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Mirzo Ulug ‘bek nomidagi
O ‘zbekiston Milliy universiteti
100 yilligiga bag ‘ishlanadi

So¢z boshi

O‘zbekiston Respublikasining Ta’lim to‘g‘risidagi Qonuni va Kadrlar
tayyorlash Milliy dasturi talablarini amalga oshirishda O<‘zbekiston Milliy
Universiteti matematika fakulteti matematik analiz kafedrasi jamoasi
mas’uliyatini his etgan holda ilmiy-tadqgiqot ishlari va ilmiy pedagogik kadrlar
tayyorlash samaradorligini oshirish maqsadlarini ko‘zlab o‘z oldiga gator
vazifalarni belgiladi.

IIm-fan jadal taraqqiy etayotgan, zamonaviy axborot-kommunikatsiya
tizimlari vositalari keng joriy etilayotgan jamiyatda turli fan sohalarida
bilimlarning tez yangilanib borishi, ta’lim oluvchilar oldiga ularni jadal egallash
bilan bir gatorda, muntazam va mustaqgil ravishda bilim izlash vazifasini
go‘ymoqda.

Bu vazifani hal gilish magsadida o‘quv rejalariga matematik va kompleks
analiz fanlaridan mustagil ta’lim olish Kiritildi. O‘z navbatida o‘quv dasturlarida
rejaga mos ravishda o‘zgartirishlar amalga oshirildi.

Hozirgi vagtda matematik va kompleks analizning uslublari fan, texnika
va igtisodiyotning turli-tuman masalalarini hal gilishda keng qo‘llanilmoqgda.
Xalg xo‘jaligining barcha sohalarida kompyuterlarning va matematik
usullarning yalpi qo‘llanilishi munoabati bilan bu usullarning ahamiyati yanada
ortdi.

Yugorida gayd etib belgilangan vazifalar bajarilishining isboti sifatida
yuzaga kelgan ushbu go‘llanma kompleks o‘zgaruvchili funksiyalar nazariyasi
fanidan mustaqil ishlarni bajarishga mo‘ljallangan bo‘lib, o‘quv adabiyoti
Davlat ta’lim standartining bakalavr mutaxassisligi “Matematika” , “Mexanika”

va “Fizika” yo‘nalishlariga mos keladi.



Qo‘llanma uch paragrafdan iborat bo‘lib ularda “Kompleks sonlar va
kompleks argumentli funksiyalar”, “Elementar funksiyalar va ular yordamida
bajariladigan konform akslantirishlar” va “Kompleks argumentli funksiyaning
integrali va chegirmalar nazariyasi’’ mavzulari bo‘yicha 3 ta mustaqil ish
tavsiya etilgan. Har bir mustaqgil ishni berishdan avval shu mustaqil ishni
bajarish uchun lozim bo‘ladigan asosiy tushuncha va teoremalar keltirilgan.
So‘ng 21 ta variantdan iborat bo‘lgan vazifa mustaqil yechish uchun tavsiya
gilingan. Talabaning mavzularni o‘zlashtirishini hamda ishni bajarishini
yengillashtirish magsadida har bir paragrafning oxirida 1 ta variantdagi ( 21-
variant) barcha misol va masalalar to‘liq yechib ko‘rsatilgan. Bunda aksariyat
misollar ikki usulda yechilgan.Avval analitik yo’l bilan yechilgan bo’lsa,undan
so’ng misolning mohiyatini chuqurroq ochib berish magsadida shu misol Maple
matematik paket yordamida yechib, chizmalari bilan keltirilgan.

Qo‘llanmani yozishda mualliflar tomonidan mavzularning oddiy va sodda
tilda, tushunarli va ravon bayon etilishiga harakat gilindi. Shu munosabat bilan
mualliflar go‘llanma talabalarda bilim olishga intilish hissi, mustaqil fikrlash
malakalarining shakllanishiga xizmat giladi deb umid bildiradilar hamda u
talabalarga kompleks o‘zgaruvchili funksiyalar nazariyasi fanining aytib o‘tilgan

mavzulari bo‘yicha bilimlarini oshirishda yordam beradi deb ishonadilar.



1-§. 1-MUSTAQIL ISH
KOMPLEKS SONLAR VA KOMPLEKS ARGUMENTLI
FUNKSIYALAR
Kompleks sonlar va ular ustida amallar.
Kompleks sonning geometrik tasviri.
Kompleks sonning trigonometrik va ko‘rsatkichli ko‘rinishlari.
Kompleks tekislikda soha va egri chizig.
Stereografik proyeksiya.
Kompleks argumentli funksiyalar, ularning limiti, uzluksizligi.
Funksiyaning differensiallanuvchiligi. Koshi-Riman shartlari.
Garmonik funksiyalar.
Hosila moduli va argumentining geometrik ma’nosi.

Konform akslantirishlar.

-A-
ASOSIY TUSHUNCHA VA TEOREMALAR
1°. Kompleks sonlar va ular ustida amallar.
Ma’lumki, kompleks son
Z=X+Ily (1)
ko‘rinishda ifodalanadi, bunda X va Yy lar hagigiy sonlar i esa (i* =-1)
mavhum birlikdir.
Odatda x hagiqgiy songa z kompleks sonning haqiqgiy gismi, y haqiqiy
songa esa z kompleks sonning mavhum gismi deyiladi va
Xx=Rez, y=Imz
kabi belgilanadi.
Agar (1) da y =0 bo‘lsa, z=Xx+1-0= X bo‘lib, z hagigiy x songa teng
bo‘ladi. Agar (1) da x=0 bo‘lsa, z=0+i-y=iy bo‘lib, z sof mavhum son

bo‘ladi. (1) da x=0, y=0 bo‘lsa, z kompleks son 0 ga teng bo‘ladi.



Ikkita z, =x, +1y, va Z,=X,+ly, kompleks sonlar berilgan
bo‘lib, X, =X,, Y, =Y, bo‘lsa, unda z, va z, kompleks sonlar bir biriga teng
deyiladi. Agar X, =X,, Yy, =-Y, bo‘lsa, y holda z, kompleks son z, ga
o ‘shma kompleks son deyiladi va Z, kabi belgilanadi.

Demak, z=X+iy bo‘lsa, z=X+iy=xX—iy bo‘ladi. Masalan,
1. : - 1. :
z2=2 +§| kompleks sonning qo‘shmasi z =2 —§| bo‘ladi.

Aytaylik, ikkita z, =X, +1y, va z, =X, +iy, kompleks sonlar berilgan
bo‘lsin. Ular ustidagi arifmetik amallar quyidagi gqoidalar asosida aniglanadi.

1) z,+2, =X +X,)+i(y, +V,);

2) 2,2, = (XX, — Y, Y,) +1(X Y, + Y, X,);

i — XX, +Y.Y, 4 YiX, = XY, .
. 2 2 2 2
Z, X; TYs X, Y,

Izoh. z,-z, Kko‘paytma (X +1iy,)(X, +1y,) ifodani hadma-had

ko‘paytirishdan hosil bo‘lishini ko‘rish giyin emas:

2,72, = (X, +1y,)(X, +1y,) = XX, + X1y, +1y, X, + izyly2 =

= (X1X2 - ylyz) + i(X1y2 + iy1X2)'

L. M nisbatni hisoblashda kasrning surat va maxrajini z, = X, —iy, ga
ZZ X2 + Iy2

ko‘paytiriladi:

i _ X +iy1 _ (X1 + iyl)(xz _iyz) _ XX, +¥.Y, 4 YiX, =X, Y,

Z, X+ iyz (Xz + iyz)(xz o iyz) X22 + y22 X22 + yz2

2°. Kompleks sonning geometrik tasviri.



Tekislikda, Oxy Dekart koordinatlar sistemasida z = X+ 1y kompleks son
koordinatlari x vay bo‘lgan M(x,y) nugtani ifodalaydi (1-chizma).
Ty
Y M(x.y)

v

1-chizma.

Shu M(x,y) nugta z = X + 1y kompleks sonning geometrik tasviri deyiladi.

Demak, har bir kompleks son tekislikda bitta nuqgtani ifodalaydi. Aksincha,
tekislikdagi har bir nugta hagigiy gismi shu nugtaning abssissasiga, mavhum
gismi esa ordinatasiga teng bo‘lgan kompleks sonni ifodalaydi.

Shunday qilib, tekislikning barcha nugtalari to‘plami bilan barcha
kompleks sonlar to‘plami orasida o‘zaro bir giymatli moslik mavjud. Bunda
barcha haqiqiy sonlarning geometrik tasviri abssissalar o‘qini, barcha sof
mavhum sonlarning geometrik tasviri ((0,0) nuqtadan fargli) esa ordinatalar
o‘qgini ifodalaydi. Shuning uchun abssissalar o‘qini hagiqiy o ‘q, ordinatalar
o‘gini esa mavhum o‘q deyiladi. Oxy tekislikni esa kompleks tekislik deyiladi

va C harfi bilan belgilanadi.
1-chizmadagi OM vektorga M(x,y) nugtaning radius vektori deyilib, bu

vektorning uzunligi r ga z = x+1y kompleks sonning moduli deyiladi va \z\

kabi belgilanadi. OM vektor bilan Ox haqigiy o‘gqning musbat yo‘nalishi

orasidagi ¢ burchak z kompleks sonning argumenti deyiladi va ¢ =argz kabi

belgilanadi.

Agar z = X+1y kompleks son berilgan bo‘lsa uning moduli va argumenti

quyidagi tengliklar yordamida hisoblanadi:

r=lg=yx*+y*; (2)



y

arctg=, agar x>0,y>0 bo'lsa,
X
p=argz= arctgl+7r, agar x<0 bo'lsa (3)
X

arctgl+27r, agar x>0,y<0,bo'lsa
X

1-chizmadan
X . y
cosp=—, Singp=-=
r r
ekanligini hosil gilamiz va bundan
Z=X+1y =r(cose+isin @) (4)

ifodaga ega bo‘lamiz. Bu ifoda z kompleks sonning trigonometrik ifodasi
(shakli) deyiladi.
e'* =cos@+isin @ (5)
tenglik Eyler formulasi deyiladi. Bundan
z=re"
kompleks sonning ko ‘rsatkichli ko ‘rinishi kelib chigadi.
1-Teorema. Ikkita z, eéa z, kompleks son ko ‘paytmasining moduli shu
kompleks sonlar modullarining ko ‘paytmasiga teng:
‘lez‘:‘zl"‘ZZ"
Ikkita kompleks son ko ‘paytmasining argumenti shu kompleks sonlar

argumentlarining yig ‘indisiga teng.



2-chizma.

2-Teorema. Ushbu

Zn

=|z[",argz" =nargz (ne N)

tengliklar o ‘rinlidir.

: Lz
3-Teorema. Ikkita kompleks son nisbati — uchun
Z2

| & oz
=-1—,arg—*=argz —argz,

Z, ‘ 2" 2

tengliklar o ‘rinli.
Izoh. Kompleks sonlar argumentlariga doir keltirilgan tengliklarda
kompleks son argumenti shu songa mos radius vektorning tekislikdagi holati

ma’nosida tushuniladi.
(4)-munosabat va 2-teoremadan z" uchun
2" =[r(cosp+isin @)]" =r"(cosne +isin no) (6)

Muavr formulasi kelib chigadi.
3% Kompleks tekislikda soha va egri chiziq.
Aytaylik,

Xx=Xx({t), y=y()

10



funksiyalar [0, ] da (o, ] R) aniglangan va uzluksiz bo‘Isin. Unda
Z=X+Iy
kompleks son haqiqiy o‘zgaruvchi t ga bog‘liq bo‘lib,
z=1z(t) =x(t) +iy(t)
hagigiy argumentli kompleks giymatli funksiyaga ega bo‘lamiz.
Ravshanki, t o‘zgaruvchi [a,B] da o‘zgarganda z(t) funksiyaning
giymatlari C da o‘zgarib, biror egri chizigni tashkil etadi. Shu sababli
z=12(t) (a<t<p)
funksiyaga egri chizigning parametrik tenglamasi deyiladi.
Agar z =1z(t) da Vt,,t, [, B] uchun t, #t, bo‘lishidan z(t,) = z(t,)
bo‘lishi kelib chigsa, u holda z = z(t) egri chiziq sodda chiziq deyiladi.
Agar z(a) =z(B) bo‘lsa, z = z(t) egri chiziqg yopiq chizig deyiladi.
Kompleks tekislik C da biror z, nugta hamda € >0 son olaylik.
1-Ta’rif. Ushbu
{zeC:lz-17,|<¢}
to ‘plam z, nugtaning ¢-atrofi deyiladiva U(z,,¢€) kabi belgilanadi:
U(z,,e)={zeC:|z—17, <&}
Ravshanki, U (z,.€) atrof markazi z, nugtada, radiusi € bo‘lgan ochiqg

doira bo‘ladi.

11



3-chizma.

C da biror D to‘plam berilgan bo‘lsin (D<C). Agar z,eD
nugtaning 3U(z,,€) atrofi mavjud bo‘lib, U(z,,e) = D bo‘lsa, u holda z,
nugta D to‘plamning ichki nuqgtasi deyiladi.

2-Ta’rif. Agar D to ‘plamining har bir nuqgtasi uning ichki nugtasi bo ‘Isa,
u holda D ochiq te ‘plam deyiladi.

C da biror F to‘plam berilgan bo‘lsin (F < C)

3-Ta’rif. Agar z,€C nugtaning ixtiyoriy U(z,,e) atrofida F
to ‘plamning z, nuqtadan fargli kamida bitta nugtasi bo‘lsa, z, nuqta F
to ‘plamning limit nugtasi deyiladi.

4- Ta’rif. Agar F to‘plamning barcha limit nugtalari shu to plamga
tegishli bo ‘Isa, F yopiq te ‘plam deyiladi.

5-Ta’rif. Agar D to ‘plamning ixtiyoriy z,,z, nuqgtarlarini D to ‘plamda
to ‘lig yotuvchi birorta uzluksiz y egri chiziq yordamida birlashtirish mumkin

bo ‘Isa, u holda D bog‘lamli te ‘plam deyiladi.

6-Ta’rif. Agar D(D < C) to‘plam ochiq hamda boglamli to plam

bo ‘Isa, bunday to ‘plam soha deb ataladi.

a) b)
4-chizma. a)soha, b) soha emas

12



D sohaning o‘ziga tegishli bo‘lmagan limit nuqtalaridan tashkil
topgan to‘plam D sohaning chegarasi deyiladi va oD kabi belgilanadi.

Ushbu

DuwaoD
to‘plam D kabi belgilanadi. Demak, D = DwéD.

Agar D sohaning chegarasi oD bog‘lamli to‘plam bo‘lsa, D bir
bog ‘lamli, aks holda esa ke ‘p bog ‘lamli soha deyiladi.

D soha chegarasi dD ning bog‘lamli komponentlari soniga garab D
sohani bir bog ‘lamli, ikki bog ‘lamli, n bog‘lamli soha deb ataymiz.

Soha chegarasining musbat ye‘nalishi deb shunday yo‘nalishni gabul
gilamizki, kuzatuvchi bu yo‘nalish bo‘ylab harakat gilganda soha unga nisbatan
har doim chapda joylashgan bo‘ladi.

Masalan, 5-chizmada a) bir bog‘lamli, b) ikki bog‘lamli, d) uch bog‘lamli
sohalar tasvirlangan bo‘lib, soha chegaralarining musbat yo‘nalishlari strelkalar

bilan ko‘rsatilgan.

b) d)
5-chizma
4°, Stereografik proeksiya.
R® fazoda (&,m,¢) Dekart koordinatalar sistemasini olaylik. Bu fazoda
S={eng)eR &+’ +L* =¢
sferani garaymiz. Faraz qgilaylik & va m o‘qglar mos ravishda x va y o‘glari bilan

ustma-ust tushsin (6-chizma).

13



e

P(0,09)
(?,' ?9/ E)<>)

VI

£,

6-chizma

Ravshanki, garalayotgan S sfera Oxy tekisligiga koordinata boshida
urinadi. Kompleks tekislikda z, =X, +1y, nugta olib, bu nugtani sferaning P
nuqgtasi bilan to‘g‘ri chizig kesmasi yordamida birlashtiramiz. Natijada, bu
to‘g‘ri chiziq sferani M(&,,M,,C,) nuqgtada kesadi. Demak, kompleks
tekislikdagi har bir nugta S sferadagi biror nugta bilan ifodalanadi, va aksincha,
S sferadagi har bir nugtaga (P nugtadan boshga) kompleks tekislikda yagona
nugta mos keladi.

Shunday qilib, S \{P} to‘plam bilan C kompleks tekislik o‘rtasida o‘zaro
bir giymatli moslik o‘rnatildi. Odatda bu moslik kompleks tekislikning
stereografik proyeksiyasi deyiladi.

Agar z, nuqta co ga intilsa, bu z, nuqtaga S sferada mos keluvchi
nuqgtaning P ga yaqginlashishini ko‘rish giyin emas. Bu hol P nugtaga kompleks
tekislikda z = oo nuqgtani mos qo‘yish tabiiyligini ko‘rsatadi. Demak, kompleks
tekisligidagi yagona z = oo nugta S sferada P nugta bilan ifodalanadi. Kompleks
tekislik cheksiz uzoglashgan nuqgta z =oco bilan birgalikda kengaytirilgan
kompleks tekislik deb ataladi va C kabi belgilanadi. S sferadagi M (&,m,C) va

kompleks tekislikdagi z = x+1y nuqgta orasidagi moslik quyidagi formulalar

yordamida aniglanadi:

14



L

T4l

E=— M=l

T 1

__ 5 _"n
x_l_c,y ¢

Bu tengliklardan foydalanib, sferik masofa tushunchasini kiritamiz.

(7)

(8)

Aytaylik, z,,z, eC nugtalar berilgan b o‘lsin, z, va z, nuqtalar orasidagi
sferik masofa deganda, ularning Riman sferasi S dagi obrazlari orasidagi
masofa tushuniladi va u p(z,,z,) kabi belgilanadi. (7) va (8) — tengliklar
yordamida ushbu formulalarni keltirib chigarish giyin emas.

‘Zz _Zl‘
p(zy,2,) =
U il sl

p(z,0) =

(z, #00;2, #0);  (9)

(10)
l+kr

5%, Kompleks argumentli funksiyalar.

Kompleks sonlar tekisligi C da biror E to‘plam berilgan bo‘lsin (E < C).

1-Ta’rif. Agar E to‘plamdagi har bir z kompleks songa f qoida yoki
gonunga ko ra bitta w kompleks son mos go ‘yilgan bo‘lsa, E to‘plamda
funksiya berilgan (aniglangan) deb ataladi va u

fizo>w yoki ~ w=f(2)

kabi belgilanadi.

Bunda E to‘plam funksiyaning aniglanish te ‘plami, z erkli o zgaruvchi
yoki funksiya argumenti, W esa z o‘zgaruvchining funksiyasi deyiladi.

Aytaylik w= f(z) funksiya biror E (EcC) to‘plamda berilgan bo‘Isin.
Bu funksiyani

w=f(x+iy)=u+iv  (XeR,yeR)

ko‘rinishda ham yozish mumkin. Bu esa E to‘plamda ikki o‘zgaruvchili ikkita

15



u=u(x,Yy),

v=Vv(X,Y)
funksiyalarning aniqglanishiga olib keladi. Bundan bitta kompleks ozgaruvchili

w = f(z2) funksiyaning berilishi ikkita ikki o‘zgaruvchili haqiqgiy funksiyalar
u=u(x,Yy),

v=V(xy)

berilishiga ekvivalent bo‘lishi kelib chigadi.

w= f(z) funksiya EcC to‘plamda berilgan bo‘lib, z o‘zgaruvchi E
to‘plamda o°zgarganda funksiyaning mos giymatlaridan iborat to‘plam

F={f(2):zeE}

bo‘lsin. Bu to‘plamga funksiyaning giymatlari te ‘plami deyiladi.

EcC to‘plamda w= f(z) funksiyaning berilishi Oxy kompleks
tekisligidagi E to‘plamni (to‘plam nugtalarini) Ouv kompleks tekisligidagi F
to‘plamga (to‘plam nugtalariga) aks ettirishdan iborat. Shu sababli w= f (z) ni

E to‘plamni F to‘plamga akslantirish deyiladi.

Odatda w = f (z) funksiyani geometrik tasvirlash uchun bu akslantrish

yordamida aniglangan E va F to‘plamlar mos ravishda Oxy va Ouv
kompleks tekisliklarida chiziladi.
Ba'zida funksiyani geometrik tasvirlash uchun boshgacha usul ham

go‘llaniladi. Uch o‘Ichovli  (x,y, p) fazoda p=|f(z)| sirt chiziladi.Bu sirtga

w = f (z) funksiyaning relyefi deb ataladi.

Misol tarigasida f(z)=1 L > funksiyaning relyefini Maple matematik
+2
paketidan foydalanib chizamiz.

with( plots) :

16



>f::Z—)

5

1 42
> complexplot3d( f,-2 —21.2 + 21, grid=[50, 50])

]{J—_
S
!;é.—.
o]
S_
“
=2 %
Fim
7-chizma

w= f(z) funksiya E to‘plamda (EcC) berilgan bo‘lib, F esa shu
funksiya giymatlaridan iborat to‘plam bo‘lsin
F={f(2):zeE}
So‘ngra F to‘plamda o‘z navbatida biror = @(w) funksiya berilgan bo‘Isin.
Natijada E to‘plamdan olingan har bir z ga F to‘plamda bitta w(f : z —> w)
son va F to‘plamdan olingan bunday w songa bitta {(¢p:w— ) son (£ €C)
mos go‘yiladi. Demak, E to‘plamdan olingan har bir z ga bitta £ son mos

qo‘yilib, £=o(f(z)) funksiya hosil bo‘ladi. Bunday funksiya murakkab
funksiya deyiladi.
w= f(z) funksiya E to‘plamda berilgan bo‘lib, F to‘plam esa shu

funksiya giymatlaridan iborat to‘plam bo‘lsin. F to‘plamdan olingan har bir w

kompleks songa E to‘plamda fagat bitta z sonni mos qo‘yadigan funksiyaga

17



w = f (z) funksiyaga nisbatan teskari funksiya deyiladi vau z = f *(w) kabi
belgilanadi.

2-Ta’rif. Agar argument z ning E to ‘plamdan olingan ixtiyoriy z, va z,
giymatlari uchun z, #z, bolishidan f(z)= f(z,) bolishi kelib chigsa,

f (z) funksiya E to ‘plamda bir yaprogli (yoki bir varagli) funksiya deb ataladi.
Misol. f(z)= %3 funksiyani E={zeC; || <g} doirada bir
Z —

yaproglilikka tekshiring.
< Faraz gilaylik, z,,z, €E laruchun f(z,) = f(z,), ya’ni

1 [
2z,-3 2z,-3

bo‘lsin .= 2z, -3=22,-3=12, =12,.= f(z) funksiya

E to‘plamda bir yaproqli.>
Faraz gilaylik w= f(z) funksiya EcC to‘plamda berilgan bo‘lib, z,
nugta shu E to‘plamning limit nuqtasi bo‘lsin.

3-Ta’rif. Agar Ve>0 son uchun 386=05(z,,&) >0 son topilsaki,
argument z ning O<\z—zo\ <o tengsizlikni ganoatlantiruvchi barcha z €E
giymatlarida |f (z) — Al <e tengsizlik bajarilsa, u holda A kompleks son f (z)
funksiyaning z — z, dagi limiti deb ataladi va

lim f(z) =4

kabi belgilanadi.

Misol. f(z)=%, E={zeC: |z|]<1}, funksiya uchun
limf @ :IE ekanligini ta’rif yordamida ko‘rsating.

-1

z-1

'z T.Agar Ve > 0 son uchun

2 2

<VzeE uchun ‘f(z)—%‘:

& =2& son deb olinsa, u holda argument z ning 0<|z -1 <5 tengsizlikni
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ganoatlantiruvchi barcha z €E giymatlarida |f(z) —5 < ¢ tengsizlik bajarildi
(8-chizma) .
1 v
// \,x"’ -~ /——.‘ _{_:\
4 i1
S AN R aC
! - \f«bﬂ,’- \ N
} i 1 #
\ ol v 1] Jox O T
\ \\ / /
\\ \_&(i_ﬂ/"
\H J//

8-chizma
f(z) =u(x,y)+iv(x,y) funksiyaning limitini hisoblash u(x,y) va
V(X,y) larning limitlarini hisoblashga keltirilishi mumkin.
1-Teorema. w= f(z) funksiya z —>z,(z, =X, +1y,) da A=o+Iip

limitga ega (|jm f(z) = A) bo Tishi uchun

-7,

limu(x,y)=o, limv(xy) =

X—>Xq X—>Xq
Y—=Yo Y—=Yo

bo ‘lishi zarur va yetarli.
Aytaylik w= f(z) funksiya EcC to‘plamda berilgan bo‘lib, z, nugta
shu E to‘plamning o‘ziga tegishli bo‘lgan limit nugtasi bo‘lsin.

4-Ta’rif. Agar Ve >0 uchun 33 =5(z,, €) > 0 son topilsaki, argument z
ning \z — zo\ < & tengsizlikni ganoatlatiruvchi barcha z € £ giymatlarida
1f(2)-f(z,)|<e
tengsizlik bajarilsa u holda f (z) funksiya z,nugtada uzluksiz deb

ataladi.(Ravshanki ,bu xolda |jm f(z) = f(z,) bo‘ladi)

-2,
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Odatda z -1z, ayirma funksiya argumentining orttirmasi deyiladi, uni
Az kabi belgilanadi: Az=z-z,, f(z)—f(z,) ayirma esa funksiya
orttirmasi deyilib uni Af kabi belgilanadi:

Af =1f(z2)-1(z,).

Shu tushunchalardan foydalanib, z, nugtadagi funksiya uzluksizligi 4-
ta’rifini quyidagicha ham aytish mumkin:

Agar

lim Af =0

Az—0

bo‘lsa, f(z) funksiya z, nugtada uzluksiz deyiladi.

5-Ta’rif. Agar f(z) funksiya E to ‘plamning har bir nugtasida uzluksiz
bo ‘Isa, u holda f (z) funksiya E to plamda uzluksiz deyiladi.

2-Teorema.  f(z2) =u(x.y)+iv(x,y) funksiyaning Z, =X, +1y,
nugtada uzluksiz bo ‘lishi uchun u =u(x,y) hamda v =v(x,y) funksiyalarning
(X,,Y,) nugtada uzluksiz bo lishi zarur va yetarli.

w = f(z) funksiya E < C to‘plamda berilgan bo‘lsin.

6-Ta’rif. Agar Ve>0 son uchun 35=0(e)>0 son topilsaki, E
to ‘plamning ‘z'—z"‘<6 tengsizlikni ganoatlantiruvchi ixtiyoriy z,z° € E

nuqgtalarida

f(z')-f(z")|<e
tengsizlik bajarilsa, f(z) funksiya £ to ‘plamda tekis uzluksiz deyiladi.
3-Teorema. (Kantor teoremasi). Agar f(z) funksiya chegaralangan

yopig to ‘plamda uzluksiz bo ‘Isa, funksiya shu to ‘plamda tekis uzluksiz bo ‘ladi.

6°. Funksiyaning differensiallanuvchiligi. Koshi-Riman shartlari.
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Biror E c C sohada w= f(z) funksiya berilgan bo‘lsin. Ixtiyoriy
Z, € E nugta olib, unga shunday Az orttirma beraylikki, z,+ Az € E bo‘lsin
(9-chizma). Natijada, f(z) funksiya ham z, nuqgtada
Aw = Af (z,) = f(z, +Az) - f(z,)

orttirmasiga ega bo‘ladi.

‘.ll
//f h ™,
/ . N
/ £ !
! !
[ -
l d; |
4 !
/z’
AN \ -
R -7
~ x b7
fiy]
0 X
9-chizma

1-Ta’rif. Agar Az — 0 da % nisbatning limiti
z

) . f(z,+A2)-f(z
I|m % — I|m ( 0 ) ( 0)
Az—0 Az—0 AZ

mavjud va chekli bo ‘Isa, bu limit kompleks o zgaruvchili f(z) funksiyaning z,

nugtadagi hosilasi deb ataladi va f'(z,) kabi belgilanadi:

fl(zo) — ilmo f(ZO +AAZ)_ f(ZO)
z—> 7

(11)

Faraz qilaylik, f(z)=u(x.y)+iv(x.y) funksiya z, =x,+1y, (z, €C)
nuqgtaning biror atrofida aniglangan bo‘lsin.

2-Ta’rif. Agar u(x,y) va v(x,y) funksiyalar X,y o ‘zgaruvchilarning
funksiyasi sifatida (X,,Y,) nugtada differensiallanuvchi bo‘Isa, f(z) funksiya

Z, nugtada haqiqiy analiz ma 'nosida differensiallanuvchi deyiladi.
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Bu holda du(x,,y,)+idv(x,,y,) ifoda f(z) funksiyaning z,
nuqtadagi differensiali deyiladi:
df =du+idv.
Teorema. f(z)=u(X,y)+iv(x,y) funksiyaning z, nugtada f'(z,)
hosilaga ega bo ‘lishi uchun bu funksiyaning z,(x,, y,) nugtada hagigiy analiz

ma ‘nosida differensiallanuvchi bo ‘lib,

ou _ov

ox oy

X (12)
ou _ ov

oy

shartlarning bajarilishi zarur va yetarfli.
Odatda (12) shartlar Koshi-Riman shartlari deyiladi.

Kompleks analizda ushbu dz = dx+idy, dz =dx—idy,

o 1 of .of o 1o .o
= =s(C-i) =S+
oz 2 0x oy 0oz 20X oy
belgilashlar yordamida f (z) =u(x,y)+iv(x,y) funksiyaning to‘la
differensiali df = du—+idv, df = dz+dz
0z 0z

ko‘rinishda qulay ifodalanadi.
Yugorida keltirilgan (12) — Koshi-Riman shartlari
of
P =
tenglikka ekvivalent bo‘ladi.

0 (13)

Agar w= f(z) funksiya z, nugtada hosilaga ega bo‘lsa, bu nugtada % =0
z

bo‘lib, f ning hosilasi f'(zo):gf—,differensialiesa
74
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df :%dz = f'(z,)dz
ko‘rinishda bo‘ladi. Kompleks analizda hosilaga ega bo‘lgan funksiyalar C —
differensiallanuvchi funksiyalar deyiladi.
Amaliyotda funksiyalarni C-differensiallanuvchilikka tekshirishda Koshi-
Riman shartlaridan foydalaniladi.
Qutb koordinatlar sistemasida
f(z) =u(x,y) +iv(x,y) =u(pcosq,psin @)+ iv(pcos e, psin ¢)

funksiya uchun Koshi-Riman shartlari

u_1 ov

o p 09

< (14)
v__lau

& pdp

ko‘rinishda bo‘ladi.

Faraz gilaylik, w= f (z) funksiya biror E — C sohada berilgan bo‘lsin.
3-Ta’rif. Agar f(z) funksiya z, € C nugtaning biror U(z,,€) atrofida
S-differensiallanuvchi bo‘lsa, u holda f(z) funksiya z, nuqtada golomorf

funksiya deyiladi.
A4-Ta’rif. Agar f(z) funksiya E sohaning har bir nugtasida golomorf

bo ‘Isa, funksiya E sohada golomorf deyiladi.

Odatda E sohada golomorf funksiyalar sinfi O(E) kabi belgilanadi.
5-Ta’rif. Agar g(z) = f(l) funksiya z=0 nugtada golomorf bo lsa,
4

f (z) funksiya "oo" nugtada golomorf deyiladi.
6-Ta’rif. Agar f(z) funksiya z, € C nuqtada golomorf bo‘lsa, f(z)
funksiya z, nuqtada antigolomorf deyiladi.

7°. Garmonik funksiyalar.
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Faraz gilaylik, R? fazodagi E(E — R?) sohada F = F(X, y) funksiya

berilgan bo‘lib, u shu sohada ikkinchi tartibli

0°F(x,y) O°F(x,y)
oxt T oy?
uzluksiz xususiy hosilalarga ega bo‘lsin.
Ta’rif. Agar E sohaning har bir nugtasida
o’F O°F
+
a X2 ayZ
tenglik bajarilsa, F = F(X, y) funksiya E sohada garmonik funksiya deyiladi.

=0 (15)

(15) — tenglamani Laplas tenglamasi deyiladi. Bu tenglama ushbu
o: 0

= — 4 —
aXZ ay2

Laplas operatori yordamida AF =0 shaklda ham yoziladi. Laplas operatori

0° o o 10 0o .0 0’
A=—+—=|——— ||+t |[=4——=
ox~ oy oX oy)\ox oy 0201

bo‘lishini e’tiborga olsak, unda (15) - tenglikni

2
0 F_ =0 (16)
02012

shaklda yozish mumkinligini ko‘ramiz.

A

uchun

Teorema. E c C sohada golomorf bo‘lgan har ganday f(2)
funksiyaning hagigiy va mavhum gismlari u(x,y) va v(x,y) funksiyalar shu

sohada garmonik bo ‘ladilar.

Eslatma. Ixtiyoriy ikkita u(X, y) va v(X,y) garmonik funksiyalar uchun
f(z) =u(x, y)+iv(X, y) funksiyaning golomorf bo‘lishi shart emas. f ning

golomorf bo‘lishi uchun u va v lar Koshi-Riman shartlari orgali bog‘langan
bo‘lishlari lozim. Bunday holda u va v garmonik funksiyalar go‘shma

garmonik funksiyalar deyiladi.
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Bir bog‘lamli £ < C sohada u(z) =u(X,y) garmonik funksiya bo‘lib,
Z, € E tayinlangan nuqta bo‘Isin. U holda

v(z) = j—%udxnt%udy (17)

ikkinchi tur egri chizigli integral u(z) funksiyaga qo‘shma garmonik funksiya
v(2) ni aniglaydi.
8%. Hosila moduli va argumentining geometrik ma’nosi. Konform

akslantirishlar.
Faraz gilaylik, w= f (z) funksiya biror E < C sohada berilgan bo‘Isin.

Uni (z) tekislikning nugtalarini (w) tekislik nuqgtalariga akslantirish deb
garaymiz. Aytaylik, w= f (z) funksiya z, € E nugtada f'(z,) (f'(z,)=0)
hosilaga ega bo‘lsin. Unda w = f (z) akslantirish yordamida \z — zo\ =T aylana,
cheksiz kichik miqdor o(|z — z,|) e’tiborga olinmasa

w—w,|=|f'(z,)|r
aylanaga akslanadi. Agar |f'(z,)| <1 bo‘lsa, unda |z —z,|=r aylana sigiladi,
| f'(z,)| >1 bo‘lganda esa aylana cho ziladi.

Demak, funksiya hosilasining moduli w= f(z) akslantirishda
«cho Zilish koeffitsientini» bildirar ekan.

Endi w= f(z) akslantirish z, nugtadan o‘tuvchi y sillig chizigni (w)
tekislikdagi 7~ chizigga akslantirsin. Bu holda funksiya hosilasining argumenti
w= f(z) akslantirishda y chizigni ganday burchakka burishini bildiradi.

f'(z,) #0 bo‘lgan holda (z,) nugtadan o‘tuvchi ikki C, va C, egri

chiziglar orasidagi burchak o bo‘lsa, w= f (z) akslantirishda bu chiziglarning
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akslari I', va I', lar orasidagi burchak ham o ga teng bo‘ladi(10-chizma).

10-chizma

Aytaylik, w= f(z) funksiya E c C sohada berilgan bo‘lib, z, € E
bo‘lsin.

1-Ta’rif. Agar w= f(z) akslantirish

1) markazi z, nuqtada bo‘lgan cheksiz kichik aylanani cheksiz kichik
aylanaga o ‘tkazish xossasiga,

2) z, nugtadan o ‘tuvchi har ganday ikkita chiziq orasidagi burchakning
miqgdorini ham, yo ‘nalishini ham saglash xosssasiga ega bo ‘lsa, w= f(z)
akslantirish z, nugtada konform akslantirish deb ataladi.

Agar bu ta’rifdgi 2-shartda burilish burchagining miqdori o‘zgarmay,
yo‘nalishi qgarama-garshisiga o‘zgarsa, bunday akslantirish Il-tur konform
akslantirish deyiladi.

2-Ta’rif. Agar E — C sohada aniglangan w = f (z) akslantirish uchun
1) w= f(z) funksiya E sohada bir yaprogli funksiya,
2) E sohaning har bir nugtasida konform bolsa, berilgan akslantirish
E sohada konform akslantirish deb ataladi.
Konform akslantirishlar quyidagi xossalarga ega:
1) Konform akslantirishga teskari bo‘lgan akslantirish ham konform

akslantirish bo‘ladi.
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2)  Chekli sondagi konform akslantirishlarning superpozitsiyasi yana
konform akslantirish bo‘ladi.

Teorema. Agar w= f(z) akslantirish E c C sohada bir yaprogli

bo lib, f'(z) # 0 bo ‘Isa, u holda akslantirish shu sohada konform bo ‘ladi.

Nazorat savollari.
Kompleks sonlar ustida amallar.
Kompleks sonni geometrik tasvirlash.
Kompleks sonning moduli va argumentini hisoblash.
Kompleks sonning trigonometrik va ko‘rsatkichli ko‘rinishlari.
Muavr formulasi.
Kompleks tekislikda egri chiziq tushunchasi.
Kompleks tekislikda soha tushunchasi.

Bir bog‘lamli va ko‘p bog‘lamli sohalar.

© 0o N o O kWD PRE

Stereografik proeksiya.

10. Sferik masofa tushunchasi.

[HEN
=

Kompleks argumentli funksiya, murakkab va teskari  funksiya
tushunchalari.

12. Bir yaproqli funksiya ta’rifi va unga misollar.

13.  Kompleks argumentli funksiyaning limiti va uzluksizligi.
14.  Haqigiy analiz ma’nosida differensiallanuvchilik ta’rifi.
15. C—differensiallanuvchilik ta’rifi.

16. Golomorf funksiyalar.

17. Garmonik funksiyalar.

18.  Golomorf va garmonik funksiyalar orasidagi bog‘lanish.
19. Qo‘shma garmonik funksiyalar va ularni topish.

20. Hosila modulining geometrik ma’nosi.

21. Hosila argumentining geometrik ma’nosi.

22. Nugtada va sohada konform akslantirishlar.
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-B-
MUSTAQIL YECHISH UCHUN MISOL VA MASALALAR

1-Masala. Quyidagi z, va z, kompleks sonlarning yig‘indisi, ayirmasi,

L 1 .. .
Ko‘paytmasi, nisbati hamda z, + — ni toping:
ZZ

112, =2 +1i, z,=~2-i.
1.2. 2, =1++/2i, z, =1-i/2.
1.3.2, =2+3i, 2, =2-3i.
1.4 7, =2+i/3, z, =2—i/3.
15. z, =3+4i, z,=3-4i.
1.6. z, =5+2i, z,=5-2i.
1.7. 7, = 2+i/3, z, =3+iV2.
1.8. 7, =2-i3, z, =3-i/2.
1.9. 7, =2 +i/3, Z, =~3+iV2.
1.10. z, =3+4i, z,=4+3i.
1.11. z, =3-4i, z, =4-3i.
1.12. z, =1++/5i, z, =1—+/5i.
1.13. z, =2 +4/5i, z,=2--/5i.
1.14. 7, = 2++/5i, z, =~/5+2i.
1.15. z, =2 —+/5i, z,=~/5+2i.
1.16. z, =3—/5i, z, =3++/5i.

1.17. z, =-/3 +4/5i, z, =~/3—/5i.
1.18. z, =/5+/3i, 2, =~/5-/3i.
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1.19. z, =3+/5i, z, =3-/5i.
1.20. z, =~/5+3i, z,=~/5+3i.
121.2, =3+iV2, 7, =+/3-iV2.

2-Masala. Amallarni bajaring, hosil bo‘lgan kompleks sonlarning moduli

va argumentini topib, ularni kompleks tekislikda tasvirlang.

2.1. (\3+iv/3)° - @+i)°. 2.2. (\3+iv/3)*-(1-i)*.
2.3. (—/3+3i)° - (3+i/3)". 2.4. (—/3-3i)*-(3+i/3)°.
25. (v/3+3i)° - (3+i/3)°. 2.6. (v3-3i)* - (3+i/3)°.
2.7. (\/3+3i)° - @+i)°. 2.8. (\/3+3i)* - (1-i)°.

2.9. (3+i+/3)* - (@ +i)°. 2.10. (3+i/3)%-(1-i)".
2.11. (—1+i§)6 ((1+i), 2.12. (—1+i§)4 (1-i).
2.13. (1—i§)6 C(L+i)%. 2.14. (1—i§)3 (L+i)°.
2.15. (1+i§)5 ((1+i)°. 2.16. (1+i§)4 (1-i)°.
2.17. (-1+i)* - @+i/3)°. 2.18. (-1+i)* - (1-i/3)°.
2.19. (L+i)* - @+iV/3)°. 2.20. (1—i)* - (L—i/3)".

2.21. (1—i)* - (L+iv/3)°.
3-Masala. Quyidagi tengsizliklarni ganoatlantiruvchi barcha nugtalar

to‘plamini kompleks tekislik C da tasvirlang.

3.1.1<|z+2-3i<3. 3.2.1<|z+1+i[< 2.
33.1<|z-1+i[<2. 3.4.1<|z+1-i|< 2.
35.1<|z-3+4i|<3. 3.6.1<|z+3-4i|<3.
37.1<|z-1+2i|<2. 3.8.1<|z+1-2i[<3.
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39.1<[z-2+i[<2. 3.10.1<|z+2-i/<3.

311 1<|z+2+i[<2. 3.12.1<|z—-2-3i|<3.
3.13. 2<|z-1-3i|<3. 3.14. 2<|z+1-3i|<3.
3.15. 2<|z+1+3i[<3. 3.16. 2<|z-1+3i|<3.
3.17. 2<|z -3 < 3. 3.18. 2<|z+3-i|<3.
3.19. 2<[z+3<3. 3.20. 2<|z-3+i|<3.

3.21.1<[z-2+3i|<3.

4-Masala. Quyidagi tengsizliklar sistemasini ganoatlantiruvchi nugtalar

to‘plamini C tekislikda tasvirlang.

(Imz)? <2Rez, (Imz)? <Rez,
4.1. < 4.2.
((Rez)* <Imz. Rez+Imz<3.
(Im2)? <Rez, (Imz)? < Rez,
4.3. 4.4.
7] < 2. Tcargz< X
(Imz)? <Rez, (Rez)? <Imz,
45, < 4.6.
2] >1. Rez+Imz<4.
(Rez)? <Imz, (Rez)? <Imz,
4.7. < 4.8. 1
|z—-i| <1. z-1<1.
((ReZ)Z <Imz, ‘2_1‘ <1
4.9. 4.10.
g<argz<n z-i[<1.
z-1 <1, z—i]>2,
411 7 < z 4.12. 7 < z
4_argz<2. 4_argz<3
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4.13. 4.14.

7| < 2.

Rez+Imz>1 {Rez+|mz<3,
T T
—<argz< =
3 2

Tcargz< 1<|z]<3,
4.15. 4 2 4.16.
1<|z<3. (Imz)? <Rez.
1<[z|<3, 1<|z <2,
4.17. < 4.18.
((Rez)® < Imz. Imz>0
1<|<2, 1 <ld|<2
4.19. A 4.90.
(Rez >0. Imz > Rez.
Rez+1Imz >1,
421. A
O<argz T
4

5-Masala. Quyidagi tenglama aylananing tenglamasi ekanligini isbotlang

va bu aylana markazining koordinatalari hamda radiusini toping.
5.1 |2 +@L—i)z+(@+i)z+1=0.
5.2 |2” + (L~ 4i)z+(1+4i)z+6=0.
5.3. |2|” +(2-3i)z+(2+3i)z+11=0.
5.4. |z" +(3-2i)z +(3+2i)z+12 =0.
5.5. |2” +(4—3i)z+(4+3i)z+20=0.
5.6. |z” +(2—4i)z+(2+4i)z+9=0.

5.7. |2” +(4—5i)z+(4+5i)z+21=0.
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5.8. |2 +(4—i)z+(4+i)z+16 = 0.
5.9. |2 +(3—i)z+(3+i)z+9=0.
5.10. |2|" + (4—4i)z + (4 +4i)2+24 =0.
5.11. |2|" + (1 -5i)z + (L+5i)z+ 25 =0.
5.12. |z + (5-i)z+ (5+i)z+25=0.

5.13. |2|" + (2—5i)z + (2+5i)z +28 = 0.
5.14. 7> + (5-2i)z+ (5+2i)z + 28 =0.
5.15. |z]* +(3-5i)z + (3+5i)z+25=0.
5.16. |7)* + (5-3i)z + (5+3i)z + 25 = 0.
5.17. |7)* + (5-4i)z + (5+4i)z+ 25 =0.
5.18. 7> + (2-2i)z+ (2+2i)z+7=0.

5.19. |z]* +(3-3i)z + (3+3i)z+16 =0.

5.20. 7> + (4 - 4i)z + (4 +4i)z + 28 = 0.

5.21. [z* +(4-3i)z+(4+3i)z+21=0.
6-Masala. C kompleks tekisligidagi z nugtaning S Riman sferasidagi

obrazini toping.

6.1. 1+1. 6.2.1—1. 6.3. 2+1.
6.4. 2i +1. 6.5. 2—1. 6.6. —2+1.
6.7. 2+ 2i. 6.8. 2—2i. 6.9. 3+1.
6.10. 3—1. 6.11. —1+1. 6.12. 1+ 3i.
6.13. 1-3i. 6.14. 3+ 2i. 6.15. 3—2i.
6.16. 2+3i. 6.17. 2-3i. 6.18.—2+3i.
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6.19. —2-3i.

7-Masala. Hisoblang.

7.1. lim Zz—sm(—)

n—owo k=0

7.3. hn1Z%—UB( ).

n—>ook0

k

7.5. lim 23—3"\(—)

n—owo k=0

k

77hmZ—WFﬁ

n—>ook0

7.9. Iim Z—sm(—).

n—>ook0

7.11. lim 23—sm(—).

n—owo k=0

7.13. lim 23—sm(—).

n—owo k=0

7.15. lim Z—Sln(—).

n%ookO

7.17. lim Z4—sm(—).

n—owo k=0

7.19. lim Z4—sm(—).

n—owo k=0

7.21.lim Z—cos( )

n—)ooko

8-Masala. Quyidagi funksiyalar aniglagan egri chiziglarni toping.

8.1. z =t +it?
8.2. z=2t+it?

6.20. 3—3i. 1+

N

72. lim iisin(@).

7.6. ||m2—cos( )

7.8. ||m2—cos( )

n—>ook0

7.10. lim Zs—cos( ).

n—ow k=0

7.12. lim ZB—COS( .

n—o k=0

7.14. lim Zs—cos( )

n—o k=0

7.16. lim Z—cos( ).

n%ookO

7.18. lim Z4—cos( ).

n—wo k=0

k

7.20. lim 24—005( )

n—o k=0

(0<t < +x).

(0<t <+w).
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8.3.

8.4.

8.5.

8.6.

8.7.

8.8.

8.9.

8.10

8.11.

8.12.

8.13.

8.14.

8.15.

8.16.
8.17.

8.18
8.19
8.20
8.21

Z=t+i2t> (0<t<+00).

z=t+% (—o<t<0).

z=t+% (O <t <+400).

z:2t+% (—o<t<0).

7=t~ (0 <t < +00).
2t

z=4t> +it* (-0 <t <+4,).

z:t2+i% (—o0 <t < +0).

L 2=0t" +it*  (—o<t<+400).

z=Re-e” O<t<hy,
4

z =Ree™ O<t<h.
6

z=Ime"” O0<t<h).
4

z=Ime™ O0<t<Dh.
6
z=2t (0<t<3).
Z=2+I1t (2<t<5).
7 =t+3i (1<t<2).

Z=2+1+[(3+2))-(2+I)]t

. 2=3+2i+[(5+41)—(3+2)]t
. 2=3+21+[(4+41)- B+ 2)]t
2=1+1+[(2+31) - A+D]t
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9-Masala. Quyidagi
yaproglikka tekshiring.
9.1. f(z) =125

9.2. f(z) =127

9.3. f(z2) =125
9.4. f(z) =1z%
9.5. f(2) =27
9.6. f(z)=1z%

9.7. f(2) = %(z +%);
9.8. f(z) = %(z +§);

9.9. f(z) = %(z +§);

9.10. f(2) = %(z +§);

9.11.

1
7+3

9.12. f(2) =

f(2)=

9.13. :
z+3

9.14. f(2) =L4;

Z+

f(Z):L'

9.15. :
Z+3

f(z)=%(z+§);

f(z) funksiyalarni berilgan

E={Rez>0}
E={Imz>0}.

E={0<argz <g}.
E={z<13.
E={z]<10<argz <3§}.
E={7>2}.

E={z<1}.
E={z<2}.
E={Imz>0}.
E={Rez>0}.

E ={g<argz <3§}.
E={z<3}.
E={7>3}

E ={7 <4}.

E={Rez>3}.
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9.16. f(z):i_;
Z+Ii

E={Rez>1}.

9.17. f(z) =e*(cos2y +isin 2y); E={Imz > 0}.

9.18. f(z) =e*(cos2y+isin2y); E={0<Imz<n}.

9.19. f(z) =e*(cos2y+isin2y); E={z|<1.

9.20. f(z) =e*(cos2y+isin2y); E={0<Rez< %}.

9.21. f(z)= %(z +%);

E={7<2}.

10-Masala. Berilgan funksiyalarni uzluksizlikka tekshiring.

1

22 -1

B 1
(z+D(z+1)
1

22 +4

10.1. f(2) =

103. (2)

105. f(2) =

10.7. f(2)

B 1
(2-2)(z-D)
1
(z-2)(z—-1i)

z

109. f(z) =

10.11. f(z) =

10.13. f(z2) = L

(z+2)(z+1i)

10.15. f(z) = 1

(2z+D(z+i)

10.17. f(z) = -

(2z-D(z+1i)

(2z-i)(z-1)

1
10.2. f(2) = DD
1
10.4. f(2) = 2D
10.6. f(z) = 1 —.
(z+2)(z+1)
10.8. f(z) = 1 :
(z+2)(z-1)
10.10. f(2) = L —.
(z+2)(z-1)
z
10.12. f(z) = TR
1014, f(2)=— 2
(2z+1D(z-1)
1
10.16. f(z)= 22 Do)
10.18. f(z)=—~ |
(2z-1)(z+12)
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- 1020 f(2)=—~

(2z+i)(z-1) (Bz+i)(z-1)
1

7% +1

10.19. f(z) =

10.21. f(z) =

11-Masala. Funksiya hosilasini ta’rif yordamida hisoblang.

11.1. f(z):i_ (z #-i). 11.2. f(z)=i (z=-1).
Z+1 z+1
1 1 :
113. f(2)=— (z#1). 114. f(z2) =—— (z#1).
z-1 Z—1
1 1 1
115. f(2)=—— (z#>). 11.6. f(2) = Z#—-).
@) 2z-1 ( 2) (2) 2z +1 ( 2)
11.7 f(z)—i (z;ti) 11.8. f(2)= 1 (z¢—i)
. 27 i 2" - 27 +i 2"
11.9. f(2) =2°. 11.10. f(z)=2°.
11.11. f(2)=2*+2z. 11.12. f(2)=2° -z +1.
11.13. f(z) =1-3z°. 11.14. f(2) =z +22°.
11.15. f(2)=3z -1. 11.16. f(z2) =2z +3.
1117, f(2) =2 (20). 11.18. f(z):%+5.
4
11.19. f(z)=2—3z. 11.20. f(z) =e*(cosy +isiny).

11.21. f(2) = 1 (z#-2).
7+72

12-Masala.  Quyidagi  funksiyalarni  C-differensiallanuvchanlikka

tekshiring
12.1. f(z) =Rez. 12.2. f(z) =z%Rez.
12.3. f (z) = (Re z)?. 12.4. f(2)=z°Imz.

12.5. f(z) =Rez’, 12.6. f(z)=z-(Rez)’.
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12.7. f(z) =[Rez]’ - Imz.
12.9. f(z)=z(Rez+1mz).
12.11. f(2) =|2[".

12.13. f(z)=zRez.
12.15. f(z2)=Imz.

12.17. f(z) =z.

12.19. f(2) = 2xy +i(x* +y?).
12.21. f(z)=zImz.

12.8. f(z) =[Imz]* -Rez.
12.10. f(z) = Imz°.

12.12. f(2) ="

12.14. f(z)=z-Imz.

12.16. f(2)=z.

12.18. f(z) = 2xy —i(x* +y?).
12.20. f(z) = 2xy +i(x* —y?).

13-Masala. Berilgan funksiyalarni golomorflikka tekshiring.

13.1. f(z)=x+y+i(ax+hy).
X . ay
13.3. f(2) = —1i :
( ) X2+y2 X2+y2

135. f(z) =x—-y+i(ax—by).

13.7. f(2) = a(x® —y?) + 2ixy.
13.9. f(z) =x+y+i(x+ay).

13.11. f(z) = x* +ay’® —ibxy.

1313. f(z) = x* —y? +iaxy.

13.15. f(z) =ax+y+i(bx+cy).

1347, 1 (2) = -2 4i Y

X* +y°

13.19. f(2) =ax+i(bx+cy).

13.21. f(2) =x+ay+i(bx+cy).

x> +y?

13.2. f(z) =x* —y? +ibxy.
13.4. f (z) = x+ 2y +i(ax—Dy).

13.6. f(z2)=x+y+i(ax—y).
13.8. f(z) = x* +ay’ +ibxy.

ax oy

13.10. f (2) = +1 .
( ) X2+y2 X2+y2

13.12. f (z) = x—y+i(ay +bx).
13.14. f(z)=ax+by+icy.

13.16. f(z) =x* —ay’ +i2xy.
13.18. f (z) = x -2y +i(bx+cy).

13.20. f (z) =ax+ y +i(bx+cy).
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14-Masala. y—z, nuqgtadan chiquvchi arg(z—z,)=¢ nur bo‘lsin.
Quyidagi misollardagi akslantirishlar uchun z, nuqtadagi cho‘zilish koeffitsenti

R(p) va burilish burchagi o(¢) ni toping.

14.1. w=2z?, z, =1 . 14.2. w=z2, z, =1.
- [
14.3. W=27+2z2 z, =0. 14.4. w= 2%, Zo:Z'
145 w=z*  z,=1-1i. 146. w=2%,  z,=-1+i.
147. w=2°,  z,=i. 14.8. w=2, zoz_i’.
149 w=2z°+2z, z,=1. 1410. w=22-2z, z,=i.
14.11 .w=e*(cos2y +sin 2y); z, =0.
14.12 . w=e>(cos2y —isin 2y); z, =0.
z-1 z—(1+i :
1413 . w=——7, z,=1. 14.14.W=(—_), Z,=1+1.
z+1 Z+1+1
1415 w=2"2" ol 1a1ew=2"2 ;9
Z+2—1 Z+2i
117 w=2"2 ;-2 w1 w=222 ;-2
z-2 Z+2
Z+2i : z+1-i
14.19. w= -, L, =—2I. 14.20.w = -, Zy =—1+I
z-2i Z-1+1
1421 w=""1 72 =i.
Z+i

15-Masala. Quyida berilgan u(X, y) garmonik funksiyalarga ko‘rsatilgan
sohalarda qo‘shma garmonik bo‘lgan v(x,y) funksiyalarni toping va ular
yordamida golomorf f(z) =u(X,y)+iv(x,y) funksiyani quring.
15.1. u(x,y)=4xy E=C. 152 . u(x,y)=2x-3y+5, E=C.

2X+Yy

15.3. u(x,y)=—— ,
Y =50 1y

E={0<|z| <od}.
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15.4. u(x,y) =2(x* —y*)+4xy E=C.
15.5. u(x,y)=x>-y*-2xy, E=C.
X—2Yy

15.6. Uu(x,y)=———

(x,y) 20¢ + y)

15.7. u(x,y)=x*-y*+x, E=C.

,E={0<|7 < oq}.

15.8. u(x,y) =3(x* —y*)—6xy, E=C.
15.9. u(x,y)=x+2y-1, E=C.

15.10 u(x,y) =

= E={0<|7 <}
X +y

X+ Y
15.11. u(X,y) =——F—"——

(x,y) 30¢ 1 y9)
15.12. u(x, y) = y> — x* + 2xy,

E={0<|7 <oc}.

E=C.
15.13. u(x,y) =x* —-3xy?, E=C.
C.

15.14. u(x,y)=—-x+4y-5  E
15.15. u(x,y)=xy+1, E=C.

X+2Y

15.16. u(x,y) = —— ,
X+

E ={0<|z| < }.

15.17. u(x, y) = 2x® —-6xy’, E=C.
15.18. u(x,y) =x* -y’ +xy, E=C.
15.19.u(x,y) =2x+4y-1, E=C.
15.20. u(x,y) =y>—x*>—-4xy, E=C.
15.21. u(x,y) =2(x* -y*)-1, E=C.
16-Masala. Quyidagi funksiyalarning konformlik sohalari topilsin.

27+1
z-1
16.3. f(z2)=2° +1. 16.4. f(z)=12°-1.

16.1. f(z):z+l. 16.2. f(z2) =
4
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16.5. f(z2)=2z°+z-1. 16.6. f(z)=2°-2z.

16.7. f(2)=2°-1. 16.8. f(2)=12°+1.

16.9. f(z2)=12°+3z 16.10. f(z2)=12°-3z.

1611, f(2)= 22> 1612, f(z)=2"%
22+1 27-5

16.13. f(z) =e*(cosy+siny). 16.14. f (z) =e*(cos2y +isin 2y).
16.15. f(z) =e(cosy—siny). 16.16. f (z) =e*(cos2y —isin 2y).

16.17. f(2) =%(Z+%). 1618 f(2) :%(z—%).

16.19. f(z)=3z% -6z 16.20. f(z)=2°-8.
16.21. f(z)=4z° -8z.
-C-
NAMUNAVIY VARIANT YECHIMI.
Namunaviy variant sifatida 21-variantni olib, undagi misol va

masalalarning yechimlarini namuna sifatida keltiramiz.
1.21-Masala. Quyidagi

21:\/§+i\/§ Va 22:\/5—1\/5

kompleks sonlarning yig‘indisi, ayirmasi, ko‘paytmasi, nisbati hamda

z, +L i toping.

Z,

A7, +2, =(3+iv2)+ (3-i2) = (V3 +/3) +i(v2 -/2) = 24/3.
2, -2, =(V3+iv2) - (3-i/2) = (\/3-3) +i(~2 ++/2) = 24/2i.
z,-7, = (\3+iv2) - (\3-i2) = (/3)* - (iv/2)? =3-2i* =5 .
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z, J3+iV2 (V3+i2)- (\/_+|\/_) 3+i23- \/_+2|

lef_.f 3y — (V2 342
_(3—2)+i-2£_;+i@
- 5 5 5 A
i 3+iv2
. \/_+I\/_+\/—_I\/— \/§+I\/§+W=

=\/§+i\/§+\/§+i\/§=6\/§+i6\/§.l>
5 5 5 5

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

>zl =3 +1L/2
z =3 +1J2
>z22:=3 —L/2
z22:=J3 —1J2
>q:=z[] +z2
a =2ﬁ
>b =zl —z2
b=21/2

>ci=z]-z2

> ¢ = evalc(c)
c:=5
> = i
d z2
g3 +1J2
Vi -1/2

>d = evalc(d)
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r—\/7+1\/7+\/__1\/_

>r = evalc(r)
N ERE- S NE)
2.21-Masala. Amallarni bajaring, hosil bo‘lgan kompleks sonning moduli

va argumentini toping, uni kompleks tekislikda tasvirlang (L—i)° - (L+i/3)°.

<Oldin z, =1—i ea 2z, =1+i~/3 sonlaming moduli va argumentini

(2) va (3) — formulalardan foydalanib topib, so‘ng ularni trigonometrik shaklda

yozamiz va Muavr formulasidan foydalanamiz:

2, =1-i = |z]=1" +(-1)* =+2.
argz, =arctg5+2n=—§+2n:%n:ﬂ1 = /2.
y

-(cos%n+isin %n):zf =(1-i)’= Zﬁ(cos%ﬂsm %) =

2&(—cos§—isin§)=2ﬁ (—i— £)——2(1 ).
2, =1+iV3 = [z,|=1* + (v/3)* =2, argzzzarcth3_=§:>z2=1+i 3=

T .. T ) 8t .. 8m
.=2(cos=+isin =)=z =1 +iv3)® =2°(cos— +isin —) =
( 2 3) > =( ) ( 2 3)

= 256(0032—; +isin 2—;) =256 - (—% - i?) =-128(1-i~/3).
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z=(1-i)° - A+iV/3)°* =722 =256 (1+i)(1—i/3) =
Demak,

=256 -[(L++/3) +i(1—~/3)] =256 - (1++/3) —i- 256 - (/3 —1).
Bu kompleks son tekislikda M (256(1+~/3), —256(~/3—1)) nugtani
ifodalaydi (11-chizma)

g A
256 (1+V3)
0 | X
|
_______ JM
-256(V3-1)
11 - chizma

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

>zl = 1—1
zl =1—1
> |1
/2
> argument(z/)
1
4
>z2:=1+1L3
z2 :=1—|—I\/?
>|z2|
2

> argument(z2)



a=-2—21

b:=(1+1\/?)8
> ph o= evalc((l -I-I\/?)g)

b:=-128+1281/3
>c:=a'b
ci=(-2—21) (-128+1281/3)
> ¢ = evalc(c)

c:=256 +2563 +1(256—2563)

3.21-Masala. Quyidagi 1<|z—2+3i|<3 tengsizlikni ganoatlantiruvchi

barcha nuqgtalar to‘plamini C kompleks tekislikda tasvirlang.

< |z-2+3i| =[x +iy —2+3i| =|(x=2) +i(y +3)| = (X —2)* + (y +3)?
bo‘Igani uchun berilgan 1< |z —2+ 3i[ < 3 to*plam

1<(x=2)+(y+3)*<9
xalgadan iborat bo‘ladi. Bu markazi (2;-3) nuqgtada radiuslari 1 va 3 ga teng

bo‘lgan konsentrik aylanalar orasidagi nuqgtalar va radiusi 3 ga teng aylana

nuqtalarini o‘z ichiga olgan xalgadir (12-chizma) >
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12 - chizma

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with( plots) :

>

> implicitplot([(x—2)2 + (y—|—3)2 > 1, (x—2)2-|— (y
+3)2<9],x=-2.6,y=-7..1, grid = [ 50, 50],
color = [ blue, blue]);

> with(plots)

> r < z-z0|<R;z0 =2 —3-Lr:= ;R == 3;
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1 <|z-z0| <R

z0:=2 —31

> pl = implicitplot(subs(z=x + I*y,abs(z-z0) =R),x = (Re(z0) — R — 1) ..(Re(z0) + R
+1),y=(Im(z0) — R — 1) ..(Im(z0) + R + 1),filled = true, coloring = [ green, grey],
linestyle=1) :

> p2 = inequal({(x —Re(20))% + + (y

— Im(z0)) } x=
= (Im(z0) — r) ..(Im(z0) +

(Re(z0) —r) ..(Re(z0) + ),y
r), color = grey)

p3 == plot([Im(z0) + sqrt(* — (x — Re(20))?),Im(z0) -sqrt(+* — (x — Re(20))?) ]
+r),y=(Im(z0) —

= (Re(z0) —r) ..(Re(z0)

r) ..(Im(z0) + r), color = black, linestyle
= 2) :

> display(p2, p3,pl);

4.21-Masala. Quyidagi
Rez+Imz>1,
T
O<argz<—
J 4
tengsizliklar sistemasini ganoatlantiruvchi nugtalar to‘plamini C tekislikda

tasvirlang.
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Rez =, T X+y>1
< va O<argz<—=
Imz=y 4 O<y<x

Bu to‘plam 13-chizmada tasvirlangan >

Y4 yd

Y

13-chizma
5.21-Masala. Ushbu

2" +(4-3i)z+(4+3i)2+21=0
tenglama aylananing tenglamasi ekanligini isbotlang va bu aylana markazining

koordinatlari hamda radiusini toping.

Z=X+1y
< z=x-ly |=>0=zf +(4-3i)z+(4+3i)z+21=
z|=VX*+y?

=X+ Yy +(4-3i)(x+iy)+(4+3i)-(x—iy) +21=X* + y* +8X+ 6y + 21 =

=(X+4)+(y+3)° -4 = (x+4)* +(y+3)° =22
Bu markazi (-4,-3) nugtada va radiusi 2 ga teng bo‘lgan aylananing tenglamasi~

e 1+1 . :
6.21-Masala. C kompleks tekisligidagi z:L nugtaning S Riman

V2

sferasidagi obrazini toping.
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< Bu masalani yechishda (7)- formulalardan foydalanamiz.

Z_1+i_x/§+i\/§:>X_£ y_ﬁ \z\— 1+l =1 Bu yerdan (7)-
N 5 5 2 T2 T o

x V2 y N2 | 1

formulaga ko‘ra & = = n= == =
PR ST  T e T a T 2

ekanligini topamiz. Demak, berilgan nugtaning Riman sferasidagi obrazi
242 1

4° 472
Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

) ekan(14-chizma) >

> with(geom3d)
>

>
sphere| s,

JZ

) 1 1 :
pomt(o, 0, 0, 5 ), > D,pOInt(P, 1

V2 1
4 2

s, P
>draw( [ s(color=red), P(color=blue) |)
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14-chizma

kr
7.21-Masala. Hisoblang. lim Z—cos?

n—>ook 0

< Berilgan limitni hisoblash uchun oldin

km
Ii

n1 krn . . kn, e
zZ =) —(cos—+Isin—) =) —
" ézk ( 4 4) = 2"
ketma-ketlikning limitini topamiz:
i@ iE i
im z, = lim 3¢ = lim z(—) = lim (e’
n—o0 n—o | =5 2 n—o |} e 4
1--
2
4
et
2
Bundan =
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Ilmi ikcosk——llmRez =Re 1. =Re 2. =Re 2

nN—oo k=0 N—oo =

4 4(4-./2) 4-42
“a_2-iv2 4-2)2+(2)? 5-22°

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

T TT . . T
4 —p4 2—(cos—+1sin —
e 2—¢ ( 4 4)

17 17
> lim A
16 3
Y
>
8.21-Masala. Quyidagi
Zz=0Q+D+[(2+31)—-(Q+D}t (0<t<)

funksiya aniglagan egri chizigni toping.

< M) =x®)+yt)=Q+1)+[2+3)-Q+D]t=1+i+ 1+ 2t =

=1+t+i(1+2t)
tenglikdan, berilgan chizigning parametrik tenglamasi.
X(t) =1+t,

y(t)=1+2t, 0<t<1

ekanligini, bu yerdan esa
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y=1+2t=2(1+t)-1=2x-1, 1<x<2
ekanligini topamiz. Demak, berilgan chiziq 7-chizmada tasvirlangan A(1;1)
nugtadan B(2;3) nugtaga garab yo‘nalgan AB kesmadan iborat ekanw

y 4
@ F—=—— [

/ﬂ

|

a

o 4 2 4

15 - chizma
Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.
> with( plots) :
>z(t) = (1+1)+ ((2+31)—(1+1))¢
z=t—1+1+ (1+21)¢

>x(t) =1+t
x:=t—>1+t¢
>y(t) ==1+2¢
y=t—>1+2t¢t
g plot( [x(t),y(t),t=0..1],x=0.4,y=0.4, color
=red, thickness =2, grid = 1100, 100])
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F 2

9.21-Masala. f(z) = %(z +E) funksiyani E ={z| <2} sohada bir
z

yaproglikka tekshiring.
<Bu masalani echishda 5° punktdagi 2-ta’rifdan foydalanamiz. Faraz

gilaylik z,,z,,€ E lar uchun f(z,)=f(z,), ya'ni %(zl +£) =%(z2 +i)
z

1 2

(Zz B 21)(1_ lez) 0=
Z,Z,

bo‘lsin =

Berilgan funksiyaning E to‘plamda bir yaprogli bo‘lishi uchun shu to‘plamning
2,2, =1
tenglikni ganoatlantiruvchi z, , z, nuqtalarni o‘zida saglamasligi zarur va yetarli.

Lekin,
z,=leE , z,=-l€eE  6a 1,-7,=1.= f(2)

funksiya E sohada bir yaprogli bo‘lmaydir
1

z2 4

10.21-Masala. 7(z)= funksiyani uzluksizlikka tekshiring.
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< 2°4+1=0 = z°=-1= z==+i nuqtalar funksiyaning uzilish
nugtalari. Qolgan barcha nuqgtalarda funksiyaning uzluksiz ekanligini
ko‘rsatamiz. VzeC \ {—i, i} uchun

1 1 —-Az-(22+1)

M@ =T A=) = i 2741 (e a0 21 (22 1])

bo‘lib, bu tenglikdan iimOAf(z):O ekanligi kelib chigadi. Bu esa

f(z) = 21 1 funksiyaning VzeC \{-i, i} nuqtada uzluksiz ekanligini
Z°+

anglatadic

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with ( plots) :
1
>
fi=
1 42
1
f:=
Z+1
>solve({1 + 22=0}, {Z})
{z=1}, {z= -1}
- lim
undefined
> lim
z -
undefined
- lim f
1
a* + 1

> complexplot3d( f,z=-2—21.2+ 21 grid=1[50, 50])
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I~J—I

11.21-Masala. f(z)=i2 (z#-2) funksiyaning hosilasi ta’rif
Z+

yordamida hisoblansin.

<V zeC\{-2} uchun (11)-formuladan foydalanib topamiz:

1 1
£(2) = lim LA =T@) o zeAz+2 242
Az—0 AZ Az—0 AZ

lim —1 o1 = .
4220 (z+ A2+ 2)(2+2) (z+2)

12.21-Masala. f(z)=z-Imz funksiyani C—differensiallanuvchanlikka

tekshiring.

< Bu masalani 6° punktda keltirilgan teoremadan foydalanib yechamiz.
f(z2)=z-Imz=(x+iy)-y=xy+iy> = u(x,y) = xy, v(x,y) = y°.

Bu funksiyalar VWV (X,y)eR? nuqtada hagigiy analiz ma’nosida

differensiallanuvchi. Endi bu funksiyalar uchun Koshi-Riman shartlarini

tekshiramiz.Ushbu
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8_u:y; a—u:x; —=0; @:Zytengliklardan
OX oy OX

[ou  ov

x oy

J

ou_ ov

y

Koshi-Riman shartlari fagat (0,0) nuqtadagi bajarilishi kelib chigadi. Demak,
f(z) = z-Imz funksiya fagat z =0 nugtada C—differensiallanuvchir

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

>f(z) = z-Im(z)

U= Xxy
u=xy
>v:=y2
_ .2
v.=y
ssotve( | Dy D, 08
SOV€({axu ay v, ayu 0 x V}, x,y)
{x=0,y=0}

13.21-Masala. f(z) =x+ay+i(bx+cy) funksiyani golomorflikka
tekshiring.
< f(z) =x+ay+i(bx+cy) = u(x,y) =x+ay, v(x,y)=bx+cy
funksiyalar R® da hagigiy analiz ma’nosida differensiallanuvchi. Bu funksiyalar

uchun Koshi-Riman shartlarini tekshiramiz.
u u
u_you_ o

=C Vva

Gl
OX oy OX oy
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(ou  ov

ox oy c=1

X = =b=-a 6a c=1
ou _ ov b=-a

E

shartlar bajarilsa, f(z) funksiya C da golomorf bo‘ladi va
f(z) =x+ay+i(—ax+y)=(1—ai)z tenglik bajariladi~
14.21-Masala. Faraz gilaylik y — 1 nugtadan chiquvchi arg(z —i) =¢

: Z—1 . : : - .
nur bo‘lsin. w=—— akslantirish uchun 1 nuqgtadagi cho‘zilish koeffitsienti
Z+I

R(p) va burilish burchagi a(¢) ni toping.

Z—1

a W=—— = VzeC\{-i} uchun
Z+1
2y, 2 i
W(Z)_(z+i)_(z+i)2 = w(i)= 3 Demak,
R(cp)=\w'(i)\=‘—12=§ sa ale)=argw () =arg(- D) = > b

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

—1
oy = 251
B z—1
fi=z z+1
d
>_d
/)
1 z—1
zt1l (z41)?
>a(z) _ 1 z—1
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>al(l)

>k=la([)]

>0 =argument(a(/))

15.21-Masala. Berilgan u(x,y)=2(x* —y*)—1 garmonik funksiyaga
E=C sohada go‘shma garmonik bo‘lgan v(X,y) funksiyani toping va ular
yordamida golomorf f(z) =u(X,y)+iv(x,y) funksiyani quring.
< Vv(X,y) funksiya u(x,y) funksiyaga go‘shma garmonik funksiya bo‘lgani

uchun ular Koshi-Riman shartlarini bajarishi kerak:

2X=—g;=4y v(x, y) = [ 4ydx+(y) = 4xy + p(y)

= oV , ou . .
v_ou_, —=4x+0'(y)= — ==+ ¢ (V) =4x=¢'(y) =0=
¥ o X >

= o(y)=const=c. = Vv(X,y) =4xy+cC

go‘shma garmonik funksiya.

= f(2)=u+iv=2(x" —y*)—1+i(4xy+c) = 2(x+iy)* =1+ic =2z°> -1+ic. >

u(x,y) va v(x,y) funksiyalarning grafigi 16 va 17- chizmalarda keltirilgan.
Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with (plots)

> with ( VectorCalculus) :

>u=2(xF—)") —1

u:=2x2—2y2—1
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4 x

> aiy u
4y
> Laplacian(u, [x, y])
0

> PDE = % vix,y) =4y

ad
PDE = — =4

> ans = pdsolve( PDE)

ans =v(x,y) =4yx+ FI(y)
—v(xy)=d4x+—— FI(y)

4x+diy_F](y) =4x

> # isolate for diff(_F1(y),y)
isolate( , diff(_F1(y),y) );

> = dsolve(i _Fl(y) :0)
dy

>vi=4xy+c

vi= FIl(y) +4xy= CIl +4xy
>
>f=u+1Iv

F=(1( FI(y) +4xp) 42 =2 —1=1(_Cl +4xy) +2% =2 —1)
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>f=27—1+1Ic
=2 (x+1y) 2 +Ic—1
>vyi=4xy
vi=4xy
> Laplacian (v, [x,y])
0

> plot3d(u, x=-5..6,y=-5..5, grid=[30,30])

16-chizma

> plot3d(4-x-y,x=-5.6,y=-5..5, grid=1[30,30])
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17-chizma
16.21-Masala. Quyidagi
f(z)=4z°> -8z
funksiyaning konformlik sohasi topilsin.
> Bu masalani 8° punktdagi teoremadan foydalanib yechamiz.
f'(z) = (42> -82)'=8(z-) #0=>z =1
Funksiyani bir yaproglikka tekshiramiz. Faraz qilaylik, f (z,) = f(z,) bo‘lsin.
— 477 -8z, =427 -82, => Mz, -2,)(z,+2,-2)=0=
Berilgan funksiyaning E to‘plamda bir yaprogli bo‘lishi uchun shu to‘plamning
Z,+2,=2 (18)
tenglikni ganoatlantiruvchi z,, z, nugtalarni o‘zida saglamasligi zarur va yetarli.
Shunday qilib, f(z) =4z* —8z funksiya z =1 nugtani va (18)-tenglikni
ganoatlantiruvchi nugtalarni o‘zida saqglamaydigan ixtiyoriy E < C sohada

konform bo‘lar ekan. Masalan, E={zeC: -1<x<1,-1<y<1} sohada bu
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funksiya conform emas (18-chizma). Ammo,
G={zeC:2<x<-1-1<y< %} sohada konform boladi (19-chizma).

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.
> with(plots) :
> conformal(z,z=-1— 1.1+ I -1.5—1.51..1.5+ 1.5-1, grid = [20, 20])

1.5

-15 i o[ | d= 1.5

-1.5 -

> conformal(4-22 —8-z,z=-1— 1.1 + I grid=20, 20])
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18-chizma

> conformal|z,z=-2—1..-1 + % I, -2.5—1.3-1..2 + 1 grid=110, IO]J

1_

0.5 1

-0.5 4

> conformal| 474 —8-z,2=-2 — I.-1 + %I,gridz 120,201

63



204

104

; = = ; =
NNNENNNY
N, NENE

SR

nu......'ggg.lg

-104

19-chizma.

2-§. 2-MUSTAQIL ISH
ELEMENTAR FUNKSIYALAR VA ULAR YORDAMIDA
BAJARILADIGAN KONFORM AKSLANTIRISHLAR
Riman teoremasi.
Sohaning saqglanish prinsipi.
Chiziqgli funksiya.
Kasr-chizigli funksiya.
Darajali funksiya.
Jukovskiy funksiyasi.
Ko‘rsatkichli funksiya.
Trigonometrik funksiyalar.

Ko‘p giymatli funksiyalar.
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Simmetriya prinsipi.
-A -
ASOSIY TUSHUNCHA VA TEOREMALAR
Konform akslantirishlar nazariyasida asosan quyidagi ikki masala o‘rganiladi:
1-masala. C kompleks tekislikdagi biror E sohada (EcC) w= f(z)
akslantirish berilgan holda sohaning aksini, ya’ni W(E) ni topish.
2-masala. Ikkita ixtiyoriy £ < C, F < C, sohalar berilgan holda E sohani F
sohaga aksalantiruvchi konform w = f (z) akslantirishni topish.
Bu masalalarni hal gilishda quyidagi tasdiglardan foydalaniladi.
1-Teorema. (Riman teoremasi). Agar E va F lar mos ravishda
kengaytirilgan kompleks tekislik a hamda CW lardan olingan va chegarasi 2
ta nugtadan kam bo ‘lmagan bir bog ‘lamli sohalar bo ‘Isa, E sohani F sohaga
konform akslantiruvchi w= f (z) funksiya mavjud.
2-Teorema. (sohaning saqlanish prinsipi). Agar f(z) funksiya E
sohada golomorf bo ‘lib, f(z) # const bo‘lsa, f(E) ham soha bo ‘ladi.
Amaliyotda ko‘pincha berilgan E sohani o‘zidan soddaroq bo‘lgan
sohaga, masalan birlik doira yoki yuqori yarim tekislikka konform akslantirish
masalasini yechish talab gilinadi. Bu masalani hal gilishda biz kompleks
argumentli elementar funksiyalar sinfini, birinchi navbatda ularning geometrik
xossalarini tatbiq gilish uslublarini o‘rganishimiz zarur.
1°. Chizigli funksiya
1-Ta’rif. Ushbu
w=az+b (a,beC ,a=0) (1)
ko ‘rinishdagi funksiya chizigli funksiya (akslantirish) deb ataladi.

Chizigli funksiya C,kompleks tekislikni C, kompleks tekislikka

w

konform akslantiradi.

Chizigli funksiyaning xususiy hollarini garaymiz:

65



1) Aytaylik,
w=z+b (beC)
bo‘lsin. Bu funksiya parallel ko‘chirishni amalga oshiradi.
2) Aytaylik,
w=e“-z (aeR)
bo‘Isin. Bu funksiya C, tekislikdagi xar bir z nuqgtani koordinata boshi atrofida

soat strelkasiga teskari yo‘nalishda o burchakka burishni amalga oshiradi.

Masalan,
: T .. T i
w:u:@%§+wm5ﬁ:e-z

funksiya koordinata boshi atrofida 90°ga,
W=-2

esa 180° ga burishni amalga oshiradi.

3) Aytaylik,

w=kz (k>0)

bo‘lsin. Bu funksiya berilgan sohani unga o‘xshash sohaga cho‘zib (x >1 da)
yoki sigib (x <1 da) akslantiradi.

Umuman ,

w=az+b (a,beC)
funksiya yordamida bajariladigan akslantirish C, tekislikdagi sohani

«cho‘zishy, biror burchakka burish hamda parallel ko‘chirishni amalga oshiradi.
Amaliyotda bu funksiyaning shu xossalaridan foydalaniladi.

Misol. D={zeC:1<Rez<2,1<Imz<25} sohani w=(1+i)z+2-Ii
akslantirish yordamida aksi topilsin.

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with(plots) :

> conformal(z, z=1+1.2+ 25-1,02—03-1.23+28-1grid=]10, 10])
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254

1.5+

0.5+

0.5 1 15 2

> wi=(1+0Nz+2—-1
wi=(1+0)z+2—1
> conformal(w,z=1+1.2+ 2.5-1, grid=[20,20])

354

2.54

1.54

R L

20-chizma.
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Faraz qilaylik, w= f (z) funksiya C tekislikdagi biror E sohada berilgan
bo‘lsin.
2-Ta’rif. Agar a< E nugtada
f(a)=a
tenglik bajarilsa, u holda z=a nuqgta w= f (z) akslantirishning go zg ‘almas
nuqtasi deyiladi.
w = az +b chizigli akslantirish a =1 bo‘lganda ikkita
2, =0, Z,= b
1-a
go‘zgalmas nugtalarga ega.
Agar a =1 bo‘lsa, z =00 shu chizigli akslantirishning karrali go‘zgalmas
nuqtasi bo‘ladi.
2°. Kasr- chizigli funksiya.
1-Ta’rif. Ushbu

az+b
W =

(a, b, c, deC) (2)
cz+d
ko ‘rinishdagi funksiya kasr-chizigli funksiya (kasr-chizigli akslantirish) deb

ataladi.

Bu ta’rifda ad —bc=0 deb garaymiz, aks holda E=E bo‘lib, w
C

funksiya o‘zgarmasga aylanadi.
Kasr-chizigli  funksiya kengaytirilgan C, kompleks tekislikni
kengaytirilgan CW kompleks tekislikka konform akslantiradi.

Kasr-chizigli akslantirishlar gator xossalarga ega.
1-Xossa. Kasr-chizigli akslantirishlarning superpozitsiyasi yana kasr-
chizigli akslantirish bo ‘ladi; kasr-chizigli akslantirishga teskari bo ‘lgan

akslantirish ham kasr-chizigli bo ‘ladi.
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2-Xossa. Ixtieriy kasr-chizigli akslantirish C_’Z dagi aylana yoki to ‘g ‘ri
chizigni CW dagi aylana yoki to ‘gri chiziqga akslantiradi.

Bu xossani kasr-chizigli akslantirishning doiraviylik xossasi deyiladi
(to“gri chiziq odatda radiusi cheksizga teng bo‘lgan aylana deb garaladi).

Izoh. Kasr-chizigli funksiya yordamida aylana aylanaga yoki to‘g‘ri

chizigga akslanishini aniglash uchun funksiyaning maxrajini nolga aylantiruvchi
I nugtaning qaralayotgan aylanaga tegishli yoki tegishli emasligini
C

aniglash kifoyadir.
Masalan,
1
" z-3

akslantirish {z:| z|=2} aylanani aylanaga, {z:|z|=3} aylanani esa to‘g'ri

W

chiziqga o‘tkazadi.

Tekislikdagi y to‘gri chizigga nisbatan simmetrik nugtalar tushunchasi

o‘quvchiga elementar matematikadan ma’lum. Endi bu tushunchani aylanaga

nisbatan keltiraylik.

2-Ta’rif. Agar z, va z; nugtalar uchi
y={zeCliz-z,|=R}

aylana markazida bo‘lgan bitta nurda yotib, ulardan aylana markazigacha
bo lgan masofalar ko ‘paytmasi y aylana radiusining kvadratiga teng bo ‘Isa,
ya'ni

arg(z, —z,) =arg(z, — z,),

2, —2,| |2, — 2,| = R?
tengliklar o ‘rinli bo ‘Isa, z, va z; nuqtalar C kompleks tekislikdagi y aylanaga

nisbatan simmetrik nugtalar deyiladi.
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Agar z, va z, nugtalar y aylanaga nisbatan simmetrik nugtalar bo‘Isa,u

xolda

bo‘ladi.

3-Xossa. Har ganday kasr-chizigli akslantirish natijasida (z)tekislikdagi

*

vy aylana yoki to‘gri chizigga nisbatan simmetrik bo‘lgan z, va z
nugtalarning aksi (w) tekislikda yaylananing aksi bo ‘lgan w(y) aylana yoki
to‘gri chizigga nisbatan simmetrik bo‘lgan w, va w, nuqtalardan iborat
bo ‘ladi.

Bu xossa kasr-chiziqgli akslantirishda simmetriklikning saglanish xossasi
deyiladi.

4-Xossa. (z) tekislikda berilgan har xil z,, z,, z, nugtalarni (w)
tekislikda berilgan har xil w,,w,,w, nuqtalarga akslantiruvchi kasr-chiziqgli
funksiya mavjud va u yagonadir.

Bu akslantirish ushbu

W—w, W,-W, z-2z Z,-2,
W—w, W,—W, 2z-2, Z,—1Z

(4)

munosabatdan topiladi. (4)-munosabatga angarmonik nisbat deb ataladi.
5-Xossa. Ushbu
W:eie-z;?, Ima >0 (5)
Z—a
kasr-chizigli funksiya yuqori yarim tekislik {Imz > O} ni birlik doira {]M <1}
ga akslantiradi, bunda @ -ixtiyoriy haqiqiy son.
6-Xossa. Ushbu

w=e"-—— | [ad<1 (6)
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kasr-chizigli funksiya (z) tekislikdagi birlik doira {Jz\ <1} ni (w) tekislikdagi

birlik doira {]M <1} ga akslantiradi, bunda ¢ -ixtiyoriy haqigiy son.

Misol. D={z: Rez >0, Imz >0} sohani w=1 akslantirish yordamida
z

aksi topilsin.
Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with(plots) :

> conformal(w,z=0+ 0-1..0 + 20-1, grid =[10, 10])

-0.2 1

-0.4

-0 1

-0.E

> conformal(w,z=0 4 0-1..10 +0- 1, grid=[10, 10])
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0.5+

02 04 06 D08 10 12 14 16 18 20

-0.54

_1_

> conformal(w,z=0+ 0-1..10 +10- 1,0 — 0.5:1..0.5, grid = [ 20, 20])

03 0.4 0.5

-01 1

-0.2

-0.3 4

-0.4 1

-054

21-chizma.
3°. Darajali funksiya.
Ta’rif. Ushbu

w=z" (neN,n>1) (7)

ko ‘rinishdagi funksiya darajali funksiya deyiladi.
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Darajali funksiya C da golomorf va bu funksiya yordamida bajariladigan
akslantirish vz e C \{0} nugtada konform bo‘ladi: w'=nz"" hosila C \{0} da
noldan farglidir.

Agar z=re¥, w=pe" deyilsa,

n

p=r,
(8)
Y =no

ekanligini ko‘ramiz. Bu tengliklardan w=2z" funksiya argumenti ¢ ga teng
bo‘lgan, 0 nugtadan chiquvchi ¢ nurni, argumenti ne ga teng bo‘lgan L nurga

akslantirishini ko‘ramiz (22-chizma).

T ® o ®

Ww=2" L
L~ /_\r* %o
(> L
= = 0 U
22- chizma

Agarda biz (z) tekisligida orasidagi burchagi 2n dan kichik bo‘lgan
n

koordinata boshidan chiquvchi ikkita nur bilan chegaralangan D sohani garasak,
w=2" funksiyaning bu sohada bir yaprogli ekanligini ko‘ramiz.
Masalan, w=z" funksiya

2k S < 2(k +1)TC’

——<arg k=01...,n-1
n

sohaning har birida bir yaprogli, demak, konform bo‘lib, ularning har birini (w)
teksligidagi C \ R, = C \[0,+w) sohaga akslantiradi.
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Amaliyotda w=2z" funksiyasidan burchakli sohalarni o‘zidan soddaroq
sohalarga akslantirishda foydalaniladi.
2

Misol. D={z: Rez=1} va G={z: Imz=1} chiziglarni wW=12

akslantirish yordamida aksi topilsin.
Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with(plots) :

> conformal(w,z=1—2-1.1 + 2-1,-3 —3-1..2 + 31, grid=[20, 20])

23- chizma
> conformal(w,z=-2 + 1.2 + 1, -2 —3-1..3 + 31, grid=[20,20])
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24- chizma
> conformal(w,z=-2 - 1.2 +1,-2.5—3-1.3 + 31, grid=[20, 20])

3

25- chizma
4°, Jukovskiy funksiyasi.
Ta’rif. Ushbu

1 1
W—E(ZJFE) (9)

funksiya Jukovskiy funksiyasi deb ataladi.
Bu funksiyaning relyefi 26- chizmada tasvirlangan.

> with(plots) :

75



> complexplotj’d(%' [Z + LJ,ZZ—?) - 21.3+21 grid=150, 50])
z

26- chizma

Bu funksiya z=0 va z=o0 nuqgtalardan tashgari butun tekislikda

golomorf funksiyadir.

Jukovskiy funksiyasining hosilasi W'=%(l—i2) bo‘lib,{+1;-1}
z

nugtalardan tashgarida w'=0 dir. W=%(Z+1) funksiya yordamidagi
z

akslantirish {+1;-1} nugtalardan tashqgarida (z =0, z =00 nuqgtalarda ham)

konformdir.
(9)-funksiya biror E < C sohada bir yaprogli bo‘lishi uchun bu soha

ushbu
4

-z, =1 - (10)

1
munosabatni ganoatlantiruvchi z, va z, nuqtalarga ega bo‘Imasligi zarur va
yetarli.

Bunday soha sifatida U ={zeC:|z|<L} yoki U*={zeC:|z|>1}
sohalarni olish mumkin. Jukovskiy funksiyasi bu sohalarning har birini [-1; 1]

kesmaning tashgarisiga konform akslantiradi.
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Agar Jukovskiy funksiyasida
z=re’ , w=u+iv

deyilsa, unda

u+iv= l(re“p +1e“‘f’)
2 r

bo‘lib,

1 1
u==(r+=)coseo.
2 r
X (11)

v:l(r—l)sin [0)
L 2 r

bo‘ladi. (11) dan (9)-akslantirish uchun quyidagilar kelib chigadi.
1) () tekislikdagi {zeC:|z|=r ,r>1} aylana (w) tekislikdagi

fokuslari (-1; 0) va (1; 0) nuqgtalarda, yarim o‘glari

1 1 1 1
a=—|r+—| b==|r—-
i) oeal)

bo‘lgan ellipsga akslanadi (27- chizma).
2) (2) tekislikdagi {z € C:|z|=r, r <1} aylana (w) tekislikdagi fokuslari
(-1; 0) va (1; 0) nugtalarda, yarim o‘glari

1 1 1(1
a==|r+-|, b==|=-r
2( r) Z(r j

bo‘lgan ellipsga akslanadi (28- chizma).

3) (z) tekislikdagi {zC:|z|=1} aylana (w) tekislikdagi (-1; 0) va (1; 0)
nuqtalarni tutashtiruvchi kesmaga akslanadi (29- chizma).

4) (z) tekislikdagi {zeC:argz=0} nur (w) tekislikdagi
{weC:argw=0} nurga, {zeC:argz=n} nur esa {weC:argw=rm}

nurga akslanadi (30 va 31- chizma).
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5) (2) tekislikdagi {zeC:argz = g} hamda {zeC:argz = 3?“}

nurlarning har biri (W) tekislikdagi {weC:Rew=0} to‘g‘ri chiziqga
akslanadi(32- chizma).
6) (2) tekislikdagi

{zeC.argz=¢; (p;tO,(p;tg, (p;tTt(P=3?n}

nur (w) tekislikdagi ushbu

u’ V2
=1
cos’@ sin’ @

giperbolaning mos «shoxchasiga» akslanadi(33- chizma).
Endi bu xossalarni Maple matematik paketi yordamida keltiramiz.
> with(plots) :

> conformal[%- (z + L),222 — 1w 1.2+ n- I, grid =20, 20], coords
z

= polar]

27- chizma
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> conformal[%- [z + i], z= % - T I..% + m- 1, grid =20, 20], coords
z

= polar]

28- chizma

> conformal[%- [z + L], z=1—-mn 1.1+ n I grid =20, 20], coords
Z

= polar]

29- chizma

ij,z:O — 0-71..10 + 0- [, grid =[50, 50], coords

> conformal[i- [z +
2 z

= polar]
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0.5

-0.54

30- chizma

> conformal[%- [z + ij,zz—lo —0-1..0+0- [ grid=[50, 50], coords
z

= polar]

M5

0.5

31- chizma

> conformal[%- [Z + L],ZZO —61..0+ 61, grid=20,20]
z
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32- chizma

conformal[%- (z + L],22—6 + z. 1.6 + x.
z

3 3 L, grid =20, 20], coords

= polar]

33- chizma
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conformal[%- [z + ij, z=-3—-n- 1.3+ 7w I grid=10, 10], coords
z

= polar]

59, e* funksiyasi.
Ta’rif. Ushbu

e =lim @+ )" (2<C)

N—o0

funksiya ko ‘rsatkichli funksiya deyiladi.
Agar Z =X+1y desak,
e’ =e*(cosy+isiny) (12)
tenglik o‘rinli.
Bu funksiyaning relyefi 34- chizmada tasvirlangan.
> with (plots)
> > ywi=zo¢

Z
w=z—¢€

> complexplot3d(w,-2 —21.2 + 21 grid=[30,30]);
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34- chizma

Ko‘rsatkichli w=e” funksiya quyidagi xossalarga ega:
1) e” funksiya C kompleks tekislikda golomorf va uning hosilasi
()=
bo‘ladi.
2) e” funksiya uchun
e =e%.e® (z,e€C, z,€C)
bo‘ladi.
3) e’ funksiya davriy bo‘lib, uning asosiy davri 2xi bo‘ladi:
pren _ gt
4) VzeC wuchun (e’)'#0 bo‘lib, w=e* funksiya yordamidagi
akslantirish C tekislikning har bir nugtasida konform akslantirish bo‘ladi.
o

(12)-tenglikka ko‘ra, =e”, arge’ =y bo‘lib, w=e* funksiya (z)

tekislikdagi {x = X,} to‘g‘ri chizigni {{wi =e*} aylanaga(35- chizma), {y = y,}
to‘gri chizigni esa {argw=y,} nurga akslantiradi(36- chizma). w=e” funksiya
1T, ={y,<Imz<y,+2n}, sohada bir yaprogli bo‘ladi (bu yerda y, €R

bo‘lgan ixtiyoriy nugta). Jumladan,w =e* funksiya ushbu

83



1T ={z: 2kn<Imz<2(k+)n}, k=0,£1%2,..
sohalarning har birini (w) tekislikdagi C\ R, ga konform akslantiradi. Xuddi

shunga o‘xshash w=e* funksiya {z:0<Imz<m} yo‘lakni yuqori yarim

tekislikka konform akslantiradi(37- chizma).

Endi bu xossalarni Maple matematik paketi yordamida keltiramiz

> with(plots) :

> conformal(&,z=1— nl.1+ I, grid=1[20,20])

35- chizma

> conformal(&,z=-1+ 1.1+ I, grid=1[20,20])

2.2
2.0—-
1.8—-
1.6—-
1.4—-
1.2—-
l.D—-
D.S—-

0.6

0.4

0z 04 08 0= 1o 1z 1.4
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36- chizma

> conformal(&,z=-10+ 0- I..1 +1.99- £1,-2 —2-1.2 + 2-1, grid = [ 30,
30])

37- chizma

6°. Trigonometrik funksiyalar.
(12)-tenglikda x =0 desak,
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e’ =cosy+isiny

e” =cosy—isiny
tengliklarga ega bo‘lib,bundan

eiy + e—iy iy —iy

. e
cosy:T, sin y:T (13)
ifodalarni hosil gilamiz (13)-formulalar ixtiyoriy hagiqiy son uchun o‘rinli
bo‘lib, ulardan biz
W=C0SZ, W=Sinz

funksiyalarni aniglashda foydalanamiz.
Ta’rif. Ushbu

COSZ =

sinz e —e™”
tgz = T —izy '’
cosz i(e"+e™)

.

(14)

cosz i(e” +e™
ctgz = S82 1 *e )
| sinz e”—e

iz

tengliklar yordamida aniglangan funksiyalarga kompleks argumentli
trigonometrik funksiyalar deb ataladi.

Bu funksiyalarning relyeflarini keltiramiz

> with( plots) :

> complexplot3d(sin(z),z=10 — 07..0 + 21, grid = [ 30, 30]);
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[30,30])

=10 — 07..0 + 21, grid

complexplot3d(cos(z), z

[30,30])

-4 —41.4+ 41 grid

> complexplot3d(tan(z), z
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>

complexplot.?d( ,z=-4 —41.4 4+ 4] grid=[30, 30]]

1
tan(z)

Trigonometrik funksiyalarning asosiy xossalarini keltiramiz.

1) cosz va sinz funksiyalar C kompleks tekislikda golomorf va

ularning hosilalari

(cosz)'=-sin z,

(sin z)'=cos z
bo‘ladi.
2) tgz funksiya
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{ZeC; z¢g+kn, k:O,il,J_rZ,..}

to‘plamda, ctgz funksiya esa
{zeC; ,z#kn, k=0,+1+2..}
to‘plamda golomorf bo‘ladi.

3) sinz, tgz, ctgz funksiyalar tog, cosz esa juft funksiya bo‘ladi.

4) Trinogometrik funksiyalar davriy bo‘lib, cosz va sinz ning davri 2x ga,
tgz va ctgz ning davri t ga tengdir.

5) Haqigiy o‘zgaruvchili  trigonometrik  funksiyalar  orasidagi
munosabatlarni ifodalovchi formulalarning ko‘pchiligi kompleks o‘zgaruvchili
bo‘lgan holda ham o‘rinli bo‘ladi.

Izoh. Kompleks argumentli cosz va sinz funksiyalarning hagigiy
argumentli cosz va sinz funksiyalardan fargli tomoni shundaki, ular
chegaralangan bo‘lishi shart emas. Masalan w=cosz funksiyaning kompleks
tekslik C da chegaranlanmaganligini ko‘rsataylik,
<Ma’lumki,

COSZ =

Bu tenglikda z=iy deb olamiz. Unda

ei(iy) +e_i(iy) _ e_y +ey
2 2

cos(iy) =
bo‘ladi. Ravshanki,

e’ +e’
—= 00

lim

y—>+00

Bu esa w=cosz funksiyaning C da chegaralanmaganligini bildiradi
6) Ushbu

cos(iz)=chz I sinz=-shz ,
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cosz=ch(iz), sinz=-ish(iz)
munosabatlar o‘rinli, bunda
Z A Z -7

chz=2%%  h, =S¢ (15)
2 2

Odatda, (15)-funksiyalar giperbolik funksiyalar deyiladi.
Bu funksiyalarning relyeflari 38 va 39 — chizmalarda tasvirlangan.
> with(plots) :

> complexplot3d(cosh(z),z=-2 —21.2 + 21, grid = [30,30]);

38- chizma

> complexplot3d(sinh(z),z=-2 — 21.2 + 21, grid = [30, 30])
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39- chizma

7) Trigonometrik funksiyalar yordamida bajariladigan akslantirishlar bir
nechta bizga ma’lum akslantirishlarning kompozitsiyasi natijasidan iborat
bo‘ladi.

Misol. Ushbu

W =sin z
funksiya yordamida bajariladigan akslantirish (z) tekisligidagi

D:{ZEC:—g<Rez<g,lmz>0}

sohani (yarim yo‘lakni) (w) tekislikdagi ganday sohaga akslantiradi?

<Berilgan w=sin z funksiya yordamida bajariladigan akslantirish bizga

ma’lum bo‘lgan

akslantirishlar kompozitsiyasidan iborat bo‘lib,
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: 1 1
W = sin Z:E(W3 +—)

3
bo‘ladi. Binobarin, bu akslantirishlarni, ketma-ket bajarish natijasida w=sin z
uchun w(D) topiladi:

1) D soha w, =iz akslantirish natijada
7T 7T
D, ={w, eC:Rew, <0, —§<Imw1<§}

sohaga o‘tadi.

2) D, soha w, =e™ akslantirish natijasida
D, ={w, e C:|w,| <1, —g<argw2 <g}
yarim doiraga o‘tadi.

W iy Lo
3) D, soha w, = —%= akslantirish natijasida
|

D, ={w, eC:|w,| <1, m<argw, <2}

sohaga o‘tadi.

4) D, soha w=sinz = %(W3 +i) akslantirish natijasida
3

w(D) ={weC:Imw> (0}
sohaga o‘tadi.
Demak, w=sin z akslantirish (z) tekislikdagi

D={26C:—§<Rez<g ,Imz >0}

sohani (w) tekislikdagi
w(D) ={weC:Imw> (0}
yugori yarim tekislikka akslantirar ekan.
Olingan funksiyalar D sohani gaysi yo‘l bilan w(D) sohaga akslantirishi

40-chizmada ko‘rsatilgan>
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S T @
D 4—"»= Wi
7, “0 - w0
. .
T o 1 o F
Wy
‘\ ¥
-1 (9] @ 1
40-chizma
Misol. D:{O<Rez<7z,—%<lmz<%} sohani W = COSZ

akslantirishdagi aksini Maple matematik paketi yordamida topilsin.

> with(plots) :

T T
> conformal| z,z=0 — 5 I.t+ 5 I-1—2-1.3.5+42-1grid=[20,20]
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L I
> conformal| cos(z),z=0 — ? I.n+ E 1-3—31.3+3-Lgrid=[20,20]

3 A

7°. Ko*p giymatli funksiyalar.

Kompleks argumentli funksiyalar nazariyasida golomorf funksiyaga
teskari bo‘lgan funksiyani o‘rganish masalasi ham muhim o‘rinda turadi.
Aksariyat hollarda bunday funksiyalar bir gqiymatli bo‘lmay, argumentning bitta
qiymatiga bir nechta (ba’zi holda cheksiz ko‘p) kompleks son mos go‘yiladi.
Bunday funksiyalarni gat’iy matematik asosda berish yo‘lida kompleks analizga
Riman sirtlari termini Kiritiladi. Biz bu yerda eng sodda ko‘p qiymatli
funksiyalarni garash bilan kifoyalanamiz.

a) w=147 (n>2—butun son) funksiyasi.

1-Ta’rif. Ushbu

w' =7 (16)
tenglamaning yechimlariga z kompleks sonning n-darajali ildizlari deyiladi va
w=14/z kabi belgilanadi.
w=+/z funksiyaning releyfi 41- chizmada tasvirlangan.

> complexplot.?d(\/?,z=—2 —21.2 + 21 grid = [ 30, 30])
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41- chizma

(16)—tenglamaning yechimlari ildiz chigarish uchun Muavr formulasiga ko‘ra

¢+2km.

Vz=tr-e " =R/F-(cos(p+2kn+isin (P+2kn), kez (17)
n n

tenglik yordamida topiladi. Bu yechimlar k ning 0,1,2,.....,(n—1) giymatlarida
bir-biridan farq qilib, k-ning boshga giymatlarida esa ular takrorlanadi. Shuning

uchun ham ¥z n-ta giymatli bo‘lib, bu giymatlar

argz+2kn..

e v , k=012,---,(n-1) (18)

w=~"/z ning funksional xossalarini o‘rganishda quyidagi sodda, lekin
muhim teoremadan foydalaniladi.

Teorema. (Teskari funksiyaning konformligi hagidagi teorema). Faraz
gilaylik, w= f(z) funksiya (z) tekislikdagi D sohani (w) tekislikdagi G
sohaga konform akslantiruvchi funksiya bo ‘Isin. U holda bu funksiyaga teskari

bolgan z = f ™ (w) funksiya G ni D ga konform akslantiradi.

n

O‘quvchiga z=w" funksiyaning bir yaprogli bo‘ladigan sohalari 3°-

punktdan ma’lum: z =w" funksiya ushbu har bir
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2(k + )7

D, =2 < argw< 1, k=012..,(n—1),
n n

sohada bir yaprogli bo‘lib, bu sohani u G = C \ R, sohaga konform akslantiradi.

k =0 desak z =w" funksiya
D, :{O<argw<2—n}
n
sohani G ga konform akslantiradi. Keltirilgan teoremaga ko‘ra bu

akslantirishning teskarisi G ni D, ga konform akslantiradi. Bu teskari funksiya

(18) dagi
. argz

1 e n
ga mos kelib, bu bir giymatli funksiyaga vz ko‘p giymatli funksiyaning O-
tarmog ‘i deyiladi va u (Q/E)O kabi belgilanadi. Xuddi shunday z =w" funksiya

Dlz{ﬁ<argz<2-ﬁ}
n n
sohani ham G ga konform akslantiradi. Bu funksiyaning teskarisi Gni D, ga
akslantirib, unga ¥z ning 1-tarmog‘i deyiladi va u (Q/E)1 kabi belgilanadi. Bu
jarayonni davom ettirib, vz ko‘p giymatli funksiyadan n ta bir giymatli
tarmoglar  (¥2),,(¥2),,...(¥z)., lami ajrata olamiz. Bu har bir
(/z),, k=01..(n-1), tarmogq G da bir giymatli va uni D, sohaga

konform akslantiradi.

Misol. D =C \ R, sohani birlik doiraga konform akslantiring.

< (v2), tarmogning xossasiga ko‘ra W, = (v'z), funksiya D ni yugori
W, —i
W, +I

yarim tekislikka konform akslantiradi. (5)-formulaga ko‘ra w= kasr-
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chizigli funksiya yugori yarim tekislikni birlik doiraga akslantiradi. Demak

W= % funksiya C \ R_ ni birlik doiraga konform akslantiradir

(V2), +i
w=24z ko‘p giymatli funksiyada (¥z),,(¥z),,...,(¥z),, bir giymatli

funksiyalarning hosil gilinishi ko‘p giymatli funksiyalardan tarmoq ajratish
deyilib, bu yerda biz tarmoq ajratishning bitta uslubini berdik. Bu tarmoglardan
odatda W:(Q/E)0 tarmoq ko‘p ishlatiladi. Amaliyotda bu funksiyalardan
burchak sohalarni kichraytirish (sigish) uchun foydalaniladi.

Ba’zi bir masalalarni yechishda ko‘p qiymatli w = Yz funksiyaning bir
giymatli tarmoglarini berilgan shartlarga garab ham ajratishga to‘g‘ri keladi.
Masalan, n=2 bo‘lganda, ikki giymatli w=+/z funksiyaning ikkita bir
giymatli (w), va (w), tarmoglarini quyidagicha ham ajratish mumkin:

W)=~z , J-1=i (yokiV1=1)

va
W), =vz , J=1=-i (yokiv1=-1)

(w), tarmog C \ R, ni yuqori yarim tekislikka, (w), tarmog esa C\ R, ni quyi
yarim tekislikka konform akslantiradi.

b) w=Lnz funksiyasi.

2-Ta’rif. Ushbu

e' =z (19)
tenglamaning yechimlari z kompleks sonning logarifmi deyiladi va w= Lnz
kabi belgilanadi.
Bu funksiyaning releyfi 42- chizmada tasvirlangan.

> complexplot3d(In(z),z=-2 —21.2 + 21, grid = [ 30, 30])
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42- chizma

(19)-tenglamani yechish uchun zni z=re¥
w niesa w=u+Iiv shaklda ifodalaymiz:
e =re”.
Bunda el=r, e"=g tengliklarga  ega bo‘lib,
u=Ihr, v=¢+2kr, keZ ekanligini ko‘ramiz. Demak,
w=Lnz=Inz|+i(argz+2kn) , keZ (20)
bo‘lib, Lnz funksiya ko‘p giymatlidir.

e" funksiya
I ={weC:2kn<Imw<2(k+Dn}, keZ

ko‘rinishda,

yechim

sohalarda bir yaprogli va bu sohalarning har birini C\R, ga konform

akslantirishini bilamiz. Teskari funksiyaning konformligi hagidagi

foydalansak, biz w = Lnz funksiyasidan cheksiz ko‘p tarmogqlar
w=(Lnz), =In|z|+i(argz +2kn) , ke Z
ni ajratish mumkin ekanligini hosil gilamiz. Bu har bir tarmoq G

golomorf bo‘lib, uni 7/, yo‘lakka konform akslantiradi.

teoremadan

=C\R, da

Kelishuvga ko‘ra (Lnz), =Inz deb belgilanadi va bu funksiyaga Lnz

funksiyaning bosh tarmog ‘i deyiladi.
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Misol. z, =1 nuqtani w, :5% nugtaga o‘tkazadigan logarifmning bir

giymatli tarmog ‘i yordamida
D={z:z¢(—0,0]}
sohaning aksini toping.
< Lnz funksiyaning
w=(Lnz), =Inz+2krni , k=012,...

tarmoqlaridan gaysi birini tanlashimiz kerakligini

.. bmi
w(i)=—
==
shartdan aniglaymiz:
%zlni+2kni=In\i\+iargi+2kﬂ:i=i-g+2kni.

Bu yerdan k=1 ekanligini topamiz. Demak, Lnz ning kerakli tarmog‘i

w=(Lnz), =Inz+2mi
ekan. w, =In z funksiya yordamida D sohaning

{w, :—n<Imw, <7}
yo‘lakka akslanishini tekshirish giyin emas. w=w, + 2ni funksiya yordamida
esa yo‘lak
{w: < Imw< 3nr}
yo‘lakka akslanadi
v) Kompleks sonni kompleks darajaga ko‘tarish.

w = Lnz funksiyasidan foydalanib, ixtiyoriy z # 0 va a kompleks sonlar

uchun ta’rifga ko‘ra
a

7 :eaan: ea[ln\z\+i(argz+2kn)] (21)

deb gabul gilinadi.

Masalan,
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i-i(g+2kn) - 2kn

=g ? keZ.

i iLni

| i[In|i|+i (argi+2k)] —e

=€ =€

Demak, 1I' ning cheksiz ko‘p giymatlari mavjud bo‘lib, ularning hammasi
haqiqiy sonlardir.

(21)-munosabat yordamida biz ixtiyoriy kompleks son uchun

w=2z"

funksiyasini o‘rganishimiz mumkin. Amaliyotda a - hagiqgiy son bo‘lgan hol
ko‘p go‘llanilib, w=2z" funksiya burchak sohalarni konform akslantirishda
foydalidir.

g) Teskari trigonometrik funksiyalar.

Kompleks o‘zgaruvchili funksiyalar nazariyasida teskari funksiya
tushunchasi haqiqgiy o‘zgaruvchili funksiyalar sinfidagi kabi Kiritiladi.

Masalan,

W = Arccosz

funksiya z =cosw tenglamani ganoatlantiruvchi barcha w larning giymatlari
to‘plamidan iborat, ya’ni c0S z funksiyaga teskari funksiyadir.

Arcsinz, Arctgz, Arcctgz
va boshqga funksiyalar ham shunga o‘xshash aniglanadi.
Ta’rifdan foydalanib
Arccosz =—iLn(z + \/227—1) (22)
tenglikning o‘rinli ekanligini ko‘rsatish giyin emas. Bu yerda ildizning barcha
giymatlari olinadi.

(22)-tenglikdan ko‘rinib turibdiki, logarifmik funksiya kabi Arccosz
funksiya ham bir giymatli emas. Arccosz funksiyaning bosh giymati
W =arccosz deb olinadi va ushbu

w=arccosz =—iln(z + m) (23)
tenglik yordamida aniglanadi.
w = Arccos z funksiya
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{z:Imz >0}
yugori yarim tekislikda cheksiz ko‘p qiymatli bo‘lib, (22)-tenglikdan foydalanib

uning bir giymatli tarmoglarini ajratish mumkin. Ular
(Arccosz), =—i(Ln(z++/2* -1)), k=0,+142,...
tenglik yordamida aniglanadi. Masalan, k=0 bo‘lIsa,

(Arccosz), =arccosz =—iln(z++z% -1)

funksiya
{z:Imz >0}

sohani

{w:0<Rew<m, Imz<Q0}

yarim yo‘lakka konform akslantiradi.

8°. Simmetriya prinsipi.

Bir sohani ikkinchi sohaga konform akslantirishda simmetriya prinsipidan
keng foydalaniladi.

Faraz gilaylik, f,(z) funksiya D, sohada (D, — C) berilgan hamda shu

sohada konform bo‘lsin. Bunda D, sohaning chegarasi oD, ning biror gismi
v(y < oD,) aylana yoyi yoki to‘g‘ri chiziq kesmasidan iborat. Bu f(2)
akslantirish D, sohani G, sohaga, y chizigni T chiziqga (" - aylana yoyi yoki
to‘g‘ri chiziqg kesmasi) akslantirsin:

G, =f(D,)

I'= fl(Y)-
D, sohaning y yoyga nisbatan simmetrik bo‘lgan sohasi D,, G, sohaning I

yoyga nisbati simmetrik bo‘lgan sohasi esa G, bo‘lsin. f,(z) funksiyani D,
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sohada shunday aniglaymizki, uning giymatlari f,(z) funksiyaning G, dagi
giymatlariga T" yoyga nisbatan simmetrik bo‘lgan giymatlarni gabul gilsin. U

holda f,(z) funksiya D, ni G, ga, ushbu
(f(z) , zeD,

w=<f(z)="1,(z), zevy,

f,(z) , zeD,
funksiya esa D, Uy D, sohani G, Ul UG, sohaga konform akslantiradi

(43-chizma).

43- chizma
Odatda, yuqoridagi tasdiq simmetriya prinsipi yoki Riman-Shvars teoremasi
deb ataladi.

Eslatma. Agar y va I' lar haqiqiy o‘qdagi kesmalar bo‘lsa, u holda

f,(z) funksiya ushbu
f,(2) = f,(2)

tenglik yordamida aniglanadi.

Misol. Ushbu

D={zeC:z¢[-11], ze[;i]}
sohani yuqgori yarim tekislik
{weC:Imw> 0}

ka konform akslantiruvchi w =w(z) funksiyani toping (44-chizma).
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44 - chizma

<Quyidagi
D, ={zeC:Imz>0, z¢[01]}

sohada
w, = z°
funksiyani garaymiz. Ravshanki, bu akslantirish D, sohada konform bo‘ladi.

Endi D, sohani yuqori yarim tekislikka akslantiramiz. Bu quyidagi

w, =2z’
W, =W, +1, (24)
w, =w, , JV-1=i

akslantirishlarni  ketma-ket bajarish natijasida sodir bo‘ladi. ((24)-

akslantirishlarning bajarilish jarayoni 45-chizmada tasvirlangan):

f D,
Al Uh | JHUUM u i,
it MLMM el ]

T
“I ' H!)H II’H,“
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45-chizma

Shunday qilib, b, soha ushbu

W, =W, = /W, +1=+22+1 , J-1=i
funksiya yordamida
G, ={w, eC:Imw, >0}
yugori yarim tekislikka konform akslanar ekan. Endi simmetriya prinsipidan

foydalanib, D sohani
— V2241, J-1=i
funksiya yordamida
={w, eC:w, ¢[/2,~/2]}
sohaga konform akslantiramiz. Bu sohani yuqori yarim tekislik
{weC:Imw> 0}

ka konform akslantirish quyidagi

W_w3+\/§
foV2-w,
w=Jw, , J-1=i

akslantirishlarni ketma-ket bajarilishi natijasida amalga oshiriladi.
Demak, D={z e C:z ¢[-11], z ¢[i;i]} sohani yuqori yarim tekislik

{w e C: Imw > 0} ka konform akslantiruvchi funksiya

W, +v2  [Nz?+1+42 ~
V2 —w, \/\/_ Jz2 +1 3-1=

W=./w, =

bo‘ladi
9°. Asosiy elementar funksiyalar yordamida bajariladigan konform

akslantirishlar.
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Biz bu punktda amaliyotda ko‘p uchraydigan asosiy elementar funksiyalar
va ular yordamida bajariladigan konform akslantirishlarni bir joyga jamlab
chizmalardan foydalangan holda keltiramiz.

I. Kasr- chizigli funksiya.

1) Angarmonik nisbat.

Berilgan z,, z,, z, € C, nuqtalarni mos ravishda  w,w,, w, eC,
nuqgtalarga akslantiruvchi kasr—chizigli funksiya ushbu

z

1. —Z
Z

—Z

W-wW, W,-W, Z-2, Z,-7,

W—w, W,-wW, Zz-2,

3 1

angarmonik nisbatdan topiladi.

2)W:ei‘9-—§, Ima>0 va D={z:Imz>0}
z—a

bo‘lsa, w(D) = {w: W <1} bo‘ladi (46-chizma).

i

|
a

0

46 - chizma

3)W:ei‘9-1z__a, laj<1 va D={z:|z|<1}
—az

bo‘lsa, W(D) = {w: W <1} bo‘ladi (47-Chizma).
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®

47 - chizma

|
& £

) S -

I[I.  Darajali funksiya va unga teskari bo‘lgan funksiyalar.

1) w=z* va D={z:Imz>0}bo'lsa, w(D) =C\R, bo‘ladi (48-chizma).

\ ®

I

“ﬁi o J"”

i i

0]’

48-chizma

2) w=z? va D={z:Imz<0}bo'lsa, w(D)=C\R, bo‘ladi (49-

chizma).

®

i

M

®
i

|

=)

\HHHW]WIWH. /

49 - chizma

3) w=z" va D:{O:O<argz<%}bo'lsa, w(D) ={w:Imw > 0} bo‘ladi

(50-chizma).

I

|

]




o

50 -

“M”

il

I

chizma

0

4) w=z" va D:{O:O<argz<2—”}bo'lsa, w(D)=C\R, bo‘ladi (51-
n

chizma).

A @ T

;

0
i

I

/R |
i
L3l
7 > WI ;
51-chizma
5) W=z”vaD:{2k—7[<argz<
n

w(D) =C\R, bo‘ladi (52-chizma).

‘ |

2(k +1) 7

|

)
i“lu“‘

w'

}, k=0,1..n-1 bo‘lsa,

1,

i

i



52 - chizma
6) w=(z), (yoki w=+/z, V=1=i) vaD=C\R, va bo‘lsa,

w(D) ={w: Imw> 0} va w=(~/z), (yoki w=+/z, V=1 =—i) bo‘lsa,
w(D) ={w: Imw < 0} bo‘ladi (53-chizma).

w=W7),

“C?th H"l /\ IJ]HI]IIIMO JHM
i ||l [, ’
f“‘"l|1|)z'lu“|w

W H”W“”Jﬁ'“‘ﬁll'

53 - chizma

™
l!i‘”

|

7) w=(¥z), ,k=01..n-1vaD=C\R, bo‘lsa,
2(k + )

w(D) ={W:2—kn<argw<
n

L TNLe
n

} bo‘ladi (54-chizma).

.llf‘ R

" 9 TN

"\
o

——

54 - chizma
11, Jukovskiy funksiyasi va unga teskari funksiya.

1) w:%(z+%)va D ={z:|z| <} bo'lsa w(D) ={w:we[-1;1]} bo‘ladi (55-
chizma).
2) W=%(Z+%)va D ={z:|z|>1bo'lsa w(D) ={w:we[-L1]} bo‘ladi (55-

chizma).
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55-chizma

3) w=z+vz2-1;J-1=i (yoki w(e)=c0)va D={z:z¢[-L1]}  bo‘lsa,
w(D) ={w:|w| >1} bo‘ladi (56-chizma).

4) w=z+~22-1:J=1=—i (yoki w(w)=0)va D={z:z¢[-L1]} bo‘lsa,
w(D) ={w:|w|< 1} bo‘ladi (56-chizma).

LTy ,@
G

T

Ko‘rsatgichli va logarifmik funksiyalar.

1) w=e* va D={z:0<Imz <27} bo'lsa w(D) =C\R, bo‘ladi (57-chizma).
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///// .f ]Hmllmlllll! I

A THRTHEIL

57 - chizma
2) w=e’va D={z:0<Imz<x} bo'lsa w(D)={w:Imw>0} bo‘ladi (58-

chizma).

lllm\lf Hllml\HH

3) w=e’ va D={z:0<Imz<h,h<2z} bo‘lsa, w(D) ={w:0<argw< h}
bo‘ladi (59-chizma).

///////// N

58 - chizma

b6 ,._, } @
0

4) w=e* vaD={z:2kr<Imz<2(k+1)z}k =0,+1,42,...) bo‘lsa,
w(D) =C\R,_ bo‘ladi (60-chizma).



?_(k + D)7t

/////////»%« ®

& it
> - "(Ho“ ||!|J |:||
60 - chizma

5) w=(Lnz),=Inz va D=C\R, bo'lsa w(D)={w:0<Imw< 27}
bo‘ladi (61- chizma).

W= G‘-h2> &72

IJI ’lllm.nl!”lh. « ,

e

25t

61 - chizma
6) w=(Lnz), va D=C\R, bo'lsa, w(D) ={w:2kz <Imw<2(k +1)7}
(k =0,£1,%2,...) bo‘ladi (62-chizma).

G

2Ck+1)5

Ql,,e«»“a* A

2KTt

, @

‘ IIIJ “Hnl” “ln, s
l’u) [J” “,I'IH ”||l' o-m
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62-chizma.

V. Trigonometrik va teskari trigonometrik funksiyalar.
. T T
1) w=sinz va D={z:—5< Rez<Z.,Imz >0} bo‘lsa, w(D) = {w: Imw > 0}

bo‘ladi (63-chizma).

@~

\Y

ARG, @
MHHIIIJHIWMIHHH_

63- chizma

Mi'—"
~

2) w=coszvaD=

~

z:—w <Rez<0,Imz>0}bo‘lsa,

w(D) = {w: Imw > 0} bo‘ladi (64-chizma).

®

/_\LUII.M!’ !m!l”“

64 - chizma
3) w=chzva D={z:0<Imz<x,Rez>0}bo‘lsa, W(D)={W: ImW>O}

\\\\\

bo‘ladi (65-chizma).

Ulig

2 i*\z\m,.ml@?ulln,nl

o

65 - chizma
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4) w=tgz va D:{z:—%<Rez<%}bo‘lsa, w(D) ={w:|W| <1} bo‘ladi

(66- chizma).

66 - chizma
5) w=(Arccosz), =arccosz ga D ={z:Imz > 0} bo‘lsa,

w(D) ={w, : 0 <Rew <z, Imw < 0} bo‘ladi (67-chizma).

|I1 |
111 '®|! | wtmrf[ﬂ‘_g

T i 2],
L.'.','i!-..|||||J|.|JIJ|5.|.|.'|I.[.W 5,@x
0 X /.
G
7

67-chizma

9

6) w= Arccosz, w(0) :—% va D={z:Imz >0} bo‘lsa,

w(D) ={w: -t <Rew<0, Imz > 0} bo‘ladi (68- chizma).
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10.
11.
12.
13.

14,

15.
16.
17.

U!M

¢
> S
4:1"%\’ // / o
S% S
' ey /{ .
I 7%
; A

1] Voo

Nl

68 — chizma

Nazorat savollari.
Konform akslantirishlar nazariyasining asosiy masalalari.
Riman teoremasi.
Sohaning saqglanish prinsipi.
Chizigli funksiya va uning xossalari.
Kasr-chizigli akslantirishning doiraviylik xossasi.
Kasr-chizigli akslantirishda simmetriklikning saglanish xossasi.
Angarmonik nisbat.
Yugori yarim tekislikni birlik doiraga akslantiruvchi kasr-chiziqli
funksiyaning umumiy ko‘rinishi.
Birlik doirani birlik doiraga akslantiruvchi kasr-chizigli funksiyaning
umumiy ko‘rinishi.
Darajali funksiya va uning xossalari.
Jukovskiy funksiyasi va uning xossalari.
Ko‘rsatkichli funksiya va uning xossalari.

Trigonometrik funksiyalar va ularning xossalari.
Darajali funksiyaga teskari bo‘lgan w= Yz (n>2—butun son) funksiyasi.

W = Ln z funksiyasi.
Kompleks sonni kompleks darajaga ko‘tarish.

Teskari trigonometrik funksiyalar.
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18. Simmetriya prinsipi.

-B-

MUSTAQIL YECHISH UCHUN MISOL VA MASALALAR

1-Masala. Berilgan D sohaning w= f(z) chizigli funksiya yordamidagi

aksini toping.

11. D={z-1<2},w=1-2iz.
13. D={z+1 < 2},w=1-2iz.
15. D={z-1 <2}, w=1+2iz.
17. D={z+1 < 2},w=1+2iz.
19. D={z-1<2},w=iz+1+i.

111. D={z+) <}, w=iz+1+i.
113. D={z-1< 2},w=iz-1+i.
115. D={z+1 <2}, w=iz—1+i.
117. D={z-14 <}, w=iz+1-i.

12.D={z-i|<2},w=1-2iz.
1.4.D={z+i|<2},w=1-2iz.
16.D={z—i|<2Z},w=1+2iz.
18. D={z+i|<2},w=1+iz.
1.10.D={z-i|< 2}, w=iz +1+i.
112.D={z+i| <2}, w=iz+1+i.
1.14.D={z—i|< 2}, w=iz-1+i.
1.16.D={z+i|< 2}, w=iz —1+i.

118.D={z-i|< 2}, w=iz+1-i.

119.D={z+1 <2}, w=iz+1-i. 1.20.D={z+i[<2},w=iz+1-i.

121. D={z-1-i|<},w=iz+1+i.

2-Masala. Berilgan z, nuqtani go‘zg‘almas qoldirib, z, nugtani

nuqtaga o‘tkazadigan chizigli akslantirishni toping.

2.1. z, =1+1, z, =1, W, =—i
2.2.2,=1-1, z, =1, W, =—i
2.3. 2, =1+1, Z, =2+I, W, =1
24. 7, =1-1, z, =1+1, W, =1
25. 2, =1+1, z, =1-1, W, =1
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2.6. 2, =1-1, z, =2—1, W, =1.

2.7. 2, =1+1, Z, =2+1, w, =1—1.
2.8. 2, =1+1, Z, =2+1, w, =1+1.
2.9. 7, =1+1, Z, =2-1, w, =1-1.
2.10. z, =1+1i, z, =21, w, =1+1.
2.11. z, =1+1, Z, =2+, W, =21,
2.12. 7, =1+1, z, =21, W, =2+1.
2.13. z, =1+1, z, =1+2i, W, =2—I.
214, z, =1+1, z, =1-2i, W, =2—1.
2.15. z, =1+1, z, =1+2i, W, =2+1.
2.16. z, =1+i, z, =1-2i, W, =2+1.
217. 7, =1+i, z, =1+2i, W, =1.
2.18. z, =1+i, z, =1-2i, W, =1.
2.19. z, =1+i, z, =1+72i, W, =—I.
2.20. z,=1+i, z, =1-2i, W, = —i.
221. z,=1+2i, z, =1, W, = —i.

3-Masala. Quyidagi akslantirishlar uchun chekli go‘zg‘almas nugta z,
(agar u mavjud bo‘lsa), burilish burchagi ¢ va cho‘zilish koeffitsienti k-ni
toping. Akslantirishni w—z, =A(z —z,) kanonik ko‘rinishiga keltiring.
31l.w=z+1-2i. 32 w=z+1+2i. 33. w=z-1-2i.
34 w=z-1+2i. 35 w=z+2-I. 3.6. W=Z+2+1.
37. W=2Z—-2+1. 38. w=z—-2-1, 39. w=z-2+2i.
3100 w=z+2-2i. 311.w=2z+1-2i. 3.12.w=2z+1+2i.
313. w=2z-1-2i. 314 w=2z-1+2i. 315. w=2z+2-1.
316. w=2z+2+i. 317.w=2z-2+i. 318. w=2z-2-1.
319. w=2z-1+i. 320.w=2z+1-i. 3.21.w=2z+1-3i.
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4-Masala. Berilgan D doirani G doiraga akslantiruvchi chizigli funksiyani

toping.

4.1. D={z-1+i[< 2}, G ={w—i|<4}.
4.2. D={z-1+i/< 2}, G ={lw+i|<4}.
43. D={z+1-i <2}, G ={lw-i|<4}.
44. D={z+1-i[< 2}, G ={w+i|<4}.
45. D={z-1<2}, G={w+i|<3}.
46. D={z-i|< 2}, G={w+1<3}.
4.7. D={z+1 <2} G={w+i| <3}
48. D={z+i[<2}, G={w+1<3}.
4.9. D={z-i|<3}, G ={w+i|<4}.
4.10. D={z-1<3}, G={w+i|<4}.
4.11. D={z-1+i|< 4}, G ={lw—-i|<3}.
4.12. D={z-1+i|< 4}, G={w+i| <2}
4.13. D={z+1-i|< 4}, G={w-i|<2}.
4.14. D={z+1-i|< 4}, G ={lw+i| <5}.
4.15. D={z-1 <4}, G={lw+i|<2}.
4.16. D={z—i| <4}, G={lw+i|<2}.
4.17. D={z+1 < 4}, G ={w+i| <2}
4.18. D={z+i| <4}, G={w+1<2}.
4.19. D={z—i/ <4}, G={lw+i|<3}.
4.20. D={z-1 <4}, G={w+1<2}.
4.21. D={z—-i/ <2}, G={lw-2 <4}



5-Masala. Berilgan D sohaning kasr-chizigli w= f(z) akslantirish

yordamida aksini toping.

5.1.

5.2.

5.3.

5.4,

5.5.

5.6.

5.7.

5.8.

5.9.

D ={z|>1, W=Z—_:P.
Z+i
1
D={x<0,y<0}, w=-.
4

Z+Ii
D ={z| <1}, wW=—.
{H } z+1

N

D={lmz<1}, w=—-.
i

D={0<Rez< 2}, W:L.
z—2

T T 1
D={-<argz< -}, wW=-—.

{4 g 2} :

z—I

D—{]Z|<1,|Z—1|<\/§}, W—m.
z—I

D ={z>1]z-1 <2}, W=

2iz

D={z-1> 2}, =—

{] ” } z+3

510. D={z-1> 2}, w=2+1
z7-2

z-1
511. D={z-1 <3}, W= :
{] u } 272—6
512. D={Rez>1}, w= : -
z-1+1

513. D={Rez>1, w= .

7-2

_Z-3+i

5.14. D={Rez > 1},
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5.15. D ={|z| <1,Imz <0}, Wzl—_z.
1+7z

516. D={z+i>LImz>1 w==.

N | -

517.D ={l<|z|< 2}, w=T |
z-2

_z—i

518. D={x>0,y<0}, w=—-.
Z+Ii
27 —1
5.19. D={z|]<1Imz <0}, =
2+1z
3n Z
520. D={—<argz<n}, w=——.
4 z+1
z-1

521. D={0<Rez<1l}, w=—v-.
Z

6-Masala. Quyidagi shartlarni ganoatlantiruvchi kasr-chizigli  w(z)

akslantirishni toping.

6.1. w(l) =1, w(0) =-1, w(i) =i.

6.2. W(%) =%, w(2) = 2, W(%+%i) =00,
6.3. w(0) =2, W(l+i) =2 +i, w(2i)=0
6.4. w(4) =0, W(2+21) =1+i, w(0) = 2i
6.5. w(0) =0, w(i) = 2, w(2i) =3

6.6. w(0) =0, w(2) =1, w(3) = 2i

6.7. w(l) =0, W(L+1) = oo, w(3i) =3i
6.8. w(0) =1, W(0) =1+1, w(3) =4i

6.9. w(i) =2, w(0) = 2i, w(—i)=0

6.10. w(2) =1, W(2i) = oo, w(0) =3i
6.11. w(i) =2, w(o0) = 4i, w(—i) =2
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6.12. W(-2) =1, W(4i) = oo, W(2) =—i.

6.13. w(0) =-1, w(2i) =1, w(l+i)=1-i.
6.14. w(i) = -1, w(e0) =1, w(l) =1+i.
6.15. w(i) = -1, wW(1) = oo, w(l+i) =i.
6.16. w(0) = —1, w(i) = oo, w(i) =i.
6.17. w(0) = -1, W(c0) = oo, w(d) =1.
6.18. w(l) =1, w(o0) = -1, w(i) =i.

1, 1 5 3.
6.19. W(E)ZE’ w(2) = 2, W(oo):Z+Z|.
6.20. w(2) =0, W(2+1) =1+1, W(o0) = o0.
6.21. w(-1) =1, w(i) = oo, w(l+i)=1.

7-Masala. D sohani G sohaga akslantiruvchi va quyidagi shartlarni

ganoatlantiruvchi kasr-chizigli w(z) funksiyani toping.

7.1. D={Imz>0}, G={Imw<0}, w(i) =i, argw(i) :—%.

72. D={Imz>0}, G={Imw<0}, w(2i)=-2i, argw/(2i) :‘%-

7.3. D={Imz<0}, G={Imw> 0}, w(-i)=i, argw (i) =%.
7.4. D={Imz<0}, G={Imw> 0}, w(-2i)=2i, argw'(-2i) :% .

75. D={z1}, G={|lwikL}, w %):o, argw'(%):o.

76. D={|zL}, G={w|<1}, w —%j:O, argw’(—%jzo.

T

[ (1) 7
7.7. D={zk1}, G={|w|<1}, w ijo, argw(zj— >

78. D={|z|<1}, G={|w1}, w —%j -0, argw’(—'ij :%.
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79. D={|z<2}, G={|wl<4}, w(l) =0, argw'(L) =%.

7.10. D={|z|<T}, G ={|w|< 2}, w(%) -0, argw’(izj 0.

7.11. D={|z<1}, G={|w-1|<1}, W(O):%, argw'(0) =0.

7.12. D={Ilmz>0}, G={|w|<1}, w(i)=0, argw'(i) =0.
7.13. D={lmz <0}, G={|w|< 2}, w(-i)=0, argw'(-i) =0.

7.14. D={Imz>0}, G={|w|<Z}, w(l+i)=0, argw (L +i) =%.

7.15. D={lmz>0}, G={|wl1}, w(-1+2i)=0, argw'(-1+2i) =

7.16. D={Imz>0}, G={|w+1]<1}, w(i)=0, argw'(i) =1.
7.17. D={|z-2i <1}, G ={Imw>Rew}, w(2i)=-2, w(i)=0.

7.18. D={Imz >0}, G={Imw>0}, w(i) =i, argw (i) :%.

7.19. D={Imz >0}, G={Imw>0}, w(2i) =i, argw'(2i)=0.

7.20. D={|z|<3}, G ={Rew<0}, w(0) =1, argw'(O):%.
7.21. D={|z]< 2}, G ={Rew> O}, w(0) =1, argw’(O):%.

8-Masala. Quyidagi D to‘plamning berilgan akslantirish yordamidagi

aksini toping.
8.1. D={Rez=2} w=2z°,
8.2. D={Imz=3} w=2z°,
8.3. D={argz=g} w=z"%

8.4. Dzﬂz\:2,§<argz<2—;} w=z%,
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85. D={lmz>1} w=z°.

8.6. D={Rez>1} w=z°.

8.7. D={]z\<2,g<argz<n} w=2z°.

8.8. D:{]z\>2,5—n<argz<3—n} w=2z°.
4 2

8.9. D={Imz <0} w=2z°,

8.10. D={Rez < -1} w=2z°.

8.11. D:{]z\<4,E<argz<3—n} w=2z°,
4 4

8.12. D={|z} >3,Rez >0} wW=z°,

8.13. D={]z\>2,argz=g} w=2z°,

8.14. D:{]argz\<§,z¢[0,l]} w=2z",

8.15. D ={z| = —<argz<—} w=1z"

3n )

8.16. D={]z\>1,n<argz<?} w=2z°.

8.17. D={Rez >0, z ¢[1,+x0)} w=2z°.

8.18. D={Imz <0, z ¢ (—0,-2]} w=z°.

8.19. D={]z\>2,argz=g} w=2z°

8.20. D={]z\<3,argz:§} w=z".

8.21. D={lz|= —<argz<—} w=2z°.

9-Masala. Jukovskiy funksiyasidan foydalanib quyidagi to‘plamlarning

aksini toping.
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9.1. \z\:l, E<argz<3—n.
2 4 4

9.2.|7=2, 3—Tc<argz<5—ﬁ.
4 4
9.3.[z]>2, Z ¢[2,40).
1 1

9.4. \z\<§, ze[—E;O].

9.5. E<argz<3—n, Z ¢ [i,+i00).
4 4

9.6. E<argz<3—n, z [0,41].
4 4

9.7. |z <1, z ¢[-10].

9.8.|z[]<1, Imz>0 zez[lz;i].

1 T
9.9. —, 0 —1.
\z\<2 <argz<2]
9.10. \z\<1, 5—Tc<argz<ﬁ.
2 4 4
9.11. |7 > 2, O<argz<g.
9.12. 7> 2, 5—7t<argz<ﬁ.
4 4

9.13. Rez>0, Imz>0.
9.14. Rez<0, Imz<0.

9.15. \z\<%, Imz > 0.

9m¢4<%,|mz<0

9.17.|z|>2, Imz>0.
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9.18.|z7/<2, Imz<0.

9.19.1<(z[|<2, Imz>0.

9.20. %<\z\<2, Imz>0 Rez>0.

9.21. Imz>0, zez{]z\:l,0<argzs§, %SargZSn}.

10-Masala. Quyidagi to‘plamlarning e akslantirish yordamidagi aksini
toping.
10.1. 0<Rez<m , Imz<O.

10.2. —t<Rez<0 , Imz>0.

103. Rez >0 ,g< Imz <.

10.4. Rez <0 ,—g< Imz<0.

105.1<Rez<2 O< Imz<m.

10.6. 2<Rez<3 g< Imz<3?n.

10.7. Rez>0,0< Imz<§.

108. Rez<0 , —§< Imz <0.

10.9. E< Imz<3—n.
2 2

10.10. 0< Imz<mn , Rez>0.

1011 - X< Imz< X,
4 4

1012. - X< Imz<X  Rez>0.
4 4
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10.13. —E< Imz<E, Rez <0.
4 4

10.14. Imz=2-Rez+1.
10.15. Rez<Imz <Rez +2m.
10.16. Imz =2Rez.

10.17. Imz=Rez +1.

10.18. Imz+Rez =2.

10.19. Imz—-Rez =3.

10.20. 1< Rez <4 , g<lmz<n.

10.21. 0<Rez<2 , nw<Imz<2m.

11-Masala. Quyidagi D to‘plamning berilgan w=f(z) akslantirish
yordamidagi aksini toping.

11.1. D={Rez=2}, w=cosz.

11.2. D={lmz=2}, w=cosz.

11.3.D={O<Rez<g,lmz<0}, W=CO0SZ.
114. D={-nt<Rez<0,Imz<0}, w=cosz.
11.5.D:{—g<Rez<g,lmz<O}, W =CO0SZ.
11.6. D={—-nt<Rez<0}, w=cosz.

11.7. D={0<Rez<m ,—g<lmz<g}, W=CO0SZ.

11.8. D={Rez=2}, w=sinz.
11.9. D={lmz=2}, w=sinz.

11.10. D={O<Rez<g ,Imz<0}, w=sinz.

11.11. D={-n<Rez<0,Imz<0}, w=sinz.
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11.12.D:{—g<Rez<g,lmz<0}, w=sin z.
11.13. D={-t<Rez<0}, w=sinz.

11.14. D={0<Rez < x, —g<lmz<g}, w=sin z.

11.15. D:{O<Rez<%}, w=1tgz.
11.16. D={-nt<Rez<0}, w=tgz.
11.17. D:{O<Rez<g}, W = ctgz.

11.18. D={0<Rez<1,Imz>0}, w=tgnz.
11.19. D={0<Rez<m,Imz>0}, w=sinz.

11.20. D ={—§ <Rez<0}, w=tgz.

11.21. D={—§<Rez<g,lmz>0}, w=sin z.

12-Masala. Berilgan D sohani G={Imw>0} yuqori yarim tekislikka

konform akslantiruvchi birorta w(z) funksiyani toping.

121. D={7 <1, Imz>0}.

122. D={7/ <1, Imz<0}.

123. D={7/ <1, Rez>0}.

124. D={z|]<1 , Rez<0}.

125. D={—n<Imz<m, z¢[lL+x)}.

126. D={z+1>1 , [z-2/>2}.

127. D={z+2/>2 , [z-1>1.

128. D={z-1>1 , Rez>0}.

129. D={z+1>1 , Rez<0}.
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12.10. D={z—i|>1 ,|z-2i|< 2}
12.11. D={z+i|>1 , |z+2i| < 2}.
1212. D={z-1>1 ,|z-2 < 2}.
1213. D={z+1>1 ,|z+2/< 2}.
12.14. D={0<Rez<1 ,Imz>(0}.
12.15. D={-1<Rez<0 ,Imz <0}.

12.16. D={Rez >0 ,—g <Imz <g}.

12.17. D={Rez <0 ,—g <Imz <g}.

12.18. D={Rez>0 ,z-1>1,z-2/<2}.
12.19. D={Rez>0 ,[z+1>1,z+2 >2}.
12.20. D={Rez<0 ,Imz>0 ,|z—i|>1}.
1221. D={Rez>0 ,—nt<Imz<m}.

13-Masala. Quyidagi tenglamalarni yeching.
13.1. 2° +2=i. 132. 2 -1=i. 133.z2°+2i=2.
13.4. 2 —z+1=i. 135.2°-4i=2. 136.2°+32=0.
13.7. 2°+81=0. 13.7.z2°+1=0. 139.z"'+z*+1=0.
13.10. z' +1=0.  13.11. z° +4i=3. 13.12. z° =1-i.
13.13. z° =i. 13.14. z* +i=1.  13.15. 2°-1=0.
13.16. z* +1=0.  13.17.2°+2=2i. 13.18.z°-i=0.
13.19. 2°+8=0. 1320 z*-4i=3. 13.21. 2°+4=3i.
14-Masala. w=+/z funksiyaning  quyida  berilgan  shartni
ganoatlantiruvchi bir giymatli tarmog‘i yordamida D sohaning aksini toping.

141. D={Rez>0}, ~1=1.
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142. D={Rez<0}, ~-1=i.
143. D={z ¢ (—0,2]}, J4=2.
14.4. D ={z ¢[-2,+%)},/4 =2i.

145. D ={z|]<1, Imz >0}, \ﬁz:l—;'

14.6. D ={z| <1, Imz <0}, —lzzl—;'.

14.7. D={7| >1, %<argz<%}, J-1=i.

14.8. D={7>1, 37:<arg<%n}, J-1=-i.

14.9. D={(Imz)? >2Rez+1}, V-1=-i.
14.10. D={(Imz)* >2Rez+1}, J/-1=i.
1+i

N

1+i

i

14.13. D ={z ¢[2i,+i0)}, J1=1.

14.11. D={Imz >0}, Vi=—

14.12. D={Imz >0}, /i =

14.14. D ={z ¢ [-i0,~2i)}, J1=1.
14.15. D ={z ¢[L+x0)}, ~—-1=i.
14.16. D={7 <1 Rez>0}, +1=1.
14.17. D={7<LRez>0}, 1=-1.
14.18. D={jz7|<4,Rez <0}, 1=1.
14.19. D ={z]<4,Rez <0}, J1=-1.
1420. D={Rez>0,z[>1, +1=1.

1421. D={lmz>0,(Imz)? >4Rez+4}, -1=i.
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15-Masala. Quyidagi sohalarni {Imw > 0} yuqori yarim tekislikka
konform akslantiruvchi birorta w(z) funksiyani toping.

15.1. Imz >0, z £[0,2i].

15.2. Rez <0, z ¢[-2,0].

15.3. |7 <2, O<argz<3§.

154. 2] > 2, O<argz<3?n.

155. 7] <2, |z-2i[< 2.

15.6. |7 > 2, |z-2i|> 2.

15.7. 7 ¢[-2,3].

15.8. z ¢[-2i,2i].

15.9. z ¢ {(—o0,—-2] U[2,+0)}.
15.10. z ¢ {(—ioo,—i] U[i,+i)}.

15.11. Imz >0,z ¢{|z] =1 0 < argz Sg}'

15.12. Imz >0,z {z| :1,?%E <argz < m}.

15.13. Imz > 0,(Imz)* > 2Re z +1.
15.14. |z-1<2,|z+1 < 2.
15.15. |21 >2,]z+1 > 2.
15.16. Imz >0, |z—i| < 2.

15.17. z ¢{z]=1, 0<argz<m}.
15.18. §< argz < %n Z ¢ [i,+10).

15.19. Imz >0, z ¢[2i,+o0l).
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15.20. Rez<0 , z ¢ (—o0,—1].

15.21. z¢{jz|<1, O<argz<mn} , z ¢[-i,0].

16-Masala. Quyidagi sohalarni {Imw > 0} yuqori yarim tekislikka
konform akslantiruvchi birorta w(z) funksiyani toping.

16.1. z ¢[-2i,2i].

16.2. z ¢ {—o0;—-2] U[4,+0)}.

16.3. |7 >1, z ¢{[-2-1]U[L2]}.

16.4. |z| >1, z € (—o0,-2].

165. |z| > 4, z ¢{[-4,-2] U[-14]}.

16.6. Imz >0,z e{]z\=l,§£ar92£n}.
16.7. |z <1,Imz >0,z g[O,lZ].

16.8. |z <10 <argz <g,z g{argz=-,0

IA
N
IA
Nl
inat

\Y%

|2

2}.

Nla &3

16.9. |z| >10<argz <g,z eg{argz =

16.10. Rez>0,Imz >0,z ¢{z| = 2,% <argz sg}.
16.11. 4(Rez)® +(Imz)* > 4,z ¢[2i;3i].

16.12. g<argz <2m,z ¢4 =1,g <argz < m}.
16.13. z ¢ [0,400),z £ {|z| <1, gg argz < 3—;}.

16.14. Imz >0, z ¢{z| <1, ggargzs%}.

16.15. —nt<Imz<m, z ¢[0,+0).

16.16. —t<Imz <m, z g{(—o0,0]U[m,+0)}.
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16.17. —n<Imz<m, z ¢[-mi,0].
.27 i
16.18. —nt<Imz<m, 2 ez{[—fcl,—7]u[0, mi]}.

16.19. —1<Rez<1,Imz >0, z ¢[0,i].
16.20. —1<Rez<1,Imz >0, z ¢[i,+ix).
16.21. [z -2i[> 2, [z+2i[>2, z¢[-2;2].

17-Masala. Quyidagi ifodalarning barcha giymatlarini toping.

17.1. Lnb5. 17.2. Ln(-1). 17.3. Lni.
17.4. In(%—i;). 175. Ini. 17.6. Ln(1+i~/3).
1+i., . i
17.7. (—=)". 17.8. (-1)'. 17.9. (-3 +4i)*".
( ﬁ) (-1 ( )
—i o 1—i...
17.10. 2. 17.11. (—i)'. 17.12. (&—=)"".
(1) ( ﬁ)
17.13. Arcsinl. 17.14. Arccos%. 17.15. Arccos?2.
17.16. Arccosi. 17.17. Arcctgl.  17.18. Arcctg(l+2i).

17.19. Arcsin%. 17.20. Arccos%. 17.21. Arcsin 2.

18-Masala. Quyidagi sohalarning w=Lnz funksiyaning qo‘yilgan

shartni ganoatlantiruvchi bir gqiymatli tarmog‘i yordamidagi aksini toping.
181. D={Imz>0} w(i)= %‘

182. D={lmz <0}, w(-i)= —%i.

18.3. D={z ¢ (-0,0]} , W(l) =4mni.
18.4. D ={z ¢ (—0,0]}, w(-i) = —%i.

18.5. D={z ¢[0,+0)} , W(l) =4mi.
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18.6. D={z ¢[0,+0)} , wW(-i)=——.
18.7. D={z ¢[0,+0)} , w(i) =—-.

18.8. D ={z & (0,0} , w(i)=7-.

18.9. D={z ¢[0,4+0)} , wW(—i)=i.
18.10. D={z ¢ (0,01} , W(-D) =mi.

18.11. D ={z ¢[0,+0)} , W(—i)= —%i.

18.12. D ={z ¢ (—0,0} , W(—i)= —%i.

18.13. D={z ¢[0,+0)} , W(i) :%i.

18.14. D ={z ¢ (—0,0]} , W(i) :%i.

18.15. D ={z ¢ [0,40)} , W(—1—2J§i) = 1037ci .
18.16. D ={z & (—0,0]} , W(—1—2J§i) = 103“i .

18.17. D={z ¢[0,+)} , W(-1) =—mi.
18.18. D={z ¢ (0,01} , W(-1) =—mi.

18.19. D ={jz| <1,Imz > 0}, (i —i0) = —%.

18.20. D ={z| <1,z [0}, w(-1+0) = —mi.

ni

5

19-Masala. Simmetriya prinsipidan foydalanib, D ={|z| <1} birlik

18.21. D ={z ¢ (—0,0], z & [L+o0) },w(i) =

doiraning berilgan funksiya yordamidagi aksini toping.
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191 w=—° 102 we___°
YL+27)° Y(L+2z)°
193 w=—— %~ 194 we__ 2
e 13/(1_'_ Z18)2 ) T 17/(1+ Z17)2 )
195. w=——*~ 196 w= 2
e 16 (1+ 216)2 ) e 15/(1_'_ 215)2 )
197 w=—_" 198 W=~
W1+ z2)? Y1+ 27)°
199, W= * 19.10, W=~
Y@+ z7)? y@+z4)?
1911, W= * 1012 W~
W1+ z2)? /(@ +2°)?
1913, W= " 1014, w=__ 2
8/(1+2°%)? J(@+z")?
19.15. W= —— % | 19.16. W= —"
8/(1+2°%)? /(@ +2°)?
1917 W= —— 2 19.18. W= 2
4/(1+2%)? 3/(1+2°%)?
1919, W=~ 1920 W=~
B 5 (1+221)2 R 22/(1_|_222)2 )
1921, W=~
/(L4 2")°

20-Masala. Simmetriya prinsipidan foydalanib, berilgan sohalarni
{Imw > 0} yugori yarim tekislikka konform akslantiruvchi birorta funksiyani
toping.

20.1. z¢[-1,2], z ¢[i,1].

20.2. z ¢[-21], z ¢[i,i].
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20.3. z ¢[-11], z ¢[-i,2i].

20.4. z ¢[-11]], z ¢[-2i,i].

20.5. z ¢[-11]], z ¢[-1;0].

20.6. z £[-11], z [0,i].

20.7. z ¢[01], z ¢[-i,i].

20.8. z ¢[-1,0], z ¢[1,1].

20.9. |2/ >1, z ¢[-2;-1], z ¢[-2i;], z «[i;2i].
20.10. |z| < 2, z ¢ {[-L2] U [-i;il}-

20.11. |7| > 1, z ¢{[1;2] U [-2i;-i] U[i;2i]}.
20.12. |7| < 2, z e {[-2] U[-i;i]}.

20.13. |7| > 1, z ¢ {[-2-1] U[L2] U[i;2i]}.
20.14. |z| < 2, z e {[-1] U [-i;2i]}.

20.15. |2| > 1, z e {[-2;-1] U[L,2] U[-2i;i]}.
20.16. |7| < 2, z ¢ {[-L1] U[-2i,i]}.

20.17. 0<Rez <1, ze{Rez=%, —w<Imz<-2}.
20.18. z ¢[-2,2], z ¢[0,2i].

20.19. —1<Rez<0, z¢{Rez =—%, 2 <Imz < oo},
20.20. z ¢[0,2], z ¢[-2i,2i].

20.21. 0<Rez <1, zg{Rez=%, 2<1Imz < o}.
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NAMUNAVIY VARIANT YECHIMI.
1.21-Masala. Berilgan D={z-1-i|<2} sohaning w=iz+1+i
funksiya yordamidagi aksini toping.
aw=iz+1+1i tenglamani z ga nisbatan yechamiz:
z=—-iw+i-1=|z-1-i|=|-iw-2 =|-i(w-2i) =|-i-|w-2i| =jw-2i| = D

doiraning aksi G = w(D) ={w - 2i| < /2} doira ekan. (69-chizma) >

7

v
/ “

0 1 “r 0 i

Y

69- chizma
Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.
> with ( plots) :
>
> w=lz+1+41
w=Iz+1+1
> solve({w=1Iz+1+1},z)
(z=1(-w+1+1)}
Zz=1(-w+1+41)
z=I(-w+1+1)
> 4 = evalc(z)
a=-1+1(-w+1)
>hi=a—1-1
b= —2—1+1(-w+1)
> ¢ = evalc(b)

c=-2—1Iw
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> e

I1(-2—1w)
> evale(I-c)
21+w
> |-21+w)|
121+ w
> 21+ w <2
|-21+w] <2

> with(plots) :

> implicitplot( (x — l)2 +(y— 1)2 <{2,x=-1.3,y=-1.3,grid =[50, 50], color = blue)

03 4

Treeaalll. FERRA

> implicitplot(u2 + (v— 2)2 <\ 2,u=-2.2,v=-1.5,grid =[50, 50], color= blue)

454
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2.21-Masala. Berilgan z, =1+ 2i nugtani qo‘zg‘almas qgoldirib, z,=1
nugtani W, = —i nuqgtaga o‘tkizadigan chizigli akslantirishni toping.
<Ma’lumki, chizigli akslantirishning umumiy ko‘rinishi w=az+b. Bu

yerdagi a,b € C noma’lumlarni masala shartidan foydalanib topamiz:

al+2i))+b=1+2i,
=a=2+1,b=1-3i.
al+b=-1.

Demak, w=(2+1)z+1-3I >

3.21-Masala. Quyidagi w=2z+1—3i uchun chekli go‘zgalmas nuqta

Z, (agar u mavjud bo‘lsa), burilish burchagi ¢ va cho‘zilish koeffitsienti k ni
toping. Akslantirishni w—z, =A(z —z,) kanonik ko‘rinishga keltiring.
< Qo zgalmas nugtani w(z,) = z, tenglikdan foydalanib topamiz:

22, +1-3i=2,=22,=-14+3i=>w-2,=22+1-3i—-2, =

=22+1-31+1-3i=2(z+1-3i).

Demak, w+1—3i=2(z+1-3i). Buyerdan
z,=—1+31, =0, k=2;w+1-3i =2(z+1-3i) natijaga kelamiz>

4.21-Masala. Berilgan D ={z—i|<2} doirani G={w-2 <4}
doiraga akslantiruvchi chizigli funksiyani toping.

< Ushbu w, =z —1i funksiyani garaylik. Bu funksiya berilgan D doirani
(w,) tekislikda markazi koordinata boshida bo‘lgan |w,[<2 doiraga
akslantiradi. Endi w, =2w, ea W=Ww, +2 akslantirishlardan ketma-ket

foydalansak berilgan doira G doiraga akslanadi (70-chizma).




70-chizma

Demak , W=W, +2=2wW, +2=2(z-1)+2=22+2(1-1) >

5.21-Masala. Berilggn D={0<Rez<1} sohaning w=——
4

akslantirish yordamidagi aksini toping.

< Bu masalani yechish uchun sohaning saglanish prinsipi va kasr-chizigli

akslatirishning doiraviylik prinsipidan foydalanamiz. G =w(D) desak,
oD = w(JD) bo‘ladi.

oD ={Rez=0} {Rez=1}. ze{Rez=0} va w(0)=o00 bo‘lgani
uchun {Re z = 0} to‘g‘ri chizigning aksi to‘g‘ri chiziq bo‘ladi. Uni topish uchun

z, =1 6a z,=-1e{Rez =0} nugtalarni olib, ularning obrazlarini topamiz:

w(i) = E =1+1, w(-i)= L_l =1-1. = Bu nugtalardan o‘tuvchi to‘g-ri
| —1
chizig Rew=1. Rez =1 to‘gri chizigning aksi esa aylana bo‘ladi, chunki bu

chizigning ustida w=-—=funksiyani o ga aylantiradigan nugta yo‘q. Uni
V4

: z-1 : :
topish uchun w = —— tenglamadan z ni topamiz:
4
. -1 -1 -1  —(u-1-iv)  1-u i v
w-1 u+iv-1 u-1+iv @U-D*+v? @U-D*+v? (U-D*+V°
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Rez=1 dan

Bu yerdan va
:%=1:>(U—1)2+V2=1—u:>(u—l)2+v2=l=>‘w—l‘=l
(l]'—'l) +V 2 4 ol T2
1] 1 1 1
Demak, oG ={Rew=1}u W5 :E}:>G={Rew<1, w-3 >§} (71-

chizma). >

'\

Y _"@_;
v . —F°

D /-/f "\\ t/w k

T % E N

71- chizma

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with( plots) -
>
> — z—1
Z
z—1
W =
Z

> conformal(w,z=1—n-1..1 + 1 L, grid=[30, 30])

024

0 T T T T T T T T T
0.1 0z 03 04 035 0g 0F 08 e
-0.2 A

-0.44
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g conformal(w,z=0 —4n-[.0O+4- 7w L1 —1..1+1
grid =30, 30])

14

0.5

T T T T T
0a 0z ] 12 14

-0.54

-1
conformal(w, z=0-n- 1.1+ n-L-2—-1..1+1, grid
=[30, 30])

6.21-Masala. Quyidagi w(-1) =i, w(i)=o, w(l+1i)=1 shartlarni
ganoatlantiruvchi kasr-chizigli w(z) akslantirishni toping.

< Bu masalani yechish uchun ushbu
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W-w, W,-W, Z-2, Z,-17,

W—W, W,—-W, z-2, z,-12,

angarmonik nishatdan foydalanamiz. Bizning holda
z,=-1, z,=i, z;=1+16a W, =i,W,=00 , W, =1. W, =0 bo‘lgani

uchun angarmonik nisbat quyidagi

wW-w, z-2, Z,-1,
W, —W, N z-1, . Z,—1,
ko‘rinishga keladi. Bu yerdan
w—i_z+1 1+i-I

1-1 z-1 1+i+1
:(1+2i)z+6—3i
5(z-1)
> w—I _(z+1) (1+71-1)
”MH 1—1 (z—=1) (1+1+1) } {W})
{w 1 9—|—3I—z+3lz}

va W

ekanligini topamiz >

5 [z4+1—-14z2

7.21-Masala. D=(z[|<2} sohani G={Rew>0} sohaga

akslantiruvchi va w(0) =1, argwl(O):g shartlarni ganoatlantiruvchi kasr-

chizigli w(z) funksiyani toping.
<Avval (5)-formuladan foydalanib G ni D ga konform akslantiruvchi
kasr-chizigli funksiyaning umumiy ko‘rinishini topib olamiz. Buning uchun
: 0 Z,—a
ushbu z, =iw , z, =e” -*—= ga z = 2z, akslantirishlarni ketma-ket bajarish
Z,—a
yetarli ekanligini ko‘rish giyin emas.
Demak,

o Z —a oW —
2=27,=2e" "1 —=2e" . — =,

z,—a iw—a
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Bu tenglamani w ga nisbatan yechib, D ni G ga akslantiruvchi funksiyaning
umumiy Ko‘rinishi
_az —2ae®

z—2e"

ekanligini hosil gilamiz. Bu yerdagi a éa 6 noma’lumlarni berilgan shartlardan

foydalanib topamiz:

_ i0 o o "
W(O):lj—l e_e :—ai=1<:a=+i:>W:_i 1Z 2'? =—Z+2e_e
— 26' 7 — 2e| 7 _ 2e|

argw'(0) :g shartdan 6 ni topamiz:
i0

1
(Z_Zene)z z=0 g I

)

argw'(0) = arg(—

L T R |
—>€ =€e°=CO0S—+ISIn—=1.
2 2

Demak,
Z+2i
722
funksiya masala shartini ganoatlantiruvchi funksiya bo‘lar ekan

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

>z] = I'w
zI =1w
>0 = e]-e. zl - a
zl — conjugate(a)
16
z2 = € (Iw—_a)
Iw—a
>z3:=2-z2
16
23— 2¢  (Iw—a)

Iw—a
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w(z) = -
2619—2
10 -
w=z—>—1<2e Ig—za)
2¢e —z
> w(0)
-la
>solve({-I-a=1}, {a})
{a=1}
16
> (z) = 1(2e Iel—l—z 1)
2e —z
- 1(216%+12)
wi=z— - o
2e  —z
> ()
1 1(21®+12)
29—z (pdf_y)’
> simplify( );
4eIe
2
<2ele—z>
> o 1(21e"°+12)
h(z) = o — 5
2e —z (2619—2)
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| 1(21° +12)

h=z— —
28%—2 (a0 _2)

> h(0)

> 1
argument [ BT J
e

1
argument( F ]

> simplify( );

argument( e 1° )

> evalc( argument( e e) )

-0
> . T
0: >
0=-—mn
> 16
I
1 (21 1+=z1
Twlz) = - | 21—z )
W°=z—>—I(_2+IZ)
' 21—z

8.21-Masala. Quyidagi D ={z|= 2,% <argz < g} to‘plamning w=z¢
funksiya yordamidagi aksini toping.

<Agar z=re" ea W=pe" desak, unda W= 2z° dan p=r° ga y =6¢
ekanligi kelib chigadi. Unda G =w(D) ={w| =64, n<argw<2n} bo‘ladi
(72-chizma) >
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Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.
> > with(plots) :

>
> conformal(z6,z=0 + %- 1.2+ % L-10 — 10-7..10 + I, grid = [ 30, 30],

coords = polarj

-10 10

72-chizma

9.21-Masala. Jukovskiy funksiyasidan foydalanib ushbu
D={Imz>0, z¢{z|=1 0<argz< % %Tn <argz < wt} to‘plamning aksini

toping.
<Bu masalani yechish uchun birinchi navbatda D sohaning chizmasini

chizib olamiz (73-chizma) va (11)-formulalardan foydalanamiz.

_,.;-1

Hlﬁ

73-Chizma.
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1 1
u=—(r+-)coso,
2 r
] (11)

V= 1(r —l)sin [0)
2 r
Ma’lumki sohaning saqlanish prinsipiga ko‘ra W(6D) = 0G bo‘ladi. Agar

T 3n
v, =[0,40), v, =(—0,0], v, ={r=1,0< (pSZ} ea vy, ={r =1,? <p<m}
desak, oD =7y, Uy, Uy, Uy, bo‘ladi va (11)-formulalardan foydalansak,

W(yl) - [1’+OO)’ W(Yz) = (—oo,—l], W(Y:a) = [g ’1] ea W(Y4) = [_%1_1]

ekanligini topamiz.

= 0G = W(yl) % W(Yz) o W(Y3) % W(Y4) = (—oo,—g] % [% ,+oo)_

Demak, G =w(D) ={w ¢ (—oo,—%], W ¢ [g ,+00)} >

10.21-Masala. Quyidagi D={0<Rez<2, n<lImz<2n}
to‘plamning w=e* akslantirish yordamidagi aksini toping.

<Agar z=X+iy ea W=pe" desak,
p=e’

(*)
o=y
sistemani hosil gilamiz. Unda D sohada
e’ <p<e’, m<y<2nm

bo‘ladi. Shularni e’tiborga olib topamiz:

w(D) ={l<W <e®, m<argw< 27}

D hamda w(D) tuplamlar 74-chizmada tasvirlangan
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¥

74- chizma
Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.
> with ( plots) :

> conformal(¢,z=0 + - 1.0 + 2w 1,-2 —21.2 + 1- I, grid = [ 20, 20] )

> conformal(&,z=2 + - 1.2 +2n-1,-8 —81.8 + 1- I grid=[20,20])

1 1 1 1 1 1 1 1
L A N T N S =
L 1 1 1 1 1 1 1

> conformal( ¢, z=0 + - 1.2+ n-1,-8 —81..8 + 1- I, grid = [ 20, 20])
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| ' | | ' | | '
L A o P S
L L 1 L L L L

> conformal(&,z=0 +2n- 1.2+ 271-1,-8 —81..8 + 1- I, grid = [ 20, 20])

] | | | | | | |
el | (=) ] = [Ex] [3%) —_
L 1 1 1 1 1 1 1

> conformal(&,z=0 + - 1.2 +21-1,-8 —81..8 + 1- I, grid=[20,20])
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11.21-Masala. Quyidagi D ={—g <Rez< g Imz > 0} sohaning

w =sin z funksiya yordamidagi aksini toping.
< Bu masalaning yechimi 6°-punktda keltirilgan
Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with(plots)

> conformal[sin(z),z——% ..%,— 2—05-1.2+ 0.5 1 grid =20, 20])

04
0z

-0.4

> canformal[sin(z),z——% + I..—% + %L grid = [ 20, 20]]

-1.5 -14 -13 -132

r-2 % 1010

> conformal[sin(z), z= % + I..% + %-I, grid = [ 20, 20]]
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-2 %10 10—

> conformal[sin(z),z=—% +0.01- I..% +2-L—2—05-1..2+4+ 21 grid=120, 20]]

05

12.21-Masala.  Ushbu D={Rez>0, —n<Imz<mn}  sohani

G ={Imz > 0} yuqori yarim tekislikka konform akslantiruvchi birorta w(z)
funksiyani toping.

<Bu tipdagi masalalarni  9%-punktda keltirilgan akslantirishlardan
foydalanib yechish maqgsadga muvofigdir. Biz V dagi 1)-akslantirishdan
foydalanamiz. Kerakli akslantirishni topish uchun

W, =1z, W, = ?1 , W =sInw, akslantirishlarni bajarish kifoya (75-chizma).
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iy ////,»\ i
// ! //,;//‘N{A/
g g //&/
/// /,{ ] /z /,
i T 2 W
1l| HMMHII!
75-chizma
Demak, w =sinw, _S|nﬂ_3|nz—!=ioe € =ishE >
2 2 2i 2 2

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.
> with(plots) :
> wl = [z
wl =1z

>

> conformal(wl,z=0— wn-1.4 + -1, grid = [20,20])

w2 =—1z
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> conformal(w2,z=0 — n-1.4 + w1, grid = [20,20])

>y = sin(w2)

w :=Isinh[%zj

> conformal(w,z=0— wn-1.4 + n-1,-3..3 + 3-I, grid = [20, 20])

13.21-Masala. Quyidagi z° +4 =3i tenglamani yeching.
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42°+4=3I=22"=-4+3i=2=%Y-4+3i =

_ M . [cos arg(—4 +53|) + 2kn Lisin arg(—4 +53|) + 2kn} _

(2k +1)7c—arctg3 (2k +l)TC—arCt93

=3/5.| cos c 4 4 isin c 4| k=01234>

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

>SOIV€({ZS +4=3'1}, {Z})

{z=(-4+3n"%}, {z: (iJ——L

4 4
+%Iﬁmj (—4+31)”5}, {zz(
—%f—%+%lﬁ 5—ﬁ)(—4

—%Iﬁ s—ﬁj( 4+31)”5} {
=(%ﬁ—%—%lﬁ 5+ﬁj(—4
+31)”5}

>z] = evalc((—4—|—3l)1/5)
zl :=51/5 sin(% arctan(%j —I—in) -I—ISI/5 sin(

10
—% arctan(%j + % n)
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>

z2 = evalc( (

4

iJ?—i~w%u5V5+f§jp4

+3Iﬂ”)

N

>

\S)

(L e tYyas (L 3), 3
—(4\/? 4)5 s1n(5arctan(4)+10n)
—%\/7\/5%—\/? 51/5sin(—%arctan(%)
-l—%n)

z3 ==evalc((—Lﬁ—%+%Iﬁm)(

4

—4+31ﬂ“)
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(e A\ asg (L 3
z3 ( 4\/? 4 5 s1n(5arctan(4)
+%ﬂ:)—%\/7 s—J5 sl/ssm(

- L arctan
5

VS
-h‘w
Ne—
_|_
o |—
a
N——~
N——~

>

z4 = evalc((—%ﬁ—%—%lﬁm)(

—4+31)”5)

|
o
o
a
s
=
VR
-|>|uo
N—
+
w|—
3
N——
+
P
al— —
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z5==evalc((iﬁ—%—%lﬁm) (-4

4
+3I)1/5J

(L s Lystsg (L 3.3
z5: (4ﬁ 4)5 s1n(5arctan(4)+10n)

—I—%ﬁ 5-+—\/? 51/5sin(—%arctan(%)

—I—Ln)-i—l(

5
—%\/7 5-|—\/? 51/Ssm(—arctan(%)
3 1o 1) s
+10n)+(4\/? 4)5 sm(
—%arctan %) -I—%ch)

14.21-Masala. W=+/z funksiyaning ~—1=1 shartni ganoatlantiruvchi
bir giymatli tarmog‘i yordamida

D={Imz>0, (Imz)®>>4Rez+4}

sohaning aksini toping.
< Avval D sohaning chizmasini chizib olamiz (76-chizma).

L
™
%, o *
76-chizma
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Keyin z=re" , w=pe" deb,

w=r(cos 2 i sin ‘P+22k“) (k =0,1)
tenglik va ~/—1 = +/1- (cos T+ 2kn +i-sin =T 2|(Tc) =i shartdan k=0

ekanligini topamiz.

Demak,

(p=r,

ekan = (*)
_®
=3

i®
2

w:ﬁzx/?(cosgﬂsing):\/?-e'

munosabatlardan foydalanib, D sohaning chegarasi 0D ning obrazi G ni
topamiz:

v, = (-0~ ={p=m 1<r<+c} va y,={y’=4x+4, y>0} desak,
oD =y, Uy, bo‘ladi. w(y,)={v= g,ls p <+oo} ekanligini to‘g‘ridan

to‘g‘ri (*) munosabatdan kelib chigadi. Endi w(y,) topamiz:

X=U>—-V?
W=JzowW=z=U+iv)2=Xx+iy= (**)
y =2uv

YV =4X+4 =4V =AU -V + 4= 0V U 4V —1=0=>
(**)Va
(v’ -D(Uu?+1)=0=v=1u=>0.

Demak,
w(y,) ={v=Lu=0}=0G =w(y,) W(y,) =
:{argW:g,ls\w\ <+oo}u{lmw=1, Rew> 0}

Bu yerdan va misol shartidan G ={Rew > 0, Imw > 1} ekanligini hosil gilamiz

(77-chizma) >

157



Y

77 - chizma
15.21-Masala. Quyidagi

D={z¢{7<1 O<argz<n}, z¢«[-i0]}
sohani G ={Imw > O} yugori yarim tekislikka konform akslantiruvchi birorta
w(z) funksiyani toping.
<Masala shartini ganoatlantiruvchi konform akslantirishni quyidagi

akslantirishlarni ketma-ket bajarish yordamida topamiz:

=, W, =W, W, = , W, =W, W, =W, 4+ —,
1+z2 w, +1 3
W= W, v-1=i

Olingan funksiyalar D sohani gaysi yo‘l bilan G sohaga akslantirishi 78-

chizmada ko‘rsatilgan.
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78 - chizma

Demak, masala shartini ganoatlantiruvchi funksiya

2
_ 3 _
w=\/w5:\/w4+%:JW§+%:J(WZ Dt s = (T
W

w,+1 3

_ [(1—2)2—(1+z)z]2+1’\/_—1:i
1-2)% +(1+2)° 3

ekan
16.21-Masala. Quyidagi
D={z-2i|>2 [z+2i>2, z¢[-22]}
sohani G ={Imw > 0} yuqori yarim tekislikka konform akslantiruvchi birorta
w(z) funksiyani toping.
<Masala shartini ganoatlantiruvchi konform akslantirishni topish uchun

quyidagi akslantirishlarni ketma-ket bajarish kifoya (79-chizma):
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e’ —w .
W, ==, W, =4nw, , W, =e", w, _e‘Z”——S’ w=,w,, v-1-i.
3

: i |

S W TITTTITITE S Sl Ll L L

Y e 77777/, //',/._%//'q//!!" Y
-5

\,Q
T 7 p 7 "’/

>4
/
gl s ./,/// ’//
=25/ S0 S S /
f//// ~ /// /// ////////
/ 2
=T, W,
Wi
‘ ;3 - P
A T __—-—-—;.-—_—-/ /////'/:;"//"/*/“-r—/‘f_;——/_l—_
) - e T T T RET S A O,v’ e‘ ; / /,(: ’ "'///,'/," I'/
io HH‘ | ‘ Ll\ ’/"."',»'/‘//'-"// P L HAL KT S /

o5

o (Ll

}]I[

Demak, w=,/w, =

17.21-Masala. Quyidagi Arcsin 2 ifodaning barcha giymatlarini toping.
<Bu tipdagi masalalarni yechishda isbotlash giyin bo‘lmagan quyidagi

tengliklardan foydalaniladi.

1) Arcsin z =—iLni(z +~/z° -1).
2) Arccosz = —iLn(z ++z° -1).

3) Arctgz=1Ln!+—Z=£_Lnl+—!z.
2 1-z 21 1-1z

4) Arcctgz = Lin E
2  Z+I
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Bu tengliklarda ildizning barcha giymatlari olingan. Biz 1)-tenglik va (20)-

formuladan foydalanamiz:

Arcsin 2 = —iLni(2++/2% 1) =—iLn(2 £ /3)i =
:—i[ln(2i\/§)+i-g+2kni] :g+2kn—iln(2i\/§) -

_GKEDT G n2443) , kez. s

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> solve( {sin(z) =2}, {z})
{z=arcsin(2) }

> evalc(arcsin(2))

S r—1in(2+3)
18.21-Masala. Quyidagi D={z ¢ (-x,0], z ¢[l,+0)} sohaning w=Lnz
funksiyaning w(i) :% shartni ganoatlantiruvchi bir qiymatli tarmog‘i
yordamidagi aksini toping.
< Lnz funksiyaning
w = (Lnz), =Inz+ 2kni . k=0,+1,12,...

tarmoglaridan qgaysi birini tanlashimiz kerakligini W(i)=n— shartdan

[
2
aniglaymiz:

%':Ini+2kni = Ini| +iargi + 2kni :ig+2krci
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Bu yerdan k=0, ekanligini topamiz. Demak, Lnz ning kerakli tarmog‘i
w=(Lnz), =Inz ekan. w=Inz akslantirish yordamida D sohaning aksini
topish uchun W=u+iv ea z =re" desak,

u=inr,
(*)
V=0
ekanligini ko‘ramiz. Agar |, =(—0,0] 6a |, =[L,40) desak, oD =1, U,
bo‘ladi. (*) tenglikka ko‘ra w(l,) ={v=0, 0<u <+o0} 6a |, nurning yuqori
qirg‘og‘i {v =} to‘g‘ri chiziqqa, pastki qgirg‘og‘i esa {v = —m} to‘g‘ri chiziqga

akslanadi. Demak, G ={-n<Imw< 7w, w¢[0,+00)} ekan. (80-chizma) »~

'“‘*H il %W !l HIQH i
W”W T LTI

19.21-Masala. Simmetriya prinsipidan foydalanib , D ={z| <1} birlik

doiraning W = funksiya yordamidagi aksini toping.

.

n(@d+z")?

<D birlik doirani uchlari z =0 nugtada va kengligi 2_n ga teng bo‘lgan
n

D,,D,,D D_, n-tasektorga ajratamiz. Ravshanki,

0! =17 2m n-1

D, ={z eC:—"cargz< ™, z| <1}
n n
deb olish mumkin. Bunda berilgan w funksiyani quyidagicha yozib olamiz:
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z

RSN S
V(@@ +1) r2t el z" +2+— \/2[ (z" +—)+1

Agar w, =z" , w, ——(W + ) W, =W, +16a W, = —— deyilsa, unda w
Wl 3

funksiya ushbu w=(3/w,), ko‘rinishga Kkeladi. Bu akslantirishlardan

foydalanib, D, ning aksi
G —{WeC'—E<argw<E WE[ ,+00)}
° N n’ /4’

bo‘lishini topamiz (81-chizma).

81- chizma

Shu mulohaza asosida, simmetriya prinsipini n marta qo‘llash natijasida

w=——"_ funksiya birlik doira D ={z € C :|z| <1} ni n-ta

{argw = 2—7:( W > Q/lz} , k =0,n-1 nurlar bo‘yiga girgilgan (w)

tekislikka akslantirishini topamiz
20.21-Masala. Simmetriya prinsipidan foydalanib

D={0<Rez<], ze{Rez=%, 2<1Imz < oo}}
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sohani {Imw >0} yuqori yarim tekislikka konform akslantiruvchi birorta

funksiyani toping.
< Quyidagi D, ={0<Rez < %} sohani garaymiz. Bu soha

W, =iz, W, =27w,, w, =e™ (25)
akslantirishlarni birin-ketin bajarish natijasida
G, =(Imw, >0}
yugori yarim tekislikka konform akslanadi. (25)-akslantirishlarning bajarilishi

jarayoni 82-chizmada tasvirlangan.

4/ / //
74 ST
i WY
o/ 77, & L -2 0 Ty
R
4 | Y5
)
: Wa
‘ 1| i \r\“”*/// A,
[ v / ;
l‘l-MJH Wy g2z
7 0 -4 0 a,
82 - chizma

Simmetriya prinsipidan foydalanib, berilgan soha w, =e" =e*™ =¢*™

funksiya yordamida G ={w, ¢[-e™",+00) sohaga konform akslanishini

topamiz. Bu G soha
W, =W, +e*" 6a W=./w,,J-1=i
akslantirishlar yordamida {Imw > 0} yuqori yarim tekislikka akslanadi.

Demak, berilgan sohani yugori yarim tekislikka konform akslantiruvchi
funksiya ushbu

W:\/Ez /ehiz+e74n ’ \/—_1=i,
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ko‘rinishda bo‘ladi>
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3-§. 3-MUSTAQIL ISH
KOMPLEKS ARGUMENTLI FUNKSIYANING INTEGRALI VA
CHEGIRMALAR NAZARIYASI

Kompleks argumentli funksiyaning integrali tushunchasi.
Koshining integral teoremasi.
Koshining integral formulasi.
Darajali gatorlar.
Golomorf funksiyalarning xossalari.
Loran gatori.
Funksiyaning yakkalangan maxsus nuqtalari.
Chegirmalar va ularni hisoblash.
Integralni chegirmalar yordamida hisoblash.

-A -

ASOSIY TUSHUNCHA VA TEOREMALAR.

1°. Integral tushunchasi.
Kompleks tekislik C da to‘g‘rilanuvchi y= 4B egri chiziq berilgan
bo‘Isin. Bu egri chizigni A dan B ga qarab z,,z,,...,z, nuqtalar yordamida n ta

Y1:Y Y, YOYlarga ajratamiz (83-chizma).
YA

>
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83 - chizma

v, Yoylarning (k =1,2,...,n) uzunliklarini I, va /Izm(ax l, deb belgilaymiz.

Aytaylik, y egri chiziqgda f(z) funksiya berilgan bo‘lsin. V &, €y, nugta
olib, quyidagi

cs:kz";,f(au-(zk ~z.) O

integral yigindini tuzamiz.

Ta’rif. Agar A —0 da f(z) funksiyaning integral yigindisi y egri
chizigning bo Tinish usuliga hamda », dagi &, nugtaning tanlab olinishiga
bog ‘lig bo lmagan holda chekli limitga ega bo ‘Isa, bu limit f(z) funksiyaning

y €gri chizig bo ‘yicha integrali deb ataladi va

[ f(z)dz (2)

kabi belgilanadi.

Demak,
[@)dz=lim 3£ (5,) (2, ~2,.). 3)
Y =1
Agar z=X+1y, f(z)=u(xy)+iv(x,y)=u-+Iiv deyilsa, unda ushbu

[ f(z)dz = [udx—vdy+i[vdx-+udy (4)

tenglik hosil bo‘ladi.

1-Teorema. f(z) funksiyaning » egri chiziq bo ‘yicha integrali
[ f(z)dz
Y

ning mavjud bo ‘lishi uchun quyidagi

fudx—vdy ea [vdx+udy

egri chizigli integrallarning mavjud bo ‘lishi zarur va yetarli.
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Xususan, f(z) funksiya uzluksiz bo‘lsa uning integrali mavjud bo‘ladi.
2-Teorema. Agar f(z) funksiya y egri chizigda berilgan va uzluksiz,
egri chiziq ushbu
z=2z(t) (a<t<P)

tenglama bilan berilgan bolib ,z'(t ) # 0 bo ‘Isa, u holda

B
J'f(z)dz :j f[\z(t)\]-z'(t)dt (5)
Y o
bo ‘ladi.
Bu formuladan kompleks argumentli funksiya integralini hisoblashda
foydalaniladi.
Misol. Ushbu

I, =[(z—a)"dz (n —butun son)

integralni hisoblang, bunda y={zeC:|z—al=p, p>0} aylanadan iborat
(yo‘nalish soat strelkasining yo‘nalishiga garama-qarshi olingan).
< 7y aylananing tenglamasini quyidagi
z=z()=a+p-e" (0<t<2m)
ko‘rinishida yozib olamiz. Unda
dz=d(a+p-e")=ip-e"dt
bo‘lib, (5)-formulaga ko‘ra

27
In — J(Z . a)n dZ — ipn+1 Jeit(n+l)dt
Y 0

bo‘ladi. Agar n = —1 bo‘lsa,

2n eit(n+1)
= .n+l it(n+1) —_i~ntl 2n
| =ip je dt=ip i(n+1)‘0 =
0

bo‘ladi. Agar n = —1 bo‘lsa

2n
|, =i[dt=2ni
0
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bo‘ladi. Demak,

0, agarn=-1bo'lsa

[z-a)dz= _ ,
d 2ri, agar n=-1bo'lsa >

(z-a)"dz :{

|2-al=p

2°. Koshining integral teoremasi.

Kompleks o‘zgaruvchili funksiyalar nazariyasida fundamental
teoremalardan biri Koshining integral teoremasidir.

1-Teorema. (Koshining integral teoremasi) Faraz qgilaylik, f(z) funksiya
kompleks tekislik C dagi bir bog‘lamli D sohada golomorf bo ‘Isin. U holda

ixtiyoriy to ‘g ‘rilanuvchi yopiq egri chiziq y << D uchun

ff(z)dz=0

bo ‘ladi.

Yugorida, 1°%punktda biz ko‘rdikki f(z):L funksiyasidan
Z—a

v:|z—al=p aylana bo‘yicha olingan integral 2ri ga teng. Bu misolda f(z)
funksiya C \{a} da golomorf bo‘lib,bu soha bir bog‘lamli emas. Shuning uchun

ham §f(z)dz¢0 bo‘ldi. Demak, 1-teoremadagi D sohaning bir bog‘lamli
Y

bo‘lishi muhim shart ekan.

2-Teorema. D c C soha bir bog‘lamli, chegarasi to ‘g rilanuvchi

chizigdan iborat bo‘lgan soha bo‘lib, f(z) funksiya D da golomorf, D da
uzluksiz (f (z) € O(D) "C(D) bo lsin. U holda

:f f(z2)dz=0

oD
bo ‘ladi.

3-Teorema. (Ko‘p bog‘lamli soha uchun Koshi teoremasi) Faraz gilaylik,

D < C soha chegarasi 7',v,,...y, to‘g‘rilanuvchi chiziglardan tashkil topgan
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ko p bog 1amli soha bo 1Isin (84-chizma). Agar f (z) € O(D) N C(D) bo‘lsa , u
holda

[f(z)dz=  [f(2)dz=0
ob Tuy;u..LUy,
tenglik o ‘rinlidir.

Bu tenglikni quyidagicha ham yozish mumkin [ f (z)dz = anj f(z)dz  (6)
] -

k=1 Yk

84-chizma.

Natija. Faraz gilaylik, Dc<C bir boglamli soha bolib, C,C,
chiziglarning har biri (C, = D, C, = D) boshi z, va oxiri z, nugtada bo lgan

chiziglar bo ‘Isin (85-chizma). Agar f(z) € O(D) bo ‘Isa, u holda
[ f(2)dz= [ f(2)dz (7)

) S,
bo ‘ladi.
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85-chizma.

(7)-tenglik, garalayotgan integralning z, va z, nugtalarigagina bog‘liq
bo‘lib, integrallash yo‘liga bog‘lig bo‘lmasligini bildiradi. Shuni e’tiborga olib,
(7)-integralni

Z

j f (2)dz (8)
z1
kabi belgilash ham mumkKin.
1-Misol. Ushbu
2+i
[2%dz
2
integralni hisoblang.
<Ravshanki, f(z)=2°<€O(C). Binobarin, berilgan integral

Z, =2, Z, =2+1i nugtalarni birlashtiruvchi yo‘lga bog‘lig bo‘Imaydi. Shundan
foydalanib integrallash chizig‘i y sifatida
y={z=x+iyeC:x=2, 0<y<1}

to‘g‘ri chizig kesmasini olamiz (86-chizma)
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86-chizma
Bu y chizigda
Z=2+1y, dz=idy

bo‘lishidan foydalanib topamiz:

2+i 1

[z%dz=[z%dz=[(2+iy)*-idy = ij(4+4iy— y?)dy =
2 Y 0 0

) ) 3 11.
=i(4y + 2i 2_Yyp =2+ >
(4y-+2iy* =5 :
2-Misol. Ushbu
2
j% (z=0)
Z

1
integralning qiymati z, =1 va z, =2 nugqtalarni birlashtiruvchi yo‘lga bog‘lig
bo‘ladimi (yo‘l koordinata boshidan o‘tmaydi deb faraz gilinadi)?

< Ravshanki,

f(z):%

funksiya D =C\{0} sohada golomorf. Ayni paytda bu bir bog‘lamli soha
emas. Demak, Koshining integral teoremasidan foydalanib bo‘Imaydi. z, =1 va

Z, = 2 nugtalarni birlashtiruvchi ikkita y, hamda vy, chiziglarni
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={z=x+iyeC:1<x<2, y=0},

={zeC:|7=Tuy,

deb olamiz (87- chizma).

87-chizma.
v, chizigda
z =X, dz=dx bo‘lib,
2 2
az _ %zjgzlnx‘f =In2
1 Z 7 1 X

Z/=1 aylanada z =e"(0< ¢ < 2r),dz =ie"d¢ bo‘lib,

oo g G g i

d(p+j——27c|+ln2
SR

Y2 Y1

bo‘ladi. Demak, berilgan integral integrallash yo‘liga bog‘liq ekan>
Agar (8)-integralda z, nugtani tayinlab, z, ni esa z o‘zgaruvchi sifatida

garalsa, (8)-integral z o°‘zgaruvchining funksiyasi bo‘ladi:
F(z) = [ f(2)dz.

4-Teorema. Agar f(z) funksiya bir bog‘lamli D < C sohada golomorf
bo ‘Isa, u holda F(z) funksiya ham D sohada golomorf bo ‘ib,
F'(z2)=f(2) (ze D)
bo ‘ladi.
Bu teoremadan ko‘rinadiki, bir bog‘lamli sohada golomorf funksiya f (z) ning

boshlang‘ich funksiyasi mavjuddir.
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5-Teorema. Agar @(z) funksiya D cC sohada f(z) ning

boshlang ‘ich funksiyasi bo ‘Isa, u holda

[ £(2)dz = ®(2) - (2,) = (2| ©)

formula (Nyuton-Leybnits formulasi) o ‘rinli bo ‘ladi, bunda z, va z nuqtalar D

sohaga tegishli ixtiyoriy nugtalar.

3°. Koshining integral formulasi.
Kompleks tekislik C da chegarasi to‘g‘rilanuvchi chizig bo‘lgan
chegaralangan D sohani qaraylik. Kuzatuvchi bu soha chegarasi oD bo‘ylab

harakat gilganda soha har doim chap tomonda golsin.

1-Teorema. Agar f(z) € O(D) "C(D) bo‘lsa, u holda

ij@d _{f(z), agar z< D bo'lsa (10)

27i 3 E—1 0, agar z¢ D bo'lsa
tenglik o ‘rinli bo ‘ladi.
Odatda (10)-formula Koshining integral formulasi deyiladi. Bu formula
f(z) ning zeD nuqgtadagi giymatini chegaradagi qiymatlar bilan
bog‘laydigan formuladir.
1-Misol. Ushbu
dz
if 2’ +4

Y

integralni hisoblang, bunda y egri chizig C tekislikning +2i nugtalaridan
o‘tmaydigan ixtiyoriy yopiq chizig.
< Faraz gilaylik, y yopiq chiziqg bilan chegaralangan to‘plam D bo‘Isin.

a) +2i ¢ D bo‘lsin. Bu holda

e O(D)

)=
*(2) 2 +4

bo‘lib, Koshining integral teoremasiga ko‘ra
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i(p(z)dz - § sz; -0
bo‘ladi.
b)+2i ¢ D;-2i ¢ D bo‘Isin. Bu holda, avvalo integral ostidagi funksiyani
B
1 1 _ 742

2244 (z+2|)(z—2|) z-2i

ko‘rinishida yozib olamiz. Unda

f(2)= a=2i
()= Z+ 2|
lar uchun 1-teoremaning shartlari bajarilganligi sababli (10)-formulaga ko‘ra
Y20 +4 -2 20421 2

bo‘ladi.
c) —2ie D, 2i¢ D bo‘lsin. Bunda yuqoridagi b) holdagiga o‘xshash
mulohoza yuritish bilan topamiz:

1

(]S dz__ 2=21 _9zj. | =z
Y 2P+4 742 721" 2

d) 2i e D, —2i € D bo‘lsin. Bu holda, avval integral ostidagi funksiyani
sodda kasrlarga ajratamiz:
1 1 211 1 )
22+4  (z+2i)(z-20) 4i z-2i z+2"

U holda

dz 1
ffz 14 a|:§ _§Z+2I:|:_| 2mi(l-1) =0

bo‘lishini topamiz >
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(10)-formuladagi I f©) d& integralga Koshi integrali deyiladi.
-2

i ip&
Koshi integralida 0D kontur soha chegarasi bo‘lib, f (&) funksiya D sohada
golomorfdir. Endi, faraz qilaylik, C tekislikda ixtiyoriy to‘g‘rilanuvchi T’
kontur va T" da aniglangan hamda uzluksiz f (&) funksiya berilgan bo‘lsin. U
holda ushbu

f(8) 4
F(z )_Zr;

integralga Koshi tipidagi integral deyiladi.
2-Teorema. Koshi tipidagi integral C\I' sohada F(z) funksiyasini

aniglab, bu funksiya ushbu xossalarga egadir:

a) F(z) funksiya C\TI" da golomorf,
b) lim F(z)=0,

¢) F(z) funksiyaning istalgan tartibli hosilasi F (z) mavjud va

- oo ()
F ()‘2.1@ Dmda

tenglik o rinli.

Natija. Golomorf funksiya istalgan tartibli hosilaga egadir.

Hagigatan ham, golomorf funksiyani Koshi integrali yordamida ifodalash
mumkin. Koshi integralining istalgan tartibli hosilasi mavjudligidan berilgan

funksiya ham istalgan tartibli hosilaga ega:

¢ o n! f (&)
()_2ui@ n“dg ¢
2-Misol. Ushbu
e22
i(z +3)* az
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integralni hisoblang, bunda » chizig C tekislikdagi z =—3 nugtani oz ichiga
oladigan ixtiyoriy yopiq kontur.

< v kontur bilan chegaralangan sohani D deb belgilaymiz. Ravshanki,
f (z) =e® funksiya va D soha uchun 2-teoremaning shartlari bajariladi. Unda

(11)-formuladan foydalanib topamiz:

fogr =l g ta= T £(-9)=
(z+3) . z+3) 3!
:@ 23 .@” _8_7ri.
6 3e®
4°, Darajali gatorlar.
Ushbu
icn(z—a)n =C,+C,(z—a)+...+c (z—a)" +... (12)
n=0

gatorga darajali gator deyiladi (bunda c,,cC,,...c,,... hamda a-kompleks

sonlar).

Agar (12)-gatorda z—a=¢& deyilsa, u holda (12) qator ianin

n=0
ko‘rinishdagi darajali gatorga keladi. Binobarin, shu ko‘rinishdagi gatorlarni
o‘rganish biz uchun yetarli bo‘ladi.

1-Teorema. (Abel teoremasi) Agar

>c,z2"=c,+cz+C,2° +...4C 2" +... (13)
n=0

darajali gator z ning z =z,(z, # 0) giymatida yaginlashuvchi bo ‘Isa, u holda
gator

{zeC:|7<|z,}
doirada absolyut yaginlashuvchi bo‘ladi. Agar (13)-qator z ning z =12,

giymatida uzoglashuvchi bo ‘Isa, u holda gator
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{zeC:l7>|z,}
to ‘plamda uzoglashuvchi bo ‘ladi.

Darajali gatorning yaginlashish sohasi
U={zeC:|7<r}

doiradan iborat bo‘lib, gatorning yaqinlashish radiusi r ushbu

1

Koshi-Adamar formulasidan topiladi.

r =

(14)

(13)-darajali gator o‘zining yaginlashish sohasiga tegishli bo‘lgan

ixtiyoriy
{zeC:|7<p}, p<r

yopiq doirada tekis yaginlashuvchi bo‘ladi.

Funksiyalarni darajali gatorlarga yoyish qatorlar nazariyasidagi muhim
masalalardan hisoblanadi. Bu masala quyidagi teorema yordamida hal etiladi.

2-Teorema. Agar f(z) funksiya D < C sohada golomorf bo ‘Isa, u
holda D sohadagi ixtiyoriy

U={zeC:z-a<r} (Vae D)

doirada (U < D) uni darajali gatorga yoyish mumkin:

f(z)=>c, (z-a)". (15)
n=0
Bu yerda c, -koeffitsientlar
(n)
c-@_1 '@ 4, 0<p<r, (1=012.) @6)
n! 2ml |z-al=p (Z - a) n

formulalar yordamida hisoblanadi.
Odatda, koeffitsientlari (16)-tengliklar yordamida aniglanadigan (15)-
gatorga Teylor gatori deyiladi.
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Amaliyotda ko‘pchilik masalalarni hal gilishda elementar funksiyalarning

Teylor qatoriga yoyilmalaridan foydalaniladi:

1) ——=>7" 7| <1.
n=0
2) e —ii ZeC
n=0 n! .
© ) Zzn—l
3) sinz=> (-D)" , zeC.
) 2D (2n—1)! =
2n
4) cosz= , zeC.
) nZ(;( 1" (20! S
0 2n-1
5) shz= , zeC.
) 2 on )1 =
© ZZn
6) chz= , zeC.
) Z(;(Zn)! =
7) (1+z)‘*_1+z°° (@=d).la=nt 0 g

n!

_lz

8) In(1+2)= Z( 1"

7| <1.
3-Teorema. Aytaylik, U ={zeC:|z—-d <r} doira berilgan bo ‘lib,
f(z) eOU) sa M =max | f(z)| bolsin. U holda f(z) funksiyaning
a nugta atrofidagi Teylor gatori
f(2) = iocn (z-a)"
koeffitsientlari uchun ushbu
c,| < rM (n=012,..) (17)

Koshi tengsizliklari o ‘rinli bo ‘ladi.

59. Golomorf funksiyalarning xossalari.
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1-Teorema. Agar f(z) funksiya D sohada golomorf bo‘lsa, u holda

vne N uchun f™(z) mavjud va u D sohada golomorf bo ‘ladi.

2-Teorema. (Liuvill teoremasi) Agar f(z) funksiya butun tekislik C da
golomorf bolib, chegaralangan (/f(z)|<M) bolsa, u holda f(z)=_const
bo ‘ladi.

Faraz qilaylik, f(z) funksiya biror a € C nuqtaning atrofida golomorf
bo‘lsin. Agar f(a)=0 bo‘lsa, a soni f(z) funksiyaning noli deyiladi. Agar
f(@=f'@=..=1f""@=0 bolib, f™(@)=0 bo‘lsa, a soni f(z)
funksiyaning n-tartibli yoki n karrali noli deyiladi. Xususan, n=1 da a oddiy
nol deyiladi.

Agar f(z) funksiya z=o00 da golomorf bo‘lib, f () =0 bo‘lsa, o
nugta funksiya noli deyiladi. Funksiyaning bunday nolining tartibi

9(2) = 1)
z
funksiyaning z = 0 nuqgtadagi noli tartibi bilan aniglanadi.

3-Teorema. Agar f(z) funksiya (f(z)#0) aeC nugtaning atrofida
golomorf bo ‘lib, a son funksiyaning n—tartibli noli bo ‘Isa,

f(2)=(z-2a)"¢(2)
tenglik o rinli bo ‘ladi, bunda @(z) funksiya a nugtaning atrofida golomorf va
o(a) = 0.
4-Teorema. (yagonalik teoremasi) Aytaylik, f(z) va g(z) funksiyalar

D < C sohada golomorf bo‘lib, kamida bitta limit nugtaga ega bo ‘lgan

EcD toplamda f(z)=9(z) bo‘lsin. U holda barcha z e D lar uchun
f(z) = g(2) boladi.
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5-Teorema. (modulning maksimum prinsipi) Agar f(z) funksiya
D < C sohada golomorf bo ‘lib, uning moduli \f\ birorta ichki z, € D nuqtada
(lokal) maksimumga erishsa, u holda f (z) = const bo ‘ladi.

6°. Loran gatori.
Ushbu

1 1 1
it C o +C g Tt C
(z—a) (z—a) Z—a

+C,+C(z—a)+c,(z—a)’ +...+¢c (z—a)" +...

ifoda Loran gatori deyiladi va
fcn (z—a)"

kabi belgilanadi. Loran gatori

3¢, (z—a)" (18)
Va
¢, (z-a)" (19)

gatorlar yig‘indisi sifatida ifodalanadi. (18)-gatorga Loran gatorining to ‘g ri
gismi, (19) ga esa bosh gismi deyiladi.
(18)—darajali gatorning yaginlashish radiusi
1

imy/o.

n—oo

(20)

formula yordamida topilib, uning yaqginlashish sohasi
{zeC:|z—a <R}
bo‘ladi. (19)-qgatorning yaginlashish radiusi
r= @W (21)

formula yordamida topiladi va uning yaginlashish sohasi
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{zeC:|z-d>r}
bo‘ladi. Berilgan Loran gatorining yaqginlashish sohasi
{zeC:r<|z-d <R}
xalgadan iborat bo‘ladi.
Teorema. Agar f(z) funksiya U ={r <|z—a| < R} xalgada golomorf

bo ‘Isa, u shu xalgada Loran gatoriga yoyiladi:
>.C,(z-a)" (22)
Qatorning koeffitsientlari ushbu

_ 1 f(2) _
o z_i:p(z _a)mldz (n=0,£142,...) (23)

formulalar yordamida topiladi (r <p <R).

Loran qatorini yaginlashish sohasida hadlab differensiallash va
integrallash mumekin.

7°. Funksiyaning yakkalangan maxsus nuqtalari.

Biror f(z) funksiyani garaylik. Bu funksiya uchun a nugtada (a e C)
golomorflik sharti bajarilmasa a nuqgta f(z) funksiyaning maxsus nugtasi
deyiladi.

Ta’rif. Agar a maxsus nugtaning shunday

Lj(a)z{ZEC:O<\z—a\<s}

o ‘yilgan atrofi topilsaki, f(z) funksiya tj(a) da golomorf bo‘lsa, a nugta
f (z) funksiyaning yakkalangan maxsus nugtasi deyiladi.
Faraz qgilaylik, a nugta f(z) funksiyaning yakkalangan maxsus nugtasi
bo‘lsin.
1) Agar
lim f(z)=A

Z—a
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(A-chekli son) bo‘lsa, a nugta f(z) funksiyaning bartaraf gilinadigan maxsus
nuqtasi deyiladi.
2) Agar

lim f(z) = oo

bo‘lsa, a nugta f(z) funksiyaning qutb nuqgtasi deyiladi.
3) Agar z—a da f(z) funksiyaning limiti mavjud bo‘lmasa, a nugta
f (z) funksiyaning o ta maxsus nugtasi deyiladi.
Eslatma. A nuqgta f(z) funksiyaning bartaraf gilinadigan maxsus nuqgtasi
bo‘lsa,
f(a)= IJLna f(2)

deb olinishi natijasida maxsuslik bartaraf etiladi.

Agar a nugta f(z) funksiyaning qutb nuqtasi bo‘lsa, u holda shu nugta %
z

funksiyaning noli bo‘ladi. % funksiya nolining tartibiga f(z) funksiya
z

qutbining tartibi deyiladi.
Endi funksiyaning maxsus nugtalari bilan uning Loran gatori orasidagi
bog‘lanishini ifodalaydigan tasdiglarni keltiramiz.

1-Teorema. f(z) funksiyaning yakkalangan maxsus a nugtasi uning
bartaraf gilish mumkin bo‘lgan maxsus nugtasi bo lishi uchun f(z)

funksiyaning a nugta atrofida Loran gatoriga yoyilmasida bosh gismining

bo ‘Imasligi, ya’ni
f(z)=Yc, (z—a)"
n=0

bo ‘lishi zarur va yetarli.

2-Teorema. f(z) funksiyaning yakkalangan a nugtasi uning qutb

nugtasi bo ‘lishi uchun f(z) funksiyaning a nugta atrofida Loran gatoriga
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yoyilmasida bosh qism tarkibida chekli sondagi noldan fargli hadlarning
bo ‘lishi, ya ni
fz)= Yc, -(z—a)" (m>0)
bo ‘lishi zarur va yetarli.
3-Teorema. f(z) funksiyaning yakkalangan maxsus a nugtasi uning o ta

maxsus nuqtasi bo ‘lishi uchun f(z) funksiyaning a nugta atrofida Loran

gatoriga yoyilmasida bosh gism tarkibida cheksiz ko ‘p sondagi noldan farqli

hadlarning bo ‘lishi zarur va yetarli.

8°. Chegirmalar va ularni hisoblash.

Faraz qilaylik, f(z) funksiya {0<|z—a|<8&} da golomorf bo‘lib, a
nuqta bu funksiyaning yakkalangan maxsus nuqtasi bo‘Isin.

1-Ta’rif. Ushbu

i_ ff(dz  (0<p<?)

2Tl |2-a]=p
integral f(z) funksiyaning a nuqtadagi chegirmasi deyiladi va res f (z) kabi

belgilanadi:

res f () :i_ § f(z)dz.

11 |z—a|=p
Ravshanki, f(z) funksiya a nugtada golomorf bo‘lsa, resf(z)=0
bo‘ladi.
Aytaylik, f(z) funksiya {r <|z| <} da golomorf bo‘Isin.
2-Ta’rif. Ushbu

_ 1 ff@dz (p>r)

27l |2]=p
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integral f(z) funksiyaning z =oo nuqtadagi chegirmasi deyiladi va res f(z)

kabi belgilanadi:

res f(z) = —i_ § f(2)dz

T |

1-Teorema. Agar f(z) funksiya {0 < \z — a\ < r} xalgada Loran qgatori

f(z)= ¢ (z-a)"

ga yoyilgan bo ‘Isa, u holda
resf(z)=c, (24)

bo ‘ladi. Agar f (z) funksiya {r <|z| <o} xalgada Loran gatori

f(z) = icnzn

ga yoyilgan bo‘lsa, u holda
res f(z) =—c, (25)

2-Teorema. (Chegirmalarning yigindisi hagidagi teorema). Agar f(z)

funksiya C\{a,,a,,...,a,} to ‘plamda golomorf bo ‘Isa, u holda

kZn:r_es f(z)+resf(z)=0 (26)
~ 7-a, 2=
bo ‘ladi.

Endi funksiya chegirmalarini hisoblashda foydalanadigan formulalarni
keltiramiz.
1)  Agar z=a nuqgta f(z) funksiyaning birinchi tartibli qutb nugtasi
bo‘lsa,

res f(2) = Izima(z —a)- f(2) (27)

bo‘ladi.
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2) Agar f(2) :% uchun ¢(z) éa y(z) funksiyalar a nugtaga golomorf
y(z

bo‘lib,yw(a) =0, y'(a) =0 bo‘lsa, u holda

¢(a) (28)

f(7) =
s @)=

bo‘ladi.
3) Agar z=a nuqgta f(z) funksiyaning n-tartibli qutb nugtasi bo‘lsa,

bo‘ladi.

4)  Agar z=oo nuqtada f(z) funksiya golomorf bo‘lsa,
res f (z) = lim z[ f (e0) — T(2)] (30)

bo‘ladi.

5) Agar f(z)= (p(l) bo‘lib, @(z) funksiya z =0 nugtada golomorf bo‘lsa,
z

res f (z) = —¢'(0) (31)

bo‘ladi.

9°, Integrallarni chegirmalar yordamida hisoblash.

Chegirmalar yordamida turli integrallarni hisoblash mumkin. Bunda
quyidagi teorema muhim rol o‘ynaydi.

Teorema (Koshi teoremasi). Faraz gilaylik ,
1) f(2) funksiya D\{a,,a,,..a.} sohada golomorf
(DcC, a,a,,.,a, D),

2) f(z) funksiya sohaning chegarasigacha aniglangan va D \{a,a,,..a }da
uzluksiz,

3) dD - to ‘g rilanuvchi yopiqg kontur bo ‘Isin. U holda
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[ f(z)dz =2ni) res f(2) (32)
oD k=1 2=
formula o ‘rinlidir.
Izoh. (32)-formula oo e D bo‘lgan hol uchun ham o‘rinlidir. Fagat bu

holda z=o0 ni f(z) uchun maxsus nugta deb hisoblash hamda oD chiziq

orientatsiyasini soat strelkasi yo‘nalishida olish kifoyadir.
Yuqgorida keltirilgan Koshi teoremasidan amaliyotda yopiq kontur
bo‘yicha olingan integrallarni hisoblashda foydalaniladi.
10°. Aniq integrallarni chegirmalar yordamida hisoblash.
Aniq integrallarni ham chegirmalar yordamida hisoblash mumkin. Bunda aniq
integral kompleks o‘zgaruvchili funksiyaning kontur bo‘yicha olingan
integraliga keltirilib hisoblanadi.

2n
a) IR(COS X,sin X)dx ko‘rinishdagi integrallarni hisoblash.
0

Ushbu

2n
| = [R(cos x,sin x)dx (33)
0
integral ~ berilgan  bo‘lib, uni  hisoblash  talab  etilsin,  bunda
R(cosx,sinx) —cosx vasinx larning ratsional funksiyasi va u [0,2n] da
uzluksiz.

Eyler formulasiga ko‘ra

+€ .
COSX = > y SINX=

bo‘lishini e’tiborga olib, so‘ng

deb belgilash kiritsak, unda
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xe[02n]=ze{zeC:|7 =1},

COS X = l(z +£) , Sinx= i_(z —1), dx = _idz
2 Z A Z 1Z
bo‘lib, berilgan (33)-integral quyidagicha
2n _
| = [R(cos x,sin x)dx= {R(z)dz
0

|z|=1

bo‘ladi, bunda
~ 1_1 1. 1 1
R(z)=—-R(Z(z+>),=(z-2)).
iz 2 YA Z

Hosil bo‘lgan integral oldingi punktdagi (32)-formula yordamida hisoblanadi.
b) Xosmas integrallarni hisoblash.
Chegirmalar nazariyasidan foydalanib xosmas integrallarni ham hisoblash
mumkin. Bu quyidagi teoremaga asoslangan.

Teorema. f(z) funksiya {z<C:Imz >0} sohaning chekli sondagi

maxsus nugtalaridan tashgari barcha nugtalarida golomorf bolib, uning

chegarasida uzluksiz bo ‘Isin. Agar

lim [ f(z)dz=0 (y,={7=r, O<argz<m}) (34)

r—o0

bo ‘Isa, u holda Tf(x)dx yaginlashuvchi bo lib,

—00

[f(dx=2ni 3 resf(z) (35)

Imz, =0 =%
bo ‘ladi.
Bu teoremadagi (34)-shartning bajarilishini ko‘rsatishda quyidagi
lemmalardan foydaniladi.

1-Lemma (Jordan lemmasi). Agar

lim r max| f (z)| =0 (36)

r—wo  zey,

bo ‘Isa,

188



lim [ f(z)dz=0 (37)

r—o0

bo ‘ladi.
2-Lemma.(Jordan lemmasi). Agar
lim max| f (z)| =0 (38)
r—o zey,

bo ‘Isa, u holda YA >0 uchun

lim [ f(z)e™dz=0 (39)
bo ‘ladi.
Endi
[e™R(x)dx

ko‘rinishdagi xosmas integrallarni garaylik.

Agar lim max

r-o zey

R(z)\:O bo‘lsa, u holda bu integralga 2-lemmani va

yugoridagi teoremani go‘llash natijasida quyidagi formulalarni hosil gilamiz:

+fR(x)cos7uxdx=—27c-lm{ > res[e‘“-R(z)]}, (40)

Imz, -0 =7,

+fl‘-\’(x)sin Axdx =27 - Re{ > res[e™ - R(z)]} . (41)

Imz, >0 =7,
Misol. Ushbu
I : sin X dx
X —2X+2
integralni hisoblang.
< f(z) funksiya deb
eiz eiz

f(z) =

22 -27+2 [2-(+D)]-[z=1-0)]
ni olamiz. Bu funksiyaning 2 ta z, =1+i va z, =1—1 qutb nugtalari bo‘lib,

ulardan z, =1+i e{Ilmz > 0} bo‘ladi.
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R(z) = funksiya uchun z >0 da R(2) ~i2 bo‘lganidan
z

722 —-27+72

2-lemma shartining bajarilishi ta’minlanadi. Unda (41)-formulaga ko‘ra

= sin X
j—

T 2dx=27c-Re[resf(z)]
LIXT = 2X+ =1,

bo‘ladi.

o~ WD e

(27)-formuladan foydalanib res f (z) ni hisoblaymiz:

z=17,

- eiz .
res f (z) = lim Jz-@A+1]; =
27 (2) z»1+i{[z—(1+i)]-[Z—(l—i)] 2= )]}
ei(1+i) -1
=-—— =-——(sinl-icosl).
21 2
Demak,
oo . -1
[—m%__dx=2m-Re| —(sinl-icosl) |=me*sinl.
IXP—2X+2 2

Nazorat savollari.
Kompleks argumentli funksiya integralining ta’rifi.
Integral mavjud bo‘lishining zaruriy va yetarli shartlari.
Koshining integral teoremasi.
Ko‘p bog‘lamli soha uchun Koshi teoremasi.
Kompleks argumentli funksiya integralining integrallash yo‘liga bog‘lig

bo‘Imasligi.

6. Nyuton—Leybnits formulasi.

7. Koshining integral formulasi.
8.
9

. Darajali gatorlar va ularning xossalari.

Koshi integrali va Koshi tipidagi integral.

10. Elementar funksiyalarning darajali gatorga yoyilmalari.

11. Liuvill teoremasi.

12. Golomorf funksiyaning nollari.

190



13. Yagonalik teoremasi.

14. Modulning maksimum prinsipi.

15. Loran gatorlari va ularning xossalari.

16. Funksiyaning yakkalangan maxsus nuqgtalari.

17. Yakkalangan maxsus nuqtalar va Loran gatori orasidagi bog‘lanish.

18. Chegirmaning ta’rifi va chegirma bilan Loran qatorining koeffitsientlari
orasidagi bog*lanish.

19. Chegirmalarning yig‘indisi hagidagi teorema.

20. Chegirmalarni hisoblash formulalari.

21. Kompleks argumentli funksiyalardan yopig kontur bo‘yicha olingan

integrallarni chegirmalar yordamida hisoblash.

2n

22. jR(cos X,sin x)dx ko‘rinishidagi integrallarni hisoblash.
0

23. J'f(x)dx ko‘rinishidagi integrallarni hisoblash.
24. Jordan lemmalari.

25. _[R(X) cosAxdx ko‘rinishidagi integrallarni hisoblash.

—0o0

26. J'R(x)sin AXxdx ko‘rinishidagi integrallarni hisoblash.

“B-
MUSTAQIL YECHISH UCHUN MISOL VA MASALALAR
1-Masala. Boshi a(aeC) oxiri b(beC) nugtada bo‘lgan y to‘g‘ri
chiziq kesmasi bo‘yicha quyidagi integrallarni ta’rif yordamada hisoblang.

11 [(Bz+Ddz, a=1+i, b=1-i
1.2. [(z—i)dz, a=1+i, b=1+2i

13. [(z+i)dz, a=1+i, b=i.
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14. [(Bz—i)dz, a=1+i, b=-1-i
15. [(Bz+i)dz, a=2i, b=1-i
16. [(z+2i)dz, a=2i, b=1+i.
17. [(z-2i)dz, a=2i, b=—1-i
1.8. j(z—Z)dz, a=2, b=1+i.
1.9. j(z+2)dz, a=2, b=1-i.
1.10. [Bz-Ddz, a=2, b=-1+i.
111. [(8z-2)dz, a=2, b=-1-i

Y

1.12. [(z+3)dz, a=1+i, b=i.

Y

113. [(z—3)dz, a=1+i, b=

Y

114. [(z-3i)dz, a=1-i, b=i.

1.15. [(z+3i)dz, a=1-i, b=-i.

1.16. [(2z-3)dz, a=-1+i, b=i.

117. [(2z2+3)dz, a=-1+i, b=-i
Y

1.18. [(2z-3i)dz, a=-1-i, b=i

1.19. [(2z+3i)dz, a=-1-i, b=-i
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1.20. [(3z—i)dz, a=2+i, b=2-i
1.21. [(2z-1)dz, a=2+2i, b=i

2-Masala. Quyidagi integrallarni berilgan z, va z, nuqgtalarni

tutashtiruvchi y to‘g‘ri chizig bo‘yicha hisoblang.

2.1, [(x+iy*)dz, z,=1+i, z,=2+3i.
Y

22. [(x*+iy*)dz, z,=2+2i, z,=3+4i.
Y

23. [(x*+iy)dz, z,=1+i, z,=2+3i.
Y

24. [(x+iy*)dz, z,=2+2i, z,=3+4i.
Y

25. [(x*—iy*)dz, z,=1+i, z,=2+3i.
Y

26. [(x*+iy*)dz, z,=2+2i, z,=3+4i.
Y

2.7. jzdz, 2, =1+i, z,=2+3i.
Y

28. [(x*—iy*)dz, z,=2+2i, z,=3+4i.
Y

29. [zdz, z,=1+i, z,=2+3i.
Y

2.10. [zdz, z,=2+2i, 7, =3+4i
Y

211 [(x*+iy*)dz, z,=1+i, z,=3+2i.
Y

212. [(x*+iy*)dz, z,=2+2i, z,=4+3i.
Y

213. [(x+iy*)dz, z,=1+i, z,=3+2i.
Y
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214, [(x*—iy®)dz, z,=2+2i, z,=4+3i.
Y

2.15. [(x*+iy)dz, z,=1+i, z,=3+2i
Y

2.16. [(x+iy*)dz, z,=1+2i, z, =3+4i.
Y

217. [(x*—iy*)dz, z,=1+i, z,=3+2i.
Y

218. [(x*+iy)dz, z,=1+2i, z, =3+4i.
Y

2.19. jzdz, z, =1+i, z, =3+2i.
Y

2.20. [(x*—iy)dz, z,=1+2i, z, =3+4i.
Y

221 [(x*+iy*)dz, z,=1+i, z,=2+3i.
Y

3-Masala. 88-chizmada tasvirlangan y chiziq bo‘yicha olingan quyidagi

integrallarni hisoblang.

20
b
2 b 2
88-chizma
3.1, §5dz. 3.2. §22__Zdz.
YZ Y Z
3.3. §22+Zdz. 3.4. §32__Zdz.
Y Z Y Z
3.5, §3Z+Zdz. 3.6. §3Z_22dz.
Z Z

Y
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27 -3z

3.7. dz. 3.8. dz.
= =
3.9, §22+32dz. 3.10. {52 62 4
y Z
3.11. {62_52dz. 3.12. §4Z 52 42
Z Z
3.13. §4Z+52dz. 3.14. §52 42dz
z z
3.15. §5Z+4dz. 3.16. «f?z 82dz.
Z z
3.17. §7Z+82dz. 3.18. §8Z 52 4,
y A Z
3.19. §6Z_7Zdz. 3.20. §6Zf7zdz.
Y Z Y Z
3.21. §7Zf6zdz.
"z

4-Masala. Agar y:Xx=acost, y=Dbsint, 0<t<2m, ellips bo‘lsa,
quyidagi integrallar hisoblansin.

41. Jydz, a=2, b=3.
42. [zdz, a=2, b=3.
43. [zdz, a=2, b=3.
44. [(2x—iy)dz, a=2, b=3.

45. [(x—iy)dz, a=2, b=3.
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4.6.

4.7.

4.8.

4.9,

4.10

4.1

[EEN

4.12

4.13

4.14

4.15

4.16

4.17

4.18

4.19

4.20

4.21

[x?dz, a=3, b=2.

[y*dz, a=3, b=2.

[(x*—iy)dz, a=3, b=2.
[(x—iy*)dz, a=3, b=2.
. [(x+i-2y)dz, a=3,b=2.
. [@x+iy)dz, a=3, b=2.
. J(x=i-2y)dz, a=2, b=3.
. [@x—iy)dz, a=3, b=2.
. [(x=i3y)dz, a=3, b=2.
. [@x+iy)dz, a=2, b=3.

Y

. [(x+i3y)dz, a=2, b=3.

. [(Bx—2iy)dz, a=3,b=2.

. [(2x=3iy)dz, a=3, b=2.
Y

. [(3x+2iy)dz, a=2,b=3.
Y

. [(2x+3iy)dz, a=2,b=3.

. [(4x+3iy)dz, a=3,b=2.

5-Masala. Quyidagi integrallarni hisoblang.
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—3+i 2+i

5.1. dez. 5.2. jzzdz. 5.3. !zdz.
1+3i 3+i 1-2i
5.4, Izdz. 5.5. [zdz. 5.6. j_zdz.
3i 3 —-2i
1-2i 2+i 2+i
5.7. [z%dz. 5.8. [zdz. 59. [z°dz.
-2 2 2
2+i 2+i —2+3i
5.10. [zdz. 5.11. [z°dz. 5.12. [zdz.
1+2i 1+i -2
2+2i 2+2i 1+i
5.13. [zdz. 5.14. [z%dz. 5.15. [zdz.
—1+2i —1+2i —2+i
1+i 3+i 3+i
5.16. [zdz. 5.17. [zdz. 5.18. [z’dz.
—2+i 3-2i 3-2i
4-i 4-i 1+i
5.19. [zdz. 5.20. [z’dz. 5.21. [z°dz.
-3-i —3-i —2+i
6-Masala. Koshining integral formulasidan foydalanib quyidagi
integrallarni hisoblang.
6.1 e‘dz 6.2 e‘dz
213 (Z =Dz +3)(z +1) 213 (Z=3)(Z+3)(z +1)
6.3, _Snz__ 64. | ° _dz.
212 (27 +1)(2 - 21) 212 (Z=D(2-2)(z + 2i)
6.5. S dz. 66 [ _dz.
225 (2—31)(2° —52 +6) 2 (Z+1)(Z2+2)(2 + 2i)
6.7. - €08z dz sm_z —dz.
e (Z=1D)(Z+1)(z+3) s (2=2)(z+1)(z +4)
6.9. _eaz . 6.10. —CY
s (Z=31)(2° +32+1) e 2(Z2 = 21)(z + 21)
6.11 sinz dz COS Z

' js (z+i)(z-2i)(z+3)

1+i

ez r2)
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z

6.13 €

z

6.14. €

sinz

. J - —dz.
23 (z-D(z-2i)(z+2i)

|z-i|=2

COSZ

6.15

z

€

. j : —dz.
i (z=-D(z-2i)(z+3i)

6.17

sinz

19. z
s (2 =8 (2 +4)

Z2

e

: I _ - —dz.
s (z-4i)(z-21)(z-1)

6.21.

|z—2=5
7-Masala. Koshining

integrallarni hisoblang.

z+1
7.1,
Z£2(z—9%z+2f ‘
73 [ 22 4
‘Z_l‘zgz (Z +1)

75. ST
\z\:z,s(z_z) '(2_3)
77. TS
2 (2—1)" - (z+1])

79. | 27 g
2225 (2+2)" - (2 +1)
7.11. g
2 (Z+1)7(2-21)

713, | 2l g
=2 (2=1)7 - (z - 2i)

7.15 z-1

dz.
(z +4)(z* - 62)

integral

: —-dz.
22 (Z +1)% - (z-2i)*

dz.
2(z+1)(z+2)

6.16

z

i (2D (z =)z -2) ‘

618 [ —— ——dz.
(z°+4)(z-5)

|z]=3

COSZ

20. - —dz.
s (Z2=2)(z+21)(z + 4i)

z-1

7.2. . —dz.
-3 (2 =3)" - (z +1)

7-2

7.4, - _dz.
a2 (2 +1) - (2+2)

7.6. 23+ 2 ~dz.
-2 2(2-1)°(2-2)

78. AT
232 (2—2)" (2 +1)

710. | 2+l 4,

. 22 2’ (z-2i)°

7.12. J——£:£—dl

i 2 (2 +1)°

z-1

7.14. —— dz.
Z_Lz(z +1)°.7°

16. 23_1 —dz
=2 (2 +1)7 - (2 1)
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z+1 z+1

717, | : —dz. 7.18. . ~dz.
s (2 —21)-(z 1) s (z+2)-(2-2)
RTINS R ) 24l g
= (z—-21)" - (z+1) s (2-2)"-(z+2i)

7.21 2+l

: 5 dz.
12 2(z-1)"-(z2-3)
8-Masala. Quyidagi misollarda berilgan f(z) funksiyani z=a

nugtaning atrofida Loran gatoriga yoying va gatorning yaqinlashish sohasini

toping.
1
8.1. f(z)= D) =—i
8.2. f(z)= L , a=2,
(z-D(z-2)
1 :
8.3. f(z):(z—i)(z+i)’ a=lI
8.4. f(z)= _1 , a=-2
(z+1)(z+2)
8.5. f(2)= 1 , a=2.
(z—-2)(z-3)
1
8.6. f(z):(z—3)(z—i)’ a=I
1
8.7. f(2) = _ : =-1.
(z+D)(z+1)
8.8. f(z) = 1 —, a=2.
(z-2)(z+1)

8.9. f(2)= ! =—
o C(z+2)@z+)
1

8.10. f(z) = 22-20)’ a=0.
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1
(z+i)(z-2i)’

1
z(z+1)’

8.11. f(2)=

8.12. f(2)= a=0.

~ 1
C(z-D(z-2i)°
1
8.14. f(2) = , a=0.

z(z+1)
B 1
(z+D(z-2i)’

- 1
C(z+)(z-i)

8.13. f(2)

8.15. f(2)

8.16. f(2)

8.17. f(z)

~ 1
(z-2i)z-i)’
~ 1
(z-2i)z+2i)’

1
2’ +4

8.18. f(2)

8.19. f(2) = a=2.

I
I
A

1
(2) 2 —2(1—-i)z - 4i
821 f()=—~ a=2i
S 72 —3iz-2' '

9-Masala. Quyidagi misollarda f(z) funksiyani ko‘rsatilgan xalgada

Loran gatoriga yoying.

1

9.1. f(z)=2"-e*, V={0<|z <o}

9.2. f(z2)= L ,V ={0<|7<T.

(z-D(z-2)
1
9.3. f(2) = D2 V ={2<|z| < oc}.
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1
2(z-2)°
1
1-2%’
1

9.6. f(z)= 23 V ={2<|z| <3}

9.4. f(2) =

V ={0<|z/<2}.

9.5. f(z)= V={2<|z-1 <o}

9.7. (2) V ={l<|z/<3}.

B 1
(z-D(z-3)°
1

z7+2%'
2

7% —
1

1+ 72’

1
1+ 22’

9.8. f(2)=

V={0<|z|<1}.

9.9. f(2) = 1 V={l<|z+2/<3}.

9.10. f(2) = V ={0<|z-i|<2}.

0.11. f(2) =

V ={0<|z+i<2}.

Z+2
9.12. f(2) = ,
(2) 72 —47+3

1
2° -4z +

1
2> +32+2

22 +3
722 +32+2

V={2<h—ﬂ<m&.

9.13. f(2) = 3 V ={2<|z-1<o}.

9.14. f(2) = V ={l<|z/<2}.

9.15. f(z) = vV ={l<|7<2}.

2
0.16. f(z)= 2 —2*3

3y o V ={l<|z|<2}.

9.17. f(2) =

L V ={4<|z+2<x}.

2z +1

9.18. f(Z)ZZ—’ V :{2<‘Z‘<OO}.
7°+72-2
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1
(z-D)(z+2)°

1
(z+D(z+2)

22—-3
9.21. f(z2) =————
(2) 72 —-372+2

10-Masala. Quyidagi funksiyalarning barcha maxsus nugtalarini toping,

9.19. f(2) = V ={l<|7 <2}

9.20. f(z)= V ={l<|7<2}.

VvV ={0<z-2<1}.

ularning xarakterini aniglang va funksiyalarni z = oo nuqtada tekshiring (qutblar

uchun ularning tartibini ko‘rsating).

1 cosz
10.1. f(z)=ctgz—~. 10.2. f(2) =—————.
(2)=ctg Z (2) 2°(z% +1)?
2
103. f(z)=———. 104 f(2) = cos— .
sinz-1 1-z
7
105. f(z) = : 106 f()=—1 -1
(22 _1)2 cos—— SIn Z YA
-1
1
10.7. f(z)=sin1+i2. 10.8. f(z)=e 7.
7 2
109, f(z)=—t -1 1010. f(2)=— >
e’-1 z z-(1—-e7)
1
1 1
1011 f(2) =+ e, 1012 f(2)= S
(z+1) e’ —1
2° +9 2
10.13. f(z)=——. 10.14. f(z)=e?7.
e
2 e’
10.15. f(2) = . 10.16. f(2) = :
(2) (22 —i)® (2) 4+ 7°
10.17. f(2)=tg2z. 10.18. f(z)=sini_.

Z+1
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1019, f(z)=— 22+3

1

(z-1)%z-(z+1)

1021. f(z)=

11-Masala. Quyidagi funksiyalarning barcha maxsus nugtalaridagi

Zz=o00 nugtadagi chegirmalarini hisoblang (bunda z =00 nugta maxsus

2®.(2-cosz)

2

10.20. f(z)=e*d.

nugtalarning limit nugtasi bo‘Imagan hol garalsin).

sin z
11.1. f(2) =——.
(2) 2°(z+4)
Z2
11.3. f(2)=——.
(2) (1+2)°
eZ
11.5. f(2) = )
(2) z°(z-1)
117, f(z)= 9%
2T
4
sin 2z
11.9. f(2)= )
(2) (z+1)°
sin z
11.11. f(2) = )
(2) (2% +1)?
11.13. f(z):%.
7(1—e”)
sin z
11.15. f(2) = —.
(2) 2°(z° +4)
eZz
11.17. f(2) =—.
(2) 22 (2% +1i)
1119, f(z) = S92
22"
4

112, f(z)=—MZ%

272"
2

11.4. f(z):z3-cosi.
z-2

2

11.6. f(z)=2%-e*.

sin itz
(z-1)*

11.8. f(z2) =

11.10. f(2)=2? -cosiz.

COS Z
(22 +1)*

11.12. f(z2) =

11.14. f(z) =2°-sin 1
YA

sin z

2

11.16. f(2) = .
" —7

1

11.18. f(z)=12°-e".

11.20. f(z) = z*-sin i
z-2
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z

&
22 -(z2°+9)

12-Masala. Quyidagi integrallarni chegirmalar yordamida hisoblang.

1121 f(z) =

eldz sin1
12.1. 12.2. § L dz
2] 3Z (Z 1) 12=3 Z(Z +1) '(Z+2)(Z+4)
H
2 3az
123 § 2% 124, § 22
e (27 +1)- (2 -3) s (27 +1)
3 3 5
125, § 2% 126, § = 2 dz.
|2]=4 z* —2 I2]=2 2" +1
127. § 2l g 128§ 2N 4
‘ ‘ (z D?-(z+1) 2 (2—3)-(z+1)
120, { — 275 47 1210, ol g
s (2417 - (2+2) o225 (2=2)" - (2-3)
1211  — 270 12.12. 24l
e (Z-1)-(z +|) 230 (2= 2)(2+1)
12.13. 2=l 12.14. fz;l_zdz.
2as (2+2)-(z2+1) 2 27 - (2 +1)

1215, § 2l 2. 1216 § R
s 2(2—21) - (z - waa(2+2)°-(2-3)
1217 § — 22*° 4 1218 | 1 g

2ms (2 =20)7 - (z +1) 45 2°(2—-2)" - (2 + 2i)
1219 § S

‘Hl‘:l(z +1)'(Z — |2]=2 (Z +1)°(Z+5)
12.21. 1

dz
2 (2-3)-(2°-1)

13-Masala. Quyidagi integrallarni hisoblang.
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z
13.1. |(2z-1 ——dz, D= 2}.
6!3( z )cosz_l z {z] < 2}

&2

3
oo £

13.2. dz, D={z[<1.

13.3. [z°sin 1dz, D={7 <1}
aD Z

1 i
13.4. dz, D= -2 2%,
aLeerl i {z-2i[<2}

135. [z°sin 1dz, D ={z|<2}.
aD Z

2

dz, D={XZ+y2 <1}.

I sin 7tz

13.6.
aD(22 _1)3

z

e .
13.7. | —————dz, D={z- 1}.
;Dz“ +27° +1 ‘ {z-i<%

. Z+1
13.8. . ——dz, D= 2.
iz sin_—dz {z] < 2}
1
2%’
13.9. dz, D= 2.
aIDz+1 i {z| <2}
dz )
13.10. j dz, D={z-1-i[<2}.

p(Z-D%(z2* +1)

sinz
13.11. 5!3(23 ) dz, D={z-1<3}

I sin z
p(z+1)°

2 2 2

dz, D={x®+y®<2%}.

13.12.

13.13. sin I ={|z| < 4}.
oD A

7 1
13.14. | ——e?2d D= 41
3 aIDZ+Ze . {]Z‘> ¥
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z 1
13.15. @'[D(Z—l)(Z—Z)Z dz, D:{]z—2\<§}.

1
z%sin® ~

13.16. ide, D:{|Z|<3}

13.17. jsinzldz, D={7 < 2}.
oD z

13.18. [sin —dz D={z-1>1.

o 2-1

z
13.19. dz, D= :
a{)sinz-(l—cosz) ‘ {]Z‘<5}

13.20. —d D= 2}.
'[ZCOSZ—i—l Z, {iz| > 2}

13.21. —d D= 3}.
a!)stJr Z, {iz] >3}

14-Masala. Quyidagi aniq integrallarni chegirmalar yordamida hisoblang.

2n dX 2n dX

14.1. | . 14.2. | —
o (2+5sin° X) o (3+2c0s” X)
2n 2X

143 [ 14.4. jM.
0 (3+2sin° x) ‘ﬁ——cosx

4

T ot 2

145, Ism xdx. 14.6. Icos xdx
“z2—COS X 2+sin X
2 dx 2 dx

14.7. | —. 14.8. | .
o (3+2c0sx) o (2+cos” x)
2n 27

149, [ % a0 [
o (2+sin x) o (3+2c0s x)
b 2n

141 ]S g 112 [ %
s1+sin? x o (2+cosx)
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dx

1413, | —.
I5+43|nx

T dx
©3+COSX

14.17. Zj dx

5sin X+3°

14.15.

14.19. Zj dx

1 COSX+2

T 2
1491 I C0s” xdx

1 2-sin?x’

15-Masala. Quyidagi chegarasi cheksiz bo‘lgan integrallarni chegirmalar

yordamida hisoblang.

i dx

15.1.

L +D(XP+4)

2
=X
15.3. dx.
l[(x2 +1]

155 T dx
T (XP+2x+2)%

s dx
15.7. L—XZ Spreet

15.0. T x"dx

(x* +4ix-5)*"

ox? +1
15.11. | +1
,OOX +

15.13. Xdx

(X% +4x+13)*

21 2 X
144, [ S22 _dy.
v D+4Cc0s X

14.16. 2j dx

24 +2Cc0SX

14.18. T ax

——smx
4

1420, f—dx.

~ 4 +3Cc0s X

152 T x*dx
L+ (X2 +9)

154 [ TXF2 4
O xt+10x* +9

xZdx
Xt +6x2+25°

156

15.8. T—X dx
s (x* +8)?
i dx
,w(xz —2ix—2)2 '

15.10.

15.12.
! (2+ 3x )

15.14. dx

L +D(X*+4)*
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+90 vy 2 +00
1515 [ X "ax. 1506, [— %
x4l (X +D (X7 +4)
+00 2 00
1517, [ X9 1518, | % (neN).
o (X“+4) o1+ X
1519, [ % 15.20. IL (neN).

LG+ (P +9) L(L+2x%)"

15.21. | (neN).

dx
. (X2 +1)"

16-Masala. Quyidagi integrallarni Jordan lemmalaridan foydalanib

hisoblang.
161 [ _dx 162 [ S%2X gy
o (X" +4) (X +9) o X + X" +1
163, [ SN gy 16.4. [ _dx
o X°+4 o (X° +4)°
165, [ XX 166. [ dx
5 (X2 +4) o (X°+9)
167. [ S5 gy 16.8. [0
o X°+4 o X°+4
16.9. [ dx . 16.10. [ 252X
" X°+9 0 X? +9
16.11. j XOOX__ gx . 16.12. jcosx
X —2x+10 " X°+4
16.13. (Xz_l)coszxdx . 16.14. [~
S X°—4Xx+5 I X2 +2x+10
; .
16.15. (x +5x)sin Xdx 16.16. I(2x +13x)sin X «
2ox* +10x% +9 x* +13x* + 36
. s
16.17. j X gy 16.18. | XX 4x

X2 +4x+20 X" +5x% +4
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1619j XCOSX  ax . 1620j XX gx
' x2—2x+10 ' x?—2x+10
16.21. (x+1)sm2xdx
TOXP+2X+2

-C-
NAMUNAVIY VARIANT YECHIMI.
1.21-Masala. Boshi a=2+2i oxiri b=1 nugtada bo‘lgan to‘g‘ri chiziq
kesmasi bo‘yicha quyidagi
[(2z-1)dz

Y
integralni ta’rif yordamida hisoblang.

< vy chizigni a dan b ga qarab z,,z,,..z, nuqgtalar yordamida

n

n—ta y,7,..-, ¥, yoylarga ajratamiz. V &, €y, nugta olib, quyidagi
6= f(6)- (2~ 2,.)
integral yigindini tuzamiz . Unda ta’rifga ko‘ra
! (22-1)dz=lim o = m; F(5)- (2 —2, ) (42)

bo‘ladi. f(z)=2z—-1e C(y) bo‘lgani uchun (42)-limit mavjud va bu limitning

giymati y ning bo‘linish usuliga va &, nugtalarning tanlanishiga bog‘liqg emas.

z
= & = I“1T+"deb olsak,
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c= i(zgk -1)-(z, -z,,) = i{z'%—l}-(zk ~-7,.,)=

D02, +20) (2~ 20) (B -2 1= 2@ ~2) -

n

_Z(Zk _Zkfl)zzs_zg_(zn _Zo):bz_az_(b_a):

k=1

:iz—(2+2i)2—(i—2—2i):—1—4-2i+i+2:1—7i
Demak,

[(2z-1)dz = ime=1-7i v

Y

2.21-Masala. Quyidagi [(x® +iy®)dz integralni z, =1+i, 2z, =2+3i
Y

nuqtalarni tutashtiruvchi y to‘g‘ri chiziq bo‘yicha hisoblang.
< Birinchi navbatda y to‘g‘ri chizigning tenglamasini topamiz.

viy=2x-1 1< x<2 ekanligini ko‘rish giyin emas.

Bu tenglama, z=x+1iy, dz=dx+idy va y da dy=2dx ekanligidan

foydalanib, berilgan integralni hisoblaymiz:
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[ +iy?)dz=[(x* +iy?) - (dx+idy) = [ (x*dx— y*dy) +
+if (x*dy + y’dx) = i[x2 —(2x-1)% - 2]dx + ii[x2 24+ (2x-1)]dx =

P C— N

2
(-7x* +8x—2)dx+i[ (6x* — 4x +1)dx = —%+9i. >
1

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with(Student[ VectorCalculus]) :

> Linelnt( VectorField((x, y)), Line({1, 1), (2, 3)), output = plot)

VIIFirissiiidiisisss
VIFF S FEEiiiriiiss
ST EEITEIT T TFirs
Y FPdFiriiirsrririfrss
SN NN P
VEFe e s FFi I iif s rss
Terrrrpraprrreforars
LA N A Ay
Visrriitisifiiiisiis
Vrarrssrriffriricrisss
Frrrrdrirsfrrrlrrsrrs
E LA A A N
ArFrrrrs EA

4.5

15-)'.-'.-'.)‘,")' L
B CFIRIPY R
R I B R
Troaffrorvrrrsapnraipan

B R

aaaaaaaaaaaaaaaaaaaaa

The path of integration, vectow(s) tangent to the path, and vector-field
arrows

> Linelnt( VectorField( <x2, —y2>), Line((1, 1), (2, 3)), output = integral)

1
((1+6)*=2(1+20)?) dt
0

> Kl = Line[nt( VectorField( <x2,—y2>), Line((1, 1), (2, 3)) )

D

Kil =
3

> Line[nt( VectorField( @2, x2> ) , Line({1, 1), (2, 3)), output = integral)
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1
((1+20)*+2(140)?%) dt
0

> K2 = Line]m‘( VectorField( <yz, x2>), Line((1, 1), (2, 3)) )
K2:=9
>K:=KI+IK2

K=-12 191

3.21-Masala. 88-chizmada tasvirlangan vy chiziq bo‘yicha olingan

quydagi

i 7z J_Zr 6z dz
integralni hisoblang.
< Agar
v, ={z=x+iyeC:y=0, —2<x<2}, y,={zeC:|=2,Imz>0}
deb belgilansa, unda y =7y, Uy, bo‘lib, integralning xossasiga ko‘ra

§72f62dzz§72f62dz+§72f62
Y Z Y1 Z Y2 Z

dz

bo‘ladi. Bu tenglikning o‘ng tomonidagi integrallarni alohida-alohida

hisoblaymiz:
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72+62 27X+ 6X
Ol dz =
§ Z ZL X

2
dx=13[dx=13-4 =52,
-2

Y1

z=2e", 0<p<m

z=2e" | dz=2ie"do

n7. io . —ip ) n . .
i 2" +6-2¢ 2ie"*de = 2i [ (7e%° +66™)dp =
0 0

2e7™
= Z(Zeai‘p +6ei‘9j T = _10
3 3
Demak,
jrtozg, g 10 _%0
. Z 3 3

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with( plots) :

> with (Student| VectorCalculus]) :

>

plot( [[ 2 cos(t),2sin(t),t=0. x], [£,0,t=-2.2]],

x=-3.3,y=0..3, color = [ blue], thickness =2, grid
=100, 100])
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> Linelnt( VectorField({x, V), LineSegments({-2, 0), (2, 0)),

= plot)

output

NANNNANANANAYNT PSS
NANNANAANYIN T PSS s
SANNANANAN VAT SR
TR IR | LAV A AV A
R L UL U B Y F B A A A -
N NN EEY PN VAP -
B TR UET K2 T I
fffffff /p;«».._x\\\\\\m

- . \\m
“ ._. -ﬂ- ._ ._JW._U
= C C o : - o
° . S S Sy
\\\\\ VJ\\\__.___.JKIF...KII.:M
\\\\\\\mh_.__l;///rff.r;.m.
\\\\\\xmhm______;/.//x{{imu
\\\\\mm_ﬂhm__ﬁ,,/f//f/zm
A A N N O R e
A Y C R IRRAN
VA A B B S R R A
SL0000 DTV VAN NN

arroars

Kl =52

0..7t), output

> Linelnt( VectorField({x, y)), Path({2-cos(t), 2-sin(t)), ¢
= plot)

RSN Y
RO R Y
N Y

11
V1l

AL EES T EEE
SESLLS IS

1

_— -

—

The path of integration, vectons) tangent to the path, and sector-field

arros
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T

[t -1t
>K2 ::J 7-2-¢ " +6:-2-¢ -2-I-e”dt
—I'f
2-e
0
— _ 100
K2 : 3
>K:=KIl+ K2
K::i

4.21-Masala. Agar y:x=3cost, y=2sint, 0<t<2r ellips bo‘lsa
quyidagi
[ (4x+3iy)dz
Y

integral hisoblansin.

< Bu integralni (5) formuladan foydalanib hisoblaymiz:
z=2z(t)=x(t)+i-y(t)=3cost+i-2sint = z'(t) = —3sint + 2i cost.

Unda (5)-formulaga ko‘ra

2n
[ (4x+3iy)dz = [(12cost +6isin t) - (—3sin t + 2i cost)dt =

Y 0
2n

=3[[-16sint-cost +i(8cos” t —6sin* t)]dt =
0

.1+ cos 2t B ‘1—0032t

2

6

- 32f[—8 sin 2t +i(8 )]dt =

2n __
0 =

2n
— 3[[-8sin 2t +i(1+7cos 20)]dt = 3 [4cos 2t +i(t +%sin 2]
0

=3-27ni =6mi >
Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> with( plots) :
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> with(Student[ VectorCalculus]) :

>
plot([ 3- cos(),2-sin(z),1=0.2-1],x=-3.5.35,y=
-3 ..3, color = [ blue], thickness =2, grid = [ 100,
100])

> 2

(12-cos(t) + 6-1-sin(¢) ) -(-3-sin(¢) + 2-1-cos(t))
0
dt

6In
5-21-Masala. Quyidagi

1+i
jzzdz

—2+i

integralni hisoblang.
< Bu misol 2°-punktda keltirilgan 1-misolga o‘xshash yechiladi.
f(z) =z* € O(C) = Integralning giymati z, =-2+i, z, =1+i nugtalarni
birlashtiruvchi yo‘lga bog‘lig bo‘lmaydi. Shundan foydalanib integrallash
chizig‘i y sifatida
y={z=x+iyeC:y=1, —-2<x<1}
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to‘g‘ri chizig kesmasini olamiz (90-chizma).
AY

Zo=24  d i . E4r

90-chizma
Bu vy chizigda z = x+1, dz=dx bo‘lishidan foydalanib topamiz.
1+i 1
[ 2%dz=[z%dz= [(x+i)*dx=
Y -2

—2+i

1 3
= [(x? +2ix—1)dx = (%+ x> -x,=-3 >
2

6.21-Masala. Koshining integral formulasidan foydalanib quyidagi

e’ dz
225 (2 +4)(2° - 62)

integralni hisoblang.

< \2—2\ =5 aylana bilan chegaralangan sohani D deb belgilaymiz

(91-chizma).

91-chizma
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z? z?

€ €

F(z) = . =
(z+4)(z°-62) z(z-6)(z+4)

deb belgilasak, z, =0 6a z,=6

nugtalar € D, z, =—4 ¢ D. Shu faktdan foydalanib F(z) funksiyani ushbu

e” 1 1. (2 f(z
f ® L L 0 1@
6(z+4) z-6 727 z-6 z
ko*rinishida ifodalab olamiz, bunda f () = —-—— e O(D).
6(z+4)

Koshining integral formulasidan foydalanib topamiz:

e’ dz ~ ot
|2-2|=5 (Z + 4)(22 - 62) - z‘!S F(Z)dz N z'[s Z7—6 dz
Z£5 . dz = 2mi[ f (6) f(0)]_2m(60 24)
o oe® 1
5 52 >

7.21-Masala. Koshining integral formulasidan foydalanib quyidagi

z+1
5 dz
12 2(z-1)°-(z2-3)

integralni hisoblang.

a4 z,=0, z, =1 nugtalar {z € C :|z| = 2} aylana bilan chegaralangan
{z eC:|z| <2} doiraga tegishli bo‘lib, z, =3 nugta esa shu doiraga tegishli
emas. Zz, =0 6a z, =1 nuqtalami {z e C :|z| < 2} doiraga tegishli va o‘zaro
kesishmaydigan vy, ea vy, yopiq chiziglar bilan o‘raymiz. Bu vy, , vy, chiziglar
hamda {zC :\z\ =2} aylana bilan chegaralangan uch bog‘lamli sohani D

bilan belgilaymiz.(92-chi=~~




92-chizma
Berilgan integral ostidagi
B z+1
2(z-1)°-(z-3)
funksiya D sohada golomorf bo‘ladi. 2°-punktda keltirilgan ko‘p bog‘lamli soha

F(2)

uchun Koshi teoremasidan foydalanib topamiz:

[ F(2)dz={F(z)dz+{F(2)dz=1,+]1,

|z|=2
Agar
z+1
|, =¢F(2)dz= dz
1 f ) iz(z—l)?’(z—s)
integralda
z+1
f(z)=
@ (z-1)°(z-3)

deyilib, (10)-formuladan foydalanilsa

l, :{@dzzzni- f(0)=2ni-%=§ni

Y1

bo‘lishi kelib chigadi.

Endi
z+1
|, =¢F(2)dz = dz
2 i() iz(z—l)g(z—s)
integralda
z+1
Z) =
o(2) 2-3)

deb va (11)-formuladan foydalanib topamiz:
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¢ #(2) 27t z+1
Iz—qS( = 0= ==

)= @) = ) = ()
- yA z

(z —3)

@) ==(-1-2))=-
g 1= 9 0=5(1-2)=r
Shunday qilib,
z+1 2 . . T
| - =1+, ="qi—mi=-"
2 2-(2-1)°(z-3)
bo‘ladi
8.21-Masala. Quyidagi
1
f(z)=—————
(2) 7? —3iz -2

funksiyani a =2i nuqgtaning atrofida Loran gatoriga yoying va gatorning
yaginlashish sohasini toping.

< Oldin f(z) funksiyani

1
M= e

ko‘rinishda tasvirlaymiz. So‘ng uni sodda kasrlarga yoyib, cheksiz kamayuvchi

geometrik progressiya yig‘indisi formulasidan foydalansak,

O T !
(z-21)(z-1) z-2i z—-i z-2i

1 —1 © Z
- = +> (D" -
Z-21 z-2i Zo( )

1+

Loran gatori hosil bo‘ladi va bu gator {0 < |z —2i| <1} sohada yaginlashadi >

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.
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> with(genfunc) :

1
S o
f= 2
z —31Iz—2
— 1
4 2 —31z—2
>
>
> [ = rgf pfrac(f, z)
o | |
/: z—21 +z—l
> ] =27
Sel"leS[Z_I,Z )

1+1(z—=20) —(z—20)2 —1(z—20) + z—2D)*+1(z—21)° +O((z—21)%)

> series( f,z=21,8)

—r T 1+1—2D) — =2} —1(z—2D  + z—2D)* +1(z—21)° — (z —2D)°

—1(z=20"+0((z=2D?%)

9.21-Masala. Quyidagi f(2)= 222—_3 funksiyani
z2°—-32+2
V ={0<|z—-2 <1} xalgada Loran gatoriga yoying.
223 2z -3 1 1
z°-3z2+2 (z-2)(z-1) z-2 z-1
1 1 1 & i
+2.(-1)"(z-2)
n=0

= + =
z-2 1+(z-2) z-2
Hosil bo‘lgan Loran gatori berilgan V ={0 < |z — 2| <1} xalqada

yaginlashadi.>

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.
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> fim 2:z—3

22—3'Z+2
. 222—3
z —3z4+2
> = rgf pfrac(¥, z)
o 1
f'_z—2 +z—1

> f=series( f,z=2,10)

== "+ 11— =2+ (-2 (-2 + (-2 - (-2 +(z—-2)° — (2
)+ (-2 (-2 +0o((z—2)"9)

10.21-masala. Quyidagi f(z)=—; ! funksiyaning barcha
z°-(2—cosz)

maxsus nugtalarini toping, ularning xarakterini aniglang va funksiyalarni z =oo
nuqgtada tekshiring (qutblar uchun ularning tartibini ko‘rsating).

< f(z) funksiyaning qutb  nugtalarini  topish  uchun
o(2) = % =7°-(2—cosz) funksiyaning nollarini topamiz. z=0 nugta
z
¢@(z) funksiyaning 3-tartibli noli bo‘lgani uchun ta’rifga ko‘ra f (z) funksiyaning
3-tartibli qutb nuqtasi bo‘ladi. ¢(z) funksiyaning boshqa nollarini 2—cosz =0
yoki cosz =2 tenglamani yechib topamiz. Bu tenglamani 2-paragrafdagi
formulalardan foydalanib yechamiz:

z = Arccos2 = —iLn(2 £ /2% —1) = —i[In(2 £ /3) + 2kni] =

= 2kn—iln(2++/3).
Bu nugtalar ¢(z) funksiya uchun 1-tartibli nol bo‘lgani uchun f(z) funksiya
uchun 1-tartibli qutb nugta bo‘ladi.

z=o0 nuqta f(z) funksiyaning yakkalangan maxsus nugtasi bo‘Imaydi,

chunki u qutb nugtalar uchun limit nugta bo‘ladi.
Shunday qilib,
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z=0 - 3-tartibli qutb;
z, =2kn—iln(2+~/3), k=0,%+142,... - 1-tartibli qutblar;

Z = oo - qutblarning limit nugtasi bo‘lar ekan >

z

11.21-masala. Quyidagi f(z)=— © funksiyaning barcha
Z .

(z* +9)
maxsus nuqtalaridagi va z = oo nuqtadagi chegirmalarni hisoblang.
< Berilgan funksiyani
e’ _ e’
22 (2 +9) z%(z-3i)(z+3i)

ko‘rinishda yozib, uning maxsus nugtalari: a, =3i, a, =-3i - birinchi tartibli

f(2)=

qutb nugtalar, a, =0 - ikkinchi tartibli qutb nugta va z = oo - o ‘ta maxsus nuqta

bo‘lishini  aniglaymiz. resf(z) Ba resf(z) larni hisoblashda (27)-
z=a, z=a,

formuladan foydalanamiz:

z

resf(z)=res(z-31)f(z)=lim ——— =
7=q ( ) z=3i( ) ( ) z-3i Z2 (Z+3|)

=e¥. 91 - :—%(Sin 3-icos3),
—_ . I

res f(z) = rg§(z +3i)-f(2) = —é(sin 3+1c0s3).

(29)-formulaga ko‘ra res f (z) ni hisoblaymiz:

7=a,
eZ
72 +9

)=

res f (z) = lim i[z? £ (2)] = lim (
-0 (Jz z—0

z=a, z

e’ (z2°-2z+9) 1
m ==,
50 (22 +9)? 9

res f (z) ni hisoblashda esa 8°-puktdagi 2-teorema (chegirmalaring yig‘indisi

hagidagi teorema)dan foydalansa bo‘ladi:
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3
resf(z)=->resf(z)= %(sin 3-3). »

k=1 2%

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> i e
22-(22—|—9)
eZ
fi=
2 (22+9)
>al = residue( f,z=0)
_ L
al : 9
> a2 = residue( f,z=3"1)
3
a2 =5i41(e1)
> simplify( );
131
54 1€
> a3 = residue( f,z=-3-1)
1
a3:=—5—4I
(e’
>a:=-(al +a2 +a3)
1
a= - Lp) -4 I
9 54 (el)3

>b = evalc(a)
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NN SR O 2 L3
b: 9 + T cos(1)“sin(1) 54 sin( 1)

+i (3cos(l)2sin(1) —Sin(1)3)/((

-3 cos(1) sin(l)2 + cos(1)3)2

+ (3 c0s(1)sin(1) —sin(1)3)%)

1 SRRV 3
+1 T cos(1) sin(1) N cos(1)

+i (-3 cos(1) sin(1)2+c05(1)3)/<(

~3cos(1) sin(1)? + cos,(1)3)2

+ (3 cos(l)zsin(l) — sin(1)3)2))

> simplify( );
4 2 . 1. 1
7008(1) sin(1) —7sm(1) )
12.21-Masala. Quyidagi
Tt
-2 (2-3)(z° -1)
integralni chegirmalar yordamida hisoblang.
< (32)-formulaga ko‘ra f(z) = chun

u
(z-3)(z° -1

f f(2)dz = Znii res f(2) = —27ri[r£35 f(z)+ res f(2)]

=2 =177

bo‘ladi. Bu tenglikning o°ng tomonidagi chegirmalarni hisoblaymiz:

) i 1
resf(z)=Ilim(z—-3)f(z) =Ilim =
z=3 ( ) za3( ) ( ) 73 25 _1 242
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Agar
1 1 1

f(2) =
e-3a-1
Z Z

T Z-3)(°-1) 7"

ekanini e’tiborga olsak, unda z=o0 nuqta f(z) funksiyaning 6-tartibli noli

bo‘lishini aniglaymiz. Bu funksiyaning Loran gatori

f(z) =

bo‘lib, ¢, =0 bo‘ladi. Demak,

-7 -8
— L+t

1 c., ¢
Z Z

res f(z) =0.
Shunday qilib,
T

§ 15 dz:—zni-(iw):——. >
‘2‘22(2—3)(2 —1) 242 121

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> 1

(z—3)-(—1)

(z—3) (25—1)
>al = residue( f,z=73)
N
=
> a2 = residue( f,z=»)
a2 =0
>a :—27'[](61] +a2)
N
a = im
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>solve( {ZS —1 20}, {Z})

13.31-Masala. Quyidagi
[sin —dz D={z>3}
integralni hisoblang.
< f(z)=sin il deb, so‘ng (32)-formuladan foydalanib topamiz:
Z+

[ f(z)dz =2ni-res f(2)
) =

Endi f(z) funksiyaning z =oo nuqtadagi chegirmasini (30)-formulaga ko‘ra

hisoblaymiz:

res f(z)= I|m [ f () - f(2)] = I|m z(sin1—sin —) =

z+1
TR
=lim( 2z-cos—Z2+L.gin —Z+1 )
Z—0 2 2
_ | L
sin
: 22 272+1 2(z+1)
= lim - COS : = c0sl.
20| 2.(z2+1) 2(z+1) 1
] 2(z+1) |

Demak,
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jsm % dz=2mi-cosl. >
o Z+1

Bu misolni Maple matematik paketida yechishni ko‘rsatamiz.

> fi= sin( —T—l)
z

f:=sin( zj—l )
>q = 2-n-I- residue( f,z=)

a:=2Imncos(l)
>

>
> Zli_moof
sin(1)

>ql = lim z-(sin(1) —f)

al =cos(1)
>a:=2nlal

a:=2mlcos(1)
14.21-Masala. Quyidagi
T cos’ X
22 —sin? x

aniq integralni chegirmalar yordamida hisoblang.
< Bu integralda e =1z almashtirishni bajarsak,
xe[0,n]=>ze{zeC:|z=1}

dX = dZ,
212
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1 1
,  1l+cos2x _1+2(Z+Z)

COS” X = = ,
2 2
1 1
B 1-—(z+-)
sin2x=1 cost= 2 7
2 2
bo‘lib,
1 1
1+ —(z+—
2( z)
jcos xdx §1 2 dz
2 2—sin? X 2|‘:z 1—1(z+1)
2_ 2 JA
2
2
_1pl @+l

2i .z 2°+62+1
tenglik o‘rinlidir.
Integral ostidagi
(z+1)* (z+1)°
2(z* +62+1) z-[z-(-3+24/2)]-[z-(-3-22)]
funksiyaning z, =0, z, =—3+2+/2, z, =—3—2+/2 maxsus nugtalari bo‘lib,

f(2) =

ulardan z,=0 va z,=-3+2v2 lar {z|<1} sohaga tegishli bo‘lgan qutb
nuqtalaridir.

Koshi teoremasini ((32)-formulani) go‘llab, topamiz:

§ f(z)dz= 2n|[res f(z)+ res f(2)]= 2n|[—+

7= Z,Z,
_ 2
1@ +1)° @D i 1 (-3+2V2+)) -
z1 Z, -2, —3+242 42
=2mi(l-

\/—)
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Demak,

2 dx=n-(1-—=
2—sin?x T \/E) g

T C0S° X 1
!

> J (cos(x))®
0 2 — (sin(x))2

15.21-Masala. Quyidagi chegarasi cheksiz bo‘lgan
[ —de (neN)
o (x“+1)"
integralni chegirmalar yordamida hisoblang.
< Avvalo berilgan integralni
T dx = dx
o (X? +1) ,w(xz +1)"
ko‘rinishda yozib olamiz.
Endi
1 B 1
(z2 +D"  (z+1)"-(z-1)"

f(2)=

desak, bu funksiya
{zeC:Imz>0}da z=i

maxsus nuqgtaga, n -tartibli qutbga ega.

Ravshanki,

limr - maxf(z) 0 (v, ={z=ro0<argz<m})=

r—o0
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Jordanning 1-lemmasiga ko‘ra lim j f(z2)dz =0 bo‘ladi. Unda 10°-punktdagi
Yr

teoremaga ko‘ra

| X _ oriresf(2)
(X2 +1)" 2=
bo‘ladi.
(29)-formuladan foydalanib topamiz:
1 d™
resfz_llm —1)"-f(2) =
@) =lim gl @)
1 i d" 1 _(@n-3)nr 1
(n=D!'=i dz"* “(z+i)"" (2n-2) 2i
Natijada

oodx .1 (2n=-3)1 (2n-3)I!
J' 2 :27“'—_' = +TC
(XS +1)" 2t (2n-2)I' (2n-2)1
bo‘lib, berilgan integral uchun
T dx _(2n-3!' =
s (X2 +D"  (2n=-2)11 2

bo‘lishini topamiz

>
> Jw dx
0 (x2 + 1)
ﬁl‘( —? + n)
2 I'(n)
>
16.21-Masala. Quyidagi
J(x +1)sin 2x
» X+ 2X+ 2

231



integralni Jordan lemmalaridan foydalanib hisoblang.
< Bu masalani yechish uchun Jordanning 2-lemmasi va (41)-formuladan
foydalanamiz. f(z) funksiya deb
_(z +1)e* B (z+1)-e*™
2°+22+2 [z-(-1+D)]-[z-(-1-1)]

funksiyani olamiz. Bu funksiyaning ikkita z =-1+iva z,=-1-i qutb

f(2)

nugtalari bo‘lib, ulardan z, = —-1+1i e{Imz > 0} bo‘ladi.

z+1

R(2) =
(2) 2°+272+2

funksiya uchun z o da R(z);1 bo‘lganidan
4

Jordanning 2-lemmasi shartining bajarilishi ta’minlanadi va lemmaga ko‘ra

lim [R(z)e**dz =lim [ f(z)dz=0

r—o0

tenglik bajariladi, bunda y, ={jz| =r, 0<argz < m}.
Unda (41)-formulaga ko‘ra

J‘ (X2+ 1)sin 2x dx = 2n- Re[res f (2)]
SOXP 42X+ 2 o

bo‘ladi. (27)-formuladan foydalanib res f (z) ni hisoblaymiz:

z=7,

(z +1)e™ } _

res f (z) = |iLTZ11(Z -2)f(2) = lm{(z ~a) (z-2,)(z-2,)

z=7, z

—2-2i -2

2iz, -
=(Zl+1)e _1° = (cos2—isin 2).

(Zl o Zz) B 2i
Demak,
(X +1)sin 2x 2

. dx =2x- Re[e— (cos2—isin2)]=ne?cos2. >
S X+ 2X+ 2 2
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e}

> J (x+1)-sin(2-x) &

P +2x+2
1 1 . 1 1 .
7ncos(2 —21) — Elnsm(Z —21) + ?ncos(Z +21) + 71nsm(2 +21)

> simplify( );

1 cos(2) (cosh(2) — sinh(2))
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