘tib, integrallash
chegaralari ikki xil tartibda qo‘yilsin.
3.1 D={(xy):x*+’ SZy}.
3.2 D={(x,y):a2 <xP+y? sbz,a>0,b>0}.
33 D= {(x,y):(x2 + yz)2 =a*(x* - 3*),x< O}.
3.4 D soha x=0, y=0, y=1-x chiziqlar bilan chegaralangan.
3.5 D soha x’=ay, y=a (a>0) chiziglar bilan chegaralangan.
3.6 D={(x,y):0$x$l,x2 Sny}.
3.7 D={(x,y):0$ys2,nyS\/§y}.
3.8 D={(x,y):0£x$2,0$ys\/§x}.
{

3.9 D={(r.p):r 22cosp,r <4cosgp}.

3.10 D={(x,y):x2+yzs4,x+y22}.

3.11 D={(x,y):x2+y228,x2+yzs4x}.

3.12 D={(x,y):x2+y2218,x2+yz$6y}.

3.13 D={(x,y):.c3+y2+4x20,x2+y2+8x50}.
3.14 D={(xy)"c>y,x+ys6 y>0}

3.15 D={ :x* 4+ y*<4x ]y|$|x|}

3.16 D={( (o) r>25m¢,r<55mgp,0$¢$2}
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{(xy) ¥ +)y*<16,x* +y 24x}

={(r.¢):r<2cos3p,r 21(I va IV chorakdagi gismi), 3
3.19 D={(xy):¥ +y*2xx" +y <2x}.

{(x,y) ¥ +y<ax,x*+y 22y}

={(%y):0<x<1,2x<y<3x}.

4-masala. Hisoblang.

4.1 II(12x2y2+16x3y3)dxafy; D:x=1, y=x2’ y_____\/;.

42 [f(oxy’ +48x3ya)dxd}’> D:x=Ly=\x, y=-%".
o3 JI6685 9627 s Dixol, yei y=r
)

j18x2y +32x°y* Ydxdy; D:x=1,y=x",y=-x.

&
K

= o

27x*y? +48x3y3)dxdy; Dix=ly=x,y=—3x.

J

(

(

(18x%y* +322°y’ Ydxdy; D:x=1, y=3x, y=—x.
( )

(

o
th

J
[(18%°y* +32x°y*)dxdy; p.x=1,y=x, y=—Vx.
J'27x2y2+48x3y’)dxay; D:x=1, y=4lx, y=—2".
J’(4xy+3x2y2)dxdy; D:x=], y=x, y=—Jx.
410 H12xy+9xy dedy; D:x=ly=.x, y=-x".

4.11 H8xy+9xy didy; D:x=1,y=3x, y=—x'.

A
0\
ey D T

&
o
TS T

4.12 _” 24xy +18x%y* dxdy D:x=1, y=x°, y——\/;.
4.13 J'Iny+27x ¥ dxdy, D:x=1, y=x°, y——\/_.
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4.14 y(sxyﬂsfyz)dxm D:x=l, y=3x, y=—x_.
4.15 !J(-:-aw%x’y’]abmy; Dix=l, y=r, y=—vi.
4.16 !J(g—w+9x2yz)dxdy; D:x=1, y=4Jx, y2-x.
4.17 II}f(z‘m:lh‘tthr’y’)abm‘y,-D=x=1, y=x*, y==Ix.
4.18 g(sm%x’y‘)dxdy; Dix=l, y=ylx, p=-x.
4.19 JJ(“”’““’”’J”)MY; Dix=1, y=3x, y==2,
4.20 {f(4w+l6x’y’)dx@; Dix=ly=x,y=-3x
an [[-ay)ad Dix=t, y=2, y=fr. .

5-masala. Hisoblang,

-

5:1 Ij‘yezdxd’v" D:y=lﬂ2, y=ln3’ x=2’ x=4.
4]

5.2 Hyzsin-zz-a‘.tdy; D:x=0, y=J;’ y=§,

53 ﬂ}’l:osuj«dxd)’; D:-_-y.—_%,y=7r’ e=l, xm2.
D

5.4 H)’ze_%dw)#; D_:x=0, y=2, y=x.
D
5.5 !)IySiﬂx}M: D:y=%, v=z, x=1, x=2.

5.6 J[1i2ysin2xpdxay; D;y=%’., y=§-, x=2, x=3.
D

57 [[resZady, px=o, y=\g, .3
i) -

5.8 .‘Jyzcosm; D:x=0, y'-—_\/;, V=2

1

2

(8]

59 [[4e°ddy D.y=1n3, y=ind, x=2, x=1. .
P . ..
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g -.
510 [[ve*dwdy; Diy=m2, y=In3, x=4, x=8
D
5.1 H4y23inaydmjr, D:x=0, y=J12r__, y=X.
D .
saz [J'sin2udidy; pix=o, y=vIz, p=2e
D

5'13 Ifymszm D:yzf’ J’=ﬂ','x=%s x:l.
D

i

2
5.14 £I2ycos2mdy; D:x:-‘;ﬁ, y=§, x=l, x=2.

¥ x
5.5 [y e ey Dix=0, y=2, y=2.
) o
516 [[y*-e 2axd; Dix=0, y=42, y=x.
n
5.17 Hysinx)drdy; D:y=7z-, y=2;r, xz—;-, x=1. R
il
5.18 _[[yzcoszm@; D:x=0, y.—.g’ y-_——
D
1

519 [[Byedsdy; Diy=in3, y=in4, x=;i', x=z.
D

0| s

5.20 H3y2sin£;-dxdy;D:x=0, y= -4?-,’-’-, y=3x.
b 37

521 ﬂywsWaﬁ% D=y=:r,y-—-3mx=';",x=1.
2]

6-masala. Hisoblang.

| [ Ze2iZoyg
slgxyz(lf)zcts
3 4 8 x=0,y=0,z=0.

z=x+y,x+y=1;

6.2 ('[J;_fls y: +zz dxdydz; (V):{x=0,y=0,z=0.

_ y=xy=0x=L
3x+4 s (V)
6.3 ({f)f( ** y)d”df'd%’ (V)'{z=5(x2+y2),z=0.
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: y=x,y=0,x=1;
“ mz-;x+54y’dxa)w (y){ -
) H dxdydz X2 i
6.5 (V)" x vy z (V) 678°3
_ (_-+16+§+3 x=0,p=0,2=0."
2 . z=10y,x+y=1,
66 | [ + 7)o (V)={x=0y=oz=0_

67 IH(]Sx+302)dxdydz ) {; z ;3){; xz lo )

6_.8:. H (4+382" )duadydz; (V):{i’jj,%iojrl;

y=36x,y=0,x=1

6.9 Iﬂi+2x dfrdydz (V){ J—z o

- , 0,x=2;
6.10 (j}j}jz;m::m, (V_)={;;yf;=0f

' H dxdydz . Z z =1:
6.11 U,)J x+z+z (V) 10 8 3
+10 g 3 ' x=0,y=0,z=0,

= = x=];
60y +90z)dxdydz; (py.]> T HYTHEED
6.12 '[ﬂ( ) ”) z=x*+y*,z=0.

Y R =i

g [fllore)dbi @ {” -
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J'J' drdydz E, Y Z

gl =
6.15 V) (1, %, 2, 2) ():92 4 6
2747% x=0,y=0,7=0,

(8y +12z)dxdydz; (.Y =Y =0x=L;
6.16 III ")) _ 32 4250220,

(x+ y2)ddydz; (y y=xy=0,x=1;
6.17 '[U (): z=30x" +60)?,z=0.

HI[ ) V)5
16

6.18 ()
x=0,y=0,z=0.

6.19 [[[ydsbaz; (), [7=100x+y)x ey =t
) x=0,y=0,z=0.

y=x,y=0,x=1;

6.20 (V)J(Sx+ )dxdydz (V){

z=x"+15y%z=0.

m 2)6; 7): x+y+: 1;

6.21 (»)(Hx A
8§ 3 5 x=0,y=0,z=0.

7-masala. Quyidagi chiziglar bilan chegaralangan shaklning
yuzasi hisoblansin.

3 P _
7.1 y=;, y=4e ’ y—3, y—4. 7.2 xX= '36_}’2, x=6_ ’36_‘)}2.

7.3 X +y* =72, 6y=—x" (y<0).74 x=8-)? x=-2y.

3 M Jx 1
7.5 y==, y=8¢’, y=3, y=8. 7.6 y=—, y=—, x=16.
=37 YEoo et
2 v
1.7 x=5-—-y2, x=—4y, 7.8 y=;, y=5e‘, y=2, y=5
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19 ¥ +y*=12, —J6y=+ (y<0). 7.10 ¥+ =36, 3N2y=+ (y20).
3 3

711 y=2x, y=—o, x=9. 712 y=3r y=3, x=4
2 2x x

25 ., 5
7.13 y=sinx, y=cosx, x=0 (x20). 7.14 y=7—x', y=x—5.

2 r .
7.15 y=20~x*, y=-8x. 7.16 y==, y=7¢, y=2, y=T.
717 y=32-x, y=-4x. 7.18 x=12-)7, 6x=). y=0 (y20).

7.19 y=sinx, y=cosx, x=0 (x<0). 7.20 y=8-x*, y=-2x.
721 y=+6-x*, y=v6-V6-x.

8-masala. Quyidagi chiziglar bilan chegaralangan
shaklning yuzasi topilsin.

8.1 V' =2y+x=0; y’ —4y+x° =0, y=—x—, y=\/3_x.
3
8.2 x*-2x+y’=0; x*~10x+)*=0; y=0, y=3x.
x*—d4x+y*=0; x* ~8x+y*=0; y=0, ==
83 y y y y NG

84 )y’ -62y+x*=0; y*~10y+x* =0; y—x, x=0.
8.5 V' —6y+x’=0; y'-8y+x’=0; y= f y=3x.

8.6 x2—2x+y2=0; x2—4x+y2=0; y=/J§, yz\/_x,

8.7 ¥ -2x+y*=0; x* —4x+)y°=0; y=0, y=x.
88 y*-2y+x'=0; y' —dy+x’ =0, y=J§x, x=0.

8.9 ¥ -8y+x*=0; y -10y+x*=0; y=r/)f—3_’ y=3x.
8.10 ¥ -2x+y =0, X’ —6x+y° =0; y=%/§, J’=\/§x.
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8.11 x*-4x+y"=0; x> ~8x+y’ =0 y=b, y=x
812 3 -4y+x*=0; 3 ~6y+x*=0; y=+3%, x=0.
813 Yy —dy+x"=0; Y ~6y+x2=0; y=x, x=0.

8.14 ¥ -2x+)y"=0; x*~8x+)* =0, y=y\/§, y=+3x.
8.15 ¥ -2y+x° =0, Yy —6y+x*=0; y._.y\[g’ x=0..
816 ¥ -2w+y =0 ¥ =6x+) =0 y=0, y= ¥/
817 ¥ -2x+y"=0; X’ —4x+y’ =0; y=0, y=y\[.§.

| 8.18 Y —dy+x’=0; y' ~10y+x* =0, yzyﬁ’ y=r.

8.19 y2 _2y+x2 =O; yz _10y+x2 20; yz%.?—’, y=\/§x‘-_ L
820 »*-2x+y*=0; x> —6x+)*=0; y=0, y=x.
821 y*-2y+x°=0; )’ —4y+x?=0; y=x, x=0.
9-masala. Zichligi p=p(x,») bolgan va quyidagi tengsizliklar
yordamida berilgan p plastinkaning massasi topilsin,

2

_I9.1 D:x2+%$l; p=y.

2
9.2 D: -E—+yzsl; x20; y20, p=6x*-y".

, X
9p=“_2"'

2z 2
93 D: 15%4-9;—52; yz0, y<

Wt

2
9.4 D:ls%—+y2525; xz0; y=

0| =

=

R 2
95 D: -a—+—2'§51; yZO; pP=x -y
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9.6 D:

9.7 D:

98 D

9.9 D

x2
D.:—
9.10 y

:1—6—+y251; x20; y20; p=5xy.

2

:lsx?+y2 s4;y.>_0;y212c-x.p=8yx3

+y*<1; x20; y20; p=30x"y.

9.11 D:x%+yzsl; x20; p=Txy°.

9.12 D

9,13 D:

x? yz 2 y
.1s—9—+733,y20,y55x.p=4.

x%+y2 <L p=4y°".

2

9.14 D:x2+-§§sl;y20p=7x4y.

x* y
1<l 42 <4x20,y23x/2 /
9.15 D 7% x20;,y23x/2.p= #
9.16 D:xz+%sl;y20;p=35x‘y3.
x2 y2 “
D1+ X <ax>0y2x/2. =y.
9.17 St s4x20y x2.p=%,
2 2
4 2
D:—+—<l.p=x".
9.18 275 2
x2 y2
9.19 D:-I+?Sl;x20;y20.p=x3y.
. S
920 Dilsx’+Z-<9y20y<axp= %
x2 y2

921 D:ils—+—=<25x20,y22x,p=

4 i6

"<:|>1
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0-masala

2 2
Z f;-—l y20. chiziglar bilan chcgaralangan plastinka-
ning og'irlik markazi topilsin (p=1). :
102 r*=qg%cos2p (o'ng yaproq) egri chizig bilan chegaralan-
gan plastinkaning og‘irlik markazi topilsin. (p=1).

10.3 *+3y*=a*,x20,y20 tengsizliklar bilan aniglangan plas-
tinka uchun 7,7, inersiya momentlari topilsin (p=1).

104 y*=4x+4 va y*=-2x+4 chiziglar bilan chegaralangan
plastinkaning og'irlik markazi topilsin (p=1}.

2 2

10. 5 ;-+§—2-~1 egri chiziq bilan chegaralangan plastinka uchun

I,,1, inersiya momentlari topilsin {(p=1).

10.1 —

10.6 -g—+§~ 1, -}+Z=l, y=0 chiziglar bilan chegaralangan
plastinka uchun 1.7, lar topilsin(p=1).

10.7 x*+)* <16, x>2J_ tengsizliklar bilan aniglangan plas-
tinkaning og‘irlik markazi topilsin (o =1).

10.8 xy=1,xy=2,y=2x,x=2y chiziglar bilan chegaralangan
plastinka uchun 1,.7, inersiya momentlari topilsin (o =1).

10.9 Agar 1<x’+)* <4 doiraviy halqaning har bir nuqtasidagi
massa zichligi p=x*y* formula bilan aniglansa, uning massasi
topilsin.

10.10 Agar y=x?-4x; y=x chiziglar bilan chegaralangan plas-
tinkaning har bir nuqtasidagi massa zichligi p=x+y formula bilan
aniglangan bo‘lsa, shu plastinka og‘irlik markazi topilsin.

1, 1
10.11 xy=4, J’='£x', y=6 (J’ZEf] chiziglar bilan chegara-

langan plastinkaning og‘irlik markazi topilsin (p=5x+3).
10.12 »° =3x+4 va y*+4x=11 (y20) chiziglar bilan chcga-
ralangan plastinka massasi topilsin (p=y). | C
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10.13 Ikkita ¢=0 va @=x nurlar hamda r=ap (0<p<rx)
Arximed spirali yoyi bilan chegaralangan plastinkaning og‘irlik
markazi topilsin {p=1).

10.14 y=x’, x+y=2, x=0 chiziglar bilan chegaralangan plas-
tinkaning og‘irlik markazi topilsin (p=1).

Quyidagi 10.15-10.19 misollarda plast?hkaning chegarasini aniqg-
lovshi chiziglar berilgan. Har bir plastinkaning og‘irlik markazi
topilsin (p=1).

10.15 x=a(t-sint), y=a(l-cost); 0St$27r, y=0.

2
xZ

10.16 ¥ +y’ =a’; _2_+-§5~-1 x=0, x20; y20,

=]

10.17 r=a(l+sing).
10.18 r =asin2g, 05¢as£.

2
10.19 r=+2, r=2sing, %qus%.

10.20 gy =2ax-x*, y=0 chiziglar bilan chegaralangan plas-
tinkaning Z,, I, inersiya momentlari topilsin {p=1).

10.21 r=a(l+cosp) kardioda bilan chegaralangan. plastinka-
ning Ox va Ou o‘qlariga nisbatan 7., I, inersiya momentlari topilsin

(p=1).

11-masala. Quyida ko‘rsatilgan sirtlarning yuzalari topilsin.
1.1 y* +2° = ¢ sirtning ¥~y =g —silindr va y=4b- te-
kisliklar bllan ajratilgan qxsml
11.2 z' =4x sintning y® =4x-silindr va x=1- tcklshklar bilan
ajratilgan gismi. _
113 (x°+)7 )% +z=1 sirtning z=0 tekislik bilan ajratilgan qismi.
11.4 ¥ +)* =+ax silindrlarning x* + )" +22 =g shar ichidagi gismi.
11.5 (x+y) +22°=24" silindrik sirtning I-oktandagi gismi
(xEO, y20, 220,_x-2'+y2+22‘#0). '
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11.6 (;t+y)22=x+y sirtning 1<x® +y* <4,x>0,y>0 sohadagi qismi.
2 3
11.7 az=xy giperbolik paraboloid sirtning (x’ + y’) =2a xy
silindr ichidagi gismi.
1.8 22 =2xy konus sirtning J—;—+J%Z<l, x20, y20, z=0,
a
¥ +y*#0 a>0,b>0 sohadagi qismi.
119 3z=2{xVx+yy) sirtning x=0,y=0,x+y=1 tekisliklar
orasidagi joylashgan qismi.

1110 z=x*+3* konus sirtining x*+y?=2x silindr ichida
joylashgan gismi.
1111 x*+3* =2qz paraboloid sirtining (x+y)" =2a°xy{a>0)
silindrik sirt ichida joylashgan gismi.
11.12 az=xy giperbolik paraboloid sirtning x* +y° =a’{a>0)
silindr ichida joylashgan gismi.
2
2
11.13 ("E“*“i‘] +==1 sitning x=0,y=0,z=0 koordinata tek-
isliklari orasida joylashgan qismi.
11.14 2 =2xy konus sirtning x+y=1x=0,y=0 tekisliklar
orasida joylashgan qismi.
1
11.15  z=2(x"-»") giperbolik paraboloid sirtining
(xz +y )2 =x*—»* silindr ichida joylashgan gismi.
11.16 z=+/x"+3* va x+2z=a sirtlar bilan chegaralangan jism-
ning to‘la sirti (a>0)

11.17 §+-§+~z—=l(a,b,c>0) sirtning 1-oktantdagi qismi.

11.18 x*+)°+ 77 =R* sfera sirtining (xz +yz)2 =R —(Jn:2 —yz)
silindr ichidagi gqismi.

1119 ¥ +)* =62 sintning (x*+y*) =9-(x*-»?) silindr ichi-
dagi qismi.

11.20 z* =4x sirtning y* =4x,x=1 sirtlar bilan ajratilgan gismi.

11.21 y* 427" =% sirtning x* =gy sint bilan ajratilgan qismi.
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- 12-masala, Quyidagi sirtlar bilan chegaralangan jismning
-  hajmi hisoblansin.

- x3+y =2y; :
121 / 2 z=0 ..'.

. {x +y =T, +y -le, y 0 (yso)
12.

z—x+y,z =0.;

»

Fey=y Ly =4y,
123 1, J7 5, z=0.

12,

a

{x +y° =82y,

z=x*+y" 64, z= 0(z20)

¥+ 3t ~8~f—x,
12,5

z=x*+y"~64, z=0 (z20),
x+y 2y
z————x,z =0.

127 {x +3 +4x=0;
z=8-y?,

4yt =3y, X +)y =6y,
12.8 z*\}x +y*, z=0.
{x +y*=6x, ¥ +)° =9 y= =0 (ysﬁ)

1129 z= x+y,z 0.

' ey 2 =642x;
12.10 z=x"+y* =36, z=0 (z20).
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¥4yt = 6\/—}" - ‘”"C‘
1,2‘11 z=x"+y*-36,z=0 (z20). __
¥+t =22y; S
12.12 e R
T lz=xt ey -4, z= O(z>0) S
x* ”’ =2y 3 x4yt =4x,
12.13 z___x yz=0. MY el0
x*+ 37 2y, x4y =5y,
12.15
PEN +y , 2=0
2+ =8x, X+ )y =1lx, y= =0 (J’SO) AR
12.16 - xg_!_y =0, -
X4y +2J_y ={);
12.17 z=x"4+y" -4, z=0 (z20). S
X+ 57 =442, - SRR
1218 1,_p +y*-16, z=0 (220) | s
. x +y 4x, . x2+y2=4y’.'.
X +y* =4y, x2+y =7y,
NN STE

- I3-masala. Quyidagi sirtlar bilan chegaralangan jismning
hajmi hisoblansin.

z=2—12(x2 +y2), . z=24.(3‘;2 +y2)+]
131 z=24x+2, . 132 z=48x+1,
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) {z:Z-ls[(x-l)’+y’],

z=-36x-34.

Z‘8(x2+y2)+3, . Z=—16(x2+y2)—1,
13.5 13.6

z=16x+3 z=-32x—-1:

z=2—20[(x+1)2+y3], Z=30[(x+1)2+y2]+l,
BT, - s0x-3s. 138 z=—60x—61.

z=4-14(x" +)7), 2=26(x* + %) -2,
B9 \z=s4-28x 13.10 __52x )

2=28-|(x+1)* +)? |+3, z==2|(x=1)*+y* |-
13.11 { [( ) ] 13.12 { [( ) ]

z=56x+59. z=4x-5.

z=32(x2+y2)+3, z=—2(x2+y2)—l,
13.13 z=3-64x. 13.14 z=4y-1

z=4—6[(x 1 +y] z=26[(x—1) +y’]-2
13.15 13.16

z=12x-8 z=50~52x

z=2-4(xF +y°)+3, 2=30(x" +*)+1,
347 | _e s B8 1ot

z=22 x—12+y2 +3, z=-16|{x+1 +y7 -
13.19 { (-] 13.20 [( ) ]

z2=47-44x. z=~32x-33.

z=2—18(x‘°'+y“),
1321, 5 s,
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14-masala. Quyidagi sirtlar bilan chegaralangan jismning
hajmini uch karrali integral yordamida hisoblang.
3

141 (2 +)*) + 5=z, 142 (R+7+7) =d(F+y) .

2 2\2 4
: o,
M3 (¥ +7) +2'=a(x-). 144 [%*%’) YTy

c

x2+y2+22=l’x2+y2+22=]6’

2 .
.14.6 z=10(x*+y*) +1,2=1-20y.
zz=x2+y2(x20,y20,220) z ( y) ‘¢

145 |

2 2

AN N S & _o4(# 4V 4122
W7 +i=28 2204 14.82=24(x +)7) +1,2=48x+1

149 x*+y*=3z,x+y=6. 14.10 z=2—20(x2+y2)2,:=2—40y.

A1 226 {Fr7emtoopey, 112 o oo fEotiemoy=0s=0

14.13 2= ,/64_ x*—-y*,z=1,x*+y* =60 (Silindr tashqarisida).

14.14 2z=2x° +—}-:;;,4x2 +y?-=l,z=0.

15 _
1415 z=— x2+y-,z=%—x2—y2.

1416 y’+z =a’,p* +2* =x*,x=b(0<a<b).

16 . . .
14.17 z=,f;—x'—y',2z=x’+y'-

2 2 23\2 2 2

Xy oz x y')|z

S| = S |
14.18 (az b cz) (al bZ} ¢

14.19 z=4-14(x*+y*) ,z=4-28x.

14.20 x+y+z=a,x+y+z::2a,x+y=z’x+y=22,y=x,y=3x.
1421 ¥ +y*+2° =2az,x +y* =", X"+’ =%22.
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' 15-masala. Egri chiziqli integraliar isoblansin,

15.1 [sin ydx+smxdy, y A(O %) vaB(:r,O) nuqtalarni tutash-

tiruvchi kesma

15.2 Aﬁﬂ%}ﬁ“f, A(L, 0), B(0; ]),;:_...'_C(-l; 0), D(0; 1},
l-j(“)’)d’f (x . yistsyt=d.

15.3
y x*+y*

15.4 (2a-y)ab:+xdy, y:x=af{t -sint), y=a(t-cost), 0s1<2n.

e ]

15.5 Ij(‘c‘ry)dﬂ(x -y)dy, v: —+;:2 =1.
15.6 J(<+32)dx+(x = y)dy, pry=1-fi-2], 0<x<2.
14

157 [(#-20)d+(3?-2m)dy, yiy=s, -1szsl.

¥

2 2
15.8 jmhydy riszedr=l x20, y2o0.
\/1+x + ¥

15.9 I)’dx—xdy, y:x=acos’t, y=asin’t [05:5%}

IM, yix=acos' t, y=asin’t (Osrgf}
X4y 2

15.11 [jycosrdx+smxdy,y uchlari (L 0), (6; 2), va (2 0)

15.10

nuqtalarda bo Igan uchburchak konturi.
15.12 [j?xdx—(x+2y)dy,;f: uchlari {~1; 0), (0; 2), va (2; 0)
Fd . . . .

nugtaiarda bo‘lgan uchburchak konturi
_ — . -
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15.13 I(x2+y2)dx+.\ydy, y:y=e€" chizigning (0; 1) va (I; e)
nuqtalari drasidagi yoyi.
dy, y:i=+2%=1
15.14 ;[x Y, 7iZ+ 0 =1 to'g'ri chizigning (a; 0) va (0; d)
nuqtalar orasidagi kesmasi.
d . ( 2, 2)2_ 2 2
15.15 ;ﬂyl S VXY =a (x ty )—lcmniskata yoyi.
4 4 3 3 '
15.16 I(xA +y )ds, yix# 4y =a¥ - agroida.
14
el 2.
15.17 yf(”y)d“’ Vi =atcos2e o mniskata,

15.18 Ixzds, y:x*+y'=d’, x20.
Y

15.19 J.J’ds, y: y2=2x’ y: parabolaning (0; 0) va (1;\/5)

nuqtalari o;asidagi yoy.

]
15.20 ; /xz+y2+4

tiruvchi to‘g‘ri chiziq kesmasi.

ds, 7:(0; 0) va (I; 2) nugtalamni tutash-

15.21 [wds, y:3]+4)y=12, y2o0.
b4

16-masala. Hisoblang.

(2:3) (2:3)
16.1 [ xdy+ydx, 162 [ (x+y)ds+(x-y)dy
(-1:2) (0;1)

ydx xdy
16.3 I =

(21) oG

ydx — xdy
16.4 (I)_‘—-—x --Oy o‘qini kesmaydigan chiziglar bo‘ylab.
2:1
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(13
16.5 I (4xy ~1 szy)dx + (2x2 -5x" + 7)dy.
{0:2)

16.6 7 X+ ydy d boshini kesib” d h
. ~T——=— ~ koordinata boshini kesib*o‘tmaydigan chiz-
(1:0) X~ +y2 v

iglar bo‘ylab.
(u)

16.7 I)(x—y) (dx - dy).
(1
(0:0)
16.8 I (x" + 4xy3)dx + (6xzy2 - 5y4)dy.
(-2-1)
(3:-4)
16.9 [ xdv+ydy.
(o)
(1,0)

xdy — ydx L
— = " V=X tog¥i chizigni kesmaydigan chiziglar

()

16.11 ,[ f(x+y)-(dx+dy). £ () - uzluksiz funksiya.
(0:0)
(a:0)

16.12 I ¢* (cos ydx —sin ydy)
(0:0)

16.13-16.21 misollardagi ifodalarning biror F(x, y) funksiya-
ning to‘liq diffcrensiali bo‘lishi yoki bo‘imasligini aniglang. Agar u
to‘liq differensial bo‘lsa, F(x,y) funksiyani toping.

16.13 (Jc2 + 2,\7—y2)a'.\'+(x2 —2xy—y2)aﬁz.

16.14 (12x2y + —L—de+ [4):3 —Z-':—de
y Yy
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2 ’ 2 2
16.15 = zdx“x: =2y,

yR 4y p ey
(xz+2.xy+5y2)dx+(x2—2xy+y2)dy

(x+y)3 )
ydx — xdy

3x2-2xy+3y°
16.18 e‘-[e"(x—y+2)+y]dx+e’-[e-"-(x—y)+1]dy.
xdy — ydx
x> +4y*
Zx(l—e-") e’

~dx+
16.20 (l+x2)' v l+x

16.16

16.17

16.19

sdy.

X

Xty || =L+ x |ax.
621 (J‘“T y] [J—T ]

17-masala. Quyidagi I-tur sirt integrallari hisoblansin.
2 2 2

17.1 IIJJC‘ +yds, (S)-%+-§,-~fb—z=0, 0<zs<b konusning yon sirti

)
’ 2 2

17.2 (I{(" +y )ds’ (8) - ushbu Jx*+y* <z<1 jismni chega-

&
ralovchi sirt.

17.3 ﬂ(xy+xz+yz)ds, (S)‘ z=yJx¥*+y" konus sirtining
(s)
x> +y* =ax sirt bilan ajratilgan qismi.

17.4 ﬂ(xz +y2)zds, (S)-¥+y*+22=a°, z>0.
®
17.5 [[zds, (S)-birinchi oktantdagi x+y+z=1 tekislik bilan

) . PO
ajratilgan tetraedrning to‘liq sirti.
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17.6 ﬂ(xz + yz)a's, ($)=*+y*+z" =a’
)
17.7 H(x+y+z)ds, (S)-ushbu 0<x<a,0<y<a,0<z<za
(3)
kubning to‘liq sirti. "

17.8  [[(6x+4y+32)ds, (S)-x+2y+32=6 tekislikning I-
{s)
oktantdagi qismi.

17.9 szs, (S)— z=./16-x2 -y sirtning x20,y20,x+y<4
%)
sohadagi gismi.
17.10 H(xz +y'+ zz)ds, (S)=*+y*+4x=0, 2<z<4 silindr-
(%)
ning to‘liq sirti
1711 ([zds, (S)-z=xy sirtning x* +y* =4 silindr ichidagi qismi.
&
17.12 ”yds, (S)—x= 2y* + l(y > 0) sirtning x=)*+2%,x=2,x=3
(%)
sirtlar orasidagi qismi.

17.13 H\/y2 -x*ds, (8)-x*+y"=2" konus sirtining »* +)* =a*
)
silindr bilan ajratilgan qismi

17.14 Lj{ +c T, (s
(s

2

b

ds
(\{ ey}
tetraedrning chegarasi.

17.15 , (S) — x+y+z<l, x20, y20, 220

17.16 [‘ﬂ(ay+ yz+zx)ds, (S)-z=yx*+)°, ¥ +y <2ax.
)
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17.17 [f[(x* +3*)ds, () - Jx*+y* <z<1 jism chegarasi.
)
2,2, ] )
17.18 [M[x +y +z—5)ds, (S) - 2z=2-x*-y*, z20 pa-
)

raboloid qismi
17.19 @[(3):2 +5y% +32? —2)ds, (8)~y= Jx*+2z* konusning
s . s
y=0 va y =}; tekisliklar orasidagi qismi.

1720 [[wzds, (S) - 22=2xy, 220 konusning 5*+* =2’
)
silindr ichidagi gismi.

1721 [[loelds, (S)-z=x"+*, sirtning ;=1 tekislik bilan
ajratilgan q(isgmi.
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-D-
Namunaviy variant yechimi

1.21-masala. Ushbu y>x*+2x,y=x+2 chmqlar bilan chegara

Tangan D soha uchun Hf (x.¥)dxdy ikki karrali integral takroriy in-

tegralga keltirilsin va mtegrallash chegaralari lkkl xil tartibda go‘yilsin.

< Birinchi navbatda yzx®+2x=(x+1)’<1"va y=x+2 chiz-
iglarning kesishish nugtalari M, (~2;0), ,(13) larni topan'uz va
sohani chizmada tasvnr]aymlz (14—chrzma) _

R

F W
14-chizma.

14-chizmadan ko‘rinadiki, [ sohani tengsiziiklar yordamida qu-
yidagicha ifodalash mumkin:

D={(x,y):-2sxsl, x’+2x5y5x+2}={(:r,y}:—-l— y-f-lsxs—l-i-,fyﬂ;—lsysﬂ}u
u{(x,y):y—-Zéxg-—l+~,‘y+l;0£ys3}.

Bu yerdan 2%-punktdagi 3 va 4-teoremalarga ko‘ra quyidagi
tengiklarni hosil gilamiz:

ﬁf(x,y)d'rdx :fl: I S~ v)tfv}i\;ﬂ-![:'*‘fﬂf(x y)dY}N 3){-11[;“)((’\"}')@}'})&.

2 21-masala, Integrallash tartlblm o‘zgartiring,
fdx: jfdy+ jdx j fdy.

]

< Masala shartiga ko ra

D:{(x,y)'Ostl OSJ’SJC} {(x y) l<x<\/_ 05};5,{ }
D soha 15~chizmada tasvirlangan. '
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15-chizma.

15-chizmada ko‘rinadiki, D sohani quyidagicha ham ifodalash

mumkin: -
L8 NN L2

D={(x,y):\/_53xs,/2-yl, os;:g}:jd\-[ﬁm Jax [ sy=[av Ifdx.b
0 0 § o o v

3.21-masala. D={(x,y): 0<x<lI, 2x$y$3x} soha uchun

J.J‘f (x,y )dxdy integralda quth, koordinatalariga x=rcosg,y=rsing

D
o‘tib, integrallash chegaralari ikki xil tartibda qo‘yilsin.

< Integrallash chegarasini qo‘yish uchun avval D sohani chiz-
mada tasvirlab olamiz (16-chizma).

g ‘ \ yY=3x
3 '/B//.?):
1 ()
0 C
f >z
x=4
16-chizma.

Ikki karrali integralda o‘zgaruvchilarni almashtirish uchun bir-
inchi navbatda akslantirish yakobianini hisoblaymiz.

ox Ox
1=D(x,y)= o op _|cosp —rsing| _
D(r.p) | & & | Ising rcosp
or Ogp
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Undan so‘ng D sohani qutb koordinatalar sistemasida ifoda-
laymiz, ya’ni D sohaning akslantirish natijasidagi obrazi A ni
topamiz va (10)-formuladan foydalanamiz.

< AOC = arcig?2. < BOC =arctg3. 0A=\/lz+2’=\/§, 03:«/124-3’:\/5; x=1=

Srcosp=1=r= ={(r,¢):arclg25¢$arcrg; 0srs— }=
cosgp
=D VD, = {(r,w):arcthS¢Sarcrg3,0$r5\/§} v

u{(r,gp) : arctg-l— <p<arcg3, J5<r< «/1_5} =

areig3 t , arctg3

Hf (x,y)dxdy = J‘ do J-If(rCOS(p,rsm(p)dr— Idr J rf (rcosg,rsing)dp +
arerg2 arvig?
Vo arog3
+ jdr j /f(rcosqa,rsin;o)d;ob
Vs amg-:-

4.21-masala. Hisoblang.
1= [~ ) Dixt, ymi, yeri
D ;

«a D sohaning shaklini chizib olamiz (17-chizma) va karrali
integralni takroriy integralga keltirib, uning qiymatini hisoblaymiz:

17~chizma.

»
X

1= H x)- 4\'y d\'dy=((D:{(.\'.)'):Os:rsl. —\/.\—'S_vs.\"}))=]¢bf I(Aj'—4.r’)"‘)dy=

e

1 2 o 1/ 3 2 g 16 3 6!
= .\‘~)——x“yJ LT [ S SRR v IE A - 2 B Y
a2 o e\ 2 2 16 16 6 6

(]
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V6 -x?
< {y J6- Jﬁ—_ sistemani echamiz va bu chiziglarni kes-

ishish nugqtalarini topamiz.

P 3
V6-x* =6 -V6-x* = x = —_—5 X, =—=.
’ Jf P2
Berilgan chiziqlar bilan chegaralangan p sohaning shaklini
chizamiz (19-chizma) va bu sohaning yuzasini (15)-formula yor-
damida hisoblaymiz.

I9-chizma
b
§=[[dudy= [ dx JLdy 2. jdx j dy=2 I(2J6—'2—Jg)dv=
D _735 Vo6~ 0 oo 0

((I a* - x'dx =§\/a2 -3+ az' arcsin= +c, formuladan foydalanamizD =
a

3

%
0 =2-[%-‘/§+6arcsin—\/2—§——3\/§]=
33

= 2-(27[ —-—2—] =47-33 kv.birl.

= 2(,\'\/6—%’2 +6arcsin%—\/6_xj

8.21-masala. Quyidagi

YV =2y+x° =0, ' ~4y+x*=0, y=x, x=0.
chiziglar bilan chegaralangan shakining yuzasi topilsin.
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Y -2y+xt=0 = x2+(y—l)2 =1

4 Y dy+xt=0 = x2+(y—2)2=4.

Bu tengliklardan foydalanib, berilgan chiziglar bilan chegara-
langan D sohaning chizmasini osongina chizamiz (20-chizma).

20-chizma.

D sohani tengsizliklar yordamida yozib olamiz:

D={(x,y): J2y—-y <x<y,; lSySZ}U{(x,y): 0<x< J4y-y% 25};54},

Bu munosabatdan foydalanib, D sohaning yuzasini hisoblaymiz:

2 » 4 JF 2 ]
S=”dra’y=j¢{erdx+de [ ax=[(y-\2y=y)dy+ [Jay=rPdy=

y=2 3 .y-2);_( . ) I 3.3
<~ J4—-(y-2) +2arcsin ={ 2——arcsinl {~—+ 2arcsin| ==+ =arcsinl =
+( 7 Vi-0-2) 2 )23 p FAreni=T

3 Ji4 3(2+7[)
=—| |+— [=—— kv. birlik.
2( 2) 2 kv. birlik. >

X
9.21-masala. Zichligi P=‘)j bo‘lgan

x.?. y‘.'
={(x,p): 1€—+2=<5; x20; y=>2x};
p={(sr): 15+ L 55 x20y22]

plastinkaning massasi topilsin.
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« Plastinkaning massasini (17)-formula, ya’ni M = [[p(x.y)dxdy

formuladan foydalanib, topamiz. Bu integralni hisoblashni yengil-
lashtirish uchun umumlashgan qutb koordinatalar sistemasiga o‘tamiz:

x =2rcosg S| ggt y;
r,e

2cosp —2rsing g%

y=4rsing 4sing 4rcosg
=2 4rsing = 4rcos p=
y x}ﬁ{ p=dreosp

T
4 . e P
=0 2rcosp N = Bajarilgan almashtirishdan

Q=
'3 4 . — .ﬂ n/ . . 3
so‘ng berilgan D plastinkaga ushbu A= (l‘,(P)-;SfPS A, 1<rss

plastinka akslanadi = M = J'J' p(x,y)dxdy =
D

% s
2rcosg cos¢)r

= [[8rp(2rcosg, 4 drdp=8 [d dr=4

[oters, srins)atp - 2220 1200 2L

4

= 48ln|sin;o|:A =48(lnsinz—lnsin£)=48(—ln—l—)=48-ln\/f=24ln2.1>
7] 2 4 V2

10.21-masala. r=a(l+cosgp) kardioda bilan chegaralangan plas-
tinkaning Ox va Oy o‘qlariga nisbatan I, va I, incrsiya moment-
lari topilsin. (p =1)

« Berilgan plastinkaning Ox va Oy o‘qlariga nisbatan inersiya
momentlari (20)-formulalarga ko‘ra

I = j' I P yidxdy = _U yidxdy ya 1= ”px’dxdy= szdrdy teng-
2] D D D

liklar yordamida topiladi.
- Bu formulalar qutb koordinatalar sistemasida quyidagi ko‘rinishga
keladi:

I = ﬂr3 sin®gdrdg va I,= Hr3 cos® pdrdg,
A A

bu yerda A= {( ) —Tsp<m 0<rsa(l+cose); (21-chizma).
2
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o 21 chizma.

a{1+cosg)

1, = Hr sin® pdrdp = jsm pdo _[ rdr=324a jsm s'°%d¢g

5

sinf=-= @ =2arcsinz = dtp 2dz

2 :h_ , \
=il p=0=>2=0 : . =64a‘fzz-(l_—zz)Adz=
He=r=z=1 0 ' '

f

i t1 '
= zz=f:>dz=al—t—2dt}] 32q Iﬂ (1~ r) dr=32a"- J’r- (1= t) 't =
0

3 H
ri<|.r| —
326{ B[ill)=3204 (2) [2)_2]?364‘
2

r¢y 0 o327

wfl+cosq)

- 1, = [[r’ cos® pdrdg = [frdrdg -1, = Idgp j Fidy -
A .1 .

o F(%Jr(%) 974"
= 8a” coss-——d I =8ad* =/ _ 7 22778
,! e r(s) TR

21 ., 49
I =—na, I =—na .
Demak, {1, 32}‘1'0 y =357
11.21-masala. Quyida ko‘rsatilgan sirtning yuzasi topilsin.
(S): y*+2° =¥ sirtming x*=qy sirt bilan ajratilgan qismi.
<« Yuzasini topishimiz kerak bo‘lgan sirtning Oxy teklshgldagl
proyeksiyasi 22-chizmada tasvirlangan. '
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22-chizma.
Sirtning yuzasini (16)-formuladan foydalanib, hisoblaymiz. Agar

D={(xy): 0<y<a, ysxsJay} desak, unda S=4-H,’l+(z;)2+a)—dm§z
D

boladi, chunki, y*+z*=x" konus sirtning Oxy tekislikka nisbatan
simmetrik joylashgan z>0 va z<0 tengsizliklar bilan tasvirlanadi-
gan qgismlari bor, ham D soha (S) sirtning Oxy tekislikdagi proyek-
siyasining yarim bo‘lagi.

Y v S S SR SRR
z=yx -y =2 m z, \/;27: 1+(z)) +(z,.) \/xz_-)? =

S=a3 {dy (2B a3 (JF 7 ™ = a3 [y Py =
.fj‘\/.—- O'Ix yydy4~ﬁ!ayy_v

a a
y-= S :
4\/—I—~[J’—'2‘J dy =42 22 -y’ +%arcsin a2 =22

2 b
Shunday qilib, $=2 kv. birl. p

2
12.21-masala. Quyidagi

X 4yi=dy, X +y7 =Ty, 2=y +)*, z=0;
sirtlar bilan chegaralangan jismning hajmi hisoblansin.

< Jismning hajmini ikki karrali integral yordamida (14)-for-
muladan foydalanib, hisoblaymiz:

V= Hf(x,y)dxdy = ”\/x2 + ¥y dxdy,
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-+. bu yerda D soha x*+)°=4y va

i x*+y* =7y aylanalar bilan chegaralan-
~gan (23-chizma). _

Hisoblashni yengillashtirish uchun

_,cm_ qutb koordinatalar sistemasiga o‘tamiz:

S X=mrcos@, y=rsing.e .

23-chizma. Unda D scha ushbu
A={(r.p): 0<p<x, 4sinpsr<Tsing)

sohaga akslanadi va hajm osongina

hisoblanadi.

x Tsin g z/ Tsing “/}_3 Tsing % .
V= jj:-‘drdqa = [do | ridr=2 fdw [ rar=2 f,g_ dp=186 [sin’ pdp=
A /] (1]

Asing ] 4sny v

45y p

E : 3 =
= 1865"(&)52 ©— l)d(cosgp) =186 .[coi 4 -—cosqp) = 186-% =124,

L)

"

Demak, ¥ =124 kub. birlik. o

13.21-masala. Quyidagi z=2‘.--18(a:2 +- yz) va z=2-36y sirt-
lar bilan chegaralangan jismning hajmi hisoblansin.

4 Bu jismning hajmini ham (14)-formuladan foydalanib, hisob-
laymiz. Avval jismming Oxy tekisligidagi proyeksiyasi D ni topamiz:

{:=2—18(x3 +57)

:z—is(x‘-’ +y1)=2—36y:>x“ +Y -2yp=0x° 4.(y_1)2 =1
r=2-36y .

Jn‘_’.'):{(,\',y):)c2 +(y—l)2 = 1}.
Demak,
= [2-18(x + ) -(2-360) Pt ~18[f(o¢ + " ~2p)ebdp= 18 [ +( 1)’ ~t iy =

[[r=reosp=pl=r. a={{r-):0s0<2m. Osrsl}}]=—lszfdwlfr(rl-1)dr=
y—l=rsing 9 ®

-8 £ 2 ap= L2000 yub. birik
I R A S - DIk b
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14.21-masala. Quyidagi
x*+y 428 =2az, ¥ +y* =2°, ¥ +)° .—_%22

sirtlar bilan chegaralangan jismning hajmini uch karrali integral
yordamida hisoblang.

« Izlangan hajmni topish uchun avval (13)-formulalardan foy-
dalanib,

Xx=pcosg-siny,
y=psing-siny,
z=pcosy.

akslantirish yordamida sferik koordinatalar sistemasiga o‘tamiz.
Bunda yakobian

D(x,y,2)
D(p.0.v)
bo'lib, (¥) jism (A) jismga akslanadi. lzlangan hajmni hisoblash uchun

v = [[[axdvez = [[[0*-sinyd pdpdy.
%) @

= p? -siny.

formuladan foydalanamiz.
Bérilgan sirtlarning tenglamalarini sferik koordinatalarida yozamiz.

{x2 +y 47’ =2az} - {p=2acosy},

2 22 2 _T
{x +y =z }—){tg l//_]}:{gu—4},

{xz +yt = ?]3-22}—9 {tgzw =%}:> {y/ =Z6[—},

Demak, (V) jism quyidagicha bo‘ladi.

(3) ={(p,r/),(//): 0<p<2m, % <y s%, 0<p< 2acosy/}
Shunday qilib, izlangan hajmni osongina hisoblaymiz:

2z % 2acosy N ]671'03 % 5
V= [dp [sinydy [ pdp= 3 Jeosy-sinydy =574 (kub.birl)s.
0 2 0 x

n o
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15.21-masala. Egri chiziqli integral hisoblansin.
J'xyds, y:3|x+4ly=12, y>o0.

i 4
a 7 yoy Oxy tekislikda ABS siniq chiziqni beradi. (24-chizma).

pY .
Cla
B A
-4 0 4 Tx
24-chizma.

3
AC:3x+4y=12,0<x<4; AC: y—-zx+3,0$xs4.
= 3
BC:-3x+4y=12,-4<x<0; BC: y—zx+3,—4st0.

Birinchi tur egri chiziqli integralning qiymatini (24)-formula-
dan foydalanib, hisoblaymiz:

4 3 R " 3
j{xyds:jz[,\yds+lj;[,\yds=Jx-(—ZJH-J) l+(——) d,\+_[ (Zx+3) J ( ) =
4 - ] ~ 3 \4 3 2
= Ix(-ix+3]--5-dx+ Ix(ix+a) dx-—-(i*—_f_ +_5.. L -
0 4 4 a3 \4 41 2 4 , 4 4 ).

=2(24-16)+3(16-24) =0

16.21-masala. Ushbu

x Yy
=ty |dX | =t x |d.
[’x2+y2 J [/xz_l_yz x]y
ifodaning biror F (x, y) funksiyaning to‘liq differensiali bolishi yoki
bo‘lmasligini aniglang. Agar u to‘liq differensiali bo‘lsa, F (x, y)
funksiyani toping.

X
Px, = ,,+y va Qx, =_L__+ :
@ P ety e A e
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deb belgilasak, Pdx+ Qdy ifodaning to‘liq differensiali bo‘lishi uchun
(38)-tenglik, ya’ni

or _oQ

o o
munosabat bajarilishi kerak. Shuni tekshiramiz:

ap_{ x +y] _ Xy +1_6Q:> Beril fod
> T2 Ry —— e erilgan ifoda
oy [x +y ) ( /xz_*_yz) Ox

biror F(x,y) funksiyaning to‘liq differensiali. F(x,y) funksiyani

topish uchun (39)-formuladan foydalanamiz. Soddalik uchun
x, =0, y,=1 deb olamiz.

F(xy)= :jp(,\-,y)dw :jQ(o,y)dy= J{\/’(_{T—;— +y}iv+ :j‘c@-w =X+ +xv+e
Demak, F(x,y)=x*+)* +xy+c.>

17.21-masala. Quyidagi I-tur sirt integrali hisoblansin.
mxyzlds, (S)—z=x*+y", (S): z=x*+)* sirtning z=1 tekis-
)
lik bilan ajratilgan qismi.
«z=x*+y* paraboloid aylanma sirtdir, unda z20.
Demak, integral ostidagi funksiya
f (x, ¥ z) = lxyz! =2z Ixyl
ko‘rinishda yozilishi mumkin. To‘rtta oktantda olingan
M,(x,v.2), M,(-x,y,z), M;(-x,-y,z), M,(x,—»,z) nugtalarda bu
funksiyaning qiymati o‘zaro teng.

Shuning uchun integrallashni I-oktantda (unda f(x,y,z)=xyz)
olib boramiz va natijani 4 ga ko‘paytiramiz.

1=4-1=4. H\’yzds 4. ﬂu JH dw’),
(S)
bu yerda (S,) sirt (S) sirtning l-oktantdagi gismi, D esa (S,) ning
Oxu tekisligidagi proyeksiyasi (25-chizma).
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25-chizma.

zx’=2x, zy'=2y :>I=4Hx,\'(x‘+y’),/l+4x’+4y’dxay=[[
D

x=reosp = 0<r<li
y=rsing = 05«)5-’25 -

1

1 " ! x
=4I/"-\/1+4r2dr Isin¢~cos¢d¢=2~jr’-s)l+4r2 -sinzw*zdr I l+4/‘
0 0 @ o b
V1+4r® =¢, desak, r=0=>t=], l'z=zl‘-(t1—l) & 2
J( £-1) ) {-—tdt =
i 4

r=1=1=45, ra'r=itdt

_lﬁz 2 lzd— 1 \/“
— l_[t (#-1) ’"56(125 5-1).>
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