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CV3 BOIIIU

Anrebpa — MaTeMaTHKAHUHT alre6pauk aMaUIapHU ypra-
HyBYM OYauMH. DHT comma airebpalk aMajuiap — Harypal
COHJIAp Ba Myc0aT paLlMOHAT COHJIAp YCTUAATM aMaulapaup.
VnapuuHr 6apya acocHii Xoccanapu KaauM 3aMOHJIapAa Mab-
JyM 6¥nraH. Aiare6pavk (UKD Ba OeJITHIApHUHT PUBOXJIIAHU-
wwra Jlnodant "Apudmernka“cununr (3pamusauHr 11 acpu)
TabCUPU KaTTa 6yaraH. Anre6paHuHr OyHIAH KEWWHTH PH-
BOXJIaHUMIMTra XuBana Tyrwirad Ba IX acpnma simiaradH mare-
MAaTHK Ba acTpoHoM MyxamMan u6H Myco ain-Xopa3MUHHUHT
"An-xabp Ba al-MyKoOana" acapMHHHI TABCHUPH XyHa KaTTa
o6ynran. "Anrebpa” aramacu Xopa3MUMHMHT aHa LIy acapu-
HMHI HOMHUIAH OfAMHraH. by acapma GupMHYM Ba MKKUHYH
Jlapaxainy anreOpavK TeHDIAMaJTapHU €YMINTa KEATHPWIATH-
rad MacalajlapHH €YMINHHHT YMYMHI ycy/utapu Gepuiiras.

XV acpHHUHT oxXHpura Keju0, Ly JaBpraya MaTeMaTHK acap-
Jlapaa MUUIaTWIraH anre6pavk aMaUIapHUHT Y3YHAAH-Y3YH
cysnu udonanapu ypHUra Xo3up KaOyl KWIMHTaH -+ Ba —
ULIOpaapy, gapaxa, WIAH3 Ba KaBc Gearwiapu naino 6yuiau.
@. Buer (XVI acpHHHT oXxuMpH) OMpHHYM GYIMO HOMABIYM-
Jap Ba Macanajiapiaa GepwiraH KaTTalukiap YuyH xapdwuit 6emn-
rwiapHyu uuwiata 6ountaau. XVII acpHuHr ypranapura Keiudb
acoCaH XO3UPIM 3aMOHIA HIUJATIWIAETTaH alre6pauk Oeinru-
nauiap Kadyn KWITHHIN.

XVII—XVIII acpmapaa "Aurebpa” ned anredbpauk TeHIIa-
MajapHM eyuwl Ba Xapduil dopMmynanapHd alkHUM y3rapTH-
puil xakugaru ¢ad tymysuarad. XVIII acpuuHr ypranapura
Kelragpa airebpa xo3up "smemeHTap anrebpa”’ ne6 TyLIyHH-
JIAIMTaH XaXMAa IOKCAIH.
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XVIII—XIX acpnap anre6pacd — 6y acocaH Kymxauiap
anredbpacuaup. bup HoMabnymiam anredbpauMk TeHIJIaMmajap
Ha3zapuscu 6unaH O6upra 6Up Heya HOMABIyMIH ajirebpauk
TEHIJIaMaJIap TH3UMIAPUHHU €YUII Ha3apUACH XaM PUBOXUIAH-
au. XycycaH, YM3HK/IM TEHIVIAMAIAp TU3MMIApU HA3apuscH
SIXIUM PUBOXJIAHAM, MATPHLA Ba AETEPMUHAHT TyLIyHYaIapu
nauno 6yanu.

XIX acpHuHr Ypranapuaad 6ouviab, anredpana UXTHEpUHA
anredpavk aMaanapHd YpraHuil Macanajiapu nauao 6yiuu.
XX acpuunr 6owmwnapuaa /1. Munsbepr, 3. Llreiinuu, 3. Ap-
THUH Ba 3. Herep xabu MaremaTMKJIap acapjiapd TabCHUpHIA
UXTUEDPUI anrebpauk aMalUIapHM YpraHui anredOpaHUHE aco-
CUH Macajlacura aiUtlaHad Ba XO3Wp XaM IuyHiad 6yaub xoi-
MOKJa.

Aire6paHMHI XO3Uprd 3aMOH MaTeMaTHKacHIaru axamu-
SATA HUXOSATOAA KaTTa. YMyMaH, XO3Uprd 3aMOH MaTeMaTHKa-
cH Kym Oy MMIapuHHUHT "anreGpankialinmu’ Ky4aiub 6op-
MOKJa. MartemaTuka 6o11Ka 6y 1uMiapy MacalalapUHUHT aJl-
re6pa TUIUra YTKA3WIMILH, YIAPDHU €YHIN YYYH HHUXOATIA
yHymiId OynraH ¢opMan anrebpavk XucoOmalllIapHU TaTOMK,
KWwIMiura UMKoH 6epagu. KeillMHru Bakriapaa MareMaTHKaiga
Oy Hyn 6wias MyXUM UXTHPOJIAp KWIMHraH (MacajaH, TOIO-
jorusna). AiredpaHuHr ¢u3nKana, KuOepHeTHKana Ba Marte-
MATHUK UKTUCOOAA MYXUM TaTOMKJIapH 60p.

Maskyp KuTOO YHHUBEPCHTETIAp Ba NMENUHCTUTYTIAD Ma-
TeMaTHKa GyIuMiIapu Taabanapura MyyoKaulaHrad 6yiuob, yu
KucMaaH ubopar. by kucmiiap TOLIKEHT 4aBiaT yHUBEPCUTE-
THAA YKUTWIAAUTaH ajiredpa Kypcu YKyB JacTypura MocC Ke-
Janu. :

Kuro6uuur 67- Ba 68-maparpadiapuHu €3vLIAA AOL.
b. TypcyHos axkuHimaH €pmaMm Gepau. Myawmudgnap yHra 3
MUHHATIOPYIWIMKJIADUHN OWInupaauiap. )

KnTo6 xakunaru Gukp-mynoxasaiapHu MyautudgIap Mmam-
HYHJMK OwiaH Kabyn KWwianwiap Ba OJIAMHIAH MUHHATIOD-
JIMK OWIaMpaguiap.
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Bupunuu 606.
TYILJIAMJIAP BA ®YHKIIUSJIAP

1-§. TYILIAMJIAP

TyruiamM Xo3uprd KyHaa MaTeMaTHKAHMHT SHT yMyMMI Ba
wy O1iIaH 6Mpra Hr OOLIAaHFUY TYWIYHYATApPUAAH OHPHUIUD.

MareMaTdKaga TYIUIaM JieraHia HapCaJlaApDHHHT, XOOMCa-
JJApHUHI UXTHEPUH MaxmyM (cuH¢pHU, OMpIalIMacH) TYyIIy-
HWwiaau. TYIUIaMHM TalUKWI 3TYBYM Hapcajap, XOOHcanap
YHHHT 3JeMenTiapn aed aramagu. KynuHya TVIUIaMHHHT 371€e-
MEHTIIapH Y3IapMHUHT OMp €KU OMp HeuTa Xxocca Ba Oelrmwia-
p4 OWiaaH TYIDIaMra KMpMaraH HapcajlapiaH, XoaucajlapaaH
axpanub TypaaM.

TVuiamra kupysun Gapya 3MeMeHTIAp TYPIH XHCOOIaHa-
I4, TbHU YHOa ailHaH OMp XWil 3JIeMeHTIap OyiIMakiau.

OnaTtna TYIUlaMiapHM KaTTa JIOTHH Xapdnapu GuiaH, yiap-
HUHT 3JIEMEHTJIADHHH 3¢a KHYHK JIOTHH Xapduiapu 6mnaH 6en-
THJIaHAIH.

Tywiamrapra Mucosuiap:

1) Ep ro3uparu 6apya omamiap TYILIaMu;

2) Ep ro3ugaru G6apya JasiaTiap TYIUIAMM;

3) Yoy 1, 2, 3, 4 connapnad ubopar TyILiaM; 3JIeMeHT-
napu 6y ycynaa 6UpUH-KETUH Tabpudmab GepuwiraH TYIUiaM-
JIapHM Kyimuaaruya Gesriail Kadbyn KwiuHras: {1, 2, 3, 4};

4) N ={1, 2, ..., n} — | naH n conuraya 6y;iraH Harypan
COHJIAD TYILIAMM;

5) N={1, 2, 3, ...} — 6apuya HaTypai COHJIAp TYILUIAMH;

6) Z — Gapua GyTyH COHIAp TYIUIAMU;

7) Q — 6apya pauMOHAJ COHJNApP TYILIAMH;

8) R — Gapya XaKuKUil COHJIAp TYILIAMM.

bynnau keiun xam N, N, Z, O, R 6eirwiapHu XyaaM iy
TYIUIaMJIap YYYH HMILIATaMU3.
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Kynaiiauk yuyH OmpopTa xXaM 3JIeMEHTTa 3ra 6yimaras
TYiuiaM xaM Kypwiaau. YHH O6ym TyiuiaM ne6 atanagu Ba @
buian OenrwiaHagu.

Yiby x € A €3yB OwiaH x 31eMeHT A TYIUIAMHUHT 3JIe-
MEHTH SKAHJINTH OeNTIIaHaau; 6y Xo11a x 3JIeMeHT A TYIuiaM-
ra mezuwiau (A Tyiuiamaa €ragu) gedmwiagu. AKC XOJ SIbHU X
3JIEMEHTHUHI A TYIU1aMra mezuuwiau smacauzu x € A 6wia”
OenruiaHagu.

Tavpud. Aeap A mynaamuune xap 6up sremenmu B
mynaamea xam mezuwiau 6yaca, A mynram B mynaamuune xucm
mynaamu (xucmu) detiunadu ea A C B éxu B 2 A 6unan 6Geneu-
AaHadu.

by xonna B t¥iam A TYIUtaMaaH KaTTa €KU TeHr, A TYIuiaM
3ca B TYIUIaMIaH KMYMK €KU TeHl XaM Jeiwrianu. Ymby "C"
Ba "2" Genrwiap 3ca TYIUIaMJIap OpacHAard TEHICU3IIUK My-
HocabaTu AeHunanm.

MacainaH, oxopugara MUCoauMu3ga N Tyiuiam Z Timiam-
HUHT KUCM TYotamMu, N C Z.

By Tanpudpan GeBocuTa KyitMparu xoccarap KC)IPI6 Yy-
Kaau:

1) by 1yruram xap KaHnah A TYIUIAMHMHIT KMCM TYILIa-
MUIHD, SThHU & C A;

2) Xap KaHmait A tymwiaMm yuyH A C A (TeHrCU3IUKHUHT
pedIIeKCUBIMK XOCCACH);

3) Arap A C BBa B C C6yica, y xomna A & C (TeHrcus-
JIMKHUHT TPaH3UTHUBIMK XOCCAaCH).

Arap A C B 6¥nca, K¥yIUHYa A HUHT 3JIeMEHTIapu B HUHT
A ra KupMmaraH dlieMeHTJIapuIaH Oup €ku OMp HedTa Xocca-
Jap 6wiaH axpamu6 typaau. byHnmait KucM TYIUIaMIapHH KyWn-
Jaruya OearwiaiMus:

= {x € B| x € A Hu Gearwiaiaurad xoccaiap }.
Macanas,
={n € N| n couu 3 ra 6ynmuHranna Koinuk, 1}, seHu A
TYIUIaM OHpHMHYM xanu 1 Ba aitmpmacu 3 6yiaraH apudmeTHK
[porpeccus xamiapuaaH udopar.

Tawpud. Aeap A C B Ba B C A6ynca, A ea B myniamaap
menz detiunadu éa A= B 6usran 6earzunanadu. Axc xon, ashu A
6éa B myniamaaprune menemacaueu A # B 6unan benzuranadu.
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by TabpudnaaH TeHrIMK MyHOCAOATMHMHT KyHHIArd Xoc-
canapu 6eBocuTa Keaub YMKAIM:

1) Xap xanpaii A TymnaM yyyH A = A (TeHIIMKHHHT ped-
JIEKCHBIIMK XOCCAacH);

2)Arap A =B 6ynca, y xonna B = A (TeHIIMAKHUHT CHUM-
METPHUKIIMK XOCCAaCH);

3) Arap A= BBa B= C 6yica, y xonaa A =C (TeHIJIHK-
HUHI TPaH3UTHUBIHMK XOCCACH).

Arap A Ba B tymamnap yuyH A € B Ba A = B ypuniu
6yinca, OyHM KucKaya A C B 6wnan GearwiaitmMus. Ymoy “C"
Ba "D" OeNrwiap TYIUIaMIap OPACHIATH Kamvuli mMeHzcu3AuK
Mmynocabamu peiwnanu. Ymby A C B MyHocaGaTHHHI MAbHO-
CH WIyHJaH uOopaTkd, A HUHI Xap Oup 3ymeMeHTH B ra Te-
rMUUIM, aMMO B HUHT A ra terduuid 6yaMaraH 3jaeMeHTIapu
MaBXyld. MacanaH, 0KopHIa KEJTHPHITAaH TYIUIAMJIAp YYYH
NCNCZCQCR

Papmianku, arap A C BBa B C C 6ynca, A C C (xarpuit
TEHTCH3TUKHUHT TPAH3UTHBJIHK XOCCACH).

IMynu afruiu Kepakku, A C B Ba B C A mapriap 6up
BaKTAa VpUHIM 3MAac.

by 6ynMaran xap KaHmait A TYIUIaM MKKHMTA TYPIH KMCM
TyIUIamra sra: & , A; 6y KMcM TYIUIaMIap X0cMac KHUCM TYIUIaM-
nap gevwinanu. bouika (ipHM & C B C A mWapTHH KAHOAT-
JIAHTHPYBYM) KUCM TYTUIaMIIap X0C KMCM TYILIamMiIap JeHwia-
au. by TyriaM Ba 6UTTa 3JeMeHTAAH MOOpAT TYILUIAM XOC
KMCM TYIUIaMJIapra 3ra 3Mac.

DJIEMEHTAAPUHUHT Y31 XaM TYIUIaM GYarad Tyiuiamiap Kymn
yJupaitgy. Yiap Tywiamiap TH3IMMHM AeHIIAIH.

MacanaH A TYIU1aM TeKUCIMKIArH 6ap4ya TYFPH YM3HKJIap-
JaH ubopar tymwiam 6yicud. by Muconga A TYIUIaMHHHT 371€-
MEHTU — TYFPU YU3UKHUHT V3K — T¥IUiaM 6ymub6, 6y TyiaM
Iy TYFpY YM3UKAa €TyBUM Gapya HyKramapjaH ubopar. by
eplla TYFpH YU3UKHUHT ¥3U A TYIUIaMTra KUpaJauilo, aMMO yH-
Jard HyKraJapHHHr OMpopracd xaM A TYIUIaMHHMHT 3JI€MeH-
TH 3Mac.

Tywiamnap TH3HMH 3leMeHTIapHHM 6ab3aH KaTTa JIOTHH
xapdiapu OWwiIaH OenruiaHamgy.
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2-§. TYILUIAMJIAP AJITEBPACH

Tyruiamnap yctuna 6up Heyra amaniap 6axapub, 6y aman-
JIApHUHT XOCCAJIAPUHM YpraHaMHU3.

A Ba B— uxtuépmii Tyuiamiap 6yiacuH. by uxkura TyioiaM-
JaH ubopar {A, B} TViamiap TH3UMHHM KapaiMus.

Arap ¢ € A Ba ¢ € B apTIapHMHT UKKAJIacH XaM YPHUHIH
oynca, 6yHnaii ¢ snemeHTr A Ba B TyruramnapHusr ({A, B}
TU3UMHUHT) YMYMUuii 3semenmu neAvianm.

Tavpud. A Ba B mynisamaaprune bapua ymymuii snemenm-
aapudan mysunzan mynaam A éa B mynaamaaprunz Kecuumacu
(6ab3aH KynaHTMACH, YMyMH KHCMH) deliunadu éa A N B 6u-
AaH Genzunanadu. ,

= Macanau, A ={0, 1, 2, 3} Ba B={l1, 3, 5, 7} 6ynca, y xonza
AN B={1, 3}.

KecummMa amanum tabpudugad KyHHIArd XoCCaTapHUHT
VPUHJIMIMIH O0€BOCHTA KEIHUO YHKAOH:

a,) Xap KaHpaH ATYTIIIaM YSYHAN A=A AN @G =GN A= D.

a,) Xap KaHpait A Ba B tyriamnap yayh A N B=B N A
(KOMMYTaTHBJIHK XOCCacH).

a,) Xap Kaugait A, B, C tywiamiap yuyH (A N B)N C=
=A N (B N C) (accomdaTUBINK XOCCAcH).

a,) Xap kanmait A pa B tymuiamuap yayH A 2 A N B Ba
BOAN B '

a,) Arap A, B, C tyruiamnap yuyn A 2 Csa B 2 C 6yica,
yxomma AN B2 C.

Arap A Ba B TYIUlaMIapHHHT KeCHIIMAacH OVl TYIUIaM,
SeHU A N B = 6yiaca, ynap KeCHIIMAHAMIAH TYILIaMiap
JeAWIaan.

Arap x 3JIEeMEHT YIYH X € A Ba X € B miapTiIapHUHT KaMU-
Ja GUpU YpUHIM Gyiica, 6yHai aneMeHT {A, B) TM3MMra Te-
MU JeHUITaau.

Tasbspud. {4, B} musumea mezuwnu 6yszan bapua snemenm-
aapoan mysunzan mynaam A ea B mynaamaaprunz bupaauma-
cu (6as3zan, uurunducu) detunadu ea A U B 6usan Geazuna-
Hadu.

Macanan, arap A=1{0, 1, 2, 3} Ba B={1, 3, 5, 7} 6ynca, y
xonga AU B={0,1, 2, 3,5, 7}.

8
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Bupnamma/amManu tappuduaad KyHMHIArd XOCCATAPHUHT
VPUHIWIMTY 6€BOCHUTA KEMHO YMKAIM:

b,) Xap kaHmait A TyuaM yayH AU A=A4, AU B = U
A=A

b,) Xap KaHnai A sa B tytuiaminap yayh AU B =B U A
(KOMMYTATHBJIHK XOCCACH).

b,) Xap Kannaii 4, B, C t¥tuamnap yuyd (AU B) U C=4
U (B U C) (accoumaTHBIHUK XOCCACH).

b,) Xap KaHnai A sa BTS"IUIaMJIapleYH ACAUB Ba
BCAUB-

b,) Arap A, B, C tytuamnap yuyn A € CBa B C C 6ynca,
yxonmma AU B C C.

Xap KaHpait A, B, C Tywamiap y4yH KecHIIMa Ba Oup-
JalIMa aMaJUIapMHH ¥3apo OoFTaaMraH KyMuaarda aWHUAT-
Jnap (IMCTPUOYTHBIMK XOCCaNapH) YpHHIH:

¢c) AU (BN C)=(AU B) N (4U C).
¢) AN(BUC)=(4N B)U (AU C).

BynapHUHT OUpUMHYHMCUHM McOoTIaiiMU3. DyHHHr yd4yH
AUBNCOCAUB)N(AUC)BaAU(BNC)2(AUB)
N (A U C) myHOocabaTMapHUHT HKKAJTACH XaM YPUHIWIATU-
HM Kypcaru kudos. IOkopunaru (b,) xoccara xkjpa A C AU
BsaAC AU C. byHnan a,) xoccara acocaH A C (AU B) N
(A U O). IOxopunaru a,) Ba b,) xoccanapra acocan BN C C
BC AUBBaBN CC CC AU C. bynnan a,) myHocabarra
Kypa BN CC (AU B) N (AU C). Hatixana b,) xoccara
acocaH AU (BN C)YC(AVBYN (AU C).

QHIM AU (BN C)2(4U B) N (AN C) mynocabaTHu
ucbotraiiMua. Papas KWIAWIMK, x € (AU B)Y N (AU C). Y
xomnma x € AU BBax € AU C. by epna HKKHM X0 6¥auiu
MYMKHH: 1) x € A; 2) x € A. bupunuy Xonga x € A 1ad x €
AU (BN C) myHocabat kenu6 ynkand. UKKHHYM xonaa x €
A, x€ AU B, x € AU C myHocabatnapnad x € Brax € C
9KAHJIUTH, ShHU X € B N C xennb yukanu. byHnan x € A U
(BN C). Iemak uxkana xonga xaM x € AU (BN C). by epna
X 3MTeMEHTHUHI UXTHEpHItMruaaH (AU B) N (AU C)C AU
(B N C) myHocabathu onamms. Illy 6uian c,) xocca ucbor-
JIAHIIH.
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UKKMHYH aHHUATHUHT UCOOTH OUPMHYMHUHT HMCOOTHTA
¥Xwani; yHu UCOOTIAIIHM YKYBUMIa XaBola KIIAMM3.

Tavpud. Amynsamuune B myniamea xupmazan ssemenm-
aapudan ubopam mynaam A ea B mynaamaapnune aiiupmacu
(6as3zan B nunz A dazu myadupyeuucu) deiiuradu ¢a A\B 6uran
beazusanaou.

Macanan, arap A= {0, 1, 2, 3} Ba B={l1, 3, 5, 7} 6yuca, y
xonpa A\B = {0, 2} Ba B\A={5, 7}.

by Muconnan KypuHaIuKu, TYIUIAMJIApHA aHUPKUIL aMajId
yY4yH KOMMYTATHBIMK XOccacH Xap KaHnai A Ba B TyiuaMmiaap
YYyH YpHHIU 3Mac. by aman ydyyH accOUMaTHBAMK XOCCACH
XaM ¥pHHIM 3Mac. byHra Moc MHECOJ TOMMMIIHM YKYBYHTA XaBO-
Jla KWIAMH3.

3-§. AKC DTTUPUILLJIAP

A Ba B 6y 6ynmaraH TyIuiaMmiaap GYICHH.

Tavpud. Azap 6upop f xoudaza mysodux A mynsamnune
xap 6up x anemenmuza B mynaamuunz 6upop y 3semenmu moc
KYuunzan 6yaca, 6y f koudaza axc smmupuwm (axcaanuw, axc-
aanmupuw, pyrxuusn) oetiunadu sa f: A - B éxu 'y = f(x) 6uran
beszunanadu.

Xaétna, TexHHKana Ba Gomka parrapaa onarna f: A - B
aKc STTUpunuiap A TYIUIlaM 3JeMeHTIapUHHUHI MabJIyM XOC-
CaCUHH OEeNruiIoBYM KaTTanruk cudaTuga yupainu. MacanaH,
A 6upop maxapaard ogamiiap TyiuiamMu OyiacuH. Y xoiama a €
A y4yH f(a) ne6 a omaMHHHr Gyl y3YHIUTMHU onamu3. Ha-
TXaga f: A - R akc STTHPHII XOCHI OYIanm. ,

YMmymMmaH, 6upop f: A - B akc 3TTMpMII Kapaica, YHH A
TyIUIaM 3JA€MEHTIApUHUHI GUpop f Xoccacu Aed TYIyHHIU
MYMKHH.

A T¥1U1aM faKC 3TTHPHIIHBHT AaHHKJIAHMIT COXAcH, B TyruiamM
3ca KHHMaTIap coxach Aeitwnanu. by f akciaHUIIAArd y siae-
MEHT X 3J€MEHTHUHT f — TacBHpH (00pa3m), X 3JIEMEHT 3¢a y
3JIEeMEHTHUHI f — acj o0pa3m peimwianm.

Arap y € B 6epwrraH 6y1ca, y Xolaa YHUHT 6apuya f - aci
obpa3snapuaaH ubopar TYIUIaM YHHHT f - acll o0pa3u Aeifnna-
au Ba f-! (y) opkanu GeirwiaHany.
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Yy f(4) = {y € B/ 6upop x € A yuyH y = f(x)} Ty1L1am,
SBHM X 3JIeMeHT A TymiaMaa yarapraHga f(x) HHUHT Kadyn
KWwirad 6apya KuiMaTiapuaaH ubopar TymwiaM A TYIUIaMHUHT
[ — obpazu peimwnann. Pasmanku f{4) C B.

Macaman, f: R - R — ¢yukuua f{x) = x* xouna 6yitnqa
xap OMp XaKWKHH COHra YHUHT KBaApaTHHMU MocC KyitraH 6yica,
y xonga f(R) mauduit 6yIMaraH XakKUKUi COHJIAp TYILIaMH-
JaH ubopar.

Arap f: A - B akc 3TTUpHUIN YYYH IUYHOAH b, € B 3meMeHT
MaBXxyqn Oyicaku, 6apua x € A snmeMmeHTnap yuyH f(x)=b,
O¥nca, yuu y3rapmac akc 3ttupuiil (yHKuMs) feimwiand. YHUHT
yuyH f-!(b,) = A Ba 6ouIKa Xap Kannait b € B yuyH /(b)) = O.

Tabpud. A2ap f:A - B ea g: A - B axc smmupuwanap
xap 6up x € A yuyu f(x) = g(x) menzauxnu Kanoamaanmupca,
yaap mewne Odeliunadu ea 6y mynocabam f = g kypunuwda é3u-
Aadu.

bepunran A Ba B Tywiamiap yuyH Oapua f; A - B akc
STTUPHILIIApAAH ubopaT TyiuiaMHU B” opkaiu GenrwiaiMus.

A, Ty1iam A HMHT 6Mpop KUCM TYIUIaMu 6¥incuH. Xap Oup
X € A, yayH f(x) = f(x) TeH[IUK OWIaH aHUKJIaHTraH f,: A, > B
aKC 3TTHPHIL f aKC STTUPUIIHHHT TOpAHMIIM, f AKC 3TTUPUIL
3ca f, aKC 3TTUPMLIHUHT KeHraiHmH (JIaBOMH) JEHMIANH.

Macanan, R T§wiamaa aHukiaHrad f(x) = /|x| dyHkms
[O1 +®) TyIIaMAa aHMK/IAHTAH S0 = Jx obyHKUMAHUHT
JABOMMIHD.

Tawspud. Azap f:A - B axc smmupuw yuyn xap 6upy € B
anemenm A mynaamoa kamuda 6up f — aca obpasea 32a 6yaca
byndaii axc smmupuw cropsexuus detiuradu.

Tavpud. Azap f: A > B akc ammupuw yuyn xap 6upy € B
anemenm 6ummadar opmuk f — aca ofpazea 32a 6yamaca (AsHU
A 0a émyewu x,, x, anemenmaap yuyr f(x,) = f(x,) menaauxdan
X, = X, menaauk Keaub yuxca), 6ynoai aKc smmupuul UHbeKUUS
detiunadu.

Taspud. Bup eaxkmoa xam cropseKyus 6a Xam UHBEKUUA
6ynean f: A - B axc smmupuw 6uexuyusa (yzapo 6up xuimamau
axcaanuw) deiiunadu.

Bomkayva aiftranna, f: A -» B akcnaHTUpHII OMeKIHS OYmu-
14 YYYH KYHHIATH IAPTHH KAHOATIAHTHPHUIIY KEpaK: X 3JIe-
MEHT A TyIulaMaary xap 0up KuiiMaTHU GUp MaprajaH Kadyi
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KWIKG Y3rapraHga Oy Bakrna y = f{x) GyHKuus B TYiUtlaMaara
xap 6up kKuiiMaTtHH (akar OHp MapTa KaOyJn KwiraH xoJijia
y3rapanu.

IOkopuna keatupwirad f: R - R, f{x) = x? QyHKUHA CIOPD-
eKUUA XaM 3Mac, HHBEKIUA XaM aMac. YyHKU MaHQUil COH-
JIApHUHT 6UpOpTa XaM acil 00pa3u MaBXyl 3Mac, MycbaTr CoH-
JIApHUHT Xap OMpH 3ca MKKUTaAad aci obpasra 3ra. Arap
R} =[o0, +00) Gexrwiamw Kuputub, fi:R = R}, fix)=x*
GYHKUMSAHH Kapacak, y clopbekuus 6¥1anu. Ymby f,: R - R,
J(x) = x? byHkuua uabekuns Ba f,: R > R?, f(x) = x? GyHK-
A 9ca 6uekuus oymaau.

Uxtuépnit ukkura f: A - B Ba g: B » C akc 3TTHpULUIAD
6epunran 6ymcuH. /

Taspud. Xap 6up x € A yuyn yuby p(x) = g(f(x)) mynoca-
b6am 6unan anuknanzan p : A - C akc smmupuwza f ea g akc
ammupumiapruHz Komnosuyusacu (cynepnosuyuscu, 6as3aH
Kynaiimmacu) deiiunadu éa p = gf busran beazunanadu.

Arap A= B= C Oyica, y xonmna gf: A - A KOMIIO3UUUSA
6mnaH 6upra fg: A > A KOMIIO3HUIKMA XaM KapaJIHIIH MyMKWH.
by xonna ymMyMman aittranaa, fg # gf Macanas, arap f: R -+ R,
f(x)=x%* g:R - R, g(x)=x+1 6¥ica, y xonaa
fe(x) =fix +1) = (x + 1)* Ba gf(x) = g(x?) = x* + 1. [lemak
=g

1-teopema. Xap xandaii yuma f:A - B, g:B » C,
h: C— D akc smmupuwnap yuyn h(gf) = (hg)f.

UcbHor. XakukataH xaM Xap Oup x € A yuyH
h(EH(x) = Wef(x)) = h(Eg(fx))) Ba (hg)f(x) = hg(f(x)) = h(g(f(x))).

By TeopeManary afiHHAT aKC 3TTHPHIUIAD KOMITO3MLIMA-
CHHUHI' aCCOLHATHBJIHK XOCCACH AeHIIaNu.

Xap kaHpait A TYiiaMHUHT Gapya x € A 3JeMeHTIapH
YYYH e(x) = e TeHITIMK OWIaH aHUKJIAHTaH e = ¢, ' A > A aKc
STTUpUII A TYIUIAMHHUHT aiHnii agcaapumm (OHPJIMK aKkcjia-
HHIIH) JeHuiany.

PaBmiaHku, xap KaHpmaii A TymwiaM y4yH OHpJIHMK aKcja-
HUW e, : A > A — Guexuusanup. bUpaKMK akcIaHUNLTADHUHT
acocHUM xoccacu IIYKU, Xap KaHzaih f:A -» B akc srmmpui
YIYH fe, = e, f=f.

Tabvpud. Azap f:A - B axc smmupuw yuyn wyndai
g: B> A axc smmupuw maexcyd 6yacaxu, gf = e, 6a fg=e,
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Ypunau 6yaca, 6ynoaii f axc smmupus meckapuianysui, g akc
ammupuw 3ca [ 2a mecxapu deliuaaou.

Taspugpdan kypunaduxu, g axc smmupuwl xam meckKapuia-
Hyeuu 6a f axc ammupuw ynza meckapu 6yaadu.

2-Tteopema. deap f akc smmupuununz mecxapucu mag-
xncyo byaca, y szona.

UcboT. Papa3 Kwiaitik, g: B - ABa h:B - A akc
STTUPULLIAD fTa TecKapu OYIcuH, AbHKM gf = e, hf = e, [ = €,
Jfh = e, Y xomna h(fg) = he, = h, (hf)g = e g = g. bynapnan akc
STTUPHMILIAD KOMIO3WIMACHHUHI aCCOLMATHBIMK XOCCACHTra
acocad h=g.

Arap f akC STTUPHMILNHUHT TeCKapHCH MaBXyn 6¥ica, YHI
S 6uwnaH GenrwiaiMus.

3-Teopema. Axc smmupuwnunz mecxkapuianysuu 6yau-
mu yuyK yHune Guexuyus 6yauwu 3apyp éa Kuos.

W c6oTt. 3apypauzu. Arap f: A - B aKkc 3TTHPHII TECKADH-
JIaHYBYH Ba g:B - A — yHra TecKapu akc 3TTHpHII 6¥1ca, y
xomna gf=e,, fg=e, Ba Xap 6up y € B y4yH
fzy) = (fg)(y) = ey(y) = y ByHnaH g(y) € A aMeMeHT y 37€-
MEHTHMHT f-acn obpasu 3KaHJIurd Keamb yumkangu. by epma
Y € B uxtu€puit 6yiIraliuru yuyH f — cropbekumsa 6yiaaam.
Arap 6npop Xx, € A 3IleMEHTIAp YYYH f(x) fx,) 6yaca, y
Xomua x, = e,(x,) = gf(x,) = gf(x) = e(x,) = x,, TbHU f — UHB~
eKIIHsI. }IeMaK f — ouekuus.

Kugposauzu. Dunu f: A - B — Guexuusa 6yncud. Y xonma
xap 6up y € B y4yH sroHa f - aci oOpa3 MaBxyn. Yuu g(y)
6wraH 6enrmnad, g: B - A akc 3TTHPHUILIHYU XOCWI KMJIAMH3.
By akc srTHpuiu f akc 3TTMpMILTra TeCKapd, YYHKM Xap KaH-
navt y € B yuyH fg(y) = f(g(y)) = y Ba xap kaHpaii x € A yuyH
&) = g(f(x)) = x. JleMak, f HUHT TE€CKAPHUCH MAaBXY/I.

Mucosnap: 1) Arap a € RBaa # 0 6yiaca, yxomnaf: R—> R
J(x) = ax PyHkums Ouekuus. YHUHr Teckapucu g:R - R,
g ==,

-2) Uxruépuit b € Ryuyn f: R - R, f{x) = x + b dyHKuMA
QuexuuAnup. YHuHr teckapucu g: R - R, g(y) =y — b.

3) Arap a, b € RBa a#0 6ynca, y xonma f:R > R,

J(x) = ax + b TeckapuiaHyBuM, YHUHT TecKapucu g:R - R,

8y) = y% LIyHuHr yuyH f Ba g GYHKUMSUIAD — GHEKLMIAP.
13

www.ziyouz.com kutubxonasi



4-teopema. A2ap f:A » Beag:B > C — 6uexkyusanrap
6yaca, y xoada yaaprunz xomnosuyuscu gf : A - C xam 6uexyu-
A0up sa (gf) 1= flg-l

U c6or. bepwiran f Ba g akc 3TTHpHLILIAD Ouekuus 6§i-
raHu yuyH f! : B> ABa g'!: C » B aKc STTMpULLUIAp MaBXYy..
Hemak fg1:C - A komro3uuus xaM MaBxyn. Komrmo3u-
HUSHUHT acCOLMATUBIMIUra acocan (g)(f'g) =glf)g’ =
= (gep g =88 = e Ba (g )(gh) =g )f =fec) =ff =
= e,. byHnaH gf akc STTMPHMIIHMHT TECKAPWIAHYBYMJINTH Ba
(g0 = flg! kenub unKangu. 3-Teopemara acocaH gf — Ouek-
UHsl.

Tabpud. A mynramuunz yaunu ysuea f: A > A 6uexyusacu
A mynaamuunz yzzapmupuwmu (asmawmupumu) deiiusadu.

A TYIUiaMHUHr 6apya y3rapTUpUIUIap TYIUIaMUHH G, Op-
KaJIu OeariwiaiMus.

Tavpud. G, mynaamnunz H gucm mynaamu Kyiudaeu
WapmMAapHU KQHOAMAGHMUDCA, Y Y3zapmupuuiLrap 2ypyxu detiu-
Aaou:

n,) H mynaamoazu uxmuéputi uxkuma f, g y3eapmupuunap-
nune fg ea gf komnosuyusrapu xam H ea mezuwinu;

n,) A mynaamnune 6upauk e, yseapmupuw xam H mynaamza
meauwau;

n,) xap 6up f € H yuyn f1 € H.

4-teopema, 3-meopemanunz namuxcacu ea bupaux e, akc
smmupuwnune Ouexyus sxansueu, G, myniamurunz y3u xam
Y3eapmupuwiaap ypyxunu Xocua KuAuuluKu Kypcamaou.

Mucoxnap: 1) K rymnamuaru f(x) =ax(a € R, a# ()
KypuHHuInugary 6apya ¢pyHkuusviap H ysrapTapuuuiap rypy-
XUHM XOCWI Kiwiaau. XaKuKaTaH:

a) Arapf (x) = ax, f,(x) = bx 6¥uca, y xonna (f, - f,)(x) = abx,
(, "f)(x) = abx, svnu ff, € H, ff € H;

0) ex(x) =f(x)=x, f,=e, € H;

B) £ 1(x) = a’x; nemax f* € H.

2) R tynnamparu g(x) = x+a (a € R) xypunumgaru 6ap-
ya (yHKUMsUIapaaH ubopar P TyIUlaM XaM V3rapTUpHULLIap
TYPYXUHH XOCHI KWIaaH:

a) Arap g, (x)=x +a, g(x) =x +b 6yiaca, y xonna
88, = 88,84 € P

14
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0) e,=g,€P;
B) arap g (x) = x +a 6yica, y xXonma g (x) = x — a; neMak
gl=g,€P

4-§. TYINIAMJIAPHUHT KYBBATU

Tavspud. Aeap A éa B mynaamaap yuyn f: A > B buexuyus
Mmaexcyd byaca, _yaap menz Kyeeamau myniamaap deiiunaou. by
MyHOCa0aTHU A = B OwraH GenrwianMus.

HWrapury maparpada KeJITUPIIraH OUEeKLMsIApDHUHT
xoccanapuiaH (IbHU OUPIMK e, aKC STTUPUILHUHT OUEKIIHA
5KAHJIMTUAAH, 3-TEOPeMAaHUHI HAaTHXacuaaH Ba 4-TeopemMa-
JaH) TYIUIaMjap TeHT KYBBATAMJIMK MYHOCAODATMHHMHT KyHH-
Aary xoccanapu GeBocura Keaub YMKanu:

a) Xap KaHJaH A TyiiaM yuyH A=A (pedieKCHBIIHK).

6) Arap A B 6yica, y Xomua B=4A (CI/IMMCTpI/IKJIPIK)

B) Arap A B pa B=C OVica, y xoima A=C (TpaH3u-
TUBJIHK).

PaBuianku, arapm # n 6=3”711ca,]$l ={1,2,..,m}BaN ={l,
2, ..., n} T¥1amnap yayd N,, = N, .

Arap 6y OymMaraH A TyIUIaM y4yH IIyHZald » MaBXyl
6yncaku, A = N, 6§1ca, A 9eknu Ty1uiam aeiwianu. bynnai
TyrtaMuu A = {a,, ..., a,} KYPHHHAIINIA €3MI MYMKUH, SbHH
A TYTUIAMHUHT 3JIeMEHTJIapM COHM M T'a TeHr. AKCHHYa, arap
A HY WyHIAW KYpUHUILIA €3u1l MyMKUH 6yica, A = N, . by
YEKIIH TYIUIAMJIADHUHT TEHT KYBBATIWIMIH yIapAaru 2JeMeHT-
Jap COHUHMHI TeHrnuru pemakaup. LlyHra kxypa, onmaraa
N, = n et €3wianm.

bynnaH 6y€H 3eMeHTIapUHUHT COHU 1 Ta GYITaH TYILIaM-
HY ywoy {a,,...,a} €ku {a, i =1,n} KYpUHULLIapIa €3aMH3.

Tavpud. N={1,2, 3, ...} — 6apua namypan conaap mynaa-
Mmu bunan meHe Kyesamau Gyarzan mynaiam canoxau detunradu.
byHnait A tyinamuu ymby A = {a,, a,,..., a,, ...} 4€KCU3 KeT-
Ma-KEeTIUK KYPUHUIIHAAZ €3WII MYMKHH. AKCHMHYa, IIYHOAi
KYpUHHIILA €3UI0 MYMKHMH OyaraH Xap KaHpaaili TyruiaM ca-
HOKJIMIUD.
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Macanan, A={l1, 3, 5, ..., 2n— 1, ...} — 6apya TOK Hary-
pan counapaaH ubopar TymiaM caHOKIHAUD: f: N > A,
f(m)=2n-1.

Canoxyin A T¥1u1aM 3nemeHTaapuHu 6yHaaH 6yéd A = {a,,
vy @,...} KM A={a, i € N} KypuHMILIapIa €3aMU3. YMy-
MaH, 6upop 7 TVIUiaM OwiIaH TeHr KyBBaTIM A TVILUIaM 3Je-
MEHTJIApUHM YUIOY

A={a,t€ T}

KYPUHUILOA €3aMH3.

CaHoKcu3 O¥IraH YeKCH3 TYIUIAMJIAp XaM MaBXy/l.

1-Teopema. R xaxuxuii conaap mynaamu canoxcuzoup.

N c6oT1. MabryMKu, Xap 6Mp 7 € R XaKMKHI COH STOHA
YCyJI 6MJIaH YeKCH3 YHIM Kacp KYpUHHIUMAA E3WIHINH MyM-
KUH, AbHU F = 4, 4, @, ... 4, ..., byepmag,€Z,4,€ {0, 1, ..,
9}, i = 1 Ba xap OMp » HATypaJ COH YUYH IUyHAaM j, j > n, COH
MaBXyIKM, 4, # 0.

®apa3 xunaivtuk, R TViuiaM ca”Hokiu Oyncud. Y Xonda
YHH

{ry 1 e 7y o } (1)

KEeTMa-KeTIMK KYPHHUIIKMAA €3Ull MyMKHMH. Xap Oup 7, HU
YEeKCU3 YHIIM KAcp KYpUMHHUIIKMIA €3U0 OraMm3:

= a0, a" al ... a9 ...
= g g g m

r,=ad, adad .. a ..

r,=a®, a? a? ... a? ...

= a®_ g® gk (K
r.=ap, aba® .. ab ..

Ouau ywby r= by, b, b, ... b ... 4€KCH3 YHIH Kacp KypH-
Humugary udonacy 61MiaH 6epUiIraH r XaKUKUH COHHU KyHH-
naruya tysamu3s. by = o, b, #0,b, 2 a®, b =20, ..., b, = a®,
b #0, .... by coH xaKukuii coH 6yrranu yuyH (1) ketMa-
KeTJIMKIa yypamu Kepak. Jlemak 6upop m€ N yuyH r=r,.
by xonna b= a ™ 6ynanu. By 5ca  HUHT Ty3HJIMILMIA 3U].
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OnuHraH KapamMa-kKapiuuidK R HUHT CaAHOKCU3IMTHHU
KypcaTaiu.

R XakuKuil COHMap TYIUIAMHHMHI KYBBATHHHM KOHTHHMYM
KYBBaTH €0 aTajaau.

Arap TYTUIamiap KyBBaTHHM YeKJIM TYIUIAMIIApDAArd 3Je-
MEHTIAD COHMHMHI YE€KCH3 TYIUlamjiapra ymMymiamMacu aet
Kapaica, l-teopeMa 4ekcH3 TYIUIamiiap y4yH TYpJAd KyBBaT-
Jlap MaBXyJ 3KaHUHH KypcaTaliu.

5-§. IXTUEPUHN TYIUIAMJIAP TU3UMU
YCTUJIA AMAJLIIAP

Arap A tyiamnap tH3uMa T TyiuiaM GuilaH TEHT KyBBarT-
M Ba A HUHT ¢ € T ra MOC 3JIeMEHTH By TY1wuiaM 6ynca, A HI

ywuby

A={B,teT)
Kypunmnmna é3unagu. Xycycan, 7' = {1, ..., k} — yexiu 6yica,
A={B,, .., B} xypuHuia €3mwIaad Ba YHH YeKIH TH3HM

nedwnanu. Arap T= (1, 2, ..., n, ...} — ca”Hokau Gyiuca, A HK
A={B, B, ..., B, ..} K{punuia €3mwiaa Ba YHH CAHOKJH
TH3NM (TYIIaMIAp KeTMA-KeTJHIH) IeHnanm.

T TVIUTAMHUHT UXTHEPHI T, xucM TYIUIaMHUra Moc KenyB-
w A, = {B, t € T} Tyiulamiap TU3UMH A HUHT KHCM TH3MMH
Jedunagu.

OHOU 2-§ Ja MKKMTA TYIUIAM YYYH KUPHMTWIraH KeCHIIMa
Ba MMFUHIU aMaJUIADHHU HXTUEPHH TYILIAMJIAp TU3MMH YIYH
TabpUupIaiMus.

A={B, t€ T} — uxtu€puii TYIUIamiIap TH3UMK OYICHH.

Arap b € B, mapt 6apuya ¢ € T yuyH 6axapuica, OyHuait b
9JEMEHT A TUMMHUHI YMYMHH 3JIEMEHTH Neiluianu.

Tavpud. A={B, t€ T} musumnunz 6apua ymymuii sne-
Menmaapudan my3unzan mynaam 6y muaumHune Kecummacu de-

tunradu ea QB 6unran beazunsanadu.
T
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Macanan, arap A = {N,, n € N} 6yim6, oynna N, = {1, 2,
..., n} 6ynca, y xonga

NNy = {1}

ke N

Arap xasnaiaup ¢ € T yuyH ¢ € B, wapt 6axapuica, OyH-
nai ¢ anemeHtT A= (B, t € T} TU3UMra TerHuLIM JAeAMU3.

Tavpud. A= {B, € T} musumea mezuwau 6yrzan 6ap4a
anemenmaapoan ubopam mynaam 6y musumnuHe durunoucu dei-

unadu ea \J B, 6unan 6enzunanadu.

teT
MacanaH, wxopugaru A= (N, n € N} TH3UM Yy4YyH
UN, =N.
neN

S — uxTUEPHUH TYILIaM OYJICHH.

Tavpud. Aeap wyndaii A= {B, 1t € T} mynaamaap mu3su-
Mu maexcyd 6yacaku, 6y musumea Kupyeuu xap KaHOQu ukku
mynaam y3apo xecuwumaca ea 6y musumnune iurunducu S 6yaca,
S mynaam cungpaapea 6yaunzan detiunadu. bynna B, Tyruiam-
nap § TyimiaMHuHr cuHdumapu, A TM3UM 2ca Oyannma (dak-
TOp TYIiam) neiiajin.

MacanaH, xXydt 6yTyH coHnap cuH¢pU Ba TOK OyTYH COH-
Jgap cuHpu Z 6YTyH coHlap TYIUIAaMUHUHC OV;IMHMacuUaup.
bapua yubypyaknap TyiutaMuHM y4yTa cuHdbra Oynuim MyM-
KWH: yTMac Oypuakiu, TYFpu OypyaxiM Ba YTKUp Oypyakid
yubypuakurap cundnapu. Yoy {[n, »n + 1), n € Z} spuMm uH-
TepBajUIap TYILIaMu R XakMKKH cOHIap TYIUIAMUHUHT O6¥IIMH-
MacUHH Oepaiu.

S Tynnamuuer A = {B, t € T} cundnapra 6ynmuHmacu Oe-
punraH Gyiicud. Y xoinaa xap KaHaai x € .S aIeMeHT yuyH 0y
SJEMEHTHU ¥3 WYHWra oarad sAroHa cuHdg MaBXyd. YHH X
opKaiu OenrwraiiMus. By 6wian ymoy f: .5 - A, fix) = x akc
STTUPHIL AHUKIAHAAA. YHHM Ma3Kyp cuHdIapra 6yiuiira Moc
dbakropH3auua agC STTUPHIIN HeHIITAIU.
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6-§. UXTUEPHUI TYIIIAMJIAP YCTUJIA
BEKTOPJIAP

bupop » = 1 narypan con yuyn N, = {1, 2, ..., n} T¥uiam-
HU ojlaMu3. A — 0¥ 6yamaraH TyroiaM OVJICHH.

Tavpud. Uxmuépuii f: N, - A axc smmupuwea A ycmu-
dazu n-yawamau éexmop deiiunradu.

by f: N, > A akxc smmupuwda i € N snemeHTra A TjIuiam-
Aa Moc Keilrad f{i) sneMeHTHH g, 6wian GenrwiaiMus sa f
HUHT KMAMAaTJIapUHU KMYMK KABC WYUTA OJUHTAH 7 Ta XaUIu
KeTMa-KeTIMK KYypuHMMaa €3amus:. (a, a,, .., a,). byHma
i -YpuHna i€ N snemeHtra Moc KenraH f(i) = a, aNeMEHTHH
€3aMH3. AKCHHYA, TapTHO OWIaH €31Irad MXTUEPUIL 1 TA Xa[UTH
(a,, ..., a) xerma-keTMK ymby f{i) = a, i € N, TEHIJIMKIAp
opkanu sirona f: N - A akc 3TTUpUIUHHU aHuKnainM. [yH-
aa Kuwinb, xamiapu A TYIUIaM YCTUAArM A-YI4amMau BEKTOpP
nebd, Mabirym TapTUOma €3WIraH n Ta XaUIM SJIEMEHTIApH
A JaH OJIMHTaH UXTUEPUIM KeTMa-KEeTANKHHA aWTHILIMMHU3 MyM-
KUH. YHU OyHaaH OyeH a = (a,, ..., a,) KYPUHHILAA €3aMM3.
by epuary a,, ..., a, 31eMeHTIIap @ BEKTOPHUHI KOMIIOHEHTa-
Aapu (KoopaMHaTanapu) AeHWIanM; a, STEMEHT BEKTOPHHMHT
i -KOMnoHeHTacH (KOODAMHATACH) JeHIIaIu.

AKC 3TTUPHILIADHUHT TEHIIUTH Tabpuduoar A-yrdaMiu
BEKTOpJIap YUYH KyHuaaru Tabpud Keaud IUKaiu.

Tavpud. deapa=(a, ...,a)eab= (b, .., b) n-yaam-
au gekmopaap 6apua i € N, yuyn a,= b, menaaukaaphu KaHo-
amaanumupca, 6y eexmopaap menz oetiunadu ea 6y myrocabam
a = b kypuruwoa éunadu.

PaBluaHkH, BeKTOpTapHUHI TEHIIMTH MyHocabaTu ped-
JIEKCUBJIMK, CUMMETPUKIMK Ba TPAH3WUTHUBIMUK XOCCalapura
ara.

Xamapu A TyIulaMaaH oluHraH Oapya n-yiidamiiM BeK-
TOpJap TYIUIaMU A TYIUIAMHUHI n-YAYaMJIH JeKapT KyOm ne-
Mwiany sa A" Ouiad OenrwtaHanu. XycycaH, UKKU YrdaMiiu
AeKapT KyOu JeKapT KBaupaTH meiianu.

Mucoi. Tekuciukiaa 6upop aeKapT KOOPAMHAT TH3UMU
KMPUTIWICA, TEKUCIMK HYKTAJIapH Ba TapTUO GuiaH €3uiraH
XaKUKHH coHstap Xydriaapu, asbHH R opacuna 6uekLins ypHa-
TWwiIagu. by xonna R yerupary MKKW VI4aMId BEKTOPIAPHUHT
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KOODAMHATAIAPU TeKUCIUKIArM HYKTATAPHUHI 1eKapT KOOp-
NUHaTaJlapuaaH udopar.

OHAM A, ..., A — Tyuiamnap A TyiaMHUHT 61 6§nama-
raH UXTUEPUH KHUCM TYILIaMiIapyd OYJICHH.

bapua i € N, yuyn ymby a, € A, lnapTIapHu KaHOATJIAHTH-
pyBuu 6apya n - yirqamium (a,, ..., a,) BEKTOpIAp TYILIaMH A,
wey A TYIUIAMJIADHUHI JEKAPT KYyNAWTMACH NeHHIadd Ba
AXxXAX ... XA Owian 6enrwiadaiv. Pasmanku, A4 XA% ..
XA C A"

Tabvpudd. f: A" > B ¢pynkyus A da anuxaanean n yzzapye-
wuau pynxuus (axc smmupund, aKcaanuw) detiuaadu.

by dynxkuusHunr x = (x,, ..., X,) € A" BeKTOpAart Kuima-
TH YHMHT X, ..., X, KOMIOHEHTajgapura 60OFIUK. Ym0y
Jx) = fl(x,, ..., x,)) 6enrn ypuura f(x) = f(x,, ..., x,) 6earu ui-
Jatum Kabyn KYUTWHIAH.

Muconnap: 1)f: RR— R, fix, y) = X* +y* yHKUHS UKKH
V3rapyBuuiau GyHKuus; 2) f:R*>R, f(x, ..,
x)=x%+x?+ ..+ x?3ca n yarapyBaumiu yHKUHS.

Tabvpud. F: A > B" ¢ynkuyus A nu B 2a ackaanmupye4u
m ma n yszapysuuau Qyynxuussap (aKc smmupuwnap) muzumu
detiunadu.

Xap 6up x € A" yuyH F{(x) 3neMeHT B" HUHI 3JIEMEHTHU
OyJiraHu y4yH y m - YI4aMJIM BEKTOPAWDP. YHUHT KOOpAUHA-
Tajlapd MOC paBuuia f,(x), ..., f, (x) 6yncun. Arap ymoy

y=Fx)=Fx, ..., x), y= ) > V)

¢yHkuMsa 6epuiran 6ynca, y xoina Kyiuaara m ta GyHKUUA-
nap xaMm OepwiraH Oynaau:

v, =f, s X)
=5k, . X,)
Y= Juls 05 X,)

AkcuHYa, 6y m Ta GyHKUMIap TU3HMHU GepuiraH 6yica,
Fx) = (f,(x), ..., f,(x)) 6enrunam kuputub, ywoy F:A"-> B”
GYHKUMSAHN XOCWJI KWIaMH3.
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Mu con. Uxtu€puii ukkura p, ¢ » N(1 < p < g < n) coH-
JapHu TaHnad onamus, Ba 71 : A" - A® akC 3TTHPULIHM KYHU-

Jarvya aHMKIadMM3: a = (a,, ..., a, ., a, ., a,) BeKTOpra
Ta=(a,, .., a, ., d, .., a,) BEKTODHHU MOC K¥AMU3, AbHU T

aKC 3TTHPHIUI Xap KAHIAH @ BEKTOPHUHT p - Ba ¢- KOOPIMHA-
Taiapuaad Gomka 6apya KOOpAMHATAJIAPDWHH Y3rapTHpMaii-
IH, p- Ba ¢- KOOpAMHATAIADHUHT 3ca (akKaT YpHUHHU aJMalll-
TUpaau. by akc 3TTHUPUINHU 7; , OPKaJIH GeiriiaiMus. Pag-
IAaHKU, Xap KaHdall a € A" y4yH Y;q(TM)(a) = q. byHnaH
3.3-TeopeMara acocaH Tp , 3KC STTHPUILIHUHT OUeKIUsl 3KaH-
JIMTH Ba TM" = 7;9 MyHocabar Keaud YuKamu.
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Hrrxunvu 606

BUHAP MYHOCABATIJIAP BA
AJITEBPAUK AMAJIJIAP

7-§. BUHAP MYHOCABATJIAP.
9KBUBAJIIEHTIIMK MYHOCABATH

Uxtuépuit A tyriam Oepuwirad 6yiacuH.

A TVIUTaMHUHT uxTHEpU P KucM TViiamMu A Tyiuiamia
O6unap mynocabar neivranu. Arap (x, y) € P 6ynca, y xonma x
3]IEMEHT y 2jJieMeHT OwraH P Omnap MyHocabaraa aeitwianu
Ba xPy Kabu €3mianu.

MareMatdkagara MyxuM OuHap MyHocabaTiap y4yH aM-
puM 6enrwiap KUPATWITaH.

Muconmap. 1) R Xakukuil coHaap TVIUlaMyMaa X Ba y
COHJJAPHUHT TEHITIMK MyHocabartd. YHUHr 6enrucu x = y. by
MyHocafaT R? TEKMCIMKOATM y = X TYFPH YM3UK HYyKTajlapu
OounaH Gepiranu.

2) R xakukuii COHIap TYIUIAMUZA X Ba ¥ COHJIAPHUHT TEHT-
MaciIuK MyHocabaTy. YuuMr 6enrucu x = y. by myHocabar R
TEKMCIUKAA y = X TYFPM YH3HKKA KUpMaraH 6apua HyKrazap-
JaH ubopar O6yyraH TyiviaM OwiaH Gepuianu.

3) Roa y COHHUHT X COHIAH KaTTa 3KAHJIUTUA MyHocabaTh:
benrucu y > x €km x < y. by myHocabar R na y = x TYFpu
YU3UKIAH IOKOPUJA €TYBYM HYKTalap TYIUiaMu Ouian OGepH-
Jany;

4) A = B — TymiaMJIapHUHT TeHDIMK MyHocabary;

5) A= B — TYIUIaMIapHHHI TEHIMAcJIUK MyHocabaTH;

6) AC B — éku B2 A — xucMm TViulaM MyHocabartu;

7) AC B éku BD A — xoc KHuCM TyIUIaM MyHocabatu;

8) a || B ~— TYFrpu YM3UKJIADHMHT [MAapaUIEJUIMK MYyHOCa-
fartu;

9) a L — TYFpU YM3MKJIADHUHT THKIUK MyHoOcabaTH;

10) a = — Oup TeHIIaManap TU3UMU UKKUHYMCHHMHI
HATHXAcH SKAHJIUTH;
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I1) a ¢ — UKKUTA TEHJIaManap TH3MMUHUHT TeHT Kyd-
JIMJIMK MyHOcabatu.

Arap A Tyiulamaa 6epwirad oupop P MyHoca0aT myHaai
oyicaku, Xap KaHaait a € A yayH aPa Ypuriau 6¥yica, y ped-
JIeKCMB MyHocabar neiwnanu. Arap aPb mynocabatnaH a # b
MyHocabar kenub uukca, (ApHU aPa MyHocabar xeu KaHaau
a € A sneMeHT yyyH Oaxapuimaca), OyHpail MyHocabGaTt aH-
THpedIeKCHB eiwiaan.

Arap aPb mMyHocabaTHUHTr GaxapunuimmaaH bPa MyHoca-
6aTHUHT XaM Gaxapwinmu Kenub yukca, 6yHmai MyHocabar
A Ja CHMMETPHKIMK MYHOCA0aTH aeiiianu.

Arap aPbh Ba bPc MyHOcabaTIapHMHT baxXapWiIHILIKIAaH aPc
6axapwiIviud Keaub YHKca, 6yH11au MyHOCabaT TpaH3MTHB-
JMK Jeinianu.

Tavpud. A2ap A myniamoaeu P mynocabam pegprexcus,
cummempux éa mpauzumueg bynca, ynu A 0a 3KeueareHmaux
MyHoca6amu detiunadu éa ynune yuyn aPb beszu ypruza Kynum-

ya a~ b (€kut a~ b ) beszu uwnamunadu.

OKBHBAJIEHTIIMKKA MUcouIap: 1) XaKUKWH COHJIapHUHT
TEHIJIMK MyHOCabaTH;

2) TYIIaMJIapHUHT TEHTJIMK MyHocabaT;

3) TeHmIaMaap TU3UMIIADMHUHT TEHT KYWIWJIMK MyHOCa-
6aru;

4) ¢YyHKUMSTADHUHT TEHDIMK MYHOCAbaTu.

5) Myxum mucon. A tyiamaa H y3raptupuinurap rypyxu
O6epwirad O6VICHH.

by H ysrapTupuuuiap rypyxu épaaMuiaa A 1a 3KBUBAJEHT-
JIMK TYLUYHYACHHU KUPUTAMU3.

Arap A TYHNaMHUHT a Ba b s1eMeHTIIapU Y4YyH LUyHAal
h € H6uexkuus MaBxyn 6yncaku, h(a) = b 6ynca, 6y aneMeHT-
J1ap H — 3KBUBaJeHT AeifWianu Ba a ~ b xypunumna €3mna-
I,

Arap uxtueépuil a € A Hu onub, h € H cudaTtuga e, HU
oJicak (e — OUpIMK aKC 3TTUPHLI ¥3rapTHpULLIAD TYPYXH-
HUHT Ta'bpn(bpmam 1,) waptra Kypa H ra teruuuy, e (a) = a,

H
AbHU Xap Kandak a € A yyyH a ~ a (pediIeKCUBIIMK).
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DHAH a a b oyncun. Y xonma wyHaad A € H MaBXyIKH,
h(a) = b. Y3rapTHpHILIap ryPYXMHUHT TabpudHUIary 1,) WapT-
rakypa. k! € H 'Y xonma h(a) = b teHrmikka h~! Tarbux
wicak, h-\(h(a)) = h-'(b). Byuman a = h- (b), swiu b2 a
(CUMMETPHKIIUK).

Arap aZb Ba b, 6ynca, mynnai h, € Hpa h, € H
GuexLuATap MaBXyaKHu, h (a) = b, h,(b) = c. Bynapnau h,(b) =
= h,(h(a) = ¢, spuu (hh)(a) = c. V3rapTupHmwiap rypyxu-
HUHT 1) mapTura Kypa hh € H bynnan Ba (hh)(a) =c

H
TEHITIMKNAH 4 ~ ¢ MYHOCa0aTHM OJaMH3 (TPaH3UTHBIIUK).

H

Jemak, a~b (H — 3KBUBAJIEHTINK) XaKMKATAH XaM 3K-
BHBAJICHTIMK MyHOCa0aT# 3KaH.

Kenaxakna 6y 3KBUBaJeHTIMKHM H y3raprupunuiap ry-
PYXH XOCWI KWITaH 3KBHUBaleHTINK (H-3KBUBAJEHTIUK) Jed
aTaiMu3.

A TV1UraM 6upop yeya 6unal cuHdnapra 6yauHrad 0yiacuH:

B={A,t€ T, A= U4, t € T by 6yrunuma épramuna 4

TYyIUIaMra 3KBHBZUICHT{§I?;K MYHOCA0aTMHM KUPUTAMU3.

Arap x, y € A snemenmiap B 6yauuManaru Oup cuHoOra
Teruuuy 6yaca, ynapHu B 6¥nuHMara HUCOaTaH SKBUBAJIEHT
AeiiMU3 Ba X ~ y IIAKJ1a €3aMus3.

By skBuBaNeHTINK pe(JEKCUBINK, CUMMETPDUKIHUK Ba
TPAaH3UTHBIMK XOCCAIAPWTa 3Ta.

HUxtuépuii A tViuramaa xap KaHaai 5KBUBAIEHTIMK MYHO-
cabaTu WIyHOAH XOCWI KWIMHHIIM MYMKWHJIMTUHHM Kypcara-
MU3.

A 1yuiaMaa Gupop “~” 3KBUBANEHTINK MyHocabaru Oe-
pwiras 6yiacun. Uxtnépuit x € A yayH X OpKaJIU X ra 3KBHU-

BaJIeHT Oyiiran G6apya y € A saeMeHTIAp TYIUIaMUHY Genru-
JaiMu3 Ba {X, x € A} Tyiviamnap tH3UMH A HUA cuHbAapra
OV IMIMHU KYpcaTaMu3.

Pednexcusink xoccacura acocaH xXap 6up x € A yuyH
x€ X, apHu UX =A. Duau xap 6up x € A 2JIeMEHT AroHa
cHH(Tra TerMuU¥ 3KAHIUTMHU Kypcaramu3. Papa3 Kunai-
JMK, » € ¥ Ba x € 7 OVJICHH, sbHH 7 ~ X. DyHOaH cHUMMeT-
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PHKJIMK XOccacura acocaH x ~ z. Uxtuépuit y € z 3jeMeHT-
HU oxamu3. Y Xonga z ~ y. lOKopunaru x ~ 7 Ba Z ~ y MyHO~
cabaTiapiaH TPAaH3UTUBIMK XOCCACHTIA acocaH X ~y HH oja-
MU3, STBHH Yy € X. Yy y € 7 3JeMeHT UXTHEPUH Gynranu
yuys 7 € X . FOKopuaarura yximai MyJi0xa3anap 6iiaH xCz
MyHOCa0aT xaM KypcaTwiaid, SbHM X =Z. by 6wian {x,
X € A} T¥wramnap TM3UMH A TYIUIAMHU cuHIapra OYrdinu
KYPCAaTWIIN.

Ilynnait kw6, A TYIiaMaary 3KBHBaJeHTIMK MYyHoca-
6atu O6wiaH A HU cuHIapra 6YIMIn opacKuaa y3apo Oup Kuii-
MaTiiu OOFTAHUIL KYpCaTHIIIH.

A t¥rutaMaa 6upop P 5KBUBAJIEHTIUK MyHocabaTu Oepui-
rad Ba C — 6upop TYTuram OVICHH.

Arap f: A » C akc 9TTUpHIL, STbHU A TYILUIAM 2JIeMeHTIa~

P
PUHMHT 6Upop fxoccacu yuyH a ~ b |, a, b € A myHocabartian
f(a) = f(b) Tenrnuk xenub yukca, 6yHnai akc >tTupum P-
HHBApHAHT (P — SKBUBAIEHTIIMKAA CakJIaHyBYM, y3rapmac)
JAeHwnanu.

XycycaH, arap A TYIUIaMAarid 3KBUBAJIEHTINK MyHocaGaTH
A Tymnmampard 6upop H y3rapuuuiap Typyxd XOCHI KWIraH
H-skBuBanieHTIHK MyHocaGatu 6yncuH. By xomna H — uH-
BapHaHT f: A - C akc arrtupuin tTabpudu Kyiugaruya depu-
JUIIA MYMKHH.

Aeap xap kanoaii h € H sa x € A yuyn fix)= flhx) meneaux
Ypunau 6ynca, 6yndaii axc ammupuw H — uneapuanm (H ysea-
puuiaap 2ypyxu mascupuda cakaanyeyu) oeliusadu. H — unBa-
PHAHT aKC 3TTUPMUIUIAD MaTeMaTHKaga Ba (aHHUHT TYpIu
coxanapuia Kyu yupaiinu. MacanaH, €nuk, GU3UK TH3MMHUHT
SHEprusAcH €nux GU3MK THIUMHUHI Oapya (PU3MK Y3rapuii-
Japura HUcOaTaH CakJIaHAOWTAH KATTAMMKIUD (SHEPIHSHUHIT
CaKJIaHUII KOHYHH). MexaHUK TH3UMHHHI Maccacu MeXaHUK
XapakaTjiapia cakJIaHaau.

P — uHBapuaHT aKC 3TTUPUIIAD KYHHOArH Xoccarapu
Tyaiiy MyXuM axaMusTra sra. arap a,, a, € A aneMeHTIap
wyHnai 6yiacaku, fla)) # fa,) 6yaca, 6yHnait a,, a, 3MEMEHT-
jgap P — sxsusasnent 6imainu. [yunain kunu6, P — uusa-
pHaHTIap P — SKBUBaNeHT cUH(IApHH apK KIWIMIL BOCH~-
Tacu cudaTHaa axamusrra ara.

25

www.ziyouz.com kutubxonasi



Tavpu¢. P— unsapuammaap F = {f, v € T} muzumu
Kyliudaeu wapmuu kKauoamaawmupca, y myaa deiiusadu: xap
kandau ukkuma P — 3xeusanrenm 6yamaean a,, a, € A snemenm-
Aap yuyn wiynoaii P — uneapuanm f€ F masxcyoxu, fla)) # fla,).

KeiuHru 606mapaa P — WHBAapUAHT (DYHKIMSUIADHU KYII
y4paTaMu3.

8-§. TAPTUB MYHOCABATU. MATEMATHK
HHAYKINA

JHAU A TYiviaMaa TapTHd MyHocaGaT KUPUTAMU3.

A tymamparu antupedaeKCHB Ba TpaH3UTUB Oyiran P
MyHocabatra A4 Tyrulamaa TapTu® MyHocabaTd aeiuiaaan Ba
aPb ypuura a < b €xku a > b €3wnaau.

Mucosap: 1) R xakukuii coHyiiap TYIUIaMUJa X Ba y COH-
Jnap opacuzaru x < y TEHICU3JIMK MyHocabaTu;

2) bupop M TyraMHuUHT 6apya KUCM TYIUIaMIapy TU3UMHU -
HU 2¥ opkanu OearunaitMu3s. Y xonna 2M na KucMm Tyiamiap
opacuaard “C” MyHocabaT TEHTCH3IMK MyHocabaTu 6ymanm.

3) N HaTypan coHyap TYILIaMHaa OYIHHHLI MYHOCabaTu:
arap y coH x ra OynuHca Ba y # x 6yica, ynap x < y MyHoca-
bartna merMua3.

Arap A tyrmampa oupop taptu6 MyHocabatu GepruraH
O0ynca, A TYiaM KMCMaH TapTHOIaHraH neiuiagu.

Arap KMCMAaH TapTUOIaHraH A TYIuiaMaa UXTuepuii x, y €
A snemeHTNIap yuyyH X < y, X = ¥, X > y MyHocabaTIapHUHT
Gupy Ypurik 6yirca, OyHAAl TYILIAM YM3HKJM TapTHOJAHTaH
JeHuIany.

IOkopuaa KeaTupwirad MucosUiapra Kalramms: 1) R —
YM3UKJIK TapTHOiaHrad; 2) arap M Tymiamaa ¢akat Ourra
aneMenT OyicarmHa 2¥ TYIUIaM 4YM3UKJIUA TapTHOIaHraH 6Y-
Jagu.

Arap KHCMaH TapTuOJIaHTaH A TYIUIAMHUHT MXTHEpUH B
KHCM TYILIaMH 3JIeMeHTIapu YuyH A aaru Taptub MyHocaba-
TH Kapajica, y MyHocabatr B n1a xaM tapThb MyHocabaTu 6yma-
au. Arap A — YM3UKIH TapTuOaaHrad 6ynca, B XxaM YM3UKIU
tapTubnaHrad 6ynanu (McOotaaHr!).
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A TyiuiaM KMcMaH TapTubaHras 6yiacuH. Arap m € A sne-
MEHT YuyH X < m (X > m) TeHI'CU3JIUKHUA KAHOATIAHTUPYBYH X
€ A 3aeMmeHT MaBXyn OYiamMaca, OyHaa m 3JeMEHT MHHHMMAJ
(MakcHMaJ) 3MeMeHT deHIWwIaau.

HOKopuna KeaTupuiraH MMcosuiapra fiHa KaiTaMu3:

1) R 1a MMHHMAJI S]IEMEHT XaM MaKCHUMAal 3JeMEeHT XaM HyK;

2) 2¥ rymmaMpa 6y TYIiaM — MHHHUMaJl 3JeMeHT, M
TYIUIaM — MaKCUMaJl 3JIEMEHT.

Auau N Hartypan cownap t¥wamuga “<” cudaruga HaTy-
pasl COHJIAp Opacuaard oAauil TEHICU3IHKHU oJaMu3. Y xonza
N ga 1 — MuHMMAN 37eMeHT OVIaau, aMMO MakKCHMAal 3Jie-
MEHTIap MapBxyn sMac. Arap H tyiiaM N HUHI UXTHEPUI
KHUCM TYIIaMHu O¥iica, yH/1a MUHUMAI 3JIeMEHT MaBXya. byH-
Jait aneMeHT H HUHT 3JIeMeH j.1apu H1IUAa 3HT Kuuuru: Kyii-
uaa N ga Xxynad 1y TapTié Kypuiaau.

Hatypan coHnap TyruiaMuiard KUcM TYIUIaMJIapHUHT 6y
XOCCacHJaH MaTeMaTHK (opMysiatap Ba TEOPEMAJApHU MC-
SOTNAIIHMHT KyHHIArd yCyJau Keiavb YMKaau.

Teopema (MareMaTMK MHAOYKLHMA TamoMwm). Xap 6up n
€ N yuyn T(n) macoux (hopmyaa) myaoxasa bepurzan 6yacuH.
Azap wynoaii kouda (ycya) maexncyd 6yacaxu, 6ynza acocan:

1) T(1) macouxnune wunasueunu (myrpusuzunu) ucbomaaw
MYMKUH byaca ea

2) m < n menzcusAuKHU Kanoamaanmupyexu bapua m aap
yuyn T(m) Tacankumn unn ned dpapas xuamd, T(n) nunz wunau-
2unu Kypcamuuw mymKun 6yaca, y xoaoa T(n) macoux xap Kan-
daii n € N yuyn uun 6yasaou.

U c6oT1. Papa3 kwiainuk, 6upop n € N yuyn T(n) uuH
o6ynamacuu. T(n) Tacouk YuMH OyiMarad Oapya »n € N nap
TyivlaMHM A opkanu 6ermrmmaimus. PapazuMuira MyBoQUK,
H tynnam 6y amac. H tyraM N HUHT KUCM TYTUIAMU OYJIraHH
YUYH YHUHT MUHUMAI 3JIEMEHTH MaBXyA. YHU n_ opKaau be-
rwiaimus. Y xonpa T(n ) yuB 3Mac, aMMO Xap Kannai m < n,
yayH T(m) — quH. by 3ca reopeManunr 2) dapasura 3una.

Mucon. Uxtuépuit n € N yyyH yuoy

2 _ n(n+1)}(2n+1)

12 +22..4n 3

TE€HIIMKHU HUcOOoTIaliMus.
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Arap n = 1 6yaca, 6y TeHrIHK paBiuaH. Papas KUIailIMK,
Oy TEHIMIUK A COHIAH KWYHMK OynraH Gapya HaTypaal COHJIAp
yYyH VpuHIU 6¥IcHH. XycycaH

P+2.+(n-1) = W

TEHrJIMK VpuHIM OyiacuH. By TEHITMKHUHI UKKM TOMOHWIA
n? COHHH KYTIaMM3.
-1)n(2n-1
P+ 24+ (= = EIEPD e o

n(n+1)(2n+1)

_n 2 _ —
—€(2n 3n+1+6n)= z

By 6uian MaTeMaTUK MHIYKIUS TAMOMIIUIA aCOCaH TEHI-
JUK Xap KaHoai n € N yyyH YpUHIM SKAHIUTH HCOOT-
JIAHOH.

9-§. AITEBPAUK AMAJLJIAP. APUMIYPYXJIAP

Tavpud. f: A - A axc smmupuwea A dazu n = YpuHau
(n — ap) aazebpaux amaa Odeiiunadu. bvup YpuHIM aMaiap —
yHAp, UKKHA YPUHJIM aMaJuIap — OMHAp, V4 YPUHIU aMajulap —
TepHap aMaUIap AeHWwIaau.

Mucomnap: 1) R xakuxuii corynap TYIDIaMUIard KYyIUHi
amam f: R* > R, f(x, x,) = x+ x,; 2) R XaKukui COHJIap
TYIUIAMHUAATY Kymaltupuin aMaiu g : R > R, g(x, x,) = x, * x,;
3) TyruamnapHuHT KecuinMa amanu: A N B; 4) Tyimamap-
HUHT AMFUHAMCH aMamd A U B; 5) f,: B > BBa f,: B > B —
aKC ITTUPHMUUIADHUHT KoMItosuuuscu amamu: (f,-f)(x) =
= f,(f(x)), x € B. 6) n Ta TYIULIAMHMHT KECHLIMACH aMaJu
A, 0 A,N..NA; 7) bepwiran B TyruiaMuuHr Gapua € KMCM
TYIiamnapy yuyyn C - (7 aMail, SsbHU Xap OUp KUCM TYIUIAM-
ra YHUHI AeKapT KBagpaTH MOC KYHWIaIu.

by epnmaru 1), 2), 3), 4) Ba 5) Muco/ulapaard aMauiap —
6uHap, 6) naru » — YpuHIM, 7) Dard — YHap amaiiap.
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AulrebpavK aMaUiap MYMOA SHT KV y4YpalguraHy Ba SHT
MYXUMH — OHHaAp aMautapaup.

bupop f: A2 - A — 6uHap aman Gepu.iran 6yncuH. by
amainna (a, b) € A aneMeHTHUHT 06pa3H a Ba b 3IeMeHTIap-
HUHI KYNAHTMACH JeiuIaad Ba a *b opkKanu OejaruiaHaiu.
bolwika, MacanaH, a + b, a * b, a - b Ba X0Ka30 Gearwiap xaM
nuutatwiagu. by xomnapna “xynait™a” cy3u ypHura Moc pa-
BUILAA OowKa cy3iap MuuiaTWiIagd. XycycaH ab ypHura a +
b muuaruica, “xynaitMa” cy3u ypHura “MHFMHINX” CY3U U1~
JMATHIALH.

Tavpud. Aeap xap kandaii yuma a, b, ¢ € A sanemenmaap
yon (abe = a(b-c) menzaux baxcapuaca, 6yndaii ab aman
accoyuamue deiiunradu.

Tavpud. Aeap 6yw 6yamazan A mynaamoa accoyuamus
6unap aman bepunzan 6yaca, Gyndati mynaam sapumezypyx oeiiu-
aadu.

Muconnap: 1) N HaTypan cowmap TYmiamu n + m
KYIIUII aMajura HUcOaTaH SIpUMIYPYX XOCHJI KWiaad;

2) N HaTypan coHiap TYILUIaMK 1 - m KYMaUTHPULI aMajlu-
ra HUcOaTaH SIPUMIYPYX XOCWI KWIaou;

3) bupop B TYulaMHMHr Y3MHH Y3ura 6apya akc STTH-
PULUIAPY TYIUTAMHU aKC 3TTHPHILIADHUHT KOMITO3ULIMSICH aMa-
nura HucbaraH 3-§ l-TeopeMara acocaH SIpUMIYPYX XOCHII
KWIany;

4) bupop C TyiulaMHUHT 0ap4ya KUCM TYIUIaMmjIapd TH3UMU
TYIUIAMJIADHUHT HUFMHAKCH aMajura HucOaTaH SIpUMIYDPYX
XOCHJI KyJlan.

A — Oupop SApuMrypyx OVicuH. YHma n = | y4yH
a,*a,..a,= a Ba UXTHEPUH n > | yuyH a, - a,...a, = (a," a,...
a,_, )a, (1) benrunanulapHd KUPUTaMU3.

I-Tt eopema. Xap kandaii m, n namypaa corusrap ea A
APUMYDYXHUNZ UXMUEPUL A4, ... @ ,  INEMERMAAPU YHYH

()

+

(a,-a,.a)a,..a,)=ar-a,.a

n+m

TEHIMUK YPUHIIH.
HcboT. MaremaTuk unaykuus (m 6yitnya) €paaMmuna
ucooTaaimus. Arap m = | Gyica, 6y xosna (2) TeHMHK yiuo)
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(a,a,.a)a,  =a-a..a a a,
TEHIIMKKA Kenanu. by TeHIMKHUHT YpuHIUIury aca (1) 6ei-
rWialfad Kenub gukann. Papas Kwiaiink, (2) TeHDIMK Oapua
k (kK < m) coHnap yyyH YpuHIU GYICHH:

(a,*a,..a)a,,.q,)=a a.a-+.
Y xonma SpUMIYPYXJArd acCOLMATUBIMK XOCCacura aco-
caH

(al ) a2"'a )(an+l n+m) = (al : a2"‘an)((an+l' n+m-l)a + )
= ((al ) a -8 )(an+l n+m—1))an+m = (al ) a2‘ n+m-— l)a + =
=a-a,..a,  ‘a+,.
MareMaTUK WHAOYKUUA KoMzacura Kypa (2) TEHITIMK MC-
ooTinaHaM.
HchoTiaHTaH TEHIJIMK YMYMJIAIIran acCOUMATHBIINK KOHY-
Hn 1e6 aTananu. by KOHyH myHM KypcaTtauuku, ywby a, - a,...a,
KYMaiTMAaHUHT KUAMATH YHH Xucobirawnaru # — | Ta Kymnaii-
THPMILI aMaTUHUHT Kaicu Taprubaa Oaxapwiumura (SbHU
Oy TapTMOHM aHMKJIOBYM KABCJIApHM KaHAaW Kyiuiuiuura)
OOFJIMK, BMac.
bav3an g, - a,...a, KynaiT™a | H a; KYpUHUILIA XaM E3WTaH.
Arap a,* a a KymajitMaza a =a,= .. = a, = abynca,
YHH a® K}“prHuuma ésunaau. by 6enrmamnapuaﬂ Ba (2) TeHr-
JIMKAaH UXTHEPUI » Ba m HATypal COHNap Ba A ApUMIYPYX-
HUHT MXTHEPUI @ 3JIEMEHTH yJYYH yIuoOy

at-q" = an+m, (an)m = g™ (3)

TEHIJIMKJIAPDHUHT YPUHIWIMIK O6eBocUTA Keaub YuKaau.
Arap A SpuMrypyxja buHap aMaIMHUHT OeJrucu cudartu-

na a + b Kymumuw aMany Oenrucy MIUTIaTHIca, oKopuaary (1)

KynaiT™Ma ypHHUTa a + a,+ ...+a, AMFUHOK Maino Oyinanu. by

HUFMHIN Oab3aH Ea Kypunuwaa €3wianyd. by xonua (2)
TEHDJIMK YOy
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K}”Ipymnmra ara 6ymanu.
Arap a = .. =aq, = abyica, 2 a; ypuHra na €3una-
nu. by 6eﬂrmamnapra Kypa (3) TeHerK)Iap ymby

na + ma = (n + ma, m(na) = (m-n)a 4)

KYpHHHULIapra sra 6yianu (n, m — UXTUEpUH HATypaJl COH-
Jap).

Tavpud. A myniamoa a - b 6unap aman 6epuszan 6yacun.
Azap e € A anemenm xap kaundaii a € A 3nemernm yuyH ae = ea = a
MeH2AUKHU KaHoamaarmupca, Oy e snemenm 0epunean amaiza
nucbaman Gupaux aemenm oeiuraou.

Arap A paru 6MHap aMail a + b KyWMII aMajii KypUHU-
Maa oilMHca, OUPANK 3NeMEHT cY3U YpHUra HOJb 3JIeMeHT
CY3U MILIATHIAIM.

A Tyriiamaa 6epwiraH xap KaHaai 6uHap aMan yuyH Oup-
JIUK 3JIEMEHT MaBxyn 6VmaBepMmaian. AMMO

2-teopema. dAzap A mynaamda bepusrzan Gunap aman
YHyR Oupaux 3aemenm maexcyd byaca, y szonaoup.

Mc6or. Qapas KwiaiMK e, e, 3IEMEHTIap Ba UXTUE-
puit a € A 2JEMEHT yYYH ea = ae, = a Ba e,a = ae,= a
TEHIJIMKIIAp YpUHIU OYJCUH. By TEHITIMKIApHUHT OHPUHYM-
cua a cudatuia e, HU OJICAK, ee, = e,e,= e, TEHINIMKIAPHU
Ba UKKUHYMCUOA a cH(paTUIa e, HU oncaK, ee = ee, = e
TEHIJIMKIApHU ojlaMu3. bysiapaan e, = e, TeHDIMK Kejnb ‘m-
kanu. TeopeMa ucOGoTIIaHAN.

Arap A spumrypyx OMpJIHK 3jieMeHTra ara o6yica, 6yHnail
APUMIYDPYX, MOHOH] Ieiiwiany. 2-TeopeMara acocaH MOHOMA-
1a OUMPJIMK 3MEMEHT ArOHA.

A — MoHoua, e — yHaaru GUPJIUK 3JleMeHT Ba ¢ € A —
6upop aneMeHT OVicHH. Arap b € A 3aeMeHT ab = ba = e
TEHIIMKJIaDHU KaHOATJIaHTUpca, Oy 3MeMEeHT a4 ra TeCKapH
Aeiiwnanu. Arap 6y tabpudnaa A garum GuHap amMai yyyH a + b
KYIWUIU aMany Oelrucy UIuiarwica, “reckapu” cy3u ypHUra
“kapaMa-kapun” cy3u HOUIATWIAAH.
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Xap KaHoad MOHOMILA XaM YHAA OGepiraH 3J1eMEeHTHUHT
TECKapUCcU MaBXyd OyimaBepMmaiian. AMMO

3-teopema. dAzap A monoudnune Gepuszan a 31emenmu
Y4YH meckapucu maexcyd byaca, y sazonaoup.

U c6or1. Papas Kuiaiiuk, b, Ba b, 3leMeHTIIAp a ra Tec-
Kapu O6¥ncuH. YV xonma

bynapnan b, = be = b(ab,) = (ba)b, = eb, = b,
A,B — spumrypyxiap (MoHoumwiap) 6yncuH. Arap f: A - B
aKC STTUPHUIN IUyHAai Oyncaku, Xap KaHpai x, y € A y4yH

fx-y) = %) fy)

TEHITIMKHM KAHOATIaHTHUpCA, Y A HUHT Ba B ra ecomomopghu3s-
Mu peuiagm.

Mucon. RxakKukuil cornap TYIUIaMH KYIaHTUPUIL aMa-
qura Hucb6aran MOHOMAHM Xocua Kwwraad. [yHra yxwam
MaHbuit G6yaMaraH Gapya XakKuKM{ coHyapiaH ubopar B
TYIUTaM KYNMalTUPUII aMatura HUC6aTaH MOHOM XOCWJI Kia-
au. Xap 6up a € Ryuyn a » |a| MOCJIMK R HUHr B ra roMo-
MOpOUIMUHK Gepanu, yyHKYM ab - |ab|=|a|-|b|.

10-§. TYPYXJIAP

A ApUMTYPYX, KyHuaard MKK{Ta WAapTHU KAHOATIAaHTUPCA,
Y TYPYX He#ruranu:

1) myHnait e € A 3jeMeHT MaBXYAKH, Xap KaHna a € A
3JIEMEHT YYyH a¢ = a (YHr OUpJIMK 3MEeMEHTHUHI MAaBXyH-
JIUrn);

2) xap KaHga a € A 3JeMeHT YYyH IUyHOal b 3JeMEeHT
MaBXYIKH, ab = e (JHI TecKapy 3J€MEHTHHHT MaBXYIUTUIH).

Arap A rypyxzna xap KaHpaai a, b sjieMeHTIap YIyH ab = ba
TEHIVIMK Oaxapwica, y KomMyraTns (alciib) rypyx ae6 arana-
. KoMMyTaTtup rypyxjaap y4yH KyIMHYa OMHAD aMajlHUHT
. ab @enrucu ypHura a + b Kymun GeIrucu UILLIATIIALH.
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Muconnap: 1) Z 6yryH connap TYuiaMd KYIMLI aMa-
jiura Huc6aTaH KOMMYTAaTHB TYPYXHM XOCHJ Kwiaad. byHna
IYpyX TabpUPUHUHT 1-LUapTUAATH e JIEMEHTH POJUHHU (0 COHU
Ba 2-MIAPTHAArd b 3J1eMEHTH POJMHH (—a) COHM YitHaiau.

2) Illyxra yxmat Q panmoHan coHjap sa R XakKUKHii COH-
Jap TyIulamiapd KYWIMil aMaavra HucbaTaH KOMMYTaTHUB
TYPYXJIApHU XOCHJ KIUTaIH.

3) 0\ {O} Ba R\ {O} tY¥iamwnapy KynanTUPHUII aMaIUra
HUcOaTaH KOMMYTATHB TypyXJapHM XOCH] Kwiaau. byHnoa e
Basudacuuu 1 conu Ba 2-maptaard b sasudacuHu 1/a coHu
VHHaWIH.

4) A TYIUiaMHMHT y3-¥3ura G6apua OuekuMsiapgaaH ubo-
pat G(A) TV¥utaM GMEeKUMSUIaPHUHT KOMMO3HUUACH aMajIura
HUcbaTaH rypyx xocwn Kwiaau. by acnmuna 3-§ marm tacouk-
Jlapaa UcOOTaHraH.

I'ypyxnapHUHr yMyMUil -xoccatapMHu ypraHamus.

l1-teopema. A — 2ypyx 6yacun. Y xoada:

1) ynoaeu xap xanoaii a € A yuyn ae = a wapmuu Kanoam-
AQHMUPY6HU e 34emenm Xap KaHndaii a € A yuyn ea = a menz-
AUKHU XaM Karoamaaumupadu, AsHU y GUpaux saemenmoup:

2) bepuszan a € A yuyn ab = e menzaurxnu Kanoamaanmu-
pyeéuu b saemenm ba = e meneauxnu xam xanoamaanmupadu,
Asnu b Inemenm a 2a meckapuoup.

Ucbor. bepunran a € A ajileMeHT YYYH TypyX TabpudH-
Jary 2-mapTra Kypa wyHnai b € A 3neMeHT MaBXyIKU, ab = e.
By b aneMeHT yuyH sHa 2-1mapTra Kypa wwyHuaM ¢ € A ane-
MEHT MaBXyIKW, bc = e. Y xonna 6up ToMoHnaH (ba)(bc) =
= (ba): e = ba. UIKKMHYM TOMOHAAH KVYIIAUTUPHUIL aMajiu-
HUHT accoLMaTUBIMrUra acoca (ba)(be) = ((ba)b)c) = (b(ab)c)=
= (be)c = bc = e. [IeMak, ba = e. by 6wiad b 371eMeHTHUHT
a ra TecKapu 3KaHJIMIM UCOOTIAHAU.

Byura kypa ea =(ab)a = a(ba) = a-e = a, ApPHU UXTHE-
puit a € A yuyH ea = a, SbHU e — OUPJIUK 3JEMEHT.

Ucbornadran Teopemara Kypa rypyx, TabpupUHUHT 1-1map-
THOATU e 3JIeMEeHT OMpAMK 3JeMeHT 3KaH. 8-§ 2-teopeMara
acocaH OMpJIMK 3JIEMEHT firoHa. by siroHa OGUPIMK 3J€MEHT
TYPYXHHHT DHDIIMK 37eMeHTH (KYIUMII aMaiud OeJIrucu HMILTa-
TWITAaHAA — TYPYXHUHI HOAb 3JeMeHTH) nekwiaau. Mcbor-
JIaHTaH TeopeMara Kypa rypyx Tabpudu 2-waprupard b sie-

T e e o
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MEHT a ra TecKapH 3KaH. 8-§ 3-Teopemara acocaH a ra Tecka-
pH 2JIEMEHT ATOHa; YHU a~! (Kyuuu aManu Gelrucu Hiljia-
TWIrannua) {—a) opkaiu GeirwiaHanm.

Teckapu 3JIEeMEHTHMHI sirOHajJMrura acocad (a~')~! = a
(kK¥uui 6enrucH vinatwiradga (—(—a)) = a).

Uxruépuit a, b € A snementnap yuyH (ab)™! = b7l-al
XakukataH, (aby(b~'a ) = (a(b-bM)a') = (ae)a' = e

A KOMMYTaTHB T'ypyxJia OMHap aMail KYLIKII aMary OyiaCHH.
by xonna uxtuépuii a,b € A aneMmenTIap YUyH a + (—b) 31e-
MEHTHH g Ba b 3JIeMEHTIapHUHI aiMpMacu ae® aTtaimanu Ba
a — b kabu 6exrwnaHagd. XycycaH, Xap KaHaail a € A yuyH
a —a= 0. UxTuépuii a, b € AaneMeHTIIap yuyH (a - b) + b =
=aBa(a+ b) — b= areHrnmkiap ypuwin (ucbotnaur!).

2-teopema. A — 2ypyx 6éa a € A 6yacun. Y xoa0a f,(x)=
= ax, h(x) = x7' Ba g (x) = xa uponanap 6unan Gepuirau f, :
A—>A, h:A-> A4, g : A -> A axc smmupuwraprunz xap 6upu
buexuusaoup.

Ncbor. Uxtuépuii a, b, x € A sjieMeHTIap Y4yH

S0 = (ab)x = a(bx) = f(f,(x)) = (/£,)(%).

SABbHHU

S =Lty
XycycaH

folon =t =l =1y

OUpPIMK aKC 3TTUPMILAMD. byHjaaH f HUHT TecKapwilaHyBYM-
gary Ba 3-§ 3-Teopemara acocaH yHMHTI OMEKLMS 3KAHIWUTH
Kenub yukanu. Ymby g axkc 3TTUPMIIHMHI OMEKUMSUIMIU
LIYHra yxmam uMcOoTIaHaau.

UxTtuépuit x € A yuyu h(h(x)) = (x~!)~! = x myHocabaTnaH
h HUHT TecKapwIaHyBYWIAIK Ba 3-§ 3-TeopeMara acocaH OM-
eKLMSUIUTH KEJTNO YHKAIH.

Hatuxa. Azap x anemenm A 2ypyxda myna y3eapca (AsHu
A dazu xap 6up Kuiimamnu axam 6up mapmadan Kabya Kun2an
xon0a A dazu Gapya Kuiimamaapuu Kabya Kuacay, y xoa0ay = ax,
Z = xa, t = x~}y3eapyeuunap xam A eypyxda myna y3zapadu.
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U c6or. Harmxanunr ucbotu f, h Ba g akc STTUPHII-
JIADHUHT OUEeKLUS SKAHJIUTHIAH Keaub YuKanu.

Spumrypyxaa a” udomaHu xap KaHaai HaTypal COH Y4yH
AHUKJIAraH 9JUK, SHAN YHU UXTUEPUHA # OYTYH COH Y4YYH aHHK-
JaiiMu3. Kymaiutuk yuyH @° = e 1e6 onuHanu. Arap n — MaH-
duit 6yTyH coH 6¥ica, a" = (a~!)|"l ne6 onmmunamu. By 6exru-
JIalIapgaH MXTHEpU » Ba m OYTYH COHJIAp YYyH ywby

arar = an+m, (an)m = gm (1)

TEHIVIMKJIADHUHT YPUHIWINTH OeBocHUTa KeJnd YMKagu.

A rypyX KoMMyTratuB Oynu6, yHmaru aman cudaruia
KYLWIUII aMaI¥M MUUIATWIrAH X0iAa na udomaHu HUXTUEPHHA n
OYTYH COH y4yyH aHuKIaMmMu3. Kyiaiiuk y4yH xap KaHmaii
a€ Ayuyyd 0-a = 0 ne6 oiaunHanu (6y epaa 0 — HoJab 6YTYH
coH, (} 3ca rypyXHUHT HOJIb 3JIEMEHTH). Arap n — MaHbui
6yTyH coH 6yiaca, na=|n|(—a)ne6 omunanu. by Genrunam-
Jlapra acocaH xap KaHpaii » sa m OyTyH coHjap yuyH (1)
TeHTJIMKIAp yloy

na + ma = (n + mya, m(na) = (m-n)a

KYypUHHULLIapra ara Oynamu.

A TYPYXHUHT B KMCM TYIUTAMH LIy IypyxIard aMajra HucC-
6aTaH rypyx Xocwl KWwica, Y A TypyXHUHT KHCM TYPYXH JcHU-
Jagu.

Muconnap: 1) Kyuum amanura Hucbaras rypyx, 6yiiras
(Q panMoHax coHJap TyIiaMuaa Z 6yTyH COHIap TYILUIaMu
KUCM TypyXaup.

2) Kynaiitupuw amanura HucOaTtad rypyx 6ynrad R \ {O}
TyamMaa 6apua Myc6aT connapaaH u6opar R+ TYIUIaM KUCM
rypyxaup.

3) 3-§ ma xuputwiran A tyiviamuudr H y3rapTupuiiiap
TYpyxu G, TYDYXHMHT KMCM TYDYXUIHD.

3-reopema. dzap A zypyxda a snemenm a* = a TeHrIMK-
HH KAHOATJIAHTMpPCA, Y X0/11a 4 = e ABHH a OHPIHK 3JeMeHT
Oy nanu.

N cboT. by a aneMeHTHUHT a~! TeCKAapUCHHU ONaMu3. Y
Xojaa
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a=a'd) =ala=e

By teopemanan ¢oitpananub, Kyiugaru TEOpeMaHW HcC-
6otnaiiMua:

4-teopema. A —rypyx Ba B yHMHT KHCM FyPYXH O¥JICHH.
¥ xoana:

1) Kucm zypyxnume Gupaux s31emenmu 2ypyXHuHz Oupaux
Jaemenmuea meme;

2) a € B 3semenmuunz uty xucm ypyxoazu meckapucu 6y
anemenmnune A 2ypyxdazu meckapucuza mene.

U c6ot1. UxTuépuit rypyxaa e GUPIUK 3JIEMEHT ¢ =e* TeHT-
JIMKHM KaHOAaTIaHTHpaau. XycycaH, B KUCM TYPDYXHHUHT e,
OMpJIMK 37IEMEHTH YYYH e, = €%, 3-TeopeMara acocaH e,= e,.

DHIU @ € B uxtuépuii 3neMeHT 6YU0, b 3NEMEHT @ HUHT
B KucM rypyxnaru TecKapucH, SSeHU ab = e 6yica, y xXouga 6y
TEHTJIUK KYpcaTaauku, b 3JeMeHT a ra A rypyxia xam Tecka-
pu. [leMak, yiap TeHT.

Hartuxa. B mynaam Kucm zypyx 6yauwu yuyu Kyiuoazu
UKKU wapm baxcapuauwiu 3apyp 8a Kugos:

1) azap b, € B, b, € B 6yaca, y xo1da bb, € B,

2) azap b € B 6yaca, y xonda b~! € B.

Ucbort. Arap B xucm rypyx 6yiaca, yana 1) wapr 6axa-
puiany. 4-TeopeMara acocaH 2) mapT XaM Oaxapuilanu.

Duau, akcudya, (1) Ba (2) waptiaap Gexaprwirad 6YiICcuH.
Y xonna B ma accOUMAaTHBIMK XOCCACMHUHT 6axkapwiuiuu 0y
xoccaHuHr A na Gaxapwnuiumnad keau6 uukaau. (1) Ba (2)
wapmiapiaad b-b-! = e € B 3kaHauru kenud uuKagu. byH-
JaH 4-Teopemara acocaH B HUHT OUpIUK 3J1€eMEHTra 3ra 9KaH-
aurd Keaub yukanu. (2) 1uaptaaH Ba 4-teopeManaH B paru
xap OUp 3MEMEHT TeCKapH 3JIeMEHTra 3ra 3KaHIWIU Kejub
YUKAAH.

S5-reopema. Kucm 2ypyxraprune Kecuwmacu Kucm 2ypyx-
dup.

Mcb6or. 4 rypyxaa {B, v € T} KMCM TypyXJ1ap TU3HMHU
Gepwiran 6ynu6, B = (]TBT — YJIApHUHT KeCHIIMAacHu GYJICHH.

Arap b € B, b, € B 6ynca, y xomna xap 6up v € T yuyH
b, € B, b, € B. bynnan B xucM rypyx 6yiaranu yuyH b, « b, € B..
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Oxupru MyHocabar xap 6up r € T yyyH YpuHId OYNraHu
Tydaiiu p b, € B=NB8,-
€T

IHau b € B 6§ncun. Y xonna xap 6upr € T yuyn b € B,
B_kucM rypyx 6ynrauu tydaiiu o' € B. Oxupru myHocabat

Xap 6up t € T yuyH YpHHIH 6yiraHupan b '€ B = ﬂTBt . by
OwiaH 4-TeOpeMaHWHT HATHXKACUTa acocaH B HUHT KI;EM TYPYX
SKaHJIUTU KYpCaTIaM.

A rypyxaa €rypun C TYIUIaMHHM ¥3 HYMra ojJysuyu Oapuya
KMCM rypyxiap TM3uMuuu {B,7 € T} opkaiu GenrwiaiMus.
By tusum 6y 3mac, 9yHKU A TYpyXHMHT ¥3u Oy TU3MMTa
KUpaau. by KHCM rypyxjiap TU3UMHUHUHI KECHILMAaCcH
B =NB, 11 C TynnaM XOCHJ KWITaH KHUCM rypyx Ae6 arta-

w«T

JIanuy.
A, Ba A, — rypyxnap GYJACMH. A, Jar¥ rypyx aMajiuHu *
OpKaTu Ba A, JardHY ° OpKaliu GenrwianMus.
Tavpud. A2ap A Ba A, eypyxsapnunz f : A, > A, axc
ammupuwiu xap kandai a, b € A, anemenmaap yuyh.

fla * b) = f(a) fb) 2

meneauKHU Karnoamaarwmupca, 6y f akc smmupuw zomomoppusm
deliunadu. By TyuiyHdya 8-§ na ApuMIypyXiaap yYyH KUDUTHI-
raH TOMOMOP®U3M TYLIYHYACUHUHI XYCYCUH XOJIH.
6-teopema.f: A > A — zypyxaapnunz 2omomoppuzmu
6yacun. Y xoaoa: 1) A, zypyxnunz e 6upaux 3asemenmu Oy eo-
Momopusmoa A, nune bupaux 3semenmuza ymaou:
2) uxmuépuii a € A, 3aemenm yuyn

fa™) = (f(a))~".

M chor. A rypyxaa e GUpIuK 31€eMEHT GYIraHu y4yH e = €2,
bynnaH (2) xoccara xypa

fe) = flet) = (f ().

by Tenrnuknan 3-teopemara acocaH f{e) 3MeMeHT A, rypyx-
HUHT OUPJIMK 3IEMEHTH 3KAHJIMIH KeNuO YuKauu.
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bynra acocan uxtu€puit a € A, yuyH

Ae) = flaa™) = fla)  fla™)

TEHINIUK YPUHIIU, SHHU

fa) = (la))~.

TeopeMa ucOoTIAHIH.

Hatuxa. Tomomopgpuamda 2ypyxHuHe obpasu 2ypyxoup.

Ucb6oT. G—rypyX, ¢ : G> G — romoMoppusM GYICUH.
¢(G) TylaMHuAar G garu amaira HUC6ataH Typyx SKaHJIM-
T'MHH Kypcatamui. Uxtuépnii a', b’ € p(G) aneMeHTIAap yIyH
WYHAAR a, b € G aneMeHTIap MaBXYIKH, a’ =¢(a), b’ =p(b).
Y xonna @' -b' = p(a) - p(b) = p(ab)E p(0).

Arap e € G 6uUpnuK 3neMeHT GYiica, y Xonaa 6-teopemara
acocaH € = p(e) anemeHT G rypyxaa OGupiuk asneMmeHr. [e-
Mak e € (). Arap @’ € ¢(G) 6¥nca, y xonna wyHnan a € G
aNeMeHT MaBXyIKM, a’ =¢(a). ¥ xonna ywby b’ =p(a™!) ane-
MEeHT yYyH a'b’ = ¢p(a) * p(a™) = p(aa™) = p(e) = €.

Illynra yxmam b'a’ = ¢ myHocabatuu ojgamu3. demak b’
3JIEMEHT a4’ 3JIEMEHT YYYH TECKApH 3JIEMEHT. 4-TEOPEMAaHUHT
HaTwxacura Kypa ¢(G) Tyiuiam G’ TYpYXHUHI KMCM TyDyXH-
IIUD.

Tabpu ¢ .Bueknna 6yaran f: A, > A, — 2omomoppusm
usomopdusm deiivuaadu.

Hsomopduam f: 4, - A, —6buexuus 6yiraHu ydyH 3-§ 3-
TeopeMara Kypa yHra teckapu 6yiran f - A, > A, buekuus
MaBXYI.

7-reopema. f: A - A, usomoppuimea mecxapu 6yazan
S ! buexuus xam uzomopguzmoup.

HUc6or. Uxtuépuit a'h’ € A, aneMeHTIapHU onamu3. Y
xonaa f — Ouekuua OynaraHu yuyH myHaai a,b € A, sl1eMeHT-
nap MaBXyaku, @’ = fla), b’ = fb). bynapnan a = f1(a'), b=
=/(b) BafN(a' - b)) = f(fla)- b)) = [ (Rax b)) =axb =
=fa) * fFIB).

Teopema ucboTnaHam.

MucoJ R xakukuii coHNap TVIUIaMH KYLUMIL aMajura
HucbaTaH KOMMYTAaTUB [YPYXHU XOoCWI Kuinaad. R — 6apua
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MycOaT XaKMKUiH COHJIap TYILIaMU KYIMARTHUPUII aMaura HUC-
0aTaH KOMMYTaTUB TYPYXHU XOCWJ Kwiagud. Ymoy flx) = 2*
¢yHkuua R vu R, ra 6uekuuacu 6yauo,

2 = 2%

xoccara ara, 4bHu R HuM R, ra usoMmopousmuanp. byura tec-
Kapu u3oMopdusm g : R, - R ymby g(y) = log,y pyHkums-
Aup. bynuur yuyH (2) xocca ymby log,(y, - y,) = log,y, + log,y,
KYPUHHUILTA 3ra.

A, TYpYXHH A, TYpYXra akc 3TTUPYBYH MU3OMODP(DH3M MaB-
Xyn 6ynca, 6y rypyxyap msomopd medmwranu.

[T'ypyxnapHUHT u3oMopdauru pedieKCUBJIMK, CAMMETPUK-
JIMK Ba TPaH3WUTUBJIMK Xoccajapura 3ra (McbornaHr!), sbHHU
S5KBUBAJICHTIUK MyHOCA0aTHAMD.

H3oMopd rypyxiapHu yiaapaard OMHAp aMaJIHHHT XOocca-
JIapu HYyKTad HaszapujgaH Oupu-6bupumaH dapk Kuaub O6¥x-
Maiau.

11-§. VPUHJIALUTUPUIILIAP, YPUH
AIMALITUPUIIIIAP BA BUPUKMAJIAP

A TyIUIaM 7 3eMEeHTIH TYIUlaM Ba k — OHpop HaTypail
COH OVICHH.

Tavpud . Komnonenmanapu mypau 6ysean A yemudazu ux-
muépuil k yruamau eexmop A ycmudazu k-yauamau ypuniauw-
mupuw (n ma 3aemenmoan k maodan ypuniawmupuiu) oeiiuia-
du; n-ynuamau ypunaawmupuul ypux aimaumupuiu oeiusaou.

Papluanku, MyMKUH O¥iaraH 6apua k-yryaMnau YpuHIami-
TUPHULUIAD COHM 4YeKn 6¥nub, 6y coH ¢pakaT » Ba k ra GOF-
JMK. YHU AF opkanu GenrwiatMu3s. A" HU, SSbHU 1 SMEMEHT-
1aH MyMKUH O¥1rad Gapuya YpuH alMalUTHpHULIAD COHUHU
P 6unan 6enrunaiMus.

butta ypuHTa 1 3JAEMEHTIM TYIUIAM 3AE€MEHTIAPHMHMU 2 Ta
ycy 61IaH XOIWIAIITHPUIL MYMKHH OVIraHU YYyH UXTUEPUHR

n HATypall COH Y4YyH A.= n.
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TarpucdaaH KypuHaauKu, arap k > n 6yica, k — yryamun
YPUHIAIUTHPUIUIAD MaBXyA oMac, sibHH AF = 0.

1-teopema. deap k < n 6yaca, y xoa0a A* = n(n—1)...
(n—-—k+ 1. g(ycycan, P =1-2.n

Ncb6boT. YpUHIAIITUPUIIHUHT OUPDHHYHU KOMIIOHEHTACH
n ycya 6mmaH 6epuIdiid MyMKUH. Arap kK — ymyamid YpuH-
JNAITHPUUIHMHT OMPUHYH KOMIIOHEHTacH TaHJIaHraH Oyica,
y X0JJa YHUHT KojraH (kK — 1) — Ta KOMITOHEHTaCH KOJraH
(n -~ 1) Ta sanmemeHTnad (k — 1) — ymuamMian YpUHIATHPUILL-
Hu xocw1 Kwiamy. [lyura acocan A% = n- A¥. By Tenr-
JINKHHU KeTMa-KeT TATOWK KWIaMH3:

Af=n-Al=nn- NA7=..=nn-1) ...(n— k +
+ DAL, =nn—=1)..(n—k+2n-k+1),

k+
YYHKU A} .., =n—-k+1.

P = 1-2. .nxynaliTMaHU KUCKAIMK YYyH 7! (“3H-(akTo-
puan” ae6 YKWiaaau) KYpUHUILAA €3U1U KaOyl KWIMHIAH.

Tavpud. A myniamuune uxmuépuii k-anemenmau Kucm
mynaamu yrunz k-anemenmau (n ma sanemenmoar k madan) 6u-
pukmacu (buprawmacu, Komburayuacu, ypyxrauu) deiuradu.

A TYIUIaMHMHT MyMKHH OynraH 6apuya k-31eMeHTIM Ou-
puKManapu coHu (akar n Ba k comiapra 60FTMK. YHU CF
OpKAIH OearmiaiMus.

PaBianku, arap k > n 6yica, C* = 0. k < n 6yacus.

2-teopema. Yuby

ck = AY a(n-1).(n-Yk41) _ n!
nTp T k! ki (n-k)!

MmeHzAuK YpuHau.

HNcoH6oT1. MyMKHH 6¥iraH 6apya k-31eMeHTIM 6UpHUKMa-
JapHu onaMu3. VIxtu€puit 6upukMa onub, YHUHI MYMKHH
Oynran 6Gapya k-3JeMEHTIM YpUH aJIMalUTUPULIApUHU Oa-
Xapcak, OyHUHT HaTibkacuma P, 1a Kk-31€MEHTIM JpuH ai-
MAaIITHPHIILIAPHA X0CHI KIUIaMK3. DHIUM MYMKUH O¥iraH 6ap-
4a k-3JIEMEHTIU YPUH AIMALITHPULUIADHU XOCHJI KWIHLI YYYH
Gapua k-3j1eMeHTIM GHPUKMATAPHHU OJHO, YIapHUHT Xap Ou-
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pUIaH MyMKUH OyiraH 6apya k-3J€MEHTIH YpUH aJIMAaIlUTH-
PHULLJIAPHU XOCHJI KIUTHIL Kepak.

byHra acocaHn Ba Typiu OHpUKMalapAaH XOCWI KWIMHTaH
k-371eMEeHTIM YPUH aTMAIITHPUILLIAD TYP/IM GYIraHu yayH 6ap-
4a k-3JIEMEHTIM YPHHIAIITHPHLLIAPD COHU A¥ KoMOuHauus-
JIap COHH C,’,‘ HUHT YpUHAIMAIUITUPHMLUIAD COHU P, ra Kynaur-
MAacHra TeHT, ikHu A¥= C* - P,

bynnaun

TEHIVIMKHU OJIaMU3.

C¥ nu k = 0 na Gupra TeHr 1e6 xucobnanMus, ssbHu C2 = 1.

C,’,‘ COHJIAD UKKH Xaa HHUFUHAUCH (OMHOMHU) HXTHEPHUH
HaTypaJl KYpCAaTKUWIM Japaxara KyTapdil Macajlajlapuia yu-
paiau.

3-teopema. Dapas kuraiiauk, x, y € R éa n — uxmué-
pull namypaa con 6yacun. Y xoa0a

E+y)y =x"+ Clxy+ Clxy2 + ...+ Chx iy + L+
+ Crlixy=t + y.

by aitHusatr Hsioron OuHoMH dopMynach aeiwnanu.

Mc6or. Papas Kwialiuk x, y,, y,, ... ¥, € R. Yoy (x +
+y)(x+y,) .. (x+y)Kynairmanu kypamu3. by kynainrt-
Maja KABC WYMIArvl XaJUIapHU KynalTupu6 Ba X HUHL OuUp
XWI JapaxajlapuHH ¥3 WYHAra oJraH XamrapHu HUFUO, Kyiu-
Jard uponaHU OJNaMU3:

K+y)x+y) . (x+p)=x+707++x+ L+
+r Xt + Lt x+T,

Oy epna

=)ty ++y,
LN It Y e
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Lynnait kw6, v, — ywdy {y,, ¥,, ..., y,} TYIULIAMHUHT
MYMKMH 6¥1ran 6apuya k-31eMeHTIM OHPUKMAIapH 3JIEMEHT-
Jlapu KYManTMaCUHMHI MMFUHAMCHMTA T€HT. XyCycaH, arap y,
=y, = .. =y =y neb oicak, y xonia r, = C,’,‘y". byrra
acocaH (x + y)" = x" + Clx"ly + .. Cl'xy*! + yn

12-§. TEHIJIAMAJIAP

Arap f: A - B ¢yukumsa Ba a € A 3neMeHT Hepuiran
6¥nca, y xoiua Oyiap opkaiu

b = f(a) (1)

sneMeHT Tomwiaau. Llynaai Macanaiap yypaliukKu, yjiapaa
(1) MmyHocabatnaru f GyHKUMSA Ba b 371eMEHT OepUIraH, aMMoO
a 3JeMeHT OepruiMarad O6yianM Ba YHU TOMMILI Tajnab K-
HaOu.

ByHnan xaM yMyMuiipok, 6yiraH KyWHIard Macaia Xam
yupaiiou: f: A - BBa g : A -» B dyukuusiap 6epunran. Ymoy

S(x) =g ()

TEHIJIMKHH KAHOATIAHTHPYBYK X € A 3JeMEHTIap TOIWICHH.
By xonna (2) renriuk A Ba B Tyiviamiap ycruzaa 6Mp HOMab-
JIYMJIM TEHTJaMa Ba X 3JIEMEHT 3ca 0y TeHI/IaMaJard HOMab-
JIYM eHWIAOH.

Mucon: f: R - R, f(x) = x* Ba g(x) = | Oynca, x* = 1.

Kypunuinpgarn OuMKBagpaT TeHIIaMa XOCWI Oyinanu.

Ma3kyp (2) TeHrAIMKHH KaHOATJIAHTHUDPYBYH OUDPOD
X =a € A sneMeHT Oy TeHIVIAMAHUHT e4HMH Neiiagu. TeHr-
JIAMAHUHT 0apya eYUMJIAPUHM TOMUIL TEHIJIAMAHM €4HIl Jeif-
WIAH.

C Ba B — uxTHépUi TYIIamuap OVJICUH.

Tabpud. deap f: C* > Bea g : C" - B ¢ynxuusaap
bepunzan 6yaub, yuby

Sxp,0x) = g(x),...,X,) 3)
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MmeHzAUKHU Kanoamaanmupysuu x = (x,,...,x,) € C" eexmop
Gepuamaran 6¥nca Ba ynu monuw xepax 6yaca, (3) meneaux C
6a B mynaamaap ycmuda n ma nomasaymau menzaama éa X =
= (X,5...,X,) 6exmop 3ca by meneaamadazu Homasaymaap mu-
3umu deiiunradu.

Muconnap: 1) f: RR->R fix,y) =x* + y, glx, y) = 1
6ynca, x* + y = 1 Te”riama xocu Oyaanu.

2) f:R" >R flx,..x) =x+x,+ ... + X BagXx,.,X)=
=1—x} 6ymca, x+.. + x,= 1—x} TeHDIaMa Xocun 6¥-
Nagu.

Maskyp (3) TeHraiaMaHM KaHOATJaHTUPYBYU OHUpOD
x=a=(a,..,a) € C" pextop Oy TEHIJIJAMAHWHI €YHMH I€-
Hwraau.

Arap (3) reHrnamana C" = A fearwiail KUpUTCAK, Y X01a
(3) Tenrnama (2) kypuHuira ara 6yiurad A sa B ycruparu 6up
HOMABJIYMIH TeHIJIaMara KeJaaw.

Tavpud.Arap2mraf: C'> A, i=1,m, &: C"~> A,
i =1, m dynxyuanap Gepunran 6y1n6, ymoy

........ A (@)

meH2auKAGpHUNe Gapuacunu Kanoamaanmupyeu X = (X,...,
X,) € A saemenm bepusmazan 6yaca éa ynu monuw xepax 6yaca,
(4) menzauxaap mynaamu C ea ] ycmuda n ma nomavaymau
m ma menzaamanrap musumu éa x(x,,...,x,) 3ca by menaarama-
Aap mu3umudazii HOMasAym 6exmop (Homavaymaap muszumu)
deliunadu.

(4) TeHIIIMKIIapAAH TY3WIraH TeHIJIaMaiap TU3MMUHHU yUIOY

S, x,) = g(X,ee, X,)
................................. 5)

S X)) = 80 (Xp5ees X))

KYypuHUIIAA Oenruiaam Kadyn KWIMHIaH.
(4) TH3UMOard xap OHMp TEHIIIUKHM KaHOATIAHTHPYBYHU
x=c=(c,.., ¢,) € C"BeKxTOp (bHU (4) naru Gapya TeHITIA-
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MalapHUHT YMYMHH eduMH) (5) TeHriaMmanap TU3UMHHHHT
euuMH aeiunagu. (5) TH3UMHHUHI 6apya eyuMIapUHU TOMHULU
0y TH3UMHH eyl Jeiunamn.

Macana, F: R*» R, F(x,y) = 2x —y,x+ 3y),g: B »
R, g(x, ) = (=1, X2+ 3 — y) 6ynca,

2x—y=-1
x+3y=x*+3-y

TEHTJIaMalap TU3UMHU XOCHJI OYiIanu.
Arap F(x) = (f(x),.../,(x)), C" = A, " = Ba G(x) =
(g,(x),...,8,(x)) Gerrmiamnap KUPUTCAK, y Xoiaa (4) TU3SUMHU

Fx) = G(x)

KYpUHHILJA €3Ull MYMKHMH, STbHU (4) TeHrIaMalap TU3UMH-
HU A = C” Ba B = /" tynnamiap yctua 6Up HOMabIyMIH
Oourra TeHrnaMa ge6 Kapau MyMKHH. AKCHUH4Ya, arap F : C" >
> ", Fx) = (((),.... £,(x)) Ba G : > [I", Gx) = (g,(),...,
g,(x)) dyHkuusnap 6epwiran 6yica, y xonna C"sa J"t¥mnam-
Jap ycruparu F(x) = G(x) teHrmamanu C Ba J Tyiuiamiap
yctuaary (5) TU3HM KYpUHUIIJA €341 MyMKMH. byHaaH 6yéx
6ab3aH (5) TH3UMHUHT ymby F(x) = G(X) KUCKAa KYPUHHUILK-
HHM XaM MIJIaTaMM3.

Tabpud. Azap (5) muzumnunz Kamuda bup ewumu mag-
acyd 6yaca, y bupzasuxoa deiiunaou. Azap (5) muzum 6upzanuk-
da 6yaub, ewumu szona 6yaca, y anux deliuaadu.

Hkkura

Fx) = G(x) (@)
P(x) = Q%) ®

Ba

TeHTJIaMajlap TH3uMIapHu GepwiraH O0yiacuH. byHaa (a) TH3UM
C Ba [l Tyruiamnap yctugaru A 1a X = (x,...,X,) HOMabJIyMiu
m Ta TeHraManap TU3UMHU OVICHH:

F.C-1, G: Cr-= I
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(B) TM3uM 3ca C Ba S TyIamIap yCTHAATU 71 TaAX = (X,,...,X,)
HOMAbLIYMJIM Kk Ta TEHrIaMajlap TH3UMH OVICHH:

P:C">S8Q0:C"> S*

Tavpud. Aeap (a) muzumuune xap 6up ewumu (B) Humz
xam eyumu 6yaca, (8) muzum (a) Hune namuxcacu deiiuradu éa
6y (a) » (B) kypunuwoa éunadu.

by TavpudmaH GepocuTa KyHHAAr" xoccajiap Kejaubd 4u-
Kalu.

1) Xap KaHnaii (a) TeHrIaMaiap TU3UMHU YYyH (@) = (@)
(pehIeKCHUBITHK).

2) Arap 64up X1 HoMawiayMiu (a), (8) Ba (y) TeHIJIamanap
TU3UMIapu 6epuirad 6yi1ub, (a) = (8) Ba (8) = (y) 6yuaca, y
xonaa (a) = (y) (TPAaH3UTHBIIUK).

Tabpud. Aeap (a) > (B) éa (B) = (y) 6yaca, éxu (a) 6a
(B) muszumaaprune uxkanracu xam Gupzasuxoda 6yamaca, yaap
mene kyuau musumaap detiunadu sa 6y (a) < (8) kypunuwuoa
é3unadu.

By Tavpudnan 6up xun HomawniymiH (a), (8) Ba (y) TeHr-
JlaMajap TU3MMIApH YYYH KYHHAAr# XOCCATAPHUHT YPUHIIH-
JUru 6eBocuTa Keaub YUKAIMU:

1) Xap kaHpai (a) TH3uM yuyH (a) < (a) (pe¢aeKCHUBIHK);

2) Arap (a) < (8) 6yaca, y xonua (8) < (a) (CHMMETpUK-
JIMK).

3) Arap (a) « (8) Ba (B) « (y) 6¥ica, y xoauna (a) < (y)
(TpaH3UTUBIUK).

MacanaH, arap F: A > B, b€ Bsa H: B = B06yica, y
xoJaa

Fx) = b ©6)

TEHI[JIaMaJla X = a e4uM 0yica, Oy 3JIEeMEHT
HF(x) = Hb )
TEHIJIaMa YYyH XaM e4uM O¥nanu, spHu (7) TeHrnama (6) HUHT

HaTvxxacuaup. Arap H — 6ueknus 6¥ica, y xonaa 6y TeHria-
MaJlap TeHr Kywin Oynaau.
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Yuunuu 606
YU3UKJIN TEHTJAMAJIAP TU3UMJIAPHU

13-§. YU3UKJIIN TEHITTAMAJIAP TUSUMJIAPU
BA YIAPHUHI' MATPULIAJIAPH

Yoy
ax +ax,+..+ax =b (1)

TeHDIMK Oepwiran 6ynu6, Oy TeHrmMKdaru a,, 4, .., 4a,, b
XaKUKUH COHJIAD MABIYM, X, X,, ..., X, XaKUKHH COHJIap 3ca
HOMAaBJIyM O¥nca, 6y TEHIVIMK # Ta HOMAbJIyMJIU YH3HK/IM TEHr-
Jama jewianM; a,, a,, ..., a, COHIap 6y YM3MK/IM TeHIIama-
HUHT KO3(PULIMEHTIADH, b COH 0301 XaaH, X, X,, ..., X, COH-
JIap 3Ca HOMAbBJIYMJIap ACHWIALU.

Arap b =0 06ynca, (1) TeHrIaMa OHp XMHCJIM JeHWIANU.
Bup X1 HOMabIyMIIM YM3MK/IM TeHDIaMalapaaH ubopar oup
HeyTa TEeHIIaMaJlapHU OMpra eyuil, SbHU YU3HKJIU TEeHIJa-
MaJlapHHM €Yyl MacajacH KYIl yuypaiau.

Bbupra xypwraérrad 6Up XU HOMABIYMIU OUp HEUYTa YM-
3UKJIM TEHIJlaMaap TYIUIAMMHY YM3HKJM TeHrjiaManap TH3H-
MU Oeiunagu.

VYMyMuil KYpuHUILIIA OJMHIAH YU3UKJHK TEHIJIaMajaap
TA3UMMAA oJIaTAA KO3(h(pHLUHEHTIap Ba O30 Xamiap Ky o6yira-
HM Ba IIYHra Kypa yJdapHH Typjau xapduap Owrian 6enrviaii
yuyH anudbonmaru xaphaap etuuMaraHy cababnau ko3adou-
LUEHTJIAPHY Ba 0301 Xa[UTapHHU KyHugaruya Oeiaruwiam ycyiu
vuUaTwiaay. Jlactiab YH3uKIM TeHrjiaMaaap TU3UMUra Ku-
PYBYHU TeHrIaManap TapTub OwiaH XolnamTupwiaau, AbHU
yiaap pakamiyiaHaau. byHra acocaH 4YM3UKJIM TeHrJlamanap
TU3UMUTa KUPYBYM K03 puumeHTaap Kyiugaru Kouaa 6yiuda
UKKUTa MHAECKCIU OUup XU Xaphaap OwiaH 6elruiaHaiu: uH-
JEKCIAPHUHT OUPUHYMCH TEHIIaMaHUHT PAKAMHMHU Ba HK-
KUHYHKCHU 3ca 0y Ko3h ULUMEHT TYpraH XONAard HOMabIyM-
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HUHT paKaMUHHU KypcaTaad. Macanad, i -TeHIJIaMagaru j-Ho-
MabJIyM oJauaard Ko3¢p@uiueHT a,; OpKaM GejruiaHaiu Ba
a-u-Xu 1ed YKuianu (XycycaH a,, Hu a -MKKU-Y4 1e6 yKuia-
ou). YM3UKIM TeHINIaMalap THU3MMUra KUPYBYM 0301 Xauap
6up uHaekciau boika 6up xuwt xapdiap 6uaaH GelrwiaHaiu.
bynzaa unzaekc o301 xan Teruuuid 6¥iIraH TeHIJIAMAHUHT pa-
KaMMHM KypcaTagy. MacajnaH, i-TeHIJTaMaHUHT O304 Xaiu b,
OpKATH OeNruiaHaiu.

10Kopuaa KeITUpWIraH KeIUIyBra acocal yMyMuii Xomnaa
Oepwirad # Ta Xx,, X,, ..., X, HOMabJIyMJIM § T4 YU3UKJIM TEHT-
JTaMasiap TU3UMUHHU ywody

anx, +apx,+...a,x, =b
ayx, tapx,+...a;,x, = b, 2
agXx, +agx,+...a,x, = bg

€KU KHCKaya Ea,kxk =b(i= 1S ,S) KypuHULLIapaa €3uil MyM-

KuH. By epuam a, COHJIAp | = TEHIJNIaMalark j - HOMablIyM
oJlauaary Koad)dmunem Ba b, COH 3ca i - TEHIJIAMAHMHI 0304
Xaau aevwnanau. Arap bapuya ,=1,n nap y4yH b, = 0 6¥yica, (2)
TU3UM OMp XKHHCIM JIeHuIaiu.

Yu3uknu TeHriaManap TH3MMHHM €YHMIL Macajacu Oy
TU3UMHUHT KO3} PUUHUEHTIApUAAH TY3WIraH yiuoy

agay ... a4y,

A = 6121(122...(12” (3)
dndgy ...,

TYFpU Oypuakiu TYpTOypyaK XaJABUIHHHI Xxoccajapura 6OF-
JuK. byHnmait xamBan S Ta carpid n Ta YCTYHJM MaTpuua
(8% n- marpuua) aeitwiany, (a,) €ku || g, || xypunmwna
xaMm €3wnagu. by A Mannua,uam a, con—map MaTpULIAHUHT
3jieMenTaapu aeiwnaan. bapua S x n - Mannuanap TYIUIaMUHU
Ms,,. OpKaIN OenruwiaiMus,
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A MaTpULIAaHUHT Xap OWp catpura R ycTvaa » - YI4amiid
BEKTOp €6 Kapaml MyMKHMH. YHUHT [- CaTpUHM (a,,
a,) Xypunuwaa €3amu3. Kemaxaxkna A MaTpULIAHMHT caTpia-
pHHUM Moc paBumpa A,, A,, .., A opkamu Genrwraimus. A
MaTPULIAHUHT YCTYHJIapura R yctupa S-yryamiu BexTop 1ebd
Kapau MyMKMH. YHHUHT j -yCTYHMHM yluby

a,, ..,

a;
B
ay

beJrn YpHUra XOMHM Texal Makcaauna [a,, a,, ..., asj] Kypu-
Hummna €3amu3. Kemaxakga A MaTpUMUAHMHT YCTYHJIADUHU
Moc paBumuna A!, 42, ..., A® Kabu Genrwraimus.

Arap § X n-matpuiiana n = S 6yica, y n TapTuOIM KBaapaT
MaTtpuua geWwianu. bapua kBaapar Marpuuanap TYIUIAMUHU
benrmwnamna M, YpHura M, GeirvHM MILIATAMH3. Ksagpat
MaTpPMUAJAry a,,, a,,, ..., @, 3JNEMEHTIap TYIUIAMU YHUHT 6011
AMaroHand Jeiwiaay. Arap KBajapaT marpuuaga 6ol auaro-
HAJIaH Tallkapuaaru 6apya sjaeMeHTIap HoJb Oyica, y aua-
ronan MaTpuia feitwiagu Ba Oawsad diag (a),, a,, .., a,)
KypuHHIIMAa €3unaau. bapya sneMeHTIapy Hosra TeHr 6ynarad
MaTpUlia HOJMb MaTpulia Jedwiaad. Arap IMaroHajJ MaTpuua-
naa,, a,=..=a, =1 6yica, y 6upiuK MaTpuua aeiwianud
Ba E (baviaH E) opxkanu GejnruiaHanu.

FOkopuna (2) tTusum 6yitmya kuputuiarad (3) Marpuua (2)
TH3UM HOMABJIYMJIAPHHHHAT KO3(p(PHUMEHTIapH MaTPULACU OE-
Wwiaagy. By MaTpuMUAaHUHr YHI TOMOHUTAa TU3MMHMHI O304
xaiuapugad ubopar [b, b,, ..., b] ycTyHHH €3cak, § Ta carp-
M n+ 1 ycryHau .

ay,ay,..0,,b,
7 B
A =| a,a,..a,b, 4)
agag,..as,b,
Martpuua Xocwa O6ymamd. YHH (2) TU3UMHUHT KEHTaHTHPH.I-
raH MaTpuIacH JeiuiIagy Ba (a,.]./b,.) KYPUHHIIMIA XaM €3uJa-

au. Opatna (2) TU3UMHHM edHiu Macanacu (3) Ba (4) maTpuua-
JJApDHUHT XOCCATapWHM YpraHuIura KeJITHPWIALN.
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14-§. n YJIYOBJIU APUPMETHK DA30

MarpuuanapHyHT caTpiapd Ba yCTYHJIApH opacuiaru 60r-
JaHMUUIapHU YpraHull Makcaguaa R* parn (R — XaKukui
TYIUIAMM) BEKTOpNAp YCTH/IA AMAJUTap KUPUTHO, YIIApHUHT XOC-
CalapMHU YpraHaMu3.

Arap X = (x, X,, ..., x,) Ba Y= (y,, ¥,, ..., ,) KoOpAKHara-
Jlapy XaKUKUIi COH O¥araH n y1yaMin BekTopiaap o0yica, ygy
(x, + y,, X, + ¥,, .., X, + y ) BEKTOD YITapHUHT HNFHHAHCH 1€6
atrasagu Ba X + Y opkanu 6enrmnanany. bapya koopauHara-
i Honwra tedr O6ynran (0, 0, ..., 0) BeKTOp HOB BeKTOp €D
aramanu Ba 0 (xynuH4a 0) opkanu GearwiaHaau.

XaKUKHil COHNAapHU KYIWUMII aMalUHHUHT XOoccalapHuaaH
BEKTOPJIADHU KYLIMII aMaTWHHHT KyHHaard xoccajlapu Oe-
BOCUTA KeJIMO YUKaAM:

a,) xap kaHmai yura X, V, Z € R" Bekropnap y4yH

X+WV+Z=X+(V+ 2) (accounaruBiuk)
a,) Xap Kanzait X € R* BeKTOp yuyH
X+0=0+X=X
a,) xap KaHnait X = (x,, X,, ..., X,) € R" BEKTOp YYyH

X+Y=YV+X=0

TEHDIMKJIApHU KAHOATIAHTUPYBYHM V BEKTOp MaBXyn; Oy BEK-
™p V= (-x, .., —X)0ymb, X ra Kapama-Kapuu BEKTOD
Jedwiagu Ba —X opkaiau GejlrwiaHaam.

a,) xap KaHga X, Y € R" sekropinap yyyH X+ V=V + X
(koMMyTaTHBIHK). By Xoccanap R’ TymaMm KyLWIMW aMajiura
HUCOATAaH KOMMYTATUB TYPYX XOCWI KWIMILMHHU KYypcaTaaH.

Arap X = (x, x,, .., x,) ER" Ba 1 €R 6¥nca, ymoy (Ax,,
AX,, ..., AX , BEKTOD X BEKTOPHUHT A COHTa KymaHrmacu Ieiu-
Jnaau Ba AX opKamu OeiarwiaHagu.

XaKuKUil COHIAapHU KYMAaUTUPUIL AMAIIMHUHT XOccalapy-
[aH BEKTOPHM COHra KYNakTHpULU aMaIUHUHT Kyi{uaaru xoc-
calapy 0eBOCHTA Keaub YHKAIU:
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b,) xap Kannai X € K" Bexrop y4yH
1 X=X
b,) xap kaHnait A, u € R connap Ba X € R" BeKTOp Y4yH
AuX) = (Qu)X,
b,) xap Kanpaii A, 4 € R Ba X € R* yuyH
A + W)X =X+ uX;
b,) xap xaHnait 1 €R Ba X, YV € R" pexTopiap y4yH
MX+ V)y=2X+2Y.

R’ TyriaM BekTOpJapHH KYLIMIL Ba BEKTOPIAPHW COHTa
KYNalTHpHULI aMajutapu Ounad 64pra n - yr4amin apudMeTHk
da3zo aedwianu.

bepwriran X, X, ..., X € R Bexropinap Ba ¢, C,, ..., ¢, E R
coHnap yuyH ymby c X + ¢, X, +..+ ¢ X Bexrop X, X, ...,
X BEKTODIADHUHT ¢, C,, ..., €, KOIDOHULUUEHTIH YH3HKIH
nonacu (KombuHauusicu) aedwnaau. Arap Y sekrop X, X,
.., X BEKTOPJIAPHUHT OMPOP YU3MK/IM MbOAAcUra TeHT byica,
y X, X,, .., X, BexTOpIap OpPKAIM 4YH3HKJIH M(POIANAHYBYH
neiwiaau.

Arap X, X, ..., X, BEKTOpJIap TH3MMH YYYH ywIOy

o X, + e, X+ 4 X, =0

TEHTIIMKHY KAHOATJIAHTHPYBYM KaMuaa OUPH HOJBAAH (apKiIu
6yiran c,, c,, ..., ¢, coHnap MaBxyn 6yica, Gy Bekropiap
TA3HMHU YH3MK/AM OOF1aHran geiwnani. MacanaH, HOJb BEK-
TOPHM €KW MKKHUTA GMp XIUI BEKTOPHHM V3 MYMra ojysud R’
ard UXTUEPHH YEKJIM BEKTOPJAp TH3UMHU YM3UKIU OOFIaH-
raH.

l-teopema. X, X, ..., X, BEeKTOpJIap TH3NMH YH3HKIH
OoriaHrad 6yndmn yuyn Oy TH3MMAArH OMpPOp BeKTOpHH Goui-

50

www.ziyouz.com kutubxonasi



KAJapH OPKAJIH YM3MK/IM HoIaam MYMKHHJIHTH 3apypHil Ba
KnoABKH WApPTAMP.

HUcbor. X, X, ..., X_Bekropnap YM3UKIM OOFJIaHTaH
OyacuH. ¥V Xonma kamuaa 6upu HonbaaH dapkiu 6yiaraH c,
€y .y €, COHNIAD MaBXyIKM, CX; +6X,+.+4¢, X, =0, By
COHJIap WYMIA HOJIbAAH (papKIucH ¢, 6¥IICuH. Y X0/11a 10KopU-
Jarv TEHIMIMKAAH ywoy

: ¥
i

C Ci_ o C
X- =—Zv}' Xl_'”_Til X'-l —T‘%Xﬂ_l_..._zv’f—Xx

TEHIJIMK, SbHU X, BEKTOPHMHT OOILKANIADU OPKAIM YHU3UKJIM
U(OJANAHTAHIUTH KeTub YUKANH.
OHIM, aKCHHYa, X, X, ..., X, BEKTOpJIApHUHT OGMpOpPTACH,
macanaH X, 6olikanapu opKaiu udonanaHrad OyICUH.
X=A4X+2 5+ .+, _X _ +A4+ X+ +.. +1X.

L4

V xonna

AX+LX+ L H+A X X+ A+ X+ +.+AX =0.

i
byepnac =1,¢c,=2,, ...,¢,_,=4,_,¢=—1,¢,,=2,, -
¢,=2, ne6 oncak, ¢, =—1# 0 6yarann yuyn X, X, .., X,
TU3UM YU3UKIN OGOFJIaHTaH.

by TeopemanaH KyiiMgaru HaThXxa Kenub uMKagd. Arap
6upop BeKTOp/Iap TU3UMM YU3UKJIHU GOFJIAHIaH KUCM TU3UMMIa
sra Oyiaca, 6y TU3UMHHUHI V3H XaM YM3MKJIM OOFJIaHraH Oy-
JIau.

Yu3ukin 60FIaHMarad BeKTOpAap TU3UMH YH3HKJIH IPKJIH
TH3UM Xam 1e6 atananu. Lynnai kw6, arap X, X, ..., X, € R
TU3UM YUYVH Xap KaHmail yuoy

X, + o X,+. . +c X, =0
KYPMHUILATH TEHNIMKIAH ¢, = ¢, = ... = ¢, = ( TEHIIMK Ke-

JMb yukca, Oy TM3UM YH3HKJIM 3pKIM Oynaau. PaBiiaHku,
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YU3UKJIM SPKJIH TH3UMHHHC Xap KaHOoad KUCM THU3UMU XaM
YU3UKJIU BPKIU.

R dazona 4M3MKIM 3PKIM TH3UMIa MyXMM MUCOJ KEITH-
pamu3. E opkamm i koopauHaracu 1 ra Ba 6omka 6apya Ko-
OpAMHATAJApH HOJbra TEHT OYiIraH BEKTOPHU OenrwiaiMu3.
Yoy

E =(,0,..,0)
E,=(0,1,..,0)
R APt

BEKTOpJIap TH3UMH YM3UKIH 3pKIH. XaKuKartaH, ¢,k + ¢, E, +
+..+cE =(c,c, .., c)oymranu yuyd c E, + ¢,E, + ... +
+cE = 0 TeHIMKIAH c,=¢,=..=c,=0 TeHrnuK Keaud
uukanu. E, E,, ..., E Bexropnap opriap 1e6 araimanu.

R npa A Ba B tusumiap 6epwirad GViacuH. Arap A HUHT
xap 6up X BeKTOpH Y4YH B HUHI WyHAAH YeKIM KUCM THU3H-
MM MaBxyna Oyncaku, X Bekrop Oy KMCM TU3UM OPKAIU YU-
3UKIN udonanaHca, A TU3UM B TH3UM OpPKATH YM3HKIHM HboO-
JANAHYBYH JCHHUIAAH.

2-teopema. Azap A musum B opxasu uuzuxau ugpoda-
aanca éa B muzum C musum opxaau wusuxaiu ugodaranca, y
xoa0a A musum C opxasu wusuxau ugpodaranadu.

Mc6or. AHunr uxru€puit X Bekropu B HUHT 6upop {V,
vy YV} UEKIHM KUCM TU3MMM ODKATH YM3UKIM MboaaraHanu:
X=aV +..+al.

Xap 6up Y, sekrop C naru 6upop {Z,

s e Z,.P} YeKJIU KHUCM
i
TU3UM ODPKAIU YM3UKIU HPOoJaTaHAIM:

Pi
Y,=3b,Z,, b, ER.
j=1

by TedrmuxkinapHd X HUHC Udogacura Kyucak:

X = §a(§ by.z.yj

Jj=1 \Jj=1

tearnukHu odamus. l
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R dazona Gupop A TM3UM oJiMHraH GyicuH. Arap A naru
Xap KaHjai r + | Ta BeKTOp YHM3MKJIM, OOFIaHraH Ba YHIA ¥ Ta
YU3UKJIM 3PKIIM BEKTOPJIAp KUCM TH3UMH MaBXyl Oyica, 6yH-
Jai r COHU A TM3UMHHUHL paHru gedwiagu. YHH HA) opkanu
6enrmwnaitMu3. Honp BekTopiapmaH u6opaT TM3UMHUHI paH-
TMHU HOJIbra TEHT 1e0 XucobmanMus.

Arap xap KaHaa#i m HaTypas COH YYyH A Ja m Ta YU3HUKJIU
3PKIM BEKTOp MaBXyl Oyica, 6yHAall A TYILIAMHUHT paHTH
Yekcu3 aeimnanm Ba r(A) = o KYpUHUIUMIA €3aMH3.

A TU3UMHUHL PaHTH r Ta TEHT OYJICHH. A Jard UXTUEpUH 7
Ta YU3UKJIM 3DKIH BEeKTOp A HUHT 0a3ucH aeifinany.

3-teopema. A musumnunz panzu r 2a menz 6yacun. Y
Xxoa0a A Oazu uxmuépuii éexmop yndazu uxmuépuii 6asuc op-
Kaau s2oHa ycya buaan uusuxau ugpodaranadu.

NcGor. Anauxruépuit (B, B,, ..., B} 6a3ucHM Ba UXTU-
€puit X BeKTOpHHU onamu3. Y xomna {B,, ..., B, X} TH3uM
YU3UKJIM OOFIaHraH, SbHU KaMuiaa OUpU HOJIBAAH (hapKiIu
OyaraH wyHpai c,, c,, ..., ¢, ¢ COHNAP MaBXYIKH,

¢,B, +¢,By+..4¢,B, +cX =0.

Arap ¢ = 0 6yaca, y xonna ¢ B, +..+c, B, =0 6ymmb, c, c,,
.., C, COHJIADHMHI MYMIa KaMHUAa OGuUpH HONBIAH (apKIu
6ynapau, ssbHu B, B,, ..., B, TH3UM YH3MK/IM GOFNaHraH 6ymap-
4. by aca TH3uMHUHTr 6a3uc akadaurura 3ud. Jemak ¢ = 0.
ByHra Kypa IOKOpDHAArd TE€HDIMKIAH =-2B - 7232 -
-‘-—-—?’ r TEHIJIUKHU osiamMu3. by OwinanH xap xaHnai X Bek-
TOPHUHT 6a3UC OPKAJIU YU3UKJIU UPONUIaHMIIM KYPCATHUIH.

3HIM X BEKTOD HKKH XK YCyI OuiaH 6a3uc opkaau ugoaa-
naHraH o6yncud: X=a B +a,B,+..+aB, X=5bB + b,B +
+ ...+ b B. By TEeHIIMKIADHUHI OUPUHYMCHIAH MKKHHYH-
CHUHH aiupub, ymoy

(a, —b))B, +(a, — b,)B,+..+a, —b,)B, = 0

TEHITIMKKA KejlaMu3. ByHIaH 0asMCHUHI YU3HKJIM 3PKIIMIH-

rura acocaH a, —b =a,—b,=..=a — b =0 HM, AbHU
a=b,a,=b, .., a=> TEeHNIUKIADHH OJNaMU3.
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4-reopema. R" da émyeuu A éa B mynaamaap Gepusean
6yaub, B nunz panzu S 2a menz 6yacun. Aeap A muszum B op-
Kaau uusuxau ugpodaranca, y xoada A dazu xap xanoai
(S + 1) — ma sexmop wusuxau 6orranzan, ssnu r(A) < S.

Ucb6or. TeopemaHu S 6Vituua MATEMaTHK UHIYKIUS YCY-

14 6wiaH ucbomnaiiMus. A tywiamna uxruépuit {C, .., C}
YM3MKJIM 3PKJIM TH3MMHU Ba B tmaumua 6upop {D,, .., D}
GasucHU onamm3. Y xonna 2-Ba 3-teopemanapra acocaH C),
C,, ..., C sexropnapuu {D,, ..., D} 6asuc opkanu udonanaiu
MYMKHMH:

C=aD +..+alD,

C,=a,D +..+a,D, (1)

TeopemaHu ucOoTIall YYYH F < S TEHICU3IUMKHHU HCOOT-
Jau Kudos.

Arap B TM3MMHUHT paHru S = 1 6y1ca, y xonna C, C,, ...,
C, BeKTOpIap YU3UKIM 3PKIM OFnraHu y4yH (1) TEHrIMKiIap-
JaH r < | TEHICU3IMKHU OJlaMu3, TbHU TeopeMa S =1 yuyH
YpUHIM. DHAX TeopeMaHu paHTH .S — | 6¥iraH xap KaHmait B
TYILUIaM YYyH YpuHIM Gyiacun ne6 dapa3 Kuwramus. Arap (1)

TU3UMIA g, = 4,, = ... =a_= 0 6yica, y X042 paHry r ra TeHr
6yaran {C,, ..., C} Tu3uM panru S — 1 ra teHr 6yarau {D,, ...,

D, _|} Ta3uM OpKanu YM3MKJIM HdonanaHapau. by xonna uH-
Aykuus 6yitnya dapasumuara acocanr < 5 — 1. byHagan r < 8.
OHM a..., @, KO3(OULMEHTIApDHUHT GUpopTacH, MacajlaH
a,, HoibjaaH (apkau 6ynraH xonHu Kypamus. by xomma (1)
HUHT OXUPrU TeHTIurugad D au ugomanab oraMus:

_ 1 a,y 9r,s—1
D=lc -%&p-.~%ip .

s a

By udonmanu (1) maru Konrad (r —1) Ta TEHDJIMKKA KJHHO,
yxiam xajurapHu HUFMO uukamu3. HaTuxana Kyiimagaru TeHr-
JIMKJIAD TH3UMHUHH OJIAMH3.
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C,—35C, - b,D+..4b D, ,,

ars

C, - ‘;_f: C, =b,D+..+b,, D, |, ()

C,,—232C, b, \D+.4b,_, D

r— r-1,s=1""s-1"
rs

by TeHrnuknap TU3UMH yLIOY

{C} =C 2, ..C =C -k c,}

r-1 r-1 Ay

BeKTOpJap TUBUMHUHMHT {D,, ..., D _,} BeKTopJiap TU3UMH Op-
KM YU3UKIH UONIaHUIIMHA KYpCaTaau.

Cl,...,C’_, BEKTOPIAPHUHI YM3HKJIW 3PKIH SKAHIUTHHU
Kypcatamu3. XakukataH, 6upop 4,,4,,...,A4 _ COHJAp YYyH
AC +4,Co+.. 42, ,C! | =0 TeHrmHK ypuriu 6yicun, ned da-
pa3 Kwiaitimk. by TeHruMKka C] BeKTOpJIapHUHT Hboaacu-
Hu Kyitcak ,(C, - A C,)+...+A,_1(C,_1-2§J£Cr] =0.

- .

Qs

byHnan yxmam xamiapHu HUFUG

MG+ 4,Co+. . 42, ,C,, - ¢, =0

A2+ 44, %=ls
Qs Qs

TEHDTUKHA onamMu3. C|, ..., C, BeKTOpjiap YM3MKJIU 3PKIH
OyAraHu yuyH OXWUprd TEHIJIMKIAru 6apya Ko3(dPpuiMeHTIap
Honbra TeHr. Xycycan A,=1,= ...= A _, =0. by sca
C},...,C!., BEKTOPIAapHMHI YM3MKJIU IPKJIU IKAHIUTMHH
kypcaragu. LlyHnait kimm6, (2) TEHIIIMKKA acocaH paHrd r — 1
ra TeHr 6yaraH {Cll,...,C}_l} TH3UM paHru S — 1 ra TeHr
6yaran {D,, ..., D__ |} TH3UM OPKAIM YU3MKIU MoIaTaHANH.
bynnan unaoyknusHuHr dapasura mypopux r— 1< 85-1,
AbHU 7 < § TEHICU3IIUK KeJIUO YUKAIU.

l-HaTuxa. R ¢asonune paneu n 2a mene.

HUcbor. Xakukaran, {E, ..., E} opTjiap TU3UMH YH-
3UKJIM 3pKIM OYITaHU y4yH Oy TH3MMHHMHI PaHTH n ra TEHT.
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HUkxkuHYHM TOMOHOAH OpTIap TH3UMH OPKAIHM R JarM MXTH-
épuit (C, C, ..., C) BekTop YM3UKIN UDONATAHTAHU YUYH
(¢, G, .., C)=CE + CE, + ..+ CE_. WUcbomranran Tte-
opeMara acocan M R*)< n. by opTiap tusuMu R" na €rraHud

y4yH H(R*) = n.
2-"Hatuxa. R daeu xap xanmodaii A Kucm mynasam yuyH
HA)< n.

Hcb6oT. A KucM TyulaM R’ pa étraHy yuyyH R opkaiu
YU3UKIU UDORANAHATH.

l-Hatmxara acocan K R")=n. bynman Ba 4-—TeopeManaH
HA) < n TEHICU3NIMK KeTUO 4YMKAIH.

3-natuxa. R da émyeuu A ea B musumnap bepunzau
oyacun. Azap A musum B opxasu wuzuxau ugodananca éa B
musum A opkanru wusukau ugodaranca, {A) = 1 B).

Ucb6oT. 2-narmxara kypa, nA)< n Ba N B)< n. byHaaH
Ba A TU3UM B opKanM YU3HKIH U(OHANaHTAaHU YUYH 4-Teo-
pemara acocaH r{A)< r(B). llynra yxmaw rHA)= r(B). Jemak
HA) =nB). A

15-§. MATPULTAHUHT BA YN3UNKJIN TEHTJIAMAJIAP
TU3UMUWHHUHI PAHTH

A€ M_ matpuuanunr A, A, ..., A" yCTyHIapuHU S-§ryaM-
JIM BeKTOpIap Ae6 KapaiiMU3. A MAaTPHLAHMHT YCTYHJIApUIAaH
nbopar 6yiraH BekTOpJIAp TU3MMUHUHI paHTUra A marpHua
YCTYHJIADHHHHT paHrH Je6 aTanaiu. YHU KUCKAIUK YUyH ry(A)
opKanu GenrwiaiiMu3. PaBmaHku, ry(A)s n.

Yty

k}:‘,la%xk =5 (i=15) (@)

TEeHIJlaManap TU3UMUHUHT €4MMHU MABXYUIMTH MacalaCUHU
TEKIUUPUILTra YTAMU3.

Ae M , MaTpuLa bepuirad () YH3UKJIM TEHTJIaMaJlap TU-
3UMH HOMABIYMJAPUHUHT KO3 GULMEHTIApU MATPULIACH Ba
AteM 3ca (@) TH3UMHHUHI KEHTaHTUPWITaH MaTpULAacCH

sn+ 1
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6ymcun. by MaTpuuanap ycTyHJIapMHMHI DaHIIapu y4yH
r(A)= ry(A Nsn+l.

l-reopema (Kpouekep-Kanmennu). Bepusrzan
(a) wuuszuxau meHzAamManap muumununz bupzatuxoa Gysuuwiu

YUYH T (A) =r (A 1Y menzauxnunz 6axcapusuwmu 3apyp ea Ku-
dosa.

U cbot. bepwiraH (@) TH3MMHUHI 0304-XaU1apuaaH ubo-
par 6yarau [b,,b,, .., b] ycTyHHU B opKanu Oenrunad, TH3UM-
HU KyHUIArd BEKTOp KYpUHMIIAA €3U0 OJaMuU3:

x A+ x4+ ... +xA" = B. ®B)

Bepwirad (a) Tu3uM OMpranukiga 6yiacuH ae6 dapas Kuaam-
JUK. Y Xonaa 6yHaaH Ba (8) udonagaH B pekTopHHHT A!, A2,
., A" BEKTOp/Iap OpKAJIU YM3HMKJIH UOoNATaHUIIN KETUO Yu-
Kanu. {A!, ..., A"} TH3UMHUHI DAHICH r ra TeHr 6yaub,
{AK1 , ...,AK’} YHUHT UXTUEPHIT 6a3ucH 6yicuH. Y xomma 2-§
jJaru 3-teopeMara Kypa, xap KaHpaii A' Bekrop Oy 6asuc op-
Kand udonamaHaau. JdeMak, B pextop xaMm Oy 6a3uc opKaiu
udonanananu. by {4!, ..., 47, B} Tuaumpa xap xadnait r + 1 ta
BEKTOPHUHT YMU3UKJIU OOFIMKJIUTUHU KypcaTaau, S’bHU
r(Ad) = r(A ) TEHIIMK VPUHIIM.

BHD.PI r(A) = r(A ) TeHrMK YpuHiM 6yncuH med dapas
KnnannuK BYHIIaH {A}, ..., A"} TU3IMMHUHI HUXTUEPHUH
{A’“, ...,AK’} 6a3ucu {4}, ..., A", B} TM3uM yyyH Xam 6a3uc-
Juru kenud yukaau. byHaaH sca B BeKTOpPHUHT {A', A2,
A"} TU3UM opKam YM3UKIK HomaTaHUIUM KeJub uyuKaa.
by (8) Tenrnamanu Ba geMak (@) HM XaM KAaHOATJIAaHTHUPYBYU
HOMABIYMJIADHUHI KUWMATAapy MaBXYMUIMTHHM KypcaTamy.

bupranukna 6yaraH (a) YM3UKIN TEHIJIaMANIap TH3UMU YIYH
UCOOTJIaHTaH TeopeMara acocaH r(A) = r[ AY). By conra (a)
YU3UKJIM TEHIJIaMal1ap TU3MMHHIHT panm neitMu3 Ba Ha) op-
Kanu benrwnaimus. Pasmanku 0< H@)< n. Xycycan Ha) = 0
6ynranaa Ba daxar mwy xojgaruHa TEHJIAMANAp TH3UMHHHHT
6apya KoadULMEHTIapH Ba 0304 Xa[lapu HOJbrA TEHT.

2-teopema. bupzaruxda 6yaszan (a) uusuxau menzaa-
masap musumununz anuy, oyauwu yuyn r(a) =n 6yauwmu 3apyp
6a Kugos.
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U cb6o1. bupranukna 6yirad (@) TH3UMHUHI aHUKJIUTH-
naH (8) MmyHocabatra acocaH B BeKTOpDHHMHT A!, ..., A" ycTyH-
JIap OPKAIH SITOHA ycyiina udonaiaHUn Keand yukagu. byH-
naH A!, ..., A" BeKTopJap THU3UMUHUHT YM3UKJIM SPKIWINTH
Kenub YMKUIKMHY KypcaTaMu3. XaKukatan 6upop ¢, A' + ... +
+ C A" = 0 KYpMHUIINIATY TEHITHMK YpUHIM OYiIcHH ne6 da-
pa3 Kunaiauk. By TeHraukHu (B) TeHrIMKKAa Kymub,
(x, + C)A' + ... + (x, + C )A" = B Tenrnuxnu onamus. Oxup-
TM TEHDIMK KYpcaTaiuKH, arap (X, ... X,) BEKTOp (a) TH3UM-
HUHT eyumu 6yica, (x, + ¢, ..., X,+ ¢,) BEKTOp XaM €4UMIMD.
EYuMMHMHr Aronanuranan x, + ¢, =Xx, .., X,+ ¢, =X TeHI-
JTMKHM onaMu3. By tenrmkmapaan ¢, =0, ..., ¢ =0, fbHU
A', ..., A" BeKTOpJap TU3HMHU UYU3IHUKIU 3pKiIu. Hdemak
Ha) = ry(A) = n.

Akcunya, Ha) = n 6yicud. Y xXonaa {4, ..., A} BeKTopaap
TU3UMHU YU3UKIU 3PKIM OYnub, {4, ..., A", B} TH3UM 3ca 4u-
3UKIM OornaHraH. Byunan B BektopHuHr A!, ..., A" TH3UM
OpPKAJIHM ATroHAa ycynaa .MdpoaagaHUuIud, SbHU (3) TUIMMHHUHI
SITOHA €YUMH OOPIUIU Keaud YUMKanu.

Hatuxa. Azap n ma nomasaymau S ma 6up sxcuncau vu-
3uKau meneaamanap muzumu yuyn S <n 6yaca, 6y musumHuHe
HoAbOaH apKau euumu mMagxcyo.

HcboT. Bepwiran (@) 6Up XUHCIU TUIUMHUHI BEKTOP

Kypunummaara (8) reurnamacuaa B =0 6yau6, y ymby

x A+, 4x,A" = 0

KypuHMLIra Kenaau. by Tenrnamax, = 0, ..., x, = 0, SpHU HOJIB
eyumra sra. JdeMak, OUp XHHCIH TU3UM OOUM OWprajiukiaa.
Tu3zuMaa TeHrIaMaJTapHUHT cOHU S Ta OGYiIraHu y4yH yCTyH-
sap S - ymuoBnu BekTOpiapanp. byHnan Ba 14-§ 4-teopema-
HMHI 2-HaTiXacuiaaH (@) TH3MMHUHI paHTH YYyH Ha) < §
TeHIrcHuIMK Keaub yukanu. by Ba S < n TeHrcusnukaad Ha) < n
TEHTCHIIMK Keaub yukanu. OXUpru TeHICH3IUK 2-TeopeMara
acocaH (a) TH3UM €YMMJIApH COHUHHUHI OUTTaNaH OPTUKJIM-
rMHK kypcaranu. Jdemak (a) TU3UMHUHI HOMBAAH (apKiu
€YMMHU MaBXYA.

by maparpadnaru teopeManap MaTpulUa YCTYHJIAPUHHHT
PAHTHHH XHCOOJIAl MacajlacH MyXMMJIMIMHM KYpcaTalH.

58

www.ziyouz.com kutubxonasi



A € M, MarpULAHVMHT CATPIapMHU n-YIIMOBJIM BEKTOpPIAp
Jed Kapall MyMKHH. A MATpHMUAHUHT caTpiapuaaH ubdopar
O6yaraH BeKTOpJap TU3MMUHHUHT paHTHra 4 MaTpHua catpia-
PHHEHT panry €6 atanaiy. YHM KUCKAIUK Y4YH r,(A) opKaiu
Genrunaimus. PaBwanku 7, (4) < S.

Keiiunru naparpacna xap xKaHgait A Mmarpuna y4yH
ry(A) = r(A) TEHITIMKHK KYPCATaAMM3 Ba MATPUMUANApHHU 3je-
MEHTap ATIMAIUTHPHIU €pAaMUAa paHDIapUHU XHcobaam ycy-
M OWIaH TAHUILIAMHU3.

16-§. MATPULIAJIAPHUHI DJIEMEHTAP
AIMALITUPUIIJIAPH

Ukkura A BE M » MaTpHuaIap O6epwirad 6YJICHUH.

Arap A Marpuuaga UKKMTa CATPHUHI YPHU ajiMalUTHPH-
JIMIUM HATHXXKacHuaa B MaTpuua Xocwl KWinHca, B Matpuua A
JaH carpaap ycruaa (I) Typ aneMeHTap AJMAIITHPHII HATH-
Xacujga XOCHUJN KWJIHHraH je#innanu. by Oumiman dupop
fi M > M, akc 3TTHPUIL aHMKJIAHIK.

Arap A MaTpULIAHMHT 6MPOp CATPUHU GUpPOP COHTa Kymaii-
TUpuUO, GoLIKa OMpOp caTpura KYIUWLI HaTHXacuaa B MaTpu-
La xocun KWwiuHca, B marpuua A naH carpiaap yermaa (1I)—
TYP 3J7eMeHTap AJMAIITHPHII HATHXACHIA XOCHJI KWIMHIAH
Aerunaan. by 6unan xam 6upop f: M, . M, akc sTTHpHIL
XOCWI KWIMHIH.

by tavpudnapra yxwam Mmarpuua ycrywnapuunuar (I) sa
(ID-1yp 3neMeHTap aAMAIITHPHULIAPH TabpUdIaHALU.

l1-teopema. Campaap (ycmymaap) ycmudacu xap Gup
f:M, > M ssemenmap aamawmupuw Guexyus 6yaub, ynune
meckapucu f': M > M_ xam campaap (ycmynaap) ycmuoa
anemenmap aimawmupuuoup.

U ¢ 6 oT. ®apas Kwiaitiuk, f— carpiap ycruna (1) Typ ane-
MEHTap aIMamTUpUIL 0ynub, uxTuEpuil A MaTpuLaga, Maca-
JIaH p- Ba g- CAaTpJApHMHI YpHMHM ajJiMalUTHpUILAaH ubopar
6ymcun: f(A) = B. Arap B Marpuuiaga siHa p- Ba g- carpiap-
HHHT YPHUHM ajJMaluTHpCcakK, y Xoina A MaTpuduara Kaira-
Mu3s, sseHU A = f{B) = f{(f(A)). By [ f— OUpJIMK aKCAaHTUPUILI,
STbHU f HUHT TeCKapUCH f HUHT ¥3u GYiaub, y sJIeMeHTap ai-
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MAIITHPHII 3KAHIUTMHU KypcaTagu. byHoaH xycycaH f HUHI
OMeKIMS 3KAHIUTU XaM KeJub yuKaIu.

DHmu f— carpaap yerupa (1) Typ a/seMeHTap aiMaiuTH-
puwl o¥ncuH: f(A) = B. Y xonpga f aKCIAHTUPHUII UXTUEPUH
A= (aﬁ) MaTpHlara Kyiunaaruya tabcup Kwiagy. UyHpan p
Ba q (1 =p, ¢g<.5) xamma h € R coHnap MaBXyaku, A sa B
JApHUHT p—caTpjaH Oowika 6Gapya carpsiapu OuUp xui1 Ba B
HUHT p -caTpu 3ca A HUHT p- Ba ¢g-CaTpiapyd OPKAIH

b =ay, +ha, (k=1n)

dopmyna 6yituya onuHagu (TbHU A HUHT g-caTpd A COHUra
KynaiTupuiub, p-caTpura KymIaH.

Arap xocui 6ynraH B Matpunana 6y MaTpULI@AHUHT g-CaT-
pyuHM (—h) coHura KynaiTupub, p-carpura Kyuicak, A mar-
punara Kaitamus: g(B) = A. Kypammnsku g: M, > M_ akc or-
TUpPUII f ra TeCKapy Ba y XaM carpjap ycmna (II) Typ aji-
MawTdpumanp. byHaaH fHUHr GUeKLIA 3KAHIUTY XaM KeJub
YUKAIH.

YeryHnap yd4yH TeOpeMaHHMHT MCOOTH UIYHTa yXIIaul.

G (s X n) OPKaIM caTpjap YCTHOATH 3JIEMEHTAp aIMallTH-
PWIMLLIADHUHT MYMKMH OyiraH 6apua 4ekJd COHIAru KOM-
MO3ULMsUIapuaaH ubopar TYIiaMHu GenriwiafiMus. Xap Oup
I M - M  sneMeHTap aiMalITHpULl Ouekuus OyiraHd Ba
6Mel<ummapHMHr KOMITO3WUMACH Ouekuus OYiaraHu ydyH
G (s X n) TYTUIAMHUHT 3JIEMEHTIIapU XaM M, , HUHT V3UHU Y3UTa
ouekuusUlapuaad ubopar.

2-teopema. G (s Xn) myniam GueKyusiaprunz Kom-
nosuyuacu (ABHU IMeMEHMApP AAMAUMUDUWAGDHUHZ KemMa-
Kem Gaxcapuaum) amaiuza Rucbaman zypyxnu Xocua xuaaou.

McboTr. AKC 3TTUPMIILIAP, XyCycaH, OMeKUusnap y4yH
aCCOLIMATUBIIMK KOHYHM ypuriu (3-§, 1-reopema). demak,
yJIap YIYH YMyMJIAIIraH acCOIMATUBIMK KOHYHHM XaM YPUHIIU
(9-§, l-teopema). byHra Kypa s;1eMeHTap ajJMalITUpUILIIIap-
HUHT MKKUTA f) - f,...f, € G(s Xn) Ba g 'g,...4E€ G (s Xn)
YEKJIH KOMIO3MLMANAPHUHT (f, - f, ... [, )(g,°8, .. §&) Kymaiur-
MacHHM XaM f, - f, ... f, &8, ... § KYPUHHMUIAQ, STHHHU 3NIEMEH-
Tap AIMAIUTUPWIHLLIADHUHT Y€KIH COHJArM KOMIIO3MLHACU
KYpUMHHUIIMIA €3UlI MyMKUH. [leMak
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Sy S g8, ... 8)E G(s Xn).

G(s X n) ja acCOUMATHBIMK KOHYHMHUHI GaxapUIHMIIH
YHUHT TYIUIaMJIap aKC STTHUPULLJIADUHHUHT KOMITO3ULHACH YUYH
OaxapWIMIIMIAH KEeTU6 YMKanu.

Arap M_ uunr (1) popmyna 6unan 6epwiran (II)-typ an-
MAIITUpUINMAA k = 0 1e6 0JICaK, TYIUIAMHUHT GUDPIMK ATMALL-
TUPHULINHU OJaMu3. byHnan M, , HUHT OUpIUK ATMAIUTUPU-
wu G (s X n) ra TErUILIM KAHJIUTU KeIub YuKanu.

OHaM UXTUEPHH [, * f, ... [, € G (s X n) S]EMEHTHH OJIAMM3.
by epna xap 6up f, snemeHTap anMaWITHpUIL 6¥IraHu Ba Xap
OUp 3JIEeMEHTAap ANMALUTHPHUILra TECKAPH AJIMAINTHPUIL MaB-
Xy 6¥n1ub, y XaM sJieMeHTap aIMaluTHpUIlI 6yiaraHu ca6atiu
Lt fo T EG(S X ny. By anement f, - f, ... f, ra Tecka-
pu. XaKuKaTaH ywoby

St fol DU foe o ) =

(el Y1 )

KynaMTMa acCOLIMAaTHBIMK Xoccacura Kypa OUpPIUK 3J1eMeHT-
ra TEHT. .

by 6unan G (s X n) HUHT TYPYX 3KaHJIMIM KYpCaTHWIIH.

G(s x n) typyx 6y acrupma G (M, ) rypyxaa caTpJapHMHT
6apua 3JleMEHTap aIMAIUTUPULLIAPH XOCWI KIWITaH KUCM TY-
PYXAup.

[lyHra yxmaiu ycTyHiap yuyyH Gy(s X 1) TYpYX XaM KHUDH-
THIAOH.

Hartuxa. A, BEM_ mampuyanap 6epunean 6yacun. A2ap
A mampuyadan B mampuyaza campaapHunz (YCMyHAGDHUHS) YeK-
AU COHOAzYU INEMEHMAD AAMAUWMUPUWIAQPYU ODKAAU YU MYyM~
Kum 6yaca, y xonda B dan A za xam wexau condazu 3nemenmap
AIMAUMUPUWAGp OPKAAU YMUUW MYMKUH.

Mc6oT. Papa3 kunahiuk, A naH B ra carpiapHuHr f,
f_1» J, 3N€MeHTap anMAIUITUPULIAPH OPKATH YTUII MYMKHH
o6yncuH. Y xoina

LU, (A) = B,
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SABPHHU

- ff) A=

l-Teopemara acocan f;',...,f;”! 7ap XaM 3ieMeHTap ai-

MaluTdpuuuiap 6ynu6, 2—TeopemMara acocaH
(o' fahe NBY= A4,

SHU  f;7' - 7)., f7) aieMeHTap aIMAIUTHPUILUIAD OPKAJM
B naH A ra yruim MyMKUH. YCTyHIAp YYYH MyJoXasa LIyHTa
VXuiattu,. '

3-teopema. Mampuuya campaapununz (ycmyHaapununz)
parnzu ynunz campaapu (ycmynaapu) ycmuda Hekau CoH map-
ma 31eMenmap aimalwmupuuiaap 6axcaputeanda yzzapmaiiou,
avnu G (s X n) eypyxnune (G (s X n) 2ypyxHuHz) mascupuza Huc-
b6aman uueapuanm&up

Ucbor. A€ M, MATDHLIAHMHT CaTpjlapd YCTHAA UXTH-
épuit f, f,, .../, 3J1eMeHTap aTMaluTHpHOUIap OaxapwiraH
6yiacun: (f, ... f)(A).

Yoy

r(, - S)A) =r(4)

TEHIIMKHH HCOOTIAIUMU3 Kepak. JacTiaab Oy TeHIIIUKHU
k =1 xonna ucboTIaiiMus.

A BUMHT caTpjapd yCTHMZIA UXTUEPUH f 3JeMeHTap alMall-
TApHUIL GaxapwiraH 6yicuH. Arap y (I) Typ sneMeHTap ai-
Mamrrupuiu 6yica, y xonga A marpuua 6wiaH f(A) Matpuua
6up xwi1 carpnapra sra 6ynrand yuyyH (yaap ¢pakaTruHa carp-
JIADHUHT YpuHIapu OwiaH (apK KWIFAHA Y4YYH) YIapHUHT
paHriapy TeHr r(A) = r(f(A)). Arap Ara (1) Typ f 3nemeHTap
AIMAIUTUPHIL TAbCUP KWJITaH Oyica, y Xoinga A fa myHaas p
Ba g caTpiiap MaBXyjakKu, A OwiaH f(A) TapHUHT p-caTpilapu-
JaH 6omka 6apua carpiapu OUp XM Ba f{A) HUHT p-catpu A
HUHT p- Ba ¢-CATPJApUHMHT YU3UKJIN KOMOMHALMUACHILUD.
Hemak, 6ynnaH 14-§, 4-reopemara kypa r,(f(4)) < r(A). k-
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KHHYM TOMOHJIAH 2-TeopeMara Kypa f-! maBxyx Ba y xam (II)
Typ 3MeMEHTap AIMAIUTHPUIUAND. YHHUHT YYYH KOKOpUIAru
MyJioxasaiapra acocan r(f~/(A)) < r (A). Arap 6y TeHICH3IMKIa
A cudaruna f{A) marpuua ojHHCa:

r(A) = r (T (f4)) = r(f(A).

byHnaH Ba loKopuiary TeHIrCH3nMKaaH r(A) = r,(f(A)) texr-
JuK onuHaau. By GwiaH TeopeMma k = 1 ma uc6oTiIaHOU.

OHAM TeOpeMaHW K —1 B3JIEeMeHTap aJIMalITHPHUIL Y4YH
YpuHIu ne6 ¢apa3 Kwiaiimk. Y Xojja TeopeMaHUHT K = 1
Ba K —1 y4yH YypUHIWIUIUTA aCOCaH

r((f._,- SYA)=r (00 - S,(A) =r(. .. ,(A) = r(A).

YcryHnap yyyH TeopeMaHHMHI MCOOTH ILYHra yXIuaiil.

Kyitunaru MKKuTa Xoccara ara 6yiraH marpumara carpaa-
pura (ycryniapura) HucOaTaH 3HHANOA MATPHUA AeHIIAOK:

1) Arap i- catp (yCTyH) HoJU1apaaH ubopar 6¥ica, y Xonna
(i + 1) -carp (ycTyH) xaM HoJUIapaaH ubopar.

2) Arap MarpuuaHuHr i - sa (i + 1)- carpiapuHuHr (yc-
TYHAAPDUHUHT) Xap Oupuma HoibaaH (apkKjid IJeMEeHTIap
6ynub, i - catpaaru (yctyHaaru) yangaH (IOKOpuiaH) OMpUH-
4u (hapKJIM 3JIEMEHT /1, - pakaMJii ycTyHaa (catpaa) Ba (i + 1) -
carpaard (ycTyHOaru) yaraaH (IOKOpHOaH) OUPUHYM HOJIb-
AaH Qapkjiu 3MeMeHT m,, - (caTpaa) yupaca, y xoiaga m, <m,
TEHICU3AUK YPUHIIH.

XycycaH, HOJIb MaTpUlLla caTpjapura HucbaTaH XaM yc-
TYHJIapUra HUcOaTaH XaM 3HHANos MaTPULAIdUD.

Kenrupwiran tabpud carpiapura (ycTyHiaapura) Hucba-
TaH 3UHAMNOA MaTpHUaja HoyiaaH ¢apkyim carpiapaarv (yc-
TyHJIapAard) vangaH (J0KopuaaH) OMpHHYM HOJbAaH apKIH
3JIEMEHTIAH Yarjgard (10Kopuaari) Ba nactaaru (YHruaru) asue-
MEHTJIAp HOJbra TEHr OYIMIIMHM KypcaTalH.

Carpnapra Huc6atad 3MHaIIOA MaTpULiaga HoJbAaH (hapk-
Ju carpiaap r Ta O6yicuH. Y Xojina Oy caTpiapra Moc OyiaraH
my, m,, ..., m_DaKaMJIM YCTYHJIADHU caTpJjlapra HUCOaTaH 3M-
Halos MaTpUUaHUHT Oom ycTyHaapu neiimus. Carprapra
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HMcOaTaH 3MHANOs MaTPULAHMHI Tabpudura kypa 1 =m, <
< m, <,.< m<n 2.
4 -Teop e Ma. Xap xandaii mampuyanu campaapHune (yf
MYHAGPHUNZ) HeKAU COHOAZU IACMEHMAP AiMaumupuuiapu é.
damuda campaapea (ycmynaapea) nucbaman 3uHanos Mampy .
uaza aurQHMUPUIl MyMKUH., ’

Ncb6ort. Wxru€puit A € M, Matpuua Gepiirad OYicus.
Teopemanu S carpiapHUHT COHU O¥iiMya MaTeMaTUK UHIYk
uust ycynu 6wiaH ucbotaaiMmu3. Arap marpuua gaxkar 6w
carpiaH ubopat 6yica, y caTrpjapra HUCOaTaH 3MHAIIOS Mu
puua 6ynamu. JIemak S = 1 6y1ca, Teopema YpUHIH.

JHau S = 2 X0JNHU KypaMu3 Ba TeopeManu (.5 —1) Ta catpan
MaTpyuaiap yuyH Ypuniad ne6 ¢apa3 Kunamuis. Arap A mart-
pULa HOJb MaTpuua 6¥ica, y 3MHAIIOS MaTpuLa.

A HonmpaaH dapkiIu Marpuua OyiacuH. Y X0J14a YHAA HOMNb-
OaH ¢apkjau 37eMeHT MaBxyd. JleMak MaTpulaja HOJbAaH
dapkian ycTyH MaBxya. bupunyn HonbaaH dhapkiu yCTyH m, -
YCTYH O¥amb, yHaaru HoabldaH (papkjiud 3J€MEHT p - caTpaa
€rcuH. BupuHYM Ba p - caTpJapHUHI YPHUHU ATMALUITUPHO
((I) Typ aneMeHTap aJIMAIUTUPHIL), OUPDUHYU CATPUHUHT m, -
yCTyHuaa ETYBYM 4@y, JIEMEHTH HOIbAAH (apKIn oyyirad Ky-
Hujgary Matpuiara KejaaMua:

’ !
0..q0,,-4,

A = | 0T~

—_— a
Arap xap 6Up k =2 .S Y4yH OMpUHYM caTpHU ‘;l‘k'"”jl) COH-
ra kynautupud, k—carpra Kymwcak ((II)—Typ snemenTap ai-
MAIUTHPHILIAP), KyHUIArd MaTpHLIara KejJlamus:

0..0 g9,
A" = 0.00 .. o,
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OHuM A” marpunaga OMpUHYM CAaTpHU Tauwiab, KoJraH
—1 carpnappad ubopar Marpuuanu C opKajim OGeirruaaii-
u3. by C MaTpMUAaHUHT GMPUHYH /M, Ta YCTYHH HOJIBIA TEHT.
- C marpuua S—1 ta catpra 3ra 6¥,IraHd y4yH YHra MateMa-
K UHAYKUMSHUHT ¢dapa3uHy Kyjulab, YeKJIM COHIArd 3Jie-

MEeHTap aIMalUTHpUULIap €plaMuia caTpiaapra HUcbataH 3U-
W20 KYpUHULITa 3ra 6¥iaraH D MaTpunara KeJITHPHII MyM-
~%H. C ycTUAArd caTpJapHUHT 2JeMEeHTAp ajJMAIITUPUIUIADU
«~PTMATPULAHMHT XaM 3JIEMEHTAp ajJMallTHpUILIapd O¥auo,
~vfina OMpuHYM carp y3rapMainu. Xocw 6yarad D matpuua-
/tMHT' XaM OMPUHYM m, Ta YCTYHM HoIUIapAaH ubopar 6ynamu.
D matpuuanuHr Honbaad dapkiu r—1 ta carpu 0yau6, 6y
carpiapiard HoJjbaaH Gapkin GHUPpHHYM 3JeMeHTIap MOC pa-
BULIAA m,, .., m_YCTyHHIapaa €rraH OyicuH. Y Xoixa
m,<..<m_- D MaTpPUUAHUHI GUPUHYH m, Ta YCTYHH HOJ-
jrapaaH ubopar 6yiranu yuyn m, <m,< ... <m. Haruxana
SUPUHYM caTpiaH nactra D MaTpULIAHMHL caTpiapu €3uica,
Xocwi 6ynrad § Ta caTpjM MaTpuua carpjapra HucGaTaH 3u-
Harosd Marpuua 6ynub, y A MaTpulagaH YeKJIN COHAArd sie-
MEeHTap aIMALUTUPUULIAD OPKAIM XOCWJI KWJIMHraH Oyianu.
YeryHinap y4yH TeopeMa IIyHra yximai MCGOTIaHAON.
S-reopema. Campaapza (ycmynaapuza) nucbaman 3u-
Hanos mampuya campaapurune (YCMyHAGPUHUNZ) PaAH2U HOAb-
dan papkau campaapununz (ycmyHnaapununz) conuza mene.
Ucbor A€ Mm MaTpula caTpjapura HUcOaTaH 3UHa-
mos 6¥1u6, r Ta HoapnaH dapkjy caTpra ara Ba m,m, ..,m —
0ol YCTYHJIApUHHHT paKamiaapy OYICHUH:

0.....00.....00....0 2)

by epaa a,,, # 0, Gy, * 0,...,a,, #0 — Honpaan apk-
a4 carpjap 0ynub, 6upop c,, c ¢, COHNap Yy4yH
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A + A+ +c, A = 0 6yncuH ne6 dapas Kwiamus. bynaan
TeOpeMaHH MCOOTIAall YYYH KOJraH caTrpjlap HoJb OyiraHu
TyQaimm ¢, = ¢, = ... = ¢, = 0 KeIub YUKUIUMHU KYpCaTaMm3.
Arap r =1 6ynca, ymby ¢,A, =0 TeHIIMKHH, THHU €\, =
= ... = c,a,,= 0 TeHrnukiapHu onamu3. byHnan a,, * 0
6ynrann yuyH c, =0 TEHDIMKHM OjlaMM3. OHOM r— 1 xomma

r—1 ta Honbaan ¢apxau B, ..., B carpiapra sra Ba catpia-
pura HUcOaTaH 3vHanos 6yaraH xap KaHaai B Marpuua yuyH

B +..+c,_,B,_, =0 TEHIIMKOAH IouUM ¢, =¢,=..=¢c,_ =0
Keaub yuKcuH neb ¢dapas kunamus. Yoy c 4 + ... +cA4 =0
TeHIJUKAAH

Gy =0

61%m, + Cdom, = 0

TeHIJIMKIIAp THU3UMUHU onaMu3. byrapHUHr OMpUHUYKCUIAH
a,, #0 6ynranu y4yyH ¢, =0 TEHTTUKHU ONaMH3 Ba
A, + ...+ cA =0 TeHIIMKKa KelaMu3. A, .., A, caTpiap-
HUHT Y34 7 — 1 caTpjiM 3UHAIOS MaTpULIa XOCWI KWITaHU Y4YH,
MHAYKuMs (apasura kypa c,= ... =c,= 0. by Ba ¢, = 0 Tenr-
JuKnap A, A,, .., A, caTplapHUHI YM3MKIA IPKIWIMTHHHA
Kypcaranu, sseHU r(A) = r.

4- Ba 5-Teopemasiap OMpOp MaTpulia CaTpJIapWHHUHAT (yc-
TYHJIAPUHUHT) PAaHTUHU XHMCOOIall YYYH YHU 3J€MeHTap ai-
MAIUTUPHIILIAD OPKAIM 3UHAIOS KYPHHMILUTA KEATHPUIL KH-
¢ost SKAHIUTUHYN K¥pCaTaau.

Arap A € M, xBaapar matpuua 6Yiub, AuaroHan Kypu-
HUWTra ora 6yica, S-TeopemMara acocaH YHUHT CaTpJIapUHUHT
(YCTYHJIApDUHHUHT) paHTH HOMHaH (hapKJIH NMArOHAI NEMEHT-
JIApDUHUHT COHHUTa TEHT.

6-teopema. Campaapuza (ycmyuaapuza) Hucbaman 3u-
Hanos mampuua ycmyHaapununz (campaapununz) panzu Hoab-
dan papxau campaapununz (ycmyHaapunuHz) conuza mene.

U c6oT. 3uHamos A marpuna (2) KypuHULITa ora 0§JICHH.
Hompnan dapknm carpmap r ta 6yiaraHu y9yH yHUHT YCTYH-
JIApUHU 7 -¥I4aMJId BeKTopiap Aed Kapall MyMKWH.
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A", A™ ..., A™ 60w YCTYHJIApPHMHT YU3UKIH 3PKIH
3KaHIMIMHY Kypcatamu3. Papa3 Kwialluk 6Upop ¢, C,, ...,
¢, coHnap yuyH ¢, A™ +c,A™ +.. 4+c,A™ =0 6yncuH. Y xonna

G+ Caim, +. e Aim, = 0
Oy, +. . HCA,, = 0

.................

by epna A * 0, Gy, * 0,...,a,, # 0 6yaranu y4yH 5-teo-
pemara yxmam Mynoxaaanapﬂn numamG c,=¢,=..=¢=0
TEHTUMKJIAPHU OJIaMU3, ThbHU A{"‘,...,A"” 60111 yCTyHnap Y-
3uKId 3pxiu. byHnad Ba 14-§ maru 4-tTeopeMaHUHr 2-HaTU-
Xacura acocaH r(A) = r 9KAHJIUIY Keaub YuKany.

CannapHnHr pPaHTd YYyH TEOPEMAaHHUHT MCOOTHU ILUYHIa
VXuian.

Hartuxa. Campaapuza (ycmywaapuea) nucb6aman 3uma-
nos 6yazan xap Kandai mampuya campiapuiunz paneu ycmyH-
AGDUHUHZ DaH2U2a MeHe.

Uc6orT. Arap carprapura HucbaTaH 3WHAINoOS MaTpula-
HUHT HOJbIaH (hapkJiM caTpjapd COHH r ra TeHr Oyica, y
XoJiaa 5- Ba 6—Teopemanapra acocaH r(A) =r= r(A)

Arap B= (b /) € M, MaTpHL@HHUHT 3J1eMeHTJ1apMA (a )E

EM, ManuuaHnHr 3jeMeHTAapu 6unadH ywby b =g,

(l = 1,S,j = l,n) TeHrMuKIap 6uwiaH 60FIaHrad 6yica, SbHU
B uHunr B, B,, ..., B, carpnapu Moc pasumia A HUHr A', 4,
, A° ycrywinapura teHr 6yica, B marpuna A ra HucbaTtaH
TPAHCHOHMPJIABIAH Jedwianu Ba A kabu Oenxrwnanagu. Pae-
WIAHKH, Xap KaHaah A Marpula yuyyH (A™)" = A, r.(A)=
=r1,(4"), r,(A)=r(47).
7-teopema. Mampuya campaapununz (ycmyHaapurunz)
PaHzu Mampuya mpancnorupaanzanda yizapmaiiou, Asnu xap
xanoaii P mampuua yuyn r(H) = r(H"), r(H) = r(F)
N cb6o1. UxTuépui HE M. matpuua chmrau Ba H* —
YHUHT TPAHCIIOHUPJIAHTaHU 6yncpm 4-TeopeMara Kypa catp-
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JIADHUHT YEKJIM COHAATH f, ..., f, aIMAUTUPHULUIADH OPKAIU
H uvu catpnapura Huc6aTaH 3UHANOSAHU A MaTpuliara KeJlTH-
puwr MyMKuH: (f...f)(H) = A. Arap H HMHT caTpjiapy ycTuia
Gaxapuirad f,, ..., f, 2MeMeHTap alMamTHpunuiapuu H' mar-
PULAHMHT YCTYHJIApH ycTHaA Gaxapcak, YCTyHlapura Hucba-
TaH 3WHANost A® MaTpHlara KejlaMu3. 3-Teopemara acocaH
r(H) =r(A) Ba r(A") = r(H"), 6-TeOpeMaHUHT HATHXaCHra
acocaH r(A”) = ry(A’). Bbynapnan

r(H)=r(A) = ry(A’) = ry(A’) =r(H").

Hlyxra yxmam ry(H) = ry(F) teHrmuK ucbornananu. M

Hatuxa. Xap Kannaii MaTpaua caTpJlapMHMHT PAHTH YC-
TYWIADHHHHE PAHTHTA TEHI.

Ucb6or. Uxtuépuit H Marpula yuyH 7-Teopemara aco-
can r(H) =r(H") = r(H). B

by HaTwxara acocaH Ky#Haard Tabpu(pHU KUPUTUILMMU3
MyMKUH. Y6y r(H) = r,(H) COH MATPHUAHMHT PaHrH JEHM-
J1anu.

17-§. YU3UKJIN TEHTIJIAMAJIAP TUBUMJIAPUHUHT
AJIMAIITUPUIILIAPHU. TAYCC YCYJIN

Hkkura
n . —_—
Eaixxx=bi(l=l9s) (a)
x=1
n . —_—
Yex, =d (i=15) ®B)
x=1
Oup xui X, X,, ..., X, HOMabIyMIx S Ta TeHIJIaManap TU3UM-
JIapH Ba YJIAPDHMHI KEHTaUTHPIWIraH MaTpHUalapd OepuiraH
6yICHH.

Arap (a) TH3UM HMKKHUTA TEHIJIAMACUHUHI YpUHJApU al-
MAIITHPUINILY HaTxacuaa (8) cucteMa XOCHJ KMIUHCA, ()
T™H3UM () aaH (I)-Typ 3JieMeHTap AIMAIITHPHIN HATHKAcUIa
XOCWI KWIMHIAH AeHiaau.
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Arap (a) THU3MMHMHI OHpOp TeHINIAMAaCHMHUM OMpOp COHra
KyImauTupub, 6omka 6Upop TeHrjaMacura KYIIMII HaTHXA-
cuna (B) TH3UM XOCWI KiMHca, (8) th3um (a) man (1I) Typ
3JIeMEHTAp AJMAMTHPHII HATIDKACHIA XOCWI KWIMHTaH He-
Wnanu.

Xap 6uUp YM3UKJIM TeHIJIAMaIap TH3MMUIa YHHHT KeHrai-
TUPWITaH MaTpULIACHMHU MOC KYHCAK, Y X012 YU3UKJIA TCHT-
Jlamanap TH3UMH yctupard xap oup (I) typ €xu (I1) Typ ane-
MEHTap aJIMAalITUPHUIUra YHUHI KEHTAWTHPWITaH MaTpULIACH
YCTHJa MOC 2JIEMEHTAp AIMALUTUPUII TYFPU KeTaaH. AKCHH-
Yya, KEHFaUTUPWIraH Matpuua yctuaaru xap oup (I) Typ €ku
(II) Typ sneMeHTap aNMAlUTHPUILUTa TU3UM YCTHIATH MOC 3JI€e-
MEHTap aJIMAIUTUPHII TYFPH Kelaau. TU3MMIIAp Ba YJIapHHUHE
KEHTaWTUPUIITAaH MATPULAIAPDHHUHT SJIeMEHTApP ATMAIITHPUILI-
Jlapy opacuparn 6y MocaWwIHMK Ba 16-§ jma marpulianap sie-
MEHTap AIMALUTUPHUILWIAPK YYYH OJMHIaH XoccajapaaH Oe-
BOCUTA TEHIJIaMajlap TU3MMIApH JIEMEHTAp AJIMAILTHPHUIL-
JIApUHHUHT XOccanapd OJHHAIH.

1-Tteopema. Azap 6umma wusuxsu muzumoan UKKun4U-
cu2a “eKAu CoHdazu IMeMERMap aimMautmupuuiap opKatl ymuul.
MYMKUH 0yaca, y x040a uKxunuucudan Gupunuucuza Xam ex-
AU COHOQZU IAEMEHMAp AIMAWMUPUAGD OPKAAU VMU MyM-
KUH.

Hcbor. TeopeMaHuHr MCOOTH TH3MMIAD Ba YIAPHUHT
KEHTAUTUPWITAaH MaTpHLANap 3JeMeHTap aJlMallTHPHIIApH
OpacHAAard MoOCIHKIAH Ba 16-§ na 2-TeopeMaHUHT HATHXA-
CHIAH Keaub YMKaau.

Arap YM3MKJIM TEHMIAMAJap TH3UMUHUHI KeHradTHpWI-
raH MaTpULACH 3UHAIMOS Marpuua 6yaca, y 3MHANOA TH3UM
Jevuianu.

2-teopema. Xap Kanoaii wuzuKAu men2AamMaiap musu-
MU HeKau COHOazu 31eMeNmap arMaumupuuAap opKailu uHa-
noA musumea KeAmupuaumu MyMKuH.

Ucb6oT. TeopeMaHUHT MUCOOTH TH3MUMAAD Ba YIAPHUHT
KEHTANTUPWITaH MaTpULAIapu 3JeMeHTap ajJMallTHpHLLJIa-
PH opacHaard MociukinaH Ba 16-§ 4-teopemagaH Kemu6 yu-
KalH.

3-Tteopema. Azap 6up muzukau menziamaiap musumu-
0an UKKUHMU Mmu3umea “eKkau COHOazu 1eMenmap aimaumu-
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pumAap opkaiu ymuiy mMymxux 6yaca, y xoada 6y musumaap
meHne Kywauoup.

Ncb6or. Jdactnab teopeManu (@) TU3MMOAH (B) ra 6utra
(I) Typ aneMeHTap aJIMAIITUPUII OPKATH XOCHII KUJIKMHIAH X0
yuyH ucbornaiiMmus. Papas KWwiaiiuk, (@) TH3UM OUpraJukaa
6y1u6, (x,o,x;’,...,x,‘f) BEKTOp (@) HUHT 6UPOP eYUMHU GYICHH.
Y xonpa 6y BekTop (8) HUHT XaM eYdMHu G¥ranu, yyHKU (@) Ba
(B)napmaru TeHramaiap 6up xwi 6yiu6, dakar (8) na () ra
HUCOATaH MKKHTA TEHIIAMAHWHI YpHU anMaiurad. UKKuHYH
TOMOHIIAH () TH3UM XaM () nau (I) Typ 37AeMeHTap ajiMall-
THPUIU OPKAJIHM XOCWI KWinHaau. byHAaH 0Kopunara Myio-
Xazara Kypa (8) HMHT Xap OMp €4MMHU (@) HHUHT XaM €UUMM
oymanu.

Hemak, (a) Ba (8) TH3UMIAD TEHT KyWIH.

OHnu (B) Tu3uM (a) gan (II) Typ ameMeHTap aIMalUTUPHUII
OPKAJIM XOCH] KWIHHTAH XONHM KypaMu3. Y Xojna lyHaai
p,q(#q 1 <p, g=<s)Ba h€& R connap MaBXyaku, (a) Ba
(8) Ta3uMIIapaa p - TeHIIaMalapaaH 6oika 6apya TeHIIama-
Jiap OUp XWiI, p- TeHIJIaMajJapHUHT Ko3(dduuueHTIapu Ba
030 XaJUlapd 3ca Kyiujaaruya OOFJIaHTaH:

¢, = a, +ha, (x=1n),d=b,+hb,

®apa3 xunainuk, (a) TH3UM Oupranukaa 6ynud,
Xy = (xlo,xg,...,x,‘f ) BeKTOp () HUHT 6Mpop eunMu 6yacud. Y
xoina Oy TH3MMJIApHHHT p-TeHrIaMaiapuaaH Ooumxa 6apuya
TEHIJIaMaNapy OMp XU OYAraHM y4yH X, BEKTOp (8) THU3MM-
HUHT p- TeHINIaMaAaH 0omka 6apya TeHIJIaMAIapUHU KaHO-
amiaHTupaid. by x, BekTop (a) TH3MMHH KaHOATJIIAHTHPraHU

YYyH YHUHT p- Ba g- TEHIJAMaJaApUHHU KAHOATIAHTHPAIH:
< 0 S 0
2a,xe=b, Ya,x, =b,.
x=1 x=1

WKKUHYM TEHIJIMKHUHI MKKH TOMOHWHH h ra KylnauTu-
pub, OUPpUHYM TEHIIMKKA KYLICAK,
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3 (a,, +ha,)x0 = b, +hb,

x=1

TEHITIUKHU onaMu3. by sca (xlo,xf,...,x,?) BEKTOpHUHT (f)

lard p- TEHrJaMaHM XaM KAaHOATJIAHTHPHUILIWHU KypcaTaiu.
Hemak (a) HUHT Xap 6up eynuMH (B) HUHT XaM e€YMMHU 3KaH.
AmmMo (a) xam (8) nan (II) Typ sneMeHTap aaMalUTHPHLI Op-
KaJIM XOCHJI KWiMHanu. DyHIaH IOKOpHIAru MyjioxXasajlapHH
vuiaTuO, (8) HUHL Xap OUp euuMu (@) HUHT XaM €4UMH IKAH-
JIUTH OJMHALM.

IOKopuza kearupwirad MyJioxasalapliaH KypaMu3KH, arap
TU3UMJIIADHUHT OMpOpTacH MKKUHYMCHAAH OMUTTA 3JIeMEHTap
AIMAIUTHPHUIL OPKAIM XOCHJI KMJIMHTaH Oyica, y xonga Oy
TU3UMJIADHUHT OUpopTacy bupraivkia 6yica, HKKHHYMCH XaM
Oupranukiaa Ba yinap Oup X1 eyumiiapra 3ra. byHra acocaH,
arap yJIApHHHTr OupopTtacu Ouprajiukia 6yiMaca, HKKUHYMCH
xaM Oupranukina 6yiaMmaiau. by ounan teopema (8) TusuM (a)
JaH OuTTa 3JIEMEHTAp AIMAIUTHPHUIN OPKAJIM XOCHI KWIMH-
raH xoj4a KcOOTIaHAH.

byHnaH ¢oiinaranub, yMyMH# X0 MaTéMaTHK UHAYKIMS
ycyau €paammiaa ucOboTiraHagu.

HaTtuxa. Xap KaHnaii TeHrjaMajnap TH3HMMM OMpOD 3H-
HANOA TH3MMIa TEHr KYWIH.

Uc6or. Harmxanunr uc6otu 2- Ba 3- teopemanapiaaH
Keaub YuKagu.

by HatuxanaH ¢oiiganaHu6, UXTUEPHI YU3UKIU TEHIJIa-
Majlap TU3UMHUHHU YHIa TEHT KyWId GyaraH 3MHamosi TU3UMTa
KeNTUPHUO onub, GeBocUTa eyaMu3.

Uxtnépuit n ta HoMabaymid S Ta YU3UMKJIM TEHITIAMATH
(a) TM3umM GepuiraH 6¥ncuH. A Ba A’ MOC paBulLga Oy TH3UM-
HHUHT K03bQUineHTIapy MaTpULAcH Ba KEHraHTHPWIraH MaT-
punacu 6¥ncud. by TM3UMHM YeKiIW COHAArud 3JeMeHTap al-
Matupuiiap €paampna Gupop (@) 3uHanos KypuHumIra
keiarupamui. A Ba A Moc paBuiiga (@) TH3SUMHHUHT KO3g-
duLMeHTIapH MaTpHLACH Ba KEHradTUPWJIraH MaTpHUIlacH
6yacuH. Y xomnna A, n Ta yCTYHIU Ba S Ta caTpiu 3UHAMNOA
Matpuua 6ymagu. A sca A MarpMua YCTYHJIAPUHU ¥3 M4Mra
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oirad (A + 1) Ta ycTyHJM Ba S Ta caTpiM 3MHAIIOS MaTpULa
pu—

6yramu. A HUHT HoAbAAH GAPKIN CATpAAPU COHU F ra TEHT
OyncuH. YHUHT 601l YCTYHAApMHUHT HOMEPJIAapH MOC PaBHILIA
m, my, ..., m o6yicun. Y xomna l<m =m,<..<m =n+1

Ky#uaaru UKKU XOJTHM alpuUM KYypaMu3:

1) m =n+1, abHU r-caTpia HOJbAAH (PapKIH ATOHA
37eMeHT 6ynub, y (n + 1)-ycTtyHna €rany;

2) m <n+l.

Bupunun xoi, spHM ywby m, =n + | TEHIIUK YPUHIM
o6yicun ned dapa3 KwiaMu3. Y xoiAa r-TeHrjaMa Kydupard
KYypUHULLIA Oynanu:

0-x,+0-x,+..+0-x =b, b =0,

SbHU Oy TeHINIAMaHUHT Yaml TOMOHMJaru 6apua Ko3¢houum-
EHTJIap HOJIra TEHT, 0301 XaX 3ca HojibJaH (apkau. AMMO
OyHOail TeHrJIaMaHUHI €YUMU HYK, YYHKM YHUHI 4aml TOMO-
HU Xap KaHua x,, Xx,, ..., X, J1ap y4yH HOJIbra TeHIr, aMMO YHT
TOMOHM HoJbAaH (apkiau. byugan (@) TU3UMHUHT XaM evu-
MU HYKJIMTH KeIud yukaau. 3-reopeMara Kypa (a) TU3UMM xaM
euuMra dra sMacauru keamb yukanu. Ilynmait Kuiuo6,
m_=n+ 1 xonua (a) TU3UM OUPraJMKaa 3Mac IKaH.

Oumu m_ < n+ 1 xonmHu kypamus. by xoina () TH3UM
Kylugaru KypuHUILAA €3UI1a0u:

dim, )Cm1 +...taunXx, = by,
Aoy Xy, +...+ awx, = b,

armr xmr +...+ arnxn = br,

6y epra aim, # 0, azm, # 0,...,am, # 0.
boui ycTyHiapra Moc KeJyBud Xm) Xmys++-sXm, HOMABIIYM-
JIapHM 0ol HOMABIYMJIAp Ba KOJTaHJAapUHMU 3Ca 0304 HO-
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MabiIymiaap Aeiwnanu. bom HoMabiIyMJIapHUHT COHH r Ta Ba
030], HOMaBJIyMJIADHUHT COHU (n — r) Ta. Arap »n = r 6yica,
0301 HoMmabiaymiaap Hyk. By xonpa y kyiugaru KypUHMILTA
ara:

aux; + anx, +...+ anx, = b

anx;+...+anx, = b,

amx, = b (@)
Ox, + 0x, + ... ... + 0x =0
Ox, +...... + 0x =0

6y epaa an #0,...,am # 0. Arap n = s 6ynca, (@) TH3UM yd-
Oypuak Tu3uM neitwnanu. by xonna tusumaa 0x, + ... + 0x =0
aiiHaH HOABb KYPMHMIUUIArM TeHrJaMajlap HYK. Arap s> n
6¥mnca, (a) na (s — »n) Ta aifHaH HOJIb KYPUHMILMAATH TEHIIA-
Manap 6yiamu. AiHaH HONb KYPUHHUIUKMAATH TEHIJIAMATapHH
Xap KaHAaf BEKTOp KAHOATJIAHTUPraHH YYyH (a) THM3MMHHU
eynlina aifHaH Hoab OYIraH TeHIIaMalapHH Tanuiad w6o-
pUlI MyMKMH. JdeMaxk (a) THU3UMHH eyuIl Kyiuaaru y4oyp-
YaK TU3MMHHU €YHUIITa KeJITUPHIALH.

anx; +apXx, +...+ ai.x, = by
anx,+...+amx, = b

............ P T

AmX, = bn

By €pla OXHUpPru TEHIrjaIaMalnaH X, HH TOITaMM3:

b
Xp = —-" .
Qnn

byHu 6apya 6ouika (n ~ 1) Ta TeHrinaMara Kyicak, HATH-
Xajax, X, ..., X, _, HOMabJIyMIId y40ypyaK TU3UM Xocu O¥na-

n
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au. byHnan oxupru x,_, HOMAwIyMHU TOnMO, GOWIKA TEHT-
Jamanapra kyamu3s. [Ily #ycuHaa HOMabJIyMJIapHU KeTMa-
KeT TonuO, HaTXana 6apya HOMAbJIyMJIapHU OUp KUMMATIU
TOIaMH3.

by 6mran 6u3 (@) TH3UMHM # = r OYATaH X013 eYauK.

Juan r < n 6yiaraH xouHU KypaMu3. by xoina oKopuraru-
ra yxwab, TM3MMaaH allHaH HoJbra TEHT OyJraH TeHIJIaMa-
JIapHU Tanwiab, Ky#uaard TU3UMHU €YMINTa KeJaMu3:

aim X,y + Qimy X+t AinX, = b

by Tu3MMIa o301 HOMabiIymiaap KaTHawirad Oapua xan-
JIJapHHU TU3UMHUHT YHI TOMOHHUra yTKa3aMM3 Ba 030J HOMab-
JlyMJIapra UXTHEpUH KHiiMaTiapHu GepaMu3. Y Xxojiaa TH3UM-
HUHT' YHI TOMOHH COHJapra airaHu®b, TU3uM 6Ol HOMab-
Jlymutapra HucbaraH yuOyp4yak TH3MM Oynanu. By TH3MMHM
XaM IOKOpUIarura yxmau equ6, 6011 HoMabiIyMJIapHUHT KUi-
MAaTHHU OUp KuiMaTiIu tormamu3. by OwiaH (a) TU3MMHHUHT
eyuMu Tonmwiad. ByHpalt eymmpaa 0304 HOMAabIyMIapHUHT
OGapuacura UXTHEPHH KUHMaTIapHU 6epu6, 60 HOMABIYM-
JapHUHT Gynapra Moc KuUAMariapu OMp KMAMATIM TOMIIA-
mu. Ulynpaii xumu6, 6y ycyn 6unan (a¢) TU3UMHUHI 6apya
eyuMIapu Tomwiaau. by OwraH («) THM3UMMIApD TEHr KywIH
6ynraau yuyH (@) Ba (a) TH3MMHUHT XaM 6apua eduMiIapu
TONMWIAM.

Unsukid TeHDIaMajiap TH3HMHHHU 3JIEMEHTap aIMallTH-
PULLIAD OPKATH 3UHAIIOA YCyAra KenTUupub, IOKOpUAa KeJlTH-
puirad ycynna edydinHy Iaycc ycymu (6ab3aH HOMabiaymiiap-
HHU KeTMa—KeT HYKOTHUIL yCylu) Neduiagu.

IOkopuia KelTHpWIraH MyJoxa3ajap XapaéHuaa Kyiu-
Jlard TeopeMaylap XaM OJIMHIN:

4-teopema. Yuszuxau menzaamasap muszumu Gupzaiux-
Oa Oyawwu yuyH y 3uHanosa KYypunuwza Keamupuazanoa Kew-
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2alimupunzan MampuyacuRuKe oxupzu bow ycmynunuRz m_pa-
Kamu m_< n+ 1 menecusauxnu Kanoamaanmupuwu 3apyp 6a
xugosa.

5-teopema. Aeap (o) wusuxiu meneramasap musumu-
Hune paneu r(a) < n menzcusAuUKHU Kanoamaanmupca, y x0a0a
O6yHOali musumnunz ewumaapu uexcus Kyn 6yaub, ewumaap
mynaamu (n —r(a)) ma uxmuépuii y3eapysuuaap 6usan napa-
Mempaanaou.

IyHnait Macananap yypaiIMKu, ylapia YM3MKIH TeHITa-
Majlap TU3UMIApUHHU TEKIUHMPUIIHH Ba €YUIIHHA 3UHAIOA
TU3UMTIa KeJITHpMacaaH Typub, baxapuiun kepak o6ymanu. Ke-
¥WuHry naparpagap WyHaai ycyuiapra 6arMILIAHTaH.
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Typmunvu 606
JAETEPMUHAHTJIAP HABAPUACH

18-§. UKKMHYU BA YYUHYH TAPTHUBJIN
JETEPMMWHAHTIJIAP

DHAM 6oluKa ycyn OMIaH MKKHTA HOMABIYMJIM MKKUTA
TEHIJIaMaJIap TU3UMHUHK €4aMu3.

1-Teopema. Hxxu Homavaymau uKKuma “u3uKau menz-
aamaaap musumu

{allxl +anx;=h, )
ayx+ayx,=b

ywby a,, *a,, — a, *a, # 0 wapm 6axcapuszanda nzona

b
Ay —a130y1 4118 a5y

( bay-bhay, byay, —byay, )

ewumeza 32a.
Ucb6or. Yby A = a,a,,— a,a,, A = ba, — ba,, A=

= a,b, — a, b, 6enrunamnapHu kupuramu3. Tuzumaaru 6u-
PYHYH TEHITIAMAHM 4,, I'a, MKKMHYUCUHH 9ca (—a,,) ra Kynan-
TUPUO, yIapHu Kymcak, AX, =A, TeHIMKHH oiamu3. [llyHra
yxwam, OUpUHYK TeHIIaMaHu (—a, ) ra, UKKHHYM TEeHIJa-
MaHM g, ra KYIIaiTUpUO, yJapHHU Kyuicak, Ax, =A, TEHIJIHK-
HY onamu3. Hatuxana A = 0 6yaraHu y9yH

A
a.x, + a,x, = b Ax, = A X ==
{111 1242 L 1 Lo A
anx, +apx, = by, Ax, = A,, x2=ﬁ.

A
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WkkuHYM TOMOHOAH GeBocuTa xucoGiainiap HOMABJIYM-

JIADHUHT TOIIWITAH KWHMaTIapu Gepwirad TU3UMHHM KaHOAT-
NaHTUPHILUHHA KYypcaTauu:

x, ==L =
VNN {011"1 +apx, = b,

— a,x, + a,x, = b,.
X, =2, 1% 20X, )
HeMak,
x, =4
{allxl +apx, = b, - 1 A’
@ X, +apX, = b, X, = %,

By aca Tteopemanunr ucéotvaup. M
a,a
A= ( 11 12)
ay ay
a

14, — @, °a,, COHHU MocC Kysamu3. by
COH A MAaTPpUUAHUHT JAeTepMHHAHTH (2-TapTUOAM JAETEPMHU-
HaHT) aeitwinaan Ba det A éku

KBaJpaT MaTrpuuara a

a4y,

a,any

Tap3naa GerwiaHaau.

by 6exrwiawr TwiMna 1 -TeopeMa Ky#uaaruya afTiia-
Id: azap

a,a
A= 1112¢0

ayay

77

www.ziyouz.com kutubxonasi



6yaca, y xoada (1) muzum szona
(2
A’A

exumza 32a, Oy epaa A, Ba A, JJapHU XaM IOKOPUAA KHPUTHI-
rad 6exrwiamra Kypa

anb,

ay b2

A, = bay, -

b3

b,ay,

KYpPMHUIIZA €3UII MyMKHH.

Yy HOMAabJIYMIH YYTa TEHIJIaManap TU3HMUHU €4UIl Ma-
cajacH YYyH TAPTMOJH AETEPMHHAHT TYIyHYacura oiaud Ke-
magu. Arap

a,1a),a3
A =|aya,a0y

a3,a3,05

YYUHYH TapTHOJIM KBaApaT MaTtpula oOyica, ymoy

Q8,0 + 00,0, + 0,,0,,0, — 0,38,0; — 4,,8,,0y —

—0,8,,4y

COH A MaTpHMIIAHUHT JAeTepMMHAHTH Jeimianu Ba det A €ku

a,a,,ay3

y 80y
a5, a5, a3

Tap3uaa Genrwianany. KOKopuna KeJITHPWITaH JeTEPMUHAHT
KUMaTHHH XECco0JIam KOMaacH 3cAa KOJMMIIK YIyH Kyiuna-
ru Capproc XaaBa/UlapH HHUIATHIALH:
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i

By epgarm (+) XaaBania JeTepMHHAHTHUHI MycOaT HLIO-
pany OMpxamiapyd KYynanTyBYMIADUHUHT OJUHUUIM KOUJACHU:
oupxanra KynaityBun cudaTHaa KMPYBYM MATPHLIAIADHUHT
37eMEHTIAPY KecMmanap OwiaH Oupialutupwirad. lerepmu-
HAHTHUHT MaHOUH WIIopaM Xamiapyd y4yH OyHpaail xouna
XanBaiga OepuiraH.

2-Teopema. Aeap

a,,a,,4a;3
4,858, # 0
Q3,053,035
6yaca, y xoada
ay,xy +apx, +a;x; = b

X, +ayX, +ayx; = b, ()
ayX; +ayuX; +ayux; = b

HUSUKAU MeEH2AaMarap mu3umu A20Ha

A Ay A
A’ A’ A

euumea sea, 6y epna

a4, bia,ay,
A =\ayapayl, A =baya;,
3,035,033 bya3,as;
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aybay, ana,by
A, =layb,ay|, A; =|ayanb,
aybsa;, ayayb;

Ncbor. Arap (2) THBUMHHMHI OUPUHYU TEHTJIAMACHHUHT
Xap MKKala TOMOHHHU

Ayl
ayds;

ra, HKKUHYHCHHH

_|%2%;

a3 as;
ra, YYMHYUCHUHHU

a4y,

adyay

ra KymadTupcak Ba yJgapHM Kymcak, Ax, = A, TEHIJUKHU
ollaMu3. Arap OHpHHYH TeHINIAMAHU

_[Anay
asay
ra, MKKHHYUCUHU
a,,4;;
ayds;
ra, YY4MHYMCHHH
80
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_|%u4;

ayay

ra KyImawTupcak Ba yAapHW KyIICak, Ax, = A, TeHIIIMKHHU
onamu3. Huxosar, 6upuHYM TeHIIIaMaHU

a,ay
aydsx
ra, NKKHHYUCHUHHU

_ 9%,

a34as

ra, yYYUHYMCHHU

a,dp

aay

ra KymaWTUpCaK Ba ylapHU Kyuicak, Ax, = A, TEHITTHKHH
onamu3. ONMHTaH TEHIJIMKIAPra acocaH

A

A

— 4
X =5 (3)

Ay

A

TeHIJIaMallap TU3UMH (2) TH3UMHHHT HaTxXacuaup. MKKuH-
YU TOMOHJAH (3) TH3MMIary KHiMaraapHu (2) TH3UMra oaub
6opub Kyiuica, YHUHI KAHOATIAHUIIUA OEBOCUTA TEKIUUPH-
namu. By (2) Ba (3) TH3MMIIApHUHT SKBUBAJIEHTIIMTMHY Kypca~
Taju.
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Hcbornanran 1-pa 2-TeopeMaiap # HOMabJIyMJIU A Ta TEHT-
JIAMAHUHT AAroHa euydmra sra 6ynuumu xakunard Kpamep teo-
PEMACHHUHT XYCYCHIH XOJUIapHIUP.

19-§. YPHUTA KYVMILUJIAP I'YPYXU

3-§ Ba 10-§ (4-Mmucom)aa A TYLUIaMHUHT ¥3-¥3ura Oapua
omexumsUiapuaad ubopat G(A) TywiaM KUPUTWIMO, YHUHT
OueKLMsUIap KOMITO3ULIUACH aMalura HUCOaTaH Typyx XOCHI
KWINIIU KYpcaTwirad 34Hu.

bu3 wy rypyxuy OMpHUHUM » Ta HATypajl COHJapAaH ubo-
patr A = {1, 2, ... , n} TVIUIaM y4yH kypamu3. by xonna G(A)
TyiaM S opkald OejrvIaHaid Ba n-Japaxaiu CHMMETPHK
rypyx, Ae6 aTanamu. S HUHT 21eMeHTH, AbHu A = {1, 2, ... , n}
TYPJIAMHUHT ¥3-y3Ura GUEKLUACH n-AAPAXKAIH YPHHTa KyHHII
neb arajnanu. Arap ¢, € S Ba g, € S 0Oyica, ylapHuHr ¢ (p,)
KOMIIO3ULIUACH ¢, BAa ,YPHUIa KYHUIUTADHUHT KYNAHTMACH
AeHWIanu Ba g, * o KYpUHHUILKMAA 6eirmianagu. Xap 6up ypHu-
ra KYHUIIHU UMKKUTA CATPAM Xagsal KYpUHHIIWAA Ky#Huia-
ru4ya €3l MYMKHH: YHUHr OUpHHYM caTpuia OepuiraH
TYIUIAMHUHT 3JIeMeHTIapy OUpUH-KETUH €3Wlagd Ba ylap-
HUHT OCTHTa UKKWHYH CATp/ia MOC paBuilja obpasiapu €3u-
maau. MacamaH, ymoy

1234
‘0=(4321) (D

€3yB A = {1, 2, 3, 4} T iusraMHuHr Ky#unaru ¢ : A - A buex-
LUACUIUD:

1234

IR
4321

aeHH ¢ (1) =4, 0 2) =3, ¢ (3) =2, ¢ (4) = 1. YMyMaH
82
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1/)=(1 2...n) @)

m m, m

€3y A = {1, 2, ..., n} TVILIAMHUHT Kyinjaard OUeKUUSICHAMD:
1 2...n
vald &
ml mZ mn

SBHU @ () = m, j=1,n.
Arap A TYIUIaMHUHT 3j1eMeHTaAapu 1, 2, ... # JCUIlU TapTH-

6una smac, 6anxku 6owka 6upop a,, a,, ..., a, Taptubna €3uwi-
rad Oyica, v ypHUra KyHUIIHU yoOy
a, a,...aqa,
= 3
v (bl b, ... b,,) | 3)

'€3yBM XaM MuuUTaTiagu. By epna

a, a,... a,
p=[1 1 i
b by... b,

SBHU ¢ (a) = b, i =1,n. Macanan, (1) Ypuura Kyiuuw ymoy

2413
"’=(314z) )

KYPUHMLIAA XaM €3UNuILM MyMKUH. (4) é3yp (1) €3yBaaH yc-
TYHJIAPHUHT YpHU OwiaH (apk KWiaau. YMymaH, GepuiraH
¥ YypHMra KYHUILHUHT GUpop €3yBMIA YCTYHJIAPHUHE YPHU
ATMalITHPWICa, siHa ¥ YpHUTa KyHHLUIra MOC €3YBHHU OJlaMHU3.
YpHura KyHUIIHUHT TYpIH €3yBaapu OUp-6upunan ¢pakaT yc-
TYHJIApHUHT ¥pHU OwiaH ¢apK Kwiagu. Xap Oup ¢ YpHHUra
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KyiuIl (2) KYpHHUILZATY STOHa €3yBra sra. by yHUHI KaHO-
HMK €3YBU AeHILTAIU.
Kupurwiran €3ypinapaad ¢oinananub, macaiaH, ymoy

v = 1234 e 1234
" l4312) P 2413

YpHHUra Kyuuuriap OMeKIUsUIADHUHT KOMITO3ULUACU KOoHIa-
cd Oyiirya Kyiupardya KynmanTupuianau:

(1234
C(1234)(1234) Yilyyu| (1234
v# - l2413)\4312)" 4312 T(3124

NERRE
Y2'13124
Y, ¥, KYMaiTMa xaM IUIyHra yxulam TOMMIaau:

1234
YWa=l3541)

Tonuiran w,yp, Bay y, ypHUra KYHMUIADHUHT TYPIH 3KaH-
JIUTH ‘S:“ rypyX KOMMYTaTHUB 3MACIMIMHU KypcaTalH.

A TYIUTaMHMHT GUPJIHK aKC STTUPUIUM S, TYPYXHUHI OUp-
JIUK 3neMeHTUaup. YHu E opkanu GenrwiaitmMus. YV ymoby

123...n
E_(123...n)
€KU
e =(a1 a2...a,,]
a a,...a,
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KYpPUHHMLIJIApJA €3WIHILH MYMKUH. (2) KYpuHUIN1Y Gepiuirad
Y VpHUra KyHUILHMHT ¥~ Teckapucu yoy

L (m m2...m,,)
v (1 2..n

KypUHHIUra 3ra, sbHu 9~'(m) = |, i=f,_n. Arap y ¥pHUra
Kyiuim (3) kypuHuiiga 6epwirad 6yica, y xonga yHHHT !

TECKapUCH ywoly
. =(bl b,...b, )

aa...a,

KYpUHMILTA 3Ta, TbHU Y~ 1(b) = a, = 1,n.
l1-Teopema.S zypyx 3memenmaapununz conu n'! ra TeHr.
Hcbor. Xap bupy € S, ypuura Kyiuw aroHa (2) KaHo-

HUK KYypMHHIUra sra. by kypuHumiaard MKKUHYMA cCarp IJe-

MeHTIapu Y buekuus 6yiraHu yuyyH A = {1, 2, ..., n} Tymam-

HUHT OUpOp V¥pUH aIMalITUpUINMAUD. AKCUHYa, arap A

TYIUIAMHUHT OUpOp YpHH aJIMALUTHPUILMHU (2) KYPUHMILAA

MKKMHYM caTp Kwidb ojicak, Xocwn OyaraH y : A -» A akc

srtupuil ouexkuust 6Vmanu. [yupait kuaub, Gapua n»-mapa-

Xaau ypHura Kyiuuuiap owiaH A TyniaaMHUHT 6apya ypuH

ATMALUTHPUULIAPDHA OopacuAa ¥3apo OWMp KUHUMATIM MOCIHK

ypHaTwiAW. JleMak S, jJaru 31€MeHTAap COHU A TYILIaMHUHT

fapya YpuH aIMAIITUPUILUIAp COHMUIA, STbHU 7 ! ra TeHr (11-§).
A = (1, 2, ..., n} TYIWIaMHUHT UXTUEPUH a = (a,, a,,...,a,)

YpUH anMawtupuiuu GepwiraH 6yiacuH. Arap (a, aj) Xyt

yYyH a, < a oynca, 6y XypTHUHT UHBEPCHUSCH HOJIBIA TEHT

Aenwianu. Arap (a, aj) XyOT y4yH a, > a, 6ynca, (a, aj) Xyrt-

HUHT WHBEpCUsACH Oupra TeHr aedunaau. bepwiran (a,

Q,,...,a,) YPUH AIMAIITUPUILIHUHT | < 7 < j < n TEHTCU3NIMKHU

KaHOATJIaHTUPYBuM bapua (a, aj) XydTiaapu OyHu4a HHBEP-

CUSUTADHM KYIINO YUKHINJAH XOCHWI OVIraH coH Oy YpHUH ai-

MALITUPUILHUHI HHBEPCHAJIAP COHM ACHWIANU Ba i(a) OpKaIMU

85

www.ziyouz.com kutubxonasi



fexrwnananu. Macanan, (4 3 | 2) ypun anMawtupuiuga (4,
3), (4, 1), (4, 2), (3, 1), (3, 2) xydmiap uHBEpCULIAD XOCUI
Kunaou, (1, 2) xydt aca xocun kKpuiMaiinu. Jdemak, 6y ypuH
ANMAIUTHPUIIHUHT HHBEPCHUSUIAD COHU 5 ra TeHr. Arap YpuH
AIMAIITUPUIIHUHI MHBEPCUSITIAD COHU XydT (TOK) O¥ica, y
Xyt (ToK) ypuH anmawrtupuin aeimwiagd. Macanan, (1, 2,
3, 4) — xydr ypun anmawrtupum, (4, 3, 1,2) — ToK YpuH
ATMAIITHPUILL.

Arap KaHOHMK KYpUHHUILUAA OepwiraH YpHUTA KYHULIHHHT
UKKUHYM caTtpu XydT (TOoK) YpUH anMamtTapull 6yica, 6y
ypuura kyiuw xydt (rok) meitunagu. Macanan, (1) ypHHra
Kyuum xydr.

Arap y VpHHra gyinmga ¢$HakaT UKKUTa 3J€MEHTIAPHUHT
VpHM anMamu6, Kojrawiap ¥3 ypHuna Kosica, 6yHnaid ypHura
KYHMIL TpaHCMO3MIMA [eifvutanu. MacaiaH, ywdy

1234
1324

YpHUTa KYHUII TPAHCIO3ULIUAIUD.

2-teopema. Xap kandaii ¢ mpancnozuyus yuyn o> = E,
AvHU ¢ = p~! ea y mox ypruea Kyiuwodup.

Uc6oT. Bepmiran ¢ tpaHcrosuuus i Ba k (i < k) coH-
JIApDHUHT YpHUHJIADUHU anMamtupub (spHU ¢() = k, (k) =
i), Konrax 6apya (ApHH m # i, m # k) COHJIapHU ¥3 YpHHAA
KonaupcuH: ¢(m) = m. by MyHocabatnapra kypa ¢(¢(i)) = ¢
(k) = i, p(p(k)) = p(i) = kBam # k, i yayHp(p(m)) = ¢ (m) = m,
apHU @? = FE. ByHnaH ¢~! = ¢ 3KaHIUTH KeaTuo YMKaau.

By ¢ TpaHcno3umusira KaHOHUK €3yBla ywoy

1,2, ., i-lLki+l, . k=1,L,k+1,..n

VpHMH aIMamTUpuIl Moc Kenanu. by epga 1, 2, ..., 7 — 1 map-
HHUHT Xap OUpU ¥3uIaH KeHMHIWIADHWHT Xed Kalcucu Oiras
vHBepcHsa Gepmaiau. AmMmo kcowu i+ 1, ..., k-1, 7 coH-

JIApHUHT Xap OupH Owiad yHBepcusa bepamu. Ymwobdy 7 + 1, ...,
k —1 mapHuHr Xap Oupu i OwriaH UHBepcus Oepaau, aMMO
k+1, .., n nap 6wian 3ca uHBepcus GepMmaiau. Ymoy |,
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k+1, ..., n TapHUHT Xap OMPH ¥3WMITAH KEHUHTWIADHUHT Xe4
Kalcucu OwiaH MHBepcust OepManau. Xocuu 6yiaraH Oapua
MHBepcHsUlapHU Hurcak: (k — i) + (k —i— 1) =2(k -i) — 1,
sTbHU MHBEPCHUSUIAD COHU TOK.

Arap A ypHura kKyuum (€KM VpUH aJMaIITUPULL) XYy(pT
(Tox) 6¥yica, yHUHr Huopacu | ra (—l)ra TeHr geuianu.
VHUHT umiopacu sgn A opkaiu 6earwnadHaau. boiukaua aiT-
ragaa sgn A = (—1)™ 6y epna i(l) — uHBepcUsiAap COHU.

3-Tteopema. Ypuuza xyliumsap xynaiimmacununz umo-
pacu ypruza Kyiuuwinap uwopasapuiune Kynaimmacuza menz,
ABHU Xap Kawndau ¢, Y € S nap yuyn

sgn(p *y) = sgn ¢ *sgn y.

Mc6oT. Xap O6up ¢ € S, ypuura Kyiuwra R* pa3oHUHT
KyHuaaru Fv, ¥3-¥3Ura akc 3TTUPUILHU MOC KVsIMU3: arap x =
(x), x,, ..., x,) € R 6y1ca,

F¢x = F'P(xl, Xyy ey X)) = (xp(l), Xy wos xW))
Arap y = (yp y23 AR }’) = ( P(l)’ ,P(z)s “rey ,‘,(n)) ABHHU y
me, i=1,n ne6 OJICaK, y XOJIIa 1} é : Yo s Vym)-
YHAAH Yoy = Xy = Yoy APHU L) = x e-
Mak,
FF=F, )

MyHocabaT YpUHIU.
Xap 6up x ER" na aHUKJIaHI'aH ywoy

W(x)= [T(x; —x
i 6)

l=i<j=n

(yHKUMAHM Kapadmu3 (6apua i < jiap yuyH OJNMHIaH (X, —xj)

alflipMajllapHuUHr kynaitmacu). by ¢pyHkuuss Banpepmong

Kynairmacu jeiwianu. Yoy

W(F(px) = H (X‘p([) — X
l=si<j=n

)

e(Jj)
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Kynaitma (6) xynadtMaman ¢akat ¢(i) > ¢(j) TEeHrcH3nuK
YpUHIM OyaraH (xw(,)—x¢ ) altupMaJapHUHT UIUOpaTapu Ou-
naHrvHa §apk Kiwinaau. byHra acocan

W(Fpx) = (—1)® W(x) = sgnp W(x).
byHpan Ba (5) MyHocabaTnaH

sen(py) W) = WAF, ) = WME,F) = sgny MFx) =
= sgny - sgny w(x)

TeHDIMKIApHHU onamu3. bynapaan

sgn(p ) = sgny - sgny.

Hxxura snementTin {1, —1} Tymnamna kyVuadrupuw aMa-
JIMHM Kapacak, Oy TyiuiaMm wy aMaira HUCOITaH KOMMYTATUB
TYPYXHU XOCUJI KWIaau. By Ir'ypyxHu Z, opKaiu OeilrviaiMu3.

S, TYPYXHUHT Z, Ta YOGy ¢ > sgng aKC STTUPULUHHI Kapai-
mu3. UcboTnaHraH teopeMa Oy akC STTUPULUHUHI LY IYPYX-
JIApHUMHT TOMOMODP(MHU3MHU 3KaHMHH KypcaTaau.

l-vatuxa. 1) Xypm ypuuea xyiduwsapnunz xynaiimma-
cu wcygm Ypuuza Kyuuwoup eéa mok YpHU2a KYUWWAADHUHZ
Kynatimmacu xam sxcydm Ypruea Kytuuoup.

2) wcygdm (mok) ea mox (wcygpm) ypuuza KYyuuwnapuuHz
Kynatimmacu mox ypuuea Kyuuuwioup.

Hco6ot1. XakukaraH

1, arap sgn¢ =sgny

sgn (py) = sgnp - sgny = {— 1, arap sgn ¢ # sgny

2-HaTuxa. Xap kandail p ypruea Kyuuw yuyH

sgny = sgn ¢ L

Ucbor. XakukatadH, FE Oupauk ypHUra Kyumm xyQr
oyiaranu yuyyH 1 = sgn E = sgn(p* ¢ 1) = sgne *sgnp1. Jle-
MakK, $gng = sgny L.
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4-teopema. Aeap n > 1 6yaca, y xoa0a Gapua wcygpm
ypuuca xﬁﬁumap‘colm bapua mox ypnuza xyiuwnap conuza

n:
menz éa demax 5 2a mene.

Ucbor P, opkanu Gapya n-mapaxanud XydT ypHura
KyMuIuap TYnaMuHu Ba O OpKaiM TOK YpHHUra KyHUIuUIap
TYIUITAMUHM GenrwiaitMus. S za 6UpOp T TPAHCIIO3UUMAHM
ojlaMu3. 2-TeopeMara Ba 3-TeOpeMaHHHr |-HaTHXacHura Kypa
Xap KaHuai a € P, yuyHta € Q,6yiranu yuyH fla) = ta,a € P,
udona éupop f: P - Q akc 3TTUPMUINHM aHUKJIaHaM. Xap
obup B € Q, yuyn g(f) = 1B udona 6unaH aHUKJIAHTaH
g: Q,~ P akc strupum f ra Teckapu akc 3TTUPULIAHUD.
XakukaraH, 2-teopemara kypa 2 = E. Xap KaHlait a € P,
YIyH

gRa)) = glra) = t(ta) =ta = Ea =«

Ba Xap KaHaai § € Q y4yH
fgB) = fxB) = 1(xf) =B = B =p.

Hemak f: P - Q — 6uexumanup. bynnan P, Ba Q naru
3M€MEHTIADHUHT COHU TEHTJIUTH KeIUO YUKAnU. S, HUHT 3]ie-
MEHTJIapu COHM n ! 6YiaraHu yuyn P Ba  nap Xap 6upu-

t

n:
HUHI 3JIEMCHTIApU COHH 5 ra texdr.l

S-Tteopema. P mynaam S, 2ypyxnune Kucm 2ypyxuoup.

U c6ort. I-HatwkaHuHr (1) TacauFura kypa, arapg,y € P,
Oyica, y xonna ¢+ y € P. 2-Harvxara kypa, arap ¢ € P,
6yiica, y xonna ¢! € P. bynapaan Ba 10-§ naru 4-teopema-
HUHI HaTHXacHIaH P, HUHT KMCM TypyX 3KaHJHMIY Keaub

yukaau. l

20-§. JETEPMHUHAHTJIAP HA3APUSACHU

n — HaTypai coH, A = (a,) — n-TapTMO;IM KBaapart Mar-
puLa Ba

a,d,...a
},= 12 n
(ﬂlﬂz...ﬂ,.) (D
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n-TapTM6au YpHUra Kyiuiu OyicuH. Yby

PA L) = 8oy ) "By ) %0, p,

oexrwiaml KUputamu3. by kynaitma A ypHura KYHHMIUIHUHT
€3UIl ycyiaura GOFJIMK, 3Mac, YYHKM A HUHI OollKa €3yBura
YHUHT YCTYHJIADMHM aJIMAaIUTUPHLI OPKATY YTWITaHU YUyH Oy
AJIMALUTUPUILN KYIauTMaaard KynmaiTyBYWIAPDHUHT YpHUHU
aIMalUIUUTariHa OIu0 Kelanu.

Y6y 2 sgni P(A,1) jiuruHan A MaTpULAHUHT AeTep-

1es,
MHHAHTH Aeiiwiann Ba det A opkanu GenrwianHanM. S, TYpyx
SNIEMEHT/IApU COHU n ! ra TeHr OyiraHd yuyyH det A HUHI
ucdonacu n ! Ta XaAlHUHT AUFUHAUCUIUD.
XycycaH, arap A y4yH

1 2...n
A=
A Ay A,
KAHOHMK €3yB WILJIATWICA, NETEPMUHAHT ymdy

det A= X sgniay -ay,...4,, 2)
1€ s,

KypuHUINAa €3unagu. Arap A Marpuua ywbdy

a,ayp.-..ay,
A=la,a,y...a,,

anlanZ "'ann

XaaBaJl KypuHMWAa O6epuica, YHUHT JETEPMUHAHTH YYYH
Ky#ugaru 6eiaru xaM MUUIaTWIaaH:
a,a,...a,,
det 4 =|a,a,,...q,,

anlanZ "‘amr
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Arap (2) udomana » = 1, 2, 3 n1e6 oncak, MOC paBullIA
KyiHujnary udogalapHi oxamus.

a4y

det(ay,) = q,,, = 4,4y T apay

21%22

41141,0)3
Ay dyn0y| = a4y " Gy, © Q33 +a130,,05 +
a3dsyass

+ 41,a0305; — Q130,05 — 4,0, 033 — 4,0y,

by udonpanap n -tapTHbaM gerepMuHaHT 2- Ba 3- TapTHO-
JId JeTePMHHAHTIAPHUHT YMYMJIAIUMACH 3KAHJIMIHHU Kypca-
Taju.

HeTepMUHAHTIADHUHT aCOCHH XOCCAIApUHH KYpaMH3.

1-teopema. Mampuua mpancnonupaanzanda ynune de-
mepmunanmu yszapmaiou, svnu det A = det A7

Ucbor. Arap 4 = (a,), A" = (b,) 6y1aca, y xoina b, = a,

Ba P(AT, 2) = bap-bayp,---ba,p, = Apia;> p,ay---,a, =
= P(A,X"), uynku, arap A HUHT udonacu (1) kypuHMmma

Oynca, y xonua

11 = (BB
A . 4,

OnuHrad TeHDIMKKa Ba sgn A = sgn A7! reHrukkKa (19-§
aaru 3-TeopeMaHUHT 2-HaTHXacH) acocaH
det AT = Ssgn AP(AT,2) = I sgn I'P(A,1'). Bynnau Ba

J.GSn AESn

A = u~lanemeHT S, rypyxaa t¥ia y3rapranga A~ = uxam S, na
Tyna ¥3rapuwmaadH (10-§ maru 2- TeopeMaHUHI HATUXXACH)
ywoy
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det AT = SsgnuP(A",u)= SsgnuP(A,u) = detA

neES, ne S,

TEHIJIMKHUA OJIAMH3.

l-TeopeMaHHHT aXaMUATH MIYHIAH UOOPATKH, Y AETEPMU-
HAHTHUHT caTpiapura (yCTyHJIapura) OOUD XOCCajJapHH ycC-
TyHJapura {(carpjiapura) ajioxuia McOOTCHU3 YTKa3UITra UM-
KOH Oepanu.

Arap A Matpuua 60 AHATOHATWHUHI OCTHHArH (YCTUIA-
ri) Oapua 3jIeMEHTIap HOJbra TeHT Gyiica, y YCTKH yuOypuyak
(ocTKM y4Oypuak) Marpuua JedIagd. YCTKH Ba OCTKHU Y-
O6ypuak MaTpuuagap y40ypyak MaTpvLiaiap AeHWialu.

2-teopema. Yubypuax mampuuyanune demepmunanmu
duazonaadazu 3nemenmaaprune Kynaimmacuza mene.

McbHoT. TeopeMaHN OCTKM yyOypyak MaTpULAIap YYYH
ucbotiam Kudos, YyHKH YCTKU yuOypuyak MaTpyULiaiap OCTKU
y4Oypuak MaTpHIIAIADHU TPAHCIOHUPAII HATHXACHUIa XOCHI
KWIHHAIU.

Arap A = (a,) — ocTk# yubypyak maTpHua 6yaca, y xoina
i < k TeHTCU3JIMKHHM KAHOATIAHTUPYBYH #, k j1ap y4yH a, = 0.
[IIyHra acocaH, arap Gupop ,‘=I,7, yayH [ < A, Gynca, y
xomia P(A,A)=a,; ay;, ...y, =0.

Hariokana (2) dMruHanaa 6yHaai xamiap Holb 6¥1ub, yHaa
bapya j = fﬁ Y4YH A, < [ IIapTHU KAHOATIAHTUPYBYH Xamiap
Konamu. AMmo 6y wapthu dakar 4, = 1, 4, = 2,..., 1 = n,
STHHU

l=12...n=E
12...n

ra MoC xXxaJiruHa KaHoaTJIaHTHpalH. BYHI‘a acoCaH

det A= YsgnAP(A,A)=sgnE-a, ay,-a, =a, ay-a,n

ies,

HaTtuxa. Juazonas mampuyanune demepmunanmu ouazo-
Han0azu saemMenmAapHUHZ Kynaimmacuza mexz.
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N cbor. XakuKaraH, JUaroHan Marpuia y4O6ypyak Mmar-
puuanup. H

Arap f: R" -» R ¢pyHKUMS KyHUaard UKKH AapTHH KaHOAT-
JJAHTUPCA, Y YH3HKIN DYHKUUA OeHTanm:

1) Xap kaHgaii x, y € R* BeKTOpiIap yYyH

fx +y) = %) + ).
2) Xap kaHzpait x € R* BekTop Ba ¢ € RCOH y4yH
fex) = efix).

Arap O4p Heya apryMeHTIM COHMM (GyHKUMA Xap 6up ap-
[YMEHTUTA HUCOATaH YM3UKJIM Oyica, Yy Kyn YM3MKAM (PYHK-
s AeHUIAIH.

n-TapTudiu A KBagpaT MaTPUUAHUHT JeTEPMUHAHTUHU Oy
MaTpULUAHUHT A Ta CATPAAPUHHUHI (YCTYHJAapUHUHI) COHIH
dyukuMsacu cudartuaa Kapam MyMKHH:

det A = fld', ..., A = flA,, A,,...,A)
Oy epna A', ...,A" BekTopiap A MAaTPMLIAHUHT YCTYHJIApH,
A,,...,A, BeKropnap 3ca carpiapu 6ynub, xaM caTpiap, XaM
yCTyHIap yuyH l-teopemara acocaH f pyHKIUSA OUD XWII.

3-teopema. A mampuuanunz demepmunanmu campaia-
pununz (ycmyuaapununez) Kyn wuzuxau Qynxyuscuoup.

Mcbor. l-Teopemara acocaH TeopeMaHM caTpiap YYyH
ucboTaal Kugos.

A MaTpUUAHUHT /-CaTPUHHU X € R BekTOop GWIaH arMali-
THPHIL HAaTHXacHUa XOCWI OY/IraH aeTepMMHaHTHU A(x) op-
Kann Genruwinaimus. Xycycan A(A) = det A. A(x) HMHT X ra
HUCOATaH YM3UKJIM SKAHIUTHUHU KYpCaTaMU3.

Uxruépuit x = (x,, ....x), y = (), ...,y,) BEKTODJIapHU Ba
¢ € R coHnaphu ojaaMu3. Y xonpa uxtuépuit i =1,n y4yH

Ai(x +y) = AES sgn Ay .. (xz, + Vy,)..Gn; =
€8y n

= 2 sgnda...x;...ay +
AES,

+ 2 sgnda ... yi.am = M)+ Ai(p),

iES,

93

www.ziyouz.com kutubxonasi



Ai(ex) = Y sgn lalll...(cxli)...a,,ln =

1€5,

=c > sgnia; .. x; .. 4y =c-Ai(X).
iES,

Teopema ucboranau. A L

l-naruxa. Xap kandaii i =1,n yyyn A;(0) =0

Mc6oT. XakukataH A;(0) = A;(0+0)=2A;(0). ByHnan
Ai(0)=0

2-HaTuxa. Azap A mampuya Hoab campea (ycmyHea) 32a
6yaca, y xonda det A = 0.

Ucobor. by xonna 6upop i =1,n yuyn A, =0. Ywby det
A=A, (A, ) TeHr1MKKa Ba 1-Hatuxara acocaH det 4 = 0. B

4-teopema. Azap A mampuua campaapuza (ycmynaapu-
ea) v Ypuuea kyiuwm mamoux Kuauw (asHu campaapu éxu yc-
myHaapunu ypun asmawmupu) Hamuxcacuda B mampuya
xocua 6yaca, y xoada det B = sgn y detA.

McHor. 1-TeopeMara acocaH TaCOUKHU CcaTpiap YUyH
ucbomnauw kudosa. Yuby B, = A ,: =]1,n MyHocabatra kypa,
b, = o (k=1 1,n) Ba

P(B ‘2) = by, -- b iy = @1y Gy, = P(A, 0,

VS e et
Lo Ay I .onfA...4,
bynaau Ba A ypHura Kyium S, na Tyna yarapraHia 6epui-

rad y y4yd y~'4 xam S, na tyna ysrapranu y4yH (10-§ paru
2-TEOpPEMAHUWHT HaTHXacH)

Oy epna

det B= SsgnAP(B,A)= Ysgni-P(A,y'1)=

1€Sy 1Sy,
= Ysgn(yu)P(A,u) = Ysgny-sgn uP(A,u) =
YHESy HESy

=sgny > sgn uP(A,u)=sgny-det A M

HESy
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l-HaTtuxa. Aeap A mampuyanunz Kawdaioup ukkuma
campunu (YCmyHuHU) mpaHcnozuyus Kuauw namuxcacuda B
Mampuya xocun Kuaunean 6yaca, y xonda det B = —det A.

Ucbor. 19-§ naru 2-teopemanaH Ba 4-TeopeMalaH Oe-
pocuta kenb yukanu. W

2-HaTtuxa. Aeap A mampuya uxkuma 6up xua campea
(yemyHea) 32a 6yaca, y xoada det A = 0.

U cbHoT1. XaKkukaTaH, A MATpUIANA [y CATPJIAPHUHT YPHU -
HM ajMamTtupcak, l-Hartuxara acocaH det 4 = —detA. ByH-
nan det A = 0.

by HatuxaHu 4-TeopeMaHM MILIaTMAacHaH 60IUKAYa yCyil
OuiaH XaM McOOTIAll MYMKHH.

A paru i-catp Ba j-caTpJapHUHT YpUHJIAPUHU JIMAIUTH-
PHULL HaTHWXacuaa Xocwi 6yiraH MaTpuuadu B Ba 6yHra Moc (I
J) TPAHCHO3ULMAHY j OpKaIM GearwiaiMus. Y xosua 4-teope-
Ma ucboTuaary Myjioxasara Kypa xap KaHuai A € S, yuyn P(B,
A) = P(A, Ay') A MaTpUUAHUHT i-caTpu Ba j-caTpd OUp XMWl
6ynranu yuyH A = B. [iemak, P(A, 1) = P(A, Ay™"). bynaan

> PAN= 3 PAK)= ZPA4p,
iep, i€ep, #ESpPn

-

UYHKU A ypHura kyiuw P xydT ypHura Kyhuuuiap tyivia-
MHZia TYaa Y3rapranjga Ay~ YypHUra KyH Ui ToK ypHUra Kyiuu -
jJap tViviaMuaa Tyja y3rapaad. by TeHIIMKKa acocaH

detd= 3 sgnAP(4,1) = S PAA)— S PAL)=0

AES, A€4, AES,P,

OsvHraH HaTHXaHY Kyidupaaruya xam adTHil MYMKHH.

3-vatuxa. Xap kandail i, j (i # j) yuyn A(A4) = 0.

N co6or. XakukaraH, Al.(Aj) JETEPMUHAHTHUHT | — CaTpy
Ba j - caTpu XaM A, BEKTOpra TeHT, AbHM OUp XWil. 2-HaTHXa-
ra Kypa Oynmait nerepMuHaHT Hojabra tenr. M

5-teopema. deap A mampuuanunz 6upop campunu (yc-
mynunu) 6upop conza xynaiimupub, 6owra campza (ycmynea)
Kywuw namuxcacuda B mampuya xocur 6yaca, y xonroa

det B = det A.
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Hco6or. by xomna 6upop i, j(i#jl <i,j<n)Bac€E€ R
COHJIAp MaBXYAKH, B MaTpuHUaHHHI caTpjapu ywody

B A,,arapk #1 6ynca,
k=14, +cA; arap k = i Gyca

KYpHUHMILTA 3ra.
Wirapu kuputiiran A(x) Geiaruwiawra kypa

det B = A(A, + cA).

byHnan, 3-teopeMagaH Ba 4-TeOpeMaHHMHI 3-HaTDKACH-
naH ¢oupananub, ymody

det B = A(A) + cA(4) =det A+ c-0=det 4

teurnukHu onamus. Il
l-nartuxa. Xap kanoaii ¢, = (k = 1,n, k # i) conaap yuyn
Ai(4; + Y ¢ A,) = det A.

k=1
k=1

UcbHoT. 3-Teopemara Ba 4-TeOPEMAHMHI 3-HATHIKACHUra
Kypa

A4 + kgckAk) = A4+ é:lckAi(Ak) =

k=i k=i

—detA+ ey 0=detA. W
k=1

k=i

2-Hartuxa. Aeap A mampuyanurz campaapu (ycmynaapu)
wusukau 6oranzan 6yaca, y xoada det A = 0.

U c6oT. Hatuxauu catpiap yuyyd ucbornaw kudos. by
xonma A MaTpULIaHUHT Gupop catpy (MacanaH j-catp) Oomka
CATpJIAPHUHT YU3HKJIH KOMOMHAUMACH KYpUHUIIMAA udona-
JAHUIIM MYMKHH:
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VY xonma 4; - élckAk =0 sa

k=i
8,0) = 8i(4; ~ Scdy) = A(4) -

- kgckA,-(A,,) = Ai(A) - zc L0 = Aj(4p).

k=i k=i

BynmaH 3-reopeMaHMHr l-mHaTmxacura acocaH det A =
A(A) = 0 tenrnuk kenu6 yukanu. B

1—5-TeopeManap Ba yJapHHUHI HATHXAIapH n-TapTHOIU
JEeTepMUHAHTIApHHY XHcoOaalaa unuiaTwiaayd. Mucosa tapu-
KacHaa KyHugara AeTepMUHAHTHU XUCOOJaiiMuU3:

X, a4y, ays3... a4
X, Xy Gy...0,,
A=ix x, X;... a4

X, X, X5... X

by epna n-carpaan (n — 1)-carpuu aitupu®6, (n — 1)-catp-
JaH (n — 2)-caTpHH Ba X0Ka30 MKKHHYMIAH OHPUHYH CATPHH
aitupub, 5-teopemara acocaH Kyimaard MdomaHd OJIaMH3;

x, a, a; ... a,,
0x, —a,a; ~a;...0y, —ay,
A=10 0 x3—ay..a,—a,
0 0 0 X, — 0, ,
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BbyHaaH 2-TeopeMara acocaH

A= x(x,— a,)(x, — a,) ... (x, —an_l,n).

21-§. MUHOPJIAP BA AJITEBPAUK
TYJIAUPYBINIIAP

JleTepMHUHAHTIADHU XUCOOJAIIHUHT aCOCHUM BOCHTACH —
TapTUOHM IacaHTUPHUII XaKHIArH TeopeManap. Yiapaa n-tap-
THOIM HeTepMUHATHY XucoOaanl GHp Heya ITacTKU TapTHOIH
IeTepMUHAHTIAPDHU XucoOawura Keatupuiaau. byHpa 6ol
POJIHM MMHOD Ba ajire0pauk TYJIAMPYBYM TYIUIYHUYANIapu yit-
HAHIM.

A — uxTuépuit s X n-marpuna 6yiIcuH. A MaTpuLiaga KaH-
Jauanp k Ta caTp Ba k Ta YCTYHJIADHUHT KECHILTAH XOHUIaru
3JIEeMEHT/NApAAH TAIUKWI TONraH Ak-TapTHOINM MaTpULAHWHT
JeTEPMUHAHTH k-TapTnoénm MHHO]) JeHIIaau.

. zl, P - i, (1 = i< i< .. <i <n)pakamin carpiap Ba j,,
AR (l s jl< i< <jk < n) pakaMJii yCTYHJIAp KeCHIUH-
o Mniz -Jk
UIHAAH XOCHI 6ynraH k—TapTM6Jm muHopHU M i i OpKa-
M GenrunawMus. {, j,, ..., Jj} TYIUIAMHHHr Oapya YpHMTa
KyiAunuap TymiaMuaa S {j,, j,, ..., Jj,} OPKaiu OenruaaiMus.
byHra kjpa
afmaruz -4y 1k
fuz Jk =
M i onh- - iy
a‘kl 1 a’k12 aikf k
= > sgn P ap - aypy.. a0
PES(NJ2--Jk)
6y epna
Ji Jpen J
p=|" 2 k
P P..P

ypHura Kyitumt S (j,, j,, ..., j,) TYPyXaa Tyma yarapanu, sgn P
aca P ypHura KYHMIIHWUHT UUIODACH.
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A — KBaApaT Marpuua OyiacuH (n = s). by xonna

M —M,f,’zjz,k]" MUHODHHMHI 3J€MEHTIADUAAH YTMaHAUIaH

caTpjap Ba YCTYHNAPHUHT KeCHUIUMILIMAAH Xocun 6yiaraH M
MHHOPM ra TYIAMPYBYM MUHOpD jaed atanagd. Yoy

Ah!z Jk _( 1)11+12+ A+ i +jkM]1 jk
hly... Iy

COH 3ca M MUHOPDHMHI' anreGpaMK TYJAHPYBYHCH JEeHIIIANH.
A — KBanparT MaTtpuUaHMHr A, ,...A;, caTplapUHH MOC
paBuuiga X, ..., Xkl € R BekTopnap 6WwiIaH aIMalITHPUILLIAH

XOCHJI O¥JIraH MaTpulla A€TEPMUHAHTHHU A ,..., i, (X}, ..., X))

OpKaJIM GearwIafMu3.
I-meopema. Yuby

hdie —
AilT..l‘kk - Ail...ik (Ejl 3y Ejk)
menaaux ypunau, 6y epoa E; ... . E, — opmaap.

Ucb6or. actia6 M = M|%-% 6ynran xycycuii XonHu
Kypamu3 (byHpmait MHHOpP Oypyak MUHOp HAeitmnanu). Y xonaa

A, (E,E ., 6E)= ZsenPay,, G, G,
PeS(1,2,.,n)
P=l,.., Pp=k

YYHKH @), = 4y, = ... =a, =l xammai#= jBal s i<k 1 =

<j<=ko6ynca, a; =0. bynnan A, (E,E,.. . E) =

a ...a
_ 1 k411 k+ln| _ 1
= > BN Py el = =M,

Plesk+, ..,n)

a a

nk+l " nn

YYHKH

pofl2k k+ln
“\12..k B, ... P

n

ypHUra KyHULIOATH MHBEPCHSIAp COHU
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k+1...n
P =
(P,m... P)

n

ypHUTa KyHUIIary HHBepcHsUIap coHura tedr. Kypmiaérran
xycycuit xonma i, + i, + .. + i +j, + .+ =201 + 2+ ..
+ k) XydT coH OViIraHM y4yH

ArF=M'=A, (E,E,,....E)

. = M 1-dk o .
Ymymuit M =M i i, XOJN KYpWIraH XyCycu# Xoara

KyHuaaruya KeJTUPWIaaH. Yoy

Ai]...ik

(E.... )

JETEPMHUHAHT CaTplapH YCTHAA KeTMa-KeT TPAHCIIO3ULMsUIAp
Oaxapub, i, pakaMIM caTpHU OMpMHYM YpUHra, I, paKamiu
CaTPHM MKKMHYH YPHUHIa Ba XOKa3o I, pakamId CaTpHH k-
ypuHra yrkazamu3. byau 6axapuw yayn (7, — 1) + (i, — 2) +
+ ... + (i, — k) Ta TpaHcno3unusa umatwianu. Lynu ai-
THUILI KepakKH, Oy TpaHCIIO3ULMAIAp HATHXKACcKAA KoJlraH (n —
— k) Ta catpnapHMHr OuUp-Oupura HUcOGaTaH -KOWIALMIUH
yarapMmaiau.

Xocwr OyaraH neTepMUHAHTAA YCTYHJIApH YCTHAA KeTMa-
KeT TPaHCIOo3UuuMsUIap 6axapub, j, paKaMild yCIYHHU GUpUH-
Y4 YpHHra, j, PAKAMJIM YCTYHHH MKKMHYM YPHHra Ba XOKa3o
J, PAKAMJIIM YCTYHHH Kk-ypuHra yrkasamus. bynma (j, — 1) +
+(,— 2) + .. + (j, — k) Ta TpaHCIO3ULHUA Haxapuiaiu.
YeryHnap yetupard Oy TpaHCHO3MUMsUIap HaTUXKacuaa KO-
raH (# — k) Ta YyCTYHJApHHHT 6Mp-Ompura Huc6GaTaH Xoina-
wyIK y3rapMaiian. CaTpiaap Ba YCTYHJIAp YCTUIATH I0KOPH-~
J1a 6axapWiraH TPaHCIIO3MIMSUTIAp HATHXXAacHla IIyHAAH A ie-
TEPMHUHAHTrA KeIaMU3KHU, k = TapTubim Oypuyak MHHODH ylu6y

10...0
01...0
00...1

MHHOD 6Ynub6, yHra TYJIIMPYBYM MHUHOD 3ca M’ ra TEHr, YyH-
K¥ KOJITaH caTp Ba YCTYHJIAPHUHT Oup-6upura HucOatad XKoH-
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Jmawdmu yirapMaad. Xycycuil Xoina mcOGoTIaHTaHra Kypa
A = M. UkkuHuu ToMoHAaH 19-§ paru 2-teopema Ba 20-§
Jard 4-teopemasiapra acocaH

it ( P Ejk) = (_ 1)(i1—1)+(i2—2)+...+(ik—k) .
A= (_ l)q +iptotigt e -2(142+04 k)

- Lttt ji+.4j -
A=(-1)N kthteFe . (= Allll lik'

2-rteopema (Janaac meopemacu). A xeadpam mampu-
uaoa i, i, ...i, (1 < i < ..< i <n) campaap (ycmynaap)
manaanzan 6yacun. Aeap campaapu (ycmyrnaapu) wy manaan-
2an campaapda (ycmyunaapoa) xcoliramzan Mymxur Gyazan k-
mapmubau MUHOPAGPHU YAAPHUHZ aszebpaux myadupyeuuia-
puza Kynaimupub, 6y kynaiimmaasap 6apuacunune UuruHoucu
oaunca, A mampuyanunz demepmunanmu xocus 6yaaou.

NcbHor. Teopemanu ucbotTiam yyyH ymoby

det = > M" .Ilc . ANk
1= j<.<jg=n ik

TEHIVIMKHHA UCOOTIAIIMMU3 Kepak.
Xap KaHpai j=1,n Y4yH 4 = Ea.p P
6y epna E,, ..., E — oprnap. bynra acocaH
detAd =4, ,(4,....,4,)=
(2 ‘1P1 2= a‘kl’k Pk

ByHﬂaH ACTCpPMHUHAHTHHUHT KSIIH‘IPBHK,TII/LHI/IK Xxoccacura aco-
CaH

detd= 3 a

...a, .
P 1P ik Pr

Ay i (Epses Ep)s (D)
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0y epiaa HMFMHAM KoopauHaTamapu 1 < P <n,.,1 = B <n
TEHTCU3IMKJIAapDHU KaHOATJIaHTUPYBYU bapya P =(P,...P)
BeKTOpNap Oyiuya onuBanu. Arap (P,,...P,) BEKTODHUHT KaH-
Jaiaup UKKHTAa KOOpOMHATAacuU TeHr Oyiaca, y xoiza
Ay i (Ep ,...,Ep ) neTepMUHAHTIA UKKWTa GUp XU caTp
MaBXyIl é)”rnamzl, Ba JIeMak, y HOJIbra TeHr 6ymanu. byHra Kypa
P =(P,..P) BeKTOPHMHI Oapya KOOPAMHATAIAPUHHU TYpPJIH
ne6 xucobsam MyMmkuH. Hemak (1) wwrunmm {1, 2, ..., n}
TYILIaMHUHT 6apya k-Yiyamnu P =(P,...P,) YpUHIaUTHPHIL -
napu OYifMua oJXMHraH geuimn MyMKUH. ByHra acocan (1)
HUFUHAUHU KyHUOard KYpUHMINAA €341 MYMKUH:

detd= Y 2 Gypedy Ay i (Ens--s Ep)

1s ) <..<jxsn PES(y),..Jk)

20-§ naru 4-teopemara Kypa P € S (j, j,, ---J,) YIVH
4 (E,,l Epyseos Ep ) =sgn P4, (Eln e B g )

byHra Ba l-teopemMara acocaH

= N--Jk . s =
det A lsj1<..2.<jk5,, Al (PES(VEI,...’jk)sgnP ail,,k...a,kpk)
— Nedk . pgN--Jk
lsj1<§<jksn Mi]...ik Ar';.,.ik :

Teopema uc6ornanau. M

Jlanac TteopeMacMHUHr k = | Oysran XycycUM XOJNMHH
Kypamu3. Ymby i = i, j=j 6exrwiam kupuramu3s. by xomna
M ; MHHOD A MaTPULAHUHT 4, 3JIeMEeHTUTra TeHT oynub, 6y
MUHODHUHT airebpauk TYIAUPYBYMCH @, DAEMEHTHHHT aji-
redpank TYIAMpYBUMCM IeiTagd Ba A,.j opkanu OelrwiaHa-
au. Arap A Marpuuaza i-caTp Ba j-caTp YCTYHJIApHM V4u-
PHILIAH XOCHJ OYIrad neTepMUHAHTHH M :, opKanu Gejruna-
cak (y M} MHUHODHMHT TVIAUPYBYU MMHODH), Y XOI1a
Ay = (-1 M;

By Genrwrnanurapra acocad Jlamrac teopeMacuiaH KyHu-
Jar" TeopeMa xycycuit xonna (k = 1 ma) Keaub yuKagu.
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3-teopema. (meTepMMHAHTHHHI caTpiap (ycTyHjaap)
Oylnaa éinm xakuaaru teopema). A xkeadpam mampuuaHuH:
Oupop camp (ycmyw) s4emenmaapunu yaapHunez aszebpaux
myadupyeuusapuza xynaiimupub, liurcax, 6y mampuuanuuz
demepmunanmu xocua 6ysadu, AsHu Xap Kanoaii j = fﬁ YUYH

}n:a.y.A,j = detd
j=1

6a xap xandaii j=1,n yuyn

50,4, = detd

1

mMmeHzAuKAGp YPUHAU.

HaTtuxa. Aeap A mampuya 6upop camp (ycmyn) 3nemenm-
aapunu 6owka camp (YCmyH) 3neMeHMAGPUHUHZ MOC anzeOpauK
myadupyguusapuza Kynaimupub, Gurcax Hoab xocua 6yaadu, AsHu
azap i = § 6yaca, y xonda

a. A, =0

¥y oy

Ma

J

ea azap j # q 6yaca, y xorda

Yay;A, =0.

i=]

HUcGoT. Arap i # S 6¥aca, y xonna A(A4) = 0, yyHKu
yHIa MKKWUTa OMp xun catpiap 6op (i-catp Ba S-carp). by
JETEPMMHAHTHUHI S-caTpura 3-TeopeMaHU TaTOMK, KWICAK

A¢m=§%@=0

Yeryunap yuyH uc6ot wynra yxmam. Il
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3-teopeMaHu KyHunard BaHOepMOHA OeTepMHUHAHTHHU
XHco6IaIra TaTOUK, KIWIaMU3:

1 1 1...1
X, X, X x
1 2 3 n
A(xla 'axn) =
s xy L Xl

By epna keTMa-KeT KyHHMIOArd aMajUlapHU 6axapaMus:

(n — 1)-caTpHM X, ra Kymna#tupub, n-caTpaaH aHupamus,
(n — 2)-catpum x,ra Kyna#tapu6, (n — 1)-carpaal aiupa-
MH3 Ba X0Ka30. Oxupuza GUpUHYM CATPHM X, Ia KyNauTupuo,
MKKHHYM catpiaaH aiupamu3. Hatuxama Kyiuparu getepMu-
HAaHTTra KeJlaMu3:

1 1 1 1
0 X, — X X3 — X, X, =X
= 2 2 2
Alx,...,x,)=|0  x; —x,x X3 — X3X, Xp — XX,
0 xJ ' =xr% X7V -xPx .. XM —xPx

Bynu 3-teopemara acocaH 6MpMHYHM YCTYyH OFiiuua €iub,
Kyhugard uojJaHyu OJaMu3:

X, =X, X3 =X, X, =X,
X, (x, —x,) x,(x; —x x, (x ~x,)
2\72 1 3\*3 1 1
A(xy,y...,x,) = nen
n-2 n-2 n-2
xX77Hxy —xp) x5y =x)) .. xpTH(x, — X))

bynpan reTepMHHAHTHHHT YCTYHJIAPUTa HUCOATaH YU3UKIU
SKaHJUTHAAH doiaanaHns
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X, Xy ... X,
Alxyy ... x,) = (6 —x) (x5 — x))...(x, —x;) =
;_2 x;"z...x:,"z

=X, ~x)0x; = x))..(x, —%,) A(x,, X;5,...,X,)

TEHIIMKHH ojlamu3. FOKopumaru MynoxasaHu A(x,,..x,) me-
TEPMUHAHTTA Ba X0Ka30 KeTMa-KeT TaTOMK KWIHO, Kyiuxaru
udonara KelraMms;

Alx,,...x) = (X,—x)(x,—x))...(x,~x ) *
(=) (x, =) (X, —X_)A(x,_,x) =
== I_.[(xlc_xi)=W(xl""’xn),

1si<ksn

YYHKH
1

xn—l xn

A(xn—l’xn) = = xn - xn—l

Oy epna W(x,, x,, ..., x,) yHkuus 19-§ na kupuriuiran Ban-
nepmony Kymaidrmacuaup. Illynaait kw6, x,,..., x, y3rapys-
YIWIApHUHT BaHoepMoHa AeTepMHHAHTH Oy Y3rapyBYWIADHUHT
Baunepmona xymaiitmacura Tenr. bynaan, xycycaH, Kyiiuaa-
TM HaTHUXa Keaub YuKanu: X,,..., X, yseapyeuunaprhune Ban-
Oepmond demepmunanmu HoavOar apxau 6yauuwu yuyr X, X,,

.» X, COHAGDHUH2 mypau 6yauwu 3apypuil éa Kugoaeuil wapm-
dup.

22-§. MATPUIIAJIAP AJITEPBACU

YM3MKIH TeHIIaMalap TU3MMUHU €YMII Ba ajre0paHUHT
foluKa Macalalapyd MaTpHLaJap YeTUda OUp Heya aMajuiapra
onub Kenanu.

A, B € M marpuuanap 6epwirad 6yiacun: A = (a,), B =
=(b,). SJIer:HTJ[apHc = a, + b, connapaad ubopar C = (c,)
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Matpuia A Ba B MaTpUUaIapHAHT MMFHHIHMCH [eHIWIaly Ba
C= A+ Bopxam 6enrwiaHany. by amanra Hucbaran M, , abeb
TYPYXUHM XOCWI KWiIagu. by I'ypyXHHHI HOJb 3JE€MEHTU HOJb
Marpunanup (STbHM Gapya 3JIeMeHTIapu HOMbIapAaH ubopar
martpuua). by rypyxma B = —A 6ynca, y xonma b, = -—aq,,
i=1s,k=1,n A= (a) € M, marpuuanuur i € R conra
KynaiirMacu 1e6, anemMeHTiapu b, = Aa, connapaaH ubopar
Be M , MaTpullara aiTwialn Ba B = 14 opkanu 6enrwia-
HaIu.

MaTpuaJlapHHHT KyMmalTMacu aMajid XaM KUPUTWIALU.
YHU TabpudnamigaH OJOWH HUKKHATA BEKTOPHHHI CKaJIsp
KynairMacuHu Kuputamu3. Mkkura n — ymyammm X =(x, x

.,x) BaY=(y, y,, ... ,¥,) BEKTOPJIapHUHT CKAIAP KynaiTma-
cu 1e6, x,y, + x,y, + .. + Xy, coHra aWtwiaxu Ba (X, J)
opkamu GenrwiaHany. Arap 4 € M, . Ba B e Mm’, Oynca, y
xomna A marpuuaHuHr B MmaTtpunara Kymaiitmacu dakat A
MaTpHIAHWHT YCTYHJIApH COHHM B MaTpUUAHUHL caTpilapu
COHMra TeHr OyiraHma, SpbHMU n = m OYIraHAaruHa Tab-
pudnasanu. IllyHra kypa 4 € Ms,n paB e Mnl,Mannuanap-
HU OJIaMH3. Ynapmmr KymaiitMacn 1eb, 3JeMeHTIapH

x = (4 ,B*)= Ea,,,bpk connap (A MaTpuna /-caTpUHUHr B
Marpuiia kK — yCTyHMra cKanAp Kymaiftmacu) gaH ubopar C
Marpuuara aitwiagm Ba C = A - B opkainu 6enruwiaHagy. by
Tabpu¢aaH KypuHamuku, C € M, .

[Mlynu aitrin kepakku, AB maBxyn Oyimiud, ammo BA
MaBXyn OViMacaury MyMkuH. BA Kymaiitma dakar ¢ = S
6yiarannaruHa MaBxya. by xoinna A-B€ M _Ba B*A€ M,
Arap S = n Gyica, 6y MATpHUAIAD TYpIH, YYHKH YiIap TYpiH
TapTHOIU KBagpaT MaTpulanap. Arap S = » 6yica, y xonzna
AB Ba BA 6up xwi1 TapTubiny KBaapar marpunanap. by xonna,

12 56
yMyMaH aitranma, AB # BA. Macaman: A =(34), B= (78)
1922 2334
oynca, = = .
yrea, y xonna AB (4350)’ BA (3146)

Ilemak AB # BA.
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1-reopema. Mampuyarap xKynaiimmacu-accoyuamueaux
xoccacuea 32a, sasHu azap A, B, C mampunaaap wyndai 6yaca-
ku, (AB) C, A (BC) kynaiimmanraprunz 6upu maexcyo 6yaca, y
xoa0a uxkxunqucu xam maexcyd éa (AB)C = A(BC) menzaux
ypunau.

U c60T1. MacanaH, (AB) C xjnaiiTMa MaBXyn GYJICHH.

Yxo,rmaAEM BEM“,ABEMJ CEMM,
(AB)C e M, . bynra Kypa B - C maBxyn, BC € M” Ba A(BC)
XaM MaB)KYJI, A(BCO) e M.

Kymmam 6enrw1amnapﬂn KUPUTAMU3:

= (a), B=(b), C=(c,), A"B =D = (d),

DC =F=(f), BC=G=(g), ABBC) = AG = H

bynapnan:

(4B)C =
= (k)

(

1
g,k.:'Ebikch (1= :n, k= )u)

q=1

htk = Elaipqpk = E za:pbpchk( = 19 I,l).
p=

p=1g=1

by epnau 6apua i = l,s Bak=1,u YYyH f, = h, 3KaHIu-
i kenub yukaau. demak F= H, avHu (AB)C = A(BC).

Arap A(BC) maBxyn 6ynca, TeopeMaHHHI WCOOTH LUYHra
yxwan. M

Cartpnapu E,, E,, .., E opriapnaH ubopat n-TapTHOIM
yiby
1 0 ...0
U, = 01 ...0
00 .. 1
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MaTpuia n-TapTHOan OMpiMk marpuua neiwnagu. babsan U
ypuura U €ku F €3amu3. by MATpHIIaHUHT acOCHM XOCCACH
Ky#ugaruaad uoopar: Xap KaHgail A € MM MaTpULa YYyH
AU = A Ba UA = A. Xycycan, Xap KaHnai n-Taptubmu A
kBanpar Marpuua yyyH UA = AU = A. byHaan Ba 1-teope-
MajJlaH G6eBocuTa KyHHAArH HaTHUXa Keiub YMKaIu.

HaTtuxa. n-mapmubau 6apua keadpam mampuyaiap
MYRAGMU MAMPUYANAPHUNZ Kynaimupuw amanuza Hucbaman mo-
Houd xocua Kuaadu. by Monowmnu (M, *) opKamu Gexrwiain-
mu3. Xycycad, n = 1 ga (M, *) = (R,-), AbHH XaKUKUH
COHJIAD TYIUIAMKJA KYMAWTUPHUIL aMaliu Kapaaully HaTHXa-
cuIa xocua OViIrad MoHoOWI Oymamgu.

2-meopema. Mampuyarapru Kywuw sa Kynaumupuu
amasrapu y3apo oucmpullymueiux Kowynu Ouian GoFranzan,
asnu azap A, B, C mampuuasap wynoai 6yacaxu, A(B + C)
éxu AB + AC upodarap masxcyo 6yaca, y xoada UKKuHuucu
xam maexcyd ea A(B + C) = AB + AC menzaux ypunau.

by TeopeMaHuHTr uc6otu 1-TeopeMaHUHT McOHOTHra YXail
OyaraHu y4yyH yHY OaXapHUIUHM YKYBUMTa KOJAUPAMH3.

3-Teopema (IeTepMMHAHTIAPHHHT KYNAHTMACH XaKHIA).
Azap A ea B 6up xua mapmubau xeadpam mampuuaasap 6yaca,
y xo4a0a det(4AB) = detA- detB.

WUcbor. A, B € M Ba A= (a,), B= (b,) 6yncun. Y xomnza

C=A-BE M, C=(c,), cx = 2a,b, (i,k=1,n) pa
»=1

detC = 3 sgnicy,...c,, =2 sgn }”(glall’lbpl‘l)"'

1ES), 1ES,

n

(Xampbpi)= 2 3. Yanbyy .. uribya, =

=l 1ES, A=1  By=1
n n
ey, ea, (3 sgndbyg...by )=
112=1 Pn2=1 1p1 non lgg,, pl’ll pn}'n
n
= ¥ q

2 ...a,,pnAn...n(B
geedp =

po

,B

n m)’
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6y epna A, ,(B,....B,) opkalu caTpjapu MOC paBHLIAa
By, .....Bp, BekTOpNapHaH uGOpAaT AE€TEPMUHAHT GelrMIaHa-
au (B,,..., B, Bekropnap B MaTpunianusr catpiapu). Arap P,...,
P, coHnap WyMna KaHnaiauMp MKKUTAcH TeHr 6yica, y xonma
Anm,,(Bp1 ..... B,,) nerepMuHaHTIAa MKKUTA GUP XHJI CATP MaB-
xyn Oynmagu. Hdemak 6y xonnma Oy DeTepMHHAHT HOJIMa TEHT.
Arap P,,.., P connap typam 6yica, y xomma P = P,.., P
BekTop (1, 2, ..., n) TYILIAMHHUHT OUpPOp YPUH aTMALUTHPHUILY
oynagu. by xonma 20-§ maru 4-TeopeMara acocaH

A, (B, ..., Bp,,) = sgn pA 12 _,(By,..., B,) = sgn pdet B.

bynra acocau (1) dopMyiragaH

detC =detB % sgnpa,...a, =detA-detB

PES(,2...,n)

Teopema mcbotmaHau.

by Teopemann sHa Kyduaruya xam aWTuil MyMKuH: M,
Jla aHMKJIaHTaH Ba KuiMamTiapu R jna 6ynran A - det A akc
srtuput (M -) MOHOMIHMHT (R, ) MOHOMAra rOMOMOD-
puzMUaHp.

Arap A € M, yuyn wynnait B € M maBxyn 6yrcaku,
AB = BA=U, 6ynca (U — 6upavk MaTpuua), A TeCKapuia-
HYBYH Jedunanu. by xomma B marpuna A ra Teckapn neiu-
Jagu.

Arap A MaTpMUAHMHT TeCKapHUCH MaBXyn Oyica, y xonga
9-§ maru 3-teopeMara acocaH y sSroHa. A ra teckapu Oyiran
MaTpulanu A opkanu 6errwraitMus. Teckapu MaTpULIAHUAT
tabpudunad KypuHauuku, A™! ra teckapu Martpuua A HUHT
¥3u, sspHU (A7) = A,

Arap A matpuna yuyH det A # 0 6ynca, y MaxcycMac Mat-
pvLA AeHWIaau.

4-teopema. A keadpam mMampuyanuRz mecKapuianyeuu
Oyauwu yuyn yrune maxcycmac Gyauwu 3apyp ea xugosa. by
wapTt GaxapuwiraHaa
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» | A A A
A = qed| e A - Ang
Aln A2n A'nn

Oy epna A, COH a; SIEMEHTHUHT alredpauK TYIAUPYBUUCH.
HcbBoT. A teckapwiaHyBud 6YicuH. Y Xoina wyHaait B
MaTpulla MaBXylaku, AB = U. Y xonna 3-teopeMara acocaH
det A-det B = det U = 1. bynnan det 4 = 0.
Akcunuya, det A = 0 6¥ncuH. Yoy A = det A Gearwnam
KUPUTHO, 3JIEeMEHTIApH

udona 6mnan aHuKIaHyBuM B = (b,) matpuuanu Ba C = AB
KynadTMaHu Kapaimus. C = (c,) MaTpULAHUHT 3NEMEHTIIa-
pu 21-§ naru 3-teopemara Kypa xucoOiaHaaM.

n 1 aI‘apl =k 6§7cha, 1,
Cy = Ela,.pbpk = ZEIa'PA"P ={
=

arapi # k6yica, (.

Hlynra yxmwam BA = D = (d,) MATPMUAHUHT XaM 3JIEMEHT-
Jlapu xucoOJiaHau:

arapi = k 6yica,l,

n
1
‘k p% vk 4,5 arapi # k 6yuca,0.

};,apkAp,. ={

Hemak, AB = BA = U Ba A" = B.

5-teopema. Aeap xeadpam mampuyanunz campaapu (yc-
myHaapu) wusuxau Ipxau 6yaca, y xoada y maxcycmac.

Hcb6ort. n-Taptubam A MaTpuUaHuHr A ,..., A, caTpiapu
YU3HKIA IPKIM 6ViIcuH. 14-§ narm 4-TeOpeMaHUHT 2-HaTH-
Xacura Kypa yiaap R’ na Oasuc xocun Kuiaau. Y xonpa 14-§
maru 3-Teopemara acocaH R jaru uMXTHEpPHMIt BeKTop Oy 6a-
3UC OpKAIU SroHa ycyn OwnaH udopanaHanu. Xycycad, E,
E,, ... E opriap Oy 6a3uc opkamu udopaiaHaum:
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Ey = Zbud, (k= 1,n).
-

HKKHHYHM TOMOHIAH

A, =3a,E (p=1n).

i=1
bymapnau

E, = i:lbpk(g a,E) =3 (3 a,b,)E,.

i=l p=1

R na E, .., E, E optiap 6a3uc XoCWI KMJITaHH YYYH
OXUPI¥ TEHITTHUKIAH

Zaipbpk =

p=1

arapi = k6ynca,l,
arapi # k6yca, 0.

TEHDJIMKIApHU oflamu3. [emak, B = (b,) wynpa# MaTpuua
9KaHKW, AB = U .V xonna det A -det B = det U = 1. bynnau
det A = 0.

YeryHnap yayH MC60T IIYHTA YXIUawl.

Hatuxa. Keadpam mampuya demepmunanmununz HOAb
Oyauwu yayH ynune campaapu (Yycmynaapu) uuzukau 60Fa1aH2au
6yauwu 3apyp ea xugos.

Ucb0T. A MATPHLAHUHT AETEPMUHAHTHA HOJIb OVICHH. Y
XOJ1[1a YHUHI caTpiapu (YCTYHJIapu) YU3UKJIN OOFIaHraH, YyH-
KU aKC X0Jiia S-teopeMara acocaH det 4 = 0 6ymap sgu — 6y
aca GepwiraHra 3ui.

AkcuHYa, A MaTpUMUAHHUHT caTpiapu (YCTYHJIApH) YHM3MK-
s 6ornaHrad 6yncud. Y xonna 20-§ maru S-teopeMaHMHT 2-
HaTxacura xypa det A = 0. Hatuxa Tyna uc6oTnaHam.

6-teopema. Mampuyasap xynaimmacununz panzu
Kynatimyeuusapuune panzaapuoan kamma 3mac.
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Hcbor. A€M, Be MM Ba A-B = C =(c,) G6yncuH.

Y xonna ymioy Cx = Elaipbpk (i=1,5,k =1,1) reurnuxnapnan
o=

t t n n t
C=XYcaE = E(Eaprpk)Ek = E%(EbpkEk) =
k=1 k=1 p=1 =1 ° k=l
=3a,B (=15
pr=1

TEHTTUKIAD KeJHO YHKAIH.

By tenrmukinap C = AB MaTpuUIaHUHT caTpjapd B maT-
DULIAHMHT CATPJIApH OpKAIH H(OoNaJaHHIIUHE KypcaTaiM.
byunaun 14-§ maru 4-reopemara kypa r(A-B) < r(B).

IOxopumary TeHrmMkiIapra yximain ymoy

i=1

Cr=Yc,E' = Ebpk(zlaipEi) = ElbpkAp(k =1r).
P = I

By tenrnmuk C = AB marpuia ycTyHJIapd A MaTpUMUAHUHT
YCTYHJIapH OpKailu udojaiaHUIIMHKM Kypcarand. byHaaH 14-§
naru 4-teopeMara Kypa r(AB) = r(A). Teopema HCOOTIaHOM.

HaTtuxa. Azap mampuuyanu wandan éxu ynz0an maxcyc-
Mac mampuuaza Kynaimupuaca, yHuHz paxzu yzzapmaiou.

Hc6or. A — Tyrpubypyakid MaTpulia Ba B — Maxcyc-
Mac MaTpuua OyxcuH. Y xomma 6-TeopeMara acocaH
"(AB) < r(A). Ukkunuu ToMoHaaH A = AB-+B\. byHnaH sHa
6-TeopemMara acocaH r(4) < r(A-B). llemak rHA) = r(A- B).

YangaH Maxcycmac MaTpullara KymafTHUpWIraH XoJ LIyH-
ra yxmam ucboTiaaHaam.

23-§. BUPTAJIUKJIA BYJITAH YU3UKJIU
TEHI'TTAMAJIAP TU3UMU EYNMJIAPHU
TYIIIAMUHUHI TY3WINIIN

HacTnad TUSUMHHUHT KO3 PHLUMUEHTIApU MATPULACU MaX-
cycMac KBaApaT MaTpulia GYJIraH XycycMH XOJIHHM KypamMu3.

1-reopema (Kpamep konnacu). deap A = (a,) € M max-
cycmac 6yaca, y xoaoa
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anx, +apx,+.. +a,x, = b
ayx, +apx,+..4a,,x, = b,
a,x +a,x,+..+a,x, =b,

nn"n

(1

HUIUKAU meHzaaMalap musumu yuoy

A20Ha ewumza 32a, 6y epna A =det A Ba A 3ca A HUHT k-
YCTYHMHH O30 XaAjap YCTYHH OWIaH aIMAIUTHPUIUAAH XOCHI
o6ynran nerepmuuant (k=1,n).

Ucb6oT. Ymby

X, by
X2 b2

x=|"1|, B=|’ )
X,, b,

Genarmnap KUpUTHO Ba MaTpULATADHM KYNAWTUPUIL aMajlu-
HlaH ¢donagananud, (1) TH3MMHU MaTPULIA KYPUHUIIMIA KYHH-
Jaruya €3ub ojJaMus:

AX=B. (3)
Mynpait kwiu6, (1) TM3SUMHU eyu il (3) KYpUHUILAATH MaT-
pULaId OUTTA TEHrJIAMaHU €YMIUra TEHI KYWIH.
A — MaxcycMac Gynrany yuyH (3) Tedriama

X=A4"1B )
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TEeHIJIaMara TeHTr KyWid, ssbHH (3) TeHrnaMa (4) KypuHHIIAA-
M SITOHA eyumra 3ra. byHuaH TecKapy MaTpULIAHHHT KYpH-
HumuaaH (22-§, 4-teopeMa) doiganaHud, HOMABIYMIADHHA
TOIIAMHS3:

ﬂb:
1 ! i

'M=
D>
VN

X =

by =5, (k=1n).

i 1

2-treopemMa. Mampuyanunz panzu noadan apxau mu-
HOpAGDUHUNZ 3HZ I0KOpU mapmubuza mene.

Hcbor.A € M, MaTpULEAHUHT PAHTH 7 GYJICHH. VY xonna
16-§ maru 7- Teopemammr HaTHXacura Kypa A Ja r Ta YU3UK-
JIM 3PKIIM caTpjap MaBxyd. by carpiap Xocuin KWIraH Mat-
punanu B opkanu GenrmwnaiiMus. Y xomna B € M| Ba yHHHT
paHI¥ r ra TeHr. B HUHT paHTd 7 6YIraHu y4yH 16 § naru 7-
TEOpEMAHUHT HATWMDXACUTa acocaH B a r Ta YM3UKIM 3DKIU
YCTYH MaBXyld. By ycTyHiap A MaTpUL@HUHT r-TapTHOIIH
MHHODHH XOocWJ XKuianu. by musop 22-§ marm 5-teopema-
HUHT HaTvKacura Kypa HomnaH ¢apkjad. MKKUHYUM TOMOH-
JlaH, arap x > r 6¥1ca, y xonga A HUHT paHry r O6YIraHu y4yH
A nary uxTuépuit k ta catp YM3MKIM GortanraH. byHnaH 22-§
Jard S-TeOpeMaHHHT HATHXACHIa acocaH A HHMHI K-TapTHO-
JIM UXTHEPUH MMHOPU HOJIbIa TEHT SKAHJIUTU KeMUO YMKanu.

A MaTpHLUAHUHT PAHIH r OYICUH. A HUHT HOoMbAaH papkin
r-TapTHOIN UXTHEPUH MHHOpM 0a3zMc MMHODH 1eO aTajanH.

Kyitugarn TeopeMa MATpHUAHHHT paHTMHM XMcoOamina
Ba YHUHI 0a3uc MUHODHUHHU Tonmuuaa Gonnaim.

3-reopema. Azap A mampuyanunz 6upop r mapmubau
Munopu Hoavoan Qapkau 6yaub, 6y MunopHu Y3 uqu2a o4ysuu
xap xandai (r + 1)- mapmubau munop nosvea mene 6yaca, y
x04da y 6a3zuc munopudup (Ba 1eMakK, A HUHT PaHrH r ra TEHT).

Ucbdor. M-HoapaaH Gapkjau r- TapTUOJIHU MHHOD
OyacuH. 22-§ marm 5-TeopeMaHMHI HATHXacura Kypa, M nad
JTyBUM A HUHI caTpiapd YM3UKIN SPKIM. YiIapHu A, ..., 4,
opkanu GearwiaiimMus. TeopeMaHu uc6oTiail yuyH A HUHT
bomka carpiapu Oy carpiap OpKajlu YU3UKIM UdoLalaHH-
IWHYA KYypCcaTHILI KHQOS.

114

www.ziyouz.com kutubxonasi



A, .., A, A caTpiapHu §3 uuura oaysuud A HuHr (r + 1)
Ta caTpuiaH ubopar MaTpuLaHu B opkanu GenrmwraiMmus. M
MUHOPHH ¥3 UYHra ONyBYM A HMHT Xap Kaunait (r + 1) - tap-
TUOIM MHHODH HOJBra TeHr OViaraHu cababmu, B HUHT Xap
KAHAAN ycTyHM M MUHOpOAH YTYBUM r Ta YM3HKJIH SDKIH
YCTYHJIAp OPKAIM YM3HKIU udonanaHanu. byHra Kkypa B HUHT
paHru r ra TeHr. bynnan A, carpHuHr A, ..., A, carpiap op-
KallM YH3UKIH UGPOJATAHHUIIM KeJIHO YMKAOH.

DHIM OUpraiukaa 6yiaraH MXTHUEPDHN YM3MKJIM TEHIJIaMa-
Jlap TU3UMHUHM KypaMu3:

a,x, + apx,+.. +a,x, = b

ayx, + apx,+.. +a,,x, = b,

............................... 4

Y6y

6ejarwramt Ba (2) Genrwianuiap KUputub, (4) TU3UMHU
AX=B )

MaTpuLa KypuHUIUMaa €3u6 onamus. Illyunait kuutu6, (4) Ti-
3UMHH e4yuil (5) MaTpMUAJIM TeHIVIAMAaHHM eYUIlra TEHr Kyd-
. (5) Matpuuanu TenriaMa 6uiaad (3) MATpULIAIM TEHIJIA-
MAaHUHT KYpUHUILM OUp Xwi, aMMo (5) na 4 kBaapaT MaTpu-
ua OyaMaciury MyMKUH €Kd Maboio KBaapaT MaTpula 6yica
XaM, YHUHT JE€TePMUHAHTH HOJb OVIMIIM MYMKHH.

n = yiyamuu () BEKTOp Ba
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4!
y=|"

Vn

BeKTOp 0Jub, (5) TeHrmaMa 6wiaH 6upra ymoy

AY =0 (6)

TeHITIAMaHU XaM KapaiiMu3i. By Tedrnama (5) reHrnaMara (ExKu
(4) TM3UMra) moc OMp XHMHCAM TEHIJIaMa JeHWIanu.

4-teopema. (a) Aeap X,, X, € R" eexmopaap (5) nunez
enumaapu 6yaca, y xoada yraprune X, — X, atiupmacu (6) nune
exumudup.

B) A2ap X, € R" eéexmop (5) nunz enumu 6a Y € R" eexmop
(6) nune ewumu 6yaca, y xoada yrapuunz X, + Y liurunducu
(5) nune ewumudup.

c) Azap X, € R" eexmop (5) nunz 6upop evumu ea X eex-
mop (5) nunz uxmuépuii emumu 06yaca, y xoaoa (6) Hunz wyH-
dait Y € R" enumu maexcyoxu, X = X, + Y. .

d) bup xcuncau menzaamanune uxmuépuil eMUMAGPUHUNZ
HUIUKAU KOMOURAUUACU AHQ WY MEH2AGMAHUNZ eHUMUUp.

Hcbor. a) by xonma: AX, = B, AX,= B. by teHrniama-
JAapHUHT OHUPUHYUCUIAAH UKKUHUYMCHHH anupcak:
A(X, - X,) =0, spuu X, — X, BexTop (6) HUHT €4UMUIMD.

B) by xomma: AX,= B, AY =0. bymapuu Kyucak:
A(X, + Y) = B, spam X, + Y BeKkTOp (6) HUHT €YUMH.

c) by xonna AX,= B, AX, = B. IkkuH4Y1u1aH GUPpUHIMHU
aitupcak, A(X, — X,) =0, spuu X, — X, Bexrop (6) HUHF €YH-
mu. By BekropHu Y opxanu Genrwracak, X, = X; + V.

d) Arap V,, ¥, € R sextopnap (6) HMHT euumiiapu 6yica,
y xomua AY, =0, AY,=0. byHnan uxtuépuit 2,4 € R

connap yuyH A(AY,+ul¥,)= 0.
DHau uxTUEpUM (4) TM3MMHU eyMiura yramui. A Marpu-
LAHUHT paHry ¥ 6¥iacuH. (4) TH3UM Guprajaukaa 6¥iaraHu y4yH
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Oy TH3UMHHHI KEHralTUpwiIrai A' MaTpUIIACHHUHT PaHTH XaM
r ra TeHr. byHmaH A! MATPMUAHMHT IIYHAAM r Ta YU3HKIIH
3DKJIM CaTpU MaBXyIIMTH KeJUO YMKAOUKHU, KOJraH Xap KaH-
Jaii catp Oy caTpJIapHUHI YM3UKJIM KOMOUMHauusAcHaaH nbo-
paT. by aca (4) TU3BMMHUHT 7 Ta TeHIVIaMaAaH ubopar myHaai
KMCM THM3UMH OOpIMTMHU KYpcaTaaiuKH, TU3UMHHMHI OOoLIKa
Xap KaHzaM TeHrjJaMacH Oy r Ta TEeHTJIAMaHUHT YU3UKJIM KOM-
ouHauuscuaup (Hatixacuaup). [lynnai kuiu6, (4) TH3UM-
HM eyMiu Oy r Ta TeHIJlaMagaH UOOpaT KMCM TU3UMHH €YML -
ra Kejaamau.

By rTa TeHrinamManaH ubopar KMcM TH3MMHHU (Kepak 6¥ica,
TEHIVIAMAJIADHU PAKAMUHU ¥3rapTupub) OUpUHYM 7 Ta TEHT-
JNaMamapaaH ubopar ne6 XxucoOJjalIMMNU3 MyMKHH.

a,x, +apx,+.. +a,x, = b,
ayx, +apx,+..+a,x, = b,
................................ (7

a,x, +a,x,+.+a,x, =b,

LllyHnatt kwiub, (4) Ba (7) TU3UMIIAD TEHT KYWIH.
Kepak 6¥nca, HOMAabIyMJIAapHUHT HOMEPHHH Y3rapTHpHO,
ywoy

a, a4 .4y, 0
. # (8)
4,4y .4y

Ae6 xucobnam MymxkuH. by xonna x,, ..., x, napHu 6om HO-

MaBJaymiap Ba X, |, ..., X, JJADHHU 3Ca 0301 HOMabIymiuap ne6

aTaiMM3 Ba KyiMaru OelrwiaAlLIapHU KHUPUTAMU3:

X
X X4y b
2
5 _ 0o _ 1 _
X°® = X = , B =
X X, b,
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p=|®% | - i+t
............. . 4
arl ar2 ar’ rr+l m
by xonna (7) TH3UMHH
DX+ CX° = B' &)

MaTpHla KYpHHUINKAA €3UII MyYMKHH. byHra Moc 6Up XuHC-
JI¥ TH3UMHH ymoy

DX® +CX° =0 (10)

KypUHHIIIA €3Um MyMKHH. (8) waprra Kypa, detD = 0, ne-
mak D-! — maBxyq.

X° BexTop cudaruaa R"~ ¢a3oHUHT UXTHEPUH T BEKTODH-
HU onaMu3. Y xoima

DX° = B'- (T,
X = DB - CD).

Hartuxana
X=D'B -CH,HerR (11)

BeKTOp (7) HUHT eyuMHUIUp. AKCHHYA, (7) HUHT Xap KaHAau
€YMMHHH IIYHAAM KYpHUHUIINA ONHII MyMKHH. XaKHKATaH,
arap Oepwirad X ewumHuHz oxupeu n — r Ta KOOpAUHATAIapH-
JaH TAlIKWI TomraH BekTopHH X° = T Gunan Genrwiab (9)
TeHrJiaMara Kyicak, (11) udoganHu oramMus.

Xycycan, X°cudaruna HOJMp BekTOop oicak, (11) udona
X=(D'B, O) kypunuiura sra 6yiragu. by Bexrop (9) HUHT
xycycuii eyuMmuaup. KOxopunard MynoxasarapaadH (10) 6up
XKMHCITU TeHIVIAMAHHUHT YMYMUH e4uMH

Y=(=-D"'CT, T) (12)

KYPHUHHLITA 3Ta 3KAHJIWTH XaM KeJIuO YHKaIH.
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S-teopema. (10) OHp XMHCIH TEHIJAMANap TH3MMH-
HHHT €YAMJIAPH TYIUTAMHHMHI PAHTH 7 Ta TeHr.

Ucobor. (10) Tearmamaumur 7= E' (i =1l,n— r) ra Moc
eunmuHn F' opkanu GenrwiaiiMus (0y epma E', ..., E™ nap
R™! ($a30HUHr YCTYH INAKAMAA OJMHraH OpTJIAapH) Ba
F',...,F™ € R" BexTOpJIap TH3UMH YM3UKJIH SPKIH IKAH-
JIMTHHH KypcataMu3. by BekropnapHu catp ae6 oiub, (n —r)
Ta CaTpJIM Ba n TA YCTYHJIM MaTpulia Ty3caK, 0y MaTpHUIIaHUHT
OXupru (n — r) Ta YCTYHHOAH TY3HATaH Marpuua (n — r)-tap-
TU6TH 6upuK Matpuuaaup. LIyHuHr yuyH 6yHra Moc (n — r)-

TapTHOIM MUHOP HombmaH apkmn. Jdemak F!,..., F"" Bek-
TOpJIap TU3UMH YM3MKJIU 3PKIIH.
O T cudatvna uxruépuit T= (1, ..., I,_) BEKTOPHH

onamus. ¥ xonna T=1 E'+ >+ ... + ¢t E'~ TeHr1uMKaaH
Ba (12) udonanan ’

V=tP+..+1_P~

TeHIJIMK Kenub yukagu. byHnaH Ba 4-TeopeMajaH TeopeMa-
HUHT MCO0TH Keub YHKANM.

Hatuxa. (4) musumnune uxmuépuii evumu X, + t F' +
+ ...+t _ P77 kypunuwuda ugpodaranuwu mymxun, 6y epoa
X, € R sexmop (4) nune xycycuii ewumu, P, ...,F»"€ R gex-
mopaap 3ca (4) ea Moc OUp HCUHCAU MUUMHUHE YUUKAU 3PKAU
eyumaapu muzumuoup. t, t,, ..., t € R.

Ucb6oT. Harwxanuur ucb6ot 5—TeopeMaHMHr UCOOTH-
JaH Ba 4—TeopeMagaH Keaud UMKAIH.

(10) TH3UMHHUHT eYuMIapH TYIUIAMMHUHT UXTUEPHH 0a3u-
cd (10) TU3UMHUHT QYHIAMEHTAJ eYHMIAD TH3UMM Ieiianu.
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Bewunuu 606

XAJIKAJIAP BA MAHJJOHJIAP. KOMILIEKC
COHJIAP MAHJIOHU

24-§. XAJIKAJIAP BA MAMJIOHJIAP.
BOILUIAHFUY MABJIYMOTJIAP

K tyminamaa MKKMTa 6MHApP aMall aHUKJIAHTaH OVJICHH.
YiaapHUHr OUTTACHHM KYUIHKIU aManu aeb araiMu3 Baa, b € K
9JeMEHTIAPHUHT WUFUHAMCUHMA a + b OpKaIu GenriaiMus.
UKKHHYMCHHY KYTIAWTHPUIL aManu aed aTtaiiMu3 Ba a, b€ K
3JIEMEHTIAPHUHT KYMalTMacUHHU @ - b opKatu OGenrwiaiMus.

K TyrmaMaa aHUKJIAHrag KyIIUU Ba KYMAUTUPHUIL aMali-
Jlapd KyHWOAry 1apTiapHU KAHOATJIAHTUPCa, ¥ XaJKa OeHU-
Japu:

[. KTymwraM Kymum amaaura HucbaTaH KOMMYTaTUB TYPYX
XOCHJI KUJIaau.

II. K TyiuiaM KYIadTHpUIL aMaaura HucbaTtaH SpUMIYPYX
XOCWI KIUTaIH.

III. Kyuuin Ba KymaiTupuiu aMauiapy AMCTPUOYTUBIUK
KOHYHJIapu OwilaH OOFIaHIaH:

a(b + c) =ab + ac,
(a+ b)c = ac + bc.

Mucomnap: 1) Z, O, R Tymiamiuap COHJApHHA KYLIHII Ba
KYTIAUTUPHUIL aMaura HUCOaTaH XajiKa XOCHI KWIAIH.

2) [a, b] opanukgaru 6apya y3nykcu3 GyHKIHsIIApAaH H00-
pat C [a, b] TVTLIaM QYHKUHMSJIApHUHT KYLIUII Ba KYIAaWTH-
pUlll amanrura HucbaTtaH XaiaKa XOCKI KUWIAJId.

3) bepwiran m(m > 1) Harypan coHra O0YIMHYBUM Oapuya
OyTyH comHiapiad ubopar mZ TYIUiaM COHJIApHM KYIUMII Ba
KYIMAaUTUPHUIL aMajiura HUcOaTaH XajlKa XOCWI KWladH.

4) DaeMentiapu Moc pasuiuga Z, Q, R xankanapaa €TyB-
4M Gapya n-TapTHOIN KBaApaT MaTpUUAIapaaH uéopar M (Z),
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M(Q), M (R) Tyruilamnap MaTpMLaapHU KYIIKII Ba KyTa-
TUPUILI aMajUlapura HUCOaTaH XajIKa XOCHJI KWIaId.

Arap K xankKaga KymaiTUpHII aMaTd KOMMYTAaTUB 6Yica, y
KOMMYTATHB XuIKa dednnanu. FOkopuna keatupwirad Z, Q,
R, C [a, b], mZ xankanap koMMmyratus, aMmo M (Z), M (Q),
M (R) (n> 1)xankamap 5ca KOMMYTaTUB 3Mac.

Arap K xanmkaga Kymadtupuiu aManu yuyyH /€ K Oupauk
37eMEHT MaBXyld (9bHU Xap KaHuaH a € K yuyH al = la = a)
Oynca, I sneMeHT K XaIKaHUHr OMPJIMK 3jeMenTH Ba K 3ca
OMDIMK 3NeMeHTIM Xaika acimnanu. bap3ad K XanKaHWHT
OUpIUK 37MeMEeHTH | OpKamu XaM OerumiaHanu.

IOkopuna kexrupwiran Z, Q, R, C [a, b], M(Z), M (Q),
M (R) xankamap OGuUpIHK 3J€MeHTra 3ra, mZ xaika 3ca 3ra
aMac. Z, O, R na GUpIUK 3JIeMEHTH POJMHH | COHM YHHAM-
m. Cla, b] na Gupnuk 3neMeHT poiuHU [a, b] na aitHaH 1 ra
TeHT OyaraH ¢yHkuus yiHanau. M (Z2), M (Q), M (R) xainxa-
Japaa GUpPIUK 3JIEMEHT POJUHU OUPIMK MATpULIA YHHAMIH.

XalIKa Kymdim aMaiura Hucbarad rypyx 6yaranu ca6aéau
VHAa KYIIMII aMajidra HUcOaTaH yMyMJIallraH acCOIUATHB
KOHYH YPUHIM. XIKA KYTTAUTUPHILI aMajiiura HucbaTaH ApUM
rypyx 6ynraHu cababiu yHma KymadTHpMIN amarura Hucba-
TaH XaM yMyMJIAIUraH acCOLUMATHUB KOHYH YpPUHIIH.

K¥wum Ba K§nmalTHPUIL aMaUIApUHUHT JUCTPUOYTHUBIMK
KOHYHJIapuaH 7 O6yiuuya MaTeMaTHK MHAYKLMS épaaMuaa xap
KaHpa a, b, ..., b, € KanemeHT1ap yuyH HeBocuTa Kyiuaa-
TM TEHIJUKIAD ONHHAAM:

alby+b,+..+b)=ab +ab,+ .. +ab,
(by+b,+...+bla=ba+ba+ .. +ba

bynappan aca xap kaHpaii a, a, .., a, b, .., b €K
SJIEMEHTIIAp yYyH 0€BOCHTA KyMHIArH TEHTIMK KeInO YHKAIHU:

£

by iurunauga KymanysuiIapHUHT KaHIAM TapTuoaa €3u-
JUINHHUHT aXaMUAITH HYK (TbHU HHFUHAW Y3rapMaiif), aMMo

\ZE

itvs

b)=3 $an

i=1 x=1
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KOMMYTaTHB O¥IMaraH xankaja KynauTyBUWIApHUHT KaHOau
TapTUOa €3WIHIIMN MYXUM.

Xap KaHgad Xajakajaa adupuil Ba KYyHAHTUPHIL aMauiapu
JUCTPUOYTUBIMK KOHYHM OWJaH OOFIaHraH, STbHU Xap KaH-
naM a, b, c € K aneMeHT/Iap YYyH

(@ —b)c = ac — bc, a(b— ¢) = ab — ac.
BynapuuHr, MacajiaH, GUpUHYMCHHA UCOOTIAlMU3. YOy
(a—b)c+ bc= ((a—b) + b)c=ac
TEHTTIUKAAH
((a —b)c + bc) — be = ac — bc,
STbHU
(a —b)c =ac - bc

Kennb YMKaau.
by nucTpuOYTHBIMK KOHYHHIAH Xap KaHmah a € K ane-
MEHT YYYH KyMUIArd TEHITHK KelIud YUKAIU:

a-0=0-a=0,

Oy epna 0 — xankamard KyIUUII aMaJIJMHUHT HOJIb 3JIEMEHTH.

XakmkaraH, a - 0 = a(b — b) = ab — ab = 0. llyHra yxmatu
0-a=(b-b)a=ba —ba=0.

K Oupnuk sneMeHTIM Xanka 6yiacuH. Arap a € K y4yyH
a-b=b-a=ITeHDIUKIAPHU KAHOATIAHTUPYBYH b € K si1e-
MEHT MaBxXya Oyiaca, a 3/eMeHT TeCKAPWIAHYBYM Ba b sIie-
MEHT 3Ca g ra TecKapm jJeiuiaau.

9-§ marum 3-Teopemara acocaH, arap @ ra TeCKapy 3JIEMEHT
MaBxyn 6yica, y asroHa. by xonna yau ¢! opkanu Henrwiai-
MH3. By a~! aneMeHTHHHT Y31 XaM TeCKapHiIaHyBUd OYnuod, a
YHra Teckapy, seHH (@™ !)~! = a.

Z Xankana ¢gakar 1 Ba —1 coHNAp TeCKapWIAHYBYU.

Q Ba R xamkajapia HOJBIAH Oolika O6apya 3IeMEHTIAp
TeckapwiaHyBuu. C[a,b] xankKana TecKapWiIaHyBYU 3JIE€MEHT-
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nap [a,b] ma HonmbaaH apKiau OYaraH GpyHKUMsUIapaaH ubo-
par. M (Z) Xaikala TeCKapwIaHyB4Yd 3JE€MEHTIAap AETEPMU-
HaHTH 1 Ba —1 O¥araH marpuuanrapmaH ubopar. M (Q) sa
M (R) xankanapia TeCKapWwIaHYBYH 3JIEMEHTIApD MaxcycMac
Matpuuailapiad ubopar.

Arap K xaikKa AroHa sjeMeHTHAH ubopar 6yica, y dakar
HoJiblad uOopar O¥namu. By Xanka Hoap Xauka IeHWIagu.
Honb xankana 1 = 0.

bupmuk snemenTin K Xankaga OMTTaJaH OPTHK 3JEMEHT
6yicuH. Y X011a yHAa HopaaH Gapkiu 3JeMeHT MaBXyd. by
xankana 1 # 0, yyHKH akc Xonpa 1 =0 6ynub, a=a-1=
=g - 0 =0 reHrmuk onuHapau. by kapama-gapmmwidk 1 # 0
SKaHWHU Kypcarand. byHnait xankana 0 3jieMeHT TecKapWia-
HYBYU 3Mac, YYHKH Xap KaHaal b € K 3J1eMeHT YYyH
0-b=0=1.

Arap K xankana HoasaaH (apKiau a Ba b 3JieMEeHTIap YUYYH
a-b=0 06ynca, a Ba b INEMEHTIIAD HOJLHHUHT OYIyBYHIAPH
pevmnanu. bysnai aneMeHTaapra ara 6yJraH Xajika HOJILHHHT
O¥nyBumcHra sra xanka neiwnanu. Z, mZ, Q, R xaiKaiaap HOMNb-
HUHT 6yayBuuMmapura sra sMac. C(—o, +o) xanakKana
f@)=l]+r Ba g()=| -+ dynxkumsnap HonpHUHT GyMyB-
wwiapupup. M (Z), M (Q) Ba M (R) xankanap XxaM HOJBHHUHT
6yryBuiwtapura sra. MacaiaH

I Iy 1-1) _(0 0
o S
Arap KaMma MKKMTA 3JIeMeHTra 3ra 6{iuran 6MpIuK ssae-
MEHTIM KOMMYTAaTHB XaJKaJa Xap KaHmai HoxsaaH (apKiu
3JIEMEHT TECKAapWIaHYyB4YU Oyica, OyHaai xajnKa MaHaoH Je-
Hunanu.
IOkopuna kenrupwirad Mucouiap Huvpa ¢daxkar Q Ba R
XaIKajaap ManJIoOHOMDP.
MajinoHra ssHa GUpP MHCOJ KeITHPAMU3. Q(w/f) OpKanu
a+b2 (a,b € Q) KYPUHMILAArH XaKMKWI COHJIap TYIUIAMHU-
HU OearwnanMu3. XakUMKMH COHJIADHM KYINWIN Ba KYTIadTH-

pUIlI amMajutapura Hucbatad Oy Tyruiam HoiaH dapkiu OUp-
JIUK 3JIEMEHTIH XAIKAIUD:
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(a+8V2)+(c+dV2) = (a+c) +(b+dV2 € 0(¥2),
(a+8V2)- (c +dv2) = (ac+2bd) +(ad +2bc)V2 € O(V2),
I=1+0V2 € 0(v2)

Arap a + b2 =0 o¥ica, y Xxoinna 2 HppauuoHan 6yira-
HU yYyH @* — 2b* = 0. byHnan

1 a b \/EEQ(\/E),

a+b2 - a*-2p? - a*-2b?

YYHKH

a _ b
a2-202° -2

€.

Hemak, Q(w/Z_) — MaMJIoH.

Maiigonaa HONBHUHT OVIIyBUMIApHU YK. XaKUKaTaH, arap
a - b =0 Ba MacanaH, a = 0 6ynca, 6y Xonna a~! MaBxyn 6ynra-
HU yuyH a~'(ab) =0, svuu (a~'a)b= b= 0.

F — maitnoH 6yncuH. Arap a, b € Fsa b= 0 6yi1ca, y Xonga
a - b™! 3;IeMeHT cypaTH a Ba Maxpaxu b 6yiaram Kacp meifria-

a o .o o
AM Ba Gar3aH - KYPUHMIIMIA XaM OenrwraHanu. MIXTuépuit

MaiIOHAAruW Kacpjap yYyH COHJIM Kacpjapra xoc 0yiraH aco-
CUH KOHYHJIAp YpHUHIH
1) xap KaHmait ¢ € F (¢ # 0) 2JeMeHT yuyH

ac _
be

(Y
o R

c _ ad+bc

a
D3+va= e

ac

a C
)37 %

4) a= 0 6ynranga
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BynmapHu UCOOTIAIHU YKYBUUTa KOJOUPAMU3.

By xoccanap uxtuépuit MalIoH1a KYIIMIL, alUpUIL, KyITai-
TUPHUILI Ba HONBAAH (apKId dJIeMeHTIapra OyIMIl aMajuiapu
MaBxyn 0yaub, ynap onatnaru “apu¢dmeTUK” XycycusiTaapra
sra OYNIUMIIMHHK Kypcataau. by Xuxat uxTuépuil MalgoH yc-
THIA YU3UKJIM TEHrJAaMAJapHU KYpHILUra Ba €YUILTa MMKOH
6epanu. Mirapuru 6o6napaa KypuiaraH R ycrujaarud BEKTOpD-
Jlapra, MaTpuuajgapra, ACTepMMHAHTIApra Ba YU3MKJIU TEHI-
JlaMaiap TU3MMiIapura ouj 6apya Teopemanap R MalIOHHU
UXTUEPUHI MailIoH OWiaH aIMalUTUPWIICA XaM YpUHJIWIATHYA
KOJIa .

besocura tekmupuin 6yHma 20-§ maru 4-teopema 2-Ha-
THXXACHUHUHT OUpHHYM HcBoTHAaH OolKa 6apya TeopeManap-
HUHT HMCOOTHIA MLUIATWITaH MYJIoXa3ajap UXTHEPpUA MaM-
JIOHJIap YYYH XaM SIpOKJM 3KAHWHU KypcaTaiu.

20-§ marm 4-teopeMa 2-HATHXKACUHUHT OMpUHYM HCOOTH-
Jaru Mysnoxasanap 6ab3y Oup MalnoHnap (XxapakKTepUCTUKA-
CcM 2 ra TeHI MalAoHJap, MaMJIOHHHUHT XapaKTepHUCTHUKACH
TYLUYHYACHU KEHMHPOK, KUPUTWIAAK) YIYH YPUHIH 3Mac. AMMO
0y HaTUXAHWHT KEITHPWITAH HKKMHYH UCOOTHIArH MyJIOXa-
3anap UXTHEPUI MalIoHIap YYYH XaM sipainu.

K Ba K — xankanap 6yncuH. Arap ¢ : K- K akc 3TTHpUII
Xap KaHgal x, y € K aneMeHTIap yYyH

p(x+y) = p(x) + p(»),
e(x - y) = p(x) p(y)

TEHIVIMKJIADHU KaHoamnaHtupca, y K xankanunr K xankara
romomopd axc 3TTHpumH (romoMopdH3IMH) neinaagu. Arap ¢
roMoMopdusM my 6uian 6Gupra Guekiuusa xaM 6yica, y n30-
mMopd akc oTTMpHm (M3omMopdu3M) nedmwIany.

Arap ¢ — uzoMmopodusmM 6¥i1ca, y Xonga ¢-! aKC 3TTUDMULI
XaMm u3omMopdusM. By TacIMKHUHT UCGOTH TYPYX/JIAp YUYH HI-
rapu KeaTHpWIraH MOC TACAMKHHUHI MCOOTUra YXIarl.
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Xyanu rypyxiaap Kabu H3oMopd xaiKajaap anreGpauk Xy-
cycusTiapu O6wiaH 6up-6upunan gapx KwiMainn. Macanal,
KOMMYTAaTHBIUK, OUPIUK 3JEMEHTHHHI MaBXYIJIUTA €KH
HOJIBHUHT OYIyBYMIApU MABXYIUIMTM UKKUTA M30Mopd Xai-
Kajapxa € 6up BakTHa OGaxapuiand, € Oup BakTaa 6axkapui-
Maiau. Arap K — Maitnos 6yica, y Xoi1ma yHra n3oMopd xaika
XaM MaMIoH.

HN3oMopd xaikaiap Ba MaMIOHJApHMHT ajireOpauk Xoc-
cajap 6up X OYIraHu yuyH Kejlaxakna OyHmai xanka Ba
MainoHnapHu oup-6upuaaH ¢apk, KiIMaiMu3.

Mucon Kypamu3. K — 6upop xanka Ba ) — YHUHT HOJb dJIe-
MeHTH 6¥icud. K* HuHr ymoy kucMuau K opkamm {(x, 0),
X € K} 6enrmwnaiiMus. K jga KYIIMIN Ba KYa#THPHIN aMaiia-
PUHHU KylUJaruvya KMpUTaAMH3:

X0+, 0=(x+y0),
(x,0) - (3,0 =(x-y0).

by amamnapra Hucbaran K xanka 6ymub, ¢(x) = (x, 0) udo-
Ja 6wiaH 6epwirad akc 3TTupuil K Ba X' XaJaKaJapHUHT H30-
MOP(}hU3MH 3KAHIUTH 6eBOCHTA TeKIIMPIIANN.

1-treopema. Adzap K — bupaux sremenmau xasrxa 6yaca,
Yy xoada K dazu bapua meckapusanyeuu 3semenmaapoan ubo-
pam G mynaam K dazu xynaiimupuw amaruza nuc6aman zypyx
xocua Kuaaou.

HNcb6oT. Arap x, y € G 6ynca, y Xonga xy € G, YyHKH
yixlxy = xyy~ix! = 1, gpHu (xp)~! = y~Ix"1). G garu ameMeHT-
Jlap KynaTMacHHHHT acCOIMATHBIWTU Oy KymadTMaHuHT K
Ja acCOLMATUBIMTUAAH Keaub yukamu. Yoy 1 1 =1 TeHr-
aukaaH 1 € G MyHocabar, Xap KaHgaii x € G y4yH
l-x=x-1=xBa x-x'!=x"t-x=1 MyHocabarimap Kexub
4YUKanu, SeHU G— rypyX.

Hartuxa. Maidonnune noavdan apkau anemenmaapu maii-
dondazu kynatimupuw amanuza Hucbamaw 2ypyx Xocun Kuaaou.

By rypyx MainOHHHHT MYJIbTHIIMKATHB TYPYXH HeHITIANN.

Arap P, F— maiigonnap 6ynu6, FC P Ba P maru amauiap
F HUHT 37eMeHTIapH YUyH KypmiraHga F paru amamrap 6u-
JiaH 6up xuia 6¥i1ca, P maiinoH F MaiOHHUHT KeHraHTMACH
nerwiani. MacajiaH Q(Jf) Ba R maifmomnap ( HUHT Ke€H-
raiitMacu, R MailioH sca Q(w/f) HUHT KEHTaiTMacH.
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25-§. KOMILIEKC COHJIAP

Arap C MaimoH R XakuKMi COHJIap MaMIOHHHMHI KeH-
raiTMac 6y1ub, Kyduaardk MKKATA WAPTHU KaHOATIAHTUP-
ca, Y KOMILIEKC COHJIap MalaoHM JeH1UIanu:

1. Y6y # = —1 TeHITHKHU KaHOATIaHTUpyBuu i € C aj1e-
MEHT MaBXyl; OyHIOaH 3J€MEHT MaBXyM OHPJIMK IeHUIaIu.

2. Xap kaHgait z € C 3neMeHT y4yH IWuyHgail a, b€ R
XaKUKMH COHJIAp MaBXyIdKu, Z =a + bi YpurIn.

C MalIOHHMHT 3JEMEHTIAapN KOMILIEKC conaap ne6 ara-
JIAOM.

byHpa#t KeHraWTMaHHHT MaBXVUIMTHHH KypcaTaMus.

ByHUHT yuyH R* na Kyuil Ba KYMadTHPHII aMATIapHHU
kupuTamMu3. Kjuwmm aManu cudariga BeKTOPJIapHH KYILHII
AMATTMHM OJIaMH3:

(@, b)+(c, d)=(a+c b+ 4. (1)
Kymaitupuiu aManuHu yiuby
(a, b) - (¢, d) = (ac — bd, bc + ad) 2)

udpona (dbopmyna) 6wIaH aHUKJIAKMU3,

Kymui amanura Hucbarad R? HUHr KOMMYTAaTHB TIypyX
3KaHJIUTY WITapH Kypcatwirad 3au. bynaa (0, 0) aneMeHT Oy
TYPYXHUHT HOJIb 3JIEMEHTHIUD.

KynalTHpHILIHUHT KOMMYTATHUBIUIH (2) Ba ywby

(c, d) - (a, b) = (ca — db, da + cb)

I/I(l)OIIaJIapHI/IHI‘ S"HI‘ TOMOHHIAru BEKTOpPJIApHHUHI TEHIJIMIU-
JaH Keaub YU KAIH. AcCOLIMATUBJIUTH 3Ca Kyﬂﬂ}lal‘l/l TCHITIUK-
JlapaaH Keaunob YHUKAIU:

[(ax b) ' (C, d)](P,Q) = (ac - bd, be + ad)(p, Q) =
= (acp — bdp — beq — adp, bcp + adp + acq— bdg),
(a, B)(c, D(p, 9)] = (a, b)(cp — dq, cq + dp) =
= (acp — adq — bcq — bdp, acq + adp + bep — bdq)
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JMCcTpubYyTMBIMK Xoccallapy 3Ca KyHHJIAard TeHIJIMKIIap-
JaH KeJaud YuKamu:

[(al b) + (C, d)](P,Q) = (a +c, b+ d)(Pl 4) = (ap + cp — bq -
— dq, ag + cq + bp + dp), (a, b)(p, 9) + (¢, d)(p, q) =
= (ap — —bq, bp + aq) + (cp — dg, cq + dp) =
=(ap— bg+ cp—dq, bp + aq + cq + dp).

Hdemak R? tyam 6y aMaiapra HUcOaTaH XaJKa 9KaH.
Y6y (1, 0) aneMeHT WIyHAAH XyCYCHATra 3TAKH, Xap KaHIaH
(a, b) € R? 3neMeHT yuyH

(1,0)(a, b) = (a, b),

ssbHA (1,0) 3memeHT R? HUMHr OUpIMK 3neMeHTH. HonbaaH
¢apkiau UxTHEPHIL (g, b) € R? sneMeHTHU onaMu3s: (a, b) # (0,
0). ¥ xonna a, b cowstapHUHT KaM¥ja OUpU HOJBIAH (hapKJIiu,
STbHU 4 + b= ().

Yuby

(@b 5250 ~ =) = (1L0)

e -
a+b a4}

TEHITIMK KypcaTaguku, R? pa HoupnaH ¢apkid Xap KaHaa

(a, b) 3reMeHT TecKapWJIaHyBYH Ba (a b)'l = (L —L)
’ p y ’ 2+’ a2+t

Hemak, R TVraM KUpHUTWIraH KYIIMHI Ba KYMaNTHPUIL
aMajuiapura HucbGaran Mmaiponaup. by Maitnonnu C opkanu
OermwiaiiMu3 Ba YHH KOMIUIEKC COHJIAp MaHJOHU 1e0 artam-
Mu3. by maiiioH R MaliIOHHMHI KEHraiTMacu SKaHJUIMHH
Ba IOKOPMIAa KEJITUPHJIIaH MKKHTa XOCCAHM KAHOATIAHTHUPH-
IUMHU KypcaTaMH3.

C = R na (x, 0) kypuHUIIKIArd 6apya BeKTOpJap TyIUla-
MuHH R opkanm OGenrwnaiimu3s. FOkopuna xkupurwiraH (1)
Kymum Ba (2) kynmaiTupuil amMauiapuHu R’ aJ1eMeHTIapuIa
KapamMu3:

(g, ) +(c, 0)=(a+c, 0),
(@, 0) - (c, 0)=(a-c, 0).
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by dopmynanapaad R’ HUHr Mai[OH 3KaHIUTH GeBOCHTA
kenub gukanum. Jlemak, C MaigoH R’ MalJIOHHHHI KeHTauT-
Macu. 24-§ 1a K= R sudr K’ = R’ ra usoMop(d 3KaHIMIHU
Kypcatwirad sad. UzoMopd MaHOoHIapHU aire6pauk HyK-
Tau Ha3aplaH 6up xuwi Aeb xucobraranuMu3 yuyH C MaiioH-
nard R! MaitnoHHu R MaiinoH 6wiaH aitauitiamrupaMu3. Ke-
naxakna (a, 0) ypHura a €3amua.

Yoy

(0,1(0,1) = (=1, 0) = ~1

TeHIJIMK Kypcatanuku, arap (0,1) Hu / opkanu OGenarunaacax, y
xomaa i*=-—1. Jemak, C MaiiioHxa 1OKopHJIa adTwiraH Ou-
PMHYM 1UAPT YPUHIH.

Uxtuépuii (a, b) € C yuyd (a, b) =(a, 0) + (0, b) = (a,
0)+ (b, 0) - (O,1)=a+bi

TEHIJIMKHU €3UIMMU3 MyMKuH. Jlemak, C MaiiioH y4YyH
IOKODHJArd MKKWHYH LIapT XaM VPpHHIH, SbHU Xap KaHnai
z=(a, b) € C aneMeHT

zZ=a+ bi (3

KYpUHMIIAA €3WIMILM MyMKMH. Bepwiran (a, b) BekTop ¥3
KOOpAMHATaIapy OWIaH TYJIa aHMKJIAHTaHH YYyH YHH (3) Kypu-
HMLUAA AToHAa ycya 6miaH €3um MymkuH (3) udoganaru a
COHM Z KOMIUIEKC COHHUHT XaKHKHH KHCMM Jeiiwnanu Ba Rez
opkaM GeiarwiaHany. YHAard b COHM 3ca Z KOMIUIEKC COH-
HUHI MaBXYM KMCMHM Ieiwiaau Ba Imz opKaiu GelrwiaHaau.
lyHpait KUWIUG, XaKUKHI COHIAp MaBXYM KMCMHM HOJB OViraH
KOMILIEKC COHJIAPAMD. XaKHKU KHCMH HOJb OVIraH KOMII-
JIeKC COHJNAp, AbHU bi(b € R) KYypUHHILIMAATH COHJIAp cogd
MaBXYM KOMIUIEKC COHJIAp AeMHuiaiu.

Arap R XakuMKHil cOHIap TYIUIAMMHH TYFPH 4YM3MK, cHda-
TUIA F€OMETPUK TAIKMHMHM Kapacak, y xojaa R® HU TeKuc-
JuK Aed KapallMMH3 MYMKHH.

(3) bopMyna R? TeKMCIMK HYKTAIApH 6MIaH KOMILIEKC COH-
Jlap MalJoOHM opacuha Ouekums ypHaragu. by 6umekuuss C
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KOMILIEKC COHIap MaMIOHUHUHT reOMeTpPUK TAJIKHHH, TEKHC-
JIMK 3Ca — KOMILIEKC TEeKHCJIHK AcHMWIanu.

- KoMrIuieke coHIapHH KOMIUIEKC TEKUCIMKHUHT HYKTajla-
pu 1e6 xaM ranupwiagd. byHna xakukui coHapra abcuucca
VKMHUHI HyKTanapd, cod MaBXyM COHJIapra aca opJiudHaTa
VKMHUHT HyKTajapu Moc Kenand. IIIyHuHT yuyH 6ab3aH abc-
uucca YK — XaKHKH#H YK, OpAMHATa YKU 3Ca MABXYM VK Ie-
Wuitagu.

KoMIUIeKC TeKMCIUKIA KYyTO KOOPAUHAT TH3UMUHM KUDU-~
tamMu3. Kyr6 cudaruna O Hykra Ba KyTO YKu cudartuia
XaKUKHH MycOaT sSspuM YKHU (abcuuccajap YKUHUHT MycOaT
SIPUM YKUHM) ojlaMu3 (1-LIaKi).

Texkucnuknaru P(a, b) HYKTaHMHT (Z, ¢) KyTO KOOpAMHA-
Tanapyd KyHugaruya aHukjiadHagn: P HyKranaH KoOpAMHATa-
Jlap bommrava G6¥iarad mMacoda Ba Ox Kyt apuM VKU OuiaH
OP kecMma opacunaru ¢ Oypyak Ouman P HYKTaHUHI TEKHC-
JKIOArd YpHU TYiIa aHUKJIAHAAW. r— KyTO paguycw Ba ¢ —
KyT6 Oypyaru peimninagu.

4 A
Pa,b)
b

0 a
1-waka.

rMacoda 6yarany yuyH y qouM MaH$uit 6y1Marad xakukui
coHra Ba ¢axkar P = 0 6yarangarnHa HoJasra TeHTAUD. ¢ Oyp-
yak OyJIraHM ydyH YHUHT KuiimMaTiapu 0 < ¢ <2r TEHICH3-
JIMKHUY KAHOATJIAHTUPHUILM Kepak.

AMMO WyHAal Macajajap y4Ypaiauku, yJapAa UXTHEPHH
XaKMKUM KuMMaTIn (gpHu KuiiMaTiapu [0,27) opalukaaH
Talkapuaa €rrad) 6ypuyaxkiap 6uiaH W KypULira TYFpU Ke-
napu. Kemmmiysra MysoduK MycGar Gypuyakiap coaT MHIA
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IOpUMINKTa Kaplid HyHaiumaa Ba MaH¢ui Oypuyakiap coar
CTpeJIKacU WOpHIIM HyHanumu Oyinua xucobiaaHamu. Kyto
KoopAMHartaiapu (r, ¢) Ba (r, ¢ + 2k &) 6Yirad Xydtiap xap
KaHga k 6YTYH COH yYyH TeKHCIHKIA OHTTa HyKrara Moc
KeJIaau.

1-maknparu TYrpH 6Y¥puaknu OPQ yubypuaknaH P HyKra-
HUHT (@, b) gexapT KoopauHaranapu owriaH (r, ¢), KyTd KO-
OpAMHATANAPH @ = r COS ¢, b = rsin ¢ TeHITHKIap 6urad 60F-
JIAHTAHJIMTU OJIMHAaau. Arap P(a, b) HyKra GepwiraH 6yica, y
XOJIIa YHUHT KyT6 paguycu * = Va® + b’ TeHIIMK OpKaIu TO-
mwrand. r# 0 xonpga yHMHr Kyr6 Oypyard - ra €k 2w ra
Kappaiu 6yJIraH COH AHUKJIMTHAA COS ¢ = %, sin ¢ = —[:— TeHr-
JIMKIapAadH tTonwiaau. r= 0 xonna YHHHT KyTO Oypuaru ux-
TUEPUN XAKUKMH COH. 7= a + bi KOMIUIEKC COHHHHI KYyTO
panvycd YHHHT MOYJH nedwiand Ba |z| opkamm Geirwia-
HaOH. .

Y6y |z =Va® + 5 udonanan Ba a = Rez, b= ImZ 6en-
runapaaH Gesocura |[Rez| <|z], [Imz|<|z] Tenrcusmuxiap
KeJnub YyHuKamIu.

|z| ¢yHKUMA Z HUHT OHp KHWMATIN (GYHKUUASCHUIMD.
Z = a + bi KOMIUIEKC COHHUHT KyTO Oypuyaru yHUHT aprymMen-
TH Jeunaim Ba Argz opkaau OelrwiaHaau. Arap ¢ COH I
KOMIUIEKC COHHMHT KyTO Gypuaru 6yica, xap KaHaa k 6yTyH
COH YUYH ¢ + 2k XaM 7 HUHT KyTO Oypuaru 6yiraHu cababimn
Argz GyHKIMS Z HHHI KYT KMAMaTid GyHkuuscuaup. e-
Mak, o6epwiran z(z # 0) yuyH Argz butra coH sMac, balku
{¢ + 2xk} xypuHMILZary Gapya conilap Tu3mmu (6y epna k
UXTUEPHUH OYTYH COH).

Yubdy z = a + bi udona onarma 7 KOMIUIEKC COHHUHT aj-
redpank ndogacn aeiimnanu. by udonagan Ba a =r cos e,
b = rsin ¢ TenrmukiIapaaH goinananus, 7 = Kcos ¢ + isin @)
ndonanu oramus. by z KOMIUIEKC COHHHHI TPHTOHOMETPHK
Hbonacu npeiiunagu. KoMiuiekc COHHMHI TPUTOHOMETPHUK
udonacu Kyiuaarda MabHoAa ATOHA:

‘1-treopema. Adeap z(z = 0) Komnaexc COHHUNZ UKKuUmMa
z=r(cosp+ isiny) 6a 7= rl(cosp’ + i sinp’) mpuzonomem-
DPuK ugodarapu bepuszan 6yaca, y xoada r =r ea wyHnoai K
6ymyn con maexcyoxu, ¢ = ¢’ + 27k.

131

www.ziyouz.com kutubxonasi



Mcb6or. XakukataH, Oy xoima r cos¢ =/r cos¢g’,
r sing = r sin¢’. bynapaaun

r= J(r cos ) +(rsinp)’ = J(r’ cos ') +(r' sin o) =r.

Y xonmna z= 0 6YaraHu y4yH cosp = cosp’, sing = sing'.
By TeHIrTIMKIapaaH ¢ Ba ! 6ypyakiapHUHT 6Up-Oupunad 2k
(k — GyTyH coH) ra (papx KWIMIIY KeIud YMKaau.

Komimmeke connap ycrriaa KyWiMHl Ba alupHIl aMajUlapH-
HM Oaxapuniia yrapHUHT anrebpauk udomacu OWiIaH HII
Kypuiu Kynai. KoMIuieke COHTApHUHT TPUTOHOMETPHUK HbO-
JlacH 3Ca KOMILIEKC COHJIapHM KymanTHpHlna, OyiIumaa sa
Japaxara KyTapvlia Kyl Kelaau.

Arap Z, = r(cosp, + ising,), Z, = r,(cosp, + ising,) 6yica,
yxonna Z - Z, = rjr,[(cosp, - cosp, sing sing,) + ising, - cosp, —
— singp.cosp )] = r, - rl(cos(p, + ¢,) + i sin(p, + ¢,)].

bynnaH 1-TeopeMara acocad r,-r,= |Z, + Z,|, AbHM

1Z, - Z,| = |Z,] - |4,] 4
IOkopuna oauHraH TEHTIMKAAH
A(Z, - Z)) = ArgZ, + AreZ, (5)

TEHIVIMK XaM Keaub YMKagW. By TEHINMK KyHuaardya TyLIy-
Hunanu Arg(Z, - Z,) connap TM3UMH ¢ + , ¢ € ArgZ ¢ € ArgZ,
KYPUHMILKOATH COHJIAD TH3MMHAAH MOOpaT.

(4) TeHrIMK roMoMopdu3MIap EpaaMuaa Kyiiunaruya taji-
KUH KWIMHAOM:

C MaiioHHU KYyMaWTHpHIUTa HUCGATaH APUMIYPYX Ba R, —
MaH(pu 6YaMaraH XakKuKui COHJIAp TYIUIAMUHU KYTIaWTH-
pumra HucbGataH ApUMIYpPYX aeb Kapacak, y xonna (4) TeHr-
K Z->|Z| mociukauHr C Ba R, ApUMIypyXjap roMoMop-
du3MHU 3KaHJIMTHHU K¥pcaTaau.

(5) TeHDIHMK XaM roMoMop¢pu3M cudaTuia TAIKUH KUIKH-
HUIIA MYMKUH. By romMomopdusM ycTHna KeHMHPOK, TYXTa-
aIaMu3. MaTeMaTHK WHIYKIMS €paaMuia Xap KaHIal
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Z =r[cosp, +ising,), k= E?; KOMIUIEKC COHJIAp YYYH Ky-

Hugaru TCHIJIMKIIAp OJMUHAIU:

Z-Z..2=|Z] |Z2| v | Z, | (cos(p, +
+ @, +..+ ) +i sin(p, + ¢, +..+ ), (6)

M | Z - Z, ... Z|=|Z|| - |Z,]|.... |Z,| Ba

Arg(Z, - Z, ... Z) = ArgZ, + ArgZ, + ... + ArgZ,

2-reopema (Myasp ¢popMmynacu). Xap xanodaii n Gymyn
con 6a xap Kanodaii p € R 6ypuax yuyn

(cos ¢ + isin ¢)" = cosn ¢ + i sin ¢

meHzauK ypuHau.

Ucbor. (6) dopmyrmama r =r,=..=r =1 Ba
o, =9, =... =9, = ¢ neb oncax, (7) GopMyIaHUHr n HATypal
COHJIAp YYYH YPHHIH SKAHIMTY KeTUO UUKAIH.

Yoy

(cosp+ising) ' = —1 =
COS+ising

= cos ¢ — i sin ¢ = cos(—¢p) + i sin(—¢p) (8)
TeHIMUK (7) HUHr n = —1 [a YpUHIM 3KAHIMTMHU KypcaTa-

M. DHAM MXTUEPUH n Madduit 6YTYH COHHH ONaMu3. YHH,
n=—-m, m& N, ne6 onu6, (7) TeHIIMKHUHT Xap KaHJail Ha-
Typal COH yYyH Ba n =-—1 y4yyH ypuHInwiMragaH ¢oitaana-
HUO, KyHUIarn TeHTTUKHU OJIAMM3:

(cosp + isin ¢)" = (cosp + isin p) " =

-1

= ((cosp +ising)")" = (cos(~) + i sin(-)" =

= cos(—m ) + isin(—m ) = cosn¢ + isin ny,

stbHM (7) TeHrnuK n MaHOUit GYTYH COH YYyH XaM YpUHIIH.
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Arap z, = r(cosp, + ising ), z, = r,(cosp, + i sing,) Gyica,
y xoiaa (6) Ba (8) TeHIMKIapaaH

ﬁ.:-’i—
5] "2(

cos(p, — ¢,) + isin(p, — 9,)).

Hemak,

4

, Arg(i) = Argz, — Argz,.
ko) Ko

kN
L5}

KoMIITeKe COHHUHT MOAYJIM XaKUKHM COH abCcomoT KUid-
MaTH (MOIyIM) TYIUYHYACUHUHT yMyMJalliMacUAMp: arap
Z = X + yi XakuKMi coH 6¥inca, y xomiay = 0, ¢ = Jxi+y?t =
= Vx> =|x|. Xap kauuait z, = x, + iy,, 3, = X, + iy, yUyH 2, —

7, =(x, —x) +i(y, -y, ‘zl —zz‘ = \/(xl _x2)2 +(y1 _yz)z.
HeMak ]z, - zz] COH KOMIUIEKC TeKUCIUKIAIY Z, Ba Z, HyKTa-
nap opacupmaru Macodanup. (|x, —x,| COH TYFpM uM3MKAArM
X, Ba X, HyKranap opacujaru macoda 6ynranu kabu). bydra
Kypa, arap z,€ C, r€R, r>0 6yiuca, y xoina
{Z €EC|Z-2Z)|= r}, {zE Cilz—z|< r}, {ze Cilz—z|= r}
TYILUIaMIap MOC DaBUILAA MapKasd Zz, HyKrajga paguycu r
OViiraH ailaHaHd, OYMK Ba €nuK AoupajapHu udogarnaiau.

bepuiran z=a+ biyuwHa - bi COH z Ta KOMILIEKC KyIIMa
Aedwnand Ba Z OPKIM OearwiaHagd. Z HyKTra KOMILIEKC
TeKUCIUKIA XaKUKUM YKKa HHMcOaTaH z Fa CUMMETPUK XKOMH-

namrad. PapwiaHku, z=z.

- z - _ \

lZ|=|Z|, 2+ z =2Rez, 7—z7=2iJmz, z-z=¢ . Ywby
Z = Z TeHrNUK YpuHIM OVIMIUM YYYH z € R wiapTHUHT 6axa-
PWIMILK 3apyp Ba KU(OS.

3-reopema. Z-> Z dopmyna 6unan Oepuaran f:C - C
akc 3trupum C MAHIOHHHUHT aBTOMOPGUIMHIMD.

Ucb0T. z =z allHUATIAH f~' HUHT MaBXyIIury Ba [~ = f
TeHIIMK Keaub uukanu., XycycaH, f— O6uexuus. Arap
z,=a, + bji, z,= a, + b,i 6y1ca, y xonua
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Ry + ) =(a,+a) — (b, +b)i=(a — b)) +
+ (@ - bi)=2+17,= f(z)+ f(z),
Rz, ) =f(aa,— bb) + (ab, + ab)i)=
(a,a,— bb) — (ab, + ab)i=
=(a, = bi)a, - bi) = 2, 2, = f(2) £(z,).

4-Teopema. Xap Kannaiiz, z, € Cyyyn |5 + 2| <|g|+ |2
|z - |z| <|z - 2|

b

HNcb6oTr. XakukataH

|z + Zz|2 =(a+5)a+5)=(g+ Zz)(gl + z2)= |Z1|2 + |Z2|2 +

+(a %+7-2)=u] +a +2Re(z2,)

byunan

[ +]al” +2Re(az,) = [ +|of" +2u7] =

|2

|z + 12’2 <z

= o +laf + 2] 12| = (&l +]2))’

By renrcuanuknaH aca |z, + z,| < |z,| +|z,| kem6 ynkanu. Byn-
ra kypa |z|= ‘(zl -7,)+ zz| <lz, — 2| +|z,|. Bynnan

AR AR AR

26-§. KOMINVIEKC COHJAPHHUHI WIJU3JAPU

z€ C Ba n— HaTypal coH 6yicuH (n>1). Ymby W' =z
TEHTJIHKHH KAHOATJIAHTUPYBYM W KOMIUIEKC COH Z HHHT H-
JapaXKaJIH HWIIH3M AeHiann.
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1-reopema. Xap kannaii Z = () KOMIUIEKC COH HaK n Ta

TYPIH 1 -japaxann wiamsra ara. Arap z = r(cos ¢ +isingp)
0ynca, y xonaa yrap Kyimaarn Kypuammaa udoaanananam:

W, = ’{/;cos%+isin¢—:%—kﬁ), (IC = O,n—l).

Ucbor. W" =z 6ymb, W = p(cos6+isinf) — yHuHT
TpUroHOMETPHK Hdonacu 6yiacuH. Myasp popMynacura aco-
caH

W™ = p"(cos nf + isin 8) = r(cos ¢ +isin ¢).

BPyunan 25-§ maru 1-tTeopemara acocaH p =T,

ne=¢+2mr, me Z. by TeHraukiapaaH 3ca P~ ~/_
0= <p+2m.7't

aapaxcaum WIAu3M yuby

W=W = W(cos@+isin¢i’"”), meZ

m € Z yy onamus. JIemMak, z HUHT Xap 6up n-

KYpPUHHULIAA €3WIAINIH MyMKHH. AKCHHYA, OyHIall KypHUHULI-
ra sra O6yaraH xap KaHaai KOMIUIEKC COH Z HUHT A-HapaXaiu
WIAN3UAUD.

Oumu W pa W nap Ka4yoH ¥3apo TEHDIUTMHU aHUKJIa-

mus. W, = W, pan “’+im ‘°+21" alMpMaHUHT 27K, K € Z

KYpUHMINTA 3ra 3KaHJIHTH KeJmG yukanu. byHnaH mT =k,

STbHU m Ba [ COHJIApH 7 ra OVIMHraHaa Oup XWi KOJIOUKKA 3ra
SKAHJUTHY Keanb yukanu. byHnoaH, OUpMHYMIAH, # HUHT KOJ-
aukitapu dakar 0,1, ..., » — 1 GV MYMKMHJIMIAAAH yuOy
W,, W,, .., W,_, COHJIapHHMHI TYpJIH SKAHJIUIH Keanb 4uka-
au. UKkuHyunau, xap KaHnai m € Z yayH m HU n ra Oyiras-
Jia KoUK, p ra TeHr 6ynca (0 < p< n— 1),y xonna W _= W

AbHU Xap KaHnad W cou W, W,, ..., W _, COHIapHUHT 6H-
pOPTACUTA TEHITTHTH "keu6 qmqazm.
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Mucon kypamni. 2+ 1 = 0 TeHIIaMaHUHT XaKUKMH K-
JIM3JIapd MaBXyJ 3Mac, aMMO 4 Ta KOMIUIEKC WIAK3ra 3ra —
yaap (—1) COHHHMHr 4-mapaxany Wigusiaapu. Yumby -—
| = cosw + i sin & udonara x¥pa W, W,, W,, W, unausnap
Kyituaard KYpUHHUILTa 3ra:

F 4 1+i
Wo—cos4+1s =7
W, =cos > 4isin 2k =1
4 T
bE; 4 —1-i
W, —-COS—4—+lSl T 5
W, —COS7—+ISH’1:/£=1;I.
4 2

boiika Mucosi. BUp COHMHUHT n-gapaxaiyd WIAU3IapH yc-
THaa TyxTanamus. | = cos0 + isin0 udonara kypa 1 HUHT 7-
Japaxand Wwiau3sidapu Kyugara popmynanap 6yiimya Tomu-
JIalu:

W, —cos—+ls1n———(1c—0 n-1)

bup COHMHMHT Oapya WIOH3MApH KYIMANTHPHIU aMajiura
HUCOATaH rypyX XOCHI KWwiaau. XakdkKaraH, arapa” = 1,7 =1
6ynca, y xomna (a- B)" =a"- " =1. bup coHunusr y3u 6up-
HUHT n-napan(a.rm w3k 17 = 1. Arap a" = 1 6¥ica, y xoina

(é) = a— =1, ssoHH Xap OUp OMPHHUHT n-JapaXxadyd WIAU3H-

HUHT TECKAPUCH XaM OMPHHUHT n-Aapaxaild WITH3HIMD.
k
Myasp ¢opmynacura acocan W, = (COSZT" +isin 3’;1’.) =
= W*, TbHU OMPHHHT 6apya n-fapaxaiy Wiau3Iapu Wf HHUHT
Jlapaxajiapy OpKAIM XOCWI KWIMHANH.
Bupopra 37eMEeHTHHHHI JapaXajapuIaH HOOpAT rypyx

LIMKJIHK rypyx AcHwiaau. KOkopunaru mysioxasanap OuiaH Ky-
HHaary teopeMa MCOOTIAHOU:
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2-reopema. Xap 6up n € N yuyn 6upnunz n-dapaxcaiu
Komnaexc uaduzaapu Kynaiimupuw amasuza Hucbaman yuxaux
2YDYXHU Xocua Kuaaou.

27-§. KOMIUIEKC Y3rAPYBYMJIN ®YHKIIUAIAP

Komiuiekc connapnan uGopar 6upop TYILIaMIa aHUKJIaH-
raH Ba KUMMATIapy XaM KOMIUIEKC COH O¥IraH QyHKILMSI KOM~
IUIEKC ¥3rapyBuwiu ¢ynxkoua me6 ataitangu. Komruieke coH-
JIApDHUHI WITapurd naparpadiaapia KeITHPWITAaH XOCCalapH
KOMIUIEKC COHJIAp KETMa-KETINI'M IMMUTH BAa KOMILTEKC ¥3ra-
PYBYMIM QYHKIMS JTUMHTH TYIIYHYATIADMHE XYIIH XAKUKUH
yirapys4wid GYHKUMSUIADHUHT TUMATH KAOW KHPUTHILTA UM~
KOH Oepanu.

Mapkasu z, Hykrana 6yiaran D ouMK AoWpana aHUKJIAHIAH
(z, HyKTaja aHMKJIAaHMAaraH XaM OyMIid MyMKUH) KOMIUIEKC
y3rapyBumrnu 6Upop A7) dyHKuUsA Gepwiran GYICHH. Arap HX-
TUEPHI XaKUKUH ¢ > 0 COH YUYH IIYHEAN XaKUKHH & = 6(g) > 0
MaBXyn 6yncaku, ymboy 0 < |z - Zo| < § TEHICH3JIMKHH KaHO-
ATIAHTUPYBYHU O6apya z HyKTajiap yuyH | f(z)- W1 <& YpUHIU
6yca, W KoMILIeKe CoH f{7) GYHKUMAHHUHT Z Y3rapyBuM Z, Ta
WHTHJITAHAArv JMMHTH Aedwriany Ba lim f(z) = W KypuBuLI-
Ja €3WIanu. =2,

Koumiutekc Tekucaikna 6upop IoupanaH TallKapyuaa aHUK-
naHrad f(z) dyskuus Gepuiran 6yacuH. Arap UXTHEPUI & > 0
y4yH wyHnai r =r(e)> 0 con MaBxyn G¥iacaku, zl >r TEHr-
CU3JIMKIAH | f (z) - w‘ < & Kenub yukca, W KOMILIEKC COH f(7)
GYHKUMSHUHT 7 ¥3rapyBYd o ra MHTHITAHJATH JTAMUTH Je-

WMIIagu Ba [im f(z) = W xabu €3unanu. llynra yxmam ymoy
>0

lim f(z) =, lim f(z) = » Gearwiap Ba 6yiapra MOC TyLLUYH-
L Zoo

Yajap KUPHUTHIAIH.

VMFMHIMHUHT, KYIaTMaHUHT, OYIMHMAHUHT JIUMMUTIIA-
PH XaKHIaru TeOpEeMaIap Ba JIMMUTIAP Ha3apUSCUHUHT OOILKA
TeopeMaapu Xe4 y3rapMicu3 KOMIUIEKC ¥3rapyBuuiin PpyHK-
mysuiapra yTKaswiaau.
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Mapkasu z, HykTaga 6yiaran 6upop OYMK IOMpaja aHHK-
JlaHraH f{z7) GyHKUMsA yIyH lir? f(z) = f(z,) ¥punnu 6yica,
=>4y

Oy QyHKUMA 7z, HYKTaOa y3AyKcH3 Aedwiand. bupop tymiam-
HMHT Xap OHp HyKTacuia y3iaykcus OyiaraH ¢yHxuus Oy
TYIUIaMaa Y3IyKCH3 ACHWIAAU.

Vanykcu3 QyHKUUsUIAp AMFUHANCH, KynaWTMacu, HUchHa-
TH Ba Y3AYKCH3 (pYHKUMSIAp TYFpUCHUIArd OGOlIKA TeopeMa-
JIap KOMILIEKC Y3rapyBYIM (PYHKIMSLIAD YUYH XaM YpUHIU-
nuru4ya xKonagd. by teopemainap mumaa BelepluTpacCHUHT
UKKUTA TeOpeMaCHHH KenTHpamu3. by reopemanap KeiluH-
POK MILTATHIAIHN.

1-Teopema. Adeap f(z) @ynxuus |7 <r Enux moupana
y3mykcu3 6yiica, y 6y TViaMaa yerapaiaHraH (STbHH IyHIOAl
XaKUuKUi M > 0 coHW MaBXylKH, Oy €NMMK goupanard 6apuya z
HyKTajiap yuyH |f(2)}< M ).

2-teopema. deap f(x) dynxuus |z| < r énux doupada y3-
aykcus Gyaca ea ynda paxam xaxuxuii xuimamaapru Kaoya
Kuaca, y xoada y 6y énux doupa ysunune 3He Kkamma 6a 3H2
KuMuK Kuiimamaapuza spumiadu (asnu wynoai z, 6a z, Hyxma-

aap maexncydxu, f(z,)= 1nf(z) f(g)= sup f(Z) |Zo| =r
lo| < r).

By TeopeManapHHHT UCOOTU XaKUKUI ¥3rapyBYmwiIn GyHK-
UUSUTAp YYYH MOC TeopeMaJlapHUHT ucOooTHra yxmau. bynap-
HU Tyna UcOOTIAIHU KUTOOXOHTa KOJIUPaMM3.

Mapkasu Z, Hykrana 6§1raH 6Upop OYMK NOMpaja aHHK-
JIaHTaH f{x) pyHKUUs YIyH

[ () = lim L2l @)
20 -y

JMMUT MaBxXyq 6yica, y Z, Hykraga anddepenumanianysuu
Jerunanu. Arap f(z) ¢yHKuus M TYIUIaMHUHI Xap OUp HYyK-
Tacuga auddepeHIMaUIaHyBumn 6yica, y M tymmamaa aud-
dbepeHumananysuu aeimwnagu. £ (z) yuxuusa Az) dyHkums-
HHUHI XOCHJACH IdeHmiand.

AuddepeHumautaliHMHr ogaTAard Xoccajlapd, XyCycaH,
byHKUMANAD AUFMHAMCHHUHT, KYIAaWTMAaCUHUHL, HUCOATH-
HUHT XOCWJIAJIApU XaKUIark TeopeMmaiap OCOH UCOOTIIaHAOM.
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28-§. KOMIIJIEKC KOBDOOPUIUEHTIINA

KVIIXAIJIAP
Yoy
a+az+a+..+ar
KYpMHHUILAard pyHKUMAra Kymxam sa a,, 4, ..., 4, COHIapra

3Ca KynxaJHMHr Kodpdunuentnapu neiimnanu. bapua y3rap-
Mac COHJap Kynxawiapaup. KynxamrapHuHr WUFHHANCH Ba
KYynauTMacH siHa KYIXaJaup. 7 ¥3rapyBUMHUHT 6apya KYImxasi-
napupnaH ubopar tynnamHu C[z] opKanu GelruiaaiMus.
KymxamnapHuHT KYIUMIn Ba KYIa@TUPUII aMaiura sucbataH
Clz] Tym1aM OHUpPIMK 3MeMEHTIM KOMMYTATHUB XAJIKa XOCHII
kM 6epocuta Kypcatwnaau. bynaa O conumaH ubopar
V3rapmac yukuus (Houb Kynxan) C[z] XaTKaHUHT HOJHAUD,
1 conngan ubopar ¥3rapmac GyHKius 6y XaNKaHUHT OHPINK
3JIEMEHTUIHD.

Virapmac GYHKIUSUIApHUHT Ba f{7) = Z GYHKUMAHUHT y3-
JIYKCU3NUTUOAH Y3NYKCH3 (DYHKUMUTADHUHT HHFMHAMCH Ba
KyMmaiTMacu y3JMyKCH3JIUIM XaKUIard TeopeMaiapra acocaH
UXTHEPUH KYIXAMHUHT Y3JIIYKCH3JIUIH KeJIu0 YUKAIH.

1-teopema. Xap xandaii kynxadnunz xo3pduyuenmaa-
pu Gup Kuiimamau anuxaanzan (asnu azap f(z) eéa g(z) kynxao-
aap 6apua nyxkmaaapoa f(z) = g(z) menzauxnu Kanoamaanmup-
ca, y x040a yaiaprunz moc Ko3uyuenmaapu menz).

Mc6or. [dactiab, arap 6apua z Hykranapaa a,+ a,z+
+ ...+ 4,77 =0 6¥yxca, y xonma g, = a, = ... = a = 0 3KawIM-
TMHU KYypcaTaMu3.

XakukaraH, a, + az+ ...+az7=0pa z=0 neb oncak,
a, =0 TeHroMK xocwn 6¥ynanu, spHU Gapya z HyKTajgapaa
az+a?+ ..+az7" =0. bynnan 6apya z = 0 HyKranzapaa
a,+ az+ ...+ a7 =0 TeHrnuK onuHagH. By TenriIMK Gap-
ya z # () mapnaruHa YpuHIMIMIYE KYpCaTHITaHy yuyH YHH Z = 0
Ja XaM YpuUHIU Jed oJMaiMu3. AMMO KYIIXagHMHI 6apya z
Jlapia y3JIyKCU3NUruaas goinananuob, a,+ a,z + ... + az'=0
TEHIJIMK/A Z HM HOJIbra MHTWITHPCAK, a, = (0 TEHIIMKHY OJla-
Mu3. bynnan az+ ...+ a2 =0. dna z#0 na a,+ ... +
+ a,7""? = 0 TenrnuKkHM onamu3. byHna siHa 7 HU HOJBra MH-
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TWITUPUO a, = 0 TEHDJIMKHM OJIaMU3 Ba X0Ka3o. Haruxana
a,=a,= ..=a, =0 TeHIMKIADHU OJIAMHU3.

Ouau Gapya z jgapna a,+az+ ...+a"=b,+bz+
+ ... + b, 2" ypunaM 6yacuH n1e6 dapas kunamus. bynnam = n
Je6 dhapas KWIHIHMHU3 MYMKHUH (aKC X0/1/1a TeHIJTMKHUHT OH-
pop ToMOHra OMp KaHya HoJIb KO3((HULUEHTIN XaljapHU
Kymamu3). Y xoijaa

(ay—by) + (a,=b)z+ ...+ (a,— b)z"=0.

byHnaH rokopuaaru MyjioxasanrapuMu3ra acocaH a, — b, =
=..=a,— b =0 3Kkannuru, seum a, = b, a, =b,, ..., a,=b,
Kenuo yuKamu.

HcboTnanrad TeopeMa KYIXamIapHUHT HKKH X TEHIJIUK
MyHOcabaTIapu opacuia OOFTAHWIN VpHatam: f{7) Ba g(2)
KyIxamnap 6apya z HyKrajgapia TeHr OYJIHIIN YYyH YJIapHUHT
Moc ko3 dHUHEeHTIapy TeHT OYIUILK 3apyp Ba Kudos.

Honvpan dapxnu kynxan Gepuwiaran 6yacud. Kyiuxangra
HONbAAH (apkKiu Ko3dduuneHT OwiaH KUPraH Z HUHC 3HT
IOKODM JapaxacHura KyMxaqHHHT Aapaxacu aeiiwranu. by ko-
3¢oduLuerT Oom Ko3hPuMuUHeHT Ba KYNXaaiHUHr OyHra MoC
xanu Oomr xan geiwianu. f(7) KYNxaaHWHr z KaTHAIUMaiau-
raH xaiu (SbHU HOJMHYHM JapaXalu Xaau) 0301 Xax AeHuia-
nu. PaBmanku, y f{0) ra tenr. Kynxamiap kymaitupunrania
YIApHUHT Japaxalapd Kywwiaad, 6o Ko3dhduuueHIapu
5ca Kynaltupwiaad. XycycaH, HoliaH $apkiau Kyrxamiap-
HUHI KynaiTtMacu siHa HoiapaH dapkiu kymnxaxn. demak, C[z]
XaJIKana HOJMHUHI OYryBurnapu MaBxXyl 3mac. HoauHum na-
paxaiu Kynxaaiap HongaH apkjud y3rapMac COHJapJaH
ubopar. BUpHHYM napaxanM KYIXamiap YH3MKJIM, UKKUHYM
Japaxany Kymxamiap KBaJpaT, YYHHYM Japaxaiwiap — Ky0
KyIxauiap neiwnaau. Arap f, g Kymxauiap myHaai 6yncaku,
Sf-g=1 6ynca, y xoama | COH HOJMHYH Hapaxaiu Kyrxan
6ynraHu y4yyH fBa g HMHI JapaXalapd XaM HoJjra TeHr. [le-
Mak Clz] XanTKaHMHT TeCKApWIAHYBYM 3JIEMEHTIADH HOJMH-
YU JApaxaid KymxamiapaaH ubopar.

Kymxamiap koMiuiexc TeKUCIHKHMHI Xap KaHOal HyKTa-
cuga auddepeHIMATIaHYBYH. Y3rapMac COHHUHT XOCHIACH
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HOJIBb Kynxaanup. Arap n > 0 6ynca, y xonga n-Aapaxaiu
KYIIXalHUHT Xocwiacu (n — 1)-gapaxanu Kyrxaagup.

Arap C malinonHuHr F kucM tyiamu C garyd Kymuim Ba
KYyMauTUpHIL aMauiapura HucbaTaH MaiioH XOCWI Kujca, y
CONM MaiinoH neiwriagy. Macanan, Q0,0 \/5 , R —connu Maii-
Jonnapaup. CoHnu MaiioHra ssHa 6Mp MHCOJ KeITHPaMH3.

a, b € Q mapTHU KAaHOATIAHTHUPYBUM Oapya a + bi KoM-
IUieKe corapHu Q(i) opkanu Genrwiaimus. Qi) HUHT Mait-
JIOH 3KaHJIUTU 6€BOCUTA TeKILIMPUIAIH.

F— connu Maitnon 6yncun. Kospdpuuuenrnapu F ra te-
runu Kynxan F maiinon yctunarn kynxan neiiwiagu. F mail-
IOH ycTuaard 6apya Kymxamiap tyruiaMuau Flz] opkanu 6en-
riwianMu3. Kynxanmapau Kymum Ba KyTaWTHPUIL aMaidra
HucOaTaH Flz] TYIuiaM OMpINK 3JeMEHTIH KOMMYTAaTHB XajlKa
XOCII KIUIHINY GeBOCHTA TEKIIUPWIAAH. YHIAH TallKapH, F1z]
XaJIKaza HONHHHT GYIyBUMIaApH MaBXy[l 9Mac.

2-teopema (Koaduxau 6yaum xaxudazu meopema). F —
Mmaiidon ycmuda f eéa g xynxadaap bepuszan 6yaub, g — Hoav-
dan papxau O6yacun. Y xoada xyliudazu uxku xoanunez 6upu
Ypunau:

1) F maiidon ycmuda wynoaii szona q kynxad masxcyoxu,
f=qg

2) F maiidon ycmuda wynoaii Azona q Kynxad éa Hoa0awn
dapxau r xynxadaap maexcyoxu, f= qg + r, 6y epoa r nune
dapaxcacu g HuUHz dapaxcacudan Ku4uK.

HcoH6oT. Ymby

M = {f— uglu € F[z]}

Kynxannap TYILUIaMUMHH KapafiMu3. Arap Holb Kynxang M
TyIUIaMra Kkupca, y xoana 6upsp. 4, € Flz] yayn f— ug=0.
by xonna g = u, 0eb oncak: f= qg.

Arap HoMb Kymxan M TyruiaMra KMpMaca, y Xojaa TyiviaM-
ra KUpyBUM KYTIXamlap WUuaa Japaxacy 3HT KHYUK OyiraHu-
HH r OPKATIM OeJrwiIaiMu3. ¥ HUHT JapaXacu g HUHT Japaxa-
CHAAH KHYMKIUTHHU KypcaramMu3. TeckapucuHu ¢apas Kuia-
MH3. Y XO0Ja » HHUHL Japaxacd n, g HHHT Japaxacd m Ba
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n>m oymub, ynap r=az’+ .., g= bz"+ ... KYypuUHUIILA
6ymcun, a= 0, b= 0. Yby r,=r— a - b~'z""g Kjnxan xam
M ra rernuun 6¥au6, YHUHT BapaxacH r HUHT JapaxacuIaH
KuuukK. by 3ca r HUHT TamiaHummra 3uj. by kapama-Kapuiu-
MUK r HUHT AapaXacH g HHHC JapaXacuJaH KUMHKIMTHHU
kypcaragu. Ulynnait kumub, r = f— qg, g € Flz], yyHkur € M.
bynpaH f= qg + r Ba 6y epia r HHHT JapaXacH g HUHT Aapa-
XACHUNAH KUYHK.

OHIM ¢ Ba r KYMXamiapHUHT OMp KUUMATIM aHUKJIaHH-
MIMHU KYpcaTaMmu3.

Yoy

f=qg+r=qg+r,

TeHrMKiaap Ypuniau 6yncuH. Y xonga
(ql - qz)g= rz - n.

Arap r,—r #0 6yaca, y xonma r,—r, =(q, — q,)&
KYNXaAHUHT AapaxXacu g HUKUOIAH KHYHUK Oyamaiinu. by aca
r, Ba r, KYIIXaJUIapHUHT Xoccacura 3ul. by xapama-kapuu-
MK 7, — r, = 0 3xaHuHu Kypcatanu. by xonna r, = r,. bynnax
Ba (¢, — q,)g=r,—r, naH (g, — q,)g =0 TEHITMKHH OJNAMH3.
by aca Flz] xankama HOJABHMHT GVIyBYWIAPDH OyIMaraHu Ba
g # 0 6y1ranu yuyH q, — ¢, =0, TbHU g, = q, 9KaHUHH Kypca-
Taau.

2-TeopeMajaru g Ba r Kymxaanap MocC paBHLIA f HU g ra
Oynuaary TyaIMKcH3 6¥IMHMACH Ba KOJAHFM JeHWIagd. Arap
KOJNOUK HOJIb ThHU f = gg O6¥Jica, y xoiaa f Kymxan g ra 6yam-
HYBYH €KU g Kymxan f Ha OynyBud aeiwnany. by xonma g
Kyxan fHU g ra 6yauniary OyaMaMa Jeruiany.

2-TEOpEMAHUHT MYXUM OUp TaTOMFUHU Kypamu3i. Arap fl7)
K¥y1xan Ba a € C coH ymby fla) = 0 lIapTHH KaHOATIAHTHD-
ca, a coH f(7) KYIXaAHUHT MIAH3M JeHUIaau.

3-reopema (besy teopeMacu). deapa € Fcon F
Mmaiidon ycmuodazu f(z) kynxadnunz usduszu 6yaca, y xoaoa f(z)
Kynxaod z — o kynxadza 6yaunadu (spuu F MaiiioH ycTuaa WwyH-
ma#t q(z) Kynxan maexynku, fz) = (z — a)q(2).

U cbor. XakukaraH, 7 —a GHpMHYM Japaxaid KyIxan
Oyaranu yuyH 2-teopemara acocadH F MafoH ycTHAA IIyH-
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ha g(z) Ba n(7) Kymxauiap MaBxyuku, fz) = (z — a)q(2) + n(2),
0y epna n(z) HompaaH (apkiM 6yaraH xonaa HoabaaH (apkiu
y3rapMac coH 6ynanu: n(z) = r, r # 0. by TeHIIMKaAA 7 = a gecak
Ba fla) =0 skaHMHH MHOOATTa oicak, y xomaa r = 0. by Kapa-
Ma-KaplUWIMK H{Z) — HONb KYIXal 3KaHUHHU KypcaTaau.

Arap f(7) x¥yixan n-napaxand 6yica, y xonga (n + 1)—na-
paxanu xe4 Kalcu kymxaara 6ynuuMmadaun. XycycaH, y (7 —
— a)"+ ! kynxanra 6ymaMaiinm. fz) KYMXaqHUHT 7 — « ra 6§au-
HAIUTaH 5HT I0KOPH JAapaXacH ¢ WIZUSHHUHT KappacH Aeiu-
nagu. Llynpai kw6, arap f(z) kymxan (z — a)® Kynxanra
Oyauuuob, (7 — a)**! ra 6yIMHMAcA, X COH @ WIOU3HUHL Kap-
pacu G6¥nmamu. Kappacu 6upra TeHr WIOU3Iap COAAAa Ba Kap-
pacu OMpaaH OPTHK, HUIIK3IAD KappajM ZeHWUIIAIU.

4-treopema. Azap a con f(z) kynxadnune x xappaau (x > 1)
uaduzu 6yaca, y xoa0a a con f(z) xynxaonunz k — 1 xappaau
uadusu 6yaaou.

Mcb6oT1. Arap a coH A7) KJIXagHUHT K Kappalu WIAN3U
6ynca, be3y Teopemacura acocan f{7) = (z — a)*g(z), 6y epna
gla) = 0. by MynocabatHu auddepeHIHAUIaHMU3:

@) =k(z— a)'q (@ + (z2-a)q (@) = (z— a)'h(2),

6y epna h(z) = kg(z) + (z — a)g'(z). Ywby h(a) = kg(a) # 0
TEHICUIMMK a COH f(Z) KYIMXamgHuHT K ~ 1 Kappaaul WIAU3U
3KaHUHU KypcaTalau.

29-§. KVIIXA/UIAPHUHT BYJIMHHUII HABAPUACHU

F — connap maitnonu, f, g 3ca FMaiiioH ycTUIary Kyixan-
nap 6YICHH. f KYIIXaAHMHT g ra OYIMHUIUMHY (€KW g KyTIxan f
HHMHI' OYJIYBYMCH IKAHJIMIVWHM) g/f KYpUHUIILA OeIrUIaiMu3.
Kymxamnapuuur 6ynuHumm TabpuyAaH OeBocUTa KyHKIa-
T Xoccaiap Keaub YMKAIU:

a) f/f; 6) arap g/f Ba h/g 6¥nca, y xonua h/f; B) arap g/f, Ba
g/f, 6ynca, y xonna g/f, + f;.

1-reopema. Azap g/feaf/g 6yaca, y x040a wynoaii c € F,
c#z 0, maexcyoxu, f=c - g.
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Ucb6or. Xakukarad, F yctuaa wyHaai ¢ Ba ¢, Kynxan-
nap MaBXynku, f=cg, g = cf Bynapman f=ccf Arap f#0
6yinca, y xonna ¢ ¢, = 1. byHnaH ¢ Ba ¢, HAHT HOJTMHYHM Aapa-
XKamu KYIxal 3KaHJIWrd Keaud yukand. Arap f= 0 Oynca, y
xomna g = 0. by xonna

f=g=1-g

F MalnoH ycTHAard UXTHEPUM HMKKHMTA KYIXaJAHUHI YMY-
MU OYIyBUMCH MaBXyd. Macanad, HoapaaH ¢apkiu c € F
coHyap. Arap f Ba g KynxaJJIapHUHT 6upop d ymMmyMuit 6¥nys-
yucH Oy KYImXaUlapHHHr GOILKA Xap KaHaail yMyMuii 6yiys-
yucura 6ynuHca, d k¥uxan fBa g KVIXalJlapHUHT 3HT KaTra
YMYMH#H OyayBumcn (3.K.y.6.) meiwianu.

PaBuianku, f Ba g KYTIXaUIApDHUMHT MKKalXacH XaM HOJIb
Kynuxaj OyiraHiarMHa yJIapHHUHT 3.K.y.6. CH HOJBAMD.

2-treopema. F maiidon ycmudazu uxmuépuii uxkkuma f ea
£ Kynxadaap nz Kamma ymymuii 6yayexuza 32a. YU uf + vg
KYpUHHLIAA Hdoaamami MYMKUH, Oy epua u, v € Fz].

UcboT. Arap fBa g HOJB Kymxamiap O¥yica, yJIapHUHT
3.K.y.0. — HOJIb KYNXadg Ba paBIIaHKH, V Uf + vg KYpUHHILJA
udonanaHaau.

OHau g # 0 6yraH XOJIHH KYypaMus.

By xoina xonnukKIu GYIMI XaKuaard TeopeMaHy Haebat-
Jaru 6yIyBUM HOJIBra ailaHryH4a JaBOM 3TTHPHUO, KyHuaru
KE€TMa-KeTJIMKHH O0JIaMHU3:

f=qg+rg=qr+r,r=qr+r, ...

by epnaru g, r, r, ... 6¥ayBUNIAPHUHT (KOJAMKJIAaDHUHT)
Japaxanapyd KOJOUKIH OVIUILI XaKuaaru TeopeMara acocaH
MaHuit 6¥1MaraH 6yTYH COHJIApHUHT KAMAalOBYM KeTMa—KeT-
JIMTUHU XOcWI Kwiaau. JleMak, 6yHAaH KeTMa-KEeTIMK YeKIH.
byHra xypa, myHnai # COH MaBXyakH, ¢, 7, rs ... 1, KYIXal-
Jlap HOJMbAAH GapkiIu, amMo r, = 0. r, Kynxan f Ba g Kynxaa-
JIADHMHT 3HT KaTTa YMYMHH OYiyBUMCH 3KaHJIMTMHH Kypca-

TaMu3. XakKukaral, ywby r, _ . =gq ., F., F_,= G, 1ty
Fuos= q,_ T, ,tr._, ..., f= gg + r myHocabatiap Tydainu, r,
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KYIIXAM 7, |, 7, 55 ¥y g5 -os Tps 1y & J KYTIXaMMAPHUHT OYTyBYH-
cuaup. UKKUHYM TOMOHOAH, arap A Kymxan f Ba g KyIxai-
JIADHUHT yMyMU#H Oy TyBuncH 6yica, y Xomnar = f— qg,r, = g —
- qlr’ r2 =r- qul’ e rn-l rn—3 - qn—l rn—Z’ rn= rn—2 - ann—l My-
Hocabamiapra acocaH A KYIXan r, 1y, ry, ..., r,_;, I, KyIXawiap-
HUHT 6ymyBuucuaup. by GminaH r, HMHT 3.K.y.06. 3KaHIUTH
UcOOTIaHIN.

DHAN
rn = rn—Z ann-l’
R SO S MRS
R=r=agy,
rn=8— 41",
r=f-gqg

MyHocabaTiapHu onaMu3. UKKMHYM TEHTIMKAALK 7,_, HH OU-

PUHYH TEHIJIMKKA KYHUO, ymby r, = ur, , + v, * r,_, TCHITIMKHH

onamus, 6y epaa u,, v, — Fyctunaru xymxamiap. OXupru TeHr-

JMKKAF, ,HUHT ¥, ,BaF,_,OpPKaIK HPOIACUHH KYSIMHU3 Ba XOKa-

30. byHuHr HaTXacHma Kyiugard n¢ponaJapHU OJlaMU3:
ro=ur v = U, V= =uf Vg,

6y epmna u, v— F yctungara Kymxamiap.

f Ba g KYnNxaAJmapHUHL 3HI KaTTa yMyMu# O¥JIyBUUCUHU
KeTMa—KeT KOJNIWKJIN OYAuIU €plaMuia TOITHII Xapa€HUHH
Epxkima anropurmmn neduianu.

DHr KaTTa YMyYMUH OVIIyBYM AroHa 3Mac. X aKUKaTaH, arap
h KYuxan fBa g KYIIXalTapHUHT 9HI KaTTa YMyMUIl OFI1yBYH~
cu 6ynca, y xoama uxtuépuii ¢ € F, ¢ = 0 coH ydyH ch Kyxan
XaM f Ba g JapHHUHT 3HT KaTTa yMyMMil O6YIyBUMCHIUD.

f Ba g KyInxamiapHUHI KaMujaa OGupd HoupaaH (papxiu
6ysub, h,, h,— ynapHUHI 3HT KaTTa yMyMHU# OYiyBUWIapH
OyncuH. Y xonna h /h, Ba h,/h,. byHnan 6upop c € F o ¢c=0
COH Y4yH h, = ch, TEHIJIMK YDUHIN 3KAHIUIHA KeIUO YMKAMH.

Bom ko3dppuumenTy 1 ra TeHr Kymxaa yHHTap AeHIWIAIN.
Xap kaHaai HoubiaH Gapkin f KYIIXan yIyH sSroHa IUyHuai
YHUTAp f, KYIXal MaBXYIKH, 6upop cE€ F, ¢# 0 coH yuyH
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f= ¢f,. By yHurap xynxan f Hu yHUHr 601 Ko3dpPuLMeHTHTa
oynmmmpan xocun 6ynaau. HOkopumaru MynoxasanapiaH Ka-
Myzga 6upu HonbJaH GapkiM f Ba g KYxamiap AroHa yHUTap
9.K.y.06. ra sramurua Kemub YMKamau.

3.K.y.6. HU TomHIUra MUCOJ KypaMu3: Q MaWIOH yCTUIA
A =22-3z+1Ba g7) =2+ z7—2 xyuxawrap GepuwiraH
6ymcun. Konaukau 6ymumHu 6axapcak,

22 -3z+1 =22+ z-2)—-5z+5,
+z-2=(sz+2)-52+5).

Bynra kjpa —5z+ 5= —5(z— 1) x¥ymxan fBa g Kynxan-
JIADHUHT 3.K.y.6. cuaup. fBa g JapHUHT SATOHa YHUTAp 3.K.y.0.
cu z —1 kynxagnup.

Arap f(7) Ba g(z) KymxamiapHUHT 3.K.y.0.cu 1 6¥ica, ymap
¥3apo Tyd neitunanu. Arap fBa g Xymxamiap ysapo Ty6 6ynca,
y xonga 2-teopeMmara acocaH oupop u, v € F [z] k¥mxawiap
V4YYH uf + vg = 1. AKCHHYa, f Ba g KYIIXamiap YIyH IUyHAAH u,
v, € Fz] xyuxamnap mapxyn 6yiacuuku, uf + vg= 1. V xonaa
arap h/f Ba h/g 6ynca, h/1 Oynanm. Jlemak, 1 coHH fBa g
KVOXaUIADHUHT 3.K.y.0.cH. By OWiaH Kyitugaru teopeMa uc-
6oTnaHau.

3-treopema. Fmaiidon ycmuoazu f éa g xynxadaap y3apo
myb Oyauwu ywyn ywby uf + vg = 1 wapmnu xanoamaanmu-
pysuu u, v € F [z] kynxadaapuune maexcyd 6yauwmu 3apyp ea
Kugos.

Hatuxa. Aeap f kynxad 81 8 s &y KynxaoaapHuHz xap
bupu 6uran y3apo my6 6yaca, y xoa0a y yrapruHz Kynaummacu
bunan xam yzapo myb6 6yraou.

Ucbor. 3—teopemara acocaH

uf+vg =uftug=..=uf+vg =1
Bynapman (uf+ vg)uf+vg) . .(u f+vg)=1
By TeHrMUKHUHT yanm ToMoHUAaru udomaanapHu KymauTu-

pH6 Ba f KaTHAIWTaH Xa/ulapaaH f HU KABCAAH TAIIKAPUTA YH-
Kapcak, uf+ v, - v,.. v g g, .., & =1 TEHIIMKHU OJaMH3,
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Oy epma u — Kymxan. by TeHrukmaH 3-TeopeMara acocaH f
Ba g &, ..., §, KYMAHTMaHUHT §3apo TyOJIUrM KeJud yuKaau.

Arap F MaloH ycTuaard Mycbar aapaxand f KynxaaHu f
MaiJoH ycTUaaru MycbaT mapaxajiy HMKKMTa KYIIXaZHUHT
KynalTMmacu akiuaa vdoaanam MyMKUH 6¥iMaca, f Kynxan
F Maiinon ycTHaa KeNTHpHIMAalInran Kynxan nedmwiagu. AKc
Xonma f KeJdTUpWIaguraH Kynxan neiiniiagy. MacanaH, Y-
3UKJIM KYIIXaiap Xap KaHoaW COHJIM MAalOoH yCTUAA KEITH-
pUIMalaMraH Kymxamiapaup. Arap az? + bz + ¢ kBappar
KYIXa@HUHT b° — 4ac¢ BUCKpUMMHAHTY MaHui 6yica, y R
MalIoH ycTHaa KeaTpwiMaiaurad kymnxan o6ymanou. Kynxan-
HUHT KenTupwiMaiaurad oynumu F Mailinodra 6ormmK. Ma-
caiaH, x? — 2 xymxan Q MaitJloH yCTHAA KeJITHPHIMAKIUraH,
aMMO R MaiiloH ycTHIA KeNTUPMIIAQUTAH:

x? —2=(X—J§)(X+ﬁ).

Kenrupunmaitauran f KyuxagHuHr 6ynyBuunapu Qakat
cE€F, ¢#0, connapnan Ba ¢f, c € F, ¢ # (0, kypuHuiugaru
Kynxamiapaad ubopat. Xycycad, YHUTAp KeJITUpWIMAaHauraH f
Kynixan $akaT MKKWUTa yHUTap OVaysuwiapra ara; 1 Ba f byH-
JaH xap Oup KyTixan € OepuiraH KeXTUPUIMaiIurad KyIxaara
OVIMHUIUM €K¥ Yy GMIaH Y3apo Ty6 OYMMLIM KeIud YUKAIH.

4-teopema. Fmaidon ycmudazu f,, f,, ..., f, kynxadaap
6a keamupuamaiiouzan p xynxad bepuszan Oyacun. Azap f,.
£, ---f, kynaiimma p 2a Gyaunca, y xoa0a f,, f,, ... f, xynxao-
aAaprune bupopmacu p 2a 6yaunaou.

Hc6oT1. TeckapucuHY KypaliuK, AbHU S, f, ... f, KYTIXa/1-
JJApHUHT Xe4 OUpH p ra OVIMHMAacuH. Y Xo0JIa p YJIApDHUHT
xap 6upu 6unax y3apo Ty6 6ynaau. bynnan 3-teopemara aco-
CaH p HUHC f. f ... f KymahTva 6W1aH XxaM y3apo TyOauru
kenub yukKanu. by aca TeopeMaHHHT LWAPTUTA 3HUN.

5-treopema. Fmaiidon ycmudazu mycbam dapaxcaru xap
oup ynumap f(z) xynxao F maiidon ycmuda xeamupuimaiiduzan
YHUMAp KYNXaoaapHunz Kynaimmacu waxiuda €3uaumiy mMym-
xun. By xynaiimyeuunap yaapuunz xynaimmada éusuw map-
mubu anuxauzuda f xynxad 6ytiuna 6up xuimamau monusaou.

Hco6oT. UcboTHU fKYTIXaAHUHT # Aapaxacu 6yiuya uH-
AyKuus €praMuna ucbotnaHagu. Arap » = 1 6ynca, Teopema
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TACAMFUHUHT YPUHJIWIMIY paBIUaH, YYHKU YU3UKJIIH KYIIXau-
JIap KeITUpWIMaMIuraH Kymnxauiapavp. HOd n > 1 ned Ba
TEOPEMAHUHTI TACAMFM Aapaxacd » AaH KWYHK 6yiraH Oapua
KYIxamnap yuyH ypuHiu neb ¢dapas KuiaMus.

Arap f— keaTupwiMaiiauran 6yica, YHUHT YVYYH Teope-
MaHUHT YpuHIWIUTK paBluad. LUyHuHr yuyH f— KeaTtupu-
JAAMIaH Kyxaa 6yaraH XonHU KypaMu3. f HUHT YHUTAp OYJ1yB-
YWIAapU MYMAA SHT KMYMK MycOat Japaxara ara 6yJIraHMHM p,
GmiaH Gexrwnaiimus. ¥ xonna f= p.f, 6ymu6, p, Kynxan kei-
TUPWIMANAUTaH. YyHKM arap yHHMTap p’ KYIXa p, HUHT 6Y1ys-
yucu 6yica, p’ KVIIXad f HUHT XaM YHUTAp OYIyBUMCH. p’ HUHT
Jlapaxxacy p HUHT AapaXacHaaH Karra OyaMaraHy y4yyH € YHUHT
Jlapaxacy HoJibra TeHr (TbHU p’ = 1) €KUM YHUHT JapaxacH p
HUHT Japaxacura TeHr (y xoiga p’ = p)).

f= p/, KynaiT™Manary f, KyIxXaQHHHT apaXxacu #n 1aH KM-
yuK. ILIyHUHT yYyH MHOYKUMSTHUHT dapasura MyBoOUK YHH-
Tap KENATUPWIMAHIUTAH KYIIXaUIAPHUHT KYIAHTMACHIA TEHT.
ByHnaH f= p f, KyIXagHMHI XaM XyQIH LIy XOCCAra 3ra 3KaH-
JIMTY KeJIuO YUKanu.

OHOM f KyOXal UKKU XWJI YHHTAD KeITHPHIMaHIuraH
KynaiTyBuWwiapHUHr €iWwiMacura ara 6yjacuH. by éiunma-
JMApHUHT OUPUHYUCH ¢, KYMaiTyBuura sra 6yicuH. ¥ xonna
4-TeopeMara Kypa, MKKMHYM €HMIManary Oupop h, Kymaw-
TYBYHM ¢, ra 6Y1MHaau. b, — yHUTAp KeITUpWiIMakinuran 6yira-
HU yuyH A, = q,. IKKaa €iinamManu Oy g, KyIaHTyBYMra KMc-
kapTupcak (F[z] Xxankana HONBLHUHT OVIyBUMIapy OYIMaraHu

YIYH KUCKAPTUPHII MYMKHUH), Yy Xoiaa ymody £ = EfT Kyrxan-
HUHT UKKM XWI YHUTAP KEATUPWIMAHINTAH €HUIMACH XOCHI
6ymanu. by KYIIXaoHUHT JapaxacH n aH KMYKK OYJIraHu YYYH
UHAYKUMA OViiMYa YHUHT TYpIM €HMIMaNapujia YHHUTap Kel-
TUPWIMAaHAUraH Kyuautysuniap (pakaT KymalTyBUYMIAPHUHT
éawmum Taptubu Owian dapk Kwiany. Y xonaa 6y xocca f
KYTIXan y4yH XaM YpUHIH.

Haruxa. Fmaiidon yemudazu xap xandaii f() kynxad yuby
f= aplk 1...p% kypunuwuda kynaiimyewusapnune éunuu map-
mubu anukaueuda seona ycya 6usan ugodaranadu, 6y epna a
COHM f KYIIXaIHUHT 6om K03 UUUEHTH, p,, ..., p, KYIXal-
jap 3ca F MaifloH ycTAaru KeJITUpWIMaiaurad TypJid YHU-
Tap KYMXawnap, K, K,, ..., K, € N.
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30-§. AITEBPAHUHT ACOCUIA TEOPEMACH
BA YHUHI' HATHXKAJIAPH

Kyitumaru Tacouk aHbaHa Oyiinya anareOpaHHHr aACOCHM
TeopeMacH 1e6 IOpUTIIANM.

l1-reopema. Komnrexc xosppuyuenmau mycéam dapa-
xcaau xap xandai xkynxaod xomniexc uadusza 3ea.

HcboT UKKHTA JIeMMara acOCIIaHTaH.

1-nemMa. C daeu xap Kaudai f (7) kynxad yuyn |f(2)|
DYHKYUS KOMRACKC MEKUCAUKOA Y3UHUHZ K2 KUYMUK Kulimamueza
apuwadu.

HMc6oT. Arap f(7) ¥y3rapmac 6yica, yHUHT y4yH TacIuK-
HUHT YpuHIWIHNTY paBliaH. IIIyHHHT y9yH YHU Myc6aT napa-
XaTTK 1e6 XucoOMaiiMu3, SThHHU

f(R)=a,7" +az" ' +..4a,,nEN,
a, €C(k=0,n).

Yoy

z’l

|f ()| =

a9y a,
a, + L+ +2
z "

TEHIVIMK paBiIaH. BYHMHr GMpHHYM KYMAlTyBUMCH Z -> o Ja
% ra MHTWITAHH Ba HKKUHYH KYAUTyBYM |aOI ra UHTHITAHH
ca6abmu z > » ga |f(z)| - ». Llynra x¥pa, wyHnait r > 0
XaKMKHMil COH MaBXyakH, |z| > r 6ynranpa |f(z)| > |f(0)].
VkkuHuy ToMoHpaH |f(2)| ¢ynkums |z|<r émuk mompana
y3ayKcu3 G6yaraHu cababmu BeHepuirpacc TeopeMacura aco-
caH [OMpaja WyHIal Z, HyKTa MaBXyIKM, JoMpanaru 6apya
z HyKranap yayH |f(2)| 2|/ (z,)|- Xycycan, |f(0)| =|/f(z,)|
Vpunsu. Hlynnai Kuwuo, |z| < r OOWUPAHHHT HYKTaJTapH YUYH
|/ (2)| 2|f(zo) , JoMpajaH TAlIKApHAArd HYKTaJIap YYyH
|f(2)| = |f(0)| 2| f(z,)| MyHocabarnap Ypurmm. By MyHoca-
6atap |f(z,)| con |f(z)| dbyuxkumsinunr C garu SHr KMYKK
KMIUMATH 3KaWwIMrueu Kypcatany.l
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2-nemMma (Harambep nemmacu). Azap f(z) mycbam dapa-
wcanu Kynxao ea f(z) # 0 6yaca, y xonda wyndaii h € C mas-

wyoku, (2, + 0] <[f(z)

Nc6oT. f(7) KVTIXalHUHT Aapaxacu n OViacuH. Y Xoina

oth
g(h)= f}z( Zo)) GyHKUMA XaM A ra HUCOaTaH 7 Japaxaiu

Kymxan 6ynanu:

f}§;:;1>=1+c1h+...+cnh", (1)

Oy epna C = 1, uynku g(o) = 1. lllynnait k = (1 < k < n)
MaBxXyuaku, (1) ndonana i < kyuyn C, =0 Ba C, = 0. Y xonna

/ }I?Z:)’O =14 Ch* + C i AC 1" =

= (1+ C.h*) + Ckh"(ﬂh+...+c—"h""‘
Ck Ck

udonara kenamui. Kommiekc coH MOAY/LUTApUHUHT XOccana-
puaaH doinanaHub, yuoy

[zt h) . e .
’ﬁT s [l+ G| + [Cuh HZLh+...+;jh 4 @

TEHICU3NIUKHU OJNJaMU3. DHAM A HU TaHJamra yraMu3. YHUHT
MOOYJIM Ba apryMeHTH KUHMATIAapMHH aMpUM TaHJIaWMH3.
Yiuby

P(h) = St i 4 G gk
C Ck

KYIIXaAHUHT KUHMaTH A = 0 ga Holb OYiIraHu Ba YHUHr Oap-
ya h € C ja y3aykcu3 6yaranu ca6aéau 2 - 0 ga P(h) - 0,

SHHU WYHAAH XaKMKU# 8, > 0 coH MaBxyaku, |h| < d; TeHr-
CU3/IMKHU KAHOATIAHTHPYBYU A JIAp YUYH
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1

[Pk = <3 3)

Skl py 4+ ek
Cr Cr

TEHICU3JIUK YPUHIIU.
bynnan ¢oinananud (2) TEHrCU3TUKAAH

S(zo+h)

1
ooy | I G|+ lewn| 4)

TEHTCU3INKHYA OJaMU3.
DHOM A HA WIYHOAH TaHIaHMHU3KH,

|Ceh*| <1 (5)

TEHICU3IUK XaM GaxapuiicuH. ByHuHr yayH A HUHT KUHMATH

|| <d, = k\Hckl‘I

TEHFCU3TUKHYU KAHOATAaHTUPHIIU Kuos. Arap d opKaiu 4,0,

COHJIAPHUHT KWYUTHMHHU Gelrunacak, y xonna |h|<dJ remr-
CU3JIMKHHA KaHOaTIAaHTUpypuu Gapua A map yuyH (3) Ba (5)
TEHTCH3IUKIAD YPUHIN. DHAW /4 HUHT apryMeHTHHU LyHAal
TAHJIAHMHU3KH, YILOY

arg(C.h*) == (6)
TeHIIMK 6aXapuicuH. ByHUHT y4yH
arg(C,h*)=argC, +kargh=n
TEHIJINK, STHHU
Lk (7)

argh =
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TEHTTIUK YpUHIU OYmuiny Kepak. JeMak, # HUHT apryMeHTH-
HH UIYHJal TaHinaHca, y Xxona (6) TeHIIHK YpUHIH. (6) TeHT-
JIMKOAaH

Coh* =-|C,h¥|
kenud uukanau. bydra Ba (5) ra acocaH

[1+ChH| = ‘1 —lcih] =1-cu

Vpuriau. byunan ¢oiinanauunt, (4) TEHrCUIIUKHU KyHUIarH-
4a E€3ULIMMHA3 MYMKHH:

f(z+h)

B < 1-|Cuh| + gl =1~ e

byHra Ba (5) ra acocan

s

‘f(g+h) <1
(%)

SbHU | f (2o + )| <|f(2,)|- By 6unan 2-n1eMMa uc60TIaHIM.
DHIOU 1-TeopeMaHMHI UCOOTHHM OXHPHIa €TKA3HILMMH3
MYMKHH.
l1-nemmara acocan wyHnai z, € C MaBXyIKH, Xap KaH-
Jan z € C yuyH

|f(z,)] = |f(2) (8)

Arap f(z ) # 0 6ynca, y xoinga 2-1eMMara acocaH IIyHAal
h € C maBxyuku, |f(z, + h)| < |f(z,) By sca (8) Tenrcus-
muKKa 3ua. [emak, fz) = 0, apHU 7, COH f(Z) KYIIXagHUHT
winusuaup. W
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2-teopema. Xap xkandaii n > 0 dapaxcaau f(z) kynxad
f2) =a(z - 2)(z — 2,)...(z — 2) &)

Kypurnuwoda ugodaranumu mymkun, 6y epia a CoH f(z7) Kynxai-
HUHT 6011 KO3DOUUKMEHTH, Z,, Z,,..., Z, COHIAP 3Ca YHUHT MWI-
auanapy (Oy epia xap 6up WiIIKM3 KaH4a Kappaiu 6yica, IyH4Ya
MapTa xucobnanrad). by udona kKynaiTyBYMIADHUHT €3MIHIL
TapTUOU aHUKJIMTUAA STOHAAMD.

NcbHor. l-TeopeMara acocad f(z) GHPOp KOMILIEKC Wi-
musra sra. besy Teopemacura acocan wyHma# f(z) Kynxan
MaBxyak#, z) = (z — z,)f|(z). PaBmanxu, f (z) HMHT fapaxa-
cu n — 1 ra TeHr. Arap n — 1 > 0 6¥ca, y Xonna f,(z) Hu Xxam
IIyHIa yXuam KypuHUiLaa €3um MyMKUH: f(2) = (2 — 2,)/(2),
Oy epaa f,(z) HMHT napaxacu n — 2 ra TeHr. Y xomna fz) =
= (z — (2 — 3,)f(2). by mynoxa3anu n mapra uuuiatu6, ) =
=(z = z)(z — 7)) " (z — z)f,(2) udonanu onamus. By epnaru
/(2) XyIIXanHMHT Japaxacu HOJIbra TeHr 6y1ub, y f(z) kynxan-
HUHI 6o Kosdo¢uumenrura teHr. Haruxana (9) udonanun
onamu3. by udona fz) KYIXanHUHT Z,,...,7, COHIApAaH dapK-
JM OYAraH WIAU3NApH MaBXyd 3MacIurMHU Kypcatamd. f(2)
KYNXaqHUHT (9) xypunHuuima udogalaHAIIK KynanTyBuwiap-
HUHI €3WIUIIM TApTHOW aHUKIUrupa sroHamru 29-§ parm
5-TeopeManaH Keaub YUKAIM.

(9) udona f(7) xkoMmmeke KynmxanHuur C MadIoOH yCTHIA
KeITUPWIMANAUMIaH KymaTyBuwiapra eéMuiMacuHu OGepanu.
Arap f(7) KYIIXaqHUHT Z,,...,Z, WIAK3TApH WYUAA @ COH k Map-
Ta ydpaca, y xomga (9) uonanu flz) = (z — a)*g(z) xypu-
HMLIna €3u MyMkuH. by epaa g(a) = 0. by Mynoxasagan
KYHHUOATM HAaTHXA Keaud YuKanu.

Hatuxa. Aeap a,, a,,...,a conrap fz) kynxaduunez 6apua
mypau uaduznapu 6a k, k,....k yaapuune kappaaueu 6yaca, y
xon0a k, + ... + k. =nBa flz) = a(z — al)kl(z - (7:2)"2 (7 -
-a) ks

3-teopema. (Buer Teopemacu). Arap  z,,...,Z, COHAGD
@) = az’ + a2+ ... +a, , kynxadnune uaduzaapu 6yaca (by
epda xap 6up uaduz xanua Kappasu oyaca, wynua mapma xucot-
Aanzan), y xoa0a
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a
4+t A, ==,

a
2 5 4 st AL, 2, =

by epaa uan TomoHnaru k — ¢opMylaHUHT xap OUp xanu
2y Zyye-s%, WIAH3NAD MYMAATH k TACHHUHT KYIIaWTMacHAMP.
Yan tomonaaru k£ ¢opMyia 3ca 6apya OyHOai KymairManap-
HUHT HUFUHAMCHAAH MOopar.

UcbdorT. (9) ubonanan

%f(Z)=(z— 2)z=5)..(2—27,)=

=7"- alz"'l +02z"‘2 —...+(-D%0,

TCHINIMKHU OJIaMH3, 6y €poa

o =4+ +..+ 7,
0, =35+, +..+23,,3,

Yoy

4 _n-1 -2 aq ~1 -1
T+ A2 A S = P -0 7 + 0, .+ (D)0,

TEHIMUKAAH Z HUHT OMp XWI Japaxalapu oaguiara Ko3gpodu-
LIMEHTIAPHUHT TCHIJIMIY KeJIN0 YuKaau. by 3ca TeopeMaHUHT
ucbotuHu Gepanu. M

4-teopema. Adzap fz) — xaxuxui rxorpdunuuenmau
kynxao 6yaca, y xoada ynu

fD=a(z —x) ...z -x )@ +pz+4q) ... (@ +pz+q) (10)
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Kkypunuwoa ugpodarawm mymrun, 6y epna a con flz) Kyrxan-
HHUHT OOl KO3(MODHULMEHTH, X, ..., X, 3CA YHUHI XAKUKUH
WIAN3Iapy (xap OMPUHUHT Kappacu KaHya 0ynca, myH4ya Map-
Ta €3WIraH), p,, ¢,, ... Pp 4, WyHAAH XaKUKHUH COHIAp-
KM, pi, —4q, <0,m= 17 By udona KynaliTyBUMIAPHUHT €34 -
JUII TapTUOH aHUKJIUTUAA SATOHAIUD.

Ncbor. Jactmab, arap a coH f{z) KYMXagHUHT WIAU3H
6ynca, a COH XaM WIOH3W 3KAHJIMTUHHU Ba YJIApDHUHI Kappa-
JIApH TEHTIWTHHM KypcaTaMu3. XakukaTaH, arap f(z) = az" +
+a7' + .. +a B aq a,aq,. a €R 6jyica, y xonna
f(@=a7"+a7 " +...+a, = f(z). WlyHrakypafiz) = (z—
—a)*g(z) renrnmuknad Ba g (a) = 0 MmyHocabatmaH f(z) =
= f(2) = (z — @)*g(2) = (z — @)g,(7) xenub unkamm, 6y epua

g,.(2)=g(2). bynnau g,(@)=g(«)= 0 myHocabaT Kemud
yhkaad. by arap a coH f{7) xyuxaqHUHI WIOU3M Oyica, y
X0J10a & COH XaM Uy KYIIXaAHHHT WIIU3N OYIUIIUHU Ba yiIap-
HUHT KappajapH ¥3apo TEHT 3KaHWHU KypcaTaau. DHAU ¢ Ba
a (a #z) WiIK3zapra Moc KyMafTyBUWIADHUHT KyIiadTMa-
CUHU KApaWMM3:

Z—a)z—a)=F—(a+a)r+aa=2+p1+q

— — 2 .

Byepmap = —(a+ a),g=a - a = |af 6ynranu yuyH
P—4g =(a— a)*< 0, yyHkd a — a # 0 — cod MaBxyM
COH.

Ounu (9) udomana xap 6Up KOMIUIEKC @ WJIAK3ra MOC 7 — a
KYHMalTYBUMHA o WIAW3Ta MOC Z — a KyNailTyBuMra Kymai-
TUpU6 €3caK, a Ba « JIAPHUHI Kappacd OMp XWDIUTUra Kypa
f2) xynxan (10) xypunnmga €smwianu. M

Arap (10) udonmama 6up xun KYmaluTyBUYWIAPDHU TYILIAO
€3cak, KyHHJard HaTDKaHH OJaMH3;

Haruxa. Xap xandai xaxukuii kosgpguyuenmau f(2)
kynxad

f(D=a(z—- al)"...(z—as)ks (12 + ,31Z+ ,yl)l]_“.
(2 + Bty
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Kypunuwda éaunuwu mymkun, 6y epaa a coH f{7) KymxaxHUHT
bow KoapOUUNEHTH, a,, ..., @ — YHUHT TypJIM XaKUKUH Wi-
AU3NapH, K, ..., k, MoC pasua 6y WIOM3JADHHHT Kappajia-
pu, 22 +B,z+7v,, (m=1,¢) — Kynxamiap 3ca JUCKPUMHUHAH-
T4 MaHOuit O6¥iraH Xakukuit Ko3pOUUMEHTIM TYPJIH KBal-
pat Kynxaunap, /,, ..., , — HaTypai connap (Xakukui 6yamaraH
WIIU3TAPDHUHT Kappacu).

(10) udona xakukuit Ko3ppuuHeHTIH f(7) KYTIXagHUHT R
MaiOH YCTHAA KeJTUPWIMAAUrad KynauTyBuwiapra €iwi-
MacUHU Oepaiu.

31-§. PAIMOHAJI ®YHKIHAJIAP

Ukkura f(7) Ba g(7) KYIXawlapHUHT —g—g;—)) 6yIMHMAacura
paunoHas ¢ynkuus (pauMoHan xacp) aedwriaau. Pauuonan
(YHKUUS KOMIUIEKC TEKUCIMKHHHI MaXpaX WIAU3IapuaaH
Holka 6apya HyKTanapuna aHMKJIaHraH. Arap palfHOHaT Kacp-
HUHI CYPAaTH HOJIbTAa TEHT OyJica €KUM CYpaTHHMHI JapaxacH
MaxpaXXUHUHTI JapaxacujaHd Kuyuk 6¥yica, y T¥rpmn Kacp aeiu-
Jlaau. PauyoHan KaCpHUHT TYFpU €KUM HOTYFPU KACpJIUTH YHUHT
KYIXAUIApHUHT OYJIMHMAacH KypuHuIuuaa udoAaTaHUILIATa
60ormuK 3Mac (TekwypuHr!). bynnan OyéH, arap MKKHTAa pa-
UMOHAT (DYHKUUSIAD YJIADHUHT HKKATaCH XaM AHUKJAHTaH
bapua HyK;raﬂapzzla TeHr Oyiica, yjapHd TeHr Aeb OpUTaMH3.

(z-1)

MacanaH, R —1 ne6 €3amu3, BaxoMaHKU OyJIapHUHT

qarparucd z # | Hykrainapna, yuraaruck sca bapua z €C
HyKTajlapAa aHUKJIAHTaH.
1-Teopema.Xap kandaii payuonas xacp kynxao ea myrpu
Kacpuune turunducu Kypurnuwuoda udodaranuuu MyMKun.
NcboT. flz) Ba g(z) Kynxamwiapra KOJAUKIM OVIHIIHA
TaTOMK Kwiamus: fz) = q(2)g(z) + n2).
byngan
f(z) _ r(z)
RO o

Oy epna H(7) — HOJb KYIXal KM YHHHT JapaxacH g(z) HHHT
nJapaxacunad kvyuuk. Hl
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2-teopema. Azap % — MYFpU Kacp, g, &,---, §,— y3a-

PO Ty0 Kynmxamnap Ba g = g, * &,...8, 0yaca, y xoada wynoaii f,
L - [, KYnxadaap masxcyoxu, §= £_1+ £—2+.--+Z{f ea xap
6up g— (k=1,n) myru xacpoup.

U c6or1. Teopemauu n = 2 xonana ucbornaiimus. YMyMui
XOJ n 6yitMya MaTeMaTHK MHAYKUWA €paaMuaa ucboTiaHaamn
(yHu rcboTIalIHKM KUTOOXOHTA MaIlK, CUGAaTHAA KOJIANPAMU3).
g Ba g, Kynxawiap y3apo 1y6 OyiaraHu yuyH, WyHAaH u, Ba u,
KYIIXa/uiap MaBXyakH, u,g, + u,g, = 1. byHra xjpa

S _ fuatng) _ fn | fo

g 818 & 8’
Juy fi Jiy S
- =g+t l=g +22 -
I-reopemara acocan ==q +t o=, =4+ - udo

nanapHM €3Uil MyMKHH, 6y epa g, ¢, — Kynxaaiap, ? Ba é—z
1

3ca TYFpu Kacpiaap. Hatmxkana
f h N
g

L=g +q, +2+%
4 T 1 &2

udponanu onaMu3. ByHUHr MKKama TOMOHMHHM g = g g, Ta
K¥mautupub, f = (q, + g,)g + f,g, + /,g, TEHIJIMKHU OlaMu3. f;
HHHT [apaXxacd g HUHI JapaXacuiaH KMYMK, f, HUHT Japa-
Xacu g, HUHT JapaxaculiaH KMYMK, f HUHT Japaxacd g HUHT
JapaxacuiaH KW4YMK OyaraHu ydyH g, + ¢, = 0 (YyHKH aKc
Xonja f HUHT JapaxacH g HUHT JapaXacHUAaH KUYMK 6yiMac-
IU — KapaMma-Kapimiuk). Jdemak

L:.{L-{-.fl.
£ & &

Teopema ucOoTIAHOM.

Arap fBa g Kyuxamiap F MaiioH yCTHIATH KyTIxamiap Oyica,
z ¢yHkuua F MalgoH ycTMAard })aunomul bynkuua aeiu-
sagu. Arap F MaiioH ycraaard e me€ N, KYpUHUILAATH
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TYFPU KACDHUHI MAaxXpaxXujaru p Kymxan F MalgooH yctuaa
KEeITUPWIMANIUIaH Ba f HUHT JapaXacH p HUHI AapaxacH-

JaH KU4YuK Gyica, I3 TYFpHU Kacp coaaa JeHWwIanu.

3-teopema. Fmaiidon ycmudazu xap xandaii myrpu xacp
codda xacpaaprunz lurunducuza mene.

HUcb6oT. F MaiinoH yctuaaru % TYFpM Kacp OepwiraH
6yncuH. YMyMUIUTMKHU YerapajlaMaciaH ¢ HM YHUTAp KYIXan
ned xucobnam MyMKHMH, YYHKM aKC X0J1Ja KACPDHUHT cypar Ba,
MaxpaxuHd g HUHr 0ol Ko3dduuueHrura 6ynmbd odopui
MyMKuH. Papas KWiaiiuk, g =p1"1 -pfz ...p¥n — udona g
HUHT F MaliloH ycTuaa KeITHPWIMAKINIAaH YHUTAp KYTIXana-
JApHHUHI KYIIa#TMacura éinnmacu 6yicun, Oy epaa p,, p,, -.-,
p, — Kynxamiap F MaiIOH yCTUAA KeJITUPWIMAHAMIAH TyPJIH
yHUTap Kynxautapaup. Ywby pf - pi2 . pkn xymxannap y3a-
po Tyb O6yiraHu ydyH 2-TeopeMara acocaH

S =1n
Oy epna P (m=1n) _ TYFpH Kacpiaap. byHoaH KypuHanau-
m r
KM, TeOpeMaHU ucboTiaul y4yH YHU "3 KYPUHHUILAATH TYFPU
Kacpiap yuyyH ucbotrnawl Kugos, 6y epaa p — KeJITUpHIMAH-

JUraH yHMTap Kynxan. Koaaukid 6YJIMIIHM KeTMa-KeT TaT-
0K KWiIub, Kyinunard uogarapHu olaMM3:

r=qp+r,q=qp+rq=qp+r,..

bynapnan: r=gpP + rp+r,=qp +rp+rp+r =..
g P+ r_pr+ ... +r. Byepnaru r, r, ..., r,_, Kynxan-
JIApHUHT Xap 6MpHU HOJb KYIMXad €KUM AapaxacH p HUHT Japa-
XAaCUOAH KWYMK. YHIAH TallKApY r HUHT JapaXacH p* ~— HUHT
AapaxacuiaH KMYMK 6YIraHu yYyH g, , = r, KYTIXal HOJb €KH
YHUHT JapaxacH p HUHT japaXacuiaH KH4YMK. byHra kiypa

F ey e 4\
7‘;'*'_2'*'""*'_

P P »*

— cogna KacpiapHuHr uurdHaucuaup. B
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I-Hartuxa. Maxpawu g(z) =a(z —a) ... (z —a S kypu-
Huwda (Oy epaa a,, ..., @, — TypIM KOMIUIEKC COHNAD; K, ...,
k, € N) 6ynean C maiidon ycmudazu xap Kanoail myrpu Kacp
yuby

Kkypuhuwuda ugpooaranuwu mymkun, 6y epna d € C.
2-Teopema. Maxpawcu g(z) = a(z — a)*... (z —a)s(? +
B2+ y ). (F+Bz+ y,)" KypuHMuiaa (6y epaaa,, ..., a, —
TYPJIM XaKUKUHA connap, 22 + S,z + vy, m = It t, xynxaniap
JUCKPUMUHAHTU MaHDuUit 6Yirad R XakMKUH COHJIAp Mailno-
HM yCTHJArd TYpJIW Kynxamiap; K, ..., kK, I, ..., |, € N) 6yazan

R maiidon ycmudaeu xap xandaii myrpu xacp ywby

z+b

1(z— a,,)"' p§=:14 1(z +/3pl+7p)"

Kypunuwoa ugodaranumu mymxun, 6y epna d, , b € R

AHUK, xojaapaa a, b,,q: d_ COHJIAp aHHKMAC K03(f>¢uuueHT-
Jiap ycayou ¢ epuaMM,ua TO[II/UIaﬂI/I ByHpaa GepuiraH TYFpy Kacp
cojia Kacpjaap MMFMHIMCH WaKidaa €3uiud, z ra Typjad cOH
KuiiMaTiapy 6epunany (EKu €MMIMa YMyMUA Maxpaxra Ke-
TUPWITAHAAH CYHT XOCUJ OYIraH KynxaJIapHUHT MOC KO3(g-
(ULMEeHTIAPH TEHIIAIITHPUIAIN).

——i Kacp R MaiinoH yCTHAa copna, aMMoO C
(ZZ +l)2

MaliioH ycTuaa coana amac. YHUHr C MaiAoH ycTHZa CoAla
Kacpiap HMFMHAMCUra €iMMIMacH 1-HaThXara Kypa Kynuaaru
KYpPUHHUIITA 3ra:

Macajay,

Z+l _i d2 d3 + d4
(22 +1) (i) (=i}

bynpman z + 1 = d (2 + 1)(z—i) + d(z—i)* + d(z2 + 1)(z +
+i +d(z+ D).
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Duam 7 ra kerma-ker [, —i, 0, 1 xuiimarnapau 6epuo,
KyHUIarn TeHIJHKIAPDHUA OJaMU3;

—4d, =1 +i,—4d, =1 —i, —id —d +id, —d,=1,
21 + i, + 2id, + 2(i + 1)d, + 2id, = 2.
bynuan dl=%i, d2=—¥,d3=—-%,~, d4=_%
z+1____i_1—i_i__1+i
B a2 T M) a(z+i)? @D 4(z-nE

32-§. BUP HEYA V3rAPYBUWJIU KYHXAIUIAP

F — connu MaHIOH Ba n — HaTypal COH OVICHH. n Ta X,
X,, .., X, HOMabIyMHUHT F Maiiion ycruparu Kymxanu neb
Ak, ---k, koshduuuenTnapu F MailoHIaH OJMHTAaH ywby

fxpyeex,) = 2ak1...knxfl . xln

YEKJIM HUFUHIW KYpuHUuMupard f: F'— F ¢yHkuusra aiTu-
Jamyu. XycycaH, n = 1 Xomua wirapd Kypwirad oup y3rapys-
YWIM KYIXaajlapHU osiaMu3. Xap 6up A -k Xy ! .--x,’f" Xaara
MOC KeJIraH (K, ..., K,) BEKTOPHY Oy XaJIHUHT KyPCATKHY BeK-
TOpH [edwianu, ywby k, + k, +... + kK coH 3ca 6y XaAHUHT
Aapaxach Jedwianu. f Kyinxaara HonpaaH ¢apkiu Koapopu-
UUEeHT OMJIaH KUPYBYHM XaWiap JapaXalapUHHHI 3HT KaTTacu
Oy KYyNXaIHHMHT JApaXKacH JeHWIaiu.

1-teopema. ny3zapysuuau f xynxaonunz xo3ppuyuenm-
aapu 0y kynxad 6usan b6up Kuimamau anukaanadu.

Hcbor. Ucbornauma n 6yituua MaTeMaTHK WHIYKIUAS-
HH HMIUIaTaMu3. n = 1 xonga 0y TeopeMa wirapu ucOOTIaH-
rad 3a4. OHau n> 1 ae6 onub6, 6y xonma teopeManu # — 1
y3rapyBuMIM KYIXamiap y4yH VpuHIM ae6 ¢apas KuwiaMus.
S xymxamna ag gk %X Xamwiapu yuye (K., k,_))

BEKTOp OUp Xui OYiIraH XamtapuHu HUFUO €3aMu3:
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= k1. vk kn-1
flx,....x,) = (Iq,-;kn—o(% a,qu_,‘"_lknxn") X xmt
-

OHIM x, = 7 € C ne6 onub, Kyiunaru (n — 1) yarapyBumiu
KyTIXaara KeJlaMu3:

fz(xh""xn—l) = (k Ek alq.“kn_l(z).xlqurllcﬁfl ’
12 = %n-1

Oy epana

QY. knoy (z) = kE B ey ra

MareMaTUK HHIYKUMSHUHT (apasura MyBOOUK ag k. | (2)
K03 puMeHTIAD fz(xl,...,x,,_l) KyTxan bunaH 6Up KuUMar-
M aHuKJaHraH. by 6apya z € C yuyH ypumriMm OyiarangaH f
OpKAIH OUp Y3rapyBuWwid ay g, | (z) Kynxamiap O6up Kum-
MaT/IM aHUKJIaHraH. bynnan 6y KYNXalUlapHUHT Gk, KO3-
dumHeHTIapy XaM OMp KMHAMATIM AHUKJIAHTAHJIUTH Keniuo
YUKATH.

bup ¥3rapyBumwnm Kymxamiap airedpachga Kymxaa Xania-
pUHM Aapaxacu Oyiuya Taprubiall MyMKMHIMIA MYXUM
axaMmmgrra 3ra. AMMO OUp Heua V3rapyBuYWIH KYIIXaJJIADHHUHT
TYPJIM Xaaaapy GMp XWI gapaxara 3ra 6yaumu MyMKuaH., Ma-
cajaH,

f (xlxzx,) =3x,x} — 5%} + x,x; + x}

KyTIXaaa MKKUTaJaH MKKMHYM Ba YYUHYM Japaxaiy Xawiap
6op. Kyn y3rapyBuwim Kynxamiapia Kynxaa xalUlapuHU Tap-
TAOJIAII YYYH XaJHHHL JIapaXacu YpHUra XaJHUHT KYpCcaTKH4
BEKTOPM HIUIATWIAAH. YHUHT KyJalIiurd wWyHAakKu, TYpIu
XaIUIApHUHT KYpCaTKW4 BEKTOPH TYPJIHAMD.

Kymxan xatapiHH KypcaTKUy BEKTOp €plamMuza TapTHO-
JIall Makcaamaa R” pa Kyduaarmya YM3MKId TapTAO KUpUTa-
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Mu3: arap X, Y € R pekropnap yuyH X — V aliupMaHUHT HOJIb-
JaH (apku 6VaraH KoopAMHATaIapyd WYKAA SHT OJIIMHAA TYp-
raHu Mycb6ar 6yaca, X Bekrop Y aaH Katra Aeiiwiagn Ba X > V
€ku Y < X kabu Genrmnanagu. By xonna V sekrop X maH ku-
YUK Je0 XaM IOpUTWIAIH.

By 6unap MyHocabaT Kyiujaard xoccajapra sra:

1) arap X> V 6yuca, y xonma X = V.

XakukaraH, X> Y 6yaca, y xonga X — V= 0;

2) arap X> V Ba arap Y > Z 6yica, y xonga X> Z.

XakukaraH, arap X— Y Ba Y — Z BeKTOpJIApDHUHT HOMb-
JaH apKIu KOOPAUHATATADUHMHI 3HI OJAMHTHCH MycOaT
0ynca, 6y xocca

X-N+Y-2)=X-2

BEKTOD YUYYH XaM VPHUHIH.

3) arap X = Y o6ynca, y xonpa X> Veéku V> X

XakukaraH, arap X # Y6¥ynca, y xonga X — YV BeKTop HOMb-
naH ¢apKiIu KoopauHaTanapra 3ra. Arap 6yHaail KoopauHa-
TAJIADHUHT 3HT OJJAMHTUCH Mychar Gyica, y xonga X > V, MaH-
duit 6ynca, V> X (uyuxku V- X=—-(X - V).

HlyHaai kuinb, R® ga kuputwirad 6y 6uHap MyHocabat
YU3UKJIM TapTHO MyHocabatuaup. R* garu Oy YM3MKIU Tap-
Tub “nekcuxkorpapuk” éku “myrar” Taprub Aeimiaanu. by
YU3UKJIU TapTUO JyFaTiaapaa cy3mapHUHT ancdaBuT TapTUOUAa
KeJYILUra MOC Koujdara acoc/IaHTaHM yYyH WyHAad arananu.

Jlyrar TapTu® R” gard xyiwuuin aMaau OwilaH Kyiugaruia
Oornanran: arap X > VsaZ = T 6ynca, yxonmaX+ Z>V + T.
XakukaraH, arap Z=T 6ynca, X> YV gan X+ Z>YV+ T=
=Y+ Z kenu® yukagm, yyHku X — V= (X+ 2) — (V + 2).
Arap X> VYV, Z>T 6ynca, yxomna X+ Z> YV+Z>YV+ T.

Arap KyInXagHUHI HOJIbRAH® GapKJIM XaJTapMHUHI KypcaT-
KUY BEKTOpJApU KaMaiiuil tapTubupa XxoiiawraH Oyica,
KYNX3aAHUHT HOJIBAAH (HapKIu XaJlapy JYFAT TapTHOUAA XKOM-
Jlalirad gevunagu.

MacanaH, rokopuna kexrvpwirad f(x,, x,, x;,) Kynxan xaa-
JApUHUHI KYpCAaTKUY BeKTopiapu Kyhuparuya: (1, 2, 0), (3,
0, 0), (0, 1, 1), (2, 0, 0). By BekTopaap nyrar TapTub GyiiMua
Kyiunaruya xoitnamrad: (3, 0, 0) > (2,0, 0) > (1,2, 0) > (0, 1, 1).
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Kynxan xagiapuHuHr 6y Taptubra Moc €3WIHIIM 3ca KyHH-
Jaruya:

Floex,x,) = =5x +x2 +3x,x, +x,%,.

bup Hevya ¥3rapyBYWIM KYIIXaj Xamlapd WYMOA SHI KaTTa
KypcaTKu4 BekTopra 3ra 0ynarad xaau 6y KyNxaaHMHT I0OKOPH
xaau npevwnanu. Kypwiran flx,, x,, x,) KJOXaAHUHT IOKODH
Xaou — 5x; .

2-teopema. bup xua yzeapysuurapnune uxxuma xynxa-
du Kynaiimmacununz 10Kopu xadu Kynaiimyeuuaiap roKopu xao-
AGPUHUHZ Kynalimmacuza mewxe.

Ucbor. Jyrar Taprubuaa €3mwiraH UKKUTA

Flxyeyx,) = ax xin+..,

glxy,e s, ) = bxf . xi+

Kynxaamap Gepuiran 6yicud. Y xomma axP...x' Ba
bxll...x!" Moc paBuLIa YIapHUHT IOKOPH XaIapuaup. Y6y
a-b xp*h  xktn xan f. g KyuXaOHMHC OKOPHM Xald 3KaH-
JTMTUMHU Kypcatamus. Jactinab K= (k, ..., k), L=(,, ..., )
GenrwnapHu KMpuTaMus. Buau [ = (i, ..., I ) OpKaIH fKynxal-
Jard HoJbJaH (apkKJIH OUpPOp XaTHUHI KypcaTKU4Y BEKTOPH-
HU, J = (j, ..., ) ODKaJIM g KYIXanunary HobAaH apkju Oupop
Xa[AHHHT KYpCaTKHU4 BEKTOpMHHM benrwiaimMus. Y xonna K = 1,
L = J. Xawrap KynmauTHPWIraHIa YJIAPDHUHT KYpCaTKUY BEK-
topnapu kywuwiagi: K+ L= I+ J Arap K= I, L = J TeHr-
CH3JIMKJIIADHUHT KaMMlua OuMpHaa KaTbUH TEHICU3INMMK O¥ica
(spHM TeHIMUK O¥iMaca), v xonma K+ L= I+ J. Ulynpai
kb, K+ L BexTop (akarT f pa g KYNXa[JIADHUHT IOKOPH
Xalulapy Kynaitupwirangaruia xocwt 6yranu. Ml

Arap xap kaHpait ¢ € .S, ypuH anMawtvpuiu Ba flx, ...,
X,) KyIxan y4yH

fx, %, .y X) =f(x¢(1)’ X,y s x,p(n))
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TEHITIMK YpUHIM OYica, seHu fX, ..., X,) Kynxan y3rapyBud-
JIApHUHT YPHUHYU Xap KAHAAM aTMAaIUTHPHIITAHAAa XaM y3rap-
Maca, y CHMMETPHK KVIXal OeHIwIaau.

Macanal, KyHMIars Kymxamap CHMMETPUK KVIIxamiap-
IUp:

0, =0(x, X, iy X)) =X, +X,+ ... + X,
0, = 0,(X, X,y oy X,) = X0 + XX+ XX+ +X X,

by kynxawiap 6u3ra Wwirapd y4paraHiu; yjiap 3jeMenTap
CHMMMeTPHK Kymxamiap neiunagd. CUMMeTpHK Kymxaiapra
0o1uKa MHUCOJUIAD — JapaXxaid HUFUHIWIAD:

S, =85, 00,%,,..,x,)=xF +xk+. 4xF (k=1, 2,3, ..).

3-teopema. deap ax/1 - x}2.. . x}r xad fx,, X,, ..., X,) cum-
mempuk xinxadmmz wKopu xadu 6yaca, y Xxoada
K, ZK, Z..2K,.

HUc 6 OT. Ym6y 1 i< j< nTeHrcU3IuK YpUuHIN OYICUH.
S K¥Txan cMMMETpUK OYiIraHu ydyH Oy KYIIXagHHHF Kypcar-
KUY BEKTOPJIapU MYUAA IOKOPH XanHuHr K = (k, ..., k, ..., k;,
..» k) KypcaTkuy Bekropu 6unaH 6upra ynaaH k, < kK, TpaHc-
MO3ULIUSL OPKATH XOCHI KWiuHran L = (k, k, s k.
k,) Bekrop xaM yupaiiau. Ywby (k,, ..., k, ... o k) = (k
. kj, o ky ..y k) TEHICH3THK ypmum 6ynraHu y‘Iy}l k = Ky
YYHKH aKC xomla K< L ypuwm 6ynanu. by epaa i, j, i</j
UXTUEPHH OYITaHH YUyH OYHIAH TeopeMaHUHT HCOOTH Keaubd
YUKALIM.

F— connu maitnon Ba xoadduuuenmiapd F MailnoHaaH
onuHraH flx,, ..., x), fi(x,, ..., X)), ..., f (X, ..., X,) KyOxamwiap
Oepwiran 6yiacuH. Arap F mainon yctuaa wyHgai gy, ...,
¥,) Kynxan maBxyn 6yncaku, f= g(f,, ..., f,) ypurau 6yica, f
Kyxan f, f,, ..., f, K¥xauiapHusr F MailoH ycTUAArd ai-
redbpauk KOMOWHAUMSCH OEHIIaIy.

4-teopemMa (CHMMETPMK KYIXallap TYFPUCHOATU aco-
cuit Teopema). F maiidon ycmudazu xap xandai fix,, ..., X,)
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CUMMEmPUK Kynxad 31eMeHmap CuMMEMmpPUK O, .., G,) @yHK-
yusraprunz F maiidon ycmudazu arzebpaux xombunaguncudup.
Uco6or. Honp Kiixan yuyH 6y paBmaH. SHIU / — HOJb-
naH dapkau Kyrxan 6ymu6, axf - xf2...x* — yauur rokopu
Xanu G¥ncuH. 3-TeopeMara Kypa k, = k, = ... = k. Ywby

— gghi—kr gk2-k3 kn—1=kn
f—ao} o8 g e

alUpMaHu f, opKanu GeiarmnaiiMus. JJIeMEeHTap CHMMeT-
PMK 0,, O, ..., 0, QYHKUUSUIADHUHT IOKOPH XaIUlapu MOC
PaBHIIIA X, X, * X,, ..., X, * X,, ... X, OYiIranu yuyyH 2-teope-
mara kypa aafl'k20§2"‘3,,,g:n KYMXagHUHT IOKODU XaIH
axlkl *2 (xlxz)kz s ..(xlxz...xn)"" = axlkl oo Xkn O6ynub, y f HUHT
1oKkopH xanura TeHraup. llynra kypa /| € nons Kynxan, €xu f|
HUHT I0KOPH XaIu f HUHT IOKOPH XaaunaH (JIyFaT TapTUO Mab-
HOCHAAQ) KWYHMK. BupuHym xonpa ucOOT 1wy OWwiaH Tyraiau,
YYHKU Oy xomma f = aofi™®gk™% . o, Ukxkunun xomma f,
HHUHT IOKOPHM XaIHHU onHub, Oy I0KOPH Xalra MOC 3JIEMEHTAp
CHMMMETPHK KYTIXa[UIADHUHT alre6paMk KOMOMHALMACUHU f
NaH aiupu6, 6upop f, K¥xanHu Xocwi KwiaMu3. by f, xymxan
€ HOJIb KYIXa[ €KU YHUHT IOKODH XaJd f, HUHT IOKODH Xaiu-
JaH KHYMK. BUpHHYH X01Ia TeopeMaHHMHT UCOOTH Tyraiau.
WKKHHYH XOJIIa MyJoXas3a IOKOpPHIArd Kabu JaBoM 3Talu.
Maiino 6ynran f, f,, ..., f, ... KYIXallapHuHr Xap Gupu f
6uiaH o, ..., o, GyHKUHMAIAp XOCHI KWIraH Gupop ajuredpank
KOMOMHALMACHHUHT akupMacuaup. by f, £, ..., /., ... K¥lixan-
JIADHUHT MYUJA HOJBAaH (apkiau OYiaraHiIapy TypiId IOKOPH
Xajiapra ara 6YiImo, yIapHUHT Xap OUpH f HUHT I0KOPH XaAu-
naH Ku4¥K. Arap (1, [, ..., I ) — Oy KynxamuiapiaH UXTUEPHH -
CHHMHT I0KOPH Xanu 6¥ica, y xonna (I, [, ..., ) = (k, k,,
k)sBa || =21l =z..21 =0 tenrcusnukiapaad 0</ < .. <
< |, < k, TEHICU3NIMKIAD KeIUO YUKAAH.

Oxupru TEHICU3MMKIAP KypCaTanukH, [, 1, ..., [ commap-
HMHT Xap Oupu (k, + 1) Ta ym6y 0, 1, 2, ..., k, KMHMaTIaH
¢axkar 6uTTacHHM KaOyn KWiMIIH MyMKWH. ByHmaH kenu6
YUKANUKH, [, fp -0 [y - KETMA—KETIHMKIA HOMBJAH (papKjiu
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Kynxamaap coHu (k, + 1)” nan owmmaiau. IlyHuHr yayHn 6u-
pop m€ N na f =0. by 3ca fkynxan o, ..., 6, TapHUHT ai-
re6pavk KoMb6uHauusacy 3kawnauruau kypcaraau. [l

by TeopeManaH Ba Buera TeopemacuiaH KyHMIard HaTH-
XAHU OJIaMU3.

Hartuxa. Aeap g(z) — 6up yseapyeuuau n dapaxcaau F
maiidon ycmuodazu Kynxao, z,, z,, ..., 7, — YRUHZ KomMnieKc ua-
dusaapu (Kappacu 6unaH xucobnaHran), f{x,, X,, ..., x,) 3ca F
Maiidon ycmuda cummempux Kynxaod 6yaca, y xoada f(z,, z,,
vy 2,) CoH F maiidonza mezuwaudup.

M cbHoT. XakukataH 4-TeopeMara acocaH n Y3rapyBUMWIH
wyHpau a(y,, ..., y,) Kynxan MaBxyaku, fix,, x,, ..., x,) = h(a,,0,,
vy O).

A”rap g=arr+az'+..+a,a,a, .. a € Fbjrca,y
xonna Buera Teopemacura acocaH

‘71(21’ > zn) = %’
03z - 2,) = 2,
oz, z)=(-1)"2

ByHI‘a KS"pa f(znzzv'" z,.) = h(_a_al'— fai"“’(—l)" aTn)E F

Mpucon xypamus. bepunran 22 + a2 + bz + ¢ Kynxan z,, ,,
7, WIOM3apUHU XMcobiaMaciaH TypuO, yJlapHHMHI KyGiaapu
WMFMHANCHHM XucobiaiiMus. Ymby z. = —(az,f + bz, + c)
(x =1, 2, 3) TeHrAMKIapra acocaH gz +z +2 =
=—a( +3 +2)-b(z + 7 +5)—3c. Buera Teopemacura
acocaH o, =z, tz,+z,=—a, 0,=77 +2,%+2,7 =>L.
SHIM 7} +2Z, + 2 HM o) Ba 0, OpKalu udomaraiMus:
ol =71+ +7 +20, TEHIMKAAH 7} +Z} + 7 = 0] —20,.
Jdemak, 3+ +2 = -—a(a2 - 2b) +ab—3c=-a’+3ab-3c.
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33-§. BYTYH COHJIAPHUHI BYJIUHUII
HA3APUACH

ByTyH COHJapHMHI OYIMHUII Ha3apWACH KYI XUXATIAH
KYIXa[IapHUHT OVIHHMLII Hazapusicura yxuiam. Kymxamwiap-
Jarn Kabum Oy xonma XaM Ha3apuAHUHT acocuaa KOJIMKIHU
Oy IUI MyYMKHHJIUTH €TaJM.

1-TeopemMa (Z xanKaga KOJNIUKIH OYIMII XaKUJaru T€O-
peMma). Azap a, b — 6ymyn conaap eéa b= 0 6yaca, y xo1da
wynoali q éa r 6ymyn coHaap magxucyoku, a =bg+ r ea
0 < r< |b|. By wmapmaapnu xarvoamaanmupyseuu q 6a r coH-
aap szona.

HUc6or. Ucbornmamaa XakKMKHH# Y3rapyBUYMHUHT [x]
(x HUHT GYTYH KUCMHU) Ba {x} (X HUHTr Kacp KUCMHU) (PYHKUMSIIA~

a a a
PMHUHT Xoccajapuial doinaraHamMus. Yoy we [m + {m}

TEHIIUKIAH a= [lﬁbl]lbl + {ﬁ}lbl =bg+r_ 6y epna

q= [l%l]sgn b,r=a—bg= {ﬁ}'bl — 6yTyH COHJap. Xap KaH-

Jai x coH yuyH 0 < {x} <1 6yarauu yuyu 0 < r< | b]|.

Arap g, Ba r, COHJNAp Y4yH XaM a =bq +r, q,r€ Z,
0<r < |b|ypurmm 6ynca, y xonna b(q— q) =r, — r. Yuby
0<r<|b|, 0=r < |b|renrcusnuknapaan |bg—gq|=
=|n ~r<|b renrcusnumk kenu6 uukagu. ByHmaH aca

lg — 4,/ <1 Tenrcusmuk xenu6 wukamu. By g, g, comTapHUHT
OYTYH COH 3KaHJIMIMAaH ¢ — ¢, = 0, AbHH ¢ = g, Kenub YuKa-
nu. bynnan Ba b(q — q,) = (r, — r) TEHITMKAAH F = r, Keauo
YUKAIH.

By Teopemamarum g coH yana GYyIMHMA, r 3ca @ HM b Ta
OyIMIngaH X0CWI 6Virad KoJauK aekwiand. Arap r = 0, ssbHH
a = bq Gyica, a coH b ra 6¥IMHyBYM €KU b COH @ HUHT OYNyB-
YUCH OeHmragu.

Kamuna 6upu HonpaaH ¢hapkiy 6yiraH MKkuta 6yTyH COH-
JIApHUHT YMyMMH GYiIyBUMIIapM MYKMAA SHT KaTTacu YIApHUHT
3Hr KarTa ymymui 6¥iaysuucu (3.K.V.b.) peitriany.

a Ba b COHJIADHHHI 3HT KarTa yMyMui Gymysuucu (a, b)
OpKaIM OenrwiaHanu.
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2-treopema. 1) Xap xanodaii a, b € Z yuyn wynoai x,,
¥, € Z maexcyoxu, (a, b) = ax, + by,.

2) Hxxuma connunz 3.K.y.06. yaraprunz uxmuéputi ymymuu
6yayeuucuza 6ysunadu.

NUcoor. Kyituparu f/: 22 » Z, fix, y) = ax + by pyHkuus-
HU KypaMu3. Arap a Ba b coHjap OMp BakTAa HOJbra TEHT
oyimaca, 6y GyHKUMA Mycbar KuiMariapHM XaMm, MaH(UH
KMHMATIapHU XaM Kabys Kuwiaau. YHUHT MycGar KuiMmaria-
PHMHHMHI 3HT KHYMTMHUA d opkanmu GenrwnaiiMu3 Ba d = (a,b)
3KAHJIUTUHU KypcaTaMM3.

Ywby d = ax, + by, > 0 ypunnn 6yaranu yuyH asa dra 1-
TEOpEMaHU TaTOWK KWiIHO, a = dg + z, 0 < r< d HH oJlamMu3.
QM r=a—dqg=a(l - gx) + b(—qy,) = ax, + by,, xy, € Z,
TeHIIMK Ba 0 < r< d TeHrcuamMK d HUHI TabpHQIaHUIIKUTA
3ua. JeMak r =0, sbuM a coH 4 ra 6ynunanu. Lllydra yxmam
b HUHr XaM d ra 6yIuHNIIM KypcaTiwiand. MKKMHYY TOMOH-
AaH a Ba b COHIIApHUHT Xap KaHzai 6ymysuucH d = ax, + by,
COHHM XaM GVy1anu Ba WIyHra Kypa d naH karra 6yiaMaitnu. by
owiaH d = (a, b) skaHauru Kypcatwiau. MKKHHYM TacAMK
d = ax, + by, TEHIIUKIaH KeIub YUKAIHU.

b
l-Hatuxa. Aeap (a, b) = d 6yaca, y xon0a (%’E) =1

Mcb6or. XakukataH ax, + by, =d TeHrnuKIaH
%xo t5h = 1 TeHrMK Kenub yukanu. By %x +3Y byHK-
UUSHUHT MycOaT Ku#MaTIapy UYMIA 3HT KUYMrd 1 ra TeHr
3KaHUHU Kypcaragu. McOoTiaHraH Teopemara acocaH:

a by _
(§-2)=1.

2-Hatuxa. Aeap a, b, c€ Z, (a,c) =1 6a ab con c 2a
6yaunca, y xon0a b con ¢ 2a 6yaunadu.

Ucbort. (a,c) =1 6Yaranu yuyH wyHpai x,, y, € 7 MaB-
Xynku, ax, + ¢y, = 1. bynnan abx, + bcy, = b Kenub 4uKanu.
By TeHrIMKHUHT Yan TOMOHUIATY ab Ba be coHnap ¢ ra 6yiau-
Hagu. Bynpan b HuHT XaMm ¢ ra 6ynmuHumy keau6 yukand. M

ByryH comnapHuHr 3.k.y.6. Hu xucobiall y4yH Kymxaia-
Japaard Kabu EBkiua anropurMu (KeTMa-KeT KOJIMKJIU
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Oymuin €praMuna 5.K.y.6. HM TOIMIN YCYIM) MILLTATWIALM.
byHuHr tadcunoTiapuHu KHTOGXOHra KOJAMPAMUS.

Arap a, b € z connap yuyH (a,b) =1 6¥xca, ynap y3apo 1y0
nefunani. 2—TeopeMagaH KyHMIOArd TacOuK KeIud YMKALU:
a Ba b connap y3apo 1y6 6§numu yyyH 6Mpop X,, y, € Z,yuyH
ax, + by, = | TeHIMIMK 6aXapWINLIM 3apyp Ba KUGDOS.

byHnaH xyanu xynxapmapaard Kabu Kyiugard Tacouk, Ke-
mb yukanu: arap a € Zcod b, b, ..., b € Z connap 6wian
y3apo 1y6 Gynca, y xonmay b, b,, ..., b KynaitMa OuwiaH xam
y3apo Tyb O6ynagu (McboTiaHr!).

Yuiby a, b € Z coOHIapHHHT MKKAJNAaCUra XaM OyiuHanu-
raH 5HI KUYUK MYycOAT COH YJIAPHHHI 3HT KMYMK YMYMUIi
OynMUHYBUMCH OeMwianu Ba [a, b] opkanu GelrwiaHanu.

3-reopema. [a, b] con a séa b conrapnunz xap xanoai
Oowxa ymymuii 6yaunyeuucunu 6ysadu. Hoavdan cpapxau xap
Kanoaii a, b € Z conrap yuyn

Ncbor. Tacaukuu mycbar a, b € Z coniap y4yH HcC-
a
60TJ1au; kubos, aynku [a,b]=[laJp]]. Yméy a, = (DL
b
b = (a,p) Oe/IMIADHM KMPHTCAK, Y X0Ja Z:,_b) =ab = ab
COH a Ba b COHIapHUHT YMYMMA GYIMHYBYHCHAMD. Arapc € Z
COH a Ba b COHMApHUHT OOMKA YMYMMI 6}“1nn2ly3qlgcun oynca,
y Xonga ¢ = au = bv, u, v € Z. bynpan V=7=—A—. Yoy
(@), b)) = 1 MyHOCabaT YpuHIU OYnranu yayH u = bu, u, € Z.

ab ab
Bynra kypa ¢ = ab -y, = (Tb)“l. Hemak (D) = [a,d].

V3unaH Ba O6up coHmaH 6oiKa 6VyBuwIapy 6YaMaraH 6up
COHUIAH KarTa 6yiran 6yTyH coH Tyb con peitmwnann. Maca-
nan, 2, 3, 5,7, 11, 13, 17, 19 cownap Ty6 COHIApAUP.

4-teopema. Ty6 conrap mynramu uexcuzoup.

NcboT. Arap a OYTyH CoH, a > 1 Ba g HUHT 6Up COHUIAH
KaTTa O6yiraH 6YyBYmiapy MYMIA SHT KMYUTH p 6YIIca, y Xoana
p — Ty0 coH. XakukataH, d € Z, d >0, d/p Ba d < p OyIcuH.
Arap 1 < d< p 6¥iaca, y xonna 6yHnail d HUHT MaBXYUTUTH p

170

www.ziyouz.com kutubxonasi



HHUHT TabpUdraHuumnra 3ul. JleMak, € d = 1 €ku d =p, IbHU
p — Ty06 COH.

DHAOU TYO COHJIAp TYIUIaMHU YeKiId Oyncun ned dapas Kunai-
JWK Ba p,, P, .., P, — Oap4ya Ty6 coHmap OyicuH. Yuiby a =
p,* Dy .. p,+ | coHHu onamu3s Ba Oy COH y4yH IOKOpHIa
TabpUGIIAHraH p COHHM KYpaMu3. p — Ty6 OYIIraHu yuyH y p,,
Py -+ D, COHJIADHMHI OMpHMra TeHr O6ynanu. YHIaH TallKapu
p/a. lemak, a — p,* p, .. p,= 1 coH p ra 6ynuHanu. by
KapaMa-KapIIMJIUK TeOpEMaHU HCOOTIaHOH.

Ty6 conHuHr taspuduaan, arap p Ty6 coH 6yica, y xonaa
Xap 6up OyryH coH € p ra 6ynmuHaguM €Ku p OwiaH ¥3apo TyO
9KaHiauru kenu6 yukanu. lIyHra kypa, arap 6up Heuta OyTyH
COHHMHI KymmaWTMacH p Ty6 coHra 6yiuHca, y xoiana 6y COH-
JIAPHUHT KaMuJa OupH p ra 6y MHanu (IYyHKH akc xoiua 6apya
Kynaitysuunap p OuiaH y3apo Ty6 Oynanu; OyHmaH yjaap
KYTIaHTMacHHUHI XaM p GwiaH ¥3apo TyOqIurv Kenmd 4uKanu).

5-teopema (apupMeTUKAHUHT acOCHil TeopeMacH). Xap
Kandaii a > 1 6ymyn con my6 conaaprunz Kynaiimmacu wax-
auda ugpodaranuwmu mymrxun. bynoaii ugpoda xynaiimyeuurap-
HUHZ &3usuw mapmubu anuxauzuda A20Ha.

Ncbor. UcbotHu a = 2 6yituya MaTeMaTHK MHOYKLIUS
€épraMuaa ucbomiaitMu3. 2 CoH Ty6 CoH. DHIa a > 2 OYJICHUH.
4-TeopeMaHUHT UCOOTHIA KYPAMKKM, LUyHAAH p, TY6 COH MaB-
XYIKM, p,/a. [leMak, a = pa,a, €z, 1 < a, <a Arapa, =1
byxca, y xonma @ = p. Arap a, > 1 6¥ica, y X012 MaTeMaTHK
MHIYKUMSHUHT (hapasura MyBOOUK a, COH Ty6 COHJIADHUHT
KynaWTMacu wakiuaa udonanaHanv. byHra kypa a = pa;
XaM Ty0 COHJIApHHMHI KymaiTMacu makmuaa udonaiaHanu.
ByTyH COHHHHT Ty6 COHJIADHMHI KYITafTMacH 1IaKJIWJA Siro-
Ha udonamaHWILKM YHHUTAP KYIIXa[UIap YYYH HCOOTIAHTaH MOC
TEOPEMAHUHT (YHUTAD KYIIXaAHUHI KeJlTUpUJIMaHAMraH
KYIXa/[UTADHUHT KYyTIafiTMAacHra € MIWIMIIY XaKUJard TeopeMa-
HUHT) ucborura yxmam (TahCHIOTHHH KUTOOXOHFa KOJIOH-
paMm3).

Hatuxa. Xap xanoati a > 1 6ymyn con pH - po . pk
Kypuruwuda ugodasanuwiu mymKun, 6y epoa p,..., p, — mypau
my6 connap, k,,...,k. — namypan conaap. bynoaii ugpoda kynaii-
myeuunapHunez €3unuw mapmubu anukauzuda A20Ha.
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34-§. Z XAJIKAJIA TAKKOCJIAMAJIAP
BA YETMPMAJIAP CUH®JIAPU

m — HAaTypajl COH, a Ba b — OyTyH cowHjap OyncuH. Arap
a— b aliupMa m ra 6yiuHca, a coH b 6wiaH m MonyJib Gyiunya
TAKKOCJaHYBYM JeHwnanu Ba ¢ = b (mod m) KypUHUIIKIA
€3unanam.

bepwiran m yuyH Z tymwiamMparn a = b (modm) OuHap
MyHOCAa0aT KyHHaar xoccajapra asra:

1. a = a (mod m) (pedreKCHBINK XOCcacH), YYHKH a — a
COH m ra OyJIMHaou.

2. Arap a = b (mod m) 6Vnca, y xonma b = a (mod m)
(CHMMETpPHKIIUK XOccacu), YyHKM @ — b COH m ra OynuHca,
b—a= —(a — b) xam m ra GyIUHaIU.

3. Arap a = b (mod m) Ba b = ¢ (mod m) G¥inca, y xonma
a = c¢ (mod m), yyHK a — b cOH m ra OyauHca Ba b — ¢ COH
XaMm m ra 6ynuHca, y xonnaa — ¢ = (a — b) + (b — ¢) coH xam
m ra OyauHamu.

by yura xoccaHuHr ypurymnurd a = b (mod m) GuHap
MyHoca0aT 3KBHUBAIEHTIUK MyHOcabaTH 3KAHJIMIHMHU Kypca-
Taau. Z TyiuiaMaa 6y 3KBUBAJICHTIIUK MyYHOCA0aTH XOCHIT KWJI-
raH cCUH(pIapHU m MOZIYIbL OYiHWYa YerHmpMayiap cHHQIapH
neHmwiamm, a = b (mod m) MyHocabar 3ca TAKKOC/1aMa AeHM-
JIamu.

a = b (mod m) myHocabar a Ba b coHymap m ra 6¥IMHTraHIa
OMp XU KOJIAHUKKA 9ra OVIMIIUra TEHI Ky4JIn OYIraHu yIyH
(TextupuHr!), m monyiab OViiMya Xap OUp YerupMaiap CHH-
¢u m ra 6ynuHragaa 6up XwiI KOXOUK GepaguraH 6apuya 6y-
TYH COHJIapiaH ubopat. ByryH con m ra 6yiuHraHga ¢pakat

0,1, ..., m — 1 connapruna Konguk cudparuna maiao 6ymanu,
SBbHU m MOAYJIH OVHHYA poIria-poca m Ta YeTUpManap CUH-
thu oop.

m coum Gepwriran O6yicuH. by Xonma a COHHM ¥3 WuMra

OJYBUM ATOHA m MOAYAb OViiMua derupMmaitap CUMHOUHHU a
opKanu OelrunadiMus. Z & opKamu m MONyab Oyiuya Gapya
yerupMajiap cuH@Iapd cucTeMacuHM OelruiaiMui, SbHU
Z, = {6,1,...,;771“1}. m Moaynb Oyiinua yerupmanap cUHG}p-
TapruuHr Tappudunad a = b (mod m) MyHocabar g = b My-
HocabaTra TeHr Ky4YiH.
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l1-Tteopema. deap a = b (mod m) éa ¢ = d (mod m)
oyaca, y xonda a + ¢ = b + d (mod m), a*c = bd (mod m),
ABSHU MAKKOCAAMAAAPHI Xa04a0 Kywui éa Kynaimupuls Mym-
KUuH.

UcboT. Arap @ — b Ba ¢ — d connap m ra 6ynuHca, y
xonga (a +¢) —(b+d)y =(a—-b)+ (c —dysaac —bd =
= (a — b)e + b(c — d) connap m ra 6ynmuuagu. M

by 1-teopema Z Ttyruiamoa KyHuaara ycyi 6uwiaH Kywuu
Ba KYNaWTUPHII aMaJUTaDUHU KUPUTUIITa UMKOH Gepaau: 1)
a Ba b cuH(pIApHUHTI HUFUHIUCHU 1e6, a + b cuHdra aiTH-
Jagu Ba a+ b opkanu OGearwriaHagu. 2) a Ba b cuHpaap-
HHMHT KynaiTMacu ne6 ab cuudra aiitwianu Ba a * b opka-
M OeJTuIaHaan.

Xap 6up CHH( ¥3unarn MXTUEPHIL 3TeMeHT GWIaH aHUK-
JAHTaHU YYYH a +b AMFMHIMHMHL Ba d - b KynaWTMaHMHT
a Ba b 3JeMEHTIAapHUHT @ Ba b cuHbIapAa TaHJIaHWILKra
OOFJIMK 3MACIMIMHHM KYpcaTHIIMMU3 Kepak. ByHHMHr yyyH
a =a Ba E=B TeHMJIMKJIapaaH a, +b, =a+b Ba
a, by =a-b TeHUKIAp KeaUO YMKUIUMHYA KYpPCAaTUILKHMM3
Kepak. TakkocraManap TWiMIa OyHUHIT MAabHOCH KyHuOaruya:
a, =a(mod m) Bab =b(mod m)pnan a + b, =a + b
(mod m) Ba a,* b, = a-b(mod m) xenub YMKUIIMHU UCOOT-
Jaw kepak. AMMo Oy l-TeopeMaja KYpcaTWwiraH 3iu.

Wlynnai kb, Z TYILUIaMaa KUPUTHWITaH a+b KYIL UL
Ba g-b KynaWTuUpull aMajUulapd a Ba b cuHdgaap 6unaH 6up
KUIMAaTIM aHMKJaHraH aMajuiapaup.

by amaitap koMMyTaTHB Ba accouuaTus 0Yiub, ¥3apo auc-
TpUOYyTUB KOHYH OwWiaH OGOFIaHraH. XaKuKaTaH,

a+b=(a+b)y=(b+a)=b+a,
a(b - ¢) = a(be) = a(bc) = (ab)c = (ab)c
=(a-b)c;ab+c)=a(b+c) = a(h +c)

=ab+ac=ab+ac=a-b+a-c.

Kosran xoccanap wyHra yxmam uc6oTIaHanu.
Yuwiby 0 nomb cund cunbaapHu KYIIKLLIA HOMb POJHHU
YAHa#au: Xap KaHnak a € Z, yuyH a+0=a+0=a.
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[lysra yxwam 1 Gupauk cHH} cuHGNIApHYU KyaHTHPHUIIAA

OMpPIUK pOJIMHU YHHAHAU: Xap KaHAal a € Z, YYyH
a'l=a-1=a. B

Y6y (—a) cumad a cuHpra KapaMa-Kapumim:
a+(—a)=a+(-a)= 0. Z  Na KyluMLl Ba KYIIaHTUPHIN amMa-
JaPUHUHT KEITUPWITAH XOCCANIAPH Z HHHT OMPJIMK 3JIEMEHT-
JIM KOMMYTATHUB XAJTKa 3KAHJHIMHUA KypcaTanu.

Arap a = b(mod m) 6¥ica, y xonna (a, m) = (b, m).
XaxkukaraH, 0y xonna a = b + mt, t € Z. byunan (b, m)/a. by
MyHocabaTaaH Ba ax, + my, = (a, m) Tenrnuknan (b,m)/(a,
m) kenu® uukamnu. llyHra yxmam (a,m)/(b, m) Mynocabar
xaM ucbomianagu. Memak, (a,m) = (b, m). XycycaH, OXHpIrH
TEHITIMKIAH KyHUary xocca Keaud YuKaau: arap 6upop cuHgp-
Jaru 6upop sieMeHT m OwiaH y3apo TyO 6yica, y Xonma Oy
cuHbpaaru 6apya 3jeMeHTIAp XaM m OwiaH y3apo Ty6 6yna-
au. byHnpait cundmap comma cundaap peiunanu. Yoy
L2,...,(m=1),m =0 6apua Typau cundnap uuuna (k, m) = 1
IIAPTHU KAHOATIAHTUPYBYM Kk cCcHUH(QIApruHa conna CHHGp-

gapaup. LLyHUHr yyyH m Moayae 6VitMya cuHdIap HuMIa
COAJANIapUHUHI YMYMUM COHHM /m HaH Karra GyiaMaraH Ba m
OwiaH ¥3apo Ty6 GVJraH HaTypal COHJIADHHHT COHMIA TEHI.
By coH ¢(m) opkanu Genrwriagaad Ba Diinep GyngumacH neb
aranagu. Macanman, 1, 2, 3,4, 5,6, 7, 8,9, 10 corytapu opa-
cuga 10 6wiaH y3apo Ty6 6ynran comnap 1, 3, 7, 9. Jlemak
©(10) = 4. Arap m = p — 1y6 6yinca, y xoima 1, 2, ..., p-1, p
COHJIAp opacuia p AaH Oomika xap oupu p GuiaH y3apo TyO.
Hemak ¢ (p) = p —1.

2-teopema. m modyab 6yiiuna codda uezupmarap cung-
aapu Z, 0a kynaimupuw amasuza Hucb6aman mecKkapuianyeiu
6a ynoa myavmunauxamug, (AsHu Kynaimupuut aMaiuza Huc-
bamar) zpynna xocus xuradu. Codda 6yamazan noavdan hapxau
cunghaap 3ca Z Oa noavnune 6yayeuuaapu bysaou.

NcbHoT. mowrian y3apo Ty6 OGVIraH COHIApHUHI KymauT-
Macu sHa m OuinaH y3apo Ty6 GyiaraHu ydyH HKKUTA m MO-
nyne 6¥Hu4a copga cuHpHUHT KymaiTMacu siHa coana CUHG
Gymanm. 1 cund m momynb O¥iiMua copma cuHdpaup. Arap
¢ — conna cuH( G¥ica (m Moayis 6Vitnua), y xonaa (c, m) = 1.
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[lynra kypa my}man aBab 6yTyH COHJIAp MaBXYAKM, ac +
bm = 1. bynnau ac=1, sTbHU a cmnib c_ cm—ubra TECKApH.
Hemak, ¢ cuH® TecKapWwiIaHyBUM Ba ¢ =4d,d =C.da CHHO
XaM m Monynae GyitMua conaa cMHGp, YyHKHM akKC Xojuma ac +
+ bm = 1 TEHIVIMKHUHT UKKAJIa TOMOHH XaM (a, m) = d > 1
ra 6ynuHapau. by 6unan TeopeMaHHHT GUPUHYM TACAUFH UC-
GoTnaHau.

Arap ¢ — HonbaaH ¢apKiIu m Moayib 6¥itnya cogna 6yiMa-
raH cuH® 6¥nca, y xomna (¢, m) = d, 1 <d<m,c=cd,m=

=dd, 1 <d < m. bynra kypa d=0, dl¢0,c-dl=c1d~dl=

=¢-d-d =c-dd =c-m=0. [leMak ¢ cund Z, na HOMb-
HMHT 6ynyBuncuaup.l

3-teopema (Direp Teopemacu). 4zap (¢, m) = 1 b6yaca,
¥ xo40a ¢ = 1(mod m).

UcborT. Ym6y n = @o(m) 6earu KUpUTAMM3.

zZ, {x1 Xy 5eees X, } OpKaiu m Moayiab Oyiuda Gapua
comaa cuH(bJIapnaH H60paT MYJbTUILUINKATUB TYPyXHH Oei-
runaitMu3. Y6y (¢, m) = 1 wapraan ¢ € Z,, kenub 4uKa-
nu. 'YypYXHUHT WIrapM KeJITHPWIITaH Xoc¢cajapura acocaH

{e- Z,EZ,...,EZ; = Z, . bynnan

(cx,)(eXy).o(CX,) =2, 7 X, ..

=

- — — —_— JR—

C X "Xy X =X X

ne

By TEHITTMKHHUHI HKKajIa TOMOHHHI/I Xl x2 .X, ra KHC-

n
KapTupub (4yHKM Z, — rypyx), C" = 1 TeHIIUKHY ONAMM3.
Oxupru teHrMK C” = I(mod m) TeHrIMKKa TeHr Kywid.H

HaTtuxa (PepMaHHHT KMUYMK TeopeMacu). Aeap a — 6y-
myn con 6a p — myb con 6yaca, y xoa0a a> — a COH p 2a
6yaunadu.

Hcb6oT. Arap a coH p ra 6yiMHCA, TACAHKHUHI YPUHIU-
JIUTHM paBUIaH. DHAM @ COH p ra GYIuMHMAaraH X0jJHM KypaMu3.
By xonma (a, p) = 1. Ditep teopeMacura xypa o~} — 1 =
= q*® — 1 coH p ra 6yauHanu. by xonna @@ — a = a(@@*— 1)
COHHMHT XaM p ra 6yauuumu Keau6 yukagy. M
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7

Arap p — Ty6 6yica, y Xonga HOIb cHMH(pNaH OomKa p
Moayiab Oyiinya Gapya cuH(pmap coaga 6ynub, 2-TeopeMara
K¥ypa Oy xonpa ZP MaiioH Oynanu.

) Zp MaMI0H KyHuOard MyxuM xoccara ara: ZP MaWOHHUHT
| 6upIUK 37MeMEHTUHY Y3UHU Y3UTa p MApTa KYLIWICA, HOJIb-
HU Oepanu:

1+1+.41=0,
QAT
P
YYHKU ;=6. bynpa#i xocca xeu Kadcu COHJIM MaWIOHIA
VPUHIU 2Mac.
Arap FMaiiioHna xap KaHaail m HaTypaji coH yuyH 1 6up-

JIMK 3JIEMEHTHH Y3MHM ¥3ura m MapTa KYLWIWITAHAa HOMbIAaH
(apkiau 31eMeHT Oynca

1+1+.. 4120,
———
m

F MaitioH HOJIb XapaKTEePHCTHKAIN IeHivtaau. AKC XoJaa,
STbHU arap 6upop m y4yH 1 HY ¥3UHU Y3Ura m MapTa Kyuiwi-
raHjaa HoOJb XOoCWi Oyica

1+1+..+1=0,
— T
m

6y wWapTHY KAHOATIAHTHDPYBYM SHF KHYMK m COHM F MaH-
JIOHHUMHT XapaKTepUCTHKAacu Aeiiwnaau. MacanaH, 6ap4a COH-
JIM MaMJOHJIAp HOJIb XapaKTePUCTUKAIM.

Arap p Ty6 coHn 0Oyca, ZP MaiJOHHHUHT XapaKTepPUCTUKACH
P Ta TeHT, yyHKH arap m € N 6¥ica, y xonga m < p:

4-teopema. Azap F maiidonnunz xapaxmepucmuxkacu
Hoadan papxau 6yaca, y xoada y myb con Gyaadu.
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U c6oT. F MaligioHHUHT XapakrepucTukacu p > 0 6¥icuH,
p=a-b, a be NV xonnga

(1+l+...+1)-(1+1t...+1}=1+1+...+1= 0.
a b P

BynnaH F Maiinon Gyiaranu yayn & l+1+.41=0 gxn

a
\1+1‘;---+1=0 9KAHIUTU Keau6 uyvkagd. BupuHumM Xonaa

MalJIOHHMHT XapaKTepUCTUKACK Tabpudura Kypa a = p. [e-
Mak, a = p, b =1. Ukkunum xonaa wyHra yxmam b = p, a =
1. By p coH ¥3uaaH Ba 6upuaH Gowka Oyiysynnapra sra sMac-
JUTHUHM KypcaTauu. p > 1 6ynranu yuyH p 1y6 cod. ll

Arap F maiinon p > 0 xapakTepucTHKanu, a € F Ba m COH
p ra 6ynuHca, m = m -p, y xonna ma = (mp)a =

ma(l+1+..+1)=0.

5-Teopp ema. Aeap F maiidon p > 0 xapaxmepucmuxasu
6yaca, y xoa0a xap kandaii a, b € F yuyn (a + by = o + b.

M c6or1. XakukartaH HploToH 6MHOMM popMyiiacura Kypa
(O6y cdhopMyIaHUHT Xap KaHOAil KOMMYTATUB XaIKAla YpUHIN-
JIMTY PaBIlaH),

(a+b)? =a® +cla? b+..+ctab? + b7

TeopemManaH OJIIMHTH M30XTa Kypa, TeopeMaHu UCOOTiIaLl
Y4yH xap 6up cl’,‘(k =1,p—1) ouHoMHuan ko3pHULMEHTH-
HUHI' p ra GYIMHUILMHY KypcaTHil KUQos.

p(p-1)..(p—k+1)

k _
€ = %

Kacp OYTYH COH OYJIraHu y4yH YHUMHT CYpaTH Maxpaxura Oyiu-
Hagu. p TyO OynranM Ba | < kK < p —1 waprna (p, k) = 1
oyaranu tydainu (p —1)(p —2)...(p —k + 1) coH k! ra 6ynu-
Haau. Jemak
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& _ (p=1).p=k+1)
P k!
OyTyH COH, THHHU cf coH p ra 6ymuHagy. M

DHaM flx) Ba g(x) — KuAMaTiapu 6YTYH COH O¥urad Ba A
TYIUIaM/1a aHUKJIaHTaH GYHKUUUIAD, m — OUPOP HATypal COH
OYJICHH.

A tymnamaaru f{x) = g(x)(mod m) MyHOCA6aT X HOMABIAYM-
JM TakkKociaama aeiunanu. Paswankm, 6y MyHocabar
F(x) = g(x) TEHIIMKKA TEHF Kywiy, 6y epia IKOPHAArh Kabu

f(x) Ba g(x) 6Gearwrap m Monyns 6¥itimya cuHGIApra JTUIL-
HU 6enrmnaitnn. LllyHra yxwam 64p Heya HOMABIYMIM TakK-
KOCJIaMajlap Ba TakkKocjiaMajiap TH3UMIapu TabpudIaHaOu.

Yuby fix) = g(x)(mod m) TakKocIaMaHUHI e4uMH 1e6,
WyHIa#i x, € A anemeHTra aitamMusku, flx) = g(x)(mod m)
TaKkKocjama ypuriu 6yicud. bus 6y epjaa 6UpuHUM Japaxa-
I OMP HOMABIYMIIM TAKKOCIAMaHU TEKIIUPHIL OHIaH Yera-
pajlaHaMu3: ax = b(mod m), a, b — 6epuwiran 6yTyH COHap,
X — HOMAaBIyM OYTYH COH.

m MOIYJTb G?ﬁnqa yerupManap cuHdaapura ytub, 6y TeHr-
NaMaHu  ax = b KYpUHMILIA €3UUIUMH3 MYMKHUH, Oy epaa
a X= Z,Ba x HOMAbJIYyM XaM Z HUHI 3JIEMEHTH.

Arap (a, m) = 1 6ynca, a — comua cpmcb 6yna1m V xonpa
2-TeopeMara Kypa ax =b TeHriama x=a b= X, TEHIJa-
Mara TeHr Kywid. /lemak, 6y xonga ax = b Tenrmama siroHa

X, €YHMMra 3ra Ba OepUNTraH TAKKOCIAMAHUHI €YUMJIapH
TYIUIAMU Kyiuzara yerupmanap cuHduaan ubopar:

Xy = {x, + mt/t€ Z}

Arap (a, m) = d > 1 6yica, yxongaa = ad, m = md, (a,,
m,) = | 6enrwiapHy KUpUTHO GepuiIraH TakKociaaMaHu yuby
adx = b(mod m,d) KypuHuaa €3MIIMMHU3 MyMKMH. byHuan
KYypUHaOuK#, 0y TaKKoCIaMa eYuMra sra OVIMIUM y4yH b
COHHUHI d ra OynuHUILK 3apyp: b = bd. by xonna
ax = b(mod m) takkocimaMa ymoby

ax = b(mod m,)
178
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TaKKoCIaMara TeHr Kywiu. by epna (a,, m,) = 1 6yiranu yayH
ax = b(mod m) TakKociaMaHU KYpWJIa€TTaH XojAa €4yl Ma-
CATacy WITAPUTH KYPIUITaH XOJAa €YUIIra KenTHpuinud. by
OWwIaH Kyiuoarg TeopeMa UCOOTIAHIM.

7-teopema. a, b — Oyryn connap, m namypaa con 6yacun.
Yoy ax = b(mod m) maxxocaama ewumeza 32a Gyauwu yuyn
b nunz d =(a, m) 2a 6yaunuwu 3apyp sa xugosa. by mapr
OaxKApHIrania TAKKOCIAMAHHMHI YMYMHH e4HMH ymdy

x=x + mt

dopmyaa 6uran bepuradu, 6y epda x, — maxKocaamanunz bu-

Pop xycyculi equmu, m, = % .

Mucon kypamus. Yoy 6x = 10(mod 14) TakKkocnama e4uM-
ra sra, uyHku (6, 14) = 2 Ba 10 con 2 ra 6yauHagu. by
TAKKOCIAMAHMHT MKKAJIA TOMOHMHH Ba MOAYIWHY 2 ra 6Yiuo,
YHIa TEHT Kywid OynraH ymby 3x = S(mod 7) xypuHUIIIa
€xu Z, naru ymoy 3x =5 TeHIIaMa KypUHUINA E3mwnanu. By
TeHrjJaMa sroHa euymmra 3ra. [IIyHMHr y4yH OepWwiraH Tak-
KOCJIAaMaHUHI eYuMJIapM TYIulaMud 7 Momyib Oyiudya OUpOp
yerupManap cuHdpuman ubopar. Arap 0, 1, 2, ... 6 yerupma-
Jap cuH(IapUHA KeTMa-KeT TeHrlaMara Kyiub Tekiupcax,
eynM 4 ={4+7t /t € Z} cund sxkawmruau rornamus. HyH-
ra kypa 6x = 10(mod 14) TakKocraMaHHUHI e4YUMJIApH TYILIA-
Mu {4 + Tt/t € Z} tymnamMaup.
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Oamunyu 606

YU3IUKJIN PAZOJIAP BA YU3UKJIN
AKCJIAHTUPULLJIAP

35-§. YU3HUKJIHN (BEKTOP) ®PA3O0OJIAP

F — wmaiiion Ba V — annurus abenb rypyxa OVICHH.

Tavspud. Xap 6up L € F ea xap 6up x € V anemenmaapea
bupop Kouda 6yiuua A ea x 3nemenmaapHunz Kynaimmacu 0e6
amanys4u ea Ax Kypunuwuda 6eszunranyeuu 'y € V ajemenm moc
KYuunzan 6yaub, kyuudazu wapmaap (akcuomanap) Gaxcapun-
2an 6yncun:

1) aeap A, u € F, x € V 6yaca, y xoa0a

Aux) = p A x) = Qu)x;

2) xap kandaii x € V yuwyn 1-x = x (6y epna 1 opkanu
MaHIOHHUHT OMPJIHMK 2jeMEeHTH OeNTriIaHTaH);
3) azap A, u € F, x € V 6yaca, y xonda

A+ x=Ax+ux
4) azap A € Feax, y € V 6jaca, y xonda
A{(x+y) =2x+ Ay

by maprmapau KaHoaTiaHTHpYBYM V amnutus abesab Iy-
pyxra F MailmoH yctHaa wusuxau (EKA eexkmop) ¢pazo Dedu-
Janu.

Kenaxakna F MainoH ycruaa V yusuxin ¢azo KypuiraH-
na F MaloH 35eMeHTIapH ckaaapaap 1e6 aTanu0, KHIUK I'PeK
xapdnapu 6wnaH 6errwianany, V unsukiu ¢aso sneMeHTIa-
p4 3ca gexmopaap ned atanud, KUYUK JOTHH Xapdiapu OH-
naH OenrwiaHamd. F MallOHHUHT HONb 3JIEMEHTUHH, SbHH
HOJb cKaIApHU (0 pakaM OpKaiy, HOJIb BeKTOpHH 3ca (0 opkaiu
bearwiaiiMus.
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by 606 naBoMuaa KUCKAIMK YYYH "YH3UMKIH (a30” cy3na-
pu ypHura "hazo" cY3MHM XaM MIILTATAMU3.

Muconnap. 1. bepwiran a Tyrpu YU3UKIA €TYBYH Ba
yMyMuid 6onutadruuy O Hykrara 3ra 6yaraH 6apua HyHanran
KecMalapHUHT /[ (a) TYIUlaMH/la KYIUMID aMald KyHuaaruya
aHMKJIaHAMM: . N

WUynanrau OA Ba OB kecManap GepwiraH Gyncud. OB
KECMAaHUHI HYHAIUMIIMHK Ba Y3YHIWITWHH y3rapTUpMaciaH
OOLLTAHFUY HYKTaCMHU A HyKTara K}”f‘mp_';le. bynna B HyK-
ta 6upop C HyKrara K}”fqam_{. OA va OB WyHairaH KecMa-
JIApHUHT MUFUHAMCU Ae6 OC #yHaiaraH KecMara aiTaMM3.

WyHanran OA xecmanunr A € R conra KyalTUpHUIL ama-
JK 3ca KyHuJardya aHUKJIaHAIU: R

1) arap 4 = 0 6¥nca, 4- OA= 00, gbHu y3ywmurd 0 ra
TEHr WYHaIraH Kecma 4 ° 074 ne6 onuHanu;

2) arap,l > 0 6yuca, 4 - OA MyHaITaH KECMaHUHT uyHaJm-
m OA HUHT nyﬂannmn OunaH OuUp XWi, y3yHJIMTH |}.OA|
aca /1|0A| ra, sSTbHA OA WyHajIraH KecMa y3yHWIMIMHH A ra
KYIa#THPWITAaHATA TEHT;

3) arap A < 0 6yxca, #yHanraH KECMaHUHT WYHATUIIUHUHT
iyHanMILMra TecKapu, y3yHmuru 3ca A|OA| ra Ter.

by amamnapra nucbaran [ (a) TyiiaM R Xakukui COHIap
MaHJOHH yCTUIA YU3UKIU (a30o XOCWi KWiIanH.

2. Bepwirad a TeKMCIMKAA €TYBYH Ba YMyMHUit GOLJIAHF-
u4 HyKrara sra 6yiaran 6apya iyHairaH kecManapHuHr A (a)
TyIiaMuna lq”luium aManu MapajuielorpaMM KOMlacH 6141122:
anukjaaHaan: OA Ba OB kecMmasapHMHr HuruHaucu ne6, OA

5
Ba OB xecMmamapura Kypwirad OACB mapajuielorpaMMHUHT
(2-waki) AuaroHaj Mra auTIIAAU.
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MyHanran kecMaHu A € R coHra KyNMaiTUPHLI aMaTH MI-
rapMru MUcojnard Kabu aHUKJIaHALM.

by amawiapra uucbaran [ (a) TyiiaMm R MadooH yctvna
YU3UKIY ($Pa3o XOCWI KWIAAH.

3. ®azona yMyMuii OOLUIAHFUY HyKTara ara 6yiaraH 6apua
HyHajIraH KeCMajJapHUHT /., TYIUlaMuaa KYLIMLI Ba XaKUKUH
COHTa KYNaHTHPUILI aMaJUIApUHH WITApDUTH MHCONAArd Kabu
KHUPUTWICA, Y R MaiiioH yctuaa BekTop ¢a3o XOCHI KWIaIdu.

4. F — uxtnépuit MafiioH, n — Harypai CoH OyicuH. F”"
TYIUIaMJla KYIIKII aMaJIMHU YIIOy

(al, az, ceey an) + (ﬁp 182) seey ﬁn) =
=(a, +B,a,+ B, .,a,+8)

KOHAa OpKaIH, y € F ckamsgpra KyTa#THpUIL aMOIMHU 3Ca
y (als az; RAR] a,,) = (yap yazy R ] )’a,,)

KOHMJa OpKaNu KUPHUTCAK, Yy F MalloH ycTuaa BeKTop ¢a3ora
AMTAaHAIM.

5. Unrapuru mucongard F” TyiDiaMaa KYIIMIIHA YiIa MA-
conpard Kabu, y cKausgpra KymadTHpMIl aMaJdHH 3Ca Xap
KaHuaw y € FBa (q, ..., a)) € F"ysyH y (a,, ..., @) = 0
KOMJa opkaiM kupuramu3i. By amamiapra Huc6aran F” yu-
3UKJIH ¢a3o OYiIMalan, YYHKA YHHUHT YYYH UKKUHYUA aKCHO-
Ma OaxapuiMainu.

6. [a, b] kecMana aHMKJTAaHTaH Ba Y3IYKCH3 bapya GyHKLHMSI-
JnapaaH ubopar Cla, b] Tyramaa QyHKUUSUIADHUHT HUFHH-
JUCHHU Ba A € R ckajsapra KymaTMacUHM OAATAAaru4a KUpu-
TWICA, Y R MaiiioH ycTHIA YM3HKJIM (Ha30 XOCWT KUJIalu.

7. F — connap maitionu 6yimn6, kosdpduuuesiapu 0y
MaHIOoOHJAaH ONMHTAaH Oapuya KynxawiapHuur Fl#] Tymamuua
KYIIUII Ba CKANSApra KynaWTUpWUIU aMaJUIapUHU WITApUTH
MHCONIArd Kabu kuputwica, y F yctuaa yu3ukiu ¢asora
alIaHAlIM.

Tavpud. Yuby x, y, € V sekmoparaprune aviupmacu deb V
HU addumue 2ypyx cugpamuda Kapaseandazu ailupmacuza, AvHU
X —y=x+ (—y) 2a alimuradu.
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Yusukin pa3o akcHoMalapuiaH KeJud YuKaaurad HaTH-
XKajrapra yramus.
1-xyMua.a) Xap kandaii A € F, x, y € Vanremenmaap yuyn

Alx—=y)=Ax -4y
0) Xap kandaii A, u € F Ba x € V anemenmaap yuyn
A —u) x=2Ax —ux

XakukKatad, A(x —y) + Ay = A({(x —y) + y) = A(x+(-y) +
+y) = Ax.

bynupan A(x —y) = Ax + (—1y) = Ax — Ay.

Hlynra yxwaw (A — u)x = Ax — ux MyHocabar ucboTIaHa M.

2-XywMmna. a) Xap kanoaii . € Fyuyn A1+ 0=0.

6) Xap xandaii x € Vyuyn 0-x = 0.

Xakukarat, A 0 =Ax —x) =Ax —Ax = 0Ba0-x=(@—
—A)x = Ax —Ax = 0. By XyMJIaHUHT aKCUMHYACH XaM YPUHJIH.

3-xyMna. Aeap 6upop A € F ea x € V snemenmaap yuyn
Ax= 0 6yaca, y xonda é L = 0 ékux = (.

XakKMKaraH, arap Ax = 0 Bad = 0 6ynca, yxomma A! € F
3MeMeHT MaBxyd BaiA 10 = A1(Ax) = 1"A)x = 1x = x. bynnan
x=0.

Hatypan » coHu 6yitnya mMareMaTMK MHIYKIMSA €paaMuia
Xap KaHpan i,4,,4,, ...,4 € Fpax, x, x,, ..., x € VaneMent-
Jap yuyH (A,+4, +..+4)x = A x +...+4 x Ba A(x, + X, +...+Xx))
= Ax, +...+4x MyHOcabaTIapHUHT YPUHIM 3KaHIMTH Kypca-
THIAAM (MYCTAKWI TEKIIHUPHUHT). Bymapnax

2":11. . ixk =3 ilix,‘ (n,m e N)
i=] k=1 i=l k=1

36-§. YU3UKJIIN BOFJIAHUIII

Fwma¥inon ycruparu ¥V pexrop ¢asona x,, x,, ..., X, BEKTOp-
Jlap TU3MMU Gepwiran OYICHH.

Tavpud. Azap xkamuda 6upu Hoavdan papkiu 6yrzan wyH-
daii A, A,, ..., A, ckanapaap maexcyd 6yauo, Ax, +Ax, +..+
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+2,-x, = 0 menaauk 6axcapuaca. x,, X,, ..., X, 6eKmopaap mu-
3umu vusuKau O6oFauk (3pkcus) detiunadu. Axc xoada 6y eek-
mopaap musumu wus3uxau 60rmanmazan (3pkau) detiuraou.

Iynpak Kuau6, x,, X,, ..., X, BEKTOPIAap TUSUMUHUHT YH-
3UKJIY GOFIaHMaraHIMrMHUHT MAbHOCH Luyl(m,,llxl +..+Ax =
=0 (@, ...,4, € F) renrmakaan goumoid, =4,=..=1 =0 3KAH-
JIMTY KeInb YuKanu.

Muconnap. 1) F? dasona ymby x, = (1,0), x, = (0,1),
x, = (2,2) BeKTOpJIap YU3UKIU OOFIAHIaH, YYHKU

2xl+2x2~x3=()

2) F? daszona ymby x;, = (1,0) Ba x2 (0,1) BekTOpnap

YM3HKIM GOFIaHMaraH, YyHKu A x, + 4,x, = 2,(1,0) + 1,(0,1) =
=(4,,4,) = 0 = (0,0) myHocabarnaH ). 0 A, 0 Keaub
YUKAAM.

Tabvpud. F maiidon ycmudaeu V wuzuxau ¢asoda x,, X,
.., X, BEKTOpJap TH3UMM Oepwirad GyicuH. Arap wyHna
My Mgy oy M, CKOAAPAGD MaBXHCYD 6Yncaku, X, = u X, + WX,
+..+ u, X , 6axcapusca, x, 6eKmMOp X,, X,, ..., X, ; 66KMOPAAP
0pKaAU vusukKau ugodansanzan deliusadu.

Xywmna. Yuby x,, x,, ..., x, 6eKkmopaap wu3uxau 60Franzan
Oyauwu yuyH yaapuune Gupopmacu 60uwKarapu opKansu Yu3uKau
ugpodananzan 6yauwu 3apyp ea kugos.

Yy x;, x,, ..., X, BEKTOpJIap YH3UKJIN OOFTaHraH OYICHH.
V xonpa xamuna 6upu (Macanas, A,) HoJIbAaH ¢GapKiIu GyiraH
Ay, Ay, oo, A, CKATAPIAD MABXYAKH, A X, + AX, +..+ A x, = 0.
bynnan

n

X, = =AY AX;
i=1
izk

AKCHMHYA, X, X,, ..., X, BEKTOPJIADHUHT GUpopTack (Maca-
JaH x,) OOIIKANApH OPKAIM YM3UKJIM HonanaHrad GYICcCuH:

n
2 HXx;
i=liek

bynnan
184
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n
FBHU » Ax; =0, 06yepmad, =1, = — p(i # k).
i=1

by XyMiagaH Kyiiuaard HaTwKajlap Keiaud YMKanu.

1. Hoab BeKTOpPHU ¥3 MYHMra OJIYBYM Xap KaHIAl BEKTOD-
Jap TM3MMU YH3HKJIM OOFTaHTaH, YYHKH HOJb BEKTOP GOlIKa
BEKTODJIap OPKATH YH3MKJIH HdomanaHaam (YU3MKIU udoma-
HHUHT Oapya Ko3pdUIMEeHTIapH HOJIbra TEHT).

2. Arap BekTOpJIap TH3UMM YM3UKJIW OOFIaHraH Oyica, y
xonga 6y TH3MMHH ¥3 MWYMra OJifaH Xap KaHJail BeKTopiap
TH3UMM XaM YU3HUKIU OOFJIaHraH Oyaaau.

By HaTxanaH KyHMaard xyjaoca Keiaub yuKaau.

3. Arap BeKTopJIap TM3UMH YM3UKJIM 3DKIXA O¥ica, y Xonna
YHUHT Xap KaHAai KUCM TH3UMU XaM YM3UKJIM 3PKIHA OyIanu.

37-§. VIYAM BA BA3HUC

Fwmaiinon yetupard VBekrop ¢pa3ona BeKTOPIapHUHT 9E€K-
M €KM YeKCU3 A TU3UMU Oepuiirad OYJIcHH.

Tabpud. Azap A musumnunz n ma 3nremenmoan ubopam
YUBUKAU IPKAU KUCM MU3UMU Maexcyd éa (n + 1) eexmopodan
ubopam xap kandail Kucm musumu wuzukau 6oenanzan 6yaca, n
COHU A mu3umHuHez paHzu deliusadu (6y epda pawne cy3u uHaau3
range cyzudawn oaunzan 6yaub, 6y epda dapaxwca cysuza AKuH
MmasHOHU O6uadupadu).

Azap xap kandaii n namypaa con yuyn A muzumoa n ma
anemenmoan ubopam HUUKAYU IPKAU KUCM MU3uM masxcyd 6yaca,
A mu3sum vekcus paneza 3ea detiusaou.

Azap A musumnune panau n 6yaca, yHuHz n ma eéexnopdan ubo-
Dam MU3UKAU 3PKAU Kucm musumi A muszumnune bazucu detiuradu.

1-treopema. A musumnunez panzu n 6yacun. A musumoan
0MUNZAN Xap KaHOali éexmop YHuHz 6azucu opKaiu A2oHa ycya-
da wusuxau ugodaranaou.

UcborT. Ywby b, b,, ..., b, — KMCM TH3UM A TUSUMHHUHT
fasucu Ba x € A 6yicuH. Y xonma (n + 1)1na BekropaaH ubo-
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par b, b,, ..., b, x KUCM TH3MM YH3UKIM OOFIaHTraH 6ynanu,
STbHU Kamuja 6upu Honbaad gapkid 4, 4,, ..., 4, 4, +, cka-
JSAprap MaBXyaku, A.b, + A,b, +..+ A b + 4 x = (. Arap
A+, = 0 6yica spu, 4,b, + A,b, +...+44 b = 0 Gaxapunaiu.
bynpman 4, =1, =..= 4 = 0, 4yHKHu b, b,, ..., b, — YIM3UKIH
spkiu. by acal, 4,,...,4 , 1 +, CKaIApIapHUHT KamMu1a 6upu
HONMBJAH GapkiIM nerad maprra sul. demak A, = 0. bynnan

= -AM+, (A,b, +...44 b ) abHU X BekTOD b, b,, ..., b, Oazuc
OPKAIM YU3UKJIH HpomaaaHaam.

Arap x BekTop Oy 6a3uc OpKaiM MKKM XWiI X =a b +...+
+a,b, =pb+..+8 b uusukium udondnanran 6yica, (a, —
B)b, +..+(a,—B,)b, = 0 tenrnuk ypunau 6ynanu. bynnan
aca b, b,, .., b BeKTOpJIAp YM3MKJIM 3PKIM OYIraHU Y4yH
a,—pB,=0,..,a —B,=0TeHruK, spHua, =f,, ...,a, = B
KeJIN0 YUKAIH.

V yn3ukiu GasoHMHT paHrd YHMHI VagamMu Oeb atamanu
Ba dim V KypuHuuiga 6eixrwraHagu. Arap dim V < « 6¥yica,
V yexiu ymyamiin, ake XoJia 3¢a YeKCu3 Yivyamiii deduiamu.

V aexnu ymyamnu 6yau6, ynuur 6upop b, ..., b 6asucu
6epwiran 0yncuH. Y xonma l-teopeMara acocaH xap KaHuaai
x € V BexTop 6y 6a3uc opKay 6Mp KHMMATIN YU3UKJIU UDO-
Hanavam: x =apf, +..+ a pf,.

by udonanaru a,, ..., a, Ko3pduLMEHTIAD X BEKTOPHUHT
b,, ..., b, Gasucuparu KOOpAMHATANApH Ae6 aranamu.

2-treopema. A — sexkmopaap muzumu 6a B — ynune nwexau
YUUKAU IPKAU KucM musumu Oyacun. Azap A muzumunune xap
bup eexmopu. B opkaau uuszuxau ugpodaranca, y xoada B mu-
sum A musumnunz 6azucu 6yraou.

U c6or1. KuTroOHUHr OUpHHYIM KucMmuaard. 14-§ 4-teope-
Mara acocaH, arap A Tu3uM R" $da3oHUHT KUCMHU Ba B 3ca A
HHUHT KUCM TU3UMHM 0Yi1n6, A HUHT Xap OUp BeKTOopH B opka-
JM YM3UKIM UdojaraHca, ¥ XOnIa A HHUHT paHrd B HMHT
paHTUIAH KaTTa 5Mac.

Arap A uxtu€puit Vuusukiu ¢aszogaru TH3WM Ba B yHIa-
TM YEKJH paHITa 3ra OyiaraH KucM Tu3um O¥ica, 6y TeopeMa
VpUHIKMAMTHYA Konagw (Mycrakun ucbotnanr). Lllynmai
KWIUO, OXUPTrH TaCAHMKKA Ba TEOPEMAMM3HMHI ILIAPTUTA aco-
caH, arap A HUHT paHru » 6yica, y Xoiaaa B HUHT XaM paHTH
n 6ynanu, sbHU B kucMm tv3uM A Hudr 6asucunnp. Ml
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by Teopema MyalsiH YM3HKIM (a30JapHUHT YI4aMUHU
Xpco0Omamjga Kyjaaid BocuTaaup. bup Heura MHUCOJN KypaMu3.

1. Arap D (a) uusuxnn ¢asona (35-§ naru 1 mucon) e-
UXTUEPUH HOJBra TeHT OyimaraH BekTop OVica, y Xoiga
D (a)naru xap KaHjaii Xx BEKTOpDHM ae;, a € R KypuHUIUIA
udopanam MyMKHH.

Hemaxk, {e,} Tu3uM D (a) HuHr 6asucu Ba dim D (a) = 1.

2. Arap D,(a) ¢asona (35-§ maru 2-MuCOJI) KOJLIMHeap
6ynMaraH (4bHH OMD TYFPU YM3HK/a ETMAraH e, Ba e, BEKTOP-
Jap Gepuiarad Oyica, y xojlma yiaap YM3MKJIM 3DKIM Ba Xap
KaHpait x € D,(a) BexTop 1., + 1 e,, KypUHHLIKAA Hoaana-
HMIUM MYMKMH, Oy epaa 4, 4, € R. byHra acocaH {e,, e,} TH-
3uM D,(a) uuHr 6a3ucu Ba dimD,(a) = 2. _

3. Arap D, dasona (35-§ maru 3-Mucon) KoMIuiaHap 6yima-
raH (7bHM 6Up TEKMCIUKIA €TMaraH) e,, e,, e, BeKTopiap be-
pwiraH 6¥ica, y XoJ0a yaap YM3UKJIU 3PKJIM Ba Xap KaHaai x
€ D, pektop Ae, + e, + Ae, KypuHumaa udoaaraHULK
MyMKuH, 6y epna 4,, 4,, A, € R. Bynra acocan {e,, e,, e,}
TU3UM D, HUHT Gasucu Ba dimD, = 3.

4. Vixtu€puit F MainoH yctunaru F” dasonaru e, = (1, 0, 0,
. 0),6,=(0,1,0,..,0),..,e = (0,0, .., 1) Bekropnap opmaap
ne6 aramanu. Xap KaHpai 4, 4,, ..., 4, € F s5eMeHIap yuyH
Ypuriu oyirad e, + de, +...+ 4.e, = (1,4, A) TeHIMKIAH
OPTJIApHUHT YM3UK/IH 3PKJIM 3KAHIWTH Ba XAp KaHuai x € F”
BEKTODHHUHT YIap OPKAIM YM3HKIH HU(pONATAHUIUM KeIub 4u-
Kauu. demak, opmiap F* dasoHuHr 6asucu Ba dimF" = n.

5. C [1] opkamu papaxacd < n 6yiaraH Ba KO3(pUIMEHT-
napy C KOMIUIEKC COHJIAp MaMIOHMIAH OJIWHraH KyIxXamiap
TymaMMHM OenrwiaiMmni. KynxamnapHu KVIIUID Ba COHra
KyMalTUpMII aMAJUIapUHUA KyHHJAaruya KUPUTAMU3:

S +g) =(a,+ at+..+ar)+ (b, + b +..+ bt") =
= (a, + b) + (a, + b)+...+(a, + b)1",
ARD =2 (a, + at +..+ at™) = Aa, + Aait +..+ Aa 1"
Ywby 1, ¢, £, ..., t" — Kynxamrap YM3UKIH 3PKIH,

XaKUKATaH, aKC Xoj1Aa KamMuja GMpH HOJbJAaH (papkjiv 6yiran
wyHaai A, A, ..., A, COHIAp MaBXyAKM, Xap Kanmai t € C
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YIYH A, + A7 +..+ 11" = 0. BaxonaHku, anre6paHHHr aco-
CHM TeOpeMAaCHHMHT HATHKACHTa acocaH Oy KYIIXaIHUHT KYIIH
6wiaH #7 Ta WIAM3A MaBXYa.

Hemaxk, {1, ¢, ..., "} TusuMm C [¢f] HUHT Ga3ucu Ba
dimC [f)=n+ 1.

6. C[1] daso (35-§ maru 7-MHCOI) YEKCH3 VIYaMIN, YYHKI
Xap KaHgait » yuyyH (n + 1) Ta BekropjaH ubopar 1, ¢, ..., "
TU3UM YH3HUKJIM 3PKIH.

3-teopema. Yexau yauamau V eexmop paszodazu xap xan-
oaii muzuxau 3pxau muzum 6y azonunz 6aszucu 6yazynua myadu-
puUAUWU MYMKUH.

HUc6or. VHunr yyamu n Ba {e, ..., e,} yHIaTH YU3UKJIH
SPKJIM TH3UM OYiacHH. Y Xomna k < n. Arap k = n 6yi1ca, y
xonpa Oy TM3uM Oa3uc O6yiramm. Arap k < n 6¥nca, y xonaa
YU3NKJIM (pa30 YIYaMUHHHT Ba yHAArd 6a3UCHUHT TabpUdia-
pura xypa Oy Ta3uM Oasuc O6Yynmaiinu. JleMak, 2-TeopemMara
acocaH WYyHIal e + BEKTOD MAaBXYIKH, Y €, €,, ..., €, BEK-
TOpJIap OPKAIU YU3MKIU HdomanaHMaiau. Yoy {e,, ..., e,
€,,,} TA3UM YU3UKJIM 3pKIU. XaKMKATaH, arapi,e, +...+ 1., +
+ 2,8, = 0 6ynca, y xomma 2,,, = 0 (4yHKM aKc xoiaa e,,
BEKTOp ¢€,, €,, ..., €, BEKTOpJIap OpKAIU YM3UKIU Mdonaia-
Hapau). byHnaH e +..+1,e,= 0 TeHIIUK Keaub YUKAOH.
by Tenrnuknan scae,, ..., e, BEKTOpIAp YM3UKIA 3pKIM 6yira-
HU YyYyH A, = 4, =..= 4, = 0. Arap k+1 = n 6¥ica,
{e, ..., e, e, } TH3UM ba3uc 6¥mamu. AKc Xomnaa, AbHU K + 1 <n
bynca, e,, ..., e, e,,, BEKTODJIAD OPKAIN YU3MKIM HoaanaH-
MaiauraH e, , € V BekTop MaBXyn Oyiranu.

KOkopunaru mymoxasanapuu sHa yuuiatib {e, ..., e, €, ,
e,,,} TA3UMHHMHT YM3MKJIM 3PKIIH SKAaHIMTHHH OTaMHU3 Ba XOKa-
30. by mynoxasanapuu (n — k) Mapra uuuiatub, {e, ..., e}
TU3UMHH ¥3 Uyura onysyu V casonunr {e, ..., €., ..., e}
6asucunu onamus. Ml

38-§. BABMC V3TAPTAHJIA KOOPTUHATAJIAPHUHT

AJIMAIIMHHAIIIN
F maiinon ycrunars yu3ukaM ¢pasona UKkura {e, ..., e } Ba
{/> ..., [} 6asucnap 6epuwrran 6yncuH. MkkuH4M 6a3uc Bek-

TOpNapHU OUpHUHYM Ga3uc BeKTOpaap opKanu udoranrainMus:
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Je zé:l‘yikei (1)

by udonanaru C = (y,) € I marpuua {e,, ..., e,} 6a3uc-
nad {f, .., f} 6asucra yTvil MaTpHLacH AeHIWIaad. YTHII
MaTtpuuacu aouM Maxcycmac sa C-! reckapu marpuua {f), ...,
/,} 6asucnan {e, ..., e} 6a3ucra yTum marpuuacuaup (6ymap-
HH MYCTaKWJI MCOOTIAHT).

V na uxTMe€puii x BEKTOp OJMHIraH 6yaub,§,, ..., — YHUHT
OMpUHYH 6a3ncnam KooanHaTanapn Nys ooy N, — UKKAHIH-

Jaru, SbHH X = EZ;' znkfk oYacud. Y xonna
k=1

i=1

k=1 k=1

= i kiyzk g (iyiknk)ei

bynnan
=Yy, (i=1n). @
k=1

(1) Ba (2) dopMmymalapHM COJMINTHPUIN KYpcaTaaUKH,
UKKHMHYM Oaspciard KoopAWHaTalapHU OupuHuYM Gasucmaru
KOOpAMHATajlapra aIMalTHPpUILAATH Ko3(¢hpUIHEeHTIap MaT-
pHUIAaCU TPAHCIIOHUpJALI OwiaHrMHa GUpUHYM Oa3uciaH MK-
KUHYU Gasucra YTHII marpuiacuaad ¢apk, KWiaiu.

39-§. KHCM®A3O0JIAP BA THIIEPTEKUCIIUKIIAP

F malinon yeruparn V umsukin ¢dasoga V' KUcM TYIUIamM
bepuirad GYJICHH.

Tavpud. Aeap V dazu xkywuw amasuza ea eexmopaapuu F
Oazu ckansapaapea Kynaimupuw amansuza wucbaman V' mynaiam
énux, 6yaca, ashu xap kandaii x, yE V' yuyn x+ y € V' ea xap
Kandaix € V', 1 € Fyuynu Ax € V' 6yaca, y V wuzuxau ¢paso-
HUK2 Kucmpazocu delduradu.
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Tabpudaarn mapt ymody xap KaHgat x, y € V ea i, u € F
VIVH Ax + uy € V' 1uaprtra TeHr Kywid. byHnaH keimu6 umka-
KM, V' KucMdasoHUHT ¥3u XaM F MaiooH ycTHAA YM3MKIIU
¢da3o xamaa dim V' < dim V (MycTakwl TeKIIUPWHT).

Muconnap. 1) Xap KaHjgai YM3UKIU (Pa3o HOJIb BEK-
TopaaH HbopaT KucM dasora sra. by KkucMm ¢pa3zoHUHT YirvamMu
HOJIb 1Ie6 OJIMHAOW Ba HOJb KUcM ¢a3o ned aTanaam.

2. R? rekucnukna 2x + y = 0 mapTHU KaHOATIAHTHPYBUU
Gapua (x,, y) HyKTajgap KucMdaso Xocun Kuiaaud. by Hykra-
JIADHUHT FeOMETPUK YPHU — KoopAHHaTanap OolIMAaH yTyByn
TYFPU YU3UK. YMyMaH, KoopAMHaTtaiap OowyaaH YTManau-
radH TYFpU YM3MKAArd HyKraizap TyivlaMH R’ ga KucMmdaso
XOCWJI KIIMaMIH, YYHKH VHTA HOMb BeKTOp, sibHU (0, 0) HYK-
Ta KUpMaian.

3. 0 — y4 ymyoBnu UMK Pa3oHUHT TaAHWH HyKTacH 0¥1uo,
a — Oy HyKrajgaH VTyBYM TYFpPM UU3HUK, @ 3ca 0y HyKTalaH
YTyBUM TeKHCIUK OYiIcUH. By HyKraHu WyHairan kecMmauap-
HUMHT yMyMHH 6ouulaHFMY HyKracH ae6 oncak, D (a) Ba D,(a)
nap D, yusuknu pa3oHUHr (35-§ maru 1—3-MuUcoIap) KUCM
¢dazonapu 6¥1agu. YHIOAH TallKapu, arap a TYFpU 4YU3UK «a
TeKMCIMKIa €rca, y xonua D, (a) tymiam D(a) 1u3ukiu ¢a-
30HHHT KUCM (pa3ocu Oynand.

4. Koadpdpunmentnapu F MaliioHIaH OJUHTAH YOy

M=

aE, =0 (i=105)

k

If
-

ntaé,, .., & HOMabIyM S Ta YU3UKJIH TeHrIaMarapaaH ubo-
paT OMp XHHCIM TH3UMHM ojaMu3. Arap r coHu A= (a,)
MaTPULIAHMHT paHru 6yica, MawIyMKH, Oy TH3UM (m — r) Ta
YU3HKJIM 3DKIH ((pyHZAMEHTAT) eYUMJIap TU3MMUra 3ra Ba
Gapua eunmiiapgaH nbopar L TViiaM ¢$yHIAMeHTAl eYUM-
JIApHUHT YM3UKJIM KOMOMHAUMSUTapUIaH ubopaT TYIuiaM Ou-
JnaH yerMma-yer tywagu. Hlyapait kw6, L tymiaM F* 4u3uk-
M da3oHUHT (n — r) Yruamuud KucMmdasocu 6yranu.

5. Arap n < m 6¥ica, y xonna R (1] da3zo R [{] HUHT KHCM
®asocu. R [t] dazonapHuHr Xap 6upu (n = 1, 2, ...) aca R{/]
¢a3oHHHr KUCM ¢a3ocu.
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V dazoHMHr UXTUEPUH M KMCM TYILIAMUHHU OJaMU3.
L,, opkanu M naH OJMHraH BEKTOPJIAp OPKAIH YM3MKIH HPO-
lajaHraH 6apuya BeKTopiap TYILIaMUHU OGearunaiimui. by
TYIuiaM M TYIIaMHUHT YU3UKIM KOOUFM aewrany. L, T¥Iuiam
V auHr kucMmdazocu 6¥1ub, yHUHr yauamMu M TYILUIAMHUHT
paHrura TeHr (TekiuiupuHr!). byHnaH kenu6 yukKaauku, arap
dimV = n 6yica, y Xo11a Xap KaHiai m < »n HATypajl COH
yuyH V da3o m yruamiu KucM ¢azonapra sra. Arap Vyexkcus
ymuamim 6ynca, y XolAa xap KaHmai m HaTypajd COH yYyH V
¢azo m — yayamnu KucMmdasoyapura sra. XaKkukKaTaH, arap
e, ..., e, € V Bexropiaap YM3UKIU 3pKIu 6yica, y Xoinna {e,
wy €} TYIUIAM YU3UKJIH KOOMFMHUHT YI4aMM m Ta TeHT.

Arap V dazoma V' — kucMdaso Ba dim V' = dim V 6¥nca,
y xonpa V' = V. XakukaraH, arap {e, ..., e } TyIuiaM V' HUHT
6azucu 6yica, y xonpa dim V = dim V' = n ra acocaH 0y
TYitaM V HuHT xaM 6asucu 6yaany. [yauur yuyn V' xamia
V daso {e,, ..., e} TYILIAMHUHT YU3IMKIU KOOUFM Gymanu. V'
¢azonunr V' kucMdasocu Ba a € Veekrop Gepuirad GyIcHH.

Tavpud. Veazooa émysuu ywby a+ V ={a+ x/x€ V'}
mynaam V' Kucmgpaszonu a eekmopza cuancumuuioan xocun 6yi2an
eunepmexucaux deb amaaaou.

Muconnap. 1) Arap V uymsuxm dasoma V! kucmdaso
cuparuga Hoib KucM(a3o ojiMHca, y Xoiaa 6y KucMgpa3oHHu
a BEKTOpra CWDKMTHIUIAH XOCW 6YIraH rurneprekuciuk (a-
KAT @ BEKTOPHUHT Y3MIAHTHHA MOOparT.

2. R na ywby 2x + y = 0 Tyrpu yM3uK 6MIAH aHUKJIAHTAH
KucMda3onn onub, yHu a = (3, —4) BEKTOpra CHJLKHTCAK,
a + V' runeprekuciuk V' TVFpU 4M3MKKa mapauleNb 6yiraH
Ba a HYKTaJaH YTYBYM TYFPU YM3UKHU Oepanu; YHUHT TEHI-
namMacu 2(x = 3) +y+4=0,apHU 2x + y — 2 = (.

3. D,(a) da3ona oxupru HyKracH a TEKMCIMKAaryd 6epui-
raH TYFpM YM3MKJa €TyBUM Oapua Bekropjap Oy ¢dazoma ru-
[EPTEKUCINK XOCHI KMITaau.

4. D, dasona oxupru HyKTacH OepwiraH TYFPHU YM3UKAA
(Tekucnukna) éryBuu 6apya BexTopiaap Oy ¢asoga rumepre-
KUCIHMK XOCWI KWIaaH.

5. Kosdpdumentnapu F MaifnoHmad onvHraH Ba Oupra-
JIMKAA 6¥IraH n HOMABJIYMIM MXTUEDPUM YH3UKJIU TeHIJIama-
JIap TUSUMUHUHT e4uMJIapH TyruiaMu F” ¢a3ona rumneprekuc-
JIMK XOCIUT KMJIaIH.
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by rmmeprekucivk 6epwiraH YHM3MKJIA TEHIJamanap TH3H-
MHUTa MOC OUp XMHCIH YH3MKJIM TEHIJIAaMalap TU3MMUHHUHT
eyuMiIapuiad ubopar V' kKucMm ¢azoHu OepwiraH TU3UMHUHT
OMpOp XycycHil euyMMHIa CWIKMTHILJAH XOCHa O¥nanu.

l-reopema. V uusuxau ¢pasonune oupop V' xucmepazocu
bepunzan 6yacun. V' xucmpazonu cuscumumoar xocua 6yszan
bapua zunepmexucauxaap V (azonune liuamacunu bepaou.

M c6oT. XakukaTaH, xap kaHnal a € Vyuwyna € a + V',
yyHKku () € V’. YHjuaH Tamikapu, arap a € b + V 6ynca, y
xonga a —be V' BajgeMak a+ V' =b+(a-b)+ V' =
=b+ V.1

2-Te 0 peMa. Xap kandaii bepuszan sunepmexucaux gaxam-
2UHA A20HA KUCMQDA30HU cusxcumuiu Ouian xocua Kuaunaou.

Ucb6orT. XakukataH, V — uusukium ¢aso, V' Ba V' —
yHaaru kucMdasonap, a, b € V — myHpaii sekropiap 6yacuH-
K, a + V' = b + V’'. byHnad xap Oup KucM ($a3o HOJb
BeKTOpra ara Oynrauu yuyyH a — b € V' sa a — b € V.
HWKKUHYH TOMOHIAH Xap KaH#aix € V' yuyHa + xE€a+ V' =
=b+ V”. deMak, a — b + x € V", byuna 3ca x € V"',
spbHU V' C V'’ myHocabar kenu6 uuxkanu. llyHra yxmam
V'' C V' myHocabar onuHagu. Jemak, V' = V. A

HcOoTnaHraH TeopeMa KyWHaard Tabpu¢HU alTHILTa UM-
KOH Oepanm.

Tatbpud. Tunepmexucauxnune yrwamu deb cuarcumuii Ha-
muxcacuoa 6y sunepmeKucAuKHU X0CUA KUi2aH A20Hu Kucmga-
30HUHZ Yavamuza aimuiaou.

V (asoma rumeprekKMcIUKIApHUHT Yauamu 0 Gyiaraniapu
HyKTanap, yryamu 1 6yaraHaapu — TYFpH YM3UKIap, YoryamMu
2 Oynralwiapm — TEKMCIHKIAp neb artajgand. XycycaH, arap
V= R® 6ynranga 6u3 $a3o aHATUTUK FE€OMETPUACHHHUHT MOC
TYIIyHYaJIapUra KejJlaMu3.

40-§. KHCM®A30JJAPHUHT MTUFUHIUCHU
BA KECHUIIIMACH

V uusuxym Qasonunr V) Ba V, xucMmbasonapu Gepuira
6yncua. KucMmdaszorapHuHr KecHIIMAacH OOUM KUcM(aso.
XakukaraH, arap A, u € FBa x, y € V, N V, 6yica, y xonza
Ax+uy €V Balx+uy €V, nemak ix + uy € V, N V,.
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KucMmpazonapHuHr 1ywiaM cucdaruna wurmugucd V, U
V,, yMyMaH aiitranua, KucMoaso smac (MHCOI KEJITUPHHT).

HIyHHUHr yuyyH Kyiumaru TabpugHHU OepamMus.

Tabpud. Bapua ywby x, + x,, x, € V,, x, € V, xypunumdazu
liurundunapoan mysunear mynaam V, ea V, Kucmepasonaprune uu-
Funducu de6 amanadu eéa V,+ V, kypunuwoa beszuranadu.

V, + V, — kucMdaso. XakukaraH, arap 4, 4 € F Ba
x,yeV + V,6ynca, yxommax =x, +x,,y =y, + y;; X, », € Vi,
X,, ¥, € V,. bynnan

Ax +py =Ax, +x,)) +uly, +y)=
= (Ax; +uy) + (Ax, + uy) € V, + V,.

l-reopema. deap V uuzuxau paso V,, V, — uexau yanvam-
au Kucmepasonap 6yaca, y xoada V,+V, xam uexau yavamau éa
dim (V,+ V) =dim V, + dim V, — dim (V, N V).

Ucb6ort. V, N Vkucm dasonuHr ymyamu k Ba {e;, e, ...,
e,} — yHunaru 6asuc 6yncun. by 6asuc 37-§ naru 3-xymiara
acocaH V| maru 6aszucraya xamaa V, naru 6asucraya TYIRMpu-
JUIY MyMKHH. Bynra acocan myHnait f, f, ..., f, € V| Bek-
TOpJIap MaBXYIAKH, {e,, e,, ..., e, f;, ..., f} TM3UM — V| HUHT
0asucu Ba IWyHAad g, ..., g € V, BeKTOpIap MaBXyaku {e,

o €y & - &, TH3UM — V, HuHT 6asucu 6ynamu. Yuby {e,
ey s € frs s S &)y oos &, TUSUMHMHT V] + V, dazopa b6asuc
SKAHJIUTMHU KypcaTaMu3. By BekToprap YHM3MKIU SPKIH.
XakuKaras, arap A, Ay, .., A, )y ooy f,, Vyy ooy v, € FyuyH
Ae +..+de tu ft.tuf +tveg +..+vg =00yica,y
xonna Ae +..+Ae +uf +..+uf =-vg-—-.-vg. by
TEHIJIMKHUHT Yall TOMOHH V) HUHT BEKTOPHM, YHI' TOMOHH 3ca
V, HUHT BEKTOPH OYIraHH y4yH Oy BEKTOPJIAPHHHI MKKAIACH
xam ¥V, N V, ra TerMuumM Ba A€MaK e, ..., €, Jlap ODKalu
uoonanananu. Mynnait b, —v,g, —..—v g =ae +...+ qe,
ae +..tae +vg +..+v g = 0.byunad {e,...,e, g, ...,

g,,} TA3UMHUHT YM3UKJIM 3PKIMIMTUIa aCOCaH a, = a, =... =

a, = v, =..=v_= 0. Oxupru MyHocabariapgaH e +..
+tAe +uf +.tuf =-vg —.—vg = 0 TCHIIUKHHA
onamus. bynnan 3ca {e, ..., e, f,, ..., f,} TH3UMHHMHI YU3UKIIH
OPKIIMIUIHIA acocadd, =4, =...= A, = u, =...=u = 0. [lemax
ey s €u fis s [ &) s &,} TU3UM YM3UKIH 3PKIIH.
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OHaM uxTHépHit x € V| + V, Bektop 6y TU3MM OpKalu
YHU3UKIH WONATAHUIIMHMA KypcataMu3. Xap oup x € V| +
V, Bekrop x = x, + x,, x, € V, x, € V, KypunHuiura sra. SHJm
x, € V, Bexrop {e,, ..., ek,fl, ey f} TmnM opKamM Ba x, € V,
BEeKTOp {e, ..., €, &, .., &,} TU3UM OpKaIu mbo,uanaﬂa,uu.
HeMmak x = x; + X, BEKTOD {e,, ..., €, f;, .., [5 &), -5 &, } THIUM
OPKAIH YM3UKIH mbo,uaﬂaﬂann Mynpai kwb, {e, ..., e,
Jis s L &5 +os &, TH3UM V| + V, ha30HMHT 6a3uCH SKAHIIU-
M Kypcatwiad. byHnan

dmWV,+V)=k+n+m=(k+n+k+m —k=
=dimV, + dimV, - dmV,nV,. A

Tavpud. A2ap xap kandaiix€ V, + V, 6exmop x = x, + X,
x, € V,, x, € V, kypunuwoa szona ycya bunran ugodasanca,
Vi+V, i uFuH()u myFpu ldurundu deb6 amasadu.

2-teopema. V, + V, iurundu myrpu turundu 6yruwu
yau V, NV, xuc.m¢a30uuue Hoab pazo 6Yauwu 3apyp ea Ku-
doa.

Ucbor. V, + V, — 1yrpu liurunmu Bax € V. NV, x, € V,,
x, € V, 6yncun. ¥V xonna x, + x € V, x, — x € V, Ba ywoy
x+ x, = (x + x) + (x, — x) renrukpad V, + V, tyrpu
AMFUHAWIMTMIA acocaH X, = X, + x. byHnan x =0, abHH
V.NV, — Honb (aso.

SH,zm VinV,={0}6yncun. Y xonma x, + x,= y, + ¥, X,,
y€V,x,y, €V, TeHIIUKIaH X, — y, = y, — X, TEHIJIMKHH
onamu3. by epnan x, — y, € V,, y, — x, € V, s3xaHnurusu
Haszapra oicak x, — y, =y, — x, = 0. llyHunr yuyn x, = y,,
x,=y, by epna x, y, € V, Ba x,, y, € V, BeKTOpJIap UXTUE-
puit 6ynranu yuyyn V, + V, TYrpu HuruBOM GYraiu. [ |

41-§. YN3UKJIN AKCIAHTUPUIILIAP
BA N3OMOPOPU3M

F maiinpon yectuma V Ba W uusuknu dasonap 6epuirad
OVICHUH.

Tavpud. deap f: V - W akcaanmupuw ywby:

1) xap kandaii x, y, € V yuyn flx + y) = fix) + f(3),
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2) xap xanoail € Fea x € Vyuyn fAx) = € f{x) wapmaap-
HU KaHoamaawmupca, y yusukau deiunraou.

by epnaru 1) Ba 2) miapmiapHu ymoy:

Xap KaHoai x, y € Vead,u € Fyuayn fAx + uy) = AM(x) +
+ uf{y) wapT GWiaH aJIMALITHPHIL MYMKHH (TEKIIMPUHT!).

MaremaTyk HHAYKIUS €épaaMuaa 1) Ba 2) wapriaapiaH xap
KaHpa# x,, X, ..., x, € VBai, 4, .., 4, € FyuyH

| f(?:l lkxk) = kzi:l'{kf(xk)

MyHOCAOaTHUHT VDPUHIM SKAHJIUTH KypcaTWIalu.

Muconnap. 1) V — uxruépuit ynsuxiu ¢azo sal € F
O6epuiraH ckaiap OVJICUH. Y xonana fix) = Ax — YU3UKJIU aKC-
JaHTupuil. XycycaH, f{x) = X, SbHU aHHUN aKCIaHTHUDPUII-
YUIUKJTUIUD.

2) R texucaMxaard xap 6Mp BeKTOpHH GepwiraH a 6yp-
yakka Oypuu 6y dazona YM3MKIM aKCIAaHTHPUILHU Oepanu.

3) Ywby fix) = 2x, + 3x,, x = (x, x,) € R, popmyna
owran Gepwiarad f: R’ - R akCIaHTHPHIN — YU3MKJIHU.

4) Ywby fix) = (2x, — 5x,), x = (x,, x,) € R* ¢popmyna
Owran 6epwiral f: R* - R — aKCIIAHTUPHUII XaM YU3UKJIN.

5) R[f] dazona xocwra onuil — 06y ¢$a3oHU Y3UHM Y3Ura
YU3HKJIA AKCIAHTHPHILIUD.

Arapf: V- Weag: W - U — YH3UKIUM aKCIaHTUDHILIAD
Oyica, y Xoiga yIapHUHT KymairtMacu (CYHepro3ULusICH),
sTbHU gf : V' - U akCaaHTHpMII XaM YM3UKJIMAUD. XaKUKATAaH,
xap KaHnat x, y € V, A, u € F yuyH

gOx + uy) = g(f0x + ny)) = gAf(x) + uf(y)) =
= 1gf(x) + ugf(y).

Yusukym f: V -» W akcnauTupuILHUHT A € F cOHra
KynaiTMacu ne6 ymoy (Af)(x) = Af{x) TEeHITIMK OWIAH aHWK-
JIAHTaH aKCIAHTHPHINIA alTWIAAM. YHUHT YM3UKIWINTH Oe-
BOCUTA TEKIIUPWIAIN.

Yusukiu f,: V > Wa f,: V > W aKCIaHTMPULIADHAHT
AuruHmMcn 1e6, ywby (f, + f)(x) = f(x) + f(x) TeHrmuK
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6wiaH aHMKjIaHTaH aKCIAHTHpHUIUNra aWtwiaad. by akcnaH-
THPUII YU3UKIHOAUD:

(i + H@x + uy) = f(Ax + py) + [Ax + py) =
= M) + uf() + ) + uf,(0) = A((x) + f(x) +
+u([(¥) + £0)) = A(] + L)) + ulf; + L))

Arap f: V- W — YH3UKJIH aKCJIAHTUPHLI ¥3apo OUp KU#-
Marinu 6yica, y xonaa f1: W - V akCIaHTHPHUII XaM YU3HUK-
;M. XakukaraH, arap y,, y, € W, 1, u € F 6ynca, y xonna
y =f(x), y, = fix), x,, x, € Va f(dy, + wy,) = [TWMx,) +
F uf)) = fUYAx, + ux) = Ax, + px, = A1) + a0,

Tabpud. Vaapo 6up xutimamau vuzukau aKcaanmupuu u3o-
mopuzm de6 amanadu. Azap V wusuxau azonunz W wusuxau
aszoza 6upop uzomopuamu maexcyd 6yaca, V gpazo W gazoea
uzomopgh de6 amanadu ea V = W kypunuwoa 6eszunranadu.

YM3uKIN aKCIAaHTHPHUILIADHUHT I0KOpUAA HCOOTIAHTAaH
XOoccaJlapyIaH Xap KaHaad yuM3ukiau (a3zo yaura usoMopd
9KAHJIUTH KeUub yukanu (STbHU aifHUH aKCIaHTUPULL — H30-
MopdusMaup). YHAAH TawkapH, arap V= W 6yica, y xonna
W = V. (cMMMeTpHKIMK Xoccacu); arap V = W, W = U
Oynca, y xonga V = U (TpaH3UTHBIMK XOCCACH).

H3oMopdu3m BekTOpIap yCcTHAArM aMauiap OWIaH YpUH-
aIMallyLI XyCycHsTUra ara 6yiaraH y3apo 6up KuMMarTiu Yu-
3UKJIM aKCIAHTHPHLI GYiaraHu yuyyH V (a3oHHUHT BEKTODIAp
ycTumaru amaiutapra 60ortuk 6yarad 6apya xycycusTIIapy HX-
THEPHUH yHra u3oMopd 6yaran ¢asora YTHITaHAA CAKJIaHAIH.
XycycaHn, u3oMmopd YM3HKIM da3zonap GUp XuI YayaMra ara.
Yexuu ymyamnu daszonap yuyH 0y TACAMKHUHT TECKApUCH XaM
VpHUHIH.

l-reopema. dzap F maiidon ycmudazu eexmop gazorap
bup xua uexau yavamea 32a 6yasca, yaap uzomope.

TeopeManu uc6oriaml y4yH U30MOPPUIMHMHI CUMMET-
PHKIIVK Ba TPaH3UTHBIHK XOccajapura acocad F MaWIoOH yc-
TUOATH Xap KaHmail » ymyamiad V uu3ukiau ¢asoHMHr F* ra
n3oMopd SKAHTUTHHU KypcaTuil KHPOoS.

Hcbor. Yuby {e, ..., e} Tusum V HUHT 6asucu GYiicHH.
bapua a, .., a, € Fyuyu fla, .., a,) = ae +..+ ae,
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TEHDIMK OWIaH aHWKJIaHraH f:F' - V akCIaHTUPHIIHHHT
HU30MOPOHU3M 3KAHIUTMHM KY¥pcaTaMH3.

Arap x € V' BEeKTOPHHMHT {e, ..., € } 6asucaaru KOopaAMHaTa-
Jlapu El, .., &, 6yxaca, y xonna fi§,, ..., §) = x. Koopnunara-
JIApHUHT HI‘OHaJII/IK xoccacura acocad fla,, ...,a,) = fiB,, ..., B,)
TEHIIUKIAH (@, ..., @) = (B, ..., f,) TEHIIMK KeIub YUKALH.
by f akCIaHTUPMIUHMHT ¥3apo OUp KMHAMATIN SKAHIUTUHU
KypcaTand. YHIAH TallKapu f — YM3MKIM: arap u = (a,, ...,
a),v=0Q0,..B)iAuc€ Fﬁvnc?, y Xoana

fAu + pv) = fla, + u,, ..., da, + up) =
= Ga, + uB)e, +..+ (d, + upe, = Ala,e, +..+ ae) +
+uBe, +..+ Be) = iflw) + ufv). B

Yuzukyu f: V - W akciantupuiu bepwirad GYaCcHH.

Tavpud. Yuby fix) = 0 menzauxnu xanoamaaumupyevu
bapxa x € V eexmopaap mynaamu wuzukau f GKCAGHMUPUWHUHE
neeusu (adpocu) deb amanadu eéa k(f) kypunuwda Geszusanadu.
V) = (fx/xe V) C€ W mynaam f axcaanmupuuwinunz akcu
(obpasu) deb6 amanadu.

2-teopema. Yusuxau f: V - W axcaanmupuwnunz nezu-
3u V pazonunz xucmepazocudup, obpasu sca W pazonune xucm-
dazocudup. Azap V uexau yavamau 6yaca, y xoaoa

dim k@ + dim f(V) = dim V.

HUcb6or. Arap x, x, € k(f), 4, u € F 6ynca, y xonna
fx) = 0, fix) =0. ByﬂnaH/(,lx +ux,) = Aflx) + ufix,) = 0
SbHU AX, + ux, € k(f). lllynra yxwaw, arap y,, y, € f(V), 4,
ue F 6}“fnca Y XoJ1a WyHaau x,, x, € V BeKTOpJIap MaBXya-
Ku, y, = fix)), ¥, = fix) Bady, + py, = Mx)) + pfix) = fdx, +
+ px) € AV) |

OHpu dim V= n, le, ..., e,} TA3UM k(f) HETU3HMHT Ga3UCH
Ba V (pa3oHMHT k(f) Herusparu 6y GA3MCHUHT TYIIMPWIAIIN-
JaH xocw1 G6yiaran Gasucw {e,, ..., €, e, ,, ..., €} OyIcHH. Y
xonna fle,, ), ..., fle)) Bexropnap tusumu f{(V) HUHT Gasucu
Oynanu. XakukaraH, arap y € f{V) 6yica, mysgai x € ¥V Mas-
XYAKY, y = f(x). byHra acocaH, arap x = ae, +..+ a,e, +
+a,6, t-.+tae,a €F (= 1n) 6ynca y —-f(x)

nn
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=a,, fle,,) +..+ afle)aynku fle) =...= fle,) = 0. YHmaH
ramkapu f(e,,,), ..., f(e,) BeXTOpIap YM3HKIHU IPKIH.
XakukataH, arap 4,,.fle,,,) +...+ 4 f(e)) = 0 6¥nca, y Xonna
SO 8, tot Ae) = A fle,) +..+ A fle) = 0, abHU

Aip1€y T+ 12 € k().
HeMak, 6upop 4, ..., 4, € FyayH
At t.tie =ue +..+ pe,
ue +..tue —4,., —.—ie =0.
bynnan Ba {e,, .., e, €,,, .., €} TUSMMHUHT YU3UKJIH
SPKIMINTHAAH u, = u, =...=u, = A4+ =.=1 =0.

IyHpait Kuwmuo,
dimV=n=k+ (n —-k)=dimk{f) + dimf(V).

Hartuxa. Yexau yruamau yusuxau hazonunz y3unu ysuza
YUBUKAU AKCAGHMUPUWURUNZ Y3ap0 6Uup Kutimamau 6yauwu yuyu
YHUHZ Hez2u3u HoAb (hazo 6Yauwu 3apypuli ea Kugoseui wapm-
dup.

M c6o1. By miapTHUHT 3apypaurd aéH. Arap Oy wapr ba-
XapwiraH Ba dim V= n 6ynca, 2-teopemara acocan dim f{(V) =
n. llemak, f{(V) = V. YHnan tamkapu f{x) = f(y) TeHrIMKIaH
fix —y = 0 TeHrnmk, OyHmau 3ca x —y = 0 Ba x = y
tenrmukiap kenu6 yukanu. W

by HaTixana $a3oHUHT YeKIH YIYaMIIHIMTH MyXuM. Ma-
cajaH, xap 6up x = x(1) € R[{] yuyH f{x) = x TEHDJIUK 6UIaH
auuknanrad f: R[f] - R[f] 4M3UKIU aKCIAHTHUPHIIHUHT HeE-
TM34 HOJb (a3o OFnradu Owiad y y3apo Oup KUMMATIM 3Mac,
YYHKH YHUHT aKCH O30J XaJd HOJIbIa TEHr OYiIraH Kym xan-
JapjaHruHa ubopar.
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Emmurnvu 606

YU3UKJIN, BUIN3UNKIIN BA KBAJIPATUK
POPMAJIAP

42-§. YA3UKIU OOPMAJIAP
»

F maninon ycrupa V uyusukiu ¢aso Oepuirad 0yicHH.

Taspud. Aeap ¢ V > F ¢ynxyus yuoby:

1) xap kandaii x, y, € Vyuyn p(x + y) = p(x) + <p(y),

2) xap kandaii x € V, A € F yuyn p(Ax) = Lp(x) wapmaapnu
KaHoamaanmupca, y vusukau gopma (wusukau QynKyus, yu-
3uKau Qynxyuonan) de6 amansadu. Bowkava cyzaap 6usan aii-
munazanda, azap F matidounu y3u ycmuda wusuxau azo de6
Kapaaca, wusuxau opma — 6y V wuzukau gazonu F maiidonza
YUSUKAU AKCAGHMUDUUOUD.

Muconxnaap. 1) Arap V — ymaamMu n OyiaraH 4u3ukiu
¢a30, x € V BeKTOpPHUHT OGupop O6asucAard KOOpAUHATAIapH

&, §,Baq,a, .. a € F— GepuiraH ckanapiap 6yica,
y xomma o(x) = aé,, ..., + of, GyHKuMa V narm 4M3HKIH

dbopmanup. Keituapok V pmaru xap KaHgai 4M3uKId ¢opMa-
HHUHT Wy KYpUHUILAA UdoaaTaHUIIN MYMKUHIWTH KypcaTh-
Jajgu.

2) Yekcus )”'Jrqbamnu Cla, b] unsukiu $pa3oHUHT X(1) ne-

MEHTHIA (p(x)=.[x(t)dt TeHrMK 6wian ¢ : C [a, b] - R

6epwiraH (IJYHK].I(;/IH YH3UKIA (HOopMaaup.

OHmm dim V = n, {e,, ..., e} Tuaum V paru 6asuc, x € V
BEKTODHHHI Oy 6asucparu xoopauHaranapu &, ..., & STBHM
x=§e +..+&e 6yncun. Arap ¢ : V> F— yusuxau popma
Oynca, y xomna ¢(x) = a&, +..+ af,, 6y epaa a, = ¢(e),
(i = I,—n)- [yHpait xwrub, xap KaHgad 4yu3uKjiId dopma Ga-
3UCra KMpyBYM BEKTOpAArd KUMaTiapd OWIaH THIa aHUKJIA-
Hagu. by kuiiMariap yu3ukiu GopMaHUHT GepiradH 6asuc-
Jary ko3dduuMeHTIapy Aeb aTanamu.
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Arap {f,, ..., f} Tu3um V narm 6omka 6asuc sa C = (y,) —
OupuHyYM 6a3rclaH MKKMHYM Ga3ucra YTHLI MaTpyuacH 6yca,

y xonna f,=Svaer, Bi=oli) = ﬁlyikso(e,.), (k = 1,n),

mom By = Y yaa,, (k= 1Ln).

by (boplvfyilaﬂap 0a3uc y3rapraHja YM3HUKJIM (POPMAHUHT
ko3bpuLMeHTIapy KaHIai Y3rapullivuHU KypcaTanu.

Kuitmatu F Maitnonna €rysun V yusukim ¢asona aHUK-
JJAHTaH MKKWATAa YU3MKIN (HOpMAHUHT HUFMHAWMCH Ba V na
AHUKJIAHTaH YM3UMKJIM (POPMAHUHT CKaJspra KymaiTMacu siHa
V na aHuKJIaHraH YM3HKJIH HopMagup.

by amamnapra HucGaTaH V na aHuKJIaHTaH KuiMatu F
MaitgoHaa 6ynraH 6apua yu3uKIM popMaiap TYiuiaMu F Maii-
JIOH yCTHIA YM3UKIM (a30 xocua Kwiaau (TexmupuHr!). by
yu3uKI4 $azo Vra KymiMma aeb artaganu.

Teopema. F maiioon ycmuda n-yavamau V uusuxau ¢haso
6éa ¢ : V> F — wusuxau gpopma Gepurzan 6yacun. Y xoada ¢
wusukau popmanunz sdpocu R(p) (n — 1) yawamau Kucmepa-
300up.

Hcbort. 41-§. naru 2-reopemMara Kypa

dim k(p) + dim (V) = dim V = n.

by epna ¢(V) = FBa F MalinoH ¥3u yctuma 6Hp VI4amin
yu3ukin Bhaso 6yiranu yayu dim k(p) =n — 1.

43-§. BUIMN3UKJ/IN BA KBAIPATUK ®OPMAJIAP
Tabpud. Aeap ukxu eexmop apeymenmau ckarap ¢(x, y)
dyukyus ¢ . V2 > F xap 6up apesymenmu 6ytiuva wusuxau 6yaca,
%HT) Xap kandai x,, X, € Veai,u € Fyuyn
pAx, + px,, y) = Ap(x;, ¥) + pp(x,, ¥);
2) Xap kaHna y,, y, € Vpald, u € Fyuyn

o(x, Ay, + uy,) = Ap(x, y,) + pup(x, y,)
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wapmaap 6axcapuaca, y 6unusuxau popma (Qyukyus, gynkylio-
Han) de6 amanadu.
Muconnap. 1) D(a), Dfa) Ba D, dpasonapaa HyHanTH-
PWITaH KECMATAPHUHT CKaJIAp KyralTMacu OMdM3HKIU opma.
2) P pasopax = (§, ..., &) Bay = (1, ..., n,) BeKropiap

yyyH ¢(x,y) = 2 &m; TEHDIUK OMNaH aHUKJIAHraH GYHKUHA
i=1

OMYH3INKIIH.

3) DnemeHTnapu F MaHIOHAAH ONMHIaH n TapTHOIM (a,.)
KBajipat Matpuua 6epwirad 6yncun. F" pasogpax = (§, ..., §)
Ba y = (1, ..., 11,) BeKTOpnap yuyH ¥(X,y) = > ayEm tenr-

i k=1
JIMK OMJIaH aHUKJIAHTaH (PYHKUMS OMYU3UKIIUAUP.
4) (Cla, b] dazoHuHr x(2) Ba y(1) 371eMeHTIApU YYYH

b
0(x,y) = [ x())y(n)at

TEHTAMK OWIaH aHMKJAHTaH (PYHKUUS OUYHU3UKIIH.

Oumu dim V = n, {e, ..., e} TM3uM V naru 6asuc, 6y 6a-
3MCAA X Ba ¥ BEKTOPJAPHUHI' KOOPAMHATAIAPU MOC PaBUILa
&, .., &, Ban, .., n 6YicuH. ¥V xonna

n n n
o(x,y) = So(zl £e, kEl'?kek) = _kzlaikgi”k’
Oy epna a, = ¢(e, e,).

By a, ckamapnap ¢(x, y) 6uuusukau ¢opMaHuHr {e, ...,
e } 6asucnaru kospduuuentiapu, 4 = (1) = (p(e, e)) € P
5ca — marpuuacu neb aranaau. IllyHpail kuiub, TaitMHIaH-
raH Gasucnga ¢ : V2 -» F 6uuusukaua dopmanap GuiaH sie-
MeHTIapu F paH onuHraH n TaptubiaM KBaapaT MaTpuLaiap
opacuia y3apo OUp KUHMATIM MOCIHK MaBXYVIl.

DHaU 6a3uc y3rapraHga OMYM3HMKIM (HOPMAHHUHT MATPH-
LacH KaHIa# y3rapuiluHW TeKinupaMu3. Arap V ga 6ouika

fe = z Y6, (K = 1, n) 6a3ucC OMMHraH o¥ica, y xonna e (x, y)
i=1
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OUYM3KKIM POPMAHUMHT SAHIM 6a3ucoard MaTpUIlacHHU B =
= (f,) OpKaiM 6eIruiad, yHUHT 3TeMeHTIapH YUyH KyHuia-
rd UPpoJaHu TOMAMM3:

ﬁik = (p(.f,’fk) = (p(i_yp,-ep, i)/qkeq) =

= 2 }’piqu(p(ep’ q)_ Eylp paY ok

p,q=1 p.q=1

By teurmuk B = CTAC skammarHu Kypcatanu, 6y epaa
C= (y,) — OupuHuM 6asuciaH UKKHHYY Oa3ucra yTuil Mar-
punacu. C Marpuua JOUM MaxcycMac O¥iraHu ydyH Ba Mar-
PHUIIJAaHUHT paHTH MaxCycMac MaTpuiara KylnaiTUpuirasja
y3rapMarabiJury y9yH A Ba B MaTpumamapHUHT paHru Oup
XWI SKaHJIHTHHUA TONAMH3, STbHH OMYU3UKIM HOPDMAHUHE Xap
XwI Gasuciaapgard MaTpULIACMHHUHI paHrd 6up xwi. by coH
OMUH3HMKJIM (POPMAHUHT paHru Aed atairany.

Arap ¢(x, y) — 6uun3ukiu dopma 6ynca, y xonga g(x) =
@o(x, x) xBaapaTuk (opma ne6 atamagu. Lynpaih Kunuo,
IOKOpH/A KEJITUPWITaH Xap OHp Mucon kBaapaTuk ¢opmara
MHUCOJTHM Oepaau.

Tabpud. Azap xap kaundail x, y € V eexmoprap yuyu
o(x, ¥) = o(y, x) menaauk ypunau 6yaca, Oy 6uvusuxau gopma
cummempuk de6 amanadu.

Cummempux 6uMUIUKAU POPMAHUHZ MAMPUYACU Xap KaAHOQU
6asucoa cummempuk: a, = ¢(e, e) = pl(e, e) = a

AKcuHYa, arap 6MYH3HKIM HOPMAHHHT MaTpHIIAcH OGUPOp
fasucma CHMMETPHK 6¥1ca, OMIu3uKIu opMa XaM CUMMET-
puk. XakukaraH, A = (a,) — 6upop 6Gasucia o(x, y) buyu-
3UKIM (popMaHUHT MarpuliacH, Oy Oasucaa x Ba y BEKTOD-
JIApHUHT KOOPJAWHATAlapX MOC paBumga § , ..., § van, ..., 1,
6yncuH. Arap A — cumMeTpuk 6¥ica, y xonma a, = a
(i,k = 1,n). bynra acocan

ki

o(y,x) = kz_ agné, = Eakinigk =

ik=1 i, K=1

= Zakém. 2%5’71: o(x, ¥).

k,i=1 i, k=1
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Arap F MaiiIoHHUHT XapaKTepuMcTHKacH (6eirucu) 2 naH
dapksu 6yica, y Xoaa g(x) = ¢(x, x) KBaapatuk ¢opma yody

Yix, y) = %(so(x, y) + ¢(y, X)) cUMMETPUK 6UIM3UKIN (DOp-

Ma OMJIaH XaM XOCII KMJIMHAgU. by y(x, y) cMMMeTpuK 6M4u-
3UKIH HopMa g(x) KBaapaTHK ¢opMa OpKaIu OMp KUHMaTIu
aHUKJIaHAAM. XaKUKaTaH, g(x + y) = p(x + y, x + ¥) = q(x)
+ q(y) + 2y(x, y). by epnan

Y0, 3) = 3 (g0 + ) — 9 — ().

OepuiraH KBaJpaTUK (pOpMaHU XOCWI KWIYBYM SITOHA CUM-
METPUK OMYM3IUKIU (popMa MaBXY/UIMTHHM Kypamu3.

Tabpud. Keadpamux gopmanu xocun Kuaysuu a2ona cum-
Mempuk Guvuzukau opmanune mampuyacuza keadpamuk @pop-
Manumnz mampuyacu de6 amanadu.

Lynpai Kuaub, kBaapaTuk GOpMaHUHT MaTpULlaCU Mam-
JIOH XapaKTepUCTHKacH 2 AaH (apKiM 6¥iraHaa aHUKJIaHHUO,
y IOUM CHMMETPHK.

44-§. KAHOHHK BASUCJIAP

F maitgon yeruna Vuyusukiu ¢azo sa € . V2?2 » F— 6uvn-
3UKIH popma Gepwiran OYICHH.

Tavpud. Azap V dazu fe,, ..., e} 6asucda p(x, y) buuu-
3uKau opmanunz mampuyacu ouazonan (Asuu i # k byseanda
o (e, e) = 0) 6yaca, b6y 6azuc p(x, y) buuusukau opma yuyH
KaHnohuk deb amasadu.

JduaroHank MaTpHlia CHMMETpUK OViaraHH cababmu, Omym-
3UKJIH POPMAHUHT KAHOHUK 06a3MCH MaBXy/l OVIMILM YIyH YHUHT
CUMMETPUK Oymuinu 3apyp. Arap F MaWOOHHUHI XapakKTepuC-
THKAacH 2 naH ¢apkiau 6yiaca, Oy mapTt kudost Xxamaup.

l-reopema. Xapakmepucmuxacu 2 dan hapxau maiidon
ycmuodazu uexau yauamau wu3uxau pazooa anukianzan xap Kax-
daili cummempux buxusuxau popma xanonux 6asucza 3za.

NcbHoT. HUcbotHu um3ukian ¢azoHUHT YayamMu 6yiuua
MaTeMaTHK WHAYKUMS YCyJIM €paamMujga ucOboTiaiMu3.
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XapakTtepucTHKAcH 2 maH ¢apkiud F MaiinoH yctuaa n
yryami Vuusukau daso Ba ¢ : V? » F— 6uynsukiu popma
6epwiradH OYICHH.

Arap n = 1 Oyica, TaCAUKHMHT YPUHIHIUTH a€H, YYHKH
6upuHYK TapTUOIM Xap KAH1ai MaTpUIla AMATOHA KYPHUHMILITa
ara. DHIU »n > 1 6YiIcHH Ba ymuamu < » GyaraH YHU3HKIU
dazonap yuyH Teopema ucbormanrad ne6 dapas KuIaMu3.

Arap ¢(x, y) = 0, 7bHU aiiHaH HOJIbra TeHr 6¥ica, y Xonna
YHUHI MATPULACHU XaM HOJIb Matpuua 6¥1ub, yHHHT yYyH Xap
KaHAai 0a3uc KaHOHMK Oynaau. Arap ¢(x, y) HoiabaaH ¢apk-
M 6UYU3UKIM opMa 6Yiica, y xonna wyHnai e, € V pekrop
MaBXYIKH, p(e,, e)) # 0, YyHKM aKc X0n1a Xap KaHiain x, y € V
BEKTOpJIAD YYYH

P06 ) = 3 + 3, x + ) = px, %) = 9, ) = 0

VpUHIM OYnapau.

Yuby V, = {x € V/ ¢p(x, e)) = 0} Ty1utaMmau kypamms. by
TViaM V pa ymyamu (n — 1) ra TeHr KUCM $a3o XOCHIT KWIH-
wuHU Kypcatamus. Arap x, y €V, 4, u € F 6yaca, ¢(x,
e) =¢(y, e) = 0. bynman o(Ax + uy, e) = Ap(x, e) +
+ up(y, e) = 0. lemak, Ax + uy € V.. Xap 6up x € V Bextop
yuby x = Ae, + )y, A€ F, y €V, Kjpunua AroHa ycyi
b6unaH udomaTaHUIIM MyMKUH. XaKMKATaH, OXMPrd TEHIIHK
@(x — e, e)) = 0 TEHIJIMKKA TEHT KyWIH, SbHU ¢(x, €) — Ap(e,,
o(x, el)
(p(elel)
JIMKKa TeHT Kywid. Llynmait kuiu6, 1 OXUprd TEHITHK OpKa-
JIK SITOHA YCyNja TaHlaHanu, y = x —e, € V Ba x =1e + ),
KYpUHMLIIA AroHa ycynna udonananany. demak, V daso V|
KucMpaszo 6wiad 6up ymryamnu {le, / A € F} dazonapHUHT
TYrpu AMFUHAUCHIMD. byHnan dim V, = n — 1.

WUHaykuusHunr ¢dapasura acocan V), dasoma ¢(x, y) 6u-
YM3HKIU HOPMAHMHT KAHOHUK 6a3ucH MaBXyl. Yuwby {e,, ...,
e,} TH3UM V| naru KaHOHMK 6a3ucIapHUHT 6MpopTacH 6YICHH.
Y6y {e, e,, ..., €,} THBMMHUHT V a KaHOHUK 0a3nC 3KaH-
JUTMHU HcOOoTIaiMu3,

e) = 0. by aca ¢(e,, ) # 0 Gynranu yuyn A = TEHT-

204

www.ziyouz.com kutubxonasi




Xakukarat, 1 < k yuyn p(e, e)) = 0, uyHku e, € V|. Arap
2 =i < k 6yaca, y xonna {e,, ..., e} Tu3uM V, 1a KaHOHHK
6yaranu yuyH ¢(e, e) = 0. bynapaan ¢(x, y) HUHT CHMMeT-

pukimrd Tydaiti Xap KaHmait i = k, i, k = 1,n 1ap yuyH
p(e,e) =0T

HcboTnaHran teopeMa OMYU3IMKIM (HOpMA YUYH KAHOHMK
0a3MCHUHT MaBXYIMITHHUTHHA KYpcaTuO, MyaisiH OMUM3HK-
a4 ¢opMa YUYH VHM KaHHAai ycyn OWiIaH TONMHUII Kepakiuru
TYFpUCHIA KypcaTMma (QIropuT™M) GepMaiau.

Kyiinaa kelTupuianurad teopeMa 6ab3u 6Up CUMMETPHUK
OMUM3MKIU (hopMasiap YUYyH IUyHOAl KypcaTMaHM (alropuTM-
HU) Gepaau.

2-treopema. bupop fe, ..., e } 6asucda A = (a,) mampu-
yacunune bGapua 6ypuak munopaapu Hoavdan hapxau 6Oyaean
¢ (x, y) cummempux bunusuxau popma bepunrecan 6yacun. Y
Xo0a0a bunuzuxau opmanune 6y bazuc buran ywbypuarxau ymuw
mampuuacu opxaru 6orsanzan wywoai {f, ..., f} xanonux
bazucu maexcyoxu, ¢ (f, f) = Zk 1 , (k = 1,n), 6y epda

A,=1, A, 3ca A mampuyanunz k — 6ypuax munopu (k = 1L,n).

bepwiran {e, ..., e } 6a3uc 6unan yubypyakiu yTHII Mat-
puuacu 6unadH Oormanrad Ba 1 <j < k < n TEHrCHU3JIMKHU
KAHOATJIaHTUPYBYHM j, kK lap yyyH ywioy

p(foe)=0,9(,e) =1 (1)

MYHOCA0aTJIapHX KAHOATJIAHTUPYBYM AroHa {f, ..., f} 6a3uc
MaBXyJIMTMHUA Ba Oy 6a3MCHUHT T€OpEeMaHHHI Gapya mapr-
JIADUHU KAHOATIAHTHUPHUILIHMHU KypcaTaMu3.

Auru {f, ..., f} 6azucnHu ymby

k -
fk = z‘yikei’ (k = lsn)9 y;k &€ F,
i=]
KYpUHMLLIA Kuaupamui. Xap Oup taiimunadrad k yuyH (1)

MyHocabaTnapgaH ywoy
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2 € })yzk =0 (./ = lyk_l) 2 (enek)Y:k _1
i=t i=1

ABHHA

Taye =00 =Lk=1), Y ay =1
i=]

MyHocabariap Keiaub 4YHUKaiu.

TaituniaHran k yayH Oy MyHOCA0ATIAD ¥,,, Yy --o» Vi 1AD-
ra HUcOartaH neTepMUHAHTH A, # 0 6YraH kK Ta YU3UKIH TEHT-
Jlamanap Tu3MMuIup. by TM3uM siroHa eyumra sra Oyauo, y
Kpamep xoupacu 6yitnua ronmwiagu. XycycaH,

Yo =L 20 (k=1Ln).
Ay

lyuunr yuyH {e,, ..., e} 6asucman {f, ..., f} TM3uMra
VTUII y4OypUYaKJIK MaTpMLACH MaxcycMac, YYHKH YHMHT Ag-

TEPMHUHAHTH Y11 ° Y22 """ Vmn = A =0 bynra acocan {f, ...,
n

/) T3uM xam 6asucoup. DM (1) gaH i < kK TEHICH3NTUKHH
KAHOATIAHTUPYBYH I, k nap y4yH yuioy

o (S /) = 0 (fs gyﬁeﬂ = }'_:ly,,.so (fore;) =0

MyHocabaTHU onamu3. byHIOaH ¢ (x, y) HUHT CUMMETPUKIH-
rura acocaH i > k TEHICHU3JIMKHY KAaHOATIAHTUPYBYH i, k jJap

yayH ¢ (f,, f) = 0 myHocabGatnapHu xam ojamu3. [demak {f|,
. [} TH3UM ¢ (x, y) y4yH KaHoHUK 6asuc. Huxosr, (1) ra

acocaH

n
oS> fir) = 2 vike(fr€) = vik oSk, ex) = %l— (k=1,n.1
i=1 k
KaHoHuk 6a3sucHM Oy TeopeMada KeJITHPWITaH TOMHILU

yeynu Skobu ycynmu ne6 aranamm.
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45-§. JATPAHXK YCYIIM

Arap ¢ (X, y) — CUMMETpUK OWYM3UKIU bopma, gq(Xx) =
¢ (x, x) yHra Moc KBaapatik ¢opMa Ba {e,, ..., e,} 6a3sucy (x, y)

yYyH KaHOHMK Oyica, y xoiaaa q(x) = E%E? , Oy epna
i=1

= g(e), £, 3ca x BEKTOPHUHT Oy Gasuciard i — KOOpaAMHa-
tacy. LLIyHHHT y4yH 6ab3aH KaHOHHMK 0a3uc KypHIIHHU "KBaJl-
patuk ($OPMAHM KBAAPATIADHUHT MUFMHOUCHUIA KeITHpUIL"
neb xaM ranupwiagd (acaMHA ojiraHaa Oy epia KeaapaTiap-
HUHT HUFMHIMCH TYFPUCHIA 5MAcC, YIAPHUHI YM3MKJIU KOM-
OMHALIMSICU TYFPUCKHIAA Tall KETaSATH).

KBanpatuk ¢opMaHu KBagpaTJapHUHT HUFUHAMCHUIA KEI-
TUpYBYM Ba JlarpaHx ycymd geb® arajqyBud YHHBepcal ycyil
MaBXyll. YHHMHT acOCHI aXpaiTud TypaauraH XyCyCUsATH IUIYKH,
yHaa Macana 6a3sdcHM 3Mac, DaIKM KOOpIAUHATATApHH KeET-
Ma-KeT aJIMAIUTHPUIN MM OWwiaH XaJl KWIMHAIH.

Ksagpatuk ¢(x) ¢opMa Oupop Oaszucaard MaTpULACH

= (ag.) 6yicuu. By Mmarpuna cumMmerpuk. byHra acocaH

4(X)=Q(§1, )= ElegEk —Za §2+2 Za;k‘sgk

i k=1 I1si<ksn

busra g(x) = q (§, ..., §,) KBanpatuk ¢opMara x BEKTOp-
HUHT &, ..., §, KOODAHHATATADUHMHI QYHKUMACH cudarria
Kapall KyJIaupok.

A MaTpMUaHH HoJbAaH dapkiu aed ¢apa3 KuiaMu3 (arap
A bupop 6a3ucia Hosibra TeHr Oysica, y xap KaHuaii 6asucna
XaM HoJbra TeHr 6yau6, yHra Moc KBaapaTuk ¢opMa xam
alHaH HoJbra TeHr 6yiaamu). ¥ xonma yHMHT KaMuaa Oupop-
Ta 3JEMEHTH HOMbAAH (papKIH.

Arap a, # 0 6yica, y xonaa £, HU ¥3 wuMra ojiyBud 6apya
XaUlapHU HUFKMO Ba Oy MWMFMHAMHM KBaaparraya TYIoupuo,
Kyiugard udoJaHu OJaAMM3;

9y, E) = ay(E + R ey a"' £ +a,(&ys -ons £,

11 11
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by epma q(,, ..., §,) udona n — 1 ¥3rapyBUHMHMHT KBaJApPaTHK
(dopMacu. Arap A MaTPULAHMHT a,, 3Mac, 6ajlku Golka 6u-
pOp AMAaroHas 3jJeMeHTH HoabldaH (apkju Gyica, 10KopUAa-
rUra yxXuam Myjioxasa lopuTamu3 (MacanaH a, = 0 6yica, &,
ypuHra £, 6WIaH MyJlI0oXa3a IODUTAMM3).

OHJU A MATpULIAHMHT Gapya TUaroHa 3JeMeHTIApH HOJIb-
ra TeHr OyiraH XoJHM Kypamu3. Y Xxoima Gupop a, i #J
3MeMeHTH HoNbAaH apkiu. Coananvk ydyH a,, = 0 6yncm1
JeinK. V3rapyBumiapHUHT KyHUIaru qmmqm aﬂmammpn-
IIKMHU GaxapaMua3:

§ =& +8,

§ =& - &,

63 = 33

gn =- 57,1
by YM3MKIM aJMAITHPUIIHUHT MaTpHIIACH MaxcycMac
6ymu6, xocwn 6yaran §|, &), ..., & yarapyBuwiapra GOFIHK

OyaraH SHru KBaapaTuk popma yuyHa;, # 0. YHra siHa I0KOpH-
ATy MyJT0Xa3ajJapHH TaTOWK, KIIHIL MyMKuH boika a, #
0, i # j 6ynrad XoJ IIyHra yxmam Kypriaiy.

by MynoxasamapaaH KypHMHAIdKH, JOHM KBaIpaTHK ¢op-
MaJaH YU3UKIU UDOJAHUHT KBAAPATHHU aXpaTHO OJIULI MyM-~
KWH, KOJIraH udoaanap 3ca y3rapyBYWIApUMHUHT COHU OUTTA~
ra KaM KsaapaTuk (opMaHd XocHn Kmwiaau. by kBagpaTuk
¢dopmMara xaM IOKOPHAArHM MYJIOXa3aTapHH TaTOMK KWinG Ba
MaTeMaTHMK UHAYKLUUS YCYJIHHH KY/UIaHHO, rmupoBapadaa be-
pWIraH KBaapaTHK (HOpMaHU YU3UMKIU udoaanap KBaaparia-
PMHMHI MHFUHAMCH KypuHHLmAa udonanam MyMkuH. [l

Mucon kypamus. V = R} 6ynub6, yuna g(x) = q (£, £,, £,
= £ — 3E2 - 28 &, + 28 £, — 65, kBanpaTuK dopMa GepriIrad
o6yacuH. Y xonma

q(x) = (£} — 25§, + 2%£E) — 38 - 65L, =
=€, - &+ &) -5 -4 - 4L =
=, — & +E) - (5 +4L) -4 =
=@ -6+ 8 - +28) =n -
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Oy epma n, = £ — &, + £, , n, = £, + 2 &, y3rapyBumnap x
BEKTODHHHT SIHTM KOODAMHATANADHU, SHHU

nl E-'l 1“1 1

mnm|=C¢&]|, C=|0 12

n, &, 0 01
bynnan

&1 nl 1 1 —'3

£&|=Cn,l, CP=[01 -2

&, M, 00 1

Hemak, 38-§ ra acocan {f,, f,, f,} kaHOHUK 6a3uc {e,;, e, e}
Oa3uc OwiaH Kyiugaruya GOFIaHTaH:

L=e,f,=¢e+e, f,=-3e —2e+e,

46-§. XAKUKUM KBAJPATHUK ®OPMAIJIAP

KoadpduumeHraapn R XakikKuii corylap MalgOHHAAH OJTHH-
TaH YH3MKJIM, OMYM3UKIM Ba KBaapaTHK dopManap XaKuKUi
ne6 artanagd. R MaMZOHHUHT XapaKTepUCTHUKACH HONb Gyira-
HH YYYH I0OKOpHOa McOOTIAHraH Gapya TeopeManap XaKMKUM
dopMaiap yyyH YpHHIIH.

Tavpud. Azap xap Kandaii noavdar aprau X 6eKkmop yuyH
q(x) > 0 (q(x)<0) menzcusauk 6axcapurca, q(x) xakuKui kKead-
pamui gopma mycbam (manguii) de6 amanadu.

Muconnap. 1) R pasona g(x) = x} +...+ x2 KBAOpaTUK
dopma Mychar. b

2) Cla, b] da3zona g(x) = [ x*(¢)dt xBagpaTuk popma Myc-

6ar (uc6OTNAHT). e

Arap {e, e,, .., e} 6asuc g(x) xBagpaTMK ¢opMa Y4yH
KaHOHMK Oyiica, y xonma yHMHr Mycbamiuru g(e), ..., q(e,)
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COHJIApJIaH Xap OUPUHUHT MycOATIIMIUra TeHr Kywid. by mapr-
HUHT 3apypiuru a€d. Erapmwmmru sca x sekrop &, .., &,
KOODAMHTAIADUHUHT KaMyaa 6MpH HOMbAAH (apK/id Oyiranaa

n
g(x) = Zq(ek)’g‘i > () TEHICH3NUKHUHT YPUHIWIUTUAAH Ke-
k=1

M0 TUKAIN.

CunbBectp Oenrvcu [0 aTanyBuM KyHuzaru TeopemMaza
KBaJIPaTHK (DOPMAHMHT MycOATIHIUK OeIrucl YHUHT MaTpU-
HacH TWIHaa OepHiamgu.

1-reopema. A — xeadpamux q(x) popmanune bupop ba-
3ucdazu mampuuacu 6yacun. Y xoada q(x) opmanunz myc-
bam 6yauwmu yuyn A mampuuanune 6apua bypuax mumnopaapu
Mmycbam 6yawmu 3apyp eéa xugoseui wapmoup.

NcbHoT. g(x) Mycbar 6yncuH. A MaTpULIAaHUHT k-Oypyak
MUHODUHHU ONaMH3;

plee) - . .p(ee)

plep,e) . . .ole,e)

Oy epna ¢ (x, y) — myHAaN CHMMETPUK OMUM3UKIU (opMa-
KH, g(x) = ¢ (x, X). By MUHOPHUHT caTpJapu YU3UKJIA 3DKIN
SKaHUHM KypcaTamMu3, OYHIaH MUHODHMHI HOJBbAAH (apKiu
SKAHJIUTH Keaub YuKanu. XaKukaTaH, 6y MHHOD caTpilapuHu
4, ., A, € R connapra Kynaitupub, R* HasoHHHT HOJb BEK-
TOpUTa TEHTIANMHU3:

Aple, e) +..+4p(e,e) =0, (1= 1k)

Bynnau ¢ (e, +..+4e,¢e) =0, (i = Lk).

f a4
by MyHocabatiapnaH sca

k k
> Ap(Ae+.. Ahe,e) =g Ae) =0
i=1 i=1

TEHIJIMKHU 01aMu3. by epaaH g(x) HuHT MycOaTIurura acocat
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k _
> Ae =0
i=1

TEHIJIKHU ojlaMu3. by MyHocabartnaH sca {e,, ..., e,} TU3UM-
HUHT YU3MKJIHM SPKIMIMIHTA acocaH A, = 4, =...= 4, = 0 TeHr-
JUKHU ojamu3. by 3ca A, MMHOD CaTpPIApUHUHI YUSHKIA
SPKIWIMIMHU Kypcatand. bynman A, # 0 skanuurd keaub
yuKanu. Skobu ycyiuHu Kywiab, wyHnau {f,, ..., f } KaHOHMK
6a3uCHU TOIIAMU3KH,

A

L __ﬁ — n-1
Al > q(fz)—' Az’ ceey Q(f,,)— An ‘

q(f) =

byHpan g ¢popmanuHr mycbariwmurura acocan A, >0, A, >

0,..,A >0.
AxcuHya, arap A, > 0 (k = i,—ﬁ) oyiaca, Sikobu ycyliuHH
KyL1a0, wyHmau {f, ..., f} KaHOHMK 6a3MCHU TONMAMM3KH,

af) =50 (e=Tn).
k

byHnaH 10Kopuaa ucboTiaaHraHra acocal g(x) ¢popMaHUHT
MmycOatauru kenu6 yukanu. Il

[llyHra yxiam Mynoxa3ajiap OMIaH KBapaTHK (HOPpMaHUHT
KyAugary MaHQuinuk Oeixrucu UcOOTIIaHAAW: KBaIpaTUK
¢dopma Ma”HbUi GYIMILIM YYYH YHUHT Marpuiacu XxXydrt Tap-
TU6JIM Oypyak MUHOpJIApH Myc6aT Ba TOK TapTHOIM Oypyaxk
MMHOpJapu 3ca MaHQHH OYnuIIM 3apypuii Ba KU(DOABUMN
WApTAMDP (MCOOTNAHT).

Kyi#tunaru teopema KpaapaTuk (opMaJapHUHT WHEDLUS
KOHYHH €0 arajanu.

2-reopema. Xakuxuii keadpamux popmanunz uxmuépui
KanoHuk 6asucu eexmopaapudazu mycbam xuiimamaapu coHu
ea manguii Kuiimamaapu conu 6asucnunz mansanumuza 60F-
AUK Imac.

Hcb6or. Xakukuil kBagpaTuK ¢(x) (opMaHUHI UKKHTa
{e,, ..., e} Ba {f» ..., f} xaHoHHUK 6asucu Gepwiran Gyau6,
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q(e,), ..., g(e,) comnapHuHr p Tacu Mycbar, g(f), ..., q(f)
COHJIApHHUHT r Tacu Mycbart O0yiacuH. Kepak 6yica, 6asucnap-
Jlard BEKTOpJIADHMHE MHJAEKCIApU YPHUHU Y3rapTupub

> (0, arap k = G,
qgle,) = I
<0,arap k= p+1,n

Ba
>0, arap k= 1,_r,

<0,arap k=r+1n

fi(fk)={

maptiaap 6axapwirad ae6 ¢gapa3 KWIMII MyMKHH.
®apa3 Kwiaik, p > r 6yncuH. V| opkam {e,, ..., e}
TU3UMHMHT YU3UKIM KOOuruHU Ba V, opkamu {f_,, ..., fi}
TH3UMHUHT YM3UKIH KOOUFMHM OenrwraiiMu3. by Tuaumiiap
YM3HKJIM 3pKIM 6§iranu yuyH dimV, = p, dimV,=n —r.
BbynpaH

dim (V,nV)=dmV, +dimV, - dm(V, + V) =
2p+(n—-—r-n=p-r>0.

Bynra kypa Honbaan ¢apkiu x € ¥, N V, BeKTOp MaBXY1,
P n L 2
aeHu x = Y Ee; = S, f,. Hdemak, 4(x)= Y q(e)E? > 0
i=1 i=1

j=r+l
YyHKH Xap Oup i = f; y4yH g(e) > 0 Ba &, TapHMHI KaMUAa
6P["pl/l HonbAaH ¢apkiau. UKKHHYM TOMOHOAH g(x) =
Elq(fj)’ﬁ = 0, uynku xap 6up j=r+1,n yayn g(f) < 0.
j=r+

OsnuHraHn 0y KapaMa-KapulWwIK p < r TEHICHU3JIUK YPUH-
JIM 3KAHJIWUTUHM K¥pcartand. XyAOM LIYHra yxXmail MyiIoxasa-
JIApJAH r < p TEHTCH3JTHKHHU ojJaMu3. JeMak p = r.

OHAM WKOPHAA KEITUPWITaH MyNoXa3alapHHu (—g) KBal-
paTuK dopmara TaTouK KWinb, g KBaApaTUK (GOPMaHUHT Ka-
HOHUK 0a3ucaard MaHQUH KUitMaTiiapyu COHH Oa3UCHUHT TaH-
JaHummra 60rmuk, sMacauru Kypcarwiaay. Ml
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47-§. O9PMHUT OOPMAJIAPA

Kosdpuumenrnapy C KOMILIEKC COHNap MaiaoHUAaH
OJIMHTaH YW3UKJIM, OMYM3UKIX Ba KBaapaTHK ¢dopManap 1-
TYp KoMIUieKc dopManap ne6 arananu. Kyiunaruya tabpud-
JTAaHAINTaH KOMIUIEKC KO3(pOULMEHTIH 2-Typ YH3HKIA, Ou-
YU3UKJIA Ba KBaApaTHK ¢opManap XaM Kypriaau.

Tavpud. Aeap ¢ : V> C ¢gynxyus:

1) xap kandaii x, y € Veexmopaap yuynp(x + y) = o(x) + (),

2) xap kandaii x € V ea 1 € C yuyn p(Ax) = L ¢(X) wapm-
AGpHU KaHoamaawmupcea, y 2-myp uusukau gopma deb ama-
Aaou.

by ukkana mapt ymoy:

xap KaHpaht x, y € Vpa A, u € C nap yuyyH o(Ax + uy) =
= 1¢(x) + He(y) WaApTra TEHT KyWIH.

Tabpud. Aeap uxku eexmop apzymenmau Komnaekc (X, y)
@ynxyus bupunyu apeymenmu byiiuva 1-myp wuzuxau gopma eéa
2-apzymenmu 6yiiuva 2-myp uusuxau gopma 6yaca, y 2-myp
buuusukau gopma deb amanaou.

Macanan, ymby ¢(x,y) = > a,£n, bynkuus, 6y epna
i k=1

x= (gl’ e EII), y = (”1’ et 7’") a,k e C) (il k = 17”)’ C" 'Ila
AHUKJIAHTAH 2-Typ OMYM3HKIM (HOpMAaTUp.

Arap ¢(x, y) dyHKUMS 2-TYp KOMILIEKC OMYM3HKIN Hopma
Oynca, y xonna gq(x) = ¢(x, x) GyHKUUsa 2-Typ KBaApaTHK
¢opMa aeb aTanagu. 2-typ GMUM3UKIH GOPMaHUHT 1-Typ GU-
YU3UKIUM dopManapaaH dapkd IUIYKH, yJap MOC KBaJApaTHK
dopmanapu 6Viinya OGup KHHMATIH THKIAHAOWIAD: arap
q(x) = p(x, x) O¥nca, y Xonna Gesocura Xucobiam Kypcara-
JUKH

p(x, y) = % (g + y) + ig(x + iy) — g(x —y) — iglx —iy)) (1)

(TEKILIMPHHT).
Arap xoMmivieke V dazona 2-1yp ¢(x, y) ouuu3uxiu ¢op-
Ma, 6y ¢dasonuHr {e, ..., ¢} 6a3ucu, x, y € V BeKTOpJIapHUHT
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Oy 6asucnaru Moc papuwaa £, ..., & Ba 7,, ..., 17, KOOpAUHA-
Tajlapu Oepwirad 6yica, y xomnna

plx,y) = (2 e, i_l’hek) 2“.1:5 /PR

i k=1

Oy epnaa, = ¢p(e, ¢), A= (a,) € C" MaTpHLa ¢ HOPMAHHHT
{e,, ..., e} basucpary MaTpuUacH aeduwnanu. Arap 6asuc yarap-
ca, y xonga ¢ (popMaHMHT Marpuuacud 1-Typ ¢opMalapHUHT
MaTpuuaiapyra yxmam kKouga 6yiuda ysrapaau.

Arap V ¢dasoma 6omka f, = Ey,.ke,., (k = I,_n) — Da3smuc,
i=1

C= (y,) — OupuH4M Ga3ucOaH UKKMHYM Ga3pcra yTviu Mar-
punacu Ba ¢(x; y) GopMaHMHT MKKMHYHM H6asucaaru B = (8,)
MaTpMlacu OepuiraH 0yica, y xonga

Ba =0, i) = <p(i_ypiep, iqueq) =

= E Yoi¥ ok fp(ep’ q)_ Eylp pquk

»,9=1 p.q=1

By teurmuk B = CTAC 3KaHAMTMHM Kypcaramu, Oy epaaru
C = (Y) Marpuua C MaTpula 3J€MEHTIADUHU MOC DAaBULI-
J1a KOMILIEKC KyIIMACHTra ajJIMAIITHPHIIIAH XOCHI O¥iraH.

Tawspud. Aeap xap kandaii x, y € Vyuynp(x, y) = ¢(¥,X)
meHeauk ypunau 6yaca, 2-myp o(x, y) 6uvusuxau gopma (6a
yHea moc q(x) = ¢(x, x) Keadpamuk gopma) 3pmum gopmacu
deb6 amanadu. 1-myp 6umusuxau gopmasap opacuda cummem-
pux gopmanap Kanoaii ypun mymca, 2-myp 6uuusuxau gopma-
Aap opacuda 3pmum opmanrap wyHdai ypun mymadu.

Tavpud. Azap anemenmaapu C . Maiidondan oauneau
A = (a,) mampuya yuyn AT = A (18U ax = a,) menaauk 6a-
xcapuaca, y apmum mampuyacu de6 amanaou.

Xap kaHaa# 6asuciaa 3pMUT (GpOpMACHHUHT MaTpULACH
JIOMM 2PMUT MaTpHULa, YYHKHU ajk = ple;,er) = pley,e;) = ay;.
AkcuHYa, arap 2-Typ OMYM3MKJIM (OpMaHHHI MaTpULACH
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oupop 6asucna 3pMur Oyica, y Xoi[4a YHUHT Y34 XaM 3pMHUT.
XakukaraH, arap A = (a,) — 3pMHT MaTpuna 6¥ica, y xonaa

p(x,y) = iaikg."—?k = iaikgink =

i k=1 i k=1

= Zakinkgi = Eaik”igk =p(y,x).
i k= ik=1

i 1

1-Teopema. 2-myp ¢(x, y) bunuzuxau popma 3pmum 6yau-
wu yuyn ynea moc q(x) = p(x, x) xeadpamux popmanunz Kui-
mamu xap xanoaii x € V yuyn xaxuxuii 6yaumu 3apyp ea Ku-
dos.

M c 6ot XakukaraH x = y 6yaranga ¢(y,x) = ¢(x,y) TeHT-
mUKIaH g(x) = q(x) TEeHIJIMKHH OlaMu3. AKCHHYa, arap g(x)
Xap KaHjai x € V yuyH xakukuii 6yica, (1) ¢opmyinara aco-
caH

p(x,y) = %(q(x +y) = iglx + 1iy) — glx —y) + igx ~ iy) =
= 3@+ +igy+ ) — gy %) — igy — ) = p(y, ). W

OpMUT OUYM3UKIH (HOPMATAPU YUYH IOKOPHIA CHMMETPHK
OMUU3MKIM (hopManap YIyH OJMHIAH TeopeMajiapra yxiuaia
TE€OPEMAJIAPHHM OJIUIL YYYH 2-Typ OUYM3MKIN popManapra Moc-
JALUTHPWITAH KAHOHUK 6a3uc TabpuduHU Gepamus.

Tavpud. Azap 2-myp 6uuusuxau gopmanunz mampuyacu
fe,, ..., e } 6a3ucda duazonan ea xaKuxuii 6yaca, y bepunean 2-
myp Guvuzukau gopma yuyH Kanorux de6 amanadu.

bBynnait Matpuua spMHUT OYIraHM YYYH XO3Up KMPHTWITAH
MabHojaru 6asuciapra ¢akar 3pMMT opMalapurmHa sra
Oy MyMKWUH. Arap ¢(x) — 3pPMUT KBagpaTukK ¢opMacH
Oyica, YHHHr KaHOHMK 0a3McAard KYpUHMIOM KyHuaaruya:

g(x) = k}:akkgkgk = k}::lakklgklz ,

Oy epma a,, = q(e,) € R.
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Kyituna KeJTHpHIAIUraH 3pMHT (GopMalapd XaKujaru
TeopeMaTapHUHT HCOOTIApH CMMMETPHUK ¢opMalap XaKula-
M MOC TeopeMaJlapdHUHT HCOoTIapura Yxmam 6¥araHu y4yH
VIApHH KeJITHpMaiMU3 Ba YKyBYMra MyCTakKwil McOOTiIaIura
KOJITHPAMH3.

2-teopema. Yexau yauamau xomnaexc pazoda anuxaan-
2an xap xanoai 3pmum (opmacuHunz KaHoHux bazucu mag-
xncyo.

3-teopema (CuabBectp Oenrncn). Ipmum opmacunune
mycbam Oyauwu yuyn ynunz 6upop 6azucoazu mampuyacu 6apua
6ypuax munopaapununz mycbam 6yauwu 3apyp séa xugos.

4-Teopema (uHepuMs KOHYHH). Jpmum Qopmanunz ux-
muépuii xanonux 6azucu eexmopaapudazu mycbam Kuiimam-
Aapu conu éa Maxuii Kuiimamaapu conu GazucHu manaawza
boFaux Imac.
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Caxxuszuny4u 606
EBKJIN BA YHUTAP ®A3OJIAP

48-§. EBKIINJ PA3OJIAPHU

Tabvpud. Azap V xaxuxuii wusuxau aszoda uxku eexmop
apaymenmau (X, y) Ckaiap QyHKyus yuyn yuoy

1) xap kandaii x, y € V yuyn (x, y) = (¥, X);

2) xap kanoai x,, x,, y € Vyuyn (x, + x,, y) = (x, y) + (x,));

3) xap xandaii x, y € V, 1 € R yuyn (Ax, y) = A(x, y);

4) xap kandati noavdan gapxau x € V eexmop yuyn (x, x) >0
wapmaap 6axcapuaca, y ckaisap kynaimma oe6 amaaadu. Cka-
Aap Kynaiummanu V ¢hazo sca esxaud gpaszocu de6 amanadu.

Pasmianku, eskiun ¢$a3oHMHI Xap KaHzaai Kucmdaszocu
XaM eBkimna (aso.

IOkopuanaru 2) Ba 3) mapriap CKaIap KymaiitMa OUpHUHYU
apryMeHTH Oyitvuya YM3MKJIN 3KAaHJIUTHHH, Oynap Ba 1) cUM-
METPHKJIMK ILIAPTH 3Ca YHUHT CUMMETPUK OWYU3UKIN GopMa
SKaHJMrMHM Kypcaranu. Oxupru 4) mwapt 0y 6mauszuxkiu ¢op-
Mara Moc KBaJpaTHK (opMaHMHI MycOaTIMIMHHU KypcaTald.

Mucoannap. 1) D, (a), D,(a) Ba D, pasonapaa AyHaITU-
PWIaH KeCMAJJADHUHT CKAIAP KymaiiTMacu 1e6 YJIApHUHT Y3yH-
JIMKJIAPWHY YJIap opacuaard 6ypYakHUHI KOCHHYCHUTra KymanT-
MAaCHHH OJIAMM3.

2) RRpax = (a, ..,a,) Bay= (8, .., B,) BEKTOPIapHUHT
CKaIsip KymairMmacu ae6

®3) =3 ah,

i=]

¢yHKUMsAra aiiTamMu3.
3) Cla, b] daszona x(¢) Ba (f) y3ayKcu3 PyHKUMSIIADHUHT
cKajuap KynawtMmacu neb
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b
(x,y) = [ x()y(t)dt

¢dbynkuusra aiirtamus. (by MUcosUIapaa ckangp KynanTMaHHHT
fapya xoccaynapu OAKAPWIHIIMHN TEKIIHPHHI.)

V esxnun ¢asocuna {x, ..., X,} BEKTOpJIap TU3UMUHUHT
I'pam nerepMuHaHTH Ae6 ymoy

Coxy) ool (ex,)
Yy s X)) =
(o, x) o2 (X))

JerepMuHaHTra, I'pam Marpunacu ne6 sca ymoy ((x,.,xj)),
(i,j = 1,k) Marpuuara aiTaMmus.

l1-reopema. deap {x,, ..., x,} musum uusuxsu 3pxau 6yaca,
yuunz I'pam demepmunanmu mycbam, éa axc x040a — HOAb2Q
mena.

U c6or. dactnab {x,, ..., x,} TU3UM YUIUKIU IPKIH GYIraH
XONHM Kypamu3. Y xonna 6y TM3UM ¥3 YM3HKIM KOOUFU V)
HUHT 6a3ucH, 60y TU3MMHMHT ['paM Matpuiiacu sca (x, y) CUM-
METPUK OMYM3UKIN HOpMaHuHr V) naru marpuuacu 6yaamu.
KBagpatuk (x, x) opMa mycbar Gyiaranu yuyyd CuiibBectp
6errucunad ['paM neTepMHHAHTHUHHHI MYycOATIMTH Keaud
YUKAH.

SHmM {x,, ..., X,} TM3UM YM3UKJIU OOFNaHraH OYICHH. ¥
xonga I'paM geTepMHHAHTHHUHT CATPJIapd YM3HUKJIM OOFIaH-

rai: 4, x, +...+ 1,x, = 0 TeHrukaaH 6apya / =1,k map yuyH

A0, x) o+ A x, x) = Ax, +..+Ax,x)=(0,x) =0

TeHMIMK Kenub yukaau. Bynman sca ['paM JgeTepMHMHAHTH-
HUHT HOJbra TeHr 3Kawmry keau6 yukany. Il

By TeopeMaHuHI MyXUM HaTwXanapumaH 6upu — Kouiu-
byHskoBckuii TeHrcnsaury (6as3ad IIBapi TEHICH3ININ XaM
AeHIIanm):
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2-TreopeMa. Azap x ea y esxkaud pazocununz eexmopaapu
byaca, y xoa0a

N (xx) O Y).

By menzcuzauxda menzaux 6yaumu yuyn x 6a 'y exmopaap-
HuHZ wu3uKAu GoEranzan 6yauwu 3apyp eéa Kudos.

U c 6 oT. By Tacaukuusr uc6otu I'paM TeopeMacuHu {x, y}
TH3UMra TATOUK, KWIMHraHga 6y TU3MMHUHr ['paMm aetepMu-
HaHTH (X, X) (¥, ) — (%, y)* skawmurugad kenu6 ynkanu. ll

Kommn-ByHSIKOBCKMH TEHTCU3TUTHAA X BA Y BEKTOpJAAp
cudatuna R esxmun ¢asonuur (a, ..., a,) Ba (B, ..., B,)
BEKTODJIApH OJIMHCA, Xap KAHAAH XakKMKuH a, ..., a,, B, ..., B
COHJIAp YYYH

n

(@B, +..+a,B,) < (ai+.+a2)(Bi+..+2)

TEHICU3THUK VPHUHIH 3KAHJIUTHHU OJIaMU3.

Komn-byHSIKOBCKME TEHrcu3jaMriaa Xx Ba y BEKTOpJIap
cudarupa C[a, b] eskiun ¢paszocuHuHr x(f) Ba y(f) 21€eMeEHT-
JIApUHU OJIcaK, [a, b] Aa aHMKJIAaHTraH Ba Y3JYKCH3 Xap KaH-
nait x(7) Ba y(f) GyHKUMSLIAp YIYH

2 ! b
(} x(z)y(r)dz) < [ x(opdr -  yoyr

TEHICH3THK YPUHIH 3KAHIUTHHU OTaMU3.

Esxiun ¢aszomarn x BEKTOPHMHI Y3YHJIUTH Ie0 J(x,x)
COHra afTWIaay Ba YHH | x| (6ab3aH || x||) k¥punuuina Genru-
naHagd. byHOoaH Keau6 YMKAOWKW, HOMb BEKTOPDHHUHI Y3yH-
JIMId HOJIbIa TEHT Ba OOLIKA Xap KaHaail BeKTOPHUHI Y3YH-
aurd Mycbat. YHaaH Talkapd xap KaHgait x € Ve A € R
y4yH

|2x]=|2]]x].
XakukKaTaH
|Ax| = \J(Ax, Ax =,l}.2(x,x =2 x|
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3-teopema. Xap xanoaii uxxuma eexmop HuruHOUCURUN2
Y3yHAu2u yAap Y3YHAUKAGPUHUNZ WMFUHOUCUOGH Kamma smac,
ABHU

|x+yl=<|x|+ |yl

Hcb6or. Xakukatad, Koiuu-ByHIKOBCKMI TEHTCH3IUIUra
acocaH

Ix+yP=x+y,x+p=[|xP+|yPf+2(x» =
<|xP+|yP+2x|-{yl = (x| + [y

Bynnau |x + y| < |x| + |y| A

BekTop y3yHJIMTMHHHT 6y XOCCACH X Ba y BEKTOpJap aiiup-
MAacH Y3yHJIMTMHM YJIApHUHI opacHjaaru Macoda (MeTpHka)
neb onuimura UMKOH Oepaim.

Tavpud. Eexaud gpazocuda x sa 'y eexmopaaprune opacu-
dazu macogpa (KymviHYa MeTpHKa XaM JAedunanu) deb p(x, y) =
= |x — y| xaxuxuii ¢ynxyusza aiimusaou.

Kupurtwiras | x — y| Macoda MeTpukaHuHr 6apya XycycH-
STTJIApHTa 9ra;

1) xap Kannai x Ba y yuyH p(x, y) = p(y, x).

2) xap KaHOan x # y yayH p(x, y) > 0; x = y yayHp(x, y) =0
Ba akcuH4a p(x, y) = 0 6¥ica, x = y;

3) xap KaHzai x, y, zZ yayH p(x, y) < p(x, 2) + p(z, ¥).

bupuHYH Ba MKKHMHYM XOCCAJADHUHT OaXapHJIMINH aéH.
YyuHuM xocca Kyiuparudya HCOOTIaHAIM:

|x —yl=lx-2+@-W=s|x-z]+]z-yl

Yuby p(x, y) = |x — y| MeTpuka eBKIMI METpHUKACH 1e6
aTajxanu.

49-§. OPTOI'OHAJI BA OPTOHOPMAJI TU3NMJIAP

Komu-BbyHAKOBCKUH TEHICU3IUTU UXTHEPUH UKKUTA HOJIb-
IaH GapKIu x Ba y BEKTOpJIap opacuiari 6ypyak TabpuuHU
KUPHUTHILNIa UMKOH Gepaju:

220

www.ziyouz.com kutubxonasi



x’
@ =arc cosi—z)—

SR
yyHKu Kormm-ByHAKOBCKUit TEHTCH3JIMIUIa acocaH

(x,y)

=1.
o - ()

Wynantupiwirad kecManap dasocuaa 6ypuakHUHT 6y Tab-
pucdu OypyaKHHUHT OOAWH TabpUUra anIaHaoH.

Tabpud. Aeap x 6a y eexmopaap opacudazu b6ypuax 1;— 2a
menez 6yaca, 6y eexkmopaap opmozoHaa deiiuaadu.

Arap x Ba y BEKTOpJIap OpTOroHai 6yica, y xonaa (x, y) = 0.
AKCHHYA, HOJBIAH $apKJIM X Ba ¥ BeKTOpiaap yuyH (x, y) =0
6ysnca, yirap oprorosaln.

HeMaxk, okopuiard TaspudHM Kyliuaarudya aiirca xam 6yna-
au. Arap HonbiaH $apKJIM X Ba y BeKTopiaap yuyH (x, y) =0
O0ynca, ynap oproronain geduiagu.

Esxnua ¢daszocumard BekTOpiap TU3MMUIA KUPDYBYM Xap
KAHIA# MKKHTAa BEKTOp opToroHan 6yica, 6y TU3MM OpTOro-
HaJI Jeiwiagyd. Arap opToroHajl TH3MMra KHPYBYH Xap Oup
BEKTOPHHUHT Y3YHJIMTU 6upra TeHr 6yiaca, 6y TU3UM OpPTOHOD-
MaJl Jedwiaau. Xap KaHaai OpTOroHaa TU3UMHU, YHOArU Xap
OHp BEKTOPDHU Y3YHJIMTHTa 0¥1ab, opTOHOpMal TH3UMra ai-
JIAHTUPUII MYMKHH.

Mucon kypamus. C[a, b] eBkiun dazocuna 2n + 1 Bek-
Topaad ubopar ymby

1, cos ¢, sin ¢, cos 2¢, sin 2¢, ..., COS nt, sin nt

BEKTOpJIap THU3MMH OPTOIOHAII, YYHKH Xap KaHuail 6yTyH k Ba
m nap yuyH

2x
Jcoskisinmrdt =0
0
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2 0, arap k= m
J cosktcosmtdt = {z, arap k=m = 0

0 27, arap k=m=0,
2z 0 k#
fsinkt-sintdt={  arap k= m
0 w,arap k=m .

Xap Oup BEKTOPHU YHMHT Y3YHJIWUTHTa GYaub, yiubdy

1 cost sint cosnt sinnt

OpPTOHOpMAaNl TU3MMHHU OJIaMU3.

Teopema Uexau yruamau eexaud ¢pazocuda opmonop-
Maa muzumaap mMaexcyo.

HUcbor. Xakukaran (x, y) cuMMeTpUK OuuM3nKiIu ¢op-
MaHUHT {e,, ..., e } KaHOHUMK 6a3ucu MaBxXyn. by 6asuc pek-
TOpJIapu OPTOrOHAJ, YyHKM [ # k Oyaranna (e, e) = 0. by
6a3Kc BEeKTOPJIApUHUHT Xap OUPHHU YHUHT Y3YHJIUTUTa GYIH6,
OpPTOHOpMAJ 6a3ucra KejlaMus.

V esknun daszocuna {e,, ..., e} oproHopman 6asuc Ba &,
.., £ COHJAp X BEKTOPHUHI Oy 6a3vciard KOOpAHMHATaIapH
OyncuH. V xonna

(x,€,) = (ﬁ: Eieiek) = igi(enek) =& .
i=1 i=1
Jemak |

n
x=(ne)e.
k=1

Arap 7,, ..., 17, COHJIap Y BEKTOPDHUHI Y1ua 6a3uciard Ko-
opaMHaTaiapu Gyica, y xoiuaa
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x,y)= zn:(enek)gink = ki_lgkﬂk .

i k=1

XycycaH, y = X y4yH

(x,x) = i&i Ba |x| = Ji&i .
k=1 k=1

V da3o cudaruna TeKUCTHKIATH HYHAITHPWIraH KecMma-
Jap $a30CUHM 0JICAK, OXUPTU TeHIIHUK ITudaropHuHr Kiac-
CUK TeopeMmacuHu Oepanu. IIIyHHMHT yuyH OXMpPrd TacKUKKA
[Tudarop TeopeMaCHHHHI XyHa KEHI yMyMJaliMacu ned
Kapam MYMKHH.

50-§. OPTOI'OHAJI ITPOEKIIUAJIAP

Vesximna ¢azocuna ¥V, kucmdaso Ba x € VBekrop 6epui-
raH OyiacuH. Arap x BekTop V| KMCM(a3oHMHI Xap OMp BEK-
TOpHra OpTOroHan Gyiaca, x Bekrop V| KucMdasora oproro-
Hal JeMniany.

Tavpud. V| kucmpasoea mezuwnu byamazan x € V eex-
mop yuyn wynoai x, € V, eexmop monuacaku, X — X, 6eKmop
V, kucmgpazoza opmozonan 6yaca, 6ynoaii x, 6exmop x 6eKmop-
Hunz V| Kucmgpasoza opmozonan npoexyuacu (coacu) de6 ama-
Aaou.

XycycaH, arap x BeKTop V, KMcMdasora opToroHan 6yica,
Y X0Jl1a HOJIb BEKTOP X BEKTODHMHI V| ra OpTOroHan mpoek-
uusicH Oymanu.

1-teopema. deap x, € V, eexmop x € V sexmoprune op-
mozonaa npoekuuscu byaca, y xoada x, 6exmopza menz 6yama-
2an xap Kandaii z € V, éexmop yuyn |x —z| > |x — x| mene-
cu3auK ypunau (TbHYM €BKJIM/I METpMKacuia x, Bekrop V| da-
30[1a X BEKTOpra 3HT SKMH BEKTOp).

HUcboT. Xakukarad, z — X, BeKTOp V| HUHI HOJbIAH

1
¢apkiu BeKTOpH Ba (x — x|, Z — x,) = 0. HlynuHr yuyH
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k—F=(x-zx-2=(x-x)— (@ -x),(x-x)—(z-x))=
= Ix —X1|2 + |Z —X1|2 > lx —x1|2

Bynpan x — 4 > x — x| W

2-teopema. Azap V, — esxaud V pazocununz nexau yruam-
au Kucmpasocu byaca, y xoada V, 2a mezuwau 6yimazan xap
Kanoaii x eexmop azona x, € V, opmozonas npoexyuaza sea.

HUcb6ort. V, nunr 6upop {e,, ..., ¢,} oproHopMai 6a3UCHHI
onaMu3. Y xomnma

k
x =Y (x,e)e €V,
i=1

BEKTOP X BEKTOPHMHI V| ra opTOroHan HpOeKIHSICUAUD.

XakukaTaH, Xap 6up m = 1, 2, ..., kK yuyH

k
(xqem) = E(x3ei)(ei’em) = (x’em) .

i=]

Hemak, (x — x,, e ) = 0. llyHuHr yuyH Xap KaHma
k

k

y = mEzlnmem €V, Bektop yuyH (x —-Xx,y) = ;—:1”'"(x -
—x1! em) = 0

OproroHan NpoeKUUAHUHT ATOHAIMIU 1-TeopemanaH Ke-
u6 yukagu. M

BexTopHUHT YekcH3 YruaMid KucMdas3ora opToroHai mpo-
eKIMACU MaBXysa OYyIMaciurd xaM MyMKHH. MacanaH, Mab-
aymMku, C [a, b] dazoma eBKiIMI MeTpHKACHAA € Y3IYKCH3
dbyHKUMsgCUTra 3HT IKMH OViaraH Kymxal MaBxyl 3Mac. byH-
JaH ¢ QYHKUMACUHUHI KYIIXa/uiap KucMgpa3ocura opToroHan
[IPOEKUMSICH MaBXYI 3MAC/IMTH KeIuO YMKAIu.

Mucoxa Kypamus. Yoy

n
ag + Y, (a, cos kt + B sin kr)
k=1
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KYPUHUIIAATK Xap KaHgail (pyHKIMS » JapaXxaid TPUTOHO-
MEeTpHK Kymxaja ne6 atanand. Jlapaxacu < n 6apya TPpUIrOHO-
meTpuk kKymxamwiap C [a, b] daszonunr 2n + 1 ymyamwma 7T
KucMbazocuHM xocui Kwiaau. FOkopuna kypuiraH ymoy

cost sint cosnt sinnt

J—\/_J_J_JT:

TH3UM 0y KUCM(}a3OHUHT OPTOHOPMAaJ OA3UCHHM XOCHJI KH-
JIa]u.

Arap f{r) ¢yukuus [0,27] cerMeHTAa aHUKJIAHFAH Ba y3-
JIyKcU3 Oyica, y Xoiga 2-TeopeMaHHHr UcOoTHAA KypcaTHi-
ravura Kypa, yHuHr 7, kucM¢asora OpTOroHaj MpoeKLMsCH
(TbHM eBKJIMI MeTpuKacuaa 6y pyHKUMAra 3Hr SKUH Oynrad
TPUIFOHOMETPUK KVIIXAJK)

‘12—0 + Y (a, coskt + B, sin k1)
k=1

Kynxaaoup, Oy epna

1 2n 127: A
;{ f(t)cos ktdt, B, = ;{f(t) sin krdt

by TenrnukiIap 6uiaH aHUKJIaHraH @, Ba B, KO3 PULIUEHT-
Jgap f{H) dyukuusHuur Oypre Kod3hdULIHEHTIapU ACHUIAU.

51-§. YHUTAP DA3O0JIAP

YHurap daszo — eskaua (pa30CMHUHT KOMILIEKC KYPHHHUILIA.
Tabpud. Aeap V komnaexc wusukau ¢pazoda ukku eexmop
apaymenmau (X, y) komnaexce Kuimamau QyHKyU yuyH yuly:

1) xap kanodaii x, y € Vyuyn (x,y) =(¥,%);
2) xap kanoai x,, x,, y € Vyuyn (x, + x,, ) = (x,, y) + (x,, »);
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3) xap kandaii x, y € V, 1 € Cyuyn (Ax, y) = A(x, y);

4) xap kandali Hoavoan gpapkau x € V eexmop yuyH (x, x) >0
wapmaap 6axcapuaca, y V xomnaexc yusukau ¢aszodazu ckarap
Kkynaiimma de6 amanadu. Ckassap kynaimma anukaanean V kom-
naekc yusuxau gazo ca ynumap de6 amaaadu.

Papuwianku, yHurtap (pazoHHHT Xap KaHzail KucMdaszocHu
XaM yHUTap ¢Pa3o.

HWKKHUHYM Ba YYMHYM I[IAPTIAp CKANApP KymaiTMa OUpUH-
YU apryMeHTH OYMinYa YU3HKIM SKAHIMTHHH KypcaTagu. byH-
JaH Ba OHpHHYHM NMIAPTIAH WKKMHYHA apryMeHTH OViinya 2-
TYp YH3UKJIH 3KAHIHWTH, SHbHH

(X, yl + yg) = (xy_yl) + (x) )’2),
(x, Ay) = A(x, )

IIAPTIADHUHT Xap KaHAak x, y, y,, y, € V, A € C yuyH Gaxa-
pwMIiKH Keano ynmkanu (Mcbornadr). bynapra xypa, yHHTap
tdbazonaru ckangap Kynait™ma 3pMut ¢opmacu 6y1ub, yHra Moc
KBaApaTHK ¢opma Mycbar.

Mucon kypamus. Arap (" pasomax = (a,, ...,a,) Bay = (8,
.y B,) CKanAp KynanTMaHu

mw=§wﬂ

TeHDIMK OwiaH kupurcak, " yautap ¢asora aitaHaau (Tek-
LIMPHHT).

Esxmn dasocunarn kabu yHurtap ¢asoma xaMm, ['pam ge-
TEPMHHAHTH TYIIYHYaCH KUPUTWIALH Ba BEKTOPIap TU3UMH
YU3HKJIW 3pKIH O¥ica, yrapHUHT ['paM NeTepMUHAHTH MYC-
0aT SKAHJIMIH Ba aKC X0JJa — HONbIAa TEHT 9KAHJIUTU HUCOOT-
naHagud. by TeopeMaHM MKKHTa BEKTOpAAaH MOOparT TH3MMIa
TaTOMK KWInO, yHutap dazo yuyn Komu-byHaKoBCKUH TeHT-
CHITUrMHHU 0TaMH3. YHUTAp Pa3ona Oy TEHICUITUKHUHT KYPH-
HUOIY KyWuaaruya:

l(x, W < (x, %) (v, ¥).
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Yuurap dazona BeKTOPHUHT Y3YHJIMIH XyAOu €BKIHA ¢a-

sopmaruaex Tavpuduanagm: |X| = /(x,x) . Xap kaupmait A € C
Y4yH

[Ax| = 4] x|

Komu-ByHIKOBCKMI TEHICH3THUTHAAH V yHUTAap (Pa3OHUHT
Xap KaHzai x, y BeKTopnapy y4yH |x + y| < | x| + | y| TeHr-
CU3JMKHUHT YPUHIM 3KAHJIUIM Keaubd 4yukaau. by esxumn
¢dazomaru Kabu yuurap ¢asoma ymby p(x, y) = |x — y| TeHr-
JIMK OpKAJIM METPHKa KUPUTMIUrAa UMKOH Oepanu.

YHurap ¢azona MKKHTa BEKTOp OpacHAard Oypyak TyIIyH-
yacH KUPUTHJIMAHIH, aMMO OPTOTOHAUIMK TYWIYHYAacH KH-
pUTWIAOU; arap yHUTap ¢asonard HojpaaH GapKiu UKKHUTA
BEKTOPHHMHTI CKAalgp KymaiTMacu HojJbra TeHr Oyica, yjap
opToroHan neb6 aranagu. OpTOroHajl Ba OPTOHOPMANT THU3UM
TYIIyHYaIapy Xyoau eBKIMA (a30CHAaruieK KUPUTWIALHU.

Yuurap ¢azona oproHopMan 6a3sHUCIAPHUHT MaBXYMLIUTU
3pMHUT (popManap XaKMIaru teopeMajapiaH GeBocuTa Keamo
ydkami. Arap V yaurap ¢paszona {e, ..., ¢,} OpPTOHOpPMAI TH-

n n
3uM Gepwiran Ba X = Y £, , ¥V = > Nkl 6y ¢a3omaru Bek-
k=1 k=1

topinap 6yica, eBkiul ¢asogard Kabu, ywoy

£, = (e, (k=1n), (x,) = k}"_jekﬁk,
,, 2
i = x|
k=1

TEHIIUKIApHHU OJaMu3.
by maparpadaary KeaTHpWIraH TeOpeMaTapHHHI UCOOT-
JIApDUHU MYCTaKWJ OaxapHll TAaBCHS KWIMHAIH.
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Tyxxusunyu 606
YU3IUKJIN OIIEPATOPJIAP

52-§. YN3UKJIN OIIEPATOPJIAP BA YJIAPHUHTI
MATPHNLAJIIAPU

Yusukiu (GazoHUHT Y3UHM Y3ura YH3MKIN aKCIaHTHPH-
WU Yu3ukAu onepamop deb amanadu.

Mmucosmnap. 1) F MaitnoHHUHT TaiiuH 6up A 3aeMeHTH Ge-
pwirad 6yicud. by MaitnoH ycrupgard V un3ukin Gas3oHUHT
X -> 1 X aKCIAaHTHPHIUY YM3HKJIHA OHEPATOPIUD.

2) D,(a) Ba D, dasonapua GUpop TYFpH 4YU3MK GepruiraH
6yncud. MUyHartupuiarad KecMaHu 6y TYFpU YM3MKKA OpPTO-
FOHAJI NMPOEKUMSUIAHWIIMN UYU3HKJIH ONEPATOPAMD.

3) A € P> matpuua 6epwirad 6yncus. F* ynsukau ¢aso
SJIEMEHTIIAPDUHU 7 Ta DJEMEHTJIH OUp YCTYH KYpHHHUIIMIA
udonanad, yHHHI Y3MHU V3ura ymby x - Ax (A MaTpHuUaHu
YarnaaH x YCTYHra KyHaRTUPHIL) aKCIAHTUPULIN YH3MKJIH Ofle-
paropaup.

4) R [7] Ba R [f] yusukin ¢asonapia Xocuia OJNUII ama-
JIU — YU3UKJIA OMEpaTop.

5} Cla, b) dazona xap 6up x(f) yaayku3 GyHKUMS YIVH

t

S(@) = [x(u)du, (a <t <b), TEHIIUK OUIAH AHUKJAHYBYH
a
AKCIaHTUPHII YU3UKJIU OIEePaTop.

41-§ na YH3MKJIH AKCIAHTHDHUILIAPDHUHI HUFUHIAUCH,
KyIafTMacu Ba COHra KymaiitMacH TabpudnaHradH sgu. by
TaspuduIapHU V' YH3HKIIM - pa3onard YM3UKIM Ofeparopiap
TYIUIAMUATa TAaTOMK, KIUICaK, Vv 6y aMauiapra HucbaTaH Xainka-
ra airananu. byHna 4YM3MKIM oneparopiiap MHFUHIMCH Ba
KYIMaTMACHHUHT XAJIKA aKCUOMAJIAPDHHHM KAHOATIAHTHPHINH
beBocura TeKWMpWIaAU. V un3nukau ¢a3oHUHT Xap Gup 31e-
MeHTHHHA ( 3JeMeHTHra yTKasyBuM oneparop (y HOJIb OIe-
parop 1e6 araraagu) 6y Xankana HOMb POIMHM VidHaimu. V
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YU3UKIA HA3OHHUHT Xap OUp 3MEMEHTHHH Y3UHU Y3ura yTKa-
3yBYM allHMH omepaTop (Y GHpIMK omepaTop XaM aeb artana-
OM) XajaKaga OHpIUK POTUHH VHHAMIM.

V ausuxym ¢asona fumsuxim oneparop Ba ¥, kucm@aso
wyHpa# 6yauicaku, xap 6up x € V), yuyn fix) € V| mapr
Gaxapuica, V|, kucmdaszo f yu3uKIM oneparopra Hucbaran
MHBapuaHT ae6 atamangu. MacanaH, xap 6Up f YH3UKJIM Olle-
patop yuyH ker f Ba A(V) xucmdaszojap HMHBApUAHTAUD.
XakukaTaH, arap x € ker f 6yica, y xomua fix) = 0 € ker f.
Arap x € f{V) 6ynca, y xonna fix) € AV), uyvku x € V.

F MmaiiioH ycTuaary 4ekiau ymyamian V uusukiu ¢aso-
na{e, ..., e} 6asuc Baf: V> Vuu3ukiu onepatop Gepui-

raH 6yyscuH. ¥ xoama xap 6up x = z&kek €V yuyH
n k=1

fx)= Y& ().
k=1

byHpaH KypuHaguMK{, YUM3UKJIN OIepaTrop 6a3uc BEKTOD-
JAapAard KuimaTH OwiaH Ty1a aHMKJlaHap 3KaH. YH3UKJIH o11e-
paTOpHMHT 6a3zuciiapaard KHiMaTIapuHu 6a3uc 6yinya enuo,
Ky#lugara udopanapHu oJaMu3:

fe) =S ase, ay€F, (k=Tn
i=1

A = (a,) € F" MaTpulla YU3HUKJIU ONEPATOPHHHT {e,, ...,
e} Gasucnaru mMarpuuacu ae6 arauaau. llynpai Kwiub, arap
vexin Ymuamid V ¢dasona 6asmc 6epuica, y xoianga xap KaH-
Jait f: V - V uu3ukiau omeparop Oy 6a3ucaard MaTpULacu
Owrad OUp KMIMATIM aHUKJIAHAAM. 7 — YmdamMiu V Yu3uKIn
thazona 6a3suCHHUHTr GepwininK, Oy $a3onaru YU3UKIUA OIepa-
Topiap OmnaH F MaliioH ycTUAAru # TapTHOIU KBaapaT MaT-
puniaiap opacuaa y3apo 6up KMHMaTIN MyHocabaT ypHaTaiu.

Muconnap. 1) D, pasona 6asuc cudaruaa ;, }', k opT-
JlapHHM o6, abcuucca ykuMra f OpTOroHaa IpOEKLHSUIallHU
Kapaitmus. bynpa f() =i, f(j)= f(k)=0 6ynarauu yuyH
YHUHT MaTpHLACH
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100
000
000

2) P* pasona 6asucnap cudaruna e, = (1,0, ..., 0), ¢, = (0,
1, ..,0),..e=(0,0,..,1) opriapuu onub6, 4 = (a,) € "
MaTpHMIa OpKAIH f(x) = Ax YM3UKJIM OIEPATOPHHU

fle) =a e +a,e +.+a,e,

fe) =a,e +a,e +.+a.e,

MyHoca0aTIap OpKaiu aHuKIaiiMu3. JleMak, f orepaTOPHUHT
OJIMHTaH 6a3ucaaru Marpunacu A.

3) R [1] da3ona {1, ¢, ..., 1"} Gasuc onuHca, yHAa audde-
PeHIMAUIAIl ONEPAaTOPUHHHT MaTpULacu

[l

1 0..00
.00

[l
[\®]

o o

o o
o :
o
=

KypUHHILTA 3ra.

4) Honp omepaTopHHUHI MATpHIIacH Xap KaHzail 6a3sucna
XaM HOJb MaTpHIA.

5) BupiHK onepaTopHMHT (alHUH AKCIAHTHPHULIHUHT) MaT-
pULIacH xap KaHiai 6a3uciaa OUpIAHMK MaTpHUALUD.

Yexmu ymuamad V ¢asona 6a3uc 6epunrad 6yica, y xoiaa
0y pasoparu fYU3KMKIK onepaTopiap GiiaH yrapHUHT A MaT-
PHLANIApH OpacHAard ¥3apo Oup KMHMaTId MyHocabaT KyHu-
Jlaru xoccajapra sra:

A+, =A+A; A, =14, LEF,
Ay =44,
£
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Oxupru xoccaHu UcOOTIARMHU3 (KOJATaH XOCCATAPHUHI UC-
6otu miyHra yxmam). basuc {e, ..., e} 6epwiran 6jmu6b, Oy
fasmucaa f, g Ba fg YM3UKJIM ONEPATOPIAPHUHI MAaTpULANapH
4, = (a,), 4, = B,) Ba A= (y,) Oyncun. Y xonna

fle) = Zr,laikeii g(e,) = ilﬁikei’

(8)(e,) = 2 v«&» (k =1n).
i=1
HKKMHYY TOMOHIAH

feley) = flgley) = [zﬂe) S 8,.f(e,) =

- Eﬂpk(z%e;) E(Eaﬂ)

=1

Jdemak Vi = X @By, stoin A = A - A,
p=1

Tavpud. Aeap f: V - V akcaaumpuw (wusukau Gyauwu
wapm smac) yuyn wynoati g : V. > V axcaanmupuw masncyo
6yacaku, fg = gf = e — bupaux (aiinuii) akcaanmupuw 6yaca, g
axcranmupuwt | 2a meckapu deb6 amaaadu.

Arap f akCIIaHTHPHUII YYYH TeCKApMCH MaBXyl Oyica, y
AroHa. XaKMKATaH, UKKMTA g, g, TECKapy aKCIaHTHPHUII MaB-
XKyn OYICHH:

B =8f=¢ f=8f=¢
y Xonna g,/g, = (8/)g, = €g, = &
WKKkuHYM TOMOHIAH ngg1 =g () = ge =g, Aemak, g, = g,.

Bepuiral f akcIaHTHPHINra TeCKapd g aKCIaHTUpHII g = f1
KYpuHULIAA OearwiaHagn. Arap f— YH3HKJIM onepaTop Oyica,
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y Xonaa f*! xaM YH3MKIH. XaKHKATaH, arap x, y € V uxtué-
pHil BekTOpIap Oynca, f HUHI TeCKAPHUCH MaBXyl OyaraHu
VUYYH WIYHAAH AroHa a, b € V BeKropnap MaBxyikH, fla) = x,
f(b) =y. ByHnaH fyu3uxin 6yarand yuyH fla + b) = x + y.
Hatuxana

flx+y) =ffa+b)=a+b=[f1)+f).

IMlyndra yxmam f1(Ax) = Af'(x) xocca ucboriaHany.

1-treopema. Yexau yawamau wusuxsu pazodazu wusuxu
onepamoprunz MecKapuci mMasxcyo Oyauwu Y4y YRunz mam-
Ppuyacu maxcycmac Oyauwu 3apyp eéa xugosa. by wapm 6axca-
puszanda ynunz mampuuacu xap Kaxdai 6azucda maxcycmac
6a A = A5

Ncb6oT. Yusuiu f ONepaTOpHUHT TeCKApHCH GyIraH g
YU3UKJIM ONEpAaTOp MaBXyld OViIcUH: £ = g = e. Y Xonama
UXTHEPUHM Oepuirad Gasucia f Ba g JApHUHT MaTpHUAIapU
KYWHIATH TEHIJIMKHU KAHOATIAHTHPAOM:

AA-—AA A = A, = E, 6y epna E — 6upiuk
Mannua BYHHaH A, ManHHaHHHF MaxcycMacjlHuru Ba
A, =4 = A7 teHrMK 6aXapUIHIIM KeTub YHKATH.

AkcuH4a, 6upop 6Gasucaa A, MaxcycMac OyiicHH. V xoia
Oy 6a3ucna mMaTpuIacH A4, = A}l IAPTHU KAHOATIAHTUPYBYU
YM3UKJIM g OIEPATOPHHU OJICaK, YHUHT YYYH Afg = Af -A‘g =A =
= A, A, = E TeHIIMKIap[aH fg = gf = e TeHIIMKIADHH ONla-
MHU3 (IyHKM Gepwiran Oasucpa f - A/, Af - f — V{3apo 6up
KUHMAaTIM MyHOcabatriap), SbHHU f HUHI TeCKapHCH MaBXyJl Ba
g=r.1

DHAU 6asuc y3rapraHia YU3HKJIM ONEPATOPHUHI MATpH-
Lacy KaHJa y3rapuIUMHU Ky3aTtaMu3. F Maitnon ycrtumaru V
YU3UKIM (asona ukkuta {e, .., e}, {f, ..., f,} 6asucnap Ba
u:V - V — un3ukiu omeparop 6epwiraH 6yicuH. A sBa B
MaTpUUAIap ¥ YA3SHKJIN ONEPATOPHUHI MOC PaBMILIA OHUPUH-
YM Ba UKKMHYM Oaszucaard marpuuaitapu 6ymuo, C-6upuHIH
6a3uciaH MKKWHYH Ga3sHcra YTHMIN MaTpuLiacH OYICcHH. Arap
A=+(a,), B=(B,), C= (y,) neb oncaxk, y xoima
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ule,) = Eae u(f,) = Eﬂ,kf

fi = Eye (k =1 n).

Yui6y ve,) = f, (k=1,n) TeHrnmuk 6mwiad sHrU v : V> V
YHU3MKJIM ONEPaTOpHHU aHUKJakiMu3. by oneparopHuHr {e,, ...,
e} Gasucnaru marpuuacu C marpuuaaup. C Marpuua 6up
06a3ucaaH MKKMHYM Oasycra yTMil MaTpuiacu OyiaraHd ydyH
y MaxcycMac. ByHIaH kenm® YMKAOUKH, v YM3UKJIU Olepa-
TOPHMHI TECKApUCH MaBXYI.

OHAU ywody

i=]

n n
uvie,) = Eﬂikv(ei) = V(E ﬂikei)
i=1
TEHTJIMKIAH V HUHT TeCKapUCH MaBXyLUIMTKIaH ¢oinanaHub.

vlun(e,) = gﬂme.-

TEHTTTUKHHU oflaMu3. byHHHr MabHOCH LIYKH, V'uv omneparop-
HUHT {e, ..., e} basucnaru marpuuacu B = (B,) ra TeHr.
VIKKUHYM TOMOHJIaH YU3HKJIK OIlepaTopiiap OMIaH YIAPHUHT
MaTpMLIapU opacHjard ¥3apo OMp KuMMaTIH MyHocabart-
HUMHI XOCCalapura acoCaH V'uv YM3UKJIN OTNEPaTOPHHHT {e,,
., €} basucparu marpuiacu C'AC ra tenr. Hatuxana B =
= ('AC. by 6wraH Kyiuaaru Tacauk, UCGOTIaHIU:

2-teopeMa. Azap uexkau yanamau V pazoda uusuxau one-
pamop uxkuma 6bazucdazu mampuyasapu moc pasuwoa A éa B
Oyaub, C-6upunqu basucdan uxxumnuu 6azucea ymuw mampu-
uacu 6yaca, y xoa0a B = C'AC.

Tavpud. n-nu mapmubau A ea B xeadpam mampuyansap
yuyn wiyndai maxcycmac n-mapmubau C Mampuya monuicaku,
B= C'AC 6yaca, A s6a B mampuyasrap yxwaw 0e6 amaradu.

bapua n-raptubnu F MaiiioH yCTHAArd KBaApaT MaTpULia-
Jlap TyruraMuaard 6y yxuanuimK MyHoca6aTu pedeKCHBAMK,
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CHUMMETPHKIHK Ba TPAH3HTHBIMK XyCYCHATIAPDHUra 3Ta, THHH
Oy TYmIaMaa SKBHBAJIEHTIUK MyHocabaTunup (TEKUIMPHHT).

2-TeOpeMaHUHI MAabHOCH IUYKH, YH3MKJIN OTIePaTOPHUHT
Typau 6asucaard MaTpULAIapd YXIIAIITUp.

53-§. XOC BEKTOPJIAP BA XOC COHJIAP

Arap 4eKiIH VIJaMid YU3UKIM $a30o[a YM3UKIN OIeparop
VYYH MaTPHIIACUHU AWAroHak KYpHHHUILTA KeITHUpaauraH 6a-
31uc MaBXya Oyica, OyHIalH YU3UKIM OIMEpaTop AMaroHalla-
mypyHd Ae6 araramgu. OmepaTOpHHUHI OUArOHAUIAIIYBYWINIH
Macajnacy TabWHiH PaBMIILA XOC BEKTOPJAp Ba XOC COHIAD
TyWIyH4Yanapura onub Keiraau.

Taspud. Arap HonmpAaH PApKJIM X BEKTOD YUYH IUyHIAH
A € FwMaBxyn 6yincaku, f{x) = Ax TeHrIMK Oaxapuica, X BeK-
TOp f YM3HKJIM OIEPATOPHUHI XOC BEKTOpH Ba A 3ca Oy xoc
BEKTOpra MocC XOC COH Aeb aTtamans.

Muconnap. 1) D, pasoaa Gepwiran TYFpH YU3UKKa Op-
TOrOHAJl MPOEKHUSUIALLIAH HOopar O6yiraH 4YM3UKIU ollepa-
TOP YYVH Oy TVFpH YHM3HKIA ETYBYM Xap OUp HoabAaH GapKin
BEKTOP XOc BeKTop O¥mamu. by BekTopiap Xxap OMPUHHUHT XOC
coHM 1.

2) R}f] da3ona xocuiaa ONMII ONMEPATOPUHHHT XOC BEKTOD-
Jnapud (akar yarapMac COHJapaaH ubopar. Yiaap xap Oupu-
HUHT Xoc¢ coHM (. YMyMaH, arap YM3UKIMU ONEPaTop HOMBIAH
dapkIM Herusra sra Oyica, Hermsra TEerMIUIM xap OUD Bek-
TOp — XOC BEKTOp; YHUHT Xoc coHH {.

3) D,(a) dasona Gepuwiran ¢ 6ypuakka ¢ = nw , n € Z,
OypunIaaH uoopaT YH3UKJIM OMEPATOPHHUHT XOC BEKTOPH HVK.

1-treopema. Yexau yanamau wuzuxau pasodazu susuxiu
onepamoprunz duazonasrauyeuu Gyauuu YuyH YHUH2 X0C 6eK-
mopaapdan mawkus monzan Gazucununz maexcyd Gyauwu 3a-
pyp 6a Kugosa. by miapr 6axapwirasia orneparop MarpMuacu
JMAroHaJ 3JeMeHTIapU MOC 6a3UC BEKTOPAAPUHUHI XOC COH-
Jlapy Oynanu.

Nco6ot. Ymsukim f omeparop OUAroHA/UIALIYBYU, SHHHA
6upop {e,, ..., e} 6a3ucaa yHMHI MATPULIACH AHATOHAT KYPH-
HUAA OVICcHH:
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Af = se e
0 A

Y xomna fle,) = A,e,, (k=1Ln). llemaK e, ..., €, XOC BEeK-
Topaap, 4,, ..., 4, 3¢a MOC XOC COHJAp.

Axkcunua, fle,) = e, (k=1,n) TeHrMKIapaaH f omepa-
TOPHMHT {e,, ..., e,} 6asuciaru MaTpULIACH AMArOHAUIUIHA Ba
A, ra TCHITMTH KeJMO YMKanu. |

2-teopema. Yexru yauamau xomnaexc paszoda xap xan-
daii wu3uKAu onepamop Xoc éekmaopea 3za.

Hc6oT. Xoc x BeKTop Ba Xoc A COH yuyH flx) = AX TeHI-
JUK ywoy (f — Ae) (x) = 0 TeHIIMKKa TEHI Kywid, Oy epla e-
oupnuk oneparop. Oxupru (f — de) (x) = 0 TEHDIMK 3Ca X
BEKTOD f/ — Ae OMEePATOPHUHT HETU3Ura TETHIIUTH SKAHJIUTHHU
k¥pcaranu. IlyHnait K6, Xoc BEKTOPHHHT MaBXyn Oyim-
um 6upop 4 € C yuyH f — Ae omeparop HoiapaaH ¢apkiu
HEeru3ra 3ra 3KaHJIMIruHU Kypcatand. Yekinu ymyamnu dasona
OXHPrHd 1ApT 3ca f — Ae ONMepaTOPHUHT TECKAPUCH MAaBXYA
3MACITUTUTa TEHT KywWiH,{TbHH 6y omepaTrop MaTpuLacH Xap
Kanpgait 6asucma maxcyc. [llynpmait kunu6, arap f omeparop-
HHHT MaTpuiacu A 6yica, y xonna 0y ornepaTop Xoc COHJIapuU
TymiaMu det(A — AE) = 0 TeHrTaMaHUHT WIOU3MApU TYIIIAMHU
funaH ycTMa-ycT Tywany, 6y epaa det(A — AE) ubona A —-1E
MATPHLIAHUHT JeTePMUHAHTH. YOy det (A — AE) = 0 TeHr-
Jama A ra HucbataH n = dimV papaxaiu TeHrmama 6ymuo, 1"
onaunard KoadouuueHrt (-1)" ra TeHr. AJredpaHUHT acOCUH
TeopeMacura acocaH OyHpaait teHriama C MaiaoHaa KaMuaa
ourra winuara ara. [Mynpait kwiub f oreparop Kamuga OuT-
Ta XOC COHra Ba AeMak, xoc Bekropra sra.

By TeopeMana yekiIM YIYAMIMIHK IApTH MyXuM. C[7] yek-
cus3 Yiryamu ¢aszona fx) = fx oneparop xe4 KaHAah XoC BEK-
TOpra sra 3mac.

" YU34KJIM OIeparop YUyH YM3MKIU V da3oma xoc BEKTOp-
HUHI MaBxyn Oyauiu 6y ¢daszoma OMp ynyamyiM WHBApHAHT
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KMCMGAa30HUHT MaBXyd OVIHIUKMra TeHr KywiH. ByHra kjpa
2-TeopeMa alTagMKH, YEKIH YIYyaMId KoMiuieke daszoma xap
KaHgad YU3HWKIHA OIeparop OHp VIYaMiIM HMHBADHAHT KHCM
¢asora 3ra.

3-reopeMma. Azap uexau yauamau Komniexc $azoda uxKu
wusukau f ea g onepamopaap ypun asmawyewu (senu fg = gf)
byauwca, y xoa0a yaap ymymuii Xoc eexmopza 3za.

HUcb6or. Ynsuxam f oneparop yuyH g-XoC BEKTOp Ba A -
Moc xoc¢ coH Oyncun: fla) = 4a. V, paszo yusukiu f — Ae
OIEPATOPHMHT (e-OHPIIMK OIepaTop) HEru3u OVICUH. Y HOMb-
AaH Qapkid, YyHKH a € V. Arap x € V| Gyaca, y xonma
fx) = Ax B2 f2(0) = ghAx) = @A) = A,g(x).

by g(x) € V| a3kanunu Kypcaranu. [lemax, V| uusuknu f Ba
g oleparopsiap yYyH MHBapHaHT. YH3MKJIH g ONepaTOpHUHT
AHUKJIAHUII COXAaCHMHHU V| radya TOpPaHTHpPUII HATHXACHAA
Xocuwi 6yiraH onepatopHd g, 6wiaH GeirwiaiMu3s. 2-Teope-
Mara acocaH g, oneparop V| na Kkamuaa 6MTTa XOC BEKTOpra
ara. MacanaH, b € V, myHnaii xoc BexTop 6¥icuH: g(b) = 4,b.
by BekTop fyuyH Xam xoc BekTop flb) = A,b, uyHku b € V. [ |

Koadpuuuentnapu F MaitnoHnaH oJMHraH KBaapar A Mat-
puua yuyH tyswiran a(d) = a, () = det(A — AE) kymxan A
MAaTPULAHUHI XapaKTePUCTUK KYIIXaau 1e6 aTtamaau.

Vxmam MaTpULIATAPHUHT XapaKTePUCTHK KYTIXaU1apy y3a-
po TeHr. XakukaraH, B = C'AC 6¥1cuH, 6y epaa C koapodu-
UMeHTIapy F MalIoOHAAH OJMHTaH MaxcycMmac MaTpuua. Y
XOIlIa MaTpHLAJAp KYMAaHTMACHHUHT NeTEPMUHAHTH XaKH/1a-
M TeopeMara acocaH

@A) = det(B — AE) = detf{ C'AC — CLEC) =
= det CYA —AE)C = detC'def(A — AE) detC = a (3.

byHgan a€uku, GepwiraH YU3HKJIM OINEPATOPHUHT TYPJIH
fa3Mcnarn Marpuuanapid OUp XWI XapaKTepPHCTHK KymXaara
sra. by xapakrepHcTHK Kynxan GepujraH YM3HKJIM Olepa-
TOPHUHT XapaKTepUCTHUK KYIIXanu 1eb aTamaum.

4-reopema. Azap conau F maiidon ycmudazu n yauoeau
uuzuKau azoda anuxsanzan wusuKAU ONEPAMoOpHUNZ XAPAK-
mepucmuk Kynxadu n ma mypau uaduzza 3za 6yaca, 6y onepa-
mop oduazonassauiysuuoup.
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HNco6oT. Hacrnab uxruépuit umM3ukau ¢da3ona YU3KKIU
OTIePATOPHHUHT TYPJIH XOC COHJIapHTa MOC KeJyBYM XOC BEK-
TOPJAPHHUHT YH3UKJIM 3PKIN 3KAHJIUTHHU KypcaTaMH3.

Yoy {x,, ‘.., X,} — TYpJIM XOC COHJIapra MOC KeIyBYU XOC
BekrTopiap 6yncun: fix) = Ax, (i=1k), 6y epna i # j yuyH
A= A

By TM3MMHMHT YM3UKIM 3PKIWINTUHY k 6Fiinya MaTeMa-
THUK UHAYKUMA €pAamMuia ucbornamMus. Tacauk kK = 1 ma x,
# 0 (xap KaHzall xoc BeKTOp y4YyH) O6ViraHu yuyyH a€H. Tac-
IuK, (k — 1) Ta Xoc BeKTOpaap y4yH VpumiIn 6yiacuH neb da-
pa3 KWwiaMmm3. .

DHIU X, ..., X, BEKTOPIAP YUYH ¥ a X, = 0 TEHIIUK ypHH-
u 6yncud. by TeHDIHKnAaH i=l

i=] i=]

f(ﬁ: aix,.) = Ek:aif(x;) = ia‘.lix‘. =0

k k _
TEHIIMKHHU oJaMu3. Yby 4, > a.x; = Ea,./lkx‘. = (0 TeHITUK-

i=1 i=]
JaH OXWDPIM TEHIJMKHHU aHupub, }k:a,.(,li —A)x; =0 teHr-
i=1
JMKHU XOCWI KWiaMu3. MHAYKUMAHMHT ¢apasura Kypa X,
v+ey X, YM3UKJIA 3PKIM. byHra K¥pa OXMpru TEHNIMKIAH a (4, —
—-4) =0, (i= l,k—i) TEHIIUKIApHHA ojlaMu3. XOoC COHJIap
Typau 6yaranu yuyn A, — A, # 0 (i=1,k—1). byHaan Ba
OXMpPIU TeHNIMKIapaaH a, = 0, (i=1,k—1) TeHMMKIApHH

k —- —
onamu3. Bynappan Ba Y ax; = 0 TeHIMKIaH a,x, = 0 TeHr-

i=1
JUKHU onamu3. Xoc Bekrop x, # 0 OymraHu yyyH a, = 0.
Jdemak a, = 0 (i =1,k). By x,, ..., X, BEKTOPIADHUHT YH3MKJIH
SPKJIM 3KAHJIUTHHUA KypcaTaau.

OHIHU 4, ..., A COHNAp GEPWIraH YU3MKIA ONEPATOPHUHT
XOC COHJIADH, €, ..., e, 3ca Oy XOC COHIapra MOC XOC BEKTOp-
Jap 6yicuH. Y Xoina ucOOTIaHraHra Kypa, e, ..., €, BEKTOp-
JIAp TU3UMU YU3HKJIU SPKIH 6Yaub, V da3zoHUHT Oa3ucu 6yna-
au. l-teopemara acocaH f YM3HMKJIU OMEPAaTOPHUHT Oy 6asmc-
Jard Matpuuacu amaroHan Kypunuira sra.
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D, dasona 6epunran ¢ 6ypyakka (p = wn, n € Z) Gypum
YHU3UKJIA ONEPATOPH MHUCOIH KYpCaTaguKy, 2-TeopeMa YeKITH
Vruamim xakukuit pasojapma YpuHiIu sMac. bomkaua cy3
OWIaH alTraHaa YeKiIn YIIYaMiIn YHU3UKIM (aszonrapia Yu3UK-
JIU ONEPATOPHUHI GUp YayamJIM HHBApMAHT Kucmdazocu
OYIMacCIUrd MYMKHH.

Kyitnnaru reopeMa KypcaTaaMKH, YeKIH YI4aMUu XaKuKuH
dazonapiaa UM3NKIN ONEPATOPHUHT OUp YIYaMiu MHBApPHAHT
KucM dazocy JouM 6yiMacasM, TeKMH UKKU YT4aMId UHBa-
pHUaHT KUCM(}a30CH IOUM MAaBXYH.

5-reopema. Yexau yanamau xaxuxuii wuzuxau V pasoda uu-
suxau f onepamop Gepuazan Gyacun. Y xoada mynoaii 1, u € R
conaap ea 6up eaxmoa Hoabza menz Gyamazan wyndaix,y € V
eéexmopaap maexcyoxu, f{x) = Ax — uy, {y) = ux + Ay (aeap
u = 0 6yaca, x éa y sexmopaaprunz Hoavdan papkaucu f one-
pamopHunez xoc éexmopu 6ysaou).

M cb6oT. Xap KaHHal YeKIu YIYaMiId XaKUKUH YU 3UKIH
¢azo 6upop »n yuyH R” ra usoMopd 6yaranu yuyH V = R" ned
OJMIIKNMHU3 MYMKHH. by ¢dazona 6asuc cudarupa yumby
e, =(1,0,..,0), ¢=(0,1,0,..,0),..,e,=(0,0,..,0, 1)
opTJap TU3UMHMHM ollaMu3. by 6a3ucaa yu3ukIM f oneparop-
HUHI Marpunacu A = (a,) 6YncuH. V xonma xap KaHuai x €
R yayn fix) = Ax, Oy epAa X BeKTOp YCTYH KYpHHHIIHIA
€3wirad. Ouan C* dazona xap 6up Z € €' yuyyH YH3HKIH g
OIlepaTOPHHU g(7) = Az TeHDIMK OWIaH aHWKJIanMu3, 6y epaa
XaM Z BEKTOp YCTYH KYpPHHHMIIAA €3WIraH. 2-TeopemMara aco-
CaH g OIEPaTOPHMHI' XOC BEKTOPU MaBXyH, YHHM Z, OWIaH Ba
MOC XOC COHHH £ OpKalM GejrunaiMus. Y xonna z, = x, + iy,
KypUHHIIA €3MIIMMHM3 MYMKHH, Oy epna x, y, — 0apaBap
Hozipra TeHT 6yiaMaraH R paru Bekroprnap (dyHkum Z # 0).
Xoc & coHHM £ = A +ius A, 4 € R xypunumaa €3u6 onamus.
Yuby AZ = £Z tenrmuknan A(x, + iy) = (A + u) (x, +
+iy) = (Ax, — uy,)) + i (ux, + Ay,). by epnan

JOx) = Axy = 2Ax, — uy,,
Sy = Ay, = px, + Ay,
IIyuu aTum Kepakku, ya1yaMd OuUpAaH OpTUK O¥iraH
KOMILIEKC YHM3UKJIH ¢a3ojapaa AUaroHaUTAIYBYM Oy¥nIMaraH
YHU3HKJIM OIlepaTopiap MaBXy.
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Macanan, C* ¢asona 6upop 6aszmcaa
A= 00
o

Marpuiara 3ra 6¥IraH YU3MKIH f ONepaTop AHAroHaJUIallyB-
yx 3Mac. XaKWMKATaH, akc X0o/ia 1uyHJai MaxcycMac

C=(711 712)
Ya Yn

Marpuia MaBxyiaku, B = C'AC nyaroHan KypuHMILIra 3ra:

-

byHnan Ba AC = CB TeHDMKAaH
(0 0)()’11 712)=(7’11 )’12)('1 O)
1 O/\yy vn Ya Y2)\0 u

MyHocabaTHM onaMu3. By MyHocabatuad sca Ay, = uy,, =0,
Ay = Vi WYy = Vip Yy = V), = 0 TEHDIMKIApHU ONaMU3.
Oxupra TeHrmUKIap 5ca C MaTpULIAHUHI MaxcycMac SKaH-
JIUTUTA 3UA.
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Yuunuu 606

MATPHUIIAJIAPHUHT XKOP/JIAH
HOPMAJI ®POPMACH

54-§. MATPULIAJIN KVIIXAJLJIAP

Mampuyasu kynxad ned, A KOMIUIEKC Y3rapyBYWIH IUyH-
nam A(A) GyHKIMsra alTIWIAAMKHA, YHUHT KuiiMaTiaapu C Maii-
JOH ycThaard n — TapTubiau kBagpaT MaTpuuanap 6yaub, y

AQR) = A, + AQ +. 4 A4 ™ 1)

KypuHuIlra ara, 6y epaa A4, A, ..., A, — Taptubu n 6yiraH
KBagpar MaTtputaiap. Tabpudoard » COHH MaTpHUUATH KYTIXa-
HUHT mapmubu pediwnany. Arap A HoibnaH dapkau 6yica,
m COHM MATPMUAIM KYIIXaOIHWHT dapaxcacu, A, 3ca 0Kopu
Ko3hpuyuenmu newvany.

Matpunanap ycTHAArd aMaUIapHHHT XoccaiapuiaH (poi-
JanmaHu®, xap KaHAai MaTpULUaId KYIIXaJHA M — TapTHOIH
mIyHAal KBaApaT MaTpUla KYpUHHIIUOA €3WIN RMYMKHUHKH,
VHUHT 3JIEMEHTIIAapH A ¥3rapyBUHMHMHT KOMILIEKC K03hhuLu-
eHTIH KymxXawiapuiad udopar:

a,(A) ... a,(1)
A(l) el [P (2)
a,(A) ...a, ()

byHmait MaTpunanap A — Marpunanap aeé aramangu.

Marpunany Kynxamwiapuy A — Marpuiaiap KYpUHHIIHIA
€310 oaub Ba COHMU KOI(POUUMEHTIN KYIXAIUIADHUHT XOC-
camapuaH ¢oinananub, A(A) — marpunanu kymnxan (1) ugo-
nacupard A, A, ..., A, MaTpUOAIapHUHT 6Mp KMHMAT/IH aHHK-
JIJAHTAaHUHHU TonaMu3; yiap A(4) MaTpuuald KYIXagHUHT KO-
a¢pduuueHTIapu ae6 aTanaam.
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XycycaH, xap KaHgaih A € C yuyH A(A) HOJB MaTpuLia
6ymumu yayH 6apya A, A, .., A, Ko3bOdULUHEHTTAPHUHT
HOJIb MaTpuiia GYauiinu 3apyp Ba Kudos. Arap A(1) — HOIb-
JaH dapkjiu MaTpUIAnU Kymxan 6yinca, y xonna A(1) ra HOJb-
JaH GapKiIu Ko3hPHIHEHT OWIAH KMPYBYU A HUHT 3HT IOKOPH
Japaxacu A(1) MaTpuUaId KYNXaIHUHT Japaxacu Oymaiu.
PaBlanku, A(A) HUHT napaxacu YHUHT (2) udonacunaru a,(1),
(i,k = f;z) KVIIXaulap JapaXajlapuHUHI 3HI KaTTacHra TEHT.
bapya n — TapTu6aM A MaTpUUAIAPDHHUHT TYIDIaMUHU C77[1]
OpKanu OenrumanMus.

Marpunany KynxamaapHuHr (2) udomacunan doiinanaHub,
VIapHUHT WUFUHAMCH Ba KYMANTMACHMHW MaTpULIAJAaDHHHT
WHFHHINCH Ba KYOaiTMacu OopKalu Kupuramus. by amainap
C™M[A] TVILIaMHU XanmKara alTaHTHpagd (Xalnka akcuoMaliap
OaxapWwIMIIMHY TEKUIMPHHT). By Xxajikana OUpIMK 3IEMEHT
POJIMHU # — TapTHOIH OMpAMK MaTpHuua YitHaiau. Arap n = 2

.6¥1nca, XalKa KOMMYTaTHB 3Mac Ba HOJBHUHL GyIyBYIIapUra
sra (Moc MucosUiap kexrtupuHr). Kyiunaru reopemara Cr*[1]

XATKaJa KOJIAUKIN OYIIMII XaKkuaaru TeopeMa aeb kapam MyM-
KHH.

1-Teopema. A(R), B(A) — mapmubu n 2a menz mampuuyaau
Kynxadaap, B(\) — Hoavdan papxau eéa ynunz wokopu Ko3gpu-
yuenmu maxcycmac 6yacun. Y xoar0a mapmubu n Gyszan wyn-
daii Q,(A), R,(A), Q,(1), R,(1) mampuuasu xynxadsap mas-
Hncyoxu,

AQ) = Q,(4) B() + R,(1) = BA)Q,(}) + R,().

Bynoa, azap R (1) éxu R,(\) mampuuaiu xynxadaap noav-
dan apxau 6yaca, y xoada yaapuumz dapaxcacu B(l) nune
dapaxcacudar Kuuuk.

Nc6oT. Arap A(A) — HOIb €KM mapaxacu B(l) HUKuIAH
KMYMK MaTpHLATH Kynxan 6ynaca, O, A) = Q,(4) = 0, R@A) =
= R,(A) = A(A) ne6 onmHca, TeopeMa MCOOTIAHALH.

Buau A(1), B(1) mapHuHr gapaxanapd Moc pasuuiga m, k
6ymub, m = k GaxapuicHH.

DHIOM TeOpeMaHM HOJb Kynxamiap €Ku jJapaxacu < m
Kynxauiap y9yH ucbomiaHrad ae6 dapas xwiamus. A(1l) Ba
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B(l) xymxamnapHu () HUHT jJapaxanapu Kamain6 Gopuiu
TapTUOUIa €3aMU3;

AQR) = AA™ +..., BQ) = BlF +... .

Bynra kypa
A Q) = AA) — AB!' BQA)A ™*

Kymmxan € HoJb €KM gapaxacu < m OyiraH KyIxan.
NuenykuustHuHT ¢apa3ura MyBOOHK,

A,A) = G,A)BQA) + R(A)

MyHocabar ypuniaH, Oy epoa R (A1) € HOIb €KM HapaxacH
< k 6yaran kymuxan. byHnaH

A(A) = AB! BA)A™* + AQQ) = Q,A)BQA) + R(A),

Oy epna Q,(1) = AB' A™* + Q,/(4).

0,(4) Ba R,(1) KyIIXauIapHUHT MABXYUIMIHM LWUYHTa YXILam
ucbornananu (Mycrakuin Kypcatuar). Il

Oum AQ) = A, + AA +..+ A A" — TapTbu n 6ynraH
MATpULAIU Kyxaa, X — TapTHOM »n 6YiIrad KOMILUIEKC MaT-
puita OyncuH. A(l) ra A Hunr ypuura X HU Kyiiub, 6apya
aMaUTapHM GaXapyll HaTIXacuia Xocwi OyiaraH A(X) = A,
+ + AX +..+A X" matprua A(1) KyxaqHUHT X MaTpuuana-
I'M KMiiMat¥ Je6 atanagy. Papmanku, arap A(1) = B(l) +
C(4) 6¥mca, y Xonma xap KaHgaii X € (" marpuua yayH A(X)
= B(X) + C(X). AMMo A(1) = B(1)+ C(1) TeHrUKAaH AOUM
A(X) = B(X) C(X) teHrMK Keaub uuKapepmaiiau. ByHUHT
cababu mwyku, B(1) Ba C(1) MaTpuOaIM Kymxaliap KyllauTH-
pWIranaa KoMiuiekc A yarapyBud Oy KyINxaUIapHUHT MaTpU-
uanapaaH ubopar ko3doduuueHTIapy OWiIaH YpUH aIMalld-
HYBYM, aMMo X MaTpHIIa 3ca 6y xoccara ara 6¥IMACIUTH MyM-
KdH. Arap X Mmarpuua C(1) KynxagHUHI MaTpHUalapAaH
ubopar 6apua kos3dduiMeHTIapu OwIaH YpUH AIMAILIUHYB-
un Gynca, y xomna A(d) = B() C(A) man AX) = B(X) - C(X)
TeHrIuK Keaub yukanu. Iy uzoxgan doinananub, Kynuna-
TH TeopeMa HCOOTIaHAIHU.

242

www.ziyouz.com kutubxonasi




2-treopema (FamuwieroH-Kamu). Azap A mampuyanunz
xapaxmepucmux xynxadu ¢o(A) 6yaca, y xoa0a o(4) = 0 (6y
epda p(A) ned p(1)E mampuyaru xynxadnunz A mampuyadazu
Kuiimamu myuwynuaiadu).

HUcb6ort. B(A) opkamu (4,(4))T Mmarpuuanu GerrwiaiMus,
Oynna A,(A) opkaiu A — AE marpunasard Moc 3J1e€MEHTHHHT
anre6pank TYIIUpyBUHCH GeiarwiaHrad. JleTepMUHAHTIAp Ha-
3apuscunan (21-§, 3-teopema) ManIyMKH

p(Q)E = BQ) (4 - 1E)

A wMarpuua A — AE Marpuuang KYIXaqHUHT HKKATa Ko3dh-
duuMeHTH 61UIaH YpUH ATMAMIMHYBYU OVIraHU YUyH I0KOpH-
nary TeHrnuknaH ¢(A)E = B(A) (A — AE) = 0 TeHIIIUKHU
omamus. M

(m[A] xankaga TecKapucd MaBxyld OynraH sjeMeHTIap
YHUMOMYJISIp A-Marpuuaiap Ae6 atananu.

3-TeopeMa. A-mampuya ynumodyaap 6yauutu yuyn yHuH
demepmunanmu yszapmac (SbHA A ra GOFIMK 5Mac) Oyauuu
3apyp ea xughos.

Hcb6or. Tabpudra acocan, arap A-Marpuua A(1) yHUMO-
Oyasp 6¥i1ca, YHUHT YYYH mIyH#aad A-marpuma B(l) MaBXyn-
ku, AQA) - B(A) = B(A) - A(A) = E. Yoy detA(L) Ba detB(A) nap
A ra HucbOaraH kymnxamwrap Ba detA(d) - detB(1) = 1 6ynranu
yuyH detA(A) — HoabAaH (apKaM COHAUP. AKCHHYA, arap
detA(1) = A — nonpnan ¢dapkiu coH Ba A(1) = (a,(1)) 6¥ica,

y xomia B@) = (6,(4)), B,(A) = + A,(4) ne6 onamus, 6y epna

A, () opkamu A(A) MaTpuLIafard a,; 31EMEHTHUHT ajiredpauk
TynaMpyBumcu 6erwianrad. Y xonna A(Q)BR) = BR)AR) = E. M

55-§. KAHOHUK 1-MATPULIAJIAP

Tavpud. Kyiudazu wapmaapuu xanoamaaumupysuu A-
Mampuya Kanonux de6 amasaou:

1) y duaeonan mampuya;

2) duazonan 6yiduua dacmaab HoavOaH papkau kynxadaap,
Keliun Hoanap Hcollnauizan;
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3) HoavOan gapkau xap Kandal kynxaduune wKopu koagpu-
yuenmu 6upza mene;

4) noavdan apkau xap 6up Keiluneu Kynxad oaduHzucuza
6yaunadu.

F — connn maiinon 6yncuH. byHaan xeliuH, arap 6omika
ran agoxuaa Kaill KwiMHraH Oynmaca, F MmaiiioHna aHUK-
JIaHTaH A-MaTpUIajiap KYpHiaaM, S’TbHUA UIYHIAW MaTpULIHA
KVIIXamIapKy, VIapHUHT Oapya kosdduuueHtnapu F maii-
[IOH YCTHIArd A-TapTHOIM MaTpuLAIapaup.

A-MaTpHLIAJIAPHUHI 3JIEMEHTAp aJIMAIITHpUILIApU AeO,
KyHHIars alMallTHpHLLIapra adTUiIanu:

1) A-MaTpHU@HUHT OUMPOP CATPHHH (YCTYHHHH) HOJbIAH
dapkiau coHra kymairupui (OyHmail anMamTupyuuuiap 1-typ
3JIeMeHTap AJIMAIUTHPUILUIAD Ae0 aTaianu);

2) A-MaTpULAHUHT GUpop carpuuu (YCTYHHHM) F[A] Xxanka-
[laH OJIMHTaH KYymxaAra KymaiTupu6b, Gomwka carpura (ycry-
HHTa) KYIIWII.

Taspud. Ukkuta A-MaTrpuuanad OUPUHM UKKHUHYUCH-
OaH 4eKJIM MapTa 3JIEeMEHTAp AJMAIITUPHUUIADHHM Kyinab
XOCWI KWIWII MYMKHH 6yca, yiap 3KBUBaJeHT 1e0 arajaiu.

by 3KBHBaNEHTIMK TYIUYHYAacH Pe(PICKCUBIUK, CHMMET-
PMKJIMK Ba TPAH3WUTHBIIMK XOccajapura 3ra (TeKLIHDHHT).

Mucon xypamus. Ukknura A-Matpuna 6epwinb, yIapHUHT
OMpH MKKHHYMCHAAH (HaKaT caTplapHUHT (YCTYHJIApPHMHI)
TPAHCHO3ULIMACH OWIaH papkK KWICHH. YJApHUHI 3KBH-
BAJICHTJIMTHHU KypcataMu3. A(1) MaTpULAHUHT K-YCTYHHHU
a, = a,(1) opkanu GeirunaiiMus. A(1) MaTpuuana 3JeMEHTap
ATMALITHPHUHINA KaTHAIIMATAH YCTYHJIapHHU Tanuiab obopub,
KyHHIaru 3JIeMeHTap aIMALITHUPUILIADHU OaxapaMH3:

AQR) = (a, a].) ~ (a, + a, aj) ~ (a, + a, = a) ~ (aj, -a) -~

~(a, a),

Oy epaa i = j. CaTplIapHMHT XaM YpHUHU aIMALUITUPUII IIYH-
ra yxmam 6axapwiagu.

Teopema. Xap kandaii A-mampuua 6upop KAHOHUK A-MAT-
pHIara SKBHBAJICHT. :

Uco6or. Horp MaTpuma yuyyH TeOpeMa paBIUaH, YYHKH
VHHUHT ¥3H KaHOHUK. DHIM A(A) HompaaH ¢apiid OYICHH.
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TeopeMaHy A -MaTpULIAHWUHT TapTHOM OyiHMua MHAYKUMSA €p-
JaMuyzaa uchoTimaiiMus.

Arap n = 1 6yica, y xonga A(1) MaTpuua OMTTa SIEMEHT-
naH ubopar Marpuna A(A) = (a(d)), a(d) = a, + ad +...+ a A",
a,a, .. a €F a #0. AX) Hu a;! conra Kynaitupuo,
I0KOpH KO3(PuilMeHTH OGupra TeHr OyiaraH Kynxaara keja-
Mu3. by 6wiaH A(A) KAHOHUK KYPHHUIIHHK ONaIH.

3uou n > 1 xonHU Kypamu3. Teopema taptudu (n — 1)
O6ynran A-maTpuuaiap yuyH ucObomiaHraH ne6 ¢apas kuia-
MH3.

Taptubu n 6ynraH A(1)-MaTpHIUAHU Ba YHra 3KBUBAJIECHT
6yaran 6apya A-MaTpuuUaIapHU ojamu3i. byHpait A-maTtpuna-
JIADHUHT 3JIeMEHTIapH MYMIA JAPAXACH 3HI KUYUK Ba IOKOPH
KO3(ppuumenHTu 6up 6yaraHuHU € (1) opKanu GeiruwranMus.
by &€ (1) anemeHT kupran A-matpuuana 6y 31€MEHTHHM caTp-
JIADHUHT Ba YCTYHJIADHUHT TPAHCIO3ULMACH OPKAIH Oy MaT-
PULIAHMHT Yan 6ypyarura yTKazaMu3:

§() a,p@) ... a,(1)

A(L) ~ ay(A) an(d) ... ay(d)

anl(}') an2('1) ann('l) *

Oxuprd MaTpUUAHUHT OUPHHYM CAaTpU Ba OUPUHYM YCTY-
HUAard Gapya 31€eMEeHTJIapHUHT &,(4) ra 6¥IMHUILKMHY KYpca-
TaMH3.

XakuKartaH, a,(A) = gq(A)e,(A) + rA) 6yncun. by epna nd)
HUHT JapaxacH &,(1) HUHI JapaXacuIaH KWYMK. Y xosaa ou-
PUHYM YCTYHHM — ¢(1) ra KynmaWTupub k-ycTyHra Kyuicax,
A(A) ra 3KBHBaJICHT OyiITaH MIyHOai A-MaTpULIAHN OJAMH3KH,
YHHUHI OMDUHYU CATPUHHUHI k-ycTyHHaa HA) HH onaMu3. By
A-MaTpULIAHUHT OMPMHYHM CATPMHHM HA) HUHT OKOPH KO3(-
¢uuuentura 6¥namu3. Hatikana A(A) ra skBuBajgeHT G¥iaraH
WyHAAH A-MaTpHliara KeJOMKKH, YHAa OMPUHYM CATPHHHHT
k-yCTYHMAAr¥ 3J1€MEHTHUHT JapaxacH &,(1) HUHT JapaXacH-
JaH KHYMK Ba IOKOpU Ko3¢pduIMeHTH Oupra TeHr. By a3ca
€,(1) HUHI TaHJIaHUIIUTA 3uA. [JdeMak, rd) — HOJIb Kymxal.
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[Hlyura yxmam Myaoxa3ajlapHu OUPUHYM caTp Ba OMpHUH-
YH YCTYH 3JIeMeHTIapHHUHT OapyacH yctuaa 6axapub, Ky-
Mugaru A-MaTpuuara KejaMmu3:

() 0 .. 0

Ay-| 0 P2 - B

0 ﬁn2('l) ﬁnn(/l)
Nunykuusra MyBoduk, yiody:

Bp(A) ... Byy(A)
B(Y) =

Bn(A) ... (D)

(n — 1)-rapTibam A-MaTpHIa KyHHIArH KAHOHHUK A-MaTpH-
rmara 3KBUBAJICHT:

&, (4) 0
B(A) ~
0 €,(4)

A(4) maTtpunia yctuga ¢akat B(A) MaTpHMUAHUHI caTplapy Ba
VCTYHJIAPDMHWUTHHA Y3rapTHPAOUraH IYHAAH SJIeMEHTIAp al-
MAIIITHPHIIUIAPDHU GaxapaMHu3kd, OyHIa B(4) KaHOHUK KypH-
HULITA YTCHH:

& (1) 0
AL ~ &,(4)

. "

246

www.zivouz.com kutubxonasi




Oxypri A-MaTpHUAHMHI KAHOHMK SKaHJIMIMHM KypcaTa-
mu3. ByHuHr yuyH e,(A) HUHT € (1) ra 6YIMHUIIMHM KYpCa-
T KUdost. OXHpri MaTpUIIAHAHT GUPUHYH caTpUra UKKMHYH
CAaTpUMHU KYIWKO, Ky#Huaard A-MaTpMLUAaHU OJIaMM3:

£, (1) &(2) 0

AQ) ~ £,(4)

. .

IOxkopuna a,, HUHT ¢ (1) ra 6YIMHUILMHM KaHOaMH KIIHO
ucbornaran 6yicak, Xyaau iy MyJIoxa3alapHU OXHprH Mar-
PULIAHUT GUPHHYM CATPH Ba UKKMHYHM YCTYHMIa TYPyBYH £,(1)
ra Kyyuiab, yHUHr € (A) ra OYIMHUIIMHK UCOOTIAHMH3.

56-§. JETEPMMHAHT BYJIYBUMJIAP
BA MHBAPUAHT KVTIAUTYBYMJIAP

A(R)-TapTibu n 6¥aran A-MaTpuua Ba k-HaTypai coH, 1 <
k < n 6yiacun.

Tavpud. A(l) mampuyanunz k-mapmubau demepmunanm
bynysuucu Oeb, Kyuudazuua monunaduzan J,(A) xynxadza ai-
muaadu: azap A(A) nune 6apua k-mapmubau munopaapu HOAb2A
mene 6yaca, 8, (1) — Hoab Kynxad; azap A(A) HuHz k-mapmubau
MuHopaapu uwuda HoavOau apkaunapu 6yica, 6k(,1)-H0/1baaH
dapkau k-mapmubau MUHOpAQPHUHZ 3H2 Kamma yMymui yHU-
map 6yaysvucu.

1-Treopema. l-mampuuasaprunz demepmunanm 6ysyeuu-
Aapu 3aeMenmap asmawmupuuaapoa yzeapmaiiou.

M c6oT. DneMenTap anMamrTupuuriapaa k-tapruoau Mu-
HOPJIApHUHT KAHAAH Y3rapullMHU Ky3aTaMu3. CaTpiapHH 2J1€-
MEHTap AIMAIUTUPHUIL OWIAH YyeKnaHaMH3 (YCTYHJIapHUKHM —
LIyHra VXIIamn).

A(1) MaTpHLAHHHT OMpOpP CaTpd HOJbBIAaH (dapxjm COHra
Kynmautupwirad 6yicuH. Y xonma Oy caTp KaTHamrag MH-
HOpJIap 1y COHra KymaWTUpWIagu, KOJraH MHHopiap 3Ca
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Yarapmaiinu. Byupad kypuHanuku, Oy XWI 3IeMeHTap ail-
Mawrrvpuiia o6,(A) ysrapMmanau.

uan A(A) MaTpUIlaHHMHT j-caTpH ¢(A) K¥TXaara KymanTu-
prnu6 i carpura KywwiraH OyiacuH.

_ bynunr Hatmxacupa xocwi OYIraH SIHrM A-MaTpULIAHU
14(1) Ba YHUHT k TapTUOIM AETEpMUHAHT OYJIYBUMCHHU 3ca
0, (1) opkanu GearwianMus.

Baxapwirad sneMeHTap aIMaWITHPHIN Hatuxacuza A(d)
HUHr | MUBOp KATHAIIMalauraH XaMza / Ba j caTpJapHUHT
HKKaJlacH XaM KaTHAallaJuraH MUHOpJapu Y3rapMainu. Arap
A(A) Huur Gepwiran x(1) MHUHOpHIA i caTp KaTHaWuO, j catp
KaTHanIMaca, y Xojajaa 0axapuiraH 3JeMeHTap ajIMallTHPHILL
HaTWXacuJa YHHHT Kuimath yarapud, u(d) + ¢(4) u,(4) ra
TeHr 6ymamu, 6y epna u (A) kynxan A(1) HUHT WYHAAH k Tap-
THOAM MUHOpPUKH, u(l) MUHOpAAH A(l) HUHT i caTpu XOM-
Jlallirad KUCMMHHM j CATPHMHI MOC KMCMM OWIaH aiMamTH-
puinan xocw1 6yarad. bynapaan kypunanuku, A(4) marpu-
UaHUHT Gapuya Kk TapTu6am MuHOpnapu d,(A) ra 6yaMHanH.
Hemak 5,‘(,1) xaM 0,(4) ra 6ymuHanu. UKKMHYM TOMOHIAH,
A(L) marpuua xaM A(1) gaH aneMeHTap ajJMalUITHPHLI OpPKA-
7Y OJIMHIAaHU YYYH IOKOPUJArd Myjoxasaiapra Kypa d, (i) xaMm
0,(A) ra 6ynunHanu. Hatuxanad (A) = Sk(/l) , (k=1,n) TeHr-
JukHu onamus. M

1-TeopeMa €pnaMuna KyHugard TeopeMaHu UcOOTHaNMM3.

55-§ ma xap KaHpai A-MaTpMLAHHUHT OMpOpP KaHOHMWK A —
MaTpHIara 3KBUBAJEHT YKAHJIMTH KypcaTWiraH 3ad. DHAU
OyHNal KaHOHHUK A-MAaTPULUAHHHT ATOHATUTUHE UCOOTIARMHU3.

2-reopema. Xap xandaii \-mampuua A20Ha KAHOHUK A-
mampuuaza K8UGAIEHM.

Hco6oT. bepwiran A1) MaTpuna ywoy

& (4) 0
AQ) =
0 e, ()

KaHOHMK A-MaTpHuara 3KBUBaJeHT O¥icuH. Y xonna l-teo-
pemara acocaH xap Kaugait k = 1,n yaya 6,(1) = 6,(1). A1)
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KaHOHMK MATPUUAHHUHT £,(1), ..., €(4) 3J€MEHTIAapH HOJbAAH
dapxu Bae,(1) = 0, k =r +1,n 6yncun. ¥V xonna A(4) mar-
PHMUAHHMHT Xap KaHia# (r + 1) Ba yHmaH IOKOPHU TapTHOJH
MUHOPJAPH HOJIbrA TeHT. [JeMak,

6,0 = 6,(A)=0, (k=r+1,n).

KaHOHMK A-MaTpuuaHUHT Tabpudura MyBoQHK Oy MaT-
PHMLAHUHT Xap KaHgait k — (1 < k < r) Taptmbau MUHOpH
ywby &,(4) - &,(1) ... ¢,(4) Oypyak MUHOpUra GyIUHANM. Bysnra
acocaH 6,(1) = Ek(/l)= e, @) ... e, 1), (k=1r) Ba () = 0,
(k=1r).

3Ham O,(A) = 1 ne6 oan6, ywody

_ %) _1
& (4) = (5,:1(,1)’ (k=1r)

e =0,(k=r+1n)

MyHocabatriiapra sra 6ynamus. by GwiaH A(A) ra SKBUBaJIEHT
o6ynran A(1) kaHoHuK A-Mmarpuua A(1) matpuua 6wiaH Oup
kuimaTan aHukiaadand.

A(A) ra sKBUBaIEHT O{IraH siroHa KaHOHHMK A-MaTpuLa-
HUHT QMaroHanupard &,(4), ..., €,(4) aneMeHTiapu A(4) mat-
PHULIAHUHT MHBAapHAHT KymaiTtyBumaapu Aed atamagu.

HUnBapuaHT KynadtypumwiaapHuur (1) xucobnaw dopmy-
najapy KyIHMHYa A — MaTpHUAIApHHHT 3KBUBAJIEHTIUK Ma-
CATaCUHU OCOH €YMIUTa UMKOH OGepanu.

Mucon Ywby
A =3
Au)_(l 1—4)

MATpHLAHM KypamMu3. PaBliaHku, YHUHT OMpUHYHM TapTHOIU
MUHOpJIapH ¥3apo Ty0. SiroHa MKKUHYM TapTHOIM MUHOpHU
6op, yA? — 41 + 3 ra renr. LllyHunr yuyno,(A) = 1,9,(1) = A* -
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—44 + 3. A(A) HUHr WMHBapHaHT KYNaWTyBYMIAPDH KyHuIa-
rHya:

g,d) = 6,(1) = 1, e,(4) =

8,(A
W 4,
1

5,(1)

Hemak, A(L) ymoy

1 0
0 2—-41+3

KAaHOHUK MaTpHiiara 3KBHBAJIEHT.

U(A)-Taptubu » ra TeHr YHUMOIYISp MaTphia OVICHH.
YHHMHr AeTepMMHAHTH HOMBAAH (apKiu coH OYITaHH y4YyH
£,(4) ... £,(4) = 6 (A) = 1. ByHnan ¢,(A) =...= ¢, (1) = 1. lyn-
laM Kwiub, xap KaHzai yHuMmonyasap U(l) MaTpuua OUpIuK
MaTpHuaiaH ubopaT KaHOHMK MATpHLAra SKBUBAICHT 9KaH.

Tavpud. I-myp snemenmap mampuya deb, wynoaii duazo-
Han A-MaTpullara alTaMm3Kd, YHHHT OUTTa IMATOHAT 3JIEMEHTH
HoNbAaH (apiKiaM COH, KOJraH IHArOHAJ 3JIeMEHTIapu 3ca
OuUpra TeHr:

Ei(Y) Fleee oo e Y oeee vee aae

2-myp anemenmap mampuya 0e6 wynoai A-mampuyaea ai-
mamu3Ku, yhune bapua ouazonan 3nemenmaapu 6upza menz, Gow
duazonandan mawKapu énmyeuu 3NemeHmIapHune upu — Kynxao,
KoA2aHAapU — HOAb2Q MeHz:
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. p(4)
E (p(A)) =].

PaBianku, 6apya ajneMeHTap A-MaTpyLiaiap YHUMOAYISP-
aup... A(l) MaTpUUAHMHr [ caTpUHU (YCTYHMHH) HOJBAAH
dapku y conra kynaitupuin A(l) Hu yanaaH (¥urnan) E(y)
3JIeMeHTIap MaTpHlara KymanTHpHILTra TeHT Kywi. A(4) MaT-
PMILIAHMHT j caTpuHH (YCTYHMHH) ¢{(1) ra Kymaiutupud 7 car-
pura kyumw AQR) HY varaad (VHraaH) E(p(d))ra kynaitu-
HILUTA TEHr KYWIH. YHUMOAY/ISP MAaTpULIAJIADHUHT KyaiTMa-
CH siHAa YHUMOAYJIsAp OyiaraHu caGabid SKBHBAJEHT OyaraH
A(A) Ba B(A) A — MaTpuuaiap y4yH yHUMoOAyJsp myHzaai U(d)
pa M) A — marpuuanap Masxymku, B(l) = U@R)AQX)V(1).
Bbysra acocad, xap KaHjait YHHMOAYJISp MaTpuua OHpIUK
MaTpHLUAra 5KBUBANEHT OYIraHu cababiau y 3J€MEHTap MaT-
PHUAJIAPHUHI KYIMAMTMACH ILAKINIA E3WIHILM MyMKUH. By
MyJioxasajapJaH KyHHIarn teopeMa Keaub yuKaau.

3-reopema. Hxxuma A(1) éa B(L)-mampuyasapnune 3x-
eusasenm 6yauwu yuyn B(A) = UQR)AR) (1) menzauxnu xano-
amaanmupyeuu yHumooyaap U(1) ea V(1) mampuyaraprune
Maexcyd 6yauwu 3apyp ea Kugos.

57-§. YXIIAIIUIUK BA DKBUBAJEHTIUK

F maiinod yctaa A KBagpaT MaTpuua GepuiraH GYICHH.

Tavpud. A — AE mampuyaza A mampuyarure xapakme-
pucmuk A-mampuyacu de6 amanradu.

Teopema. F maiidon ycmuodazu uxxuma A eéa B mampu-
yasapuunz yxwaw 6yasumu yuyn yrapuunz moc A —AE eéa B —
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— AE xapaxmepucmux i— mampuuasapurunz 3xeusasenm 6ysu-
wu 3apyp ea Kughoa.

Ucbort. ABa B nap yxwam, sbiu B = C'AC TeHIIIMKHH
KaHoaTIaHTUpaguraH F MaiinoH yctuaaru maxcycMac C mar-
puna mapxyn 6yicuH. Y xonpa B —AE = C1' (4 —AE)C. Cpa
C! MaTpuUANapHUHT MKKajdacu XaM F MalIoH ycTHOA YHH-
Moayisap A — Matpunaiap O6yiaraHu yuyH B —AE ~A — AF.

AkcuHya A — AE Ba B — AE — Marpulaiap 3KBHBAIEHT
6yncun. V xonnma myHnait U= U(L) Ba V = WA) yaumonyisip
A-Matpunanap MaBxyaku, B — AE = UA - AE)V. Upa V
jlapra MaTpUUJIM Kynxan ne6 Kapa® Ba yiaapra KOJXAHKJIU
OYIUIl XaKUOard TeOpeMaHHM TATOMK, KHIMO, ymIOy

U= (B-AE)Q, + R, V= 0(B —iE) + R,

TEHIIMKIApHU onamu3, Oy epna Q, = Q/(1), O, = Q,(4) A-
MaTpuuanapaup, R, Ba R, map sca F MalloH ycTHaaru mar-
punanap. by TeHrnuiapnas goiigananub, ymoy

R(A -AE)R, = UA -AE)V — (B - AE) Q(A - AE)V —
— UA - AE) Q,(B —AE) + (B —AE)Q,(4 - AE)Q,(B - AE)

TeHIJIMKHU onamMu3. U ea V teckapucu MaBxyl OyiaraH A —
Marpuuaiap o6yiarasu yuyd U! Ba V! map xam A-MaTpuuaiap-
aup. OHOU yuby (A — AE)V = UY(B — AE) Ba UA — AE) =
= (B — AEF) V! renmmukiapaan ¢oitgaiaHus,

R(A —AE)R, = (B — AE) — (B — AE)Q,U(B — 1E) —
- (B-AEV'Q(B —AE) + (B -AE)Q(4 —AE)Q) (B -
~iE) = B —AE — (B —AEXQ,U + VQ, -

- 0 -AEQ)B - AE)

TeHIJIIMKHY onaMu3. Arap Q U' + V1Q, - Q,(4 — AE)Q, mar-
pULa HojlblaH (apkiu 6yiaca, oxupru udona A ra HucbataH
Japaxacu = 2 OyiaraH MaTpuIlalM Kynxaj 6yaapau, BaxojiaH-
ki R(A — AE)R, npomanuHr mapaxacu 3ca OMpiaH Karra
Oynuun MyMKHH 3Mac. by auanuar kypcaraaukd, R (4 —
—AE)R,= B —AE. by epnan B= RAR, R - R, = Esavuu B =
=Cl4C, C=R. 1
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Hc6ornanran reopeMaiaH Ba 56-§ maru 2-teopeMalaH Ky-
WHAATY HATHXAaHU OJaMM3.

Hatuxa. Hxxkuma A ea B mampuyanap yxwaw 6yauwu yuyn
A — AE 6a B — ALE mampuyasapuunz MoC UH8APUAHM Kynaii-
mysuunapu (Oemepmunanm 6yayeyunrapu) menz 6ysuwiu 3apyp
8a Kugos.

58-§. DJIEMEHTAP BVJIYBUWIAP

C KOMIUTEKC CORJIap MaliIOHH ycTHAa n — Aapaxamu (n = 1)
6upop AlA) K¥mxan GepuiaraH Ba @, .., @, — YHHUHT TYpJId
wigu3napu 6yimcud. Y xonga 30-§ maru 2-teopeMaHUHT Ha-
THDKacura Kypa yHU

fW=a(A-a)t.(A-a,)"

KYpUHMIIAA udonaiall MyMKUH, Oy epna k,, ..., k. — Hary-
pan cownap. Ywéy (A—a)",...,(A—a,)® xyuxawrap A1)
KYIIXaIHUHT 31emenmap Gyaysvurapu neiwnamu. by fKymxan-
HUHT 3JIeMeHTap Oynysuwiapu TYwiaMuHu D(f) opkamu 6e-
rIIaiMM3.

Bupop A(A) marpuua 6epuiran Ba ¢,(4), ..., £,(1) — YHHHT
HHBapHAHT O IyBUIapu OVICUH. A(A) MaTPULIAHUHT PAHTH r
6ynca, e(A) = 0, (i=1,r), Bﬁi(ﬂ.) =0, j=r+1,n. Horpnau
dapkiu 6ynran e(), (= 1,7) uHBapMaHT KymaHTyBUMIAp
wynpa 6upnad dapkau OYIraHJIapUHHHT COHM g Ta OVICHH.
YxommaA(d) =1, i=Lr—q Bae _+4) = 1, (r=149q).

Yuiby ¢ (1) MHBapHAHT KYNAWTYBYUHUHI TYPJIU HIIH3NA-
pPUMHM A, ..., A, opKanu Genrunaimus. by ¢ (1) MHBapuaHT
KymauTyBuu OupaaH ¢apkiau xap 6up s,_p+1(,1) ra GYIMHraHu
y4yH Oy er_P+l(,l) KYIXaUIapHUHT WIOM3Tapu 4, ..., 4, COH-
JapHUHT wuuna éragd. byHra kypa xap 6up 6upnan dapx-
Ju er_P+l(l) KynxagHuHr (1) KYpMHUILAArd €HIWIMACH KYHU-

narmaa: e,y (A) = (- )% (A 1) ... (A= 1) .
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Yoy
A=A)8 A=2) .. (A=A)"
(A=A) A—2)2 .. (A—24,)"
............................ (1)
(=20 A=A .. (A=2)™

xansaira A(A) MaTpULIAHUHT dJeMeHTap OYTyBYIIapH XaaBa-
Jm feb ataiiMu3. By XXaIBaTHUHT p — YCTYHH 3JI€MEHTIAPUHUHT
Kynait™acu e, (A) ra tedr. Kansannaru 6ab3u oup (4 - A, )om
Kymxaunap 6upra teHr, abHU k= 0 6ymumm MyMKuH. Xap
6up ¢,, (1) xynxan ¢ (1) k¥xaara 6y IMHraHU y49yH

................ )

A(A) MaTPUIAHUHT 3KBUBAJIEHTIMIM MACAJIACHHU TEKIIU-
puua A, ..., A, WIIM3JTapHUHT KaHaai TapTuOla OIMHUIIK
axaMupaTra sra OyiMaraHauri cababid caTpJAapUHHHI YpHH
O6winaH ¢apk KwriyByn TypJu (1) XaapautapHu TeHT (GHp XII)
ned xucobnaiiMus.

(1) xanBannaru 6upnaH dbapkiau 6yaraH 6apuya (A — A4,)%
Kynxamwiap tymiaMuHun D(A) opkamu Genruwmaiimu3s. byHna
6upop (A—A,)%" xymxam (1) Xagpaaja Heya MapTa ydypaca,
o6y kynxan D(A) TymnaMaa myHYya Mapta XHcoOJIaHaIu.

D(A) tyumam A(A) MaTpHML@QHUHT 3JIeMeHTap OYiyBYWIIapH
TYIU1aMu ned aTajaju.

1-treopema. A(1) mampuuanunz mapmubu, panzu ea D(A)
anemenmap Oyayeuuaapu mynsamu 6y Mampuyanunz UHeapu-
anm Kynaiimyeuuiapunu myia anuxaaiiou.

NcooT. AL) MarpuuaHMHT TapTUOH n, paHrd r Ba D(A)
TYIU1aM Gepuiran 6yicuH. Y Xomaa A(A) MaTpuLia # — r TacH
HoJIbra TeHT OyiraH MHBapUaHT KYIalTyBUWIapra ara.
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Hactma6 D(A) tyuiam A(A) matpuuanuHr (1) ssemeHTap
OYIyBYIIApHM XAOBAIMHH TYIa aHUKIAIIMHU KypcaTaMu3.

D(A) tymnamna TypaM 4, ..., A, WIAK3Iapra MOC KelyBud
(A=2)4,...,(A—4,)" KypuHMIIIAr¥ KYIXAUIAp UYMAA BHT
IOKODH JIapaXalIapuHy Ourragad omamus: (4 — )™, ...,
(A=) Vnap (2) xoccara kypa (1) XaIBATHUHT GHPUHYH
ycryHuHH Gepamu. by kynxamnapuu D(A) TyImaMiaaH 4uka-
pub 1060pub, KojiraH Kymxaagap MYMAAH 3HI IOKOpU Japa-
XaMWwIapuHU TaHMab oxamMu3. Yiaap (2) xoccara kypa (1) xan-
BaJl MKKMHYM YCTYHMHHHT OHMpHaH ¢apKjJu 3JIeMEeHTIapUHU
oepanu. by Myinoxazauu D(A) T¥uiaM 3neMeHT/Iapu 6apyacu-
HM (1) XagBajara XOMIAIITHPryHYa JaBOM STTUpaMu3. by
MyJIoxa3a Kypcaraguku, (1) xagsan D(A) TytuiaM 6mnaH Tyia
aHMKjIaHap 3KaH. XycycaH, D(A) tymwiaMm (1) XaaBaJlHUHI ¢
VCTYHJIApUM COHMHHU XaM Tyna aHukiIaiiau. Jemak, A(1) mar-
pPHUAHUHT Oupra TeHr G¥IraH MHBAapUAHT KylaWTyBYWIapu
conu r — q. A

By teopemManaH Ba 56-§ maru 2-TeopeManaH Kyiduaaru Ha-
THXaHU OJIAMH3.

HaTtuxa. Azap 6up xus mapmubau, 6up xua panaau uKKu-
ma A,) ea A,(1) mampuyanap yuyrn D(A)) = D(A,) 6yaca, 6y A-
mampuyasap 5K8uUsateHm.

59-§. KOPJAH HOPMAJ ®OPMACH

Tabvpud. Azap F maiidon ycmudazu xeadpam mampuya-
HuHz Ouazonaasudazu 6ap4a 3nemenmaap y3apo memz, xap 6up
campda duazonansdazu 3neMeHMHUHZ YH2 MOMOHUOA myp2an ne-
Menm 6upza menz 6a KonzaH Gap4a Inemenmaap HoOAb2a MeEH2
oyaca, 6yndati mampuya xopoan kamazu d0eb6 amansadu:

al 0...00
0 al ...00

0 0 a.. 00
Jla)=
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By epmaru a coH XopaaH KaTarMHHHT Xoc coxu neb ara-
jgagu. XycycaH:

1
J(@= (@, Jz(a>=(‘g a)

Tavpud. Aeap F maidon ycmudaezu xeadpam mampuua-
HuHe Oow OuaeoHanu GUpUH-KemuH XHcoUaawzan HOpOaH Ka-
makaapdan ubopam ea 6y kamakaapoan mawkapudazu 6apua
anemenmaap Hoab 6ynaca, 6YHOAU Mampuya »copoan Mampuyacu
Oe6 amanadu.

LUlyHpait kuiub, xopaaH MaTpunacu mMoc J, (a ), J, (az)

» I (a) XKOpHAaH KaTakKJIapHUHI KeTMa- KeTJmm 6maH TyIa
aHnKﬂaHa.upI Oy epna k,, k,, ..., k, xamna a,, .s, @, COHJIAD
TYpId OYIUIUM apT 3mac. XycycaH, IlPIaI‘OHaJI ManmIa —
OMPMHYYM TapTHOIM XOpIHAaH KATaKJIAPHIAH XOCWI KWIMHIAH
XopAaH MaTpHULAcUIMp. YMyMUH XOiJa XOpAaH MAaTpHUIIacH
KyHumara KypuHMILTra 3ra:

Jul@) 0 .. 0
[ N R Y IR
(1)
0 0 ... Jp(a)

l-teopema. J(a) — AE mampuuya yuyn ¢(1) = 1,
(i=1Lk-1), () = (A — a)*, asnu y Kyiiudazu xanonux A —
Mampuuaza Keusarennt

1 0..0 0
01..0 0

e 0

1 0 (2)
0 1 A-a)f
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Ucb6orT. Yoy

a—21 1 0 0
0 a—21 1 0
Jip(@)—AE =
0 1 €))
0 . a—24

MATPHUIAHMHE AeTepMUHAHTH (¢ — A)* ra TeHr. [leTepMHHAHT
OynyBum 6 (1) yHurap 6ynranu yuyH d,(A) = (A — a)*. Arap (3)
HUHT OMPHUHYM YCTYHH BA OXMPIH CATPUHM YUHMpCAK, IHAro-
Hamuga 1 cCoHHM, AMaroHaJIHMHT IoKopucuna 0 coHu 6ynran
A (1) matpuuanu onamu3. bynra kypa 6, (1) = 1. by 4/ 1)
MaTpuiaga 6up XWI HOMEPJIH caTp Ba YCTYHJIADHHM KETMa-KeT
yuupu6, ywby 4, ,(1) =...= 6,(1) = 1 TEHINIMKIaDHU OJaMM3.
Bynapnan 56-§ naru (1) popmynarakypac(d) = 1 (i=1,k—1),
e(A) = (1 — a)*. byHra Ba 56-§ naru 2-TeopeMara acocas
J(a) — AE maTpuMLIlaHMHT KaHOHHUK KYpUHHIIHU (2) MaTpHLa
owian 6epwiany. M

(2) ndonanan Ba 58-§ marm Tappudaan 6eBocuTa Kyiiuaa-
I'M HATIKAHH OJIAMM3.

Hartuxa. J(a) — AE mampuyanunz paneu yrune mapmu-
6uza menz 6yaub, D(J (a) — AE) = {(A — a)*}, ashu szona (A —
— a)* kynxaddan ubopam.

2-reopema. Hxmuépui J mcopoan mampuyacu 6epusrean
oyaub, y (1) xypunuwmea 32a 6yacun. Y xoa0a J — AE mampu-
yanune panzu ynunz mapmubuza menz 6yaub, D(J — AE) mynaam
D, (a) — AE) myniamaapnunz durunducuza menz (GyHpa
6upop (1 — a)* kymxan D(J,(a) — AE) Tyr1amiapra Heda
MapTa kupca, y D(J — AE) Tyiutamaa myH4ya Maprta xgcobmia-
HaOou).

HUcb6or. J — AE Matpuia yuoy

(@) — aE, 0 0

J"X,E: 0 sz(a2)—'1E2 cen O
vae (4)
0 e Iy (@) — AE
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Kypunwuira sra, 6y epna E, opkanu taptubu k; ra TeHr O6up-
JIMK MaTpHlia OeiATHIAHAH.

1-Treopemara Kypa xap oup J, (@;) — AE; MaTpHLUAHMHT
nerepmuHanTi (a; — )% ra TeHr. ﬂeMaK J — AE marpuua-
HUHT J€TepMMHAHTH

S
H (a; — j~)ki
i=1

KymafitMara TeHr. byHnad J — A E MaTpULIAHUHT PAHTH YHUHT
TapTUOMTa TEHIJIMTU KEIUO YMKAIU.

D(J — AE) TymiaMra Joup TacAMKHHU McboTiall yuyH JacT-
nab Kyiuaaru MKKH JIeMMaHH UcOoTIaiMus.

1-me MM a. Paxam duazonasudazu 3nemenmaaprune ypru Gu-
AaH apk Kuraduzan ukKuma ouazoHan A-mampuyaiap 3Keuea-
AeHmuoup.

U c 6 o T. [luaroHan MaTpuuaAard i- Ba j- 3JieMeHTIIApHUHT
YPHUHU aJIMALUTHPUIL YYYH AacTiab i- Ba j- caTpJapHUHT
VDPHUHM, KEHHUH i- Ba j- YCTYHIAPHUHT YPHUHM AIMAlUTHPHIL
kugosi. A1) Ba B(A) nMaroHan A-MaTpUMUATAPHUHT JUArOHAI
3MIEMEeHTJIADHUHT UXTHEPUH YPHUH aIMAITUPUILINA YEKIIM MapTa
carpjap Ba YCTYHJIApHM aJIMAIITUPUIL OpKAIM OGakapWIUIIU
MYMKUHJIUTH cababim yjaap 3KBHBaIEHT. JleMma ucOoTIaHAM.

2-neMmMma. Aeap FIA] xarkada ¢ ), ..., ¢, (A) kynxaorap-
HUHZ uxmuépuli uxKkumacu yzapo my6 6yaca, y xoa0a Kyiudazu
duazonan A-mampuyanrap 3K6uUeateHm:

04 0 ... 0 10 .. 0
.. 0
0 oA (0 ljllw,-(l)

Ucb6ort. Arap m = 2 6¥1ca, d,(4) = y ¢,(1) p,(A), Oy epaa
y # 0 ¥3rapmac coH. ¢ (1) Ba ¢,(4) ¥3apo Ty6 6ynaranu ca-
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6abmm 6 (A) = 1. Bymapman ¢, (1) = 1, &,(4) = yp,(1)p,4).

HeMak
A o A
0 9,(A) 0 ¢, (A)p, ()

byunan doiinananub, yMmyMmui m > 2 XoJ MHIYKUMS €paa-
muaa ucborTraHanu. JleMMma HCOOTIaHAU.

J MaTpUUAHMHT @, ..., @ XOC COHJIapH MYUIA TYpJAIapU-
HM TaHnab onub, y1apHU A, ..., A, opKamu 6enrunaiimMus. Pas-
IIAHKH, ! < S.

J matpumana 4;,(f =1,7) xoc coHra sra 6ynraH XopmaH
Kartakiap g, Ta 6yacuH. by KaTakiapHUHr TapTHOIapUHH
YCMaiuraH KYpHHHMILAA XOWIALITUPAMM3:

kyzk,z..zk, =1 5)

Arap (4) MATPMUAHMHT UXTHEpHIA J i, (a;) — AE,; xataru €r-
TaH caTp Ba YCTYHJIADH YCTHMIA DJIeMEHTap ATMaIuTHPHIILIAD
6axapuinbd, YHUHT KAHOHUK KYPHHMIINTa YTHIICcA, OOIIKA Ka-
TaKiap yiarapuuicu3 Konaau. byHnan ¢oiinanaHu6b, (4) mar-
punanaru xap 6up J, (a;)— AE; KaTakHH yHra 5KBHBaJIeHT
OynraH (2) KYpMHUIIAArd KaTak OWiIaH alMaIuTHpcak, (4) Mar-
puLara 3KkBUBAJIEHT O¥iraH Kyiuaaru A(A) auaroHaiaA — Mar-
pULlaHM onaMM3: A(l) MaTpMUAHHHT AMaroHaiudnga Gupiap Ba
(4) MaTpMUAHHHT XOpPJAH KAaTAKJIAPDMHMHI OupmaH ¢apkin
MHBAapUAHT KYyHAMTYBUWIAPDUIAH HOOpaT ymoy

(A=A @-aphe. (- 2a)ka

(=) n@ -1 (-1l
......................................... (6)
=1 -a (-4

Kyuxamiap xoiiamral. by epaa (5) ra kypa

259

www.ziyouz.com kutubxonasi



kyzkp,z...z2k, =1
kyzky 2.2k, 21

.................. N

BupnapHuHT Ba 6y KYTIXamiapHUHT A(1) AMaroHaInaa KaH-
Jail XOWMalraHjaurd l-meMMara Kypa KarTa axaMusaTra sra
aMac.

OHIM q,, ..., q, COHIIADHUHT 3HT KaTTaCHHH ¢ GuwiaH Gei-
rinaitMu3. Xap 6up p,(p =1,9) yuyH (6) XauBatHUHT p —
ycTyHHna typrad (A — /1,.)""" KVIIXa[UIAPDHUHT KyIalTMAaCHHH
e, + (A) opxamu Genrwnaimus. Arap 6Upop ¢, YIyH ¢, > p
(sSTBHU p — YCTYHHHUHT j — caTpu Oy 6yica), Oy caTpra Moc
KyTa#TyBYnHM Gupra TeHr ne6 omamu3. (6) xamsannark A,
«y A, COHJIAD TYpJIM 6YiraH¥ y4yH 6y XaJBalHMHI Xap OUp
YCTYHHAArM HXTHEpHMIT UKKUTA Kymxan y3apo tyoaup. byHra
acocaH A(l) nuaroHaja MaTpuiiara 2-JIeMMaHU TaTOUK KWiub,
YHAAH 3JeMeHTap amMallTUpUlUIap €paaMuaa JHaroHaiuaa
6upnap Ba ¢, (1), (p = 1,9) xynxannap érran B(1) quaroHa
A-MaTpHIIara YTHINM MYMKHH:

(J -AE)~ B(A) = Egn(A)

) (8
g, (1)

0 £,(4)

(5) waprra Kypa xap oup en_p+l(,1) Kymxan e"_w+l)+l(}.) Ky1xaara
OynuHraHu yyyH B(l) MaTpuIa KaHOHUK KYpUHWIIZard A —
Matpuina. Jemax, B(l) marpuna J — ALE MaTpHIaHUHI KaHO-
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HUK KypuHUIIUAKD. byHaan (6) xanBannary Kynxammap D(J —
AE) TYIUIaMHU XOCWI KIIMLIHHK ojaMu3. AMMo (6) Xanpai-
marv Kyruxamnap tyswiawra kypa D(J, (a;) — AE;) Tyuiam-
JIApHUHT MUFMHAUCHAND. TeopeMma T¥na WCOOTIIAHIH.

HcbotiaHraH TeopeMa Kypcataauku, xap 6up J — A E mar-
pMua YIyH LIyHOai il, w, A, Typiu connap Ba (7) wWapTHU
KAHOATJIAHTUPYBYH Kk HaTypaJI conyap MaBxyaku, I(J — AE)
TYTUIaM (6) XapgBan gpmaﬂ 6epwiraH KyIxamiapaaH ubopar.
AKCHHYA XaM YPHHIH.

Hatuxa. Aeap wxmuépuii A, ..., A, mypau conaap éa (7)
wapmuu Kanoamaaumupyeuu uxmuépuii k, namypaa connap be-
puaca, y xoada wynoail J wcopoan mampuyacu MasxcyoKu, yHUHz
yuyn D(J — AE) mynaam (6) madean 6uran bepunadu.

Ncb6orT. bynpait J xopaaH MaTpHIacH KyWHOaruya To-
mwtagd. Xap 6up A, Ba (7) mwapTHH KaHOATJIAHTUPYBYM k
COHM YuyH J, (,1 ) XOpAaH KaTaruHM OJICAK, 1-TeopeMaHuHr
HATIDXACUTA Kypa

DUy, (k) = AE,,) = {( - 4)" .

Aumu J cucdaruna G6apya J, (/1,) XOpIaH KaTakKJIapHUIaH
ubopaT XopJiaH MaTPUIIACH onunca 2-teopemara Kypa D(J —
~AE) tyiutam (6) xansainan u6opar 6ymanu.

3-treopema. C maiidon ycmudazu xap xandaii A mampuua
6upop xcopdan mampuuacuza yxuwaw. By wcopdan mampunacu
A opxaau ¥copoan KamaxiGPUHUNZ YPHU GAMAUWLLINZAYA GHUK-
AuUK 6usan monuaadu (6y XopaaH MaTpHLIUTAPUHHUHT Xap OUpH
A MaTpHMUAHHHT XopaaH HopMai ¢opMacH nebd arananu).

NcbdoT. A € C*» Gepwiran OyicuH. YHra yxmam 6ynraH
J € (" xopmaH MaTpuMuacuHu Tomamu3. 57-§ ra acocaH A
Ba J MaTpUUAJIAPHUHT YXINALLTHIA YJIAPHUHE XApaKTePUCTUK
A—-AEBaJ —1F A — MAaTpHUAIAPHUHT 3KBUBAJIEHTIIUTUTA
TEHT' KYWIH.

A MaTpULAHUHT XapakTepUCTHK p(1) = det(A — A E) Kymixa-
JUHHU KypaMH3. Y 7 Ta KOMIUIEKC WIAM3Ta 3ra (IiaM3jap Kap-
pacu OwiaH xucobnaHranaa). Yubya , ..., A, connap (i) HUHT
TypJd WIAU3NADPH, K, ..., k HaTypan coHnap — Oy uiausnap-
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HUHT Kappacu 6yiacuH. Y xonma k, +...+ k, = n Ba
e(A) = (-1)"(A—A)"...(A—4,)" . bynpan A — AE marpuua-
HMHI paHI'M YHHHT TApTHOMUTa TEHTTUTH KETHO YUKAIU.

Yuwby &,(4), ..., ¢,(A) kjmxamnap A — AE MaTpHUAHUHT UH-
BapHaHT KYMalTyBUWIapd OYIcHH. Y Xonna

gA) ... e,(M)=0,A=(A-A)"...(A-1,)".

bynra kjpa en_p+l(ﬂ.), (p= fc}) WHBapUaHT KyIaiTyBYWwIap

Kyluaari KYypuHHUINTA 3ra:

Ep D) = (A=A (A= 4) . .(A— ).

Arap 6y udomana Gupop A, WIAM3 KaTHalIMaca, MOC
- ).,.)k*"’ KyTmafiTyBYMHH OUpra TeHr ged xucobnaimus. byH-
nak Kynaltysud yuyH k= 0.

Bynra acocag A — ﬂf MATpULIAHHHT 3JIeMeHTap 6ymyBuM-
napu (6) KYpHHMIIra 3ra.

2-TeopeMaHHHT HATHXXACcHTa Kypa 3JieMeHTap OyayBuMia-
pH (6) XanBaja KYpUHHIIMIA 3ra 6yIrad J XOopAaH MaTpUllacu
MaBxyn. bynnan, 58-§ maru 1-teopemanaH Ba 57-§ naru Teo-
peManad A Ba J MaTpHUAJApHUHT YXIIALUIMTH KeaIub duka-
au. Teopema ucboTiaHmM.

HcbomranraH TteopeMalaH KyWHMIATH HATHXa XaM Keiub
yukaad. Yekiu yruamid 4H3MKIA dazonga Xap KaHgal 4u-
3UKJIM OTIepaTop YUYH IIyHOa#l 6a3uc MaBxXynku, Oy 6asucaa
VHHHT MaTpHIIACH XOpHaH MaTpuuacuaup (6an3aH Oy Oasuc
GeplwiIraH YM3UKJIH OINEPATOPHHUHL XopaaH 06a3ucu neb ara-
JTanu).

HcborraHrad teopeMalaH YM3MKJIM ONEPATODHUHI IHA-
TOHAUTALIYBYIWIMTHHHHT 3apypuil Ba KUGDOSABUH LIADTH OCOH
YUKAPWIAIH.

XopnaH karakinapd OuwiaH sneMeHTap Oyimysumnap opa-
CHIArH MOCTHKKA MYBOGMHK YH3UKJIN ONEPATOPHUHI AMAro-
HAJUTALIYBYWINTH YHUHT 6apya ajeMeHTap OYIyBYIapUHUHT
OHPUHYH TAPTUOIM SKAHIMIUra TEHr Kywid. Oxuprd wapr
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3ca y3 HapbaTUAa 3HI KEHUHTU ¢,(1) MHBapuaHT Kynaii-
TYBYUHUHT Kappalld WIAU3Napy KYKJIUrura TeHr Kywiu. [yH-
Jait KWinb, YM3UKIU ONlePaTOPHUHT AUArOHAJLIAIYBYH OVIM-
UM YYYH YHMHT 3HI KeHMHIM HHBApHAHT KYIaWTyBUMCH-
HUHT KappalM WiAM3aapH O¥rMaciurd 3apyp Ba Kudos.

F connu MainoH wyHpai 6yincaku, yHga det(A — AE) xa-
PaKTEPUCTHK KYTIXaJ YA3UKJIM KYTIAaHTYBYIUIapra axpalica, Te-
opeMaHUHT OyHunaW F MalooH Ba YM3UMKIM A omepaTtopiap
YYyH YpUHAU OVJIMIUKA UCOOTHAH GeBOCUTA KYPUHAIH. AKCHH-
vya, F MaitnoH ycriaaru A marpuua F MaifioH ycrmaaru 6u-
pop J XopaaH Matpuuacura yxwaiu OyicuH. Y xonma A — AE
Ownan J — AE uHBapuaHT KymaiTyBYwiIapu OUp XWI, IeMakK
det(A —AE) = (=1)"¢,(4) ... £ (A) KYTIXaA XaM YU3UKJIM KyIai-
TyBumwiapra axpaiagu. llyHpait Kwiub, Kyiiugary teopemMa
VPHUHIIU.

4-teopema. Fmaiidon ycmudazu uexau yauamau wusuxau
azoda uwusuxau onepamoprunz xcopdan b6asucu masxcyo 6yau-
wu yuyn yHnunz xapakmepucmukx xynxadu F maiidon ycmuda
Yu3uKAU Kynaimyeuuarapea axcpasuuiu 3apyp 6a Kughos.

Mucon KypaMu3. Yoy

1 -34
A=[4 -1 8
6 —77

MaTpuuara yxwam XopAaH MaTpulUaHu TomamMu3. Xapaxre-
PHUCTHK

-2 -3 4
A-AE=| 4 ~-7-1 8
6 -7 7-i

KYIIXaAHMHT UHBAPHAHT KynanTyBuwiapu 6,(4) = 1, 6,(1) =1

4 —7-12 7\ 4 8
(yuoy 6 -7 |7 6(l+§), 6 71 = —4(A +12) muHopaap
y3apo T1y6),
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S A=A —A-51-3=@A~3) @+ D>
Bynpan e (1) = e,}) = 1, &,0) = (4 — 3) (4 + )2

DineMenTap 6yVayBumunap A — 3 Ba (A + 1)%. Ynapra 3 coHu-
JaH ub6opar (3) KaTaru Ba

XOpJaH KaTaKjiapd MOC KeJlalu.
Jemak, A Matpuua ywoy

XOpJaH MATPHIACHTa YXIIAIl.
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Yu 6upunuu 606

YHUTAP BA EBKIINJL ®A30JIAPUJIA
YU3NKJIN ONNEPATOPJIAP

60-§. YHUTAP ®A30JIAPJA YN3HUKJIIN
OIIEPATOPJIAP

L — yHurap da3o Ba ¢, g: L » L 4yu3uKJIM orepaTopiap
6yacuH.
Tabpud. Acap xap xandaii x, e € L yuyn

(p(®), y) = (x, g¥) 0y

menzauk baxcapuaca, g onepamop ¢ 2a Kyuma de6 amasadu.
Arap ¢ omepaTop y4yH KyIIMa oIepaTtop MaBxyx 6yica, y

ATOHA. XaKWKaTaH, arap g Ba A omeparopjiap ¢ ra KyuiMa

oyca, y xoimaa (1) 6unan 6upra xap KaHpait x, y € L yuyH

(p(0), ») = (x, h(y))

TEHITMK XaM YpUuHIM. By TeHDIMKIapaaH xap KaHaam x, y € L
yuyH (x, g(y) — A(y)) = 0 TEHIIMKHU onaMu3. XycycaH, X =
8 — h(y) yuyu (g(y) — h(»), g(») — h(y)) = 0. bynnau xap
KaHnant y € L yuyH g(y) — h(y) = 0 TeHIJIMKHU, STbHH g = A
3KAHJIUTHHHU OJIAMH3.

Kenaxakna ¢ omeparopra KyumiMa OViIraH orneparop Mas-
Xyn 6yica, y ¢* KypuHMIIMIa OerwiaHagu.

KJy1ma onepaTopHUHT acOCHl XOCCAIAPDUHU KeITHPAMM3:

1. (p*)* = ¢. lapxakuxat (p*(x), ¥ = (3,0 * () = (p(),x) =
= (x, p(»)).

2. (p + p)* = p* + y* [Jlapxakuxkar, (p(x) + p(x), y) =
(p(@), ) + W), y) = (x, *(O) + (x, *¥) = (x, o*() +
P*(»)).

3. Xap kangait 1 € C yuyH (A p)* = 1¢*. Jlapxakukar
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(o), ¥) = Apx), y) = Mx, p*(») = (x, 1p*)).

4. (p-y)* = y* p*. Jlapxakukar
(p (), y) = W), p*O») = (x, P*p* ).

5. Arap ¢ YH3MKIU OIEPATOPHUHI TECKAPUCH MaBXYH
6ynca, y xona ¢* onepaTOPHUHT XaM TeCKAapUCH MaBXyH Ba
(") = (p)*. dapxakukar (p)*-p* = (p-p)* = " = ¢,
9yHKH (e(x), () = (x, e*(»)) = (x, ). LlyHra yxwaw

‘p*(<p-l)* o ((P-l(p)* = e* = ¢,
Teopema. Yexau yawamau ynumap hazoda xap xandaii wu-

suxau f onepamop yuyn f* Kywmacu maexcyo.

Azap A = (a,) 6a B = (B,) aap f 6éa f* onepamopaaprunz
opmonopman basucdoazu mampuyasapu b6yaca, y xoa0ap, = ey
(xeaaxncaxda byndaii xoccaza 32a 6yazan B mampuuanu A* 6u-
Aan bea2usanadu).

Hc60T. A-4M3uKIU [ ONEPATOPHUHT e, ..., €, OPTOHOP-
Man 6aszucpard MaTpuliacH OVICHH:

k
Sleg) = Zlaikei .

By 6a3ucga B = A* MaTpuuara 3ra O6yiraH 4u3UKJIU Olle-
PATOPHY g OpPKAMH GenrunaimMus:

gler) = Y Bue =25k.~e: .
i=1 i=1

buausukn o(x, y) = (x), y) Ba p(x, y) = (x, &) pop-
MaJlapHH onaMu3. Xap 6up k = 1,n Ba [ = 1,n y4yH

pleg,e) = (f(e),e) = gaik(en e)=dy
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Y, €) = (e, g(e)) = i}ﬁi[(eka e)= Bkl =ay

TEHTAUKIApOaH ¢(x, y) = ¥(x, y), abHU Gapya x, y € L y4yH
(fx), ) = (x, g(»)) Teurukuu onamms. emak, g = [~ N

61-§. HOPMAJI OIIEPATOPJIAP

Yusuxyiu ¢ : L » L oneparop yuyH ¢ ¢* = ¢*p 6ynca, y
HopMal Ae6 aramanu. by xomma ¢ Ba ¢* omeparopnap L na
YMYMHUH XOC e BeKropra 3ra. Moc Xoc coHJjap ¥3apo KOMII-
JieKe KVlIMa coHIap. XaKUKATaH, ¢(e) = le, p*(e) = ue 6¥ica,
y Xonna u(e, e) = (u e, €) = (p*(e), ) = (e, p(e)) = (e, Ae) =
A(e, e), 6yHmaH u = 1.

Teopema. Yexau yruamau ynumap L pazoda wusuxau f
onepamop y4yH xoc eekmopaapdan ubopam opmonopmaa basuc
Mmaexcyd Gyauwu yuyH ynunz Hopmaa Oyauwu 3apyp éa Kugos.

U ¢ 6 ot. Ynsukiu f oneparop y4yH e, ..., €, — YHHHT XOC
BEeKTOpJIapuaH ubopar opToHopman 6asuc Ba 4, .., 4, —
yJlapra Moc Xoc coHap 6yincuH. by 6a3ucna f ywby

A 0

a=| H
0 1,

Marpuuara, f* sca ywoy

A 0

ar=| P
0 An
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Marpuuara sra. Jluaronain 4 Ba A* MaTpunaiap ypyuH aIMallyLL
Xoccacura ara oyiraHu cababmm ff* = f*f, seHu f HopMal.
Teckapu TacAMKHU 1 = dim L 6Vitnya MHAYKUUSA UILIATHO
ucboTnaiMu3i. Arap » = 1 6¥1ca, TaCTUKHUHT TYFPHUINTH PaB-
waH. JHmU 7 > 1, e — Yu3MKIM fBa f* oniepaTopaapHUHT L
Jaru yMymmii xoc Bextopy, |e | = 1 BaL! = {x € L / (x, e)) = 0}
oyncud. ¥V xomnna dim L' = n — 1 6yaub6, L' ¢aso fBa f* ra
HucbartaH uHBapuaHT (6y ¢(x) = (x, ¢ ) HU YU3MKIM popMa
ne6 kapab, 42-§ maru Teopema KaGH MCOOTIAHALU).
XakukaraH, arap (x, e,) = 0 6yica, y xonaa

(flx), e) = (x, fHe) = (x, 1,e) = A(x e) =0

Ba
(%), e) = (x,, fe) = (x, 4,e) = 4,(x, ¢) = 0.

HUunykuus dapasura mysoduk, L! 1a f onepaTopHUHT XOC
BEKTOpJIapM/IaH Ty3WIraH e, ..., €, OpTOHOpMai Ga3uc MaB-
xyn. Y xonzpa e, ..., e, TH3UM L 1a f onepaToOpHUHT XOC BEK-
TopiapuaaH Ty3wirad oproHopman 6asucaup. [l

62-§. V3-Y3UTA KVIIIMA OIIEPATOPJIAP

Yusuxmu f: L > L omeparop yuyH f* = f Oynca, y ¥3-
V3ura kymmMa aed ataaamgd.

1-treopema. Yexau yrnamau ynumap L pazoda wusuxau f
onepamoprunz y3-yiuza Kyuma Oyaumu y4yn yHuHz Hopmaa éa
bapua xoc conaapu xaxuxuii 6ysumu 3apyp ea xugosa.

U c 6 o1. Ynsukinu foneparop ¥3-y3ura Kymma 6yircuH. Y
xomna ff* = f* = f, apuu y HopMman. Hopmammuru ca6abmu L
J1a YHUHT XOC BeKTOpaapuaaH Hb6opaT opToHopMal 6a3uc 60p.
by 6a3ucna f Ba f* onepaTtopJapHUHI MaTpULAJIapy
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KYpHHHUILTa 9ra. Ywoy f = f* myHocabatnan 4 = A* sbHU
A,= 4, (k=1n) tenrmuk xkemm6 umkamu. Jlemak i, xap
XaKUKHi. AKCHHYa, f HAHT HOpMaJUIMTH Ba 6ap4a A, TapHUHT
XaKUKHiLTHrugad A = A* Ba aeMak f = f* kenu6 yukaau.

2-reopema. Yuumap L hazoda xap xandaii vuzuxau f one-
pamop g + ih kypunuwoda ugpodaranumu mymxun, 6y epoa g, h
y3-y3uza Kywma onepamopaap.

HUcborT Yoy g = %(f+ /A, h= %(f — f* 6enruwnami-
Jap Kkuputub, [ = g + ih, g* = g, h* = h MyHocabaTIapHHU
oramu3. l

YU3UKIH f ONEpaTOPHUHT ¥3-¥3ura KyIIMAIUTH OMYM3HK-
m p(x, y) = (Ax), y) bopMaHUHT SPMHUTIUTUIA TEHT KyWIH:
arap f = f*6ynca, y xomma ¢(y, x) = (y), x) = (y, Ax) =

(f(x),y) = (p(x,y) , akcUHYa, (p(x,y) = ¢(y,x) AaH (x), y) =

(f),x) = (x, f(¥)) spHM f* = f Kenub yuKanu.
Arap 4M3MKIM f Olleparop y4yH e, ..., €, — YHMHI XOC
BeKTOpJapu/iaH ubopar 6asuc Gyica, y xoiaa

ole, ) = (f(e), &) = (e, ) = 4,8, =

Ag.arapi =k,
= 10, arapi = k.

lynnait kumuo6, 6y 6a3uc ¢(x, y) yuyH KaHOHUK. MKKHH-
Y4 TOMOHAAH YeKiIM yyiyaMiau yHurap L cdasomaru xap KaH-
nai 6uunsukiu ¢(x, y) dopma (f (x), y) kypuuuiaa udona-
JAaHWIIM MYMKWH, Oy epia YM3HMKJIM f OllepaTOPHUHI MATpH-
Hacu ¢(x, y) OpMaHMHI MATPHI{ACHTA TPAHCIIOPTHPJIAHIaH.
by Mynoxasarap OmwiaH Kyiuaard TacaMK, HCOOTIAHIH.

3-reopema. Yexru yawamau ynumap L dpazoda xap xan-
daii 3pmum OunuzuKAU Hopma y4yH opmoHoOpmas KaHOHUK 6a-
3uc maexcyd.

Hartuxa. Azap wexau ynuamau xomnaexc L ¢pazoda ukku-
ma apmum @(x, y) 6a y(x, y) gopmarap bepuszan 6a yrapHuHez
6upu mycbam 6yaca, y xoada yarap L da ymymuii kanonux 6asuc-
2a 3e2a.
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U c 6 oT1. AHUKJIMK YYYH (X, ¥) Mycbar 6¥1cuH. by xomna
L pa (x, y) = y¥(x, y) TeHIMK €pAaMMIa CKalsp KynmainTMma
KUpHUTaMu3. 3-TeopeMara acocaH L na ¢(x, y) ydyH OpTOHOp-
MaJ KaHOHUK 6a3uc MaBxyd. by 6a3mc y(x, ¥) YUVH XaM Ka-
HOHUK, YYHKH

1, arap i = j 6¥ica,
0,arap [ # j Gyica.

yle, e) = (e, ) = {

63-§. MYCBAT OIIEPATOPJIAP

Arap YeKiIM ViryaMiad yHuUTap L ¢asomard YM3HKJIU f ome-
paTop Y4yH f = g - g* TEeHIJIMKHH KaHOATIAHTUPYBYM Maxcyc-
MacC YH3HKJIM g olepaTop MaBxyl 6yica, f MycOaT neb arama-

au. PaBmanku, f XaM MaxcycMac Ba Xap Kanmait x = 0 y4yH

(Rx), x) = (gg*(x), x) = (g¥(x), g*(x)) > 0.

Teopema. UYexau vauamau ynumap L ¢pazoda Gepusean
uuzuxau f onepamoprunz mycéam Oyauuwu yuyn yRunez Hopmaa
6a 6apua xoc conaapununz mycbam 6yauwu 3apyp eéa xKugosa.

U c 6 or1. Yusukiu f oneparop mycbar oyicus: f = gg* VY
xonpaf*=(gg*) = g**-g*=gg* = f, AbHU [¥3-Y3ura Kyiuma,
Ba AeMak, Hopmail. Arap fle) = le Gyica, v xonna (fle), ) =
(ie, €) = A(e, e). bynnan

1= U@ o
)

AKCHHYa f HopMaJl Ba 6apya XOC COHJIapu MycOaT OyICHH.
Y xonna 6upop oproHopMas 0a3ucaa YHUHT MaTpULACH KYy-
HUOaru KYpHHHILTa 3ra:

A, 0
A
A= g =B-B*=B’,
0 A,
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IHynnait kw6 f = g-g* = g°, Oy epna g-matpuuacH B
Oynran yusugu oneparop. [l

UcboTnail gaBoMuaa Xap KaHgail Myc6aT omeparop Ou-
pop Mychar onepaTOPHUHT KBAJpaTUra THI SKAHINTHMHH XaM
KypcaTauk.

64-§. YHUTAP OITEPATOPJIAP

YHuTap YM3UKIH (ha3ogard [ UYH3UKJIM OIEPATOPHUHT TeC-
KapucH MaBXya Ba f! = f* TeHIJIMK VpUHIM OViica, y yHUTAD
neb aramanu.

l1-reopema. Yexau yawamau ynumap uuzukau L pazooa
anuxaanzan wusuxkau [ onepamop ynumap 6yauwmu y4yH yHUHZ
cKaAAp Kynaiimmanu caxaawu, AsHu Xap kanoai x, y € L yuyn

), f0) = I

6Vauwu 3apyp ea xugos.

N coort. Arap f! MaBxyn Ba f! = f* 6¥ica, y xomna (f(x),
SO =& f* ) = (x, e(y)) = (x, y). Akcunua, fyayH (1)
MyHocabaTt Ypunnu OyncuH, 60-§ maru Teopemara acocaH f
y4yH f* KyuimMa omeparop Masxyid. Y xonna (1) ra xypa xap
KaHgau x, y € L yuyH

(), f0)) = x5 fO) = (x, ).

bynnaH xap Kaupa#t x, y € L yuyH (x, f*f*(y) — y) = 0. By
TEHIMIMKIAH f* f = e OGUDPIUK ONEpaTOp SKAHIMTHHH OJIAMH3.
by TeHrnMkaaH 6y omepaTopiapHHUHI MaTpHIIaJlapura yrcak,
A.-A, = A. by TeHIIMKIa MAaTPULATADHUHT AETEPMUHAHT-
Jlapura yrcak, detA -detAf = 1. byHgan detAf # ( 3KaHIUrH-
HU OJIaMH3, STLHH f Y4yH TecKapu f! oneparop MaBxyd. byH-
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ra k¥pa (1) pan: (f'(x), y) = (x, Ay)) = (), y), MpHu [ =
=~

2-treo’peMa. Yexau yauamau ynumap gasoda anuxaanzan
wusuKau f onepamop ynumap Gyauwu y4yH YHUHZ HOpmaa 6a
bapua xoc conaapununz modyau bupza menz Oyauwu 3apyp ea
Kugos.

H ¢ 6 oT. Yn3sukiu f onepaTOpHUHT YHUTAP SKAHIUTU ff* =
= f* = e TeHIIMKKA TeHr Kywid. Jdemak y Hopmal. LIyHuHr
yuyH Gupop opToHOpMail Gasucaa f Ba f* JJapHMHI MaTpyua-
Jlapd MOC paBHILAa

A 0 A0
A= , A* =
0 1, 0
a0
A-A*=| .. =E
0 &,

TeHruKaaH |4 = 1, (k =1,n) sKaHmMrK KeIU6 YMKANM.
AkcHHYa, arap f*f* = f*-f Ba f HUHT Oap4ya A, XOC COHJIa-
PUHHHT MOIyIM O6upra TeHr 6yica, y Xxonaa 6Upop OpTOHOD-
Maj 6a3uc yuyH A A* = A*A = E TeHrukHM onaMu3. bynnaH
ff*=f*f=cesvun f! = * N
Xap KaHgail YHHUTap Oneparop Xap KaHaad opToOHOpMal
6a3MCHN OPTOHOpPMaJl Oasucra akc 3TTUPANU:

1, arap i = j 6yca,
0, arap i # j 6yica.

(f(ei)’ f(ej)) = (ei’ ej) = {

Arap 4ekiM YaI4amyid yHUTap daszola aHUKJIaHTaH YM3UK-
1 f oneparop 6upop oproHopMaa 6a3MCHM OpTOHOpMATI Oa-
3Ucra akc 3TTHpca, Y Xo/aa f yHUTap. XaKuKaTaH, arap e, e,
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n
..., e,— Oepuiaran opToHopman 6a3uc Ba x = Zgie,. ,

i=1

y = > n.e Gyaca, y xonna
k=]

(£, fD) = S Emelfie), flen) =

i k=1

= igigk(ei’ e.) = (x,y).

i, k=1

Xap KaHOall YHHUTAp OMEPATOPHUHI OpPTOHOpMail 6asuc-
naru A Matpuuacu A A* = A A = E TeHINIMKHU KAHOATAAHTH-
pagu. OXUprd TEHDIMKHUM KAHOATIAHTUPDYBYM MaTpHULA YHU-
map mampuya ne6 aranagu. by TeHrMHK yHUTap A MaTpuLa-
HUHT CaTp Ba YCTYHJIapH TU3UMMTIa yHuTap C* 1aru BeKTopiap
neb Kapacak, ynap 6y ¢daszoga opTOHOpMaT TH3HMHH XOCHII
KWIMINKHY KYypcaTalu.

65-§. MAXCYCMAC ONNEPATOPHUHT
TPUTOHOMETPUK UDPOJACHU

Teopema. Yexau yanamau ynumap pazodazu xap xanoaii
Mmaxcycmac [ uwusuxau onepamop y4yw wynoai mycbam g, g,
onepamopaap ea ynumap h,, h, onepamopaap maexnyoxu
f= glhl = hzgz‘

H ¢ 6 o1. Maxcycmac foneparop y4yH f,=f - f* Myc6ar one-
parop. ¥ xonna 63-§ ra acocan wyHpaai Myc6at g, onepaTtop
MaBXyaku f-f* = g2 Ywly h, = g;'f onepaTOpHHUHI YHUTap
SKAHIMTYHY KYpcataMu3. XakuKaTaH, i * = fg1)* = f%g . byHra
acocaH hlhl* = gl-l .f.jntgl-l = gl-x glz gl-l =e, hl*hl =ftgl-1 gl-1f=
S = PEYS = e

MlyHnat k6, f = gk . Hlydra yxwam ¢, = f*f = g2 ne6
omub, [ = hg, udona ucooraananu. M

Maxcycmac oriepaTop YuyH onuHIraH udoaa HoibaaH (apk-
JIM KOMIUIEKC COHHH TPUTaHOMETPHK Mdomacura SbHU MycC-
0aT COHHHHI Ba MOAYJHM 6Mpra TeHr OVJIraH COHJIAPDHHUHT
KylaiTMacu Iakiuga udoganaira yxumanmi.
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66-§. EBKIN] PAZOCHUIATH YN3UKIN
OIIEPATOPJIAP

EBxotua ¢azocujia YM3UKJIN OIlEpaTopiap Ha3apusiCd yHU-
Tap ¢aszomaru kabu Kypuiaau. by Hazapusuiap opacuaaru aco-
cuit dapk IWyKH, eBKIuL dazocuaa 6ab3d OUp YU3UKJIM Olle-
paTopiap XoC BeKTOpra 3ra 6§aMaciuru MyMKHUH.

Esxmun V ¢azocuna 4YH3UKIM f Ba g onepaTopiap Oepui-
radH 6yacud. Xap Kangai x, y € VyuyH (f{x), ») = (x, g03))
TEHITHKHHA KAHOATJIAHTUPYBYHM g olepaTop f ra Kyumima aed
aranaan. Xyuaad yHUuTap ¢a3ojiapiara Kabu, arap Kyima ore-
paTop MaBxya 6¥ica, YHMHT ArOHAIWr¥ ucboTIaHagd. Yu-
IUKIM [ oleparopra KyuiMa OyiIrad omeparopHd f* opkaiu
oenrwiaiMu3. KyiiMa oriepaTOpHUHI eBKJIUA ¢asonapaaru
Ky#Haa KeJTHUpWIAOUral Xoccalapu Xyoau yHuTap ¢pa3onap-
jJard kabu ucOoriaHagu:

Lf**=f

2.+ 9=+ g*

3.GN* =1L ER).

4. (/-9* = g

5. Arap f HUHT TecKapMCH MaBXyn Gynca, f* HUHI XaM
TECKapUCH MaBXyn Ba (f*)! = (fH)*.

1-te o pema. Yexau yauamau eexaud V pasocuda xap xan-
daii wuzuxau f onepamop yuyn xywma [* onepamop magxcyo.
Azap f onepamopnunz 6upop opmonopman bazucdazu mampu-
uacu A 6yaca, y xoada f* onepamopnunz uty 6azucdazu mampu-
yacu A7,

M c6oT1. Unsukam f ONepaTopHUHT e, ..., €, OPTOHOpMaT
6asucnaru marpunacu A = (a,) 6¥acuH. by 6asucna marpu-
nacu AT 6yiiraH onepaTopHU g OpKATH GenrinafMus. Y xonaa

fle) = zaikeisg(ek) = Eakiei )
i=1 i=1
(k=1n, n=dimV).

Buunsukim o(x, y) = (f(x), y) B2 y(x, y) = (x, g(»)) dopMa-
JIapHHM 0nub, ynapHUHT Gepuirad 6asucaard MaTpuLalapuHu
XucoOaaliMus;
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plee) = (Fle),e) = 3 aulee) = ag

yle, e) = (ek’g(el)) = ialk(ek’ e)=ay.

i=1

Hemak, 6y dopmanap Gepwiran 6a3ucna 6up xun A7 mar-
puuara sra. bynnman xap kaupaii x, y € VyuyH (f(x), y) = (x,
£(»), spHU g = f* tenrnuxkuu onamus. M

Arap eBxiun V ¢pazocuaary YM3MKJIM foneparop yuyH f* = f,
SBHU Xap KaHjai x, y € V yuyH

(), ») = (x f0))

6ynca, y ¥3-y3ura KymmMa €Ki CUMMETPHK Jeb aTamany.

Yexknu ymuamau eskmy ¢asocuna f onepaTopHAHT CUM-
METPUKIIMTH MXTUEPDUH OpTOHOpMaJ Gasucaa Oy olepaTop
MaTPULACHHUHE CUMMETPUKIUTUIA TEHT KYyWIM. XaKUKATaH,
arap f ONEPATOPHMHT e,, ..., €, OPTOHOpMa Oa3UCHark Mar-
putiacu A = (a,) 6¥aca, y xonna 6uunsuxi (f (x), y) popma-
HUHT Matpuuacu AT, ouuusukiau (x, £ (y)) dbopMaHHUHT MaT-
punacu 3ca A (tekmupuHr!). by 6uuu3ukiau ¢opMaiap yzapo
TeHr 6ynraHu cababau AT = A, TbHU A — CUMMETPHUK.

AxcuHuya, arap 6Upop oproHOpMan 6a3ucaa YM3HKJIH f olie-
PATOPHUHT MAaTPUUACH CUMMETPHUK OVJIca, Y Xosiaa f XaM CUM-
METPUK, YYHKHU GepuiraH 6asucaa o6uunusukm (f (x), y) Ba (x,
f () dopmanap Gup Xuin MaTpuilara sra.

2-treopema. Yexau yauamau eexaud ¢pazocuda wusuxau f
onepamopHuRz Xoc 8exmopaapoan uGopam opmonopman bazu-
CURUHZ MABXHCYO BYAuUMU YMVH YHUHZ cummempuk Oyauuwu 3a-
pyp 6a kugos.

H c6oT. Arap YM3UKIU f OMEPATOPHUHT XOC BEKTOPIAPH-
laH ubopar opTroHopMan Ga3uc MaBxyn Oymca, y xonma 6y
6asucaa f HUHT MaTpULIACH JUAroHal, JeMaK, CUMMETPHK.
IOkopuparu u3oxra acocaH f XxaM CHUMMETPHK.

Teckapu TacOUKHM eBKIUA V (azoHHUHT y1yaMu OYiiuda
MHAYKLIMA €pnaMuaa ucboraaimus. Arap n = | Oynca, tac-

275

www.ziyouz.com kutubxonasi



JUKHUHT TYFPWIMIM PaBIIaH. DHAX # > 1 Ba TacHUK yT4amu
< n TEHICU3JIUKHM KAHOATIAHTHPYBUM (pa3zonap y4yyH TYFpU
ne6 dapas kwramMu3. V — xakukuit ¢daso o6yaranu yyyH 53-§
JIarv S-TeopeMara acocaH illyHaai 6apaBap HOJIbIa TeHT Oy1Ma-
raH x, y € V Bekropiap Ba A, 4 € R coHJiap MaBXyIKH,
S(x) =Ax — uy, Ay) = px + Ay. bynnan (Ax — uy, y) = (x, ux +
+ 4y). bynnan u((x, x) + (», ¥)) = 0. by epna (x, x) + (y,») > 0
oynranu yuyH u = 0. lemak f(x) = Ax, f(y) = Ay. by x, y
BEKTOPJAPHUHT HOMbAAH (ApKJIMCUHU ONUO, YHH §3 y3yHIH-
rura 6ymamm3. Xocuwi 6YiraH BEKTOPDHHM e, OpKAIU Oenru-
JTaiMHu3.

Yuauxau V pasona e, ra oproroHai 6yirad BeKTopiapaaH
ubopar KucMba3onu V| opkanu Genrwnaimus, dimV, = n —1
(rexiuupuHr!). V| paszo fra HUc6aTaH nHBapUaHT. XaKUKATaH,
arap x € V, 6ynca, y xonna (x, e)) = 0. bynnan (f(x), e) =
(x,f(e)) = (x, de))) = A(x, e)) = 0 apHU fix) € V.

Munykuusuaunr ¢apasura Mysodux, ¥, ma f HUHT XOC BeK-
TOpJIaPUIAH TY3WIraH e, ..., €, OPTOHOpPMAN 6a3’uc MaBXya.
by Tu3uMra e, HM XaM Kyuicak, V jia f HUHI XOC BEKTOpJIapH-
nad ubopar e, e,, .., e, OPTOHOpMAN GA3UCHHU XOCHI KH-
namu3. I

l-HaTuxa Cummempux onepamopHurz XapaKmepucmuk
Kynxadu akam xaxuxuii usduziapea 32a.

U c 6 oT1. CUMMETPHK f ONepaTOPHUHT A MaTPULACH YHUHT
XOC BEKTOpJapuJiaH ubopaT opToHOpMasl Da3ucia

L, 0
A=| ... | 4 €R, (i=Ln)

6a3ucra sra. Jlemak,
det (A -AB)y=@, -1 .04, -1.1
2-HaTuxa. Yexau ynuamau esxaud ¢asocuda xap kanoai

CUMMEMPUK OUMUIUKAU (POPpMA YHYH OPMOHOPMAA KAHOHUK ba-
3uUc mMagxcyo.
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U cbort. Yekm Yruamru eskina V ¢asocuaa CHMMETPHK
OMuM3n ¢(x, y) hopMa bGepuiran sa A yHHHT GHUPOpP OpTO-
HopMmaJl 6a3ucaard Marpuuacu OYiIcHH. Y xonna A-CUMMeET-
PUK Ba 6y MaTpMLa aHUKJaraH f omepaTop XaM CHMMETPUK
6ynub, (f(x), y) = (x, f(»)) = ¢(x, y) 2-TeopeMara acocaH f
OIepaTop YYYH YHUHT XOC BEKTOpJapHAaH TY3MIraH OpTO-
HopMau 6asuc Masxyn 6yaub, 6y 6asuc ¢(x, y) ydyH KaHO-
HUK, YYHKU Xap Oup i # k y4yyH

ple, &) = (f(e), () = (e, e) = Afe, ¢) = 0. W

by HaTuxa €pmaMmaa Kyiuaard TacaMKHHA HCOOTIaMMuU3.

3-treopema. Yekxau yauamau xaxuxuii ¢hasoda uxxuma
cummempux ounusukiu opmasap bepunszan 6yaub, yrapuune
Moc keadpamux opmasrapununz 6upopmacu mycbam 6yaca, y
Xxonda yaap ymymuti kanonuk 6aszucea 3za.

UcbHoT. Yeknu yamuaman xakukuit V ¢daszona cHUMMETPUK
6UUM3UKIIU ¢(X, y) Ba P(x, y) dopmanap Gepuwiaran Ba p(x, x)
KBagpatuk popMa Mycbat 6¥iacuH. Y xonaa Vaa (x, y) = p(x, y)
TEHDIMK OWIaH cKansap KynaitMa KUpUTHO, V HU eBKIuI (a-
30CcMra ailanTupamMu3. 2-Hatuxa 6yitnya ¢(x, y) popma yuyH
OJIMHTaH OPTOHOpPMaJl KAHOHMK 0asuc ¢(x, y) = (x, y) popma
YUYYH XaM KaHOHHUK, YyHKH 6y 6asuc oproHopMain.

Arap eBkaua V dasocuaaru YM3UKJIU f OIepaTOPHUHT TEC-
KapucH MaBXyq Ba f! = f* 6ynca, y opmoeonans ne6 arajiagu.

By tabpudaaH opToroHan omepaTOPHUHT CKANSAP KYHauT-
MAaHU Y3rapTUpMaCIMI# Ba JeMaK, BEKTOPJIAPHUHT Y3YHJIUTU
XaMzia yjap opacujard OypyaKHHU cakjallM Kelub YUKaIu:

@, fO) = & O = (x ).

XycycaH, OPTOFOHAJ OIEPATOP OPTOHOPMAaJl TH3MMHH Op-
TOHOPMAJI TU3KUMTIa aKciIaHTupanu. Yexu youamau ¢pasonapia
TECKAPH TACAMK XaM YpHHIM. arap OMpop YM3MKJIU f olepa-
TOp OUpOp OpTOHOPMAal Ga3sMCHHM OpTOHOpPMaN 6Ga3pcra akc-
JIAHTHUpCA, Y OPTOrOHAJIUP.

XakukaraH, V eBkiun ¢asocuia e, ..., e, — OPTOHOpMAT
6a3uc Ba
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1, arap i = k,
0, arap i # k.

(Fe). f(e) = (er.e0) = {

oyncun. Y xonna V naru xap Kangaf x = 2 Ee , V= D1
BEKTOpJap VYyH i=1 k=1

(fx), () = (Eéf(e) Enkf(ek))

= SEmfe), fle) = zg,,n,, 7).

i k=1

Bynnau (x, /3(y)) = (x, y). by epaa x = f*(y) — y neb6 on-
cak, (x, x) = 0. Iemak x = 0, spHH f*(y) = y Xap KaHmaity € V
Y4IyH, SbHU f* = f1.

Arap kBaapaT A MaTpHIa MaxcycMmac Ba A = AT 6ynca, y
OpTOroHaix Je0 aTtajnaiu.

Macanan, arap A4 = (a;) GUpUHYM TaPTHOIU OPTOrOHAI
MmaTpuua 6yica, y xonna a;| = a,, sbHM a;, = + 1. MkkuH4H

TapTHOIK
A= (a“ au)
ay Gxp

OpTOI‘OHaJI MaTpuLa YYYH o +al, =a’ +al =al +al, =
=a,ta,=1,a,a, ta,a,=aa,+a,a,= 0 TEHIIIUKIIAp
KeJIub YMKaau. AAT = AT A = E teHrnukiaH detd = + 1 3KaH-

Jury Kenub yukanu. Yoy detd = | TEHIVIMKHHA KaHOATIAaH-
THPYBYM Xap KaHgaii A MaTpuia yYyH IIyHIAH ¢ € R MaB-

XKyJKH, @, = COSp,a, = — sin g, a, =sinp, a, = CoS ¢, TbHU
cos¢ —sin
A — i ¢ w
sing cos¢g

KypuHUIra 3ra. Arap detd = —1 6¥ica, y ywby
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A—l 0 Y(cosp —sing
10 —1/\sing cosg

KypuHHIUra 3ra (OyJapHH UCOOTIAHT).

Arap opToroHan f olepaTOpHUHI OPTOHOPMAI Ga3ucOaru
MaTpuuacu A 6yica, y xongaf! = f* reurnukinad A = AT TeAr-
UK, TbHU A HUHT OPTOTOHAUIMIH KeIMO YMKaau. AKCHUHYA,
YU3UKJIK [ ONEPAaTOPHUHT A MaTpullacM GUpPOp OpPTOHOpPMAT
6a3ucma oproroHan, sbHU A = AT 6yica, y xomma [ = f*
HeMak, f xaM opToroHai.

EBximz ¢asocunari YM3MKIU £ OIepaTop yUyH f = gg* TeHr-
JIUKHH KaHOATJIAHTUPYBYM T€CKapUCH MaBXyl OYiraH g ome-
paTop MaBxyn Gyica, f onepatop Myc6at ae6 aranaau. Yexinu
yiryamnu dpazona YM3HKIU S ONIEPATOPHUHT MYCOATIUTH YHHHT
CHUMMETPUKJIMIUTa Ba 6apya XoC COHJIADHHUHT MycOaTiurura
TEHT Kywid (Uc6omnanr). Xyanu yHuTap ¢da3zonaru Kabu yek-
JIM yr4amiiv eBKIMA (asocuaard xap KaHmai MaxcycMac 4u-
3UKJIM OIlepaTop MycHaT Ba OPTOTOHAI OMEpPaTOPIAPHUHT
KyMmanTMacu wakimuaa udofalaHullid KYPCaTHIAAN.
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Yu ukxunuu 606
KYHINMYAJIAP

67-§. TEH3OPIJIAP

Yusukny ¢azonap YpraHwiraHia TYpAH XWiI oObLeKTaap-
BEKTOpJIAp, YM3HKJIN Ba OUYU3UKIHM GopMaiap, YH3UKIH Olle-
paropiiap 6WiIaH yupawaukK. bynapHuUHr Typnu 6Gynuinura
KapaMaii, yTapHHHT OUp YMyMHUI XHCIIATH G0p. YJIapHUHT Xap
oupu yn3uKIH azonaru 6epwiraH 6azuciaa MarIyMm OUMp COH-
Jap (cKauspiap) TM3UMH OWIaH aHMKXaHMO, 6a3uc yirapca,
Oy coHnap (cKayapiap) TU3BHMH MabIyM OMp KOHYHHUST OyiHYa
HKKMHYM 6a3uc O6WiIaH aHMKJIaHraH COHJIAp (CKauspiap) TH-
3uMura yraau. by epaa 6u3 6yHuait xucnaTra ara 6yiaraH coH-
Jlap TU3MMHMHH YMYMHHPOK KYpHHUIILA KUPUTUO YpraHamus.
bu3 kupuTMOKYH GYJIraH COHJIAap TH3UMHU meH3opaap ned ara-
JIaau.

Hactnab Oy TylIyHYaJapHM KMPHUTHIU YIYH 3apyp 6yiaraH
ferrunanUiapHd KUPUTaMH3, yIap meH3op 6eazusap ned ara-
JIagH.

busra kejpaxakna ImyHnai KeTMa-KeTJIHKIAp, KaTTaluK-
Jlap yYpaIMKH, yjlapra KMpyBYH Xanjiap OHp HeuTa HHAEKCra
6oFIuK 6Ynub, 6y MHAEKCIApHMHT Xap OupHu ojataa 1 gaH »
rava y3rapagu. Kynaiiuk yuyH 6y XaqHUHT 6ab3M HHACKCIIA-
pU mactia, 6ab3wiIapu 3ca Kopuaa €3mianu.

Ka¥ich HHOEKCHHHT Kaepla €3WIMin 6up 6a3uciaH HK-
KUHYM Oa3ucra YTWIraHIa XaMAJapHUHT KAHOAW Y3rapuilura
60FIHK,. By KynmalUTHKHUHT MOXUATH KEHHUHDPOK, OWIMHAIHN.

Macanas, n Tapru6iu kBagpar A = (a,) MAaTPULAHKHT 3JIe-
MEHTIApUHH o KYPUHHUILIAA €3dIl Kyna#, OyHAa caTp HOMe-
PU IOKOpHJA, YCTYH HOMEpPH 3ca Iactaa €3wiaiu.

HKKkuHYH MyxuM Oenrwiail, KeJTHIIHIU WyHJaH ubopar-
KM, arap IacTia XaM, IOKOpHIa XaM YyupaiauraH GUpop HH-
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Jekc 6yimya MUFMHAM ONUHraH 6yinca, MUFHBEAM OeIrucu
tauntab Kongupunanu. Onataa 6y aHIIaIMIMOBYIIIMKKA ONUO
KEeJIMalau.

Macanau, arap ynsuxiau V ¢asona {e,, ..., e} 6a3uc Ba §,,
..., &, COHJIAD X BEKTOPDHHMHT 6y 6asuciard KoopaAMHaTajiapu

n
oyaca, x = z e, ypHuUra x = E'e, €3aMu3.
i=1

SlHa 6up HeyTa MUCON KYpaMu3.

1. V pasona ukxura {e,, ..., e} Ba {e, ..., e/} 6a3uc Gepui-
raH, (y;) — OupuHuM GasMchaaH MKKMHYA 6a3ucra YTUII MaT-
puuacu (B]) — yHra Teckapu martpuua 6¥icuH. Y xonaa
e;=yle, e,=ple,. Arap x = &le,=£''e; 6ynca, y xonna
§'e,=L'y}re, = E'"je. bynpan & =y} &' pa &'* = B Oxupru
udoaa x BEKTOPHUHT SHCH KOOpAHHATATADUHHHI 3CKH KO-
OpAMHATajlapu OpKATH Hdomacu.

2. F maiinon ycruparn 9u3ukiau V ¢aso, ¢ — yHAaru 4u-
sukyin dopma, {e,, ..., e} Ba {e,, ..., e} Gasucnap, p(e) = a, Ba
p(e) = a; 6yacun. Y xonna a;= p(yte) = vfp(e) = y}a,. By
YU3UKIU ¢ HopMa AHTH KO3(DDHIHEHTIADHHHHT 3CKWIApU
opkKaiu udonacu.

3. F maiifoH ycruaary Yu3ukiu V ¢aso, ¢ — yHaarn 6u-
YM3MKIM ¢opma, {e, .., e} Ba {e], .., e} 6asucmap, ¢(e,
&) =a, ¢(e, &) =a,. Vxomaa,=9p@/ e, rv,e) =y viple,
e) =y y a,_ Ulynnai xuiub,

L— T a5
A=YVl

TEHINIUK — OUYU3MKIH (dopMa STHTM MATPULUACHHHHI 3CKH
MaTpHLACH OpKam udogacu.

4. L dasona f— yu3uxiau oneparop, {e, ..., e,} Ba {e], ...,
e,} Gasucnap, ¢(e) = ale,, p(e/) = a’fe, 6yncun. Y xonna
aye, = ple) = plyfe) = yrple) =vfale =yl aiBie,=yiBrale,
byupan

kK — a5 Rk 1
ai—yi'Bra:'

by 4M3MKIIH orepaTtop SIHTM MaTPHMLUACHUHHHT 3CKA MaTpH-
Hacu opkanrd udogacH.
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KeTMa-KeTIUK KYpUHUIUMAA €3WIraH p + q UHIEKCIH,
ylapAaH p TacH HAacTIa Ba ¢ TAacH Kopuaa 6yiaraH, F maii-
JIOHOAH OJIMHTaH #+? Ta

h Jq
i iy

cKaJIgpiapiad uoopar TH3UM F MaiiloH YCTHIAIM # — YT4aMIiiK
yu3ukyid ¥V ¢asona (p, q) TUIAArM KOOpAUMHAT XaaBainu ae6
aTajzaiu.

Tavpud. F maidon ycmudaeu n-ynuamnu wusuxau V ga-
300a (p, q) mundazu mensop de6, V gpazodazu bapua 6asucaap
mynaamunu 6y ¢azodazu (p, q) mundazu xoopdurnam xcadean-
AQpU MYnAaMuURa WYHOAU t GKC 3mmupuiuuza auimamusKu, azap
e={e, .., e}eae ={e, .., e} 6asuciap, e/ =yke, e,=fle,
(apHHM (y}) GupuHYM 6a3MClaH MKKHHYH 6a3ncra VTN MaT-
puuacu, (85) yHra TecKapu MaTpuua) 6a

te) = (=77, 1) = (a7
6yazanoa ywby
al = yh oyl BB

menzauk ypuray. Tunm (p, q) 6yiarad TeH30p p MapTa KOBapH-
aHT Ba ¢ MapTa KOHTpaBapHaHT Ne0 XaM ramdpwiaau (KoBa-
pUAHT — XyIOW IIyHAAW Y3rapyBud, KOHTpaBapuaHT — TeC-
KapH ¥3rapyBuH JeraH MabHOHHU Omwiaupani; Oy epaa 0y cysnap
LIy MabHO/IA HILIATWITAaHKH, MACTKH HHAEKCcIap 6yinya y3ra-
PHIIHM 3CKM 6asWcaaH sHTM Oasucra YTl Marpuuacu 6a-
XKapaal, I0KOpHM UHAeKcaap Oyiinya y3rapylIHM 3Ca YHra Tec-
Kapu Martpuua 6axapaau). KOkopuaaru Mucoiuiap Kypcara-
ouku, Bekrop (0,1) Tunmpoarun (KOHTpaBapMaHT) TEH30D,
yu3ukKin ¢opma (1,0) Tumumard (KOBapHAHT) TEH30D, OUYM-~
3uKIH ¢dopma (2,0) Tunugard (MKKH MapTa KOBAapHUAHT) TE€H-
30D, YU3UKIM onepaTtop (1,1) Tununmaru (6up mMapra KOBapH-
aHT Ba OUp MapTa KOHTpaBapuaHT) TeH30p. KeHUHPOK UXTHU-
eépuit (p, q) THIIAATK TEH30pra MHUCOJ KEJITHPaMU3.
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F maiinoH yerunarn ym3ukia V dasona anukiaHraHd oap-
ya YU3UKJIH y : V > F popMartapaad ubopat yu3ukym daso V
ra Kymma ¢azo 1e6 aranranu Ba V' opkanu 6earwiaHand. Arap

{e,, ..., e,} TM3UM V maru 6a3uc 6yica, y xoinna
; ; 1, arap i = k G6¥1ca

"(e) =0k =1, ’
/(@) {O, arap i # k 6¥ynca.

(KpoHekep Genrucu) TeHMIMKIAp OWIAH aHUKJIAHTaH M-
Kk f1, ..., f£ € V' dopmamap xkjiMa V' daszogarm 6asuc
Oynanu. XakukaraH, arapd f' = 0’ 6yi1ca, y xonpnad, f(e) = 0.
Bynnan 6apya k=1,n yayn 1.6: =1, = 0.

Xap KaHnaii x € Veay € V yuyH (x, y) = y(x) ne6 6eiaru-
naitMu3. Yoy (x, y) dyskuus Vx V tyiaMmaa xap 6up ap-
TyMeHTH Oyituya 4M3MKIM. Arap 6apya x € V nap yuyH
(x, y) = 0 6¥nca, y xonma y =0 . lynra yxwamw, arap 6apya
y € V nap yuyH (x, y) = 0 6¥1ca, y xonma x = 0 (Akc xonna V
na {e,, ..., e } 6asUCHM 1IyHAaH TaHIaHMM3KH, e, = X. Y Xonja
S(e) =f(x) = (x, f) = | TeHMIUK Gaxapwiaoy — 3MIAMAT).

Okopuna V naru {e, ..., e} 6asuc Oyiu4a (e, f) =9}
TEHDIMKJIApHH KaHOATJIaHTUpYBYM V HuHT {f', ..., f*} 6a3uc-
HHM Kypauk. V' naru 6y 6asuc {e, ..., e } 6asucra 6uopmozoran
(bab3aH, K¥iIMa) ne6 aTamagu. Xap KaHmail 6a3uc y4yH yHra
6uoproronan 6yaraH 6asuc GUp KUHMATIH aHMKJIAHTaH.
Xakukaras, arap {e,, ..., e,} 6a3ucra 6uoproronan 6yira siHa
6up {g, ..., &'} Gasuc MaBxya 6¥i1cuH: (e, g) =df= (e, f). Y
X0JI1a xap KaHnai x = &' e, € VBekTOp YuyH (x, g* — /) = £(e,
g —f) =£(e, ) ~ (e, /) = 0. bynnan 6apua k = L,n yuyH
g —-rf=0, abuu g = £

Teopema. Hxxuma 6uopmozonaa e, f ea e, f 6asucaap
bepuszan 6yacun. Y xoa0a f dan f za ymuw mampuyacu e oan
€' 2a ymuw mampuuacudan mpancnonupaau éa meckapu mam-
punaza ymuw opxasu Xocua Kuiunaou.

HUcbor. Arapf* = A} fi6¥nca, yxommad)t = (e/,fH) = (y]e,
AXf) =yl AKe, f)=yrA*os =yIi* Bynnan (y}) Ba (1 %) mar-
PHUAIADHUHT OUDP-OUpUra TeCKapyu 3KAHIUTH KeIub 4uKanu.
Ywby (%) maTpuna scafaaH f' ra yTUII MaTPpULIACUAAH TPAHC-
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MTOHHUPIAlll OPKAIW OJMHraH (0y MaTpuiaza catp pakaMUHH
I0OKOPH/a, YCTYH DAaKaMHHM MAacTAa €3Milra KeJIWIIWIraHU-
naH kean6 yuxkanu). Wl

68-§. KYITYN3UKIN POPMAJIAP

Tavpud. Aeap ckarap Qynkyus yuyn kyiiudazu wapmaap:

1) 6y ckansp dynkyus p + q ma sekmop apeymenmnunz QyHy -
yuscu,

2) 6yaapuune p macu V da anukaanean, g macu aca V' da
QHUKAGH2aH,

3) 6y @ynkus xap 6up apzymenmu Gyiuua wusuxau 6yaca, y
(p, @) munudazu Kynuusukau (nosuyuzukau) gynkyus deb ama-
aadu.

Yuby o(x, ) = o(x,, ..., x, ¥, .., ¥) (x, € V, e V)
udona (p, q) TUIMAATH KYIYM3UKIM GyHKuus, {e, ..., e}
TM3UM V nmarm 6asuc, yHra 6uoproroHan 6yiraH V' paru 6a-
suc {f, .., f'} 6yncuH. Arap x,=£&7e, y* =n*f neb oncax,

w(x], "',xp, yl, ey Jﬂ) = <p(§?e]1’ A ;pem, ”ilfsl’ ""”zqfsq) =
=E) 87 i ca T, Gy epna

q
P S,
ar; r: _(p(erl rp)fsla"'fq) -

cKaJspiap, ylap KYIMUU3MKIM ¢ GpopMaHMHT {e, ..., e} ba-
3dcaard xoopauHataiapu ae6 aranaau. Llynpait kwmb xap
oup Gasmcua (p, q) TMIIMOArd KYMUM3MKIM ¢opMara Xyaau
Uy THOAArd KOOPAMHAT Xaapajl Moc Kemaau. basuc ysrap-
raHaa 6y XaJBaTHUHTI KaHJal Y3rapyIIAHU Ky3aTaMHu3. V na
oowika {e, ..., e} Oasucuu, V' jna sca OyHra OMOPTOTOHAN
oynrau {f°, ..., f } 0a3MCHH oaMu3. Y XoJia I0KOpHIa Kypca-
TWITAHra acocaH

’ k 7
e, = yik €, .f = ﬂ,‘kf‘

Kymuusuxiu ¢ popmanuHr {e,, ..., e.} 6azucaaru Koopau-
HaT XaJBalu KyHuiaruya:
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™, ji Jay =
a;li.ipp = (p(e;l,..-,e;p,f’jl’---,f’ q) -

P2y, sve, BES, Bl L) =

n rp . Jq . Sy
yel'“yip ﬂ.\] aq...rp

byHnaH KypuHanuKu, (p, ¢) THIINIATH Xap KAHIAH KYITId-
3UKJIN (OpMa p MapTa HOBApHAHT Ba ¢ MApTa KOHTPABAPHAHT
OyiraH TeH30pHU aHUKJIalau. MKKHUHYH TOMOHAAH Xap OUp
TEH30p SAAIrOHA KYMYM3UKIUW ¢opma OwiaH aHUKaHagu (Oy
(bopMaHHUHT xap GHUp OazHCHArM KOOPAMHATATIAPH TEH30PHUHT
Oy Oa3uMcmard KOOpAWHAT XaABamd OwiaH aHUKjIaHanw). by
OunaH TeH30paap Ba KYIMYU3MKAM (opManap opacuja y3apo
Oup KUMMaTAN MOCIHK VpHATWIIH.

69-§. KNCMIYPYXJIAP

G rypyXHUHT H KMCM TYIUIaMHU TypyxJaru amainra HucOa-
TaH Iypyx XOCWI KWwica, y G TYPYXHHUHI KHCMTYpyXH Ae0 ara-
Jagd. MyJaesTHIUIMKATUB Geiarwiapaa OyHHHT MabHOCH OYH-
nam 1) arap a, b € H 6¥nca, v xonna a-b € H; 2) myHpaaii
e, € H sneMeHT MaBXyIKHM, Xap KaHait a € H 37eMeHT yuyH
ae, = a; 3) Xap KaHnai a € H aneMeHT yuyH wyHnan b € H
MEMEHT MaBXYAKM, a b= e,.

bynnan e, € H 31eMeHTHUHT G IypyXHMHT GUPIHK e 371e-
MEHTHMIa TeHr OYIUIUN KeaHO yukaau. XakukaTaH, ae, = a
TEHIVIMKAAH a'ae, = a'a, AbHU e, = e Kenub yukanu. Ily-
HHMHT YYyH a * b = e = e TEHIJIMKHU KAHOATIAHTUPYBYU b € H
3JIeMEHT a’! ra TeHr, YyHKU a’lab = a'le= a’l.

HemMak, G rypyxHUHT H KUCMIYPYXM LIYHAAH KUCMTYIUIAM-
KH, yHra G rypyXHHHT OUPIHMK 3J€MEHTH TETHILUIM, Xap KaH-
Jlail UKKWATA 3JIeMEHTHHUHT KYIMa#TMacH V3ura Teruiuid Ba
Xap KaHaal 3J1eMCHTHUHT TECKAapHUCH Y3Ura TEeruLUIH.

l-reopema. G 2ypyxda H wyndaii kucmmynasamxu, azap
a, b € H 6yaca, a*b' € H, y xoa0a G 2ypyxoa H — xucm-
2ypyxoup.

UcbHorT. bupop a € H sneMeHT olaMuU3. YHHUHI YYYH
e=a-a'€HBaa'=e-a! € H. Arap a, b € H 6yica, uc-
6oTnaHranra acocan b! € H. [lemak, a-b=a(b)' € H R
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[IlyHra yximaraH Myinoxasa Ouinad, arap G rypyxaa H KucMm
TyIuIaM Y4yH a, b € H pau pouM a'b € H xenub yukca, H
HUHT KUCM TYPYX 3KaHJIMTU HUCOOTIaHAIU (TeKIUUPHHT!).

HUc6omiaHraH TeopeMa T'YpPYXHUHI OepwiraH KHUCMTYIUIA-
MH KHCM TIYPYX, 3KaHJIMTHHU TeKIWIMPHLITHHHI CORNA YCYIMHH
bepaau.

Muconnap. 1) CumMerpuk S, rypyxaa Xydr ypHura
KyHUUUIapaad ubopar A, TyIuiaM KMCM TYpYyXaup.

2) Bbapua XakukMii 3JIeMEHTIM MaxCycMac n — TapTUOIM
KBaApaT MaTpULalap Typyxuaa AeTepMHUHAHTUH OUpra TEeHr
6yraH MaTpuHaxapiaH H0opaT KUCM TYIUIAM KMCM TYPYXAMD.

3) Annutup Z rypyxaa 6epwirad 6yryH MaHQu# 6yn1MaraH
m COH y4YyH m ra 6ynmuHyBun 6apya OyTyH cOHjapiaaH ubopar
mZ TYTUIaM KUCM TYpYXIHUD.

2-teopema. Adoumue Z 2ypyxnunz xap Kamai xucm 2y-
pyxu mZ xypunuwea 32a, 6y epda m — manui 6yimazan 6y-
myH con.

Ncbotr Z rypyxHuHr oupop H KUcM rypyxu OepuiraH
6yncuH. Arap H ¢akar Holb 3JeMeHTHAaH ubopart Oyica, y
xonna H=oZ

Ouan H # oZ xomHu KypaMu3. by Xonna H na xam Myc6ar,
xaM MaH}wuit cornap 6op, YyHKU @ € H 6unad H KUcM rypyx
oyarauu yuyyH (—a) € H. H paru Hr KUYUK MycOaT COHHU m
OpKaIM OenrwiaiMus. Y xoiaa m ra 6YIMHYBYM Xap KaHOau
coH xaM H ra terunuid 6ymraHu yyyH mZ C H. UkkuHum
TOMOH/AaH, arap x € H Ba X HU m ra OyIMILAaH YMKKAH KOJI-
MK 7 Ta TeHr 6Yiaca, y Xoinaar=x —gm € H, g — OyTyH COH,
0 = r<m. Arap r> 0 6yaca, y xonna H ga m 1aH KMYMK Oyiran
Mycbar coH OVmapau — Oy 3ca m HUHTC TaHJIAHUILUWTA 3MA.
IyHunr yuyH r = 0 Ba neMaxk, x = gm € mZ. by epla x uxru-
épuit 6¥nranu yuyH H C mZ. Hatuxana H=mZ R

G TYPYXHHHI UXTHEPHUN KHCM TypyXjiapy TYILIaMHUHUHT
KECHIIIMACH AHA KUCM TYypyX (TeKIHHpUHI!). G rypyxna UXTU-
épuit M xkucM TyIuiaM Oepuirad 6yicuH. Y xomga M Tyiuiam-
HM ¥3 puMra oayBuYd 6apya KHCM TYPYXJIapHUHI KECHUILIMAacu
H,, xucM rypyx 6y1u6, y G rypyxaa M TyIuiaMHu ¥3 uuura
OJTyBYHM KHCM I'YPYXJaPHUHT “"3HT KHUKUHAcH'. H, KUCM IypyX
M tyriam xocwn Kwirad ae6 araianu, M Ttyiiiam sca H,,
KUCM TYPYXHMHT XOCWJI KIIYBYM TH3UMH 1e¢0 aTamanu.
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3-reopema. H, xucm 2ypyx b6apua mymxun Gysean ywby

al'ay ... a" wexau xyniimmanapdan ubopam, 6y epoa a, ..,

aEMEk,..k€ELZ

NUcbHoT P opkanu WIyHAAH YeKIM KymaWTmanap Tyioa-
MUHU GenrunaiimMui. Arap a, b € P 6ynca, y xonna
a=af*..ap, b=h'..b', a, .., a, b, .., b, EM, Ba

a-bt=ab..a" b b EP.

Hemak, PrymiaM M TIUlaMHHA ¥3 HYKTa OJITaH KUCM TYPYX.
Mynunr yuyn H,, C P. UKKMHYY TOMOHAAH M HM §3 uuura
OJITaH Xap KaHnalh KUCM Typyx P ra KHpyBuYu Oapya YeKIH
Kyna#TManapHu xaMm ¥3 uuMra ojamu, seHu P C H,. Haru-
xuma P=H .1

) 1o e

70-§. HUKJIMK TYPYXJIAP

Arap rypyx y3uaard OUpop a 3JIeMEeHTHUHI Aapaxaiapu-
JaH nbopar 6ynca, 6yHAal rypyx UHKJAHK I'ypyX Jae6 atananu
Ba (a) opkanu GenrrunaHamm: (a) = {a"*| n € Z}. by a anemenr
(@) TYPYXHUHT XO0CHJ KHAYBYH 32emenmu 1eG aTanajim.

Arap a 3JIeMeHT yYyH a" = e (Oy epia e — T'ypyXHUHT GUp-
JIMK 2JIEMEHTH) TEHDIMKHU KaHOATIAHTHPYBYM HaTypal 7 COHU
MaBXyq 6ynca, 6yHOal 2JIEeMEHT YeKJIH TapTHOaH Oeb arana-
gu. By mapTHU KaHOATIAHTUPYBYH COHJIADHUHI 3HT KUYHUTH
a BJIEMEHTHUHI mapmubu 1ed araiagy. Arap 4" = e TeHIJa-
MaHU KAaHOATJIAHTHPYBYM 1 COHHU MaBXyl OYi1Maca, a 4eKCH3
TapTHOIM 1e6 aTamanm.

MacanaH, HonpaaH (apKJM KOMILIEKC COHJIADHUHT MYJIb-
THIUIMKATUB [ypyxXuaa OMPHUHT MXTHEPHH Japaxaiu WIIU3-
JlapM Ba ¢akat yiaap YeKiIu TapTUOIH 3jeMeHTIapaup.

1-treopema. Luxaux 2ypyxnumnz snemenmaapu coHu yHu
Xocun Kuaysuu 31eMenmnune mapmubuza meme.

Hcbor. Uuknuk (a) rypyx 6epuiarad 6yncun. Jdactiab
OyHOaru a 3JeMeHTHUHT TapTuOM 4Yekiau, MacanaH, h 6yiarad
XOIIHU Kypamu3. by xonmma e, a, ..., a*! € (a) sneMeHTIap
Typau Ba (a) = {e, a, ..., a*'}. XakukaraH, arap a" = a”",
O0<sn<m=<h-16yr1ca,yxommaa""=epa0<m-n<h-1.
By 9Ca a MEMEHTH TAapTUOUHUHT TabpHura 3uM. Ilemal( e,
a, ..., a*! 3jeMeHTIIap TYpPJIH.
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Xap 6up x € (a) 3neMeHT x = a*, k € Z KYpUHUINTA 3ra.
Arap k HU h ra OYIUIIIAH YUKKAH KOJNOWK r ra TeHT (STbHH
k=gh+r, g — 6yryH, 0 =r<h-1) 6yaca, y xonna
x=a"=(a"a=a, sean xC e, a, ..., a"'}.

DHIOU a HUHT TapTUOM 4eKCU3 6YIraH XoidHH K¥paMu3. by
xonna ..., al, al, e, a, @, ... MEMEHTIAp TYPJH, YYHKH arap
a® = @™ 6yica, y Xonga a" " = e. Byngad n = m. Jemax (a) —
yekcu3s rypyx. H

UMK rypyx, 3J1eMeHT/IAapH COHHIAa YHUHT TapTUOu 1e6
XaM FOPHTWIALH.

YekcH3 UMKIMK TYpyXra Z aliuTHB rpyIiac MUCOI 6ya-
oM. YHIa aMa ajauTUB OViAraHd y9yH 3JeMeHTHMHT Japa-
Xanapu cy3jJapud YpHUra 3JeMeHTHUHT OHp Heya MapTa OJM-
HUINY CY37Iapy WLUIATWIMILM KepakK. by rypyxaa 1 (Exu —1)
XOCHI KUJIYBYH 3JIEMEHT.

BUpHHHT 1 = napaxaTd WIAU3NapH TYPYXU n = TapTUOIHu
UMKITUK IYPYXAup. YHIAru OUpHUHT Xap KaHOai XOCWI KWIyB-
yu (AacTiaabKu) MAAU3U Oy TYPYXHUHT XOCHI KWIYBYH 3J€-
MeHTH Oynamu.

OHAM UMKIHK (4) TYpyXlJa a 3JeMeHTHUHI Japaxajiapu
KAYOH TEHI OYIUIIMAA TYXTaMMu3. Arap a 3JIEMCHTHUHT Tap-
THOM YeKcu3 Oyica, y Xonna a" = a™ JaH 1 = m TEHIJIUK Ke-
JIM0 YHUKMIIY paBIlaH. Arap a 3JIeMeHTHUHI TapTUOM 4YeKIIH,
MacajiaH, h 6yica, y XoJiia @" = @™ TeHIJIMK YPUHIU OVIMIIU
YIYH n — m COHHUHT A ra OYIMHULIM 3apyp Ba eTapiu. by
UAPTHUHT eTapAWIMIHU paBIlUaH. 3apypjMrd: n —m HU h ra
OyIuUIIaH YUKKAH KOJMIOUK r O6ynca, y Xonma r=n —m — gh,
q—O6yryH, 0 < r< h,Bae=a"" = (a")? & = a’, bygnanr = 0.

2-teopema. bup xus (wexau éxu uwexcus) mapmubau yux-
AUK 2ypyxaap uzomopg.

Hc6ort. Huxiuk (a) Ba (b) rypyxjap 6up xuj TapTUOIU
6ymcuH. Xap kaHuait n € Z yuyH ¢(a”) = b* TeHIIIMK OWiaH
aHUKJIaHraH ¢ : (@) - (b) aKCIAaHTUPUILHUHT HU30MODPGHU3M
SKAHJIMTHHH KypcataMu3. ArapXx, y € (a) 6yica, y xongax = a*,
y=a"Ba p(xy) = p(a"+") = b"+" = p(x) - p()), ABHA p — TO-
MoMopdu3M. YOy x = " TEHIIMKAA n 6Up KUHMATIU aHUK-
TTAHMaraHd y4yH ¢ aKCIaHTUPMIUHMHT OMp KUHMATIH aKc-
JIAHTHPHII 3KAHJIMTHHU TEKIUMpHUII Kepak. FOKopriaru u3oxra
acocaH, arap (@) Ba (b) yeKCH3 LIMKIMK rypyxiap O¥yica, y
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X0Jila 4" = @™ JaH n = m Keaub yuKanu, nemak b* = b™. Arap
(a) Ba (b) map tapTbu h OYAraH 4YeKIM TAPTUOIM LIUKIMK
rypyxjap 6yica, y Xoima a@" = @™ naH n —m HUHT A ra 6Yau-
HUILIY KeJIuO YuKamgu, JeMak, b = bm.

Xynau wyHmad Mynoxasanapra kypa, 9(b”) = a" TEHIJIMK
OwiaH aHuKAaHraH (b) rypyxHuHr (a) rypyxra ¢ : (&) - (@)
AKCIAHTUPHUIIHUHT OUp KUMMATIH rOMOMOpP(}H3M 3KAHIUTH
KypcaTHNaau. 1) aKCIAHTHUPHIL ¢ Ta TeCKapH SKAHJIMTH PaB-
waH. Bynra acocan ¢ — uzomopdusm. l

Haruxa. 1) Xap xandaii wexcus yukaux 2ypyx 6ymyH cou-
Aaprumne Z aodumue 2ypyxuza u3omopg.

2) Xap kandaii mapmubu n 6ynean YuUKAUK 2ypyx OuUpHuHz n =
dapaxcanu Komnaekc urduzrapudan ubopam zypyxea u3omopeo.

71-§. IBIOMOPOPU3M XAKHNJA KDJIM TEOPEMACHU

Ky#iuga xenTupwiaguraH TeopeMa Xap KaHIail T'ypyxXHH
3JIeMEeHTAp AJIMALITHPUILIApAAH U6OpaT IypyX, Aed TacasByp
KWIMII MYMKHHJIHTHHM KYpCaTanu.

Teopema. Xap xandaii G 2ypyx G myniam aimawmu-
pumAGpu 2ypyXuKuHz Gupop Kucm 2ypyxuza uzomoppoup.

H c 6 o1. Uxtuépuit @ € G 3neMmentHu oaub, 6apya x € G
yuyH f(x) = ax udona 6unan aHukiaHrad f, : G - G akcnan-
TUPUIIHM KapaiMu3. Xap KaHpaii a, b € G yay f, = [ f,,
YYHKH X € G yuyH

(%) = abx = f(bx) = f, f,(x).

Byura xypa S, =/, f=f.,=/.. Bynnan 6apua
X € G yyyn f(x) = x, sbHU Y G TYIUIAMHMHT alHUMI aKcJlaH-
THpULIK GYaraHu yuyH f . = £t Lynnait kwin6, Gapua f,
akciaHTMpulwiap G TYIUIAMHHUHT ajJIMAlITHpUIOLIApH OyIus
yaap F rypyxHd — G TYIUIaMHUHT aJIMAIITUPULLIAPU TYPYXM-
HUHI' KUCM TYPYXMHHU XOCWJI KWianu. Xap 6up a € G yuyH
p(a) = f, uboaa 6u1aH aHUKIaHTaH ¢ | G - F akCIaHTUPHIL-
HU Kapab, yHUHr U30MOPOU3M 3KAHIMIHHH KypcaTaMM3.
XakukaraH, ¢(G) = F Ba ¢(a) = p(b) TeHrMKDaH f, = f,,
f(e) = f,(e), A’bHU a = b TEeHITMK Kennub YMKaau. YHAAH Taui-
Kapu
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plab)=f,=f f,=p@p®). B

Hartuxa Tapmubu n 6ynean xap xandai uexau 2ypyx S,
CUMMEMPUK 2YPYXHUHZ OUPOp KUCM 2ypyxuza usomopgoup.

M 30x. Kaau TeopeMacuHu ucboTamia f, akCIaHTUPUIL -
Jlap VpHUra 0KOpuaarura yxmam Myjloxasanap €paaMuiaa
h,: G- G, h(x) =xa, x € G, aKCITAHTUPULIIADHN WHLTATULL
MYMKUH 3[H.

72-§. EHAOII CUH®JAP

G rypyxauHar oupop H KucM rypyxu Ba a € G Gepwiran
OyICHH.

Ymby aH={ax / x € H} tyiiiaMm G rypyxHuHr H KUCM
rypyx, 6yitMya a 3;IeMeHT XOCWI KWITaH Yan éndow cungu ned
aranagy. Ulyara yxwam, Ha = {xa / x € H} Ty1iuiam G rypyx-
HUHT H KucM rypyx Oyiimua a 3JeMeHT XOCWJI KWITraH yHe éH-
dow cuncpu neb aranagu. AJUIMTHB Typyxjiapia €HOOL CHH-
Jiap yerupma candiap ne6 araragy. Macanal, coHiap Hasapu-
SICUAArd m MOJIyJb 6yitiya yernpMa cuHgpnapu — 6y Z aliMTuB
TYPYXHUHT mZ KMCM TIypyX Oyiiuya yerupMa cuHduiapuaup.
Unsuxim anre6pana V sekrop dasonard V), KucM (pazoHu cut-
XKUTHIUAAH XOCHI OVJraH ruiepreKMCIMKIap V anauTus ry-
PYXHUHT V| KMCM IypyX Oyiuua yerupMa CHH@IApUIUD.

1-reopema. G 2ypyxuunz H xucm 2ypyx 6yiiuna xap 6up
wan (ynz) éndow cunpununz xyesamu H nunez Kyesamu buran
bup xua. Ynoan mawrapu 6apua wan (ynz) éndow cungpaap G
2YPYXHUH2 OYAURUWURY XOCUA KuAaou.

N co6or. Yan énpom aH cund H KUCM TYPYXHMHT ¥3apo
oup kuiimatu f,: G > G, f(x) = ax, aKCIAaHTUPHLIJAIA aK-
cuaup (obpasuaup). IllyHra yxmam, Ha yur éapow cund H
KUCM TYPYXHUHT ¥3apo 6up kuiiMatiu A : G > G, h(x) = xa
akcna”tupuiaary obpasuaup. By GunaH TeopeMaHMHT OM-
PUHYH TacAMFH UCOOTIAHIM.

Yuby a = ae = ea, ¢ € H — GUPIUK 3JEMEHT, TCHIVIMK-
napaad a € aH sa a € Ha MyHocabar kenub yuKaqu, seHU G
FYPYXHHMHI Xap KaHOail 3J€MeHTH ¥3d XOCHJI KWIraH €HIOLI
cuH®pIa €Tany.
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G TYpYXHUHT Xap OHp a 3J1eMEeHTH SITOHa Yar éHaoll cHHdaa
€ranu. XaKkuxKaraH, oupop b € G yuyH a € bH 6yiacuH. Y
XoJiaa wyHaaii h € H MaBxXynku, a = bh. Byunan xap Kaupai
h, € H yayn ah, = bhh € bH, ssbuu aH C bH. UKKuHYM TO-
MOHJAH a = bh TEHIJIMKIAH gk = b TEHIJIMKHU OJIaMHU3, SHHU
b € aH. byunau xap KaHpai h € H yayn bh, = ah' h € aH,
svHu bH C aH. Wyunain kunub, bH = aH, axHu xap KaHaai
a € G 3neMeHT AroHa €njioml cuHgra kupaau. bynaan ukku-
Ta TypaM €HOOWI CUHQIAPHUHT ¥3apo KeCHILUMACIUIA KeJHo
yukagd. by 6wiaH UKKMHYM TACOUK XaM MCOOTIaHIM.

Yexit rypyx 97eMEHTIApH COHUIA YHUHT mapmubu 1e6
aTajaa.

HcbomnaHrad TeopeMmagaH Kyidaard TeopemMa Keiaud du-
KAIH.

2-teopema (JIaHrpaHXHUHT YEKIH TYPyXiIap XaKuIard
TeopeMacu). Yexau zypyxnunz mapmubu yRunz uxmuépuii Kucm
2ypyXununz mapmubuza 6ysunadu.

NcHoT. GrypyXHUHI TapTHOH n, yHUHT H KMCM TYpyXu-
HMHT TapTubM 3ca d 6yiacuH. Y xonna l-teopemara acocaH G
IYpPYXHUHT H KMCM rypyx OViinya édnomn cuedaapu G rypyx-
HUMHT OVJIIMHMIUMHM XOCWI KWING, ylIapHUHr xap 6upu d Ta
3ieMeHTIaH vOopaT. G HuHr H OVituya €ugoiu cuHpIapu
COHMHM m OpKasu Gejarwiacak, n = d - m 6ynanu, SbHA 1 COHU
d ra 6¥auHanu.

Hatuxa. Yexau eypyxnune mapmubu ysudazu xap 6up sne-
Menmuune mapmubuza 6yaunadu.

Hc6ot. Taprubu d 6yiaran ameMeHT TapTubu d 6yaraH
UMKIMK TYPYXHHM XOCWI KWITAHH YYYH HATHXKAHUHL HCOOTH
2-TeopeMaiaH KeJIub YUKAIH.

73-§. HOPMAJ KUCMTI'YPYXJIAP, ®AKTOP-
I'YPYXJIAP BA TOMOMOP®U3MIIAP

Arap G rypyxHUHr H KUCMTYpYXH Ba Xap KaHuahi a € G
37eMeHTH Y9yH aH = Ha 6ynca, H nopman xucm zypyx ned
atatagy. HopMan KucMrypyx yayH xap 6up yam €Haoll CUHG
MocC VHT €Hpom cuH¢ OwiaH yCTMa-ycT TYIUTAaHM YYYH yJap
KUCKArWHa éndow cungaap ned aranagu.
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PaBuiaHku, abellb I'YPYXMHHHI Xap KaHIall KHUCMIYyPyXH
HopMai. Mxtmé€puiil rypyXHUHr GUPJIMK Typyxd Ba y3u (¥3u-
HHUHT KHUCMTYpYXU Hed Kapajica) HOpMal KUCMIYpyXIapIaup,
yiaap IYPYXHHUHI XOCMac HOpMal KHCMrypyxiaapuaudp. Hoa-
Oesb rypyxuia XoC HOpMaJ rypyxra MUcoll cudaruga » > 2 na
S, CUMMETPMK TypyXuaaru Xyt ypHHUra Kyduiwiapaad u6o-
par 6ynraH A KUCMIYDYXM OJMHMIUM MyMKHH. XaKMKATaH,

Xap KaHaaf a € S, yuyH

ad = A A, arapa € A,,
= a=
T S,\A,,arapa & A4, .

Kynunya, H KHCMIypyx HOpMaJUIMTHHUHT KyHHAAra conia
G6enrvucy mMuUTaTWIAAM: H KUCM TYPYXHHHT HOopMan OGynuium
YYyH Xap KaHaai a € G yuyH aHa' C H MyHocabaTHUHT 6a-
XKAPWIHILM 3apyp Ba Kudos. By mapTHUHr 3apypaurd a€H.
Kudosmuru sca KyiMaargya KypcaTwiaad. arap xap KaHpai
a € GyuyH aHa' C H6¥nca, y Xonna xap KaHnaii a € G yuyyH
a'Ha C H myHnocabar xam Ypuuiau, O6ynapra kypa aH C Ha,
Ha C aH, svuu Xap Kaugait a € G yuyyH aH = Ha.

G rypyx Ba yHOoard H HOpMal KUCMTYpPYX TaituH Oyirad
XOJIa Xap KaHJai a € G ydyH a OPKAIM @ HY ¥3 UYHMIa OTyBYH
G vudr H 6yiinua siroHa €Hnoil CUHGHHU OearwmanMus:
a = aH = Ha. G uunr H GVitnya 6apya €Hpow cuH(IapUnaH
ubopar Tyroiaman G/ H opkam 6enrwiaiimus. G sa H snap Ta-
i 6yrran xonxa G/ H ypuura G GeITMHM XaM MILIATAMMS3.

Xap KaHnail a, b € G anemenmIap y4yH a-b=a-b ned
xucobmab, G TywIamma cuH(IapHU KYNAaUTHUPHUIL aMajIMHU
kuputamm3. Xap 6up €Hmow cuH(} Y3upard UXTHEPUH dre-
MEHTH OPKATH XOCIWI KWIMHIAHIUTY TyQailiu a Ba h CHUHG-
JIApDHUHT KymaiTMacu 0y CUH(IAPDHU XOCWI KUIIYBUU 3Je-
MEHTJIADHH TaHJallTa 60sz11( 3MaCTMIMHE KypcaTmu Kepak.
XaKukKaraH, arap a, € a bebp (;11>1-m a, =a, b =b)6ynca,
y xo11a alb =aq - b =a- b—a b.

1-Treopema. Azap G 2ypyx ea H ynunz nHopmaa xucmzy-
pyxu 6yaca, y xoada xupumuazan curgaapuu xynaimupuut
amasuza nuc6amarn G/H myniam 2ypyxnu xocua Kuaadu.

Hcbor. Egnom CMH(IApDHU KYIAUTUPHUILI acCOLUATUB-
nup: arap a,b,c € G/H 6¥nca, y xonna
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albc)=a-bc=a(bc)=(ab)c =ab-c=(a*b)c Yuby e=H
cMH(} CUH(QIApDHMHI KYMaWTUpUII aMal¥ yYyH OMpPIHK Ba-
sudacuum 6axapand, YyHKM Xap KaHaall a4 € G/H aneMmeHT
VYyH ae =age =a . Ywby a~! cund a cundra Teckapu, yyH-
ki a-a'=aa'=¢. 1

G/H rypyx G HuHr H HOpMaj KUCMTIypyx OVitnda ghak-
mop 2ypyxu neb aranag.

MacamaH, m Mony;b O0¥iinya yerupMa cuHdIapaadH XOCHI
OyiraH Z annuTue rypyX Z allMTHB TYDYXHUHT mZ KUCM
rypyx Gyiuya cdakrop rypyxuaup: Z = Z/mZ.

OHAW HOpPMAal KUCM TypyxjIap Ba T'ypyXJapHUHI FOMOMOp-
¢pu3Mnapu opacuiard OGOFTAHUIIHN TEKIIMPHUILIra YTaMu3.

Arap G — rypyx, Ba H — yHUHTr HOpMai KMCMTYpyxu Gynca, y
xomna ¢ : G- G/H, p(a) = a, a € G, aKCIAHTMPUIL TOMOMOP-

busmunup, yynku ¢(a-b)=ab=a-b=p(a)p(b). G rypyx-
HUHT Oy KYpUHHILIAIY roMOMOpGhU3MIApY mabuuli ned artaiamy.

G rypyxHuHr G, rypyxra 6upop ¢ : G » G, romoMopdus-
MUHH Kypamu3. G Ba G, TypyXJIapHUMHT OUDIUK 3JI€MEHTIA-
PUHH MOC DaBMILIJA e, e, OPKAIM GeNrHIaiMH3. ¢ aKCIaHTH-
pUILark e, HUHT aci obpas3u, SbHU ¢(x) = p(e) = e, WAPTHH
KaHOATNAHTUPYBYM Oapya x € G 3JIeMeHTIAp TYIUIaMH ¢ To-
MOMOPGU3MHUHT adpocu 0eb atananu. YHu k(p) opkanu 6ei-
rwIaiMu3. G TYpyXHUHT ¢ romoMopdusmaard ¢(G) TacBUpH
10-§ ra xypa G, HMHI KHCMIYDPYyXHUIHP.

2-teopema. G zypyxnunz ¢ zomomoppuimoazu k(p) sod-
pocu G 2ypyxnunz Hopmaa xKucmzypyxuoup. ¢ (G) xucmzypyx-
dazu xap 6up ’semenmnunz aca o6pazu G numnz 6y Hopman
Kucmeypyx, Gyiiuna éndow cungpuoup.

UcbGor Arap a b € k(p) 6¥nca, y xoiaua
p(a) = p(b) = p(e). bynnau ¢(a b') = p(a) (p(b))! = p(e).
HeMak a -b! € k(p), svHU k(@) TViuiaM G HHUHT KMCMIYPY-
xuaup. Arap a € G, x € k(p) 6¥nca, y xonga ¢(x) = ¢(e) Ba
plaxal) = =p(a) p(x) p(a)! = p(a) p(e) p(a)” = p(e). byn-
IaH axa' € k(p), spHU k() — HOpMaN KUCMIYpyX. MIxTué-
puit a' € ¢(G) HU 01M6, YHUHT acaUHU A OpKalu Gearwiain-
mMu3. bupop a € 4 Hu onamm3. Y xonga A= {x € G/
o(x) = p(a)}, A= a = ak(p) PKAHIUTHHU KypcaTaMu3. Xa-
KUKATAaH:
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X EA e p(x) =g¢(a) p(xal) = p(e) «
® al € k(p) ¢ x € ak(p) = k(p)a. B

3-treopema. Aeap ¢: G > G, — 20momopusm 6yaca, y
xonda o(G) xucmzypyx G/k(p) paxmop 2ypyxea uzomopghoup.

Hcbor. Xap oup a' € p(G) aneMeHTra YHUHr G rypyx-
Jiard acn obpasuHu Moc KyoBud ¢ : (&) > G/k(p) akcnaH-
THUPHUILHK KapaliMH3 Ba YHHHT U30MOPGhU3M 3KAHJIUTHHU
KypcaraMu3. Wrapuru T€OpeMaHUHI UCOOTUNA KYPAMKKH,
XE a-k(p) = c_z_ MyHocabar ¢(x) = ¢(a) ra TeHF KyWIHIUD,
ABHU Xap 6up a € G/k(p) €nnowr cuHd ¢ roMmomopdusMaa
a' = p(a) € p(G) 3neMeHTHHHT acn obpasuuup. LlyHra kypa
¥ — clopbeKkuus. Arap a', b' € o(G) yuyHy(a') = y(b') 6yca,
y xoiaa myHpai a, b € G 3nMeMeHTIap MaBXYIKH, a' = ¢(a),
b = ¢p(b) Ba ak(p) = bk(p), sstHd a Ba b 3meMeHTNAD Kk(p)
SAPOHMHTI OUTTAa €Huoll cUH(uUAa €ragu. 2-TeopemMara Kypa
p(a) = p(b), spHU @' = b'. [leMak, ¢ — HHBEKUIUA. DHIAN UX-
THEPUH a', b' € ¢(G) nap yuyH WwyHnau a, b € G MaBXyIKH,
a =g(a), b =gpb)Baa-b =plab),y@b)=ab=ab =
y(a) p(b'). W

3-reopeMa TYPYXJIApHUHT FOoMOMODPOU3MIAPH XaKHAAru
TeopeMa JeilaAd. YHUHT MabHOCH IUYHAAKH, CYPYXHUHT
CIODBEKTHB roMoMop¢hu3MiIapi OUIIaH HOPMaldl KUCMIYPYX-
JIapH¥ Naiio KWIrad Tabuuit romoMop¢pu3MIapy Opacuia ysa-
po Oup kuitMaTaIM MyHocabar 6op.

74-§. KHCMXAJIKAJIAP BA KUCMMANIOHJAP

Arap K xankanuur L xucMmTyioiamMd K gars KyIIdio Ba
Kynairupui aMauiapyra HucbataH Xanka Xxocun Kwica, y K
XAUIKAHUHT Kucmxanxacu Jedwnand. Arap L KUCMXajiKa Maii-
JIOH 6Vica, y K XanKaHUHT KUCMMatioonu NeHIany. Arap XaikKa
AJIMTUB TYPYXUHUHT KUCMTYDPYXU KYTaUTUPUIL aMaiura Huc-
baraH €mMK O¥ica, y KUCMXalKanup. byHnaH Ba KUCMTYpyX-
HUHT WIrapy KypwiraHd xoccajaapuiad KyHuaaru reopema Ke-
U0 YUKAOH.

I-teopema. K xasxanunz 6ywm 6ysmazan xucmmynaiamu
Kucmxaska O6yauwu ywyn y K oaeu aiiupuw ea xynaimupuw
amaanapuza rucbaman énux Gyawwmu 3apyp ea xugos.
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F MalIOHHUHT HOMBAAH (PapKJId SJIEMEHTIAPH MYJIBTHII-
JIMKATHB TYPYXHH XOCWJI KWJIFAaHU YYYH MArapu Kypuira”
MyJloXa3ajlapiaH KyHuaaru TeopeMa Kejanbd YHKaau.

2-teopema. F maiidonnunz bummadan opmux 31emenm-
2a 32a Oyazan Kucmmynaamu Kucmmaioon 6yauwmu yuyn y F
dazu aiupuw éa Gyauw (Hoavoan apxau 31emenmaapza) aman-
Aapuea Hucbaman énux 6yauwmu 3apyp ea Kugos.

Muconnap. F corwtd Mainon F[¢f] xaJikaHUHI KUCM-
Mmainonu, F (1] xanka aca Ft, 1] XanKaHMHI KMCMXAJIKACH-
aup; Q MaiaoH R MaHAOHHUHT KUCMMAaWIOHUIUD.

Arap xajgkKa KOMMYTATMB (HOJBHMHI G¥TyBYMIapMra 3ra
6¥n1Maca), y Xxo/1l1a YHUHT Xap KaH4ad KUCMXAIKACKH XaM KOM-
MYTaTHBLUD (HOJBHUHI OYIyBUMAapUra 3ra smac). KucMmxan-
KAHUHT HOJIb 3JIEMEHTH IOMM XAJIKAHUHT HOJIb 3JIeMEHTH Ou-
JIaH YCTMa-yCT TYLIAAd, YYHKH KMCMXAJIKAa XadKa aJJlIuTHB
TYPYXUHUHT KUCMTYpyxuaup. bupiauk snemenrra sra 6ynrad
XAIKAHWHT KUCMXAJIKAacu OUPIIUK 37eMeHTra 3ra 6yiMaciuru
MyMKUH. MacanaH, Z xaika Ba yHaaru 2Z KMcMxaika. Arap
K XaJKaHHHT KHCMXAJIKACH OMPIMK 3JIeMeHTra sra oyica, y
3JIEMEHT XUIKAHUHI OMPIMK 3JeMeHTUIaH (apkin OY¥aIumu
MyMKUH. MacajaH, Moc KoMNoHeHTIapu 6yiiuuga: ((a, b) +
+(c,dy=(a+c, b+ d), (a, b):(c, d = (ac, bd)) xymmm Ba
KyHalTUpUIl aMaiapd kuputwiran C? xankana (1, 1) ane-
MEHT OUPIUK 3JeMEHTAUDP, aMMO YHUHT (a, (), a € C xypu-
HULLAArY 3JieMeHTIapuaaH ubopaTt KucMmxaiakacuaa (1, 0) ane-
MEHT OUPIIMK 3eMeHTIup. UKKUHYKM TOMOHAAH, arap P Maii-
JIOH Ba YHUHI MXTHEPUH KUCMMAWOOHUHHUHT OUPIHUK
3JIEMEHTJIApH JOHUM YCTMa-ycT Tymlagu, YyHKH F KucMMai-
JOHHUHI MYJIbTUIUIMKATHB TypyXd P MaioH MYJIbTHILUTMKA-
TUB TYPYXUHUHT KUCMTYDPYXUAUD.

Arap MaHIOHHUHT XOC KMCMMaHaoHU MaBXxya Gyiamaca, y
codda peiwiand. Xap KaHjai coiia MaigoH m-l, m € Z,
KYpUHULIAATA 3MeMEeHTIapdaH Ba OyHOail 3JeMEHTIApHHHT
HUcOaTIapuaaH ubopar, YyHKH OyHmas HucGariaap MalmzoH
XOCWI KIWIau.

F — Honb XapakTepUCTHKAIM coana MaigoH OymcuH. Y
xonma m-*1, m € Z, aneMeHTnap Typiaud m € Z mapja Typiu
6ynub, m = 0 maruHa HoJbra TeHr. Arap a, b, ¢, d — GyTyH
comnap 6¥ica, y xomna 2 = & renrmuk 2t = <1 renrmukka

b d b-1 d-1
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TEHT' KyWwid. Yoy w(%) = Z—:%, a, b € Z b =0, myHocabar
OwiaH aHUKJaraH ¢ : @ - F akciaHtupuil 6y MailloHIap-
HUHI u3oMopduamMuaup (tekmupuHr!). Arap F — xapakTte-
puctukacu p > 0 6ynrad coana MainoH Oynca, y xonga p —
Ty6 COH Ba MXTUEDPHH a, b GyTYH COHJIAp YIyH p MOAYIb Gyitnya
yerupMmanap CUHHQJIApUHUHT IOy @ = b TeHrmurua*1 = b- 1
TeHNIMKKa TeHr Kywin. Ymbéy y(a) = a- 1, a € Z, myHoca-
6aT 6wian Gepwiral y : Zp -> F akCIaHTUPHIU HM30MOP(PU3M-
OUp, YYHKH

(@a+b) = y(a+b) = (a+ b =al + bl = ya)+ ypb),
p@a-by=w@-by=ab-1=al-b-1=y(@) ypb).

Byuna arap b € Z coH p ra 6ymunHmaca, y xonma bl # 0,

1
:—1 =cl, 6y epna C myHaai GyTyH coHKH bc = a(mod p).

[Mynapra k¥ypa Kyiuaard teopema YpUHIH.

3-treopema. Azap F codda maiidonnunz xapaxmepucmu-
Kacu noavea menz 6ysca, y Q maiidonza uzomopd. Azap xa-
pakmepucmukacu p > 0 6yaca, y Zp Mmaiidonza uzomopg.

Xap kaHaad MaiiJioH GUpop coiaa MailOHHH ¥3 MYUTra
OJITaHM YYYH (paBIIAHKH, OepwiraH MaiIOHHUHT 6apya KUCM-
MaMIOHJIapUHUHT KECHIIIMAacH COAIa MAaiIOHAMUD), 3-Teope-
MaJaH KyHHaara HaTwXa Keaud 4ymKaaw.

H atux a. Aeap maiidonnunz xapakmepucmukacu HoAb2a MeHz2
6yaca, y Q maiidonza uzomopg 6yszan Kucmmaiidonea 32a. Azap
xapaxmepucmukacu p >0 6yaca, y xonda y Z, Mmatidonea u3so-
Mmopg 6ynean Kucmmaiidonea 3eaq.

75-§. HAEAJVIAP BA ®AKTOP XAJTKAJIAP

K — xanka 6ynacud. Arap K xankaHdHr 6y Oynmaran [
KUCMTYIUIAMHM KYWHAArd WIApTAapHM KaHoaTnaHTtupca, vy K
XIKAHUHT udeasu geiiwrianu: 1) a, b € I 6ynca, y xonga a —
—bel,2)aec Ipace K6ynca, y xonna ac € Isa ca € 1.
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yxpait kunub, K xankauuur [ uneanu K XaTKaHUHT IYH-
Jai afoguTHB TYPYXHUKHU, Xap KaHmaii ¢ € Kyuyn ¢ IC I Ba
I ¢ C I'myHoca6atiap 6axapyaagd. Xap KaHaaii xaikKana HoJlb
3JIeMeHTAAaH ubopar 6yiraH TyiuiaM uaeanaup. Y Hoas udean
ne6 atamanu. YHIOAH TalUKApH Xap KaHOal Xajukaja Xalka-
HUHT 0apya 3JeMEHTIapu XaM HIeasl XOCWI Kwiand. Y 6up-
auk udean pewranu. Homb uaean Ba OUpIMK ujeavlap XaliKa-
HUHI Xxocmac udeasnapu peiivnanu. bomka uneauiap — xoc
Haeaniap.

Arap K — KOMMyTaTUB Xaika Ba a € K 6ynca, y xonma
akK = {ax/x € K} TYIUIAMHMHT HIea]T SKaHJIUTH 6€BOCHTa TEK~
wrpwiaad. by unean a snmeMeHT XOCWI KWiraH 6ow udean
Jerdwnagu. VUpeanHudr tabpudunaH g 3JeMEHTHH ¥3 HYUra
onyBud Xap KaHpa I uaean aK Oolu uaeaqHH XaM ¥3 HYUra
onviin Keaub yukanu. Honb 3eMeHTH XocHi KWiraH 6oru
uiaeal — HOJb uuean. bUpiauk 3aeMEeHTIM Xaakaga OupIIHUK
AJIEMEHT XOCHJI KWiraH 6oi unean — OHpIMK Haeaaup.

1-reo pema. Maiidonda xoc udearrap maexcyd smac. Ax-
cunua, xoc udeassapza 32a byimazan xap Kkanoai Hoavoan Qapx-
AU OUPAUK INEMERMAU KOMMYMAMUE XaiKa MaiooHoup.

Uc6oT. K — Maiion Ba [ yHaaru Hojb uieaniad gapk-
T4 uaean o6yiacuH. Y xonna a € I, a # 0 3j1eMeHT MaBXyl.
Xap KaHaai x € KaneMeHT yyyH x = a a’'x € I. [lemak, I = K.
AxkcuHYa, K — xoc ujeawrapra 3ra 6yiMaradH HonpaaH ¢apk-
JM GUPJIMK 3JIEMEHTIM KOMMYTAaTHB XaikKa 6yicuH. Y xosaa
a € K, a # 0 31eMeHT MaBXY/l Ba g 3JIEMEHTHH {3 HYMTa OJTyB-
yu aK 6o uxean Homb uieainaad dapkiau. lemak, aK = K.
XycycaH | € aK, sbHU wyHpait b € K 3eMeHT MaBXyIKH,
ab=1. [lemak, a — teckapwiaHypyu. OnauHrad a = 0 ae-
MeHT UXTUépuit 6yaranu yuyn K — maiinon. M

WUreayuapHUHT Xankaaard Ba3zudacy HOpMal KMCM TypyX-
JIApHUHT rypyxjapaary sasudacura yxmam. Xap KaHgal uaeat
Xa1KA aJlIUTUB I'YPYXMHUHT HOpMaJl KUCM TYPYXHUAHD, YYHKHU
Oy rypyx koMmMmyratus. Unoean 6¥itnuya yernpmanap cuHduiapu
aNlUTUB TYDYXHUHI Oy HOpMaJl KMCM rypyx 6¥itnua dakrop
TYPYXUHH XOCHA KWIagd. MyXuMH IIYKH, YerHpMaiap CHUH-
dnapu TYIaMuna KYIIMIU aMATHHUA KUPUTraH ycya 6yiiuua
KynaTMa aMaivHH XaM KMPMTHLI MyMKUH. Viirapu cutHo-
JApHU KYLIUII aMUIMHU @+ b =a + b KYypUHHUILLA aHMKJa-
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raH 5IMK. DHIM cMHGIAPHU KYIaRTUPHILI AMATUHU g - b = ab
KYPMHMILIA KUpUTaMK3. By epla g wirapurunex a 3eMeHTHH
¥3 MYMTa OJYBYM Yerupmaiaap cMHGUHMU OeNruiaiau.
Unean 6yitnua Xocwin KWIMHraH YerupMaiap cUHGpIapH-
HMHT KYTaHTUPHUII aMajid ¢ Ba p cuHQpIapaaH TAHAa0 OITHH-
raH a Ba b s3neMeHTIap opkKanmH tabpudaanau. Kymaiitma 6y
3NIEMEHTIIADHUHT MOC CUH(JIap1aH KaHaai TaHlaHUWuUra 6oF-
JIMK 3MaclIMriHu Kypcaramus. dapas Kwiaiumk, g, =a Ba
E::E oyacuH. ¥V xonpa a, -a €1, by-bel, ab ~
ab=(a,— — a)b, + a(b, — b) € I. lemak, ab =ab.
KynmadTupuIll aMaJMHUHT aCCOLIMATUBIUTA HOPMAJl KUCM
rypyx, Oyituua €Hpom CHHE@IADHUHI KYMAUTMACHHUHT ACCO-
LUATUBJIUTHHUHT UcOOTH Kabu McOOTIAHALH.

VHnaH Tamkapu a(b+c)=a(b+c)=a(b+c)=ab+ac=
=agb+ac=a-b+a-c llynra yxwawm (a+b)c=ac+bc.

IOKopunaru Mynoxasaimap OWIaH KyWUAaru Teopema HC-
foTinanay.

2-teopema. Azap I mynaam K xasxanune udeaau byaca,
y xo040a K xaaxanunz I udeaa 6yiiuna K/I wezupmanap cungh-
aapu mynaamu wezupma cuncpaapunu Kywuw ea xynaimupuut
amaauza nucbaman xaska xocua Kuasadu.

K/I xanka K xankanuHr [ ugean 6yitu4ya gpaxmop xarkacu
nedwragd. MyxuM Mucoi. /m Moayinb OYitnua dermpmaiap
cunbnapuaan ubopar Z xaika Z XaIKaHUHT mZ Gow ujea
oyitimua akTop XamKacuaup.

76-§. XAJIKAJJAPHUHI' TOMOMOP®U3IMH

K — xanka oyncun. K' 3ca myHOaad TyioiaM GYJICHHKH,
YHIa MKKHTA OMHAp aMaJl aHMKJIaHraH GYicud. K' jaru aman-
JlapH4 xaM K parm aManiap Kabu KYIUWIL Ba KYMaHTHUpHIN
ned araniMu3. Arap ¢ : K -» K' akcnaHTUpUIU Xap KaHIaH aq,
b€ K »snemeutnap yuyH ¢(a+ b) = ¢(a) + ¢(b) Ba
¢(a b) = p(a) p(b) WapTIApHN KAHOATIAHTHUDCA, Y 20MOMOD-
duzm penunanm.

MacanaH, arap K XaJIKaHUHT  MIeau OJUHCA, ¥ XOIAa ¢ :

K » K/I, € (a) = a akcnantupulll K XaJKaHUHT TOMOMOD-
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(pu3MUIMD, YYHKU Xap KaHaai a, b € K yuyH ¢ (a + b) =-
=at+b=a+b= gp(a)+¢(b), p(ab)=ab=ab= p(a)p(h).
by kypunuimnard romoMophusmiaap tabumii gedunany.

bu3 rypyxiapHUHT roMoMopdU3IMIApUHH KAHJail YpraH-
rad 6yncak, XaIKUIapHUHT rOMOMOpHU3MIApUHHM 1Y yCynaa
ypraHamMus. K XaIKaHUHT FoMOMOpGhH3MU 1y OuiiaH Oupra
VHUHT A0AUTUB TYPYXMHUHT XaM FOMOMOp(HU3MHU OYIIraHH YIYH
6U3 Wirapu McGOTIAHrAH TYPYXJIapHHHT FOMOMOP(U3MIAPU
XaKuaard teopeMaiapiaH doinaraHaMus.

l-Treopema. Xaskanunz 20momopusmoazu axcu xaika-
oup.

UcborT. K — xaika Ba ¢ : K » K' — yHUHT 6UpOp roMo-
Mopduamu 6yncud. Mirapu ucbornaHraHra Kypa, ¢ (K) Tyiam
K' paru kyuin aManudra HUCOATaH Typyx XOCWI KHJIAJIH.
KynaiitMa aMaTMHHHT ¢(K) 12 aCCOLMATUBIMIH CYPyXJIap yUyH
KaHJal ucboTnaHca, Xyaad LiyHaad ucborinaHagd. Xyaau
wyHaal ¢ (K) HUHT KyIIaiTMa aMmainura HucOaTaH €mUKJIMIU
Kypcatwiagu. Arap a!, b, ¢! € p(K), a' = p(a), b = p(d),
c=9(c), a, b, c € K6ynca, y xonna a'(b' + c') = p(a)(p(b) +
+9(0) = p(@) p(b + ¢) = p(alb + ¢)) = p(ab + ac) = p(a b) + plac) =
= p(a)p(b) + p(a)p(c) = a'hb* + a'c!. HlyHra yxmam
(@' + b)c! = = alct + bict. A

Arap K xajiKka KOMMYTaTHB Ba ¢ Oy XaJIKAHUHI TOMOMOD-
hu3aMu 6¥nca, y xomna ¢(K) XaJIKaHUHT XaM KOMMYTATHBIUTH
OCOH Kypcatwiand. Arap K xaiaka 1 OGMpIMK 3JeMeHTra 3ra
6ynca, y xonma ¢(1) aneMeHt ¢(K) XaTKaHUHT OUPIHK 3Jie-
MeHTH OYnanu. Arap a € K seMeHT TeCKapwiaHyBYM 6Vica, y
xosaa p(a) aneMeHT ¢p(K) Xankajna TecKapuwiaHyBuM Ba p(a!) =
= p(a)! (TeKWHPHHT!).

I'ypyxsiap roMoMopdU3MIAaPUHUHT XOcCATIAPULAH ¢ (0) 3J1e-
MeHT ¢(K) XUIKAHUHT HOJIb 3JIeMEeHTH Ba 6apua a € K sme-
MEHTIIAp YUyH ¢(—a) = — p(a) 3KaHIUTH KeIub YMKanu

¢(K) xajka HOJIb 3JIEMEHTHHHUHT ¢ TOMOMOPGMU3MAArH TY1a
acm (IpHU ¢(X) = ¢(0) TEHIIMKHH KAHOATJIAHTHPYBYHM Oap-
Yya x € K 3jieMeHTIap TYIUIaMU) ¢ rOMOMODP(U3MHHHTL s2dpocu
JeHIagu.

I tynmaam K XalKaHUHC ¢ rOMOMOpPGU3IMAArH SAPOCH
6yicuH. I TVruiam my 6unaH 6upra K xaika ajuuTuB TyPYXd
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roMmoMopdU3MHIAru sapocu 6yiraHd yuyH I TVroiaM Oy an-
JUTUB TYPYXHUHI KMCM TYPYXMAUp. YHJaH TallKapu, arap a4
€], ¢ € K 6ynca, y xonpa ¢(ac) = p(a)p(c) = p(0)p(c) =
= ¢(0), ssbHU ac € [. [llynra yxwaw ca € 1. JeMaxk, I Tyuiam
K xankama upgeanmup. by OwraH Kydmmars Teopema UcOOT-
JIAHIH.

2-Teopema. ¢ zomomoppuzmnune I sdpocu K xarxanunz
udeaaudup. p(K) xasxa xap 6up ssemenmununz myaa acau ca
K xaaxanunz I udeaa 6yiiuna nwezupmanap cunpudan ubopam.

['pynnanapHUHT roMoMopHU3MIApH XaKHla TeopeMalaH
XAJIKAJIADHUHT TOMOMOpP(U3MIApH XaKUJarH Kyidugaru Teo-
peMa Keamb YyuKajau.

3-treopema. K xaaxanunz ¢ 20momoppuzmu bepusrzan ea
1 6y 2omomopusmnunz adpocu 6yaca, y xoa0a ¢(K) xasxa K/I
daxmop xaaxaza uzomopghoup.

NUcb6oT. ¢ 1y 6unaH 6upra K xajaka aiaiuTUB IYPYXUHUHT
XxaM roMoMmopdu3sMH OVITaHH YYyH TYPYXIapHHHT FOMOMOD-
du3mrapu xakumaru Teopemara acocaH vy . ¢(K) - K/I akc-
JlaHTUpU L ¢ (K) agauTuB rypyXHUHT K/ I hakrop rypyxra uso-
MopousmMunup. bynaa ¢(a) € ¢(K) 31eMEHTHUHT aKCH a 371e-
MEHTHH V3 uuura oiaysuu [ umean OyHuU4ya yerupmazuap
cuHuaup. YHAaH TalIKapu, xap KaHpaii a!, b' € p(K) ane-
MeHTIap Y4yH a'=¢(a), b'=¢(b), a, b € K a'b' =
= p(a) - p(b) = ¢(ab). Byunan ¢(a'h') = ab=a-b= p(a")x
x p(bY). demak y akcnantupuil ¢(K) xankanuer K/ I ¢akTop
xankara usomoppuamuaup. M

3-reopema K xanrkaHuHr roMoMopd axkciapd TYmnamu 6y
XAKAHMHT yaeaUiapy 6yiuda daxkrop xajlKailapuaad ubopat
9KAaHUHHU KYypcaTaaM.

Mucon xypamu3s. K xanka cudarnia Z 6yTyH COHJIAD Xal-
KACHHHU OJIaMH3. XAJAKAHUHT Xap OUp Haeald aiIuTUB TypPyX-
HUHT KUCM TYPYXHM O¥araHu y9yH Z XajJkaHAH[ Oapuya uneai-
mapu mZ xypuHumra sra, 6y epgsa m — MaHu# 6yiMaraH
OyTyH coH. IKKHHYH TOMOHIAH Xap 6Up mZ KUCM Typyx Z
XanKaga m COHH XOCWI KWIraH 6ol uaean 6uiaH ycTMa-ycr
Tymiagu. ByHIaH Ky#uoard XyJocaHM oJaMu3. Arap
¢ AKCIaHTUPUII Z XATKAHWHT roMoMopdu3Mu 6¥ica, y xonaa
¢(Z) € Honb XanKa, € Zra nzoMopd €ku 6upop m = 2 yuyH Z
YEeKJIH XaJiKara H3oMopgdaup.
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