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MMPEAUCIIOBUE K TPETLEMY H3IAHHIO

3a nocnenHue Tobl B colepiaHue 00a3aTe/bHBIX anreOpanyecKux Kyp-
COB, UYMTaeMHIX HAa MeXaHUKO-MmaTeMaTuyeCkoM ¢akyabTeTe MOCKOBCKOro
yHUBEPCUTETa, BHECEHH 3HauuTenbusle uamenenusd. C 1964 rona Ha BTopoM
cemecTpe uuTaercd Kypc «JIuHeHHas anrefpa M TreoMeTpHsi», B KOTODOM
U3yyalTcsl n-mepHoe adPuHHOe (TOUEUHO-BEKTOPHOE) MPOCTPAHCTBO, TEH-
sopHasn airebpa M IpyrHe BONpPOCH, He BXOIMBINME PaHee B KypC BhIC-
nielt aareOpul. C Apyro#t CTOpPOHB, B Kypce Bbiculelt aareGpbl Ha NMepBOM
CceMecTpe pacCMAaTPHBAIOTCA NOHATUA uaeana, ¢akTop-KOJbUad ¥ CBS3aH-~
Hble C HAMH CBOHCTBA MoJie M MHOTOUJNEHOB, 4 Ha TPEeTbeM CeMecTpe Ol-
HHM M3 OCHOBHBIX CTaJO MOHATHE MOLYJSl Hal KOJbUOM.

B cBasu ¢ 3TMM B Tperbe H3LaHHe 3TOFO 3ala4YHUKA BHECEHBbl AOMOJ-
HeHus. Pacmupen maparpad o k0apuax W noasx u n00aBjieHbl NATb HO-
BuIX naparpadoB, cOAepkaliHe NONOJHUTENbHBIR MaTepHan O AUHeRHEBIX
NPOCTPAHCTBAX, JHHEHHbIX H OMAMHEHHBIX GYHKUMAX, MOLYAAX, apPUHHBIX
NpOCTPAaHCTBAX M TeH30pax.

Kpome TOro, saMeHenbl HOBBIMM MJH CyLeCTBEHHO H3MEHEHbl HEKO-
TOpbiE 3aJ3Yy¥ HWJIH HX pelleHHsl, 3 TAKKe HCNpaB/ieHb B3aMeveHHble He-
TOYHOCTH K OMEYATKH.

IOas yno6crBa MCNOAb30BAHHA TPeTbelo M3NaHHA 3alaYyHHKA HApALY
C TMpeXHUMH YKaXKeM, 4TO B TPeTbeM H3JaHHH 3aMEHeHbl HOBBIMH HJIH
CYlWeCTBEHHO H3MeHeHb 3anayn (MJAW HX pelueHud) ¢ Homepamu: 629,
631, 1339, 1374, 1375, 1491, 1647, 1654, 1689, 1705, 1706, 1708.
Bce 3anauu, Hauuuas ¢ 1754, 9BASOTCA HOBBIMH.

Bripaxaro cBowo 0/1aroaapHocTb 33 MpelJOKEeHHble 348a4H M lEHHbIE
coseret H. B. Edumory, M. P. llladapesuyy, JI. A. CxopHskosy,
A. TI1. Mummuno#t, 3. B. BunGepry u Bcem paboTHHKaM Kadelpsl BbiC-
nielt anre6psl MOCKOBCKOro yHuBepcuTera.

H. Tpocryparos
Mocksa, .
7 oxtabpa 1966 rona



NMPEAUCJIOBHE KO BTOPOMY H3JAAHHIO

Bo BTOpOM H3naHHH YCTpPaHeHb 3aMeueHHBIE ONEYaTKH H HETOYHOCTH
¢opMyaMpOBOK NepBoro ManaHus.. 3azauu NeNe 1226, 1227 u 1228 same-
HeHbl HOBbIMH, 0ojee yaoOHbIMM Aa9 peiuedus. Hymepauus sagay coxpa-
HeHa Bcioly, kpome § 20. B cBa3u c Bk/IOYeHHeM B IIPOrpaMMy NOHATHS
npaMo#t cyMMBl abesieBEIX TPYNN H Pas/ioXeHHs KOHeuHOH abeseBo# rpynns
B NPAMYIO, CYMMy NPHMapHbIX UMKAMyeckux mnoarpynn § 20 nanucan
33HOBO. BBHIY 3HAUMTENLHOTO paclUMpeHHs COIeprkaHus 3TOro naparpaga
fpH COXpaHeHHH OOLIEro uyuc/ia 3alay POIACTBeHHHE 3alayd OObelHHeHbE
nox autepamu ¢ obwuM HOMepoM. Ilo/b3yioch cayuaeM BbIpasuTh 6aaro-
JAapHoctb paGoTHukaM kadeapel Biciied aare6pst MI'Y 3a psia monesnmx
3aMeyaHd#t MO TMpeabAyLIEMY H3IAHHIO.

H. Ilpockyparos
MockBa,
16 anpeas 1961 roga



NPEJMCJIOBUE K TEPBOMY W3JAHHIO

Tlpn cOCTaB/IeHHH HACTOSILETO MNOCOGHA aBTOP CTPEMHJICH, BO-Nep=-
BbIX, IaTb [OOCTATOYHOE YHCJO YINPAaXHEHHH KJaA BbIpabOTKHM HABLIKOB
peuleHHs THIOBHIX 3a1ay (HampuMep, BHIYHC/EHHE ONpele/HTeNed C 4YHC-
JIOBHIMH  3/IEMEHTaMM, pellleHHe CHCTeM JIMHERHBIX YPaBHEHHH C 4HCJ0-
BbIMH KO3(duuMeHTaMM H T. I1.), BO-BTOPHIX, JaTh 3alauH, CHoco6-
CTBYIOLIHE YSCHEHHIO OCHOBHBIX NMOHATHH M MX B3aMMHOH CBfi3H (Hampumep,
CBA3b CBOHCTB MAaTpHL CO CBOHCTBAMHM KBaAPaTHYHHX (OpPM, C OIHOM
CTODOHBI, M JMHeHHBIX npeoOpasoBaHuft —c 1pyro), B-TPeTbHX, IaTb
3a7ayH, JAOMNOJHAKIME JEKLUHOHHbIE KYPCH M COAeHCTBYyIOUIHE pacuinpe-
HHI0O MaTeMaTHYeCKOTO Kpyrosopa (HanpuMep, cBo#ctea ndadgona
arperata KOCOCHMMETPHUYECKOTO Onpele/uTesss, CBOHCTBA acCOUMHPOBAH-
HBIX MaTpHL H T. IL).

B psne 3agau mpennaraercs 10Ka3aTb TEOPEMEl, KOTOpPbIE MOKHO HAHTH
B yueGuuKax. [loMelnas TakHe 3a1ayd, aBTOP MCXOLMJ M3 TOrO, YTO JeK-
TOp NPH HeLOCTaTKe BPEMEHH JaeT M3YYHTb YaCThb MaTepHanta MO KHUre
CaMMM YYalIMMCs H 3TO MOXHO 1esaTe MO 3alayHUKY, rie JaHbl YKa3aHus,
MOMOTaI0IHE CaMOCTOATE/NbHO NPOBECTH JOKA3aTe/IbCTBO, YTO CNOCOGCTBYET
Pa3BHTHIO HAYATbHLIX HABBIKOB HAYYHOTO MCCJELOBAHHA.

HoBLIMH 1O CPaBHEHHIO C CYIUECTBYIOLIHMH IOCOGHAMH ABAAOTCS (eC/H
He TOBODUTb O [IETaNAX) 3aJayd HA NMOJHHOMHAaMbHble MaTpuubl (§ 13),
HAa JuHeliHble nP206pa3oBaHnd adGUHHBIX H METPHYECKHX MPOCTPAHCTB
§§ 18, 19) u cTodmee OCOGHAKOM IONOJHEHHE, NMOCBALWEHHOE TPYNIaM,
KoMbUAaM M noasM. B 3ToM orzene naHu 33azaud Ha caMple HayanbHble
paszenn Teopud. TeM He MeHee HAM KaXeTCd, YTO €ro MOXHO HCHO/b-
30BaTh B pafoTe y4eGHHIX MPOCEMMHAPOB Ha MAANIUKX Kypcax.

Cozepxanne U NOPAIOK H3J0XKEHUS MATepHana Ha JeKUMUSX BO MHO=
TOM 3aBMCAT OT JIEKTOpa. ABTOp CTapasjcs JaTh 3a%auM, YYMTHIBAIOUIME 3TO
pasHooOpasue usAomeHus. OTCIOZa HEKOTOPHH NMapanienusM u NoBTOpSe-
MOCTb MaTepuana. Tax, oxHu # Te e ¢axTel JaHbl cHauana B pasiesne
KBANpaTHUHLIX (OPM, a 3aTeM B pasjielie JHHeHHBIX npeoOpasoBaHuft, He-
KOTOphie 3anaun GOPMYJNHPOBAHM TaK, YTO HX MOXKHO pewaTbh KaK B Cly-
Yae BEIMEeCTBEHHOTO €BKAHWAOBA, TaK M B CJyvae KOMIUVIEKCHOTO YHHUTap~
HOro mpocTpadcTBa. Ham kawercs, uro IJ1g 3aZayHHKa STO KeJjaTelbHO,
TaK Kak naeT 6o/blYyH0 THOKOCTH NMPH €ro HCNO/b30BAaHHH.



8 TIPENVCJIOBHE K TIEPBOMY HN3JAHUIO

B Hauane Hexoropex naparpados nomellens ssenenus. OHH conep-
AT JIMIUb KPATKHME YKa3aHHs TEePMUHOJOTHH H 0003HAaYeHUH B TeX cayuasx,
Koria B yueGHMKAX HeT MOJHOTO eIMHCTBA B YKa3aHHOM OTHOILUEHHH,
UckaouenneM spisieTcs BBeleHHe K § 5, I'le JaHB OCHOBHHIE METOIbi
BBIYKC/IEHHS oOMpelesutenelt MOGOro MOPSAIKA M MPHBEAEHB! MPUMEPH HA
KaXIbit MeTOH. ABTOpD CUMTal 3TO MOJE3HBIM BBHIY TOro,uro B yueOuu-
KaX 3TH YKa3aHHsA OTCYTCTBYIOT, a Yyal(Hecsi BCTPEYAOT 31eCh 3HAUUTE/lb-
Hble TPYJAHOCTH.

HoMepa 3apay, B OTBeTaX Ha KOTOpHE HUMEIOTCH PelieHUs MM yKa-
3aHus, cHaOxeHbl 3Be3NOYKOH. PeuieHuss nanbl A HeGOJbMIOTO 4YHCAA
sajady., ITO WuAW 3ajaud, cojepmauiwe oOWUH MeTOon, mpuMeHseMu# 3a-
TeM K PpALy Ipyrux 3ajzay (Hanpumep, 3ajaya 1151, pawwas meron
BLIUKCAEHMS GYHKUMR OT MaTpuub, W 3ajaya 1529, cozepwauwas no-
CTpOeHHe 06a3uca, B KOTOPOM MaTpuia AHHeHHOro npeoOpa3oBaHHs HMeeT
WOpAaHoBy OPMYy), WAM 3alau¥ NOBbLILEHHOH TPYIHOCTH (Hampumep,
sanauu 1433, 1614, 1617), ¥Ykasanus colepxaT, KaK [PaBUIO, NHLIb
HIE WIA MeTOL pPelleHWs N OCTaB/AIT Y4yalluMCsi TpOBeleHHEe CaMoro
petueHuss. Juwb ans GoJsee TPYIAHBIX 3alay OHH COJEPXKAT KPaTKHH
naaH peunleHusi (Hanpumep, B 3agavax 546, 1492, 1632).

Tlpu cocTaB/eHHH 3aJaYHMKAa aBTOP HCNOJb30Ba/a CJAelylOLIHe HCTOY-
HUKH:

1. B. &. Karan, OcHoBaHust Teopun onpeneaurtened, Omnecca, 1922,

2. A. M. Xypascku#t, C6opuuk 3amay no Beiclued amreGpe,
rTTH, 1933.

3. 0. K. danneen u ¥I. C. Comunckutl, CO6opuuK sazay mo
seicmedl anrebpe, usn. 1-e — 5-e, Focrexuspar, 1945-—1954.

4. A. Y. Manabues, OcHoBH aHHelHOH aare6pht, Tocrexusaar, 1948,

5. U. M. Teabdann, Jlexkiuuu mno mauneHHo# anreGpe, usa. 1l-e
u 2-e, l'ocrexusnar, 1948—1951.

6. ®. P. 'antmaxep, Teopus wmarpuu, Focrexusnar, 1953,

Pan sanay sauMcTBOBaH (C COIJIACHSI UX aBTOPOB) W3 YMCJIA YHpax-
HeHHUii, JIaBaBMIMXCA Ha JeKUHAX 1O Buclied anre6pe B MoCKOBCKOM
YHUBepCHTeTe, WM YKa3aH aBTOpy cjaeiylolumu sauuamu: V1. M. Tenp-
dannoM, A. Y. Yakosw, JI. fl. OkyHesniM, A, I1, Mumunoti, Y. P, 1la-

¢apepuuem, E. B. IbukuubiM. BceM MM aBTOpP NPHHOCHT CeplevyHYIO
6/1aro1apHOCTD.

H. Ilpockyparos

Mocksa,
20 oxtabpsa 1955 r.



OTAEN I
ONPEJEJIUTEJIH

§ 1. Onpeaeaurenu 2-ro u 3-ro mopsaaka

BHIYHCTHTD ONpelesHTeH:
1. 52] 2, |1 2‘ 3.‘3 2' 4.,6 9,

7 3 3 4 8 & 8 12
5. |a? ab 6. | nt+1 n 7. |a+b a—b
ab b2 | n  n—1 l a—b a-b l
8. |at+ab+b* a®—ab4-b? 9. | cosa —sina
a-+b a—b ) sina cosa
10. | sina cosa 11. | cosa sina
sinf cosf ) sinf cos )

12, | sina—-}sinp cosp—cosa 13. | 2sin@cosq 2sin?@—1 |
cosp —cosa - sina —sinp | 2cos?p—1 2singcosq |
14, | 1 -2 2t 15, | (1—1£)? 2t
T+& T+ T2 TF&
—% 1—g2 | ot (1412
1F# 14+ 1+ ~ 1+
16, | 1+ 2 17, 1 log, a
I=# 1=£ log, b 1
2% 142 &a
11— 1—¢2

Boiuncanty onpenenutend, B Kotopux i=71 —1:

18. a c+di 19. (a4 bi b
c—di b 20 a—bi|
20. | cosa—+isina 1 21. a-t+bi c+dit
1 cosa—ising | —c—di a—bll'




10 OTAEJ 1. OMPEAEJUTENM [22—40

[Tonbsyach ONpefeauTedsiMN, PEIUTb CHCTEMbl YpaBHEHUH:

22, 2x+by=1, 23, 2x —3y=4,
3x 4+ Ty=2, 4x — by =10,

24, 5x—Ty==1, 26, 4x+T7y+ 13=0,
x—2y=0, Sx - 8y 14=0.

26, xcosa-——ysina==cosp, 27. xtga-fy==sin(a-§),
x sina -4y cos o =sinp. x —ytga=cos(a-+§),

rie o =+ 3;— ~+ kit (kB — uesoe u4Hcao0).

Hccnenosath, OymeT nu CHCTema YpaBHEHHH onpelenedta (MMeeT
eIMHCTBEHHOE pellleHHe), HeolpeleienHa (uMeeT OecKOHEYHO MHOrO pelie-
HHA) HIH TPOTHBOpEYHBA (HE HMeeT pelUeHHs):

28, 4x+ 6y =2, Jawot au sgech dopuyns Kpamepa sephuift
6x 4+ 9y ==3. oTBeT?

29, 3x—2y=2, 3. @—b)x=b—c.
6x —4y=3,

31. xsina==1-4-sina. 32, xsina==1-cosa.

33. xsin(a+4-p)=sina - sin.

34. ax == ab, 36. ax+-by=ad,
abx = b, bx+cy==20bd.

36. ax+4y=2, 37. ax — 9y =26,
9x + ay ==3. 10x —by=10.

38. HokasaTtb, 4TO jas paBEHCTBA HY/JI0 ONDeAeNHTETs BTOPOry
nopaaxka HeOOXOINMO U KOCTATOYHO, YTOGH €ro CTPOKH OBM npomop-
UHOHAAbHBEL, TO e BEPHO H AJa CTONGLOB (€CAH HEKOTODLIE 3/IEMEHTHE
onpeledTeN PaBHE HY/I0, TO TNPONOPLHOHANBHOCTb MOXHO NMOHHMATh
B TOM CMBICHIE, 9YTO 3/EMEHTH OILHOH CTPOYKH HO/YYalOTCAd H3 COOTBET-
CTBYIOLIHX 9/JCMCHTOB IDYrofl CTPOUKH YMHOXKEHHEM Ha OLHO H TO Xe
4Rca0, OHTL MOXET, PABHOE HY/I0).

39*, MokasaTte, 4TO npu LeHCTBHTENbHHIX @, &, ¢ KODHH YpPaBHEHHR
a—x b
=0 6ynyr neHCTBHTENbHEIMH.

b c— X

40*, Hoxasatb, 4TO KBaipaTHH# TpexuneH ax?—4-28x-c ¢ koM-
AACKCHBIMM  KO3dduLHeHTaMH TOr4a H TOJAbKO TOria OyIeT NOJHBIM
KBAJpATOM, ecAu

a b

=0,
b ¢




41—--63] § I. ONPENEAUTEAH 2-TO # 3-TO TIOPINKA 11

41. Joxasatb, uTO NpH AeHCTBUTEJBHBHIX @, b, ¢, d KOpHM ypaBHe-
a—x c¢—+4-di

HUR
c—di b—x

=0 6ynyT IeHCTBHTE/JbHEIMH.

ax-b
42*, TlokasaTth, yTO 3HAauyeHHe APOOH 'c'x_-{-—tﬁ" rie no xpaitnet mepe
OIHO M3 uHcea ¢, d OTAMYHO OT HyJ]d, TOrA3a H TOJbKO TOTAa He 3aBH-

a b
CUT OT 3HAueHHA X, KOria . d i=0.
BoiuHcauTh OMpelenuTed 3-rO MOpsAKa:
43. 12 1 3 44,13 2 1 45,14 —3 5
5 3 21. 2 5 3 3 —2 8.
1 4 3 3 4 2 1 —7 —5
46. |3 2 —14 47, | 3 4 —5 48. |4 2 —1
4 1 —21. 8 7 =2 53 —2
5 2 —3 —1 8 32 —1
49, |1 1 1 50. |0 1 1 b1, 15 6 3.
1 2 3/ 1 0 11, 1 0]..ur
1 3 6 1 1 0 7 4
52. |2 0 ¥ 3. 11 5 25 54. 1 1 1
|7 1 6] 1 7 49 4 5 9.
6 0 5 1 8 64 16 25 81
66, |1 2 3 66, |a b ¢ B7. |a b ¢
4 5 6]. b ¢ al. c a bj.
7 8 9 ¢c a b b ¢ a
68, |0 a O 689. ]a x x
b ¢ d b x|.
0 e O L lx o x ¢
60. |[a+x x x 61, |a?+1 af ay
x b+x x| af P21 By
x X Cc+x ay By Y41
62, cosa sinocosp sinasinﬁ’ 63. | sina cosa 1
—sina cosacosp cosasinp . sinf cosp 1
0 ;»sinﬂ cosP ' siny cosy 1




12 OTAEN 1. ONMPEAEJHTENU [64—T75

64. TIpy KakoM YC/AOBHH CNpaBel/fiHBO PABEHCTBO:

1 cosa cosp 0 cosa cosP
cosa 1 cosy|=]|cosa O cosy|.
cosp cosy 1 cosp cosy 0

65. [lokasarb, YTO OmpelenwTeNb
a® bsina c¢sina
bsina 1 cosa
¢sina  cosa 1
M JBa JPYrdX ONpeie]uTe/]sl, NMOAYYEHHBIX M3 LAHHOTO KPYroBOH nepe-
CTaHOBKOH 9sieMeHTOB @, b, ¢ u a, B, Y, paBHU HYXW, ecau a, b, ¢ —

IAJHHL CTOPOH TpeyroAbHWka W a, B, y— ero yr.bl, NPOTHBOJEXKALUHE
COOTBETCTBEHHO CTOpOHaM @, b, c.

BLIYHCIHTD ONpefeuTean 3-ro nopsika, B KOTOpux {==] — I:

66. 1 0 I4i 67. x a-+t+bi c-di
0 1 i . a—bi Y e+ fil.
l—¢ —i 1 c—di e—fi z
68. |1 & ¢g? V3
1 3
2 —— g2
e 1 e |, rie e= 2—{—«1 5 -
g e 1
69, |1 1 ¢
) 2 2
1 1 &€/, rme s_cosgn-[—tsm?n.
e e 1
70. |1 1 1
4 , o4
I & €|, rue €==c0s 3 W -isinzm
1 €% ¢

71, IlokasaTb, 4TO €C/H BCe 9JIEMEHTH ONpeleauTens 3-r0 NOPsIKa
paBubl =1, TO caM onpenc/uTens GYLET YeTHBIM YUCIOM.

72%, Hafitu Haubosblliee 3HaueHHe, KOTOPOE MOXKET NMPHHHMAThL Ompe=
JeduTetb 3-ro NOPALKa, PH YCAOBHH, YTO BCE €ro 3JEMeHTH paBHH T 1,

73%, Halttu Hauboabliee 3HAUeHMe ONpeleuTe s 3-r0 MOPAAKA NpPH
YC/OBHH, 4TO €ro 3JeMedTH pasBubi —~1 nmmm O,

IMonbaysck onpeleNHTensiMH, PEUINTb CHCTEMBl ypaBHeHuH:
74, 2x 3y 4+ 5z =10, 76, 5x — 6y {4z =3,
3x+Ty+4z=3, 3x—3y-+2z==2,
X2y +422=3, 4x —By-+|2z=1,



76—91] § 1. OTIPEAEJUTENU 2-TO u 3-TO TIOPSIIKA 13

76. 4x —3y 224 =0, 77. 5x—+2y—+3z+ 2=0,
6x—2y+432+4+1=0, 2x—2y-4-52 =0,
5x — 3y 223 =0. 3x—+4y—+224 10=0.

8%, Z—249—0, 79. 2ax —3by+cz =0,

—2 4% _1—0,  3ax—6by—+ ez =2abe,
§+%=0. S5ax — 4by -+ 2cz = 3abe,
rie abc =+ 0.

80%, 4bcx+ acy—2abz=0.
5bcx +3acy — 4abz -+ abc =0, -
3bex +2acy — abz—4abc =0, rxe abc+0. i

81%, PemuTh cucreMy ypaBHeHHii:

x4+ y+ z=a, _
x—+ ey+tez=>b, (e— ormmunoe or 1 suaenue])/1.)
x—+ey-+ ez=c.

Hccnenosats, Gyler cuCTeMa ypaBHEHUH OmpeleseHHa, HeONpene/eHHa
WM NPOTHBOpEYHBA:

82, 2x—3y+ 2z=2, 83. 4x+3y+2z2=1,
3x—5y+5z=3, x+3y+dz2=1,
5x - 8y+462=5. 3x—+6y—+9z2=2.

84, 5x— 6y F=d4, ~ 8B, 20— y1-3z=4,
3x —5by—22=3, 3x—2y - 22=3,
2x — y-+3z2=35. S5x—4y =2,

86. 2ax — 23y} 292=4, 87. ax—3y—-+5z=414,

x4+ ay-+ 4z=7, X —ay-+3z2=2,
Sx—+ 29+ az=="5. 9x — Ty +8az =0.

88. ax-+4y-+2=0, 89, ax+2z2=2,
2y+3z—1=0, 5x 4 2y=1,
3x—bz+2=0, X —2y-+bz=3.

IlyTeM npamMoro BHYHC/EHHS MO NPaBHIY TPEYTOMLHUKOB, WJIH Ipa-
puny Capploca, 10kasaThb CJelyloliHe CBOHCTBA oOnpexesaureledt 3-ro-
nopsixa: »

90, Ecan B omnperenutene 3-ro nopalka NOMeHSTb POJAMH CTPOKH
u croabupl (T. e., KaKk roBOPAT, TPAHCHOHMPOBATL €ro MaTpHIy), TO
onpele/iHTe]hb HE H3MEHHTCH.

9t. Ecau Bce anementbl kakoH-HUOyIb CTPOKH (MaM cTOAGLA) PaBHLI
Hy/I0, TO W CaM ONpeleauTesb PABEH HYJIO.
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92. Ecau Bce s/eMeHTH Kako#-HuGyAb CTPOKHM (Wau cTOAGua) onpe-
JeUTeN YMHOXHTh Ha OJIHO M TO Xe HHC/AO, TO H BeCh ONpeleauTe/Nb
YMHOXHUTCA HA 3TO YHCAO,

93. Ecan nepecrasutbh IBe CTPOKH (MM aBa CTOAORA) ONpesemuTens,
TO OH M3MEHHT 3HaK.

94, Ecau gge cTpokM (MM 1pa CTOAGLA) onpeneiuTens OMMHAKOBHI,
TO OH PaBeH HYJIO.

95. Ecin BCe 3AeMeHTH OIHOH CTPOKH MPONMOPUHOHAIBHB COOTBET-
CTBYIOIUMM 3SJEeMEHTaM IPYrod CTpOKH, TO OIlpele/IuTe/Nb PaBEH HYAI0
(To Xe BepHO W IJad CTOAGUOB).

96. Ecan kaxaeii s7eMeHT HeKOTOpOH CTPOKHM OfipenefuTens npen-
CTaB/eH B BHJAe CYMMH IBYX CJ/araeMbiX, TO ONpeleNHTe/b PaBeH CyMMe
IBYX ompelenurtenell, y KOTOPLIX BCe CTPOKH, KPOMe 1aHHOHW, NpexHHe,
a B JaHHO#t CTpOKe B NepBOM ONpeie/uTe/]e CTOAT NepBble, 3 BO BTO-
pOM — BTOphie cJaraembie (TO Xe€ BEpHO H I/ CTOAGUOR).

97, Ecan k saeMeHTaM OJAHOH CTPOKHM ompejenuTes npubaBHUTh COOT-
BETCTBYIOLIHE SJEMEHTH JIPYTro#ft CTPOKH, YMHOMEHHEIE Ha OfHO H TO e
YUC/IO, TO ONpefeNUTe/]b He H3MEHWTCAa (TO e BepHO M A CTOADLOB).

98. ToBOpaT, UYTO OXHA CTPOKa ONpele/uTeNs SBASETCA AUHelHOl
KomOuHayued OCTaNbHBIX CTPOK, €C/AH KaWALI S/]eMEeHT 9TOK CTPOKH
paBeH CyMMe 1npOH3BeleHUH COOTBETCTBYIOLIUX SJMEMEHTOB OCTAAbHBIX
CTPOK HA HEKOTODhlE 4YHCAZ, TOCTOSAHHBEIE [ KaxiO# CTPOKH, T. e.
He 3aBuCAllMe OT HOMEpAa 3/eMeHTa B CTPOKe. AHAROrHYHO Ompenejsercs
AdHefiHas komOuHauua cTonOuos. Hanpumep: TpeTba cTpoka onpeneantens

4 G 4y
Qg Gy an

Gy Gy a4y

6yner auHednofl komOMHAuuMeH MNepBbIX [IBYX, €CAH CYLIECTBYIOT iBa
YHC/A € H €y TAKHE, UTO @y ;==0,8,, j—+Co8y ; (J=1, 2, 3).

JlokasaTb, uTO €C/AM OAHA CTpoka (cTonbel) omnpeneautens 3-ro no-
paaka fiBafiercs /JMHeHHOH kOMOMHauMel OCTaIBHHIX CTPOK (CTOAGLOB),
TO ONpene/HTe] b PaBeH HYy/O.

3ameuvaHue. CnpaBeliHBO Takwe OOPATHOE YTBEpKIEHHE, HO OHO
BLITEKdeT W3 JaJbHeHIIero pasBUTHA TEODHH OMpeleNUTeNelt.

99*%, Tlonbayack mnpenbiiylwieft samzayed, nowasaTb Ha NpPHMepe, 4TO
B OT/]HuYME OT onpeneiurened 2-ro mopaaka (cM. 3apauy 38) aias paseH-
CTBa HY/IQ0 OMpelenHTeNs 3-T'0 NMopsaika NMPONOPUHOHANBHOCTL ABYX CTPOK
(na cTonbUOB) YiKe He SBMSETCA HEOOXOLHMOH.

Moabaysach cBo#icTBaMH onpenenuTened 3-ro Imopaaka, yKasaHHBIMH
B 3agayax 91 — 98, BHIYHCAHTbL C/elyOWMe ONpele/HTeNH:

100, | sino. 1 cos’a 101. | sinfo. cos2a cos’a
sinfp 1 cos?p |. sinp cos2p cos?p|.
sin’y 1 cos?y sin?y cos2y cos?y
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102. | x X' ax-bx’ 103, | (g +5))" ai+b62 o
y ¥y ay+by (82402 a3++85 ashy
z 2 az-+bz (as-++ b3)2 a§ + b asb;
104.}a40 ¢ 1 105, | (a*+a=*¢® (a¥x—a~*p 1
b+c a 1 & 4067)P (@ —067 1.
ct+a b 1 (c*4c=#)?2 (F—c~32 1
106, |1 & &2
¢ € 1], rie e—orauuHoe oT 1 3HayeHue ]7T.
x y z
107, | sina cosa sin(a—0) 108. | a0, ai—b, ¢
sinf cosp sin(f—0) Gy byl agi—b, ¢, |,
siny cosy sin(y-9) a;+ bl aid—by ¢

rne 1=V——T

(1aTb reOMeTpHYECKOE HCTONKOBAHHE
TIONYYEHHOrO pe3ybTaTa).

CAeAyIOLIUE TOKIECTBA:

41
cy |
¢y

by
by ¢y .
by 3
4

Cy e

109, X b2 1
X9 Yo 1
Xi+Ax  yi+-Ay
T4 T+ 4
110¥%, |a B vy
B vy a],riea,p, y—xopHu ypasHeHus x4 px +¢g=0.
y abp
He passepToiBas onpelemuTenelf, 10Ka3aTh
111, [a, b, ax+by-+c a, b
s by Gux—+by+cy|=|0ay, b
as by ax—+by—+cy a3 by
112. | a4+ byx a—bx ¢ a,
gt box ay—byx ¢y j=—2x] a,
a3+ byx a3 —byx ¢4 a;
113, | a,+ by aji—+4-b, ¢ a, b
g+ byf  agi—4-by ¢y |=2}0a, b,
a;—+ bsi agl+ by ¢4 a; b
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114, | g, +bx ex+b, ¢ a, b ¢
Aytbox apx—by ¢ |=(1—xY|ay, by, ¢,
ay+byx azx+by ¢ a; by ¢

116. |1 a b&c
1 b caj={b0—a)lc—a)(c—0b).

1 ¢ ab

116, |1 a a?

1 b Bl=(b—a)(c—a)c—D.
1 ¢ ¢?

117. |1 1 1
a b ¢ |=@+db+c)b—a)(c—a)lc—D0).
ad b e’

118. |1 1 1
a? b2 ¢ |=(ab-+ac+bc)(b—a)(c—a)(c—Db).
at B 3

119. ] 1 a a*

1 b o | =(a®+b*+c*+ab-fac+be) (b —a)(c—a)(c—D).
I ¢ ¢t

120*.]1 a bc 1 a a2
1 b cal=|1 b b
ll ¢ ab 1 ¢ ¢

121. |1 a ad 1 a @

1 b Bl=(@@+b+o)|1 b b2
1 ¢ ¢ 1 ¢ ¢

122. |1 a? a3 1l a a2
1 8 b |=(ab+t+bc3d-ca)l]l b ]

1 2 (3 1 ¢ ¢

§ 2. MepecTaHOBKH H MOACTAHOBKH

OnpejenuTb YUCAO WHBEPCHH B TNEpPecTaHOBKaX (32 MCXOJHOE pacno-
JIOMEHHE BCerla, eC/NU HeT OCOOBX YKa3aHuil, NpUHEMaeTCd pPAacHoJiOKe-
Hue 1, 2, 3, ... B BO3pacTalOWeM HOpAIKe):

123, 2, 3, 5, 4, 1. 124, 6, 3, 1, 2, 5, 4.

125. 1, 9, 6, 3, 2, 5, 4, 7, 8. 126, 7, 5, 6, 4, 1, 3, 2.
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1272. 1, 3,5, 7, ..., 2n—1, 2, 4, 6, 8, ..., 2n.

128. 2, 4,6, ..., 2n, 1,3, 5, ..., 2n—1.

B creayomux HepeCTaHOBKAX ONpefeluTh YUCAO MHBEpCHE M yKa-
3aTh OOmMH npusHaK TexX uMCes 7, AR KOTODHX 3T NEPEcTaHOBKa
YyeTHa, ¥ TEX, A KOTOPHX OHA HeyeTHa:

129. 1, 4, 7,...,3n—2,2,5,8,...,3n—1,3,6,9,..., 3n.

130. 3,6,9,...,3n,2,58,...,3n—1,1,4,7,.,.,3n—2.

131. 2, 5, 8,...,32—1,3,6,9,...,3n, 1,4,7,...,3—2.

132. 2, 5,8,...,3n—1,1,47,...,3n—2,3,6,9,..., 3n.

133. 1, 5, ..., 4n—3, 2, 6, ..., 4n—2, 3, 7, ..., 4n—1,
4, 8, ..., 4n.

n

134. 1, 5, ..., 4n—3, 3, 7, ..., 4n—1, 2, 6, ..., 4n—2,
4. 8, ..., 4n.

135. 4n, 4n—4, ..., 8, 4, 4n—1, 4n- 5, ..., 7,3, 4n—2,
4n—6, ..., 6, 2, 4n—3, 4n—7, ..., 5, 1.

136. B xaxoit mnepecranoske uucen 1, 2, ..., n uucno HHBepCH#t
Hanbonblliee H YeMy OHO PaBHO?

137. Ckonbko uuBepcuit ob6pasyeT uucio 1, crosuiee Ha k-M MecTe

TIepecTaHOBKH ?

138. Cxonbko uupepcufi ofpasyeT uuciao 7, CTosillee HAa K-M MecTe
B nepecranoske uucen 1, 2, 3, ..., n?

139, Yemy paBHA cyMMa yuCiaa wuHBepcufi W 4HCJIA TOPAAKOB B JIIO-
folt nepecranoBke uucea 1, 2, ..., n?

140. Jas xakux ydcen n 4eTHOCTb YMC/IA HHBEPCHH M uyncCaa TOpsX-
KOB BO BCeX NepecTaHoBKax uwcen 1, 2, ..., 7 OIMHAKOBA H L9 KAKHX
TIPOTHBOIIOJIONHA?

141%, Jloka3aTs, 4TO YHCJIO MHBEPCHit B NepecTaHOBKE &g, Gy, + .., &,
PaBHO 4HCAy WHBepcHH B TOH NepecTaHoBKe HHAeKcoB 1, 2, ..., n,
KOTOpas MOayvaercsd, eC/Ad JAHHYI0 TEepeCTAHOBKY B3aMEHHTb WCXOIHBIM
PACTIOIOKEHUEM,

142%, TlokasaTb, 4TO OT OLHOH MEpPeCTAHOBKH &y, dg, ..., &, K IDY-
To#t nepectaHorxe by, by, ..., &, Tex e B3MeMEHTOB MOXHO TepefiTn
nyTeM He 6o0Jjee ueM n — 1 TpaHCIO3MLMM.

143*, IlpuBecTn npuMep mnepecTaHoBku umcen 1, 2, 3, ..., n, KO-

TOPYIO Heb3s NPHUBECTH B HOPMAJbHOE PACTONOXKEHHE NYTEM MeHee ucM
n— 1 TpaHCmO3MUHMK, M IOKAa3aTb 3TO.
144%, [loxasaTb, uTO OT OLHOH TEPECTAHOBKH @y, Gy, ..., G,

K n060# apyroli nepecranoske by, by, ..., b, Tex ke 3AeMEHTOB MOMCHO

n(n—1)
2

nepefiTH nyTem He GoJsiee ueMm CMEMHBIX TpaHCHO3MUMA (T. e.

TPAHCTIOBHLMIA COCEIHUX 3JEMEHTOB).
146, Jlano, uTO 4UYMCIO MHHBePCHH B TepecTaHOBKe &, &y, ...
<+, @y_y, @, paBuo k. Ckonbko wuHBepcu¥ OyleT B TNepecTaHOBKe

Qpy Qp_yy oo, G GyP
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146%. CkoJbKO HHBEPCUA BO BCeX MepPeCTAHOBKAX 7 SJIEMEHTOB
BMecTe?

147%, llokasaTh, wTo OT /MmoGOH nepecTaHoBKH uucen 1, 2, ..., n,
cojepxamieft £ uHBepcuil, MOXHO NepedTH K HCXOLHOMY PacnoOJONKeHHIO
nyTeM B CMEXHbIX TPaHCMO3MUUA, HO Helb3d NepefTH NMyTeM MeHbILEro
YHCAA TAKHX TPAHCIO3HUHH.

148*, Ilokasatb, uto aas moGoro muenoro wicaa k& (0 <<k << Ch)

CYLIeCTBYeT MepecTaHoBka uncea 1, 2, 3, ..., 1, Y4CA0 HHBEPCHA KOTOPO#H
paBHO k.
149%, OGo3nauum uepes (n, k) YHC/I0 NepecTaHOBOK uucea 1, 2, ..., n,

Kax(1as M3 KOTOPHLIX COLEPHHT POBHO A MHBepcHi. BmiBecTu nas wncaa
(n, k) pexyppeHTHOe COOTHOLICHHE:

(n+1, R)y=(n, B)4+(n, k— 1)+ (n. k—2)-+ ... +(n, k—n),

rle Hago nojoxkuth (n, j)=0 npu j>Cf, u npu j <0, [Tonbsyace
3TUM COOTHOLIEHHeM, COCTaBHTb Tabauuy vuucexn (n, k) 1na n=—1, 2,
3,45, 6uu k=0,1, 2, ..., 15,

160%, Ilokasarh, YTO YHC/JO NMepecTaHOBOK uucea 1, 2, ..., n, co=
Iepallux A HHBepCHH, paBHO YHMCAY TIePEeCTAHOBOK TeX ke uuced,

cozepxauux Ca— k uHBepCHil. -

Crenyiolide NOACTAHOBKH PA3JOXKHTL B NPOH3BEJEHHE HE3ABHCHMBIX
UHK/IOB K MO NeKpeMeHTy (T. €. PasHOCTH MeX1y YHCIOM LeHCTBHUTENbHO
nepeMelllaeMEIX 3/IEMEHTOB H YHCJOM UMKJOB) ONPELENUTb HX YETHOCTh.
Jas ynobctsa moacuera LeKpeMEHTa MOXHO [IJsi YHCE/, OCTAIOLLHXCH
HA MecTe, BBECTH B pasJiOMeHHE OIHOYJNEHHHIE UMKJHL.

i61. /1 2 3 4 5 162. /1 2 3 4 5 6
4 1 56 2 3 6 5 1 4 2 3/

1583. /1 2 3 4 56 7 8 154. /1 2 3 4 56789
81365742) (589214367)’
156. 2 3 45 6 7 8 9\ 156./1 23 4 5 6
34567891) (456123)‘

y eeey 2n—1, 2n
cey  2n, 2n—1)'
6, ..., 3n—2, 3n—1, 3n
4, ..., 3n, 3n—1, 3n—2)'
vy 2n—3, 2n—2, 2n—1, 2n
o 2n—1, 2n 1, 2 )
6, ..., 3n—2, 3n—1, 3n
4, ..., 3n—1, 3n, 3n—2)'

3 .

&

o

W N B NN N = N
_— 0 U1 W = W W W
Gl O B D R W A

&
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161. /1, 2, 3, 4, 5,6, ..., 3n—2, 3n—1, 3n

(4, 5 6, 7.8, 9, ..., 1, 2, 3 )
, 2, .., k, ..., nk—k41, nk—k+2, .., nk

162. (k—f—l, k42, ..., 2k, ..., 1, 2, k)'

B caeayomux noiacraHoBkax mnepefiTH OT 3aMUCH B LMKJIAX K 3alHCH
JBYMS CTPOKaMH:

163. (1 5)(2 3 4). 164. (1 3)(2 5)(4).

165. (7 5 3 1)(2 4 6)(8)(9).

166. (1 2)(3 4) ... 2n—1, 2n).

167, (1 23 4...2n—1, 2n).

168. B 2 1)(6 5 4)...(@3n, 3n—1, 3n—2).

[TepeMHOKHTb NMOACTAHOBKH:

1 2 3 4\/1 2 3 4
'69'(4 1 3 2)(3 2 4 1)‘
1 2 3 4 5/1 23 435
‘70'(2451..3)(53412)‘
1 2 3 4 5\/1 2 3 45
'7"(35124>(34152>'
2 3 2

2 4\? 1 3 4 5\
172, 2 3 4 1)° 173. 3 4 5 1 2°
174, JloxasaTb, YTO ec/qu HEKOTOpaA CTeNeHb LUK/AA PABHA EIHHHLUE,

TO NOKAa3aTelb CTeNeHH NeAHTCH HAa NAuHy uHkjaa, (JJadHOH uMKJa HA3bI-
BAETCHA YHCJIO €ro 3JEMEHTOB.)

176, JloxasaTb, 4TO cpelu Bcex cTerleHeH NOACTaHOBKHM, PaBHBIX €1M-
HHlE, HAMMEHbIUMH TOKa3aredb paBeH HAUMEHbLUeMy OOLIeMYy KpaTHOMY
JJUH UMKAOB, BXOASILIMX B PA3/TOMEHHE MOACTAHOBKH.

1,2, 3,45, 6,7,8,9 10
3,5, 4,1, 7, 10, 2, 6, 9, 8)'
1, 2,3, 4,5,6,7, 8 9,10
3,5 4,6,9 7,1, 10, 8, 2>'
178. Hattru noacranosky X us pasenctsa AXB=C, rue

4 1 2 3 45 6 7 5 1 2 3 45 6 7
=\7 3 216 5 4/ =3 1 27 4 5 6/

c 1 2 3 45 6 7
=\ 1 3 6 47 2°

176%, Haiitu A!'®, rpe A=(

177. Hatitu A%, rpe A=<
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179. JokasaTb, 4YTO YMHOXEHHEe TOJACTAHOBKM HA TPaHCNO3ULHKIO
(T. e. IByYIeHHBt LMKJ) (&, P) C/eBa PaBHOCHIBHO TPAHCMO3HUMH (T. e.
nepeMeHe MeCTaMHM) 4HCEN O M f B BepXuel CTPOKe NMOLCTAHOBKH, & YMHO-
JKeHHEe Ha Ty JKe TPAHCIIO3HLHUIO CIPaBa DPaBHOCHALHO TPAaHCMOSHUHH Q
U f B HHXHEH CTDPOKE MOICTAHOBKH.

180. okasaTh, YTO eCJM 4YUCAd ¢ M  BXOIAT B OLHH LMKJI NMOACTA-
HOBKH, TO NPH YMHOXEHWM 3TOH TMOICTAHOBKM Ha TpaHcnosuuumio (a, f)
(cneBa WiaM CnpaBa) JaHHBI UMKA pacnajaeTcd Ha 1Ba UMKA3, a ecau
YMCAa ¢ M B BXOIAT B PasiHuHbe LMKAB, TO MNPH YKA3aHHOM yMHOKe-
HMH 3TH LMKJB CAMBAIOTCH B OJHH.

181%, Tloab3ysich AByMs MPeAbl 1yIIUMH 3a1a4aMH, 10Ka3aTh, Y4TO YUCIO
MHBEDCHI M JeKpeMeHT MoGOH NMOJICTAHOBKU MMEIOT ONHHAKOBYIO YETHOCTb.

182%, Jlokasarb, YTO HaMMeHblUEe YMCAO TPAHCNO3UUMH, Ha NpouU3Be-
IeHHe KOTOPHX pasnaraercs JaHHad TNOJCTAHOBKA, PABHO ee IEKPEMEHTy.

183#, llokasaTb, uYTO HaMMeHbIEe YHCJIO TPAHCNO3HUUM, TepeBOnsi~

WMX TEPecTaHoBKY @i, &g, ..., 8, B TEPECTaHoOBKy by, by ..., b,
T€X e ITEMEHTOB, PABHO AEKPEMEHTY MOJICTAHOBKH
a;, @, ..., a,
= .
by, by ..., b,
184*, Haith Bce moxmcTaHoBku uucen 1, 2, 3, 4, NepecTaHOBOYHBIE
¢ MOACTaHOBKOH 1 2 3 4
—(2 1 4 3) )

185. Haittu Bce moxcranoBku umcen 1, 2, 3, 4, 5, nepecraHoBOY-~

Hble C NMOACTAaHOBKOH
1 2 3 4 5
3 4 5 2 1;°

186%*, Ja1s na106LiXx Leabix uYWcen x H m, rie m==0, 00603Hauum
yepe3 r(x, m) OCTATOK (IPHHHMAEMLIl HEOTPHLATENbHBIM) OT JNEJNeHUS X
Ha m. Jlokasarb, uTO €CaM M > 2 1 @ — UeJ0e 4HUCJIO, B3aUMHO TpO-
cTO€ € m, TO cooTBercTBHe Xx-—>r{ax, m), x=1, 2, ..., m—1,
4BJASETCH MOJACTaHOBKOH umcea 1, 2, ..., m—1.

187. Hanucarb noxcraosky uwcen 1, 2, 3, 4, 5, 6, 7, 8, mpu
KOTOPOH YHMCIO X TNEPEXOJMT B OCTATOK OT leneHnd S5x Ha 9.

§ 3. Onpenenenne u mpocTelimne cpoficTBa ompeaeadTenel
moforo nopsaxa

3anaun stcro maparpada MMeEIOT NEIbIO NOACHEHUE IOHATUA ONpENeaAuTeNsd
a060ro nopsiuKa u ero npocteAAx CBOMCTB, BKAOUAA PABEHCTBO HYJMIO ONpele -
Teas, CTDOKH KOTOPOTO JHHEHHO 3aBUCHMBI, H pa3Joxenye ONpele/nTeNd o CTpokKe.

3ajaun Ha pasBHTHE HABBHIKA BHIMHCIEHHS OMNpENEAHTENeH ¢ UHCIOBHIMH 3Je-
MEHTAMH, Ha MeTOAbl BBIYMCJEHUS ONpElEJHTENEH CNeUUaNbHOTO BHAA, Ha TEO-
pemy Jlanaaca, Ha yMHOXeHHE OIpelequTeNel u T. A. COAEPKATCA B CACAYIOIUIUX.
naparpadax.



]88-—203] § 3. OIIPEAEJIEHHE M CBOPFICTBA OITPEAEJIUTEJIEFL or

BLiACHATbL, Kakue u3 NPpUBEICHHBIX HHXKE HpOHSBeﬂ.EHHﬁ BXOAAT"
B ONnpeneHTeH COOTBETCTBYIOMIHX TIOPAAKOB H C KAdKMMHM 3HAKaMH:

188, 0,309,05501905. 189, 0405304503401,05.

190, 0583505 074005043065 191, @3301607905,85506,04.
192, 01989383, - .« Gp_y, nGpp <R 1.

193, a1p893 ... @p_y, nQp-

194, 019091034043 . . - 825_1, 90800, 201

195. a4y 503 4p + ¢+ Gy, 0.

196. 413090045 ,46055064 - -+ @31_9, 308301, 30-1830, 3n—2-

197, Bubpare 3nayeHns i u R Tax, ytoOnl NpOH3BENEHHE
Q52850330 £4Q 4600

BXOINJO B OmpelejuTenb 6-ro mopsiaka cO 3HaKOM MHHYC.
198. BuiGpars 3Hauenns { u kR Tak, yTOOBl NpOU3BEREHHE

Q4704301;@5507,094031

BXOAMJAO B ONpejefuTenb 7-ro NMOPSiKa CO 3HAKOM TLIOC.

199, Haittn unensl onpenenutens 4-ro nopsika, colepikallie 3Jje-
MEeHT @3, 1 BXOJflLIME B ONpPEIEJHTeNb CO 3HAKOM ILTIOC.

200, Hatitn usenwl onpenennrtens

5 1 2 3
x x 1 2

9 x 3 |r Colepxaule xtu X5
x 1 2 2x

201, C xakuM 3HaKOM BXONMT B ONpeLeJHTe]b NOPSAAKA 7 NPOH3RE--
JleHHe 9JIEMEHTOB TJIaBHOM nHAaroxamu? »

202. C kakMM 3HAaKOM BXOIMT B ONpeIeJHTE]b MOPAIKA M NPOU3BE=-
LeHHe 3/eMeHTOB MOOOYHOH nHaroHaau?

203, [Tosb3yack TOJBPKO ONpELeEeHWEM, BBHIMHCINTL ONpeLe/UTeNb

a; 0 0 ...0
Ay @y 0 ...0

ay Q3 ap ...0 .

anl Qpg Qpg - -+ Qg

B KOTOPOM BCE 3JEeMEeHTH 10 OJAHY CTOPOHY OT I/IaBHOH JMArOHa/lH PaBHLY
HY 0.
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204, Tonb3ysack TOJABKO ONpeAciqeHHEM, BHHYHCAHTL OfipeleauTeNb
0 ... O 0 Qyn
0 ... 0 Q9. n-1 G2a
0 .. 8302 Q3a-1 Gan|°
Qpy +++ 8ppey Qpp-y Qpn
B KOTOPOM BCe 3JeMeHTH II0 OJHY CTOPOHY OT NoGOYHOH IHArOHAAH

paBHH HYJIO.
205. Tlonb3ysace TOMLKO oNpejle/eHHeM, BLIMHC/HTE OIIPEAE/HTEh

ap Gy Q3 a4y A
Ay Gy Gy Ay 4y
ay ayp 0 0 0 .
ayg ap 0 0 O

a; ax 0 0 0

206. Ioxasath, 4YTO ecad B ONpesenHTe]e HOPANKA 7t HA Nepeceve-
HUH HEKOTOPHIX B cTPOK M [ cTONGLOB CTOAT 9JeMEHTH, paBHLIE HYJI0,
npuieM 2+ 1> n, TO onpesennTesh paBeH HYJIO.

207#%, PewuTs ypaBHeHHe

1 x x2...x"

1 a, a%...a"

L
2 n =0,
1 a, a}... a2 |=0

2 n
1 a a cv.ap

rie a,, @y ..., G, Pa3AHYHbIE YHCAA.
208, Pewnts ypaBHeHHe

1 1 1 1

1 1—x 1 1

1 1 2—x ... 1 =0.
I 1 1 cee N — X

209. Halitu aneMeHT onpelenuTe/s NOPSAKA 1, CUMMETPUYHBIH 3Je-
MEHTY @;, OTHOCHTENbHO NOGOYHOH JAHArOHAJH.

210, Hafit# sneMeHT oOnpefenHTens fIOPAAKE 71, CHMMETPHYHBIA 3ie-
MEHTY a5, OTHOCUTE/NLHO «LUEHTPa» ONpejfenuTens.
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211, HasoBeM MeCTO 3/jeMeHTa @;; ONPEIeAMTEN HETHLIM HAM He-
4eTHBIM, CMOTPA MO ToMy, OyaeT /u cymMma I-} & yeTHa MM HeYeTHa.
Ha#iti uncio 3/eMeHTOB ompeneauTens MOpHIKa 7, CTOAUIMX Ha YeTHBIX.
M Ha HeueTHLIX MeCTax. :

212, Kak wusMeHNWTCH oOnpefelHTens NOPsAlKa n, ecau nepBhift cron-
Geu fepecTaBHTh HA NOC/AeLHEe MeCTO, d OCTaJAbHbE CTOAGUBI HEpelBU-
HYTbh BJIEBO, COXPAHfid HX pacno/oXeHue?

213. Kak wusMeHMTCR onpeleiuTenb TNOPAEKA N, €CAM ero CTPOK
Hanucatb B OOpaTHOM mopsixe?

214, Kax H3MeHWTCR oOnpefenuTe/s, €C/AM KaXIAHH ero 3/7eMeHT 3a-
MEHMTb 9J1E€MEHTOM, CHMMETPHYHBIM C [AAHHBIM OTHOCHTENbHO <LEHTpa»-
ONpeIe/JHTE .

215%. Kak u3MeHHTCA onpenenuTenb, €CAH KAKAbIH e€ro s/eMeHT 3a-
MEHUTL 3JIEMEHTOM, CHMMETDHUYHBIM C JAAHHBIM OTHOCHTEAbHO NOGOUHOK:
IUaroHaJH,

216%, OnpenesuTenb HASLIBACTCA KOCOCUMMEMPUYECKUM, €CIU Sle~
MEHTHI, CHMMETPHUHO Jexauide OTHOCHTE/NbHO [NaBHOH AMATOHAIM, OT/IH--
Yal0TCH 3HAKOM, T. €. &;, == —— Qg NS JIOOHX HHIEKCOB I, k.

IlokasaTh, YTO KOCOCHMMETDHYECKHMH ONpeneiuTenb HEUETHOTO MO--
pflKa n paBeH HYJW.

217%, JlokasaTth, uTO ONpelendTenp, 3JeMEHTH KOTOPOro, CHMMe-~
TPHYHO JieNallHe OTHOCMTENbHO [JIABHOA NHAroOHANH, ABJAIOTCA CONps-
KEHHLIMH KOMINAEKCHLIMA (B YaCTHOCTH, NeHCTBUTENbHBIMH) YHCAAMH, €CThb-
YHCA0 NeHCTBHTEJIbHOE.

218, Ilpn kakux 3HavdeHUAx 7 BCe ONPELeJUTENH NOpALKa N, Sje-
MEHTHl KOTODHIX YIOBJETBOPAIOT YC/JIOBHAM

(@) a;, — neficTBUTENbHOE YHCAO npH [ > &,
B) apy=iay pn j>k(i=V—1)

OyLyT LeHCTBMTENbIILIMU?

219, Iipu kakux n Bce onpeﬂenurenn nopaiKa n, 3JeMeHTH KOTO-
PHX YIOBNETBOPAOT. ycaoBHAM (@) u (f) npenwdylueit 3apaud, Oyayr
YHCTO MHHMBIMH?

220, Tlokaszarb, 4TO NPU HEYeTHOM £ BCe ONpPeAe/HTENH MOPSIKA A,
a/€MEHTH KOTODHX YIOBAETBOPAIOT ycaosuaM (o) M (B) 3amaun 218, .
wMeloT Bun a (1 & ), rae a — 9ucnO AeHCTBHTENbHOE.

221, Kak u3MmeHHTCs onpele/uTesb NMOPAIKA 1, €CJIM Yy BCeX €ro 3je--
MeHTOB H3MeHHTb 3HAK Ha NMPOTHBONOJOHHLIA?

222%, Kax u3MeHHTCA OmpelenuTelib, eCAH KaKIBH ero sJeMeHT a,k.
ymuonuth Ha ¢, rae ¢ = 0?

223%, Hokas3ath, uTO B KaXIHLIH YjeH ONPELENHTENSd BXQIHT HeTHOe:-
YHCJIO H/1EMEHTOB, 3aHHMAIOWHX HEeYeTHOE MECTO; S/EMEHTOB JKe, 3aHUMalo-
IWHX YeTHOe MeCTO, BXOAHT YeTHOe HUCO, €C/AH ONpeleNuTesib YETHOTO.
NOPAAKA, H HEYETHOE YWUCJIO, €CNU ONpejesiuTe/b HEYECTHOIO TNOPAIKA.
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224%, Jloxa3aTh, YTO ONpele dTe/lb He W3MEHHTCH, €CIAH H3MEeHUTH
3HAK RCeX B/JAEMEHTOB HA HeYeTHBIX MeCTax; ec/H e M3MeHHTh 3HAaK BceX
9JIEMEHTOB HA YeTHHIX MECTaX, TO ONpele/HTeNb He U3MEHHTCH; eCIH OH
YeTHOro TMOPAAKA, W M3MEIIMT 3HAK, e€CJH HeueTHOTO MOpsixa.

225. llokasaTh, 4TO ONpejeauTeN b He M3MEHHTCH, eCclAd K Kaxaol
CTpPOKe, KpPOMe nocjelHed, NpuGaBuUTL MOCTELYIOLIYI0 CTPOKY.

226, Jlokasath, 4TO oONpelenuTe]b He W3MEHHTCH, e€CAUd K KAKIOMY
cTOOWy, HAYMHAA CO BTOPOrO, NPHOGABHTL NpelbLAYIIHH cTOAGEL.

227. IloxasaTb, uTO OMNpele/uTe]b He HU3MEHHTCSH, eCJH M3 KaXmof
CTPOKH, KpOMe moc/elHel, BEYECTb BCe MOC/AelyIOLIHe CTPOKH.

228, JloxasaTb, 4TO ONpEIENHTENb HE H3MEHMTCHA, €C/MH K KAWIOMY
cTonbly, HauMHas cO BTOPOro, NPUOABHTL BCE NpelbayliMe CTOMOUBI.

229, Kak navenutcs onpefe/nTenb, ecAd U3 KaxIAOH CTPOKH, KpoMe
Toc/eHe#t, BbHIYECTb MOCACNYIOIYI CTPOKY, M3 MOCHeNHEH CTPOKHK Bhl-
YeCThb MPEXHIO MEPBYID CTPOKY?

230%, Kak H3MeHUTCA ONpelefuTes b, €CIH K KAKIOMy CTOJOLY,
HAYMHa# CO BTOPOTO, MPHOGABUTL MpeibiAyIlu# cTOMOEl W B TO XKe Bpema
K neproMy NpuOaBHTb NOCAENHHR?

231, Kak pa3MeHuTCs ompelenuTe]b NOPAIKAa M, €CaAM €r0 MaTPHLY
nioBepHyTh Ha 90° BOKPYT «UEHTpa»?

232, Yemy paBeH OnpenenTeNb, Y KOTOPOr0 CyMMa CTPOK C 4YeT-
HBIMH HOMEpaMHM PaBHA CYMMe CTPOK C HeYeTHHIMM HOMepaMmu?

233. Hatitu cymMy BCex OmpeneauTeqedl mopsika n > 2, B KaXIOM
H3 KOTOPHIX B KawIOH CTPOKE M Kax.IOM CTOAGLE OIWH SJAEMEHT paBeH
elInHHIE, A OCTanbHble paBHb Hym0. CKOJBKO BCeX TaKNUX ONpeleluTenel?

234, Hafttu cymMy onpeleauteselt mopsika n > 2:

n a1a‘ a1a2 PR alan
2 @, G2, ... A, '
T |

Tle cymMMa Oepercs MO BCEM 3HAYEHHAM O;, Oy ..., O, HE3ABHCHMO
ApYr OT japyra uaMeHswouwmcs or 1 1o .
235. Ilyctb BCe 3/eMeHTHl ompelenuTelis

@y Qg «-- Ogn
Gy Qg «-- Oy
Qar Bpy -0 Gy

ABIAIOTCA USABIMH OIHO3HAUHBLIMK udcaaMH. O603HaunM depes N, uucio,
sanmucanHoe uubpamu [-# CTPOKH OMpeleNuTe]d C COXDPaHeHHeM WX pac-
MOJNOMeHHs (@;, — YACAO eIWHHL, & ,_;— YACIO AeCHTKOB H T. IL.).
JlokasaTh, 4YTO 3HAUeHHe ONpeleSHTeNs IEJHUTCH HA HAMOOMbWHUH OOLMiH
zenureab duced Ny, Ny ..., N,
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236. Pasnaras no 3-i# cTpoke, BBLIYHC/IHTL ONPEE/IHTE/b

2 —3 4 1
4 -2 3 2
a b ¢ d
3 —1 4 3
237. Pasnaras no 2-My croally, BbIYMCAHTb ONPEIEHTEND
5 a 2 -1
4 b 4 —3
2 ¢ 3 —2
4 d 5 —4
BruHC/AUTL OnpelenHTe/Iu:
238.]a 3 0 5]239, |1 0 2 a|240.|x a b 0 ¢
0 6 0 2 2 0b O 0 y 0 0d
1 2 ¢ 3 3 ¢ 4 5 0 e z 0 f]-
0 0 0 4 d 0 00 g h Rk oul
0 0 0 0w

241, Tlycte M;; — munop snementa a;; onpeneautens D. Ilokasats,
uyro ecaH I — cHMMeTpHUeCKHH OmpelesHTenb MIH KOCOCHMMETPHYECKHH.
onpenenuTe]b HeYeTHOro nopaaxa, 10 M;;== M ecin xe D-— koco-
CHMMETPHYECKHH ONpeNe/uTe/b YETHOro mopsnka, 10 M; =-—M,

242, Mycrb D — onpegeauntear mopsiaka n> 1, D' u D’ — onpe-~
LeNHTeNH, TOJyYeHHHe W3 [ 3aMeHOM KaXLOro 9/eMeHTa @;; HA €ro
anrebpanueckoe gononHenne A;; aas D’ w Ha ero Musop M;; aas D,
Doxasarb, yto D' = D". Onpeneautenr [’ HasbiBaeTca B3aHMHLIM (MK
npucoenutennbiM) Kk D. O supawenuu D’ uepes D cM. 3amauy 506.

243. BuiuMCANTL CAeRyIOWMH ONpelennTe/b, He PasBepTHBas ero:

a b ¢ 1
b ¢ a 1
¢ a b 1

b+c c¢c4+a a0 1
2 2 2

He passepThiBas onpenesnTenefl, N0Ka3aTb CJELYIOLINE TOXIECTBA:
244%, |10 x y 2z 01 1 1

x 0 2z vy I 0 22
y 2 0 x| |1 22 0 «x2
z 'y x 0 1 v x2 0



% OTHAEJ 1. ONPEAEJNUTEIH [245—249
& 2 n=-2 n
245%, 1 a a2 ... af a;
2 n-2 n
1 a, a; ... aj a’ -
2 n-2 n
1 a, a, ... a; a
2 n-2 n-1
1 a; aj ... af a;
1 a, a? a?-?2 qaf-!
a— 2 . e -
=(8;+a+ «.. +a,) 2 2 2,
2 n-2 n-1
l a, a ... a; al?
* 2 i1 i+1 n
246¥%, 1 a a3 ... af ai oo af
2 i-1 i+1 n
1 a, a ... a} aytt ...eg |
2 i-1 i+1 n
1 a, a; ... a a;tt ... af
2 n-1
1 a, aj...aq
1 a, a...at!
=( > ag, ak,...ak,,_[) 2 2 2 |,
Ry Ry oo, Ry o e .2. .. .1
-
| a, a, ... an
rie cymma Oepercs TO BCeM CoueTauHaM H3 n uucen 1, 2, 3, ..., n

no n—1I.

[Mone3ysicb CBOHCTBaMH ONpeAeauTE/eH, BK/OYAS pa3AOKEHHE IO

CTpOKE HJIH CTOJI6Lly, JO0Ka3aTb TOXAecCTBa:
& a— . a a
247%, cos B sin mal Ccos _;B

2 2
B—y . B+v Bv|__
COSs 5 sin 5 COS 5 =
y—a . Yto v+
COS 5 Sin 5 €0S 5

248, sinfa  sina cosa cos?a
sinf B sinpcosp cos?f [=
sinfy sinycosy cos?y

= 5 sin (B —0) +-sin (y— ) = sin (. — VI

=sin(a— ) cosa cosf - sin(f — y) cosp cosy -+ sin (y—a) cosy cosa.

249, (a + b)? c? c?

b2 B (a2

a? (b —+c)? a? |=2abc(a-+b-c)d



250—256}
250.

251.

§ 3. ONPEAEJIEHUE M CBOFICTBA ONPELEJIUTENER or
1 1 1
atx a-ty
1 1 (@a—by(a—c)y(b—c) (x—y)
b+x bty = @ FN G ) € FD) @+ G+ cF 0T
1 1
c+x ¢ty I
1 1 1
at+x a+y a4z
11 1
b+x BFy bFz|
1 1 1
ct+x c+y c+=z

@—ba—c)(b—c)(x—y)(x—2)(y —~2)
TEFOCFOCENG@FNCFN CFNG@F)EF2) T2

262, .| a2 4~(1—a?)cos ¢ ab(l —cos¢) ac(l —cosq)
ba(l—cosq) b2 (1—b¥cosp be(l —cos@) #coshpr
ca(l—cosq®) cb(l—cosyp) c2H-(1—c?)cose

npn a2+ ct=1.
263+,
€0s @ cos P—sin ¢ sin P cos § —sin ¢ cos Pp—cos ¢ sinPpcos®  sinPsin®

cos ¢ sin Y-}-sing cos P cos 0 —siny sin P-}-cos ¢ cos P cos 0 — cos P sin 0| = 1.

sing sin 0 cos ¢ sin 0 cos 0
2564. a b ¢ d
—b a d —¢
e 4 . 5 == (4% 4 b2 + 2+ d2)2.
—d ¢ —b a
265, 01 1 @
1101
10 e =a? 4+ b2+ ¢? — 2ab — 2bc — 2ac 4 2d..
a b ¢ d
256%, |—1 1 1 l x
Il —1 1 1y
1 1 —1 l z =
1 1 1 —lu '
x y 2z u0

=——4'[x2+y2+z2+u2-—-2(xy—}—xz—}—xu—}-yz—}—-yu-{—za)]..
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28

§ 4. BoluKcaeHHe ompejeduTesell ¢ YHCJAOBRIMH 3JeMEHTAMH

Briuncautb OnpeneauTe]n:

257.

0111

1011

1101
1110

4 —5 —3 —2
7 —8 —4 —5

43

75
85
2 —53

—3

3 —5 —2 2

4 4

4 —9 —37

2 —6 —3 2

2 2
9 —8510

5 -85 81"

8 —8 —3
2 3 4 5
3 71013
5 11 16 21
7 7 7 2
4 5 310

4

1
2
3
2

1

258.

260,

2
7—14

1

—3

27

12

3 —3 —5

262,

8

5

2 —d —T7

264,

3 -3 —2 —5

266.

268,

76 37

3 5 7 2

5 4 3 5

5 6 5 4

270,

326
8 —949

7 —273/|
5 —3 3 4

259.

261.

263.

265.

267,

269.
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271,

273.

275.

277.

278.

3 6 56 4
59 786

6 12 13 9 7

4 6 651

9 5 453

97 44 40 55

20 64 2140

13 —20 —13 24

46 45 —55 84
RN
5 _8 2 1
3 3 3 3
4 5 _ 4 _2
3 3 3
7 -8 —4 —5
32—
1—2 3 3
5_ 4 4 1
6 3 3 3
2_4 1 12
5 5 2 5

V5

0

2 2V6 Vio

272, 35
42
43
29
274. 24
51
61
62
80

276%,

V3

5T Y10 —2 V7

VE
V15

59
70
68
49

11

71
77
72
65

13
32

52
54
52
50

17
40
50

Ul
~N W

|

N~ ol gl ol

§ 5. MeTonbl BhIYHCIEHHS ONpejeIHTeNei n-ro nopsajaka

=
N @

e S 8 &

[u—
3 L

~|w e

29

BBenmenue. Meron BeuuCAeHHS ONpeieauTeNeH C UYHCAOBHIMH 3JeMeH=
TaMH, COCTOAIIHH B OOpalleHHH B HYyJAb BCEX 3JAEMEHTOB HEKOTOPO#l CTpOKH

{cToa61a),

KpOMe OJHOTO, H MNOCJACAYIOIEM MNOHHKCHHH TNOPAIKAE, CTAHOBUTCH

BecbMa FPOMO3JKHM B Cliyuae ompeleiuTeneil JaHHOro mopsnka ¢ OyKBEHHHIMH
9/eMeHTaMu. DTOT NYTh B oflieM CJAydYae NPHBOJHT K BBHIDAKEHHIO, KOTOpOE
fl0Ay4aETCA BBIYMCAEHHEM OMNpeleauTe.s NPAMbIM IPHMEHEHHEM ero OlpeieaeHuU .



30 OTREJ 1. ONPEREJIUTEJIN

Tem Gojee 9TOT MeTOA HEyNOGEH B CAyYae ONpelenuTens ¢ GyKBEHHHIMH WM
YHCJOBHIMH 3JEMEHTAMH H NpPOH3BOJLHBIM NODPAIKOM 7.

O6ulero MeToXa Aafl BLIYHCJAEHHS TAKHX ONpelejHTenedl He CYWECTByeT
(eciM He CYMTaTh BHPAWEHHS OMNpENEAHTENs, NAHHOTO B €ro ONpeleNeHHH).
K onpeneauteassiM TOro ujAH MHOrO CNENHAALHOTO BHAA NMPHMEHAIOTCHA pa3iHYHblE
METOIbl BulUHCAEHHS, MPUBOJSAIUIKME K BHIpaKeHUaM, 6oJee NpoCTHIM (T. €. colep-
®aWHM MEHbOlee 4ucao AeHCTBHH), YEM BolpaxeHHe ONpeléJuTens Mo onpele-
nenuio. Mol pazbepeM HekoTophle, Haubojsee YHOTpeGUTEAbLHbIE H3 3THX METONOB,
3aTeM NajHM 337aYd HA KaXIBH W3 5THX METONOB A HX YCBOEHHS M 3alauH,
rie yvauuiica caM JoJkeH Bo6paTh MeTOXL pewleHus. Jlag yno6¢TBa OpHeHTauuu
B MaTtepuaJje 3alaud, CBA3aHHme ¢ TeopeMoll Jlamnaca u yMHOXeHueM ompene-
JauTeneH, BbLAENEHB B OTAEJbHBIE Taparpadol.

1. MeTon nNnpuBefeHHd K TPEYroAbHOMY BHAY. ITOT METOR
34KJIOYAETCH B TNpeo6pa3oBaHHH ONpEAEeAHTEAs K TAaKOMY BHAY, TL€ BCE 3Je-
MEHTbI, JexallHe Mo OJHY CTOPOHY ONHOH u3 AHaroHajel, paBHu HyMo. Cayuai
no6GOUYHOH AMAroHanu NyTeM H3MEHEHMS MOPAIKA CTPOK (MAM CTOAGLOB) Ha 06-
paTHHH CBOAMTCH Ha cayuai riaBHoR juaronann. [floayueHubit onpeneauTens
paBeH NMPOW3BEICHHIO 3JEMEHTOB TJaBHOH AHAroHajH.

Mpumep 1. Buluvcauth onpeneanTenb nopaaka n:

11 1...1

1 01.,..1
D=1 10..1]

1 11...0

Borunutaem NnepByi0 CTPOKY H3 BCEX OCTANbHBIX!

11 1... 1
0—-1 0... 0 1
D=|g 0—1.., o|=D""

NDpumep 2. BoluucanTb onpereaureab

a4 X X ... X
X a3 X ... X
D=xxa3...x .

X X X ... a,

Bhiunutaem NEePBYI0 CTPOKY H3 BCEX OCTaAbHHX!

a; X X oo X
x—a; ag—x 0 ... 0
D= X —a, 0 Ay—X ... 0 *
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W3 nepsoro croa6ua BHHOCUM @, — X, H3 BTOPOrO @; — X, ..., H3 N-I0-—
a, — X -
g a; X X X
g, —X a;—Xx a3—x ' ap—x
— o ... 0
D=(a—x)@—x)...@—x) L .
—1 - 0 1 . 0
—1 0 0o ... 1
Monoxmu —= =1+—£— U Bce CTOM0ub npubaBuM K MEpBOMY:
| —X a—x
D=(a —x)(a;—x) ... (a— x)} X
x X X X X
v1+a,-—x+"' +a,,——x ay—x a3 — X Tt oap—x
0 1 0 . 0
x e —
0 0 1 0
0 0 0 1
=@ =0 @18 . (a0 (5 . bt
= x(a, =) =) (gt et a,,—-x)'

2. Metoxn BHAeneHHd AuHeliHNX MHOXHTenel Onpexeau-
TeJlb paccMaTpHBaeTCs KAK MHOIOYJAEH OT OJHOH MJH HECKOJAbKUX BXOAALIHX
B Hero 6yks. IIpeobpa3ys ero, o6Hapy}xHBalOT, YTO OH JAeAUTCA Ha psAjA AuHel-
HBIX MHOXHUTENEH, a 3HAYMT (EC/u 3TH MHOKHUTEAM B3aUMHO NPOCTH), U HA UX
npousBeleHHe.

CpaBHHBas OTHEAbHBE YACHH ONpeleauTe]s C YJASHAMH NPOM3BENEHHA JH-
HeHHHX MHOXHTeNneH, HAXOMAT YaCTHOe OT JejaeHud OnpeleluTens HA 3TO NMPOH3-
BelleHHe M TeM CAMBIM Haxo[AT BbIpaXeHHE ONpejeiauTe.nd.

Mpumep 3. Buudcauts onpelreauresn: *
0xy=2
D— x0 zy .
yz 0x
zy x 0

Ecan k nepBomy croabny npuGaBHTh OCTanabHBiE, TO OGHApyXHTCH, UTO
ONpejfeanTEp ACANTCA Ha x4y -+ 2; ecau k nepBoMy cToabuy npu6GaBuTh BTO-
poH M BHueCTb TPETHH M ueTBePTHH, TO BHASIUTCA MHOXKHUTENb ¥y -2 — x; €CaH
K NepBOMY CTOAGLY NPHOABUTb TPEeTHH M BHYECTb BTOPOH H UETBePTHIH, TO BH-
NENUTCA MHOXKHTEAb X — y |- 2; HAKOHEl, ecAd K IEepBOMY CTOAOLY NMpubaBHTH
YeTBEPTHIH M BHIYECTb BTOPOH M TPEeTHil, TO BHAEAHTCA MHOXKHTEIb X -y — 2.
Cuuras x, y, 2 He3aBHCHMBIMH HEH3BECTHBIMH, 3aKJI0YAEM, YTO BCE 3TH YeThlpe
MHOXHTEJA NONAPHO B3aHMHO NpPOCTH, U 3HAYHT, ONMpPENEAUTENbL NEIHTCA Ha HX
npoussesieHne (x+y+2)(y+2—x)(x—y+-2)(x+y—2).

310 nmpou3BeleHHE COLEPKHT WieH z* ¢ ko3puuuenToM —I1, a caMm olpe-
JeMUTERb CONCPHUT TOT We yiaeH 2 ¢ xoadduunentom 1. 3uauwur,

D=—@xt+y+a(y+e—n)x+z—y)(x+y—2)=
=xt4 yt 42t —2x2y2 — 2227 — 2y%22,
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Mpumep 4. BHYHCAHTL METONOM BHIeNeHHA JHHEHHHIX MHOXHTEACH ompe-
Aeautenb BaHiepMonza n-ro nmopsaka:

2 n—1
I xy Xy ool xf
2 n-1
D= 1 x5 x5 ... xy .
2 n—1
1 x, &, ... xg
PaccmatpuBas Dp xak MHOTOWJIEH OT OJHOrO HEH3BECTHOTO X, € Koahdu-
LHEHTaMu, 3aBHCAMHMA OT X, ..., Xp_1, BHAHM, 9YTO OH O6palIAeTCd B HyIb
TIPU X ==X}, Xp == X3, ..., Xp= Xp_| HIOTOMY IEIUTCH HA Xp— X|, Xp— X3, ...
Xp— Xp_1-
ey n n—1\

Bce 3t MHOXUTENH B3aMMHO NMPOCTH (TaK KAK Xy, X ..., X, a’arebpan-
YecKu He3aBHCHMBI).
3uauut, D, NeJIMTCA HAa MX NPOU3BEIEHHE, T. €.

Dp=gq(xy, X3 ..., Xp) (Xg—21) (Xp—X3) ... (Xg— X7q_y)

Paanaras D, no nocaegHeit CTpoke, BHAHM, 4TO OH ABARETCH MHOTOUYJCHOM
crenedn n—1 OTHOCHTENbHO X, nupuieM KO3hdHUUEHT npH x;‘“l paBen onpe-
Aeautemo Baumepmonpa D, | M3 HEH3BECTHHX X, Xy, ..., Xp_;; TaK KaK MHpoO-
H3BeleHHE CKOOOK B IIPaBOH YacTH MHOCJEIHEr0 pPABEHCTBA CONEDIKHT x',':“
¢ xoadunuentTor 1, To MHOTOWIEH § (X}, X3, ..., X,) HE COLEPHHUT X, H, cpa-

BHHBaA KO3QQHUHEHTH HpH xz’l B 00eHX YacTaX paBeHCTBA, noayuuMm D, , =

=g (X, xy ..., Xg_1), OTkyLa D, = Dp_y (kg —x)) (X3 —X2) oo (Xp—Xp_))
INpumennas 310 paBeHcTBO ¢ 3aMeHO# n Ha n—1, uMeeM: *
Dpoy=Dp_s(xpo1—xJ ... (Xp—y — Xp-2)

d10 Bupawenne a8 D,_, MOJCTaBHM B Opeibiayliee BhpaweHue 1ias D,
[loBTOpAA 3TO paccykieHue, MH BHLIEIHM, HAKOHEW, MHOXHTENb X, — x|, HOCJE
yero mpuiaeM K onpeieauteno Baumnepmonna mepsoro mopsgka D) =1.

Takum o6pasom,

Dy= (x— %) (5 — ) (X3—X3) oo (Xg— 1) (Xp—X2) eoo (Xg— Xp.1) =

= II (x;—xj).

i>J

3. MeTox pexyppeHTHHX (DPEKYPCHBHHX, HIM BO3BpaT-
HHX) COOTHOIIEHHUH IITOT METOX 3aKANYAETCA B TOM, 4TO MaHHHHA ompe-
IeJuTe]b BBIPAXawT, npeobpasys u pasnaras ero no CTpoke HJAH cToabuy, gepea
onpejeJuTeNH TOrO Xe BuIa, HO Gojee HU3KOro mopsiaka. [lofydeHHOe paBeHCTBO
Ha3biBaeTCsl PEKYPPEHTHHIM COOTHOIIEHHEM.

3areM BHIUMCIAOT HEMOCPENCTBEHHO MO OOLIEMY BHAY CNPEIENHTENs CTONbKO
ompejenuTeNed HH3IMIMX MOPAAKOB, CKOJAbKO HX ORLIO B HPaBOH 4YacTH peKyp-
peHTHOro cooTHoweHus. QupeleauteJH 6ojee BHICOKOTO MOPAAKA BHYHUCAAIOTCH
NOCAEJOBATEIbHO U3 PEeKyppeHTHOro cooTHoutenud. Eciu Hazo noayuutb Bhpa-
WeHHe s onpeneauteas Jw60ro mopsixa n, TO, BHUYHUCIHB H3 PEKYPPEHTHOTO
COOTHOIICHHA HECKOJbKO ONpEieJuTe ell HH3MHX HOPANKOB, CTAPAIOTCA 3aMETHTh
o6muli BHI HCKOMOTO BHIpaXEHHH, a 3aTeM IOKAa3HBalT CHPaBELIHBOCTh 3TOTO
BbIpAXXEHHA NpH MOO0M 7 ¢ NOMOMIbI0O PEKYPPEHTHOrO COOTHOMIEHHd H MeToja
HHIVKLUH 1O 7,

Ob6mee BripaxeHue MOXHO HMOAYYHTH W IPYruM myrteM. Jlas sToro B pekyp-
pEHTHOE COOTHOLIEHHE, BhIpaiKaloliee OHmpeieauTeab 7-TO MNOpALKA, MOACTABASIOT
BhHIpAx(eHHe omnpegeaxTeds (n-—1)-ro nopsjka H3 TOro ke PEKYPPEHTHOTo COOT-
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HOIEHUA ¢ 3aMeHOH n Ha n — 1, Janee NOACTABAAIT aHAJOTHYHOE BHIpAKEHHE
onpexeanteas (n—2)-ro nopsmka H T. A, [OKa He BHIACHHTCH BHJ HCKOMOTO
o6lero BHpaxeHus OmpejelHTeas n-ro nopaika. MoxHo Takke kKOMGHHHPOBATH
o6a nyTH, UCNOJAb3YS BTOPOH MyTh AAsA OOHApPYKEHHs HCKOMOIO BBIPAXKEHHA H
JOKa3bIBas 3aTeM CIPaBeJIUBOCTb STOTO BhipaweHHs HHAykuued mo n. Meron
PEeKyppEeHTHBX COOTHOLIEHHH ABAseTCA HauboJee CHAbHRIM CPelH Pa3bHpaeMhIX
371eCb METOJ0B H MpPHMeHHM K GoJee CJAOKHLIM ONpeleNdHTeNsIM.

[pesxae ueM nepeiity K OpuUMepaM BBIYHCJCHHA OlnpereaHTte’sedl MeTOIOM
PEKYPPEHTHHX COOTHOIUEHHIi, pa3bepeM ONHH ero 4acTHHH cayuai, Tie pekyp=
pPEHTHOE COOTHOIIEHHE NaeT aATOPHTM IJA pelleHHA 3aJauH, UCKIIOYAIIHA dje-
MEHT JOTajKH, UMEWUIHACA B obweM cayuae. [IycTb pekyppeHTHOe COOTHOIIEHHE

HMEeT BHJ
n=pDp_1+tqDp_s n>2, 0))

rge p, ¢ —INOCTOAHHBIE, T. €. He 3aBHCAUIAE OT 71 BeJUYHHDI !).
[lpu ¢ =0 D, BuiuMcasieTCA KaK uJeH reoMeTpHuecKol nporpeccun: D, =
=p"~1D; anecb D, -—onpexeanrens 1-ro mopsiKka IAaHHOTO BHA3, T. €. 3Je-

MEHT ompexeautens D, CcTosliHiE B J€BOM BEepXHEM YTay.
[ycte ¢ ~0 u @, f— KOpHH KBaIpaTHOrO ypaBHeHHd x2— px—q =0,

Torza p=a-P, ¢g=—aP u paBeHcrBo (1) MOXKHO mepemuHcarthb Tak:
Dp—PDy_ =0 (Dp_1—PDp_3) 2)
HJH
Dp—aDy_ =B (Dp_y—aDpy_y). 3)

Mpeanonoxum cHauana, uto a == fi.
Mo ¢opmyne nas (n—1)-ro djseHa reomeTpuueckoil nporpeccud H3 pa-
BeHCTB (2) u (3) HaxonuM:

Dy—PDp_y=0""3(D;—BD,) n Dp—aD,_,=p""2(D;—aD)),
a"~1(Dy —BD,) — "~ 1 (D —aD))

orkyra D, = «—F HJH
' D, — Dy—oD
n==C10" +Cop", rae C,= a_za——ﬁ—é))] , Cp= ——B‘%a—:aﬁ—)l- @)

[TocnexHee Buipawenue nas D, aerko 3amomuHaercd. OHO BBBOJMAOCH 14f
n > 2, HO HemocpeaCTBEHHO mpoBepsieTca A n==1 u n = 2. 3uavenue C, u C,
MOXHO HaXOIHTb HE K3 NPHBEJEHHBIX BbipaweHHH (4), a U3 HaYaJIbHBIX yCJAOBHH
D‘ = Cla+ CZB! 02 = C1a2 + C2B2-
[Tycts temepp o =P. Pasencrsa (2) u (3) ob6pamaloTcs B OIHO H TO XKe
Dyp—oaDy_y=a(Dyp_y—aDy_y),
OTKyZa
Dp—aD,_, = Ad"*"%, 5)
rae :
A == 02 —aDI.

Bamensa 3pecb n Ha n—1, noayuum: D,_, —aDy_ ;= Aa*~ 3 oTKyna
Dy_y=aD,_s+ Aa” "2

1) 3ror merox coobwen asTopy JI. . OxyneBniM. OH mpHMeHuM Takie
K peKyppeHTHOMY cOOTHOWEHHK Dy = p\Dy_ 1+ ... 4 ppDy_p ¢ DOCTOAHHEIMH
Plse++» Pp ¥ MOOBIM k, HO BBUAY TI'DOMO3AKOCTH DPACCYXKACHHA MH OCTAHOBAMCSH
JHWDb HA k=2 '
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Berapaad 3TO BHpaweHHe B paBeHCTBO (5), HaiineM: Djp==a®D,_,-2Aa%-2
IoBTOpAS TOT W€ MPHEM HECKOAbKO pas, noayuuM: D, =a"~1D, 4 (n — 1) Aan—2

uan Dy =o"[(n—1) C;+C;), tne €y =5 C,=T‘(3nec1; a 5= 0, Tak KaK

q % 0).

[Ipuvep 3. BHUHCAHTL METONOM PEKYPPEHTHHX COOTHOIIEHHH ompene-
JuTeab npHMepa 2,

IpeacraBuB 9JEMEHT B NPABOM HUKHEM YIIy B BHAE a4, = X+ (@, — X),
MK MOXEM onpeneauteab D, paiGuTb Ha CyMMY JABYX onpeieluTelne:

4 X ... x X a x ... x . 0

X d3 ... X X X @ ... X 0
Dp=|+««»e vl el

X X ...y X X X ... Qp_y 0

X X ... x x X X ... X @a;—x

B nepsoM onpefenuTene nocaenHyii cTonfenl BHUTEM H3 OCTAaAbHBIX, a BTO-
poit oupelenTeNb PA3NOKHM NO MOCAENHEMY CTOAGLY:

Dy=x(a—x)(a;—x) ... (@1 —x)F (@, —x) Dy_;.

9T0 W ecTb PeKyppeHTHOe COOTHOouweHue. BcraBisa B Hero aHajaoruyHoe
spipaxenue aaa Dp_,, Hafuem:
Dy=x(a;—x)(a,—x) ... (@p_1—x)+

+x (a1 —x) (a8 —x) ... (@p_3— %) (@ — %)+ Dy (@n_1 — X) (@ — x)

Tlosropaa TO xe paccyxaenne rn-—1 pas u 3ameuas, 410 Dy =g, =x -}
-+ (a; — x), noay9aum:
Dp=x(a;—x) (@3 —x)...(8g1 — %)+ X (@, — X).. . (@p_2—%) (@p—2X) + ...

e Fx@—x) ... (@—x)F (@ —x)(@ag—x) ... (ap—x)=

=x(a—x)(@;—x) ... (@, —X) (i—l—-—l—— + .. —I———l———),

X ay—x ap—Xx

YTO COBNALAET C Pe3yAbTaTOM OpHMEpa 2.
I[Ipumep 6. BHuHCAHTL onpelennTeab NOpAAka n:

5300...00
2 530...00
Dp=1{0 2 5 3...0 0}l

+ 8 4 9 e« s e % e

0000O0...25
Pasnaras no nepBOH CTpoxe, HaliZieM pPeKyPpPEHTHOE COOTHOIIEHHE
Dn == 5Dn_1 ——6Dn_2.

Ypasuenue x? —5x~}6=0 uMmeer xopuu a=2, f=23.

Mo ¢opuyne (4) D= Ca" 4 C,p" =3¢+1 2+,

4, MeToZ mpejlcTaBieHHA ONPENENHTENAS BBHAL CYMMH
onpeneauTened. Hexotopue onpeleantenn Jerko BHUHCAAIOTCA HyTeM
PasNONKEHHT HX B CyMMY onpeleautenell TOro ie nopaika OTHOCHTENLHO CTPOK
(anu cTOAOLOB).
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lNpuMep 7. Buuncauts onpelenutens

a+b, art+b ... a+b,
D,= ay+b a;+by ... azt by

a,+b apt+b; ... ay+ b,

JTOT OompeneanTenb OTHOCHTEALHO NMEpPBOH CTPOKHM pasfaraeTcs Ha IBa ompe-
JeauTens, KawAWH M3 HHX OTHOCHTENBHO BTODOH CTPOKH CHOBa pasjaraercs
Ha 1Ba omnpeleautens d 1. A. Joiaa 1o mocaeaHedf crpoxu, moayauM 27 ompe-
ReauTeneH. : .

Ecau mpH KaxIOM Das3joxkeHHH 3a IepBble claraeMble NPHHUMAThb YHCIA 4,
a 3a BTOPHE YMCAA b;, TO CTPOKH MOAYUYEHHHIX ompeaeantenaeit 6yayr au6o BHIa
a, a; ..., a; n6o Buaa by, by, ..., b, IlBe CTPOKH MepBOro THMa NPONOPLHO-
Ha/lbHH, a BTOporo Tuma pasuu. Ilpy n > 2 B kaxaui noayamsmuiica onpene-
JAuTeas NOMajaeT, Mo KpaiHed Mmepe, 1Be CTPOKH OJHOrO THNA, H OH OGpaTHTCA
B Hyab. Utak, D, =0 npu n > 2.

Jlanee,

by by
a; G,

a a

Dy=a,4+b, D; = b b
1 Oz

= (8 — a) (by — by).

5. MeTon ¥3MeHeUHADNEMEHTOB ONpenenuTead. ITOT MeTOR
NpHMEeHseTCd B TeX CAyyasX, KOrja myTeM H3MEHCHHA BCeX SJEMEeHTOB ompene-
JAUTENd HAa OJHO W TO e YHCJAO OH NMPHBOJHUTCA K TAKOMY BHIY, B KOTOPOM JErKO
COCUMTATh anreGpaHueckHe JONOJHEHHA BCeX 9aeMeHTOB. MeToa ocHOBaH na cie-
IyolleM CBOHCTBE: e€Clu KO BCeM sjeMeHTaM onpefeanTeis D npu6aButh onHo
H TO Xe YHCIO X, TO ONpele]HTe]b YBEAHYUTCA HAa NPOM3BEJEHHE YUCAa X Ha
cyMMy aiare6paHueckMx NONMOJHEHHH BCex aAeMeHTOB omperennteas D. B camom
zene, mycTb

Q11 evs Bpp a;
D=| +«+ee..ly D=|-.
Ant o.. Qpp Ayt X ... A+ X

+x ... anptx

LRI TR e s e 1y

PaanoxuM D’ Ha nBa ompelennTend OTHOCHTEJAbHO NEPBOH CTPOKH, KamAbid
H3 HHX Ha 1Ba OMpPENEJHTENd OTHOCHTENbHO BTOPOH CTPOKM H T. 1.

Caaraemnle, colepxaline 6oJee OZHOH CTPOKH 3JEMEHTOB, DaBHHIX X, PABHH
Hyao.
Y Cnaraembie, cojaepxallHe ORXHY CTPOKY 9JEMEHTOB, PaBHHX X, DPa3lOKHM

n
no sto#t crpoke. Torna noayunm: D' =D 4 x Z A, uto u TpeGoBanoCh.
i, j-l

TakuM o6pasoM, BbiuucieHde onpeneauteds D’ CBOAMTCA K BHYMCACHHIO
onpenenuteass D 4 CyMMH ero anre6paHueckux IOTOMHEHHIL,

Npumep 8. BuuucauM onpeneaureas D, mpumepa 2.

BuunTas H3 BCeX €ro SieMEHTOB YHMCIO X, MOJYUMM ONpeleHTEelb

a —x o ... O
D= 0 a;—~—XxX ... 0
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Anre6pauqecme IONOJHEHUA 9JEeMeHTOB D, He .rle)xaumx Ha rJaBHOH Jua-
roHajny, paBHBl HYJIO, @ KaXAOro B3JEMECHTA Ha riaBHOH AnaroHalu -— NpoH3Be=
HAEHHIO OCTaJbHHX 3JeMEHTOB INIABHOH IHaroHatu. l']oaTomy

Dp=(a1—%) ... @n—X)+x Z (81— ). . (aj_1—%) (@ 41—%). . . (B—X)=

i=

=x(a;—x)(ay—x) ... (@ —x) (%

an—‘x)

BEuncanTb crelyiolike ONPENeNHTENH NPHBeJEHHEM K TPEyrOJbHOMY
Buay 1):

279. 1 2 3 n
—1 0 3 n
—1 -2 0 nl-

280. 2 3. n—2 n—1 n
2 3 4 n—1 n n
3 4 5 n n ni
non n... n n n

281. lx; ap a3 ... ay,

282, 1 1 1 1
dl .« dl 1"—b1 al
a2 ) a2—b2 a2 a2 .
a,—b, . a, a, a,
283. 13 2 2 ... 2 284, | aq, a, Gy ... @,
2 3 2 - X X 0 ... 0
2 2 3 2 1. 0 —x X ... 0]
2 2 2...3 0 0 0 ... x

) Berony, rae. no BuAy onpeneauTeNs HeAb3s Y3HAThb €ro MOPSAOK, IPERs
IoJaaraercsd, 4To HOPAAOK PAaBEH 1.



'985—204]  § 5. BBIUMCJEHUE OMPELEJUTEJNEM n-TO MOPSIIRA 37

286%, | a; ‘@, a3... a,
— X X 0 ... 0
0 —Xy X3 ... 0
0 0 0 ... x,
286, BoluucauTh OnNpeleaHTENb MOPAIKA 7, 3JEMEHTHL KOTOPOro 3a-
DaHbl yCAOBHAMH @;; == min (i, j). »
287. Bruucauts onpelenurtenb NOPSAKa 1, 3JAEMEHTH KOTODOro 3a=
JaHBl YCTOBHAMH a;;==max ({, D
288%, BuiuHcauTb OmpelenuTenb MOPAIAKA 7, J/EMEHTH KOTOPOTro 3a-
MaHbl YCAOBHAMH a;;==|i— j|.
BoluucauTh caenyole ONpeleqUTEH METOIOM BBIIe/NCHHS JHHEHHBIX
MHOXHTENIEH:

289. |1 2 3 ...
I x+1 3 ...
1 2 x 41 n |-
1 2 3 x4 1
290, |1 i 1 1
1 2—x 1 ... i )
1 1 3—x ... 1 .
1 1 1 ntl—x
201, |ay, @ ay ... a, 292, | —x a b ¢
a, x a a, a —x c b
a, a; X ... a,] b c —x a |’
: : ¢ b a —x
a a ay ... X
293. | 1 1 2 3
1, 2—x? 2 3
|2 3 1 5 |
2 3 1 9—x2

204%, |14 x 1 1 i
1 1—x 1 1
1 1 14z 1 [
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Brluvcauth caenymouiue OnpeiesMTENH METOAOM PEeKYPPEHTHHIX COOT~
HOILIEHUH}:

295%, [ a\b, ab, ab; ... ab,
aby apy ahy ... ab,
aby  asby azby ... agd,
albn a2bn a3bn a,,b,,
296%, a, a, ay ... G,
—h X 0 0
0 — Y X 0
0 0 0 Xp
297. 10 1 1 . 208.]1 0 O O ...0 1
1 a 0 ... 0 t ¢ 0 0 ...0 0
1 0 a ... 0 11 a4 0...0 0}
s 1 0 1 a4 ...0 O
1 0 0 L T © e e e e
tr 0 0 0 ...1 gq,
209. |2 1 0 ... 0 300. |3 2 0...0
2 1 0 1 3 2 0
01 2 0 01t 3 0
00 0... 2] 0 0 0...3
30, {7 5 0...0 802. (56 6 0 0 0...0 O
2 7 5 ...0 4 5 2 0 0...00
02 7. .0l 013 2 0...00
_______ 0013 2...0 0},
000 7 ...........
0 00 0O 3 2
0 00 00O 1 3
303. |1 2 0 0 0...0 O
343 00...00
025653 0...00
00 25 3...0 Of-
0 00 00O 5 3
00 0 0O 2 5
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304, ja+p of 0 0 ... 0
1 a+p o O ... O
0 1 o+p af ... O |-
0 0 0 0 ... a4p
BHYHCIHTL OmpeneNHTeNH METONOM NPEICTABIEHHS HX B BHAE CyMMH
onpeenurenel:

305%, | x+a, a, a ... a,
a, x4+ ag a; ... G,
a, a, x+az ... a,
a, a, a ... X+a,
306%, | x;, a, ... a, 307¢, /0 1 1 1 ... 1 1
a, X3 ... @5 | x;, ¢ 0 0 .0 0
: Xy X9 @y O 0 0
a Gy ... X
1 2 n X3 x3 X3 Q3 ... 0 0
Xp X, X Xp oo. X G,

308, | x, ab, ab; ... ab,
ahy x5 ahy ... ap,
aabl a3b2 X3 e a3b,, .
ab, azby axby ... x,

Buuyncnuth onpeienutenu 1)

309, |1t 2 3 ... n—1

1 3 3... n—1

1 2 5... n—1

1 2 3...2n—3 n
1 2 3... n—1 2n—1

1) Beiony, rne HeACHO, 9eMy paBeH NOPSJAOK ONpeleadTend, OH Mpeinona-
aETCA PABHHM 7. '
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40

2 n—1

2

oo A,

SO O A

[ -]

X
0

© = R

AR o

0 0 0 0.

Roo

X

y 0 0 0...

1--n ...

b b
b b

a b ...
b a

818.

a

b b ... b

0
0

2 0 0...

1
1

3 2 0...

0 0 0 O0.,..

3

313.

314,

316.

317.

319.



320325}
320,

821.

322,

323.

324,

325.

§ 5. BBIUUCNAEHUE ONPEAERJUTENEN 2-T'O NMOPSAIAKA

1 b, 0 0o ... O 0
—1 1—¢ b, 0 ... 0 0
0 —1 1—b by... O 0
0 0 0 0 —1 1—4,
x a ay ... a,; 1
a X G a,_; 1
a, a; X ... a,; 1
a, ay a; x 1
a ay az ... a,,’ 1
a —I1 0 0 0 0

i 2 3. n—1 n
—1 x 0. 0 0
0 —1 x... O 0] .
0 0 0. X 0
0 00 —1
n —1 0 0...0 0

--------

2 0 0 0...x —1
1 0 0 0...0 X
1 x x2 x3 x?
a, 1 x  x? xnl
Gy Gy 1 X x7=2 e

41



326.

327,

328.

329,

330,

331.

OTAEJ 1. ONIPEAEJIUTEIIN
1 ¢ ¢ o...crtoch
1 Cly ¢, ...ech o
1 Chz Caz oc. 00

1 ¢ ¢ ... 0 o0
1 ¢} 0 ... 0 0
8 q G .. Gy 4,

01 1, 1 1
1 0 x...x x
1 x O X X
1 x x 0 x
1 x x...x O
1 1 1
1 2 22 28
1 3 32 3

..............

1 n41 (a4+1D2 ... (n+1D"
a" (@—1)" ...(a—n)"

a1 (@a—1D"1 .. (@a—n)""

..........

1

a a—1 a—n
1 1 1
1 1
x+1 x4+ 1 oo x,+1
22+ x x4x, ... x+x
%34 %2 x$4+x2 ... B4 ad

b g
(x +a)" («"f"i’al)”“l P
(x+8)"  (x+8)"" ... x+ag

....................

(x+all-l-l)" (x+an+1)"—1 e x+an“

(326331



332—338]
332,

333.

334,

335.

§ 5. BBIUHCJIEHHE ONPENEJMUTENER 7-TO TIOPAIKA

1 sing, sin?g, ... sin®"! q

1 sing, sin@, ... sin® 1@y |
1 sing, sin?g, ... sin®"lg,

1 cosg, cos’g, ... cos" ! q,

1 cosg, cos?q, ... cos" 1|
1 cosg, coslq, cos® 1q,
1@ (x) @(x) Py (X1
L@ (%) @(%) ... Py (X0) ,
1 P, (xn) q)2(x,,) eve Ppog (xn)

TIe @p (X) = XF - ap "l i 24 L Gy
1 1 1
fi1(cos @p) f1(cos o) f1(cos@,)

fa(cos @) fa(cosqy) falcosg,) |

-------------------

fa-1(cos@y)  fo_y(cos@q) ... fr_i(cosq,)

Tae [ (X) == apox* 4 apx* I apoxP i L -Gy

336.

Tae Ch=
337.

338.

1 ¢, ¢ o...cy!
1 ¢, ¢ ...cit "
1 € Ci ...CI"
X(x—D(x—2).,..(x—k+41)
k1 '
2n— 1) @n—2)" n" @n)*
@r—1D"" @r—2)" ! ... a1 @n)*!
2n—1 2n — 2 n 2n
1 1 1 1
X, Xy Xp
x,—1  x,—1 x,—1
Xy X9 Xn
x} x3 x%
.x?._l. . ;cg'-l. BRE
n




44 OTAEJ 1. ONPEAENUTENN [3390—347

339. |1 2 3 ... n
1 23 3 ... nd
1 22,;_1' '32',,-.1 DY

340, | of o' 'ey a7 ... 8]
a3 as” b, al™%s .., bt

n n-1 n—2;2 n
Ant1 Gn1ne1 Gniibni1 o0 Bnyg
341, |sin*~lq, sin""2qgcosa; ... cos”"lq,
sin*~la, sin®"2a,cosa, ... cos” la,

. - . -2 -—
sin"~la, sin""?a,cosa, ... cos""la,

342,
fa (xl, Y1) VS (%0 ) see y{’—lfl(xl’ ) ¥t
(xz. ¥2) Yof w1 (X0 99) ceo o YU (% ¥2) y; ,

f (x +1° yn+l) y +1fn-—1(xn+1' n+1) n+lfl(xn+1’ n+l) )’,,+1
rie f;(x, y) — OAHOPOAHBIH MHOTOQY/IEH OT X, Yy cTenenu I.
2 -1
343%, |a, x, xj ... x7
21

2 n-—
a, x, X; ...x]

« e s s s s . . .

)

2 n—-1
a X Xy ooe Xy

n n
3%, |1 x, xF ... X072 xf 345. |1 x2 X3 ... x7
2 n—-2 n 2 3 n
1l x, x5 ... %} 3| 1 x5 x5 ... xf ,
2 n-2 n 2 3 n
lox, x5 ... x8—% X7 Voxi x) ... x)
346. | 1 x,  x? L..oxfmlox$Hl Ll xp

2 s=1 s+1 n
Uox, x5 ... x3 Xt oo X3

2 s—-1 s+1 n
1 X, X, ... X x5 ceeoxn

347¢. |1 x (x,— 1) x? (% — n ... x]=1 (% — 1)
Loxy(x,— 1) &L, — 1) oo w1 (x, — 1)

L T T S S . . . .

1 x"(x"-l) xf‘(x"-—l) x;"—l(xn—l)



348—357]
348%,

349%,

350%,

352,

354.

355.

356.

357.

§ 5. BH(IUNCJEHHUE ONMPEJEJUTEJEN #-TO MOPANKA

I4x, 14x2 ... 14xp
14+x, 1+4x2 ... 14x?
I4x, 1442 ... l4-x"
1 cosg, cos2q ... cos(n—1)q
1 cos@, cos2q, ... cos(n—1)qy |
1 cosg, cos2@, ... cos(n— 1),
sin @, sin2¢, ... sin ag, 351%,
sin ¢, sin 2¢, ... sin ng,
sing, sin2¢, ... sinng,
a b c d e f g h 353*, | x
b a d c f e h g a,
c d a b g h e f a
d ¢ b a h g f e _1
e f & h a b ¢ 4l a,
f e B g b a d ¢
g h e f c d a b
h g f e d ¢ b a
a,—b a—b ... a;—b,
ag'_bl a2‘_b2 a2‘—'b”
a,—b a,—by ... a,—8b,
14+x9 14x9 ... 14+x9,
L4290 14xy, . 1+ x5y,
1+xny1 1+xny2 1+xnyn
fi(a) filed ... fi(an)
f2(a1) fz(az) . f2 (@n)
fn(al) fn(a2) fn(an)
14a,+8, ‘11'+ by a+0b,
ay+b, 1—|—a2—|—b2 . ay—+b,
an+b1 an+b2 N 1+an+bn

o oo oo

R B T ST Y

a; ..

as ..

8 R p o a n

|

45

rie f;(x)— MHOroueH cre-

NI€EHX HEe BHE

n—2.



OTHEN 1, ONIPEAEJMUTEU [358—364

358%, 10 I+xy; o0 14+ x9,
1+ X9, Xo¥2  ee. 14Xy, |
1+x,,y1 1+x,,y2 XnYn
369%, | a,—b,+x a,—b, ... a,—b,
az—bl az—'bg“*_x QQ—bn
a,—b 8,—by .. a,—b,+x
360. | x;+ah, ab, ... ab,
agb, X2+ agh, axh,
anbl aan Xn + anbn
361%, |a 0 ... 0 &
0 a...b5 0
. . .+ | (nOpAnOK onpeneauTeNs paseH 2n).
0 b a 0
b 0 0 a
362, |aq, 0 ... 0 b,
0 a, b, O
0 oy 0221 0
by, O 0 ay,
363 12 1 o6 o ...0 o
X X
12 L 0.0 0
o 1 2 L ..o of
0 0 0 0 1 2
364, |1 1 0 0...0 O
1 1 0...0 O
01 1 1...0 0
0 0 0O 11




' 865—371]  § 5. BHYUCJEHHE ONPEAEJNMUTENER A-TO MOPSIAKA 47

365%, Parom PuGonayyn!) HaswBaeTCs YMCAOBOH pal, KOTOPHH Ha-
quHaercs uMcaaMH 1, 2 H B KOTOpOM Kawiaoe clelyiollee YUCJIO PABHO
cymMe IByX mpeAWIyiuux, T.e. pax 1, 2, 3, 5, 8, 13, 21, ...

Hokasars, 4r0 n-# ujnen pana PuHOOHaY4dH pPaBeH ONpeNETHTENIO

fi-ro mopsauka: 1 100... 00
—1 1 10... 00
0 —1 1 1 ... 0 o0f
0 000 ... —11

Buiyucaurs onpeaennTenu;

366.1]9 5 0 0...0 O 367. |0 1 0 O0... 0 O
4 9 5 0. 00 1 01 0 0 0
0 4 9 5. 00 01 0 0 0.
0 0 0O 4 9 0 0 0 O 1 0
368. 0 1 0 0 ... 00
—1 01 0 00
0 —1 0 1 00
0 00 0 —1 0
369*. |« 1 0 O . 0 0
1 a1 0. 00
01 al...00 ’
0 0 0 0. 1 a
370. a 1 00 0 0
—1 a 1 0 0 0
0 —1 a 1 0 0
0 0 0 0 . —1 a
371%, JlokasaTb paBEHCTBO:
cosa 1 0 0... 0 0
1 2cosa 1 0... 0 0
0 1 2¢cosa 1 ... 0 0 = COS Q..
0 0 0 0 ... 1 2cosa

1) Fibonacci — utanpanckuit Maremaruk XIII Beka.



48 OTHEJ 1. OTIPENEJIMTENIH [372—377

[Toab3ysich 9THM pe3yabTATOM H pe3yabTaToM 3anaud 369, noayuuts
BbIpaXceHHEe COS N0 4epe3 cOsdq.
372. HokasaTh paBeHCTBO:

2cosa 1 0 0...0 0
1 2cosa 1 0...0 0
sinna
sine 0 1 2cosa 1 ... O 0 ,
0 0 0 0 ... 1 2cosa

rie ompejeanTeah HMeeT mopsiok n— 1. Iloab3ysce 9THM paBeHCTBOM
M pesyibTaToM 3afaud 369, npeNcTaBHTb Sinzo B BHIe TNpPOM3BeleHHs
sin@ Ha MHOTOYJEH OT COS Q.

373*, JlokasaTb DaBeHCTBO, He BBLIYHC/AA CAMUX OnpelesuTench:

a b, 0 0 ... 0 O a be O 0 ...00
¢ a b, 0 ... 0 0 1 ay, b, O .00
0 C2 a3 ba e 0 0 = 0 l a3 0303 o 0 0 N
0 0 0 0 ... coly ag| |0 0 0 0 ...1 a
Buluucauth onpejenuTenu:
374, | 14 x? x 0 0 ... 0 0
X 1+ x? x 0 ...0 0
0 x 14+x2 x ... 0 0
0 0 0 0 x 14x2
375. |1 2 3 n—1 n
2 3 n 1
3 4 1 2
n 1 2 n—2 n—1

376*. ¢ adx  at2x...a4n—2)x at(n—1)x
at+(n—1)x a a+x...a-Hn—=3)x a-Hn—2)x
a-{(n—2)x a-(n—)x a ...a+Hn—4xatHn—-3)x

a+x a2x a+3x...a+Hn—1x a
377. 1 x  x% ... xf-2 yxn-l

xr—1 I x ... xp=38 xn-2

xn=2 xn-l 1, xn—d xn-3 |,

X x2 x3 ... xr1 1



378—381) § 5. BBIUNCJEHHE ONPEAEJUTEJIEA #-I'0 TIOPAOKA

49

878, He Buiuncass onpenenurteself, yCcTaHOBHTb, KAK cBaSAHM MeK LY
cofolt 1Ba LMpKyJNAHTA:

a a, az ... a,_; a, a; a;, a, a,, a,
G, Q) Qg +o. Qu_g Gy a, a; a a, a,
ap_1 8, 4 « Q3 Gp_9 " a; a; ag a, ay |’
Qq as a4 “ o a, al a, 4, Q@ . aﬂ—? a,,_l

TIOCTPOEHHEIE W3 OLHMX M TeX Ke uucen a4y, @y, ..., @, NPUMEHEHHEM
KPYTOBHIX MEPECTaHOBOK B JIBYX NDOTHBOMOJIONHBLIX HAIPaBIeHHAX.

Boiuncith OMPEAE/IUTENU:

ENH I
) B )]
D) ey

s (7)== i |

Lo e e
) 08) 03 - 5T
() () () e

ANHEGIRE
6B e
RHNONGINES}




[352—386

))).)1

(((.(n

— — —




387—390] § 5. BBIUMCJIEHHUE ONPENEJIMTEJIEM n-T'O TIOPSIKA

387%, |, o s .

5 6 10 alrdl)

4 10 20 .o erdetd
388 |1 0 0 0 o 1

1 (i) 0 0 0 x

1(?) (g) 0 ... 0 X

t(7) (3) (5) e 0 @

t(5) (2) (5) o (a24) =

389%,

10 0 0 0 1
11! 0 0 0 e X
12 21 0 0 ..o x?
13 3.2 . 31 0 x3
14 4.3 4.3.2 41 x!
l- n 'n(.n-.-—‘l). n.(n'—; l} (r.t—.Q.) 'n(.n'—-.l).(n--'Q).(r;—.é) ;c’;

1(}) 0 0 0 J:
1 (f) (g) 0 0 x
B G E)e
t (1) (2) (5) - (2h) =




52

391%,

395.

396.

397,

398.

OTIEJ 1. ONPEINEJWUTENH [391—398

0 x x ... x 392, |a x x X

y 0 x ... x y a x ... x

y vy 0 ... x| y v a X

y yy...0 y vy a
a X X ... X 394. |0 1 1 1 1
y a x X 1 a x x . X
y oy a X Iy a x . X
........ 1 y y a3 . X
y vy ¥ a, e e e

Ly vy vy a,

a+p op 0 0 0 0

2 a+p ap 0 0 0

0 1 a+p of 0 0

0 0 0 0 a+p op

0 0 0 0 1 a-tp
a1 a 0 0 0 0

1 a—+1 a 0 0 0

0 1 a+1 a 0 0

0 0 0 0 Il a+1
nla, (n—NDla;, (n—2la, ... a,
—n X 0 ... 0

0 —(n—1 x 0

0 0 0 X
cosec @ 1 0 0... 0

1 2 cosec o 1 0 ... 0

0 1 2coseca 1 ... 0

....................

0 0 0 0 ... 2coseca



-399—406)
399%,

400.

401,

402,

§ 5. BBIUMICNEHUE ONMPELEJUTENEN n-TO NOPAAKA 53

aP —x
aptt—x

x 1 0 0 0 0
n—1 X 2 0...0 0
0 n-—2 x 3 ... 0 0
0 0 n—3 x 0 0
0 0 0 0 ... 1 x

artl— x

gpintl —

agr+ra=1)__ » grinin-L+1__ o |

Lapir-l_ x
. ap+n-1__

. aﬂ+n’—1 —_x

404*,

405%,

1 —x a a? a1
a at—x a3 a®
a? a3 at—x ... ant!
.an-l ;zn. t;n;l ‘_ ‘;Qn‘QQ',_' x.
g 1 1 1...1 408. [¢o O b b ... 0
1 ¢ 0 0...0 a ¢ 0 0...0
1 0 a O (UL a 0 ¢y 0...0 [~
1 0 0 0...aqa, a 0 0 0...c¢,1
1 —b —_b —b —b
1 na —2 —3b...—(n—1)b

2 2 2
(xl ‘11) a: a?
2 2
at (xz—a2) a; '
2 2 2
a a4 . (xn - an)

(x—a)f a,a, aa; . a8,
@, (xg— a9 Qya3 s,
asa, Q304 (¥3—al? ... asa,
a,a, a,a, a,a; ... (x,—a,)?



407%,

408.

409%,

411%,

412,

413,

OTAEN 1. ONPEJENUTENH

1 — b, by 0 0... 0
—1 1—b, by 0 ... 0
0 —1 1-—=b8; b,... O
0 0 0 0 ...1-—=5,
a; a4, n
1 0 a4 n
. by 0, 2l
1 2 3 4. n 410%, |1
1 1 2 3...n—1 x
1 1 2...n—2 X
1 *x x x 1 X
agx" 4 x"1 a,x"? ... a,1x a,
ayx b, o ... 0 0
aix?  ax by ... 0 0
aox"'l alxn-2 a2xn—3._. bn'_l 0
apx® a4 x"l axtt? L. a,_x b,
x+1 X X 00X
x x+2 X ... X
X X x+3... x
X X X ..XxXx4n
x+1 x X .. X
X x4+2 X .. X
X X x+4... x
X X X .. x—2"

- N

{407—413

n—1
.n—=2|



414—419]
414,

415,

416*,

417%,

418+,

419*,

§ 5. METOAB BLIYHCJIEHWUSA ONPENEJHUTEJEN a-I'O NMOPAAKA

x+1

x,

X

x 41
x
x

X

1

X X
S4a  x

+3

x x—{—-l—

3

X X

X X
x4+a x ...

X x-+a?...

X X ...

1

(a,+b)~" (a,+b,,)-1
(an+b1>“ (an+bz)“

x .
x’—{—‘ a;'
A +by)7!
: (an+bn>“

X —a X —ay; ' ox—ay
1 1 1

Xp— a, — 4y Y xp—a, |

1 1 1

1 3‘ ‘g“ Y 7

1 1 1 )

2 3 4 "nF1

11 1 1

3 4 5 ‘n¥2

11 1 1

n n+l1 nd2 """ 2n—1

ay+ a, a, 0 0... 0 0
al a1+a2 Qg 0 e 0 0
0 as a2+a3 as ... 0 0
0 0 0 0 ...a,; 4,1+ a,

55»



56 OTAEJ 1. OTIPEAEJUTEIN [420—427

420%, [ToayuuTb 3aKOH COCTABJEHMA pPA3BEPHYTOr'0 BBHIPAK EHUA AAS
KOHTHHY&HTHl n-ro nopsixal):

a 1 0 0... 0 O
—1  a, 1 0... 0 0
(@ay....a5)={ 0 —1 a 1... 0 0 [
0 0 0 0...—1 a,
“T. e. BHPAaXeHHd B BHUJE MHOroYlieHa OT 4&,, 4y ..., &, Hanucars

B Pa3BEepHYTOM BHJE KOHTHHyaHTH 4-ro, 5-ro u 6-ro mopsuxa.

§ 6. MunopH, aareGpauyecKkue JOMOJHEHHA H Teopema Jlanaaca

421, CkoJbKO MHHODOB R-TO MOPALKA CONEPIKHUT ONpPELENUTENH TO-
panka n?

422, Ilokasath, 4TO NpU ONPeAe/eHUNM 3HAKA anreGpauvueckoro Ao-
NOJIHEHUA MOXHO MO/NL30BATHCS CYMMOH HOMEPOB CTPOK M CTOAGLOB He
JAHHOTO MHHOPA, a4 JOMOJHHTENRbHOrO K HeMmy. MIHuIMH ciaoBaMH, ecan
M — nanup#t muHop, M’ — nonoaHurensHpit MuHOp, A — anreGpauve-
ckoe pononHenue muHopa M, A’ — anre6pamueckoe noNONHEHHE MH=-
Hopa M’', T0 u3 A==eM’, rae e= 11, creayer A’ =¢eM.

423, Ilokasatb, 4TO pasnoxenue Jlannaca omnperenutens Nopfaika n
no mo6GeM R crpokaM (CTOA0UAM) COBHajaeT C ero pasioxeHUeM MO
-OCTa/IbHBIM 1 — R CTpOKaM (cTOrGuam).

424%, IToka3atb, uTO NPaBUIO 3HAKOB, CBA3bIBAWILee anareGpaude-
CKOe IOmoaHeHHe A ¢ 1OMoJHMTensHBIM MUHOpOM M’ muxopa M, MoxHO
¢opMynMpoBaTh TaK: MyCTb Gy, Oy ..., Oy — HOMEpa CTPOK, B;, By ...,
B, — HOMepa cTonbu0B MuHOpa M B onpezenutene D nopszka n, 3anucaHHHe
B MOpsALKe BO3pacraHud, a

Qpypr Cpygr cnvs O M Beyyy Beya -0 Ba

COOTBETCTBEHHO HOMepa CTPOK U CTOAOLOB AOMOAHHTENLHOrO MuHopa M’,
TaK¥e 3aMMcaHHble B MOpsaake Bo3pacTauusa; torsa A =M’, ecau noa-
Ay Agr o0y Qp

Bio Bor -y Ba
HedeTHa.

Monbaysacy TeopeMo#t Jlannaca, BLIYMCAUTL ONMpPENENHTENH:

CTAHOBKaA ( ) yeTHa, U A =—M', €C/IH 3Ta NMOACTAHOBKaA

425. |5 1 2 7] 426, |1 1 3 4| 427.|/0 5 2 O
300 2 2 0 0 8 8 3 5 4
1 3 4 5/ 3 00 2} 7 2 4 1}
2 0 0 3 4 4 75 0 410

1) HasBanne «kOHTHHYaHTa» O6BACHAETCA CBA3bIO C HEMPEpPHBHBIMH APOGAMH,
KOTOpas yCTaHABJAMBaeTCs B 3ajate 539.
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§ 6. MUHOPHI, AJITEBPAHMYECKHUE JOIIOJTHEHHA

428—438]
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439.

442,

443.

444,

— o - O O % 8

O O O e e e =m O
Ky

OO:a

0
0
9n, 1

an
1

ay

o
-3

OTHEJ I. OTIPENEJHUTEJH
b ¢ 440, |0 a b ¢
00 a 1 0 0
y 0 ¥ 0 1 0]
0 2 ¢’ 0 0 1
1 0 0
3 0 O
1 1 1
Xy X3 X,
x: x? X2
ay a3 ay,on-2
axn oy a2 9n-2
0 a3 a3, 20n-2
0 Aop-2,3 +++ Gon-2, 2n-2
Qon-1,2 G2n-1,3 < G2p-1,22-2
QAan, 2 Q2,3 Q9n, 212
1 a; 1 a,
0 1 0 1
X1 O X3 Gon
0 X 0 X,
x3 ay x5 A3,
0 x2 0 x2
xt-t g, x2°1 ... a,
0 xp-1 0 . xn-l

441,

—

4y, 2n-1

a9, 2n~1
0

0
a2n—1, 2n~1
Q9n, 2n-1

O;,k.\-,o:‘o.—-

n-1
*n
0

© O 8w

[439--446

X X

(=2~ I

ay, 22
0

0
0
0

Con, 20

TMomaysce Teopemo#t Jlanmnaca, BHIYHCAHTDL C/IEIYIOLIHE ONpPEACTHTENH,
ZpeABAapHTENbHO NPeo6pa3oBas HX:

445%.

2 -1 3 4 -5
4 —2 7 8 —7
—6 4 —9 —2 3]
3 —2 4 1 =2

—2 6 b5 4 3

446, 5 -5 -3 4 2
—4 4 3 6 3
3 —1 5 —9 —51.
—7 7 6 8 4
5 -3 2 —1 —2



- 441—453)

* § 6. MUHOPHI, AJITEBPAMUECKME JOMOJIHEHMS
447, | 2 1 2.3 2 448, 2 -3 5 -2 1
3 —2 7 5 —1 3 2 5 —4 -3
3 —1 =5 —3 —21{. -2 3 -4 2 -3
5 —-6 4 2 —4 6 4 7 —8 —1
2 -3 3 1 -2 2 —1 7 1 5
449, 5 9—2-—-4 5 450, 3 4 —3 —1
’ 2 -3 4-—-3 3 —5 6 5 2 3
-5 -7 2 4 -2 4 —9 -3 7 -5
4 -5 8 —6 8 —1 —4 1 1 —2
6 -5 3 -3 7 —3 7 2 3
46510, |14+ x X X X x l +x
x 1 4 x X X 1 4+ x X
X X 1 4+ x 1+ x’ X X
X X 14+2x 14x X X
X 14 2x X X 14 x X
14+2x x X X X 1 4-x
4621, [a, ay 8 ney Gy O O 0 b,
8 ap a4, 0 0 0 by n-1 Do
an 0 : 0 0 bnl bn? bn, n-1 brm
& Ly s Cypey CGa OO 0 bia
€y O €yn-1 O ‘ 0 0 by n-1 Doy
tm 0 . 0 0 bnl‘ bay - b, n-1 brm
453. 1 1 1 x a ay—1..a,_,—1 a,—1
1 1 . X 1 a—1 a ..a,.,—1 a,—1
x 1 1 1 o—-la—1..a,,—1 a,
a—x 4 ...a a —a, —a —a, x—a
G, Gy—X...Qy Gy —a8y —0ay X—Qy —a,
a, a, ... 4, G,—x X—a, -4, —a, —a,

1) Ilopsanok onpeieanrean pased 2n.




60 OTAEJ 1. OMPEIEJNUTENU [454—458

454, B onpegenutene D yeTHOro mopsafka n==2R BEHIEJHM ueThipe
muHopa M;, My, M; M, nopanka k, xak mMOKa3aHO HA cxeMe:

M, M,
a1 . Q1p a1, k41 -0 Qin
Apt ... Qpp Aps k+1 oo Qi
Apat, 1 vor Qptt, kb |CQk+1, R41 «o0 CRtlyn
Any «. Qng %, k41 +++ Qnan
M, M,

Buipasutb onpegseautens D uepes muHopw M;, M,, M, M, B cne-
AYIOWMX ABYX C/Iy4asx:

a) ecau Bce saeMeHTH M, uan M, paBHbl HymIo;

6) ecan Bce saeMmenthl M; wau M, paBHbl HymTI0.

455, Tlycts B onpenenurene D mopsaka n ==kl BuieneHsl | MHHO-
pOB mopsnka R, pacnoNoXeHHble BAOMbL BTOPOH nuaroHamd, T. e. M,
JeKHUT B MEPBbLIX R CTPOKAX H MoCJAefHHX k croabuax, M, B ciaenyio-
uMx R CTpOKax M mpenbiiywiux & cronbuax u T. A., Hakoweuw, M; —
B TOCJAEIHHX R CTPOKAX H NepBLHX R croabuax.

Buipasurs D uepes M|, My, ..., M;, ecan Bce anementht D, nexa-
ye MO OAHY CTOPOHY OT YKa3aHHOH LENOYKM MHHOPOB, PaBHBI HYJII0.

456. Tlyctb B onpenennrene D mopsiaka rn BblaenaeHH £ CTPOK M I
cTonbuoB, npuyeM [ <k M Bce 9JeMeHTH BblledeHHnlx [ crtoa6uos,
He JexallHe B BbILEJECHHBIX R CTpOKax, paBHH Hymo. [lokasath, 4TO
B pasaoxeHuu Jlanmaca onpeneantenas D no BblIe/eHHHIM B CTpOKaM
HYXHO OpaTb TOJNbKO Te MHHODHl MOpAIKa K, KOTOpHE COxepkaT Bbl-
IeneHHble [ CTONGLOB; yTBep:#kAeHHe, TMONYYeHHOE MepeMeHOH pPOoJH CTPOK
# cTOAOLOB, TaKxe BEpHO.

457. Tlombsysce TeopeMo#t Jlanmaca, pemwnrb 3agauy 206.

458. Ilokasats, 4TO

an 0 a4y O ..., O
0 b4, 0 by ...0 b,
Q9 0 (720 0o . Qop 0

0 by O by ...0 by,

8y @ ... G, by by «v. by,

- R L . I

Qp Qpg o.. Qg buy bpg oo by
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459*, Bouncantb OnpejennTeNib nopanika k-l

3 20 0 00 0 0
3 2 0 00 0 0

0 1 3 2 000 0 k ctpox.

0 1 3 0

0 0 2 0

0 0 0 0 2 5 3 0 I crpox.

0 00 0 0 2 5 3

00 00 00 2 5

460. Hanucatb paanoxeHHe KOHTHHYAHTHl (CPaBHHTb C 3ajaveft 420)
nopsika z
o 1 0 0... 0O

—~1 4 1 0... 00
(al, 02, Ry an)= 0 ——l 03 l e O 0

0 O 0 0... =1 a,
no nepsuiM R crpokaM. Kakoe cBoficTBo umcen duboHauuu (3amaya 365)

nosy4aeTcs OTCIOAA NpH n=2k?
461. He packpbiBas cko60k, 10Ka3aTb, YTO PABEHCTBO

(ab’ — a'b) (cd’ — ¢'d) — (ac’ — a’c) (bd’ — b’d) -+
+(ad’ — a’d) (be’ — b'c)=0

crpaBeiauBO NpH MoGLIX sHauewusx a, b, ¢, d, a’, b', ¢’, d'.
462*%, B matpuue

(au vee Qg
Qpp ++. Qg
cosepxameft n cTpok H 2n cron6uos, Gepem moGofl mutop M nopszika n,
coxepxaiuui, no kpaHHet Mepe, TONOBHHY CTOJAGLOB JeBOH MONOBHHH
MaTpHUBL.

Tycts ¢ — cymMma HOMepOB cTONGLUOB MHHOpa M u nycts M’ — munop
TopsAlKa 7, COCTABAEHHLIf H3 OCTaJbHLIX CTONOUOB MAaTpHuH. JlOka3aTe,

uro Z(—1)° MM’ ==0, rae cymma Geperca no BceM MHHOpaM M yxasaH-
HOTO THMaA. :

A, pg1 - 01,2n)

an, a4l e an, 2n



62 OTAEN 1. ONPEAEJIUTENU [463—465

463*, IlokasaTh, uYTO TPH ONpeleHTENs

ax, bxy ax, bx, ax; bx;
agxy boxy @gXy Dyxy Ggx3  Dyxs
ay; by, ay, by, ay; by
ag¥y  bo¥i agyy by, agys  byys

a2, bz, az, bz, azy bz,

a2y bozy a2y by2y, ayzy byz,

o b Xy Xy X3

1 1 —_—
d=| © | M A=|y ¥ ¥
2 21 2y 23

CBA3aHbl PaBeHCTBOM D == §3A21),
464*, Tlycp

f(x)=ao+ a1x + ayx* + a3x® + a,x?,
& (%)= by + byx + box? + b33 4 byx4,
h(X) = o+ ¢1x + cox? + c3%3 -+ ¢ xt

(x—a)(x—PB)(x—V)=x3+4 px2 4+-qgx—+r.

IMokasaTtb, 4TO:
a, a; a, a3 a4

f@ @ fw P oa a?| |by b b, by by
g@ g@) gW|={1 B B -{co ¢ ¢cg ¢35 ¢4

k@ k@) h~®© L vy ¥l |r ¢ p 1O
0 r ¢q p 1
465, T'osopar, uTo onpelenuTennb
Qy ... Qg Xy .. Xpp
g +eo Ay Xpg 0o Xpp

D=
Vg oo Ve 0 ..o 0
Vo1 «oo Ve O ... O
nonyueH OKalMJ/eHHeM NDH IOMOWIM R CTPOK ¥ R CTONOUOB H3 onpene-
autens
ay .. 8,

A=

Qpy v+ Qpp
1) O6o6wenne storo ceofictBa AaHo B 3anade 540,




466—467] § 7. YMHO)XEHUE OITPEAEJIUTEJIER 63

[oxasars, yronpu 2 >n D=0, a nipu k< n D sasaserca dopmoti
(T. €. ONHOPOJHEIM MHOIOY/JEHOM) CTENeHH B — R OTHOCHTE/NbHO 3JeMeH-
TOB @,;; onpenenurens A U GOpMOR cTemenH 2k OTHOCHTENLHO OKAUMIISIO-
{WHX 9/EMEHTOB Xyj, V;; KO3(hbHUHEHTaMH KOTOPOH cayxar anrebpau-
yeCKHe AONOJHEHHA MAHOPOB R-r0 MOpsika B onpelenntete A. A uMeuHo,
ROKa3aTh, uro D ==(—1)* EA[liz._.ikjlj2“_ ,kX,112 ,_,,ijljz e I THE
Aijy o tydydy .o J, €CTb aNTeOpaHuecKOe LOTIONHEHME MUHOpA oOmpese-

autenst A, crosutero B cTpoKax ¢ HOMepaMd I, iy ..., I, H B croabuax
€ HOMEpaMH Jfi, jo, ...» Jpo @ Xil¢2,,, i, M YJ‘j2 vv. Jp — MHHODLL Onpe-

Ieautensi [), cocTaBieHHble W3 OKAHMASIOWIMX 9JIEMEHTOB H JexKaluue
B CTPOKaX (COOTBETCTBEHHO CTONOLAX) C YKa3aHHLIMM HOMepamH. Il1pH sTOM
cyMMa GepeTcd TMo BCeM KOMOMHAUMAM MHIEKCOB, W3MEHMIOWIMXCH OT edu-
HUULL A0 7 npH ycaoBHH, 4TO §| <ig< ... <lp J1<Jo< oo < Jpo

466%, Tokasats cnepyiomee 06061eHHe TeopeMsl Jlanaca: eCaH CTPOKH
onpejeauTteas n-ro nopsika D paséut na p cucTeM Ge3 OOLIMX CTpOK,
fpHYeM B NIEPBYIO CHCTEMY BXOAAT CTPOKH C HoMepamH ay < 0ty < .+ . . < Oy,
BO BTOPYIO — CTPOKH C HOMEPAMH Qg < Opro< ... < Up,; H T. L,
HaKOHel|, B OC/EIHION ~CTPOKH € HOMEPAMH O, _ 1 < Uy g0l oo o Uy
€CAM 3aTeM B MaTpuue nNepBOH CHCTeMbl CTPOK B3aTb MHHOp M, mo-
paska k, J7examui B cronbuax c¢ Homepamn B, <Py ... < B
BO BTOpO# Marputie muHop M, nopaixa [, aewaumu#t B croabuax c Ho-
mepaMi By < Bpio< ... <PBpyp OTIHYHBIMH OT HOMEPOB CTOA6UOB M,
M T. I, HaKOHelu, B moclelHedt MaTpuue-— muHop M, nopaika s,

JiexKauni B OCTABILMXCA CTONOLAX C HOMePaMH B, 1 <Bpogra<l. o <Bas

M ecin 3aTeM cocTaBuM npoussenenue eMM, ... M, rtae e=—+1,
eC/IH MOJICTaHOBKa
' al a2 * e a
( ) M
B, By --- B,
4eTHasi, ¥ £==— 1, ecaM 3Ta NMOICTAHOBKA HeyeTHasi, TO ONpenenuTe b D

paBeH CyMMe BCEBO3MOXHHIX mNpousBeieHHft Takoro Buia. To, 4To 3TO
yTBepkienne oboOwaer teopemy Jlanaaca, creayer u3 samaunm 424.

§ 7. YMnuoxenne onpepeaurene

467. IlepeMHOXHUTbL ONpeleaUTeH

1 2 3 2 —3 1
3 4 2 |l —4 3
4 5 4 1 -5 2

BCeMH 4YETLIpbMS BO3MOXKHBEIMH crniocobamu (T. €. YMHOXafd CTPOKH HJH
CTOAOLbI nepBoro onpeineauTesida Ha CTPOKH HJAH cTONOUb BTOpOl‘O) H



64 OTHEJ 1. ONIPEAEJIUTENH [468—473

npoaepurb, YTO BO BCeX CayuyasxX 3HauyeHUe NOJY4YE€HHOr O onpeneanTens
PaBHO NPOM3BENEHHIO 3HAUEHUH IAHHBIX ONpeleaHTened.
468, BriudcauTp onpeneadTenb

—d c —b a
nyTeM BO3BHILIEHHS €ro B KBajipar.
469. BriunciuTh onpepeauTens

a b c d e f g h
—b a d —c f —e —h
—c —d a g h —e —f
—d ¢ ~—b a h —g —e
—e —f —g& —h a b c d

—f e —h g b a —d ¢
—g h e —f —c¢ d a —b
—h —g f e —d —c b a
nyTeM BO3BLILIEHWS €ro B KBaapar.

BoluBc/auTh CAeAyIOLUME ONMpefe/auTeH, MPeiCcTaBa1as HX B BUAE Npo-
naBeleHuit onpenenuteneh:

470%, | 14+xy, 14xw, ... 14Xy,
1+ x93 1+x2y2 1+x2y,.

1 + X a1 1+ xny2 e 1 + xnyn
471. cos(a;—pB;) cos(m~—pPy) ... cos(a,—B,)
cos ((12 —_— ﬂ,) cos (a2 ﬂz) . cos(a;—B,) |

cos(a ﬂ,) cos (a — ﬁ2) . cos(a, —B,)

472, 1 cos (a; — ay) €OS (al —ag) ... cos{o —a,)
cos (a; — ag) 1 cos (0 — A3) ... COS (O — @)
cos (a0, — a3) cos(ay — ay) 1 ...cos5(ag—ay) |°
€08 (@ — ) COS (U — ;) COS(@z—0p) ... 1

473. sin2q, sin(a; +ay) ... sin(a;+a,)
sin (ay o) sin2a, ... sm(a2+a,,)

sin(@, +a,) sin(a, +ay) ... sin 2a,,
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474. | 1—af6}] 1—afby 1—afth
1—ay8, 1—ab; °°° 1—ab,
l—alt} 1—ajby 1~ alb?
l—agb‘ l*agbg e 1—a2bn *

1—alt? 1—alp] 1—alph
o T—ay0,

1—aub, 1—a,b,

475. | (a4 59" (@y+b)" ... (ap+b,)"
(al +b0)" (‘11 +bl)n v (‘11 +bn)n

(a,l + bo)" (a + b;) (a + b,.)"
476$. ln-l 2n—1 nn-—l

2;1—1 3n—1 (ﬂ+ l)n—

(n +—1)"' ...( n——l)"'l

477. | s5 8§ S eee Suy
S Sy S3 .. 8,

— xk ) ]

W ree s, =x¥4xi+ ... +x7.

Sp~1 Sa Sps1 ee+ Sop-g .
478%, |5, §; Sy ee. Syy 1
$, S S3 ... S5 X

rie s, =x*4x¥4 ... 4 x*,
Sy 83 84 +.. Spyy X2 k 1 +x+ +x;

n
Sn Snt1 Sn42 v ev Sop-r X
479%, Jlokasartb, YTO 3HAaYeHHE LMPKYJAHTA ONpene/ifeTcs PABEHCTBOM
a ay a3... a,
8, @ Gg... 8,

Qney Gy Gy en. Guog |=TEIS(ED oov [ (&),

a, ay a;... a

rre f(x)=a,+‘ax+ax?+ ... +a,x"! ue, &, ..., g, —BCe
3HAYEHNA KOPHA N-H. CTENeHH W3 eAMHHIUEL,



OTHEJ I. ONPEIEJUTEH [480—485
480, oxasarb, uTo npu 0003HAYeHHAX Npelbiayllel 3amaun

a @, a3... a

Gy 83 G4... & (n=1)(n—2)

@ a4, a5 ... ay |=D P fE)fE) ... f(E)

a, a4 Gy ... 08, ,

481%, BruucauTth onpenennTeb

1 a o ar—l
an—1 1 a ...qn2
a"=2 qr-l 1 a3

o az ol 1

482, Ilonbayach pesyabTaToM 3azaud 479, BBYMCANTL OTpeLe/UTENb

a b...b
b a...b
b b...a
483, Ilonbayach pesynbrarToM 3aadn 479, BLYACAHTL ONpelenuTE/bL
a b ¢ d
d a b ¢
¢ d a b
b ¢ d a

BoluucauTh onpegenurenu:
841 1 ¢, Gt
1 1 Cp...Ci% ¢yt

Z-—l 1 1 ... C:-s ,1:—2 .
c, C:c¢d... 1 1
485, 1 2a 3a? ... na®-1
na*-1 1 2¢ ... (n—1)an-2

2a 3a® 4ad ... 1
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486%, Jlokasatb paBEHCTBO

§—4a, §—Qg ... Ss—a, al Qg ... 4G,
S —-a,, S—al e S——a,,_l =(_1)ﬂ—1 (n___ 1) all al v all—l ,
S‘——a2 S‘—a3..- S—al a2 a3 e al

rae s=a;,+a,+ ... +a,

Briuucauth onpenenuten:

(pr c101'16u05) (n — p cToa6u0OB)
487*%, | —1 —1 —1 ,.. —I1 1 1...1 1
I —1 —1 ... —1 —1 1...1 1
—1 -1 -1 ... 1 1 1 ...1 —1
(p cT0oa610B) (n— p c10a610B)
488*, | a a b b...b b
16 a a a b ...b0 b
b b a a a...b b
a a a...b b b... b a
489, cos — cos 2 cos 3z e —1
n n -
—1 cos —  cos 2 cos (.n—l)n
n n n
cos 2 1 cos = cos (n—2n
n n
2n In 4n T
€OS ~— - €OS —— COS—— ... cOs —
. n n n n
490%, | cos® cos280 cos30 ... cos nf
cosn® cosO cos20 ... cos(n—1)9
, cos 20 cos30 cos40 ... cos 0
491, sina sin(a - k) sin{a—+2h). . .sinla+(n—1)A]

sin[a+(n—1) A] sina sin(a +h)...sin[e+(n—-2)A]|

s'in.(a-—+—' h). s'in‘(a.—+—'2h‘) s‘in (a—{—Sh) .. . ‘si.n a



68 OTLEJ 1. ONIPEAEJUTEAN 1492—497
492%, 12 22 32 n?
n? 12 22 .., (n—1)?

(n—0D2 n2 12,,. (n—2)2 .
22 . :.32.4.2. . .12.

493*, BuhuucadTb KOCOH LMPKYMSHT (41u

KOCOLMKJIWUECKHH onpele-

JIUTENDb)

a, [223 25} “ e a,
—a, a; Qy ... G,y
—Qp, —Q, G ... G, |*
—ay, —a3 —ay ... @
494, a, a, a3 ... a,
a,z a Gy ... Gy,
AnoiZ GnZ G ... Gu_p | TAE z — mo6oe uuCao,
2 Q32 442 ... a

495%, Jlokasarb, UTO LUMPKyJAAHT NMOpPAAKA 2n € nepBO#i CTPOKOH H3
SJIEMEHTOB &, Gy, ..., Aoy, Ay, PaBeH NPOHUIBEHEHHIO LHUPKYAAHTA MO-
psika n C TNepBOH CTPOKOH M3 3MEMEHTOB ) 4G,y Q9+ Qp g, -+
a,+a;, M KOCOTO UMPKYJIAHTAa MOpPAIKA 1 C NepPBOH CTPOKOH H3 3Je-
MEHTOB G, — a1, 89— Qp o, -

496%, [lepeMHo:xaf 1Ba ONpelreaHTens

o Ap— Qg

Xy Xg X3 X4 N Y2 V3 V4
Xg — X — X X3 Yo —¥ —W V3
X3 Xy — X X . V3 Yo —9 —¥|
Xy — X3 Xy — X Vg — Y3 Yo — M

JIOKAa3aTh TOXAECTBO Oinepa:
(F+ SB+SH)OiHyi+ v+ yh=
= (1Y) + Xo¥o~ X393+ X4 ¥0)2 + (X190 — X9 — X3¥s + X492’ +
(%13 X9¥4 — X39; — X499)° - (X194 — Xo¥s + X399 — X,9))%

Kakoe CBOHCTBO LeMBIX UYUCEN OTCIONA BbITEKaeT?
497%, C noMolbl0 YMHOMEHWS OupeleluTe]efl A0Ka3aTh TOXIECTBO

@8+ b3+ c3—3abe) (a” ++b"° 4 ¢ —3a’b'c’) = A3+ B3C3—3ABC,

rie A=aa’'+bc'+cb', B=ac'+bb'+ca’, C=ab' 4 ba’+ cc’.
Kakoe CBOHCTBO Ue/ABIX uMCesN OTCIOA BHTEKaeT?



498—502] § 7. YMHOXXEHHE ONPEAEJIUTEJIEA 69
498%, Tlpn o6o3naueHMsX Npefbiaylied 3anaud AOKA34Tb TOMAECTBO
@+ b2+ c2—ab— ac—be) (@ + 0" ¢ —a'b —a'c’ — b'c’) —
=A?+4+ B*{ C?— AB— AC — BC.

499%, [lokasath caeldyiomee o0oOLieHHE TeopeMbl 00 YMHOKEHHH
onpegenuteseit. TlycTb laHbl 1Be MaTpHIbI

an Gy ... Qyp by by ... by,
a Qog «o. Qop b byy ... b

A— 21 2 on W B— 21 2 2n ?
Qi Qo -+ Qpy bt bpo oo by,

Kaxaas M3 m CTPOK H n CTOJOLOB.
KoMOunupys CTPOKH OZHOH MaTPHLBEI €O CTPOKAMH IpYyroH, mnoJaras
n

c,j=k21 ;b jr, COCTABUM OMpeie/MTesb M-FO MOPALKA

€11 Cpg ee. Cipy
D= 621 622 PR sz .
Cmt Cm2 v+ Coum
Jlanee 06Go3HauuM uepes Aiv lyeeny iy W Bil, i3, eee, i,y COOTBETCTBEHHO

MUHOpPHL m-TO mopaika marpuu A u B, cocrasneudbie U3 cTOAOGLOB 3TUX
MaTpul, ¢ HOMEpaMu iy, Iy, ..., i, B TOM e mopsaike. Torza

D= pY A;

bpyvey 0 Bi 1, d (D
Il <, <<l <n  UFTT Mol 2 m

npu m < n (bopmyna Buns — Koun), T. e. onpeneaurtens [ paBeH cymMe
Npou3BeeHH BCeX MHHOPOB MOPALKA M MAaTPHUUB A Ha COOTBETCTBYIOLIHE
Mutopst Marpuus B. Ilpu m >n

D=0, (2

6500%, Jlokasarh yTBepxieHHe (2) nperplayliielt 3andaud, MOAb3YACh
TeopeMoit 00 YMHOXEHUH OnpeleuTeneH.
501*®, He npousBoas yMHOWeHHS, N0Ka3aTh TOxIecTBO Koiu:

(@iey+-aty+ .. +a,c,) (bidy+bydy+ ... +b,d,)—
—(@dy+agdy+ .. F-a,dy) (0161 F-bycg+ .. F-bpc) =
= N (abp— apb) (c;dr— cxd) (n>1).

1Ci<kgn
502. He npoussons ymMHOMeHHS, 10KA3aTh TOXAECTBO Jlarpanwa:

n n n 2
Bl G o)—(Fen) - B enmeor

1<I<K<kLn



70 OTHEN 1. ONPEAEJIUTEIH [503—508

503%, Hoxazatb, UTO IJ4 JIOOHX INeHCTBUTENbHBIX UHCeN
Ay, Qg «ovy @y H by, by .00, b,
CNpaBeIHBO HEPABEHCTBO
(a?—-}—ag—-i— —+—ai)(b$ +-02+4... —f—bi)}(albl +ab,+...+ap )’

npuueM 3HAK DABEHCTBA HMMeeT MeCTO TOTAa M TOJbKO TOrla, KOraa
OllHA M3 IaHHBIX CHCTEM YHCea OTJHYAeTCHd OT APYrofi JNHIbL UYHC/AOBLIM
MHOXMTesneM (6T MOXeT paBHbM Hya0). (HepasenctBo Kowwn — Bynusa-
KOBCKOTO0.)

504*, Jlokasarb, 4TO A/A /MOOBIX KOMIJIEKCHBIX YHCEJ Gy, @9y « .., G,
n by, by, ..., b, UMeeT MeCTO PaBEeHCTBO

(2 aka_k><2 ka)"(z ak-gk)(Z a_kbk)::
k=1 k=1 k=1 k=1 o L
= D (ahp—ab)(ah,— agd)).

IKj<k<gn
505%, JlokasaTb, uTO IJs JIOOBIX LBYX CHCTeM KOMILJIEKCHBIX YHCen
ay,, ay, ..., @y U by, by, ..., b, cpaBelNTHBO HEPABEHCTBO

n 2

2 akEz

k=1

(Einnio)>

npHYeM 3HAK PaBEHCTBA MMEET MECTO TOTI4 H TOJbKO TOI1d, KOTla uHC/a
OJIHOR M3 ILaHHBIX CHCTEM OT/MYAITCA OT UHCea APYro# JHIb YHC/IOBHIM
MHOKHTEIEM.

B06*, Baaunnsim (WM BpUCOCOUHEHHBWM) Onpedesriumener K onpe-
zeauremo D nopsunka n >-1 HasbiBaeTcs onpeleaurtenas D', moJyueHHbil
u3 D 3ameHOR Bcex ero 3JeMEHTOB Ha MX aareGpauyeckue 1OTOJHEHUst
(C coxpaHeHHeM MpexHEero PacnoNOKeHH:).

JHoxkasartb, 4TO

D' =D"". (1)

507%, Ilycte M-— muHop nopsika m onpefenurens D, A — anre-
Gpanueckoe nononxeHne M, M’ — munop B3aummHoro onpenenutens DY,
COOTBETCTBYWOIMH MuHOPY M (T. €. cOCTaBleHHbIH M3 anre6panyecKux
JOnmonHeHHH 3ieMeHTOB onpeneautens D, sxoasmux B M). Tokasath
pasenctso M = D™ 'A.

Ecan ycnoBHTbCs LONMOJNHMTEBHBIH MHHOD KO BCeMy onpelennteno D
CUMTaTb PaBHBIM 1, TO 5TO paBeHcTBO OGyneT 0606ieHHEM DPABEHCTBA
npenbiaywel safaun (npu m=—n).

508%, Ilycte C — MHHOP (n— 2)-TO MOpAIKA, NOJYYEeHHHH U3 Onpe-
Zeaurens D BbluepkuBaudeMm i-B M j-f CTPok M R-ro u [-ro cToa6uOB,
npuuem i << j U k< I; qu, Kak o6buHO, — anrebpauueckoe NOMOJHEHHE

Alk All i
= (—1) HH*ipC,
A, Ay =

JIEMEHTA @ ). Jlokasarb, uTto
i



509—516] § 7. YMHOXXEHHUE OMNPEJAEJUTENEHR ’ 71

509%, [lokasarh, uTO ecaW onpefeautenb [ paBeH Hy.a1©, TO Bce
CTPOKH (@ Takwe CTOAOUB) B3aUMHOrO ONpeleNuTeNs NPONOPLUOHAILHEL

510%, Ilycts a;;— sxeMent onpepenutens D nopssxa n u A;/—-—
ajarebpandeckoe IOMONHEHHE COOTBETCTBYIOUIErO 3JIeMeHTa A,;; onpenenu-
Tens D, m3aamuoro ¢ D. Tlokasats, 4ro A”__D"" aj.

6511%, [lycre M — muuop nopsaka m onpegenutens D nopsska n,
M’ — coorsercraywoumit M muHop B3ammHoro onpeleautens D' u A'—
anrebpanyeckoe 10noAHeHHe MuHopa M. Ilokasats, uto A’ = D"~ ™M,
310 — 0600LIEHHe paBeHCTBAa NpenbiaylieR 3a1aud.

512%, 3Had MHHOpH BCeX 32JE€MEHTOB olpeleiauteas D, OTIHYHOIO
OT HYJd, HARTH €ro 3/IEMEHTHL.

513%, Ilyctb

Sp==xtbxi . xb (k=1, 2, 3, ...),
P=XXg 0. Xp.
Ilokaasars, 41O

n—1 s Sg .. 8, nooS S ... Sy
5 S S5 ... Spy § S S5 ... §,
— p?
S2 33 34 e S”+2 =p 52 53 54 e Sn-H .
Sn Sn+1 Sn+2 e S2n Sn_l Sn _Sll+l o S2n_2

514, Tlokasath, 4TO eCJaH

a”"_x 012 o's o al”
a oo — X ... a
Dw=| "® "R
Ay Qo oov Qpp— X

T0 npoussenedne D (x) . D (— x) MOXHO NpencTaBUTb B BHIE

Au‘_x2 Ap R Apn
Ay Apy—x2 ... Ay,
Anl A”2 LRI A,m~—x2

Tne Bce A;; He 3aBuCAT OoT x. HalTu Buipakenue A;; depes a,.
516%., C nomoliplo yMHOXeHUS oOfpejenuTeNed 1OKasaTb, YTO MpH
TIEPeCTaHOBKe JBYX CTPOK (MJH CTONOLOB) OHpeleuTe/]b MEHAET 3HAK.
516%, C nomoIbI0 YMHOMEHHA Onpelenute/eit IOKa3aTb, YTo Onpe-
IelHTeNb HE W3MeHAeTCs, eCiM K ORHOH ero cTpoke (cronbuy) npuda-
BUTb JPYTyI0 CTPOKY (CTonfel), YMHOMEHHYIO Ha 4dAcIO C.



72 OTAEJ 1. ONMPEAENUTEINH {517--522

517%, [lokasatb, 4TO ONpeNeHTeNb

1 COS(P; COS Py

COS @3 1 COS @y | paBeH HyJIO, eClH @ - Py~ P3=10.
COS QP COS @ 1

518%, Ilyctb I, ly, I3 U my, my, my;— KOCHHYCH YIJIOB ABYX Jyueft
C OPTOTOHAMLHHIMH OCSIMH KOODAHMHAT H @ —— YrOJN MeXAy ISTHMH JydamH.
Joxasatb, uro sin? ¢ = (Iymy— lm)? <+ (lomy — lymo)? 4 (Iymy — Lym3)>.

6519, Ilycts oy, By, Yis %o Bz Yoi @3 B3, Ya— yranl Tpex ayuet
L,, Ly, Ly c OPTOTOHAILHBLIMH OCSIMH KOOPIMHAT H “MyCThb YyTibl 3THX
nyuett mexny coboh 6yayt ¢y=/_ (Ly, Ly), @=L (L3, L), 9=/ (L1, Ly).
JokasaTb, utoO

cosa,; cosf; cosy |
COS0y COsP, cosyy | =
€cos®g COSf3 C€OSY3

=1 — cos? p; — cos? Py — cos? P; -+ 2 cOS P, COS P, COS P5.

520%, Ilycts (x1. ¥1). (X9, ¥9), (X3, ¥3) OYAYT NPAMOYrosHele
KoopauHatet Toyek M;, M,, M; ua nmockoctu, Ilokasars, uTO omnpe-
IeJIUTEND

X oy 1
Xy Y2 1
X3 ¥y 1

He M3MeHAeTCs INpH MNOBOPOTe oOceft KOODIMHAT H MNepeHoce Hauana.
[Monbaysach 3THM, BLIACHHTb €T0 TeOMETPHYECKHH CMBICI.

621%, Ilyctb (x1, ¥{) U (X9, ¥o) — NPAMOYrOJbHHE KOOPAHHATH ABYX
Touek M; m M, Ha maockocTH. BuiiCHHB reoMeTpHUYeCKHH CMbICH onpe-
X1

BeJUTes , Y3HaTb, 'MEHAETCA JH OH INPH TNOBOPOTE ocelt u

X2 Y2
[pU TEpPEeHOCE HAuala KOOPAWHAT?
522%, Briunciaue nmpoH3BeleHHE oOfNpelennTeneH

x5 9 R —x —n R
X9 Yo R}. — Xy =¥ R »
x3 y3 R —x3 —y; R

NOJMyuHTh BhIDAMeHHE PaiHyca ONHCAHHOTO KPyra uepes CTOPOHH &, b, ¢
M oAb S TPeyroJbHUKA,
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523%, Ilycte a;, @y, @33 Py, Po, B3 V1. Vo. V3— COOTBETCTBEHHO
KOCUHYCHl YI70B Tpex NONnapHo opToroHamsHex Jjayuet OA, OB, OC
¢ OcAMH mpaMoyronbHo#t cucreMn koopiunar Ox, Oy, Oz. Iloxasars,

a; G a3
yTo onpelrenHTeab | fB; Py B3 =+ 1, npHyeM 3Hak mawoc  Gyzer
Yi Y2 Vs

B cayyae OIMHAKOBOH opuenTauuu TpuszpoB OABC u Oxyz (310 03Ha-
yaeT BO3MOXHOCTb TNpPH BpaueHnu ¢urypsi OABC cosmectuts OA ¢ Ox,
OB ¢ Oy, OC ¢ Oz) u MMHYC— B c/Jy4ae NMPOTHBOMOJOWKHON OpHeH=
TauuM (370 O3HawaeT, u4TO npH cosMeimennn OA ¢ Ox u OB ¢ Oy
ayun OC u Oz OKaxyTcs NPOTHBONOJIOXKHO HANPABJIECHHBIMH).

524%, Hycte (X1, Y1, 21} (X3, Yoo 2y)s (X3, Y3, 23)— KOOpIMHATH
Tpex Touek M;, My, My npocrpaHcrBa. [ToKasaTh, 4YTO ONpene/HTEND

X1 N 2
X9 Yo 29
X3 Y3 23

He MeHseTCs NpPH TOBOPOTE CHCTEMH KOOpAMHAT (KOTOpas Npeinosa-
raerci NpPAMOYrONbHOM) H BHIACHHTL €ro FeOMETPUYECKHH CMBIC,

525%, Hatitu Boipaxenne obbeMa V' napanjenenunena depes IJIHHBI
a, b, ¢ ero peGep, NPOXONALMX 4Yepe3 OLHY BEpUIMHY H yIaH @, B, ¥,
of6pasyemele 3THMH peGpamu. (Yroa a obpasoBaH peGpamH LMHHH b u ¢
f ob6pasoBaH ¢ H a; Y ob6pasoBaH a u b.)

626%, Ilycts I, Iy, Iy my, m,y, mg 1y, Ny n3— COOTBETCTBEHHO
KocuHych yraop ayued OA, OB, OC ¢ TNONOXHTE/bHBIMH NOJIyOCAMH
npamoyroabHolt cucteMn koopaunat Ox, Oy, Oz,

JokaszaTe, 4YTO 1M KOMILIaHADHOCTH (T. €. [IJS  PACNOJNOKeHHS
B oxHOH naockoctH) ayueh OA, OB u OC HeOGXOAMMO H LOCTATOYHO

L L, L
BLITIOJIHEHHE YCAOBHA | m; my, my |=20.
n, n, ny

527%, IycTe (x;, y;, 2;)— NPAMOYroibHbHle KOOPIMHATH TOUKH M,
aipocrpanctea (i=1, 2, 3, 4). Ilokasas, uTo onpenemurennb

X on oz 1
Xy Yo 2z 1
X3 Y3 23 1
Xy Yy 24 1

He MEHAETCA MMPH NMEPEHOCE Havana KOOPAMHAT, BLISCHHTb €ro reoMeT-
pﬂquKHﬂ CMEICJT,
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528%, IlepeMHOXas Ompele/urenu

X1 n 2 R —X —y» —z R
X, Y2 23 R — Xy —Yy, —2; R
X3 ¥3 23 R Pl — Yy —2z3 R’
Xy ¥y 2 R —Xy —Y¥ —2z R

NMOAYUYHTL BEIpAXEHMe paxuyca INapa, OMUCAHHOTO OKOJNO NMPOU3BOJLHOTO
TeTpasipa, dYeped oO6beM u pe6Gpa Terpasipa. B uacrHocTd, HadTH W3
MOJYYEHHOrO0 BHIPAXKEHH paguyc I1apa, OMHCAHHOTO OKOJO NpaBH/b-
HOro TeTpasipa c ijauHOH# pebpa, paBHO# 4.

§ 8. Paaanunbie 3agauu

529%, Ilokasarh, YTO OmpejreauTenb MOPAAKA 7 KONMyCKaeT Clelylo-
Llee aKCHOMATHYECKOe ONpeleseHHe (9KBHBAJEHTHOE OOGBIYHOMY).

Jlo6y1o cTpoky M3 n uucen!l) OyneM HasbiBaTh BEKTOPDOM H 0003Ha-
4ath OnHOH GywkBOH xupHoro upugra. CrnokeHHe IBYX BEKTOPOB K
YMHOXEHHe BEKTOpa HA YHMCJO ONpefensiorcd, Kak OOHYHO, T. €. eCiH

a=(a, Gy ..., G,) 0 b=(by, by, ..., b,),

TO
a+b=(a+b. ay+by-.... a,+0by),
eC/IM ¢ — YACIO, TO c@==(Cay, €y ..., CQ,).
bynxkuua f(ay, ay ..., @,) OT n BEKTOPOB C UYHC/JOBLIMH 3Haye-

HHSIMH Ha3bIBAETCA JHHeHHOH MO KauAOMYy aprymeHty (MUJIM KOpOdYe MOAH-
NuHeRHOMH), ecan

fa, ..., ca;+c"aj, ..., a)=

=c'f@,.... a, ..., a)+c"f(a, ..., aj, ..., a) (o)
I1as MOObX BXOLAUIMX CIOAA BEKTOpPOB, m0OHx wdcea ¢, ¢” u moboro
i=1, 2,..., n. Jlanee nazoseM ¢yHkuHi0 o6nanawouieft CBORCTBOM

AHHYALUHH, eCId
f@,....,a,...,a;...,a,)=0 npu a;=ay; ®
i! j=l, 2,..., n, l'?éj.

Iycts e;(i=1, 2, ..., ) — BekTOp, Yy KOTOPOro Ha [-M MeCTe CTOHT
€JMHHIA, 4 HA BCeX OCTAaJbHBIX MeCTax Hyqau. PyHKUHA f (@), Qg ..., &)
Ha3bIBAeTCA HOPMHPOBaHHOH, ec/H

flen ey ... e)=1 )

!) BMecTo uncen MOXHO paccMaTpHBATh TaKKe 3/AeMeHTHl Jaw6oro mnoas P.
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IlycTs 1aHa KBanpaTHas MaTpuua NOPALKa n
all * a0 aln

A= . . .
@y ove Gy,

u | A| —ee onpenennteqb B OGLIYHOM CMBIC/e, T. €.
[A]= E (— 1y’ 811,821, -+ @n

rae cymmMa OeperTca NO BCeM MepecTaHOBKAM iy, Iy ..., {, uHcen
1, 2, ..., n B §—4UC/IO HHBepCHH B KaxIOoH nepecTaHOoBKe.

ITokasatb, 4TO ’

1) onpememmtess |A| kak ¢yskums crpok Matpuum A obaanaer
csoticteamu (), (B), (V);

 2) mobas GyHKuMs n BeKTOpOB, obnanawomias cBoHcTBaMu (o) H (B),
YAOBAETBOpPSeT PABEHCTBY f (@, o ..., @,)=|A|f(e|. €y ..., &,),
rie A-—— MaTpHUA CO CTPOKAMH @;, Qg ..., &,

3) mobas dyuxkuus f (@, @y ..., @,), objanalowas CBORCTBAMH
@), (B). (V). pasHa onpelreautemo |A] Matpuue A cO CTpOKaMu
@, Qy ..., @, ViHpMH cjoBamH, onpenenutens | A|[ marpHunl A ecTb
€JMHCTBEHHAsl TMOJMU/INHeHHasd, CO CBONCTBOM AHHY/ALUMH, HOPMHPOBAHHas
¢$YHKLHA ee CTPOK.

530%, Tlonb3ysice yTBepxJAeHHeM 2) mnpenblaylieft 3amaud, XOKasaTb
TeopeMy 00 yMHO:XeHHH omnpeleiuTeseft.

531, Tlokasate, uTo Anf QyHKUMH 7 BeKTOPOB Hal MoJeM Xapakre-
PUCTHKY, OTAWUHOA OT 2, cBOKCTBO (B) MpW Hainuuum cBolcTBa (01) SKBH-
BaJIEHTHO 3HaKONepeMeHHOCTH (YHKUHH, T. ..

fl.....an....a; ... a)=—f(@@, ....a; ....a; ..., a,) ¢

Ans M06BX BeKTOpOB M obeix 4, j=1, 2, ..., n, { = j. TlocTpouts

npuMep GYHKUMH 72 BeKTOPOB Hal noseM P XxapakrepuUcTuku 2, o6aa-

Iaole#t cposictamu (@), (B) 1 (Y), HO He oOaanaiolieit CBOHCTBOM (B).
532%, Boiuncaute onpenenutens

1 1 1 1 1

i [ g2 ed En—l

1 €2 et e ... gD on . . 9n
' NE rie e=c057——|—tsm—n—.

1 e g8 e ... e

. . - —- —- 2

i e 1 e?(n 1) g3 1) e 1)

533*, Kak uaMeHHMTCA ONpeleNuTeNb, €CAM B HeM BBIIEMUTh B CTPOK
(1M cTONBUOB) H M3 KAMIOA M3 HMX BbHIYECTb BCe OCTa/bHEIE BbIE/EH-
Hble CTPOKH?



76 OTHEJ 1. ONIPEAENUTENH [534—539
834. Onpenenutens

ap—+Xx ap+Xx ... G,+X
D— g+ X Gp—+4x ... Gy+x

an1+x an2+x ann+x

NPENCTABUTL B BHIE MHOTOUY/eHA, PACHOJOKEHHOTO MO CTENeHSM X.
536%. IlokasaTb, 4YTO cyMMa anre6pauyeckMx IHOTOJHEHHH Bcex 3Je-
MEHTOB Ofpele/nTeNs

a; G ... G
Qy Gy ... Qg
Qp Gpy oo Gup

paBHa OIpeLeIHTENO

1 1 . 1
Qo — 8y Gp—0ag +.. Q04
31— 4an Gp—01p +.. 3,04y

L S T T T T S S S Y

Ap—8n Qpa—8yp v+ 8pp— 8y

536%, Ilokasatb, 4TO cyMMa aareGpauyecKHX IHONOJHEHUHE BCeX e
MEHTOB ONpelennTeNst He H3MEHUTCS, €C/H KO BCeM 3JeMeHTaM NMPUGABHTL
OIHO U TO XKe YHCJO.

537*, Jloka3aTh, 4YTO €C/IH BCe 3JeMEHTH KaKOH-HHOYyIb CTPOKH
(ctonbua) onpeneauTens pPAaBHBI elUHHLE, TO CyMMa anarebpandecKux
JOMOMHEeHHA BCex 9JIeMEHTOB ONpeliejUTessi paBHA CAMOMY Omnpelelu-
Temo.

538. Jokasatb, YTO KOCOCHMMETPHUYeCKHR ompelrenuTeNb 4YeTHOro
nopsaka He H3MeHMTCS, €CAM KO BCeM ero 3/eMeHTaM IPUGABHTb OJLHO
M TO Ke 4HHUCJIO.

539%, YcraHOBHTb C/lelyOILYIO CBA3b KOHTHHYaHT (Pa3BepHyTOe Bhl-
paxceHHe KOHTHHYaHTH J1aHo B 3alaue 420)

a, 1 00 ... 0
—1 a 1 0 ... 0 0
(@@ ... a)={ 0 —1 g 1 ... 0 0



540—541]

C HempepbIBHBIMH ApofaAMu:

§ 8. PA3JIMYUHBIE 3AJAYU

7

1 1 (@a1ay ... ap)
N = (@a5 ... an)”
as; + ... 1
+—a—n
540%, IlycTh RaHBl ABa ONpeleaHTEds:
ay Oy A1
a Qe +.. G
A= "2 "=z ) popsz iy on
an Qpo Ann
n
by by b1,
B=|bn bn bap nopsika p.
bp O bop
CocTaBuM onpelennTedb MOPAAKA Np:
apby - aby aybys Aypbyy v ayby, oo by,
Agbiy .. @opbyy aybyy Agpbig «ov aybip e Ggbyy
anlbll annbll an1b12 e annbliz s alzlblp et annblp
D— apby + oo @by ayby v @by ol apby, oel @by,
anbg v Goabyy anby Aoaby o Agbyp .. anb3p
anlb21 e annbizl a/11b22 armbiz‘?. e anlep v ‘ananp
Amibpy o+ Gupbp Apibpy oo Bppbpy oo Apibpp o an,,bpp

Takum 00pa3oM, MATpULA OnpelenHTes [) cOCTOMT M3 p? KAETOK 1O 7
CTPOK M # CTOAOIOB B Kaxaot. fIpd sTOM KuieTka, crosiwas B i{-H Kie-

TOYHOH CTPOKe M j-M K/JeTOYHOM cToabue (aast mobux {, j=1, 2, ..

- P

HOJIy4aeTcs U3 MATPULL OMNpefeqnte/sn A yMHOMEHHEM BCeX ee 3JeMEHTOB.
ua b;;. Hokasats, 410 D == A”B". Onpenemutens D HasviaeTcs KpoHeke-
POBCKUM TpOH3BeAeHHEM ompelenutench A u B (cMm. 3azayn 963, 965).

541. Jlokasatb CJjellyolllee NPABHIO Pa3/OxeHHs OKaWMIeHHOro Om--
peleauTens: ecqaun

D=

an

ay

an

Qg .. Gy
Qoo «os Qo,
arzZ s Qpp
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n A;;— anre6panyeckoe AOMOTHEHHE SJEMEHTA 4;; TO

an Gy .- G %

8n Qg ... O3 Xy b Z
e e e e e | =D2 - )‘ Aijxiyj'
Gy Qpa oo Gun X, 1, j=1

VM Yo oo ¥, F4

542%, IlycTp saeMenTbl oOnpenenutens D #BASIOTCS MHOrOH/JeHAMH
OT HEH3BECTHBIX X, Xg .., X, C YHCJOBHIMH (HAH H3 NPOU3BONLHOrO
nons P) xoddduunerramn, npuveMm D ==0. Jlokazartb, uTO axrebpanue-
CKHE IOMOJIHEHHA 3JIeMeHTOB onpeleantens [ MOXHO NMpPeICTaBHTL B BUIE
Alj=AiBj, i, j=1, 2, ..., n, rie Bce A; u B_,--—Ml-lorormeﬂbl oT

Xy X +v.y X, Hatttu oM MuoOrounesel ans onpelenutens A:
0 a b
A=|—a 0 ¢,
—b —c¢ 0

rle 3a HeH3BeCTHble NMPHHATH &, b, c.

543%, Ilonb3yac, AByMS TPeAbIAYLIMMH 3aKavyaMH, AOKA3aTh, HTO
KOCOCHMMETpHUECKHH ONpeleNnTe b YeTHOTQ TOpPRIKA ABASETCS KBalpa-
TOM HEKOTOPOrO MHOTOY/IEHa OT ero 3/eMEHTOB, CTOMUIMX BhIlie T/1aB-
HOH JHaroHaJ.

544%, IlokasaTb, 4TO eC/aH B OOlIEM BbLIPAKEHHH KOCOCHMMETpHue-
CKOFO ONpefesuTeNs KaWIbIK 3aeMeHT a4y Tpu f > 3aMEeHHTb Yepe3
—@;;, TO COKpaTATCA BCE 4JEHH, NOLCTAHOBKH U3 WUHIEKCOB KOTOPHIX
NPH pasOoMeHHH HAa UMK 1aI0T XOTA OBl ONMH UMKA HeYeTHOH NJMHBL

545%, Ilyctb D — kococHMMeTpHuYecKu#f onpeleiuTe]b YeTHOTO NO-
pflKa n C 3aeMeHTaMu a=—ay(l, j=1, 2, ..., n). lIgaggossin
npou3gedernuem onpedesumeasn DD HasbiBaeTCA NPOU3BeNeHHE

Bazl, fza,'a, by oo a[ﬂ_,' L,

B KOTOPOM HHIEKCH 7 3/IEMEHTOB, B Hero BXOIZIIUX, OOpasywT nepe-
CTaHOBKY Iy, iy ..., i, uucea 1, 2, ..., m B=+ 1, ecau 3Ta nepe-
CTaHOBKA 4YeTHas, H &==-— 1, ecau HeuyerHad. [ldaddoBo mpousseneHne
Ha3blBAETCA npUBeJeHHbM, €CIH OHO COCTOMT TO/AbKO H3 9.eMEHTOB,
Nexawnx B D Buime raasHO# zHaroHanu (T. €. eCAM Y KAXKAOTO 3/e-
MEHTa HEPBLIA MHAEKC MeHbMIe BTOporo). Yaen onperenutens D nasosem
CYULECMBEHHOLM, €CITH HNOACTAHOBKA M3 ero HHIEKCOB MMeeT TOJbKO
UHKJB 4eTHOW anuHbi. ITapa npmuBeneHHbIX ndaddoBHX APOH3BELEHHHA
N,, N, (B nanHOM NoOpsIKe) Ha3bBaeTCA coomeemcmsyoueil NaHHOMY
CYIECTBERHOMY 4/eHY onpelenutenss [), ecam OHa MOCTpPOeHa MO 3ITOMY
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uneHy caenyioupM o6pasom. [lycTb noLCTaHOBKA M3 HHAEKCOB IAHHOTO
YleHa 3anHcaHa B UMKJIAX TakK:

(0,0, Op10p) BiBy -+ BgoiBg) o0 (WMo <. Mp_gig) (D)

‘npHyeM o, =1 W KawIHK LUHKJA, HauuHas cO BTOPOro, HAauMHAaETCA
C HaHMeHbILEro YHC/Aa W3 YMCes, He BOWIELUHX B NpelnAylHe UMKJBL.
CrpouM ndaddoBs npousBereHus

’
N1 :81001, a2aa3, a, oo aah_l, ahaﬁ], 32033, 54 e a,gg_l, Bg
v Ru, o 8ug,p, o Opp oy
H
Ny=
2—-—82002, aaaal, ag o aah, axaﬂz' ‘33034, By - aﬁgﬁl N

s G g g e Cuyopge

34aTeM KaXIAbit s/1eMeHT Q;j Tie i > J, 3aMenseM uepe3 —aj.
COOTBETCTBEHHO MEHSETCA 3HAK €, WIH £, HO MeHSleTCd M KJacc

TiePeCTAHOBKM, TaK 4YTO NPH KawIOW 3aMeHe Mbl CHOBa noJaydaeM ndad-

¢oBo npoussenende. Bemonnus B Ni u Nj Bce ykazaHHble 3aMeHBl, Mbl

n noayuum napy N;, N, npusenenHbix ndadoBuXx NPOU3BEIEHUHA, COOT-
BETCTBYIOILYIO HAHHOMY CylIeCTBeHHOMY uleny D.

Hoxkaaats, 4ro:

1) Jlio6as nmapa npuBeneHHhX Ndacd$oBLX NpoH3BeseHHH (Pa3AHUHBIX
HWAM OIMHAKOBLIX) COOTBETCTBYET OLHOMY H TOJBKO OLHOMY CYIIECTBEH-
HOMYy ulleHy 06liero pasnoxenns ompexenurens D. (B ofuem pasnoe-

Hiu D uneHbl, NONyYaIoMWHKecs OLMH U3 IPYroro 3aMEHaMu TUNA @, ;==—a ;,

CUHTAIOTCA Pa3nuyHbIMU.) VIHBIMH C7I0BaMH, YCTAaHOBJEHO B3aMMHO OJHO-
3HAYHOEe COOTBETCTBHE MeXLYy BCEMH CYLUECTBEHHBIMH YJeHAMH W BCEMH
napaMu npuBeleHHHX nN¢paddoBbX npousseneHult onpenenutens D.

2) Kawapi#t cymecTBeHHBI® ujien paBeH NPOW3BEAEHHIO NpPHUBEAEHHBIX
ndaddoBLIX NpousBeleHUH COOTBETCTBYlOUIEH eMy Naphl.

3) D= p?, rie p-—cyMMa Bcex NpHUBelAeHHBIX NdadPoBHX NPOU3-
BelleHudd, Ha3dniBaeMas ndaddoseiM arperatoM uau noadgdpuaHom onpe-
nenuteas D.

546%, JlokasaTb caelyloLlyl0 PeKyppeHTHyI0 ¢opMyay, ynoGHylo nas
BhIYHC/IeHHs1 NdaddoBa arperata,  ONpeleseHHOro B NMpenwlayuie#t 3anave.
Ecmm  p, —ndapedoB arperar . KOCOCHMMETPHUECKOTO  ONpelesiUTes
D,= ]a,jl YeTHOro mopsiika n > 2, a p;, — ndaddos arperar ompe-
npenurens Dy,, moayueHHoro us D, BulyepKuBaHHMeM n-# u i-# CTpOK,
a TaKxe COOTBETCTBYIOLUMX CTOAOHOB, rae i=1, 2, ..., n—1, 10

n-1

Pa= 2 (—1)" Pin8iny D=0y

i=1
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Tlokasatb, 4TO p,;, TNoOJyvaeTcs H3 p,_, yBeiHueHHeM Ha 1 Bcex
HHIEKCOB 9J1eMeHTOB, OOJbLIHX HJH PaBHEIX I

547, Tlonb3ysicb opMynoRt mpeabAyuied 3anayM, BHIYHCAMTL ndad-
¢uaHbl py, Py P

548. Ilonbaysacs d¢opmynoft 3agzauu 546, HalTH YHCAO caaraeMelx
ndaddosa arperata p, KOCOCHMMEeTPHUYeCKOro onpereautens D, uetHoro
NopsAzZKa n, T. €. 4YACJAO DA3JHUUYHHIX NpPHBeAeHHHX ndaddoBLx Npous-
BeleHHH onpeleautens D, (npou3BeleHHd, Pa3aHYalOWIMeCH JHLIb NMOPSA-
KOM COMHOXMHTeJleHl, pa3/IMYHBIMH He CUMTAIOTCH).

549%, Tlyctb D — KOCOCHMMETPUYECKHHA ONpeLeqHTeNb HEYETHOrO Mo-
panrka n ¢ snemedtamu a; (i, j=1, 2, ..., n), M;;— muHop 3ae-

MEuTa a;5 Py, p4q—Ndadpos arperar munopa M. Tlokasats, uto

My =py pi1Pjne (& J=1, 2, ..., n). Dlanee, noxasars, 4TO 3a
MHOTOuY/IeHH A, Bj sazaun 542 (nNpu YCNOBHH, 4YTO HEeH3BECTHHIMHU
Xy, «..r X, CUMTAIOTCH 37AeMEHTH DD, cTOAWMe BHINE T/aBHOR nuaro-
HAJIM) MOXHO NpPHHATDH A,=(—1)"1p,,,,+1, Bj_—:(——l)j_lpj,,,ﬂ.
0 a b
IlpoBeputh, uTO A4AS oOnpereauTens |—a 0 c¢| oTuM myTeM
o —=b —c 0

NOJy4aeTcss TOT Ke Pe3yAbTaT, 4TO U B 3alade 542 (ec/AM yuecCTb, 4TO
B sanaue 542 A, u B; onperneneHsl ¢ TOYHOCTbIO 10 M3MEHEHMs 3HaKa

Y BCEX 3THX MHOI‘O‘L’XBHOB).

550%, IJlokasatb, 4TO onpelenute/b OOwEro BUia, PaccMaTpUBaeMbiit
K4K MHOTOWIEH OT CBOUX 3/EMEHTOB, TPHUHATHIX 32 HeH3BECTHLIE, He pas-
JlaraeTcsd Ha 1Ba MHOXHTeJS, KawIbll M3 KOTOPHX eCTb MHOTOYJEH OT
TEX Xe€ HEH3BeCTHbIX CTeNeHH, OTIHYHOH OT Hyada. HHbIMH choBam,
ONpeje/uTe/b ABJASAETCA HENpPUBOLHMBIM MHOIOUYJIEHOM OT CBOUX BJIeMeH-
TOB M TNPUTOM HaJ MOOLIM MOJEM.

551%, Ilycts D == |a;;| — onpeneanteas nopsnka n> 1, k—nioboe

n\ _ ~k__ n! .
u3 uucer 1, 2, ..., n, (k)_C,,-— IR 0603HaYUM uepe3 s,

S0 «u ey s(,,) BCEBO3MOXHHE COYeTaHHs M3 n uucea 1, 2, ..., n no k,
k

33HYMEeDOBAaHHbIE B MPOM3BOJIbHOM, HO B IajibHelureM HeU3MEHHOM TO-
panxe (1Js oupele/eHHOCTH YHC/Ia B KAXIOM COYETAHHH MOXHO CYMTaTb
Pacno/oKeHHbIMH B MOPAlLKe BO3PACTaHHA, XOTH Lif JaJbHeHIIero sTo
He CyUIeCTBEHHO); M,;— MHHOp Kk-ro mopsiika onpeneauteas D, cros-
HA HA nepeceyeHHH CTPOK C HOMEPAMM M3 COYETaHMA S; U CTONOLOB

C HOMEpaMH u3 covefauus s;, {, j=1, 2, ..., (Z). a;; — anre6pan-

4Yeckoe NOMONHeHHe MHHOpa W;; B D. OnpenennteneM MHHOPOB K-ro
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n
nopsAIKa onpelrenauTend D nasoseMm onpeiseauTe/Ib nopaika (k)' HMEK~

uA BUI
M Pz ee ”1(:)

A, = Py Pog e ”2(:)

K/n Bon soe Brnyin

() ()2 (G
oyl n

Beenem ewe onpeneantens A, mopsuka (k)’ noayvaowutica u3 A,

3aMeHOH KaXIOTO MHHOPA [i;; ero anreGpaHyeckuM AOMOMHeHHeM d,; B D.

Hoxkasatb, 4TO:

1) sHauenus onpenenutenei A, u A, He MEHSIOTCA NPH U3MEHEHHH
HYMeDAaUMH COYeTaHHH, T. e. IPH MePecTaHOBKE COYETAHHA B MOC/AENO=-
BATEJbHOCTH Sl' 82, R S(n);

B

2) A,=A4,_,. 310 — 06o6uienne yTBepHICHHS 321auH 242;

G G o5 _ )

3) AkAkzD k ; 4) AkzD k-1 H 5) Ak=D k .

55?*. Boiyucaute onpenemurens P,= |p;;|. B KotopoMm p,; =1,
ecam i pemdt j, u p;;=0, ecan i He nemut j. HallTu snauenne ompe-
nenurens Q.= |q,|, B KOTOpOM ¢,; paBHO uHCay OOWUX AenuTeseit
uncen I ¥ j.

653%. Pyuryueli Jidaepa HazviBaeTcad GYHKUMK @ (1), paBHAA YHCIAY
uhcen paza 1, 2, ..., n, B3auMHO mpocThix ¢ 7. [loab3yach mpenbiny-
mekt 3anaveit u reopemo#t I'aycca o ToM, uTO n=2cp(d), rie cymma
Oepercsi 1o BceM jpenutensaM d uyucna n (Bkawdas 1 u camo #), moka-
3aTh, YTO ompenenutens nopaika n Dj;= |d;;|, rae d;;— nauGonbunt
obuiuft zeqnteab uucea { H j, pasen @(1)@(2) ... @(a).



OTLEJ II
CUCTEMBI JUHEHAHBIX YPABHEHUNH

§ 9. CucTeMn ypaBHenuit, pemaemue no npasuay Kpamepa

Chnenywolpe cucteMbl ypaBHeHHH pellHTh no npasuiay Kpamepa:
664, 2x,+ 2x5— x4+ x,=4, B85, 2x, 4 x5+ llxy3+ 5x,=2,

4x,+ 3x— x3+2x,=6,
8x, 4 5xy—3x3+4x, =12,
x4 3xy—2x54-2x,=6.
2%+ S5xq+4x3+ x,=20,
X+ 3%+ 2x51 xy=11,
2x,4-10xy—+ 9x44-7x, == 40,
3x,+ 8xy—+ 9x342x,=137.
x4 9%, + 4x34+2x,—2 =0,
2%y —2x9+ x5+ x,—6=0,
5x, 4 6x9+ 3x54+2x,—3 =0,
2%, 4+ 3%+ x5+ x,=0.
2x — y—6z-+4 3¢+ 1=0,
Tx—4y—+ 22— 15t 4-32=0,
x—2y—4z+4+ 99— 5=0,
x— y+42z— 64 8=0.
2% — y—+3z=9,
3x—5y+ z=-—4,
4x —T7y+ z=05.

556.

558.

560,

562.

x,+ X9+ Sx3+2x,=1,
2x,4 X9+ 3x34-2x,=—3,
x4+ x4+ 3x3+ 4x,=—3.

657, 3x4+4xs+ x3+2x,-+3 =0,

3x,+5x0+3x3+5x,+4+6 =0,
6x,48x-+ x34-5x,+8=0,
3x,+4-5x54-3x3+7x,48 = 0.

669, 6x -+ 5y—22 4 4t 4=0,
9x — y+4z — t—13==9,
3x+4y+22 —2¢t— 1=0,
3x —9y42¢—11=0.

661, 2x4 y—+ 42+ 8t=-—1,
x—+3y — 62+ 2f==3,
3x —2y+4 22— 2t =38,
2x — y+4-22=4.

563. 2x— 5y 3z+4 t==5,
3x—T7y 432 — t=—1,
5x —9y 4624 2¢=7,
4x —6y—+32+4 t=8.

564*%, JlBe cHCcTeMbl JHHEHHBIX YpaBHeHHH ¢ OIHHMH H TEMH e
HEeH3BECTHBHIMH (He 0043aTeNbHO ¢ OIHHM H TEeM e UYHCJIOM YDPaBHEeHHH)

Ha3bIBAIOTCH 3KBHUBAJIEHTHHIMH,
yIOBJeTBOpPAET BTOPOH U oGpaTHo.

ecii mofoe pemeHHe nepBoft CHCTEMBI
(/liobble 1Be CHCTEMB € OIHUMHK
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K TEMH )Xe HeH3BEeCTHbIMHM, KaXAas M3 KOTOPbIX He iMeeT peLleHuil,
TaKKE CUHTAIOTCH SKBHBAJIEHTHHIMH.)

[Mokasats, uTO m1060€ H3 cAEAYIOIHX NpeoOpasoBaHHli CHCTeMH
JINHEAHBIX YPaBHEHHN:

a) mepecTaHOBKA IBYX ypaBHEeHHH; - :

6) ymHOxeHHe OOexX dvacTeft oIHOro W3 ypasHeHH#t HA n06oe uyHCIIO,
OT/HYHOE OT HYnA;

B) MOYJEHHOE BLIYHTAHHE H3 OLHOrO YpaBHEHHA ILPYroro, yMHOXeEH-
HOro Ha Jwoboe 4HCIo

NepeBOIUT LAHHYK CUCTEMY ypaBHeHHH B SKBHUBAJNCHTHYIO.

[lepeBOANT /iH H3MeHEHHE HYMEPAUHH HEH3BECTHLIX NAHHYID CHCTEMY
B SKBHUBAIEHTHYI0? JlOMyCTHMO /M W3MEHEHHE HYMEpalUWH HEH3BECTHHIX
TIpM pelleHHH CHCTEMB YDaBHEHHH?

565, Hokasarb, 4To j106as CHCTEMA JHHEHHBIX YpaBHEHHH

n
jzla,-jxj=bi, l=1, 2, seesy S (1)

T0cpencTBOM npeobpasosanuli TMna a), 6), B) npeanayiue 3agaud H
#3MEHeHHs] HYMEpauMH HEeHW3BEeCTHbLIX MOMeET OHTb NpHBELEHA K BUIY

n
jzlcljyj=dl, L.=1, 2, ey 8, (2)

YAOBJETBOPAIOILEMY OAHOM H TOJbKO OJHOH H3 CJAEAYIOLIMX TpeX rpynn
yCA0BHA:

a) ¢y +0,i=1,2, ..., n; ¢;=0 1na i> j (B 4aCTHOCTH, KO3~
¢uUUMEHTH NpPH HEM3BECTHHIX BO BCEX YPABHEHHMAX, CJIENYIOLIHX 33 n-M
{(npu s > n), pasunl Hyaw), d;=0 nna I=n—1, ..., s (B 3TOM cay-

yae rOBOPAT, YTO CHCTEMA NpHBeleHAa K TPeyroJbHOMY BHLY);
6) cywectByer uenaoe uuciao r, 0 <r < n—1, rakoe, uto ¢, 0,

i=1,2, ..., r; ¢;=0 npu {>j; ¢,;=0 npu {>r u awdom j,
pasioM I, 2, ..., n; dj=0 npu I=r-1, r4+2,..., 8

B) cywecTsyeT uenoe uucao r, 0<{r<n, 1akoe, uto ¢, < 0 mpu
=12 ....r c,j=0 npu (> j; c,j=0 npu {>r u nao6GoMm
j=1, 2, ..., n. Cywecrsyer uenoe uucao R, r- 1<k <s, Takoe,
yt0o d, 0. -

[Tokasatb, uTO ecad B CHCTeMe (2) BOCCTAaHOBHUTb IIPEIKHIOID HyMe-
pPAUMI0 HEU3BECTHHIX, TO MOJYYHTCA CHCTeMAa, SKBUBAJNEHTHAS HCXOIHOH
cucteMe (1). 3ateM mnoxasaTh, uTO B cJyuyae a) cHcteMa (2) (a 3HAYMT
1 (1)) nMeeT enuMHCTBeHHOe pelleHHe; B cayuae 6) cucreMa (2) HMeeT
6eCKOHEUHO MHOTO pelleHHH, NMpHuyeM LJs aOOLX 3HaYeHUH HEM3BECTHHIX
Yritr +e+r Yy CYILECTBYET €ILHHCTBEHHAS CHCTeMa 3HAYEHHUH OCTANbHBIX
HEU3BECTHBIX Yy, ..., ¥,; B Clyyae B) cHCTeMAa (2) pelueHui He HMMeer.
Ora TeopeMa naer OGOCHOBAHHE MeTOJA HCK/IOUEHHS HEHU3BECTHHIX TPH
PELICHUN CHUCTEMBl JUHEHHBIX YpaBHEHHH.
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OTIEJ II. CUCTEMBI JIMHEPIHBIX YPABHEHUM

[566—575

566. Ilokasath, 4TO ecld CHCTeMa JMHeHHBIX ypaBHenu#t (1) npenwi-
ILyuleft 3ajayd MMeeT uenanle KO3gpUlHeHTH, TO NPH BCeX npeob6pasoBa-
HHUAX B TpOLECCEe ee NpUBeleHHa X Buiay (2) MOXKHO H3Gemarh IPOOHBIX
yHcesd, TAK yTO M cucTema (2) OymeT C ueabiMU KOI(hUIMEHTAMH.

Crezyiouie CHCTeMbl YPaBHEHHH pEWINTb METOIOM HCKAOYEHUR He-

H3BECTHBIX:
6567, 3x,—2x,—5x;4 x,=3, b568. 4x,—3x,+ x3+5x,—~7=0
2x,—3x5+ x3+5x,=——3, X1~—2X9—2X;—3x,~-3=0,
x,+2x, —4x,=—3, 3x— XoF2ux4 —+1==0,
X1— Xo—4x;+9x,==22. 2x+3x,+2x,—8x,+7=0.
569. 2x,—2x, + x;+3=0, B570, x+ x,—6x,—4x,—6,
2x,+3 X9+ x;—3x,+6=0, 3x1— Xg—bxq—4x,=2,
3x,+4xo—x,+2x, =0, 2% +3xy+9x,4+2x,=—6,
x+3x9Fx— x,—2==0. 3x42x43x5-+8x,=—7.
671, 2x,—3x9+3x;+42x,—3=0,

572,

B73.

574.

575%,

6x,+ 9%y —2x3— x,+4=0,
10x, 4+ 3xy—3x3—2x,— 3 =0,
8x,+6x,+ x3+3x,+7=0.
x4+ 2x,4+ dx3- 9x,=79,
3x, 4+ 13x54- 18x34 30x, =263,
2x,+ 4xy+ V1xg3-4+ 16x, = 146,
X1+ 9%+ 9x3+ 9x,=92.
X+ X+ X34+ x+ x;= 15,
Xy +2x,4 3x3+ 4x,+4+ Sx;= 35,
x,+3x9+ 6x3-4 10x,+ 16x,= 70,
x, -+ 4xy 4 10234205, + 35x, = 126,
X, 5%y 16x34-35x, + 70x, = 210.
X+ 2%y 3x34 4x,+ Sxy= 2,
2x,+3xy+ Tx3+10x,+ 13, =12,
3x,+5xy+4 g+ 16,4 21x, =17,
2x)—Txg+ Tx3+ Txy4 2x,=57,
X+ 4x,+ dx3 3xy+10x,= 7.

6x, 4 6xy4 Bxz4 18x,+ 20x, =14,

10x, -+ 9%, 7x3-24x,~+ 30x, = 18,
12, 4 1220y 13, + 27, -+ 36x, = 32,

8x,+ 6xy;+ 6x3+4 15x, -+ 20x5 =16,
4x, - Sxy+ 4x3+4 16x,4 16x,=11.
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576, x;+ x,-+ 4x3-+ 4x,+4+ 9%+ 9=0,
25, + 2x,—+ 1753+ 17x,+ 82x; + 146 =0,

2x, —+ 3x3— x4+ 4x;-+ 10=0,
Xy 4x3-4+12x,4-27x5+4 26=0,
x,+2x9+ 2x34 10x, — 37=0.

677, 5x,-+2x,— Tx3—+ l4x, = 21,

5xy— Xy 8x3— 13x,-+3x;= 12,
106+ xo— 2x34 Txy— x5== 29,
15x, -+ 3xy 4 15x3+ 9x, + 7x; =130,

2%, — xXp,— 4x3+ OSxy— Tx;=—13.
678, 2x,-+ 7xy43x3+ x4= 5, b79, 2x,+} 3xy— x3+ x,=1,
X+ 3xy4-5x3—2x,= 3, 8.x,+12x,—9x34-8x,=3,
X4 Sxg—9x54-8x,= 1, 4x,+ 6xy1-3x7—2x,=3,
5x,+18xy+4x,-+5x,=12. 2x,+ 3xy49x3—7x,=3.
B80. 4x,—3xy+2x3— x,=8, B8l. 2x,— x,+ x3— x,=3,
3x,— 2x,-+ x3—3x,=7, 4x,— 2x9— 2x3+4 3x,=2,
2% — X, — 5x,=6, 2%, — X9+ 5x3— bx=1,.
5x;, —3x;+4 x3— 8x,=1. 2x,— Xy— 3x3- 4x,=5.

582, TTokasaTb, YTO MHOTOW/IEH CTeNeHH 1 BIOJHE ONpeneNseTcs ero:
3HAYEHUsIMH NpPH 71 3HaueHMAX Hen3BeCTHOTO. TouHee, MOKA3aTh, UTO-

I JMOOBIX Pas/MYHHX MexIy CcoOof uucen xy X, Xo ..., X, U JIO-
6bIX uuced Yy Yp» - .-s Y, CYILLECTBYeT M HPUTOM TOJLKO OIUH MHOTO=-
ureH f(x) creneud < n, LI KOTOPOro

f(lvl):yi, i=0, 1, 2, R (N

6583. Tloabsyscy npenbinyllelt 3anavelf, 10Ka3ath SKBHBAJNEHTHOCTD-
JBYX OMNpeleJeHUH PpaBeHCTBA MHOTOWIEHOB OT OJHOTO HEM3BECTHOTO !)
C YHCMOBHIMH KO3 duuueHtaMu (Mim KoagpduuuentaMu U3 a10060ro 6ecko-
HEYHOTO MNOJA):

1) nBa MHOTOuU/NEHAa HA3bLIBAIOTCA PABHBIMU, €C/M PaBHBl UX KO3 H-:
IMEHTH TPHM KaxXIO{ Nape 4YIEeHOB OJHHAaKOBOM cTemeHu (onpereneHue,
TpHHATOE B anrebpe); _

2) IBa MHOTOW/IEHA HA3HBAIOTCA PaBHBLIMM, €CIH OHH paBHB Kak
¢yHKUMM, T. €. €C/H PABHH MX 3HAYEHHs] NPH KaXKIOM 3HAYEHHH HEU3-
BECTHOTO (OnpeneneHHe, NPUHATOE B aHANN3e),

584, TlokasaTb, 4TO AJMA KOHEYHOTO NOJAA KO3(QHUHEHTOB Omnperne--
JIeHHs1 NpeiblAylled 3a1ayd He SKBHBAJEHTHBl (MOCTPOMTL TMpPHUMEP).

) Mupykuueit Jerko AOKasaTb aHAOTHYHOE YTBEpPKIEHHE NI MHOTOUJICHOB-
OT A1060ro 4HCAa HEH3BECTHEIX.
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585. Hatitu kBanpaTseif MHOrousnes f(x), sHad, 4ro

F(H)=—1; f(—=D)=9 f(2)=—-3.

586. Hafitu muorounen 3-# cremeHu f(x), AAsi KOTOPOro

f(—D)=0, f()=4, f(Q)=3, f@)=16.

587, Kako#i reoMerpHyeckd# cMbIC HMeeT yTBepi/leHHe 3anauu 5827

588. Hautu napabony 3-# crenend, npoxonsawyio uyepes touku (0, 1),
{1, —L.) (2,5), (3,37), npHyeM acHMNTOTHYECKOE HanpaBjieHHe mapan-
JIeJbHO OCH OpIHHAT.

589. Hatitu napaGony 4-# creneHu, npoxodsiuyio uepe3 toukd (5, 0),
(—-13,2), (—10,3), (—2,1), (14, —1), npuyeM acUMNTOTHYECKOE Ha=~
fipaB/eHHe MapanienbHo ocu abcumcc.

PelwnTs crenylouine CHCTEMbl MUHEHHBIX YpaBHEeHUH, PHMEHHB B Kaws
JOM cayuyae HauGoJee MOAXONSIUMH NpHEM:

590, —x+y+4z+t=a, BII* a(x+O)+b(YyH+2)=c,

x—y+z+i=0 a'(y+18) +b'(z+x)=1¢,
x+y—z+t=c a"(z )+ b" (x+y)=¢c",
x+y+z—t=d. x+y+z4t=d,

npuueM a == b, a’ + b, a” £ b".

592%, ax-+by-+cz+dt=p,
—bx-tay+dz—ct=aq,
—cx—dy+az-+-bt =r,
—dx~-+cy—bz-at=s.

593%, x, t+ax,  +alx, ,+...4afx +al=0,
x—{—axnl—i—ax,l R o 1x + a2 =0,

n— 1 n_—
Syt a2y @ A a] =0,
rhe ay, 49 ..., Qp— PA3NHYHBIE UHC]IA.

594, x;, + x, +...4+ x, =1,
a1 Xy + %y ...+ QpX, = b,
aix, + alx, +...+ alx, =02

at~lx +af-lx, ... 4at-lx =b-1,
tie ay, @y ..., G,— Pa3NHuHBE YHCIA.
695, x,4-ax,+ ... +af"'x,=b,
X, Fax, ... Fal-lx, =b,
%, +ax,—+...+atlx, =0,

rie a;, @y, ..., G,— Pa3/HUHbIE UHCA,
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596, x;, + x, + ...+ x,, =b,,
ax1 —+ a2x2—}—...—}— a, —-b2,

a” ’x +a” 1x2+ +a” 1x ——b
rae a,, Gy ..., @,— Pa3qHUHBIE UYHCIA.
597. X, Xo ...+ x,--1=0,
2%, 4+ 2%, 4+ ...+ 2", +1=0,

nxl—f—nx2—i— .4n" x,,—i—l__O

598. ax,+ bx,+ ... + bx,=c,.
bx,+ax,+ ... —}—bx,,=c2

...........

bx, 4+ bxy—4 ... 4ax,=c,
rae (a—b)la+(n—1)b] 0.
599*. (34 2a,)x;~+ (3 285 Xy .. - (3 -+ 2a,) x, =3+ 2b,
(1 + 38, +2a%) x, -+ (1 + 3a, -+ 2a) x, +
(.4 (143a,+2a2) x, = 1 - 3b -+ 20%.
a1(1+3a1+2af)x1+a2(1+3a2+2a§)x2+...
.. 4a,(1+3a,+202)x, =b(1-+3b+ 252,
a” 3(1 .-}—.Sa. —.}—:‘Za2)x1+a" 3(1+3a2+2a7);c2'—}—. L
4 ai (1 4 3a,+2a2) x, = "2 (1 36 4 20°),.
aj}- 2(1—}—3al)x +a (1+3a2)x2—|—...
—}—a,, 2(1 4 3a,) x,=b""% (14 3b)

600*. Pasnaras dyHxumio B CTENeHHOH pAA, NONYYHM:

: ln(1+x)
ln———_(lx—}- =1 ~+ hyx - hox? 4 hyx® - L.

Ilokasatsb, . YTO

5 1 0 0 0
5 | 0 0
ol I S
.1. . _1 .1. 1 |
n+1 n n—1 n-—2 2
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| €1 oy € 4y P .6
601. HssectHo, uTO Tosx 1+—2‘T‘x + Y] X + Bl X +. rie
£,, &y €3 ...~ TaK HA3biBaeMbie YHCIA B#nepa. Iloxkasars, uyro
! 1 0 0 0
1 1
T 5T 1 0 .. 0
e,=(2n)! 1 1 1
—6l— _4|— 'ﬁ' 1 e 0
1 1 1 1 1
@l @r=21 @n—&H! @n—06)1 """ 20

602%, B  pasnoxkennn ex’i c== by - byx? by + L
_ (=) 'B,

”b“__@n)!*' rae B, — tak HasbiBaeMble uucaa BepHyiiu.
Tlokasarb, uTO

1

57 1 0 0 oo 0

1 1

a7 5T 1 0 e 0
B, =(—1)"*" (2n)! 1 1 1 : o |

Tl— "g‘!‘ _2—!' .o

1 1 1 1 1

@nFDI @) @r—=DT @n—21 **° 21

Janee moxasartb, 4TO

o 1 0 0 ... 0
o ar 1 0 .0
bypy = _4_1!_ %_ -2.1,_ 1 e 0 =0
1111L
el @n—0) @n—21 @n—a! ' 2
npu n> 1.

603*, Iloxasate, utro uucio Bepuysnan B,, BBerenuoe B npeibny-
Aledl 3azaue, MOxeT OBITb BBHIPAXKEHO CACAYIOLIUMU OTpPELe/NNTENIMA 7-T0
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nopsaxa:
1
31 1 0 0 . 0
3 1
i =1 | 0 ... 0
B, —(2n)l 5 1 1 ,
2 -7 = a7 1 . 0
2n~—-1 1 1 1 1
@D @I @n—=3! @n—=5) " Tl
HAH 1 1
o -1 0 0 ... 0
2 1 1
o e o 0 0
B,=2"@2m)!l 3 1 1 1 0
K 6! 4] or
n 1 1 1 1
@nF2T @n)! @n—! @n—nf *°° 4

604*, OGo3sHaunm uepe3d S,(k) CyMMy n-X CTeneHeH uMcen HaTypasib-
Horo pasa or 1 1o k—1, 1. e s, (R)=1"42"+ ... F+(k—1)".
YcTaHOBMB DaBEHCTBO

k" == 14 Ch 7 sums (B) +Ch"spa (B) . . = Chs1 (k) + 5, (&),

noxasarb, 4TO
-2 -3 1
k" Ch Ch ™% ...Cy

LA o S oy SO
-2 _3 1
Spa®=—c| K770 G G 1

b gt

£ 0 0 ...C: 1
k 0 0 ...0 1

606%, Ilpenctasuts B BUAE onpelrennTens n-# xosdouuuent [, pas-
ROKEHH -t—%—x— =14l lxt 4. L

606, Ilpeacrasurs B BuZe onpeﬂenmenﬂ n-A xospdunuent f, pas-
noxeHna xctg x ==1— fix?— foxt— o [ X —

607%, BoipaauB n-fi xoadduument a,, pasnome}mﬂ ot = 1 —a x4
+ a,x? -~ a;x3 -}~ ... B BUIe onpejenuTend, HalTA OTCIOAA 3HAYCHHM#
onpejeuTes,
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§ 10. Panr marpHus, JindeliHas SaBHCHMOCTEL BEKTOpOB
H JHHeliHHX ¢opm

Ha#tth panr cieayioliux MarpHu METOJOM OKaftMJeHHS MHHOPOB:
608, /2 —1 3 —2 4 609, 1 3 5 —\
4

4 —2 5 1 7 2 —1 —3
2 —1 1 8 2 5 1 —1 7
7 7 9 l)
610, /3 —I 3 2 5 611, (4 3 —5 2 3
5 —3 2 3 4 8 6 —7 4
1 -3 —§6 0 —7 4 3 -8 2
\7 —5 1 4 1 4 3 1 2 -5
18 6 —1 4 —6
612. Ha#itu 3Hayenus A, NpH KOTOPHIX MaTpHUA
31 1 4
A4 10 1
1 7 17 3
2 2 4 3

MMeeT HaMMeHbIUHR paHr.

Yemy pasen paHr fipu HaflleHHBIX A M yeMy OH paBeH NpH APYruX
3HayeHHsax AP

613, Yemy paBeH paur Marpuusl

1 A —1 2
2 -1 A 5
1 10 —6 1

TPH Pa3jHYHBIX 3HAuYEHHAX A?

614, Ilyctb A — Matpuua paura r u My —MuHop R-ro nopsika,
CTOALMA B JIeBOM BepxHeM yriay Marpuubl A. JlokasaTh, 4YTO nyTeM
TePecTaHOBOK CTPOK Mex1y CO0OH u CcTOAOLOB Mexidy C000# MOXHO
A00HTbCA BbinoJHenua ycaosuft: M, =0, My 0, ..., M, = 0, Toraa
KaK BCe MHHOpH mopsaka GoJblie ¥eM r (ec/H OHH BOOOLIE CYLIECTBYIOT)
PaBHBL HYJIO.

6156, Jsemenmapusinu npeoOpa30s8anuAML MampPuys 11asbiBAOTCA
chepyouue npeoObpa3oBaHUs:

1) ymnoxeHnue ctpoku (croabua) Ha 4MC/IO, OTAUYHOE OT HYJIs;

2) npuGasnenne Kk odHON cTpoke (cTonbuy) Apyro#t cTpoku (cronbua),
yMHoOXeHHOH Ha Jsoboe YHCclIo;

3) mepecTaHoBKa ABYX CTPOK (CTOMGLOB).
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oxasath, 4TO 3JeMeHTapHHEe npeo0pasoBaHWd He H3MEHAT paura:
MaTpHUBL ’

616, lloxa3aTh, YTO NePECTAHOBKY CTPOK (CTONGLOB) MATPHILI MOMKHO-
NOJYuHTb, BLINOAHAA NPeoOpPa3osaHus CTPOK H CTOA0LOB TOJLKO THNOB:
1), 2), yKkasaHHHX B nIpeanliyluel 3apaue.

617. Jlokasarh, uTo M0OOYI0 MaTpHLy paHra r 3J€MEHTapHbIMH Tipe-
06pa3oBaHHAMH, YKa3aHHBHIMH B 3ajaue 615, MOXHO NMpPHBECTH K BHLY, rle
S/IEMEHTHl @) == Qg == ... == @,, = 1, @ OCTAJIbHbLIE SNEMEHTEI PABHBI HYJI0.

618, Jokasarb, YTO 3JEMEHTAPHHIMH NPeOGPa30BAHHAMH OLHHX CTPOK
WAM OLHHX CTOJOLOB KBAaIPaTHYW MaTpHLy MOXHO NPHBECTH K «Tpe-
yroApHOMY» BHAY, TAe BCE S/JEMEHTH N0 OLHYy CTOPOHy OT TJaBHOR
IMaroHaaM paBHbl HYJI0, TNPHYeM HYJH MOXHO TOAYYHTb MO IKENAHHIO-
an6o cBepxy, JMGO CHH3Yy OT TJABHOW IMaroHaim,

BoiuHcANTD paHT CJAeLyIOUIMX MATPHULL NPH TNOMOWIM 3JeMEHTAPHEIX.
npeo6pasoBaHuii:

619, (25 31 17 431 620, /47 —67 35 201 155
75 94 53 132 26 98 23 —294 86 ).
75 94 54 134]° 16 —428 1. 1284 52

25 32 20 48]
621. (24 19 36 72 —38) 622. (17 —28 45 11 39}

49 40 73 147 —80 l24 37 61 13 50|
73 59 98 219 —118 25 —7 32 —18 —11].
47 36 71 141 —72 |31 12 19 —43 —55

l42 13 29 —55 —68 ]

623. Hoxasatb, 4TO €CAM MATPHLUA COREPXKUT m CTPOK H HMeer
pair r, TO JioGbie s ee CTPOk 00Pa3ylOT MaTPHly, PaHl KOTOPOH He
MeHblle 7 —-§—m.

624. Ilokasarb, 4TO NPHNHMCHIBAHNE K MATPULLE OLHOA CTPOKH (MM OLHO-
ro croagua) mbo He H3MEHAET ee panra, nu6O yBEJIHUNBAET €r0 HA ERHHHLLY.

6256. JokasaTb, uro BLIYEDKHBaHWEe OXHOHW CTPOKH (CTOAO6LA) MATPHLULT
TOr4a M TOAbKO TOTAA HE M3MEHAET DAaHra, KOTLa BbIYEPKHYTas CTPOKZ
(cToaben) AMHEeHHO BLIpAXKAETCH yepe3 OCTadbHbIE CTPOKH (cTOAGULL).

626, Cymmol Osyx mampuy, UMEOWMX OINHAKOBOE YNCJIO CTPOK H
ONXHAKOBOE 4YHCAO CTOAGLOB, HA3bIBAETCA MATPHUA, KAKALIA 9JTEMEHT
KOTOPOH paBeH CyMM€ COOTBETCTBYIOIUMX 5JIEMEHTOB JaHHEIX MAaTpHL,.
T. €. (alj)—i—(bij)z(aij—}—bij). JloxasaTh, 4TO paHr CyMMul AByX MaTpul
He GoJsblue CYMMBl MX DaHTOB.

627. Jlokasath, uTO a06yi0 MaTpUIy PpaHra 7 MOXHO NPEACTaBUTHL
B BUJE CYMMbl 7 MaTpMLl pPaHra eIMHHLA, HO HeJb3f NMPEICTAaBUTb B BHIE
CYMMHl MEHEe YeM 7 TaKuX MaTpHL.
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628. JlokasaTb, YTO eC/HM paHr MAaTpHUH A He H3MEHAeTCs OT NpH-
NMHCKH K He#t kawjaoro cronbua MaTpuubl B ¢ TeM ke YHCIAOM CTPOK,
TO OH HE MEHAETCH OT NMPHNHCKK K MaTpHue A Bcex cToa0LOB Marpuuwn B.

629*, JlokasaTe, uTO eC1H paHr Matpuusl A paseH r, TO MHHOD d,
CTOALLHHA HA NepeceyeHH OObIX r JHHEHHO He3aBUCUMBIX CTPOK M 7 TIUHEHHO
He3aBUCHMLIX CTOJOLOB 3TO# MATpULb, OTIAHYEH OT HYJIA. ~

630*, Tlyctb A — kBagparTHas Marpuna nopsaka n > 1 u A — mar-
‘puLa, B3auMHas (NpHcoelnHeHHas) ¢ MaTpuuelt A. BoiscHuTb, kKak u3Me-
HSETCA PaHr r MATPHILl A C M3MeHeHMeM paHra r Matpuusl A.

631*, Jloka3aTb, 4TO BHIUKC/AEHHE paHra CHMMETPHUECKOH MaTpuubl
CBOJMTCH K BBIYHCJAGHHIO OJHHX TO/bKO IJaBHBIX MMHOPOB, T. €. MHHO-
POB, CTOSILMX B CTPOKAX M CTONOLAX € COOTBETCTBEHHO PABHLIMM HOME-
pamu. Muenno, noxasarb, uTO:

1) ecin B cHMMeTpHYecKol MaTpHue A MOPAAKAa n MMeeTcs TJaaBHbLIH
MUHOp M, mopsiika r, OTJMUHBIA OT HyJs, IS KOTODOTO BCe OKaMMJsi-
JOLHe ero riasHble MHHOPH (r - 1)-ro u (r-F2)-ro nopsnkoB pasHbl
HyJQI0, TO paHr MaTpHUbl A paBeH r (ec/M BCe TaBHbIE MHHODHI PaBHbI
HYJI0, TO MOXHO CUHTAThb T/IaBHLI MHHOD HYJAeBOro mopsaixa M, paBHbiM
€lMHHILle, H TeopeMa OCTAHETCS BepHOMH; MPH r = n— | MHUHOPOB MOPSANKA
r-+2 ne cyuiecTByer, HO YTBEpMIEHUE TEOPEMH BepHO, HG0 paHr A
paseH n— 1);

2) paHr cuMMeTpPH4eCKO# MaTpHubl PaBeH HAUBBICILEMY MOPSIKY OT/IHY-
HBIX OT HyJf T/IaBHBIX MMHODOB 3TOH MAaTPHLBL.

632%, ITyctb A — cuMmmeTpuyeckass MaTpuua paura r u M, — muHop
k-ro nopsaka, croswuif B 1eBoM BepxHeM yray marpuusl A. (Ilpn =0
.cupraem My==1.) Jkokasarth, 4TO myTeM HeKOTOPOH NePecTaHOBKH CTPOK
M COOTBETCTBYIOLIEH NEPEeCTaHOBKH CTOIOLOB MaTpulbl A MOXHO LOGHTLCA
TOro, 4ro B pany MuHopoB My==1, M, M,, ..., M, Hukakue 1Ba
COCEIHNX He PaBHBI HYMIO MU M, == 0, Bce Ke MUHOPH NOPAAKA BHILUE r
(ec/M OHM CYLIECTBYIOT) PaBHBl HYJIO.

633*, [okasatb, YTO pPaHr KOCOCHMMeTpPHMYECKOR MaTpuubl onpene-
JseTcd ee IJIaBHHIMH MUHOpaMu. VIMeHHO:

1) ecau cyllecTByeT IJIaBHBIH MHHOp MOpAlKAa r, OTJAHYHHIA OT Hy.d,
o KOTOPOro Bce OKaMaflouine ero riaBHble MHHOPH nopajka r - 2
paBubl O, TO paHr MaTpuLbl paBeH r;

2) paHr KOCOCHMMETpHUeCKOM MaTpHLBl PaBeH HaMBLICIUEMY NOPAIKY
OT/JMYHBIX OT HY/s [JIaBHHIX MHHOPOB STOH MAaTpHLBL.

634*, Ilycts A — KOCOCMMMETpHUYECKads MaTpuua paxra r u M, — mu-
HOp k-TO MOPAIKa, CTOALUMHA B J€BOM BepXHeM yriay Marpuust A (My= 1).
Jokasatb, 4TO nyTeM HEKOTOPOR NepPeCTaHOBKH CTPOK H COOTBETCTBYIOILEH
TIepeCTAHOBKH CTOJIOLOB MATPULB A MOXHO n0OHTBCS TOTO, UTO. MHHOPHI
My, My, M,, ..., M, otawuus oT uyasd, a muHopu M,, My, ..., M, _,
M BCe MUHODHl MOpsAlKa Bbllle r (eC/H OHH CYILECTBYIOT) PaBHBl HYJIO,

635, Jokasatb, WYTO paHr KOCOCHMMETPUUECKOH! MATPHLL ~— UYHCNO
YyeTHoe,
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636. HafiTn anHeRuyi0 KOMGHHAUHIO 3a, 4 5a,— a; BekTOPOB

a,=4, 1,3, —2), a,=(1, 2, —3, 2),
a3:(16, 9, 1, _—3).

637. Haftth BexkTOp X M3 ypaBHeHHd
a;,+2a,+43a;+ 4x =0,
rne
a,=(5, —8, —1,2), a,=(2, —1, 4, —3),
a,=—(—3, 2, —5, 4).

638. Hatitn BekTOp X M3 ypaBHeHHd

3(a;— x)+-2(ay+-x)==5(a;+ x),
rine
a,=(2, 5 1, 3), a,=(10, 1, 5, 10),

a;=(4, 1, —1, 1.

BLIICHUTL, ABIAIOTCA a4 CJHelyIolHe CUCTEMBl BEKTOPOB JHUHEHWHO 3aBHU-
CUMBIMU HMJH JHHEHHO HE3aBHCHMLIMH:

639, @, =(1, 2, 3), 640, a, = (4, —2, 6),
a,=(3, 6, 7). a,=(6, —3, 9).

641. a,=(2, —3, 1), V642, a,=(5, 4, 3),
a,=@3, —1, H), a,=(3, 3, 2),
a;=(1, —4, 3). a;=(8, 1, 3).

643. a,—=(4, —5, 2, 6), 644, a,=(1, 0, 0, 2, 5),
a,=(2, —2, 1, 3), a,=(0, 1, 0, 3, 4),
a;=(6, —3, 3, 9), a; = (0, 0, 1, 4, 7),
a,—=@4, —1, 5, 6). a,=(2, —3, 4,11, 12).

645. Ecin M3 KOOpPIMHAT KauJIOI0 BeKTOpa LaHHOW CHCTeMbl BEKTOPOB
OJHOrO M TOrO e YHCIa H3MepeHHH BhilepeM KOODIHHATH, CTOSLIME HA
onpeneneHHHX (ONHHX M TeX e JIa1d BCeX BEKTOPOBR) MeCTax, COXpaHss
¥X NOPANOK, TO MOJYYAM BTOPYIO CHCTEeMY BEKTODOB, KOTOpYH» Oylem
Ha3bIBaTb YKOPO#eHHOU 115 NepBofd cucTembl. [lepBywo e cuctemy Oy-
IeM HasbiBaThb YyO4urenHnoid 118 BTOpoH. JlokasaTb, uTo Ji0Oag yKOpo-
YeHHas CHCTeMa I JHHEHHO 3aBHCHMOM CHCTEMBI BEKTOPOB CaMa JIHHEHHO
3aBUCHMa, a JI00as YIJIMHEHHas CUCTeMa IJs JMHeHHO He3aBUCUMOH CH-
CTeMbl BEKTOPOB CaMa /HHEHHO He3aBHCHMA,
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646. lloxasar,, uTO CHCTeMa BEKTOPOB, COIePKallas 1Ba pasHbIX
BEKTOpa, JMHEHHO 3aBUCHMMa.

647. Jlokasath, uyTO CHCTeMa BEKTODOB, 1Ba BEKTOpP2 KOTOpOH pa3-
JIMYAIOTCSA CKANSAPHBIM MHOXHTeNeM, JHHEHHO 3aBHCHUMA.

648. llokasarb, 4TO CHCTeMa BEKTOPOB, COAepiKallasi Hy/jeBOH BEKTOp,
JHHEHHO 3aBHCHMA.

649. lokasaThb 4TO €CJHM YacTb CHCTEMbI BEKTOPOB JHMHEHHO 3aBMCHMA,
TO M BCH CUCTEMa JuHeHHO 3aBHCHMA.

650. Hoxasath, uyTO J/100as 4acTb JMHEHHO He3aBUCHMOH CHMCTEMEL
BEKTOPOB CaMa JHHEHHO He3aBHMCHMA.

651%, Ilycth Lana cucTeMa BeKTOpOB

@, =(0;,, @9 -+, ,) (@{@=1,2, ..., 5 s<n).

S
Jlokasatb, 4TO ecaH |ajj| > ?—Jllaijl’ TO LaHHas CHCTEMAa BEKTOPOR
i#+j
JIMHEeHHO He3aBHCHMA.
6562. Jloxasatb, 4TO €C/JIH TPH BeKTOPa @, @y @3 JAHHEHHO 3aBUCHMBE
H BEKTOP @; He BLIPAXAETCH JHHeHHO yepe3 BEKTOPH @; H @y TO Bek-
TOPH @; U @, PA3JIHYAIOTCA Mex Ay cOOOH JHIUbL YHCJIOBHIM MHOMHTENEM.

663. llokasatbh, uTO €C/AH BEKTOpH @, &y, ..., @, JHHEHHO He3a-
BHCHMbI, @ BEKTODH @&, @y, ... , G4, b AMHEHHO 3aBUCHMBI, TO BeKTop &
JMHeflHO BHIpAXaeTcs 4Yepe3 BEKTOPH &y, @y, ..., Gp.

654, Tlombaysic, npelbiiyuiell 3alavel, AOKa3aThb, YTO KaXIbllf BeK-
TOp IAHHOH CHCTeMbl BEKTOPOB JHMHeHHO BmIpaaercsi yepes MO0y Jan-
HeliHO HEe3aBMCHMYIKO MOLCHCTEMY 3TOH CHCTEMBI, COAEPHKAWYI0 MAKCHMAJb-
HOE YHCJIO BEKTOpPOB.

656. lloxasaTb, YTO yNOPALOUYEHHAS] CHCTEMA BEKTOPOB &y, &y, - . - , @p,
OT/MYHBIX OT HyJf, TOrla M TOJbKO TOTAa JMHEHHO He3aBHCHMMa, KOrIa
HH OJMH M3 STHX BEKTODOB HE BBLIPAXAETCA JHMHEHHO uepes Npelbayliue,

666%. llokasaTh, YTO eCJAM K YNOPALOYEHHOH JHHeHHO He3aBUCHMOH
CHCTeME BEKTOPOB @&, @y, ..., @, TPHNHCATL BHEpelH ellle OLWH BeK-
TOp b, TO He 0O0jee 4YeM OIHH BEKTOP NOJyYeHHOH CUCTeMEbl GyneT Ju-
HEeHHO BHIPAXATBCA Yepe3 MpelbLAYIIHE.

657*, llokasath, YTO €C/JH BeKTOpH @, @, ..., @, JHHEHHO He3a-
BUCHMB M JIMHeHHO BHIPAXAWTCA uyepe3 BekTopw b,, b, ..., b, TO
r<s.

668%. ba3oli danHOG cucmems 8exmopos Ha3bIBAETCA Takas ee noi-
cHcTeMa, KoTopas o6hanaeT c/jelylomMMu cBoHcTBamu:

1) sTa moacucTeMa JHHeHHO He3aBUCHMA;

2) mo6ofi BekTOp BCeH CHCTEMBI JHHEHHO BHIPAKAETCS YEPE3 BEKTOPH
3TOH MOIACHCTEMHI,

Joxasatb, uTo:

a) BCe Gasbl AAHHOH CHCTEMBl COAEPKAT OJUHAKOBOE YHCJO BEKTOPOB;
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6) uMcnO BEKTOPOB /N1000# 6a3bl ABASETCA MAKCUMAJIbLHHIM YUC/IOM JIH-
HEHHO HEe3aBHCHMBIX BEKTOPOB NAHHOK CHCTEMbl; 3TO YHC/IO HA3BIBAETCH
PaHroM 1aHHOH CHCTEMBI;

B) €CAH JaHHAs CHCTeMa BEKTOPOB HMeET paHr r, To molbie r mu-
HeHHO He3aBUCHMBIX BEKTOPOB 00pasylor 6a3y 9TOM CHCTEMBHI.

659%. llokasaTb, 4TO M06Y10 JHHERHO HE3ABUCUMYIO MOACHCTEMY laH-
HOR CHCTeMbl BEKTOPOB MOXHO NOMOJHHTH N0 0a3bl 3TOH CHUCTEMBL.

660, lBe cucTeMbl BEKTOPOB HAa3HLBAOTCA JKBUBAACHMHBMU, €C/IA
KaxAblit BEKTOP OJHOH CHCTeMBl IMHEHHO BBIDAXAETCH Yepe3 BEKTOPH Apy-
rot cucTembl U obpatHo. JlOka3aTb, YTO MBE€ SKBHBAJCHTHble /JIHHEHHO
He3aBHCHMBbIE CHCTEMbI COJlepXaT OAMHAKOBOE YHMCJIO BEKTOPOB.

661. Jlokasatb, uTO €C/JM BEKTOPH &, @y, ..., @, JHHEHHO Bupa-
MAOTCA 4yepes BeKTOpu b, by, ..., b, TO paHr nepBOH cHCTEMb He
©osee paHra BTOPOH.

662, Hdanub BexTOpHI:

a,=0, 1, 0, 2, 0), a,=(7, 4, 1, 8, 3)
a;=(0, 3, 0, 4, 0), a,=(1, 9, 5 7, 1),
a;=(0, 1, 0, 5, 0).

Moxuo an momoSparb uucna ¢;(f, j=1, 2,..., 3) TaK, yroOm

BEKTOPH

by = ¢),@) + €198y + €1383 + €148, + €585,
by = ¢5@) + 0@y - €283 + €@y + €585,
by = ¢35, + €308y + C3303 + €348 + ¢35,
b, = €181+ €8y + 4385 + C@ - ¢ 4585,
b5 = ¢51@) €50y 1 €533+ C54@4 —+ €555
OLM IMHEHHO HE3aBHCUMBI?

663. oxasatb, 4TO BeKTOp & TOTZa ¥ TOMLKO TOrAA JuHEHWHO BLI-
paxaerca 4epe3 BEKTOPH @, @y, ..., @, KOTIA pAaHT NOCAeLHEH CH-
CTeMbl BEKTOPOB He HM3MEHSeTCs OT MPHCOeNMHeHMs K Hel Bekropa b.

664%, Jlokasarb, 4TO:

1) nBe 3KBMBANEHTHBIE CHCTEMbl BEKTOPOB MMEIOT OLUH M TOT XKE PaHr;

2) teopema, obpaTHas yTBepxIeHuio |), HeBepHa.

OnHako cnpaBeiauBO YTBEPKIEHHE:

3) ecqm ABE CHCTeMbl BEKTOPOB HMEIOT OJHHAKOBBLE PaHT M OZHA U3
ITHX CHCTEM /AHHEHHO BHIPAWAETCA Yepe3d APYTYIO, TO STH CUCTEMBl IK-
BHBA/IEHTHBI.

Haittu Bce 3Hauedus A, npu KOTOPHIX BeKTOD b /JHHEHHO Buipaxaercs
yepes BEKTOPH @, @y, ..., @4

665, a, = (2, 3, 5), 666. a, = (4, 4, 3),
a,= (3, 7, 8), a,=(, 2, 1),
a;= (1, —6, 1), a;=(4, 1, 6),
b=(7, —2, A). b=, 9, ).
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667. a,=(3. 4, 2
a2=(6s 8: 7)0
b=(9, 12, A).

668. a1=(3, 2, 5); 669. a1=(3, 2,
a2=(2v 4: 7)! a2=(7v 31
a;=(5, 6, 1), a;=(5, 1,
b=(l, 3, 5) b=, 2,

5).

[667—680

670. IToscuntb oTBeTH B 3azaiax 665—669 c ToukM 3peHus pac-
MONOXKEHHs] TaHHBIX BEKTOPOB B MPOCTPAHCTBE.
671. Iloaesysach 3anaue#t 657, nokasatb, 4TO 6Osee 4YeM 1 N-MEpHBIX
BEKTOPOB BCeria NMHEHHO 3aBHUCHMBI,
672, Hafttu Bce MaxkcHMa/bHble JIHHEHHO He3aBHCHMBlE MOICHCTEMB

CHCTEMH BEKTODOB:
a =4
a;=_3,

Hatiru Bce 6a3bl
673. a,=(1,

a2=(1-
a3=(3,

675. al - (2,
a; =4,

—1,
-1,

3, —2), a,=(8, —2,
4, —2),  a,=(, —2,
CHCTEMH BeKTOpOB:
2: 0’ 0): 674. a1=(1,
2, 3, 4), a,=(2,
6, 0, 0). a,=(3,
a4_(4|
I, =3, 1), 676. a,=(1,
2, —6, 2), a,=(2,
3- —'9- 3): a3—(3:
1, 1, 1) o, =4,
a;=(1,

6,
8,

2
3,

4
5
2
3,
2
3
1

1)

—4),
—4),
3, 4),
4, 5),
5 6).
6, 7).
3),
4),
3),
4),
1).

677. B kakoM ciyuae cHcTeMa BeKTODOB o0GnafaeT eIMHCTBEHHOH

Gasoft?

678. Ckoibko 6a3 umeer cucteMa k-1 BexTOpoB panra R, coiep-
Kaias MPONMOPLUMOHANbHBIE BEKTOPH!, OT/JHYHHLIE OT HYJIsi?
Hatttn kakyio-unbysb 0asy cUCTeMB BeKTOPOB M BCe BEKTODH CH-
CTeMbl, He BXOJfIIME B NaHHyl0 0a3y, BHIPA3UTb uYepe3 BEeKTOPH 6a3bl:

679. a, = (5,
a,=(4,
a;=(1,
a,=(3,

2, —3, 1), 680, a,=(2,
1, —2, 3) a,— (4,
1, —1, =2), a;=(3,
4, —1, 9. Ry

a;=(7,

___1,
-3,
-2,
—1,
—6,

3, b5),
1, 3),

3, 4,
15, 17),
—7, 0.
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68l. a, = (1, 2, 3, —4),
a,= (2, 3, —4, D),
a;=(2, -5, 8, —3),
a,= (5, 26, —9, —12),
a,= (3, —4, 1, 2).

682%, Ilyctb jnana cucTeMa BeKTOPOB X;, Xj ..., X, OIHOTO M

TOTO e uHcaa uamepeHu#t, OCHOBHOH cucTeMOHl JAHHEHHBIX CCGOTHOILEHHH
3TOK CHCTEMBI BEKTOPOB HAa3blBAETCH CHCTEMA COOTHOLUEHHUH BHAA

.

n
jEIa,.,jxj=o =12 ..., 9),

o6/anamolas TakUMH IBYMs CBOHCTBaMu:
a) 3Ta CHCTeMa COOTHOLIeHMH JHHeRHO HE3aBUCHMA, 4YTO O3Ha4aeT
JHHEHHYI0 He3aBUCHMOCTb CHCTEMbl BEKTOPOB

a,:(a,,l, ai’g,.-., al.n) (i:l, 2, P S);
6) mobas nHHe#Has 3aBHCHMOCTb BEKTOpOB X, Xy, + .., X, ABJIETCA
n

CJeICTBHEM COOTHOLUEHHH maHHOK CHCTEMbI, T. €. €CJH Z ajx =0, 10

i=
BeKTop @ =(a,, €y ..., Q) ABJAfeTCs JHHeHHOR xoméuﬂauueﬂ BEKTO=
poB a;, @, ..., a, Iokasate, uro:
I) ectu x;, X ..., x,—0a3a nanHo# CHCTeMbl ' BEKTOPOB H
=21M,jxp i=r—+1, r+2, ..., n, TO OXHOK H3 OCHOBHBHIX
]==

cucTeM JMHefnBX COOTHOLIEHWH IaHHO# CHCTeMBl BEKTOpPOB OyIeT CucTe-
Ma COOTHOINEGHHH X; — Z A, jxj=0 (i=r—+1, r+4+2,..., n);
j=1

2) BCe OCHOBHBIE CHCTEMEl JHHEHHEIX COOTHOLUEHHH COAepIkKaT OLMHa-
KOBOE 4YHCJO0 COOTHOLUEHHH;

3) ecau Kaxasg-HuUOYIb OCHOBHAA CHCTeMa JMHEHHBIX COOTHOLUEHWH co-
IEPKUT § COOTHOIUEHHH, TO /mM06as cucteMa § JHHEHHO HE3ABHCUMBIX
JHHEHHBIX COOTHOLUEHHHK TOH XK€ CHCTEMBI BEKTOPOB TaKXe SABJIAETCSA

OCHOBHOH cHCTeMOH JHHEHHBIX COOTHOIUEHHH;
n

4) ec/M CHCTEMA COOTHOUIEHHH Dy o x; =0 (=1, 2,...,9)
j=1 -
AIBJSIETCA OCHOBHOH CHCTeMOH J/HMHENHBIX COOTHOLUIEHHH, TO CHCTEMA COOT-
HOLueHnH Z B, x,;=0 (=1, 2, ..., s) Gyxer ocHOBHOH cucTeMOH
J=1 .

JUHEHHBIX COOTHOLIeHMH TOrja W TOJbBKO TOrjaa, Koria, noJaras
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= (0, Opg oo s 0y, 0) =1, 2, oo 8 B=Bs,1 Br2s .0 By )
i=1, 2, ..., s, OylieM HUMeTb:
§
bi=zvi'jaj =12 ..., 9),
J=1

rie KospouuueHTH Y, ; 00pa3yIOT ONpeieNHTe]b MOPSLKA S, OTAUYHBIHA
OT HyJ4.

nO.’IbBYSle YMHOXXEHHEM MaTpHL, NOCJAEIHHE S BEKTOPHLBIX PAaBEHCTB
MOXHO 3anucaTh B BHIE OJHOTO MATPHYHOTO PABEHCTBA

BZCA' rie A =(a'l, j)s, n B=(Bi, j)s,n L C=(Yl, j)s’

C — HeBHIpOXIEeHHAs MaTpuua nopsika s.

OnpenenuB OCHOBHYIO CHCTeMY JAMHEHHBIX COOTHOLUGHHH /8 CHCTEMBI
AuHeAHEX (GOpPM AHAJOTMMHO TOMY, Kak 3TO OBLIO CIeTaHO B sajaue 682
I CHCTeMH BEKTOPOB, HAaWTH OCHOBHYIO CHCTEMY JHHEHHBIX COOTHOlLe-
HU#t 1/ CHCTeMbl JHHERHBIX (opM:

683, f,=05x;—3xy,+ 2x;+44x, 684, f,=8x; 4 Tx,+ 4x;+4 5x,,
fr=2x;— X+ 3x;3+ 5%, fe=3x+2x+ x3-+4x,
Ja=4x,—3x,—dx3—Tx,, J3=2x,+3x;+2x;— 3x,,
fo=x+Tx3+ 1lx, fo= x— X— x+Tx,

S5 ="0xy 4 4x3— 17x,

685. f,=05x; 4 2x,— x3- 3x,+ 4x;,
fo=3x,+ xy—2x3+43x,+45x;,
fa=06x, 4 3xy— 2x3 4 4x, + Txs,
fi=Tx 4 4x;—3x3+ 2x, + 4x;.

686, fi=2x;—3x,+ 4x3— 5x;,
o= x1—2x,+4Tx;—8x,,
Sa=3x—4x, 4 x3—2x,
fi=4x—5xy+46x3— Tx,,
Js=06x;—Tx,— x,

687, fi=3x;42x,—2x;— x,+4x;
fo=06x, +4xy—4x;— 2x, 4 8x;,
Ja=Tx;+5x,—3x3— 2x,+ x5,
fi=4x,+4xy—4x;—3x,+ 5x;,
Js=8x;+4Txg— Sx3—4x,+ 2x;.

688*, Tlyctb naHa cHcTeMa JHHEHHHX (opM:

fr= z"la,, o U=12 ..., 9 M)
k=
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H BTOpafg CHCTeMa JMHEeHHHX (OopM, JHHeHHO 34BHCAIMX OT (QOpPM mep-
BOH# CHCTEMHI, :

(pIZZ:cifff ([=1,2, cony t). (2)
Jj=

Hoxasatb, 4TO panr cucreMn ¢opM (2) He Gosnee paHra CHCTeMH
dopm (1). Ecam s={¢ u onpenremurens |‘c,j|J OT/IMYEH OT HYJad, TO

paurn o6enx cHcTeM auHeHHHX (POPM COBNANAIOT.

§ 11. CuctemMbl JHHEHAHHX YypaBHeHHit

Hccnenosate COBMECTHOCTb H HallTH oOiiee pellleHHe H ONHO YacT-
HO€ pelleHHe CHCTeMBbl YPaBHeHHH:
689. 2x1 + 7x2+ 3x3 —" x4 = 6,
3x; 4 dxy+4 2x3+ 2x, =14,
9x1 +4x2+ x3+7x4= 2.
690, 2x;, —3x,+ OSx34+ Tx,=1,
4x;—6x,+ 2x34 3x,=2,
2%, —3xy—11x;— 15x,==1. .
691, 3x,+ 4x,-+ x5+ 2x,=3, 692, 3x;—Bx,+2x5}+4x,=2,

6x;+ 8x,+2x;4+ Sx,=7, Tx—4xy+ x34+3x,=5,
9x; 4+ 12x, 4 3x,+ 10x, = 13. 5x+Txy—4x3—6x,—3.
693. 2x, 4 5x,— 8x;=38, 694, 3x; —2x,4 5x;+ 4x, =2,
45,4 3x,— 9x3=09, . bx;—4x,+4x;4 3x,=3,
2%+ 3x,—5x3 =17, 9x, — 6xy+3x;+ 2x,=4.

x4 8x, — Tx, =12,
695. 2x; — x,+ 3x3— Tx,=35,
4x,—2x,+ 14x3 —31x,=18.

696. 9x, —3x,+ 5x;+ 6x,=4,
6x;—2x,+3x3 4+ x,=95,
3x;— X9+ 3x34 14x,=—8.

697, 3x,+42x,+42x3+2x,=2,
2x, 4 3x9+ 2%, 5x, =3,
x4 x4+ 4x;—5x,=1,
2x1 4 2%y 3x3+4x, =35,
Tx;4 Xg-+6x3— x,=T7.
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698. x;+ Xy+ 3x3—2x,+3x5=1,
20,4 2x, 4 4x;— X34 3x5=2,
3x;+3xy+8x;— 2x, + 3, =1,
2x,+ 2x9+8x3 — 3x, 4 9x; = 2.

699. 2x;,— x,+ X3+ 2x,+4 3x;=2,
6x; —3x, 4 2x;+ 4x,+ Sx;=3,
6x,— 3x,+ 4x,+8x,+ 134, =9
4oy — 205+ x5+ X+ 2x,=1.

700, 6x,+ 4x;+ 5x342x, 4 3x;=1,
3x, 4 2xy+4x;+ x4+ 2x,=23.
3x; 4 2xy—2x, 4+ x, = -7,
9x; 4 6x,4+ x5+ 3x,+4 2x,=2.

701, x;—+ 2xy+43x3—2x,+ x;=4,
3x,+ 6xy 4 5x3— 4x,+ 3x5=3,
X+ 2x, 4+ Tx;—4x, + x;=11,
2x,+ 4xy+2x,— 3x, +3x;=6.

702, 6x;+ 3x,+ 2x3 4 3x,+ 4x;, =3,
41+ 2xy+ x5+ 2x, 4 3x,=4,
4,4 2x9 4+ 303+ 204+ x5=0,
2%+ X9+ 7x; 4+ 3x,+ 2x5=1.

703. 8x;+ 6xy 4 Sxy3+ 2x, =21, 704, 2x+ 3xy+ x34+2x,=4,

3x, 4+ 3x, 4+ 2x,+ x,=10, 4x,+ 3xgt+ x5+ x,=5,
4x, 4 2x9 4 3%+ x,=38, ox+11x9+3x,42x,=2,
3% +95x,+ x4+ x,=15, 2%+ Sxgt+ x5+ x,=1,
7x1+4xy+ 5x34 2x,=18. X — Txg— x342x,=7.

705%, loxasath, 4TO:

a) moOylo cucteMy § JAMHEHHBIX ypaBHeHMH C 7 HEM3BECTHHIMH, ¥ KO=
TOpOH Marpuia M3 K03(dEPHUHEHTOB NPM HEU3BECTHHIX MMeeT pawr r,
NyTeM HM3MEHEHWs HyMepalHH YPaBHEHHH M HEeH3BECTHHIX MOXMHO MNPHBEETH
K BHLY

Za,]x]—_b, (t=1,2 ..., 9), M
J=1
o6aajaiolleMy cBOHCTBaMM

my==1, m; %0, my=*0, ..., m, =0, @
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TI€ My — MAHOP R-TO NMOPSANKA, CTOALINK B eBOM BEPXHeM YI/Iy MaTpHIb
3 KO3DQUIUHEHTOB NMPH HEU3BECTHBIX CHCTeMbl (1);

6) cuctemy ypasHenu#t (1), obnanaoumyio cBoficTBaMu (2), nyrtem
PALd BHIYHTAHMH ee ypaBHEHHH, YMHONEHHBIX HA MOAXONALME YHCIA,
#3 MOCICAYIOIMX YPABHEHH# MOMXHO NPHBECTH K SKBHUBATCHTHOH CHCTeMe

n
jElc[jxj=dl (=1, 2, ..., 59, 3)
©6nanaoued CBORCTBAMHU:
¢y +0 mpu i=1, 2, ..., r,
;=0 nmpn j<i<r, a Takxe 4)
npui>ru j=1, 2, ..., n.
Ecm d;=0 npu i=r+41, r+42, ..., s, 10 cucremn (3) u (1) cos-

‘MECTHB!, TPHYEM MpPH 7 ==1 HMEeTCs eNMHCTBEHHOE pelICHHe, a NpH
& < n 6eCKOHEYHO MHOTO pelleHHH.

B nocenneM cnydae CBOGOIHBIMH HEH3BECTHBIMU ABIAOTCH X, 1, ..oy X -
Y3 7-ro ypaBHEHHS MOXHO BHIPa3HTb X, 4Yepe3 CBOGOIHBIE HEH3BECTHHIE.
Bcerapasa 310 BhHpaXeHHe B (r — 1)-e ypaBHeHHe, HaHleM BHDaXeHHE
X,_; uepe3 cBoOONHble HEH3BECTHbiEe U T. L.

Hakoneu, us nepBoro ypasHeHMs Ha#iieM BhipaxeHHe X; Yepe3 CBO-
“60/IHble HEH3BECTHBIE,

[Tomyuenuble BHIPANEHHWA X, X, ..., X, Yepe3 CBOOOJHHE Hen3Be-
<CTHH€ X,.y, ..., X, COCTaBJAIOT OOllee peuleHue cucteM (3) n (1). IAto
«03HA4aeT, YTO MNpPH /MIOOLIX 3HAYEHHAX CBOGOILHHIX HEH3BECTHHIX H3 Hal-
JACHHBIX BHIpRXEHMWH NOAyuHM peulendss cucteM (3) u (1) u moboe pere-
HHE ITHX CHCTEM MOXeT ObTh NMOJYYEHO TAKHM NyTeM NPH NOAXOAAILMX
BHAYEHHAX CBOOOAHBIX HEH3BECTHEIX.

Ecmu d;# 0 xotra O6bl npu OAHOM 3HAYeHHH [ > r, TO CHCTeMH (3)
‘A (1) HeCOBMECTHHI.

HanoxeHHbIli MeTOL MCCNELOBAHWA M peLUeHHA CHCTeMbl JHHEAHBIX
'ypaBHeHHA HAa3BLIBAETCS METOMOM HCK/IOYEHHA HEH3BECTHHIX (CPAaBHHTHL C 3a-
_naqe#t 565).

[Tombaysch METOAOM HCKIIOYEHWS HEH3BECTHBIX, YKAa3aHHHIM B 3a-
Jmaye 705, HccnenoBath COBMECTHOCTb ¥ HaHTH ofluee pelleHHEe CHCTeM
'ypaBHeHH# (ecauM HCXOJHAs CHCTeMa HMeeT Ueable KOIGPUUHEHTH, TO
B 1polecce HCKJ/IOYEHHS HEH3BeCTHHX MOXHO H3GexaTb ApobGeH):

706, x;+2x,+43x5+ x,=3,
X1+ 4x,+65x342x, =2,
2%+ %9+ 8x3+3x, =7,

3xy + Txg+ 7Tx3 4 2x, =12,

5x1 + Txy + x5 + 2x,=20:
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707, 12x, + 14x, — 15x, 4 23x, 4 27x;=35,
16x, -+ 18xy— 22x5+ 29x, -+ 37x5 =38,
18x; +20x,— 21x3 4 32x, - 41x;=09,
10x, 4+ 12x9 — 16154 20x,+ 23x; = 4.

708, 10x;, 4+ 23x,+ 17x,+ 44x,=25,
15x, -+ 35x9 4+ 26x5 4 69, =40,
25x, 4 57xy+ 42x3+ 108x, = 65,
30x, +69xy 4 5154 133x,=95.

709, 45x, —28x, 4 34x;— 52x, =29,
36x, — 23x,+ 29x; —43x,=3,
35x; — 21x9+ 28x, — 45x, =16,
475, —32x,+4 36x; —48x, —=—17,
27x, — 19x,+22x3 — 35x, =6.

710. 1209 — 16x34 25, =29,
27x,+ 24x,— 32x3+47x, =55,
50x, -+ 51xy— 68x;+ 95x, =115,
31x,+21x, — 28x, -+ 46x4=50.

711, 24x,+ 14x,+ 3023+ 40x, 4 41x5 =28,
36x, 4 21x,+45x3+ 610, 625 =43,
48x, -+ 28x,+ 60x3+ 82x, 4 835 =58,
60x, + 35x, -+ 75x3+ 99x, + 102x; = 69.

Hccnenosars cucTeMy M HakTh oOmiee pelleHde B 3aBUCHMOCTH OF
8HaueHHs MapaMerpa A:
712, 5x,—3x,+ 2x3-+ 4x,=3,
4x, —2x+3x3+ Tx,=1,
8x; — bxy— x3— OSx;=9,
7x,—3%xy+Tx3+ 17x,=A.
713, 3x,+ 2x,+ 5x3+ 4x,=3,
2x,+3x,+ 6x3+ 8x,=35,
X, — 6x9— 9x3— 205, = —11,
4x, -+ xo+4x;+Ax,=2.
714, 2x,+ 5x,+ x343x,=2,
4x, -+ 6xy+3x3-+5x,=4,
4x,+ 14x,+ x5+ Tx,==4,
2x,— 3x3+3x34Axy=T7,



715724
715.

716.

718,

719.

'720.
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2%, — Xy+3x3+ 4x,=35, .
45, ~—2x9+45x34 6x,=7,

6x; —3xy+ Tx34+ 8x,=09,
Ax,—4xy+ 9x;+4 10x, =11,

2x,+ 3x,4 x;+42x,=3, 717, Ax, 4+ X9+ x3=1,
4x,+ 6xy43x;+4x,=35, : X+ A+ x3=1,
6x,+ 9xy+ 5x3+6x,=7, X+ Xyt Axg=1.
8x; -+ 12x,+ 7x3+Ax,=09.

Ay + X+ x5+ x,=1,
x+ Ao+ X3+ x,=1,
X+ xo+Ax; 4+ x,=1,
X+ x4 x3+-Ax,=1.
A4+Mx,+ x4 x3=1,

X+ (14 A) Xy x5 =4,

X+ x4+ (14 A) x3=A7A%

A+ 1D x4 x4 x3=7A24 34,
A (A 1) - g = A3 302,

x4 Xy (- 1) 2y = A4 4- 303,

HccnenoBath CHCTeMbl ypaBHeHWH M HaHTH oflllee peLieHHe B 3a-
SBUCHMOCTH OT 3HauYeHHHl, BXOAAIIMX B KO3(GHUHEHTH NapaMeTpoB:

721. x4+ y+ z=1, 722 ax+4 y+4 z=1,
ax—+ by+ cz=d, x+by+ z=1,
ax - b2y 4 c2z =d2. x4+ y+4cz=1,
B KakoM ciyuae 34ech BO3MOXHEI Hy/€Bble 3HAYEHHA HEKOTOPHIX H3
HHEH3BECTHHX P
723%, ax+ y+ z=a,
- x+-by+ z2=0,
x4+ y+cz=c.

Haititn obwee peueHne ¥ QyHIaMeHTaNbHY!IO (MM OCHOBHYIO) CHCTeMy
pelleHHil LI CHCTEM ypaBHEHHM:

724,

x4 2xy+ 4x3— 3x4=0,
3x;+5xy+ 6x3— 4x,=0,
4x, 4 5xy— 2x3+ 3x,==0,
3x,+ 8xy+424x3— 19x, =0,
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726.

726.

727,

728,

729.

731.

732.

— X+ x3—x;=0,
— Xyt X4 — Xs=0,
— x5+ x;=0,
— X3+ x4=0.

OTZAEJN 1I. CUCTEMBI JIMHEFHBIX YPABHEHHWR |725—733
2x, —4x,+ Sx3+ 3x,=0,
3x,—6x+ 4x3+ 2x,=0,
45, —8Bxy+ 17x3+ 11x,=0.
3, + 2%+ 3 3%, Bx; =0,
6x, +4x+3x3+5x,+ Tx; =0,
9x, 4+ 6xy+5x3+ Txy + 9%, =0,
3x, +2x,+4x,+4 8x; =0.
3x, 4 Sxy+ 2x; =0,
4x, 4+ Txy+ 5x3 =0,
X+ xy—4x3=0,
2x,+ 9x,+46x;=0.
6x, — 2x9+2x3+45x,+ Tx, =0,
9x, —3xy+4x;+ 8x,+ 9%, =0,
6x, —2x,+6x;4+Tx,+ x;=0,
3x;— xXy+4x3+4x,— x;=0.
X, —x3=0, 730. x;— x3+ x;,=0,
Xo— X,==0, Xy X4 + Xg=0,

Sxy 4 6x9—2x3+ Txy+ 425, =0,
2x, 4+ 3xy— xX3+4x, 4+ 2x,=0,
7%+ 9%y —3x3+ 5x,+ 6x, =0,
S5x,+9x;—3x3+ x4+ 6x;=0.

3x,+ 4x+ x3+2x,+3x;=0,
Sx,+ Txy+ x3+3x,+4x;=0,
4x, 4 Bxy+42x;+ x4+ 5x5=0,
Tx,+10x, 4+ x346x,—+ 5x5=0.

Xy — Xy 4 X5— Xg=<0,
Xy — X3+ x=0,
X, — x4+ x5==0.

733. Joxkasatb, 4T0 I A1060# OZHOPOIHOH CHCTEMBI NMHHEHHBIX ypaB-
HEHH# C PALUMOHAJLHHMH (B YACTHOCTH, € LeJIBIMH) KO3((HIUMEHTAMH MOK~
HO NOCTPOHTb UEJACUHCAEHHYI0 (yHIAMEHTAJIbHYI0 CHCTEMY pelueHHH (npm
YC/OBHH, YTO paHr MaTPHUE KO3(P(HUHEHTOB MEHblLE YHC/1a HEHIBECTHRIX),
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734, Ioxasath, YTO A/ CHCTeMbl ypaBHeHHH

n
Dayx;=0 (=12, ...,5) (1
j=1
padra r < n mobbie 7 —r AHHEHHO He3aBHCHMLIX DelleHHH
Qs Qpgs o v vs Uy
amy a22) ey a2ny
@rer, 10 Cpep, 20 00 Cney, g

©6pa3yioT (PyHIAMEHTaNbHYIO CHCTEMy pelienuil, a obuiee pelieHHe MOXK-
#0 HPeICTABHTL B BHAE

n—r
x/=kzlc,,a” =12, ..., n), @
whe € Cgr + - -+ Cp_p — NPOH3BOJIbHLIE HApaMeTPHI. VIHLIMU CIOBAMH, MOKA-
Bath, 4TO NMPH MOOHLIX 3HAUYEHHSAX TNAPAMETPOB €, Cy ..., C,_, GOpMY-

aot (2) naot peuwenue cuctembl (1), u no6oe peuende cucremu (1) Mox-
@0 [OAyYHUTh U3 dopmyn (2) NPH NOAXOAAILHX 3HAYEHUAX NMAPAMETPOB Cy,
o, v Cpmpe :

Ilns crefytOWHX CHCTeM ypaBHeHHH HafTH oOluee pelleHue Buia (2)
M3 Opeabiiywielt 3a1a4d, TAe KaxAoe HEeH3BeCTHOe MNPelCTaBAeHO OXHO-
{POIHLIM JIHHEHHBM BHIPAXKEHHEM OT rapaMeTpoB C LeabMA Ko3¢pduuued-
TaMu:

735. 2x,+ X9—4x3=0, 736. 2x,— x,-+5x3+7x,=0,
3x,+ 5xy—T7x3=0, 4x, —2x,+ 7x53+ 5%, =0,
4x,— 8xy— 6x3=0. 2%, — X9+ x3—5x,=0.

737. 3x,+ 2xy+5x3+ 2x,+ 7x,=0,
6x,+4xo+Tx3+ 4x,+ 5x;=0,
3x,+ 2x,— x3+ 2x,—11x;,=0,
6x,+4x,-+ x5+ 4x4— 13x5=0.

738, 6x;,— 2x,+3x3+ 4x,+ 9x;=0,
3x,— xp+2x3-4+ 6x,-+ 3x;=0,
6x, — 2x9—+ 5x3 4+ 20x,+ 3x;=0,
9x, — 3xy-+4x3+ 2x4+ 15x;=0.

739, 2%, Txy+4x3-+ 5x, 8x;=0,

4x,+4x,-+8x3+ Sx,+ 4x;=0,
X, — 9%y —3x3— Ox,— 14x; =0,

3%, 4 B5x,+ Tx3+ Bxy+ 6x,=0.
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740. 3x;,+4x,+3x3+4+ 9x,4 6x;=0,
9x, + 8xy+5x3+ 6x,-+ 9x;=0,
3x,+ 8xy+ Tx3+4 30x,+ 15x, =0,
6x,+6x,44x;4+ Tx,+ 5Sx;==0.
741, O6pa3yioT /u CTPOKH KawioH M3 MaTpui
30 —24 43 —5H0 -5
A=| 9 —15 8 5 2
4 2 9 —20 -3
4 2 9 —20 -3
B=|1 —11 2 13 4
9 —15 8 5 2

¢$yHIaMeHTANbLHYI0 CHCTEMY pellueHHH a8 CHCTEMH YypaBHeHuM
3x,+4x+2x3+ x4+ 6x5=0,
Sx,+ 9%+ Tx3+4x,+ Tx;=0,
4x, 4 3x9— x3— x4+ 11x;3==0,
x4+ 6x9+ 8x3+ 5x,— 4x;=0.
742, Kakne U3 CTPOK MATpHLHI
6 2 3 —2 —7
5 3 7 —6 — 4
8 0 —5 6 —13
4 —2 -7 5 — 7

*

o6pasyloT (YHAAMEHTAaJIbHYI0 CHCTeMY pelleHHH# i CUCTeMbl ypasHeHu#

2%, — 5xy+3x342x,+4 x;=0,
S5x,—8xy+ 5x3+4x,+ 3x;=0,
Xy — Txy+4x3+2x, =0,
dx,— Xo+ %3+ 2x,+4 3x;=0.

743*%, JlokasaTb, uTO ecau B oOllee pellleHHe OJIHOPOAHOH CHCTEMH
JHHeHHLIX YDPaBHeHMH paHra r C 7 HEH3BeCTHHIMH, rie r <1, BMeCTO
cBO6OHHX HEeH3BECTHBIX MOJACTABHTh YHCJA NMOOYepelHO M3 KauaAOH cTpo=-
KH ONpejesuTessi NOPAiKa N —r, OTIHYHOTO OT Hyjas, H HaHTH cooT~
BETCTBYIOLLHE 3HAUEHHSt OCTAJbHLIX HEH3BECTHEHIX, TO NOJYYHTCH (yHia-
MEHTaJbHas CHCTeMa pelleHudt, ¥, oOpartHo, /OOy ¢YHIAMEHTAIbHYIO
CHCTEeMy pelleHHH JaHHOH CHCTeMbl YpaBHeHHMH MOXHO NOJYYHTb TaKUM
nyTeM NpH NOAXOAdeM BHOOpe onperenuTens NOpAAka n— r, OTIHYHO-
o OT HyJs.
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744, Tlycte cTpok# MaTpUUB

Ay G2 e Oy

A=| %21 G2 ».. Gg
. . . . . . Ll

[en @ -o0 @p

©00pasyioT ¢yHIAMEHTAJbHYI0 CHCTEeMy pelleHHH OZHOPONHOM CHCTeMbl

JMHEHHBIX YpaBHeHHH paHra r ¢ n Heu3BeCTHuIMH (n==r -} p). Ilokasatsb,

4TO CTPOKH MATPHLB

Bu B2 «+- Bia
B— Bar B .« - Bos

6pl 6p2 AR 6pn

TOTAA M TOJMbKO TOFIA TaKke 06pasyioT PYHAAMEHTANbLHYIO CHCTEMY pelue-
#HR TOR e CHCTeMHl ypaBHeHMH, KOTAA CYIMECTBYeT HEBHPOXKIECHHas
MaTpHUA p-FO MOPAIKA

Yu Y2 -+ Yip

C— Yo Y2 ¢-« Vop

o e L Y

Yoo Y;2 +++ Vpp
TaKast, 4ToO

p
ﬁt,k=j21\’t,ajk ¢=12, ..., pp B=1,2,..., n).

Tlosb3ysicb MATPUYHEIM YMHOXEHHEM, STH PABEHCTBA MOXHO 3amucaTh OX -
#sium paseHcTBom B =CA.

745. TTokasarb, uTo 3a1a4a 743 4BgeTCA YACTHBIM C/ayuaeM 3anauu 744.

746. Jlokasatb, YTO ec/M PaHr OJHOPORHON CHCTeMbl JHHEAHBIX ypaB-
#ieHHR HA eJMHULY MeHbIIE YMC/IAa HEM3BECTHHIX, TO JIOObe ABA pelleHus
STOH CHCTEMBl NPONMOPUHOHAMBbHBL, T, €. OTJIHYAIOTCA JHIUL YHCJIOBHIM
MHOXHTeneM (OLITh MOXET, PABHLIM HYJIO).

747, Tlonb3ysach TeopHel ONHOPOMHBIX CHCTEM JMHEHHHLIX YPaBHEHu#,
pewnts 3apnauy 509, T. e. I0Kasats, 4TO ecau onpelenutens D no-
psnka n > 1 paBeH Hym;0, TO anre6panyeckue ILONOJHEHHS COOTBETCTBYIO-
IUX 9/JIEMEHTOB IBYX JIOOLIX CTPOK (CTOAGLOB) MpPONOPLUHOHAIBLHEL,

748%, [loxasaTb, uTO eC/iH B OIHOPOIHOH CHCTeMe JHHeHHHX ypas-
HeHUlt YUCIO YpaBHEHHH HAa eIMHMIY MeHbIle YUCAa HEU3BECTHBIX, TO
B KAyeCcTBe peELICHHA MOXHO IPHHATb CHCTEMY MHHOPOB, NOJYYEHHBIX
#3 MaTpHUb KO3(PHLHEHTOB MOOYepelHbIM BbiYepkHBaHHeM 1-ro, 2-ro
¥ T. 1. CTOAGLOB, NIPUYEM STH MUHOPBI GepyTCs C UepeLYIOLIUMHCS 3HAKAMH,

Jlanee, nokasaTb, YTO €C/AM 9TO pelleHHe He HyJeBOe, TO J0boe
pellieHle NOJMyvyaeTcss U3 HEero YMHOXEHHEM HA HEKOTOpOe YHMCJIO,
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[Monb3yach pe3y/AbTaroM npelniayluei aanaud, HalTH 4acTHOe H o0wee
pelleHHsl CHCTeM ypaBHeHU#:

749, 5x,+ 3xy+4x;=0, 760, 4x,— 6xy4 OSx3=0,
6x; + Sxy+ 6x3=0. 6x;, — 9x9+ 10x3=0.
761, 2x;+4 3xy+ 5x3+ 6x, =0,
3x,+ 4x,+6x3 4 7x,=0,
3x,+ x4+ x3+4x,=0.
762. 8x,— Sx,;— 6x3+4 3x,=0,
4x, — x9— 3x3+4 2x,=0,
12x, — Txy— 9x34 5x, = 0.

753. JloxasaTb, YTO Ans TOro, 4To0bl CHCTeMa JAHHeHHBIX ypaBHeHuH
C uYMCIOM ypaBHeHHH, Ha enuHHly OOMBbIUIMM YHC/A HEH3BECTHHIX, ObiIa
COBMECTHA, He06GX0mMMO (HO He JOCTATOYHO), YTOOH ONpelrenuTelb, COCTa-
BJAEHHBLI U3 BceX K03(GHLUEHTOB NPH HEH3BECTHHIX W CBOOGOIHLIX Y/EHOB,
6nia1 paBeH Hynlo. [TokasaThb, YTO 3TO yC/A0BHE OyAeT TaKKe M N1OCTATOUHLIM,
€C/IM PaHr MarpHubl U3 KO3 HUUUEHTOB paBeH YHCAY HEU3BECTHHIX.
764. IlycTh naHbl: cucTeMa JMHEHHBIX ypaBHeHu#

n
Zaijszbi (i=1,2,...,9),
j=1
IBa pelleHHs 3TOR CHCTEMB O, Uy, ..., @, U By, By, ..., By ¥ uHCHO A.
Ha#ith cucteMy auHeHHBIX ypaBHeHHH C TeMH Xe KOIG@HUHEHTAMH TpR
HEU3BECTHLIX, KaK B JaHHOH CHCTEMe, MMEIOLIYI0 PELICHHEM
a) CyMMy IaHHBIX pelleHuH:

o +B;. a+By ..., 0+ By
HJH

6) npousBeneHHe TNEPBOIO M3 NaHHBIX pemeHWH Ha uyHcao A:
Aay, Aoy, ..., Ao,

755. Haittu ycaoBus, He0OXOAHUMBlE M 1OCTATOYHBIE ISl TOTO, YTOGHE
nu60 CyMMa J1BYX peuleHu#, 400 NpousBeleHHE ONHOTO pellieHHs Ha
yucao A 5= 1 GbIIO CHOBA pEILEHHEM TOH e CHCTEMB NHHEHHEIX YPaBHEHUH.

756, Ilpn kakux ycAOBMAX [HaHHAs JHHeHHasw KOMOMHAUMA 06X
pelweHnl NaHHOH HEOAHOPOAHOH CHCTEMBI JIHHEHHBLIX ypaBHEHHH CHOBX
6yner pelleHHeM 3TOH CHCTeMbI?

757, Kaxue 3HauenHs MOTYT NpPHHMUMATL HeH3BECTHble B JIOGHIX pele-
HHAX COBMECTHOH CHCTeMbl JHHeHHbIX YpaBHEHHH, ecau CTOJAOUB KO3~
(HUMEHTOB TpH BCeX HEH3BECTHHIX, KpOMe nepBOro, a Takxe CToabew
€BOGOAHBIX Y/E€HOB MOMNApPHO Pa3jHYalOTCsA JHIUb YHCTOBHIMH MHOXHTENSIMU P

768. TIpH Kakux ycJa0OBHAX B /I0GOM pelleHHH COBMECTHOR CHCTEMBA
JAMHERHBIX ypPaBHEHHMH HEU3BECTHOE X, MMeeT OJHO K TO ke 3HaueHne?
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759, Ha#th ycnoBusi, HeOOXOAHMBle H JLOCTATOYHbE XIS TOTO, YTOGH
B 1000M pellleHHH COBMECTHOW CHCTeMbl JHHeHHBIX ypaBHeHWH R-e He-
H3BECTHOE Obl10 PABHO HYJIO.

760. IIpy xakux ycaoBHAX B OOlleM pelIEHHH CHCTEMBl yDPaBHEHUH

y+az-+bt=0,
—x+cz+dt =0,
ax +cy—et=0,
bx +dy—+ez=0
3a cBOGOHbIE HEH3BECTHbiE MOXHO NPHHATbL Z U P
761. Cxo/bKO He3aBHCHMBIX Mex1y co000i0 yCa0BHH A0MKHO OHiTh
BHIOJIHEHO JJsi TOro, 4roObl CHCTeMa S JHHEHHBIX yPaBHEHHH C 71 He-
W3BECTHBIMA Obl1a COBMECTHA W COJepikasna / He3aBHCUMBIX YPaBHEHHH,
A5 KOTOPHIX OCTa/bHble YPABHEHHS SBASANMCH Obl MX CJELCTBHAMH?
762. Tlpy Kakux ycC/AOBHAX CHCTEMAa ypaBHeHUH

=by +cz +du—+ ev,

y=c¢z +du +ev+ax,

z=du-t+ev +ax—+by,

u=ev+ax-+by +cz,

v=ax—-+by +cz +du
MMEET HeHy/eBOe pelueHHe?

763*, Ilpu kakux yC/IOBUAX CHCTeMa JHHeHHBIX YPaBHEHW# C Bele-

CTBeHHBIMH KO3(duuueHTamu

Ax -+ ay +bz +ct =0,
—ax -+ Ay + hz — gt =0,
—bx — hy + Az 4 ft =0,
—cx 4+ gy—fz+M=0
HMeeT HeHy/leBOe pellieHHe?

[Tonp3ysach Teopue#l JIHHEHHBIX YpaBHEHHH, pelIMTh CJelyioLiHe
sanays (pacCMaTpHBAIOTCA TOJIBKO MNPSMOYrOJibHble HEKAPTOBE CHCTEMH
KOOpAMHAT):

764, Hatitn ycaoBusi, HeoGXxoAuMble W JOCTATOYHHIE A/ TOrO, YTOOM
TPH TOUKH (X1, ¥,), (X5, ¥o), (X3, ¥3) Jexanm Ha OLHOH HPAMOH.

765. HanmucaTe ypaBheHHe mnpsiMO#, mnpoxonsiliel 4epes ABE TOYKH
(X1, Y1) (%o, ¥9).

766. Hatitn yc/0Bud, HeOGXOIMMbie H JOCTATOYHBIE A/ TOTO, YTOOGLI
TPU TPsIMLIe

o x+by—+c, =0,

ayx +byy +¢c,=20,

asx +b3y + C3=— 0
NpPOXOLH/H 4epe3 OLHY TOUKY.
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767. Hafith HeoOXonuMbie H JOCTATOYHBIE YC/OBHA 175 TOTO, YTOOH 1
TOYEK TMJAOCKOCTH (X, ¥;)» (X9, ¥o)i +.., (X, ¥,) N€Xanu Ha oOXHOR
npAMOM.

768. Haittu HeoOXoxuMBle W IOCTATOYHHE YCJIOBHS IS TOTO, YTOOBI 1
NPpsAMBIX HA NJAOCKOCTH

ax +b,y +¢ =0,
ayx by 4¢3 =0,

8, x40y 4, =0
NPOXOIH/M Yepe3 OLHY TOUKY.

769, Hatitu ycaoBus, HeoGXOIMMBle M HOCTATOYHBIE ISl TOTO, YTOGH
yeTblpe TOUKH MAOCKOCTH (X;, ¥;), (X9, ¥9), (X3, ¥3), (X4 ¥4), HE JexalIHE
Ha OnHOW MPAMOH, /nexanH Ha OILHOH OKPYKHOCTH.

770. Hanucatb ypaBHeHHe OKPYXHOCTH, TPOXOZsiLiel Yepe3 TPH TOYKH
(%1 Y1) (X9, ¥9). (%3, y3), He jexallde HA OAHOH NPAMOH.

771. HanucaTb ypaBHeHHE OKPYXKHOCTH, mpoxonsilleH yepes TPH TOUKH
(1, 2), (1, —2), (0, —1), u HallTH ee UEHTP H palMuyc.

772%, JlokasaTb, YTO OKPYXHOCTb, NpPOXOHLAllad yepe3 TPH TOYKH
€ pauHOHA/IbHHIMH KOODAHHATAMH, HMEeT LEHTP B TOUKE TaKke C pPauuo-
Ha/lbHBIMM KOOPJAHHATAMH.

778. HanucaTe ypaBHeHHe KpPHBOH BTOPOro TOpSAKa, NpOXolduieft
yepes NATb TOUEK:

(%10 Y1) (%20 ¥9)s (X3, ¥3), (¥4, ¥a)» (X5 Y.

774, Hatitn ypaBHeHHe W ONpeAeNuTb BHI KPHUBOH BTOPOro Nopsika,
npoxoasue yeped nAThL TOUEK:

2 2 2
3.0, 3.0, (563) (5 —63). (5 —6 3)-
775. HanucaTb ypaBHeHHe M ONpelesuTh TOJOXEHHE W pa3MepHl KpH-
BOlt BTOpPOro MOpsiKa, NMpoXoisluefl Yepe3 MATb TOYEK:
(Oa 1)- (iQI 0) (ilv —1)'

776, Halitu ycnoBue, HeoOXOIMMOe M JOCTAaTOYHOE A TOTO, YTOGH!

yeTepe TOUKH (X1, Y1, 21), (Xg Yo Z9) (X3, Y3 23), (X4 Yy 24) MEXKAMH
B OIHOH NJOCKOCTH.
777, Hanucate ypaBHeHHe TNIJIOCKOCTH, MpOXojflle#t yepe3 TPH TOYKH

(1, 1, 1, @ 3, —1), (3, —1, —1).
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778. Halttu ycaoBus, HeoOGXOauMble M NOCTATOYHBIE AJAf TOFO, YTOGH
yeTHlpe MIAOCKOCTH

ax+by—+cz+d =0,
a2x+b?y+022+d2=0,
a3x+b3y+03z+d3=0.
ax+by—+ciz+d;=0

MPOXOAHIH UYepe3 OXHY TOUKY.

779. Haltth ycnosus, Heo6XOIMMble M JOCTATOUHBIE AJAf TOTO, YTOOH 7t
niaockoctel ax+by+cz+d;=0 (i=1, 2, ..., n) NPOXOLHTH
yepes OJHY NPAMYIO, HO He CJAMBAJIHCb B OHY NJIOCKOCTD.

780, Hanmucatb ypaBHeHHe cdephl, MPOXOAsiiied yepes yeThIpe TOUKH
(%1. Y10 21)s (X2 You 29), (X3 Y30 23)s (¥4 Y4 2,), HE NeXauue B OLHOM
TIIOCKOCTH.

781. Hanucats ypaBHeHue H HaHTH WeHTp H pazmyc cdepH, mpo-
xoxaueft vepesd Toukmu: (1, 1, 1), (1, 1, —1), (1, » 1), (—1, 0, 0).

782. Kakas cucrema auHeHHBIX ypaBHeHHR 3aﬂaeT TPH paanuqﬂble
NpsMble Ha IJIOCKOCTH, NMPOXOAALIHE uepe3 OLHY TOUKY?

783. Kakas cucTeMa /MHef{HHIX ypaBHeHHH 3anaeT TPH TpsAMble Ha
MJIOCKOCTH, O6Pa3yloLine TPeyro/bHHK?

784, Kakas cucrema muHefHHX ypaBHeHHH 3al1aeT TPH MJIOCKOCTH
NPOCTPAHCTBA, He HMelolHe OOIIMX TOYeK, HO MepeceKaiolHecs MONApHO?

7856. Kakas cHcTema /MHe#HBIX ypaBHeHMH 3ajaeT YeTbipe MJIOCKOCTH
NPOCTPaHCTBA, 006pasyloliiye TeTPasip?

786, YkasaTb TreOMETPHYCCKYI0 HHTEPNPETALMIO CHCTeMBbl HeThpex
JMHEMHbIX yDaBHeHHM#t C TpeMs HEH3BECTHBLIMH, B KOTODOH DAaHIH Bcex
MaTpULl U3 KO3(@UIUEHTOB NpPH HEU3BECTHHX TPeX YPABHEHHR M paHr
paclUMpeHHON MATPHilBl PaBHBI TPeM?

787. PaccMoTperh Bce BO3MOXHBIE CJAyyad, BCTpeuaiolliMecs mpn
pelIeHHH CHCTeM JMHeHHBIX ypPABHeHMH C ABYMSl M TPEMs HEH3BECTHLIMH,
M B K@XIOM CIyyae JaTb leOMETPUYECKYI0 WUHTEPNPETAUMIO NAHHOH CH-
CTeMbl ypaBHEHHH,



OTIOEJ I
MATPHLbI H KBAJAPATHYHLIE $®OPMbl

§ 12. JleficTBua ¢ MaTpHDamMH

BhiuHCANTE NpoOM3BeLeHUS MATPHIL:

TG TGy

790. /1 —3 2 256\ 791 (58 —4 3 25
3 —41).[125]} 6 9—5).|4 —13
\2 —53 132 47_3) 9 65

792. (2 —1 3 —4) (7 8 6 9)

3 —2 4 —3{ |57 45
5 —3 —2 1|13 4 5 6|
3 —3 —1 2/ {2 1 1 2

793. (5 7 —3 —4) (1 2 3 4)
7 6 —4 —5) [2 3 4 5
6 4 —3 —2| |1 3 5 7|
8 5 —6 —1) (2 4 6 8

794, /2 —3) /9 —6) 796.(52—231( 2 22 2]
(4-6)'(6—4)' 64 —35 |—1—-53 11
92 34| 16 248 —8]°
176—47] | 8 160—16
796, (4 3\ [—28 93\ /7 3
(7 5)( 38 -—126)'(2 1)'
797. / 0 2 —I 70 34 —107 27 —18 10
—2 —1 2 || 52 26 —68].{—46 31 —17}).
3 —2 —1 101 50 —140 3 2 1
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798, 1 1 1 —1 7 —2 3 4
-5 -3 —4 4 11 0 3 4
5 1 4 —3 5 4 3 0
|—16 —il —15 14 (22 9 8
Briuucnurb BHpaeHHs:
798, (1 —2\3 800, /4 —1Y3
L) ™6 o)
801, /2 —1\2 802, [cosa —sina\”
- (3 —2> ) (sina cosa) -
- 803, (M, 0 )

Ay
° s, TIe HYJH 0603Ha4yalT, YTO BCE IJeMEeHTH Ma-
\0 7"11

TPULBl, CTOSILLHE BHE I/IaBHOR JNHAaroHaaW, paBHHl HYJIO.

804. (1 1\ 805 (A 1\
o 1) = (5]

806. (1 1 1 ...1)° 807. (1 1 0 0 ...0 0)1
01 1...1 011 0...00
00 1...1 001 1...00| °
0 0 0...1 {0 0 0 0...01

(MOpANOK IaHHOM MATpHUbLL paBeH 7).

808. Briuncauts (;; __lg>5 HCMOJB3ys PaBEHCTBO
17 —6 2 3\/2 0\/—7 3
<35 w12>=(5 7)(0 3)( 5 —2>'
4 3 —3\¢
809, Buwumcauts | 2 3 —2 |, ucnos3ys paBeHcTBO
4 4 -3
4 3 —3 1 31 1 00 0 2 —1
(2 3 —2 =2 2 1310 2 0 1 1 —1
4 4 =3 3 4 2/\0 0 1/\—2 —5 4
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810. Hoxasatb, uto ecau aasa matpuu A u B o6a npoussenenus AB
H BA cyuwectByoT, npuieM AB==BA, 10 Marpuubnl A u B — kBagpar-
Hble H HMEIOT ONHHAKOBHH MOPAIOK.

811, Kax mnamenurcs nponapeienne AB marpuu A n B, ecam:

a) MepecTaBUTb i-10 M j-10 CTPOKH MaTpuubl A?

6) x I-#i cTpOKe MaTpulb A NPHOABHTL j-10 CTPOKY, YMHOXEHHYIO
Ha uucao ¢?

B) mepecTaBuTh [~ W j-# cToNOuUbl MaTpuub B?

ry Kk i-my croabuy Marpuubl B npu6aBuTh j-#i cTOn0el, YMHOMeH-
HBI# Ha YHCIO P

812, Tlonbaysack npenbiyuielt 3azaueft U HEH3MEHHOCTBIO paHTa npu
37eMeHTapHbHX TpeobpasoBannax (cM. 3agauy 615), n0kasaTh, YTO paHr
NPOM3BENEHHS IBYX MATPHL He GoJiee PaHra Kaxioro COMHOMXHTENS.

813. lloxasarb, yro paHr MpoOM3BENEHHA HeCKOJbKHX MaTpHl He Gojee
paHra KaxZIoR H3 NepeMHOXAeMBIX MATPHL.

814, «Ciedom» KBaipaTHOM MAaTPHUB HA3LIBAETCA CyMMa BJIEMEHTOB,
CTORILMX Ha rnaBHOM puaroHanau. JlokasaTh, uTo cien AB paseH cneny BA.

815, Iokasath, uro ecii A u B -—KBaipaTHhe MaTpHUH OJHOTO
H TOTO Xe nopsika, npuyeM AB == BA, 10

a) (A+BP + A?4-2AB -} B%;

6) (A+ B)(A— B) + A2 — B2,

816, Ioxasats, uro ecnu AB=—=BA, 1o

(A4-B)'=A"4-na"'B4- 20D 4r-2p2 1 4 p",

3necb A u B — xBaapaTHbie MaTpHUBI OIHHAKOBOTO NOpAIKa.

817. Hoxasath, uyto JmI00yl0 KBagpaTHylo MaTpuuy A MOXHO npen-
CTaBUTb, M TIDMTOM eZMHCTBeHHbIM 0OpasoM, B Bule A=DB—+C, rue
B — cumMerpuieckas, a C— KOCOCHMMETPHYECKAsd MaTPHLBI.

818, Marpuusl A u B HaswBaOTCA nepecmaxHOBOURbLLMU, eClH
AB=DBA. KsazpatHas MaTpuHua A Ha3biBaeTCd CKAAAPHOL, ecin Bce
ee D3JIeMeHTH, CTOflMe BHe TI/IABHOR AMAaroHa/aW, PaBHBI HYJIO, a 3je-
MEHTH TJIABHOR 1HaroHaau paBHbl Mexay coOolf, T. e. ecan A=cE,
rae ¢-—vuucao, a E— egunnynas Matpuua. Jlokasath yTeepikleHHe: Las
TOro 4toGbl KBagpaTHas Matpuua A O6b1a NepecTaHOBOYHA CO BCEMH
KBAJPAaTHEIMH MaTPHLAMH TOrO e NOPsiKa, HeoOGXOAMMO M JOCTATOYHO,
4100 MaTpuua A Omia cKanspHOM.

819, KpazpatHas Marpuua HasbiBaeTcs O#Q2OHabROH, ecin Bce ee
SJleMEHTH, CTOflllHe BHe TJIaBHOK IWaroHand, pasHbl Hymwo. Joxasarts
yTBepKAeHHe: A TOro uroOwel KBaipaTHad MaTpuua A 6bl1a mepecra-
HOBOYHA CO BCEMM JMarOHaJbHEIMH MATPHULAMH, HeOOXONMMO M IOCTa-
TOYHO, 4TOGH MaTpuua A cama Obia JHaroHasbHa.

820, loxasatb, 4yTO ecau A — guaroHanbHad MaTpHLA H BCe 3Jje-
MEHTH ee TJIaBHOH NMAaroHanu pasiHuHbl Mexay coboft, To moGas mar-
puna, mepecTagoBOYHas ¢ A, TaKkxe AHAroHajlbHa.
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821. Jlokasarb, UTO yMHOXXeHHe MaTpuubi A C/eBa Ha I1MArOHAMbLHYIO
‘marpuuy B={A, Ay ..., A,] BuBHIBaeT yMHONeHHe CTPOK A 'COOT-
BeTCTBEHHO Ha A;, Ay ..., A, yMHOXeHHe we A Ha B cnpaBa BH3hl-
BaeT aHAJOTHYHOE W3MEHeHHe CTOJ6LOB.

Ha#th Bce MarpuuH, NepecTaHOBOUHLIE C MaTpHLeH:

822, (1 2 823. (7 —3
ST
824. /3 1 0 826. /0 1 0 0
0 3 1}. 0010
003 000 1]}
= 0000

826, Hafith Bce wuucna ¢, yMHOXeHHEe HAa KOTOpbie HEBBHIPOMIEHHOH
MaTpuub A He H3MeHdeT ee ONpeleUTed.

827, Hafitu sHaveHue MHOrouneHa f(x)==3x?— 2x -5 0T MaTpuum

1 —2 3
A=|2 —4 1].
3 —5 2

828, Hatith 3HaueHue MHorouneHa f(x)=x3—7x2-+4+ 13x—5 ot
MaTpHLBI

5 2 =3
A=|1 3 —1].
2 2 —1

a b
829, Ilokasath, yToO MaTpHua A=(c )ynoaneTBopﬂeT Y PaBHEHHIO

d
x2—(a+dyx+ad —bc=0.

830*%. Ioxkasarb, uto Ans a06OH KBampatHOR MaTpuun A Cyuwe-
CTBYyeT MHOTOuY/eH f(x), OTAMYHHIH OT Hy/neBOrO W TakoH, uro f(A)=0,
npHyeM BCe TAKHE MHOTOY/EeHH NeNfATCs Ha OIMH W3 HUX, ONpereseHHbH
OIHO3HAYHO YC/JOBHEM, YTO €ro cTapmui KOd(PPUUHEHT paBeH eIHHHLE
(OH Ha3HIBAa€TC MUHMMAJIbLHBLIM MHOTOUJIEHOM Marpuuu A).

831*, IlokasaTe, uyTo paBeHcTBO AB — BA==FE He BHNOJHAETCH

TR
HU 1 Kakux matpuy A v B,
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832. HallTh Bce MmaTpHill BTOPOro MOpsika, KBAaLpaT KOTOPHIX pased
HyneBOH Marpule.
833*. Ilyctb A — Marpula BTOPOro NOPAIKa H K — lleJ0e HUCAO,

Gonbwee aByx. Jokasats, 4to A*=0 Torma W TOALKO TOraa, Koria
Ar=0.

834. Hantn BCce wMarpHUB BTOPOrO NOPAIKA, KBALPAThl KOTOHIX
paBHbH €IMHHYHOH MaTpHLe.

835. HUccnenosars ypasienne AX =0, rne A — nannas u X — wncko-
Mast MarpHlbl BTOPOTO NOpsAIKa.

Haitty o6paTHble MaTpuilbl INS C/AELYIOLIHX MATPHIL:

836. /1 2 837. /3 4
s +) s 7)
838. /a b 839. /cosa —sina
(c d) ’ (sin a cos a) )
840, /2 5 7 841, /3 —4 5
(6 3 41]. 2 -3 1
5 —2 -3 \3 —5 -1
842, /2 7 3 843. /1 2 2
(3 9 4. 2 1 =2
1 5 3 —2 1
844, /1 1 1 1 845, (1 2 3 4
1 1 -1 —1 3 1 2
1 —1 1 —1 1 1 —1
1 —1 —1 1 \1 0 —2 —6
846. {1 1 1 ... 1) 847. {1 1 0 1
0 1 1 .1 0 1 0
0 0 1...1 0 0 1 0
00 0...1]j {00 0...1
848. (1 a a2 @ ... a" 849. ({1 0 0 0 ... 0 0]
0 1 a a%.., ag"1 a l 0 0...00
0 01 a ar—? 0 a1l 0...00
Cot 0 0 al1...00
0 O 0 O 1 . . - . . . . . Y
0 0 0 O a 1

(nopsimox Martpuun n +- 1).
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860. (1 2 3 4 ... n—1 n
01 2 3...n—2 n—1
0 01 2...8-3 n—21
00 0 0..., 1 2
000 0... O 1
851. 2 -1 0 0...0)
—1 2 —1 0...0
0 -1 2 -1 ...0}|-
0 0 0 0...2
82. (1 1 1 ...1 83.{0 1 1 ...1
1 0 1 1 01 1
1 1 0 ...1 1 1 0...1}-
111 oJ* 111 0
854, (1-}+a 1 1 1
! I+a 1 ! (mopsAnox MaTpHUB pa-
1 1 l4a ‘ 1 BEeH n).
1 1 1 oo l+a
865. [ 144 1 1 e 1
1 1l +a, 1 S|
1 1 l+a; ... 4
1 1 1 . 144,
856. Iloxasath, 4TO BHUMCEHHE MaTpHlb, O0OPAaTHOH K RaHHOMW
MaTpHlle NOPANKA /I, MOXHO CBeCTH K PpeUIeHHIO 71 CUCTEM JHHEHHBIX.
ypaBHEHHH, Kakn1as M3 KOTOPHIX COLEPMHT 1 yDPaBHeHHH C N HeH3BeCT~

HEIMH H HMeEeT MaTpHueh KO2(D HUHEHTOB NPH HEH3BECTHHIX MaTpuiy A..
[Moabsyscb MeronroMm 3ajaun 856, wHaliTh oOpaTHbie MaTpullbl AAm
CNeAYIOLINX MaTpHLL:

857.

3 3 —4 -3
0 6 1 1
5 4 2 1
2 3 3 2
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858¢%, 1 2 3 ... n—1 n

n—1 n 1 n—3 n—2]-
2 3 4 ... n 1
859. a a+h a+2h ... a4(n—2)k at+(r—Nkh

aHn—0)kr a at+h .. ae+@0—=3)h an—2)h

otk at2h at3h .. aHn—DE 4

860%, {1 1 1 1 ... 1
1 e e? 3 gn—1
1 82 84 86 e?(’l—!)
[
1 €3 86 e e3(n—l)
1 gr-t g2la=D g3®-1  gln-1)?

2% , . 2m
wae €==C08 — —-isin—.
n n
PeuwdTs MaTpHyHbe ypaBHEHHSA:

12 3 5 3 2\ [—1 2
861. (3 4)-X=(5 9). 862.X-<5 __4)=<__5 6).
3 —1 5 6\ (14 16
863. (5 -2)'X (7 8)2(9 10)'
864. /1 2 —3 1 —3 0
3 2 —4)|-x=(10
2 —1 0 10
865 5 3 1\ /(-8 0
x| 1 —3 —2)= —5 9
5 2 1/ \—2 15 0
866, /2 —3 1 9 7 6 2 0 —2
4 —5 2|.x{1 1 2)]=[18 12 9
5 —7 3 11t/ \e3 15 11
2 3

(0 )ox=( ) s - )
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4 6 o[t 1
86915 o) X ={1 4/

J

870, /3 —1.2 /3 907
4 —3 3)l.x=[1 11 7
o\t 3 o/ 7 5 7
870 (1 1 1 ... 1) 1 2 3... =n
“lo1 1.1 01 2...n—1
0 0 I ...1)X=J001...n—2
00 0..1/ loo0o0.. 1

.. 872. Kak wuamenntcs o6paTHas MaTpuua A‘l, eCc/d B JaHHOH# MaT--
puue A: ‘ '

a) nmepecTaBHTb {-10 H j-10 CTPOKH?

6) i-10 CTPOKY YMHOMXHTb Ha YHC/IO ¢, He PaBHOE HyJI0?

B) K {-# CTpPOKe npHOaBUTL j-10, "yMHOXKEHHYIO HAa UYHCIAO €, MAH CO--
BEPIIUTL aHAJAOTHYHOE NpeobpasosaHue -CTOAOLOB?

873. Lenouncnennas kBauparHas MaTPHLla HA3bLIBACTCS YHUMOOYAAD-
HOd, eclM ee ONpeleHTeNb paBeH *1. Hokasatb, 4TO Le/IOYHCIEHHAs
MaTpPHuUd TOTIA M TOJbKO TOTZA MMEET LeJOUYHCIEHHYI0 06paTHyIo MaTpHuy,.
KOTJA 1aHHAast MATPHUA YHUMOLyJAPHA.

874, HoxasaTb, uTO MarpHuHOe ypaBHeHHe AX =B paspeinmo-
TOr1a M FOMbKO TOTAa, KOILa paHr MArTpHiE A paBeH paHry MaTpHIL
(A, B), noanyuyaeMo#t M3 A mnpunuchHiBaHHeM K Hefl cnpaBa MarpHubl B.

.875, Tlokasartb, uro MaTpuuHoe ypaBHeHHe AX =0, rze A — ksan--
paTHas MaTpHUA, HMEET HeHyJeBoe pelleHHe TOrAA H TO/bKO  TOTAa,.
worpa | A|=0.

876. Ilyctb A u B — neocoGennbie MaTpHLB OJHOTO H TOrO Xe:
nopsanka. ITokasaTb, uTO 4eThipe paBeHCTBA:

AB:BA. AB—1=B—1A, A—lB=BA-1, A—IB_1=B_1A_1

PaBHOCH/IbHBL MeMIy COOOH.

877, Tlycte A — xBanparHas Mannua H f(x) u g(x)— mobble-
MmHorouneHn. Ilokasate, uto Matpuubnl f(A) n g (A) nepecTaHoBOuHH,
T. e f(A)g(A)=¢g(A)f(A).

878. Tlyctb A — KBanpaTHas Matpuua M r(x)= 2 Eﬁ;
Had ¢yHkuua oT Xx. Ilokasats, uto 3Hauende r(A) dynxkuun r(x)-
npu- Xx==A onpelesieH0 ONHO3HAYHO TOTIAa H TOJBKO TOILa, KOTIa.

|&(A)|+0.

— pauHoHab~
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’ E, U
879. Haitru marpuuy A~ 00paTHYI0 AR MATPHUB A_—_-(O" E)
[

Tae E, n E,— eIMHHYHbBlE MaTPHUB COOTBETCTBEHHO MOPAAKOB £ W [,
J — npoussonvHan (k, I) maTpHua (1. e. maTpuua us £ ctpok u ! croad-
110B), 4 BCE OCTaNbHBIE 3AEMEHTH PAaBHBEI HYMIO.

880. k-m Kocoim pAdom nopadKa n HA3LIBAETCA KBAAPATHAA MATPHUA
Hp=(h;;) nopasxa n, 3nementh Kompou ONpeNensioTCA PaBEHCTBAMH

5 1 nmpu j—Ii=k, b +9 +
[} 0 “p“ j—-l*k ( - :-—r-.-'——(n“"l)).

TlokasaTb, 4TO Hf=Hk. H’i1=H_k. econ B=1, 2,..., n—1;
_Hf = H’il =0, ecu k> n.

881, Kak uamenutca Marpuua A TpU yMHONEHUHM €e C/eBa H/H CUPaBA
Ha matpuuy H, wan H_; npexmaywe#t sazauu?

882, Tlokasath, 4TO Omepauus TPAHCTIOHHPOBAHHA MaTpUlUH o6aasaer
-CBORCTBAMH: '

2) (A+BY =A'+B'; 6) (ABY =B'A’;
B) (cAY =cA’; 1) (A7) =)7L

Tae ¢—uncao, a A u B — marpuumn.

883. Iokasatb, uto ecni A u B cuMMeTpHYeCKHEe KBajpaTHuie
‘MaTPHUBl OJHHAKOBOro nopsaaka, 1o Marpuua C=ABAB ... ABA
SIBNAETCA CUMMETPHUECKOH,

884, [loxasats, uro:

a) matpHua, obpaTtHas Kk HeoCOGeHHOM cummerpuueckol, Gyrer cHUM-

‘METPHYECKOH;
6) matpuua, obpartHanm K HeocoGenHOM KOCOCHMMETpHYECKOH, Oyner
KOCOCUMMETPHYECKOH.

885. Ilokasars, uro a1 ntoGo# wMarpuum B wmarpuma A = BB’
ABACTCA CHMMETPHYECKOH.

886. Ilycts A*= A’ — marpHua, nonyueHsas u3 A nyTeM TpaHcno-
AHMHMPOBAHUA M 3aMEHOM BCEX 3/EMEHTOB Ha YUC/AA KOMIIEKCHO-COMPANEH=
apte. Tlokasath, yrto:

a) (A4 By= A*-+B* 6) (AB)*' = B*A"
B) (cA) =cA% 1) (47 =@y,

Toe ¢-—4uca0, a A ¥ B-— marpuupl, Hag KOTOPLIMH BHINOJHUMA COOT-
‘BETCTBYIOLIAA Omepauus.

887. Matpuua A wuaswiBaercs spmumosol, ecnu A*= A. llokasars,
YTO LAt MOGOH Matpuupl B ¢ KOMNJIEKCHHMHM WM BeLIECTBEHHbIMH S/e-
meHTamu Marpuua A =B . B* asasercss 3pmurosoft.
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888, MMoxasath, uYTO NpOM3BeneHHE NBYX CHMMETPHUECKUX  MaTpHLL
TOrAa M TONbKO TOraa GyneT MarpHlel CHMMeTPHUYeCKOH, KOraa nauHble
MaTpHLbl TIEPECTaHOBOYHH.

889. IMoxasarb, uTo Mpou3BejeHUE ABYX KOCOCMMMETDUYECKHX MATpPHIL
TOTRAa M TONLKO TOraa OyReT MaTpule# CHUMMETDHYECKOH, KOraa AaHHble:
MaTpulibl TIEPECTaHOBOYHBI,

890*, IlokasaTh, 4YTO NpPOH3BeleHHE IBYX KOCOCHMMETPMYECKHX Ma-
Tpun, A n B Torza n TOAbKO TOrna GyNET KOCOCMMMETPHYECKOH Martpu-:
neit, korna AB = — BA.

[TpuBecTd NpuMepH KOCOCHMMETPHYECKHMX MATPHU, YAOBJAETBOPSIOUINX
yenosuie AB= —BA..

891. Kpanpatnas matpuua A==(a;;) NnOpsiKa n Ha3LBAETCs OPMO-
20naabnol, econ AA’ =E, rae E—ellHHHllHaﬂ matpuua. ITokasarts, yto
ANS OPTOTOHANLHOCTH KBALPATHOH MATPHUBLI A HEOCXOLMMO M HOCTAaTOYHO:
no6oe M3 CAenyomMX yCHOBHIM:

a) ctonbun A 006pa3yl0T OPTOHOPMHDOBAHHYI0 CHCTEMY, T, €,

- 2 Gritr; =19y,

rie &;; — cumsoa Kpouexepa, o6o3navaiomutt 1 npy i=jun 0 npu i j:
6) cTpokn A 006pasyloT OPTOHOPMHPOBAHHYIO CHCTEMY, T. €,

L3

Za @ =0,
184 jk i
= J J

892. Kpanparnan matpuua A==(g;;) nopsaka n C BEWIECTBEHHLIMW
HIU KOMIJIEKCHEIMH 9/1eMEHTaMH Ha3auBaercs Ywumaphol, ecnu AA*=E
(cMuica 06Go3nauyeHns A* TOT me, uTo W B 3apave 886). [lokasars, uTo-
AN YBMTApHOCTH KBanpaTHOA MaTpuubi A HEOOXOIMMO M LOCTATOMHO:
A1060e M3 CAENYIOLINX YCAOBHH!

n

a) kZ]amEu =9,
n (8;; — cumBoa Kpouexepa).
6) ;121 a”,ajk = 611

893. Nokasath, uTO ompene/uTe/b OPTOTOHANbHOH MATPHUB pa-
pen 1. .

894, llokasatb, YTO ONpENENUTE]b YHHTAPHOH MATPHLB NO MOLYJIO-
paBeH ennHuLe.

896. Joka3atb, 4TO €C/AM OPTOrOHaJbHas MaTpHua A MMeeT Ha rI/as-

HOH JuaroHanu ksanpatHbie Kiaetkn A,, Ay, ..., A; H HYyIH mo onHy
CTOPOHY OT 9THX KAETOK, TO BCE 3AEMEHTH NO APYryl0 CTOPOHY OT HHX
TaKKe PABHbHI HYJNI0 M BCe MaTphuml A;, A, ..., A; OPTOroHambHHL

896. lloka3arb, 4TO QA OPTOTOHANLHOCTH KBaIpPaTHOH MaTpuub A
HEOGXOAMMO M JOCTATOYHO, YTOGH €¢ onpepe/nTens Obil pasen =+ L
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¥ KaXIHA ee S/MeMeHT GBI paBeH CBOEMy anreGpauyecKOMy LOMOJHEHHIO,
B3SITOMY co CBOMM 3HAaKOM, ecid [A|==1, H C NMPOTHBOMONOXHEIM, ecin
A

1 ‘897* IloxasaTb, YTO BelieCTBEHHAas KBaApaTHas Manuua A n0psuu<a
n >3 Oyner OPTOTOHAJbHA, €C/IM KAKABIHA ee 3/1eMEHT pPaBeH CBOeMy a/re-

-GpanyeckoMy IOTIONHEHUIO, U XOTA Gbl OJMH U3 371eMEHTOB OT/IHYEH OT HyJA.

898%, Hokasarth, YTO BellecTBeHHas KBalparHasa maTpuua .A nopsikxa
n >3 OyleT OPTOTOHA/IbHA, €CAH KAKALIA ee 3/MeMeHT paBeH CBOeMy
.anre6panyeckoMy JIOTO/MHEHUIO, B3ATOMY C MPOTHBONOMONKHBIM 3HAKOM,
M XOTA Gbl OIUH U3 3/MEMEHTOB OT/AHYEH OT HyJs.

899#%, Iokasatb, 4TO cyMMa KBaJparoB BC€X MHHOPOB BTOPOTO nopﬂm(a
Nexamux B ABYX CTPOKax (MaM CTOAGUAX) OPTOrOHANBHOM MATpHUbI,
paBHa eJMHHLE.

900%, Jokasarb, 4TO CyMMa KBaﬂ.paTOB MOAy/Iel BCEX MHHODOB BTO-
POro TOpsAIKA, JeKAWMX B ABYX CTPOKax (MaM cTOAGUAX) yHUTApHOH
Marpuupl, paBHa eIHHHUE.

901%, llokasaTh, YTO CyMMa KBaipaTOB BCeX MHHOPOB k-TO nopsmKa
Jexamux B JIO6HX K CTPokax (c1oabuax) OPTOroOHaJIbHOM MaTpHilbl,
paBHa eIMHHULE.

902*%, okasaTb, YTO CyMMa KBAaJpaTOB MOIy/e#t BCEX MUHOPOB k-To
TIopanka, Aexawux B nobbix R cTPOKax (CTOAGUAX) YHHTAPHOR MATPULM,
PaBHA eMHULE.

903*, oxasarb, YTO MHHOp JIO6OTQ TNOpSAKAa OPTOTOHANLHOH Ma-
TpUupl A paBeH CBOeMy anreGpaHyecKOMy [OMOJHEHHIO, B3ATOMY C €ro
3HakoM, ecim | A|=1, 1 c NPOTUBONO/IOKHBIM 3HAKOM, ec/H | A |= — 1.

904*, Ilycth A — yHdTapHas MarpHua, M —ee MuHOp #1060ro 1O~
psaaka, M, — anreGpandecKoe IOMOHEHHE MHHOPA M B Mmarpuue A.

Ilokasatb, uto M,==|A[. M, rae M— aucno, conpaxenHoe ¢ M,
905. Ilpu Kaxnx yC/IOBHAX [HAaroHa/jbHass MarpHua ABIAETCA opToro-'
HANbHOH? -

906. ITpu KaKuX yc/AOBUAX AMATOHAILHAA MATPHLA ABNAETCA YHUTADHON?
907. Ilposeputb, uro /m060€ H3 TPeX CBOKCTB KBAAPATHOH MATPHIIBI
BeleCTBEHHOCTb, OPTOTOHANBHOCTb, YHHTAPHOCTb — BHITEKAET H3 JIBYX

OCTaNbHBIX.
908, Ksazparsad Marprua / HasbiBaercd HHBOJIOTHBHOH, ecan [2=E.

TlokasaTb, YTO KamlO€ W3 TPeX CBOHCTB KBalDAaTHOR MaTPHIBL CHMMe-
TPHI, OPTOTOHANBHOCTb, HHBOTIOTHBHOCTH — BHITEKAET U3 JIBYX OCTA/bHBIX,
909. IlpoBepHTb, 4TO MATPHUbI
a) 1/3 —2/3 —2/3 6) {1/2 1/2 1/2 1/2
—2/3 13 —=2/3 | 1/2 1/2 —1/2 —1)2
—2/3 —2/3 1/3 12 —1/2 12 —1/2
12 —1/2 —1/2 172

©006/1a1a10T BceMU TpeMs CBOHCTBAMU Npeaniayliedl 3amauu.,
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910.. Kpamparnas - Matpuua: P HassipaeTcs udemnomermnoll, ecan
P?—=P. Tlokxasatb, utro ecan P unaemnorentHa, 10 [ =2P — E HHBO~
MmoTHBHA, W Haobopor, ecau [ unpomoTusHa, TO P==1/,(/ +E) nuem=-
TMOTEHTHA.

911. Joxaaatp, 4rO:

a) npou3BeleHHe IBYX OPTOTOHaNbHLIX MATpHL OydeT OpTOroHalbHOM:
MaTphLe#;

6) Marpuna, o6paTHas K OPTOroHanbHOM MaTpulle, OPTOTOHANbHA.

912, Iokasath, uTO:

a) mpou3BeleHHe ABYX YHHTApPHHX MaTpuu OyIeT YHMTapHOH MaTpH-
nen; :

6) "Marpuua, o0paTHas K YHHTapDHOH MaTpHue, YHHTapHa.

913%, MunHop Matpuubnl A, CTOfIKA Ha nepeceyeHun CTPOK ¢ HoMe-

pamu iy, iy ..., I, W cronbuos ¢ HoMepamM j,, Jjo, ..., j, Oyrem
Qg vuuy d
060o3HayaTh vepes A( hothoeen 1’)
~ Jh 121 sees Jp

Jloxasath CNpaBelNHBOCTb C/EAYIOLIETO0 BHPAXKEHHS MHHODOB TpO-~
n3peleHus C = AB 1ByX MaTpuL 4Yepe3 MHHOPH NEPEMHOMAEMBIX MATDHIL.

C(i,, A i_,,)=
jl; ij"'r Jp . . . .

by gy eney dp ky ky ..., kp
- 2 A\ky ks vony ko) BUiy Joees Ip)”
1<k1<k2<...<kp<n b %2 vee I J2»ever Jp

G<h<...<ly hH<h<...<Jjh

€CAH P He NPEBOCXOINT HM uHCAA CcTOAOLOB MaTpuubl A, HH UHCAZ
CTPOX MaTpuubl B, B npoTuBHOM cayuae Bce MMHOPH MOpSAKa p MaT-
puubt C paBHH HymO.

914, Tloabsyscb npexbiaylieft sanave#t, Dokas3aTb, YTO PaHT TPOM3-
BeJEHHs IBYX MaTpHl He Oojiee paHra KamaOro COMHOKHTENS.

916%, JlokasaTh, YTO YMHOXEHHe MaTpHubl A cjeBa WAM CNpaBa Ha
HEBLIPOMAEHHYI0O MATPHLYy He M3MEHseT ee paHra.

916, ['naBHbIM MHMHODOM MaTpuuUnt A HasbIBAeTCS MHHOD, CTOSWIMHK
B TIEPECEYEHHH CTPOK H CTOAOUOB C OAMHAKOBBIMA HOMepamu. Ilokasatb,
YTO €C]M SJIEMEHTH MaTpHUb B BellecTBeHHb, TO BCe TI'1aBHEIE MHHODEL
MaTpuuu A= BB’ HeoTpuuaTeabHH,

917, Ilokasarb, uTo aas moGo# MaTpuubl B ¢ KOMIJEKCHHMH WX
BELIECTBEHHBIMH 9/IEMEHTAMH BCE [/aBHbIE MMHOPH MaTpuub A = BB¥

HeoTpHUaTeabHu. 3aech B* = B’,

918, Tlokasatb, uto ecam B 06O3HAuYeHHAX Npelbiywel sanaux
A==BB*, to paur A pasen paury B.

919. JokasaTb, YTO CyMMa [I/AaBHHIX MHMHODOB X-ro nopsika Mar-
puunt AA’ paBHa cymMe KBaipaTOB BCeX MHHOPOB E-To TOPAAKA MaT-
puub A,
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920%, Hdokasatb, u4TO AAA MOOLIX KBaApaTHBIX Matpuu A u B no-
‘PALKA A CyMMa BCEX TAaBHBIX MUHODPOB AauHoro nopsaaka k(1 < k<n)
48 matpuy, AB u BA oauunakosa,

921*, Ilycts A — BeuiecTBeHHads MaTpHUA nopsuu(a n. B uC—
MATpHUB H3 nepBblx k ¥ nocaenuux n— k& croabuos A. Hokasars, 4to
{A<|B'B|-|CC|.

922%, IMycts A == (B, C)— BewecTBeHHas ManHLLa (cMbica cHMBOAA
(B, C) yxasau s 3anave 874). Hokasars, uro |A’A||B'B|-|C'C|.

923*, IMlycts A =(a;;) — KBajpaTHad BeIIECTBEHHAA MaTpHUa moO-

panka n. Jlokasats HepaBencTso Anamapa: |A2. H Zaik.

924%, JlokasaTb, 4TO AAA MOOOR BeuleCTBEHHOH NPAMOYTOJbHOH Ma-
‘tpul A ==(a;;) ¢ n cTpokamum W m CToAOLAMH BHINOIHACTCH Hepa-

m n
seucteo |A'A| K H Zﬂ
k=1 i=1

926%, Ilycts A =(B, C)— MaTpuua ¢ KOMIJIEKCHBIMH 3/IeMEHTAMH.
Joxasars, uro |A*- A| L |B*- B|-[C*.(|.

926%. Ilycts A ==(a,;)— KBaipaTHad MaTPUUA MOPALKA N C KOM=-
TIEKCHBIMH  3/1eMEHTaMu, He TMpPeBOCXOAALMMH MO Moayaio udcaa M.

n
Jokasats, uto Moayab onpenenutens | A| ve npesocxoaut M” . n?, npu-
YeM 3Ta OLeHKa ABJSeTCA TOYHOH. .

927%, IlokasaTh, UTO KAXKI0€ 3/NeMeHTapHOe NMpeoGpa3oBaHUe MAaTPHLBI
A, 1. e. npeo6pasoBaHne OLHOTO W3 CAEAYIOUIMX THNOB:

a) MepeCTAHOBKA ABYX CTPOK (CTONOGLOB); .

6) yMHOXeHUe CTPOKH (cTonbUa) HA YHCAO ¢, OTAMYHOE OT HyAas; .

B) npubasieHne K OJHOH CTpoke (cTonbuy) aApyro#t cTpoku (cToabua),
YMHOXMGEHHO# Ha MI060e 4ucA0 ¢, MO¥eT ObiTh MOJYYEHO YMHOMEHHEM
MaTpHubl A Ha HeKOTOpYK HeocoOeHHylo Matpuuy P chaea aas npe-
-06pa30BaHHA CTPOK H CrpaBa /A Npeo0pa3oBaHHA CTOJNOHOB.

Hafitu Buan 3THX MaTpuu.

928%, KpazpaTHas MaTpHlla Ha3blBAaeTCA mpey2oAsHOl, eciu Bce
-€¢ I/IEMEHTHI, CTOALIHE MO OIHY CTOPOHY OT IJaBHOH AMAroHaMH, PABHM
Hymo. [lokasars, 4To M00y10 KBaApPaTHYI0 MAaTPHLY MOXHO TPEACTaBUThL
.B BUJE NPOM3BEJEHUA HECKONbKHX TPeyroJbHbLIX MaTpHL.

929%, T[lokasatb, uTo A00YI0 MaTpully A paHra r MOXHO mperncTas
8UTb B Bule npousseiehns A==PRQ, rze P u Q — neocobennsie
MaTpHUb, a R — NpAMOYro/bHAas MAaTPHLUA TeX e pa3Mepos, 4To H A,
Ha raasHoO# gIHaroHan® KOTOPOA mepBbie r SMAEMEHTOB PABHLI eQuHULE,
_BCe K€ OCTa/MbHble 3MEMEHTHl PaBHbl HYJIO.

930%, Ilyctb A — maTpuua pasmepos m X n u pawra r, P=(p,;)) —

‘MaTpulla pa3MepoB.§ X m, Y KOTOPOH P == Pog= ... == P, = |, a Bce
OCTa/bHbie 3/IeMeHThl — HyAHu, Q == (¢;;) — MaTpuua pasmepos n X £; y KO~
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TOPOR ¢y ==¢o==...=¢q,;==1, a BCe OCTa/fbHBHE 9/AeMeHTH — HYJIH.
Joka3aTh HepaBeHCTBa:

a) paur PA> k—r—m; 6) pawr AQ>l+r—n;
B) panr PAQ> k-1l +4+r—m—n.

931*, OGosuauuM paHr Matpuubl A uepes r,. Jlokasath, yto nas

paura npousseledus AB aByx kBazpatHmx MaTpuu A u B nopsgka n
UMeeT MecTO CJelyiolllee HepaBeHCTBO:

ra+rg—n<r, s <r, rg(uepasencrso Cuabpectepa).

932. Ilokasarb, YTO AJA paura npousseleHus AB NpAMOYroJbHBIX
matput A u B umeer Mecto HepaBenctBo CuibBecTepa npenbinyuieit
3a1a44 NPH YCJOBHH, YTO n 0GO3HAYaeT 4YHC/JAO CTOJAGLOB Marpuun A
M YHCAO CTPOK MaTpuum B. :

933*. Ilokasatb, 4TO /MOGYI0 HEBLIPOKAEHHYI0 MATPHLY A 3jaeMeH-
TAPHBIMH NPe0OPa3OBAHUAMU TOJBKO CTPOK (MJIH TOJNLKO CTOJGUOB) MOKHO
NpHBeCTH K elHMHM4HOH Matpuue E. Ecau coBeplueHHble Han A 31eMeH-
TapHbie Npeo6pa3oBaHus B TOM ke TNOPSAKE TNPUMEHHTb K eNMHHYHOH

matpuiie £, 10 B pesyabtarte noayuntca MaTpuua A”', obpaTHas aia A.

ITo/b3ysacy mpHeMoM Mpenbinyliel 3alauu, HalTH oOpaTHbE MaTPHUH
AN CMeNYIOWHX MaTpuu (And yno6CTBA BbIUMC/AEHHH NPHNHCATL K NaH-
HO Marpuue A Cnpasa eNHHHYHYIO MATpPHIY H BHINOJHATL 3JeMeHTap-
Hble npeoOpasoBaHus cTpok, npusoasdwue A Kk E, Hal crpokaMu Bced
HaNMCAHHOR MATpPHUBL):

934. I 2 —1 —2 936. /O 1 3
3 8 0 —4 2 3 5
2 2 —4 =3[ 3 5 7
3 8 —1 —6

936. ¢s0 0 1 —1
0 3 1 4
2 7 6 —1]}
1 2 —1

937. Tloabsysce MerodoM 3amaud 933, HaliTu oOGpaTHble MAaTpHUUH
aas Matpuu 3anau 844, 846, 847, 848, 849, 850.

938#, JlokasaTb yTBepxIeHHe:

Ans TOro 4ro0bl MaTtpHua A ¥3 m CTPOK W n cTOAOHOB uMesna paur
elHMHALY, HeoGXOIMMO H NOCTaTOYHO, YTOOH A npencTaBisjgacb B BHLe
A=BC, rge B— nenysesoft cronben zaunbl m, C — HeHYNeBaA CTPOKA
LJHHE 1, .
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939%, Nokasarb yTBepKIEHHE:

"ong TOro 9roOwl Marpuua A M3 m CTPOK M n cTOAGUOB uMena
paur r, Heo0X0IMMO M JOCTATOYHO, YTOGH A NpeicTaBnadnach B BHUIE
A=BC, rie B-——Marpuua u3 m CTPOK H 7 JHHEHHO HE3ABHCHMbBIX
cTonbuos, a C -—MaTpuila ¥3 r JWHERHO HE3aBUCHMHX CTPOK H 7
€TOJ0LOB.

940. Iloxasats, uyto ecnu A u B —KBagpaTHHe MaTpHUb RO~
paika n u AB=0, 10 r,~r,<n, npuieM Lad MOGOH naHHOH Ma-

Tpuubt A Marpuuy B MOKHO BWOparh TaK, YTOGHM Obln0 1,1 =&,
rie k— moGoe 1en0€e YHCAO, YIOBJAETBOPAWIIEE YCIOBHIO 7, < k< n.

941%*, Tlokasatb, 4TO ec1M A—KBajpaTHas MaTpPHUA MOPAIKA 1, Aa%A
KOTOpo# A?=E, T10 rE+A+rE_A=n.

942, e uenOYHC/EHHBIE MaTPHUbB Ha3bIBAIOTCH SKBHBAJIEHTHHIMH,
€C/I¥ - OT' OZHOH M3 HHX K IPYroH MOXHO NEpEeHTH NyTeM LeJOYKC/eH-
HBIX 9JIeMEHTApHHIX NpeoGpa3oBaHHf, T. €. NpeoOpasoBaHH# clelylOLUX
THIOB:

d) mepecTaHOBKA IBYX CTPOK;

6) yMHOXeHHe CTPOKH Ha —1;

B) npubaBieHHe K OJHOR CTpOKe Ipyroff, yMHOXeHHOH Ha uesoe
YHCAO ¢, W aHAJOTHYHBIX TnpeoGpasoBaHuit ans cronbuos. Jlokasath, 4To
MaTpHubl A ¥ B Toraa M ToJbKO TOTIa SKBHBANEHTHH, koria B = PAQ,
rie P n Q— kBagparHble LeENOYHCAEHHEIE, YHHMOLY/SPHLE MAaTpPHIH.

943%, JIpsMOyrosbHas UeNOYNCTeHHas MaTpHua A HasbiBaeTcss Hop-
MAABHOL, €CIH ee BJIEMEHTH &y, Qg ..., G,, MOJOKHTEIbHH, @; Ie-
JHTCA Ha @, 4, ({=2, 3, ..., r), a BCe OCTa/bHbE 3/IEMEHTbl PaBHH

Hymo. Ilokasarb, uTO KaXZad UeNOYHCNEHHAs MaTpHla SKBHBAJNEHTHA
OJHO# ¥ TOJbKO OJHOH HOpMaJbHON MaTpHiUe; MHBIMH CJOBaMH, KaKIblH
KJacC 9KBHBAJEHTHHX MeXIy COGOH LeNOYHCAEHHBIX MATPHIL COJAEPKHT
HOPMAJIbHYIO MATpHLly W TMPHTOM TOJbKO OIHY.

944%, Jloka3aTb, UYTO KaXAyl0 HeOCOOEHHYIO LEJOYHC/AEHHYI0 Ma-
Tpuly A MOXKHO mpeicraButh B BHle A=PR, rie P -— ynumonynsap-
Had, leJIOYHCIeHHas Matpuua, a R — TpeyroiabHas LeJOYHC/IEHHas Ma-
TpHlla, 3JEMeHTH KOTOPOH Ha IJIaBHOH IWMaTOHAJN HOMOMXHTENbHE, HHXKE
FNaBHOH JMATOHAJM DaBHBI HYJIO, a Bhlllle JIAaBHOM AMAaroHan — He-
OTpHUATENbHb M MeHbIlle 3/1eMeHTOB T/IaBHON IHATOHAMH TOTO Xe CToAbua,
npHYeM Taxoe NpelcTapieHHe eXHHCTBEHHO.

945%, JlokasaTb, YTO KBaApPATHYI0 MAaTpuilly A Hopaika n W paHra r
MOXHO npeicTaButh B Buie A=PR, riae P-— neocobeHHas marpHua
H R — Tpeyro/bHas MaTpuua, B KOTOPO{ NepBHE 7 31EMEHTOB TaBHOH
IMATOHaNH PaBHBl €IUHHLE, a4 BCe 3JEMEeHTH HH)Ke TIMaBHOH IHaroHaju
H BCE 3JeMEHTH NMOCJEIHHX 71— 7 CTPOK paBHBHl HyJIO.

946. KpazpaTtHas MaTpHUa HasLIBaeTCs 8epxHel- (HujicHe k) TPeyronb-
HOH, eCIM BCe .ee BJeMEeHTH, CTOslMe HHKe (COOTBETCTBEHHO BHIIE)
TAaBHOM puaroHanu, pasHbl HyMo. Ilokasatb, YTO C/ELyIOLIHE ONMepauyH?
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CloeHHe JABYX MarTpHl, YMHOMEHWe MaTPHLUb Ha YMCJIO, YMHOXeHue
IBYX MaTpuli M MNepexoi k OOpaTHO# MaTpuue Aas HeoCOOeHHOR Ma-
TPHUH, NPHMEHEHHbIE K BEDXHHM (HHXKHHM) TPeyrojbHbIM MaTpPHLAM, MpH-
BOIAT CHOBa K BepxHe#t (HuxHe#) TpeyrosbHO# MaTpule.

947, KpagparHas MarpHua HasbiBaeTC HEABROMEHRMHOU, €C/AH HEKO-
TOpas ee cCreneHb paBHa HyJ0. HauMeublllee uenoe HOJMOKATEIBHOE
ancno k, aas xoroporo AF==0, HasblBaeTCA noKasamenrem Huabno-
menumuocmu  Matpuubl A, Tlokasatb, yTO Tpeyro/bHas MaTpuLa TOrIa
M TO/MbKO TOrAa HHJBLMOTEHTHA, KOra BCe 3JEMEHThl I/MaBHOH IMaroHau
paBHBl HYM0, 4 [OKa3aTe/b HHJABMOTEHTHOCTH TPeyrOMbHOR MATPHUH He
TPEBOCXOANT €€ NOopsHiKa. :

945. Tloxasarb, wT0 oOpartHas Matpuua B==(d;) Ana BepxHefl
(HHXHel) TpeyrosbHOR HeOCOGeHHOH MaTpHUR A == (4,,) nopsiika n 6yrer
CHOBA BepXHeft (HHKHeR) TpeyronbHO# MarpHiied, NpHYeM SJIEMEHTH I'JaB-

1
HO# AMaroHaau Matpuus B onpereasoTCs paBeHCTBAMH b, = =1,
ii

2, ..., n), a OCTa/bHble 3/MeMEHTHl HAXOLATCA U3 PeKYPPEHTHBIX COOTHO-
uIeHHH:
a) AJA 37eMEeHTOB [-H CTPOKH BepxHeH TpeyroabHOM MaTpHLBIL:
k-1 '
-—Z bijajr
b= sz‘kk (=141, 142, ..., n)
6) 1/ 57eMeHTOB R-ro CTOMOLA HMiHeH# TPeyroJbHOH MaTpHLH:
11
— Xy by
j=t

blk= (i=k+l, k+2, e ey ﬂ).

Stumn  GopmynaMd ynoO6HO MOJAb30BATBCA IS BEIYHC/AEHHS MaTpul,
O0paTHHX K TPeyro/JbHbLIM MaTpPHLaM.

949%, ITlycte A — KBagparHas MAaTpHLA MOPAAKA N U PaHra r, MPHYEM

L, 2,..., &
d,=A 1,2 ...k +=0 (k=1, 2,-..., ). 1)

Jlokasarb, 4YTO TpPH STHX YCJAOBHAX MATPHLUY A MOXHO MPENCTABHTH
B BHJe MpPOH3BELEHHS

ay

A=BC, 2

rae B=(b;;) — nmxnag u C == (¢;;) — BEPXHAS TPeyro/bHble MATPHLE (0N~
peleaeHue BepxHel W HIXHEH TPeyroAbHHX MAaTpPHU 1aHO B 3aade 946).

IlepBuIM 7 pHaroHanbHLIM 3jMeMeHTaM Matpuu B u € MOxHO Aath m0-
6ue 3HayeHHsl, YIOB/AETBOPSIOIIHE YC/IOBHSM:

d .
‘ . bkkckk:'-d_k—fT (k—':l, 2, veeyg Ty d0=l). (3)
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3ajaHue TepBHX f INArOHAJNbLHBIX 3JeMeHTOB Matpuy B u C oxHo-
3HAYHO OINpeleNiseT OCTAJbHBEIE 3JIEMEHTH IIePBHIX 7 CTONGLOB MaTpuusl B
M TEepBHX 7 cTpok MaTpuusl C, TMpHYeM 3TH 3JMeMeHTH 3ajalorca ¢op-

MyJIaMH:
' 1,2 ..., k11
A )

1 e R—1k
i = bpy 2 a4 ) “4)

1,2 ..., k—1k
A ) i b 1
(1, 2, ..., k—1, i)

dp
(=k1, k2, ..., n k=1,2, ..., 7).

B caywae r < # B nocieiHux n-—r croabuax Matpuusl B Bce ae-
MEHTH MOXHO TIOJIOXHTb PaBHBLIMH HYJIO, a B TMOCJEIHHX 7 — r CTPOKax
matpuul C 3JeMeHTH CYMTaThb IPOM3BOJBHBIMH MJAH, Hao0OpoOT, B MO-
C/leIHUX 71— r CTOAOLAX MAaTpHIL B 3/7eMeHTH CYHTaTh MPOH3BONLHHMH,
a B MOCJAEIHHX n— r cTpokax Marpuusl C Bce SneMEHTH MOJOXKHTH
PaBHLIMH HYJIO.

[IpousBosbHLIE 3JeMEHTH He Hapyluat paseHcTBa (2). HMx wmowxno
BLIOpaTh Tak, 4TOGH COXPaHHTb TpeyroJvHelh Bua MaTpuu B u C.

950, IlokxasaTth, uTO npencrasnenue (2) npelbiiylled 3anaud MOXHO
HaUTH TaK: Tepsble 7 3JEMEHTOB HAa riapHOH Iuaronand Matpun B u C
BHIOpaTh MOOHIMH, YIOBJIETBOPSIOIUMMH “yca0BHAM (3), @ OCTajbHblEe 3.€-
MEHTH NepPBHX 7 CTOAOLOB B u nepBux r cTpok C BHYHCIUTB C TO-
MOLBIO PEKYPPEHTHHIX COOTHOLIEHHH:

B-1
e — Z bijcin

bt-k———————%——-, (G=h41, k+2, ..., 0 k=1, 2, ..., 1)
i-1

alk—zbijcjk
c,-,,-_-———-—](;—;—-—, (h=id41,142, ..., m I=1,2,..., 7).

Cpi == Cpyp

ATd dopMyab NMO3BOJAIOT HAWTH cHayana nepBHi cTtoabew B u nep-
- Byio crpoky C, sareM, BooGule 3uas £ — 1 croabuos B u £ — 1 crpok C,
Halith k-f cronben B u k-1 ctpoky C.

951%, Jloxasarh, uyTO /I00yI0 CHMMETpUuecKywo Matpuuy A ==(ag;))
nopaika n M paura r, yloBJeTBopslowyl yciaosuaM (1) sanaun 949,
MOXMO INpencTaBuTe B Buie A ==BB’, rae B — HuxHA% TpeyrosibHas
MaTpHLA, SJeMeHTH NOCAEIHUX 7#— r CTONOUOB KOTOpPOH DPaBHbI HYMIO,
a 3/EMEHTH NMepBHIX 7 cTonbUOB ONpeaendioTcs GOopMynamu:

L, 2..., k11
A(], 2,...k—1 k

Vg dpy

bip= ) =k k41, ..., k=12 ..., )\
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952, Marpuua A HaswiBaeTcs Kaemousold (MaH O.a04Hol), ecim ee
9/JEMEHTH ONHOH MM HECKOJbKMMH TODH30HTAJbHHIMH H BePTHKANbHBIMH
JHHHSIMH pacnpene/ieHbl MO MPSAMOYTOJbHBIM KAeTKaM (6/10KkaM). DTH KIETKH
Oynem 0003HayaThb uYepe3d A;;, rie i— HOMep KJETOYHOR CTPOKH H J —
HOMep KJEeTOYHOro cro/6ua, ITokasarb, YTO yMHOMXeEHHe IBYX K/IETOUHBIX
MAaTpHLL TOrdd H TOJbKO TOrAa CBOAMTCH K YMHOXEHHIO KJETOK, paccma-
TPUBAEMBIX KaK OTAE/bHLIE 3JIeMEHTH, KOrIa BEPTHKAJIbHOE Ie/NeHHEe mHep-
BO}t MAaTpHLLl COOTBETCTBYET OPH3OHTAJILHOMY Ae€JeHHI0 BTOpOH. HMmeHnHo,
ecit A ==(A;;)— (m, n)-MaTpuua C JeieHHeM CTPOK HA IPyMNbl 1O my,

Mg, ..., Mg W CTOAOGHOB 1O ny, ny, ..., 0y 0 B=(B;;)—(n, p)-ua-
TpHUA C JeM€HHeM CTPOK HA TPYNNH MO ny, Ny ..., B, H CTOAGUOB
N0 py, Pa --+s Py 10 AB=C=(Cy;) 6yner Takxe KIeTOYHOH Ma-

TpUUeH, mpHueM

¢
Clk=2Aiijk (i=1, 2, Pe ey S; k:1, 2,...,”).

j=1

[TpuMensas ykasaHHO€ NPAaBH/IO YMHOMXKEHHS KJETOUHBIX MaTpPHU, HalTH
KJETKH NPOH3BEIEHHA CAENYIOIUX MATPHL, NPH YKA3aHHOM NOLPa3le/IEHHH
Ha KJETKH IJs1 COMHOXHUTemeH:

1}j—2 3\ 213 1
a_3l=t 2| B=|1]23
T\4—2 1 211 3

953. [lokasatb, 410 1/ BLINOJHHMOCTH YMHOXKEHHS IBYX K/IETOUYHHIX
KBaIpaTHHIX MaTpHLL JOCTAaTOYHO (HO, KaK MNOKAa3biBAeT NpHMep Mpenbi-
oywe#t 3amayd, He HeOOXOIHUMO), 4TOOBI IHMArOHa/JbHbiE KJCTKH OblIH
KBaJpaTHHIMH, NpHYeM NOPSLKH COOTBETCTBYIOLIMX IHArOHAJbHLIX KJIETOK
OblM paBHBL Mexay coOOOH.

954*®, [lokasaTh, 4TO .1/5i BHIIOJHHMOCTH KJIETOYHOTO YMHOXEHHS
KneTOYHOH Marpuilpl Ha cebs HeOOXOIMMO M JIOCTATOYHO, UTOOH BCE ee
JUaroHaJbHble KaeTKH OLIIM KBaIPaTHBIMH,

955. Ksanparnas kaerounas Matpuua A =(A;;) HasmBaercs Kse-

MOYKO-mpPey2046H0l, €CIM BCe €€ KJETKH HAa [/1aBHOW jguaroHand, T. e.
Ay, Agg, ... KBaLpaTHHeE, a BCe KJETKH, CTOfIMe NO OIHY CTOPOHY
OT IaBHOR auaroHanu, pasHel Hymio. Ilokasarb, u4to ecid A - B — nBe
KJIETOYHO-TPEYro/bHble MAaTPULH € OAMHAKOBBIMH NOpPSIKaMH COOTBETCT-
BYIOLIHX IHAarOHa/fbHBIX K/ETOK M HYJAMH MO ONHY CTOPOHY OT AHaroHasu,
TO UX mpousBeneHue AB Takwe OyAeT KJIETOYHO-TPEYroabHOH MaTpHueH
C TaKHMH e MOPALKAMH [IHATOHAJIbLHBIX KJAETOK M HYJSMH NO Ty Xe
CTOPOHY OT IHaroHanu.

956. IlokasaTb, YTO KJETOYHO-TPEYrOAbHAsA MaTPUiA TOTAA H TOJbKO
TOrZa HHUJBMOTEHTHA, KOrLA HHJALNOTEHTHb BCE €€ K/JIeTKH Ha I1aBHOR
JMaroHanu (ompeipeseHwe HUJIbMOTEHTHOCTH IaHO B 3anaue 947).
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957, Iycts A#(A,,)—KneTOqHaﬂ MaTpuua, npuueMm A;;— knetxa
pasmepoB m; X n; (i==1, 2, ..., s, j=1, 2, ..., £). Tlokasats, urO
npubasiaedye Kk {-B KJIETOYHOR CTpPOke j-H CTPOKH, YMHOXeEHHOH c.eBa
Ha NpAMOYro/ibHyi0 Matpuuy X pasmepos m,)(mj. MOXeET GblTb MOJay-
YEHO MyTeM YMHOXeHMss A c/JeBa Ha HeOCOOEeHHYIO, KBAaAPAaTHYIO K/ETOM-
Hyw Matpuuy P. Touno Tak xe npuGaBieHHe K I-My KJACTOYHOMY
cToa6Ly j-ro cToa6ud, yMHOXKEHHOrO CPaBa Ha IPAMOYTO/ALHYIO MaTpHLY V
pasmepoB n;X n; MOXeT OHTb NONYYEHO MyTeM yMHOmeHHs A cnpasa
Ha HeoCOGeHHYI0 KBaApaTHYIO K/eTouHylo MaTpuuy Q. Hafitu Bux Marpuu
BuQ. , ,

A B :

- 968%, Ilycte R= c D — KJeTOuYHas MaTtpuua, raie A — HeocobeH-
Has KBalpaTHas MaTpuua nopsiaka n. Ilokasats, uYto paHr R paseH n
TOraa M ToAbko Toria, korza D=CA™'B. ,

959*. Ilyctb A — HeocoGenHas MaTpuua nopsaika n, B — martpuua
pasmepoB n X g, C—wmaTpuua pasmepoB p X n. JloxasaTb, 4TO eC/H

; R A B R A, B
K/ETOYHYIO MATPHIL = NPHUBECTH K BH =

nyTeM pfla S/eMEHTapHHX MpeoGpa3oBaHMB CTPOK, NpHYEM B KawK10M
npeo6pa3oBaHHK JIHGO y4aCTBYIOT TO/BKO NepBhie 1 CTPOK, JHO0 K Kakof-
HHGyab CTPOKE C HOMepPOM, 6OJbLIMM £, MPUGABIAETCA ONHA H3 NMEPBLIX A
CTPOK, yMHOXeHHAs Ha unciao, To X =CA™'B.

- 960, ITycts A — HeocobGeHHast Matpuua mnopsiaka n u E — enunuu-
Has MaTpuua TOro e mnopsaika. Ilokasarh, YTO eC/AH K/IETOYHYIO Ma-

A E g
TPHLY < E O) 3/1eMEeHTApHLIMH Npe00pa30OBaHHAMH, YKa3aHHLIMH B Npe-
Al Bl ;1
OplAyLIel 8sajgaue, NPHUBECTH K BHILY o x/) 0 X=A". Hatitu
2 35
3THM MeToaOM ofOparHylo MaTpuuy mnfa A=| 1 2 7 |.
3 4 4

961. IMycts aHa cucTeMa ypaBHeHHH

auXy + X+ ..o+ G1a%, =0y,
Ay %)+ 8p¥s —+ « v - Agp%y =0y,
QX+ QpoXo—t «ov T+ @ppXpa=b,

¢ HeocoGeéHHOH MaTpuueit Ko09pduumentoB A, B — cronbeu, cBOGOXHBIX
uleHoB W E — eIuHH4YHAA MAaTpHua mopsalka M. )
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A B

—E 0 npeobpa3oBa-

TToxasarb, YTO €C/AH KJIETOYHYI0 MaTpHILY (

A, B
HHSIMM, YKa3aHHbIMK B 3ajlaue 959, npuBecTH K BHILY (0 x| TO

cron6en X AaeT pelieHHe AAHHOM CHCTEMB ypaBHeHHH,
PelunTs 95THM METOJOM CHCTEMY:
3x—~ y+22=7, -
4x —3Jy+22=-4,
2x+ y+3z=13.

962. Iycte A — HeocobeHnas MaTpuua mnopsiaka n, B — Marphua
pasMepoB 7 X p, E— enunnunas Matpuua nopsixa n. ITokasats, uto

A B
€CJIH MaTpHly (—E 0 ) npeo6pas3oBaHUsMH, YKA3aHHBIMK B 3a1aye 959,

A4 B

0 X
ypaeHeHus AX = B.
Penruts 5THM METOJIOM YKa3aHHOe YpaBHeHHe, eCJH

p 2 -7 B 4 —5
T\l —4) A\l —4 )

9638%, Tlyctb Bce mapu (i, j) (i==1, 2, ..., m; j=1, 2, ..., n)
3aHyMEPOBaHEl B HEKOTOPOM ONPEeNeNEHHOM MNOPSIKE Oy, Qg .« .y Oppype
Kponerxeposcrxum (Mnm npambim) NpoHsBeleHHEM IBYX KBAAPaTHBIX Ma-
Tpull A nopsika m W B nopsiaka n HasuiBaercs Matpuua C=A X B
nopsiKa mn, COCTAB/JCHHAA H3 BCeBO3MOMHBIX MPOHM3BEIEHHH 3/1eMEHTOB

matput A u B B HaanexaweM nopsike. MMenHo, snement matpuum C,
cToAwWHU B {-R CTpoke H j-M cToa0le, OnpelenasieTcs TakK:

=00 e (4 )=a, () J)=a,

Ilokasarb, uTO:

A (A+B) X C=(AXC)+(BXC);

6) AX(B+C)=(AX B)+(AXC);

B) (AB) X (CD)=(A X C)(BX D).

964*, Ilpasvis npamum npoudsederue s KBaipaTHHX MaTpHu A no-
paika m w B —nopsaika n HaswkiBaetca KaeToyHas Marpuua A X ‘B ==
=C=(Cy)). rae Cy=a;;B (I, j=1, 2, ..., m). AHaIOrM4HO, NEeBbIM
NpPAMBLIM NpPOH3BEJEHHEM TeX Ke MaTpHL Ha3biBaeTC KJETOYHas MaTpHua
A X B=D=(DU), rie D1]=Abl] ¢ J==1,2, ..., n)

Hoxkasarb, uro:

a) o6a BBEIEHHHIX MPOW3BENEHHS ABAAIOTCH UYACTHBIMH CJAYYaAMU Kpo-
HEKEDOBCKOTO NPOM3BeleHHs, ONpeleJeHHOr0 B Tpelblnyluelt 3ajaue,

NPHBECTH K BUAY ( ), TO MaTtpHua X naer peuienne MaTPUYHOTO

c
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Haittn nopsinok Hymepauuu nap (I, j), Maiouu# npaBoe M JeBoe npsambie
NPOU3BEIEHUA,;

6) AX 'B=B X A4;

B) AX (BXC)=(AX'B)XC;

r) ecau E, — enunuunas marpuna nopaika k, 10 E,, X 'E,=E, X
X Em:Emn; .

1) ecan A u B—ueocobenntie Matpuusl, To (A X 'B) '=A"'% "B,

Jlna neBOro MpoM3BelJECHHS! CNPaBelNHBbI CBOMCTBA, aHAJIOTHYHBE B),
r), I).

966%. I[loab3ysce JIByMs MNpeiblAYLIMMM 3alauaMu, 10OKas3aTh, 4TO
ecan A — MaTpuua nopsaika m u B —mopsnkan, 1o |AX B|=|A|" X
X |B|" (cM. sanauy 540).

966%. Ilycte A =(a;;) — kBaipaTHad MaTpuua nopaixka n. Marpu-
uet, s3qumnold ¢ A (MM npucoedunenroid Kk A), HasblBaeTCsi Marpuua
A=(ay;), rae a;;=A; (i j=1, 2, ..., n). Vubimu cnosamn, wma-
TpHila, B3aUMHas ¢ A, Moayyaercs TPaHCIOHMPOBAHMEM MATPHILBI, COCTa-

BJIEHHOH M3 anre0paHyeCKUX NOMOJHEHHH 3/1eMeHTOB MaTpHib A.
Hokasartb, uTO:

a) AA=AA=|A|E, rie E— equununas Marpuua;

6) (A)=|[A[" A npn n>2, (Ay=A npu n=2,

967%. Ilokasarb, uto (A79)=1§ VA rie A— MaTpula, B3auMHas ¢ A,
onpejeneHHas B Npelbliyluelt 3anave.

968%, Marpuuet, accoyuuposannold ¢ KBaAPaTHOW MaTpuued A no-
psika n, Ha3blBaeTCs MaTpHua A_.(a,J) rue a,j——-mmop 3/IEMEHTA &y
Manuuu A. Jlokasatb, uTo:

a) (AB) AB;

6) (A)_-IAI" A npu n> 2, (A)_A npu n=2.

969%, Ilyctb A = (a;;) — kBajpaTHas MaTpPHUA TIOPALKA 7 W MNYCTb
BCe CoYeTaHHn M3 n uucen 1, 2, ..., nmo p uncen kB, << Ry < ... < kp
3aHyMepOBaHbl B KAKOM-AHGO MOpAiKe Oy, Qg ..., ay, rie N=Ch.

p-# accouunpoBanHo# ¢ A MaTpuuleRl HasmBaercs MaTpuua A, =(ay, j; p)»
COCTaB/eHHas M3 HalJexaluM o6pa3oM pacno/OoXKeHHBIX MHHOPOB p-TO

Ly by oo 4
, TIe ¢, eCcTb
Jiv Jor oo T

coueranne i) iy < ... <li, @;— coueranue h<h< oo <Jp
Hokasatb, uro: .
a) (AB), = A,B,;

NOpsiIKa MaTpuubl A; uMeHHO a;, j,p_A<
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6) (E,),=Ey, rae E, u Ey — ennununbie MaTpullbl COOTBETCTBEHHO
nopaikos n U N;

B) ecii A — HeocoGeHHas Marpuua, TO (A'l)p=(Ap)'1

970, Ha#tu Taxyo Hymepauuio coyeraHu# u3 n uucen 1, 2, ..., n
no p, 4roGbi AMs TPEYroabHOW MaTpuibl A acCOUHMPOBaHHAsA MaTpuua A,
onpeleneHHas B Mpelblayllet-3anave, Takwxke Gbla TPeyroJbHON C HyJ/AMH

110 Ty e CTOPOHY OT IHaroHai.
971*, Tloab3ysicb cBOWCTBAMH ACCOLMHPOBAHHBIX MAaTpPHL, A0OKa3aThb,

-1
4yTo ecaM A — KBajpaTHas MarpHlla Nopsika 7, TO ]Ap|=|A|Cﬂ-1
(cm. 3amauy 551).

972%, Tlycth A — HeocoGennas MaTpuua Topsika n 1 B=A"'—
MmarTpuua, 'obparnas nas A. JlokasaTb, uTO MuHOPH JwGoro mopsaxka
06paTHOR MAaTPHLEI BHPAXAIOTCA YePe3 MUHOPHI HCXONHOM MaTpHLEL Cie-
ZyolnmM o6pasom:

)4
(_1)551“8”8) , ( BB, k;_p)
B(\il, lpv v oos t,,)_ A S A |
Bi ko ooos kp) | 4] RS
tne b <ip< ...<dIp,BMecTe € i1 <ir<l ...<iIppt k1 <<ha< ...
... < Rk, BMecTe € <k < kf,_,, COCTABJAIOT MOJHYIO CHCTEMY
ungexkcos 1, 2, ..., n.

973*, Jlokasatb, uTO p-s1 ACCOUMMpPOBaHHAs MaTpuua A, (onpeenenue
JaHo B 3anaue 969) nns oproroHasbyo#t MaTpuubl A caMa OpTOrOHaJbHA.

974%, Jlokasatb, 4YTO p-1 acCCOUMMpPOBAHHAs MaTpuua A, a1d yHH-
TapHO#t maTpuubl A cama yHHTapHa. '

P

§ 13. lloauHoMHANBLHBIE MATPHIBI

Cnenyiouie A-MaTpHLLL NPHBECTH K HOPMa/bHOR IHaroHambHOR opme
nyTeM SJEMEHTAPHLIX mpeoGpasoBaHuit:

975. /A 1\ 976, /A2—1 A1 977. /A 0
(6 2) " (ot wamar) o ats)
978. (A2 —1 0 .979. 7 A1 A1 A2
( 0 (x__1)3>' 3L—1 3A2—1 A2
A—1 A2—1 A
.980./ A2 A2_—A 322 981, /A—2 —1 0
AT—A 3A2— A A3 4a2—3h ). 0 A—2" —1].
M4 A A2A 3A24-3M 0 0 A—2
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982. /A(A-1) 0 0 983, /1—A A2 )
0 A 0 . A A —A
0 0 (A1) 14-A2 A2 —A2
984%*, JMH8apuaKMHNMU MHRONCUMELAME A-MaTPUUB A mnopaika
n HasuBaloTca Muorounens E;(A), Eq(A), ..., E,()A), crodiuue Ha raas-

HOW [IHaroHaiu. B HOPMaJbHOH nmaroHanbHoR ¢opme Marpuunt A. Jean-
TensMH MHHOPOB MaTpHub A HaswmBaloTcH MHOTOuneHw D;(A), Dy(), ...

vy Dy(A), rae D, (A)— naubonbummft oO6wui neautenb (B3aTHH CO
crapuiM  K03(QQHUHEHTOM, PaBHEIM €NMHHUE) MHHOPOB R-ro nopsixa
MaTpHub A, eciM He BCe 9TH MHHOPH paBHH Hymo, W D, (A)=0
B TPOTHBHOM cayvae. JoxasaTh, ‘ut0 E,(A)=<0 un D,(A)#£0 nas
k=1,2,..., r, rae r — paHr matpuuni 4, roraa xak E,(A) = k(h) =0

ans k=r-+1, ..., n. Janee nokasats, uro E,(A)=-"1_
~ Dk l(x)

(k=1, 2, ..., r; Dy=1).
.Cnenyiomue A-MaTPUUB TNPHBECTH K HOPMAJbHOR JMaroHajbHOM
¢opMe TpH NOMOIUM JeNHTeNeH MUHOPOB, ONpelle/leHHHX B sanave 984.

+985. /A(AL—1) 0 0
0 AA—2) 0
0 A—1D(r—2)
. 986. 7»(7»—— 1 0 0o . :
( AA—2) 0o |
0 A(A—3) '
(A=1)(A~2) (A—3) 0 0 0
A-)A-2)(h-4 0 0
0 (=1 (A=3)(h-4) 0 ’
0 0 (A= (A-3)(A-4)
a2cd 0 0
bzcd 0 0 _
ab2 0 }
0 aba?
e a, b, ¢, d — NOnapHO B3AUMHO NPOCTHIE MHOTOUNEHH OT A.
989, /f(A) 0
( g(k))' rae f(A) n g(A)— mHOrOUMEHH OT A.
( 0 fe rue f, & h — MHOTOUJIEHH OT A, NMOMapHO
0 fh 0 |, BsaumMHO TpOCTHie H HMelOllMe CTaplune
gh 0 KOIPHUMEHTH, DaBHBIC elMHHuE,
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91. /fg 0 O
0 fm O
0 0 gh
vie f, £, h— MHOrOWIEHH OT A CO CTapIUMH KO3pPHULUHEHTAMH, pas-
HbIMH €JMHHLE, B3AMMHO TNPOCTHE B COBOKYIHOCTH, HO He 0683aTe/bHO
{l011apHO B3aHMHO HPOCTHIE.

992, /fg 0 O
0 fr 0],
0 0 gn
rie f, g, h— moGbie MHOTOU/MEHH OT A CO CTApUIHMH KO3(dHUUHEHTaMH,
PABHLIMH €JIHHHILE,

993. /A 1 0 0 994, ,A 1 0 0
0 A 1 0 0 A 00
0 0 A 1 0 0 A 1
0 0 0 A 0 0 0 A
A —1 0 0 0
IOL—-I 0 0
0 0 A —1 0
0 0 0 A —i
[t 2 3 4 544
996, /A+a B 1 0
——ﬂk-{—a 0 1
0 Ao B
—B A+4a

997, -—m+16 2—A 2A2— 120417
( s o
m—ex+7 2—A A?—GA48
998, (3@2—5x+2 0 3M—6rL43

—3A41 A—1 202—4A42

A2 — 2A 0 2A—4r42
999, (A 1 1 ... 1)

[ 1

00 A ... 1

00 0 .ich
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BLISICHHTb, 9KBHBANEHTHH JH MexAy COGOH MaTpHIH:
1000. 3A4-1 A 4A—1
A= 1—A2 A—1 A—A2 |;

MpA42 A A2
A1 A—2 A2—2)

B={ 2» 2a—3 a—2
—2 1 1
1001. MpAd41 3A—A2 24 A A2
B TR 3h—A2 2A24A4 A2\
A=1 p_, A—Az 2A24A A2 |
A2 — a2 22 A2

3 A241 3)2 A2
2 A1 3A2 A2

B=lyo a2 a2 n
AT A2 202 A2
1002,
A —6A2 A3 A3 —4A2 L 3A—1 A —2A24 A
A=| 3228145 A2 —4h 4 1. A2 — 2% 41 :

3A3-—3A2 — 5046 2A3 —2A2—A 41 A —A2—-A41
M — 9N - TA 41 23 —6A2 - 7A —2 A3 —3A24-3A—1
=| 3M3—9A2 4 9A —5 2A3 —6A2 460 —1 A3 —3M3A—1 |;
3A3—9AZ - 5045 243 —6A2}-8A—2 A3 —3A2 4 3A—1
3A2—3A 41 AZ— 0
C=| 2A2—A—1 TA—3AM—4 A2—2A+1
BA2—TA4-3 S5A—2A2—3 AZ—20A-1
1003. A-MarpHila Ha3HIBAaETCH YHUMOOYAADHOL, eCAH ee ONpelelin-
TeNb HBASETCH MHOTOWIEHOM HY/eBO# CTEMmeHM OTHOCHTENbHO A, T. €.
KOHCTaHTOH, OTJAMYHOH OT Hyas. HalTh HOpPMaAbHYI0 IHATOHANBHYIO
GOpMy YHHMOLYAAPHOH A-MaTpHUBL.
1004. Toxasarth, yTo MaTpuua, ofpaTHas K A-MarpHue, TOFAa H TOJBKO
toraa Gyner. A-Marpuuel, Koriaa AaHHas Matpuiua A YHHMOLYJspHA.
1005%, [lokaszaTh yTBepIeHHE: IS TOrO YTOOH JBe NMPAMOYTO/bHbIE
A-matpuunt A u B, xaxaas 3 m CTPOK M n CTONGIOB, ObiAM SKBHBA-
NEHTHH, HEOGXONMMO W NOCTAaTOYHO BHIMOJHEHHe paBeHcTBa B =PAQ,
rie P u Q — yHuMOAyAsipHble A-MATPUUb TOPSIKOB M W 1 COOTBETCT-
" penHo. [Iloxasatb, uto Tpe6Gyemble MaTpuubi P 1 Q MOXHO Ha#TH Tak:
Hallls Psii SAeMeHTapHBX npeoGpasoBanufl, nepesoaswuit A B B, npu-
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MeHHTb BCe Npeo0pas3oBaHHsi CTPOK B TOM (e MNOPAAKE K eIHHHYHOM
marpue E, nopaaka m, a Bce npeoGpazoBaHHs CTOAGUOB B TOM e
nopsake K elnHuuHo#t Marpuue E, nmopsika n. :

IOas nadHo#t A-maTpuust A MeTONOM, yKasauHuiM B 3anaue 1005,
HAWTH YHHMOLY/IsApHble MaTpuunl P, Q Takue, uto Marpuua B =PAQ
MMeeT HOPMaJbHYIO AMaroHaibHyw dopmy (Matpuunt P u Q onpeze-
JAIOTCA He OIHO3HAYHO):

1006. M—At+4 A3
=<x2—21+3 m—H-Q)'

1007. MA4-4A3 4 4A2 A2 A3 4 472 447,

008 =<M+5m+ex2+5x+2 x3+5x2+sx+4)'

1008.

A -3A3—BA? A -1 2A14-3A3—5A? A —1 2A% - 2R3 — 42
A= A — A3 -1 2M — A3 — A2 2A% — 243 )
M4 283 —4A2 A1 2A4 203 —4A2 - A—1 2A* 4 A3 — 3A2

IOaa naunbix A-Matpuu A ¥ B Hait yHUMOLyasipHble A-MaTpuubn P

# Q, ynorerBopsiolune paBeHcrBy B =PAQ (marpuust P ® Q onpe-
IenslOTCA He ONHO3HauHO (cM. 3amavy 1005)):

1009.

A — A 413222441 3A3 - 7A 42 3A3 - 4A —1

oA A—1 3A2 44 —2 oA BA 1 283 4-3h—1/°
1010,

<2k2—k~—1 2k3+7»2——3k) B (7@—73—{—},—1 2%3—7»2+k~—2)

AZ—A A3 —A A3 — A2 QA3 — A2 — A J°

1011. M —1 A1 A —2
A=| Mon A 20 41 x3+x2_21_1);
MAR—A41 AR MB—2h—+1
4\—+3 24 42 202 — 24— 3
B={ 10A+42 5 +5 5A? — 54 — 2
402 —7h—8 2A2—3h—5 A3 —TA2 4 2048
1012. M—A2— A1 20220 ASAZ\
A=|on—322—3h42 5A2450 2A3-2A2;
A —2, MA A A2
A2 2041 A2 A 0

B=| 20243041 A430242% A4 A2
3A2 45042 203 4-5AZ4-3h 2A3 2A2
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1013. (A2+3A——4 A4 22 —3 x2+x_2)
T\2A24+30—5 2A24+2A—4 2A24+A—3
(2x2+2x-4 32 4-24—5 'm+2x—3)
T\2A24A—3 3A4A—4 A4 A—2

1014, A3 4-6A246A 45 x3+4x2+4x+3)

A=| M430243A42 A20242h1
203 4-3A24- 3+ 1  2A34 202+ 23
A3 A2 A, A A2 A—1
B=| 34 2024 20 —1 6x3+2x2+2x_4).
MmN h—2 23— —A—3
Hatmn P‘IHBapHaHTHb‘]’e MHOXHTEAN CAENyIOWHX A-MaTpuiL:
1015, /3)2+ 20 —3 2A—1 A2—-20—3)
42430 —5 3A—2 x2+3x—-4).
Mgd—4  A—2  A—1
1016, /3M3 —2h—4-1 2A2-A—1 33242 —2h—1
( 243 — 2, A2—1 ~2A3—|-A2——2A—1).
BAS—4A—-1 3M4A—2 5M 302 —4A—2
1017.
(20— W44 1 A9 — 313 - 2A— 3 AS— 202 - A —2 5A3 — 22 - 5A—2 |
MM A4l A =B A—3 — A —Aihe] TAS— AT TA—1
AS — 202 A —2 MAA - WA 2A—1 208 —A—2A—1 |°
'3}»3—2}»24—3&—2 3A3 — 472 - 3A—4 2A3—3A% }-2A—3 6A% —3A% - 6A—3
1018, ,
MAM—A43  MoMA WA —A4d A LA —Ad2
A f-3M—3A46  AS— 33K —2 A8 BA2—BA4T  AS 4 BAI—3h-4
AS 202 — 2% -4 AS— 2 424 — 1 2W9 4272 —2A -5 A3 }-2A2—2h}- 3
MIf M A5 MmN Al LR —ALT NS A—At3

1019, (A 1 2 3 ... n ]

-----------
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1020%, { A —a B i p... B )
1] A—a ] ... B
0 0 A—a B... B

Voo 0 0. 0..h—a
{MOpANOK MaTPHUBI paBeH n).

dieMeHTapHBIMH JEJUTENAMH A-MATpPHUB A Ha3BIBAIOTCA MHOTOWJMEHH & (A),
2 (M), ..., eg(A) co crapmumMu xosddHNUECHTAMH, PABHBIMU €lMHHIEG, COBNAAAW-
1I[H€ C HAHBHICIIHMH CTENEeHAMY HENPHBOLHMbBIX MHOXHTeJeH, BXOAALIHMH B pa3-
JIOXEHHA MHBApHAHTHBIX MuOWurteneH E, (L), E;(A), ..., E,(A) Mmatpuusl A Ha
HeNpuBOAuMHBE MHOWHTeAW., [IpH 3TOM COBOKYNHOCTH .3AE€MEHTAPHHBIXK JAeauTenci
satpuunl A CONEPHHT KawAN#d MHOrouaeH E;(A) CTOAbKO pa3s, CKOAbKO HHBA-
PHaHTHHX MHOXHTeNeld Ep(A) COZEpKHT ero B cBOeM pasnomenud. Pasnomenue
Ha HENPUBOAMMbE MHOKHTENIW GepeTcd Haji TeM NOJeM, Haj KOTOPHM paccMa-
TPHBAIOTCA MHOTOYJEHBI, ABJAIOIGKECS 3JeMeHTaMH MaTpuubl A. B jnanpxeiiinem,
€CJIH He OrOBOPEHO NpPOTHBHOE, pACCMATPHBAOTCH 3JEMEHTAapHLIE IEJHTENH Hax
0oJeM KOMIMIEKCHBIX WHCEJ, T. €. HauBEICUIHE CTEMEHH MHOTOYNEHOB BHia A — @,
BXOIAIIHE B PA3NOKEHHS HHBADHAHTHHIX MHOWHTeNeH MaTpHUb A Ha AHHeHHble
MHOXHTEJH,

Haitth aneMeHTapHble JeJUTE/H CAELYIOLHX A-MaTpUL:
1021, A2 AB41
OMB—A2—A+43 2MB—A—A42)
1022, [ M — 22424 —1 A2—2A 41
A3 — 202 A —1  2A2—2)
1023. A24-2 Py | AZ1
A244rh 44 2043 A24-4A43
A2—4h+4-3 2h—1 A2—4A42
1024, ‘
AT—20—8  A?4-4A4-4 A2 —4 A2 —3%—10
MpAS—A—10 2025142 ASH-BA2—A—6 A*4-A%—2%—12
| M4A3—222—30—6 A24-4A 44 AFA—2A2—A—2 A'HAS—2A2—4A—8
{ MHAA24A—2  A24A—2 ASF2A2—A—2 A'FAI—AZfA—2

1025. A2—2 A24-A3 A24-2 A2—3 \
A24-3A—1 A24-3M43 A2 42041 x2+3x-—2
CoA2—4 A2 A+44  A243 242 —

2A24-3A—3 A24-3h+4 W20+ 2 212+3x_4}

HafiTi sneMeHTapHbie IequTenu cnenylomux A-MaTpHL B MoJE pauMo-
HAa/bHBIX, B NOMe NEHCTBHTE/bHLIX H B N0 KOMIUIEKCHBIX UHCEA:
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1026, /2242 A1 22—2
41 A1 2)2—2
MR42 AR41 3A2—5
1027, /20243 A1  AS6A A2 2
402411 2)245 2064 12044202 — 26
oA24-3 A1 2MS 12444 A2— 30
1028, / M1 A—A4A3—1 M—4A3 440 —5
9M -3 2A7—2A4 - 4A3—2 3A4—10AS A2 4 10A—14 |.
M2 A—MA4203—2 20— 6A3 A2 64—

Ha#itH HOpMaJbHYI0 JAMArOHa/JbHYI0 (OpMYy KBaLpaTHOH A-MaTpHUbL,
€CJIM M3BECTHLl ee 3I/IEMEHTApHbEe JIeJUTEH, PaHT 7 W NOPAAOK n:

1029, A1, A1, A412% A—1, A—1% r=4, n=>5.

1030, A 42, A+22, A+2)3 A—2, (A—2)% r=n=4.

1031, A—1, A—1, A—1)3 A+42, A+2)% r=4; n=>5.

1032%, lokasaTb, 4TO COBOKYNHOCTb 3/I€MEHTAPHLIX JeJMuTeNed IHa-~
TOHAIBbHOM A-MaTPHLH ITONAYdaeTcs 00beHHeHHeM (C HALMEeKALHMH NOBTO=
PeHHAMH) COBOKYNHOCTeH 3/eMeHTapHHX JMeluTesned BCeX IMaroHa/lbHLIX
5/eMeHTOB STOH MaTpRBIULL.

1033*, JloxasaTb, 4YTO COBOKYNHOCTb_ SJEMEHTAPHBIX JXeauTeneh
KJIETOYHO IHMArOHaJbHOH A-MAaTpHLH paBHa 00DbelHHeHHI0 (C Halaeka-
1IMMB NOBTOPEHHSMH) COBOKYNHOCTEH 3/IEMEHTAapHBIX JHenuTteneff Bcex ee
JHATOHA/NLHBIX KJETOK.

Moabayacy saxauamn 1032 nan 1033, Ha#TH HOPMA/MbHYIO JAHaro=-
HAMLHYI0 (OPMY CJAELYIOLIHX A-MaTpHLL:

1034. /A (A—1)? 0 0 0
0 AA41) 0 0
0 0 A2—1 0
0 0 0 AQA41)3
1086, ,A?—4 0 0 0
0 A24-22 0 0
0 0 A3 — 22 0
0 0 0 A3 — 4
1036. 0 0 0 A3 6A2 492
0 0 A3 4 A2—62 0
0 - A2—4)+4-4 0 0 :

AS - A3—6A2 0 0 0
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1037. 0 0 0 AM4-2A2—2h—1
0 0  A—2A242%—1 0
0 A242A1 0 0
A2—2A4+1 0 0 0
10388, , A2+24—3 A2A—2 0 0
20224 —4 2A2+A—3 0 0
0 0 A1 A2
0 0 M—1 BRA—2
1039, ,A2—A—2 A3FAZ—A—1 0 0
A2—4 A3 2A2—A—2 0 0
0 : 0 A4on  A24-6r—2 |
0 0 M A2 A2 5A—7
1040, 0 0 A3—A2—}—2 A3—2A—4
0 0 M2 —6L A2A—6
A2— 2) 1 A—2 0 0 .
A3 —2A26A—1 A2—2A—+5 0 0.
1041, 0 0 0 A—20—3 AfA2-QA—9
0 0 0 A2—A—2 A4-22—5A—6
0 0  A-2A4+1 O 0 .
M4M—3 A24A—2 0 0 0
MH2A2A—4 AS42A2—-3 0 0 0

Onpenenus SKBHBAJEHTHOCTb H HOPMaIbHYI0 JHATOHAJBHYI0 (oOpMYy
LeNOYHCIeHHHX MAaTpHLL TaK, kaK 3TO CAefaHo B 3anauax 942, 943,
HaltTH HanGoibuiHe o6wiMe nenuTenu D), MHHOPOB k-To nopsixa ciaenylo-
IIHX MaTPHI, NYTEM NPHBEJEHHS HX K HOPMalbHOA IHaroHanbHOH ¢opme
C NMOMOLILI0 3JIeMEHTapHHIX NpeoGpasoBaHuit:

1042, 0 2 4 —1 1043, 0 6 —9 —3
6 12 14 5 12 24 9 9

0 4 14 —1° 30 42 45 27

10 6 —4 11 66 78 81 63

1044, [lokasaTb, uTo M00yi0 A-MaTpully paHra r 3ACMEHTAPHBIMM
npeo6pasoBaHHAMH OJHHX TOJNbKO CTPOK (@ TaKye OIHHX TOJbKO CTOM0-
LOB) MOXHO MpUBECTH K TPeYroJbHOMY WM TpaneucHIaJbHOMY BHLY,
NpHYeM HYyJIH, TO XeJlaHHI0, MOXHO MNOJY4YHTb BhiLIe MJH HHKe TJIaBHORK
ILMaroHadM, H OTJAHYHbIE OT HyJs 9JeMeHTH OYLYT HaXOLHTbCA JIHMEIb
B NepBHX 7 CTPOKaX (COOTBETCTBEHHO B NePBHX 7/ CTOJ61AX),
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1045%, JlokasaTb, 4TO K@KAYI HEBBPOKAEHHYID A-MaTpuuy A MOXHO
npeactaButh B BHle A= PR, rie P — yHumonynapHas A-MaTpuua,
a R — rTpeyronbHas A-MaTpHua, 3JeMeHTH KOTOPOH Ha T/IaBHOH aHaro-
HaJM HMET cTapuini KOS,(f)CpHU.HeHT. paBHbIl €AHHHLE, HHXe TJ1aBHOH
IMaroHajA¥ paBHE HYMI0, a Bblllle TJaBHOH AMArOHA/M - UMEOT CTeneHb,
MEHbUIYI0 CTENeHH 3/eMeHTa [/IaBHOH IMaroHamu TOro e croabua (uin
paBHHl ‘HY/II0), NMPHYeM Taxoe NMpelCcTaB/leHHe eIHHCTBEHHO.

§ 14. TonoGueie maTpuubi, XapaKTEPHCTHYECKHH H MHHUMAJbLHbIH

mHOroujsensl. XopaaHnoBa M aHaroHajbHas ¢GopMbl MATPHIBI.

¢ yHKUMH OT MATpPHL

Bce 3amaun storo naparpada crtaBatcas B MaTpuuHoit ¢opme. B uactHocTH,
. CBOHCTBA XapaKTepHCTHYECKHX HHCEN MATPHIB H NPDHBECICHHE MATPHHUB K XOp-
IanosoH ¢GopMe paccMaTpHBAIOTCH BHE CBA3H CO CBOHCTBaMH COGCTBEHHMX BEK-
TOPOB H MHBAapHAHTHBIX NOANPOCTLAHCTB COOTBETCTBYIOIEro JuHeHHOro npeobpa-
30BaHKA. IJTa CBA3b (B 4ACTHOCTH, OThiCkaHHe 6a3HCa, B KOTOPOM MaTpHua IaH-
HOTO JuHeHHOro npeobpasoOBaHHA HMeeT MXOPRAHOBY (GOPMY) paccMaTpHBaeTCs
B oTaeqe IV. 310 He MemaeF HCMOAb30BATh 3alaiH AaHHOrO maparpacda npu
H3yueHHH CBOHCTB JHHeHHBHIX npeoOpasoBanuil B TOH Mepe, B KaxkoH ycBoeHa
CBA3b JMHEHHBX NPEo6pa3oBaHHl ¢ HX MATPHUAMH B KaxkoM-au6o Gasuce.

1046. Matpuua A uaswiBaetcs nodo6uoli Matpuue B (uro oGosHa-
vaerca Tak: A~ B), ecau cyuectyer HeBbpOxAeHHas Marpuua T rakad,

-1
uto B=T""AT. llokasats, uTO COOTHOWeHHe NoaO6GMs oOnanaer cne-
AYIOLIMMH CBOMCTBaMH: - .
a) A~ A, 6) eciu A= B, 10 B= 4;
B) eciu A~B u B=C, 1o A=C.

1047. Jlokasath, uyto ecau xora Om onHa M3 AByx Marpuu A, B
HeBHIpOX(eHHa, TO Marpuuni AB u BA nozoGHbl,

IMpuBecTn npumep IBYX BHIPOKILeHHBIX MaTpHu A, B, 114 KoTOpbHIX
Matpuubl AB u BA He OyayT nonoOHbI. ‘

1048#%, Hatitn Bce Marpuubl, KaX1as M3 KOTOPHIX N0AOGHA TOJBKO
cama ceGe. .

1049, ITycts wmarpuua B noayuena u3 A nepecraHoBkoft [-fi
H j-# cTpok, a Takxe i-ro M j-ro cron6uos, [lokasare, uto A H B

-1

nono6HBl H HAHTH HeBHIPOXAEHHYIO MaTpuuy T, ans koropo# B=T""AT.

1050%, ITokaszath, ura MaTpuua A moso6Ha Matpuue B, NojyueH-
HOM ¥3 A 3epKaNbHbIM OTPAXEHHEM B €€ LEHTpE.

1051, Ilycrb 4y, 4y, ..., i, — moGan nepectaHosBka uucer 1, 2, ..., n.
Jlokasats, 4T0 MaTpHUB

_ a11812 - - Ga G @y - By
A= Q9Qg ... Q9 " B = a,zlla,ﬂz “as a,zln
anlan2 cer Qpp ‘ l alnlla,nlz oo aln,n

noao0HbI,
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1062. Ilycte nansl MatpHusl A u B, nonoGubie Mexny coGof.
IMoka3at, 4TO COBOKYMHOCTb BCeX HEBHIPOMXIEHHWX Marpuy 7T, LId

-1
xoropuix B=T""AT, noayuurca H3 COBOKYNHOCTH BCeX HEBHPOKIEH-
HHIX MaTpull, TepecTaHOBOYHHX € A, INyTeM YMHOXeHHs ITHX MaTpHL

cnpasa Ha OfHy M6y Marpuuy 7o co cBo#cTBOM B==Tj AT,

1663, Iokasath, uro ecad MaTpuua A mnoloOHa JAMAroHanbHOH
MaTpHUE, TO M p-f aCCOUMMPOBaHHas ¢ HeH Marpuua A, (sanaua 969)
Takxe noloOHa IHaroHanbHON Marpulle.

' 1064. Ilokasarb, uro ecau e Marpuubl A U B nopobHul anaro-
HalbHBIM MATPHUAM, TO MX KPOHeKepOBCkoe mpousBelenue A X B (3ana-
ya 963) raiwe saBasercs Marpuue#t, NogoGHOR NHaroHaaLHOH Martpulie.

1055. loxasarb, yto ecan Marpuusl A W B nono6Hbl, TO H p-e
aCCOUMHPOBAHHbE C HHMH MaTpuubl A, u B, (B3aTsle mpH M06bX HBYX
PacnonoXeHHsX COYeTaHHH MO p W3 n HOMEpOB CTPOK H CTO/GHOB)
TaKxe NOJOCHH. '

1056. Ioxasate, uTo ecan wMarpuusl A,, B, noxobubn COOTBeT-
CTBeHHO MartpuuaMm A,, B, TO KpoHeKkepoBckHe mnpousBeleHust A, X B,
u A, X B, (B3aTHe npu a00bX IBYX PACNOJOXEeHHAX Map HHAEKCOB)
Takie nOAOOHH Mexay coGoft.

10567, IokasaTh, uTO ecau KBaipaTHas A-MaTpuua B npeicTaBasercs
B ugze B=BA +BAM '+ ... 4B, rie By, B, ..., B,— va-
TpHUbl, He 3aBUCAWHE OT A, H Marpuua B, HeBHIPOXKIeHHA, TO J0GYI0
KBALPaTHYI0 A-MaTpuuy A TOro ke Mopsika, uto W B, MOXHO pasie-
auTe Ha B cneBa wau cnpaBa, T. e. CYWLeCTBYIOT NpaBble 4YacTHoe Q, H
octatok R takue, uro A=BQ,+ R,, u 7neBHe uacTHOe Q, H oOCTa-
TOK R, Takue, ut0 A = Q,B + R,, npuueM cTeneHu 31eMeHTOB MaTpHu R,
H R, otHOocHTenbHO A Huxe § M ofe mapu Q,, R, u Q, R, onpere-
JeHb OXHO3HAUHO.

1068. Martpuuy

— M4 B5A4+3 — A243A42 — A6

A={ —3M4+7A+4+11 —3A2 49041 —2A-+}8
—M42A+4+8 —2A24+5043 — A4
4 ' 2 1 —I1
paazenurs ciesa Ha B— AE, rae B=| 2 1 2
1069. Marpuuy 2 —1 3
— M4 AJ-31+6 A4 2A A24+20 46
A=| —2A3 42024+ 9A+8 A24-6rA+1 2A2+4+7A48
— M4+ A24-3A+5 A+4+24—9 A245A—2
1 2 1

pasaeauTs cnpasa ma B — AE, rae B=|3 2 3
1 2 3
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1060%, JoxasaTb, 4TO ecau IBe MaTpuusl A ® B ¢ 4HCIOBHIMU 3Je-
MeHTAMH (WJIH C 9S/MeMEHTaMH M3 HeKOTOporo noas P) nmopo6Hbl, TO X
xapaktepucTnyeckue Marpuupl A — AE u B — AE 3KBUBaNeHTHHI.

1061%, Jloka3aTb, 4YTO eCJM XapakTepHCTHYeCKHe MaTpuub A -— AE
v B— AE 1Byx maTpun A M B 9KBHBaJEHTHBI, TO CaMH STH MAaTPHLbl MO-
106ubt, Tlpu 9TOM mMoKasaTb, u4T0 ecnd B—AE =P(A—AE)Q, rae P u
Q — yuumonyaspHele A-matpuubl ¥ P, ,— octatku npu zeneHun P
cnepa, a Q cnpasa Ha B — AE, 10 B = PyAQ, u PyQy,=_E, T. e. maTpHua
Q, ocywectBaser moirobHoe npeoOpasoBanHe MaTpuubi A B MaTpHuy B.

1062, Jokasatb, uto ni06asd kBalpaThHasd maTpuua A nopobHa cBoelt
TPAHCIOHHPOBAHHOA Matpuue A’

BhificHUTb, fBAAIOTCA JK NOLOOHLIMH Mexay coGoff ciaenyioume
MaTpHUbL: -

1063, 3 2 —5 6 20 —34
A=|2 6 —10); B=[6 32 —>51
1 2 —3 4 20 —32
1064, 6 6 —15Y\ 37 —20 — 4
A=|1 5 —5]; B=| 3¢ —17 — 1
1 2 —2 119 —70 —11
1065, 4 6 —I15 / 1 —3 3
A=|1 3 —5)|; B=|—2 —6 13|;
1 2 —4 —1 —4 8
—13 —70 119
C=[—4 —19 34
— 4 —20 35
1066. 14 —2 —7 —1 4 10 —19 4
20 —2 —11 —2 1 6 —83
A=t 19 3 —9g qP'B=|1 4 —56 2]
—6 1 3 1 0 —1 10

41 — 4 —26 — 7
14 —13 —91 —18
40 — 4 25 — 8
0 0 0 1

Honbayacs MeTomoM, YkasdaHHbM B 3agzade 1061, 4 IaHHBIX
Matpuu A ® B HalTH HeBbIpOXMIeHHyl Matpuuy 7T, Takylo, uTo
-1
B=T""AT (uckoMas Matpuua T onpegeneHa He OZHOBHAYHO):
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1067+, 5 —1\ 38 —81
A=lg _; —\16 —34/°

1068*, 17 — 6y 5 14 —60
A={45 _16)° —\3 3/

1069, 3 —2 1 24 —11 —22
A=]2 —2 2}, B=|20 — 8 —20
3 —6 5 12 —6 —I10

1070*, okasate, 4TO KOS((HUUHEHTH XapaKTepUCTHYECKOrO MHOro-
unena |A — AE| Matpuusl A caexyomuM 0GpasoM BHPaKalOTCs uepes
JIEMEHTHl STOR MaTpHULHL:

|A—AE| =(— M)+, (— V" F ey (— V' 4 ..l e

FIe Cp €CTb CyMMa BCeX [JaBHBIX MHHOPOB mnopsika £ MaTpuus A
(MHHOP HA3LIBAETCA TJIABHBLIM, €CJM HOMEpa 3aHMMAaeMblX HM CTPOK coOBma-
JAOT C HOMEPAMH CTOOLOB).

1071*, Haftu xapaxrtepHCTHYecKue uHCaa (KOPHH XapaKTepUCTHYe-
CKOro MHorowieHa) Matpuusl A’A, rie A=(a,, a,, ..., a,) 1 A"—
MaTpHLa, MOJyYeHHas TPAHCMOHUpOBaHUeM A,

1072, JoxasaTe, YTO CyMMa XapaKTepHUCTHYECKHX uHCea MaTpuub A
paBHa ee caeny (T. e. CyMMe 3/eMeHTOB IJaBHOW MAMaroHaaH), a Npou3-
BelleHHE 3THX YMCen PaBHO ompenenutenio |A|.

1073. Iokasath, 4YTO BCE XapAKTEPHCTHYECKHE YHC/IA MAaTpHUBl A
OT/IMYHEl OT HyJd TOTAa H TOJMBKO TOrAa, KOrAa MaTpuua A HEBHPOK-
IeHHa.

1074%, ycte p > 0 -— KpaTHOCTb KOPHA Ay XapaKTEPHCTHUECKOTO
mHorouneHa |A-— AE| marpuus A nopsixa n, r—pair u d=n—r —
Aedekt Marpuunl A — A E. Jlokasate cnpaBelJHBOCTb HEPaBEHCTB

ld=n—r<p.

1075, ITpusecTH npuMepnl Marpull n-ro noOpsaKa, I8 KOTOPHIX
NepBoe WJIH BTOPOe HepaBeHCTBA NpelbiAylie#f salaud o6pawlanwTca B pa-
BeHCTBO, T. €. d==1 unun d = p.

1076* Nokasats, 4TO XapaKTepuCTHYeCKHe 4HC/A OGPAaTHOH MaTpHLUbI
A~ paBHbl (C yueTOM HX KPAaTHOCTH) OOpaTHbIM BEJIMYHHAM A4 Xapak-
TEPUCTHYECKHX YHCen MaTpHun A,

1077¥, Jlokasate, 4TO XapaKTepUCTHUYeCKME YHCAa MaTpHubl A2
PaBHH (C YY€TOM MX KPAaTHOCTH) KBajparaM XapaKTepMCTHYECKHX wYucend
MaTpHusl A.

1078%, Jlokasath, 4TO XapakTepucTHyeckue uHCaAa MaTpuuni AP
PaBHH (C YYeTOM HX KPAaTHOCTH) p-M CTeNeHAM XapaKTepUCTHYECKHUX
yucesn MaTpHubl A.
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1079%, Iycts ¢(A)=|A — AE| — xapaKTepHCTHYECKHA MHOrOYJIEH,
Ay, Ag, ..., A, — XapPAKTEPUCTHYECKHE YHCAA MATPHUH A H f(k)—npo-
HSBOJlebm MHO]‘O'-!JIeH Ilokasatb, uTO onpeﬂenmenb matpuun  f (A)
ynosnersopser pasencTBy |f (A)| = f(h) f(Ay) ... f(A)=R(f, o).
rie R(f, @)— peayabTant MHorounenoB f W @. Eciu e onpenensits
XapaKTePHCTHYECKHA MHOTOYIeH kak ¢ (A) = |AE — A|, 1o

[/ (A =R(p, /)

HanoMuHaeM, 4YTO pe3yAbmaKmMoOM JIBYX MHOT'OUYJIEHOB

f=a Jlx—a) w g<x>=boj_]=11<x—‘ri,->

HA3bLIBAETCA YHUCIO -

: a e n s n s
Rif. ©=aol Il I(e:—p))=at [l & o=0"0lIT f ).

1080%, Iloxasarb, uto ecam A, Aq ..., A,— XapaKTepUCTHUECKUE
udcna Matpuunl A u f(x)— MHorouned, 10 f(Ay), f(Ag), ..., f(A,)
O6yLyT XapaKTepHCTHYECKHMH YHcaaMH Matpuuw f(A).

1081*, Iokasats, 4TO e€cad A,, A, ..., A, — XapaxkTepHCTHYeCKHE
&) N
h (x)
JdeHHad 1Jd 3HaveHHs x=A (1. e. ynonnemopmomaﬂ yCAOBUHIO
[B(A)]#0) 10 [f(DI=FA)fR) ... f(he) 1 umcna [ (A
f (A, ..., f(A,) 6ynyT xapamepucmuecxumu yHcaamu MaTpuub [ (A).

1082*, Jlokasarb, 4TO eciH A W B —kBaapaTHHe MaTpulbl OLHHA-
KOBOTO NOPAIKA, TO XapAKTEPHCTHYECKHE MHOTouleHH Matpuu AB u BA
COBNALAIOT,

1083*, Haitu XapakTepHCTHuECKHE YHCNA LMKAHYECKOH MATPULH

yHcaa Matpuubl A H f(x)=

— pauHoHaabHad (QYHKUHA, Onpene-

a, a, ay ... a, )
a, a ay ... a,_,

Gpy G Gy ... Qp 9}

(az aa a4 e al
1084*, HaitTh xapakTepuCTHYeCKHE YHCAA MATPHUB 7-TO NOPsIKa:
' (0 —1 0 0...0 0)

1 0 —1 0...0 0
A=10 1 o —1 .,.0 0}:

.....

0 0 0 0...1 0)
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1085%., JKopdanosoli mampuyed Ha3LBACTCA K/IETOUHO-AHArOHaNbHas
MaTpHUA C AMArOHaibHBIMM KAETKAMH BHAA:

- - a1 0...0
0 a 1...0
0 0 0...a

HasbiBaeMbiMH  Kaertkamu Kopnana, XKopnanoso#t dopmoH marpuum A
Ha3bIBAETCH KOPAAaHOBAa MaTpuua A;, Moao6Has Matpuue A.

[Toab3ysick TeopeMo#i O TOM, .MTO COBOKYNHOCTb 3JIeMEHTapHLIX Le/H-
Tesell K/JAETOYHO-NMATOHAMBHOM MATPHLL paBHA OGbHENUHEHHIO COBOKYII-
HOCTEH DJIeMEHTADHHX JeJdTelel ee [MAroHaNbHBIX KJAETOK (CM. 3a-
Jauy 1033), noka3ath, 4TO HA& TNOJEM KOMIJEKCHBIX 4Hces (MIH Han
JIOGLIM [OJIEM, COLEPXKAUIMM BCE XAPAKTEPUCTHYECKHE YMCAa MATpuULL A)
JmoGas MaTpHua A uMeeT XODIZaHOBY (OPMY, U RPHTOM eAHHCTBEHHY IO,
€ TOYHOCTBIO IO TOPSAIKA KJETOK.

Hanucats xopaauosy ¢opmy A; MarTpuuel A, ecH NaHbl HHBAPHAHT-
ubie Muoxutenn E,(A) (i=1, 2, ..., n) ee XapakTepHUCTH4YECKOH Ma-
TpHus A — AE:

1086. E,(M)=E,(M)=1, E;(M=E,(A)=A—

Ey(0)=E;() = — D) (h+2).
1087. E,(A\) =E,(M)=E;(M) =1, E,(A)=A-+1, E;(M)=(A1)2,
Eg(\y= (A= 1)(A—5).

1088. El(k)=E2(x)=l, E;AMN=A—2, E,(M)=2A—4,

1089. JokasaTe, uto aas mobo#f kBazpatHOA A-maTpuust A (A) no-
pAIKA N, ONpelenuTe/lb KOTOPOH eCTb MHOrOYJEH OT A CTeneHu n, Cyuie-
CTByeT 4YHMcaAoBas Matpuua B nopsaaka n Takas, uto MaTpuma A (A)
SKBMBAJEHTHAa XapaxTepHUcTHYeckoRt MaTpuue B — AE,

Ha#itu xopraHOBy ¢opMy C/ACLYIOIIHX MAaTpPHIL:

1090, 0190 1091, /2 6 —15\ 1092, / 9 —6 —2

—4 40 11 —5 18 —12 —3 |.
212 12 —6 18 —9 —6
1093, /4 6 —15 1094, /0 —4 0
(1 3 —5 |. (1 —4 o)
1 2 —4 1 —2 —2
1095, /12 —6 —2 1096, /4 —5 2
(18—9—3. (5—73.
18 —9 —3 6 —9
1097, —3 2 1098, 1 —3 3
(__44. (—2-—613.
—4 5 —1 -4 8
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1099, /7 —12 6 1100, /1 —3 4
(10 —19 10 (4 —7 8
12 —24 13 6 —7 7
1101. /o O O
(0 a O], raea=+0.
¢ 0 a _
1102. /3 —10 1103. /4 6 —15 1104, 4 —57
(6—32 34 —12 ). 1—4 9
8 —6 5 23 —8 —4 05
1105. 1 -3 0 3 _ 1106, /3 —1 0 0
—2 —6 0 13 1 1 0 0
0 -3 1 3 : 3 0 5 —3
—1 —4 0 8 4 —1 3 -1
1107, /3 —4 0 2 1108, /3 —1 1 —7
4 —5 —2 4 9 -3 —7 —1
0 0 3 —2 0 0 4 —8
\0 0 2 —1 0 0 2 —4

1109. {1 —1 0 0...0 0

, TIOPAAOK MaTPHLH
.............. pagen 7.

0
L0
1mio. 1 1 1 1 ...
0
0

, TOPALOK MaTpHUL! paseH n.

........

i, {1 234 ... n ) 1112, {n n—1n—2 ... 1
0123...n—1 0 n n—1...2

..........
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1113. (1 0 0...0 1114, (0 a O O ... O
1 2 0 0...0 0 0 ¢ O0...0
1 3 0...01- 0 0 O of -
(1 2 3 4...n 0 0 0 0...a
a 0 0 O0...0

1115, HaitTh sxophaHoBY ¢opMy MaTpHUB! BHIA
@ a G ... Q)

0 o ay...ay

0 0 a ves Q3p

00 0 ...«
TpPH YCNOBHH, YTO @5 Qp3 ... Gy, 7 0.

1116. Hokasatb, uTO €M XapaKTepPHCTHUECKHH MHOTOUNeH |A — AE|
matpulubl A He HMeeT KpPaTHHX KoOpHel, T0 A nomoGHa nuaroHaabHOH
MmaTpHue (371eMeHTHl Marpuuw 7T, mnpeoGpasyiouwed A k aHaroHanbHoOMR
dopmMe, npHHAANEKAT TOMY IIOJIO, KOTOpPOE COIEPXKHT BCe XapaKTepH-
CTHYEeCKHe YHCAa MaTpuub A).

1117. Ookasatb, uyTo Marpuua A Hajn naHHeiM nojeM P rtorma n
TOJbKO TOrIa NMOAOGHA IMArOHAALHOM MaTpHue, KOrAa NMOC/AeNHHA WHBa-
pHaHTHHt MHOXHTeab E, (A) xapaktepucruuecko#t Marpuun A — AE He
HMeeT KPAaTHHIX KOpHeHl M BCe ero KOPHH NpHHamiexar noaw P,

BblﬂCHHTb, ABJAIOTCA JIH CJelyloluHe MaTpHLb NoAOOHBIMH  [HATO~
HaJbHBIM MATPHUAM B MNMOJAX DPAUHOHAJbHLIX, BCILECTBEHHLIX H KOMIIJEKC~
HBIX w“HCe:

18, /5 2 —3 1119. /8 15 —36
4 5 —4 8 21 —46 |.

6 4 —4 5 12 —27

1120. / 4 7 —5\ 12L /4 2 —5

—4 5 o) 6 4 —9

19 —4/ 5 3 —7

1122, TokasaTb, uTO eC/iu MOCKEAHUH UHBAPRAHTHEIA MHOXHUTenb E, (A)
xapaxTepuctHueckoll Marpuum A — AE nna marpuub A nopsika n uMeer
CTeneHb 71, TO BCe IWArOHaJbHbIE 3JIEMEHTH Pa3/MYHHIX KJETOK JKOpla-
HoBOH (opMBl MaTpuub A pasAHYHH MexLy cOGOH.

1123. Hokaszatb, uro Marpuua A TOraa M TOALKO TOTAA HHJBMO=
TentHa (1. e. A® =0 npn HekOTOpPOM HaTypaabHOM k), KOILa BCe ee:
XapaKTepHCTHUECKHE YHC/Ia PaBHH HYJIO,
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1124, JoxasaTb, 4TO HM/JBMNOTEHTHASA MATPHMLA, OTAHYHAS OT HyJeBOH,
He NPHBOAUTCA npeolpasoBaHueM nosobus K AHATOHAILHOR dopme.

1125 Hafttn wopnanoBy ¢opmy uzemnoTentHO#t MaTpuusl A (1. e,
MaTpHubl, O6nanaoue csofictBom A2 == A),

1126. "loka3aTe, 4TO HHBOMITHBHAsf ~MaTpuua A (T. e. Marpuua,
o6aanaoman csoicteom A2==FE) nono6ua nHaroHanbHOH MaTpuie U
HAHTH BML ITOH AMAroHaAbHOH MATPHLHL.

1127. Hokasatb, 4TO nepuonuqecuaﬂ Matpuna A (1. e. MaTpHua,
o6nanaomas csoicrBom A¥ = E npu HEKOTOPOM HATypaaLHOM k) Non0GHa
JMaroHaqbHON MaTtpuile M HaHTH. BHA 3TOH JAHaroHanbHOH MaTpHUHI.

1128, HaliTh wuHuManbHbiA mOAMHOM (OmpeleseHue JaHO B 3a-
naue 830): a) exuHHYHOH MaTPHubl, 6) HyJA€BOH MATPHIM.

1129. na kakux ManHU. Muﬂumanbﬂmn MHOTOU/IeH HMEeT BUIL A—a,
rie o -—— 4ucao? -

1130. Ha#tt MuHuManbHEI# MHOTOuMeH KieTkH YKopaawa mopsika n
€ YHCJOM O HA JHaroHAaJH. . ‘

1131, Jlokasarb, YTO MUHUMANLHHH MHOTOYJEH KJAETOYHO-IMATOHANb-
HOM MaTpuibl PaBeH HAMMEHbIUEMY OGIIEeMy KPaTHOMY MUHHMA/bHBIX MHO-
TOWIEHOB €e JMATOHAJbHBIX KIETOK. )

1132. llokasare, 4TO MWHHMAAbHBIA MHOTOYNEH MaTpHubl A pasen
Tioc/lelHeMY MHBAapHAHTHOMY MHOXHTeno E,(A) ee xapakTepucTHueCKOH
marpuus A — AE,

1133. Iokaaats, uTO HekoTopas CTeTleHb MUHHMAILHOFO MHOTOWNEHa
MaTpuun A JMeNMTCA Ha XapaKTepHUCTHYEeCKHK MHOrouneH TON ke Ma-
TPHILBI. .

HaliTH MMHHManbHbIE MHOTOWIEHH CIENyIOLMX MATPHIL:

1134, /3 1 —1 1135. 4 —2 2
0 2 o | —5 7 —5 |.
11 1 "\ —6 6 —4

1136. ﬂ.oxaaaTb 4TO AJA NOA06MA IBYX MATPHL HEO6X0AUMO (HO He
JOCTATOYHO), YTOGH OHH MMENM OJMHAKOBHIE XapAKTEPHCTUYECKHHA W MHU-
HUMaIbHHH MHOTO4NeHb, [TpuBecTH mpuMep ABYX He NOLOOHBIX MATPHLL,
Y KOTOPHX XapaKTepuCTHYeCKH# MHOTOWIeH @(A) M MHUHMMANbLHBIA MHO-
rouneH P (A) OZHH U Te e,

1137, Hatttu k-0 cremenb A® wopaaHoBOH K/ETKH

a 1 0 0...0 0
0 ¢ 1 0...00

o0 e 1...0 0
A={ . .....|nopaxa n.




1138—1147] ' §14 TIONOBHHE MATPULIH , 15F

1138%, Iloxasath, yTo 3HaueHue MHoOrounena f(x) or kaetkn Hop-
nNaHa A NopsiKa n C YHCJOM O Ha TJaBHOW AMaroHamu
0...0

o 1
A__:Oal...O

000..0a
onpenensercs Gopmyaoh
f (G.) I (o) ff @ () f("Tl) (a)

T 21 3 T Tin=DI

= o f@ £ (a)

f (4 0 f(o) T Ty (n——2)!
Lo o 0o 0 .. @)

1139. Peummts 3anauy 1080, noasaysice wopnaHosolt ¢opmoHi Mar-
puun A,

1140, Hatitn xoparaHoBy cpopmy KBanpaTa mopnaﬂosoﬂ KJETKH, H&
IMaroHaan KOTOPOH CTOMT uYHCAO O == 0.

1141%, Haittn wopaanoBy ¢opMy KBaipaTta KOp.JaHOBOH KJETKH C Hy-
JieM Ha I'AaBHOH ImaroHasn (HW/IbNOTEeHTHas Khaertka JKopuiaHna).

1142. Iycte X, —xopaaHosa d¢opMa Matpuun X. JlokasaTh, 4TO-
(A4dE);=A +aE rie A — mo6Gas kBaApaTHas MATPHIA H @ — YHCJO.
ll43* Hamn XOPAAHOBY (QOPMY MATPHILHI

@ 01 0...0

0.a 0 1...0
0 00 6...a
nopsika n > 3.

1144%, Tlokasars, uro modylo KBAIPATHYI0 MATPHIYy MOXHO IpeA-
CTaBHTb B BHIE TNPOHIBECHHA  1BYX cummeTpuqecxux MaTpHil, ONHA U3
KOTOPHX HEBHIPOXKEEHHA. .

1146%, 3Haa xapakTepHCTHYeCKHe ‘ancaa Marpuun A, HalltTh Xapax-
TEPUCTHYECKHE 4YHCNa p-H aCCOUHHMPOBAHHOH ¢ Hel ManHl.lbl A, (onpe-
IejieHHe JaHo B 3amave 969).

1146%, 3nas xapaxkTepHCTHYECKHE YHCJA IBYX KBallpaTHb]X marpun— A
nopsika p u B nopsika ¢, —HaiTH XapaKTepHCTHYECKHE YHC/IA HX KpPOHe-
KepoBCKOro mnpoussesenus A X B (onpenenenne naHo B 3anaue 963).

1147%, Tycts p(A) =R —A) 1 (A— A2 ... (A—A,) s—MuHUMANb-
HBIll MHOTOY/IEH MaTpHEl A cTeneHd r=r;~-ro~ ... -~ r, 30€chb ry—
KPAaTHOCTb A, Kak KOPHA MUHHMaJAbHOTO MHOroumexa {(A).

Ecan nns ¢yHxkunn f (A) cymiecTBYOT uHcaa

TR O fr O v DA (R=1,2,.... 8, (1)
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TO roBopsaT, uTo GyHkuus f (L) onpedesena na cnexmpe mampuys A
u cuctemy uncen (1) HasbIBAOT cucmemoli 3navenuli gyrxyuu f (L) na
cnexmpe mampuys. A. Jlokasarb, 4TO ‘3HAYEHU MHOrOUMEHOB g (A) u
h(A) or marpuun A coBnanawot, T. e. g (A)=~h(A), TOTAa H TOABKO
‘TOra, KOTJA COBMAAIOT 3HAYEHHH ITHX MHOTOUYEHOB HA CIEKTPe MaTPULLL A.

1148, Mycts ¢yukuus f (A) onpeneneHa Ha CcnekTpe Marpuun A
(B cMblcie mnpenbiyiiet 3azaum). Jlokasath, 4TO ecAM  CyulecTByer
X0Ta 6bl OLMH MHOTOU/EH, 3HaYeHHe KOTOPOTO Ha CNeKTpe Marpuunl A
coBmangaeT co 3HaveHdsMH f (A), TO TaKUX MHOTOUNEHOB Oyner Gecko-
HEYHO MHOTO M Cpeiy HHX CYLIecTBYeT OJAMH H TOJbKO OMNHMH, HMElolin#
CTeMeHb, MEHbIIYID CTEeMeHH MHHHMAIbHOTO MHOTOWIeHa Marpuubl A.
Arot MHOTOUNeH r (L) HA3LIBACTCA UHMEPROAAYUOHHBM MHO2Z04ACHOM
Jlazpanca — Cuassecmepa dynxunn f (A) Ha cnektpe marpuunl A. Ero
3HaYeHHe OT MaTpuUubl A 10 ONpelseNeHH0 NPHHUMAETCA 3a 3HAYEHHE
¢yukunu f (A) ot atoft marpuub: f (A)==r(A).

1149, dokasartb, uto eciu ¢yHkuus f(A) onpeneneHa Ha CrexTpe
MaTpuusl A M XapaktepucTHYecKn# mHorouned | A — AE| He nmeer kpar-
HBIX KOpHe#f, TO HHTepnoNquUHOHHHIA MHorouned Jlarpawxa — Cunbse-
crepa r(A) cywecrByer, H, 3Hauur, Matpuua f(A) umeer cmbica. Hafttu
sux r(A) u f(A). .

1150. Toxasate, uto ecnd ¢yHkuusa f(A) onpeneneHa Ha cnektpe
MaTpHubl A M MUHMMAJbHLIH  MHOTOWIEH 3TOR Marpuunl ¢ (A) =
=(A—AL;) ... (A—A,) He MMeeT KpaTHHX KOPHefl, TO MHTEPNONAUMOHHbIHK
MHorounex Jlarpawwa— Cunbsecrepa r (A) cywecrByer, u Marpuua f(A)
uMeeT cMbica. Hafttu Bripawenune nas Bmuucnenus f(A).

1151*, Joxasars, uto ecau ¢yukuua f(A) onpeneneHa Ha crexrtpe
Matpuusl A, TO omnpenenenne marpuub f (A) (zanHoe B 3anaye 1148)
MMeeT CMBIC/A, T. €. CYLIeCTBYeT WHTEPONAUHOHHEH MHOrounen Jlar-

parxa — Cunbsecrepa r(A). Iycte $(A)=A—A)1 ... (A—A)s—

MHHHMANbHBI MHOTOU/EH MATpHUB A, rie KOpPHH A, ..., A, Pas3naHuHbl
Mexay cobolt, :
A
pey=—3E _  p—1,2,..., ).
A—Ap)k

TlokasaTb, utoO
§

‘r(x).—:kg[ et (A h)+ ey (AR ] v, (), (1)
rne 4yucaa a’lz,j ofnperendaTCa U3 paBeHcTs

11/ ]W” '
Ly 7= —— | =—— =1,2, ....rp, R=1,2,...,9) (2

=TT [ O sy ¢ » @
T. €. BbIpaXEHHe B KBalPaTHHX cKOOKax B paBeHcTBe (1) paBHO CcymMe
NEPBLHIX r, YIEHOB pasnoXeHHa B pan Telgsopa mo creneHsM pasHOCTH
f N

A—A, nns q;\z'm(uuu oy
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1162, Ilycte  § (A) = (A — A)? (A — Ay (A, #* Ay) — MUHUMAaNbHEIH
MHorouneHn Matpuuni A n f(A)— dynxkuus, onpeneneHHas Ha cnexTpe
sTot Marpunel. Hanucarts mpameuue Aaa wMarpuun  f(A), nonsaysacw

Tnpennaymelt sanaveft.
1163. Iokasatb, 4TO ecnu MaTpuun A W B noaoGuu, npuuem

B=—=T7"AT w aas ¢ysxkumn f(A) Marpuua J (A) cywectsyeT, TO H Ma-
Tpuua f(B) cywecrsyer u nogo6ua f(A), npuuem f(B)=T'1f(A)T
¢ ToH xe Marpuued T.

1154*, lokasaTb, YTO ecaH Marpuua A KJAeTOYHO-IHAroHanbHasa

Al 0‘]
A,
A= .
0 " a,)
n ¢ynxuua f(A) onpenenesa Ha CheKkTpe MaTpuun A, TO

F(A) 0)
(A
f(A)= -
0 " Ay

1165. Haith wuHTepnoasuuoHunit MHOrouned Jlarpanxa — Cuasbe-
crepa r(A) u 3xavenne f(A) dyukumn f(A) Ana MaTpHum

01 0...0
0 0 1...0
A= . . « . « .
0 0 0...1
0 0 0...0

Ins xakux ¢yukuuft f(A) snauenne f(A) HMeeT cMuiCA?
1156. PeinTtb 3alayy, aHanOTHUHYIO Npelbilylliedt, A48 MATPHUbI:

e 1 0...0 0O
0O a 1...0 0

0 0 0...0 1

(=]
(=
(=]
(=]
1=
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1157, l'loxasarb, YTO ecau uarpuua A nonoﬁﬂa AMaroHabHOM
N

A .
.A:T—l ,2:. ) . T -

0 7

A ana ¢ynkuun f (L) matpuuna f(A) cyuwectsyer, 10 u f(A) nonobua
_JBMaroHanbHo# Matpuue, npuyeM

. f(}‘l) 0

fay=1" r& T

0 ' f (M)
¢ Tol we Marpuueit T,
11568, Ilokasats, uto ecant f (A) = & (M)A (A) w marpuunt g (A) u k(4)
£ylecTsyioT, To U Matpuua f (A) cywecrsyert, npuuesm f (A)=g (A)+h (A).
1169. Hoxkasatb, uto ecau f (A) = g (A) A (M) n matpuust g (A) n h(A)
CYLeCTBYIOT, TO K MaTpHua f(A) cyulectByerT, npuuem f (A)= g (A) K(A).

1160¥. ITokasath, 4To QyHKUHA f(k):—l- onpeleneHa AJs BCex He-

A

'BLIPOMIEHHBIX MATPHU A H TOABKO Aast HuX, npudeM f(A)= AL
1161. Iokasare, 4to ecium A, Ay ..., A, — XapaKTepPHUCTHYECKHE

qucaa Manuuu A u yukuus f(A) umeer cMbica npu A=A, 10 f(A)),

J () -y f(Ay) OyayT xapakTepuCTHYeCKHMHM uHCAaMM MaTpHusl f(A),

Briuncauts crelyouine 3sHaueHHs ¢yHKUMA OT MaTpHl, MNOJB3yACh
"MHTEPHONALMOHHBIM MHOTOYJIEHOM Jlarpanxa — CunbBecTepa M 3anauaMu
1148 —1152 unu Haxols -MaTpuiy, AalolWlyl0 npeoGpas3opaHHe NOLOGHA
JlaHHOM MaTpHUH K ee XopAaHoBof# q)opme W npHMeHas 3agaud 1154,
1156, 1153:

1162, A%, rge A=— 02 1163, A%, rge A= b .
’ —3 5/ ' ! —1 3

1 ‘ 6 2

). 1165. VA. roe A= (3 7)

3 —~—1
1166, e4, roe A= ( 1167. e4, rae A= (1 1).

‘5
42~—5) 4 —156

3
1164, VA, TIE A= (_»’

1168, e4, rae A=| 6 4 —9 1169 InA,rvaeA=| 1 —42
53 —7 1 —53
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- n—1 1

1170. sin A, rue A_.< 1 u-{-l)'

1171*, Jokasarb, yTO PaBeHCTBO sin 2A.-_2smA cos A cnpasennuso
ans mo6oR xBanpaTHOH Matpuub A,
 1172%, Jloxasath, YTO MaTpHLA e CyWECTBYeT M HEBHPOMIAEHHA sk
Mmobo#t xBanpaTHoH MaTpuun A.

1173. Haittu onpenenntens marpuun ed, rae A—KBa,llpaTHaﬂ Ma-
TpHLA NOpHIKa n.

1174*%, Tlycts dyukuna f(A) umeer cvuica npn A= A. Jlokasarp,
YTO onpejennTeab MarpHun f(A) ynosnerBopser pasenctBy |f(A)|=
=fA)f(A) ... f(A,), the A, Ag ..., A, — XapaKTepHCTHYECKHE
Yyucaa MaTpuub A (C y4eTOM HX KPaTHOCTH).

§ 15. KpagpaTuunsie dopmu ¥)

B stoM maparpade, xpoMe 3ajxay Ha XKBagpaTHUHHeE QOpPMH, MOMEIIEHH 3a~
Rauu Ha CBOMCTBAa CHMMETPHUECKHX H OPTOrOHaJbHBIX MATpHL, CBA3aHHLIE C TeO-
pueil kBaapaTHunbix GopM. 3AeCh NpUMEHAETCA CNEAyOWlas TEPMHHOAOTMA: NOA
.auneuuu,u npeob pa3osanues TOHHMaeTcd NPeoOpPa3OBaHHE HeU3BeCmMHBX BUAA

xy=quy1+ q12¥2+ .. +qia¥a

1)
Xn=qmY1+ qn2Yot ... +Gnnyn

du 12 ««. Gin
Q= 921 922 --. G2n

Marpuna

] @2

9n1 qn2 --- Gnn

COCTaBJEHHAA M3 xoaq)q)nuuenros npeobpasoBanug (1) B COOTBETCTBEHHOM NO-
PsAse, Ha3KBAaeTCA Marpuieil 9TOro mpeobpaszopanns. Jluneiinoe npeoGpa3oBanue-
Ha3LIBAETCA HOBLLPONCOCHHbLM, €CAM €ro MaTpHua HeBhpokaeHHa. [se KBaapa-
THYHHE (OPMH Ha3WBAOTCA SKGUBANCHMHW MY, €CAK OAHa H3 HHX ‘IEpeBo--
AWTCA B JIPYrylo NOCPEACTBOM HEBHPOXIEHHOTO JAHHEHHOTO NpPeoOpas’oBaHMs.
Kanonuveckum 6udor pnaHHOH kBajpaTuaHOH (OpPME Ha3biBaeTcs OKBHBa--
AenTHad C Heli QOpMa, He CONEpXKALIATk MPOMIBEACHHH HENIBECTHHX, 3 HOPMAAL-
HHM BHIOM — TAaKOH KaHOHMYECKHH BHI, B KOTOPOM KO3(Q(HUMEHTH TpPH KBa-
JpaTax HEM3BECTHHX (He CYHTasd Hynesux) paBuH 1 nas BemecTBeHHOH H -}-1
AJS KOMIIEKCHOH OGAaCTH.

Haiith HOpMaabHEI#t BUA B 06JAaCTH BELIECTBEHHBIX YHCEN CJIELYIOLINX
KBalpaTHYHHX (opM:

1175, x2 4 x24-3x24 4x,x, 4 2x, X, - 2x,x,.
1176, x} — 2x] 4 x2 4 2x,x, 4 4x X, + 2x,%,.
177, x2—3x2—2x,x,4 2x x,— 6x,%,.

1178, x x5 X1 X3 XX X0%3 = X924 + X3%,.

*) 3ajaun Ha OuaHHeHHHIE M KBajpaTHYHHE QYHKIHH RaHH B § 24.




156 OTHAEJ III. MATPHLIBL ¥ KBAJPATHYHBIE ®OPMH  [1179—1193
1179, x+-2x2 4 3 -4 %, 4 4 5+ 25, X+ 25,0, + 2x,x, +

4+ 2x3%,.

Hatitn Hopmanbﬂbm BHI H HEBHIPOX[EeHHOE JHHEHHOEe npeolGpasona-

HUE, MPHBOJALIEE K STOMY BHAY, A/l CJEAYIOLIHX KBaAPAaTHYHHIX (opM

{BBHLY HEOJHO3HAaYHOCTH MCKOMOTO J/IMHEHHOro MpeoOpPa3oBaHus OTBET
MOXET NMOJYYHUTbCA OTAMYHLIM OT MPHUBEIEHHOTO HHXKE):

1 180.7 X2 4-5x2—4x24-2x,x,— 4x, X,

1181, 4x— x24- x2—4x,x, 42,5, — 3x,%,.

1182. x,xo—+ x,%3 4 x9x3.

1183, 2x} - 18x2 4 8x2 — 12x,x, 4 8x x, — 27x,x,.

1184, — 125 —3x2 — 12x2 4 12x,x, — 24, %, 4 8x,x,.

1185, x x5+ Xox3- x3X4 1 X4%;.

1186, 3x2 4 2x2 — x2—2x2 4 2x,x, —4x, %, + 2x2x4..

Crelyomue KBanpaTHuHbie (OPMBI MPHBECTH K KAHOHMYECKOMY BHIY
€ UeAbIMH KOS((HUHEHTAMH MOCPEACTBOM HEBBIPOWKAECHHOTO JHHEHHOrO

npeo0pa3oBaHHA C PaLHMOHAILHBIMU KoatpqmuueHTaMM M HaTH BhIpaxe-
HHE HOBHX HEHM3BeCTHHIX yepe3 cTaphle:

1187, 242 4-3x2+44x2—2x x2+4xx 3x,%,.

1188. 3x2——2x2+2x3—{—4x Xy — 3K, Xy — XoXs.
1189. x2+2x2+ 3x3— X, Xy + XoXy — XX,

a8 crex 10MMX KBaAPAaTHYHBIX (OPM HAWTH HEBLIPOMKIEHHOE JIMHEH-
Hoe mnpeoOpasoBaii:>, nepesBojdiiee dpopmy f B dopMy g (McKOMoOe npe-
06pa3oBanHue ONpeJeiiciiv HE OLHO3HAYHO):
1190, f=2x24- 9x2+4-3x2 4 8x,x, — 4x,x, — 10x,%,;
g =2y} -3y3+-6y2— 4y y,— 4y,y; -+ 8y,y,.
1191, f=3x}+410x3+-25x3 — 12x,x, — 18x,x, 4 40x,x,;
g =>5y2 46y 12y y,.
1192, f=>5x24-5x2+ 2x2+ 8x,x, + 6 %, + 6x,%,;
g=4yi+yi+9yi— 129,95
Cienyoue KBaIpaTHyHble q>o§im NPHBECTH K KaHOHHYECKOMY BHAY

W HaliTH BBIPAXEHHWE HOBBIX HEM3BECTHHIX uepe3 cTapule (OTBET He
OJHO3HAYeH):
n
1193, z ? 1a,~ajx,xj, rae He BCe 4YHCIA @y, &g ..., @, PABHH HYJIO.
J 7= .

3
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n n n
1194, X x24 X x,x.. 1195%, X xx..
i=1 i<y v i<y v
n

n-1
Y
1196. }‘x,-xlﬂ. 1197%, Z(x‘-—s)z, rie s=x1+x2-{; X,

i=1 i=1
n

1198%, X |i—j|- xx;.

<7

1199*%, Tlyctb nana xBaipaTtuuHas ¢opma
f=B4+8+ . 42— D — =2

rae L, Ly oo lp Lo lppo oo lpi,—BelleCTBeHHblE JHHEHHbIE
dopMbl OT X, X, ..., X, JlOKa3aTh, uTO MNONOXKHUTENbHHH HHIEKC
HHepLHH (T. €. YHCJIO MOJOXKHTENbHBIX KO03(OHUHEHTOB B KaHOHHYECKOM
puie) ¢opmel f He NPeBOCXOIHT p, a OTPHUATENbHBLI MHIEKC HHEpUHH
He MpPeBOCXOIHUT ¢.

1200%, okasatb, 4TO €cau OT Kaxioi M3 nByx ¢opm f, £ K Apy-
rol MOXHO mNepedTH KakuM-HHOyAb (Heo6d3aTeJbHO HEBBLIPOMIEHHBIM)
NMHEHHBIM NPeoGpasoBaHHeM, TO 5TH (GOPMbl SKBHBAIEHTHbI,

BhiscHUTb, Kakue M3 caefyiolMX (OPM IKBUBAJEHTHB MexaAy coboH
B 00/7aCTH BEIIECTBEHHBIX YHCEMI:

1201, f=x}—x,x5 fo=99,—¥5 fy=2,2,+ 2
1202, f, = x}44xl+ x244x,x,— 2x,x,;
fo= Y1+ 2y; — Vi 449,39, — 29,9, — 4Y,Y
fo=—420—22— 22 —4z 2,4 422, + 182,2,.

1203. TlokasaTh, uTO Bce KBaapaTH4YHbIe (OPMBI OT 72 HEH3BECTHBIX
MOKHO PpasbUTb Ha KJA4CCHI TaK, uYTO ABe (JOpPMBl OYAYT SKBUBANEHTHBI
TOTAa M TOMbKO TOrAd, KOTAA OHH NPHHALMEWAT K OLHOMY H TOMYy e
kaaccy. Ha#th uMca0 3THX K/IaCCOB B KOMIUIEKCHOH# W B BelleCTBeHHOH
obaacTax.

1204, Kaxumu 3HaueHMSIMM paHTa H CHTHaTypbl XapaKTepH3yloTCH
Te KJacChi BEeUeCTBEHHO SKBUBANEHTHBIX KBaApaTHUHEIX GOPM, AR KOTO-
pbix dopMa f skBuBaseHTHa (opme — f.

1205. Ha#itH 4uc/IO KJIACCOB SKBUBAJEHTHOCTH B OBJACTH BellecTBeH-
HBIX yHcesa ¢GOPM OT 7 HeM3BECTHBIX, MMEIOLIMX 3aJaHHYI0 CUTHATYpY S.

1206, " Jokasatb, 4TO A/ pacnaieHHs KBaApaTHYHOH (OpPMbL B NpO-
M3BeleHHe JIBYX AUHEHHBHIX (POpPM HEOOXOIAUMO M NOCTATOYHO BHIMIOJHEHHE
ycaosuit: a) B 0061aCTH BElLECTBEHHBIX YMCEJ: PaHT He MPEBOCXOIMT
IByX, a TpH paHre ABa CUTHaTypa pasHa Hymo, 6) B 06JACTH KOMIJIEKC=
HBLIX YHCeJ: PaHr He NPEeBOCXOJHMT IBYX.
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1207, HoxasaTte, 4TO KBagpaTHuHas Qopma f TOrZa W TOJABKO TOrIa
AIBJAETCH MNMOJOKHTENLHO, ONpele/eHHOH, KOrla ee MaTPHLA NIPeACTaBAseTCs
B Bune A==C’C, rze C — HeBHPOMXIEHHa#d BelWeCTBEHHAd MaTpuua W
C’/ — maTpHua, TpaHcnoHHpoBauHas x C.

1208, Tloabaysch 3azavamu 913, 951 u 1207, nokasath, utO KBa-
IpaTuyHas ¢opma TOraa M TOJbKO TOrJa fBJSETCA TOJOXKHTENbHO Onpe-
IieJIeHHOH, KOrja BCe ee YIJiOBble MHHOPH MOJOXKHTenbHB. [Tox yraoBbim
MHMHOPOM KBaJpaTHYHOH GOPMHE NOHHMAETCA MHHOP R-TO MOPAAKA, CTOSWMMA
B TMepBHX R CTPOKax H nepBbX Kk ctoafuax ee martpuubl (R=1,2, ..., n;
n— NopAiOK MaTpHHH).

1209. Jlokasath, 4TO B MNOJOXHTEJLHO oONpeleneHHOR d¢opme Bce
K03 dHUMEHTH TNPH KBAJAPATaX HEH3BECTHLIX MOJOMKHUTENbHE H 4TO 3TO-
yCJOBHE He fBJAeTCH LOCTATOUHBIM L/ MOJOXHTE/JAbHOR ONpeneeHHOCTH:
$opMH. ’

1210%, JlokasaTb yTBepKIAEHHS:

a) Ilns toro uto6bl kBaiparuyHas ¢opMa f Obljia NONOKHTENLHO oNpe-
IieJIeHHOH, HeoOXOIWMO M LOCTaTOYHO, YTOGHl BCE I'/1aBHble — a He TOJBKO-
yraoBeie (cM. 3azavy 1208) — MHHODH ee MaTpHUB GHIH MOJOXKHTENbLHBI,

6) Ins Toro utoObl KBazparHuHas ¢opma f Obi1a HEOTPHUUATENbHE
(1. e. f >0 npu moOuX BelleCTBEHHBIX 3HAYEHHSIX HEH3BECTHHIX), HeOO-
XOIAMO H 1OCTaTOYHO, YTOGH BCe TI/aBHBHE MHHODH €€ MaTpuubl Oblaw
HeoTpuuateabibl. [lokasaTh Ha mnpHMepax, 4YTO (B OTJHYHE OT NOJOMKH-
TeNbHO ONpelesieHHEX (OpPM) A/ HEOTPHUATENLHOCTH f He I1OCTAaTOYHO,
yToGbl BCE YrAOBble MHHODH OblIM HEQTPHUATE/bHBI.

B) Jlns Toro uToOHl BeulecTBEHHAs CHMMeTpHueCKas MaTpuua A npexa-
craBasnace B suge A=C’'C, rze C — BeuleCTBEHHas HEBbPONKIAEHHAR
MaTpuua, HeoO6XOIMMO M LOCTAaTOYHO, 4TOOB BCe YIJOBHE MHHOPLI
MaTpuubl A OblH NOJIOXKHUTE/bHEL,

r) Jlns Toro utoOH BelwleCTBeHHAas CHMMeTpHueckas maTpuua A mpen-
craBasaach B Buie A==C’C, rae C — BellleCTBeHHad KBalpaTHas MaTpHLa,
Heo0X0AHMO H LOCTaTOYHO, uToGbl BCE IVIABHBHE MHHODH MaTpuubl A ObIH
HeoTpHuarenbHel. Kpome Toro, ecam paur A paeed r, To M paur C
paBeH 7, H MOXHO CUMTaTb NepBbie 7 CTPOK C JHMHEHRHO HE3aBHCHMBIMH,
a OCTa/bHble — HyJIEBHIMH.

1211, JlokasaTtb, 4TO KBaipaTH4yhas ¢dopma f TOorza W TOJbLKO TOr13d
fABJAETC OTpHUaTeabHO omnpeneieHHolt (1. €. f < 0 npu moObX BeiecT-
BEHHBIX 3HAYEHMAX HEU3BECTHHX, HE BCE M3 KOTOPHX paBHb HY/I0),
KOT1a B3HAKH YrJ0BHX MuHopoB D, D,, ..., D, uepenyiotcs, npryem
D, < 0. 3nece D, —yraoso#t muHop mopazka kB (R=1, 2, ..., n).

Hatitu Bce 3nauenuss napameTpa A, TNpH KOTOPHIX MOJOXHTENbHO
OnpefeseHlbl Clelyiolie KBalIpaTHuHbie GOPMBI:

1212, 5x2 4 x2 4 Ax2 + 4x,x, — 22, %, — 2X,%,.
1218, 2x% 4 x2+4-3x3 + 2hx X, + 2% X,
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1214, 3+ X34 543+ 2k 0, — 2,2y - 42,7,
1215. x34-4xi 4 x2+ QL;Ixz —~+ 10x,x, + 6x,x,.
1216, 2x24-2x5 4 x3 4 2Ax, x, 4 6x x,+ 2x,%,.

1217%, Hduckpunmurnanmon Dy xsadpamuunod gopus f nasmisaercs
onpeleNHTeNb €€ MATPHLLL Iloxasarb, YTO €C/IM K MOJIOXKHTEJBHO Ofpe-
" neneHHoH kBanparuuHo#t copme f (X, Xy ..., X,) nNpuGaBuTL KBaipatr
HeHyneBOH MHHEHHOH (OPMBLL OT TeX Me HEH3BECTHHIX, TO AUCKPUMHHAHT
GOpMBE YBEJNHUHTCA .

. n
1218%, HYCTI) f(x, X5 o ony Xp)= 2 a”x,x]——nonommenbuo

onpeleneHsas ksagparuuHas gopMau @ (xy, x3. e Xy = f(0, x,, ..., x,).
JokasaTb, 4TO AIA IHCKPHMHHAHTOB 3THX (OPM BBIMOJHAETCA HepaBeH-
ct80 Dy ay Dy,

1219*, [okasath, 4YTO eCJIH HEOTpHIlAaTebHAd KnagpaTHuHad Qopma
ofpaliaeTcd B Hy/b XOTA Obl MPH OLHOM HEHYAEBOM Habope BeUleCTBEH-
HbIX 3HaYeHH#t HEH3BECTHHIX, TO 3T (opMa BHIPOMKIAEHHA (T. €. ee IHCKPH-
MUHAHT paBeH Hy/0).

1220%, Hasosem xomnosuyuel 08yx rcsadpamu-mbtx dopm

f—__—i;la,,x,x]’ u ; bjxi%;
r n ' “

wBazpatHuHylo dopmy (f, g)=[2 1a,jb,,x,x,.
ST

Jlokasarb, 4TO:

a) ecau GopMul f M g HeOTpUUATeNbHH, TO 4 dopMma (f, g) HeoTpu-
uare/bHa, .

0) ecau GOpMbl f H £ MOJIOKHUTEJbHO ONpene/eHHH, TO ¥ dopMa (f, &)
HO/IOXKHUTENLHO ONpefe/eHHa.

1221*%, TpeyroibHbiM npeofpa3oBaHHeM Ha3blBaeTCHl JIMHEHHOEe mpe-
o0pa3soBaHHe BHIA

=Xt cpXgt oo0 T C1axa,
Vo =Xo+Co3X3+ .o - CopXps

Ioxka3arb, uTO;
a) TpeyroJbHoe ‘npeofpa3oBaHue HeBprO)KIlEHHO H npeoGpasoBanne,
ofparHoe /A TPeyroabHOTO, CHOBA TPEYrOJbHOE;
6) yrnosble Muop Dy (R==1, 2, ..., n) (cM. 3anauy 1208) kBanpa-
n

RN | : .
THYHOH QOpMH [ = > @;jX;x; NP TPeyroLHOM EPeoOPa3oBaHUH He
e b=l , .

H3IMCHALIOTCA.
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1222%, IokasaTth, uTO:
n

a) 1 Toro urtoObl KBalpaTtHuHyl ¢opmy panra r f == 2 a;;X;x;
TPeyroJbHEM NPeo0pPa3soBaHNeM MOXHO Obl10 NPHBECTH K 3:1'11;::1
F=Ayi+ .. A (1
rae A, =0 (k=1, 2, ..., r), HeOOXOIHMO M HOCTAaTOYHO, UTOGHI
D,#£0 (Br), D=0 (&>r), 2
rae D,(k=1, 2, ..., n)— yrnossie MUHOPH $opMH f (cM. 3anauy 1208);

6) yxasaHHbiit kanosnyecknit Bui (1) onpelesen OAHO3HAYHO, NPHYEM
ero K03pduUHeHTH HaxoAATCA No ¢opMyaam

Dy _ . _
st (k=1 2 ..., 1 Dy=1) 3)

(teopema CuabBecTepa).

1223. Iyctb yraosbie MHHOPH KBaipatHyHo# ¢opmul f panra r
yAOBMETBOPAOT YCAOBHAM (2) npenniaymiedi 3amaud. J[loxasate, uto
TNO/IOKHUTEAbHEIH HHIEKC HHepHHH 3TOH GOPMBI paBeH UHCAY COXPaHeHHH
3HaKa, 4 OTPHHATEJbHEIM HMHIEKC — YHC/IY TepeMeH 3HaKa B ALY YHCEN

=Dy, D,, Dy, ..., D,.

BbisiCHUTR, 4TO B CJAELYIOIIMX Napax KBaIpaTHYHEX (OpPM o0IHA
¢opmMa gBAgETCA MOJNOKHTEIbHO ONpeleNeHHOH; HAKRTH HeBHIPOXIEHHOE
JAuHedHoe mnpeofpa3oBanue, NpHBoAsliee 3Ty (GOPMYy K HOPMaIbHOMY,
a gpyryw ¢opMy TOH Ke mnapn K KaHOHHYECKOMY BHALY, H HAamucarth
3TOT KaHOHMYeCKHR BHI (/TMHEHHOE NMpeoOpasoBaHHe onpeieneHO He OIHO-
3HAUHO):

1224, f=—4xx, 1226, f = x2+ 26x3 4 10x,x,,
g =x2—2x x,~+4xl. £ = X1+ 56x2- 16x x,.
1226. f=8x}— 28x] 4 14x2 4 16x,x, 4 14x,x, -+ 32x,x,,
g=uxl+4+4x] 4+ 251424 x,.
1227, f=2x3+ x, %, %, X, — 2X,%, + 2x,%,,
g=g b bl 2022,
1208, f = 22+ 5 x3— 2024 X34 2,2, + dx x,,

5
g=ux3+ Tx§+x§+x§—{—2x2x3.
1229, f == x2 — 15x2 4 4x,x, — 2x,x, 4 6x,%,,
g=x2+17x2+ 3x2+4x,x,— 2%, — 14x,%,

?"ks
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1230%, Ilycte nana napa ¢opm f, £ OT ONHHX M TeX M€ HEU3BECT-
Hex, npuuem g > 0. Jokasarb, YTO KAHOHWYECKWUH Bum

f=hit A,

noayuaeMbett 1na ¢opMel f npd mo0oM JHHEHAHOM NpeoGpasoBaHUM, TPH-
BoIAIlEM (OPMY £ K HOPMaibHOMYy Buay (T. €. K CyYMMe KBaxpaToB),
onpenenseTcs OLHO3HAUHO € TOYHOCTBIO 1O MOPSAKA CJAraeMbiX, TPHYEM
ero Ko3pouuHeHTs Aj, Ay, ..., A, FBAAIOTCA KOPHAMH TaK Ha3EIBAEMOTO
A-ypaBuenua mnapui ¢opM f, g, a uMenHo ypaBHenns |A— AB|=0,
rie A u B— cooTBeTcTBEHHO MaTpHub ¢opM f u g.

MoxHO aH cienylollde NMAPbl KBaAPaTHYHBIX (GOPM NpPHBECTH K KaHO-
HUYEeCKOMY BULY OJHHM BeLLECTBEHHBLIM HEeBHIPOMICHHBIM JMHEHHBIM Tpe-
0o0pa3oBaHHeM:

— x2 e x2 J—l 2
1231, f=x]44xx,— x3, 1232, f = x4 x,x, — 2,
g = xj+6x,x,+ 5x2. g =x2—2xx,
1233. IlycTb naHbl IBe NOJOXHTeNbHO onpeneneHHble Gopmel f U &
M NyCTh OIHO HEBLIPOXIEHHOE jHMHERHOe npeoOPa3soBaHHE HEH3BECTHBIX
n
2 .
npuBoIHT PopMy f K BHLY 2}1 A.¥2, a gopMmy g—K HOpManbHOMY BHLY,

a BTOpoe NpeofpasoBaHHe — HAOOOPOT: GOPMY f K HOPMANBLHOMY BHLY,
n

a ¢opMy £ KX BHALY ZH,-Z?- Haittu cBasb Mexay Kko3ddduunenTaMu
i=1

R Y O P

He paswickuBas auHe#HOro mnpeo0Gpa3oBaHHs, HAKTH KaHOHHYECKUH
BUI J1aHHOR QopMbl f, K KOTOpPOMY OHa mpHBelercs npeobpasoBanuem,
NPUBOAALIHM IPYrylo AaHHyl0o ¢opMy & > 0 K HOPManbHOMY BHAY:

1234, f==21x2 — 18x2 4 6x2 4 4x x,+ 28x,x,+ 6x,x,,

g=11x3+46x2+ 6x] — 12x,x, 4 122, x, — 6x,x,.

1236, f=14x}—4x2 4 17x5+ 8x,x, — 40x x; — 26.x,x,,

g ==9x24-6x24 6x2 4 12 x, — 10x, 0, — 2x,x,.

1236. okasatb, uto nBe mapu GopM fi, & H fo, g9 TIe g H g5
NOJIOMHTENBHO OMNpEAEIeHHb, TOrLa M TOAbBKO TOrAd 3KBHBA/IEHTHBI
(T. e. CyuleCTBYeT HEBHIPOXIEHHOe HHeidHOe TNpeobpa3oBaHue, mepe-
Boaswee f; B fo H g; B gy), KOI1a KOPHYU HX A-ypaBHenutt | A; — AB | =0
u | Ay—AB,|=0 cosnazaior.

BuiscHuTb, SKBUBAJEHTHB JM CJelylollHe Napbl (OpM, He HAXOLA
JHHefiHOTO Npeo0pa3oBaHUsl OJLHOH mapu B APYTyl0:

1287, f,=2x% 4 842 — %]+ 2x,x,+ 2%, X;,
g, =3x342x2 4 x3— 2x,x,,
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fo==2x14bxl 4 2x2 4 4x x, 4,0, — 2X,%,,
g,= X2+ 6x3 4 3x2+ 2x %, + 2% x,.
1238, f =4x} 4 6x;+ 21634 4x x, — 4x,x, — 22x, X,
g, ==4x24 3x2 4 6x24-4x,x,— dx, x, — 6x,%,,
fy=9x2 4 6x24-6x2 —6x,x,— 6x 5, + 12x,x,,
g, ==9x24-3x2 4 3x2 —6x,x, — 6x x, + 2x,x,.
Ha#itu HeBLIpOXIEHHOE NHHeHHOe npeoGpasoBaHHe, mepeBOLsllee Napy
KBaipaTduHbx ¢opM fi, g B APYTYy0 napy fy, g, (Mckomoe npeobpaso-

BaHHe ONpeENEeNeHO He OIHO3HAUHO):
1239, fi=2x1— Txi4 2x.x, f,=-—Ty2—3yI—12yy,
g,=2x2 4 13x2+ 10x,x;, g,==13y? 4 25y? 36y,
1240. f, =3x24 2x2— 10x,x,, f,==—9y2— 20y — 44y,y,,
g, =2x245x2—6xx,, g,=29y2+4 4y34 20y,y,.

1241, Ilycte f(xy X9 «..h X,) U (X, X9 ..., X,)— IBe KBal-
patdunble ¢opMb, XOTA Ob OIHA H3 KOTOPBIX IOJNOXHTENbHO OIpe-
neneHHa. JlokasaTb, 4T0 «NOBepxHOCTH» f=1u =1 B n-mepHoM
NPOCTPAHCTBE TOTAAa H TOJBKO TOTIA He IlepecekaioTcsa (T. €. He HMeEIOT
o6lux Touek), korza dopMa f— g sBaAseTCA oOnpeleneHHOH.

. n

1242%, TlokasaTb, YTO KaHOHMuecku# BHI ) A,¥7, K KOTOPOMY KBaj-
i=1

patuunas ¢opma f NPUBOLHTCA OPTOrOHANbLHBIM NpeoOpasoBaHueM, Olpe-
IejleH OJHO3HAYHO, NPHYEM ero Ko3pQHUHeHTH A, Ag, ..., A, ABIsIOTCH
KODHAMH XapakTepuCTHYecKoro ypasseHus |A —AE|=0 wmartpuun A
dopmul f.

Hatite kaHoHHYecKkH#l BHI, K KOTODOMy NPUBOLATCA CjelylOlUne KBaj-
patuuHble GOpPMBH MOCPENCTBOM OPTOTOHAMLHOrO NpeoOpasoBaHus, He Ha-
X0 CaMOTO 3TOrO NpeoOpasoBaHus: |

2 2
1243, 3x54-3x;+ 4x 0,4 4x %, — 2x,x,.
2 2 2
1244, Tx] 4 Tx5 4 Tx3 4 25,6, + 2, %, 4 2x,x,.

1246, x2—2x,x,— 2%, %, — 2x,%,. et

1246, 3x2 4 3x2— x2— 6x,x, 4 4x,x,. 1247%, kZ_l XpXpype

Hafitn oproronanbHoe mnpeoOpasoBaHue, NpuBOAfllee Ciaelyloluue
(OpMH K KAHOHMYeCKOMY BHULy (NPUBelEHHe K IJIaBHBLIM OCAM), M HATUCATh
STOT KAHOHMYecKH# BHL (peobpasoBaHue OMNpele/eHO He OJHO3HAYHO):

1248, 6x}4-5xf4-Tx2—4dx x,+4x,x,.
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1249, 11x24-5x2 4 2x24 16 %, 4x 5, — 20%,x,.
1250, x2 xg —+ 5x2 — 6x,x,— 2x, X, + 2X,x,.
1261, %2+ x2+ 224 4x,0,+4x %, +4x,x,.
1252, 17x2 4 14x2+ 14x2—4dx 5, — 4x,0, — 8x,%,.
1263, x?—5x2+ x24 4%, %, + 200,00, + 45,5,
1264, 8x3 — 7x2+ 8x2+ 8x x, — 2%,%, 4 8x,x,.
1265. 2x x,— 6xx;,— 6x,x, 4 2x,x,.
1266, 5x%—-5x2 - 5x2 4 5x2— 10x,x, 4 2x X, +
+ 6x,x6, 4 6x,x, + 2x,0, — 10x,x,,
1267, 3x248x x, — 3x§+ 4x2—Adxx, 4 xi
1268. x? 4 2x,x, 4 x2—2x2 —4x,x, — 2x2,
1259, 9x2+ 5x2 4 5x2+ 8x2+ 8x,x, —4x,x,+4x,x,.
1260. 4x? —4x x, 4 %2+ 5x — 4x 4 12,0, + x2.
1261, 4x2 —4x2—8x,x,+ 2x2— 5x2 4 6.x,x,+ 342,
1262, 3x2+4-8x x,— 3x244x]—6x,x, —4x2
' + x4 4x x4 X2

Hafitn kaHoHmuecku#t BHI, K KOTOpDOMY cieldyioliye ¢GOpPMb NPHBO-
IATCA OPTOrOHa/AbHBIM NpeoOpa3oBaHMeM, U BLIPA3UTb HOBLIE HeH3BeCTHHIE
yepe3 cTapue (MCKOMOe NpeoBOpa3oBaHUe He OJHO3HAYHO):

n n n
1263. X 224 ) x.x,. 1264, X x.x ..
e R o M i<y v

1265%, Hasosem 1Be KBanpaTHuHbie (GOPMEL OPMOZOHAALBHO 9KBUBA-
ACHMHABMU, €C/IH OT OJHOH H3 HHX MOXKHO NEPEHTH K Apyroit nocpeacTBOM.
OpTOroHa/nLHOrO npeobpasosaus. JlokasaTb, uTO AJas OPTOroHaAbHOH
9KBUBAJIEHTHOCTH 1BYX ¢GOpM HeoOXOIMMO H 10CTAaTOYHO, YTOOH Xapak-
TepHCTHYECKHE MHOTQUJeHbl HX MaTpull COBNajaiH.

BulficHUTb, KakHe M3 C/eLYIOMIHX KBaAPATHYHHIX ()OPM OPTOrOHAABLHO
SKBHBA/JIEHTHBL:

1266, [ == 92— 9x2 4 12 x,+ 12,5, — 6x,%,;
g=— 3y14-6y24 6y2— 12y,y,+ 12y 9,4 6y,y.;
h=112}— 4224 11254 82,2, — 22,2, 1 82,2,.
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1267, f=T7x?+4 x4 x2—8x,x,— 8x,x, — 16x,x,;
g== %y%——§y§~%y§—— %y1y2+ %y1y3+g Yo¥s
h==2l—224-2V2 2.2,

1268, lokasaTo, uTO nI0OYI0 BELIECTBEHHYI0 CHMMETPHUECKYI0 Ma-

-1
TpHLy A MOXHO npercraButb B puie: A==Q BQ, rze Q— oproro-
HambHas U B — BellecTBeHHas IMATOHANbHAS MATPHILLL.

Ilns cirenyowux Matpull Ha#TH OPTOTOHAJABHYIO MaTtpuuy @ u nxa-
FOHaJbHYI0 Matpuuy B Takde, u4TO [aHHA® MATpPUUA TPELCTABAAETCA

B BHUJE Q_IBQ:

1269. /3 2 0 1270, 2 2 =2
2 4 =21, 2 5 —4
0 —2 & —2 —4 5

1271%, Jlokasarb, YTO BCe XapaKTEPUCTHYECKUE YHC/IA BellecTBeHHOR
CUMMETPUYECKOH MaTpuubl A TOrZa W TOJbKO TOrLAa JexarT Ha OTpeske
[a, b], xoraa kBazparuynad ¢opma ¢ matpuuet A — A E nmonoxkutesbHo
onpeneneHHa npu mobom A, < @ H OTPHLATEJBHO onpeneneﬂﬁa TIpH JI0-
Gom Ay > b. .

1272%, Tlyctb A m B -— BelllecTBeHHble CHMMETPHUYECKHE MATPHUILHL.
‘JlokasaTe, 4TO eciAM XapaKTePHUCTHYECKHE 4YHCAa Marpuusl A jexar Ha
orpeske [a, b], a xapakTepHCTHYeCKHe YHCIa MAaTphusl B -—Ha oTpeske
[c, d], TO XapakrtepucTHuecKHe uMcaa MaTpuub A - B jexar Ha orpeske
la+c, b—+-d).

1273. Jokasate, 4TO HEBLIPOXKIEHHYIO KBaspaTHuHylo (GopMy TOrIa
H TOJbKO TOTLd MOXHO NMPHUBECTH K HOPMAJIBHOMY BHILY OPTOTOHa/MbHbLIM
npeo0pasoBaHieM, KOIa ee MaTpuua OpPTOrOHAaJbHA.

1274. Jokasatb, 4TO Marpula MOJOXKHUTEALHO ONpeneneHHOH kBanpa-
THYHON OPMLI TOTIa H TOJbKO TOrLAa OPTOrOHaJIbHA, KOTAa 3Ta dopma
ecTb cyMma kBanparoB. Kak 3TO mosoxeHue ¢OpMyanpoBaTb Ha fA3blKe
MaTpHL?

1276%. IHokasatb, uTO /MI06YI0 BELIECTBEHHYIO HEBBIPOXIEHHYIO Ma-
Tpuuy A MOXHO NpeicTaBuTh B Bule A= @B, rie  — opTOronaabHas
MaTtpuua M B — TpeyroibHas MaTpula Buia

bll b12 b13 e bln
0 by by ... by
0 0 &y ... by

DY . e e .

00 ...b,,

-

-
o .
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-C TOJONKHTEJBHEIMA 3JEMeHTAMH HA TIJIABHOH IMArOHAMH, W Takoe Mpel-
-CTaB/IeHHE eJMHCTBEHHO.

1276%, JlokasaTb, uTO:

a) moO6yl0 BellleCTBEHHYIO HEBLIPOXIEHHYI0 MaTpully A MOXHO Npel-
CTaBUThb Kak B Buie A ==Q;B;, Tak u B Buse A = B,Q,, rae marpuuu Q,
¥ Q,— BellleCTBEHHEIE H OPTOTOHA/bBHble, a MaTpuunl B, u B, — Beme-
-CTBEHHBIE, CHMMETDHYECKHE M C HOJOXHTENbHBLIMH YIJIOBHIMH MHHODAaMH,
Kaxaoe u3 3Tux npeacTaBeHUil €IHHCTBEHHO;

6) 100yl0 KOMIJEKCHYIO HeBHIPOMIEHHYI0 MaTpuuy A MOXHO mnpen-
CTaBUTh Kak B Bule A==Q,B,, Tax u B Buie A = By, rae Marpuus Q,
# Qy— yuurapusl, a Marputlsl B, U B,— 3pMHTOBE H ¢ NOJONKHTE/b-
HBIMH YTJIOBBIMH MHHOpaMH (Matpuua B HasniBaercs 3PMHTOBOH, ecau

B"==B). Kaxnoe ua 3Tux npexpcTaBjieHyli eIMHCTBEHHO;

B) mycTh A — cHMMeTpHueckas (MM SPMHTOBA) MATPHLUA C MOJIOKH-
“TeJIbHBIMH YTJOBBIMM MHUHOpaMH H B —- oproroHanbHas (COOTBETCTBEHHO
yuuTapuas) Marpuua. Jlokasarb, uTo:

1) npoussesenus AB u BA Torza u ToJAbKO TOrZa OYAyT CHMMe-
TPUYECKUMH (SPMMTOBHIMM) MATPHILAMHM C TIOJOXUTEJNbHHMH YTIAOBHIMH MHA-
HOpaMH, Korma B -— eIMHHYUHAA MaTpHUA;
~ 2) npoussenenns AB u BA Toria M TOABKO TOrza OyAyT OpTOro-
HaJbHbl (YHHTAPHBI), Koraa A — eIMHHYHAA MaTpHUA. )



OTHEJ IV

BEKTOPHBIE IMPOCTPAHCTBA
B UX JUHEHHLIE NMPEQBPA3OEAHHUSA

§ 16. Addunrble BEKTOPHHE NPOCTPAHCTBA

Huxe npuMensiorcs caeiylomue o603HaYeHHA: BEKTOPH OGO3HAUAWTCA Ma~
JLIMH JaTUHCKUMH GYKBAMH XHMPHOro wpH$Ta, a BEKTODHhHE NPOCTPAHCTBA, HX.
NMOANPOCTPAHCTBA H JHMHEHHbE MHOroo6pasus —— 60NbUIMMH JATHHCKHMH OyKBaMu
wupHoro wpudra. KoopanHaTsl BekTOpa nmpH O6GLIMHOH 3aNHCH NMHIIYTCH B CTPOKY,
3aKJI0UEHHYI0 B KpYrane ckobku, HampuMep X = (x;, Xy, ..., X,). B MaTpuuHoi
3amucH BeKTOpH 0asuca 3aMUCHIBAIOTCA CTPOKOH B KPYTJBIX CKOOKax, a KOOpPAH-
HAaTH BEKTOpPAa — CTOAGLIOM B KPYIIHX CKOOKax.

Mampuyei nepexoda or craporo 6asmca e, €, ..., €, K HOBOMY e{,

e;, . e;, HaspiBaeTcsd MatpHua 7 =(t,-j)f, Ho croabuaM KOTOpOH €TOAT KOOp-

JHHATH HOBHIX 6a3HCHHIX BEKTOpOB B crapoM Gasuce. TakuMm oGpa3soM, CTapbiii w
HOBHIHl 6a3HCH CBA3aHH MAaTPHUHBIM PABEHCTBOM

(e €5 ..., er)=(en € ..., €,)-T. (1y

INpu Takux 0603HAUEHHAX KOOPAHMHATH X;, Xs, ..., X, BEKTOpPa X B CTapOM:

'
6asuce CBA3aHB C KOOPIAHHATaMH X, x;, ..., X, TOTO e BEKTOpPa B HOBOM 6a-

n
4 "
3uCe PABEHCTBAMH X, = 2 t; % WAM B MaTpHuHOH 3amucH

-

Juanednoism nodnpocmpancmsosm BEeKTOPHOTO NMPOCTPAHCTBA R Ha3hBaeTCH
HenycToe (T. e. colepiauree XOT GH OJHH BEKTOP) MHOXECTBO L BexTopoB
H3 R, of6najaioumee caejylolHMy CBOHCTBAMH:

1) cymma x4+ y nByx no6uix BexTOpoB M3 L cHOBa mpuHapnexut L;

2) npoussefieHue a-+X Mo60ro BexkTOpa X ¥3 L Ha mofoe 4HCIO O CHOB&
npHHagneKuT L.

: Jureiinoin .unozood pasues BEKTOPHOrO NMPOCTPAHCTBA R HA3HIBAaeTCH COBO- .
KynHOCTE P BekTOpoR M3 R, moJyueHHas NpHGaBleHHEM KO BCEM BEKTOpaM Ka-
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KOro-HuGynb nNoAmpocTpaHcTBa L H3 R O4HOrO H TO10 K€ BeKTOpa X, JTa
«Bs13b L u P 6ynet obosHauateca Tax: P==L -4 x; unu L = P— x;,. Mot Gynem
rOBOPHTb,  4TO JHHEHHOE MHOrooSpazue P MOAyYeHO H3 JHHEHHOro NOANpO-
-CTPaHCTBA L MapamiejbHbiM CIBHCOM HAa BEKTOp Xg.

Pazmeprocmsio THHEHHOrO MHOroo6pasus Ha3bIBaeTCd DPa3MEPHOCTb TOT'O
JHHEHHOTO MOLNMPOCTPAHCTBA, NMAPaMJeIbHBIM CLBHIOM KOTOPOTrO NaHHOE MHOLO-
.06pasye moayueHo. KOpPEKTHOCTb 3TOro OMpele/feHHs BHTEKAaeT H3 YTBEPKACHHA
3anauu 1331. OaHOMEpHREIE AHHEHHEIE MHOroO6pa3us OyAyT Ha3blBATbCA NMPAMBIMH,
a ABYMEpHbIE — INIOCKOCTAMH.

Cymmoll ABYX AuHEHHHIX MOANMPOCTPAaHCTB L; H L, BEKTOPHOrO mpOCTpaH-
«€TBa R Ha3piBaeTCA COBOKYNHOCTb 8 ==L; -} L, BCex BEKTOPOB 3 R, Kawaulii
U3 KOTOPHIX NPEACTABAAEICH B BUAE X=X, -+ X, TAe X; CL; 0 x,CL, 3necw
:3anuck @ C A 0603HaYAET: «INEMEHT & MPHUHAANCKUT MHOXeECTBY A». [Tepeceue-
HueM JBYX JHHeHHBHX noampoctpaicts L, u L, BEKTOPHOro mpocTpaHcisa R
#a3pIBaeTCA COBOKYNMHOCTb D == L|{1L, Bcex BEKkTOpOB H3 R, KawInlii H3 KOTO-
Phix mpHHALAEKUT Kaxk Ly, Tak m L,

IIpaxmoili cymmod JBYX JuHEHHHX NoAmpocTpancTB L, u L, BEKTOpHOroO
IpocTpaHcTBa R HA3HBAeTCd CyMMa 3THX MOANDOCTPAHCTB NPH YCJAOBHH, YTO HX
4iepecedeHne COCTOUT JXIIb H3 HyJAEBOrO BEKTOpa, T. €. LiNLy;=0. B cayuae
qIpaMoi cymMMb Gynem nucath §S=L; 4 L,.

n-MepHOE BEKTOPHOE MPOCTPaHCTBO Oyner o6osnauaThcs ueped R,. Ilpu
:STOM €CJU HE OrOBODEHO MPOTHBHOE, IOJDa3yMeBaeTcs, 4TO 3a OCHOBHOE IoJe
B39TO NOJE BEUIECTBEHHBIX YHCEJ, T. €. R, COCTOUT H3 BCEX N-MEPHHX BEKTO-
OB C MOGBIMM BEUICCTBEHHBIMH KOODAMHATAMH.

Bektophl €, €5, ..., €, U X 3a1aHbl CBOMMH KOOpIHHAaTaMH B HEKO=-
Ttopom Gasuce. [lokasate, 4TO BeKTopH €, €, ..., €, camu 06pasyioT
©a3uc, U HalTH KOOpIHHATH BEKTOpa X B 53TOM Oasuce:

l277. el=(1| 11 1)1 eg——_—"(l, l' 2): e3:(l, 2. 3); x=(6, 9, 14).

1278. e, =2, I, —3), e,=@3, 2, —3), e;=(, —1, 1)
x==(6, 2, —7).

1279, e, = (1, 2, —1, —2), e;=(2, 3, 0, —1), e3==(1,2, 1, 3),
e,=(,3, —1,0); x=(7, 14, —1, 2). ‘

Jlokasarb, 4TO Kamaas H3 JBYX CHCTEM BeKTOPOB SABJACTCH $a3ucoM,
¥ HafiTH CBA3b KOOPAMHAT OJHOTO H TOTO € BeKTOPa B 3THX IBYX Ga-
BHCaxX:

1280. e;=(1, 2, 1), e;==(2, 3, 3), e;=(3, 7, 1); ¢, =(3, 1, 4),
e;=(5, 2, l), e:;———(l. lr _—6)'

1281. e1=(l; l’ ll l)v e2=(1» 2: l. 1)) 83:(1, 1, 2, 1),
e=(, 3, 2, 3); e;=(1, 0, 3, 3), e;=(—2, —3, —5, —4),
e;=(2, 2. 5, 4), e;=(—2, —3, —4, —4).

1282, Ha#ttu koopiMHaTH MHOTOYJEHA

f)=a+ax+a° 4 ... 4-a,x"

a) B Gasuce 1, x, x%, ..., x7;
6) B Gasuce 1, x—a, (x—a) ..., (x —a)", BLIACHMB, YTO MO~
<JIeHHE MHOTOUY/IeHBl AeACTBHTENbHO 06pa3yloT G6aswuc.
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1283. Hattru MaTpuuy mepexona ot 6asuca 1, x, x2, ..., x” k Gasucy
1, x—a, (x—a)?, ..., (x— a)® IpOCTPaHCTBA MHOTOY/IEHOB CTETEHH,.
MeHblIeR WIH paBHOK n.

1284, Kax nsmenwrca MaTpnua Iepexoja OT OXHOro 6asuca k apy-
TOMYy, €ClH: '

a) MOMeHATL MEeCTaMHM IBa BEKTOPa nepBoro Gaauca?

6) noMeHsTh, MeCTamMu JBa BEKTOpa BTOporo 6asmca?

B) 3anucartb BeKTOphl 000HX 6asMCOB B OGpATHOM mopsike?

flsasiercst M AMHEHHBIM NOANPOCTPAHCTBOM COOTBETCTBYIOLLETO BEKTOP~
HOTO NPOCTPAHCTBA KaMas M3 CJAEAYIOWUMX COBOKYMHOCTEH BEKTOPOB:

1285. Bce BeKTOPH 72-MEPHOTO BEKTOPHOrO NMPOCTPAHCTBA, KOOPAHHATHL
KOTOpLIX — LigJible 4ucaa?

1286, Bce BekTOpH MIOCKOCTH, KaMAbH M3 KOTOPHX JIEXKHT HAa OLHOMH
u3 ocefi koopamHar Ox u Oy?

1287. Bce BekTOpH MJIOCKOCTH, KOHUB KOTOPHIX /JeXxaT HA ZaHHOH
npaMoit (Hauano n0GOro BEKTOPAa, eC/W He OroBOPEHO NMPOTUBHOE, Mpea-
10J1AraeTcsi COBMALAIMM ¢ HAYyalOM KOOPIMHAT)?

1288. Bce BekTOpHl MJIOCKOCTH, HAYyaJla M KOHUL KOTOPHX JeHar Ha
NAaHHOW mpsAMOH?

1289. Bce BeKTOpBHI TPEXMEPHOrO MPOCTPAHCTBA, KOHILBI KOTODHIX He:
JieKaT Ha NAHHOH NpaAMOH?

1290. Bce BekTOpHl MIOCKOCTH, KOHUB KOTOPHIX JeXaT B NEepBOL
YeTBEPTH CHCTEMBl KOODIHMHAT?

1291, Bce Bexkropyl us3 R,, KOOPAMHATH KOTOPHIX VIOBJIETBOPTIOT
VYPABHEHHIO X, X9 ... 4 x,=0?

1292, Bce BexTOpnl H3 R,, KOODIHHATHl KOTOPBIX YIOBJIETBOPSIOT
YpaBHeHUI0 X, X9+ ... Fx,=17?

1293. Bce Bekropnl, ABAAOLIMECS AHHEHHHIMM KOMOHHAUMAMH LAHHBIX:
BEKTOPOB: X, Xg, ..., Xp M3 R,?

1294, Tlepeuncantb Bce nHHeHHbe TNOANPOCTPAHCTBA TPEXMEPHOTO!
BEKTOPHOTO NPOCTPAHCTBA.

1295, Tlyctb auHeHHOEe MOANPOCTPAHCTBO L, comepKHUTCA B JHHERHOM:
noampocrpaHctse L, Jloxasatb, 4ro pasMepHocTh L, He BHIe pasMep--
‘noctu Ly, mpHyeM pa3MepHOCTH paBHE TOrAA M TOMLKO TOrna, KOraa.
L, =L,. Bepro nu nocneiHee yTBepxKieHHE IJs MOGHIX ABYX JHHEHHDBIX
NOIANPOCTPAHCTB NAHHOIO MPOCTPAHCTBA?

1296, Jokasarte, uTO e€CAM CyMMa pasMepPHOCTEH JIBYX JHMHEHHHIX
TIOANPOCTPAHCTB 7-MEPHOTO TNPOCTPaHCTBAa Gonble 7, TO 3TH MOANPO--
CTPAHCTBAa MMEIOT OO6LUMI HeHyneBOH BEKTOP.

Joxasath, 4YTO CielylOlllHe CHCTEMbl BEKTOPOB 0OOPAsylOT JHMHEHHbIE-
TIGANPOCTPAHCTBA M HafiTH MX 0a3uC M PasMEPHOCTb:

1297, Bce n-MepHble BEKTOpH, Y KOTOPHIX fepBag M NOCAEAHAS:
KOOPAHHATH PaBHBI MeWAy CcOOOH.
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1298. Bce n-mepHble BEKTODH, Y KOTOPHIX KOODJIHHATHI C YETHHIMH
HOMEpPAaMH PaBHbl HY.JIO.

1299, Bce n-MepHble BEKTOPH, Y KOTOPHX KOODAMHATH C YETHLIMH
'HOMEPAMH DAaBHbI MexIy CcOO0OM.
- 1300. Bce n-mepubie BexTOophl BHAa (o, f, @, B, @, B, ...), Tae o H
B — mobple uHCIA.

1301, JloxasaTh, uTO BCe KBAaIpaTHblE MATPHLb NMOPAIKa N C Belle-
CTBEHHBIMH 3JIeMeHTaMH (UJH 3jaeMeHTaMu u3 no6oro noxs £) o6pasyioT
BEKTODHOE NPOCTPAHCTBO HAL NMOJIEM BellleCTBEHHBIX Yices (COOTBETCTBEHHO
Hal nojeM P), ecau 3a onepaudH B3fATh CJOXKEHHE MATPHL H YMHOXEHHE
'MaTpuubl Ha uyucao. Halitm 6asuc m pasMepHOCTb 3TOrO MPOCTPAHCTBA.

1302, Ilokasatb, YTO BCE MHOTOHJEHBl CTeNeHH < 7 OT OJHOTO He-
W3BeCTHOI'O C BeLleCTBeHHBIMH KO3(d¢dHLNeHTaMH (UAH C KO3(dduLUeHTaMH
%3 moboro noas P) o6pasyidT BEKTOPHOE NMPOCTPAHCTBO, eC/H 33 onepa-
IHH B3STb OObIYHBIE CJONEHHE MHOTOUJEHOB H YMHOMEHHe MHOTOY/IeHa
Ha uydcno. Halith 6asuc U pasMepHOCTb 3TOTO MPOCTPAHCTBA.

1303, Iokasarb, 4TO BCe CHMMeTpHUYECKHe MATpUUbl O6Gpa3yloT JUHEH-
'HO€ MOJNPOCTPAHCTBO TMPOCTPAHCTBA BCEX KBALPATHHIX MAaTPHL MOPALKA 7.
Ha#itu Gasuc W pa3MepHOCTb 3TOrO TMOANPOCTPAHCTBA.

1304. JloxasaTb, YTO KOCOCHMMETPHUYECKHE MATPHLbl 06pa3yIoT JiHHEH-
‘HO@ MOINPOCTPAHCTBO MPOCTPAHCTBA BCEX KBAAPATHBIX MATPHUL MOpsaka 2.
Hatitu 6a3uc u pasMepHOCTb ITOTO MOANPOCTPAHCTBA.

1305. llokasarh, YTO eC/H JUHeH{HOe MOANpOCTpaHcTBo L mpocrpaH-
€TBA MHOTOUJIEHOB CTemeHH < 7 CONEPKUT XOTa Obl OLMH MHOTOUYJIEH
crenedn kB ans k=0, 1, 2, ..., p, HO He COAePHHT MHOTOY/JEHOB CTeE-
fieHH 2 > p, TO OHO COBMANAET C MOANPOCTPaHCTBOM L, BCEX MHOrO-
YNEHOB CTeMeHH < p.

1306. Tlycts f— HeoTpuuaTenbHast KBaxpaTHuHas ¢opMa OT 7 HeH3-
BeCTHHX panra r, JloxasaTh, uto Bce pelleHus ypaBHenus f =0 oOpa-
3YIOT (n— r)-MepHOe JHHeHHOe MOANPOCTPAHCTBO NPOCTpaHCTBA R,.

1307. Joxasarb, 4TO pellleHHs MOGOH CHCTEMB! OJHOPOIHBIX JMHERHBIX
‘ypaBHeHHH C 1 HeM3BeCTHHIMH paHra r o0pasyloT JMHEHHOe MOANPOCTpaH-
CTBO n-MepHOTO HpocTpaHcTtBa R, pasMepHoctH d ==n—r H, 00paTHO,
aas ao6Gero aunefinoro moanpocrpanctsa L pasmepnoctH d npocrpan-
€TBa R, CylleCTBYeT CHCTeMa OZXHOPO.IHBIX JIHHEHHbIX YypaBHeHHH C n
HEeHU3BeCTHHIMH DaHra » ==n— d, pelleHHs: KOTOPOH 3aMOJHAIGT B TOYHO-
CTH JaHHGE MOINPOCTpaHcTBO L.

1308. Hantn kaxo#-uuGyap 6a3uc U pasMepHOCTb JIMHEHHOTO MOX-
npoctpanctea L npocrpanctBa R,, ecau L 3amaHo  ypaBHeHMeM
X +x4 ... +x,=0.

1309. Joxkasatb, uTO past €)HOCTb JHMHERHOTO MNoLNpocTpaHcTBa L,
HATSAHYTOTO Ha BEKTOPH X[, X ..., X; (T. e. MOINPOCTPaHCTBO BCeX
JMHHeRHBIX KOMOMHauu# IaHHLIX BEKTOPOB), paBHAa paHry MaTPHLB, CO-
€TaBJIEHHOX U3 KOOPIMHAT JIaHHHX BEKTOPOB B KaKoM-HHOGyIb Oasuce,
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a 3a 6as3uc moampoctpanctBa L MOxHO B3fATe /MOGY0 MaKCHMAaAbHYIO-
JIMHEHHO HEe3aBHCHMYIO NOACHMCTEMY CHCTEeMH! JIaHHHIX BEKTODOB.

Hattu pasMeprOCTb H 6a3nc JHHEHHBIX MOANPOCTPAHCTB, HATSHYTHX.
Ha caenywine CHCTEMH! BEKTOPOB:

18310. a@,=(1, 0, 0, —1), @,=(2, 1, 1, 0), @g=(1, 1, 1, 1),
a,=(1, 2, 3, 4), as-(O 1, 2, 3).

1811, a,=(1, 1, 1, 1, 0), a2-_(1 —1, —1, —1),
a;=(2. 2, 0, 0, —-1) a,—(1, 1, 5, 5 9, @y=(1, —I, —1, 0, 0).

HafiTn cucTeMp JuMHeHHBLIX ypaBHeHHH, 3aKai0liHe JHHEHHBlE MOLNPO--
CTPAHCTBA, HATSHYThie HAa CJENyiOLiHe CHCTeMbl BEKTOPOB!

1312, a;=(1, —1, 1, 0), ay=(1, 1, 0, 1), a3=(2, 0, 1, 1).

1313, a;=(1, —1, 1, —1, 1), ay=(, 1, 0, 0, 3),
a;=@G, 1,1, —1, 7, a,=(0, 2, —1, 1, 2).

1314. doxa3aTh, YTO cyMMa M nepeceuyeHHe ABYX JMHeHHBIX HOANPO~-
CTPAHCTB NPOCTPAHCTBA R, CaMH SIBASIOTCS JHHEHHBIMH MOINPOCTPAHCTBAMK
TOT'O e TMPOCTPAHCTBA.

1316. Hoxasarb, uto cymMma 8 ==L, L, 1ByXx JAHHEHHHX NOANPO-
CTPAHCTB NMPOCTPaHCTBA R, PaBHa NepeceuyeHHI0 BCeX JHHEMHBIX MOLNPO--
cTpaHcTB M3 R,, comepmaiinx kak L, 1ak u L.

1316. JoxasaTb, 4TO CyMMa pa3MepHOCTeHl IByX JIHHeRHBIX NOINPO-
CTPaHCTB NMPOCTPAHCTBA R, paBHA Pa3MepPHOCTH CYMMHl IIIOC Pa3MePHOCTD.
nepeceyeHHs ITHX NONNPOCTPAHCTB.

Ha#iti pasMepHOCTb S CyMMB! H paaMepHOCTb d NepeceyeHHs JHHEHHBIX.

MOANpPOCTpaHcTB: L), HAaTAHYTOrO Ha BEKTOPHM @&, @ ..., @y A Ly,
HATAHYTOTO Ha BeKTopm b, by ..., b,'

1317, a,=(1, , D, oay=(,1, 1,0 n b=(, 0, 1, 0),
b,=(1, 3,0, 1).

1318. a;=(1, 1, 1, 1), a2=(1, —1, 1, —1), a;=(, 3, 1, 3)%;
b,=(, 2, 0, 2), b2__(1 » 2), b3=(3, 1, 3, 1).

1319%, Ilycte L, —nm-xenﬂoe NOANPOCTPAHCTBO NPOCTPaHCTBA R,
¢ 6asucoM @, @y, ..., Gy W Ly,— nuneliHOe NMOANPOCTPAHCTBO TOTO e
MPOCTpaHcTBa ¢ Gasucom by, by, ..., b,

Hokasats cieLyouHe NpaBuia nocTpoeHus 6asuca cymmu S =L, +- L,
n 6asuca nepecevenns D=L, Ly

1) BasucoM cymMmbl § CAYXHT MakCHManbHas JHHEHHO He3aBHCHMAT
TIOJACHCTEMA CUCTEMB! BEKTODOB &y, ..., @4 by, ..., By Ero moctpoenne:
CBOMMTCS K BBEIYMC/IGHHIO PAHTA MAaTpHUBI M3 KOODAHMHAT 3TOH mochelHeft
CHCTEMBI BEKTODOB.

2) Basnc cyMMB § MOXHO TOJYYHTh, N00aBAsIs K JHHEHHO He3aBH-
CHMBIM BEKTOPaM &, ..., @, HEKOTOph€ M3 BexTOpoB b, ..., b, (3a-
Jaya 659). Mensis, ecan norpeGyercd, MNOPALOK MNOCAEIHHX BEKTOPOB,.
MOX(€M CYHTaTh, YTO BEKTOPH &, ..., @y b, ..., b;_, 0Opasyior
Gazy S.
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PaBeHCTBO
£@+ oo Xl =y0,+ ... + Vb (D
‘3KBUBAJIEHTHO CHCTeMe 1 ONHOPOMHLIX JMHeHHBIX YypaBuenu#t ¢ k!
HEU3BECTHBIMH Xy, ..., Xp ¥, ..., ¥; paHra s. Tak Kak mepBHe §

«€TON0UOB MAaTpulbl CHUCTEMBI JUHENHO He3aBHCHMBI H, 3HAYHT, XOTA OHl .
<OJMH MHHOp MOpsAdKa § B 3THX CTOA0UAX OTAHYEH OT HyJad4, TO 34 CBO-~
6OIHbBIE HeU3BECTHBIE MOXHO MPHHATL mocaeiHue kB —+ I — s=d Heusse-
CTHBIX Yo _p 15 +++s Y- [IO3TOMY MONKHO HAHTH yHIAMEHTAMLHYIO CHCTEMY
PpelueHnH

Xitr Xige oo or Xipn Yo Yizo -+ o0 Yy (i=12,....d (2

Jns cucreMmbl ypasHenuft (1) Takylo, uro

I, s—k+1 00 Y11
B A B 3)
Vi, s—r+1 o+ Ya1
wrorna Oasucom nepecedyeHust D sBasiercsl cucteMa BeKTOPOB
P

01=§y,jb, t=1,2,..., 4. “4)

3amevanue. Tak xax d =~k —++1-—s, TO 3TUM ZaHO BTOpOe pellie-
#He 3anaud 1316.

Halitu Gasucel CyMMbl M IepecedyeHHs JUHeHHBIX HOANPOCTPAHCTB,

HMATAHYTHIX HA CHCTEMBl BEKTODOB al, e @, ub, ..., b .
1320. a,=(1, 2, 1), az—(l 1, —1), aa_(l 3, 3)
b, =2, 3, 1), by=(1, 2, 2), by=(1, 1, —3).

1321, @, =(1, 2, 1, —2), a,=(2, 3, 1, 0), a3_(1, 2, 2, —3)
b=, 1,1, 1), by==(1, 0, 1, —1), b3=(1, 3, 0, —4).

1322, a,==(1, 1, 0, 0), @;=(0, 1, 1, 0), @a3=(0, 0, 1, 1);
b,=(1,0,1, 0), by=(0, 2, 1, 1), by=(1, 2, 1, 2).

1323. Iokasatb, 4TO eCaIH Pa3MEPHOCTb CYMMEI IBYX JHHeHHHX mO1I-
TPOCTPAHCTB NPOCTPAHCTBA R, HAa elHHUUY OO0Jblne pa3MEpPHOCTH HX
TlepeceyeHds, TO CYMMa COBMAafaeT C OIHAM M3 3TUX NOANPOCTPAHCTB,
a nepecedyeHHe C JIPYTHM.

1324, Ilycts L, L, L, — nuHefiHble NOANPOCTPAHCTBA NPOCTPAHCTBA R,.
Jokasarb, yt0o L TOraa 4 TOJbKO TOI‘ﬂa Oyzer npamofi cymmo#t L, L,,
HOTJa BHIMOJHAIOTCA YCIOBHS:

a) L conepxutr L, u Ly

0) kawablh BektOop X E L o01HO3HAaUHO TmpencTaBisieTcd B BUIe
X=X+ X,, rae x,€L,, xX,€L, Vuwimu croBamu, cymuma L=L,+ L,
TOrJA W TOJBKO TOrAA fiBifieTcs NMPsiMO#t cyMMoft, korna nns moboro Bek-
Topa x € L npexncrasieHue X == X; | X, rle X, € L;, x, € Ly, o1HO3HauHO,

1325, lokasatb, 4to cymMa § JuHelHbX noanpoctpancts L, u L,
TOr4a M TOAbKO Toraa Oyner npsMo#t cymmoff, korza xord Obl oxMH
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BeKTOp X €S OIHO3HAYUHO TNpPeICTaBAAeTCd B BUIE X =X; | X, TIe
X, €Ly, €L,

1326. Ilyctb nuHeliHoe nOANPOCTPaHCTBO L aBaseTcs NMpsMOH CyM-
MoO# nuHeliHpXx nmoampoctpancts L, u L,. IlokasaTe, yTO pasmepHOCTb L.
paBHa cymme pasmepHocTel L, um L, npuueM moGeie Gasuchl L; H L,
AT BMecTe Gasuc L.

1327, loxasate, yro A8 Ji06OTO JHHEHHOTO MOANpPOCTpPaHCTBa L.
npocTpaHcTBa R, MOXHO HalTH Apyroe noAampocTpanctso L, Takoe, uTO
BCE NPOCTPAaHCTBO R, OynaeT npamol cymmoit L, u L,.

1328. [oxasaTb, 4TO NPOCTpPaHCTBO R, ecTb NpAMas CcyMMa IBYX
JIMHEHHEIX NOANPOCTPaHCTB: L,, 3alaHHOTO ypaBHeHHeM X;— Xo— .

. +x,=0, n Ly, 331aHHOTO CHCTEMOH ypaBHEHHH X,== Xy=—= ...
... =x,. HaltTh nmpoekuuH eIHHHYHEIX BEKTOPOB
e,=(1,0,0,...,0), =(0,1,0,...,0),...,e,=(0,0,0, ..., 1)

Ha L, napamneasno L, u Ha L, nmapannenbHo L,.

1329. IokasaTh, 4TO NPOCTPAHCTBO BCEX KBAaLPAaTHBIX MAaTpHL MO~
pPAIKa 1 ecTb NMpsAMas CyMMa JHHEHHBIX MOANPOCTPaHCTB L, — cUMMeTpH-
yeCKMX M L, — KococuMMeTpHueckux MaTpui,. Hatith npoexkunn A, n A,y
MaTPHIBL 1 1 ... 1]

A4=10 1 ...1
[o o..01
Ha L, mapannensio L, u Ha L, mapannenbHo L.

1330. IlokasaTb, uyTO pellleHuss aOGOH COBMECTHOH CHCTEMbl JHHEH--
HbIX YPAaBHEHMH C r HeW3BeCTHEHIMM paHra r oOpasyloT JHHeHHOe MHOTO-:
o6pa3ue NpocTpaHcTBa R, PasMepHOCTH d = n—r ¥, 06PaTHO, Lid J0060ro:
d-MepHOro JMHelHOro MHoroo6pasus P npocTtpaHcTBa R, cyllecTByeT
CHCTEMa JIHHEHHBIX yDaBHEHHH ¢ n HeM3BeCTHHIMH paHra r=n—d,
pellleHHs] KOTODOR 3aMoJHAIT B TOYHOCTH IaHHOe MHOrooOpasue P.

1331, Ilycte nanel 1Ba JHMHeWHBIX MHOrooOpasus (CM. BBeIeHHe):
P =L +x u Py=Ly,+x,, rne L, L,— nuHefiHble NOANPOCTPAHCTBA.
H X;, X,— BeKTOpH mnpocTpauctsa R,. JIlokasars, uyro P, = P, Toria
H ToAbKO ToTna, Korna L, =L, u x;, —x, € L, Taxum o6pasom, auHel-
HOe TPOCTPAHCTBO, MApa//e/bHbIM CIBUTOM KOTOPOTO l'lOle'-laeTCﬂ LaHHOe:
MHOTOOOpasHe, ONPEIE]EHO OAHO3HAYHO.

1332, Ioxasarb, uto ecau P =L x;, rie L—nuHeﬂHoe noanpo-
CTPAHCTBO H Xy— BEKTOP MPOCTpaHCTBAa R,, TO BEKTOD X, NPHHALJIEKMT
MHOTOO06pa3ui0 P W mocie 3aMeHbi 9TOTO BeKTOpa JIOOLIM BeKTOpoM X € P
MoJyyaeTcd TO Me caMoe MHorooGpasue P,

1333. JokasaTb, uTO ecsid NpsiMad MMeeT [Be O0luMe TOYKH C JHHEH-
HbIM MHOT0OOpa3HeM, TO BCSl OHAa CONEPXHTCA B 3TOM MHOroo6pasuu (Ipm
5TOM TOYKA OTOXIECTBIAETCH C BEKTOPOM, HMEIOIHM Te e KOOPIHHATHI,.
T. €. HIYLIMM M3 Hayana KOOPAMHAT B IaHHYIO TOYKY).
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1334*, Jloxasats, uTo aiofmie IBe NpsiMble TpocTpaHcTBa R, (12> 3)
COMEPKATCS B HEKOTOPOM TPeXMepHOM JHHeHHOM MHOrooGpasuu, nexa-
ieM B R,.

1335. Hatitn ycaoBus, HeoOXOIUMbIE H AOCTATOYHEIE A/ TOrO, 4TOGLI
ABe mpsMble X=@a,-+af u Xx=0by—- b mupocrpauctsa R, (n>1)
Jexant B OLHOH MJIOCKOCTH.

1336. Hatitu HeoGxonuMble ¥ [NOCTaTOYHBIE YCJAOBHS I TOTO, YTOOBI
IBE TIpAMBle X == @+ a;f U X == b, b;f Npoxoaumy yepe3 QIHY TOUKY,
HO He COBManajn. YKasaTb MeTCI OTBICKaHHUf TOYKH MepPeCeyeHHsl 3THX
NpAMEIX.

Hatitn Touky nepeceqemm IBYX MPAMbBIX @g—a@¢ u by bf:

1337. ao—(Q 1, 1, ——3) a;=(2, 3, 1, I, —1)
bp=(1, 1, 2, 1, 2), bl__(l 1, 0, 1)

1338. a0=(3, 1, 2, 1, 3), a1=(1, 0,1, 1,
bp=(, 2, —1, —1, —2), by=(2, 1, 0, 1, 1).

1339. Hatitu ycaosus, Heo6X0oLUMbEE ¥ LOCTATOYHLIE IJS TOTO, YTOGHI
yepe3 TOUYKY, 3aLaHHYI0 BEKTOPOM €, MOXHO OBLIO TMPOBECTH €NMHCTBEH-
Hyl0 TNpAMYI0, TMepeceKalollyld JBe JaHHble TpAMble X ==a&,—+ a,f u
x=by—+ bf. YxazaTb mMeTOA NMOCTPOEHHsA TaKOH NMpAMOH M Touek Tepe-
CeyeHHsi ee C JAHHBIMH NpPAMBIMH.

2);

HafiTu npaMylo, NpoxXoafulyld 4Yepes TOYKY, 341aHHYIO BEKTOPOM €
¥ TIepeceKawllylo NpaMble X = @ -+ & ¢, X =="by— b\f, n HaliTu Touku
nepeceyeHuss UCKOMOM MpsAMOH ¢ IBYMS NAHHBIMU NPSMBIMH:

1340. a,=(1, 0, -—2, 1), @, =(1, 2, —1, —5); b,=(0, 1, 1, —1),
b,=(2, 3, —2, —4) ¢=(8, 9, —11, —135).

1341, a,=(1, 1, 1, 1), ay=(, 2, 1, 0); b,=(2, 2, 3, 1),
by=(1, 0, 1, 3); e=(4. 5, 2, 7).

1342. J[loxasartb, uTo /moOHE JnBe MJIOCKOCTH MPOCTPAaHCTBA R,
COLEePKATCH B JHHEHHOM MHOrOOOpasuH pasMEpHOCTH - 5.

1343, Jlokazats, 4TO 1Ba JHHEHHBIX MHOroo0pasua npoctpaucTsa R,
pa3MepHOCTEH R H [ COOTBETCTBEHHO COLEPKATCA B JIMHEHHOM MH0r006-
pasuu pasMepHOCTH <RI 1.

1344, Jlokasatb, YTO ecaH [1Ba JUHEHHBIX MHOroo6pasus — P paz-
MEpPHOCTH 2 H @ paaMepHOCTH [—TpPOCTPaHCTBA R, HMMeIOT OOIIYIO TOUKY,
npuyeM KB--I1>>n, TO HMX mnepeceueHHe eCTb JHHefiHoe MHOroobGpasue
pasMepHOGCTH 2> R~ [—n. Kakne TeopeMbl BHITEKAOT OTCIONA 1Js TPeX-
MEPHOFO M UYeThIPEXMEPHOrO0 NPOCTPAHCTB?

1345, Omnucate Bce Cay4yad B3aMMHOTO- PACMOJIOKEHHS IBYX IJIOCKO-
crefl Xx=@ay+at;+ ayty u x==>b,—+ b, byt, B n-mepHoMm npo-
CTPaHCTBE M yKa3aTh HeOGXOIMMble M ILOCTATOYHBIE YCA0BHUA LA KAMIOTO
M3 3THX CJyyaeB.

1346. Ilycts

ay @ ..., Q (1)
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— mobue k-1 BextopoB mnpoctpanctsa R,. Ilokasath, 4YTO Bce
BeKTOPH BHIa

=08+ a8+ . .o 0, @
rie 9MCi1a @y, Op ..., Oy YIOBJETBOPSIOT YCJIOBHIO
O+ ... +a,=1, 3

o6pasyloT  /MHeHHOe MHOTOOOpasHe P, pa3MepHOCTb KOTOPOTO paBHa
paHry cuctemsl BeKTOPOB

. al—aO, e ey ak_ao. (4)

P ectb MHoroo6pasume HaWMeHbllleft DPa3MEpPHOCTH, cOJIepKaliee Bce
Bektophl (1). Poab @, Moxer urpate m060# M3 3THX BekTOpOB. Ob6partio,
Aaa moboro k-mepHoro nHHeRHOTrO MHOTCOOpasus P cyuwectByeT cucteMma
k41 Bextopos (1) Takas, uTo P COCTOMT M3 BCeX BEKTOPOB Buua (2)
npu ycaoBuH (3), npuueM cHcTeMa BEKTOPOB (4) MuMHeHHO He3aBHCHMA.

1347%, Ompe3iom ¢ KOHyaMU 8 MOYKAX, 3QA0QHHBX BeKmopam
a,, a, npocmpaticmsa R,, Ha3HBaeTCH COBOKYMHOCTb BCEX TOYEK, 3afaH-
HbIX BEKTOPAaMH BMJA X =0,@; | 0y THe ¢+ a=1 u 0 Ca; |,
0<ay<{ 1. MHoxectBo M Touek NMpocTPaHCTBA R, Ha3HIBAETCS BHMYK-
AblM, ecmu pad moOHX JIBYX Touex M3 M Bech OTPe30K ¢ KOHIAMH
B 9Tux Toukax coaepwurcs B M. [Tokasarb, 4TO nepeceueHue m060i
CHCTEMBl BHIMYKJbLIX MHOXECTB TNpoCTpaictBa R, eCTb BHINYK/IOE MHO-
wecTBo. Bunyrxavm 3amvikantem 0anno20 MHONcecm8a A u3 R, Hasbi-
BaeTcs NepeceyeHHe BCeX BBINYKJILX MHOXECTB U3 R,, coiepxamux A.
JokasaTh, 4YTO BHIYKJIOE 3aMbIKaHHE KOHEYHOH CHCTEMbl TOYEK Npo-

cTpaHcTBa R,, 3aJaHHBIX BeKTOpaM# @, &g, ..., @y COCTOMT U3 BCeX
'roqex, 3alaHHBIX BEKTOPaMH BHIa X ==0,a; + 0@y ...+ Qpa,, Tie
ZW_JHO< <l @=L 2 ..., &)

1348%, Haliti ¢opMy Tena, NOJYueHHOTO B CEUEHUH UYeTHIPEXMEPHOTO
napajenenunesa (B cjayyae NpsAMOYTOJbLHOH NeKapTOBOH CHCTEMEl KOOP-
IMHAT — ueThipexMepHoro ky6a) |x;|<<1 (i=1, 2, 3, 4) TpexmepHoit
TUNEPIIOCKOCTBIO ¢ yPaBHeHHeM X, - xXo— X3+ x,=0.

1349%, HafiTM npoekuMio YeTbpeXMEPHOTO TeTPasipa, OrPAHHYEHHOTO
KOOPAHHATHHIMM TPEXMEPHHMH INOJZNPOCTPAHCTBAMH M THIEPIIOCKOCTBIO
Xy 4 xy+x3+x,=1, Ha nNOINPOCTPAHCTBO X;— X9+ X3+ x,=0
NnapamienbHO MPAMOH X == Xy = X3 == X,.

1350*, Iloxasarb, 4TO AHArOHA/b 7-MEPHOTO Napaj/ieNenunesa IenuTcs
Ha 7 paBHLIX 4YacTeH TOYKAMU nepeceyeHHs1 ee C (n— 1)-MEpHBIMH JHHEH-
HbIMY MHOT0OGDa3usMH, NPOBENEHHLIMH Yepe3 BCe BeplLMHBI NMapajienent-
Nela AapajiieibHO JAMHERHOMY MHOroo6pasii, MPOBEIEHHOMY YepPes KOHILbI
BCcex n pefep, Hauajio KOTOPLIX COBMANAeT ¢ OMHHM U3 KOHLOB IZaHHOH!
RHaroHa/H,
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§ 17. EBkanioBH U YHATApHHE NPOCTPAHCTBA

Esraudossin (COOTBETCTBEHHO YHUMADHBLM) NPOCTPAHCTBOM R, Ha3bBaeTCq
n-MepHoe BEKTODHOE UPOCTPAHCTBO HAaJ IOJEM BEMIECTBEHHHX (COOTBETCTBEHHO
KOMILIEKCHBIX) YHCeJ, B KOTOPOM KaXIOH mape BEKTOPOB X, ¥ MMOCTABJEHO B COOT-
BETCTBHE BellleCTBEHHOE (COOTBETCTBEHHO KOMIJIEKCHOE) YUCIO (X, V), Ha3BIBaeMoe
CKaJdApHHIM NPOH3BEACHHEM 3TUX BEKTOPOB, npuyeM BBIMOJHEHBI yCJlOBHH:

a) B c.vlyqae €BKJIHJIOBaA l’IpOCTpaHCTBaZ

(x ¥)=(@. x); 1
(X1 + %o, ¥) = (x5, ¥) (X2, V); )]
(X, y)=a(x, ) i (3)
245 oGOro BemecTBEHHOrOo Yucaa d.
Ecamu x50, 10. (X, X) > G; 4)
6) B ciayuae yHHTApHOTO NMPOCTPaHCTBA:
x, = x) (1)
1+ %o ¥) = (X1, ¥)+ (x5 ¥), 29
4TO coBmajaer ¢ (2);
(ox, ¥) =a(x, ¥) 39
s o6oro KOMHJEKCHOTO YuCaa d.
Ecan x50, 10 (X, X) >0, 4)

4yto coBmajaer c (4).
Basuc (uau BooOmEe cHCTeMa BEKTOPOB) €;, €, ..., €, HA3WBAETCE 0PN O-
HOPMUDPOBAHHBIM, €CIH
e, e5) {(1, ecan i= j,
( PETTTR0, ecnn @£ .
Ecau HeT ApYyrux yka3aHHH, TO KOODJHHATHl BCEX BEKTOPOB MPELINOJAraloTCS
B3ATHMH B OPTOHOPMHPOBaHHOM Ga3uce.
BeKkTOpH X M y Ha3HBAIOTCA OPTOTOHAJbHEIMH, ecau (X, y)=0.
IlponieccoM OpPTOroHaJAH3aliMi CHCTEMBI BEKTOPOB &, Qs ..., &5 Ha3bIBAETCH
nepexoi OT 3TOH CHCTEMHB K HOBOH cguleme b, b,, ..., bs, DOCTPOEHHON Clexyio-

muM obpasom: by =a; bp=a,— O, ¢:b; (k=2 3,..., 5), rae ¢ = {ap, b))
i1 (b, b))

i=12,..., k—1), ecan b;50, u ¢; — moboe uucio, ecan b; =0.

3naueHue ¢; moJyuaeTcs YMHOXEHHEM paBEeHCTBA, BHpaxaloulero b, uepes
a, u b;(i=1,2, ..., k—1), Ha b; npu ycaosuu, uto (bs, b;)=0.

1351. Hokasartb, 4TO M3 CBOWCTB CKa/ASPHOrO MPOM3BELEHUS, YKasaH-
HHX BO BBeJ€HHM, BBHITEKAIOT CJIELYIOUIHe CBOMCTBA: )

a) (%, ¥ -+¥)=(x, y)+(x, ¥5) a7 MOGHX BEKTOPOB €BKJIHI0BA
(UM YHHTApHOTO) NPOCTPAHCTBA;

6) (x, ay)=—oa(x, y) aaa M00HX BeKTOPOB X, ¥y €BKJIUIOBA MPO-
CTpaHcTBa M MIOGOro BeuleCTBEHHOTO 4YHCaa O

B) (x, ay)==a(x, y) 41 MOOHX BEKTOPOB X, ¥ YHHTApHOTO MpoO-
CTpPaHCTBa M JMIOOOTO KOMIJIEXCHOTO YuCHA O

1) (% — X3 ¥)= (%1, ¥)— (%3 )i

L) (x, 0)=0.
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1352. Kaxumu cBo#icTBaMHM Jo/kHa oOjazath OuauHeHHas Qopma
n

g= X a;;%;y; LA TOTO, YTOOHI ee 3HAYeHHEe OT KOOPAMHAT ABYX JOGHX
1j=1

BEKTOPOB
X=(Xp Xg +vos X Y=0p Yo +. s ¥p)
BelleCTBEHHOTO BEKTOPHOTO INPOCTPaHCTBA R, B HEKOTOPOM Oasuce e,
€9, ..., €, NMOXHO OBUIO TIPHHATL 3a CKalApHOE TPOW3BElXEHHE STHX

BEKTOPOB, ONpeJefioliee N-MEPHOE €BKANAOBO NMPOCTPAHCTBO? Yemy pas-

Hbl CKanfipHbie MpPOM3BeleHHA BEKTOPOB BHIOpaHHOro Gasuca?
n

1353, Ilycth naHa SpMHTOBa OHAMHeHHAad dopMa g = aijxi;r
=1

‘lepTa Hak HEH3BECTHHIM )’j O3Ha4yaeTr, 4YTO NpH 3aMeHe )’j €ro 4ucio-
BbIM 3Ha4YeHHUEM (Ij caenyer y] 3dMEHATb KOMIJIEKCHO COIpAXEHHbIM 3Ha-

YeHHEM ;. [Tycts Marpuua A—(a,])l 3TOH OpMEI — SpMHTOBA, T. €.

,j_.aﬂ (z, j=1, 2, ..., n). TlokasaTs, uTO 3HauYeHHA COOTBETCTBYIO-
n

e SPMHUTOBOH KBaIpaTHUHOR GOpMH f-_ Z a; xx npu  J00bX

i

KOMIIEKCHBIX 3HAUEHHAX X, X9, + . ., X, Be]_LleCTBeHHbl, v ecau ¢opma f mno-

JOXUTENBHO omnpeleneHHa, T. e. f > 0 npu mo0nX KOMIJAEKCHHIX 3Haye-

HHSAX Xy, Xg ..., X, He BCE M3 KOTOPHX PABHH HYJIO, TO 3alaHNe CKa-
n

JAPHOTO MPOM3BENEHHA PABEHCTBOM (X, ) == Z @;j%,Yj TAE X1s v vy X,
=1

n

My, ..., ¥,— KOOPIHHATH COOTBETCTBEHHO BEKTOPOB X U ¥ B He-
KOTOpOM Gasuce e, ..., €, KOMIUIEKCHOrO BEeKTOPHOTO MPOCTPaHCcTBa R,
NpeBpaliaeT 3TO NPOCTPAHCTBO B YHHTapHOe, TPpHYeM J106oe YHHTapHOE
NPOCTPAHCTBO MOXHO NMOMYYHTb TAKHM TyTeEM.

1364. Jloxa3aTb, 4TO CKanspHOE NMPOU3BeJeHHE IBYX JMOOLX BEKTOPOB:

x=(x1, ;x27 LECEES ) xn)' yz(yl' y?’ M yrl)

€BKJ/IMIO0BAa TMPOCTPAHCTBA TOr'Aa W TOJILKO TOrJa BbIPAXKAECTCA PABEHCTBOM

X Y =x9 T+ XY+ ... + XV

Koria 6asuc, B KOTOPOM B3ATHl KOOPAHHATHI, $IBASIETCH OPTOHOPMHPO-
BAHHLIM.

13565. Ilycts L, u L,— nuHelinble MOANPOCTPAHCTBA €BKAHIOBA (HJH
YHHTapHOTO) MpOCTpaHcTBa R,, MpHueM pa3MepHocTb L, MeHblie pasmep-
HoctH Lo, Ioxasarth, 4yto B L, Hallnercst HeHymeBo#t BeKToOp, OpTOFOHaJIb-
HBI KO BceM BekTOpaM 3 L.

1366. Idoxasatb, uyTO moéaﬂ CHCTEMA TOMAPHO OPTOTOHAJbHHIX He-
Hy/eBLIX BEKTOPOB (B 4YacTHOCTH, nt00as OPTOHOPMHPOBAHHAA CHCTeMa)
JIMHEeHHO He3aBHcHMA.
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[TpoBepuTh, YTO BEKTOPH! CAENYIOHMX CHCTEM MONAPHO OPTOTOHAJILHHI,
¥ LOTOJHUTb HX 1O OPTOTOHAJbHHIX 6a3ucos:

1357, (1, —2, 2, —3), 1388. (1, 1, 1, 2),
@ —3, 2. 4. (1, 2, 38, —3).

HafiTh BexTOpBH, [OMOJHAIOWIME CJAEIYIOLIHE CHUCTEMbl BEKTOPOB' 10
OPTOHOPMUPOBaHHEIX 0a3nCOB:

R XA S A1)
12 2 11 1 1
Lo A L T}

ITpumensis mpoilecc OpTOroHanu3auuu (CM. BBENEHHE), TNOCTPOUTH
OPTOroHanbHLIE 6a3uc MOANPOCTPAHCTBA, HATSAHYTOTO HAa JAHHYIO CHUCTEMY
BEKTOPOB:

1361, (1, 2, 2, —I), 1362. (1, 1, —I, —2),
(1, -1, —5,  3) (G, 8, —2, —3),
3, 2, 8 —7). 3, 9 3 8.
1363. (2, 1, 3, —1),
(7. 4 3, —3),
(a, 1, —6, 0,

G, 7, 7, 8).

1364, Opmozonassuenm donosnenuem noonpocmpancmaa L npocm-
pancméa R, Haspaerca cOBOKynHOCTh L* Bcex BeKTOpPOB u3 R,
KaXIe# M3 KOTODBIX OPTOTOHAJeH KO BceM BekTopam u3 L.

Ioxasarb, yTO:

a) L* aBasierca AnHeHHBIM NOANPOCTPAHCTBOM MPOCTPAaHCTBA R

6) cymMa pasMepHocte#t L n L* pasua n;

B) MPOCTpaHcTBO R, ecTb npamas cymMa mnoanpoctpaHcts L u L*.

1365. dokasatb, 4TO OPTOTOHa/AbHOE MOTOJIHEHHE K JAWHSHHOMY mNoZ-
NPOCTPaHCTBY npocTpanctea R, obaalaeT CBOHCTBaMH:

) (LY =L; 6) (Li+L) =LinLy 1) (LiNL) = L+ L3;
1 R,=0, O =R,.
31ecb O — HyJeBOe NOANPOCTPAHCTBO, CONEpMHKAllee JAUIIL HYJAeBOH
Bextop 0.

1366, Ha#itu ©Gasuc opToronanbhoro jonoJsenns L* mnoanpocTpan-
CTBa L, HaTAHYTOrO Ha BEKTOPHI:

a;=(1,0,2 1), a&=(2, 1, 2, 3), a3=(0, 1, —2, 1),

.
ns
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1367. Jlune#inoe MOANPOCTPAHCTBO L 3aJaHO ypaBHEHUAMM:

2%+ xX9+3x3— x,=0,
3x,+ X9+ 9x3— x,=0.

Ha#ttu ypaBhenus, 3ajawolilie OpTOroHalbHOE AONOJHeHHe L¥,

1368. TlokasaTh, uTO 3ajaHMe JHHEHHOro noxmpocrpaucTsa L mpo-
CTPaHCcTBa R, H €ro OPTOrOHaJbHOrO AOMOJHeHHs L¥* B oproHOpMHpOBaH-
HOM 0asnce CB3aHBl TaK: KO3(PUIHEHTH JHHERHO HE3ABHCHMOH CHCTEMHI
JMHEAHLIX ypaBHeHH#, 3ajpawoiiefl 0fHO M3 3THX MOANPOCTPAHCTB, CJYKaT
KOOpIMHATaMH BeKTOPOB $asuca Apyroro MOAMPOCTPAHCTBA.

1369. Tlycts L — iuHefiHOe NOANPOCTPAHCTBO MpPOCTPaHCTBA R,
Hokasate, uro J/1000H BexTOp X H3 R, OLHO3HAYHO NpPEACTaBJAAETCS
B BUlE X=y-}-2, rie y npuxapaexutr L u 2z oproronanes x L. y uHa-
3LIBAETCA OPTOTOHANBLHOM MpOeKuMeH BeKTOpa X Ha MOXMPOCTPAHCTBO L,
a 2 OpTOTOHaNbHOW COCTaBJIAWiEeH X OTHOCHTeNbHO L, VYkasaTh mnpueM
LIS BHIYMCIIEHHS ¥ U 2.

HafiTh opToroHanbHyio MpPOEKUMI0 ¥ M OPTOTOHANBHYK COCTaBJSIO-
IWy0 2 BEKTOPAa X HA JHHefiHOe noampoctpancTBo L:

18370. x=(4, —1, —3, 4). L HatauyTo Ha BEKTOPH
a,=(, 1,1, 1), a,=(1, 2, 2, —1), a;=(1, 0, 0, 3).

18371, x=(5, 2, —2, 2). L HaTAHyTO HAa BEKTOPH
a=(2, 1, 1, —1), ay=(1, 1, 3, 0), az=(1, 2, 8, 1).

1372. x=(7, —4, —1, 2). L 3agano cucTeMOH ypaBHeHHH:

2%+ X9+ x3+3x,=0,
3x,+ 2%+ 2x;+ x,=0,
x1+2x2+2xa_QX4:0-

1873%, Paccmosnuem om mouki, 3a0GHHOL BeKmopom X, 00
AUHER020 MHO2000pa3us P =L+ x, Ha3bIBACTCA MHHMMYM DacCTOAHMMH
OT IAHHOH TOYKH IO TOYEK MHOroo0pasusd, T. €. MHHHMyM IJHH BEKTO-
poB x—u, rie u— sexrop P,

JlokasaTh, 4TO 3TO pacCTOsIHME PABHO IJMMHE OPTOTOHAJIbHOH COCTaB-
JSIOLIe Z BEKTOPAa X — X; OTHOCHTEJILHO JHHERHOro MoAnpocTpancTsa L,
napannelbHeIM CABUIOM KOTOPOro mojyuaercs Muorootpasme P.

1374. Haittu paccTosiHHe OT TOYKM, 3a1aHHOH BEKTOpOM X, HO JH-
HefiHOro MHOrooOpasus, 3aLaHHOTO CHCTeMOR ypaBHeHuf:

a) x=(4, 2, —5, 1) 6) x=(2, 4, —4, 2),
2x1— 2%+ X3+2x4=9, X0 t+2x+x— x=1,
2%y —4xy+ 2%, 4 3x,=12. X, +3x, 4 x5 — 3x, = 2.

1375%, Nokasarb, 4TO paccronnde d OT TOYKH, 3aaHHOH BexTO-
poM X, 10 JHHe#HOro MHoroogpasus P =L 4-x, rae L — jmnefiHoe
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NOANPOCTPaHCTBO ¢ Oasoft @y, @y, ..., @p, BHUUCIAAETCH C NOMOIUBIO
onpeneautens Ipama (cM. 3anauy 1415) nmo ¢opmyne

_.G(ay a, ..., ap Xx—x))

d? 2
G(a, a, ..., a)

1376%, PaccrodHueM Mexy IByMs JHHeHHBIMH MHOTro0OpasnsmH
P,=L, +x u Py=L,+} x, Ha3biBaeTCst MHHHMYM pACCTOSIHUN NI0GRIX
JIBYX TO4YeK, OLHA H3 KOTOPHIX MpHHamiexHT P, a apyras P,. Jlokasars,
YTO 3TO PacCTOAHNE PABHO IJHHE OPTOrOHAaMbHOH cocTaniasiollei BekTOpa
Xy —— Xy OTHOCHTEJ]BHO JHHERHOro moAnpoctpancTsd L = L; 4 L,.

1377. Halitn paccTosHuie Mexay ABYMA [UIOCKOCTAMH X = @,f; +
+ @ty + X 1 X =at, + @ty + Xy, The

a =(1, 2, 2,2, a,=(2, —2, 1, 2),
a;=(2, 0, 2, 1), a,=(l, —2, 0, —1I);
x;=4, 5, 3, 2), x,=(, —2, 1, —3).

1378%, I1paBuAbHEIM 72-MePHBIM CHMIJIEKCOM €BKJANIOBA MPOCTPAHCTBA
R,(p > n) HasplBaeTcs BHNYK/IOE 3aMblkaHHe (CM. 3anauy 1347) cucreMn
n + 1 Tovex, HaxOLAUMXCS APYr OT ApPYyra Ha OLHHAKOBOM PacCTOSIHHAH,
ToukH HaHHOH CHCTeMbl HA3BIBAOTCH BEPIIHHAMH; OTPE3KH, MX COENHHSIO-
mue, — pe6paMu, a BHIyKJ/bie 3aMbIKaHHA MOACHCTeM R+ 1 Touek naHHOM
CHCTEMBl — R-MEDHBIMH TDaHAMH CHUMMJekca. lIBe rpaHu HasblBawoTCA 1npo-
THBOMOJIOXHBIMH, €CIH OHH He HMeloT OOLIMX BepliMH M J00as 3 n -4 1
BEPIIHH CHMIIJIEKCA sIBJIsSETCS BEPUIMHON OXHOM W3 3TUX rpaHef.

HaitTu paccTosiHue Mexay ABYMSt NPOTHBOMOJIOXHBIMH TpaHAMH pa3-
MepHocTe 2 U n— Rk -— 1 n-mepHOro cuMmiekca ¢ AJAHHOK pedep, paB-
HOfl eiuHuue, M AOKA3ATb, YTO OHO PABHO PACCTOSAHMIO MEXIY WEHTpaMmd
3TUX TpaHeH.

1379*, TlycTh e — BekTOp IJAMHBI elMHHLA eBKIHLOBa (HIH YHHTap-
Horo) mpoctpanctBa R,. Hoxasarb, uto Mmool sexTop X m3 R, 0aHO-
3HaYHO mpencTaBasieTcs B Buile X =—0ae—+ 2, rie (2, e¢)=0. Yucio a
HasbiBaeTCs MpOeKUHed BeKkTOpa X Ha Hanpas/jeHHe e M 006o3Havaercs
Yyepe3 pryx.

Jlokasats, uTO:

a) Pre (X —+y) = preX —+ prey;
0) pre (Ax)=ApreX;
B) prex=(x, e);

r) a1 moGoro opToHOpMHpoOBaHHOro Oasuca ey, ..., e, H moGoro

n
BEKTOPa X HMEET MeCTO PaBeHCTBO x=2(preix) - e,
i=1

1380%, TlycTs e;, ..., €, — OPTOHOPMHPOBAHHAA CHUCTEMA BEKTOPOB
eBK/uaoBa mpocTpancTBa R,. JoxasaTh, uTO Aad /MmoGOro BeKTOpa X
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H3 R, UMeeT MeCTO HepaBeHCTBO (HepaBeHCTBO bBeccens):
x
Z} (presx)* < | %] 2,
=

TpHyeM 3TO HepaBeHCTBO OGpalllaeTcst B PaBeHCTBO (paBeHcTBO [lapcesass)
s mo6oro X U3 R, TOraa M TOJLKO TOrAa, KOria R ==n, T. e. CHCTeMa
e, ..., €, ABIAeTCd OPTOHOPMHPOBaHHHIM Oa3UCOM.

1381%, Hokazatb HepaBeHcTBO Ko — ByHakoBCKoro

(x, y2<(x, X)(y, ¥)

Ins moOHX BeKTOPOB X M y eBK/JWIOBa NpPOCTPAaHCTBA, MNpHYeM B3HAK
paBeHCTBA HMeeT MeCTO TOrAa W TOJbKO TOra, KOrAa BEKTOPH X W ¥
JHHEHHO 3aBUCHMHL,

1382%, Iokasats HepaBeHcTBO Komn — ByusikoBckoro

& NE <& G, Y

I M0GHIX BEKTOPOB X K § YHUTAPHOrO MPOCTPAHCTBA, MpHYEM 3HAK
paBeHCTBAa MMeeT MeCTO TOrAa M TOJbKO TOTAa, KOTLa BeKTOPH X H ¥
JINHEHHO 3aBUCHMBI.

1383. [loabaysch HepaBeHcTBOM Kouru — DyHskoBcKoro, nAokasatb
c/lelyiolHe HepaBEeHCTRa:

n
2 2
(Z ab > Z ai- 2 b;
Iis TOOBIX BeLIeCTBEHHBIX YHCeNd @y, + .., Gy by, + .., b, (cM, 3amauy 503);

EMP Z [6:

n

Z aizl

0)

J7ist MOOGEIX KOMIIEKCHBIX YHCe @y, ..., @, by, ..., b, (cM. 3a1auy 505).

1384. B OecxoHeyHOMEpPHOM BEKTOPHOM TIPOCTPAHCTBE BCEX Bellle-
CTBEHHLIX HenpephlBHBIX Ha oTpe3ke [a, ] ¢yHKuu# ¢ OOBLIYHBIMM CJIO-
aeHneM QyHKUMR H yMHO}KeHHeM dYHKIMH Ha YUCAO 3a4aHO CKaaspHOe

npousBenenne (f, g)—-ff(x)g(x)dx. ITpoBepuTh BHINIOMHEHHE BCEX

CBOUCTB CKANAPHOro nponssenenm €BKJIUA0BA NPOCTPAHCTBA (CM. BBeILEHI/Ie)
H Hanucath HepaBencTBO Kol — ByHAKOBCKOrO AJs 3TOrO MPOCTPAHCTRA.

Haitu AJHHEI CTOPOH M BHYTPEHHHE YIJbl TPEyroJbHUKOB, BEpPIUHUHEL
KOTOPBIX 3aJaHbl CEOUMH KOODIMHATAMMU: -
1385, A(2, 4,2,4,2), B, 4,4, 4,6, CG,7, 5 17, 2.
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1386, A(1, 2, 3, 2, 1); B(@3, 4,0, 4, 3);

(1—{——261/78 92V T8, 3410V T8 24 VT, 14 V78)

1387. lokasate caenyioee 0606me1—me TeOpeMbl 3JeMeHTapHOH
MaTeMaTHKH O ABYX MeplNeHIUKYyJApax: ecAH BEKTOP X eBKAMIOBA (H/H
YHHTADHOTO) MNPOCTPAHCTBA OPTOrOHANEH K KauIOMy M3 BeKTOPOB

a,, G, ..., @, TO OH OpTOTOHameH K JIO6OMY BEKTOPy JAHHEHHOTO
MOANPOCTPaHCTBA L, HaTAHYTOTO HA BEKTOPH @y, @q, ..., &.
1388. lloxasath, uyro ecim x=qay, TO |x|=lo|-|y|. 3zecy

| x|, |y|— anuHa BekTOpOB X, Y.

1389*, IlokasaTb, 4TO KBalpar AHArOHa/H NMPAMOYTO/JLHOTO f-MEPHOrO:
napajie/enunesa paBeH CyMMe KB3ApaToB ero pefep, BLIXOAALIUX H3-
o1HON BepuHHE (n-MepHOe 0006weHHe Tteopembi ITudaropa).

1390#. IlokasaTb TeopeMy O TOM, YTO CyMMa KBalIpaTOB IuMaroHaneit
niapafzienorpaMMa paBHA CyMMe KBajipaToOB ero CTOPOH.

1391, IlokasaTb TeopeMy O TOM, YTO KBaipar CTOPOHBI TPeyTOJbHHKA
paBeH CyMMe KBAIDaTOB [ABYX APYruX CTOPOH 6€3 YABOEHHOTO MpoH3Be-
JEHHA 3THX CTOPOH Ha KOCHHYC yT/Ja MeXILy HHMH, MOAb3YSCh CKAAAPHBIM
YMHOXEHHEM BEKTOpPOB.

1392, Tlonb3ysice uepaBenctBoM Koiu — ByHsakoBckOro, 10KasaTb.
HePaBEHCTBO TPeyronbHuKa: ecan p (X, V)-— paccrosnue Mexay TOUKaMU
X u VYV, 10 aaa mobbix Tpex Touek A, B u C umeem p(A, B)+
—+0(B, C) > p(A, C), npHyeM paBeHCTBO HMEET MeCTO TOTJAA M TOJIbKO
TOra, KOTJ3a BeKTOpH X, nposeleHHbd U3 A B B, n y, npoBeleHHLI}
3 B B C, KONIHHEApHB M OJHHAKOBO HAMNPABJEHDI,

,1393. Ha#itu uymcno puaronanze# n-MepHoOro ky6a, OpPTOTOHAJIbHBLIX.
K JaHHOU JAuaroHanm,.

1394. Haiitn 1nuHy InaroHanu n-MepHoOro xy6a ¢ pe6poM a u mpezen
STOH AMMHBL TIpU 1 —> OO,

1395, JokasaTb, uTO BCe AMaroHaau r-mepHoro xy6a oOpasyioT oauH
H TOT XKe yroa @, co Bcemu ero pebGpamu. Ha#itu 3s10oT yroa u ero
npefen npu n~—»co. IIpH KakoM n noayuum ¢, =—=60°?2,

1396. Haiitn Beipaxcenne paaumyca R 11apa, ONHCAHHOTO OKOJO
n-MepHoro kyf6a depe3 pe6po a@; kakas M3 ITHX BeJHuMH R U a Gosblie
NpH DasjUuHbIX 7 ?

1397. Iokasath, uYTO OpTOroHaJAbHas Tpoekuus Jaw6oTo pebpa.
n-mepHoro ky6a Ha mo0yi0 AHaroHaab 3Toro xy6a mo aGCOMIOTHOH Beau-

1
uMHe pPaBHa —- IUIMHBL IHArOHAMH.

1398%, Jiokasarb, uTo OPTOroHaJbHHE NPOEKUNY BePLIMH Z-MEpPHOro
ky6a Ha 1100yl0 ero guaroHaab JIeJAT ee HA 1 PaBHHIX yacTelf.

1399*, Ilyctb x, y— HeHyJeBble BEKTOPHl €BKJAWIOBA MNPOCTPaH--
crsa R,. HokasaTb, uro:
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a) Xx=aoay, rie o >0, TOrIa U TOJbKO TOrAa, KOTIa YroJd MewaLy
X H y paBeH HYJIO;

6) x==ay, rie @ <0, TOrAa M TOJbKO TOTHA, KOTAA YroJ Mexny
X H y paBeH It.

1400%, llokasaTh, 4TO M3 BCeX BEeKTOPOB /WHEHHOrO MNOAMPOCTpaH-
cTBa L HaMMeHbLIMK yroJ ¢ LaHHbBIM BEKTOPOM X 0OpasyeT OpPTOTOHAJb-
Has npoekuus ¥y Bexropa x Ha L. [Ipu 3ToM paseHcTBO cos(x, y)=
=cos(%, ¥'), rie y €L, BHnoJHseTcs TOTAA M TOJNLKO TOTHA, KOTLa
y =ay, rie a >0,

1401, Hafitu yroa Mexly JAuaroHaibilo n-mepHoro kyb6a u ero
k-mepHO# Tpanblo.

HaitTu yron Mexay BeKTOPOM X M JHUHeHAHBIM NOLNPOCTPAHCTBOM,

HATAHYTHIM Ha BEKTOPbl @&y, @9 ..., @yt
1402, x=(2, 2, 1, 1); 1403, x=(1, 0, 3, 0);
a; =3, 4, —4, —1); a,=(", 3, 4, —3);
a2:(0, 1, —1, 2). a2=(1, 1, 4, 5),

a;=(2. —1, 1, 2).

1404, Yzasom Mexny nByMs nuHefiHbiMu noinpoctpanctsaMu L, u L,
"€BKJMIOBA NPOCTPAHCTBA R, He UMEWWUMM OOWMX HeHYJeBLIX BEKTO-
POB, HA3bIBAETCA MHHHMYM YTJIOB MEXLY HeHYJIEBBIMH BEKTODAMH X, X,
rie x, €L, x,€L, Ecan nepecevenne L, L,= D=0, npuuem
D=L, DL, 1o yraom mexny L, n L, HasbiBaercs yroa Mexny
HX nepecevyeHHsIMH C OPTOrOHAJAbHLIM fonoJueHuem D* k nepeceuenunio D.
Ecau 0aHO U3 RaHHBIX MOANPOCTPAHCTB COJLEPHKUTCA B APYroM (B 4acT-
HOCTH, €CIH OHH COBMALAIOT), TO YTOJ MeWAy HHUMH CUMTAETCH DPaBHBIM
HYJI0. YT/IOM MeX1y JUHEeHHLIMM MHOTOOGPa3UsiMH Ha3blBAaeTCHA YTOJ Mewny
COOTBETCTBYIOLIMMH UM MOANMPOCTpPaHCTBaMu. ITOKa3aTh, 4TO yroJ Mexay
JOObIMM  TIOAMPOCTPAHCTBAMH HJM MHOTOOODa3usIMH BCETria OnpeleseH
M paBeH HyJl0 TOrAa M TOJbKO TOTA2, KOTA2 OAHO M3 NOANPOCTPAHCTB
HJN MHOT00Opasuil coaepKUTCH B APYTOM MM MHOTOO6pPA3us mapasie/bHel,

1406%, Hafttu yrosr Mexay AByMepHbIMH rpaHamu AyA;A; 1 AyA34,
NpaBUJILHOTO YeThlpeXMepHOro cuMmiexca (cM. 3anauy 1378) AjA;A.434,.

1406%. Haittu yron MexAy TMJIOCKOCTAMH @y~ /i ayfy |

b, -+ byt -+ byty, Toe
a0=(3) 1! 01 1)) alz(l) 01 0; 0), a2=(0| 1’ 0’ 0)1
bp=(2, 1, 1, 3), by=(1, 1, 1, 1), by=(l. —1, 1, —1).

1407%, [Ilycte nmaHbl JUHEHHO He3aBHCUMasi CHCTEMa BEKTOPOB

€, €y ..., €, H 1Be OPTOTOHaNbHble CHCTEMbI HEHYJEBLX BEKTOPOB
Jofo oo fon g &, ..., g Takue, uto BeKTOPH f), N g, JuHEHHO
BLIPAXAIOTCA yepe3 @, €y, ..., €, (R=1, 2, ..., s). Jlokasarb, uTO

=g, k=1, 2, ..., §), rae u,=+0.
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1408%, Tlycte R, — €BKJMIOBO TNPOCTPAHCTBO, 33 BEKTOPHI KOTO=-
poro B3sTH BCE€ MHOTOUMEHBl CTENEHH < # C BelIeCTBEHHEIMH KO3(du~
LMEHTAMH OT OLHOTO HEH3BECTHOIO X, a CKanspHOe NnpoU3BeleHHe MOJH-

+1
HOMOB f (x) H £ (x) ompeleneno Ttak: (f, g)= ff(x)g(x) dx.
-1

JlokasaTh, uTO CJelylOlIMe NOJMHOMBI, W3BECTHHE MOJ HA3BAHHEM
nosuHoMoB JlexaHnupa:

Py(x)=1, Py(x)==

ar o, r

7Y -d—x—,;[(x — D (k=1 2,..., n)
06pa3yloT OPTOTOHaJIbHHN 6asuc mpocTpancTsa R, .

1409, Mcxons u3 onpeneienus TNOJHHOMOB JlexaHApa, NaHHOTO:
B Npelbllylleit 3azaue, HaTH MOAMHOMH P, (x) mas £=0, 1, 2, 3, 4.
Y6enutbcs, uto PL(Xx) MMeeT CTemeHb £, W HamucaTb Pa3BePHYTOE BhI-
paxenue no crenewsM x aaa P, (x) npu moGom k.

1410%, BoiuncanTb «anuHy» mnojuHoMa Jlexanapa P, (xX) kak BekTOpa
eBK/JIMIOBa TMpocTpaHcTBa R, ., 3azaun 1408.

1411%*, Bruncaute sHauenve nosunoMa Jlewannpa P, (x) npn x = 1.

1412%, Howasatb, uTo ecnu k Gasucy 1, x, x2, ..., x" eBKIMIOBaZ
npocTpancTea R,,, 3anaun 1408 mpumenuTh npolecc OpPTOTOHAIH3AUUH,
TO mnojayuyarcsi MHorowieHe fo(x). fi(x), ..., f,(X), oTixvawwHecs

AUIUL TIOCTOSIHHBIMH MHOMXHTENSIMH OT COOTBETCTBYIOUIHX TOJHHOMOB
Jlexannpa. HafiTh 3Tu MHOXHTeJH.

1413. Ilycts npouecc opTOroHanu3auuH mNePeBOJHT BEKTOPH &y,
a5 ..., @; B BeKTOpH b, by, ..., b, cooTBercTBenHo. Jlokasarh, uTO
b, ecTb OPTOrOH&JIbHAA COCTABAAIOLIAS BEKTOPA @; OTHOCHTENLHO JUHeR-
HOTO TNOANPOCTPancTBa L,_;, HaTAHyTOro Ha @, ..., G,_ (B > 1).
Hasiee nokasarb, uToO

0L bl <la] (B=1,2, ..., ),

npuueM | b,| =0 Torlia u TOJbKO TOrLA, KOTIA @, NMHEHHO BHIPAKAETCH
yepes @y, ..., @p_ (B >1) v a,=0 (k=1); |b,|=]a,| Torna
M TOMBKO TOTLAa, KOria (@ @)=0 (j=1,2,..., k—1; £>1)
wm k=1.
1414%, JlokasaTb, 4TO HHTerpan f[f (x)1dx, roe f(x)-— muoro-
-1
ujleH n-# CTeneHd C BeleCTBEHHHMH ko3ddULUEHTAMd W CTAPIWIHM KO3(-
(ULUEHTOM, paBHBIM eIWHMIe, LOCTHraeT CBOEr0 MUHHUMYMa, paBHOTO
22ﬂ+1 2”
S S -
2n+1) (cg,,)? cr,
P, (x) —nonunom Jlexxannpa crened# n (cM. 3amauy 1408).

TOTZA W TOJALKO TOrAa, Koraa. f (x)= P, (x), rie
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1415, Omnpenenurenem I'paMa BEKTOPOB @, @y ..., @, €BKIMIOBA
{Man yHHTapHOro) mpocrpancTsa R, HAa3biBAETCA ONpPeNeNuTe/bh

(a;, a)) (ay, ay) ... (a; ay)
gla, ..., ap) = (@y, @) (@ ay) ... (an @)

v e« a . . .

(@ a) (ap a) ... (ap ap)

HNokazatb, uTo ONpeEne/IuTEe/Nb Fpama He H3MEHACTCA NpHU NPUMEHEHUH

‘K BEeKTOpaM @, .., @, Npollecca OPTOTOHATH3ALHM, T. €. eClM B pe-
‘By/bTATE OpTOFOHaH"SaL{HH BeKTOpbl aI, ey ak Hepeﬂﬂ.yT B BeKTOpbl
b, ..., b, 0

g(al, sy ak)-—_'-g(bl, s ey bk):(bl’ bl)(bZ’ bl) e (bk' bk)'

[Monb3ysch STUM, BBIICHUTH TEOMETPHUECKHH cMBICT £ (@, @) H
g(a,, a, a;), Npeinojaras BEeKTOPH JHHEHHO HE3aBHCHMLIMH.

1416%, Jlokasatb, yto 151 JUHeHHOH 3aBUCHUMOCTH BEKTOPOB &y, ..., &y
-eBKJHI0BA (MM YHUTAPHOTO) MPOCTPAHCTBA HEOGXOAMMO M IOCTATOUHO,
uyto0bl ompelenuteas I'paMa 3THX BeKTOPOB OblT paBeH "HYJIO.

1417%, JBa Gasuca e, ..., e, u f}, ..., f, eBkanioBa (Ma4 yHH-
“TAPHOrO) MPOCTPAHCTBA HA3LIBAIOTCA B3aUMHLIMH, €C/H

P 1 mnpu i=},
e J;i)== .
G 0 npu I/,
Hokasate, uro ana mwboro Gasuca e, ..., €, B3aUMHHI Oasuc
CYLeCTBYET M Onpelefed OIHO3HAUHO.
1418. Ilycts §— maTpuua mepexona or $asuca e, ..., €, K asucy
e}, ..., e, Haitru marpuuy T nepexolna or Gasuca f), ..., f,, B3aum-
74 4 4 /.
HOTO ¢ e, ..., €, K Oasucy fi, ..., f/, BsaumHomy c e, ..., e:
a) B eBKAHAOBOM NPOCTPaHCTBe, 6) B YHHTapHOM NPOCTPaHCTBe.
1419%. Jloxasatb, uTO0 onpenemutens I'pama g(a@; ..., @) pased
HYMO, €CJAM BEKTOPH @, ..., @ JUHEHHO 3aBMCHUMBI, H TOJONKUTENEH,
€C/n MHHEHHO HEe3aBUCHMBI.
1420. Jloxasarb, uro ec/iM JTMHEHHO He3aBHCHMLIE BEKTOPH @[, ..., @,
NPOLECCOM OPTOrOHAMM3ALUU NePeBOIATCd B BeKTOpH by, ..., b, To
a, ..., ap)
b, 2= 8@ .- Q) k=1, 2, ..., n; onpenemutenb I'pama ¢ Hyse-
‘ k' g(al, ey ak_l)( P P y

BBIM YHCJIOM BeKTOPOB TPWHUMAETC PaBHHIM €LHHUEE).
1421*, B npocrpaHcTBe MHOTOY/IEHOB CTeHeHH He BHIUe n-i OT
-OJIHOTO HEW3BECTHOTO X C BelIECTBEHHHIMH KO3(hQULHEHTAMH CKalspHoe

1
dIpouBBeleHHe 3a1aH0 PaBeHCTBOM (f, &) = J f(x)gx)dx.
0
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HaiTn pacctosnue OT Havala KOOPAHHAT A0 JIMHEHHOrO MHOroo6pasus,
COCTOSILIEr0 M3 BCEX MHOTOY/IEHOB CTeNeHW n CO cTapliuM kosdduuneH-
TOM, PaBHbLIM E€IMHMLE.

1422#, JlokasaTb, uYTO Aas onpeleautens ['paMa crpaBenauBO Hepa-
BEHCTBO

0<g@ ... ap<la2 ... |4l
npudeM g(@,, ..., @)=0 TOrIa M TONBKO TOrLa, KOTZA BEKTOPHI
@, ..., @, JMHEHHO B3aBUCUMB, H g(@), ..., @p)=|a, 2 ... |a,|*
TOrZa M TOJbKO TOrAA, KOrAa JHOO BEeKTOpH &, ..., @, MONAapHO OPTO-

roHanbHbl, AM60 xOTA Obl OJMH H3 3TUX BEXTOPOB paBeH HyJuo.
1423, Iloabaysicb npexbaylled 3apauedf, 10Ka3aTb HePaBEHCTBO:
Anavapa, mMenno, ecin D=|a;;|]— onperemuren ¢ BewulecCTBEHHHIMM
n n

snementaM, 10 D? 11;11 j§1a?f (cm. 3amauy 923), npuueM sHax paBeH-

CTBa HMMeeT MeCTO TOTJa W TOJMbKO TOTAa, Koraza Jau6o
n
D anap=0 (+Jji j=12 ..., n)
k=1

au6o onpeseautens D conepxut HyseBylo cTpoky. Kax uamenutcs yrBep-
KIeHHe L ONpene/uTeNsd ¢ KOMIJIEKCHBIMH 3/eMEeHTaMH?
1424%, Jlokasats, uTO Onpenenutens D, MONOKUTENLHO OMpene/eHHOM
n

<
KBALpATHUHOH GoOpME f== > @;;X;X; YLOBIETBOPHET HEPaBEHCTBY
i, j=1

* n
Df< ;[Il Q.

1426%, Ilokasartb, uTo mofad BelleCTBEHHAss CUMMETpHuYeckas Ma-
TpHLa A=(a,-j);l ¢ HEeOTpPHUATEJNbHbLIMU T/13aBHEIMH MHHODAMHM SIBAAETCA
matpuueft ['paMa, T. e. CyllecTByeT cUCTeMa BEKTOPOB &€, ..., €, €BKIH-
10Ba NMpoCTpancTsa R, TaKas, uto (e;, e;)=a;; (i, j= 1,2, ..., n).

1426%, Iokasatb, 4TO J100af 3SPMMTOBA MaTpHUA A=(a,j)f c

HEOTPULATE/IbHBIMU T/IaBHBIMH MMHOpDAMH sBJsieTca MaTpuuel I'pama, 1. e.
CyllecTByeT CHCTeMa BEKTOPOB &, ..., €, YHHTapHOTO MpOCTpancTsa R,
Taxas, 4TO

(e,-, ej)=aij(i, j:1. 2, ) ﬂ).

1427#, Onpenenum o6beM n-MepHOro mnapanjesenHnena, MOCTPOEH~
HOTO Ha J/IMHEHHO HE3aBHCHMBIX BEKTOpax &,, @ ..., @&, €BK/IHIOBE
NPOCTPAHCTBA, MHLYKTHBHO YCJIOBUAMU:

) V(a)=la,};
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V@@, ....,a,)=V(@a, ..., @ay_))-h, rie h,— 1aMHa opto-
roHanbHOH COCTAaBASWLIER BEKTOPA @, OTHOCHTENbHO MNOAMNPOCTPAHCTEA,
HATAHYTOTO HA BEKTOPH &,, ..., &,_,. Jlokasats, 4TO

V@, ... a)=VZ @, ..., ay=]|D|,

tae D— onpepenure/ap U3 KOOPAUHAT NAHHHIX BEKTODOB B KAKOM-HHOYIb
OPTOHOPMHPOBaHHOM (a3uce rn-MEPHOTO MNPOCTPAHCTBA, HATAHYTOrO Ha
BEKTOPH @}, - .., &

1428%, Jokasars, 4T0 00beM n-MEPHOTO NapajieNenunesa He mpe-
BOCXOIUT IpOH3BeleHHS IJIHH ero pefep, BLIXOIAIMX H3 OAHOH Bep-
LIHHBL, ¥ PaBeH 3TOMY NPOH3BEIEHHIO TOT1Aa U TOJLKO TOT[La, KOTAd 3TH
pebpa monapHo OPTOrOHA/bHLL, T. €. MAPALJIEIENHIE] MPSIMOYTO/bHBIA,

1429%, JlokasaTs caelywoiee cBoicTBo onpeienuTens [pawma:

g, ....ap by, ... 00<g@, ..., a)g by ..., b)) (1)
TIpHUIEM 3HAK pPaBEHCTBA HMEET MECTO TOTAd H TOJIBKO TOria, K‘OI‘J_la 60
(@, bp)y=0 (=12 ...,k j=1.2 ...,0, (2)

6o xoTa OBl O0HA M3 TONCHCTEM &y, ..., @, W by, ..., b, (uHedtno
‘3aBHCEMA. .

1430*, dokasath caelyiouiee CBOHCTBO 0O0beMa mnapajsnenenunena:
Via, .... ap b, ..., 0)<V(ay, ..., a))V(b,, ..., b), npuuem
3HAK paBeHCTBa MMeeT MeCTO TOrZa M TO/bKO TOria, Koma (@, b;)=0
{i=1, 2, Ry J=12,..., D).

1431%, ,H.oxasan,, 410 ec.rm A — BeIIeCTBEHHAA CHMMETpHYeCKas
MaTpHUA MOPSAIKA 7 C HEOTPUUATEJNbHBIMH T[/IABHBIMM MHHOpaMH, A, —
MarpHua nopsaska kK < n B JEBOM BEpXHeM yrny, A, — matpuua nop;uu(a
n—Fk B TPaBOM HUNHEM Yy MaTPHilE A, 1o A4 ] 4,
{cpaBHUTh ¢ 3anaue#t 922).

1432*%, Pewntb 3anady, aHaJA0THYHYIO Tpeabliyuielt, ecm A — spMu-
“TOBA MaTpHia C HEOTPHLATETbHBIMH IJIaBHHIMH MHHOPAMH.

1433*, Hatitu ycnoBus, HeOOXOLMMBEIE M JOCTATOYHBIE JJA TOTO,

2
4T106b Cry1 TNOJOKUTEJABHBIX UHCEJ

alj (i, j:O| 11 29 ceey NG i>j) (1)

*OBLIH:

a) pACCTOAHHMAMH BCEBO3MOXHEIX Tap BePUIHH HEKOTOPOTQ 7i-MEPHOTO
CHMIlZIEKCA eBKJWIOBA MNpOCTpaHcTBa R, (T. e. CHCTeMB n-}+1 Touek,
He seawux B (n— 1)-MepHOM JMHeHAHOM MHOroo0pasuu);

0) pacCTOSIHHAMH BCEBO3MOXHEIX NAp TOYeK HEKOTOPOH cUCTeMH 11
TOYEK €BK/MA0BA MPOCTPAHCTBA R,,.
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§ 18. Jluneiinbie npeo6pa3soBaus NMPOH3BOJbLHBIX BEKTOPHBIX
NPOCTPAHCTB

B sroM naparpade 3a OTASAbHBLIMH HCKJIIOUEHMSAMY PAacCMaTPUBAIOTCA JHHEH-
npie npeobpazosanHa  ap@HUHHBIX BEKTOPHBIX HPOCTPAaHCTB. [Ipeo6paszosanus
€BKJMIOBBIX H YHHTAPHRIX NPOCTPAHCTB pAcCMOTPEHH B CJAeAyloumeM maparpade.

Jluneiinrie mpeo6pasosanns o€o3HaualoTcs weped ¢, P u T. 4., 06pa3 Bek--

TOpa X NMpH Npeo6pa3oBaHud ( — Uepe3 X, CHCTEMa BEKTOPOB @4, ..., {Pa,—
uepe3 ¢ (dy, ... a,,)‘;

Marpuue#t auneiiHoro mnpeobpasosaHus ¢ B 6asuce e, ..., €, Ha3nBaeTcd
Marpauna Ag, CTOAGUHL KOTOPOH COCTaBJAEHH! H3 KOOPAWHAT 06pasoB 6asuca
Q€. ..., Pen B TOM e 6a3uce ey, ..., €,; MHBIMH C10BaMH, Martpuma A, ompe-
AenseTca PaBeHCTBOM )

Pler ..., en)=(ey, ..., en) A, 1)
Ilycts T — maTtpHua nepexopa ot 6asuca ey, .... &, k 6asucy fi, ..., fn (cM.

Beenenue k § 16), Ay n By — MaTpuun npeo6pas’oBaHis ¢ B NEPBOM H BTODOM:
6asuce cooTBeTCTBEHHO. TOrga MMeeT MeCTO COOTHOWIEHHE

71

By=T7"A,T. 2)

KoopanHatH yy, ..., y, 06pa3a ¢X BeXTOpa X NMPH AHHEHHOM npeoGPasOBaHHH Q-
BHPAKalOTCA 4Yepe3 KOOpPAHHATH x|, ..., X, npoo6paza X B TOM xe Gasuce mpu

noMomy Matpuun Ag = (2;;)] AuHEHHOro nmpeo6pasoBaHus ¢ B TOM e Gasuce-
n

ClelylokHM 06pasoM: y; = 2 apx; (i=1, ..., n) WM B MaTpPHUHOI 3amuch:
j=1
¥ X1
c=4f - | 7 3)
Ly Lxn)

Cymmoit @ -}-1, npousBeseHveM @) JABYX JuHeHHHX npeobpa3oBannii ¢ U P K
NpOu3BEAEHHEM Q¢ YHCAA O HA -JHHEHHOe Npeo6pas’0BaHHE ¢ NMPOCTPAHCTBA Ry,
Ha3bBaloTCA Npeo6pasoBaHug, ONpefeiaseMbie COOTBETCTBEHHO PaBEHCTBAMH!

@+ x=0x+Px, (p) x=0¢ (Vx), (ag) x=c(px),

IA8 mo6Oro BEKTOpa X MPOCTPAHCTBA R

1434. Joxasartb, 4TO NMOBOPOT IJOCKOCTH HA Yroa ¢ BOKpPYT Hayana
KOODAMHAT ABJAsETCd JMHEHHEIM npeo6pas3oBaHMeM, W HallTH Marpuuy
sToro npeobpasoBaHus B N1060M OPTOHOPMMPOBaHHOM G6asuce, €CIAH MO~
JIOMHATe/IbHOE HaNnpaB/eHye OTCUeTa YIJI0B COBNALAET C HaNpaBieHHEM KpaT-
yajilllero NOBOPOTA, MepeBOAALLETO MepBbH 6a3uCHHIA BEKTOp BO BTODOH..

1435. loxasaTh, uTO NOBOPOT TPEXMEPHOTO NMPOCTPAHCTBA HA YTOA
2n
3
HEHHSIMH X| == X9 == X3, ABJAAETCH JIHHeHHLIM Npeobpas3oBanueM, H HaHTH
MaTpuLy 3TOrO NpeoGpa3oBaHus B 0asnce M3 eNUHHYHEIX BEKTOPOB €;, €;.
€; OCelt KOOpIHMHAT,

BOKPYT NpAMOH, 3a1aHHON B NPAMOYTOJBLHON cHCTEMe KOOpJIAMHAT ypaB-



188 OTAEJ 1V. BEKTOPHHIE MPOCTPAHCTBA [1436—1446

1436, IoxasaTb, YTO NPOEKTHPOBAHHE TPEXMEPHOTO IPOCTPAHCTBA
Ha KOOPIMHATHYIO OCb BEKTODa €; MapaijeJbHO KOOPAHHATHOH NJIOCKOCTH
BEKTOPOB €y U e; fABIAeTCA JUHeHHbIM MpeoOpa3oBaHueM, u HAHTH ero
MaTpuuy B 0asuce e, e, e

1437, Jlokaszarb, 4TO TIPOGKTHPOBAHME TPEXMEPHOTO MPOCTPAHCTBA HA
KOOPAHHATHYIO IJIOCKOCTH BEKTOPOB €, €, NMapannejbHO OCH KOOPILUHAT
BeKTOpa e; fBAsercs JHHEeHHBIM NpeoOpa3oBaHHMEM, W HAUTH ero MaTpuuy
B Gasuce e, e,, e;.

1438. oxasaTb, 4YTO OPTOTOHA/NbHOE TNPOEKTHPOBAHME TPEXMEPHOTO
NPOCTPAHCTBA HA OCb, O0PA3YIOWYI0 PaBHBlE YI/bl C OCAMH TNPAMOYTOJb-
HO# CHCTeMbl KOODAMHAT, BIAETCA JUHEHHBIM 1peoOpa3oBaHNeM, U HAHTH
ero Marpuuy B 0asuce eIHHUYHBIX BEKTODOB KOODIMHATHBEIX OCeH.

1439. Ilycrs npocrpaHcTBo R, ecTb mnpsMas CyMMa JAHHEHHBIX I1OJX-
npocrpancts L, ¢ GasucoM @y, ..., @, u Ly c GasucoM @z, ..., @,
Hokazate, uTO npoexTHpoBaHue npocrpauctsa Ha L; napaanensuo L,
ABNAETCS JIMHeMHBIM Npeo0pa3osaHueM, U HAHTH MAaTpHuUy 3TOro npeodpa-
'30BaHUA B 0asuce @y, ..., @,

1440, lokasath, 4TO CylIeCTBYeT eIMHCTBEHHOe JHHEeHHoe npeobpa-
30BaHWe MNpOCTpaHcTBa R,, MNepeBoldlliee NaHHble JUHeHHO He3aBUCHMble
BEKTOPH @&y, ..., @, B JaHHble BekTOpH By ..., b,. Kak nafiru ma-
TpHLY 3TOro npeobpa3oBaHus B 6asuce @, ..., @,?

BrisicHuth, Kakue W3 c/AefyIOlIHX NpeoSpasoBaHUi ¢, 3aLaHHLIX TNyTeM
3aJaHHA KOOPAMHAT BeKTOpa (X kak ¢QyHKUMM KOOpAMHAT BeKTopa X,
ABAAIOTCH JUHeHHBIMM, W B Cjayuyae JHHEHHOCTH HAHTH MX MATPHLLLL B TOM
2Ke 0asunce, B KOTOPOM 3al1aHBl KOOPAMHATHL BEKTOPOB X W (X.

1441. (px:(x2+x3, 2x1—‘|—-x3, 3x1—x2+x3).

1442, px=(x;, xo+ 1, x3-F2).

1448, @x == (2x, %, x x5 x3).

1444, @x —=(x]{— X9~ X3, X3 Xo).

JoKa3aTh, uTO CYLIECTBYeT eIMHCTBEHHOE JMHelHoe NpeoBpasoBaHue
TPEXMEPHOTO MPOCTPAHCTBA, NepeBOidllee BEKTOPH @&, @9, @3 COOTBET-
CTBEHHO B By, by, b3, M HaHTH MaTpULy 3TOro npeoBpa3oBaHWs B TOM Ke
-B6asuce, B KOTOPOM HaHBl KOOPAHHATHI BCeX BEKTOPOB:

1445, a,=(2, 3, 5), b, =(1, 1),

L2, by=(1, 1, —1),
, 0); by=(2, 2).

1
0
1446. a1=(2, 0. 3), bI:(l' 2| _1))
1
1

—

a2=(0,
az=(l,

[

a,=(@4, 1, 5), b,=(4, 5, —2),

a;=(@G3, 1, 2); by=(1, —1, 1).
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1447, Tlyctbh nuHelHOe npeoOpasoBaHHe (p NPOCTPaHCTBA R, mepero-

INT MUHeHHO He3aBUCHMble BEKTOPH @y, ..., @, B BeKTOpH B, ..., b,
coorsercTeento. [lokasats, ur0 Marpuuy A, 5TOro npeoGpasoBaHus
B HEKOTOpPOM 0asuce €y, ..., €, MOXHO HaHTH M3 pPaBeHCTBA A(P:BA_I,
rae croabust MaTpul, A U B cOCTOAT M3 KOOPIHHAT BEKTOPOB &y, ..., &,
M COOTBeTCTBeHHO by, ..., b, B Oasuce e, ..., e,.

1448, Hoxasatb, uTo npeoOpa3oBaHie TPEXMEPHOIO HPOCTPAHCTBA
ox=(x, a)a, rie a=(1, 2, 3), aBadercs JuHeHAHbIM NnpeoOpasoBaHHeM,
M HaHTH ero MaTpHlLl B OPTOHOPMHpOBaHHOM 0asuce &;, €, €; B KOTO-
POM JaHB KOOPAMHATH BCeX BekTOpoB, W B OGasuce b,=(1, 0, 1),
b,=(2, 0, —1), b;=(1, 1, 0).

1449, TlokasaTb, 4YTO YMHOMEHHA KBAIPAaTHHIX MaTPHL, BTOPOro Mo-

a b
paigka a) ciepa, 0) cmpaBa HAa JAHHYI0 MaTpPHUY <c d

HBEIMH 1pe0Opa30BAHUSIMH MPOCTPAHCTBA BCeX MAaTPHL BTOPOro MOpPAIKA, H
HaWTH MaTpHULl 3TUX NpeoGpasoBaHui# B Oasuce, COCTOALEM M3 MaTPHILL

1 0 0 0 0 1 0 0
0 o/’ 1 o/r \0o 0/ \0 1)
1450, ITokasatb, uTo InuddepeHLHpPOBAHHE ABAAETCA JMHEHHBIM Tpe-
o0pa3oBatieM NPOCTPAHCTBA BCeX MHOTOYJEHOB CTemeHH < 7 OT ORHOro

HEH3BECTHOIO C BelIeCTBEHHHIMH KO3(duLHeHTaMH.
Ha#ttu marpuuy sroro mpeoOpasoBauusi B Gasuce:

) ABJIAIOTCA JHUHER-

al, x, x¥2, ..., x%

6) 1, x—oc, L= (x—o)f

31 IR e T1€ ¢ — BEUECTBEHHOE YHCIIO.

1451, Kak u3MeHHTCs Marpuua JHHeRHOTO npeoOpasoBaHus, eCiH
B Oasuce e;, €, ..., €, NOMEHATb MeCTaMu JBa BexTopa e;, e;?

1452, JluneHHoe npeoGpasoBaude ¢ B Gasuce e, €, €3 €, UMEeT
MaTpuuy

(1 2 0 1)
30 —1 2
2 5 3 1[
it 2 13

Hatitu marpuiy srtoro we mpeoOpasoBaHus B Oasuce:

a) e,, €3, €, e,

6) e, e;+e e,+6€,+e; e,+e,+e;1e
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1453. Jluwenoe npecOpasoBanue ¢ B Oasnce e, €, e; HmMeeT Ma-
Tpruy

15 —11 &
20 —15 8
8 —7 6

Hantn ero Marpuuy B 6asice
fi=2e,+3e;+e;, fy=23e,{|-de;+e;, Jfi=e + 2e,+ 2e,
1454. Jluuefinoe npeobpasoBanne ¢ B Gasuce

a,=(8, —6, 7), ay=(—16, 7, —13), ay=(9, —3, 7) umeer

Marpuuy - | s 15
—1 —22 15
1 —25 22

Hatitu ero matpuuy B 6asuce
b=, —2, 1), b,=(@3, —1, 2), b;=(2, 1, 2).

1455, [lokasatb, 4TO MAaTpPHIE OJHOTLO M TOTO e AHHENHOro npeoGpa-
30BaHusl B AByX 0asucax TOFLA M TONBKO TOTAA COBMANAIOT, KOTAA MaTpuua
nepexola OT OJHOTO M3 5THX 6aancoB K [DPYroMy NnepecTaHOBOYHA C Ma-
TpuueH 3TOro JHHeHHOro npeoGpa3oBaHKs B OLHOM M3 daHHHX 0a3ncos.

1456, lorasate, uro nio6oe aMhefinoe npeobpasoBaHue ¢ OLHOMEp=
HOTO NPOCTPAHCTBA CBOAMTCS K YMHOXKEHMIO BCEX BEKTOPOB Ha OJHO H
TO K€ YHCHO, T. €. X ==0X A1a N000ro BeKTOpa X.

1457, Tlycrs npeobpasosanne ¢ B Gasuce a,==(1, 2), @;=(2, 3)

3 5
MMEET Marpuuy ( ) [Tpeo6pasosaune Y B 6Gasuce b, =(3, 1),

A\

4 6
b, = (4, 2) umeer Marpuuy .

4 3

6 9

Hattu martpuuy npeo6pasosannsi ¢ 1 B Gasuce b, by
1458, IlpeoGpasopanne ¢ B Gasuce @, =(—3,7), @;=(1, —2)

2 —1
HMeEeT MaTpuuy (5 _3), a npeoGpasosanue § B Gasuce b, == (6, —7),
1 3
b, ==(—>, 6) umeer MaTpHuUy 9 7/

Haptrn matpnny npeoGpaszosanna ¢p B Tom Gasuce, B KOTOPOM [HaHbl
KOODAMHATH BCEX BEKTOPOB.-
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1459, [lycts @ — auueitHoe npeoGpa3oBaHUe NMPOCTPAHCTBA MHOIOY/e-
HOB CTelleHH <7 ¢ BeilleCTBeHHBIMH KOSGdULMEHTaMH, NepeBOsiliee
Kax bl MHOrOY/JeH B ero mpousBonHyw. Ilokasath, yro ¢7+1=0.

1460, Ilyctb @-— nuHeliHOe npeoOpasoBaHHe JIH(gepeHUHPOBaHHS,
a2 p— yMHOXeHHe Ha X B OeCKOHEYHOMEPHOM NMPOCTPAHCTBE BCEX MHOTO-
YJeHOB OT X ¢ BeLLleCTBeHHblMH ko3dpduumrenramu. Jlokasatb, 4TO

Qb — ="~

1461. Hoxasarb yTo JHHeHHble npeobpa3oBaHuy n- MepHoro NpOCTPaH-
CTBa OTHOCHTE/NbHO CJ/OXKEHHS M YMHOXEHHT Ha 4YHCAO caMd 00pasyoT
BEKTOPHOE TMpOCTpaHcTBO. HaliTH paamepHOCTb 3TOTO MPOCTPAHCTBA.

1462. Jluneitnoe npeoOpas3osanue ¢ npocTpancrsa R, Ha3biBaeTca
Hegbposicdennsl M, ecnd ero matpuua A, B KakoM-HHOy1b (2 3HAYHT H
B mobom) Gasuce Hesbpokaenua, T. e. |Ag|+ 0. JloxasaTh, 4TO 3TOMY
onpeleNeHHI0 3KBHBAJEHTHO KaXIoe M3 cnenyxou.mx AuHeHHOe mpeoSpa-
30BaHMEe ¢ HEBHIPOKAEHHO, ecau: a) U3 @x==0 crenyer x==0; 6) npu
oroGpaxenun ¢ oo ©asuc MPOCTPaHCTBA TEPEXOAUT cHOBa B 0asuc;
B) oTOOpaXceHHe (¢ B3ANMHO OJHOBHAUHO, T. €. eCMH Xy % Xy, TO PX; 7 PXo;
r) @ oToOpaxaer NPOCTPAaHCTBO HA BCE MPOCTPAHCTBO, T. €. AJs JOOOro
¥ ER, naifaerca x € R, tako#t, 4T0O px==y; A) ¢ oOsanaer OGPaTHbLIM
npeoOpa3oBanueM P, T. e. Y (px)=x mis awoboro X ER,.

1463, IlycTb x — cOGCTBeHHBIf! BeKTOP JHHEHHOTO npeoGpa3oBaHus @,
npHHaLexamit coOCTReHHOMY 3HadyeHuo A, u f (f) — muorounen. Hoka-
3aTb, YTO TOT Xe€ BeKTOp X OyleT cOGCTBEHHLIM BEKTOPOM Npeobpaso-
BaHuA f (@), NpHHaLAe}kauluM COGCTBeHHOMY 3HaueHu0 f (A). HHbiMH ci0-
BaMH, [0Ka3aTth, YTO M3 (X = Ax caeayer f(9)x=7f(A)«x. :

1464*, Tlyctp x-— coBCTBEeHHBIH BeKTOp aMHeRHOro mpeoGpa3osaHus
¢, npuHaiexaimufi co6CTBEHHOMy 3HayeHHi0 A, u f(f) — dynkuus, nns
KOTOPO# mpeoBpasoBanue f (Q) HMeeT CMBIC (eC/IH ¢ B HEKOTOPOM Gasuce
umeeT MaTpuuy A, 10 f () omnpelesieTcs B TOM xe Gasuce marputiedt f (A),
npuYeM MOXHO J10KasaTb, 4YTO f (() He 3aBUCHT OT BhGopa Gasuca). Io-
Ka3atb, YTO TOT XKe BEKTOp X Oyier cOGCTBEHHHM BeKTOpoM INpeobpa-
s0BanHA f (¢), MpHHAAMEeKAMUM COOCTBEHHOMY 3HayeHHO [ (A).

Ha#itn coOcTBeHHEle 3HAYeHHS M COGCTBEHHBlE BeKTOPH JHHEHHEIX
npeoOpa3oBanuit, 331aHHLIX B HEKOTOPOM 0a3Hce MATPULAMH:

1465. 2 —1 2 1466. 010
5 —3 3 ] —4 4 0
—1 0 —2 —2 1 2
1467, /4 —5 2 1468. 1 —3. 3
5 —7 3] —2 —6 13 ).

6 —9 4 -1 —4 8
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1469, /1 —3 4 1470. / 7 —12 6
(_78) 10 —19 10
—7 7 12 —24 13
1471, 4 —5 7 1472, /1 0 0 O
(1—-49 00 00
—4 0 5 00 0 0
1 0 0 1
1473. (1 0 0 0] 1474. (3 —1 0 0]
00 00 1 10 0
1 00 0] 3 0 5 —3
lo o o0 1 ls —1 3 —

1475. IHoxasatb, urT0 COGCTBEHHHIE BEKTOPH JMHEHHOro mpeobpaso-
BaHHU#, NPHHALIEHAIME DasJHuHbLIM COOCTBEHHBIM 3HAuYeuusM, JHHeHHo
HE3aBHCHMLI.

1476, Ioxasarb, uro nw6as kBaipaTHas Marpuua A, umelowas pas-
JMUHBE XaDaKTepUCTHUeCKHe 4HC/a, NoA00OHA ZHAroHA/ABHOM MarTpHuue (Hal
NOAeM, COMepKAUIHM KAK 3MEMEHTHl MATPHUbI, Tak H €e XapaKTepHCTH-
yeckue uucaa). -

1477. Joxasars, uTO eciad JjuHe#Hoe npeoOpasoBalie ¢ mpocTpan-
cTBa R, HMeeT n pa3/iHyHBIX COOCTBEHHBIX 3HA4YeHHH, TO J0HOE JHHeli-
Hoe mnpeoOpazoBanue 1\, TepecTaHoBouHOEe C ¢, obnanaer GasucoM coG-
CTBEHHBIX BEKTOPOB, NpuueM /000N coOcTBedHbIt BekTOp @ Oyrer col-
CTBEHHBIM H 441 .

1478. Ioxasatb, 4YTO Marpuia JuHe#HOro NpeoOpasoBaHus B HeKO-
TopoM Gasuce sBAdeTcs AWAroHaJALHOHW TOrAAa W TOJBKO TOrAa, KOraa
6a3uc COCTOMT M3 COOCTBEHHBIX BEKTOPOB [QAHHOTO TIpeoOpa3oBaHHs.

BuissicHUTb, Kaxue H3 CJAeNyIOLIWX Marpui JAuHeHHBIX npeoOpasoBaHuit
MOXHO NPHUBECTH K IMaroHa/ibHOMY BuIy TNyTeM Hepexoia K HOBoMy Oa-
sucy. Hafitn stor 6asuc M COOTBETCTBYIOLIYIO €My MaTpHUIy:

1479. /—1 3 —1 1480, /6 —5 —3
—3 5 —I 3 —2 —2
—3 3 1 2 =2 0

8L (1 1 1 1) 1482.,4 —3 1 2
11 —1 —1 5 —8 5 4
1 —1 1 —1] 6 —12 8 51'
1 —1 —1 1 li —3 2 2
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1483. (0 0 O 1]
0 0 1 0
01 0 O
|1 0 00
0 0...0 1
0 0. 0
1484%, IOna matpuun A={ * * ° * * ° | nopaika n HaltH He-
1...0 O
[1 0...0 o

BLIpOXIeHHyl0 MaTpuuy T, 118 KOTOPOH MarpHua B=T"'AT 6bina 6u
NMATOHaNbHOH, M HalTh 3Ty Mmarpuuy B.

1485. MuHumarbHol M MHO204AEHOM OAsl BeKMOPa X OTHOCHTENbHO
JHHEHHOTO Npeo6pa30BaHHs () Ha3blBaeTCs MHOrouieH g, (A) co crapunm
KO3 duuueHTOM 1, HMeOIHUA HaUMEHbLIYIO CTENEHb CPeIH BCEX aHHY/IM-
PYIOINUX MHOTOY/JEHOB LAf X OTHOCUTEJNbHO @, T. €. MHOrOu/eHOB f(A)
co cBolicTBOM f (@) x=0.

AHANOTMYHO ONpeNenaeTcs MUHUMAbHLIH MHOrouneH g (A) OTHOCH-
TeJbHO JHHEHHOrO Npeo6pa3oBaHHs ¢ Mg BCero npoctpaHctsa. [loka-
3aTb, YTO MHMHHMa/JbHBIH MHOTOuUJEH g (A) /MHefHOTO npeoOpas3oBaHus @
paBeH HauMeHblleMy OOLLeMY KpPaTHOMY MHHMMAa/dbHBIX MHOTOWYIEHOB 1.4
BEKTOPOB J1060ro 0asuca NPOCTPAHCTBA OTHOCHTENBHO .

1486*, Hafitn ycnosus, npu xoTtopmx MaTtpuua A, umewmas Ha mo-
O0uHOH AMaroHajau 4YHCAA O, Oy, « .., @, a Ha OCTAIbHBIX MECTax Hy.H,
nono6Ha AHAroHajibLHOH MaTpuue.

1487. Halitu cob6CTBeHHble 3HayeHus M cOOCTBeHHblE BEKTOPHI JHHeH-
HOTO npeoOpa3oBanud, ABAAWLErocd auddepeHudpOBAHHEM MHOTOY/IEHOB
CTellend < 7 ¢ BeLIeCTBEHHBIMH KO3dpduuneHTaMu.

1488, Ilycts ¢ — auneftHoe npeoGpasosanue npocrtpaicrsa R, Co-
BOKYIHOCTb BCEX BEKTOPOB (X, rie X — 11000} BeKTOP U3 R,, Ha3bBaeTCs
o0pason R, npu npeobpasosanuu ¢ WIM 0040CMbI0 3HAYEHUT .
CoBOKYNHOCTb BCeX BEKTOPOB X M3 R,, Takux, uTo ¢x =0, HagbBaercs
ROAHBM NPOOOPA30M HYAR Npu npeobpaiosaruu ¢ i Adpor ¢. JNo-
KagaTb, uTO: a) 006/1aCTb 3HayeHHH @ sABJASeTCS JHHERHBIM TOANPOCTpPaH-
CTBOM R, pasMepHOCTb KOTOPOI'O PaBHAa paHry @; 6) A1po @ ecTb JuHeH-
HOEe NOANPOCTPaHCTBO NPOCTpaHcTBa R,, pPa3MepHOCTb KOTOPOrO paBHa
neeKTy ¢, T. €. pasHOCTH MeXLy f M PaHrOM .

1489, IlycTb @ -~ nuHeliHOe npeobpasoBanue u L — noanpocTpaHCTBO
npocrpauctea R,. Hoxasatb, 4t0: a) 06pa3 ¢L u 6) noaHsli npooGpas

~1L mnomnpoctpanctsa L npu auHe#HOM npeoGpa3OBaHWH ¢ CHOBA #IB-
JIIOTCA TMOANPOCTPaHCTBAMM.

1490, IokasaTb, YTO 1/l HEBHIPOXIEHHOTO JMHEHHOro npeobpasosa-
HHd @ npoctpanctsa R, pa3mepHocTh: a) obpasa @L u 6) nmoaHoro
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npoo6pasa ¢~ 1L  moGoro nuuefiHoro moampoctpaucrsa L pasua pasmep-
Hoctd L.

1491%, O603Hauum uepes pa3M. L pasMepHOCTb JAUHEHHOrO MOI-
npoctrpaHcTea L u uepe3 ned. ¢ zedext auHeHlHOro NMpeoOpasoBaHUA .
Jokasare, 4TO pa3MepHOCTH 00pasa M MOJHOro Mpoobpasa HOANMPOCTPaH-
crBa L npoctpancrtsa R, npH npeo6pasoBaHUH ¢ YIOBJETBOPAOT Hepa-
BEHCTBaM:

a) pasMm. L— ned. ¢ < pasM. ¢L < pasm. L;

6) pasm. L < pasm. @ 1L  pasm. L ned. .

1492%, TNoab3yacy npenviayuiel sanauelt, noxasarh HepaBeHcTBa Cisibe-
BecTepa MJd paHra NPOH3BeleHHs NBYX KBALpaTHbX MaTpHuy A 4 B mno-
paska n: ra—rp—arpg<<min(ry, rg) (cM. 3arasy 931).

1493, Iokasars, uro:

a) paur (@) < paur @ paur

6) ped. (p) < ned. ¢ nedp. P Mg MoGHX AMHEHHBIX npeolpaso-
BaHu#t @ u ' npocrtpancrea R,.

1494. Ha#tu coGcrBeHHble 3HAYeHHst U COOCTBEHHbIe BEKTOPHI JHHEH-
Horo mnpeoOpasoBaHHA @, 3ajaHHOro B 0asuce @,;, @, @;, @, Marpuueft

1 0 2 —1]
0 1 4 —2
2 —1 0 1
2 -1 —1" 2

Tlokasarb, YTO MNOANPOCTPAHCTBO, HATAHYTOE HA BEKTOPH &; + 2@,
M @y a;-+2a, dBafercd MHBAPHAHTHBHIM OTHOCHTENBHO .

1495%, JokasaTb, YTO YHCJIO JAUHEHHO HE3ABUCHMHX COOCTBEHHbBIX
BEKTOPOB NpPeOOPA3OBAHUA (Pm MPHHALIEKAUIHX OLHOMY COOCTBEHHOMY
3HaYeHHI0 A, He MPEeBOCXOIMT KPATHOCTH Ay KaK KOPHSl XapaKTepPHUCTH-
YyeCKOro MHOTOY/eHa npeo0pas3oBaHus ¢.

1496, HoxasaTb, 4yTO /MHe{HOe MOANPOCTPAUCTBO, HATAHYTOE HA JIO-
O6yi0 cHcTeMy COOCTBEHHBIX BEKTOPOB Npeo6pasoBaHdsl ¢, HHBAPHAHTHO
OTHOCHTE/IbHO .

1497. JlokasaTb, 4TO MHOXeCTBO BCeX COBCTBEHHBIX BEKTOPOB JH-
HEAHOro mnpeofpa3oBaHus ¢, TNPHHALIEKAWMUX OAHOMY H TOMY XKe COO-
CTBEHHOMY 3HaueHHIO A, (BMeCTe C HYJeBHIM BEKTODOM), ABJIAETCA JH-
HeHHBIM TOLNPOCTPAHCTBOM, HHBAPHAHTHHIM OTHOCUTEbHO @.

1498, HokasaTb, 4TO BCe OT/HYHBIE OT HYJsl BEKTOPBI MPOCTPAHCTBA
TOMIa M TOJNBKO TOTIa ABAAIOTCA COOCTBEHHBIMM BEKTOPAaMH JHHERHOrO
npeoGpasoBaHus @, KOrna ¢ — npeoOpasoBaHde Moaobus, T. €. @X ==ax
C OLHUM H TeM e @ IJA Job0ro BEKTOpa X.

1499, JIokasath, urto a1000€ MNOANPOCTPaHcTBO L, HHBAPHAHTHOE
OTHOCHUTE/IbHO HEBBIPOXIEHHOTO JuHeflnoro mpeobpasoBanud @, Oyner
MHBADUAHTHO M OTHOCHTeNbHO 06paTHOro npeo6pasopanns @=L
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1600. JTokasatb, uto: a) 06pa3 ¢@L u 6) noiuwmi npooGpas =1L
nuHe#Horo moanpocTpancrtsa L, WHBAPHAHTHOTO OTHOCHTE/IbHO JMHEHHOrO
npeobpasoBaHis ¢, camMH OyiyT MHBAPHAHTHHI OTHOCHTENBLHO (.

1501. Ha#tu BCE nHMHeHiHBIE MOAMPOCTPAHCTBA TPOCTPAHCTBA MHOTO-
YJeHOB OT OJHOTO0 HEH3BECTHOTO CTEMEHH </l C BeleCTBEHHbHIMH KO-
(HUHEHTaMH, HHBAPHAHTHBIE OTHOCHTENbHO TPeo6pa3oBaHus ¢, Nepesois-
uero 10604 MHOrOYJeH B ero NMpPOH3BOIHYIO.

1502, HoxasaTb, 4TO MaTpHulla JHHeHHOro NpeoOpa3oBaHUA ¢ n-Mep-
HOTO NpOCTPaHCTBA B 6asuce a;, @y ..., &, SBIAETCHA KJIETOUHOH MOAy-
pacnasluieics MaTpHleld Buaa:

4, B
a)v(o1 Ag), rae A;— kBajparHas MaTpula nopsika k < n, Toria

W TOAbKO TOrAa, KOria JHMHeHHOE MOANpOCTPAHCTBO, HATAHYTOe Ha mep-
Bble k& BeKkTOpOB 0asuca @, ..., @, HHBAPHAHTHO OTHOCHTENbLHO ;

A, 0
0) (Bl ) ), rie A;— kBaipaTHas MaTpuua nopsika B < n, Toria
2

M TOMbKO TOrAa, KOria JMHERHOE MOAMPOCTPAHCTBO, HATAHYTOE Ha TO-
ClerHHe n-— R BekTOpoB Gasuca @y, ..., @, WUHBADHAHTHO OTHOCH-

TEJNbHO @}
A, 0

1
0 A2>’ rie A, —

KBaJpaTHasg MaTpula Nopsaka K, TOrLa M TOJbKO TOT1a, KOTJa KaK MNoOA-
NpPOCTPAHCTBO, HATAHYTOE _Ha BEKTOPH @&, ..., @, TaK H MOANPO-
CTPAaHCTBO, HATAAHYTOE HA BEKTOPH @y, ..., @, HHBADHAHTHEI OTHOCH-
TeNbHO .

15603*. [lycTtb auHeiHOEe mpeoGpa3oBaHHe ¢ n-MEDHOTO NPOCTPAHCTBA
R, B 6asuce a,, ..., @, MMeeT JIUATOHANLHYIO MATPHIY C Pa3NAHYHBIMH
3JeMeHTaMH Ha auaroHand. Ha#Ttu Bce aHHeHHble MOANPOCTPAHCTBA, HIiB3-
PHAHTHblE OTHOCHTEJbHO @, H OINpPELeJHTb HX UYHCJO.

1604. Ha#tu BCE NMOANPOCTPAaHCTBA TPEeXMEpPHOIO NMPOCTPAHCTBA, HH-
BapHaHTHLHIE OTHOCHTEJNbHO JHHe#HOro npeoOpa3oBatus, 3anaHHOTO Ma-
TpHllelt

B) Matpuua Oyler KneTOYHOR pacrnasuieHcs BHILA <

4 —2 2
2 0 2.
—1 11

15605, Hafith Bce NoANMpOCTpaHCTBAa TPEXMEPHOrO MPOCTPAHCTBA, HHBA-
pHAHTHBlE OJHOBPEMEHHO OTHOCHTEJBHO IBYX JUHEHHBIX mpeoOpas3oBaHui,
3aJaHHBLIX MATpPULAMH:

5 —1 —1 —6 2 3
—1 5 —1 H 2 —3 6
—1 —1 5 . 3 6 2
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1506, MokasaTb, uTO Jr0Obie JBa NepecTaHOBOYHLIX JHHEHHBIX Npe-
06pa3oBanns KOMIVIEKCHOTO MPOCTPAHCTBA HMEIOT OOUIMHA COGCTBEHHBIH
BEKTOP.

1507. okasats, ut0o 1as J0GOH (x0T Gbl H GeCKOHeuHOH) COBO-
KYIHOCTA MONAPHO TNepecTaHOBOYHHIX JHHEeHHHX NpeoOpasoBaHUR KOM-
MJIEKCHOTO MPOCTPAHCTBA R, CYILeCTBYeT BeKTOp, COOGCTBEHHbIH Aaf BCex
npeo6pasopanuit NaHHOH COBOKYIHOCTH.

1508, JlokasaTb, uTO KOpHEBble BEKTODPHI, MPHHAL/MEKALUME PA3JAHUHBIM
COOCTBEHHBIM 3HAYEHHAM, JHHERHO HE3aBUCHMBI.

Hafitu coOcTBeHHble 3HAYeHMsT M KOPHEBbIE MOANDPOCTPAHCTBA JMHEHHEIX
npeo6pa3oBaHuil, 3aJaHHBIX B HEKOTOPOM 6Gasuce C/elyHOLIHMH MaTPULLAMHA:

1509. /4 —5 2 1510, /1 —3 4
5 —7 3. 4 —7 8
6 —9 4 6 —7 7.
1611, /2 6 —15 1512, ,0 —2 3 2
1 1 -5 1 1 —1 —1
1 2 —6 0 0 2 0
. I —1 0 1

1513, Ilokasate, uTO JuHeliHOe NMpeoOpasoBaHHe KOMIUIEKCHOTO TIPO-
CTPAHCTBA TOTZA M TOJNbKO TOrJ1a HMEeT IHATOHAJIbHYI MaTPHULY B HEKO-
TOpOM 6askce, KOria BCe ero KOPHEBLE BEKTODPLl ABJAAKTCA COBGCTBeH-
HBIMH BEKTOPaMH.

1514, Jlokasatb, YTO KOMIIJIEKCHO€ MNPOCTPAHCTBO TOrAA M TOMbKO
TOra COCTOUT CIJIOWIbL M3 KODHEBHIX BEKTOPOB JuHeHHOro mpeo6pasopa-
HUSL @, KOrga Bce COOCTBEHHbie 3HAYEHUA 3TOro NPeoOGPA3OBAHUA DPABHBI
Mexny cobof.

1515, Ilyctb R — 6eCkOHeYHOMEPHOe TPOCTPAHCTBO BCEX BellleCTBeH-
HBIX @yHkuu# f(x), ompefe/eHHbIX U HMEIOIIHX NMPOU3BOJHBIE NHOGOr0
nopsika Ha Bceff UMCAOBOH MpsAMOH, NMPU OOBLIYHBIX CJAOXKEHHH (yHKUUH
U YMHOXeHHUH (YHKLUHM HA UHCJIO, H @ — npeobpa3oBaHue, NepeBoadliee
Mmo6y (YHKUHIC B ee NPOM3BOAHYIO.

HatiTu: a) Bce coOcTBeHHble 3HAyeHHA U COOCTBEHHBIE BEKTOPHI,
6) Bce KOpHeBble MOAMPOCTPaHCTBAa NMpeob6pasoBaHHA @.

1516, Ilpoctpanctso R, HAa3bIBaeTCA YUKAUYECKUM OTHOCHTEBHO
JHHeHHOTo npeo6Gpas3oBaHus @, ecad R, o6ianaeT LUKJIHYECKHM GasucoM,
T. €. 6asucoM @y, @y ..., @, AI1 KOTOPOTO

(pak=ak+1 (k=l. 2,..., n——l)

Ioxasatb, yt0 ecan R, — LUK/IHYECKOE TPOCTPAHCTBO OTHOCHTENBHO
Ha, a, ..., @,— UHKJIHYecKHH 0asuc, To:
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a) MHHMManbHBIH MHOTOWeH g (A) mpeoGpasoBaHHMs ¢ HMeeT CTeNeHb 71}

6) MUHHUMAAbHBI MHOTrOY/ieH BCETO MPOCTPAHCTBA COBMAfAeT C MUHH-
MaJbHBIM MHOTOUJIIEHOM BEKTOPA @;

B) eC/lH @@, = ¢,@y s+ ... <+ c,a,, TO MHHUMAAbHHH MHOrO-
yjleH npeoOpPa30BaHUSI @ ONpELENseTcsl paBeHCTBOM

gMy =M —c M —, ATP— L —o,.

1517. JoxasaTb, 4TO ecAH CTeNeHb MHHUMAJIBHOrO MHOTOUYNMeHa g (A)
JHHeHHOro TnpeoOpa3oBaHUd ¢ MpoOCTpaHCTBA R, paBHa n U g (A) ecThb
CTeMeHb MHOTOY/EHA, HENPUBOIMMOTO HAJ TeM MOJEeM, Hal KOTOPHIM pac-
cMaTpuBaeTCs MPOCTPaHCTBO R,, T. €. B Clyyae KOMIJIEKCHOrO MPOCTPaH-
ctBa g (M) =(h — )", ToO:

a) R, He pa3JOKMMO B INPAMYI0 CYMMY [BYX NOANPOCTPAHCTB, MHBA-
PHAHTHBIX OTHOCHUTEJNBHO (;

6) R, ABASETCH UMKJIHYECKHUM OTHOCHTEJBHO .

Kaxo# Bux uMeer MarpHua npeo0pa3oBaHus ¢ B uHRIUYeckoM Gasuce?

1518, IlycTb MUHHMaJAbHBIH MHOTOU/EH uHeHHOrO MpeoOpa3oBaHUs @
npocrpanctea R, uMeer Bui (A — a)”. JlokasaTb, 4TO CYINECTBYET BeK-
TOP @ TAKOH, YTO BEKTOPHl ((p——ae)”_la, (cp-ae)"‘Qa, oy (9—ag)a, a,
Tie € — TOXIeCTBeHHOe NpeobpasoBaHue, 00pa3yoT 63a3HC NPOCTPAHCTBA.
Kako#t BuI uMeer MaTpuua npeoOpasoBanus ¢ B 9TOM Gasuce?

15619. JoxasaTb, uTo /M1060€ MOANPOCTPAHCTBO L KOMIIEKCHOrO Mpo-
CTpaHcTBa R, HHBAPHAHTHOE OTHOCHUTENBHO JMHEHHOTrO Npeo6pasoBaHus ¢,
CONEPKHT MPAMYIO, UHBAPUAHTHYIO OTHOCHTEJNBLHO €.

1520. Joxasarb, uto mo6oe NOANPOCTPaHcTBO L 1eHCTBUTETbHOTO
TpocTpaHcTBa R,, HHBAPHAHTHOE OTHOCHTENBHO JHHEHHOrO npeobpasoBa-
HUS @ U HMeloLlee HEYeTHYI0 pa3MepHOCTb, COAEDHUT INPAMYIO, HHBA-
PUAHTHYI0 OTHOCHTeNbHO ¢. [lokasath Ha mpuMepax, 4yTo IS MOANPO-
CTPAHCTBA UYeTHOH pasMEpPHOCTH yTBep:iAeHue HeBepHo. [lpnm Kaxux
ycaoBuax L comepHUT NPAMYIO, BCe TOYKH KOTOPOH OCTAIOTCAA HEMOIBHUK-
HHIMU TpH npeobpa3oBaHHU ¢P

1521, IloxasaTk, 4TO KOMIMJEKCHOe MPOCTPAHCTBO, cOleprkallee JUILb
OIHY NPAMYI0, HHBAPHAHTHYI0 OTHOCHTEJNLHO JMHEHHOTO NPe0OPA30BAHHUS ¢,
HEPasJoXHUMO B NPAMYK CyMMYy IBYX HeHYJeBbIX IOANPOCTPAHCTB, UHBA-
PHAHTHBIX OTHOCHTENBHO .

1522, [oxasaTh, 4YTO KOMILIEKCHOE MNPOCTPAHCTBO R, OTHOCHTEJbHO
NAHHOTO JHHEHHOro npeo0pa3oBaHUd (¢ pacnalaeTcs B NPAMYI0 CyMMy
{O1HOTO UMM HECKOJbKHAX) HHBAPHAHTHHIX AMHeHHWIX MNOANPOCTPAHCTE,
KaXI0e H3 KOTOPHIX CONEPXKHUT JHINL OIHY WHBAPHAHTHYI MPAMYIO
H, 3HAuuT (MO Mpelblaylned 3aiave), lalee He PA3NOKHUMO.

1523#%, Tlyctb ¢-— nuHelHoe npeo6pa3oBaHHe MNpocTpaHcTBa R,
H g (A) — MHHHManbHBIA MHOTOuYTeH . Ilokaszartb, 4TO:

a) ecau g(A)=h (M) k(A) u wmuorounens k(L) u k(L) B3auMHO
TPOCTH, TO NPOCTPAHCTBO R, €CTb NpAMas CyMMa MOANPOCTPAHCTB Li,
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COCTOSILETO M3 BCeX BEKTOPOB X TakHX, 4T0 A(P)x==0, n L, cocTos-
1ero M3 BCeX BEKTOPOB X TaKHX, 4t0 R(p)x=0;

6) ecnn g (M) = hy (M) hy(A) ... h (M) v MHOrOUMeHEl k) (A), By (D), .. .
.« .+, By (L) NONAapHO B3aMMHO NPOCTHI, TO MPOCTPAHCTBO R, €CTb NpsMast
cyMMa moanpocrpancts L; (i=1, 2, ..., s), rae L; cocTouT H3 Bcex
BEKTOPOB X TaKkHMX, 4to A;(@) x=0.

1524%, JlunefiHoe npeoGpasopanue @ B Oasnce e;, e, e3 3alaHO
MarpHueH

1 00
1 2 1]
—1 0 1

Haiiti MuHuManbubifi MHOTOUsEH g (A) 3TOro npeo6pasoBaHus U Pasnoxke-
HHe NPOCTPAHCTBA B UPAMYIO CYMMY MOANPOCTPAHCTB, COOTBETCTBYIOLlEe
pasnokenuio g (A) Ha B3aMMHO NPOCTHE MHOXUTENM BHid (A — a)f.
1525. Peuwnth 3ajauy, aHajJOTHYHYIO nNpenbliyiuel, ecau JuHeHHOe
npeoGpasoBande ¢ B Gasuce e, €, €; 3alLaHO MaTpHuel

4 —2 2
5 7 -5 |.
—6 6 —4

1526. JluxefiHoe npeofGpasoBaHHe @ eBK/AHIOBA (MM YHUTapHOTO)
NPOCTPAHCTBA R, 3al1aHO PaBEHCTBOM QX == (X, @)@ 144 n06oro x us R,
npuueM @ — JaHHbI HeHyneBo#t BexkTop. HaNTH MHHMManbHEH MHOTO-
uned g (A) atoro npeo6pa3oBauHsi M Pa3JNOKeHHe MPOCTPAHCTBA B NPAMYID
CYMMY, COOTBETCTBYIOLlee pa3joxeHHo g (A) Ha B3AUMHO MPOCThle CTEMEeHH
HeMmpUBOJAUMbIX MHOTOUWIEHOB C BEIUEeCTBEHHHIMH Ko3(dduuueHTamn (Ui
MHOTOYIEHOB BHIa A — (O B CJyyae YHHTAPHOTO MPOCTPAHCTBA).

15627. Ha#ttu xopiaHoBy ¢opMy Matpuub JuHeHHOTO npeobpa3oBa-
HUA @ KOMIUIEKCHOTO MNpOCTPaHcTBA R,, €Ciu ¢ uMeeT ¢ TOYHOCTbIO
10 YHCJIOBOTO MHOXHUTEJA TOJNbKO OJUH COGCTBEHHBIH BekTOP.

1528, Ilokasarb, 4TO YHCJAO JHHeHHO HE3aBUCHMMbIX COGCTBEHHBIX BeEK-
TOPOB JHHERHOTO NMPeo6pPa30BaHHS @, MPHHALIEKAUUX OIHOMY H TOMY Ke
COOCTBEHHOMY 3HAYEHMIO Ay, PABHO UHC/]Y KJETOK € IMarOHaJbHLIM 3Je-
MEHTOM A, B XKOpLaHOBOH opMe MATpHUL! @,

1529%, IHoxasath, uto 6asuc, B KOTOPOM MaTpuua JHHeHHOro npe-
00pa30BaHUs ¢ KOMIIIEKCHOTO BeKTOPHOTO NMPOCTPAHCTBA R, HMeeT wopia-
HOBY ()OpMYy, MOKHO MOCTPOMTbH ClenyioIuM 00pasoM:

A) Ecau He Bce coOCTBeHHble 3HAYeHHA (p PpaBHBHL Mewiy co0of,
M XapaKTEPUCTHYECKHH MHOTOWIEH HMeeT BUL

FR=@G—M)" ..o A—A)'s (A% A, npu i ),
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To CTpoMM 6asuc noamnpoctpauctea P, Bcex BEKTOPOB X TAKHX, HTO
(@ — Ae)*t x =0 (e—10xnecTBenHoe npeobpasoBanue) (i=1, 2, ..., s).

[Ipoctpasicteo R, Oyier npaMofi cymmofi noanpoctpancte P;. Ouu
HHBAPUAHTHHl OTHOCHTEJBHO ¢; ¢ Ha P, uMeer OJHO COGCTBeHHOE 3Haue-
Hue A, mpHyeM (@— Age)tx=0 nasn moGoro sextopa X ns P, B srox
NMOCTPOEHHH BMECTO XapaKTePUCTHYECKOTO MHorouseHa f (A) MOXHO B3fTh
MHHUMAanbHBIR MHOTOU/MeH g (A), 4YTO MOXET IOHH3HTb TNOKA3aTe]H Cre-
neHH &;.

B) [lycts @ Ha R, uMeeT eIMHCTBeHHOe COOCTBEHHOE 3HaueHHe A,
¥ k—HauMeHblIee LeJI0€ MOMOKHTENbHOE YHCAO TaKoe, YTO (p— Age)* = 0.
TlonowuM == @ -— Age. Boicomoidi BekTOpa X Ha3oBeM HaWMeHbluee A
Takoe, uto Y'x=0. Uepes R, 0003HAUMM NOANPOCTPAHCTBO BCEX BEK-
TopoB BHICOTH <A (0 A k). Ry COLEPNKHT TONBKO Hy/leBOH BeKTOp,
R, coBnanaer co BCeM NPOCTPAHCTBOM,

CrpouM Oasuc R,, nonosuseM €ro 10 6asuca R,, nonyueHHb# Gasuc
JononHseM 1o 6Gasuca R M TaKk Jajee, NOKa He moctpouM Gasuc R,
{ana KpaTkocTH BCe 9TH 0a3uchl HA30BEM HauadbHBIMU). [lasd KamIoro
sexktopa f BHCOTH £ HavajapHoro 6asHca Rj, CTPOHM cepuio BeKTOPOB

I uf l[)2f, ka'lf ¢ HayanbHbIM BekTOpoM f. BepeM mo6o#t (nanpu-
Mep, HauaibHbifl) 6a3uc Rp_, ¥ BEKTOPH BHICOTH 2 — 1 BCeX IOCTPOEHHBIX
cepuil. DTH BeKTOPbI BMecTe Oy1yT AWHeHHO He3aBUCUMBL. JlOMOJMHHM HX 10
Gasuca R,_; moOGbIMH BEKTOpaMH (HanmpuMep, M3 HAuanbHOro 6asuca R,_;).
Jins KaxIOro W3 IONOJHUTENLHO B3ATHIX BeKTOpoB f (ecam oum BOOOWLE

CyILeCTBYIOT) CTPOHM HOBYIO cephio: f, bf, Lp2f, ce ka—2f, M TaK LaJjee.

[IycTb Ha HeKOTOPOM IIAre yxe NOCTPOEHbl CEPHUH, B KOTOPHIX BeK-
TOpPH BBICOTH k1 BMecTe ¢ MOOHM (Hanpumep, HayalbHLIM) G6a3HCOM R,
©06pasylor 6asuc R,,;. Bexrtopsl moGoro (manpumep, HauaibHoro) 6a-
3uca R,_, BMeCTe C BeKTOPAMH BHICOTBI /2 MOCTPOEHHHIX Cepuit GyayT
JIHHe#HO He3aBHCHUMHL. JlonoaHuM ux 10 Gasuca R, NOOHIMH BEKTOPAMH
(uanpuMep, H3 HavanbHoro Gasuca R,). Jlas Kawioro AOMONHHTENBHO
B3aToro Bexktopa Jf (ec/M TaKoBble CYIIECTBYIOT) CTPOMM HOBYI CEpHIO:

I wf, ll)2f, ceey l[)h—lf. IlocTtynaeM Tak 10 Tex nop, IOKa BEKTOPH
BCeX MOCTPOEHHHIX CepHi He 06pa3yroT BMecTe 6a3uca BCero NPOCTPAHCTBA.
3anucas BEKTOPH CEPHIO 3a cepHeff TaKk, 4TO B KawJIOH CepuH BEKTOPHI
B3Thl B 0OpaTHOM nopsike (HavaJbHbI# BekTOp cepuu Gepercs B maHHOH
CEpHH MOCAEIHHM), TNOJYYHM HCKOMBIH 0asuc, B KOTOPOM MaTpHua npe-
-06pa3oBaHua ¢ UMEET KOPLAHOBY OpPMY.

B) Baauc, noctpoeHue KOTOpOro ykasaHo B NyHktax A) u B), onpe-
JesieH He 01HO3HayHO. [loKa3aTh €IMHCTBEHHOCTh (C TOYHOCTBIO 10 MOPsAKa
PacnoNIONEHHs] HOPAAHOBHIX KIETOK) KOPARAHOBOH MaTpuubl A;, noao6Ho#
JaHHoO#M kBalpaTtHo# martpuue A (¥, 3HAuYUT, eJUHCTBEHHOCTb KOPAAHOBOH
{opMBl MaTpPHLEL AAHHOTO JHHelHOTO mnpeoGpasoBanHHs ¢). Kmenno, no-
Ka3aTb, uTO WOpAaHoBa dopma A, Marpuust A nopsuka n onpeienserca
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caenywouum 06pa3oM. IlycTb 2—HanBbCUIHK NOPAAOK HOPAAHOBHX KJAETOK
Mmarpuun A; ¢ menom 7»0 Ha LMAarOHAmt, X,-—— 4HCJO TAKHX KNeTOK
nopszka k (A=1, . k), B=A— MNE, r,— panr Matpuub B
(h=0,1, 2, ..., k, k+1). Torga uwucna x, omnpereasorca ¢op-
My n1aMu

Xp==1lp_1— 2,4+ 7y (h=1, 2, ..., k). (@)

3ameuanue. Popmyanl (0) LalOT TPHEM OTHICKAHHA XOPAAHOBOH
¢opmbl A; Ge3s MOMOLIM TEODHH 3/IEMEHTADHBIX AeaHTedeH A-MarpHil.

Jlnnennoe npeoGpasosanne @ npocTpaHctsa R, B Oasuce e, ..., €,
sapato marpuued A. Ha#tru Gasuc fy, ..., f,, B KOTOpOM Marpdua 3TOTO
npeoGpasoBaHus HMeeT KOpIaHOBY (opmy A, M HAATH 3Ty KOPAAHOBY
dopMy (MCKOMBIL Gasuc onpele/ieH HEOIHO3HAUHO).

1530, 3 2 —3 1531. 1 1 —1
A=[4 10 —12}. =] —3 —3 3
3 6 —7 —2 —2 2
1532. 0 3 3 1533. 6 6 —15
= -1 8 6 A=|1 5 —5
9 —14 —10 1 2 —2
1534, 01 —1 1) 1535, (6 —9 5 4)
—1 2 —1 1 7 —13 8 7
A=\ _1 1 1 0 A=lg _17 11 sl
—~1 1 0 1 (1t —2 13

0 01 . 0

1536, A=5B? rie B=)- - . . . . .l —xnerka XXopnaHa no-
0 0 0...1 paika n.,
0 00...0

15637%, Jluxefinoe npeoOpasoBaHue ¢ NPOCTpaHcTBa R, Ha3bIBAETCH
UHBOAIOMUBHbLM, €CIH (P ==g€, TJe €— TOMIeCTBeHHOe NpeoOpasoBaHue.
BhiIICHUTbL reoMeTpuuecKHH CMBIC/ MHBOJIOTHBHOIO npeo6pasoBaHus.

1538%, Jlune#tHoe npeoGpasoBanue @ MNPOCTPaHCTBA R, HasbBaeTCH
udemnomenmusim, ecid @2 = @. BHIACHHTL reoMeTPHUECKHH CMEICT HIeM=
NOTEHTHOrO NPeo6pasoBaHud.
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1539, ITpuBecTu npuMepr AHHERHOTO NpeoGpa3oBaHHs (p TPEXMEPHOTO
NPOCTPAHCTBA, A5 KOTOPOTO:

) MPOCTPAHCTBO He ABAAETCH NPAMOH cymmol obnacTv snavenntt L,
4 azpa L, npeoOpazosanus ¢ (onpeleneHue naHo B 3azaye 1488);

6) NpOCTPaHCTBO ABAAETCA NPAMOR CcyMMOH oGsaacTn 3Havenu#h L, u
aapa L, nas @, HO @ He sBAAETCS IPOEKTHPOBaHHeM Ha L, napaanensHo L.

§ 19. JluHelinbie npeoGpa3oBaHHA €BKJMAOBHX M YHHTAPHBIX
BEKTOPHBIX TPOCTPAHCTB

15640, Hoxasars, yTo omnepauus nepexoza OT AuMHe#HOro npeo6paso-
BaHud @ YHUTAPHOIO (WM EBKAWZOBA) TMPOCTPAHCTBA K COMPSIKEHHOMY
npeoOpazoBanuio @* 00/a1aeT CAEIyIOUIUMH CBORCTBAMH:

a) (@) =¢;

0) (¢+V¥) =" +¥%

B) Q)" = Ve

r) (0@)" = ag®; _

I) ecnd ¢ HeBHPOXKIEHHO, TO ((p'l)":(q)*)".

1541, Ilyctb e, €;— OpTOHOPMHPOBAHHBIH 6a3HC NJIOCKOCTH H JHHel-
Hoe npeoGpasosaHue ¢ B Gasuce f;=—e,, f,=—e + e, uMeer MaTpuuy

1 2
(1 1). Hafitu maTtpuuy conpsikenHoro npeoGpasoBaHHs ¢* B TOM e

Gazuce f,, fo

15642, Jluuelinoe npeoOpasoBaHHe ¢ eBKJHLOBA NPOCTPAHCTBa B Gasuce
u3 sextopos fi=(1, 2, 1), fo=(1, 1, 2), f5=(1, 1, 0) sanano Mmat-
puueht

1 1 3
0 8 —I1
2 7 —3

Hafftu MaTpHlly CONpsxeHHOro NpeoGpasoBaHMs ¢* B TOM ke Oasuce,
CyMTad, YTO KOOPIMHATH BeKTOPOB 6a3uca AaHbl B HEKOTOPOM OpPTOHOp-
MHpOBaHHOM Oasuce.

1543. Haittu matpuuy nuHe#HOTO npeoOpasoBaHus ¢, CONPAXKEHHOTQ
11peo6pa3oBaHni0 ¢ B OPTOHODMHUPOBAHHOM 0a3nce e,, €,, €3, eclH ¢ ne-
pesonuT BekTopn @, ==(0, 0, 1), ay=(0, 1, 1), a;=(1, 1, 1) B Bex-
Topnl b, =(1, 2, 1), by=(3, 1, 2), b3=(7, —1, 4) cooTBercTBeHHO,
rie KOOPAHMHATHE BCEX BEKTOPOB AaHbl B Gasuce e, €, €.

1544, Ilycts xOy — npaAMOYronbHas CHCTEMa KOOPAMHAT Ha ILIO-
CKOCTH M @ — MPOEeKTHPOBAHHE ILIOCKOCTH Ha ock Ox mapanneibHo Ouc-
ceKTpHce nepBOH M TpeTbefl uerBepTH, Hafitm conpsxenHoe npeoGpaszo-
BaHue Q*,
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1545*, Tlycrs R, = L, - L, — pasnoxeune eKINI0BA (MM YHHTAP-
HOTo) MPOCTPAHCTBA B MPAMYI0 CYMMY LBYX MOANPOCTPAHCTB; () — MPOeK-

TupoBanne R, Ha L, napanneabuo Lo; Liu Ln——OpTOl‘OHaHbeIe JONOHe-
HHS COOTBETCTBeHHO 1isl L, u Ly @*—— npeoGpa3oBanne, CONpsHEHHOE

¢ @. lokasatb, ut0 R,==L]—4 L3 u 410 @* ABASETCA NPOEKTUPOBAHUEM
*

R, Ha L; napamienbHo Lj.

1546, Idokasatb, 4TO eCl1HM MOAMPOCTPAHCTBO L yHMTapHOTO (MM
€BK/JN10Ba) MPOCTPAHCTBA WHBADHAHTHO OTHOCHTENLHO JHHEHHOro mnpe-
o6pa3oBaHus ¢, TO OPTOrOHAJAbHOE LOMOJHeHHe L® WHBADHAHTHO OTHOCH-
TENbHO COMPSXEeHHOro npeoOpasoBaHus @,

1647*, dokasatb, 4TO JuHeliHOe npeoOpasoBaHHe ¢ YHUTAPHOTO MPO-
cTpascTBa R, MMeeT HHBAPHAHTHOE NOANPOCTPAHCTBO JO0Oro 4YMcia N3Me-
pPeHHit OT Hyns KO n.

1548%, Jloxasatb, u4ro JAas J/moOOro auHelHoro npeobpasoBaHus ¢
YHHTapPHOTO MPOCTPAHCTBA CYUIECTBYeT OPTOHOPMHPOBAHHBIA 6asuc, B KO-
TOPOM MATDHLA ITOr0 NpPeOBGpPA30BAHHSA HMEET TPeyroJbHylo $opMmy (Teo-
pema Lllypa).

1549. Hanucath ypaBHeHHe NIOCKOCTH, HHBADHAHTHOM OTHOCHTE/HHO
JMHeHHOTO npeo0pasoBaHHA ¢, 3al1aHHOIO B HEKOTODOM OPTOHOPMUPO-
BaHHOM Oaance Marpuue#t

4 —23 17
11 —43 30).
15 —54 37

1550. JokaszaTh, 4TO eCAM OZMH M TOT e BEKTOp X ABAAETCA COG-
CTBEHHbIM 148 JHHeHHOro npeoOpa3oBanus @ CO 3HAueHHeM A, H 1as
COMpPsKEHHOTO NpeofpasoBaHust @* CO 3HaueHHeM Ay, TO A, =12,

1561, Jloxasatb, 4TO eCAM JAHHeHHOe Npeo6Gpas3OBAHUE () YHHUTAPHOI O

npocrpaHcTBa R, uMeeT cOOGCTBeHHble 3HaueHUS A, As, e An, TO OO~
CTBEHHBIMM 3HAUYEHUAMU COMPAKEHHOTO npeoGpasosakus @* OyiyT conps-
JKEHHble uHcaa K], kQ, 7»,,.

1662, Mokasatb, uTO COOTBeTCTBYIOLHe ADPYT JAPYry KO3(QHLUMEHTHE
MMHMMa/AbHbIX MHOTOUY/IEHOB CONpPSMEHHBIX MeXIy COOOH sMHEHHBIX mpe-
00pasoBaHKi COMpsKEHbl APYT APYTy.

1553%, Ilyctb nuHeHHOe mpeoOpa3oBaHHe ( YHUTAPHOrO (MW €BKJH-

IOBAa) MNpocTpaHcTBa B Oa3uce e, ..., e, HMeer Matpuuy A, a conps-
XeHHoe npeoOpa3oBaHue ¢* BO B3aHMHOM Oasuce (cM. 3anauy 1417)
S oo, f,—wmarpuny B. [lokaszatb, uto B==A’ B yHurapioM npo-

crpaictse W B== A’ B eBK/IMI0BOM NpPOCTPAHCTBE.

1554%, Ilycte ckanspHoe mpousBeleHHe (X, ¥) B HeKOTOpoM Oasuce
3ajano OuauHeHnolt popmot f ¢ matpuuedt U (nummu caopamu, matpuna U
aBasercs marpuuelt I'pama BexrTopoB 6asuca). [lokasarb, uro MarpHua A
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JauHedHoro mnpeoGpasoBanud ¢ M MarpHua A; conpsxkeHHoro npeobpaso-
BaHua Q" B naHHOM O0asHce CBA3aHbl TakK:

a) A,=U""A'U 1ns esxamnosa npoctpancrsa;

6) Xle’lA'U 14 YHUTApHOTO NpPOCTPaHCTBA.

[lycte B HekoTOpOM O6asuce ckandpHOe INPOH3BeLEHHe 3a1aHO OUJIH-

HeltHoR ¢opmoit f, a auHeHHOe npeobpasoBaHHe ¢ — MaTpHuelt A. Ha#tn
Mmartpuily A; conpsxeHHOro npeo6pasoBaHus ¢* B ToM ke Oasuce:

1586, [ == x;9; = Sxo¥s —+ 62395 - 2,93+ 2x3y; - 3x5¥3 + 3 X3V

0 1 —2
A==|2 0 —1
3 —2 0

1886, f=2x,y; 4 3xo¥s+ X3¥3 + 2x,Y + 2x59; - X, ¥5+ X39; +
—+ xo¥5 1 x39s

2 1 1
A={—1 —3 1
1 2 —1

IMycte U — matpuua ['paMa HekoToporo 6asuca u A — MatpHiua Ju-
He#Horo npeo6pasoBadus ¢. Hakitn matpuuy A; conpsixkeHHOro nmpeofpa-
30BaHUA @° B TOM ke Oasuce:

1557. 3 1 —2 1 2 0
U= 1 1 —1}); A={2 0 3
—2 —1 2/ 01 3
1558, 2 —1 0 1 2 -3
U=} —1 2 =1, A=|2 =3 1

0 —1 1 3 2 —1

1559, Ilyctb ¢ — nuHe#noe npeoOpasoBaHMe YHHTAPHOTO HJM €BKJH=-
1noBa npoctpanctBa. Jlokasate, uto (e%)* = ¢?®". (OmnpeneneHne ¢QyHKuMH
OT JMHEeRHOro npeoOpasoBaHHs naHO B 3anaue 1464.)

1560, lloxasatb, uTO NMpOH3BeJeHHe IBYX OPTOrOHAJbHLIX (COOTBET-
CTBEHHO YHUTapHBIX) NPeo6pa3soBaHHH CAMO OPTOTOHA/ILHO (YHHUTAPHO).

1561, Jlokasath, uTO ec/H JMHeliHOe npeoOpas3oBaHiie () YHHTAPHOIO
(MM eBKJINIOBA) NMPOCTPAHCTBA COXPaHAeT IJWHBI BCEX BEKTOPOB, TO OHO
YHUTAPHO (COOTBETCTBEHHO ODPTOrOHAJbLHO).

1562%, Ilyctb B YHWTapHOM (MJH €BKJHIOBOM) TPOCTPAHCTBE 3a1aHO
HekOTOpoe npeoOpasoBaHMe (), B CHIY KOTOPOTO KaWAOMY BEKTOPY X
COOTBETCTBYeT eIMHCTBeHHBIH BekTop (x. Jokasath, uto ecau npeobpa-
30BaHHe @ COXpaHfeT ckalspHOe NpoW3BeieHHue, T. e. (PX, @y) = (X, ¥)
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Ia8 MoObX BEKTOPOB X, Yy NPOCTPaHCTBA, TO ¢ OyleT JHHEHHBIM M, 3HA-
UMT, YHUTAPHEM (COOTBETCTBEHHO OpPTOTOHAIBHLHIM) NpeoGpasoBanueM.
[Tokasath Ha npuMepax, YTO COXPaHeHHd CKaMAPHLEIX KBajpaTOB BCeX
BEKTOPOB HE [JOCTaTOYHO [Js /JIMHEHHOCTH @.

1563. Ilycts ckanspHoe yMHO)XeHHE BeKTOPOB TMNpPOCTpaHCTBA R,
sanano matpuue#t [pama U BekTOpoB HekoToporo 6asuca. Hafitu yciao-
BHe, HeOOXOIMMOE M JNOCTaTOuHOe A7 Toro, 4tobe JauueiHOe npeobpa
3oBaHMe (), sanaHHOoe B ToM e 6asuce Marpuuedt A, Owbiio:

a) OpTOroHaMbLHLIM NpeobpazoBaHUEM €BKAMIAOBA TNPOCTPAHCTBA,

6) yHMTApHBIM Npeo6pasOBaHUEM YHUTAPHOrO MPOCTPAHCTBA.

1564. Hokasath, 4yTO e€cau IBa BEKTOPa X, Yy €BKJAWLOBA (MU YHH-
TapHOro) MPOCTPAHCTBA MMET ONHHAKOBYI0 AJMHMHY, TO CYIIECTBYET OPTO-
roHanbHOe (COOTBETCTBEHHO, YHHTapHOe) npeoOpasoBaHHe @, MepeBoisilee
X B Y.

1565. dokasatb, 4TO eC/AH JBe MNaph BEKTOPOB X, X; H ¥, Yo
€BKAMI0BA (MJAH YHUTAPHOrO) TNpOCTpaHcTBa o06/Mafal0T CcBOHCTBaMM
[x,]=|3] |%=Iy,] u yron mexay x, u x, pased yray mexuy
¥, M ¥y TO CYLIECTBYET OPTOrOHaIbHOE (COOTBETCTBEHHO YHUTAPHOE)
npecOpasoBaHUe ¢ TAKOE, YTO QX ==y, PXy== Yo

1566%, [lycTb NaHE! 1Be CUCTEMBl BEKTOPOB Xy, ..., Xz U ¥, ..., Yp
€BKJANAOBA (WM YyHUTApHOro) mnpocTpancTBa. JlokasaTb yTBepxieHue:
a8 TOro 4TOOBl CYIIECTBOBAJIO OPTOTrOHaAbHOE (COOTBETCTBEHHO YHHTAp-
Hoe) npeobpasoBaHue ¢ Takoe, 4To @x; =3, (i=1, 2, ..., k), Heobxo-
AMMO M J0CTAaToyHO, yroOb MaTpuubl [pamMa o6emx CHCTEM BEKTOPOB
COBNanaju:

(%0 %)) = (O I))r-

1567#. [lycTb ¢ — yHHTapHOe (MM OPTOroHalbHOE) mpeobpasoBaHue
YHUTAPHOTO (COOTBETCTBEHHO €BKJHIOBa) mnpocrpanctBa R,. Joxasars,
4YTO OPTOrOHajbHOe nomoJHeHue L* K jnuHedHOMY NOANpoCTpaHcTsy L,
WHBAPUAHTHOMY OTHOCHTEJbLHO ¢, TaKXe HHBAPUAHTHO OTHOCHTENLHO .

1568. [lokasarb, 4YTO [Ba MepecTaHOBOYHBIX YHUTAPHBIX Npeofpaso-
BaHMfl YHUTAPHOrO NpOCTpaHcTBa 06/analnT OOLIMM OPTOHOPMHPOBAHHBIM
6a3ncoM COOCTBEHHLIX BEKTOPOB.

1569%,. Jlokasath, yTO 4J5 YHHUTAPHOTO NpPeofpasoBaHust ¢ yHUTAp-
HOTO TPOCTPAHCTBA:

a) coOcTBeHHbIe 3HAUEHH 1O MOAYJI0 paBHH eluHHue (M, 3HAUUT,
XapaKTePUCTHYECKHE YHCJIAa YHHTAPHOM, B 4AaCTHOCTH BelleCTBEHHOH opTo-
TOHA/LHOW, MaTpUUbl MO MOAYJI0 PAaBHBI €IUHHULE);

6) coOGcTBeHHble BEKTOPHI, NMPUHALIEKALIHE ABYM PA3IHUHLIM COOGCTBEH-
HEIM SHAYeHUSM, OPTOTOHAJLHHI;

B) €ClH B HeKOTOpOM Oasuce MaTpuua A npeoOpasoBaHus ¢ Belle-
CTBeHHAa W CcOOCTBeHHBIR BEKTOD, NMpPHHAAMEKALIMA KOMIJIEKCHOMY coOCT-
BEeHHOMY 3HaueHnio o —-fi (B 0), npeacraBaen B Bule X -y, rie
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BEKTOPBl X H ¥ MMelOT BeleCTBEHHble KOOPAMHATH, TO X H 3 OPTOro-
HasbHbl U UMEIOT OJWHAKOBYIO IJIUHY, TIpHUeM:

px=0x—py; Qy=px—+ay; (1)

r) OpTOroHajibHOe TNpeo6pa3oBaHMe €BKJAHI0BA NPOCTPAHCTBA BCerna
o6aa1aer OJHOMEPHBLIM /M JBYMEPHbIM HHBADPHAHTHBIM NOANPOCTPAHCTBOM.

1670*, Hokasarb, 4ro:

a) Aas mo06oro yHWTapHOro NpeoOpa3OBaHUf (¢ YHUTAPHOTO TPOCTPaH-
crBa R, cyumecTByeT OPTOHOPMMPOBAHHBIH 0asnc, cocTosiud H3 CO6-
CTBEHHBIX BeKTOpOB npeoOpasopanus ¢. B aTom 6asuce Marpuua ¢ asanercs
IMaroHanbHOW ¢ IMarOHaJbHEIMM  3JIEMEHTaMHM, pPaBHBIMH 110 MOAYJIO
eluHULe.

Kakoe cBOMCTBO YHHTapHBIX MaTpHLl OTCIOLA BHITEKaeT?

6) 1as a1000ro OPTOrOHa/JbHOTO NpeoOpa3OBaHUA ( eBKJAMIOBA NPo-
cTpaHCTBa R, CYWeCTBYeT OPTOHOPMUPOBAHHHH 6asuc, B KOTOPOM MaT-
puua ¢ uMeeT KaHOHMYECKUH BHJ, I'le Ha I'VIaBHOH JHAroHajAM CTOAT KJAETKH
BTOPOTrO MOpfiLlKa BHAA

cosy —-siny
(sin Y cos y) (v # ke

M KJAeTKM nepBoro mopsiaka suaa (& 1).

- Knerkn xakoro-uubyab M3 9THX THIOB MOTYT OTCYTCTBOBaThb. Bce
OCTaJbHblE 3/JEMEHTH PpaBHB HyJO. KaxoB reomerpuuecku#t cMeica npe-
o6pasosanus? Kakoe CBOHCTBO BeleCTBEHHBIX OPTOrOHAJbHBIX MAaTpPHIL
OTCI0A BLITEKAET?

Ins opToroHajabHOro npeoOpasoBaHHs @, 3a1aHHOTO B OPTOHOPMHPO-
paHHOM Oasuce MaTpuuef A, HAHTH OPTOHOPMMPOBAHHBIH 6asuc, B KOTO-
pox MarTpuua B 3rtoro npeo6pa3oBaHust MMeeT KaHOHMYecKHH BHI, YKa-
3anubiii B 3apaue 1570. Hatitu 3ToT kanouuuecku#t Bun, (MckoMmuifi 6asuc
onpeneNeH HE OJIHO3HAYHO.)

1571, 2 2 1)
3 3 T3
2 1 2
A=\ 3 —3 3|
1 2 2
—3 3 3
1572. 1 1 |
) 0l —5 V2
1 1 1 =
A=y 7 V2|
1 = 1,5
(gV2 —gV2Z 0
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1573, 1 /= 1./5)
AL 0o —zV2
1./5 2 /= 1./
A=}F V2 =1 Ve 5 V2
2 1 2
E) 3 3

HafiTH KaHoHHueckHit BHL B OopTOroHanbHo#t MATPHLbI A un oproro-
s#1aJbHYIO MaTpULLy @ TaKylo, 4TO B=Q"'A4Q:

1574, 2 1 2)
3 3 3
2 2 1
A=l 5 3 —3
o2 2
3 3 3
1575. 3 1 1.r=
T T~V
1 3 1./=
A=\7 T V8
1, /= 1 /= 1
Ve —3Ve 5
1576, ( 1 1 1 1 1577, 1 1 1 1
2 2 2 2 P 72 7
1 1 1 1 1 1 1 1
b 7 T T3 A 27 T7F 77
A=, 1 1 1 = 11 1 1]
7 77 P -2 7 779 P
11 _1 1 11 1 1
2 ) 2 ) 9 T2
1578. Hasa zaunod yHuTapHOH MaTpHLUBb
4434 4i —6—2i
A=:-é— — 4 4—30 —2—6i
6420 —2—6i 1
HallTH AMaroHa/ibHylo matpuuy B u yHutapuyio MmaTtpuuy Q TakHe, uro

B=Q 'AQ.

1579. Hoxkasatb, YTO /MMHeHHas KOMOMHALHMA CAMOCONPSKEHHBIX Mpe-
-06pa30BaHHi C BeLECTBEHHBIMH KOI(OHUMEHTAMH (B 4ACTHOCTH, CyMMa
LBYX CaMOCONpSKEHHBIX TNpeoOpasoBaHHM) ecTb caMOCOTpPAXEHHOe Tpe-
-06pasoBanmue,
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1580. oxasaTb, uTo Mpou3BeleHKHe (P ABYX CAMOCOTPSKEHHLIX Mpe-
ob6pasoBanMi @ W P TOrJa H TOJAbLKO TOTAa GYyIeT CaMOCONPSKEHHBIM,
KOrza ¢ u \p nepecTaHOBOYHbI.

1581, IloxasaTb, uTO ecau @ M p— CaMOCONpshKeHHBle Tpeobpa3o-
BaHUA, TO CaMOCOMPMKEHHBLIMH OyLyT Takke npeo6pasoBaHus

o+ n i(ph—Py).

1582, Hoxasath, 4TO OTpaxeHHe ¢ €BKIHIOBA (MJIH YHHTAPHOTO)
npocTpaHcTBa R, B MoAnpocrpaHcTse L, NMapannenbHO MOANPOCTPAHCTBY Lo
TOTZa H TOJbKO TOrAa OyleT CaMOCONpPAMEHHBIM JHHeHHHIM TNpeo6pa3o-
BanHeM, Koraa L; u L, OpTOTrOHaJbHEL.

1683. Iokasarb, 4TO NPOEKTHPOBAHHE ( €BKAMAOBA (HJIM YHUTAPHOIO)
npoctpaHctea R, Ha mnoanpoctpanctso L, mnapannenbHO MNOAMNPOCTPaH-
ctBy L, TOTAZ M TOAbKO TOrAA 6yleT CaMOCONPSKEHHBIM JHHEHHBIM mnpe-
o6pasoBanneM, Koraa L; u L, OpTOrOHa/bHBL.

15684, Ioxasatb, uTo ecnu JHHeHHOe NMpPeoOpa3oBaHHE  YHUTAPHOTO
(v eBxJAMLOBA) mpocTpaHcTBa R, o6janaer noObIMH ABYMst M3 Cielylo-
WHUX Tpex cBOHCTB:

1) @ — camoconpsmxkeHHoe npeobpasoBaHue;

2) @ — ynuTapHoe (COOTBETCTBEHHO OPTOTOHaNbHOE) npeoépasoBaHne,

3) ¢ — MHBOMIOTUBHOE NPe06pa30BaHue, T. e. (P2 == & — TOWAECTBEHHOE
npeo6pasoBanie, TO OHO oOGnazaer M TpeTbMM cBolcTBOM. Haittu Bce
THNL NpeoOpasoBaHuit, 00nafalolIKX BCeMH STHMH CBOHCTBAMH.

Ha#tti oproHOpMHPOBAHHBIA 623HC COGCTBEHHBIX BEKTOPOB W MaTpuuy B
B 3TOM 0asuce Ans JAMHEHHOro npeo6pasoBaHHs, 3a1aHHOTO B HEKOTOPOM
OPTOHOPMHpPOBAHHOM 0a3uce MatpuueH A (MckoMbift 6a3uc omnpenesneH He
0JHO3HAYHO):

1585. /11 2 — 8\ 1588. 17 — 8 4
A= 2 2 10 §. A=|— 8 17 — 4.
— 8 10 5 4 — 4 11
1587. 3 —i 0
A=\ 3 0
0 0 4

Ina nanHo#t MaTpuiel A HaHTH AMaroHanbHYO Marpuuy B W ysuTap-
nyio Marpuuy C rtakue, uro B = C~1AC.

1588, y 3 2+ 2i 1589. y 3 2—1
T\ \2—2i 1 T\ T )
1690%, PaccMoTpuM n2-MepHO€ MPOCTPAHCTBO BCEX KOMILIEKCHBIX KBal~

PAaTHHIX MaTpHL, TNOPslKAa 7 C OGHLIYHBIMH ONEPAUMSMH CJIOXKEHHS Mar-
PHL M “YMHOXEHHS MaTpPHLUbL Ha uucao. IIpeBpaTtuM 5TO NPOCTPAHCTBO
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B YHHTApHOE, CUHTAS, UTO CKAAIPHOR npouaneneﬂue ABYX Marpui A = (aij)'{

| ._(bu)l 3a1aH0 paBeHCTBOM (AB) = Zaubu

Jlokasartb, uro:

a) YMHOXKeHHe BCeX MAaTpHL C/leBa Ha ONHY u Ty e Marpuny C sB-
JfieTcsd JAUHEHHBIM NpeoOpasoBaHueM;

6) yHMUTapHBIe MaTPULLI KAK BEKTOPbl YKa3dHHOTO NMPOCTPAHCTBA UMEIOT

JIHHY

B) YMHOXEHHS BCeX MaTpHL CJieBa Ha CONMPSKEHHO-TPAHCMOHUPOBAH-
noie Matpuusl C u C’ BHI3BIBAIOT COMpPXEeHHbIE MPeoGpasoBaHus;

) YMHOXEHHe C/eBa HA yHUTApHYI0 Matpuuy C BEI3LIBAET YHHTapHOE
npeobpasoBanue;

1) YMHOXE€HHE Ha SPMHTOBY MaTpHUUY BHI3bIBACT caMoconmeeHHoe
npeo6pasoBatue;

e) YMHOXeHHEe Ha KOCOIPMUTOBY MATPHLY BHI3LIBAET KOCOCHMMETpH-
yeckoe TpeoOpasoBaHue.

1591, Ilycth ckaanpHOE YMHOXEHHE BEKTOPOB NPOCTPaHCTBA R, 3aiaHO
marpuueit I'pama U wuexoroporo Gasuca. Hafitu ycaosue, neoGxomumoe
H JIOCTATOYHOE MJA TOro, uTOObI JuHeHHOe mpeoOpasoBaHHe ¢, 3aLaHHOE
B TOM e 6Gasuce matpuuei A, OBlJIO caMOCONpsXEHHBIM B Cayyae: a) eB-
Kau10Ba, 6) YHUTApHOTO NPOCTPAHCTBA.

1592%, I{okasaTb, uyTO [Ba CaMOCONMpAMEHHBIX Npeobpa3oBaHus ¢ u
YHHTApHOTO (MMM €BKJWLOBA) INPOCTpaHcTBa R, TOria M TOJbKO TOT1a
MMEIOT OOWHUHA OPTOHODMHPOBAHHBEIK $a3uc COOCTBEHHLIX BEKTOPOB 00OUX
npeo6pa3oBaHuit, Koraa 9Tu TpeoOpasdoBaHHA MNepecTaHOBOYHH. Kakoe
CBOMCTBO KBaApaTHYHLIX (OPM M MOBepXHOCTEH BTOPOro Mopsika OTCI0AA
BEITEKAET?

1593. Ilycts R — eBKJMLOBO MpPOCTPAHCTBO Pa3MEPHOCTH n?, BEeKTO-
pPaM# KOTOPOrO fBJAIOTCA BCe BelleCTBeHHble MATPULBI MOpPALKA 7 ¢ O6GbIY-
HBEIMH CJOXEHHeM MaTpull H YMHOXeHHeM MATPHLBl Ha YMCJO, a CKaasapHOe
npoussenenne Marpun A ==(a;;) U B=(b;;) onpeneneHo paBeHCTBOM

n
(AB) = 2 aubu [ycts, aanee, P u (2 — BellecTBEHHbIE CUMMETPHYECKHE
i,j=1
MaTpULE NOpsAaKa 7.

Hoxkasare, uro JuHefiHble npeoGpasosaHust X = PX u X = XQ
(X — mobas MaTpulla W3 TNPOCTPAHCTBA R) SBJATCA TNepecTAHOBOYHLIMH
CaMOCONDSXKEHHHIMU MpeoOpa3oBaHUAMH TNPOCTPAHCTBA R, M HaWTH CBA3b
Mex 1y OOGIIMM OPTOHOPMHUPOBAHHHIM Ga3HCOM COOCTBEHHHIX BEKTODOB Npe-
ofpasoBanuft @ M P U OPTOHOPMHDOBAHHLIMH GazucaMu C06CTBeHHbe BeK-
TopoB Matpuu P u Q.

1594, CaMoconpsikeHHOe JaMHeHHOe mNpe0Opa3OBAHHE () YHUTAPHOTO
(M4 eBKJMAOBA) NpocTpaHcTa R, HA3BIBAETCA TMOJOXKHTE/MbHO ONpene/eH-
HbIM, ecau (@x, x) > 0, U HeOTpUUATEJbHHM, ecan (X, X) > 0 naa Jio-
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6oro sexropa x =0 u3 R,. JlokasaTb, 4To caMOCONpshKeHHOe Mpeobpa3oBa-
HHE @ TOrZa M TOJABLKO TOrIa MOJOXKHTEIbHO onpeleleHHO (MJH HEOTPH-
1aTeqbHO), KOTAa BCe €ro coGCTBEHHble 3HAYEHHS TNOJOXKHTEAbHB (CO-
OTBETCTBEHHO HeoTpuuarte/abHbl). [Toka3ars, uTo a1 a060r0 (a HE TOJBKO
IJsi  CAMOCONPSKEHHOr0) JMHHEHHOro npeoOpasosanus ¢ u3 (Px, x) >0
(unu > 0) cnenyer, uto Bce COOCTBeHHbIE 3HAYEHHA (p MOJOKHUTEMbHEI
(COOTBETCTBEHHO HeOoTpHUUaTegbHbl). IlpuBecTH mnpuMep, NOKa3bIBAIOLIUA,
YTO 15 HeCaMOCOMPSKEHHOro JHHeHHOro npeoOpasoBaHus 00paTHOe YT-
Bep:K/IeHHe MOxeT OHITb HeBepHO.

1595%, IokasaTh, uto ecau =1y WM =y}, rae ¢ n P —ca-
MOCOTpfKEHHbIE JMUHEeHHble TPe00pPa30oBaHHs C MOMOKUTEALHBIMU COOCTBEH-
HBIMM 3HAaYeHUAMH, a y — YHUTapHoe mpeoOpazoBanue, T0 =19 U y —
TOXIECTBeHHOEe npeobpasoBanue (cM. 3azauy 1276, B).

1596%, Iokasath, u4TO /i060e HEBLIPOXKIEHHOe JuHeHHOe npeobpa-
30BaHUEe ¢ YHUTApHOrO (MM eBKJHIOBA) MPOCTPAHCTBA MPeACTaBAAETCS
KaK B BHae @ ==W;¥;, TaK H B BUIE @ ==Yy, Tle P;, Pp— caMoconps-
KeHHble Npeobpa3oBandsi ¢ MOJIOKHTEAbHBIMA COOCTBEHHBIMM 3HaYeHUSMH,
a Yy» Yo — yHUTApHBIE (COOTBETCTBEHHO OPTOrOHA/bHEE) MPpeoGpa3oBaHus,
npuueM 00a YKa3aHHBIX MpPeCTAB/JeHMS €IHHCTBEHHHI.

1597. Iloyemy paBeHcTBa

(o= (o 0= o))

HE MPUBOIAT K MPOTHBODEYUIO € €AUHCTBEHHOCTHLIO MpeNCTaBJ/eHUf, yKa-
3aHHOTO B npenbmymeﬂ 3ajnaue.

CrenywouMe Marpuusl NpeiCTaBHTb B BUAe MPOU3BeIEHUS CUMMETPH-
YeCKOW MaTpUUBl C MOJMOXUTEJbHHIMM XapaKTeDUCTHUECKHMH YUCJIaMU HA
OPTOTOHA/ILHYIO MaTpULYy:

1598, /2 —1\ 1599, /1 —4\ 1600, 4 —9 2
2 1/ 1 4) 4 4 —1 |
—9 4 2

1601, Ilokaszath, yTO CaMOCOMpsKEHHOE JHHe#HOe Mpeo6pasoBaHUe @
TOTZAa M TOJbKO TOrJa ABJAETCS MOJOXKUTEAbHO ONpEeieeHHbIM, KOT1a
K03 dUUHEHTb €ro XapaKTepUCTHYECKOTrO0 MHOrouseHa A” - o A1+ | .,
... +¢, BCe OTAMUHBI OT HYJd H HMEIOT YepeAyIOUIMECH 3HAKH, W He
OTPULATENbHBIM (T. €. C HeOTPULATeNbHBIMM COOCTBEHHBLIMH 3HAUYEHMSMH)
TOrla W TOJbLKO TOrJa, KOraa KO3(pQUUMEHTH ¢y=1, ¢;, ¢y, ..., €,
OT/IMYHBL OT HYJf M MMEIOT Yepelylowuecd 3HAaKH, a Cp.y, ..., C, PABHH
Hymo. 3a1ech k— noboe uucao ot 0 10 n.

1602*, Ilokaszath, uTO ecad ¢ H | — CaAMOCOMpsAKeHHble Mpeobpa-
30BAHHSI H () — MOJIOKMUTENBHO ONpeleleHHO, TO COOCTBEHHbIE 3HAYEHUS
npeobpasoBauus i BelleCTBEHHH,
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1603*, Jloxasatb, uTO €ciu ¢ M P — CaMOCONPSIKEHHEIE NpeoGpaso-
BaHHS C HeOTPULATeNbHHIMH COOCTBEHHBHIMH 3HAUYEHHAMM, TpPHYEM OIHO
M3 HHMX HEBBIPOXKAEHHO, TO COOCTBEHHBIE 3HAueRHs TpeoGpasoBanus QP
BEWECTBEHHH M HEOTPHUATENbHHI.

1604. IokasaTb, 4TO CyMMa IBYX WM HECKOJbKHX HEOTPHUATEbHBIX
caMoconpsaxeHHbIX mnpeoOGpasoBanutt (cM. 3amauy 1594) sBaserca cHosa
HEOTPULATENbHBIM CAMOCONPSUKEHHBIM TPeOGPa3oBaHHeN,

1605%. [lokasarth, UTO HeOTPHLATENILHOE CaMOCOTpsikeHHOe mpeobpa-
30BaHHe paHra r ecTb CyMMa r HEOTPHLATENbHBLIX CaAMOCONPSIKEHHBLIX TIpe-
obpasosanuft panra 1.

1606%, oxasatb, 4T AuHeliHOe MpeoOGPasoBaHHEe ¢ YHUTAPHOrO NMpO-
crtpancTBa R,, uMeouiee paHr eIMHHUA, TOTIAa M TOALKO TOraa Oyner
HEDTPULATEIbHEIM CAMOCOTIPAKEHHBIM, KOTIA B JIOOOM OPTOHOPMUPOBAHHOM

6a3uce ero maTpuLa npencrasasercad B suge X’'X, rne X —cTpoka 1 yncei.

1607*. Jlokasats, uTo eciu Matpuusl A== (a;;){ n B=(b;,)} spmu-
TOBH M HEOTpHLATe/bHH (T. €. HMMElOT HeoTpuuaTedbHble COGCTBEHHBlE
sHauenns), T0 W marpuna C ==(c;;)], rae Cj=a;b (0 j=12,...,n)—
SPMHTOBA M HeOTpHIaTelbHa (CPaBHUTb ¢ 3amauel 1220).

1608, Jlunefinoe npeoGpasoBaHne ¢ €BKJINIOBA (MW YHUTApPHOTO)
npoctpaHcTBa R, HAa3bIBaeTCH KOCOCHUMMETPHUECKHM, €C/M ¥ == — ¢, r1e
¢* — npeobpasoBanue, conpsukeHHoe ¢. Jlokasartb, 4TO:

a) s Toro uroOml JMHeHHOe TpeoOGpasoBaHMe (¢ €BKJIWAOBA TPO-
CTpaHCTBa OBLTIO KOCOCMMMETPHYECKHM, HeOGXOAMMO W NOCTATOUHO, YTOOLI
ero Marpuua A B mo6oM opTOHOPMHpOBaHHOM Gasuce 6nia KOCOCHM-
MeTpuuecko#, T. e. A'=— A4;

6) nas Toro_ uTo6bl JuHeHHOe npeoOpasoBaHHe ¢ YHUTApHOrO MPO-
CTPaHCTBA OBIIO KOCOCMMMETPHYECKHM, HEOOXOIMMO M IOCTATOYHO, YTOOHI
ero marpura A B 11000M OPTOHOPMHPOBAHHOM 6asuce Gbl1a KOCOIPMHTO-

poli, T. e. A'=—A.

1609%, JlokasaTb, 4TO OpPTOroHajibHOE AOMOJHeHWe L* Kk iuHefHOMY
noanpocrpaucTsy L eBxJnioBa (MM YHHTapHOro) NMpOCTPAHCTBA, HMHBA-
PHaHTHOMY OTHOCHTENbHO KOCOCHMMMETPHYECKOro npeoOpasoBaHus ¢, Tak-
)K€ HHBAPHAaHTHO OTHOCHTEJbHO .

1610*, Jlokasatb, YTO AJs1 KOCOCUMMETPHYECKOTro npeoOpasoBaHHs ¢
YHATapHOTO TPOCTPAHCTBA!

a) coOCTBeHHbie 3HAYeHHs] MHCTO MHHMBl (M, 3HAYHT, XaPaKTEPUCTH-
YyeCKHe YHCJIa KOMIIEKCHOR KOCOIPMHTOBOH, B YAaCTHOCTH BelleCTBEHHOH
KOCOCHMMMETPHYECKOH, MATPULBl YHCTO MHUMBI);

6) cob6cTBesHble BEKTOPH, NMPHHAANEKAIIHE ABYM PasH4YHLIM COOCTBEH-
HBIM 3HAY€HHAM, OPTOTOHAJILHBI;

B) eClli B OPTOHOPMHPOBaHHOM Oasuce Marpuua A npeoGpasoBaHus @
BeulecTBEHHa U COGCTBEHHBIH BEKTOp, MpHHamiexawuit 3HayeHuio fi =+ 0
npencraBled B BUle X —yi, rle BEKTOPH X M Yy HMEIOT BElIECTBEHHHE
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KOOpPIHHATHI, TO X H Y OPTOTOHA/bHBI H HMEIOT OLHHAKOBYIO IJIUHY, MIPHYEM

ox = —fy, ¢y=—=0x; (H

r) KOCOCHMMeTpHuecKOe npeo6pa3oBaHHe eBK/IHAOBA NPOCTPAHCTBA
Bceria ofaanaer OIHOMEDHLIM WM JABYMEPHBLIM HHBAPHAHTHBIM MOAMPO-
CTPaHCTBOM.

1611*, JokasaTb, uTO:

a) a7 MoO0ro KOCOCHMMETPHYeCKOro npeoOpasoBaHds @ yHHTAPHOTO
TIpOCTPaHCTBAa R, CYlIeCTByeT OPTOHODMHMPOBaHHLI# 0a3uc, cocTosLMH
H3 coBCTBEHHBIX BEKTOPOB Npeobpa3oBaHds @. B sTom Gasuce Matpuua @
ABNAETCA [OWArOHA/MbHOH C UMCTO MHHUMBLIMH 3/IEMEHTAMH HA JHArOHAIH
(npHueM HEKOTODHIE M3 3THX 3/MeMEeHTOB MOTyT paBHATbCs Hyao). Kaxoe
CBOMCTBO KOMIJIEKCHBIX KOCO3PMHTOBBIX MATPHL, OTCIONA BHLITEKAET?

6) aas mobOro KOCOCHMMETPUYECKOTO npeoOpasoBaHHs @ eBK/IMLOBA
mpocTpaHcTBa R, CyllecTByeT OPTOHOPMHPOBAHHBIL 6a3uc, B KOTOPOM
MaTpuLa HMeeT C/elIyIOLHH KaHOHHYECKHH BHA: MO rJaBHOH aAmaroHamu

0
CTOAT KJAeTKH BTOPOTO TMOpsSIKa BHIA < v tae p+%=0 u uyne-

—p 0
Bble KJETKH MepBOTO Mopsinka (KJAETKH OOHOTO M3 3THX THMOB MOTYT
.0TCyTcTBOBaTh). KakoB reoMerpuueckuit cMpicn npeoOpasoBaHus, Kakoe
CBOHCTBO BelLIECTBEHHBIX KOCOCHMMETPHYECKHX MATpPHUI OTCIO]1d BHITEKaer?

1612, JlokasaTh, uTO ecaH ¢ — CaMOCOTPSHKeHHOe Mpeobpa3oBaHHe
YHUTApHOTO MPOCTPAHCTBA, TO Npeobpa3oBaHWe =i ABJISETCH KOCO-
cuMMerpHyeckuM. OOPaTHO, ecH @ — KOCOCHMMETPHYECKOE, TO = ip —
€aMOCONpskeHHOe TipeoOpasoBaHue.

1613. Jllokasatb, 4TO eCNH @ — CaMOCOTpsKeHHOe Mpeo6pa3oBaHHe
YHUTAPHOTO MPOCTPaHCTBA, TO npeobpasoBanue == (¢ -~ ie)~ 1 (p - le),
rje € -— TOXIECTBeHHOEe MNpeoOpa3oBaHue, CYLIECTBYeT M SIBISETCS YHH-
“TAPHLIM,

1614#%, IlokasaTb, 4TO KOCOCHMMeTpPHYECKME W YHHTapHHe fpeobpa-
B30BAHUS YHHTAPHOrO MPOCTPaHCTBa (M COOTBETCTBEHHO KOCOCHMMETpHue-
CKHE H OPTOrOHaJbHbIE NPeoOpa3OBaHUA eBKJIMAOBA NMPOCTPAHCTBA) CBA-
3aHbl CJAeLyIOUHM 06pa3oM: ec/H B PaBEHCTBE

b=E—) e+ (1
{rae &€ — TOXK1eCTBEHHOE NMPe0BpPa3OBaAHUE) (P — KOCOCHMMETPHYECKOE Tipe-
-o0pa3oBanne, TO \p— yHHTapHOe npeoOpa3oBaHue, He HMeloliee co6-
CTBEHHBIM 3HauyeHWeM uncao — 1. O6pario, ecau B TOM xe paseHcTse (1)
p — yHUTapHOEe npeoOpa3oBaHue, He HMewollee COOCTBEHHBIM 3HAYEHHEM
yueno — 1, 10 P — KOcocuMMeTpHueckoe npeoOpa3oBanue. PaseHcTso (1)
onpelejsieT B3aUMHO OXHO3HauHOe OTOOpaweHHe BCeX KOCOCHMMeTpHue-
CKHX TpeoOpa3oBaHHi Ha Bce yHUTapHble TPeoOpa3oBaHUA, He HUMEKOLIHe
COOCTBEHHBIM 3HayeHHeM UYHC/A0 — 1. AHAa/NOTHYHAs CBA3b UMEeTCH Mewiy
KOCOCHMMETPHYECKHMMH ¥ OPTOTOHA/NLHLIMH TpeoGpa3oBaHUsMH €BK/H10B3
npoctpancrBa. Kakue cBolcTBa MaTpHiL OTCIOAa BHITEKAIOT?
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1616. [Mokasars, uTo pasenctso (1) npenmayiied 3anaud onpefe-
A9eT B3aMMHO OJHO3HAYHOE COOTBETCTBHE, BO-NEPBLHIX, MEX1y BCEMH
HEeBBIPOKIEHHBIMH KOCOCHMMETPHYECKHMH NPeoGpasoBaHUAMH H BCEMH YHH-
TAapPHEIMU (COOTBETCTBEHHO OPTOTOHAJbLHBIMH) MPe0OpPa3OBAHUAMH, He UMEK0-
WHUMH COGCTBEHHHX 3HAaueHU# =1, W, BO-BTOPLIX, MEXILY BCEMH BLIPO-
*KIEHHBIMH KOCOCHMMETPUYECKUMH NPeobpasoBaHUAMM U BCEMH YHUTAPHLIMA
(OPTOrOHAJbLHLIMH) NPEOGPA3OBAHUAMY, HMEKOWMMU CcOOCTBEHHbIE 3HAue-
Hug —-1, HO He uMelolIUMM COOGCTBEHHOTO 3HavyeHus —1.

1616, IIoxasatb, 4TO €c/M (p — KOCOCHMMETpHYECKOE npeobpasoBanue
YHUTAPHOTO (MJM €BKJAMI0BA) MNPOCTPAHCTBA, TO TmpeobpasoBanue €@
ABJAETCS YHUTAPHBIM (COOTBETCTBEHHO OPTOTOHAAbHLIM). Kakoe cBoHcTBO
MaTpHL OTCIONA BBHITEKAeT?

1617%, [lokasaTb, 4TO QyHKIMA €7 BbI3LIBACT B3AUMHO OJHO3HAYHOE OTO-
6paskeHHe BCeX CaMOCONPSKEHHBIX NPeoOpa30BaHUA YHUTAPHOTO (UJIH €BKJIH-
10Ba) TPOCTPAHCTBA HA BCE MOJOKHTENLHO ONpejeneHHble (T. €. caMoconps-
»eHHble C MOJOXKHTEIbHbIMH COOCTBEHHBIMH 3HAYeHHUSIMHM) TIpeoGpasoBaHus.

1618. Jluuetinoe npeoGpasoBaHue ¢ yHUTAPHOTO (WM €BKJMLOBA) MpPO-
CTPAHCTBA HAa3biBAEGTCSl HOPMAAbHBLIM, €CJAM OHO NePeCTaHOBOYHO C COmpsi-
XeHHbIM eMy npeoOpasoBanueM ¢*. [IpoBepHTb, UYTO CAMOCOMPSKEHHbLIE,
KOCOCUMMETPHUECKHE U YHUTAPHbIE (MM OPTOTOHANbHBIE) NPeoOpasoBanus
HOPMaJbHbi. N

1619. JlokasaTh, 4TO HOpManbHOe NpeoOpa3oBaHME YHHTAPHOTO (UM
€BKJIMI0BA) INPOCTPAHCTRA TOTAA M TOJMbKO TOTrAAa sBJASETCS caMoconpsi-
MEHHBIM, KOrja Bce ero coOCTBeHHble 3HauYeHMs1 (COOTBETCTBEHHO BCe
KOPHM €r0 XapPaKTepUCTHYECKOTO YPAaBHEHUA) BElECTBEHHHI.

1620. iloxasaTb, 4TO HOpPMaJabHOe NpPeoOpasoBaHHe YHUTAPHOTO (UaH
€BKJWA0BA) MPOCTPAaHCTBA TOTAA U TOJBLKO TOTIAa ABJAETCH YHHUTAPHBIM
(COOTBETCTBEHHO OPTOTOHAJbHLIM), KOTJA BCE €ro COOCTBEHHble 3HAYEHMS
(COOTBETCTBEHHO BCE€ KODHH €ro XapaKTEePUCTHYECKOTO YpaBHeHHs) 110
MOAY/I0 PaBHLl eIHHULE.

1621, Iloxasath, 4TO HOpManbHOe Npeo6pas3oBaHUe YHUTAPHOTO (MM
€BK/IM10Ba) TNPOCTPAHCTBA TOTAA W TOJBKO TOrAa fIBASETCH KOCOCHMME-
TPUUECKHM, KOrJa BCE€ €ro COOCTBEHHbIE 3HayeHHs (COOTBETCTBEHHO BCe
KOPHH €r0 XapaKTEePHCTHYECKOTO YPABHEHUS) YHCTO MHHMBL.

1622, IoxazaTb, uTO JuHeRHOe npeoOpa3oBaHHe ¢ YHUTAPHOTO NpPO-
CTPaHCTBA TOTAA W TOJBKO TOTJa fIBASETCS HOPMAaAbHBIM, KOTAd @ =YY%,
rae \p — caMOCOMPsIKEHHOE U Y — YHHTapHOe INpeoOpa3oBaHusd, nepecTa-
HOBOYHHEIE Mex1y coboft.

1623, okasaTb, uTO:

a) Kawpuoe nauHelHoe npeoGpa3oBaHue (p OJHO3HAYHO TIPENCTABAAETCH
B BUIe ¢ =@, + ¢y, T1€ (P, — CAMOCONPYIKEHHOE H Py —— KOCOCUMMETPH~
yeckoe npeolpas3oBaHus;

6) Las TOro uyrofel mpeoOpasoBaHue p OLIIO HODPMAJNBHHIM, He00XO-
IMMO M JOCTAaTOYHO, uTOGH npeo0pasoBaHus ¢ H (p, B BLILIEYKAa3aHHOM
NpeiCcTaBAEHHH ObLIH NMEPECTaHOBOYHHI,
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1624. IokasaTb, uTO:

a) Kaxioe auHeHHOoe NPeoOpa3’OBaHHE ¢ YHMTAPHOrO TNPOCTPAHCTBA
OIHO3HAYHO TPENCTABASETCS B BHIAE @ == @~ i, Fae @ H @y — CaMo-
CONpsKEHHbe Npeo6pasoBanusd;

6) aag toro urobu NpeoOpasoBaHHe @ OLLIO HOPMAJbLHBIM, He0OXO-
IMMO M JOCTAaTOYHO, uTOGH TPeoOpa3oBaHHs ¢, U @y B BhillEYKA3aHHOM
NpeACTaBIeHHH ObIIM TepPecTaHOBOUHDL,

16256*, Ilokasatb, 4ro aad mo00# (koHeuHO# uan GeckoHeuHoH) co-
BOKYMHOCTH TIOMAPHO MNepPeCTaHOBOYHEIX HOPMATbHBIX TpeoOGpasoBaHuii
YHHUTAPHOTO TPOCTPAHCTBA R, CYlleCTByeT OPTOHOPMHpOBAaHHMH Gasuc,
BEKTOPHl KOTODOrO SABJAITCA COOCTBEHHBLIMH AMA BceX npeoOpa3oBaHul
JAaHHOU COBOKYMHOCTH.

1626. Ilokasatb, 4TO H3 A1060r0 HOPManbHOTO mNpeo6pa3oBaHuUd @
YHHTApHOTO MpocTpaHcTBa R, MOXHO B 00JacTH HOpPMaabHHX mpeobpa-
30BaHMH M3BJEYb KOPeHL R-# CTemenn 1aa MoGOF0 HAaTYypalbHOrO uucaa k.
Ha#Ti uMc/I0 Pa3ANUHBEIX HOPMATLHBEIX PeoBpPa3oBaHui P TakuX, uTo P* = @.

1627%, IlokasaTb, 4TO eC/lW X — COGCTBEHHLIi BEKTOP HOPMAJbHOTO
npeo6pa3oBaHis (¢ YHHTAPHOrO (MM €BKJWIO0BA) MPOCTPAHCTBA, MPHHAL-
Aexauni coGCTBEHHOMY 3HAueHHI0 A, TO X aBAseTC COOCTBEHHBIM BEK-
TOPOM I/ CONPSKEHHOrO npeoOpa3oBaHHA (¥, NPHHALAEKALIHUM CONpPS-

XEHHOMY (COUTBETCTBEHHO TOMY K€ CaMOMY) uucay A.

1628*%, JlokasaTb, 4TO COOGCTBEHHBLIE BEKTOPHI HOPMAJbHOro npeobpa-
30BaHHfA, MpHHALnexaluue IBYM pa3JHuHbIM COOCTBEHHBIM 3HAYEHHsAM,
OpPTOTOHAJIbHBI.

1629%. Tlyctb e — colcTBeHHEI ReKTOp HOpManbHOro mpeoGpaso-
BaHua . IlokasaTh, uto moanpoctpaHctBo L, cocrodliee M3 BCEX BeK-
TOPOB NPOCTPAHCTBA, OPTOrOHAJbHLIX €, WHBAPMAHTHO OTHOCHTEILHO (.

1630%, [loxasaTh, uTO A HOPMAaJbLHOCTH JKHHEHHOro npeo6pasoBa-
HHA ¢ YHUTApDHOTO MNPOCTPAaHCTBA HEOOXONMMO H HOCTATOYHO, uTOGHI
KaXIbl# COOGCTBeHHHIH BeKTOp ¢ Gbll COOCTBEHHEIM H 1 ¥,

1631*. [lokasaTb, uTo /11060€ MOANPOCTPaHCTBO L YHHTAapHOTO Mpo-
CTPaHCTBa R,, MHBADHAHTHOE OTHOCHTENBHO HOPMaJbHOrO NpeofHpasoBa-
Hug @, 00aanaetT OPTOHOPMHMPOBAHHBIM $a3HCOM, COCTOALINM H3 COOCTBEH-
HbIX BEKTODOB MNpeo0pasoBaHHs (.

1632%, [ogopar, ur0 AuHe#HOe npeoGpazoBanne ¢ yHUTAPHOTO (MM
eBKJMA0BA) NPOCTPAHCTBA R, 00JalaeT HOPMAAbHOLM CBOHCHMBOM, €CIH
OpPTOTOHA/MbHOE AONOJHeHHe L* nas Kaxaoro moampocrpaHcTsa L, umHBa-
PHAHTHOFO OTHOCHTEJLHO (), CaMO HHBAPHAHTHO OTHOCHTENbHO @. [loka-
3aTb YTBEPKAEHHE: I/ TOro 4ToGbl JHHeliHoe mpeoGpazoBaHue ¢ YHH-
TAPHOTO (MM €BK/HMIOBA) MPOCTPAHCTBA GHIIO HOPMAALHBIM, HeOOXOAMMO
M NOCTATOYHO, uTOOBl @ 00/1a4aJ0 HOPMaJbHLIM CBOHCTBOM.

1633*, Jlokasath, uTO 1/l HOPMaJILHOCTH JWHeHHOro mpeoGpasoBa-
HUAL @ YHUTAPHOTO (/M €BKJMIOBA) MPOCTPAHCTBA HEeOOGXOIMMO M JOCTa-
TOYHO, YTOGH KaKAO€ TOANPOCTPAHCTBO, WHBAPUAHTHOE OTHOCHTENBHO @,
OLIJIO MHBApHAATHO H OTHOCHTENLHO ¥,



OJOMOJIHEHHWE

§ 20. I'pynnu

1634. BuiscHutb, o0pasyeT an FPyNny Kaxioe H3 CJACAYIOUUX MHO-
IKECTB NPH yKa3aHHOH Onepaunu Hal 3JeMEeHTaMH:

1) ueabie yHCIa OTHOCHTENbHO CJOXKEHHH;

2) yeTHble YHC/AA OTHOCHTENBLHO CJOMKEHUS;

3) uesple uWcna, KpaTHbie NAHHOMY HATypajJbHOMY UYHCAY 1, OTHO-
‘CUTENILHO CJIOMEHHUS;

4) CTeneHH AaHHOrO REHCTBHTEJNBHOrO uHcaAa a, a =+ 0, *1, ¢ ue-
JIBIMH TI0K23aTeJIAIMH OTHOCHTE/ILHO YMHOXEHHUS;

5) HeoTpHUATeAbHble Le/ble YHC/IA OTHOCHTENLHO CJIOXEHHUS;

6) HeueTHble LeJable YNCAA OTHOCHUTENBHO CJIOXKEHHS;

7) uenble 4HCJIa OTHOCHTEJbHO BLIUHTAHHA;

8) paunoHa/bHbIE YHC/AAa OTHOCHTENbHO CJOMEHHS;

9) pauMoHajbHble YHC/A3 OTHOCHTE/BHO YMHOXEHHUS;

10) pauMoHanbHbIE YMCAA, OT/AWUYHBIE OT HYJH, OTHOCHTEJNbHO YMHO=

11) nosoxuTtesbHble PAaLMOHA/IbHbie YHCIA OTHOCHTENBHO YMHOMEHHS;

12) monoxuTeNbHbie PALHOHAJIbHBIE YUC/Aa OTHOCHTE/NLHO Ie/eHHS;

13) ABOMUHO-paLMOHANbHBIE YHCJAA, T. €. PALMOHAJAbHbIE YHC/]A, 3Ha-
‘MEHATeNU KOTOPBIX — CTeNeHH uuc/aa 2 ¢ LeJbIMH HEeOTPHLATENbHbIMHU
MOKA3aTeNAMH, OTHOCHTEJBHO CJAOXEHHH;

14) Bce pauuoHa/ibHble 4YHC/AA, 3HAMEHATEJAH KOTOPHIX PAaBHBI NMPOW3-
BEJEHHsIM TNPOCTBIX 4YHCeJd U3 NaHHOro MHoxectBa M (koHeuHoro Hau
6eCKOHeyHOro) C LEJABIMH HEOTPHUATE/bHbIMH MOKa3areasmMu (JHIbL KO-
HEYHO® YHC/JI0 KOTOPBIX MOMET OblTb OTJIHYHO OT HYJ/A), OTHOCHTE/bHO
CJIOXeHNS;

15) kopHH n-K cTeneuu W3 eanHuubl (Kak AeHCTBUTENbHblE, TaK U
'KOMIIJIEKCHBIE) OTHOCHTE/IbHO YMHOXEHHS;

16) KOpPHM BCeX ULeJAbIX NOJOXHUTE/bHBIX CTENeHeR M3 eAMHHLUB OTHO-
'CHT@JIBHO YMHOXEHHS;

17) MaTpuubl nopsajika n ¢ AeACTBATE/bHBLIMH 3JIeMEHTaMH OTHOCHU=
TeJbHO YMHOMXEHHUS;
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18) HeBHIpO¥HeHHble MATPHUB NOPAAKa # C IeHCTBUTENbHBIMH 3Je-
MEHTAMH OTHOCHTEJBLHO YMHO)KeHHﬂ;

19) MaTpuuBbl mopsiaKa 72 C LEJbIMH 3/€MEHTAMH OTHOCHUTEJNLHO YMHO-
HeHHus;

20) Marpulbl NOPAAKa 7 C LUeJbIMH 3JeMEHTAMH W ONpele/HTeleM,
PaBHBIM eJMHHLE, OTHOCHTEJBHO YMHOMXEHHR;

21) maTpuubl nopsika 7 C UeJbIMM 3JeMeHTaMH U ONpee/IUTe/eM..
paBHeiM 1, OTHOCHTENbHO YMHOXEHHS;

22) MaTpuub nopsiika # C JNeHCTBHTENbHBIMM 3J€MEHTAMH OTHOCH-
TeNbHO CJIOXEHNs;

23) noncranoBkn yucea 1, 2, ..., 7 OTHOCHTEJbHO YMHOMEHHS;

24) yeTHble NONCTAHOBKM uynces 1, 2, ..., n OTHOCHTEJIbHO YMHO-
WeHUS;

-25) HeyeTHble TMOACTaHOBKH umcen 1, 2, ..., n OTHOCUTENbHO YMHO-
WeHus; N

26) B3aHMHO OJLHO3HAuHBie OTOGpakenus MHoxecrea N = {1, 2, 3, ...}

HAaTypanbHBIX uYHCea Ha ce0d, KaxlIoe H3 KOTOPHIX MNepeMellaeT Jullib
KOHeuHOe YUCJO UHCeJ, eCJAM 3a NpousBelneHne oToOpaxeHud s u £ npu-
HATO OTOOpaxeHne §f, KOTOPOE NOJMYUYaeTcs NP NOC/EL0BATEJbHOM Bhl--
NOJIHEeHRH ©ToOpaweHut# s U f;

27) npeobpasoBanHs MHOxecTBa M, T. €. B3aWMHO OJHO3HAYHblE:
0TOOpaxKeHHsl TOTO MHOXKEeCTBa Ha cebs, ec/u 3a Npou3BelieHue nmpeobpa-
30BaHH#t S M ! npuHATO mnpeoOpa3oBanue Sf, KOTOpOe TMNOJYYaeTcd NpH.
NOC/Ie0BaTeNbHOM BHINOJHEHHH NpeoOpa3oBaHuit s u f;

28) BEKTOpHl 7-MepHOTO JHHEHHOrO NPOCTpaHCTBa R, OTHOCHTENLHO:
CJIOKEHHS;

29) napannenbHble NepeHOCH TPEXMEPHOTO NPOCTPAHCTBA R, ecau 3a:
NpOH3BeJleHHe TEPEHOCOB § M [ NMPUHATO MX MOCJENOBATENbHOE BHINOJ-
HeHuUe;

30) noBOpPOTH TPeXMepHOro NpOCTPaHCTBa R BOKpYr LaHHO# Touku O,
eC/M 32 NPOH3BeLeHHe MOBOPOTOB § H { NMPHHATO MX MOC/AEA0BATENbHOE
BHINOJIHEHHE;

31) Bce NBHXEHHst TPEXMEPHOTO NpOCTpaHCTBa R, €CAM 3a NPOU3Be-
IeHHe IBHXKEHMH § M ¢ TNPHHATO IBHXeHHe SE, TOJyvaiolleecs HpPH NO-
C/e1l0BAaTe/JbHOM BBHIMOJIHEHAH IBHXKEHHH § M f;

32) nosoxuTebHEle NeHCTBHTEJbHEIE YHC/AA, €CJAH OYepalus omnpeje-
aserTca Tak: a * b= a’ '

33) moJsoxuTeNbHEE 1eHCTBUTENbHBIE YHC/A, €CJAM OmNepalus omnpeje-
JeHa Tak: a * b= a2b%;

34) neficTBUTe/NbHbIE MHOTOU/EHBl CTeneHH < 72 (BKJIOYas HYJb) OT
HEH3BECTHOTO0 X OTHOCHTEJBbHO CJOMKEHHR,;

35) neHcTBHTE/bHblE MHOTOY/EHBI CTENEHH 71 OT HEM3BECTHOTO X OT-
HOCHTEJBHO CJOXEHHUS;

36) neficTBUTeNbHBIE MHOTOW/IEHB JMI0OBIX crTeneHefl (BK/KOYAaZ HyJb)
OT HEHM3BECTHOrO X OTHOCHTEJbHO CJOXEHHS.



216 JAOTIONHEHUE " [1635—1647

1635. Hdoxasarb, ur0 KOHeyHoe MHOwecTBO (, B KOTOPOM oOlpene-
JeHa accoudarusHas amrebpanmuyeckas oONepalMd U KawI0e U3 ypaBHeHUH
ax—=—>b, ya=1>5 naa mobuix a u b us G umeer B G He GoJjlee OIHOrO
pewenns, OyleT TpYNMoOH.

1636. doxasatb, uTo ecnu a?==-e 1A mo6Oro saemenTa a rpynns G,
TO 3Ta rpynna abenesa.

1637*, Jlokasarb, uTO rpynna KOpHeH n-# CcTemeHH W3 elMHHLE
SIBAAETCS eIMHCTBEHHOH MYMbTHIVIMKATHBHOR rpymnnot n-ro mnopsika
€ YHCJOBLIMH 3JeMEHTaMH.

1638%, Ha#ttu BCe (c TOYHOCTBIO 1O M3OMOp(HU3Ma) rPyNNbl MOPALKA:
a) 3; 6) 4; B) 6. Hanucarb TaGnuipl yMHOXeHMA 3TUX TPYNNm W Npen-
CTaBUTb 3TU TFPYynNbl B BUAE TPYNN MOLCTAHOBOK.

1639*, [TokasaTb, 4YTO BpallleHHd KAXKIOrO U3 MATH MPaBUJIbHBIX
MHOTOTpaHHHKOB BOKPYr LEHTpa, COBMeLIAI0lHe MHOrOTPAHHHK C CaMHM
coboft, 00pa3yloT rpynmy, ecjid 3a yMHOXeHUe IBYX BpauleHUR NpPHHATDL
UX nocjaenosarenbHoe BoinoJHeHde. Haittu mopasku 3tux rpynm.

1640. Hdoxasarb, uto rpynnsl 1)—4) sanauu 1634 usaomopdHbl MemLy
co0ot.

1641. Joxasatb, 4ro:

a) Bce OeckoHeuHble LHKJIHYECKHE rpynnel H3OMOpPHB MexLy coOoft;

0) BCe KOHeyHble LMKJHYECKHE TPYMNbl AAaHHOTO MNOPAIKA 7 M30-
MOpdHB Mexcny coGoH.

1642, Joxasarsb, uro:

a) rpynna MoMOXUTENbHBIX AeHCTBHTENbHHX YHCeJ MO YMHOXEHHIO
u3oMopdHa rpymnne Bcex LEHCTBUTEJbHBIX YHCEN MO CIOMEHHIO;

6) rpynna noJOXHUTEMbHHX PAUMOHANBHLIX YuCe] MO YMHOMEHHIO HE
M3oMOp¢dHa rpynne BCeX PaUHOHAMbHBIX YUCeA MO CJAOMEHHIO.

1643*, [okasarb, yTO:

a) mobas KoHeyHad rpynna nopsika n usoMopdHa HexkoTOpOH rpynne
NOJACTAHOBOK 7 3JIEMEHTOB;

6) moGaa rpynna u3oMop¢Ha rpynne HEKOTOPHX B3aMMHO OAHO3HAY-
HBIX OTOOpaxeHUM MHOXKECTBA I/eMEHTOB 3TOH rpymnnbl Ha cebs.

1644, oxkasatb, 4To 1 JOGLIX 31eMedtoB ¢, b, ¢ rpynnb G:

a) 3jeMeHTH ab M ba HUMeOT OLMHAKOBHIH MOPSAIOK;

6) anemeurn abc, bca M cab MMeOT OAMHAKOBLIE MOPSILOK.

1645. Jlokasatb, uTO eciH €— eIUHULA U @ — IJEMEHT MOpALKa n
rpynnet G, To g*==e TOr1a M TOABKO TOrAa, KOTAAa R IeMMTCA Ha .

1646. Hatitu Bce oOpasyioiide 3JeMeHTH aLIHTHBHOH rpynnbl ueabix
umcels.

1647, Ilycts G = {a) — uuxanveckas rpynna nopsaika n u b= a”.
JloKasath, 4TO:

a) dJIeMeHT b TOria M TOMbKO Toraa Gyier obpasylouium rpynms G,
KOrja 4ucja n U £ B3aHMHO MNPOCTH;
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n
6) mopsiok 3nemeHTa b paseH - rie d — Hau6oabmHi oOwHMH ne-

JUTeJb N U R; i

B) ecam n u k Baammuo mpocte, To B G cywectsyer kopens Va.
T. e. @ apigetcd k-# cTeneublo HekoToporo siaementa U3 G u o6patHo;

T) B IpyNne HEYeTHOro NOPSIAKA BCe 3JeMEHTH HBJAAIOTCA KBaapaT-
HBIMH.

1648%, [loka3aTb yTBepMKIeHHS:

a) ecad 3JjeMeHTH @ W b rpynnel G nepecTaHOBOUHEL, T. €.

ab = ba, M

M MMEIOT KOHeuyHble B3aMMHO TPOCTHe MOPAIKH 7 M §, TO MX NpOH3Be-
neHHe ab uMeer TOPALOK rS;

6) ecnu saeMeHTH @ W b rpynnsi G nepecTaHOBOYHB, NMEIOT KOHEu-
HB'e TIOPSALKH 7 M § U MepeceyeHue HX UMKJIAMYECKHX MOATPYNN COLEPKHT
JUIIb eMHULY e, T. €.

{a) n {6} = {e}, @)

TO NOPSAOK NMPOM3BeleHHst @b paBeH HauMeHbluemy OOLIEMY KpPaTHOMY r
u s. [lokasatb Ha npuMepax, 4TO [/ CNPaBeLJIMBOCTH TNOC/eNHEro
yTBepamaeHus Kaxaoro M3 ycaosu# (1) u (2) B oTAeJAbHOCTH HenocTa-
TOUHO M uTO ycaosue (1) He sABAseTCA CJAENCTBUEM YCJOBHA (2), Laxe
[ B3aUMHO NPOCTHLIX MOPSAAKOB 3JIEMEHTOB @ U b;

B) €C/M TMOPAIKH r U S SJIeMEHTOB a M b B3aUMHO TNPOCTH, TO YCJIO-
e (2) BBIMOJHAETCH;

r) nOKas3aTb Ha npuMepe, yTo 06e3 yc/oBHA (2) NMOPAIOK NpOM3Bele-
HUS ab He onpeleasiercs OJHO3HaYHO MNOPALKAMM COMHOXHTeneR a u b.

1649, Kakue u3 rpynn sanaun 1634 saBasioTcd nOATpynnaMu APYyrux
M3 3THX rpynn?

1650. HOokasatb, uTO:

a) ecan H — KOHeyHoe MHOKeCTBO 3jeMeHTOB rpynmsl G u npousse-
JeHWe ABYX MOObLIX 3aemeHToB M3 H cHoBa aewut B H, 10 H Oyaer
noarpynnoit rpynns G; .

0) ecmm Bce 3aeMeHTHl MHoxecTBa H rpynnet G MMEIOT KOHeuHbie
NOPAJKH W TIpOM3BelleHHe ABYX JIOOLIX 371eMeHTOB M3 H cHoBa jexur
B H, To H Gyzer moarpynno#t rpynmu G.

1651, Jokasatb, u4to B a1000#f rpynme NOLCTaHOBOK, COAepalien
x0T Obl OJHY HeYeTHYI0 NOACTAHOBKY:

a) YMCIO YETHBHIX NMOACTAHOBOK DPaBHO YHC]Y HEYeTHHIX;

6) ueTHble MOACTAHOBKH OGPA3yIOT HOPMAJNbHLIE JeNUTeb;

B) BCe MpPOCTble FPYMINEl MOACTAHOBOK M 3JaeMeHTOB (rle n > 2) co-
Jepxarcs B 3HakomepemeHHOW rpymne A, (npocmod Ha3biBaeTca rpynna,
He HMelwas HOPMadbHBIX Jenautenedf, Kpome ceba camoit M eRHHHYHOMH
NOATPyNMsl).
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16562, Ilokasatb, uto Mo0Gas GeckoHedyHas rpynna HMeeT GecKOHEUHOeE
AHCAO MOATPYMIL

1653. Hafttu Bce (c TOUHOCTBIO 10 U3OMOP(HM3Ma) Tpymnbl, Kax.las
#3 KOTOpbIX H30MOpdHa /M000# cBOeH HeelMHWYHOW MOArpymme.

1664. Hatfitu Bce noarpymmsi:

a) UMKJAMYecKOR rpymmbl nopsaka 6;

6) umkanuecko# rpynmel nopaika 24;
B) ueTBepHO# rpymnbl (3azaya 1638);
r) cummerpuueckoft rpynnu Sg;

1) Kakue W3 MOATPYNN rpynmet S; ABASIOTCA HOPMAJbHBIMH JAeldTe-
M ? .

e) AOKas3aTb, 4YTO 3HAKOMepeMeHHas rpymma uerBeprof crenenn A,
He HMeeT MOATrPyNnel liectoro mnopsika. Takum o6pasom, rpymna G
nopsiika n A9 HEKOTOPBIX R, HAeMAUX N, MOXET He HMeTb NOArpynn
mopsaika k.

1656. Hatttu Bce noarpynnsl rpynnel G nopsika 8, BCe 3JeMEHTH
KOTOPOH, KpoMe eIMHHUB e, HMeT NOpsIoK 2.

1656. Ilyctb G = {a} — KOHeuHas UMKIHYECKAA rPynna MOpsiKa r.
Jlokasath yTBepKIEHHN:

a) nopsaack Jao6o# noarpynnel rpynnbel G feAHT NOpAROK n 3To#
rPyIb;

6) s mo6oro aeautens d 4MCIA 7 CyLIECTBYeT eJHHCTBEHHAsd NOJ-
rpynna H rpynnel G, umeiowas nopanok d;

8) noarpynna H nopsiaka d COLepKHT B KauyeCTBe 06pasyiowiux bce

n

-anementThl nopaska d rpynnel G. B wactHocTh, H:{a_d_}.

16567%, Hatitn BCe nOATpyNnbl NPHMAPHOH WHK/IHYECKOH TPyl T. €.
uukamueckolt rpynnsl G = (a) nopaaxa p*, rae p — npocroe uncio.

1658%, Ilokasarh yTBepKIeHUS:

a) cummerpuyeckas rpynmna S, npu n > 1 NOPOKAAETCS MHOMECTBOM
BCex TpaHcnosuuuit (i, j);

6) cHMMeTpHueckas rpynma S, npH n > 1 nopomaaeTcs TPaHCMO3H-
wmamu: (1, 2), (1, 3), ..., (1, n);

B) 3HaKonepeMeHHas rpynna A, npu n > 2 NopoKaaeTcs MHOXKECTBOM
BCeX TPOHHBIX UMKJAOB ([ J R);

r) 3HakonepeMeHHad rpynna A, npH n>> 2 NOPOKIAETCA TPOUHLIMH
auukaamu: (1 2 3), (12 4), ..., (1 2 n).

1659, Hatitn cMexHble KJacchl:

a) aIJMTHBHOR TPYMNBl LeAbIX YMCeJa MO MOATpPYINe YHCea, KPaTHHIX
- LaHHOMY HATypPanbHOMY UYMCHY 72;

6) alOUTHBHOX IpyNNbl IEHCTBHTE/BHBIX YHCEN MO MOATPYNIe UENBIX
yKcen;

B) aAAMTHBHOH TIPYNNbl KOMIVIEKCHBIX uYHCeJa MO MOATPyNne UeJbX
FayccoBHIX uHCead, T. €. udcen a-bi ¢ ueneiMH a u b;
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r) aiIMTHBHOH TrpyNNbl BeKTOPOB MJOCKOCTH (BHIXOIALIMX H3 Havana
KOODJAMHAT) MO MOArpyINNne BeKTOPOB, JeXalwnx Ha ocH abcuncc Ox:

1) MYJAbTHIVIHKaTHBHOM PYNIB KOMIJIEKCHBIX YHCEJ, OTAHYHBIX OT HYJS,
No DOATPYNNeE uHCe, PABHBIX MO MOLYJI €IHHHUE;

) MyJbTHIJIMKaTHBHOR FPYNIB KOMIIEKCHBIX YHCEJ OTAHYHBIX OT HYJA,
No TMOArpymnne TOJOXHTEJAbHHX NeHCTBHTEJNbHEIX UYHCeN;

) MyJbTHIJIMKaTHBHONA TPYNIbl KOMIJIEKCHBIX YHCEJ, OTJIHYHBIX OT HYJI4,,
no noarpymnne AeHCTBHTE/bHBIX YHCEJ;

3) cMMMeTpuueckofl rpynnsl S, no MOArpynne noACTaHOBOK, OCTABAI0-
IIKUX YHCJIO 1 Ha MecCTe.

1660%, IoxasaTb, uro:

a) noarpynna H mnopsika k koueunoft rpynnet G nopsaka 2k conrep-
KHT KBazpaThi Bcex 3sJeMeHToB rpynnn (;

6) noarpynna H uuaekca nsa MmoGoH rpynnbl G COLEPKHT KBALpaTh
BCeX 3neMenToB rpymibi G.

1661*, Nokasatb, uyTO mpu n > 1 3HakonepeMeHHas rpymna A, sB-
JfeTc €NMHCTBEHHO# mMOArpynmo#t MHAekca IBa (T. €. Colepxaiue# mojo-
BUHY BCEX 3/IEMEHTOB) B cMMMeTpuyeckol rpymne S,. IlpuBectH mpumep
'KOHe4YHOH Tpymmbl, cojepxaliefl HECKOJNBbKO NMOArPYNN WHIEKCa 1Ba.

1662%, Jokasate, uTo:

a) rpynmna TeTpasjipa M30MopdHa rpynne YeTHbIX MOACTAHOBOK YEThi-
peX 3JIEMEHTOB; '

6) rpynnel ky6a M OKTas’Apa H3OMOD({HE rpynne. BceX NOACTAHOBOX
YETBHIpEX 2JIEMEHTOB;

B) Tpynmnbl 10JeKa3Apa H WKOCA3Apa H30MOp¢HLI TPYNNE YETHBIX MOML-
CTAHOBOK TNATH 3JeMeHTOB. QmnpeleneHHe TpPyNn MHOTOTPAHHMKOB CM.
B 3anaue 1639.

1663. llokasatb, uto ni06as NMOArpynna MHIeKca ABa SABJAETCS HOP-
MAJIbHBIM JLE/INTENIEM.

1664. Jokasatb, uYTO MHOXKecTBO Z Bcex 3JjeMeHToB rpynmnsl C,
KaxXJAb H3 KOTOPEIX NMepecTaHOBOYEH CO BCEMH 3JeMEHTAMH 3TOH TpYINMbI,
ABJAETC HOPMAJbHBIM IeJuTeseM (ueHtp rpynnsl ().

1665. Daement aba”'b~' nasmpaercs KOMMYMAMOPOM 3IAEMEHMOB
a n b rpynnu (. Jlokasarb, UTO BCE KOMMYTATOPH H MX NPOH3BEILEHHT
(c moObIM KOHEUYHHIM YHC/IOM COMHOXHTeseH) o6pa3yioT HOPMa/bHEIH Ne-
auteny K rpynnel G (KOMMyTaHT JAHHOH TPYymmHI).

1666. Iokasath, uTo B Tpynne BCeX HEBHKEHHH TPEXMEPHOTU NpPO-
CTPAHCTBA 3JIeMEHT X~ !ax, CONpseHHBIH C TOBOPOTOM @& BOKPYT TOUKH P,
BJISETCS OBOPOTOM BOKPYT TOH TOUKH Q, B KOTOPYIO MEPEXOLNT TOUKa P
ADH JBIKEHRH X.

1667. Jlokasatb, uYTO NOACTaHOBKA X~ lax, cONpsikeHHas B Tpymne
NOJCTaHOBOK TOACTAaHOBKE &, NOJIyuaeTCs NyTeM TpPHMeHeHHs TpaHcdop-
MHpYyIOLie# NOICTAHOBKM X KO BCEM UHC/JAM B Pa3/OXeHHH MOLCTAHOBKH &
Ha He3aBHCHMBIE LHMKJHL,
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1668%, JlokasaTb, uTO:

a) uersepHas rpynna V (samasa 1638) apasercs HOPMaJbHbIM AEMU-
TeseM CHMMETPHUYECKOH rpymmsr S;

6) daxtop-rpynna S,/V uzomopdHa cuMmmeTpuueckod rpymne Sj.

1669%, Tloab3ysac, 3azadeit 1667, HARTH uMCcAO TIOACTAHOBOK CUM-
MeTpHYECKOH TpYIiNyl S,,, nepecTaHOBOYHBIX ¢ AaHHOH TNOACTAHOBKOH S.

1670%, [loka3artb, YTO ec/i TepeceyeHHe ABYX HOPMANbHBIX JIeJHTE-
net H, u H, rpynno G cOLepXHT JHMIUbL eIMHHLY e, TO JOGOH 3ie-
MmeHT B, € H; nepecranosoued ¢ mo0biM 3/ieMeHTOM f, € H,.

1671, JlokasaTh, uTO:

a) sJeMeHTH Trpynnel G, nepecTaHOBOUHBIE C JAHHLIM 3JIeMEHTOM &,
obpasywr noarpymny N (a) rpynnst G (HopMaausarop e B (), coxep-
HAUYI0 LUMKJIMYeCKYI0 MOArpynny {@} B KadecTBe HOPMaAbHOTO JeJUTES;

6) uuca0 9jMeMeHTOB rpynnbl (, CONPAKEHHBIX C @, PABHO HHIEKCY
nopmaansaropa N (a) B G.
1672, Jlokasatb, uTO:

a) smeMeHTH rpynnel G, mepecTaHOBOYHblE ¢ J1aHHOW moArpynnoit H
(H0 He 00g3aTebHO C 3JaeMeHTaMM u3 H), obpasywor noarpynny N (H)
rpynnet G (HopManusatop noxrpynmnsl /1 B G), cozepxautyio noarpynny
B KAauecTBe HOPMAMbHOTO AeJUTENS;

6) vucao moarpynn rpynnsl @, conpsikeHHbX ¢ [, paBHO HHIeKCY
Hopmanusaropa N (H) 8 G.

1673*, [okasath, 4TO: :

a) 4ucJaI0 3jaeMeHTOB rpynnbl (, CONPSIKEHHBIX C JLAHHBIM 3JEMEHTOM;

6) uucao moarpynn rpynnbt (J, CONPSIKEHHBIX C AAHHOR TMOArpynmno#,
JequT nopaiok rpynnbl (.

1674. Tlonbaysick 3agauamMu 1669 w 1671, HaliTH 4uC/NO MOLCTAHOBOK
CUMMeTpHYECKO# Tpynnel S,, cOMpsxeHHbIX ¢ LAaHHOW MOILCTAHOBKOH §.

1675¥%. [lokasarb, uto uentp rpynnsl G nopsaka p”*, rie p — uucio
TIpOCTOe, COAePHUT OOJee OIHOTO 3/eMeHTa.

1676%. llokaszats, uTO mo0OH HOpMaabHLIM Aeauteab H 3Hakonepe-
MeHHOW rpynmel A, cTeneHu n > 5, colepxawuft xors Obl OAMH TPOH-
HOH uukA, cosnagaer ¢ A,.

1677*, a) Ha#itu Bce KJacchl CONPSKEHHBIX 3JEMEHTOB TPYIMIMB HKOCA-
31pa (3anava 1639); 6) nokasaTh, 4TO TrpyNna MKOCasjipa ABJAAeTCS NPO-
cToit (T. e. He MMeeT HODMAAbHLIX JAeJHTesell, OTVIMUHBLIX OT CAMOH Ipymmbl
H elMHUYHOH NOATPYNNbI).

1678%, Jloka3aTb, 4TO 3HAKOMepeMeHHad Tpynna nNATOH cTeneHd
SIBASI€TCS TIPOCTOR.

1679, Ioxasats, uro rpynma G’ Toraa u TOJILKO TOTAA SBAsETCH
TOMOMOpdHbLIM 00pa3oM KoHeuHOH uukanuecko# rpynnst G, koraa G’
TAKKe LUKIMUEeCKAs M ee MOPALOK IeJuT mopsiok rpynmst G.

1680, Jloxasatb, uro ecau rpymna G romomMopdHO oTOOpareHa Ha
rpynny G’, npuyeM siaement @ u3 G oroGpaxaercs Ha o’ w3 G/, To:
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a) MOPAAOK @ [eJATCA Ha nopaiok a’;

6) nopsaok G meautcs Ha nopsasok G

1681. Hatitu Bce romomopdubie oToOpaxeHHd:

a) uukJIMueckKo# rpynnsl {a} nopsika n B cebs;

6) umkanueckofl rpymnst {a} nopsaaka 6 B uMkanyeckyio rpynny {4}
nopsaka 18;

B) LMKJIHYeCKOH rpynmbl {a} nopsaaka 18 B uuxamyeckyio rpynny {b}
nopsika 6; ’

r) UHKAHYeCKOH Tpynnsl {a} nopsaika 12 B uukanueckyio rpynny {b}
nopanka 19;

1) uMKanyeckod rpymnsl {a} nopsika 6 B umkanueckywo rpynny {b}
nopsaika 23.

1682, JokasaTb, 4TO alAHTHUBHYIO TPYyNNy PalHOHAJIbHBIX YHCEJa HeJb3s
romMoMop$HO 0TOODPA3HTh HA AAJAHTHBHYIO TPYINY LEJBIX 4YHCEN.

1683, MsomopdHoe oToGpawenue rpynnsl G Ha ceba HasbiBaeTcs
asmoMopguamom, a roMoMoppHoe orobGpaxcenne B ceda — suboMOpPHu3-
MOM 3TOW TpyNnbl. ABTOMOPOH3M (0 HA3bIBAETCA BHYMPEHHUM, €CJIH
cyuwecTByeT ajeMeHT x M3 G Takoft, uto ap==x"lax 11 moboro a
#3 G, M BHELIMHM — B NMPOTHBHOM cJayuae. Bce aBroMopduamb rpynmsl G
camu ©00pasyloT TPymNMy, €C/AKM 32 TPOW3BEleHHE ABTOMOD(U3MOB NMPHHATH
UX TOCJelOoBare/bHOe BLIMOJHeHHe: a (PY) == (a®p)P. Bce sHI0MOpPUMBI
abesenoft rpynmst G o0pa3yloT KOJbLO, €CAU CAOKEHHE SHIOMOPDUIMOB
OINpeNe/IHTL PaBEHCTBOM a (@ 4+ ) =ap+ @, a yMHOXeHNe — TaK xKe,
Kak Aaaa asTomopdusmon. Hafitm rpynny astoMOpduaMoOB uukaMvecKol
rpynnsl {e} nopaaxa: a) 5; 6) 6.

B) JlokasaTh, 4TO CUMMeTpHueckas rpynna S; WMeeT lecTb BHYTpeH-
HHX aBTOMOD(H3MOB M HM OAHOTO BHEWIHEro, NpHyeM TPYNna aBTOMOP-
¢u3MoB usoMopdra Sy.

r) YersepHan rpynna V (3azaua 1638) Hmeer OZMH BHYTpeHHHH
ABTOMOPGHU3M (TOXAECTBEHHBIH) M NATH BHEUIHWX, [pUueM rpynna asro-
MOp(U3MOB H30OMOpDHa S

HaltTn Ko/bUO 3HAOMOPGHU3MOB UMKAWYecKOR Tpymusl {a} nopsaika:
1) 5; €) 6; x) n.

1684. [Hokasatb, uro (AKTOP-TPynma CUMMETPHUECKOH rpymnsl S,
1o 3HakolepeMeHHON rpynne A, u3oMopdHa (akTop-rpynne aiiMTHBHOH
TPYNNBEl UEJBIX YHCeJ IO MOATPYMNNE YETHBIX UHCel.

1685. Haitru dakrop-rpynmsi: ‘

a) anIMTHBHOM TPYNNbI LEJbIX YHCesJ MO MOATPYMNe YHCed, KPATHBIX
JAHHOMY HATypPajJbHOMY YMCAY N;

6) alIMTHBHOK TPYNNBl LEJBX 4YHCeJ, KPATHHX 3, MO MOAFpymnme
YHceJ, KpaTHHX 19;

B) ajIMTHBHOH TIpyNNbl LEJLIX uuCes, KpPaTHbIX 4, N0 Noarpymmne
yuces, KpaTHbx 24;

r) MYJAbTHIIHKATHBHOR TIpYNNbl [IeHCTBUTEJbHBLIX YUCEJ, OT/IHUHBIX
OT HyJf, MO MOATPYNIe MOJOXUTENbHBX YHCE.
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1686. Ilycts U, — aniuTHBHas rpynna BeKTOPOB R-MepHOro JHHeH-
HOr0 MNpOCTpaHCTBa M H,— NMOATPYNNa BEKTOPOB £-MEPHOrO MOAMpO-
crpancta, 0<{k<n. Jokasate, uro daxrop-rpynna G,/H, wuso-
mopdHa G, _,.

1687, Ilycte G — MyAbTUIUIHKATHBHAs Tpynna BCEX KOMILIEKCHBIX
YuCe, OTJMYHBIX OT HyJs, H H — MHOXecTBO Bcex uucen u3 G, nexa-
LiMX Ha [NeACTBMTENbHOH M MHMMOH ocCfX.

a) Hokasarb, uro H — noarpynna rpynne G.

6) Ha#itn cmexuble kaaccel rpynnut G no noarpymne .

B) Ilokaaartb, uto ¢akrop-rpynna G/H usoMopdHa MyJbTHIINKATHB-
Ho#t rpymne {J BceX KOMIUIEKCHEIX YHCeJ, PaBHbIX N0 MOJLYJI0 eIMHHMLe.

1688%, Ilycto G — My bTUNIMKATHBHAA TPYNNa KOMIUIEKCHBIX YHCel,
OTAHUHHX OT Hyas, H — mnoxectso wncen u3 G, nexawnx Ha n ayuax,
BLIXOSNINX M3 HYJA 1OL PABHBIMM YI/aMH, NPHYEM OLMH M3 ITHX Nyuyei
COBNANAET C MONOKUTENLHOR NeRCTBUTEbHON MOJYOChIo, K — aniNUTHBHAA
rpynna Bcex NeHCTBHTENbHBIX uHCea, Z-— alIMTHBHAA TPYNNa UeabiX
unces, D — MyJIbTHNJMKAaTHBHAA TIpyNNa TNOJOKHTENbHHX uucen, U —
MyJbTHIIMKATHBHA] TPYNNd KOMIUIEKCHHIX 4YHCEA, PaBHBLIX 10 MOLY.IO
enunnle, U, — MyIbTHNIMKATHBHAs rpynna KopHeH n-H cTeneHun M3 eln-
Huus. Jloxasatek, yTO:

a) K/Z usoMopgHna U;

6) G/D » ;

B) G/U » D;

r) UU, » U;

n) GiU, » G;

e) H ecrs noarpynna rpynnst G u G/H wusomopdua U;

w) H[D naomopdua U,;

3) HU, » .

1689, [lns My bTHNANKATHBHBIX TPYNN HEBHIPOXKACHHBIX KBaIPAaTHBIX
Marpull NOPsAKa 7 10OKa3aTh YTBEPHIEHHN:

a) (axtop-rpynna rpynmbl LeHCTBHTENbHHIX MAaTpHiy TO [OArpyIme
MaTpull c onpelenuTen]eM, paBHLM 1, H3aoMopdHa MYJIbTUINIHKATHBHOR
rpynne neHCTBHTENbHBIX YMCEJ, OTJHYHBIX OT Hyas;

6) daxrop-rpynna rpynnul JdeHCTBUTENbHLIX MaTpHIL 1O [OArpynne
MaTpHL C ompelenuTeneM, paBHbiM 1, nsaomopdHa MyJbTUIINKATHBHOR
rpynie MOJOMKHTENbHbIX YHCE; :

~ B) ¢axrop-rpynna rpynnel LeACTBHTENbHBIX MaTPHIL 110 MOArpynmne
MATPHLL C MONOXHTEJbHBIMH ONpENENUTENAMH ABJAETCH UUKJIMYECKOH
rpynno#t BTOPOro nopsuka;

r) haxTop-rpynna rpynnbl KOMIJIEKCHEX MaTPHLL MO MOATPYTINe MaTpHIL
C ONMpELENnTENIMH, IO MOLYJIO PaBHLIMH €IHHHMIle, M30MOPdHA MYIbTiH-
TVIHKATHBHOM TPYIie MOJOMKHTENbHBIX YHCEN,;

1) paKTOp-rpynna rpynnsl KOMIVIEKCHBIX MaTPHULL MO MOArpynIe MaTpHY
C TNONOXUTENbHLIMM  ONpelenuTeNnsaMH  1#30MOPMHA MYJAbTHIIMKATHBHOR
Tpynne KOMIEKCHBIX YHCeN, MO MOLYJI0 PaBHBIX eIHHHMLE.
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1690. ITycts G —rpynna Bcex ABHXEHHR TPeXMepHOro MpOCTPAHCTBA,
H -—noarpynna napanieibHbiX MNepeHocoB, K -— noArpynna BpaiteHHH
Bokpyr aauuo#t touxn O. Ilokasarb, utO:

a) H sasasercd HOpMaibHbIM Aenutenem rpynnet G, a K — Hert;

6) ¢axrop-rpynna G/H usomopdua K.

1691, lloxasarb, utO HopManAbHBIA peantesb f1 rpynne G, uMewowui
KoHeutlblll MHIEKC j, cOJePXHUT Bce s/neMeHTH rpynnsl G, NOpsikH KOTO-
PHX B3aMMHO MpoCThl ¢ j. [TokasaTh Ha mpumepe, 4TO A NoArpynnsl H,
He €BIAIOLIEACH HOPMAJBHEIM JeJHTe/leM, YTBepKIeHHe MOMKeT OBITh
HEBEDHLIM.

1692, IHokasatb, uro ¢axrtop-rpynna G/H Torza ¥ TOABKO TOria
KOMMYTAaTHBHA, Korja H colepxuT kommytant K rpynnet G (3anaga 1665).

1693*. IokasaTb, 4TO (PaKTOp-Tpynna HeKOMMYTaTHBHO# rpynnsl G
no ee ueHTpy Z (3azaua 1664) He MoxeT GHTb LMKJIMYECKOH.

1694%, Iokasarb, uTO ecJAH MOPAAOK KoHeuHoH rpynnm G genutcs
Ha NpocToe 4ucao p, 1o G COLEPKHT dieMeHT nopsaaka p (reopeMa Koww),

16956*%, Ilyctb p — npoctoe udcno. I'pynna G HasbBaercs p-2pyn-
nod (B KOMMYTATHBHOM Cl/lyuae — ApuMapHoi TPyNnow), ecau MOpPSIKH
BCEX €€ 9DJIEMEHTOB KOHEeuHbl H PaBHB HEKOTOPHIM CTeNeHsM uHcaa p.
Ilokasatb, uto koHeuyHasn rpynna G toria W Toabko Toria Gyier p-rpyn-
no#, Xoria ee MOPALOK paBeH CTeMeHW uHcAa p.

1696, llokasartb, 4TO:

a) alZWTUBHAs TPynna BeKTOPOB f-MEPHOrO JHHEHHOTO MPOCTPAHCTBA
£CTb MpsMas CyMMa n NMOATPYNN BEKTOPOB OJHOMEPHEIX MOANPOCTPAHCTB,
HaTAHYTBIX Ha BeKTOPbI JIOG0OH 0asel NPOCTPAHCTBA;

6) alIMTUBHAs TPYyNNa KOMIMJAEKCHHIX YHCeJ eCThb MpaMasd CyMMa noi-
Tpynn AeHCTBUTEJBHBIX H UYHCTO MHHMBIX YHCel;

B) MyJ/bTHIVIKATHBHAa# Tpynna AeHCTBUTENBHBIX WYHCeN eCThb NpsAMOe
TIpOU3BeJeHHE MOATPYNINb MOJOKHTEABHEIX UKCES W MOArPyNIbI uucen t1;

I) MYJAbTHIVIHKATHBHAA TpyNNa KOMIUIEKCHHX YHCen eCTh MpaAMoe
npou3BefeHHe MOATPYNN MOMOKHTENbHHIX YHCeN W 4YHCeJ, MO MOLYAI
PaBHBEIX eIHHHLE.

1697, Iokazare, uro ecan G = A+ B, = A~ B, — npambie pas-
Joxennss abenesolt rpymnel G u ecan B; colepxut B, 1o B,=8,.

1698. Iokaszarb, uto mnoarpynna H abeneso#t rpynnei G Torga u
TOJbKO TOrAa OyleT cJaraeMpiM B npsMoM pasaoxeuun G=-=H K,
KOTAa CcyulecTByeT romoMopgHoe otobparenne G Ha H, coxpausioliee
Ha MecTe Bce 3JeMeHTH H3 H.

1699. [lokasarb, uto ecan G =A- B—npamoe pasnoxeHne
rpynnel G, To ¢akrop-rpynna G/A usomopdua B.

1700, Ilycte G =A;, 4+ Ay—+ ... - A, — pasnoxenue abeneBok
rpynnel G B NpSMYIO CYMMY NOATPYNN M

x:a1+a2+... ‘+“as. alEAl, l':ly 2. veey S,
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— COOTBETCTByIOlLlee pAa3/OoXeHHE 3JeMeHTa X B CYMMY KOMNOHEHT.
JHoxasatb, uTO:

a) rpynmia G TOorZa M TOJBKO TOTZA MMeeT KOHEYHbH TOpPALOK n,
KOTJAa Kaxaas MOArpynna A; umeeT KOHeuyHbHi nopsanok n, i=1,2,..., s,
npuueM n=n; Ny ... A

6) 3MEMEHT X TOTLa M TOJbKO TOILAa HMeeT KOHEuYHEH NOpalok p,
KOrja KamIas €ro KOMIOHEHTA @; MMEET KOHeuHbfi NOpaloK p;, i==1,
2, ..., §, TpHYEM p PaBHO HAMMeHblleMy oOuleMy KpaTtHOMY uHCel
Py Py Dy

B) rpynna G TOrla M TOJBKO TOTIA ABaseTCA KOHEUHOH UMK/IHYe-
CKO#f, KOTJa BCe NpsAMEBle ciaraemble A; — KOHeuyHble UMKJAHYECKHE TPYNIH,
NpHYeM WX NMOPSALKH NOMAPHO B3aUMHO NMPOCTHL.

1701, Pa3noxuTs B INpAMyl0 CYMMy NPHMapHHX UHKJH4ECKHX
MOArPYNN UMKJAMYeCKylo rpymny {a} nopsmka: a) 6; 6) 12; 8) 60;
r) 900, .

1702*, JlokasaTb HepasJOKUMOCTb B MPAMYIO CyMMY ABYX HeHYJEBhIX
noArpynm:

a) alJMTHBHOK Tpynnbi HeJbX YHCes;

6) alLIMTHBHOM rpynnbl PaUMOHAJbHBIX UYHCEN,;

B) NMPUMApHOH LUKIWYECKOH rpynmbi.

1703%*. Ilycte G -— HeHyseBass koHeyHasi abesesa rpynna (¢ allWTHB-
Ho#t 3anucbio onepauuu). JokasaTh yTBepKIeHUS:

a) ecnu NOpAlKM Bcex 3jeMeHTOoB M3 ( LeAT nNpou3BeleHHe pg
B3aUMHO MNPOCTHX udcead p W ¢, To ( pasnaraerca B NpAMYI0 CyMMY
noarpynn A u B, rie nopsiku Bcex 3JeMeHTOB U3 A jeast p, a u3
B — penst ¢, npuueM onaHa u3 moirpynn A uau B moxer okasartbes
HYJEBOH;

6) naa rpynnsl G uMeer Mecro pasaoxenne G = A, + 4,4+ ... + A,
B MpPAMYIO CYMMY (HeHy/neBbiX) NPMMapHHIX MNOAIPYNN, OTHOCALIMXCA CO-
OTBETCTBEHHO K PAa3/MYHBIM NPOCTHIM UHCAAM P, Pg ..., Pg. OTH HOI-
rpynne A; Ha3bIBalOTCA NPHMAPHBIMH KOMMOHeHTamu rpynnui G;

B) NpuUMapHas xomnoHeHta A; oOTHOCAIIAACA K NPOCTOMY uuCAY P,
COCTOMT M3 BceX 3JeMeHTOB rpynnel G, NOPSIKH KOTOPHX PaBHH CTe-
TeHAM 4ucia p;, 4TO ONHO3HAYHO OmNpenenser pasnomenue rpynnu G
Ha NPHMApHEE KOMIIOHEHTHI;

) pas/ioXeHWe HA TPUMapHble KOMMOHEHTH HeHyJeBo#t noxarpynnu H
rpymiet G umeer Bug H=B,+B,+ ... +B, rae B,=HnA,
i=1, 2, ..., s, npuueM HyJaeBme NOArpynns B; B pasnoxeHun H
OMycKaloTCA.

1704, O6osnaunm uvepes G (ny, ny, ..., f;) OPAMYIO CYMMYy LHK/JIHYE-
CKHX TPYNI NOPANKOB COOTBETCTBEHHO My, My, ..., N, VI3 Teopuu kouey-
HbiX abe/eBbIX TPYNI H3BeCTHO, YTO KawJad TaxKas Fpynna OJHO3HAYHO
(c To4HOCTBIO 10 M3OMOpPGU3Ma) npencrasaserca B Bule G (n,, ny, ..., ny),
FLe YHCAA 1; PaBHBl CTeneHsM NPOCTHIX yucea (He 00s3areNbHO Pasivy-
Heix), Ilpumenss yxasanHoe oGo3Hadenue, HafiTH Bce aGeseBH Tpynnn
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caenylomux nopaskos: a) 3; 6) 4; B) 6; 1) 8; 1) 9; e) 12; x) 16;
3) 24; wn) 30; k) 36; 1) 48; M) 60; H) 63; o) 72; m) 100.

1705. PaanoxuTh B NPSAMYyI0 CYMMY NPHMapHHX UMKIMYECKHX M Gec-
KOHEUHBIX UMKJMYeckux mnoarpynn daxrop-rpymny G/H, rae G — cBo-
Gonnas abeneBa rpynma ¢ 6asof x,, X, X3 W H — noarpynmna ¢ o6pa-
3YiOLLUMH:

a) y,= Tx;+42x543x3, 6) ¥y, =4x; 4 dxy4 3x,,
Yo=21x, -4 8xy+ 9x;, Yo ==5x, 4 6xy+ 5x3,
y3= Sx; — 4x,4 3x3 V3= 8x; 4 7xy—+ 9x;

B) y,= bx,}dxy+ 2x3 r) y,=6x;+5x+ 7x,
yp=11x;+ 8xy 4 5x3, Yo=8x; 4 Txy+1lx,

V3= 17x, 4 5x, -+ 8x3; Y3 ="06x, 4 Sxy—+ llxy;

1) y=4x,+5xy4 xs e) y,=2x,+ 6xy— 2x,,
Yo==8x49xy+ x5 Yo=2x+ 8x,—4x;
Y3=4x, 4 6x5+ 2x5; . ya=4x, 4 12x,— 4x3

K) ¥y =6x; + Sxq+4x,, 3) ¥, =x,~+ 2x94 3x3,

Vo =Tx; = 6x3+ 93, Yo==2y,,
Y3 =By - 4xy — 4xy; Y3=3yy;

M) y,=4x,+ Tx,43x;, K) ¥, =2x,+3xy44x,,
Vo=2x,+ 3Bx9+ 2x3, Yo ==98x, 4 5xy+ 6x,,
y3=6x1+ 10x2+ 5x3; y3= 2x1+6x2+ 9x3.

1706*, IlokasaTb, uTO KOHeuHas abeneBa rpynma G, HOPSLOK KOTO-

po# paBseH:
" a) NpOM3BENEHHIO IBYX PasMMYHLIX MPOCTHX YHCEN P H g
6) NpPOM3BENEHHIO PAa3JMYHBIX MNPOCTHIX YHCEN Py, Por o .oy P —

ABJAETCS UMKIIHYECKOH;

B) Ha#TH Bce moirpynnsl aGeseBo#t rpynnsl G, NOPAIOK KOTOpPOH
yIOB/JETBOPRET YCAOBHIO MyHKTa ), M HaHTH uuC/IO STHX MOATPYNM;

r) 10Ka3aTb, 4TO LR nw000ro neautens X Mopsika n KoHeuHoH abe-
Aepoft rpymmsl G cymecTByloT NoArpynna M taxrop-rpynna rpynne G,
HMeloLlHe NOPRIOK R.

1707*. [lycte G — HeHyJaeBas KoHeyHasd aleseBa Trpymmna, BCe HeHY-
JeBhle 3JIeMEHThl KOTOPOH HMET OLMH M TOT Xe NOPAIOK p (9/eMeH-
tapHas rpynmna). JlokasaTb yTBepxIeHHS:

a) YHCIO p ABJAAETCS NPOCTHIM;

6) rpynna G pasnaraeTcs B MPAMYIC CYMMY KOHEYHOTO 4MC/IA UMKAH-
YecKUX MOATPYNN MOPAAKA p M MMEeT Mopanok p*, rie & — uMcao STHX
C/1araeMbix;
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B) nmobag wnedynesas noarpynna H rpyrnnst G cama 6yder ageMew-
TAPHOR M ABASAETCA NPAMBIM C/araeMbiM B HEKOTOPOM NPAMOM pa3noxe-
Hud G =H - K rpynnu G;

I) 4MCAO MOArpynn nopsaxa p* anementaprod rpynmut G nopsska p¥,
=D —p @ —p) ... "=
=D =P —p) ... (o —p)

1708%, Ilokasatb, Yto KOHeuHas aGeseBa rpynna G mopokiaerca ee
3/1eMEHTAMH MaKCHMaJIbHOrO MOpPAIKa.

rie k> 1> 0, pasHo

§ 21. Kousna u mous

BHISICHHTb, KaKHe M3 C/AeAyIOIHX MHOMECTB MBJASIOTCS KOJbLAMH
(HO .HE THOMAMM) H KakHe TMOJAMH OTHOCHTEJNbHO YKa3aHHBIX oOmepauuft.
(Ecnu onepauuu He YyKasaHbl, TO MOLPa3yMeBAOTCA CIOXEHHE M YMIO-
eHue dHcen.)

v 1709. Uenve uucna.

1710. Yernete uucia.

1711, Uenbe uucaa, KpaTHHle HaHHOMY 4YHCAY #  (PacCMOTpETS,
B 4aCTHOCTH, caydaHh n=0). .

1712, PaunonanbHbie uyucna.

1713. HefictBuTenbHbe YHCA.

1714, KowmniekcHsle 4Hc/a.

1715, Uncna suza a5 2 ¢ uenwmi a n b,

1716, Yucna puma a +5Y 3 ¢ pauoHansubiMu a u b.

1717. KomnaekcHbie ydcnaa suja @ -+ bi ¢ uensiMu a u b,

1718. KoMnaekchble uucaa Bupa a -+ bi- ¢ paunoHaibHbIMM @ U b.

1719, Marpuubl nopsika # C LeABIMH 3JEMeHTaMH OTHOCHTEJ/bHO
CA0KEHHS U YMHOXEHHS! MaTPHLL.

1720. Marpuusl nopsaaka 7 ¢ JeHCTBHTE/JbHLIMH S/1eMEHTAMH OTHO-
CHTE/IbHO CJOXEHHST W YMHOXEHHS MaTPHL.

1721, dyukunu ¢ IeACTBATENbHBIMM 3HAYCHHSMH, HeMpephiBHbIE Ha
orpeske [—I1, —+1] OTHOCHTENbHO OOLIUHBIX CJOXEHHA M YMHOXKeHHs
GyHKLHA. »

1722, MHorousneHsl OT OIHOIO HEH3BECTHOrO X ¢ LeJHMH KO3¢ddH-
IHeHTAMH OTHOCHTEJbHO OOLIYHLIX OMepauHil CNOMEHHS H YMHOMEHHUS.

Vv 1728. MuorouseHsl OT OJHOIO HEM3BECTHOrO X C IEACTBHTEJbHBIMH
K03 }HIMEHTAMH OTHOCUTENbHO OOBIYHLIX OMepaiuh.
a b

2b
TeJALHLIMH @, b OTHOCHTeNbHO OOBLIYHEIX CJIOXKEHHS M YMHOXEHHs MarpHll.
1726%, O6pasyloT JH KOJbLO BCE TPHIOHOMETPHYRCKHE MOJHUHOMbI

n

1724, Bce maTpuuns BuIa ( ) C pauHOHANbLHBIMH HMJH IeHCTBH-

a,+ D (ap cos kx4 bysinkx) ¢ ReHCTBHTE/NbHHIMH KO3(pduUHEHTAMH?
k=1
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n
BuscHuTh TO Ke IJS NOJHHOMOB OIHHX KOCHHYCOB ao—{—Zak cos kx
n k=1

W OLHMX CHHYCOB 3 by sin kx.
k=1

1726%, OG6Gpa3yloT A KOJbLUO 4YHCJAA BHAA a+b17§ C paluuoHasb-
HHMH @ W b OTHOCHTENbHO OOBIYHHIX oOfepauui (1A ONpeseNeHHOCTH
Gepercs AeHCTBHTE/bHOE 3HAUEHHE KOPHS).

1727%, TlokasaTtb, YTO uMC/Aa BMIA a+b1/2 +cV4 ¢ pauxoHalb-
HbIMH @, b ¥ ¢ 00pasyloT mnoje, TNpHYEM KaKALIH S/EMEHT STOro
nojif B YKA3aHHOM BHJe MNpeNCTaBaseTcs OAHO3HauHo. HalTh 3nemeHT,

3,— 3,
oOpaTHLI  uHCay :1—V2+2V4 (Oepercs IeHCTBUTENbHOE 3HAYeHHe
KOpH#).
3 — 3
1728. Hoxasath, YTO uMcaa BHAA a+b1/5 +c1/25 € pauMoHajb-
HhMH @, b U ¢ oOpa3yloT noJje; Ha#tTu B 3TOM MNoJe uHCa0, ob6paTHoe

yucay x=2+3f/5—f/25.

1729%, Ilyctb @ — KopeHb MHOrouseHa f (x) cremeHu n > 1 ¢ paumo-
HaJbHHMH KO3 @HUMEeHTaMH, HeNpUBOAMMOrO Haj TMoJeM pPaudOHAaNbHBIX
uncen. Jlokasatb, yTO uMcaa Buid @y, a0+ a0l ... +-a, 0!
C PAUMOHANBHLIMH dg, Gy, Qg ..., @,_; OOPa3ylwOT roje, NpHUeM Ka-
WABIH 37€MEHT 3TOrO MOJfd OJHO3HAYHO 3aNHCHBAeTCs B YKa3aHHOM BHIe.
ToBopaT, YTO 3TO NOJe MOJY4YeHO TNPHCOEAHHEHHeM 4YHC/a O K TOJIO
pauHOHANbHBIX YHCe. )

1730%, B nose, nonyyeHHOM NpHcOelUHEHHEM K TMOJIO PaUHOHANBHBIX
YyUCeN KOPHA @ MHorouseHa f(x)==x3-44x?+}2x—6 (3anaua 1729)
HaliTH uucao, obpatHoe uncay p=3 —a—-a2

1731. JoxasaTb, YyTO BCe JHAroHaJbHBE MAaTpUUB, T. €. MaTPHUBI
BHIA

g, 0 0 ...0
0 a 0 ...0
0 0 a ...0 |

nopaika 7 > 2 ¢ NeHCTBHTENbHLIMH 3/IEMEHTaMH OTHOCHTEJbHO OGLIYHBIX
CJI0XKEHH H YMHOMEHHS MaTpHu o0pas3yloT KOMMYTaTHBHOE KOJBLO C le-
JHUTEAIMH HYJs,

1732. IlpuBecTH npuMepb AejuTenel Hyas B KoJjble (yHkuu#, He-
npephHBHHIX Ha oTpe3ke [—1, —-1].

1733. okasaTb, 4TO B KOJblle KBaAPaTHHX MaTpHU NOPAIKA 1
C 3JeMeHTaMH H3 HEeKOTOPOrO TNoJs BHIPOXAEHHBE MaTpPHUH, H TOJNbKO
OMH, ABJAIOTCA NeJHTeJAMH HyJd,
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1734, Ilokasats, uTOo napwl (@, b) uenbx uucen C onepaLusMH,
3aJaHHBIMU PABEHCTBAMU

(@ bt (ag b)=(a;+ay b, by,  (a;, b)) (ay by =(a,ay biby),

06pa3yioT KOJbLO, M HaliTH Bce AeNMTeNH HyAf 3TOTO KOJblA.

1736. Joxasarb, 4TO noJjie He MMeeT JleluTelneit Hyas.

1736. JlokasaTb, uTO M3 PaBEHCTBAa @X = ay [IJs JaHHOTO 3JleMEHTa &
M MOGHIX 3JEeMEHTOB X M Y KOJbLA CJlelyeT PaBeHCTBO X ==Y TOrIla
H TOJbKO TOTZa, KOTda & He SIBAAETCS JEeBbLIM JeaHuTesaeM HYJIA.

1737. TlokasaTh, YTO MaTpuubl MOPAAKA r > 2 C 3JEeMEHTaMU W3 He-
KOTOPOTO MOAf, B KOTOPHIX BCe CTPOKHM, HAyHHas CO BTOPOH, COCTOAT
H3 HyJne#f, 06pa3yloT KOJbLO, B KOTOPOM BCSKHH 3JeMeHT, OTIHYHbIM
oT HyJas, OyleT mpaBbiM lenuTeneM Hyas. Kakue Marpuuel B 3TOM KoOJblie
He OYyLyT JeBHIMH [EIUTENIMH HYJA?

1738%, IlokasaTh, uTO B KOJblEe C eAHHUIEH € KOMMYTaTHBHOCTb
CJIOKEHUS BHITEKAeT W3 OCTAJIbHBLIX aKCHOM KOJbLA.

1739. TlposepuB, uTo CBOHCTBO Hy/As H jenuTe]eR HyJAd MOKHO
10Ka3aTb, He HCNOJb3yA KOMMYTAaTHBHOCTH CJOXKeHHH, [OKas3arb, 4TO
B KOJblle, COepxalleM XOTA Obl OIMH 3JEMeHT ¢, He ABJSIOLIMACA 1emH-
TesleM HyJf, KOMMYTaTHBHOCTb C/OKEHHS BBITEKAeT H3 OCTaJbHBIX AKCHOM
KOJIbLA.

1740, TlpuBecTd npUMepHl KoJel MaTpUl ClEeUHaJbHOrO Buia, ob/aa-
JaIOIKX HECKOJbKHUMH TPABBIMH HJM HECKOJIbKHMH JIEeBbIMH eJHHULAMH.

1741. Tlycte nano uenoe uucao n>0. JlBa menwx uucia @ W b
Ha3bIBAIOTCH CPABHUMBLME 10 MOOYAI N, UTO 3aNUCHIBAETCH TaK:
a=0b(mod n), ecmu uUX pasHOCTb @ — b gHeautcst Ha n (npu n=20 310
03HayaeT, uTo @==5; npu n>0-—uyT0 @ U b NpH JAeNeHUH Ha n NA10T
OLMH H TOT K€ OCTATOK — BHYeT No MoAymo n). [lokasarb, yro COBO-
KYNMHOCTb BCEX UeJbX uucea Z pasbuBaeTcsi Ha KJacCh CPaBHHMbIX
Mexay co0ol0 uucesl, He HMMeWIMX o6LHX 3/eMeHTOB. OmpeseauM cio-
MeHHe M YMHOMEHHe KJACCOB yepe3d COOTBETCTBYIOLIHE ONepalyH Hal MX
npelCTaBUTENAMH, T. e. €CaH uuciaa a, b, a+ b n ab npunasnexar coot-
BeTcTBeHHO KaaccaM A, B, C w D, to nonowum A-}B=C u AB=D.

JlokasaTb, YTO NMpPH TaKUX OMEPalUAX MHOKECTBO KJACCOB SBASETCA
KOJbUOM (KOJbUO BHIYETOB Z, MO MOAYMO n).

1742%, Jloxasath, 4TO KOHEYHOe KOMMYTaTHBHOE KOJbLO 6e3 JelH-
TeJqelt Hyns, colepikailee GoJee OLHOTO 3JeMEHTA, SBJIAETCA NOJEM.

1743%, Tloxas3aTh, 4TO KOJbLO BBIYETOB MO MOAyMO n (3afava 1741)
Oyner mosjeM TOTAa M TOJBKO TOTNIa, KOTAA N -— YHCJIO NPOCTOE.

1744, KBaipatHas MaTpulla HasbiBaeTC CKQAAPHON, ecau ee 3Je-
MEHTHl Ha TI/NaBHOH AnaroHamu paBHb Mexly coOo#f, a BHe riaBHOM IMa-
rosanu — pasubl Hymwo. Ilokasarh, yTO cKaAspHble MaTPHIE TNOPAIKA 7
C NeHCTBHTEJIbHBIMH 3JeMeHTaMH npu OObiuHBIX oOMNepauuax obpasylor
nolJe, H30MOPGHOE MO0 LEHCTBUTEJBHBIX HHCE.
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a b

—b a

CTBHTEJ/IbHbIE 4YHCJa, OGP&BleT noJje, HSOMOp(pHOC MO0 KOMIINIEKCHBIX
YHCEJT.

1745, Ilokasatb, yTO Marpuupl BHIA ( ), rie a U b— nent-

a b
¢ pauMOHAIbHBIMH
2b a

@, b (samava 1724) usoMopdHo nomwo vuucen BHia a+b1/§ TaKe
€ pauHOHa/MbHbIMU @, b. .
1747%, Ioxasatb, yTO anre6pa BelECTBEHHBLIX MaTpHI BHIA

[ a b c dl
—b- a —d c
—c d a —b
{(—d —c¢ b aj

1746. IoxasaTb, uYTO MOJe MaTpHL BH}la(

u3oMop(dHa anrebpe KBaTepHHOHOB a — bi—cj-+dk. .
a-+bi c+d1)

—c-+di a—bi
< MeHcTBHTENbHBIMH @, b, ¢, d u i=7) —1 wusoMoppua anrebpe kpa-
TEPHUOHOB a bl cj - dk.

1749, Ha#ttu Bce aBTOMOpduU3MBI (T. €. H3OMOp(dHLE OTOOpaKeHHd
Ha ce0f) noAafs KOMIVIEKCHBIX YHCeJ, OCTaBJAIHe HEH3MEHHBLIMH Hefi-
CTBHTEJIbHbE YHCJIA.

1750%, Iokasath, yTO /M060e YHCJOBOE MNOJE COLEPXKUT B KayecTse
NOANOJS TOJe PAUHOHAIBHLIX YHCed.

1751%, Jlokasarb, uto npu /ma060M H30MOp)H3ME UHCAOBHX MoJel
NoANOJe PAUHOHAIBHBIX YMCEJd OTOOPaxaercs TOXIECTBEHHO.

B uacTHOCTH, NOJe pauMOHaJbHBIX YHCeN [IOMyCKAeT JHIUL TOXIe-
CTBeHHOe H30MOp(dHOe oToOpamenue B celsl.

1762#%, JlokasaTb, 4TO TOXKIECTBEHHOe OTOOpaxeHHe SBAAETCA €IHH-
CTBEHHHIM H30MOP(HLIM 0TOOpaXeHHeM NOJS LeHCTBHTENbHHX yHCced B cebs.

1763. lloabsysch 3anauedt 1752, HaWtH Bce H30oMopdHbe 0TOOpa-
XKeHHA TOJA KOMIIEKCHBIX uyucesn B cebd, mepeBoiduie AeHCTBHTENbHbIE
yucsia CHOBAa B JeHCTBUTE/bHHE.

1754, IokasaTb, 4TO MHHHMMAJbHOE MNOAMNOJE MIOOOr0 NoAs XapakTe-
PHCTHKH HyJb HM30MOPGHO IOJI0 PAUMOHAIBLHBIX YHCe.

1766. IokasaTb, 4TO MMHMMajbHOE NOAMNOJe MOOOr0 noJs XapakTe-
PUCTHKHM p HM30MOpP(HO NOJIO BHLIYETOB MO MOLYJTIO p.

1766, Pemutb crcreMy ypaBHeHHM

x+2z=1, y+4+22=2, 2x42z=1

1748, Jloxasatb, ut0 anredpa MaTpun BHIa (

B NOJE BHLIYETOB MO MOLYJI0 3 M 1O MOAyJ©O 5.

.
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1757, Pewmntb cucTeMy ypaBHeHHR '

3Ix+y+2z2=1, x+2y+32=1, 4x+43y+2z2=1

B NOJe BHYETOB NO MOLYMO 5 H mo Moaymo 7.
17568, Hatith HanGoaplun#t O6MHA JenuTelb MHOTOUIEHOB

fR)=x+x242x+42, gR)=x*+x+1

a) Hal moJieM BHIYETOB NO Modynwo 3;
6) Hal moJieM pauMOHAJbHBIX UHCeN.
17569, Hatith HauGoabiinfl OOMHH JAeJHTENb MHOT'OY/JEHOB

f(x)=5x3+x2+5x+1, g(x)=5x2421x-+4

4) Hal MOJeM BHIYETOB MO MOAYJAI0 5 (NPH 9TOM KawAuH Ko3ddu-
LUHEHT @ HalO NOHMMATh KAaK KpaTHOe @é eJUHHUE e YKAa3aHHOro MOJS
HJIH 3aMeHHTb KO3(UUMEHTH HX HAUMEHbLIHMH HEOTPHLATEJbHLIMH Bbiye-
TaMH MO Moayaio 5); -

6) Hal moJieM pALUOHAJBHBIX yYHCel.

1760, Ha#ith HauGoabluu#t OGWMH AeJMTENb MHOTOUNEHOB

fR)=xt41, gx)=x*+x-41
Hal NMOJEM BHIYETOB MO MoAymio: a) 3; 6) 5.
1761%, a) Iloxasatb, YTO €Cad MHOTrouJeHH f(x) U g (X) ¢ UeAbMH
KO3 pULUHEHTAMH B3aUMHO MPOCTH Hal MOJEM Z, BHIYETOB MO NPOCTOMY

MOLYJMIO p, MpHuYeM XOTA Obl OIMH M3 CTaPIUHX KOI(PPHUHEHTOB He Ie-
JUTCA HA P, TO STH MHOTOWIEHW B32MMHO NPOCTH HAL MOJeM pauuo-
HaJIbHBIX UMCe.

6) Iloxasare Ha mpuMmepe, 4TO LJs JIO6OTO MPOCTOTO yHcaa p obpar-
HOe yTBepxIeHHe He BepHO.

1762%, Joxasatb, 4TO MHOroudeHol f(x) U g (X) ¢ ueAbMH KO3(-
GUIHEHTaMH TOTA3d H TOAbKO TOTAa B3aHMHO NPOCTH Hal NOJeM paluo-
HaJbHHX 4YMCeJ, KOrJa OHH B3aUMHO TPOCTH HAl IIOJEM BLIYETOB IO
MOLYMI0 p, TAe p-—mob0oe NPOCTOe YHCAO, HCKIIOYas, OHTb MOXKET,
KOHEYHOE MHOMKECTBO TaKMX "UHCel.

1763. Muorouned x5 x3-}-x2- 1 pasnomuTh Ha HENPHUBOAHMbiE
MHOXHTEJH Haj TOJIEM BEHIYETOB IO MOAYJAI0 2.

1764. Muorounen x3-42x2-4-4x-} 1 pas/omHTL Ha HeNMPUBOLUMBbIE
MHOXHTEJNH Hal IOJEM BHYETOB MO MOLYJIO 5.

1765. Muorounen x4+ x®1 x-+2 pasnokuTb Ha HENPHBOLHMblEe
MHOJKHTEJH Hal I0JeM BEIYETOB 10 MOLYTIO 3.

1766. MuorouneH x%—43x3-}2x2—+ x4 pasaoXHTb Ha HENPHBO-
IHMbIE MHOMHTENM Hal MOJEM BhLIYETOB MO MOLYJIO 9.

1767. Pa3noxuTb Ha HENPHROAHMble MHOXHMTENH HaA TMOJEM BHLYETOB
N0 MOLYJI0 2 BCe MHOTOYJEHBI BTOPOHM CTEMEHH OT X.

1768. PasnoxuTh Ha HENpPUBOAMMbLIE MHOXKHMTENH Hal MOJEM BLIYETOB
N0 MOAY/AI 2 BCe MHOrOuYJMeHb Tperhefl cTeneHH oT X,
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1769, Ha#ttu Bce MHOrou/MeHH BTOPOH- CTENEHH OT X €O CTapLIUM
k03¢ duunenToM 1, HeNnpHBOIMMBIE HAL 1OJEM BHIYETOB MO MOLYMIO 3.

1770. Hafitu Bce MHOTOY/JEHH TpPeTheHl CTeMeHH OT X CO CTAPIUUM
x03¢(duuHeHTOM 1, HeNMpHBOIMMBbiE HAl MOJEM BHYETOB N0 MOLYJIIO 3.

1771%, Jokasarh, YTO eC/IH MHOTOWJeH f(x) ¢ ueabiMd Ko3dpdu-
LMEeHTaMH NPHBOIHM HAl NMOJEM pPAaUHOHANBLHBIX YHCesd, TO OH MPHBOIMM
Hal 1OJeM BHYETOB MO JIOOOMY INPOCTOMY MOLYIIO p, He IefflleMy
crapumh xo3dpdHuueHT. TIpHBecTH npHMep MHOTOYJEHA, HPHBOIHMOrO
Haj NoJeM PAaUuHOHAMBHBIX YHCEJ, HO HENPHBOIHMOTO HAJ IOJIEeM BHIYETOB
IO MOLYNIO p, Tie p LequT cTtapwui xoddduuueHT.

1772%, HokasaTh, 4TO MyJbTHIJHKaTHBHA4 rpymnna G nons ZIJ Bbl-
YeTOB MO MPOCTOMY MOLYJI0 p SBJAETCS LMKJIHYECKOH.

1773# 1), CyuiecTByi0OT MHOTOUJeHb € LeMbIMH KO3(QHIHEHTaMH, He-
fIpUBOMMbBle Hal MOJEM PAUMOHAJBHBIX YHMCE, HO NMPHBOAWMblE HAL NOJEM
"BHIYETOB MO /I060MYy NPOCTOMY MOLYMIO p.

Hokasarb, 4TO TakuM Oyzer, Hanpumep, MHOrowrieH f(x)=—=x%—
— 10x24 1. DTOT MHOTOY/IEH — MHOTOY/IEH HaHMeHblueHl CTemeHH C Le-

JbLIMH KO3¢h¢dHUHEHTaMH, HMEIOUUMH KOpeHb a=V2+V3.

1774*. JlokasaTbh, 4TO eCJHM BCE 3/JIEMEHTH KOMMYTAaTHBHOro KoJjbua R
HMelOT OOLIMA LeJHTEAb @, TO 9TO KOJAbUO 00/Majaer eaxHHLUEH.

1775. YxasaTb KOMMYTaTHBHOE KOJBbLO C €IMHHLeEH, colepiallee sJe-
MeHT a % 0 ¢ OIHMM U3 cJelylOWHX CBOHCTE:

a) a2=0; 6) 119 LaHHOTO UEJOTO YHc/Ma 7 > | BHIMOJHEHBl YCAOBHSA
a"=0, a? 0, ectu 0 < kB < n.

1778, Iyctb R—KOMMYyTaTHBHOE KOJbLO ¢ enuHuueh e. Jlokasars, yTo:

a) oOpaTuMblii saeMeHT (T. e. HejuTeJ]b EIHHHUB) He MOMXeT ObIThb
Je/MTeNeM HyJs;

6) oOpaTHMbIff 3J€MEHT HMEET eIHHCTBeHHHH OOpaTHHH 3/eMeHT;

B) ecau O, € oOpaTuMbl, TO a Heautcsds Ha b TOraa M TOJNLRO TOTIA,
xoraa g0 neautcs Ha be;

r) rnaBHbif wWIean -(g) 3jeMeHTa g w3 R TOrza ¥ TOMBKO TOTAA
oTMMYeH OT R, Korza g HeoOparuM.

1777. Ilyctb R — KOMMYTaTHBHOE KOJbLUO ¢ eluHHLEH e u 6e3 je-
Juteteft Hyas. JokasaTb, 4TO:

a) sneMeHTH @, b TOorza M TOJBKO TOrAa acCOUMHPOBaHLI, KOT.Ia
KaxJ0e M3 HHX JeNHTcs Ha APyroH;

6) raaeHble uzeain (a@) M (b) TOTAa M TOJMLKO TOTAAa COBMAAAIOT,
Korda @ u & accounmupoBann (onpelejeHue TJAABHOTO HIeana JaHO
B 3azaue 1783).

1778. IlycTb R — KOMMyTaTHBHOE KOMbLO C elunuleH e u R(x) —

MHOXECTBO BCeX (OPMaibHHX CTEMEHHHX PagoB X a,x”, a, € R.
A=0

') Ity sapauy ykasan astopy H. P. lladapesuu.
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BpeneM OGHIYHEIE ONEPALMH CAONCEHUS U YMHOKCEHUR ‘PHI0E:

. 20 @, x" +_n§0 Bax” =n§0 (0, —+B,) £,

(Z anxn) ( 2 ﬂnxn> = ann'
n=0 n=0 n

=0

n
rie vy, ::kE(I) akﬁn—k'

TTokasaTb, uTO:

a) R (x)— KOMMyTaTHBHO® KOJIbLO C eLuHHLeH;

6) R%x) COLEpHKHUT MOLKOJbLO, H3oMOpdHOe R;

B) ecii R He wuMeer nenuTenedt Hysis, TO 9TO BepHo H Aasg R (x);

[s¢]

r) ecin R —mnone, To D, @,x" TOT1a M TOAbKO Torxa Gyrer obpa-
n=0 ’

THMEIM 9J/IeMEeHTOM KoJblia R (x), korna a, =+ 0.

1779%, Ilycts R — MHOXeECTBO BCeX uHCes BHIA a+bV—~3, rie
a W b— ueabte paunoHasnbHbie. [TokasaTh, 4T0 R — KO/AbLO C eLHHHLEH,
B KOTOPOM pa3/ioXeHHe Ha MPOCTble MHOXHTEJNH CYLIeCTBYeT, HO He OJHO-
3HayHo. B uyactTHOCTH, MOKa3ath, YTO B JBYX Pa3JiOWEHHAX

=2.2=01+4V=38)(1—-V=3)

COMHOMKHTEMNR ABJAAOTCA IIPOCTHIMH, HPHYEM 2 HE ACCOLUUMUPOBAHO
1+ Yy —=3.

1780%, Jlokasarb, 4TO BCe KOHEYHbIE CYMMb Za,-?ri C UeJbIMH
K09 QULHEHTaMH M HEOTPHLATENbHLIMH IBOUYHO PaLMOHAJLHEIMH 7; OTHO-
CHTeMIbHO OOLIYHEIX Oflepalliit CJOMEHHT M YMHOXeEHHS 4Yuces o6pasyior
KOMMyTaTHBHOE KOJDbLO ¢ eIWHHLeH H Oe3 neauTenelt Hy/as, B KOTOPOM
He CYLIECTBYET PasjoeHWd HA NPOCTble MHOXHTEJH.

1781. Byayr .aM cielyoliHe MHOXeCTBa MOATPYNIAaMH aiIWTHBHOR
Tpynnsl, MOAKOJbUAMH WM HAEANaMM YKa3aHHBIX HHXe KoJjell

a) MHOKECTBO nZ 4YHCeN, KPaTHHIX uucay n > 1, B KoJbLe LEbX
yucen Z; )

6) MHOXEcTBO Z lesbIX yucea B KOJblle Z [X] LEAOUHCIEHHBIX MHOTO-
4/IEHOB;

B) MHOXeCTBO nZ[x} MHOTOWwIeHOB, KO3((HLHEHTH KOTOPHIX KPaTHb
uyucny n > 1, B Koable Z [x] LeNOYHC/ACHHBIX MHOTOY/IEHOB;

r) MuoxectBo /V HarypajbHbIX uYHCe] B KOJblle LeanXx uucea Z;

I) MHOXeCTBO Z LeJbX YHces B KoJble A LenX rayccoBBIX YMCEN,
T. €. 4HCe] BHAA a-bi ¢ LeabMH DaUHOHAILHLHIMH @, b;

e) MHOxectBO B uucen a -+ bi, rie a=>b, B kompue A Leabx rayc-
COBBIX UHCeJ;
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K) MuoxectBo C uucen suga x (1 ) B kosble A UeNHX rayccoBux
ypcesa, rie x npoberaer BC Koabuo A;

3) MHOXecTBO Z [X] Ue/JOUHCJEHHBIX MHOTOYJeHOB B KoJablie' R [x]
MHOTOU/IEHOB HaX nojeM R pauHOHaJbHBIX YHCEJ;

) MHOXeCTBO / MHOTOU/EHOB, He CONEPXALMX UIeHOB C x* 1na Bcex
k< n, rae n>1, B konabile Z [x] UeNOUYHCAECHHBIX MHOTOWJIEHOB;

K) MHOXecTBO [ MHOrOY/JEeHOB C YeTHbIMH CBOOOIHBIMH YJEeHAMH
B Kogble Z [x] nenouHcleHHBIX MHOMOUYJIEHOB;

J) MHOXeCTBO / MHOTOUJEHOB ¢ YeTHHIMH CTApIUMMH KO3 dUuLHeHTaMU
8 Kosble Z[x] Len0UHCAEHHBIX MHOTOQY/EHOB.

1782. Jlokasath, uTO mepeceueHne aOOOr0 MHOXECTBA UIEaNOB KOM-
MYTATHBHOTO KOJbIA R ABAAETCH HIEAIOM.

1783. Iaasntim udearom (@), nOPONCOEHHUM 34 MEHMOM A KOM-
MYymamugroz0 Koavya R, HaspiBaeTC MHHHMAJbHBIH HMAean, COAEpHka-
wuit a. JlokasaTb, 4yto Mpean (@) cyuectsyer nf Jw06oro snementa a € R
¥ COCTOMT M3 BCeX 2JIeMEHTOB BHAA:

a) ra, roe r — aw0060#t anemeHT M3 R, ecan R uMeeT eluHHLY;

6) ra+na, roe r—moGo#t 3neMeHT M3 R, ¥ n— mo6oe wenoe
YHCMO, ecan R He uUMeeT elHHHIBI.

1784. Hoearom (M), nopooxdennon muoocecmson M xommyma-
musHo20 KoAvye R, HasbiBaeTcs MHUHHMAJbLHLIH Hioeads, conepxaituh M.
Ecan MHOXecTBO M COCTOHT M3 KOHEYHOTO YMCAA JIEMEHTOB &y, ..., Qg
10 ulean (M) obosnauaercs Takxke uepe3 (@, ..., ag). JlokasaTb, 4TO
naean (M) cywectByer aas mwoboro Henyctoro MHowectBa MER H
COCTOMT H3 BCEX KOHEUHBIX CYMM BHIA:

a) ria; ri€R, a; €M, ecin R umeer enuHuuy;

6) X riai—{—z na; r;€R; a; € M; n;—uenue uncna, ecan R ne
HIMeeT eIHHHULBL.

1785%, Ko.syom 2s08nblx u0ean08 HA3LIBAGTCS KOMMYTaTHBHOE
KOJBbLO C elWHHLeH n Oe3 nenuTeselt Hy/ s, B KOTODOM KaXIbft mpean —
rnaBHb (cM. 3anauy 1783). JlokasaTh, 4TO KaxAoe M3 C/IELYIOIINX
KoJel fIBAfAeTCH KOJbLOM TJIaBHBIX HIEanoB:

a) Kobuo Z uenblx 4Yucen;

6) koabuo P [x] MHOTOYJIEHOB OT OIHOTO HEM3BECTHOTO X HAax
nonem P;

B) KOJMbUO A 1enblX TaycCcoBHIX uHCen.

1786, Cymnmoit udeaaos I,, I,, ..., I, kommymamusrnozo xosvya R
Ha3bIBAaeTCs MHOXeCTBO [ BCex 3/1eMeHTOB x W3 R, NpeacTaBUMBIX
B BUIE :

X=xFXo4 ... Tx, x,€[; i=12,..., k.
Twwyt / =/ +I1,+ ... 41, Ecau nns mo6oro x u3 / ykasan-
HOe MpeicTaBleHHe eNMHCTBEHHO, TO cymMa / HasblBaeTca HpAMOL
cymmol udearos I;. B stom cayvae mamyr [ =1 4I,+4 ... 1.
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Jlokasatb, 4TO: ,

a) cyMMa M000ro KOHEYHOro YHCJa HIeanoB eCTh HIean,;

6) cyMMa IByX HIeanoB TOTAa H TOMbKO Toriaa OyldeT mpAMO# cyM-
MOHl, KOrla nepeceyeHHe HX COLEPKHT TOJbKO HYJb.

1787. Hoxasare, uto ecau [ =1, [,—npsamas cymma uneanos /, [,
TO NpoH3BeleHHe mMOGOro 3aemeHTa U3 [; Ha moGoH Saement us /,
PaBHO HyJIO. .

1788, Ilycts R =/ -}/, — pasnoxeHne KOMMYTaTHBHOTO KOJbUA R
C eIMHHUEH e B NPAMYI0 CYMMy HeHyJaeBHX Hzueano [y, [,.

Hlokasath, 4TO ecau e=e;}-ey e,Ely; ey€1, 10 €4, ey Oyayr
eIHHHULAMH COOTBeTCTBEHHO B /4, /5, HO He B

1789. JlokasaTb, 4TO (aKTOP-KOJBLO KOJblA D[x] wmHoroumenon
C IeHCTBHTENbHBIMH KO3 GHUHEHTaMd MO HIeany MHOTOUNEHOB, Jens-
wHxca Ha x2—1, H30MOP(HHO NMOMIO KOMIJIEKCHBIX uyHcen a—-bi ¢ one-
PaUHSMH CIOXEHHS M YMHOXEHHs, OnpelelsieMbIMH 1O H3BECTHHIM U3
LIKOJIbl NPaBHJIaM.

1790. Iokasath, uro mawbGoe roMoMopdHoe oToGpawxenne mnons P
B KOJbUO R ABAAETCA HWIH H3OMOP(HEIM OTOGpaXKeHHEM Ha HEKOTOpoe
noje, BXoxsfiee B R Kak NMOIKOAbLO (Tak HasbiBaeMoe BJOXkenue P B R),
Ui otob6paxceHHeM BCex 37eMeHTOB 3 P B Hyndp u3 R.

1791, Tycrb Z — konblo uenbiX yucen U R — mio6oe KOAbLO € efu-
Huuelt e. JlokasaTh, uTo OoTOOpaxXceHHe (p, LAf KOTOPOro ¢ (n)= ne, ectb
roMoMopdHoe ortoGpawenue Z B R. Hafru o6pa3s ¢ (Z) xoavua Z npu
3TOM roMoMoOpgHu3Me.

1792. TycTs A — KOABUO LEABIX TaycCOBHX uHMcea, | — MHOXECTBO
Bcex uHceld a—+bi ¢ ueTHuMH @ W b. a) [lokasare, uto / —uuean B A;
6) HaliTH cMexune kaacchi A mo /; B) B ¢akTop-koasie A/ Haiti
JeqHTe/M HyJAs M TOKasaTb 3THM, uto A/l He sBadeTca NOJeM.

1793, okasath, uto ¢akTop-KoAbUO A/l KOJAbLA UENBX FayCCOBHIX
yHceJq MO TJaBHOMY uaeany / =(3) ecTb moJjie H3 JLeBATH 3/EMEHTOB.

1794, lokasatb, uTo ¢akTOop-KOabLO A/l KOJbLA LieNBIX FayCCOBLIX UH-
ceJl MO IaBHOMY HAeany / = (n) TOTZa M TOJAbKO Toraa OyIeT moJeM, KOr-
l1a n— NPOCTOe YHCJO, He PAaBHOE CyMMe IBYX KBaApPATOB LEJHX YUCes.

1795, Ilycte P [x, y] — KOJbLO MHOTOYJIEHOB OT ABYX HEH3BECTHLIX X,
¥y Hag noneM P, ] — MHOXeCTBO BCEX MHOTOU/JIEHOE 3TOTO KOJbLa Oe3
cBOOOLHOrO unmeHa. Jloka3ath, 4TO:

a) | ABnsiercs WIeaaoM, HO He SABJIAETCHA TJABHHIM HIEANIOM;

6) dakrtop-xkoasuo P [x, y]// usomopduo momo P.

1796. Iycts / = (x, 2) — Hnean, NOPOKIEHHHIH MHOXKECTBOM H3 ABYX
S7eMEHTOB X M 2, B KOJblle UENOUHCAEHHRX MHorouneHoB Z[x]. Ioka-
3arb, uTO:

a) npeax / COCTOMT M3 BCeX MHOTOU/IECHOB C YeTHbIMH CBOGOIHBIMU
YJIeHaMH;

6) uiean / He ABNAETCA TJIaBHLIM;

B) ¢axtop-konabuo Z [x]// u3oMOpHO NOJII0 BHUETOB MO MOLYJMIO 2.
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1797. Tlycth (n)— Miean, NOPOKIEHHMH UeMbIM YHCIOM £ > 1
8 KOJblle LleJOouHcAeHHHX MHorounenoB Z [x]. Hoxasartb, uto ¢aktop-
xoabuo Z [x]/(n) usomopdHo koabuy Z,[x] MHOrOuwIeHOB HaX KOJbLOM
BLIYETOB 1O MOAYJIO 7. '

1798. Ilycte R —KOMbLO Bcex JeHcTBUTeNbHBIX yHkuud f (x),
©Onpele/eHHBIX HAa Bcefl UHMCAOBOM mMpaAMOM npH OGBIYHBIX Onepauusx clo-
JKEHHMSl M YMHOXEHHS H ¢ — JeHcTBUTeNbHOe uMcao. IIokasath, uTo:

a) otoGpaxenue @{f(x)]= f(c) ectb romomopdHOe oTOOpaWeHHe
xoabua R Ha note D neHCTBUTEJbHBIX YHCEN;

6) aapo romomopduaMa @, T. e. MHOXecTBO / BCeX 5JEMEHTOB
koabua R, oToGpamamoumuxca B ydcao 0, ectb unean B R;

B) ¢akrop-koabuo R/ w3omop¢HOo nomo neHcTBUTeNbHbIX uncen D.

1799. Ilycte Z,—noJe BbYETOB MO NPOCTOMYy MOLYMO p, f(x)—
MHOTOYJIEH CTeneHH n M3 koabua Z,[x], HenpusoinMbii Han monem Z,,

{(¥3 TeopuM nNOJEH H3BECTHO, YTO TAKOK MHOrOuY/IEeH CyllecTByeT KA
M1060r0 NMPocToro p M moGOro HaTypaabHOro n), /— raasubift waean,
TIOPOXIEHHBIH MHOTOUNEHOM f (x) B KoMbue Z,[x]. Ilokasats, uto ¢ak-
“TOP-KOJIbLO Zp[x]/I €CTh KOHEYHOe NnoJe, H HAHTH YHUCJIO €ro 3JeMeHTOB.

§ 22. Mopyan

Jesoin modyrem Had xoasyom R uasbiBaerca abenesa rpynna M (o6uunO
€ ajAMTHBHOH 3aMHCHIO OTNEPalHH), 1A 3IEMEHTOB KOTOPOH ONpefeNeHO yMHOMXe-
HHe Ha 3JeMeHTH u3 R Tak, 4T0 AaCM aaa mobux ACR, aC M, npuuem
BHIOJHEHH CJelylollne yCAOBHS, dHAJIOTHUHBIE CBOHCTBAM YMHOXEHHS BEKTOpa
Ha YMCJAO AAS JHHEHHOrO MPOCTPAHCTBA:

l.A(@+b)=2ra42b, 2. (A+p)a=2a-4pa, 3.2 (ua)=(Au)a,

rae A, WER, a, bEM.
Ecau, kxpoMe TOro, Koabuo R obnagaer exuHuuel & H

4. eca=a, atM,

T0 M Ha3HBACTCE YHUMAPHOM AeBHLM MOOYAeM Had R,

ITo0MO0yrenm 28020 M0OYAT M Had Koroyom R HaspiBaercs moArpymna A
rpynnst M, aas kotopoit Aa € A aas mo6uix ACR, aC A

Orobpaxenne @ JeBoro Mogyiad M Ha aeBmid Moayab M’ Haj oaHEM U
TEM Ke KOJbUOM R Ha3bBaeTca 20MOMOpPHbiM, ecau @ (a-} b) = ga - b,
¢ (Aa) = Aga aaa mobmx a, bEM, ACR.

B3anMHO opHO3HauHoe H romoMopdHoe otobpaxenue Moiayias M Ha Mo-
Ayab M’ (Han TeM ke KOJbIIOM) HA3KBAETCH U3OMOPPHUM (HIH L3OMOPpPHU3-
Moxm), a Moaynu M u M’ uwa3piBaioTCs M3OMODQHBIMIL :

Daxmop-modysem M|A aesoz0 x00yags M nad korsyom R no noomo-
dyaro A HasmBaeTcs ¢aktop-rpymna M/A ¢ ecCTeCTBEHHHM YMHOMXEHHEM Ha
sJeMeHTH koabia R: A (x -+ A)=Aix-} A

Hopsaokon O (a) (Mau anHyrgmopoM Ann (a)) nemeHma a 428020 MO-
Oysgs M Had kxossyom R Ha3pBaeTCA MHOXKECTBO BCEX 3JEMEHTOB A C R, aas
&xoTophX Az =0. Ecau nopagok saeMeHTa & COAEPKHT TOAbKO HYyJb KOAbLa R,
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TO 4 Ha3HBAETCH CB00OCHHIM 3NeMeHMOM (HIH INeMEHMOM NOPAOKA HYAb).
B NpOTHBHOM CaAyuae & Ha3LIBAETCH NepuOduUtecKuM SNeMeHmoM (UMK SAeMeH-
MOM HeRYAe8020 nOpsaoKa).
AHaJOTHYHO - OTIpeNensioTca NpaBble Moayaun M Hal KOJAbHOM R ¢ yMHOXe-
HueM aAEM, a €M, ACR, u cBA3aHHKe C HUMH NOHATHA.
Ecad B CAeNyIOUIMX 3ajauax TOBOPHTCH OPOCTO o Moayae M nanm xoabnom R,
T0 M paccmaTpuBaeTcA AJS OMNPENEAEHHOCTH KaK JEBHH MOAYAb Hal R, XOTs
COOTBETCTBYIOUME CBOHCTBA BEpHH TaKke W IAd mpaBoro Moayas Haj R.
Ilns ynpouieHuss HeKOTOpHeE 3ajau¥ (GOPMyJHPOBaHH AJA CAyuas KOMMYyTa-
. THBHOFO KOJblia, XOTS OHH MOTYT OHITh 00600lIeHH Ha MOAYJH Hal HEKOMMYTa-
THBHBHIMH KOJIbLAMH.

1800. Ilpusectd mnpumephl Moayas M nHan koabuoM R, rie cyue-
ctByloT A==0 n3 R u a=0 uz M, npuyem Aa=0.

1801. TIlposeputb, uto m00as abeneBa rpynna G (c alIUTUBHOU
BaMUCLI0 OTEPAUHU) SBASETCA MOAY/MEM HAal KOJbUOM Z UeMBX yuces.

1802, Jlepwiit Monynb M Hal KOJAbLOM R HA3biBAETCA MPUBUAAbHBIM,
ecan Ag =0 nas aobuix AE R, a € M. Ilokasats, yro neBeift Moayap M
Hal KoJAbLUOM R ¢ eluHuuel € pasnaraetcd B NPAMYIO CYMMy HOAMOLY-
aeft: M=M,+ M, rae M, yuurapen, a M, Tpusnanen, npuuem M,
COLepXHT Bce 3nementnl a € M, a8 koropeix ea=a, U M,— Bce
ojeMenTH a € M, ang koropuix ea =_0.

1803. Tlposeputsb, uto:

a) ecd KOMMYTaTHBHOE KOJbLO R paccMaTpuBarh Kak JeBbI MOLY.Jb.
Hal caMuM cOGOH, TO MOAMOLYJAH 3ITOTO MOAYJsd COBMNANAIOT C WAeaTaMH
Koabua R;

6) eciM HexOMMyTATHBHOE KOJbUO R paccMaTpUBaTh Kak JeBblil
(nipaBuifl) MOAYAb Hal caMHM cOOOH, TO MOAMOAYJH 3TOTO MOALYJAfl COBMA-
JAl0T ¢ JeBHIMH (NpaBbIMH) wjeanamu xoasua R.

1804*, TlokasaTh, YTO NPUMAPHYI0 MO MPOCTOMY uucay p abeleBy
rpymny G (3anasa 1695) MOXHO paccMaTpuBaTh Kak YHHTAPHHIA MOALYJb
Hal KOJbLUOM R pauMOHAaJAbHHIX YHCe], 3HAMEHATEJNH KOTOPBIX He
LendaTca Ha p.

1806. Llurxauweckum nodmodyies, NOPONCOCHHLM ILEMEHMOM Q4
468020 M00yas M RHad koasyom R, HasbiBaeTCS MHHHMAAbHLIA MOA-
Moayab {a}, colepwaumuft a. Hokasatb, uto Aaa aw6oro a € M uuxau-
yeckuti TOAMOLYJb “{@] CylLiecTBYeT M COCTOMT H3 BCEX 9JIEMEHTOB
Moayias M, uMelolwiMX BUL:

a) Aa, rle AER, ecin M — yuutapuutt Monynb;

6) Aa—-+na, rie L ER u n— uenoe yucno, eciu M — mo60#t Moay b,

1806. dokasaTb, 4TO n-MepHOe JHHe#HOe MPOCTPAHCTBO Haj mojeM P
ABAseTcs (P TeX ke ONepaulMaX) YHHTAPHBIM MOAyJdeM Hal P, mnpuuem
9TOT MOLYJb pasjaraercs B NPAMYI0 CYMMY 7 LUMKJHYECKHX MOAMOLYJeH.

1807, Tlyctb M — ynuTapHbifi MOAy/Ib Hal KOMMYTaTHBHBIM KOJbLOM R
¢ enunuuedt e, {a} u {&} — uuxanueckue moaym, O (a) u O (b) — mo-
PAIKH  COOTBETCYBEHHO, @ W b.

a) Hoxasarb, uto ecnu {a} == (b}, 10 O(a)= O (b);
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6) nokasatb Ha mnpumepe, uto ycjaoBus O (a)= O (b) HeLOCTATOUHO
i paseHcTBa [(a) == (b}; -

B) LOKa3aTh, YTO /s PaBeHCTBA (@} == (b} HeO6XOAMMO M LOCTATOYHO,
yTo6bl 6bla0 O ==aa, a==pb, rie a, f — HekOTOpHIE 3/eMeHTH H3 R;

r) IOKazarh, 4TO L paBeHcTBa (@] = (O] HeoOXoLMMO M LOCTATOYHO
BLINIOJIHEHHA yCaOBHH: b ==0a, rle a € R u obparum no mozymo O (a),
T. e. cMexHwnft kaacc o+ O(a) ectb oOpaTuMblif sjeMeHT daKTop-
koasua R/O (a).

1808*, Ilokaszath, uTO BCAKHH MOAMOLY/Ab A UMKJIHYECKOTO MOLYJA
M= {a} Han Ko/blLOM TrNABHBIX M1eanoB R caM GyAeT UMKJIHYECKNM.

1809. ITycte R — MHOKeCTBO BCeX GeCKOHEUHBIX NOC/eL0BaTeNbHOCTEN
uefblX 4ucean o= (a,, @, ...) CO CAOXEHHUEM U YMHOXEHUEM MO KOMMO-
HeHtam. IIposeputhb, 4T0 R — KOMMYTaTHBHOE KOJBLO C eIHHULeH, T. e.
LUMKAMYECKUH MOLYyJb Haz caMuM coGoft. Haftt B sToM Mmoayne noimo-
Lyab, He MMeloUMH KOHeUHOH cHcTeMbl OOpasyolux. IJTO NOKAa3bBaeT,
yTO0 TOAMOAYJAb LMK/IMYECKOTO MOLY/sl MOXET He ObiTh UMKAHYECKHM,
a NMOAMOLY/b KOHEYHONOPOMIEHHOTO MOLYJS MOXeT He OBITh KOHEYHO-
NOPOMXIEHHEIM,

1810, Ilycte M - Mopyab Hal KOMMYTaTHBHBIM KOJBLUOM R,

a) Mokazatb, yTo ecan R He uMeeT feauTened Hynas, TO MHOKECTBO
Ac M Bcex neprogvuecKHX 3MeMEHTOB ABJSeTCA NOAMOAYyJAeM Moayas M;

6) nokasaTh Ha NpHMEPax, 4TO AAf Koabua R ¢ JelUTeNsMH HyJd
npenbAyliee YTBEPXKIeHHE MOXET OBTb HeBepHO.

1811%, Ilycte M — mMoAy/b Hal KOJABLLOM IVIABHHIX HIeanoB R, a W
b — nepuoauueckue saementt M nopsazkoB O (a) = (a), O (b)=(p).
& — Hanboabwin oOwu# neautens o wu P.  Jokasath, YTO SJEMEHT
a—+b — Ttakke nepuoanueckuit mnopsaka O (a—b) = (y), npuueM:

a) Y Jenaut %ﬂ—; 6) Y xpaTHO %E’-.

1812*, Moayns M nasbiBaeTcs nepuodudeckus, eClH BCE ero 3ie-
MEHTBHl SIBJIAIOTCA NepuoiHYeckHMH. Moxayap M Hal KOMbLOM TdBHBIX
MIeaqoB R HA3LIBAETCA NPUMAPHBLM, eCiM TNOPSIIKM BCeX SJEMEHTOB
U3 M kak muieannl B R TOPOXIAIOTCH CTeNeHAMM OJHOTO H TOrO e
npocroro sneMenta p u3 R. Mouynr M HasuiBaerca npaMoi cymMmol
cucme vt (Heo0s13aTeILHO KOHEUHON) CBOMX noamonynaet M;, eciu kakabii
HeHy/eBOH 3jeMeHT M3 M OIHOBHAYHO TNpeACTaB]seTC B BHIE CyMMbI
KOHEUHOTO HYHUC/a HEHYJ/EBbIX 3JEMEHTOB, B3ATHIX NO OIHOMY H3 HeKO-
topuix M;. Jlokasath, uto JM1000# nepuoinueckuft Moayab M Ham ko0.b-
LOM TIJaBHBIX HJeanoB R pasjaraercs B INPAMYI0 CYMMY [PHMapHBIX
noaMoLynedt. ’

1813%, Ilycte M —wMonyab Haz xoabuoM R. Jloxasath Teopemy:
g Toro utobel B M mo6oft moaMOAynb uMen KOHeyHoe 4Hca0 oGpa-
3YIOLIKX, HeO6XOAMMO M LOCTaTOYHO, YTOOH B M yLOBIeTBOPSAOCH yCJ10-
BHE MaKCHMAaJbHOCTH AJs MOAMOAy/e#f: nofas BO3pacTaouas noc/aeiopa-
TeJbHOCTb NOIMOAYyNeH (HeoOdsaTedbHo pasamunex) M, e M, ...
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CcTaGUAH3MpyeTCa Ha KOHeuHoM 1are. B yacTHOCTH, 3TO BepHO A/ HIeanos
KoJbua R, ecnu ero paccMaTpMBaTh KaK MOLY/Jb Hal CaMuM cOGOH.

1814, Jlokasate, uro ecau {a] u (b} — yHHTapHble LHKJHYECKHE
MOLYyJM Hai OJHHM H TeM e KoJAblOM R, npHueM nopsiiku a u b csg-
sann BkaoyeHneM O (a) = O (§), to cyuwectsyer romomopdroe orobpa-
xenue {a} wa {b}.

1816, Tlycte M= {a] — yHUTapHbIAl LHK/IMYECKHH MOLYJb HAX KOM-
MYTaTHBHHIM KOJbLOM R ¢ eaunuuedt e. Jokasarb, uTo:

a) nopsaok O (a) 3neMenta @ ecTb Maean B R;

6) ¢aktop-kombuo R/O (), paccMarpuBaeMoe Kak MoOIynib Hai R
C eCTeCTBEHHbIM YMHOXEHHEeM, OMNpeje/NeHHLIM YMHOXeHHeM B R, H30-
MopdHo mozymwo M.

1816, Iycts M= A -} B — pasnoxenne molyis M Hal KoabuoM R
B NpAMyio cymMmy noaMonyned A u B. Jlokasats, yTo ¢dakrop-monyi» M/A
H3oMopdeH kak Moly/ab Hal R moayawo B.

1817, Moayab M HaswbiBaetcs pacwuperuesm #odyas A npu no-
mouy mooyan B, ecan A —noamonyns M u ¢axrop-moayns M/A u3so-
Mopden B (M, A, B—MoAyniH Hal OOHHM H TeM e KOJIbLUOM R).
JlokasaTb, yTO paciiMpeHHe KOHEYHONMOPOXKIEHHOTO MOIYJs NPH MOMOILIH
KOHEYHOMOPOXKIEHHOTO €CTh KOHEYHONOPOXKIEHHEIH MOIY/b.

1818. JlokasaTtb, yTO ecau B MonyJe M BHIMOJHEHO YC/AOBHE MAKCH-
ManbHOCTH IJsl noaMoayne# (cM. 3agady 1813), TO 3TO yci0oBHe BHINOJ-
Heno B dQaxrop-moayne M[A wmonyns M To nwbGomy nomamoaymo A.

1819%, Ilycte A, B-—mnoamonynu moayas M Hal koabuoM R,
Jokaszats ciaenyioulyio TeopeMy o6 H3oMopduaMe:

(A+B)/[A=B|(ANB).
1820%, Ilyctb M —yuuTapHbIA MOIY/Ab C KOHEUYHBIM uucjaOM 0Opa-
BYIOWHX X;, X ..., X, Hal KOMMYTATHBHbIM KOJbUOM R ¢ efuHHIeH.

JlokasaTb, 4YTO eCAH YCMOBHE MAKCHMAJbHOCTH BHINOJHEHO IJs HAEanos
B KOable R, TO OHO BHINOJHEHO M I4as noaMonyne# B moayne M (arty
TEOpeMy MOXHO OOOOLIMTL Ha HEKOMMYTATHBHbBIE KOJbLA C YC/IOBHEM
MAKCHMA/NbHOCTH [IJIS JIEBBIX WJH NpPaBbiX HMIEaloB).

§ 23. Jluneitnsie npocTpancTBa M JHHeliHbie npeoOGpa3oBaHHA
(no6aBnenus x maparpadam 10, 16—19)

1821, Ilokasartb, YTO IJsl BHIIOJHEHHS PaBEHCTBA OX —fy = fx -} oy
rie o, f— yucia H X, ¥ — BEKTOPH, HeOGXOIHUMO H AOCTATOUHO, 4TOG B
6bi/10 HIH 0.==f, WIH X=1Y,.

1822%, a) He noab3ysace KOMMYTAaTHBHOCTBIO C/IOXEHHS BeKTOPOB,
IOKAa3aTb, YTO TNPaBble NPOTHBOMOJOXHHIA M HyAeBOH 3MeMeHTH OyayT
H JIEBHIMH; .

6) MoAb3YACh MYHKTOM a), AOKa3aTh, YTO KOMMYTATHBHOCTb CJOMEHHS
BEKTOPOB BHITEKA€T H3 OCTa/JbHbLIX aKCHOM /HHEHHOr0 MpPOCTPAHCTBA.
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1823. Ilycte D —nmnone neAcTBUTENbHBIX YHCenl H V — MHOXECTBO
Bcex (PYHKUHMHM, 3a1aHHBIX H TPHHHMAIOIHX TOJOXHTEJbHble 3HAYeHUs Ha
cermente [a, b). OmpenemuM cloxeHHe IBYX OYHKUMR H yMHOXeHHe
QYHKUHH HAa YHCJIO PABEHCTBAMM:

f@g=rfg oOf=f" f g€V, a€D.

a) ITpoBepHTb, 4TO nNpH yKa3aHHHIX omNlepauusx V sBasgercd JauHeli-
HLIM TIPOCTPAHCTBOM Haj nojiem D;

6) 1OKa3aTth, yTo NpocTpaHcTBo V u3oMopdHO npoctpaHcTey V'’ Beex
IeHcTBUTENbHBHX (QYHKUMH, 3anaHHBIX Ha cermeHTe [a@, b), npHu OGbIYHLIX
onepauHax cAOXeHHs (YHKUHA U YMHOMEHWS GYHKUMH Ha ILeHCTBUTENb-
HO€ YHCHO;

B) HallTH pasMepHOCTb mpocTpaHcTBa V.

1824, JlokasaTh JHHeHHYI0 HE3aBHCHMOCTb CHCTeMbl  QyHkuufl

M, .., M, roe Ay, ..., A,—noONapHo pasiHuHhie IeHCTBUTENbHBIE
uncaa. .

1825%, Jlokasatb JuHeHHYI0 HE3aBHCHMOCTb CHCTeMbl (YHKUHH
x%, ..., x% e @y, ..., 0, —TNONAPHO pa3NHuHbie IeHCTBHTENbHbIE
yKcaa.

1826%, okasaTb JMHEHHYIO HE3aBUCHMOCTb CHCTEM (YHKUML:
a) sinx, cos x;
6) 1, sinx, cosx;

B) sinx, sin2x, ..., sinnx;

r) 1, cosx, cos2x, ..., cosnx;

n) 1, cosx, sinx, cos2x, sin2x, ..., cos nx, sinnx.
1827%, Ilokasatb JmHeMHylo HE3aBHCHMOCTb CHCTEM q)ym(upm
a) 1, sinx, sinx, ..., sin” x,

6) 1, cosx, cos?x, ..., cos” x.

1828, JloxasaTb /AHHEHHYIO 3aBHCHMOCTb CHCTeM QYHKuuit:

a) 1, sinx, cosx, sin?x, cos?x, ..., sin®x, cos"x npu n>2;

6) sinx, cos x, sin?x, cos?x, ..., sin®x, cos” x npu n> 4.

1829%, TlpoBeputb, uTO BCE ONHOPOIHbLIE MHOTOUJEHH CTeNeHH A&
OT N HEeM3BECTHHIX Xy, Xy ..., X, C LeHCTBHTEJbHLIMH KOIDPULHENTAMH
(um ¢ xo3dduuHeHTaMH H3 M060r0 MOJSA) BMECTe C HyJeM npH o6biy-
HBIX omnepauusx o0pasyloT JHHeHHOe NPOCTPaHCTBO, M HaHTH ero pas-
MepHOCTb,

1830%, TlpoBeputb, 4TO Bce MHOTOU/NEHH CremeHH < B OT n Heua-
BECTHHX X, X9 ..., X, C JeHCTBUTEAbHbIMH KO3 dHLHEHTaMH (HJH
¢ ko3¢dduunenTaMu u3 Ji000r0 noJs) BMecTe C HyJeM INpPH OGBIYHBIX
onepauusx o6pasyioT JuHeHHOe NMPOCTPAHCTBO, H HallTH ero pasMepHOCTb.

1831, Tlycts V — auHeHHOe NMpPOCTPAHCTBO BCEX MHOTOWIEHOB OT X
creneid < n, n> 1, ¢ HeACTBHTENbHEIMH KO3 QHLMEHTAMH.

a) Jlokasatb, uro MHOXecTBO L Bcex MHoroudeHoB u3 V, HMelouux
BaHHBIA NERCTBHTENbHLI KOpeHb ¢, fBasdeTcd MOANPOCTPaHCTBOM V;

) Hafitn pasmepHocTs L;
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B) TO e A48 MHOmecTBa L,, 1 <C%k<n, Bcex MHOroumenos us V.
' MMEIOIHX R Pas/MYHbIX NeHCTBUTEJNbHBIX KOPHeH ¢, ..., ¢, (6e3 yuera
HX KPaTHOCTH);

r) aB/jgeTcd JH MOLMNPOCTPAHCTBOM MHOMecTBO L’ Bcex MHOTOU/IEHOB
u3 V, uMmeomux npocrto#f LeRCTBUTENbHEIH KOpeHb ¢?

1832%, IokasaTb TeopeMy: 1js TOTO yTOOB [Be JHHEHHO HE3aBHCH-
Mbie CHCTEMbl C OJIMHAKOBBIM YUCJAOM BEKTOPOB

xl’ ey xk; (1)
Yio oos I (2

n-MepHOTO TpocTpaHcTBa V, OblAH SKBUBAAEHTHB (HJAH MOPOKIANH OLHO
M TO € NMOANPOCTPAHCTBO), HEOOXOLMMO M LOCTATOYHO, YTOOH B JIOGOM
Oasuce COOTBETCTBYIOUME IPYT IPYry MHHOPbHI Marpuu A u B u3 koop-
IMHATHBIX CTPOK BEKTOPOB 3THX CHUCTeM OblJIM NMPONOPUUOHATLHBI.

1833. Jokasatb, 4yto nM1000€ MOLNPOCTPAHCTBO L r-MEepHOro JHHeH-
Horo npocrpancTBa V, sBaseTcss 00J4aCTbi0 3HAYeHUH HEKOTOPOrO JHHeH-
HOTO 1peoO6pa3oBaHUs .

1834. Joxasatb, 4TO /M000€ NMOANPOCTPAHCTBO L r-MepHOro JHHeH-
HOro nmpocTpaHcTBa V, sBJAAETCS S1POM HEKOTOPOro JHHeHHOro npeobpa-
30BaHUA .

1836. Joka3aTh, 4TO ecAM AJf Ka¥IOTO H3 NOMApPHO pPas3iHYHBIX
cOOCTBEHHBIX 3HAYeHHR A,, Ao ..., A, JmHHeliHOro mnpeo6Gpa3oBaHus ¢
B3Tb JIHHEHHO He3aBHCHMYI0 CHCTeMY GOOCTBEHHBHIX BEKTOPOB, TO CH-
CTEeMa, cOJepxalllan BCe B3ATblE BEKTOPH, JMHeHHO He3aBHCHMA.

1836%. Ilycts V — neltcTBHTeNbHOE JMHEHHOe TNPOCTPAHCTBO (MJH
JUHe}HOe MPOCTPAHCTBO Hal nojeMm P, XapakTepHCTHKAa KOTOPOro OT/WYHA
ot 1Byx) U V = L M-~ pasnoxeHue npocTpaHcTsa V B npuMylo CyMMy
noanpoctpancts L u M. Toraa mo6Goff BeKTOP X OZHO3HAYHO MpeicTa-

BJIfI€eTCAA B BHIe
x=y+2Z, y€EL ZEM.

Jlunefinoe npeoGpa3oBaHHe ¢, ompelefNeHHOE YCJIOBHEM (X =y, Ha3bl-
BaeTca npoexmuposanuem npocmpatcmsa V na L napaaressno M.
ITo sanaue 1538 npoexkTpoBaHus COBNANAOT C UIEMIOTEHTHHIMH Npeobpa-
30BaHHSIMH, T. €. C JHHeRHBHIMH npeoOpa3oBaHUsAMH, 06/alaloIMMH CBOH-
cTBoM @2 ==¢. [ToMb3yscb 9THM, 10OKA3aTb YTBEPKIEHHUS:

a) ec/ld @-—— npoekTHpoBaHHe Ha L mnapanneasHo M n € — Toxie-
CTReHHOe Tpeofpa3oRaHKe,” TO €&-— @ — NPOeKTHpoRaHHe HAa M napan-
JeabHo L;

6) ana Toro 4toObH CyMMa @ = @; - @, IBYyX NPOEKTUPOBaHUK @,
H (py OblNa NPOEKTHPOBAHUEM, HEOOXOINMMO M JIOCTATOYHO YCJ/IOBHE:

P19z — Popy = O, (H

rile - HyJeBoe Mpeo6pasoBaHHe; -€CcM ¢ H Py — COOTBETCTBEHHO
npoexktuposanus Ha L, napaaneabio M, u wa Ly napaaneasio M, npu-
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yeM BHINOJHEHO ycaoBue (1), TO @ =@, 4~ ¢, — NpoekTHpPOBaHHEe HA
L =L+ L, napanneasio M= M, M,;

B) L1JAs8 TOrO 4ToOB Pa3HOCTb @ ==@; — @, IABYX TPOEKTHPOBaHHH @,
H ¢, Oblla NPOEKTHPOBAHHEM, HeOOXOAHMO M JOCTATOYHO BHIMOJMHEHHE
ycaoBus

Q1P = @0, == Py; @)

eclii @; U Py — NPOEKTHPOBAHHS, OMNpele/eHHbE B MNyHKTe 0), NpuueM
BBINO/HEHO YCAOBHeE (2), TO ¢ == @, — Qy—NpoeKkTHpoBaHue Ha L= L, N M,
napanneabio M==M, -+ L,;

r) 1js TOro qToéu Npou3BeLeHNHe @ = @,y IBYX MPOEKTHPOBAHHA @
M @y OBIO NMPOEKTUPOBZHHEM, NOCTATOYHO BHINOJHEHHE YCJOBHA

P12 = PoPy; i 3)

€CqM @, M @, — NPOEKTHPOBAHHA, ONpele/eHHbHE B NyHKTe 0), NpHueM
BBIUIOJIHEHO YCAOBHE (3), TO @ == (,(p, — NPOeKTHPOBaHHe Ha L =L 1 L,
napanneasio M=M, -+ M, (3nece cymma Heo0a3aTenbHO npsMas).
ITokasats Ha mpHMepe, 4TO ycJaoBHe (3) He ABAACTCA HEOOXOIMMBIM 44
TOro, 4TOOH NpOHM3BeieHHE MNPOEKTHPOBAHUHA @ M ¢, OBLIIO NPOEKTH-
poBanuem.

1837*%, llokasatb, uro ecaM iJa npeoGpasoBaHHf ¢ €BKJAWIOBA NPO-
ctpatictea V B cebs cyllecTByeT COMNpsKeHHOe MNpeoOpa3oBanue ¢*,
T. e. mnpeobpasoBaHue, oOnazaioiiee CBOHCTBOM (X, y)=(x, Qy) a4
J00bIX BeKTOPOB X, y U3 V, TO @ M ¢* nunefiHbl. B uwacTHoCcTH, CHM-
METPHYECKOE H KOCOCHMMETpHUeckoe npe0OPa3oBaHUsl MOMHO OMNPELEesHTh,
COOTBETCTBEHHO, PaBEHCTBAMH (X, ¥) == (X, @y) H (QX, ¥)= — (X, PY)
$e3 TpebOBaHMA JMHERHOCTH.

1838. Ha#ttu paccrosnue Mexay IByMa ILTOCKOCTAMH P: X=a,-4
+ta, +ta, n Py x="by-+t,b+tb, rie a,=(, 1, 0, 1),
a,=(1,1,11, a=({,001, b=, —1, —1,0), b=
=(1, 1, 0, —1), by=(1, 1, 2, 3) 1 KOOPAMHATE BEKTOPOB LaHB B OPTO-
HOpMHUPOBaHnoM Oasnce.

1839. Iuasbepmoseim npocmparcmsom Ha3blBaeTCs MHOXeCTBO V Becex

GeCKOHeUHBIX MOC/Ae10BaTEAbHOCTEN 1eHCTBUTEMbHBIX uicen X=(a,, @y, ...),
(o)

AN KOTOPBIX CXOIUTCH PAl M3 KBAIPaTOB 2 a2 Takue noc.jenoBateib-
i=1
HOCTH Ha3BIBAIOTCA Bexmopamu (Wi mouxamu) npoctpancrea V. Ciao-
KeHHe BEKTOPOB, YMHOX€HMe BEKTOPa Ha YHCJAO M CKaJAPHOE YMHOXEHHE
BEKTOPOB OMpejeasaoTca o0uuHbM 06pasoM. FiMeHHo, ecau x == (a,, 4, ...)
H y==(b, by ...)— BEKTOpH U ¢-— YHCJIO, TO
[00)
x+y=(a,+b, a,+by ...) cx={(ca, ca, ...), (% y):}}laib,..
=
JlokasaTs, yTO:
2) V aBaserca 6eCKOHEYHOMEPHBIM €BK/IHIOBLIM MPOCTPAHCTBOM;
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6) ecau L* — OpTOroHajbHOe LONIOJIHEHHe X NOANPOCTpaHcTBy L us V'
(sanava 1364), To paBeHcTBO V == L -} L* BepHO 1151 KOHeyHOoMepHOro L;

B) NOKa3aTb HA NPMMEPAX, YTO DaBEHCTBA V=L-—i—L‘ n (LY=L
(cM. sanaun 1364, 1365) moryt GHITb HeBepHHI 1Js GeCKOHeYHOMEPHHIX
NOANpocTpancTd u3 V. .
1840, Mycms V,=L,-} L,— pasnoxeHue n-MepHOro €BKJAHLOBA
NPOCTPAHCTBA B NPAMYI0 CYMMY [IBYX NOLNPOCTPAHCTB, L; H L;——OpTO--
rOHaJbHEE JTOTOJNHEHHS, COOTBETCTBEHHO L, U Ly, (p—-—OTpameHue V,B L,
napanneabHo L, JlokasaTb, uTo npeoépaaosaune ¢*, conpseHHoe @,
ABIAETCA OTpaxeHHeM V, B Lz napaaneabHo Ll.

1841, Haiith Bce n3oMeTpHyeckHe (WIH OPTOroHa/lbHLE) NpeoGpaso-
BaHMSA, COXPaHfIOIME HAa MecTe HY/NeBOH BEeKTOp: a) Ha IIOCKOCTH;
6) B TpexXMEepHOM NPOCTPAHCTBE.

1842%, Hatitu reomerTpHyecku#t CMHICI JHHeHHOro npeoGpasoBaHus ¢
TPeXMEPHOT0 €BKJINAOBA NPOCTPAHCTBA, 3aNaHHOTO B OPTOHOPMMPOBAHHOM
Gaance e, ey e3 MaTpuueh

3 1 V6
4 4 4
i 3 Ve
A=\ 7 T —7T |
_Ys yv§ 1
Y 4 4 2

1843%. BuACHHTb reoMeTpHuecKH# CMEICA KOCOCHMMETPHYECKOrO mpe-
06pa3oBanns @ eBKJANWI0BA NPOCTPAHCTBA LJA CayyaeB: a) npamo#t; 6) nio-
CKOCTH; B) TpexXMepHOro npoctpaHcTBa. [lokasaTb, YTO B TpexMepHOM
NPOCTPAHCTBE (p CBOLMTCA K BEKTOPHOMY YMHOXEHHIO BCEX BEKTODOB
C/leBa Ha OIMH H TOT Xe BEKTOD &, T. €. 9x=a X X.

1844*, llokasaTb yTBepxIeHWe: IJs TOro utoObl jAnHelHOe npeo6pa-
80BaHHE @ €BKJIMIOBA NPOCTPaHCTBAa (HeoOA3aTesbHO KOHEYHOMEDPHOTO)
6LIN0 KOCOCHMMETDHYECKHM, HeoOXOIMMO M JOCTAaTOYHO, 4YTOOH OHO
NePEeBOLHIO KakIHiH BEKTOP B BEKTOP, OPTOTOHANbHBIA C HHM.

§ 24. Jiuneiinnie, Guanneiine u xBagpaTHunble QYHKuHH H opMH
-(mo6aBnenne x naparpady 15)

1845%, llokasatb, yto ana moGo# HeHyleBOR aunelHO# ¢yHKuMM [(x),
3anaHHO B n-MePHOM JuHel#HOM npocTpaHcTBe V,, CyllecTByeT KaHOHHye-
ckuft 6asnc, B KOTOPOM 3Ta QyHKUHA 3AMMCLIBAETCA B KAHOHHYECKOM Bule
l(x)==x,, The x,— mepBas KOOpAMHAaTa BeKTOpa X B 9TOM O0asuce.
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1846. Iloxasath, uTo HeHyneBas Ouaunedinan dopMa b(x, y)=

— 2 . a,-]-x,.yj TOrja H TOJbKO TOTla PacnafaeTcd B NMPOU3BEIEHHE HABYX
LJ=

l

n
JuHeRHbX dopM b(x, y) =1L, (X)L (y), tae (%)= D b;x, L (y)=
i=t
= €;¥;» KOTAA ee DaHT PaBeH eIMHHUE.
j=1

1847. Ioka3ats, yT0 GuauueiHas ¢yHkuus b(x, y), ZLauHas B JeH-
CTBUTEJIbHOM n-MepPHOM MNpPOCTPaHCTBe (WAH B n-MEPHOM MPOCTPAHCTBE
Hal TIOJeM XapaKTePHCTHKH, He paBHOM IABYM), TOrAa W TOJbLKO TOTIA
ABNSAETCA CUMMETPHYECKOH, KOT1a OHAa MMeeT KaHOHWYecku# 6a3uc, B KOTO-
POM OHa 3anuchbiBaeTci OuaHeHHOH (OPMOH KAaHOHMYUECKOTO BHIA:
b(x, ) =Mhx 9+ AXo¥y+ .. A M XY

1848*, Jlokasath, 4TO eciM MpOHM3BeleHHE ABYX JHHeHHBIX (YHKUHH,
3aJaHHLIX Ha JUHelHOM npocTpaHcTBe V (Heo0s3aTe/IbHO KOHEUHOMEPHOM),
TOMIECTBEHHO PaBHO Hymo, T. e. I (X)I,(x)=0 naa nwoboro xEV,
TO XOTA OB OJHa U3 ITHUX (YHKUMH TONKIECTBEHHO PaBHA HYJIO.

1849*, JlokasaTb, uTO - ecqM cHMMeTpuueckass OuJiHeliHas ¢yHK-
A b(x, y), 3alauHad B JHHeliHOM mnpocTpaHcTBe V (HeoOd3aTelbHO
KOHEYHOMEPHOM), pacmajaercA Ha ase Ouiuneinsie QyHxkumn: b(x, y)=
=1,(%)l(y), T0 oHa npexcrasiaserca B Buie b(x, y)=~Al(x)!(y).
rie A — yucno, OTAMYHOE OT Hynas, W [ (X) — nuHeHHas QyHKUUS.

1850%, okasatb, uyTO OuUaMHeHHAss (YHKUNUSA B n-MEPHOM JIeHCTBH-
Te/NbHOM TPOCTPAHCTBE TOTAA M TOJbKO TOrjia HMeer paHr 1, koraxa
B HekoTOpOoM 0asuce OHa 3amucwiBaercs GOpMOH BHAA:

a) L x,y,, eciH GyHKUMS CHMMETpHYEcKas;

6) x,¥;,. eciM GYHKUHS HecHMMeTpHueckas.

1851*%, Iloxasath, YTO HeHy/eBas KOCOCHMMeTpHYecKas GYHKUHA Ha
JauHenoM npocTpaHcTBe V' (HeoOs3aTenbHO KOHEYHOMEPHOM) He MOMeET
pacnajaThCs B MPOU3BeleHHe IBYX JMHEHHBIX (yHKUHH.

1852#%, Ilyctb [(Xx)-— HeHyjeBas JuHeHHas GYHKUMS HA JMHeHHOM
npocrpatctee V (HeoGsi3aTenbHo KoHeusHoMepHoM). [lokasarb, 4ToO:

a) a1po § ¢yukumn [(X), T. e. MHOXECTBO BceX BekTOpoB xCV,
An KoTtopuix [(x)=0, ecTb MakcuMaibHOe JHHEHHOE MOANPOCTPAHCTBO,
T. e. § He colepxutcd B noinpocrpadctee 7, orTauunoM oT § u V;

6) ana mioboro BekTOpa @, He Jaexamero B S, J060H BekTOp X
OIHO3HAYHO HpeiCTaBAsieTcd B BHle X =y -} aa, rae yES.

1853%, IokasaTh, uto ecnu ABe auHeHHble GYHKUHH [ (X) ¥ [y (x)
Ha nmuHeHHOM mpocTpaHctBe V (HeoGA3aTesbHO KOHEUHOMEDHOM) HMEIOT
OHO M TO e a1po S, T0 [, (X) = Aly(x), rie A-— 4UCIO, OTIHYHOE OT
Hy /4. :
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1854#%, Tlpumenss Merol SIKOOW BhHIUHC/EHHA YTJIOBHIX MHHODOB, Ofpe-
LedHTb apUHHBIN KJAACC TIOBEPXHOCTEH B TpPeXMepHOM NPOCTPAHCTBE:

‘ a) x24-2x% — x2 4 2%, %, 2x, 4 2x,=0;
6) x4 x4 2x %, 4 2x X, 4 2%, 1 =0.

1855. lokasaTb, uTO ecaM KBaipaTHyHas ¢opma ¢ Marpuued A mo-
JIOKUTENLHO OnpellelieHHa, TO W KBaipaTHyHas ¢opMa

a) ¢ o6patHO#t MaTpHLueH AY

6) co B3aMMHOM MaTpulueH A
HOJIOKHUTENLHO OTpeleseHHa.

1856%, [lyctb f(x)— kBaapatnuHasd GYHKUHMSA HA N-MEPHOM IeHCTBU-
TeAbHOM JHHEHHOM mpocTpaHcTBe V. Bektop X, HasbiBaercss usompon-
oM, ecmn f(x,) =0. Hokasarb, 4TO ecad QyHKuUMA f (X)— 3HaKome-
peMeHHas, T. €. CYLIeCTBYIOT BeKTOPH X,, X, Takue, uto f(x,) >0,
f(x5) <0, 10 cymecrByer 6asHC, COCTOAILMH M3 W3OTPONHLIX BEKTOPOB.
Ykasatb MeTOL MOCTpoelus Takoro Oasuca.

1857%. Haomponuoim (WM HYAE8BLM) KOHYCOM KBAOPAMUYHO G
dyuryuu  f(x) HasbBaeTcs MHOXeCTBO K BceX H30TPOMHLIX BEKTOPOB
(3azava 1856). JokasaTb, uTO M3OTPOMHBLIH KOHYC KBaLpaTH4YHOH QyHK-
UMH f(X) HA n-MePHOM LEHCTBHTENbHOM MPOCTPaHCTBE V, TOT1a H TOMbKO
Toraa Oyler MOAMPOCTPAHCTBOM, KOTAa f(X) SHAKOMOCTOAHHA, T. €. R.IH
f(x)>0 nna Bcex x, umn f(x)<{0 1ad Bcex X.

1858%, ITyctb f(x) — kBaapaTiuHas GYHKUAA HA 7-MEPHOM IeHUCTBH-
TeJLHOM JMHHEHHOM mpocTpaHcTBe V,, r—paHr, p M ¢ — NMOJOXKHTENbHbI}
H OTpHUATe/bHbIH HHIEKCH MHepUMH 3TOH ¢yHkuuu. JlokasaTb, 4TO MaK-
cuManbHas pPasMEepPHOCTb J/IMHEHHBIX MOANPOCTPAHCTB, BXOLSALIUX B H30-
TponHu# konyc K (3amaua 1857), pasua:

a) min(p, ¢), ecan f(x) HeBhHipoxieHa (T. e. r==n);

6) n—max(p, ¢)=min(p, g)-+n—r, ecmn f(x)— mobas (Bhi-
POXKIEHHAsA WM HEBLIPOKIEHHAA). )

1869%, Ilycth f(x)—kBazpaTHuHas (QYHKLUSA C TeMH :Ke CBOHCTBaMH,
KaKk M B npelnyuied salave. JJokasaTb, YTO MakCUMa/dbHAasA PasMepHOCTDL
JHHeHHOTO MHoToOOpasus P, BXOIALIEro B NOBEPXHOCTb BTOPOroO MO-
psika S, 3anaHHyl0 ypaBHeHueM f(x)==1, paBsHa:

a) min(p—1, gq), ecau f(X) HeBHPOKIEHA;

6) min(p—1, ¢)-+n—r=n-—max(p, g+ 1) B obuweM cayuae.

1860. IToabaysich 3agauamu 1858 u 1859, HallTH MaKcHMaJbHYIO pas-
MEPHOCTb JIHHeHHBIX MHOTOOOpasnit, COLEPKAWMUXCS B CAENYIOLINX NOBEPX-
HOCTSIX BTOPOrO TOpsiiKa (ec/M pasMepHOCTb MPOCTPAHCTBA HE yKasaHa,
OHAa CYMTaeTcsi paBHOH HauOO/blueMy HOMEPY KOOPAMHAT; PasMEPHOCTb
IyCTOTO MHOTOOOpa3usl cuMTaeTcs paBHo#t — 1):

a) x34-x2— x2=1 (ommononoctHsi#h runepGosomn); 6) xi— xI-—
— x3==1 (aBynoaccrupif runepGoaons); ) Xj—xi—x2=0; r) x,x,=1;
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I) X Xo=1 (B TpexMepHOM NPOCTPAHCTBE); €) X, Xo==0; xk) x,x,=0
(B n-MepPHOM NPOCTPAHCTBE); 3) Xi—x2 = I; n) x2——x . —xf,—- 1;

K) xé—i— C Xt - n—l, 1) xf—}—xg-——xg——xi_—zl;

M) 2 D) =1

1861* Jlestim A0pom (MIM A€8HLM HYAEBBLM RPOCMPAHCMEOM)
OunuHeftHOR QyHKUUM b(x, y), 3ananHoH Ha auHeHHOM npocTtpaHcTBe V,

Ha3bIBaeTCs MHOXeECTBO Ly Bcex BexTopoB X € V, s KOTOPBIX b(x, =0

ana Bcex Y€ V. AHanoruuHo onpejefiseTcsi NPaBoe sapo Lo

IlokasaTb, uTO @) JeBO€ M TNpaBoe sAPa — MNOANPOCTPAHCTBA;
6) B n-MepHOM NPOCTPAHCTBE JIeBOE M NPaBOE fApPa UMEOT OLHHAKOBYIO
pasMepHOCTb n—r, Tle r-—paHr b(X, y), T. e. paHr ee Marpuupl
B KakoM-HuOyab OGasuce.

1862. Ha#tu 6asuc n€BOro W npaBoro sipa (HyJeBOro NPOCTpaH-
crBa) Ly u Ly (3anasa 1861) 1na GuanuehHol dopmul b(x, y)=xv,-}
~+ 2x,¥, + 3x99; -+ 6x5y, W nOKasaTh, uyTO Ly =+ Ly.

1863%, a) Ilokasathb, uTO JAas CHMMETPHYECKOH H KOCOCHMMETpHue-
cKOU OGuanHelHbIX (YHKIMA J€BOE€ AP0 COBNAAAeT C NPAaBBIM;

6) npusecTH npumep OUMMHEHHOH QYHKUMHM B n-MEpHOM NMPOCTPAHCTBE,
KOTOpas He SBJSETCS HH CHMMETPHYECKOH, HH KOCOCHMMETPHYECKOH, HO
BJs KOTOPOH JeBOe AP0 COBNABAET C MPABbIM.

1864*. [okasaTb, 4TO HEHy/eBas KOCOCHMMeTpHueckas OuHHeHHas
($yHKUHMA B TPeXMEPHOM NPOCTPAHCTBe NMpENCTaBASETCS B BURE b (x, y) =
=a(x)b(y)—a(yb(x), rae a(x) n b(x) — nuHeltuvle GYHKIMH.

18656*, Tlyctb b(x, ¥)— OunuHetinas ¢ynkuus W L — k-MepHoe
NOLNPOCTPAHCTBO B 71-MepHOM mnpocTtpanctBe V,. O6GoaHnauuM uepes L*
MHOXECTBO BCeX BekTopoB Y E V, Takux, uro b(x, y)=0 aaa Bcex
x € L. Jloxasarb, uto:

a) L* — noanpocTpaHCTBO;

6) ecmn b(x, y) HeBHpOXAeHA (T. e. PaHT paBeH 1), TO pasMep-
HocTb L* paBna n— &;

B) ecan b(x, y) umeer panr r < n, 10 pasmepHocts L* Goabuie Han
paBHa max(n-—R, n—r).

1866%, Tlyctb b(x, y)—HenyneBas KOCOCHUMMeTpHueckas GuanneHHas
$hynxuus B n-MepHOM JuHeHHOM npocrpanctee V. Jlokasars, uTO cyluie-
creyer Gasuc, B xotopoM b (X, y) sanuuierca Guanuelino#t ¢opmo# cie-
AYIOIero KaHOHMYECKOro BHIA:

b(x, §)=x1¥9— Xo¥ + X3V — X ¥3+ ...
n
+ Xop-Yor — Xo¥or-p 1 <R 7
Hafitu kanonnueckut BHI KOCOCMMMeTpuueckod OHJAHHeHHOH ¢GHOpMbI

(3anaua 1866) u HeBhIpOXkAeHHOe NMpeoOpa3oBaHHe HEM3BECTHHIX, K HEMY
npuBoadLiee, AaA C/lAelylolnx Gopm:
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1867, b(x. y)=x,Yy— Xo¥; 42 (X1¥3— %3¥)) — X194+ X4, —
—— 3 (X9¥4 — X4¥9)-

1868, b(x, ¥)= Xy, — Xo¥; + 2 (X,¥3— X3¥1) + 4 (Xo¥4 — %,¥2)-

1869*, [ycTts f(x) — xBagparuyHas GYHKUAS B 1-MEPHOM €BKIUAOBOM
npoctpatcrse V,. [loxasats yTBepxjeHwe: maf TOro 4To6u kouyc K
¢ ypasHeHueM f(x)=0 (3anaua 1857) comepman OpTOHOpPMHPOBAHHLIA
-6a3uc mpocrtpaHctBa V,, Heo6X0oJMMO H [OCTAaTOYHO, 4TOGH cjel Ma-
-TpHLB A yHKuUH f(X) B OAHOM (a, 3HAYHT, U B JMOGOM) ODPTOHOPMH-
‘poBaHHOM Gasuce Obln pased Hymo. ChopMymHPOBaTH COOTBETCTRYIOILEE
yTBEpK/JeHHe HAa MaTPHYHOM fA3HIKe.

§ 25. Addunnne (queqﬂo-nemopnue) NPOCTPaAHCTBA

Ounpenenenne!) Ilycte maHo MHomecTBO A aneMentoB A, B, C ...,
Ha3bIBaeMBIX TOYKAMH, H JuHeHHOe mpocTpaHCTBO V (Hax mojeM NeHCTBHTENbHBX
yucen HMAM Hal JOGHM mojJeM P) ¢ 3JeMEHTaMH X, ¥, 2, ..., HA3LBAEMBIMH
-BektopaMu. TlycTh, manee, xawno¥ ynopsjpodenHoit mape Ttouek A, B (pazauu-
HBX HJIH COBNAJAIOIIHX) [OCTaBJAEH B COOTBETCTBME €JHHCTBEHHHH BeKTOp

—>
.x = AB, NpUYeM JAA 3TOr0 COOTBETCTBUA BHIMOJHAIOTCA CACAYIOLIHE ABE AKCHOMM:
I) nna no6oft ToukH A H MOGOrO BEKTOPa X CYILECTBYET €JMHCTBECHHAA

_ .
-Touka B Takad, 410 AB =x;
II) ansa mo6uix (Heo6si3aTeJbHO pa3iuyHHX) Tpex Touek A, B, C umeer
_— -

MEeCTO paBeHCTBO AB - BC = XE

MuoxecTBo A BMeCTe ¢ TaKHM COOTBETCTBHEM HAa3HWBACTCA a@P@PUHHLM
npocmparHcmeoM.

Ecau V =V, ecTb n-MepHoe auHeifHOE MPOCTPAHCTBO, TO H Y HaA3BBaETCH
.n-MepHbIM adhdHHHBIM [POCTPAHCTBOM M oGo3Hauaetca depe3 A, Ecau V Gec-
KOHEYHOMEpHO, TO H Y Ha3uiBaeTcAd GeCkOHeYHOMepHHM. Ecau auHeitHoe npoct-
paHcTBO V sABAfETCA EBKAHIOBHM, TO H TOYEYHO-BEKTOPHOE MPOCTPaHCTBO ¥ Ha-
36BaeTCA eBKAHAOBHIM. B 3TOM cayuae paccrofHue Meway ToukaMu A U B paBHO

JIAHHE BEKTOpa :ﬁ u yron ABC paBeH yray Mexay BektopamMu BA u —EE
3ameuaHue Jhoboe auHEHiHOE NPOCTPAHCTBO V MONHO PacCMaTpHBATh
kak abdunnoe. Ilpn 3ToM MHOMecTBO ¥ coBmajgaer ¢ V, Tak UTO BEKTOPH pac-
-CMaTPUBAIOTCA TAKKE KAK TOYKH. [OBOPAT TaKie, 9TO BEKTOP X 3ajaeT HEKO-
TOpylo Touky addunHOro mpocrpaictsa. ConoctasjeHHe YMOpAjOuYeHHOH mape
TOYEK BEKTOP3, YKA3aHHOE B ONpefeNeHHH, B NaHHOM ClIyuyae COCTOHT B TOM,
YTO YHOPAZOYEHHOH Mape Todek X, ¥ U3 V COOTBETCTBYeT BEKTOp 2=y — X.
Orciola Mo X H 2 OJHO3Ha4YHO OmMpenendeTcd Y, UTO JOKa3HBAaeT aKcuoMy I
Axcuoma Il cBOAMTCA K OUEBHIHOMY paBeHCTBY (¥ —X)F(z2—y)=2z—xX.
Takoe OTOXIECTBICHUE TOYEK W BekTOpoB MpuHATO B §§ 16—19 ato# xuuru.
ITrockocmero apunrozo npocmpancmea A, npoxodsuel 4wepes mourky A
U uMenwell HanpasAsIouum nodnpoompaﬂ:_rﬁaou L, Ha3pBaeTCAd MHOXECTBO &

Bcex Touek M u3 U, and koTopux Bexktop AM mpuHamnexur L. Pasmeprocmsio
.RAOCKOCMU T HA3biBAeTCAd Pa3MEPHOCTb ee HAMpaB/floIero MOANpocTpancTsa L.

1) INpuBenennoe anech onperencHue adPHHHOTO MPOCTPAHCTBA B3ATO (C He-
-6onbmHMH H3MeHeHHAMH) u3 kuurd H. B. Ed umMosa, Becuas reomerpus,
.u3n. 4, Pusmatrus, 1961, § 179,



§ 25. AOOHUHHLIE (TOYEUHO-BEKTOPHLIE) NMPOCTPAHCTBA 4T

OnnomepHbie NJIOCKOCTH Ha3HBAOTCH NPAMNMY, a (n— 1)-MepHHe maockoCTH
n-MEepHOro NMPOCTPAHCTBA — 2UNEPNAOCKOCMAMU.

JiBe NIOCKOCTH %; H T, HA3HBATCA NAPAALCAbHHMU, B CHMBOJAX =, || =y,
€caM OHH He mnepecekaloTcs (T. €. HE HMEIT o6mHX TOYeKk) M HamnpasJsiouiee:
NOANPOCTPAHCTBO ONHON H3 HHX CONEPXKHTCA B HANpaBJAIONIEM MOIHNPOCTPAHCTBE:
Apyrofi (uiH COBHAJAIOT C HHM). :

Ecau Bm6paTh HeKOTOPYK HauaabHylo Touky . O€¥, TO JLI(_))ﬁaﬂ Touka M

ONHO3HAUYHO ompexeasercs BekTopoM OM H obpaTtHo. Bektop OM HasmBaetcs:
paduycom-eexmopox toukd M. IlnockocTh =, mpoxonsuias uepes TOuky A u
HMeIolas Hampasasionlee moxnpocTpaHcTBo L, coctout u3 Bcex Touek M, pa-

JHUYCH-BEKTOPH KOTOPHX ONPEJeNsloTC W3 paBeHCTBa 0M=0A+x, rae
X€L. Ecau cuuTaTh TOYKAMH BEKTOPH H3 V, TO NJAOCKOCTb OHNpeJeNsieTCs u3.

paBeHcTBa & = Xy L, Tie X, = OA. Taxmu 06pa3oM, B 3TOM Cayuae MOHATHe
NJOCKOCTH COBHAaJaeT ¢ MOHATHeM JMHEHHOro MHoroo6pasus u3 § 16. Ilaockocrn,
- mpoxofsuue yepe3 Touky O, 6yAyT COBHAAaTh C MOXHNDPOCTPAHCTBAMM.
Ad¢uHnas cHcTeMa KOOpIMHAT n-MepHOro adduHHoro mnpoctpaHcTBa U,
cocroutr u3 TOukH OCU, Ha3bBaeMol HawasoM xoopOuHam, w Gasuca

e,.e, ..., e, COOTBETCTBYIOLIErO JAnHeHHOro npocrpaucrsa V, Koopdunamanuu
mouxu MECW, Ha3HBAOTCA KOODAMHATH ee paauyca-sektopa OM B naHHOM
6asuce, T. €. UHCAA X, Xy, ..., X YILOBJAETBOPAIOLIHE PABEHCTBY

—_—
OM=xe,+} x.:+ ... + x4ep.

[lycth k-MepHas MAOCKOCTb & AEHCTBHTEAbHOI'O n-MepHoro adduuHOro mpo-
CTPAHCTBa MPOXOJHT uepe3 TOUKY A € KOOpAMHaTaMu x?, e 2 u umeer
onpefenqollee NOANPOCTPAHCTBO L ¢ 6a3sHCOM H3 BEKTOPOB, 3aJaHHBIX HX KO-
OpJAHHaTaMK .

e;=(ct, ¢5 ..., cb) (i=1,2 ..., k).

Torpa xoopauHatn M06oit Toukn M €= onpeneasioTcs paBeHCT BaAMH:

0 1 ks : X
x;=x+te;+ e i=1,2, ..., n) (1)

DT DaBEHCTBA HA3HWBAOTCHA NAPAMEMPUCCKUME Y PABHEHUAMU NAOCKO-
e¢emu = [lapameTpu £y, £, ..., {; NPHHUMAIOT MOOBE ReHCTBHTEAbHHE 3HAYEHHS.

Ty 3e NAOCKOCTb % MOXHO 3alaTb 1 — k JIHHEHHO HE3aBHCHMBHIMH YpaBHe--
HHAMH BHJIA

n
Za,jxj=h¢ (i=1, 2, P, n——k)- (2)“
j=1
n

n
3pech b, = Za,jx‘; H onHOpONHME ypaBHeHMa 3, a;;x;=0 (i=1, 2 ...
= =

« +.y 1— k) 3a1a10T noANpocTpaHcTBO L. YpasHeHHA (2) GyneM Ha3nBaTh OGIMMK
YDaBHEHHSIMH IIOCKOCTH =.

Ypasnenuss npsmoii, mpoxopsweli uepes mse Ttoukm A(x], £3, ..., x0) u
0 .0
B(y], ¥, +++» Y1), nMeloT BHA:

x=x4t(]—x0) (=1,2..., n). 3

3xrech ¢ npoberaer Bce AEHCTBHUTEAbHHIE uMCAA.
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Ompesxom AB HaspiBaeTC# MHOMECTBO Towek M, KOODHMHATE! KOTOPHIX
noayuaorcs u3 paseHcTs (3) npu yenosuw O0<{f<{1. Touxka M, pensmas
oTpe3ok AB B OTHOWECHuu A #= — 1, onpeneaserca B BeKTOpHOH dopMe ycno-

BHEM :m: kA-/lT? HIH B KOODIHHATax
X1+ M
14+ '

1870%, B adduHHOM npoOCTpaHCTBE HNAHbI YEeThIPe PA3/AHYHBIX TOUKH
A, B, C, D. Toukn K, L, M, N penar orpesku AB, BC, CD, DA

m
B OJMHAKOBOM OTHOUICHHH —- 7 — 1. Hokasats, uro:

X; = i=1 2 ... n

a) ecit ABCD — napaanenorpamM, 10 KLMN — napannenorpamm;

6) ecin KLMN — napannenorpamm u m +#n, 10 0 ABCL —na-
paniesorpamm.

1871. Iloka3atb, 4TO NMape COBMNABIUMX TOYeK COOTBETCTBYeT HyJeBOH

—_—
BeKTOp, T. e. AA=0.
—> —>
1872. Iokasats, uto AB =-—BA,
1873. Ilokasars, uyro mobafd naIockocTs % aduUHHOrO MPOCTpaHCTBA

caMa sBifercs apUHHBIM NMPOCTPAHCTBOM, PA3MEPHOCTb KOTOPOTO pasHa
pa3MepHOCTH =. -

1874, IlokasaTh, 4TO NJAOCKOCTb M, MNpPOXOJXAIAsA Yeped TOuky A
€ HanpaBAfIOIUM MOAMPOCTPAHCTBOM L, He 33aBMCHT OT BbIGOpA Ha Hel
TOYKW A, T. e. COBMaAder C MIOCKOCTBIO W', Mpoxolslled uepes Touky A’
M3 %, C TeM e HanpaBAslOlMM NoanpocTpaHcTBoM L.

Ha#'Th napameTpuueckMe ypaBHeHHS IUIOCKOCTH, 3alaHHOH oOLMMU
YPaBHEHUSAMHU:

1875, x; 4 xy—2x3+43x,=1,
x4+ 2x) — x34-2x,=3,
X, — xo— 4x3-} 5xy=—3.
1876. 2x; — xo+ %34 2x, 4 3x5=2,
 6x;— 3xy+2x3+4x,+ 5%, =3,
6x; —3x,+4x3+8x,+ 13x;,=09,
4x,—2x+ x5+ x4+ 2%, = 1.

Haiitn ofuine ypaBHeHHA IJIOCKOCTH, 3aIaHHOW mnapaMeTpHYeCKHME
YpaBHeHHAMU:

1877, x,=2-4t, 1, 1878. x,=1-t, 1,
Xy== 12t~ t,, xp=2 £,
X3==—3 -t 2,, X3==5— £, 3¢,
X4 =3~ 3t,+t,, Xy=3 26, — by,

xg= 14,4 3¢, x5 =13t —2t,
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1879. Hoxasarb, 4TO uepes Al00he NBe PasauuHbie TOYkH A, B ap-
(MHHOTO NPOCTPAHCTBA NPOXOIMT €IMHCTBEHHas mnpsMas.

1880. Hoxasatb, uTo uepe3 Jw6be Tpu ToukH A, B, C addunuoro
NpOCTPAHCTBA, He Jexallde Ha ONHOA npAMON, NPOXOLHT eNHHCTBEHHAs
EBYMEPHas INJAOCKOCTb,

1881. llokasare, uto uepes aobuie k-1 Touek Ay, A, Ay ..., A,
apuHHOrO TNPOCTPAHCTBA, He Jexawde B (2 — 1)-MepHo#t naocKoCTH,
NPOXOJUT eLHHCTBEHHast K-MepHas IMAOCKOCTb.

1882, ¥YkasaTb Bce CJAyyaH B3aMMHOTO pACIOJIOKEHHS TpeX pasiuu-
HBIX IUIOCKOCTeR TpeXMepHOTO NPOCTPAHCTBA, 3alaHHBIX OGIIMMH ypaB-

HEHUSAMH
ax+by+cz=d,
Gy% - 0y + ¢92 = d,
a3x b3y - c32 =dj,

4 1J8 KaXKIOTO cJayuasd 1aTb HeOOXOIMMOe W LOCTATOYHOE YCJOBHE C 10-
MOLIbIO NOHATHS PAaHra MaTPHILbL.

1883. C noMoublo MNOHATHA paHra MaTPHULB OXapakTepH30BaTh BCe
C/y4ad B3aHMHOTO DPAacHOJOKEHUS ILBYX NPAMBIX TPEXMEPHOIO MPOCTPaH-
CTBa, 3alaHHBIX OOUIUMU yDABHEHHAMH:

ax+by+cz=d, ax-4+by-+cz=d,
azx b3y 2 =dy a0y -+c,z2=d,

1884, C noMOWbI0 MOHATHS paHra MaTpUlUBl ONMCATh BCE CAyYaH
B3aMMHOTO PAacNoJOXKeHHA IBYX LBYMEPHHIX MJOCKOCTEH YeTHPEXMEPHOTO
NPOCTPAHCTBA, 3aNaHHBIX OOILMMU ypaBHEHHSAMM:

4

J,Elaijx,-:bi (=12 (1)
H

: .

j%,laijszbi (i=3, 4). @)

1885, OnucaTe Bce cayyad B3aHMHOTO pACHOJMOMEHHS IBYX THIep-
NJIOCKOCTEeR n-MepHOrO ad¢dMHHOTO NPOCTPAHCTBA, 3alaHHHIX OOUWIMMH
ypaBHEHHAMHU:

6 x +axy+ ... tax,=cn bx b+ ...+ b,x,=d.

1886*, JlokasaTb, 4TO ec/aM nepeceueHHe T MHOKeCTBa (KOHEUYHOTO
NaM  GeCKOHEHYHOTO) mnAOCKOCTeH :; addrHHOrO npoOCTpPaHCTBA HEMycTo,
TO % ABASIETCH IUIOCKOCTBIO.

1887. MlokasaTe, 4TO IBeé NAOCKOCTH My =@, L, ¥ ®p=0a,+ L,
TOTAA W TOJMbKO TOTJA NePeceKaloTcs, KOrna BeKTOp @, — @, NpHHaujie-
KHT noAnpocTpancTsy L, -+ L,.
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1888*, JlokasarTb, YyTO NIOCKOCTb %, _n-MEPHOTO adUHHOro NpocTpaH-
.CTBA, OTAHYHAf OT TOYKH, TOTAA M TOJLKO TOrAa NapaienbHa JMioGOH
HE Nepecekaiolied ee MIOCKOCTH Jy, KOIAA N, ABAAETCH THIEPIIOCKO-
CTbl0 (T. €. UMeeT pasMepHOCTb n— 1),

1889*, [lokasath, 4TO ABe HelepeceKaioliHecs THNEPIUIOCKOCTH 7, H
o, n-mepHoro adp@uHHOrO NPOCTPAHCTBA TONAA H TOJALKO TOrAa mapan-
JIeJbHBL,- KOTAA OHH JIeXar B IUIOCKOCTH Nz, HMeloulefl pa3MepHOCTb
Ha eluHHuy 60Jbllyio, YeM GOJbluast M3 pasMepHOCTef I, U Ty

1890*, [okasaTb, 4TO 4epe3 Al0OLIe HenepeceKalounecs NJIOCKOCTH &,
M T, R-MEpHOro aq)qml-moro l'lpOCTpaHCTBa MO)KHO NpOBECTH Napafelb-
Hble THNEPIIOCKOCTH U, M Ty,

1891, Ilycre :tl__.al—{—Ll H 3y, = @,-}- L, — HenepeceKkawlxecs
NJIOCKOCTH KOHEYHOMepHOro adduuHoro mpocrpancrsa. Hafttu naockocrtb
Jt; HauMeHblleH Da3MEPHOCTH, COLEPHALIYI0 7, U Mapajlje/bHyl0 Ty

1892. Ilokasarb, 4TO €caM NJAOCKOCTb N, apduHHOrO npocTpaHcTBa
mapajjie/ibHa KOKI0A M3 IJIOCKOCTeH 7Y, M mnepeceyeHHe I IJIOCKOCTeR I,
HEnycTo, TO 7 €CTb IJIOCKOCTb, NapajjeibHas .

1893. ‘Buipasuth yc10BHE NapanaeabHOCTH ABYX NJIOCKOCTEH n-MepHOro
a($HHHOrO NMPOCTPAHCTBA, 3aAaHHBIX OOLIMMH YDaBHEHHSMH, C NOMOLIBIO

JIOHATHA paHra MarpHubl.
n

1894, Ig:epnaockocTb, 3azaHHas OOLIMM ypaBHEHHeM Za,x,—b

pa3GHBaer n-mepHOoe addHHHOE NMPOCTPAHCTBO HA 1BA nonynpocmaucma

‘COCTOSAILIIHE H3 TOYeK, KOOleHHaTbl KOTOPHIX YIOBJETBOPAIGT OLHOMY H3
n

HepaBeHCTB Xy a,x, > b uim Za,x < b. Ilokasats, 4TO Kaxaoe U3 STHX
A ~ ;

710/yNPOCTPAHCTB AIB/AETCH Bbll'lyKJIbIM MHO XeCTBOM.

1895% 1), Muororpadnuk P 3alaH Kak BHOYKJOe 3aMHKAHUE CHCTEMbl
‘TOYEK YeThipexMepHOro adpd@uHHOrO NPOCTPAHCTBA, 3aAAHHBIX KOOPAH=
HAaTaMH:

0(0,0,0,0), A(,0,0,0), B, 1,00, C(1 1,0, 0),
D@©,0,1,0), E©,0,0, 1, F©,01,1).

a) Hanucath cucTeMy JMHeHHBIX HepDaBEHCTB, 3afAlONIUX MHOTOTpaH= -

auk P;

6) HafiTH BCe TpexMepHble FpPaHH 3TOTO MHOrOrpaHHUKA.

1896. Pewmts 3amauy, aHaJOrHyHyl0 npeablaylueit 3agaye, AJf TOYeK:
0(,0,0,0, A(,0,0,0)., B(,1,0,0),
€(,0,1,0, D(,1,0,0, E,0,1,0),
F@O,1,1,0, Gga,1,1,0, H@, 0,0, 1).

!) Bamaun 1895—1898 ykasan aBropy 3. B. Bun6epr.
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1897, Haittm sepumnnl » $opmy wmMHOTOTpaHHMKa P TpexmepHoro-
NpOCTPAHCTBA, 3aLaHHOrO CHCTEMOHM HepaBeHCTB

<L <L <L X% 2>—1 X14-x3 2> —1, x4 x> —1.

1898. Ha#tn opmy u BepmMHH ceyeHHH yeThpexMepHOro kyGa, 3a-
BAaHHOTO B OPTOHODMHDOBAHHOM CHCTeMe KOOPIHHAT HEepPABEHCTBAMH
0L x; K1, i=1, 2, 3, 4, NIOCKOCTAMH:

) X+ X FX3+x=1 0) x;+ X+ x3+x=2;
B) X1t xo4-x3=1; 1 xFx,=x34x,=1.

1899*, B TpexmepHoM addunHoM mnpocTpaHcTBe - U3 Ham nosem Z,
u3 IByx oseMedToB 0 B 1 HaHTH: a) uMcaAO Bcex Touek; 6) uMCJO Bcex
‘TIPSIMBIX; B) YHCJIO BCeX TJIOCKOCTeH; r) 4HCJO TOYeK, JexalMx Ha oJQHOH
NpAMOH; N) YHCAO TPAMHIX, NPOXOAAUIMX uepe3 OAHY TOYKY; €) YHCIO
TOyeK, JeXalMX Ha ONHOH TIJIOCKOCTH; XK) YHCJAO IJIOCKOCTEH, NpoXo-
IALMX -uepe3 OJHY TOUKY; 3) YHCJIO MPAMBIX, JEKALMX HA OLHON TJIOCKO-
CTH; M) YHCJAO IVIOCKOCTeH, MPOXOLALIMX vyepe3 OLHY NPAMYIO; K) UYHCHAO:
NpAMBX, NapaJJeNbHBX NAHHOM TPAMOM; &) HHCAO NJOCKOCTel, mapasn-
eNbHBIX JIAHHOH TJOCKOCTH; M) HACJAO NPAMBIX, NapaijesbHHX JAHHOH
NJIOCKOCTH; H) UYMCJAO NJIOCKOCTeH, mapajjefbHHX JaHHOR npsMOH;.
0) YHCJIO MPAMBIX, CKPELMBAIOLIMXCA C JLAHHOH TPAMOH.

§ 26. Tensopnas aareGpal)

IlpuBeseM OCHOBHWE MOHATHA M CBOHCTBA, KOTOPHIE NPEANOMNATalOTCA HI~
BECTHHIMH H3 KYpCOB Jekuuit. JIOKa3aTenbCTBO HEKOTOPBIX H3 YKa3aHHHX CBOHCTB
npejaaraeTca B KauecTBe 3a1a¥ B 9TOM naparpade. '

Ilycth B n-MepHOM aHHEHHOM NpOCTpaHCTBE V, (ReACTBHTEAbHOM, KOMIIEKC-
7
HOM HAM HaJ| HEKOTOPHM ModeM P) naHu 1Ba 6asucae;, €y, ..., €, 1 €1,€y, ..., €.

STH 6a3UCH CBA3aHH PaBEHCTBaMH:
’ 1 2 n
e, =ce + 0132_.}_ R cle,,
4 1 2 n
ey =1ce 364 ... e,

R
e, =c,e, 4 ce4 ... ce,
HIH B COKpAIICHHOH 3amHcH

ef = cfek (i=1 2, ..., n). (1)

') Pan 3ajau storo naparpada ykasan H, B. EdpumoBum u JI. A. Cxopua-
KOBHM B CBfI3H C KypcoM «JIHHeitHas -aare6pa M reoMeTpHs», YUTaBIIMMCH HMH
Ha MEXaHHKO-MaTeMaTuueckoM dakyabtere MI'Y ¢ 1964 rona.

B wacTHoCcTH, onpeleseHHe TEH30PHOrO NMPOM3BENCHHSA ¥ NPUMEHEHHE K HEMY
NOHATHS CBEPTKH (CM. BBEAcHUE K 3azasy 1918) maarw u3 kypca H. B, E¢umosa.
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3nech M HHKE MO HHIEKCY, CTOAWEMY Kak CBepXy, Tak H CHH3Y, APELNOJaraeTcs
CYMMHpOBaHHe B Mpejenax ot 1 1o n.
- BeeneM MaTtpHuny mnepexorna

1 1
€ ¢ ... )
2 2 2

C=|¢ € Cnf,

n n n
ier ... ¢y

o cTOA6uaM KOTOPOH CTOAT KOOPAMHAThl BEKTOPOB BTOPOro 6a3uca B HepsBoM !).
Torna dopmyan (1) B MaTpHuHOH (hopMe 3amMHUIYTCA OAHUM PABEHCTBOM

(el €5 ... e,)=(e, ey ..., €,)C.

KoopavHatel BekTOpa X B 'mnepBoM 6a3uce BhIpa3aTcs uepe3 KOOPAHHATH
TOr'O e BEKTOpPa BO BTOPOM Gasuce HpH HOMOMHH CTpok MaTpuubt C no ¢opMmy-
aaM: %" =cfx", k=1, 2, ..., n. OTCciona KOOPAHHATHL xt BHIPA3ATCA uepes X
B BuIE:

i [ ,
x —_—d;xk, i=1,2...,n )

al al... a4ar)

1 2 n
Beenem Matpuny D = dy dy ... dy , 10 cToa61aM KOTOPOH CTOAT KO3gh-

\dh ai...an

n n

duumentH B BHpaxenuax x'f uepes x#, Toraa dopuMyabl (2) B MaTpuuHOH dopme
3aIMIIYTCH PAaBEHCTBOM :

L 2%, M) = (), &% L., £")D.
Tak kak, ¢ Apyroi cropowb, (x!, x2, ..., M= (', x'2 ..., ¥ C* 10
Matpuubl C u D CBA3aHB PaBEHCTBOM . ,
D=(CH " 3)

3aech u HMKE 3BE3NOYKOH 06O3HAUEHA TPAHCNOHMpOBaHnas MarTpHua. Ecau obe
marpuubl C 1 D nucath u3 koagduunentos ¢opmya (1) 1 (2) He no croabuaw,
a 0O CTPOKaM, TO 3TH MAaTPHUBl 3aMEHATCA Ha TPAHCIOHHPOBAHHBIE H paBeH-
¢TBO (3) He H3MeHHTCH.

3aKOH u3MeHeHMd, aHaJOTHUHbLIA u3MeHeHHIO 6Gasuca mo dopmyaam (1),
Ha3blBAETCA KOB8APUAHMHbM, a 3aKOH H3MeHeHHs mo ¢dopMmynaM (2) — konmpa-
sapuanmuoii. BenwuuHbl (uau npyrue o6bekTh), CBA3aHHbie ¢ 6a3ucoM
H3MEHAOINHECS KOBADHAHTHO, HA3BIBAIOTCH KOBAPUAHMHOLMU ¥ 0003HAyalOTCH
HHXHHMH HHAEKCAMH, @ H3MEHAWILHECH KOHTPABapHAHTHO HA3BIBAITCA KOHM-
pasapuanmubimy ¥ 0003HAYAIOTCH BEPXHHMH HHISKCAMH. .

Ten3opom B n-MepHOM JHHEHHOM MPOCTPAHCTBE HA3bIBACTCH TAKOE COOTBET-
CTBHE, MPH KOTOPOM KaXAOMy 6asHCy mpocTpancTsa cooTserctsylor n’'9 uucen

JiJo een ]
a;!;277" /4, OTMEUCHHNX P HHMHHMH M ¢ BEDXHHMH HHICKCAMH H H3MEHSIOIHXCH
ORI

!) Ecan marpuuy nepexoja mucarth He Mo cTonGuaM, a mo cTpokam, To ¢op-
MYyJBl, UCTIONb3YIOIHE MAaTPHYHOE YMHOXeEHHe, M3MeHATCH, dopmyan xe (1), (2)
H JpyrHe, HEe HCNOAb3YIOHIHEe YMHOXEHUA MATpHI, OCTAHYTCH NpEHKHHMH.
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€ H3MeHeHHeM 6a3uca KOBAPHAHTHO IO HWXHHMM M KOHTPaBapHaHTHO MO BEPXHHM
HHIEKCaM. DTH YHCJAA HA3LBAITCA KOOpOUHAMAMU meH30pa B NaHHOM Oasuce,
a udcao p-+ q — easreHmrocms0 men3opa. T'OBOPAT Takke, UTO AAHHBIH TEH-
30p ABASETCA p Pa3s KOBAPHAHTHHIM H ¢ Pa3 KOHTPAaBAPHAHTHBIM, WAH TEH30DPOM

tHOa (p, q).
Tlo ompeneneHuo TeH30pa €ro KOOpAHHATHL B ABYX 6a3ucax

4 / 4
€, €y ..., €, 1 e, e,,.. e,
CBfI3aHHBIX PABEHCTBOM (1), CaM¥ CBA3aHBI paBeHCTBOM
ey _ By I, ol
Tl =c¢;lc,? ...de @iz . dla 2 q 4
80y, = e 141, 1%k, .k, @
(llv ---rip» ]I» sy ]q=1| 2v raey )

3nech, kak O6HWYHO, MO BCEM HMHIEKCAM kg H [, MpeinojaraeTci CyMMHpOBaHHE
B mpejienax ot 1 go n.

Teuaop MOMCHO ONpeleAnTb HHaue, Kak reoMeTpuueckuit o6bekT, CBA3aHHbIH
C JHHEHHBIM  TPOCTDAHCTBOM V. LIJm 3TOr0 pacCMaTpUBAIOT CONPSKEHHOE MPO-

CTPAaHCTBO V Ero BekTopamm sBasioTCA AHHeHHBle GYyHKuuM @ (X), 3ajaHHbie
Ha JaHHOM MpOCTPaHcTBE V, MPH OGBLIYHBIX ONepalHaAx CIOMEHUR IBYX dyuxnui
# yMHOMeEHus ¢yHKIMH Ha 4yucho. [IpoctpaHcTBO V TaKMe n-MepHO, MpHUEM Kax-
oMy 6asucy ey, é,, ..., €, NpoCTpancTBa V, COOTBETCTBYeT eJHHCTBEHHHIH 6a-
suc €', €% ..., e" conpskenHoro npocTpaHcTBa V,, Ha3bIBaeMBIH CONPAHCEHHBM

(unu 63aumrbtm) OasucoM 1as AanHoro 6asHca MPOCTpaHCTBa V, U CBA3aHHBIH
C HHM paBEHCTBAaMH

ee)=>8, (,j=12...,n), ®
rae 6’ — cuMBoa Kpouekepa, pasubiit | npu i=j u 0 npu i == J.
Ec.:m 6asuc e; npeobpasosan no dopmyaam (1), T0 conpskenHnil Gasuc et
npeo6pasyerca no ¢opMmynam
et =dte* (i=1,2 ..., n.
Mexay BceMH MOAMAHHEHHHMH (YHKLHAMH
F(x), X5 ..., X 9, 9% ..., 99)

*
OT p BEeKTOpoB M3 V, M ¢ BekTOpoB u3 V, M BceMu TeH3opamu THNa (p, g) Ha
V, MOXHO YCTAaHOBHTb clelyiolllee B3aUMHO ORHO3HAauHOE COOTBETCTBHE, HU30-
MOp(HOE OTHOCHTENbLHO OMepalMi CJOXEHHS, YMHOXKEHHS H YMHOXEHHA Ha YHCIO,
IMoaununeiiHod ¢yHKHH, HaMHCAHHOH BBUNE, COOTBETCTBYET IEH30p, KOOp-

IHHATH KOTOPOro B 0asuce e, ey, ..., €, MPOCTPaHcTBa V, ompejensoTcs pa-
'BEHCTBaMH:
Jidgeend iy 7,
;li:...tpq'“F(ei,' Cipnn €13 € Le?. .., e? 6)
iy eeovr g Jio oo Jg=1,2, ..., ).
1112... J

Hao6opor, TeH30py ¢ KOOpAHHAaTaMu a, i p‘l B Gasuce €, &, ..., €, CO-

OTBETCTBYET MOJAMAMHeHHas ¢yHKLHS, onpene.ueHHaﬂ PaBeHCTBOM

F(x, X2 00y Xp; 94 9% ..., 9 =
f‘f2. T 1 i1 9
— gyl P
I N NI AL N
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Tae x:, x?,, . x;‘—xooanHaTu BeKTOpa X, B Oasuce e, €, ..., €

u{, ué, cees uf,—xoopnuHaTu BekTOpa @f B compsiueHrHoM 6asuce e\, €2, ..., e"-

flpu sToM 3HaueHHE MOAMAHHEHHOH (YHKUHMH HA JAHHHIX BEKTOpPAax He 3aBsH~-
x
CHT OT BHIGOpA CONMpAXEHHHX GasucoB B V, n V.

BBy yka3aHHOrO COOTBETCTBHS TEH3ODH Ha MPOCTPAHCTBE V, MOXHO ompe-
JeNHTh HE3aBUCHMO OT 6a3HCAa KaK NMOJMAHHeHHHE (YHKLUUU OT BEKTOPOB NPO-

»
CTPaHCTBa V, H CONPSIKEHHOTO MpocTpaHcTBa V.

Mpocmpancmeosm ¢ readpamuunod MeTPHKOH Ha3HBaeTCs n-MepHoe jeii-
CTBHTEAbHOE JHHEHRHOE NpPOCTPAHCTBO M, B KOTOPOM 3ajlaHa HEBHIPOXKJEHHas
cuMMeTpuueckas OGuauHeiiHas $yHKnus g (X, y), Ha3biBaeMasi MeTpHueCKOil (yHK-
uueil. Ecau cooTBercTBYlolias el KBajpaTHIHad QyHKIHA g (X, X) NOAOKHTENbHO
onpejeneHHa, To MPOCTPAHCTBO C KBAAPATHYHOH METPHKOH SIBJAAETCH €BKIHIOBLIM
nNpocTpaHCTBOM M OyleT o6o3HadaThes yepe3 E,. B sToM ciayyae BMecTO g (X, ¥)
6yneM nHcaTh NMPOCTO (X, ¥) H Ha3nBaTh 3HaY€HHE STOH GYHKIHH CKaNAPHBIM
HPOHM3BEJEHHEM BEKTOPOB X H V.

n B

B mnpocrpanctee M, xa)xnouzy 6asucy e;, €y, ..., €5 COOTBETCTBYET €JMH-
CTBeHHHH B3auMHHH O6a3suc el, €% ..., e", cBA3aHHHH C JaHHMM 6a3ucoM pa-
BEHCTBaMH

gle, e)=8/ G, j=12 ..., n). ®)

Kawnamii BekTOop X M3 mpocTpaHcTBa M, pasnaraerca mno 6asucaM e; H e,
1. €. X = x'e; = x;e'. [lpn uaMeneHuu 6asuca e; no dopMyaam (1) koopaunath x°
B 9TOM 6asHce H3MenaioTcs Ho dopmyaam (2), T. €. KOHTPABAPHAHTHO, H Ha3bl-
BAIOTCA KOHTPABAPMAHTHEIMM KOOpAHMHaTaMH. B To e BpeMs Baaumumii Gasuc e
npeobpasyercs no ¢opmyaam

el =dle* (i=12...,n), 9y
a KOOpJHMHAaTH x; B 95TOM 6a3nce — no dopmyaaM
xp=ckx, (i=12...,n), (10y

'T. €. KOBADHAHTHO, H HA3HLIBAIOTCi KOBAPHAHTHBHIMH KOOPJAHHaTaMH.
TNpu ¢ukcupoBaHoM BekTOpe ¥ C M, dyHKuus @, (X)= g(x, y) aBseTCH

[r3 (1) *
AuHeHHOA ¢yHkuned OT X, T. €. 3AEMEHTOM CONpSKEHHOTO NpOCTpaHCTBA M.
- *

CooTBeTCTBHE y->q, (x) sBasercs u3oMopdHHM oTOGpawenueM M, Ha M,.

OToxeCTBAsAA SJE€MEHTH 3THX MPOCTPAHCTB, COOTBETCIBYIOLIME APYT APYry mpu
*

3TOM H30MOpdu3Me, MOKEM CYHTaTh, YTO INpPOCTPAHCTBO M,, CONpSIKEHHOE

C MPOCTPAHCTBOM C KBaapaTWuHOH MeTpukod M, coBmanaer ¢ M, B uacrHocty,

9TO BEPHO JJs8 €BKJWJ0BA mpocTpancTta E,.

B npoctpaHcTBe ¢ KBajgpaTHuHOH MeTpHKOH M, OIHy H Ty XK€ MNOJH-
AuHeHHYI0 GYHKLHIO OT r BEXTOpOB H3 M, MOKHO pacCMarpHBaTb KaK TEH30p
tHnA (P, @), A€ p+qg=ru p=0, 1, 2,..., r. Ina aroro, BHi6paB oAHO H3
BO3MOMHBIX 3HAQYEHHH JaA p, OnpeipeiseM KOOPIMHATH TEH30pa B HAHHOM
6a3suce e; no ¢opMynaM, aHalorHuHuM (6), riae €' — B3auMHbIH 6asuc, CBf3aH-
Heiil ¢ 6a3ucoM e; ¢opMyaamu (8). O6paTHO MO JaHHOMY TeH30py Tuma (p, g)
3HaYeHHE COOTBETCTBYIOWEH NOJUAMHEHHOH (YHKUMH HA - JaHHHX BEKTOpAX
onpenenserca GopMmysod, ananoruunod (7). Mlpu stoM B ¢opmyaax (6) u (7)
nox ¢!, ¢% ..., ¢ Hajo NOHUMATL BEKTOPH H3 TOr0 e MpOCTPaHCTBa M.
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B uacTHOCTH, MeTpHuecKOR (yHKUHM g (X, ¥) COOTBETCTBYWT ABa TeH30pa
€ KOOPJAHHATaMH )

gy=gle, &) G J=12..,n; )
gl=g@ ey (I j=12..,n), (12)

#a3bIBAEMblE COOTBETCTBEHHO KOBAPHAHTHHIM H KOHTPABAPHAHTHHM METPHUYECKHMH
TEH30paMH. JTH TEH30PH. coorBercTBeHHO THHa (2, 0) u (0, 2). Kpome ToOrO,
Toit e PyHxuuMu g (X, ¥) COOTBETCTBYeT TpeTHit TeHsop Tuma (1, 1), koopau-
HATH KOTOPOro omnpexeasworcs gopmyaamu (8) U He 3aBHCAT OT BuGopa Gasuca e;.

3nauenus MeTpHUeCKOH yHkUMH g (X, y) omnpeleaslorcs JOGOH U3 Tpex

$opmyn

& (%, ¥) = gixyl, (13)
g(x N=2g'xy, (14)
g (x, »)=xy'. (15)

B. 4acTHOCTH, B €BKJAMIOBOM MPOCTPAHCTBE aHANOTHYHO BHUHCIAETCA CKaasp-
Hoe mnpousBeleHue (X, ¥).

[lycTs B €BKJHAOBOM MNPOCTPAHCTBE DACCMATPHBAITCHA TOJbKO OPTOHODMH-
posanHble 6asucu. Toraa Matpuna C 3 kosdduuuentoB dopmya (1) oproro-
HajbHa, M3 paBeHcTBa (3) moayuaem D = C, MaTpuuB 43 KO3(p(PHIHEHTOB dop-
Mya (1) # (2) 6yayT B3aMMHO TPRHCIHOHHDOBAHHHIMH, B3aHMHbIA 6a3HC COBNAAaeT
€ HCXOJAHMM, KOBapHaHTHHE KOODAHHATbI COBNANAOT C KOHTPABAPHAHTHBHIMH H
MaTPHL{H METPHYECKHX TEH30DOB g, H g"/ npeBpama0TCa B eIMHHYHYIO MAaTDHLLY.
B 9sroM cayuae Bce TeH30pH THHOB (p, ¢), COOTBETCTBYMOLlHe NAaHHOH MOJM-
JuHeHOH yHkiMn oT p -+ ¢ aprymeHros, coBnazawt. OTaHuHe KOBapHAHTHHX
# KOHTPABapHAHTHBIX BaJIeHTHOCTeH TeH3opa TepseT 3Hadenue. [losTomy Bce
HHIEKCH MOXHO MHUCATh CHH3Y, COXPAHAA HYKHble 3HAKH CYMMHPOBaHHA.

[lycts B eBkAHAOBOM mnpocTpaHcTBe E, jaH modod 6asuc e, €, ..., e,
0603HauuM depe3 g onpeneaurenb Matpuiubl G = (g;;) KOBapHAHTHOTO METpH-
gecKoro TeH3opa B naHHOM 6asuce. Tak kak g (X, X) —NOJOXHTENbHO oOmpene-
JeHHas KBalpaTHuHad QyHkuus, To g > 0.

Huck pumMuHanmuomg meH3opom (KOBAPUAHMHNM) €8KAL0084 RPOCM PAH-
c¢mséa E, Ha3nBaeTcsl Takoe COOTBeTCTBHE, NPH KOTOPOM Kaw /oMy 06asucy coot-
BETCTBYET CHCTeMa 4HCe]l (KOODAMHAT TEH30pa), 3alaHHMX (opmynamu:

& 1,1, = D VE, ‘ (16)

Tle §—YHCAO HHBepCHH B INepecTaHOBKE i, iy, ..., ip U 8‘1i2"'1 =0, ecau
n

Xora 6bl IBa M3 HHIEKCOB OAMHAKOBH. B wacTHocTH, €)...,=V & > 0.
KoopanHaTH AHCKPHMHHAHTHOrO TEH30pa MNpH MNepexoie K HOBOMY O6asucy

C TOH e OpHeHTalueHd MEeHAITCA KaK y 7 pa3 KaBapHAHTHOTO TEH30Dpa, a HpH

nepexofie K 6a3ucy C NMPOTHBOMOJOXKHOH OpHEHTalHeH NOMOJHHTEABHO MEHAIOT

3HaK.
AHanoruuHo oOmpefeNseTCA KOHTPABADHAHTHHH JIMCKDHMHHAHTHHIA TeH-

g iy
30p & g

Opuenmuposanussm 00BeMOM napasiesenuneda Q, nocmpoeHHOZO Ha
8eKMOPAX X, Xy, ..., Xp npocmpancmea E, Ha3piBaeTCid UHUCJO0, ONpelenaeH-

HOe B JlaHHOM Ga3uce €; popmyJoH

V€ (xh X2 00y xq)=V‘E 'dete (xl» X2 000y xn): (17)
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rie Vg>0 u det,(x), X3 ..., X;) —onpefeiutelb K3 KOOPAHNHAT BEKTOPOB
Xy, X3 ..., X, B J1aHHOM G6asuce. C NOMOMIbI0 IHCKPHMHHAHTHOTO TEH30pa
OpHEHTHPOBaHHbIH 06beM BHpPaaerca ¢opMyaoi

1 i i
Ve (xlv x2y LYY xn) =E’i -’\'l]'xgz...x"nr (18)

11:2 e in 1
rie x; — s-A KOOPAMHATAa BEKTOpAa X; B JaHHOM Gasuce.

OpuentupoBanHbii 06beM 06pamaeTca B HYJb TOrAa M TOAbKO TOTIa, KOTAa
BEKTOPH X; JMHEHHO 3aBuCHMbL [ JMHEHHO He3aBHCHMBIX X; ero adcoaoTHan
BeJMYuHA paBHa OGbEMY mapanjenenunena @ H OH IOJOXHTENEH HAH OTpULA-
TeJeH, CMOTPH MO TOMY, $BASIETCd JAH CHCTEMa BEXTOPOB X, Xy, ..., X, OXHu-
HaKOBO HJH NPOTHBOMNOJOXHO OPHEHTHPOBaHHOH ¢ 6asucoM e, €, ..., &,

TensopHoe npoussepenune. [lyctb V u V' — Ba AuHelHbIX 1pO-
CTPAHCTBA Hajl OJAHHM H TeM ke mojeM P. PaccMoTpuM ynopafouenHbie mapsl xx’
BexTOpoB, rae XCV, X'CV', n dopmarsHele KOHeuHmle CYMMbl TakHX nap

4 4
X%+ ... 4 x,%;,. OnpejennM OTHOMEHHE 9KBHBAAGHTHOCTH 3TUX CYMM MO Npa-

BunaM: 1) JBe CyMMal, OTJAHYAKOINHECA JHIIb [OPAAKOM CJaraeMslx, 3KBUBA-
JeHTHBI; 2) mapu (ox) X’ H xgax’), rie o € P, axBUBaneHTHbY; J) mapa (x4 y) x’
9KBHBAJEHTHA CyMMe nmap XX’ -4 yx’ u mapa x(x’ -+ y’) sKkBHUBaneHTHA CcyMMe
nap xx’ 4 xy’.

JiBe CyMMbl 3KBHBAJNEHTHH, eCAH OT OJHOH M3 HHX MOXHO nepedTH K Apyro#
NyTeM NPHMEHEHHS YKa3aHHBHIX NMPaBHA KO BCeH CyMMe HJM € 4acTH B KOHeu-
HOM 4Hcle. IJTO OTHOUIEHHE 3IKBHBANEHTHOCTH pedIeKCHBHO, CHMMETPHUYHO
¥ TpaH3HTHBHO. [ToaTOMy Bce CyMMB! pa3GMBalOTCH Ha KJAACCHl SKBHBAJEHT HBIX
cyMM. TlycTb 7 — MHOMECTBO 3THX KkJaaccoB. Bmeldem B T omepauuu CIAOMEHHA
M YMHOWEHHs Ha 3JeMeHTH noJsf P uepe3 onepanyd Haja [pejcTaBHTEAIMU
knaccos. CyMMoli IBYX CyMM HasblBaeTCHl CyMMa, 110/yU4eHHaA NPUNHCKOH K mep-
BOH CyMMe ClaraeMeix BTODOH CyMMbl. YMHONCeHue CyMMBbl Ha a & P omnpeaeaiM
Kak YMHOMEHHe Ha o MEepPBbLIX 3JEMEHTOB BceX Nap AaHHOK cymmbl. Hanpumep,
o (xx' 4 yy') = (ax) X'+ (ay) ¥,

MuoxectBo T mnpH 3THX OMepanMax ABAfeTCd JAMHEHHHIM NPOCTPAHCTBOM
Haj noseM P. OHO Ha3KIBAETCH MEH3OPHHM Nnpoussederuem npocmpancms V
H V’ u o6o3navaerca uyepe3 V X V’. Ecau V u V' koHeuHoMepHH, TO H V X V'
KOHEYHOMEDHO H €ro pasMepHOCTb paBHA NPOH3BEJEHHI0 pasMepuocTed V u V',

Ecan e, e, ..., e, —6asuc V u €}, ey, ..., €, —6asuc V', To cucrema kaac-
COB 3KBHBAJEHTHBIX CYMM, COJAEpKAIMMX YNOPAAOHEHHEHIE NMaphl
!’ . .
ee; (=12 ..., nmj=12..,n) 19)

aBasercd 6asucoM mpoctpaictea V X V’ (cm. sagpauy 1918).

AHalOrM4yHO ofpejensieTcs TEH30PHOE MpoH3BeleHHe Ja1060ro KOHeYyHoro
MHOXECTBa AHMHEHHHIX NMPOCTPAHCTB.

Tensoput THNA (p, ), 3aflaHHBIE HA NPOCTPaHCTBE Vp, MOXHO paccMaTpUBaTh
KaKk BEKTOpPH MpocTpaHcTBa 7, ABJAAIOIMErocs TEH3ODHbBIM MPOH3BENEHHEM ¢

*
npocTpaHcTB V, u p conpsweHHBX npocTpancts V,. Has storo Gepem Gasnuc

*
e, e, ..., e, BV, n conpsaKeHHbi 6asuc el, e2, ., e B V,. Toraa ynops-

JOUYCHHBIE CHCTEMhI

i1 i
...e;ete?,  éep, (20)

€165, iq

Tle BCe HHZEKCH H3MeHATCH OT 1 A0 p, cocraBasor Gaszuc nmpocrtpauncrea 7.
Bextop ¢ u3 T Bbipaxaercd 4epe3 3TOT 6asuC B Buie

iof ves i, i i
/172 {le;e;, ...e;ele? .. .e?.
2 Jq

t=a :
ifa gy
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Jiigee 1
g l:, 6y1yT KOODAMHATAMH TEH30pa TUMNA

(pr, q) B 6asuce e,, €y ..., €n B CMHCJE [IEPBOTO ONpejEC]CHHS TeH3opa.

Ero xoopauHaTH, T. €. uHcAa @

1900, oxasatb, uro aas mawboro 6asuca ey, ..., €, n-MepHOTO
JauHeftHOro mnpoctpaHcTBa V, cyllecTBYeT eIMHCTBEHHBI COMpPSKEHHBIH
6asuc €', ..., e’ COTIPAMEHHOTO MPOCTPaHCTBA V;, T. e. 06asuc, ceA3aH-
Hboif C JaHHBIM 0Ga3HCOM YCJIOBUAMH e’ (ei)=('),j(i, J=1,2, ..., n),

roe 8] — cumson Kpouexepa. _
1901, Jlunetinan ¢yHkuna ¢(X) HA 7n-MEPHOM JHHeHHOM NMPOCTpaH-
cTBe V, fBASETCd KOBADHAHTHLIM TEH30POM, T. €. TeH3opoM Tuna (1, 0).
a) HaliTn ero koopiaHHaTh @; B XaHHOM 6asuce e;.
6) ITokasarb, 4TO uyHC/iA @, ABAAOTCA KOOPJHHATAMH @ (X) KaK BeK-

TOPAa CONPSXKEHHOTO NPOCTPAHCTBA V, B Gasuce e, CONPSXKEHHOM
6asucy e; mpocrpaucTea V.

1902. Koopiunarel BekTopa X B jaHHOM ©asuce n-MepHOTO nauHel-
HOT0 mpocTpaHcTBa V,, ONpenefslOT KOHTPABADHAHTHHIL TeH30p, T. €.
teHsop Ttuma (0, 1). 3amucath STOT TeH30pP B BHIe TNOJHJIHHeHHOH
GYHKIHH.

1903. Ilycts @(x)==a,;x! 4+ asx?+ ...+ a,x" — nunefinas ¢opma
oT Koopiuuar Bekropa X €V, B 6asuce e;. ITokasars, uro ko3addu-
unentsl @;a;(f, Je=1, 2, ..., n) kBanpara 3To#t POpPMBI LAIOT LBAMLH
KOBApHAHTHHIKK TEH30p.

1904. Hasosem MmaTpuueHi nBaxibl KOBAPHAHTHOFO TeEH30Pa &
B JlaHHOM 6asuce MaTpHUly

]
a1 G ... 8y,

A=]|8n 8Qx ... 8],

P T

(8 Qpo s 8y

Hafitn 3akoH H3MeHeHus MaTpHUH A TpH Nepexole Kk HOBoMy Oasucy.
1905, Hasosem MaTpuuefl NBaXIbl KOHTPAaBADHAHTHOTO TeHsopa a'/

all g, gln)
21 22 2n
B fAanuoM Gasuce marpuuy A==}%" 8% ... 7| Haittn 3akon usme-
i a? ... a"

HeiMs MaTpHuel A NpH nepexoie K HoBOMy Oasucy.
1906, Iycts af— Tensop tuna (1, 1) B n-MepHOM JHHEHHOM TIpo-

crpaictBe V,. Cuuraa [ HomepoM cTOA6HA, a j-— HOMEPOM CTPOKH,

ne
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NOJYUYHM MarTpHLY H3 KOOPIHHAT 3TOr0 TEH30pa

1 1 1
a) a ... Qy

2 2 2
A=|a az «.. Qg

ai a}... ah

Halitn 3akoH uaMeHeHHS MaTpHUb A TNpH TNepexole k HOBOMy G6asucy..

1907, a) ITokasath, uto cuMBoa Kponekepa 0/ maeT Bo Bcex Gasmcax
n-MepHOro Jmuefinoro npoctpancTsa Tenwsop Tuna (1, 1). 6) 3amucarb
STOT TEH30p B BHIE NOJHJIHHERHOH (YHKUHMH,

19084, Ilycts @,;— ABaxIbl KOBAPHAHTHHH TEH30D B r1-MEPHOM
npocrpancTse. Jloka3atb, wro:

a) ecaiu Marpuua A TeHsopa a;; B OLHOM O0asuce HEBHIPONIeHA,
TO oHa H B JI060M 6a3uce HeBHIPOKIeEHA;

6) saementn @'/ matpuupi, o6paTHOM Ana MaTphum A Tensopa a,
(B caydae, korsa A HeBHIDONJeHa), O6Pa3ylOT IBaXIb KOHTPABAPHAHT-
HbIf TEH30p. :

1909, Ilycte. Ax — nuHetinoe npeobpa3soBaHue u @ (X) — JAHHeHHas
¢yHKUMA HA p-MepHOM JuHeHHOM mnpoctpanctBe V,. Ilokasats, uro
cdyukuna F(x; @)==@(Ax) ectb tenzop tuna (1, 1), maTpuua xoroporo
B /moGoM Gasuce coBnalaer ¢ MaTpHuel /jauHe#HOro npeobpasosaHus Ax
B TOM ke Oasuce,

1910, Hokasatb, uTO 3/1eMeHTH MaTPHLLl OuanHeliHOR dyHKuMKU F (x, y)
B n-MepHOM JHHeHHOM npocTpaHcTse oOpasyior TeH3op Tthma (2, O0),
T, €. ABaXIbl KOBAPUAHTHBIMH.

1911, IlokasaTh, 4TO 3JIEMEHTH MATPHIM JHHeHHOro NpeoGpa3oBaHHA
B JaHHoM 6asuce ob6pasyor teHsop Ttuna (1, 1).

1912, Tlycto B n-mepuom nuHeHHOM npocTpancTse V, naHbl p sek-
TOPOB Xy, X3, « ..y X,. BbINUIEM KOODIHHATE STHX BEKTOPOB B HEKOTO=
n)

1 2
ay ay ... ay
1 2 n
poM Gasuce Nmo CTpOKaM MaTpuue |82 42... a2,
1 2 n
Ay Gp ... 4p
a) INokasarp, uTO uMCIa
!
1
a' a

AL | lp=1! 2) s e s ”’)
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ABJAIOTCA KOOPAHHATAMH P Pa3 KOHTPaBapHAHTHOTO TeH30pa, T. e. TeH3opa
tina (0, p) B laHHoM O6asuce. DTOT TEH30P HAa3bIBAETCH pP-8EKMOPOM
(mpu p=1— gexmop, npu p=2— OGusexmop). :

6) Ilokasatb, uYTO p-BEKTOp TOTAA M TOJbKO TOrAa paBeH HYJIO,
KOTA4 1aHHbie BEKTOPH X, X5, ..., X, JHHEHHO 3aBUCHMH (B YAaCTHOCTH,
NpH p > n BCe p-BEKTOPHl DaBHH HYJIO).

B) JlokasaTb, 4TO ABe JIMHEHHO He3aBHCHMLIE CHCTEMbl H3 pP-BEKTOPOB
Ka}xJas TOTAAa M_TOJbKO TOTJa 3SKBMBANEHTHEI, KOTAa COOTBETCTBYIOLIHE
HM p-BEKTOPHl Da3/IH4AlOTCA MHOMHTEJNEeM, OTJHUHBIM OT HyJd.

r) [lokasaTe, 4TO €C/M MOHMMaTb MOA TEH30PAMH IMOJH/IHHERHbIE
¢yHKkuMH (CM. BBENEHME K 9TOMy naparpady), TO p-BeKTOp, 3alaHHHIH
BEKTOPAMH X, Xy ..., X, NPOCTPaHCTBA V,, MOXKHO ONpENE/HTb KaK
MOJIHHHEHHYI0 q:yHKU,HlO OT p BeKTOPOB !, @% ..., @” COMpAKEHHOrO

npoctpaHctda V,, 3alaHHYI0 DaBEHCTBOM

Q' (%) 2 (%)) ... 9° (%)
F@, @ ..., oP)= cp‘(xz)cp (xz)-~q> ()|,

.

cp‘ (x,,) ¢? (x,,) N cv (x,,)

1913, BblacHHTb, KaK H3MEHAIOTCA KOOPIMHATHI Tensopa THNa . 9

npH nepexole OT Oasuca e, ..., e, k Oasucy e, ..., en T0JIyueH-
HOMY M3 TMpeIbAyLIero mnyTeM naHHon NOACTAHOBKH R()=Fk; (I=
14
=1, 2, ..., n); 3T0 3HAYMT, YTO e;==e€x () (=1, 2, ..., n).
1914, Ha#itn koopiuHaTe B HanHoM Oasuce e, ..., e, TeH3opa

THNa (7, #), 3alaHHOTO PABEHCTBOM

. Pl(x) @ (x) ... 9"(x)
F(x, oo X5 9, ..., )= 9! (xz) Px) ... 9 (X)) |

cp‘(x) <p'~’(x,.) oo 9 (xy)

1915, Mycts F (%, ..., X5 @Y ..., @") —nonunuHefHas GyHKuus,
KOCOCHMMETpPHYeCKast KaK MO apryMeHTaM X,, ..., X, TaK H 1O apry-
meHTaM @', ..., @". Jlokasath, uTo ee 3HAYEHHS Yepe3 KOOPLHHATHL B
IaHHOM Gasuce BHIPaXaOTCa GopMyIoHt

Fp oo X5 0L o0, )=
= det(x) det(¢) - F(ey, .... e, €', ..., e"),

rie e'— 6asuc, conpseHHnH Gasucy e;, det(x) — onpereiutenb U3
KOODJIHHAT BEKTOPOB X;, ..., X, B Oa3uce &, ..., e, u det(g)— onpe-
IeNMTENb W3 KOOPIMHAT BeKTOpOB @Y, ..., @" B Gasuce ef, ..., e".
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1916, Ilyctb zaH Teusop Tuna (p, ¢) B BULE NOJHIMHEHHON (GYHKUMH
F(xp, ..o X5 @ ..., ¢7). Ero csepmrod no nomepam k& <p, 1<q
Ha3BIBaETCA CyMMa

ZF(xl, voer Xpops € Xpags oo es Xpi @4 ol QT e, o, ..., ¢9).
i=1

TlokasaTh, uTO cBepTKA He 3aBUCHT OT 0a3HCa U ABAAETCA TEH30POM THMA
(p— 1, g—1). Ilpexnonaraercqa, uyro p, ¢ > 0.

1917, Iausi cuMMETPHUYECKHH TEH30P @;; W KOCOCHMMETPHYECKHMH TeH-
sop b, Hamtu ux mommywo ceeptky a;; b*.

1918 *, Jlna u3yyeHHs TeH3OPHOTO MPOHM3BeJeHHA (CM. BBeIeHHE K 9TO=
My naparpacpy) YLOOHO HCHOJb30BATL TMOHSITHE CBEPTKH B CENyIOLLEM
cmbice. JIas MPOCTOTH PacCMOTPHM TEH3OPHOE TPOHU3BELEHHE IBYX JIH-
Heitunix mpocrpancte: T=V X V', r1e V u V' — nuHelHble npocTpaH-
CTBAa Hak ONHHM H TeM e mojeM P,

’ / / .

Coepmrol cymmo X, X1 ... —XpXp, Tie X, €V, €V (i=1,
2, ..., B), c BeKTOpPOM @ NpocTpancTBa V ¥, cONpsxEHHOro NMPOCTPAHCTBY

/ / 4 .
V., HasmBaeTcs BEKTOP X1 ... +UeX €V, Tie a; =@ (x;) EP (i=
=1, 2, ..., k). AHaJOrH4YHO ONpele/feTcs CBEPTKA TOH Xe CYMMBbl C
BekTopoM @' € V/ *#; oHa sBasercs BekTopoM u3 V.

a) Jlokasatb, 4TO eC/NH 1Be CYMMbl YKA3aHHOTO Bbillle BHAA 3KBHBA-
JIEHTHB, TO HX CBEPTKH paBHB. 3TO NO03BO/AET ONPENE]HTb CBEPTKY
QBEV nna t€T, pEV*.

6) Oaa toro urtobw napa Xx' Obiaa sksuBaneHtHa nape 007, rie
0 n 0/ —HyneBbie BeKTOpPHI COOTBETCTBeHHO M3 V u V', HeOGXOIHMO M
ILOCTaTquO BLIIIOJIHEHHE, MO KpaiHel Mepe, O1HOrO M3 ycjaoBui x =0,
x'=0.

4

B) Ecmm x. x4 .. +xkxk~00 H BeKTOPH X, ..., X JAHHEHAHO

HE3aBUCHMHI, TO
X = ...=Xx,=0.

r) Knaccw oxBHBaJEHTHHIX CyMM, CcOJepialllie Taphl e‘.ej'.(i=l,
2, ..oom j=1, 2,...,n'), rre e, ..., e,—6Gasuc V uej ...,
e/, —o6asuc V', obpasyior Gasuc T.

1919. Hoxasarb, YTO TeH3OPHBIE MPOU3BELEHUS JHHEHHBIX TPOCTPAHCTB
BCeX MHOTOW/IEHOB OT X 4 BCeX MHOTOWIEHOB OT y ¢ Ko3(pdHUHeHTaMU
U3 nons P ecTb NPOCTPAHCTBO BCEX MHOTOWIEHOB OT JABYX HEH3BECTHHIX
X, ¥ ¢ koadpduuuentamn us P.

1920. MoxasaTb, 4TO TEH30PHOE NPOH3BELEHHE TMPOCTPAHCTBA MHOIO-
4/1eHOB f (x) cTeneHu < 7 M IPOCTPAHCTBA MHOTOWIEHOB g (V) CTeneHH < §
¢ K03 PuunenTaMu u3 noas P ecTb NPOCTPAHCTBO MHOTOWIEHOB 7 (X, Y),
CTeneHb KOTOPHX < # M0 X W< § Mo y, ¢ Kosdpduuuentamu 13 noxs P,
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1921. Ioka3aTe yTBepPKIEHHS:

a) 1ns moGoro Gasuca e; n-MepHOro eBkauIoBa mnpoctpanctsa E,
{MnM MPOCTPAHCTBA C KBaapaTHYHOK Merpuko# M,) cyuwecTByeT eIHHCT-
BeHHHIl B3auMHBI Gasuc e’ npoctpaictea E, (cootBercTtBeHHo, M,), cBs-
3aHHEIA C 1aHHbIM 6a3HCOM paseHCTBamH (€, e/)=06/(i, j=1,2, ..., n)

{COOTBETCTBEHHO, paBeHCTBamMu (8) M3 BBeleHus K 3TOMy maparpady);

6) BsauMHbi Gasuc Bbipakaercs uepe3 NaHHbB 6asuc no ¢opMyaaMm
el=gite, (i=1, 2, ..., n)

B) NaHHBIA 043HC BHpamaercs Yeped B3aUMHHIA mo dopmynam e;==
=ge* (=1, 2, ..., n)

ij fo —

.»r) METPHUECKUE TEH3OPH £, H & / cBf3aHBl paBeHCTBaMH g, g£/° —-6{
{.j=1 2,..., n)

L) ecq '0.603HalllflTb MaTpHLB METPHYECKHX TEH30POB uepes G=(gij)'l'
u G =(g'/)}, a onpeleiuTeqM STHX MATPUL — 4Yepe3 g=|gij"1' "
&, =|g"|l. 10 GG,=E, gg =1.

1922, IJoxkasaTh, 4TO KOBapHaHTHblE W KOHTPaBapHAaHTHHE KOOPIH-
HaThl OLHOTO M TOTO K€ BeKTopa B JaHHOM 6a3uce eBKJIMIOBA NMPOCTpPaH-
CTBAa CBSI3aHBl PaBEHCTBAMH:

a) X=Xt ((=1,2, ..., n)
6) X=g0x(i=12,..., n).

1923. B npamoyroabHo#l 1ekapTOBOH CHCTeMEe KOOPIAMHAT AaHH 1Ba
seKkTopa:

e,=(1,0), e,=(cosa, sina), sina + 0;

a) NMPOBEpHTb, UTO ITH BEKTOPH 06pPa3yloT 6a3uc;

6) HaliTH KOBapUAHTHBIA METpUYeCKHH TeH30p g,; B Ga3uce e, e;

B) HaliTM KOHTpaBapuaHTHLIH MeTpUueckul Tensop g¢/ B Gasuce ey, €y

I) HaliTH BHIpaXKeHHe BEKTOPOB B3auMHOro 6asuca e!, e? uepes Ga-
BUC €;, €5 U NX KOODAHHATH B HCXOJHOH MpAMOYroJbHOH CHUCTEMe;

1) HamucaTb BHIpa)KeHHe CKAJISPHOTO MpoOW3BeieHus (X, ¥y) IBYX BeK-
TOpPOB uYepe3 WX KOOpIMHATH B 6asuce e;, e

€) HalTH IMCKPHMHHAHTHBIA TeH3op €;; B Gasuce ey, ey

) HamucaTb BHPa)keHHe OPHeHTHPOBAHHON MJIOIIALHM NAapaJJIea0T paMMa,
TIOCTPOEHHOT 0 HA BEKTOPAaX X, ¥, Yepe3 IMCKPUMHHAHTHHIA TEH3OP €;; H ue-
pe3 onpelejuTeNb U3 KOODAMHAT B Oasuce e, €,

1924%, [Tycts e,, e, — Mo60H 6a3nc NIAOCKOCTH, g/ — KouTpaBapHaHT-
HbIH METPHUECKUH TEH3OP M €;; — INCKPUMHHAHTHLIA TeH30p B 5TOM Gasuce.
Ilo nanHeMy BekTOpy X = x‘e; mocTpoeH BekTop y= y'e; rie y‘=
== gi/e;,x*, BrACHUTb, B KaKOH Mepe BEKTOp y 3aBUCHT OT BhGOpa
Gagica M KaKoBa reOMeTpHYeCKasl CBSI3b BEKTOPOB X H ¥.



%2 AOMOJHEHUE [1925—1932
1925. B uerbipexMepHOM €BKAWJOBOM TPOCTPAHCTBE [1aH JIBasIbl
KOHTpaBapHaHTHH#t TeH30p a®l. Kak uaMeHdloTCa ¢ u3dMeHeHueM OGasuca
BeNHuHHb b;;=g;;,,a" (i, j=1, 2, 3, 4)?
1926*, Ilycts B HekoTOpOM OasHce n-MePHOr0 eBK/IHIOBA MpPOCTPaH-
cra E, nau TeH30p a;;, tvna (3, 0), &;; 4 &£/ — MeTpHUeCKHe TEH3OPHI.
Onpenenum Tensop al/ tuna (1, 2) paBeHCTBaMH: alj =gieglha .,

(. j. k=1,2, ..., n). Bupasuts a,,;, uepes ai/
1927, TpexmepHOe eBKJIHIOBO l'lpOCTpaHCTBO ONpene/NeH0 MeTpHue-
1 3 1
CKHM TeH30poM c Marpuue#t{ 3 10 1 }. Ha#itu aaunme oTpeskos, orce-
1 1 6

x! X X3
KaeMbX Ha OCAX KOODAHHAT MJOCKOCTbHIO —2——{—-3——{——5— =1.

1928%, MeTpHka TpeXMepHOTro €BKJHLOBAa MPOCTPAHCTBA 3a4aHAa MeET-

1 1 1
PHYECKHM TEH30POM g£;; ¢ MaTpuuett | 1 6 3 |. Hatu naowams S
\1 3 2

TpeyroibHuka ¢ BepmuHamu A (1, 0, 1), B(2, 1, 1), C(3, 1, 2) u BHCO-
Ty h, onylieHHyto u3 C Ha AB, ecaH KOOPAHHATH H TE€H30p AaHbl B OLHOM
H ToM ke Oasuce.

1929%, TpexmepHoe eBKJ'lHJ.'LOBO NPOCTPAHCTBO 33a04HO METPHUYECKHUM

1 2 1
TeH30poM &;; ¢ Marpuue#t | 2 5 3 |. Halitu ocnoanue nepnenauky-
: 1 3 3

aspa PQ, onyuiennoro us toukn P (1, —1, 2) Ha naockocts x! -4 x2 4
+2x34+2=0,

1930%*, B ueThipeXMepHOM €BK/JHIOBOM NpocTpaHcTBe E, naubl Tpa
BeKTOpa X, ¥, 2 H NMOCTPOEH BEKTOP # C KOBAPHAHTHBIMH KOOPAHHATAMH
uy=¢,,yx'y*2" (1=1,2,3,4), r1e &, — IMCKDHMHHAHTHHH TEH3OD
B ToM e Oasuce (yeTbipexMepHbi aHAIOr BEKTOPHOTO NPOH3BENEHHS
cM. 3agauy 1938). Hoxasartb, 4TO:

a) BEKTOP I ODTOrOHA4/IEH KAXIOMY H3 BEKTODOB X, ¥, Z;

6) ecaH BEKTOpH X, ¥, 2 JAHHeHHO HE3aBHCHMBI, TO I/HHA |u| Bek-
TOpa & paBHA TpexMepHoMy o6bemy V (x, y, 2) nmapaiane/enunena, nocTpo-
€HHOI0 Ha X, ¥, 2; €CJH Xe X, y, 2 AHHehHO saBHCHMBI, TO &= 0.

1931. Hatith nosmyio ceepTky £,;8"/ MeTpuueckux TeHsopos n-mep-
HOTO eBKJHMIOBa npocTpaHcTBa E,.

1932. OnpexnenuM KOHTPaBapHAHTHLIA IHCKPHMHHAHTHBI A TEH30D 71-MeP=~

HOTO eBKJAMAOBa npeoctpancrsa E,; ¢opMyaamu ghtz e ‘n::(—l)‘ V&,
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rie £,=|g"|} n s—uncno umsepcu# B nepecranoske I, I,,...,

H 311‘2 ‘n=0, ecAu xoTa Ou 1Ba U3 HHAEKCOB 1y lgs+ o4y I, COBMANAIOT,

Joxasars, uTO:

4) OpHEHTHPOBaHHHH O6beM Mapannenenunesna, MOCTPOEHHOTO HA BeK-
TOpPax X;, Xg ..., X, (CM. BBeleHHe K STOMYy Maparpady), Bblpamaercs
PaBeHCTBAMH

ne

— ! i 12
Ve &y X0 %) =V g det (0, Koo x)=e'r "2y XLk
rie det, (X, X5 ..., X;)— ONpeAeNUTe/b M3 KOBADHAHTHLIX KOOPIHHAT
BEKTOPOB Xy, Xy, . .., X, H X] — i- KOBAPUAHTHAA KOOPJAHHATA BEKTOPA X;
Ldgaaid la, .0 ia
6) CRERNEES B SRR S R

’ [N PPN 1)
=g; el 8 1% 00+ %p,
B) ity i, = 8&1,0,810, &ijof

1933. BHUHCAUTD CBEPTKY AMCKPUMHUHAHTHBIX TEH30POB s,jks”” Tpex-
MEPHOT'O eBK/AHIOBA MPOCTPAHCTBA.

1934. B Gasuce e,, e, e€; TpeXMepHOro IeHCTBUTENLHOTO MPOCTpPaH-
£TBa [1aH KOBapHaHTHHIA MeTpHYECKHH TeH30p g” C MaTpHue#

1 0
2 2.
2 5

a) [1poBepHTb, YTO MPOCTPAHCTBO — €BKJIHAOBO;

0) Haitru MaTpuuy G, KOHTPaBADHAHTHOTO MeTPHYECKOro TeHsopa gi/;

B) Ha#TH KOHTPaBAPHAHTHble KOOPIWHATHl €IHHHYHOI'O BeKTOpa HOp-
MalT¥ K TIOCKOCTH, 3a1aHHOH B TOM e Gasuce ypasHeHHeM 3x!—-2x2 —
—3x3—5=0.

1935%, [doxasats, 4TO KBaIpat OPHEHTHPOBAaHHOr® o6GbeMa Napan-
JIefienunena, NOCTIPOEHHOTO HA 7 BEKTOPAX N-MEPHOTO EBKJIHLOBA NPOCT-
PpaHcTBa, DaBeH ompeldenutenio I'paMa 3THX BeKTOPOB.

1936, Iyctb B n-MepHOM eBKJAMIOBOM NPOCTPAHCTBE NaHbl THMep-
IUIOCKOCTb 7, 3ajaHHas ypasHeHueM a,x' -+ ...+ a,x" +b=0, u Tou-
xa M(xg, ..., x5)- :

a) Ilokasarb, 4To BEKTOp p C KOBAPHAHTHLIMH KOOPIHHATAMU 4y, - . ., @,
fiepTeHIRKYAAPeH K JIOCKOCTH T;

6) paccronnue d ot Touku M NO MAOCKOCTH & BblpaxKaercs Qopmy.iof

d_lalx(‘,+...+a,lx3+b|
- lpl ’
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1937*®. Hafitu paccrosHne or toukn M (X, ¥,) Ha eBKAHIOBOK miO-
ckoctd no npamoft ax —+ by -+ ¢==0, ecau koopauHaTh naHH B Gasuce

e,={1, 0}, ey;={cosw, sinw}, sino+0

(KOOpIMHATH BeKTOPOB 0as3Hca [IaHEl B MPAMOYTOJbHOR JIEeKapTOBOR CHC-
TeMe KOODJHHAT).

1938+, Ilyctb €, ~— AMCKPHMHHAHTHLIA TEH30P TPEXMEPHOTO €BKJM-

J10Ba TMNpOCTPAHCTBA, x‘, yt——KOHTpaBapHaHTHbIe KOOpAHHATH BEKTO-

poOB X, ¥ B HekoTOopoM Oasuce. Jlokasarh, 4TO BEKTOP 2, KOBADHAHTHbHIE
KOODIMHATH KOTOPOrO B TOM e O6asuce 3amaHbt dopMmynamun z,==
=e,-aﬁx°‘yﬂ(i=], 2, 3), fABAAeTCA BEKTOPHBIM MPOU3BEICHHEM X H Y.



OTBETHI

Otaea . Onpepeautenn

1.1.2,.—28. —1.4.0.5.0.6. —1. 7. 4a5. 8. —253. 9. 1. 10. sin (a — p).
M. cos(a4f). 12. 0. 13. 1. 4. 1. 15. —1. 16. 1. 17, 0. 18. ab —c2 — a2,
19. (a—0b)2. 20. 0. 21. a?4-524-c24-d% 22, x=3; y=—1,28, x=25;
y=2 24 x=2; y=-3. 25. x=2; y=-3 26. x=cos(pP—a)
y=sin(f —a). 7. x=cosacosf; y = cos « sinf.

28. Cucrema HeomnpefleJeHHa, GopMyan Kpamepa He 1al0T BepHOro OTBETa,

TaK Kak 1O 3THM (OopMyJaM X H y paBHH o' T © MOTYT NpHHWMATb NpOH3-

BOJbHbIE SHAUCHHSA, TOTJA Kak OHH CBA3dHW COOTHOWEHHEM 2x 4 3y == 1, oTkyaa
110 3HAYEHHIO OIHOI'O HEH3BECTHOIO onpeneseTcs eJHHCTBEHHOe 3HaUeHUe APYroro.

29. CucreMa npoTHBOpEUHBa.

80. Mpu a=£b ypaBHeHHE oNpeleNeHHO, NMPH @ = b=~¢ — NPOTHBOPEUHBO,
NpH @ = b == ¢ — HeomnpeeJeHHO.

81. Ipu a=kn, rie k—ueloe UHCJO, ypaBHEHHe NPOTHBOPEYHBO, IPH
OCTaJbHHX 3HAUEHHAX O — ONpeJeleHHO.

82. Ilpn a=2kn, rae k—ueloe 4YKCJO, YPAaBHEHHE NMPOTHBOPEYHBO, NPH
a = (2k 4 1) m—HeonpeXeNeHHO, TNpPH OCTANbHHIX 3HAUEHHAX O — OMpeJeJeHHO.

83. Ipu a-}-P=kn, rae k2 —ienoe uHCIO, ypaBHEHHE ONpeleleHHO, INPH
a4 p=2kn unpy a4-p =Rk 4 1) T, 0= kyX, TN Ry U ky — eNbE YHCHA, —
HeompenenaeHHo, npu o - = (2k, + 1) =, a5~ k,n — NPOTHBOpEUHBO.

« Ilpn a0 cucrema ompeneleHHa, np¥ a = b= 0— HeonpenecJeHHa,

npu a = 0=£b — npoTHBOpEUHBa.

85. lpu ac —b2-£0 cuctema onpejeneHHa, mpH ac — b2 = 0 — Heonpele-
JeHHa. [TpoTHBOpeunBOH OHa OHTb HE MOXET.

86. Ilpu a=~=+ 6 cuctema omnpeleneHna, npH a = 6 — HeonpezeJeHHa, NpH
a = — 6 —npotuBopeunBa. '

87. Npu ab-~90 cuctema onpejeneHHa, npu g = 6, b = 15 — HeonpexneneHHa,
npu ab =90, Ho a=~6, b=£15 — npoTHBOpEUHBa.

89. Ykaszanue. Y6enurbcs, uto B $opMyJe pellleHHH KBalpaTHOrO ypas-
HEHHS NOJKOPEHHOE BHPAKEHHE NOJOXHTENbHO.

40. Pemenne [lyctb naHHHA TpexuleH sBJASETCH MNOJHBIM KBAAPaTOM,
T. e. ax?42bx 4 ¢ = (px- ¢)% CpaBHHBas xo3pPHUHEHTH NpPH OJHHAKOBHX
CTENEHAX X, HAXOAuM: a = p?, b = pq, ¢ = g% oTkyna ac — %= p?q? — (pq)*=0.
Iyctb, obparne, ac — 42 = 0.

Toraa ax? 4+ 2bx4c= -117 (a2x* <4 2abx + ac) = —L— [(ax + b)2*+(ac—b?)] =

1 . 1
=7‘-(ax-|-b)2 eCTb MNOJHHH KBaJpaT, TaK KaK M3 KOMILIEKCHOTO 4HCJIa —
a

MOXHO H3BJEYD KBaleaTHblﬁ KOpeHb,
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%—j_l}= g npn 1060M X, T0 ax + b = g (cx + d),
a=gqc, b= qbd ¥ ad — bc=0. O6patHo, ecmn ad — bc=0, T0 npu c£0£d

42, Pemenve. Ecan

HMeeM — == — =g, a=¢c, b=gqd. Tlpy ¢=05£d Gyner ¢ =10 u, noaaras

hlh

q=—Z—, CHOBa HMeeM a==gqc¢, b= qd. Ilpu c=;&0=d\ NOJYYHM TO Ke CaMoe,

a ax+b _ cx+d
nojaaras g = e [TosTomy ox +d == qu-i_j-d) == ¢ IIpH JN1I060M X.

48. 40. 44. —3. 45. 100. 46. —5. 47. 0. 48. 1. 49. 1. 50. 2. 51. 4.
52. 8. 58. 6. 54. 20. 55. 0. 56. 3abc—a®—b%—c3 BT. a*4b%3-
4¢3 — 3abc. 58. 0.59. 2x3— (a4 b 4-¢) x2 4 abc. 60. (ab+- bc + ca) x + abe.
6% 14o024-524v% 62, 1. 63. sin(p—vy)+ sin(y—a)-sin(a—Bp).
64&. cos?a4-cos?f4-cos?y=1. 66. —2.

67. xyz +2 (ace — bcf + adf + bde) — x (e2 F-f2)—y (c*+d?)—z (a?+b?).
€8. 0. 69. —3. 70. 3i)/3.

72.4. Y x a3 auue. Bce mecTs uneHOB onpeAeanTeNs He MOTYT PaBHATBCH 1,
TaK KaK TOrAa NpOH3BeleHHE TPEX WIEHOB: @;1@:Q33 G(2023431, @ 383183 ObLIO
6bh paBHO MNpPOM3BEAECHHI0 TPeX OCTANbHHIX UYJIEHOB, B TO BPEMs KaK NEPBOE M3
STHX NMpPOU3BeJeHMH PABHO NPOH3BENEHHIO BCEX AEBATH 3JIEMEHTOB ONpeneiuTend,
a BTOPOE — TOMY K€ IPOHM3BENCHHIO NEBATH 3JIEMEHTOB C MPOTHBONOJOXHBIM
aHakoM. Jlanee, y6eduTbCs, 4TO ONPEAENHTENb OTIHUEH OT 5 M UTO

—1 1 1
1 —1 1l=4
1 1 —1

73. 2. Yxasauue, INokaszaTb, YTO BCe TP IOJOXKHTEAbHBIX UYAeHA, BXO-
IALMX B ONpeleNuTeNb, HE MOryT DaBHATbCA 1, H yuecTh, uTO

011
1 0 1)|=2
110

4. x=3, y=—22=2 18 x=y=2=176. x=1, y=2, z=—1
717. x=2, y=—3, 2=-2.78. x=—a, y=b, z=c¢. Yxa3sauue. [lono-

x ' y f. z r
WHTh — = Xx; = == ==z,
a E YT
79. x=bc, y=ac, z=ab. 80. x=a, y=2bh, z2=3c. YKasaHHe.
” g X — 4l y PEEERPY N z —
Kaxnoe u3 ypaBHeuuit paspeautb Ha abc U NOJOKHTb — = X', F=Yi =2

. ¥YKasaHue.

?

a
81.x=a+§+c; y = a+b:532+ce =a+b%—|—ce2

9Ty cucTeMy MOXHO pemraTh no ¢opmynam Kpamepa. Ilpomte cHauana CIOKHTH
BCE yPaBHEHHd, 3aTe€M CJAOXHUTh I[OCAE YMHOXEHHA BTOPOFO YpaBHEHMS HA &7,
a TpeTbero Ha &, H, HAKOHEL, CAOXHTb MOC/Ae YMHOXEHHd BTOPOro ypaBHEHHA
Ha € a Tpethero Ha &% Mcnoap3osath cooTHouleHue 14— &2=0.

82. CicTema HeonpejeneHHa, TAK KaK TpeThbe ypaBHeHHE €CTb CyMMa JBYX
OCTaAbHBIX H, 3HAWHT, M0GOE pelleHHe ABYX NEPBMX YPaBHEHHH YIOBAETBOpAET
H TpeTbemy. IlepBLie ABa ypaBHeH:s MMEOT 6eCKOHEUHO MHOrO DEINEHHH, Hanpu-
Mep, X M y BhpawamTcd uepe3d 2 Tak: x = 10z-41, y==T7z. Iaeas =z npoHs-
BOJILHOE 3HAauEHHe, HaliJleM 3HAYEHHA X U Y.

88. Cucrema HeompejgieHHa.

84. CucreMa MNpOTUBOpEYHB3, TaK Kak eCaH Obl MPH HEKOTOPHX UHCJIOBBIX
3HAUCHMAX HEH3BECTHHIX BCE yPaBHEHHA CHCTEMH o0palianuch B PaBEHCTBO, TO,
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BHUMTAA [eDPBOE PABEHCTBO H3 CYMMBI JBYX OCTadbHBIX, MBl MOJYYuad GH CHOBA.
paeerctBo. Ho moayuaercs 0= 4. '

85. CucreMa nMpoTHBOpEUHBA.

86. Ilpu a?=£27 cuctema onpelenenHa, npu a® = 27 — npoTUBOpeUHBa.

87. Ilpu 4a®—45a 580 cucteMa onpeneneHHa, mpu 4a3—45a -+ 58 =0 —
NIPOTHBOPEUHBA. _

"88. Ilpu ab=~15 cucteMa ompelieNeHHa, npu a =3, b = 5 — HeonpeneneHHa,
npu ab =15, HO a==3, b==5 — npoTHBOpEUHBa.

89. Ilpn ab=~12 cucrema ompeneneHHa, NIpu @ = 3, b = 4 — HeonpeneJeHHa,
npu ab= 12, HO a=3, b=~4 — MpoTHBOpEUHBa.

99, Yxa3anue. PaccMoTpeTb ompejeinTensh, B KOTOPOM MepBue IBE
CTPOKH He MPOMOPUHOHAJbHBEI (B YaCTHOCTH, HH ONHA H3 3THX CTPOK He NOJKHA
COIEpkAaTh TOJAbKO HYJH), @ TPEThbl CTPOKA pPaBHAa CyMMe NepBbIX IBYX, T. €. Kax-
Ibli ee 3JE€MEHT paBeH CYMMe COOTBETCTBYIOLIHX 3JE€MEHTOB MEPBHIX IBYX CTPOK.

100. 0. 101. 0. 102. 0. 1€3. 0. 104. 0. 185. 0. 106. 0. 107. 0. 108. 0.

109. 0. llse ToukH (x), y;) H (x5 ¥;) MJOCKOCTH JEKAT Ha OJHOH NpsMOii
¢ TOukoH, fennlied OTPE30K MeWIYy HHMH B JAHHOM OTHOLIEHHH A.

116. 0. Yxaszanue. K nepBoii cTpoke mnpuOGaBUTh BTOPYI0 H TPETHIO U
BOCHOJb30BaThCH opMyaoil Buera.

120. Y kasanue. K tperbeMy cronbuy ompelejnTeNs, CTOALIEro B JEBOH
9acTH . PABEHCTBA, NPHOABUTL BTOPOH, YMHOMEHHBIH Ha a -+ b, H BHUeCTh
flepBbiil, yMHOMGEHHBIA Ha ab - bc 4 ca.

128. 5. 124. 8. 125. 13, 126. 18, 127. 2"~  gog, 22+ D
2 2
129-ﬂ’12——1) nHBepcud. IlepectanoBka weTHa npu n, pasHoM 4k, 4k 41,

| HevyeTHa Npu n, paBHOM 4k 2, 4k 4-3, rae k— mo6oe Lenoe HeOTpPHUATENb-
HOE YHCJIO.

139. ﬂ—@;_—l)- uHBepcui. IlepecTaHoBKa ueTHa th n =4k, 4k 4+ 3 u He-
yeTHa Npu n=4k {1, 4k 42, rie £ —moboe UENOe HEOTPHUATENLHOE YHCIO.
131. w unBepcuit. [lepecTanoBka YeTHa npH n =4k, 4k-+ 1 u He-

geTHa Npu n=4k -2, 4k 43, rae k— moboe I1leN10e HEOTPHLATENbHOE THCIO.
@32, G-

weTHa Npu n=4k + 1, 4k} 2, rae k— mo6oe ueNOE HEOTPHIATENLHOE YHCJIO.

88. 3n (n — 1) uusepcuil. [lepectaHoBka ueTHa NMpH JIOGOM n.

134. 1 (3n — 2) unBepcuii. YeTHOCTh MepecTaHOBKH COBMAAaeT € YETHOCTHIO 1.

135. n(5n-- 1) unBepcuii. [lepecTaHoBka ueTHas mpu JMioGOM 7.

186. B nepecranoske n, n—1, n—2,..., 3, 2, 1. Uncno uuBepcuil B Hel
pasro C2 =££’2_1) 187. 1 —1. 138. n— . 189. C2,

140. [Ina n= 4k, 4k -+ 1 —onunaxkoBa, a 149 n=4k 42, 4k -+ 3 — npo-
THBOMNOJIOXHA. 31echb k£ — Mo6Goe LeJoe HEOTPHUATENLHOE HHCJO.

141. Pewmenue BepeM 1Ba moOnXx 3neMeHTa &; 4; B NaHHOH nepecTa-
HoBke (I < jf). -

Ecau B naHHOH mepecTaHOBKe 3TH sJeMeHTH 00pa3yioT mopsaoK, TO H B HC-
XOJ(HOM PACMOJIOMEHUH @; CTOHT PaHbINE &j, % HHAEKCH [, j Gy1yT 06pa3oBHBaTh
nopsifok. Ecn xe B 1aHHOR MepecTaHOBKE 3JEMEHTHL 2, @; 06PasyioT HHBEPCHIO,
TO B HCXOJHOM DACMOJOMEHUH @; CTOMT paHble a; NMO3TOMY HX HHAEKCH J, i
Takme o6pasyioT MHBEpCHIO.

[ToaToMy HHBEpCHH [aHHOH MEePeciaHOBKH B3aHMHO OXHO3HAYHO COOTBET-
CTBYIOT HHBEDCHAM IEPECTAHOBKH MHJEKCOB 3JEMCHTOB MpPH HOPMAanbHOM pacno-
JIOMEHHH 3THX 3JEMEHTOB, H 3HAUHT, UHCJIO TeX H IPYTHX WHBEPCHHA OJHHAKOBO.

uHBepcuii. [lepectanoBka ueTHa npu n =4k, 44+ 3 u He-
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142. Yxaszanue B nepecraHoske aj, ag, ..., @y 31eMeHT b, nepeBOANM
Ha [epBOe€ MecTO, B MOJNYYeHHOH MepecTaHOBKe b, MePeBOAUM Ha BTOPOE MECTO:
H T. .

143. Hanpumep: 2, 3,4, ..., n, 1 wm n, 1,2, ..., n—1. Ykaszanue.
ITpn nokasaTe/nncTBe HCMOJB3OBATH TO, YTO OJHA TPAHCMO3HIHA MOXKET yMeHb-
WIMTH YHCJIO 3/JEeMEHTOB, CTOALIHX B IePecTaHOBKe mpapee (Jepee) MX MecTa
B HOPMAJ/IBHOM DaCIOJIOKEHHH, He GoJiee YeM Ha eIHHHILY.

« YKa3zanue, B mepecraHoBKke ay, 4y, ..., @y 3MEMEHT b; CMEKHEIMH
TPAHCIO3HLHAMH IepeBeCTH Ha NepPBOE MECTO, B MOJYYEHHOH MepecTaHOBKE 3Je-
MEHT b; CMEXHBLIMH TPAaHCNO3ULHAMH NEPEBECTH Ha BTOPOE MECTO M T. A.

1
145. Ci — k. 148. 5 n! Ci. Ykazaunue Bocnonb3oBaTbesl npefnlay et

3anavefi.

MT. Yxazaunue, CMeKHHMH TPAHCIO3HLUUSAMHM TNepeBecTH | Ha mepsoe
MecTo, 3aTeM 2 Ha BTOPoe MeCTO H T. A. YueCTb, UTO OJHA CMeXKHas TPAHCIO3H-~
LHS1 H3MEHseT YHCJIO MHBEPCHH Ha eJHHHULY.

148B. Y xa3aHue PaccMOTPeTh psj NepecTaHOBOK, HaUMHAOIIMIACH C nepe~
cTaHoBKH 1, 2, ..., n, moJqyyYeHHBH CJefyOLIMM PSIOM TPAaCHO3HLMH; CHavaja
eIHHHLY MepeBOAMM Ha JloCJefHee MeCTO, MepecTaBJ/fAs ee C KaXIHM YHCJIOM
cmpaBa, 3aTeM JBOHKY TeM IKe IIyTeM MepecTaBJsieM Ha HPEAINOC/eHee MeCTo
H T. A., I0K3 He NIPHIEM K IepecTaHoBKe n, n—1, ..., 2, 1,

YTBepXIeHHe MOXKHO TaKiKe [0Ka3aTh HHIYKLHEH Mo ukcay k.

149. Pemenue, JI7 BHBOAA PEKYPPEHTHOIO COOTHONIEHHS 3aMETHM, YTO
€CJIH B TNePecTAHOBKE C K MHBEPCHAMH YdcJI0 7+ | cTOUT Ha mOC/enHeM Mecre,
TO BCe kB HMHBepcuil ofpasyiorcs uucsaamu 1, 2, ..., 7, H TaKHX mepecTaHOBOK
Gyner (n, k); ecnn n+ 1 CTOMT Ha IPeANOCJENHEM MECTE, TO OHO 0GPa3yer OfHY
HHBePCHIO, 4 Yucaa 1, 2, ..., n o6pa3yiorT k— 1 HHBepcHH, H TaKHX IEPeCTaHO-
BOK Oyzmer (n, k—1), # T. 1., HAKOHeL, ecqu n+ | CTOMT Ha MEPBOM MecTe, To
OHO 00pasyeT n HHBepCHH (3TO BO3MOXHO JHWIB NIpH k>=>n), a uHcaa 1,2, ..., n
06pa3yioT k£ —n uHBepcHil, 1 TaKUX NepecTaHOBOK Gyzer (n, k—n).

Pacnonaras y#caa (n, k) B TabjaHlie Mo CTPOKaM C JAaHHBIM # ¥ IO CTOJMG=~
LaM ¢ JaHHKIM &, Mhl H3 PEKyPPEHTHOTO COOTHOUIEHHS BHIHM, UTO KaXIO0€ YHCJO
(n+1)-1 cTpoku paBuo cymMe n+ 1 unces mnpeiuwayumed CTPOKH, CUHTasT HX
BJIEBO OT YHCJa, CTOSIErO0 HaJ HCKOMBIM YHCJOM (BK/IOYas H YHcJa, PaBHbBE
HyJ/0). BrimuchBas AJsi ynoGCTBa OTCHETAa MeCT TaKkKe H HRyJeBhle 3HaYeHUT

(n. j) npu j> Ci u yuutmsas, uro (1, 0)=1, (1, j)=0 npu j=1, noayuaem
Tabauny suavenufl (n, k):

PN 01 2 3 4 5 6 7 8 910 11 12 13 14 15
1 10 0 00 00 O 000 00 0 0 0
2 | 11 000 00 0 0000000 0
3 12 2 1 0 0 0 0 0 0 O 0 0 0 0 O
4 | 135 6 5 3 1 0 00000000
5'1491520222015 9 4 1 0 0 0 0 0

6’15142949719010110190714929145l
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HanpuMep, uYHCNO NepecTaHOBOK WIECTH SAEMEHTOB € CEMbIO HAM BOCEMbIO
HHBepcHaAMH paBHo 101, ‘

150. YkasaHnue. Bo Bcex mepecraHoBKax 3aMeHHTb JaHHOE PacROJONKe-
Hue Ha o6paTHoe.

151. (1 4 2) (3 5). Hexpemenr pased 3. [Toacranoska HeueTHas.

182, (1 6 3) (2 5) (4). [ToncranoBka HeueTHas.

153. (1 8 2) (3) (4 6 7) (5). NoxacraHoBka ueTHasd.

154. (1 5) (2 8 6 4) (3 9 7). IloacraHoBKa ueTHag.

155. (123456 7 89). llogcraHoska "eTHas.

156. (1 4) (2 5) (3 6). [loxcranoBKka HeueTHas.

157. (1 2) 34)...(2n—1, 2n). lexpeMenr paseH n, YeTHocTs noacra-
HOBKM COBI2jiaeT € UETHOCTBIO Hucia 7.

158. (1 3) (2) 46) (5)...(3n—2, 3n) 3n—1). [lekpeMenr paseH n.
YeTHOCTh NMOACTAHOBKH COBHaZaeT ¢ YeTHOCTbIO YHCJAA 7.

159. (1,3, 5 ..., 2n—1) (2 4, 6, ..., 2n). JlekpeMeHT paBeH 2n-—2,
IMoxcraHoBka "eTHas.

160. (1, 2 3) 4, 5, 6)...(3n—2, 3n—1, 3n). [expementr paBeH 2n.
IoxcranoBka ueTHas.

161. (1, 4, 7,...,31—2) (2 5 8,...,3r—1) 3 6 9, ..., 3n).
Jekpement paseH 3n—J3. YeTHOCTb NOACTaHOBKH HPOTHBONOJNOXHA YETHOCTH
qucaa n,

162, (1, k1, 2&+1, ..., nk— k1) (2, &+2, 2642, ..., nk—k+42) ...
ee. (B, 2k, 3k, ..., nk). HNexpement paBeH nk— k. [loAcraHoBKa 4UeTHas IpH
YeTHOM % W HpH HeYeTHHIX 2 M n. V1 HeueTHa npH %2 HEUETHOM K 1 UCTHOM.

163. (l 23 4 5) 164.(1 2 3 4 5)

53421 351 42
165. (1 2 3 4 56 7 89
(741632589»)'
166. /1 2 3 4...21—1 2n
(2 1 4 3... 2n 2n—-1)
167. (1 2 3 4...2n—1 2n
(2 345... 2n 1)'
168. (1 2 3 4 5 6...31—2 3n—1 3n
(3 1 2645.. 32 3n—2 3n-1)'
169. /1 2 3 4 170. (1 2 3 4 5 . (1 2 3 4 5
(1342)' (31254)' (12345)'
172. (1 2 3 4 178. /1 2 3 4 5
(3412)' (23451)'
176. A. Y kasaHue, Bocmonb3oBaThbes mpelnayiueit sajpaded,

234567
177. ToxnectBenHad moiacraHoska £, 1718. X = )

7123456

181. Y kazanue. PacmonoxuTh yucaa nepsoit CTPOKH MOACTAHOBKH B BO3~
pacralineM IOpsiKe H OT TOXAeCTBEHHOH NOJACTaHOBKH NepedTH K JaHHOH
nyTeM Bﬂlla TpaHcniosuuuil BO BTOPo# CTpOKe.

182. Ykasanue. Jlaa N0KasaTenbCTBa CYHECTBOBAHHA Da3JOMEHHA Ha
TPAHCIO3MLMH B 4YHC]E, DaBHOM JEKPEMEHTY, YMHOXHTb WOICTAHOBKY Ha.
TPaHCIO3HUMIO UYMCEJ, BXOAAMMX B OIMH LMKJ, H HCHOOJL30BaTh 3afauy 180.
Ina noxasaTenbcTBa MHHHMAJbHOCTH YHCAA TPAHCRO3MLMHA 3aMETHM, N§TO TpH
YMHOMEHHH Ha OIHY TPAaHCHO3HUHIO JIEKDEeMCHT HE MOMET yBeJHYHTbCA 60Jbure:
4eM Ha eIHHuLY,
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183. Ykxasauue, Ecix P=PP,... Ps—mofoe pPasNoXeHHE TNOACTA"
HOBKH P Ha TpaHCHO3HIWH, TO HCNOJIb30BaTh PaBEHCTBO

P=(a“'“2' ) PiPy... Py u sagan 179w 182.
a, @y, ..., an

184. Pemen ue. Ecnu X —noacranoska, nepectaHoBoynas ¢ S, o SX = XS,
oTkyza X 'SX=S. Pasnoxum S Ha wukas S=(1, 2) (3,4)= x—' (1,2) xx~1(3,4) x.
HenocpencTBeHHHM BHIYHCJ/IEHHEM y6e){(11aeMca, yro X~ (1, 2)X ecTb cHOBa
IMKJ AJIHHN 2, nonyueHHm# H3 mukaa (1, 2) samenoli uucen 1 u 2 TeMu, koto-
pPhle HM COOTBETCTBYIOT B MoAcTanoske X. DTo e BepHO W aua wukaa (3, 4).
TakuM o6Gpa3oM, NOACTaHOBKa X JROJIXKHA NepeBOAATb ILHKJIHM H3 S B LUMKJILL
TOH JKe JJIMHH, a B CHJy €IHHCTBEHHOCTH paaJioxkeHns S na WHK/IB, LHKJE JHGO
TIepexoJAT KaXjAblA B ceGs, JHG0 ORMH B Jpyrofl. Tak Kak KaKAHH IHKJI AJHHS
IBa MOXHO 3amHcaTh AByMsa cnocoGamu: (1, 2)=(2, 1), (3, 49 =(4, 3), To Bce
HOACTAHOBKH, .TlepecTaRoBoYHHE ¢ S, 6yayT:

12314 /1234 412314 1234
(1234)' (1243)’ (2134)' (2143)'
12314 12314 1234 12314
(3412)' (3421)’ (4312)' (4321)'
185. KMckoMHe N0LCTaHOBKH:
12345 12345 12345) 12345
(12345)’ (14325)' (32541’ (34521)’
12345 12345
(52143)’ (54123)'
186. Ykasanue [Ilokasath, uTo HHMKakoe H3 4YHceqa I, 2, ..., m— 1 He

MoxeT mepefiTH B HyJb H pasHble YHCJA MePEXOAAT B DAa3HuIe.
187.(1, 3, 4, 5 6 7, 8)

5 1, 6 2, 7, 3, 8 4

188. Bxomur co 3snakoMm munyc. 189. BxomHT co sHakom Maoc. 190. He
fBJseTcA uieHoM onpeneadTens. 19%. Bxoaut co 3HakoM MHHyc. 182. He
sBAsieTcs uMeHom ompexenutens. 198. Co amakom (—1)"~., 194. Co 3ua-
KoM (—1)",

{n=1) (1—2)
198. Co 3nakom (—1) 2 . 198. Co snakom (—1)3=(—1)",
197. i=5, k=1, 198. 1_6 k=2 199. a“a“asza“+a10a21a32a44-};

c
+ ay4823032a41. 200. 10x* —5x3. 201, Co snakom nawoc. 202. Co suaxom (—1) %,

n (n—1I)
208. a,,a5:a53 . .- Gnn. 204. (—1) 2 . andy, gt ... an. 208. 0. 207. Kop-
HavH GyAyT 4HCHA ap, @y, O3 ..., An. YK23aHHE, "Menomwaosarb yTBepXKje-
HHE, UTO MHO[OWIEH CTelleHH n He MOXeT HMeTb GoJiee UeM 7 Pas3JHYHHX KOp-
peit. 208. x=0,1,2, ..., n—1. 209. an_py1, n—i+1. 20+ Qn_jt1, n—kr1

214, Ecsau n 4eTHO, TO lmc.no 3JIEMEHTOB HA YETHHX M HEUETHHX MeCTax Onu+

1
HA4KOBO H paBHO ? n?, Ecnu n HEUYETHO, TO YHCJO 3JIEMEHTOB HAa UETHHIX MecTax

paeHo —1--'(n2 +1), a na HeveTHHX ———;— (n?—1),

212. Onpenenmena YMHOKHTCA Ha (—1)"—1, 218. Onpexennreb yMHOKHTCS
n(n—1)

Ha (—1) 2 , 214, Onpegenuress He HaMeHuTcsa, 218, Onpenemrrenb
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He H3MeHHTCA. Y ka3anue. JlanHoe nmpeo6pasoBaHHE MOKHO 3aMEHMTh ABYMs
CHMMETDHAMH OTHOCHTENbHO TOPH3OHTAJbHON M BEPTUKAALHOH CpEIHHX NMHMH
H CHMMeTpHeH OTHOCHTENbHO PJIABHOH AWaroHand.

218. YkasaHne, TpaHCIOHHDPOBATh ONpENEJHTEND.

217. Y xa3aHnue. TpaHCHOHHPOBATH ONpeAeNUTE b,

218. n=4m, rae m — nenoe. 219. n=4m -+ 2, rae m — uenoe.

221. OmnpeneanTenb YMHOKHTCA Ha (—1)7,

222. Omnpeneautenb He H3MeHuTcs. Y ka3 aHue. PaccMorpers oburuit
YjeH OnpeieNHTens.

223. Ykasanue. PaccMoTpeTh CYMMY MHIEKCOB BCEX 3JEMEHTOB, BXOJf«
mux B o6umil 4jen onpereanTent.

224. Yxasauue. Bocnorb3osarees npepmiywieit 3apadet.

229. Onpeneantenb o6paTuICa B HYJb.

230. Omnpeneautenp OGpaTHTCA B HYJAb, €CAH OH YETHOro MNOpPAlKa, H
YABOUTCH — €CH HeyeTHOro. Y K a3z aHue. PasnokuTs Ha cymmy oNpelennTe-
Jeit Mo KaxaoMy CToabuy. R

C

231. Ompeneautear ymHoxutrcs Ha (—1) ”. 282. Onpepeanrens pasen
uymo. 288. Uucao rakux onpeleaureneir pasno n! KMx cymma pasHa Hyaw.

234. 0. 236. 8¢+ 1564 12¢c — 194. 287. 2a —8b+ ¢} 5d.

238. cbcd. 289. abcd. 240. xyzuv. 2438. 0.

244, YkasaHue, YMHOXHTD BTOpPOHi crOJGEL olpefe]uTe]ss B JeBOH
4acTH PaBEHCTBA HA yz, TpeTHH cTOAGEl HAa xz H UeTBepThid Ha xy.

248. Yxasauue. Hcrmoandya ¢opMmyrn Buera, npeobpasopats n-if
croaben, .

246. Ykasanue Hcrmoabays ¢opmyan Buera, npeoGpasoBaTb n-it
croaben H nepesecTH ero Ha ({4 1)-e mecrto.

247. Yxazanue. Pa3noxurs no mepsoMy croabuy.

253. Y xasaHue. PasnoxuTs no Tpetbelt CTPOKe.

256. YkaszaHune CsecTH k npeinaymefi 3anade.

257. —8. 258. —3. 259. —9. 260. 18. 261. 18. 262. 4. 263. 9.

264. 27. 265. 17. 266. —6. 267. —10. 268. 100. 269. 150. 270. 52.

271. 5. 272. 10. 273. 1. 274. 100. 275. 1.

1 .
278. 35 YKkasaHue IIeMEHTH Kaxu o CTPOKH NDHUBECTH K OOuIeMy

BHAMCHATEM0 H BBHIHECTH €ro 3a 3HaK onpeneiuTens.

n{n-1)
277. 1. 278. 9V 10(Y 3—V'2). 279. n! 280. n(—1) 2% .
281. x, (x;—ap) (x3—azs) ... (Xpn—ap_1,n)-
n{n-1)

282. (—1) 2 bb,... b, 2838. 2n+}1. 2B4. (ay+a,+a;+ ... Fan) x"
285. x1x2...x,,(a—’——|-a—2—|—...—|—&’—). Yxaszanue. M3 i-ro croabua
X X Xn

BHIHECTH 33 3HAK ONpejeauTeNs x; M K KawIOMy CTOJGily mpu6aBHTb BCe CJe-
Aylomue,

286. 1. 287. n(—1)""!. 288. (—1)""!(n—1)2""% VY«kasaune.
M3 kaxaoli CTPOKH BbIYECTb NMPEABAYLLYIO, 3aTeM MOCAEAHHH cTOAGEL NPUOABUTE
K OCTaibHBIM,

289. (x—1)(x—2)... (x—n+1)

290. (—1)'(x—1)(x—2)... (x—n).

:g;. zzo(x—al)[)(x—~a2)...(x;)—a,,). "

s (x—a—=—b—c)(x—a x+a—b+cy(x+atb—c)

1y (x2,-—1)(x2——z)f b4y (x+ +e)(x+a+

294. 222, Yxasanue. IlepecraBue jase NepBHE CTPOKH H 1BA MEPBRIX
cToA6Lla, AOKa3aTh, YTO ONpeACHHTEIb He H3MEHHTCA IIpH 3aMeHe X Ha — X.
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IIposepus, uto nmpu x =0 onpelennTenb o6pamaercs B Hyab, A0Ka3aTh, 4TO OH
Ieautca Ha x2. Te we paccymJeHus NpOBecTH Aad 2.
n—1

295. 0,6, [] (@i416i—aibir1). Y xasanume. Noayunts cootsomenue
=1

b
Dy == @nbp_1—ay_1b,) Dp_,.

bn1
296. QoX1X2X3 oo Xp + G1Y1X2K3 oo Xp -+ Y1 YaXs ... X “+ ...
eve - apY1YeYs ...y, Ykazsanue. Hoayuuts = cootHomenne D, =

=X,Dp~+a,y,1y; ... ¥, Onpenenuress MOMHO BHUYHCIMTS HHATE pasnoxeHHeM
no nepsoH CTpoke,

1 1 1
297. —qa,a,...q, (E;-+71;+ +a——). 298.40,4;...ap—a18,5...0,_+
n

taaz.. ap s — . (—1)""lg 4 (—1)%. 299, nL1. 300. 2%+ _1.
5f+1__on+l1 an+1_Bn\+1
301. - 302. 927! 308.5.2771 _4.3""1 304 ———° .

. a—p
305. <"+ (atat... +a,) X" Y KaszaHHe DneMeHTH, CTOSUIHE
BHE I'IABHOH IMArOHA/MM, MPEACTAaBHTbL B BHAE 4; =0- g,

_ L _ a, a;s . Q8n
305. (x, —a)) (x2—ay).. .(xg—a,) (1+ % —a +x2--112 F...4 xn—an).
Ykasaunue, Tonoxuts xp = (x;— a;) + a;.
807. (2, —x)) (@ —xy) ... (an—xp)—ajay...a, Yxasanue. Iodao-
XHUTb B IEBOM BepxHeM yray O0=1-—1 u NpeACTaBHTb ONpEJENHTE/]b B BHAE
CYMMBI ABYX ompejenuteneli OTHOCHTENbHO NEpBOH CTPOKH.

b b a,b
308. (11 —ait) (xy—azba).. (x5 — anb) (14 20 - 2202 . Galn),

X X9
n—n+2
309. (n—1)! 810.5,6,... 5, 8MM. (—1) 2 2(n—2)! 82 (—1)* 1l
n(n41)

31, "+ (—1)"*1y" 814.0. 815, (—1) 2 (n1)""1. 816.(—1)""! (n—1).
317. @n—1)(n—1)""L 88. [a4(n—1)b) (a—5)""). 819. 1. 820. 1.

821, (x—a)(x—ay)... (x—ay,). 322. gy xPtaxP 14 L. Fa,
] p ot ] <
828, > _ —1_ n+l . _ . . — appx).
(x—1)2 x7 324 x—1 (x—1)2 323 kI—_Il(l )
n(n+1)
8. ) ¥ [m—aita—...(—1ya,) 827 (1) (n—D "2
n
328. 11203, . n=170"135-2 ., gog, II= 8. JJ x:i—x»
k=1 r:ii>k>1 ?
n(n—1) : QTP | PPy
331. H (a1—a;). 832 .9 2 I cs—osr—g
II<KELn+1 n2i>k>21
n(n-1)
333, 2 2 sin(Pi+(Pksin(Pi e, 334. (x; =— Xp)
1<i<k<n 2 2 A i>enl

n(n-1)
— : T T
335.2 * 1,082:0 ++» n_y, 0 H sin <t 2 © sin = 2

Ii<k<n
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- 1 . n
333, Tora . =T H (xy — xp). 337. (—1)*112 ... nt
n>i>k>1
n
338. ]I_iT (4 — x2). 839. 1135 ... @n—1)
i=1 Y lasisest
340. ];[ (aibp — apb;). 341. I sin@—aw.
l1Li<k<nt1 I€Ii<kgn
342. 0j0,... 2, H (XY p— *py)y THE a,— kosppuijueHT npH xi
l<i<k<ntl
B MHorouxene f;(x, y). _
1 0 2 a 1
843. (—1)*~ x; (x;— xp) —— 1, e f(x)=
i];[l n>il>1k>1 z=1xif (x)

=(x—X)(x—x)...(x—x,). YKasauu e. Pa3loxurn OnpeneanTeNb IO
fiepsoMy cToa6my.

344. (4 x04 ... +xp) H (x;—xp). VYrkasauue. Omnpe-

a> >kl
JAeAuTe b
2 n
oy oyl

1 %, x3...x}

2 n
T ox, x,... %,
1 2 22, 2"

BHIYHCJHTh ABYMS CMOCOOAaMH: pa3JoxeHHeM IO MocJenHeHd cTpoke M Kak ompe-
Zeauteab Bawzepmonza. B 06OMX BHpakeHHAX NPHPAaBHATH KO3 dHIHEHTH
mpy 2",

1 1 1
348, x x5 ... x (—+—+...+—) (xg— xp).
s Xy Xa x” > ll>Ik >1
348. (Exal K, oo xan_s) H (x;— xp), roe cyMMa Geperca no

n>2i>k>1
BCEM COUGTAHMAM 71— S UUCea &, Oy, ..., Oy_c U3 uncen 1, 2, ..., n.
BT, [x1xp ... iy — (5 — D~ ... (=] [ —xn
n>i>k21

Yxaszanwue. i-i sanement 1-ro cronbua npeicTaButb B Bupe 1 == x;— (x;—1)
¥ NMPeACTaBHTb ONpejeNHTe b B BUIE PasHOCTH ABYX ompejeinTefed.
848. [2xx;... p— (=D (—D... =1 [ (u—x»
n>i>k>1
Yxkasauue. Ilpunucars nepsywo ctpoky 1, 0, 0, ,,., 0 u mepBHi croaGen
U3 €lHHHI, MEePBHH ¢TONGel BHYECTb H3 OCTANbHLIX, €JHHMIy B JEBOM BEpXHEM
yriy npeiactasHTh B Buje 2-—1 H npeicTaBHTh ONpEneAuTEe/]b B BUJE Pa3HOCTH
IBYX omipeneiHTe]ell OTHOCHTEJNbHO NEPBOH CTPOKH.
- fP Q9
349, ol»-1® sin 1"12“% sin = k,
ISi<k<gn
30BaTbCA TEM, 4TO COS kp BLIpaXaeTcsd Yepes COS @ B BHAE MHOro4JeHa CO CTap-
mam uaenom 2%~ 1cos® ¢ (a0 MoxHO BuBecTH H3 ¢dopmyan Myaspa H paBeHCTBA

14+Ci4Ch+ ... =2%71)

Vkasanue. Bocmoab-
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(Sm (Pl“iQ'(Pk . sin ‘Pi—q)k).

1€i<kgn 2

Y kasauue. lokazars, uto $in k¢ MOXHO NPEACTaBHTL B BHAE MPOU3BENECHHSA
$in ¢ Ha MHOTOUJEH OT COS @ CO CTapliuM uxeHoM 2F—1cosk—1q,

881 a+b+c+A@a4-b—c—dy(a—b4c—d)(a—b—c+4d).
Yxasanune. Bocnoab3oBaThCst MeTOAOM BHIJAENEHHS JHHeHHHWX MHOMXHTeAEH.

852. a4 b+tc+dtetftet-matbtctd—e—f—g—n)X

Xa+b—c—dtetf—g—h(@t+b—c—d—e—ftg+h X
X@—b+c—dte—ftg—h(@a—btc—d—etf—g+4nX
X@—b—ctdte—f—gth@—b—ctd—etftg—h).

8583. (x+a +tayt...Fa)(x—a)(x—ay)...(x—a,). Yrkasanue,
TIpuMeHnTh BhifedeHHe JMHEHHBIX MHOKHTedeill HAM H3 KaXIOH CTPOKH BbYECThb
npenu;lzmylo H 3aTeM K KauJOMy cToa6Hy npHOaBHTL BCE NOCAEAYIOIIHeE.

854. 0 npu n>2; D, =a,—b;; D; = (a, —ay) (b) — by).

858. 0 mpu n>2; Dy =1-4-2y;; Dy= (x; —x3) (¥1 — ¥2)

856. O mpu n>1. Ykasauue. Pasanoxurb Ha CyMMy ompejenurenci
OTHOCHTEJIBLHO KaXAOro CTOJOHA.

857. 1+ D (@+b)+ X (@—ar)(bp—b).
=1

Ii<k<n

850. 2" "~Dsing, sing, ... sing,

n
858. (—1)" [I—H—Z i+ X (xi—xk)(yi—yk)] . Ykasa
i=1 1<i<k<n
Hue. IpuMenuTs pesyabrar 3agaum 355.

n
889, x" - x"t N (g —b)+ 42 DN (@ —ap) (b—by). Vxa-
i=1 1€i<k<n
3anue. Pasnoxurn OIIpEeAENHTENL HA CYMMY ABYX onpenenmeneﬁ OTHOCHTEJbLHO
KQKJAOTO CTOA6HA H MPHMEHHTb pesyabTarl 3ajaun 354.
n

a;b '
860. xx; ... x,[14 2 -——;—l . 881, (a2 —b62)". Ykasaauue. Brsectn
i
i=1
PeKyppeHTHOe cooTHOmeHHe Dgy, = (a2 — %) Dyp_s.

L . n+41
362, [ (aionsioi— bibsnsi_p. 868, ZHL.
i=1

x"

864. 0, ecniu n» npd fenenuu Ha 6 JaeT B ocraTke 2 HaM 5 1, ecam »
JeJAHTCS Ha 6 waAH JaeT B OCTaTKe elHHHNY; — 1, ecan n mpu ZLeneHHH Ha 6
naeT B ocratke 3 MaM 4. OTBET MOKHO 3amHcaThb HHaye Tak:

1 3 5 7.
Cn+1——3C,,+1+9C,,+1——27Cn+1-|—
2n :
Y kasanue. IpuMeHAT: METOJ PeKyppeHTHHX COOTHOIICHHH, Paso6paHHHA BO
BBEJEHMH K HacTosmeMy naparpady.
868. Y xazanue. [Tonyunts pekyppentroe cootomenne Dy=Dp_1+Dn_».

7 . n —
366. 5'+! —qn+1. 867, f_[li“_ég._.l_)_], ne i=) —1, 1. € ecaH n

D, =

n
HeweTHoe, TO D, =0; ecIu n Ye€THOE, TO D,,=(—1)2.
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368. %[1-}-(_1)"]. 369. D, = 5 [c 118"+ C5 10" (6P —4)
+C5 00" (@ — 4 4 € 0" (d? — 4) + ] =d"—Ch_ 1"+
+C2 ot — 4 (—D*CE_La"%* 4 ... VYkaszaune. Tlepsoe Bupa-

KCHHE NMOoJayyaeTCsA HENOCPEACTBEHHO METOAOM PEKYPPEHTHBIX COOTHOILUEHHE; BTOpOE

P p+l _ p~p+l
JETKO 10Ka3aTh METOAOM HHAYKIMH, HCIIOAB3YA COoTHOMenHe CF -{- CP*" — crr

1 -
370. D, =; [Chi10"+C a2 (@ - 4) o CHYl" 2 (@ + 9"+
4 . d=atCL e P C et L CE et

871. 2cosna = (2cosa)’ — n (2 cos a)"‘2—[—l(12—a (2 cos a)”“‘—
—_— _’L_(_”,:‘%_(i:‘ﬂ 2 cosa)“‘s—}— ol == 2 (— 1)* ‘nf—k Cf‘,_k (2 cos a)”‘”,

n n
rie uyepes [-2—] o603HauyeHa nenas 4acTb YHCAA —2—. Ykaszaunue. Pasencrso

€OS no. NaHHOMY OMNpENEeJHTEN0 N0Ka3aTh HHAYKUUEH Mo n.
Hanee, ecan D,-—onpeieautenb KaHHOH 3ajiaud, a D(,),—onpeuenmenb

sanaun 369 ¢ samenoif a Ha 2cosa, 10 D, = D% —cosa D)_,. To, uro xos¢-
$HIMEHTH B NOJNYYEHHOM BHPAKEHHH COS No llepe:’. cos o OYAYT UeAWMH, cae-

- Ch_y=Ch_,—Ci7h | wms

TOro, 4tO0 BCE YJEHBI, KpOME IMOCJAEXHErO, conep)xaT MHOXHUTECIb 2, a mocaen-

Aye€T H3 JIErKO NMPOBEpPAEMOro paBeHCTBA

o ; n
HHH 4YJE€H HE COICPKHUT 2 cos o JHIUD NpH YETHOM n, HO TOrja k=~2—- H 3TOT

qjeH paBeH 2.
872. sinna =sina[(2cosa)*" ' —CL_,(2cos )" 3+ C2_, (2cos )" 5 —

n—1
[
—C%_,@cosa)" T4 ...]= sina 2 Ct_,_2cosa) -1 rpe [n;l]
V k=0

€CTh IleJas 4acTtb Yucjaa

n—1

5"
873. Y xazanue. IIpUMEHHTb METONL PEKYPPEHTHBIX COOTHOIIEHHH.
n(n-1)

874, 1424 xt4 ... + 42 875, (—1) ° ﬁ-'%'—l—nn-l.

876. (—nx)"! [a +M] . ¥Yxasanue. MH3 kakaoft cTpokd

BbIUECTD CJlellyIOIIIYIO BCE CTOJ’lGleI npuﬁasmb K nocileAywIineMy, K npeJmo-
cne:meu CTpOKe npudasmb BCE npezlbmyume H 9Ty CTpOKy anGame KO BCeM
IIDeIlbIIly[IIP[M
877. (1 — 1"~ 1,
(1=2(a-1)

378. ITH uMpKYAAHTH PA3NMYATCA JHLIL MHOMHTEAEM (— 1) 2
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n n—1 n—1

879. 1. Yxazanue. [onpsysach paBeHCTBOM (k) = ( A )+ (k _ 1),
BHIYECTb M3 KaXIOrO CcTOJ6uA Dpeibliyiu¥, a 3aTeM H3 KawkJAOH CTPOKH mpe-
IBAYWYIO.

3880. 1. Yxasanue. BoconbsoBarbcs ykasawueM x Ipeibriymed samawe.

381. 1. Yxasanue M3 kaxnoit cTPOKH BhHUECTb NpedBAYLLYIO.

382. 1. Ykazanue. U3 kawnoi CTPOKH, HauMHag CO BTOPOH, BHIUECTH
NpeAHLyIylo, 3aTeM M3 KawAOR CTPOKH, HauMHas C TpeTbeld, BEIYECTb Npelbl-
Ayuylo H T. A.

n{n+1)

883. (—1) 2 . Ykasaume. Us kamaoro croabua, HauMHas CO BTO-
pOro, BHIUECTb NPEALIAYIIMH, 3aTeM M3 KaWJAOTO CTO/A6UA, HAUHHAS C TPETHEro,
BHIYECTh DPEeIbAYIIHH H T. A. B monyueHHOM ompeneauTene T0 MXe camoe mpo-
Ienatb Aas CTPOK.

384. 1. Yxasauue. BocnoabsoBaTbcs ykasanmeM k 3anaue 382,

()i ) (™)

385. - .
) (i) 6)
n

Ykazanue. [loab-

n n— :
3yACb COOTHOIIECHHEM (k)=? . k 1), BHIHECTH 3da 3HAK ONpPEACINTENA U3

nepBO# CTPOKH m, U3 BTopod m-1 M T. X, u3 mocaenneit m - n; u3 mepsoro

H T. A.,, H3 MOCAeIHEro

croadua rE H3 BTOPOTO ik C noayueHHBIM

+1
olpelleHTeNeM NpPOJENaTh aHaJAOrHUHble Npeo6pasoBaHHd M T. L., TOKAa HE NpH-
IeM K ONpENeNUTENI0 TOrO e THMNa, YTO M B MpElbllymeil 3amave.

886. n. Ykasauwne. M3 kamaofi CTpOKM BHYECTb NMpeAHAYIYIO, Pa3fio-
KHTb IO 3JAEMEHTaM NepBoro croabia, B MONYYEHHOM ONpejelHTele H3 MEpBOro
cToa6ua BHYECTb BTOpPOH, NpHGaBHTb TPETHH, BHYeCTb ueTBepThit H T. A. [Ipen-
CTaBUTh ONpEeJEeJHTENb B BHAE CYMMB [BYX OmNpejeidTesefl H MokasaTb, YTO
Dp=D,_ 4+ 1

887. n. YkazaHnue. M3 xaxaoro cron6ua BHYECTb NpeAbAYIHE, 3aTeM
H3 Kawao# CTPOKH BHIUECTb NPEIBAYIIYI0. DAEMEHT 2 B JIeBOM BEPXHEM yray

npexctasutb kak 141 u nosyunts cootHomenwe D, ;= D,_,-+D;_,, r1e

D;_l—-onpenenurenb TOro Xe BHA3, 4To U B 3agaue 379, HO mopaxka n— 1,

388. (x—1)". Yxasanue. M3 kaxnoil cTpokH BbYECTb NPEABIAYLULYIO U
nmokasatb, 410 D,y = (x—1) D,
9, N2AZ,,.(n—D(x—1). Ykasaunue. CBeCTH K Tpelniymei
3ajave.

390, x,,—(’ll)x,,_,—l-(;)xn_z-—(g)xn_a-{- e (= 1) x,.

Ykasanue, M3 kaxao#h CTpOKH BH4YeCTb MNpeibAyHIYI0, MOKa3aTb, YTO

Dn+1 (xOr Xl eeny xn)_,: Dn (xl —Xp Xg— X[, veey Xp —‘xn—l)v # TNPHMEHHTHb
METOJ MaTeMaTHYeCKOH HHIYKIHH.
n—1 n—1
- Xt —
891. (— 1" ey ——x-—i"—-— Yxasauue. [TonoxnTh B MpaBoM Huk-

HeM yray 0==x —.x, pa3NOXUTb HA ABa ompeleaurens u JA160 NPUMEHHUTb Me-
TOJL PEKYPPEHTHHX COOTHOLIeHHH, aAu6o HaiTH D, u3 ABYX PABEHCTB! .
-1 —
Dn=—XDr£t—1+x(—')',?" 2w Dp=—yDp_1+y(—x"""
392, X(a—y)r—y(@a—x)
x—Y
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sss, X/ (y) yf(x)

394. M, rme f(@)=(a—2)(a;—2) ... (ay— 2).
395. o#|-p". "896. a"+a"" !4 ... +ad- 1.

y e f(@)=(a;—2)(@;—2) ... (ap—2).

n‘_”_ n_‘_"_
tg" 5 +ctg” 5

397. nl(apx"+ax* 1 ax"~24 ... +a,). 398. —_——
399.J] ¢ +n—26k+1) wmm  (2—1)(x*—3) ... [ —(n—1)7,
Rl

€ClH n 4YeTHOoe, H X (x2 —2%2) (x2—4%) ... [x*—(n—1)?}, ecan n HeuyeTHOe.
Yxasanue K xauqlon CTpOXE Npu6GaBHTh BCe CAEAYIOLIHE, H3 KQKJOr0 croabua:
BHYECTb NpPeAbAYWIHi M NOKa3ath, 4TO ecin D, (X) — JaHHHI onpeje/HTeb,
10 Dy ()= (x+n—1) Dy, (.x——l)

400. 0, ectu n>2, D, =af —Xx; Dy =xa? (a?—1) (1 —a).

401 (—1)" [x"—x”“ ﬂ_—l-]

a?—1
1 1 1
402, aa, ... a, (ao'—"—a-l——'-&;—— . -—E).
403. abc,cz...c,,(%’b—-——c_lr_.gz__.,,___cln_),
- "1 1
A4 a@+5)(@+2) . lat =D g+ T+ ot

1
Shies at+@m—1)b
BHUECTh CNERYIOMYIO, H3 NepBOf# CTPOKH BHIUECTH MOCAENHION ¥ NOAYUHTH Ompe-
ZeaUTENb TOT0 XKe THIA, qro H B npenbmyluen 3ajave.

405. | 1
+ 2 x, ——Qalxi
BaTh peay,vlbrar aanalm 306
H (%2 — 20, *0)

406. | 1
+2‘ xl-—Qa,xl 121

407. —bl+bb2_bb2b3+ +(—1)nbbz bﬂ' Ykazanue. Ilo-
JYYHTb COOTHOINEeHHe D, = -—le,,._,

408. (— 1)=-! (blazaa capt-bibyas ... apt ... b1y ... by_ia).

409, (—1)*~ixr-2 Y kaaaHne. Wa Kaxgoit chOKH BLITECTD clenyomyIo..

410. (— 1) [(x— 1)" x"). ¥YxaszaHue. M3 kakaod CTpOKH BBIYECTD.
DNpeNBAYIYIo, B NPABOM HMXHEM Yray noaowutbh 1= x- (1 —x) u npexncra-
BHTb B BuJie CyMMH IBYX ompeneautelei,

). Ykasauue W3 kawao#h cTpoKH, HAYMHAA CO BTOPOH,

H (x]—2a;x,). Yxasanue Henomso-
=1

AfL. gxn II (by—a;). Y kasanue YMHOKHMT, BTOPYIO CTPOKY ha X",
=
TPeTbI0 —HAa x"~2 W T. I, n-10 —Ha x. BuiHeCTH M3 mepBOro cToAGUA %, H3.
BTOpOro x"~! u3 tperbero x%~2 u T. 4. U3 n-rO X.
n(n4+1)

a2, n!(1+x+7+§-+...—|—7). 43,2 ? [1+x(2—7)]..
n{n+1)

414.%[1_;."_(”5‘*;1_)1;]. at5. o ? [1+ ;,:';:_11)]
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1<;Hk< (@ — ag) (b — bp)]
418, LSisksn

n
IT @+
i, k=1
6eperca no BceM i, k, mpo6eraiomuM He3aBHCHMO APYT OT APYra BCE 3HAYEHHA
or 1l 1o n. ¥Ykaszauune. M3 xawaoi cTpokM BHIHECTH 3a 3HAK ONpeleHTENs
ofuuit 3HaMeHaTeAb 9AeMeHTOB 5TOH CTpokH. [lokasaTh, uTO moayueHHmiit ofpe-
Aeauteab D’ peautcs Ha BCE DaSHOCTH BHRA @y —ap M by — by (is= k). Tloka-

3ath, uto uacthoe ot aerenna D' wa [ [(ai—ap) (5 —bp)] ects xon-

, rme NpPOH3BEAECHHE B 3HaMEHaTeJde

. 1Ci<kgn
CTaHTa, AAd ONpeicAcHHA KOTODOH NOJOKHTHL B D’
a1=-—b1, 02=“"b2,...,an=’—bn.

MoxHo pemuTh HHAYE, a HMEHHO: M3 KAXIOH CTPOKM BHIYECTb NEpBYlo, a 3a-
TeM M3 KaWAOro CToa61a BHYECTb MEpPBLIH.

I (xi—xe) (ar—a)

411. 1Li<kgn

n
I xi—aw
i k=1
3aHHeM K Npeflplaymeid 3apade.
a3 ... (n—1nye
413. A+ DInF2).. 2n—1)"

peayabTaTaMu 3anayu 416.

. ¥ xasanue. Bocnoapsosathen yka-

Yka3zanue. Bocnoabsosarbcs

1 1 1
419. a°a‘a2"'a"(717+_a',—+”'+—aj)' Y kasanue. Moayunte pe-

KYPPEHTHOE COOTHOINEHHE D,,=(a,,_1+a”) Dn—l—ai—an—Z M NPHMEHHTD
METOA MATEMAaTHUYECKON HHAYKLIHH.

420. Koutunyaura (a,a; ... a;) paBHa CyMMe BCEBO3MOXHBIX NPOH3BENEHH I
3/]EMEHTOB a4y, &3, ..., &p, OJHO H3 KOTOPHIX COAEPIKHT BCE 3TH SJIEMEHTH!, a JpYyTHe
NOAYYATCA H3 HEro Bb6pachlBAHHEM ONHOH HJIH HECKOJAbKHX Nap COMHOMHTEAEEH
¢ cocelHMMH Homepamu. Ilpn aToM ujeH, noayuaeMulii BeIGpachiBaHHeM BCEX
COMHOXHTeNeH (NpH YeTHOM n) CYMTaeTcsd paBHHM 1;

(218283a4) = a182030, + @30, + 104+ @10, + 1,
(2,850504a5) = @,0203a,85 + 30,445 + a,a,a5 + a,a:0; + a,a:a; 4 a, + a;+ as,
(2122050,85a6) = 4,820304850¢ + 330,850 1 0,0,48505 1 a1 82450 + @,028,06 +
+ a1a2a3a,+ asa; 4 azas +aa;+ aza,+a,a,+aa; 1.
Yxasauue IlpoBepurp CNpaBelJHBOCTb YKa3aHHOTO 33aKOHA 1A KOHTH-
HyaHT 1-ro M 2-ro mopaixoB M, MNpPEINOJOKHB €ro CHPABELIHBOCTb JJAf KOHTH-

HyaHt (n—1)-ro H (n-—2)-r0 NOPAAKOB, [OKa3aTb CHPABELJAHBOCTb €ro s
KOHTHHYAHT n-ro nopsiaka. [las 3Toro BEIBECTH peKyppeHTHOE COOTHOLIeHHE

@8y ...ap)=ap(a1a; ... an_1)+(@18s ... @y_3).
421, (CHy.
424. Y xa3auue. [loxasars, uto qncgo_:lésepcuﬁ B 06eHX CTPOKax AaH-
HOH MOICTAHOBKHM PaBHO 0; -~ G-} . .4-0p - +. B2 (1424, . .-k).
425, 10, 426. 100. 427. 60, 428. 10. 429. 4. 430. — 2. 431, 105,
432. 90. 433. 8. 434. 4. 435. 1000. 436. 12, 487. (x; — x7)sin(y—f) 4

+ (y2 —y1) sin (@ —y) + (22 — 2) sin (f — @)
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438. Alx, t B’xz—}- C2x3+28Cy, +2CAy,+2ABy,, rae A= bc' —b'c,
B=ca’—’a,
439. — (ayz + bxz + cxy). 449. — (aa’ +- b0’ +cc’). 441, abc—
— X (bc + ca 1 ab). 442. (x;— x3) [(x3— X2) (x4 — X3} — 2 (x3—x1) (¥, — X))

n
443. H (BrpBon—k+1, 2n—k+1— ks 2n—k+1, B2n—R+1, )
k=1
44 —1" ] (x, — xp)2
n2i>k>
445. —84. Ykasaune. M3 BTOpoil CTPOKH BHUECTb YABOEHHYIO NEPBYIO,

K TpeTbeH CTpOKe npudaambgnaoeunym YEeTBEPTYIO.
446. —84. 441. 98 448. 413. 449. 81. 450, 14. 451. (—-1)"(nx+1)x"

452, bipby, py ... by (@in—Cip) (@op_1 = Cop—1) + .. (g1 — Cpy)-
- 4583, —x21~2 (a, 4~ ay+-. . .4-a,)*. 454. a) D= M M,;, 6) D= (—l)kMzMa.
(ka1

455. D=(—1) 2 MM, ... M, TlpaBHIO 3HAKOB HHAaYe MOXKHO

chopMyIMpOBaTh Tak: npu ueTHoM [ Gepercs 3nax (— 1)% a mpu HeueTHOM
k(k-1)
I —3nak (—1) 2

459, (2k+l—1)(3’+1-2l+!)—4(2k—-1)(3l-2l) Yxasanne. Pasno-
JHTb MO NEPBHM k£ CTPOKAM H NPHMEHHTb METO] PEKYDPEHTHHIX COOTHOLIEHHH.

480. (a0, ... a5)=(a1as ... ap) (@p118p42 ... @)+ (@1a; ... ap_1) X
X (Bg+28p+3 - .. ap). Tlonaras 3fecb n=2k, a;=a,= ... =a,=1 u 0603Ha-
yag 4epes u, 7n-¢ uYnca0 pana PuGoHayun, nNOJAyuUHM u2k=u2k+ui_1, T. €.
CyMMa KBaIpaTOB IBYX COCEJHHX uYHcesa pafa PHOOHAUYY TAKKE ABIAAETCA HH-
CJIOM 3TOro psja.

462. Yxasanue. PaccMoTpers omnpeleaurtenb NOPAAKa 271 MaTpPHI,
nonyquHoii H3 JaHHOH NPHIHCHIBAHUEM CHH3Y TeX Me NI CTPOK B TOM Ke
nopsaiuxe.

458. Ykasanue Pasnowus D no 1-#, 3-#f u 5-# cTpokaM, mNoKasars,
yto D = AA? rae A ne 3aBucHT ot sjeMentos A, Ias onpegeneHus A mono-
WHTh 3JEMEHTH Ha TJaBHOH JHaroHanH A pasupiMu 1, a BHe ruaasHOM nuaro-
HaiM A paBHRIMH HYTIO.

484. Y xazanue. OnpeleauTenp B AEBOH 4YacTH pPaBEHCTBA DPa3JOXKHTb
Ha CyMMy onpejeauteneii OTHOCHTEJBHO KakIOH CTPOKH M NPENCTABHTL B BUIE

4 ) af ﬁi Yi
D asbjer Dijp, the Dyjp=|al B/ /).
i, j, k=0 ak gE gk

[lokasats, 4TO NOCACAHIOID CYyMMy MOXHO 6paTh JullIb MO BCeM Tpoiikam Ijk,
HE COJEPMAIMM DABHHX UHCeN, pasilarasd OnpeicAHTeNb 5-TO NOPAAKA B NMPABOH
4acTH PaBEHCTBA NO MEPBHIM TPEM CTPOKaM, NPEACTABHTL NPABYIO 4acTb B Buje

2 a;bjcyCijp, The CyMMa GepeTcs 1O BCeM TPORKAM pasiuuHbx yuced ijk, name-
usomuxca ot 0 no 4. Hakowen, nokasatk, uto umeer Mecto Djjp = Cijp;

1ag sToro byl Ttpoilky uucea ijk cectd K cayuawo i < j < k nepecTaHOBKOH
CTPOK M CTOJOLOB ofipefiefHTeAelf H PacCMOTPeTb BCE IECATh BO3MOWHBIX Cay-

1 1 1

yaes, Hanpumep, Ag, 1, 3=|a B y|=(@+B+¥v)(E—a)(y—a)(y—p). Ho
B ¥
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1 o a?

wCone=—|" 1 1B B =@t BtnE—0) =0 =), Tax e

Ly ¥
p=—@+p+y).

466. Pemenue. [JokasaTeasCTBO INPOXOIHT IO TOMY e IJAAHY, KaK H
B TeopeMe Jlamnaca. [TokaweMm, 4ro moGoii wien mnpoussenenuss eM\M, ... M
€CTb 4ieH onpeneauteas D. [lyctb cHayasa M; JexuT B NEpBBHIX K CTPOKax H
nepsHx %k croa6uax, M, —B ciaeiylomux ! CTpOKax H CAeAYIOmHX [ croabuax
H T. 1. M,—B nocreiHux s CTpOKax W NociAelHHX § cronbuax. B atom cayuae
noactaHoBka (1) aBaserca TOxIECTBeHHOH u &= 1.

Bepem mpouaseneHue aM06HX uleHOB MuHopoB M), M, ..., M, B mopsake
BO3pacTaHus MepBLIX HHIEKCOB djeMeHTOB. OHO COJEpIKHT MO OJHOMY 3JEMEHTY
M3 KaOKJIOK CTPOKH M KaWAOro CToA6LA H, 3HAUMT, N0 COCTaBY BJEMEHTOB 6yler
ynesoM D. Ecau BO BTOpPHIX HHIEKCAX 3JeMeHTOB uJeHa MHHOpa M; ecTs g
unBepcuil, T0 aHak 3TOrO Npoussefenua Gyxer (— 1)%1% 1%, Ho unnexcu ane-
MEHTOB JBYX pasHbiX MuHOpoB M; m M; muuBepcuit He oOpasyior. 3Haumr,
0,4 ...+ 0, ectb ofimee YMCAO HHBEPCHH BO BTOPHIX HHIEKCaX 3JEMEHTOB
B3ATOrO NPOU3BENEeHHs, H OHO Gyxer uieHoM D takxe u no 3uaky. [lycts Temepn
muHOpHl M; pacnonoxeHbl NpoH3BOJAbHO. [lepeBereM HX B PACCMOTPEHHOE BHIIIE
NONOXKEHHEe Ha T[JIaBHOH JAHArOHaMH TAaKUMH IMEPECTAHOBKAMH CTPOK H CTOJG-
108 D, CHauana nmepByio CTPOKY MHHOpa M, nMelomylo HOMEp O, NepPeBOJHM Ha
nepBOe MeCTO, MepecTas/ss CO BCEMH BhlMIenexauumu ctpokaMu D. Tlpu atom
MBI COBEPUIHM o; — | TpPaHCMO3HIHE CTPOK, T. €. CTOAbKO, CKOJNbKO HHBEPCHH
ofpasyeT 4YHCJIO O; B BepXHeil cTpOKe mOACTaHOBKH (1) cO CAEAYIOIMHMH 32 HUM
YHCNAMH. 3areM CTPOKY C HOMEpOM Oy TEM e IyTeM NepeBOAHM Ha BTOpOe
MECTO, COBeplIas CTOJbKO TPaHCIO3MUMA CTPOK, CKONbKO HHBEPCHH O6pasyeT a,
B BepxHeH cTpoke moAcraHoBkH (1) ¢ uncAaMH, CAELYIOIHMH 33 HHM, H T. I,
Tak ke nepecraBaseM croa6upi D. Ecan B nepBoil ctpoke noacraHoskd (1) o,
a BO BTOpOH T mHBepcHH, To & = (— 1)°*" u Bcero Mul coBepuwuM 0 4t Tpanc-
NO3HUHH CTPOK M cToa6uos D. TlosToMy Mbl mpHiieM K HOBOMY olipeleautenio D’,
AA KOTOpOro D —eD", @

ITo nokasanHoMy panee mi06oH uaen npoussenenus MM, ... M, 6yner
qIeHOM ompexeauteas D’, a B cuay (2) mo6oi uleH NPOH3BENEHHSA eMlA/fz. M,
O6yner uneHoM ompepeauteas D.

Bce uneHsl OXHOrO W TOrO Xe HJM JABYX PasHbIX npoussenenui eMM,.. . M
-OTIMYAIOTCS APYr OT JPYra MO COCTaBY SJEMEHTOB H IIOTOMY OYAYT pasiHuUHBLIMH
uneHamu onpepeautens D. Ocraercs jokasaTh, YTO O6Iee HYHCJIO YJEHOB BCEX
‘Takux mnpouaseicHuit paBHo n! Yucao muHOpoB M; paBHO Cﬁ. Ecan M; yxe
Bbi6paH, TO MHHODH M, MOryr JexaTh JMIIb B OCTABIUHXCHA N —— R CTPOKAX H

HX YHCJO (lum Kawgoro Bnifbopa Ml) PaBHO Cf,_k. Npu Bubpannux M; u M,

‘aueno MuHopoB M, pasio C)' ,_, W T. JA; HaKOHen, NpH BmOpaHHnx M,

My, ..., M,_; uncao munopos M, pasro C3 = 1. TlosToMy BCex mpousBeneHHi
suna eMM, ... M, 6yner
k 1
'Cn ' Cn—kc;tu~k—-l tee Ci =
_ n! (n—kY (n—k—1I) st n!
TR@—R Nn—F=D min—k—1—m) "' RlUml,  Tsl’
Ho umucno uieHoB ompeneiutens D B kawaoM npouspeneHun eM(M, ... M,
‘paBHO k!l m! .. .!s!. 3HauuT, UKCAO YAEHOB BO BCex npousBeaeHuax eM M. . . M,

RlUml,, Ist=nl

PABRO T T sl
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467. ToayuuMm npu yMHOMEHHH

—1 2 -3
CTPOKH Ha CTpOkH:|—4 —7 —13]|,
-3 —4 —13
7 —26 13
CTPOKHM Ha croabum: |12 —35 19f
17 —52 27
—3 1 —6
croa6unl Ha ctpokm: | —3 1 —8}f,
4 7 1
9 —35 18
cToa6un Ha cToabum: |13 —47 24,
12 —37 17

3naueHus RaHHHIX onpereanteneii — 5 u 10, a 3HaueHHA BceX MOAYYEHHHX
onpeleauteneit pasunt — 50.
488. (a? - b2+ c? 4 a?)2. 489. (a2} b2+ c24-d2 4 e} f2 + g h2)s,
470. O npu n>2; (x;—x)(y2—y:) 0pu n=2, YkasaHue. [lpea~
CTaBUTh B BHAE NMPOM3BENEHHs ompeleauTeNei:
1 x, 0...0 1 y» 0...0

1 x, 0...0 ull e 0...0f

1 x, 0...0 1 y, 0...0
471. 0, ecau n > 2, sin(a; —ay) sin (B, —Py), ecau n=2,
472. 0, ecau n > 2, sin? (a; —ay), ecan n=2,

473. 0, eciu n > 2, —sin? (@; —ay), eca =2,

474. H (a, — dk) (b, — bk)'

n2i>k>1
415. CC2...ch [l (ar—ad) (b—by).
n2i> k>0
n(n-1)

476. (—1) ? [(n—1N". Ykasaumue. DieMeHt B i-i cTpoke U k-u
cronbue 3anucath B Buie [{+ (k¢ —1)]*~! u pasaowuts Ho dopMmyne CTemeHn
GHHOMA MM MPAMO BOCHOJB30BATBCH Pe3yAbTaTOM NMpeAHAYWIEH 3ajaun.

4717. H (x;— x3)%. 418, H (x— x;) H (xi—xp)% Yka-
i=1

nei>k>1 n2i>k>1
sanue. Ipexrcrasuts B BHAe NpOU3BELEHHS ONpeAENHTEei:
1 1 eee 1 1 1 1 ees 1 0
Xy X2 wes Xp x Xy X2 ees Xp 0
2
E S - S A 2 i 2 0
llllll . . . . . H . . . . . . . 3 . . . . b4
P N =l 4l n-1 ¢
PO - SR S & 0 o ...0 1

npuueM ApOM3BEAEHUE COCTABJAAETCA MO CTPOKAM.
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479. YxasaHnue. [auunit onpeseiurenh NOMHOKHTH Ha ONpeneNHTENDb

Baunepmonna _
P 1 og e ... et

1o e ...ef7!

2 n—1
1 g, €, ...¢,

481, (1—a™""l. Yrkasanue. Hcnoabsosath pesyabTar sanaun 479
# pasenctBo (1 —ag) (1 —agy) ... (1 —agy)=1—0"% rae ¢, &, ..., &, —
KOPHH A-fi cTemeHy M3 eAuHuubl [Tpoile, oXHAKO, BHUMUCIUTL STOT OMpENeNHTEb
KaK yacTHb cayuad ompefeautens 3azauu 325.

483.(at+-b+4cHd)(a—b+c—d)(at-bi—c—di)(a—bi —c 4 di)=
== gt — p* 4~ ¢t —d* —2a2c? |- 2b2d? — 4a%bd }- 4b%ac — 4¢2bd 4 4d2ac.

0 nmpu .n HeweTHOM,
_1)7)7 — s
484. [1+(-17 {2" $ N1 YETHOM.

» [((n4-1) a® —1]" — n"a® (3+1)
485. (—1) = .
488. Y kasauue BuuuCIMTL NepBLI ONpeAeadTeNb, HCMOAB3YS DPE3y.ibe
TaT 3agaun 479.
487. (—2)" "1 (n—2p), ecam n u p B3auMHO NpOCTH; 0, €CAM 1 M p He

B3aHMHO MPOCTH. Y ka3aHHue. Mcmoap3oBaTh peayabtar 3agauu 479 u cBoit-
<€TBa KOpPHeH n-# CTemeHH H3 EJMHHUM, B HaCTHOCTH TO, YTO MPK p, B3AHUMHO

n oo
npocToM ¢ n, umcaa ef, ef, ..., 2 CcHOBa ABIAKNTCA BCEMH 3HAYCHUAMH V' 1,
4 TmpH p, He B3aHMHO MPOCTOM ¢ n, HafileTcst €, %~ 1, ana Koroporo ef =1,

488. (31 (n—p)b] (a—b)""}, ecan i u p B3aumuo npoctw; 0, ecat n 1 p
He B3aMMHO MPOCTEL Y K a3 a HHe. BoCNoab30BaThCA yKa3aHHeM K Ipelbuymied
3anave.

i 7 -7
n e e
489. 2”2 (cos”%—l). Ykasanue. [Monomurs cos—ln—=-lj—;-l—.

T T
TIHE & =cos;+l sin ~» HCTOJB30BATL Pe3yIbTAT 3alauK 479 u 10, uTO AR

n-1
moboro a umeem [ (e —ei¥)=0a"—1 u ef =—1
2=0 ’

[cos § —cos (n4-1) 8] — (1 —cos nB)"
2 (1 —cos 6) -
__on=2, n—g ho . (n42)0 _ nn_e]
=2"""sin T[Sm —5 sin 3

490.

2m s 25 .
Y kasauue. [Nonoxurs e——-cos-—n—-i-zsin T.n=cos9+zsm6uaoc-

TI0Jb30BaThCA pe3yabTaToM 3amauu 479.

491, (—1)* 2% sin"~2 —"2—"- [cos" (a +—n§’i) — cos™ (a+ QLQM—)]

‘92- (_l)ﬂ—l (n+ 1) (2{12-*' 1) nu'—2 [(n+2)fl —ﬂ"]. Vkasanue He-

‘N0Ab30BaTh pe3yabTar 3axayd 479 u cooTHomenus 124-224-324 ... —2|—n2==
2(1—e)+-2n

- "(""i\"l)ﬁ(Qn'f‘l) a14de49e2 4 .., +nzen—1=__" , rae

(I—ey?
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€& —KopeHp n-H cTemeHH u3 1, oTaHuHmi# ot 1. [las moayuenHs TMocaeAHEro
paBeHCTBA YMHOXHTb H Pa3jeauTb JEBYI0 yacTb Ha 1 —e.

498. f(M)F(M) ... f(Ma)rRe f(X)=a;+Fapx+a3x®+ ... fax"1n

Qe 2 —1) =
Ty, N -, Np-—BCE 3HAUECHHA KOPHA ]/—1, HanpuMep, 1My = €0 —————
2k —1)n o

—+ £ sin (_'ﬁ_)_' . Ykxasanue. [/laHHb# onpejejHTeNb YMHOXHTb Ha onpe-
neauteab BanpepMOHIa, COCTaBJeHHHI H3 yucen My, M, ..., Mg

494, f(a,) f (@) ... f(og), rEe f(x)u= a,+ayxtax?+ ... +apt-l
H Oy, O ..., O,— BCE 3HaUEHHA KODHA n-H cTeneHH H3 2.

495. Ykaszanne. O6o3naunB kopHH cTeneHu 2n H3 1 uepes gp=

kn . km
= COS$ T+ I sin - k=012 ..., 2n—1, noka3aTp, YTO YKCAA E; C YETHHIMH

NHAEKCAMH & JNAal0T BCE KODHM n-K CTemeHdu M3 efuHHun, mpuueMm a; -+ a.ep -+
2 2n—-1__ 2
+agrt .. Fag ey =@+ a,0) T (a2t an,0) gt (331+ a500) G+
+ ... +(an+a2”)e:“l, a YHCAAa &, C HEYCTHHIMHM MHJEKCaMH R 1310T Bce
kophu n-i. cremenn us -—l, mpuueM a; -+ aye,+agel + ... +ayt =
2 n-1
=(@— 8,1t (@2 — ) et (@3—ay,3) e+ ... (@, —ay,)e, -
496. [poussenenne ABYX yHCEJ, KakIOe H3 KOTOPHX €CTb CYMMa KBaapa-
TOB 4eThpeX HEJBX YHCEJ, €aMo OyleT cyMMo#l KBajpaToB 4ueTHIpEX UEABX
yuces Y ka3 aunue. Kaxami u3 onpeneiaureneii BO3BLICHTb B KBaapar.
497. TlponssencHHE ABYX YHCEJ, KaXJN0€ H3 KOTOPHX pPaBHO 3HAaueHHK
¢opMb x% 4+ y3 4 2% — 3xyz, NpU neABIX 3HAUEHHAX X, Y, 2 CaMO GYACT YHCIOM
TOro ke poia. ¥ ka3 aHue. BuuncanTh mpousBereHue ompenenuteneit

a b ¢ a b
c a bl-j¢ a ¥\,
b ¢ a b ¢ a'

FOMHOXaf CTPOKH NEPBOTO Ha CTOAGLL BTOPOro.
498. Y kaszanue. B npoussenennu onpenemuteneit
al b a b1
b 1 af-l¢ a 1],
¢c 1 b ¥ ¢ 1
COCTABJEHHOM NYTEM YMHOXEHHS CTOAGIOB Ha CTOJGH®, TpeTHH cToaben MOMHO-
WuTh Ha §'=a’ -4 &'+ ¢’ u MHOKHTeaAb s’ BLIHECTH M3 BTOPOil CTPOKH 3a 3HaK

onpeleanTeas. 3aTeM H3 TPeTbero CToJ6NA BhLIUECTh MEPBHHA H BTOPOH.
499. Y xa3aHue. 3anucaB onpeieauteab D B Buae

2 a, k]bl, z, 2 ay, k2b2, By vce 2 a, kmbm, k,

ay , b a, , b a b
D= 2 2, k"1, By 2 2, k,72 1, 2 %k, m,

a b a b a b
rie BCE CYMMH j-ro croabua OepyTes 1O OLHOMY H TOMY M€ MHICKCY
kj=1, 2, ..., n, pasnoxute D B cyuMMy n™ omnpejeiuTtenell OTHOCHTENLHO
CTOAGLOB, B KQXIOM CJaraeMOM M3 j-ro cToa6ua BhiHECTH b j, r, 32 3HaK ompe-
JeauTead M NOKa3aTbh, YTO J
n

D= 2 b nbo ke Omyk Re kg ks @

Bikg cony Rpym1 m P m
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THe MHIEKCH CYMMHDOBAHHA MEHAITCA OT eAMHHIB XO 1 HE3ABHCHMO ADYT OT
Jpyra. 3aMeTHTb, UTO Akl By ere =0, ecH cpelAM MHIEKCOB &y, Ky ..., Rm
) SO

ecTh paBuble. BniBecTH otciona yTBepxAeHue (2), a mpu m < h JOKasaTh, UTO
IAs JOGBIX HHAEKCOB iy, Iy, ..., I, Tl 1 Lii <ia < ... <ip<n, BCE Cla-
raeMbie CyMMH (3), B KOTOPHBX HHIEKCH Ry, Ry, ..., kK, 06pasyloT aobue nepe-
CTAHOBKH UHCEN iy, I, ..., I, HMEIOT CyMMY, paBHYyl0 A;

O SRRV R T PO
¥ OTCI0AA NOAYYHTb yTBepuaeHue (1).
500. Ykaszauue. Marpuuti A U B JIONOJHHTL 10 KBaJPATHHIX IpH
fIOMOIIM 71 — i CTOAGLOB, COCTOSIIMX M3 ONHHX HyJeH.
8501. Y xasauue. [IpuMennts TeopeMy 3amaun 499 k Marpuuam

(a, a ... a,,) " (c, €y un c,,)
by by ... by dy dy ... dy)’

503. Y ka3 auue BocnoapaoBarbca TOXJECTBOM MpeAbAyuiell 3anaqu.
804. Yxasauue. llpumenuth Teopemy 3amaqd 499 k Mmarpuuam

(al a2...a,,) " -a—l E e a—n
b by ... b, by by ... b,/

505. Y xazanue. Bocnoab3oBarbCi TOXIAECTBOM npeabaylieii 3ajaud.

806. Ykasanue. llepemioxas D u D’ mo CcTpokaM, mmokasaTb, 49TO
DD’ = D" orkyna mpu D = 0 u caeayer (1). Ilpu D = 0 paccMotpers Cayuaf,
KOrja sce aleMeHTH D paBubl Hyno. Ecan D =0, HO XOTH O6bl OJAMH SJeMEHT
;5 # 0, 10 K i-i cTpoke D', NOMHOXEHHOH Ha 4;;, NPUOABUTb MEPBYIO CTPOKY,
TIOMHOXEHHYIO Ha @;j, 2-10, IOMHOXEHHYIO HA dyj, ..., N-10, IOMHOXEHHYIO Ha @y,
H DoKazaTb, 4TO a;;' =0,

Cayuait D =0 MOXHO OGOHTH, €CIM CUHTaTb SjJeMeHTH [ He YHCAaMH,
2 He3aBHCHMBIMH IepeMeHHBHIMH. Toraa ompejeiauTenb 6yLeT MHOTOHYJEHOM, OT-
JHYHBIM OT HyJs, H MH JokKaxeM, uTo (1) ecTb TOXIeCTBO, 3HAUMT, OHO BEPHO
NpH MOGHX YHCAOBHX 3HAaYEHUAX NMEPEMEHHBIX ¢;; HE3ABUCHMO OT o6GpauteHus D
B HyJb,

8507. Y kazauue. Chauana paccMOTpeTh cayuali, korna M Jexur B neBoM
BepxueM yray. IToMHOXass mo cTpokaM D Ha MuHOp M’, 3anmucaHHmit B BHAe

Ay oo Al JALymer e A

¢ e & s s+ 4 8 8 & & 8 s e & v

’
m

Am - Anm Amimir o-- Amn
o ... 0 1 . 00
0o ... 0 0 N |

fiokasath, 40 DM’ =D™A u M' = D™~ 14 (cayuaii D=0 MOXHO 0GOHTH
2AHAJOTHYHO TOMY, KaK YKasaHO B Hpejiblayuiei sajade, T. e. cuutatb D MHoro-
4NEHOM OT n? HeW3BECTHBIX 4;;). 3aTeM obumiee pacmoiomenne M cBecTH x pac-
CMOTPEHHOMY NepecTaHOBKaMH CTPOK H CTOA6LOB, AJs Ye€ro MoKasaTb, YTO NpH
nepecTaHOBKe ABYX COCEIHMX CTPOK (MAM CTOJOLOB) BO B3aUMHOM OTpefe/H-
Tede D’ NpPOHCXONMT Takas e IepeCTaHOBKA CTPOK (HAH CTOAOGLOB) M, Kpome
TOro, BCe 3JeMeHTbl D’ MEeHsl0T 3HaK.

508. Y xa3sayue. Mcnoabzosars mpeabyllylo 3afady.

509. Y kazaHue HcnoapsosaTh npeamaymyio saiauy.

510. Y kasauue. [IpuMennts paencTso 3afauu 507 mpu m=n—1,

511. Y ka3 auue [lpaMeHurs paBeHCTBO 3afaun 507 ¢ 3aMeHoit m Ha n —m,
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512. Ykasauue. [lo 3nauennio B3aumHoro onpeneautens D’ HaHtd 3Ha-
yenve onpelearteas D ¥ npuMeHutb paBeHCTBO 3azaun 510. Tlokasats, uto
3ajlaua UMeeT n— 1 pelreHui.

513. Y kasanue. lNepsuil onpeneautenp NpelcTaBHTh KaK KBajpaT ONpe-
JIenuTens BanmepMOHAa, COCTaBACHHOTO M3 uMcead 0, x;, Xg ..., X,

n
514. Alj= Z Qipdpj (i, j——:-:l, 2, cany Il).
k=1

515. Y kasauune. Paccmorpers npoussenenust DA u AD, rne D — pauubii
onpefenuTe]b, a A -—onpeleauTelb TOrO e Nopsika, YTo H D, noayueHHnH
nepecTaHoBKOH i-H M j-H CTPOK H3 Ompeje/uTels, HMEIOUEro elHHHIH Ha rJaB-
HOH JHMaroHaj# H HyJH BHE ee.

516. Y ka3 auune Paccmorperb npoussenenns DA v AD, rae D — naHHbil
onpejenuTeab, a B A sjeMeHTH TIJIaBHOH 1uaroHan#d paBHe 1, ajeMeHt B i-it
CTPOKe H B j-M CTOJAOUE paBeH ¢, a OCTalbHble 3JEMEHTH PAaBHBI HYJIO.

517. Yxa3zaunue, [lONOKHTD @[ =0g-— 03 @Q2==03—0j, @3=0; ~0y.

518. Yxasaunue. [lpuMeHuts TOMIeCTBO 3agauu 502,

520. Omnpegenurens paBed yIBOeHHOH mnaowanu TtpeyroabHHka M M,M,,
€CAH HanpaBjeHHe HaHMEeHbINero moBoporta ayua M;M, no coBnaienus ¢ M;M,
COBNANAET C HanpaBACHHEM HAWMEHBIIETO IMOBOPOTA OT MNOJOMXUTEJIbLHOTO Hampa-
predus Ox 10 NOJOXHTEeAbHOro HanpaBiehHs Oy. B mpoTvBHOM cayuae o
paBeH yABOeHHOH miowaau tpeyroabHuka M;M,M; co 3HaKoM MHHYC.

Pemenue YkasaHHbe Npeo6pa3oBaHHs KOOPAHHAT BHIpadaloTcs ¢op-
MyJaMH

x=x'cosa—y sinat+x, y=x'sina-+y cosa-ty,

Orciofla, YMHOXAA NO CTPOKaM, HaXOXHM:

x o1 cosa —sina x, xp oy 1
xy yy 1||sina  cosa yy|={x yo 1]
x5 y3 1 0 0 1 X3 y3 1

Ho BTOpOIit onpeneanTens B 1eBOH YacTH paBeHCTBa paBeH . DTHM HEH3MEHHOCTDb
JaHHOrG B 3ajade ONpelelHTeNs NPH YKa3aHHBIX INpeo6pasoBAHMAX JAOKa3aHa,
[lepeneceM Hauano koopauHAT B TOUKY M, H HOBEPHEM OCH TaK, uTOGH HOBas
ocb abeuuce nmomaa mo MzM,. Hoswie koopiunarbt Touek M;, M, M; 6ynyr

7 14
x)1= MM, y,= +h, rie h— BncoTa Tpeyroabiuka M;M,M,, onywennas ua
BeplIHHH M;, mpuueM BbIGOp 3HaKa IAIOC HMJH MUHYC CBs3aH C OpHEHTauHeH
4 14
TPEYroAbHUKA YKA3aHHBHIM BHIIE IPABUJIOM, y;=x3=y3=0. [TosTomy ompe-

xi 0 1
JeNuTeab NPUHHMAET BHJ x; vy 1= + MM, - h= %28, rae S — naowaib
01

Tpeyroibiuka M, M,M,.

821. Ompenenutenp paBeH IVOmMajgu Napaafe]orpaMMa, NOCTPOSHHOrO Ha
OTpe3Kax, COCIHHAKINHMX HAaval0 KOOpAMHAT ¢ TouykamH M; m M, Badtoi cO
3HAKOM TJIIOC, €CAM HampamieHue Kparuyadwero uosopota ot OM; ¥k OM, u ot
Ox x Oy COBNANAIOT, H CO 3HAKOM MHHYC, €CJH 3T{ HANPABJEHHS NPOTHBOIOIOKHEL.
Onpenennteab He MeHsETCH OpH [OBOPOTE OCEH, HO MOXET MEHATbCA NPH mepe-
HoCe Havana. Y Kk azanue. [lpumennts pesyabrar npeaviaymesi 3afausu, OPUHAB
32 TPETbIO TOUKY HAYan0 KOOPIMHAT,
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. abc
522. R= s Y kasanue. LlenTp onucaHHOrO KPyra NpHHSTH 3a Hayalo

KOOpjiHHAT, BOCNOAb30BATbCA COOTHOIUICHHUAMH

1 Lo,
R2-—xzxj-yiyj=—2-[(Xi—xj)2+(Y¢—yj)2] ¢ ;=12 3)

a Takxe pelyabTaToM 3azaud 520.

528. Ykasaunue. [lokaszaTs, uTO KBaIpar onpeleauteas pased 1. ax
OTIpeJie/IeHHs] 3HAKa, NOJb3YSICh HENPEPHIBHOCTBIO ONPEAEAHTENS 0 COBOKYITHOCTH
BCEX MepPeMeHHHX ¢y, By, v; (=1, 2, 3), NoKa3aTh, 4TO NMPH BPAMEHHH (PUrypH
OABC oH He uaMensercs. :

824. Onpenennteny paseH 06beMy MNapaliefenunela, NOCTPOEHHOrO Ha
OTpEe3KaX, COEAHHAIILHX Hayaso xoopauHat O ¢ Toukamu M, M, M, uan mectu
obbeMaM Terpasipa OM,M,M; B3ATHIM CO 3HaKOM IIOC, €CAH OPHEHTALHH
TpusapoB OM M;M; v Oxy2 OZUHAKOBH, H CO 3HAKOM MHHYC, €CIH STH OpHEH-
TAUMH NPOTHBONOJOMKHH (IIDH 3TOM OPHEHTAUHH CYHTAIOTCH OAHHAKOBLIMH, €CIH
nocae COBMeLIeHHs NyTeM BpaumeHus Tpusapa Oxyz ocu Ox ¢ OM; u naockoctu
x0y ¢ OM M, Tax, utobu Oy u OM; nexann no oany cropony or Ox, ayuu Oz
1 OM; oxaxyTcs no OOMY CTOPOHY OT NAOCKOCTH x(y, H NPOTHBONOJOXHBIMAY,
€CJH N0 pa3Hbie CTOPOHHW). Y kaszanue. Ecau a;, Gy 03 By, B2 Pa Vi Vo
Y3 — COOTBETCTBEHHO KOCHHYCH HOBHX oceft Ox’, Oy’, Oz’ co crappiMu, TO
CTaphie¢ M HOBHIC KOOPJHHATH CBASAHHN COOTHOIUCHHSIMH:

x=ax"+ iy +viz', y=o0x 4Py’ +v22', z2=asx'+Psy’ +ys2'.
TNoabaysace 3THM H peayabTaTaMH NpelbAymieil 3alaud, IOKa3aTb HEH3MEHHOCTDb
onpemeadrTens HacrosmeH 3agaud. Jlns BHIACHEHHA TreOMETPHHECKOTO CMbICAA
ONpeAeHTeNs IOBEPHYThb CHCTEMY KOOpAMHAaT Oxyz TaK, Kak YKa3aHO Bhille
TIpH ONPELEACHHH OJAMHAKOBOH W NPOTHBONMOJOXHOH OPHEHTALMH TPH3APOB.

525. V =abc Vl——cos"a—cos"’ﬁ——cos"’y—{-?cosacosBcosy. Ykasa-
HHe. Bouncante V2 noabaysach pesyabTaTOM NpeibAymieH 3apauH.

528. Yxasanne. Badrp Ha aywax OA, OB, OC t1oukM m,, m, m; Ha
pacctosnud 1 oT Havala KOODAMHAT H NPHMEHHTb pe3yJbTaT 3alaud 524.

527. Omnpelenutens paBeH LmecTH o6beMaM TeTpaslpa ¢ BeplnHamu M, M,,
M;, My, B3ATBIM €O 3HaKOM NAOC, €CAH TpUSAp JAyuedt u3 M, B Kawayio H3
Touek M;, M, M, umeeT onHHAKOBYIO OpHeHTauuw ¢ TpHagpoM Oxyz H co
3HAaKOM MHMHYC — B IIDOTHBHOM ciayuae. ¥ KasaHHe. [lepeHecTH Hayalo KOOp-
JHHAaT B TOUYKY M, M NpHUMeHHTb peayabTar 3afaud 524. Unaue MoOXHO nou%-
NHTh AHANOTMYHO pelleHHIo 3afaun 520, moab3ysace 3anaueii 523. Torna sapasa 524
TOAYYHTCA KaK YacTHHMH caydall faHHOH (aHalOrHYHO TOMY, kak 6bao Ha mao-
CKOCTH B 3anaue 521),

528. R =

57 X
2 72 42 12 T 2 272 2 ;2 2 72 —
XV 2yt 4t + 2l ol + 2l hal il — Uty — Uty — Uity T2e V
o6veM TeTpasmpa u ;= [ (i, =1, 2, 3, 4, i j)— nauna pebpa, coerunsio-
IMero BEpPWMHH (X; y;, 2;) H (X, ¥j, 2j)- B cayuae mpaBuabHOoro Tetpasipa
Ve

4
npeanaymel 3ajaun 4 COOTHOLIEHHE

a
¢ pe6poM IJMHB @ MOAYdHM R = . Ykasauue. TlpuMeHHTb pe3yabTaT

1
R —xpxj—yiyj— a2y = [ —xP*+ 01—y + (i —2))°)

BEPHOE B NPEANONOXEHHH, YTO Hayalo KOODAHHAT IIEPEHECEHO B NEHTP ONH-
CaHHOTO mIapa.

- 529, ¥V ka3 anue. JIpy q0Ka3aTeAbCTBe YTBEPKICHHS 2) I0KA3aTh, YTO BEK-
TOp @;==(a}y, 4;3, .. -, Bin) MOXKHO NPEACTABUTH B BHAE @;=a;;€,-}a;8:}. .. Faiep.
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Jlanee NOKA3aTh, 4T0 MPU MEPeCTAHOBKE XBYX BekTOpoB dyukuua f (a, as, ..., &,)
Menser sHak. [Ipy pokasaTeabCTBE 3TOro, HanpHMep, IAd BEKTODOB &, @j pac-
cMOTpeTh f (@)t @3, @1+ as ;... ap).
80. Yxaszaunue J[oxasars, wro dyHxuua f(a,, a ..., @;)=| AB| or
CTpoK MaTpuunl A o6aanaer colictBamu (a) u (B) x uto f (e, €y, ..., €,) =] B].
531. Tlonowum f (e, €1, - .., €ip)=1NpuMO6LIX I, Ly, ..., Iy=1,2, .., 1
n

(ONUHAKOBHX HAU P3a3AHYHbIX). B cuay (o), monaras @; = 2 ajjej, NONyunM
n ' j=1
f(a[, [/ 2P an) = 2 ﬂl' llaz 12" .« an’ l”‘
lx' lzv i =
Srum $yuxkuus f (@, @ ..., @) onpeneieHa. OueBHAHO, OHA TIpH NepeCTaHOBKE
BEKTOPOB HE MEHSeTCHi, T. €. B Ciydae MO0/ X3PAKTEPUCTHKH 2 MEHAeT 3Hak.
Iloatomy (B’) BumoaHeHO, a (B), OYEBUAHO, He BHIOAHACTCH.

C2 9 n (n—1)(3n-2) n
882, (—1) % *"n? =1 2 n®, Pemenne Yuuowas nauumiit

onpeneanteas D caM Ha ceba u 3aMeuad, 410 €¥=1 Torna m TOABKO TOrAa,
KOTa k IeAHTCA HA n, MOAYYHMM:

0 ...00
00 ...0n c2
D=lg o ., no0|=D""Tar
0 n ...00
n
Ci-l? :

otkyaa D=+ n® wu ana wmopyaa D nHaxopmm: |D|=n2. Ocraercs
onpexeauTb apryMent, Buumcnsa D kak onpemeautens BaHmepMonna wuces 1, e,

7 7t
€2, ,.., €1 y noaaras 3ateM & = @? rje &= COS ?—l-isln 50 ToayumM:

p= JI E—eN= I *—a)=

0L J<kLn-1 L j<kgn~t
o= ak+f (uk"j___a‘(k‘/))=
0< J<hgn—1
= (lj+k 2/ sin _g_k_;})_ﬂ.
0<i<E<n—1 oQi<b<a-1 n

Jnaa paccmatpuBaeMbX 3sHauenu#t f u & Beerma O<k—j<n 3HAYHT,

N n
‘Sin(k——:-—j")l>0- Nostouy |D|= H 2sin-(k—_—_—j—)£=n2.D=]D(ﬁ,
. no, 0 Lhgn~1 n
-Ch J+k
rae B=1i /7%, B noka3saTtesb CTeneHH NpH & Kaxuoe neaoe
0 /<khgn-1

qucao p (0L pn—1) poiger posHo n—1 pas: au60 Nox BumoM J gas
k=p+1, p+4+2,.... n—1, mbo non BugoM £ mm j=0,1,2 ..., p—1,
n n

3ameuas, 4T0 02 = { (NpH HeueTHOM n 6yEeT o == + [, oAHako BHO6Op 3HaKa
#He UrpaeT poau BBUJY UETHOCTH YHCAA n— 1, YTO ACHO H3 NMPUBEACHHHIX HHKE
BHIYACIEHHH), HAXOLHM:
a(n-1 -1 ~1 ‘n— -
CEIRETCEL N TS oS Y )
B=1i a =i =i !
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TNonaras 3n=12n-+n m ucnoib3ys JaHHOe BHIIe BHpaxeHue Aid | D |, moay-
yaeM TpeGyemoe BblpaweHHe mis D.

588. Onpenenutens Gyner nomuoxen na (2 — k) 2~!, Ykasanue Cay-
qai JOBIX CTPOK CBECTH k NEpBHM. EciH Ke BBIIEJCHB NepBbE R CTPOK, TO
yKa3aHHoe npeo6pasoBaHHE MOxeT OHTb MOJNYYEHO NMYyTEM YMHOXKEHHS JaHHOrO
ONpENENUTENS CleBa Ha ONpeleuTeNb TOrO e NOpSiKa, B KOTOPOM BCe 3jie-
MEHTHl [JIaBHOH JyaroHaid paBHbI 1, 3JieMEHTHl BHE IJIaBHOH IHAroHaJH, CTOsALIMeE
B NEPBHX R CTPOKAaX H NepBHX £ cTOAGLAX, PABHH — 1, @ OCTAJbHbIE 3JEMEHTH
PaBHBL HYJIIO.

584. D= D, Sx, rae D,—3nauenve ompelemuTeas D mpu x==0 u
S — cymma anrebpamueckux JONOJHEHMi Beex saeMentos "D,

535. Y kazaHue. BocnonbsoBatbea pe3yibTaToM mpelblAyliel 3azauu.

586. Y xazaHue. BocnonbsoBathes mpeabiaymed 3agaven.

587. YkazaHue. B ompegenutene sazaun 534 monomuth x = — 1,

589. Ykasanue. IlpuMennts MeTon MaTeMaTHyeCKOH HHIYKIIHH.

540. Y xaszaHue. Bce np crtpox onpepeautens D pasGHTb HA n CHCTEM
1o p CTPOK B KawkIoH, OTHecH K mepBoiff CHCTEME CTPOKH ¢ HOMepaMu 1, n--1,
2n41, ..., (7—1)n+1, ko BTOpOH — CTPOKH C HOMepamu 2, n 42, 2n--2,...
oo, (P—Nn-+2, ..., K n-i— cTPOKH ¢ HOMepamH n, 2n, 3n, ..., pn. K atum
cucTeMaM NpUMeHHTh 0600LIeHHYio TeopeMy Jlanmaaca samauu 466. ITokasars, uto
MHHOPHI MOpsAAKAa p M060H M3 YKa3aHHHIX CHCTEM DaBHBI HYJIO, €CIH XOTH 6b JBa

BTOPbIX HHIEKCA 3JEMEHTOB b;; onuHakoBH W 4T0 D == f (ayy, ..., @p,) B", r2E
f (@11, .. .1 @y,) He 3aBHCHT OT 3JeMeHTOB b;j. Ilaa onpeaeneHda f(@yy, ..., @pn)
nosoxuth by=1 maa i=1,2, ..., nu bjy=0qmai j=1,2, ..., n i+]

542. Pemenne. Ecan Bce A;y=0, T0 MOXHO NOJOKUTH
Ai=Bl=0 ([=1, 2, ey fl)-

Tyctp, HanpuMep, aire6pauyeckHe IOMOJNHEHHA SJEMEHTOB MOCAEIHEro Croabua
He BCe paBHBl HyMO (B cJjydyae Jpyroro croa6ila pacCyiJeHHs aHaAOTHYHHI).
Tax xaxk D=0, 10 arre6pauueckue JONOJHEHHS 3JEeMEHTOB JBYX CTOAOGLOB NpO-
nopuxoHaAbHH (cM. 3azauy 509)

Alj Agj Aﬂj B"
=—6]7 (j=1’ 21"‘: fl-—l),

A A T A
4

rae apo6b -C—j- 6yneM cuutaThb Hecoxparumoit. OTcrona
.=

4
A = AinBj i=1 2 i =12 - 1
i = ¢=L2..,nmj=1,2 .., n=1) ()

C
J 8
Ho A;; MHorowaeH 0T xi, X3, ..., X5 H Xp0oGb -?l Hecokpatuma. Iloatomy A,
i
JoskHO Heautbes Ha C; (j=1, 2, ..., n—1), a snauut, U Ha obllee HaHMEHb-

wee kparHoe Bcex C; (j=1, 2, ..., n—1). OGo3Hauus 310 O6lIee HauMCHbIIEE
KparHoe uepe3 B, noayuum:

Ain = AiBn (i = I 21 ey fl), (2)

B
rae Bce A;— MHOTOUAEHH OT Xi, Xz ..., Xz [lonoxum B;= #-B'j J=1,
2, ..., n—1). Bce B; — MHOrOUwACHH OT Xy, X3 ..., Xp, MpHueM u3 (1) HaxomuMm:
A11=AiBf i=12...,nJj=12..n—1) 3)

PapencrBa (2) u (3) ‘v JAokashBaT TeopeMy. B uactHocTH, aaa onpeaeaurens A
MOXHO NOJNOXHTh: A, =B, =¢, Ay=By;=—0b, A;=B;=a.
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543. Pemenune [lycte D;,— kococMMMeTpHuecKuil onpeneiuTens Mo-
paaka 2n. TlpuMeruM uHAYKnuw mo n. Jins n =1 Teopema BepHa, uGo D2=a%2,
MpenmoaoxuM, 9TO TEOpeMa BEpHAa AJd UHCIa N H JOKAXEM ee Aid yucaa
n-+1. Bouepknys us janHoro ompenenuteas Dj,i, TOCACAHION CTPOKY H
mocaeiHuH  croaben, MOJYYMM  KOCOCHMMETPHYECKHH omnpereintens Dy, ,
paBHbiit Hymo. Ero sieMEHTH . MOMHO pacCMaTpHBAaTh KaK MHOTOUWJEHH OT 3Je-
MEHTOB, CTOAIMMX Bbllle TJaBHOH JHAroHalH ¢ ueaAbMH Koadduuuentamu. Ilo
TeopeMe mpenpiaymeli sanaud, anreGpamyeckue AOMOJHEHHS 31eMEHTOB Dy,
umelor Bun A;jj=A;B; (i, j=1,2 ..., 2n-1), rae A; u Bj— mHOrounens
OT Tex Me HeHaBeCcTHhX. Muvopot M;; u Mj; B Dy monydaioTcs @XuH u3
ApPYroro TPAaHCIOHHPOBAHHEM H H3MEHEHHeM 3HAKOB 3/EMEHTOB, a TaK KaK OHH
yeTHoro mopanka 2n, 10 A;j=Aj. Wm A;B;= A;B;

B _Bi_ g B—nea =19 ... 941

—_ = = A i=A-A; =1, 2 ... 2n .

A; Aj ’
A — panuonanbHas gynkuua Tex e HeusBecTHoix. [Jlanee, A;; = A, B, =AA% n
70 mpeAnoNoKenuio A;; €CTh nQAHBA Kpappar. 3wauut, A ==u? rge p— panuo-
HanbHas dyuxkuua. Urak, A;; = (A;)%. 3nech caeBa cTouT muorouned. Ho kpaxpar
HeCOKPaTHMOH 7ipo6H He MOXeT ObiThb MHOrouaeHoM. 3HauuT, wA; = ¢; — MHOrO-
uney. [IpuMeHss pasioweHHe, AaHHOe B 3ajaue 541, HaxopuM:

2n+1 2n+1
Dipyy=— Z Aijas, snr2@onya, j = Z AiBjay, on 128, spp0 =
1, j=1 i, =1
2n+1 2n+1 2n+1 2
= Z Aiay, 2nt2 Z Bjaj, onya | == A Z Ay, op0 | =
i=1 j=1 i=1
2n+1 2

Z Ciay, an+a -
i{=1

dTuM yTBEpKJEHHE 3aj]aiH JO0KazaHO. IDTO I0Ka3aTeAbCTBO He AaeT yAOGHOro
npreMa Aad QaKTHYECKOrO BbIUHCAEHHA MHOrOYJEH3, KBajipaTy KOTOPOTO paBeH
JAaHHBI KOCOH CHMMETPHYECKHH onmpepeanTenb YeTHOro mopsika. Takue npasuna
JaHu B 3ajauax 545 u 546.

544. YxasaHnne. PaccMOTpeTb ABa 4i€Ha, B OZHOM H3 KOTOPHIX NOACTa-
HOBKa HHICKCOB HMeeT LUKA (@05 ... ap) (A —HeueTHO u GOJBLIE €JUHHLEL),
a B ApYroM — IHKJ (CGpGp_; ... 00;). Cayuait 2z =1 paccMOTpETb OTAEMBHO.

545. Ykasanue. Ilpu nokasateapctBe 1) mo nauuo#t mape N;, N, npu-
BelleHHBX NdaddoBbix NpoH3BeNeHHH BOCCTaHOBHUTH 3amuch (1) moiacTaHOBKK
HCKOMOrO UJeHa, uMesl B BHJY, UTO €CAM 3alHCaTb 3TOT YJeH B BHJE

+a a . a a .. a
Gy, 0y 70y, Qg @y 0 By By B By

’
TO Nl COCTOHUT H3 3JEMEHTOB, 3dHUMAIUHX B 3TOM IMPOH3BEACHHMH HEYeTHbIE

4
Mecra, a Ng—uernpie Mectra. Hanpumep, s N, Gepem aueMmeHr ¢ mepBHM -
HHAeKcOM a; =1, BTopoi#l ero mHiekc o, Aact BTOPOH SJAeMEHT MEPBOTO LimkJa.
B N, 6epeM 31eMeHT, OJHH M3 HHJIEKCOB KOTOPOTO €CTb Oy Ecam Apyro#
HHAEKC — 0, TO LMKJ 3aMBIKaeTCH, €CJH Oz TO 3TO TPETHH HJeH LuKJIa, ¥ T. A.
INoxasatb, uT0 B NMOJyuYeHHOH MOACTaHOBKE BCE LHMKJb YeTHOH AAMHHL. Ilpu noxa-
4 4
3aTeabCTBE 2) 3aMeTHTh, 4T0 N;=N; u N, = N,. 3Hak uieHa ompefeauTh Kak

(—1)%, rae s —uHCIO LMKAOB COOTBETCTBYIOINEH NMOACTAHOBKH. ¥ TBepiieHue 3)
BhiBeCTH H3 1), 2) n TeopeMH mNpeibiaymiedl sajauu.

546. Y xasaunue. [Ilokasath, uTOo B KaxIoe cJaraeMoe arperara p,
BXOAHMT OJMH M TOJbKO OJHMH 3JEMEHT n-ro croabua D, B KakAOM CJaraeMoM P
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PacmoiOXHUTh 3jeMEHTH B Mopsalike BO3pacTaliuAd BTOPHX HHAEKCOB H I[I0Ka3aTh,
YTO eCJH BhHeCTH 3a CKOOKH 9JEeMeHT 4;; U3 BCeX CRaraeMux, ero CoAepMxaulHx,

10 B CKOOKAX OCTaHeTCR pj, co 3uakoM (—1)*~17¢= (—1)I~1,
847. py= a2 Py== G314 — G13024 + Q12834

Po == Q34825816 — @24835815 + 323845318 — 3415326 +
+ 414835026 — A13845825 - B24815836 — A14325%35 +
+ @10845855 — @23815046 - @13025845 — 812835845+
+ 23014855 — a13824056 -+ 312034856

548. 1-3:5...(n—1).
549. Yxasauue. Onpefenutenp

A1y veo Qi X

D=

~—Qip ess Qpn Xp v
—X{ ves =X 0

noayuennutii okafiMaenueM D, pasnowutb no popMyine 3aaaud 541 M nMPUPABHATH
k kBagpary ndaddopa arperara aas D/, npuMeHHB k HeMY GOpPMyay 3alaun 546.
B nonyyeHHOM paBEeHCTBE MONONHTh X;= Xj=1, xp =0 npu i~k j.

550. Ykaszanue. Mcrmoab3ys 1o, 4TO npou3BeficHHE ABYX MHOTOWIEHOB,
OTIHYHBX OT HyJs, CaMO OTAHYHO OT HyJd, MOKa3aTb, 4TO eciH D = AB — mpex-
[01araeMoe pasnoKeHHE H KaKOH-HHOYAb UYJeH MHOTOWJeHa A CONEPXHUT ajj,
TO HHKaKOH uJeH B He COAEpKHT 3JeMEeHTOB NepBoil CTPOkH (cToa6ua). BruBecTn
0TCIONA, 4TO KAaKOBH Obl HH Owiau i, j=1, 2, ..., n, Halinerca unen B A, comep-
WAWE a;;, HO HMKAKOH uaeH B He COmepXuT 4.

551. Ykasauue [lpn jokasareabcrBe 2) ONMpeieauTh A,_j HCXOXA
H3 HyMepauuH, %, %, ..., t, , | coueTanudf u3 n umcenl, 2,..., n mo n—k,
(n-k)
KOTOpasi CBA3aHa ¢ HyMepauueli S, S, ..., s(,,),
k

COIEPXKHUT Te n— Rk 9HCel, KOTOpPhle He BXOAAT B §;. Ecan 0; —cyMma uncen us

ompefenawued A, TaK, 4TO

n-—k
— g
onpeseauteas A,_p Muoxuteab (—1) &, Ilpu nokasareabcTse MyHKTa 4), HCIOAbe
3ysl pPaBEeHCTBA NYHKTa 3) K HEMPKBOAHMOCTb D, yCTaHOBJEHHYIO B MpefblAyuiel
3alave, a Takke Crenedb D M Ay OTHOCHTEABHO BSMEMEHTOB &;j, NOKA3aTh, 4YTO
n-1

P . . n
COYEeTaHHA §; TO BHIHECTH U3 {-H CTPOKH H i-ro cTOJA6NA (t =12 ... ( ))

Ap = cD(k'1 , DA€ ¢ He 3aBHCHT OT 3JEeMEHTOB a;;. [lan onpejenenus ¢ no-

(n-l n—l)
Kasath, 4T0 kak Ap, Tak u D k-1 coaepkar uneH (@;;823 +¢+ Apy) k-1
¢ KoapduumenTOM, PAaBHHIM eJHHHLE,

852. P,=Q,=1. Ykxasauue, [loxasats, 4r0 Q, = P2,

n
553. Yxasanue. [lokasats, uto d;j= 2 Pyl @ (k), rne Pyy—Te e,
kal

30 ¥ B mpeamaymie# sagaue,
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Orpea ll. CucreMn JHHefiHHX ypaBHeHHH

884, x;=x=1 x3=x,=~—1.

5385. x,=—2, XQ=.0, X3=1, X4=—1.

886. ;=1 X =x3=2 x,=0.

887. v, =2 x;=—2 x3=1 x;=—1.
558, v, =—04, x,=—12 x;=34 x;=1.

2 3
8559. =3 y=—1, 2=, t=0.
560. x=-—-—3, y=-0, Z=———L, t=-%-
881 x=2, y=-—3 z=_§-’ t=%_
862. CucreMa pemenuil He uMeer. 863. Cucrema pemenuil He uMeerT.

B564. VsMmeHenHe HyMepauHH HEH3BECTHHIX BOOGLIe HE MEPEBOIHT CHCTEMY
B SKBHBAJNICHTHYIO, HO NDH PEIIEHHH CHCTEMH OHO NOMYCTHMO MNPH YCJIOBHH, 4TO
ToCAe PElIeHHS CHCTEMH MH BO3BpaumiaeMcsl K HCXOZHOH HyMepauuH. ¥ kasa-
nue. llokasarh, uTo mocie npeoGpaszoBanuit TMna a), 6), B) Asw6oe ypasHeHue
HOBOH CHCTEMH JHHEHHO BHPAXKAeTCA Yepe3 yPaBHEHHS CTAapoH CHCTEMH H o6paTHo.

867. x,=—1, =3 x3=—2, x,=2

368. xl=2, X2=1, VX3=—"3, X4=1.

569. x;=—2, xy=1 x3=4, x,=3

570. £, =0, x,=2 x=-, x4=_%,

1 2
.51" xl='2—: x2="—'§', X3=2 x,=—3.
872. x,=104-—$—, Xg=7i, x3=—10, X4=1.

878. 4, =5 x,=4, x3=3, x,=2, x5=1.
574. 4, =3 x;=—05 x;=4, x,=—2, %=1

575. x,=%, %—, x5_=——%-. YKkasaunue.

IpunATh 3a HOBHE Heu3BeCTHHE 2x;, 3x, 55
876. x, =5 x;=4, x3=—3 x,=3 XxXs=—2
3 5
577. x, =2, Xp=—5, Xy=4, x,=23 X5 =5~
878. CucremMa HeompelesieHH, T. €. MMeeT GECKOHEUHO MHOro peleHui;
X, M X, MOXHO BHIDa3UThb uepes X3 H X, Tak: x;=06—26x;+}17x,
X9 =—1+47x;—~5x, npuueM x; H X, MOTYT NPHHHMATL JIO6HIE 3HAYCHHA.

Xg=—2, x3=3, x,=

8579. Cucrema Heonpegeaenna. O6liee pemeHne: x; == Tl()— (6 —15x, — x),

1
x3=-3-(1—|—4x4), rie X, H X, NPHHHUMAIOT JIO6Gbie 3HAYCHHA.

580. CucreMa npoTMBOpEUMBA, T. €. HE HMEET peIueHHH.

581. Cucrema pemenuil He uUMeeT.

8584. Ecau ay, a,, ..., a;—BCe 3JEMEHTH [OJAA, TO MHOrowieH f(x)=
= (x—a,)(x—a,) ... (x—a,) paBeH HyMO kaK (GYHKUHH, HO HMeeT KO3pH-
LMEHT €JHHHUY NpPH X",

8588. f(x) =x>—5x-13. 586. f(x) =24 —5x24T.
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587. [lpn 3a7aHHOM aCHMITOTHYECKOM HANpaBJIEHHH UYepes Mo6be 7~ 1
pasnMyHbIE TOUKH IIIOCKOCTH, M3 KOTOPHIX HHKakHe JBE He JewaT Ha NpaMoi
aCHMNTOTHYECKOTO HaIIpaBJ'leHHﬂ, MOXHO TpOBecTH napabojy He BbllIe n-i CTe-
HEeHH U TPHTOM TOJbKO OfH

88. y = 3x3——5x2+ 1. 589. x=y*—3y?— 5y 4-5.

590. x=—4—(—-a+b+c -+ a), y=—l—(a_—-b+c+d),

z=%(a—[—b—c+d), »t=—l—(a+b+c—d).

y=g (50— be_a + Cb,,_““”,‘,’),
s=g (o 452 -2,
rma (ST St oad),

Ykasanue. Jlag N0Ka3aTesbCTBA €IHHCTBEHHOCTH pelleHHd NOKA3aTh, UTO
ompejenuTeNb CHCTEMbl -paBeH 2 (b —a) (b’ —a’) (8" — a”) = 0. Ilna naxome-
HUSl peIeHAs W3 MEpBOro, BTOPOrO H TPETHEro YDABHEHHH BHIUECTH YETBEpTOE,
YMHOXEHHOE COOTBeTCTBeHHO Ha a, a’ u a”

592. x=—j-(ap—bq—cr—ds), y=%—(bp+aq—dr+cs),

2= (cpFdgtar—bs), t=—(dp—cqtbrtas)

rie A=a?-4- b4 c24-d% ¥V k azanue. BocmoabsoBarbcs 3anaueit 468.

598. 1, = (—=1)* P, r1e P, — cyMMa BCeBO3SMOXHBIX nponsaenemm no &
QUCEN a;, Qg «.., Ap. ¥ Ka3aHHUe BocmoabsosaTbes 3ajauedt 346.

Il ¢—a)

894, xp— —LF _ Q) ,
xk M@—a)  C—ani @
ikk
tie f(x)=(x—a)(x—ay) ... (x—a,)
595, x, = (—1)"** bifir
=1 Z}w—wouww—qum—wﬁonww—%>'

rie fip €CTb CyMMa BCEBO3MOXHBIX Hpouspenenufi mo n—&k u3 n—1 uncen
Ay voey Qi gy ai+lv ooy Ape

n
1
896. Xp = bf ]
* (ak_’al) o (@r—ap_)(ap—agsy) ... (Gr—an) 121 s

rie fr €CTb CyMMa BCEBO3MOXKHBIX TNpomsBeneHHH no n—i u3 n—1 uucen
Ay, ey A1y Bpt1r 00y Ape
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(—DFPy_s .
5917. Xp= raie Pi(i=1, 2, ..., n—1) ecTb cymMa BceBO3-
MOXKHHIX Tpom3Befenuii o / u3 n uncen 1, 2,..., n u Py=1,
n
b E Cy
i=1

b @—blatmn—Deo"

b—a
599. x, = I I —&—;. Y kasauune Ompelenuredb CACTEMH MNpencTa-
ifk kT4

BUTb B BHIE MDOH3BEICHUS IBYX onpeﬂ,enmeneﬁ.

600. Pecmenue. ln(l+x)=x—%x2+%—x3—%-x“+ ... [lostomy

[4
598. Xp = 2 k

1=0Fhx4 hox?+hgx® 4 ..0) (l—é-x—{-%x?—%x‘—i— ), OTKyIa

1 1 1 1 1 1 1 1 1
v’ll=—2—, ?hl—_fh:—s ghl——ihg—i—h‘g:I, Thl—'ghz—*-?hs——
—_ h4 = l'5, oae Ua MNepBuIX 1 ypaBHeHHIu’l No npasuiay KpaMepa nOJIy‘lHM Tpe6ye-

MOe BBHIPAXEHHE IJS hp.
602. Yxasaunue. Mcxoaa u3 toxaecrsa

1= (4 by + b b33 ...) (1+—;‘!-+’;—2!+{!—+ )

fI0Jy4HM CHCTEMY YpaBHeHu# 1as onpefeienus b, &y, bs, ... Jdas moxasarcan-

<TBa TOro, 4T0 by,_; =0 OpH n > 1, 3ameTuTsp, 4TO &) =7 HuT0 byHKuMa
1 x X X X
—-—x <02 +e 2)-—<e2 —e 2)
X 14t x= 2
e —1 27 x _x
‘ e?—e 2
geTHas.
1
608. Y x aszanue. Mcnonb3ys pasenctBa b = ——, by, =0mpun>1,

@I0NyueHHble B MpedblAyInell 3alade, MONOKHTL byp =, U B TOXJECTBE
1 2 3
1=(1——7x+01x2+c2x‘+03x3+ ) (1+2—"!+%+—}fl—+ )

AIPHPABHATh KO3 (HIHEHTE! OTACABHO MPH YETHHX H HPH HEUETHHIX CTENEHAX X.
604. YxasaHnue. Jlng ycraHoBaeHHs Tpe6yeMOro paBeHCTBa B TOXIECTBE

() =g Cr T Ch P L G A

monoxHuTh x=1, 2, 3, ..., #-—1 u nonyueHHble paBeHCTBa CAOXHUTb. B ycraHo-
BJIEGHHOM DAaBEHCTBE 3aMeHMTb n Ha n—1, n—2 ..., 2, 1 u u3 noayueH-
HOH CHCTEMBl N JHHEHHBIX ypaBHEHHH OTHOCHTEJBHO Sg(k), S1(R), ..., Sp_y (k)
HalTH S,y (k).
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605. 2z 1 0 ... 0
, - '%T 1 ... 0
T

CnF Ol @n= @i=HT *** I

VY xasaune. [Nonyautp TONKAECTBO

X8 x5 X7
*—grty—t =

x2 x4 xS
_x(l et — A+ ...)(1+l,x2+lgx‘+ ).
606. 2
37 1 0 . 0
4 1
=T =7 1 e 0
Sn= 6 1 1 .
7T BT 3 o 0
on ' 1T
@nE DT @n—DT "@n—=3)1 " 3l
807. o5 0 0 ... 0
1 1
1 = T 1 0 ... 0
Gp=—r =1 1 1 1 .
nt )21 o 2
37 p]] N .. 0
1 1 1 1 1
Al (n—DI (@—=2I =31 *** 1

Vkasanue. ”CIIOJIbSyK TOXAECTBO
2 3 x o, oxr a8
1=(1—a1x+a2x — 43X + ...) 1+-ﬁ+—2—!+—3'!—+ cen ]y

NONYYHTD gpaBHeHﬂa sl ONpENENeHUs ay, dy, ..., Qp.

608. 2. 609. 3. 610. 3. 611. 2. 612, Ilpu A =0 paHr MaTpulbl paseH 2,
npu A 5= 0 on paseH 3. 613. Ilpu A = 3 panr paseH 2, mpu A == 3 paur pasen 3.
619. 3. 620. 2. B21. 3. 622. 2. 629. Yxasanue Mcroabays aunesinoe
BblpaXKEHHEe BCeX CTOJAOLOB ~MaTpHunl A uepe3 cToaGLBl, TPOXOAALIHE 4Yepes
MuHOp d, MOKa3ath, 4yTo ecau d = 0, TO CTpOKH MATpHUB A, NpoxoifAwHe yepea d,
JAMHEHHO 3aBUCHMHL. o

630. Ecu 0<{r<n—2, tor=0. Ecu r=n—1, 10r=1. Ecan r =n,
To r=n, Y kaszaHue, McioaszoBars 3agauy 509 wau samauy 747,
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631. Pemenune. [oxawem 1). Ilpu r=40 Bce raaBHHe MHHODH niepBoro
# BTOPOTrO MOPALKOB PABHH HyMo. ECin A= (a;j)p, 108 =ayp=... = a5, =0x
Qi a4
au ajj
ana mobuix §, j=1,2,..,, n; i < j. Otciona a;;=0, ¢, j=1,2,..., 0, A=0;
paHr A paBeH HYJI0, YTO H HYXHO 10Kasath. [lpu r=n—1 umMeeMm M,_, =£0,
M,=|A|=0, paur A paBen n—1.

[Myctb 0 < r<{n—2. FaaBubtit Munop M, 5= 0. IlepectaBassi cOOTBETCTBEHHO
CTPOKH H CTOJ6UN MaTpHubl A (U4TO HE HADYIIMT CHMMETPHH Matpuul A H He
H3MEHHT €€ paHra), Mbl MOXeM MepeBecTH MHHOp M, B JeBHil BepxHuil yroa
matpunpt A. Jladg 1oxasaTeabcTBa 1) AOCTATOYHO MOKA3aTh, YTO BCE MHHODHE
{r + 1)-ro nmopanka, oxaiimaswomue M, paBHB HyJI0.

Mycte M;;— Munop, mnoayueHndi u3 M, oxaiimaenumem: i-# ctpoxoit u
J-M crona6uoM ~ (i, j>r). Ilo ycnoBuio M;;=0 mpu i==j. Ilyctb i% j u
D —onpegeautenn, noayueHHsi us M, okaitMaenueM I-if u j-A cTpokaMu H i-M
U j-Mm croabuamu. [To ycaosuio D =0. Ilyctb C — MaTpuua onpeneautens D.
Ipennononum, 9o M;; % 0. Toraa panr C paeen r 41 u cTpoxu Matpuum C
¢ HoMepamu 1, 2, ..., r, i muHe#iHo HesaBucuMb. Ilo cumMetpun C cTOAGLM
€ TEMH Xe HOMEPaMH Taxkke JHHEHHO He3aBuCUMH. [lo 3apaue 629 munop M,
CTOAUIHE Ha TNepeceyeHHH STHX CTPOK H CTOAGIOB, OTIHYEH OT HyJad, 4TO MpO-
THBOPEUHT YCJAOBHIO. YTBepxkIeHHe 2) caepyeT u3 1) uam mpsaMo u3 sazauu 629,

632. Y xazanue. Mcoapsosarh npernayuylo 3agauy.

638. Y xa3anue, Wcnoabsoparh peutenue 3agaum 631,

634. Y xaszanue. Bocnoap3oBarbcs mpefnayuiedt 3afaueid.

636. (1, 4, —7, 7). 637. x=(0, 1, 2, —2). 638. x=(1, 2 3 4).
639. Jluneitno HesaBucuma. 640. JluueiHo 3aBucuma. 641. JluHefiHO He3aBu-
citMa. 642. Jlunwedino 3aBucuMa. 648. Jluveiino 3asucuma. B4%4. Jluneiino
HE3aBHCHMA.

2
=a”a”——au=—a?j=0

s

651. Y kazanue. [lpennosoxus, 41O 2 Aja; =0, rie He Bce A; paBHH
i=1

Hymo, W BHOpaB cpein A; Hauboabmuil Mo Monymo kosdduuEeHT Aj moxasats,

4TO j-fi KOOPAHHATA B3ATOH JAHHEeHHOH KOMOGHHAUMH OTJAMYHA OT HyJsl.

856. ¥ xasaHue. [lpeanonoxus, 4To ABa BEKTOpa @y @; (I > j) Auueiino
BHIPAXAIOTCS Yepe3 MpeirAyllHe, HaliTH BHpaxeHne BekTopa b U3 BHpameHus a;
¥ MOACTABUTb HaHIEeHHOe BHIpaweHHe B BRIDAXEHHE @;. .

657. Ykasauue. K cucreme @, @, ..., @, NpHOUCATh BHepefu B, H
BHUCPKHYTb BEKTODH, JHHEHHO BBIpAWAOU[HECA Yepe3 MPelbAYLIHE; K MOAYYeH-
HoHl cHCTeMe NpHNuCaTh BhepeAd b, ¥ CHOBA BHUYEPKHYTb BEKTOPH, JHHEHHO
BRIpAXAIOLHECT Yepe3 MpelblAyuiHe, H T. I.

Bocnonb3oBaThea Opefbiiylied 3azauei.

658. Y xazanue Mcooabsosarb 3amaud 653 u 657.

659. Y ka3 aHnue Cunraa JaHHylo NOACHCTEMY YNOPALOUEHHOH, IPUOKCATD
nocie Hee BCe BEKTODB! CHCTEMBI H BHIYEDKHYTh BCE BEKTOPH, JHHEHHO BbIpa-
WalollHecs Yepe3 mpelbiAyliHe.

6862. Takux unces mofo6parb Heab3dl.

664. Yxasanwue., [lpu 1oxasaTeabCTBe 3) HCNOAB30OBATh 3agauy 663,
a Taxkwe 3agauy 658, myHKT B).

665. A — 15. 666. L — moGoe unuciao. 667. A — mo6oe uucao. 668. A ue
paero 12, B69. Takoro 3HaueHus A He CyUIeCTBYeT.

670. B 3azaue 665 BexTOpH @, @y @3 KOMIVIAHAPHH (T. €. JE€XKAaT B OLHOH
LIOCKOCTH), HO He KOJJMHEeapHH (T. €. He Jexar Ha ofHOH mpaMoH)., [lpu
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A ==15 BekTop b momajaeT B TY e MIOCKOCTb H BHPAKAETCA Uepe3 @), Gy, @3
a npu A=~15 oH He JEXHT B 3TOH IJOCKOCTH H HE BLIPAXKAETCA Uepe3 3T
BexTOpbl. B 3amaue 666 BexkTOpH @;, @, @; He KOMIIAHApHH M JM1060H BeKTOp
TpeXMepHOro IMPOCTPAHCTBA 4Yepe3 HHX JHHeHHO Bhpipaxaerca. B 3amaye 667
BEKTOPH @, @; HE KONJIMHEAPHbl H JexaT B MAOCKOCTH 4x; — 3x, =0.

[pu nw6oM 3HaueHMH A BeKTOp b JeXHT B TOH e MJIOCKOCTH H JHHEHHO
BHIpAXaeTcs 4Yepes a;, ds.

B 3amaue 668 BekTOpB! @;, @; HE KOJJHHEapHH, a BekTop b He KOMIaa-:
HapeH @, @, [lpu A =12 BexTOp @; KOMILIaHapeH @, @; H BekTop b uepes a,,
a; a3 He Buipaxaercd. Ilpum A == 12 BekTOpH @), @3 Q3 He KOMILIAHAPHH H b
yepes HHX BHIPAXaercd.

B 3apaue 669 BexTOpH @;, @3 @3 AEKAT B MAOCKOCTH 3x; — X3 = 0. C u3-
MEHeHHeM A OT — oo J0 -+ 0O KOHell BeKTOpa b OHHCLIBaeT MPAMYI0 X = 2,
X3 = 5, mapaajeJbHyl 3TOH MJIOCKOcTH. BexkTop b HM mpu KakOM 3HaueHHH A
He AEXKHT B YKa3aHHOH NAIOCKOCTH H He BHIPANKAETCA 4epe3 a;, a; Q.

672. Taxux cuctem yernipe: 1) a;, as; 2) @, a 3) a, as; 4) a,, a,

673. 1) a, a;; 2) a,, a..

674. Jlio6bie 1Ba BekTOpa 006pasyioT 6asy.

675. 1) a,, a,; 2) ay, a; 3) a;, a,.

676. Jlio6bie Tpu BEKTOpa, KpOME @y, A, Qs M a3 &4 a5 OO6Gpasywor 6asy..

677. EnunctBenHaa 6a3a 6yleT B TOM K TOJbKO B TOM Ciayuae, Koria ax6o:
BCA CHCTEMa COBMajaeT cO CBoell 6a30i, 16O BCe BEKTOPHl CHCTEMBI, HE BXO-
Jdauue B ee 6a3y, paBHH HYJI0.

678. [ige 6asbL

679. Basy ofpa3sylor, HalpuMep, BeKTOPH &;, Qg Q4 Q3= a; — Q».

680. Oxny u3 6a3 06pasyioT BEKTOPH @i, @i Q; @4 = 2a, —3a.-} 4a,,
a; = a, } 5a; — 5a;.

681. Onny u3 6a3 06pasyloT BEKTODH &, Q; Qs a3 =0;—a; 1 as,
a, = 3a, -t} 4a; —2a;. -

n
682. Y ka3anwue. [lpu 1oxasateabctBe 1) B paBeHCTBO 2 a;x; =0 noa-

j=1
r
CTABHTb BHIpaXeHUd X; =2 Aijxj (=r+1,r42 ..., n) u nokasarm,, uro
j=1
n
0j=— Z aikl,j» J= 1, 2, TR
i=r+l1
[Toabayach sTHM, [OKa3aTh, 49TO €CAH @;==(— Az, 1, —A;, 5 o0ey —Aj,
0 .. 1,...,0), i=r+1 r-+42 ..., n rie paBHad e€IHHHUE KOOPIHHATA
n
sauuMaer (r-}-i)-e Mecto, H @ = (a,, 0y, ..., Gy), TO @ = 2 a;a;.
i=r+1
Ilpn mokasatenncrBe 2) —4) HcnmoJb3oBaTh 3ajauy 664.
683. 2f, —3f; — f3=0, 68%. 1, —2f,—f;=0,
S1—3f2+ fi=0. f1—=3f s+ fi=0,
3fy—8fa— fs=0.

6853. PopMH auHeliHOo He3aBuCHMH., OCHOBHOH CHCTEMH JAHHEHHMX COOTHO-
mieHuit He cyllecTByer.

688. 27, — f, — f, =0, 687. 2f, — f2 =0,
2, —2fs F fo—fs=0. fi—fs—fot fs=0.

688. Yk asanue. HcnoansoBarb 3anauy 661 man 657,
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689. Hanpumep, obiee pemennue x, = 35— ?f‘ —2 , Xg= —5x Tlx“'l_lo_

*JacTHoe pemieHHe ;= —1, xXy=1 x3=0, x, = 1.

690. Hanpumep, ofiwee pemeHHe: x; = 22x, — 33x; — 11, x, = — 16x; 4~
-+ 24x, 1 8, uacTHoe pemeHue: X =2, X, =1, X3 = x;=

691. OO6umee pemeHne: x3=1-—3x —4x, x, = 1 YacTHOE pemieHue:
X =_‘1, x2=1; X3=0, Xy ==

692. CucreMa Hecoamecma.

698. CucreMa uMeeT eJUHCTBEHHOe peleHue x; =3, Xy =2, x3==1.

694. OOumee pewenne: x;=06—15x; 4 10x, x,=—7- 18x;— 12x;

'AaCTHOE pelleHHe: X| == Xy = X3 =1, x,=—1.
698. O6mee pemeHue: x3= w‘ Xy = W;
22 8
4aCTHOE pemeHHe: x; =2, xp =1, x3= N Xy = 5
27 9 3 1
636. Ofuiee pewenne: x; == 2 — 13 X+ I3 %o Xa=— 14+ 13 51— T3 %%
11
‘4aCTHOE DEIIeHHE: X;==X,=1, x;= -13, Xy=—73"
697. Ofmee pemenue: x; = — 677|-8x4 , Xg= 1 ——713x4’ Xg== 15 '; 624 3
YACTHOE pemieHHe: x|y =—2, x, =2, x3=3, x,=—1.

698. Cucrema HecoBMeCTHA,
699. O6uwee pemeHue: x3=—1—8x; 4 4xy, X, =0, x5 =14 2x, — x5

4acTHOe pemieHue: X =1, Xy =2, x;=—1, x, =0, x;=

700. Ob6uiee pemenue: x3=13 x,= i9 —3x, — 2x,, x5 = — 34; yacTHoe
pewmenne: x; =1, x,=8, x3=13 x4—-0 X5 = — 34.

2
701. OGmee pemeHue: x;= —% — X — 2%, Xy= ———25— — 2x, —4xy
1
X5 =— —lg-— 2x; — 4x,; yacTHoe pelieHue: X, =1, X;=—3, x3= o
-5 ,_5

T Ty 14 7

702. OG6umee pemende: X3 =% X+ % Xy Xy=— g X g X 1,
K= -43; X, —|——§— X3 -+ 2; uacTHOe pemenye: X, = X, = |, X3 =2, x,=—8, x5 =4.

703. CucreMa HMeeT eNHHCTBEHHOe pelleHHe: X, =3, X, =0, x3=—35,
Xy = 11.

704. CucteMa HeCOBMeCTHa.

708. Yxaszauue. IIpn Aoka3aresbCTBe MHHMMAaJIbHOCTH 4HC/Ia 71— CBO-
GOMHBIX HEH3BECTHBIX BOCNOb30BATHCA CBA3LIO PEMIEHHH HEONHOPOZHOH H COOT-
“BeTcTByloLeH OIHOPOAHOM CHCTeM YpaBHEHHMH M TeM, UTO UHCJIO HEH3BECTHBHIX
‘OIHOPOJHOH CHCTEMBI, MOTYIIHX NPHHHMATb MPOH3BOJbHbIE, HE 3aBUCALLME ADYT
«OT Apyra 3HAaYeHusl, PABHO MAKCHMAlbHOMy WHCIy JHHEHHO HE3aBHCHUMBEIX Delle-
MM M, 3HaYUT, HE 3aBUCHUT OT BHIGOPA STMX HEH3BECTHBHIX.

1 31 2 1 7
706. X, =5 X+ n =73, H=—g X5

2
53 20 5 5 5 2 1.
707. x1=x4—ﬁ-x5—|-§, X2=—'—2— x4—|—§x5———3-, Xa=§‘xs"‘§-

408. CucreMbl HECOBMECTHHI.
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709. CucreMa uMeeT €IMHCTBEHHOE pelmeHHe: X =1, X2 =2, x;=—4,

Xy = 3-
12 176 4 97
710. x;=— 205" *2=-53 -+ I e 205 3necb x5 — cBoGOAHOE
HEHU3BECTHOE.

1 7
M. x,=——2——vx2—%x3——’87x5, x4=1——-%-x5, Toe X5 X

X5 — CBOGOAHBIE HEH3BECTHHIE.
712, ITpu A 5~ 0 cucreMa HecoBMectHa. [Ipu A = 0 oHa coBMecTHa, ¥ oblee
pellieHne MMeeT BHJ

X = 5x, 213x4 3 , xg= 74? 219x4 7 )
718. Ilpu A =0 cucreMa HecoBMecTHa. [Ipn A 5= 0 oHa COBMeCTHa, u ofliee
4—3 3 9—16 8 1 .
pPEUICHHEe HMEEeT BHIA Xx; = __5}1__— -5-13. Xg == —57\.— - 3’13, Xy = T.
714. Tlpu A =1 cucreMa HecoBMectHa. [Ipn A == 1 oHa coBMecTHa H ofliee
43—82» 9 5

pelIeHHe HMEET BHJA x| = 8——8_f - 'g'xa, Xg = m—}‘ 'Tl‘ -l.'a, Xy = -},—i_l.
718. CucreMa coBMeCTHa mmpH J060oM 3HadeHnu A. Ilpu A =8 ofumee peme-
HHE HMMeeT BHJ X, =4-42x; —2x, x3=3—2x, rle X, Xx;— CBOOOLHbIE
HeuspecTHhe, Ilpu A =8 obuee pewenne nMeer Bux x; =0, x,=4—2x,
x3 =3 —2x,, Tie x,— CBOGOLHOE HEH3BECTHOE.
718. Cucrema COBMeCTHa mpH Jio6nix 3Hayenusx A. [Ipu A =8 ofwee peme-

HHE MMeeT BHI X3=—1, x,=2— x — 7 X2, TAE X, Xp— cBO6OJHbIE HEH3-
4 2
pecTHbie. [Ipn A =~ 8 ofmee pemweHdxe HMEET BHI Xy = T g K XK= 1,

x, =0, rie x; — cBo6onHOEe HEH3BECTHOE.
7. Tpu (A—1)(A+2)50 cucreMa HMeeT eJHHCTBEHHOE pEIICHKE,

Xy == Xg==Xg =

Mpu A =1 obwee pemense uMeeT BHA X == 1 —x, — x5,

A4+2°
rae x; 4 x; — cBoGoiHBe HeusBecTHHe. [lpy A = —2 cucreMa HecoBMecCTHa.
718. Ilpn (A—1)(A+3)=~0 cucreMa uMeeT eIMHCTBEHHOE pelIeHHe:
X=Xy =Xg=Xy = e Mpu A = 1 o6uee peweHne uMeeT BHA X; =1 — x, —
—X3—Xx,, Tle Xx; X3 X,— CBOGOAHBE Heu3BecTHHe. IIpn A =—3 cucrema
HeCcoBMeCTHa.
: — h2
719, Ipu A (A-+3) 50 cucTeMa HMeeT eIHHCTBEHHOE PEleHHE: Xy = 7_»2(T——l—7:3_5'
T —1 M2 —A—1 _ _
Xg = 7»(7»—}—3)’13'_ T3 « Ilpu A =0 u npu A =—3 cucrema
HECOBMECTHA.

720. Tlpu A (A 4 3)=~0 cucTeMa uMeeT EAHHCTBEHHOE pelIeHHe: X} = 2 — A2,
Xe=2h—1, x3=24%42A2—2A—1. Tlpy A=0 obmee peureHue HMEET BHI
Xy =—X;— X3 TIE X, X3— CBO6OIHHE HeH3BecTHHe. IIpu A =—3 obuiee
PelIeHHe HMeeT BHJ Xj = X, = JX;, IJe X3 — CBOG0JHOE HEH3BECTHOE.

721. Econ a, b, ¢ — nonapHO pasAHuHb, TO CHCTEMa HMEET eJHHCTBEHHOE
peleHue: ‘

_G—d=a) _@—a)d—0 ,_(@d—a)@—1h)
== T E=at—0" ‘T —ae—0"

X
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Ecan cpenn uucen a, b, ¢, d uMeeTca TOALKO 1BAa PA3NHUHBLIX, IPHYEM a=b HAH
a==c UMM bz~c, TO pellleHHe 3aBHCHT OT OJHOro napaMerpa. Hampumep: B cay-
b—d —1 y=8—¢
b—a YT =4
rie Zz-——CBOGOAHOE HEeH3BECTHOE, Hrpaiwee pOJb YIOMAHYTOrO IiapaMerpa,
onpeJenslero pelleHHe.

Ectu g=0=c=d, TO pemeHue 3aBHCHT OT JABYX [apaMeTpoB, Obluiee
pellleHHe HMeeT, HalpuMep, BUA X =1y — 2, Tle y, 2 — CBO6OJAHLIE HEH3BECT-
nue. Ecau cpenn uucen a, b, ¢ ABa paaiuuHH M d He PAaBHO HH ONHOMY H3 HHX
HIH eCIH a=b = 5= d, TO CHCTeMa HECOBMECTHa.

722. Npy D=abc—~a—b—c+425~0 cucreMa uMEET eAMHCTBEHHOE
pelleHue:

o (b—l)gc—l) . (a—l)D(c-—l) . (a-—l)gb-—l)-

B 3TOM cCiayuae HyJeBhle 3HAYEHHA MOTYT HMEThb KaKHe-AH60 1Ba HEH3BECTHLIX
©OHOBPEMEHHO, NMPHYEM TPeThe HEeH3BECTHOE H COOTBETCTBYIOU[HH MapaMeTp paBHb
eaunuue. Hanpumep, x =y =0, z=c=1. Ecan D =0, npuueM 0aHO H TOIbKO
OIHO H3 4Hcen @, b, ¢ OT/AMYHO OT eJHHHILL, TO pelIeHHe 3aBUCHT OT OJHOrO
napaMerpa; HampuMep, NMpH ad =b=c =1 ofbuee peuicuue uMeer Buf X =0,
y=1—2. B 3TOM Ciyuae OXHO HIH JBAa HEH3BECTHHIX 06932TEALHO PAaBHHI HYJIO.

Ecan a = b=c¢ =1, 10 o6umee pelleHHe HMeeT BHJ X =< | — y — 2z, HpHUEM
OJIHO HJAH 1Ba M3 HEH3BECTHBIX MOTYT paBHATbcA HyMo. Ecam D =0 u uu oamo
M3 uHcel g, b, ¢ He PaBHO ENHHHUE, TO CHCTeMa HecoBMecTHa. Caywait D =0,
HpHYeM OXHO H TOJbKO OJHO M3 YHCeN &, b, ¢ PaBHO eJHMHHIE, HEBO3IMOXKEH.

728. Eciu D=abc—a—b—c-}+2 0, T0 cucTeMa uMeeT eIUHCTBEHHOE
pelleHue:

qae d=as=b=c obmee pellecHHE HMEET BHI X == 2,

abc—2bc4-b-+c—a abc—2ac+a-tc—b

X = , Y= ’
D D

__abc—2abtat-b—c

= 7 .

Ecmi D=0 u TOALKO OAHO M3 HHCEN 4, b, ¢ OTAHYHO OT eAHHHLH, TO PEHIeHHe
BaBHCYT OT OJHONC MapaMeTpa, HampHMep, NpH a = b = ¢ =1 ofbulee pellleHHe
uMeeT BHA X = |, ¥ = — 2, rle 2z — cBOGOHOe HeHu3BeCTHOS, EclH a = b =c =1,
T0 pellleHHe 3aBHCHT OT JBYX apaMeTpOB H ofuiee pelleHre HMeeT BUL X =] —
— y—2, TAe y, Z— cBOGOAHBEe Heu3dBecTnhle. Ecau D =0, npuyeM Bce uHcna
4, b, ¢ OTAMYHE OT EJMHULE, TO CHCTeMa HecoBMecTHa. Cayuaii D =0 u Toabko
ONHO H3 4YHCeN 4, b, ¢ paBHO elMHHIE HeBO3MOXeH. ¥ kasaHue. [ad aoka-
3aTeNbCTBA HECOBMECTHOCTH CHCTEeMH B ciyuae D =0 npu ycloBuH, YTO Bce
yucaa @, b, ¢ OTAHUHH OT eIMHHIH, IN0Ka3aTb CHOPABEAMMBOCTb TOXKASCTB:
D—Dy=2(—1)(c—1), D—Dy=2(a—1) (c—1), D—D,=2(a—1) (6—1),
rae Dy, Dy, D, — COOTBETCTBEHHO YHCAHTEJH B HAMHCAHHHIX BHIIE BHIPAXEHHAX
aas X, y, 2.

724. Hampumep, obumee pemenne: x;==8x3;-—7x, X;=—06x;-+5x,.
PyHraMeHTaAbHAs CHCTEMa peuleHHil:

Xy I X2 X3 Xy

8|—61 0

._7|5 o | 1
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728. O6mee pelenune: x3 = — % x4 5% x, = -% Xy — Tx3.

PyHnaMeHTaNbHAdA CHCTEMA pelIeHHH:

X1 X2 X3 Xy

5
Lo |—5[+

o[~

0 1 | 45| ~7

726. O6mee pemnenue; x, = — 9x1+6x, +8x X = 361 4 2%, 4%,

4 ] 4 (d
PynpaMeHTaNbHAA CHCTEMa peHleHH:

_ Xy X2 X3 X4 Xg

91 3

1 0 0 | — 7|l 7

3 1

0 1 0 — 5| 5

0 0 1 —2 1

727. CucreMa MMeeT TONLKO HyaeBOe pemieHHe, PyHIaMeHTanbHOH CHCTEME

pelleHnd He CymecTByer.
728. O6uee pemenne: x, = =9 3% —10x S0t addn

11 PET 11
PyHpaMeHTaNbHad CHCTeMa pemlleHHii:
X4 X2 X3 X, X5
1 0 0 —1—91 — %
0 1 0 % lll
0 0 1 |- }—(1) %

729. CucrteMa HMeeT TOAbKO HYJEBOE pelleHHE.
7380. O6wee pelmeHHe: x| = X, — X5, Xo = X3 — Xg, X3 = X4,
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PyHjaMEHTaNbHAS CHCTEMAa pELIEHHIL:

xllxg‘xa x4|x5‘xe
tlv | ] ]o | o
~1lofo]o]1]o
o|—t] oo |01
731. OGmee peenne: x; =0, x2=ﬁ—_§ﬁ5—, xy=0, rIe x; xz— CBO-
GonHnie HeH3BeCTHhe. PyHraMeHTaNbHAsA CHCTEMa pelleHHH
X1 Xo X3 Xy Xs
1
0 3 1 0 0
2
0 —73 0 0 1
732. O6utee pemeHne: X, = — 3X3— Sx5, Xy == 2x3-F3x5, X, =0, rae X,

X5 — CBOBOHBIE Heu3BeCTHhie. PyHIAMEHTalbHAad CHUCTEMA PELIEHHH;

X1 l X2 l X3 Xy X5

—3|2]1|o|o
—5]3{0[0{1

738, &, =13¢, x,=2¢, x;="Tc.

786. x, =4¢;, x;=28¢cy x3=-—3¢,-F3c;, X,=¢ —Cs

787. x, =2¢,, x;=Cy X3=3C3 X;=—3C;— Cq——4C3 X5=—Cs.

738. Xy = 14C1, X9 = 4202, x3 = 42¢,, Xy == ——301 +3Cz —9C3, X5 ==—‘801 +
+ 8('2 —_— 1003.

789, x, =c¢; —Tcy, xp=2¢) +6¢y, x3 = ¢ ~F3¢y, x4=—4c|, x5==— 5¢o.

140. x,=11¢), xy=33¢y, x3=-—24¢—57Cy, x,=5¢, -} 5S¢y, X5=—¢;—Cy.

741. Ctpoxu Matpulpl A He 06pasyioT, CTPOKH MarpuLbl B obpasyiorT.

742. Yertpepran cTpoka BMeCTe ¢ MOOLIMH ABYMS M3 NEPBHIX TpeX CTPOK
o0pa3yeT GYHAAMEHTANLHYIO CHCTEMY, @ OCTaJNbHbIE CHCTEMEl CTPOK —- HE 06pasy1oT.

748. Y xazanue. B nepsoli uactn 3anaun NpHMEHNTb pe3yabTar 3anaun 734.
Bo BTOpOH 4aCTH MOKasaTh, YTO e€CJAH 3HAYEHHS CBOGOJHBIX HEH3BECTHRIX B HEKO-
TOpOA cucTeMe pelleHHH JalT AMHEHHO 3aBHCHMbIE CTPOKH, TO H BCS CHCTEMa
pelneHuil MHHEHHO 3aBHCHMa.

748B. Yxasauue. [llpunucaTh k MaTpHue cuCTeMBl CBepxy by H3 ee
CTPOK H ONpele]UTeNb MONYYEeHHOM MAaTpHLH Da3NOXHTb MO HEPBOH CTpOKE.
Hcnoabsosath 3anauy 746.

749. YacTHoe pemeHne: x, = —2, x;=—06, x;="7. OG6uiee pelreHne:
X, =—2¢ Xy=—0¢, x3="Tc
780. YacThoe pemenue; x;==3, x;=—2, x3=0. O6uee pemenne:

X, =3¢, xp=—2, x3=0,
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751, YacTHoe pemrenne: x;=—06, x, =11, x3=—09, x,=4. Obuee pe-
weHue: x; = 6¢, xo=—1l¢, x3=9¢, x(=—4c.

752. YactHoe pemenne: x; =3, x;=0, x3=4, x,=0. OGmee pemenue:
X, =3¢, x3=0, x3=4¢, x,=0.

n n
a) Y ayxy=2b (=12 .., sy 6) Mayxj=rh (=1 2..., 9).
j=1 =1

755. B o6oux cayuasx HEOOGXOAHMBIM M JOCTATOYHHIM YCJAOBHEM fBJIAETCH
ONHOPORHOCTb NAHHOH CHCTEMBl.

756. Ilpu ycaoBuH, 4TO cymMMa Ko3ddHuuMeHTOB NaHHOH auHeHHOH kKOMGH-
‘HaUHHM paBHA eAHHHUE.

757. llepBoe HeussecTHOe B M0GOM pelleHHH NMPHHHMaeT 3HaueHHe, paBHOe
Hymo. Ecau KoshQHUHMEHTH 11pH BCEX HEH3BECTHHIX, KPOME NEPBOro M, HaNpHMED,
BTOpPOTO, PaBHBHl HYMO, TO BTOPOE HEM3BECTHOE MPHHHMAET ONpENE]eHHOe 3Haye-
HHE, KOTOpPOEe HAXOAHTCHA M3 YDaBHEHHS, COJEpXaIero HenyaeBod koadduuueHt
npH BTOPOM HEH3BECTHOM, €Cau OTOPOCHTH TaM BCE HJEHBl C APYTHMH HeH3BecCT-
HBIMH; B 3TOM CJAy4ae BCE HeH3BEeCTHble, HAUHHAad C TPETbEro, MOryT NPHHHMATb
mo6ule 3HayeHHs. Ecau ke, mo kpaitHeli Mepe, TpPH HEH3BECTHHIX (HampuMep, X,
Xy M X3) BCTPEYAIOTCA ¢ HEHYJeBHIMH KospdHUHEHTaMH, TO BCe HEH3BECTHBIE,
KpOMe NepBOro, MOTYT NDHHHMATh /MOOble 3HAYEHHA, NPHYEM HMX 3HauEHHUA
B KaxXJOM peELIeHHM CBA3aHbl OJHHM COOTHOIIEHHEM, MOJYYEHHBIM H3 J06oro.
YPaBHeHHS CHCTEMH, COlEpXKailero HeHyJaeBOH Ko3ddUNUEHT NpH BTOPOM HEu3=
BECTHOM, €CJH BbIOPOCHTb HJEH C NEPBHIM HEH3BECTHHIM.

PaseHcTBO HYII0 BCEX KO3((DHUHEHTOB NPH NEpBOM HEH3BECTHOM HIH INPH
BCeX HEH3BECTHHX, HAYMHasg CO BTOPOrO, NMPH YCJAOBMAX 3allayd HEBO3MOXKHO.

* 7858. Heo6xonuMbIM H JOCTaTOYHBLIM YCJIOBHEM JJsd 9STOrO ABJAAETCH TO,
9TO6b! PAHr MATPHLKE! U3 KO3 HIHEHTOB NMPH HEH3BECTHBHIX YMEHHUIAACH HA €XU-
HHIy TNPH BHIYEDKHBAHHH R-TO CTOA6MA, HHBIMM cJOBamH, YTOGH k-i cToaGen
He OB JuHelHOH koMGHHauuel OCTanbHBIX CTOAGIOB 3TOH MATPHLBL

759. Panr pacmupenHo#t MaTpHupl (M3 K03(GGHIUEHTOB NPH HEM3BECTHHX
B CBOGOJHHIX 9JIEHOB) JNOMKEH NpPH BHIYEPKHBAHHM &-TO CTOAOLA YMEHbIIAThCH
Ha eJMHHLY.

760. ¢ = ad — bc=0.

761. OnHo ycioBHe, BhIpaxaolllee HepaBEeHCTBO HYMO0 onpeieauteas D mo-
panka r, # (s—r){(n—r-+1) ycloBHH, BHpaXAIOMKX PABEHCTBO HYMIIO OMpe-
nenuteneit (r - 1)-ro nopsaaxa, okaimaswomux D.

MMocnenHne yCIOBHA HE3aBHCHMBI, TaK KaK KakIOe COJEPHHT SAEMEHT, He
BXOJAAIHA B JpYTrHe YCHOBHS, CTOAIMH HAa NepeceyeHHH OKAHUMJAIOIHX CTPOKH
H cTOA6Ua ¥ uMelud MHOXHTEAb D = 0.

762. Jlu6o, no kpaiiHe#i Mepe, ABa M3 uHcen &, b, ¢, d, e paBHH —1, nu6o
HH OJHO M3 HHX Heé paBHO —I1, HO TOrAa

a b c d e
a1 +b+1 +55 taET T e =1

768. A=af+bg+ch=0. Ykasanue. Croxurb Bce ypaBHeHHd, npel-
BapUTENbHO NOMHOXHB HX COOTBETCTBEHHO Ha Ax, Ay, Az, Af. TlonyuuB ycaosue
A =0, onpenenuTenh CHCTEMBI MOXHO BBIYHCAHTH KaK KOCOCHMMETPHYeCKHH Mo
3anaue 547. ,

764. [ x, y, 1 768. | x y 1
X Yo ]. =0. X, Y 1{=0.
x3 ¥z 1 Xy yz 1
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766. a, by ¢
a, by, ¢ |=0; ato ycaoBHe ABJAAETCA NOCTAaTOUHLIM, €CJH B cAyyae

as b3 C3
Tpex MapallefbHEIX NPAMHX CYUTaTh MX 0o6miell TouxkoH HecoGcTBEHHYMO (Gecko-
HEUHO VJANEHHYI0) TOUKY JAHHOro HampasiaeHus. Ecam He nonyckarb uecoG-
CTBEHHHIX TOUeK, HEOGXONXHMMBIM H JIOCTATOMHEIM ycJloBHeM OyleT paBeHCTBO

a; b a U ¢
paHroB IByX MaTpul | a; by | H (a2 by ¢y |-

as b3 as b3 C3
X on 1
767. Paur matpunm | *2 Y2 1 nonxeH GHTb MeHee TpeX.
X ¥Yn 1
a b ¢
768. Tlpu nonymeHun HecOGCTBEHHHX TOYeK panr Marpuum | %2 R
a, b, ¢,
nomkeH GHTb MeHee Tpex. IIpH HepomyweHMM HECOGCTBEHIBIX TOYEK PAHT MpH-
ay b
BelleHHON MaTpHUH XOMXeH COBMagaTh ¢ PAHIOM Marphusi | 2 b |,
a, by
ol 21 42 e ] 421 2
769. i+ o oy 1 770 x4y x y 1
24 2 2, 2
X+y2 % yp 1 0 X+ % o 1 0
2 2 =" 24 .2 =
x3+y3 x3 ¥3 1 XYy X3 Yo 1
24 2 2 4 .2
Xityg x4 ¥y 1 X34y X3 y3 1

771 12} y2—4x—1=0. Leurp B Touxe (2,0). Panuyc pasen ¥ 5.
772. Y xaszaunue. Wcnoanzosars orser 3amaud 770,

778. | x2 xy y2 x y 1
5oy B ox oy 1
x5 X¥p Y5 xp ¥ 1
X3 k¥ Y3 X3 ¥y 1
Xy XYy Yy X4 ¥y 1
X5 X5¥5 Yi x5 5

x2 y2

774. T'unep6oaa g 9= 1.

775. 24+ 7y?+ y —8 =0, 10 — 2/AUNC C LEHTPOM B TOYKE (O, — T})

15~ 15
H TIOAYOCAMHN JIJHHB %-VM u q7s TpHiIeM 6oabmasg OCb mapanajelbHa OCH

—t

abcuuce, a Manad JeXUT Ha OCH OpIHHAT.
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776. | x, y, 2 1 77. | x z 1
Xy ¥y 2 1 —0. 1 1 11 —0
X3 ¥z 23 1 2 3 —1 1
Xy Y4 2 1 3 —1 —1 1

ui 4x+y-432 —8=0.
778. Eciu nonyckaTh HecofCTBeHHBE (GECKOHEUHO ylajeHHbe) TOUKH, TO
a b o 4,
(72 b2 Co d2
=0.
aj b3 C3 d3
ay by ¢ dy
Ecan e He fomycKarb HeCOOCTBEHHHX TOYEK, TO PAHT MaTPHHB
{a; 8 ¢ 4,
az b2 ¢y dy
a; by ¢ dy
l.a4 by ¢, d,
He JOMKeH M3MEeHAThCA IPH BHYEDKHBAHWH NOCAEIHErO CTOAGLA.

.779. Paur marpunu
a b ¢ d

ay by ¢y dy

an b‘n Cn dp

PaBeH ABYM H He H3MEHSAETCHl IPH BBIYEDKHBAHHH MOCAEIHEro CTOAGLA.
780. | 2 4-y2422 x 0y 2z 1
x+yi+4 X0y oz 1
By x ¥ oz 1=
x§+y§+z§ X3 Y3 23 1
Xtvitad xoy oz 1
T81. £+ y2 - 22— x—2=0, Lleutp HaxoouTCa B TOYKE (

L

L0 0).

3
Panuyc pasen 5

782. Cucrema Tpex JHHEHHBIX ypaBHEHHH ¢ ABYMsS HEM3BECTHBIMH, B KOTO-
poii pacuiMpeHHas MaTpHUA H TpY MAaTPHOB KO3((HIHEHTOB NPH HEH3BECTHBIX
And 1060l mapbl ypaBHeHHiHl BCe MMeEWT paur 2.

783. Cucrema Tpex JHHEHHHIX ypaBHeHHH ¢ IBYMS HEH3BECTHHIMH, B KO-
TOPOH paHru MartpHi U3 KO3((PHNHEHTOB NpH HEM3BECTHHIX B JI06OH mape ypas-
HeHHH PaBHH JBYM, a4 PAHI DACIIMPEHHOH MATPULB DABEH TPEM.

784. Cuctema Tpex ypaBHeHHI ¢ TpeMs HeM3BECTHHIMH, B KOTOPOH paHrH
BCeX Marpun u3 x03(QQHUNHEHTOB NPH HEH3BECTHBIX JMIOOBIX JBYX, a TaKKE BCEX
TPEX ypaBHeHHH paBHBl JBYM, a DAHT PACIIMPEHHOH MaTpHubi PaBeH TPEM.
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785. CucreMa 4veTHipex J/HHEHHBIX YpaBHeHMH C TpPEeMA HEH3BECTHBIMH,
B KOTOpOH paHru MaTpull M3 KO3((HUHMEHTOB NpH HEM3BECTHBIX JIOGHIX Tpex
yPaBHeHHH PaBHH TpeM, @ PAaHr PAaCHIMPEHHOH MaTpHibl paseH 4.

786. YeTbipe NAOCKOCTH INPOXOAAT depe3 OAHY TOUKY, HpUUYEM HHKAKHE
TpH H3 HHX He NIPOXOJAAT 4epe3 OAHY HpAMY.

787. Ecain  He paccMaTpuBaTh HECOOCTBeHHHle (GECKOHEUHO yHaneHHBIE)
IpAMbIE H IIOCKOCTH, TO ypaBHeHus Buaa Ox+O0y=a u Ox 40y -+ 0z=a
OpH @, He DaBHOM HYJO, He HMEIOT TeOMeTPHYECKOr0 CMBICAA, 4 NpH @ == 0
yIOBJETBOPSAIOTCA KOODAHHATAMH Ji000H TOYKH IJOCKOCTH WAH NPOCTPAHCTBA.
Vickalouas ypaBHeHus Takoro BHAAa H 0603Hayas paHr MaTpHUbl H3 KO3(duuuen-
TOB DX HEH3BECTHHX Yepe3 r, a PAHT DACIIMPEHHOH MATPHLBI YEPE3 r,, UMeeM:

Jasa cuctem ¢ ABYMS HEH3BECTHHIMHU:

L. r=2, ry=3. Cucrema ne uMeer pemenuil. IlpamMpie He npoxonsaT uepea
OINHY TOUKY, NpHYeM XOTS OBl JBe NPAMBIE PA3JIHUHBI H NEpPECEKarnTCs.

2. r=r;=2. CucTeMa uMeeT €NUHCTBEHHOe peieHue. [IpAMEle mpoxomar
depe3 OIHY TOWKY, IPHYEM XOTS Gbl JBE IPAMblE PA3NHYHBI

3. r=1, ry=2. CucreMa He umeer pemenud. [IpsMbe nmapamreibHbl nau
COBNAJAIOT, NpHYEM XOTH OBl IBE NPAMBIE Pa3JUYHBL

4. r=r;=1. PemeHue 3aBHCHT OT OZHOro napaMerpa. Bce mnpsamnie co-
BIAZaioT.

Jas cuctem ¢ Tpemsi HEH3BeCTHBIMIL

1. r=3, r,=4. Cucrema He umeer pewmenuit. Ilaockoctu He mpoxoasar
gepe3 OAHY TOUKY, MPHYEM XOTA 6Bl TPH H3 HMX DAa3IHYHBl M NPOXONAT Yepe3
OIHY TOHKY.

2. r=r;=3. CucreMa uMeeT equHCTBeHHOe penreHue. [1rockocTH mpoxomsar
yepe3 OAHY TOYKY, NHpHYeM XOTs OBl TPH M3 HHX He NPOXONAT Uepe3 OjHy
OpSMYIO.

3. r=2 r;=3. Cucrema He uMmeeT pemenud. [lnrockocTH He mnpoxoxpar
gepe3 OJHY TOYKy, npHueM XOTA 6bl TPH MJIOCKOCTH pa3jHYHB H Jobble TpH
pa3iuuHbe IIOCKOCTH Ju60 He HMeioT oOmiell ToukH, aMGO TNPOXOAAT uyepes
OIHY HpSMYyIo.

4. r =r,=2. Pelnenue 3aBUCHT OT OLHOro mapamerpa. Bce miockoctu mpo-
XOIAT Yepe3 OJHY MPAMYI0, MpuueM XOTs Obl [Be H3 HHX DA3JIHYHBL

5. r=1, r;=2. CucteMa He uMeer pelteHuil. [110CKOCTH NapatNeNbHH HIH
COBNANa0T, IpUYeM XOTH Obl IB€ H3 HHMX DA3JHYHBL.

6. r =r, = 1. Pemenne 3aBucuT OT ABYX mapamerpoB. Bce maockoctu co-
BIIaja10T.

Otnea Ill. Matpuusl M KBagpaTuuHbie §oOpMBI
788. (5 2) 789. (aa+by aﬁ—}—bb) 790. /1 5 —5

70 ca +-dy cp+dd 310 0]
2 9 —7
791 (11 —22 20\ 792, (10 17 19 23) 793. (86 4 2
9 —27 32 |, 17 23 27 35 50 —5 —10
13 —17 26 16 12 9 21" 77 1 1|
7 1 310 o l109 8 7

796. (2 0) .

0 0

.
|

(== R o I ]
S O O O
(=T =R I ]

0
0
0
0
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797. ;1 0 O 798. (1 0 0 O 799.'(13 —14
(0 2 0\), 0200 21 ——22)’
0 0 5/ 003 0}
000 4
800. (304 -—61) 801. (l 0) oM 7 MeTHOM (2 —1)
(305 ) o 1] ™ ' g _o) mPH n HedetHOM.
802. (cos na — sin na) 803. (,F 0]
sin na cos na/* hg
o A
804. 1 n 805. (;J" nk"'l)
(o 1)' 0o a /)
808. 136.. n(n-21—1)
013.. £=Dr
, TRE 7 —NOpANOK HaHHOH MATDHIREL,
n—2)(n—1)
oo1., B ~—r-"-"—
2
000 1
807. (1 ¢! |, ¢2_, ¢ . Ch-

................

0 0 0 0 ... 1 j

808. (3197 —1266 809. /190 189 —189
(7385 —922)' (126 127 —126),

952 252 —951

811. a) i-a u j-9 CTPOKU NpPOH3BENEHHA MOMEHAIOTC MecTaMH; 6) K i-i CTpoke
TMPOH3BENEHNS NPUOABHTCA J-1 CTPOKA, YMHOXKEHHaf Ha ¢; B) i-d M j-H cTOA6LH
UpOH3BENEHUS HOMEHAIOTCA MECTaMH; T) K i-My CTOA6lLY NpOH3BEAEHHS MpUOa-
3HTCA J-CTOAGEL, YMHOMEHHbIH Ha C.

822. (a 26
(3b a3k

823./ a 3y
(- 56 a9

), rie @ u b — mobue YHCAA.

), rre ¢ 4 b — moGnie 4Hcaa,
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824. /a b ¢ 828. (a b ¢ d
(0 a b). 0.a b ¢
00 a 00 abf
[0 00a
826. c=cos—2—§£+isln-2fl—n (k=01 2,...,, n—1), n—nopanox ma-
Tpuun A,
827. 21 —23 15 828. /0 0 O
f(A)=(—13 4 10), (0 0 0)_
—9 22 25 0 00

830. ¥ xa3aHue MaTpuusl mopsxka n CUHTaTh n’-MEPHHMH BEKTOPaMH,

831. Ykaszanue. [lpumenurb 3agauy 814.

3ameuanue. B 3amave mpepnonaraercs, UTO 9SJEMEHTH Matpuu A u
B —uucna. las noas xapakTepuctdku p 5= 0 pesyanTar HeBepeH., Tak, an# Ma-
TpHIl HOpAAKA p

010...0 0006.,, O 0

001.,..0 1 00,,. 0 O
A= . . U B=

. *« 8 s » 0. 0

000.. 1 020 0 0

000 0 0 00...p—10

umeeM AB—BA=E.
832, /a b
c 2’ rie a, b, ¢— no6bie YHCAA, YAOBJAETBODPAIOIIHE COOTHOLIE-
nuo a?+ be == 0. b
833. ¥ ka3 anue. Hcnoasays sagauy 829, noxasarb, 9TO ecan A= (a d)'
¢
10 AF = (a+a)*"1 A
b
834. + E wu f a),rne a?4-bc=1.

835. Eciu [A|50, 10 X =0; ecau [A] =0, Ho A 5= 0, npuueM oTHOme-
Hye 3JMEMEHTOB IIePBOTO CTOAGUA MaTpuibl A K COOTBETCTBYIOUIUM 3JEMEHTaM
x y
—ax —ay
BTOPOro cToabua MaTpuusl A paBHH HyMO, HO XOTA Obi OAMH 8JEMEHT MEPBOTO

2-ro cToabua =¢a, 10 X =( ) npy mo6HIX X, y; ecad o6a ajeMeHTa
€10A61a OTAHYEH OT HyJas, TO X=(x y) ¢ mobuMu X, y; ecim A=0, 10
X — mo6ast Matpuua.
836. (——2 1 ) 837. ( 7 —4) 838. 1 ( d —b)
3y —1fy)" 5 3/ ad—bc \—c¢ al’
839. ( cos @ sina) 840. 1—1 1 841. —8 29 —11
—sina cosa/’ (—38 41 —34), (——5 18 — 7).

2T —29 24 1 -3 1
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842. /—7/, -2 —1, 843. 1 2 2
( 53 —1 —'/3). '/9(2 1 —2).
—2 1 1 2 —2 1
844. 1 1 1 1] 88.( 2 —6 —2%6 17
y 1 1 —1 —1 —17 5 20 —13
11 =1 1 —1 -1 0 2 —1f
1 —1 —1 1 | ¢ 1 —5 3
846. (1 —1 0 ...0) 847. (1 —1 1 —1 ... (=1*!
0 1 —1...0 0 1 —1 1., (N2
0 0 1 .0\- 0 0 1 —1... (=n3)
0 0 0...1 0 0 o0 o.. 1
n-—nopanoK LAaHHOH MAaTpHLBL.
848. (1 —a 0 0...0
0 1 —a 0...0
0 0 1 —a...0|
0 0 0 0..1
849. 1 0 0 0 0 0)
—a 1 0 0 . 00
@ —a 1 0 00
—ad a? —a 1'- 0 ol
0" (—a)" ! (—a)"? (—a)" P —a 1
850. (1 —2 1 0...0 O
0 1 —2 1...0 0
0 0 1 —2...0 o0
0 0 0 0..1 =2
0 0 0 0..0 1
851. n n—1 n—2 n—3 1
n—1 2(n—1) 2(r—2) 2(n—3) 2
1 n—2 2(n—2) 3(n—2) 3(n—3) 3},
n+1 1,3 2(n—3) 3(n—3) 4(n—3) 4
1 2 3 4 n
852. /2—n 1 1. 1
1 =1 o. 0
1 0 —1. 0 |
1 0 0... —1
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853. 2—n 1 1 R |
1 1 2—n 1 1
n—1 1 1 2—n . 1
.1....1...1.....2:_,1
8534. l—n—a 1 1 1
1 1 l—n-—a 1 1
a(n+a) 1 1 l—n—a 1
. ] ....1....1 ...... 1_n__a
855. 1—a;s 1 1 1
af a,ay aa, v aa,
1 1— ays 1 1
8,8, ag aya, ” axa,
,-—-:,— 1 1 1—a;s 1 ’
233, 839 a4 . @33,
1 1.... 1 ..... 1 -.—.a”.s
L 2,9 24 @,a3 ”. a?l

rae S=1+-‘:—l+a%+ +al,,'
857. (— 7 .5 12 — 19
3 —2 —5 8
41 —-30 —69 111 |°
[—59 43 99 —159

858. 1—s 1+4s 1 |
1 1 l—s 14+s ... 1 1 n(n+1)
Ts| 1 1 1—s ... 1 1 |pMes=—75—
1+s 1 1 cis 1 1—s

Ykasauue. B cncreMe ypaBuemnil 1asa snemeHToB k-ro cTOa6ua o6pate-
HOH MaTpHIbl M3 KaOXIOrO YPaBHEHHS OT mepporo Jno (n-— 1)-r0 BHYECTb Cle-
Lyomee U noaydeHHsle n— 1 ypasHenuil ciomuTb. Bce HeH3BeCTHHE BHPA3HTH-
qepes k-e.

859. h—s h+s h ... b & ]
1 h h—s h4s ... h &
nhs | h h  h—s... B h |
lh-—}-s h h h h—s
rie s=na-t+h- f—%——l) — CyMM@ 9J€MEHTOB KaKOH-HHOYyAb CTDPOKH (HJit:

CTON61a) JAHHOH MaTpHIHL
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860. 1 1 1 1 ... 1 ]
1 el g2 ™3 ... gD
l 1 e=2 gt ' ™6 ... g-20n-D .
Pl g3 g6 ¢=? ... g-3(n-1
[1 e—(r-1) (—2(n-1) g—3(n-1) ... g-(n-1y

Ykasanue. Hanucate ypaBHEHHS C HEM3BECTHBHMHK Xy, X3, ..., X, JIA
-OIpeJeNeHHA SNEMEHTOB XR-ro cToabna o6parHoii Marpuild. Kawnoe ypaBHenue
MOMHOXHTb HAa TaKyl0 CTENEHb €, UTOGH KO3((HUMEHT nmpu OmpeneaeHHOM Heu3ds
BECTHOM .X; OODATHACA B eXMHHLY. lMonyueHHunle ypaBHeHHS CAOKHTS.

861. [—1 -1 862. /3 2 863. /1 2
( 2 3) (S—J' (34)
864. /6 4 5 885. /1 2 3 886. /1 1 1
(2 1 2). (4 5 6). (1 2 3),
33 3 78 9/ 2 31
867. O6wuit BuI pemeHus:

(2+3c,3+3c2
7

), rie ¢; U ¢ — Mo6pe 4HCAA.

€y Ca
888. O6Gwui BHx pemeHHA:
2—3¢,
[ —-—4-— .
, e ¢y H ¢3 — MPOH3BOAbHHE YHCJA.
9— 3¢,
Cy 1

869. Pewenua He cymecTByer.
870. O6uuii Buj pemeHus:

7—3c, 5—3c; 7T—3¢c;
( ¢y Cy 3 ), TAe ¢, C3, C3— NPOH3BOABHHE THCAA.
5¢;—9 bcg—3 8¢z —17
871. (1 1 1 ...
011.,...
00 1,,.. .
0 00...1

872. B marpuue A”! COOTBETCTBEHHO: a) MOMEHAIOTCA MeCTaMH I-# u j-it

- , 1
€TOA6UH; 6) i-H CTOAGen YMHOMHTCH Ha —c-; B) H3 j-ro croabua Bolaterca I-i,
YMHOMEHHHH Ha C. .
Ipu mpeo6pa3oBaHuH CTOAGIOB MATPHUH A aHANOrHYHO YKAIAHHOMY Me-
HA0TCA CTPOKH MaTpuuu A~
879. 4! =(E,,,—U)
0 E
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881. Ilpu ymHowenun A creBa Ha H; Bce CTpokH A CABHraloTC Ha OAHO
MecTO BBEpX, NpHyeM mepBas CTPOKA HCUE3aeT, a MOCACHHAA 3aMeHseTCs HYAeBoi.

Tlpn ymHowenun A cmpaBa Ha /|, aHaAOrHuHOE H3MEHEHHE NPOHUCXOAHT CO-
CIABHIOM CTOAGLOB BrpaBo. Ilpn yMHoweHnn Ha H_, cleBa (CnpaBa) NpOHCXORMT
TaKoH e CABHI CTPOK BHH3 (COOTBETCTBEHHO CTOAGLOB HAaAEBO).

890. Yciosne AB = — BA ynoBneTBopseTcs, HaNpUMep, AAA MAaTpHIi;
010 O 0 010

Am —1 00 0 B 0 001 . .
000 —1) -1 0 00
001 O 0 —1 00

Ykasanue. Ipy noctpoennn matpun, A 1 B BOCHONB30BATLCH YKa3aHUeM
K 3apaue 1747.

897. Yxasanue. UcnoabaoBaTh 3HaueHue B3AHMHOIO OmMpeleauTens (3a-
naua 506) ¥ CBeCTH 3afauy K NpeABAylleil. '

898. Y ka3anue. McnoabsosaTh ykazaHHe K TpeAHAylleH 3azaue.

899. Ykasanue. McnoabsoBaTh TOoxIecTBO 3amaun 502 wuau dopmyay
Buns — Komu B 3anaue 499.

900. Y xa3auue. Mcnoabsopath TOXAECTBO 3aaaud 504.

901. Ykxazaunue. McnoabsoBath ¢opmyany Buns — Komu B 3amaue 499.

902. Ykasanue. HMcnoabaosats ¢popmyay Buns — Komm B 3anaue 499.

903. Y ka3auue. Hcnoabaosars sanauu 896 u 507.

804. Y kxasanue. HcooabsoBare samauy 507.

905. [narouanbHue 9/1eMEHTH DaBHH 1.

908. [naroHaibHHe 9JeMEHTH 1O MOAY/I0 PABHH eIUHHIE.

913. Y xasanue. Hcnoabsosare ¢opmyay Buns — Koww, xannywo B 3a-
nave 499, uaM ykasaume K Toil e 3ajgave.

915. Y Kk a3 auue. Bocnoap3osaThcs mpeRbayllel 3ajagei.

920. Y xasanue Bocnonbaopatbes 3apauvedt 913.

92f. Ykasanue. Ilpumenuts Tteopemy Jlanaaca, nepaBescreo Komm —
BynsaxoBckoro n ¢opmyay Buns — Komu (cM. sanaun 503 u 499).

922. Ykasanue. Iycte n—uucno crpok A, B, C; k— uucao crond-
noB B, | —uucao croaduos C. [lpoBeputh BHIOJHEHHE HEPABEHCTBA B CAyvasx
kR+1>nwupaar A<k4-1Kn.

okasath, uto npu k- I = n 3apaua cosmnagaer ¢ npeauaymeit. ITposepurs,
YFO0 HEPaBEHCTBO oO6pailaeTcs B PaBeHCTBO NpH k- I<n H JIONOJHHTENbHOM
ycaosuu B’.C.=0. Haxoneny, B cayuae, xorga panr A=k -/ < n, IONOJIHUTE
A ro xBazpaTHOH Matpuum (A, D) =P = (B, Q), rae Q = (C, D), npu noMouiu
n—k—1 nunefiHO HE3aBUCHMHX CTOAGLOB Tak, 9TO6H A’D =0 (370 MOXHO-
cienath fYTeM NOCTPOeHHst (YHAaMeHTaAbHOH CHCTEMH pELIEHHH OJHOPOAHOH
CHCTEMB YpaBHeHHI ¢ MaTpuueid A’), NpUMEHHTb NPEIHAYIHH cayyait k MaTpH-
naMm P=(A D) u Q=(C, D) u npunste BO BHUMaHue, uT0 P=(B, Q) u
|D'D|>0.

923. Yxasanue Heckonbko pas npuMeHHTh HEPaBEHCTBO NpEAbAyILeR
3ajauH.

924. Y xasanwue. [IpuMenuTh NOBTOPHO HepaBeHCTBa 3alaun 922.

9258. Y xasanue. [lpuMeHntb paccyxJeHns, aHAJOrMYHbE NPHUBEICHHBIM
B yKa3aHHM K 3ajaue 922.

926. Y ka3 aHue. [IoBTOPHO NPUMEHHTh HEPABEHCTBO NpelLAyIIEH 3anaun.
U UCNOJAb30BAaTh OTBET 3ajaud 532.

927. Ilepectanoska i-{ M j-# CTPOX HJHM i-TO H j-ro cTOAGLOB mOJyvaeTcs
NpH YMHOMEHUH HA MaTpuuy, 3JEMEHTH KOTOPOH prp =1 Aad k, He paBHoro i, J,
Pij=pji=1, a Bce OCTaabHHE HYaH.
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YwMHoxeHnue i-# ctpoku (ctonbua) Ha uuciao ¢ == 0 moayyaercs npu ymHo-
IKEHHH Ha MaTpHLY, OTJHYAIIIYICA OT €AMHUUHOH JUINL TeM, 4TO {-H 3JEeMEeHT
TAaBHO# auaroHam a; paseH c. [IpubaBiaenue k i-# crpoke j-#i CcTPOKH, YMHO-
WEHHOH Ha ¢, MOAYHAETCA NDH YMHOMKEHHH CJEBa Ha MAaTpully, OTAHYAIOIIYICHA
.OT eAMHHYHOM AHWD TEM, 4TO BAEMEHT P;; = C.

s aHaJOTHYHOro Mpeo6pas’oBaHUs CTOJGLOB HALO YMHOXKHTL HAa aHaJOrHU-
HYI0O MaTpHLY, Y KOTOpO# pji=c.

YkasaHnue [lna onpeiefeHHs BHAA HCKOMBIX MaTpHU MpPOJENaTh AaHHOE
3JAeMeHTapHoe Npeo0pasoBaHHe Haj elHHHUHON MaTpHIeH, NOpsJoK KOTOpOH pa-
BEH UMCJAy CTPOK MATpHUL A B ciyuae npeo6pasoOBaHMs CTPOK H 4uCAY CTOJA6-
uoB A B cayuae mpeo6pasoBanusi cToa6uos. [lpoBepurb, uTO moOAyueHHblE Ma-
Tpullbl YAOBACTBOPAKT TPEGOBAaHUAM 33]auH.

B. Ykasauue. Wcmoab3oBate 3anauy 927 u mokasats, 4To nmpeobpaso-
_BaHHEe THIIA 4) MOXHO 3aMEHHMTb HECKOJbKHMH IPe0oOpazoBaHMAMU THIIOB 6) U B).

929. ¥ ka3aHue. Bocnoabaosarnes 3agauamu 617 u 927.

930. Y xasaunue. McnoanzosaTth 3agauy 623.

981. Yxaszanwue. Ilpumenurs k maTpune A 3agauy 929 u BoCnOAb30-
-BaTbca 3agayamu 915, 930 u 914.

9383. ¥ kazanue Wcnoapzosats 3anauy 927.

934. 24 3 —4 —8] 985. , —1 2 -1,

2
=By —1 2 7, Ye =3s 32 ).
10 1 =2 3 Yo e =2
—5 0 -1
986. (—1fs 1y —T/s 193]
s —'2 %l —5/5
VER PR PR T
Yoo M2 = 1

938. Y kaszanmne. Jlag J0Ka3aTeabcTBa HEOOXONHMOCTH NMPHHATL 3a B /-
<00# HeHyneBOH cToaGen Matpuun A.

939. Yxasanue. Ilpu gokasarenncTse HeOGXOAUMOCTH MPUHATHL 3a B Mma-
TPULY 43 JIOGHX r auHefiHO He3aBUCHMBIX CTOAGLOB Matpuup A; i-iH cronben
Matpuubl C COCTaBUTb H3 KO3(GHUHEHTOB B BhHIpameHuu [-ro croabua A uepes
-cToabum B. McnoabsosaTh 3azauy 914.

941. ¥ kasauwue. Mcnoabaosars 3anauu 626 u 931.

943. Yxazauue. llenouncieHHbIMH 9JeMEHTAPHBIMU NPEOGPA3OBAHHAMU
‘TIPUBECTH JaHHYW MaTpuuly A K HOpManabHOH Martpuue. [las aToro, BhIGpaB Hau-
MEHbIIHH 110 A6COMOTHOH BeMHUHHE M3 He PABHBIX HYJIO 3JEMEHTOB, NYTeM LEJO-
YHUCJEHHBIX 3JeMEHTAPHBIX MPeofpa3oBaluii 3AMEHHTh 3JIEMEHThI CTPOKH H ¢TONONA,
B KOTOPbIX CTOMT B3TOT 3/EMEHT, WX OCTaTKaMHM NpH feideHuu Ha Hero. IlosTo-
“PATb TaK, IOKA BCE MEMEHTH {-H CTPOKM M j-rO cTOAOUA, KpoMe a;; He obpa-
TATCH B HyAb. Ecau Kakoii-to sieMeHT ap; B HOBOH MaTpule He JAeMHTCA Ha ayj,
TO K i-# CTpoke nmpu6aBuThL k-0 M BHOBb MepedTH K ocrtarky. [loBTOpATH TakK,
NOKa BCE SAEMEHThl HEKOTOpLIX p-H CTPOKH H ¢-TO CTOAOUA, KPOME apg OyryT
HYAAMH M BCe ADYTrHE 3JeMeHTH GyIyT HeMHThCH HA dp, 3aTeM MEPeBeCTH &y,
B JeBbIHl Bepxuuit yroa W HawaTh aHaaoruuHbie Mpeo6GpasoBaHus ¢ YMEHbIICHHOH
‘Marpuilelt, MOAYYCHHOH BHUEPKUBAHMEM MEPBOH CTPOKH W NEPBOro cToabua, u
T. A. Jna poka3saTeqbcTBa eIHHCTBEHHOCTH HOPMAaiabHOH GopMb 06o3HauuM de-
pes dp HauGoAbIINH OGWMH AeauTedh BCEX JJMEMEHTOB Martpuubl A, panra r
-C m CTpokaMu H n croabuaMg npw k=1, 2, ..., r u noaoxuM dp=="0 npn
I < k< m, n Ioxasarb, uTO AeJHTEIH MHHODOB dp HE HU3MEHSIOTCA MpPH LEMO-
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YUCJACHHBIX 3JEMEHTAPHHX NPeo6pPa3oBaHKAX H UTO 3JMEMEHTH €[, ¢y, ... Ha NMaB-
HOHl AuaroHai¥ HOPMaJbHOH MAaTpHIb, SKBHUBANEHTHOH A, cBs3aHHOH ¢ jmeluTe-
JSIMM MHHODOB. DaBEHCTBaMH dp == €y, €,, ..., €p (k< m, n), oTKyAa

gk=7d—k—(k=l, 2 o ep=0mar<kgm n
k-1

944. Y xasaune. Ilpn noxasarenbcTBe BO3MOXHOCTH TpeGyeMoro mnpen--
CTaBJEHHSI HCMOJAb30BaTh 3anauy 927. [lpn 1nokasaTenbcTBE €JHHCTBEHHOCTH M3

nByx mnpexctaBaeHuii A= P R, = P,R, BHBecTH, 410 Marpuua C = Pz,‘lP1 =
=R’2R’1"l ABJAETCH LEJOYHCACHHOH, YHHMOIYJASPHOH H TPEYroJbHOM, 3JeMEHTH

KOTOPOH Ha I'JaBHOH AMArOHAJH MOJOMXHTEJbHH H, 3HAUHT, PaBHBI eIuHHLE. 3a-
TeM, npupaBHuBas B paBeHcTBe CR; =R, (k-+1)-#, (k4 2)-# u T. 1. sneMeHTH:
k- CTpOKM, MOKA3aTh, 4TO. BCE 3JEMEHTH MaTpHUM C chpaBa OT IVaBHOH AHa-
roHaad paBHel Hyaio, T. e C=E,

945. Y ka3sauue. Mcnoaszosatrs 3agauy 927.

949. Pemenue. [lpuenem marpuny A k Bepxuneit Tpeyroanuoil Marpuie C
CNEeAYIOIHME 3/1EMEHTAPHBIME NMPEOOPa30BaHUAMH CTPOK: a4y ='d; = 0. Briuutas
HEPBYI0 CTPOKY, YMHOXEHHYIO Ha MOAXOAAMME UHCAA H3 OCTAABHBIX CTPOK, NpH-
BexeM Matpuuy A Kk Buiy

a1 Q12 413 ... Qyp l

11 1
0 ayp ay ... ay

1 1
IO Ay G, ... G,

TaK KaK NpH 9TOM MHHOPH, CcOJepXaulHe MNEPBYI0 CTPOKY, He H3MEHHWJIHChb, TO
d, =aua;2 == 0, oTkyna: a;2 =t 0. BbluuTas BTOpYI0 CTpOKy MaTpuunl A' ¢ mog-
XOAAILHMH MHOKHTEJAMH H3 HHXKEJEXallKX CTPOK, OO6PAaTHM B HyJb BTOpHIE 3Je-

MeHTH 3THX CTPOK M T. A. [locne r maros o6parsiTcid B HyJb BCe 3JEMEHTH nep-
BHIX 7 CTOJGLOB, CTOflIHE HHKEe AHaroHadd. Tak kak paHT MOJAYYEeHHOH MaTpHIlh:

AT = C papen panry A, T. e. paBeH r, TO BCE 3JEMEHTH TOCAEIHHX 7 — F CTPOK
MaTpuibl C paBHH RYJIO H, cjefoBaTenbHO, C — BepXHAf TPEyroabHas MaTPHLA..
B cuay sanaun 927 C = PA, rae P — npousBefieHHe PSAd HUXKHUX TPEYTOJAbHBIX

MATpHL, T. €. CHOBA HIXHSAs TpeyroibHaa Matpuna A==P~!C=BC, rue

B =P"!—umxuas Tpeyroabhas MarpHua. DTHM CyLIECTBOBAHHE PpAa3NOXKEHHS-
Buaa (2) nokasaHo.

[Tycts pano mo6Goe npeacrasienue suia (2). Ilo ¢popmysne ans MUHOPOB Mpo--
u3BeleHns Martpul (3agada 913) umeem:

11 2) ...,k—l, i
A(l, 2,...,k-1,k)“

= 2 B( L2 .., k—], ") C(j" Jo vvis Jo-n J.k)w

h<fa<e < J, Jis Jos ey Jr—10 JR 1, 2,..., k—1,k

Ho nepsuie £ cToa6uoB Matpuuu C comepxaT JMIUb ORMH MUHOD K-ro mOPAIKa,,
OTJHUHHHE OT HYJd, IIO3TOMY:

1,2 ..., k—1, ¢ 1,2, ..., k—1,1 1,2 ...,k

A =B C =
(17 2,...,k—1, k) (1, 2, .-.,k—-], k) (1, 2,..., k)

= b3 ves bpop, perbinCinCaz oo cpp (=R E4-1, ..., k=12 ..,,7) (3)
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Monaras smech { = k, nafigem:
dp="011byy ... bppCisCon onv Cpp (B=1,2, ..., 1) (6)

JHeas (6) Ha aHANOrMYHOE PAaBEHCTBO C 3aMeHoH & Ha &k —1, moayuum (3).
Heas (a) Ha (6), moayuum nepsylo u3 ¢opmya (4). Bropas ¢opmyna noayuaercsa
aHaJOTHYHO,

[lyctb D — mobas HeocoOeHHas JHaroHaAbHas MaTpuua C SJAEMEHTaMH
dy,ds, ..., d,Harnasuoi tuaronam. Torna A=BC = (BD) (D~1C). Matpuua BD
moayuaercs U3 B yMHOmeHHEM CTOAGLOB Ha l{l, dy, ds, ..., dy. Matpuna D~1C
noayuaetct u3 C ymHOWeHueM CTpok Wa Dy, Dy, ..., D;l. IMosToMy nuaro-
HanbHble aneMeHTH B u C MOXHO Oparh MoGhMH mpu ycaoBuax (3). B npowus-
Begenrd BC 3aneMeHTH NOCAEJHHX 7 —r CTOAGUOB B yMHOXAIOTCA Ha SJEMEHTH
nocaeauux n—r ctpok C. [ToaTOMY eclM OIHH M3 STHX SJEMEHTOB IOJOKHTb
paBHBIME HYNIO, TO IDYTHE MOXHO B3fATh JIOOBIMH.

951. Y kasanue. [lpuMenuts pemenue sanauu 949 u mokasarb, 4TO npH

d

YCAOBHAX bpp = Cpp = l/dkk ycaosus (3) ynoBAeTBOPSIOTCS M yCAOBHS (4)
-1

naot: bjp=c¢p (=k+1, k4+2,...,n k=12 ...,71)

6 2 4
952. AB:C:(CU‘)» TAe —Cu=( ), C12=( ), Cu=(@), Cp=

9 9 6
6 2 4
=© 0, cz(g“g”’)= 99 6|,
2122 8 9 1

954. Y k asaHue. PaccMOTpeTh mpou3BefeHue i-H KNETOYHOH CTPOKH Ha i-i
KNeTOUHBIH cToa6ell,

957. P —xBajgpatHasd KAETOUHAs MaTpula C KBAAPATHBIMH - €IHHMUHBIMH
KAeTKaMH TOPAINKOB my, My, ..., Mg NO TNaBHOH 1HAroHaiu, MPHUYEM KJIETKA,
CTOAIasl Ha NepeceueHHH i-# KJAETOUHOH CTPOKM H j-rO KJIETOYHOrO CTOA6LA,
COBMajaeT ¢ MarTpuued X, a Bce OCTalbHble BHEIMArOHAJbHHE KJETKH PaBHB
Hymo. AHalOruyHO () — KJETOYHAs# MAaTPHLA C KBAAPATHbHIMH E€IUHHYHHIMH KJeT-
KaMu NOPSAKOB ny, N, ..., Ny Ha [MIaBHOH 1Imaronanu, MaTpuueit ¥ Ha mepece-
YeHHH J-H KAETOYHOH CTPOKH {-TO KJETOYHOTO CTOJAGLA W HYJEBBHIMH KJETKAMU
Ha IpYrHX MecTax.

958. Y kasauue Hs BTOpo#t kneTOUHOH CTPOKH BHIYECTh HEPBYIO, YMHO-
senHylo caesa na Matpuny CA™), u, moabsysch npenwinymeit 3anaueii, moka-
3aTh, YTO IPH 3TOM DaHI He H3MEHHTCH.

959. Pemenne. Tor ke psaa afeMeHTapHbX npeobpasoBaHuil, xoTopbil

A

B
{IepeBOAUT MATpHL R B R , HNEPEeBOJIHUT MaTpPHIL[ T =\
p pHLy 1 mep puity (__C —-CA"‘B)
A B,

0 X—CA™!B
Tak KaK S1eMeHTapHHe Npeo6pasOBaHus He H3MEHSIOT PAHra MaTPHLBL, TO DAHT
T,=pairy T=n u pair A =pauiry A=n. lostomy X —CA”B=0;
X=CA™B,
960. —20 8 11,., 961 x=1, y=2, 2=3.
Al=| 17 -7 —9
-2 1 1 .

B Marpuuy T, =( ) Mo npenwnymeit sanaue paur T paseH r.
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9 8
62. X = .
? 2 3

963. Pemrenue. CsoiicTBa a) u 6) aerko CAefyloT U3 ONpefeAeHHs Kpo-
HeKepoBCKOro npousBeliedns. Has AokasateabcTBa B) OyleM nucaTb B KauecTBe
BHACKCOB NpH 3JEMEHTaX KDOHEKEPOBCKOrO TpOM3BEJCHHA HE HOMepa map,
a caMH naphbl (NpHYeM Hncaa ofHoH nmapW O6yjaeM nucaTh pAioM H 6es CKOGOK).
Nonowum AB=F, CD =G, FXG=H, AXC=P, BXD=2Q. Torna

m n
hllia, W= fin 180 1= .52]1 4y, 5b5: A 12:'1 i, td’: Ja =

= SZ} 81,1, s, 1,91, 1, = 52} Py, s9st, 1,7,

otkyna H = PQ. .

964. a) Jlas npaBoro npsMOro NpOH3BeleHHS Hal0 B3fATh JEKCHKOTpadu-
weckoe pacnonoxenue map: (1, 1), (1, 2),..., (L, a), 2 1), (2, 2), ..., 2 n),...
<o« (m, n). Ing aesoro — pacnoaoxenue (1, 1), (2, 1), ..., (m, 1), (1,2), (2,2), ...
very (my 2), ..., (m, n), nonyva0mEEC NyTEM AeKCHKOrpadHuECKOl 3anCH TexX xe
nap, YMTAEMHIX ClipaBa HaneBO. CBOMHcTBa 6), B), T) HENMOCPEACTBEHHO BHTEKAOT
u3 onpenenenus. CpoicTBO 1) caeAyeT M3 COOTHOIIEHHi B) mpeiwulymeHd u r)
HacroaueH 3anaun. CBoicTBa JIeBOro IIPOH3BEJCHHS BHTEKAIOT H3 COOTBETCTBYIO-
KX CBOHCTB MP3aBOro npy TMOMOIH COOTHOWEHuH 6).

985. Ykazauue. [lokasat, 9TO H3MeHeHHe HYMEPAlWH Map He MeHseT
onpenenutes | AX B|, u, noapsysacr CBOHCTBOM B) 3apaud 963, npencTaBHTh
;2‘;3B’;é.egrlel=|(AEm)X(EnB”:lAXEnl"EmXBI‘_zlA.XEan

P .

988. Y xasaunue. Hcnoapsosats noaoienne, uto M3 | Al =0 caenyer
pair A <1, noxasanuoe B sapaue 630.

967. Pemenne. MNoaowxum AB = C u 0603HaYMM COOTBETCTBEHHO uepes
Ajjp By, Cj; anrebpanueckue aononHesus, a uepea My;, Ny, Pjj-—uuHopu
BAEMEHTOB B [-i cTpoke H j-M crtoabiie Marpun A, B, C. ,

Torna, npuMeHss BHpaKeHHe MHHOP2 NpOH3BeleHHs JIBYX MaTpHu uepes
MHHOpH 3THX MarpHl (3agaua 913), Haxoanm: .

n
Cij = Cji = (—-—-1)j+l P_ﬂ = (—1)j+l Z Mjkai=
k=1

n n n
= kz (=17 My (1) Ny = 21 AjpBpy = kZIBikAkjv
=1 i= -

orkyaa C=B. A

Jlas HeocobeHHwX MatpHu A H B TOT ke pesyabTar NoJydaercs Kopoue
Tak: no nmpexwaymet sanave A=]A|- A”Y; orciona (AB) = | AB|(AB)"! =
=1A||B|B 1A7 = BA. llns MaTpun C uHCAOBHIMH IEMEHTaMH CAydai Bbi-
POMIEHHBIX MAaTpHL, TOJYyuaeTcs NpejelbHHM mnepexofioM. Muorounes ot A,
pasHu# onpeneantemo |A-AE|, umeer cremeH» n M He 6ojee n KOpHEH.
IToaTOMy MOMXHO BafTb NOCAENOBATENLHOCTb UYHCEA: Aj, Ag ..., klim Ap=0

~» 0

Takywo, uT0 MaTtpuun A ALE u B-}- A,E 6yayr HeocobenHniMu. Ilo nokasan-
HOMY [(A -} ARE) (B -} ALE))” = (B+ALE) "« (A4 E)”. Tepexona x npexeny
npu k> co, noayunm (AB) = BA.

968. Ykazanue. a) Caenyer us saraun 913; 6) noxasarp 1as cayuas,
korka |A|=0, noapsyacp 3sajauci 747, a Aas | A] 5= 0 —cooTHOMeEHH EM
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z=|A|-CA"1C, rae . C -— nuaronajibHad MaTpuna ¢ aJjJemenramu 1, —1, 1,
—1 ... Ha riaBHOH Xmarouanu.

969. Y xa3aHue. Ilpumenurs 3agauy 913.

970. HanpumMep, HyMepanus coueTaHuH B JeKCHKOrpagHUECKOM NOPALKE, IPH
KOTOpOM couertanne i; <ip < ... <i, NPelIeCTBYeT COUETAHUI0 J; < Jo <... < Jp
“€c/IM mepBas OTAHYHAs OT HYAst Pa3HOCTb fi — iy, jo—iy, o.v, Jp—ip TIONOKHTENbHA,

971. Yxasanue JokadaTh NpelJOXEeHHOE PABEHCTBO CHauana jjd Tpe-
yroabHoH matpuubl A, Moab3yaCb TeM, UYTO H3MEHEHHE IOPSAKa HyMEpauHH
-COUETaHMH HE MEHseT onpeleauTel]s acCOLUHPOBAHHOH MaTpuubl Ap, U NpHMeHSs
npeppayiylo 3azauy. OGmuil cayuaii CBECTH K TpeyroJbHHIM MaTpHLUAM HPH
nomomu 3agau 928 u

972. Pemeune B cuny sanaun 956 n3 AB = E, caenyer A,B,=Ey,

rae N=_CPF; orciona

2 A(jh j21"'1 jp)B(iI)i2v--nip)=
Iy I .. ki By, s By

, i
1< <y < <i,<n 4
P
1, ecm ) (Js— ks =0,
g <.o.<
s=1 i< e ./p<n @

= P (\k1<k2<...<kp\ ).
0, ecin D (jg—ks)?>0
s=1
C npyrofi cTopoHH, O TeopeMe Jlannaca HaxoxuM:

p
jl' 129 AL ] jp> Z (ts+kS)A(k;1 k;r vy k:l-p)

A(. P (=1t
E tl’ 12‘ veuy b o J

i dgyaeny @
I<i <y <<t <0 p N

p
|Al, ecu Z (Js—ks)? =0,
- s:‘ ®)
0, CCau Z (js —ks)2 > 0!
s=1

The ij<iy< ...<ip_,BMecTe ¢ ij <ip< ...<i, n Kj<ky<...<k,_,
BMecTe ¢ B < ky < ... < k, COCTaBJAIOT MOJHYIO CHCTEMY HHIEKCOB ,2...,n

Tak Kak cHCTeMa JuHelHHX ypaBHeHH#l ¢ HeocoGeHHol Matpuueii A, npn
.3aJlaHHBIX CBOGOJLHBIX WJEHAaX HUMeeT eJMHCTBEHHOe pelleHHe H TaK KaK MpaBbie
YacTd PaBeHCTBa (3) OTJIHYAIOTCS OT MPABHX YacTe i COOTBETCTBYIOIIUX PaBEHCTB (2)
TOABKO MHOXHTEJeM |[A|, TO TakuM e MHOXHTENeM JLOJHH OTAMYAThCA H
JieBHle YacTH, OTKYJa M BHITeKawT TpeGyemble paseHcTBa (1).

978. Yk asauue. [lpumMenuts Teopemy Jlamaaca u 3agauy 903.

974. YxasaHue. IlpuMenut» Teopemy Jlanaaca n 3apauy 903.

975. /1 O 976. /A+1 0 977. (1 0

(0 7»2)’ ( 0 As+7»2—27»—2)' (0 7»2+SA)'

978. A —1 0 979. /100y 980. ;A 0 0
(0 (x+1)(x—1)3)' (oxo). (0 AL 0 )

000 0 0 AAZ
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981. /10 0 982. ;1 0 0 983. /10 o0
(0 1 0 ) (0 A24-2 0 ) (OA 0 )
00 (h—2) 0 0 A 423242 00 A2/

984. Y kasanue. JlokasaTs, YTO MHOTOUACHDI Dy, (A) He usMenstiotca npu
9JleMEHTapHBIX npgoﬁpaaosaﬂnﬂx H YTO B CJyuae HOPMalbHOH IHAroHaanHOR

dopurs Dy M) =[] E:(}) k=1,2 ..., n).

i=1

985. /| 0 0
(0 AA—D (A —2) 0 )
v 0 0 AA—D((RA—2)
986. /2 0 0
( 0 0 )
00 AA—1DA—2(r—3)
987. (1 0 0 © ]
0 p 0O
00 pol rie p=(A—1)(A—2) (&4 —3) (A —4).
000 p
988. (1 0 0 O I
0 p 0 O
0 0 p 0| € p—INpOH3BENEHHE MHOTOMICHOB 4, b, ¢ d,
AeJCHHOE Ha NPOM3BENEHHE CTAPIINX KO3(QPUIEEHTOB
0 0 0 p? 3THX MHOTOUJEHOB.
989. /4(}) 0
f (7:1)(g (7»)) , The d(A)—Hauboapbmui o6 jKeauTeb
cd (A)

MHOTO4ACHOB f (A) K g (), uMeiomuil cTapmuil kos(duumeHT, paBHHIH efuHHIE,
H ¢ — NpousBeleHHE CTApIIHX KO3(DPUUUEHTOB 3THX MHOTOYJIECHOB.

990. /1 0O 0
(0 fgh 0 )

0 0 rgn
991. (abc 0 0 )
h
o J&
abe A
0 0 fgh

Tie a, b, ¢ — COOTBETCTBEHHO HAHGONbIIHE OGIIHE IeAUTENH AAf guh fuah,
J ¥ g, B3aTHe cO cTapmuMu KOd((ULMEHTaMH, PABHLIMH €IHHHLE.

992, ( abc )
- ° 0
difgh
abe 0 !

o o &

d )
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981. /10 0 982. /1 0 0 983. /10 O
(0 Lo ) (0 w0 ) (07, 0 )
00 (A—2)8 0 0 A4-2A%42 00 A2

984. Y xasaHHe. Jokasatb, yTo MHorouaeusl Dy (A) He H3MEHAIOTCA IPH
BAEMEHTapHBIX TPEOoOpPas3OBaHHAX M HTO B CJAyuae HOPMaJbHOH IMAaroHalbHOMK
k

popun DM =[[ E:(M (k=12 ..., n).

i=1

985. /1 0 0
(0 ARA—1(A—2) 0 )
v 0 0 AA—1DRA—2)
986. /. 0 0
( 0 A 0 )
00 AA—DEA—2)(r—3)
987. (1 0 0 O ]
0 p 0 O
, =A—=1DRA—2) (A —3)(A—4).
00 p o rie p=( D) ( ) ( ) ( )
00 0 p
988. (1 0 0 O l
0 p 0 O
00 o (» TAe p—TpousBeleHne MHOTOUJCHOB a, b, ¢, d,
p IeJIeHHOE Ha MpoH3BeNeHHe CTapHX Ko3dhduunenToB
O 0 0 p? S5THX MHOTOUJIEHOB.
989. /4(A) 0
FM gy ), rae d(A)—mnauboabmmit obmuit neauTenn
0 cd (A)

muorouneHoB f (A) u g (A), umeromui cTapuMii ko3dduIyeHT, paBHEH elHHULE
H ¢ — NpOM3BeJeHHE CTAPIIHX KO3((HUHEHTOB 3THX MHOTOUJIEHOB.

990. /1 0 0
(0 fgr 0 )

0 0 frgu
991. (abc 0 0
fgh
0 e 0 i,
0 0 feh

THe a, b, ¢ — COOTBETCTBEHHO HanGOMbLUIMe OOlUMe AeJHTeNH Ias g M h, f u A,
S ¥ g, B3AThle €O CTapIIHMH KO3G(HUMEHTaMH, PaBHBIMH EJIMHHLE.

992. ( abc
- 0 0
2
dxfgh o |,
abc
fgh
0 0 EL-Lid
\ d
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rie d —uauboabmnii o6mui ZAemtenb f, g U h; u a, b, ¢ — COOTBETCTBEHHO
Hanboabmme obmue AeamTenn g uw h, f © h, f u g, UpuueM craplve Kosd-
($HUNEHTH BCEX MHOT'OUYJEHOB 4, b, ¢, d paBHH €IHHHLE.

993. (1 0 0 0 994. (1 0 0 O
010 0 01 0 O
001 o0} 0 0 A2 0
0 0 0 A4 00 0 A2
993. (1 000 O
0100 o
0010 0 |, rme f(A)=AS5+5A% 4 4A3 +3A2+2A 1.
0001 o0
0000 r(0)
996. (1 0 O 0
g (1) (1) g , ecan P50, uan
00 0 [(Ata)+p2
10 0 0 ]
01 0 0
00 (Atay 0 , ecan PB=0.
00 0 (A +-a)?
997. /1 0 0 998. /1 —1 0 0
0 A—3 0 ) ( 0 A—1 0 )
0o 0 (A — 3)? 0 0 (A—1)2
999. (1 )
1 0
1
. , TIe n— NOpAAOK NAHHOH MaTPHIH.
0 .
k An)

1000. dxsuBanentin. 1001. He skBHBaNeHTHH.

1002. Matpuunl A u C 9KBHBaJEHTHH MEXTy cO60H M He 3KBHBAJEHTHH
matpuue B. 1003. Exunnunas Matpuua,

1005. VY x a3 aunue. Bocnoab3oBaThCf TEM, UTO BJIEMeHTapHOE Npeo6paso-
BaHHE CTPOK MaTpuum A cBOAMTCH K YMHOXeHHMIO A ciaeBa (a CTOJA6LOB cnpasa)
Ha CnenuajbHyl0 YHUMOAyJApHYl A-MaTtpuuy. Hanee, ecam B=PP;_, ...
oo PLAQ1Q; ... Q4 e Pj, Qj— crienmanbHEE YHHMOAYASPHHE A-MAaTpHUM, TO
noaoxuts P=PP;_,...P\E;, v Q=E;0Q,... Qs Ilpu noxasareabcree
JAOCTAaTOUHOCTH HCIOJb30BaTh OTBeT 3amauu 1003

1 1
1 A —5 A A1
1 0 - )
1003.3:(0”9 1);P=( 2 );Q= ) 2 5 |
- A\—24+3 1A mM—d+tg
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A2 0 10 1 —A—2
wor. o= (*+ R A )

0 A4-4r4-4 -11 —A A22241)°
/10 0 —2,—3 0 2044
1008. B=(0 A—1 0 ); P=( -3 —1 4 );
0 0 A2 1 0 —1
1 —A A=A 41 0
Q=( A —At A —AZ4 241 0
—Ar—1 At—2 1

1009. Hanpumep,

. 1 1
p —3A24- A48 3A2—Or4) 0= 7 T
—(—2x2+sx+5 2A2—6x+3)’ - 0

1010 . Hanpuwmep,
A 1 —1y\ f—=A2 A1 —2224-24-2
P=(0 1)' Q=( A—1 2, —1 )

1011. Hanpuwmep, ,

1 0 0 —2—1 —Ai—1 — A4
P=(11A+8 —11 0); Q=(2M+A+2 AM4r+41 A3—A2—1),
20 —1 -2 1 0 0 1

1012. Haupuwmep,

» 1 0 0 f— A1 —A —A
P=(——3M-—-2H—1 A0 1); Q= —A42 —A41 —p2 )

— 6A2—4A+4 2A2420—1 2 A—1 A A1
‘ 3 1 -3 =5 0
1013. Hanpumep, P=(1 0 ); Q=( 5 8 0),
0 0 1
0
1014. Hanopumep, P = (—-—1 4 0 ) ( )
~1 01

1015. £, (M) =1; Ez(x)_-k——l Es(M)=(A—1) (A2 —1).
1016. £, (M) =L+ 1; B, (M) =A2—1; E;(A) = A2 —A.

017, £, (N) =22 1; By (A)= A8 — A2 =X — 1; By (A) = Eq (A) = 0.
1018. E,(A)_l, EQ(A)—V—A-{—I Ea(x)—m-{-l E,(A)=0.

1019. £, (}) = =E,(M)=1 E;y; (M) =
1020. E (M) = =FE,_(M=1 E, (k)-——(h-—-a)" ecan PO,
Ei(M)=. -—E,,()L)-A-—a ecan §=0.

YK a3an une. Ilpu B 5= 0 mokasarb, uTO AeMTeNb MHHODOB Dy (My=1.
s otoro yGesurthed, 4TO MHHOp, IHOAYReHHHH BHUEDKHBAHHEM MNEPBOTO
CcTOoN0Ua H NOocAefHeH CTPOKH, He oGpamaercn B Hyab mpd A= .

1021, A4+ 1, (A —1)% 1022. A 41, A—1 A—1

1023. DneMeHTapHbIX AeanTencfl He cymecmyeT

1024 A+1, A—1)% A—1, A+2, A+2, A2
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1025. DieMeHTapHBiX JeAMTEREll ne CYmieCTByer, ‘

1028. B noae pamuoHaJbHEIX uHCE.T: A2+ 1, A2—3; B none meHCTBHTENL-
aux umcen: A2+1; AV3, A—V3; B nore KoMImAeKcHBIX uHCeX: A i,
A—i, A+V3, A—V3.

1027. B noac pammoHanbHex uncem A2—2, (A244)?2, A244; B none geii-
CTBHTEJbHBIX YHCEH: A—tﬁ, A—V7Z, A24-4)2, A244; B nONE KOMILIEKCHBIX
uncen: A+ V2, A—V2, (A4 20)* (A —2i)%, A4 2, A—2.

1028. B nose panuoHadbHEIX uuced W B Nojae JAefCTBHTENbHBIX YHCEN:
(A—1)3, A+1)% A4+1, A2 —4+4 1Y A2— A+ 1; B HONle KOMIIEKCHHX UHCEN:

(=12 (A417 A1, (A—-li;ﬁf, (x-—l:-;'—@——)z,

A_14—24/3 ’ L_l——;‘VB .

1029. (1 © 0 0 0)
0 A1 0 0 0
0 0 a—1 0 ol.
0 0 0 A*—2M241 0
0 0 0 0 0
1030. (1 0 0 0
0 A42 0 0
0 0 A 42a2—4r—38 0 :
0 0 0 A8 — 124 - 48A2 — 64
1081. (I O 0 0 0)
0 A—1 0 0 0
0 0 24a—2 0 0
0 0 0 AS A —BA3— A28 —4 O
0 0 0 0 0

1032. Ykazauue. Ilyctn e (A) — KakoH-HuGYAb HENPHBOIHUMHIE MHOMH-
TeJb, BXOAALLMHA B pasfoxeHHe XOTA O6H OLHOrO JAHATOHAJNBHOTO 3JEMEHTa,
§ — YHCAO JHATOHAMbHBIX 3JICMEHTOB, OTAHYHEX OT Hyad, U 0o, La, < ..,
... < &g — COBOKYIHOCTb HOKa3aTedeH CTENCHW, C KOTOPhiMH ¢ (A) BCTpeuaetca
B aTux aaemenTax. [loxasars, ato npy £=1, 2, ..., 5 Aeauresp MuHOpoB Dy, (1)

A +Aot eae +Q o
Aequtcs TouHo Ha [e (A)] ! 2 E 3 nupapuantHHB MuOMuteap Ejp (L) —

TOYHO Ha [e ).

1083. Y ka3aHue. DIeMEHTapPHBIMH NPe06Pa3OBAHKAMY NPUBECTH KAXYIO
LHAroianbHylo KJETKY K JHaroHaibHOH (HampuMep, K HOpMaabHO#H) dopme H
BOCIIOb30BATLCA TIPEABIAYINEH 3afaueif.

1034, (1 0 0 0
0 A1) 0 0
0 0 AQA+D (A—T1) 0 g

{0 o 0 AT(A 1P (A —1)2
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1035. (1 0 0 Y
0 A—4r 0 0
0 0 A—4r O
0 0 0 A—4n2
1035. (1 0 O 0
8 f(()l) f(()x) 8 , rie f (M) = A2+ A2 —6A.
0 0 0 [FMP
1087. (1 0 0 0 ] 1088. (1 0 0 o
0 A2—1 0 0 0 A—1 0 0
0 0 (A2—1)2 0 ' 0 0 a»—10
0 0 0 (r—1p o o 0 0
1089. (1 0 0 0] 1040. (1 0 0 0 )
01 0 o0 01 0 0
00 A2—4 0f 0 0 MFA—6 0
00 o o 10 o 0 MAA—6
1041. (1 0 0 0 0)
0 A—1 0 0 0
0 0 a—1 0 of.
0 0 0 AM—22241 0
lo o 0 0 0
1042. D, =1, D, =2, Dy=4, D,= 3,
1043. D, =3 D; =18, D,= 324, D,— 11664,

1045. Y xaszanune. [lpn jgokasarenbCTBe CYIIECTBOBAHHA MPENCTABJEH.s
ZAHHOTO BHAa BOCMOJb30BAaTbCA NpelbiAymied 3sagaued. I[Ipu aokasaTeabCTBe
€JHHCTBEHHOCTH M3 JBYX [peACTaBAeHHH JaHHOTO BHAA A =P R = P,R,
BHIBECTH, YTO MAarpHLA C=P2‘1P1 =R2R1‘1 ABAAETCA YHHMOAYMAPHOH H Tpe-
yroabHoil A-MaTpuuefl, sieMeHTHl KOTOpOH Ha IJaBHOH JMaroHaln HMEIOT CTap-
wui koaddulyeHT, paBHBIH eJHHHNE, M, 3HAUHMT, CaMH DABHB €IHHHLE. 3areM,
npupashuBasd B paBeHcTBe CR; = R, sneMeHTH R-H CTPOKH ¥ MPUHHMAas BO BHH-
MaHHe yCJOBHE JJs CTeleHed 9JeMeHTOB R, H R, MNOKas3aTh, 4TO BCE 9JEMEHTEHE
matpuunl C copaBa OT MJAaBHOH AWMAaroHalAH paBHL HYMO, T, €. C — eluHHUHas
marpuna. IToayuuts orcioga pasenctBa P, =P, u R, = R..

1 -2 2 4
47. H A= : B=—= .
1047 anpuMep, (2 _4) ; ( ] 2)

1048. Cranspuble MaTpuupl. Y xk aszaHue. [lokasate, uto eciu AT =T A
aas 10608 HeBHIPOWKACHHOH Martpunpt 7, TO STO BepHO jAjA Bcex marpun 7.
Inas storo Bepoxaennyio Marpuuy T npenctaButb B Buae I = (T —aE) 4ok,
raie @ = 0 u BH6pano tax, utro |7 —@E| 5 0. 3areM npumenuts 3agauy 818.

3ameuanne, YkasaHHnil MeTOj peUICHHA MOXET OKAa3aTbCA HENMPHUIOi-
HBIM JJf MaTpHIl C 9JeMEHTAaMH U3 KOHEYHOro MOJf, Tie MOXKET He HaHTHCh
9JeMeHTa ¢ € HYXKHbIMH CBOHCcTBaMu. MeToa, mpurogHsId aas MaTpHl, C 3Je-
MEeHTaMH M3 JI60ro MoAf M He UCHOJb3YIIHH 3aaauu 818, cocToHT B crepylo-
weM: 18 [ 5= j 06o3nauuM uepes Fy; MATpuLy, OTAHYAIOILYIOCS OT €IHHUYHOH
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JHmb TEM, 9YTO ee 3aeMeHT B [-H cTpoke H B J-M cToaGue paBeH enqHHHLE.
B pasencrse AF;;= F;;A npupaBuseM sieMeHTH B i-i CTpOKe M j-M cTOAGUE,
a 3aTeM B i-H cTpoke M i-M Xke crtoabue.

1049. 3a matpuny 7 MOXKHO B3iTh MaTpPHUY, NOJNYYEHHYI0 H3 EXMHHYHOMR
nepectaHoBkoH i-# u j-# cTpok.

1030. Y ka3aHue. Bocnoab3oBaThes npeanayiyeil 3anavei.

M4-1 A 1 123
1058. A=(B-—AE)(3A+2 3h 2)+(3 1 2).

A+4+2 20 1 2 31
A2 A 1 5 —2 3
1059. A=(2A.2 3\ 2)(B—AE)+(6 —3 2).
A A =2 7 —5 4

1060. ¥ xasanune. Mcnoabsosars sagauy 1005. .
1061. Pemenwne. Nycts P=(B—AE)P;+PouQ==Q,(B—AE)+Q,.
WUcnoab3ys 9TH COOTHOLIEHMS, PAaBEHCTBO
B—AE=P(A—AE)Q 4y
MOXHO IPHBECTH K BHAY
B—AE —Py(A—AE)Qy=P(A—AE)Q,(B—AE)+
+(B—AE)P,(A—AE)Q—(B—AE)P,(A—AE)Q, (B—AE).
lMoacrasasa cioja Ha ocHoBaHHM paBeHcTBa (1)
PA—AE)y=(B—AE)Q"! u (A—AE)Q=P 1 (B—AE),
NONy UHM:
B—AE—Py(A—AE)Qy=
=(B—AE) PP+ Q71Q; — P (A—AE) Q] (B —AE),
Bupaienne B xBajpaTHHX ckoBxax B TpaBo# 4wacTH 3TOrO paBeHCTBA
JNOMKHO PpaBHATbCH HYJI0, TaK Kak HHaue IpaBas 4acTb HMeaa GH cTemeub
OTHOCHTEIbHO A He HHie IBYX, TOrla Kak CTeleHb JeBOf 9acTu He BHILIE efH-
uuupl. [loatoMy B-—AE = Py (A— AE) Q,. TlpupaBHHBad B 3TOM paBeHCTBe
ko3bdHUHEeHTH NPH A H cBOGOAHHE uYAeHb, HaxoAMM: PyQ =F u B = P AQ,.
1063, lono6un. 1084. Iloge6un. 1063. Marpuunt A u C nonobuH

Meway co6oil, HoO He nomo6HH MaTpuue B. .
10686. Martpuunt B u C mnonoOHH Mexay CO6of, HO He MONOBHH MaTpHue A.

1 -2
1067. Hanpumep, 7 = ( I 3) . Yxaszanune [l noaydensa mo

BO3MOXHOCTH NPOCTOTO OTBETA@ HajO CTPEMHTbCA COBepuIaTh Han6oJaee MpocThe
sJeMeHTapHne npeoGpasoBanus ctoabuos Matpuy A —AE u B — AE.

2
. H , T =
1088. Hanpumep (__1 10

A-— AE Kk HopMaabHOK nuaroHaabHOH dopMe H3 BTOPOt CTPOKH, YMHOXEHHOH
Ha 6, BBuecTb NIEPBYIO CTPOKY, YMHOMXeHHY0 Ha A 16, a u3 nepsoro croabua,
yMHONEHHOrO Ha 6, BHUeCTb BTOpOH cToaGel, yMHOMEHHHH Ha A — 17. Anaio-
rHyHo npeobpasosaTb Matpuuy B8 — AE.

1089. Hanpuwmep.
1 —3 3
T=(2 —3 1).

1 =21

. ¥Yxasauue. Jdia npHBeJeHHA MaTPHIH
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1070. Y kazaHHe. TIORyYHTb ¢ KAK CYMMY BCEX COMHOMMTEAeH, CTOsH-
uiux B onpexeautede | A— AE| npH npousBeleHHAX NO R SAEMAHTOB TAaBHOH
JIMaroHaJH u B3ATHX npH A =0.

107 A =d’ 4o+ ... +a Ay= ... =4,=0. Yrxasanue. Ilpn-
MEHHTb Mpejsylyio 3anauy.

1074. Y xasanue. [pumennts sanauy 1070 k marpuue B=A—AE n
noxasaTh, YTO XapakTepHCThueckuil MuoroudeH |B —pE| marpunst B nocae
3aMeHH |l = A — A, NEPEXOAHT B XapaKkTepUCTHUeckuH MHorounen | A —AE|
MaTpHus A.

1075. [lna TpeyroabHOH MaTpHIL BHAA

he a3 ap ... G,

A= 0 AO a33 <o Q2p ,
0 0 O Ao
rae a;, ;1 F 0 (=1,2 ..., n—1) 6yner d=1. lag anaroHanbHO# MaTpuLB!

NOpAiKa N, B KOTOPOH p 9JEMEHTOB I'IaBHOI IMaroHalH PaBHH A 6yner d = p.
1078. VY ka3anue. Jokasarb, uTO

[AT1—AE|=(—=n)"|471].

1
A-TEL
1077. Y kasanue. [lepeMHONHTD pPaBEHCTBA

|[A—AEl=(A —2)(Az—A) ... (Ag—12),
[A+AE =M F2) (A +A) ... An+2)

M 3aMeHHuTb AZ Ha A.
1078. Yxasanue. PaBenctBo [A—AE|= (A, —A)(A2—A) ... (A, —A)
NEPEMHOXHMTh CO BCEMH pPaBEHCTBAMHM, MOJAYUEHHHIMH H3 HEro 3aMeHOH A Ha

Ae. Aeg, ..., Ae,_y THE ek=cos3-;f-+isin 2k (k=12 ..., p—D u

B NOAyYeHHOM paBeHcTBe 3aMenuts A’ Ha A.
$
1079. Pewmenue. Ilycs f(A)=a, H (A —u;), kpome TOro, ¢ (A)=
. i
n $
= [] & —2). Honaran A=A 8 f(A), noayunm: f(A)=a, I (4—u;B).
j=1

il
ﬂepexonﬂ OT MaTpHIl K ONpENCIHTENaM, HaXOAHM:

.1 S s n
A)|=af A—p E|l=a] Q(K;)=ay A, —n)=
1 f (DI “ojI_Ill jEI ojll ) ojI_:[”_l(t )}

i=1 i=1

=11 l:aoj [ —u,)] =1 7 .

N

' s
C apyroit croponn, | £ (A)|=af [Jou))=R{, o).
j<i
9080. ¥V x asanne. [IpHMEHHTh paBeHCTBO MpelHIyIRed 3a7aUM K MHOrO-
aaeHy g (X) = f(x)—A, rie A— NpoH3BOJbLHOE UHCIO. y
1081. Vxasauune. [puMennuth pasencreo |f(4)|l= IT%];_} H HCNONb=
soBath 3amaun 1079 u 1080,



394 OTBETHI [1082—1085

1082. Yxasauue Ecau xorsa 6u onHa u3 marpun A, B HeBLIpOKAEHHA,
TO yTBEpKIEHHE BHTExaeT H3 monobua Matpun AB u BA (cum. 3agauy 1047).
B ofmeM cayyae MOmHO mpHMeHHTh 3afaaud 920 u 1070. [laa matpun Haj nmoiaem
¢ 6ECKOHEUHBIM (MAM JOCTATOUHO OOMbIUMM) YHCJIOM 3JAEMEHTOB U3 BBINOJAHEHHS
TPeGyeMOro PaBEeHCTBA Ml HEBBHIPOXICHHBIX MATPHI[ CJACAYET €r0 TOXIECTBEH-
Hoe BunonaHenue. HaxoHen, 148 MAaTPHIl C YHCAOBBIMH 3J€MEHTAMH DaBEHCTBO
IAs BHIDOWAEHHOH MaTpuisl A MOXHO HONYUHTh IyT€M NpPeLeIbHOro HEPexoia.

Hampumep, ecan Ay, Ay ..., A, — XapaKTePHCTHYECKHE YMCJAA BHIPOMJEHHOH
matpunsl A, TO 6epeM MOCIEAOBATEAbHOCTb YHCEN &), &, ..., TAKYyl, 4TO BCE
OHH OTAMUHB OT Ay, Ay, ..., Ay 4 Lim &, =0. Marpuua A, = A — ¢,E HeBH-

ko0
poxaenHa., 3uauut, |ApB—AE|=]BA,—AE|. llepexons K npeieay mpu
&k — 00, NONYUHUM HYXHOE DPABEHCTBO.
1083. XapaxkTepuCTHUECKHE HHCAA (C yUeTOM KpaTtHOcTH) OyAyT: Ap = f (ep),

rae f(x)=a]+a2x+a3x2+ —}—a,,x”"1 H &p=CO0S 2—2ﬁ+isin—2%k~
(=0,1,2 ..., n—1). Yxaszanue. [IpuMenuTb BeIpaxKeHHe ]S LHUPKYAAHTA

u3 3anauu 479 k nupkyasury | A— AE|, rie A — napaMerp.

1084. Pcmcnue [Ilpumenans 3arauy 304 k onpeiemmteni |A—AE),
TIE A — XapaKTepHCTHYECKOe YHCAO, MOJNOXKHM O+ f=—A, of =— 1. Toraa
|A—AE|=a"+a" p+ ... +p" W3 ap=—1 uaxozum a =0 n P == 0.
Nanee a == P, tak kak w3 a=0f u |A—AE|=0 caegoBano G o0 =f =0,

attl__grtl a\"t1 a 2nk
MoatoMy | A— AE|= —————— =0, 0TKyla (——) =1; —=c0s ——
yi l " ya | g B nr1t
. . 2nk a
—}—tsmm (k=12 ..., n, =0, tTax xKax B—;& 1. Pemasa s10 ypas-
HEHHE COBMECTHO € af = — 1, HaXoaum: a~=ii(cos%+isin£—l),
[3—~:ti‘cos Tk isin nk 3 + H 6path a8 a
= ( P i n+1)' Jech 3Hakd = Hano Opartb aad u §
coBnajaloumumMe, Tak kKak of=—1. Orciopa A=—(a4+f)= F 2 cosn—n—k—-l—
(=1, 2 ..., n. Bce sty uucna nomxHwm ObiTb xapaktepuctudyeckumu. Ho
CpeIH HHX HMMEIOTCA paBHHIE, TaK KaK COS _Tk = — CO0S (nfl—kn
P PABIBIE, N nt1
Bce pasnuuHble uwuchaa coepmarca B CHCTEME
. Tk
Ap == 2i cos A (k=12 ..., n

Ho cTeneHp XxapaKTepHCTHYECKOrO MHOTOWJIeHa paBHA n. 3HAUHT, NOC/ACHHAA
CHCTEMA COJEPXKHT BCE XAPAKTEPUCTHUECKHE YMCIA, NPHYUEM KPATHBIX KODHEH HET.

1085. ¥ xazaune. lokasarh, uro kaetka JKopiaaHa nopsaika k ¢ ugHc-
JOM O Ha AMaroHajM HMeeT CAMHCTBEHHM sJeMeHTapHbii Aeadteab (A — )%,

Hoctpouth wopaanoBy matpuny Aj kiaeTku JKopaaHa KOTOPOH HaxomaTcs
B YKAa33aHHOH CBA3M € 3JCMEHTApPHBIMH JCAHTENAMH MaTpHubl A —AE, H, moJb-
syach 3agauamu 1033 m 1061, noxasaTh, uto Matpuus A u A; nopobum. Ilpn
JOKa3aTedbCTBE EAMHCTBEHHOCTH, ToJb3yfAch 3afadeil 1005, yOeputncs, uTO
XApaKTepHCTHYE (s He "MATPHUbl NBYX HOAOGHBIX KOpHAHORBIX Martpuy B u C
SKBHBAJEHTHH M M3 COBNAjeHHA 3JEMCHTAPHHIX Aeanteneit Mmartpun, B—AE u
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€ — AE, cHoBa mpuMeHsas 3anauy 1033, y6enurbcs, uro marpuusl B u C cosna-
30T C TOYHOCTHIO JO MOPAAKA KJICTOK.

1086. 000 0 0]
0 0
0 0
0o o}

—2 0
0 -2

1087. [ —1 0 0 O

o oo o o~
[= AN ==
(=R =
(== = ]

L

—

<
- o O O

[=R =
(=]
(=]
I
—

0 0 0 —1
0 0 0 0 0

o o oo

1088. 3anaua nocTasjeHa HeBepHO. TakHX HHBAPHAHTHBIX MHOWHTeJeH
y Matpuusl A— AE 4eTBepIoro nopsjika He MOMXET ObITb.

1090. /2 0 0 1081. ,—1 0 Oy 1092. ,—3 0 0
(0 2 1). ( 0 —1 1). ( 0 —3 1),
0 2 0 0 —1, 0 0 —3
1093. 00 1094. /\—2 0 0y 1095. /0 0 0
( 1 1). ( 0 —2 1). (o 0 1).
0 1 0 0 —2 000
1086. /1 0 0 1097. /1 0 0 1098. /1 1 0
(o 0 1). (o 2 0). (0 1 1).
000 00 3 001
1089. /1 0 0y 1100. /3 0 0\ 101. ;0 0 0
(o 1 o). (o —1 1). (0 a 1).
00 —1 0o 0 —I 00 a

102. /1 103. /1 0 0 -
(o 241 0 ) (0 € 0),rnes=———2—i71ﬁ—
0 21 0 0 ¢ :

3/ em
ONHO H3 KOMMACKCHBIX 3uaueHuit /T,

104. /11 0 0 105. (1 0
(o 243 0 ) 1

0

0

0 0 2~3i

(= =

0
of .
NE
1

(=R =
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706.(2 1 0 0] MOZ. (1 1 O 0)
0200 01 0 0
0021 00 —1 1|
(0 0 0 2 0 0 0 ~—1I

108.(0 1 0 0] 109. (1 1 0 0...0 0)
0000 0110..00
0001} 0011..00]
0000 0000...11

0000..0 1]

$110. To ke, yt0 B 3a7aue 1109. 1ML To ke, yTo B 3amave 1109.
m2. (n 1 00...00 3. (1 0 0...0

0On1l10...00 020...0
0 0 n1l 0 0], 00 3...0}°
0000...n1 00 0...n
00 0O0... n
"4, (o, 0 0 ... 0 ]
0 a O 0
0 0 a...0 , THE G Gy, ..., Gz_; Bce 3Hauenna } o7,

0 0 0 ... a5,

. e a,=a(cosli+z sin 3‘3) (k=0,1,2 ..., n—1).

118, Oumna kaerka XKopaaHa ¢ 4YMCAOM G Ha raBHOM AMArOHaH,
1118. B nose pauuoHanbHHX uncea nofobHa MaTpHue

100
(0 2 0).
003

1119. B nose BemectBenHnix uncen nogobna Marpuue

2 0 0
0 V3 0 I
0 0 —V3

1120. B noae xommiexcunx uyucea nogo6Ha Martpuue

1 0 0
(o 248 0 )
0 0 2—38i

1121. He nopobua auaronanabHo¥ MaTpHuUe HH B KaKOM IoJe,

1128. JluaronanbHad MaTpHUA € 9N€MEHTAMH Ha riaBHOH Xnarowarn, pas-

nuMe HYJAI0 UAH €JAHHHLE,
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1126. [lnaronaibHas MaTpuua C 9AeMeHTaMH =1 Ha ruaBHOR AMaroHajH.

3amMeuaHHe. YTBel:px(nezﬂue He BepHO n.'ml MaTpHI Hal NOJEeM XapakTe-
2. H =E
PHCTHKH anpumep, (O 1) H MaTpHua (O 1

TOHAJbHOH B CHAY €JIHHCTBEHHOCTH XOpPJAHOBOH (OPMHI.
1127. Ecan n—neproa Matpuu A, T. e. HaHMeHblIee H3 HATypaibHHX
uucen k, ana kotopuix A = E, 10 auaronanbHas MaTpuua HMeeT Ha raasHol

HE¢ NPUBOAHUTCA K AHa-

n
JMaroHai HEKOTOpHe M3 n 3Hadenuid kopus V1. 3ameuanue. Pesyaprar
HE BepeH; AJIA MaTPHIL Hal MOJAMH KOHEYHOH XapaKTepHCTHKH, Hanpumep Aas
MaTPHUH TIOPAJKA < P HaJ NOJASM XapaKTEDHCTHKH p:
1 10...0

A= 0 1 1...0
000,,.1

COpaBeJJHBO DABEHCTBO A’ =E.

1728. a) A—1; 6) A.

129. [as ckansapupx MatpHu A=0aF u TOAbKO aas HHX, [las AaHHOroO
nopAAKa n Takas MaTPHLA TOJAbKO OJHA.

1130. (L —a)". T1Ti34. A2 —4)1-4. 1135. A2—51 6.

1136. Hanpumep, naa MaTpun

100 0) 1100
0100 0100
o011} " joo11
l[o oo 1 lo o 01

9o(A)=A—1)4 $(A)=(A—1)% HO 35TH MaTpuuH He NOAOGHH B CHAy €NMH-
CTBEHHOCTH XOpAaHOBoil $OpMBI MOGOH MATPHULL.

M37. (% Cla*~1 Cla*-? C3a*3 ... Cf~lak—"HT)
0 af C}eak’1 C20%-2 |, C;;_Qa"””+2
o o 0 0 ... a

npu k< n—1 3nech caeayer NMOAOKHTD Cg =1unCp=0 11 k<s.
1888. Yxasauue. [losoxuts A=0aE -4 H u B paBeHcTBe
‘ ’ Y (5)
f@)=f@+ flga) (r —a)+ /2(1a) w—ayd ... L@ gy

st

(s — cTeneHb MHOrouJeHa f (X)) MOMOXHTb x = A.

1140.- Onna kaetka Xoppana ¢ 4uCIOM 02 Ha JAHaroHald.

141, Ecau n > 1 nopagox kaetku 2KopaaHa A ¢ HyseM Ha RuaroHans, 1o
woppanoBa dopMa MaTpHub A? COCTOHT M3 ABYX KJETOK C HYJE€M Ha JHAroHalH,
n—1 n+1

2 ' 2

Ykasauue, [Noab3ysace 3agauest 1130, HafiTH MHHHMAaJbHBIE MHOTOUJECHH

matpun A M A? M IOKa3aTb, YTO KJAETKH KOPNAHOBOH (hopMbl MaTpuun A? uMeroT

n n+41
TNOPAAKH HEe BHIIE - /A YETHOrO n H —,

n
HMEIOINX NOpPAAKH —2- pH YETHOM n H npyu HEYETHOM n.

Aas HeuetHoro n. [IpoBepHTs,
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4TO JennTenb MHHOpOB D, _,(A) Matpuusl A2-—AE paBeH elHHHLE, H Ralee
NoKa3aTh, 4TO ¥oppaHoBa dopma Matpuubl-A? conepxHT He 6oJlee ABYX KJETOK.

1143. lickomas MaTpHLa COREPKHT ABe kaeTkH M{opRawa ¢ uHCIOM a Ha
n—1 n

n 1
IAaroHAM, HMEIOUHX TOPAAKH - NPU METHOM N MIM —5— M —2'_ npH He-

2

yeTHOM n. Y k a3anH e, [IpuMennTs NBe mpenbiayuine 3anaud.
1144, Pemenue. Iycts A=TBT7), rze A — nanHas MaTpuua i

B,
B, 0
B = * . —_
0 B,
ee MopiaHoBa (opMa ¢ KietkaMu 2Kopaama
M1 0...0

Bi=| 0 M 10 oy g, k.

0 00...
Torna A’ =T'~1B'T’. MNycrsb o
0...

Hi= 0... 1

W HMeeT TOT e NMOpAACK, uTo B, u -
H, )
H, 0

lo Hy
HenocpencTBeHHbIM  NEPEMHOXKEHHEM  HaXOIMM: B; =H[IBiH,. H, 3HAuHT,
B’ =H"'BH, Nostomy A’ =T'"H™IBHT' =T'"IH™T1ATHT' = C~1AC,
rae C=THT’—cuMMeTpUYECKas, HeBHPOXAEHHAA MaTpuna. [onowum D=C~1A.
Torna D' = A’C' 1= C7!ACC™' = D. Taxum o6pasoM, MaTpuua D Takwke
cummerpuuna © A= CD.

145. Ecau Ay, Ay, ..., A, — XapaKkTepucTHUYCCKHE UHCAA MATPHLL A (C yue-
TOM HMX KPaTHOCTH), TO XapaKTEPUCTHUECKHE 4HCAa MaTpuHM A, (Takke C yve-
TOM HX KDaTHOCTH) DaBHBl HHCAaM A, 7&,-2 oA (L il <i,< ... < [, < n),

! P
T. €. BCEBO3MOXHBIM TpPOU3BEJEHHAM TO p H3 XapaKTEPHCTHUECKHX YHCEN Ma-
TpulH A.

Y xaszanue BbACHuTb, 4TO NMPH H3MEHEHHH HyMEpauHH COUETaHHH no p
H3 n uucea 1, 2, ..., n Marpuua A, nepexojuT B NONOGHYIO C HEH MaTpuny,
ucnoas3oBath 3axauy 970, mepefitM k wopnaaHooH ¢opme A; H UpHMEHHTH
CBOHCTBA aCCOLMHMPOBAHHBIX-MaTpHll M3 3aaaun 969,

1146. Ecau A, Ay ..., Ap— XapaKTEPHCTHUECKHE UHCAA Aupg, ..., by
XapaKTepucTHuUeCKMe uucaa B, To xapaxrepucruyeckue uucaa A X B pasHb
Ay (i=1,2 ..., ;=12 ..., 9.
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Pemenue. Ilyctb kpouekepoBckoe mpousBeienHe A X B ompepeaserca
PACTIONIOKEHHEM Gy, Oy, ..., Bpgmap uncen (§, j) (=12, ..., p j=1,2,..., 9.
‘Tpancnosuuus @; H ¢ Bh3biBaeT B MaTpuue A X B nepectaHoBky i-i u j-# cTpok
¥ {-ro0 H j-ro CTOAGUOB, H, 3HAYHMT, NepeBelleT 3Ty MATPHUY B NOIOOHYI0 eif
(samaua 1049). Tak kax moGas mepeCcTaHOBKAa CBOJHTCHA K PAAY TPaHCHO3HLHH,
TO XapaKTepucTHUECKHE YHCAA BCeX KPOHEKepOBCKHMX mpou3seacHuit A X B cosna-
AT 4 MOXHO pacCMaTpHBaTb, HampHMep, HpaBoe ApAMOE HpousBeleHHe A X B
(3amaua 964). Iycts A pasusercas C 'A,C u B=D"'B;D, rne Aj n By —
WOpAaHOBK MaTpuubl. [IpuMeHss csoifictBo B) 3agaun 963, Haxomum: A X 'B=
=CTIAC X DTIB;D=(C™' X ‘DTN (A; X 'Bj) (C X'D). Mo cBoiictBy
1) sajaun 964 umeem: C™1 "D~ 1= (C x 'D)”'. 3uauur, mMarpuunt A X B u
Aj X 'B; mopo6um u ux XapakTepucrTdieckue uucaa cosnafawot. Ho A; X 'B;
ABAAETCA TPeyroabHOR Matpuueil ¢ saementamu Apj(i=1, 2, ..., p j=1,
2, ..., g) Ha TIaBHOH JAMaroHaid, YTO M JOKAa3bIBAaeT Hale yTBEPXAEHHE.

1147, Ykasauue. [Nokasats, uto g (A)= h(A) TOr1a u TOAbKO TOTAa,
korga g (A)— k(L) nemurca Ha P (A).

1149. B naHHOM clyuyae MHHHMAJbHBIH MHOTOYJEH COBIAajaeT € XapakTepH-

CTHYECKHM (C TOUHOCThIO 10 3Haka). 7 (A) ecTb OOGBIYHBIH HHTEPMOAALMOHHKH
MHOrOuJieH JlarpaHxa.

A—ME) ... (A—hg_1E) (A—hrg1E) ... (A—MyE)
Ae—21) oo Qe—2p—) g —Apg1) o (Ag—Rn)

ray=Y, 70w
k=1

rae Ay, Az ..., Ap-— XapaKTepucTHUECKue udcaa MaTpuubl A (mO ycnoBHIO pas-
JIHYHBIE).
1150. r (1) ecTpb OObiuHBHA MHTEPNOAAIMOHHBINK MHOrouNen Jlarpamxa

s

Fy=Y 7004

k=1

A—ME) ... (A—ApE) (A—AppiE) ... (A— A E)
Ae—2) oo Mg —Ap—) (Ag—Ag41) oo (hg—Ag)

1151. Pewenue. [lokawkeM, BO-mepBHX, UYTO €CAM HHTEPHOJIALHOHHBIH
muorousen Jlarpamka — CuabBectepa r (A) CymecTByeT, TO OH OupelerseTcd
pasenctBamu (1) u (2). Ilyctb

4]
]

S~ @ ,
=2!L—“&%*+-"+<7’557>J @)

pasnoxeHde 1pobu Ha mpocrelinine. YMHOXKAdA 3TO PaBEHCTBO Ha Y (A), moayuum
pasenctso (1). Jlaa ycranoBaeHus paBeHCTB (2) YMHOXHM paBeHCTBO (3) Ha

(A — Ap)'E. Moayunm;

ufk'('ihx)) =g A=At Fap, = W) E (=) ke (W), ()

rae ¢ (A) — paudOHaabHas (yHKUHMS, HMEKIAs CMbICA NPH A = A, BMecTe €O
BC2MH CBOHMH Mpou3BonHbIMH. Beps 0T 06eux uacTedt pasenctsa (4) (J—1)-10
NPOM3BOJHYI0 TNpPH A=A, H HOAb3YACb TeM, 4YTO 3Haudenus r(A) u f(A) Ha
CHEKTpe MaTpHuH A COBNANA0T, MBI ¥ NOAYYHM paBeHcTBa (2). Bo-BTOpHX, mo-
KaxeM, 4TO MHOrouaeH r (1), onpeleneHumft paBencrBamu (1) u (2), asaserca
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HHTepl’IOJl‘ill.lHOHHHM MHorowieHoM Jlarpanka — CaabBectepa nas dyHkuuu f (A)
Ha cnektpe Matpuud A. M3 pasenctBa (1) BHmHO, uTO CcTemeHb r (1) HUKe
crenedd P (A). Hdanee, nonoxum

M =0, Fa, ,A—ry+ o e, A=Ak

W3 paBencTB (2) c.rle,r(_yeT, 4YTO NpH A=7»k 3HaueHHd ¢YHKIHA 9, (A) 1 ee mpo-
M3BOJAHBIX TNOpPALKA J < 7, COBMAZAT COOTBETCTBEHHO CO 3HaueHHAMH QyHK-

A
1|{((7»)) H ee NPOM3BOIHHX TOTO ke mopsika. [TosToMy, mosaras A=A
k
s

B paseHcTBe 7 (A) = 2 P, MY, (A) ¥ paBeHCTBAX, NONYYEHHHX U3 HErO j-KpaT-
k=1

IMH

HHM 1HdOepeHHpOBaHHEM (J < 7,), MBI MOAYYuM:

rD () = £ (Ag) (j=0 1, re— L k=12 ...,59),
T. €. 3HaueHua r (A) u f(A) Ha cnexTpe Marpuuu COBIIAAIOT.
1152. f(A)=[aE+4b(A—ME)](A—AE) -+ [cE+d (A—ME)+
__f) _
4+ e (A—AE2(A— ME)?, T1He a—-—(}u_}w)3 s b= (—T )4f (&) +
1 , _ _fQ) _
+mf (Al)) = W? d=— (Az A, )3f(l’2) +(A A )2f (AZ)’
3 2 1

e= Ty /Mgy S R T gp o =y O

1184. Yxaszauue. [lokasaTh, 4TO 3HaUEHHS HHTEPNOJALHOHHOIO MHOrO-
uaeHa Jlarpamxa — CuabBecrepa r(A) aag f (A) Ha cmextpe Marpuun A cosma-
JAIT €O 3HaueHHAMH f(A) Ha cHEeKTpe- Kawioi KaAeTkH Az H NDUMEHHTH
3anauy 1147.

: " (n—1)
1158, r(A)=f(0)+f’(0)A+f_(())_A2+ +f" ©) ;-1

(n—1)!
. f” (0) -0 (0)
7O £ () =1
A= » £72(0)
FO=1 0 70 7O ... o=y7
e e

S (A) uMeer cMbica pas moboil dyHkuuu f (A), Aas KOTOPOH onpeneneHb 3Ha-

wenns f (0), £ (0), ..., F*1(0). Ly
136, - ()= @+ @ (ot Lo a1 2D _gyet,

(n—1)!
, f” @ ")
F@ S@ T
F(A) = , 2@ |,
W=l 0 j@ re .%Hr=y
l-O...O..‘.O-....".-f._((‘I)’.J

7 (A) mmeer cubica’ pas MoGoit ¢yukuuu f (A), 118 KOTOpPOIl CymECTBYIOT 3Hade-

wus £ (@), f (@), ..., [ D(a).
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rie

1160. Y ka3 anuec. IpuMeHHTh NnpeAHRyINyl0 3azady.
1162, (3.210.-2.3!1% 2(3100—2100)\  168. _ /—24 25
—3 (3100 2100) 3to1 __9101 2 (_25 26) :

n4. 1 71 1165. 1 /12 2 0 2\ .
* T(_ 1 g)' + -5'( ), i( ); BCEro yerhipe

3 13 3 1
MaTpPHLH.
1M86. /4e—3 2—2¢ 1267, (222 —¢?
(6e—6 4—33)' (e"’ 0 )
1168. /3¢—1 e —3e+1
( 3e e+3 -—3e—3)=(e—2)A2—|—A—|—E.
de—1 e+1 —3e
1M89. /3 —15 6
( 1 —5 2 ) , €CoH 6paTh BEWECTBEHHOE 3HaueHHe Jorapudma.
1 —5 2

Of6uee pemeHne uMeeT BHI

34 2nin —15 6
( 1 —5+ 2nin 2 ) ,
1 —5 ] 24-2nin
i=V =1 u n— n06oe uesoe YHCIO.
1n70. /1 —1
L D)

1M71. Ykasanne Hcnoab3aoBars 3apauy 1159.
N72- Ykasauue. Hcnoabaosars szapauy 1159.

118, | =¢°, rae s=a;,+axn-+ ... + a,, — caen marpunu A,
N74. Y xasanwue. Hcrnons3osarb 3agauy 1161. ,
"1s. yl+yl—y2 MT6. yl—yi—yl MIT. yi—yl

"8, yi —yl—yi—yl M yi+yi—yi  MBO. yi4yI_ 4%

xl:yl—‘Q‘)’Z""F)’a, x2=7y2—'—6— Y3, X3 23)’3'

1
8L v+ y5— o5 Xi=g Y+, =¥t H=—Y1

182. )’%"')’g—)%; X =Yy —Yo—Y3 Xo=Y +¥— Y3 X3=JY3

1 5 1
1183. yf—|—yg——y§; H=5 2y1—~§]/§y2+—3—l/§y3,

1. = | QEy— 1 1
Xg = —- §V3)’2+-3‘V3)’3. X3 ='§'V§)’2+§ V 3y..

3 1 1 1 1
1184. yf+y§—y§; x1=—z)’1—7 )’2+“gﬁ)’a. x2=—-72-)’1+§‘}'2-

1 1
xa=7)’1+5)’2-
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N85, y—y5 xi=y,—Yo— Y3 Xo=n-+Y2—Yy X3=Yy Xi=Ys
186. 2+ y,—yi— i xl—lV?Tyx—%myrl-%mys"

629 s V629 y,, xz=—~V15y2 = V8-5ya+gggl/6_2§y4, x3=—117—Vﬁys+

4 e 629 w05 V0., *i=5r 7 =V 629y..
n87. 2y 10y54 190y, ¥, =x1—%x2+x3, y2=‘;"‘2—T10"‘3’

)’a='%xa
188. 3y} — 303+ 5305 y1=x1+—§—x2—;—x3, ¥2 "Tl;‘ 210 X3s

Y3 210 x5 189. 2y% 4 6y2—6y2 + 2v5% y1=%x1 ; X9 y2=%x2+—é—x3.

1 3
Y= -—x3+ g *e Yi=7g X
1190. xl—yl——Byz—Gya. X3=Y,+3ys X3= Y.
1 —
191, x1=2V2y|+V2y2+5Y3; x2=—2-V2)’1+)’3§ X3 == Ya.
- 3 .= 3 =
MNI2. x;=y; 2=V 2y,+} v, x3=V2)’1—§‘V2)’2—(3+7V2 ) Ys.

2, — . —_ e IR . —
M93. yi; yi=axtapxot oo Faxy Yo=xp Ya=x3 ... V1=
=X Yi=X5 Yi+1=Xit1 -+ Yn=Xp, €1 a; 5 0.

3 4 5 n+1
M94. yi+ 7 v+ vtgiit o g + Vo
1
yi=x1+75 Ftx+ ... +xa)

Yn=Xn
3 4 5 n—1
n95. yi—y— i~ Vi—g N5 s — =y

—é—-(x,+x2)+xa+x4+ R

p—

Vo=-5 (X, — x2);

y3==x3+'1-(x4+x5+ oo T Xn)i

)’n = Xp.
VY xasanue. Ceectu k npepnaymei 3anave.
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M9E. Ecan n werno: yi—y2+yi—yi+4 ..yl —v
g = xi+xi+21+xi+2 (=135 ... n—3)

X —X X o
5 (=2 4,6 ...,n—2)

Y=
Xy X Xp_t— X
yn_1=—”—’2+—”, yo=Zazt—2n,

Ecan n HeueTHO: y?——Y§+y§—yi+ +)’i_2—)’i_1;

)’l=ﬁm (=135 ..., n—2)
yi=x¢__1—_;¢_+_{q+_n (=246, ..., n—1)
)’n—xn |
n—1 2 9
n97. AHIZ2 it o bty s
X X e X
PR L L 2
s X
y2=x2-——x3+x4’j___2 -+ n_.
Yn-1=Xp1— Xp;
Yn= Xn

n n
n—1 2 2\
Ykasanue. lpexctaButs ¢popuy B Bue fi=——+ Y Xj— - D X;x;

=1 i</
H NPUMEHHTDb MeTOA HHAYKUMH. Ipyroil myTh COCTOUT B CENYIOLIEM: COBEPIUIUB Mpe-
06pa30BaHHE 2| == X| —§; 23 == Xy —s; eve} Zp_| = Xp_1—S; 2y = Xp U CIOXHB
n—1 n-1
9TH paBeHCTBa, npuBeaeM QopMmy Z (x;—5)? X Buay: 2(2 z2—|— > 22 )
i=1 i< j
Hcnoapaya orser 3agaun 1194, noayumm: 2y1+—2-y2 -|— -|— yn -

[pu 3TOM CBA3b CTaPBIX H HOBHX HEH3BECTHHIX l'lOJIyllaeTCH CpaBHHTeJleO
CAOXHOH.
1198 1) y? —y2—y2 2.
n (=) Y — Y3 —Y3— 0o — ¥
1
Nn=-vg (o5 o0 Hx);

)’2—%(—x1+x2+xa+ coe = p);
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O6patnoe npeo6pa3oBaHHe HMEET BHA X;==Y;— Yo Xo=Yo—¥3 ...;
Xp_1=Y¥n-1—Ym Xn=Y1+Yyn Yrxasanmue. [Ipumennts npeoGpasoBanue
Zi=x+x+ ... +xp
Zg:X2+X3+ ven +xn:

Zp= Xp.

$199. Y xasauue Jloxka3aTeabCTBO ™ aHANOTHYHO JOKA3ATEALCTBY 3aKOHA
HHEPLHH.

1200. Y xa3aHue. McnoabsosaTh mpeamaymyio 3a1ady.

1201. PopMb f; M f; IKBHBAJEHTHH MeXJny COOOH H He IKBHBAJIEHTHH

q)op’i‘;ﬁfé‘. ®opMbl f, M f; SKBUBANEHTHHM MeX1y COGO M He SKBHBAJICHTHW
Q)op{‘;;ofs;.. B. kommaekcuoii ob6mactu nr-4-1; B BemecTseHHoll o6aactn
()42

1234. PaHr — ueTnoe 4YHCJIO, CHrHAaTYpa paBHa HYJIO.

1205. [-f——zz—l—s—l-]—l—l, rie [x] obosHawaeT HauGoJbINEE LENOE UHCAO, He

npeBOCXOAfIee X.

0. Ykaszauue. [Jaa J[0Ka3aTeJnCTBAa yTBEpwAeHHA G) paccMOTpeThb
dopmy f.=f-t+eg, rae €>0 U g—CyMMa KBaipaToB Heu3BECTHMX. [IpH
10Ka3aTeibCTBe HEOGXOAMMOCTH NPOBEPHUTb, 4TO fo >0 M uTO 419 COOTBeT-
CTBYIOIMX FJaBHHX MHHOPOB D u D, ¢opM f u f, UMeeT mecToO: D=lim0Da.

v £>
[pu nokasatenbcTBE AOCTATOYHOCTH NPOBEPHTb, pasiaras D, MO cremeHaM e,
y10 D, > 0, H NOxa3ath, 4TO AaA MOGHIX 3HAUEHHH HEHIBECTHHX HMEET MeCTO

f=Ilimf,, Tpumepu. PopMa fj=— xg HIH HEBLIPOXJIEHHAs ¢opMa
e>»0

f2=—x§+2x1x3 HMEWT YrJOBBHIC MHHOPDH HEOTDHIATEJbHBIMH, HO CaMH He
ABAAIOTCS. HEOTPHLATE bHBIMH.

Tpu noKkasaTeabCTBE YTBEPWACHHS B) MPHMEHHThL 3aiauy 1208,

[Mpu noKkasaTeabCTBe yTBEpPXACHHA TI) npHMenuth 3aaady 916 m npusepe-
HHe f K HOpMaJibHOMY BMLy, nokasas, uro A= D’BD = (BD)’ (BD), rze
D — matpuna npeoGpa3oBaHusi, a B — marpuna ¢opMb B HOPMaJbHOM BHJE.

2712, > 2. ms.m<]/§. 214, —08< 1 <0,

1215, TpeGyemeix 3HauyeHHHl A He cymecTByer.

1216. TpeGyeMnx 3HaueHHH A He CymecTByerT.

1217, Yka3zaune Ilyctb g=f+1% rae l=c¢,x,+ ...} epx, Mensan
NOPAJOK HEH3BeCTHHX, NPUHTH K caydaio ¢, 7= 0, coBepmHuTbh mpeolpasoBanHe

y=x (=1 2, ..., n—=1), Ya=——- 1 JOKa3aTbh, 4YTO JAJd HOBBIX ¢(oOpM
n

Dgn = Dfl—{—ciD”_l, rae D, _;— yraosoit MuHop nopaaka n—1 dopmMu f.

1218. V ka3 auue. Mpeacrasuth dopMy f B BHIe

2
f=a“ (x1+—z—:—2x2+ e +il'£'xn) +f1(x2r ey x/l)»

1 a

H, NOJb3ySCh mpenmAymiedt 3afauedi, nokasats, uto Df = a,, Dy, < ayDy.
1219. Y xasaune Mcnonb3oBatb kaHOHHYeCKUH BHA AaHHOH OPMEL
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1220. Pemenue. Ouesunno, ut0o (f)-}- f2, &) = (f1, &)+ (f2 &). Npu-
r s
Bois ob6e ¢oOpMH K HOpMalAbHOMY BHAY, HailneM f = 2 y?, g= 2 z";-, ris

i=1 j=1
Y& 2j— MuHEHHRE GOPMH OT Xy, X3, +..; Xp B CHAY OTMedeHUBIX CBOHCTB KOM-

r s
nosuuun mMeem: (f, &)= D N (y?, zzj)

i=1 j=1
n n
PaccMoTpuM oano M3 caaraeMux (y% 2%), rie y= D) apXp, 2= X bpxs.
F=1 E=1

n

Torna y?= 2 ARAIXpX], 22 = 2 bkb,xkx,, (y2 2% = 2 apabpbixpx; =
Ry =1 , 1= k, =1
2

2 apbpxp) >0 npy NOGHX BEINECTBEHHBLIX 3HAMEHHUNX Xy, ..., X, OTcola
k=1
(f, €)>>0, ueM yTBepileHHE a) AOKA3aHO. Hycrb teneppb f>0 u g>0.
n

dopMy g npuBeleM K HODMAa/JbHOMY BHAY: g-—Zy,, rie y; = Zq”xj
j=1

P=1

(=1,.., mn|Ql=|q;;|+0. Torna (£, &) =2 (.59 Hoy%=2 9; {4in* o
i=1 j» k=1

n

’l
2
orxyna (£, y7)= 3 2 @yl e = ;lajk (41j%)) (ir¥r) >0 B cuay

Js
f > 0. Ecan npH HexotopoM ¢ GepeM 3Haueuue x; = 0, To cymecTByeT ! Takoe,
410 ¢, F 0 (unaue 6bIN0 OB B BEPTUKAJBHBHIX YepTax Q_-O) 3Hauut, B cHay

£>0 maxme (f, yi)= X @y (:7%) (@ix¥s) >0 1 (£, £)>0.

t221. Yxaasanue. llpn noxasatenncrBe yTBepwjeHuss 6) paccMOTPETb
k

dopubl fr= | ajxix; (k=12 ..., n).
Lj=
1222. Y xa3anue. HeoSxonuMocTs ycaosuii (2) caenyeT M3 HEUSMEHHOCTH
YrJiOBbiX MHHODOB NPH TPEYrOJbHHX NPeo6pa3oBaHHAX (CMOTPH MPEABAYINYIO
3aj1auy).
Tax xite noxasniBaioTcs paBeHcTBa (3). JIOCTATOYHOCTH MOMHO AOKA3aTh HHAYK-
uuell MO YHCAY HEU3BCCTHHIX 7.

224, f= -2+ 2% a=R+% m=ytgV

;)'1—'—1/3)’2

225, f =yt a=91—2% x4 =—2V2+3V 2y
n=g Vo — 2V

1226. =9y + 9 — %% & =Yi+u+rE a=V2
x2=%)’1"-%‘1/_2)’3; xs=%-)'x—-;-lf—2yz+%lf—2ya.
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1227 2 2 2 __ 342 2 2 2 2, _
1=y yi—3ys gi=Yit+yetyitys xi=yt¥+

1 1 1 1 1 1
T Yy =Y — Y6 K= 5 Vi —'2—Y2+'§' Vs—gY¥eXa=gmY1— g Y2

1 1
"‘5Y3+7Y4-
2
1228. /=y -+ 2+ 25—k gi=y+y+ityE a=gnt
2 1 2 4 4
+§)’3+-§ Y& x2=§)’2—-3—)’a+—3')’4? X3=Yy3—2y45 X4=Y.

1229, f, = y2 -2y —3y% gy =yl Yoy xy = ¥y — yo Xy =— Yo+ V3

X3 = — 3y, 4 2ys.
1280. Yy kazauune. [lokasat, uto KOpHH A-ypaBHeuua mapbol ¢opM He
H3MEHSAIOTCA MPH NI060M HEBHIPOXAEHHOM AHHEHHOM [IPe06pa30BaHHH HEH3BECTHDIX.

1.
1281. Henp3s, TaK kak KOpPHH A-ypaBHeHus 1 =& 7 L.

1232. Henb3s, Tak KaKk KOPHH A-ypaBHeHHA :t%iVTS.

1233. [lpu noxxoadmes Hymepauuu uMeer MecTo: A, =1 (i=1,2, ..., n).

1234. 3y% —_ yg— 5y§. 1235. Sy% — yg — 2y§. 1287. JxBuBaJEHTHHI.
1288. JxBHBAJNEHTHBL.

1289. x; = — 12y, — 17y;; Xo=38y;+ Ty,. 1240. x, =y, |2y,
X5 =3y 42y,
1242. Y xasauue. [lokasars, yTo xapaktepuctuueckHit muorouneun | A—AE|

HE H3MEHSETCA [PH OPTOTOHANLHOM Mpeo6pa3oBaHHH GoOPME f.
1243, 4y] 4 4y2 —2y2 1244, 6y} 1 6y2 -+ 9y2.

1245. 21V 3y —V 3y 1248, 3y’ +(14+VTD) 2+ (1 =V 52
n
nk 9
1247. 2 cos T ¥5 Ykazanne Paccmorpers ynBoeunyio GopMy u

k=l
pellaTh aHaJoTHuHO 3agmaue 1084.

2 1 2 2 2
1248, 3y} + 655+ 93; X=zy—ghtgls fo=3 Ntgh—
1 1 2 2
—g Y Xs=—g N+ gVt g Vs
2 2 2 2 2 1 1
1249. 9y1 - 18y;— 93 x=g3 yt+Fr—3¥ H=—g3nt
2 2 2 1 2
+tgrtgys n=gn—7g%tzss

1 1 1
1250. 3y 4-6y; —2y5 X, = 73ty et s

Ko ==

T g
V§ 1 .V--B 2 V‘-§ 3 3 V§ 1 .V--B 2¢



1251—1261] OTBETBI 337

e 1
1251, 5y] —yi—y% x ntsYs et

1
17 yv3 Nt Vs
V‘—6 2 V'E 3 3 V‘-g 1 V——6 2-
1 2 1
1252. 9y 18y; 4 185 X =5y — EAPR N Xy= 3y — 3 Yy

2 2 2 1
—73Ys x3=§y.+—3—y2+—§y3.

V2

1253. 3y] — 6y}, x, = —?; i+ % V2, + % V 25 x =—}; yi— % V 2y
KXy = % i+ % V_i}’z —%V—Q}’a-
254, 01+ —9% mi=3n +% VitV n=gy—
—'?3— 2y3; ““3'—% Yl——V2Y2+ T VQ)’a
1258, 297 4y — 25— 45w = 7 O+t ystyy xe= —;— X
XK= yityetys —y4) *¥3= —;— (—yi—yetystyd xa= % (1= y2tYs—y)-
286, 4} 183 H 125 — 4% x=g ittty m=yX
X@r—y2—ys+ Y xs=%(y1 + Y2 — Y3 Ya) X4 =%(y1 — Y2t Ys— Yoo
257, 55— 53 +555 = VB4 = % V5 (91— 255
Xy= % VEQRys+y) %= % V5 (— ys+2y0)-
1258. 2y] — 4y} x = %Vﬁ i) X =%V 2 (¥ ¥a)
Xy = % V2(y:+ vy = -; V2(y:— o)
1259, 05+ 93+ 9% X =yi %= (22
@y — 2 x5 @25t Y0,
1260, 557+ 5534553 — 8% x =+ V5 @+
Xy = -;— VB (—yi42ys) x=y5 x= % V13 2y 43y
X5 = -ils- V13 (3y; — 2y,).
261, 4} it i 66 =y =3V Bt

1.~ — 1 ., —=
=2 V(=2 yo x=gs V0039 5=15 VT @Bys—a).



338 OTBETH [1262—1275
1 -
1262. 57 — 53+ 55— Syi-+ 55 x=5 V5 @1+
- 1 1,
x =g VB —2) K= VI0@ys+y) x=15V10(—y;+3y.)

1., = (Y
Xy = —5-]/5(2)’5—}-)’5); Yo=7% V5 (y5—2ye).

R R AR AR P O P e At

2
1
= ——— | X X cee x_——z'——lx i=2,3,...,ﬂ.
Y Vi(i-—l)[l-l— 2t e FH—E— 1) x] ( )
1264. n;l y?———%yg—-—;—-yg-— —-——;—yi; MpeoSpasoBaHHE  MOKHO

B3iTb TO e, UTO M B mpelnaylled 3anauve.

1268. Ykasanwue. lNoxasats, YTO mpH OPTOrOHaALHOM NPEOGPA3OBAHHE
KBaApaTHuHOH (OpPMB XapakTepPUCTHUECKHH MHOTOUJIEH ee MaTpHLB He H3Me-
HAETCH.

1266. PopMn f u h OPTOrOHAaALHO SKBUBAJNEHTHH Meway cOGOH, HO He
OpPTOrOHaJAbHO 3KBUBAJNEHTHH ¢opMe g.

1267. PopMn g ¥ A OPTOroOHaNbLHO SKBHBAJAEHTHH Mexay coGoif, HO He
OPTOTOHANbHO 3KBHBAJNEHTHH ¢opme f.

1269. 2 2 1)
3 73 73 Lo o
=12 L1 21 s—|0 40
I K B 00 7
1r 2 2
3 3 T3
1270. %—V‘s 0 %—V’sl
s 4 . 10 0
Q= TBVS _31/3 —1—51/5; B—_—(Ol o).
) 9 0 00 10
3 3 E}

1271. Yxaszanue. Iloabaysach ykasawuem k 3ajnauve 1074, nokasarb, uto
XapaxTepHCTHUeCKHe uncaAa MaTpuub A — AGE NoayuaoTcs BHUUTAHHEM Ay M3
XapaKTEPHUCTHUECKHX uMCe] MATpPHUW A, ¥ NPHMEHHTb 3ajasy 1242,

1272. Y ka3 anue, [lpuMenuth mpeamaymylo 3anauy.

1274. Matpuua ¢ NOJNOXHTEALHHIMH YrAOBHMH MHHOPaMH TOTAA H TOJLKO
TOrAa OPTOrOHANbHA, KOFla OHA ABJAAETCH €IHHHUHOH.

1275. Pemenue. Ksamparuuuas dopMa f c marpuneit A’A moaowu-
TeabHO onpeledeHHa (3anaua 1207); 3nauut, TPEYroabHHM NpeoOpPa3OBaHHEM ee
MOXHO NPHBECTH K KAHOHHUECKOMY BHAY C IOJOXHTENbHBIMH KO3(dHIueHTaMH

A Agy v.e Ay (samaua 1222). Ecam C—marpuna »Toro npeobpasoBanus,
D — nnaronaapnas MatpHUa ¢ SJeMEHTaMH Va, Vi, ..., VA, na amarosamn

(NpHuEeM Bce 3HaueHHA KOpHeH B3ATH noaoxuteapHnMu), H B=DC, 10 /A=
= C’D?C = B’B, rae Matpuua B ynosierBopser TpeGoBanusaM 3alauM,

Monoscmm Q = AB~1, Torna Q'Q = (4B~1) (4B~ ) =(B")"'.(4'4).B 1=
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=(B') l-B'B-B'l = E, 1. e. matpuna Q oprorouaabia u A= QB; ecau eue
A= Q;By, 10 matprua Q7 1. Q, = B B;™! oproronapbia  Tpeyroabna, ¢ nono-
JKUTEJNbHEMH 3JeMEHTAMH Ha JHaroHand. J3HAUHT, 9TO ENUHHYHAA - MATpPHILA,
oTkyZa Q=Q, 1 B=8,.

1276. P e e nue. JlokawkeM yTBepiieHHe a) aas mpeacrasieiua A = QB
Tpebyemoro Bupa. Matpuna A’A cuMMeTpuuHa, H kBanpartuuHas ¢opMa c sToil
MaTpHlei MOJOKHUTENLHO onpelenenHa (3anaya 1207). [lostomy cymectsyer opto-
roHaasnaa Matpuna P rakaf, uto A’A = P’'CP, rape C — nuaroHaabuas Matpuia
€ TNOJOXHTEJbHHMH 3MeMeHTaMH A;, Ay, ..., A, Ha guaroHanu. [lyctb D — nma-

FOHAJAbHAA MATPHLA C 3JeMEHTaMH Vkl, VAZ, ven VA,, Ha JMaroHan, MpHueM
14 -

B3ATH NOJNOXHTENbHBe 3HaueHust kopHa. [lonowum B =P 'DP =P~ DP. Or1-

€i0ja Caefyer, uTo B — cMMMETpHYecKas MATPHLA C HOJOKHTENbHRIMH XapaKTe-

pPUCTHYECKMMH YHCAAMH. 3HAuMT, KBajpartduHasa dopMa ¢ Matpuuei B nonro-

WHUTEAbHO OnpejeleHHa H YrJOBble MHHOPH €€ MNoAOKHUTeabHH, Hanee A’A ==

=P lCP =P D =P 1DP.PTDP = B Toaowum Q= AB~!, Toria
— 1N - r=1,.r - - -

A=QBu QQ=(AB"Y . (AB™)=B"" (A'A).B"'=B"1B%.B"1 = E. 3ua-
uuT, MaTpuua Q oproroHa’ibHa. :

[MycTe naHe 1Ba mpeacTaBieHus TpeGyemoro Buia: A = Q,B| = Q,B,. Toraa

4

A’ A= B? = BL OGoanauum uepea Ay, Ay, ..., Ay By, Moy «ony By Vb Vo -n v Va
XapaKTepUCTHYECKHE uuCAa CooTBeTcTBeHHO Maa A’A, By, B, pacnonoxeHHbe
B HeBO3pacTaiolieM nopsaake. Bce sTH uHMCAA NOJOKHTENBHH H p.ﬁ =, =v‘f
(=1, 2, ..., n) (3anaua 1077), 3muauur, p=v, (=12 ..., n) Mycts C u
D —— puaroHanbHbie MATpHLBlL C 3AEMEHTaMH Aj, Ay ..., Ap M My, Mo, ..., I HA
ZuaroHanu. CymecTByioT OpTOroHanbHbie MaTpuun U u V Takue, uto B, = U'DU,
B, = V'DV.3naunt, B} =U'CU, B = V'CV;otkyna U'CU = V'CV,CUV’ =
= {V’C. Marpnua W = (w,;;)[ = UV’ nepecranosouna ¢ C. IlokakeM, uro ona
nepecranopouna ¢ O. Ecau A; = Aj, TO, BHYKMCAAA 3aemenT Matpuun CW = WC
B i-H cTpoKe M j-M CcTOAGUE, HaiileM, uTo w;; = 0. Takum obpasoM, ecau npen-
cTaBuTh Matpuly C B BHAE KJAETOYHO AMarOHAaJAbHOH MATPHLB C AXArOHANbHBIMHK
gnetkamu C,, C,, ..., Cp TaK, UTO B KaXWOH KJAeTKe AHAroHaJbHBE SMEMEHTH
OAMHAKOBH, a4 B PAa3HBIX KAETKAX — PasidyHu, TO Marpuua W sBaserca kae-
TOYHO JMAroHaabHOH C IHaroHanbHBIMH Kietkamu W, W, ..., W, Ttex we mo-
pAankos, uto 4 C;, C,, ..., Cp. [lo nocrpoenuio mMatpuubl [ oHa Takke Gyner
KJIETOYHO JHAroRaJbHOH C AHAroHaJbHbIMM kaeTKamu Dy, D,, ..., D, r1ex xe
TOPAAKOB H paBHHIMHM JHArOHaJAbHHMH SJEeMEHTaMH B KauAOH kiaeTke. Tak Kak
DW;=W,D;, (i=1,2 ..., k), 10 DW=WD. Orciona DUV'=UV'D;
U'DU=V'DV, 1. e. Bj=B,.

[Moab3ysach GYHKUHAMH OT MaTpHL, MOXHO NPOBECTH JI0OKa3aTeAbCTBO KOpOUe.

Ecan A= QB — npexcraBieHue HckoMoro BHaa, 10 A’A=B? B=V A4,
MpuyYeM XapakTepHCTHUeCKUe Yucaa B noaowurensinl. Takum o6pasou, B asazercs
sHauenneM dynxuun VA (rae Gepetca apudMeTHueckOe 3HaueHue KOPHA) MpH
A= A"A Tak kaK XapakTepHCTHYECKHE 4HCJA MaTpHUB A’A NONOKUTENbHH, TO
3TO 3HAUEHHE MMeeT CMBICJ, ONpENENCHO OJHO3HAUHO M, KAK MHOTO4Y/JEH OT CHM-
MeTpuuHOH MaTpHun A’A, Gyretr MaTpHuell cuMmerpuueckoi (3anauu 1148, 1151).

Moaaras Q = AB™1, ybenuMmcs, kaxk Beiue, 4TO0 Q OpTOroOHafibHa.
Mpexacrasaetne A= B,Q, nonyyaerca aHalOTHIHO NPH NOMOIH MaTpHUB AA’,
YtBepxaenue 6) NOKa3biBaeTCH TaK e, KaK a), C 3aMEHOH MOJOXKHUTENbLHO Ollpe-
JeJeHHBX GOpPM 3PMHTOBHMHE IOJOXHTENLHO OnpefeieHHHMu dopMamu. YTBep-
WAEHHe B) CAeAyeT M3 eJHHCTBEHHOCTH NpeiCTaBJeHUH, YKa3aHHKX B a) H B 6).
Ono MomeT O6HTb JOKA3aHO TaKke IMpUBeleHHeM MaTpHUW B B cayuae 1) u
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MaTpuibl A B cayuae 2) k JIHAaroHaAbHOMY BuAY TPH MOMOIIY OPTOrOHAJNbLHOM
(yuurapuo#t) Marpunn (cM. 3agauy 1595). Torma w3 yrBepucaenus 1) gerko cae-
HAyeT eAHHCTBEHHOCTb Npe]CTaBJeHHH, YKa3aHHBIX B a) H 0).

Otnea IV. BexTopHble mpOCTPAaHCTBA MW UX JUHelHBIE
npeo6pa3oBanus

1277. (1, 2, 3). 1278. (1,1, 1). 1279. (0, 2, 1, 2).

1280. &, = —27x] —Tlxg—4lxg  xp=9x] + 20494 9x5  x;=4x] +
-+ 12x; -+ 8x5.

1281, o, = 2% x5 —xy  xg=— 3x| - xf— 2xg -} xp Ky = x]—2xg+
-+ 2x5 — xJ; x4=x;—x;—|—x§——x;.

” n
‘282' a) aOr ay, Qg ..vy Qg 6) f(a)r f’ ((l), fQ(!a) 9 00y I—r)%a)"
1283. /1 —a a? —ad ... (—])"a”

0 1 —2 30 ... (=171 pgt-!

P . . D N

0 0 0 o ... 1

B aroii MaTpuue B (k4 1)-M cToabne croar uucna (— a)k, Ci‘l(— a)f- 1
Ct-2(—a)*% .., Cl(—a, 1,000,...0.

1284. a) lMomensiorcs MecTaMH 1BE CTPOKM, 6) MOMEHSIOTCS1 MECTaMu ABa
croabua, B) MPOu3OHAET CHMMETPHUHOE OTPaXXEHHE MATPHLEL OTHOCHTEJBHO ee
HenTpa.

1285. He gpaserca. 1288. He spasercs.

1287. flBasiercs, ecaH 1aHHas MpAMas NPOXOIHT YePe3 HAuan0 KOOPAHHAT,
He ABASETCHA B NMPOTHBHOM CJlyuae.

1288. fsaserca. 1289. He aBaserca. 1298. He ssasercs. 1291. fpasercs,

1292, He sBasercqa. 1293. fBaserca.

1294. Bce npocTpaHCTBO; BEKTOpH, JewamHe B Mo60H NIOCKOCTH, MPOXOAd-
meil uepe3 HauaNO KOOpAMHAT; BEKTODH, JeWallHe Ha JIoOGoH MpAMOH, Npoxons-
meii uepe3 HauaAo0 KOOPAMHAT, H CaMO HAYaAO KOOPAMHAT, T. €. OJHH HyReBOH
BEKTOD.

1298. He BepHo.

1297. Basuc o6pasyloT, Hanpumep, Bextopu (1, 0, 0, ..., 0, 1), (0, 1,0, ...,0,0),
001...,00),...,0,00,... 1, 0). PasmepHocts paBHa n— 1.

1298. Dasuc 06pasyloT caeaylomue BEKTOPH: eClH k — HOMep 6a3HCHOTO.
BEKTOpa, TO €ro KOoopAuHAaTa ¢ HOMepoM 2k — 1 paBHa 1, a ocTaibHBE KOODIH-
n4-1

2
n41
uenoe UuCJI0, He NpeBocxOisiiee x. PasMepHOCTH paBHa 5|

HaTH paBHR Hyao, k=12 ..., [ ], rie [x] obosnawaer HauGoabIIEE

12998. Baanc o6pasyioT BeKTOpH, yKasauHble Kak Oa3uCHHIE B OTBETE mpe-
Apymed 3azayd, ¢ 106aBJEHHEM €lle OJHOTO BEKTOpa, Y KOTOPOrO KOOPAHHATHL
€ UETHHIMH HOMEDAMH DaBHBl €lHMHHLE, a4 C HEYeTHBIMH — HyJi0. PasMepHOCTH

n

paBHa 1-|—[ 5 1. .

1300. Basuc o6pasywor sektopmt (1,0,1,0,1,0,.,.)un(0,1,0,1, 0, 1, ...).
PasMepHocts paBHa 2.
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1301. Basuc obpasyior, nanpumep, Matpuunt Ej (i, j=1, 2, ..., n), rae
E;;j— Matpuua, sJeMeHT KOTOpOH B i-H CTpOKe M j-M CTO/6le PaBeH elHHHLE,

a BCE OCTaJbHHIE SJEMEHTHI PaBHHL HYJMIO. PasMepHOCTh paBHa n?.

1302. Basuc o6pasyior, HanpuMep, MHorouJeHs: 1, x, x2, ..., ¥ Paamep-
HOCTb paBHa n- 1. .

1303. Basuc o6pasyiot, HanpuMep, Matpuumt Fi; (i< js i, j=1,2, ..., n),
rie Fyj— maTprua, y KOTOPOH 3JeMEHTH f;3= fj; =1, a Bce oCTaJbHBIE dMe-

MEHTH — HyJAH. PaaMepHOCTh paBHa _an?—_l—_ll
1304. Dasuc obpasyior, nanpumep, Matpunsl G;j(i < J; &, j=1,2, ..., n),
rie G;j — MaTpHLa, 3MeMEHTHl KOTOpo#t g;;=1, gj==—1, a Bce OCTaabHble
n(n—1
9/JeMeHTHl — HyaH. Pa3MepHOCTL paBHa —
1308. Baszuc ofpasywor, Hanpumep, Bexktoput (1, 0,0,..., 0, —1),
© 1,0 ...,0 —1),..., (0,0,0,..., 1, —1). PaamepHocts paBHa n— 1.

1810. PasMepnocTb paBHa 3. Basuc 06pasyioT, HanpuMep, BEKTOPH! a;, @y, d,.

1811. PasmepHocTp paBHa 3. Basuc oGpasyior, HalpHMeEp, BEKTOPH 4, @, ds.

1812. Hampumep, x; — x3— x, =0, x4 x3—x;,=0.

1313. Hanpumep, x; — x, — 2x3 =0, x; — x, -} 2x, =0, 24, -+ xp — x5 = 0.

B17. 5=3, d=1. 1818. s=3, d=2.

1319. Pewmenue. IlpaBuno 1) nokasmBaerca aerko. oxaxeM npaBuio 2).
Tak Kak 9ucaa Xijp oo X Yy +eer ¥ YAOBIETBOPRIOT DABEHCTBY 1), to

Ll )
¢, = ]2-:1 yib= jzx x;;@,. Tlostomy BexTopnt ¢, (i=1, 2, ..., @) npunanaexar

kak L;, Tax u L,, a 3Hauut, 1 ux nepeceueHuto D. I[lycts x — moGoit Bekrop D.

On BHIpanaeTcs Kak uyepe3 6asuc L), Tak H uepes 6asuc L, 3nauut, x =q,a, +

+ ... -ti)—akak = B0, -+ ... 4 B8, dTO 03HauaeT, YTO CTPOKA UHCEN Oy, ..., Up,
’

B1, ..., By ecTb pelienne cuctembt ypaBHeHnuit (1) ¥ NOTOMY JHHEHHO BHIpAXKaeTcH
yepes GyHIaMeHTalabHylo cucTeMy pemenumii (2). Ilyctb Yp oo ¥y — KO-
d
WMEHTH 3TOro BHpaxeHud. Torna ﬂj= 2 \ATT J=1,2, ..., 1), orkyaa
i1

! 1 d d ! d
*=200,= 3% (2 Yiyif) b;=23 Vi( 2 yljbf>= 2 vier
j=1 1\i=1 i=l Jj=1 i=1

J=

HUrak, ao60# BekTop X € D nuneilHo Buipaxaercs uepe3d Bektoph (4). Hakowen,
cueTéMa (4) AuHeHHO HE33aBHCHMA, TaK KAK MAarTpHIA KOODPAMHAT STHX BEKTOPOB
B Gasuce by, ..., b; conepxut MuHOp (3) mopaiaka d, OTAMYHBIA OT HyJd.

1320. Basuc cyMmbi o6pasyloT, HanmpuMep, BEKTOPH @, &y, b;. Basuc nepe-
CEYEHHE COCTOHMT H3 ONHOrO BEKTOpa ¢ = 2a; -+ a3 = b, -} b, = (3, 5, 1).

1321. Basuc cyMMbl o6pasyloT, HanpuMep, BEKTOPH @, @, a3, D, Basuc
nepeceuenus, HanpuMep, by = — 2a, + a; -+ a;, 8; = da, —a,— 2a;

1322, Basuc cyMMbl COCTOMT, HAalpHMeDp, H3 BEKTOPOB &;, s, @3, D). Basuc
nepeceyenus, HAPUMeED, U3 BEKTOPOB &, =@, + a; -+ a;=b, - 8,= (1,2, 2, 1);
c;=2a,+2a;=0,-+b,=(2, 2, 2, 2).

1328. Ilpoekuns BexTOpa €; Ha L, mapaaneabno L, umeer i-10 KOODAHHATY
n~—

1 —1
»@ OCTalbHbe — ——, NpoeKIus ha L, napaaneanrHo L, uMeeT BCe Koop-

1
RMHATHL PABHHIMH — -
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1329. 1 1 1 17
1 7 ..-"'2_ 0 '§" '003
1 1 1 1 -
A=|7 1 Tl A=|TT 0 AL
D 1.. .1. “ .o
7 7 s 1 _'7' —_—i- “ae 0

1834. Y kaszanue. PaccMoTperb mnapaMeTpHueckHe YpDaBHEHHA NpPAMBX
X=a,-}at, x="0by,+ 8¢, rae a,, a;, b, b, — naHHBE BEKTOPH.

1383. Bekropwm ay— by, a@;, b, nonkHH OHTH AMHEHHO 3aBUCHMEL

1386. VickoMule ychoBHA COCTOAT B TOM, YTO BEKTOpPHW @, ¥ b, auueitdo
HE3aBHCHMB, a BEKTOp a@,— b, JuHeliHO BHpamaeTcd uepe3 a;, u b,. Eciu
ay,—by=1ta; | 1;b,, TO TOUKa nEpeceueHHA 3a4aeTCA BEKTOPOM @y— 1@, =

= 0q 201,

1337. (—2, —5, —1, 1, —1). 1338. (0, 1, —1, —2, —3).

1339. HeobxonuMuie H AOCTATOUHBIE YCAOBHA COCTOAT B TOM, 4YTO UeTBEpKA
BEKTOPOB @&y — ¢, Dy—¢, a;, by nuHeidHO 3aBHCHMa, a KakIas H3 ABYX TpOEK
a,—¢, a, by n by,—c¢, a;, b, nunedino ueszasucuMa. Mckomas npsaMas umeet
ypaBHeHHe X = € +-df, rie d = Ay (@p— €) ~+ gty = A3 (by — ¢) - A b,, npuuem
K03pdHUHEHTH A; H Az CTIAHUYHB OT Hyad.

Touku nepeceueHus 3:0if NPAMOH C NAHHHIMH NMPAMBIMH HMEIOT BHI:

A 1 A 1
a0+7f—-a, =0+Tld H b0+T:b,=c+T;d.

1340. x=c-{df, rae d=(6 7,- -8 —lI);, M 2 2 3 —9),
M, (—4, —5, 5, 7).

1841 x=c+4dt, tne d=(1, 1,0, 3); M (2 3,2 1), My(l, 2, 2 -2

1844. Ecau B¢ N10CKOCTH TPEXMEPHOrO MPOCTPAHCTBA HMEIOT OOWIYI0 TOHKY,
T0 OHH HMeT 06y NpsMylo. ECIH NIOCKOCTb H TPEXMepHOS NHHEHHOEe MHOro-
.06pasHe YeTHPEXMEPHOr0 MPOCTPAHCTBA HMEIOT O0WYI0 TOUKY, TO OHH HMEIOT
-o6uryio npauylo. Ecin iBa TpexMepHBX MHHEHHBX MHOroo0pasus 4eTHpexmep-
HOTO MPOCTPAHCTBA UMEIOT ODIUIYI0 TOUKY, TO OHH HMEIOT OGLIYI MJIOCKOCTD.

1345. Jns yno6cTBa KnacCHOHKALHMH PA3HBIX ClydYaeB BBEIEM 1BE MaTpPHIH:
A — matpHua, no croa6uaM KOTOPOH 3alHCaHB KOODIAHHATH BEKTOPOB @, s,
b,, b, B-—marpuua, moiyueHHas H3 A NpPHIHCHBAHHEM CTOJGLA KOOPXHHAT
BekTOpa @y — b,. Ilycts pawr A=r, paur B =r, Bo3amoxeHn oiuH u3 mecTu
CAYYACH.

1) ry=4, r;=2>5. TII0CKOCTH He NexaT B ORHOM YETHIPEXMEPHOM MHOrO-
©00pa3Hu (I10CKOCTH a0COMOTHO CKPEMUBAIOTCA).

2) ry=ry==4. [110CKOCTH HMEIOT OZHY OO6UIYI0 TOUKY, 3HAYHT, JAeKaT B Of-
HOM 4eTbipeXMEpHOM, HO He JeKAT B ONHOM TpPSXMEPHOM MHOroo6pasud (IJo-
CKOCTH aBCoOMOTIIO MepeceKanTes).

3) ry==3, ry=4. [110CKOCTH HE HMEIOT OGIIHX TOUEK, AEeKAT B OAHOM YETH-
PEXMEDHOM, HO He 1eXar B ONHOM TpeXMepHOM MHOroo6pasHH (MJIOCKOCTH CKpe-
IGHBAIOTCA MADaMeNbHO NMPAMOH, HMEHHO: 06e OHH NIapanieabHbl NPAMOH C ypas-
‘HeHueM af; + ath = blta + b2t4).

4) ry==ry=23. [l10CKOCTH JEWKAT B TPEXMEDHOM MNpOCTPAHCTBE H Mepece-
HAlOTCH MO NPAMOH.

5) ri =2, ry=23. IlnockocTH HE HMelOT O6mHX TOUEK, HO JemaT B OILHOM
“TpeXMePHOM MPOCTPAHCTBe (IIOCKOCTH Mapasie/bHbl).

6) ry=ry,=2. [l10ckOCTH COBMANAIOT, r; > r| > 2, Tak Kak o6e mapu BeK-~
-T0pOB @, @, u b, b, AuHelHO HE3aBHCHMHI.

1347. ¥ kasanue. Becru nokasarenpcTBO HHAyKnued mo umcay .
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1348. OxTasfp C BepmHHAMM B TOUKAX:
a1, 1, —1, =1, 1, —1, 1, =1, (1, —1, —1, 1),
-1, -1, 1,10, 11 —1, 1), (—1, 1, 1, —1).
Y kasanue. [Ipu onpelleeHnn KOOPLAHHAT BEPIUH YY€CTb, YTO BEPIIHHH HCKO~
MOro CeyeHus AOMKHH OHLITh TOYKAMH NEPeceueHHsl CeKyulero NoAnpoCTPaHCTBA:

¢ pebpamu ky6a, M 4TO BJOJb KaXxxoro pebpa ky6a TpH KOOpAHHATH PaBHHW +1,
a yeTBepTan MeHserca ot +1 mo —1.

3 1 1 1
1349. Terpasap ¢ . BepmHHAMH B TOUKax: (T’ -3 T —‘I)r

(_Li,l_i) (ﬁi 13 L) (_l__l 13
4" 4 "1 4) 4’ 4’ a4y PR 4’4)"

Vkasauue Hailitn npoekuun BepumuH.

1350. Y xasanne. [IpuHaTs naHHu#A KOHeN Auaronany 3a Hauano, a pe6pa,
M3 Hero BHIXOAsllME, — 32 OCH KOODJIHHAaT H TNOKa3aTbh, YTO paccMaTpHBaeMble
napajyienbHbpe AHeHHHE MHOTO006pa3sus ONPEAEARIOTCA YPABHEHAAMYU

et o dxa=k (k=012 ..., n)

a TOYKA NEePeCceveHns AMaroHaiM ¢ k-M w3 amx MHoroo6paauu HMeeT BCe KOOp~
JIMHATH PABHHIMH OJHOMY H TOMY K€ ‘lHCle— (k=0,1,2..., n).

1352. buauneiinan ¢opma g nomkHa 6u'r|> CUMMETDHYHA, T. €. @;j=ajs
(¢, j=1, 2,..., n), a coorBercTBywIlas ef KBanpaTHyHas d¢opMa [ =
n

2 @;jx;xj— NOJOXHTEIbHA ONpeneneHua; (¢, €)) =ay; (i, j=1,2, ..., n).
i j=1

1357. MoxHo 106aBuTL BEKTOpHW (2, 2, 1, 0) 6, —2, —6, —1).

1358. MoxHo nob6aBHTbL BEKTOPH (1, —2 1, 0), (25, 4, —17 —6).

2 2 1
1859. OpuH u3 BEKTOpOB + (3’ -3 -—3-).
1 1 1 1 1 1 1 1

1860, Harpuuer: (3, — . 3 —3) (-2 —77)
1381. (1, 2, 2, —1), (2,3, -—3 2), 2, —1, —1, —2).
1382. (1, 1 —1, —2), (2,
1363. (2, 1 3, —1) 3 2 —3 —]), (1, 5, 1, 10).
1366. Hanpnuep b,=(2, —2, —1,0), 2__(1 1, 0, —1).
1867. Hanpumep: 6x1~—9x2—x3=0, x2+x‘=0. .

1869. ITycts a,, @y, ..., ap—6asuc L. WNmem y B Buie y= I ¢;aj-

j=1

VMHOXaA 9TO PaBEHCTBO cxa.vl:pﬂo Ha a; ¥ 3aMeuas, uto (@; y¥)=(a; X), no-

Jy4yaeM CHCTEMY ypaBHEHHiH 2 (a, aj)eyj=(a, x) (i=1, 2,..., k), xoTopas:
j=1

HO CMBICAY Cp, €3 ..., Cp ILOMKHAa HMeTb eAMHCTBEHHOe pewenHe. Hailna y,
noJjaraeM z=x-—Jy.

1370. y=3a,—-2a2=(1, —1 —1, 5); z_(3 0 2 —1).

187 y—=2a,—a,= (@3, 1, —1 —) z~—(2 4).

1372. y = (5, —5, —2, —1); z-—(2 1, 1,

1873. Yxasanue Bupectu coomomeHue

Jx—af=|(x—x)—y2+ly—(a—xp) %
rAe Yy — OPTOTOHAAbHAA NMpoeKuMA X — X, Ha L,
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13874. a) 5; 6) 2.

1375*. Yxasauue. lNonoxuM £ —xy,=y--2, rae yCL, 2EL* o 3a-
nause 1373 d?=(z, 2). Ilycrb y =A@+ a2+ ... + Arap,. W3 mocaenuero
-cronbua onpepeaurens G (ay, as, ..., @y, X — X;p) BHYECTb NPEIbAYIIHE CTOAGIDI,
YMHOWEHHBIE COOTBETCTBEHHO HAa A;, Ay, ..., A, M MOKA3aTh, YTO HA MecTe
{a@;, x — X,) NONYYUTCHA HYAb, a HA MecTe (X — Xy, X — Xp) Oyaer (X — X, 2) =
= (2, 2).

( 1376. Y xasauue. Ilycts 4, €Py, uyCPy, y—OpPTOroHaNbHAA JPOCKUUA
X — X, Ha L. BriBecTH paBeHCTBO

oy — w2 =] (%, — %) — Y P+ 1y (0 — %) — (82 — x2) |2

1377. 3.

1378. Pemeuune. [lpuMeM OAHy H3 BepIIMH NepBOd rpaHd 3a Hadato
xoopaunar. [lycTs npyrae BepuidHBt NEPBOH TpaHU 3aJAOTCA BEKTOpAMH X,
Xy ..., Xp, @ BEPIIUHB BTOPOH IPAHH — BEKTOPAMH Xpi, ..., X, HueMm pac-
CTOMIHHE MEXAY JHHeHHBIMU MHOTOOOpA3UAMI, ONDPENEAeHHBIMH BEPIIMHAMH 3TUX
rpane# (3agaua 1346). dtu MuHOrooGpaszus —

xltl + e +xktk H (xk+l '"—xn) tk-H + o +(xn—l _xn) tn—l +xn-
VickoMoe paccTosinve PaBHO AJAMHE OPTOTOHAABHOH COCTaBAAIOIEH 2 BEKTOpa X,

OTHOCHTEIbHO MOANPOCTPaHCTBA L, HATAHYTOrO Ha BEKTOPH X, ..., Xp,
Xpi1— X o0y Xp_| — X, YMHOXKAA DaBEHCTBO
Xp=Xt 4 .. Xttt o1 — X berr - oo A Eno i — L) b+ 2
HA BEKTODBL Xy, «..y, X Xp+1—Xn o0y Xpoy — X, UONYUHM YDaBHEHHS:
1 1 1

btgtt ... =13

1 D | 1

7t1+t2+ e +—2—tk=§';

Orcioga BHJHO, YTO 2 - COEJHHAET

tk+l+‘§'tk+2+ e +7t,’_1=——§.;

1 1 1

‘Q’tk+l+tk+z+ +7tu—1-——'§',

S teei A wlesst o ot =—

g Ck+l 5 tet2 n—1 5
OTKyAa, CKJanuBas nepBbie & u mociaeanue n — k —1 ypaBHeHuil, 1erk0 Haxo-
AuM: fy = ... =tk=-——k+1: tppr= ... =lp_=— —" [oatoMy 2=
_ et X Bt 4x

n—k E+1

LUEHTPHl JaHHLIX TpaHeil.
Tak kak paccrosnHue Mewny MHOrooSpasusaMu, OIpeje]eHHBLIMH BepIIHHAMH
JaHHBLIX rpaHell, MO AOKAa3aHHOMY PABHO PACCTORHWIO MEWJY HEHTpaMu 3TUX rpa-
HeH, To OHO u GyleT pacCTOAHHEM Mexay STHMU rpaHsaMu. Bossoas B kBazpart

n4-1
BHIPAaXEHHE IA% 2 H H3BJAEKad 3aTeM KOpeHb, Haxogum: {2 |= +

2 (n—F) (k11).
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1879. Y kasanue. Haiitn o u3 ycaosus (x —ae, ¢)=0. lpu zoxasza-
TEAbCTBE €IMHCTBEHHOCTH O0€ YaCTH PABEHCTBA Q - € 4 2} = (€ -}~ 2; YMHOXHTH.
CKansipHO Ha e. )

1380. Y ka3 auune PaccMOTPETh CKAaNAPHMWIt KBaJpaT BeKTOpa y = X —

2
— E w;e;, rie o; = (X, €;), 1 NPUMENUTL CBOACTBA B) ¥ T) mpegmAayuieRk aagaun,

i=1

18BL. Ykasanue. [IlepBuil cnoco6: paccMoTpeTh CKanaapHmi KBampar
(x+1ty, x4 ty) Kax HeOTPHUNATEAbHHWH KBaAPAaTHWH TpexuJeH or £ Bropoit
crnoco6: npu y == 0 npencraButh X B BHIEe X =ay-}2, rae (¥, 2) =0, noxa-
3aTh, 4TO (X, X) > 02(y, ¥), UpHUYeM 3HAK pPABEHCTBA HMeeT MeECTO TOria u
TOABKO TOrJa, KOTJAA X ==y, ¥ BHACHHTb, 4TO

(X, =023, 3@ ) <(x )3, ).
Tperuii cnoco6: NPUMEHHTb HEPABEHCTBO 3ajaud 503 K KOODHHHATAM BEKTOPOB X
W ¥ B OPTOHODMHDOBAaHHOM 6asuce.

1382. Y xasanue. [lepBmit cnoco6: paccMoTperh CKaNApPHBIA KBaapar
(x+ty, x+1ty), rae t=s(X, y) KaK HEOTPHUATENbHHIT KBaApaTHBIH TpexujeH
oT s (s — neiicTBuTeabHOE). BTOpOit cnoco6: npu y 5= 0 nmoroxuTe X =ay -4 2,
rie o— KoMmaekcHoe quciao u (y, 2) =0, nokasartb, uto (X, x) > aa(y, ¥),
npuyeM 3HAK PABEHCTBA HMEET MECTO TOTAa H TOJAbKO TOria, KOrga X =y, H
BHISICHHTD, 4TO

(x, ¥) (3 ¥)=aa (¥, y) (¥, ¥) < (%, X) ¥, ¥).

Tperuit cnoco6: NPUMEHHTh HEPABEHCTBO 3aaauu 505 K KOOPAHHATAM BEKTOPOB X
W y B OPTOHOPDMHPOBAHHOM O6a3Muce.

b 2 b b
1384. ( [reew dx) < [urera [gwpra

1885, AB=BC=AC=6;, / A=/ B=/ C=60°

1386. AB=5 BC=10; AC=5V3; £ A=90% / B=60% 4/ C=30°

1389. Yxasaune. Ecan pebpa 3amanst BexTOpaMu a,, @, ..., Gy TO
paccMoTpeth BHpaxeHnue | @, +a,-+ ... +a, /%

1890. Y kazanue. PaccMotpers BhipaweHue | X+ y |24 {x—y|2

1393. [Ipu HeueTHOM £ OPTOTrOHAJbHLIX IHAroHajeH HeT, NpH n = 2k ucko-

MO€ uHCJIO PaBHO —Cf,: Cg,;‘_ll.

2
1894. ¢V lim aVn=co.
n-—>co ]
. n
1395. ¢, = arccos Vn : "];mw Pn =353 @, = 60°
1396. R=a2n .. Npu n=1,2 3R<a, nmpyu n=4 R=a, npu n> 4

R>a.

1398. Y kasauue. [lokasarh, uTO HAyad0 JMATOHANM MOKIO COENUBHTH
c Juoﬁouﬁ Apyro#t BepmuHOH unenouxoll peGep, H BOCNO/AB30BATLCA NMpeibAyLlIeit
sajaueit, . :

1399. Y ka3 anune. Mcnoabsosats 3anauy 1379,

1400. Pemenue. cos(x, y)= |—\(‘«T".|v;| = |—£J|’".|v.;| = ‘I'z}
Ne 53¥) _ 3y) _lyly] N
cos (x, ¥') T*T-157] --le_ly,r-lxl.ly,lcos(y,y )< ] cos (x, ¥).
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3HaK paseHCTBAa BOIMOMEH TOrJa M TOAbKO TOTA3, KOrda cos (Y, ¥ ) =1, 1. e.
o 3apave 1399, korza y' =a-y npu a > 0. :

1401, arccos ]/ %. 1402. 60°. 1408. 30°.

1405. arccos %— Ykasanue. llyctb @; —Bektopus A4y 4; (i =1, 2,3, 4).

PaccMoTpeTh IBa BeKTOPa @ fy - @ofz U @yf; -+ af,; NOKA3aTh, 4TO KBAAPAT KOCH-
(& +-12)? (83 1-10)?
4+ titg+1D) (Gt ttg + 1)

MyM GyHkuuH (f, -{—t2)2 IPH YCAGBHH, 4TO tf +t1t2+t§ =1

1406. 45°. Y kasanue. MckaTh MHHHMYM YIJIOB BEKTOPOB BT®pOH IIO-
CKOCTH C HX OPTOTOHAJbHBIMH NMPOEKUHSMH Ha MEPBYIO MJOCKOCTD.

Hyca yria MEWJAy HHMA paBeH , H HaHTH MaKCH-

1407. Ykasauune. [lokasats, 4TO KawAas H3 cuCcTeM fi, ..., fp H
& -+ &r ABASETCH Ga3sHCOM MNOANPOCTPAHCTBA Lp, HATAHYTOTO Ha BEKTOPH
€y, ..., ep 90 (f), &) =0npu i 5 j, HakoHew, 4TO B paBeHcte gp = ¢ f; -+ ...
ve. 4-cpfr Bce KOBPOUIHMEHTH ¢y, Cy, ..., Cfp_j PABHH HYJIO.

1408. Yxasauune. [lonowus (x2—1)¥=u,(x), nposeputh, uTO

+1
u;”(il)=0 npu j < k u, HHTErpHpY# MO 4acCTAM f ug’) (x) x/ dx neckoanko
41
pas, 10Ka IOA 3HAKOM MHTErpajia He HCUE3HET MHOXHTENb BHAA X°, MI0KA3aTh, 4TO
3TOT MHTerpaa pases Hymo npu j=0, 1, ..., £ — 1. Busecrn orciona tpe6yemoc
+1

PaBeHCTBO; f Pij(x)Pp(x)dx=0 mpu J qﬁ k.
-1
1409. Py (x) =1, P, (x) = x, Py (%) =% Bx2—1), P3(x) = —;— (5x% — 3x),

k
=L (35,4302 R SR \ DRIV S YR 7 ) LI Y 5
P(x)= 5 (35x4—30x24-3). Py (x) YT E( ) / Ty x =

(k— N1(©QJ—k)1206-]

AYET BHIIYCTHTb BCE CJaraeMele¢ ¢ OTPULATEAbHBIMH IOKA3aTEASMH CTCIEHH X,

®
= 2(_1)k‘f 1.3:5. ... -@ji—1) x2/=% npuuem B 3THX BHpaXKEHHAX Cae-
J=0

2 2 » k
1410. l/m—r . Pewmenune. [onoxus (x2 —1)¥ = up (x) 1 BHUHCAUM

ckaaApHuit kBagpat (Pp, Pp). ViHTerpupys mo uyactaM, Haxomum:

+1 +1
[ @ ) war=— [ D@m= ...
-1 -1
+1 ’ +1

s = (1) fak (x) 4 (x) dx = (2%) ! f(1—x)"(1+x)"dx.
-1

-1
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CHOBa MHTETpHPYA MO YaCTAM, HAXOAUM:

k
EF1

+1 +1
f(l—x)" A+ x)*dx= f(l—x)”-‘(1+x)”+‘dx=
-1 -1

+1
_ k1 % _ (k’)2 22k+1

T RFEDEED ... @ J; U+07dr = TR T -

oTKyna
1 kY 2 22k+1 2
(Pp, Py) = (26)1 &1 = :
92k (R 1y2 QR (2k+ 1)  2k+1
M. P,(1)=1. VYxasanue. TlpuMeHuTs K BHpPaxeHHO P (x)=

1) ‘ .

-l . [(x + 1)* (x — 1)*] npasuno Jlei6unua AndpeperipoBanus Npo-
okEl  dxk

H3BEJEHHA.

(2k) 1 Cck  1.3.5.....2%—1
2k (k1)? 2k k!
crapmui  x03dpdunuent mnoamHoMa Pp(x) (k=0,1,..., n). Ykasaumue.
WcnoabaoBath 3anaun 1407, 1408, 1409,

Mi4. Yxaszanune. Ilonoxus x"=[x"— f(x)]4 f(x), nokasats, uTO
MHHHMYM JAOCTHTaeTCs TOTAA M TOJAbKO TOTHAA, KOTlAa f (x)— OpTOrOHaNbHas CO-
CTaBAA0IIAA AAg X" OTHOCHTEAbHO MOANPOCTPAHCTBA MHOFOYJEHOB CTeNeHH < n—1
(3anava 1373), u npuMeHuTb 3amaum 1410, 1412 u 1413.

M18. g (a;, a;) paBeH KBaApATY MJOWAAH NAPANNENOrPAMMA, TIOCTPOEHHONO
Ha BEKTOpax a;, @:. g (ai, Gy a;) paBeH KBajpaTy o6-beMa Napainelenunena,
NOCTPOEHHOrO HA BEKTOpax @, d;, 4s.

1418. Y xa3zanue. PaccMOTpeTh CHCTEMY ONHOPOAMHX JHHEHHHX ypaBhe-
Huit ¢ onpeneanteneM g (a;, @, ..., ap).

t417. Y ka3 anne. Mckath B3anMubi 6asuc u3 COOTHOIEHHH

1412. Py (x)=Ckfk (x), rae Ck=

n
fi=Xciper (i=12..,n).
k-l

1B, a) 7=(S")"%; 6) T=(5")". 3nech mTpHX 03HAuAET TPAHCMOHHPOBA-
HHE, 3 YepTa — 3aMeHy SJEMEHTOB KOMIIEKCHO CONPSKEHHBIMH.

t419. Y ka3zanue. llepBuli cnoce6: noxasarb, 4T0 ompeleautear I'paMa
g(ay, ..., @p) paBeH KBaJpaTy MOAYaAA onpeleanTens H3 KOOPAHHAT BEKTOPOB
a,, ..., @y B MO6OM OPTOHODMHPOBaHHOM O6a3uce k-MepHOro NOANPOCTPAHCTBA,
COAEPKALErO 5TH BEKTOPH.

Bropoit cmoco6: nokasaTh, uTO HeoTpHUaTeAbHaA KBajApaTHuHas ¢opMa
(ax, ... Fapxp, a;x,+ ...+ apxy) oT x4, ..., Xp ABARETCA NMONOKHTEIbLHO
onpejleleHHOR TOrAa H TONBKO TOTZA, KOTAa BEKTOPH &, ..., & AMHEAHO He3a-
~BHCHMHL,

Tpertuii cnoco6: moab3ysch HeusMEHHOCTbIO onpefeanteas I'pama npu OpTO-
roHaAM3alHM BEXTOPOB (3amaga 1415), moxasate, 4TO eCaM BeKTOPR by, ..., Dy
NOAyueHH W3 a&j, ...,.@; TPONECCOM OPTOrOHaAU3aRMH, TO & (@y, ..., Gp) =
=|6;1®...|0|% u npumenuts 3amany 1413,

. Yxasanne. IlepBuil cnoco6: 3aMeTuB, 4TO HCKO-

“et. ————M—
5aV2nF1

MO€ pacCTOfSHHC paBHO JAHHE OpTOr OHaAbHOH cocTaBagomeN BEKTOpa — x*
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OTHOCHTEJbHO MOANDPOCTPAHCTBA MHOTOWIEHOB CTeNMEHH He Bhillle 72— 1, mpume-
HHTb Npelnjyllylo 3afauy H 3anauy 418,
Bropoii cnoco6 (ue ucnoabaylowmuii 3agaun 418): nCkOMOe paccTOsiHHe jaet
1

MHHUMYM HHTerpana .[ [f (x)}2 dx, rae f (x) — MHOTOWIEH n-§ CTENEHH CO CTApIIUM

0
k03¢ (PULHEHTOM, DAaBHBIM eJHHHIE., JTO MO3BOJAET H3MEHEHHEM IPEJEJOB HHTE-
rpanuu CBECTH 3371y K COOTBETCTBYIOIIEMY SKCTPEMAJIbHOMY CBOHCTBY NOAHHOMA
Jlexaungpa (sanaua 1414).
1422. Ykaszanue. [lpuMenuts zanaun 1413 u 1415.
n n
1428. | D2 | H Z | @;j |2, mpHueM 3Hak pPaBeHCTBA MMEET MECTO TOr/a
. i=1 j=1
n B .
TONBKO TOTAa, Korpa jaubo Z aipajr=0 (i 5 j, i, j=1,2, ..., n), 160 onpe-
Eel
Ieauteab D cOpepHHT HYJAEBYIO CTDOKY.
1424. Y xaszanue. B BexktopHOM mnpoctpanctBe R, BBeCTH CKaaspHOe
n

npousBeleHue (X, ¥) =1 Zlaijxiyj, rae X, ..., X, W ¥, ..., ¥, KOOpIH-
y j=

HaThl COOTBETCTBEHHO X ¥ Yy B HEKOTOPOM Gasuce ey, ..., €, NPOCTPaHCTBAa Ry

nokasatb, uto Dy= g (e,, ..., €,), U NpUMEHUTb 3amauy 1422,

1425. Y xasauue. HcnoabsoBath 3anauy 1210, r).

1428. Ykasauue IlpumeHuTh CBOACTBA 3pMHUTOBHIX (OpM, aHANOTHUHBIE
cBOHCTBAM BelleCTBeHHBIX (OpM, ykazaHHbiM B 3ajaue 1210 (cm., Hampumep,
®. P. I'autmaxep «Teopus Mmarpuiup, [ocrexusaar, 1953, ra. 10, § 3,9).

1427. Ykasauue. Hcnoabsosath gaccymneuuﬂ NepBOro ¥ TPEThero Cno-
c000B, yKa3aHHHX B orBeTe k 3apaue 1419.

1428. Ykaszauue. Ilpumenurs 3anauy 1422.

1429. Pemeunwne. [lycTe npouecc OPTOrOHaJNH3ALHMH MEPEBOAHT BEKTODH

ai ..., ap by, ..., b; B BEXTOpM €y, ..., Cp, dy, ..., d;, a BekTOpPH by, ..., By —
B BEKTODH €y, ..., ¢;. OpTOroHaibHas COCTaBJAOLLAS BEKTOpa €; OTHOCHTEIbHO
NOANPOCTPAHCTBA L;, HATAHYTOrO Ha @y, ..., &g, by, ..., B;_;, coBnanaer ¢ d;
B camoM neue, bi=yi—|—ei, rie y, JHHEHHO BHIPAXAETCH Uepe3 bl, ceoy bt—p

A €; OPTOTOHAJNEH K 3THM BEKTOpaM. e =yi-—|—z, riae yEELt, a 2 OpTOroHajeH
k L;, no rtorga b, =(yl. -|—y2)-|—z, rie yi—l—yEELi, a z oproroHanes L;. 3na-

unt, nmo 3axaue 1413 z;=d; u |d;|<|e;|, npuueM 3HAK PABEHCTBA 3aBEAGMO
HMEeT MeCTO NpH yCaOBHM (2), MOTOMY uTO e,==b,—y, Bhlpakaercs uepea

by, ..., b; u, 3uauuT, OpPTOrOHANEH K a,, ..., @y by, ..., b;_;. [lo 3agmaue 1415

HMeeM: '

g(al» ceey Qp, blr ey bl)=(lcl I2' e '|Ck|2)-(|dl |2' R 'ldllz)<
LefPeolee-(le e leP)y=g (@, ..., ar) &by, ..., b))

uTo JoKasbiBaeT HepaseHctBo (1). Tlpu ycaoBuu (2) |d;|=|e;| ¢(=1,2,..., 1)

1 HepaseHcTBO (1) ofpamaerca B paBedcTBo. Ecan ay, ..., @, nad by, ..., by

JMHEHHO 3aBHCHMBL, TO NpaBas 4acTh HepaBeHCTBa (1) ofpainaerTcs B Hy.ab, a TaK
KaK JeBas 49acTb HEOTDHIATENbHA, TO Mbl CHOBA IOJY4YaeM PaBEHCTBO.

[Tycty, o6patho, HepaBencTBO (1) o6pauiaerca B paBeHCTBO. Toria no npenbl-
aymeMmy [ei |2 ..l fepRe]dy 2. [dilf=]e ... |epl2-lel?... lel? or-
KyAa anbo cymecrByer i<k Takoe, yr0o [¢;|=0, T. e @ ... @Qp JHHCHHO
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3aBucuMul, aubo cymectsyeT i I Taxoe, uto |{d;f=1¢;|=0,1. e. By, ..., B
AMHEHHO 3aBHCHMBL, an6o |d;|=|e;| (=1, 2,..., I), otkyna caepyet, 4ro
BCe €; a 3HAUUT, ¥ Bce b; (Kax X JuHeliHble KOMOWHAUMM) OPTOrOHANLHEL
K ay, ..., Qg T. € BHINOJHAETCH YCJOBHe (2).

1430. Y xaszanue. IlpuMeHuTh HpegnAywyio 3ajauy.

1431. Y kasaunue [lpumenutb 3agaun 1425 u 1429,

1432. VY kaszauue. [lpumenurp 3agaun 1426 u 1429,

1483. PemeHnne. a) nyctb uyHcaa cucreMbl (1) ABAAIOTCA PaCCTOSAHHAMHE
BCEBO3MOXHBIX Nap BepmuH Mg, M,, ..., M, n-MepHOro cuMIiekca, NpuueM

aj=MM; (@ j=012 ..., ni>}J). 2

OGo3nauum uepes e; BexTop, Maymui us My B M; (i=1, 2, ..., n). Torna
UMeeM:

a2 = (e, €)) i=129... ny (3)

a;=(e;~—e,, e;—e) (j=12..,mi>j)

M3 stux pPABEHCTB HAXOAWM CKaaApHHE NPOW3BEICHHA BEKTOPOB €, ,.., €,

(ei’ el) =4y (i = 1) 21 vy n)y
ajo+-aj0—aij , , L, “)
€ e)=——a——" (G Ji=1L2..., mi>]).
Tlpumensis 9TH COOTHOMICHHS, HanHileM MaTpuuy [pama BekTOpOB €y, ..., &
@3t a10— an Qno+ 10— an1
a[o 2 “re 2
Qg0+ a1p — ay, 1298 Qno 30— 8po
2 2 . ©®)
Gno+ Q10— Gnt Aot 20— Cpo
2o ]
Tak kax touku My My, ..., M, ue nexar B (n— l)-MepHOM MHOT00Gpa3suH,
TO BEKTODH &, &, ..., €, JUHelHO He3aBuCHMBL (O6o03Hauas uepe3s Dp yrioBoH
MHHOp TMOpAAKa k MaTpuubl (5) W mpuMeHsas 3asauy 1419, monyuaem
Dpy>0 (k=12 ... n. ®)

Hrak, ycaoBusi (6) 9BaslOTCH HEOGXOAUMBIMH [Jf TOrO, YTOGB UYHCAA CH-
cteMu (1) ObLIM pPAcCTOSIHUAMM BEPUIMH 7-MepHOro cummiaekca. [lokaxeM, 4To
3TH YCJOBHS AOCTatouHel. [IpH BHMOAHeHMH ycaoBuil (6) Marpuua (5) aBasercs
matpuneii I'pama auuefiHo He3aBHCHMOH CHCTEME! BEKTODOB &y, ..., €, (CM. 3a-
gauy 1352 mam 1210, B) ). [losToMy Bepubnl paBencrBa (4), OTKyAa BHITEKAOT
pasenctBa (3). ITpuHuMas Hauano koopammar 3a M, a koHeu BexTopa e; 3a M;
(i=1 2,..., n), NONyuYuM BHIIOJHEHHE PABEHCTB (2), 4TO U TPeGOBaJOChH.

B cnyuae 6) Heo6XOAHMBIM H TOCTATOYHEIM YCJIOBHEM SBJASETCS HEOTPHIA-
TEJbHOCTb BCEX IMaBHHX (@ HE TOJMbKO YIJOBHX) MUHOpOB MaTpuunl (5). Heo6xo-
AMMOCTb MOKAa3blBAETCHA TAK Ke, KAK B Cayuae a), ¢ TOH pasHuueH, 4TO BEKTOPHI
€y, ..., €; MOryT OhITb JMHEHHO 3aBMCHMBL JIOCTaTOYHOCTH HOKA3HBAETCH NDH
nomoutt 3asauu 1425 wam 1210 r).

1434. [cosa - sina
sina cosa/’
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0 010
0 0], ecin e, nepexoqnr Be, u [ 0 0 1|, ecan e, me-
PEXORHT B ¢,.

010 100
436. /1 0 0- 1437. /1 00 1438. (1 1 1)
(oo) (010). 3 3 3
000 00 0/ 1 1 1

3 3 3|

111

13 3 3

1439. lNepsrie 2 sneMeHTOB raaBHOH JKMaronansn MaTpHUH Npeo6pasOBaHuS
PaBHR eflMHHLE, a BCE OCTAAbHHE SNEMEHTH PABHH HYJAIO.
. B i-M cTOAGue MaTpunn NPeo6pa3’OBaHNA CTOAT KOOPAHHATH BeK-
Topa b; B Gasuce a,, ..., @

0 11 .
41, ¢ auHeiiHo. Am———(? 0 1). 1442. ¢ He sBaseTCH JHHEHHHIM.
3 —1 1

1 —1 1
1443. ¢ ne spaserca nnHeiinny, 1444. ¢ mmeitno, Ay = (0 0 1).

. 0 10
2 —11 6 -6 11 5
445. ( 1 -7 4 ) . 1448. 1 (——12 13 10) .

2 =10 ’ 6 —5 -—5
1448. B Gasnce e, e, e; maTputa 1 2 3
(246),
369
B Gaauce b, b;, b; MaTpnua 20 5 5}
3 3
16 4 .
-3 3 4
| 8 =2 6]
H449. a) npu yMHOXEHHH CleBa 6) npH yMHOXMEHHM CmpaBa
adb 00 a 0 ¢ O
c d 00 0 a 0 ¢
00a | b0 do
0 0 ¢ 4 06 04
1430.2) (01 0 0...0 6) (01 0 0...0)
0020...0 0010.,.0
0 003..0} 000 1,.,0},
0.0 00...n 0000...1
0 000..0 10000..0)
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#45% B Marpuue nepectasATCA i-% H j-51 CTPOKM H i-f M j-A CTOAGUH.

452.2) (1 0 2 1 6) (-2 0 1 0
2 351 1 —4 —8 —7
3 —1 0 2| 1 4 6 4
I 1 23 t 3 4 7]

1438. /1 0 0 1454, /1 2 2
(0 2 O), (3 —1 -—2),

0 0 3 2 -3 1
1457. ( 44 44 ) 1458. ( 109 93 ) 1481. 2
—29Y, —25/° 34 29/°

1484, Y xa 3 anue. [IpuMeHnTs NPeALAYLyO 3a4auy H onpejenenue (GyHK-
1i¥H OT MaTpHuu (3anaua 1148).
8. Ay =A;=2A3=— |, Co6crBeHunie BekTopw HmetoT BHE ¢ (1, 1. — 1),
rae ¢+#0.
1488. A, =A;=2Ai;=2. CobcTBenHne BekTopm HmeloT BHA ¢ {1, 2, 0) +
-+ ¢(0, 0, 1), rae ¢; H ¢; He paBHW HYJIO OJHOBPEMEHHO.
7. A, =1, A;=2A3=0. Co6cTBennHe BEKTODH AN 3HAYeHHA | HMEWT
g c(l, 1, 1). a paa A=0—Bua c(l, 2, 3), rae ¢%0.
. « Ay=A;=23= 1. CoGcrBeninbie BekTOpm umeT BHA ¢ (3, 1, 1), rae
c70.

89, A, =3, A;=2A;= — 1, Co6CTBEHHNE BEKTOPa A8 A =3 HMET BHI
< (1, 2, %, a gt A=—1-—8ug c(l, 2, 1), rae ¢=0.

M70. A =A;=1, Ay= — 1. Co6cTBeHHble BeKTOPH AJs A= | HMEIOT BHJ
(2, 1, 0)+cy(1, 0, —1), a gaa A= —1 Bua ¢ (3, 5, 6), rae ¢, H ¢ He paBHH
HyJMIO OJHOBPEMEHHO H ¢70.

T1. Ay=1, Ay=2+3i, A;=2—3i. Cofcrpennsie BekTopo aat A=l
umewr BHR c¢(1, 2, 1), nama A=2+3i—Bug ¢c(3—3i, 5—3i, 4), paga A=2 —
— 3i—BHA ¢ (3430, 5+ 3, 4).

MT2. A =Ay=1; A3=A,=0. CobcTRennne BeKTOpH IJsi A =1 HMeIOT BHI
€(0,0,0,1), a nms" A=0—Bua ¢; (0, 1, 0, 0)+¢,(0, 0, 1, 0), rne ¢c#40 1 ¢;
H C; M€ DABHH HYJIO OJHOBPEMEHHO.

T3. Ay =Ay=1, A3=2A,=0. CoGcTBeHnne BeKTOPH AJIs A = | UMEIOT BH]
(1,0, 1, 0)+¢,(0,0, 0, 1), a axa A=0—pux ¢; (0, 1, 0, 0)+ ¢, (0, 0, 1, 0),
T/le YHCJa €y H C; HE PaBHBH HYJIO OJHOBPEMEHHO.

1474. )\ =2, CobctBennnie BekTopul umeroT BHa ¢; (1, 1,0, 0)+¢2(0, 0, 1, 1),
TAe ¢; H ¢y He PpaBHB HyJw oaHopeMenHo. METT. Yk a3 anHe. Ilpumenuts
3agaun 820 n 1476,

“719. o,=(1, 1, 1), 1 0 0
a2=(l. 0, 0), (0 2 0),
a;=(1, 0, —3) 00 2

M80. Marpuua K AHaroHaJbHOMY BHAY He NPHBOXHTCA.

W8t q,=(!, 1, 0, 0), 2 00 0
a2=(11 Ov ly 0), 0 2 0 0
as=(l, 0, 0, 1), 00 2 0f°
ay=(1, =1, =1, —1); 00 0 —2

482, Matpuua K AHAroHaJbHOMY BHAY He MPHBOAHTCSH
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1483. a,=(1, 0, 0, 1) 1.0 0 0)
a;=(, 1, 1, 0), o1 o0 o
a;=(0, —1, 1, 0), 00 —1 0
a,=(—1, 0, 0, 1y 00 0 —I

1484. Hanpumep:

1 . 0 -1
o1...—-1 0

y Ao [ ,
0 1. 1 0
1 0. 0 1

TAe 1mo BTOPOH AWMAaroHanH 3JEMEHTH Bhille [JIABHOH jMaroHajid paBHb —I1,
a Hxe -+1; NMpH HEHeTHOM £ Ha MepeceueHHH JHaroHajeidl MOXKET CTOATb Kak
-1, Tak u —1. JuaronainHas MaTphia B HMeeT Ha JaBHOW IHAaroHaJ M CBEPXY
n n-41 )

5 npu METHOM 1 # —p— MPH HETETHOM /1 3JEMEHTOB, PABHbIX -1, a ocTanbubie
3M:MEHTH P iBHB —1.

Y xasanune. PaccMoTperh JuHeliHOe mpeoGpa3oBaHHE ¢ 7-MEPHOrO Mpo-
CTpaHCTBa, uMelomee MaTpuuy A B HexoTopoM 6asice, HailTH 6a3nc, cocTOAuHil
H3 COGCTBEHHHIX BEKTOPOB 3TOr0 mpeoOpPa30OBaHMA, H HPHMEHHTbL 3anauy 1477.

1486. Jlio6nie aBa sAeMeHTa Up H O,_p4y;, DABHOOTCTOAIIUE OT KOHHOB
noGoyHOM IMaroHanad, AOMKHH JH60 06a ObiTh OTAMAHEI OT Hyaa, aubo oba
obpamaTtbcad B HyJb. ‘

Ykasanue. PaccMotperb JuHeHiHOe mnpeoGpa3oBaHHe ¢ H-MEPHOTO Ipo-
CTPAHCTBA, €OOTBETCTBYlomlee MaTpuue A B HexoTOpoM 6a3Hce, H HPHMEHHTb
sanaun 1117, 1132, 1484,

1487. EnunctBeHHoe co6cTBeHHOE 3HaueHHe — A =0; cOOCTBEHHbBIC BEKTOPH —
MHOTOUJIEHBI HYJAEBO#l cTeneHwu.

1491. Pemwenue CHauana fOoKaxeM paBeHCTBO

paaM. L = paaM. gL -} paam. L,, )

rae L,—nepecevenne L ¢ aapom ¢~ '0 npeobpasosanun ¢. Has aroro Gaay

a,, a ..., ap NOANpocTpaucTBa L, nomoanuMm Bektopamu by, b, ..., B; 1o

6aspl L (mpu Ly =0 OTCYTCTBYIOT BEKTODPH @;, mpH L, = L — BexTOopHt b;). Bek-

TopHt 9By, ¢bs, ..., pb; obpasyior 6aay @L. B camom nene, ecan ycol, 10
k 1 {

y=ox rae XCL Ecamx= D aa;+ 3 Biby, 10 y=qx =) ipb;, TaK Kak

i=1 i=] i=1

ga;=0 (=1, 2,..., k). Bextopu ¢b;, ¢b,, ..., ¢b; JAnHEHHO He3aBHCHMBI,
1 l l &

Tak Kkak w3 3, B;gb; =0 caexyer > B;b;€ Ly, oTkyna 3 Bibi= 3, wa;
i=1 i=1 i=1 i=1

snaunt, ;=0 (i=1,2..., ).
WUrak, pasm. L =+ & == pasm. gL -} paam. L,.
a) Ma (1) B cuny Ly ¢~ 10 Haxoaum:
pasM. L = paam. pL -} paam. L, < pasm. oL -} ned. ¢;
paam. L — ned. ¢ < pasm. ¢L.

HNanee, pasMm. gL = pasm. L — pasum. Ly < pasm. L.
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6) TMonowum ¢~ 1L =L’ Tak kak 0CL, 10 9" 0@~ 'L=L"u L' [¢~10 =

= @~ 10. INpumenss (1) ¢ samenoil L Ha L', noayuum:
pasM. L’ = paam. ¢L’ 4 ned. . )

Tak xak @L’ < L, 10 paam. L’ < pasm. L u no (2) pasm. L’  pasm. L+ Ied. ¢,
yeM JOKa3aHO BTOpPOE H3 HepaBEHCTB 6).

IokaxeM, uto oL’ = L¢pR,.

Tax wkak oL’ <L u 9oL c9R, 10 oL’ L\9R, Ecau xELN9R, 10
x=0x', rie X’ Co"'L=L', 1. e, xEqL’. Otciona LN9R, = ¢L’.

Tax xak pasm. (L4 ¢R;) < n, 710, HCOMb3ys CBA3b PAa3MEPHOCTH CYMMBI U
nepeceyeHnsl MOANPOCTPAHCTB (3agaya 1316), moayuum:

paaM. L’ = pasMm. (LM ¢R,) = pasm. L -} pa3Mm. 9R, — pasm. (L 4- 9R;) >

> paam. L 4 pasM. R, — n = pasm. L — ned. ¢.
O1coga B cuay (2) Haxonum:

pa3M. L’ = pa3m. 9L’ 4~ ned. ¢ > (pasm. L — ned. ¢) + ned. ¢ = pasm. L,
ueM JOKAa3aHO MmepBO€ H3 HepaBeHCTB 6).

1492. Y x a3anue. PaccMoTpers npeo6pa3oBaHua @ W '\ IPOCTPAHCTBA R,
¢ MaTpuUaMud A 1 B u npuMeHUTs NpeuAyILYI0 3a1a4y K NOANpocTpancTBy L=1R,.

1494. EnuncrBeHHoe co6cTBeHHOE 3HAueHHe A ==1. CoGCTBeHHBIE BEKTODHI
HMeoT BHI ¢ (@) 4 2a9) -+ ¢z (@2 4 a3+ 2a,), rae ¢;, ¢; He paBHBI HYAO OXHO-
BpPEMEHHO.

1495. Y kasaunune, PaccmoTpers MarpHuy mnpeo6pasoBaHust ¢ B Gasuce,
[NEepBHIMM BEKTOPAMH KOTOPOTO ABJAIOTCHA JHHEAHO HE3aBHCUMBbIE COGCTBEHHEIE
BEKTOPHI @, IpHHANeKamue Ay JApyroil Nyt cBsi3aH ¢ npHMeHeHHeM 3afauu 1074,

1501. Hyjepoe moampocTpaHCTBO H MOANPOCTPAHCTBO Ly, COCTOALIME H3 BCeX
MHOrouneHoB ctenenu <Lk (=0, 1, 2,..., n).

1508. MuBapHaHTHHIMH HOANPOCTPAHCTBAMH GYAYT: HyA€BOE NOANPOCTPAHCTBO
¥ M060e MOANPOCTPAHCTBO, HATAHYTOE HA KAKYI0 YrOIHO MOJACHCTEMY BEKTOPOB
6asnca ay, as, ..., @y HUX UHCAO paBHO 2%

Y kasaHnue. IlpuMenss 3afaun 1495, 1502, nokasarn, uTo M060e HeHyAeBOE
HHBAPHAHTHOE MOJANPOCTpPaHCTBO L mMeeT 6a3uc, ABAAIOLMHCAS NOACHCTEMOR Bek-
TOpPOB @, A3y ..., Qp.

1504. [lpamas ¢ 6asucHbIM BeKTOPOM a; = (2, 2, —1), mobas mpamas mjo-
ckocTH L c 6asucHeIMH BeKTOpaMH a,=(l, 1, 0} u a@;=(1, 0, —1), 1. e. mao-
CKOCTH X, — Xy x3 =0, cama 37a mrockocth L, mobas NI0CkoCTb, MPOXOAALIas
yepe3 BEKTOP @), BCe MPOCTPAHCTBO U HYJAeBOE MOAMPOCTPAHCTBO.

1505. Ilpsamas c 6asucubiM BektopoMm (1, —2, 1), mIocKOCTb ¢ GasHCHBIMK
sextopaMu (1, 1, 1) u (1, 2, 3), T. e. MIOCKOCTL C YpaBHEHHEM x| — 2x; - X3 = 0,
Bce TPOCTPAHCTBO U HYJAEBOE MOJANPOCTPAHCTBO.

1509. ), =1, A, 3=0. KopHeBble MOANPOCTPAHCTBA COCTOAT H3 BEKTOPOB
g Ay=1:c(l, 1, 1); aag Ay, 53=0: ¢;(1, 1, 0)4-¢c2 (1, O, —3).

1510. A; =3, g, ;= — 1. KopHeBble NOANPOCTPAHCTBA COCTOAT U3 BEKTOPOB
g A=3:¢c(l, 2, 2); nas Ay, 3=—1 ¢, (1, 1, 0)4¢, (1, O, —1).
1511, ),,,, ;= —1. Bce mpocTpaHCcTBO ABARETCA KOPHEBBIM NOANPOCTPAHCTBOM.

1512. ), ; =2, A3, , = 0. KopHeBble HOANMPOCTPAHCTBA COCTOAT H3 BEKTOPOB:
s Ay, =2 ¢;(1,0, 1,0 4c¢, (1, 0, 0, 1);
o Ag, 4 =0: ¢, (1,0,0,0)4¢2(0, 1, 0, 1).
1915. a) Jlo6oe uucao o ABAsSeTCA COGCTBEHHHIM 3HaueHneM. COOTBETCTBYIO-
e eMy coGCTBEHHBiE BeKTOpH HMelT Bui ce®*, rme ¢ == 0;
6) KOpHEBOE MOANPOCTPAHCTBO, COOTBETCTBYIOLIEE YHCAY O, COCTOUT M3 BCEX
dyuxuuit suna (ag+a, x4 ... +a,x”) ™, rae ay ay, ..., a; — NoGbie uHCAA
H n— ai06oe ueioe HEOTPHULATEAbHOE UHCJO.
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1517. Ecau MunuMansHE MHOTOWIeH g (A) = A" — ¢ A" 1 — ¢, _ A" 2— .
«..—C;, TO MATpHUA NPEO6PA3OBAHUA ¢ HMEET BHI

00 0...0 ¢)
0 0...0 Co
0

.........

1518B. XKopnranoBa kJeTka

a1 0.,.0)
0a1,,,0.
000..,.a

1520. [Ipy n =2 NOBOPOT NJIOCKOCTH HAa Yroa & 5= kN He O6AafaeT MHBa-
pHaHTHHMH mnpaMbiMu. [loAmpocTpaHcTBO L TOrIa H TOAbKO TOrAa COAEPKHUT
NpAMYI0 HENMOXBHIKHBIX TOYEK, KOrLa npeobpasoBaHue ¢;, HHIYLHPOBAHHOE Hpe-
obpasoBanneM ¢ Ha L, ob6namaer cOOCTBeHHBIM 3HAUEHHEM, PAaBHHIM eJMHHUE.

1528. Ykasaune. [lpu nokazaTeabCTBe YTBEPKIEHHA a) MCIONb30BaTh
paseHctBO 1= h, (A)u; (A) 4 Ay (A)uy (A), rae u;(A) ¥ uy (A) — MHOrOUNEHH
OT A; 6) BHBECTH M3 a). .

1824. g(A)=(A—1)*(A—2). Ry=L,+L,, rae L, umeer Gasuc f, =e,,
fz = @,— €;, a L,— 6Ga3uc f3=82.

Yxaszauue, [lp otoickaHuu g (A) HCMOAb30BATH 3a1auy 1485.

1825. g (A)=(AL—2)(A—3). Rg=L,+ L, rae L, umeer, Hanpumep,
6asuc fi=e +e, fo=e —e; a L, — Gaanc 2e; — 5e, — 6e;.

1826. g (A)=[A—(a, a))A. Ry=L;+ L,, rae L, HaTaHYTO HA BEKTOp @
u L, o6pa3oBaHO BCeMH BEKTOpaMH, OPTOrOHaJbHHMH K Q.

1527. Ecan Ay — co6CTBeHHOE 3HaueHHE ¢, TO KOPAAHOBA ¢opMa COCTOUT
H3 OJHOH KJeTKHM NOpAjKa n ¢ A, Ha JHAroHam M.

1529. Pemenue. A) Nonoxum: f;(A) =—f—(—}”)—-5 (=12 ..., 5.
(A—2p)
MuorouneHn f; (A) B3aHMHO HPOCTH. 3HAUHUT, CYLIECTBYIT MHOrouJeHH A; (A)
S

i=1,2..., s) rakue, uto 1 = 2 f1(A) Ay (A), oTKyna Aas AOG0ro BEKTOpa X
i=1

x= ) x; %))
=

R
rie X; = f1(9) - hi (§) XEPy; 1ak KaK (9 —Aie) ‘X = f(9) hy (9) X =0 no Teo-
peme TaMuabtona — Kaau, B cuny xotopo# f(¢)=0.
ExuHcTBeHHOCT pa3nomenus (1) 10CTaTOYHO N0ka3aTh Aad X = 0. [IpuMenas
§

K o6eMM 4acTAM paBeHCTBa 2 X1=0 npeoGpaaoBaHHe' fi1 (), moayuum:
; i=1
R
fi(9) x; =0, Tak Kak f; () X; =0 npu j == i. Nanee, f;(A) u (A—1;) ! p3auMHO
NpOCTH. 3HAYHT, CyHECTBYKT MHOrouieHn p(A) 4 g (1) Takue, 4TO

1=p () fi(M+q R A—21)°4
OTKyZa

X1=p @) £1(@) X149 @) @— Me) F 5, =0,
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DTHM HOKa3aHo, YTO NPOCTPaHCTBO R, €CTb NpAMan CyMMa NOANPOCTPAHCTE P;
(=1, 2, ..., s), u nocrpoeHne HckoMoro 6asuca cBejeHo K ciayuaio B). B cay-
9ae MHMHHMQJbHOrO MHOTOUJEHAa pPacCyXIEHHf aHAJIOTHUHH (CM. 3amauy 1523').

B) Hdocratovho A0Ka3aTb, UTO yKa3aHHOE NMOCTPOEHHME Ha KAWAOM LIare BO3-
MOXHO (TO eCTb BEKTOpH, JAONOJHAEeMHe 10 6a3uca R, AMHEHHO HE3aBHCHUMH)
U UTO BEKTOpPH BCeX NOCTPOEHHHX CepHil 06pasyT 6a3uc NpocTpaHcTBa R,
Kawnoii cepun B MaTpHlle Npeo6pa3oBaHHs P COOTBETCTBYET, OUEBHAHO, XOpia- -
HOBAa KJETKa C HyJeM, @ B MaTpuue Npeo6pasoBaHHa @ = Aqe - P COOTBETCTBYET
KJeTKa ¢ A, Ha AMaroHaju,

Bo3MOXHOCTh NOCTPOEHHA HA KAKIOM Hlare XOKa3blBaeTC HHAYKTHBHO AAA
h==Fk k—1,...,, 1. llpu h=~Fk BexTOpH /M1060T0 Ga3nuca R,_, BMECTE C BEKTO-
paMH BHCOTH %, HAUHHAIOIHMMH CEpPHH NEpBOro Iara, Nno NOCTPOSHUI0 06Pa3yloT
6asuc Ry. [lpeanonoxuM, uTO yxe NOCTPOEHH CEPHH ¢ HAYaIbHHMH BEKTOpaMH
BHCOTH > h-}-1, mpHueM BCe BEKTOPH BHCOTH /-1 NOCTPOEHHBIX CepHil
X, 1.y X, BMECTE C BEKTOPAMH Y, ..., ¥, nboro 6asuca Ry o6pasyior 6asuc Ry 4,.

Tlokaxem, 4YTO BEKTOPH BHICOTH A: YXj, ..., PX, NOCTPOCHHHX CepHil BMecTe
¢ M06HM 6a3ucoOM 2y, ..., 2, A Ry_, auHeitHo HesaBucHmu. Ilyctb

P r
> c,xpx,-{-j}]l djz;=0. 2
i=1 =

[Tpumensaa k o6enM 4acTAM 9TOFO paBeHCTBA Npeo6pa3oBaHHe 1|:"‘1, MOy UM

[ [2

Pt 2 ¢;x;=0. MoatoMy BekTOp 2 ¢;X; OpHHALAeXHT Ry M auHeiiHO Bhpa-

i=l i=1

KaeTcs uepes ero 6asuc ¥y, ..., ¥g. W3 annedHOH HE3aBUCHMOCTH BEKTOPOB
X1y oo Xpm Yib oo, Vg (KAK 6a3uCa Rpyy) BHTEKEET, 4TO ¢;==0 (=1, 2, ..., p).
Nostomy u3 pasenctpa (2) Burekaer, uto d; =0 (j=1, 2, ..., r); sTuM noka-
3aHO, 9TO BEKTOPH BHICOTH /I NOCTPOEHHHIX paHee CEpHil BMECTE C BEKTOpAMH
ao6oro 6asuca Ry_, MOXKHO AONOJHHTL A0 6a3uca Rj. [Ipuuas nomoiHuTe/bHBIE
BEKTOpH (ecAd OHH CYIIECTBYIOT) 3a Ha4ajbHHE BEKTOPH HOBHIX CepUH, MH
HaxoJMM, UTO MOpEANOJOWKEeHHe, CleJaHHOe BBille s Ry, BHIOJHEHO Tenepb
Ans Ry, H NOCTpOEHHE MOMHO BECTH AajbIUe.

IlycTp ykasaHHOe NOCTPOEHHE BHIMOAHEHO mas h=k, k—1, ..., 1 (B neit-
CTBHUTEJBHOCTH Ga3HC BCErO0 NPOCTPAHCTBA MOXET IOAYUHTbCA M PaHbIlle, YeM
M goigeM Ao h==1), Tak kak R, He uMmeer 6a3uca, TO N0 JOKA3aAHHOMY BEK-
TOPH BHCOTH | mNOCTpoeHHbIXx cepuii o6pasylot 6asuc Aas R,; 3HauuT, 9T
BEKTOPH BMECTE C BEKTOPAMH BHICOTH 2 NOCTPOCHHHX Cepuil 06pa3yioT 6asuc R,
u TaKk fanee. HakoHen, BEKTOPH BRICOTH < #— 1 NOCTPOEHHEIX CEpHH BMecTe
€ BEKTOpAaMH BRICOTH £ 3TUX cepufi 06pasyioT 6a3uc Rp. MHbIMH CIOBaMH, BEKTOPH
‘BCEX MOCTPOEHHHIX cepuit o6pa3ywT 6asuc Bcero NPOCTPAHCTBA.

B) Mycts C= A, —AE. Tak kax matpuus B* u C* mogobuw, 1o panr
matpunt C" pasen r, (h=01 ..., k&, k4 1). Kaxnoit mopaaHOBOH KaeTke
Marpuusl A, ¢ Ay HAa 1MArOHANW B MaTpUUE C COOTBETCTBYET KJETKAa TOro e
nopsAjKa ¢ HyJeM Ha AadaroHaiv. Ecau D — Takas kJeTka nopajgka p, TO paur
knetku D% mpu h=0,1,2 ..., p pasen p—h, anpu h=p, p41,..., &,
k+-1 pasen Hymo. KaeTke ¢ A, == A, MaTpHupl A, COOTBETCTBYeT B MaTpuue C
KJETKa C YHCAOM Aj— Ay 5= 0 Ha puaroHanu. Paur mo6oit ee cremeHu paBeH ee
nopaaky. Paur matpuust C* pasen cyMme panroB ee kaetok. [loatoMy npu nepe-
xoze ot Marpuun C*~! k marpuue C* panr nonuxaercs poHoO Ha WHCIO KJETOK
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Matpuuel C ¢ HyJeM Ha JHaroHald, HMelIHKX mopsaiku > A. Otciona
k

DMxi=rpy—ry  (A=12..., k). )

i=h
BbluuTas OTCIOJA aHAJIOrMYHOE PaBEHCTBO C 3ameHod £ Ha A -1 (npu £ < k),
TOAYYHM cooTHoweHus (@) aag A=1, 2, ..., £— 1. Tax Kak KkJeTKH NOPAIKOB

BHWE k C Ao Ha AuaroHam B matpune A, OTCYTCTBYIOT, TO £ ==r, .. H IpH

h =k cootHomeHHe (3) HACT: Xp=rp_—Tg="rp_y—2rp-+rpyy, TO €CTb
COOTHOmenue (0) BepHO H 1aa h = k.

1530. f, = (], 4, 3), 21 0
fo=(, 0, 0), AJ_—-.(O 2 0).
f2=( 0, 1), 00 2

1531, f, =(1, —3, —2). 010
f2=(1, 0, 0), AJ=(0 0 0).
fa=(1, 0, 1), 000

1582. f, = (6, 6, —8), -1 10
f2=01,0), AJ=( 0 —1 0).
f:=0@ 1, =), 0 00

1538. f, =3, 1, 1), 310
f2=(1, 0, 0), A,=|0 3 o).
Ji=(5 0 1) 00 3

1534, f,=(1, 1,1, 1), 110 0)
fo=(—1, 0, 0, 0), 4 _loreo
f:=(,100), J7 oo 1 1}
= (0, 0, —1, 0); (0 0 01

1535. f, = (—I, —1, —1, 0), 210 0)
f=2 10 0), 4 _]0200
fr=(, 0,0, —1), J7lo 0o 2 of
fi=@G, 67, 1) [0 0 0 1

1536. IIpu uerHoM n:
Ji=e, fi=e;, fi=e5 ..., fo,=es_y, [, 1=92, oo Jn=eq

T 7
n
ManPI].la AJ COCTOUT H3 JABYX KJAETOK )KOplIaHa nopsiaka 5 C HyJeM no rjas-
HOH JMaroHasnu. an HEYETHOM n.
fl=elr f2=e31 f3=e51 ey fn+1 =em fﬂ+1 =€y v fﬂ=eﬂ—1'
—_ —_—

2 7 +1
n4+1 n—1
Martpuna A ; COCTOMT H3 JIByX KJETOK Xopaana nopsakos )

€ HYJEM O TABHOH JHAroHam .

1537. ¢ spaseTcs OTpameHHEM HPOCTPaHCTBA R, B HEKOTOPOM MOIIpPO-
CTpaHcTee L; mapaifeJbHO HEKOTOPOMY JIOMOJHHTEJNbHOMY IOANPOCTPAHCTBY Lg.
WUupMu ciosamu R, €cTb npamas cymMa Ly u L, npuueM @x =X, ecau XC Ly,
BgX=—x, eciu XC L,
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Yxkasanne. [epnnit cnoco6: npuuats 3a Ly u L, COBOKYMHOCTH BCEX X,
JUIE KOTOPBIX COOTBETCTBEHHO QX ==X H QX = — X, H NOJOXHTH

1 1
¥ =5 (*+¢x)+ 5 (x —gx).

Bropoit cnoco6: paccMorpers 6a3nc, B KOTOpOM MaTpuuia Ag uMeeT xopha-
HOBY (opMmy.

1588. ¢ sBJaseTCA NPOEKTHPOBAHMEM IPOCTPAHCTBAa R, Ha HEKOTOpOE MOA-
npoCTPaHcTBO L; NapaaneibHO HEKOTOPOMY JOMOJHHTEIbHOMY NOXMNPOCTpPaH-
cBy L, Wummu croBamu, R, ects mpamas cym™ma L; u L, npuueM @x=x,
ecat XCL, u gx=0, ecan XCL,.

Y kasanue. IlepBui#t cnoco6: npuuars 3a L; u L, COBOKYyMHOCTH BCEX X,
AJsi KOTOPBIX COOTBETCTBEHHO QX = X H @X = 0, ¥ NONOXKHTb X = @X | (X —@X).

Bropoit cmoco6: paccmoTpeTh 6a3umc, B KOTOpoM MaTpuna A¢g HMeeT Kopha-
HOBY ¢opMYy.

1538. a) las 6asuca e, €, e; npeoGpa3’oBaHue ¢ ONpPENEJEHO TaK:

pe; =e; ¢e;=e; ¢e;=0;

6) ge, = e,, pe, =—e;, ge; =0 (B ciyuae OopTOHOpMUpPOBaHHOro 6a3suca @
6yneT MNPOEKTHPOBAHHEM HA IIOCKOCTb €|, € COENMHEHHBIM C MOBOPOTOM 3TOH

17
IIJIOCKOCTH Ha yroJ ——).

p)
1541. / 3 6) 1542, ,—36 —37 —I15 1543. /4 —2 2
(_1—3' 30 30 14]). 2 —11}.
2% 27 9 1 21

1544. ¢* — npoexTHpoBaHHE Ha GHCCEKTPHCY BTOPOH M YeTBEPTOll UeTBEPTH
mapaneasHo ocu Oy. . . .

1545. Ykasanue. llokasars, uto ecam 2L, #€L, 10 ¢92=0,
Q*u=u. -

1847. Y ka3 anue. lokasars, 4TO OPTOroHaJAbHOE IOMOJHEHHE K OJHOMED-
HOMYy MOIMPOCTPAHCTBY, HHBAPHAHTHOMY OTHOCHTEJIBHO CONPSKEHHOro mpeobpa-
30BaHuA (¥, MHBAPHAHTHO OTHOCHTEJBHO @.

1548. Y ka3anue. Iloabsyace npeibinymel sagauell, NOCTPOHTDL LEMOUYKY
noxnpocrpaucte R, D L,_1D ... DL, rae Lp— k-MepHOEe NMOANPOCTPAHCTEO,
HHBaDHAHTHOE OTHOCHTEJBHO @, M MPHUMEHUTb 3afauy 1355.

1549. 3x, —3x, + x3=0.

1853. Y kasauue. PaccMoTpeTp paBeHCTBA

((Peiy f]) = (eiy (P*f/) (i) j= 11 2: ey n)'
1554. Y xasaHue. [lepeliTH K OPTOHODMHPOBAHHOMY 6asucy.

1555. 128 313 454\ 1586, 5 5 3
A= 3 117 145]. A =|—5 —7 —2|.

—61 —197 —245 3 6 0

1557. 2 3 —1 1558. 0 —4 4
A=(52 —1}|. A= 0o —8 7.

34 0 -7 -2 5

1562. Hanpuuep, npeo6pasoBanue @, nePeBOIALIEE BEKTOP X ==(X|, Xy, .., Xp),
3ajaHHBIl  KOOpAMHATAMH B OPTOHOPMHPOBAaHHOM 6a3uce, B BEKTOD @X ==
= (|x,[, %2 +.., Xp), COXpAHAET CKaNApHbIE KBAApaTHl, HO HE JuHEHHO.
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Y kaszaHue. Jlnda I0Ka3aTenbCTBAa yTBEPKAEHHS O NHHEHHOCTH ¢ TOKa3aTh,
470

(9 (ax+-by) — apx —bgy, @ (ax-}-by) — apx — bgy) =0.
1868. a) UA 1= AU; 6) UA 1= A'U.

1566. Y kazanue. [lokasars, uTo CymecTByer BeKTOp x; =x,— Z a;x;
i=1
(6BITH MOXET, paBHBH HyJ0), AA9 KOTOpOro (x;, x1)=0 i=12... k—1),
k-1
YTO, MONOXKHB y; =3y,— Z 0;¥;, NON44M CHCTEMH BEKTOPOB X, ..., X,_1, x,:
i=1
MY, oon Y1 y;' ¢ paBHRIMH MarpuuaMH [ paMa, W NpHMEHMTb MeToj Mare-
MaTHYeCKOH HHIYKIHH.

1867. Y kazanue, [Ipumenurs sagauy 1499,

1569_. Pemenne. a) Ecau gz=212, 10 (92, 92) =2k (2, 2) = (2 2),
oTkyla AA=1wu |A|=1.

6) Mycts g2y =1A2), @2y =1As2y A+ Ay Torma (z,, 22) = (921, §22) =
= A 7»2 (21, 23), OTKyla, YMHOXas Ha Ay H npummaa BO BHHUMaHHe, 4TO kzkz =1,
HafimeM Ay (2, 29) = Ay (24, 23) H, 3HAUHUT, (2, 2y) =

B) [lycts X Y — ¢Toabu KOODIHHAT X H y Hepexonﬂ K KOOpIHHATaM
B paBeHCTBe § (X -} ) = (a-}- i) (x+yt) noayuum AX - AYi = (e X —pY) 4-
+ PBX+-al)i, omyna NpHPABHHBAs JeHCTBHTENbHHE H MHHMBIE UaCTH, HAXOAUM:

AX =aX—BY; =pX+4a¥, uTo nokasmBaer pasencTBa (l). YMHOXag
noq.'leHHo nepBoe ua paBeHcTBa (1) camMo Ha cebs H MpHMEHAR COOTHOUIEHHE
P2 =1, monyunu (g%, gx) = (%, ¥) = (@) [x 2= | x |2} B2 | y | —
——2aﬁ (x, ). llepeMuoxan paseHcTBa (1), Haxoxum:

(9%, 93) = (%, Y) = (@ +F) (x, ) =B (| x P~y ) +- (&> — ) (x, ¥)-

Takum o6pasoM, ans Beaumuun |x|?*—|y|* u (x, y) mocie cokpauieHus
Ha B monyuaeM cuCTEMY ypaBHeHuil:

BClxP— |y +20(x, =0 a(JxP—|yH—2B(x, =0,
TaK KaK onpenenmenb CHCTEMH OTJAH4YEH OT HYJAH, TO
jx?P—[y?=0 u (x,¥)=0.

r) Ecin ¢ uMeeT BelueCTBEHHOE COGCTBEHHOE 3HadeHHe, TO HMEETCH OXHO-
MepHOe HHBapHAHTHOE MOANPOCTPAHCTBO. B DNPOTHBHOM Ciaydyae TNepexoiHM

K YHHTapHOMY NpocTpaHcTBY. VIMeHHo, GepeM B YHHTapHOM IIPOCTPaHCTBE Rr',

OPTOHOPMHPOBAHHHH Gasuc e,...,e. BekTophl H3 R;, uMelwolHe B aToM 6asuce

BelECTBEHHbIE KOOPAHHATH, OOPasyloT €BKJAMIOBO NMPOCTPAHCTBO R;, BJIOKEHHOS
4 B

B R,. [lpeo6pasosanue ¢ uMeeT B Gasuce e, ..., €, BELIECTBEHHYIO OPTOrOHAb=

HYl0 MaTpHUy A. dra wmarpuna B janHoM Gasuce onpejieasieT yHUTApHoe mpe-
o6pa3oBaHHe ¢’, coBnajawliee ¢ ¢ Ha R,. [IpeobpazoBanue ¢’ UMEET COGCTBEHHOE
3HayeHue a—{-ﬁz rie P == 0. Ecan x - yi — cooTBeTCTBYIOUIMIT €My COGCTBEHHbIH
BEKTOD H X, Y — BEKTODH C BELIeCTBEHHHIMH KOODIAHHATaMH, TO BHIHOJHAIOTCH
paseHcBa (1). 3HauuT, NMOANPOCTPAHCTBO NMPOCTPAHCTBa R,;, HATAHyTOe Ha BEK-~
TOPH X H Y, HHBADHAHTHO OTHOCHTEJIBLHO @.

1870. a) Jna moGoit yuuTapHo#i Marpuubl A CymeCTBYET YHHTapHas
marpuna Q Ttakas, 4to MaTtpuua B = Q’AQ auaroHaibHad ¢ 3M€MEHTaMH Juaro-
Ha/lH, PaBHHIMH TIO MOAYMIO €AYHHUE,
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6) Tlpoctpancteo R, sBAseTcd OpaAMOH CyMMOH MONApHO OPTOrOHAALHHIX
ONHOMEDHHX M JBYMEDHHX NOXNPOCTPAHCTB, WHBADHAHTHHIX OTHOCHTENBLHO (.
Tpeo6pasoBatde @ OCTaBAAET BEKTODH OLHOMEPHBX NOLNPOCTPAHCTB HEH3MeH-
HHMH MM MEHSET MX Ha NPOTHBONOJOMHHE, a Ha JBYMEpHOM MOANPOCTPAHCTBE
BRI3MBAET MOBOPOT Ha yroa y. Jina moeboi OpTOroHaNbHOH MaTpUIH A cymECTByeT
opToroHanbHas Martpulla Q Takas, 4TO MaTpuua B = Q’AQ uMeeT KaHOHHUECKHH
BHI, yKa3aHHHHA B 3anaue.

YV kasahne Mcnoabiosats safaud 1567 m 1569 n mpHMeHUTb MeTOX MaTe-

MaTHIeCKOH MHAYKLHH.

1 10 0
'51" fl=__—(11 11 1)1 B=<0 Al 0)-
Vs 00 —1
f2=_V?l2—_.(lv 01 '—1))
fomgg (o =2 1 o
1
1572, fl=_2'V—2-(lr 1» 0)1 1 00
f.=0,01), B=(0 0 1).
0 —1 0

fo=5 VT, 1 0%

1 — _
1878, fi=——-—(—2—V2, —4—3V2, ,
73. f 1/42“8}/7( V2, —4—3V2,V2)

1 —_
f2=7é——47(61/-21 —2_'}/-2—) 2'-‘}/7),

1 = .
f3=7§7—(0’ Ve—8V7,Veir8V2)

1 0 0
0 —2+7VZ _Vetsy?
B=|" 1 |
0 Vairsvyz —247V2
2 2
1574, 1 0 0 %ﬁ % = o 1
o L Y3
B= T 2, o=|ivs —Livs ~Llyzl.
3 6 p)
0 _'L_@ _1_. 1 1 1
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0 0 |
1 1 e
7. 71/ » Q=‘~
1 1
—7ﬁ 2
0 0 0)
10 0
o1 of
0 0 —1 Q=
0 0 0)
—1 00
o o1}y Q=
0 —1 0
0 0
i 0),
0 —i Q=

[1575—1586
1 1. = \
71/7 -2—1/2 0
Q- 1., = .
7]/2 —71/2 0

0 0 —1)
L S N
7_ ) 2 T2
LI N B §
2 2 T2 2
11 1 1y
2 T2 2 P
1 1 1 1

) v 2 7

1 0 1 0)

1 1 0 ~10

. 14))
2r 0 01

lo -1 01
22 1)
3 3 3

2, 1,2

3 3 3
1 2., 2
3! —3! 3

1584. ¢ aub6o TONIECTBEHHOE mpeoGpasoBaHUe, JHOO CHMMETPHA OTHOCH-

TeJbHO HEKOToporo moxmpocrpancrsa L pasMepHoctd k=0, 1, 2,.,., n—1,
T. e, X=X 1a4 moboro X H3 L 1 ¢x = —x aja J060ro X U3 OPTOroHalb-
HOro jpomoJaHeHus L*.
9 9 | g 0 0
1585. flz(—3—, s, 3), 3=(0 18 0).
0 0 —9
2 1 2
f2 = (?) - 3‘: ""3’)1
1 2 2\,
f3 = ('3‘: ——3_9 ’3‘)'
| | 30 O
1586. f1=(—_-—, L 0), B=(0 9 0).
vz vz 00 27
f _( 1 1.4
VTR Vﬁ) '
2 2 1
f=(3 7 3):
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| 2 0 0
1887, f, = (1, —1, 0), B={0 4 o).
V2 00 4
fzzy—%—(l, i, 0),
J:=1(0, 0, 1);
5 0\, 1+ 141¢])
1588. B=(0 _1)’ e R
C= i
L =2
V3 Ve
1589, 20 12— 1
B=(08); C=T€_(—1 2+i)'

1690. Y xasauwue. [lycts E;;— MaTpuua, y KOTOpPOH B i-H CTpoke H f-M

cToA6UEe CTOHT €JMHHLIA, a HA OCTAJbHBIX MeCTax HyaH. PaccMOTpeTb Marpuun
BCex npeobpa3oBaHuii B OPTOHOPMHPOBAHHOM 6asuce:

Ell! E2h sy Eﬂlv El2y E221 co ey Efl2v teey Eﬂfl'

1891, a) UA=A'U; 6) UA= A'U.

1592. /IBe BeulecTBeHHble KBajJpaTHYHble GOPMBL TOrAa H TOJBKO TOrjIa
TIPUBOAATCH K KAHOHHYECKOMY BHMAY OIHHM H TeM XK€ ODTOrOHaAbHHM Ipeobpa-
B0BAHMEM, KOTJa HMX MAaTpUUH [EepPecTaHOBOYHH. J[lBE MOBEPXHOCTH BTOPOI'O
flopsAfka TOrla ¥ TOJbKO TOrjJa HMEIOT MapaJJe/bHbie TJIaBHbE OCH, KOTJa Ma-
TpUUB H3 KO3(hGHUIMEHTOB NPH YAEHAaX BTOPOH CTemeHHM HX yPaBHEHHH mepecTa-
HOBOUHHM. ¥ kasaHHe. [lokasarb, UTO IOANPOCTPAaHCTBO L Bcex COOGCTBEHHHIX
BEKTOPOB NPe0o6pa3oBaHus @, MPHHALICKAIUX OLHOMY H TOMY Xe COGCTBEHHOMY
3HaueHHI A, 6yjgeT HHBAPHAHTHBIM OTHOCHTEJbHO BTOPOro npeoGpa3oBaHUs .

1593. Ecau

aj by
35 by,
A= * H B;=
[ ] bin
(=1, 2, ..., n) —cToabupl, ABAAIOIIHECT OPTOHOPMHPOBAHHBIMH COGCTBEHHBIMH
BEKTOPAMH COOTBETCTBeHHO P u Q, T0 n? marpuy Xl-]-= AiB;. G j=1 ..., n),

rae B k-H cTpoke u [-M CcToabue MaTpuun X;; CTOMT NpoM3BENeHHe a;zbj;, o6pa-
3yI0T OPTOHOPMHpOBaHHbIH 6a3nc COGCTBEHHHX BEKTOPOB NpeoGpa3oBaHuil ¢ u |,
npuueM Jo60# Takod 6a3HC mOMyuaeTcd yKa3aHHBIM CHOCOGOM M3 HEKOTODBIX
OPTOHOPMHPOBAHHBIX 6a3HCOB COGCTBEHHBIX BEKTOPOB Matpuu P u Q.

1594. Ecau, nanpumep, JuHeiHoe nmpeo6pa3oBaHue ¢ ILIOCKOCTH B OPTOHOP-

0

JMHaTaMH B TOM ke 6asuce, 10 (px, X) = —1.

1695. Y xasanue. Moxno ucnonbsosath 3amauy 1276 B). [Ipomwe pac-
CMOTpETb MArTpuubl NpPeo6pa3oBaHuit ¢, VP, ¥ B OPTOHOPDMHPOBAHHOM Gasuce cOG-
CTBEHHHX BEKTOPOB. NPEO6Pa30BaHHA .

1
MHDOBAHHOM 6a3sHce 3afaHO MarTpHueH ( l) H BekTop X = (1, 1) 3anan xoop-
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1596. Y kaszauue. CyuecrsoBande JOKa3HBaeTcsl, kak B 3amaue 1276.
EauHCTBEHHOCTD MpOIIE J0Ka3aTh, NMOAL3YACh NpeimaylieH samauei.

12
1897. Co6cTBeHHHE 3HAaYeHHA Mpeobpa3oBaHHA € MaTpHUEH (2 1) paBHH 3,

—"1, T. €. He ABJAAIOTCH 002 MONOXHTENAbHBIMH.
1598. 3.5 1 ./5 1., 1

1= 3,111 15|
V2 5V2) \5V2 V2

2
1599. 5 . = 3 5 1. ,5 1. =
V2 —3V2\ (5V2 —5V2
3 . = 5 s | 1. r5
——2—V2 —2-V2 TVQ 7]/2
woo. (14 2 _4) ( 2 _1 2)
3 3 3 3 3 3
2w o210 2 21
3 3 3 3 3 3 {°
A2 fg 12 2
{ 3 3 3 { 3 3 3

1602. Y xa3anue. HaiiTh HeBMpOXIeHHOE MpeoSpa3oBaHue ) Taxoe, 4TO
%2 = @, M NOKa3aTh, YTO NpeobpasoBauue ¥ —1@y ABAAETCA CaMOCONPSIHEHHBIM.
1603. Y xasanue. Ilycth ¢; u P, — caMoconpsikeHHHe npgoOpasoBaHus
C HEOTPHUATE/IbHHMH COSGCTBEHHHIMH 3HAUCHHAMH TaKue, UT0 @2 =@ K \b?:\p.

Ecan @ HEBHPOXIECHHO, TO, MOJOXKHB X = @;;, NOKa3aTb, 4TO xx’:tpl'l(p\pq)l.

1603. Y kasaHue PaccMoTperh MaTpuuy npeofpasoBaHus B 6asince co6-
CTBEHHBIX BEKTODOB.

1606. Y kasanue. PaccMOoTpeTh OpTOHOPMHPOBAHHKIH 6a3uc, B KOTOPOM
MaTPHHA @ IHaroHalAbH3, H COBEPIIHTL MEpPeXo] K HOBOMY Gasmucy.

1607. Y xasauue. Ilokasarb JuCTPHOYTHBHOCTb ONepaluH Mepexoja
or A u B k C. PaccmoTperb JHHeiHHE npeo6pa3oBaHus ¢, P, ), 3aJaHHHE
B HEKOTOPOM OpPTOHOPMHPOBAHHOM 6asHce YHHTapHOTO NPOCTpaHCTBAa R, MAarTpH-
namu A, B, C. Pa3burp npeofpa3oBaHHs ¢ H Y Ha CYMMbl HEOTpHUATEeNbHBIX
CaMOCONPSIKEHHBIX TNpeoOpa3oBanuii panra 1 ¢ marpunamu A; ... A, u B, ...
... B;. Tloab3ysach 3apaueii 1606, nmokasatb, uto mnpeobpasoBanue ¢ MaTpuueit
(A;, A)) B ToM xe Gasuce HeoTpunareabHo, Hakowen, moabsysch sapaueit 1604,
noKa3aTb, 4TO NpPeofpasoBaHKE ), HEOTPHULATEAbHO.

1609. Y xasaHnune. [loka3nBaeTcs aHAaJOTHYHO COOTBETCTBYIOLIEMY CBOW-
CTBY CaMOCONPSIKEHHOrO NpeofpasoBaHus.

1610. Pemenue. CsoiicTBa a) u 6) JOKa3bBAOTCA aHAJIOTHUHO COOTBET-
CTBYIOLIMM CBOHCTBaM CaMOCOIPSIKEHHOro npeo6pasoBaHus.

JlokasareabcTBo cBoiictBa B): nycth X H ¥ — cTOAOUN KOOPAMHAT COOTBET-
ctBeHHO X u y. Tlepexons k koopamHaTaM B paBeHCTBE @ (X + yi) = Bi (x -+ yi),
noayuum: AX -+ AYi= —PY 4 PXi, orkyna, npupaBHUBas [EHCTBHTEAbHBIE K
MHHMBle 9aCTH, HaxoauM: AX = —pY, AY = BX, uto nokasuBaer pasencTso (1).
Tak kak MaTpuua A BeileCTBEHHA, TO JIJAs BElECTBEHHOTO BEKTOPA 2 BEKTOP {2
H 4YuHCIHO (@2, 2) BemecTBeHHH. IloaToMy (92, 2) = (2, —@2) = — (2, 92) =
= — (92, 2) u, 3uauaT, (@2, 2) = 0. YMHOxkas BTOpoe u3 paseHctB (1) Ha y,
Haitnem: B (x, ¥)=(9y, ¥)=0, otkyaa (X, y)=0. ¥YMHOKaa nepBoe u3 pa-
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pedctB (1) Ha y, a BTOPO® HAa X H CKJanbBasA, MOJNYUHM BBHIY BELIeCTBEHHOCTH
ancaa (¢y, X)=Ff(x, X), at0 P (|X2—|¥|?) = (9%, ¥) + (9, %) ='(px, y) +
+ (x, oy) = (px, ¥) — (%, ¥) =0, otxyna |x|=|y|

Jloka3aTeJbCTBO CBOKWCTBA r). eCIM mpeo6pa3oBaHue ¢ uMeer 4yucao 0 cof-
CTBEHHHM 3HAYEHHEM, TO HMEETCH ONHOMEPHOE HHBAPHAHTHOE MONNPOCTPAHCTBO.
B npoTHBHOM clyuae MepexoiuM K YHMTapHOMY NpocTpaHcTBY. HMemno, Gepem

/ .

B yHUTApHOM NpPOCTPaHCTBe R, OPTOHOPMHMPOBaHHLIH Ga3uc ey, ..., €,. BekTopm
4

u3 R, uMeomue B 3TOM (asuCe BEUIECTBEHHBIE KOOPIMHATH, OGPA3YIT €BKJH-

/
JIOBO TNPOCTPAHCTBO R, BaoxeHuoe B R,. [lpeobpazosanne ¢ uMeer B Gasuce
e, ..., &, BEUlECTBEHHYI0 KOCOCHMMETpHYECKyIo MaTpHLy A. JTta MaTpuua B 1aH-
HoM GasHce OmpelensieT KOCOCHMMETPHUECKOE NPeo6pasoBaHHe ¢’ YHUTAPHOrO
J

npoctpanctBa R, comnmanawuee ¢ ¢ Ha R, [lpeobpaszoBanue ¢’ umeer co6-
ctBenHoe 3HauenHe B; 5= 0. Ecam x -}~ y; — cooTBeTCTBYI0MHUH COBCTBEHHMI BEK-
TOp, Tle X U P — BEKTOPH C BEUIECTBEHHHMH KOOPAHHATaMH, TO BHIIOJHAIOTCA
paBerctsa (l). 3HAuUMT, NOANPOCTPAHCTBO, HATAHYTOE HAa X H Y, HHBAPHAHTHO.

1611, a) [Jaa mo60oit KOCOSPMUTOBOH MATpHIbl A CyWIECTBYeT yHUTapHas
MaTpulla Q Takas, 4TO MaTpHUA B=Q"1 AQ naMaroHasbHa € YHCTO MHHMBIMH
3JEMEHTaMH Ha JMAarOHaNH, HEKOTOPHE M3 KOTOPHIX MOrYT PaBHATHCS HYJIO,

6) TlpocTpaHCTBO ABJAACTCA NPAMONH CYMMOH OpTOrOHaJbHHX Mexay co6olo
OJHOMEPHDBIX * H JBYMEPHHIX MOANPOCTPAHCTB, HHBAPHAHTHHIX OTHOCHTEABHO .
[lpeo6pasoBaHue ¢ NEPEBOAUT BEKTOPHl OXHOMEPHHX MOAMPOCTPAHCTB B HYJb,

4 Ha JByMEpHOM NOANPOCTPAHCTBE, COOTBETCTBYIOUIEM KJETKE » BHI3H-~

—B0
n "
BaeT MOBOPOT Ha YrOJ =, COCHMHEHHHI ¢ yMHOXeHHeM Ha uicao — f. [lna awo-

6oii BelleCTBEHHOH KOCOCHMMETPHUECKOH MaTpuilbl A CyWIECTBYeT BelleCTBeHHAs

opTOroHanbHas MaTpuua Q Takasg, YTO MaTpuua B=Q"AQ HMEeT KaHOHH-
yeckdH BHJ, NPHBEICHHEIH B TEKCTE 3afauH.
Ykazauue Hcnonaszosarb 3apaun 1609 u 1610 u npumennts Metopn

MaTeMaTu4eCKOH HHIYKUHH.
1614. Ecin A —KocospmuTOBa MaTpHma, TO MatpHua B=(E— A)¥X

X(E+A)—1—YHHTapH8ﬂ, HE HMEWIass X3apaKTePHCTHYECKOTro YHCJA3, PAaBHOro
—1, u, obpaTHo, ecan A-— yHMTapHas MaTpHla, He MMEKIIad XapaKTepHCTHYe-

ckoro uucaa, pasHoro —I, To Marpuna B = (E — A) (E+ A)‘1 — KOCOIPMUTOBA.
Auajsoruudas CcBfi3b HMeeTCH MeXJy BEUIECTBEHHHIMH KOCOCHMMETPHUECKHMH H

OpPTOTOHAJbHEIMH MATPHLAMH.
Pemenue. Pasbepem aumb cayuait yHutapHoro mnpoctpaHcTBa. [lycTb
B pasenctse (1) @ -— KococHMMeTpuueckoe mpeobpasosanue (p* = —@). Torna

V=t ' e—e)=C—0 ' ctR=C+o—9) =y},
TaKk Kak e+ ¢ H (e— ¢)~! mepecTaHOBOUHEL 3HAUMT, h — YHHTApHO. 3aMeTHM,

910 (ei—tp)“1 CYHIECTBYIOT, Tak Kak umCia = 1 He ABAAIOTCA COOGCTBEHHBIMH
3HauenusMu ¢ (3azaua 1610, nyukt a)). Jlaxee,

etb=C+oe+o +te—petn ' =2c+0™ @
#, 3HAunT, | He mMeeT COGCTBEHHWM 3HaueHuweM uucaa —Il. Kpome roro, ¢ Bu-
pawaercss uepes Y NPH NOMOUIM PABEHCTBA, aHANOTHYHOrO pasercTBy (1). B ca-
MOM Jiefle, H3 paBeHCTBA () HaxomuM: e+ @ =2 (e} V)~ ! p=2(e —|—1p)‘1—e =
=2+~ 1_ E+P) e+ )~ I (e— P) e+~ 1 Mycrts, o6paTHO, B pa-

senctBe (1) @— yHuMTapHoe npeo6pasoBaHHe, HE HMelollee COGCTBEHHBLIM
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snauennem uncaa —1. Toraa Y'=(+¢) ' e—¢N=(c+ ¢ D" '(e—¢ V=
= (@+&) Y9~ (g—e)=—(e—q) (e +¢) ' =—1, Tak kak e — u (e 4- )"
1IepPecTaHOBOYHHL. 3HAuuT, -~ KOCOCHMMETpHUECKOe IpeoGpasoBanue. Kpome
TOro, ¢ BHPAKAETCA uepes Y NpH IOMOIM PABEHCTBA, AHAJOTHYHOTO paBeH-
ctBy (l). 3TO 1OKa3LBAa€TCA CHOBA NDH IIOMOINHM PABEHCTBA (¢) JOCHOBHO, KaK
guime. Takum o6pasoM, paBeHcTBO (1) OTOGpaiaer Bce KOCOCHMMETDHUECKHe
npeo6pa3oBaHusl Ha YHHTapHble, HE MMewliHe COOCTBEHHBIM 3HAYCHHMEM UHCIA
—1, u o6paTHO, NpHUEM OJHO M3 3THX OTOOpaweHHH aBAAeTCH OOPATHBIM IIf
Apyroro. JTo IOKa3bIBaeT, 4TO 06a OTOOpAKeEHHS B3aMMHO OJHO3HAUHBL

1616. Ecnu matpuia A — KOCO3DMHUTOBA (MK BelIECTBEHHAas KOCOCHMMETPH~

yeckad), TO MaTpula oA — YHHTapHa (COOTBETCTBEHHO OPTOrOHAJbHA).
1617. Pemenmne. [lo 3anave 1559 npeobpasoBanue e® GyseT camoconpsi-
sweHunM. Ecan Aq, ..., A, — cOOCTBEHHbIC 3HAUEHUS ¢, TO OHHU BELIECTBEHHH H

no 3anage 1161 co6cTeennue auauenus ef 6yayrt e’“‘, e’“", 1. e. ¢ nosao-
WUTEAbHO ompenencHHO. [TokadeM, UTO PA3IHYHBIM CAMOCOHPSKEHHHIM Mpeos-
pasoBaHuAM @ H @' COOTBETCTBYIOT pasiuuHble mpeobpasoanus e? u e, [Mycts
e?=¢%: ¢ oBnasaetT OPTOHOPMHDOBAHHbIM 6a3HCOM COGCTBEHHHX BEKTOPOB

a, ..., ay tle ga;=Ma; (i=1,2, ..., n). Ilyctb @’ — moGo#t co6cTBenubIk
n
BEKTOp Npeobpa3oBaHus @ co 3HaueHueMm A'; a’ = 2 x;a;. Torga no 3azaue
i=1
n ' n

vy vy o
1464 ¢® a’=e*a’ = D¢ xa. C npyroii cropoun, e¥a’= 3 x.%;=
i=1 i=1
n 'y ’
- 2 x;e la; 1ax kak e® @’ =%, 10 x; =0 pas Bcex Tex i, mam KoOTOPHIX
i=1 -

A , A '
el e uel=ed, ecmn x;==0. Tak kak A; u A’ BElECTBEHHH, TO U3

n n n
x; # 0 caenyer A;=2'. TostoMy ¢a’ = D) x9a;= X xiha;= 3 %/ =
i=1 i=1 i=1
=Aa' =¢’a’. Tak kak ¢’ o6naanaer 6a3ucoM COGCTBEHHBIX BEKTODOB H Ha 5TOM
6asuce coBmafaer ¢ @, T0 ¢ = @’. I[lycTb {-— 110608 NOIOKHUTENBHO ONMpPEENeH-
Hoe npeo6pasoBanHue. CyllecTBYeT OPTOHOPMHPOBaHHHIA Ga3uc, B KOTOPOM Ma-
TpHLA P AHArOHAJbHA C NOJOXHTEJbHBIMH 3JEMEHTAMH W, Wy, ..., B, Ha jHa-
ronaau., HonoxuM A;=Inp; (=1, 2, ..., n), rie A; — BellleCTBEHHOE 3HaueHue
norapudMa, 4 OYCTb NpeoOpPA30BaHHE @ B TOM e 6asuce 3aJaHO AYArOHaAbHOR
MaTpuneil ¢ 3neMeHTaMH Ay, ..., A, Ha guaronann. [lpeoGpasoBaine @ — caMo-
compaxeHnoe, u P = %,
1625. Y kasanune. IlpuMeHuts 3amauy 1507,
1626. Ecin r—paHr ¢, TO YHCIO TakHX npeo6pasoBaHuit pasuo k',
1627. Y xasaHwue. Jlokasath paBeHCTBO

(X — AX, QX — AX) = (¢"X — AX, g*X — AX).

1628. Y xasauue. [lpuMeHuTb npefblayllylo 3ajauy.

1629. Y xasauue. IlpumennTp 3amauy 16%7.

1630. Y kasanue. [lpumenutd 3amaum 1627 u 1629,

1631. Y kasanue. Heckonbko pas nmpumenutp 3agauy 1629.

1632. Ykasanue. IIpH nokasaTenbcTse HEOGXOZHMOCTH NPHMEHHTH IBE
npennIymne 3anaud. [IpH NOKa3aTenbCTBE JOCTATOUHOCTH NOKas3aTh, YTO pe-
o6pasoBaHHe § YHHTApPHOIO NPOCTPAHCTBA, 061aNalollee HOPMATbHbLIM CBOHCTBOM,
o6aagaeT OPTOHOPMHPOBAHHKM 6a3ncoM COOCTBEHHbIx BekTOpoB, Cnyuafl eBrIH-
LOBa NPOCTPAHCTBA CBECTH K CJAYHaK YHUTApPHOTO.

1638. Y kasanue. IlpuMenuts mpeanayumyw sagauy.
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Jlonosuenue

1684. 1) Ia; 2) na; 3) na; 4) na; 5) Her; 6) ner; 7) Her; 8) na; 9) Her;
10) ma; 11) na; 12) wet; 13) na; 14) na; 15) na; 16) nma; 17) uer; 18) na; 19) uer;
20) na; 21) ma; 22) na; 23) na; 24) na; 25) wer; 26) ma; 27) na; 28) nma; 29) na;
30) na; 31) ma; 32) uet; 33) Her; 34) na; 35) Her; 36) Aa.

1637. Y ka3anuue. [lepsuil cnoco6: nokasare, 410 | a | =1 11a awo6oro a
U3 nanHo# rpynnmsl G nopazaka n. Ilpu n>1 B3ate B G aneMeHT b= cos -
- isin{ ¢ HaHMEHbIUHM MOJONKHUTEIbHEIM apryMeHTOM { H MOKa3aTh, UTO

G=1{1, 8, 2, ..., 6"~}

Bropofi cnoco6: moabayach Teopemoii JlarpaHma, nmokasats, uro ¢ =1 paa awo-
6oro a us G.

1638. a) OnHa rpynma—IuUHKJIMYECKad Ipynna TPETbEro MopsaiKa—cC dJeMeH-
TaMH e, a, b u Tabauuei

S Y
> AN
® o« 8

B npencTaBleHHH NMOICTaHOBKAMH MOXHO MOMOXHTb: ¢ — eluHuua, a = (1 2 3),
b=(132).

6) Jie rpynme: 1) HuKJIHYeCKasd rpynna 4eTBEPTOTO MOPSAAKA C IJAEMEHTAMHU
e, a, b, ¢ u Tabaunen

e a b ¢
ejle a b ¢
ata b ¢ e.
b|lb ¢ e a
cjic e a b

B mpencTaBfieHHH MOACTAHOBKAMH MOXHO MOJOXHTb: ¢ — elHHuNa, ¢ = (1 2 3 4),
b=(13)(24),c=(1432);
2) ueTBepHas Ipylma C 3JEeMEHTaMu e, a, b, ¢ u Talauueil

leabc
ele a b ¢
ala e ¢ b.
blb ¢ e a
clc b a e

B npencraBieHHH mOACTAHOBKAMH MOXHO MOAOXMTb: € — elunuua, a = (1 2) (3 4),
b=(13)(24),c=(1 4) (23).
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B) lle rpynmet: 1) mukaxveckas rpynna DIeCTOro MOPAAKa C SJAeMEHTaMu
e, a, b, c d, fn tabauneit ‘
l e a b ¢ d f

ele a b ¢ f

aja b ¢ d f e

blb ¢ d f e a .

cic d f e a b

dld f e a b ¢

flf e a b ¢ d
B pur aBJIEHUH TOJACTAaHOBKAMH MOXHO MOJOXKHTb: € — eIHHUUA, @ =
= 23456) b=(135)(246),c=(14) (25)@36), d=(153)(2649),
f=(165432);

2) cuMMeTprueckas rpynna TpeTbell CTemeHH C saAeMeHTaMH ¢, 4, b, ¢, d, f
U tabanuei
| e a b ¢ d f

ele a b ¢ d f
ala b e d f ¢
blb e a fc d-
cle fd eb a
dld ¢ f ae b
flf dc ba e

B mpencTaBieHHH MOJCTAHOBKaMH MOXHO NOMOXHTb: € — eaununa, a = (1 2 2),
b=(132),¢c=(12,d=@23), f=(123)

Y kasauune. [lokazats, uTo ecad B rpynne G nopsjaka n HMeeTca MHO-
xecTBO H M3 k 31€eMEHTOB, k< n, KOTOpPOE CaMO ABAAETCA rpynnoi npu ome-
panmuu yMHOMXeHHs, 3ajaHHOH B G, TO, yMHOXAs BCE 3JeMEHThl H3 f1 Ha sje-
MEHT X, He Jewawuil B /7, Mbl MOJY4YHM k£ HOBHIX 3aeMeHTOB rpynnst G. [lostoMy

n
k<—2—. 3a H MoxHO B34Tb MHOXECTEBO 3JEMEHTOB ¢, 4, a2, ceey ak'l, rae
a® — ¢. Hanpumep, B cayuae B) 2), T. e. 1A HeuukAMyeckol rpynnu G ImecToro

nopsaaka, AOMKHO Obith k < 3. Ecam 6bl 6bl10 2= e gaa moboro a u3 G, To
YeTHpe sAeMeHTa ¢, a, b, ab ob6pa3oBaau 6b rpynmy, YTO HEBO3MOKHO. 3HAUMT,
CYyUlECTBYET SJAEMEHT @, IAA KOTOporo a®=»5 == ¢, HO a® =e¢. YMHOKaA 3je-
MEHTH e, a, a Ha HOBHH SJeMeHT ¢, MOAYYHM BCE LIECTh 3JEMeHTOB rpymnsl G
B BUIE ¢, a, a2=0b, ¢, ac = d, a’ = f. Hago nmokasatp, ut0 ¢?2=d?= f2=¢
M ca=a’ = f, Hanpumep, ecau O6nl 6b10 ca == ac, TO, yMHOXaa CJeBa CHa-
yana Ha ¢, a 3aTeM Ha a?, moayuumM: a’cac= fd=e, orkyna fd=d?u f=d,
YTO HEBO3MOXHO.

1689. I'pynna TeTpasppa umeeT nopsuok 12, ky6a u oxrtasipa —24, noje-
Kasjgpa K uKocasipa—©60. YkasaHue. PaCCMOTpeTb BpallleHHs, TepeBOAALIHE
IaHHyo BepiunHy A B HEKOTOPYIO BepliuHy B (He 0643aTenbHO OTAHYHYIO OT A),
H MOKa3aTb, YTO.NOPAIOK I'PYNNB PaBeH nk riae n— YUCJIO BEpLIHH H &k -— YHCJIO
pebep, BHIXOAAUHMX U3 OJHOH BEPIIMHBL

. Ykasaunue. KaxiaoMmy sneMeHTy x pauHoil rpynnst ( NMOCTaBHTb
B COOTBETCTBHE OTOGpaxeHe a4 —> ax Aaa moboro saemenrta a us G.
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1848. + |,

1848, Yxasaunue, a) Paccmorpers (ab)?” u (ab)P’, rne p — nopspox ab.
6) Pacemorperb (ab)?, rme p — nopsnoK ab, w mokasatk, uto a’=b""=e,

Mpumep 1, Has saeMentoB az<e, b=a~! ycaosue (l) BHNoOJHEHO,
a (2) —uer, YTBepxien#e G) He BLIIOJHEHO, TaK KaK NOPSAKH @ U b paBHH
MeXny coGoll H He PaBHH €IMHHLE, a NOPANOK @b =e paBen eiHHHUE.

Mpumep 2 daement a={(1 2), b=(1 2 3) cuMMeTpuueckoii rpynnu S;
HMEIOT B3aMMHO IpocTue mopsiakk 2 W 3. Ycaosue (1) He BLIMOJHEHO, TaK Kak
ab=(1 3), ba=(2 3), a (2) BunoOJHEHO, YTBepKkAeHHe G) He BHINOJHEHO: 4 IO~
panka 2, b mopsaaka 3, ab mopsaka 2.

) OGe uactn papencra a¥ = b! Bo3BHCHTL B cTemeHb s, paBHyio NMOPAAKY b.

r)y Ipumep 3. B uukauueckoli rpynne {a} BOCBMOTo MOPAAKA SJEMEHTH
a, a®, a® uMelor mopanok 8, Ho aa®= a' nopsaka 2, aa®=a® nopagka 4.

1849, 2) u 3) nas 1); 4) u 11) gas 10); 1), 2) 3), 13), 14) aas 8); 15)
aast 16); 20) n 21) mas 18); 20) mas 21); 24) maa 23); 23) u 24) ana 26); 29)
u 30) mas 31); 34) pas 36).

1653. DBeckoHeuHasl LHMKJIHUeCKAs TpYNIa, BCE LUKJIMYECKHE TPYNIH Mpo=
CTHX IOPAAKOB H €IMHHYHAS TpyIna,

165 - a) G={a}a {a2}1 {as}v {3};

6) G ={a}, {a%}, (%), {a'}, {a®)}, {a®}. {a'?}, {e};

B) G={es a, br C}’ {a}’ {b}, {C}, {8};

r) NpuMeHsA 3alHCh MIOACTAHOBOK B UHMKJAX, NOJYYHM IOAT PYNNbl

Sy (12 3) {1 2)} {1 3) {2 3)} fek

1) HOpMaJBHEIMY HendretsMu 6yayr Si, {(1 2 3)}, {e}.

e; Y kasauue. Pasjoxenne Ha IHKJIB NOACTAHOBKH H3 A; MOXeET cojep-
XKaTb AL UMKJAB AJIKHW |, ABA LMKJIA AJHHH 2 HJAH OAMH UHKJA AJHHLL 3.
TlosToMy A, He ¥MeeT LHKJHYeCKOH IOATPYNIH WIECTOTO HopsiiKa (cM. samauy
1648 a), 6) ) H Bce ee 3JeMEHTH BTOPOro MOpAJAKA MEePECTAaHOBOUHH. 3HAUHT, Ay
He HMeeT MOArpynmul, u3oMmopduoit S; Ho /mo6as rpymma wmwecroro mopsaxa
Au60 SABJSETCS LUMKJAHYecKOH, JuGo H3oMopdHa S; (3agaua 1638 B)).

16858. Buwlupaem B G .o6ne sJeMEHTH: CHaualda -a7=e¢, 3aTeM b+e, q,
3aTeM c¥= e, &, b, ab. Toraa ocraibHEIMH sJaeMeHTaMH rpynnw G GyAayr ab, ac,
be, abe, Tpytina G aGeaera (3afaua 1636). T'pynna G umeer caeayiowue 16 noa-
rpyan: {e}, {e, a), {e, b} f{e, c} {e, ab} {e, ac), {e, be), {e, abel, {e, a, b, ab},
{e, a, ¢, ac}, e, b, ¢, bec), {e, a, be, abe), {e, b, ac, abe), {e, ¢, ab, abc},
{e, ab, ac, bc), {e, a, b, ¢, ab, ac, be, abc}= G,

7. B agauTuBHOH 3amHcH BCe HMOArPYINE HMEIOT BHJ -~

Go={a}, Gi={pa), Gy={p’a}, ..., Geoy ={p""'a}, Ge={p*a}={q)..

Oun 06pa3yioT y6LIBAIOWIYIO IEAOYKY MOATPYIN COOTBETCTBEHHO IOPSAKOB: .p%
k—1 k-2 1

L L L

Yxkasaunue Hcuoabsomare sagzauy 1656 6) wuam mnokasath, 4TO MOA-
rpymia {sa}, rae 0 < s< p? comnamaer c¢ moarpymnoit {p'a), rne s=p't,
0<{I<k u f He jeauTcs Ha p.

1658. 2) Yrkaszauue. PasjJoXHTh [OACTAHOBKY Ha UMKJIM H NPOBEPHTB,
yro (iligia e ik) = (1'1[2) ([)ia) e (i]ik).

6) Ykaaauue. [Iposepurs pasencrso (1i) (1) (14) = (ij).

B) Ykasanue I[Iposepurh, YTO NpOH3BeJeHHe [BYX TPAHCIO3HIUE cJes
AyloWHNM 0o6pasoM BeipaXaeTcs uepes TPOHHHIE IHKJIHL

(if) (k) = (ijk),  (if) (ki) = (ijk) (ilk).
r) Pemenue Ilycte G —nmoarpynna 3nakolepeMeHHOH TIpynin Apy, MO«

POXAEHRAA MHOMECTBOM YKa3aHHBIX TPOHHHIX UHMKJOB, H I, j, k- pasjHuHbe
yycsa, GOseuHe IBYX (OPH n =3 yTBepKJAeHHe OYeBHJHO, a Mpd n =4 JnavHOE
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HIKE JOKa3aTeAbCTBO cOokpamaercs). Bmecre ¢ mukaom (1 2 ) rpynma G co-
Iepxut obpatHbift aaemeHt ({ 2 1), 3ateM G conepxur

A2HA2H02D=AQiNG2DE2HA2H=2i).

Mpu n=4 rpynna G yxe COAEPNKHT Bce TPOHHBIEC LUKJIBL. IIpu n >4 oHa coO-
zepwur (1 2 k) (11 j) (R 21)= (i j k). 3nauur, G conepxur Bce TpoiHbE
UYKJABL M MO NyHKTY B) COBManaer ¢ A,

0.- Y xaszanue. Ilycre K — MHOXECTBO Bcex aieMentoB rpymnsl G,
HEe npuHaaaexanux x H, n a — mo6oi snement u3 K. ITokasats, ut0, yMHOX s @
Ha BCe 3aeMeHTH H3 H, moaydum Bce saeMeHTH K. BuiBecTd OTCIOAA, 4TO,
yMHO¥Af @ HAa Bce sJeMeHTH u3 K, moJayuuM BCe 3neMeHTH u3 /1. B uvacrnocty,
a? TPHHALNCHHT K F.

1661. [IpiHMepoM MOXET CAYKUTb UeTBEPHAs rpynna ¢ 3JAEMEHTaMH ¢, a, b, ¢
(cM. otBeT 3anaud 1638). OHa HMeeT TpH NUKJHUECKHE NMOArPYNOH BTOPOrQ IO-
panka: {a}, {6} u {c}.

Y kasaunne J[lokazaTb, YTO NpH BO3BEIEHHH B KBAaJApaT BCEX TPOHHBIX
umlcélgg MBI MOJYYHM CHOBAa BCE TPOHHBIE UMK/, M HCIOAb30BATh 3anayum 1658
H .

1882. a) Y xasanue. KawxpoMmy Bpamenuio terpasipa ABCD coorser-
CTBYeT MOACTaHOBKA ero BepuinH. [Ipou3BelCHHIO ABYX BDAUlEHHH COOTBETCTBYET
TIPOH3BE/leHHE COOTBETCTBYIOUIHX MOACTAHOBOK. [IBYM pa3jHUYHBIM BpALIEHHAM S
H ! COOTBETCTBYIT JABe Ppa3JHUHble NOACTAHOBKY, TaK KAaK HHAuYe HETOXJe-

CTBEHHOMY BpAlICHHIO st~! cooTBeTcTBOBaNa OBl TOMIECTBEHHas MOJCTAHOBKA,
cOXpaHswoulas BCe BepmHuHH Ha MecTe. [lo orBeTy 3agzauu 1639 rpynma tetpa-
97pa H30MOpdHA MOArPYNIe ABEHAAUATOrO MOPAAKA CHMMETPHYECKOH rpynmul S,.
Janee, MOXHO AHGO NPOBEPHTb, YTO BCE MOACTAHOBKH, COOTBETCTBYIOIU[HE Bpa-
LIeHHAM TETPasipa, YeTHbie, 460 HCMOJb30OBATh 3axmayuy 1661.

Pemenue, LleHrps rpane#i okrtasgpa #BASIOTCA BeplMHaMH Ky6a.
TMoatomy rpyunst kx¥64 u oxTasipa usoMopduw, KawnoMy Bpaweuunio ky6a- co-
OTBETCTBYET MNOACTAHOBKA €ro ueThipex AuaroHanedl. Ilpoussefenuto BpameHui
COOTBETCTBYET [IPOH3BENeHHE COOTBETCTBYIOUIMX NOACTAHOBOK. PaccMOTpHM Bce
BpallleHuss Kyba. ITO — TOKAECTBEHHOE BpaileHHe, BOCEMb BpamleHHH BOKPYT

. 2n 4in . .
JAHAroHaAeH HA Yrabl =3~ H —g~» WeCTb Bpamlenuit BOKpyr ocef, DPOXOAANUIHX

Yepe3 CepelHy NPOTHBOMOJMOMHHX pebep, Ha YroJa 7t ¥ AeBATb BpalleHUH# BOKPYT

JT
OceH, NPOXOAAUIMX Yepe3 HeHTPH MPOTHBOMOJOMHBIX rpaHeH, Ha YTl 7’
2n
< %E Uncno aTux spauenu#: 1484649 =24, [lo orBery 3anauu 1639

HMM HCUEpNbIBAIOTCA BCe BpameHus ky6a. HemocpencTBenno#t mposepkolt yGe-
WAAEMCA, UYTO TOJABKO NP TOXAECCTBEHHOM BpaUiEHHHM BCe YeThipe IHAroHanu
octaoTcs Ha Mecre. OTciofla, KaK B NyHKTEe a), BBIBOAHMM, YTO rpymna kyba uso-
MopdHa rpynme NOACTAHOBOK UYETHIPEX 3JEMEHTOB, uMelomell mopsaaok 24, 1. e.
CHMMeTpHYecKOH rpynme S,.

B) Pemenne Lleurpm rpaseft noiexaspgpa sBAKIOTCA BEPIIMHAMU HMKO-
casapa. [losTomy rpynnm J0LeKasjapa H HKocasfpa HsoMopdHul. [as kamaoro
pe6pa HKOCa3Apa HMeeTCs OJHO NMPOTHBONOJOXHOE Mapa/ielbHOe eMy pelpo u
JBe INapbl NepNeHAUKYJIAPHRIX K HeMy peGep: pe6pa OAHOH maphl HAa4YHHAWTCA
B BeplIMHax rpaHel, NpUMHKAOMUX K NaHHOMY pebpy, a pe6pa Apyroii maphl
TPHHAAEKAT TPaHAM, HMEIOIMM BepIIMHAMK KOHUBL AauHoro pe6pa, Pefpa oxn-
HOl M3 3Tux nap mapanienbHBI, a Pa3HbIX NMap — NEPNEHAMKYASPHB Mexiy co-
6oit. Taxum 06pasoM, Bce 30 peGep AeasiTcs Ha MATh CHCTEM NO IUECTH B KAWIOH
cucteme. Pebpa onmoH cucTeMbl Jaubo mapainenbhib, Au60 mepneHAHKYAAPHH,
a pe6pa pasHBIX CHCTEM HEe HapaJddedbHH W He neprnenAuKydaspHbi. C KamAoH
CHCTEMOH pefep CBA3aH OKTadIp, BepLIHHAMH KOTOPOTO CAYXAT ¢epelAuHH pebep
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JlaHHOH cuCTeMbl. JTHM omnpefiefeHb NATHL OKTA3JPOB, BINHCAHHHIX B HKOCA3AP.
KaxaoMy BpameHH® HkocasjApa COOTBETCTBYET NMOJACTAHOBKA NATH YKa3aHHBIX
cucteM pebep (MAH COOTBETCTBYIOIUHX HM OKTasapos). Ilpoussemenuio ABYX Bpa-
IIEHHH COOTBETCTBYST NPOH3BENEHWE COOTBETCTBYIONIIMX INOACTaHOBOK. Paccmo-
TPHM BCe BDALICHHUA MKOCa31pa. ITO — TOWJAECTBEHHOE BpamieHue; 24 BpameHus
BOKPYTI' KaxIOH M3 1mecTH oceH, DpOXONAIIHK Yepe3 NPOTHBONMOJIONKHBE BEpPIIHHH,

2n 4n  6n 8 o o
Ha yrasl = B R u T; 20 BpameHH# BOKPYr KawaoH M3 NECATH OCeH

OPOXOALMX Yepe3 LEHTPH MPOTHBONOJOXHBIX IpaHeH, Ha Yriau _?gn_ H —432;
15 Bpawmennit BOKPYT KawpoH u3 MATHAAUATH oCeH, MPOXOAAWMX YePe3 CePelHHH
IPOTHBOMOJNOXHBIX pebep, Ha yroa . Yucao stux BpameHui: 1424 420 4 15=
=60. Tlo orsery 3amaun 1639 HMH HcuepneIBalOTCA BCE BpAIEHHA HKOCA3Ipa.
HenocpencrBernoit npoBepkol y6exnaeMmcd, 4to AA KaKIOTO HETOWAECTBEHHOTO
BpauleHus Hafizerca pebpo, mepesojidileecs NaHHBM BpalEHHEM B 1pyroe pe6po,
He mapajnenbHOE H He NEPOeHAHKYAADHOe K XaHHOMY pebpy. IlosTomMy TOABKO
TOKAECTBEHHOMY BDAIEHHIO COOTBETCTBYET TOXIECTBEHHAs IONCTAHOBKA CHCTEM
pebep. Otcioaa, KaK B NMyHKTe a), BHIBOAHM, UTO rpyNMa HKOcasjgpa HaoMmopdHa
noxrpynne nopsinka 60 cummerpuueckoit rpynnel Ss. Ilo 3apaye 1661 ara moj-
rpynna coBmafaeT €O 3HaxkomnepeMeHHOH rpynmoi As.

1688. Y xasaunua a)llpuMenutrp 3agauy 1667. 6) IlokasaTe, uto KawibH
CMEXHEH KAACC COAEPMHUT TOUHO OAHY MOJACTAHOBKY, OCTABJSIOILYI Ha MECTE
qucao 4.

1669. Ecan B pasnoxeHHH 1aHHOH MOACTAHOBKH § HA HE3aBHUCHMBIE UHKJBI
BCTpeuaeTcsd k; UMKAOB JAMHM [; I==1, 2, ..., r, IDHYEM YUYTeHH BCE LHKJH,
BKJAI0Yas H UMKJABl JJIHHB 1, TO YHCJIO IOACTaHOBOK, [EPECTAHOBOUHBIX C NOX-

P
CTAHOBKOH §, PaBHO H (kl)! -l?i. Cunrag 0! =1, MOXHO HCKOMOE YHCAO 3amnH-
i=1

caTh uHaue. [lyctb j; — 4HC/IO UMKJAOB IJAHHbI i, BXOAAIMX B pa3NOMCHHE NOX-
CTAHOBKH §, rle i==1, 2, ,.,, 7, ¥ €C/d UUKJAOB IJNUHK { B DA3AOWEHHH HET,

n
10 nosoxeno j; = 0. Toraa ncxkomoe uncao pasuo JJ (/)!- i/t
i=1

Ykaszanue, Luxan oxHoft w TO# ke AJAMHBL [, BXOAfIHE B Pasioxe-
Hue §, IpH TpaHcHOPMHPOBAHHU NOACTAHOBKOH X, NEPECTaHOBOUHOH C §, MOTyT
JIHIIb [IEPECTABAATHCA MewAy COOOH, MpUueM NepBoe UMCAO KaKoro-aubo luKjaa
MOMCT mepeidTd B aw6oe YMCAO0 A06Oro UHKJIA TOH ke JAJUHBI, BXOAAUIEro
B Pa3JOXeHHe [ONCTAHOBKH S.

1870. Y xasaunue. PaccMotperh KoMMyTaTop hlh2h1“1h2"1 3THX 9]EMEH-
10B.
1873. Y kasaunwue Hcnoassopats 3apaud: 1671 B caywae a), 1672
B cayuae 0).

1674. Ecau B pasnowenuH NaHHOH MOACTAHOBKH § HA HE3aBHCUMBIE IHMKJBI
BCTPEYAETCA k; UHKAOB JJAHHBL [;, I==1, 2, ..., r, IpUYEM YUYTEHH BCE UHKJHI,

BKJAKYAA U IUKAL JJAWHB 1, TO HMCKOMOE YHCJIO paBHO . JTO UHCAD

r
T &)t 25
i=1
MOXHO 3aIlHCaTh MHAYE, NOJb3yAChH APYIHM BHIpAXCHHEM 3HaMeHATeldd, YXasaH-
HBIM B OTBere 3afaun 1669. :
1675. Y kasanue. OG03HaUHTL Yepe3 ap UHCAO KAACCOB COMPSNEHHEL
5JEMEHTOB C p* sNeMenTaMH M, NOAL3YACh 3ajaueit 1673, mokasath, 4T0 @g+ a.p -

+ap .. =pt
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1876. Y xasanue. Ecau H cogepxur uwuxa (afy) u a’, p’, vy — nobuie
pazaunHe uucaa ot 1 no n, To TpaHcdopMHpoBaTh LHKA (@ f Y) MOACTaHOBKOMH

a By & e ...
x=(a, B/ ,Y/ 6/ BI Ve !
rie 8 u €’ BHOpaHW TaK, YTO NOACTAHOBKA x ueTHa. Mcmoabsomars zaiaum
1667 n 1658 B).

1677. Peme Hue. a) Bce 60 BpaueHni, cocTaBasioniie rpynny MKocasapa,
YKa3aHW B oTBeTe 3afavd 1662 B). ToxAecTBeHHOE BpallleHHEe ABJASETCS eauHunel
TPYNNH H COCTaBAAeT ONHMH kjaacc. ConpsiKeHHBle SNEMEHTH HMEIOT OXHHAKOBHIH
NOpANOK. JAeMEeHTaMH NMATOro NMOPAAKA ABJAANTCA 24 BpalleHHS HA YrJaHl —2—";:1,
k=1, 2, 3, 4, Boxpyr kawmpioi H3 mectn oceil, NpPoxoJislilux yepes HPOTUBONO-
AONHBle BepIUMHK. [[0X BpaumleHHeM BOKPYT BepiuHHH A Ha yroa a 6yxeM noHu-
MaTb Bpaill€HHEe BOKPYT OCH, Ipoxojsiuel yepe3 A ¥ NPOTHBOMOJOXKHYIO BEPLIUHY,
Ha Yroa o WMPOTHB 9acOBOH CTPEJKH, €CAH CMOTDETh BIOJb OCH OT A K mpoTH-
BOMOJIOMHONH BepuuHe, Y KamHAOH BepIUIHHH OTMETHM OJHH H3 IJIOCKHX YIJOB
C naHHoM BepiruHOH. Kawpxoe BpalleHHE HKOCa’fpa BMHOJHE XapaKTepusyercs
yKasaHueM BepIMHK B, B KOTOPYW NepeXoXMT faHHas BepiuuHa A (B Mower
coBmazath ¢ A), m nAOCKOro yraa npu B, B KOTOpHi mepexoauT OTMeueHHHIH
yroa npu A. [NostoMy kaxioe Bpallesue x, nepepoisimee A B B, npeicraasercs
B BHJE NMPOM3BENEHHA X = y2, [1le ¥y NEPEBOJANT OTMEUEHHHI yron A B OTMeueH-
Hbid yroa B, a z ecTb BpaleHHe BOKpYr BepuryHu B Ha yroa a. O6parHbii 3.e-
MEHT x~!=2~1y~! ecThb NpoH3BeJCHHE BpallleHHs 2~ ! BOKpYr B Ha yron—a H
BpalieHus y ~!, mepeROAAIEr0 OTMEUEHHBIH yroa B B otMeueHHHH yroa A. ITycrs
Tenepb g — BpalleH#e BOXKPYT BepiiuHH A Ha yroa ¢ B x— MoGoil anemeHT
rpynnul, nepesoismud# A B B. [lpencraBass x B Buie NpPOU3BENCHHA X = Yz,
K3K YKa3aHO BHIE, HafileM, YTO CONpsDKEHHBIH ajeMeHT x~'gx=2z"ly ~lgy2
IBJAETCS NOBOPOTOM CHOBA Ha YroJa d, HO yxe BOKPYr BepmuHbl B. B wactnocT,
eciu A M B — npoTHBONONOXKHKE BEpIUHHE, TO MOBOPOT BOKPYr B Ha yrox a
coBnangaer ¢ noBopoToM BOKPYT A Ha yroa 2m —a. TakuM o6pasoM, Bce Bpaiie-

fid 8n
HHSI BOKDYT BEpIIMH Ha YIAH 5 " 5 NpHHALJEKAT ORHOMY KJacCy compsi-
4n 6n
WEHHbIX 3JEMEHTOB, TaK Xe KaK U Bce BpAIlEHHA Ha YIJH - M Ioxka-

2n 4in
MEM, UTO BPAINCHHS g M g, BOKPYT BEPIMHH A Ha yriau 5 1 g TpnHan-

AexaT pa3auuyHnM KaaccaM. Ecam x mepesoaur A B gpyryw BepumuHy B, To
x71gx eCTb BpamieHHe BOKpPYr B ¥ an60 He 6yner BpauieHueM BOKpyr A, au6o

(eciu B mpotuBomonoxHa A) 6yneT BpalleHHeM BOKpYr A Ha yroa —852, T. €.

x~'gx % go. Ecan we x-— BpailteHue BOKPYT A, TO g H X — dJMeMEHTH LHK-
JAMYECKOR (M, 3HAYUT, KOMMYTAaTHBHOH) NOArpynnbl BpauieHHil BOKpPYr A H cHOBa
x"ﬂx =g %+ &>
TaK, BCE 2JEMEHTH NATOro Nopsjika pa3bHBalOTCA Ha ABa KJjacca mo 12
9/JIEMEHTOB. AHAaJNOrHYHO, OTMeYas IO IUIOCKOMY Yriy KaXIOH rpaHu ¥ no Bep-
urMHe kawporo pe6pa, ybenumca, uto 20 31€MEHTOB TpPEThero Hopafka (Bpaiie-
HUA H3 YLIAB —= H —33 BOKPYT OcCe#, MPOXOAAINX uepe3 LEHTPH NPOTHBONO-
NOXHHEIX TpaHed) COCTABAMOT OfMH KJAacc H 15 aJeMEHTOB BTOPOro mopsiika (Bpa-
IEeHHs] Ha yroa s BOKpYT ocCei, NpOXOAAIIMX 4epe3 CepelUMHH MPOTHBOMONOXHBIX
pebep) Takke COCTaBAAOT ONHH KJaacc.
6) HopMaabubifi menutenb AOMKEH COCTOATH H3 UENHX KJACCOB, JOMKEH CO-
IAepXHaTh eIUHHLy, H ero NOPSIOK JO/KEH AeauTh nopanok 60 rpynnbl HKOCasapa.
Mo nyHKTy a) KJaaccH CONPSMEHHMX 8JEMEHTOB COAEPXKAT COOTBETCTBEHHO



1678—~1701] OTBETH! 371

1, 12, 12, 20, 15 sneMentoB. M3 3THx yHCEN MOXHO COCTABHThL JHIIL ABEe CYMMH,
Braovalonue caaraemoe 1 u geaauue aucao 60, uMendo 1 u 60. 310 naeT Aumn
JBa HOPMAJbHBIX AEAMTENS ~— eIHHHYHYIO NMOArpyNnny d BCIO rpymmy.

1678. Y xasaunwue. [lpuMenuts 3anaun 1662 B) u 1677 6).

1681. "'omoMopdH3M BIOJHE onpeleasderca 06pasoM 06pasyoIEero sIeMeHTa a.
Husxe yxasaHsi BOIMOMHBIE O6pashi STOTO 3JEMEHTA:

a) 1060 2MEMEHT IPYNNb; 4HCJAO TOMOMOP(H3IMOB paBHO n;

6) e, b3, b8, %, b2, bl5;

B) e, b, b2, b3, b4, b5,

r) e, b5, b9 n) e.

1683. a) Lluxanueckas rpynna {@} 4eTBepTOro mopsjxa, rie aQ = a2

6) uMkauueckas rpynna {¢} BTOpPOro mopsanka, rie ap = as,

1) 1oAe BHIUETOB MO MOAYJO 5;

€) KOJAbLO BHUETOB MO Moiyaio 6;

%) KOJbIO BHUETOB IO MOAYJIO N.

1685. a) Llukauueckas rpynna mopsaika n;

6) nukaxYecKas rpynmna mnopsixa o,

B) uukayueckad rpynna mopsaka 6;

r) UuKJIMueckas rpynma nopsaxa 2.

1888. Y xasanud. B cayuasx r), 1) u 3) gaccmmpen; oToOpaxeHue
f(2)=2" a B cayuae e) — orobpawkenue g (2) ="

1691, B rpynme S, moarpymna { (1 2)} uMeeT HHIeKC 3, HO He COIEPMKHUT
saementa (1 3) mopsanka 2.

1698. Y xasauue. [lpexnonowxus, uto G/Z — uukAUUECKasA rPyNna, Bbi-
6path B KJacce, CayxauleM Iias Hee O0pa3yiolUM 9JIEMEHTOM, 3MeMeHT & H MOo-
Ka3aTh, UTO a4 H Z mopowjalT Bcio rpynmy G.

1694. Pewenue, llpuMeHuM HHAYKUMIO NO mopaaky n rpymnsl G. Ias
n=2 rpynna G — uukauyeckas BTOPOro MOPSJAKa, U TeOpeMa JJas Hee BepHa.
ITycth TeopeMma BepHa IJs BCeX MPYI, MOPANOK KOTOPHIX MeHbIle n, u G — rpynmna
nopsazka n. Ilyctb cHauasa G komMmyTatuBHa. BepeM moGoi saeMent a, oTaMuHbii
oT exuuuus e rpynnsl G. Ero mopsagok k2 > 1. Ecau k peautca Ha p, k= pq, 10
saeMeHt a? uMeer nopanok p. Ecau % He neautca Ha p, 10 nopsiaok n’ daxrop-

’ o n
rpynnn G’ = G/{a} rpynn G mno uukaAMuecKOil moarpynme {a} paseH F<n
u feautcsd Ha p. [To npeamonoxenuio HHAYKUHH G’ COAEPKHUT 9AEMEHT b’ TOpsaiKa p.
Iycte b — snement rpynnu G, Bxolawuit B cMexHbiil kaacc b'. U3 p'P = ¢/,
rie ¢’ —enuuuna rpynnu G’, caepyert, uto b” colepxuTCs B moAarpynme {a}, T.e.
b7 = a!, otkyna bP* = a'* =¢. Ecau b¥ =¢, 10 b'* = ¢’ u k neautca Ha mops-
LOK p 3MeMeHTa b’, UTO HEBO3MOWHO. 3Hauut, bPP = ¢, Ho b* =+ e, T.e. anement
b* umeet nopanok p.

[lycte Tenepr rpynna G nekoMMytartusHa. Ecau cywectByer moprpynma f7,
otanyHad o1 G, HHIEKC KOTOpofi He XeauTcss Ha p, TO mopsiok f{ MeHbuie n
U neautcsa Ha p. Ilo mpeamosoxenuio HHAYKUME ff CONEPKHT SAEMEHT NOopsaKa p.
Ecar xe uHmexcw Bcex moarpynn rpyansl G, oTauunsix oT G, Jeadrcs Ha p,
TO YHCAO 2JIEMEHTOB, CONPSKEHHHX JI060MY saeMenty rpynnsl G, He BXOAAIEMY
B ee UEHTp Z (3amaua 1664), meautcd Ha p (3anaua 1671). Tak xak mopsjoK n
rpynnsl G TaKkxe JeauTCA HA p, TO M NOPANOK LEHTpa Z AeJuTCHd HA p H MeHblle
n, Tak Kak G uexoMMyrtaTuBHA. [lo mpeAnonoxeHul0 MHIYKIHH £ CONEPKHT
9J1EMEHT MOpAiKa p.

1698. Y kaszaunue. BocnonbsoBatbes mpefinayuieii 3apaueit,

1701. a) {a} = {3a} 4 {2a)};

6) {a} = {4a} +- {3a);

B) {a} = {150} + {20a} + {12a};

1) {a} = {225a} 4 {1002} + {30a}.
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1702. Y kasauue. B cayuae B) ucnoabsosats 3anauy 1700 6).
1703. Y xkasaHusg. a) [lpuHare cooTBeTcTBeHHO 3a A M B MHOWecTBa
BCEX 3MeMeHTOB @ H b u3 G, aas KoTophx pa =0 u gb=0; 6) paccMoTpeTh

kl k2 kS

PAa3JOXKEHHUA 1= D1 'Po” v+ ps nopsaka rn rpynnn G Ha NPOCTBHIE MHOXHTEIH
U NPHMEHHTL a).

1704. a) G(3); 6) G(4), G(2,2); B) G(2,3); 1) G(8), G(2, %), G2, 2, 2);
) G(9), G (3 3); ) G(4,3), G(2,2,3); %) G(16), G(2,8), G(4,4), G(2,2,4),
2,2,2,2); 3) G@B,3), G(2,4,3), G(2,2,2,3); n) G(2 3,5) ) G4, 9),
(2’ 2' 9): G (41 3: 3)’ G (27 27 3! 3); J'l) G (167 3): G (2, 81 3)» G (4r 4’ 3)’ G (2’ 21 47 3))
(g, z, 2,2,3; M G4, 3,09), G(2,2,3,5);, n) G9,7), G(3,3,7) 0) G(8,9),
(
2

=

v 9), G(2,2,2,9), GB,3,3), G(2,4,323), G223, 3); n) G, 25),
, 2, 25), G(4,5,5), G(2,2,5,5).

1705. Eciu Zp — uukauyeckas rpynna nopsika 2 u Z — 6ecKOHeUHas LUK-
Juyeckas rpymnmna, 1o HCKOMOe mpsaMoe pasnoxenue axrop-rpynnbt G/H umeer

BHJ

Q) Zy+Zy+Zs 6) Zy+Zy B) ZyZoZs 1) ZoZ4 1) Zy+ 2
e) Zy+Zy+Z; %) Zg; 38) Z+Z; n) Z; x) G/H — nyaesas rpynma.

WckoMOro passnoxenus He CYHIECTBYeT.

1706. B) I'pynna G eIMHCTBEHHBIM 0OpA3OM Pa3Nara€Tcs B HPAMYIO CYMMY
noarpynm: G = A; + Ay + ... 4 A, rie A;/—uukianueckas NOATpyINna nopsaka p;.
Jliobas moarpynna / rpynne (G, OTAHYHAs OT HYJAeBOH, SBAAETCA NPAMOH CyM-
Mol HekoTopuix u3 moarpynn A; Umuciao Bcex moarpynn paBHO 2°. Y kaszamuwue,.
Wcnoab30BaTh NYHKT 6) U mMOKasaTb, YTO ecau ki — obpasylomas noarpynnst H,
10 H aBasercs npsaMoi CyMMOH Tex moarpynn A;, KOTOpHE COIepKaT HEHYJEBBIE
KOMIIOHEHTH 3J€MeHTa A. )

1707. Y xaszauua. B) [Jas nokasaTeabcTBa pasnowenna G=H
B3ATb Mo6OH sAeMeHT @, BHe [, 3areM nwo0OH aneMeHT a, BHe {H, a} u 1. 1.
1 nonoxuts K= {a, as ...}. -

r) Jlio6as noxarpynna ff nopspka ) pasnaraeTcs B IPAMYIO CYMMY [ LUKAH-
yeCKHX Hoarpynn mopsika p. IlycTb 310 pasnoxenue HMeeT BHJ

H={a;} +{a:} ... +{a}

QAQDQ

HaxoauM uuc/lo Bcex cHCTEM (ay, 4o, ..., a;), ONpPEIENEHHbIX YKa3aHHBIM 06pasom
aas Bcex moarpynn A nopamka p'. Tak kak @, = 0, To Ana a; uMeeM p¥ —1
BO3MOXHOCTeH. Tak Kak @y JEXHT BHE LMKJIHYECKOH moarpymns {a,}, 10 Aas a,
uMeeM p* — p BO3MOXHOCTER M T. 1. AHANOTHUHO HAXOAHM UYHCAO BCEX CHCTEM
(ay, @3 ..., a;), naomux oxuy rpynmny H nopsaka p. Yucno Bcex moxrpymn
nopsjka p' paBHO WacTHOMY ABYX HaiileHHHIX 4uCce.

1708. Y xasauue. ChHayana paccMoTperh caydail npuMapHOil rpynmsl,
3aTeM B3fTb DasjoKeHHE TPYNNb Ha NpHMapHble KOMIOHEHTH (3afaua 1703 6))
H npuMeHuTb 3anauy 1700 6).

1709. Koasuo. 1710. Koanuo.

1711, Koabuo. Ilpu n =0 noayuaeMm Hy’aeBoe KOJbHO, COCTOAlIEE W3 OLHOTO
uncna 0, koTophii 6yjeT eauHHLER KoJpha H caM Iaa cebs obpaTHeiM. Hyaesoe
KOJBLO He 6YJAET IOJeM, TaK KaK moje JOMKHO cofepikarh 60Jee OJHOTO 3JAeMeHTa.

1712, Tloxe. 1718. Tlone. 1744. Tlose. 1715. Koabno.

1716. Tlone. 1717. Koabuo. 1718. Tlose. 1719. Koabuo. 1720. Koaswo.

1721. Koabuo. 1722. Koabuo. 1728. Koabio.

1724. Marpuubl ¢ pauuoHaAbHBIMH @, b o6pasyloT moJe, a ¢ jneficTBUTENDb-
HbIMH @, b — KOJIbLIO, HO HE MmoJe.

1725. [loJHHOMEI OT CHHYCOB H KOCHHYCOB H IOJAMHOMBI OT OJIHUX KOCHHYCOB
06pasyloT KOJbLO, a OT OJHUX CHHYCOE He o6pasylor. Y kasanue. Has
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JIOKa3aTeabCTBA, YTO NOJHHOMBI OT CHHYCOB He O6Da3yloT Koabila, HCNOAb30BAThH
TO, 4TO NpOH3BEJAEHHE JBYX HEYCTHHIX dynkuuit apiasercs dyuxnuedt yernoi.
1726. He o6pasyioT. ¥ ka3 anue. Mcnoab3ya HeNpUBOAHMOCTb MHOrOUIEH

3 3 — 3
x*—2 Haj mMOJeM pALMOHAXBHKIX YHCeN, JoKas3aTh, uto J/2 .1/2 =V7 e
NPHHAJEKHT PaCCMAaTPHBACMOMY MHOXECTBY.

3, 8,
1727. —4% (54-9V2—V4). Yxasanue. [an noKasateabcTBa oOxHo-

3HaYHOCTH HCNOJAB30BATh HEMPHBONUMOCTL MHOTOYJeHa x? — 2 HaX noaeM pamuo-
HaabHbIX uncet. Jlag OThICKaHMA OGPATHOTO 3JEMEHTa NPHMEHHTb METO] Heomlpe-
neneHHnX ko3hdpuuvenTos.
1 8, — [
1728. 5~ = 5z 19—1/5 +- 11V R).
1729. Y xasauue. McnoansoBaTh CBOHCTBO HENMPHBOIHMOrO MHOTOYJACHA
GHITh B3aUMHO NPOCTHIM C JIOGBIM MHOTOUJEHOM HHU3IMEH cTemenH.
1
1780. ! = 05 (101 4 37a 4 4a?).
Yxazanue. Eciu @ (x) = x2— x -3, TO METOIOM HEONpPEIEACHHHX KO-
$HUUMEHTOB HAHTH MHOrOuYAeHH f; (x) MepBOH CTemenu M ¢; (x) BTOpOH cTemeHw,

yloBjaeTBOpsiomye paBeHCTBY f (x) fi (%) 4@ (%) ; (x) = 1, u NONOKHUTL B 3TOM
paBeHCTBE X = d.

1782. Hanpumep, f, (x) = {0 aad %<0, fa(x)= {x s x <0,
x—nna x>0, 0—aaa x>0.

1784. Jemntenu nHyna umewT BuA (@, 0), e a == 0 u (0, &), rae b == 0.

17387. Marpuusi, B KOTOPHX SJAEMEHT B J€BOM BEDXHEM YIJAy OTJMYEH OT
uyas, He 6y1yT AeBbIMH (HO OYAYT NPaBLIMH) ACAUTENAMH HyJs.

1738. Y kazanue. PackpuTb CKOGKH B mOpousBeleHuH (@ -}-b) (e} e)
ABYMS Das3HbIMH CIOCOGaMH,

1740. Marpuup nopagka 7> 2 ¢ 3A€MEHTaMH M3 JAHHOIO NOJAS TPH YCXO-
BHH, UTO BCE CTPOKH, HauMHas CO BTOPOH, COCTOAT U3 HyXeH, 06pasyloT KOALLO
C HECKOJbKMMH JEBBIMH €IHHHLAMH, a NP aHAJNOTHUHOM YCJIOBHH XJf CTOJG-
[OB — C HECKOJbKUMH NDPaBHMHU €IUHUUAMH.

1742. Ykasauwume. [IycTb 4 —3neMeHT KOJbLA, OTAHUHBIA OT Hyas.
Tloka3aTbh, 4TO COOTBETCTBHE X —> &.X, Fle x — M00O0il 3JEMEHT, ABIAETCH B3AHMHO
OJHO3HAYHKLIM OTOGpaX(eHHEM XaHHOTO KOJblLa Ha cebs.

1743. Y xa3zaunue. Hcnoabzopars 3asauy 1742,

1747. Y kasauue. Haiitu marpuun E, I, J, K, cCOOTBETCTByIOIHE €1H~
uuuaM 1, #, j, k, 1 NpoBEepHTb TAGJHIY YMHOMeHHH 1A HUX: [? = J2=K2=—F,
IJ=—JI=K, JK=—KI=1I, KI=—IK = J.

1749. Bo3MOxHb! aulb IBa TakHX aBTOMOpdH3Ma: TOXIECTBEHHBbIH u mepe-
BOJSIIMA KamIOe YHCIAO B CONpSXKEHHOE.

1750. Y x a3 aH ue. [Toka3arts, YTO M060€ YHUCAOBOE NOJAE CONEPKUT YUCIO 1,
3aTeM HEeJbie H, HaKOHel|, ApoGHbie YHCAA.

1751. Y k a3auue. PaccmMoTpeTh 06pa3bt eIHHHIEL, IEABIX H JPOGHEIX UHCE.

1752. Y ka3zaunue. [loxazaTh, YTO IOJNOKHUTEJIbHOE UHMCJIO, KaK KBajpar
AefCTBHTEABHOrO 4MCJIA, NEPEXOJUT B MOJOXHUTENbHOe. 3aTeM, IOAb3YACh TEM,
YTO MeXJy ABYMS Pa3AHUHBIMH AeHCTBHTENbHLIMH YHCIAMU JEKHT DALMOHANbHOE,
M COXpaHEHHEM DANUOHAJbHBIX YHCEJ, J0Ka3aTb HEM3MEHHOCTb Mo6oro peHcTBU-~
TEJbHOTO YHCJA.

1753. Bo3MoxHbl AMIUb JBa TAKHX OTOGDAXKEHHH: TOXIECTBEHHOE H Nepe-
BOAsALEE M1060€ KOMILIEKCHOE YHCAO B CONPSIKEHHOE.

1756. [Io Moaymo 3 cHcTeMa HeCOBMECTHa, a IO MOAYJI0 5 OHa MMeer
€JMHCTBEHHOE pemienne x =2, y=3, 2 =2,

1757. Ilo moaymo 5 cucreMa HECOBMECTHa, a IO MORYMO 7 OHa HMeeT elHH~-
CTBEHHOE pelleHHe X =2, y =6, 2 =15,
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1753. a) x+2;, 6) 1. 1789. a) 1; 6) 5x{ 1. 1780. a) x2 4+ x4 2; 6) 1.

1761. a) Pemennue. [IpexnonoxuM, 9to f(x) u g (X) UMEOT Hax moiem
pauHOHAAbHBEIX uucen obwud nemutens d(x) noioxuTeAbHOH cremenn. Torxa
fx)y=a(x)d(x), gx)=b(x)d(x), rre a(x), b(x), d(x)— MHOrouAeHH
¢ pauHoHanbHBIMH KO3dduuKenTaMu. BuiHOcA ofuipe 3HaMeHaTeAM H O6l(ue
HauGOAbIIME JEAMTENH UHCIHTeseHd kosdduuuentoB u mpumenss xemmy Iaycca
0 MNpOH3BEJEeHHH NPHUMHUTHUBHHX MHOTOUAEHOB, moayumM: f (x)= g, (x)d, (x),
g (x) = by (x) d; (x), rie BCE MHOTOUJEHH HMEKT LEAbe KO3pdHUHEHTH, cTe-
newb dy(x) paBHa ctenenH 4 (x) u crapmuii xos¢dultieHT 4| (X) He Aeautcs
Ha p. Tlepexons k MO BHYETOB [0 MOAYJIO p, MOAYUHM OGLUHH deauTenb nono-
WHUTEJLHOM cTemeHH s f (x) M g (x) Hal STUM MOJEM, YTO HEBO3MOMHO.

6) Muorounennt f(x)=x, g(x)==x--p B3aHMHO NPOCTH Hal MOAeM pa-
UMOHAABHKX 4YHCEN K DPABHH X, T. €. HE B3aUMHO NPOCTH, HAX MOJEM BHUYETOB
no MouyJao p. ,

1762. Y xasanue. Ecan f(x) u g (%) B3aHMHO DPOCTH, TO, IOAYUHB pa-
BeHCTBO f(x)u (X)+ g(x)v(x)=¢, rae u#(x), v (x) — MHOTOUAEHH C LEAWMH
ko3¢ duULMEeHTaMH H ¢ —Iel0e 4YHCaO, HOKasaTb, uto f(x) W g (x) B3auMHO
NPOCTH HAaX NoJeM BHUYETOB IO JIO6OMY MPOCTOMY p, He HeasiieMy C.

Tpu noxasatejbcTBe OOGPAaTHOrO YTBEPWJEHHA HCNOAL3OBaThL 3aiaauy 1761.

1783. (x 4 1)% (x* 4 x 4 1). 1764. (x4-3) (x24x 4 2). 1768, (x"’+ly) (x4
+ x4 2). 17686. (x'*’+x+1)(x'*’+2x—1§-4). X

1767. fi=x2 fo=xF 1=+ 12 fai=xttx=x(x4 1), fi=x2F
<+ x 4+ 1 HenpuBoanM.

1768. /= x5, fo=xX+1=x+1)(x*4 x4 1),

fo= R x=x (1, fi= 2= (x4 1),

fs =x*- x4 1 HenpuBonuM, fg=x%-4 x24 1 HenpuBOIUM.

=+t x=x(x4+x4+1) fi=x4+x24 x4+ 1= (x4 1)

1769. f i =x2+1, fo=x14+x+42, fa=x24+2x}2

1770, f,=x3F2x+1, fo=x"4+2x} 2,

fi= 42242, fi=x+22+1,
fs=x4+x+x42 fe=x+x242x41,
fi=x*+2x2+x+1, fa=x"+42x242x 42

1?71. Yxasanue. Ilpumenss aemmy TIaycca, u3 pasnoxenus f(x) Ha
1B MHOXHTENA C PAUUOHAJLHBIMH KO3(QGHUHEHTaMH MOJAYYHTb PA3NOKEHHE Ha
ABa MHOXHTENS C UeabiMe kosdduuueHtaMu. MuorouneH f (x)= px?4 (p+
+ 1) x+1=(px+1)(x+1) npupoauM Hal MNOJEM PARHOHANBLHLIX YHCEJ, HO
Mo MOAYJMO p paBeH X -+ 1 u, 3HAYUT, HENMPHBOAUM.

1772. Y kasaHue. [Ipeinonowutrs npoTHBHOE, MPHMEHHTb DA3NOKEHUE
rpynnst G B npAMOE MpOH3BEJAEHHE MPHMADHLIX HHMKJIMYECKHX MNOATDYNN, HC-
noab3osath 3ajauy 1700 B) u Teopemy O TOM, yTO ypaBHeHue x"==1 B none Z ,
uMeeT He GoJee n pasIHYHHIX KOpHeil. :

1773. Pemenune. Cuavana noxaweM JaemMMy H3 Teopuu rpynn. Ecaum nBa
aleMeHTa @ U b uukIuueckod rpynne G He ABJAAIOTCA KBafPaTaMH, TO MX MPOHU3-
BElEHHE ABASETCA KBAJPaTOM.

Muowectro H sneMeHTtoB M3 (7, ABJAIOWHXCS KBalpaTaMH, €CTb HOArpymna.
daxrop-rpynna G/H — uukanveckad. Ecau C = c¢H —ee obpasyomas, To u3
¢2CH caenyer C? = ¢*H = H. 3uauur, uan i = G, unu G/H — rpynna sToporo
nopagka u ab&afl-6H = H, 1. e. ab ectb KBagpart.

Otciona caeayer, 4T0 0o M06OMYy NPOCTOMY MOAYJAIO P OLHO M3 uucen 2,
3, 6 cpasmuMo ¢ xBajpatoM. B camoM nene, mpn p==2 umeem 2=07% npu
p=3 takxe 3=02 Ecau p > 3, 10 2 # 3 MOKHO paccMaTpHBAaThb KaK 3JMEMEHTH
MyJAbTHIMMKATHBHOR rpynnl G Noas BHYeTOB Mo MoAymo p. CoraacHo 3a-
nave 1772 rpynna G — UMKIHYECKAs M MO JeMMe, JOKa3aHHOH BmIme, ecau
2 u 3 —ne KBaapatH, T0 2.3 = 6 — KBanpar.
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Muorouaen

FO=c=V2—¥VDE~-V24+VIHE+VZI -V 4VI+V3I)=
k =xt—10x2-}1

HENPHBOAMM HajJ NOJEM PauHOHANbHBRIX YHCEJ, TAK KaKk JMHEHHbHle MHOXHTENH H
HX TPOHM3BENCHHA TO JBa He ABJAIOTCH MHOTOUJICHAMH C PAaUHOHANLHHIMH KO3d-
dunneHTaMu.

Myctb Zp—mone BwuETOB N0 mpocToMy Monymo p. [lo nokasanHomy cy-
ILeCTBYET SAEMEHT a € Zp, AAA KOTOPOro a?=2, ui a*=3, man a2==6. Ecan
a?2=2, 10 x*—10x?41=(x24-2ax—1)(x2—2ax—1); ecau a2=3, 10
x4 —10x24-1 = (x242ax+1) (x2 —2ax 4 1); ecan a2 =6, 10 x* —10x241 =
= (x2— 5} 2a) (x2—5-—2a).

1774. Y xkas3auue. [lokasare, UTO eCAH 4 = ae, TO ¢ — eIMHHLA.

1775. a) ¢ = p B KOJbLE BHLIYETOB IO MOAYNI0 p% 6) a==p B KOJbLE BHI-
geTOoB 0O Moayiio p”. 3mech p — mo6oe Lejaoe yuchao, 6oapiee 1.

1779. Y«azanuue Jas uncna z=a-5Y —3 seectu nopmy N (2) =
=2z .2 = a%-}3b2 Joka3arb, 4T0 N (2, - 29) =N (2;) N (2,), Ana pansoro M > 0
CyIecTBYeT AMIIb KOHEYHOe MHOXKECTBO yucen z ¢ N (2) < M, nenurenamu enu-
HHIH 9BASIOTCS JHmb 1, penuTens 2 ¢ HauMenbied HopMmo#, Goavmei 1, aB-

AeTC NPOCTHIM.
1 1 1 1 1

1780. Y xa3auue. PaccMorpers pasnowenns 2=2% .22=22 .24 24=..,

1781. a) Vnean; 6) moxxonbLO; B) Hiean; ) He sBasercd NMOArPYNmoH aj-
JMTHBHOH T'DYNNH; 1) NOAKOJbLO; €) MOArpynna alfMTHBHOH IPYINK; X) HAeal;
3) NOAKOJLLO; M) HAean; K) HAean; J) He aBAfAETCA NOArpymnno# anauTHBHOH
rpynmsl.

1785. Y kasanwue. Ilokasars, uto moGofi uaean / mopoxaaercs CBOUM
3JEMEHTOM 4, OTAHYHRIM OT HYJAf M HAaMMEHbIIMM B CJEAYIOIlEM CMBbICJE: a) MO
a6conoTHOH Beawuune; 6) no cTemeHu; B) no MoAymo. B kaxmom cayuae uc-
NOJb30BaTh CYIUECTBOBaHHE JHENEHHS C OCTaTKOM Ha 3jeMeHT & 5= 0, npuuem
OCTaTOK HJAHM DPABEH HYJMO, HAH MeHblIe JAEeNHTENs B YKA3aHHOM BHILE CMHIC]C,

1791. Ecan ne 5= 0 nas moGoro n 5= 0 u3 Z, to ¢ — usomopdusm, u ¢ (Z)
usomoppHo Z. Ecau ne =0 nas Hekotoporo n 5= 0 u3 Z u ny— HaMMeHbuIee
HONOXHTEABHOE YHCAO, IAsl KOTOPOro nye =10, 10 ¢ (Z) n30MOpHO KOJbLY Bbi-
YeTOB N0 MOAYJIO M,

1792. 6) UeTnpe CMeXHHIX KJacca, COCTOsNHE M3 uxcea a -+ bi co cBoit-
crBamMu: 1) @ u b wernw; 2) 4 ueTHo, a b HeueTHO; 3) a HeueTHO, a b ueTHO;
4) a u b HeueTHn; B) kaacc B, comepxamuit 1-}-i, aBaserca XeauteneM Hyas,
npuueM B2=10. 1799. Uucio 3jeMeHTOB paBHO p".

1800. 1. R —KonbLUO C JeaHTENSIMM HYAsS, PAacCMaTPHBAEMOE KaK MONYAb
Haj camuM co6oi;, A M @ — jeauTenu Hyas, aas Kotopux Aa=20. 2, G = {a} —
HMKAMYECKas rpynma nopsjka n (€ alAMTHBHOH 3aNHCBI0 ONEPANHM), pacCMaTpH-
BaeMas Kak MOAYJb Hajd KOJAbLOM neiwx uucea. Toraa na =0. 4

1804. Y kasanue. IpuMenuts 3apauy 1647 B).

1807. 6) Ilyctb @ u b-—1Ba pa3nuUHBIX 3JIEMEHTA BTOPOrO MOPSAIKA YeT-
BepHO#i rpynnu (cM. orBeT 3apauu 1638 6)). Ecan paccmarpusath 9Ty rpynmy
KaK YHMTapHBIH MOLyJb Hal KOAbLOM MNEAHX uHCea (IPH OOLIYHOM YMHOXEHHH
9/EMEHTOB rpynnbl Ha uucia), T0 O(a) u O (¥) cOBNANAOT C MHOXKECTBOM YeET-
HHX qucen, Ho {a} 5= {b).

. Yxasanue. JlokazaTs, 9T0 MHOMXeECTBO / Bcex AC R, ana xoro-
puix Aa € A, ectb unean xoabua R.

1809. MuoxecTBo A BCEX 3AE€MEHTOB C KOHEUHBIM UHC/IOM HEHYJAEBBIX KOM-

TIOHEHT,
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1810. 6) [Ipumep 1. B koabue Z; BeYeTOB 1O MOAyMO0 6 Kak Moxyae
Haj CaMHM COGOH siaeMeHTH 2 M 3 ABAAIOTCA NEPHONHYECKHMH, a HX CyMMa J
He ABASAETCH MEPHOJMYECKHM 3JMEMEHTOM.

Mpumep 2. Iyctb R—koabuo map (x, y), rie x H y — LeJble YHCAA,
a CHOWEHHe W YMHONeHWe Nap TPOH3BORATCA MO KOMMOHEHTaM (3amaga 1734).
AneMeHTH a = (1,0) u b = (0, 1) aBastoTca neqmrenamu uyas. Ecau R paccmartpu-
BaTh Kak MOAYJb HAJ CaMHM C060H, TO @ H b 6yIyT NEepHOJAHYECKHMH 3JEMeH-
Tamy, TaKk kak ‘O (@) — MHOXecTBO Bcex map Buia (0, y) u O (b) —Bcex map
Buia (x, g).Ho saement a -+ 6 = (1, 1) uMeer nopsaakoM HyneBoi axemenr (0, 0).

1811. Y xa3zanue. Iloaoxure a=0a'd, P=Pp0d u mnokasars, urto
a’fd(a+6)=0u ayb =0.

1812. Y ka3 auue. Ilokasars, uTo M ecTh npaMas CyMMa HEHyJeBHIX NOA-
Monynei M; kawibifi M3 KOTOPBIX COCTOMT M3 BCeX 3JeMeHTOB M, mopsaiku ko-
TOPBIX NOPONACHbl CTENEHAMH IPOCTOrO saeMeHTa p; u3 R.

1813. Yxasauue, PaccMorperh o6beguHenne Monynaeit M.

1819. Y kaszauue. [lokaszars, uto b > A+ b ectb roMoMopdHoe oTOGpa-
wenne B Ha (A-+ B)/A, v npHMeHHTb TeopeMy O roMoMopdHu3Max Ijs MopyieH.

1820. Yka3zauwue. [puMennts wuuiykuuio no n. Ilpu n =1 npuMenurs
3agaun 1815 u 1818, Ilpu n > 1 npexnmoaoxkuts, uro B M cymecTByer 6ecko-
HeyHas Bo3pacTamolias Lenb DasnuyHbIX mopmonyteir M, < M, < ..., nonoxurs

0
A={x}, B=U My, M; = M,;N A u nokasats, 410 Uenb M', cTabHAH3HPYeTCA Ha
i=1
HEKOTOPOM M;:AnB. 3areM TWpHMeHHTb TeopeMy 06 H3OMOpdH3Me (CM. 3a-
nauy 1819) u wucmoabzoBarb TO, uTO akrop-Mopyap M/A umeer n—1 obpa-
3YIOILHX.

1822. Y xasanue [Ipn jokasaTeabcTBe 6) paccMOTpeTh BhIpaWeHHE
A+ (x+y). -

1828. B) [IpoctpancTBO V 6ecKOHEYHOMEPHO. ‘

1825. Ykaszauune JokaswBaTh W0 HHAYKUHH HAH TNOJOKHTb B JHHeHHOM
cooTHomennn x =1, 2, 22, ..., 2°7L

1826. Y kazanue. B cayuadax B), 1), 1) auddepeHHpoBaTH IBa pasa M
NPHUMEHHTb HHAYKUHIO.

1827. Y xa3auue. McnoabaoBath onpeleautens Banaepmousa.

1829. PasmepnocTh paBHa Z;‘_L_l = C§+n_1. Y kaszanue. Baars 3a 6azy
BCE OJHOUJEHH H KaX/JIOMy OJHOWIEHY BHJa x(ll‘ng x(;” NOCTaBHUTb B COOT-
BETCTBHE CTPOKY '

1...1xl..lx... 1. 1x,
S—— S— SN
a, pas a, pas o, pas
n Yy
1830. C;_ . Ykasaunue. [lonoxurs xi=—y——— H CBeCTH K Ipeln-
n+1

Rymed 3anaue,

1831. 6) PasMepuocts L pasua n; B) pasMepHocTs L, pasHa n—k-+1;
r) L’ He ABageTcs MOINPOCTPAHCTBOM.

1832. ¥ xa3auue. [lpu nokazareabcrse HeOOXONMMOCTH NOAYUHTh DaBeH-
¢tB0 B=CA, rre C—HeBhpOkIeHHas Marpulla H3 K03(GOHIMEHTOB B Bbpa-
weHUsIX cucreMBl (2) uepe3 (1). Tlpu AokasaTeabcTBE AOCTATOYHOCTH IIPHIIHCATH
K MaTpuue A CHH3y CTPOKY KOODIMHAT BeKTOpa B; M, BHIUMCAAS PAHT METOAOM
okafiMJienus, 1OKa3aTh, YTO PAHT MOJYYEHHOH MaTpHupl paBeH k.

1836. r) Ilycrs Ha maockoctn xOy L = Ox, M = Oy, L' — mobasa npamas,
NPOXOAALIAs 4epe3 Haual0 KOODAMHAT K OTJHYHAdA OT OCeH, ¢ -— NMPOEKTHPOBA-
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nne na L napamneasno M, ¢, — npoexruposatve Ha L’ napaazesbno M. Toraa
P2 = @, F @2 = @a@;. YcaoBue (3) He BHIUIOJHEHO, HO Py H @@, ABAANOTCH
NPOSKTHPOBAHUAMH.

Yxkasauus 6) [lokasats, 4TO €CHH ¢ H @ MAEMIOTEHTHH, TO @) - @a
RIEMIIOTEHTHO TOTAA U TOABKO TOLA3, KOTAA @192 + @@y = 0. YMuowan 3to pa-
BEHCTBO cJAeBa M CHpPaBa HA @), NOKa3aTh €ro 3IKBHBANEHTHOCTh ycaosuio (1).
8) Hcnoabsys a), csecTu B) k 6). r) M3 @;@;x == X BuIBECTH @,X = @oX = A,
3areM HCNOJL30BATh NPEICTABACHHE X = (X - (€ —@,) X.

1837. Y xasanue. Paccmotpers (9 (X, 4 x2), ¥) u (9 (Ax), ¥).

1838. %VW.

1889. Ecau L — noAnpoCTpaHCTBO BCEX BEKTOPOB, y KAXIOrO H3 KOTOPHIX
JHIIb KOHEUHOE YHC/IO KOOPIAHHAT OTAHYHO OT Hyas, T0 L* =0, L+ L*=L+V,
LYyY=VL

1841, Ilycts A — matpulla npeo6pasoBaHHA B OPTOHOPMHPOBaHHOM Oasuce.
a) [ToBOPOT MJIOCKOCTH HAa HEKOTOPHIH yroad BOKPYr Hauala KOODLHMHAT, €CJH
} A| ==+ 1; sepkanbHOe OTpaxeHHEe MJOCKOCTH B HEKOTOPOH MpSIMOIL, fipoxoasiueit
yepe3 Hauano koopauHar, ecad | A{= —1. 6) IToBopor nmpocTpaHcTBa Ha HEKO-
TOPHI yroJ, BOKPYT OCH, MPOXOAsAie# uepes Hauano koopauHar, ecau | A=+ 1;
NOBOPOT, yKa3aHHEIH BIIIE, C MOCAELYIOIHMM 3EPKaIbHBIM OTPAKEHHEM NPOCTPaN-
CTBAa B IUIOCKOCTH, TIPOXOIAIEH Y€pe3 Hayano H NepHeHIHKYJAAPHOR K OCH Bpa-
menust, ecan |A|=—1

1842. IToBopoT BOKPYT. OCH, onpeneneHHoi BektopoM f=(1, 1, 0), na yroa
a=60° B oTpHUATeNbHOM HaNpaBleHHH. ¥ kal3aHue. Bekrop f umeM kak
cO6CTBEHHBIH BEKTOp, NpHHAAAEXamuid CcOGCTBEHHOMY 3HaueHuio 1. ¥Yroa moso-
poTa ¢ HaxoauM H3 yCaoBHA 2cosa—+ 1=sa,;+ ay -} as3, NOAyYEHHOTO H3
HHBAPHAHTHOCTH CJ€Aa MaTpHibl ipeoBpasosanus ¢. Aas onpenenenns zanpasie-
HHsl NOBOPOTa 6epeM BEKTOp, He JEeXallWd Ha OCH BpAIIEHHS, HANDHMEpP e;, ero
o0pa3 gpe; H BEKTOP OCH f ¥ WMILEM 3HaK ONpeleInTe]st U3 KOODAMHAT STHX TPEX
BEKTOPOB, T. €, ODHEHTAUHI0 TPOHKH BEKTOPOB €;, ¢e;, f.

1843. a) Hynesoe npeo6pasosanue; 6) moBOpoT Ha yroa /2 B HOJMOKH~
TEeJAbHOM HJH OTPHLATEJbHOM HANpPABJIEHHH C NMOCACAYIOUMM YMHOXEHHEM HA He-
OTPHIATENBHOE YUCAO; B) @X =a X X. llpu a # 0 npeoGpa3osanne ¢ cBOAMTCH
K NDOEKTHPOBAHHIO BEKTOPAa X HA INIOCKOCTb, MEPNEHAHKYISPHYI K BEKTOPY da,
NOBOPOTY BOKPYT @ Ha YTOa /2 B NOJNOMKUTENbHOM HANPAaBACHHW H YMHOXEHHIO
Ha fauHy a. ¥ kaszauue. PaccMoTpeTs MaTpumy mpeoSpasoBaHus ¢ B OpTO-

a2 Qg3
HOpPMHPOBaHHOM Gasuce A=| —a, 0  ay; | u noaoxurs a=(a,, ay, a;),
—a;3 —ay 0
TAC ay = — Qg3, Qg = — Q3) = Qy3, A3 = — QA)s.

1844. Y xasauue. Ilpu noKasaTenncTBe AOCTATOUHOCTH PACCMOTPETh CKa-
aspuoe mpousselenve (¢ (x4 y), x + ).

1845, Y kasanne. Haiitn 6asuc e, ey, ..., €, Aas koroporo I (e) =1,
l(e)= ... =1l(e;)=0.

1848. Y xasanne. [lpeanonowurs, uto /(@) <0, I,(B) 0, u pac-
CMOTpeTb BEKTOp @+ b.

1849. Y kazanue. [Mokasars, uto ecan b (X, ¥) 7= 0, 10

L (x) 1 ()
———— == = A £ 0,
A E R AT
Paccmotperb mpoussenenue (I (x) — Ay (X)) Iy (x) 1 npuMenuTs 3azauy 1848,
50. Y xa3anue, Ilpumennts 3anaun 1846 n 1849,
1881. Y kasaunne. Ilpumenurs 3agazy 1848.
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1(x)
[(a)
1858. YkazaHue. ﬂ.(rm HeHyaeBuiX dyHKIUHA B3ATH BEKTOpP @, He Jexa-
L (a
Iy (a;)

1854. a) OnnomonOCTHBIF runep6onons; 6) ABYNONOCTHRA TrUNEp6ONOUL.
Ykazanue. [lepeliTH K OXHOPOZHBIM KOOpAHHATaM.

1856. Eciu e, ..., e,— HOpManabHbH 6a3uc (B KOTOpOM f(X) 3amuchl-
‘BaeTcd KBaxpaTH4HOH (OpMOH HOpMaibhOro BHAa), npuueM f(e) =1 (i=1,
2 .., 0 fle)=—1(=p+1 ..., f(ep) =0 (k=r+1,..., n), 1032
MCKOMBIH 06Aa3HC MOXHO B3ATh, Hampumep, )

fi=etep (i=1..., p); fi=—epte;(j=p+1..r)
Sfr=ep(k=r-41, ..., n)

Y kasanue. Jlokasars, 4TO BEKTOPH
Jy=e+te i=L...,pi=p+1...,r)
gli=ei—-el' (i'-—_—l, veey D ]=p+11 ooy r);

Bk, =e, (k=r-1, ..., n) H30TPONHH H 4Yepe3 HUX Bhipaxaerca 6asuc ey, ..., &,.

1857. Y xa3aHue. HMcnoabsoBars 3agaun 1306 u 1856.

1888. Y kasauue. PaccmMorpum cayuadt 6) npu ycnosun p<q. Basas

1832. Yxa3zauue. [TONOKUTD Y = X —

.

muit B S, HOJOKHTL A = H NpHMeHHTb 3anauy 1852 6).

3anuch f(x) =xf+ +xf,-——xf,+1— eor —Xpig $GOpMOH  HOPMANBHOrO
Buja, NPOBepHTb, 4T0 K COZEPKHT MOAMPOCTPAHCTBO L, 3ajlaHHOe yPaBHEHHAMH
xl—xP+1=0...., xp—X2p=0, x2p+|=0,..., xp+q=0, (1)

npHueM pasMepHOCTb L paBHa n—g. 3aTeM NPEANONOKHTb, 4To K COASPMHT
JIOANPOCTPAHCTBO L’ pa3MepHOCTH § > n—.g, 33a]aHHOE yPAaBHCHHAMH

n

D ayxy=0 (i=1,2..., n—s), @)
j=1
J06aBHTb K HHM YDaBHEHHS
x=0,..., xp=0, Xpig:1=0 ..., ;=0 (3)

41 MPUHTH K OPOTHBOPEUHIO,
1859. a) Pemeune. Ecan fF(x) B nopxoxsauem 6Gasuce 3anucarb B HOp-
ManLbHOM BHJIE, TO YPaBHEHHE MOBEPXHOCTH S 3alMINETCH Tak:

2 2 2
x1+...+xp—xp+1——...—x“,’,=l. (1)
Ecau p = 0, 10 Ha S Her AelicTBUTeAbHBX TOYeK. [Ipn sTOM min (p—1, ) =—1.
“TeopeMa BepHa, eCIH CUHTATL Pa3MEPHOCTb MYCTOrO MHOMXKECTBA PasHOH —I1.
‘Tlyers p >0, Torxa Ha S umelotca TO4kH, Hampumep, (1, 0,..., 0), 1. e

HyJAbMepHBie MHoroo6pasud. Ilycts P — mHOroo6pasHe MakCHMaJabHOH pasmep-
HOCTH k, Bxozsdmee B S. P 3amaetca CHCTEMOH n-— Rk JAMHEAHO HE3aBHCHMBLIX
_ypasHeuuit

n
D ayxj=b @(=12..,n—k) @
j=1

dra cucreMa He MOXeT GbiTh OJHOPOLHOMH, TaK Kak HyJAeBOoe pelleHue He yna0-
BIeTBOpAeT ypaBHeHuw (1). Jlag HpPOCTOTR! MPEANOJIOXHM, 4TO onpeiciutenn d
nopsgka n— k 13 KO3p@HUHEHTOB Npy NEPBHX N — K HEH3BECTHHX OTAHYEH OT
Hyas. Torza o6meé pemeHnue CHCTeMb (2) MOXHO 3amucaTh Tak:

X1=C4, poptiXnkt1F oo FCn¥ntcyar (=12 .., n—k). @)
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PaccMotpum (n - 1)-Mepuoe mpoctpanctBo V.. Bepem B Hem m06oit 6asuc
H cuuTaeM, uto V, HaTAHYTO Ha nepBbe n BeKTOpoB Gasuca.
PaccMoTpuM ofHOpOAHYI0 CHCTEMY YypaBHeHHI

n
D) ayxj—bixp =0 (I=1,2..., n—k) 4)
j=1

kospduLienTs Takue xe, kak B (2). Ee obulee pemense HMeeT BHJ
X =¢}, pop+1¥n-p+1t oor T CinXn+Ch prrXner (=12 ..., n—£k) (5)

TaKHMH Xe KospdHuHeHTaMH, kak B (3).
3atem paccMOTpHM KOHyc K, 3anaHHbi#l ypasHeHueM

2 2 2 2 2
X+ s F X=X — s — X — X =0. )

Hoxaxem, uto (% -} 1)-MepHoe moampocTpaHcTBO L, *alaHHOe cucTeMoi (4),
aexutr B konyce K. Jlio6oe pemenne cucreMbl (4), B KOTOPOM x,.; = 1, nocie
oT6pacHBaHHA X,.; RaeT pellleHHe CHCTeMH (2), T. e. BekTop H3 P S. Ho
TaKoe pellleHHe yJOBJeTBOpseT ypaBHeuuto (6) H, 3naunt, jewutr B K.

Ecain x — mo6Goe pemenne cucreMn (4), B KOTOPOM X, =a %0, TO

%xEK, otkyra x€K. Ilyctb x=(ay, ..., 0y_p, Cy_p+tp .., @y, 0)— pere-

nue cucTeMbl (4) ¢ X4, =0. Cymectsyer pemenue x! cucremu (4), B KOTOPOM
CcBOGONHBIE HEH3BECTHHE HMEIOT 3HAYEHHH:

Xnekt1 =0p_ptlyeeny Xp=0Qp, Xpy| = =12 ...).

~]=

Ha dopmya (5) acHo, lnollim x} = x. To nokasannomy Beime x! € K, Tepexons
—>co
B paBeHCTBe -(6) mocie NOJCTaHOBkH B HeM koopauHar x! k mpemeay mpu ! —>co
noayuum x € K.
Hrak, L K. Humekcn wnnepunn K pasunt p, ¢+ 1. [lo 3amaue 1858
k41 min(p, g+ 1), otkyna k< min (p—1, g). .
Iycts K' — koHyC ¢ ypaBHeHueM

2 2 2
EXGE e X e — X =0, (N

rie 3HaKM COBNAjaloT CO 3HAKAMH COOTBETCTBYIHOMHX uiaeHos ypasueHus (1). [lo
samaye 1858 «konyc K’ comepwur mnoampoctpaHctso L’ pasMepuocTH k=
= min (p—1, ¢), Jexailee B MOANPOCTPAHCTBE ¢ ypaBHeHHeM x; = 0. Boabmem
8 V, Bektop @y =(1, 0, ..., 0). Torza S comepxnuT MHOoroo6pasue P’ = a,+ L’
paamepHocTH k= min (p—1, ¢). Y TBepxaeHHe a) AOKa3aHO,
6) Ykasaune. Ilpu r <n ceecth 6) Kk a) B r-MEPHOM NPOCTPAHCTBE.
1860. a) 1; 6)0; 8) ;;, 1 0; ) ; e) ; ®) n—1;3) n—2;m) G ) 1,

UM —=n—1, ecau n

ecan n>2; 0, ecin n=2; n) 1; M) uenaa uactb 5

n
2
1
HETHO; (n—1), ecan n HeyeTHO.
1861. 6) Yka3auue. HaliTh cucTeMm JuHelHRX ypaBHeHuH, 3ajaromux
JEBOE W NpaBoe SAPO.
!/ 14
1862. Baauc L, obpasyer sexrop (3, —1), a Gasuc Ly — sextop (2, —I1).
1883. 6) Ykxazanue. Ilycts 1 <r < n Baatb dyHkumio, MaTpuua Koro-
poit B HekoTopoM G6asuce UMeeT B JIEBOM BepXHEM YTJYy KBalpaTHYIO HEBBLIPO-

MIACHHYIO KAETKY NOpAlKa r, HE SBAAKOINYIOCA HH CHMMeTpH‘leCKOﬁ, HH KOCOCHM-~
MeTpH‘leCKOﬁ, d Ha OCTaAbHBIX MECTAX —- HYJIH.
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1864. Y xazaunue. MHcnoap3oBarh HyJeBOe NOANPOCTPAHCTBO (YHKIKMH
b(x, y).

( 1%)65. Y kasaunue. Ilokasare, 9TO KOOpAHHATBl BCEX BEKTOPOB H3 L*
YIOBAETBOPAIOT MaTpuuHOMy ypaBueHuww BAY =0, rre A — martpuna b (x, y)
B HekoTOpOM Gasuce npocTpaHcTsa Vj, B — MarpHua, N0 CTPOKAM KOTOPOH CTOAT
KoopAuHaTH J06oro 6asnca noampocTpancTsa L B paHHOM 6asuce V,, ¥ — croa-
Gen Koopauuar BexTopa y € L* B ToM e Oasuce.

1866. [lepBoe JaokasateabcTBO. Tak kak b(x, y)==0, uo
b(x, x)=0, 10 cymecTByIOT BeKTlopbx X, Xy TakHe, 4T0 b (X;, X;) 7= 0. YMHOKan

‘OJHH H3 3THX BCKTOPOB Ha MOJYy4YUM BEKTODLL &), €, nias KOTOPLIX

b(xy, x2) ’ .

b(e;, e;) = 1. Bektopel ey, €; JNMHEHHO HE3aBHCHUMBL, TaK KaK €CAM €, == (e,
T0 b (e, ;) =o0ab (e, e;)=0. Ilyctb L;— nByMepHO€ MOANPOCTPAHCTBO, HaTA-
HyTOe Ha e[, €, u L,— MHOXecTBO BCeX Y &V, Takux, uto b (x, y) =0 naa
moboro xCL;. Tlo 3amaue 1865 L, — moAnpOCTPaHCTBO Pa3MEPHOCTH > n —2,
Ilepeceuenne L, u L, COMEpKHUT auuIb HYACBOH BEKTOD, TaK Kak ecan x€ L,
T0 x=a8;+ae,. Ecmm xCL, 10 b(e, x)=0b(e, x)=0 n b(e, )=
= b(ey, €)=0; b(e, e)=—b(ey, e)=1 otkyna o, =0 a;=0 x=0.
Tlo 3apmaue 1296 pasmepuoctb L, paBHa n—2 u V, ecTb npaMaa cymma L,
u L. Eciu ua Ly eme b (x, ) 50, To, KaK BblIE, CYUIECTBYIOT BEKTOPH &3,
e,CL, naa kotophx b(e; e)=1 u 1. & [Tlocae kOHeUHOro uHMcAa wUIArOB
TupHAeM K NOANPOCTPaHCTBY Ly, Ha kotopoM b (x, ¥)=0. Ecau L, — ne-
HyJeBoe, To Gepem B Hem MobOH GasuC €344, ..., €n. BexTOpH e, e, ..., €,
06pa3yloT UCKOMbIH 6asuc..

Bropoe nokasateascTBO ). IT0 NOKA3ATEALCTBO [3ET MPAKTHYE-
CKHil MeTO], HaXOXJEHHS HEBBLIDOXIEHHOrO JAHHEHHOrO NpeoGpa3oBaHHA HeH3-
BECTHBIX, NPHBOJALIErO MAaHHYI0 OuauHeliHylo (OpPMYy K YKa3aHHOMY B 3anaue
KAHOHUUECKOMY BHAY.

- n
Iycte B HekoTopom Gasuce & (X, y)= Z a;jX;yj. 3a CUET M3MEHEHHS
i, j=1
HyMepalH¥ HEH3BECTHBIX MOXHO CUMTaTh a;,5=0. 3anuimem dopMy B BHIE

b(x, y)=x(@1y2F - Faya) —yi(@exat ... Fapxg) 40 (x, )
H COBepHIMM HEBHIPOMXIEHHOe IpeoGpa3oBaHue HEH3BECTHHIX

4 ’ 4 ’
Xp=Xp Xg=apXet .o Fax,, X=Xz ..., X=X,

H TaKoe e npeolpasoBanne 1aa y.,. [loayuum:
b (%, ¥) = x1yy —x3y] by (, ).

Ecau by (X, y) He comepmHT x;, y;, TO MoctynaeM ¢ Helt ananoruuHo. Muaue
n
by, )= N a;]-x;y}, rie @y, %= 0 aaa nexoroporo k, 2 < k < n. Cosepuus
i, j=2 '
HEBLIPOXKIEHHOE Npeofpa3oBaHUe HEH3BECTHBIX

"

S 7 ’ 4 4 Il— 4 ” 4
X1 —xl—a%xs— e ——a2nxn, x2_x2, veey X

n=%p

% Takoe e mnpeobpasoBaHue y;, noayuuM b (X, y)=x1'y;'—x;’y;'+b3 x, ),

” ” ” s
rae by (x, y) He COLEPHHT Xy, Xy, ¥y, ¥o. Ecau b3(x, ¥) 0, TO nocrynaem
€ HeH aHaMOTHYHO.

A WU Maasyes, OcHOBH aAuHe#HOf anre6pH, u3A. 2, focrexusnaT,
1958, crp. 217,
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1887‘ b (x’ y) = U Ug -~ UaV, +us04—-—u4‘03;

381
) = x, - 3x,

Hp = xy -
+ 2x3 — x,, U3 = X3 Us=06X, 0 TaKOe ke BHpaMeHHE U; TEDE3 ;.

1868. b (x, y) = U Vo — UV Uty — 0,y Uy ==X, 4Ky, Uz = X34 2,
3= X3 u,=— 8x, H TAKOE XKe BBHIpANKEHHE v; Yepe3 Y.

1869. Ha MaTpHUHOM s3bIKE M0JyYaeM yTBepyAeHUE: NI TOTO 4TOOHW feit-
CTBUTENbHAS CHMMETPHUCCKAsA MaTpuua A Guia OPTOroHanLHO [OJA0GHA MaTpHue,
Y KOTOpOH Bce 2/MEMECHTH I'MIABHOH JHAroHaniu paBHB! HYJI0, HEOGXOMMMO ¥ jo-
£1arouko, utobbl caex A Obia paBen nyaio,

Ykaszanue. l—IpH HO0Ka3aTeAbCTBE JIOCTATOYHOCTH MPHMEHHTb HHIYKIHKIO
110 n. Ilpu n > 1 B3aTh N0GOH opToHOpMUpOBauubiit 6asuc fi, fo ..., S Ecau
OH He JeWHT Ha KOHyCe, TO II0OKa3aTb, YTO CyMIeCTBYOT BEKTOPH f;, fy, naa
kotopuix f(f) >0, F(f;) <0, H 3a nepsuiit BexkTOp UCKOMOTO 6asvca B3fth
BEKTOp €|, TMOAy4eHiLi HOPMHDOB3HHEM Bektopa f;-+ Af; TAe A Halizeno ua
yeaosua f ( fi+ Af) =0,

1870. Y xa3anue, [IpaMeHHTh CBOHCTBO: yeTppe pasiHuUHbE TOYKH TOFZa
% TOJABKO TOrja OOpAa3ylT NApaANe]OrpaMM, KOTJa HX DPafHYyChI-BEKTODH YiO-
BJETROPAIOT YCJOBHIO X; | X3 = Xo - X,.

1875. x; = — 11 3t{ —4t2,1x2 =2—f+t, x3=1, Xx4=10,.
1876. X =-——§‘+—§‘t1 +‘2‘ t2, X =t1, Xg == 3——4t2, X4=O, X5 =t2.
1877, 3x,—xy3— X3 =8, x;—2x34x, =3, 5x;, —2x,— x5 =T,
1878. 1, —4x, -+ +2=0, 2x,— 35— x,+7=0, 34, —5x;— x5
+8=0.

1882, [lyctb 7 u r/ — COOTBETCTBEHHO PAHCH MAaTpHI

@ b] ) ay b[ 5] dl

A=1Vla, b ¢, u A'=\a b; ¢ do);
Qg ba C3 a, b3 C3 d3

TR rb» COOTBETCTBEHHO pauru Martpuu u3 i-# W j-B crpok Matpuil Au A'.

BoaMowHul cacaywmue MfATb CAy4aces, AN KOTOPHIX HeOOXOAHMH ¥ HOCTa-
TOYHbI YKa3aHHble 3HAYE€HHSI DAHTOB.

1) TpH NJOCKOCTH NPOXOAAT Yepes ONHY TOUKY: r=r"==3,

2) TpPH MJIOCKOCTH He HMelT OOLIMX TOueK, HO MOMApHO MEPECEKATCA N0
ApAMEM (00pasylT NPH3MY). r=rj,="r;g="roy =2 r’' =3;

3) ABe IJNOCKOCTH UApadie]bHBl, a TPETbs HX NepecekacT: rip=1, r=

I r
= flg=Trig=Tgy =2, r =3 ¥ /B4 aBAAOTHTHBIX Cjyvas,

4) TPH ILIOCKOCTH TIPOXOAAT uepe3 OAHY MpPAMYIO: 7 ==rp="r)3==/F3 =
3 ]" = 2‘

14 4 / ?
5) TP IJIOCKOCTH MAPAMICALHBL r==1, rig=ryz=rog=r =2
1883. Ilycte 7 H 7/ — COOTBETCTBEHHO PAHTH MATpPHULL

far b ¢ ] a; b ¢ d ]
ay, by ¢ " a, by ¢ d;
as by €3 @&y by ¢y dy)’
a, b, ¢ la4 by ¢y dy

Bo3MOKHBl ueTHpE cayyas:

1) r =3, r' =4; npaMpble cxpemupaiorcs; 2) r=r’==3; OpaMble nepece-
gaotes; 3) r =2, r’ = 3; npaMple napairenpusy; 4) r =r’==2; npaMule cosna-
AAIOT.
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1884. Tlyctb r ¥ r’ — COOTBETCTBEHHO PAHTH MPOCTOR M pACIIHPEHHOM
Marpull o6beinHeHHOH cucteMn ypaBHeHui#t (1) k (2). Boamoxnbl nats cayuaes:

1) r =r' =4; na0cKOCTH TNepecekaloTcs B OJHOH TOukKe; 2) r=3, r' =4;
WJOCKOCTH CKDEIMHBAOTCH H MapajjiefbHBl NpsiMoli, 3alaHHOK TeMH TpeMs u3
ypasuenuii (1), (2), y KOTOpEIX JeBble YACTH AHHEHHO HE3ABUCHMMH; 3) r=r’=3;
IJIOCKOCTH MepecekawTcs No npamoil; 4) 7 =2, r’ = 3; NIOCKOCTH NapanneibHul;
5) 7 =r’ = 2; NAOCKOCTH COBMANAIOT.

1885. [lycm ru r’ — COOTBETCTBEHHO PaHI'H MaTpHL

(al ag.... a,,) u (a, ay...aq, c)
by by ... by by by ... b, dJ’
BoamoxHet Tpu cayudas:

1) r = r’ = 2; runepnaIoOCKOCTH NepeceKanTcs o (n — 2)-MepHOH NAOCKOCTH;
a2y a4,
b, by
pameabsn; 3) 7 =r’ =1, runepnaocKOCTH COBNANAIOT.

1886. Y k asanue. INpumennts 3agauy 1874 m cooTBeTcTByIOIIEE CBOM-
CTBO MOANPOCTPAHCTB,

1888, 1889 1 1890. Y xasanmue. Ilpumenuts 3apauy 1887.

1891. Ecan &, || %, TO Ny = at;; ecan x4, 10 My =a, - (L + Ly).

1893. [lycTb RAOCKOCTb T, 3aJlaHa CHCTEMOH ypaBHeHHi

a ¢
2 r=1 r'=2 1 e =... _—_:—bl e > fHnepmiockocta fra-
n

a“xl—l—...-{-amxn:cx,
P e e e e e e e e e e (l)
a1 X, + oo Fagpxp=cg

@ MIAOCKOCTb Ty -— CHCTEMOH
bixy 4.

vt biaxy =d,,
bpuxy 4 ...+ bppxg=d,

@)

H 0yctb ry, r; H Iy, r{,~—coomeTcmeHHo paHrn MaTpHUB H3 KOshduuHEeHTOB
TIpH HEM3BECTHHIX H paciiMpeHHoi MatpHun cuctem (1) u (2), r u r’ — panru
MaTpUuhi M3 KO3PPHLUNEHTOB NMPH HEHM3IBECTHHIX H PACIDHPEHHOH MATpHIBI 00D~
€IHHEHHOH CHCTEMBl, COCTOfIeHd M3 BCex ypaBHeuuidl cucteM (1) u (2). Hrobnt
cuctemnt (1) u (2) 3asaBaau MIOCKOCTH, HEOOXOIHMO H JHOCTATOYHO, YTOGH Kax-
Nas W3 HAX GblNa COBMECTHA, T. €. ry =r; M ry= r;. Tipy BLIMOJHEHHH 3THX
YCAOBHH a8 MapaanelpHOCTH JaHHHX TAOCKOCTeH HeOoOXONHMBI H NOCTATOYHEL
YCAOBHS: r=max (ry, ry), r'=r+41. .

1895. a) Muororpannuk P 3afaeTtcs cucTeMOH HepaBeHCTB x; >0, x,3>0,
X320, %, 20, x4+ x<], x4 x<L], 4+l o+

6) TPEXMEPHLIMH TDAHfMH SBAAIOTCA YETHPE YETHPEXYTOJbHBIX MHPaMUAKL
OABCD ¢ sepumnoit D, OABCE c¢ Bepuunoi E, ODEFA c Bepuunofi 4,
ODEFB ¢ Bepunno#t B, n uetnpe rerpasapa ACDF, ACEF, BCDF, BCEF.
Ykasanue Uepes Kamzasle d4eTelpe TOUKH, He JexamHe B ojiHoH AByMep-

HOH MAOCKOCTH, MPOBECTH TPEXMEpHYl miockocTh. Ecan Za;x¢=b—ypaBHe-
HHE TaKOH MJIOCKOCTH H I/Af KOODAMHAT BCeX NAHHBIX TOUEK HJH Zaix,->b,

nau Za1x1< b,-TO COOTBETCTBYIOIl€E HEPABEHCTBO BXOAHT B CHCTEMY Hepa-

BEHCTB, 3afalomux MHororpaHHuk P. BrinykJoe 3aMbliaHie BCEeX TOYEK, JAeXKa-
IHX B JaHHOM TpexMepHOM mJocKocTH, O6yJeT TpexMepHOHR TrpaHbl0 AAHHOrO
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MHororpanuuka. Hanpumep, Toukn O, A, B, D onpepnensioT TpexMepHYIO MJo-
CKOCTb C ypaBHeHHeM x4=0. Il;na Bcex AaHHBIX ToueK x; =>0. ITosToMy Hepa-
BEHCTBO X, >0 BxoAuT B HCcKoMylo cHcreMy. Ha TpexmepHo#t mimockoctn x4=0
JexaT nath jAanubix toyek: O, A, B, C, D. Hx Bunyk/goe 3aMbKaHHe eCTb
mHpaMHJa, SABJIAOIASCA TPexMepHOH rpaHblo MHororpanHdka P, Hanpotus,
uetnipe ToukH O, A, B, F onpefensiioT TPeXMepHyI0 NJIOCKOCTb ¢ YPaBHEHHeM
X3—Xx3=0, npuyeM paJst TOYKH D umeeM x3—x;>0, a 149 TOYKH E HMeeM
x3—x4<<0, 3HayHT, 3Ta MJOCKOCTh He NPHBOJHT K HCKOMOMY HEePaBEHCTBY
¥ He COJepPKHT TpaHH MHororpaneuka P, J[Js yMeHblueHHsi YHCJIA paccMaTpH-
BAaeMHX YeTBEPOK TOYEK Hafo yuecTh, 4To jnBe yerBepkn OABC u ODEF
PaBHONpPABHBLL M JIEXAT B ABYMepPHKIX NJOCKOCTSAX.
1888. a) Muororpanuuk P 3amaercs CHCTEMOH HEDABEHCTB

x1>0v X2>0, x3>0v x4>0- xl+x4<lv x2+x4<l: x3+x4<1°

6) TpexMepHnMH rpaHsaMu siBJsiloTcst KyG OABCDEFG u lecTb YeThipex-
YrOJIbHBIX MHPaMHA ¢ OGIueldl BepIIHHON 1‘-}, a uMenno: OBCFH, OACEH,
OABDH, ADEGH, BDFGH, CEFGH.

1897. IIato Bepmun A(l, 1, 1), B(l, I, —=2), C (I, =2, 1), D.'(—Q, 1, 1),
(-3 -7,
ABC, ABD, ACD, BCE, BDE, CDE u npeacrasaser coGoi JBa TeTpasjpa
ABCD u BCDE c¢ o6uuM ocHoBanuem BCD, )
© 0180981.) a) Terpasap ¢ Bepmumamu (1, 0, 0,0), (0, 1, 0, 0), (0, 0, 1, 0),

6) oktasxp c¢ sepmmmamu (1, 1, 0, 0), (1, 0,4, 0) (1,0, 0, 1), (0, 1, 1, 0),
©,1,01) (0,0, 1, I);

B) Tpexyro/ibHas NpH3Ma ¢ ocHoBaHusMH B Toukax (1, 0, 0, 0), (0, 1, 0, 0),
0,0 1,0mu((,001 (101,001, 1)

r) kpagpaT ¢ BepuinHamu (1, 0, 1, 0), (1, 0,0, 1), (0, 1, 1, 0), (0, 1, O, 1),

1899. a) 8; 6) 28; B) 14; 1) 2; 1) 7; ¢e) 4; %) 7; 3) 6 u) 3; k) 3; o) I;
M) 6; H) 5; 0) 12, ¥kasaunue BecTH cucTeMy KOOPAHHAT H paccMOTpeTb
TapaMeTPHYECKHE YDaBHEHHS NPAMOI M INIOCKOCTH B BeKTOpHOH dopMe.

N . *

1801 0) a;=¢(¢;))(i=1,2, ..., n). 1902, F ()= (x), 9C V.

1904. A’ = C’*AC, rpe C — marpuua nepexoja oT craporo 6asnca K HOBOMY,
3anyucadHas o croJsbLam.

1908. A’'=D'AD, rae D=(C‘)—l u C —Marpuua nepexofa OT CTaporo
6asuca K HOBOMY, 3anHcaHHad IO CTOJAGIaM.

_— *

1908. A'=C'AC=D'AC, rze C —wmartpuua nepexoma oT craporo Gasuca
K HOBOMy, samucamHas mo croxbuam, u D= (C*)™".

1907. 6) F(x, @)= (x), xCV,, ¢y, CV,.

1308. Yka3zauue. 6) Basrth cBepTKy a;qb* Tensopa a,-;bkl, rae
30p C KOOpJHHATaMH b*! = a* B ognom Gasuce, IMpumeruts 3agmauy 1907.

1913 a,’x’z ey =a"(’1)"(’2) e R (ig)

B T PR i, ﬂ(ll)ﬂ(tz? ﬂ(ip)‘
1914, ai‘? {”=(—- 1)+, rge s—uncao HHBepcHA B IEpECTAHOBKe
g ey

i1, ig ..., ip,a t — B DEpecTaHoOBKe [i, fa, ..., fjn, €CJIH MHJEKCHl CBepXy H CHH3Y
PasJHYHB; B (IDOTHBHOM CJyHae yKa3aHHasfl KOOpJHHATa PaBHa HYJIO.

1917. Uupapuanr, pasubli uHeay 0 BO BceX Ga3Hcax.

1918. Yxasanue. a) [IpoBepuTb 9TO IJf KaXJOTO H3 MPaBHJ KBHBA~
JICHTHOCTH, YKa3aHHHX BO BBEJEHHH K 3ToMy naparpady; 6) AJs J0KasaTersCTBa

HeoGXomuMocTH npr x+=0 B3ATh CBePTKY NO @ CO CBOACTBOM @ (¥)7%0, IIJI,ﬂ
JOKa3aTe/bCTBA HOCTATOYHOCTH Aas mapu x0° mosoxuTh 0=0x B mape 00;

1 o
“5‘ . MHOI‘OI‘paHHHK HMeeT WIECTh TPEXYroJqbHBLIX TpaHeH

b* — ren-
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14 7 / . e
B) B3aTb cBepTky ¢ @ € V', man kotoporo ¢ (x))=1, ¢ (x’j)—_-O G == iy
r) HCIOJb30BaTb B).

1923. 6) gu=gn=1 gu=gy=c0s¢ B) g”':g”:Tr}?E“;
cos a
gl=g"=— g, N e =—Fo (@ —ecsa=(, —ciga), &=

1 1
= ———a—(~— ) COS O = [0, ———|; = xly! 1y2 2y1
s (—ercos arke) = (0 )i W) (5 3) = Hiyl o (ryt iy X
Y cosa+ x2y?, rae x=x'e -} x%, y=yle {yiey e€) go=-—¢gy=
Xt x?
yhoy?
1924. Tlpu nepexole K HOBOMY 6asucy € TOH XK€ opueHTAnued y He H3Me-
HaeTcs, a C IPYroH opueHTauuelt — MeuseT HanpasiacHue, BexTop y moayuwaercs

=|sina], &) =¢g=0; X) S=aijxiyf=}sina]

19
K3 X NMOBOPOTOM Ha yroi '—2— B OTpHUATEJbHOM HAlpPaBJEHHH 10 OTHOLIECHHIO

K opueHTauuu Gasnca e, ;. Y kKasanue. [lpn BHACHEHWH 3aBHCHMOCTH y OT
6a3nca HCNOAL30BATh HHBADHAHTHOCTh TEH3OPHHIX ypaBHeHMH. [as BuisgcHenus
reoMeTpHUECKOH CBA3M X H y pacCMOTpeTb OPTOHOPMHpPOBaHHHIH 6aauc.

1925. [ipu nepexone Kk HOBOMY 6a3ucCy C TOH e OpHEHTAUHEH BeAHUMHH bj;
H3MEHAIOTCH KaK KOOPIAHHATH JBaKIB KOBapHaHTHOro TeHsopa. Ilpu mepexone
K 6a3uCY C NMPOTHBONOJOXHOH OPHEHTANMEH BENWUYUHR! O;; JOTONHHTENLHO Me-
HAOT 3HAK. )

i PR
1926. aijk = giagjﬂakj (lv s k= 11 21 ey ﬂ).
Yxasanue. CBepHyT» 00e YacTu 1aHHOrO B 3a%a4e PABEHCTBA C £;4/& jpr

no i U j, HCMOABL30BATL COOTHOWIEHHE g;7 &'% = 0%, M mocae 3TOrO HM3MEHHTH
o6osnauenun i, j Ha o, f u o/, f’ Ha i, j.

1928. S =, h=1 Yxazauue [Ilgomarr uckarb 1o opumyae

S = —;— bc sin A van Mcnoap3oBaTh 3anauy 1935.

1929. Q(—4, 2, 0). Yxazanne. Hanucate napaMerpuueckue ypaBHEHUN
nupaMoii PQ B KOHTPABapHAHTHHIX KOODMHMHATaX.

1980. Ykasanue, [lpu noxasaTenbCTBe 6) B3ATh OPTOHOPMUPOBAHHMII
6asuc e, €, €3, €4, TIe €, HaNpaBJjeH 1O U, a e, €; €, JNewar B ONHOil Tpex-
MepHO#H IIOCKOCTH € X, ¥, 2 H ORMHAKOBO C HUMHM OpHEHTHpoBaHb. Hcmoap3o-
BaTb BhIpaXeHHE OPHEHTHPOBaHHOrO o6bema mo dopmynam (17) u (18) us ese-
IeHua K 3TOMY naparpady.

19381, Mupapuant, paBubiit uncay n B mo6om 6asuce. 1983. 6.

- 2 1 —1
V.l_l ’ V.ﬁ ’ V._l.) ¢ TOYHOCTHIO

1934.6) G,={—5 5 —2[, ) (
2 -2 1
0 3HaKa.
1935. Y kasanue. [lepBolfl CnoCO6: NMpUHATh [JaHHBE BEKTOPH 3a 6a3uc;
BTOpO# CrOCO6: BHOpaTh OPTOHOPMHPOBAHHBIK 6asnc.
sin@ (axq 4 by, -+ ¢)
1987. d =
Va2 62 —2abcos o
1938. Y xasaunue., [lepedTH K OpTOHOpMHpOBaHHOMY Ga3ncy ¢ TOH xe
opueHTauu4el.

. ¥ xazauue. [IpuMennts 3anauy 1936,
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