XK. XOXHEB, A. C. PAVHJIEB

AJITEBPA BA COHJIAP
HA3SAPUACHU KYPCU

Yabexucmon Pecnybauxacu Oauii 6a ypma maxcyc masaum
8A3UpAURU YHUBEPCUMEMAGDHUHZ MAMeMamuKa
6a MexaHnukxa-mamemamuka gaxKyarbmemaapu manabasrapu

YHYH Oapcauk cugamuda pyxcam 3mzaH

TOILIKEHT — "V3BEKHUCTOH" — 2001

www.ziyouz.com kutubxonasi



22.132473
X-59

Hapcnux yHUBEpCHUTET/IADHMHT MaTeMaTHKa Ba MeXaHMKa-MaTeMaTHKa
daxynprernapuaudr [—II xypcnapy tanabanapy y9yH MyIXannadras 6yiuo6,
"Anrebpa Ba COHJIap Ha3apMsCH" KypCH JacTypH acOCMa €3WIraH.

Hapcauk 12 606man n6opar, yHaa anreGpa KypcH Iypyx/ap Ba XaJxajiap
acocHIla KypWIraH.

Tagkpusuunap:
¢u3uka-mMateMaruka dansiapu pokropu 10.B. XakHmKoHOB,
¢u3uka mateMaTnka (QaHjIapy HOKTOPH,

upodeccop P.H. Fanuxyxkaes

Myxappup IO. My3addapxyxkaes

X 1602040000-73 2001

M 351 (04) 2001

ISBN 5-640-02832-7

© "V36exucToH" Haupuérd, 2001 .

www.ziyouz.com kutubxonasi



CV3 BOIIU

Anrebpa — MaTeMaTMKaHUHT alredpaukK amMajUIapHU ypra-
HyBYM OYiIMMU. DHr coajza anrebpaMk amamiap — HaTypal
COHJIAp Ba MycbhaT paUMOHaJ COHJIAp YCTHAATM aMaulapaup.
YnapHUHT 6apya acocHil Xxoccalapy KaauM 3aMOHJIapa Mab-
ayMm O6ynaraH. Anrebpauk (pUKp Ba OeJIrHJIapHHHT PUBOXIAHU -
wra Juodant "Apudmeruka“cudHunr (3pamMusHuHr 1 acpu)
TaLCUPHU KaTTa OyiaradH. AinreOpaHuHr OyHIAaH KEHMMHIU pH-
BOXUIaHUIIUMra XuBaaa Tyrwirad Ba IX acpma suiaraH mare-
MaTUK Ba acTpoHoM MyxamMan uo6H Myco an-XopasMUMHHUHT
"An-xabp Ba al-MyKoOajga' acapMHHMHI TabCHUPH XyJa KaTTa
Ooynarad. "Anrebpa” atamacu Xopa3sMHIHUHI aHA LIy acapu-
HMHI HOMMZAH OJHHraH. by acapna OMpHHYM Ba MKKUHYHU
Japaxaiy ajiredpavk TEeHDIAMAJIApHHM €4YHUIUra KEeJATUpWIagH-
raH MacajajapHy €YMILHUHT YMYMHH yCyJUtapu OepuiIras.

XV acpHHHTr oxupura Keaub, 1y jaBpraya MaTeMaTHK acap-
Jlapoa MUUIATUIraH ajirebpavk aMaJUIapHUHT Y3YHAAH-Y3YH
cy3nu udonasapu YpHUra xXo3up KaOyad KWIMHraH -+ Ba —
ULIOpAapH, Japaxa, WIAU3 Ba KaBc OeJIrwIapy nauno 6yigu.
@. Buet (XVI acpHMHT OXMpH) OMpUHYH OYIHO HOMABIYM-
Jap Ba Macaiaiapiaa OepwiraH KaTTaIukKIIap YUyH Xapguit 6ei-
rwiapHu unwiata 6ouvtagu. XVII acpHuHr ypranapura Keiud
acOCaH XO3Mprd 3aMOHJA HUIIJIaTWIAETraH ajired6pauk Oeyru-
Jlauuiap Kabyn KWiInHIM.

XVII—XVIII acpnapaa "Anre6pa” ne6 ajire6pauk TEHrIa-
MajlapH4 euuil Ba Xappui ¢dopMmyaanrapHd aiHUM y3rapTh-
puil xakunaru ¢ad tymysuarad. XVIII acpauHr ypranapura
Kelaragaa aiaredpa xo3up "sieMeHTap airrebpa’ ned TylyHH-
JAJUTAaH XaXMla IOKCAIH.
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XVIII—XIX acpnap anredbpacu — Oy acocaH KyIxaaiap
anreopacuaup. bup Homabaymim ainrebpauK TEHrjIaMmaliap
Ha3apusicd 6unaH O6upra OMp Heua HOMABIYMIH ajaredpamk
TEHIJIaMaIap TU3UMIADUHM €YUII Ha3apUsiCU XaM PUBOXJIIAH -
au. XycycaH, YM3UKJIM TEHIVIaMajap TH3MMJIApU Ha3apuscH
AXIIM PUBOXJIAHAM, MATPHULA Ba AETEPMUHAHT TYLIyHYAIapu
nauno oyanu.

XIX acpHuHT VpranmapunaH 6omuiabd, anredpana UXTHEPHHA
anreOpauk aMaUlapHU YpraHuil Macajajlapu namao Oyiuu.
XX acpHuHr 6omnapuna . Muaebepr, 3. lreitnuu, 3. Ap-
THH Ba O. Herep xabu MareMaTHKIap acapjapy TabCHUpHIA
UXTUEPUN anrebpauK aMaJUIapHM YpraHUIL ajJreOpaHUHE aco-
CHMH Macajlacura aiIaHIM Ba XO3Up XaM IIyHAan O0¥nud Kooi-
MOKJa.

AJIreOpaHUHT XO3UMpPrH 3aMOH MaTeMaTHMKacHUIaru axaMu-
SITH HUXOSTOA KAaTTa. YMyMaH, XO3Mprd 3aMOH MaTe€MaTHKa-
CH Ky OyIMMIapUHHUHT "ajireOpavKiIallMIM. Ky4yanub 6op-
MOKAa. MarteMaTtuka 6omka 6y1umiIapy MacajlaJlapUHUHT ajl-
re6pa TWiaudra YTKasWIMIIM, YJIapHH €YHIU YYYH HHUXOATIA
YHyMIM OyiraH ¢opmain aiaredpavik XxucobnaluUIapHHU TaTOMK
KWwiMiura UMKoH 6epagu. KeiiMHru BaKriiapaa MareMaTHKana
Oy By 6wiaH MyxXyM HXTUpOJap KWIMHIaH (MacajlaH, TOIO-
Jorusiga). AinreOpaHuHr GU3NKana, KUOepHETHKAada Ba MaTe-
MAaTUK MKTUCOOAA MYXUMM TaTOuKjIapu 60p.

Ma3skyp KuUTO6 YHMBEPCHUTETIAp Ba MEAUHCTUTYTJIAp Ma-
TeMaTUKa OyIuMiIapH TajJabajrapura MyoKaulaHrad 6yiuo, yu
KUCMIaH ubopar. by kucmiuap TOIIKEHT JaBiaT YHUBEPCUTE-
TUAA YKUTWIAAUraH aiarebpa Kypcu YKyB HacTypura MocC Ke-
JIanou. :

Kuto6Huur 67- Ba 68-maparpaduapuHu €3umiga AOL.
b. TypcyHoB akuHnaH €paaM Oepnud. Myawtudaap yHra ¥3
MUHHATIOPYWIMKIADUHUA Owiaupanuiap. ,

KuTtob xakunaru GuKp-MyiaoxasajapHu Myauimgiap Mam-
HYHJIUK OwiaH KaOysj Kwianwiap Ba OJAMHIAH MUHHATILOp-
JIMK OWwiaupaauiap.
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bupunuu 606.
TYIIIAMJIAP BA ®YHKLIUSJIAP

1-§. TYILUIAMJIAP

TyriamM xo3upru KyHaa MaTeMaTHKAHUHT 3HT YMyMUH Ba
wy 6wiaH 6Upra 3HT OOLUIAHFUY TYIIYHYAJIApUIAH OUPUIMD.

MareMaTukaza TYIUIaM JeraHjaa HapcaJlapHMHI, XOJAMcCa-
NApHUHI UXTHEPpHUH Maxmyu (CcMHOH, OMpJalIMacHu) TyIIy-
HWwianud. TYmiaMHM TalIKWI 3TYBYM Hapcajap, XoAucaiap
YHUHT 3JieMenTiapu Ae6 arananu. KynuHya TYIUIaMHHMHT 3J1€-
MEHTIapH Y3JIapMHUHT OMp €Ku OMp HeuTa xocca Ba Oenrwia-
p4 OWinaH TyulaMra KMpMaraH HapcajaplaH, XoAucajlapiaH
axpanud Typanau.

TyIutamMra KupyBuyd 0apuya 3JIeMEHTIAp TYpJIM XucobJiaHa-
I4, SbHU YHOA aifHaH OUp XiJl 3JIEMEHTJIap OYiIMaiau.

Opnatga TyIulaMIapHH KaTTa JIOTHH Xapdiapu 6miaH, yaap-
HUHT 3JIEMEHTJIApHHH 3¢a KMUYMK JIOTHH Xap(daapu 6unaH 6e-
TMUIAHAIH.

TyIutamiapra MucoJLiap:

1) Ep ro3uparu G6apya omamiap TYIUIaMH;

2) Ep wo3uparu 6apya mgasiamiap TYIUIAMU;

3) Ywby 1, 2, 3, 4 cornapnad ubopar TYILIaM; 3JE€MEHT-
Jnapu 0y ycynna 6MpUH-KeTUH Tabpudiad 6epuirad TyiuiaMm-
JapHU KyHuaarmya Oeiarwiam Kadyn KwimHras: {1, 2, 3, 4};

4) N ={1, 2, ..., n} — 1 nad n conuraya 6y;iraH Harypal
COHJIAP TVYIUIAMM,

5) N={l, 2, 3, ...} — Gapua Hatypaa COHJIap TYILUIAaMH,

6) Z — 6apua 6YTYH COHIap TYIUIaMU;

7) Q — Gapya palMOHAJI COHJIAP TYIUIAMH;

8) R — Oapya XxakMKU# COHJIAp TYIUIAMH.

byHnau keiud xaM N, N, Z, O, R GenrwiapHy XyJIH Iy
TYILIaMJIap YYYH HMIUIATaMM3.
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Kynaiauk y4yyH OMpopTa XaMm 3JieMeHTra sra Oynamara
TYIUIaM XaM Kypwiagu. YHH Oym TyIiuiaM ae6 arananm Ba &
buwiad OenrwiaHaau.

Yoy x € A €3yB OWwIaH x 3jeMeHT A TVIUIAMHUHI 3Ji¢-
MEHTH 3KaHJINTH OearwiaHaau; 0y xoiuaa x 3JeMeHT A TYIuiaM-
ra mezuwau (A TYIUIaMaa €ranu) AeHIagu. AKC XOJI SbHHA X
3JIEMEHTHUHT A TYIUIamMra mezuuwinu macaueu x € A OwiaH
oearwiaHagu.

Tabspud. Aecap A mynaamuunz xap 6up 3remenmu B
mynaamea xam mezuwiru 6yaca, A myniam B mynaamrune Kucm
mynaamu (Kucmu) detiunaou ea A C B éxu B D A 6unran benrzu-
Aauadu.

by xonna B T¥iam A TYIU1aMIaH KaTTa €KUM TeHT, A TYIU1aM
3ca B TymnaMaaH KMYMK €KU TeHr xaM jaeiwranu. Ymoby "C"
Ba "2" Geirwriap 3ca TYIUIAMJIAp OpPAacHIArd TEHICU3JIMK My-
HocabaTu neHWwiIanau.

MacanaH, oxopuaaru MucoauMusaa N Tymiam Z TyiuiaM-
HUHT KUcM TVIulamu, N C Z. -

by tavrpudnaH 6eBocura KyHHAArm xoccasap Keaud 4u-
KaJu:

1) by Tyrmwiam xap KaHpaid A TYIUIaMHUMHI KUCM TYILIa-
MUIUD, STbHU & C A;

2) Xap kaHpgait A TyrmiaM yuyH A € A4 (TeHICU3JIUKHUHT
pedIEKCHUBIUK XOCCACH);

3) Arap A C BBa B C Co6ynca, y xomaa A & C (TeHrcus-
JIMKHUHT TPaH3UTUBIHUK XOCCACH).

Arap A C B 6Vyica, KYIIMHYa A HUHT 3JIeMeHTIapyu B HUHT
A ra xupMmaraH 3JeMeHT/IapuaaH OUp €Ku OUp HedyTa Xocca-
map 6uiIaH axpamud Typaau. byHaai KucMm TYIUIaMJIapHU KyHH -
Jaru4a OearmwianMu3:

A= {x € B| x € A Hu Gexrwraiaurad xoccaiap }.

MacanaH,

A={n € N| nconu 3 ra OyauHraHaa Koianuk, 1}, seHu A
TYIUIAaM OMpHMHYM Xaau | Ba aiiupmacu 3 6yiaraH apupmMeTUK
IIpOrpeccus XaanapuuaH uobopar.

Tavspud. Aeap AC BBa B C A6ynca, A ea B mynaamaap
mene Oetiunadu ea A = B 6unran 6escuranadu. Axc xon, asnuu A
eéa B mynaamaaprune menemacauzu A # B 6unan 6encunanadu.
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by Tanpu¢naH TEHINIMK MYHOCAOATMHMHI KyHHIAru Xoc-
canapu 6eBocUTa KeaUO YUKAIU:

1) Xap xaHpaii A TVriaM yyyH A = A (TEHIVIMKHHUHT ped-
JIEKCUBJIMK XOCCAacH);

2)Arap A =B 6ynca, y xonmna B= A (TEHNIMKHUHT CHM-
METPUKIUK XOCCACH);

3) Arap A= B Ba B= C 6yica, y xomna A =C (TCHIIINK-
HUHT TPAH3UTUBIMK XOCCACH).

Arap A Ba B tytuiamnap yauyH A € B Ba A # B ypuriu
Oynca, OyHHM KucKaya A C B O6wiaH 6earwiaiMui. Ymoy "C"
Ba "D" Geirwiap TyIUlamiIap OpacHIAru Kamsuli meH2cuznuk
myHnocabamu penwianu. Yuby A C B MyHocaGaTHHHT MabHO-
CH LUyHAAH MOOpaTku, A HUHT Xap Oup 3jeMeHTH B ra re-
MMLUIM, aMMO B HUHT A ra Teruuuim OyiamaraH 3JieMeHTIapu
MaBXyd. MacanaH, 10OKopHAa KeJITHPWITaH TYIUIAaMJIAp YYYH
NCNCZCQCR

PaBluianku, arap A C BBa B C C 6ynca, A C C (xaTbuil
TEHICU3IMKHUHI TPAH3UTUBJIMK XOCCACH).

[IIynu aiitviu xkepakku, A C B Ba B C A mapriaap Oup
BakTOa YPHHJIU 3MacC.

by 6ynmaran xap KaHaai A TYIUIaM MKKHTA TYPIH KUCM
TYIUIaMra ara: & , A; 6y KUCM TYIUIaMIap X0cMac KHCM TYIUIaM-
nap aevwrtanv. bouwka (sbHU & C B C A HIapTHU KaHOAT-
JJAaHTUPYBYM) KUCM TYIUIAaMJIAp XOC KMCM TYIUIamiIap AceHwia-
nd. byw tyruiam Ba OMTTAa 3JeMEHTAAH MOOpAT TYIUIAaM XOC
KHCM TYIUIaMJlapra 3ra 3mac.

DNIEMEHTIAPUHUHAT Y34 XaM TYIUIaM OVaraH TYIuiamiap Kym
yuypaiad. Yiap TYiamiap TH3HMH AeHIUIaOoH.

MacanaH A TVIU1aM TeKUCIMKIArH 6apya TYFpH YU3UKJIap-
IaH ubopart TyIuiaM 6yiacuH. by Muconna A TYIUIaMHUHT 3J1e-
ME€HTU — TYFPU YU3UKHUHI Y3 — TYIUIaM 6yaub, Oy Tyiuiam
Iy TYFpUM 4YM3MKNa €TyBUM Oapya HykKrajapaaH ubopar. by
epla TYFpU YU3UKHUHT Y¥3U A TYIuiaMra KUpaauio, aMMO YH-
Jard HYKTAIapHUHT OUpopracH XaM A TYIUTAMHHUHT 3JEMEH-
TH 3Mac.

Tyrmamuap TH3MMHU 3JeMEeHTIApUHM 6ab3aH KaTTa JIOTUH
xapgaapu 6mwiaH OeJrwiaHaay.
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2-§. TYIUIAMIJIAP AJITEBPACH

Tyruamnap yctuna 6up Heyra amauiap 6axapu6, 0y ama-
JJApDHUHT XOCCAJIApUHHM YpraHaMM3.

A Ba B — uxTuepuii Tytuiamiap 6yiacud. by ukkura tyruiaMm-
naH uoopar {A, B} Tyiiamnap TH3UMHHU KapaiMus.

Arap ¢ € 4 Ba ¢ € B mapTIapHUHT UKKaJIaCH XaM YPHHIH
byinca, OyHnait ¢ sneMeHT A Ba B tyruamnapHuHr ({A, B}
TU3UMHUHT) YMYMUii 31emMenmu NeHwiaau.

Tabpud. A Ba B mynasameaprune 6apua ymymui snemenm-
Aapudan my3uszan myniam A éa B mynaamaaprune kecumumacu
(6ab3aH KymaHTMACH, YMYMHH KHCMHM) detiunadu éa A N B 6u-
AaH beazunanaou. .

~ Macanan, A4 ={0, 1, 2, 3} Ba B ={l1, 3, 5, 7} 6ynca, y xonza
AN B={l1, 3}.

KecummMa aManu tappuduiaH KyWHIard XOCCaJapHUHT
VPUHJIMIMIH O€BOCUTA KEIUO YHMKAIOM:

a,) Xap KaHIAH A TyIaM YSYHAN A=A, AN DB =B N A= O.

a,) Xap KaHpait A Ba B tymamiap yayH A N B=B N A
(KOMMYTaTHUBJIMK XOCCAaCH).

a,) Xap Kauumaii A, B, C tywiamiap yuyH (AN B) N C=
=A N (BN O) (accouMaTUBIUK XOCCACH).

a,) Xap KaHzait A sa B tymiamnap yayH A 2 A N B Ba
B2AN B '

a;) Arap A, B, C tyrutamap yuyH A 2 CBa B 2 C 6yica,
yxomma AN B2 C.

Arap A Ba B TVIUTaMIapHHHI KecHIIMAacH OViu TyruiaMm,
StHU A N B=@ 0yica, yrap KeCHIIMaHIHWraH TyIuiamiap
JAeNWIagu.

Arap x 3JIeMeHT YYYH X € A Ba X € B lIapTJIapHUHI KaMU-
fa 6upu YpurIM Gyica, 6yHIai 1eMeHT {4, B} TU3MMIa Te-
MMOLUTH JeHWIaau.

Tasbpudd. {4, B} muzumza mezuwnru 6ynzan 6apya snemenm-
aapoan mysunzan myniam A ea B mynaamaaprunz bupasauma-
cu (6as3an, Uurunducu) devunsadu ea A U B 6unran b6eazuna-
Hadu.

Macanan, arap A=1{0, 1, 2, 3} Ba B= {1, 3, 5, 7} 6ynca, y
xonma AU B=1{0,1, 2, 3,5, 7}.
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bupnanmma/aMann TappudunaH KyWHIATH XOCCATAPHHHT
VPUHJIWIMIY 0€BOCUTA KeIMO YUKAIH:
P bﬁXap KaHaam A tymaM yayH AU A=A, AU @ = QU

b,) Xap KaHnai A Ba B Tyiwiamnap yayH A U B = B U 4
(KOMMYTaTHBJIMK XOCCACH).

b,) Xap xannaii A, B, C ty¥iaminap yyyH (AU B) U C=4
U (B U C) (accounaTUBANK XOCCACH).

b,) Xap KaHna# A sa B Tymuaminap yayH A € A U B Ba
BCAU B~ '

b,) Arap A, B, C tytulamnap yuyH A C CBa B C C 6ynca,
yxomma AU B C C.

Xap kaHuaii A, B, C tyruramiap y4yH KecHIIMa Ba Oup-
JlaliMa aMaJUlapvMHU y3apo OOFIaiaMraH KymMvpgard anHHAT-
jap (DUCTPUOYTUBIHMK XOcCcanapu) YpUHIH:

cl)A’U(Bn C)=(AU B)N (AU C).
¢)AN(BUC)=(4NB)U (AU C).

bymapHuHr OUpUMHYMCUHM McOOTNAMMH3. DByHHHr y4yH
AUBNOCAUBYN(AUC)BaAU(BNC)2(AUB)
N (A U C) MyHocabaTJIapHMHT MKKaJacH XaM YpUHIWIUTH-
HM Kypcatuin kudos. IOkopunaru (b,) xoccara kjpa A C A U
BraAC AU C. bynnan a,) xoccara acocaH A C (AU B) N
(A U O). IOkopunaru a,) Ba b,) xoccanapra acocan BN C C
BC AU BBaBN CC CC AU C. byHnaH a,) MyHocabarra
Kypa BN CC (AU B) N (AU C). Hatuxana b,) xoccara
acocaH AU (BN C)C(AUB)N (AU C).

DHHIU AU (BN C) 2 (AU B) N (AN C) myHocabaTHH
ucbomraiimui. Papas Kwraivmk, x € (AU B) N (AU C). Y
xomma x € AU Beax € AU C. by epna HKku X0 OyIMIIU
MYMKHH: 1) x € A; 2) x € A. bupuHuH Xoi1a x € A JaH x €
AU (BN C) myHocabat kenud ynkaau. MKKMHYM xonaa x €
A, x€ AU B, x € AU C myHocabatnapnan x € Bax € C
AKAHJIWUTH, ThHU X € B N C xeanb yukagu. bysnan x € A U
(BN C). Jemak uxkana xoinma xaMx € AU (BN C). by epna
X 3TEMEHTHUHT UXTHEépMiLMrugad (AU B) N (AU C) C AU
(B N C) myHocabatHu onamus. Iy 6mian c¢,) xocca ucbor-
JIAHJIM.
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UKKMHYHM aMHUATHUHT UCOOTHM OMPHMHYMHUHI HMCOOTHTA
yXinani; yHu UCOOTIALIHU YKyBYMIa XaBojlda KWIAMU3.

Tabpud. A mynsamuune B mynaamea xupmazan 3semenm-
aapudan ubopam myniam A ea B mynaamaaprune atiupmacu
(6as3an B nunz A dazu myaoupyeuucu) oetiusradu eéa A\B 6uran
beazuranaou.

Macanan, arap A=1{0, 1, 2, 3} Ba B={1, 3, 5, 7} 6yuca, y
xonpna A\B = {0, 2} Ba B\A= {5, 7}.

by MUconaaH KYpUHAAUKY, TYIUIAMIAPDHU aliupUIl aMalu
YYYH KOMMYTATHUBJIMK XOCCACH Xap KaHaau A Ba B Tyiuiamiap
YYyH VpUHIM 3Mac. by aman yyyH acCOLMaTUBIAMK XOCCacH
XaM YpHHJIM 3Mac. byHra Moc MHCOJI TOITHILHM YKyBUMTa XaBO-
Jla KWIaMH3.

3-§. AKC D TTUPHIILIAP

A Ba B 6y 6yiamaraH Tyriamuap OVICHH.

Tavpud. Aezap 6upop f Koudaza mysoux, A myniamuune
xap 6up x anemenmuza B mynaamnunz 6upop y snemenmu moc
Kyuunzawn 6yaca, 6y [ koudaza axc smmupuw (axcaanuui, axc-
aanmupuut, pyrnxuus) oeiiusradu éa f: A > B éxuy = f(x) 6uran
beszunanadu.

Xaétna, TexHUKaja Ba 6omka darapaa onarna f:A » B
aKc 3TTUpULUIaD A TYIUIaM 3J1eMEeHTJIapUHUHI MAabJIyM XOC-
CacMHU OENrwiIoBYM KATTaMWK cudaTuaa yupainaud. MacaiaH,
A bupop maxapaard ogamiiap TYIuiaM OVicuH. Y xonga a €
A y4yH f(a) ne6 a opaMHUHT OViH Y3yHJIMrdHU ojlamu3. Ha-
TXaga f: A - R akc 3TTHPHUII XOCHUJI OVIaam. ,

YMmymaH, 6upop f: A - B akc 3TTUpHII Kapaica, YHH A
TYIUIAaM 3JIEMEHTIApUHUHI OuUpop f XoccacH aed TylyHHIU
MYMKHH.

A T¥ru1aM f aKC 3TTUPUILHUHT aHMKJIAHHII COXacH, B TyiuiaM
3ca KHAMarTaap coxacu Aeiwianu. by f akciaHuiugaru y a.ie-
MEHT X 3JIEMEHTHHUHT f — TacBHpH (00pa3n), X 3JIEMEHT 3Ca y
3JIEMEHTHHUHT f — acj o0pa3m naeHIUTanu.

Arap y € B 6epwiraH 6yica, y Xoiaa yHUHT 6apya f - acn
obpa3napuaaH ubopar TYIUIAM YHHUHT f - acjl oOpa3u JeHumia-
a4 Ba f-! (y) opkanu OelrwiaHanu.
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Yoy f(A4) = {y € B/ 6upop x € A yuyH y = f(x)} TyILIaM,
SbHUA X 3NMEMEHT A Tyiuiamaa y3rapraHga f(x) HUHI KaOyi
KWwirad 0apya KuHMaTiapuaaH uoopar TymiaM A TYIUIaMHUHT
f— obpa3u penwranu. Pasmanku f{4) C B.

MacanaH, f: R » R — ¢ysxuma f{x) = x* xouna 6ynuya
Xap OMp XaKMKUH COHra YHUHT KBaJApaTUHU MOC KyHUraH 6yica,
y xonga f(R) manpuit 6yaIMaraH XakMuKud COHJAp TYIUIaMH-
JaH ubopar.

Arap f: A - B akc 3TTHpHII YYyH WyHAal b, € B 371EeMEHT
MaBXyl 6yincaku, 6apua x € A snemeHTAap y4yH f(x) = b,
Oymca, yHHU Y3rapMac akc 3Ttupunl (GyHKUMS) AeHwian. YHUHT
yuyH f-!(b,) = A Ba 6011Ka Xap KaHnai b € B yuyH /(b)) = O.

Tabvpud. Aeap f:A > B ea g: A » B axc smmupuwaap
xap 6up x € A yuyn f(x) = g(x) menzauknu Kanoamaanmupca,
yrap mene deiiunadu ea 6y mynocabam [ = g Kypurnuwoa é3u-
Aao0u.

bepwiran A Ba B Tyuiamiap y4yH bapua f; A - B akc
3TTUPUALLIApAAH MOOpAT TYILUIAMHH B OpKaJn GenrwianMmu3.

A, Ty1amM A HuHT 6Upop KUCM TYIUIaMu 6yiacuH. Xap Oup
x e AI Y4yH f(x) = f(x) TeHIIUK OWIaH aHUKJIaHTaH f,: A, > B
aKC 3TTUPHUIL f aKC STTUPUIIHHHT TOPAHMIIH, [ aKC STTUPHUIL
3ca f, aKC 3TTUPMIUHMHI KeHraHHImM (JaBOMM) JEHWIAIH.

MacaJIaH R Ty1uamMaa aHuMK1aHraH f{x) = f|x | byHKIUA
[Ol +oo) TYIUIaMAa aHMKJIaHraH f(x) = Jx OyHKUMSAHUHT
OABOMUIHUD.

Tavpud. Aeap f:A - B akc smmupuw yuyn xap 6up y € B
anemenm A mynaamda kamuda 6up f — aca obpasea 3ea bysca
6yHOail akc ammupuw cropsexuyus deiiusraou.

Tavspud. Azap f: A - B akc ammupuw y4yyn xap 6upy € B
anemenm 6ummadan opmuk, f — aca obpa3zea 32a 6yamaca (asHu
A da émyeuu x,, x, anemenmaap yuyu f(x,) = f(x,) menaruxdan
X, = X, menaauk xeaub wukca), 6ynoat axc 3mmupuil UHbEKKUA
deliunadu.

Tavpud. Bup eakmia xam cropsexyus 6a Xam uHseKyus
6ynean f: A - B axc smmupuw 6uexyus (y3apo 6up xuiimamau
axcaaruw) deliusadu.

bouikaya aitrasna, f: A -» B akcIaHTHpUIL OUeKUUA OyIuv-
I YYYH KyWHUIAry WAapTHU KAHOATIAHTUPHUILM KEPAK: X 3JI€-
MEHT A TYIutaMJard xap 6up KuiiMaTHM OMp MapTajaaH Kaoyin
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KWIKO y3rapraHga Oy BakrTna y = f{x) byHkuusa B TyiuiaMaaru
xap Oup KuiiMaTHH ¢akaT OMp MapTa KaOyJ KWwiraH XxoJjiia
y3arapaau.

IOxkopuna kexrupwiraH f: R - R, f(x) = x* DyHKUHS CIOpb-
eKLUA XaM 9Mac, UHBEKIMA XaM 3Mac. YyHku MaH(PUH COH-
JJApHUHT OMpOpPTa XaM acia o0pa3u MaBXyJl 3Mac, Mycbar CoH-
JJApHUHT Xap OMpH 3Ca MKKHUTaJaH acja oOpasra sra. Arap
R; =[0, +») Gexrwrawm xuputub, f,:R - R}, fix) =x?
bYHKUMAHM Kapacak, y clopbekiud 6ymanu. Yoy f,: RS - R,
J(x) = x* pyukuusa uapekum Ba f;: RY > R, f(x) = x? pyHK-
M 3ca buekius Oynanu.

HNxtué€pmit uxkkura f: A - B Ba g: B » C akc 3TTHpUILIUIAD
OepuwiaraH 6ViacuH. /

Tavpud. Xap 6up x € A yuyu ywby p(x) = g(f(x)) mynoca-
b6am 6unan anuknanzan p : A - C akc smmupuwza [ éa g akc
SMmMupUWNAPHUHZ Komno3uyuacu (cynepno3uuusacu, 6as3ax
Kynaummacu) deudunadu ea p = gf busran beszunanadu.

Arap A= B = C 6ynca, y xonga gf: A - A KOMIIO3ULMA
OowiaH 6upra fg : A > A KOMIIO3HIMS XaM KApaJIHUIIH MYMKHUH.
by xonna ymyMan aitrasaa, fg # gf. Macanau, arap f: R = R,
f(x)=x* g:R - R, g(x)=x+1 6¥yiaca, y xoiaaa
f(&(x) =fix +1) = (x + 1)? Ba gfix) =g(x’) = x* + 1. lemak
rg=g.

l-teopema. Xap xaundaii yuma f:A - B, g: B » C,
h: C- D axc smmupuwaap yuyu h(gf) = (hg)f.

Mcb6oT. XakukKaTaH XaM Xap OUp x € A yuyH
h(g)(x) = h(gf(x)) = h(8(fx))) Ba (hYf(x) = hg(f(x)) = hEHX))).

by TeopeMamaru afHMAT akKC STTHPHIILUIAD KOMITO3HULIMA-
CUHUHI aCCONHATHBJIMK XOCCACH JeHUIaau.

Xap KaHzmait A TYIUIaMHUHT 6apya X € A 3JeMEeHTIApH
YYYH e(x) = e TEHIVIMK OWIaH aHUKJaHraH e = ¢, ' A > A aKc
STTUPUIL A TYIUIAMHHUHT adHMH akcjaanumm (OMpAMK akcja-
HMIIH) JeHwiany.

PaBliaHku, xap KaHpgaih A TVioiaM yyyH OMpJIMK akcia-
HUW e, ' A - A — OuexuusAnup. bUpIUK akCIaHHUIUTAPDHUHT
aCOCHMM XOCCAaCM IIYKH, Xap KaHOaH f:A -» B akc s3TtMpuiu
YIyH fe, = e f=f.

Tavpud. Azap f: A - B akc smmupuw yuyH wyHoau
g: B> A axc smmupuw maexcyd 6yncaxu, gf = e, 6a fg= e,
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Ypunau 6yaca, 6yndai f akc smmupuw mecKkapuianysuu, g axc
ammupuw 3ca [ ea mecxkapu detiunradu.

Taspugdan kypunaduku, g akc smmupuwl xam mecKkapura-
Hyeuu 6a f akc ammupuw ynea meckapu 6yaaou.

2-Teopema. Aeap f axc smmupumnunz meckapucu mag-
xcyod b6yaca, y azona.

Hcbor. Papas kwrnaiiuk, g: B - ABa h:B - A akc
3TTUPHLLUIAD fTa TeCKapy OYJICUH, AbHU gf = e, hf = e,, g = e,
Jh = e, Y xonna h(fg) = he, = h, (hf)g = e g = g. bynapnan akc
STTUPHULLUIAD KOMIIO3ULUUSICUHUHT aCCOLMATHUBIIMK XOccacura
acocaH h = g.

Arap f akC STTMPHMILHHMHI TeCKapMCH MaBxXyn Oyica, yHI
f-1 6wraH OenrwiaiMus.

3-Tteopema. Axc smmupumnunz meckapuranyeuu oyau-
u yuyH yHuHe buexuus Oyauwu 3apyp éa Kughos.

U coort. 3apypaueu. Arap f: A > B akc 3TTUpHIL TeCKapH-
JJaHYBYU Ba g: B - A — yHra Teckapu akc 3TTHpHUII 6¥ica, y
Xonpa gf=e,, fg=e, Ba Xap 6up y € B y4yH
f(8(y)) = (1R)(¥) = ex(y) = y. byHnau g(y) € A anemeHr y aie-
MEHTHHUHT f-aca obpa3u 3Kkawiurd keaud yukanu. by epna
Yy € B uxtuépuit OyIramiurd yuyH f — CIOpbeKUMs OVIaam.
Arap 6upop xx, € A aneMeHTiap yuyH f{x,) = f{x,) 6yica, y
xomna x,= e (x,) = gfix,) = gfix,) = e (x,) = x,, TbHU [ — UHD-
exuus. Hemak f— Ouekius.

Kughosaueu. Ougm f: A - B — Ouexkumus O6yiIcuH. Y xoiaaa
Xap 6up y € B yyyH siroHa f - aci oOpa3 MaBxyn. YHU g(y)
OuwnaH 6enrmwnad, g: B - A aKC 3TTHPHIIHHU XOCWI KWIAMHU3.
By akc STTHpHII f aKC 3TTUPHILTA TeCKapu, YYHKM Xap KaH-
nait y € B yayH fg(y) = f(g(y)) = y Ba Xap Kauuait x € A yuyH
g(x) = g(f(x)) = x. leMak, f HUHT TECKaAPHUCH MAaBXYII.

Mucosnap: 1) Arapa € RBaa # 0 6ynca, yxonnaf: R—> R,
J(x) = ax byHKkuus O6uekuMsa. YHUHT TeckKapucu g:R - R,
&)= <.

-2) Uxruépnit b € RyuyH f: R - R, f{x) = x + b dyHKUUsA
QueKLUAnMp. YHUHT TecKapucu g: R » R, g(y) =y — b.

3) Arap a, b € RBa a#0 6yica, y xonma f:R - R,

f(x) = ax + b TecKapwiaHyBYM, YHHUHT TecKapucu g.R - R,

g0y = y% [IIyHMHT yuyH f Ba g QyHKUMSUIAp — OGUEKIUSIIAP.
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4-teopema. Aeap f: A > Bea g: B> C — buekyuanrap
6yaca, y xonda yaaprunz komnosuyusacu gf : A - C xam buexyu-
a0up ea (g = flgl

N co6oT. bepuwiran f Ba g akC 3TTUpUILIAD OUEKLUsT OYI-
raHu yuyyH f7: B> ABa g'!: C - B akc 3TTUPHIILIAD MaBXY..
Hemak fg1:C - A xomro3uuusa XxaMm Masxyn. Kommnosu-
HUSHUHT acCOLMATHBIMIUra acocaH (gH(fg) =gl )g’!=
= (gep)g'=gg ' = e Ba(fg)(g) =g W =f e ) = =
= e, byHnaH gf akc STTUPHMILHUHI TECKAPWIAHYBYWIUTH Ba
(g)! = flg! xkenmub uyuKagu. 3-reopemara acocaH gf — OUeK-
M.

Tabspud. A mynasamuune y3unu y3uea f: A » A buexyuscu
A mynaamuune yzeapmupuwu (aimawmupuwu) oeiunaou.

A TyriaMHuHr 6apya Y3rapTvpMuuiap TYIaMuHu G, op-
KaJIu OenrwiauMus.

Tavpud. G, mynaamuune H gucm mynaamu Kyuudaau
WapmaapHu KaQHOAmMAGHMUPCA, y y3eapmupuwaap 2ypyxu oeviu-
Aaou:

A,) H mynaamoazu uxmuépui ukxuma f, g yseapmupuwinap-
Hunz fg ea gf komno3suyussrapu xam H 2a mezuwnu;

n,) A mynaamuunz 6upauk e, yseapmupuw xam H mynaamea
mezuuinu;

1) xap 6up f € H yuyn f! € H.

4-Teopema, 3-meopemanunz namuxcacu éa bupaux e, aKc
smmupuwmnune buexyus sxanasueu, G, mynisamuune ysu xam
y3eapmupuwiaap ZypyxXunu Xocua KuAuWURu Kypcamaou.

Muconnap: 1) K rymwnamparu f(x) =ax(a € R, a = ()
KYypuHULIMaary 6apua ¢pyHkuusuiap H ysraprapuuuiap rypy-
XUHU XOCWI KWwiagu. XaKHKaTaH:

a) Arapf (x) = ax, f,(x) = bx 6¥ica, y xonna (f, - f,)(x) = abx,
(, " f)(x) = abx, avuu ff, € H, ff € H;

0) e(x)=f(x)=x, f,=e, € H,

B) f(x) = a’x; nemak [ € H.

2) R tyamnaru g (x) = x+a (a € R) xKypuHuiuugary 6ap-
ya (yHKUMsUIapAaH ubopar P TVIulaM XaM y3rapTupuuuiap
TYPYXMHU XOCHI KWIanHu:

a) Arap g (x)=x +a, g(x)=x +b 6¥iaca, y xonua
88, =88, 8 €L
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6) e,=g,€ P,
B) arap g,(x) = x + a G¥nca, y xonna g “!(x) = x — a; nemaKk
gl=g €P

4-§. TYIUIAMJIAPHUHT KYBBATHU

Tavpud. Aeap A ea B mynaamaap yuyu f: A - B buexyus
maexcyo b6yaca, ynap mene Kyeeamau mynaamaap detiunaou. by
MyHOCa0aTHU A4 = B OwiaH OenrwianMu3.

Wnrapuru maparpadia KeJITHPWITAH OHEKLMSUIaDHUHT
XoccanapuiaH (IbHU OMpIUK e aKC STTUPMIUHMHI OMEKIHA
SKAHJIUTHUIAH, 3-TEOPEMAHUHI HaTHXacHWlaH Ba 4-teopeMma-
JaH) TYIUIaMJap TEHI KYBBAaTJIMJIMK MYHOCAOATHHHUHI KyHHU-
Aarv xoccajapu 0eBOCHTa Keaub YHKaH:

a) Xap KaHaai A TyiaM yuyH A =4 (pedIeKCUBIIHK).
6) Arap A B 6yica, y xonna B = A (CHMMCTpIrIKJIPIK)

B) Arap A B pa B=C OVica, y xoana A=C (TpaH3u-
TUBJIUK).
PaBmiaHku, arapm # n 6yJ1ca ={1,2,..,m}saN ={l,

2, ..., n} TYILIAMJIAp Y9YH N, # N
Arap 6y OynamaraH A TYIUIaM yYyH IUYHOAd 7 MaBXyn
oyncaku, 4 = N, 6yica, A 4yexknu TyIU1aM Aeiwnaad. bynunai
TyIIaMHu A = {a,, ..., a,} KYpMHUALIKA €3UII MYMKHH, SbHH
A TYIUIAMHHHT 3JIEMEHT/IADH COHM A Ia TEHT. AkcuH4a, arap

A HUM WyHAaW KYpUHUILAA €3WI0 MYMKUH 6Yiaca, A = N, . by
YEKIIH TYIUIAMJIADHUHT TEHT KYBBATJIWIMIH yjapAard 3JIEMEHT-
JJap COHUHMHI TeHrnurd aemakaup. LlyHra Kypa, omaria

N, = n neb6 €3wianm.

byHnaH Oy€H 371eMeHTIIapUHUHT COHU 1 Ta OyaraH TYIUIaM-
HU ywoy {a,,...,a} €xu {a, i =1,n} KypUHUILIapAa €3aMu3.

Taspud. N= {1, 2, 3, ...} — bapua namypan conrap mynaa-
mu bunan menz Kyssamau 6Gynzan myniam CaHOKAU Oeliunaou.
byHnai A tyiuiamau ymby 4 = {a,, a,,..., a,, ...} YEKCU3 KeT-
Ma-KETIUK KYPpUHUIIUIA €3MIl MYMKHH. AKCUHYaA, INyHIAH
KYPUHUILLAA €341l MYMKUHH OyiaraH xap KaHaaM TyIUiaM ca-
HOKJIMAUD.

15

www.ziyouz.com kutubxonasi



Macanan, A={1, 3, 5, ..., 2n -1, ...} — 6apya TOK Hary-
pal coHnapaaH ubopar TymiaaMm caHoKIuaup: f: N - A,
f(n) =2n-1.

Canoxyim A Ty1u1aM asneMeHTIapuHu 6yHaaH 6ye€n 4 = {a,,
ey a,...} KM A={a, i € N} KypuHULLIapla €3aMH3. YMy-
MaH, 6upop 7 Ty1uiaM OmiaH TeHr KyBBaTIH A TYIUIaM 3je-
MEHTJIApMHHU yLIOy

A={a,te T}

KYpUHUILLIA €3aMH3.

CaHoKcu3 OyIraH 4eKcH3 TYIUIaMaap XaM MaBXVI.

1-Treopema. R xaxuxuii conaap mynaamu canoxcuzoup.

U c6or1. MabtyMKu, xap 6Up 7 € R XakMKU# COH SroHa
yCyJ OWIaH YeKCH3 VHIHM Kacp KYPHHHMIIMIA E€3WIMIIH MyM-
KIH, AbHU 7 = 4, 4, a,... 4, ..., by epmag, € 7,4, {0, 1, ...,
9}, i = 1 Ba xap OUp n HATypaJl COH YYYH LIYHIAMH J, j > n, COH
MaBXYAKHU, 4, # 0.

®apa3 KWIaiIMK, R TyraM ca”HokiuM OyacuH. Y xonpa
YHH |

ry 1y s 1y o} (1)

KEeTMa-KeTIHK KYPHHHMILIKAA €3Ull MyMKHH. Xap Oup r, HU
YEeKCU3 VHIM KACp KYPUHUILKAA €3U0 OJIaMH3:

r,=a®, a® a? ... a® ...
r,=aPd, abad ... ah ..
r,=a@, a? a® ... a? ...

= g0 gk 4® )
r,=a®, a® ad .. a® ..

Ouau ymoy r= b, b, b, ... b ... 4eKCH3 YHIHN Kacp KypH-
HUIIMaaru udonacu 6miIaH 6epuwiIral » XaKuKui COHHU KyHH-
Aarvya Ty3amu3: by = a @, b, =2 0,b, #a®, b # 0, ..., b # a®,
b #0, .... by coH xakukuit con 6ynaranu yyyH (1) kerma-
KEeTIIMK/A yypa Kepak. JleMak 6upop m€ N yuyH r=r,.
by xonna b = a ™ 6ynamu. by 5ca r HUHT Ty3uIMIIMIa 3uj.
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OnuHraH kKapaMa-kKapmuiuK R HUHT CAHOKCHU3JIMTHMHU
KypcaTaju.

R xaxukuit coHMap TYIUIAMHHUHI KYBBATMHH KOHTHHMYM
KYBBATH 110 arajaju.

Arap Tyiulamiap KyBBaTHHM YeKJIH TYIUIaMIapaard 3Je-
MEHTJIap COHUHMHI YEKCU3 TYIUlamjiapra yMymialmiMacu aeo
Kapayica, l-teopema 4yeKCcH3 TYIUiamiap y4yH TYpJd KyBBaT-
JJap MaBXyJ 3KaHUHHU KypcaTaliu.

5-§. UXTUEKPUI TYIUIAMJIAP TU3NMU
YCTHIA AMAJLIAP

Arap A tyruiamnap Ta3uMu 7 TruraM OmIaH TEHT KyBBaT-
1 Ba A HUHT ¢ € T ra MOC 3JIeMEHTH By TyuiaM 6ynca, A HU

yoy
A={B,teT)

Kypunuina €3uwnaau. Xycycad, 7 = {1, ..., k} — uexum 6yica,
A={B, .., B} xypuHMina €3WIa0y Ba YHH YEKIH TH3HM
pevwrtamu. Arap 7= {1, 2, ..., n, ...} — caHoK)H 6¥ica, A HU
A={B, B, ..., B, ..} XypuHMLIaa €3WIaa¥ Ba YHU CAHOKJH
TH3UM (TYIUIaMIap KeTMAa-KeTJMru) Jeinnany.

T tyruraMHuMAr MXTUEPUI 7, KMCM TYILIaMUra MOC KeiyB-
i Ay={B, t € T} Tyiulamiap TU3UMU A HUHT KHCM TH3HMH
IeHrIany.

JHAU 2-§ a MKKUTA TYIUIAM YYYH KMPHUTWIraH KEeCHIIMa
Ba WMFUHAU aMaJUIApUHHU UXTUEPUH TYIUIaMJIap TU3UMHM YYYH
TabpubIaiMu3.

A={B, t€ T} — uxTUEpUil TYILUIaMIAp TU3UMHU OYJICHUH.

Arap b € B, wapr 6apya ¢ € T yuyH Gaxapwica, OyHuai b
9eMEHT A TU3UMHUHI YMYMHH 3JIeMEHTH IEHIIanH.

Tavpud. A={B, t€ T} musumnune 6apua ymymui sae-
MeHmaapuoan mysunzan mynaam 6y musumHuH2 Kecuwmacu de-

uunadu ea QB bunan 6enzunanadu.
T
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Macanas, arap A= {N,, n € N} 6yiub6, bysna N = {1, 2,
..., h} 0yica, y xonna

NNy = {1}.

ke N

Arap Kasnanaup f € T y4yH ¢ € B, wapr 6axapuica, OyH-
Aai c anemeHt A= {B, € T} TH3UMra TerHULIH ACHMHU3.

Tavpud. A= {B, t € T} musumea meauwru 6ys2an 6ap4a
anemenmaapoan ubopam mynaam 6y musumMHure GuruHoucu oeti-

uradu ea \J By 6unan 6enzunanadu.

teT
MacanaH, wokopunaru A={N, n € N} TH3UM YUyH
LN, =N.
ne N

S — UXTUEPHUH TYMIaM OYJICHH.

Tavpud. Aeap wyndai A= {B, t € T} mynaamaap mu3su-
Mmu maexcyd 6yacaku, 6y musumea Kupysuu Xap Kanoau UKKu
mynaam y3apo Kecuwmaca ea 6y musumnune turunducu S 6yaca,
S mynaam cungpaapea 6yaunzan deviuaadu. bynna B, Tyiuiam-
Jnap S ryivlaMHuHT cuHduiapu, A TU3UM 3ca O¥anama (dax-
TOP TYIwam) JeHiiaju.

MacanaH, xy¢Tt OyTyH coHnap cuH(}HU Ba TOK OyTYyH COH-
Jap cuHpU Z OYTYH coHap TYILUIAMMHHUHT OVjIMHMacUIup.
bapua yuybypyaknap TYIUIaMMHM y4Ta CUH(pra Oyauim MyM-
KHH: yTMac Oypuakiu, TYFpH Oypuakjid Ba YTKUD OypyakiIu
yubypuakiap cuHdpnaapu. Yoy {[»n, » + 1), n € Z} apuM UH-
TepBauIap TViUIaMi R XakMKUH COHIap TYIUIAMUHUHT OYJIMH-
MacUHHU Oepanu.

S TyiaMHuHr A = {B, { € T} cundnapra 6yauHMacu 6e-
pwiraH 6yiacud. Y xonna xap KaHaail x € S 3JIeMeHT yuyH 0y
3JIEMEHTHU ¥3 MYWra ojrad AroHa cuHd¢ MaBXyd. YHH X
opKayum OenrwriaMu3. By 6wian ymoy f: .5 A4, f(x) = x akc
3TTUPHIL aHUKJIAHAAKH. YHU Ma3Kyp cUH(apra 6yiuiura Moc
¢dakropu3zanuua aKc STTUPHLIN OeHIIAIN.
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6-§. UXTUEPUIN TYIUIAMJIAP YCTUIA
BEKTOPJIAP

bupop n = 1 Harypan con yuyn N, = {1, 2, ..., n} Tyuiam-
HU oJlaMu3. A — Oy 6yaMaraH Tyruiam OVJICHH.

Tavpud. Uxmuépui f: N > A akc smmupuwea A ycmu-
dazu n-yauwamau eekmop deliusadu.

by f: N - A akc smmupuwda i € N 31eMeHTra A Tyiuiam-
Aa MOC KeiaraH f(i) aneMeHTHU a, 6wiaH GenrwiaiimMus sa f
HUHT KUHMATJIapUHU KUYUK KABC UYUTA OJIMHTAH 7 Ta XaUIU
KETMa-KeTIMK KYpuHMLIMAA €3amu3: (4, a,, .., a,). byHna
[ -YpuHaa i € N 3jeMeHTra Moc KeiraH f(i) = a, 3lIeMEHTHH
€3aMU3. AKCUHYa, TapTUO OWJIaH €3WIraH UXTHEPUM 1 TA XaUTU
(a,, ..., a)) KeTMa-KeTnHMK ywoby f(i) =a, i € N TeHIIIMKIAp
OpKaiu siroHa f: N - A ak¢ 3TTupvitHU aHUKIainu. [lyH-
JaH KWinO, xamiapu A TYIUIaM YCTUAATW A-YJI4aMJIM BEKTOP
ned, MabiyM TapTuOAa €3WiIraH n Ta XalUIM 3JIEeMEHTIApH
A [aH OJIMHTaH UXTUEPUH KETMA-KeTINKHU AaWTHUILMMHU3 MyM-
KUH. YHU OyHaaH 6yeH a = (a,, ..., a,) KYpUHMILJa €3aMM3.
by epuaru a,, ..., @, 3J€MEHTJIap @ BEKTODHUHI KOMIOHEHTA-
napu (KOOpAMHATANAPH) AEHWIANW;, 4, SJIEMEHT BEKTOPHUHT
| -KOMIIOHEHTACH (KOOpPAMHATACH) AeHMIanM.

AKC 3TTUPULIADHUHI TEHIJIMIH TabpUpPUOAaH #-YidaMIu
BEKTOPJIAp YUYH KYHUIAru Tabpud KeIubd YMKAIH.

Tavpud.Aeapa=(a, ...,a)sea b= (b, ..., b) n-ymam-
Au eekmopaap bapwa i€ N yuyn a,= b, menzauknraphu Karo-
amaanmupca, 6y eekmopaap mene oeliunadu ea 6y myHnocabam
a = b kypunuwoa é3unadu.

PaBliaHKH, BEKTOPJApHUHI' TEHIIMIM MyHocabaTH ped-
JIEKCUBJIUK, CUMMETPUKIMK Ba TPAH3UTHUBIHMK XOCcajlapura
ara.

Xamapu A TYIulaMAaH oJIMHraH Gapya n-yJrdaMJIM BeK-
TOpJaap TYIUIAMU A TYIUIAMHUHI n-YiAY4aMJiH JeKapT KyOM ne-
Hwianu sa A" Owiad OenrwiaHanau. XycycaH, UKKU YiI4aMIIH
AeKapT KyOM AeKapT KBaapaTH IeHuIaau.

Mucoi. Texkuciukga 6upop AeKaptT KOOPAMHAT TH3UMM
KMPHUTWICA, TEKUCIUK HYKTAJIapu Ba TapTUO OMiaH €3uWJIra”
XaKUKHUH COHNap Xy(tiaapu, sbHI R* opacuna buekuus ypHa-
Twiagy. by xonna R yerupard UKKY YI9aMIM BEKTOPJIAPDHUHT
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KOOpAMHATAJIAPU TEKUCIMKIArM HYKTAIAPHUHI A€KapT KOOp-
AMHaTajapujiaH ubopar.

OHuu A, ..., A — Tyuiamnap A TYiutaMHUHT 6¥1n 6yiama-
raH UXTUEPUH KUCM TYILIaMaapu OYJICHH.

bapya i € N, yuyn ymby a, € A, uapmIapHU KaHOATIaHTH -
pyBuu 6Gapya n - yiaaminu (a,, ..., a,) BeKTOpIap TyruiaMu A,
., A TYIIAMJIApDHUHT AEKaPT KynaWTMacH AeHUIAIH Ba
AXAX ... XA Owiad 6enrwiadHany. PaBmaHku, A4,XA X ..
XA C A"

Tabvpuo. f: A" > B ¢pynkyua A da anuxnsanean n yszapye-
wuau ynkuua (akc smmupuii, aKcianuw) oetunadu.

by dyukiuusauuur x = (x,, ..., X ) € A" BeKTOpAard Kuima-
TH YHHUHI X,, ..., X, KOMIIOHEHTajapura OGOFIMK. YOy
J&x) = fl(x,, ..., x))) 6enru ypuura f(x) = f(x,, ..., x,) O€Iru uui-
JIaTUII KA0yJl KWIMHIAH.

Mucoanap: 1)f: R - R, fix, y) = xX* +)* GyHKUUA UKKH
y3rapyBuuJIuM (QYHKUHUSI, 2) f:R">R, f[f(x, ..,
x)=x%+x2+ ..+ x?3ca n y3rapyBuwin HyHKLUHMS.

Tabvpud. F: A » B" ¢pyuxkyus A nu B 2a ackaanmupyeuu
m ma n y3eapysuuau pynxuusiap (aKc smmupuwnap) musumu
Oetiunadu.

Xap oup x € A* yuyH F(x) 3neMeHT B™ HUHI 3J1€MEHTHU
OViaranu yuyyH y m - yaI4aMiid BEKTOPAUP. YHUHI KOODANUHA-
Tajlapy MOC paBuuaa fi(x), ..., f (x) 6yacuH. Arap ymoy

y=FKx)=Fx, ... X), ¥y =V > V,)

¢byHkuMs 6epunraH 6yica, y xoina Kyiuaard m ta GyHKUUA-
Jlap XaM OepwiraHd oynanu:

y, =L s X)
¥, = L(x, .y X)
Vo = JulXs s X,)

AKcuHYa, 6y m Ta $yHKUMIIap TU3UMM OGepuiraH Oyica,
Fx) = ({,(x), ..., [,(x)) 6benrwiaw kuputud, ywoy F:A" > B"
(PYHKLUSHU XOCWI KWIaMU3.
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Mu con. Uxtu€puii ukkura p, g - N(1 < p < g < n) CoH-
JJapHM TaHnab osaMu3, Ba 1 : A" » A" aKkC 3TTUPUILIHUA KYyHU-
jardya aHMKJIanMmus: a = (a, ..., Ay .oy Ay ooy a ) BeKTOpra
Ta=(a, .., a, .., a, .., a,) BEKTODHU MOC KyAMU3, AbHA T’
aKC STTUPHUIL Xap KAHJAl a BEKTOPHUHT p - Ba ¢- KOOpJAMHA-
TajapugaH 6omka O6apya KOOpAMHATAIAPDUHHU V3rapTHUpMaki-
4, p- Ba g- KOOPAUHATAJIADHUHT 3ca $aKaT yPHUHU aJMalll-
TUpagu. by akc 3TTUpPHUILHU 7; , ODKaIU GenriiaiMus. PaB-
LIAaHKU, Xap KaHOah a € A" y4yH Y;q(TM)(a) = q. byHpaH
3.3-treopeMara acocaH 7; , AKC STTHPUILHUHT OHUeKL U IKAH-
JIUTA Ba TP q" = 7; , MyHOCabat kenub YMKazu.
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Hxxunuu 606

BNHAP MYHOCABATIJIAP BA
AJITEBPAUK AMAJLJIAP

7-§. BUHAP MYHOCABATIJIAP.
9KBUBAJIEHTIUK MYHOCABATH

Hxtuepuit 4 tymnamM Oepwirad OVJICHH.

A? TVTUTAaMHUHT uUXTHEpUMM P KucM TymiamMd A Tyiuviamjia
ounap mynocabar neitvanu. Arap (x, y) € P 6ynca, y xonna x
SJIEMEHT y 3JIeMeHT OuiaH P Omnap MyHocabaraa geiuianu
Ba xPy xabu €3wianu.

MartemMaTukangaru MyXuM OMHAp MyHocabaTjap y4yH au-
puM Oenrwiap KUPpUTWITAH.

Muconanap. 1) R xakukuil coHnap TyramMula x Ba y
COHJApHUHT TEHMNIMK MyHocabaTtd. YHUHT Oearucu x = y. by
MyHocabar R’ TeKMCIMKIArd y = X TYFPM YM3UK HYKTajlapu
OwiaH Oepuiany.

2) R XxakuKHU# COHJIAp TYIUIAMHMAA X BA ¥ COHJIADHUHT TEHT-
MacCJIUK MyHoca®aty. YHUHr 6earucu x # y. by MyHocabar R?
TEKMCIUKAA y = X TYFPH YM3HKKA KUpMaraH bapuya Hykraiap-
JaH ubopar 6yiraH Tyiuiam OwiaH Gepuiani.

3) R na y COHHUHT X COHJIAaH KaTTa 3KaHJIUTU MyHOCabaTH:
benrucy y > x €km x < y. by myHocabar R® ma y = x TYFpu
YU3UKIAH IOKOPUAA €TYBYM HyKTaaap TYIuiaMu Ouiian OepH-
nany;

4) A = B — TyIuiaMJIapHUHT TEHIJIMK MyHocabarTy;

S) A # B — TVyIUIlaMJIapHUBEI TEHIMacJIuK MyHocabaTu;

6) AC B — éku B2 A — KuCM TVIUIaM MyHocabaTtH;

7) AC B éku BD A — xoc KUCM TYIUIaM MYHOcCabaTu,

8) a || B — TYFpPH UM3MKIAPHUHT MApaJUIEJUIMK MYHOCa-
Gatu;

9) a L 8 — TYFPU YM3HKJIADHUHT THKIUK MyHOCabaTH;

10) a =B — 6up TeHIMaMalap TU3UMMU UKKAHYUCHHHHI
HATKOKACH SKAHJIUIH;
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1) a < — UKKUTA TEHDIaManap TU3UMUHUHT TEHI Ky4-
JIWIMK MYHocabaTu.

Arap A tymnamaa 6epwiran 6upop P myHocabar myHaau
Oyicaku, xap KaHaau a € A yuyyH aPa ypurau 6yica, y ped-
JIeKCHB MyHocabat neHwianu. Arap aPb myHocabatnad a # b
MyHocabaT kenub 4yukca, (apHU aPa MyHocabar xeu KaHaau
a € A 3neMeHT y4YyH OaxapwiMaca), OyHpal MyHocabaT aH-
THpedIeKCHB JIeHIIA/IH.

Arap aPb myHocabatHUHT OaxapwivmiMaaH bPa MyHoca-
GaTHUHT XaM Oaxapwiniuy Keaub yukca, OyHaait MyHocabar
A 1a CHMMETPHKIHMK MYHOCA0aTH neiuianu.

Arap aPb Ba bPc MyHOocabaTiapHUHT 6axapwikiuuaaH aPc
OaxapwiIMiuk Keaub ymukca, OyHAaM MyHocabar TpPaH3HTHB-
JIMK JEWNJIA[HU. '

Tavpud. Aeap A mynaamdazu P mynocabam perexcus,
cummempuk 6a mpaxaumue 6yaca, yHu A 0a 3IKeueareHMAUK
MyHocabamu detiunadu ea yrnuhe yuyn aPb 6enszu ypruza Kynum-

ya a Ly (éku a~ b)) berzu uwsramusadu.

OKBUBAJICHTJIIMKKA MUcoOJUIap: 1) XaKUKUH COHJIAPDHMHI
TEHIJIMK MYHOcabaTy;

2) TYIUIaMJIAapHUHT TEHIJIMK MYyHOcabaTy;

3) TeHriaManap TU3MMIIADMHUHT TEHT KYWIWIHK MYHOCa-
baru,;

4) GYHKUMSUTAaDHUHI TEHIVIMK MyHOCa0aTH.

5) Myxum Mucon. A ryramaa H y3rapTUpHUILTIAD TYPYXH
Oepwirad 6VJICHH.

by H y3raptupuluiap rypyxu €épaamuia A 1a 3KBUBAJIEHT-
JIMK TYLIUYHYaCUHU KUPUTAMHU3.

Arap A TVIUIaMHMHT @ Ba b 3iIeMEHTIapU Y4YyH IUyHAai
h € H 6uexuus MaBxya 6yncaku, h(a) = b 6yinca, 6y 3neMeHT-
Jap H — sxBUBaIeHT AeHWiaau Ba a gb KYpUHHUILAA €31a-
JH.

Arap uxtueput a € A Hu onub, h € H cudaruna e, HU
oncak (e, — OMPIMK aKC 3TTUPULI Y3rapTUPUILIAD TYPYXM-
HUHT Tabpudugaru 1,) wapTra Kypa H ra Teruuu, e (a) = a,

. H
AbHU Xap KaHIaul a € A yuyH a ~ a (pedJIeKCUBJIUK).
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DHOH a 4 b oYncuu. Y xonga wysnaau A € H MaBXyIKH,
h(a) = b. Y3rapTupuuiap rypyXMHUHI TabpuUIary 1,) mapT-
rakypa. k7' € H Y xomna h(a) = b teHrmuKka A~! TaTOUK
kwicak, h-'(h(a)) = h~(b). Byunan a = b= (b), seim b2 a
(CUMMETPHKIIMK).

Arap a¥b pa bZc 6ynca, wyHnait h, € Hea hy € H
6uexuuIap MaBXyIKU, h (a) = b, h,(b) = c. bynapnan h,(b) =
= h(h,(a) = c, seuu (hh,)(a) = c. Y3rapTupuuuiap rypyxu-
HUHT 1) Waptura kypa hh, € H bynpan Ba (h,h)(a) =c

H
TEHIVIMKIAH a ~ ¢ MYHOca0aTHM OJaMu3 (TPAH3UTHBIUK).

H

HJemak, a=~b (H — >KBUBAJIEHTINK) XaKMKATaH XaM 3K-
BHBAJIEHTIIMK MyHOcCabaTu 3KaH.

Kenaxakna Oy 3KBUBAJICHTIMKHU H y3raprupuuuiap ry-
PYXH XOCWI KMITaH 3KBHBaJNEeHTIUK ( H-3KBUBANCHTIUK) A0
aTauMu3.

A T¥1U1aM 6upop ycya 6unaH cuHdnapra 6¥iIMHraH 0yiacuH:

B={A,t€ T, A= U4, ,t € T. by 6yiunma épnamuna A

- teT
TyTiiaMra 3KBUHBAJICHTIIMK MYHOC&G&TI/IHI/I KUPDHUTAMH3.

Arap x, y € A anemenmiap B 6ynuaManaru 6up cuH@pra
TeruuuIy 6Vyica, yaapHu B 6ynuHMara HUCOaTaH SKBUBAJICHT
JeHMH3 Ba X ~ y IIAK/a €3aMU3.

by akBuBajseHTIMK pe(IEKCUBINK, CUMMETPUKIIUK Ba
TPAH3UTHUBJIMK XOCCAJIapura sra.

Uxtuepuit A t¥mnamaa xap KaHIai SKBHBAICHTIUK MYHO-
cabaTH wWIyHAaW XOCWI KWIMHHIIM MYMKUHJIUTUHHU Kypcara-
MU3.

A t¥raMaa 6upop “~” 3KBUBANEHTIMK MyHocabatu Oe-
pwiraH 6yiacuH. Uxtueépuit x € A ydyH X OpKAJIM X ra 3KBH-

BaJICHT OV¥iraH 6apya y € A4 sjJeMeHTIap TYIUIaMUHU Oenru-
JaiiMu3 Ba {X, x € A} TViuramnap TM3UMH A HU cuHdapra
OVIMIUMHU K{¥pcaTaMu3.

PednekcuBiuk xoccacura acocaH xap 6up x € A yyyH
x€ X, apHU UX =A. OHau xap 6up x € A 31€MEHT AroHa
cHH(pra TerMuIIy 3KaHIUrMHM Kypcatammu3. Papa3 Kuiai-
JMK, > € X Ba x € 7 GYICHH, TbHM 7 ~ X. byHIaH CUMMeT-
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PHKJIMK XOCCACcHra acocaH x ~ z. Uxtuépuit y € z 3JieMEHT-
HU onamu3. Y xonzga z ~ y. FOkopuaaru x ~ z Ba 7 ~ y MyHO-
cabariapkaH TPaH3UTUBIUK XOCCAacHIa acocaH X ~y HHU oJja-
MU3, SbHU y € X. YOy y € 7 3JIeMEeHT UXTHEpUH GynraHu
yayH 7 € X . FOkopuaarura yxmai Mynoxa3anap 6wiaH X C Z
MyHOcabaT XaM KypcaTwiaau, SeHU X =Z. by 6mian {x,
X € A} Tyuramiap TM3UMH A TYIUIaMHM cuHdiapra OViauinu
KYpCaTWIOH.

IlyHnoain kunub, A TViuraMaaru 3KBHBaJIEHTIIMK MYHOCa-
batu 6wiaH A HU cuHapra 6yaIMIl opacKuaa y¥3apo OUp Ky~
MatTiv OOFJIAHMILI KypCaTWIIH.

A T¥ramaa 6upop P 3KBUBAJIEHTIMK MyHocabaTu Oepii-
rad Ba C — 6upop TyuiaM OVJICHH.

Arap f: A -» C akc 3TTUpHIlU, TbHU A TYIUIaM 3JIeMeHTJIa-

PUHUHT OUpOp fXOoccacu YUyH d b , a, b € A myHocabatnaH
f(a) = f(b) TeHrnuKk Keaub YuKca, OyHmail akc 3TTupuil P-
HuBapnant (P — 3KBUBAIEHTIMKNA CaKJIaHYBYU, Y3rapmMac)
Jertanu.

XycycaH, arap A TYIulaMaaru 3KBUBAJIEHTIMK MyHocabaTH
A t¥wiamparu 6upop H y3rapMuriap Typyxy XOCHI KWITaH
H-5KkBUBaJICHTIMK MyHocabaTtu 6yincuH. By xomma H — uH-
BapuaHT f: A - C akc 3TTupuil Tabpudu Kyiugarunya oepu-
JAIIA MYMKUH.

Azap xap kandaii h € H 6a x € A yuyn f{ix)= flhx) menaauk
ypunau 6yaca, 6yndaii akc ammupuw H — uneapuanm (H y3ea-
puwiarap 2ypyxu mascupuda cakaanyeuu) detiunradu. H — uHBa-
PHAHT aKC 3TTUPUILIAD MaTeMaTHMKala Ba (paHHMUHT TYpIH
coxajmapujaa Ky yupanau. MacanaH, €nuk (Gpu3MK TA3MMHUHT
3HEPrUsACH €MUK UMK TUZMMHUHI Oapya (UMK Y3rapuil-
Japura HucbaraH Cak/JaHAAUTaH KATTAIMKIUD (SHEPTUSTHUHT
CaKkJaHWII KOHYHHU). MeXxaHUK TU3MMHUHI Maccacu MeXaHUK
Xapakartjapaa cakJIaHalu.

P — WHBapuaHT aKc STTUPUILIAD KYyHMOaru xoccamapu
TyQaiiu MyXUM axaMuATra 3ra. arap a,, a, € A 3JieMeHTIap
myHuait 6yiicaku, fla,) # fla,) 6Ynca, 6yHnai a,, a, 31eMeHT-
nap P — sxsuBasienT 6Vamaiinu. UlyHnain kunu6, P — udsa-
puaHTiIap P — 3KBUBAIEHT CUH(IapHH ¢apK KWIHII BOCH-
Tacu cudarvia axaMusIra ara.
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Tavpud. P— uneapuawmaap F = {f, v € T} muzumu
Kyuuodazu wapmuu Kawoamaaumupca, y myaa Oeuusadu: xap
kanoau ukkuma P — sxeusanrenm byamazan a,, a, € A snemenm-
aap yuyr wiynoau P — uneapuanm f€ F masxncyoku, fla,) # fla,).

KeluHru 606mapaa P — UHBApUAHT (PYHKUMSUIADHU KT
y4paTaMu3.

8-§. TAPTUBb MYHOCABATU. MATEMATHK
NHAYKINA

OHaU A TYiviamaa TapTué MyHocabaTH KMpPUTaAMM3.

A T¥ramparu aHTupedIIeKCUB Ba TpPAH3UTUB OyiaraH P
MyHocabatra A TyrUuramaa Tapru® myHocadaTH neMuIagu Ba
aPb ypuura a < b €xku a > b €3wiagu.

Mucosuiap: 1) R xakuku¥i coHyap TYIUIaMUJa X Ba y COH-
Jap opacuaard x < y TEHICU3JIMK MyHocabaTu;

2) bupop M TyruiaMHUHT 6apya KUCM TYIUIaMJIapy TU3UMU -
HU 2M opkanu OenrwraiMus. Y xonna 2 na KUCM TYIuiamiap
opacuaard “C” MyHocabaT TEHICHU3JIMK MyHocabatv Oymnanu.

3) N Hatypan conjap TYIUlaMuaa OVJIMHMIL MyHoca0aTu:
arap y coH x ra 6yiauMHca Ba y # x 6yiaca, ynap x < y MyHoca-
OaTna neMMus.

Arap A tyniaampa Oupop TapTMO MyHocabGaTu GepwiraH
oynca, A TYIUIaM KHCMaH TAPpTHOJAHIaH ACHWIAILM.

Arap KMCMaH TapTuOnaHraH A Tyrulamaa uXTHEPDUHR X, Y €
A 3neMeHTIap yuyyH x < y, X = y, X > Y MyHOCabaTIapHUHT
Oupu ypunau Oyica, OyHAa#N TYILUIaM YM3HKJAM TAPTHOJIAHTAH
Jaenwiany.

HOkopupa kenTupwirad MucoUlapra Kauramus: 1) R —
YU3UKJIM TapTUOaaHrad; 2) arap M TtymaMmaa ¢akar 6urra
ajeMeHT OyncarnHa 2¥ TymiaM 4YU3UKJIM TapTUOJaHraH 6y-
naau.

Arap xucMaH TapTuOjaHraH A TYIUIAaMHUHT MXTUEpUN B
KHCM TYIUIaMM 3JIeMEHT/Iapu YUYYH A jaru TapTub MyHocaba-
TU Kapajca, y MyHocabaT B na xam taptub myHocabaTtu 6yna-
IU. Arap A — YM3MKJIU TapTuOIaHrad 6ynca, B XaM YM3UKIU
tapTubiaHrad 6yiaaau (McOotiaaHr!).
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A TyiuilaM KMCMAaH TapTUO/1aHraH 6yicuH. Arap m € A ane-
MEHT YUYH X < m (X > m) TEHI'CU3JIUKHHN KAHOATIaHTUPYBYH X
€ A 3JeMeHT MaBXya 0yiMaca, OyHOau m 3JIEMEHT MHHHMA
(MakcHman) 3JIeMEHT JeHWIaiu.

KOKopuaa KeaITUpWiIraH Mucosuiapra sHa KauTaMu3:

1) R na MUHMMaJ 3JIEMEHT XaM MaKCHMAaJl 3JIEMEHT XaM HVK;

2) 2¥ rynmampa OVio TYiaM — MMHUMaN 3JeMeHT, M
TYILIAM — MAakCUMAJ 3JEMEHT.

IHAU N HaTypan connap tyiulamMuaa “<” cudaruga Hary-
pajl COHJIap OpacuAary OAIUM TEHICU3IMKHU OlaMU3. Y Xoi11a
N na 1 — muHuMai 3jieMeHT OVi1aau, aMMO MakKcUMall 3Jie-
MEHTIap MaBxyh sMac. Arap H TymiamMm N HUMHr UXTUEPUH
KUCM TVILIAMHU O¥iIca, yHIa MUHUMAI 3JIEMEHT MaBXyld. byH-
Jai 37eMeHT H HUHT 3JIeMeH j.1apu Huuaa 3Hr Kuuuru: Kyii-
uaa N ga xyoau wy tapTu6 Kypuiaau.

Hartypan coHnap TyruiamMujgard KUMCM TYIUIAMJIApHHUHT Oy
XOoccacMaH MaTeMaTUK (popMmyliajap Ba TEOpeMaJIapHU MC-
OOTINAIUHUHI KyHuUaard ycyau Keaub YMKaau.

Teopema (MareMaTHK UHIOYKLUA TaMOMWIn). Xap 6up n
€ N yuyn T(n) macoux (popmyaa) myaoxasza bepurzan 6yacuH.
Azap wynoaii xouda (ycyas) maexncyd byacaxu, 6ynza acocan:

1) T(1) macouxnune wunaueunu (myrpusuzunu) ucbomaau
MYMKUH Oyaca ea

2) m < n menecuzauxnu KaHoamaanmupyeuu bapua m aap
yuyn T(m) Tacauknm unn ned dapas xkmamd, T(n) nunz wunasu-
2uUHU Kypcamuw Mymrun 6yaca, y xoada T(n) macoux xap xan-
daii n € N yuyn uun 6yaaou.

U codorT. Papa3 Kuwiaiwnuk, 6vupop n € N yuyH T(n) 4uH
6yamacuH. T(n) TacoukK uuH Oyimaran Gapya » € N nap
TViviaMHM A opkanu Oenrunanmui. @apasuMui3ra MyBopUK
H tymnam 6y smac. H tyruiaM N HUHT KUCM TYTUIAMHU OYIraHu
YIYH YHUHT MIUHUMAJ 3JIEMEHTH MaBXyl. YHU n opKau Oe-
rinaimus. Y xonna 7{(n_) 4MH 3Mac, aMMo Xap KaHua m < n_
yuyH T(m) — uuH. by 3ca TeopemaHuHr 2) ¢apa3ura 3ua.

Mucon. Uxtu€puit n € N yuyyH ymoy

12 +22”.+n2 — n(n+1)6(2n+1)

TEHIJIMKHU UCOOTIaHuMU3.
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Arap n = 1| 6yinca, Oy TeHIIMK paBiiaH. Papa3 KWiIailluK,
Oy TEHIMIMK 7 COHOAH KUYMK OynaraH Oapuya HaTypajl COHJIAp
yYyH VpUHIU OVJICHH. XyCycaH

I + 2.+ (n - 1) = £D02nD

TEHITIUK VpUHIM OYncuH. By TEHITTMKHMHI UKKYM TOMOHMHIA
n? COHHM KYIIaMu3:

124224 . +(n—1)24+n= ("“1)"6(2"_1) + =
n(n+1)2n+1)
. .

=%(2n2-3n+1+6n)=

by 6uian MaTeMaTUK MHAYKLUS TAMOMUIUIAa aCOCaH TEHI-
JIMK Xap KaHoahk n € N yuyyH VpUHIM SKAHJIUTA UCOOT-
JIaHJU.

9-§. AITEBPAUK AMAJLJIAP. APUMIYPYXJIAP

Tavpud. f: A - A axc smmupuwea A dazu h = YypuHiu
(n — ap) anzebpaux amaa odeiiunadu. bup YpuHIU aMajUiap —
YHAp, UKKU YPUHJIM amMajulap — OHHAp, Y4 YPUHIIA aMajuiap —
TepHAp aMaJUlap AeHWIaau.

Mucomiap: 1) R XakuKu¥ coOHJIap TYIUIAMUAATHA KYIUHII
aMmamu f: R > R, f(x,, x,) = x;+ x,; 2) R XakuKu#l COHJIap
TYIIaMUnaru Kymaitupuit amaiu g - R - R, g(x, x,) = X, * X,;
3) TyramiapHUHT KecuinMa amanu: A N B; 4) Tyuamiap-
HUHT #uruHoucy amami AU B; 5) f,: B> BsBa f,: B > B —
aKC ATTUPHIIADHUHT KoMIosuuuscu amanu: (f,-f)(x) =
=£(f,(x)), x € B. 6) n Ta TYIUIAMHUHT KECHUIIMACH aMaly
A, 0V AN..NA; 7) bepwiran B tyruiaMHuHr 6apya C KuCM
TYItaMnapu yayd C - (7 aMail, SsbHHM Xap OMp KUMCM TYILUIaM-
ra yHUHI JA€KapT KBaApaTd MOC KVAWIAOH.

by epnaru 1), 2), 3), 4) Ba 5) Mucosulapgard amayuiap —
O6uHap, 6) naru n — YpuHIM, 7) Daru — YHap amMajjiap.
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AiirebpavkK aMajulap MYMAa 3Hr KYII yYpaMIuraHy Ba 3HT
MyXUMM — OMHAap aMajulapaup.

bupop f : A - A — OuHap aman Gepuiaran 6yiacuH. by
amaina (a, b) € A? aneMeHTHUHT 00pa3u a Ba b 3jIeMeHTIIap-
HUHT KYNAHTMACH JCHWIAAM Ba a *b OpKaJIM OearwiaHauu.
bowka, macanas, a + b, a * b, a - b Ba X0Ka30 Oearuwiap xam
uuatwiagu. by xomnapna “xymaitma” cy3u ypHUra Moc pa-
BULLAA OOLUKA Cy3jap unuiaTwiaau. XycycaH ab ypHMra a +
b uuutatwica, “kymnanTMma” cy3u ypHura “MMFMHAU” CY3M UIII-
JIATUIIAIH.

Tavpud. Aeap xap kanoaii yuma a, b, c € A 3anemenmaap
yoyn (ab)e = a(b-c) menanux 6axcapunca, 6yndau ab aman
accouyuamug detiusadu.

Tavspud. Aeap 6ywu 6yimazan A mynaamda accouuamue
bunap aman bepunzan 6yaca, 6ynoaii mynaam spumeypyx oeuu-
aadu.

Mucoamap: 1) N Harypat counap TyiuiamMu n + m
KYLIUIU aMajiura HUCOaTaH SIpUMIypyX XOCHJI KWJIalu;

2) N Hatypai COHJIAp TYIUIAMHU A * m KYMaHTUPUIL aMaJIu-
ra HucbataH APUMIYPYX XOCWI KWJIaIu;

3) bupop B TyiulaMHMHI ¥3UHH V3ura 6apya akc 3TTH-
PUILUIAPU TYIUIAMU aKC STTUPHILJIADHUHT KOMITO3UUIUSICU aMa-
aara HucbaraH 3-§ l-teopeMara acocaH SIpUMIYPYX XOCHUI
KWIaau;

4) bupop C T¥IiulaMHUHT 6apya KUCM TYIUIaMIapd TU3MMU
TYIUIaMJIADHUHT HUFMHAWCH aMajiura HucOaTaH SIpUMIYDPYX
XOCWJI KWIaIH.

A — Oupop spuMrypyx O6ViacuH. YHara n = 1 y4yyH
a,*a,.a, = a BaMXTHEpUH n > | y4yH a, - a,...a, = (a," a,...
a,_, )a (1) 6errunaiiapHd KUPpUTAMU3.

l-Tteopema. Xap xkandaii m, n namypaa conaap éa A
APUMYPYXHUNZ uxmuepui a.,a,, ... @ . I1eMeHmMAapu y4yH

+

(a,*a,..a)a,,..a,6)=a-a,.a,. (2)

TEHINIUK YPUHIH.
Mcb6oT. Marematuk uHaykuus (m OViinya) €paamMuna
ucoboTIanMus. Arap m = | 6ynca, 6y xoynaa (2) TeHDIMK yiub)
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(a,*a,..a)a =a-a,..a aa,,

TEHIJIMKKA Kenanu. by TeHIMMMKHUHT YpUHIWIKMTY 3ca (1) 6e-
riwiamgad Keauo6 yukagn. Papas Kwiaiwimk, (2) TEeHIJIMK 6apua
k (k < m) connap yuyyH YpMHJIH GYJICHUH:

(a,*a,..a)a,_..q,6)=ar-a,..a-+.

Y xonpna SIpUMIypyXAaard acCOLMATUBIMK XOCCAacHUra aco-
caH

(a .a --a )(an+1 n+m) = ((1 a an)((an+1"‘an+m—1)am+n) =
= ((a a,..a)(a ))an+m = (a,* a,..a Ya + =

n+l** n+m-1 n+m-1

= a1 a,.a, . "a-+.

MareMaTUK MHAYKUMSA Koupacura kypa (2) TCHIJIMK MC-
OoTnaHaM.

HcboTiaHraH TEHIVIMK YMYMJIAINTaH aCCOUMATHBJIMK KOHY-
Hn 1e6 atanagu. by KoHyH myHM Kypcataauxu, yioy a, - a,...a,
KynaiTMaHUHT KUHMATH YHH Xucobiawgard # — | Ta Kynan-
TUPUII aMaJUHUHI KaWcH Taptubaa Oaxapuwivwuura (SbpHHU
Oy TapTHOHM AHHMKJIOBYM KABCJIAapHU KaHiaW KYHWIMILKIa)
OOFJIMK 3Mac.

bab3an g, a,...a xynaiT™a | H a KprHI/IIHlIa XaM €3WIalH.

Arap a, a a Kymaiit™Maza a =gq, = .. = a_= abynca,
YHH a" Kyplmnuma e3wnanu. by 6e11r1/mauu1apuaﬂ Ba (2) TeHr-
JIMKJAaH UXTHEPUIM n Ba m HaTypal COHIAap Ba A ApUMIYpyX-
HUHT UXTHEPUHN a 3JIEMEHTH Y4yH yiuly

a-a” = an+m, (an)m = g™ (3)

TeHIVIMKIAPHUHTI YPUHJIWINIKA 6eBOCUTA KeJIUub YuMKaau.
Arap A spuMmrypyxia 0uHap aMaJIMHUAHT Oejirucu cudaru-

a a + b Kymmuw aMany OeJIrMcH MiuIaTwica, okopuraru (1)

KYIaiTMa YPHUTA a’}+ a,+ ...+a, WHFMHOK MaKno OyIanu. by

MUFUHINX Oab3aH 210,- Kypunuuaa €3unand. by xonua (2)
TeHDIUK ywmby
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~ a—

n m
zlai + zlan-u' = Z a;
i= J=

KYpUHULLIra 3ra 0yiaanu. .
Arap a, = a, = ... = a_= a 6yica, E 4; YpHHTA na €3wia-
au. by 6earwnamapra kypa (3) TeHDIMKIAp ymoy

na + ma = (n + ma, m(na) = (m-n)a 4)

KYypHUHMLLIApra 3ra 6yianu (n, m — UXTUEPUH HATypaJl COH-
Jnap).

Tabpud. A myniamoa a « b 6unap aman bepusrzan 6yascumn.
Az2ap e € A snemenm xap Kandaii a € A snemenm yuyH ae = ea = a
MEeH2AUKHU Kanoamaaumupca, 6y e snemenm bepunzan amana
nucbaman 6upaux 3semenm detiunadu.

Arap A paru 6MHap amain a + b KyuuMin aMand KYpUHU-
IIMAA OJNIMHCA, OUPIMK BJIEMEHT CY3U YpHUIA HOJb IJIEMEHT
CY3U ULUIATWIAOHU.

A Tyiuiamaa 6epwirad xap KaHjgai 6uMHap aman yyyH OMp-
JIMK 3JE€MEHT MaBXyn OyiaBepMaHau. AMMO

2-teopema. Azap A mynaamoa Gepuszan 6unap aman
YHYH Oupaux 3a1emenm maexcyo 6yaca, y sazonaoup.

McboT. Dapas KWIalIMK e, e, 3IEMEHTIAp Ba UXTHE-
puii a € A 3JIEMEHT yYyH ea = ge, = a Ba e,a = ae,= a
TEHIJIMKIIAD YPUHIM OYJICUH. by TEHrIMKIADHUHT OMPUHYM-
cuia a cudatuia e, HM OJICaK, e,e, = e,e,= e, TCHINIMKJIAPHU
Ba MKKMHYMCHIA 4 cudaTUia e, HU ONCAK, ee, = ee, = e
TEHIJIMKJIaDHU OJIaMU3. byiapnaH e, = e, TEHIMK KeJMO 4M-
Kaau. TeopeMa HCOOTIIAHIAM.

Arap A Apumrypyx OUpaMK 2JieMeHTra ara 0yica, 6ynnai
APUMTYPYX MOHOHA AeHWIaau. 2-TeopeMara acocaH MOHOMI-
1a OMpJIMK 3JIEMEHT SITOHA.

A — MOHOMA, e — yHAArd OUpJIUK 3JIEMEHT Ba a € A —
Oupop aJieMeHT OViIcUH. Arap b € A 3neMeHT ab = ba = e
TEHIVIMKJIADHMA KaHoaTJaHTUpca, Oy 3JeMeHT a ra TecKapu
aenwriagu. Arap Oy tappudaa A qaru 6uHap amMan yyyH a + b
KYIIHII aMany Oelrucu MupiaTwica, “rteckapu” cy3u YpHUra
“KapaMa-kapu” cy3ud MIUIATWIAOM.
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Xap KaHaal MOHOMJA XaM YHAa OepwiraH 3J€eMEeHTHUHT
TECKAapUCH MaBxya OyiaaBepMmanau. AMMO

3-teopema. Azap A monoudnune bepusrzan a ’asemenmu
Y4YH meckapucu maexcyo byaca, y azonaoup.

MU c6or. Papas Kunainuk, b, Ba b, s1eMEHTIIAp a ra Tec-
Kapu O6ViacuH. Y xonaa

bynapnan b, = be = b(ab)) = (ba)b, = eb, = b,.
A,B — spumrypyxiap (MoHouiap) 6yiacuH. Arap f: A - B
aKc ATTUpHUIL WYHAAW OyicakM, Xap KaHuai x, y € A y4yH

Sx-y) = f0) /)

TCHIJIMKHKA KAHOATJIIAHTHpCca, Y A HUHT Ba B ra comomopgus-
Mu Jeruiiaau.

Mucona. Rxakukuil cCoOHiap TYIUIaMHU KYIaUTHPUIL aMa-
aura HucbataH MoHouaHH Xocwa Kwiagu. [ydra yxmam
MaHui OyiMaraH 6apya XakKuKui coHslapgaH ubopar B
TYIUIAaM K{auTUpHIL aMaaiura HucbaraH MOHOMI XOCWI KWJia-
au. Xap 6up a € RyuyH a -» |a| MOCJIHMK R HUHr B ra roMo-

Mopdu3MuHu 6epanu, yyHKU ab —> |ab| =|a|-|b).

10-§. TYPYXJIAP

A ApUMIypyx KyHuJaru MKKMTa WIApTHU KAHOATJIAHTUpCA,
Y TYPYX, AeHIIaNH:

1) myHpait e € 4 3J1eMEHT MaBXYAKH, Xap KaHma a € A
3JIEMEHT YYyH ae = a (VHI OMUpPJIMK 3JIEMEHTHUHI MAaBXYA-
JIUrK);

2) Xap KaH#a a € A 3JIeMeHT yYyH IUyHAal b 3JIEeMEHT
MaBXYIKH, ab = e (JHT TeCKapH 3JEMEHTHUHT MaBXYLIUTH).

Arap A rypyxaa xap KaHaai a, b anesMedTaap yuyH ab = ba
TEHIJIMK Gaxapuica, y KomMyraTuB (abc.ip) rypyx aeb arana-
. KoMMyTaTuB rypyxjap y4yH KYIHHYa OMHAp aMaJHUHT
_ab @enrucu ypHUra a + b Kymum Gearucu UUUIATIWIANM.
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Muconnap: 1) Z06yryH coHnap TViuiaMd KYIUHILI aMa-
JiMira HUCbaTaH KOMMYTATHB TYPYXHHM XOCHJI Kwiaau. byHna
IYypyX TabpU(PUHUHT |-1LUapTHAATH e JIEMEHTU POJIUHU 0 COHU
Ba 2-1IapTHAATU b 3JeMEHTH POJIUHU (—a) COHU VHHAWIM.

2) lllyHra yxmaun Q paniMoHan coHiap Ba R XaKUKUM COH-
Jlap TyIulamjapd KyWuil amMaiura HucbataH KOMMYTATUB
TYPYXJApHH XOCHJI KWIaau.

3) O\ {O} Ba R\ {O} Ty¥utaminapy KynauTUpUII aMajaura
HUcOaTaH KOMMYTAaTUB TIypyXJapHU XOCWa Kwiaau. byHna e
BasupacuHu 1 coHu Ba 2-maptaard b Ba3zudacuHu 1/a cCoHHM
YAHANIH.

4) A TYI1IaMHUHr ¥3-y3ura Oapya OMeKuMsUIapyuaaH uoo-
par G(A) tyraM OUEeKUMSUIADHUHT KOMMO3UUMSCH aMaiura
HUCOaATaH rypyx Xocwi Kwiaagu. by aciuna 3-§ naru Tacouk-
Jlapaa UcOOTJIaHraH.

['ypyXJIapHMHI YyMyMH# ‘XOCCATapUHHM YpraHamus.

l-Tteopema. A — 2ypyx 6yacun. Y xoada:

1) ynoaeu xap xanoaii a € A yuyn ae = a wapmuu Karnoam-
AQHMUpPY6Hu e 31emenm Xap Kandal a € A yuyn ea = a menez-
AUKHU Xam Kanoamaanmupadu, AsHu y 6upaux 3aemenmoup:

2) bepuszan a € A yuyn ab = e menzauxnu Kanoamaaxwmu-
pysuu b anemenm ba = e menzauxknu xam kanoamaanmupadu,
AsHu b s3aremenm a 2a meckapudup.

UcboT. bepunran a € A 371eMeHT Y4YYH TYpPyX Tabpupu-
Aary 2-1aprra Kypa myHaai b € A 3neMeHT MaBXYIKHU, ab = e.
by b sneMeHT yuyH sHa 2-1uaprtra Kypa WyHIaH ¢ € A ane-
MEHT MaBXyUKU, bc = e. Y xonna 6up ToMoHAaH (ba)(bc) =
= (ba)* e = ba. UKKUHYU TOMOHAAH KYIIaHTUPUII aMaIu-
HMHT accouMaTuBiMrura acocat (ba)(be) = ((ba)b)c) = (b(ab)c)=
= (be)c = bc = e. JleMak, ba = e. by 6WwiaH b 371eMeHTHHUHT
a Ta TeCKapu 3KaHJIMUIM UCOOTIAHIH.

bynra kypa ea =(ab)a = a(ba) = a-e = a, AbHU UXTHE-
put a € A yuyH ea = a, IbHU e — OUPJHMK 3JE€MEHT.

HUcbotnaHran Teopemara Kypa rypyx TabpuduHUHr 1-1uap-
THAACM e 3JIeMEHT OUpAMK 3JIeMeHT 3KaH. §8-§ 2-teopemara
acocaH OUpJMK 3JEeMEHT siroHa. by siroHa OMpPIMK 3J€MEHT
TYPYXHHHT OMPJIMK 3jJeMeHTH (KVIIHII aMajJu OeJirucyu HIla-
TWITAaHJa — CYPYXHUHIC HOJb 3JIeMeHTH) aeiwnaaud. Mcbor-
JIaHTaH TeopeMara Kypa rypyx tabpudu 2-miaptuaaru b sie-

Los.DU
Mexaviilig la.ematika

fokuitel]
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MEHT a ra TecKapu 3KaH. 8-§ 3-Teopemara acocaH a ra Tecka-
DM 3JIEMEHT AroHa; YHU a~! (Kymuuw aManu Gearucu viwia-
TWITAHOAa) (—a) opKajIu OeNruwiaHani.

Teckapu 3JIeMEHTHHUHI sroHaaurura acocaH (a™')™! = a
(kyiuuwn 6earucu vutatuiarasga (—(—a)) = a).

Uxtuépuit a, b € A snementnap yuyH (ab)~! = b~ '-al.
Xakukarad, (ab)(b'a') = (a(b b V)a') = (ae)a' = e.

A KOMMYTaTUB IrypyxJa OMHap amaj KyLWuil aMaiyd OYICHUH.
by xonna uxtué€puit a,b € A a3nemMeHTIap YUyH a + (—b) ane-
MEHTHHU g Ba b 3JIeMEHTIApHUHI aiMpMmach Oed® atamaav Ba
a — b kabu o6enrunaHagd. XycycaH, Xxap KaHiak a € A y4yyH
a —a=0. Uxtuépuiia, b € AsneMeHTnap yuyH (a = b) + b =
= agBa (a + b) — b = areHrukiap ypuriu (ucbotiaHr!).

2-TeopeMa. A — 2ypyx 6a a € A 6yacun. Y xo0a0a f (x)=
= ax, h(x) = x Ba g (x) = xa ndonanap Ounan Gepuiran f :
A—->A, h:A - A g :A > Aaxc smmupuwnraprune xap bupu
buexuyusaoup.

Ucoot. Uxtuepuii a, b, x € A 3jeMEeHTIAD YUYYH

J(¥) = (ab)x = a(bx) = f(f,(x)) = (//,)(x).

ABHHU

Jos =l gy
XycycaH

folor=tin L=t =1,

OMpIUK akc 3TTUpUMUAMD. byHaan f HUHT TecKapuIaHYBYM-
Jurd Ba 3-§ 3-Teopemara acocaH YHUHI OMEKUMA 3KAHJIUIH
Keaub yukaau. Ymby g axkc 3TTUPUIUHUHT OHeKUMSIUTH
LIyHra yxmam ucOoTiaHaiu.

Uxtuépuit x € A yuyu h(h(x)) = (x7')~! = x myHocabatnaH
A HUHT TeCKapWJIAHYBYMJIMIK Ba 3-§ 3-Teopemara acocaH OM-
EKLUSUIMTY KeIUO YUKAIH.

Hatuxa. Azap x snemenm A 2ypyxda myaa y3eapca (AsHU
A daeu xap 6up Kuimamuu gaxam 6up mapmaoan Kabyn Kunr2au
xon0a A dazu 6apua Kuiimamaapuu Kabyn Kuaca), y xoada y = ax,
Z = xa, t = x~! yzeapysuunap xam A 2ypyxda myna y3zzapaou.
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MU c6or1. Harwxanuur ucboru f, h Ba g axc 3TTHPHIL-
JJApDHUHT OMEeKUUS SKAHJIMTHIAH KeJIUub YUKalM.

ApumMrypyxaga a” udponaHu Xap KaH[Aai HATypal COH YYYH
AHUKJIAraH 304K, SHAW YHU UXTUEPHUH # OyTYyH COH y4YYyH aHUK-
naumMu3. Kynainuk yyyH a° = e neb6 onruHanu. Arap n — MaH-
¢uit 6yTyH coH 6yica, a" = (a~!)I"l ne6 onmuuamu. By 6earu-
JaluIapaaH UXTUEPHH » Ba m OYTYH COHJIAD YYYH YOy

aa" = ar+m, (an)m = g™ (1)

TEHIVIUKIADHUHT YPUHJIWIMTH O€BOCHUTA Keaub YMKaau.

A rypyX KoOMMyTatuB Oyiu0, yHaaru aman cudaruina
KYLIUII aMaIM MUUIATWIraH Xoiaa na upodaHu MXTUEPHUH n
OyTyH COH y4yyH aHMKJIaiWMu3. Kynaiiuk ydyyH xap KaHpaai
a€ AyyyH 0+-a = 0 ne6 onuHanu (6y epaa 0 — Hoap OYyTYH
CoH, ( 3ca rypyXHUHI HOJb 3JIeMEHTH). Arap n — MaHPUH
6yTyH coH 6yica, na=|n|(—a)neb6 onuHagu. By Genrwnam-
jlapra acocaH Xap KaHmai »n Ba m OYTyYH conxap yuyH (1)
TEHIJIMKJIAp ywoy

na + ma = (n+ mya, m(na) = (m-n)a

KYypUHMLILIApra ara 6ynanu.

A CYPYXHMHT B KMCM TYIUIaMU LIy rypyxaargd aMaira HUC-
OaTtaH rypyx Xocwi Kuwica, y A rypyXHUHI KHCM TYpYXH JIeiu-
JAu.

Muconnap: 1) Kyiuum amanura HucbaraH rypyx, 6yiras
Q pauvoHan coHnap TViUiIaMuaa Z OYyTYH COHJAp TYILIaMH
KMCM CyPYXAup.

2) Kynaitupuw amanura Huc6atad rypyx 6ynrad R \ {O}
TyIaMaa 6apuya Myc6aTt connapaad ubopar R+ TYIUiaM KUCM
LYPYXIHD.

3) 3-§ ma kuputwiran A TYIUlaMHUHT A y3rapTHpUILIap
rypyxu G, TYPYXHUHI KMCM TYPYXUIHD.

3-teopema. A2ap A zypyxda a 3aemenm a® = a Tenrivk-
HH KAHOATJIAHTHPCA, Y X0JI1a 4 = € AbHH a OMPJIHK 3JieMeHT
oynanm.

N cbort. by a aneMeHTHUHT @~! TeCKapUCHHU olaMM3. Y
Xojaa
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a=al(a*) =ala = e

by TeopeManaH ¢oiganaHud, KyHuaard TEOpeMaHH HC-
boTmarMu3;

4-teopema. A —rypyx Ba B yHHHT KMCM IypPYXH OYJICHH.
Y xoana:

1) Kucm eypyxnune 6upaux ssemenmu 2ypyxHune Oupaux
Jaemenmueza meHe;

2) a € B snemenmuunz wy xucm 2ypyxdazu meckapucu 6y
anemenmuune A 2ypyxdazu meckapucuza meme.

U c 6 oT1. UxTuépuii rypyxaa e GUpIUK 3JIEMEHT e =e* TeHT -
JUKHUA KaHoaTIaHTUpaau. XycycaH, B KUCM TYPYXHHUHI e,
OMpJIMK 37IEMEHTH YYYH e, = e?,. 3-TeopeMara acocaH e,= e,.

JHOU a € B uxTuépui 31eMeHT OYiIUb, b 3IEMEHT @ HUHT
B KuUCM rypyxnarv TecKapucH, SSbHU ab = e 6yiica, y Xojana 0y
TEHTJIMK KYypCaTaauKM, b 3JIEMEHT a ra A rypyxia xaM TecKa-
pu. /leMak, yiap TeHT.

Hartuxa. B myniam gucm 2ypyx 6yauwu yuyu kyiuodazu
UKKU wapm baxcapusuwiu 3apyp 6a Ku@pos:

1) azap b, € B, b, € B 6yaca, y xo010a b b, € B,

2) azap b € B 6yaca, y xonda b~! € B.

McbHoT. Arap B KucMm rypyx 6yiaca, yupa 1) wapr 6axa-
pwiaav. 4-TeopeMara acocaH 2) mapT xaM Oaxapuiianu.

OHau, akcuH4ya, (1) Ba (2) waptinap 6exapuirad OYICUH.
VY xomma B ja accOUMATHUBIMK XOCCACMHHUHT Oaxxapuwivwu Oy
XoccaHUHTr A pa GaxapwiniunnaH Keau6 uukagu. (1) Ba (2)
maptiapaald b -b-! = e € B 3kaHauru keaub yukagu. byH-
JIaH 4-TeopeMara acocaH B HUHT OUPJIMK 3J1eMEHTra 3ra 3KaH-
aurd Keaud yukanu. (2) 1uaptaaH Ba 4-teopeManaH B paru
Xap OHMp 3M€MEHT TE€CKapH 3JIEMEHTra 3ra 3KaHJIMIU Keiaud
YUKAJM.

S5-reopema. Kucm 2ypyxaaprune Kecummacu Kucm zypyx-
oup.

Mcb6or. A rypyxaa {B, v € T} KUCM TrypyxjIap TU3UMHU
Oepwirad 6ynu6, B = (‘|TBI — VJIApHUHT KEeCHIIMAcH OYJICHH.

Arap b, € B, b, € B 6yica, y xomua xap 6up v € T y4yH
b, € B, b, € B. bynnan B xucM rypyx Gy;iranu yuyH b, - b, € B..
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Oxupru MyHocabat xap 6up 7 € 7 y4yH VpUHIM OYIraHu
Tydaiid hh, € B =B, -
w«T

Ounu b € B 6yncuH. Y xonna xap 6upr € T yuyH b € B.
B xucM rypyx 0yarauu tydpainu b € B. Oxupru MyHocabar

Xap 6up r € T yuyH ypuHaM 6yarauugad b' € B = F]TBt . By
OwiaH 4-TeOpEMAaHUHT HATHKACHUTA acocaH B HUHT KUCM TypyX

SKAHJIMTU KYpCaTWIOH.

A rypyxaa €ryBunm C TYIDIAMHM ¥3 MYUra ojyByu Oapua
KHCM rypyxjiaap TH3suMuHM {B,7 € T } opkanu GenrwianMus.
by TH3uMm 6y 3Mac, YYyHKU A TYPYXHMHI ¥3u Oy THU3MMTra
KUupaiu. by KucM rypyxjiap TH3UMMHUHI KECHILMAaCH
B =NB, v C TymiaM XOCHJ KWIraH KHCM Iypyx ne6 ara-

w«T
Jaau.

A Ba A, — rypyxjap OyiIcuH. A, Jaru rypyx aMaiuHu *
OpPKaTH Ba A, AardHu ° OpKaM OenrwiaiMus.

Tavpud. A2ap A Ba A, 2ypyxnapuumz f : A, - A, akc
smmupuwu xap kanoai a, b € A, 3nemenmaap yuyH.

fla » b) = f(a) fb) (2)

men2AuKHU KaHoamaanmupca, 6y [ akc smmupuut 20MomMoppum
deiiunadu. by TymiyHda 8-§ na ApuMrypyxjaap ydyH KUPUTII-
raH roMOMOp}hHU3M TYLIYHYACUHHUHT XYCYCUH XOJU.
6-teopema.f: A > A — 2ypyxrapnunz 2omomoppuzmu
6yacun. Y xonda: 1) A, eypyxnune e bupaux 31emenmu 6y 20-
Momopuimoa A, nune bupaux 3aemenmuza ymaou:
2) uxmuépuii a € A, 30emenm yuyn

fla) = (f(a))~".

Mc6ot. A rrypyxna e GUpIMK 3IEMEHT OYJIraHu yuyH e = €.
bynnaH (2) xoccara xiypa

fle) = fle) = (f (&)

by TeHrnukaaH 3-teopeMara acocaH f{e) 3J1€MEHT A, rypyx-
HUHT OUPJIMK 3JIEMEHTH 3KAHJIUIM KeIUO YHUKALU.
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bynra acocan MXTHEPUH a € A, yuyH

fle) = Raa™) = fla) - fla™)

TEHIJIUK YPUHIIU, SSbHU

fla™) = (fla))~.

Teopema ucboTIaAHIM.

Hartuxa. Tomomopusmda eypyxnune obpaszu 2ypyxoup.

Uc6oT. G—rypyx, ¢ : G-> G — roMoMop(pu3M GYICHH.
¢(G) TyulaMHuHr G paru amaira HMUcGaTaH rypyx SKaHJIH-
ruHU KypcataMu3. Uxtuépuii a', b’ € p(G) 31eMeHTIaD YIYH
wyHnam a, b € G aneMeHTIAp MaBXyIKHu, a’ =¢(a), b’ =p(b).
Y xompa a’ -b' = p(a) - p(b) = p(ab)€ p(0).

Arap e € G GUpIUK 31eMeHT OVica, y Xonaa 6-teopemara
acocaH e = ¢(e) aneMeHT G rypyxaa OMpiauk 3semeHT. [e-
MaK € € ¢(G). Arap a’ € ¢(G) 6ynca, y xonna wyHaan a € G
3JIEMEHT MaBXYIKH, a’ =¢p(a). Y Xonga ywbdy b’ =¢p(a™!) sne-
MEHT YYyH a'b’ = ¢(a) * p(a™) = ¢p(aa™) = p(e) = €.

[IlyHra yxmam b'a’ = e MyHocabaTHU ojaMM3. [Jemak b’
3JIEMEHT @' 3JIEMEHT YYYH T€CKapu 3JIEMEHT. 4-T€OPEMaHUHT
Hatuxacura kypa ¢(G) tyiwiaM G’ TypyXHUHI KUCM TYPYXU-
JMD.

Tabpu¢ .bueknua 6yaran [ . A, > A, — zomomoppusm
uzomopguim deiiunadu.

Hsomopdusm f: A, > A, —6buexuusa 6yiraHu ydyH 3-§ 3-
TeopeMara Kypa yHra teckapu 6yiran f -1 A —~ A, Ouekuus
MaBXYA.

7-rteopema. f: A - A usomopuzmza mecxapu byszan
f ! buexyua xam uzomoppuzmoup.

Ucb6or. Uxtuépuit a'b’ € A, aneMeHTIapHA onaMu3. Y
xosna f — 6uekuus 6ynarany yuyH myHaai a,b € A aneMeHr-
Jlap MaBXyaku, a' = fla), b’ = f(b). bynapnan a = f(a’), b=
=f1(b') Baf N (a' > b') = f{(fla)- Ab)) = f(Rax b)) =axb=
=fa') * (D).

Teopema ucboTnaHau.

Mucomx R XakMKWi COHIAp TVIUIAaMM KYLUIMLI aMaiura
HUcOaTaH KOMMYTAaTHB TYPYXHU XOCWI Kwiaav. R, — Gapua
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Myc0aT XakMKUH COHIap TYIUIAMU KYIMAWTHPHII aMaira HUC-
O0aTaH KOMMYTATUB TYPYXHU XOCHJ Kwiagu. Yoy fix) = 2%
¢yHkumsa R Hu R, ra 6uexuuacH 6yiauo,

2x+y - 2x .2y

xoccara ara, seHu R HM R, ra uzomopdusmuaup. byxra rec-
Kapu u3oMopdpusm g : R, - R ymby g(y) = log,y GpyHKUMSI-
aup. byHuHr yuyH (2) xocca ymby log,(y, - y,) = logy, + log,y,
KYpUHMILTA 3ra.

A, TYPYXHU A, rypyxra akc 3TTUPYBYM H30MOp(HU3M MaB-
Xyn 6ynca, 6y rypyxjiap uwzomopd neiwnanu.

['ypyxiapHUHT u3oMopGaUry pedieKCUBIMK, CUMMETPHUK-
JIMK Ba TPaH3UTHUBIMK Xoccajdapura sra (McbotriaHr!), SbHU
3KBUBAJICHTJIIMK MYHOCA0aTHAMD.

HN3oMopd rypyxjaapHu ynapaard OMHap aMaJIHMHT Xocca-
JJapy HYKTaM HasapuaaH OUpu-6upupaH dapk Kunud 6yir-
MaHIu.

11-§. YPUHJIALLITUPUIILUIAP, YPUH
AJIMALIITUPUIILIAP BA BUPUKMAJIAP

A TYIU1aM n 3JIEMEHTIH TYIUIaM Ba k — OMpoOp HaTypai
COH OVJICHH.

Tavpud. Komnonenmanapu mypau 6yrean A ycmudazu ux-
muépuil k yavamau eexkmop A ycmudazu k-yawamau ypuHaau-
mupuw (n ma 3aemenmoan k madan ypunasawmupuw) detiuna-
Ou; n-yaamau ypuHaaumupuul Ypux asmauwmupuid oeliunadu.

PaBmuanku, MyMKUH OyiraH Oapua k-yayamiu VpuHIalli-
TUPMLUIAPD COHHM 4YeKJIM Oynub, 6y coH ¢pakaT » Ba k ra OOF-

UK. YHH AF opkanu GenruwnaiiMu3. A" HU, SHHU N SJIEMEHT-
NlaH MYMKUH OyaraH O0apya ypuH ajIMalUTUpPULLIAD COHUHU
P 6uwran 6earunaimMus.

burTa ypuHTa M 3JIEMEHTIIM TYIUIaM 3J€MEHTJIapUMHM h Ta
yCyJl OWIaH XOMWIAlUTHPUII MYMKHUH OVJIraHU YYYH UXTUEDPUH

n HATYpaJl COH yuyH A!= n.
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TabpudaaH KypuHaIUKH, arap k > n 6yica, kK — yaryamiun
YPUHIALUTUPHUILIAD MABXyI 3Mac, SbHU AX = 0.

l1-Teopema. deap k < n 6yaca, y xoa0a A* = n(n—1)...
(n - k+ 1). g(ycycau, P =1-2..n

UcboT. YpuHIalWITUpUIIHUHT OUPUHYU KOMITOHEHTACH
n ycya 6WiaH OepHIMIIM MyMKUH. Arap kK — yr4aMjd YpuH-
JAIITUPUIIHUHT OMPUHYM KOMIIOHEHTAaCH TaHJIaHIaH Oyica,
y X0JJa YHUHT KoaraH (kK — 1) — Ta KOMIIOHEHTAaCH KOJITaH
(n = 1) Ta sanemeHTnaH (kK — 1) — yo1yamiu YypUHIALLITUDPHUILL-
HU xocw1 Kwiagu. Llydra acocan Af= n- A*]'. By TeHr-
JIMKHU KeTMa-KeT TAaTOUK KWIAMU3:

Af=n-A=nn - A7 =..=nn-1) ..(n -k +
+ DAL, ,=nn=1) .. (n—k+2(n-k+1),

k +
YYHKU A) .., =n—-k+1.

P = 1-2..nxynaiTMaHU KUCKAIMK y4yH n! (“3H-pakTo-
pyan” aed VKWinaau) KYpUHMILAA €3UL KaOysl KWIMHIAH.

Tavpud. A myniamuune uxmuépui k-3nemenmau Kucm
mynaamu yHune k-anemenmau (n ma anemenmoar k madaw) 6u-
pukmacu (buprawmacu, KombuHayuacu, aypyxrauu) deuunadu.

A TYIUITAMHUHT MYMKMH Oynran Oapuya k-3J1€eMEHTIM Ou-
pUKManapy coHU (akaT n Ba k connaapra GOrmMK. YHu CF
OpPKaJIM OENTruiIaiMM3.

PaBwianku, arap k > n 6yinca, C¥ =0. k < n 6yacuH.

2-teopema. Yuby

A¥ n(n-1)..(n-Yk4D) . n!

k _
Cn = P, k! kK (n-k)!

MeH2AUK YpUHAU.

N cbHoT. MyMKHUH 6¥iaraH 6apya k-3j1eMEHTIM OUpHKMa-
JapHUu onaMu3. Uxtuépuit OMpukMa ojaud, YHUHT MYMKUH
Oyaran Oapua k-3jJieMEeHTIM YpUH aJIMAlUTHPULLIADUHU Oa-
Xapcak, OyHMHT HaTwxkacuza P, 1a K-3]€MEHTIU YpUH aj-
MaIUTHPUIJIAPDHHU XOCWI KIWIaMH3. DHAM MyMKHUH Oyi1raH 6ap-
ya k-3JIeMEeHTIH YPUH AJIMalITHPHULLUIAPDHA XOCHJI KWIHULI YYYH
Oapua k-3J1eMEHTIM OMPUKMANApPHU OJMO, YIapHUHT Xap OU-
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pyuIaH MyMKUH OyiaraH 6apya k-3jJeMEHTIH VPUH ajJIMaIlUTH-
PULUIAPHU XOCHUJ KIUTMILI Kepak.

byHra acocaH Ba Typiu OMpUKMaJapAaH XOCWI KWIMHIaH
k-3]1eMEBTIU YPUH ajIMAlITUPUIIUIAP TYpJIX OYIraHu yuyH 6ap-
ya k-3JIEMEHTIIM YPUHIAITHPULLIIAD COHU A¥ KOMOMHaLMA-
nap coHn C¥ HUHT YPUHAIMAIUTUPHLLIIAD COHU P, ra xynair-
Macura TeHT, fbHU A¥= C* - P,

byHnaH

k
Clc = An
n Pk
TEHITITUKHU OJIaMM3.
C* Hu k = 0 na Gupra TeHr 1e6 xucobnanmus, sseHu C° = 1.
C,’f COHJIAap UKKH Xad MUFUHAMCH (OMHOMHHU) UXTUEPHUH
HaTypajl KYpCaTKMWIM Japaxkara KyTapuil Macajajiapuia yd-
pannu.
3-teopema. Dapaz kuraiiauk, x, y € R 6a n — uxmué-
puli Hamypaa cox b6yacun. Y xoa0a

(x+y) =x"+ Clxy+ Clx" 2+ ...+ Chx iy + .+
+ Crlxymt + .

by aitHusiT Heloron 6nHomMH ¢opmysiacH neHdunaam.

Mco6or. ®apas Kuiailiuk x, y,, y,, ... ¥, € R. Yoy (x +
+y)(x+y,) .. (x+y) Kynaiitmanu kypamu3. by kynair-
Maja KAaBC MYMIArd XaIapHU KYMauTUpMO Ba X HUHI OUD
XWI JapaxaJlapyuHH Y3 UYAra ojJraH XamuiapHu MUFUO, KyHu-
Jard upoaaHu oJIaMu3.

x+py)x+y) . x+y)=x+rx '+ +xt+ L+
tr Xt + L+ x+1,

Oy epna

T=yty,+.+Yy,
L=Vt YVt Y Ve

oooooooooooooooooooooo

T =WV, Yoy BV Y, VoYt i VY Vs
T, =YY, Y,
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Lilynnait kw6, r, — ywby {y,, y,, ..., y,} TYIULIAMHUHT
MYMKUH 6¥ynraH 6apya k-371€MEHTIU OUPUKMAIIAPU 3JIEMEHT-
Jlap¥ KYNaNTMaCUHUHI MUFUHIMCHUIA TEHT. XYCyCaH, arap y,
=y, =. =y =yneb oncak, y xonga r, = C¥y* Bynra
acocaH (x + )" = x" + Clx"ly + ... Crixy"! + ym.

12-§. TEHIJTAMAJIAP

Arap f: A - B ¢yHkuus Ba a € A 3jieMeHT OepwiraH
Oyica, y xoyma Oynap opkKaiu

b = f(a) (1)

ajieMeHT Tomwiaau. lllyHnait Macananap yypainuku, yjiapaa
(1) MmyHocabarnaru f @yHKLUUs Ba b 31eMEHT OepwiIradH, aMMo
a 3jeMeHT OepwiIMarad Oyi1aad Ba yHU TOMMLI Talnad K-
HaOu.

byHIaH XxaM yMyMHUHpoOK OyiraH Kyiuaaru Macaia XaMm
yupaiau: f: A » BBa g: A - B pyHkuusinap 6epwirad. Ywoy

f(x) =g Xx) (2)

TCHIVIMKHUA KAHOATJIAHTUPYBYU X € A 3JIeMEHTIIap TOIIWICHH.
by xonna (2) renrnuk A Ba B tyiuiamnap yctuaa 0Mp Homanb-
JYMJH TEHIJIAMA Ba X 3JIEMEHT 3ca Oy TeHrjaMazaru HOMab-
JIYM OeHWIAOH.

Mucoa:f: R - R, f(x) = x* Ba g(x) = 1 6ynca, x* = 1.

Kypunuiupgaru OUKBagpaT TEHIJIaMa XOCHJI OYnanu.

Ma3kyp (2) TEHTJIMKHU KaHOATJaHTUPYBYH OUpOp
X = a € A sneMeHT Oy TEHIVIAMAHUHT e4NMH aeiiany. TeHr-
JIJAMAaHUHT 0apya €eYMMIIADUHM TOMUIL TEHIJIAMAHH €4l JeH-
WIAH.

C Ba B — uxtué€puit tynnamiap OVJICHH.

Tabvpud. deap f: C" >Bea g: C" > B ¢pynukuusrap
bepuazan 6yaub, ywby

Sxpe0x,) = g(xp,..X,) (3)
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MEeH2AUKHU Kanoamaaumupyeuu X = (X,,...,x,) € C" eexmop
Oepunmaran 0yica Ba ynu monuuwt xepax 6yaca, (3) meneaux C
6éa B mynasamaap ycmuda n ma nomasaymau menzaama 6a x =
= (X}5+..,X,) 6eKmop 3ca 6y menzaamadazu Homasaymaap mu-
3umu Oeitusraou.

Muconnap: 1) f: RR->R fix,y) =x + y, gx, y) =1
o6ynca, x* + y = | TeHIaMa XocuJ Oyaanu.

2) f2: Ri >R, fix,....x) = X+ X, +2... + x Ba g(x,,...,x) =
= l—x{ 6yaca, x+.. + x = l—x TeHriama xocua 6y-
Jaam.

Maskyp (3) TeHrraMaHM KaHOATJIaHTUPYBYU OHUpOD
x=a=(a,..,a) € C" BekTop 0y TEHIIAMAHUHI €YHMH JI€-
WWIaau.

Arap (3) teurnamana C" = A 6eirwiall KUpUTCaK, Y X0Ja
(3) TeHrnaMa (2) kypuHuiura ara 6y;irad A Ba B ycruaaru 6up
HOMAbJIYMIH TeHIJIaMara KeJaaw.

Tavpud.Arap2mraf: C*> 1, i=1,m, &:C"~> 1,
i =1, m dynkyuanap Gepunran 6yan6, ymoy

o s 4)

MmeH2AuKAGpHUKZ b6apuacunu Kanoamaanmupyeuu X = (X,,...,
X,) € A 3nemenm bepurmazan 6yaca éa ynu monuw xepax 6yaca,
(4) menzauxaap mynasamu C ea [[ ycmuda n ma Homasaymau
m ma menzaamanap musumu 6a x(x,,...,X,) 3ca b6y menarama-
4ap muzumudazu Homasaym eexmop (Homasaymaap muzumu)
deliuaadu.

(4) TeHIMKIIapAAH TY3WIraH TeHIIaMajlap TU3UMUHHU YOy

fi(xl,..., x,,) =& (xlr"s xn)
................................. (5)

fm(xlr",xn) = gm(xl9""xn)

KYpUHMILAA Oeiaruiaam KaOdya KWIMHIAH.
(4) TU3UMOArd Xap OUp TEHITIUKHH KAaHOATJIAHTHPYBYHU
x=c=(c,..., ¢) € C"Bekrop (pHU (4) Haru Gapya TeHIIA-
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MaJapHUHI YMYMHH eduMH) (5) TeHmaMajilap TU3UMUHHUHT
e4nMH Jernwianu. (5) TU3UMHUHT 6apya euyMMJIapDUHU TOITHUIL
Oy TH3HMHM eyHIl AeHWIanu.

Macanal, F: R » R, F(x,y) = (2x —y,x+ 3y),g: R ~»
R, g(x, y) = (=1, X+ 3 — y) 6yuca,

2x—-y=-1
x+3y=x>+3-y

TEHrJIaMaJlap TU3UMU XOCHJI OVnaau.

Arap F(x) = (f(x),..../,,(x)), C" = A, " = B Ba G(x) =
(g,(2),....g,(x)) Genrwialiap KUPUTCAK, y Xoada (4) TU3UMHHU

Fx) = G(x)

KYpUHHULILA €3WII MYMKHH, STbHU (4) TeHrjiaMaiaap TU3UMH-
HU A = C" Ba B = /™ Tyniamap yctuga 6Mp HOMAbJIyMIIU
OutTa TeHraaMa ae6 Kapall MyMKWHH. AKCHMHYa, arap F . C" -
> 1", FX) = (fi(0),..., £,(0) Ba G: O > I, G(x) = (g,(2),...
g (x)) dynkuusiap 6epuirad 6yica, y xonna C"sa J" TyIuiaM-
Jap yctuparu F(x) = G(x) teHrnmamanu C Ba /J Tyriuiamiap
yctuaaru (5) TH3MM KYpUHHUILAA €3UlU MYMKUH. byHaaH 6y€éH
6ab3aH (5) TM3UMHMHT ywby Fx) = G(x) KHCKa KYPUHUILH-
HY XaM MIIJIaTaMM3.

Tabpud. Azap (5) musumuunz xamuoda b6up evumu mas-
acyd 6yaca, y bupzaauxoa deiiunaou. Azap (5) musum 6upzanuk-
da 6yaub, euumu s20na 6yaca, y anux detiunadu.

Hkxura

Fx) = G(x) (a)
P(x) = O(x) B)

Ba

TEHIJIaMalap TU3MMJIapu Oepuirad 6yiacuH. byHna (a) TU3UM
C Ba [ tymiamiap yctugard A ta x = (x,...,X,) HOMabJIyMId
m Ta TeHIrJaMajaap TU3UMM OVICHUH:

F:C-1 G: C - I
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(B) Ti3uM aca C Ba S TyIUuIamiap yCTUAATU 71 TaAX = (X,,...,X, )
HOMABJIYMIM K Ta TEHIJaMajiap TU3UMHU OVICHUH:

P:C"->S80:C">S"

Tavpud. A2ap (a) muzumnune xap 6up ewumu (B) HuHe
xam ewumu byaca, () musum (a) HUH2 Hamuxcacu detiuradu ea
6y (a) = (B) kypunuwoa é3unadu.

by TtarpudnaH 6eBocuTa KyHHAArd xoccajap Kejaud 4yu-
Kalu.

1) Xap KaHmai (a) TeHIaMagap THU3MMHU YuyH (a) = (a)
(pe(pIEKCHBIUK).

2) Arap O6up xw1 HoMabiayMid (a), (B) Ba (y) TeHr1amaiap
TU3UMIapu 6epunrad 6yauo, (a) = (8) Ba (8) = (y) 6yiuca, y
xonaa (a) = (y) (TpaH3UTUBITUK).

Tabvpuo. Aeap (a) = (B) ea (B) = (y) 6yaca, éxu (a) 6a
(B) musumaapnune uxkkaracu xam bupzaruxkda 6Gyamaca, yrap
meHe Kyuau musumaap deiiusradu ea 6y (a) < (B) kypunuwuda
é3unaou.

by tabpudaan 6up xwi1 HomabayMiH (a), (3) Ba (y) TeHr-
jlamajiap TU3MMJIapy yYyH KyHHMOAru XOCCAJapHUHI YPUHIIU-
JIUrY 6eBOCHTA KeINO YMKAIHU:

1) Xap kKaHgaii (a) Tu3uM yuyH (a) < (a) (pepIeKCUBIHK);

2) Arap (a) < (B) 6yiaca, y xonua (8) < (a) (CUMMETPUK-
JIMK).

3) Arap (a) < (B) Ba (B) < (y) 6ynca, y xonna (a) < (y)
(TPaH3UTUBJIIUK).

MacanaH, arap F: A > B, b€ BBa H: B = B 6yica, y
XoJiaa

Fx) = b (6)

TEHIJlaMaJa X = a e4yuM Oyica, Oy 3JIeMEeHT
HF(x) = Hb (7
TEHIJIaMa YYYH XaM eduM 6yaanau, spHU (7) TeHrmaMa (6) HUHT

HaTuxkacuaup. Arap H — Ouekuusa oyiaca, y xonja Oy TeHrja-
Majlap TeHr KywiH Oyianu.
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Yuunuu 606
YU3UKJIN TEHTITIAMAJIAP TU3UMJIAPHU

13-§. YASUKIHN TEHITTAMAJIAP TUSNMIJIAPH
BA YJIAPHUHI' MATPULIAJIAPH

Yuidy
ax +ax,+..+tax =b (1)

TEHIJIMK OepwiraH 6ynau6, Oy TeHrmukinaru a,, a,, .., 4, b
XaKUKMH COHJIAp MABIyM, X,, X, ..., X, XaKUKHH COHJIAap 3ca
HOMawIyM Oyiica, Oy TEHIJIMK 7 Ta HOMAbJIYMJIU YH3HKJIH TEHT-
Jama aewwianu; a, a,, ..., 4 COHIAp Oy YM3MKJIU TeHIJaMa-
HUHT KO3 dULIMEHTIAPH, b COH 0304 XamM, X, X,, ..., X, COH-
JIap 3Ca HOMABJIYMJIAap ACHWIANM.

Arap b =0 Oynca, (1) TeHIaMa OHMp XMHCIH ACHIIANHU.
bup X1 HOMABJIYMJIM YU3MKJIU TEHTJIaManapaaH ubopar oup
HeYTa TEHIVIaMAJIapHU OMpra evyMil, SbHU YU3UKJIH TEeHIJIA-
MaJIapHHM euull MacajacHh KyI y4dpanau.

bupra xypwriaérrad OMp XU HOMABIYMJIM OUp HEUTa YU-
3UKJIM TEHIIaMalap TYIUIAMUHMY YM3HKJIH TEeHIJIaMajap TU3H-
MU OeHWIaiu.

YMymMuil KYpUHUIIOA OJUHTAH YU3UKJIM TEHIJIaMajap
TA3UMUAA ofaTaa Ko3hPULUMEeHTIap Ba 0304 Xauap Kyl 6yira-
HM Ba WIYHra Kypa yJapHU Typiaud xapgJiap O6uwiaH bearwian
yuyH ajnudoonaru xapduap etuiuMaraHu cabadiu koapdu-
LMEHTJIAPHU Ba 030] XaUIAapHU KyHuaaruya oearwiall yCcyau
vuviatuiagy. [lactiad YuM3MKIM TeHIJIaManap TU3UMUIra Ku-
PYBYM TEHIJIaMaliap TApTHO OWIaH XoWIlaluTUpWIaad, SbHHU
yjaap pakamiiaHaau. byHra acocaH YM3uKJIM TE€HIJIamajap
TU3UMUTA KUPYBYU KO3 PULHEHTNAp KyHUaru Kkouna oyinuya
UKKMUTAa MHACKCIM Oup Xxwi xappnap 6wiaH OelruiaHaiu: UH-
JEKCJIAPDHUHT OMPUHYMUCHU TEHIIAMAHUHI PAKAMUHHU Ba HMK-
KUHYHUCH 3ca 0y KO3(PPUMUMEHT TypraH Xonaaru HoOMablIyM-
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HMHI paKaMUHM KypcaTaau. MacanaH, [ -TeHI1aMagaru j-Ho-
MabJIYM OJAMAArH KO3¢hPUILIMEHT a,; OpKaJIH OeJruiIaHagu Ba
a-u-Xd 0e0 YKuwiaau (XycycaH a,, HU a -UKKU-y4 1eb YKuia-
av). YM3uKIM TeHMIaMaiap TU3MMUra KUPYBYH O30 Xamiap
Oup uHAekcnu 6owka 6up xwi xapdnap 6uiiaH GearwiaHanu.
byHzaa uHAeKC 0301 Xal TerMuUId OYiIraH TeHrJaMaHUHI pa-
KaMMHM KypcaTanv. MacajaH, /-TeHIJIAMaHMHE 0301 Xaau b,
OpKaIu OenrunaHaau.

HOKopuaa KeaTupwiraH Keauiysra acocaH yMyMuid xonaa
OepwiraH » 1a x,, X,, ..., X, HOMabJIyMJIM § Ta YU3UKJIU TEHT-
JJaMaJ1ap TU3UMUHU ywody

a,x, +a,x,+...a,x, = b,
ay x| +apx,+...a,,x, = b, (2)
agXx, +agx,+...a4,x, = bg

€KUM KHCKaya Ea,kxk = b.(i = 1,S) KypUHULLTapIa E3ULI MYyM-

KUH. by epnam a, COHWIAp [ = TeHINaMalaru j - HOMabJIyM
OJIAMIATH Koad)(lmunem Ba b, COH 3Ca I - TEHIJIAMAHUHI 0301,
Xaan aerwianu. Arap 6apua z==l,n aap y4yH b, = 0 6yica, (2)
TU3UM OMp XMHCAH IeHWIaldH.

Yusuknu TeHrjamajgap TU3MMHMHU €4YHIU Macajgacu Oy
TU3UMHUHT KO3(pIULHUEHTIApUAAH TY3WIraH yuoy

a“alz . aln

A=|ayay...q, (3)
aslasz .o .asn

TYFpU Oypuakiiu TYpTOypuYaK XaABAJIHUHI Xoccanapura 00F-
auK. bynman xagBan S Ta caTpiM n Ta YCTYHJIM MAaTpHULA
(8% n- marpuua) peinnanu, (a,) €xu || a; || xypunuwna
xam €3wianu. by A Manuua,uam a, comlap MATPULAHUHT
3JjieMeHTIapy aewiaau. bapya .S x n - MannuaJIap TYIUIAMUHHA
Ms,,. OpKaiu OenrwianMuas.
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A MaTpuUaHUHT Xap Oup catpura R yctvaa »n - ya4yamiM
BEKTOp Ae6 Kapall MyMKUH. YHUHT - CaTpUHM (a,, 4, ...,
a,) xypuHuiuga €3amu3s. Kemaxakna A MaTpULIaHUHT caTpia-
pUHU MocC pasumga A, A,, .., Ag opKam Oerrwraimus. A
MaTPULAHUHT YCTYHJapura R yctuaa S-yir4yamim BeKTop l1ed
Kapall MyMKHMH. YHHHT j -yCTYHHHHU yLIOy

OeJird YpHUra XOoMHU Texall Makcaauna [a, p Gy oees asj] KypHu-
HUIIKOa €3amMu3. Kemaxakna A MaTpULUAHMHL YCTYHJIApUHU
Moc paBuwia A', A2, ..., A* Kabu OenrwiaMmMu3.

Arap § X n-matpuniaga n = 5 6yica, y n Taptubi1u KBaapar
MaTpula germwianu. bapya kBagpaTr Marpuuaigap TYIUIAMUHU
benrwrnamna M, | ypuura M, GeiIrMHM HUILIATAMU3. Ksaapart
MaTpULAafaru a,,, a,,, ..., @, 3JEMEHTIAp TYIUIaMU YHUHT Goul
JHAroHanM Aewiaau. Arap KBajapaT marpuuaga 6ow auaro-
HAJIIaH TAallKapuaard 6apya 3jeMeHTIap HOJb Oyica, y aMa-
roHajn MaTtpuvua Jeituiagu Ba 6aw3an diag (a,, a,, .., a,)
KYpUHMILMAA €3wiand. bapya aneMeHTIapy Hoira TeHr 6yiraH
MaTpulia HOJb MaTpulla AeHwiaau. Arap AMaroHajl MaTpuua-
naa,, a,=..=a_=1 0yica, y OHpINK MaTpuLa OeHWIAOH
Ba £ (bab3aH E) opkanu GeiarwiaHaiu.

IOkopuna (2) Tu3uM 6yituva kuputwirad (3) Marpuua (2)
TH3UM HOMABJIYMJIADHHMHT KO3(¢dUNHeHTIapH MaTPULACU Oe-
Wiwtagu. by MaTpMUAHUHT YHI TOMOHHMIra TU3MMHUHI O304
xajapuiaad ubopar [b,, by, ..., by] ycryHHM €3cak, § Ta caTp-
M n + 1 ycTyHau -

a,,Gy,...a,, b,

ag,dg,..dgs, b,

MaTtpuua xocwa 6ymamu. YHH (2) TUBUMHUHC KeHranTHPHJI-
ran MATpMUACH IeHIIagu Ba (a,.j/b,.) KYpUHHMILMAA XaM €3uia-
ou. Opatna (2) TH3MMHM eyuIn Macanacu (3) Ba (4) MaTpuLia-
JJADHUHI XOCCAJIAPUHM YpraHuIura KeJITUPWIadH.
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14-§. n YJIYOBJIU APUDPMETHK PA30

MarpuLajlapH{HT caTpjapy Ba YCTYHJIapH opacupiaru 60r-
JaHUULTApHU Vpranui Maxkcaauaa R" mard (R — Xakukui
TYIUIAMH ) BEKTOpAAp yCTHA aMajUlap KUPUTHO, YIApHUHT XOC-
CaTapUHU YpraHamua3.

Arap X = (x, x,, ..., X)) Ba Y= (y,, ¥,, ..., ¥,) KOOpHAaTa-
jlap¥ XaKMKUH COH Oyirad »n y1yamim BeKTopiap oyica, yiuby
(x, +y,, X, + y,, ..., X + y ) BEKTOD YIapDHUHT HHFHHIHCH J1€6
atrastaau Ba X + VY opkanu 6earwiadanu. bapya koopauHara-
1 Hoibra tedr oynran (0, 0, ..., 0) BeKTOp HOJIb BEKTOp €0
araragv Ba 0 (xynuHya 0) opkanu OenrwiaHamu.

XaKUKHMH COHJIADHM KYIUUII aMaJdUMHUHI XOoccajlapUIaH
BEKTOPJAPHU KYIIHMII aMaJIMHHUHI KyHUpaard xoccaaapu Oe-
BOCHUTA KeJIUO YUKAAH:

a,) Xap Kaunait yuyra X, ¥V, Z € R" pexropiap y4yyH

X+ +Z=X+(V+ 2) (accouMaTUBIUK)
a,) Xap KaHpait X € R" BeKTOp y4yH
X+0=0+X=X

a,) xap KaHmna X = (x,, x,, ..., X,) € R" BekTop y4yH

X+Y=Y+X=0

TEHIVIMKJIADHU KAHOATJAHTUPYBYHM V BEKTOP MaBXyl; Oy BEK-
T0p V=(-x, .., —x)6ymb6, X ra Kapama-KapmM BEKTOp
JeHwiagy Ba —X opkKaium OelrwiaHaim.

a,) Xap KaHuan X, Y € R" sexropiap yuyyH X+ V=YV + X
(kommyTaTuBIMK). By xoccanap R TYIruiaM KyWIMmI aMajiura
HUCOATAaH KOMMYTATHB TYpPyX XOCWJI KWIMIUKMHU KypcaTaaH.

Arap X = (x, x,, .., x) €R’ Ba A €R 6¥nca, ymby (ix,,
AX,, ..., AX , BEKTOD X BEKTODHHHI 1 COHTa KymaiTMach Aeiy-
Jaav Ba AX opkKaiu GejrwiaHagH.

XaKUKUH COHIApHU KYMaNTUPHIL aMaJIMHUHT XOCCaIapH-
JlaH BEKTOPHU COHra KyMnauTUpHUIl aMaJIMHUHT KyHularu Xoc-
canapy 6eBOCHTa KeJMO YUKAIM:
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b,) Xxap KaHga# X € R" BexTOp YuyH
l1- X=X,
b,) xap KaHnai A, u € R connap Ba X € R* BexTop yuyH
AuX) = ()X,
b,) xap kanpa# A, u € RBa X € R* yuyH
A + W)X =X+ ulkX,
b,) xap kaHpait 1 € R Ba X, V € R" BekTopiap y4yH
AX+ V) =AX+ Y.

R’ TyruiamM BekTOpJapHH KYHIMIL Ba BEKTOPJAPDHHU COHTa
KYyMmauTUpHIL aMasutapu 6unad Odpra n - yar4amian apnpMeTHk
da3o npeimwnanu.

bepwiran X, X, ..., X, € R’ Bexropiap Ba ¢, €, ..., ¢, € R
COHJap y4yH ymby c X, + ¢, X +..+ ¢ X Bexrop X, X, ...,
X_ BEKTODJIApHUHI C,, C,, ..., ¢, KO3POUUUEHTIH YHIHKIH
ndonacn (kombuHaumsicu) aeimnanu. Arap Y sekrop X, X,
..., X, BEKTOPJIADHUHT OUPOD YU3UKIM Uboaacura TeHr byica,
y X, X, .., X_ Bexropiap OpKaiM YHM3HMKJIH H(OAANAHYBYH
JeHITa .

Arap X, X, ..., X _BeKkTOpJap TU3MMHU YYyH YOy

X, +e, X+ 4, X, =0

TEHIJTUKHY KaHOATJIAHTUPYBYM KaMuaa OMpH HOJIbAAH (apKiiu
oyaran c, c,, ..., ¢, COHIap MaBxya 6yica, Oy Bekropiap
TU3UMHU YM3MKJIH Oorianran jeiwnani. MacamaH, HOJIb BEK-
TOPHU €KH HMKKHUTA OUp XWI BEKTOPHMU ¥3 HYMFra OjyBUM R
JlaTd UXTHUEPHUM YEKJIM BEKTOpJap TU3UMHU YU3IUKIU OOFIaH-
raH.

l-treopema. X, X, ..., X BeKTOpJIap TH3UMH YH3HKIH
Oorn1aHran OyaumuM yyyn Oy TM3Mmaarn 6Hpop BeKTOpHH Ooui-
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KAJapH OPKAJIM YM3MK/JIH Mdoaaall MYMKHMHJINTH 3apypHH Ba
KudosaBuH wapramp.

Hcbor. X, X, .., X_Bexropjaap YM3UKJIU OOFIaHIaH
OyicuH. Y xonna KaMuaa 6upH HoJblaH ¢apkiu 6yiraH c,,
€, ..., C, COHJAp MaBXymku, X, +6,X,+.+¢, X, =0. by
COHJIap WYMJA HOMbAAH (apkIucH ¢, 6¥JICHH. Y X0J1a I0KOpU-
Jard TeHIJUKIAH Yoy

C C,. C, o
X==g Xi— = X, - X~ E X,

i i

TEHIIMK, SbHU X, BEKTODHUHT OOLIKANIApU OPKAIM YHU3MKJIH
UOoNUTAHTAHIIUTH KeJIUub YMKaOM.
OHIIM, aKCHHYA, X, X, ..., X BEKTOpJApHHMHI OGUpopTacH,
MacaiaH X, GoluKarapy opKaiu udonaraHrad O¥ICHH.
X=AX+AL,X+ ... +4,_X _+A+ X+ +.. +1X.

K

VY xonna

AX AL+ o+ X —X+ A+ X+ +...+1X =0.

i=-1

byepnac =1,¢,=4y, ..,¢_ =4_,¢=-l,¢ =24, -
c.=4, 0e6 oncak, ¢, =—1#0 6yamranm yuyn X, X, ..., X,
TU3UM YU3UKJIU OOFJIAHTaH.

by teopemanaH Kyiiuaaru HaThXa KeiquO uYuMKagud. Arap
Oupop BeKTOP/1ap TU3UMU YU3UKJIM OOFJIAaHraH KUCM TU3UMMUTA
ara Oyica, Oy TU3MMHHUHT Y¥3H XaM YM3UKJIM OOFJIAHraH Oy-
JTagu.

Yusukau 6omraHMaraH BeKTOpJAap TH3UMM YH3HKJIH 3PKJIH
TH3UM XaM 1e0 arananu. Lllynnai kwimb, arap X, X, ..., X € R
THU3UM YYYH Xap KaHOaH ylioy

X, +e, X+ . +c X, =0
KYPUHMILIATH TEHNIMKIAH ¢, = ¢, = ... = ¢, = ( TEHIIUK Ke-

Jub yukca, 6y TU3UM YHU3MKIU 3pKIM Oynand. PaBuiaHkwu,
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YU3UKIY 3PKJIM TH3UMHHUHI Xap KaHAal KUCM TU3UMHU XaM
YU3UKJIU 3PKIH.

R dazona 4YM3NKIN 3PKIM TU3UMIa MyXMM MHUCOJ KEJITH-
pamu3. E opkanm i koopauHaracu 1 ra Ba 6omka 6apya Ko-
OpAMHATajlapyd HOJIbIa TEHT OYJraH BeKTOPHM OelrwiaiMu3.
Yuiby

E =(1,0, .., 0
E = (0,1, ..,0)
E,=(0,0,.. 1)

BEKTOPJIap TH3UMU YU3UKJIHN 3PKIH. XaKuKara, ¢ E + ¢, E, +
+..+ckE =(c,c, .., c)6ymranu yuyd ¢ E, + ¢, E, + ... +
+ ann =0 TEHIIMKIAH ¢, = C, = ... = C, = 0 TeHrnuk xeaud
yikamu. E, E,, ..., E Bextopnap opriap naed aramanu.

R* na A Ba B Tusumiap Oepwirad OyiacuH. Arap A HUHT
Xap 6Mp X BEKTOpPH y4yH B HMHI WWyHIal 4eKIU KUCM THU3H-
MU MaBXyn 6yicaku, X BekTop Oy KMCM THU3UM OPKUIA YU-
3UKJIM udoganaHca, A TU3UM B TU3UM OpKAIU YH3HKJIH HPO-
JAJTAHYBYM JCHMWIANH.

2-teopema. Azap A musum B opxaau wusuxau ugooa-
aanca éa B muzum C muszum opxaau wuszuxau ugpodasanca, y
xoa0a A muszum C opxaaru wusuxau ugodaranadu.

Mc6or. Auunr uxru€puii X sekropu B HuHr 6upop {V,
vy YV} UEKJIM KUCM TU3MMHM OPKAIM YM3UKIU M(OAATAHANM:
X=aJV +..+al.

Xap 6up Y, Bexrop C naru 6upop {Z,

13 e Z;p} YeKJIM KUCM
i
TU3UM ODKAIIM YM3UKIU HPOonaiaHalu:

'l

Pi
j=1

by TenrmukinapHu X HUHr udopacura Kymucak:
K Pi
X=2XalXbZ;
j=1 \J=1

reurmukuau onamus. M
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R pa3ona 6upop A TU3UM OJMHraH OyiIcHH. Arap A garu
Xap KaHpa# 7+ 1 Ta BeKTOp YM3MKJIM, OOFJIaHTaH Ba-YHAA ¥ Ta
YU3UKJIM 3PKIIM BEKTOpJIAap KUCM TU3UMHM MaBXyl O6Vica, OyH-
nal r COHU A TU3UMHHMHT panrn aeiwiaau. YHU HA) opkaiu
oenrwnaiimMui. Hone BekTOpnapmaH ubopaT TU3UMHHHT paH-
TMHU HOJIbra TEHT J1e0 xucoOiaiMus.

Arap xap KaHaa# m HaTypal COH YYYH A Ja m Ta YU3HKJIU
3PKIM BEKTOp MaBXyl 6yica, OyHOaait A TYIUIAaMHMHT paHTH
YeKCH3 aerwianm Ba r(A) = o« KypUHHUINKIA €3aMH3.

A THU3UMHMHT PaHIH ¥ ra TeHr OyJICuH. A naru UXTUEPUN 7
Ta YU3UKJIU 3PKIUH BEKTOp A HUHT 0a3ucu AeHuIanu.

3-treopema. A musumnunez panzu r 2a mexz 6yacun. Y
xo040a A odazu uxmuépuii eéekmop yndazu uxmuépuii 6azuc op-
Kaau A20Ha ycya buaan wusuxau ughodaranaou.

McboT. Anavxruépuii {B,, B,, ..., B} 6a3uCHM Ba UXTU~
€puit X BEKTOpHM onaMu3. Y xonna {B,, ..., B, X} TH3UM
YU3UKJIM OOFJIAaHraH, ssbHU KaMuja OupHM HoJbJaH (apKiu
OyaraH wyHpau c, c,, ..., C,, ¢ COHJIAp MaBXYAKH,

¢,B, +c,B,+..4c B, +cX =0.

Arap ¢ = 0 6yica, y xonaa c B, +.. +c, B, =0 6ynub, c, c,
..y €, COHJIADHUHI MYMIa KamMula OUpU HONBAAH (apKiIu
0ynapau, seHu B, B,, ..., B, TH3MM YU3UK/IU4 60FNIaHraH 6yrap-
au. by aca mauMHuHr 6a3uc 3KaHJIUTUra 3. C[IemaK c#0.

BYHFaCKypa I0KOpUIArd TEHIMUKAaH A =--% 2 B, -

"---"?’ r TCHIJIMKHU ojlaMu3. by OunaH xap KaHnam X BEK-
TOPHUHI 0a3UC OPKAIU YHU3HKJIUM UoNaTaHUIIM KYPCATHIIIH.

3HAU X BEKTOp MKKH XWI ycya OwiaH 6a3uc opkaim udoga-
NaHraH oyncud: X=a B +a,B,+..+aB, X=5bB + b B, +
+ ..+ b B. by TEHIIMKIApHUHT OUPUHYUCHIAH MKKHUHYM-
CUHHM alupub, ymody

(a, — b,)B, + (a, — b,)B,+..+(a, —b,)B. =0

TEHITIMKKA KejlaMu3. byHaaH 6a3suCHUHI YU3HKJIU 3PKIIMWIH-

rura acocaH a,—b =a,—b,=..=a — b =0 HU, AbHHU
a=b,a,=b, .. a=>b TeHNUKIApDHU OJAMH3.
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4-reopema. R" da émysuu A sa B mynaamaap bepuszan
6yaub, B nunz panzu S 2a menz 6yacun. Azap A muzum B op-
Kaau wusukau ugoodaranca, y xorda A dazu xap kauoai
(8 + 1) — ma eexmop uusuxau 6okranzan, asuu r(A) < S.

UcoboT. Teopemanu S 6yitnya MaTeMaTUK UHAYKLIMUS YCY-
au 6wian ucbornaimus. A tyiwiampa uxruepui {C, ..., C}
YU3UKJIM 3PKIM TU3MMHU Ba B tusuMpa 6upop {D,, .., D}
6asucHU onamu3. Y xonna 2-a 3-teopeManapra acocaH C),
C,, ..., C sexropiapuu {D,, ..., D} ba3uc opkanu udonanami
MYMKHH:

Cl=alD1+...+a D

1s77 52

C,=a,D, +..+aD 1)

257782

----------------

TeopemaHu ucOoTIall YYYH r < .S TEHICU3JIMKHHU HUCOOT-
Jam Kugos.

Arap B TusMMHUHr paHru S = 1 6yi1ca, y xonua C, C, ...,
C BexTopiap YM3UKJIM 3PKIM 6¥iraHu y4yH (1) TeHIIMKIAp-
JaH r < | TEHICU3JIMKHH OJIaMUu3, TbHU TeopeMa S= 1 yuyH
YPUHJIM. DHIOU TeopeMaHH paHry S — | 6yirad xap Kangai B
TYIUIaM YYyH YpuHIU OyicuH ned ¢dapa3 KuwiaMmu3. Arap (1)

TU3UMIA @, = a,, = ... =a,_= () 0¥;ca, y X0/iAa paHru r ra TeHr
6ynran {C,, ..., C} Tu3uM panru S — 1 ra TeHr 6yurau {D,, ...,

D __,} Td3uM OopKanu YM3MKIM HponataHapau. by xonna uH-
JyKUus 6yitnya dpapasuMusra acocanr < .5 — 1. bynmanr < §.
OHIM 4 ..., a,,KO3()DULIMEHTIADHUHT OMpOpTACH, MacalaH
a ., HOJbAaH (hapkiau 6yiaran xoiHu Kypamus. by xomaa (1)
HUHT OXMpru TeHmMruaad D uu udonanad onamMus:

p=21c -%p- -Slp

rs Qs

by udonanu (1) aaru xonras (r —1) Ta TEHIIIMKKa KyHUO,
yXiiam xajurapHu HMFM0 yMkamu3. Hatuxkana Kyiuaaru TeHr-
JIMKJIAp TU3UMUHU OJIAMHU3.
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C=32C, = byDt.. b, D, ,,
Cy =2 C, = by Dby Dy, )

C,,—222C _b_, D+ .4b,_, D,

r—1 r
Ay

by TeHrIMKIIap TU3UMM YILLOY

{c; =C,...C! =C -Eczl_ac,}

™ r-1 r—1 a’s

BEKTOpJIap TUBUMHUHUHT {D,, ..., D, |} BeKTOpJIap TUIUMHU OpP-
KU YU3UKIU UOJATAaHUIIUHM KYpCaTaau.

Cf,...,C}_I BEKTOPJAPHHUHT YU3UKJIM 3PKIM 3KAHIUTUHU
KypcataMu3. XakukaTaH, 6upop A,,4,,...,A _, COHJIAp YYyH
MC} +2,Cy+. 44, ,C' =0 TeHDHK YpUHIHM GF1cuH, neb6 da-
pa3 KWwialiMk. by TeHI/IHKKa C} BEKTODJIApDHUHT U(}OaaCHU-
ot KA (G, -2 C b Gy = 0.

,, \

Qs

bynpan yxmam xamiapHu HUFHO

AC, + A,Cp+.. 42, _C,_, - C =0

A, 4, +A, %=l
Ay a

s

TEHINIUKHU onamu3. C, ..., C BexTopiap YU3MKJIU 3PKIH
OyJraHu yuyyH OXMpPru TeHIJIMKOArd 6apya KoadpopuuueHTIap
H?JIbI‘a TeHr. Xycycan A,=A4,= ...= 41, _, =0. by 3ca
C,,...,C}_, BEKTOpJapHMHTI YU3UKIU IPKIU IKAHIUTUHHU

L

K)“rpcaTa,unl. Lynpan ko, (2) TEHDIMKKA acocaH paHry r — |1
ra TeHr G6yiaraH {Cll,...,Ci_l} TH3MM paHru S — 1 ra TeHr
6ynran {D,, ..., D _,} TU3UM OPKaIM YM3UKJIM MOJaTaHALM.
byHnaH uHAyKUmMSHUHT ¢apaszura MyBopukK r— 1< 85-1,
AbHU 7 < § TEHICU3INUK KeIUO YUKanu.

l-natuxa. R ¢azonunz paneu n 2a mene.

Mcoor. Xakukarad, {E, .., E} oprjap TU3UMH YK-
3UKJIM 3PKIM OYITaHU yYyH Oy TUZMMHHUHI PaHTH # ra TEHT.
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MkkuHYy TOMOHIAH OopTiap TH3MMHU OpKaId R’ Aaru HUXTH-
epuit (C|, C,, ..., C)) BeKTOp YU3UKIM UDOJATAHIAHU YUYH
(¢, C, ..., C)=CE + CE + ..+ CE . HWcboriaHraH Te-
opeMara acocaH M R*)< n. by optiap tusumu R" na €rraHu
yuyH r(R") = n.

2-HaTuxa. R" daeu xap kanodaii A Kucm mynaam yvyH
HA)< n.

Ucb6or. A KucM TyiiaM R°pa €rraHd yuyH R’ opKanu
YU3UKIU UPoaaTaHAOH.

l-HaTikara acocan N R')=n. byHnan Ba 4—TeopeMmanaH
HA) < n TEHICU3JIUK KEJIUO YUKAIH.

3-Hatuxa. R da émyseuu A 6a B muzumaap bepuszau
6yacun. Aeap A musum B opxasu wuzuxau ugodaranca éa B
muzum A opkasu yuszukau ugodaranca, (A) = n(B).

Uco6orT. 2-Hatxara Kypa, H{A)< n Ba N B)< n. byHnan
Ba A TU3UM B opKanu YU3UKJIU UPOHATAHTAHU YyUyH 4-T€O-
peMara acocaH HA)< HB). lllynra yxmamw HA)= r(B). lemak
nA) =nB). M

15-§. MATPULTAHUHT BA YU3UKJIA TEHIJIAMAJIAP
TU3UMHAHHUHI PAHT'H

A€ M _ martpuuanunr A, A%, ..., A" yCTyHJIapuHU S-YI4aM-
JIM BeKTopaap Ae6 KapaiiMu3. A MAaTPULAHHMHT YCTYHJIApMIaH
nbopar OyiIraH BeKTOpJap TU3MMMHMUHI paHrura A MarpHua
YCTYHIAPHHMHI paHrd Ae6 atanajau. YHU KUCKAIUK YYYH ry(A)
opKaiu oenrwiaiiMui. PaBiuaHku, ry(A).<, n.

Yoy

éla,kxk = b, (i =], s) (d)

TE€HIJIaMajap TU3MMHUHUHT €YUMMH MaBXYyUIUIU MacajlacUuHU
TeKIUUPHUILTA YTaMU3.

Aec Mm MaTpuua 6epuwiraH (a) YM3UKJIMA TEHIJIaMajlap TH-
3UMM HOMabJIYMJIAPUHHUHT KO3 (PULKMEHTIApU MATPpULIACH Ba

A'eM 3ca (a) TH3UMHHUHT KEHraUTUPWITraH MaTpuuacu

sn+ 1
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OyCcuH. l_S_y MaTpuLasap yCTYHJIAPUHUHI paHrjapu y4yH
r(Asr(A)sn+1.

l-reopema (Kpounekep-Kanennu). bepusrean
(@) wuszuxau menzaamaasap muzumunune bupeaiuxda 6ysuwu
YHYH ry(A) = ry(A 1) meneauxnune 6axcapusuwmu 3apyp éa Ku-
doa.

U cHoT. bepuirad (@) TM3SMMHMHT 0304-XaliapuaaH ubo-
pat 6yarad [b,,b,, .., b ] ycTyHHU B opKanu 6enrunab, TH3MM-
HU KYWUIArU BEKTOp KYpHHMILAA €3U0 OJaMMU3:

xA'+ x,A + ... + x A" = B. ®B)

bepwiraH (a) TM3uM Oupranukaa 6yiacuH aed papa3 Kuram-

JUK. Y xonnga 6yHaaH Ba (8) ugonagaH B BeKTopHUHT A', A2,

, A" BEKTOpJIap OPKAJIHM YM3HKJIM H(poAaTaHUIIKN KeJIUO 4YM-
Kagu. {A', ..., A"} TU3UMHUHT paHrd r ra TeHr O6ynuo,
{A"(1 , ...,AK'} YHUHT UXTHEPHMIT 6a3ucH 6yicuH. Y xonma 2-§
jJaru 3-teopemara Kypa, xap Kannai A’ sekrop 0y 6a3uc op-
Kai udonaraHaou. Jlemak, B Bekrop xaMm Oy 6a3uc opKaiu
udonanananu. by {4, ..., A*, B} Tusumpaa xap KaHpaii r + 1 Ta
BEKTOPDHUHT YU3UKJIU OOFIMKJMIMHMU KypcaTaau, SITbHU
r(A) = r(A 1) TEHITUK VPUHJIIM.

E)H,rm r(A) = r(A ) TeHrnmuk ypuHiau 6yiacuH ned ¢apas
Kunannux BYHIIaH {A!, ..., A"} TU3MMHUHI HUXTUEPUH
{A’“, ...,AK’} 6asucu {4\, ..., A", B} TH3UM y4YyH XaM 6a3uc-
ury keaud yukanu. byHpaH 3ca B BeKTOpHUHT {A!, A2,
A"} TA3UM OPKATIM YM3UKIM HomaTaHUIUM Keaubd YMKaau.
by (8) TeHrnamanu Ba Aemak (@) HM XaM KaHOATIAHTUPYBYHU
HOMABJIYMJIADHUHI KUMMATJIapd MaBXYLIUTHHH KYpCcaTaau.

bupranukna 6yaras (a) YU3UKJIN TEHIJIaMalap TU3UMU YUYH
UCOOTIaHTaH TeopeMara acocaH r(A) = r(A ). By conra (@)
YU3UKJIIM TEHIJIaMaJap TU3MMUHIHT paﬂm aeiMu3 Ba {a) op-
KaM 6enarwianMui. Paswanku 0< H{a@)< n. Xycycad Ha) =0
6ynraHga Ba ¢akar my xoagardHa TeHDIaMalap TU3MMHHHHT
6apya Ko3(pPULMEHTIapU Ba 0304 Xa[Ulapd HOJIbra TEHT.

2-teopema. Bupzaruxda 6yrzan (a) uuzuxau menzaa-
manrap musumununz axux 6yauwmu ywyn r(a) =n 6yasuwu 3apyp
ea kughos.
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Ucbor. bupranukna 6yarad (a) TH3MMHUHI aHUKJIUTU-
naH (8) MyHocabarra acocaH B BEeKTOpHUHT A!, ..., A" yCTyH-
Jlap OpPKAIH AroHa ycyiana udonaraHumy Keauo yukaau. byH-
jaH Al, ..., A" BEKTOpJap TU3UMUHUHT YU3UKJIMU 3PKIWIMIH
Kenub YUKMIIMHY KypcataMu3. XaKukaraH 6upop ¢ A + ... +
+ C A" = (0 KYpHHUIUMIATY TEHIIUK YpUHIHM 6YicuH neb da-
pa3 Kunaiauk. by TeHraukHu (B) TEHrJIMKKa KYywuo,
(x, + C)A + ... + (x, + C )A" = B TeHrIMKHHU ojnamMu3. Oxup-
T TEHIJIMK KYypcaTaauKH, arap (x,, ...X,) BEKTOp (a) TH3UM-
HUHT eyuMu Oyica, (x, + ¢, ..., X,+ ¢,) BEKTOp XaM €4YUMIUD.
EYMMHMHI AroHamurigad x, + ¢, =X, .., X, + ¢, =X TeHT-
JTMKHU ofamu3. by tenrmuxmapmad ¢, =0, ..., ¢, =0, gbHU
Al, ..., A" BeKTOpJap TU3UMU YU3IUKIU BpKiIHU. deMak
Ha) = ry(A) = n.

AkcuH4a, Ha) = n 6yincuH. Y xonna {A', ..., A"} BeKTOpaap
TU3UMU YU3UKJIA 3PKIU OVnuo, {4}, ..., A", B} TU3UM 3Ca 4H-
3UKJIM OornaHraH. byHnaH B BektopHunr A, ..., A" TH3UM
OPKaJM siroHa ycyijaa .uMdonalaHUuIIMd, STbHHU (§) TU3UMHHUHT
SITOHA €YUMH OOpJIMIHU KeIAHO YHUKAIM.

HaTtuxa. Azap n ma nomasaymau S ma 6up xcuncau yu-
3uKau menzaamanrap muzumu yuyn S <n byaca, 6y musumMHune
HONbOAH Papkau evumu mMasxicyo.

Mcobor. bepwirad (a) 6Up XUHCIM TUIUMHUHI BEKTOD

KypuHummaara (8) redraamacuna B =0 6yiau6, y ymoy

x A+ 4x,A" =0

KYpUHMILTa Kegaau. by reHrnamax, =0, ..., x = 0, SbHHA HOJIB
eyuMra a3ra. JleMak, OUp XHHCIM TU3UM JOUM OUpraiuxia.
Tusumaa TeHrIaMaJlapHUHT COHU S Ta OYJIraHu y4yH yCTyH-
jgap S - ynmyoBau Bexkropiaapaup. byHnan Ba 14-§ 4-reopema-
HUHT 2-HaTwkacuaaH (@) TM3UMHMHI paHTH Y4yH Ha) < §
TEHICH3IHK KeJu6 yukanu. by Ba S < n TeHrcusnmuknaH Ha) < n
TeHI'CH3JIMK Keaub yukaau. OXupru TeHICU3auK 2-TeopeMara
acocaH (@) TH3UM e€4YyuMJIapd COHMHHMHI OMTTanaH OPTUKJIU-
r’MHM Kypcatagu. [Jdemak (a) TU3UMHHUHI HOJBJAH (apKiu
eUMMHU MaBXYy..

by maparpadparu teopeManap MaTpula YCTYHJIApUHUHT
PaHI'MHU XucoOJanl MacajacH MyXMMIMIHHH Kypcataau.
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A€ M _ MarpuUaHMHI caTplIapvMHM A-YIIYOBJIM BEKTOpJIAp
1e6 Kapall MyMKHH. A MaTpULAHMHT caTpiapuiaH ubopar
OyaraH BeKTOpJap TU3UMMHHUHI paHrura A maTpHua carpia-
PHHRHT paHry 1e6 aTanaad. YHU KUCKAIUK YYYH 7,(A) OpKaiH
bexrunaitmus. PaBwanku r, (4) < S.

KelnHru naparpadna xap KaHma A Marpulia y4yH
ry(A) = r(A) TEHIVIMKHU KYypcaTaMHW3 Ba MaTpULIAIADHU 3JIe-
MEHTAp AIMALUTHPHILI €pAaMUa PaHIJIApMHU XHcobaam ycy-
U OWJIaH TaHWUILIAMU3.

16-§. MATPULIAJIAPHUHI DJIEMEHTAP
AJIMALITUPUIIIJIAPH

Hkkuta A B€ M, marpuuanap 6epuirad GYJICHH.

Arap A marpuuaga MKKWMTAa CATPHHUHI YPHM aJMalUTUDHU-
JIMIUY HaTMXKacHaa B MaTtpuua Xocwl KWiMHca, B Matpuua A
JaH carpaap yctiaa (I) Typ sneMeHTap anMAIITHPHIN HATU-
Xacujga XOCHJI KUJIUHraH jgedwraau. by O6uiman o6upop
fiM - M akc 3TTUpUIU aHUKJIaHIH.

Arap A MaTpULAHUHT GUPOP CATPUHM GUPOP COHra KyTaii-
TUpHUO, Bomika OUpop carpura KYIHII HaTHXacuga B MaTpu-
La XocWJ KWwinHca, B Marpuua A naH carpaap ycruaa (II)—
TYP 3JIEeMEHTAp AJIMAMTHPHII HATHXACHIA XOCHJI KWIMHTAH
nenunaau. by 6unan xam 6upop f: M, - M, aKkc 3TTHpUIL
XOCWJI KWIHHIH.

by tatpudnapra yxwam Marpuua ycrywiaapuuuar (I) sa
(IT)-Typ 371eMeHTap anMamMITHPHUUIAPY TabpUEIaAHAIU.

l1-treopema. Campaap (ycmymaap) ycmudazu xap 6up
fiM Wi M L, JMeMenmap aamawmupuus 6uexyus 6yaub, yHumne
meckapucu f': M > M xam campaap (ycmynaap) ycmuoa
anemermap asmawmupuuioup.

1 ¢ 6 oT. ®apa3 Kwiaiutuk, f— carpaap ycruaa (I) Typ ane-
MEHTap aIMawTUpUIl O0ynub, uxTuepun A mMatpulaga, Maca-
JIaH p- Ba g- CAaTPJAPHMHI YPHUHU ajJMalITHpULLIAAH ubopar
oyincun: f(A) = B. Arap B Marpuliaja ssHa p- Ba g- caTpiap-
HUHI YPHUHMU aJMAIUTHpPCaK, Y Xojga A MmaTpulara Kamra-
Mu3, seHU A = f(B) = f(f(A)). by f-f— OUpIMK aKCIAHTUPHUILI,
AbHU [ HUHT T€CKApUCH f HUHT ¥3u O6Y1ub, y 3JeMeHTap ai-
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MalUTUPUIL 3KAHJIUIMHU K¥pcaTaau. byHOoaH xycycaH f HUHI
OMeKLMs 3KaHJIMIU XaM Kelub yuKamu.

OHmM f— carpaap yctupa (1) Typ sneMeHTap ajiMalluTH-
pull oyacuH: f(A) = B. Y xonpa f akCIAHTUPHUIL UXTHEPHUH
A= (aﬁ) MaTpuuara Kyiugaruya tabcup Kwianu. UlyHpait p
BA q (1 <p, g=<.5) xampa h € R coHnap MaBxyiaku, A Ba B
JApDHUHT p—caTpjaaH 6ouka 6apya carpaapd O6up xuia Ba B
HUHI p -CaTpU 3ca A HUHT p- Ba g-caTpjiapd OPKAIH

b, =a, +ha, (k=1,n)

p

¢dopMyna Oyiinya oxuHanu (SbHU A HUHT ¢-CaTpu h COHMra
KYIMauTUpWINO, p-caTpura KYIIWIIH.

Arap xocun 6yarad B Matpuuana 0y MaTpMLaHUHI g-CaT-
pUHM (—hA) COHMTIa KynmaWtupub, p-caTrpura Kyuicak, A mar-
punara Kairamus: g(B) = A. Kypamusku g: M__—> M__axc ot-
TAPMIL f ra TECKApHU Ba y XaM carpjap ycmna (lI) TYyp aa-
MawTupuiugup. byHaaH fHUHT OUeKLUsS 3KAHJIUTY XaM KeJluo
YUKAIH.

YCTyHNap y4yH TeOpeMaHHHI UCOOTH LUyHra yXIuaul.

G (s X n) opKanu caTpjiap YCTHIArd 3JIeMEHTap aJIMAIlUTH-
PWIMLILUIADHUHI MYMKMH OVyiaraH ©apya 4ekiu COHOAaru KOM-
MO3ULIMSUIapUAAH uOopar TYIUIaMHHM OenrwiaimMu3. Xap Oup
f: M - M , DJEMEHTAp AJIMAIUTHPHIL ouexuusi O6yIraHu Ba
6Mexun5{napHHHr KOMITO3ULMACH OueKuus OyiraHd y4yH
G (s X n) TYIULIAMHUHT JIEMEHTIApU XaM M , HUHT Y3UHMU y3Ura
bueKuusUIapyuaaH udopar.

2-teopema. G (s Xn) myniam OueKyuslapHuHz Kom-
nouyuacu (AsHU IAeMEHMap aiMAuMUpUWAAPHUR2 Kemma-
Kem Gaxcapuaumu) amaiuza Rucbaman zypyxnu xocua Kusaou.

McboT. AKC 3TTUpMIILIAp, XyCyCaH, OMeKUUsUIap Y4YYH
acCCOUMATUBIMK KOHYHU VpuwHau (3-§, 1-treopema). [lemax,
yJIap YYYH YMyMJIalraH acCOIMATUBIMK KOHYHHU XaM YpUHJIU
(9-§, 1-teopema). byHra xypa ajeMeHTap aiMallTUpULLIAD-
HUHT MKKUTA f, - f,...f € G(sXn) Ba g '8,...8€ G(s Xn)
YEKJIH KOMIIO3MLMANapHUHT (f, - f, ... f )(g,8, ... &) Kymaur-
MACHUHHM XaM f, * f, ... [, &8, ... & KYPHHHUIIAA, STbHU 3JIEMCH-
Tap aJIMALUTUPUJIMILUIADHUHT Y€KJIM COHJAArd KOMIIO3ULUACHU
KYpUMHUIIMIA €31l MyMKHMH. [leMak
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f, Sy S g8, ...8)E G(s Xn).

G (s X n) na accouMaTUBIUK KOHYHMHHMHI OGaXapHIIMILH
YHUHT TYIUIamjap akC 3TTUPULLIAPUHUHT KOMIIO3MLMACH YIYH
DaxapWwIMIIMAAH KeIub YUKaIM.

Arap M_ uuHr (1) popmyna 6unan 6epwiran (II)-Typ an-
MaIITHpHIIMAA h = 0 1e6 oJicak, TYIUIAMHUHT GUPIUK aIMalli-
TUPHUIUMHU ogaMu3. byHnaH M, HUHT GUPIMK aIMaIITHPU-
v G (s X n) ra TETMUUIM 3KaHJIUTUA Keaud 4uKaau.

OHAU UXTUEDHH /| - f, ... [ € G (s X n) 3]1eMEHTHHA OJIAMU3.
by epaa xap Oup f, 31eMeHTap aaMalUTHPUIL OYIraHu Ba Xap
OUp 2JIEMEHTAp AJIMALUTHPUILra TeCKapu aJiMalITHPHUIL MaB-
Xyn 6ynub, y XaM 3JIeMeHTap aaMalUTHPHII OyiraHu cababau

it i K EG(Sx n). By anement f, - f, ... f, ra Tecka-
pyd. XaKukKaTaH ywoy

(fn:l ) ,;_llfi_l)(fi fzfm) =

RN

KYITaWTMa aCCOUMATUBIMK XOCcacura Kypa OUpIUK 3J1eMEHT-
ra TEHT. :

by 6wnan G (s X n) HUHT TYPYX 3KaHJIMIU KYpCaTWIIH.

G (s X n) typyx Oy acrupa G (M, ) rypyxaa catpJapHMHT
6apuya 3JeMeHTap AIMAIUTUPULUIADH XOCHI KWITaH KUCM Ty-
PyXaup.

[llyHra yxwaiu ycTywiap yuyyH Gy(s X n) rypyx XxaM KMpH-
THJIAIH.

Hartuxa. A, BEM_ mampuyarap bepunzan byacun. A2ap
A mampuyadan B mampuyaza campaaphunz (yemyHaaprund) vek -
AU COHOAzU INeMEeHMAp ANMAUWMUPUWIAADY OPKAAU YMUWL . MyM-
Kun 6yaca, y xonda B dan A 2a xam uekau condazu 3nemenmap
anMaumMupuwAap opKatu Yymut MymMKUuH.

Mcb6or. Papas kunaiinkK, A JaH B ra caTpJapHUHT f,
f,_y » J, 31EMEHTap aNMaIITUPULLLIAPY OPKATH YTUIL MYMKHH
oyiacuH. Y xonna

LU (f, (A) = B,
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ABHHU

. - £, f.) (4 = B.

l-Teopemara acocan f' ..., f”' Jap xaM 3jeMeHTap ai-

MalTypuuuiap 6yaub, 2—Tteopemara acocaH

(fo' S T)B)= A4,

seHU f71 - £, £~ aneMeHTap alIMalUTHPHILUIAD OPKAJH
B paH A ra yTuin MyMKHMH. YCTyHJIAp yYyH MyJOXa3a LIyHra
VXuiaru. :

3-teopema. Mampuua campaapununz (ycmynaapununz)
panzu yHuMe campaapu (ycmyHaapu) ycmuda “eKau COH Map-
ma 31emeHmap aamawmupuuaap 6axcapuitzanoa yzzapmaiiou,
avhu G (s X n) eypyxnune ( G (s X n) eypyxHunz) mascupuza Huc-
b6aman uneapuanmoup.

Hcbor. A€ M, MATPHLUAHHMHT CaTpjiapd YCTHAA UXTH-
eput f, £, ... [, 3JIEMEHTAp AIMAIITUPHUILIAP GaXapwiraH
oyncun: (f, ... f)(A).

Yoy

r((f, - SI)A) =r(A)

TEHINIMKHU MCcOOTIAaluMMuU3 Kepak. [lacTiaab Oy TEHIIMKHH
k =1 xoina ucO6oTIANMU3.

A HUHT caTpjapH yCTHJIAa UXTUEPUH f 3JIEMEHTap ajlMall-
TUpHUIL GaxapwiraH OyiacuH. Arap y (I) Typ ssemeHTap ain-
MalmTupuil 6yiaca, y xonga A marpuua ounaH f(A) Marpuua
Oup xun caTpiapra ara 6yiaraHu yuyH (yaap ¢akaTruHa carp-
JIADHUHT YpuHIapu OwiaH ¢apk KWIraHU Y4YYH) YIapHUHT
paHrnapu TeHr r(A) = r(f(A)). Arap A ra (II) typ f anemeHTap
aIMalUTHPHUIL TAbCUP KUJITaH Oyica, y xoinga A na wyHian p
Ba g carpijap MaBXyIkKHu, A OwiaH f(A) JapHUHT p-caTpjapu-
JaH 6omuka 6apua carpaapu 6up xui Ba f{A) HUHI p-caTpu A
HUHT p- Ba ¢-CAaTPJAPUHHMHT YM3UKJIU KOMOUHAUUACHAUD.
Hemak, 6yHnaH 14-§, 4-reopemara kypa r,(f(A)) < r(A). Vk-
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KHHYM TOMOHJaH 2-TeopeMara Kypa f ! maBxyz Ba y XaM (1)
Typ 3JIEeMEHTap AJMALUTUPHUIUAUD. YHUHT YYYH IOKOpUIAru
MyJioxasajapra acocaH r(f~!(A)) < r(A). Arap Oy TeHICH3NMKa
A cudatuna f{A) maTpuua ojMHCA:

r(A) = r((f(A) = r((A).

byHnaH Ba 10KOpMIary TEHICU3NIHUKIAH 7 (A) = r (f(A)) TeHr-
auK oauHaau. by 6wiaH teopeMa xk = 1 na ucOOTIAHOU.

JHIM TEOPEMaHU K —1 3JIeMeHTap aJMAalITUPUII YYYH
ypuHIu 0ed dapa3 KUIaIMK. Y Xojja TeoOpeMaHUHT kK = 1
Ba K —] y4YyH YpUHJIWIMIWIA ACOCaH

r(0 .- LY A)Y=r( . _,--f,(A)) =r(. _,../,(A) =r(A).

YcryHnap y4yH TeOpeMaHUHI UCOOTH IIyHra yXIuail.

Ky#iuaaru MKKMTa xoccara 3ra 6yjarad mMarpuuara carpJa-
pura (ycryniaapura) HucOaTaH 3MHanos mMarTpHna AeHIagu:

1) Arap i- carp (ycTyH) HoJU1apaaH ubopar 6¥ica, y Xonaa
(i + 1) -carp (ycTyH) XxaM HoJUIapAaH uOopar.

2) Arap marpuuaHuHr [ - Ba (i + 1)- carpiapuHuHr (yc-
TYHJIAPUHUHT) Xap Oupupa HoablaH ¢apKjaud 3JeMeHTJIap
6ynub, i - carpaaru (ycTyHaaru) yamaaH (IOKOpuaaH) OMpHH-
uu (hapKJIM JIEMEHT /m, - paKaMJIM yCTyHaa (catpaa) Ba (i + 1) -
carpaard (ycTyHOard) vamnjaaH (OKOpPHIaH) OUPUHYMU HOJIb-
AaH apkyiu aj1eMeHT m, - (carpna) yupaca, y xoiana m, <m,
TEHICU3IUK YPUHIIH.

XycycaH, HOJIb MaTpulla caTpjapdra HUcO6aTaH XaM ycC-
TYHJIapUra HucbaraH xaM 3UHAIos MaTpuLlagMp.

Kenrupwiran tabpud carpiapura (ycTyHJiapura) Hucba-
TaH 3UHAMOA MaTpvLaja HojdaH ¢apkiu carpiaapaard (yc-
TyHJIapJaruv) yamaad (I0KopuaaH) OMpHHYM HOJbIAH PapKjiu
3JIEeMEHTAAH yarjgarud (10Kopuaary) Ba nactaary (YHraard) ase-
MEHTJIaD HOJIbIA TEHT OVIMIIMHU KYpcaTajM.

Carpnapra Huc6aTtaH 3MHaod MarpuLaiga HOJIbJaH (apkK-
M carpiap r Ta O6yiacuH. Y Xoiaaa Oy carpiapra Moc OyiaraH

m;, m,, ..., m_DaKaMJIM YCTYHJIaDHU caTpJjlapra HucbaraH 3u-
Halos MAaTpUMUaHUHr Oom ycTyHaapu aeimMui. Catpiapra
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HMcOaTaH 3MHAIOs MaTPUUAHUHI Tabpudura Kypa 1 =m <
<m<.<m=<n .

4 -Teop ema. Xap xanoaii mampuuanu campaapHune (yf
MYHAGPHUNZ) YeKAU COHOA2U INeMEHMApP AAMAUMUPUWAApU €.
damuda campaapea (ycmyHaapea) Hucbaman 3uHanos mMampy
uaza auAaGHRmMupuil MYMKUH. r

Ncbot Hxru€puit 4 € M, MmaTpuua depunrad O6yicud.
TeopeMaHnwu S caTpJapHUHT COHMU OyiiMya MaTeMaTUK MHAYk
uMs ycyjau OwiaH ucOoriainMu3. Arap marpuua ¢pakar ow
carpaaH ubopar 6yica, y carpiapra HUcOaTaH 3UHANOS Mu
puua oynanu. Iemak S = 1 0yiaca, TeopemMa YpUHIIM.

IHaU S = 2 X0NHU KypamMu3 Ba TeopeManu (.5 —1) Ta catpam
MaTpuUajiap yuYyH VpuHIHM ae6 ¢apa3 kunamu3i. Arap A Mart-
pMUa HOJIb MaTpula 6yica, y 3MHAIOs MaTpULA.

A HonpJaH (apKIu MaTtpula 0yICHH. Y XOJIAa YHAA HOIb-
JaH ¢dapkjad 371eMeHT MaBxyn. JeMak MaTpuliaga HOJbIAH
¢dapxJii ycTyH MaBXyA. bupunun HonbaaH papkiiu YCTYH m, -
YCTYH Oyiub, yHaaru HojbpaaH QapkKjind 3JE€MEHT p - carpaa
€TcuH. bupuHYM Ba p - caTpiapHUHI YPHUHU ATMALITUPHUO
((I) Typ 3neMeHTap aJIMAIUTUPHIL), OUPUHYM CATPUHMHT M -
YCTYHUAA ETYBYM 4y, SJIEMEHTH HOIbAAH (HapKIn oyJaraH Ky-
Hujgard MaTpuuara KejlaMus3:

/ '
0.9, ,

A = | 0Bty

................

— a;
Arap xap Oup k =2 S Yy4yH OMpUHYM CAaTPHU _aik:h) COH-

ra Kynmautupuo, x—carpra Kyucak ((II)—Typ snemeHrtap ai-
MAIUTUPHLLIAP), KyWUAard MaTpuuara KejJlaMHu3:

0..0a,, -9,
A" = 0.00 .. g,

..................

www.ziyouz.com kutubxonasi



OHmM A" MaTpumaga OWMpMHYM CaTpHU TamLiab, KoJraH
—1 carpnappad ubopar Marpuuanu C opkKaiau Oenrwnai-
u3. by C MaTpULIaHHHT GUPUHYM 7, Ta YCTYHU HOJIbIA TEHT.
- C marpuua S—1 ta carpra ara 6y,iraHd y4yyH YHIra MaTeMa-
'K MHAYKUMSHUHT (apa3suHH KYJU1ad, YEeKJIM COHIarv aje-

MEHTap ajJMalUTUpULLIAp €plaMHuaa caTpjapra HUcOaTaH 3U-
HaMOA KYypHHULIra 3ra 6yiarad D marpumara KeJTHpUL MyM-
~#i. C ycTHJATHM CaTPJIADHUHT 3JIeMEHTAp ajiMallTHUPHIIUIADU
»TITMAaTPULIAHUHT XaM 3JIEMEHTap ajJMallTUpHuLIapu O¥i1uo,
~ufina OUpUHYM caTp Y3rapMaiau. Xocwit 0yiaran D maTpula-
AMHT XaM OMpMH4YM m, Ta yCTYHU HoJUIapaaH ubopar Oynanu.
D MatpuuaHuHT HOJIbAAH $apkKiau r—1 ta catpu 6yi1ub, Oy
carpjlapaard HojblaH ¢$apkin OUpUHYHM 3JIEMEHTIap MOC pa-
BULIAA m,, ..., m_YCTyHiaapaa €rraH 6yJcuH. Y xoiaa
m,<..<m - D MaTpMUAHUHI OGUPUHYU m, Ta YCTYHHM HOJ-
jlapaaH ubopar 6yaranu yuyd m, <m,< ... <m_. Haruxana
SUPUHYM caTpiaH nacrra D MaTpUUAHUHI caTpjapHu €3uca,
xocwi 6yarad § Ta caTpiaM Marpuua caTpijiapra HucOaTaH 3U-
Haros1 MaTpuua 6yauo, y A MaTpuliagaH YEeKJIM COHAArd 3Je-
MEHTap aIMALUTHPUILIAD OPKAIU XOCWJI KWJIMHIAH Oyiaau.
YcryHnap yyyH Teopema IIyHra yxumaliu McOoTIaHaIM.
S-reopema. Campaapea (ycmynaapuza) nucbaman 3u-
Hanosa mampuya campaapununz (YCMyHAGPUHUNZ) PAH2U HOAb-
Oan papkau campaapununz (ycmyHiapuHunz) conuza mene.
Hcbor. AEM, , Marpuua catpiapura HucOaTaH 3uHa-
rrost 6¥u6, r Ta HOJIbAAH GapKJIU caTpra 3ra Ba m, m,, ...,m,—
OOl YCTYHJApUHHUHT paKamIapu OVICUH:

........................

0......00......00....0 (2)

......................

by epna q,, # 0, Gy, * 0,...,a,, #0 — Honpnan dapk-
au carpiaap 6ynub6, 6upop ¢, ¢ ¢, COHJIAp Y4YYH

5— 2K Xoxcues 65
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oA + c,A,+.. +c, A, = 0 6yncun ne6 dapas kwiamu3. bynaan
TEOpeMaHM HMCOOTIAIl yYyH KOJIFaH caTrpjiap HOJb OyiaraHu
Ty$aiim ¢, = ¢, = ... = ¢, = 0 KeJu® YMKUIUMHMA KypcaTaMM3.
Arap r =1 6yinca, ymboy c,A; =0 TeHMIMKHU, THHU clalml =
=...=c¢,a,, = 0 TeHIMKIapHu oiamu3. byHnan g, =0
OynraHu yuyH c, =0 TEHIJIMKHM OjaMHU3. JHAW r — | xonxa
r—1 Ta HonbnaH ¢apxiau B, ..., B carpjapra sra Ba catpia-
pura HucbaTaH 3MHanos OyiaraH xap KaHaai B maTtpuua yyyH
¢,B+...+c,\B,_, =0 TEHDIMKIAH OOMM ¢, =¢,=..=c,_ =0
Keaub yukcuH ned ¢apas kunamus. YmobycA + ... +cA4 =0
TEHITMKIAH

‘31alm2 + Czazm2 =0

ooooooooooooo

TEHIJIMKIAp TU3MMHHHU onaMu3. byjrapHMHr OMpUHUYMCUIAH
a,, #0 6yaranu yuyH ¢, =0 TEHITUKHM ONlaMHU3 Ba
c,A, + ...+ cA =0 TeHrIMKKa Kenamus. A,, ..., A, carpiap-
HUHT y3M 7 — | caTpjM 3UHANOA MaTpHLA XOCWI KWITaHU Y4YH,
HHOYKuus apasura xypa ¢, = ... =c,=0. by Ba ¢, = 0 Tenr-
mKnap A4,, A, .., A caTplapHUHI YH3UKIA SPKIWIMTHHUA
Kypcaranu, sspHU 7 (A) = r.

4- pa 5-teopemanap OMpoOp Marpuua CATPJIAPUHHHI (ycC-
TYHJIApDUHUHT) PAHTHHU XHUCOOJAIl YYYH YHHM B3JIeMEHTap ai-
MAIUTUPULIUIAD OPKAJIM 3MHAMNOS KYPUHUIUTA KEJITUPUII KHU-
(posl 3KAHIUTUHU KYpcaTalu.

Arap A€ M _ xsagpar Matpuua 6yiub, guaroHan Kypu-
HMLITa 3ra Oyaca, S-TeopemMara acoCaH YHUHI CaTpJIApUHUHT
(YCTYHNAapUHHMHI) PaHTH HOJJAH (apKjId AMArOHAJI JIEMEHT-
JJApUHUHT COHMTa TEHT.

6-reopema. Campaapuza (ycmynaapuza) Hucbaman 3u-
Hanos mampuya yCmMyHAGpUHUHZ (campaapununz) panzu HOAb-
oan apkau campaapurnunz (yCmyHAGpuUHUHz) CORU2A MeEN2.

U c6oT. 3uHanos A maTtpuinia (2) KypuHMILTra 3ra OYJICHH.
Hospaan dapkim carpnap r Ta 6yaraid y4yyH YHUHT YCTyH-
JIApHUHM 7 -YI4aMJIM BEKTOpNap Aed Kapall MyMKWH.
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AT A2, A™ Oowl YCTyHJIAapDHUHTI YU3UKIHU 3PKIH
3KAHJUTHHM KypcataMu3. Papa3 KWIAIUK OUpop Cys Cps vees

¢, COHJIap YuyH ¢, A™ + ¢, A™ +.. +c, A™ = 0 oyiacuH. Y xonna

C81m t Cim, t.. A1, = 0
Oyt FC,a,, =0

ooooooooooooooooo

by epna Q) * 0, Ay, * 0,...,a,, # 0 6yaraHu yuyyH 5-Teo-
pemara yximai mynoxa3alapHy uuuiatub ¢, =c,=..=¢=0
TEHIIUKIAPHHU OJIAaMM3, SbHU A{"‘,...,A"" OOIl yCTyHJIAp YHU-
3UKIU 3pKid. byHnaH Ba 14-§ maru 4-TeopeMaHUHT 2-HATH-
>XXacura acocaH ry(A) = r 3KAHJIUTY Keaud YUKaau.

CaTpJapHUHI paHrd YYyH TEOPEMAHHUHT MCOOTU WIYHTa
yxmian. W

Hartuxa. Campaapuza (ycmynaapuea) nucbaman 3una-
nosa 6ynzaum xap Kawdai mampuya campaapuHuHz paHau YCmyH-
AQPUHUHZ DAH2U2a MeHe.

Mcob6oT. Arap carpirapura HucO6aTaH 3UHAIOS MaTpulia-
HUHT HOJbAaH (apkJM caTpjapd COHH r ra TeHr Oyica, y
xonua 5- Ba 6-TeopeMainapra acocad r(A) =r = r(A).

Arap B = (b,j JEM »MaTPHLIAHUHT dJIEeMEHTIapH 4 = (am )E

€ M, A MaTPUUAHUHT 3JeMeHTIapu GunaaH ywoly bij= »

(i =1ls,j= l,n) TEHIJIHKIap OwriaH GOFMaHraH Oynca, sTbHU
B uwnr B, B,, ..., B, carpnapu Moc pasuia A HUHT A!, A%,
.., A* ycrywnapura TeHr Oyiica, B Mmarpuua A ra HucOaraH
TPAHCHOHMPJIAHIAH JeWunanu Ba AT kabu OenruwnaHagu. Pas-
IWAHKH, Xap KaHaan A matpuua yuyyH (A)" = A, r.(A) =
=r,(A"), r(A)=r(A").

7-teopema. Mampuya campaapununz (ycmyHaapurunz)
Danzu mampuya mpaHcnoHupaaHzanoa y3zapmauou, AsSHU Xap
xanoaii P mampuya ywyn r(H) = r(H"), ry(H) = ry(F).

Ncbor. Uxruépuit HeE M_ wmatpuua oepuiraH sa H' —
YHUHT TPAHCIIOHMPJIAHTaHU 63“rJiCHH. 4-Teopemara Kypa carp-
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JIAPHUHT YEKJIHM COHAaru f, ..., f aIMalUTUPHUILIADU OPKAJIU
H uu catpnrapura HucOaTaH 3UHAIOSHU A MaTpullara KeJlTH-
puit MyMKuH: (f...f)(H) = A. Arap H HUHT caTpiapu ycTHaa
6axapwirad f,, ..., f, 3eMeHTap aIMaITUpUILIapHU H™ Mar-
PULIAHMHT YCTYHJIApH ycTUaa Oaxapcak, yCTyHaapura Hucha-
TaH 3WHamosi A® MarpHMuara KejlaMH3. 3-TeopeMara acocaH
r(H)=r(A) Ba r(A") = r(H"), 6-TeOpeMaHUHT HATHXKACHra
acocaH r(A’) = ry(A’). bynapnan

r(H) =r(A) =r(4") =r(4") =r (H’).

LlyHra yxmam r (H) = r(F) tenmuk ucbormanany. M

Hatuxa. Xap l(almau Manuua CATDPJAPMHHHT PAHIH YC-
TYHWIAPDHHUHT PAHTHTA TEHT.

Ucoor. Uxtnépuit H MaTpuua yuyyH 7-Teopemara aco-
can r(H) =r(H") = r(H). B

by Hatmxara acocaH KyHuaard TabpupHU KUPUTHAIIMMU3
MyMKHMH. Yoy r(H) = ry(H) COH MATPHIIAHHHI PAaHrH Heiu-
J1anu.

17-§. YU3UKJIN TEHTJIAMAJIIAP TU3NMJIAPUHHUHT
AJIMAINITUPUILILIAPH. TAYCC YCYIJIN

HUkxura
n ——
a4 X, = =1,5) (a)
x=1
n . —
Cixxx:dj (l=l,S) (ﬁ)
x=1
OHUp X1 X, Xy ...y X HOMABIYMIH S Ta TeHMIaMaJlap TU3UM-
JIapy Ba YJIApHUHI KeHTFaWTHPIWIraH MaTpuulaiapu OepwiraH
OVICHH.

Arap (a) TH3UM HKKWATA TEHIJIAMACUHUHI YpUHIIApU -
MAIITUPUINILKY HaTkacuaa (B) cucreMa XoCHwi KWIMHCa, (B)
TH3UM (a) naH (I)-Typ 3JieMeHTap AJIMAITHPHIU HATHXAcUda
XOCWI KWIMHIaH NeHniaau.
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Arap (@) TH3UMHMHI OMpOp TeHIVIAaMAacMHU OHpOp COHra
KYImautupu6, Oomka 6GUpop TeHIIaMacura KYILIHII HATHXA-
cua (f) TM3UM XOCWI KWwinHca, (8) tm3uM (a) aan (II) Typ
3JIEMEHTAP AJMAINTHPMII HATHXKAacula XOCHJI KWIMHTAH JIe-
HII1aau.

Xap 6Up YM3UKJIM TeHIJIaMaJlap TH3MMHUIA YHUHI KeHra-
TUPWITAaH MaTpULIACUHM MOC KYHMCAK, Y XOJ4a YU3HUKIJIHA TEHT-
JaManap tTu3uMu ycruaaru xap oup (I) typ €ku (II) Typ ane-
MEHTAp aJMAalUTUPHUIUra YHUHI KE€HTaWTUPWIraH MaTpULACH
YCTUJAa MOC 3JIEMEHTAp AJIMAIUTUPUIL TYFPU KeIaiu. AKCHH-
Yya, KEHFAaUTUPWIraH Marpuua yctugard xap oup (I) Typ €xu
(IT) Typ aneMeHTap aMAITUPUILTAa TU3UM YCTHIATH MOC 3JI€e-
MEHTap aJIMAlUTUPHUII TYFPU Kejlaau. Tu3umiiap Ba yJapHUHT
KEHTAaNTUPWITaH MAaTPULIAIAPDUHUHT 2JIEMEHTAp ATMAILITHPUIL-
Japd opacuparu Oy MocawIMK Ba 16-§ ga Marpuuanap aJje-
MEHTAp AJIMAWUTUPUILIAPK YYYH OJMHIAH XOoccajlapjaaH Oe-
BOCUTA TE€HIJIAMAJap TU3MMJIIApU 3JE€MEHTap aJIMAalUTHUPHUIL-
JJADUHUHT XOccaiapy OJUHANH.

l-Tteopema. Azap 6umma wusuxau muzumoan UKKuH uU-
cUza “eKAU COHOazu 1eMeRMap AAMaumupuuiAap opKasu ymuu.
MYMKUH 6yaca, y X040a uKKuRMucuoan 6upunvucuza xam 4ex-
AU COHOazu INeMEHMAap AIMAUWMUPUIAAD OPKAAU YU MyM-
KUH.

Ucbor. TeopeMaHUHr UCOOTH TU3MMIAD Ba YJIApHUHT
KEHTaUTUpWITraH MaTpvLalap 3JeMeHTap ajJMaluTUpHIIapU
opacuaari MOCIMKAAH Ba 16-§ nma 2-TeopeMaHUHT HATHXKa-
CyaH Keaub YMKaIu.

Arap YU3MKJIM TEeHriIaMajaap TU3MMHUHMHI KeHIaWTUpWI-
raH MaTpyUacd 3UHAIOS Marpula Oynca, y 3uMHAnos TH3UM
Jderuwiaau.

2-Tteopema. Xap Kanoai uuzuxau menzaamaiap muiu-
MU HeKau COHOazu 31eMeHmap aIMaumupuwlap opKasu una-
nosx muzumza Keamupuauuu MyMKUH.

HcbHor. TeopeMaHuHr MCOOTH TH3MMJIAD Ba YJIAPHUHT
KEHTAaUTHPWIraH MaTpUUajiapyd 3JeMeHTap ajJIMaluTHpHIILIa-
pM opacuaard MoOCJIUKIaH Ba 16-§ 4-reopeMamaH Kenubd M-
Kalu.

3-Tteopema. Azap 6up uuzuxau menzaamaiap mulumu-
0aH UKKUHMU MU3UM2a HeKAU COHOazu 3AeMenmap aimaumu-
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puwaap opxasu ymuw MymMxuH 6yaca, y xoada 6y muzumaap
menz Kywauoup.

NUco6ot. Jactnabd teopemanu (o) TusumaaH (8) ra ourra
(I) Typ sneMeHTap aJIMAlUTUPUII OPKATTU XOCHJI KUJIMHTAH XOJI

yuyH ucbornaiiMmui. ®Papas KWwiaiiuk, (a) TH3UM OUprajidkia

63116, (x{’,xg ,...,x,‘f) BeKTOp (@) HUHT GUPOp €4UMH OFICHH.

YV xonpa 6y BekTOp (8) HUHT XaM e4MMH Oynanu, YyHKH (a) Ba
(B)nmapnaru TeHIaMagap 6up xwi 6yau6, dakar (8) na (a) ra
HUCcOATaH MKKHATA TeHIJIAMaHUHI YpHHU ajiMamrad. MKKMH4YH
TOMOHAaH (a) TH3UM XaM (B) nadH (I) Typ 3aeMeHTap ajiMall-
TUPUIL OPKAIM XOCWI KWiInHaau. byHIaH I0OKopuIard Myio-
Xasara Kypa (8) HUHTr Xap Oup e4yuMH (@) HUHI XaM €YUMU
oymaau.

Hemak, (a) Ba () TU3UMIAp TEHT KyWIH.

SHpu (B8) tusuM (a) aaH (II) Typ sneMeHTap arMalITUpUILI
OpPKAJIM XOCHJI KWIMHIAH XOJMHM KypamMu3. Y Xoija LUyHAau
D,q(p#q 1 <p, q=<s)Ba hE R coHnap MaBXyIku, (a) Ba
(8) Tu3uMIIapAa p - TeHIrJaMmajlapaaH 6ollka 6apya TeHIJIaMa-
Jiap Oup XWi, p- TeHrJIaMaJapHUHT KO3 (UUHUEHTIapU Ba
0301 XaJUlapy 3ca KyHujaruya OOFJIaHraH:

C,,=a,+ haqx (k= f:ﬁ), dpsz + hbq

®apa3 kunainuk, (a) TU3UM Ouprajgiukaa 6ynuo,
Xy = (xlo,xg,...,x“) BeKTOD (@) HUHT GUpop eyumu 6yiacud. Y

n
xojiza Oy TH3MMJIApHHHI p-TeHIJIaManapugaH 6omka 6apua
TEHIVIaMaslapy OUp XWI OYIraHu yyyH X, BEKTOp (8) TU3MM-
HUHT p- TeHrJlaMagaH Oomka 6apya TEeHrJIaMalapyuHU KaHO-
aTjaHTMpany. by x;, BekTop (@) TH3MMHH KaHOATIIAHTUPraHU

YVUYH YHHMHT p- Ba ¢- TeHIJIaMaJapUHU KAHOATIaHTUpaIH:
n n
0 _ 0 _
2a,, X =b, Ya,x, =b,.
x=1 x=1

UKKUHYM TEHDJIMKHUHI MKKH TOMOHWUHHM /h ra KylauTu-
pub, OUpUHYY TEHINIMKKA KYUICAK,
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5 (a,, +ha, )x0 = b, + hb,

k=1

TEHIJIMKHU ojaMu3. by sca (xlo,xg,...,x,?) BEKTOPHUHT ()

Jlari p- TEHrJIAMaHM XaM KAaHOATJIaHTHPHUIUMHHU KypcaTaau.
JeMak (a) HUHTr Xap O6up euyuMHu (8) HUHI XaM €4YMMH SKaH.
AMMoO (a) xaM (B) nan (II) Typ 3neMeHTap aJIMalUTUPHIL Op-
KM XOCWI KWIMHAIW. byHIaH oKopHIaru MyJoxa3ajlapHHU
UILLIaTUO, (B) HUHT Xap OUp eYMMHM (o) HUHT XaM €4YUMHU SKaH-
JIUTU OJIMHANHU.

IOxopuaa KeaTupwirad MyjoxasajapiaH KypaMU3KHd, arap
TU3UMJIADHUHI OMpPOPTACH MKKHMHYUCHAAH OUTTA 3JI€MEHTap
AUIMALUTHPHUIL OPKAIHM XOCWJI KMJMHraH 6yica, y xoiaga Oy
TA3UMJIAPHUHT OMpopTacy OMpraivkaa o6yjica, MKKMHYMCH XaM
Ouprajiuvkiaa Ba yiaap OMp XWwi eyumiiapra sra. byHra acocaH,
arap yJIapHMHr OupopTtacH 6upranukna 6¥aMaca, HKKHHYMCH
xaM Oupranukaa oyaManau. by 6mwiaH teopema (8) TusuM (a)
JAaH OUTTa SJIeMEHTAp AIMAIUTUPUILI OPKAJIM XOCWI KWIHWH-
raH XoJjiaa ucOOTIaHIH.

byHnaH ¢oipganaHub, yMyMUH X0 MaTeMaTHK HHOYKLIUS
yCyau €paamMmupa ucOoTIaHAIM.

HaTtwuxa. Xap Kanna#i TeHriamMajaap TH3MMH OMpOp 3H-
HANoOA TH3MMIa TEHI KY4JIH.

Uco6o1. HatuxaHnuHr ucboru 2- Ba 3- TeopeMaraplaH
KeJaub YuKamu.

by HatuxanaH ¢oiganraHub, UXTUEPUH YU3UKJIU TEHIIA-
Majlap TU3MMUHU YHra TEHI KywId OyJIraH 3uHaIosi TU3UMTIa
KEJITUPUO onub, 6eBocUTa eyaMHU3.

Uxtu€puit n ta HOMapaymwiId S Ta YU3MKJIM TEHIJIaMalu
(a) Tu3umM OepunraH 6yiacuH. A Ba A Moc paBuILga Oy TU3UM-
HUHT KO3} PULIMeHTIapyd MaTpULacy Ba KEHraHTHUPWIraH MarT-
punacu 6yncuH. by TMU3UMHHM YEeKJIM COHAArd 3J€MEHTAp ajl-

MAIITHpULLIAap €puamuaa 6upop (@) 3uHamos KypuHMINTA

kenrupamu3. A Ba A Moc paBuia (@) TU3UMHUHT KO3(dh-
duuUeHTIapH MaTpHLACH Ba KEHraMTHPWJIraH MaTpHLACHU

6¥ncun. Y xonpa A 7 Ta ycTyHau Ba S Ta CaTpIM 3MHAIOSA
MaTpuua 6ymaau. A 3ca A MaTpulia YCTYHJIApUHHU V3 MUHUra
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onrad (4 + 1) Ta ycTyHiM Ba .S Ta caTpid 3UHAIIOS MaTpulia

J—
6ymagu. A HUHT HoJbAaH dapKIM caTpiapy COHU » ra TEHT

OVJICMH. YHUHT 6ol YCTYHJIAapMHUHT HOMEpPJIapyd MOC paBUIlAa
m, m,, .., m 6yacun. Y xomna lsm =m,<..<m =n+1

Ky#iiugaru UKKY XOJIHU ailpuM KYpaMH3:

1) m =n+1, apHu r-catpaa HoJIbAAH (PAapKJHU ATrOHA
3JIeMeHT O6Viauo, y (n + 1)-ycTyHna €raau;

2) m <n+l.

bupuHuu Xoi, abHU ymby m_ = n + | TEHIIUK YPUHIM
OYacuH ned dapa3 KwiaMu3. Y X0ala r-TeHrJIaMa KyMujard

KYpUHMILLAA OVnanu:

0-x,+0-x,+...+0-x =b, b =0,

IbHU Oy TEHIJIaMaHUHI Yall TOMOHMJAArd 6apya Ko3dpuuu-
€HTJIAD HOJIFa TEHI, 030J XaJ 3Ca HoJbAaH (apkKjau. AMMO
OyHAaM TEHIJIAMAaHUHI €YUMU HUYK, YYHKH YHUHI 4YaIll TOMO-
HHU Xap KaHmau x,, Xx,, ..., X, Jap y4yH HOJIbra TeHr, aMMO YHT

TOMOHHU HoJbAaH ¢apkjau. bynnan (@) TUBMMHHMHI XaM €4M-
MU HVKJIUTH KeTub yukaau. 3-reopeMara Kypa (a) TU3UM XaM
euyuMra 3ra sMacauru keam6 yukaam. lllyHpai xuiub,
m_=n+ 1 xonna (a) TU3UM OUprajuKia 3Mac 3KaH.

OHmM m < n+ 1 XonmHu Kypamu3. by xoina () TH3MM
KyMUAArd KYpUHUILAA €3WIAIM:

Aim, xm1 +...+ awnx, = b,
AQmy Xy, F.ooF QX = b2,

Amy X,y +..ot AmX, = by,

ooooooooooooooooo

Oy epaa aim, # 0, a2m, # 0,...,am, # 0.

bowr yctyHnapra Moc KeayBYUd Xm, Xmys--+sXm, HOMABIYM-
JJApHU 0Ol HOMABIYMJIAD Ba KOJTaHJIApUHU 3Ca 0304 HO-
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MabJIyMJIap AeHWwiagu. boin HOMabJIyMJIapHUHT COHM r Ta Ba
03011 HOMABJIYMJIADHUHT COHM (n — r) Ta. Arap n = r 6yica,
030 HOMabJymiap HyK. by xonma y KyHugaru KYpHMHMILTA
ara.

anx, + anx, +...+ amx, = h

anx,+...+ amx, = b

armxn - Bn (a)
Ox, + O0x, + ... ... + 0x =0
Ox, + ...... + 0x =0

6y epaa an = 0,...,am # 0, Arap n = s 6ynca, (@) TH3UM y4-
Oypyak TM3uM nedmwnamm. by xonna tusumna Ox, + ... + 0x =0
aHaH HOJIb KYPUHMILNUAATM TEHIJaMalap HVK. Arap s> n
6yinca, (a) na (s — n) Ta aifHaH HOJb KYPUHHUILIUAATUA TEHIJIA-
Manap Oynanu. AWHaH HOMb KYPUHHUIMAATH TEHIJIAMaJlapHU
Xap KaHAail BEKTOP KAHOATIAHTUPraHU YYyH (@) TH3UMMHU
eyuuiaa aifHaH HoJb OYAraH TeHIVIAMAJIAapHU Tanwiad wobo-
pull MyMKUH. [leMak (a) TH3MMHM e4dIl Kyduaaru y4obyp-
YaK TU3MMHHU €YHIITa KeJITUpUWIALH.

by

anx, +anx, +...+ amx,
anx,+...+amx, = b

oooooooooooo L I I Y )

amX, = bn

By €paa OXHpPru TCHITIaMaJaaH X HH TOIIaMH3:

b
Xp = _n .
Qnn

bynu 6apua 6omka (# — 1) Ta TeHIIaMara KyHcak, HaTH-
Xanax, X, ..., X, _, HOMabJIyMJI4 y4OypuyaK TU3UM XOCHJ Oyna-
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av. byHpaH oxvpru x _, HOMahIyMHH TOmMO, OOIIKA TeHT-
naManapra Kysmus. Ly #ycuHma HOMabJIyMJaapHU KeTMa-
KeT TonuO, HAaTHKana 6apya HOMABJIYMIApHU OUp KUMMATIIU
TOMAMH3.

by 6unan 6us3 (E) TU3UMHM k1 = r OYJAraH Xoaja e4auK.

IHau r < n 6¥nraH XoJHU KypaMu3. by xoiaa rokopunarm-
ra yxmwabd, TM3UMIAH aMHAH HOJIbra TEHr OVJIraH TeHrjaMa-
JJapHM Taiuiab, KyMuaard TU3MMHU €YHMIITa KeIaMu3:

Aimy Xy + Qimy X+t QX = b

A2my X, ..t Q2nX, = b>

ooooooooooooooooo

by TH3uMMmana 0301 HOMAabJymiap KaTtHaluraH Oapuya xan-
JIApHU TU3UMHUHT VHT TOMOHHWra Y¥TKa3aMHM3 Ba 030 HOMab-
JymMiapra MXTHEpUHM KMHMAaTIapHU OepaMu3. Y Xoj1a TU3UM-
HUHI VHI TOMOHHU COHJIapra aWiaHuO, TH3UM OOl HOMAab-
Jymiapra HUc6aTaH yuybypuak TH3UM Oyinanu. by TU3MMHU
XaM IOKOpMAArura yxumai equo, 601 HoOMawIyMJIapHUHT KUH-
MAaTUHU OMp KUMMMaTIU TolaMu3. by Owinan (E) TU3UMHUHT
€YMMH TONMWIAK. byHpail euyminga 0304 HOMAabIyMJIApHUHT
OGapyacura MXTHEPUN KUHMaTIapHU 6epu0O, OOLI HOMABIYM-
JJapHHUHT OyJapra Moc KHHMAaTtiapu OUp KUMMATIU TOIWIA-
ma. [lynpait kw6, 6y ycyn 6wiaH (@) TH3HMHUHT 6apuya
eyMmwiIapu tomwiaad. by OwiraH (a) TH3UMIAp TEHT KyWid
Oynranu yyyH (a) Ba (5) TH3UMHHUHT XaM 6apya eyumiiapu
TONWIIH.

YH3UKIU TEHIJIaMajiap TH3UMHUHHU 3JIEMEHTap aIMalluTH-
PUMILLIAD OPKAIM 3MHAIIOS yCyira KeITUpUO, IOKOpUIa KeITh-
pwirad ycynna edyuiiHd I'ayce ycymm (6ab3aH HOManiIymiap-
HM KeTMa—KeT WYKOTHMIL YCYIH) neruianu.

IOkopuna kearupwiraH MyJioxasajap XapaéHuaa KyWu-
Jary teopeMajap xaMm OJUHJIM:

4-teopema. Yusuxau menzaamasrap muszumu bupzaiuk-
0a Oyauwu y4yH y 3UHANOA KYPUHUUIZA KeAMupuizanoa Kew-
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2aimupuizan MampuyacunuKz oxupau bow ycmynurune m_pa-
xkamu m_ < n+ 1 menecuzsuxnu Kanoamaanmupuwu 3apyp 6a
xughos.

S5-Teopema. Azap (e) “usuxau menzaamarap musumu-
HuHe2 paneu r(2) < n meHzcusAUKHU KaHoamaanmupca, y x040a
6ynodai mu3zumnunz ewumaapu uexcui Kyn 6yaub, euumaap
mynaamu (n —r(a)) ma uxmuépui yzeapysuuasap busran napa-
mempaanaou.

[ynnait Macananap yupalIuku, yjlapaa YM3UKJIM TCHIIA-
Majap TU3UMJIADUHHM TEKUWIUPHUIUHA Ba €YHUILUHMU 3UHAIOA
TU3UMIa KeITHpMacaaH Typub, Oaxapuin Kepak Oyinanu. Ke-
MUHrY naparpaduiap wyHaai ycysapra 6aFMIUIaHTaH.
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Typmunqu 606
JETEPMHWHAHTIJIAP HASAPUACHU

18-§. UKKMHYHM BA YYUHYU TAPTUDBJIN
JAETEPMUWHAHTIJIAP

OHAU OomiKa ycyn OMIaH MKKMTA HOMabAYMJIM UKKMUTa
TEHIJIaMajlap TU3UMHHU €4aMu3.

1-Tteopema. Hxkku Homasaymau uxkxuma 4u3uxiy meHz-
Aamaaap musumu

{allxl +a;x,=b, 1)
ayx+ayx;=b

ywby a, *a,, — a,*a, # 0 wapm b6axapuszanda azona

( bjay;—byay, , byay—hay, )

ay 823 —a12431 411033 —ay40%

ewumea 32a.
Uc6or. Ymby A = g ,a,,— a,a,, A, =ba, — ba,, A=
= a,,b, — a, b, 6enrwnanuiapu Kupuramu3s. Tusumuaara O6u-

2171
PUHYH TEHITIAMAHHU a,, a4, UKKUHYUCHHHU 3ca (—a,,) ra Kynau-
TUpUO, yIapHu Kymcak, Ax, =A, TeHIMIUKHU onamu3. [lyHra
yxwai, OMpUHYH TEHIAaMaHu (—a,) ra, UKKAHHYM TEHIJa-
MaHW g, ra KYIIauTUpHUO, yJIapHHU Kyucak, AX, =A, TEHIJIUK-
H4 onamu3. Hatmxkana A # 0 6yiaraHu y4yH

A
a.x, + a.x, = b Ax, = A X ==
{111 12742 12 - 1 Lo A
anX, + anx, = by, Ax, = A,, x2=ﬁ.
A
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HMKkMHYM TOMOHOAH OeBOoCcHTa XUCOOJIaILIap HOMABJIYM-

JApDHUHT TOMWITaH KUiMaTiapu GepuwiraH TU3UMHU KAHOAT-
JTAHTUPHILHHN KypcaTaau:

4
X = 3 - {a11x1+al2x2 = b,
_ A a,x, + a,x, =b
X, =22, 21%1 20X, )

Hemak,

{allxl +a,x, = b, - X1 = 7

ay X, + ayx, = b, x, = =%,

By aca teopemanuur ucootuaup. M

A= (aualz)
a, ay

KBaApaT MaTpuliara a,a,, — a,, *a,, COHHU MOC KysaMu3. by

COH A MAaTpULAHUHT AETePMHHAHTH (2-TapTUOIM AETEPMHU-
HaHT) Aeiwiaam Ba det A €xu

a,a,

aan

Tap3uga OeNrwiaHaau.

by 6exrmnaw Twmaa 1 -teopemMa Kyilinaaruya auTiia-
IU:. azap

a,,4,,

A= #= 0

a, a,,
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6yaca, y xoada (1) muzum szona
(52
A’ A

ewumea 32a, Oy epaa A, Ba A, TapHH XaM IOKOpHUA KUPHTII-
raH Geiaruiaiira Kypa

a; by

a b2

b,a,,

b 2 =

A=

b,ay,

KYpPUHHIIIA €3MII MyMKHH.

Yy HOMaBJIYMJIHM y4YTa TEHrJIaMalap TU3MMHHM €4Ydul Ma-
calacd YYyH TAPTHOJHM JEeTePMMHAHT TYIUyHYacura ojJub Ke-
Jagyu. Arap

a,,a,,04,3
A =|ayanay
;45,035

YYMHYM TAapTHOJIM KBaapaT Marpula O6yica, ymoy

a8, + aa,4, + a,a,,a; —

—a,,4,,04

a,3a,,33, = 4,44y, —

COH A MaTpMLIAHUHI JE€TEePMHHAHTH JcHuaaau Ba det A €ku

a,,a,,0,3

a,)a 54y,
a3, 045033

Tap3uaa OenrwiaHagud. FOKopuaa KeJITUPUIraH AETePMHUHAHT
KMHUMaTHHHU XUCcoOJIall KOMJAcH 3CAAa KOJIUILM YYyH KyHuaa-
ru Capproc XaJaBa/Ulapd MIWIATWIALH:
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by epnaru (+) XagBajija JeTEpMHUHAHTHUHI MycOaTr UlIO-
pay GUpXawiapyd KYyNManTyBUWJIAPDUHUHI OJIUHULIM KOUAACH!
Oupxaara KynautyBud cHdaTvaa KUPYBUM MaTpUUAIAPHUHT
3J1eMEHTIApU KecMmanap OwinaH Oupaamrtupwirad. Jlerepmu-
HAHTHHUHT MaHQUH HILOpAIM Xamiapy y4YyH OyHAal Kouza
Xaapaijga OEpWiIraH.

2-Teopema. Azap

114,243
a,a,a, #0
Q3,45,43;

byaca, y xoada

ayx; +a,x, +a;x; = b
Xy tayX;, +a,X; =0, ()
Ay X; + ayX, +ayuXy, = by

YUIUKAU MEH2AAMAaNap mu3umi A20Ha

Ay Ay Aj
A’ A’ A

emumza 32a, Oy epaa

a;a,,a,; baya,,
A =layanay), A =baya,,
Q30305 byaya,;,
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a,ba, a,,a,,b,
A, =\aybyay|, Ay =|a5ax,b,
ay b;as; 3,03, b,

NcbHoT. Arap (2) THBMUMHUHT OMPUHYH TEHIJIAaMAaCUHHUHT
Xap MKKajda TOMOHHUHH

aya);
a3 ds;

ra, MKKMHYHCHUHHA

SPICE!

a;,0ds;,

ra, YYyH4“uCHHH

a;,a,;

ayydy;

ra KymauTupcak Ba yJapHH Kymcak, Ax, = A, TEHIJTUKHH
ojlaMU3. Arap OHpHMHYH TEHIJIAMAaHU

A4y
a;dy
ra, MKKHHYMCHUHU
a, a;
a;, s,
ra, YYMHYUCUHHU
80
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_ |94

a,,dy3

ra KynmauTupcak Ba ylIapHM KyIICaK, Ax, = A, TEHINIMKHHU
onamu3. Huxosr, OupuHYM TEHIJIAMaHU

a,ay
asas

ra, UKKMHYUCHUHHU

_ |94

a5 ds

ra, YY9MHYUCUHU

a, a,,

a ay,

ra KymaHTHpCaK Ba yJapHH Kyuicak, Ax, = A, TEHITIMKHH
onamMu3. OJIUHraH TEHIJIMKJIApra acocaH

A
A
A
1% = Tz (3)
Aj
A

TeHIJIaMaiap TU3UMHU (2) TU3MMHHUHT HaTmxacuanp. MKKuH-
YU TOMOHAAH (3) TU3uMjaru KuiMariapHy (2) TH3uMra ojub
Oopub KyHWiIca, YHUHT KAHOATJAaHUIUU OeBOCUTA TEKIIMPH-
nand. by (2) Ba (3) TU3MMJIADHUHT 3KBUBAJIEHTIUTHHU Kypca-
TaJIu.
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HMcbornanran 1-Ba 2-TeopeMaiap # HOMAbJIYMJIU M Ta TEHT-
JIAMAHUHT AArOHAa eyuMmra sra oyauwM xakuaaru Kpamep teo-
PEMACHHUHT XYCYCHHM XOJUIapUAHUD.

19-§. YPHUTA KYUUIIIAP I'YPYXN

3-§ Ba 10-§ (4-mucon)na A TYIUIAMHUHI ¥3-y3ura Oapya
ouekuusutapugaH udopar G(A) TViuIaM KUPUTUIUO, YHUHI
OMEeKUMSIap KOMITO3ULIMSCH aMaJIMra HUCOATaH IypyX XOCWII
KWIALWY KYpCaTWIraH 31M.

bu3 wy rypyxHyd OUpUHYMA # Ta HaTypal COHJIapAaH ubo-
pat A = {1, 2, ... , n} TynaaM yu4yH Kypamu3. by xonna G(A)
TyIuiaM S OpKald OejrwiaHaad Ba n-JapaXKkajn CHMMETPHK
rypyx 1e6 atantaaM. S HUHT 3JIeMeHTH, abHU A = {1, 2, ..., n}
TYPJIAMHUHT ¥3-Y3Ura OUEKUUSICH n-AapaXa/JH YPHHra KyHuim
neb6 araganu. Arap ¢, € S Ba @, € § 6yica, y1apHuHT ¢ (p))
KOMIIO3UUUSICH ¢, Ba ,ypHUra KYHMUUIADHUHT KYNAHTMACH
AEHWIANM Ba @, * ¢ KYPUHUILKMIA Geriianany. Xap 6up ypHu-
ra KYHMILHY MKKWUTA CATPJM XaABal KYpUHMINKAA KyHula-
ruya €3ull MYMKHH: YHUHI OMpDUHUYM caTtpuia OepuiraH
TYIUIAMHUHIL 3JIEMEHTJIApU OUpPUH-KETUH €3Wlalu Ba yjlap-
HUHT OCTHTra MKKMHYHW caTpla MOC paBulla obpasnapu €3u-
maau. MacanaH, yuioy

1234
‘0=(4321) (D

€3yB A = {1, 2, 3, 4} TVivtaMHUHr Kyiugaru ¢ : A > A Ouek-
HUACUAMD:

1234

R ER
4321

seHH @ (1) =4, 0 (2) = 3, ¢ (3) = 2, ¢ (4) = 1. YMyMaH
82
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m, m, m

1 2...
w=( ”) 2)

€3yB A = {1, 2, ..., n} TYIUTAMHUHAT Kylnaaru OHeKLUSCHUOUD:
1 2...nm
17/ 3 R A
ml m2 mn

STBHU ¢ (1) = m,, j=1,n.
Arap A TYIUIaMHHUHT 3J1eMeHTIapu 1, 2, ... n yculu TapTu-

buna smac, Ganku 6owka 6upop a,, a,, ..., a, Taprubua €3wi-
raH 6ysica, y ypHUra KYHMUILUHHU YHIOY
a, a,...a,
= 3
v (bl b, ... b,,) | )

'€3yBM XaM MITaTWwiIaau. by epna

a, a,... a,
py=[4 | !
b b... b

S’BHU ¢ (a) = b, { = 1,n. MacanaH, (1) ypaura Kyiuu ywoy

2413
""z(3142) *)

KYPUHMILIAA XaM €3UIMIIH MYMKHUH. (4) €3yB (1) €3yBnaH yc-
TYHJIADHUHI YpHU OWiIaH (papkK KUiIaau. YMyMmaH, Oepuirat
Y YpHMra KYWMILHUHT OUpop €3yBUIA YCTYHJAPHUHI VPHU
ATMaIITHPWIICA, SIHA ¥ YPHUra KyHuLlra MOC €3yBHH OJaMU3.
YpHura KyHUIWWHUHT TYpIH €3yBiaapu 6up-6upunan ¢pakar yc-
TYHJIAapHUHT YpHU OwiaH ¢apK Kwiaad. Xap Oup iy VpHUra
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KyHuLl (2) KYpMHMILIAAryd Aroda €3yBra 3ra. by YHUHI KaHO-
HMK €3YBU JeHWJIAIM.
Kupurwiran €3ysiaapaad ¢organaHub, Macaiaad, ywoy

w-—1234 w-—1234
7 4312)7 " {2413

YpHUra KYMUILIAp OUMEKUMSUIADHUHI KOMITIO3HULIMACH KOoMa-
cH OViinya KyHujaaruya KymauTUpUIaau:

(1234
1234\ (1234) ¥l (1234
V¥ l2413/4312) 4312 T\3124
L
¥2:13124

Y,¥, KYIaHTMa XaM LUyHra yxuaii TOIMMIaAH:

1234
YW= l3041)

Tonuiran y,y, Bayy, ypHUra KYAULUIADHUHT TYPJIU 3KaH-
JIUTH Sj IrypyX KOMMYTAaTUB 3MAaCJIMTMHU KypcaTaau.

A TYIUIaMHUHT GUPIUK aKC 3TTUPUIUU S, TYPYXHHUHI OUD-
JIUK 3JIEMeHTHAUp. YHu FE opkKamu Geiarwiaimus. Y ymoy

123...n
E= (1 2 3...n)

€KHU

a, a,_...a,,]

al a2 -a-an

by
I
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KYPUHHUILIIApAA €3WIMIIKM MYMKUH. (2) KYpUHHU1L1Y Oepuwirad
Y YpHHUra KYWMIUHMHT 3¥~! Teckapucu yuody

o mlmz---mn]
v (1 2...n

KYpUHHIIra ara, sbHU y~'(m) = | l'=i71. Arap y ypHuUra
Kyuum (3) kypuHuiuaa 6epwiraH 6yica, y xoiaa yHHHr 1~}

TECKApUCH YIIOY
b b,...b,
aa,...a,

KYPMHUILTA 3Ta, AbHU Y~'(b) = a, 1=1,n.
l1-Teopema.S 2ypyx snemenmaapunune conu n'! ra TeHr.
HUcb6bor. Xap bupy € S, ypHuUra KyHuiu sroHa (2) kaHo-

HUK KypUHHUIUra 3ra. by KypuHMIIAArd UKKWHYM CaTp 3Jie-

MEHTIapu y 6uekuusa 6yiaranu yyyH A = {1, 2, ..., n} Tyuam-

HUHT OMpoOp VpUH aJMalITUpUIIMAMD. AKCUH4Ya, arap A

TYILJIAMHUHT OMpop YpHH aJIMAIUTUPUILMHU (2) KYpHHULIAA

UKKMHYM caTp KWIKMO oJicak, XOCW OyaraH y : A - A axc

3TTUpULl Oouekuus OVnaagu. ynpan kuiaub, dapua n-papa-

Xanu ypHura Kymuuuviap owiaH A TynjaaMHUHr 6apya ypuH

ATMAalUTUpUULIApU opacuaa ¥3apo OUp KUHMATIU MOCIHUK

ypHaTWwiau. Jemak S Jarv 3jeMeHTIap COHU A TYIUIaMHUHT

Oapya YpuH aJIMaILITUPUILIAD COHUra, SbHU » ! ra TeHr (11-§).
A = (1, 2, ..., n} TYmIaMHMHT MXTUEDUH a = (aq,, a,,...,a,)

YPUH anMaiutupuiuu Oepuwirad 6yiacuH. Arap (a, aj) XyPT

YiYH a, < a 0ynca, 0y Xy(pTHUHI UHBEPCUSICH HOJBrA TEHT

peHwianu. Arap (a,, a) XydT yuyH a, > a.0yica, (a, a,) XydT-

HUHI HHBEPCHACH Oupra TeHr aewunanu. bepwiran (a,

a,,...,a ) YpUH aIMAITUPUIIHUHT | < i < j < n TEHTCUIIIMKHU

KaHOATJIaHTUPYBYM Oapuya (a, aj) XybTiaapu O6yHuda UHBEP-

CUSUIApHU KYIIKO YMKHILJAaH XOCHI OViraH coH Oy YpHUH ai-

MALITUPUILIHUHT HHBEPCHAJIAP COHM ICHMWIANM Ba i(a) OPKAIHU
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benrwiadagu. Macanad, (4 3 | 2) ypun anMawtupuiuga (4,
3), (4, 1), (4, 2), (3, 1), (3, 2) xydmiap uHBepcUsUIap XOCUI
Kwian, (1, 2) xydT aca xocuw1 KuiManau. [demak, 0y ypuH
ANMALITUPUILHUHT WHBEPCUSIIAD COHM S5 ra TeHr. Arap ypuH
AIMAIITUPULIHUHT UHBEPCUSIAD COHU Xy(dT (TOK) OVica, y
XypT (TOK) YpuH aaMawitupuit aeiiwiagd. Macanan, (1, 2,
3, 4) — xydr ypun aarMawTupuu, (4, 3, 1,2) — TOK YpUH
AJIMAIITHPHIL.

Arap KaHOHMK KYpUHHIIAA Oepuirad YpHUra KyHUIIHHHT
UKKMHYU caTpu XyPpT (TOK) VpuH aaMaluTHpULI Oyica, Oy
ypHura Kyiuumw xydt (Tok) perwrtaau. Macaman, (1) ypHura
KYHMLI XydT.

Arap v YpHHra Kyiuuwnga $HakaT MKKMTa 3J€MEHTIapHUHT
YpHH anMamiuob, Kojdrasjaap y3 ¥pHuaa Kosica, OyHnau ypHura
KYHUIL TpaHCmo3uuMaA aennanu. Macainad, yuoy

1234
1324

VpHUra KYyHMUIU TPAHCHO3ULIUALUD.

2-teopema. Xap xandaii ¢ mpancnosuyus yuyn ¢* = E,
AsHu ¢ = ¢! ea y mox ypruea Kyiuuwodup.

Uc6oT. bepuinran ¢ TpaHcrio3nuus i Ba k (i < k) CoH-
JIADHUHT YpUHIApUHU anMamtupud (ssbHM (i) = k, p(k) =
I), KoJraH Oapya (ApHH m # i, m # k) COHJIapHU ¥3 YpHHIA
KONOUpCHH: ¢(m) = m. By MyHocabaTiapra kypa ¢(p(i)) = ¢
(k) = i, p(p(k)) = (i) = kBam # k, i yayH p(p(m)) = ¢ (m) = m,
apHU ¢ = E. byHnan ¢! = ¢ 3KaHIUrd Keaud YuMKaiu.

By ¢ TpaHcmo3umusara KaHoHUK €3yBia yluoy

(1,2, ., i—-lLki+ 1, ., k=1,iLk+1,.. n

VpHH ajJMamTdpuiu Moc Keaanu. by epna 1, 2, ..., i — 1 nap-
HHUHT Xap OUpU ¥3MIaH KeHWHTWIAPHUHT Xed Kancucu OmiaH
HHBepcUa OepMmaian. AMMo k coun [+ 1, ..., kK —1, 7 COH-

JJApHUHT Xap OupH OwriaH uHBepcud bepanu. Ymoy 7 + 1, ...,
k —1 jgapHUHr Xap Oupu [ OunaH UHBEpPCUsS Oepaau, aMMoO
k+1, .., »n map 6wian 3ca uHBepcus Oepmaiau. Yuwoy i,
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k+ 1, ..., n TapHUAHT Xap OUpHU Y3UIAH KEHUHTIWIADHUHT X4
Kaicucu OWiIaH UHBepcus Oepmanau. Xocu OyiaraH 6apuya
UHBEpCUsUIApHU HUFCaK: (kK — ) +(k —i— 1) =2(k —-1) — 1,
STbHU UHBEPCUSIAD COHU TOK.

Arap A ypHura Kyuum (€KM VpUH ajJMaIUTUPULL) XYy(PT
(Tox) 6yinca, yHMHr Hwopacu | ra (—1l)ra TeHr neMwiIagu.
YHUHr uiopacu sgn A opkKayjd 6earwiadHaad. bomkaua aur-
radjaa sgn 4 = (—1)"¥, 6y epna i(1) — UHBepcUsIap COHHU.

3-Tteopema. Ypruza xyliumaap Kynaimmacununz uwo-
pacu ypruza Kyuuwiaap uwiopaiapuiunz Kynaummacuza mene,
AbHU Xap Kanoai ¢, Y € S nap y4yHn

sgn(p *y) = sgn ¢ *sgn y.

Mcoor. Xap oup ¢ € § ypHura Kynuwra R’ ¢pazoHUHr
Kyuuuaru F¢ ¥3-y3Ura akc 3TTUPULLIHU MOC KYSIMU3: arap x =
(x;, x,, ..., x) € R" 6¥i1ca,

Fx = F(x), Xy s X)) = (X000 Xy o5 Xy)
Arap y = (yp y2, ety y) = (x e(1)? ,P(z)s “eey (n)) ABHH y

;_1;1 Jeb oJscak, y Xoiaa Fy—

(i?
E’UyHnaH Yo = % AbHU

{ il w(2)’ : W"))'
o) W’(J)’
Mak,

x €-

F+F =F (35)

v 14 (44

MyHocabaT VYpUHIIU.
Xap 6up x ER" na aHUKJIAaHIaH ymoy

Wi(x)= [T(xi —x;)
l=si<j<n ’ (6)

(yHKUMAHU Kapaiimu3 (bapua i < j ap yuyH OJMHIraH (X, —X)
aWpMaJlapHUHT KynaWtMmacu). by ¢pyHkuus Banagepmonp
KynanTMacu Jaerwianu. Ymoy

W (Fyx) = I1 (Xp) —
l<i<j=n

)

x'p(j)
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Kyrnatma (6) kynaitMmamgaH ¢dakaT ¢(i) > ¢(j) TEHICH3JIMK
YpuHIU OYiaraH (x¢(0~xp ) aMpMaJIapHUHT UILOpaIapy OM-
JJaHrMHA ¢apkK KWwiaau. byHra acocaH

W(Fpx) = (—1)@ W(x) = sgnp W(x).
byHnan Ba (5) MyHocabatnaH

sen(py) W) = W) = WE(F) = sgny WFy) =
= sgny °sgny w(x)

TeHIJIMKJIApHU ojamu3. bymapnaaH

sgn(p - ) = sgny ° sgnyp.

HUkxura snemedtinu {1, —1} Tymiaamaoa kVuadtupuul aMa-
JIMHU Kapacak, Oy TyruiaM my aMajra HUCOOTaH KOMMYTATUB
TYPYXHU XOCHJI KWiaau. by rypyxHu Z, opkaiin Oeiru;1aiMH3.

S TYPYXHMHT Z, ra yiuby ¢ —> sgng akC 3TTUPULUHHH Kapa#-
mu3. UcbotnadraH teopeMa 0y aKC STTUPULIHUHT WY IYPyX-
JIJADHUHT rOMOMOP(PHU3MU 3KAaHUHH KypCaTaiu.

l-vatuxa. 1) Xygpm ypuuea xyuuwnapnunz kynaimma-
cu xcygm ypruza Kyuuwoup ea mok YpHu2a KYUUWNAPHUHZ
Kynaiummacu xam xcygpm ypruza Kyuuuoup.

2) awcygpm (mok) ea mok (ucygpm) ypuuza KYUUWAApHUH2
Kynaummacu mox YypHuza Kyuuuwoup.

HUco6or1. XakukaraH

I, arap sgn ¢ =sgny

sgn (W) = Sghy * sgny = {_ 1’ arap sgne # sgn y

2-HaTuXa. Xap kaundai ¢ ypHuea Kyuuuws y4yH

sgny = sgn ¢~ .

Ucb6oT. XakukataH, FE Oupauk ypHUra Kyuum Xxydt
oynraHu yyyH 1 = sgn E = sgn(p * ¢~ 1) = sgne - sgnp!. [le-
MakK, Sgng = sgnyl.
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4-teopema. deap n > 1 6yaca, y xoa0a 6apua wypm
ypHuca xjfﬁumap'conu b6apua mox ypruza Kyiuwaap conuza
n

men2 éa demax 7 2a mene.

Ucb6or P opkamu 6apuya n-mapaxand Xy®dT ypHMTra
KYHMIUIap TYIUIAaMUHU Ba () OpPKAJIU TOK YpHUra KyHUUUIAp
TYIUITAMUHM OeNrwIaiiMus3. S Ia OMpOp T TPAHCIIO3ULIMAHU
0JlaMu3. 2-TeopeMara Ba 3-TeopeMaHHMHr |-HaTuXXacura Kypa
Xap KaHnaita € P, yuyHra € Q, 6¥iuranu yayH fla) = 1a,a € P,
ubona bupop f: P - ( akc 3TTUPMUILHMA aHMUKJa@au. Xap
oup B € Q yuyH g(B) = 1B udona O6wiaH aHUKJIAHTaH
g: Q, - P akc srtvpuil f ra TecKapuM akKC 3TTUDHLUAMD.
XaKuKaTaH, 2-teopemara Kypa 12 = E. Xap KaHua a € P,
yiyH

gfla)) = glra) = t(ta) =t%a = Ea = a

Ba Xap KaHnau § € O y4yyH
f&B)) = fB) = =(xB) =B = BB =.

Hemak f. P » Q — 6uekuusnup. bynnan P, Ba Q nparu
9E€MEHTIADHUHT COHHU TEHIVIMIH KeIuO YUKanu. S, HUHT 3J1e-
MEHTJIApX COHM n ! OYaraHu yuyyH P Ba Q Jnap xap 6upu-

t

n.
HUHI 3JICMEHTIApH COHH 5 ra tedr.

S-teopema. P myniam S eypyxnunz Kucm 2ypyxuoup.

MU cb6orT. l-HatwkaHuHr (1) Tacaurura Kypa, arap ¢,y € P,
byica, y xonna ¢+ y € P. 2-HaTtvxara xypa, arap ¢ € P,
6yica, y xonna ¢! € P. bynapaad Ba 10-§ naru 4-teopema-
HUHT HaTuxacugaH P, HUHT KUCM TYpyX 3KaHJIUTU Kelud

ypkagy.l

20-§. AETEPMUHAHTJIAP HA3APUSACHU

n — HaTypal CoH, A = (a,) — n-TapTMOJIM KBagpaT Mar-
pdla Ba

A Ay... A
/1= 12 n
(ﬂlﬁz...ﬁ,.) (D
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n-TapTMONM YpHUra Kyuum OyicuH. Yiuody

PAA) = Qo8 B2y ) - %a,p,

oexarwiam kuputamu3. by kynaitmMa A YpHUra KYHHLUIHUHT
€3UIll ycyadra OOFIMK 5Mac, YYHKM A HUHI OolukKa €3yBMUra
YHUHT YCTYHJIADUHU aJIMAIUTUPHILI OPKAJIM YTWITaHU yUyH Oy
aJIMAlUTUPUIL KYmaTMaaard KynauTyBUWJIADHUHI YpHUHU
aJIMallIMIUMIraruHa oaub Keaanu.

Yoy 2. 58n A P(A,A) iiuruHnm A MaTpUUAHUHT AeTep-

1S,
MHMHAHTH Aeiiwiaan Ba det A opkaiu OearwiaHaam. S, rypyx
BJIEMEHTJIapU COHU n ! ra TeHr OyiraHu yuyH det A HUHC
udonacu »n ! Ta XaslHUHT WMFUHAUCUIUD.
XycycaH, arap A y4yH

1 2...n
1=
A Ay A,
KaHOHMUK €3yB MILIATWICA, JNETEPMUHAHT YLIOY

det A= X sgnia,, -ay,...d,, (2)
1€ S,

KYpUHMILZA €3wiaau. Arap A Marpuiia yuoy

a,ay,...a,,
A=laya,...q,

n

anlan2“‘ann
Kaasan K)”Ipl/IHuuma 6epHﬂC3, YHUHT ﬂCTCpMHHaHTH YYYH
I{yﬁI/maI‘H 66]1['1’[ XaM MUIIaTUAaoU:
apyayp..-a,

det A =|a,a,,...a,,

anlanZ '“arm
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Arap (2) udomana n = 1, 2, 3 ned oncak, MOC paBullLia
KyHunary udoaagapHu OlaMu3.

a,a,;

det(a,,) = ay, = a4y — apay

2182

a,a,3q,;
50y = a4y, Gy © 33 T 4130545, +
Q3,453,053

+ 4,0,30;5) — G)3,,03) — 010,833 — Q),0y345,

by udonanap n -tapTubaM eTEpMUHAHT 2- Ba 3- TapTUO-
JIA IeTEPMHHAHTIAPDHUHT YMyMJIAlUMAacH 3KaHJUIMHU Kypca-
Taju.

JeTepMUHAHTIAPHUHT aCOCHH XOCCAJIapUHHU KYpaMM3.
1-teopema. Mampuua mpancnonupaanzanoa ynunez oe-
mepmunanmu yzzapmatiou, ssnu det A = det AT

Mcbor. Arap A = (a,), A" = (b,) 6ynca, y xoinga b, = a,

Ba P(AT, 1) = bayp,- bayp,---ba,p, = Apiay>Apray--- B ,a, =

= P(A,A"), uynku, arap A HUHT udomacu (1) KypuHHUAA

byica, y xoJaa

)1_1 — ﬁlﬂr“ﬁn
AL Ay oo A,

OnuHran TeHraukka Ba sgn A = sgn A7! TeHrIMKKa (19-§
naru 3-TEeOpEMAHUHT 2-HATHUXAaCH) acocaH
det AT = S sgn AP(AT,A) = S sgn AI'P(A,X"). Bynnan Ba

AGSn lESn

A = p~laneMeHT S, rypyxaa tyia y3raprangai”! = uxam S, na
Tyna y3rapuwimaad (10-§ maru 2- TeopeMaHMHI HATHXKACH)
ywoy |
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det AT = SsgnuP(AT,u) = Ssgn uP(A,n) = det A

nes, HES,

TEHIJIMKHU OJIAMM3.

l-TeopeMaHUHT axaMUATH ILYHIAH UOOPATKHU, Yy AETEPMU-
HAHTHUHT caTpjapura (yCTyHJIapura) OJOUP XOCCAJapHU yC-
TyHJIapura (caTtpjiapura) ajoxyaa MCOOTCH3 YTKa3ULIra UM-
KOH Oepanu.

Arap A Matpuua 0ol AMaroHaIWHUHI ocTUAaru (ycTuaa-
rv) 6apuya 3j1eMeHTJIap HOJIbra TeHT Oyiica, y YCTKH yuOypuaxk
(ocTku y4yOypuyak) Marpuua JeMWwIaAud. YCTKH Ba OCTKM Y4-
Oypuak MaTpyUaIap y4Oypyak MaTpulaiap AeHWIaldH.

2-teopema. Yubypuax mampuuanunz demepmuHanmu
duazonaadazu 34eMeHmAaprunez Kynaummacuza mene.

U cbHoT. TeopemaHnu ocTku yuOypuak Marpulaiap y4yH
ucbomiam kKudos, YyHKHA YCTKM yUYOypUyaK MaTpULiaIap OCTKHU
yuOypyak MaTpUllaJlapHU TPAHCIIOHHUPJIALI HATHKACUAA XOCUI
KWIMHAIU.

Arap A = (a,) — ocTkH y4bypyak marpuua 6yiaca, y xonna
i < k TEeHICU3JIMKHU KAHOATIAHTUPYBYH i, k j1ap yuyH a, = 0.
[IlyHra acocaH, arap Oupop ,'=“1':}} yayH I < A, O¥yica, y
XoJjaa P(A,/Z) = al/zl '02/22 Qg = 0.

Hartwxana (2) itmruHauaa 6yHaait xaaiap Hojlb 0ya1u0, yHaa
Oapua ;| = f:ﬁ Y4yH A, < [ IIAPTHU KAHOATIAHTUPYBYH Xaulap
KoMagu. AMMO Oy maptHu ¢akar 4, = 1, 4, = 2,.., 4, = n,
STbHU

n

l=12...n=E
12...n

ra MOoC XxaJrvHa KaHoOaTJIaHTHUpalu. BYHI‘a aCoCaH

det A= Ysgn AP(A,A)=sgnkE-a, a,-a, =a, a6, a,n

i€ S,

HaTtuxa. Juazonar mampuyanune demepmunanmu ouazo-
Haa0az2u 31eMEeHMAAPHUHE Kynaummacuza mene.
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M co6or1. XakuKaTad, AUaroHad MaTpMia y4O0ypdyak Mar-
putaaup. W

Arap f: R" -» R ¢pyHKUMst KyHUIard UKKU ApTHH KaHoaT-
JJAHTUPCA, Y YM3HKIH (DPYHKUMSA NeHITaan.

1) Xap kanpait x, y € R” BeKTOpjap y4yH

fx +y) = fl) + fy).
2) Xap kaHuai x € R" BekTop Ba ¢ € RCcOH yuyyH
Aex) = cfix).

Arap O4p Heya apryMeHTIM COHIM (HYHKUMA Xap Oup ap-
FYMEHTUra HUcOaTaH YM3UKJIM OVica, y K¥yn YM3HKJIH (PYHK-
LU AeHWIany.

n-1apTUdIu A KBagpaT MAaTPULIAHUHT J€TEPMHUHAHTHHU Oy
MaTPULIAHUHI # Ta CATPJAPUHHUHI (YCTYHJAPUHUHI) COHIH
pyHkuugacu cudaruia Kapam MyMKHH:

det A = i, .., A" = fld, A,,...,A)

oy epna A', ...,A" Bekropiap A MATPMUAHMHT YCTYHJIApH,
A,,...,A Bekropmap 3ca carpiapu 6ynub, xaM caTpiap, XaM
YCTYHJIap yuyH l-Teopemara acocaH f pyHKUUS OUDp XWII.

3-teopemMma. A mampuyanunz demepmunanmu campaa-
pununz (YCMyHAGpUHUHZ) Kyn uuzukau (Qynxyuscuoup.

Mcobor. l-reopemara acocaH TeopeMaHM caTpjap YYyH
ucoornai Kugos.

A MaTpUUAHUHT /-CaTpPUHU X € R BekTOop OWIaH aiIMall-
THPHULI HATHXKACHAA XOCWI OYIraH AeTepMUHAHTHU A (x) Op-
Kanmu GenrwraiiMu3. XycycaH A(A) = det A. A(x) HMHT X ra
HUCOATaH YU3UKJIM SKAHJIUTHUHU KypcaTaMu3.

Uxrtu€puit x = (x,, ...;x ), ¥ = (¥, ...,y,) BEKTODJIapHH Ba
¢ € R conynapuu ogamu3. Y xonna uxtuépuit i =1,n ydyH

Ai(x +y)= AES SN Aayyy... (X3, + Vy,)-e Gpy =
E€Sn n

= 2 sgnia ;.. x;...ay +
AES,

+JEZS SN Aa .. Vi -y = Ai(X) + A; (),
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Aj(ex) = ¥ sgn lalll...(cxli)...a,ﬂ =

1ES, "

=c 2 sgnia ;... X;.. 4y =c-Ai(x).
1ES,

Teopema ucborianau. B L

l-nartuxa. Xap xanoaii i =1,n yuyn A;j(0) =0

Mc6o1. XakukataH A;(0) = A;(o+0)=2A;(0). bynnan
Aj(0)=0. H

2-HaTtuxa. Aeap A mampuya noab campea (ycmyHnea) 32a
byaca, y xonda det A = 0.

Mc6or. by xonna 6upop i=1,n yayn A, =0. YOy det
A=A, (A ) Tenriukka Ba |-Hatuxara acocaH det 4 = 0. B

4-teopema. Aeap A mampuua campaapuza (ycmyHaapu-
2a) y ypuuea Kyuuw mambux xuruw (3sHU campaapu €xu yc-
MyHAQpuUHU YPUH aamawmupuwi) Hamuxcacuda B mampuya
xocua 6yaca, y xoada det B = sgn y detA.

McHor. |-Teopemara acocaH TacIMKHHU cCaTpJjap YYyH
ucooriaw kupos. Ywby B, = A ,1 = ],n MyHoOcabartra Kypa,
b,'k = a kr([ k—l n) Ba

P(B ’1) = bl}ll b a}'lﬂ.l”'aynln = P(A: ,u)a

o a e R
oo Ay I ... nf\A...4,

byHnaaH Ba A ypHura Kyiuw S na Tyiaa y3rapraHaa oepui-
raH y y4yH y~'A xam S, na tyna yaraprana ydyH (10-§ naru
2-T€OpEeMAHUHT HaTKKacH)

by epaa

det B= Ssgn AP(B,A) = Ssgni- P(A,y"'A) =

1ESy, AES,
> sgn(yu)P(A, u) = Ysgny-sgn uP(A,u) =
yYRES), HESy

=sgny > sgn uP(A,u) =sgny-det A. W

HESp
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l-HaTtuxa. Aeap A mampuyanunz Kanoaidup ukKuma
campunu (ycmyHuHu) mpamcno3uyus kuauur Hamuxcacuda B
Mampuya xocua Kuauxvean 6yaca, y xoada det B = —det A.

UcoborT. 19-§ naru 2-reopemasaH Ba 4-teopeManaH Oe-
Bocura kesub yukanu.

2-Hatuxa. Aeap A mampuya uxkuma 6up xun campaa
(yemynea) 32a 6ynca, y xonda det A = 0.

U c6oT1. XakukaTtaH, A MaTpuLIaaa iy carpjlapHUHT YpHHU -
HM ajMaluTupcak, l-Hatuxara acocaH det A = —detA. byH-
naH det 4 = 0. A

by HatuxxaHM 4-TeopeMaHM MIIIaTMAcIaH OoluKaya ycyl
OMiaH xaM McOOTJIall MYMKHH.

A paru i-catp Ba j-caTpJapHMHI YpUHJIApPUHU AJIMAlLUTH-
PUIL HAaTHXKAacHJa XOCWI OYiIraH MaTpuuaHu B Ba 6yHra Moc (J
J) TPAHCIIO3ULMAHY j OpKaIM OenrwiaiMus. Y xonaa 4-Teope-
Ma ucboTHaary Mysioxasara Kypa xap KaHuau A € S, yuyH P(B,
A) = P(A, Ay™') A MaTpULAHMHT i-caTpu Ba j-caTpu Oup Xui
oynraHu yuyH A = B. [leMak, P(A, ) = P(A, Ay™"). byHnaH

> P(A,)= 3 P(A )= 3 P(4np),
AEP, AEP, HESyPp

-

UYHKM A ypHUra kyuuw P Xyht ypHUra Kyuuuuiap tyivia-
MHUJA TYJIa ¥3rapradgady ! YypHura KyH ULl TOK YpHUTra KyHuLL -
Jap tyiulaMuaa Tyna y3rapaau. by TeHIIIMKKa acocaH

detA= 3 sgnAP(A,A) = S P4, - SPAL)=0

AES), AEA, AES, P,

OnuHraH HaTHXaHM KyHuiaruya XaMm aiTHll MYMKHH.

3-vatuxa. Xap kandaii i, j (i # j) yuyu AfA) = 0.

N cooT1. XakukaraH, AI.(AJ.) AETEPMUHAHTHUHI [ — caTpH
Ba / - caTpu XaM A. BEKTOpra T€HTI, AbHU OUp XWi. 2-HaTHXKa-
ra Kypa 6yngait nerepMuHaHT Honbra teHr. M

S-teopema. Aeap A mampuuanunz 6upop campunu (yc-
myRunu) bupop comea Kynaiimupub, Gowxa campza (ycmyHza)
Kywuw namuxcacuda B mampuuya xocua 6yaca, y xoaoa

det B = det A.
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Mc6oT. By xonma 6upop i, j(i#jl <i,j<n)Bac€ R
COHJIap MaBXYJKH, B MaTpuLAaHUHI caTpJjiapy yiudy

B A,,arap k # i Gyica,
k714 +cA; arap k = i 6yca

KYPUHMILra 3ra.
Mirapu xuputiirad A (x) 6enrwiaura Kypa

det B = A(A, + cA).

byHnaH, 3-teopeManaH Ba 4-T€OpeMaHUHI 3-HAaTWDKaCH-
JaH ¢pornanaHuob, ymody

det B = A(A) + cA(A) = det A+ -0 = det A

TeHrMkHM onamu3. Il
| -HaTuxXa. Xap kandaii ¢, = (k = 1,n, k # i) conaap yuyn
Aj(4; + D e 4,) = det A.

k=1
k=1

HUcbHoT. 3-Teopemara Ba 4-TeOPEMAHMHI 3-HATUXacura
Kypa

A4 + k}';ckAk) = A(4)+ éckA,-(Ak) =

k=i k=i

=det A+ ﬁ:ck-0=detA..
P

k=i

2-HaTtuxa. Aeap A mampuyanunz campaapu (ycmynaapu)
uusukau 6oranzan 6ynca, y xonda det A = 0.

Uc6oT. Hatuxanu carpiap yuyH ucboriaw kudos. by
xonga A MaTpULIAHMHT OUpop caTpu (MacasiaH I-carp) OOLIKa
CATPJAPHUHT YU3MKJIM KOMOMHAUMACH KYpUHMIIKIA Udona-
JIAHUIIKA MYMKHH:
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k=1

k=i

Y xonpma A; — ’ZlckAk =0 Ba

k=i
A;(0) = A;(4; - glckAk) = Aj(A;) -

- lzlckAi(Ak) = A;(A4;) — kz—:lck -0 = A;(4;).

k=i k=i

byHnaH 3-teopeMaHUMHI l-HaTtmXacura acocaH det 4 =
A(A) = 0 TeHrnuk Kenub6 yukanu. M

1—5-TeopeManap Ba yJapHMHI HaTUXajJapd n-TapTUOIH
JEeTepMHMHAHTIAPHU XHcobianiga unuiaTwiaad. Mucoa tapu-
Kacula KyHuaard ACTEpMMHAHTHU XUCOOIaMMU3:

X, Qy; Qy3...4y,
xl x2 az3oocazn
A=ix X, X5... a4,

. . . e

X, Xy X3... X,

by epna n-carpaan (n — 1)-catpsu aitupu6, (n — 1)-cartp-
JaH (n — 2)-caTpHM Ba X0Ka30 MKKHHYHAAH OMPHUHYM CATPHHU
aMpu6, S-teopeMara acocaH KyWuzaaru MdomaHu OJaMHU3:

Xy Az ... 4
0 x, —a,ay,; —ay;...0, —a,
A=0 0 X3""a23 ...a3n—02n
0 0 0 X,—Q, ,
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bynnaH 2-teopeMara acocaH

A=x(x,— a,)(x, — a,) ... (x —an_l,n).

21-§. MUHOPIJIAP BA AJITEBPAUK
TYJIUPYBYWJIAP

JeTepMUHAHTIApHU XUCOOJAIIHMHT aCOCUM BOCHTACH —
TAapTUOHM ITacCaMTUPUIL XaKUIaru Teopemanap. Yiapaa n-tap-
THOJIM JleTepPMHUHATHU Xycobsanl OMp Heya ITacTKU TapTHUOIn
JeTepMUHAHTIADHU Xucobiaiura Keardpwiagy. bynpa 6o
POJIHU MHHOD Ba ajireOpavK TYJIAMPYBYM TyILUyHYalapu Yu-
HaWIu. |

A — uxTu€puii s X n-Matpuua 6yJICUH. A MaTpULlaga KaH-
Jauaup k Ta caTp Ba kK Ta YCTYHJIAPDHUHT KECHUIUTAH XOWMUIaru
3JeMeHTIapAaH TAIUKWI TONraH k-TapTUOJIM MaTpULIAHUHT
JNETEpPMUHAHTH Kk-TapTHOJM MHMHOP JeHWIanu.

iy by ooy I, (1 = (<0< ... <i < n) pakaMJIi caTpiap Ba j;,
Jos wees J (1 = Ji< J,< o <J, < n) pakaMmiIM yCTYHJIAp KEeCHUILIH-

. i2 ik
WIMaaH Xocw OyiaraH kK-TapTUOJIM MHUHODHHU M iyiy..i, OPKa-

M 6enruwnaimus. {j,, j,, ..., j,} TYIULIAMHHHT Oapya YpHHra

KyHuuuiap TywiaMMaa S {j,, Jj,, ..., j,} OPKaIN OearuaanMus.

bynra kipa

i Bjy -
ARdke —

M,.l,.z‘_‘ik ay; Qi 4

aikh aika’ " aik}‘k

i

2k

PES(N2---Jk)

Oy epna

Ji dyee Ji
P=
(Pl Pz...Pk)

ypHura xyiumt S (j,, j,, ..., j,) TYPYXAa Tyna yarapapw, sgn P
3ca P ypHura KYMUIIHUHT HLIOPACH.
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A — xBazapar marpuua Oyncud (n = s5). by xoxnna

M —M,{,lzb,kj" MUHODHHMHI 3JIEMEHTJIApUAAH YTMaiIUraH

caTpjlap Ba YCTYHJAPHUHT KeCUINMIUUOAH Xocui OyaraH M
MUHOPM ra TYAOupyBYd MUHOp AeO aranagu. Yoy

Ah]z Jk _.( 1)11+12+ A+ i+ +JkM11 Jk
hih... ...k

COH 3ca M MMHOPHUHI aare0pamMK TYJAMPYBYHCH LCHWIAAU.
A — KBagpaT MaTpMUaHuHr A, ,...A; caTpjapuHU MOC
paBumiga X, ..., XkI € R BekTopnap OWiIaH aMAalUTUPULILIAH

XOCHJI OYJIraH MaTpULa ACTEPMUHAHTHHU A, ..., i, (X}, ..., X))

OpKaJIn OerwIianMu3.
I-meopema. Yuby

Nedie —
A5 =B By Ejy)

menzaux ypunau, 6y epda E; ... E, — opmaap.
Uc6or. Mactab M =M 1‘%',‘( 6yaraH Xycycuil XOMHH
Kypamu3 (OyHuas MUHOp Oypyak MUHOp HeHuwnanu). Y xonna

AIZ... k(Ep E2 seey Ek) = Esgnp.akﬂpkH .ak+2pk+2 ’”anPn ?
PeS(1,2,..,n)
P=l,.., Py =k
YYHKM @, = a,, = .. =a, =l xaMmpai# jBal <si<k | =<
<Jj = kb6ynca, a; =0. bynnau A,, (E,E,.,E) =

a ...a
- 1 | k+lk+] k+ln| _ 1
> Sgn P~ Gy -l = =M,

Pres(k+l, ..,n)

Apery ---a

YYHKHU

po(12k k+ln
2.k P, .. P

n

YpHUra Ky#uumgard MHBEpCUsIap COHU
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k+1...n
P =
(P,m... P)

n

YpHHUTa KyHuIaard MHBepCcUsUIap coHura TeHr. Kypuiaérran
xycycu xompa i, + i, + ...+ i +j+ ..+ ) =21 +2+ ..
+ k) XydT COH OVJIraHU Y4YyH

Allzz.'.'.'f =M'= Ay (ELE,,...,E,)

y _ Af Nk . .
Ymymuin M = M " xon kypuiras xycycuit xoira

KyHHIaruya KeJTUpWIaau. YIiudy

Ail...ik

(E,..... E,,)

JETEPMHHAHT CaTpjapH YCTHIAa KE€TMa-KeT TPaHCIIO3HLUsIIap
baxapub, i, pakamJId CaTpHU OMPUHYHM YPUHIA, [, PaKaMmId
CaTPHM MKKMHYH YpHMHra Ba X0Ka30 /, paKamJid CaTpHH k-
ypunra yrkazamu3. bynu 6axaput yuyn (i, — 1) + (i, — 2) +
+ ... + (i, — k) Ta TpaHcno3uuua vuuiatwiaad. Uynu ai-
THUIL KepakKKH, 6y TpaHCIIO3WLMAIap HATHXKAcUaa KoIrad (n —
— k) Ta caTpirapHUHr OUp-Oupura HUcOATaH -KOWIAIIKIUHK
y3rapManiu.

Xocu OyiraH neTepMMHAHTAA YCTYHJIApHU YCTHULA KE€TMa-
KeT TpaHCHo3uuusuIap 6axapub, j, pakaMiid YCTYHHU OUPHUH-
yd YpUHra, j, pAKaMJIH YCTYHHM MKKMHYM YPHHIa Ba XOKa30
J, PAKAMJIM YCTYHHU k-¥puHra ytkaszamus. bynma (j, — 1) +
+(,— 2) + .. + (j, — k) Ta TpaHcmo3uuUsA OaXapuiIanu.
Ycrynnap yectnpgary 0y TpaHCOO3ULMSUIAp HaTUKacuia KoOJi-
rad (n — k) Ta yCTYHJIapHUHT OuUp-OuMpura HuUcOaTaH XoMia-
WUIIYA y3rapmanau. CaTpiap Ba YCTYHJIAp YCTHUIArd OKOPH-
Jla 6axapuwiraH TPAHCITO3ULIMsIap HATHXKAcKUda IIyHAAH A Jie-
TePMUHAHTra KeJIaMU3KH, k = TapTuOiM Oypyak MUHODH yILOy

10...0
01...0
00...1

MUHOp OY1u6, yHra TYIIUPYBYM MUHOD 3ca M’ ra TeHr, YyH-
KM KOJIFaH caTp Ba YCTYHJIAapHUHT OMp-Oupura HucOaTaH XOMH-

100

www.ziyouz.com kutubxonasi




Jawywu ysrapmagu. Xycycuil xosjna ucOoTiIaHraHra Kypa
A = M. VIkkuH4yu ToMOHzaH 19-§ nmaru 2-teopema Ba 20-§
aarv 4-reopemajapra acoca

iy B Ej ) = (= 1) a~DHEH=2)+.HE—k)

A= (_ l)q +tip it A jp-2(142+..4 k)

h+.tig+j+.+]
A=(-1)1 kThTTTe o M = Al:ll'lmlik.

2-treopema (Janaac meopemacu). A xeadpam mampu-
uada i, i,, ...i, (1 =i < .. < i <n)campaap (ycmynaap)
manaanzan 6yacun. Azap campaapu (ycmynaapu) wy maHaan-
2an campaapoa (ycmynaapoa) xcoiirawean mMymxur byaszan k-
mapmubau MUHOpAGPHU YAAPHUHZ aszebpaux myaoupyeévuia-
puza xynaiimupub, 6y xynaimmaasap bapuacurunz lurunoucu
oaunca, A mampuuanunz demepmunanmu xocus 6ysaou.

Ucb6or. Teopemanun ucbotnam yuyH ymoy

- Nl | R
det = . > . M Rodp Wiy
Isji<..<Jy=n

TEHIVIMKHU UCOOTIAIIMMHU3 Kepak.
Xap KaHnai j=1,pn YUyH A = E}a.-pEp,
P
6y epma E, ..., E — optnap. byHra acocaH
detd =4, ,(4,....,4,)=

n

= A. (2 a‘1P1EPI’“"pkz=la"kpkEpk)'

.0k =1

BYH}laH ACTEpPMUHAHTHHUHT KS?H‘IH3HKJII/UIHK Xoccacura aco-
CaH

det A = L.
A Plsz a'lpl aik-"k

'Aq...ik(Epl,---aEPk), (D)
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Oy epha HUFMHAM KoopauHaTanapu 1 < P =n,.,l = P <n
TEHTCUINIMKIAPDHU KAaHOATJIAHTUDPYBYU Gapya P =(P,...P)
BeKropiap 6yHuya onuHanu. Arap (P,,...P,) BEKTODHUHT KaH-
Jaiaup MKKHTA KOOpOMHATACU TEHr O¥yica, y xoiaga
Ay iy (Ep ,...,Ep ) nerepMuHaHTAA UKKHTa GHp XMJ caTp
MaBXYy/I é)“mamzl, Ba JIeMaK, y HOJIbra TeHr 6yn1aau. byHra Kypa
P =(P,,...P,) BEKTODHUHI 0apya KOOPIMHATAJIAPUHH TYPIH
ne6 xucobiamr MyMkuH. Hdemak (1) wuruaau {1, 2, ..., n}
TYIUIAMHUHT 6apya k-yayamnu P =(P,,...P) YpUHIaIUTHPUILL -
jJapu OViHM4Ya OJMHraH AeWum MyMKUMH. byHra acocan (1)
WUFUHAMHU KyHMHOArd KYPUHMINAA €3UII MYMKHH:

detd= 2 Gypeb Ay i (Eps--s Ep)

1s /1 <..<jxsn PES(y],...jk)

20-§ naru 4-teopemara kypa P € S (j, j,, ...J,) YIYH
A i (Ep Epy,...Ep )=sgnP4, ., (E,,. . E;).

byHnra Ba 1-teopemara acocaH

detd= 3 AMA( ¥ sgnP- Uyp, -+~ Tipp,) =
Isf1<.<jk<n PES(Y],-5Jk)

— Ne-Jk . pN--Tk
= 2 MInE AT

. . i ik
lsj1<..<jp=sn

Teopema ucbomianau. M

Jlarutac TeopeMacMHUHr k = 1 OyiraH Xycycuil XOJUHH
KypaMu3. Ywby i = i, j=j 6enrwiam Kkupuramu3. by xomna
M j MUHOPp A MaTpUIIAHUHT a, 3JEMEHTUra TEHT oyn1ub, Oy
MUHOPDHUHT QIre0pauK TYJAOUPYBYMCH @; 3/IEeMEHTHHHI aj-
reOpaMk TYJIIMPYBUMCH IeHWIaad Ba A,j OpKaNiu OenrwiaHa-
au. Arap A MaTpuuajza i-caTp Ba j-CaTp YCTYHJIapHU Y4yU-
PUILIAH XOCHJ OYIran nerepMuHaHTHU M ; opKanu 6ejiruwia-
cak (y M} MUHODHUHT TYJIAMPYBYM MUHOPHU), Y XOJAa
Ay = (=D M;

by Genrmnaninapra acocad Jlamac teopeMacuiaH KyWu-
JlarTl Teopema Xycycui xomnma (k = 1 pa) kenud 4YuKaau.
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3-Tteopema. (merepMHHAHTHHHr catpiaap (ycryHjaap)
Oyiinua éinm xakunarn teopema). A xeadpam mampuuanume
bupop camp (ycmyn) 31emenmaapunu yaapHune aszebpaux
myadupyeuusapuza kKynaiimupub, Hurcax, 6y mampuuyanune
demepmunanmu xocua 6ysadu, ssHu Xap Kanoaii j =1,n Y4yH

S a,4; = detA
j=1

6a xap xanoau j=1,n yuwn

S a,4; = detd
i=1

yy

MEH2AUKAQD YPUHAU.

Hatuxa. Aeap A mampuya 6upop camp (ycmyn) anemenm-
aapunu bowka camp (ycmyH) snemenmaapunutz Moc arzebpaui
myadupysuusapuea Kynaumupub, durcax Hoab xocun 6ynaou, ssHu
azap i # § 6yaca, y xon0a

2a;A; =0
j=1

6a azap j # q 6yaca, y xon0a

Ya;A, =0.

i=]

McboT. Arap i # S 6ynca, y xonna AfA) = 0, YyHKH
yHIa UKKUTa Oup xuia carpiaap 6op (i-catp Ba S-catp). by
OETEPMMHAHTHHUHI S-carpura 3-TeopeMaHU TAaTOMK KWICAK

Ag(A4) = .Ela’v'Av' = (.
j=

VYeryunap yuyH uc6or wynra yxmam. Il
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3-teopeMaHU KyHupard BaHaepMOHI OeTEpPMUHAHTUHU
XUcobiamra TaTOMK KWIaMU3:

Alx),...,x,) =

ooooooooooooooooooooooooo

by epaa kerMa-KeT KyiMaard amajulapHu OaxapaMu3:

(n — 1)-carpHu x, ra Kynautupud, n-carpiaH anupaMmu3,
(n — 2)-catpHu x,ra Kyma#tupu6, (» — 1)-carpaaH aimupa-
MU3 Ba X0Ka30. Oxvpua 6UpHUHYM CATpPHM X, Ia KYIIaWTHPHO,
MKKMHYH caTpAaH aMupaMu3. Haruxana Kyluaaru netepMu-
HaHTra KejJaMH3:

1 1 1 1
0 X, — X, X3 — X, X, — X,
— 2 2 2
A(Xp,...,x,)=|0 x5 —x,X X3 — X3X, X, — XX,
n-1 n-2 n-1 n-2 n-1 n-2
0 x377 —x37°%, X3 =X3 X, ... X, =X, X

ByHu 3-teopemara acocaH 6MpMHYM YCTYH 6yiiuya €iuo,
Kyiugard npoaaHu OJIaMHU3:

xz-xl X3_xl v xn_xl
x,(x, —x;) x,(x, —x x (x, ~x)
2\42 1 343 1 1
A(xy,...,x,) = nen
n—2 n-2 n-2
Xy (X = xp) X33 =x) . XX, —x)

byHaH neTepMHUHAHTHUHT YCTYHJIapUra HUcCOaTaH YM3UKJIU
SKaHJIUTKUAaH ¢$onaanaHub
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1 1 ...1

X, X3 ... X

A(xy, ..., x,) = (6 —x)(05 —Xx;)... (x, — X))

n-2
n

n-2 _n-2
x2 X3 R 4

=(x, ~x)06; —x,)..(x, = x,) - ACxy, X5,...,X,)

TEeHINIMKHHM ojlamu3. KOKopumard mynoxasaHu A(x,,..x,) ne-
TEPMUHAHTTa Ba X0Ka30 KeTMa-KeT TaTOMK KWINO, KyHuaaru
udomara KeiaMu3.

A(x,..x)) = (0,—x)(x,—x)...(X —X,) -
" (=) (X, =) (x, —x,_)A(X,_ ,x) =
= T =x) =W Gy,

YYHKH

1 1

A(xn—l’xn) = = xn - xn—l

xn—l xn

by epna Wix,, x,, ..., x ) ynkuus 19-§ na xkupurwirad Ban-
AepMoHA KymantMmacuaup. IlyHnain Kwimo, x ,..., x, y3rapys-
YWIapHUHT BaHnepMoH aeTepMHUHAHTH Oy Y3rapyBYWIapHUHT
BangepMona xymaiitMacura tedr. bynaaH, xycycas, Kyiuaa-
M HAaTUXa KeJud YMKANM: X,,..., X Y3zapyeuunraprune Ban-
Jepmond demepmunanmu HoavOan gapkau 6yauuwiu yuyH X, X,
«y X COHNAPHUHZ Mypau 6yauwu 3apypuid 8a Kugoaguil wapm-
oup.

22-§. MATPULIAJIAP AJITEPBACH

Yu3uKIU TeHIrIaManap TU3MMHMHU €YUl Ba aJre0paHUHT
OollKa Macaajlapy MaTpHLajiap yCTUAa OMp Heya aMmasuiapra
onu0 Kexanu.

A Be M |, Matpuuanap GepwiraH 6yiacun: A = (a,), B =
=(b,). Dnementnapuc, = a, + b, connapaan uéopar C = (c,)
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MaTpula A Ba B MaTpuualapHAHr HWHFMHIMCHM JeHWIagy Ba
C = A + Bopkanu 6enrwiaHany. by amasira Hucbaran M, . abesb
TYPYXMHM XOCWI KWiaau. by IypyXHUHI' HOJb 3JEMEHTU HOJb
MaTpuiagnp (sTbHU Oapya 3JeMeHTIapyd HOJbJIApAaH udopar
matpuua). by rypyxna B = —A 6¥ynca, y xonma b, = —a,,
i=1,s5,k=1,n A= (a,) € M, Matpunanuur 1 € R conra
Kynaiitmacn ne6, aneMeHTIapu b, = Aa, coHiapaaH ubopar
B € Ms,,z MaTrpullara auTwiaau Ba B = A4 opkanu Oenruna-
Halu.

MarpulaJIapHUHT KyNMauTMacu aMaJid XaM KUPUTWIAOH.
YHu TavpudaamaaH oOJOWH HUKKWUTA BEKTOPHUHI CKAJIAD
KynaTMacuHU kuputamu3. Mkkura n — ymyamom X =(x, x

.,x,) BaY=(y,,, ... ,y,) BEKTOPJIAPDHUHT CKAJIAP KynanTma-
ch 1e6, xy, + x,y, + .. + Xy CcOHra airwiaga a (X, J)
opkanu GenrwiaHanu. Arap A € M, . Ba B e Mm’r oynca, y
xonma A matpuuaHuHT B Marpuuara KymaitMmacu ¢dakat A
MATpULIAHUHT YCTYHJIApH COHM B MATPUUAHMHI caTpjapu
COHHUTIa TEeHr OViaraHma, SsbHU »n = m OyAraHgaruHa Tab-
pudpnananu. lilynra kjpa4d € M, Ba B € M, marpunanap-
HHU OJIaMHU3. YJIapHHHr KynmaiTMacH 1e0, 3JeMEHTJIapu

=(4;,B")= z%bpk connap (A Marpuna /-CaTpUHHUHI B
Marpuna k — YCTYHI/II‘a CKaIp KymaiTtMmacu) aaH ubopar C
Marpunara aitwiagy Ba C = A - B opkanu 6eirunaHagu. by
Tabpudaan KypuHanuku, C € M, .

[Iysu airuiu Kepakku, AB Mapxyn Oynuiud, aMmo BA
MaBXxyn Oyimaciaurd MyMkuH. BA kymaitma dakar 1 = §
6ynarannaruHa masxyd. by xoinma A-BE€ M _sa B-AE€ M
Arap S # n Gyica, 6y MATpULAIAD TYPIH, YYHKH YJIap TYpIH
TAapTHOJIM KBaApaT MaTpuuanap. Arap S = »n 0yica, y xonaa
AB Ba BA 6up xwi TapTubaM KBaapar matpuuainap. by xonna,

12 56
yMyMaH adTtraHga, AB # BA. MacanaH: A =( ), B =( )

34 78
1922 2334
6y1ca, = = .
yica, y xonna AB (4350], BA (3146)

Jlemak AB # BA.
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1-Teopema. Mampuyaaap kynaiimmacu-accouuamueaux
xoccacuza 32a, avHu azap A, B, C mampuyaaap wynoaii 6yaca-
xu, (AB) C, A (BC) kynaimmanapnune 6upu maexcyo 6yaca, y
xo40a uxkunuucu xam maexcyd ea (AB)C = A(BC) menzaux
ypunau.

N c6oT1. MacanaH, (AB) C kynaiTMa MaBXyl OVJICHH.

YxonnaAeM -BeM ABEMsCEM,u,
(AB)C € M, . bynra Kypa B-C Man(y,u, BC € M” Ba A(BC)
XaM Mancyn, ABC) e M.

Kyitunaru 6enrpmamnapﬂu KUPUTAMU3:

A=(a), B=(b), C=(c), A-B=1D=(d), (AB)C =
DC = F=(f), BC= G = (g,), AGBC) = AG = H = (h,).

bynapnah:

n t -
Z pqpk E Ealpbpchk(i = l, S,k - 1, U).

p=1g=1

by epnan 6apua i =1,s Ba k =l,u yuyn f, = h, 5KaHIK-
1 keaub yukaau. lemak F= H, avHu (AB)C = A(BC).

Arap A(BC) maBxyn 6yinca, TeopeMaHHHI MCOOTH LUYHra
yxuwamm. W

Catpnapu E,, E, .., E opmiapaan ubopar n-TapTHOIH
yioy
(1 0 ... 0
U = 0 1 0
0 0 .. 1)
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MaTpuua n-tTapruban OMpaMk marpuua aerwiaau. bavsan U
ypHura U €xu FE €3amu3. by MaTpuIlaHMHT acOCHMM XOcCacu
Kyiygarugad ubopar: Xap KaHgal A € MM MaTpvla Y4YyH
AU = A Ba UA = A. XycycaH, xap KaHaa n-taptOimu A
kBanpaT marpuua yyyH UA = AU, = A. bynjaan Ba 1-teope-
MaJZaH 6eBocuTa KyHHJard HaTuxa Keaub YUKaIu.

HaTtuxa. n-mapmubau 6apua keadpam mampuyaiap
mynaamu Mampuyalaprute Kynaimupuui amaiuza Hucbaman mo-
Houd xocun Kunaou. by monouwnuu (M, ) opkamu Geiarwiai-
mu3. Xycycad, n = 1 na (M, *) = (R,*), 9bHH XaKUKUMH
COHJIAp TYIUIaMHAa KYNAWTUPULLE aMaId KapajJluliyd HaTHXa-
cyulia Xocua 6yiaran MoHouI Oyiaanu.

2-meopema. Mampuyarapnu xywuw ea xynaumupuuw
amaasarapu y3apo ducmpubymueaux KowyHu bOuaawn 6OFrawean,
avuu azap A, B, C mampuuyasap wynoaii 6yscaxu, A(B + C)
éxu AB + AC ucpodarap maexcyd 6yaca, y xor0a ukxKunuucu
xam maexcyd ea A(B + C) = AB + AC menzaux ypunau.

by TeopeMaHHUHT UCOOTH 1-T€OpEMaHUHT MCOOTHUrA YXILALL
OyaraHu ydyyH yHM OaxXapUIUHM YKYBUMIa KOJIHUPAMH3.

3-Tteopema (IerepMMHAHTIAPDHHHT KYNAHTMACH XaKHAQ).
Azap A ea B 6up xua mapmubau xeadpam mampuuaasap 6yaca,
y xoa0a det(AB) = detA- detB.

Hc6or. A, B€ M _Ba A= (a,), B= (b,) 6y1cuH. Y xomnna

C=A-BEM,.C=(c,), ¢z = Sa,by (i,k=1,n) pa
p=1

detC = > sgnicy,...c, =2 sgn l(}_:alpl )...

1ES, 1ES,

( Z anpnbpnln) = z z E_alplbplll np”bpnln =

pn=] lESn ﬁ=l

Py

DR ayp -+ Ay, (> sgnibpy..-bp; )=

A=1 B,=l 1ES,

— z alm...anpnAlz...n(B

e

, B

)

108

www.ziyouz.com kutubxonasi



6y epna Ay, ,(B,....B,) opkamu caTpiapu Moc paBULLIa
B Py e B,, Bektopiapman ubopaT NeTEpMHMHAHT GeJrMiaHa-
au (B,,..., B, Bekropnap B MaTpuLiaHuHr carpiapu). Arap P,,...,
P coHnap uyMaa KaHZaWAMp MKKUTACU TeHr 6yica, y xomna
Ayz. n(By,..., B,,) neTepMUHAHTIAA UKKUTA GUD XWI CATP MaB-

Xyn Oynagu. lemak Oy xomma Oy JeTepMHMHAHT HOJra TEHT.
Arap P,,., P comwnap Typau 6yiaca, y xomna P = P,.., P,

BekTop (1, 2, ..., n) TYIULIAMHUHT OUpOp YPUH aAJIMAIITUPHUILINA
oynanu. by xonma 20-§ maru 4-teopeMara acocaH

AIZ...n(B """ Bpn) = Sgn pA 12...n(Bl,--~,.Bn) - Sgn p det B.

byHra acocan (1) ¢popMynagaH

detC =detB Y sgnpa,,...a, =detA-detB

PES(,2...,n)

Teopema uc6ornanau.

by TeopemaHu siHa Ky#uzaruda xam aWTUIL MyMKuH: M,
Jla aHUKJIAHTaH Ba KUMMatriaapu R na o6yiaran A - det A akc
srtuput (M -) MOHOMAHMHT (R, -) MOHOHUAra rOMOMOD-
(pU3MHAHD.

Arap A € M yyyH wyHpait B € M_ MaBXyn G¥ncaku,
AB = BA = U 6ynca (U — 6upauk marpuua), A TecKapuaa-
HYBYH Aeiiwnanu. by xonna B marpuiia A ra Teckapu neiiu-
JAOM.

Arap A MaTpUMLIAHUHT TeCKapHMCcH MaBXyn Oyica, y xonna
9-§ nmaru 3-teopemara acocaH y firoHa. A ra teckapu 6yiaraH
mMarpuuanu A™! opkanu 6enrwnaiMu3. Teckapy MaTpuLaHUAT
TabpudUaaH KYpUHAIUKKA, A™! ra Teckapu Matpuua A HUHT
y3H, sibHU (A7 )7 = A

Arap A Mmatpuua yuyH det A = 0 6yica, y Maxcycmac Mar-
pULIA JeHIIaou.

4-Teopema. A xeadpam mampuyanunz mecKapusanye1u
Oyauwu yuyn ynumne maxcycmac 6ysuwu 3apyp éa xugpos. by
wapT 6axapwiraHjaa
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_l 1 41 A21 M A"l
A" = G| A2 A - An
Aln A2n se A'rm

b

Oy epia A, COH a, SIEMEHTHUHT alreOpauK TYIIMPYBIUCH.
UcboT. A TeckapwiaHyBuu OVJICHH. Y Xxonna mwyHjai B
MaTpula MaBXyIaku, AB = U. VY xonna 3-teopemara acocaH
det A-det B = det U = 1. bynnan det 4 = 0.
AxkcuHuya, det 4 # 0 6yncuH. Ywby A = det 4 6earnwnaiu
KUPUTUO, 3JIEMEHTIAPU

_ Ay
A4

by

udona 6wiaH aHuKIaHyBuu B = (b,) MaTpuuanu Ba C = AB
KynaiitManu Kapaimus. C = (¢;) MATPUUAHUHT 3JIeMEHTJIA-
pu 21-§ naru 3-teopemara Kypa XUcCOOJaHAOH.

arapi = k6yca,l,

n 1 &
C., = a b, =— A, =
ik ,21 pUpk T A glaw kp {arapi # k 6yica, .

Iysra yxmam BA = D = (d,) MaTpUUAHUHT XaM 3JIEMEHT-
Jlap¥ XycoOMaHaau:
n 1 & arapi = k 6yica,l,
d,=2b,a, = =5 a A, ={

p= p=1 ! arapi # k 6yica,0.

Hemak, AB = BA = U Ba A = B.

5-teopema. Azap keadpam mampuuanunz campaapu (yc-
myHaapu) “uzuKau 3pkau Oyaca, y xoada y maxcycmac.

Ucbot. n-Taprubin A MatpuuaHuHr A,,..., A, caTpiapu
YU3UKJIM 3pKIM OViIcuH. 14-§ narm 4-TeopeMaHUHI 2-HaTH-
Xacura Kypa yiap R na 6asuc xocwr Kuiaau. Y xonna 14-§
Jaru 3-teopemara acocaH R* jgarm MxXTHEpUH BeKTop Oy Oa-
3UC OpKalu sroHa ycyn Owiad udonamraHamy. Xycycad, E,

E, ... E opriaap 6y 6a3uc opkamu udoparaHaau:
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Ey = 2byd, (k= L,n).
P

HMKxuHYY TOMOHOAH

A, =XYa,E (p=1,n).

i=1
bynapnan

E, = %bpk(g a,E) =3 (3 a,b,)E,

i=l p=l

R pa E, ..., E, E opriap 6a3uc XOCWI KUITaHN YYyH
OXMPI'M TEHIJIHUKNAH

arapi = k 6Vica,l,
arapi = k 6yica, 0.

Ya,b, = {
=1

TEHIJIMKIApHU oflaMu3. [lemak, B = (b,) wyHnai marpuua
3KaHKU, AB = U .Y xonna det A -det B = det U = 1. bynnan
det A = 0.

YcTyHiap yyyH MCOOT IIYHra yxiuari.

Hatuxa. Keadpam mampuya demepmunanmunuHz HOAb
Oyauwu yuyn ynHune campaapu (ycmyuaapu) vuzuxau 60FaaH2aH
O6yauwu 3apyp ea Kugos.

Ucb60T. A MATPULIAHUHT NETEPMUHAHTH HOJb OVICUH. Y
XOJIIa YHMHT caTpiaapu (YyCTyHJIapH) YM3UKJIM OOFIAaHraH, YyH-
KU aKC xoyiga S-teopemMara acocaH det A = 0 6yiap 3gu — Oy
aca OepwiraHra 3uj.

AxkcuHYa, A MaTpUUAHMUHT caTtpiaapu (YCTYHJIAapH) YU3HUK-
Ji1 bornaHraH 6yiacuH. Y xonna 20-§ naru S-teopeMaHUHr 2-
HaTtuxacura xypa det A = 0. Hatuxa Tyi1a uc60oTIaHau.

6-teopema. Mampuyasrap kynatimmacununz pawnzu
Kynaumye1usaprunz panzaapudan xamma mac.
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Hcbor.Ae M, A Be M,.,r BaA-B = C =(c,) OyICUH.

Y xonna yu6y € = EI%bpk (i=1,5,k =1,1) reurnuknapaan
p=

t t n n t
C = kzlc.kEk = E(Eaipbpk)Ek = zla;p(kzlbpkEk) =
- - =

k=1 p=1

=Sa,B,(=15)
r=1

TEHIIMKIAD KeJIU0 YUMKAAu.
by reurnmukinap C = AB MaTpuULaHUHT carpjapd B Mar-
PMLIaHMHT CaTpjlapd OpKaau HPoJaNaHMIIMHU KypcaTalu.
byunan 14-§ maru 4-reopemara kypa r(A-B) < r(B).
IOkopuaary TeHIIMKIApra yxmam yimoy

s . n ) . n -
Ct=Sc,E' = b (Xa,E')= Yb,A(k=1,1).
i=1 p=1 i=1 p=1
by Tedrnmuk C = AB maTtpuua ycTyHIapd A MaTpUUAHUHT
YCTYHJIapH OpKaId udonaiaHUIIMHU Kypcatanv. byHnaH 14-§
naru 4-teopemara kypa r(AB) = r(A). Teopema UcOOTIIaBAU.
Hatuxa. Azap mampuyanu wandan éxu ynedam maxcyc-
Mac Mmampuyaza Kynaumupuaca, YHUHz paHzu y3eapmauou.
UcboTr. A — Tyrpubypyakid MaTpula Ba B — Maxcyc-
Mac Marpuua 6¥yiacuH. Y xonma 6-teopeMara acocaH
r(AB) < r(A). UkkuH4uu TOMOHAaH A = AB - B!. byHnaH sHa
6-TeopeMara acocad r(A) < r(A-B). demak r(A) = r(A-B).
YampaH MaxcycMac MaTpuliara Kyna#THUpWITaH XOJ LUIYH-
ra yxmam ucOoTiaHanu.

23-§. BUPTAJIUKJIA BYJITAH YU3UKJIU
TEHTJIAMAJIAP TU3UMH EYUMJIAPU
TYIIIAMUHUHT TY3WINIIA

Hactnab TM3UMHHUHT Ko3dPULUUEHTIapU MAaTpULIACU MaX-
CyCcMac KBaapaT MaTpulia OVJIraH XyCyCHMHM XOJIHHM KypaMHua3.

1-teopema (Kpamep konnacu). Aeap A= (a,) € M max-
cycmac 6yaca, y xoada
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a,x, + apx,+.. +a,x, = b,
a,% ta,x,+..+a,x,=b,

HUZUKAU MeH2AaMarap muumu yuoy

AzoHa ewumea 32a, Oy epra A =det A Ba A_3ca A HUHT k-
YCTYHMHHU 0301 XaJIap YCTYHHU OWJIaH aIMalUTUPHILJAAH XOCHII
oyarad perepMuHaHT (k=1,n).

HUcb6oT. Yoy

(xl\ ()
X2 b2

X=|"], B= (2)

X, ) \bn

Oeinrunap KMpuTHO Ba MaTpUMLATAPDHU KYNMaTUpUIL aMaIM-
naH ¢oinanaHub, (1) TH3MMHU MaTpULia KYpUHUIIWAA KYHH-
Jaruya €3ub oyamMus:

AX=B. (3)
Wynnait Kuuo, (1) TH3MMHY eyui (3) KYpUHHUILIATA MaT-

pULIaTK OUTTA TEHIJIAMaHU €YUINra TeHI KyWIH.
A — maxcycmac 6yiaradu ydyH (3) TeHriama

X=A"1B 4)
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TEHIJIaMara TeHr KywWwid, SbHHU (3) TeHmaMa (4) KypuHUIIOA-
M AroHa eyumra 3ra. byHaaH Teckapy MAaTpULAHUHT KYpH-
HUmuaaH (22-§, 4-teopema) doiganaHud, HOMaLIyMIApHHU
TOIIAMHU3:

S ZE b aZbA= L (=L,

2-teopema. Mampuuyanune paneu noadan gapxau mu-
HOpAGPUHUHZ 3H2 I0KOpU mapmubuza mene.

HcboT.A € M, MaTpuL@HMHI paHTH 7 OYIICHH. Y Xo/za
16-§ naru 7- TeopeMaHnHr HaTHXacura Kypa A aa r 1a Yu3uK-
M 3PKJIM caTpjiap MaBXyd. by caTpiap XOcCwi KWJIraH Mar-
punaHu B opkanu GenrwiaiMus. Y xonna B € M Ba YHHHT
PaHr4 r ra TeHr. B HUHT paHTU 7 OVJIraHu Y4yH 16 § naru 7-
TEOPEMAaHUHI HaTHXXAacura acocaH B 1a r Ta YHU3UKJIM 3PKIM
YCTYH MaBXyl. by ycryHmap A MaTpMUAaHMHI r-TapTUOIH
MHHODHH Xocul Kwiaau. by musop 22-§ maru 5-teopeMa-
HUHI HaTuXacura Kypa HoimaH ¢apkid. UKKMHYM TOMOH-
JIaH, arap k > r 6yica, y xonaa A HUHT pPaHTH 7 OYJIraHd y4yH
A naru uxTuépuit k Ta catp uM3MKiId O6or1aHraH. byHnan 22-§
Jari S-TeOpeMaHWHTI HATWXAacura acocaH A HUHT k-TapTub-
JIM UXTHEPHUM MUHOPH HOJIbIa TEHT 3KAHJUIU KeIub YMKanu.

A MaTpULAHUHT paHTH 7 OVJICHH. A HUHT HOJIbAAH papKiu
r-TapTUOIM UXTUEPUIM MHHOpU 06a3zuc MMHOpM 1eO aTajiand.

Kyiiunaru teopeMa MaTpHLIAHHMHI PAaHTMHU XUcOOiallga
Ba YHUHI 06a3UuC MUHOPMHHU Tonmuiaa GOoMIaIHU.

3-treopema. Azap A mampuuanunz 6upop r mapmubau
MUHOpU HOAbOaH papxau 6Yaub, 6y MUHOpHU Y3 u4uU2Q 0AY6%U
xap kandai (r + 1)- mapmubau munop noavea mene byaca, y
xoa0a y 6azuc munopudup (Ba 1eMaK, A HUHT PaHTH ¥ ra TEHT).

Ucbor. M-HounpnaH ¢apkjad r- TapTUOIHX MHHOD
6yicuH. 22-§ maru 5-TeopeMaHUHT HATHXAacura Kypa, M nad
VTYBYM A HUHI carpjapd YM3UKIH 3DKIH. YIapHU A, ..., 4,
opkanu OenrwiaiiMu3. TeopemaHu ucboriaail yuyH A HUHT
bollka caTpiaapu Oy caTpjap OpKaJlIM YM3MKIM UPOdalaHH-
IUUHYU KypcaTUil KHUGOs.
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A, .. A, A catpirapHu ¥3 uuMra oixyBud A HuHr (r+ 1)
Ta caTpMaaH MbOopaTr MaTpHLaHU B opKanu OenrmianmMui. M
MUHOPHH V3 MYUra ojayBuY¥M A HUHT Xap KaHaau (r + 1) - tap-
TUOJIM MMHODHU HOJIbra TEHr OViaraHu cababiu, B HUHI Xap
KaHga ycTyHd M MUHOpIAH YTYBUM r Ta YM3HUKJIM 3PKIM
YCTYHJIap OPKAJIM YHU3UKJIU udoaataHanu. byHra kypa B HUHT
paHru r ra TeHr. bynnan A carpHuHr A, ..., A caTtpiap op-
KU YU3UKIM UpoaaTaHUILIU KeIub YMKaIoH.

DOHAU Oupraivkaa O6yiraH UXTHEPHN YM3HMKJIM TEHIJIaMa-
JlJap TH3UMHHU KypaMH3:

ayx, + ayx,+.. +a,,x, = b,

............................... (4)

Yby

.............

Oesrwiamt Ba (2) 6earunanviap KUpUTHo, (4) TH3UMHU
AX=B 3)

MaTpula KypuHALuKaa €3ub omamus. Illynpnan kw6, (4) Tu-
3UMHH eyl (5) MaTpMUAIM TEHIVIAMAHMW eYyMIura TeHI Kyd-
4. (5) matpuuanu TedmaMa 6uiaad (3) MaTpUUaJIM TEHIJIA-
MaHUHI KYpUHULUM Oup xwi, aMMo (5) na A KBajapar MaTpu-
1a 6y1Maciauru MyMKUH €Kd MaboJ10 KBaapaT MaTpulia 6yica
XaM, YHUHT JEeTEPMHUHAHTHA HOJb OYIMILM MYMKHMH.

n = ymyamiaa (0 BeKTOp Ba
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/yl\
Y2

yn)

BeKTOp oub, (5) TeHrmaMa OwinaH Gupra ywoy

AY =0 (6)

TeHTJIaMaHU XaM KapaiiMu3. by TeHrnama (5) TeHrinaMara (€Ku
(4) Tu3uUMra) moc OMp XHHCAM TEHIJIaMa ACHUIALH.

4-teopema. (a) Aeap X, X, € R" 6exmopaap (5) nune
ewumaapu 6yaca, y xonda yaaprune X, — X, aliupmacu (6) nune
exumudup.

B) Azap X, € R" éexmop (5) nune enumu 6a Y € R" eexmop
(6) nune ewumu 6yaca, y xoada yrapununz X, + Y iurunoucu
(5) Hunz emumudup.

c) Azap X, € R" éexmop (5) nunz 6upop ewumu ea X 6ex-
mop (5) nunz uxmuépuii enumu 6yaca, y xoaoa (6) nune wyn-
daii Y € R" enumu maexcyoxu, X=X + V. .

d) Bup xcuncau menzaamanume uxmuépuii eMUMAAPUHUHZ
YUUKAU KOMOUHAUUACU AHA WY MEH2AAMAHUHZ eMumudup.

Hc6or. a) by xonna: AX, = B, AX, = B. by TeHriama-
JMAapHUHT OUPUHYMCUIAAH MKKMHYMCUHHU aHHpcCak:
A(X, - X,)=0, apun X, — X, Bektop (6) HUHT €YUMMIMD.

B) by xonna: AX, =B, AY =0. bymrapHu Kyucak:
A(X, + ¥) = B, ssbau X + V BekTOp (6) HUHT €YUMHU.

c) by xonmna AX,= B, AX, = B. UIkkuH4YuiaH OMPUHIMHU
aitupcak, A(X, — X,) =0, spuu X, — X, BeKTOp (6) HUHT €YH-
mu. By BektopHu Y opkanmu Genrwiacak, X, = X + V.

d) Arap V,, V, € R" sexropiap (6) HMHI euumIapu 6yica,
y xomna AY, =0, AV, =0. byHnan uxtuépuit 1,u € R

conmap yuyn ALY, +uY,)=0.
OHOU UXTUEpUH (4) TH3UMHM euyuiura yramu3s. A MaTpu-
[MAHUHT paHIu r 6yiacuH. (4) TH3UM OUprajaukia oyiaraHu y4yH
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Oy TUSUMHHUHI KeHrauTupuirad A' MaTpULIACHHUHT PAHTA XaM
r ra TeHr. byHaaH A' MaTpMUAHUHT IIYHAAH r Ta YHU3IHKJIHA
3PKJIM CaTPU MaBXYIMTU KeJIUO YMKAJAUKHU, KOJIraH Xap KaH-
jJai catp Oy caTpJIapHUHT YU3UKJIM KOMOMHAUUsICHAAH MOO-
par. by aca (4) TU3UMHUHT 7 Ta TeHIrJaMaaaH uobopaT myHaam
KUCM TU3UMHU OOpIUIMHU KYpCaTaauKH, TUZUMHHMHI OOLUKA
Xap KaHOaM TeHIjaMacu Oy 7 Ta TEHIVIAMAHUHT YU3UKJIU KOM-
ouHanuscuaup (Hatuxkacuaup). LlyHnai kuaub, (4) TU3UM-
HU eyu1u Oy r Ta TeHIaMagaH ubopaTr KUCM TU3MMHHU €YML -
ra Kejlaau.

by r Ta TeHrinamanaH ubopatr KMCM THU3MMHHM (Kepak 6yica,
TEHIVIAMAJIADHU PAaKAMHUHH Y3rapTUpub) OMpUHYM 7 Ta TEHT-
JlaMasiapgaH ubopar ned XxucoOJlamuMnu3 MYMKHH.

ayx, +apx,+.. +a,x, = b,
| +a,x,+...+a, x, = b,

................................ ()

la,x, +a,x,+..+a,x, =b

r

[lynpai kuiu6, (4) Ba (7) TU3UMIAD TEHT KYWIH.
Kepak 06yi1ca, HOMabIyMJIADHUHT HOMEDHHHU Y3rapTUpuoO,
ymoy

a41803..G),
v #=( (8)
a, ay; .0y

nebd xucobnamr MyMKuH. by Xomna x,, ..., x napHu 6om HoO-

MabJymiap Ba X, , ..., X, JJADHHU 3Ca 0301 HOMabIymiap aAeb

aTauMU3 Ba KyHuaard OelrwialllIapHu KHPUTAMM3:

(% [ ()
xr+l bl
X,

X6

\ Xn \br/

\ %"/
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' ..q
a a . a ir+l n
D=|2"2"" 0 C=|.,
............. 2 2
karl arz. arr/ rr+l m
by xomna (7) TH3UMHHU
DX*+ CX* = B' 9)

MaTpHLa KYpUHUILIKAA €341 MyMKHH. byHra Moc 64p XUHC-
JI4 TU3UMHH yloy

DX® +CX° =0 (10)

KYpUHUILOA €3uil MyMKHH. (8) maprra Kypa, detD = 0, ne-
Mak D-! — MaBXxy.

X° BexTop cudaruna R"~" ¢pazoHUHT UXTUEPUH T BEKTOPH-
HU oJaMu3. Y xoaga

DX = B'- (T,
X =D (B' - CD).

Harnxana
X=WD (B -CH,He kX (11)

BeKTOD (7) HUHI eYMMUAUP. AKCHHYA, (7) HAHI Xap KaHIau
€YMMHHH IIYHOAH KYPUMHUIIOA OJUII MyMKMH. XaKUKATaH,
arap O6epwiradH X ewumHuHz oxupau n — r Ta KOOpAUHAaTaAJapU-
JIaH TallKWI TonraH BekTopHHM X° = T Owran 6eiarwiad (9)
TeHrIaMara Kyucak, (11) udonanu onaMus.

XycycaH, X°cudaruma Houp BekTop oicak, (11) udona
X = (DB, O) kypunuiura sra 6ynagu. by Bekrop (9) HUHT
xycycui eyumuaup. KOkopumaru MynoxasamapaaH (10) 6up
KMHCIIH TeHVIAMAHUHT YMYMHH €4UMH

Y=(-D'CT, T) (12)

KYPHHHUINTA 3Ta 3KaHJIWTH XaM KeJn0 YHKaIu.
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S5-treopema. (10) OMp XMHCIH TEHrIaMajap TH3HMH-
HHHI €YHMMJIAPH TYIUIAMMHHHE PAHTH 7 ra TEHr.

UcoborT. (10) Tenmmamanuur 7 = EY (i =1,n- r) ra Moc
eyuMuHM F' opkanu Oenrwnaiimus (6y epma E', ..., E*" nap
R™1 ¢pa3oHUHr YCTYH 1UaAKJMIa OJHMHraH OpTJiapu) Ba
Fl‘,.,., E:"I € R” BeKTOpJap TH3UMM UYU3UKJIUA SPKIU IKAH-
JIUIMHU KypcaTamMu3. by BekTopnapHu catp neb oub, (n —r)
Ta CATPJIM Ba 1 TA YCTYHJIM MaTpulia Ty3cakK, 0y MaTpUIIaHUHT
oxuprd (n — r) Ta YCTYHHJAH TY3WAraH Mmarpuua (n — r)-Tap-
O 6upauK Matpuuaaup. LyHuHr yuyH 6yHra Moc (n — r)-

TapTHOIM MUHOP HOibRaH apmm. [lemak F!,...,F"" Bek-
TOpJIAp TH3UMH YU3UKIHU 3PKIH.
Oumi T cudartuna uxruépuit T= (¢, ..., I _) BEKTOpHHU

onamu3. ¥ xonma T=1t E' + tF?+ ..+t F~ TeHrIMKIaH
Ba (12) udonmanan '

V=tP+ . +1_P~

TEHIJIMK Kenub uukaau. byHnaH Ba 4-teopeManaH TeopeMa-
HUHT UCOOTH Kenub YUKaIoH.

Haruxa. (4) musumnune uxmuépuii exumu X, + t F +
+ ...+t P77 kypunuwuda ugpodasanuwu mymxum, 6y epoa
X, € R* sexmop (4) nune xycycuii enumu, P, ..., F*"€ R" gex-
mopaap 3ca (4) ea moc 6up HCUHCAU MUBUMHUHE YUIUKAU 3PKAU
eyumaapu musumuoup. t, t,, ..., t € R.

Ucodor. HarmxauuHr uc6oTH 5—TeopeMaHUMHT HCOOTH-
IaH Ba 4—TeopeMajJaH KeJaubd YMKaIu.

(10) TMBUMHUHT eYUMJIapH TYIUIAMUHUHT UXTHEPHUH Oa3u-

cH (10) TU3UMHUHT YHIAMEHTAJI €YHMJIAD TH3HMH JeHWIAIM.
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bewunvu 606

XAJIKAJIAP BA MAMJIOHJIAP. KOMILJIEKC
COHJIAP MAM/JIOHU

24-§. XAJIKAJIAP BA MAMJIOHJIAP.
BOIIJIAHFUY MABJIYMOTJIAP

K Ttyramaa ukKkuTa OMHAp aMall aHUKJIAHTaH OYJICHUH.
Yi1apHUHT OUTTAaCHHM KYIIHMIU amanu neb araiiMu3 Baa, b € K
3JIEMEHTJIApHUHT WUFUHAMCUHU a + b OpKaIU OearuianMus.
MKKUHYUCHHU KYyTaUTHPHUIL aManu neb ataiiMu3 Ba a, b€ K
3JIEMEHTJIAPHUHT KYIMAaWTMAacUHU a + b OpKaIu OenrwiauMus.

K TynnmaMaa aHMKJIAHraH KYIUMII Ba KYIMaWTUpUIU aMali-
Jlap¥ KyHHIard 1apTiapHU KaHOATJIAHTUPCA, Y XaJKa JeHU-
Jafu:

[. KTyaM Kymuum aMaiaura HucbataH KOMMYTATUB TYpyX
XOCHJT KWIAH.

II. K T¥rutaM KynmaWTHpHII aMaJaura HucObaTaH sSipUMIYPYX
XOCWI KWIaOu.

III. Kymuuiu Ba KYmadTupyum aMajuiapd AUCTPUOYTUBIUK
KOHYHJIApU OMjIaH OOFJIAHTaH:

a(b + c) = ab + ac,
(a+ b)c = ac + be.

Mucosap: 1) Z, Q, R Tyulamiap COHJApPHU KYILUUII Ba
KYITAaUTUPHUILLI aMajJiMira HUcOaTtaH XajKa XOCWI KWiIaaH.

2) [a, b] opanmukaaru 6apya y3aykcu3 pyHKUMsUIapAaH ubo-
patr C [a, b] Ty1UIaM QYHKUMSUTADHUHT KYWIHUII Ba KYyManTH-
pUMIl aManura HucOaTaH Xaaka XOCWI KWJIadu.

3) bepwiran m(m > 1) HatypaJ coHra OyIMHYBYU Oapua
OyTYyH coHJIapaH ubopaT m.Z TYIIaM COHJIADHU KYIUHII Ba
KVIMAaUTUPHIL aMajIiura HUCOATaH XajIKa XOCWI KWIadM.

4) DaeMenTiapu Moc paBuluga Z, O, R xankanapiaa €TyB-
i 6apya n-TapTHOIM KBaapaT MaTpuLaitapaaH ubopar M (2),
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M (Q), M (R) Tyruilamiap MaTpyuLiajlapHU KYIIMIL Ba KyIa-
TAPUII aMajUlapura HUCOAaTaH XajiKa XOCHJ KWIaIH.

Arap K xankKana KynauTUpUII aMaad KOMMYTaTUB Oyica, y
KOMMYTAaTHB Xaika geiwiaau. FOkopuna keatupuirad Z, Q,
R, C [a, b], mZ xankanap KoMMyTaTus, ammo M (Z), M (Q),
M (R) (n > 1)xankanap 3ca KOMMYTaTUB 3Mac.

Arap K xankaga Kynautupuiu aMaitud yuyH /€ K 6upauk
3JIEMEHT MaBXyld (IbHU Xap KaHAal a € K yuyH al = la = a)
oyinca, / snmeMeHT K XalkaHUHT OMpJIMK 3jeMeHTH Ba K 3ca
OMPJIMK JJIeMEHT/IH XaJka jaeiinnagu. bav3zad K XaaKaHWHT
OMpAUK 3jieMeHTH | OpKalIu XaM OesrniaHaau.

IOkopuna kextupwiran Z, Q, R, C [a, b], M (Z), M (Q),
M (R) xankanap GUpIMK 3JeMEHTra sra, mZ Xalika 3ca 3ra
aMac. Z, (O, R na Oupiauk 3jieMeHTH pOJUHH | COHM YHHaM-
mu. Cla, b] na 6UpIMK 3JEMEHT POJUHHU [a, b] na aitHaH | ra
TeHr Oynran ¢pyHkuus yiHanau. M (Z), M (Q), M (R) xanka-
jlapaa OMpPIMK 3JIEMEHT POJUMHHM OUPIMK MaTpuua VHHAMIH.

XajgKa Kyluuu aMaiura HucbaTtaH rypyx oyaraHu ca6atdnau
YHIA KYLIMLI aMajiura HucbaTaH yMyMJlalliraH accollMaTHB
KOHYH YpUH/IM. XaIKa KYIaUTUPHUII aMajura HUcOaTaH SIpUM
rypyx OynraHu cababiu yHna KynmaWTHpHUIN aMaiura Hucba-
TaH XaM YMyMJIAIUraH acCOUMATUB KOHYH VPHHIIH.

Ky Ba KynadTHpUIL aMaJUIADUHMHT JUCTPUOYTHUBIMK
KOHYHJIapyUaaH n 6yiHMya MaTeMaTHK MHAYKUMA €pAaMuIa Xap
KaHpai a, b, ..., b € KasnemeHnTiap yuyH 6eBocura KyHuaa-
T4 TEHIIUKIIAD OJHHAILH:

a(b, + b,+ ...+ b) =ab, + ab, + ... + ab,,
(b +b,+..+b)a=ba+ba+..+ba

bynapaan aca xap xaHma#t a,, a,, .., a, b, .., b €K
3JIEMEHTIIAap YUYYH O0€BOCHTA KyHHIaru TeHIVIMK KeIu0 YUKaIH:

2.

by HurMHAMOA KYIIMIYBYIWIADHUHT KaHOai TapTubaa €3u-
JUINAHUHT aXaMUATU HYK (TbHU WMFHHAM Y3rapMaiaum), aMMo

INGE

brc) = i g: aibtc
1 i=1 x=1
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KOMMYTAaTHB OyJIMaraH XajikKaja KyNmauTyBYWIAPDHUHI KaHIau
TapTUOIa E€3WIUIIN MYXUM.

Xap KaHAai Xajkaja adupull Ba KYMAaWTUPHUIL aMaUlapu
IUCTPUOYTUBIMK KOHYHU OMNaH OOFIAHTaH, STbHU Xap KaH-
nau a, b, c € K aneMeHTIap y4YyH

(a —b)c=ac — bc, a(b—c) = ab — ac.
bynapHuHr, MacanaH, OUpHHYMCHHY UcOOTIaliMu3. Yoy
(a-b)yc+ bc=({(a—->b)+ bc=ac
TEHIJIUKAAH

((@a —b)c + bc) — bc = ac — bc,
STHHU
(a —=b)c =ac - bc

KeIn0 YUKaIM.
by mucTpuOyTHMBIMK KOHYHHAAH Xap KaHpat a € K sie-
MEHT Y4YYH KyHUJard TeHIJIHK KelIubd YMKANou:

a-0=0-a=0,

Oy epaa 0 — xankajgaru KYIUHMII aMaJIMHUHT HOJb 3JIEMEHTH.

XakukartaH, a *+ 0 = a(b — b) = ab — ab = (. HlyHra yxwam
0-a=(b- b)a=ba —ba=0.

K oupnauk ajneMeHTIM XankKa O6ViIcHH. Arap a € K y4yH
a-b=0>b-a=I/TeHIIMKIApDHU KAHOATIAHTUPYBYH b € K 311€-
MEHT MaBXyjl Oyica, a 2/JIeMEeHT TecKapwiaHyBYH Ba b 3ie-
MEHT 3Ca g ra TeCKapm JcHunaau.

9-§ marm 3-TeopeMara acocaH, arap a ra TeCKapu 3J1e€MEHT
MaBXyn O0Vica, y aroHa. by xonma yau a~! opkanu Oenrwian-
MU3. By a~! 3J1eMeHTHHUHT Y34 XaM TecKapuWiaHyBuM 0yiub, a
YHra TeckapH, SpHU (@ 1)~! = a.

Z xankana ¢akar 1 Ba —1 COHJIap TeCKapWIaHyBYM.

Q Ba R xankaimapga HoapaaH Ooluka 6apya 3JIeMEHTIAp
TecKapwiaHyBuM. Cla,b] xankama TeCKapwiIaHYBYU 3JIEMEHT-
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nap [a,b] na HoapgaH apkiau OyaraH GyHKUUsLUIApAAH UOO-
par. M (Z) xankaia TeCKapwIaHyBYd 3JIEMEHTIIApD NETEPMU-
HaHTH 1 Ba —1 OyaraH marpunanapaaH ubopar. M (Q) Ba
M (R) xanxanapaa TeCKapWIaHYBYM 3JIEMEHTIAD Maxcycmac
MaTpMLaiapaad ubopar.

Arap K xainka siroHa 3neMeHTHaH ubopart 6yiuca, y ¢pakar
HOJBbAaH uOopar Oymagu. by Xanka Hoabp Xajdka ACHWIANH.
Hoap xankana 1 = 0.

bupnuk snementin K xankaga OUTTagaH OPTHK 3JIEMEHT
OoyacuH. Y xoiaa yHaa HoubaaH ¢apKiu 3J1eMeHT MaBXyd. by
xankanga 1 # 0, yyHKM akc xonpa 1 =0 6yn1ub, a=a-1=
= g - 0 =0 TeHrMK onuHapau. by KapaMa-kKapmmwiuk 1 # 0
SKaHMHHM Kypcarand. byHnai xankana 0 3jileMeHT TeCKapWia-
HYBUYM 5MAaC, YYHKH Xap KaHzau b € K 31eMeHT YUYyH
0-b=0s=1.

Arap K xankana HoJbpaaH ¢apKJIu a Ba b 3j1eMeHT/Iap YUYH
a-b=0 6ynaca, a Ba b 31eMEeHTIIap HOJLHUHT OVJIyBYHIAPH
nevwnanu. byHnai snemMeHTnapra 3ra 6yiaraH Xaaka HOJIbHHHL
OynyBumcHra 3ra xanka geiiunanu. Z, mz, Q, R xanKaiap HOJb-
HUHT 6yiayBuuiaapura sra 3mac. C(—ow, +o) xaakKajaa
f(@)=l+r sa g(t)=||—t dynxumsnap HonpHMHTr GYIyB-
uwnapunup. M (Z), M (Q) sa M (R) xanKanap XaM HOJBHHUHT
OymyBYmnapura sra. MacajiaH

1 1) 1-1) (0 O
bk ol
Arap KaMujaa UKKHUTaA 3JIeMEHTra 3ra oOyiaradH OUpIUK 3Je-
MEHT/IM KOMMYTAaTUB XaJIKaJa Xap KaHAai HoapaaH (papkiu
3JIEMEHT TeCKapwilaHyBuM Oyinca, OyHoam XajgkKa MaHAOH [e-
HUnaau.
IOkopuna kentHpwirad Mucosutap uumuga cdaxkatr Q Ba R
XaIKajlap ManJoOHAUD.
MaijinoHra sHa OMp MHMCOJN KeJITHPaMU3. Q(ﬂ) OpKalu
a+ b2 (a,b € Q) KYpUHHUILAATY XaKUKHI COHIAp TYIUIAMHU-
HU Oeiaruwnanmus. XaKUKMH COHJIAPHHU KVYIIUIN Ba KYIIaWTH-

pUvlI aMajUtapura Hucbarad Oy TVIiuiaM HoJIOdaH papkKiud OUp-
JIMK 3JIEMEHTIH XaTKaIHp:
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(a+b\/§)+(c+dﬁ) =(a+c¢) +(b+d)\/5€ Q(\/E),
(a+5V2)- (c +dv2) = (ac +2bd) +(ad +26c)]V2 € Q(V2),
1=1+0J2 € Q(Jf)

Arap a + b2 =0 oyica, y xonaa 2 MppanuoHan oyira-
HU yuyyH a* — 2b0? # 0. ByHnaH

1 a b ﬁGQ(ﬁ),

a+bJ2 —.az—sz a*-2b*

YYHKHU

a _ b
a-26%" ?-2b?

€ Q.

JeMak, Q(w/—Z-) — MaMIoH.

Maiinonaa HOJBHUHT OYIyBUWIApDU MYK. XaKUKATaH, arap
a - b = ( Ba MacaiaH, a # 0 6y7ca, Oy xonaa a~! MaBXyx 6ynra-
HY yuyH a }(ab) =0, abHU (a~'a)b = b= 0.

F — maiinoH 6yacuH. Arap a, b € FBa b= 0 6¥1ca, y Xxonaa
a - b™! 3J1eMeHT cypaTH a Ba MaxpaxH b Oyaran kacp geHuaa-

a o .o o
Id Ba Gab3aH 7 KYPMHHILMIA XaM GelrwiaHaiu. Uxtuépuit

MalOHOAaru KacpJjap yyYyH COHJIM KacpJjapra xoc 0yiraH aco-
CUM KOHYHJIAp YPpUHIU
1) xap KaHaau ¢ € F (¢ # 0) 3j1eMeHT y4yH

a _a
be b
a c ad+bc
D 3*ta= "
a C ac
3 v 7 %
4) a= 0 6yiaranna
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)=+

bysmapHu ucOOTIAalIHU YKYBYUTa KOJIOUPAMM3.

by xoccanap uxTu€puii MaHIOHIa KYIIUII, aHMPUIL, KyITan-
TUPUILLI Ba HOJBbAAH GapKJIv 3JIeMEHTIapra OyIuiu amauiapu
MaBXyn Oyaub, ymap opatnard “apudMeTuK” XycycusT/aapra
ara 6yaMIUMHM Kypcatagu. by Xxuxat uxTu€puii MaiaoH yc-
TUAA YU3UKJIU TEHrIaMajlapHW KYpHILUra Ba €4uilra MMKOH
6epagu. Minrapuru 6o6i1apaa Kypwirad R ycTugarv BEKTOD-
Jlapra, MaTpuuajiapra, AeTepMMHaHTIapra Ba YM3MKJU TEHI-
jJaMajiap TU3MmiIapura ouna 6apya teopemanap R MaHAOHHU
UXTUEPUHA MaMIOH OWIaH aJIMAIUTUPWICA XaM YPUHIWJIMTHAYA
KOJAIu.

besocura Tekmupuin 6yHna 20-§ maru 4-teopema 2-Ha-
TUXACUHUHT OMpUHYM UCOOTHAAH OomiKa 6apya TeopeManap-
HUHI MCOOTHAA WULIATWITaH MYyJjloxXa3ajap MXTHEpUH MaM-
JOHJIAP YYYH XaM SIPOKJIU 3KAaHWHU KypcaTaau.

20-§ naru 4-teopeMa 2-HAaTHXXKACUHUHT OUPUHYM UCOOTH-
Jaru Myjioxasajiap 6ab3u OuMp MalaoHIap (XapaKTepUCTHKA-
CH 2 ra TeHr MaWAoHJIap; MAaHJOHHMHI XapaKTepUCTUKACH
TYIIYHYACU KEHUHPOK, KUPUTWIAK) YYYH VPUHIH 3Mac. AMMO
Oy HAaTUXXAHUHT KEJITUPWITAaH UKKUHYU UCOOTHMOArd Myaoxa-
3ajlap UXTUEPUM MaMIOHJIAp YYYH XaM sipaiau.

K Ba K’ — xankanap 6yiacuH. Arap ¢ : K- K akc 3TTUpHIL
Xap KaHnah x, y € K aieMeHTIap yYyH

p(x +y) = p(x) + p(y),
p(x - y) = p(x) p(y)

TEHIVIMKJIADHU KaHoatrjJaHtupca, y K xankaHuHnr K xaikara
roMmomopd akc srTupumn (romomopdusmMu) nerwiaau. Arap ¢
romoMopdu3M 1y OwriaH 6upra OHeKIMsA XaM OVica, y H30-
mopd akc srrupuin (m3omMopdu3M) meiianu.

Arap ¢ — uzoMopdu3M 0¥yica, y xojga ¢! akC 3TTUPHULL
XaM usoMopdusM. by TacIMKHUHT UCOOTH ypyXjaap YYyH WII-
rapy KeJITUPWIraH MOC TACOAMKHUHT UCOOTHUra yXILALL.
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Xyaau rypyxjap Kaou u3zoMopd xaiakajiap anreopavk Xy-
cycusaTiapu 6wriaH Oup-oupuaaH dapxk KwiManau. MacasnaH,
KOMMYTAaTHUBIIMK, OUPIMK 3JIEMEHTHUHI MaBXVIJIUCH €KHU
HOJIBHUHT OVJIYBUWJIADHM MABXYMJIMTM MKKUTA M30MOpP( XaJi-
Kanapia € 6up Bakrhoa Oaxapuiaau, € 6up BakKraa daxapui-
Maiiau. Arap K — MainoH 6yica, y Xoiaa yHra uzoMopd xaiaka
XaM MaMnIoH.

U3zoMopd xankanap Ba MaMIOHJIAPDHUHT ajlredOpauk Xoc-
cajlapy OMp xwi1 OViIraHd y4yH Kejaxaknaa OyHmal Xaika Ba
MalaoHJIapHU Oup-OupuaaH ¢apk KUIMaliMK3.

Mucoin Kypamu3. K — 6upop xairka Ba 0 — yHMHT HOJIb 3JI€-
MeHTH OyiicuH. K?> HUHr ymoy KucMuHu K opkamm {(x, 0),
x € K} 6enrmwnariMmui. K jga KyIIMII Ba KYIMadTUPHII aMajlla-
PUHU KyHuJaruya KMpPHUTAMH3.

x,0+@ 0)=(x+y0),
(x,0) - (y,0)=(x-y 0).

by amajutapra Hucbatan K xainka 6ymaub, ¢(x) = (x, 0) udo-
Ja 6wiad 6epwarad akce 3Ttupuil K Ba K XaJKaJlapHUHT K30~
MODP(}hU3IMH 3KAHJIUTH O€BOCHTA TEKIIMPMIAIHU.

1-treopema. Azap K — bupaux 31emenmau xarxa 6yaca,
Y xoa0a K dazu 6apua meckapusanysuu 31emenmaapoan ubo-
pam G mynaam K dazu Kynaiimupuw amaruza nucbaman zypyx
xocua Kuaaou.

Ncbotr. Arap x, y € G 6¥ica, y xonga xy € G, Y4yHKHU
yix“Ixy = xyy-ix! = 1, spHu (xy)~! = y~x~!). G 1aru 3neMeHrT-
Jlap KYNaWTMacUHHUHI aCCOLMATHUBIMIU Oy KymawTMaHuHr K
J1a aCCOLMATUBJIMTUIAH Keaud yukagu. Yoy 1 1 =1 TeHr-
aukaaH 1 € G MyHocabar, xap KaHgah x € G ydyH
l-x=x-1=xBa x-x!=x"!-x=1 MyHocabarnmap kKeaub
YyuKagu, TeHU G — rypyx.

Hartuxa. Maiidonnune noavoan papkau anemenmaapu maii-
dondazu Kynavumupuw amaruza Hucbamau 2ypyx Xocua Kuaaou.

by rypyx MaiiiOHHMHT MYJbTHINIHKATHB TYPYXH JeHIIAIH.

Arap P, F— maiinonnap 6ynu6, FC P Ba P paru amajuiap
F HUHr 371eMeHTIapH YUYYH Kypwiraiga F Jaru amaiap Ou-
JlaH Oup xmia Oyiuca, P MmaljnoH F MalJIOHHUHI KEHraWuTMacH
nevwiaau. MacajaH Q(\/i) Ba R Maligonnap @ HUHI' KeH-
raiTMacu, R MaiioH 3ca Q(«/f) HUHT KEHTalTMAacH.
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25-§. KOMINIEKC COHJIAP

Arap C MaiiioH R XaKuKWH COHJIAp MaHIOHHWHHMHI KEH-
raiTMacu Oyiaub, KyMugard MKKATAa IIAPTHU KAHOATJIAHTHP-
ca, Yy KOMILIEKC COHJIAap MaMJOHM JeHWIanu:

1. Yuby # = —1 TeHNIMKHU KaHOATJIAHTUPYBuH [ € C 3j1e-
MEHT MaBXyl; OYHOAW 3J1€MEHT MaBXyM OHPJHK AcHIIAOU.

2. Xap KaHgat z € C 3n1eMeHT y4YyH IuyHHa a, b€ R
XaKUKWHM COHJIAp MaBXyIKU, Z =a + bi ypuHIH.

C MalIOHHMHT 3JIEMEHTJIApH KOMILIEKC conjaap neb ara-
JIAOH.

byHpait KeHraWTMaHUHT MaBXYIMTMHHU KypcaTaMH3.

byHUHT yuyH R’ fa Kymdin Ba KYMadTHPHIL aMaLIApHHU
KupuTamMu3. Kymum aManu cudaruaa BeKTOPJIapHU KYILHUII
AMAIMHH OJIAMHU3:

(a, b) + (¢, D) =(a+c, b+ d). (1)
KymaiTupuiu aMajiuHi yloy
(a, b) - (¢, d) = (ac — bd, bc + ad) (2)

udpoana (popmyna) 6wiaH aHUKIARMHU3.

Ky aMmanura Huc6ataH R? HUHI KOMMYTATUB TYpyX
SKAHJIUTU Wirapu kypcatwirad 3au. bynaa (0, 0) 3nemeHT Oy
TYPYXHUHT HOJb 3JIEMEHTHAMDP.

KynaiTHpHUILHUHT KOMMYTATHBIMTH (2) Ba yLuoy

(¢, d) - (a, b) = (ca — db, da + cb)

udonaNapHUHT YHT TOMOHHAArd BEKTOPJApPHHUHI TEHIJIUTHU-
JaH KeJuod yuKagu. ACCOLMATHUBIMIU 3Ca KYHUAAru TEHIJIUK-
jlapiaH Keaub YuKaau:

[(a, ) - (¢, d))p,q) = (ac — bd, bc + ad)(p, @) =
= (acp — bdp — bcq — adp, bcp + adp + acq— bdq),

(a, b)[(c, d)(p, P1 = (a, b)(cp — dq, cq + dp) =
= (acp — adq — beq — bdp, acq + adp + bcp — bdq)
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JUCTpUOYTHBIMK Xoccajlapy 3Ca KyHHIAard TeHIJIMKIIap-
JaH KeJud YMKamgu:

{(a, b) + (c, D](p,g) =(a+c, b+ d)(p, q) =(ap + cp — bg -
— dq, aq + cq + bp + dp), (a, b)(p, 9) + (¢, D(p, 9 =
= (ap — —bq, bp + aq) + (cp — dq, cq + dp) =
= (ap — bq + cp — dq, bp + aq + cq + dp).

Hemak R tyruiaM Oy aMautapra HucOaTaH XajiKa 3KaH.
Yoy (1, 0) 3nmeMeHT WIyHOAi XyCyCHUSTra 3raku, Xap KaHIaH
(a, b) € R* 3neMeHT y4YyH

(1,0a, b) = (a, b),

sbHU (1,0) 3nemeHT R? HUHr OUpiaMK 31eMeHTH. HonbnaH
¢apkau uxtuepuii (a, b) € R? aneMeHTHHU onaMu3: (a, b) = (0,
0). ¥V xonna a, b coHlapHHMHT KaMuaa OMpU HOJBAAH (apKiu,
STbHU a* + b*= (0.

Yoy

(0,652 -] =(1L0)

24p2’ 2452

TEHITIUK KypcaTanuk, R’ na HonpaaH ¢apkid xap KaHOaH

(a, b) 3neMeHT TecKapWIaHyBYM Ba (0 b)—l =( 2 -0t )
’ y ’ Py RV LRY o)

Hdemak, R? TyrinaM KUpUTWITAH KYIIMII Ba KYIaWTHPUIL
aMajulapura Hucb6araH Mamponaup. by mainonnu C opkaiu
OejarwiaMMHU3 Ba YHU KOMIUIEKC COHJIAp MaWJOHM 1€ araii-
Mu3. by MalaoH R MaWJAOHHMHI KEHraWTMacu SKaHJIMIUHHU
Ba I0KOpUIA KEJITUPHJITaH MKKUTA XOCCAaHM KAHOATIAHTUPH-
IMHUA KYpcaTaMH3.

C = R* na (x, 0) KYpuHumugaru 6apya BeKTOpJap TyIuia-
MUHH R opkanu Genrwianmu3s. KOkopuna xuputwirad (1)
KYILMII Ba (2) KYymaWTHpHUIL aMaUIapMHU R’ 3JIeMeHT/Iapuaa
KapanuMua3:

(a, 0) +(c, 0) =(a+¢c, 0),
(a, 0) - (¢, 0)=(a-c, 0).
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by ¢opMynanapnad R’ HUHr MaioOH 3KaHJIUTH OGeBoCHUTa
Kenub yukanu. Jemak, C MaimoH R’ MaWJIOHHHHI KeHTAWT-
Macd. 24-§ na K= R vunr K’ = R’ ra uszomMopd 3KaHIMUIU
Kypcatwirad 3a4. MU3omopd MaiooHIapHU aire6pavk HyK-
Tau Ha3aplaH 6up xwr Ae6 xucobaaranuMu3 yuyH C MaioH-
nard R' MainqoHHM R MaiiioH 6wiaH aiHuiamwTupamMus. Ke-
naxaknaa (a, 0) ypHura a €3amMua3.

Yiby

0,1)(0,1) = (-1, 0) = —1

TeHIJIMK Kypcataauku, arap (0,1) Hu 7 opkKanu beiarunacak, y
xomga i*=-—1. demak, C MaigoHjxa ooKopHaa alTwiraH Ou-
PMHYHM LUAPT YPUHIIM.

Hxtuépuimt (a, b) € C yuyH (a, b) = (a, 0) + (0, b) = (aq,
0) + (b, 0) - (0,1)=a + bi

TEHIJIMKHU €3UIMMU3 MyMKuH. JleMak, C MaiaoH y4yH
IOKOpUIard UKKUHYM LUAPT XaM YpUHJIM, STbHU Xap KaHoa#
z=(a, b) € C a;1eMeHT

Z=a+ bi (3)

KYpUHMILAA €3WIMILM MYMKUH. bepwiran (a, b) Bekrop V3
KOOpAMHAaTanapu OUIaH TYjIa aHMKJIAaHTaHU YYYH YHH (3) KypU-
HHULLJA SArOHAa ycya OwiaH €3uiu MyMKHMH (3) udonamaru a
COHU 7 KOMILUIEKC COHHUHI XaKHKMH KMCMM Jeiwianu Ba Rez
OpKanu OeiarwiaHany. YHAaru b COHU 3ca 7 KOMILIEKC COH-
HUHI MaBXYM KMCMH JeHwiany Ba Imz opKaaM OeJrwiaHaau.
Ulynpait Kiub, XakuKuit COHJIap MaBXyM KUCMHM HONb Orad
KOMIUIEKC COHJIAPAUD. XAKHKUH KUCMH HOJb OVIraH KOMII-
JIeKC COHJIap, fibHU bi(b € R) KYpMHHUIIMAATH COHJIAp cod
MaBXyM KOMIUIEKC COHJIap AeHHIadH.

Arap R XakyKuii COHJIap TYIUIaMHHH TYFPH YM3UK, CHda-
THOA FeOMETPUK TAJIKMHUHM Kapacak, y Xoina R? HHM TeKMC-
JUK Ae6 KapalllUMH3 MYMKUH.

(3) dopmyna R? TeKUCIUK HYKTATApH OMIAH KOMILUIEKC COH-
Jlap MalaoHM opacuia Ouekuust ypHatagud. by omekuusa C
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KOMILUIEKC COHJIAp MAMIOHUHUHI reOMeTPHK TAJIKHHH, TEKHUC-
JIMK 3Ca — KOMILUIEKC TEeKHCJIHK ACHWIAaU.

- KoMriuiekc CoHNIapHHM KOMILUIEKC TEKUCIMKHMUHI HyKTaJja-
pu 1e6 xaM ranupwianad. byHna xakukui coHsiapra abcuucca
YKUHUHI HyKTajaapH, co¢d MaBXyM COHJIapra 3ca opjAuHarTa
VKUHUHT HyKTajlapu Moc Kenaad. IIITyHuHr yuyH 6ab3aH abc-
LUcca VKU — XaKMKHH YK, OpIMHAaTa VKM 3Ca MaBXYM VK He-
WIJTau.

KoMiuiekc TekMciIuMKna KyTd6 KoopauHAT TU3UMHUHU KUDHU-
tamu3. Kyr6 cudaruga O Hykra Ba KyTO yKM cudartuia
XaKUKHM MycOaT sipuM YKHM (abcuuccansap YVKMHUHI MycOar
ApUM VKMHH) oJaMH3 (1-m1aKi).

Texucnuknaru P(a, b) HyKTaHMHT (Z, ¢) KyT0 KOOpIOUHA-
TaIapu KyiMaaruya aHuKjIaHanav: P HyKragaH KOOpAWHATa-
Jap 6ommmraya 6ynrad mMacodga Ba Ox KyTO SIpUM VKM OWiaH
OP kecMa opacunaru ¢ Oypuyak OwiaH P HYKTaHMHI TE€KHUC-
JMKIArd VpHHU TViIa aHUKJIAaHaAW. r — KyTO paauyCcH Ba ¢ —
KyTO Oypyaru neMuiagu.

& I\
Pa,b)
b

¢
0 a

1-waka.

r Macoda GYJIraHH y4yH y JouM MaH}uUM OyiiMaraH XakuKum
coHra Ba ¢akar P = 0 6yaragaarmHa HoJbra TEHTOHD. ¢ Oyp-
yak OyJraHM y4yH YHMHTr KuiMaTiaapu 0 < ¢ <27 TEHICH3-
JIMKHY KAHOATJAHTUPHUILIH Kepak.

AMMO mIyHAaH Macajanap yypaiaukd, yjlapaa UXTUEPUM
XaKHKMK KMHUMaTau (9pHU KuiiMatiaapu [0,27) opanukiaH
TAlIKapuaa €TrraH) Oypyakiap OWiIaH Wil KypUlura TYFpU Ke-
jgangu. Kenunrysra mMysoduK Mycbar Oypuakiap coaT MHIH
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IOpUMINKMra Kapiuv MyHaauimjga Ba MaH(pHUH Oypyakiap coar
CTpeJIKaCH IopUIM HyHanmumu O6Vitmua xucobinaHanu. Kyro
KoopauHaTaiapu (r, ¢) Ba (r, ¢ + 2k x) 6yirad xydmiap xap
KaHaan k OyTyH COH YYyH TeKHMCIMKIa OWTTa HyKrara MocC
KeJaaau.

l-mwaxugaru T¥rpu 6¥puaknu OPQ yubypyakaaH P Hykra-
HHUHT (a, b) nekapT KoopauHaraiapu owiaH (r, ¢), KyTO KO-
OpIAMHATANAPU a@ = r COS ¢, b = rsin ¢ TEHIUKIAap OWwIaH 60F-
JIAHTAHJIMTY onMHaau. Arap P(a, b) HyKra OepwiraH 6yica, y
XOJIA YHUHT KYT6 paguycH ¥ = va’ + b’ TeHIIMK OpKaIH TO-
mwiagy. r# 0 xonga yHHHr KyTO Oypyard sz ra €Kd 2m ra

KappaIu GYIraH COH aHMKJIMTHAA COS @ = %, sin ¢ = —,:— TEHT-
JIMKJIapAaad tonwiaad. r= 0 xoixna YHHHT KyTO Oypuyaru ux-
TUEPUN XaKUKHUH COH. Z = a + bi KOMIUIEKC COHHHHI KYTO
paiMycH YHHHT MOLYJH neifwiami Ba |z| opkanmu Genruwia-
HaIHu. .

Yoy |7 = Ja* + b* udonanaH Ba a = Rez, b = ImZ 6ei-
runapaan 6esocura |Rez|<|z], |Imz|<|z] tenrcusauxiap
KEeJIUO YMKaIu.

|z| $YHKUMA 7 HAHT OUMp KUHHMATIM (PYHKHUSICUIOMUD.
Z = a + bi KOMIUIEKC COHHUHT KyT0 OypYyaru yHUHI apryMeH-
TH JeHwiaau Ba Argz opkKaiu OearwiaHaau. Arap ¢ COH I
KOMILJIEKC COHHMHT KyTO Oypuaru 6yica, xap KaHaai k OyTyH
COH YYyH ¢ + 27k XaM Z HUHT KyT0 Oypuyaru 0yiraHu cababiu
Argz GyHKUMSI 7 HHHT KV KWiMaTiv yHkuuscuaup. le-
Mak, Ooepwiradn z(z # 0) yuyH Argz 6utra COH 3Mac, DaJlKu
{¢ + 2nk} xypuHUmZaru Gapya coniap Tu3umu (6y epma k
UXTUEPUHA OYTYH COH).

Yuby z = a + bi udona onarna 7 KOMIUIEKC COHHHUHI aj-
reOpank ndonacu neiwianu. by udonagaH Ba a =r cos @,
b = rsin ¢ TeHrMKIapaaH doinanauut, 7 = Hcos ¢ + isin )
udonaHu oixamm3. by z KOMIUIEKC COHHUHI TPHIOHOMETPHK
Hboaacn neimnagu. KoMmiekc COHHUHT TPUTOHOMETPUK
udomacu KyMuagaru MabHoAa STOHa:

‘1-teopema. Aeap z(z = () xomnaexc coHHuHZ uxxKuma
Z=r(cosp+ ising) 6az=r'(cosp’ + isinp’) mpuzonomem-
DPUK ughodasrapu bepunrzan 6yaca, y xoada r = r’ ea wyHoai x
oymyn con masxcyoxu, ¢ = ¢’ + 27k.
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Mcb6or. XakukaraH, Oy XoJga r coS¢ =1 cos¢’,
r singp = r sin¢’'. byrapaan

r= \/ (rcosp)’ +(rsin )’ = ‘/ (rcosg’) +(r'sing)’ =7

Y xonmga z# 0 Oyn1raHM YYyH COSp = cOSp’, sing = sing’.
by TeHrnmkiiapaaH ¢ Ba ¢! 6ypuakJIapHUHT OuMp-OupuaaH 2zk
(k— OyTyH coH) ra (¢apK KWINIIY KeIuO YUKaIM.

KoMIuleKkC coHap ycTHAA KYIIHII Ba adMpUIL aMaJUlapU-
HU Oaxapumijga ylapHHHr anredpauk udomacu OHUIaH HIU
Kypuiu Kynai. KoMIuiekc COHTapHUHT TPUT'OHOMETPHUK HoO-
IAacH 3Ca KOMIUIEKC COHJIAapHM KyIauTupuulaa, Oyiaumaa sa
Jlapaxara KyTapuipla Ky KeJjlalu.

Arap Z, = r(cosp, + ising,), Z, = r,(cosp, + i sing,) OyIca,
yxonna Z - Z = rr,[(cosp, - cosp, sing sing,) + ising, - cosp, —
— singp.cosp,)] = r, - r,[(cos(p, + ¢,) + i sin(p, + ¢,)].

bynnan l-teopeMara acocan r,-r,= |Z + Z,|, ApHK

1Z, - Z,| = |Z,| - |Z,] 4)
IOkopuna oJMHraH TEHIIIMKIAH
Arg(Z, - Z)) = ArgZ, + ArgZ, (5)

TEHIJIMK XaM Keaub yukagu. By TeHruMK Kydmgardya Tymy-
Hwianu Arg(Z, - Z)) coHnap TM3uMH ¢ + ¥, p € ArgZ, ¢ € ArgZ,
KYPUHUIUKMIOArY COHJIAPD TU3UMMHIAH MOOpAT.

(4) TeHrnIMK roMmoMopdu3MiIap €paaMuia Kymunarunya Taji-
KUH KWIMHAIHW:

C MalioHHM KymalTHpHUIITra HUCOAaTaH APUMIYDPYX Ba R, —
MaHpuH OYIMaraH XakuKWH COHJIAp TYIUIAMUHU KYIIaWTH-
puIIra HucbataH ApUMIYpyX Oed Kapacak, y xonna (4) teHr-
K Z~|Z| mocmukauHr C Ba R, ApUMIypyXj1ap roMOMOp-
$u3MHU 3KAHJIUTHHU KYpCaTaiu.

(5) TeHrmMUK xaM romoMopdu3M cHUPaTUIA TATKUH KWIH-
HUINA MYMKHH. By romoMopdusM ycTtuna KeHMUHPOK, TYXTa-
AaMu3. MareMaTHUK UHAYKUMS €paaMuia Xap KaHaau
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Z, = r(cosp, + i sinp), k=1,n KOMIUIEKC COHIAD Y4YH KY-
WUJATH TeHDIMKIAP ONTUHALM:

Z-Z ..Z=|Z]| |Zz| e | Z | (cos(p, +
+@, +..+ ) +i sin(p, + ¢, +..+ @), (6)

SbHU | Z, - Z, ... Z |=|Z/| - |Z,|.... |Z,| Ba

AU Z, - Z, ... Z) = ArgZ, + ArgZ, + ... + ArgZ.

2-treopema (Myasp ¢dopmyinacu). Xap xanoaii n 6ymyn
COH 6a xap Kanodau p € R 6ypuak yuyH

(cos ¢ + i 5sin p)" = cosn ¢ + i sin ¢

Men2AUK YPUHAU.

Ucbor. (6) dopmynama r =r,=...=r,=1 Ba
0, =¢,=... = = ¢ 0eb oncak, (7) popMyraHMHT » HATypal
COHJIAD YYYH VPUHJIM 3KAHJIUIY KeIub YUMKaIM.

Yoy

1

(COS(p +isin (p)"l = e =
COS +i SIn ¢

= COS ¢ — i Sin ¢ = cos(—¢) + i sin(—yp) (8)

TeHDMUK (7) HUHT n = —1 ga YpUHJIM 3KAaHJIWTHHU Kypcarta-
OU. OHAU UXTUEpUK n MaHduit OYTYH COHHHU OJaMu3. YHH,
n=-m, m& N, ne6 onu6, (7) TEHrTHKHUHI Xap KaHJal Ha-
TYpal COH YYYH Ba n =—1 y4yyH VpUHIWIMrHAaH ¢oigana-
HUO, KyHuaard TEHITIMKHH OJIaMU3:

(cosp + isin )" = (cosp +isin p) " =
= ((cos<p + i sin go)'l)m = (cos(—gp) + i sin(—p))" =

= cos(—m ) + isin(—m ) = cosne +isinnep,

stbHM (7) TeHr UMK n MaHOUiT OYTYH COH YYYH XaM YpHUHIIH.
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Arap z, = r(cosp, + ising ), z, = r,(cosp, + i sing,) 6yica,
y xoiga (6) Ba (8) TeHMIMKiIapaaH

El.:.ﬁ-.
9) "2(

cos(p, — ¢,) +isin(p; — 9,)).

JleMak,

k<t
)

a
6]

, A"g(z—;) = Argzy — Argz,.

KoMIUIEKC COHHUHI MOIYIU XaKUKUHM COH a0COomIOT KUMK-
MaTH (MOIYJM) TYLHYHYACUHHHI YMYMJIALIMACUAUD: arap
2= X + yi XakuKmit coH 6¥nca, y xonpay = 0, | = x> +)* =
= Jx? =[x|. Xap Kaupait z, = x, + iy,, 2, = x, + iy, YIyH g —

z,=(x; —x,) + i(y, — »,), ‘21 —22‘ = \/(xl _xz)2 +(n _J’2)2-
Hemak ]z, - zz] COH KOMIUIEKC TEKUCIUKIATY Z, Ba Z, HYKTa-
nap opacuparu Macodamup. (|x, —x,| coH TYFpM uM3MKZarM
X, Ba X, HyKrajap opacujaru macoda 6ynranu kabu). byura
Kypa, arap z,€ C, r€R, r>0 06yica, y xoiaaa
{zec|z-z|=r}, {zeClz-z|<r}, {zeC|i—2|=r}
TYIUIaMIap MOC pPaBMILAA MapKasu Z, HYKTaja paguycu r
OyiaraH ailaHaHU, OYMK Ba €NUK JAoupanapHU Udomanaiau.

bepuiran z =a + bi yuyH a — bi COH Z ra KOMIUIEKC KyLIMa
Jeunany Ba Z OpPKaIM OeJrwiaHagu. I HYKTa KOMILIEKC
TEeKMCIMKIA XaKUKUHM YKKa HUcOaTaH z ra CUMMETPUK XOM-

Nawirad. PaBwiaHku, z=z.

- = _ _ )

[z|=|z|, z+ z =2Rez, z—z=2imz, z-z=|¢ . YOy
2 = Z TEeHIJIMK YpUHIM OVIUIIM YYYH Z € R wiapTHUHT Oaxa-
PWIMILIKM 33apyp Ba KU(QOS.

3-reopema. 7~ Z ¢opmyaa 6mnan Oepuiran f:C - C
akc 3trupuml C MaAOHHUHT aBTOMOPGUIMUIMD.

Ucb6oT. z = zaHUATIAH f~' HUHT MaBXYAJIUry Ba [~ = f
TEHIIUMK Keaub yukamnu. XycycaH, f— Ouekuusd. Arap
z,=a,+ bji, z,= a, + b,i 6ynca, y xoinna
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Ay +2) = (‘a1 +a,) — (b, + b)i=(a, — b)) +
+ (g -bi)=2,+2,= f(2) + f(2),
Rz, z) =f(aa, - bb) + (ab, + ab)i)=
(a,a,— bb) — (a)b, + ab)i=
=(a, - bi)a, - b,i) = 2, 7, = f(2)" f(2,).

b

4 -Teopema. Xap Kannaiiz,, z, € Cyuyn 1z, + 2| < |5| + |2
4| -z =|z - 2|

HNcb6oT. XakukaraH

7 + 12'2 =(g+n)z+5)=(g+ Zz)(zl + E2) = |Z1|2 + |Z2|2 +

+ (zl 2_2 +Z‘ z2)= |le2 + |32|2 +2 RC(ZIZ)

bynnoan

7 + 2| <ol +|z| +2 Re(zlg) < lal” +|z|* + 2]45’ =

= o] + |2 + 2] 2] = (o] +]2))’

By TeHrcuIMKaaH 3¢a |z, + z,| < |z,| + |z,| xesm6 yukanu. Byn-
ra kypa |z,| = ](z, —-7,)+ z2| <l|z, — z,| +|z,|- Bynnan

R AR AR A

26-§. KOMILUIEKC COHJAPHUHI WIJTHU3JAPHU

z€ C Ba n— Harypal coH Oyicud (n> 1). Ymby W' =z
TEHIJIMKHM KAHOATJIAHTHPYBYU W KOMIUIEKC COH Z HMHI N-
JApaXKaJIH WIIH3M JCHWIAOM.
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1-Tteopema. Xap Kannaih Z # () KOMILIEKC COH HAK 7 Ta

TYPIH 1 -Japaxann wiamsra ora. Arap z = r(cos g +ising)
oyJaca, y xoaaa yaap Kyiuaary KypuHuiaa ndoaaiananau:

W, = ’\‘/;(cosw + i sin M), (K =0,n~— 1).

n n

Uc6or. W" =z 6ymb, W = p(cos®+isin @) — yHuHr
TpUroHOMETpUK udonacu 6yiacud. Myasp ¢opmMmyiiacura aco-
CaH

W™ = p"(cos nf +isin ) = r(cos ¢ + i sin ¢).

Bynnan 25-§ nmarm l-teopemara acocaH p =T,

no =@ +2mn, m€ Z. By TeHrnukiaapaaH aca pP=Vr
o+ 2mn
0 = -———— mE Z yy onamus. JleMak, 7 HUHT Xap 6up n-

n
Japaxkajay WIAU3U yiuody

W=W = a"/;(cos P 4 isin "’%’""), meZ

KYPHHHUILILA €3WIMIIM MYMKHUH. AKCHHYA, OYHIAaW KYypUHHUIL-
ra 3ra OyiarasH xap KaHOgal KOMIUIEKC COH Z HUHT n-Japaxantyu
WIAU3UOUD.
OHmn W _Ba W nap KauoH ¥3apo TEHITIMIMHM aHUKJIAN-
p+2mn o+
n

mus. W = W, nan aiMpMaHUHT 2m<, zc =4

KYpUHHUIITA 3Ta SKAHIUTU Keaub yukagu. Bynpman —— =k,

STbHU m Ba [/ cOHJIapH » ra OVJIMHraHaa oup xwi KOJIIII/IKK& 3ra
SKAHJIUTH KelIno yukKanu. bynnaHn, OMpyMHYMIAH, # HUHT KOJ-
aukiapu ¢dakar 0,1, ..., n — 1 OYIMIINM MYMKUHIUTUAAH YILIOY
W,, W, .., W _, COHNapHUHI TYpId 3KAHJIUTU KeIuO YnKa-
au. UKKUHYUIaH, Xap KaHaai m € Z ydyH m HHU n ra Oyirad-
Ja KOnuK p ra TeHr 6ynca (0 <p < n— 1),y xonna W_= W,
SbHU Xap KaHnau W _cou W, W, ..., W _, cCOHJIapHUHT OH-

pOpTACUTa TEHIJTHIH KeJIUO YUKALU.
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Mucon kxypamus. ' + 1 = 0 TeHIaMaHUHT XaKUKUM Wi~
AM3JIapd MaBXyJl 3Mac, aMMoO 4 Ta KOMILIEKC WIAU3ra 3ra —
yaap (—1) cCOHHHHTr 4-gapaxanw uigusaapu. Ymby -
| = cosm + i sin & udonara kypa W,, W,, W,, W, unnusnap
KyYMHUJArd KYypyUHUILra 3ra:

n .. 1+i
Wo—cosT+tsmz-——ﬁ,
W—cos3—+zsm3—"—_l+’,
Z ZEAN
Sa hY 4 —-1-i
W, = cos— 7 + i sin —Z——-J—E-,
W—cos7 +tsm-7£=l;'.
: )

bouika Mucon. bUp COHMHUHT n-Aapaxaid WIAK3IApH yC-
taAa tyxtanamui. 1 = cos0 + isin0 udonmara kyypa 1 HUHC 7n-
Jlapaxaiad Wigud3siaapy Kyuuaaru gopmyinanap Oyiuya TOIMU-
JIafu:

W —COS——+ISII‘1-—-——(IC«-0 n-—1)

bup COHUHMHr 06apya WIAM3NIApH KYMAHMTHPHII aMaIUra
HUCOATaH rypyx Xocwi Kwiaau. XakMkKaraH, arapa” = 1,8" =1
6yica, y xomma (a-B)" =a”- " =1. Bup COHMHHUHT Y3u GHp-
HUHT n-gapaxaid wiausd: 17 = 1. Arap a” = 1 6yica, y xoiaa
(%) = al =1, ssbHU Xap OUp OMPHUHI n-JapaxXau WIAU3U-
HUHI TECKApUCH XaM OUPHHUHT n-JapaxXaTd WIAH3UAUD.

k
Myasp ¢opmynacura acocan W, = (cogznﬁ +isin 3’:.”_) =
= W, ’bHU OUPHHMHT 0apya n-fapaxaiu WIAK3IapH W:‘ HUHT
Japaxajiapd OpKalu XOCWI KUIWHAIHU.
bupopra s1eMEHTHHMHI JapaxaiapuiaH ubopar rypyx

LIHKIHK rypyx gevwnann. FOkopuaaru mynoxasaiap OuiaH Ky-
WUaaru teopeMa MCOOTIAHIM:
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2-teopema. Xap 6up n € N yuyn 6upnunz n-dapaxcaru
Komnaexc uadusaapu Kynajimupuu amaiuza Hucbaman yuxaux
2YPYXHU X0cua Kuaaou.

27-§. KOMIUIEKC VY3rAPYBUWIN ®YHKIHNAJIAP

KoMmuieke connapmnan ubopar 6upop TYIiaMaa aHHUKIaH-
raH Ba KUMMATIIapU XaM KOMIUIEKC COH OViaraH (hpyHKLIMI KOM-
IUIeKC y3rapysuywsm ¢yHknus ne6 atanaau. KoMmiuiekc coH-
JJApHUHT WIrapurd naparpadiapaa KeITHPWITraH Xoccalapu
KOMIUIEKC COHJIApP KETMAa-KETIMIY TUMHUTH Ba KOMIUIEKC V3ra-
pyBYMIN GYHKUMS JUMHUTH TYINYHYATIAPDUHUA XYAOH XaKUKHH
y3rapyBYWIM HyHKUMSUIADHUHT TUMUATH KAOU KHPUTHILTA UM~
KOH Oepanu.

Mapkasu z, Hykrana 6yiarad D o4uK AoMpana aHUKJIAHTAH
(z, HyKTaja aHUKJIAaHMAaraH XaM OYJIUIIH MyMKHH) KOMILIEKC
y3rapysuuid 6Upop A7) dyHKLMA Gepuirad OVIICUH. Arap Ux-
TUEPUHN XaKUKUH £ > 0 COH YUyH WIYyHAAN XaKUKUN 6 = d(g) > 0
MaBxyn 6yicaku, ymoy 0 < |z - z0| < 0 TEHICHU3JIHUKHHU KaHO-
aTJIAaHTHPYBYM Oapua z HyKTajap y4yH |f (z) - W| <& VpUHIU
6yica, W koMIuieKe coH f(z) GYHKUMSHMHT Z ¥3rapyBuu z, Ta
WHTWITAHAaru IMMHTH Jevwianu Ba lim f(z) = W KypuUHMIL-
na €3wiaan. =2

KoMmiuiekc Tekuciankna 6upop foupaaaH TallKapuaa aHHUK-
naHrad f(z) yHkuus 6epwirad 6yIcuH. Arap UXTHEPH ¢ > 0
yu4yH WyHnam r =r(e)> 0 coH MaBxyn OViacaku, z] >r TEHr-
CU3JIHKIAH |f (z) - w‘ < ¢ Kenub yukca, W KoMIUIeKC COH f(7)
(PYHKIMSHUHT Z Y3rapyBYd o ra MHTWITAHJACH JTHUMUTH Je-

WWIAAM Ba |im f(z) = W Kabu é3unanu. llynra yxwam ymoy

20
lim f(z) =, lim f(z) = « 6earwiap Ba 6y1apra Moc TYLLYH-
22 7>
yajap KUPUTWIAAH.

VHFUHIMHUHT, KYIAUTMAHUHT, OVIMHMAHUHT JIUMUTIIA-

DY XaKHIard TeopeMaiap Ba JMMHTIIAP HA3apUACUHUHT OOIIKA

TEOPEMAIAPU X€Y Y3rapHIlICH3 KOMIUIEKC Y3rapyBumin pyHK-

Iysuiapra YTKaswiaau.
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Mapkasu z, HyKrajga O0yiaraH OMpop OYMK JOMpajia aHHK-
nanrad f(z) Gysxkuns yayH im f(z) = f(z,) Ypunmu 6yica,
>4y

Oy ¢GyHKIMA Z, HYKTaga y3JayKcHM3 Heiiianu. bupop Tyruiam-
HUHI Xap OHp HyKTacHAa y3iayKcu3 OyiaraH ¢yHKuus Oy
TVIUIaMOa Y3JYKCHU3 ICHIUIAOIH.

Y3nykcu3 pyHKuMsuiap HMFMHOMCH, KyllawtMacu, HUcCOa-
TH Ba Y3IYKCH3 (QYHKUMSIAD TYFpUCHIArd OOMIKA TeopeMa-
JIap KOMILUIEKC V3rapyBYWIM (PYHKIMSIAD YUYH XaM YPHUHIIM-
quruya Koinagud. by teopemanap wumaa BelepiuTrpacCHUHT
UKKHUTA TEOpEMAacCHMHHM KeiaTupamMui. by reopemanap KelUH-
POK, HIIJIATHIAH.

1-teopema. deap f(z) dynxuus |7/ <r €nux moupana
y3lyKcu3 Oyica, y 6y TYiamMaa yerapajiaHraH (STbHH INyHOAH
XakukKuh M > 0 coHM MaBXyluKU, Oy €nMK Joupagaru d6apya g
HyKranap yuyH |f(2) < M).

2-Teopema. Azaap f(x) ¢pynxuus |z| < r énux doupada y3-
AYKcu3 6yaca ea ynda haxam xaxuxuii xulimamaapuu Kabya
Kuaca, y xoada y Oy énux doupa y3uHuHez 3H2 Kamma 6a 3He
Ku4uK Kuimamaapuza spumadu (AoHu Wwynoai z,6a z, Hyxma-

aap maexwcyoxu, f(z,)= lnf(z) f(z) = Slllp f(2), |ZOI =T
lz| < r).

By TeopeManapHUHT UCOOTU XaKUKHH Y¥3rapyBYmin QyHK-
LMSUIAp YYYH MOC TeopeMaJlapHUHT HcboTtura yxiaw. bymap-
HU T¥1a UCOOTIAIIHUA KATOOXOHIa KOJIUPAMU3.

Mapkasu Z, HyKraga 6§iran 6Mpop OYMK AOMpaja aHUK-
JIaHraH f(x) GyHKUUA YUYH

— f (- (%)
f'(zy) hfg P

JMMUT MaBXyn Oyica, y Z, Hykraga anggepeHnmasianyBIH
Jenwnanu. Arap f(z) pyHkuus M TYIUIaMHMHI Xap OMp HYK-
tacuaa audpdepeHMaIaHyBy Oyica, y M tymiamaa gud-
depeHUMaAUIaHYBYM aeimnanu. f(2) dyHkuusa A7) GyHKUUSA-
HUHI' XOCHJIACH ACHIIANH.

AuddepeHIMAUIAaIUHUHT OJATHATH XoccajapH, XyCyCaH,
dbyHKUMsIap MUFUHAMCHHHUHT, KYIIaWTMAaCUHUHIL, HHCOaTH-
HUHT XOCWIAJIApU XaKUIard TeopeMayiap OCOH MUCOOTIAaHAIU.
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28-§. KOMIUIEKC KODOOUITNEHTI/IN

KYIIXAJLJIAP
Yoy
a+az+ad+..+az
KYpUHHLIAArd pyHKUMAra Kymxanm sa 4, @, .., 4, COHJIapra

3ca KymxaaHuer Ko3¢gdunuentnapn neinnaau. bapuya yarap-
Mac coHjlap Kynxamwiapaup. KynxamiapHuHr HUFHHOWCH Ba
KyIIauTMacH ssHa KYIXaaaup. Z Y3rapyBUMHUHT Oapya KYIxaa-
JapunaH ubopatr tymiaMmHU ([z] opKanu OelruiauMU3.
KynxamiapHuHr KYIUum Ba KYDAUTHPHUILI aMaiura HucbaTtaH
Clz] TyninaM OUPIMK 3JEMEHTIU KOMMYTATHB XaJIKa XOCHII
KWMLK OeBocuTa Kypcatunanu. byuna 0 conumaH ubopar
y3rapmac pyHkuus (Houab Kynxan) C[z] XaaIKaHUHT HOJUOUD,
1 connnan ubopart y3rapMac GyHKUMS Oy XaIKAaHUHT OUPIUK
SJIEMEHTHUOUD.

V3rapmac (GyHKUMSUTADHUHT Ba f{7) = 7 QYHKUUAHUHT y3-
JIYKCUZJIMIUAAH Y3IYKCU3 (PYHKUMSUIADHUHT MAFUHAUCU Ba
KyIaMTMacu y3JyKCU3NIHUIM XaKWJard TeopemMaaapra acocaH
UXTHEPUH KYTIXaTHUHT Y3JIYKCHU3JIUIH KEeJIUO YUKAIH.

l-treopema. Xap xandaii kynxaonunz xosppuyuenmaa-
pu 6up Kuiimamau anuxasanzan (asnu azap f(z) eéa g(z) kynxao-
aap bapua nykmaaapoa f(z) = g(z) menzauknu KaHoamMAGHMUP-
ca, y xoa0a yaaprunz moc Ko3pduuuenmaapu menz).

Mc6or. Hdacmiab, arap 6apua 7 HyKraxapha a,+ a,z+
+ ...+ qz =0 6ynca, y xonna g, = a, = ... = a = 0 3KaHIH-
TMHU KYpcaTaMu3.

XakukaraH, a, + az+ ...+az=0pa z=0 ped oicak,
a, =0 TeHrnuK xXocwi Oyinanu, spHH Gapuya gz HyKTajgapia
az+ a2+ ..+ a7 =0. bynnan 6apua z# 0 HyKraiapaa
a,+az+ ...+ a7 =0 TeHMK onMHagU. by TeHIIHMK 6ap-
ya Z # ( 1apaardHa YpUHJIWIMTYA KYpcaTWITaHU YIyH YHU Z = 0
Ja XaM YpuUHIM Oed oJMaiMu3. AMMO KVTIIXaaHMHI 6apya gz
Jlapaa y3ayKCU3IuruaaH ¢gpoigaiaHuo, ataz+ ..+ anz"‘l =0
TEHIJIMK/A 7 HA HOJIbra MHTWITUPCAK, @, = () TEeHTJTUKHHM OJIa-
mu3. bynnan a,z+ ... +a7'=0. fApa z#0 pa a,+ ..+
+ a 7"~? = 0 TeHITMKHU onaMu3. byHza siHa 7 HU HOJIbra WH-
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TWITHPHO a, = 0 TEHDIIMKHY OJaMM3 Ba XO0Ka3o. Hartuxana
a,=a, = ..=a, =0 TeHIMHUKIADHU OJIAMM3.

Ouau Gapya z japma a,+az+ ...+az"=b,+ bz +
+ ... + b, 7" ypuHiu 6yicuH ned ¢papa3 kuinamu3. bynnam = n
ne6 dapa3 KWIMIIKHMH3 MYMKHMH (aKC X0J1/1a TEHIJIMKHUHT OU-
pOp TOMOHra OMp KaHYa HOJIb KO3p(PHUMEHTIU XaUIapHU
KymaMu3). Y xoija

(ay— b)) + (a,—b)z+ ...+ (a,— b )7 = 0.

byHnaH roKopuaaru MyjioxasalapyMu3ra acocaH a, — b, =
=..=a,— b =0 skannuru, ssbHu a, = b, a, = b,, ..., a=b
Keuod YuKaau.

HcbotnaHran TeopeMa KyImxaulapHUHT MKKH XWI TEHIJIHMK
MyHocabatiapu opacuaa OornaHuiu ypHatamu: f(7) Ba g(2)
KyIxamiap 6apua z HyKrajgapaa TeHT OYJIHMIIM y4YyH yJIapHHHT
MOC KO3¢PHULHUEHTIApU TEHT OVIUILKM 3apyp Ba KUoOS.

Honpnan dapxam kynxan 6epunradH 6yncuH. Kyixaara
HoNbAaH GapKiu Ko3pPUUHUEeHT OWIAH KUPraH Z HHUHI 3HT
IOKOPM Jlapaxkacura KyIxXaalHWHT AapaxacH nedwiaau. by Ko-
a¢pPuLmesT 0om ko3pduuuenT Ba KYINXagHUHI OyYHra MoC
Xanu Oom xan aedwianu. f(7) KYNXaaHUHT 7z KaTHaIManaud-
raHd Xaau (SbHU HOJMHYM JapaXaiM XanaHu) 0301 Xaa AcHuia-
nu. Paswanku, y f{0) ra renr. Kynxamiap kymainrtupunrasnaa
YIAapHUHT Japaxajapu Kylwiaau, oo Ko3gpPULUEeHTIApU
3ca KynmauTupwiaau. XycycaH, HojjiaH ¢apkjad Kynxamulap-
HUHT KynauTMacu siHa HoigaH dapkiu Kymnxan. Jemak, C[z]
XaJIKana HOMHMUHT O6YmyBuniaapu MaBxXyl 3Mac. HoauHuu na-
paxajud Kynxamiap HonaaH (apkjd y3rapMac COHJIapAaH
ubopar. bupuHYM papaxaam KYIIXamiap YH3MKJIH, MKKUHYU
[Japaxaiv KyImxamiap KBaapaT, YUMHYM Japaxaiwiap — Ky0
KyIxauiap aeMwinaad. Arap f, g Kynxauiap myHaan oyincaku,
f-g=1 6ynca, y xonga 1| COH HOJIMHYHM AapaXaiu KyIxan
OyiraHu yyyH f Ba g HHHI JapaxXalapd XaM HoJra TeHr. [e-
MaKk C[z] XaIKAHUMHT TeCKAapWIAHYBYM 3JE€MEHTJIApH HOJIMH-
UM Japaxaid KynxamiapaaH uoopar.

Kymxamiap KoMIUIeKC TEKMCIMKHMHI Xap KaHAaW HYyKTa-
cuna auddepeHIMALTAHYBYH. Y3rapMac COHHHHT XOCHIACH
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HOJb Kynxaaaup. Arap n > (0 Oynca, y Xoiaga n-mapaxaiud
KYIIXa@HUHI Xocwiacu (n — 1)-mapaxaiu KYIrXaagup.

Arap C maipgoHHMHT F KucM T¥iuiaMu C aard KyIIdim Ba
KYyTIaWTUPHLI aMajUlapura HUcbataH MaWIOH XOCWI KWica, Y
COHJIM MaiaoH Jeiwianu. Macaiau, Q,Q(\/E ),R —COHJIM Ma#-
noHnapaup. CoHiau MakijoHra sHa 6Mp MHCOJN KEJITHPAMH3.

a, b € Q WapTHU KAaHOATIAHTUPYBYM Oapua a + bi KoM-
IuieKe cornapHu (i) opkanu OeirwiaiiMu3i. (/) HUHT MaK-
IOH 3KAHJIUTH 6eBOCHTa TEKIUpUIAAH.

F— connu maiinon 6yncun. Koapdpuuuentnapu F ra te-
UM Kyxan F Malaon ycruaarn Kynxan gevwiaau. F ma-
JIOH ycTuaaru 6apua Kymxamiap tyrmaMuHau Flz] opkanm 6en-
riwianMu3. Kynxamiapau Kymium Ba KYIMaWTHUpHUILN aMaiura
HUcOaraH F|z] TVIUIaM OUPJINK 3JIEMEHTIH KOMMYTaTUB XajIKa
XOCWI KWIMIIY OeBOCUTA TEKIIUPWIAAN. YHIAH TaluKapu, F[z]
XaJIKana HOJNHUHI OVIyBUMIApH MaBXyHA 2Mac.

2-teopema (Koaduxau 6yasuw xaxudazu meopema). F —
Mmalidon ycmuoa f ea g xynxaoaap bepuazan 6yaub, g — Hoav-
dan papxau 6yacun. Y xoada Kyuuodazu uxxu Xoanumez bupu
YDPuHAUu:

1) F maiidon ycmuda wyndaii azona q kynxad maexcyoxu,
f=ag

2) F maiidon ycmuoda wynoaii Azona q kynxad éa Hoa0aH
dapxau r kynxadaap maexcyoku, f= qg + r, 6y epoa r Hune
dapaxcacu g HuUHz 0apaxcacudan Ku4uk.

Ucbot. Ywbdy

M = {f— uglu € Flzl}

Kynxaaiap TYILIaMMHM KapafiMu3. Arap HOJIb Kynxang M
TYIUIaMra Kupca, y xojua oupsp 4, € F[z] yayn f— ug = 0.
by xonna g = u, ne6 oncak: f= gg.

Arap HOJb Kymxan M TytuiamMra KMpMaca, y XoJjaa TyiulaM-
ra KUpyBYM KYIIXa[ulap WYKja AapaXacu HI KHYUK OYJIraHu -
HU ¥ OPKAJIK OeJNrmwiaiMu3. r HUHE JapaXacu g HUHT Japaxa-
CUIAH KWYMKIUTHHHU KypcaTamMu3i. Teckapucuuu ¢apa3s Kuia-
MM3. Y Xolna r HUHI Japaxacud n, ¢ HUHT JapaXxacu m Ba
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n>m oyaub, ynap r=az*+ .., g=bz"+ ... KYpuHULILA
6yacun, a= 0, b# 0. Yby r,=r— a- b~'z7""g Kynxan xam
M ra Termuuiy 6Yu0, YHUHT JapaXxacu r HUHT JapaxaculaH
KUYMK. by 3ca r HUHT TamiaHuuura 3uj. by Kkapama-Kapiiu-
JMK r HUAHT JapaXacd g HHMHI JapaXaculJaH KUYMKIUTHHU
kypcaraau. Llynnait kw6, r = f— qg, g € Fz], uyHkur € M.
byHgaH f= gg + r Ba Oy epHa r HUHT JapaxacH g HUHT Aapa-
XaculaH KUYHK.

DHIAM q Ba r KYNXaUIapHUHI OMp KUMMATJIM aHUKJIAHU-
UIMHUA KYypcaTaMu3.

Yoy

f=qg+r=qg+r,

TEHIJIMKJIAp VPUHIM OVJICHH. Y XoJjaa
(ql - q))g= rz - n.

Arap r,—r #0 6yiaca, y xonna r,—r,=(q,— q,)8
KYIMXaAHUHT AapaXxacu g HUKUIAaH KUYuK 6ynMaiinu. by aca
r, Ba r, KYIXaJUIapHUHT Xoccacura 3ua. by Kapama-gapuiu-
MUK r, — r, = 0 axanuHu Kypcaranu. by xonna r, = r,. byHaax
Ba (q,— q)g="r,—r, 1aH (q, — q,)g =0 TEHIIMKHHU OJIAMH3.
by sca F[z] xanKagza HOJIBHUHT OVJIyBYWIApH OyJIMaraHu Ba
g # 0 6ynaranu yuyH g, — q, =0, TbHU g, = g, 3KAHUHHU KYpca-
TaJH.

2-TeopeMagaru g Ba r Kymxamiap MOC paBMIUjaa f HM g ra
OynvIIAary TYJIHKCH3 OYIMHMACH Ba KOJIMFH Jeiiwiagn. Arap
KOJIAUK HOJIb STbHM f = gg 6Yica, y Xoaa fKynxan g ra 6yan-
HYBYH €KM g Kymxan f HU OynyBuM peitwianu. by xonma g
Kyrnxan f H4 g ra Oyauiuaard OyJaMaMa aeiwiany.

2-TeOpeMaHUHT MyXUM OUp TaTOMFUHU Kypamu3. Arap fAz)
Kyrixan Ba a € C coH ymby fla) = 0 miapTHH KaHOATIAHTUD-
ca, a CoOH A7) KYIXangHUHT HIOM3H JeHWIaan.

3-treopema (be3y treopemacu). deapa € Fcon F
Mmaudon ycmudazu f(z) kynxaonunz uardusu 6yaca, y xoaoa f(z)
Kynxao z — a kynxaoza 6yaunadu (stbHu F MakitoH ycTHaA LWYH-
mart q(z) xynxan mMaBxyiaku, f7) = (2 ~ a)q(2).

Ucb6oT1. XakukartaH, 7 —a OMpHMHYM Japaxaid KYyIxaxn
OyaraHu yuyyH 2-teopeMara acocaH F MailoH yCTHIA HLIYH-
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naii g(z) Ba (7) Kynxauiap MaBxyaku, {z) = (z — a)q(2) + 12),
Oy epna n(z) HoapaaH dapkiM OYiaraH xojja HoiIbaaH GapKiu
y3rapmac CoH 6ymamu: H{(7) = r, r # 0. by TeHIIIMKIA 7 = a Jecak
Ba fla) =0 3xaHMHH MHOOAaTra oicaxk, y xoiaaa r = 0. by kapa-
Ma-KaplWIMK 1{7) — HOJIb KYIXaa 3KaHWHHU KypcaTalM.

Arap f(7) kynxan n-papaxanu 6yica, y xonga (n + 1)—na-
paxaiay Xed Kaiicu Kymxaara oOVimHmainoud. XycycaH, y (7 —
— )"+ ! k{nxanara 6yimHMaiau. fz) KYIXaagHUHT Z — a ra 0yiIu-
HAOWTaH 3HT IOKOPH AapaXacu @ WIAU3UHUHI KappacH AcHM-
nani. Ilyspait kunud, arap A7) Kynxag (z — a)* Kymnmxanra
oyauHuo, (z — a)**! ra 6yamMHMAaca, K COH a WILAU3HUHT Kap-
pacu 6ymagu. Kappacu Oupra TeHr wiaMsiap coaia Ba Kap-
pacu OMpIAaH OPTHK WIIH3NIAD Kappaiu IeHWIAlU.

4-reopemMa. Adzap a con f(z) kynxaonune x xappaau (x > 1)
uaduzu 6yaca, y xoa0a a con fi(z) xynxaonune x — 1 xappaau
uaduszu byaadu.

UcbHoT. Arap a coH A7) KyNXagHUHT K Kappalu WIAU3U
6ynca, be3y Teopemacura acocan f(z) = (z — a)*g(z), 6y epaa
gla) # 0. by MyHocabaTHu auddepeHUHAUIANMU3:

(D) =k(z— )¢ (@ + (2 - a)q' (2 = (z— a)*'h(2),

Oy epma h(2) = kg(2) + (z — a)g' (). Ymby h(a) = kgla) #0
TEHICU3IMK a COH f1(Z) KynXaaHUHT K — | Kappajiy WIAU3U
3KaHUHHU KypcaTalu.

29-§. KYIIXAJIJIAPHUHT BYJIUHUII HA3APUSACHU

F — connap MalnoHu, f, g 3ca FMaliioH ycTuaaru Kymxan-
jap 6yiacHH. f KYIIXanHUHT g ra OV THHUIIMHY (EKU g Kynxan f
HUHI OYIYBUMCH 3KAHJIMTUAHH) g/f KYpUHUILLA OENrHIaiMHu3.
Kynxamrapauar 6y1uHMIMA TabpuduaaH O0eBoCcUTA KyHuIa-
TH XOcCcayap KeJaud YHKALH:

a) f/f; 6) arap g/f B h/g 6§ca, y Xonna h/f; B) arap g/, pa
g/f, 6ynca, y xonna g/f, + ;-

1-treopema. Azap g/feaf/g 6yaca, y xo10a wyndai c € F,
c # 0, maexcyoxu, f=c - g.
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Mcoor. XakukaraH, F ycTuza luyHOai ¢ Ba ¢, KyIxaa-
nap MaBXynkW, f=cg, g = cf. Bynapnan f= ccf Arap f#0
6ynca, y xonna ¢ ¢, = |. byHnad ¢ Ba ¢, HWHT HOJTMHYHU Aapa-
XAy KymxaJ 3KaHIurd keaubd yukanu. Arap f= 0 Oyica, y
xonga g = 0. by xonna

f=g=1-¢g

F MalIoH ycTHAArM UXTHEPHH HMKKUTA KYIIXAAHUHT yMY-
MUl OYIyBUMCH MaBXyld. MacamaH, HoipaaH ¢apkjiu c € F
coHJap. Arap f Ba g KYImXaJUIapHUHT Oupop d yMyMuii 0yiyB-
yucH Oy KYIXaUIapHUHI OOIIKA Xap KaHaai yMyMU#H OyiyB-
yycura 6ynuHca, d kyuxaa f Ba g KYHXaUIapHUHT 3HI KaTTa
ymymuii OynyBuncn (3.K.y.0.) neiwianu.

PaBuianku, f Ba g KYNMXaIITapHUHT UKKaJacH XaM HOJIb
KYIxax OyJraHgardiHa yJIapHUHT 3.K.y.0. CM HOJIbAMD.

2-treopema. F maiidon ycmudazu uxmuépuii uxkuma f éa
£ Kynxadaap 312 kamma ymymuii 6yayequza 32a. YHU uf + vg
KYpuHMLIIa udoganalm MyMKUH, Oy epua u, v € Flz].

HUcboTr. Arap fBa g HOJMb Kynxamwiap Oynca, yIapHUHT
3.K.y.0. — HOJIb KYIIXaA Ba paBUIAHKH, Y uf + vg KYpUHMILJA
udonamaHagu.

DHIM g # 0 6yiraH XoJIHH KYpaMus3.

by xosna xonnukKjaIu O6VIHMIN XaKuaard TeopeMaHyv HapOarT-
Jary OYayBUM HOJBra alJIaHTYH4Ya JAaBOM 3TTHUPUO, KyHHaaru
KE€TMa-KEeTJIMKHU OJIAMU3:

f=qg+r,g=qr+r,r= qr +r, ..

by epnaru g, r, Iy ... OYIyBYWIAPDHUHT (KOLMUKJIADHUHT)
Japaxanapy KOJOUKIM OVIMII XaKyuaard teopeMara acocaH
MaHpuit 6yiMaraH OyTyH COHJIAapHHHT KaMalOBUYM KETMa—KeT-
JIMTHHU XOCWI Kwiaau. [Jemak, 6yHIaH KeTMa-KETIUK YEKIH.
bynra Kypa, wyHnait n COH MaBXyIKH, g, 7, Iy, ... I, KyIxal-
nap HoJbIaH (apkau, ammo r, = 0. r, xynxan fBa g Kynxaa-
JIADHUHL 3HI KaTTa YMyMHU# OYIyBUMCH 3KAHJIUTHHU Kypca-
TaMu3. XaKuKaTaH, ymoy r,_ . =q . ¥, r,_,= G, Foy

n+1"'n> "n-2
Fues= q, ¥, ,tr._,, ..., f=4qg + r MyHocabamiap Tydaiu, r,
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KYIIXaR 7., 7, ,, ¥\ s -5 Iy 1y & f KYIIXaIUTAPHUHT OYITyBYH-
cuaup. UKKMHYM TOMOHJaH, arap h Kymxan f Ba g Kymnxan-
JAapHUHT yMyMMH OYiryBuucH Oyiica, yxomnar = f— qg, r, = g —
- qlr’ r2 =r- q2rl’ cees rn—l rn-3 - qn-l rn—Z’ rn= rn-2 - ann—l MY"
HocabaTyiapra acocaH i KyUXan r, vy, r,, ..., ,_,, r, Kyxamuiap-
HUHY 6YmyBuucuaup. by 6wiaH r, HHMHT 3.K.y.0. 9KaHJIUTH

UCOOTIIAHIH.

OHAU
rn = rn—2 - n n-1°
rn—l = rn—3 - qn—-l n-23
HR=r—ah
r,=g-—q,
r=f-qg

MyHocabaTiapHu onamu3. UKKMHUN TEHDJIMKAATK 7, HU OU-

PUHYH TEHIIMKKA KYUKO, ymdy r, = w,r, , + v, * ¥, , TCHIJIMKHU

onamus, 6y epaa u,, v, — Fycrunaru kynxamwiap. OXupru TeHr-

JMKKa r, ,HUHT ¥,_,Ba ¥, _,OPKAIU U(HOAACHHH KYSIMHU3 Ba XOKa-

30. byHMHr HaTHXacuaa Kywuaard upoiajapHU OJaMU3;
ro=ur, v = ur, v = =uf+ g,

Oy epna u, v— F yctunaru xymxamiap.

J Ba g KYnxXamjJlapHUHI SHI KaTra yMyMMil OYIyBYHMCHHU
KeTMa—KeT KOJIMKJIM OVIHIu €praMuia TOIMILI >XApaCHUHHU
EBkima anropurMm nenuanau.

DHr KaTrTa yMyMU# OYIyBYHM AiroHa 3Mac. XaKUKAaTaH, arap
h Xyxan f Ba g KYIIXaJUIapHUHT 3HT KaTTa yMyMUH O¥iayBYM-
cH 6yica, y Xoina uxtuépuii ¢ € F, ¢ # (0 COH y4yH ch Kyxan
XaM f Ba g JapHHUHI 3HT KaTTa yMyMHU# OYIyBUMCHOUD.

f Ba g KVIXamIapHUHI KaMuja Oupu HoJpAaH GapKiu
OYmu6, h,, h,— ymapHUHI 3HI KarTa yMyMu#H OyayBuWIapu
6yacuH. Y Xonna h,/h, Ba h,/h,. Bynnan 6upop c€ F, ¢ =0
COH YYYyH h2 = ch, TEHIJIMK YPUHIH SKAHJIUTH KeJIUuO YUKAIH.

bomr ko3p¢unmenT 1 ra TeHr KYIxal YHMTAp AEeHIWIAON.
Xap KaHaai HonbnaH GapkiaM f KYIxaad ydyyH SroHa IHyHAau
YHUTAp f, KYIXad MaBXyAku, 6upop c € F, ¢ # 0 coH yuyH
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f= ¢f,. by ynurap kynxan f Hu yHUHTr 601 Ko3dPULMEeHTH A
oynunad xocwn 6ymanu. FOkopumaru mynoxasajgapiaH Ka-
MUIa OUpU HoNbAaH apKiIu f Ba g KYIixaulap AroHa YHUTap
3.K.y.0. ra srajJurd Keaud YuKamau.

3.K.y.6. HM TONMIUra MUCOJ KypaMHu3: ( MaiJOH ycTuaa
) =272 —-3z+1Ba g(2) =2+ z— 2 xynxauiap Gepwira
6yncuH. Konaukau OYIUILIHM Oaxapcak,

22 -3z+1 =22+ z-2)—- 57+ 5,
z’+z—2=(-§.z+§)(—5z+5).

bynra xypa —5z+ 5= -5(z—1) kyjmxan fBa g Kynxan-
JIADHUHT 3.K.y.0. cuaup. f Ba g TapHUHT SIrOHA YHUTAp 3.K.y.0.
ch Z —1 kynxaanup.

Arap f(z) Ba g(z) KynmxaalapHMHT 3.K.y.0.cu 1 6¥ica, yiap
y3apo ty® neiimnanu. Arap fBa g Kymxamwiap y3apo tyo 6yica,
y Xonnma 2-teopeMara acocaH oupop u, v € F [z] Kynxaniap
YYyH uf + vg = 1. AKCUHYa, f Ba g KYIxamjiap YYyH IUyHIAH u,
v, € Flz] xymxamiap MaBxyn OyiacuHKH, uf + vg= 1. ¥ xonna
arap h/f Ba h/g 6ynca, h/1 Oynanu. Jlemak, 1 coHu fBa g
KYIXa[UIapHUHT 3.K.y.0.cu. by OWiaH Kyiugaru TeopeMa uc-
OoTiIaHAU.

3-treopema. Fmaidon ycmudazu f ea g xynxadaap y3apo
my6 6yauwu yuyn ywby uf + vg = 1 wapmnu xanoamaarnmu-
pyewu u, v € F [z] kynxaoarapuune maexcyd b6yauwu 3apyp ea
Kugos.

Hatuxa. Aeap f kynxad 8 & s &y KYNnXaoaapHUH2 xap
6upu 6uaan y3apo my6 6yaca, y xorda y yaaprumnz Kynaimmacu
buasan xam yzapo myé 6yradu.

UcboT. 3—Teopemara acocad

uf+vg=uftug=..=uf+vg =1
bynapman (uf+ vg)(uf+v,g)..(u f+v g)=1.
By TeHrTMKHMHT yanm ToMOHHMAaru udoaanrapHu KyrmauTH-

pub Ba f KaTHaWraH XaJulapaaH f HA KABCAAH TallKapura 4u-
Kapcak, uf+v, - v,... v g &, .., & = | TEeHITUKHH OJaMU3,
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Oy epna u — kymxaa. by TeHmmknaH 3-teopeMara acocaH f
Ba g &, ..., §, KYMAHTMaHUHT ¥3apo TyOJIUrH KeaIub YUKAIM.

Arap F MaitnoH yctuaard Myc6ar aapaxanu f KYynxaaHu f
MalIoH ycTUAAru MmycOaT Agapaxajld HKKHTA KYIIXadHWHT
KyImaMTMacu akiuaa udopganail MyMKUH OYimMaca, f Kymxan
F MaiiioH ycTHa KeJITHPpHIMAKAMran Kynxan aeduiagu. AKc
Xonga f KeJITUPWIAAWIraH Kynxaa aenwiagd. MacanaH, 4yu-
3UKJIM KVIIXa/U1ap Xap KaHoau COHJIM MaWOOH YCTUAA KEITU-
puiMalaural kKymxamiapaup. Arap az? + bz + ¢ xkBaapar
KYIIXaAHUHT b — 4ac AUCKPUMMUHAHTU MaHpui 6¥yiaca, y R
MalIoH ycThHaa KeaTupwiManaurad kynxan oyiaagu. Kynxan-
HUHT KeJITHpWIMaiaurad oyiaumu F MatigoHra O6orauk. Ma-
cajiaH, x? — 2 xynxan O MaiJoH yCTHAA KeJTHPUIMAMIUIaH,
aMMO R MaiioH yCcTHIA KeJITUPWJIAAUTraH:

x? —2=(x—ﬁ)(x+ﬁ).

KextupwiMaiauran f KYnxagHUHr OynyBuunapu ¢akar
cEF, ¢+ 0, connapaan Ba c¢f, c€ F, ¢ # 0, KYpuHMILIATH
KyIxamiapaaH ubopat. XycycaH, yHUTAp KeATUPpWIMaHIKIaH f
KyTixaa $akaT MKKHATA YHUTap OViryBuuiapra ara: | Ba f. byH-
JaH Xap Oup KYIXana € OepwiraH KeJITUPWIManAUMrad Kymnxaara
OVIMHUIUM €KHM Y OWIaH V3apo TyO OVIHUIIM KeIud YUKAIU.

4-teopema. Fmaiidon ycmudazu f,, f,, ..., [, kynxaoaap
éa Keamupuamaiiouzan p Kynxad Gepuazan 6yacun. Azap f,.
f, --- f, Kynaiimma p za 6yaunca, y xoa0a f,, f,, ... f, kynxao-
Aaprunz bupopmacu p 2a b6yaunadu.

U co6or. TeckapucuHu KypaliuK, AeHU [, £, ... f, KYTIXan-
JJADHUHT X4 OUpH p ra OVJIMHMACHH. Y X0JAa p YJApHUHT
Xxap Oupu ouinaH y3apo Ty6 O6yiaau. byHnaH 3-teopemara aco-
CaH p HMHC f. f, ...f XynaltMa OuiaH xaMm y3apo TyOJIuru
Kenub yukanu. by aca TeopeMaHHWHT LLIapTUra 3Un.

S-treopema. Fmaiidon ycmudazu mycobam oapaxcaru xap
oup ynumap f(z) kynxao F maiidon ycmuda xeamupuimaiduzan
YHUmap Kynxaoaaprunez Kynaimmacu waxauda €3uiuuiu mMym-
xun. By xynaiimyeuunsap yaapuune xynaiimmada éuauw map-
mubu anuxauzuoa f kynxaod 6yiuua b6up xuiimamau monuaadu.

HUcboT. UcboTHU fKYTIXaAHUHT n Aapaxacu Oyiuya UH-
OyKUUsA €paaMuna ucobornaHagu. Arap » = 1 6yica, TeopeMa

148

www.ziyouz.com kutubxonasi



TACAMFUHUHT YPUHJIWINATY PABIUAH, YYHKHA YM3UKJIA KYIIXal-
JJap KEJTUPWIMAMAMIaH Kynxauiapaudp. OHau n> 1 ned Ba
TEOpPEMAHUHI' TAaCAUFMU JapaxXacu » JaH KUYMK OyiraH Oapua
KYIXaanap y4yH VpuHiIu aed ¢apas KiwiaMus.

Arap f— kenTupwiMaHauraH Oyica, YHUHr yY4yH Teope-
MAHUHT VpUHIWIMIA paBliaH. LIyHUHr yuyyH f— keatupu-
JAJAMTaH KYyIxaa OyaraH XoJHU KYypaMu3. f HUHT YHUTAp OVJ1yB-
YIWIApY MYHMA SHT KMYMK MycOaT Japaxara ara 6¥JIraHUHM p,
OmaH GenrwnaiiMus. Y xonnma f= pf, 6Ynu6, p, Kynxan Kei-
TUPWIMaMaurad. YyHkKu arap yHUTap p’ Kynxan p, HUHT 6y1yB-
YUCH OYiica, p’ KYIIXad f HUHT XaM YHUTAp OVJIyBYMCH. p’ HUHT
Jlapaxkacy p HUHT JapaXxacUAaH Karra OyaIMaraHy yYyH € YHUHT
Japaxacu HOoJIbra TeHr (SIbHU p’ = 1) €KM YHHUHT JlapaXxacu p
HMHT Japaxacura TeHr (y xojga p’ = p,).

S=p/, xynaiirmagaru f, KYIXaJHUHI Qapaxacu n JaH Ku-
yuK. LLIyHWHT yYyH MTHOYKUMSSHUHT ¢apa3ura MyBopHUK YHHU-
Tap KEJITUPWIMaHIUraH KYIIXa[UIADHUHT KYIMaWTMAaCcUra TEHT.
bynnaH f= p f, Ky[IXanHUHT XaM XyAIM LUy Xoccara 3ra 9KaH-
JIUTY KeIud YMKaau.

OHAY f KyIxal UKKU XUJI YHHTAp KeITUpHJIMAaHIHraH
KYIIaUTyBYWIAPDHUHI €WWwiMacura 3ra 6yjicuH. by éiuiamMma-
JapHUHT OMPUHYUCH ¢, KymaiTyB4yura sra 6yiacuH. Y xomna
4-TeopeMara Kypa, MKKMHYM €HWiMazaru OMpop h, Kymai-
TYBYM g, Fa OYIUHANHU. A, — YHUTAD KeITUpWIMaHauraH 6yira-
HU YuyH h, = q,. UkKaia €iniManu 6y g, KyTaHTyBYMra KMc-
Kaptupcak (F[z] xankaga HOJNBHUHI OVIyBYMWJIapU GViIMaraHu

YYYH KUCKAPTUPUIL MYMKHH), y Xojaa ywoy & = EfT Kyrxan-
HUHT UKKHM XWI YHUTAP KEITUPWIMAHIUTAH €HIIMACH XOCHII
Oynauu. by KYNXagHUHT AapaXkacH » NaH KUYUK OYJIraHU y4yH
UHAYKUMS OYiMYa YHUHT TYPJIM €HWIMaNapua YHUTAP Kell-
TUPpWIMaNAUraH Kylnautysywiap (akaT KynmauTyBUMJIADHUHT
€3WInI TapTuOu OwiaH ¢apk Kwiagu. Y xonga 6y xocca f
KyIIxax y4yH XaM YpUHIIH.

Hartuxa. Fmaiidon yemudazu xap kanoaii f(z7) kynxad ywby
f = aplk L... p% Kypunuwuoa kynaiimysuusaprune é3unuuw map-
mubu anukaueuda s20Ha ycya 6usan ugodanranadu, 6y epna a
COHM f KYIXaIHUHT OO KO3(pPUUUEHTH, p,, ..., p, KYIXald-
Jap sca F MaWIOoOH yCTUIATH KeJITUPWIMAHINTaH TypJId YHHU-
Tap Kymxawiap, kK, K,, ..., K. € N.
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30-§. AITEBPAHUHTI ACOCUHU TEOPEMACH
BA YHUHT HATHXAJIAPU

Kyiunary tacouk aHbaHa Oyiuuya anareOpaHmHr acoCHM
TeopeMacH e IpUTWIAAH.

1-teopema. Komnaexc kosppuuyuenmau mycéam odapa-
wcaru xap Kandai Kynxao xomniexc uadusea 32a.

HUcboT MKKHTA JeMMara acocCJIaHraH.

l-nemwma. C dazu xap Kandai f (7) kynxad yuyn |f(2)|
PYHKYUA KOMNAEKC MEeKUCAUKOAQ Y3UHUHZ IH2 KUMUK Kulimamuza
apuwadu.

M cborT. Arap f{z7) V3rapmac 6yi1ca, yHMHT YYYH TaCOUK-
HUHT VpuHaWwiurd paswiad. [IyHUHT y9yH yHU MycOaT gapa-
XKaH 1e6 XHUcoOJIaMMHU3, SThbHHU

f(D=a,7" +a,7" ' +..4a,,nEN,
a, € C(k =0,n).

Yoy

a a,
a, + L +.+2
Z z"

zn

1f(2)| =

TEHIVIMK paBmIaH. ByHUHr OMpHHYM KYIIAUTYBUYUCH T —> o 1A
c ra MHTWITAHH Ba UKKHMHYM KYIIaHTYBYM |aol ra UHTWITAaHH
cababimu z > « ga |f(z)] > «. llynra kypa, wyHgai r > 0
XaKUKHMI COH MaBXyaKH, |z| > r 6ymranma |f(z)| > |f(0)|.
Wkkunyu TomonnaH |f(z)| dyskums |z|<r émuk mompana
y3AyKcu3 OyiaraHu ca6abau BelepmTpacc TeopemMacura aco-
caH [oMpaja HIyHAal g, HYKTa MaBXyIKH, AoMpajaru 6apua
z HyKranap yayH |f(2)| = |f(z,)|- Xycyean, |f(0)|=|f(z,)|
ypunin. [lynnait Kwm6, |z| < r poupaHMHr HyKTanapy yuyH
|/ (2)| 2| f(z,)|, DoupanaH TamIKApUAAard HyKTajap y4YyyH
| f(2)| = |f(0)] 2| f(z,)| Mynocabarnap ypurnu. By MyHoca-
6atap |f(z,)| con |f(z)| dyskumsHuHr C Haru SHr KHYUK
KHAMaTH 3KaHIMTHHM Kypcatanu.W
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2-nemMa (Hamambep nemmacu). Azap f(z) myc6am dapa-
awcaru kynxad ea f(z) # 0 6yaca, y xonda wyndaii h € C mas-

ey, |f(z, + )| <|f(z)}

UcborT. f{7) KYNIXamlHUHT JapaxacH » OyncuH. Y xonpa

o th
g(h) = f;Z( zo)) GYHKUMA XaM h ra HMcGaTaH n Japaxaiu

Kyrxaa oyinanou:

f}i‘;:;')=1+clh+...+c,,h", (1)

by epna C = 1, yyHk# g(o) = 1. lllyHpait k = (1 < k < n)
MaBXyluKH, (1) udomana i <k yuyn C, =0Ba C,= 0. Y xonna

/ (f*’?;’)") =1+ Ch* +C,, B +C 1" =

= (1+ C,h*) + C [Mh+...+‘-‘_nhn—k)
Ck Ck

udonara Kenamu3. KoMrurekc coH MOAYJUTAapHHHHI XOCCala-
puvaaH doinanaHuo, ywody

f(z,+h) k kRCk+ Cn pyn—
|ﬁz?) < |1+ Gt et ai

TEHICU3NIMKHU OJIAMHM3. DHAU A HU TaHJalra yramMu3. YHUHT
MOAYJIM Ba apryMeHTH KWUHMATJIapMHU alpuM TaHIAHMMU3.
Yoy

P(h) = 2Lt 4 o

KYIXaAHUHT KMMMaTH 4 = 0 ga Holb OYjiraHM Ba YHUHT 6ap-
ya h € C pa y3nykcu3 6ynraHu cabadau 2 - 0 ga P(h) - 0,

SBHU LIYHAAH XaKMKMi 6, > 0 COH MaBXyaku, |h| < §; TeHr-
CH3/IMKHH KaHOATIAHTHPYBYM A JIap yuyH
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= %1 s
| P(h) = h+...+ckh <5 (3)
TEHICU3JIUK YPUHIIU.
bynnan doinananub (2) TeHrcU3IUKAaH
f(ZQ +h) < k 1 k
2220 <1+ C A" |+ =|Crh
Fay | =11+ Ceh+ glewn )
TEHICU3INKHYA OJaMM3.
DHIM A HU WIYHOAH TaHJIaUMH3KH,
[Ceh*| <1 (5)

TEHICU3JIUK XaM OaxkapujicuH. ByHUHr yYyH A HUHT KUMMaTH

|h| < d, = k\HCklﬂl

TEHICU3TNKHU KAHOATIAHTUPUILU KH(od. Arap d opKaiu 9,,9,

COHJIADHMHT KMYUTHHH Gelrwnacak, y xonga |h| <dJ teHr-
CHU3JIMKHM KAaHOATJIAHTUPYBUM Oapua A nap y4yH (3) Ba (5)
TEHICU3JIUKIAD YPUHINW. DHAM A HUHT apryMEeHTUHHU IIyHAAH
TAHJTAMMU3KHU, yUIOy

arg(C,H ) == (6)
TEHIJIMK 6axapwicuH. ByHuHTr yuyH
arg(C, h*)=argC, +kargh==n
TEHIJIMK, ShHU
7—argCy o

argh =
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TEHIJIMK VPUHIM OYIMIuM Kepak. JJeMak, # HUHT apryMeHTH-
HY LWIYHJAK TaHIaHCa, y Xoaa (6) TeHIIUK YpuHIHN. (6) TeHr-
JUKIaH

C.h* =—|Ch¥|

keaud yukaau. byHra Ba (5) ra acocaH

1+ € = [1-[ce

=1-C,h|

Vpuriad. byHnan doiigananub, (4) TEHICU3IUKHU KyHUIArH-
Ya €3UIIMMHU3 MYMKHH:

If (z,th)
f(z,)

bynra Ba (5) ra acocan

< 1= |Coh] + 2 |cu| =1 - 2 |Ck|

L]

‘f(gﬁh) <1
/(%)

STbHU |f(z0 +h)| < ‘f(z0 )\. by 6unaH 2-1eMMa UCOOTIAHAU.
OHIOU 1-TeopeMaHWHT MCOOTHHU OXHPWIa €TKA3MIIUMH3
MYMKHH.
1-1eMMara acocan myHnai z, € C MaBXyAKM, Xap KaH-
nam z € C yyyH

[f(z,)| = |f(2) (8)

Arap f(z) # 0 6y1ca, y Xonaa 2-1eMMara acocaH IIyHAAH
h € C MaBxymku, |f(z, + h)| <|f(z,) By aca (8) Tenrcus-
muKKa 3ud. [emak, f(z) = 0, apHU 7, COH f(7) KYIIXaOAHUHT
winu3ugup. &
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2-Tteopema. Xap kandaii n > 0 dapaxcaau f(z) xynxad

A2) =a(z —z2)(z — z)...(2 — 2) %)

Kypurnuwoa ugodasanumu mymxun, 6y epia a coH f(z7) Kynxai-
HUHT 001l KO3hUUUEHTH, Z,, Z,,..., T, COHIAP 3Ca YHUHT WI-
nuaiapu (Oy epra xap 6up wiau3 KaHya kappaiu 6yica, IyH4ya
MapTa xucobnaHrad). by udona KynanTyBYMIIADHUHT €3WITHLI
TapTUOM AHMKJIUTUIAA STOHAOUP.

Mcobor. 1-teopeMara acocan f{z) OMpop KOMIUIEKC WI-
au3ra sra. besy Teopemacura acocaH IyHAau f(2) xynxan
MaBXyakH, A7) = (z — 7))/ (7). PaBmanku, f (z) HUHT napaxa-
cu n — 1 ra teHr. Arap n — 1 > 0 6y1ca, y xonna f,(z) H4 Xam
IUYHra yXuaw KYpUHUIIAA €301 MYMKUH: f (2) = (2 — 2,)/,(2),
Oy epna f,(z) HMHT napaxacu n — 2 ra teHr. Y xomna flz) =
= (2 — z)(z — 2)/,(2). By Mynoxasanu n Mapra uuwiatu6, f7) =
=(z — 7)(z — g) ' (z — 2 )f(2) udponanu onamus. by epaaru
/(2) XyIIXaqHMHT Japaxacu HOJIbra TeHr 6ynub, y fz) kymxan-
HUHI Oow koagduuueHtura teHr. Haruxana (9) udonauu
onamu3. by udona fz) KyuxanHuHr Z,,...,Z, COHIApAaH GapK-
UM OYnAradH WIoU3Napd MaBXyl 3MaclIUTMHU Kypcatand. f(2)
KymxagHUHT (9) kypuHuiiga udonalaHuId KymauTyBYMIap-
HUHI €3WIMIIM TAapTUOUW aHUKIUIHAA SroHAIUrH 29-§ nmaru
5-TeopeManaH Kenrub YMKAIMu.

(9) udona A7) komruieke KynxagHUHr C MalIOH ycTHIa
KEeJITUPWIMANAUIraH KyTIaUTyBUYWIapra €éHWIMacHHU Oepanu.
Arap f(7) KYIXalHUHT Z,,...,Z, WINKA3TapU WIKAA a COH k Map-
Ta y4ypaca, y xomua (9) udonanu flz) = (z — a)*g(z) kypu-
HMIIOA €34l MyMKuUH. by epma g(a) = 0. by mynoxa3sanas
KYHHIATH HaTUXa Keiaud YuKaiu.

Hartuxa. Aeap a,, a,,...,a, connap fz) kynxaduune 6apua
mypau unouznapu ea k, k,,....k_yaapuune kappaaueu 6yaca, y
xonda k; + ... + k. = nBa flz) = a(z - a])"l(z - 052)'°2 (7 -
-a) ks

3-teopema. (Buer Teopemacu). Arap  z,,...,2, COHAGD
f(@) = az" + a "'+ ... +a_ , kynxadnunz uadusarapu 6yaca (6y
epda xap 6up uadu3 Kanua Kappaau 6yaca, wynwa mapma xuco6-
AGQHz2aH), Y Xo04a0a
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a
2y + 2+ A, =~

2° %+ 5t A, 42, =

.............................................

by epaa van ToMoHgaru k — ¢opMyJIaHHHT Xap Oup xagu
%, Zye-»Z, WIOIH3JNAD MYUAATH k TACMHUHT KyIMaWTMacHIup.
Yan ToMonaaru k£ ¢popmyna 3ca 6apuya OyHaai KymnmaurMaiap-
HUHI UMFUHAMCHUAAH UOOpar.

UcborT. (9) udonanan

I;f(Z)=(Z— W(z=2)...(z—2z2,)=

=7"—-0," ' +0,7" —.. .+ (=10,

TEHITIMKHU OJlaMU3, Oy epra

o,=g+2 +...+ 7,
O, =35+, +..+2,,2,

ooooooooooooooooooooooooooooooooooo

Ymby

a4 _n-1 -2 a -1 -1
T+ 2 S = 0,7 40,0+ (R,

TEHIIUKAAH Z HUHT OMp XWI Aapaxanap oiaauaard Kosgou-
LMEHTIADHUHT TEHIJIMIH KeJIU0 YMKaau. by 3ca TeopeMaHUHT

ucooruHu Gepagu. M

4-teopema. Azap () — xaxuxuii ko3pduyuenmau
Kynxao 6yaca, y xoa0a ynu

fD=a(z —x) ...z —x)(@ +pz+4q)..@ +pz+q) (10)
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Kypunuwoa ugodasraw mymrun, 6y epaa a coH f(z) Kymxan-
HUHT OOl KO3(OHULIMEHTH, X,, ... , X, 3CA YHHHI XaKUKUH
Winu3napu (xap OMpMHHUHT Kappacu KaHya 0yica, myH4a Map-
Ta €3WiraH), p,, ¢,, ... Pp q, WyHAAH XaKUKHUH COHIAP-
Ku, p2—4q,_ < 0,m=1,/. By udona KynaiTyBYNTAPHUHT E31-
JIMIL TapTHOW AHUKJIUTHIA SATOHAAMD.

Uco6oT. Jlactnab, arap a coH f{7) KYNXaAHUHT WIAU3U
6yi1ca, a COH XaM WIAH3HM 3KaHJUTHHHU Ba YJApHUHT Kappa-
Jlapy TEHIJIUTUHM KypcaTaMu3. XaKukKaTtaH, arap fz) = a7" +
+a7' + .. + a Ba a, a, a, .. a € R 6yrca, y xonna
f(@)=a7"+a 7' +...+a, = f(z). UyHrakypafiz) = (z-
—a)*g(z) TeHrmuknaH Ba g (a) = 0 MyHocabarmad f(z) =

=f(2) = (z- ) g(z) = (z — a)g,(z) xenu6 umkanu, 6y epaa

—_—

g,(z)=g(z). bydnan g, (@)= g(a)= 0 myHocabar Keaub
yukagu. by arap a coH f(7) KyIXaiHUHI WIAU3U 0Oyica, y
XO0J1Ja & COH XaM Iy KYIIXa@HWHT WINU3U OYJIUIIUHYU Ba yIap-
HUHT KappajlapH y3apo TeHT 3KaHUHU KYpcaTaiad. JHOAU a Ba
a (a #¢) WiIu3jiapra Moc KYMaiTyBYWIADHUHT KYHaiTMa-
CUHHU KapaMH3:

z—a)z—a)=2—(a+a)z+aa=2+p7+q

_ _ 2 .

Byepmap=—(a+ a),gq=a* @ = |of 6y1ranu yuyH
P—4qg =(a— a)*< 0, yygk a — a # 0 — cod MaBXyM
COH.

Sumu (9) ndomana xap 6Up KOMIUIEKC @@ WIAKU3Ta MOC 7 — &
KYMAaUTYBUMHYU « WIAU3Ta MOC 7 — a KYHalTyBYMUra Kynam-
TUPHUO €3caK, ¢ Ba @ JIAPHUHT Kappacu OUp XWUIMTUra Kypa
fA2) xynxan (10) xypunnumga ésmwiand.

Arap (10) ndomama O6up Xwi1 KYIMaUuTyBUYWIAPDHU TYILIAO
€3caK, KyHuJard HaTHXKaHU OJIaMM3:

Hartuxa. Xap kanoaii xakuxkuii xoagppuyuenmau f(2)
Kynxao

fR=a(z—a) .. (z—a)s(@+Bz+y)...-
: (Zz +ﬁtZ+7’t)[t
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Kypunuwoa é3unuwu mymkut, 0y epaa a CoH fz) KYTIXaqHUHT
6o KO3hOUUNEHTH, a , ..., @ — YHUHT TYPJIM XaKUKUH HI-
AM3N1apH, K, ..., k. MOC paBuuia Oy WIAU3JapHUHT Kappaia-
pu, 22+ 8, z+7y,, (m=1,¢) — Kynxamiap 3ca IMCKPUMUHAH -
TH MaHPuK OYiraH xakukKuil Ko3pPHUUUEHTIM TYpJIM KBal-
paT Kynxaunap, [, ..., , — HaTypal coHyap (XakMKHU# 6yaMaraH
WIAM3JIADHUHL Kappacu).

(10) udpona xakukuit KodppuuueHTIH f(7) KYIIXaaHUHT R
MaMIOH yCTHAA KEeJITUPWIMAMAMIraH KyMauTyBUWwiIapra € -
MacUHU Oepaju.

31-§. PAIIMOHAJI ®YHKIIUAJIAP

f(2)

Ukkuta fz7) Ba g(7) KynxamwiapHUHT 20 OyiIMHMacura

paunonan ¢ynxkumua (paumoHan kacp) aeHwiagu. Pauuonan
(byHKUMS KOMILUIEKC TEKMCIMKHHWHI MaxpaxX WIAW3JIapuiIaH
bowmka 6apya HyKragapuaa aHMKJIaHTaH. Arap palfdoHa Kacp-
HUHI CypaTH HOJIbra TeHI OyJica €KMW CypaTHHMHI JapaxacH
MaxpaXXUHUHT JapaxacuJaH KU4HUK Oyica, y TYFpH Kacp AeHu-
naau. PauyoHan KaCpHUHT TYFPU €KUM HOTYFPU KacpJIUMTd YHUHT
KYNXa/UIapHUHT OYyJIMHMacu KYpUHHUILMAA HOoTUTaHUILHUTA
OOFIMK 3Mac (TeKiuupuHT!). byHnaH Oy€H, arap MKKUTA pa-
UMOHAN (yHKUHMSIIAD YJIAPHUHT MKKalacH XaM aHMKJAHTaH
Oapya HyKrajnapjaa TeHr Oyica, ylapHU TeHr Aeb6 IopUTaMM3.

MacanaH, e — 1 ne6 €3aMu3, BaxoJNaHKU OYJApHUHT

yarggarucu z # 1 Hykranappaa, yHraarucu 3ca 6apua z €C
HYKTajapJa aHUKJIAHTaH.

1-Tteopema.Xap xkandaii payuonaa xacp xynxao ea myrpu
Kacprunez iurunoucu Kypunuwuoda uodaranumu MymMKuH.

UcboT. fz) Ba g(z) Kynxamrapra KOMAUKIU OYIUILIHH
TaTOMK, Kwiamu3: f7) = q(2)g(2) + n2).

bynnan

f(z) _ r(z)

Oy epna 1(z) — HOJb Kynxal €KM YHHUHT JapaxacH g(Z) HUHT
napaxacugad kuuuk. Wl
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2-Tteopema. Azap % — MYFpU Kacp, &, &,5---» &, ¥3a-

po Ty0 Kynxannap Ba g = g, * g,...8, 0yaca, y xoada wynoaii f,,

Ly «ees [, KYnxadaap masxcyoxu, £~= g—i*‘ -g—z"'---'*'f:— éa xap
bup g— (k=1,n) myrpu xacpoup.

Uc6ort. Teopemanu n = 2 xouna ucobormianmMus. YMyMUn
XO0JI n 6YHMYa MaTeMaTHK MHAYKUUSA €paaMuaa ucboTiiaHagu
(YHH ucOOTIIAIHH KUTOOXOHTA MallK, cudaTHIa KOJIIUPAMU3).
g, Ba g, Kynxamap y3apo Ty0 OyaraHd yuyH, WIYHAAH 4, Ba u,
KYIIXaaiap MaBXyAKM, u g, + u,g, = 1. byHra kypa

J _ fug+wg) _ fu + S

r3 8182 & &
Juy i S
N L= + — — = -+ = Hbo-
l-Teopemara acocaH ==+, =4+~ ud

JajapHu €3v MyMKHH, 6y epna q,, ¢, — Kynuxamiap, gii Ba /)

3ca TYFpu Kacpiaap. HaTuxana 5

S h | f
L=qg +q, +2+2%
g N TR T T

uponanu onaMu3. byHUHI MKKala TOMOHUHH g = g °g, Ta
K¥riautupuo, f = (q, + q,)g + f,g, + /,g, TEHIJIMKHH OJIaMH3. f|
HMHI JapaxacH g, HHMHI JapaxaculaH KHYMK, f, HUHT Japa-
XacH g, HUHT JapaXacHIaH KUYUK, [ HHUHT Aapaxacd g HUHT
JapaxacHlaH KW4YuK OynaraHu ydyyH g, + ¢, = 0 (4yHKH aKkc
Xon4a f HUHT JapaXacH g HUHT JapaXxacHulaH KU4YUK OyiamMac-
I — KapaMa-Kapuiwiuk). demak

f_h h

g 81 &

Teopema ucboTIaHIH.

Arap fBa g Kymixamiap F MaiJIoH YCTHAATH KyTixawiap oyica,
z ¢yHKUMA F MaWIOH yCTUAArH /paunouan byskumMa nenu-
janu. Arap F MalloH ycTHIaru e me N, KYPUHHUIIIATH
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TYFPU KAaCPHUHI Maxpaxujard p Kymxan F MaWgoH yctuaa
KEeJITUPWIMAKOUTAH Ba f HUHT JapaxacH p HUHT JapaXxaCu-

JlaH KMYHK OVica, rd TYFPU KaCp coaga AeHWIaau.

3-teopema. Fmaiidon ycnudazu xap xandaii myrpu Kacp
codda xacpaaprumz UuFunducuza mewa.

Ncob6oT. F maitnoH ycrunaru i- TYFpM Kacp OepwiraH

OyIcCuH. YMyMUIUTMKHU yerapajaMaciaH g HU YHUTAD KYIXan
neb xucobyali MyMKHH, YYHKH aKC X0J11a KACPDHUHT CyparT Ba,
MaxpaxXuHU g HUHC 0ol Ko3(dpduuueHTHUra 6yaud wodopuir
MyMkuH. Papas KWiaimk, g = p/l - pi2 . pk — udona g
HUHI F MaloOH ycTUAA KEeJATUPWIMAHAMIaH YHUTAp KYTIXaju-
JApHUHT KyrmaiTMacura eiuamMacu 6yicun, 6y epaa p,, p,, ---
p, — Kynxawiap F MailoH yCTHAA KEeJTHPHIMAAMTaH TypJIH
yHUTap Kynxamwiapaup. Ywby pfl - pi2 | pkn kymxamnap y3a-
po Ty O6yi1raHu ydyyH 2-teopeMara acocaH

Sm — .

Oy epaa om (m=1n) _ TYFpU KacpJjap. byHaaH KypuHaIu-
m r

KH, TEOPEMaHU UCOOTIAlI YUYYH YHU _“p ¥ KYpUHMILIATH TYFPU

Kacpiap yuyH ucborinaiu kudos, 6y epaa p — KeITUpWIMAK-
AUraH yHdTap kynxaa. Koagukiu OVJIMIIHM KeTMa-KeT TaT-
OuK Kuiub, Kynunard udoaarapHu olaMu3:

rmqlp+rl,ql=q2p+r2,q2=q3p+r3,....

bynappan: r=qp +rp+r=qp+rp +rp+r = ..
g P+ r_p*+ ... +r.byepnaru r, r, ..., r_, Kynxan-
JJApHUHT Xap OMpHU HOJb KYIIXal €K JapaxacH p HUHT Japa-
XKaCUIAaH KUYUK. YHIAH TallKapy r HUHT JapaXacu p* — HUHT
JapaxacHAaH KUYMK OYIraHu y4yH g, , = 7, KYIIXald HOJIb €KH
YHUHT Japaxacu p HUHT JapaxacuaaH KM4yuK. byHra kypa

F %4 k1 n
L=l ey 4+ A
P pr P P

— cojja KacpiaapHUHr uurmHaMcuaup. B
159

www.ziyouz.com kutubxonasi



I-Hatuxa. Maxpaxcu g(z) =a(z —a )" ...(z —a ) kypu-
Huwoa (6y epna a,, ..., @, — TYPI¥ KOMILUIEKC COHJap; k,, ...,
k. € N) 6ynrean C maiidon ycmudazu xap kauoai myrpu Kacp
yuby

kypunuwuda ugodaranuwu mymkun, 0y epna d € C

2-teopema. Maxpaxcu g(z) = a(z — a,)"... (z — a)*(z* +
+B,2 + y ... (& + B,z + y)' xypuunmiaa (6y eppaq, ..., a, —
TYPJIM XaKUKUHA coHnap, 22 + Bz +y,, m = 1,¢, xynxamiap
JAUCKPUMUHAHTU MaHUi OYiraH R XakMKWi COHJIAp Mailao-
HM YCTUJATH TYPJM Kynxamnap; k,, ..., k, /, ..., [, € N) 6yazan
R maiidon ycmudazu xap xandaii myrpu xacp ywuby

s, & t g z+b
Pq Pq
§=: Zz (z— an)m 1.;21(?2+/3p2+}’p)q
Kypunuwoa ugodaranumu mymiun, 6y epia d b € R
AHUK XoJJapaa a, , b ,d CoOHJIap aHUKMAC xoacﬁdmuuem-

pg’ " nm
Jap ycayom ¢ ep)laMpma ronuiagu. byHaa 6epuiaraH TYFpu Kacp

cojlla Kacpjap MMFMHAMCH LIaKiIuaa €3uiuob, z ra Typiud COH
KUHAMaTiIapy 6epunagu (€KUM €HMIMa YMYMUHA Maxpaxra Kei-
TUPWIITAHIAH CYHT XOCUJI OY/IraH KynxaaJlapHUHT MOC KO3(-
¢uuMeHTIAapU TEeHIMIAIUTUPUIIAAHN).

2l yacp R maitnod yeruaa coqna, aMmMo C
(ZZ +l)2
MalJoH ycTHaa coana aMac. YHUHr C MalIoH ycTHAa coana
Kacpjap MMFMHAMCUIA €MWIMacu | -HaTUXara Kypa Kyiuaaru
KYpUHHUILITA 3Tra:

MacanaH,

Z+l d] d2 d3 d4
=L + + -+ :
(Z+1Y} i (#i)? i (z-i)

Bynman z + 1 = d(2 + D(z—i) + d(z—i)* + d,(22 + D)(z +
+0) + d(z+ ).
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Dumyn z ra kerma-ket i, —i, 0, 1 kuiimaTiaapHu 6epuo,
KyHHaard TeHITHKIAPDHU OJIaMH3;

—4d, =1 +i, —4d, =1 —i, —id —d,+id, —d,=1,
21 + id, + 2id, + 2(i + 1)d, + 2id, = 2.
1—i

byHnaH d1=-llii, d, =—=, d, =——i, d, _

A e A e .
B (2241)2 T HzH)  4(z+)? 4= 4(z-)F

32-§. BUP HEYA V3TAPYBUWIU KYNXAUIAP

F — conn MaWAOH Ba n — HaTypal COH OYJICMH. n Ta X,
X,, ..., X, HOMAWIYMHMHT F MalIOH ycTuaaru Kymxaaud aed

Ak, ---k, KOdhdULMEeHTIapH F MaHIOHIAH OJUHIaH Yoy

f(xl"-"xn) = Zakl...knxfl "'xr{cn

YEKJIM HUFUHIM KYpuHUwuvpard f: F'- F pyHKuusira autu-
Jagu. XycycaH, n = | xonua wirapu Kypwirad oup y3rapys-
YUIU KYIIXaLJlapHUY ojlaMu3. Xap OUp Afe -+ -kn xlk‘ .-.X,',"‘ Xaara
MOC KeJraH (K, ..., k) BEKTOPHM Oy XaJIHUHT KYPCATKHY BEK-
TOPH aedwianu, ywby k + k, +... + k coH 3ca 6y XanHUHT
Aapaxacu aewiand. f Kyinxajara HojpaaH (apkid Ko3popu-
LMEHT OMJIaH KUPYBUM Xa[lap JapaXaJapUHHHI 3HT KaTTacu
Oy KYyNXaaHHHT JapaXkacH JeHIWIaIH.

l-TeopemMa. nyseapysuusu f kynxaonunz xos3ppuyuerm-
aapu 6y kynxao b6usan 6up Kuimamau anukaanaou.

Mcb6or. HUcbormmampa n 6yituya MaTeMaTHK MHAYKLMS-
HU uuatamMu3. n = 1 xXojjga 6y TeopeMa wirapu McOOTIaH-
rad 344. 3Hau n > 1 ned onub, 6y xonaa teopemMaHu n — 1
y3rapyBuWIM Kymxamiap YYyH VpHHIM Ae0 ¢dapa3 KWiaMH3.
S xymxanna ag gk X xX"7x" xamnapu yuye (..., k,_))
BEKTOp OUp Xxui1 6yiaraH XamnrapuHu HUFUO €3aMU3:
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- kn | . K kn-1
f(xu---sxn) = (kl,-?kn—l)(gn: ak]...k,,_.lk,,xnn) Xt X,

-4

OHau x, = 7 € C neb onub, KyHunaru (n — 1) yarapyBuymin
KyTIXaara KeJaMu3.

feoXpn)= B g, (D
(kl ? Yy kn—l)

Oy epna

ak]---kn—l (Z) = kz a/q...kn an

MaremaTUK MHAYKUMSAHUHT (hapazura MyBOQUK ay, i (2)
KO3¢PULIMEHTIAD fz(xl,...,x,,_l) Ky1xaa OuiaH OMp KMHMar-
o4 aHuKjaHraH. by 6apuya z € C yuyH ypuriaum GyaranaaH f
OPK&IM OUp Y3rapyBYWIH di i, (z) Kynxamiap 6up KUH-
MaTJIM aHHMKJIaHraH. bynnan 6y KynxaulapHUHT ag g KO3(¢-
buumMeHTIapU XaM OHp KUMMATIM AHUKJIAHTAHJIULU Keiaub
YUKAIM.

bup y3rapyBumaum Kyrxamiap ajaredpacuaa Kymxaj Xaia-
PUHM Oapaxacu OyMuya TapTuOiall MyYMKUMHIUIYM MYXHUM
axaMHUATra sra. AMMO OMp Heya Y3rapyBYWIH KyIIXaIIapHHHT
TYpJIM Xa[Iapy OMp XWI Japaxara 3ra 0y MyMKUH. Ma-
caJiaH,

f (xlx2x3) = 3x,x} — 5x; + x,%;, + x}

KYIIXaJJa MKKUTANAH MKKMHYM Ba YYMHYM Japaxaiu Xaiap
oop. Kyn y3rapyBuwin KynxamiapHaa Kynxag XalapyuHu Tap-
TUOJIAIL YYYH XaJHUHT Japaxkacu YpHUra XaJlHUHT KypCaTKHY
BEKTOPM HMIUIATWIAAW. YHUHI KYJAWIUTH WYHOAKU, TYPIH
XaUTapHUHT KYpCaTKU4 BEKTOPH TYPIHUIUD.

Kynxan xamrapuHu KYpcaTKuy BEKTOp €pJaMuia TapTuo-
JIall Makcaauga R* ga KyiMupgardya YM3MKJIM TapTuO KuMpuTa-
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Mu3: arap X, Y€ R" Bekropiap yuyH X — ValiupMaHUHT HOJIb-
JaH ¢dapku 6yiraH KoopAUHATaNApW UYKAA 3HT OJAUHAA TYp-
raHu mycbart o6yinca, X Bekrop V gaH karra geiunagy a X > YV
ek Y'< X kabu GenrwraHanu. By xonpa V sekrop X maH Ku-
YUK ge0 xaM I0pUTHIANH.

By 6unap MyHocabaT KyitMgary xoccajapra ara.

1) arap X> YV 6ynca, y xonma X = V.

XakukaraH, X> YV o6yuca, y xonma X - V= 0;

2) arap X> Y Baarap Y> Z 6ynca, y xonga X > Z.

XakukaTtaH, arap X— YV Ba Y — Z BeKTOPJApHUHI HOJb-
AaH (apKiId KOOPAMHATAIADUHUHI SHT OJAMHTUCU MYycOar
oyica, 6y xocca

X-VN+V-2)=X-2

BEKTOp YYYH XaM VPUHIMU.

3) arap X = YV oyaca, y xonna X> Veéxu V> X

XakKukaraH, arap X # Yo6ynca, y xonna X — YV BeKTOp HOMb-
JaH Qapkjiu KoopauHaTajgapra sra. Arap 6yHaail KoOpauHa-
TAJIAPHUHT 3HT OJAMHIUCU Mychat Oyica, y xonga X > ¥V, MaH-
¢uit 6ynca, V> X (yyuku V- X=—-X-Y).

Ilynpait kuniub, R” na kuputwirad 6y 6uMHap MyHocabar
YU3UKJIU TapTUO MyHocabatuaup. R* maru Oy YM3MKIM Tap-
TUO “nekcukorpacduk” €ku “mayrar” taptub geiunagu. by
YU3UKJIM TapTUO JyFaTiapaa cy3jJIapHUHT ajdaBuT TapTUOUaa
KeIUIIMra MoC Kouaara acocC/JaHraHy yYyH WyHOAad aTtaaajau.

JlyraT Taptu6 R” garu KYiuMio amajau OujaH KyWujaaruia
OornaHran: arap X > VBaZ =T 6ynca, yxonmaX+ 2>V + T.
XakukaraH, arap Z=T6yaca, X> Y gaH X+ Z>YV+ T=
= Y+ Z kenub yukamu, yyHKU X — V= (X+ 2) - (V + 2).
Arap X> VYV, Z>T o6ynca, yxonma X+ Z>YV+2Z2>YV+ T.

Arap KYIxagHUHI HOJbRAH® PapKJIU XaJJITApUMHUHI KypcaT-
KHY BEKTOpJApM KaMaiullu TtapTubupa Xxoilawrad Oyica,
KYNX3aAHUHT HOJMbAAH HapKjiIu XaaJapu JyFaT TapTubuaa xKom-
JalraH gevuiagu.

MacanaH, 1okoputa kexmvpwirad f(x,, x,, x,) Kyrxan xan-
JApUHMUHI KYpcaTKHUY BekTopiaapu Kyiuaaruua: (1, 2, 0), (3,
0, 0), (0, 1, 1), (2, 0, 0). By BekTopJap JyFaT TapTUO OYitnya
Kyruaaruya xoittawmrad: (3, 0, 0) > (2,0, 0) > (1,2,0)> (0, 1, 1).
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Kynxan xagiapuHuHr 6y TapTubra Moc €3WIMINKA 3ca KYyHH-
jlaruya:

Flxe,x,) = =5x2 +x2 +3x,x, + X,X,.

bup Heva y3rapyBYWIM KYIIXaJ XaJulapyd MYMAa 3HT KaTTa
KYpPCAaTKU4 BEKTOpra 3ra OyiraH xaau 0y KynxaJHHHT IOKOpU
xanu pevwnanu. Kypwiran flx,, x,, x,) KYOXalHUHT IOKODH
Xamu —5x;.

2-teopema. bup xua yzeapyeuusrapnune uxxkuma xynxa-
du Kynalimmacununz 10Kopu xaou xynaimyeuuaiap roxopu xao-
AQPUHUHZ Kynhaummacuza mene.

Ucobor. JlyraT TapTudbuna €3wiraH UKKUTa

f(Xp,nx,) =axfxin+

glxy,...,x,)=bxl..xr+...

Kynxamiap GepuiraH 6yjicuH. Y xonma axP...x Ba

bx]'...x Moc paBUILA YIaDHUHT I0KOPU Xamtapuaup. Yoy
a-b x*h, xktn xan f- g KyUXagHUHT IOKOPH XaAU 5KaH-
JTMIMHU Kypcartamu3. Jlactnaé K= (k, ..., k), L=, ..., [)
benrunapHu KUpUTaMu3. Ouau I = (i, ..., i) OpKaIu fKynxan-
Jard HoabaaH (papKJIH OUpOp XaTHUHI KYypCaTKU4Y BEKTOPH-
HU, J = (j, ...,j ) OPKAJIM g K¥IXaanari HoibAaH Gapkjiu 6upop
XaJHHUHT KypcaTKU4 BEKTOPHHM Oenrwnaimus. Y xonna K = 1,
L = J. Xamnap KymalTHpWIraHaa YJIapHUHI KYpCaTKU4Y BEK-
Topaapu Kymwiagu: K+ L =1+ J Arap K= I, L = J TeHr-
CU3JIMKJIADHUHI KaMMla OuUpHIa KAaTbUHM TEHICU3IHMK Oyica
(TpbHM TeHIMUK OVimaca), y xonna K+ L= 1+ J. llyHnan
kb, K+ L Bekrop ¢akar fBa g KyNxaUIapHUHT IOKOPU
xauiapu Kynaitupwirangarusa xocwi 6ymanu. [l

Arap xap KaHpal ¢ € S, ypud asiMawtvpuil Ba flx,, ...,
X,) KYIXan y4yH

./(xls xzs teey x,,) =f(x¢(1)s xv,(z), AR x¢(n))
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TeHIJIMK YpUHIU Oyiica, abHM flX, ..., X, ) KYIXan y3rapyBuM-
JJApHUHT YPHUHU Xap KaHOaW aJIMAIITUPMIIraHaa XaMm y3rap-
Maca, y CHMMETPHK KyIixal JeHWIaau.

MacanaH, KydMaard Kymnxamiap CHMMETPHMK KVIIXamiap-
AUD:

0,=0/(x, X), .., X) =X +X,+ ...+ X,
0, =0,(X}, X550, X)) = XX + XX, +on + XX+ XX+ XX,

X)=XX, ...

by kynxamiap 6u3ra wirapd y4yparaHiu; yjiap 3JeMEHTap
CUMMETPHK Kymxaminap aeuinany. CUMMMETPHUK Kymxauiapra
bolKa MHCO/UIAp — HapaXxaaiud MUFUHIMKIIAP:

S, =8, (x,%,,..,x,)=xF +xk+. +xF (k=1, 2,3, ..).

3-teopema. dzap ax/1 - x52.. x xad f(x,, x,, ..., x) cum-
Mempuk xinxaduaue roKopu xadu 6yaca, y Xxoada
K, ZK,Z..ZK,

I/Ic borT. Ym6y l <i<j < nTeHrcu3auK YpUHIMU OVICUH.

f KynxXag CHMMETpUK OVJIraHu ydyH Oy KVIIXaJHHHF KypcaT-
KUY BEKTOPJIapM MYKAA IOKOPHU XanHuHr K= (k, ..., k,, ..., k,

., k) KypcaTkuy BekTopy 6GuiaH Oupra yHAaH K, < k, TpaHc-
MO3ULIMS OPKATM XOCHI KMuuHraw L= (k, ..., k,, ey kj, .
k,) BeKTOp XaM yypaiau. Yuwby (k,, ..., k, ... k, - k)= (k,
s kj, vrry Ky ...y k) TEHICU3IIMK YPUMHIIH 65’(}11‘31-114 ytIyH k = K,
yyHKM akc xonaa K< L ypuniuu Oymanu. by epaa i, j, i<j
UXTUEPUH OYIraHu yuyH OyHIAH TEOPEMAHUHT UCOOTH Keaub
YUKAIH.

F— connu MainoH Ba xo3gduuueHmiapy F MaHgoHIaH
omuHrad flx,, ..., x), f{(x;, ..., X)), ..., f (X, ..., X,) KyIxamiap
bepwirad 6yiacuH. Arap F mMainoH yctvaa wyHaan gy, ...,
y,) K¥nxan maBxyn 6yiacaku, f= g(f,, ..., f,) ypusnu 6yica, f
Kynxan f,, f, ..., £ KVlxauiapHuHr F MaloOH ycTHaard ai-
rebpamk KoMOMHaUUSICH OeHIIANu.

4-teopemMa (CHMMETPHMK KVIXalnap TYFPUCHIArd aco-
cuit Teopema). F maidon ycmudazu xap xandaii f(x,, ..., X))
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cuMMempuUK Kynxaod 3AeMeHmap CUMMEMpPUK O, .., 0,) QyHK-
yusrapruune F maiidon ycmuodazu arzebpaux xombunayuscuoup.
Uc6oT1. Honp kymxan yuyd Oy paBmiaH. SHIU f — HOJb-
nad Gapkau Kymxan 6yaum6, ax? - xf2... x* — ynuur rokopu
Xanu OyiacHH. 3-TeopeMara Kypa k, = k, = ... = k. YOy

- ki—k2 k2—k3 kp-1=kn . kn
f—ao} e3R8 o o,

alupMaHu j"1 opKaiu OearuwiaMu3. DIeMeHTap CHMMeET-
PUK 0, 0,, ..., 0, QYHKUUSJIADHUHT IOKOPH Xa[lapu MOC
PaBUIAA X, X, * X, ..., X; * X, ... X, OYJITAHU yYYH 2-TeOpe-
Mara Kypa aofl"‘2a"2"‘3,.,g:n KYIIXaAHUHI IOKOPH Xalu
axlkl 2 (2, x, )k2 s ..(xlxz...x,,)"" = a:xlkl e Xl Oy1u6b, y fHUHT
I0KopH Xaaura teHraup. LlyHra kypa £, € Hoiab Kynxan, €xKu f
HHUHT IOKOPH Xaou f HUHT IOKOPH XaauaaH (JIyFaT TapTUO Mab-
HocHuaa) KMYMK. bupuHyn xonpa ucbor wy OWIAH Tyranau,
YyHKH Oy Xoina f =aol~Rgk™B gk, Mxxunum xonpa f
HUHT IOKOPH XaAWHHU OJIHMO, Oy IOKOPM Xaira MoC 3JI€MEHTap
CUMMETPHK KYTIXa[UIADHUHT alrebpauk KOMOMHAUMACHHU f
HaH aiupu6, 6upop f, KymxanHu Xocw1 KwiaMu3. by £, kynxan
€ HOJIb KYIIXaJl €KU YHUHI IOKODH XalH f; HUHT IOKOPH Xalu-
JaH KWYUK. bUpHHYM Xonna TeopeMaHUHT MCOOTH Tyramnu.
UKKMHYM XOJla MYJIoXa3a IOKOpHJIAard Kabu MaBOM STalH.
[Maino 6ymram f, f,, ..., f, ... KYOXa[UIaDHUHT Xap Oupu f
OuwiraH o, .., o, QyHKUMIIAp XOCWI KWIraH 6Mpop anredpauk
KOMOMHALMACUHUHT aiMpMacuaup. by f,, £, ..., /., ... Kyixan-
JJApDHUHT HMYMJAa HOJBAAH (apKJIM OVaraHiapu TypjiId IOKOPH
xajiapra 3ra 6yiau0, yaIapHUHT Xap OMpH f HUHT IOKOPH XaaU-
naH Kku4uk. Arap (I, I, ..., [ ) — 6y xynxamunapaaH MXTHE DU -
CUHMHT I0KOpHY Xanu 6yica, y xomna ([, L, ..., ) < (k,, k,,
k)Ba | =2/ =..21 =0 Tenrcusnukiapgad 0= [ =..=<
< ], < k; TEHICU3JIMKJIAD KeIHO YUKANH.

Oxupru TeHICU3IMKIAp KypcaTanuku, /, L, ..., [ conmap-
HMHT Xap 6upu (k, + 1) Ta ymby 0, 1, 2, ..., k, KuAMaTIaH
¢dakar OMTTaCUHHM KaOyJ KIWIMIIH MYMKWH. BbyHnaH kenu6
YUKAOUKMY, [, f,, ..., [, ... KETMa—KETIMKIA HOJIBAAH papkiu
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Kynxaunap coHd (k, + 1)” nan ommaiau. IIyHuHr yayH 6u-
pop me€ N na f =0. by aca fkynxan o, ..., 6, JapHUHT al-
re6paMk KoMOMHauuscH 3kaHauruau kypcarand. Il

by TeopeManaH Ba Buera TeopeMacuiaH KyWHAaru HaTH-
XaHU OJaMu3.

HarTtuxa. Aeap g(z) — 6up yseapysuusu n dapaxcaru F
Mmaidon ycmuoazu Kynxao, z,, Z,, ..., 2, — YHUHZ KOMNAEKC UA-
Ousaapu (Kappacy OuilaH xucobiaHraH), fx,, x,, ..., X,) 3ca F
Maiidon ycmuda cummempux Kynxad 6yaca, y xoada f(z,, z,,
ves 2,) COR F maiidonza mezuwnudup.

M cboT. XakukKaTaH 4-TeopeMara acocaH n y3rapyBuYWwid
myw;aﬁ h(y,, ..., y,) Kynxan MaBXynku, fix,, x,, ...,x ) = h(o,,0,,
ey 0).

Anrap g)y=ar+az’'+..+a,a, a, .. a¢€ Fb6jrca,y
xonna Buera teopemacura acocaH

Ul(zla cees Zn) = _%’
‘72(31: > Zn) = %’
Un(zl’ y u) = (— l)" —abg'

BYHFa Kj'lpa f(zpzz,-", Z,,) = h(_. a_al’_ %’“"(—1)" GTN)E F.

Mucon kypamus. bepwiran 22 + az? + bz + ¢ xynxan z,, 2,
7, WIIM3JIapUHU XMcobjaMaciaH Typu6, yJapHHMHT Kybnapu
WUFUHAMCHUHU XucoGmaiMu3s. Ywby gz, = —(azﬁ + bz, + c)
(x =1, 2, 3) TeHrauKIapra acocaH <z +z +2 =
=—a(g + 27 + ) - b(z + 7, + ) — 3c. Buera Teopemacura
acocaH o0,=z,+z,+z,=—a, 0,=22,+27Z +2,2 =>.
OHAUM 2z} +Z; +Z, HM 0, BA 0, opKanu udomaraimMus:
ol =7 +27 +7} +20, TeHIUKAAH ' +7) + 7 = 0] — 20,
Hemak, 7 +2z; + 7 =—a(a® —2b)+ab—3c=—a* +3ab—3c.
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33-§. BYTYH COHJIAPHUHT BYJUHUIN
HA3APUSACHU

byTyH COHJIapHMHI OYJIMHMIL HAa3apUsACH KVYII XUXATAaH
KYIIXa/UIApHUHT OYIMHMII Haszapuscura yxwam. Kymxamwriap-
Jaru kabu Oy Xoaga XxaM Ha3apuMAHUHT acoCHOa KOJIUKIIH
Oy MyYMKHHJIMTH €TaJM.

1-TeopemMa (Z xankKana KOJIMKJIA OYIMII XaKuMaru Teo-
peMma). Azap a, b — 6ymyn conaap ea b # 0 6yasca, y xo10a
wynoai q ea r 6ymyn conaap maexcyoxu, a =bq+ r ea
0 <r<|b|. by wmapmaapnu xanoamaanmupyeuu q éa r cox-
Aap A20Ha.

Ucb6or. Hcbormamama XaKkMKUM V3rapyBUYMHHUHI [x]
(x HUHT OYTYH KMCMH) Ba {x} (X HUHT Kacp KUCMH) PyHKUMUIA~

PMHUHT XOCcanapuaH ¢oigaranaMus. Yoy TZT = [I%I] + {I%I}

TEHIINKIAH a= [lbl]lb‘ {M}lb‘ bg+r, 6y epna

q= [Ibl]sgnb r=a—bg= {[Z|}|b! — 6yTyH comnap. Xap KaH-

nai x coH yuyH 0 < {x} < 1 6ynranu yyyH 0 < r< | b|.

Arap g, Ba r, COHJAp YYYH XaM a =bq, +r,, q,,r € Z,
0<r <|b|ypuwm 6ynca, y xomua b(q— q) =r, — r. Yoy
0<r<|b|, 0=<r <|b|renrcusnuknapaan |blg—q]=
=|n—r<|b| Tenrcusnumk kenub wyukagu. ByHmaH oca

lg —q,| <1 Tenrcusmnk xenu6 unkamu. by g, ¢, cornapHUHT
OYTYH COH 3KaHJIMIMAAH g — ¢, = 0, AbHHA g = g, KeIub YHuKa-
nu. bynnan Ba b(q — q,) = (r, — r) TEHDJIMKIAH r = 1, KeIHO
YUKAIH.

By Teopemanaru g COH yara GYIMHMA, 7 3ca @ HA b ra
Oymuigad xocwi 6Viarad Koanuk geiwianu. Arap r = 0, SbHH
a = bq 6yaca, a coH b ra 6VJIMHYBYM €KUM b COH @ HUHT OYNyB-
YUCH OCHUWIAOH.

Kamuna 6upu HoabaaH ¢dapkiu OViIiraH MKKUATa OYTYH COH-
JIJApHUHT YMYMHH OVJIYyBUMIADU MYMJA 3HT KATTACH YJApHUHT
3HT Karra ymMmymuu o0Viaysuucu (3.K.V.b.) neimnanu.

a Ba b COHJIADHHMHTI 3HT KaTTa yMyMu# OynyBuucu (a, b)
OpKaJu OeJrwiaHalIM.
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2-teopema. 1) Xap xanoaii a, b € Z yuyn wynoai x,,
Y, € Z maexcyoku, (a, b) = ax, + by,.

2) Hxxuma connune 3.K.y.06. yAGpPHUHZ uxmuépuii ymymuu
oyayeuucuza 6ysunadu.

Ucoort. Kyitunaru f: 22 - Z, [x, y) = ax + by pyHKUMA-
HU KypaMu3. Arap a Ba b consap OMp BaKTAa HOJbIA TEHT
o6Vamaca, 6y GyHKUMSA Mycbar KMHMATIApHU XaM, MaH(pUH
KMMMAaTIapHU XaM KaOyJ Kwiagd. YHUHT MycOaT KMMMaria-
PUMHUHT 3HT KMYUTMHU d OopKainu OenrwiaiMu3 Ba d = (a,b)
3KAHJIUTMHM KypcaTaMM3.

Ywby d = ax, + by, > 0 ypunau 6yaranu yuyH a Ba dra 1-
TEOPEMaHM TaTOMK KWINO, a =dg + z, 0 < r<d HHM oJlaMu3.
OHM r=a—dg=a(l — gx,)) + b(—qy,) = ax, + by,, xy, € Z,
TeHrJUK Ba 0 < r< d TeHrcuIMK d HUHI TabpU(QIAHUIIMUTA
3un. demak r =0, ssbHU a coH d ra oyaunanu. lllyHra yxmam
b HUHTr XaM d ra 6yauHUMuM Kypcatwiangd. UKKMHYH® TOMOH-
JaH a Ba b COHIApHMHI Xap KaHAa# 6Yiaysuucu d = ax, + by,
COHHM XaM Oyiaau Ba IIyHra Kypa d naH karra o6yiamangu. by
owiaH d = (a, b) skaHnauru Kypcatwigu. UKKMHYM TacAMK
d = ax, + by, TEeHIJIUKAAH KeIub YUKanH.

b
| -HaTuxa. Aeap (a, b) = d 6yaca, y xonda (%,7) =1,

Mcoboor. XakukaraH ax, + by, =d TCI—;)I‘JII/IK,HaH
%xo + < ¥y = | Tenrnuk kenu6 yukaou. by %x + 7Y OyHK-
LUAHUHT MycOaT KMHMaTJIapd WYMJAa 3HI KMYUMrd 1 ra TeHr
3KaHUHU Kypcaraau. McboTinaHraH teopemara acocCaH:

a by _
(3’3)"1-

2-HaTtuxa. Aeap a, b, c€ Z, (a,c) =1 6a ab cou c 2a
6yaunca, y xonda b con ¢ 2a 6yaunadu.

Ucbor. (a,c) =1 6yaranu ydyyH WwyHOai x,, y, € 7 Mas-
Xynku, ax, + ¢y, = 1. bynnan abx, + bcy, = b kenubd 4ukanu.
by TEHrIMKHUHT Yan ToMOHUOaru ab sa bc coHnap ¢ ra 6yiu-
Haau. Bynpan b HuHT XaM ¢ ra 6ymuHumy keau6 yuxkany. [l

BbyTyH consapHUHr 3.K.y.6. HH XucoOJall YYyH KYIIXal-
Japaard kKabu EBkiaua ajaroputMu (KeTMa-KeT KOJAMUKJIU
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Oymum €pmaMuia 3.K.y.0. HM TOIIMIN YCYJIM) HIIATWIANU.
byHuHr TadcriioTIApHHU KHTOOXOHra KOJIMPAMU3.

Arap a, b € z connap yuyH (a,b) =1 6ynca, yiaap y3apo Ty6
neunanu. 2—TeopeMagaH KyHMAaru TAcOHK KeJIud YUKAIM:
a Ba b connap y3apo 1y6 6yauMum yuyH 6upop x,, y, € Z,yiyH
ax, + by, = 1 TEeHNIMK GaXapWIMIIU 3apyp Ba KU(OS.

byunaH xynau Kynxamiapaaru Kabu KyHMugard Tacouk, Ke-
U0 YUKanM: arap a € Zcou b, b,, ..., b € Z connap 6unan
y3apo Ty0 Oyica, y xounay by, b,, ..., b _KymnaiiTMa 61IaH XaM
y3apo Ty0 6Yynanu (mcboTnanr!).

Ywby a, b € Z coHJIapHUHT MKKAJIACUra XaM OyJIuHamu-
raH 3HI KUYUK MycOAT COH YJAapHUHT 3HI KWYMK YMYMMI
OyIMHYBUMCH Aedwiany Ba [a, b] opKanu GeJrmwraHani.

3-treopema. [a, b] con a eéa b conrapnunz xap xanoai
bowxa ymymuii 6ysunyeuucunu 6ysaou. Hoavoan papxau xap
Kanoaii a, b € Z connap yuyn

[a,5] =55

HUcbor. Tacnukuu mycbar a, b € Z coHnap y4yH HC-
60Tnam kudost, uyaku [a,b] = [|a],|p]]. Ym6y a, = Za_ab—)_’

b = W OEeJNrWwiIapHd KUPUTCAK, V XOJIa Z— =ab = ab
COH a Ba b COHJIapHUHT YMyMUH OVIMHYBYHCHIAUD. Arapc € Z

COH a Ba b COHJIApHUHT OOIIKA YMYMUM 657)11/1}{37131{1211(!:‘14 oynca,
yXomga ¢=au=>bv, u, v€ Z. byngan V= 5 = ,;l Yoy

(a,, b,) = 1 MyHocabar ypuHIH OyiaraHu yayH u = b u , u, € Z.
1 1

1712
b ab
Bynra kypa ¢ = ab -y = (:—b)“l Hemax 7,5y D) =[a,8].

V3unas Ba O6up connan 6o1Ka 6yayBuMiIapu 6yaMaran oup
COHMIAH KarTa OyjiraH OyTyH coH Ty0 con nenwnanu. Maca-
jaH, 2, 3, 5,7, 11, 13, 17, 19 connap Ty6 COHIapamp.

4-teopema. Ty6 conrap myniamu uexcuzoup.

NcboT. Arap a OyTyH cOH, a > 1 Ba @ HUHT GUp COHHMIAH
KaTTa OyyiraH OynyBYmwiIapy HYMa 3HT KUYUTY p 6Vica, y Xonaa
p — Ty06 coH. XakukaraH, d € Z, d >0, d/p Ba d < p OYICHH.
Arap 1 < d< p 6¥ynca, y xonna 6yHiai d HUHT MaBXYIUIUTH p
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HUHT Tabpu@uiaHuiuura 3uf. [lemak, € d = 1 €ku d =p, AbHU
p — Tyb COH.

OHIU TYO COHJIAp TYIUIAMHU YeKIH OY¥acuH ned ¢apas Kuiai-
J¥K Ba p,, p,, ..., p, — bap4a Ty6 coHmnap 6yicuH. Yoy a =
p," p, .. p,+ 1 coHHM onaMu3 Ba Oy COH YYyH IOKOpHUAA
Tabpy(IaHraH p COHHU KYpaMH3. p — Ty6 OVIIraHU YUyH Y p,,
Py ---, D, COHIIADHHMHI OMpHUra TeHr Oynanv. YHIaH TallKapu
p/a. lemak, a — p;* p, ... p,=1 coH p ra 6ynuHand. by
KapaMa-KapWIMK TeOpEeMaHU HUCOOTIaiau.

Ty6 coHHuHT TabpuduaaH, arap p Ty6 COH Oyica, y Xoinna
Xap O6up OyTyH CoH € p ra OyaMHAIU €KUM p OWIaH y3apo Tyd
IKAHIUIM Keaub yumkanu. HlyHra xypa, arap 6up Heura OyTyH
COHHHUHI KYyTIaUTMacH p Ty6 coHra OViuMHca, y xoiaga 0y COH-
JIAPDHUHT KaMuaa 6upH p ra OyaMHanou (YyHKU akc xoJsna 6apya
Kynairysumwnap p 6uiaH y3apo Ty6 Oynaau; OyHOaH yJjap
KYMMAWTMAaCUHUHI XaM p OWIaH ¥3apo TyOJIUTU Kenud YMKAIM).

S-Teopema (apudpMeTUKAHUHT acOCHMN TeopeMacH). Xap
Kandai a > 1 6ymyn con myb conaaprunz Kynaimmacu wax-
auda ugpodaranuwu mymxun. bynoai ugpooa xynaiimyeuurap-
HUHZ €3uauw mapmubu anuxauzuoa sA20Ha.

HMcb6oT. UcboTHn a = 2 OVHHUYA MaTeMaTHK UHIAYKUMS
eépaaMuaa ucboTaaiMu3. 2 COH TyO COH. DHOaA a > 2 OYJICHUH.
4-TeopeMaHUHT UCOOTHIAa KYPAUMKKM, IUyHIAH p, TYO COH MaB-
XYIKu, p,/a. [leMak, a = pa,a, €z, 1 < a < a. Arapa, = 1
6yica, y xonna a = p. Arap a, > 1 6yica, y Xxoi1a MaTeMaTHK
MHAYKUMAHUHT ¢apasura MyBOQUK a, COH TyO COHJIADHUHT
KynmaWTMacu makiuaa udonana”Hanu. byHra xypa a = p,a,
XaM Ty0 COHJIApHMHI KymaWTMacu makiujaa udoaanaHagu.
byTyH COHHHUHI TyO COHJApPHHMHI KYIaMTMacu LIaKjiIWja Siro-
Ha upojalaHUILUM YHUTAP KYIIXamiap y4yH UCOOTIAHTaH MOC
TEOPEMAHUHT (YHHUTAp KVIIXaAHUHT KeJTUPUJIMaMAMUTraH
KYIXAJUIADHUHT KYyTIaHTMacura € MWIMILKM XaKUJard TeopeMa-
HUHI) McboTura yxmaiu (TapCHJIOTHHH KUTOOXOHra KOJOAH-
pPaMH3).

Haruxa. Xap xandaii a > 1 6ymyn con pft - p22.. . pk
Kypuruwuoa ugodaranuwu Mymxun, 6y epoa p,,..., p. — mypau
my6 conaap, k,,...,k. — namypan connap. bynoaii ugpoda kynaii-
myeuunapruHz é3unruwl mapmubu arukKau2uda s20HMa.
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34-§. Z XAJIKAJIA TAKKOCJIAMAJIAP
BA YETUPMAJIAP CUH®JIAPU

m — HaTypaJl COH, a Ba b — OyTyH COHJIap OYJICHH. Arap
a— b aitupMma m ra 0ViIuHca, a coH b 6wiaH m Monyib Gyiinya
TAaKKOCJIAHYBYM JAeMnWnanu Ba a = b (mod m) KypuHMIIMOA
€3WIa1H.

bepwiran m yyyH Z Tyiwiampgard a = b (modm) O6uHap
MyHOcabaT KyHujaard xoccajapra sra:

l. a = a (mod m) (pedIeKCUBIUK XOCCACH), YYHKU @ — a
COH m ra OyJIMHaIu.

2. Arap a = b (mod m) 6yinca, y xonma b = a (mod m)
(CMMMETpHKIMK XOCCacu), YYyHKU a — b coH m ra 6yiauHca,
b—a= —(a — b) xaM m ra O6yIuHaNU.

3. Arap a = b (mod m) Ba b = ¢ (mod m) 6yiaca, y xonaa
a =c (mod m), YyHKH a — b COH m ra Oy;iMHca Ba b — ¢ COH
XaM m ra 0yiuMHca, y xonnaa — ¢ = (a — b) + (b — ¢) coH xam
m ra OYIMHAAH.

by yuyra xoccaHuHr ypurynmumra a = b (mod m) GuHap
MyHoca0aT 3KBUBAJIEHTIMK MyHOCa0aTH 3KaHJIMIMHHU Kypca-
TaaM. Z TyiaMaa 0y 3KBUBAJIEHTJIMK MyHOCa0aTH XOCHI KW~
raH cuH{uiapHu m MoOAY/Ib OYyiiMya uyermpmayiap cuudpaapu
penwinagm, a = b (mod m) MyHocabaT 3ca TaKKocJaMa AcHU-
JIaIN.

a = b (mod m) myHocabar a Ba b coHnap m ra 0yaIMHrasHaa
OUp XM KONAMKKA 3ra OVIMIIMra TeHI Kywid OYJIraHM Y4yH
(TexmuupuHr!), m moayiap OVyitmya xap OUp yerupMaiap CUH-
¢du m ra 6yauHraHma OMp XWiI KONIOUK Oepanuran G6apya Oy-
TYH COHJIapaaH ubopar. byryH coH m ra OyiuHranma ¢gakar

0,1, ..., m — 1 corytapruHa KoJxauk cudaruia mnaino oymaau,
AbHU m MOAYJb OyHHYa poIla-poca m Ta yerupMaiap CUH-
du 60p.

m COHU Oepwirad OViacUH. by Xonma a COHHH y3 vuura

OJIyBYM ArOHA m MOAYJNb OYiiM4ya yerupMailap CUHOUHHU a
OpKanu OelrunadMu3. Z OpKamM m MOAyiab Oyiuya OGapya
yerupMajiiap cuHQJJapu CHUCTEeMACUHM OelruwjiaiMui3, STbHU

Z, = {0,1,...,m —1}. m monynp 6yiiua yerupMaiap cuad-
apuHUHT Tappudugal a = b (mod m) myHocabar a = b My-
HocabaTra TeHr KyWwIH.
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l1-Treopema. deapa = b (mod m) éa c = d (mod m)
oyaca, y xondaa + ¢c = b + d (mod m), a*c = bd (mod m),
ABHU MAKKOCAAMAAAPHU Xa0aab Kywuw ea Kynaimupuui Mym-
KUun.

Ucbor. Arap a — b Ba ¢ — d connnap m ra byauHca, y
xomga (a+c¢) —(b+d)y=(a —-b) + (c —d)saac — bd =
= (a — b)c + b(c — d) connap m ra 6yaunanu.m

by 1-Teopema Z Ttyiuiamaa KyHuaara ycysi OMIaH KyLIHLI
Ba Kj’rnaﬁmpnm aMaJUIapUHU KUPUTULITAa UMKOH Oepaau: 1)
a Bab cnﬂ(bnapHnHr HUFUHIUCH 1eb, a + b cuH(bra alTH-
Nangu Ba a+b OpKaIu OearwiaHagu. 2) a Ba b cuH(bnap-

HUHT KynaiTMacu 1e6 ab cundra alitwianu Ba a * b opKa-
U OenrwiaHadu.

Xap 6up CUH® y3unarn MXTUEPHH 3JTEMEHT OWIaH aHUK-
JJAHTAHHU YYYH a+b WMFUHIMHUHT Ba 4 * b KyIaWTMaHUHT
a Ba b 3JEMEHTIApHUHT a Ba b cuH(Iapjaa TaHJIaHUILUIA
OOFNIMK 3MaCIUIMHU KYPCATUMIIMMU3 KepakK. ByHMHr yyyH
a, =a Ba b =b TEHIIWKIApAaH a, +b, =a+b Ba

a, bi=a-b TEHIIMKIIAp KeJIUO YUKUIIMHM KYpCcaTHIIMMHU3
Kepak. TakkociaManap Twiyaa OYHHHT MAabHOCH KyHMMIaruya:
a =a(mod m) Bab =b(mod m)nan a,+ b, =a + b
(mod m) Ba a,* b, = a-b(mod m) xkenub YUKUIIUHU UCOOT-
Jlaul Kepak. AMMo Oy l-treopemMana KypcaTmIraH 3.

lHyHnan KWiuob, Z TyrUIaM,ua KMPUTHITaH a+b 24711950011
Ba a-b KynauTUpULI aMaJUIapd 4 Ba b cuH(paap 6unaH 6up
KUMMATIM aHUKJIAHFaH aMajuiapaup.

by amautap KoMMyTaTHB Ba acCoLMaTUB OVIMO, ¥3apo auMc-
TPUOYTUB KOHYH OWiaH O60Fi1aHraH. XakKuKaTaH,

a+b=(@+b)=(0(b+a)=b+a,
a(h - ¢) = a(bc) = a(bc) = (ab)c = (ab)c =
=(a-b)c,alb+c)=alb+c)=alb+c) =

=ab+ac=ab+ac=a-b+a-c.

Koiran xoccanap wyHra yximam uc6oTiaHaiH.
Yuby 0 nomb cund cuHpIapHM KYILUILAA HOJIb POJIHHM
YHHaWad: Xap KaHoa a € Z, yuyH a+0=a+0=a.
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[ysra yxmwam 1 Gupank cuH cuHIaApHU KYTIaUTHPHUILIA

OMpJIUK pOJMHU YHHaAWAM: Xap KaHAall a &€ Z, Y4YyH
a-l=a-1=a. _

Yulby (—a) cund a cuHPra KapaMa-Kapmu:
a+(-a)=a+(-a)=0. Z Ia KyuMIl Ba KYTIa#TUpHIL amMaJ-
JAPUHHMHT KEITUPWIraH Xoccanapy Z HUHT OUPIIMK 3JIEMEHT-
JI4 KOMMYTATHB XAJIKa 3KaHJIUTUHU KypcaTalM.

Arap a = b(mod m) 6¥ynca, y xonma (a, m) = (b, m).
XakukaraH, Oy xonna a = b + mt, t € Z. byunau (b, m)/a. by
MyHocabataaH Ba ax, + my, = (a, m) TeHruKIaH (b,m)/(a,
m) keau6 uyukaau. llynra yxwmwam (a,m)/(b, m) MyHocabar
xaM ucbormaHaau. [demak, (a,m) = (b, m). XycycaH, oXupru
TEHITTMKIAH KyHHaard xocca KeJaud YMKaau: arap 6upop cuHop-
Jaru Oupop 3iaeMeHT m OwiaH y3apo TyO OViaca, y Xonga Oy
cuHdgaru 6apya 31eMeHTIap XaM m OwiaH y3apo Ty6 OVna-
. byHmai cuaduaap conaa cuuduaap aedunnanu. Ymoy

1,2,...,(m=1),m = 0 6apya Typau curdaap wuuna (k, m) = 1
IWAPTHU KAHOATIAHTHPYBYM Kk cuHQIapruHa coana CHHE-

mapaoup. UlyHuHr yyyH m Mmoayne OVitmya cuHIAp HUMIA
COMlaJTapUHUHI YMYMHMH COHHM m JaH KarTa OyJMaraH Ba m
OwiaH y3apo Tyb OyiaraH HaTypajl COHJIApHHHI COHHra TEH.
By coHn ¢(m) opkanu Oenrwriadaan Ba Dinep GynKunacH 1eb
aramagu. Macanan, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 connapu opa-
cuga 10 6mnan y3apo Tyo Oyiaran comwrap 1, 3, 7, 9. Jdemak
¢(10) = 4. Arap m = p — 1y0 6yica, y xoinna 1, 2, ..., p-1, p
COHJIAp opacuia p naH 6omika xap oupu p OWinaH y3apo TyoO.
Hemak ¢ (p) = p —1.

2-TeopeMa. m modyab 6yiiuna cooda wezupmarap Cung-
Aapu Z  Oa Kynaiimupuw amaiuza Hucbamarn meckapuianyeiu
6a yHoa myavmunauxamue, (AoHu Kynaumupuui amaiuza Huc-
b6aman) epynna xocua Kusaouw. Cooda 6yamazan noavdan apxau
cungpaap 3ca Z oOa noavrunz 6yayequaapu 6yraou.

N c6ot1. mowiad y3apo Ty6 6YIraH COHJIApDHUHT KYTTaUT-
Macu ssHa m O6wiaH y3apo Ty6 OYiaraHud yyyH MKKMTA m MO-
Ayne 6Y¥Huya copna cuHGHUHT KymauTMacH siHa coana CUHO
6ymamu. 1 cund m monmyme O¥iiuya comma cuHGIUpP. Arap
¢ — conna cuH@ 6¥i1ca (m Monyib 6Vitnya), y xoana (¢, m) = 1.
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Illynra xypa my}man apab 6yTyH COHJIAp MaBXYIKM, ac +
bm = 1. bynnan ac =1, AbHU a CI/IH(;) c CI/IH(l)I‘a TECKAapH.

HeMak, ¢ cuH} TecKapWiIaHyBUM Bac =da,a =C.a CHHP
XaM m Monyias 6yiuuya conga cMH@, YyHKH akKc Xojma ac +
+ bm = | TEHDIMKHUHT MKKaja TOMOHH XaM (a, m) = d > 1
ra 6ynuHapau. by 6uian teopeMaHUHT OUPUHYU TaCOAUFU UC-
OoTraHau.

Arap ¢ — HoubAaH (apKJIM m MOOYJIb OVitnya copaa 6yiMa-

raH cuH® 6ynca, y xomma (¢, m) = d, 1 <d<m,c=cd, m=

=dd,1<d <m. Byura kypa d # 0, d, =0, ¢ d—cld d, =

=¢-d-d =c -dd, —c1 m=0. JdeMaK ¢ CUH( Z /12 HOJb-
HUHT 6yJ1quncw1up.l

3-teopema (Diuep Teopemacu). Aeap (¢, m) = 1 6yaca,
y xo4a0a c*™ = 1(mod m).

UcboTt. Yby n = ¢(m) 6earu KUpUTaMU3.

A {xl,xz, xn} OpKaJIM m MoAyJb Oyiuya Gapua
comla CI/IH(l)JIapIIaH ubopaT MyJbTHIUIMKATUB IypyXHH Oei-
riaaitmu3. Ywby (¢, m) = | mapraaH ¢ € Z,, keaud YUKa-
. T TypyXHMHT Miarapu KeXTMPHIraH XOCCalapura acocaH

{c- X|,CXy,...,CX, }-—Z bynuan

(cx,)(cxy)...(cx,) =X, " xy...X,,

- — — —_— —_— —_—

C X| Xy X =X;...X

ne

By TEHITMKHUHT HKKaIa TOMOHI/IHI/I xl x2 .X, Ta Kuc-
KapTupu6 (4yHKU Z — rypyx), C" = 1 TEHTIMKHM OJIAMM3.

Oxupru teHMK C” = I(mod m) TeHmIMKKA TeHT Kywid. W

Hatuxa (PepMmaHuHr KHYMK TeopeMacu). Aeap a — by-
myH coH 8a p — myb con 6yaca, y xoada &> — a COH D 2a
6yaunadu.

Mc6oT. Arap a coH p ra 6yiInHca, TACAUKHUHT YPUHIU-
JIUTU paBlUaH. DHIAMU a COH p ra OYIMHMAraH XO0JaHU KYpaMH3.
by xonma (a, p) = 1. Diutep Teopemacura kypa @' — 1 =
= a*? — | coH pra 6yaunanu. by xonpa @ — a = a(e®' — 1)
COHHMHTI XaM p ra oViuHumu keau6 yuxkany. Il

175

www.ziyouz.com kutubxonasi



Arap p — Ty0O OVyica, y xonga HOJIb CHUHGpAaH Oowka p
MoAyJIb OVitmua Gapuya cuHpiaap coana 6ynub, 2-teopemara
Kypa Oy xonga Zp MalaoH Oyinanm.

Zp MaNIoH KyHugarda MyxuM xoccara ara: ZP MaMJOHHUHT

| 6upIUK 27eMEHTHHY Y3UHM ¥3HUra p MapTa KyLIWICa, HOJb-
HU Oepanu:

1+1+.41=0,
e ———
P
YYHKA ;=6. byHgal xocca xe4 Kalcu COHJIM MaugoHHAA
VpUHAU 3Mac.
Arap F MaiiloHIa Xap KaHJail m HaTypajl COH yuyH 1 Oup-

JIMK 3JIEMEHTHHM V3MHHM Y3Ura m Mapra KyUIWIraHaa HOJbIaH
dapxiu 371eMeHT Oyica

1+1+..+1=#0,
———
m

F MaiiioH HOJIb XapakKTepHCTHKAMM AeHMitanu. AKC Xoija,
STbHU arap 6upop m yuyyH | HU ¥3UHM y3Ura m Mapra Kyuui-
raHJa HOJb XOCWI Oyica

1+1+.4+1=0,
—_—
m

Oy 1apTHU KAHOATJIAHTHPYBYM SHI KMYMK m coHM F Mal-
JOHHMHT XapaKTepUCTHKACHU Aeinanu. Macanas, 6apya COH-
I MaMAOHJIAp HOJIb XapaKTEePUCTUKAIH.

Arap p Ty6 coH 0Oyica, Zp MaHJOHHHUHT XapaKTePUCTUKACH
p ra TeHT, YyHKH arap m € N 0yica, y xonma m < p.

4-teopema. Azap F maiidonnunz xapaxmepucmuxacu
Hoadan (papkau 6yaca, y xoada y myb con 6yaadu.
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U c6oT. F MaliIOHHUHT XapaKkTepucTUKacu p > 0 6yicuH,
p=a-‘b, a be& N Y xonna

(b 4] (b ) =4 . 41 =0,
a b P

BynnaH F maiinod 6yiranu yuyn € l+1+.4+1=0 gku
a
I+ 1+..+1=0 skannuru kenu6 yuxkanu. bUpuHuM Xxonma

b
MaMJIOHHMHT XapaKTepUCTHKACKH Tabpudura Kypa a = p. [e-
MaK, a = p, b =1. UKkuHYHK Xoiaa wiyHra yxmaw b = p, a =
1. by p coH y3unaH Ba 6MpaaH 60wKa Oyi1yBywiapra ara aMac-
JUTMHM Kypcataad. p > 1 6yaranu yuyH p 1y6 con. ll
Arap F mainoH p > 0 xapakTepucTHKaiIu, a € FBa m COH
p ra 6ynuHca, m = m *p, y xonna ma = (mp)a =

ma(l+1+..+1)=0.

S-TCOP[) eMa. Azap F maiidon p > 0 xapaxmepucmuxaau
6yaca, y xoa0a xap kanoaii a, b € F yuyn (a + by = & + b.

U co6oT. XakukataH HeioTOH 6MHOMM (popMyJiacura Kypa
(6y popMyJIaHUMHT Xap KAHAaH KOMMYTATUB XaNKana YpUHIA-
JIMTHM PaBLIaH),

(a+b)? =a’ +c,a”'b+...+ctab?™ +b”.

TeopeManaH OJIIMHTH M30Xra Kypa, TeopeMaHu UcboTiaul
y4yH Xap 6up cj(k =1,p—1) 6uHOMHaAN KOBPPHULIMEHTHU-
HUHI p ra OVIMHMILMHUA KypcaThuil KUQos.

p(p-1)..(p—k+1)
k!

k _
Cp—

Kacp OYTyH coH OVJIraHM YyYyH YHUHT CypaTH Maxpaxura 0yiu-
Haau. p Ty6 Oynranu Ba 1 < k < p —1 wapraa (p, k) = 1
oyiaranu tydamnu (p —1)(p —2)...(p —k + 1) coH k! ra 6yamn-
Hanu. Hemak
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(p-1)..(p—k+1)
k!

k
2
r

OYTYH COH, STHHU c’; CoH p ra 6ynuHany.l

JHau fx) Ba g(x) — KUHAMaTIapu O6YTYH COH OyiraH Ba A
TYIUIaMJla aHUKJIAaHTaH QYHKUUsIap, m — GUpop HaTypal COH
OYICHH.

A t¥aMaaru f{x) = g(x)(mod m) MyHOCa6aT X HOMABJIYM-
JH TaKkKocjiama aAevuiaanu. Pasmwanku, 0y MyHocabar
f(x) = g(x) TEHINIMKKa TEHT KywIM, Oy epia IOKopuaary Kabu

f(x) Ba g(x) Oearwiap m monyns 6yitnmya cuHdapra yTui-
HU Oeinrwnaiau. IllyHra yxmam OUp HeYa HOMABIYMIM TakK-
KOCjaMajap Ba TaKkKocjlaMaiaap TH3MMIApH TabpudJIaHaIH.

Yuiby flx) = g(x)(mod m) TakKOCIaMaHUHI €YUMHU 1eb,
IIyHIan x, € A aneMedTra airaMusk, flx) = g(x )(mod m)
TaKKocjaMa ypuriiv 6yiacuH. bu3 0y epaa OMpuHUM Hapaxa-
1 OMp HOMABJIYMIM TAaKKOC/IAMaHU TEKIIUPHIN OWIAH Yera-
pasaHaMu3s: ax = b(mod m), a, b — Gepwirad OyTyH COHJap,
X — HOMAbJIyM OYTYH COH.

m Moayaek OyHuya yerupMmanap cuH¢iaapura yTuob, 6y TeHr-
JaMaHH gx =b KYpUHHILAA E3UILMMH3 MYMKHH, Oy epaa
E be Z, Ba x HOMAaBJIyM XaM Z HWHT 3JIEMEHTH.

Arap (a, m) = 1 6yinca, a — comna cpIHcp 6y11a1;m Y xonna
2-Teopemara Kypa ax =b TeHriama x=a b= X, TEHIJIa-
Mara TeHT Kywid. [lemak, 0y xonma ax = b TeHIIaMma ArOHa

X, €YMMra 3ra Ba GEpPUITaH TAKKOCIAMAHUHT €YNMIApH
TYIUIaMU Ky#uaaru yerupmanap cuHduaad ubopar:

X, = {x, + mt/t€Z)

Arap (a, m) = d > 1 6yaca, y xonnaa = ad, m = md, (a,,
m,) = 1 6enrwiapHu KUpUTHO GepriiraH TaKKOCJIaMaHHM ywby
a,dx = b(mod m,d) KYpUHULIIA €3UIIMMU3 MYMKHH. byHiad
KypuHanuku, Oy TakKkKocjaaMa e4YuMra sra OVJIMINM Y4yH b
COHHMHI d ra 6YnuHuUM 3apyp: b = bd. by xonna
ax = b(mod m) TakKkociaaMa yumoy

ax = b(mod m)
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TakKKociamara TeHr Kywiu. by epaa (a;, m,) = 1 6yi1ranu y4yH
ax = b(mod m) TakKocaaMaHu KypWJIa€TraH xojja eyyll Ma-
calacyu WITApUTH KYpWIraH XOJIa €YMIIra KeITHpWiau. by
OWwIaH Kyiumarud teopeMa MCOOTIAHIU.

7-teopema. a, b — OyryH counap, m namypaa con 6yacun.
Y6y ax = b(mod m) maxkocaama ewumea 32a 6yruwmu yuyH
b nunz d =(a, m) ea 6yaunuwu 3apyp eéa xughoa. by mapr
O0axKapwiranaa TaKKOC/JIAMAHHMHI YMyMH# euuMH ymoOy

x=xo+mlt

dopmyaa 6usan bepuradu, 6y epoa x, — maxKxocaamarnunz bu-

Pop xycycuu ewumu, m, = % .

Mucon kypamu3. Yoy 6x = 10(mod 14) rakkocnaMa e4uM-
ra sra, yyHku (6, 14) = 2 Ba 10 con 2 ra 6ynunanu. by
TAKKOCJAMAHUHT MKKAJIa TOMOHUHU Ba MOAYJIUHU 2 ra 0yiauo,
yHra TeHr Kywm 6yiran ymoby 3x = 5(mod 7) xypuHMILIAA
€KUM Z, 1ary yuoy 3x = 5 TeHIIaMa KypuHHIIIA &3wianu. by
TE€Hrj1aMa siroHa eymmra 3ra. HIyHuMHr yyyH OepwiraH Tak-
KOCJIaMaHUHI €YMMJIapH TYIUIAMU 7 MOAYJIb Oyiuda OHpop
yerupMaiap cuHdugad ubopar. Arap 0, 1, 2, ... 6 yerupma-
JJap CMH(JIApMHU KeTMa-KeT TeHrjaMara Kyiuub TeKIIUpcak,

eyuM 4 ={4+7¢t /t € Z} cund s3karwmuruau ToriaMu3s. HlyH-
ra kypa 6x = 10(mod 14) TakKkocraMaHUHI eYUMMJIapy TYIUIa-
Mu {4 + 71/t € Z} TymaMuaup.
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Oamunuu 606

YU3IUKJ/IN DA3OJIAP BA YN3IUKJIN
AKCJIAHTUPHUILIAP

35-§. YHU3UKIIN (BEKTOP) ®A30JIAP

F — maiinod Ba V — apnutus abenb rypyxu OVICHH.

Tavspud. Xap 6up A € F ¢a xap 6up x € V anemenmaapea
bupop xouda 6yiuua A ea x 3remenmaapHuHz Kynaimmacu 0e6
amanyeuu ea Ax Kypunuwiuda beszunanysuu 'y € V anemenm moc
Kyuunzan 6yaub, yuudaeu wapmaap (axcuomanap) 6axcapun-
2aH OYACUH:

1) aeap A, u € F, x € V 6yaca, y xo10a

Aux) = pu (A x) = (Au)x,

2) xap kandaii x € V ywyn 1-x = x (6y epna 1 opkaau
MaHJOHHUHT OUPJIUK 3JeMEeHTH OeJIriIaHIaH);
3) aeap A, u € F, x € V 6yaca, y xor0a

A+u)x=Ax+ux
4) azap A € Feax, y € V 6yaca, y xor0a
A(x+y) =Ax+ Ay.

by wmaptmapHu KaHoariaHTUpyBYM V anmutuB abeiab ry-
pyxra F MaiiloH yctuia uusukau (EKU eexmop) ¢pazo NeHu-
JIaau.

Kemaxakna F maiinoH yctuga V yu3ukin ¢a3o KypHITaH-
na FMalnoH ajeMeHTIapu ckaisapaap 1e6 aTaand, KHYMK rpek
xap¢mapu 6wiaH 6earwiaHanu, V 9Yu3suKiIu ¢ga3o 31eMeHTIa-
pH 3ca eexmopaap ned atannd, KUYUMK JOTHH xapdiapu OU-
NaH OenrwiaHagd. F MalJOHHUHI HOJb 3JIEMEHTUHM, STHbHU
HOJIb CKaIsipHHM 0 pakaM OpKald, HOJIb BeKTOpHH 3ca (0 opKaiu
oenrwauMus.
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by 606 naBoMuaa KMCKAIUK YYYH "YH3UKIM ¢da30” cy3na-
pu ypHUra "¢a3o” CY3MHH XaM HIIIATAMM3.

Muconnap. 1. bepwiran a Tyrpu uM3uKIA €TYBYH Ba
yMyMd# OouutaHrud O Hykrara sra OyiraH G6apuya HyHaiaraH
KeCMaIapHUHT /[ (a) TyIulaMuja KyIMIU aMaid KyHuaaruya
aHMKTaHAIM: . R

HyHairan OA Ba OB kecManap GepwiraH OyiacuH. OB
KECMAaHUHI MYHAIALIMHM Ba Y3YHJIUIMMHHM Y3rapTupMaciaaH
OOLLIAHFUY HYKTACUHU A HyKTara KY‘II/IpaMIB bynna B HyK-
ta 6upop C HyKrTara quann OA Ba OB WVHAIraH KecMa-
JJADHUHT WUFUHIUCU €0 OC HYHaJIraH KecMara auTaMus.

Uynasran OA xecmanuur 1 € R conra KYIMaUTUPHUIL aMa-
JIK 3Ca KyHUAariya aHUuKJIaHaOou: .

1) arap A = 0 6ynca, A- OA= 00O, sitbHU y3ywiurd 0 ra
TeHI HYHaAJITaH Kecma 4 ° OA nebd oJmHanu;

2) arap,l > () 6ynca, 4 - OA HyHanraH KeCMaHUHT f{)”fHaJm-
1017 OA HUHT nyHaJmmH bunaH Oup XWi, y3yHJIUTH |}.0A|
aca ).|0A\ ra, SoHU 04 HyHaIraH KecMa y3yHJIMTMHH 4 ra
KYITAWTUPWITaHUTA TEHT;

3) arap A < 0 6yica, HyHanraH KECMaHHMHT WVHATMILMHUHT
HYHATHILNTA TeCKapu, Y3yHIUTH 3ca A|OA| ra TeHr.

by amautapra Hucbaran J (a) TyiuiaM R XakuKUH COHJIap
MaHIOHHU YCTHAA YU3HUKIU (Pa3o XOCHWI KWIAH.

2. bepwiran a tekuciaukaa €TyBYM Ba YMyMHUil OOLLLJIAHF-
MY HyKTara ra oyiarad 6apya #yHainraH KecMalapHMHr J,(a)
TYILIaMKAA KYIUMII aMAT{ MapajuiesiorpaMM KOMIacu 6I/UIaH
aﬂumauann OA pa OB KECMaAJIADHUHI' HUFUHAUCH €0, OA

Ba OB KecManapura Kypwirad OACB mapajuie1orpaMMHUHT
(2-wakia) aguaroHaaura aMTWIAOU.

A C

/
/

~

Q!

2-waKa.
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MyHanran KecMaHu A € R coHra Kyrna#THpHILI aMaId M-
rapuru MHCOJIOAard Kabu aHUKJIAHAIM.

by amawiapra uucbaran /J (a) TyiulaMm R MainoH ycrvia
YU3UKIU $a3o XOCWI KWIagu.

3. ®Pa3ona ymMmyMu# OOlLJIaHFUY HyKTara 3ra O6yiaraH 6apya
HyHajuraH KeCMaJapHMHT /[, TYIUIaMuAa KYIUMLI Ba XaKMKWH
COHra KyHmauTHMpHI aMaJUIapMHU WITapUrd MMCOJJAard Kabu
KUPUTWICA, Y R MaWOoH ycTtuaa BeKTop $a3o XOCHWI KWiadu.

4. F — uxTtu€pui MaWIoH, n — Harypal coH OyicuH. F"
TYIUIaMJa KYIIMIU aMaJIuHU Yoy

(ala aza sees an) + (ﬁp ﬂp sees ;Bn) =
={(a, +B,a,+8,....,a, +B)

Kouja opKaiau, y € F ckajnspra KyIauTUpUII aMaIMHHU 3Ca
y (a, a,, ..., a) = (ya, ya,, ..., ya )

KOWJIa OPKANMH KUPHUTCAK, V¥ F MaiIoH ycTuaa BeKTop ¢a3ora
aliaHaaM.

5. Unrapuru muconpgaru F” tyiuiaMaa KYIIUIIHY Yilia MUA-
coinmard KabH, y cKajsdpra KymaMTHpUII aMajldHH 3ca Xap
KaHnaM y € Fa (a, ..., a) € F'yeyu y (a, ..., a,)) = 0
KouJa opkajiM kupuramui. by amaiapra HucbartaH F" 4yu-
3UKIM (pa3o OyIMaMau, YYHKMA YHUHT YYYH UKKUHYHA aKCHO-
Ma DaxXapwiMakiu.

6. [a, b] KecMana aHMKJIAHTAH Ba y3IyKCU3 6apya GyHKIUS-
nappadH ubopar Cla, b] Tyriamaa PyHKUUSUIADHUHT HUFUH-
JUCUHM Ba A € R ckajspra KylnmauTMacUHM olaraarvya Kupu-
TWICA, Y R MaHIOH yCcTHAA YM3UKJIU (Pa30 XOCWI KWIadu.

7. F — conmap maigoHu 6yiu6, kosdpduumeHTiapu Oy
MaMOOHIAH OJIMHTaH 0apya KymxauwlapHuHr Flf] TyuiaMuiaa
KYIUMII Ba CKaIspra KynmaWTUpPHUIU aMaUIapUHU WITApUTH
MHCOIard Kabu KupuTWiIca, y F ycTHaa YU3UKIM ¢a3ora
alraHagu.

Tabvpud. Yuby x, y, € V sexmopaaprune atiupmacu oeb V
HU addumue 2ypyx cugpamuda Kapaseandazu auupmacuza, AsHU
x —y=x+ (—y) 2a aiimusadu.
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Yusukiu ¢paszo akcuoManapyjaH Keaub yuKaadraH HaTH-

Xanapra yraMu3.
l-xXyMna.a) Xap kandaii A € F, x, y € V anemenmaap yuyn

Alx—=y)=4x-24y.
0) Xap kandaii A, u € F Ba x € V anemenmaap yuyH
(A —u) x =Ax — ux.

XakukataH, A(x —y) + Ay = A({(x —p) + y) = A(x+(—-y) +
+y) = Ax.

byHpaH A(x — y) = Ax + (—Ay) = Ax — Ay.

lynra yxwaw (A — u)x = Ax — ux MyHocabar MCOOTIaHa M.

2-Kymna. a) Xap kaudau A € Fyuyu A+ 0=0.

6) Xap kandaii x € Vyuyn 0-x = (.

Xakukara, 10 =Ax —x) =Ax —Ax = 0BaO-x=@ —
— A)x = Ax —Ax = 0. by XyMJIaHUHT aKCUHYacH XaM YpUHJIH.

3-xyMaa. Azap bupop A € F ea x € V snemenmaap yuyn
Ax= 0 6yaca, y xonda é A = 0 ékux = 0.

Xaxukaran, arap Ax = 0 Ba A = 0 6ynca, y xonga 1! € F
JMEeMEHT MaBXxyd Bail0) = A1(Ax) = (1A)x = 1x = x. bynnan
x = 0.

Hatypan n coHu 6VitMya MateMaTHK MHIAYKLUA €plaMuaa
Xap KaHpaui,4,4,, ...,4 € FBax, x, x,, ..., x € V31eMeHT-
Jmap yYyH (A, +4, +...+A)x = A x +...+4A x Ba A(x, + X, +...+X )
= AX, +...+Ax MyHOcabaTJapHUHT YPUHIM 3KAHIUTH Kypca-
TWIaAU (MyCTaKWI TEeKIIUPHUHr). bymapaaH

il,- : ixk =3 il,.xk (n,m € N)
i=] k=1 i=l k=]

36-§. YN3UKJIU BOFJIAHUIII

Fwmainon ycrunaru V sexrop ¢asona x,, x,, ..., X, BEKTOp-
Jlap TU3MMHU OGepuiiraH OYJICUH.

Tavpud. A2ap kamuda 6upu noavoan Gapkau 6ynzan uiyH-
dati A, 4,, ..., A, ckarapaap maexcyo 6yaub, A x, + A x, +..+
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+4 -x = 0 menzauk 6axcapuaca. X, Xyy ooy X 6EKMIOPAGD MU-
3umu vu3ukau 6orauk (3pxcu3) deuunradu. Akc xoada 6y éek-
mopaap mu3umu Yusukiu 6orraumazam (3pkau) deuusaou.

Iysnai KUIMO, X, X,, ..., X, BEKTOpJIap TU3UMUHUHT YH-
3UK/IM OOFIaHMaraHMIMHUHT MABHOCH IIYKM, A X, +...+ 4 X =
=0, ..,A4, €F) renrimkaan goumod,=1,=...= 1 = ( sKaH-
JIMTH KeJINO YHMKaIU.

Muconnap. 1) F? ¢asona ymby x, = (1,0), x, = (0,1),
X, = (2,2) BeKTOpJAp YU3UKIU OOFIAHIaH, YYHKH

2x1+2x2-x3=0

2) F? ¢aszona ymby x;, = (1,0) Ba x, = (0,1) Bexropnap
YM3UKIM OOFIaHMaraH, YyyHKu A, x, + 4,x, = 4,(1,0) + 4,(0,1) =
= (A,4,) = 0 = (0,0) myHocabatnan A, = 0, 1, = 0 kequb
YUKAIH.

Tavpud. F maiidon ycmudazu V uusuxau ¢hazoda x,, x,,
.., X BEKTOpJAp TU3UMH OepwiraH OyJacuH. Arap LIyHIaH
Hys Bys ooy U, CKAAAPAGD Ma8XHCY0 6Yncaku, X = u X, + uX,
+...+ u_Xx , baxcapuaca, x 6exmop X, X,, ..., X, 6eKmopaap
opkaau yu3ukau ugodanranzan detiusaiu.

Xywmna. Yuby x,, x,, ..., X, 6ekmopaap wusuxau 60F1aH2an
O6yauwiu yuyyH yraprunz 6upopmacu 60wiKaiapu opKaiu YU3UKAU
ugpodasanearn 6yruwu 3apyp ea xugos.

Yuby x,, x,, ..., X, BEKTOpJIAp YH3UKJIH OOFJIaHTaH OYICUH.
Y xonna kamuna 6upu (Macanas, A,) HOJIblaH GapKJIK OyiraH |
Ay A,y ooy A CKamApiap MaBXyOKM, A, x, + A,x, +..+ 41 x = 0.
bynpan

n

X, = =AY Ax

i
i=1
izk

AkcuHYa, X, X,, ..., X, BEKTOpJIApHUHI Oupopracu (Mmaca-
JaH x,) GomKanapy OpKAIM YU3UKIM HPoaaTaHraH OYICHUH:

n
Xp = )X
i=1 ik

byunan
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ABHU Y Ax; =0, 0yeprad, = 1,4, = — u(i # k).

i=1

by XymnagaH Kyiuaard HaTvXKaaap Kejiub 4YuKaau.

1. Honp BekTOpHU V3 MUMra OJYBYM Xap KAHILAU BEKTOp-
Jap TU3UMM YU3UKJIU OOFJIaHraH, YYHKH HOJIb BEKTOP OOLIKA
BEKTODJIAp OPKAIU YM3UKIU HdonaraHany (YU3MKIN udoaa-
HUHT 6apya Ko3(pPUUMUEHTIAPH HOJIbra TEHT).

2. Arap BeKTOpjap TU3UMU YU3UKJIMU OOFIaHraH Oyica, y
xomga Oy TM3MMHHM ¥3 MYMIa OJITAH Xap KaHIah BeKTOpJap
TU3UMHU XaM YM3UKIU OOFIaHraH Oymaau.

by HatuxanaH KyHuagaru xyjxoca KeJaud 4YMKaau.

3. Arap BeKTOpJap TU3MMHM YM3UKJIM 3PKIU Oyica, y xonna
YHUHT Xap KaHJaH KUCM THU3MMU XaM YM3UKJIU 3PKIN OViaanu.

37-§. VJIYAM BA BA3UC

FwmajinoH yctuparu VBekrop ¢pasona BEKTOPJIAPHUHT YEK-
TN €KM 4YeKCu3 A TU3UMHU OepwiraH OVICHH.

Tabvpud. Aeap A musumnune n ma 3nemenmoan ubopam
YUBUKAU FPKAU KUCM musumu maexcyd ea (n + 1) eexmopdan
ubopam xap Kanoai Kucm musumu yuszukau 60reranear 6yaca, n
COHU A mu3umHuHe paHau detunradu (by epda panz cy3u uH2au3
range cy3udan oauHzan 6yaub, 6y epda dapaxca cysuza sKUH
MasHOKU buadupadu).

Azap xap xaudail n namypaa con yuyn A muzumoa n ma
anemeHmoan ubopam YU3UKAU 3PKAU KUCM mu3um masexcyd 6yaca,
A mu3um wekcus paneza 32a Oetiunradu.

Acap A muzumnune paneu n 6yaca, yhunz n ma 6ekmopoaH ubo-
pam MUBUKAU 3PKAU Kucm musumu A musumnunz 6asucu detfunadu.

l-reopema. A musumnunz panzu n 6yacun. A muzumoan
OMUH2aH Xap KaHnoali eekmop yHuHz 6asucu opxaiu s20Ha ycya-
da uusuxau ugooasanadu.

Ucbor. Ywby b, b,, ..., b, — KMCM TH3UM A TUBUMHHUHT
0asucu Ba x € A 6yicuH. Y xonga (n + 1)na Bekropaad ubo-
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pat b, b,, ..., b, x KUCM TU3UM YU3MKIM OOFIaHraH Gynanu,
STbHH KaMuia Oupu HoxbnaH apkam A, 4,, ..., 4, 4 + cKa-
JAphap MaBXynku, A b, + A,b, +..+ A b + 4, x = (. Arap
A+, = 0 6yaca sgm, 4,6, + A,b, +...+4 b = 0 Gaxapuianu.
bynman A, = A, =...= 1 =0, 4yHKHd b, b,, ..., b, — UM3MKIU
spkiu. by acal, 4,,...,4 , 4 +, CKansApJapHUHT KaM1a 6upu
HOJIBAH (Gapkjau neraH miaprra 3ud. Jemak A | # 0. byHnan

= -4+, (A4,b, +...44 b ) apHU X BeKTOD b, b,, ..., b, 6asuc
OPKAJIM YU3HUKJIU UPONATAHALU.

Arap x BeKTOp Oy 0a3uMcC OpKanM MKKU XWI X =a b +...+
+a,b =B b+. .+ b uusnkiu udonamnanrad 6yica, (a, —
BPb, +..+(a,— B )b = 0 TeHrnuK YpuHau 6¥manu. bynnan
axca b, b,, .., b BeKTOpJIAD YM3UKJIM 3PKIU OYIraHu y4dyH
a,—p,=0,..,a —B, =0TeHruK, SbHU a, =B, ...,a, = B
KeJIuO YUKAIH. i

V yu3ukiu ¢pa3oHUMHT PaHTH YHUHT ViIYyaMu e aTtamanu
Ba dim V xypuHuuina oenrwiaHagu. Arap dim V < «= 06yica,
V yexnM yruamiin, akc X0Jila 3¢a YeKCU3 ViryaMmId JeHiaamn.

V yexnu yryamnu 6ynu®, yHuur 6upop b, ..., b, 6asucu
oepwirand 6yiacuH. Y xonga l-teopemara acocaH Xap KaHuam
x € V Bekrtop Oy 6a3uc opkaiu 6Up KUHMATIN YUIUKJIU UPO-
nanaHami: x=af, +..+ a f .

by udonanaru a, ..., a, KO3QPUUHUEHTIAD X BEKTOPHUHT
b,, ..., b 6asucuparu KoopauHartaniapu Aeb aTtaranu.

2-treopema. A — eexmopaap muzumu 6a B — ynune uexau
YUSUKAU IPKAU KucM musumu 6yacun. Azap A muzumunune xap
bup eéexmopu. B opxaau wuszuxau ugpooasranca, y xos0a B mu-
3um A muzumnunz b6azucu 6yaaou.

U c 6 o1. KuroOHUHT OupuHYM KucMuaaru. 14-§ 4-reope-
Mara acocaH, arap A Tu3uMm R" ¢a3oHUHT KMCMH Ba B 3ca A
HUHI KUCM TU3UMHU OViIn6, A HUHT Xap OMp BeKTOpH B opka-
JM YU3UKIU UpoaallaHCa, Y X0injJa A HUHI paHrd B HUHT
paHTHAH KaTTa 3Mac.

Arap A uxtu€puii V uu3ukiau ¢asonaru TH3UM Ba B yHaa-
M YEeKJIM paHITa 3ra OyaraH KMCM TU3UM O¥yica, Oy TeopeMa
VypuUHIUIUTHYA Kojaau (Myctakua ucobotnaHr). llyHpai
KWIKO, OXMPrd TACOMKKA Ba TEOPEMAMU3HHMHTI 1LIAPTUra aco-
caH, arap A HUHT paHru » 0yica, y xoiaga B HUHT XaM paHTH
n 6ynagu, sbHU B KucM t3uM A Hudr 6asucuaup. M
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by TeopemMa MyalsH YM3MKJIH (PA30JAaPHHUHT YIYaMUHH
Xxucobamaa Kyjiald BocHTaaup. bup HeuTra MHCON KypaMus.

1. Arap D (a) yu3uxiu ¢asoma (35-§ naru 1 mucon) e-
MXTUEPDUHA HOJIBIA TEHr OyiamaraH BeKTop Oynca, y xoinaa
D (a)naru xap KaHja# X BEKTOpHM ae,, a € R KypuHHUIIIA
udopagami MyMKHH.

Hemak, {e,} TusuM D (a) vuHr 6asucu Ba dim D (a) = 1.

2. Arap D,(a) ¢dasona (35-§ naru 2-MMCOJ) KOJUIMHEAp
OyMaraH (ApHH OMD TYFPU YU3UKIA €TMATaH e, Ba e, BEKTOP-
jlap Oepuiran Oyica, y Xojga yiaap YM3MKJIMA 3DKIM Ba Xap
KaHzaai x € D,(a) BexTop e, + A e,, KYpUHUILKAA Hoaaa-
HUILUM MYMKHMH, Oy epaa 4, 4, € R. bydra acocaH {e, e,} TH-
3uM D,(a) HuHr 6asucu Ba dimD,(a) = 2. .

3. Arap D, da3ona (35-§ naru 3-Mucon) KoMiuiaHap 6yima-
rad (AbHU OUp TEKMCAMKIA €TMaraH) e, e,, e, BeKropiap Oe-
pwiraH 6yica, y Xojjaa yjJap YM3MKJIUM 3PKJIM Ba Xap KaHIaH x
€ D, pextop e, + A, + Ae, KypuHuwaa udoaaraHUIIM
MyMKuH, Oy epma A, 4,, 4, € R. Bynra acocaH {e,, e,, e}
TU3uM D, HUHT Ga3ucu Ba dimD, = 3.

4. Vixtuépuit F Maiinon ycrunaru F* dasonaru e, = (1, 0, 0,
- 0),e,=(0,1,0,..,0),..,e = (0,0, ..., 1) Bekropnap opmaap
ne6 aranamgu. Xap KaHmai 4, 4,, .., A € F sjneMeHTIap yYyH
YpuHIM Oyirad A,e, + 4,e, +...+ A e, = (4,4, A ) TeHNIMKIaH
OPTJIApPHUHT YU3UKJIN 3PKIM 3KAHINTU Ba Xap KaHaah x € F”
BEKTOPDHUHT YyJIap OPKAIM YM3UKJIM UPodaTaHUIIM KeIUO Y-
Kauu. Jlemak, optinap F* ¢asoHuHr 6asucu Ba dimF" = n.

5. C [1] opxanu napaxacH < n 6yiaraH Ba KO3(PUIHUEHT-
sapu C KOMIUIEKC COHJIAp MaHIOHWAAH OJIMHraH Kymxanjiap
TYIUIaMMHM OearmwiaimMui. KynxamnapHu KVIUUII Ba COHra
KYIMIaHTUPUIU aMaJUIapMHU KyHMuJaruya KUpUTAMMU3:

() +gt) =(a,+at+..+at’)+ (b, + b +...+ b 1") =
= (a, + by) + (a, + b)+...+(a, + b)1",
Af() =A(a, + at +..+ at") = Aa, + Aa;t +...+ Aa "
Ymby 1, ¢, £, ..., t" — Kynxaajiap YU3UKIHU 3PKIH,

XaKUKATaH, aKC XojJa KaMujaa OMpH HOJIbAAH dapKjiu OyiraH
WyHaan A, A, ..., A COHJIAap MaBXYAKM, Xap KaHnaii t € C
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YuyH A, + A7 +...+ 4,1" = 0. BaxojaHku, anre6paHMHI aco-
CUM TEOPEeMACHHUHI HATVDKACcHra acocaH 0y KYXaAHUHT KYITU
OWiIaH »n Ta WIAX3HA MaBXyQ.

Hemak, {1, ¢, ..., t"} Tusum C [t] HUHT Ga3ucu Ba
dimC [f) =n+ 1.

6. C[1] da3o (35-§ maru 7-MHUCOJT) YEKCHU3 VIYaMIH, YYHKH
Xap KaHgau »n yyyH (n + 1) Ta BekropnmaH ubopar 1, ¢, ..., t”
TU3UM YU3IUKJIU SPKIIH.

3-treopema. Yexau yruamau V eexmop pazodazu xap xan-
oaii Musukau 3pKau musum 6y ¢azonunz 6asucu 6yszynua myaou-
pusulU MYMKUH.

HUcb6or. VHuHr yiyamu n Ba {e, ..., e,} YHIATH YU3UKJIU
SPKJIM THU3UM OVICHH. Y Xxonna K < n. Arap kK = n 6yica, y
xoana Oy tu3uM bHasuc 6yinanu. Arap k£ < n 6ynca, y xoiaaa
YU3UKJIU (Pa30 YIYaMUHHUHT Ba YHAArd 06a3MCHUHT TabpHUdJia-
pura kypa Oy Tu3uM Oaszuc O6ynamaigu. Jlemak, 2-teopemara
acoCcaH IUyHIad e + BEKTOp MaBXYIKM, Y e, €, ..., €, BeK-
TOpJIap OPKAIM YM3MKIM MonanaHMmaiau. Yoy {e, ..., e,
€,,,} TH3UM YU3MKJIM 3DKIU. XaKUKaTaH, arapi.e +...+ 4,¢e, +
+4,,.6,, = 00ynca, y xonma 4,,, = 0 (yyHKHM aKkc xonna e, ,
BEKTOP €,, €,, ..., €, BEKTOPIAp OpKAIM YM3UKIU udonaia-
Hapau). byHnan Ae +..+4.e= 0 TeHIIMK Keaub YUKaIH.
by TeHrnuknaaH 3cae,, ..., e, BEKTOpPJIap YU3UKJIM 3pKIH 6¥ira-
HU YYYH A, = 4, =...= A, = 0. Arap k+1 = n 6yica,
le, ..., e, e, } TH3UM 6a3uc 6§namu. AKc Xonaa, AbHU kK + 1 <n
Oynca, e, ..., e,,; e, BEKTOpJIAp OPKAIM YM3MKJIM UpoaanaH-
Maiaurad e, , € V BeKTOp MaBXya Oynanu.

KOxopunaru MynoxasanapHu siHa ywatub {e, ..., e,, e, |,
€, ,,} TH3UMHMHT YN3UK/IU 3PKIIU 3KAHIUITMHY OIaMU3 Ba XOKa-
30. by mynoxasanapuu (n — k) Mapra uuuiarub, {e, ..., e}
TU3UMHHU ¥3 UYMra onysyu V dasonunr {e, ..., e, ..., €}
6asucunu onamus. M

38-§. BA3BUC V3TAPTAHIA KOOPIWUHATAJIAPHUHT
AJIMAINIMHULIU

F MainoH ycTuaari 4Yu3Mkjm ¢asona UKkura {e,, ..., € } Ba
{/;, ..., f,} 6asucnap Gepwiran 6yincuH. MKkMHYM 6a3uc Bek-
TOPJapHU OWPHUHYMU 0a3uc BEKTOPJAp OPKAIU HPONATAMMUS:
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Ji =§1}’ikei (1)

by udonanaru C = (y,) € P marpuna {e, ..., e} basuc-
naH {f, .., f} 6asucra yTviu MaTpuMuacd AeHWIaAM. YTHII
MaTpuUacu A0MM MaxcycMmac Ba C! teckapu marpuua {f, ...,
f} 6asucnaH {e, ..., e } 6asucra yrum marpuuacuaup (6ynap-
HU MYCTaKHUJI UCOOTJIAHT).

V na uxTuepui x BeKTOp OJIMHraH 6yiauo,§,, ...,§ — YHHHT
OMpUHYK Oasucaard KOOPAHHATAIADY, 77, ..., 7], — UKKUHYH-

faru, sbHU X = Y E.e; = > 1, f, 6yi1cun. Y xonna
i=] k=1

X = Izﬂkéyikei = 2 (E Vik”k)ei

1 i i=1 k=1

byHnnaH
&=y, M (i=Ln). )
k=1

(1) Ba (2) dopmynanapHd COJMINTHUPUII KYpCAaTaJdUKH,
UKKUHYM Oa3dciard KoopAMHATaJlapHU OMpUHYM Oasucaaru
KOOpAMHaTajlapra ajIMalUTUpUILAArd Ko3@gQpuuueHTIap Mar-
PHUIIACU TPAHCIIOHMUpJall OWiIaHTMHA OUPUHYM Da3ucaaH UK-
KAHYU Gasucra YTHII marpuuacuiaaH ¢apk Kwiaiau.

39-§. KUCM®A3O0OJIAP BA TUIIEPTEKUCIIUKIIAP

F maninon ycruparu V unsukiaun ¢asoga V' KucMm TyIuiam
oepwirad GVICUH.

Tabpud. Aeap V dacu kywuw amansuza ea eexmoprapuu F
dazu ckaaspaapea Kynaimupuw amanuza nucbaman V' mynaam
énuk, 6yaca, ashu xap kanoaii x, yE V' yuyn x + y € V' 6a xap
Kandau x € V', A € Fyuwyn Ax € V' 6yaca, y V wusukau gaszo-
HUH2 Kucmghazocu deilusradu.
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Tabpudnary mwapt yuly xap KaHgan x, y € V ga i, u € F
yuyH AX + uy € V' 1waprtra TeHr Kywid. byHaaH kemu0 ymka-
MKY, V' kucM@asoHUHT V34 XaM F MalIoOH yCTHIA YM3MKJIU
dazo xamna dim V' < dim V (MycTakWI TE€KILLIWDPHHT).

Muconanap. 1) Xap KaHaai 4YU3UKIU (Pa30 HOJIb BEK-
TopaaH ubopat KucMm ¢asora 3ra. by KucM ¢$Ha3zoHHUHT YiryaMU
HOJIb 1e0 OJIMHAIW Ba HOJIb KMCM (a3o ned atamaau.

2. R? rexucnaukna 2x + y = 0 miapTHU KaHOATJIAHTUPYBYU
bapuya (x,, y) HyKTanap KucMdpa3o XocwI Kuiaau. by Hykra-
JJADHUHT TeOMETPUK YPHU — KOOpAUHATAIAp OOLUMIAH YTyBUU
TYFPU YM3UK. YMYMaH, KOOpAMHATalap OowMaaH YTManau-
raH TYFPU YM3UKIArM HyKTaizap TYIolaMd R? ga KucM@aso
XOCHWI KIWIMalAH, YYHKH YHIra HOJIb BeKTOD, sAsbHU (0, 0) HYK-
Ta KUPMANIH.

3. 0 — yu ViryoBan ¢uU3UK Pa3oHUHT TaUMH HYKTACH 0YIuO,
a — Oy HyKragaH YTyBUM TYFPH UM3HMK, a 3ca Oy HYKTalaH
YTYBYM TEKHCIUK OVICUH. By HYKTaHM HYHAJITaH KecMmalap-
HUHI yMYMHH OOLLIAaHFAY HYKTacH 1e6 oncak, D (a) Ba D,(a)
aap D, yu3ukau ¢pa3oHUHT (35-§ maru 1 —3-mucoiiap) KUCM
dazonapu Oyaanu. YHAAH TAallKapu, arap a TYFPU YU3UK «
TeKUCIMKAA €1ca, y Xxonaa D (a) tyiuam D (a) ynu3ukiu da-
30HMHI KUCM (pa3zocu OViaanu.

4. Kosdpdpunmentnapu F MalIoHAaH OJUHIAH yulOy

kﬁ:aikgk =0 (=159)
=1

ntag,, .., § HOMabIyM S Ta YM3UKJIHN TeHIaManapaaH ubo-
pat OMp XMHCIM THU3UMHM ojlaMu3. Arap r coHu A= (a,)
MAaTPULIAHMHT PaHru 6yiIca, MAWIyMKU, Oy TM3UM (m — r) Ta
YU3UKIHU 3pKiIM (PyHHAAMEHTAT) eYMMJIAp TU3UMHUra 5ra Ba
bapya euumiiapgaH ubopar L TymwiaM ¢yHZAMEHTal €4YHUM-
JJApHUHT YHU3UKJIN KOMOMHANUsUIapuaaH uoopar TyiuiaM 6u-
naH yetMma-yer tymianu. Hlyapait kw6, L tyiaM F* yu3uxk-
au ¢$a3oHUHT (n — r) Yoryamid KucMdasocu Oyraau.

5. Arap n < m 6¥ica, y xonma R (7] da3o R [{] HUHT KHCM
¢pasocu. R [f] dazonapHuHr xap Oupu (n = 1, 2, ...) aca R[/]
(bazoHHUHr KUCM (Pa3ocH.
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V ¢a3oHUHT UXTUEPUH M KUCM TYILIAMHMHU OJaMM3.
L,, opkanu M naH OJIMHraH BEKTOPJIAp OPKAIH YU3UKIU UO-
JlajJlaHradH 6apuya BeKTOpJap TYIUIaMHHU OearuiaanMus. by
TYIU1aM M TYIUTaMHUHE YU3UKIM KOOUFU aedianu. L, Tyiuiam
V HuHr kucmdasocu 6yaub, yHUHTr ViI14aMu M TYILUIaMHHHT
paHrura TeHr (texkiuupudr!). byHmaH keanb yMKaguku, arap
dimV = n 6¥ica, y X0jd1a Xap KaHIaid m < n HaTypajl COH
yayH V ¢a3o m yiruamuid KMcM ¢a3oiapra 3ra. Arap Vyekcus
ymyamim Oyica, y Xoiaa xap KaHmal m HaTypajal COH yuyyH V
¢dazo m — yayamiM KUcMasosapura ara. XaKuMkKaTaH, arap
e, ..., e € V BeKTopiap YM3UKIU 3pKIHN Oyica, y xonga {e,
..., €} TYIUIAM YM3UKJIM KOOMFUHMHT ¥I4YaMU m Ta TEHT.

Arap V ¢aszona V' — kucmdaso Ba dim V' = dim V 6¥yica,
y xonpa V' = V. XakukaraH, arap {e,, ..., e } Tyram V' HUHr
6asucu Oyica, y xoina dim V = dim V' = n ra acocaH 0y
TViuiaM V HuHT XaMm 6asucu 6yaaau. LIyHuHr yuyH V' xamua
V daszo {e, ..., e} TYIUIAMHUHT YU3UKJIU KOOUFM 6¥namu. V
(azoHuHr V' KucMdazocu Ba a € Vpekrop 6epunraH 0yICHH.

Tavpudo. Voasoda émyeuyu ywby a+ V ={a+x/x €V}
mynaam V' Kucmpasonu a eekmopea curncumuwioarn xocun 6yseaun
zunepmexuciux deb amanadu.

Muconnap. 1) Arap V yusuxkmm dasona V' kucmdaso
cudaruna HoJb KMCcM(a3o OJiMHCa, Yy Xoiaa 0y KUcM@a30oHHU
a BEKTOpra CWDKMTHILIAH XOCWI OVIraH rurnepTeKuciuk ¢a-
KAT a BEKTOPHMHI V3MJaHTMHA UOOpaT.

2. R* na yuiby 2x + y = 0 TYrpu YyM3MK OUIaH aHUKJIAHTAH
KUCM(}a30HU oaub, YHU a = (3, —4) BeKTOpra CHJIKHUTCAK,
a + V' runeprekucnuk V' TYFpM YM3MKKA mapajuielb OyiraH
Ba a HYKTaaaH YTYBYM TYFPU YM3UKBU Oepanu; YHUHI TEHT-
mmacu 2(x = 3)+y+4 =0, 9pHU 2x + y — 2 = 0.

3. D,(a) da3zona oxuprd HyKIacU a TEKHUCIUKAAru Gepui-
raH TYFpU YU3MKIA €TyBUM Oapya BekTopiap Oy ¢a3oga ru-
[EPTEKUCIUK XOCHI KWIaau.

4. D, pasona oxupru HyKTach GepuwiraH TYFpU 4M3UKIA
(Tekdcnukaa) €ryBud Oapya BekTopiap 6y dasoma rumnepre-
KUCIUK XOCWJI KWJIAIu.

5. Kospduuuenrtnapu F MaiIoHJaH OoJIMHIaH Ba Oupra-
JIMKAA 6yAraH n HOMABJIYMIU MUXTUEPUM YH3UKJIM TEHIIaMa-
JIap TH3UMUHUHT e4YUMIIapH TyIuiaMu F" ¢a3oma runepreKuc-
JIMK XOCIJI KWJIaIHu.
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by runeprekuciuk OepwiraH YM3WKJIM TeHIJIaMajiap TH3H-
MUTa MOC OMp XMHCIM YHM3MKJIU TEHIJAMalap TU3MMHHHUHT
eyumiapunad udopar V' kucMm ¢asonu 6epwiraH TUSUMHUHT
OMpOp XyCyCHH eyMMMIa CWIKMTHMILIAH XOCWI Oyaanu.

l-reopema. V wusuxau ¢pazonune 6upop V' xucmepazocu
bepuazan 6yacun. V' xucmpazonu cuawcumuwoan xocun 6yrzan
b6apua zunepmexucauxaap V hazonunz éuuimacunu bepadu.

M c 6 or. XakukaraH, Xap KaHlai a € VyuyHa € a + V7,
yyiku 0 € V’. VYHpaH tamikapu, arap a € b + V 6yica, y
xonnga a —be€e V' BapgemMak a+ V' =b+(a-b)+ V' =
=b+ V.1

2-Te o peMa. Xap kanoaii 6epunrzan 2unepmexucaux paxam-
2UHA A20HA KUCMDA30HU cusxcumuul busan Xocus KuauHaou.

N co6ort. XakukataH, V — uyusukiu ¢aso, V' sa V'’ —
yHaaru kucMmdasonap, a, b € V — myHaan Bekropaap 6yJICHH-
Ku, a + V' = b + V''. byHnan xap oup KucM ¢a3o HOJIb
BeKTOpra 3ra OyiaraHu yuyyH a — b € V' Ba a - b € V.
MKKMHYU TOMOHIAH Xap KaHAau x € V' yyyHa +x€a+ V' =
=b+ V'.deMak, a — b + x € V'’. byHunaH 3ca x € V",
seHU V' C V'’ MmyHocabar kenu6 uukanu. Ulydra yxmai
V' C V' myHocabar onuHamu. ldemak, V' = V''.

HcboTnaHran reopeMa KyHMIard Tabpu(pHU aUTUILTa UM-
KOH Oepanm.

Tabpud. Tunepmexucauxuune yryamu oeb cusycumuid Ha-
mudcacuoa 6y 2unepmeKuciuKHU X0CUA KUN2aH 20HU Kucmpa-
30HUHZ yavamuza aumunaou.

V da3oma runepreKUcIMKIAapHUHT YiayaMu 0 Oyjraniapu
HyKTajnap, yomyaMu 1 6yiaraHnapu — TYFPH YM3UKJIAp, VI4aMH
2 O6ynraniapu — TeKMCIMKIap Aed artaiand. XycycaH, arap
V= R 6ynranna 6u3 $a30 aHAIUTUK EOMETPUSACHHHHT MOC
TYLIYHUYAIApHUTa KeJaMH3.

40-§. KUCM®A3OJIAPHUHI UUFUHIUCHU
BA KECUIIIMACH

V unsukyy ¢asonudr V) Ba V) kucmdasonapu Gepuiran
o6yincun. KucMmdasoglapHUHI KeCHIIMacu I0UM KUcM$a3o.
XakukaraH, arap A, 4 € FBa x, y € V, N V, 6yica, y xonaa

Ax+puy € ViBaix+puy € V, neMak Ax + uy € V, N V.
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Kucmdazonapuusr 1ywiaM cugatuga HurMHaucu V, U
V,, yMyMaH adTraHga, KucMdaso samac (MUCOJ KEJITUPUHT).

IIyHUHT yyyH Ky#Humard tabpu(pHHU OGepamMus.

Tawspud. bapua ywby x, + x,, x, € V,, x, € V, kypunuwdazu
lurunounapoar mysunean mynaam V, ea V, Kucmgpasosraprune uu-
FunOucu de6 amanadu ea V,+ V, kypunuwoda beszunranadu.

V, + V, — xucmdaso. XakukaraH, arap 4, u € F Ba
x, y€V, + V,6¥nca, yxommax =x, +x,,y =y, +y,;x, ¥, €V,
X,, ¥, € V,. bynnan

Ax +py =A0x; + x,) + u(y, +y) =
= Ax, +uy) + Ax, + uy) € V, + V.,

l-reopema. deap V uusuxau gpaso V,, V, — uexasu yruam-
Au Kucmepaszoaap 6yaca, y xorda V,+V, xam uexau yrvamau ea
dim (V,+ V) =dim V, + dim V, — dim (V, N\ V).

Mcbort. V, N VKucm da3oHUHT ymyamu Kk Ba {e, e,, ...,
e,} — yHnard 6asuc 6yncun. by 6asuc 37-§ maru 3-xymiiara
acocaH V| paru 6asucravya xamaa V, garu 6asucravya TyJIQUpu-
JTauIM MyMKMH. byHra acocan mydnait f, f,, ..., f, € V| Bek-

TOpJAp MaBXYIKH, {e, e, ..., e, f, ..., f} TM3uM — V| HUHT
6asucu Ba WyHAaH g, ..., g € V, BeKTOpIap MaBXYyIKH {e,,

) € &> o> & ) TH3UM — V, HuHT 6a3ucu 6ymanu. Yoy {e,,
€y sy fiy s [y &p ooy &,) TUSUMHMHT V, + V, (a3ona b6asuc

SKAHJIUTUHU KypcaTaMu3. by BeKTOpnap 4M3MKJIU IPKIH.
XaKkMKartaH, arap A, 4,, .., A, fy, oo, f,, V5 ooy v, € FyuyH
Ae +..+Ade +u fit.+uf +tvg +..+vg =00yica,y
xonpa Ae +..+Ae +uf +..+uf =-vg-—.-vg. by
TEHIJIMKHUHI Yall TOMOHHM V| HUHT BEKTOPH, YHI' TOMOHH 3Ca
V, HUHT BEKTOPH OYJIraHU y4yH Oy BEKTOPJIAPHMHI HKKaJTacH
XaMm ¥V, N V, ra TervwiM Ba JeMaK e, ..., €, Jap OPKaJIH
uopanaHanu. Myupan xwmb, —v g —..—v g =ae +..+ q.e,
ae +..+ae +vg +..+v g =0.bynnad {e, ..., e, g, ...,
g,} THSUMHUHT YU3UKJIM 3PKIWIMIUTA aCOCaH a, = a, =... =

a, = v, =..=v_= 0. Oxupru MyHocabariapgaH A.e, +...
+Ae +uf +..+uf =-vg —.—vg = (0 TEHIJIMKHH
onamu3. bynnan sca {e, ..., e, f, ..., /,} TH3UMHUHTI YHU3UKJIH
OPKJIMNUIUTa acocaHi, =4, =..= 4, = u, =..=u = 0. [lemak
ey s €y fis s [ & oy &,) TH3UM YM3UKJIH 3DKIIH.
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OHIM uxtHE€pui X € V, + V, Bekrop 6y TH3UM OpKalu
YH3UKIM HPOJATAHUIIMHM Kypcaramu3. Xap oup x € V| +
V, Bekrop x = x, + X,, x, € V,, x, € V, KypuHMITa 3ra. SHJm
x, € V| BeKrop {e,, ..., ek,fl, vey f} TI/IBI/IM OpKa¥ Ba x, € V,
BeKTOp {e, ..., €, &, .., &,} TH3UM OpKaIM mbonanaﬂa,nu.
HeMak x = x, + x, BeKTOD {e,, ..., €, f}, ..., [, & +.., &,} TH3UM
OPKAJIU YHU3HUKIIH I/I(l)O,IIaJIaHa,IIH MyHpan kwubd, {e, ..., e,
Jis s [ & oes &, TU3UM V| + V, Ga30HMHT 6a3MCH 3KaHIIH-
M Kypcatwiad. byHnaH |

dmV,+V)y=k+n+m=(k+n+k+m —k=
=dim V, + dim V, — dimV,n V,. R

abpH G. A2ap xap kandati x€ V, + V, eexmop x = x, + X,
Vi, X, € V, kypunuwda seona ycya 6unan ugpodaranca,
V, uFuH()u myFrpu Uurundu de6 amanraou.

Teopema. V, + V, iurundu myrpu turunou 6yauwu
yayn V, NV, xucm¢a30uuua Hoab pazo 6yauwu 3apyp ea Ku-

doa.
Ucb6or. V + V, — t¥rpu iurmnmi Bax € V NV, x, € V,,

x, € V, 6yncun. Y xonma x, + x € V, x, — x € V, Ba ywoy
x+x, = (x, + x) + (x, — x) renmukaad V, + V, Tyrpu
MUFUHIMUIMTHTA acocaH X, = X, + x. byHnan x = 0, SbHH
V.0V, — Houb aso.

SHﬂu VNV, ={0}6yncun. Y xomna x, + x, =y, + ¥,, X,,
v, € V,x,y, €V, TeHIJIUKIaH X, — y, = ¥, — X, TEHIJIMKHA
OJIaMH3. By epaad x, — y, € V,y, - x, € V, sxamumrm
Haszapra ojicak x, — y, =y, — x, = 0. LHyHuHr YUYH X, = Y,
x, =y, by epna x, y, € V, Ba x,, y, € V, BeKTOpIap UXTHE-
puit 6yaranu yyyH V, + V, TYFpu HUFUHIU GYnaau. N

Ta
€
+
2

41-§. YN3UKIIN AKCJIAHTUPHUIILIAP
BA NT3OMOPDOU3M

F maipod yctuna V Ba W um3sukiam ¢asonap 6epuwiraH
OYJICUH.

Tavpud. Aeap f: V - W akcaranmupuw yuby:

1) xap kanodai x, y, € V yuyr fix + y) = f(x) + [¥),
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2) xap kanoauil € Fea x € Vyuynu f(Ax) = € f(x) wapmaap-
HU KQHOGMAGHMUPCA, Y YU3uKAu delusradu.

by epnaru 1) Ba 2) mapmiapHHu yuoy:

Xap KaHgai x, y € Veai,u € FyayH fAx + uy) = Af(x) +
+ uf(y) wapT GWIaH aJIMAaIITHPHUII MYMKHH (TEKLIMPHUHT!).

MareMaTvK HHAYKUHSA €paaMuaa 1) Ba 2) wapriapiaH xap
KaHgai x, x,, ..., x € VBai,4,, .., 4 € FyuyH

| f(gikxk) - gakf(xk)

MYHOCA0ATHUHT YPUHJIM 3KAHJIUTH KypcaTWwIagu.

Muconnap. 1) V — uxtuépuit ynsuxkyu ¢aso Ba i € F
OepuiaraH ckaiasp OyiacuH. Y xonaa f(x) = Ax — YU3UKJIU aKC-
JaHTupunl. XycycaH, f{x) = X, SbHU aMHMM aKCJIaHTUPHUIL-
YU3UKJTUAUD.

2) R® TeKuMCIWKIArd Xap OUp BEKTOpHH OepwiraH a Oyp-
yakka Oypuil Oy ¢azona YM3MKIM aKCIAHTHPUILIHU Oepanu.

3) Yuwby fix) = 2x, + 3x, x = (x, x,) € R, dopmyrna
ownan 6epuaraH f: R - R aKCIAaHTUpHUII — YU3UKJIH.

4) Ywby fix) = (2x, — 5x,), x = (x, x,) € R* Ppopmyina
bwnaH 6epwirad f: R? - R® — aKCIaHTUPHUII XaM YHU3UKJIH.

5) R[f] ¢azoma xocwia oauiml — Oy ¢a3oHM Y3UHU Y3Ura
YU3UKJIM AKCIAHTHPHUILIMD.

Arapf: V- Wsag: W - U — 4d3UKIU aKCIaHTUPHULLIAD
O¥yica, y Xoijga yIapHHUHI KynaWTMmacu (Cynepro3uLusICcCH),
SbHU gf : V - U akCIaHTUPUILI XaM YM3UKJIUAUD. XaAKUKATaH,
xap KaHpai x, y € V, A, u € F yuyH

glx + ny) = g(fx + uy)) = gAf) + uf(y)) =
= Agf(x) + uglly).

Yusukym f:V -» W akcnaHTUpUIUHUHT A € F COHra
KymauTMacu aed ymoy (Af)(x) = Af{x) TeHIIIMK OWIaH aHWK-
JIAHTaH aKCJIAHTHpUILra adTwiagd. YHUHT YU3UKJIWINTH Oe-
BOCUTA TEKIIWPWIAAN.

Ywsukiu f, : V' > Wa f,: V > W akciaHTMpHUIUWIAPDHUHT
uurnHaucu ne6, ywoy (f, + f)(x) = f(x) + f(x) TeHIIUK
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OwiaH aHUKJIaHTaH aKCIaHTHpHINra aWtwiaaud. by akcnaH-
TUPHUII YHU3UKJIUIHAD:

(i + H)@x + py) = fiAx + py) + [Ax + py) =
= M) + uf,(y) + AL + uf,() = A(X) + f,(X) +
+u(f,(y) + L) =AU, + LX) + ulfy + L)

Arap f: V- W — YyH3UKJIU aKCJAHTUPHII ¥3apo OUp KUH-
Matiau 6yica, y xomaa f-': W - V akcIaHTHpHUII XaM YH3HK-
;. XaKMKaraH, arap y,, y, € W, 4, u € F 6¥yica, y xonna
Yy =), ¥, =A%), X, %, € VBafIGy, + uy,) = fAGfx) +
+ ufix)) = ffAx, + px) = Ax; + px, = 4(y) + w7 0).

Tavbpu . YVaapo 6up Kuiimamau wusukiu aKkcranmupuut u3o-
mopguzm de6 amanadu. Azap V wuszuxau pazonune W wusuxau
pasoza 6upop uzomopuimu masexcyd 6yaca, V gpazo W ¢aszoea
usomopgh deb amanadu ea V = W kypunuwoa 6eseunanadu.

Yu3uKIM aKCIAaHTUPHUILIADHUHT OKOpUAa HcOOTIAHTaH
XoccajapyiaH xap KaHaad yu3ukKiau ¢a3o y3ura u3oMopd
3KAHJIMTU Keaub yukanu (TbHU aHUM aKCJIaHTUPUIN — U30-
Mopdu3mMaup). YHAaH tamkapu, arap V = W 6ynca, y xonna
W = V, (CHMMEeTpHMKIHMK Xoccacu); arap V = W, W = U
Oy¥nca, y xonga V = U (TpaH3UTHBIMK XOCCACH).

H3omopdu3M BekTopaap ycTHAArH aMaLiap OWIaH YpUH-
AIMALIMIL XyCYCUSITUTa 3ra O6yiaraH y3apo 6Up KUMMAaTIU YU-
3UKJIM aKCJIAHTHpULU OYiraHud ydyyH V (a3oHUHT BEKTOpJap
ycTuaary amajuiapra 60rIdK 6yaraH 6apya XyCyCUATIApHU HUX-
TUEPHUI yHra uzomopd Oyiaran ¢asora yrwiranga cakjaHaau.
XycycaH, nzoMmopd YM3NKIN da3ojap OUp XU yoIyaMra ara.
Yexuu ¥muaminu dasonap yuyyH 6y TaCAMKHUHI TECKAPUCH XaM
YPUHIIH.

l-treopema. Azap F maiidon ycmudazu éexmop pazoaap
b6up xua wexau yamameza 3za 6yaca, yaap uzomopdg.

TeopeMaHn ucboTnail yyyH H30MOPHUIMHUHT CUMMET-
PHUKIIMK Ba TPAH3UTHBIMK XOCcajJapura acocaH F MaMlIoH yc-
TUOATM Xap KaHmad » Ymyamiud V un3ukiu ¢asoHMHr F* ra
u3oMopd 3KAHAUTHHU KypcaTHll KU@os.

Hcb6bor. Yoy {e, ..., e } TM3UM V HUHT 6a3ucu OYICUH.
bapua a,, .., a, € FyuH fla, .., a) = ae, +..+ ae
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TEHIJIMK OWJIaH aHUKIAHraH f:F* - V akCIaHTUPUILHMHT
M30MOP(PU3M SKAHIUTHHHU KypcaTaMM3.

Arap x € VBEKTOPHMHT {e,, ..., e } 6azucraru KoopaAMHaTa-
napu &, ..., §, 6ynca, y xonna fi§,, ..., §) = x. Koopaunara-
JapHUHI ATOHAIMK Xoccacura acocad fla,, ...,a,) = fiB,, ..., B,)
TEHIIMKIAH (a, ..., a,) = (B,, ..., B,) TEHIIMUK KeIUO YUKAIH.
by f akCraHTUPMILIHHMHT V3apo OUp KMMMATIH 3KAHIUTUHU
Kypcarand. YHIaH TallKapu [ — YM3MKJIM: arap u = (a,, ...,
a),v=_8,...8)Auc€ Fﬁj’mca}, y XoJiaa

fhu + pv) = fla, + up,, ..., Ada, + ) =
= (da, + uB)e, +..+ (Ad, + up)e = A(ae, +..+ ae) +
+ uBe +..+ pe) = iAfu) + ufv). R

Unsukiu f: V - W akcrnanTtupuiu 6epwiran OYJICHH.

Tavpud. Yuwby f(x) = 0 menaauknu KaHoamaanmupyeuu
6apya x € V eexmopaap mynaamu wusukiu f aKcAaGHMupuHuHe
Heau3u (adpocu) deb amanadu ea k(f) kypunuwda beascunranadu.
V) = {f(x)/x€ V) C W mynaam [ akcaanmupuwnute akcu
(obpasu) deb6 amanadu.

2-treopema. Huzuxau f:V > W axcaanmupuwnune nezu-
3u V paszonuunz xucmepaszocudup, obpaszu 3ca W pazonune xucm-
dazocudup. Azap V uexau yauamau 6yaca, y xoaoa

dim k() + dim f(V) = dim V.

Hcbor Arap x, x, € k(f), A, u € F 6¥unca, y xonna
fix) =0, Ax,) = 0. bynnan filx, + ux,) = Afix) + ufix,) = 0
bHU Ax, + ux, € k(f). lllynra yxwaiu, arap y,, y, € f(V), 4,
p € F6ynca y xonna mwysna x,, x, € V BeKropiap MaBXy-
ku, y, = fx,), y, = fix) Bady, +uy, = Mx) + ufix) = fdx, +
+ ux)) € V). '

Iuau dim V = n, {e,, ..., e,} TA3UM K(f) HETU3HMHT Oa3uUCH
Ba V ¢a3oHMHT k(f) Herusnaru Oy OA3MCHUHT TYJILAMPWIHILIM -
AaH Xocwi OyiraH 6asucw {e, ..., e, ¢, ..., €} OyIcUH. ¥
xonna fle,,,), ..., fle)) Bekropnap TH3UMU f(V) HHUHT Gasucu
Oynanu. Xakukaras, arap y € f(V) 6yica, wyHnai x € ¥V mas-
Xyoxd, y = f(x). byHra acocaH, arap x = a,e, +...+ a,e, +
+a,,6, t.tae,a € F(i = 1,n)6Ynca, y = fix) =

n n
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= a,, fle,,) +..+ afle) uyHku fle) =...= fle,) = 0. Yunau
ramikapu f(e,, ,), ..., f(e,) BeXTOpJiap YM3UKJIH 3PKIH.
Xakukarad, arap 4, fle,,,) +...+ 4 fle) = 0 6¥ica, y Xonna
SO, e, +ot re) =2 fle,) +.+ Afle) = 0, abHH

Ay, Tt A e € k().
Hemak, 6upop u,, ..., 4, € F yuyH
Ate,,t.tle =pue +..+ue,
pe +..t+ue —4i ., —.—2e =0.
byunaun Ba {e, .., ¢, ¢, , .., e} TUBUMHUHT YU3HKJIU
SPKIWIMIMAAH y, = u, =..=pu, =4+ =.=1 =0,

[IyHpan Kuwiuo,
dmV=n=k+ (n — k) =dimk(f) + dim f (V).

Hartuxa. Yexau ynuamau uwusuxiu ¢pazonunz yaunu ysuea
YUIUKAU AKCAQHMUPUWURUNZ V3apo 6up Kutimamau 6yauuiu yuyH
YHUH2 Hez2u3u Hoab pazo 6yruwwu 3apyputi ea Kugoasui wapm-
dup.

HU c6or1. by luapTHUHT 3apypjJura a€H. Arap Oy wapr ba-
XapuiraH Ba dim V= n 06ynca, 2-reopemara acocaH dim f(V) =
n. demak, (V) = V. Yunan tamkapu f(x) = f(y) TeHIIMKIaH
fix —y) = 0 TeHmmK, OyHoaH 3ca x —y = 0 Ba x =y
tedrukiap Kenu6 yukanu. W

by HaTtuxana ¢a30HHUHT YeKIH VIYaMIWIATUY MyXuM. Ma-
cajiaH, Xap 6up x = x(t) € R[f] yuyH f(x) = ix TEHNIUK OWIaH
aHuKjaHrad f: R[t] - R[f] 4yM3UKIU aKCIAHTUPHUIIHUHI HE-
T34 HOMB (pa3o Oyaranu OuiaH y ¥3apo OUp KMMMATIM 3Mac,
YYHKU YHUHT aKCH 0301 Xadd HOJIbra TEHr OyiaraH Kym xai-
JlaplaHTHHa HOOopar.
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Emmunvu 606

YN3HUKJIN, BUIA3UKIA BA KBAJIPATUK
OOPMAJIAP

42-§. YN3UKJIN POPMAJIAP
»

F mangon ycruna V yu3ukiau ¢aso 6epuirad OYiaCcHH.

Tabvpuo. Aeap ¢ V > F ¢ynkyus ywby:

1) xap kanoai x, y, € Vyuyn p(x + y) = p(x) + <p(y),

2) xap kanoau x € V, L € F yuyn p(Ax) = Ap(X) wapmaapru
KQHOaQmMAGHMUPCa, y 4usukau gopma (Musukiu @QyHKuua, 4u-
3uKau ynkyuonan) de6 amanadu. bowkaua cysaap busran aii-
munzanda, azap F maiidonnu y3u ycmuda wusuxau ¢pazo deb
Kapaaca, yusukau gopma — 6y V wusukau ¢paszonu F matidonea
YUIUKAU AKCAGHMUDUWUOUD.

Muconnap. 1) Arap V — ymyamu n OyiaraH 4u3vKIH
da3o0, x € V BeKTOpHUHT OUpop Oasucaaru KOoOpAUHATaIapH

g, ., &, Baq,a, .. a € F— 6epuwiraH ckairsgpiaap Oyica,
y xomma ¢(x) = aé,, .., + a§ GyHkuma V parm YM3MKIA

¢dopmanup. Keitunpok V naru xap kaHaah 4Yu3UKIH ¢opMa-
HUHT Wy KYpUHUILAA UpoaAUTaHUIIYM MYMKUHIUTH KypCcaTH-
Jaau.

2) Yekcus i’rJIqbaMJm Cla, b] yu3ukiu ¢$pa3oHUHT X(1) 37e-

MEHTHIA w(x):fx(t)dt TeHMK owian ¢ : C [a, b] - R

oepwiran CDYHK].[(;{IH YU3UKIA HopMagup.

OHmm dim V = n, {e, ..., e} Tuaum V naru 6asuc, x € V
BEKTOPDHUHI' Oy Oasucparu koopauHataiapu &, ..., &, SbHU
x=§&e +..+&e 6YicuH. Arap ¢ : V> F— yusuxiau popma
6yaca, y xonna ¢(x) = af, +..+ af , Oy epna a, = ¢(e),
(i = i,_n)- lynna#i xwin6, xap KaHgal 4u3uKiIu ¢opmMa Ga-
3UCra KUpPYBYM BEKTOpHAru KMMMariaapy OWIaH Tyjaa aHUKJIA-
Haau. by xuiiMatnap yu3uKimM GopMaHMHT OepiiraH dasuc-
Jaru ko3¢ uumeHTIapu Aed araiagu.
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Arap {f,, ..., f} Tu3uMm V naru Ooiuka 6asuc Ba C = (y,) —
OMpuHYM ba3vCllaH MKKMHYM Oa3ucra YTUIL MaTpUUAacH Oyiica,

y xomna f = Svuer, B =olf) = 37, 0(€), (k=1L n,

STBHU ;= EYikaia (k=1n).
i=1

by dopmynanap 6a3uc y3rapraHjga YM3MKJIM (HOPMAHUHT
KO3dPULMEeHTIapU KAaHOak Y3rapullMHU KypcaTaau.

KuiiMatu F mailinoHaa €ryBuM V uu3sukium ¢asona aHUK-
JJAHIAaH UMKKWATA YU3UKIA (POpMAHMHT WUFMHAMCH Ba V na
AHUKJIAHTAH YU3UKJIH (POPMAHMHT CKAJIsIpra KymaiTMacu siHa
V na aHUKJIAHTaH YM3UKJIU (opMaaup.

by amanapra Huc6ataH V pa aHukKiIaHraH KuiMatu F
MaigoHaa 6yaradH 6apuya yuM3MKJIM popManap TyiuiaMu F Maii-
JOH YyCTHUIA YU3HUKJIU $a30 Xocwi Kwiaau (TeKwupuHr!). by
yn3ukiId $aszo Vra kymMma neb atajaagu.

Teopema. F maiidon ycmuda n-yawamau V wusuxau ¢haszo
6a ¢ : V> F — wuszuxau popma bepuszan 6yacun. Y xoa0a ¢
wuszukau gopmanune adpocu R(p) (n — I) yawamau xucmepa-
3o0up.

HUcborT. 41-§. naru 2-reopeMara Kypa

dim k(p) + dim (V) = dim V = n.

by epna ¢(V) = FBa F MaiiloH Y31 ycTuaa Oup yaryamin
YU3UKIM (pa3zo 6yiaranu yuyH dim k(p) = n — 1. B

43-§. BUMU3UKI/IN BA KBAIIPATUK ®OPMAJIAP
Tabpud. Azap uxku eexmop apzymenmau ckarip ¢(x, y)
@yuxyus ¢ . V2 > F xap 6up apeymenmu 6ytiuna uusuxau 6yaca,
%H;‘) xap kanoaii x,, x, € Veald, u € F yuyn
p(Ax, + px,, y) = Ap(x,, ¥) + up(x,, ¥);
2) xap Kanpat y,, y, € VBad, u € Fyuyn

o(x, Ay, + uy,) = Ap(x, y,) + pp(x, y,)
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wapmaap 6axcapuica, y 6unusukau gopma (Qynkyus, yuxyuo-
Han) de6 amanadu.
Muconnap. 1) D(a), D(a) Ba D, pasonapna HyHaITH-
PWIraH KECMATAPHUHI CKAJISIp KYIaHTMacu OMYM3HKIN popMa.
2) P pasopax = (§,...,§)Bay = (n, ..., 7,) BEKTOpjap

yuyH ¢(x,y) = Z &m; TCHDIMK OWnaH aHUKJIaHraH (QyHKLUSA
i=1

OMYU3UKJIIH.
3) DnemeHTIapu F MailoHAaH OJIMHTaH n TapTHOIM (a )
KBaJpar MaTpuua bepwiraH 6yiacun. F¥ pasogax = (£, ..., §))

Ba y = (1, ..., 77,) BEKTOPIAp YYyH p(x,y) = 2 &M TEHr-
i, k=1

JUK OWIaH aHUKJIAHTaH PYHKUMSA OMYM3UKJIUAMD.
4) (la, b] da3oHMUHT X(1) Ba y(1) 37€MEHTIIAPU YUYH

b
o(x,y) = | x(n)y(r)dt

TEHITIMK OWIIAH aHUKJaHraH GyHKUUS OUMYHU3UKIIH.

Ounu dim V = n, {e, ..., e } Tuaum V naru 6asuc, 6y 6a-
3UCAa X Ba y BEKTOPJApHUHI KOOpAMHATAJIapU MOC paBHILa
&, ..., § Ban, .., n OYICHH. Y Xonua

p(x,y) = ‘P(i £.e, i’?kek) = zn:aikgi”ks

i=] k=l i k=1

Oy epaa a, = ¢(e, e)).

by a, ckamapnap ¢(x, y) Ouun3ukiM GopMaHHHT {e, ...,
e } basucnaru kosppuumentiapu, 4 = (1,) = (p(e, e,)) € "
3ca — Marpuuacu ae6 aranaau. llyHpait kuwiub, TaiMHIaH-
raH 6asucma ¢ : V2 -» F onuusukiau ¢opmanap GwiaH aJie-
MeHTIapu F jaH ONMUMHraH n TapTHOJM KBajgpaT MaTpulanap
opacuia y3apo OMp KMMMATIX MOCIMK MaBXY..

OHAU 6asuc y3rapraHaa OMYU3UKIM GOPMAHUHI MATpH-
LIaCH KaHJaW y3rapuilWHM TeKIIMpaMHu3. Arap FV ga 6ouika

fo = Z Y€, (K = I,_n) 6a3uc oJuHraH 6yica, y xonga ¢ (x, y)

i=1
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OMuu3uKIN (HOPMAHUHT SHrH 0a3McIard MaTpUMUACMHU B =
= (B,) opkajiu Oearuwiab, YHUHT 3JTeMEeHTIapu YYyH KyHuaa-
M udoJaHN TOMAMMU3:

Bu = 9(fis fi) = w(}iﬁlymew imeq} =

= 2 Ypiqugo(ep:eq)= Eygapquk‘

P9q=l p,q=1

by tenrmmk B = CTAC 3kamMruHu Kypcatanud, Oy epaa
C= (y,) — OupuHYM 0a3uCIaH UKKMHYM Oa3Ucra yTHil Mar-
puacu. C Marpula JOUM MaxcycMac OyiaraHu y4yH Ba Mar-
PHUIIAHUHT paHINd MaxCcycMac MaTpulara KyrauTupwirasia
y3rapMaraHJurd y9yH A sa B MaTpuUUAJapHWHT DaHTU Oup
XWI 3KaHJIUTUHU TOIIAaMH3, STbHU OMYM3UKIM (HOPMAHUHT Xap
xu1 6Gasuciaapgard MaTpUIIACMHMHT paHrd Oup xwi. by coH
OMYM3MKJIM (POPMAaHUHT paHIu e aramanu.

Arap ¢(x, y) — OMUM3UKIH dopmMa Oyica, y xoinma q(x) =
@(x, x) KBaapaTuk (opma neb6 aramaau. LlyHpait Kuauo,
IOKOpHJIa KEJITUPWITraH Xap Oup Mucoa KBaapaTuk ¢opmara
MHCOJIHU Oepaau.

Tabpud. Acap xap kaudaii x, y € V eexmoparap yuyH
o(x, ¥) = (¥, X) menaaux ypunau 6yaca, 6y 6uvuzuxiu gopma
cummempuk deb amanadu.

Cummempuk OGuuusuKkiu opmanune mampuyacu xap Kanoau
6asucoa cummempuk: a, = p(e, ) = ple, e) = a,.

AKCHHYa, arap O6MYM3UKJIM (POPMAHUHT MaTpULACU OUPOp
0asucga CUMMeTpHK Oyinca, OMuu3uKiIn Gpopma XxaM CUMMET-
puk. XakukaraH, A = (a,) — 6upop basuciga ¢(x, y) 6uyu-
3UKJIM (POpMaAHUHI MaTpullacu, Oy O6aszucoa x Ba y BEKTOp-
JIADHUHT KOOpJAMHATaJIapyu MoC pasumga g, , ..., § Ban, ..., n,
6ymcuH. Arap A — cUMMETpUK 6O¥ica, y Xoilma a, = q,,
(i,k = 1,n). ByHra acocaH

n n
ané, = Eakinigk =
i,k=1 i, K=1

= 2": A& = iaikgiﬂk = p(x, y).

k,i=1 i, k=1

o(y,x) =
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Arap F MalHJlOHHUHT XapaKTepucTUKacu (6ejgrucu) 2 naH
dapkym 6¥ica, y Xo1a g(x) = ¢(x, x) KBanpaTuk ¢popMa yuoy

Y(x, y) = %(so(x, y) + ¢(y, X)) CUMMETPUK OUIU3UKIU (op-

Ma OMJIaH XaM XOCWJI KWIHHaAu. by y(x, y) CMHMMeTpuK OMyu-
3UKJIM QopMa g(Xx) KBaapaTHK (HopMa OpKAUIU OUP KUMMATIIH
aHUKJIaHaau. XaKUKaTaH, ¢(x + y) = yp(x + y, x + y) = q(x)
+ q9(y) + 2 y(x, y). by eppan

Y, y) = 3 (a0x + ¥) — 99 — q().

OepwiradH KBaApaTHK (OpMaHHM XOCWI KWIYBUYM STOHA CUM-
METPUK OMUYM3UKIU PopMa MABXYUIUTMHHU KYpaMmH3.

Tabpud. Keadpamux gopmanu xocun Kuayeuu a20Ha Cum-
Mempuk 6uMuzuKAu popmanune mampuyacuza Keadpamux Qop-
MaHuHe mampuyacu de6 amanadu.

Illynmai Kunau6, KkBaapaTuk ¢GOpMaHUMHI MaTpULlaCU Maw-
JIOH XapakTepucTHKacH 2 aaH ¢apkiu 6ynraHaa aHUKJIaHUO,
y JOUM CHUMMETPHK.

44-§. KAHOHHK BA3ZUCJIAP

Fwmaiinon yeruaa Vuusukiam ¢aszo Ba € : V2 » F— Ouvu-
3UKJIM popMa Gepwirad OVICHH.

Tavpud. Aeap V daeu fe,, ..., e} 6asucda ¢(x, y) buu-
3uKau hopmanunz mampuyacu duazonan (AsHu i # k 6yaeanda
o (e, e) = ) 6yaca, by bazuc p(x, y) bunuzukau gopma y4yH
KaHoHuk de6 amanadu.

JlvaroHanr MaTpuua CUMMeTpUK O¥nraHu cababnau, Ouyu-
3UKJIH (POPMAHMHT KAHOHUK 6a3MCH MaBXy OV/IMILM YYyH YHUHT
CUMMETPHK Oynuiuu 3apyp. Arap F MaWIOHHUHI XapaKTepHuC-
TUKAcU 2 naH ¢apkiau 6yiaca, Oy mapr kudosi xamMaup.

l-reopema. Xapaxmepucmuxacu 2 dan apxau maiidon
ycmuoazu uexau yaHamau 4u3uxau pazooa anuxianzan xap Kax-
daii cummempuk bunusuxau popma Kanonux bazucea 3za.

NcbHor1. UcOboTHU YM3UKIN (Pa30HMHT YIyaMu OyHUua
MaTeMaTUK MHAYKLHS YCYJIM €paaMuia ucOOTIanMu3.
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XapakTepucTHKacu 2 gaH ¢apkjau F MailloH ycTHna
yryamiin ¥V uu3ukiau ¢aso Ba ¢ : V? » F— ouuusukiu ¢opMa
b6epuwiraH OVJICHH.

Arap n = | 0Oyica, TaCAMKHUHI YPUHIHIWIH a€H, YYHKM
OUpUHYHU TApTUOIIU Xap KaHAAM MaTpHUIla IHaroHajl KYpUHUILTra
ara. JHOU n > 1 6yincuH Ba ymuamMu < n OYJIraH 4YU3UKIU
dasonap ydyyH teopeMa ucboTiaHraH ae6 ¢gapa3 KuiaMus.

Arap ¢(x, y) = 0, apbHM aliHaH HOJIbra TEHT 6VJIca, y Xoaaa
YHUHI MaTpUUACU XaM HOJIb MaTpulia 6¥a1ub, yHMHT YYyH Xap
KaHAal 0a3uc KaHOHUK Oynanu. Arap ¢(x, y) HoJabpaaH apk-
i OMYIM3UKIN popMa OFica, y xonaa wyHnai e, € V BeKkrop
MaBXYIKH, p(e, e) # 0, YyHKHU aKC X0J1a Xap KaHaak x, y € V
BEKTOpJIap YYYH

(6, ) = 3(p(x + 3, X + ) = 9%, %) = p(y, ) = 0

YpUHIM OYynapau.

Yuby V, = {x € V/ p(x, e,) = 0} T¥IuiaMHu K¥pamu3. by
TVIiuiaMm V pga ymuamu (n — 1) ra teHr KUcM $a3o XOCHJT KWIH-
IIMHM KypcatamMu3. Arap x, y € V, A, u € F 6ynca, ¢(x,
e) =¢(y, e) = 0. byngan o(lx + uy, e) = 1p(x, e) +
+ up(y, ) = 0. lemak, Ax + uy € V,. Xap 6up x € V BeKTop
ywby x = e, + y, A€ F, y €V, KypuHMILga AroHa ycyn
OowiaH upoaaTaHUIIU MYMKHH. XaKMKATaH, OXUPrd TEHIJIHK
¢(x — e, e) = 0 TEHITIMKKA TEHT KYWIH, SEHU (X, e,) — Ap(e,,
e) = 0. By aca ¢(e,, ) # 0 6yaranu yays A = (:((z:::))
nuKKa TeHr Kywid. Hlyanai Kwinb, A oXupru TeHIJIMK OpKa-
JIM SITOHA yCyJila TaHMaHamu, y = x — e, € V, Ba x = 4e +
KYpMHMILAA AroHa ycyiana udonanaHanu. Jemak, V ¢aszo V)
KucMpaso owrian 6up ymyamnu {le, / A € F} dasonapHUHT
TYFpu AUFUHAMCHAMD. byHnan dim V, = n — 1.

HUuaykuusuunr gapasura acocan V| ¢asoma ¢(x, y) 6u-
YM3UKIM GOPMaHUHI KaHOHUK 6a3ucu MaBXyad. Yoy {e, ...,
e } TH3UM V| 1aru KaHOHMK 6a3ucaapHUHT 6upopTacu OYICHH.
Y6y {e, e,, ..., e,} TH3UMHUHT V 1a KaHOHMK 0a3uC 3KaH-
JIMTUHU HCOOTIANMU3.

TCHI-
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Xakukarat, 1 < k yuyH p(e,, ¢)) = 0, uyHku ¢, € V. Arap
2 =i < k 6ynca, y xoina {e,, ..., e} TM3UM V| na KaHOHUK
6yiranu yuyH ¢(e, e¢) = 0. bynapunan ¢(x, y) HUHI CUMMeT-

pUKIMTH Tyaiiu Xap KaHua [ # k, [, k = I,—n jap y4yH
p,e)=0 N

UcboTnaHran TteopemMa OMYMIMKIA HOpMa YUyH KAaHOHMK
0a3UCHUHI MaBXYLIMTMHUTMHA KypcaTuO, MyalsiH OMUMU3UK-
Ju popMa YYYH YHHM KaHIal ycya OWIaH TOIMIU KepakKiIUru
TYFpUCHIA KypcaTtMa (aUIroputM) d6epMaiaou.

Kyiunna KeJITupuiaauraH teopeMa 6ab3u OUp CUMMETPHK
OMUM3UKIIM (opMaIap YUYH LUYHIOAH KypcaTMaHH (alropUTM-
HU) Oepanu.

2-reopema. bupop fe, ..., e } 6asucda A = (a,) mampu-
yacununz 6apua Oypuax munopaapu Hoavdan gapkau byazan
¢ (x, y) cummempux Ounmuszuxau hopma bepurzan 6yacun. Y
Xoa0a buquzuxau popmanune 6y bazuc busan yubypuaxau ymuiu
mampuyacu opkasu 6orranzan wynoai f{f, ..., f} xanonux

A — —
basucu maexcyoxku, ¢ (f,, f) = I‘:k 1 , (k = 1,n), 6y epda

A,=1, A, sca A mampuyanunz k — 6ypuax munopu (k = 1,n).

bepwiran {e, ..., e } 6asuc 6unan yybypyaxiu yTyunl Mat-
puuacu 6wnaH 6ornaHraH Ba 1 <j < k < n TEHICU3IUKHH
KAHOATJIAaHTUPYBYH j, K Jap yuyyH ylilOy

p(foe)=0,p(,e) =1 (1)

MYyHOCA0aTJIApHU KAHOATIAHTUPYBYM AroHa {f,, ..., f} 6asuc
MaBXYJIMTUHU Ba Oy 0a3MCHUHI T€OpPEMaHMHI Oapya mapT-
JJApUHU KAHOATJAHTUPHUILUMHU KypCaTaMM3.

Auru {f, ..., f} 6a3ucHu ywoy

k -
fk = EYikei) (k = 13”)3 y;k S F,
i=1
KYPUHUILLA KUAUpaMu3. Xap Oup taMiuuHiaanradH k yuyyH (1)

MYHocabatTinapgaH yuoy
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2‘P(eiaej)7’zk =0 (j=Lk-1), z‘/’(eia e )i =1,
i=1 =1

ADBHHU

i=1 i=1

MyHocabariap Keaud YHKaOu.

TaituHi1aHTaH kK yyyH Oy MyHOCA0aTIAD y,,, ¥V, «-o» ¥y J1AD-
ra HUCOaTaH qeTepMMHAHTU A, # 0 6yaraH k Ta YU3HKIY TEHT-
NTaManap tusuMuaup. by TM3MM firoHa eyumra sra 6yaub, y
Kpamep Koupacu O¥iuya tomwiany. XycycaH,

Vi =251 20 (k=Tn).
Ay

[llyuunr yuyH {e, ..., e} 6asucman {f, ..., f} TH3UMrIa

yTUL y4yOypyakid MaTpULACH MaxcycMac, UYyHKM YHMHT Ae-
1
TepMUHAHTH Y11°V22 """ Vmn = A_n ' byura acocan {f,, ...,

/} TM3uM XaM Gasucaup. DHAM (1) maH { < kK TEHICU3NUKHH
KAHOATAAHTUPYBYM I, kK Jap y4yyH yuoy

‘p(fkaf;) = ‘p(flu Zyjiej) = Zyjﬂ)(fk,ej) =(

MyHOcabaTHH ojamu3. byHnaH ¢ (x, ¥) HUHI CUMMETPHMKIH-
TUTa acoCaH / > kK TEHICU3JIMKHM KAaHOATJIAHTHUPYBYH i, kK Jap

yayH ¢ (f,, f) =0 MyHocabatiapHu xaMm omnamu3. [lemak {f,,
..y [} TH3UM ¢ (x, ¥) Y4yH KaHOHMK 6asuc. Huxosar, (1) ra

aCoCaH

o[> &) = X, vike(fk-€) = v ik ¢k ek) = %—1- (k=1,1).1
i=1 k

KaHoHuk 6a3ucHu Oy TeopeMmaaa KeJTUPWITAaH TOMNULU
ycyau SIkobu ycymu ned artananu.
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45-§. JJATPAHXK YCYJIA

Arap ¢ (x, y) — CUMMETpUK OWYM3UKJIU dopMma, g(x) =
¢ (x, x) yHra Moc KBazpatuk ¢popma Ba {e,, ..., e } 6asuc ¢ (x, y)

yIyH KAHOHHMK 6yica, y xonma 9(x)= > a;& 6y epna
i=1

a, = q(e), £ 3ca X BEKTOPHUHT Oy Oasucnary | — KoopAMHa-
tacH. [LIyHUHTr yyyH 6ab3aH KAHOHHUK 0a3uc KypMILHHU "KBal-
paTUK (POpMaHMU KBAApPATIIADHUHT WHUFUHAMCUra KeJXTHpuIil"
ne6 xaMm ranupwiand (aciIvHM ojiraHga Oy epaa Keaapariap-
HUHT MMFUHIUMCU TYFPUCHUIA 3MAC, YJIAPHHUHT YU3UKJIU KOM-
OMHALMSICU TYFPUCHAA Fall KeTasITH).

KBanpaTuk ¢opMaHU KBaApATIAPHUHT HUFUHAMCHUTA KEJI-
TUPYBUM Ba JlarpaHx ycyau ne® arajyBUYM YHUBEpCAJ yCYI
MaBXy[. YHHUHT aCOCUH aXpaiud TypaauraH XyCyCHUsITH IUYKH,
YHAA Macaja 0a3uCHM 3Mac, OaAJIKM KOOpDAMHATAJIApDHU KeT-
Ma-KeT aJIMalUTUPUIN MYJIM OWJIaH Xaa KWIMHAIU.

Ksagpatuk q(x) ¢opma 6upop 6Gasucaaru Marpulacu
A= (ay) oyncuH. by Marpuna cumMeTpuk. byHra acocan

90) = qEy, b)) = Nagb, =3 a2 +2 S aufi,.

i, k=1 i=1 Isi<ksn
busra g(x) = q (£, ..., §) KBaapatuk ¢opmara x BEKTOp-
HUHI &, ..., § KOOpAMHATATADUHHUHI QYHKUMACH cudaTHaa

Kapall KyJanpok.

A MaTtpuuaH4 HoabplaH ¢apkiau aed ¢apas KwiaMu3 (arap
A 6upop 6azucaa Houbra TeHr 0Vica, y xap KaHjuam 6asucna
XaM HoJbra TeHr 0yaub, yHra Moc KBaapaTUK (opMa Xxam
alHaH HOJIbra TeHr 6Vianu). ¥ xonga YHMHT KamMuiaa 6upop-
Ta 3NEMEHTH HOJAbIAH (PapKJIH.

Arap a,, = 0 6yica, y xonza &, HM §3 U4ura ojyBuM bapya
XaUIapHU MUrU0 Ba Oy MUFMHAMHM KBaJapaTraya TYJIOUPHUO,
Kyiuaard upogaHu OJaMHU3;

g€ &) = ay (&, +%§2+...+91—"5n)2 +q, &y, oony E)),

11 a,
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oy epma q(&,, ..., §,) udona n — 1 y3rapyBUMHUHT KBAAPaTHUK
¢dopMacu. Arap A MaTpULAHUHT a,, 3Mac, baiuku GoluKa Ou-
pOp AMAroHal 3JIEMEHTH HOJbAAH ¢GapKiu 6yica, 10KOpHaa-
rura yxiuam Myjioxasa IopuTaMu3 (MacanaH a, # 0 6yica, &
ypuHra £, 6wiaH MyJjioxasa IOpUTaMK3).

DHIU A MaTpUMLIAHUHT 6apya AMaroHax 3jJieMeHTIapyu HOMb-
ra TeHr OyiaraH XoaHu Kypamu3. Y xoiaga oupop a, I #J
3MeMeHTH HoibAaH dapkiu. Copnanuk yyyH a,, # 0 6yJICHH
NeMK. Y3rapyBUMIapHUHT KyHUAArd Imqum aﬂmammpn—
LIUHM OaxapaMu3s:

§ =&+ -S;,

El = 51 3

& =....8&,

£, =. '
by 4YM3MKJIM anMalITHPHIIHUHT MaTpPUIIACH MaxcycMac
0ynub, xocwn 6ynran &, &, ..., & y3rapysumnapra OOFIHK

OyiraH stHru KBaapaTuk Gopma yuyH a;, # 0. YHra siHa oKopu-
Jlard MyJIoXa3aJlJapHU TATOMK KWIMIN MYMKHH bouika a, #
0, / # j 6yarad xoJ IyHra yxmam Kypuiaau.

by Mynoxa3zagapaaH KYpHHAaAUKH, NOHUM KBajapaTHK dop-
MalaH YU3UKJIA UPOJAHUHT KBAAPATUHU aXpaTHO OJIHUII MyM-
KWH, KoJIraH udonanap 3ca y3rapyBYWIApUMHUHT COHU OUTTA-
ra KaMm KsaapaTuk ¢GpopMaHM XOCHI KWwianu. by KBaapaTuk
¢hopMmara xaM IOKOpHAArd MyJOXa3aJapHH TaTOMK Kwiub Ba
MaTeMATUK UHAYKLUUS YCYJIHMHHM KVUIaHUO, IUMpoBapauia oe-
PWITaH KBaapaTUK (OpMaHMU YU3UKIU udoaatap KBaaparia-
PHHUHI HHFUHAMCH KypuHHuaa udonaram MyMxuH. i

Mucon xypamus. V = R 6yn1ub, ynna q(x) = q (¢, £,, &)
= £ — 382 - 28 &, + 28 &, — 6£ £, kBanpaTHK dopMa Gepuirad
oyacuH. Y xonnma

a(x) = (&} — 26§, + 26 £) — 38 — 65¢,

=, —§,+ 5P -E -4 4L =

=€, -+ 851 - (& + 4L -4 =

= (& - &+ &5) - (& +28) =n] —n,
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oy epma n, = § — &, + &, , n, = &, + 2 &, y3rapyBuwiIap x
BGKTOpHI/IHI‘ SAHI'H KOOpIAHWHaTaldapHu, SSbHHU

™ E.vl 1 -11

In=CE&,, C=]0 12

M, €, 0 01
bynnan

& n, 11-3

E,[=CYn,|, C'={01 -2

€, N, 00 1

Hemak, 38-§ ra acocan {f,, £,, f,} KaHoHMK 6a3uc {e,, e, e,}
ba3uc OWwiIaH Kyiuagaruya OOFJIaHTaH:

fi=e,f,=¢ +e, f=-3 —2e +e,

46-§. XAKUKUH KBAJPATUK ®OPMAJIAP

KoapdpuuueHtrnapu R XakuKui cCoHjIap MaWIOHUIAH OJIMH-
raH YU3UKJIM, OMYM3KUKIM Ba KBaJpaTHK (dopMaiap XaKUKUH
ne6 aranaau. R MaMJOHHMHI XapaKTEepUCTHKACH HoJb O6yira-
HH YYyH IOKOpHIAa McOOTIaHTaH 6apya TeopeMajiap XaKUKHUi
dopManap yuyyH YpHHIIH.

Tabpud. Azap xap kandaii norvdan papkau x gekmop y4yH
q(x) > 0 (q(x)<0) menzcuzrux 6axcapuaca, q(x) xaKuxui Keao-
pamuk gopma mycbam (maunguil) deb6 amansadu.

Muconnap. 1) R ¢asona g(x) = X2 +...+ X2 KBaApaTUK
dopma mycohar. b

2) Cla, b] dasona g(x) = [ x*(¢)dt xBampaTuk dpopma Myc-

b6aT (ucOoTNIaHT). 2

Arap {e, e,, .., e} 6a3uc g(x) xBagpatuk opma Yy4yH
KaHOHMK 6Yica, y Xoiana yHuHr mycbammuru g(e), ..., q(e,)
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COHJIapJIaH Xap OMPUHUHT MyCOATJIMIUIa TeHT Kywid. by mapr-
HUHT 3apypiaurd a€H. Erapmwiuru sca x Bekrop &, ..., §,
KOOpJIHWHTAJAPUHHUHT KaMK1a OMpU HOMbAAH (papKiv OyiraHaa

n
qg(x) = Eq(ek)gi > () TEHICHU3NUKHUHI VPUHJIWIUTHUIAH KE-
k=1

JIMO YUKAIOH.

CunpBecTp Oenrucu me0 aTagyBYd KyHHIArd TeopeMana
KBaJIpaTUK (POPMAHMHT MYCOATIMIMK OEJIruC YHUHI MaTpU-
Uacy TWIHAA OepHiIanu.

l-teopema. A — keadpamux q(x) hopmanune 6upop ba-
3ucdazu mampuyacu b6yacun. Y xoada q(x) ¢opmanunz myc-
b6am 6yauwu yuwyn A mampuyanune 6apua b6ypuax munopaapu
mycbam 6yauwmu 3apyp ea xugposasuii wapmaoup.

UcboT. g(x) mycbar O6yncuH. A MaTpULAHUHT K-Oypyak
MUHODHHH OJIAMM3:

ple,e) .. .ple,e)

‘p(ek:el) . - -Qo(eka elc)

Oy epna ¢ (x, y) — myHaa CUMMeTpUK OMYM3UKIU dopMma-
KU, g(x) = ¢ (X, x). by MUHOPHUHT CcaTpJIap4 YU3UKJIU SPKIH
3KaHUHM KypcaTaMHU3, OYHIaH MUHOPDHHUHI HOJIbAAH (papKJIx
SKAHJIUTH Keaub yuKaau. XaKkukKaTaH, Oy MHHOD CaTpJIapuHU
A,y «vy 4, € R comnapra Kynaitupu6b, R* pasoHUHT HOJb BEK-
TOpUra TeHIJIAUMU3:

Aole, e) +..+Ap(e,e) =0, (= 1Lk)

bBynnan ¢ (e, +...+1,e,¢e) =0, (i = Lk).

KR
by myHocabatnapnaH 3ca

k k
> Ap(he+.. +he,e) = q(d Ae) =0
i=1 i=1

TEHIJIMKHU ojlaMu3. by epnaH q(x) HUHT MycOaTiiurura acocad
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k _
> e =0
i=1

TEHIJIMKHU ojlaMu3. by MyHocabartnaH 3ca {e,, ..., e,} TH3UM-
HUHT YU3UKJIY 3PKIMIMIUra acocai 4, = 4, =...= 1, = 0 TeHr-
JHKHU ojamMu3. by aca A, MHHOp CaTpIAPUMHMHI YH3HKJIU
SPKIWIMIMHM Kypcartauu. byHnan A, # 0 3kanaurv Keauo
quKanu. Akodu yCcyIMHu Kywiab, myHiau {f,, ..., f/} KaHOHHK
0a3MCHU TOIIAMU3KH,

—L —_ A1 - An—l
Q(fl)_ Al ’ Q(fz) - A_’ ceey Q(fn) - A :

2 n

bynnan g ¢opmanuHr MycbaTiiwuiurdra acocan A, >0, A, >

0,...,A >0.
AkcuHya, arap A, > 0 (k =1,n) Gyica, SIxo6u ycyIusH
Kyw1ab, wyHnau {f, ..., f} KaHOHMK 0a3sUCHHU TONMAMMH3KH,
AV 1 .
q(f) = >0 (k=1n).
Ak

byHnan rokopuaa ucboTiaaHraHra acocaH g(x) ¢OpMaHUHT
Mycbatnuru keaud yukanu. Il

[IlyHra yxwaiu Mynoxa3ajiap OM1aH KBagpaTUK OpMaHUHT
KyHugaru MaHQUIuK Oearucu ucOOTIaHAAU: KBAApPaTUK
¢dopma MaHpUH OYVIUILIN YYYH YHUHI MATpULIACH Xy(dT Tap-
TUOJIM Oypuyak MUHOpPJApH MYycOAT Ba TOK TAapTHOIHM Oypuyax
MHHOpJIapd 3ca MaHQUH OYIuILIM 3apypuil Ba KUPOSABUH
waptadp (McOoTIaHT).

Kyiunaru teopema KBajgpaTuk ¢(opMaJlapHUHT HHEPLUSA
KOHYHHU J1e0 aTtajaju.

2-Treopema. Xaxuxui xeadpamux opmanune uxmuépuii
Kanorux 6asucu eexmopaapudazu mycbam Kuiimamaapu cOHU
6a mandui Kuimamaapu conu 6azucHunz mauaanuwuza 60Fr-
AUK Imac.

Mcbor. Xakukuii KBaapaTHK ¢(x) POpMaHUHI HKKHTA
{e,, ..., e} Ba {f, ..., f} KaHOHUK 0asucu Oepwirad 6yau6,
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g(e)), ..., g(e,) cCoHNapHMHT p Tacu mycbar, q(f), ..., q(f)
COHJIApHUHT r Tacu Mycbart 6yicuH. Kepak 6yica, 6asucaap-

JJard BEKTOPJIADHUHI HHIAEKCIApU YPHUHHU V3rapTupuo

>0, arap k =1, p,
qe,) =
<0,arap k= p+ 1L,n
Ba
> (), arap k-=1,_r,
9(fi) =
<0,arap k=r+1n

wapriap 6axapwirad ae6 ¢apa3 KWIMII MyMKHH.
®apa3 Kwialmk, p > r 6yiacud. V, opxamu {e,, ..., e}
TU3UMHHMHT YHU3UKIM KOOMFUHM Ba V, opkamu {f ,, ..., j};}
TU3UMHUHI YM3UKIHN KOOMFUHU OenrmwnaiimMui. by tusumiap
YM3UKJIM 3PKIIU OYiiranu yuyH dimV = p, dimV,=n —r.
byHnan

dm (V. nV)=dmV, +dmV,-dim(V, + V)=
z2p+(n—-r—-—n=p-r>0.
byHra xjypa HonbnaH ¢papkiau x € ¥V, N V, BeKTOp MaBXYL,
4 n , y 4 )
apu x = Y Ee = 3, f,. Hemak, ()= q(e)E; >0,
i=1 i=1

j=r+l

YYHKH Xap oup i=1,p yuyH g(e) > 0 Ba &, TJapHHHI KaMUJa
6I/I"pI/I HoubdaH ¢apkiu. MKKUHYM TOMOHIaH ¢(X)=
.Elq(fj)ﬂf = 0, yynku xap 6up j=r+1,n yayn g(f) < 0.
J=r+

OnuHraH Oy KapaMa-KaplUWIMK p < r TEHICU3IUK YpHUH-
JIM 3KAHJUTUHMU KypcaTaau. XyAAM LIYyHra yximiail Myjoxasa-
JJapAaH r < p TEHTCU3JIUKHH OoJlaMM3. [leMak p = r.

OHIOM IKOpHAA KEITUPWIraH MYJIOXa3ajlapHU (—g) KBal-
paTukK (popmara TaToMK KWiub, g KBaApaTUK (OPMaHUHT Ka-
HOHUK 0a3ucaaru MaH(pUH KUHMaT/1apyu COHM 0a3MCHUHT TaH-
naHuura 60oemuK, aMacauru kypcarwiaay. W
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47-§. O9PMHUT OOPMAJIAPU

Koappuuuentnapu C KOMIUIEKC COHJIAp MalooHUAAH
OJIMHraH YU3UKJIU, OMYM3UKIA Ba KBagpaTUK dopmanap 1-
TYp KOMILIeKC ¢opmanap aebd aranaau. Kyinnaruya Taspud-
JJAHAAUTAH KOMIUIEKC KO3(QPULMEHTIU 2-TYp YU3UKJIM, OMU-
YM3UKJIM Ba KBaIpaTUK ¢opMaiap XaM KYpHJIadH.

Tavspudd. Aeap ¢ . V » C pynkyus:

1) xap kanoaii x, y € V eexmopaap yuynp(x + y) = o(x) + ¢(y),

2) xap kandaii x € Vea A € C yuyn p(Ax) = Ap(x) wapm-
AGDHU KaHoamaawmupca, y 2-myp uusuxau gopma de6 ama-
Aaou.

by ukkana waprt ymoy:

Xap KaHpai x, y € Vea A, u € C nap yuyH p(Ax + uy) =
= A¢(x) + up(y) WapTra TEHr KyWId.

Tabpud. Aeap uxku eexkmop apzymerumau Komnaexc o{(x, y)
QyHkyus 6upuryu apsymenmu 6yiiuua 1-myp wusuxau gopma ea
2-apeymenmu 6yuuya 2-myp uuzuxau ¢popma 6yaca, y 2-myp
6uuusukau gopma de6 amanadu.

Macanan, ymby ¢(x,») = > au&7, OyHkuus, 6y epna
i,k=1

x= (0 &)Y =0 nn) a,€C (k= 1n), Cna
aHUKJIaHraH 2-Typ OMYM3HKIU popManup.

Arap ¢(x, y) QyHKUMA 2-Typ KOMIUIEKC OUYM3UKIU ¢opMa
oynca, y xonga q(x) = ¢(x, x) GyHKUMA 2-Typ KBaapaTHUK
dopma aed atanagu. 2-typ 6MYM3UKIN PopMaHUHT 1-Typ OuU-
YU3UKIK opMmanapiaad dapkKy IUYKH, yjlap MOC KBaJpaTHK
¢dopmanapu O6Viiuuya Oup KMHMATIM THKJIAHAJWJIAp. arap
q(x) = p(x, x) 6ynca, y xonna 6eBocHTa Xucobiaam Kypcara-
JUKHU

(q(x +y) + ig(x + iy) — q(x —y) — ig(x —iy)) (1)

ENPS

p(x,y) =

(TEKILIUPHHT).
Arap xkomiuiekc V ¢a3sona 2-typ o(x, y) ouuusukiu ¢op-
Ma, Oy ¢a3oHuHr {e,, ..., e } 6a3ucu, x, y € V BeKTOpIapHUHT
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Oy 6asucnaru Moc pasuwna §,, ..., §, Ba 7, ..., 7, KOOpIMHa-
Tajiapu OepwiraH 6yica, y xoiga

p(x,y) = (25, €, i_lnkek) = iaikgigz,

i k=1

6y epnaa, = ¢(e, e,), A = (a,) € C"" marpuua ¢ GOpMaHUHT
le,, ..., e } basucnary MaTpuUacu Aedwianud. Arap 6asuc ysrap-
ca, y xonga ¢ GOpMaHUHT MarpuuacH l-Typ ¢opMamapHUHT
MaTpUUaIapyMra yxiiam Koujaa Oyiuya y3rapaim.

Arap V ¢asoma 6omka f, = zyike,., (k = I,_n) — Da3uc,
i=l

= (y,) — 6upuHYM 6a3MCAaH UKKMHYM Oa3ucra yTuiu mar-
puniacu Ba ¢(x; y) GopMaHUHI UKKUHYM Oasucnaru B = (8,)
MaTpuUacHu OepwiraH 0yica, y xojiaa

ﬂ (P(.fz’fk (Esz p? zquEJ

q=1

= 2 ypi;;c— (ep’ q)— Eytp pquk

p,q=1 p.q=1

By tenruk B = CTAC »kauauruuu Kypcaramu, 6y epaard
= (}',,c) Matpuna C MaTpylia 3J€MEHTJIApPUHU MOC pPaBHIL-
na KOMILTIEKC KYILIMACUTra aJIMAIITHPHUILIIAH XOCHI OYiraH.
Tabpud. Azap xap kanoaii x, y € Vyuyn p(x, y) = ¢(¥,X)
menaauKk ypuwau 6yaca, 2-myp ¢(x, y) 6uuuzuxau gopma (ea
yHea moc q(x) = ¢(x, x) keadpamuk gopma) 3pmum gopmacu
de6 amanadu. 1-myp 6uuusuxau opmansap opacuda cummem-
puK opmanap xawoau ypurn mymca, 2-myp b6uvusukiu gopma-
Aap opacuoa 3pmum gopmansap wiyHoau ypur mymaou.
Tavpud. Azap snemenmaapu C Maidondan oauHeaH
A = (a,) mampuya yuyn AT = A (A6HU Qi = a,;) menaauk b6a-
acapuaca, y apmum mampuyacu 0e6 amanaou.
Xap KaHaal 6asuciaa 3pMUT GOPMACHHUHI MaTpULUacH
JIOVIM 3PMUT MATPHULA, YYHKH aix = ¢(e;,ex) = p(ex,e;) = ay;.
AkcuHya, arap 2-Typ OMYMU3UKJIM (OPMAHHUHI MATPULACH
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dupop Oasucna 3pMuT O6yica, y Xolnda YHUHT ¥3H XaM 3DMMT.
XaKuKaras, arap A = (a,) — 3pMuT MaTpuua 6yica, y xonaa

p(x,y) = iaikgi;)—k = ia""gink =

i k=1 i, k=1

= zaki”kgi = zaik’?igk = (¥, x).
i k= i k=1

i 1

1-Teopema. 2-myp ¢(x, y) 6unusukau popma pmum 6yau-
wu yuyn ynea moc q(x) = ¢(x, x) keadpamux popmanunez Kuii-
mamu xap xanodai x € V yuyn xaxukui Oyauwu 3apyp ea Ku-
Qos.

U c 6ot Xakukarad x = y 6yaradaa ¢(y,x) = ¢(x,y) TeHr-
TMKIAH ¢g(x) = q(x) TEHIIIMKHM OJlaMH3. AKCHHYa, arap q(x)
Xap Kanaam x € V yuyH xakuku# Oyica, (1) ¢popmynara aco-
CaH

p(x,0) = 5 (g(x + y) = iglx + i) = qlx — y) + iglx ~ y) =
= —i~(q(y+x) +igly + ) — gy —x) — ig(y — x)) = p(y, x). B

IPMUT OUMYUBUKIM (HOpMATApPU YYYH IOKOpHIA CUMMETPHK
OuuusMKIM opmajap yuyH OJUHIaH TeopeMajapra yxiiaril
T€OPEMAJIADHU OJIMIU YuyH 2-Typ OMYU3UKJIM ¢opmMasapra Moc-
JAITHPWIraH KAHOHMK 0asuc Tabpu(puHH OepaMu3.

Tabvpud. Aeap 2-myp 6uuuszuxiu gopmanunz mampuyacu
fe, ..., e} 6asucda duazonan ea xaKukuii 6yaca, y bepunean 2-
myp 6uquzukau opma yuyn Kanonux de6 amanaou.

byHpait MaTpuiia 3pMUT OVJITAaHU YYYH XO3UP KUPUTWITAH
MabHoAaru 6asuciapra ¢akar 3pMUT ¢opMajlapUruHa 3ra
OVIUIIM MyMKWH. Arap g(x) — 3PMUT KBaapaTUK (opMacu
Oynca, yHUHr KaHOHUK 0a3yclary KYpUHUIIM KyHHIaruya:

g(x) = k}i:laldcgkék = k}i:lakdgklz ’

Oy epma a,, = q(e,) € R.
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Ky#uga KeJaTupwiaguraH 3pMUT GopMmanapd XaKuiaru
TeOpeMalapHUHT UCOOTIApU CUMMETPUK ¢opMajlap XaKuaa-
M MOC TeopeMaJlapyHUHT HcOOoTIapura yximaum 0yiIraHu y4yH
VJIApHH KeJITHpMaiMU3 Ba VKyBUMra MycTakwi ucbornamira
KOJIHUPaMM3.

2-treopema. Yexau yawamau xomniexc pasoda anuxaian-
2an xap Kanoaiu 3pmum PopmacuHunz KaHOHUK bazucu mas-
xcyo0.

3-reopema (CuapBectp Oenrncn). Ipmum opmacunune
mycbam 6yauwu yuyn yrunz 6upop bazucdazu mampuuacu bap4a
bypuakx munopaapurnurnz mycbam 6yauwu 3apyp éa xugos.

4-reopema (uHepuus KOHYHHM). Jpmum opmanune ux-
muépuii xanonux bazucu eéexmopaapudazu mycbam xuimam-
Aapu conu 6a MaHQuii Kuiimamaapu coHu 6a3ucHu mansawa
b6oFsux Imac.
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Caxxusun4u 606
EBKJIN]I BA YHUTAP ®A30JIAP

48-§. EBKJIN/I ®A3OJIAPHA

Tavspud. A2ap V xakukuii wusuxau gpazoda uxku eexmop
apzymenmau (X, y) ckarap Qynkyus yuyn ywby

1) xap kandaii x, y € Vyuyn (x, y) = (¥, x);

2) xap Kandai x,, x,, y € Vyuyn (x, + x,, ¥) = (x;, y) + (%,0);

3) xap xandaii x, y € V, A € R yuyn (Ax, y) = A(x, y);

4) xap xanoali Hoavdan papkau x € V eekmop yuyn (x, x) >0
wapmaap baxcapuaca, y ckarap kynaiumma de6 amaasadu. Cka-
aap kynatimmanu 'V ¢hazo aca esxaud gpasocu deb6 amaradu.

PaBmaHku, eBKIHA (pAa30HMHI Xap KaHIal KucM@a3ocH
XaM eBKIMA (a3o.

IOxopunaru 2) Ba 3) mapriap CKaIsip KynaiTMa OUpUHYU
apryMeHTH Oy#uya YH3UKJIH 3KaHJIUTHMHH, Oynap Ba 1) cCUM-
METPUKJIMK IIAPTH 3Ca YHUHT CUMMETPUK OUMYHU3UKIU PopMa
SKAHJMIMHM Kypcatand. Oxupru 4) mapt Oy 6M4u3ukiu gop-
Mara MocC KBaJgpaTHK (GOpMaHUHI MYCOATIIUIMHU KypcaTalu.

Muconnap. 1) D, (a), D,(a) Ba D, pasonapna HyHaITH-
PWIaH KeCMaJIapHUHT CKAIAP KYyIMakTMacH 1e0 yJIAapHUHT Y3yH-
JIMKJIApHHM yjIap opacuaar Oyp4yakHUHI KOCHHYCUra KyIauT-
MAaCHHH OJIaMU3.

2)RRpax = (a,..,a)Bay= (B, .., B,) BEKTOpPIapDHUHT
CKaIAp KYImauTMacu 1eb

(xay) = iaiﬂi

i=]

(dyHKUUsIra anTaMm3.
3) Cla, b] dasona x(f) Ba y(f) y3ayKcu3 PyHKUMSIIADHUHT
CKaJIsip KynauTMmacu aeb
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b
(x,y) = [ x()y(t)at

¢dyHkumAra airamus. (by Mucosapna ckangap KynaiTMaHUHT
Oapya xoccaapy OAKAPWIMINNHU TEKUIHPHHT.)

V esxun ¢asocuzga {x,, .., X,} BEKTOpPJAp TU3UMMHHUHF
['pam pnerepMuHaHTH 1e0 ymioy

JeTrepMuHaHTra, I'pam Marpuiniacu neb6 a3ca ymoy ((x,.,xj)),
(i,j = 1,k) marpunara aiitaMus.

lI-reopema. deap {x,, ..., X,} muzum wusuxau 3pxau 6yaca,
ynune I'pam demepmunanmu mycbam, éa axc xo10a — Hoab2a
mene.

M c6ort. dactnab {x,, ..., x,} TU3MM YU3UKIU SPKIH OYIrad
XOMHU Kypamu3. Y xonna 6y TM3UM ¥3 4M3UKIM KOOuru V,
HUHT 6a3ucH, Oy TUBUMHHUHT ['paM MaTpuIlacu 3ca (X, y) CUM-
METPUK OMYU3UKIM HopMaHUHr V| naru MaTpuuacu 6yaan.
Ksagpatuk (x, x) popMa mycbar 6yaranu yuyyH CuiabBecTp
oenrucugad ['pam JeTepMHMHAHTHHMHI MYCOATIHTH Keauod
YUKAIH.

OHaM {x,, ..., X,} TM3UM YU3UKJIM OOFIaHraH OYICHH. Y
xoiga ['paM peTepMMHAHTHHUHT CaTpjapd YM3UKJIM OOFIaH-

rad: 4, x, +...+ A, x, = 0 TeHriuknad 6apya [ =1,k map y4yH

A0, x) +o+A(x, x) = Ax +.+ix,x)=(0,x)=0

TEHIVIMK Kenub yukaau. byHpaH 3ca ['paM JeTepMHHAHTH-
HUHT HOJIbra TeHr 3KaHuury keau6 yuxkany. [l

by TeopeMaHMHr MyXxUM HaTHXanapugaH 6upu — Komiu-
byHsakoBckuit TeHrcu3nury (6an3aH llIBapiy TeHrCH3JIMIH XaM
JAenmwiangu):
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2-Treopema. dzap x 6a y esxaud ghazocununz éexmopaapu
byaca, y xoa0a

x = (x, x) ()

By menezcuzauxoa menzaux 6yauwmu y4yn x éa 'y éekmopaap-
HUN2 wu3uKau 6oF1anzan 6yauwu 3apyp 6a Kugos.

U c 6 oT. By TacaukHuHr uc6otu I'paMm TeopeMacuHu {x, y}
TA3UMIra TAaTOUK KWIMHraHjaa 0y TU3MMHUHT ['pamM aeTepMu-
HaHTH (X, X) (¥, ¥) — (x, y)* skannurugad keau6 unkanu. [l

Komn-ByHsSIKOBCKUH TEHICU3JIMTHAA X Ba Yy BEKTOpJap
cudpatuna R' epxnua ¢asonuHr (o, ..., a) Ba (B,, ..., B,)
BEKTODPJIapH OJIMHCA, Xap KaHJal Xakukuh a,, ..., a,, B, ..., B,
COHJIAD YYYH

(a,,+..+a,B,) < (P +.. +a2)(Bi+..4B2)

TEHICU3IIUK YPUHIM 3KAHJIUTUHMA OJIaMU3.

Komn-byHSIKOBCKMH TEHICU3JIMTHAA X Ba y BEKTOpJap
cudpatuna C[a, b] eBkaua ¢pazocuHUHr x(f) Ba y(f) 3JIEMEHT-
JIApMHU OJIcaK, [a, b] ma aHMKJIAHraH Ba Y3JIyKCHU3 Xap KaH-
nait x(f) Ba y(f) GyHKUMsIIap YYYH

’
b

2
(} X(t)y(t)dt) <f x(t)zdt'}y(y)zdt

a

TEHICU3IUK YPUHIM 3KAHJIUTMHUA OJIaMU3.

Esxiua ¢aszomarm x BEKTOPHUHT Y3YHJIHMTH Oeb Jx,x)
COHra aiTWIaau Ba YHH | x| (6ab3an || x||) k¥punuuiga 6enru-
nmaHagu. ByHaaH kenu6 YMKAOMKM, HOJNb BEKTOPDHUHI Y3yH-
JIMTH HOJIBIAa TEHT Ba OOLIKA Xap KaHAail BEKTOPHUHT Y3YH-
auru Mycbar. YHAaH Talikapy xap KaHmah x € Vea A € R
YiyH

|2x|=|4]]x].
XaKuKaTaH
‘,lx|=,/(,lx,}.x =\//12(x,x = |2} |x]
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3-reopeMa. Xap xandaii uxxuma eexmop UuruHOUCURUN?2
Y3VHAU2U YAap Y3YHAUKAGPUHUNZ WUFUHOuUCUOan xamma mac,
ABHU

|x +yl=lx]|+ |yl

HUcbor. Xakukarad, Koniu-byHAKOBCKUH TEHICH3JIMUrUra
acocaH

Ix+yP=Cx+y,x+y) =|xP+|yP+2xp <
<|xP+|yP+2]x|-{y] = (|x]| + |y)2

Byupman |x + y| < |x| + |y| W

BekTop y3yHJIMrMHHHT Oy X0CCacH X Ba y BEKTOpJap alup-
Macd Y3YHJMTMHU YJIApHUHI opacuaard Macoda (MeTpHKa)
neb6 onuiura UMKOH Gepanu.

Tavpud. Eexkaud ¢pazocuda x 6a y eexmopaaprunez opacu-
dazu macoga (KYIIMHYA METPUKA XaM JeHunanu) deb p(x, y) =
= |x — y| xakuxuii pynxyuaza atimunradu.

Kupurwirad | x — y| Macoga MeTpMKaHUMHT 6apya XyCyCcH-
STJIapHra 3ra:

1) xap kaHna# x Ba y yuyH p(x, y) = p(y, x).

2) xap KaHOga x = y yuyH p(x, y) > 0;x = y yuyHp(x,y) = 0
Ba akcuHya p(x, y) = 0 6ynca, x = y;

3) Xap KaHaa# x, y, Z y4yH p(x, y) < p(x, 2) + p(z, ¥).

bupvHYH Ba MKKHUHYH XOCCAJIAPDHMHT OGaXapUIMILMA aéH.
YuyuHyM xocca KyHHIOarmya ucOoTIaHAOu:

|x —yl=lx-2+@-W=lx-zl+]z-y]|

Yoy p(x, y) = |x — y| merpuka ek MeTpuKacu neb
aTajaiu.

49-§. OPTOI'OHAJI BA OPTOHOPMAJI TU3UMIJIAP

Komun-BbyHSKOBCKMI TEHICU3IUTY UXTUE pUH UKKUTA HOJIb-
JlaH $apKJIU X Ba y BEKTOpPJap opacuuard 6ypuyak TabpupuHHU
KMPMTHIUTa UMKOH Oepanu:

220

www.ziyouz.com kutubxonasi



(x,y)
1 - ]y

@ = arc cos

yyHKH Komm-byHSIKOBCKMIF TEeHICH3JIUIUIa acocaH

Hynantupwirad kecmanap dasocuaa 6ypuakHUHT 6y Tab-
pudu OypYaKHUHT OAOUM TabpUdUra auaaHaIM.

4

Tabpud. Aeap x éa y eexkmopaap opacudazu b6ypuak 5 @a
mene b6yaca, 6y eexmopaap opmozoHan detiusadu.

Arap x Ba y BeKTOpJap opToroHai 6ymnca, y xonga (x, y) = 0.
AKcUHYa, HOJbJaH (apKJIU X Ba y BeKTopiap yuyH (x, y) =0
byica, yiap opToroHal.

Hemak, roKopuaard Tabpu@Hu KyHugaruya amrca xaMm oyna-
Iu. Arap HoapaaH ¢apKIM X Ba y BeKTopjap yuyH (x, y) =0
6yica, ynap opToroHaja AeHIIAM.

EBxiupn ¢azocuaaryd BeKTOpJiap TM3MMHMIa KUPYBUH Xap
KAHJal MKKUTAa BEKTOp opToroHan 6yica, 6y TU3MM OpTOro-
HaJl AeHwiIaay. Arap OpTOroHajl THU3MMra KHpyBYM Xap Oup
BEKTOPHMHT Y3YHJIMTH 6Upra TeHr 6yica, 6y TU3UM OpPTOHOP-
MaJl geiianau. Xap KaHJah OpTOrOHAI TU3UMHU, YHIOArH Xap
OUp BEKTOPHM Y3yHJIMUIWra 6y1ad, opToHOpMal TU3UMIa a-
JJAHTUPHUILI MYMKHH.

Mucon kypamu3. C[a, b] eBxiuan ¢azocuna 2n + 1 Bek-
TopaaH ubopar yuby

1, cos ¢, sin ¢, cos 2¢, sin 21, ..., COS nt, sin nt

BEKTOpJIap TH3MMH OPTOroHaJI, YyHKH Xap KaHaai OyTyH k Ba
m Jiap y4yH

2n
Jcosktsinmtdt =0
0
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. 0, arap k= m
f cosktcosmtdt ={m, arap k =m # ()

0 27, arap k=m=0,
27 0, arap k #
fsinkt'sintdt={ > 4rap %

0 m,arap k=m.

Xap O6up BEKTOpDHHM YHMHT Y3YHJIMTUra 6yaub, ymoy

cost sint cosnt sinnf

J_J_J— R

OPTOHOpPMAJI TH3MMHHU OJIaMU3.

Teopema. Uexau ysuamau eeéxaud ¢pazocuda opmonop-
Man mu3uMaap maexcyo.

U co6or1. XakukaraH (x, y) CMUMMeTPUK OMYU3UKIU op-
MaHUHT {e,, ..., e } KAHOHUK Oa3ucu MaBxyl. by 6a3uc Bek-
TOpJIapH OPTOrOHall, YyHKU i # k Oynranpa (e, e,) = 0. by
0a3UC BEKTOPJIAPUHUHT Xap OMPUHU YHUHT y3yHIUTrUra 0yauo,
OpTOHOpMaJI 6a3ucra KeilaMus3.

V eskiaun dasocuna {e, ..., e} oproHopMan 6a3uc Ba &,

, & COHJIAp X BEKTOPDHHUHI Oy 6a3ucnard KoopaWHaTajlapu
o6yncuH. Y xonna

(x,€,) = (2:‘: Eieiek) = ﬁ:gi(ei’ek) =&y .

JleMak

n

x= y(x,e)e.

k=1

Arap 7, ..., 7, COHJIap Y BEKTODHHUHI y1ua 6asucaard Ko-
opAMHaTaiapu Oyica, y xoJua
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(x,y) = ﬁ:(esaek)giﬂk = ki_gknk .

i k=1

XycycaH, y = X y4yH

V dpa3o cudarupa TeKUCIHMKIATH HYHATITHUPWIraH KecMa-
nap ¢$a30CUHM OJICAK, OXUPrH TeHINIMK [IndaropHuHr Kiac-
CUK TeopeMacuHu Oepanu. [IIyHMHT yuyA OXuprd Tacaiukka
[Tugarop TeopeMacHMHMHI Xyaa KEHI yMyMJaliMacu ned
Kapall MyMKHH.

50-§. OPTOTOHAJI ITPOEKIINAJIAP

Vesxkmun ¢asocuna ¥V, kucMpaso Ba x € V Bekrop bepui-
rad OyiacuH. Arap x BeKTOp V| KMCM(a30HMHI Xap OUp BEK-
TOpUra OpTOroHan 6yica, x Bekrtop FV, Kucmdasora oproro-
HaJI JeHWIanH.

Tabvpud. V| kuempaszoza mezuwau byamazan x € V gex-
mop yuyn wyndai x, € V, eekmop monuacaku, x — x, 6eKmop
V| Kucmgpazoza opmozonan byaca, byndaii x, 6exkmop x 6exmop-
Hune V| Kucmgpasoza opmoeonan npoexyuscu (coscu) deb6 ama-
aadu.

Xycyca, arap x BekTop V, KucMdasora oproronan 6yica,
Y X0Jl1a HOJIb BEKTOP X BEKTOPHUHI V| ra OpTOroHal MpoeK-
LUsACH Oymagu.

l1-reopema. deap x, € V, sexmop x € V eéexmoprune op-
mozonaa npoexkuyuscu byaca, y xoada x, éexkmopza menz 6yama-
2an xap Kanoaii 7 € V, éexmop yuyn | x — z| > | x — x| mene-
cuzaux ypunau (TbHU €BKIMJ MeTpMKacuia x, Bekrop V) ¢da-
30[la X BEKTOpPra 3HT SIKHH BEKTOD).

Mcb6orT. XakukaTtad, z — X, BEKTOp V|, HUHI HOJBIAH

1
dapkin BekropH Ba (x — x,, 7 — x;) = 0. [ynunr yuyH
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k—F=x-zx-9=((x-x)—(@-x),(x-x)—(z-x))=
=Pk —xP +lz —xP>pk -xf

Byunmau [x — 4 > x — x| B

2-treopema. Azap V, — eskaud V pazocununz wexau yruam-
Au Kucmeasocu Oyaca, y xosda V, 2a mezuuwau 6yamazan xap
Kandaii x eexmop szona x, € V, opmozonaa npoexyusza 3za.

Hcbor. V, Hunr 6upop {e,, ..., e,} OpTOHOpMAaJ 6a3UCHHU
oJlaMH3. Y XoJIa

k
X =Y (x,e)e €V,
i=1

BEKTOD X BEKTOPDHHUHI V| ra opTOroHan MpOeKUUsCUAMD.

XakukaraH, xap oup m = 1, 2, ..., k yuyH

k
(xqem) = Zl(x3ei)(ei>em) = (x:vem) .

Hemak, (x — x,, e ) = 0. IHyHusr y4yH xap KaHiai
k

k

y = glnmem €N BEKTOD VYYYH (X —Xx,,y) = mz:lnm(x -
_xls em) = O

OpToroHas NpoOeKLHUSHUHT ATOHAIUIU |-TeopeMalaH Ke-
au6 yukanu. M

BekTopHUHT 4eKCH3 YiryaMIn KucMdasora opToroHai mpo-
EKUMACU MaBXyH OVIMAcIWru XaM MyMKHUH. MacainaH, Mab-
ayMku, C [a, b} ¢a3oma eBKiIM MeTpUKAcHUHa € Y3IYKCHU3
(pyHKUMACHUra 3HI SKUH OVJIraH Kymxaja MaBxyld 3Mac. byH-
J1aH € GyHKUMSICUHMHT KVIxamwiap KucMda3ocura opToroHaln
[IPOECKUMACH MABXYI 3MACIUTH KeInO YMKanu.

Mucon k¥pamni. Yoy
ag + Y (a, cos kt + B, sin kr)
k=1
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KYPUHUIIZATM Xap KaHAaW (pyHKUMSA » AapaXajid TPUTOHO-
METPUK Kymxan ned arajzanu. Jdapaxacu < n 6apya TPUIrOHO-
MeTpuk Kymxamiap C [a, b] daszoHuHr 2n + 1 ymuammm 7T
KucM@aszocuHu xocwi Kwiaam. IOkopuaa kKypuiraH ywoy

cost sinft cosnt sinnt

J—J_J_ R R~

TH3UM Oy KuCM(a3OHUHT OPTOHOpMaJ Oa3UCHHU XOCWI KHU-
Janu.

Arap f(¥) ¢pyHkuus [0,27] cerMeHTIa aHUKJIAHIAH Ba Y3-
aykcus 6yica, y xojnga 2-TeopeMaHMHT UCOOTHAA KypcaTH-
raHura Kypa, yHuHr T kKucm¢asora opTOroHaj MpOoeKUHsCH
(THbHM eBKIMA MeTpuKacuaa 6y pyHKLUMsra 3HT SKUH OyJiraH
TPUTOHOMETPUK KYTIXan)

521 + > (a, cos kt + B, sin k)
k=1

Kynxagoup, 0y epaa

2n 27
[ f(t)cos krdt, B, = L[ f(z)sin keds
0 0

al-—

by TeHrIMKIIap GWIaH aHMKJIAHTaH a, Ba 8, KO3 dUuLUeHT-
jap f{t) dyHKunsHUHT Pypbe KoapPuLHEeHTIapU ACHIIALH.

51-§. YHUTAP DPA30JIAP

Yuurap ¢azo — ek pa3soCHHUHT KOMIUIEKC KYPUHHILM.
Tabpud. Azap V komnaekc wusuxau gpaszoda ukku eexmop
apaymenmau (X, y) komnaekc Kuimamau QyHKyus yuyH yuby:

1) xap xandaii x, y € Vyuyn (x,y) =(y,%);
2) xap kandai x, x,, y € Vyuyn (x, + x,, y) = (x, y) + (x,, );
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3) xap kandaii x, y € V, 2 € Cyuyn (Ax, y) = A(X, »);

4) xap kanoaii HoavOan papxau x € V eexkmop yuyn (x, x) >0
wapmaap baxcapuaca, y V komnaexc wusuxkau ¢pazooazu ckarsap
Kynaumma deb amanadu. Cxanap kynaimma anuxaanzan V kom-
naexkc yusukau ¢aso aca ynumap deb amanadu.

PaBuianku, yHutap (a3oHHMHI Xap KaHAan KUCM(Ga3ocHu
XaM yHuUTap ¢aso.

WKKMHYM Ba yYMHYM LIAPTIAp CKAIAp KymaWTMa OUpUH-
YM apryMeHTH OVHHYa YU3UKIU 3KAHJIUTHHH KypcaTtagu. byH-
JlaH Ba OMpHMHYM IMIApTHaH HUKKWHYHM apryMeHTH Oyiuya 2-
TYp YM3UKJIH 3KaHJIWTH, SThHU

6y +p) =) + (),
(x, 1y) = A(x, y)

IIApTIADHUHT Xap KaHJau X, y, y,, ¥, € V, A € C y4yH Gaxa-
PWIMILK Keaub yukanu (McbotmaHr). bymapra xypa, yHUTap
(haszonaru ckansp KynautMa spMUT popmacu 6yaub, yHra Moc
KBaJpaTHK ¢opma Mychar.

Mucon kypamus. Arap (" pasonax = (a,, ...,a,) Bay = (8,,
...» B,) CKaAp KyIalTMaHU

(x,) = gakﬁi

TEHIJIMK OwiaH KupHuTcak, " yHurtap ¢pa3ora annaHaau (TeK-
LLIWPHHT).

Esxiinn ¢asocunarn kabu yHurap ¢dasoga xam, I'pam ge-
TEPMUHAHTH TYLWIYHYACH KUPUTWIALM Ba BEKTOpJap TU3UMH
YU3UKJIM 3pKIM Oyica, ylapHUHT ['paM N€TEpMUHAHTH MYyC-
0aT 3KaHJIUTK Ba aKC X0JiJIa — HOJIbra TEHI KAHJIUTH UCOOT-
JaHagu. by TeopeMaHM MKKHTa BEKTOpAaH MOOpaTr TU3MMTIa
TaTObUK KUIN6, yHUuTap Ppaszo yuyH Kowmn-byHaKoBCKHUHM TEHT-
CU3JIUIMHU OJIaMU3. YHUTAp Pa3ona Oy TEHICUINMKHUHT KypH-
HUMIU KyWuaaruya.

I, WP < (x, %) (7, ).
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YHutap ¢azona BEKTOPHUHT Y3YHJIMTH XyAou €BKIHA da-
3oparuaek tTabpudnaHanu: |X| = (x,x) . Xap kaHmait 1 € C
Y4YH

|Ax| =4[] x|

Komu-byHIKOBCKU# TeHrCU3MUruaaH V yHuTap pa3zoHMHT
Xap KaHpai x, y Bekropiapu y4yH |x + y| < | x| + | y| Tenr-
CUTUKHHUHI YPUHIM 3KAHIUIUM Keaub 4yuxkaau. by eBxiaun
dazonaru Kabu yuurap dasoma ymoby p(x, y) = | x — y| renr-
JIMK OPKAJIM METPMKAa KHPUTUIUrAa UMKOH Oepaiu.

YHutap ¢pa3zoga MKKHTA BEKTOP opacHaard Oypyak TylLUyH-
yacd KUpUTUIMAWOM, aMMO OPTOTOHA/UIMK TYLIYHYacH KH-
PUTWIAAU: arap yHMTap ¢da3ogard HOJbAaH (GapKjIM UKKUTA
BEKTOPHUHI CKaJsAp KyIMaMTMacH HoOJbra TeHr Oyica, yjiap
oproroHan ae6 araragu. OpToroHaja Ba OpPTOHOPMAl TU3UM
TYIIyHYaJIapy XyOOd €BKIWA (Pa30oCHUAATHICK KUPUTWIAAU.

YHurtap ¢azona oproHopMal 0a3UCIApHUHI MAaBXYLIMTH
3pMHUT (popManap XaKuaaru TeopeMaiapiaH 6eBocuTa Keiaubd
ydkanu. Arap V yaurap ¢asona {e, ..., e} OpTOHOpPMAI TH-

n n
3UM OepwiraH Ba x = 2 Er, Y= 2 N«€x Oy (pazomaru Bek-
k=1 k=1

Topiap 6yica, eBkiua ¢a3onaru ka6, ywoy
&= (xe), (k=1n), (x,y) = Y&,
k=1

2 < 2
X" = > |kl
k=1

TEHIJIMKJIAPHU OJIAMU3.
by maparpadaary KeaTHpWIraH TeOpeMaJapHHMHI MCOOT-
JJApUHU MYCTAKUJI OaxXapMIil TaBCHUS KIUIMHAOH.
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Iyxxuzun4u 606
YU3UKJIN OIIEPATOPJIAP

52-§. YABUKJIIN OIIEPATOPJIAP BA YJIAPHUHT
MATPHUILAJIAPHA

Yu3ukiu (ha3oHHHT Y3UMHM V3Ura YU3UKIN aKCIaHTHPH-
IIU 4u3uKau onepamop deb amanadu.

Mucomnap. 1) F MaliioOHHUHT TaliuH 6Up A 31eMeHTH Ge-
pwirad o6yicud. by mMaiaoH yctugard V 4yu3uxiu pa3oHUHT
X - A X aKCIaHTUPUIUM YU3HUKJIA ONEePATOPIUP.

2) D)(a) Ba D, dazonapaa 6upop TYFpu 4M3HUK Gepuira
6yircuH. UyHanTMpWwIran KecMaHu Oy TYFPH YM3UKKA OpPTO-
FOHAJI NPOCKUMSIIAHUIIHN YU3HKJIH OINEepaTOPAMp.

3) A € P marpuua 6epwirad 6yacud. F* yusukiau ¢aszo
3JIEMEHTIIADMHU 7 Ta DJIEMEHTIM OUp YCTYH KYpHHUIIMAA
udonanab, yHMHr V3MHU ¥3ura ymody x - Ax (A MaTpuuaHu
YangaH X YCTYHIra KYyNaUTHPUIL) aKCTAHTUPHUILIM YU3UKJIU Ofle-
paTopaup.

4) R [f] Ba R [f] ynsuin ¢a3onapga Xocuia OJNUILI aMa-
JIU — YU3UKJIM ONepaTop.

5) Cla, b] dazona xap 6up x(f) y3nyku3 PyHKUHS YIYH

t
f(@)= [x(W)du, (a <t <b), TeHIIUK OUIAH AHUKJIAHYBYM
a

AKCIIAHTUDMII YU3UKJIM OIIepaTop.

41-§ na YM3HKIM aKCIAHTHDUUIJIADHUHI HUFUHIMCH,
KynmaTMacu Ba COHra KymaitMmacu TappudiaHraH sau. by
TabpUIIapHU V YU3UKIH - da3omard YM3UKIU ONepaTopiap
TYIUIaMHMra TaTOMK KWwicak, y 0y amauiapra HucbaTaH Xanka-
ra awna”Haau. byHaa 4M3MKJIM onepaTopiap MUFUHIWCH Ba
KYIMalTMAaCUHHUHT XaJKa aKCUOMaJIADUHM KAHOATJIAHTUDHUILH
OeBocHTa TEKIUMPWIAAU. V YU3MKIU (asoOHMHT Xap Gup 3ie-
MeHTUHH (0 3JIeMeHTHra yTKa3yBud omepaTop (Y HOJIb Ome-
parop ne6 aramagud) Oy XajakKala HOJMb POIMHHU VilHaunu. V
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YU3UKIU PA3OHHUHT Xap OUp 3JIEMEHTHHH Y3UHM y3Ura yTKa-
3yBYM aiHUM omepatop (y OUpIMK oriepaTop xaM aeb arana-
JM) XalakKana OUMpIMK POJIUMHU VHHANWIW.

Vuusuxyu dasona f yu3ukiu orneparop Ba V| kucMmdaso
WyHaam Oynuuicaku, xap 6up x € V) yuyn fix) € V| mapr
baxapwica, V, kucmpaso f YM3MKIM olepaTopra HucbaraH
MHBapHaHT Ae6 aranagu. MacamaH, Xap OUp f YM3HUKIHA OIle-
patop yuyH ker f Ba f{V) xucmdaszonap MHBApUAHTIOMD.
XakKMKartaH, arap x € ker f 6yica, y xonga f{x) = 0 € ker f
Arap x € f{V) 6ynca, y xonaa fix) € AV), uynku x € V.

F MalgoH ycTuaard 4ekiad Yayamiad V 4yu3ukiau ¢aso-
na e, ..., e} 6asuc Baf: V> V4uusukau omnepartop bepui-

raH OyicuH. Y xonma xap 6up x = Eé’kek €V yuyH
n k=1

f(x) = E‘Ekf(ek) .
k=1

byHnaH KypMHaouKu, YU3MKJIM OIlepaTop 0a3uc BEKTOpP-
jJlapaard KUMMaTH OWIaH Tyjia aHMKJIaHap 3KaH. YU3uKJIM ore-
PAaTOPHUHTI Da3ucnaapaard KHMMartjiapuHy 6asuc oyiuya €nuo,
Kyiugard upogajsapHu OJaMM3:

fle) =S age, ay €F, (k=1n)
i=]

A = (a,) € F"" MaTpHlia YU3UKJIHM OIEPATOPHHUHT {e,, ...,
e } 6asucaaru marpuuacH Ae6 aranaau. lynpai Kwiub, arap
yeiM Yiyamiad V ¢asona 6asuc Oepuwica, y Xoiga xap KaH-
mat f: V -» V yusukiau omeparop Oy G6asucaard MaTpuuacu
Owiad OMp KMAMATIM aHUKJIAHAAU. 1 — YI4aMIM V YU3UKIU
(asona 6a3ucHUHr Oepwtuiu, 6y da3onaru YM3UKIU olepa-
Topiaap 6wiaH F MaWAOH ycTHIArd » TapTUOJIM KBanpaT MarT-
puuagap opacuia y3apo oup KMHMaTiIu MyHocabaT YpHaTalaM.

Muconnap. 1) D, dpasona 6asuc cudaruaa i, ;', k opr-
JapHU oiub, abcuucca YKUra f OpTOroHasl IMpOCKUMSUIalIHU
Kapa¥mMui. byana f()=1i, f(j)= f(k)=0 6yaraHu yuyyH
YHHHT MaTpHLACH
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100
000
000

2) F dpasona 6asucnap cudaruna e, = (1,0, ..., 0), e, = (0,
l,...,0),..,e =(0,0, .., 1) oprnapuu onub, 4 = (a,) € P
MaTpuua opKalId flx) = Ax YU3UKJIU OIIEPATOPHHU

fe) =a,e +a,e +..+a,e,

oooooooooooooooooooooooo

f(en) =a,e +a,e +.+a.e

MyHocabaTiIap OpKalIu aHMKJIaiMu3. JleMak, f onepaTOpHUHT
OJIMHraH 6a3uciaaru Marpunacu A.

3) R [1] dasona {1, ¢, ..., '} 6asuc onuuca, yHxa audde-
PEeHIHA/UIAll ONEePAaTOPUHUHI MAaTPULIACH

(01 0 ... 0 0)
0 02 ..00
0 0 0 ... 0 n
(0 0 0 ... 0 O,

KypUHHILTA 3ra.

4) Honp omepaTOpHHHI' MaTpHLIacH Xap KaHzai 6a3zucna
XaM HOJIb MAaTpHIIA.

5) BupiuK onepaTOpHUHT (aifHWI AKCTAHTUPULUHUHT) MaT-
pMLAcH Xap KaHaal 6asucaa OMpIMK MaTpULALUD.

Yexnu ymuamnu V pasona 6a3uc 6epunrad Oyica, y xomnaa
Oy aszoparu fIu3UKIK onepaTopaap GiiaH yrnapHUHT A Mar-
pHLaIapy opacHaaru y3apo Oup KMHMaTIn MyHocabaT KyHH-
Jlard xoccanapra 3ra:

A+ =A+A; A, =14, AEF
A, =A-A.
g
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Oxupru xoccaHm UCcOOTIANMM3 (KOJIraH XOCCAIaApHUHT UC-
6ot myHra yxmam). basuc {e, ..., e} 6epwiran 6yn1u6, 0y
fasuciga f, g Ba fg YA3MKJIM OIEPATOPJIIADHUHI MaTpHUlLiaIapH

= (a,), 4, = (B,) Ba A= (y,) OyncuH. ¥ Xonza

fle) = anaike:" gle,) = 2/3%81"

(g)(e,) = zye (k =1,n).

UKKUHYHY TOMOHIAaH

fe(e,) = f(gle)) = [ ,,ke] ilﬁ,,kf(e,,)=

JIleMaK Vi = Za B, , TbHU A, = A A,
=1

Tavpud. Aeap f: V - V akcaanmpuw (wusuxau 6yauwu
wapm 3mac) yuyn wynoaii g : V - V akcaanmupuw maexcyd
6yacaku, fg = gf = e — bupauk (atinuii) akcaanmupuw 6yaca, g
akcaanmupuw | 2a meckapu deb amanadu.

Arap f akCIAHTHpUIU YYYH TE€CKApHUCH MaBXyld Oyica, y
AroHa. XaKuKaTaH, MKKMTa g, g, TeCKapu aKCIaHTUPHILI MaB-
Xyn OViIcHH:

g, =8f=e¢ fg,=8f=ce

y Xoina gfg, = (g,)g, = eg, = &,

Hkxunyu ToMOHMaH g,/g, = &,(/2) = ge = &,- leMaK, g = g,.
Bepwiran f akciaaHTupMInra TecKapu g akCIAHTUpHII g = f!
KYpUHUIIAA Oenrwiadaan. Arap f — YH3HKJIA oneparop oyica,
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y Xoiaa f! xaM 4Yu3MKJIM. XaKUKATaH, arap x, y € V uxrué-
puil BexTopiap Oyinca, f HUHT TeCKAapMCH MaBXyl OYaraHu
YYYH WIYHOAN ATOHA a, b € V Bekropiap MaBXyIkKH, fla) = x,
f(b) =y. byHnaH f4M3uKian 6ynranu yuyH fla + b) = x + y.
Hatuxana

filx+y)=ffRa+b)=a+b=['x+(.

IMynra yxmam f1(Ax) = Af}(x) xocca ucboTIaHAnH.

1-reopema. Yexau yanamau wusuxau pazodazu wuzuxiu
onepamoprun2 mecKapucu mMasxcyd byauwiu y4yH yHunz mam-
puuacu maxcycmac 6yauwu 3apyp eéa xugos. by wmapm 6axca-
puszanoa yHunz mampuuacu xap Kaudai bazucda maxcycmac
ea A = A7l

HNcbot1. Ynsukiu f omepaTOpHUHI TeCKapHcH OyiIraH g
YU3UKJIM ONEpaTOp MaBXyn OVICHMH: £ = g = e. Y Xolna
UXTUEPUH Oepuwirad 6asuciaa f Ba g JJapHUHT MaTpULIAIapu
KyHUIard TEeHDIMKHU KaHOATIAHTHPAIH:

AA*AA = A, = A, = E, 6y epna E — 6upiuk

/4
Mannua ByH,uaH A, MaTPULU@AHHHT MaXCyCMAaciurd Ba

A, = Af- = 47! TeHerK GaXapWIMIIM KeJIUO YUKAIH.

AKcHUHYa, 6upop Oa3ucia A MaxcycMmac OyiacHuH. Y xXoiaa
Oy 6asucma MaTpHIlacu Ag = A}l IUAPTHY KAHOATJIAHTUPYBYU
YH3HUKJIIM g OIIEPATOPHHU OJICAK, YHHUHT YYYH Aﬁ = Af °Ag =A =
= A, A, = E TeHrnuKiapaaH fg = gf = e TEHUIMKIAPHU OJla-
MU3 (YyHKU OepwiraH Oasucha f - A, A - f — ¥3apo 6up
KAHUMaTIM MyHocabatriap), TbHU f HUHT TeCKapuCH MaBXyJl Ba
g=r.1

OHAU 6a3uc y3rapraHja YU3HKJIM OMEPATOPHUHI MaTpH-
LHacy KaHJau y3rapUlIMHM Ky3ataMu3. F maigoH ycrumaru V
YU3UKIK (a3ona ukkura {e, ..., e}, {f, ..., f,} 6asucmap Ba
u:V -> V — 4u3dKiIu omeparop Gepwirad 6yiacudH. A sa B
MaTpUUAIAp 4 YU3SUKJIU ONEPATOPHUHT MOC paBHUIIAa OMpPHH-
YU Ba MKKUHYU Oasucnard mMarpuuaiapu 6yau6, C-oupuHuun
Oa3ucaaH UKKWHYM Oa3ucra YTHII MaTpHLlacH OVICHH. Arap
A=+(a,), B=(8,), C= (y,) ned oncax, y xonna
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u(e,) = anaikeis u(fy) = 2ﬂzkf;a

fi = an}’ikei (k = 1,_’?)

Ywby v(e,) = f, (k=1,n) TeHrUK 6unaH ssHrU v : V> V
YHM3UKJIU ONEPaTOPHU aHUKJIaiMu3. by oneparopHuHr {e,, ...,
e } 6asucnaru Marpuuacu C marpuuamup. C Marpuua Oup
0a3vcaaH UKKUHYM Oa3ycra yTUIU MaTpUiiacu OVIraHd y4yyH
y Maxcycmac. byHnaH kenu0® yuKagukKu, v YH3UKJIU Olepa-
TOPHUHI TECKAPUCH MABXYI.

DHAU yluby

uv(e,) = iﬂﬂ(e.-) = V(Z ﬂwe,-)

j=] i=]

TEHTJIMKOAH V HUHT TECKApMCH MaBXYIJIMTHIAH doraanaHub.

viuv(e,) = 2.3&3:'

TEHTJIMKHHM ojlaMu3. ByHMHr MabHOCH LIYKH, V'uy oneparop-
HUHT {e,, ..., e} 6asucmard Mmatpuuacu B = (B,) ra TeHr.
MIKKMHYM TOMOHAAH YU3UKJIU orleparopiap OWiIaH yJIapHUHT
MaTpUUIapy opacuaard ¥3apo oup KuHMaTIM MyHocabart-
HMHI XOcCcajlapura acocaH Vv'uv YM3MKJIM OIIEpaTOPHMHT {e,,
.., €} 0asucmaru Marpuuacu C'AC ra tedr. Haruxana B =
= ('AC. by 6unaH Kyhiumaru tacaquk MUCOOTIAHIH:

2-treopeMa. Azap uexau yauamau V hazooa nuszuxau one-
pamop uxkkuma bazucdazu mampuuaaapu moc pasuwoa A éa B
Oyau6b, C-6upunuu bazucoan uxxuwnwu 6aszucza ymuw mampu-
uacu 6yaca, y xoada B = C'AC.

Tavpud. n-nu mapmubau A ea B xeadpam mampuyasap
YuyH wyHoau maxcycmac n-mapmubau C mampuya monuicaxku,
B= C'AC 6yaca, A sa B mampuyanrap yxwaw de6 amaradu.

bapua n-taptuonu F MaiioH yCcTHAArd KBajapaT MaTpULia-
Jlap TyruiaMyaaru 6y yXmanuimkK MyHocabaTtu pedaeKCHBINK,
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CUMMETPHKJIMK Ba TPAH3UTHUBIMK XyCyCHUATIApDUra 3ra, AbHU
Oy TVIuiaMaa 3KBHBAJIEHTIUK MyHocabaTuaup (TEKLIMPHHT).

2-T€OpEMAaHUHI MAabHOCH INYKH, YU3UKJIH OIEPATOPHUHT
TypJd 0as3uciard MaTpULAJapd YXIIALIAUP.

53-§. XOC BEKTOPJIAP BA XOC COHJIAP

Arap YeknM YryamiId YU3HKIM (Ha3o[a YU3UKJIU OIepaTop
YYYH MATPHUIIACHMHM JHAroHaJ KYPUHMILTA KEJITAPAAUraH Oa-
3UC MaBXyld Oyica, OyHOaH YM3UKJIMA OMEpaToOp AUaroHala-
IIyBYHd e aranagu. OnepaTOpHUHI JUArOHAJUIAIIYBYWIUTHA
Macajacu TaOMHM paBHUIIZIA XOC BEKTOpPJAp Ba XOC COHIIAD
TyLUyHYajiapura onxub KeiaaM.

Tabpud. Arap HoapAaH PapKId X BEKTOp YUYYH LUYHOAH
A € FmMmapxyn 6¥icaku, f{x) = Ax TeHrIMK Oaxapwica, X BeK-
TOp [ YM3MKJIU ONEPATOPHUHI XOC BEKTOpH Ba A 3ca Oy xocC
BEKTOpPra MOC XOC COH Oe0 ataraam.

Mmuconnap. 1) D, pasona 6epwiran TYFpH YU3UKKA Op-
TOrOHAJI NMpOoeKUMsUIANIAaH HOopaT OyAraH YU3UKIU Ollepa-
TOP YYYH Oy TYFpH YM3HKIA €TYBYM Xap OUp HOIBAAH (apKIu
BEKTOp XOC BeKTop Oyinagu. by Bekropiap xap OMPUHUHT XOC
COHM 1.

2) R[] da3ona xocuia OJMII OIEPATOPUHHUHT XOC BEKTOP-
napu ¢akar yrapMac COHIapaaH ubopar. Yiap xap Oupu-
HHUHT XoC coHHM (0. YMyMaH, arap YM3MKJIUA OIEpATOpP HOJIbIAH
¢apkiu Herusra 3ra Oyica, Herusra TETHLUIA Xap OUp BEK-
TOpP — XOC BEKTOD; YHUMHT Xoc¢ coHH (.

3) D,(a) dasona Gepuwiran ¢ Gypyakka ¢ # nw , n € Z,
OypunaaH uoéopar YM3UKJIU OIEPATOPHUHT XOC BEKTOPU HVK.

1-reopema. Yekau yauwamau wusuxau ¢pazodazu uusuxau
onepamopHrunz ouazonairauiyeuu 6yaumu y4yH yHUH2 X0C 6€K-
mopaapdan mawkua monzan 6a3ucununz masxcyd byasuwu 3a-
pyp 6a xugoa. by mapt 6axapwiraiga orneparop MarpuuacH
JMaroHaJ 3JIeMeHTIapyu MOC 0a3UC BEKTOPAAPUHUHT XOC COH-
Japu 6ynanm.

NUco6oT1. Ynsukmu f omepaTop AMAaroHAUIAIYBYH, TbHHA
6upop {e,, ..., e} 6a3ucaa YHUHI MATPULIACH IHATOHAI KYPH-
HUIINOA OVIICUH:
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(4, 0
/12
Af - ce
\0 A3)
Y xomna fle) = e, (k= L,n). eMak e, ..., e XOC BEK-
TOpJIap, 4, ..., 4, 3¢a MOC XOC COHJIAPp.
Axkcunua, fle,) = le,, (k =1,n) TeHruMKIapaaH f omepa-
TOPHMHT {e,, ..., e} 6asucaaru MaTpULIACH IUArOHAJUIMTU Ba

A, ra TCHIJIMTH keau6 ynkany. l

2-TreopemMa. Yexau ysuamau xomnaexc gpazoda xap xan-
dali wu3uKAu onepamop xXoc eKmopza 3za.

U cb6oT. XoCc x BEKTOp Ba XOC A COH yUyH f{X) = AX TEHI-
JUK ymby (f — Ae) (x) = (0 TeHIIMKKA TeHT KywiH, Oy epaa e-
oupnuk omneparop. Oxupru (f — Ae) (x) = 0 TEHIIMK 3Ca X
BEKTOp f — Ae ONEePaTOPHUHI HETU3UTra TErHLUTA SKAHJIUTUHU
kypcatanu. IlyHnmait Kuiu6, XoC BEKTOPHUHT MaBXyHd OViIu-
i oupop 4 € C yuyH f — Ae oneparop HoJbAaH (apKiu
HEru3ra sra 3KaHJIMIMHHU Kypcarany. Yeknu yimyamu dasona
OXMpIH WapT 3ca f — Ae /OoNepaTOPHUHI TECKAPDUCU MAaBXYI
3Mac/IMrUra TeHr Kywin,{spHH 6y omeparop MaTpuuac Xap
KaHjaan 6asucoa maxcyc. lynmaii kxuiu6, arap f omeparop-
HUHT Matpuuacu A 6yiaca, y Xonaa 0y orepaTtop Xoc COHJIapy
TyIaMu det(A — AE) = () TeHIaMaHUHT WIAA3IAPU TYIIJIaMU
OwiaH ycTMa-ycT Tyluanu, 6y epna det(A — AE) upona A - AE
MATPULAHUHT JeTepMUHAHTH. YuOy det (A — AE) = O TeHr-
JaMa A ra HucOaTaH n = dimV papaxaiu TedHriaMa 6ymub, 1"
onaupard Ko3dduuueHr (-1)* ra TeHr. AJre6paHUHT acCOCUH
TeopeMacura acocadH 6yHaay teHrnmamMa C MadaoHJa KaMuIa
ourra winuasra sra. [llynnait kwm6 f onepaTop Kamuga 6ur-
Ta XOC COHra Ba AeMak, xoc Bekropra 3ra. Il

by Teopemana yexkiu yIyaMIMUIMK IIAapTH MyXuM. C[7] yek-
cu3 yimyamnu pasona fix) = fx oneparop Xe4 KaHIaul XOC BeK-
TOpra sra 3mac.

" YM3MKJIM omeparop YYYH YM3UKIH V ¢a3oma XOC BEKTOP-
HUHI MaBxXyn Oyaumu 0y ¢aszoma O6Up Viayamyidi MHBADUAHT
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KUCM(}a30HUHI MaBXyja OyaMIuMra TeHr Kywid. byHra Kypa
2-TeopeMa aluTaaMKH, YEKJIX YIYyamIad KoMIUieKe da3oga xap
KaHOal YU3UKJIA Ooreparop Oup yiayaMiId HMHBApUAHT KHUCM
¢a3ora 3ra.

3-Teopema. Azap uexau yswamau Komnaekc Qasoda uxKu
wusuxkau f ea g onepamopaap ypun aimawyequ (sonu fg = gf)
byauwca, y xoa0a yaap ymymuii Xoc eéexmopea 32a.

HUco6or. Yusukmu f onepatop ydyH a-XOC BEKTOp Ba A,-
Moc xoc coH 6yncun: fla) = Aa. V, dpaso yusukiu f — Ae
OlEPaTOPHHUHT (e-OUPJIMK OIlepaTop) HErU3u OYICHH. Y HOJIb-
AaH ¢apkyiu, YyHKH a € V. Arap x € V| G¥yica, y xonna
fix) = 2,x Ba fg(x) = gfilx) = g x) = Ag(x).

by g(x) € V| skanunu Kjpcaranu. [lemak, V| yusukiu f pa
g oneparopiap ydYyH HHBAapMaHT. YH3HMKJIH g ONepaTOpPHHUHT
AHUKJIAHUII COXaCMHHU V| raya TopaWTHpUII HaTHXacuaa
Xocwi 6yiraH oneparopHu g, 6wiaH OeiarwiaiiMu3. 2-teope-
Mara acocaH g, omneparop V| n1a kamMuaa 6UTTa XOC BEKTOpra
sra. MacanaH, b € V, myHnai xoc Bexrop 6¥icuH: g(b) = 4,b.
By BekTop fyuyH Xam xoc Bektop f{b) = A,b, uynku b € V.

KosdduuueHtnapu F MaiiioHgaH OJTMHIaH KBaapar A MaT-
pHLa yyyH TyswiraH a(d) = a (i) = det(A — AE) Kymxan A
MAaTPULIAHUHI XapaKTEepUCTHK KYIIXaau Aed aTaraim.

Vxmaim MATPULQJIAPDHUHT XapaKTePUCTHUK KYIIXaliapu y3a-
po TeHdr. XakukaraH, B = C'AC 6yiacuH, 6y epna C koadppu-
LMEHTIIapy F MalOHIAH OJIMHTaH MaxCycMac Marpuua. Y
X0J1a MaTpULAJap KYIMaHTMACUHUHT AEeTEPMUHAHTH XaKuUIa-
M TeopeMara acocaH

a,(A) = det(B — AE) = def(C1AC — CUEC) =
= det CY(A — AE)C = detC'detf(A — AE) detC = a ().

byHnaH a€HKu, GepwiraH YM3HKJIM OIEPATOPHUHT TYPJIH
Oa3ucaary Marpuuanapd OUp XWI XapaKTepHUCTHK KYIIXaara
ara. by xapakTepuCTHK Kynxajg OepHIraH 4YM3HKJIM OIlepa-
TOPHUHI XapaKTePUCTUK KYIIXaad 1ed artaraim.

4-reopema. Azap conau F maiidon ycmuodazu n yauoeau
wuzuKau (pazoda aHuUKAGH2aGH HUIUKAU ONEPAMOPHUHZ XApaK-
mepucmux Kynxadu n ma mypau uaduzza 32a b6yaca, 6y onepa-
mop ouazonaarautysuuoup.
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HNcoor. Hacrmad uxTUEpUi YU3UKIU (a3ofa YUIUKIU
OIIEpaTOPHUHI TYPJIH XOC COHJIapUTra MOC KEJIYBYM XOC BEK-
TODJAPHHMHT YU3UKJIH 3DKIU 3KAHJIUTHUHH KypcaTaMH3.

Yuwby {x,, *.., X,} — TYPJIH XOC COHJIAPra MOC KEITYBYHU XOC
Bekropiap 6yncun: fix) = Ax, (i=Lk), 6y epna i # j y4yH
A # A

By TH3MMHUHT YM3UKJIU SPKIWIMTHHU Kk Oyiu4ya mMaTeMa-
TUK MHIAYKUUA €paamMuia ucbornaimmus. Tacauk k = 1 ma x
= ( (xap KaHaall XxoC BEKTOp Y4yH) OyiaraHd yuyyH a€H. Tac-
UK (kK — 1) Ta Xoc BeKTOpJap YYyH YpHHIH OViIcuH neb Pa-
pa3 KWiaMu3.

DHIHU X,, ..., X, BEKTOPJIAP YIYH 2 ax;, = 0 TeHIIUK YpUH-
I 6yJIan By TeHerK,uaH i=1

f(zax] Sa.f6) = Sads,

k k _
TEHTIMKHY olaMu3. Yby 4, >, ax; = > a;A,x; = 0 TeHIIHK-
i=] i=]
k

JaH OXMPIH TEHIMKHHM anupub, » a;(A; —A)x; =0 TeHr-

JMKHU Xocwil Kwiamu3. MHAYKUMAHUHT ¢apasura Kypa X,
o X ‘II/[BI/[KJII/I 3PKIIH. byHra Kypa oXvpru TeHIIIMKIAH a (4, —

—lk) , (i=1,k—1) TenrukiapHu onamu3. XoC COHIAP
TYPJIU 6yJ1raHn yayH A, — 4, 20 (i= l,k—l). byHnaH Ba

OXUpId TeHIIMKIapAaH a, = 0, (i=1,k—1) TeHIIMKIApHU
k

onamu3. bynapnan Ba ) ax; = 0 TeHmMKaaH a,x, = 0 TeHI-
i=1 ‘

JUKHU onamu3. Xoc Bekrop x, # 0 Oyaranu yyyn a, = 0.
Hdemak a, = 0 (i =1,k). By x,, ..., x, BEKTOPTapHUHT YU3UKIU
3PKIIM SKAHJIUIMHU KypcaTaau.

OHIM 4., ..., A COHJIap GepWiIraH YU3UKJIN ONEPATOPHUHT
XOC COHJApH, €, ..., e, 3¢ca Oy XOC COHJIapra MOC XOC BEKTOp-
Jap OyiacuH. Y xonna ucboriaHraHra Kypa, e, ..., € BEKTOP-
JIap TU3MMHU YU3UKJINA 3PKIK 0¥iau6, V da3zoHUHT Ga3ucH 6yna-
a4. l-teopemara acocaH f YM3UKJIU OMEepaTOPHUHI Oy Oasuc-
nary Matpuuacu guarosan Kypuuuiura sra. Il

237

www.ziyouz.com kutubxonasi



D, dasona 6epuiaran ¢ O6ypuakka (p # 7n, n € Z) 6ypui
YU3UKJIM OIEPATOPH MHCOIM KYpCATaAUKH, 2-TeOpeMa YEKIIU
ViyaMau Xakukum ¢daszonapaa YpUMHIM 3Mac. bomikauya cy3
OwiaH alTraHia YeKJId YIyamid YU3HUKIU ¢da3onapaa YU3UK-
J¥ OINMEepPAaTOPHUHTr OUp ViayaMiIHM MHBApMaHT KUCM(@a3ocu
OyIMacJIUuru MyMKHH.

Kyiinmaru reopeMa KypcaTaadKy, YeKJIM YI4yaMu XaKuKui
¢azonapaa YM3HKJIM ONEPATOPHUHT OUp VIYamMiy MHBAPUAHT
KUCM (¢a3ocu JouM OViaMacasiM, JIEKMH UKKH VI4aMJId UHBA-
pHMAaHT KUCM(@a30CH JOUM MAaBXYVI.

5-reopema. Yexau yasuamau xaxuxuiu wuzuxau V dpazooa uu-
3ukau f onepamop 6epunzan 6yacun. Y xoada wyndai A, u € R
coHaap eéa bup eaxmoa Hoabza menz 6yamazan wyndai x,y € V
eéexmopaap masxcyoxku, f(x) = Ax — uy, {y) = ux + Ay (azap
u = 0 6yaca, x 6a 'y sexmopaaprunez noavdan apxaucu f one-
pamopHunz Xoc éexmopu byaaou).

U co6oT. Xap KaHAaM YEKIH VIYaMIM XaKUKHH YK 3UKJIU
(hazo oupop n yuyH R” ra uzoMmopd 6yiaranu yuyH V' = R” 1eb
onumuMu3 MyMkuH. by ¢asona 6asuc cudarupa ymoy
e, =(1,0,..,0), ¢=(0,1,0,..,0), ..., =(0,0,..,0, 1)
OpTJIap TU3MMHHHU oJaMu3. by 6asucaa YM3UKIM f orieparop-
HUHT MaTpuuacyd A = (a,) 6yIcHH. Y xoina xap KaHiau x €
R yayn fix) = Ax, Oy epJa x BEeKTOp YCTYH KYpHUHHINKIA
€3wirad. Ouam " ¢azona xap 6up Z € (" yuyyH YU3HKIU g
OIepaTOpHHU g(7) = Az TeHITUK OMWIaH aHUKJIauMu3, Oy epaa
XaM Z BEKTOp YCTYH KYPMHHMIIAA €3WIraH. 2-Teopemara aco-
CaH g OINEPATOPHUHI XOC BEKTOPH MaBXyHd, YHU Z, OWIaH Ba
MOC XOC COHHH & OpKaiu Genrunaimus. Y xonna g, = x, + iy,
KYpUHHIIJA €3UIIMMHM3 MYMKHUH, Oy epaa x, y, — OapaBap
Hojpra TeHr OynMaraH R garu Bektopnap (4yHku Z, # 0).
Xoc &€ coHHHU & = A +iu; A, 4 € R KypuHuga €3u6 oramus.
Yuby AZ, = £Z, tennmknan A(x, + iy) = (A + iu) (x, +
+ iy) = (Ax, — uy,) + i (ux, + 1y,). by epnan

fxy) = Axy = Ax; — uy,,
fo) = Ay, = ux, + Ay,
[Iynu aiTvIn KepakKd, Ya1yaMu OUpHAH OpPTUK OyiaraH
KOMIUIEKC YH3UKJIH (pa3onapia JUAroHaUIalmyByd OyiMaraH
YU3UKJIM OoIlepaTropjap MaBXyIl.
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Macanan, (* ¢asona 6upop 6asucina
4= 00
1o

MaTpuilara 3ra OyJIraH YH3uKJIHU f OrepaTop AMAaroHaUlallyB-
yy 3Mac. XaKWUKATaH, aKC XoJijia LIyHJal MaxcycMac

C = (}’11 712)
Yau Yxn
MaTpuiia MaBxyaku, B = C'AC auaroHan KypuHMIIra 3ra:
A0
B= ( )
0 u
bynnan Ba AC = CB TeHDIMKIAH

(0 0)(}’11 Y12)=(711 712)(’1 O)
1 0\yy vn Ya Y /\0 u

MyHocabaTHU onamu3. by myHocabatuan 3ca iy, = uy,, =0,
Ay = Vi WYy = Vi ¥y = ¥y, = 0 TEHIIMKIADHU ONAaMM3.
Oxupru TeHIMKIAp 5¢ca C MaTpUMLIAHUHI MaxcycMac 3KaH-
JIUTUTA 3UA.
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Yuunuu 606

MATPHUIAJIAPHHUHI 2KOPJJAH
HOPMAJI ®OPMACH

54-§. MATPULIAJIU KVIIXA/UIAP

Mampuyasu kynxad ned, A KOMIUIEKC ¥3rapyBYWIM LUYH-
nav A(A) dyHKUMsra anTWiaaukyi, YHUHT KuiiMaTiaapu C Mait-
IOH YCTUIAru n — TapTUOIM KBagpar MaTpuuaizap o0yauo, y

AR) = A, + AL +..+ AL ™ (1)

KypuHuUIITa 3ra, 0y epaa A4, A,, ..., A — Taprubu n 6yiarad
KBaapar Matpuuaiap. Tabpugparv » COHM MaTpULATH KyTXaa-
HUHT mapmubu newnwnany. Arap A Hojbaad ¢apkiu 6yica,
m COHM MATPMLAIX KYIIXalHUHI Odapaxcacu, A_3ca w0Kopu
Ko3ghgpuyuenmu nevivnanm.

Marpuuanap ycTUaard aMaUIapHHHT XoccaiapuiaH ¢oi-
JanaHub, xap KaHIaW MaTpULAIM KYIIXaa{HU # — TapTUOIH
IWYHIAK KBagpaT MaTpulla KYpUHUIIMOA €3WIl KMYMKHHKH,
YHUHT 3JIEMEHTIApH A ¥3rapyBUMHHHT KOMIUIEKC KO3(pPUILU-
eHTIU KyxamlapujaaH HOOpar:

AN = 2
a,A)...a,(4)

byHna# MaTpuuanap A — Mmarpuuanap ned aranan.

Marpunaty Kynxamwiapaa A — MaTpulaIap KYpHHUILIKIA
€3ub6 onub Ba coHNM KOIPPUUHMEHTIN KYIXATApDHUHT XOC-
canapugaH ¢onnananubd, A(1) — matpuuanu kymnxan (1) ugo-
nacugaru A, A, ..., A MarpunajapHUHI OMp KUHMAT/IH aHHK -
JJAHTAaHUHU Tornamu3; yaap A(A) MaTpuUalu KYIXaOAHUHT KO-
a¢pbuumreHTIApU e aTajaju.
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XycycaH, xap KaHgah A € C yuyyH A(4) HOJb MaTpHLa
6ynumm y9yH 6apya A, A, .., A, KO3pOUUUEHTIAPDHUHT
HOJIb MaTpHIa OViIuiny 3apyp Ba Kudos. Arap A(d) — HOJIb-
naH dapkJId MaTpUIATH Kynxan Oynca, y xonna A(4) ra HOJIb-
JaH GapKiId Ko3¢hPUIHEHT OWIaH KUPYBYU A HUHT 3HT IOKOPH
papaxacu A(1) MaTpULiaAM KYIXaAHUHr Japaxacu Oynanu.
Papmanku, A(A) HUHT Aapaxacu YHHHT (2) udonacunaru a,(4),
(i,k = i:};) KYIxauiap JapaXalapdHUHI 3HT KaTTacura TEHT.
bapua n — taprubauM A MaTpuUAIapHHUHT TYTIaMuHu C"[1]
OpKajiu OeIruiIauMus.

Marpuuanu kynxamiapHuHr (2) udonacunan poinanaHuo,
yJIApDHUHT MUFMHIAMCH Ba KYIMAaWTMACHMHM MaTPpHULIAJIADHUHT
WUFMHIMCH Ba KymaiTMacu opKaiu Kupuramui. by aMmaiap
CN[A] TVIDIaMHHM XaiKara ailaHTupagy (XaiKka akcuoMaiap
OaxapwIMILIMHY TeKIUMpUHr). by Xajakama OUpIUK 3JIE€MEHT
DOJIMHH 1 — TAapTHOJIM OMPIMK MaTpuua ViiHalau. Arap n = 2

_6yica, XaJlKa KOMMYTaTHB 3Mac Ba HOJbHUHT OYIyBYWIapUra
ara (Moc Mucoiuiap kearupuur). Kyiunaru reopemara C 4]

' XAUTKA1a KOJIAUKIN OVIMII XaKkuaark Teopema aed kapaii MyM-
KHH.

1-treopema. A1), B(A) — mapmubu n za menz mampuyaau
xynxadaap, B(1) — Hoavoan papxau ea ynunz roxopu xo3gppu-
yuenmu maxcycmac byacun. Y xonroa mapmubu n 6yszan wyH-
dai Q.(1), R(A), Q,(4), R,(A) mampuyasu xynxadsap mag-
HCyoxu,

AQ) = () BR) + R,(A) = BQ)Q,(1) + R,(A).

bynoa, azap R (1) éxu R,(A) mampuyaau xynxadsap noav-
dan papxau 6yaca, y xoada yaaprunz dapaxcacu B(l) nune
dapaxcacudan Kuuux.

NcboT. Arap A(l) — Honb €KH napaxacu B(A) HUKWIAH
KMYMK MaTpMLaIU Kymxan 6yica, Q1) = Q,(4) = 0, R(A) =
= R(A) = A(A) ned onunca, Teopema UCOOTIAHANM.

Duau A(1), B(A) napHuHr Japaxanapd MOC paBULLia m, k
oynub, m = k GaxxapuiCHH.

DHAM TeOpeMaHM HOJb KVIXamiap €Kd gapaxacu < m
KYOxamiap y4yH ucOoTinaHrad ne6 ¢apas xuwiamus. A(4) Ba

16— 2K Xoxcues 241

www.ziyouz.com kutubxonasi



B(A) xymxamrapHu (1) HUHT jgapaxajgapd KaMaumb Gopuiu
TapTUOHUIA €3aMH3;

AQ) = Al +..., BQ) = Bl* +... .

byHra kjpa
AQ) = A(Q) — AB! B(A)r ™+

KyTxan € HOJNb €KHM Japaxacu < m OViIraH Kymxam.
UHnykuusHuHr $apasura MyBohHK

A,A) = G A)BQA) + R(4)

MyHocabaT YpuHiIH, 6y epma R(A) € HOIb €KM JapaxacH
< k 6ynran xkyuxaa. byHnan

A(R) = AB? B)A™* + A(A) = O0,(A)BA) + R(A),

6y epna Q,(1) = AB! A™* + Q(A).

0,(4) Ba R () KyxaUlapHUHT MaBXYUTMIHA LUYHTa YXILaLl
ucbommananu (Mycrakwi Kypcatusr). Il

OHmu AQd) = A, + AA +..+ A A" — Taptubu n GynraH
MaTpuUAId Kymxan, X — TapTuOu n OYJIraH KOMIUIEKC Mar-
punia 6yicuH. A(A) ra A HuHr YpHura X HM KyiuO, Gapya
aMaUTapHM Oaxapyll HaTwxacuia Xocwi OyiaraH A(X) = A,
+ + A X +..+A X" matpuua A(A) KyIxaqHUHT X MaTpULana-
'M Ku¥Maty ne6 ataramd. Papmanku, arap A1) = B(1) +
C(A) 6yirca, y Xoima xap KaHgait X € (" marpuua yuyH A(X)
= B(X) + C(X). AMMo A(A) = B(1)* C(A) TEHINIMKAAH JIOUM
A(X) = B(X) C(X) TeHrmK Keaub yukKapepMmaiau. byHHMHT
cababu myku, B(1) Ba C(1) MaTpuUaIM Kymxamiap KymanTH-
pWIraHga KoMIUieKc A y3rapyBuu Oy KyNxajlapHUHT MaTpH-
uaimapgaH noopar Ko3¢hUUUEHTIApYM OWiIaH YpUH alMallu-
HYBYH, aMMo X MaTpHI1ia 3ca Oy xoccara 3ra 6yIMaciIurd Mym-
KAH. Arap X Marpuua C(A) KyIIXaJHUHI MaTpuUUajlapiAaH
noopar 6apya Kos3pPuiMeHTIapyu OWIaH YpUH AIMalLIMHYB-
un 6yica, y xomma A() = B() C(1) nan A(X) = B(X) - ((X)
TeHrTUK Keaub yukanu. Iy uszoxman ¢oinarapub, Kynuaa-
rd TeopeMa MCOOTIaHAIM.
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2-reopema (I'amuibroH-Kamu). Adeap A mampuuyanune
xapaxmepucmux xynxadu ¢(1) 6yaca, y xoar0a ¢(A4) = 0 (6y
epda ¢ (A) ne6 p(1)E mampuyaiu xynxaonunz A mampuyadazu
Kulimamu mywyHuaiaou).

Hcb6or. B(A) opkamu (4,(A))T matpuuanu GearmwiaiMus,
oyHna A, (1) opkam A — A E MaTpuuajiard MOC 3JI€MEHTHUHT
anredpauk TYJIANPYBUMCH OenrwiaHrad. JleTepMUHaHTIAp Ha-
3apusicuaal (21-§, 3-reopemMa) MabiIyMKH

p()E = B(A) (A — AE)

A marpunia A — AE Marpunanu XyrxaqHUHT HKKaJIa Ko3d-
¢puHeHTH OWIaH YpUH ajJIMalIMHYBYH OVITaHMW YYyH IOKOPH-
nary TeHrauknaH ¢(A)E = B(A) (A — AE) = 0 TEeHINUKHU
oixamus. l

(rA] xankaga TecKapuMcu MaBXyl OYiaraH sjieMeHTjiap
VHUMONYJISIp A-MaTpuuaiap aed atajianM.

3-TreopemMa. A-mampuuya ynumooyaap 6yauwu y4yn yHunz
Odemepmunanmu yzeapmac (STbHU A ra OOFJIMK 3Mac) 6yauwu
3apyp ea Kughos.

U co6or. Tabpudra acocad, arap A-marpuua A(1) yHUMO-
oyassp 6¥i1ca, yHHHT YYYH mIyHHaW A-matpuila B(1) mMaBXyn-
Ku, AQQ) - B(A) = B1) + A(A) = E. Yoy detA(1) Ba detB(1) nap
A ra HucbataH Kymxawiap Ba defA(R): detB(A) = 1 6yiaraHun
yuyH detA(A) — HoapmaH ¢apkKjau COHAUDP. AKCHH4YA, arap
detA(A) = A — HonbaaH Qapkiu coH Ba AX) = (a,(4)) O¥ica,

y xomna BG) = (B,()), B, (1) = + A,A) 1e6 onamus, 6y epna

A (A) opkamu A(A) Marpuuasard a,, 3J€MEHTHUHI ajiredpauk
TynaupyBurcH 6enrwianrad. Y xonpa AQ) B(1) = BA)AQR) = E.

55-§. KAHOHUK A-MATPUIIAJIAP

Tabvpud. Kyiudacu wapmaaprnu xanoamaaumupyeyu A-
mampuya KaHoHuK de6 amanaou:

1) y duaeonan mampuya;

2) duaconan 6yuuva dacmaab HoavOaw apkau kynxaonap,
KeUuH HoAnap Hcolnauiean;
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3) noavdan apkau xap Kandaii Kynxadnune 0Kopu Ko3ggu-
yuenmu bupza mene;

4) noavOan apkau xap 6up KetiuMeu xynxad oadunzucuza
6yaunadu.

F — conim MaitnoH 6ViacuH. byHaaH KeluH, arap 6omika
ran ajloxuia Kaig KWwiIMHraH oOyiamaca, F MaigoHna aHMK-
JJaHTaH A-MaTpvUajiap KypwiaiM, SbHHM LUYHIAH MaTpULAIH
KYIIXamjapKy, YJIAapHUHT Oapya kosdduuueHTIapu F Mai-
JOH YCTHAArd n-TApTHOIM MaTpUUAIapaMp.

A-MaTpHIAJapHUHI 3JIEeMEHTap ajJMalTUpuLLIapd Ael,
Kyiyjaru ajiMalluTdpyuuiapra anTuwiaau:

1) A-MaTpunanuHr 6upop carpuHu (YCTYHMHH) HOJIBAAH
dapkymm coHra Kymaitupun (OyHaal aaMamwTupyuuiap 1-typ
3JIeMEHTAp aJMAaIUTHPHUIIUIAD Ae0 aTalanu);

2) A-MaTpUIAHUHT 6Mpop carpyHu (YCTYHUHH) F[A] Xanka-
JaH OJIMHTraH KYIMxaAra KymaitupuO, 6oluka carpura (ycTy-
HUTa) KYIIMII.

Taspud. Ukkura A-maTpuliagaH OUPUHM UKKMHYUCH-
JaH YeKJIHM MapTa JJeMEeHTap aJMAalUTUPUULUIADHMU Kynnad
XOCWI KWIMII MYMKHH OViica, yiaap 3KBHBAJIEHT 4e0b aranauu.

by 3KBMBAJEeHTIMK TylIyH4YacH peGhIeKCUBIUK, CUMMET-
PUMKJIMK Ba TPAH3MTHBIIMK XOCcajapura 3ra (TeKIIMPHUHT).

Mucon kypamu3s. Ukkura A-Marpuua 6epuiud, yIapHUHT
OMpH MKKHHYMCHIAH (akaT caTpIAapHUHT (YCTYHJIADHMHTI)
TPAaHCHO3ULMACH OuIaH (papkK KWICHUH. YJIADHUHI 3KBH-
BaJICHTIMTMHU Kypcatamu3. A(l) MaTpULIAHMHT K-yCTYHUHU
a, = a(A) opkanu OeiarmwiaimMu3. A(1) Matpuuana 3J1eMEHTap
AIMAIITHPUILIA KATHAIIIMAraH yCTYHJAapHU Tauwiab ooopuod,
KyWuaaru 3jeMeHTap aJMallTHPHIUIAapHU OaxapaMu3:

AQ) = (a, a) ~ (a, + a, a) ~ (a, + a, — a) ~ (a, — a) ~

Oy epaa i = j. CaTpJIapHUHT XaM YpPHHHM aJMALITHPHIN LIyH-
ra yxmam oaxapwiagu.

Teopema. Xap kanoaiiA-mampuua 6upop KaHOHUK A-MaT-
pHIara 5KBHBAJIEHT. '

Ucb6or1. Homp mMarpuua yyyH TeopeéMa paBllaH, YYHKH
VHUHT V3 KaHOHUK. DHmu A(l) HompaaH ¢apkiu OYICHH.
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TeopemMaHu A -MaTpULUAHUHT TapTUOU OYiHMYa MHAYKLUA €p-
JaMyaa UCOOTIaMMuU3.

Arap n = 1 6yica, y xonna A(4) MaTpuua OUTTa 3NEMEHT-
naH ubopar Mmatpuua A(4) = (a(d)), a(A) = a, + aA +...+ a A™,
a,a,..,a €F a #0. AQA) Hu a coHra Kynautupuo,
I0KOpH KO3 PULHEHTH OMpra TeHr OyiaraH Kymxaiara kKejaa-
Mu3. by ounaH A(A) KAHOHMK KYpUHHUILHU OJIaAH.

JHoM n > 1 xoaHH Kypamu3. Teopema taptubu (n — 1)
OynaraH A-matpuuanap yuyyH ucboTinaHraH ned dapas Kuia-
MHM3.

Taptubu n 6yaraH A(1)-MaTpUUAHU Ba YHra 3KBUBAJICHT
oyiaraH 6apua A-MaTpuuaiapHu ojlaMu3. byHpai A-maTpuia-
JJADHUHT 3JIEMEHTJIAPU MYMAA JapaXacH 3HI' KHYMK Ba IOKOPU
Koa(ppuumueHTn Oup OyaraHuHU £ (1) opKanu OeiruiranMus.
by £,(A) anemeHT KupraH A-Marpuiuana 6y 31eMEHTHH caTp-
JJADHHUHT Ba YCTYHJAPHUHT TPAHCIIO3MLMUACH OPKAJIH Oy MaT-
PULIAHUHT yamn Oypuyarura yTKazaMH3:

(e,(A) apA) ... a, ()

A - | P @@ - @@

anl(’l) anz(l) am(,l)/.

Oxupru MaTpUUAHUHT OMPUHYM CAaTpU Ba OUPHHYH YCTY-
HHJard 6apya 3JeMEHTIApHUHT &,(4) ra OYIMHUIIMHU Kypca-
TaMHU3.

XakukaTtaH, a,(1) = g(A)e,(A) + nA) 6¥ncun. By epna 1)
HUHT JapaxacH & (1) HMHI JapaxaculaH KMYMK. Y xonaa 6u-
PUHYHA YCTYHHU — ¢(1) ra KymadTupud Kk-yCcTyHra Kyuwicax,
A(A) ra 3KkBUBaJIeHT OViraH myHaai A-MaTpUUAHU OJJAMH3KH,
YHUHI OUpUHYMA CATPUHUHI Kk-yCcTyHMAA HA) HH ojaMu3. by
A-MAaTPULIAHUHT OMPUHYH CATPUHHU MA) HUHT HKOPH KO3(-
¢duuuentura 6ynamus. Hatmxana A(1) ra 3KBUBaJIEHT OVIraH
WyHOaW A-MaTpulara KeJIMKKY, YHIAa OMpUHYM CATPUHHUHT
k-yCTYHHIArd 3J€eMEHTHUHI JapaxacH &,(A) HUHT Japaxacu-
JaH KHYMK Ba IOKOpY Ko3¢dPuuueHTH Oupra TeHr. by 3ca
¢,(A) HUHI TaHJIaHMIOWTrA 3uA. Jlemak, H{d) — HOJb KYIxa.
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[lyHra yxmam Myjioxa3ajJlapHd OUpHHYM caTp Ba OGUPHUH-
YH YCTYH BJEeMEHTIApMHMHT OapuacH yctuaa O6axapub, Ky-
Mupard A-MaTpuuara KejJlaMus:

e A) 0 ... 0

A -] O P2

0 g,4) ... 8,04
HUupykumsara MyBo UK yoy:

By (A) ... By (A)
B(A) =

Bu() .. Bpm(d)

(n — 1)-TapTudbam A-MaTpHIla KyHHAArH KaHOHHK A-MaTpH-
[ara 3KBUBAJICHT:

&,(4) 0
B(A) ~
0 €,(4)

A(A) matpuna yctuna ¢akar B(1) MaTpULIaHUHT caTpjapy Ba
VCTYHJIApUHUTUHA V3rapTUpaguraH mIyHAAH SJIEMEHTIAp al-
MAIUTHPHIIUIADHH OakapaMu3KH, OyHaa B(4) KAaHOHHUK KypH-
HHILTa YTCHH.

(e,(A) 0 )

AA) ~ &,(4)

0 £,(2)
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Oxupru A-MaTpMUAHUMHI KAHOHHMK 3KaHJIMIMHU Kypcara-
mMu3. ByHuHr y4yH ¢,(A) HUHT € (1) ra GYIMHMIIMHU KYpCa-
THII KUPosa. OXMpru MaTpMLUIAHUHT OUPUHYM CaTpUra HKKMHYH
CaTpUHM KYLIHUO, KyHHJard A-MaTpULIAHU OJIAMH3:

(51(1) £,(4) 0 )

A1) ~ £,(2)

, 0 £,(4))

IOkopuna @, HUHT € (A) ra 6V IMHUIIMHA KaHAAH KHIHO
ucbotiaaradH 6yiacak, Xxyoau Wy Myjloxa3ajlapHU OXUprd Mar-
PULIAHUT GUPHUHYM CATPU BAa UKKMHYU YCTYHUAA TYPYBYH £,(4)
ra Kyuiab, yHusr ¢ (A) ra 6y IMHUIUMHA UCOOTIANMM3.

56-§. AETEPMUHAHT BYJIVBUMJIAP
BA MHBAPMAHT KVIIAUTYBYMJIAP

A(A)-TapTbu n 6yaraH A-MaTpuua Ba k-HaTypaia coH, 1 =
k < n OyJICHH.

Tabvpud. A(L) mampuyanune k-mapmubau demepmurHanm
6ynyeuucu deb, kyuudazuwa monunaduzan 0 ,(A) kynxadea au-
munadu: azap A(L) nune 6apua k-mapmubau munopaapu HoNbea
mene 6yaca, 6,(A) — Hoav kKynxad; azap A(L) Hune k-mapmubau
MuHopaapu uxuda Hoavlan apkaunsapu 6yaca, 6k(l)—H0ﬂbdaH
gapkau k-mapmubau MuHOpAapHUHZ 3H2 Kamma YMyMul YHU-
map 6yaysuucu. |

1-Tteopema. A-mampuyasapnune demepmunanm 6ysye4u-
Aapu 31emMenmap aamaumupuwsapoa yzzapmaiou.

U c6oT. JnemeHTap aiMamiTdpynuiapaa k-taprubamu MU-
HOPJIADHUHI KAHIAM Y3rapulIMHU Ky3aTtaMu3. CaTpiapHH 3JI€-
MEHTap aJMalUTUpHIL OWIaH yekinaHamMu3 (YyCTYHJIAapHHUKH —
LIYHra yxiuaii).

A(A) MaTpHLHAHHMHT GMPOpP caTpd HOJbAAH (apKiId COHra
KYNauTHpWIrad OyjicuH. Y xoinga Oy caTp KaTHalraH MH-
HopJilap Iy COHra KynmaWTUpwWiIaad, KOJraH MHHopjaap 3Ca
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Yarapmaiion. BbyHmaH kypuHaauku, Oy XWI 3JIeMEHTap ajl-
Mawtupuiga 6,(A) yarapMaiau.

Ouau A(A) MaTpMIIAHUHT j-caTpH ¢(A) KYIxaara KymanTu-
pwiub i catpura Kywairad OyJiacUH.
_ byHusr HatmXacuaa xocwi OYiaraH SHru A-MaTpULIAHU
A(A) Ba yHUHT k TapTHOMM NeTEPMMHAHT GYTYBYMCHHM 3ca

0,(A) opkanu OenrwiafnMus.

baxapwiradH asjeMeHTap aJMalITHPUII HaTtvxkacuaa A(A)
HUHI | MMHBOp KAaTHalIMaWJAWraH Xamza J/ Ba j caTpJIapHUHT
HKKaJlaCcU XaM KaTHAallaJuraH MHHOpPJapy y3rapMauau. Arap
A(A) HuHr GepwiraH u(A) MMHOpPHAA I caTp KATHAWIMO, j caTp
KaTHalIMAaca, Y X0Jila 0axXapuraH 3J€MEHTap aJIMAalUTHUPHULL
HaTWXacua YHUHT KMHMati ¥3rapud, u(d) * ¢(4) u () ra
TeHr 6ynanu, 6y epna u (1) Kynxax A(A) HUHT WyHAau k tap-
TAOIM MHUHOpHKH, u(A) MMHOpAaH A(Al) HUHT i caTpM XOM-
Jalrad KMCMMHM j CAaTPHUHI MOC KMCMHU OWJIaH aJMauITH-
pumaaH xocwn 6yarad. bynapaan kypunaguku, A(4) marpu-
UaHUHT Oapya k TapTHOIM MUHOpIApH 6,(4) ra GynuHanM.
Hemak 6,(1) xam 0,(4) ra 6ymuHanu. IKKHHYA TOMOHJaH,

A(1) marpuna xam A(1) nax snemeHTap aJIMalITHPHLI OpKA-
T OJIMHTaHM Y4YYH IOKOPMIAry MyJioxasajiapra Kypa o,(4) xaMm
0, (4) ra 6ymuHanu. Hatmxanad (1) = Sk().) , (k =1,n) TeHr-
mukHu onamus. Il

l-reopeMa €pmaMuma KyHuAaard TeoOpeMaHU UCOOTIAMMM3.

55-§ ma xap KaHnai A-MaTpMLAHUHT OMpPOp KAaHOHMK A —
MAaTpHIlara 3KBUBAJEHT 3KAHJIHUIH KYpCcaTWiIraH 3Au. OHIU
OyHnai KaHOHUK A-MaTPULIAHUHT STOHAIMTMHYU UCOOTIaUMU3.

2-Teopema. Xap xandaii A-mampuya A20Ha KAHOHUK A-
mampuuaza 3K6uéaireHm.

HUcoorT. bepwiran A(A) MaTpuna ywoy

g (4) 0
AQA) =
0 £, (A)

KaHOHHMK A-MaTpulara 3KBUBaJeHT OYiICHH. Y Xonna 1-Teo-
pemara acocaH xap Kaungai k =1,n yuayH d,(A) = 6,(1). A(4)
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KaHOHUK MATPUUAHHHT &,(4), ..., £(4) 3JIEMEHTIApH_HOJIBJAH
dapxiu Bag,(A) = 0, kK =r +1,n 6yncun. Y xonna A(4) mar-
PUIIAHUHT Xap KaHia (r + 1) Ba yHAaH OKOpU TapTUOIH
MHUHOpJIap4 HOJbra TeHr. [JeMak,

6,() = 8,(0) =0, (k=r+1n).

KaHOHMK A-MaTpUIIaHUHTI Tabpudura MyBopHK Oy Mmar-
PHLIAHUHT Xap KaHgai kK — (1 < k =< r) Taptubau MHUHOPH
ywby £ (1) - €,(4) ... ¢,(1) 6ypyak MuHopura GyauHanu. byxra
acocan 8,(1) = 8,(A) = ¢,(A) ... £,A), (k=1,r) Ba d,(A) = 0,
(k=Lr).

SHau o,(4) = 1 ne6 onmub, ywody

_ 94) _T
ek(’l)_dl:l(l)a (k_lar)

e,(A)=0, (k=r+1,n)

MyHocabariaapra sra 6ynamus. by OwraH A(1) ra 9KBUBaJICHT
oynraH A(A) kaHOHUK A-marpuua A(A) marpuua OwiaH 6uUp
kuiMaran aHukitadaay. M

A(A) ra s3kBuBaJleHT 6VIraH SiroHa KaHOHMK A-MaTpulia-
HUHI QMaroHanyaard & (4), ..., ¢, (4) anementnapu A(4) Mar-
PULAHUHI MHBApHAHT KYIMaWTyBYWJIApU AeO artajiand.

HWHBapuaHT KynaityBuymiaapHUHr (1) xucobnam ¢opmy-
Jajgapy KyTnHHYa A — MaATpHMUAIAPHUHI 3KBUBAJICHTIUK Ma-
CaTaCUHU OCOH €YHUIlra UMKOH Oepanu.

Mucon Ymby

i =3
A(’l)=(1 1-4)

MaTpHMLAHH KypaMu3. PaBlIaHKWA, YHHMHr OMpUHYHM TapTUOIU
MHUHOPJIApH V3apo TyO. SfroHa MKKMHYM TapTHOJIU MUHODPHU
6op, yA? — 44 + 3 ra redr. lllynunr yuyno,(1) = 1,0,(4) = A* -
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—-44 + 3. A(A) HUHr MHBapHaHT KYNaNTyBYWIApH KyHHIAa-
ruya:

8,(4
W 443

e, ) =90,(A) = 1, e,() = 5.0 =

Hemak, A(4) ymoy

1 0
0 22—41+3

KaHOHMK MaTpuliara 3KBHUBAJIEHT.

U(A)-taptubu » ra TeHr YHUMOIYJIAP MaTpuma OYICHH.
YHUHr JeTepMUHAHTH HOJbIAH (apKiu COH OYJIraHH YYYH
£,(4) ...e,1) =6, (A) = 1. bynnan ¢ (A) =...= ¢ (A) = 1. Ulyn-
Jan KWiub, xap KaHaau yHuMonyiasp U(A) marpuua OUpiIMK
MaTpHLagaH ubopaT KaHOHHK MaTpHIlara 3KBHBAICHT 3KaH.

Tavpud. I-myp anemenmap mampuya de6, wyndaii duazo-
Han A-MaTpuLiara akTaMu3Ky, YHHHT OUTTa IMAroHAa 3JIEMEHTH
HOJbAAH (apKjIu COH, KOJTaH IMAroHala 3JeMEeHTIapu 3ca
OUpra TeHr:

(1 0)

E()=|e oo ... Voo e .

2-myp anemenmap mampuya 0eb wyndail A-mampuyaza aiu-
mamu3sKu, yHuHe 6apua ouazonan snemenmaapu bupza menz, 6ow
Ouaz0nan0an mawkapu émyeuu 3nemeHmaapHune bupu — Kynxao,
Kon2aHaapu — HOAb2a MeH2!
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. p(A)
E;(p(M))={. .

PaBmanku, 6apua aneMeHTap A-MaTpuLaIap YHUMOAYISP-
aup... A(A) MaTpMUAHUHTI § caTpUMHHU (YCTYHMHH) HOJBAAH
dapku y coHra Kynaiitupuin A(A) Hu yangaH (YHroaH) E(y)
3JIeMeHTIap MAaTPHLAra KYynmauTupuiura TeHr Kywid. A(A) Mar-
PHUUAHUHT j caTpuHM (YCTYHHHH) ¢(A) ra Kymautupud 7 car-
pura kKyuu A(A) HY vYamnaH (YHroaH) E(p(1))ra KynmaHTu-
HINTa TEHT KyWIH. YHUMOAYJ/ISAP MaTpULATADHUHT KynanTMa-
CH siHa YHHMOZYJIsAp OyiaraHM cababiu 3KBUBaJIEHT OyiaraH
A(A) Ba B(A) A — maTpuualap yYyH YHUMOAYJap myHgan U(A)
Ba V(1) A — marpuuanap Masxyaku, B(A) = UR)AR) V(A).
byHra acocaH, xap KaHial yHUMOAYJISp MaTpulia OUpIMK
MaTpHliara 3KBUBaJIeHT OVaraHu cababiu y 3JieMEeHTap MarT-
PULIAJIADHUHT KYIAaWTMacH IIAKJIWIa €3WIMILM MYMKHH. by
MyJiOXa3ajapJaH KyHHaard teopeMa Kejaub YMKaau.

3-treopema. Hxkxkuma A(L) eéa B(1)-mampuyasaprune 3x-
eusasenm 6yauwu yuyn B(1) = U(L)A(L) (1) menzauknu xano-
amaanmupysqu ynumodyasap U(L) ea V(1) mampuyaraprune
Masxcyo 6yauwu 3apyp eéa Kugos.

57-§. VXIIAIIUIUK BA DKBUBAJIEHTJIUNK

F maiinoH yctuaa A KBagpar MaTpula OepuiraH O6yJICUH.

Tavpud. A — AE mampuyaza A mampuyarHune xapakme-
pucmuk A-mampuyacu deb amanaou.

Teopema. F maiioon ycmuodazu uxxuma A ea B mampu-
yasaprune yxwaw 6ysuwu yuyn yraprune moc A —AE ea B —
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— AE xapaxmepucmux ). — mampuuasapununz 3xeuearenm 6ysu-
wu 3apyp ea xKugoas.

Ucb6ort. ABa B nap yxmam, sbHU B = C1AC TEHIIIMKHA
KaHOaTJIAaHTUpaguradH F MaiioH yctuaarua MaxcycMac C mar-
pyuLa MaBXyx OyiacuH. Y xonpa B —AE = C' (A —AE)C. CBa
C! MaTpuL@IapHMHT MKKaJacH XaM F MailloH ycTMaAa YHM-
MOAyJap A — MaTtpuuaiap o6yiaraHu yuyH B — AE ~ A — AE.

AkcuHya A — AE Ba B — AF — MaTpulaiiap 3KBHUBAJIEHT
o6yncuH. Y xonpga myanai U = U(A) Ba V = V(1) yaumonyisp
A-Martpunaiap MaBxyaoku, B — AE = UA - AE)V. Upa V
japra MaTpuMUaJd Kymnxan ne6 kKapa® Ba ymapra KOJOUKJIH
OynuIl XaKyMaard TeopeMaHH TATOMK KWIHO, YIIOY

U= (B-AE)Q, + R, V= 0(B -AiE) + R,

TEHDIMKJIApHU oJlaMu3, Oy epna Q, = Q(4), O, = Q,(A) A-
MaTpuuanapaup, R, Ba R, map aca F MailloH ycTHaard Mar-
puuanap. by reHrinukiapaad goinganraHuo, ymoy

R(A —AE)R, = U(A —AE)V — (B — LE) Q4 - AB)V -
— UA - AE) Q)(B —AE) + (B —AE)Q|(A - AE)Q,(B - AE)

TeHINIMKHU ojamu3. U Ba V Teckapucu MaBxya OyiaraH A —
Marpuuaiap 6yiarasu yyyH Ul Ba V! n1ap xaM A-marpuuanap-
aup. oM ymby (A — AE)V = UN(B — AE) Ba UA — AE) =
= (B — AE) V! teHrnuknapaaH ¢oiganaHuo,

R(A —iE)R, = (B — AE) — (B — AE)Q,U(B — AE) —
- (B-AE)V'Q(B —AE) + (B —AE)Q|(4 - AE)Q,(B —
~AE) = B —1E — (B - AENQ,U"' + V1Q, -

- 0 -AE)Q)B - AE)

TEHIJTMKHH oflaMu3. Arap Q U' + V'1Q, — Q,(4A — AE)Q, mar-
pULa HoabaaH dapKiMm 6yinca, oxupru udoaa A ra HucbaraH
Japaxacu = 2 OyiaraH MaTpuuald Kynxan Oyiaapau, BaxXOoidaH-
ki R (A — AE)R, udpomaHuHr Aapaxacu 3ca OMpaaH KaTra
Oynuuu MyMKHH 3Mac. by suanuar xypcaranuku, R (4 —
—AE)R, = B —AE. by epnan B= RAR, R * R, = Esapuu B =
= CIAC, C=R. 1
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HUcb6otnadrad reopeMagaH Ba 56-§ garu 2-teopeMaiaH Ky-
MUIaru HaTHXaHU OJaMM3.

Hatuxa. Hxxuma A ea B mampuyanap yxwaw 6yauwu yuyH
A — AE sa B — AE mampuyasaprune Moc uHeapuanm kynau-
myeuunapu (Oemepmunanm 6yayeuunapu) mene 6yauwu 3apyp
ea Kugos.

58-§. DJEMEHTAP BYJIYBUWNJIAP

C KOMIUIEKC COHJIap MalIOHH YCTHIA n — Aapaxanu (n = 1)
6upop AA) Kymxan GepwiradH Ba a,, .., @, — YHHHT TYpJIH
wign3napyu oyiacud. Y xonga 30-§ maru 2-reopeMaHUHT Ha-
TDKacura Kypa yHU

f(A)=ay(A - al)kl (A= as)k’

KypuHMIIa udonanalt MyMKuH, 6y epna k,, ..., k — Hary-
pan cownap. Ywby (A—a)",...,(A-a,)* kynxamiap f(A)
KYIIXaOIHUHT 31emermap 6yaysuunrapu neiunagu. by f Kyrxan-
HUHT 3JIEMeHTap OyinyBuwiapu TYiviaMuHu D(f) opkanum 6ei-
WIanMU3.

bupop A(A) marpuua 6epwiraH Ba ¢,(4), ..., £, (A) — YHUHT
MHBApHaHT OYiyBuwiIapu OViacuH. A(A) MATPULIAHUHT PaHIH r
6yaca, ¢(A) # 0, (i=1r), Bag(d) =0, j=r +1,n. Honpnan
dapxyu 6yiaran ¢(1), (i=17) uHBapHaHT KynmaWTyBYMIap
nyuga oupnan ¢apkiad O¥IraHIapuHHHT COHM g Ta OVJICHH.
Vxommad() =1, i=Lr—q Bae _+,@) = 1, (r=149).

Y6y ¢ (A) “HBapMaHT KYHANTYBYMHUHI TYPJIH MIAM3TA-
PUHM A, .., A, opKanu Oenruwnaimus. by ¢ (1) uHBapuaHT
KyauTyBYMd OMpaaH ¢apkiau Xap oup sr_p-i-l(l) ra OYJIMHraHu
yuyH Oy er_P+1(l) KYIXaUIaDHUHT WIAU31ap4 A, ..., A, COH-
JApHUHT HuyMaa €értaad. byHra kypa xap 6up oupnaH ¢apk-
b1 er_P+1(i) KynxaaHuHr (1) KYypUMHUILIArH €HWIMAcu KyHu-

narmaa; e, ,1(4) = (-4 (A= 1) ...(a - 1) .
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Ymoby
A=2A)M (A—2)% ... (A—4)%
(A= 2, (A= 2,0 .. (A= 2,)"" |
............................ (1)
A=A @=2)" .. (A=2)"

Xansaiura A(A) MaTpUILIAHUHT 3JeMeHTap OVIyBYWIApU XaJaBa-
v ne6 ataiMu3. by XalBaTHUHT p — YCTYHH 3JIEMEHTIIAaPUHUHT
Kymait™Macu e, (4) ra tedr. Kappangaru 6ab3u 6up (4 - A, )
KyIxaiap 6upra TeHT, sbHU k= 0 OYIMIIA MyMKUH. Xap
oup ¢, (A) xyxan (1) kKynxaara 6YIMHraHU YYyH
kyzkp=...zk,,)
ky zky,=z...2 kzq,

................ [ )

A(A) MaTpMUAHUHT KBUBAJIEHTIMIM MacaJlaCUHU TEKILIH-
punia A, .., A, WIIM3TapHUHT KaHJIaM TapTHONa OJIMHMIIY
axaMuiaTra ara OyiaMaranadrd cababiaM caTpJapUHHHT VPHHU
OwiaH ¢apkK KWIyBYH TypJu (1) XagpauiapHu TeHT (OUp Xi1)
Jed xucoOJIaiMu3.

(1) xanBanmaru 6upnaH dapkiu 6y1raH 6apya (4 —A4,)%"
Kynxamwiap TymwiaMdHu D(A) opkaxu O6enruiaaiMui. byHpa
oupop (A-——A,)"m kKynxan (1) xaaBajga Heya MapTa ydypaca,
Oy kynxan D(A) TyminamMaa myHYa MapTa XucoOJIaHaau.

D(A) t¥miaM A(L) MaTpHULIAHUHT 3JIeMEHTAp OVIyBYmIapH
TVIIaMu aed atanagu.

1-Treopema. A(1) mampuuanunz mapmubu, panzu éa D(A)
anemenmap 6yayeuuaapu myniamu 6y mampuyaHurz UHeapu-
anm Kynaumyeuuiapuru myaa anuxaaiou.

Ncb6oT. A(l) MaTpUIAaHUHT TapTUOH #, paHTd r Ba D(A)
TYyIUIaM Oepwiiran 6yiacuH. Y xonga A(A) mMaTtpuua n — r Tacu
HOJIbra TeHT OVJraH MHBapUaHT KyNaWTyBYMJIApra sra.
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Hactmad D(A) tymiam A(A) marpuuaduHr (1) aneMeHTap
OYIyBYMIADU XAABAJIMHU TVJIa aHUKJIAIIMHU KypcaTaMu3.

D(A) tyruiamna Typiau 4, .., A, WiAM3JIapra Moc KelyB4YM
A=A)H, ..,(A—24,)" Kyppmnumam KYIxaiiap MU SH
IOKOPU JapaxXaluiapuHu OurrTamaH onamus:. (4 — 4p) kL,

(A= 4;)™  Ynap (2) xoccara k¥ypa (1) XanBaTHUHT 6upm~1qn
YCTYHHHH Oepanu. by kynxamiapau D(A) TyiuiamMaaH 4UKa-
pu6 1000pub, KojaraH Kymxauilap MYMAAH 3HI OKOPU Japa-
XAIWIApHHM TaH1ab onamu3. Yiap (2) xoccara kypa (1) xan-
BaJI MKKHHYM YCTYHMHUHI OMpaaH ¢apkJIM S3JIEeMEHTIApUHU
oepagu. by Mynoxazanu D(A) Tyiuiam 3neMeHT/Iapu 6bapyacH-
HY (1) XaaBajara XoMJIAIUITHpPryHYa NaBoM STTUpaMu3. by
MyJoxasa Kypcaraguki, (1) xansan D(A) TyruiaM OWiIaH Tyia
aHUKJaHap 3KaH. XycycaH, D(A) Tymiam (1) XanBaaHUHI ¢
YCTYHJIApHM COHUHM XaM Tyna aHukiaaiau. demak, A(1) mar-
pPHLIAHUHT OWpra TeHr OVIraH MHBApMAHT KYylaNTyBYWIapH
coun r — q. B

By TeopeManaH Ba 56-§ maru 2-TeopemManaH Kyiumaru Ha-
THDKAHHU OJIAMHU3.

Hatuxa. Aeap 6up xun mapmubau, 6up xun paneau UKKu-
ma A,(A) ea A,(A) mampuyanap yuyrn D(A,) = D(A,) 6yaca, 6y A-
mampuyanap 3K8usaieHm.

59-§. KOPJAH HOPMAJI ®OPMACH

Tabvpud. Aeap F maidon ycmudazu xeadpam mampuya-
HuHe duazonasudazu bapuya 3nemenmaap y3apo mewz, xap 6up
campda ouazonandazu INeMeHmHUH2 YH2 MOMOHUOA MYpP2aH 3Ne-
menm bupza mene ea Konzan b6ap4a nemMeHmAap HOAb2A MeH2
6yaca, 6yndaii mampuya xcopdan kamazu deb amanadu:

(¢ 1 0 ... 0 0)
0 a1l ... 00

0 0 a ... 0 O
Jla) =
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by epnaru a CcoOH XopJaH KaTarMHHHT Xoc coxu neb ara-
jJagu. XycycaH:

1
1@ = (@), Jy(@)= (“ a)

Tavpud. Aeap F maiidon ycmudazu keadpam mampuua-
Hunz 6ow Ouazonanru GupuH-Kemun XHcourauwiean x#copdaw Ka-
makaapdan ubopam ea 6y kamakaapdan mawkapudazu bapua
anemenmaap Hoav byaca, 6yndai mampuya xcopdarn mampuyacu
Oe6 amanadu.

[lyunait Kuiub, xopaaH MaTpuuacu moc J, (a ), J, (az)

, J, (a) XKOpAaH KaTakJIapHUHI KeTMa- Kemnm 6I/UIaH TVia
aHleaHa,zm Oy epna k,, k,, ..., k. xamna a,, ..y @ COHJIAD
TypiId OYIMIUM LIApT smac. XycycaH, JmamHaJI ManHua —
OMpUHYM TapTHOIU XOpAaH KaTakKJIapHAaH XOCHI KWIMHIaH
XOpAaH MAaTpHUACHIMpP. YMYMMH X0Jia XOpAaH MaTpHMLACH
KyHMIaru KypuHMILTa 3ra:

/Jkl(al) 0o ... 0
ye 0 J,(@) ... 0
(1)
. 0 0 ... Jy(a))

l-teopema. J(a) — AE mampuya yuyn ¢(1) = 1,
(i=1L,k-1),¢(R) = (A — o), asnu y Kyliudazu xanonux A —
Mampuuaza 3K6usarenm

(1 0 ... 0 0
01..0 0
... 0
1 0 (2)
L0 1 (A-a)f)
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UcboT. Ymby

(a—A 1 0 0
0 a—A4 1 0
@) =AE=| ... .
0 oo e 1 3)
\ O . a"—/l)

MATpHIIAHUHT AeTepMHUHAHTH (@ — A)* ra TeHr. JleTepMHHAHT
6y1yBun 0, (1) yuurap 6yaranu yuyH o,(A) = (A — a)*. Arap (3)
HUHT OMpUHYHM YCTYHH Ba OXHPrd CaTPUHM YUMPCAK, AUAro-
Hamuaga 1 COHM, AMAroHaJHHUHT 0Kopucuaa 0 coHu OViaraH
A, (A) marpuuanu onamu3. bynra kypa 6, (1) = 1. by A1)
MaTpuuana 6up X HOMEPIH CaTp Ba YCTYHJIApDHH KE€TMa-KeT
yuupub, ymoy o, ,(4) =...= 6,(A) = 1 TEHIIMKIApHHU OJlaMH3.

bynapnan 56-§ naru (1) dopmynara kypae(d) = 1 (i=1,k—1),
¢ (4) = (A — a)*. bynra Ba 56-§ maru 2-Teopemara acocas
J(a) — AE MaTpUIaHMHI KAHOHUK KYpHMHUIIHU (2) MaTpuLa
owran Gepwragy.

(2) ndonanan Ba 58-§ maru TabpudaaH 6eBocHTa Kyluaa-
M HAaTHMDKAHM OJIAMU3.

Hatuxa. J(a) — AE mampuyanunz panau ynunz mapmu-
6uza menz 6yaub, D(J (a) — AE) = {(A — a)*}, asHu szona (A —
— a)* kynxadoan ubopam.

2-treopema. Hxmuépuii J »copoan mampuuyacu Gepurzan
Oyaub, y (1) xypunuwea 32a 6yacun. Y xoadoa J — AE mampu-
yarnune panzu yHunz mapmubuza menz 6yaub, D(J — AE) mynaam
D(Jkl(a) — AE) mynaamaapnune iurunducuza mene (6yHna
oupop (A — a)* kymxan D(Jk,,(a,) — AE) tymamiiapra Heya
MapTa Kupca, y D(J — AE) Tyturtamaa myH4ya Mapta xucobia-
HaJIu).

Hcobor. J — AE maTtpuua yuoy

(J,, (@) - aE, 0 0

g 0 Iy, (@) = AE, ... 0 .
\ 0 . Iy (a,)—AE,
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KypuHMILUra 3ra, 0y epna £, opkanu TapTuOH K, ra TeHr 6up-
JIMK MaTpula OeITHWIAHIM.

l-reopemara kypa xap 6up J, (a; ) — AE, MaTpHUAHUHT
nerepmuHaHTU (a; — A)" ra TeHr. [leMaK J — AE Marpuua-
HUHT OE€TepPMHUHAHTU

S
l—[ (a,. - ’l)ki
i=]

KyrianTMmara teHr. bynnan J — A F MaTpULIAHUHT PAHTH YHUHT
TAPTUOUra TEHIVIUTU KEJIUO YMKAIM.

D(J — AE) TyutaMra Joup TaCAMKHHU McOoTIall YUyH JacT-
ab KyHuJaru MKKM JIEMMaHHM HUCOOTIAMMM3.

1-me MM a. Pagam duazonarudazu 3nemenmaaprune Ypru 6u-
NaH papK KUAadu2aH UKKUma OuazoHan A-mampuyanap 3Keuea-
Aenmudup.

U ¢ 6 oT. JluaroHan MaTpuUagard i- Ba j- 3JIieMEHTIAPHUHT
YPHUHM aJIMALUTHPHUIL YYYH AacTiab i- Ba j- caTpJIAapHMHT
YPHUHU, KEHHH i- Ba j- YCTYHJIAPHUHT YPHUHU aJIMALUTHPHIL
kugosi. A(A) Ba B(l) nmaroHan A-MaTpUMUAJTAPDHUHT AWAroHaI
3JIEMEHTJIADHUHT UXTUEPUH VPHUH AJIMAIUITUPULLIN YEKIIM MapTa
caTpjlap Ba YCTYHJIapHM aJIMAIITHPHUIL OPKAIM OaXapwiviuu
MYMKUHJIUTY cababiu yiap 3KBUBaJIEHT. JleMMa ucOOTIaHIM.

2-neMMa. Azap FIA] xaskada ¢ (1), ..., ¢, (1) Kynxaosrap-
HUH2 uxmuépull uxkumacu y3zapo my6 6yaca, y xonoa Kyuudazu
duazonan A-mampuyanrap 3K6UBANEHM:

(p(A) 0 ... 0 10... O
0 (pz(,l) 0 N 01... 0
0

0 o, (0 . Il

i=]

Ucb6ort. Arap m = 2 6yuca, 0,(4) = y ¢,(4) p,(4), Oy epna
y # 0 y3rapMac coH. ¢ () Ba ¢,(A) ¥3apo TyO Oynranu ca-
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6abnu 6,(A) = 1. bynapnan ¢ (1) = 1, ¢,(A) = yp,(A)p,(4).

Hemak
5" ) b mma)
0 9,(4) 0 ¢,(A)p,(R)

bynnan ¢oknanaHunb, yMyMu m > 2 X0J MHAYKUHA €pla-
Muaa ucbornaHaau. Jlemma ucOOTIAHAH.

J MaTpUUAHUHT @, ..., @ XOC COHJIAPH WYMAA TYpIMIApU-
HM TaHnab onud, yrapHU A, ..., A, opkanu Genarunaiimus. Pas-
IIAHKH, ! < §.

J matpunana 4,,(i =1,¢) xoc coHra sra GyigraH XopnaH
KaTakjiap ¢, ta 6yiacuH. by KartakiapHUHr TapTHOJApHHHU
yCMauAUraH KYpuHULLAA XOWIAIUTUPAMU3I:

kyzk,z..zk =1 (5)

Arap (4) MatpuaHuHT uxTuépuit J, (a,) — AE,; Kararu €r-
raH CaTp Ba YCTYHJIAapH YCTHIA 3J€MEeHTap aIMallTUpHUIIIIAp
Oaxapwinb, YHUHT KaHOHHK KYpUHUILINTa YTUICA, 60IKa Ka-
TakKiap ysrapuuicui Konaau. bysnan ¢oinaranu6, (4) mar-
puuagaru xap 6up J, (a;)— AE; xaTakHH yHra 5KBHBAJI€HT
oynraH (2) KYpuHMILIArd KaTak OWwiaH aaMalTHupcak, (4) MatT-
puLlara 3KBUBAJICHT OVaraH KyMuaaru A(A) nmaroHajiA — mar-
pULaHU ojlaMM3. A(A) MaTpHIAHMHT JUMaroHajiuaa oupiap Ba
(4) MaTpMUAHHUHT XOpJAaH KaTaKJIapMHUHT OupaaH ¢apkiu
MHBAapUaHT KYNaWTyBUMJIapUIaH ubopar yiody

A=k -aphe...a-aka
(A=) 1A= 22 (A= 2y) % |
......................................... (6)
A=A (-2 (=14

Kynxamiap xoinamraH. by epga (5) ra xypa
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.................. (7)

bupnapHuHr Ba 0y KynxamiapHUHT A(A) 1MaroHajiIMAa KaH-
JaW XOWIAlUTaHJIUTH l-JeMMara Kypa Karra axamMusTra sra
3Mac.

OHIM q,, ..., ¢, COHJIADHUHT 3HT KaTTaCMHU ¢ OwiaH Oe-
riwaiiMu3. Xap 6up p,(p =1,9) yuyH (6) XauBaTHUHT p —
ycTyHHAa Typrad (4 — l,.)k"" KVIIXA[UIADHUHT KYIIauTMaCUHH
e, .t (A4) opxamu GenrunaiimMu3. Arap OUpop ¢, YIyH ¢, > p
(TbHU p — YCTYHHHUHT i — caTpu Oy 6yica), Oy catpra Moc
KYIIalTyBYNHM OHpra TeHr Ae6 omamu3. (6) xanpangard A,,
«vy A, COHJIAD TYpJM OyiIraHu y4yyH Oy XaJABaJHUHT Xap OUp
YCTYHHJIaru MXTHEpHM UKKUTA Kynxan y3apo Tyoaup. byHra
acocaH A(A) nMaroHaja MaTpHlara 2-JeMMaHH TaTOUK KWIuO,
YHIAH 3JIEMEHTap aIMalUTUpULLIAp €pAaMuia AUaroHaauaa
Oupnap Ba en_p“(,l), (p = 1,q9) xynxamwiap érraH B(1) guaroHail
A-MaTpuLara YTHIUM MYMKWH:

1 0 )

(J—AE)~ B(}) = Ep-ge1(A)

. (8)
€, (4)

0 &n(4)

(5) waprtra kypa xap oup 8n-p+l(/1) KYIIxXan en_(p+1)+l(l) Ky1xaara
OVIMHraHH Yy4yyH B(A) MaTpuIia KAaHOHMK KYpUMHMIUZard A —
Marpuia. lemak, B(A) Mmatpunia J — AE MaTpULIaHUHT KaHO-
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HUK KYpuHUIIMOUp. bynaan (6) xanasannaru kynxamiap D(J —
AE) TYIUIaMHHY XOCWI KIWIMIIMHM ojlaMu3. AMMo (6) XanBa-
Jard Kynxawiap tyswmwura kypa D(J, (a;) — AE;) Tyruiam-
JJAapHUHr HUFUHAUCUAUD. TeopeMa T¥na UCOOTIAHOH.

HUcboTnaHraH TeopeMa KypcaTtaauku, xap oup J — A E mart-
pMLa YYYH LIyHOaH ,ll, s A, TYPIH COHJAp Ba (7) wWApTHH
KAHOATJIAHTUPYBYH Kk HaTypaJI COHJap MaBxynaku, IXJ — AE)
TYIUI1aM (6) XanBai gmaH OepwiraH KymnxamiapaaH udopar.
AKCHHYA XaM VPHHIH.

Hatuxa. Aeap wxmuépuii i, ..., A, mypau conrap éa (7)
Wapmuu KaHOamAaGHmMupye4u uxmuépui k,.j Hamypan coxaap 6be-
puaca, y xoada wiyHdau J wcopoan mampuyacu masicyoku, YHUH2
yuyn D(J — AE) mynaam (6) ncadean 6unan bepusaou.

UcoborT. byHnaii J xopaaH MarpuUacH KyHuparmya To-
miaad. Xap 6up A, Ba (7) wapTHU KaHOATJIAHTUPYBYM K
COHM YuyH J, (}L ) XOpAaH KaTarMHHU OJICAK, I-TeopemaHHHr
HATHDKACHUTA Kypa

D(Jk” (4;)— 'lEkv) = {('1 - '1.')k”} .

OHmu J cudarupa Gapua J, (A) XOpAaH KaTakjlapuaaH
ubopar XopaaH MaTpUuIlacH ommca 2-TeopemMara Kypa D(J —
—AE) tyiuiaMm (6) xansanga” H60paT 6ymanu. I

3-teopema. C maiidon ycmudazu xap xanoati A mampuuya
bupop »copoan mampuuacuza yxwaw. By wcopdan mampuuacu
A opxaau ¥copoan KamakaapuHuKz YPHU GAMAUUILUAYA GHUK-
AuK 6uran monuaadu (6y XopaaH MaTpULATApUHHUHT Xap OUpHU
A MaTpUMUAHHUHT XopHaH HopMmal ¢opMacHu Aed aranaau).

UcbHbot. A € O Gepwiran 6yiacuH. YHra yxmaw 6yiaran
J € (™" xopaaH MaTrpMlacMHU TomamMu3. 57-§ ra acocaH A
Ba J MaTpUUAJIapHUHT VXINALIMIH YJIAPHUHI XapaKTePUCTHK
A-AEBa J — AE A — MaTpULAJIapHUHT 3KBUBAJIEHTIUTUTA
TEHT KyWIH.

A MaTpULAHMHT XapakTepUCTUK p(A) = det(A — A E) Kynxa-
JUHU KYpaMu3. Y n Ta KOMIUIEKC WIAM3ra 3ra (Miau3jap Kap-
pacu OwiaH xucobaaHranaa). Ymbya , ...,A CoHnap ¢(4) HAHT
TYPJIM WIAM3NApH, K,, ..., k. HaTypan coHnap — 6y uiam3nap-

261

www.ziyouz.com kutubxonasi



HUHT Kappacu 6yiacuH. Y xonma k, +...+ k, = n Ba
o) =(=D"A—-1)"...(A-21)% . bynnan A — AE martpuua-
HUHT DaHT'M YHHHT TapTHOUra TEHTJIUIM KEeJIUO YUKAIH.

Yoy ,(A), ..., ¢,(A) kymxamiap A — AE MaTpMUAHUHT HH-
BapHAaHT KYyMaWTyBuYWIapu GYICHH. Y Xxoiaa

g(A)...e,(N)=0,(A)=(A—A)...(A—1,)% .

bynra kypa e, (1), (p = 1,9) neBapuaHT KynmadTyBYwiap
KyMHUOarM KYpUHMILIra 3ra:

Eppi(A) = (A=A (A= Ay L .(A—1,)".

Arap 6y udonana 6upop A, MIAM3 KATHAIIMaca, MOC
(A- }.,.)k"’ KYImaiuTyBYMHHM OMpra TeHr ge6 xucobmaimus. byH-
Ja# KynmanTyBuu yyyH k= 0. ,

bynra acocan A — }.ﬁ MaTpULAHUHT 3JIEMEHTap OViIyBYM-
napu (6) KYpHHHINra 3ra.

2-TeopeMaHHHI HAaTHXKACUra Kypa 2JeMeHTap OyiayByYmiIa-
pH (6) XanBan KYpUHHINKra 3ra 6yaraH J XopiaaH MaTpUMLacu
MaBxyn. byHnaH, 58-§ maru l-teopemanaH Ba 57-§ narum Teo-
peManaH A Ba J MaTpUL@JapHUHT YXIIAHUIATH KeITUO 4YMKa-
au. Teopema ucOboTIaHAH.

HUcboramaHrad TeopeMalaH KYHMIArH HATHXAa XaM Keluo
yukaad. Yexknu ymuamuim 4M3MKIA (aszona Xap KaHIad 4yu-
3UKJIM OIepaTop YUyH WIyHOAW 0a3uc MaBXyAKH, Oy 6asucaa
VHHHT MAaTpHIACH XOpIaH MaTtpuuacuaup (6ab3aH Oy 6asuc
OepwiIraH YU3UKJIH OIMEPATOPHHUHI XOpHaH 06a3ucH aed ara-
Janun).

HMcborinaHran TeopeMalaH YHU3HMKJIM ONEPATOPHUHI OHa-
TOHAJUIAIIYBYWIMTMHHUHT 3apypuil Ba KMQOSBUM 1IAPTU OCOH
YUKAPUIAOH.

XopnaH Katakiapd OWJaH 3jeMeHTap OyiayBuwiap opa-
CHIATH MOCJIHKKAa MYBOOMK YH3UKJIH OMNEPATOPHUHI AMAro-
HaJUTAIIYBYWIMIH YHUHT 0apya ajeMeHTap OYJIyBUWIApUHUHT
OMpUHYM TAPTHUOIHM 3KAHJIUTUra TeHr Kywin. OXuprud wapr
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3ca y3 HaBOaTHAA SHI KEMUHIH ¢,(1) MHBApHaHT Kylam-
TYBUMHUHT Kappaiu WIAK3Iapy HYKJIUrura TeHr Kywiu. LyH-
nan KWinb, YU3UKIU ONePATOPHUHT IMAaroHaUIAIyBYU OVIu-
IUM YYYH YHMHT 3HI K€HHMHrM MHBApHAHT KYNaWTyBYUCH-
HUHI Kappaid WIOM3jJapd OYyaMacaurd 3apyp Ba Kudos.

F coHnu MaWIoH wyHaau 6yncaku, yHaa def{(A — AE) xa-
PAKTEPUCTHUK KYIIXal YU3UKJIU KYTIAUTYBYIIApra axpaica, Te-
OpEMaHUHT OyHIa F MalIoH Ba YM3UKJIU A omeparopiap
YUYYH YPUHIM OYIMILM MCOOTAAH OeBoCUTa KYpUHANU. AKCHH-
ya, F maiiiod yctdaaru A marpuua F MailoH ycTHaaru Ou-
pop J XopiaaH MaTpuuacura ¥xiaw O6yicuH. Y xonma A — AF
owian J — AE uHBapuaHT KynalTyBywiapu OUp XWI, AeMakK
det(A — AE) = (=1)"¢,(4) ... £ (A) K¥IIXal XaM YU3UKJIU KyIai-
TyBunwiapra axpaiagd. lyHpnait kuiub, Kyiiuparu Teopema
VPUHIIH.

4-reopema. F maiidon ycmuodazu wexau yauamau wusuxau
daszooa uusuxkau onepamoprune xcopoan bazucu masxcyo 6ysu-
wu yuyH yHunez xapakmepucmuk xynxaou F maiidoon ycmuoa
YU3UKAU Kynaumyeuuiapza axcpaiuuwu 3apyp 6a xKugos.

Mucon kypamu3s. Yoy

1 -3 4
A=|4 -1 8
6 —7 7

MaTpUUara yxuwam XopAaaH MaTpHLAHM ToIllaMu3. XapakTe-
PUCTHUK

1-4 =3 4
A-2E=( 4 -~-T7-1 8
6 -7 T-2

KYIIXaAHMHT MHBApHAHT KynauTyBuwiapy o,(4) = 1, 6,(4) = 1

4 -7-2 7\ 4 8
6 =6{1+ =) =—4(1+12
(ywoy 6 _7 ( 3) 6 7_/1} ( ) MMHOpNap
y3apo 1y0),
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S Ay =M —A-5A-3=@A=3) G+ 12
Bynmau ¢, (1) = &,(}) = 1, £,0) = (4 — 3) (4 + 1)

OneMeHTap O6yayBumwiap A — 3 Ba (A + 1)2. Ynapra 3 coHu-
IaH ubopar (3) Kararu Ba

(o -

XOpJaH KaTakKjiapd MOC KeJalH.
JeMmak, A MaTpuua ywby

L

I
o O W

|

[S—

XOpAaH MaTpHLacura yxiuaiil.
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Yu 6upunvu 606

YHUTAP BA EBKIINJ ®PA30OJIAPUIA
YU3UKJIN OIIEPATOPJIAP

60-§. YHUTAP ®A30JIAPJA YN3IUKIN
OIIEPATOPJIAP

L — ynwrap ¢a3o Ba ¢, g: L » L uM3UKIU omepaTopiaap
OYICHUH.
Tabpud. Aeap xap kanoaii x, e € L yuyn

(p(x), y) = (x, g(»)) (1

men2auK baxcapuaca, g onepamop ¢ 2a Kywma deb amanadu.
Arap ¢ orepaTtop y4yH KyIIMa oIepaTtop MaBxyn 6yica, y

AroHa. XaKWkKaTaH, arap g Ba A oneparopjap ¢ ra KylMa

oyica, y xoina (1) 6mwiaH Oupra xap KaHgait x, y € L yuyH

(p(x), y) = (x, h(y))

TEHIJIMK XaM YpUHIHK. by TeHriuMKiapaaH xap KaHgam x, y € L
yuyH (x, g(y) — h(y)) = 0 TeHIMKHHU onaMu3. XyCycaH, X =
gW) — h(y) yuyH (g(») — h(»), g(y) — h(y)) = 0. byHnau xap
KaHaam y € L yuyH g(y) — h(y) = 0 TEHIJIMKHU, THHU g = A
3KAHJIUTMHU OJIAMH3.

Kenaxakna ¢ orneparopra KyiiMa OyJaraH ornepaTrop MaB-
Xyn 6yica, y ¢* KypuHuiunga OejJrwiaHanu.

KyluiMa onepaTropHUHT acOCHH XOCCaTapuHU KEITHUPaAMU3:

L. (p*)* = ¢. lapxakuxar (p*(x), y = (y,¢ * (%)) = (p(»), x) =
= (x, ().

2. (p + ¥)* = ¢p* + y* Japxakuxkart, (p(x) + p(x), y) =
(p(x), ¥) + (), ») = (x, *() + (x, ¥*) = (x, p*(¥) +
v*(»)).

3. Xap kaHmait 1 € CyuyH (A p)* = 1¢*. JlapxaKukar
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A p(x), ») = Ap(x), ¥) = Ax, 9*B)) = (x, 19*(»)).

4. (p-y)* = y* p*. Jlapxakukar
(pp(x), y) = (), p*(») = (x, Y*o*»).

5. Arap ¢ YM3MKJIU OIEPATOPHUHI TECKApUCHU MaBXy.
6ynca, y xonna ¢* ONEpaTOPHUHT XaM TECKapUCH MaBXyld Ba
(p*)! = (p)*. Hdapxakukar (p')*-¢* = (p- )" = &* = ¢,
9yHKH (e(x), (¥) = (x, €*(»)) = (x, y). lllynra yxuwam

(p*((p-l)* _ ((p-lgp)* = ¢* = e

Teopema. Yexau ysuamau ynumap ¢pazooa xap xanoaiu uu-

suxau f onepamop yuyn f* xywmacu maexcyo.

A2ap A = (a,) 6a B = (8,) aap f 6a f* onepamopaapnunz
opmonopmaa bazucdoazu mampuyaasapu byaca, y xor0ap, = a_b.
(xeaaxcaxoa 6ynoai xoccaza 32a 6yaszan B mampuyanu A* 6u-
Aan beazusanadu).

UcboT. A-4M3uKIM [ ONEPATOPHMHT e, ..., €, OPTOHOP-
MaJ 0asucaard MaTpuuacHu OYJICUH:

k
Sfleg) = Zlaikei .

by 6a3ucna B = A* marpuuara 3ra Oyiarad 4u3ukjIyv ore-
PaTOpPHU g OPKAIH OeriaiMus:

gley) = Y Bue =Eakx‘ei )
=} i=1

buausukin o(x, y) = (Ax), y) Ba p(x, y) = (x, g()) pop-
MaJIapHHM ojaMu3. Xap oup k = 1,n Ba [ = 1,n y4yH

p(er,e) = (f(e),e) = iaik(ebel) = dy,
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Yle.,e) = (e, 8(e)) = i E;‘l(ek’ e;) = Bkl = Qg

i=]

TEHIJIMKIApAaH ¢(X, y) = ¥(x, y), SbHHA O6apya x, y € L y4yH
(%), ¥) = (x, g(y)) Terriukuu onamu3. Jemak, g = /* M

61-§. HOPMAJI OIIEPATOPJIAP

Yusukiu ¢ : L -» L onepatop yuyyH ¢ ¢* = ¢*p Oyica, y
HopMail neb aranaau. by xompma ¢ Ba ¢* oneparopnap L aa
YMYMHUH XOC e BeKTopra 3ra. Moc xoc COHJap ¥3apo KOMII-
JIEKC KYylIMa COHIap. XaKUKaTaH, p(e) = le, p*(e) = ue 6yica,
y Xoma u(e, €) = (u e, €) = (p*(e), €) = (e, p(e)) = (e, Ae) =
A(e, e), OyHgaH u = 4.

Teopema. Yexau yruamau ynumap L ¢hazoda uusuxau f
onepamop y4yHK Xoc éexmopaapdan ubopam opmonopmaa b6asuc
Maexcyd 6yaumu yuyH yHuH2 HOpmaa 6yauwu 3apyp éa Kughos.

M ¢ 6ot Yusukiu foneparop yuyH e, ..., & — YHHHT XOC
BeKTOpJIAapUAaH HOOpaT oproHopMman Oasuc Ba 4, .., 4, —
yjlapra Moc xoc coniiap 6yicuH. by 6a3ucna f ymoy

(A, 0
a=| P
\ O /1"/
Marpuuara, f* aca ymoy
(Il 0 )
ar=| P
L0 An)
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Marpuuara sra. /luaronHan A Ba A* marpuuaiap ypuH aIMalLMIL
xoccacura 3ra o6yiradu cababmau f-f* = f*f, spHu f HopMa.
Teckapu TaciUKHU n = dim L 6yiHYa MHOYKUHUS UILIATUO
ucoboTmaiMu3. Arap n = 1 6yiaca, TaACIUKHUHT TYFPIWIUTH paB-
wad. OHmM 7 > 1, e, — 4M3uKIK f Ba f* onepaTopaapHUHr L
Jary yMyMuit Xoc BexTopH, |e | = 1BaL! = {x€ L/ (x, e) = 0}
oyncun. Y xonpna dim L' = n — 1 6yaub, L! ¢pazo fBa f* ra
HucbataH UHBapuaHT (Oy ¢(x) = (x, e ) HU YU3UKIU popMa
neb6 kapab, 42-§ maru teopema Kabu MCOOTIaHAAM).
XakukaraH, arap (x, e,) = 0 0yuca, y xonaa

(fx), e) = (x, fAe)) = (x, Le)=A(x,e) =0
Ba

(%), e,) = (x,, fley) = (x, Ae) = 1,(x,¢) = 0.

Unnykums dapasura MmyBoduk, L! na f onepaTOpHUHT XOC
BEKTOPJIaDMIAH TY3WIraH e, ..., e _, OpToHOpMan 6a3uc MaB-
Xyn. Y xonaa e, ..., e, TH3UM L J1a f OME€paTOPHUHT XOC BEK-
tTopiiapuaaH Ty3wirad oproHopman 6asucaup. Il

62-§. V3-V3UTA KYIIIMA OIIEPATOPJIAP

Yusukau f: L > L omeparop yuyH f* = f Oyica, y ¥3-
y3ura KymiMa aeb araianu.

1-teopema. Yexau yruamau ynumap L ¢pasooa wusuxau f
onepamopHunz y3-y3uza Kyuma Oyauwu y4yH yHuHz Hopmans 6éa
bapua xoc conaapu xaxuxui 6ysuwu 3apyp 6éa Kugos.

U ¢ 6 oT. Ynsukiu f oneparop y3-y3ura Kymma OYIcuH. Y
xomaa ff* = f* = f, spuu y HopMmasn. Hopmawiuru cababmu L
Jla YHHHT XOC BeKTopjapuaaH ubopar oproHopMai 6a3uc 60p.
by 6asucna f Ba f* onepaTopjJlapHUHT MaTpHUAIApH

(’11 0 ) /11 0

a=| * ar=| "

\0 An/ \0 '{"}
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KYpUHHIUTa 3ra. Yoy f = f* MyHocabatnaH A = A* SbHU
A, = 4, (k=1n) tenrnuk kemu6 umkanu. Iemak A, map
XaKMKHA. AKCHHYA, / HUHT HOpPMaJUIMITY Ba 6apya A, JJapHUHT
XaKUKyiummrugad A = A* Ba aemak f = f* keau6 yukanu.

2-teopema. Yuumap L hazoda xap xanoaii wuzuxau f one-

pamop g + ih xypunuwoa ugpodaranumu mymxun, 6y epoa g, h
y3-y3uza Kywma onepamopaap.

HUcbor. Yiby g = %(f+ M, h= %(f — [*) Oenrunaiu-
jJap Kkuputub, f = g + ih, g* = g, h* = h MyHocabaTiapHHU
oramus. A

YN3uKiIu f onepaTOpHUHT ¥3-V3ura KyIIMaJIUTH OUIU3UK-
m o(x, ) = (fix), y) GOpMAaHUHT IPMHUTIUTUIA TEHI KyWIH:
arap f = f* 6ynca, y xonma oy, x) = (fy), x) = (y, Ax) =
(f(x),y) = (p(x,y) , aKCUHYA, (p(x,y) = p(y,x) AaH (fx), y) =

(f(¥),x) = (x, f(¥)) sbHU f* = f xenub yMKanH.
Arap YM3MKIM f OIlepaTop yYyH e, .., € — YHHMHT XOC
BEKTOpJlapuaaH ubopart 6aszuc 6yiaca, y xonna

ple, e) = (f(e), e) = (he, ) =49, =

A,,arapi = k,
= |0, arapi = k.

[lynnait kw6, 6y 6asuc ¢(x, y) yuyH kKaHOHUK. MKKHH-
Y4 TOMOHIAH YeKJIH yiayamuu yHutap L ¢dasomaru xap KaH-
na omuusukim ¢(x, y) popma (f (x), y) kypuHuiuga udona-
JJAHUIIM MYMKUH, Oy epaa YM3MKJIM f OllepaTOPHUHI MaTpu-
uacu ¢(x, y) GopMaHUHI MATPULIACHUTA TPAHCIOPTHUPJIAHIAH.
by Mynoxa3anap OmnaH Kyiuaard TacaMK HCOOTIAaHIH.

3-treopema. Yexau yruamau ynumap L pazoda xap xan-
daii 3pmum Gunuzuxau Qopma yuyn opmonopmas KaHoHux ba-
3uUc mMasxcyo.

Hatuxa. Aeap wexau ynuamau xomnaexc L ¢pazoda uxku-
ma 3pmum p(x, y) 6a Y(x, y) popmansap bepunrzan 8a yrapHuHe

6upu mycbam 6yaca, y xonda yaap L 0a ymymui kanonux 6asuc-
ea 3ea.
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U c 6 oT. AHUKJIMK YyYyH y¥(X, y) Mycbar 6yiacuH. by xonna
L pa (x, y) = y(x, y) TeHDIMK €pAaMMAa CKalIAp KyIauTMa
KUpuTaMHu3. 3-Teopemara acocaH L ga ¢(x, y) ydyH OpPTOHOD-
MaJl KaHOHUK 6a3uc MaBxyl. by 6asuc y(x, y) ydyH XaM Ka-
HOHUK, YYHKH

1, arap i = j 6yica,
0,arap i # j 6Vyica.

yle, e) = (e, €) = {

63-§. MYCBAT OIIEPATOPIJIAP

Arap yekitu Viryamnd yHUTap L da3onmaru YM3UKIH f Oome-
paTop YUYyH f = g ‘- g* TEHIVIMKHU KaHOATIIaHTUPYBYM MaxXCyc-
Mac YM3HKJIU g OIlepaTop MaBXyd Oyica, f MycOar neb arana-

au. PaBinaHku, f XaM MaxcycMac Ba Xap KaHnmai x # 0 y4yyH

(fx), x) = (gg*(x), x) = (g*(x), g*(x)) > 0.

Teopema. Yexau vauamau ynumap L ¢pazoda bepurzan
wuzuxau f onepamoprunz mycbam Oyauwu y4yH yRuUHz Hopmaa
6a b6apua xoc conaapurunz mycbam Oysuwu 3apyp ea xugoas.

U c 6 o1. Yusukiu f onepaTop Mycoar 6yicud: f = gg* Y
xonpaf*= (gg*) = g**-g*=gg*=f, AbHU [¥3-¥3ura KyMa,
Ba JeMak, HopMmas. Arap fle) = le 6yica, y xoiaa (fle), e) =
(Ae, ) = A(e, e). byHnaH

1=U©9 o
(e,0)

AKCHUHYa f HopMaJ Ba 6apya XOC COHJIapu MycOaT OVICUH.
Y xonna 6upop opToHOopMai Ga3ucia YHUHI MaTpyULacu Ky-
HUOAry KYpUHUILTA 3ra;

0, 0
A, 5
A= -B-B*=B?,
\0 ln}
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[HyHpant kwiub f = g-g* = g°, Oy epna g-marpuuacH B
oyarad yusukiau oneparop. M

HcboTnaiml naBoMuaa xap KaHmail Myc6ar omeparop OH-
pOp MycOar OonepaTOPHUHI KBalpaTUra THI 3KAHJIUTHHU XaM
KypcaTouk.

64-§. YHUTAP OIIEPATOPJIAP

YHurtap yM3uKIH $a3ogard f YH3UKIM ONEPATOPHUHT TeC-
KapuCH MaBXyl Ba f! = f* TeHIMHUK VpUHIU OVica, y YHUTAp
1ed aramany.

l-treopema. Yexau yauwamau ynumap uuzuxau L pazooa
aHuKaanz2an vu3ukau f onepamop ynumap 6yauwu y4yH YHUH?
CKaAAp Kynaummanu caxaaiuu, AsHu xap xanoau x, y € L yuyn

(fx), ) = (x,) Q)

6yauwu 3apyp ea xughos.

U cbort. Arap f! MmaBxyn Ba f! = f* 6yica, y xonna (f (x),
SO) =&, [FAy) = (%, e(y)) = (x, y). Akcunua, fy4yH (1)
MyHocabar Ypuniau 6yncuH, 60-§ maru TeopeMara acocaH f
yuyH f* KymumMa omnepatop MaBxyld. Y xonna (1) ra kypa xap
KaHzaam x, y € L yuyH

), f0) =& fO) = (x ).

bynnan xap KaHpa# x, y € L yuyH (x, f* f%(y) — y) = 0. by
TEHNIMKIAH f* f = e OUPJIUK ONEepaToOp SKAHJIUTHHU OJaMM3.
by TeHrMKnaH Oy omeparopjJapHHMHI MaTpHLilapura yrcak,
A.-A, = A, by TeHIIMKIAa MATPULAJIADHUHI N€TEPMUHAHT-
Jlapura yrcak, detA -detAf = 1. byHaan detAf # () 3KaHJIUTH-
HU OJIaMU3, ThHU f YUYYH TecCKapH f-! onepatop MaBXya. byH-
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ra kypa (1) nan: (f(x), y) = (x, Ay)) = (f*(x), ), steem f1 =
=~

2-TeopeMa. Yexau yauwamau ynumap ¢hazooda anuxianzan
wuzuxkau f onepamop ynumap 6yauwu y4yH yHuHe HOpMaAa 6a
bapua xoc conaapununz modyau bupea menz 6yauwu 3apyp ea
Kugos.

H ¢ 6 o T. Yu3uKIHK f OnIepaTOPHUHT YHUTAP 3KAHIUTH ff* =
= f* = e TeHIJIMKKA TeHI Kywid. [Jemak y HopMai. LIyHuHr
Y4YyH OHUpop OpTOHOpMai Oa3ucaa f Ba f* JJApDHUHT MaTpULia-
Jlap¥ MOC paBHIIAA

A0 A0
A= , A* =
0 A 0 an
7N
A-A*=| .. =E
0

TeHIMKAAH |A| = 1, (k =1,n) 3KaHIMrK Keaub YMKaoM.
AxcuHuYa, arap f-f* = f*-fBa fHUHI bapya 1, XOC COHJIa-
PUMHHHT MOJYJIH OMpra TeHr 6yiaca, y xoaaa 6Upop OpTOHOD-
MaJs 6a3uc yuyH A A* = A*A = F TeHrIuKHU onamu3. byHIaH
ffr*=f*f=ceqgoau f! = N
Xap KaHAad yHHUTap oIlepaTop Xap KaHaal OpTOHOpMaJ
0a3ucHU opTOHOpPMaJ Da3ucra akCc 3TTUPALH:

1, arap i = j 6yica,
0, arap i # j 6yica.

(Re), fle)) = (e, e) = {

Arap 4eKiM YiIyaMiaM yHUTap ¢a3oda aHUKJIAHTAaH YU3UK-
U f oneparop OHpop OpTOHOPMAa Ga3MCHU OPTOHOpPMAJ Oa-
3UCra aKkC 3TTHpCa, Yy XoJia f yHuTap. XaKMKaraH, arap e, e,
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n
..., e — GepuiaraH opToHopMan 6a3uc Ba x = » £e;,

n i=1

y = > me 6¥uca, y Xomna
k=]

P fD) = SEmlfe) fle) =

i k=1

= St = &),

i k=1

Xap KaHjaii YHUTAp ONEepaTOpHHHI OpTOHOpMal ba3uc-
garu A Matpuuacu A A* = A A = F TeHDNINKHU KAHOATNAHTHU-
pagu. OXMpPrd TEHIJIMKHU KAHOATIAHTHPYBYM MATpHLA YHU-
map mampuya ned atanagu. by TeHMIMK yHUTap A MaTpuua-
HUHI CaTp Ba YCTYHJIApY TH3UMHUra yHUTap (" Jarv BeKropJap
neb kapacak, yaap 0y ¢aszona opTOHOPMaT TU3MMHHU XOCHII
KWIMIIWHUA KypcaTalu.

65-§. MAXCYCMAC OIIEPATOPHHUHT
TPUTOHOMETPHUK NDPOJACH

Teopema. Yexau yrnamau ynumap pazodazu xap xanoau
maxcycmac [ wusukau onepamop y4ys wynoad mycbam g, g,
onepamopaap eéa ynumap h., h, onepamopaap maexcyoxu
f= glhl = hzgz‘

M ¢ 6 o 1. MaxcycMmac fonepaTop y4yH t,=f - f* Mycbar ore-
paTtop. Y xonna 63-§ ra acocaH wyHgai Mycbar g, oneparop
MaBXyaku f-f* = g2 Ywby h, = g;!f onepaTOpHHHI yHUTap
SKAHJIMTVHH KypcataMu3. XakuKaTaH, i * = fXg)* = f*g . byHra
aCoCaH hlhl* = gl‘l .f.f*gl-l = gl-l glz gx.l =6 hl*hl =f’g1-1 gl'lf =
S5 =Y = e

lynpait kuu6, /= g h,. Hlydra yxwam ¢, = f* = g? ne6
omub, [/ = hg, udona ucbormanagu. M

Maxcycmac oneparop yuyH oiaudHraH udoaa HoxbaaH dapk-
1 KOMIUIEKC COHHHM TPUTraHOMETPHK Hdomacura STbHU MYC-
0aT COHHHUHI Ba MOAYJHM OWpra TeHr OVJIraH COHJApHMHT
KylmaT™Macu wWakiuaa udojganalura yxuiai.
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66-§. EBKINJ PAZOCHIATH YN3IUKJIHN
OITEPATOPIJIAP

EBxnna ¢gazocuaa YM3MKIH ONepaTopiap Ha3apusaCcH YHU-
Tap ¢azonaru Kabu Kypwiaau. by Hazapusiiap opacuaar aco-
cui dapk myku, eBKIKMI ¢a3zocuaa 6ab3d OMp YU3MKJIU OIle-
paTopiiap XOC BeKTopra sra OyJIMaciurd MyMKHUH.

EBxumnn V ¢azocuga yU3UMKIMA f Ba g oneparopiap Oepui-
raH 6yiacuH. Xap Kannai x, y € VyuyH (f{x), y) = (x, g(»)
TEHITIMKHM KAHOATIAHTHUPYBYM g omeparop f ra Kymma aed
aranagu. Xyaad yHUTap ¢aszonapaard Kabu, arap KyuMa ore-
patop MaBxyld Oyica, YHUHI siroHaiauru ucOborimaHagu. Yu-
3UKJIM f ollepaTopra KyuMa OyiaraH omnepaTopHU f* opKaiu
oenrmwnaimMui. KyiiMa ornepaTOpHHMHI €BKIMI (pa3osapaaru
KyHuaa KeJITHpWIAOUraH Xoccajiapy XyAad yHUTap ¢a3oiap-
Jaru xabu ucOoTiIaHAOM:

1. f**=f

2.+ 9=+ g*

3.ANH* =214 € R).

4. (f-g)* = g¥™*

5. Arap f HUHr TecKapuMcu MaBxya Oyiaca, f* HUHI XaM
TeCKapuCH MaBXyAd Ba (f*)* = (f)*.

1-tre o pema. Yexau yanamau eéxaud V ¢pazocuda xap xan-
dali wusuxau f onepamop yuyn xywma f* onepamop magxcyo.
Aeap f onepamopnunz 6upop opmonopman bazucdazu mampu-
uacu A 6yaca, y xoada f* onepamoprunez wy b6azucdazu mampu-
yacu A,

U c6ort. Yusukam f oneparopHUHTr e, ..., e, OPTOHOPMAI
6asucnaru Matpuuacu A = («,) 6yn1cuH. by basucna marpu-
nacu A7 6ynraH onepaTopHU g OpKaIM OearwinaiMus. Y xonga

fle) = zauce;ag(ek) = Eakz’ei )
i=1 i=1
(k=1n, n=dimV).

buynsukm ¢(x, y) = (f(x), y) Ba y(x, y) = (x, g(»)) popma-
JIJapHU OJIUO, ynapHUHT Oepwirad 6asucaard MaTpyuUajlapuHU
XHCOo0IaliMu3;
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ple,,e) = (f(ek),e,) = ﬁ:aik(ei’el) = Ay,

y(e,e) = (ek’g(el)) = }n:alk(ekael) =ay .

i=1

HeMmak, 6y dopmanap G6epwirad 6a3uciaa 6up xwi A7 Mar-
puiara sra. byHnas xap KaHuaau x, y € VyuyH (f(x), y) = (x,
2(»)), apHU g = f* renrnukau onamus. Il

Arap ek V ¢pazocumary YM3MKJIM £ oriepaTop YYyH f* = f,
SbHU Xap KaHuau x, y € V y4yyH

),y = )

Oynca, y y3-y3ura KymMa €KM CUMMETPHK Jie0 aranani.

Yexnu ymryaminu ek ¢dasocuaa f onepaTOPHHHI CHUM-
METPUKIUIA HUXTHEPUH opTOHOpMan OGasucaa Oy oreparop
MATPULIACHHUHI CUMMETPUKIIMIUIra TeHT KyWIM. XaKHKATaH,
arap f OIEpaTOPHUHT e, ..., € OPTOHOpMai 6asuciard MaT-
puuacu 4 = (a,) 6yica, y xonna ouyusukiM (f (x), y) popma-
HUHT Matpuuacu AT, ouyusukiu (x, f (y)) popMaHUHT MaT-
punacu 3ca A (tekmupuHr!). by o6uunsukiau ¢opmaiap yzapo
TEHr 6ynranu cababnu AT = A, sbHU A — CHUMMETPHUK.

AKCHHYa, arap 6upop oproHopMan 6a3ucaa YM3UKJIH f ole-
PATOPHUHT MaTpUMIIACHM CUMMETPHUK O¥JIca, y xojaa f XaM CUM-
METPUK, YyHKHU Oepirad 6asucaa OMYu3ukiu (f (x), y) Ba (x,
f (»)) dopmanap Oup xun MaTpuilara 3ra.

2-treopema. Yexau yauamau eexaud pazocuda uusuxaiu f
onepamopHuHez X0c éekmopaapoan ubopam opmoxopman bazu-
CUHUHZ MaéxCcyld Oyauwu Y4yH YHUHZ cummempuk b6yauwu 3a-
pyp ea Kugos.

M c6oT. Arap Yu3MKIH f ONEPAaTOPHUHT XOC BEKTOPJIApH-
JaH ubopar opToHopMman 6a3sdc MaBXyn OVica, y xoaga Oy
0aszucaa f HMHT MaTpULacH OUArOHaJ, AeMaK, CUMMETPHK.
IOKopuparu u3oxra acocaH f XaM CUMMETDHK.

Teckapu TacAMKHU e€BKIMA FV ¢a3oHUHr yayamMu OYiH4Ya
UHAYKUMA €paaMuaa ucbornaimMui. Arap » = 1 6yica, Tac-
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JUKHUHT TYFPWIMIM PaBLIAH. DHAMX 7 > 1 Ba TacaMK VI4aMu
< n TEHICHU3JIMKHHU KAHOATJIAHTUPYBYM (pa3ojap YYyH TYFPH
ne6 ¢apas kuwnamMmu3. V — xakukui ¢aszo 6yiaraHu yuyH 53-§
Jaru S-teopeMara acocaH WyHaal 6apaBap HOJIbIA TEHT OyaMa-
raH x, y € V Bekropsap Ba A, 4 € R coHlap MaBXyIKH,
S(x) =Ax — uy, Ay) = px + Ay. bynnan (Ax — uy, y) = (x, ux +
+ 4y). bynnan u((x, x) + (»,»)) = 0. by epna (x, x) + (y, ) > 0
oynmranu yuyH u = 0. demak f(x) = Ax, f(y) = Ay. by x, y
BEKTODJIADHUHT HOJIbAAH DapKJIMCHUHU OJIUO, YHU V3 Y3YHIIHU-
rura 6ynamu3. Xocwi 6yiraH BEKTOPDHM e, OPKATH OeJru-
JITAUMHU3.

Yusukian V ¢pasona e, ra oproroHai 6yiraH BeKTopjaapaaH
ubopar KucMbasoHu V, opkanu Genarwiaimus, dimV, = n — 1
(rexwmpuHr!). V, ¢aso fra Hucbaran uHBapuaHT. XaKMKATaH,
arap x € V|, 6ynca, y xonna (x, e) = 0. byunau (f(x), ¢) =
(x,f(e)) = (x, Ae)) = A(x, ¢)) = 0 apHM fix) € V..

Munyxuuanusr ¢papasura MyBopuk, ¥, 1a f HUHT XOC BeK-
TOpJIapUJaH TY3WIraH e,, ..., €, OPTOHOpPMal 6a3uc MaBXy..
by t3uMra e, HM XaM Kyuucax, V' a1a f HUHI XOC BEKTOpJIapH-
naH ubopar e, e,, .., e, OPTOHOpPMAaN OAa3UCHU XOCHII KM-
damus.

l-Hatuxa. Cummempux onepamopruH2 XapaKkmepucmuk
Kynxadu gpakam xaxkuxui unsduziapea 324.

U c 6 oT. CUMMETDPHK f OriepaTOPHUHT A MAaTpULIACH YHUHT
XOC BeKTopJapuaaH ubopaT oproHopMain basucaa

i, 0
A=| ... |,AL€R,(i=Ln)

Oa3ucra sra. JleMaxk,
det (A —AE) = 4, —A) ... (4, — 4). H

2-Hatuxa. Yexau ynuamau eskaud ¢azocuda xap kandaii
CUMMEmMPUK O6uMU3UKAU opma Y4yH OpMOHOPMAN KAHOHUK Oa-
3uc masxcyo.
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U cb6ort. Yeknu ynuamau eBkiaua V ¢pazocuaa CHMMETPHK
OMUM3UKIU ¢(x, y) dopMa 6epuirad Ba A yHUHT OUpOp OpTO-
HopMaJl 6aszMcaard MarpvuacH OYiICHH. Y xonna A-CUMMET-
pUK Ba Oy Marpulia aHMKJIaraH f olepaTop XaM CHUMMETPHUK
6ynub, (f(x), y) = (x, f()) = ¢(x, y) 2-TeopeMara acocaH f
OIEPATOP YYYH YHMHT XOC BEKTOpJapuAaH Ty3WIraH OpTO-
HopMaJ 6asuc MaBxyn 6yaub, 0y 6asuc ¢(x, y) yayH KaHO-
HUK, YYHKHU Xap Oup i # k yuyH

ple, e) = (fe), (e) = (A, ¢, ¢) = i(e, ¢) = 0.1

by HaTHXa €paaMuja KyHuaard TacAuKHHA HUCOOTIaiMM3.

3-teopema. Yexau yawamau xaxuxuii pazoda uxxuma
cummempux Guvuszuxau gopmanap bepuszan 6yaub, ysaprune
Moc Keadpamux gopmasapununz bupopmacu mycébam 6yaca, y
xoada yaap ymymuii Kanonuk bazucza 3ea.

U coHorT. Yeknu ymuamnu xakuku V ¢dasona cHMMETpUK
OMuUM3NKIH ¢(X, ¥) Ba ¥(x, y) dopmanap GepuiaraH Ba yP(x, x)
KBaapatuk popma Mycbar 6yiacuH. Y xonaa Vaa (x, y) = w(x, y)
TEHIJIMK OWIAaH cKaisp KynmawTMa KUpuTHuO, V' HU eBKiIua da-
30ocHra aiaHTupaMu3. 2-HaTtuxa 6ynuya ¢(x, y) popma yuyH
OJIMHI'aH OPTOHOPMAJl KAHOHHUK 6a3uc Y(x, y) = (x, y) dopMa
YYYH XaM KaHOHUK, YyHku Oy 6asuc oproHopmain.

Arap esxkiua V ¢pasocuaaru YM3UMKJIM f ONIEPATOPHUHT TEC-
KapucHu MaBXyHd Ba f! = f* 6ynca, y opmozonas ned atajiaim.

by TatpudaaH opTOoroHas OMepaTOPHUHT CKAISAp KYIaWT-
MaHHU y3rapTUPMACIMIU4 Ba JIEMaK, BEKTOPJIAPDHUHI Yy3yHJIHUIHU
XaMmIa yiap opacuaard OypyakHM cCakjallM KeJIuO YHMKaau:

), f) = & LB = (& »).

XycycaH, OpTOroHaJ orepaTop OpPTOHOPMal TH3MMHH Op-
TOHOPMAJI TU3UMTIA aKCJlaHTHpanu. Yexkiu yiryamiau ¢asoiiapaa
TECKApH TacAMK XaM VPUHIM: arap OMpop YM3MKJIU f omepa-
TOp OUpOp OpTOHOpMaAT GAa3MCHH OPTOHOpMAJI Da3Mcra akc-
JJaHTUpPCA, Y OPTOrOHAJLIMD.

XakuKaraH, V esxnun ¢asocuia e, ..., e, — OPTOHOpMAT
6a3uc Ba
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1, arap i =k,
0, arap i # k.

(Fle), flen) = (eprex) = {

6yncuH. Y xonna V naru xap Kangak x = > Ee,, ¥ = 2 Mkl
BEKTOPJIApP YYYH i=1 k=1

(f(), f) = (2_; E.f(e), 21"" fle, )) =

= St/ /@) = 3 e = x.).

i 1

byunan (x, /3(y)) = (x, y). by epna x = fi{y) — y neb on-
cak, (x, x) = 0. Iemak x = 0, apHH f*(y) = y Xap KaH@any € V
YYYH, SbHU f* = f.

Arap KBagpaT A MatpHla MaxcycMac Ba A! = AT 6yica, y
opToroHana e aranajau.

MacanaH, arap A4 = (a,,) OMPUHYM TApTHOIM OPTOrOHAN
matpuua 6yica, y xoina a;] = a,,, ibHU a,, = * 1. UkkuH4Y

TapTUOJIHU
A = (a“ al2)
Ay Gy

OPTOrOHAJN MaTpHLA YYyH a2 +al, =a’ +al, =al +al, =
— 2 - —_— —

=a,ta,=1,aa, +a,a,=a,a,+a,a, =0 TeHNUKIap
keaub ynkanu. A AT = AT A = E tenrnuknaH det4 = + 1 9KaH-

Jura Kemu6 yukanu. Ymoy detd4 = | TEHIVIMKHU KAaHOATJIaH-
THPYBYM Xap KaHgaih A MaTpula yJyyH WyHOad ¢ € R Mas-

XYIKM, a,, = COS ¢, a,, = — Siny, a, = sin ¢, a,, = €OS ¢, TbHU
y Cos¢p —Ssing
sing CcOs¢g

KYpUHHIIra 3ra. Arap detA = —1 6yiaca, y ymby
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A_l 0 Y(cosp —sing
{0 —=1){sing cose

KypuHHIUTa 3ra (OyJapHU UCOOTIAHT).

Arap oproroHan f onepaTOpHHMHI OpPTOHOpMaJI Ga3ucaaru
MaTpuuacu A 6yica, y xonga f! = f* renrnuknand A = AT TeHr-
JIMK, TbHU A HUHT OPTOrOHA/UIMIH KEIUMO yuKaau. AKCHUHYA,
YU3HKJIU [ OMEPATOPHUHT A MaTrpHliacli OMpOp OpPTOHOpMAI
6aszucaa oproroHan, svHU A' = AT 6yica, y xomma f! = f*
HemMak, f XxaM opTOroHar.

EBxina ¢azocunaru YM3MKJIU fonepaTop YUyH f = gg* TeHr-
JIMKHU KAHOATJIAHTUPYBYM TECKAPUCHU MaBXyH OyIraH g omne-
paTtop MaBXynd Oyica, f onepatop Myc6aT aeb atamaau. Yeknu
ymyaMiu ¢pasona YM3UKIH f ONepaTOPHUHT MYCOATIIUTH YHUHT
CUMMETPUKIMIUATa Ba 6apya XOC COHJIADMHHUHT MycOariiurura
TeHr KyWwid (ucbotnanr). Xyanu yHUTap ¢da3onaru Kabu yek-
Y Yiryamid eBKIIMA (ha3ocuiary xap KaHJal MaxcycMac 4u-
3UKJIM oIepaTop MycbaT Ba OPTOTOHAJl OIEPATOpPJAPHMHT
KyrmauTMacu mwakianaa udoJalaHUIIM KYpPCaTHIAIaM.
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Yu uxxunuu 606
KYHINMYAJIAP

67-§. TEH3OPJIAP

Yusukiau ¢daszonap ypraHwiraHaa Typad XWwiI oObeKTap-
BEKTOpAAap, YU3HKJIM Ba OUUM3UKIHA PopMaiap, YU3UKIHN Ole-
paTopiap OWIaH ydypaluauK. byJapHHHr Typiu OYaviuMra
KapaMa#, yJIapHUHT OUp YMYMHH XUCJIATH OOp. YIapHUHT Xap
O6upu yu3uKIH pa3zonaru 6epwirad 6aszucaa MabiIym OMp COH-
Jmap (ckamspiap) TH3UMHM OWIAaH aHUKJIAHMO, 6a3uc y3rapca,
Oy coHuap (cKkajispiaap) TU3UMH MARIyM OMp KOHYHMSIT Oyiinya
HKKMHYHM 6a3uc OuinaH aHMKJIaHTaH COHJAp (CKasipiap) TH-
3suMura yraau. by epaa 6u3 OyHuai xuciarra sra 6yiradH COH-
Jlap TU3UMHMHH YMYMHHPOK KYPUHHUILAA KUPDUTUO YpraHaMmus.
bu3 kupuTMOKYM OVJIraH COHJIap TU3UMU meH3opaap ned ara-
JIagu.

Hactna6 Oy TymryHyajJapHH KMPHUTHII YYyH 3apyp OyiraH
OenrunanuiapHu KMPpUTAMU3, yiIap mer3op beszunrap ned ata-
JIaOH.

bu3ra kemaxakna miyHaai KeTMa-KeTJIMKIAp, KaTTaJUuK-
Jlap yYpalIuKH, yiaapra KApyBuM xamiap OUp Heuyra MHAEKCTra
OoFIMK O6Y1ub6, Oy MHOEKCIAapHUHT Xap 6upu oxataa 1 maH »n
raya y3rapagu. Kyjnainuk y4yyH Oy xaiHUHTr 6ab3U HHIEKCHA-
pM nactaa, 6ab3WIapyd 3ca IKOpUaa €3WIaiM.

Kalicnm MHIEKCHUHT Kaepaa €3WIMIIH Oup 6asMcHaH HK-
KUHYM Oa3ucra YTWIraHAa XaJJapHUHT KaHOaW Y3rapuiluura
OOFMUK. by KyJTalUIMKHUHI MOXUSTH KEHHUHPOK OWJIMHAIM.

Macanan, n TapTu6iu KkBagpar A = (a,) MaTpULIAHKHT 3J1e-
MEHTIApUHHU a, KYpUMHHUIIIA €3I Ky/lai, OyHOa caTp HOMe-
PY IOKOpUOA, YCTYH HOMEPH 3Ca IacTaa €3WIadu.

UKKUHYH MyxuM Oejrwianl, KeJIWIUHII IIyHJaH udopar-
KM, arap Iiactja xXam, IOKOpHAa XaM ydpauauraH OGUpop MH-
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JeKC O6yiuya MUMFMHAM OJHMHraH Oyica, MMFMHAM OEJIrucH
tauuad Kosaupwiaau. Opataa 0y aHrIamMJIMOBYMIMKKA ONUO
KE€JIMaMIu.

Macanau, arap yu3ukau V ¢asona {e, ..., e} 6asuc Ba §,
..., & COHJIAD X BEKTOPHHUHI Oy Oasuciaard KOOpAHMHAaTajlapu

n
6ynca, x = ) £ ypHUra x = E'e, E3amus.
i=1

AHa ©uMp HeyTa MHUCOJN KYpaMu3.

1. V pasona ukxura {e,, ..., e } Ba {e, ..., e/} bazuc bepui-
raH, (y,) — OMpyHYM Ga3ucAaH MKKMHYA 6a3ucra YTHILI Mart-
puuacu (B;) — yHra teckapu Martpuua O6yjicuH. Y xomnna
e;=vy/le, e =pre,. Arap x = E'e,=£''e; 6Ynca, y xonna
§'e,=C%'y}e = &'y e. bynnan &k =y}r&' pa £’ = B ', Oxupru
udona x BEKTOPHHHI SIHTH KOOpPJAMHATATADUHHHI 3CKH KO-
OpAMHATajlapu OpPKaIH H@POoHacH.

2. F MaiigoH yctuaard 9Yu3dKiIu V ¢aso, ¢ — yHOard 4m-
3uKu dopmMa, {e, ..., e} Ba {e,, ..., e’} 6asucnap, p(e) = a, Ba
p(e) = a) oyacun. Y xonpa a), = p(yre) =ylp(e) = ylta,. by
YU3UKIU ¢ GopMa SHTH KO3(PPUIMEHTIAPDUHUHI 3CKWIAPHU
OpKaJIM udonacu.

3. F maiiioH ycruaaru yu3”Mkiau V ¢aso, ¢ — yHaaru ou-
yu3uKiu ¢dopma, {e, .., e} Ba {e], .., e} 6asucmap, ¢(e,
e) =a,, ¢(e, ) =a, Vxomaa,=9@ e, v,e)=v/v,e(e,
e) =vy/y a_. llynnai Kuiuo,

L T Ay
A =7V Vi Qs

TEHIVIMK — OMYM3MKIM PopMa STHI'M MATPUMUACHHHMHI 3CKHU
MaTtpvuacu opkatud udopacu.

4. L dasona f— 4u3uKau oneparop, {e, ..., e,} Ba {e), ...,
e,} Oasucnap, ¢(e) =ate, p(e/) = a'e, 6yncun. Y xonna
ate, = p(e) = plve) =viple) =vfale =yl aBie,=y/ffa]e,.
byHpan

thk — a, S Rk A1
ai_yiﬁras'

by 4M3uKIM omnepaTop SIHI'M MAaTPULUACHHUHT 3CKH MaTpH-
Hacu opkaiud udonacu.
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KerMma-keTaMK KYpUHHUILKAA €3WIraH p + q UHIEKCIH,
ylapAaH p TacH MacTia Ba ¢ TacH IOKopuaa 6yaraH, F Mmaii-
JOHIOAH OJIMHraH 7+ Ta

Jr g
il ..dp

CKaJIsIpJapaaH uoopar Tu3uM F MaiiJIoH yCTHAArU # — YIdaMIK
yu3ukjm V ¢aszona (p, q) TMIAard KOOpAWHAT XaaBaiu 1ed
aTajajm.

Tavpud. F maidon ycmudazu n-yryamau wusuxau V ga-
300a (p, q) mundazu mensop deb, V ¢pazodazu b6apua 6asucarap
mynaamunu 6y azodaeu (p, q) mundazu Koopdunam xcadeai-
Aapu Mynaamuza wyHoai t akc smmupuuuza aﬁmajuusvcu, azap
e={e,..,eleae ={e, .., e} b6azucrap, e, =yle, e,=ple
(apHU (y}) OMpHHYHM Ga3sMCAaH MKKUHYH 6a3ucra y"mm MarT-
punacu, (B) yHra tecKapu MaTpuua) 6a

te) = (al0), te)) = (a7

b6ynzanoa ywoy

11 lq —

n
all }Ill * }/’P Sl ﬁ fl r

menzauk ypunau. Tunu (p, q) 6yiIrad TeH30p p MapTa KOBapu-
aHT Ba ¢ MapTa KOHTpaBapHaHT Ae0 XaM ramdpuiaau (KoBa-
pUAHT — XyJJy LWIYHOAW y3rapyB4d, KOHTpaBapHaHT — TeC-
KapH Y¥3rapyByH JieraH MabHOHH Owiaupanu; 0y epaa Oy cysnap
Iy MabHOJA HHUIATWITAaHKM, ITACTKU HHAEKCIap Oyiuya y3ra-
PHMILHU 3CKU Oa3WciaaH AHrd Oasucra yTuil MaTpvuacu Oa-
XKapaau, I0KOpH MHAEKCIap OViHya Y3rapyIlHMA 3Ca YHIa Tec-
Kapu Matpuua Oaxapamu). OKopuzgaru mMucojuiap Kypcara-
auku, Bektop (0,1) Tunmaaru (KOHTpaBapMaHT) TEH30P,
yu3uKIn ¢popmMa (1,0) Tunuparu (KOBapHaHT) TEH30p, OUYM-
3UKIM dopMa (2,0) Tunupard (MKKH MapTa KOBapUAHT) T€H-
30p, YM3UKIM oneparop (1,1) Tunuparu (6up Mapra KoBapu-
aHT Ba OUp MapTa KOHTpaBapuaHT) TeH30p. KeHUHPOK UXTH-
€puli (p, @) THIINArd TEH30pra MHUCOJ KEJITHPAMM3.
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F maipnoH yectunaru yu3uKiad V ¢aszona aHukiaHrad 6ap-
ya YM3UKIU y . V - F dpopmanapaad ubopat yu3ukiIm ¢aso V
ra Kymma ¢azo geb aranaau Ba V' opkanu 6enrwiaHagu. Arap

{e,, ..., e} TH3UM V paru 6a3uc 6ynca, y xonna
: ; 1, arap i = k ©6ynca

"eg) =% =1 ’
/e {O, arap i # k 6ynca.

(KpoHekep 6enrucu) TeHrMUKIap OWIaH aHUKJIAHTaH YM-
3ukjad fl, ..., £ € V! ¢opMmanap Kyuima V! dasonaru 6asuc
oyranm. XakKuKaraH, arapa f' = 0 6ynca, y xonnal, f(e) = 0.
Bynnan 6apya k=1,n yyyn 1.6. =1, = 0.

Xap KaHgaii x € VBay € V yuyH (x, y) = y(x) ne6 6enru-
naiMu3. Ywoy (x, y) ¢yskuua VX V' tyiwampa xap oup ap-
ryMeHTH Oyiuya 4YM3MKId. Arap O6apya x € V jnap yuyH
(x, y) = 0 6ynca, y xonna y =0 . lynra yxmamw, arap 6apua
y € V' nap yuyn (x, y) = 0 6ynca, y xonga x = 0 (Akc xonga V
na {e, ..., e } 6a3uCHU LIyHNaH TAHJIAKMM3KH, e, = Xx. Y Xonua
Si(e) =(x) = (x, f) = | TeHIIMK Gaxapwialu — 3UAOHAT).

Okopuna V paru {e, .., e} 6asuc 6yiuya (e, f*) =46/}
TEHIJIMKJIApDHH KAHOATMAaHTUPYBuUM V' HUHT {f, ..., f*} Ga3uc-
HHM KypauK. V' naru Oy 6asuc {e,, ..., e } 6azucra 6uopmoeoran
(6ab3aH, KyuiMa) aed atanagu. Xap KaHjail 6a3uc ydyH yHra
OuoproroHan 6yiaraH 6asuc OMp KUHMATIM aHHUKJAHTaH.
XakukaraH, arap {e,, ..., e } 6azucra 6MoproroHan 6yiraH siHa
bup {g', ..., &'} 6asuc masxyn 6yiucun: (e, g) =9, = (e, ). Y
XoJia xap KaHuai x = &' e, € V' Bekrop yuyH (x, g¢ — /) = £'(e,
g - =£(e, &) — (e, ) = 0. bynnan 6apya k =1,n yuyH
g —f=0, agpHu gt = £

Teopema. Hxxuma buopmoezonaa e, f 6a €', f b6azucaap
bepunzan 6yacun. Y xoa0a f dan f 2a ymuw mampuuacu e 0ax
€' 2a ymuw mampuyacudax mpancnorupaaiu 6a mecxkapu mam-
puuaza ymuuw opxaau Xocua Kuiuxnaou.

HMcbor. Arapf* = At f 6¥nca, yxonmad) = (e/, f*) = (y] e,
AKf) =y AMe, f) =y A*ds=yA* ByHnaH (y*) Ba (1*) mar-
PHLAJIADHUHT OUp-OUpUra TeCKapu KAHJIUTU KeJIud YUKAIM.
Yy (Af) Matpuia 3ca f aaH /' ra yTHI MaTpULIACUIAH TPaHC-
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IMMOHUpAAll OPKAJIM ojMHraH (O0y mMarpuiaza catp pakaMHUHH
IOKOpHAa, YCTYH PDAKAMMHH HACTAA €3MIUTa KEJIUIUWITaHHU-
naH kexn6 yukann). W

68-§. KYITUYN3UKJIN ®OPMAJIAP

Tabvpud. Aeap ckarap ¢ynkyus yuyn Kyuudazu wapmaap:

1) 6y ckanap gpyHkyus p + q ma eeKkmop apzymeHmHuHz QyHK -
yusacu,

2) 6yaaprunz p macu V da anuxaanean, q macu 3ca V' da
QHUKNQH2aH,

3) 6y ¢pynkua xap 6up apzymenmu 6yiiuva wusuxau 6yaca, y
(p, q) munudazu Kyn4usukiu (nonuuuaumu) @yHkyus deb ama-
aadu.

Yuby o(x, y) = o(x,, ..., X, Y ou V) (x, €V, Y eV)
udona (p, q) TMIUIATH KYH‘{I/ISHKJIH ¢ysxkuus, {e, ..., e}
TM3UM V maru 6a3uc, yHra o6uoproroHan 6yaradH V paru Oa-
suc {f, ..., f’} 6yncuH. Arap x,=£"e, y*=n*f neb oncak,

PX)s vy Xy Yy ey YI) = 90(61 o by ,,,,nl,f“,...,n‘iqf")=
=§?~-§,, ml---mq' n.r » 6Y epa

al"® =

r1 -Tp (P( no p fSls"-fsq) -

CKaJIsipiIap, ylap KYIMIU3MKIM ¢ GOpDMaHUHT {e, ..., e} Oa-
3ucaard KoopauHartaiapu ae6 aranaau. [yHpmai kunmub xap
oup G6asucpa (p, g) TMIMOATM KYMYU3UKIUM ¢dopmara Xyaau
LIy THIIAard KOOPJAMHAT XaABal MoC Keiaand. basuc ysrap-
ragaa Oy XalnBaJHMHI KaHJa# Y3rapMIIMHU Ky3aTaMu3. V na
bouika {e!, ..., e} 0asucHu, V' nma 3ca OyHra GuoproroHan
oyaran {f, ..., f } 0a3uCHM o1aMHU3. Y XoJia I0KOpHIa Kypca-
TWIraHTra acocaH

k .
kek, f = ﬂrkf'°
Kymyusukim ¢ GopMaHMHr {€), ..., )} ba3ucaaru Koopau-
HaT XaABaIW KyHuaaruya.
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azlf--ipp = (p(e;l,“.,e‘{p’f’ll’.“,f’-/q) =

P(Y2ey, osyPe, BAST, Bl f) =

n ., jq . S1eSg
yel “'yfp ﬁ.?l arl...rp

byHaaH KypuHaiuku, (p, q) TMIIMAATHA Xap KaHAAHd KYyIdud-
3UKJINA (popMa p MapTa HOBApHAHT Ba ¢ MapTa KOHTpaBapUaHT
OyiraH TEH30pHM aHUKIakau. MKKMHYM TOMOHOAH Xap Oup
TEH30p SIrOHA KYMYMU3UKJIA Popma OwriaH aHUKJIaHagu (Oy
(popMaHHUHT Xap OMp 6aszucHard KOOpAUHATAIIAPU TEH30PDHUHT
Oy Oasucmard KOOpAWHAT XaABaJdd OwiaH aHHUKJIaHAIH). by
OWwiIaH TEH30pJap Ba KYMYM3UKJIH dopMmajiap opacujia ¥3apo
OUp KMMMATIH MOCIMK YPHATWIIHM.

69-§. KUCMI'YPYXJIAP

G rypyxHUHr H KUCM TYIUIaMM rypyxigard amaira HucoOa-
TaH I'ypyX XOCWI KWica, Y G r'YpyXHUHI KHCMIypyxH aeb ara-
Jaau. MynbpTHIUIMKATUB Oearwiapja OyHHMHr MabHOCH OYH-
nai 1) arap a, b € H 6yica, vy xonga a-b € H; 2) wyHnai
e, € H s371eMeHT MaBXYIKH, Xap KaHAal a € H 3JeMeHT YYyH
ae, = a, 3) Xap KaHnai a € H aneMeHT yuyH wyHnan b € H
3JIEMEHT MaBXyAKH, a-b=e,.

bynnan e, € H 31eMeHTHUHT G rypyXHMHT 6MpIHK e 3Je-
MEHTHMra TEeHr OVIMIUN Keaub 4Yukaau. XaKuKaraH, ae = a
TEHIIMKLaH a'ge, = a'a, AbHU e, = e Kenub yukanu. Lly-
HUHT YYYH @ b = e, = e TEHITIMKHU KaHOATIaHTUpyBYu b € H
3JIEMEHT a! ra TeHT, YyHKU a'lab = ale = a’l.

HeMak, G rypyxHUHT H KUCMIYpyXy LIYHAAH KUCMTYIUIAM-
KM, YHra G IrypyxXHHHT OUPJIMK 3TEMEHTH TETMIIUIM, Xap KaH-
Jlal UKKUTA 3JIeMEHTHUHHHT KymaWTMacH ¥y3ura Terviuvid Ba
Xap KaHIaW 3JEMEHTHUHT TECKApHUCH Y3Ura TErMlUIH.

l1-treopema. G 2ypyxda H wynoaii xucmmynaiamxu, azap
a, b € H 6yaca, a*b* € H, y xoa0a G 2ypyxda H — xucm-
2ypyxoup.

Uco6orT. bupop a € H 3i1eMeHT ojJaMU3. YHHUHI YYYH
e=a-a'€ Heaa'=e-a'! € H. Arap a, b € H 6ynca, uc-
6oTnaHraHra acocan b! € H. lemak, a-b=a(b")' € H N
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[IIyHra yximaradH Myjoxa3a OwiaH, arap G rypyxaa H KucMm
TYIUIaM YYYH a, b € H paH nouM a''b € H xenub uyukca, H
HUHI KHCM TypyX SKaHJUTH MCOOTIaHAOU (TEKILIUPHHT!).

UcbornaHraH TeopeMa TypyXHUHI OepwiIraH KHUCMTYILIA-
MH KMCM T'YPYX 3KAHJIUTMHU TEKIIMPHIIHKUHI COANA YCYTHHH
bepanu.

Mucoanap. 1) Cummerpuk S rypyxaa xydr ypHura
KyHUuUIapaaH uoopar A TYILiaM KMCM TYPYXIUD.

2) bapua xakuMKHH 3JIEMEHTIM MaxcycMac # — TapTHOIM
KBaJpaT MaTpHMLAJap Typyxula OAeTEpMHMHAHTA OUpra TEHT
OyaraH MaTpuoaaapaaH MOOpaT KMCM TYIUIAM KMCM TYPYXAMD.

3) AnoutuB Z rypyxaa 6epwirad 6yryH MaHQu# OyiMaradH
m COH Y4YyH m ra OVJIMHyBYH Oapya O6yTyH coHjapaaH ubopar
mZ TyIUIaM KHUCM TYPYXIHD.

2-TreopeMa. Adoumue Z 2ypyxnune xap xaumau Kucm 2y-
pyxu mZ xypunuwza 3ea, 6y epda m — mangui 6yamazan 6y-
MyH COH.

UcboT Z rypyxaunr oupop H KUCM TypyXd OepwiraH
OyiacuH. Arap H ¢akaT HOJIb 3JeMeHTHOaH ubopar O6yica, y
xomna H = oZ.

IHan H # oZ XxonHu Kypamu3. by xonga A na xam mycoar,
xaM MaH¢ui corap 6op, YyHKM a € H 6wran H KucMm rypyx
oynranu yuyH (—a) € H. H naru sHT KWYUK MycOaT COHHU m
OpKay OenarwiaiMu3. Y xonaa m ra OVJIMHYBYM Xap KaHAan
coH XaM H ra terunumm Oyiaranu yuyH mZ C H. UkxuHum
TOMOHIAH, arap x € H Ba x HU m ra OYIMILAAH YUKKAH KOJ-
OMK rTa TeHr 6yica, y xonagar=x —qgm € H, g — OyTyH COH,
0 = r<m. Arap r> 0 6¥ica, y xonga H na m 1aH KH4UK Oyiarad
MycOaT coH Oynapau — Oy 3Ca m HUHI TAaHJIAHULIWIa 3UA.
[dyuunr yuyH r = 0 Ba neMak, x = gm € mZ. by epaa x uxru-
épuit 6ynranu yuyn H C mZ. Haruxana H= mZ. R

G TypYXHUHI UXTUEDMM KUCM TYpyxjiapud TYIIIaMUHUHT
KE€CHIIIMACH SIHA KMCM TypyX (TeKmuupuHr!). G rypyxaa uXTH-
épuit M KucMm Ty1uiaM 6epuirad 6yiacuH. Y xonga M tyiuiaMm-
HH V3 HYMUra oJyBYM Oapya KMCM TYPYXJapHHUHI KECUILUMACH
H,, xucM rypyx 6ymu6, y G rypyxaa M TyiiaMHu §3 uyura
OJIyBYM KHUCM TFYPYXJIAapDHUHT "3HT KUYKUHACH . [, KHCM IypyX
M tymnam xocwn KwiraH ne6 aratanu, M tywiam sca H,,
KUCM TYPYXHHHI XOCWI KIWIYBYM TH3HMH a0 aTamaiu.
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3-reopema. H, xucm 2ypyx 6apua mymrun 6yszan ywby
al'ay ... a* wewxau xynimmasapdan ubopam, 6y epoa a, ..,
a€EMEk,..kELZ

UcboT. P opKaM WIyHAAH YEKIW KyMauTMajiap TyIUia-

MMUHU OearunaMui. Arap a, b € P 6ynca, y xonna
a=af..a’, b=»h'..b', a, .., a, b, .., b, €M, Ba
a-b'=a"...a" b b eP.

Hdemak, PrymiaM M TYiulaMHM ¥3 HUMTa OJITAaH KUCM TypyX.
Iynunr yyyn H, C P. UKKMHYY TOMOHAAH M HH ¥3 n4ura
OJIraH Xap KaHAaM KUCM rypyx P ra KHpyBYM Oapya 4YeKIH
KyauTManapHu xaM y3 wuura onamu, seiu P C H,. Haru-
xuga P=H . 1

70-§. IIMKJIUK TYPYXJIAP

Arap rypyx y3uaard 6upop a 3JIEeMEHTHHUHI Aapaxalapu-
JaH ubopat 6ynca, 6yHIaH rypyx HHKJIHK I'ypyx Ae0 aTaiaiu
Ba (a) opkanu GearunaHanu: (a) = {a"| n € Z}. by a anemMeHT
(@) TYpYXHMHT XOCHJ KHAYBYH 31emenmu ned aTtananm.

Arap a 3JIeMeHT YUyH a" = e (0y epla e — T'YpYXHHUHT bup-
JIMK 3JIEMEHTH) TEHIVIMKHY KAHOATJIAHTUPYBYM HATYpasl # COHU
MaBXyn Oynca, 6yHaal 3JIeMEHT YeKJH TapTuOJaH ned arana-
au. by mwiapTHM KaHOATJIAHTUPYBYU COHJIADHUHI 3HT KUYUTH
a 3JMEeMEHTHUHI mapmubu ned atamagu. Arap a" = e T€HIJa-
MAaHU KAHOATJIAHTUPYBYHU # COHM MaBXyJ OViaMmaca, a 4e€KCH3
TApTHOIM Ne0 aTajaaM.

Macanas, HoibAaH (papKJIu KOMIUIEKC COHJIADHUHT MYJIb-
TAIUIUKATUB T'yPyXyuaa OUMPHUHI MXTHEPHUM Japaxajid WIAU3-
jlapy Ba ¢akar yJap YeKJIU TAapTUOJU 3€MeHTIapaAup.

l-treopema. Hukaux eypyxnumz ssemenmaapu coHu yHu
X0CuUn Kuaye4u 3nemMenmHunz mapmubuza mene.

Ucbor. Huknuk (a) rypyx 6epuwiarad 6yiacuH. Jlacriab
OyHOarv a 3JeMeHTHUHT TapTHOH 4eKJIM, MacalaH, A OyiaraH
XOJNIHU Kypamu3. by xonma e, a, ..., a*' € (a) 3neMeHTIap
Typiu Ba (a) = {e, a, ..., a*'}. XakukaraH, arap a" = a”,
Osn<m<h-16ynca,yxommaa*"=epa0<m-n<h-1.
By 3Ca a 3JIEMEHTU TapTUOMHMHT Tabpudura 3umd. ﬂeMaK e,
a, ..., a"! ageMeHTIIAp TYPJIH.
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Xap 6up x € (a) 3neMeHT x = a*, k € Z KYpUHUINTA 3ra.
Arap kK HU A ra OyIMINAAH YUKKAH KOJIMK 7 ra TeHT (SIbHH
k=gh+r, q — 0yryH, 0 <r=< h-1) 6ynca, y xonna
x=a"=(a"a =a, avHu xC {e, a, ..., a"'}.

DHAU @ HUHT TapTUOH 4eKCHU3 6YiIraH XoJaHM KypaMu3i. by
Xoina ..., a’l, al, e, a, @, ... 3IEMEHTJIAp TypJH, YYHKH arap
a" = a™ 6yica, y xonga a"-" = e. Bynnan n = m. Jemak (a) —
yexkcu3 rypyx.

[uxiuk rypyx 3JeMeHTIapH COHHIA YHHMHT TapTHOuU Oes
XaM IOpUTWIAOH.

Yekcu3 HUMKIMK Iypyxra Z aiguTHB Ipyriracy MUCOJ Oyna-
IH. YHIa aMasl agauTuB OVIraHu y4yyH 3JIEMEHTHUHI Hapa-
Xanapd cy3japd YpHHUra 3JI€eMEHTHUHr OMp HeYa MapTa OJM-
HHMIIY CY3JIapy UMLUIATWIMILK KepakK. by rypyxna 1 (Exku —1)
XOCWI KWUJIYBYM 3JIEMEHT.

BUpHHUHT 7 = papaxanud WIAM3JIApH TYPYXU 1 = TapTUOIHN
IMKITMK I'YPYXAUp. YHIArd OMpHUHT Xap KaHaan XOCWI KWIyB-
yy (macTiaabkuM) WiauM3d Oy TYPyXHMHI XOCWJI KWIYBYUA 3JIE-
MEHTU OynanM.

DHAM UMKIHK (@) TrypyxJa a 3JeMeHTHUHI Japaxajapu
KAYOH TEHI OVIHMIIMAA TYXTaMMuU3. Arap a 3JI€MEHTHUHT Tap-
THOM 4YeKCH3 Oyiica, y Xon4a a" = g™ IaH 7 = m TEHIJIUK Ke-
M6 YUKUINY paBIlaH. Arap 4 3JIEeMEHTHHMHI TapTUOU UYEKIIHM,
MacajaH, h 6yica, y Xojaaa @" = g™ TeHIJIMK YpUHIXA OVIUIIU
Y4YH 7 —m COHHUHI' A ra OYIMHMILM 3apyp Ba erapiu. by
IUAPTHUHI €TApJAWIMIH paBIaH. 3apypJlMTd: n —m HU h ra
OVIuIIIaH YUKKAH KOJAUK r Oyica, y Xonma r=n —m — gh,
q—0OyryH, 0 < r< h,Bae=a"" = (a")? a = a,6ydnaur = 0.

2-teopeMa. bup xua (wexau éxu nexcuz) mapmubau yux-
AUK 2YPYXAap U30MOPQD.

Ucoor. Hukiuk (a) Ba (b) rypyxiaap 6Up xuyl TapTUOIU
OyncuH. Xap KaHuait n € Z yyyH ¢(a") = b" TeHr1uK OwiaH
aHMKJIAHraH ¢ . (a) - (b) aKCIaAaHTHUPHUILHUHI U30MOP(PU3M
3KAHJIMTMHHU KypcaTaMu3. Arapx, y € (a) 6yica, y xongax = a*,
y = a”Ba p(xy) = p(a"+") = b"+" = p(x) - p(y), THHU ¢ — TO-
MoMopdu3M. YIdy x = 4" TeHITIMKIa n O0Up KUMMATIU aHUK-
JJAaHMaraHv y4yH ¢ aKCJIAaHTUPUIIHMHI OMp KUMMATIH aKC-
JJAHTHUPUII 3KAHJIMTHHU TeKIUMpUII Kepak. FOxopuiaaru u3oxra
acocaH, arap (a) Ba (b) yeKCH3 IMKIMK rypyxjaap Oyica, y
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X0J4a @" = a™ naH n = m KeJaubd yukKanu, aeMak b” = b™. Arap
(a) Ba (b) nmap TapTHOM A OYnraH 4YeKIM TapTHOIM LIMKIIMK
rypyxJjap 6yica, y Xoiaa a” = a™ JaH n —m HUHT h ra 6yiu-
HUMIUM KeIUub YuKamu, nemak, b = bm.

Xynau yHOay mynoxasajgapra Kypa, ¥(b”) = a" TeHIJHK
OwiaH aHMKJIaHraH (b) rypyxHUHr (a) rypyxra v : (b) - (a)
AKCIAHTUPUIUHUHT OUp KUHMATIH TrOMOMOpP(PHU3M 3KAHJIUTH
KypcaTWwiaau. 1 aKCIAHTUPHIL ¢ I'a TECKApU SKAHJIMTU PaB-
waH. Bydra acocan ¢ — uzomoppusm. M

Hatuxa. 1) Xap kandaii wexcus yuxaux eypyx 6ymyH com-
AapHune Z addumue 2ypyxuea uzomopa.

2) Xap xandau mapmubu n 6ynean YUKAUK 2ypyx OupHuHz n =
Oapaxcanu komnaekc uaduzarapudan ubopam zypyxza uzomopa.

71-§. UISOMOPO®U3IM XAKMJA KDJIM TEOPEMACH

Kyiuaa kentupwiaauraH TeopeMa Xap KaHaail T'YPYXHH
3JIEMEHTAp ajJMalITUpULLIapAaH UbopaT rypyx ned tracasByp
KWIWILI MYMKUHJIUTHHM KYpCaTaau.

Teopema. Xap xanoaii G 2ypyx G mynaam armawmu-
puwaapu 2ypyxuHunz 6upop Kucm 2ypyxuza uzomopgoup.

U c6ort. Uxtuépuit a € G 3neMeHTHU 010, 6apua x € G
yuyH f(x) = ax udoaa 6wian anukjiaHrad f, : G - G akciaH-
TUPUINHM KapaiMu3. Xap KaHnah a, b € Gyayn f, =1 f,,
YyHKU X € G yuyH

[,(0) = abx = f.(bx) = f.f,(x).

bynra kypa S =f,* [ =f.,=/.. Bynnan 6apua
X€ G yyyH f(x) = x, sbHU Yy G TYIUIAMHUHT aiflHU# aKciiaH-
TUpUILKM OyiraHu yuyH f ., = £ llyunait kwin6, 6apua /
akciaHTupuuuiap G TYIUIAMHMHT ajJMalUTHpUILIApH OyIMoO
ynap FrypyxHu — G TYIULITaMHUHT aJIMAIUTUPULLIAPU TYPYXH-
HUHI KUCM TYPYXUHH XOCWI Kuiaagd. Xap 6up a € G yuyH
p(a) = f, udona 6wiaH aHUKIAHTaH ¢ . G > F aKCITaHTUPHIL -
HU Kapab, YyHUHr u30MOpdU3M 3KAHJIUTHHHU KypcaTaMH3.
XakukaraH, ¢(G) = F Ba ¢(a) = ¢(b) TEeHIIUKIAH [ =1
Jf(e) = f,(e), sbHM a = b TeHIIMK KeJaud YMKAau. YHIAH Tall-

Kapu
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plab) =f,=f, f,=pla) p(b). B

Hartuxa. Tapmubu n 6yrean xap xawdaii wexau 2ypyx S,
CUMMempuK 2ypyxHuHe 6upop Kucm 2ypyxuza uzomopgpoup.

M 3 0x. Kanu teopeMacuHu ucbornamiia f, akCIIaHTUPULI-
Jap VpHUra 0Kopuaarura yximam Myjoxasajaap €paaMuia
h,:G— G, h(x) =xa, x € G, aKCIAaHTUPHIIUIADHU MIILTATULL
MYMKWH 3[H.

72-§. EHIOII CUH®JAP

G rypyxHuHr oupop H kucM rypyxu Ba a € G bGepwiran
OVICHH.

Yuoy aH = {ax / x € H} Tyimam G rypyXHUHr H KucM
Iypyx OViiMya a 3JeMeHT XOCWI KWITaH yan éndow cungu ned
aranagy. lynra yxwmwam, Ha = {xa / x € H} Tyiutiam G rypyx-
HUHT H KUCM rypyx OViiMya a 3JeMeHT XOCWI KWIraH YHZ éH-
dow cunghu neb atanmanau. AIJMTHUB Typyxjiapaa €HAom cuHg-
JIap yernpma cundaap ned6 aranagu. MacanaH, COHJIap Hasapu-
SICMAary m MOJyJb Oyitnya yerupMa cuHgapu — 0y Z ajliMTUB
TYPYXHUMHT mZ KUCM TypyX OVitmya yermpma CuHGIapUAMD.
Uusukiu anrebpana ¥V sekrop ¢asonard V) KucM pasoHH cui-
XUTHLIIAH XOCWI OV/IraH runepreKUcaukinap V agiuTus ry-
DYXHUHT V| KUCM rypyX OyHuya yerupma CUHGpIApUIUD.

1-teopema. G zypyxnunz H xucm 2ypyx 6yiiuua xap 6up
van (Ynz) éndow cunununz xyeeamu H nunz Kyesamu 6usan
6up xua. Ynoan mawxapu 6apua uan (yuz) éndow cungpaap G
2YPYXHUNZ OYAURUWURU X0CUA Kuaaou.

Ucoot. Yam éHmom aH cund H KUCM TypyXHHUHT y3apo
oup xuitmMatu f @ G - G, f(x) = ax, akKCIAHTUPHILIATH AK-
cuaup (ob6pasuaup). lllynra yxmam, Ha yur éHpow cund H
KUCM TYPYXHHUHT Y¥3apo 6up Kuitmatiu b : G > G, h(x) = xa
akcJaHTupuuyiary obpasunup. by OwiaH TeopeMaHUHT OM-
PUHYM TaCAMFH MUCOOTIAHIMN.

Yuby a = ae = ea, e € H — OUPIAHUK 3JIEMEHT, TEHIJIMK-
jJapiad a € aH Ba a € Ha myHocabaT keaub yukanu, seHUu G
TYPYXHUHI Xap KaHjail 3JeMEeHTU ¥3d XOCWJI KWIraH €HAOLI
cuH(}paa €Taau.
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G TYpPYXHUHT Xap OHp a 3JIEMEHTH SIrOHA Yyarl éHAol CHH(aa
€ragd. XakKkuKaraH, oupop b € G yuyH a € bH 6VyiacuH. Y
XoJiaa wyHaan h € H maBxynku, a = bh. byHnaH Xap KaHnau
h, € H yayH ah, = bhh, € bH, avun aH C bH. IkkuHuH TO-
MOH[AH a = bh TeHIJIuKIaH ah! = b TEHIJIMKHU OJIaMU3, SbHU
b € aH. bynnau xap kaHpaii h, € H yuyn bh = ah' h € aH,
apHU bH C aH. llyupait KI/UII/I6 bH = aH, ﬂ'led xap Kan,uan
a € (G 371eMeHT AroHa €uaow cuHpra kMpaau. byHaaH MKKU-
Ta TYpPAU €HOOLI CUH(QIAPHUHT ¥3ap0 KeCHILUMACIUTH Kenaubd
yukaav. by 6Wi1aH MKKMHYM TAaCOUK XaM HCOOTIIaHIM.

Yexm rypyx a/1eMeHTIAapH COHMIA YHUHT mapmubu 1eb
aTajajM.

HUcbomiaHraH teopeMagaH KyHuUIard TteopeMa Kejaud 4yu-
KAaJH.

2-teopema (JlaHrpaHXHUHTI YEKIH TypyxJap XaKuaary
TeopeMacu). Yexau eypyxnunz mapmubu ynunz uxmueépuii Kucm
2yPYyXuHunz mapmubuza 6ysunadu.

N c6oT. GrypyXHUHT TapTHOHU 7, YHUHT H KUCM TYypyXu-
HUHT TapTUOM 3ca d 6yiacuH. Y xXonna l-teopeMara acocan G
TypYXHUHT H KUCM rypyx 6Vitnua €éupgow cuadiapu G rypyx-
HUHI OVJIMHUMILMHY XOCWI KWIMO, yJIapHUHr Xap O6upu d Ta
aneMeHTIaH ubopar. G HuHr H Oyiuya €Hgoiml cuHdgpIapu
COHUHU m OpKaJIX Genrwiacak, n = d - m 6yinanu, SbHU 71 COHU
d ra 6ynuHanu.

Hartuxa. Yexau eypyxnune mapmubu yzudazu xap o6up sne-
MenmHunz mapmubuza 6yaunadu.

Hcb6ot1. Taprubu d 6yiaraH anemMeHT TapTubu d 6yaran
UUKIUK TYPYXHH XOCWI KWITAaHM YYYH HATHXAHUHI HMCOOTH
2-TeopeMajiaH KeJIub YHKaIHM.

73-§. HOPMAJl KUCMTI'YPYXJIAP, ®AKTOP-
I'YPYXJIAP BA TOMOMOP®U3IMJIAP

Arap G rypyxHUHI H KUCMTYpYXM Ba xap KaHzahi a € G
3NeMeHTH YYyH aH = Ha 6ynca, H nopman xucm 2ypyx 1eo
ataagu. HopMan KucMrypyx ydyH xap O6up 4yam €Ha01l cuH}
MOC YHT €Haow CUH(} OWwIaH yCTMa-yCcT TYLITaHU Y4YyH yjap
KUCKAruHa éndows cuxgrap ned aramagm.
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PapuiaHku, abejp IYpyXMHHHI Xap KaHOal KHUCMIYPYXH
HopMasl. UxTuE€puM rypyXHUHr OUpPIMK TYpyXd Ba V3u (V3H-
HUHT KUCMTYpYXu Heb Kapajica) HOpMAl KUCMIYpyXJIapIaup,
yjlap TYPYXHHHI XOCMac HOpMasl KMcMrypyxiaapuaup. Hoa-
6eb rypyxXuaa Xoc¢ HopMaJ Iypyxra Mucoi cudaruaa » > 2 aa
S CUMMETPUK Typyxuaara Xyt ypHUra Kyiuuuiapaad ubo-
par 6ynraH A KUCMIYpyXY OJMHMIUM MYMKHMH. XaKMKATaH,

Xap KaHOak a € S, yYyH

A, arapa € A,

aAd = Aa=
n = Al {S,,\An,arapaQEAn.

Kiynunua, H KucMrypyx HOpMaJUIMTMHUHT KyHHAArd coaia
oearmcu uuuiatTwiagu: H KUCM TYPYXHHHT HOpMaJl OViauiuu
YUyH Xap KaHaai a € G yuyH aHa! C H MyHocabaTHUHT Oa-
XApWIMILIK 3apyp Ba KMPos. by mapTHUHr 3apypjiuru a€H.
Kudosturu a3ca Kyuaaryya KypcaTWiaid: arap Xap KaHaau
a € GyuyH aHa! C H6¥ynca, y Xonna xap KaHuai a € G yuyH
a'Ha C H myHocabar xaM YpuHiu, 6ynapra kypa aH C Ha,
Ha C aH, swHu Xap Kaujait a € G yuyH aH = Ha.

G rypyx Ba yHaaru H HopMayi KHUCMIypyX TaiuH OyiraH
X0JIIa Xap KaHjak a € G y4yH a OpKAJIM d HY Y3 UIMUTa OYBUM
G vunr H 6yinya AroHa €HOOIWI CHH(PUHU OeNIrHIanMu3:
a = aHH = Ha. G uudr H 6yitnya G6apua €HIoW CHHGpIapUiaH
ubopar TyriaMHu G/ H opkam oenrwnaimus. G sa H 1ap Ta-
ituH 63ran xonna G/ H ypuura G GeITMHM XaM HMUUIATAMU3.

Xap KaHzail a, b € G snemeHT™ap yuyH a-b=a-b 1eb
xucobnab, G Tywiamaa cuH(IAPHU KYMaHTUPUII aMaJHHU
KUpUTaMu3. Xap Oup €Huoow cHHG} Y3uaaru UXTHEPUH 31e-
MEHTH OPKATH XOCWI KWJIMHTAHJIUTU TYDaiiu a Ba b CUHD-
JJApHUHT KyrnauTMacu Oy CUH(IADHMU XOCWI KWIYBYU IJe-
MEHTJIAPDHM TanJalra OOFIMK 3MACIUTMHU KYPCATHILI Kepak.
XakukaraH, arapa, € a, b, € p (AbHM a, = a, b, = b) 6¥ica,
y xonga ab, =a,-by=a-b=a-b.

l1-treopema. Aeap G 2ypyx ea H ynunz nopman xucmey-
pyxu 6yaca, y xoada Kupumuazan cuHgaapru xynaumupuui
amaauza nuc6aman G/H mynaam 2ypyxnu xocua xuaadu.

Hcbort. _'Egnom CMH(IapHUA KYIIAUTUPUII acCOLUATUB-
aup: arap a,b,c € G/H 6yica, y xonzna
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a(bc)=a-bc=a(bc)=(ab)c =ab-c=(a-b)c Yuby e=H
CUH(} CHMHQIApDHHUHT KYNaUTUPHUIL aMaju Y4yH OUpJIMK Ba-
3H(bacmm 6a>1<apaun YYHKH Xap KaHjga a € G/H 3neMeHT

YiyH ae=ae=a. Ym6y a?! cuH} a cuHbra TecKkapu, 4yH-

ki a-a'=aa'=c.l

G/H rypyx G vuHr H HOpMan KUCMIypyXx OVitmya ¢ak-
mop 2ypyxu neb atanagu.

MacanaH, m Moaynb 6Viinya yerupMma cuHpIapaaH XOCHII
OyiraH Z annuTuB rypyX Z aldMTHB FYDYXHMHI mZ KUCM
rypyx 6yiuya dakrop rypyxuaup: Z = Z/mZ.

DOHAW HOpMAJ KUCM IypyxJjap Ba I'ypyXJIapHUHT FOMOMOp-
¢pusmiapu opacuigard OOFTAHUIUHM TEKIIUPHUIUTra YTaMH3.

Arap G — rypyx Ba H — yHUHr HopMaJl KUCMIYpyxu Oyica, y
xoma ¢ . G- G/H, p(a) = a, a € G, akCIAHTUPULI TOMOMOpP-
dusmMuanp, yyHku ¢(a-b)=ab=a-b = p(a)p(b). G rypyx-
HUHT Oy KYpUHMILIArM roMoMophU3MIapd mabuuti ned atanamy.

G rypyxHuHr G, rypyxra 6upop ¢ : G - G, roMoMOpu3-
MUHH KypaMu3. G Ba G, IypyXJapHMHT OMPIUK 3JIe€MEHTIA-
PUHU MOC DaBHLINA e, e, OPKAJIU GeNrMIaiMu3. ¢ aKCIaHTH-
puuigaryd e, HUHT aci obpasu, TbHU ¢(x) = ¢(e) = e, LIAPTHH
KaHOATNAHTUPYBYU Oapya x € G 3JeMeHTIAap TYIUIAMH ¢ TIo-
MOMODP(MU3IMHUHT Adpocu ned atananv. YHU k(p) opkanu 6ei-
rwianMm3. G TYpyYXHMHT ¢ roMoMopdusmaaru ¢(G) TacBUpH
10-§ ra kypa G, HUHI KUCMIYPYXUIHUD.

2-teopema. G zypyxnunz ¢ 2omomoppuimoazu k(p) s0-
pocu G zypyxnune Hopmaa Kucmzypyxuoup. ¢ (G) Kucmzypyx-
dazu xap 6up 3remenmnunz aca obpazu G nunz 6y Hopmaa
Kucmaypyx 6yiuuna éndow cunpuoup.

Mcb6or. Arap a b € k(p) O¥nca, y xoxna
p(a) = p(b) = p(e). bynan ¢(a b') = p(a) (p(b))"' = p(e).
HeMmak a -b'! € k(p), sbHU k(@) TyiiaMm G HHUHT KUCMIYpy-
Xuaup. Arap a € G, x € k(p) 6yica, y xonaa ¢(x) = ¢(e) Ba
plaxa®) = = p(a) p(x) p(a)" = p(a) p(e) p(a)" = p(e). ByH-
IaH axa' € k(p), svHu k() — HOpMasl KUCMTIypyX. HxTué-
puit a! € ¢(G) HU 0MUb, YHUHT acIMHU A OPKAIH Oearmnaii-
MHU3. bupop a € 4 Hu onamus. Y xoiana A= {x € G/
p(x) = p(a)}, A= a = ak(p) 3KaAaHIMIMHU KypcaTaMu3. Xa-
KMKATaH:
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X EA®p(x) =g¢a)»pxa’)=p(e)s
@ al € k(p) < x € ak(p) = kip)a. A

3-reopema. deap ¢ : G > G, — 2omomoppusm 6yaca, y
xoa0a ¢©(G) xucmeypyx G/k(p) paxmop 2ypyxea uzomopgpoup.

UcborT. Xap 6up a' € p(G) aneMmeHTra YHUHr G rypyx-
nard aci obpasuHu Moc KyoBuYH ¥ . ¢(G) - G/k(p) akcnaH-
TUPHUILHU KapaWMHU3 Ba YHUHT U30OMOPGOU3M 3KAHIUIUHU
KypcatamMmu3. Wiarapuru TeopeMaHUHI UCOOTHUIA KYPAUKKH,
X € a-k(p) = a_myHocabar ¢(x) = p(a) ra TEHT KyWIHAMD,
SpHU Xap 0up a € G/k(p) €npowr cuHp ¢ roMoMopdpuMaa
a' = p(a) € p(G) 3neMeHTHUHT acn obpasuuup. LlyHra kjpa
Y — cropbekumAa. Arap al, b' € ¢(G) yuyHy(a') = ¢(b') 6¥nca,
y Xojiaa IyHaaM a, b € G 31eMeHTIap MaBXyAKHU, a' = ¢(a),
b = p(b) Ba ak(p) = bk(p), ssbHd a Ba b 3jeMeHTIAD k(p)
SAPOHUHT OUTTa €HHOII CUH(MUIA €Taau. 2-TeopeMara Kypa
p(a) = p(b), spHU a' = b'. [leMmak, ¥ — UHBEKUUA. JHIU UX-
THEPU a!, b' € ¢(G) nap y4yyH WyHuai a, b € G MaBXyIKH,
a =gp(a), b =p(b)Baa b =plab),yp@b)y=ab=ab =
(@) p(b'). W

3-TeopeMa TypPyXJIApDHUHT roMoMop(dU3MJIapH XaKWAaru
TeopeMa JAeHWwIagu. YHUHI MabHOCH IIYHAAKU, TYPYXHHHT
CIOPBLEKTHB roMoMmopdu3miapd OMIaH HOPMaJl KUCMIYPYX-
JIap¥ a0 Kwirad Tabuui roMmomoppusMiIapu opacuaa y3a-
po Oup KMHMaTIM MyHocabaTr 0op.

74-§. KUCMXAJIKAJIAP BA KUCMMAIJIOHJIAP

Arap K xankaumHr L xkucMmtyiuramu K gard KyImuvin Ba
KVITaiTUPHUIL aMaulapyra HucbaTtaH XaikKa Xocuwi Kwica, y K
XAIKAHUHT Kucmxankacu gedwnanu. Arap L KUCMXaiIKa Mam-
JIOH 6Vica, y K XalTKaHUHT Kucmmaidonu 1eHiani. Arap XajiKa
AIAUTUB I'YPYXUHUHT KUCMTYPYXU KVITAUTUpHUILL aMajiura HUc-
oataH €énuk Oyiaca, y KUcMXankaaup. byHaaH Ba KUCMIYpYyX-
HUHI WITapy KYpWITraH XoccajJapulaH KyHuaaru TeopemMa Ke-
JIU0 YUKAaIH.

I-teopema. K xasxanunz 6yw 6yamazan xucmmyniamu
xucmxaaxa 6yauwu yuyn y K dazu avupuwm eéa xynaumupuw
amaaasapuza Hucbaman énux 6yauwu 3apyp ea xugos.

294

www.ziyouz.com kutubxonasi



F MaWIOHHUHT HOJbAAH (PApKJIU 3JEMEHTIAPH MYJIbTHII-
JIUKATUB TYPYXHU XOCWJI KWJITAaHU YYYH HIATapu KypuiaraH
MyJioXa3ajlapAaH KyHWMIard TeopeMa KejJaub YMKaIM.

2-treopeMa. F maiudonnunz 6ummadan opmux ssemenm-
2a 32a Oyaszan Kucmmynaamu Kucmmaiudon 6yauwu yuwyn y F
dazu aiupuw 6a 6yruw (nHoavoan papxau 31emenmaapea) aman-
aapuza nucbaman énux 6yauwu 3apyp ea xughos.

Muconnap. F cowtn MannoH F[f] XalKaHHHI KUCM-
Mmaiionu, F (1] xanka sca F (¢, 1] XanKaHUHI KUCMXAJIKACH-
oip; Q MaigoH R MaMAOHHUHT KUCMMaWIOHUIUD.

Arap xajgkKka KOMMYTaTUB (HOJIBHUHI OVIyBYMWIApHra ara
O6ynMaca), y xoJiia YHUHT Xap KaHaai KUCMXaJIKACH XaM KOM-
MYTaTUBUUD (HOJBHUHI OVIyBUMiIapura 3ra 3mac). KucMmxan-
KAHUHT HOJIb 9JIEMEHTH JIOUM XAJIKAHUHT HOJIb 3JIEMEHTH Ou-
JIaH yCTMAa-yCT TylMaau, YYHKH KHUCMXAJIKa XajlKa aJJuTHB
TYPYXUHUHI KUCMTYPYXuaup. bUpiuk 3nemMeHTra 3ra OynraH
XATKAHUHT KUCMXAIKACU OUPIIUK 3JIeMEHTra 3ra OyIMacauru
MyMKMH. MacanaH, Z xaaka Ba yHaaru 27 KMCMXaiIKa. Arap
K xajKaHMHT KUCMXAJIKACH OMpPIHUK 3JIeMEHTra 3ra oyica, y
3JIEMEHT XAIKAHWHI OMPIMUK 3AeMeHTHIaH dapKjIu OVIMIUMU
MyMKHH. MacanaH, Moc KOMIIOHeHTIapu OViiuya: ((a, b) +
+(c,d)=(a+c, b+ d), (a, b)(c, d = (ac, bd)) xyuuiu Ba
KVauTupuil aMautapu kuputwirad C xankana (1, 1) ane-
MEHT OUPIUK 3NEMEHTAUP, aMMO YHHUHT (a, 0), a € C Kypu-
HULIAArY 3J1eMEeHTIapUaaH ubopat Kucmxankacuaa (1, 0) axe-
MEHT OUpJUK eMeHTIUp. UKKMHYM TOMOHAH, arap P Ma-
JIOH Ba YHUHI UXTUEPUH KUCMMAMIOHUHUHT OUPIHUK
3JIEMEHTIAapH JOUM YCTMa-yCT TyIUaau, YYHKH F KUCMMam-
NOHHUHI MYJIBTUIUIMKATUB IypyXu P MaWaAOH MYJbTHUILUIMKA-~
TUB TYPYXUHUHT KUCMIYPYXUIUD.

Arap MaWIOHHHUHI XOC KHCMMaHIOHU MaBXya OYiamMaca, y
codoa pewwnanu. Xap KaHpail conga MaMaoH m-1l, m € Z,
KYpUHUILIAArCA 3JME€MEHTIapdaH Ba OyHaaM 3JeMEHTIAPHUHT
HucOaTnapugad ubopaT, yyHKH OyHHal HUcOaTIap MaHIooOH
XOCWI KWIanu.

F — Honb XxapakTepUCTUKAIM coiua MaigoH OViacuH. Y
xompa m+1, m € Z, aneMeHTNnap Typaiu m € Z japaa Typjiu

0ynub, m = 0 maruHa HoJbra TeHr. Arap a, b, ¢, d — OyTyH
A . ¢ 1
coHulap 6Viica, y xonga % = -3 TEHIJIUK Z—i = ;—1 TEHIJIMKKA
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TEHI KyWwid. Yoy go(%) = Z—:—i—, a, b € Z b # 0, MmyHocabar

OwiaH aHUKJIaraH ¢ . Q - F akciantupumi 6y MaiaoHIap-
HUHT u3oMmopduamMuaup (tekmmpuHr!). Arap F — xapakre-
puctukacu p > 0 6ynarad coana MamaoH 6yica, y xoama p —
Ty6 COH Ba UXTUEDHI a, b 6YTYH COHJIap YYyH p MOIYIIb OyiNya
yerupmaiap CMH(pIApUHUHT yly a = b TeHraurua 1 = b- 1
TEHIJIMKKa TeHT Kywid. Ymoy y(a) =a-1, a € Z, MmyHoca-
bat Owias OepwiraH vy . Zp -> F akCIaHTUPHUII U30MOPHU3M-
JUD, YYHKHU

(@a+b) = w(a+b) = (a+ b)l = al + bl = ya)+ yw(b),
ola-b)y=yw@a-b)y=ab-1=al-b-1=y(a) p(b)-

1ISyH,ua arap b € Z coH p ra O0yimHMmaca, y xoaga bl # 0,
a

i cl, 6y epna C myHpa#i OyTyH COHKHU bc = a(mod p).
[[ynapra Kypa KyWHIaru TeopemMa YpUHIIM.

3-reopema. A2ap F codda maiidonnunz xapaxmepucmu-
xacu Hoavza menz 6yasca, y Q maiidonza uszomopgp. Azap xa-
paxmepucmuxacu p > 0 6yaca, y ZP matidonza uzomopg.

Xap KaHOa# MaigoH OMpop coana MaWJOHHU ¥3 UYUra
OJITAHM YYYH (paBIIaHKH, 6epuwiraH ManJOHHUHT 6apya KUCM-
MalJOHJIApUHHHT KeCHIUMacu CcO[la MaWIOHAUp), 3-Teope-
MajJaH KyWuaard HaTuxa Keaud YUKaawu.

H aTux a. Aeap maiidornunz xapaxmepucmukacu HONb2a Mmem2
6yaca, y Q matidonza uzomopg 6ynszan Kucmmaiioonea 32a. Azap
xapakmepucmukacu p >0 6yaca, y xoada y Z, matidonza u3o-

mopgh 6ynean KucmmauodoHza 32a.

75-§. HAEAJIUZIAP BA ®AKTOP XAJIKAJIAP

K — xanka 6yncuH. Arap K xankauuHr 6y O0yamaran [
KAUCMTVIUIAaMHM KYWHIATH [IApTJAapHU KaHoaTiaHTupca, y K
XaJKAHUHT udeasu pevwnanu: 1) a, b € I 6yica, y xonga a —
—bel;2)ac IBace Koyuca, y Xxonna ac € IBa ca € I
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Iynpai kuwin6, K xankaHuHr I uneany K XaTKaHUHT IIyH-
Jall aJaUTHUB TYPYXUKH, Xap KaHmai ¢ € K yuyH ¢ IC ] Ba
Ic € I'myHocabaTiap 6axapuiaaau. Xap KaHAal XajJKana HoJb
3JIEMEHTIAH ubopar OyiaraH TYIuiaM HACATOUp. Y Hoab udean
ned aramany. YHOAH TAlUKApU Xap KaHAaM Xaikaja XajkKa-
HMHT 0apya 3JI€MEHTIapy XaM Haea]l XOCWI Kwianu. Y 6up-
auk udean nevwiranu. Honb uaean Ba OMpIUK uaeasiap Xajaka-
HUHT Xxocmac udeasrapu pevivwnand. bomka uaeaap — xoc
ujeaniap.

Arap K — koMMyTaTuB XajKa Ba a € K 6Vyinca, y xonaa
aK = {ax/x € K} TYIIaMHUHT HAea] 3KaHIUTH O€eBOCHUTA TeK-
wupuianu. by unean a 3meMeHT XOCWI KWIraH 6ow udean
newnnagu. VpeanrHuHr taspuduaaH a 3JeMEeHTHU §¥3 HYUra
ONYBYU Xap KaHpau [ uaean akK Oowml MaAeanHU XaM ¥3 HYMra
OJHILUM Keaub yukand. Hojp sneMeHTH Xocwi KWiIraH ooru
wiaeanr — HOJb uaeal. bUpAMK 3JIEMEHTIU XalKaga OUpIMK
3JIEMEHT XOCHI KWIraH 6om ugean — OUPIMK UACATAMD.

1-reo pema. Maiidonda xoc udearrap masxcyd smac. Ax-
cunva, Xoc udeaassapza 32a byamazan xap Kanoau Hoavoar apx-
AU Bupaux 3nemMeHmau Kommymamue Xaaika MaiidoHoup.

Ucb6oT. K — MmaiioH Ba [ yHaard Hojib ugearnad ¢apk-
T4 uaean OyiacuH. Y xonna a € I, a # 0 31eMeHT MaBXYyA.
Xap KaHgan x € KaneMeHT yuyHx = a a''x € 1. Jlemak, I = K.
AxkcuHua, K — xoc ujeaiapra 3ra 0yamaraH HoabaaH ¢apk-
U OMpJIMK 3JIEMEHTIM KOMMYTAaTUB XalKa 6ViacuH. Y xoinnma
a € K, a # 0 371eMeHT MaBXy/l Ba @ 3JIEMEHTHH V3 HYMUTA OJIYB-
yid aK 6ow upean Hoab uueangaH dapkiu. Jemak, aK = K.
XycycaH | € aK, ssbHU WwyHpaii b € K 3jeMeHT MaBXYyAKH,
ab=1. [leMak, a — teckapwiaHypuu. OiauHrad a # 0 s3ie-
MEHT UXTHEpHUIt 6¥rranu yuyH K — maiinod. M

WaeajutapHUHT Xajakaaard Basugacu HOpMall KUCM TypyX-
JIApHUHT rypyxjiapaar Basudacura yxiuam. Xap KaHaau uaea
XaJIKa aJIUTUB I'YPYXMHUHT HOpMaJl KUCM TYPYXUAHDP, YYHKH
Oy rypyx komMyratuB. Uaeasn 6yitnua yerupManap cuHdpIapu
allUTUB TYPYXHUHT Oy HOpMasl KMCM rypyx 6Viinya ¢akrop
TYPYXUHU XOCHA KWiagu. MyxuMH IHYKH, yerdpMajgap CUH-
(¢uapu TYiIaMuaa KYIIMIU aMaIMHU KUPHUTraH ycya Oyiinmua
KYNaHTMa aMaIMHHU XaM KUPUTHII MYMKHH. Mirapu cuHp-
JApHM KYWIULI aMaMHE a+ b =a+ b KYPUHHUILAA aHUKJIA-
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raH 30MK. DHAU CUHGJIAPHU KYTTAUTUPUIL AMAJIUHU a - b = ab
KYPUHMLIIA KupUTaMu3. By epra ¢ wirapuruiex a 3J1eMeHTHU
¥3 MYMra OJyBYM YerMpMaiap CHMH(pUHHU OEIrWwIauim.
Unean 6y¥inuya Xxocwn KWIMHraH 4yerupMaiap CMHpaapu-
HUHT KYIaWTUPUII aMaid g Ba p cuHIapaaH TaHAa6 ONUH-
raH a Ba b aneMeHTIap opKanu TabpudiaaHau. Kymaktma Oy
3JIEMEHTIADHUHT MOC CUH(IapaaH KaHIai TaHJaHULIKUra OOF-

JMK 3MaciuruHu Kypcaramu3. Papa3 KuiaiiMk, a, =a Ba
E;:E 6yncud. Y xonga a,-a €1, by—-bel, ab -
ab=(a,— — a)b, + a(b, — b) € I. llemak, ab, =ab.

Kynmalitupuiun aMaJIMHUHT aCCOLMATUBIMIUA HOPMAJ KUCM
rypyx Oyiuuya €Hjaom CHHGIApHUHI KYITaUTMaCUHUHI acco-
LMUATHBJIUTHHHUHT UCOOTH KaOu HUCOOTIaHAIH.

YHnaH rawkapu a(b+c)=a(b+c)=a(b+c)=ab+ac=
=ab+ac=a-b+a-c lllydra yxwamw (a+b)c=ac+bc.

IOKopuaaru Myjoxasajnap OWIaH KyHWHJIard TeopeMa Hc-
OOTIaHIM.

2-treopemMa. Azap I mynaam K xaaxanune udeaau 6yaca,
y xoa0a K xaaxanune I udeaa 6yiuna K/I wecupmaaap cung-
Aapu mynaamu ue2upma cuHpaapurHu Kywuw ea Kynaumupuiu
amaauza Hucbaman xaixa xocua Kuaaou.

K/I xanka K xankanuHr I ugean 6yiuda gpakmop xaskacu
aewmnagu. Myxum Mucon: m MoAyiab OYHHU4Ya yermpmaiap
cuH(}paapuaad ubopar Z xaiaka Z XaIKaHUHT mZ 6ow uieai
Oyimya ¢akTop XaJKaCHUIMP.

76-§. XAJIKAJIAPHUHI TOMOMOP®PU3IMHU

K — xanka 6yncuH. K' 3ca miyHOaM TyIuiaMm OYJICUHKU,
yHIA UKKHUTA OMHAp aMajl aHMKJIaHraH oyiacuH. K' garu amal-
JapHu XaM K jgarm amamrap Kabu KYIUMIL Ba KyMauTHPHIL
ne6 araiMmus. Arap ¢ : K - K' akCnaHTMpULI Xap KaHIau a,
b€ K snemeHtnap yuyH ¢(a+ b) = ¢(a) + ¢(b) Ba
p(a b) = ¢(a) p(b) WapTIapHU KAHOATIAHTUDCA, Y 20MOMOD-
Quzm neduwnanu.

MacanaH, arap K XxajJxKaHuHr / yaeaau OJWHCA, Y X0/11a ¢ :
K » K/I, € (a) = a axcnaHtupumi K XaJKAHUHT TOMOMOP-
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(GpUu3MUOUpP, YYHKU Xap KaHuah a, b € K yuyH ¢ (a + b) =.
=a+b=a+b= ¢(a)+ ¢p(b), p (ab) = ab=ab= p(a)p(h).
by xypuHuuzary romoMopdusMiIap Tabumnit aeiiaau.

bu3 rypyxJapHUHT TOMOMOp()UIMIAPUHHU KaHAAi ypraH-
raH 6yicak, XalKalapHUHT TOMOMOp)U3MIAPHUHH 11y YCy/Iaa
ypraHaMmu3. K XaJKaHUHT roMoMopdu3MHu iy OulaH Oupra
YHUHT aJJAUTUB I'YPYXUHUHT XaM FrOMOMOp()HU3MHU OVJITaHU YUYYH
613 Wirapd UCOOTNAHTAH TYPYXJIapHUHT TOMOMOpP(pU3MIAPU
XaKuaard teopeMajiapaaH ¢oijgaraHaMu3.

l-Treopema. Xarxanune 2omomoppusmoazu axcu xaixa-
dup.

HUcbort. K— xanka Ba ¢ : K » K' — yHUHT OGUpPOp roMo-
Mop¢pusMu 6yicuH. Mirrapu ucboTnaHrasra Kypa, ¢ (K) tymiamM
K' paru Kymuim aMmanura HUcOaTaH TYPYX XOCHI KHJIaIH.
KymnaiitMa amanuHUHr ¢(K) 1a acCOLMATHBIUIY I'YPyXJIap YUyH
KaHOoa ucboTnaHca, XyJad LiyHaa ucboriaaHagu. Xyaau
wyHaam ¢ (K) HAHTr KylmakTMa aMajaura HUCO6aTaH €IMUKJIUMIHA
Kypcarwiagu. Arap a', b', ¢! € p(K), a' = p(a), b = p(b),
c = ¢(c), a, b, c € K6¥iaca, y xonua a*(b' + c) = p(a)(p(b) +
+ 9(9) = p(@) p(b + ©) = p(alb + ¢)) = p(ab + ac) = p(a b) + p(ac) =
= p(a)p(b) + p(a)p(c) = a'b' + a'c!. UlyHra yxmam
(@' + b))l = =a'c! + b'c'. I

Arap K xajika KOMMYTaTMB Ba ¢ Oy XaJKAHUHT TOMOMOD-
(pusMmu 6yica, y xoinua ¢(K) XaJIKaHUHT XaM KOMMYTaTHBJIUMIY
OCOH Kypcatwiaagu. Arap K xanka | OMpIMK 3JIeMEHTra 3ra
6yica, y xonma ¢(1) anemMeHT ¢(K) XalKaHUHT OMPIMK 3Jie-
MEHTH Oynagu. Arap a € K 31eMeHT TeCKapWwiaHyB4H Oyica, y
Xoiaa p(a) aneMeHT ¢(K) Xankaaa TecKapwiaHyBuM Ba ¢(al) =
= ¢(a)! (TeKWUupUHr!).

['ypyxyiap romoMoppu3MIapuHUHT XOoccalapuaaH ¢ (0) J1e-
MeHT ¢(K) XaJIKaHUHT HOJIb 3JIEMEHTH Ba Oapua a € K 3ne-
MEHTJIap YYYH ¢(—a) = — ¢(a) 3KaHIUTH KeJIubd YMKaau

¢(K) xanka HOJIb 3JIEMEHTHHHUHT ¢ TOMOMOpPGU3MIAry TYa
acim (AbHU @(X) = ¢(0) TEHDIMKHU KAHOATJIIAHTHPYBYM Oap-
4ya x € K 3j1eMeHTIap TYIUIAMU) ¢ TOMOMOP(PUIMHHUHT Adpocu
JeHWIAOH.

I t¥ninaMm K XankKaHUHr ¢ roMoMoppu3MAAryd SIAPOCH
oyacuH. I TViulam mwy OwiaH oupra K xajka ajJuTHB CYPYXH
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roMoMOpPU3IMHUAArU siApocHu OViraHu yyyH [ TyruiaM Oy an-
JUTUB TYPYXHHHI KHCM TYpyXuaup. YHAAH TalllKap, arap a
€ 1, ¢ € K 6ynca, y xonna ¢p(ac) = p(a)p(c) = p(0)p(c) =
= ¢(0), spHU ac € 1. Ulynra yxwmam ca € 1. Jemak, I T¥uiaM
K xankana upeannup. by 6mimaH Kyiunmaru teopema ucbHorT-
JIAHH.

2-teopema. ¢ 2omomoppusmnunz I adpocu K xasxanune
udeaauoup. ¢(K) xasxa xap 6up snemenmununz myaa acau ca
K xaaxanunz I udean 6yiiuna uezupmarap cunpuoan ubopam.

['pynnasapHMHr roMoMop(pHu3MIAPDH XaKula TeopeMalaH
XaJIKAJIJapDHUHT roMoMop(duU3MIapd XaKuJaru KyHuaarut Teo-
peMa KeJMb YyMKalu.

3-reopema. K xasxanune p 2o0momopusmu bepusrzan ea
I 6y zomomoppuzmnunz adpocu 6yaca, y xoada ¢(K) xarxa K/ 1
daxmop xaaxaza uzomoppaoup.

NcboT. ¢ my 6unad 6upra K xanka aiiuTUB TYPYXUHUHT
XaM roMOMOp(}U3IMH OYITAaHH YYYH TypyXJIapHHHT FOMOMOD-
¢u3MmIapu xakuaaru teopemara acocaH y : ¢(K) - K/I akc-
JaHTupul ¢(K) anantuB rypyXHuHT K/ I pakTop rypyxra u3o-
MoppusMuaup. byHna ¢(a) € ¢(K) 31EMEHTHUHT akCH a 3Je-
MEHTHH ¥3 MuYura ojysBuM [ uaean Oyiuya yerupmainap
cuHUaup. YHIAH Tallkapu, Xap KaHgau a!, b! € p(K) ane-
MeHTIap yuyH a'=g¢(a), b'=¢(b), a, b € K a'bt=
= p(a) - p(b) = ¢(ab). byHnan ¢(a'b') = ab=a-b= p(a)X
X p(b'). JleMaxk v akcnantupuil ¢(K) xankaHuHr K/ I ¢paktop
xankara uzomopdusmuanp. Il

3-teopema K XanTkaHMHI roMoMop® akciapu TYIUIaMu Oy
XAIKAHUHT uaeauiapy oVitnda pakrop xajakKaiapuaaH ubopart
3KAaHUHU KypcaTalu.

Mucon kypamu3. K xanka cudarnga Z 6yTyH COHJIap Xail-
KACHUHHU oJlaMU3. XAJIKAHUHT Xap OUp UAeald aqiuTUB IrypyX-
HUHT KMCM TYpyXd OVIraHM yYyH Z XaJIKaHMH[ Oapuya upaeal-
Japd mZ KypuHuuira sra, 0y epga m — MaHOu#M 6yiIMaraH
O6yTyH coH. UKKMHYM TOMOHIOAH Xap OMp mZ KUCM TypyX Z
XaJKajga m COHM XOCHI KWIraH 6om uaean 6miaH ycTMa-ycr
Tymragu. byHpaH Ky#Wuparu XyJocaHM oJjaMu3. Arap
¢ aKCIIAaHTUPUII Z XATKAHUHT roMoMopduamu 6yica, y xonna
¢(Z) € HoMb XaTKa, € Zra n3oMopd €xu 6upop m = 2 yuyH Z_
YEeKJIM XaiakKara u3omMopdaup.

300

www.ziyouz.com kutubxonasi



Bupunan 606. TYINIAMIJIAP BA ®YHKITUAJIAP

1-8. THILTAMIIAD «..eveveeeeeeeiiiieeeeter e eeeerriesees e s s esn e e s e s e s ensmsnnssassennneaaaens S
2-§. TYIUIAMIIAD AITEOPACH ......ovvveceeeereiiiree e cnssenesemenan e cee e cnsneaease s e ersnnene e 8
3-§. AKC STTHDHMIIIAD ...eevieieiiiennicertetssiasineassa s sssssssbnssennnessssbasbesassessesnans 10
4-§. TYTINAMITADHUHT KYBBATH ...ouvueeeernenenennreceeranrrssssseseessensssssmsmmimimseeesseses 15
5-§. UxTuépui TYIUIaMIap TU3UMM YCTHIA AMAIUIAD ..oevvvverirnrrnennnnenneaeseannns 17

6-§. UXTHEPMI TYTIAMIAD YCTHAA BEKTOPIIAD ..vvveerrevreereernnnraenssmmseececracosnns 19

Nkxunan 606. BUHAP MYHOCABATJIAP BA AJITEBPAUK AMAJLIIAP

7-§. BuHap MyHocabatnap. DKBUBANICHTANK MYHOCA0ATH .....ooevvnnnnnieniae 22
8-§. TapTu6 MyHocabatiH. MaTeMaTHK HHIAYKHHSA ....cooveervenimmmmmminnnnrarernneeannns 26
9-§. Anre6pauk aManap. ApUMIYPYXIIAD ......evverrrreereririenerieeressersrensssnsanes 28
L LORET 030354, -1 + J OO U U 32
11-§. Vpurnawtupuuoiap. YpuH aMamITHPHLLIAD Ba GUPUKMANAP ............. 39
12-§. TEHTTIAMAIIAPD ....eoeeevrrireciieence s eecnicte ettt s e e e e sababn b be s e e s s 42

Yannan 606. YN3UKITHU TEHTJIAMAJIAP I'YPYXJIAPHA

13-§. Un3ukau TeHIaManap TU3MMJIapH Ba YNIapHUHT MaTpMUIAPH .......... 46
14-§. n YndaMITH APHPMETHK PA30 ...oovvereeeeieerreeeeienreee e eee e snneeens 49

15-§. MaTpH1laHMHT Ba YA3KUKJIM TEHIJIaMallap TH3UMHUHHUHT PaHTH ............ 56
16-§. MaTpHlIanapHHHT 37IEMEHTApP ATAMAIUTUPHHUIAPH ....oovermrcrerrrrecesunnnnenes 59
17-§. Yn3nkiu TeHrnaManap TH3UMIapUHUHT 3JIEMEHTap

ATMAIITHPHIUIADH. TAYCC YOYIIM ..o e 68

Typmawin 606. IETEPMUAHAHTJIAP HABAPUACH

18-§. MXKMHYHM Ba YIMHYIH TAPTUO/IN JETEPMHUHAHTIIAP ..oovevriivniiineenrrenneneees 76
19-§. VDHHUTA KYHHIIIAD TYPYXM .eooverrerreererensseseseessssseeseessesssssssessrsssaassons 82
301

www.ziyouz.com kutubxonasi



20-§. JeTepMUHAHTAAD HA3APHACH ....covreerriviineeninerreninne e

21-§. MuHopnap Ba anreOpauK TYAIHPYBUWIAD ...coovvinnrieeirrrereeinrieeeeesinnenans 98
22-§. MaTpMIANIAP AITEOPACH ....ccovvreiereerecersineniarsaeenerenreenannns . 105

23-§. bupranukna OynraH YM3NK/1M TEHITIaMaIap TH3UMH eYUMIIapu
TYTUTAMHHHHET TY3WIMIIIH ....oovviiieiierneieseiisensiieciinssnneerssesensinnsenses 112

Bemmnan 606. XAJIKAJIAP BA MANAIOHJIAP. KOMITJIEKC
COHJIAP MANJIOHU

24-§. Xanxanap Ba Mainonnap (GOIIIaHFUY MABIYMOTIAD) ........c.vu. . 120
25-§. KOMIUIEKC CORIIAPD ....ovvveeeneniriereesieraeseiiissesnesnensecaisseesesnnsessesssnssssnanns 127
26-§. KoMIIEXC COHNTAPHUHT WITHBIIAPH .....ovvvreirnrenrrninnressessnsnssesssssssssnsnn. 135
27-§. KoMIUTEXC Y3rapyBUMIN QYHKIMSIIAD ...ovvevnrrrnrerrisessessesssrsanannssnnnss 138
28-§. KoMIuieKc XOIDPUIMEHTIIN KYTIXAUIAD «.ovonrerenrrreervvrneesieresssssssnsnanss 140
29-§. K¥nxamiapHUHT GYIMHULT HA3APHACH ...ovvvveeeineiniciiiieassnnenesnnenenss 144
30-§. Anre6paHUHT acOCHH TeNpeMacH Ba YHHHT HaTHKANAPH .....ccovuvevene.. 150
31-§. PaITMOHAN DYHKIIMSTIAD ...oveveeienrerenessereeessesretassessascsessesaecssissosssanes 157
32-§. bup Heua Y3TapyBYWIA KYTIXAITIAD ...ovvvvrrneriieennieresarnsinsisiieessesesae e 161
33-§. ByTVH COHJIAPHUHT OYTMHMIL HABAPHACH ..ooevveiniirnriinieeeneiieaee e 168
34-§. Zxanxaga Taxkoc/laMasiap Ba 4eTUpMaIap CHHOMAPH .......oeeeeeeennnnnns, 172

Oarnnun 606. YN3UKIIHN GA3OJIAP BA HU3NKITU

AKC OTTUPHULLIAP
35-§. Yusuxiu (Bextop) daszonap ................. e teerebaere rne et beae e e eraees 180
/36_;§. ‘}usnx,nu GOFIIAHMILL ......ooevvevrenrunnnrnerarieseesessernrereessaesesessennoaananansones 183
37-§. YIIHAM BA BABHIC .....eeeeeviieiieieie st ssae s 185
38-§. Basuc y3rapraina KOOpIHHATATIADHUHT YITAPHIIH .....ovvvvrrerveneerannnn. 188
39-§. KrcMda3051ap Ba THIEPTEKHCITMKIIAD ....ecevvrenvrenrnecssnnesssnseesiinenseas 189
40-§. KucmdaszonapHUHT HUFUHINCH BA KECHLIMACH ....ooovvenecvrenennnenenns 192
41-§. Uu3nKIM axc 3TTHPHILIIAP BA M3OMOPPH3M ...oeeviiniiiiniiecciinee, 194
Errinnan 606. YU3UKIU, BUMU3UKIIU BA KBAIPATHK
POOPMAJIAP

42-§. YN3UKIH QOPMAMIAD ...ooeviirriiiriniiiaaniiineesinnenneceaee e . 199
43-§. BUYN3HKIN Ba KBALPATHK POPMATIAD ...orvrreeiriiriiienniiiiiesiisinice e naaes 200
44-§. KAHOHMK GABMCIIAD ....eevveeeerraerrrieeeaiiiireeseenietncsssssnsssssnsssnsssssssnsassnnens 203
45-§. JIATPAHK YOYIIF «eoeeneeeireeeeereeieeaiiecinesiisesssesnesnsessesssssessassssasssnassssnes 207
46-§. XaxuKu# KBAXPATHK POPMAIIAD ..c..oonmeinrrvarirenraeiresieesrsessensssesssensneas 209
47-§. DPMUT DOPMATIADPH «..eereeieee i it eeie et et e et s 213

Cakkuznnan 606. EBKJIN BA YHUTAP ®A3OJIAP
48-§. EBKIMI DABOTIAPH .c..vveeeeiiiieiniec v ctnie e ne b e st s e 217

www.ziyouz.com kutubxonasi



49-§. OpTOrOHaJ Ba OPTOHOPMAJ TH3HMIIAD ...oooeeviinrinreniniienreeeesirsesennens 220
50-§. OPTOTOHAN MPOCKIMATIAP «e.eeovnrrinnerireiiceeiuicreeeeeasirasesasesssnssnemsnssseens 223
51-§. YHUTAD PABOTIAP ..oeeveeeieiniecncniieeiirce et st rn e e nenes 225

Tykkusunau 606. YU3UKIIN OITIEPATOPJIAP

52-§. UnsuxIm oniepaTopiiap Ba YAAPHUHT MATPHIAIAPH ....cocomeninnnnne. 228
53-§. X0C BEKTOPJIAP BA XOC COHIIAP ..oeovvvvriiiiiiiniiiiceesessintinsne e ee e eanes 234

Vunnun 606. MATPULUAJIAPHUHT XOPJAH HOPMAJI ®OPMACH

54-§. MaTPHIATIH KYTIXAIIIAD ..eevrrererrreeierrsirieeceaieesisnnassssenesssssssesseennesensan 240
55-§. KAHOHHKA-MATPHIATIAD ...ccoeoveeannmeensarireeeeaeeasissaenessassesssnessssnnrsaneaees 243
56-§. lerepMUHAHT 6§yBUMNap Ba MHBapUAHT KYMANTYBUWIAP ............... 247
57-§. VXIHAUUIMK BA SKBUBATEHTIIHK ....ocvvevieverienreseiseeaeeseaseesessssesseseesesseses 251
58-§. DNEMEHTAP OVIIYBUIMIIAD ...ovevveerieeenisiininiie s s eeeesnemesmsiscnsasssnasannnas .... 253
59-§. XKOpIaH HOPMATT POPMACH ...eeevvrrneireinrneereeeeneeeecnnsieeaesieee e enane e 255
Vi Gupunun 606. YHUTAP BA EBKIIN]L PA30JIAPUIIA
YU3IUKIN OITEPATOPJIAP
60-§. YHUTap (a3onapaa SU3HKIIN OTIEPATOPIIAD ..covvrerereveeaeciininrianreeeens 265
61-§. HOPMAJT OTIEPATOPIIAP ....oooeveeevveeeeeineireetitereeeeeeaaeeeeeree e aes s e rasasssnsane 267
62-§. V3-V3Ura KYLIMA OTIEPATOPIIAP ....oovvveeeeeereerrenreeeeeeereeneeeseesessessesennas 268
63-§. MYCOAT OTIEPATOPIIAD ...cvvveevveerreeaeineeneeressiiansseeesssnnaesenseesonsnnassassesees 270
64-§. YHUTAP OTICPATOPIIAD ...ovevveeerieieeiireieeerareeeeeneeanaesseseneaesesaesnesnassesnannes 271
65-§. MaxcycMac onmepaTOpHUHT TPHTOHOMETPHK MPONACH ......oevvernennenneen. 273
66-§. Epxnn da3ocunard YU3NKJIM OTIEPATOPIIAD ..eeevvneermeemvaranrrerreaessensens 274

Vi skknran 606. KYTIITMYAJIAP

67-8. TEHBOPIIAD ..eeeeveeieeeieeeeeieee ettt s veesae s e ettt e e nm e e 280
68-§. KYIMUMBUKIIHM DOPMATIAD ....oeeoveiiiieieeeeeeeeeee e e eeceeeveen e 284
69-§. KHCMIJDYXIIAD coovieiiiiiiiiiieiecetiieeieier e ree et eeeeeeeae e evtsesr e resane e eaes 285
70-§. LIMKIHK TYPYXIIAD cieiiiiiirireieerieiecerer et s e savsnsne e ene s e ens 287
71-§. Uzomopdpusm xaxnna K3/IM TEOPEMACH ........evverirevervenennerenennnisinenns. 289
72-§. EHIOLI CHHIIAP ..o.ooiviveeeeeeeeeeeteeae e eee e eesseeae e e s seaeeneeneans 290
73-§. HopMan xpcMrypyxiap, ¢GpaxTrop rypyxiap Ba roMoMopdH3MAap ...... 291
74-§. KHCMXanKanap Ba KUCMMAMITOHIIAD ...oevvveenneeerrrninennennnnriaeseanasneeaanas 294
75-§. Vneannap Ba QaKTOP XATKAIAD «veeeuvvvereeeeesreerinsirieeeeeseseenareesesssnsnsens 296
76-§. X aNKATAPHUHT TOMOMODMDHIMH ...oeeeieeieeieriaeeeeieeeciesaeeeeeiessneeaes 298

www.ziyouz.com kutubxonasi



Xoxues XK., Paiinaeind A.C.
AnreGpa Ba COHJIAp Ha3apusicu Kypcu: MaremaTtuka
X-59 Ba MexaHuka-MmareMmaTHkKa QaxyasreTaapyu Tanabdaapu
yuyH papcauk. — T.: "V36ekucron”, 2001. — 304 6.
1. Myamudaom.
ISBN 5-640-02832-7

X 1602040000-73, BBK 22.132a73
M 351(04) 2001

Xoxcuee XKoeeam, Daiinaeii6 Asrexcandp Ceménosuy
AJITEBPA BA COHJIAP HABAPUACH KYPCHU
Yabex muauda

Bagnunit myxappup X. Mexmonos
Texuuk myxappnp Y. Kum, T. Xapumonosa
Mycaxxux IIl. Opunoea
KoMmisiorepna tavi€pnosun E. Tussmymounosa

Tepuira 6epunan 06.04.2001. Bocuiura pyxcar srunan 03.10.2001.
Brnunmu 84x108'/,,. "TaliMc" rapuuTypana odeer 6ocMa ycynuaa 60CHIam.
Hlaptnyu 6oc.1T. 15,96. Hamp 1. 15,54. Agagn 2000 Hycxa. ByloprMa Ne 71.

Baxocy mapraoMa acocuaa.

"V36exucTon" Hampuérn, 700129, Tomkenrt, Habouit xjqacu, 30.
Hamrp Ne 120-2000.

V3b6exncroH Pecny6mykacy Jasnat MatOyoT XyMHTacu 1-6ocMaxoHacuaa
d6ocunan. 700002, TomkeHr, CarboH K§dacy, 1-Oepx xyda, 2-yii.

www.ziyouz.com kutubxonasi





