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ANIQMAS VA ANIQ INTEGRALLAR
(MAPLE DASTURI ASOSIDA)

SO'Z BOSHI

Lshbu o'quv go‘llanmaning magsadi talabaga integrallash texni-
huslnl va ma'lum integrallarni qo‘llash uchun turli xil masalalarni echish
uec___w-:—: o'rgatishdir. Bunda zamon talabidan kelib chiggan xolda

Maple” dasturidan foydalanildi.
0'guy qo‘llanma uchta bobdan iborat bo‘lib har bir bobi bir nechta
Hardan tashkil topgan. Har bir bob asosiy ta’riflar, formulalar,
malami isbotsiz o‘z ichiga olgan qisqa nazariy kirish bilan
boshilanndi, Vazifalarni tanlashda , avvalambor, integrallash usullarini
o' elwshiirish  yo'lida  talabalar  duch kelishi mumkin  bo‘lgan
uivinehiliklami hisobga olishga harakat qilindi.
Lishbu o'quv qo‘llanmada ko‘rsatilgan mavzular bo‘yicha batafsil
lar bilan 53 ta misol keltirilgan. Yassi figuralarming yuzalari, egri
H:x::__m__:. fazoviy jismlarining hajmlarini hisoblashda echimlar
Ik uehun “Maple” dasturida ragamlar va batafsil tushuntirishlar bilan

I-s_:... kitob mavjud Davlat Ta’'lim Standartida belgilangan va
UK ' lim
Asmuniga kiritilgan "Matematik ahaliz” kursining anigmas va aniq
It muvzularini o‘zlashtirishda talabalarga o‘quv qo‘llanma sifatida
yorlangan Ushbu qo'llanma  "Funktsiyalar integrali" moduliga
el bo'lib, unda "Anigmas integrallar”, "Aniq integrallar va
o' Hanilishi" va "Hosmas integrallar" mavzularidagi individual
e mavjud, Qo'llanma pedagogika institutlarining aniq va tabiiy
- hamde  oliy ta’lim  muassasalarining texnika va iqtisodiy
Wliklar bo'yicha talim olayotgan birinchi bosgich talabalariga

l_.l.

I bl 0'quv qo‘llanma talabalarga modulni amalga oshirish va
thalni o'rganish bo'yicha mustagil ishlarda yordam beradi deb

Haman.

Fyuy qollanmani yozishda rus va o‘zbek tillarida chop etilgan

L wdabiyotlardan foydalanildi.
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O‘quv qollanma haqida fikr bildirgan barcha
mulohazalarni minnatdorchilik bilan gabul gilaman.

Shartli belgilar:
-- ihtiyoriy, harqanday
3 -- shunday

taklif va fikr-

1. ANIQMAS INTEGRALLAR

ASOSIY TUSHUNCHA VA TEOREMALAR.

1.1. Anigmas integral va uni hisoblash usullari.

) va #x) funksiyalar biror (a.b) intervalda aniglangan bo‘lib, #(x)
g funksiya (a.6) intervalda differensiallanuvchi bo‘lsin.
Luyldngt masalani qaraymiz: 37(x) funksiyani topish kerakki, vx e (a.5)
uchun F'(x)= f(x) bo‘lsin.
LIw'nil. Agar vxelab) uchun F(x)=/f(x) bo'lsa, u holda F(x)
whsiva () intervalda  flx) funksiyaning boshlang‘ich funksiyasi

: Tabily savol wg'iladi:  har ganday funksiya uchun boshlang'ich
mavjudmi?
munlan, v =spnx funksiyaning x=0 nugtani o‘z ichiga olmaydigan

_»_.w iday oraligda boshlang‘ich funksiyasi mavjud bo‘lib, x=0 nuqtani
i

oladigan har ganday oraligda boshlang‘ich funksiyasi mavjud

Iqatdan ham, v=0 nuqtani o‘z ichiga olmaydigan har qanday

v sy funksiya o‘zgarmas bo‘ladi. Masalan, [1;2] kesmada

#1 bo'lib, shu kesmada uning har ganday boshlang‘ich funksiyasi

440 ko'rinishda bo‘ladi, bunda € - o‘zgarmas son. Endi, x=0

Wil 0's tehign oluvehi oraligni qaraymiz. Teskarisini faraz qilaylik,

| 1] kesmada y=sgnx funksiya F(x) boshlang‘ich funksiyaga

Wl U holda  F(xF sg ekanligidan, boshlang‘ich funksiya

I £'(0) funksiya x=0 nuqtada birinchi tur uzilishga ega ekanligi
(Il B esa Lagranj teoremasining natijasiga zid.

il i funkaiya boshlangich funksiysi mavjudligining etarli shartini

) funksiva (a,b) intervalda uzluksiz bo'lsa, u holda f(x)
W boshlang ‘ich funksivasi mavjud bo ‘ladi.
I, #(x) funksiya boshlang‘ich funksiya bo‘lsa, F(x)+c ham
i funksiya bo‘ladi.
I (wh) intervalda berilgan f(x) funksiva boshlang'ich
Wining umumiy ifodasi F(x)+c shu f(x) funksiyaning anigmas
wiatladi va




[ /)
kabi belgilanadi. WPl x = =1 1, value = [0, 1])

Demak,

[ £()dx = F(x)+ ¢ (1) l\
Odatda, s(x) funksiya boshlang‘ich funksiyasining grafigiga integral

chizig deb ataladi. Anigmas integralning geometrik ma’nosi - integral
chiziglar oilasini anglatadi. Bunda y=F(x)+C chiziglar oilasi bitta
integral chizigni oy o'qi bo‘ylab parallel ko‘chirish natijasida hosil
qilinadi.

Misol. y=x" funksiya uchun (0;)) nugtadan o‘tuvchi integral chizigni
toping.

3
4 &HTHQHW+G - kubik parabolalar oilasini ifodalaydi. Boshlang'ich ' . .
3 . -05 0 ﬁu
shartdan,
P . |—f1x) : An antiderivative of f1x) |
1 ﬂ0+ﬁ.."vv..ﬂ .M.Tu —nﬂ_—ﬁ O—.—mﬂmﬁm > A aph off (1) = & The antiderivative P\ x) for whach its value at0 s |

> with( Student| Calculusl |) :
> I Ma'lumki, elementar funksiyaning hosilasi yana elementar
> AntiderivativePlot( %, x=-1 .1, showclass) 'lur edi, lekin integral olish uchun bu tasdiq o‘rinli bo‘lishi
% ¥a'nl ba'zi bir elementar funksiyalarning integrallari elementar
b lmny golishi mumkin. Masalan, ushbu
2. .-.oonau&n.

4. _mw (x20,x21),

'] @. .—um«-%&lh.

har biri elementar funksiyalar yordamida ifodalanmaydi.
Wl wimaliyotda ko*p uchraganligi sababli ularning qiymatlarini
= thin alohida jadvallar tuzilgan va ulaming grafiklari yasalgan.
\\“\\v_“ —— elementar funksiyalarda integrallanmaydigan funksiyalar
= -_.mhllr_ == = : fanilgan. Ushbu funksiyalarning grafigini keltiramiz.
-02 ~

—— A class of antdenvatives of fTx) Sx)

— An antiderivative of f1x)

A graph off (1) = £ The antiderivative F 1) for which its value atthe
left end pointis 0. The members of the family of antiderivatives.
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> .._aa.nn...__.eﬁz._é!euﬁ i H_ku . 13, value=0, ....&asin,a.u
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2 14 16 18 20 22 24 26 28 30
x

A class of antid s of flx) .:n__
— An antidenvative cm ._:u_
1

A graph off (x _nrl.nﬂd?ﬁeggah x) for which its value at

the lefl end pomtis 0. The members of the family of antiderivatives
> Humezpan kocunyce
-

=

_Si’

- -

1:=Ci(x)
> ;a:.a.nl.ﬁ:ﬁ@a% Ehﬁul 0.1.3w value=10, m}ax_.n___n.n.qu

3= 2w 3x 3s
2 2

|— A class of antidenvatives of f{x) Sx)
|— An anhdenvative of f1x)

A graph off (x) = <251 The ntidesivative P 1) for which te value
ESE_-EPEER-QEE&E-

10

EQA ﬁmﬁ. lua..lo._.«s?wno. m}ﬁ:ﬁﬂ.ﬁu

= ﬁiikannW/
e e | s ; w5 //‘

— A class of antidervatives of f{x) —— fix)
—— An antidenvative of f1x)

A graph off (1) = Su: . The antiderrvatove 7 x) for which ils value at
the left end pointis 0, The members of the femily of ntiderivatives

| ] Humespan cunye :
-

'si—hﬁmt. dy

f=Si(x)
- s:.;:_s:im.i_ﬁ Pz.qﬁ&l =3 .3n value=0, .w.__csiﬁuu

—— A class of anhderivatives of f1x) fx)
—— An anhdenvative of f1x)

slas&.:_-mm“nw.? antidesivative P\ £) for which its value at
(he lefl end pointis 0. The members of the family of antiderivatives.
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Anigmas integralning ba’zi xossalarini ko‘raylik .
a) [dF(x) = F)+C;

b) ([ fxdy = fix:

¢) d([ f(x)yd) = f(x)dx;

d) [c.rmax=c-[rmax buerda C - o‘zgarmas;

€) [(f0) £ £l £t £ (0= [ fix)dr [ fi(x)det... & [ f(x)adx
f) ,—\._h«+&_&nuw3§.+3+ﬁ.“

J) Agar [f(x)dc=F(x)+C va 1 =g(x), uxolda | s = F+c. bo'ladi.

Integral jadvali

1) ,_&uiﬁ 2) _a.&uh..h+n. az-1;
Q+_

_ = 5 x ||+
3) [ dv=mnix|4C; 4) fad=Lc;
5) ._.n.&aua....n.“ 6) Tw_uswnloomu+9

7) .—c&a&nwau+9
9) ._.m_a a&u|n®4+9 10) ._.u___an.un.u.n+n.u
11) [chxdx=shx+C; 12) _|u& —cthx +C;
sh'x
_uv
5 dx=arcigx +C =—arcetgx + C;

dx = arcsin x + C = —arccosx + C;

1 x

dx=—arcig—

a a

19) Ewus_:jmzu_ﬁ

20) —%W& In| /()] +C;

=210+ C,

_s... +C;

Ll&lr.. a.u +n.“
o ¥ 2 4

agvedy = ~In | cos x| +C;
) _.Ci._.%f_ﬁ
58@35» o‘zgaruvchini almashtirish ikki xil usulda

v. repln
[rGde= [ fon gy, 2)
da (1) — monoton, t o‘zgaruvchi bo‘yicha uzluksiz
wininllanuvehi funksiya ;
2) [f(et)g'(x)dx=[ f(uydu 3)

I p(x), u -~ yangi o‘zgaruvchi

Misol I Integralni xisoblang: [ |a|.m +3x—8)dx.
Jhish. Integrallash qoidasiga ko‘ra va integral jadvalidan foydalanib

dugllami xosil gilamiz.

__Hu«m- N?;T&&HNTW&L.Ta&,,u?&-&&u

1 B wll..?l...u W:u x4C=

-m.:h Tm?m.,..nwin.
i misolni Maple dasturida with(Studend Calculusl]) : v

IntTutor komandalari yordamida hisoblash mumkin.




T.\d._._l 7-%_::.&.11?&7; ?_s__

. .’||

- ...” dx + _“.;.r_.n + __IE v [econstantmuliiple]
@

u -+ __|I.~ﬂ;«+ TZ._:+ _: —8) dx —__.,L__E__xa.._eu_«u. i
X

[ ¥ £ i .
4 I L:v + IM dv + Tp dx + _ﬁrf dr | constantmulriple)
Wp + [3xa+ |(—8) v [power]

—a -P. dr + _u vilv + _~ —8) dx | revert]
X o o

| 5 .

__..
|Iq m .“ul .—xw + _uh& + T Iw.._E. _n.aa.,.:-..zani-..,?_.l

=X _ Ly Ta&+ |(—8) d [ power]

3 ﬁ._h&..u +lev dy [ constantmultiple]

= ul,_ml + _ﬁ —8) dv [power]

7,3
53 Tt

:Zﬂlw +ua1&&uhma+ 7 +nw.m|m.¢

—8x [constant]

3 x

Misol 2. Integralni xisoblang: ‘—% dr.
Echish. Yuqoridagi j) xossadan foydalanib va integral jadvalidagi 2

formuladan foydalanib quyidagilarni xosil gilamiz

?;m&n?_bm?ar bu erda &_:au?s.&um&
O'zgaruvchi sifatida t = i xni gabul qilamiz va darajali funksiya

integralini xosil gilamiz

14

_
a
il maple dasturida quydagicha ko‘rsatamiz.
wleont| Caloulus ) -

._-vl—a_&u.w‘.nn In*x+C.

_:m dne | change, u = In(x), u|

_n_b

v [ power]|

4
EH«F [ reverr]

r 1
glrml_su d W____.._A

Misol 3. Integralni Xisoblang: [sinx+8-cos xdx.
- Iohish. Yugorida ko'rilgan 2- misol kabi bunda xam xuddi shunday

iz va quyidagilarni xosil gilamiz.
A+ 8 cos xdx = [ (sin x+8)" d(sin x) =
M1

WY fpo e g T s
?!:é d(sinx +8) =t =sinx+8) = di=1>+C
2

*?’u B +n.nwﬁu9u+$.¢_mia+w+n.

maple dasturida quydagicha bo‘ladi.
Calewlus1]) :

el J winl) 8 cos(x))
—&ﬁ._ﬂﬂﬂﬁi.«_.#

- [T
- [2ur s
. u:....u&&

2ul’
3

2(ut )2
3

2 (sinx) + 8)* 2

3

| JSinin] + & cos{x) dv=

[ change, u= sin(x), w]
_n&a___.nq.t +B=ul® ul _

| constanamuliiple]
[power]
[ revert]

[revert]

1 isin{x) + 82




Misol 4. Integralni xisoblang: [(3x+10)"dx.

Echish. Yangi o‘zgaruvchi Kiritamiz (=3x+10, u xolda auwcn_s.

||.._o&.||&
( ) 3

Bundan quyidagilari xosil qilamiz
(izox. f) xossadan foydalansa xam bo*ladi.)

Misol 5. Integralni xisoblang: .—|g|[.|&

x-Tx+

Echish. Quyidagi almashtirish bajaramiz (=J7x+1, u xolda 7x+1-¢'

| | 2
==(1 I_. dy=—- —Wdt==. A
x ....A ) 7 (F =1)dt - tdt

17 formuladan foydalanib, n_:v.ammm larni xosil qilamiz:
2

|
v _j G =2

| JIx+1-1
uu 1.5 +n. __._ ﬁ..
n I_ u.uh+~+

Buni maple dasturida quydagicha ko‘rsatamiz.

> with Student| Caleulus 1) :

> 1
IntTwtor
ﬁ xTx+1

_a.&n____wm. Tx+ 1 =4, z_._

|u|_||_. _EH T..aa.,.aa__.iiain_
" -

Hl N:___._. 5 + i _.l 0 W;L [ partialfiactions)

- |u..=_|+: _Eu -+ 2 :i ,_:H _..,::___

_ . _
+u|| _., ‘
] _.E_w H 2w—1) ,Eu | constantmultiple]

: — .EL :ﬂ:.l|: a:u |change, ul =u + 1, ul |

.____.__E.._;u H ﬁul_:.-._1|: ;tu HQE.».___._

1_3?.: _.qﬁ u_?.“.l 0 ._L [ revert]

“Infw +1) + _, ) i | constantmudtiple]

Ju—1

1
ul

“Indu -+ 1) +Inful) [power]
“lnfw+ 1) +Infu —1) [ revert]

AnlTXFT 1) +m(JTe+ T =1) [revert]

J by X n ' o
.aﬂ..wl m(V7x+1 +1) +(Tx+1 =1)

“Infu+1) +% dul [change, ul =u— 1, ul]

1.2. Bo‘laklab integrallash formulasi

i, Agar u=u(x) va v=wx) funksiyalar (a,b) intervalda uzluksiz
e.s hosilalariga ega bo ‘Isa, unda shu intervalda ushbu
Jule)ebo(x) = () - [ vl )
integrallash formulasi o ‘rinli bo ‘ladi.
Iyot shuni ko‘rsatadiki, bo‘laklab integrallash usulini qo‘llab
ilgan integrallarni asosan uch guruhga ajratish mumkin. _
17 0ZBEKISTON RESPUBLIKAS! OLIY VA O'RTA
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Birinchi guruhga ko'paytuvchining biri ma’lum funksiyaning

hosilasi bo‘lgan, ikkinchisi esa ushbu
In(x). arcsin x, arccos x. arcrgr, (arctgx )’ (arceos x)7, In @lx),... [rewrite, (2x + 3) sin(x)

funksiyalardan biriga teng bo‘lgan funksiyalarning integrallari kiritiladi. = 2sin(x) v + 3sin(x) ]
Bu holda u(x) deb shu funksiyalar belgilanadi. [aum]

IkKkinchi guruhga ._.Aﬁ;u.&m?r?rﬁiu..miﬁrw va [(ax+b)ye [ constantmuliple]
kurinishidagi integrallar kiritiladi. Bu holda u(x)=(ax+5) deb olinib.
bolaklab integrallash formulasi n marta qo‘llaniladi.

Uchinchi N—.:..n__uﬂﬂ .?ﬁﬁvmg.._.a.:mm_..g._.m?ﬁ:kxq..—ﬂmﬂgkfﬂ.: ko‘ri- “2xvos(x) + m.:....um_i ._.._.u + .u sin{x) dx [ constantmuliiple|
nishidagi integrallar kiritiladi. Bunda integralni | deb belgilab, bo‘laklab |
integrallash formulasini ikki martta qo‘llasak, I ga nisbatan chizigli

nn:m—mgwmm kelamiz. . Aol y) + 2uin(x) + 3 H THT& w_.qu | constantmultiple)
Bu uchta guruhga kirmagan ba’z bir integrallarni ham bo‘laklab ;

integrallash usuli bilan hisoblash mumkin.Masalan, “2ueon(x) + 2sin(x) — 3cos(x) [ sin]

“dveos(y) -2 ﬁ * =cos(x) auu + _.u sinfx) dx [ parts, x. —cos(x) ]

“dawon(n) + 2sin(x) + _,.am::i dy [cos]

dv
1, n.—a.?m N) —Aua 4+ 3) sin(xv) dv= =2xcos(x) + 2sin(x) — 3 cos(x)
integral yuqoridagi uchta guruhga kirmaydi, lekin bu integralni ham _
bo‘laklab integrallash usuli bilan rekkurent formulaga keltirish
yordamida hisoblash mumkin:
et . x _ 2m-11,
A Ngu Ah.u +n»v' 2n b_u "
Agar (5)-tenglikda
1 . . . 4 4 4
+ﬂn3ﬁm+n ekanini topamiz. ' _-..ﬂ"..?.&unﬂf.:?W.NéﬁuuH.w.uk.«lﬂﬁ
Misol 6. Integralni xisoblang: [ (2x +3)-sin s #l Integrallami xisoblashda bo‘laklab integrallash formulasini bir
Echish. Agar u=2x+3 desak , u xolda du=2.a: dv=sinxdx, it o' Hlashga to*gri kelishi mumkin.
v=—cosx ekanligini topamiz. Ol N Integralni xisoblang: J = [3* - cosSx-dx.
Bo‘laklab integrallash formulasiga ko‘ra quyidagini xosil qilamiz Ma'lnklab integrallash formulasini ikki martta qo‘llab quyidagini
Te:a.__ss&nAEJ,s.saT_‘TB,.&.N.&n 1
=—(2x+3)-cosx+2sinx+C. _ u=3", &.uu..su”&
Buni maple dasturida quydagicha ko‘rsatamiz. Lotallohy = con S, v X [
> with(Studend Caleulus]]) : - u| 3* . In3dx
> IntTutor((2x + 3)sin(x)) B e B

b = 3i S, ﬁlﬁu& B

T * _ _.;_T. .ﬁ- squLawua.u. ._.;&T

A .—w..sz.u..su&u

19




T s L 83?1[..?. -cos Sxdx.
5 25

J :oam,EE integralli tenglama xosil gilamiz:
In3 in*3 .
i3 =37 -—=.J yoki
3 u -$in5x + T -3"-cos5x T y
1 »
J+ Enuu ..\Hwﬂ.msmim -3" -cos 5x,
%L = w.mamsu:_:ué&.:. bu erdan J ni topamiz
3 )
B ee—m— . CO8 S
o e (5sinS5x+In3-cos5x)+C
Bu misol Maple dasturida quydagicha ko‘rinishga ega bo‘ladi.
> with( Student| Caleulusl)) :
> _..:___ﬂ:nnﬁnwu nounu.«:

[¥cost5x) da

2 _n.u..:__e.:_.a ¥) e #?J-Ja Fooslfx)
U (510 E

| ehomge. =55 u|

| cemstantaaltiple |

fp 4w

Infiu
conlul e :

Inf3)

_wa._n... cos{ul. _..G_

i) u
mf Vi
S T » winl| ) i

cos{ule + sernitmmileiple
() | eonstantmadiple |

El

Scoslule -

T omy W.F.__h

-]

__:S

Inf}im *

paris, -:._.,.__

(RIS

e ? EK_L._:_E

In(3) | constantmultiple |

— [ wodie )
n(3)* +2s

™ (in{3) cos($x) + Suin(5x))

1 | revert |
In(3)"+25

eein(3) Ewu nsﬁmhu +5 miﬂunv )
In(3)% 425

_,uxnamﬁmkv =

Ratsional funksiyalarni integrallash
. ing integrallarini ko‘rib chigamiz:
- de = Aln| x~a)+C;

|
. ! _.c I
} e EI.R. k #

I, . 4, 0~ xaqiyqiy sonlar.
IV tip integrallarni xisoblashni misollar orqali ko‘rib

U Integralni xisoblang: _.wfhg

Itegral ostida turgan kvadrat uch xaddan to'‘la kvadrat
W guvidagini xosil gilamiz:

.:-1:..uu.?ﬁo?oﬂ?fu_“+u~.

ul jadvalidagi 16 formuladan foydalandik.

Sx+1
10 Integralni xisoblang: [ e
I Integral ostidagi kasirning suratidagi chizigli
linksiyaning xosilasiga moslaymiz ya’ni:
gy =2y,

_ _ﬂ _—!IT_?TWEITP

quyidagiga ega bo‘lamiz:
Awi:s -9

nw..n.— T +n.u|_ =

.—. Sx+1
x* +dx—1
II._.mNu+£&n 0%

x4 dx—1 x +h.«|_
| integralda (2x+4)dx=d(x* +4x—1) deb olamiz. Yangi

=J.

il kirltamiz -+ +4x-1 va integral jadvalidan foydalanib 3

' llaymiz Ikkinchi integralda kvadrat uchxaddan to‘la kvadrat
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ajratamiz: »* +ax-1=(x+2)’ -5, natijada integral jadvalidagi 17 formuladan
foydalanib quyidagini xosil gilamiz .
5pd(x* +4x-1) d(x+2)
== —9. =
I=5i ._Q.TB.LL.m_u
={f=x'+d4x-1,z=x4+2}=

x +dx-1

S ot & 5 =5 .

um_ﬂno.—%um_a_::o 4_3 v { L

x+2- ¢.|

ul In|«* +:|~_l|¢__l=._ Y u
Zmn_n dasturida bu misol quydagi ko‘rinishga ega bo*ladi.

> with( Student| Calculus1]) -

> b_____u.:anﬁ ﬂuﬁﬂ|+_$v|u

5x+ 1

|arda=t

(943 /3) /3 T..“ngu

a 10 (-x=2+ %) :._T+u+¢.1m|_ I

parsiffron i,
4|

_ [ (-9+s5 /7)) ST _..+_ (943 q_rﬁa«
|

10 (-s—24 7)) .e?:f\l: )
?I{._.Z..._._ .TZ%_. ;_ (45 /) ST

- - m iw

(= f»+(.ﬁm|- |

_ P “W.!.-....!..::
ﬁ.¢+uﬂd|_k|ﬂﬁ_.:.i_ _T...ulﬁﬂluq . L

= 10 Twlere ) . ....:i.

1 . [T
(rasy vule_ :q.L (o435 /5) /% Tl
(L] wils+24+ [3) " |

(043 /%) JSTmwr [ (043 JF) [5 oL T o
S 10 (xt24 f5) ’
(-o4s fF) [Filx—24/5) | (o945 /F) [F

- 0 + dr

0 nn+n+¢.1w-u

[ W

1
(943, fF) [Fmlx-24/5) (0437 _ x+24 [T -
o i

1
(9438 /T) [T nl-s—24 [F) ﬁu+u¢..dv_f_a|ﬁlzlg
10 0

(043 fT) [Tinles—2+ /5) (945 /F) [F nw)
10 10

(045 /FT) [Flx=2+F) (9435 /F) [FTils+2+ /5)
0 0]

.._....ﬁ.__

Sx+1

...u+aa|,_w|-_ﬂn a+u¢.|_,.ﬁl_._7u1u+g|u+ (9+5¢5) 3 mlx+2+7)

22

kasirlarni  integrallashda rekurrent  formuladan

.

4y

n=2: a> =4.Rekurrent formulani
dun w0’ ng quyidagini xosil qilamiz:
X 23
“IAE-D (P 4222
L
. A4 B +4) 16 2
' 4 u xolda rekurrent formuladan bir necha martta foydalanib
i keltiramiz .

12 ___.._-n_.a_:_ xisoblang: —| dr.

(x* +4x+5)
Intepral  ostidagi  funksiyada quyidagicha almashtirish
sining suratida chizigli funksiyani  maxrajdagi kvadrat
_ar.d:___u__mm moslab olamiz. So‘ngra integralni ikkiga
i Integralni to*gridan to‘gri jadvaldan foydalanib topamiz,
| rekurrent formula yordamida topamiz:

4 8) = (2x I:&q

rﬁa+3+u

5 2x+4 3
+

1
TR e. +4x+5) 2 (X +4x+5) (X +4x+5)

quyldagiga ega bo‘lamiz
x+5 1 2x+4
_:,1.23. &unbmiiuv dr+
..., af +..u+uw+u‘.. d(x+2)
2 (' 4 dx45)

(x* iﬁa

((x+2)7+1)"

Syt ) o Lpd &
(W raxe 5=y, u+u|L|m |u+u.—.”nu+:”|

" z ,2:2-3 [ d=
_:T:- ) 2.2- N_u_iu-

- 3z 3
ul,lu.lkn +=+~awnﬁu+n
- _ + Ax+d) wn-.aﬂnf.nfn

x4 Ax45) 2 +4x+5) 2
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- - . . ,L..I-l.. 108c o WKS = F
Agar integral ostida murakkab ratsional funksiya bo‘lsa u holds S ——

* . . . . . . _m. - - §

quyidagi almashtirishlarni bajaramiz: ol G b1a =He 20 =
1) Agar noto‘gri ratsional kasr bo‘lsa u xolda noto‘gri  kasrning el

ccEsnmmEm:m&_.msao_mamm.wo.:m_.m:os,mi rmm_.:;cﬂczama.x:__:_n_

Wm.‘ to'gri ratsional kasr qismi yigindisi ko‘rinishida yozib olamiz.
X

2) Kasiring maxrajida to‘rgan ratsional ko‘pxadning ildizlarin
xisobga olgan xolda chizigli va kvadratik funksiyalar ko‘paytmalurl
ko‘rinishida yozib olamiz. P(x)=(x—a)" -...(x" + px +q)" -...

Bu erda x* + px+q kvadrat uchxad xaqiyqiy ildizga ega emas bunda p va g
— xaqiyqiy sonlar;

3) mnaw to‘gri ratsional kasrni sodda kasrlaga ajratamiz  (bunda
X

R(x) ko‘pxadning darajasi Q(x) ko‘pxadning darajasidan katta)
o) - 4 5 4 A g4
P(x) (x-a)" (x—a)"" x—a
Bx+C, Byx+C, Bx+C, 3
+ L T p S+ 14
(X +px+q)" (X +px+q)" x4 prigq T G F N GFS
4) A A, ., B,Cp.. B.C,anigmas koeffitsientlar topiladi. Cpmrfrac', x );
Natijada ratsional funksiyalarni integrallash ko‘pxad xamda sodda 0 — 4
kasrlani yigindisini integrallashdan iborat bo‘ladi.
Ixtiyoriy to‘gri ratsional kasrni sodda kasrlar yigindisi ko'rinishid B % k-l A B c D

yozish mumkin. Buni quyidagi misollar orqali ko‘rsatamiz. ) +3)  xe3) 437 x4

Misol 13. SR T BRC uil kasr va kasr maxraji karrali echimga ega (izox. echim
(x—)(x+3)x+5) x—-1 x+3 x+35 m —oswu.
. .m: erda to'gri .rm”m_. va kasrning maxraji moan_m. xo.um%:cc:_:_._xz waturida bu misol quydagi sodda kasrlarga ajratiladi.

ajratilgan va ular turli xil. Ko*paytuvchilaming xar biriga I tip sodda kasr |
mos keladi. i

Maple dasturida quydagicha bo‘ladi. Sichgoncha o‘ng tomonini .:~|+_rw|_
bosib conversions—>Partial Fractions-->x Camandasi yordamida ksl Brtrac'. x ): A
funksiya sodda kasrlarga ajratiladi. parfrac’, x ); , -

+

G4 (k437 =+

+

19
12(x + 5)

1 Sx’ 4244 _ Ax+B  Cx+D
L TR - =3 ‘
' aeDx® +x+5) x*+x+l x +x+5

sturida soda kasrlarga ajratamiz.

waih))’
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Sy 2x 4
H....+-+ :H_w .+-.rmw

> convert( , 'parfrac’, x );
I 7 Rl ) 3x+21

1
4 Prx4l 4 2yxts

Bu erda kasr to‘gri kasr va kasr maxrajidagi kvadrat uch xadls
xaqiyqiy echimga ega emas.

Misol 16. 3xt +x—1 n.:; b Cxe+D

(e +x+1)? Au +x+1)° x* +x+1

Kasr to‘gri kasr va kasr maxrajidagi kvadrat uch xad karrali
kompleks echimga ega.

Maple dasturida sodda kasrlarga ajratamiz.
> (32 4x—1) ;

(2 +x+1)°

3 hx=1.
(" +x+ :_
> convert( , 'parfrac’, x );

Ty
1 . Ax—4

3 \ 2
T Ax+i (Ff+x+1)

Misol 17.
3x +7x -1 B
(x+2)°(x +x+5)(x —x+2)
u.hl+h+h+ Dx+ F A Cx+E 4 Lx+M )
x+2 x x (F4+x45) xP4+x+5 2 -x+2
To‘gri ratsional kasrning bu ko‘rinishi 13—16.misollarning tax!ilican
kelib chigadi
Sodda kasrlardagi A, B, C, D, ... koeffitsientlar  aniqmas
koeffitsenlar metodi orqali topiladi. Bunda quyidagicha yo*l tutiladi
Kasrlani umumiy maxrajga keltiramiz. Tenglikning chap va o‘ng tomonini
suratlarini x oldidagi koeffitsentlarni mos ravishda tenglaymiz. Xouil
bo‘lgan sistemani echib noma’lum koeffitsentlarni topamiz va sodda
kasrlani xisoblash metodlaridan foydalanib integral xisoblaymiz.
Maple dasturida bu misol quydagi sodda kasrlarga ajratiladi.
s (3 +7x=1)
(x4+2) (2 =x+2)(F+x+5)°

3xt +Te—1
Ak+uu.«m _hn Ih+~u A.ﬂ. +x ..fuy...
> convert( , 'parfrac', x );

K70 | 4

71x— 269

37

33

4o

+

]

*u- 16928 v — v 42
ORI 13 x — 267993

1¥] 2 4-
hx+S

ralni xisoblang:

.-‘h +Nu+u&
x+2

500 x

="

1568 (x + 2)

1004°

togral ostidagi funksiya noto‘gri ratsional kasr. Quydagi

pn oshiramiz:
RS 3
el x+2

.hnh.f-h.l.almunha.lﬂ,v

legralni xisoblang:

Sln|x+2|+C.
._‘ Tx-3

X =x+x-1

dx .

| ostidagi funksiya to‘gri ratsional kasr.

Wrga ajratamiz.

- a3 Tx-3

! Iﬂm_‘..u-: (r-1) x(x—

D+x—1)

M C ».._.u._.wxa ) +C(x* +:

T (x +0G-D)
L uxlrgl kasrni taqqoslaylik. Agar koeffitsientlar x ning bir xil
b’ Isn, ikkita ko‘pxad teng deb hisoblanadi:

A (DO D)
B (A B x4+ C =B,

o,

ulilni qo'shib quyidagilarni xosil gilamiz

okl .2,

gl birinchi tenglikdan 4=-c yoki 4=-2
ilagl ikkinchi tenglikdan 5=7+4 yoki B=7-2=s.

Aquydagilarni xosil gilamiz.

.Qc.—ﬁlvim..,lwl

el ox

v
..._nﬂ._._u____a::s

u&u




d(x® +1)
o

x* 41

————— 4 Sarcigx +2In| x—1|=

Hlix-+:+m§ +2h|x—-1|+C=

=Sarcigx +In

berilgan.

(x=1’
X

Maple dasturi yordamida bu misol quydagicha ishlanadi.
Windows oynasining o‘ng tomonida misolni echish bo‘yicha 12

+C.

> with( Studend Calculus!)) :

> .._._-....E_EA %JH

Fx—3

i
ﬁu.-lwu1ul- o

= 2In(x—1)—In(u) +

| =
2 o2x+s)y
| o
= i
=2 e |..~..+|
x=1 | 41

roy 248
NT|.}H‘L.__|.]IH = e

-
l:..i:._._u % ZrEd iy
e

2in(n) + _ = £ 5 iy
4+
2in{x—1) + ﬁ_:
+

2 3
2Injx—1) + h...».”_ .....u+_u_._n

(i1

f_.u...; 2 .r

2lafx—1) +
) R

»u‘_

u.nrlsluc L .r.u._,_ i .
=+ >~ + |

[_5
2n(x—1) NZ:E. ‘._..u+_._..

n_s.ul__l:w.e.u+ ,” - e
T

5 ¥
Ly
1241

u_.:hl:l_l.mlr__.v_xw._ dr

u_._.uusl.._rui_:_“ K._: _L
::_ul__l_i.m+:+u:_.5u

2infx—1)—In(Z+1) +5u
2infx—1) —In{ + 1) + 5 arctan{x)

28

| partialfracion |

| wirns |

| eonmssantmmittiple |

| change, u=x =1, u|

[ pawer |

| revert |

_ rewrile,

+

5

[ w0 ]

[ comstantmultiple |
hn.bn:__«-v..__ﬂ.-u 41, m)
| constammliipl |
[ pperwer |
[ reverr)
| constantmliiple |

[change, x=tan(u), 4]

[ constant |

[ revert |

Il

A

_ dr=21In(x — 1) — In(x* + 1) + Sarctan(x)
h —-—

ralni xisoblang: %F&.
x'—8x" +16
: _ ostida noto‘gri ratsional kasr. Uni butun gism va

t _-_ sifatida ifodalaymiz. Avval ushbu kasrning butun

Ke' < 16x+1 8x' —16x+ 1
T T T
TR - A +.h+ o +U_
e ) (x=2) x-2 (x+2) x+2
1 B C D _
x+2

iy x4 2)" 4 Clx= 2)" + D(x+2)(x— 3
(x=2)'(x+2)*
Il kasrlar, agar ularning suratlari ham teng bo‘lsa, u
ur teng bo‘ladi.
A4 2 4 B —2)(x+2) +C(x—2)" + D(x +2)x—2)". A, B, C,
\entlarni quydagicha topamiz.
tunlash usuli bilan, B va D — anigmas koeffitsientlar

U xolda 8.(-2) +16.241= 4.0+ B-0+C-16+D-0 u.o_c.

.m nlll
h 16

bio' lsa, u xolda

Lol 1644 B.04C16+D-0  Yoki

33

16°

ayldugicha yozib olamiz.

B 242 4+ C(x=2) + D(x—2) (x+2) =
1B 426" x4 8)+ C(x* —4x+4) +
A LK) (4 D) 4 (A+2B+C-2D)x* +

A A (AA+8A+4C +8D)

f 4=33




8x' —16x+1=(B+D)x' +(A+2B+C-2D)x* +

+(—4A-4B—4C -4D)x + 44 + 8B + 4C + 8D.

Oxirgi tenglikda x ning bir xil darajalari oldidagi koefTitsicnthu
tenglashtirsak, A, B, C va D noma’lumlar uchun chizigli tenglumaly
sistemasini hosil gilamiz.

B+D=8,
A+2B+C-2D=0,
~44-4B—-4C -4D =16,

x' 44488+4C+8D=1

Agar wM nu|m ekanligini xisobga olsak, Tenglamula
sistemasining birinchi va ikkinchi tenglamasidan foydalansak

D=8-8, =i

yoki e
|+~w|||~a B)=0 127
16 mlm

Bularni integralga keltirib qo‘ysak quyidagiga ega bo‘lamiz.
©+1
ot

x! |ma~+_m
1 ﬁwﬂ 1 3l 1 +m.ml_wi ydia

r.—ﬁu+ o —— .
16 (x-2) 32 x-2 16 (x+2)" 32 x+2
X 33 127 31 129 1

=———+—h|x-2|+——+———=+C.
R M T A TP T T e

Maple dasturida to‘gridan -to‘gri hisoblash mumkun.

Sichqoncha o‘ng tomonini bosib  integrate—>x  Camundasl
yordamida hisoblaymiz.

Windows oynasida quydagi ko‘rinishga ega.

T

jrgrepregn

i

H

41
S —8r +16

A3 g 129 31 u
+\ b 2 Infs ) _|u Inlx +2) + TITES]

rnlni xisoblang: _.c?z

Integral belgisi ostida oddiy ratsional kasr joylashgan bo‘lib,
Iy kasrlaming yig'indisi sifatida ifodalash orqali integralni

ki Shu bilan birga, o‘zgaruvchini almashtirish  orqali
dils ko'rinishga keltirish mumkin; x+5=1, x=1-5, dx=dlI .

y -H:-.:.&._q.u_umnqwusm
f '
| 1
.%3.94-_3]@&"
l.lul._‘ e—
(19 Axes)' (x+5)°
31

dt =

+C.




1.4. Ba’zi irratsional funksiyalarni integrallash

Ixtiyoriy irratsional funktsiyaning integrali elementar funktsiyulas
orqali ifodalash mumkun emas.Biz shunday ¢=w(x),almashtirish bajarih
integral ostidagi ifodani ratsional funksiya ko‘rinishiga keltirishga xarakal
qilamiz . Agar o(x) elementar funksiyalar orgali ifodalansa u xoldy
integralni oson xisoblash mumkun .

Bu usulni integral ostidagi ifodani ratsional ko‘rinishga keltirish
metodi deb ataymiz.

ax + fi i i g ..
1) Aa¢ s E&. ko‘rinishidagi integral

Bu erda R ratsional funksiya,
meN,a, f,y.d —0'zgarmas.
@tf BB gy F
s e+ a—p
Integral quyidagi ko‘rinishga keladi.

[ Rep(0),0)- ' (),

Agar,1=o(x)= .desak

Bu erda R.o(1),¢'(t) — ratsional funksiyalar.
Ushbu integralni ratsional funktsiyalarni integrallash cqoidular
bo‘yicha hisoblab , biz eski o‘zgaruvchi r=o(x). ga qaytamiz

e P ax+f) (ax+p)
(1) Ko‘rinishdagi integralga _. %aﬁ 3+L .??L ..._H}. 0
ko‘rinishdagi umiymiroq integrallani xam keltirish mumkin
Buerdar, s,... — ratsional sonlar.
Bu erda r, s, larni umumiy m maxrajga keltirib integral ostidagl

ifodani x ning xamda EH% _ radikalning funksiyasiga aylantiramiz.
»
- - . &
Misol 22. Integralni xisoblang: .
iso ntegralni x g:|- =

Tx+1 | £+1 , -6¢
H___u ydx= BQEM
e-1""  (P-1)

- dx —fs
mﬁbﬁ.r. ._.gl.—

=gfESD
‘r:hw x-1'
hl

|_. (=6)dt |u&u.— =3y _
ﬁz|+_+_u:_ gy P (=) +1+1)
£-1

32

el

2-1
3 c
2 | =1y +Barcy B3 2

uchxadda to‘liq kvadrat ajratilsa, bunday integrallar
i keltiriladi.

Integralni xisoblang: {—=—.
! x" —6x+

vidrat uch xadda quydagicha almashtish bajaramiz.
=) =l x-3=1, x=1+3 dx=dt.

: N d(x~3) = dt ; v
bl Jx-3y -1 -1 lintegral19
i1 4 C = In|x=3+\x* —6x+8|+C.

. Ko‘rinishdagi integral
pinishdigi integralni xisoblash uchun integral ostidagi ifodani

tilidagl kvadrat uchxadning differensialiga moslab olamiz.

tulul ikkiga ajratib olamiz. Birinchi integral to‘gridan to‘gri
| yordamida topiladi ikkinchisi esa 23 misol kabi topiladi.

Integralni xisoblang: J%&.
—x" +dx+

Integral ostidagi ifodaning suratida maxrajdagi kvadrat

differensialiga moslab olamiz.

W) =244,
(v ._...:.,uulmalnu?s..._m.

I uyidagilarga ega bo‘lamiz.
~7/2A-2x+4)+16 ,

his 0 Cevanes

dx
W [————=
: ._.l.._.-...&.-...m

cul-x" 4 Ax 4 5) *-

d(x-2) -
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nnl.qu.fa..:uuh x=2=

& - =-7J1 +16aresin = + C =

3
=—7J=x" +4x+5 + I6arcsin x=2 +C.

3
Maple dasturida quydagicha bo‘ladi.
> with( Student| Calcutus!]) :
> __,z?EHLﬁulg
(J-F+ax+5)

* Tx+2

J-P4+ax+5 _

_._=+7

[ 7 u 16
o
7 J-d+9 J-+9

i | = b u.*i o il
: ) ) J ot +9 “
ﬂﬁ_n|:—§hu+_[&sﬂw|lﬂlk

1q=u+_

16
S———
J w40 ‘
-7y - +9 +_F.. i
7 - +9 +16 _|..||_ d
-7 = +9 +16 (|1 dur)

-7 - +9 +16ul
N [ +E=ﬂi¢u
-7 -P+ax+5 +_onaamuﬂ1wul.wg

Tx+2

V-2 +4x+5

dx=-7{ - +4x+5 + 16arcsin

34

[ change, T Nl |

16 4 Tu
rewrile, =

.\.:.‘

Tu

=-w +9

| wneen |
| constantmltipl |

| change, «u® 4 9= ui?
5___

| constant )
| perveser |

[ constantmuliipis |

[change, =3 sininl )
ull

| eernstant )

[ reveri ]

| rerveeri |

(4=-3

e 2o ve,  x=

W ooy a#0)  ko‘rinishidagi integral
llar Eylerning quyidagi almashtirishlari orqali
ing integaliga keltiriladi.
L almashtirishi. Agar a > 0 bo‘lsa, u xolda
Waxer,
il ko'ramiz.
Jia x41. U xolda

war' v 2aoxotart, x= = ,va
vluun.q

Ju xdiwa- |.m| ¢ —bu yangi o‘zgaruvchi t ning

lyasl  dx xam t o‘zgaruvchi orqali ratsional ko‘rinishda

Jalmashtirishi. Agar ¢ > 0 bo‘lsa , u xolda

bwat b Ve
whun ¢ oldidagi ishorani «+» deb olamiz. U xolda
2Jet-b
lﬁ
v Jar' vhxic ifoda yangi o‘zgaruchi t orqali ratsional
lanadi, U xolda [RexJax +hx+cyax  integral yangi

I tutsional funksiyaning integraliga keladi.

Integralni xisoblang: _T ;_HaH:
X+Xx

Ayleming 2 almashtirishini go*llaymiz.

bl b o’ = 20 4L,

.._# e::_:-:,::. xeu ?é&-
U=V -1 (=t + D1 —-1)




~ul? 4 Gl —9
2ul 120l + 18wl

S L
(ul +3)? u.z__.u

wd | +2 |m|l.l_
S H : (sd +3)2 ..:L

e :..u 42 _|¢M wed
" A ‘
|Tuz H (ur + 312

L
=in{wul) .Tuh ﬂ.ﬁl_fhu

1
~In{aul) + -Hﬂ_ﬂ .Emu

=In(wi) + 12 : t“u. ,__-._bu

12
=Infel) -7
1z

il +3

- «d.ﬂ%:f.: SHOGESSS —a4)

13 VAT T A T =25=1)

Vi rax+4 —2x+2

“lnf(wul) —

—in({aF +4x+4 —2x

2l & rx+1 47 +4x+4 —2x+2
-1)

_.H_ ﬁu 12

_ LT )

Ep—
wltigsle |

_.t..».:.
i

[E X"
=3y

2o it |

|
FHAT R
Hiavann |

(L

[ e |
| reveii |

I rwiwed |

| reveed )

Eylerning 3 almashtirishi. ax'+bx+c kvadrat uch xad xaqiyqiy o vi
B ildizlarga ega . U xolda [R(x.Jar® +bx+c)axintegral yangi o‘zgaruvchi |

ning ratsional funksiyasini integrallashga keladi.
a#0 Jaor'+bx+c=(x—-a) yoki
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.Hﬁlnv’ uﬂ”ﬁo
a—t

1.5. Binamial ifodalarni integrallash.

il differensial deb quyidagi ifodaga aytiladi.
x"(a+bx")dx,
L0~ ratsional sonlar, a,b —esa o‘zgarmas sonlar. Quydagi
] integralni ko‘ramiz.  [x"(a+5x")"dx (6)

i butun son . Bu integral t ning ratsional funksiyasini

keltiriladi. Bunda ¢=4x, almashtirish bajaramiz. A — m va
eng kichik umumiy karralisi.

U butun son, u xolda integral ostidagi funksiyani quydagicha
\ binjarib ratsional kasr ko‘rinishiga keltirish mumkin.

4 p — butun son.

+ b almashtirish orqali berilgan integralni ratsional kasrlarni

N pi keltiramiz bu erda v — r-kasrning maxraji
| almashtirishlar  ingliz matematigi Nyutonga ma’lum bo‘lgan.

almashtirishlarning  isbotini  utgan asrning urtalarida rus
P.L.Chebishev keltirgan. Shuning uchun bu 1-3

wahlar  Chebishev almashtiri .m_%m deyiladi.

26 Integralni xisoblang: | H_II.
+Xx

e = [+ 2')> .

BLass pe—=; v=3.

w .
ing 2 almashtirishini go‘llaymiz, u xolda. _._n_ -0 — butun son.

4
W=t x=("-n" &uwme_ustw&.
L P
5 ﬁulmiiual

1 1 dt
= nlﬂ?:lI*umE_T:lm@. freel
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Albatta bu misolni maple dasturi yordamida ishlash mumkun. 1y
Windows oynasida quydagi ko‘rinishga ega
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Echish. Integral ostidagi funksiyani quyidagicha yozish mum
Aa.“_f po Tuui_uwuu_ — butun son. Shuning uchun binamial funksiyul
integrallashda Chebishev almashtirishlaridan foydalansak (3- almashtirl
quydagini xosil gilamiz: 2x"-1=/ almashtirish bajaramiz u xold
d(2x” -N)=di’ yoki —6x~'ax=3'a¢r bundan .«x&uuwxa desak.

Integral quyidagi ko‘rinishga keladi.
B[ = [ (O D) e =
‘—‘a_‘.ﬂu‘_‘u (2-x") .&nn_.n .ﬁ«uﬁuaf:ﬁ&.l

K| i
uT-u.u-_ (2x7=1) .&n_@.‘ﬁ: Tt =

Ye-»y .

_ +C.

i) A |..

T4 : 4%’
1.6. Ba’zi trigonometric funksiyalarni integrallash

1) [R(sinx,cosx)éx ko‘rinishdagi integrallar.

Quydagicha universal trigonometric almashtirish bajaramiz. & ¢

2

Bunday almashtirish yordamida [R(sinx.cosx)ax integral ratslonal

funksiyalarni integrallashga keltiriladi.
) 2d
_.xiBa R ._.aﬁﬂiu 142 u?:qu :
Misol 28. Integralni xisoblang: .—%

Echish:

24t

e @ _
—uw5u+n_. i |_,1+u..+_|

146 2

change, u = Buh IM.Q u

25
.= al- u:|¢¢.\.lu u_“n..+u+,..~|uu
_ FIVES 2/

sl “Bu=34+J7) sl(2u+34+J05)

.ﬁ:ﬂ%ﬂiu

e 4+ —I e

- -

25
+| sZutiras)

+| 2/5
:u..!......rﬁm.-

([
y v u ‘; :u..wmc.wr.

» dlyos _ﬂ.ﬂ.ﬂje

dlas

-.\4:.»4“_4._.._&

_ unu:+u+3
Dtz em 2 (5 )
u&d. _l..n,_.:

ul..

(23] £+ 5) ol 2m(£) 3 7))

_naa:ma.s.nlualw.rh.i_




I ¥ O e e e CO R

3sin(x) +2 5

2) [R(sinx)-cosxdx yoki [ R(cos x)-sin xex ko‘rinishidagi integrallar

a) [Resinx)-cosxdv integral sinx=t,cosxdv=d. almashtirish yordamid

[ Ry ko'rinishidagi integralga keltiriladi.

b)  [R(cosx)-sinxdx integral  cosx = t. sin xdx = —ar.almashitirish

yordamida [(-R()ds), ko‘rinishidagi integralga keltiriladi.
3) [Rogody, [Resin” x,cos™ x)dxko‘rinishidagi integrallar.

Agar interal ostidagi funksiya fagat tg(x) boglik bo‘lsa yoki I
sin(x) va cos(x) larning juft darajalariga boglik bo‘lsa u xolda quyida
almashtirishlarni bajaramiz.

dr

gy =1, x=arcigx, &unﬂ

ig'x s

3 1 1 .
cos” X = —_——— sin’ x= e <
l+1g'x 1+1° l+ig°x 14107

Natijada ratsional funksiylarning integraliga kelamiz:
Misol 29. Integralni xisoblang: _.ﬂm,ﬂ
Echish:
_.|&nl.lu¢mu.n_au.;u N.% 1._.£Mm__+uu
+

34sin’x t LA_iJ

141
1 dt

11 ' 1 2gx
== =— +C= retg +C.
e B N R 23" huuu
4 4 4

4) [sin" x-cos" xdv ko‘rinishidagi integral.

a) m va n larning kamida bittasi toq son. Aniglik uchun n tog
bo‘lsin. U xolda n=2p+1 almashtirish bajaramiz va quyidagini ¢
gilamiz.

T!-u.Ewsu&n._.E.aﬁn.Sm:a.Sau&n
= [sin" x-(1—sin’ x)" dsin x = fsinx=r}=[e" (A=1)"dr = [ R

b) m va n — nomanfiy juft sonlar . U xolda m~2

almashtirishlar bajaramiz va quyidagini xosil gilamiz.

sin’ .«le‘: —cos2x); cos'x HWA—+§ 2x)

42

b+ [(sin’ x)” - (cos® x)" dx =

U1,HM+H§N~" .&q

347 &

mo_.:_... cos2x :Em..w:m va toq darajalariga bogliq
_aa n__“ma_u.. cos2x ning tog darajadagi Integrallar a).
| Integra mzmn_. cos2x ning juft darajadagilarini yuqoridagi
X _34.1“8__. Shu tarzda davom etib [cos kudx, ko*rinishidagi
Hamiz.

. Integralni umwo_&mbm".—mwﬂuu.g..aﬁq.

Sl ..._.u__.....-.._lm.:;_imia ulru.ll |

- Integralni xisoblang: [sin* 3x- cos* 3xdx.

! |
' Dy - u_. (1-cos 6:x)(1 + cos 6x) dx =

I 1 rl4cosi2x
N Oade = = x——. [L1O05 12X

__..4 1 ‘_. 2 dx =
I amil2x) 1 1

- 2 +C ﬂmhlmmwm—:wv+ﬁ,

i~ juft sonlar. Biroq ularning birontasi manfiy giymatga

(uydagicha almashtirish bajaramiz. gx=1 yoki efgx=1).

sin’ x

| c_..r..:.m_.:&n.u.unwu
won’ xocos' x

. - Igx =1, x=arcig

{ e iy - B.u..h«l n._.nu:f.uvu dr

141

1+
1 ..—:._I;&u__ul.,..M+n.nﬁl_m+ﬁ|¢.+n.
3 5 )
! .-t:akh._.niaﬁ.sagn [sinmx-sinmax  (m=n). Ko‘rinishidagi

ko'rinishda  funksi i

! yalami integrallash uch i
I _-__::u:_e.a bajarish etarli: un quydagi
‘ ..m_s.ha;w,fs__ilai
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$in mx - cos nx = WT:A..: +n)x +sin(m—n)x|

sinmx-sinnx = Wﬁsmna —n)x—cos(m+ E.L
U xolda quyidagilarni xosil gilamiz.
._.mﬁaa.nca:a& nhu_._mm=~3+=vk+miﬂa|a=nnn

» cos(m -+ n)x = cos(m—n)x +C.
2(m +n) 2(m—n)
Qolgan ikkita integral xam xuddi shunday xisoblanadi.
Misol 33. Integralni xisoblang: [sinx-cos6xdx .
Echish:

[sin - cos 6xc = W?asal%w_& -

+8w~k+h._
20 4

2

_ 1 (_coslOx cos2x) . cos 10x
10 2

2. Aniq integrallar

Aniq integral tushunchasi va uni hisoblash usullari maktab ko'rul

qisman va ma’ruzalarda bataf5il o*tilishini hisobga olib, biz aniq intejli

geometrik ma’nosi, hisoblash usullariga gisman to‘xtalamiz hamda asos
etiborimizni uning tatbiglariga qaratamiz.
f(x) funksiya [ab kesmada chegeralangan bo‘lsin. Quy hdi
belgilashlarni kiritamiz:
my nﬂ.mmm__*\ (x)}, M, n_mw.n_ _C. ()},

MHM.:#D&E WHM_K—DH :
k=0 =0

N-B.-.mm..McnwEw.?&z&ﬁ&.35....&%55&::9% q:.v._:.a___
yig‘indilari deb ataladi .

Darbu yig‘indilari quyidagi xossalarga ega.

1°. Agar [a,b] kesmaning bo ‘linish nuqtalariga yangilari ko 'shi
unda S faqat ortishi, 5 esa kamayishi mumkin.

Demak, {S} T va ”wt

2. Darbuning ixtiyoriy quyi yig'indisi uning ixtiyoriy i
yig ‘indisidan katta bo'la olmaydi (agar u boshqa bo ‘linishga mos
ham).

44

/A ..u.m.z.c“m* va I' = malwv
Ida Darbuning quyi va yuqori integrallarini aniglasak,

S<I<I'<S
W' rinli bo'ladi.

Anig h.im.mﬁnb.:._.alm mavjud bo ‘lishi uchun ushbu:
wﬁ_a -8)=0

n-1
W_EME..?... =0
Jarilishi zarur va etarli (0, =M, —m,).

il uchun mavjudlik teoremasi [a, b] oralig'ida uzluksiz
e bir 1 (x) funktsiya unga integrallanishi mumkinligini

on integral integral uzluksiz deb gabul gilinadi.
Iy Qilib quyidagiga ega bo‘lamiz.

[ s _tim 3 16,
. =l

ilar integralning kuyi va yukori che i deyiladi
| garalari deyiladi , f(x) —
_-.w&:._m.c_l_anm_.m:mmrmoxmmm. b

hekli integrali mavjud bo‘lgan f(x) Funksiya [a,b],oraliqda

vl deyiladi va yuqoridagi limit

. [a,b] segmentnin
W £, nugtaning tanlanishiga bogliq emas. i ;

%)~ " funksiya uchun [-2; 3] kesmani teng /! ta

U!w::.:mw:nc:éa:ﬁEm;a&.&:ﬁeﬁ:w.
whinl |)

= .4|..-u
\, method = upper, output = animation )

45
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0]

‘u..‘

3
g%aﬁaggéoigo: Six) &, where
-2
Jix) = 2 and the partition is uniform. The approximate value of the
integral is 2531250000 . Number of subintervals used:10.

n “
> 5= MW ﬁ 2 ...Hu_g

S=

_4A0(n+1) 150 (n+1)° 150 (n+1) _ 250 (n+ 1)’
4 2 3

n " " n

3 §:1:~1:E=+IF+§ ?+:..
3 3 4 a
n n n

1 “

: " 2
n+1 +mlm n+1 +ao
4 :.. n

> simplify( );
s 1322+70n+25

S§=— —7

4 n

> RiemannSum Tu =2 ..3, method = lower, output = 3..32_6:3

A lower Riemann sum approximation of _u.:n_ cx, where
# 4 the partition is uniform The approx "
. approximate value
4 7 112500000 zgwunomncu_.agcw.n“_cd_ i

_ASD(mk1) 1625 (n+1) 1875 (n+1)
=] ) e 1
n

. 1125 (n + 1)° , 8123 (n+1)°
3 4 4
n n
1
1)) 185 (n+1)' | 625 (n+1)* | 40
3 T+ An+l) .40 . 300
n 4 o n °

130" =70 +25

___-u

wllarning ba’zi xossalarini batafsil tushuntirishlarsiz

xomsalar




1. Tbaﬁmggnwbb&wwm:;&.
2. wn..ﬁku&nﬁ.whhv&.«. ¢ = consl.
3. whb&uw\.b&iwbav&. celab).

(]
4. Agar /(x>0 [a,b]da bo‘lsa, uxolda [ fGdx=0.
5. AgarVxela.bluchun f(x)<g(x) bo‘lsa, u xolda
a) [ /(xdxs [gxds

] b
b) ([ fGxdx(< fI () .
6. O'rta qiymat xaqidagi teorema: 3¢ e[a,b],mavjudki
]
_ flx)dx= f(EXb-a), bunda f(x) — [a,b] da uzluksiz.

T w.wcc&na.
8. [0 feoydx = — [, f(x)dx.

2.1. Nyuton-Leybnits formulsi. Agar f(x) funksiya [a.b] kesn
uzluksiz bo‘lsa va F'(x)= f(x) tenglik bajarilsa, u xolda

Ma (x)dx = F(b)-Fla)= F(x), (7)

formula o‘rinli bo‘ladi.
Formulaning isbotida uzluksiz f(x) funksiya uchun ham bajariladipgan

& x
4 fro)- 19
tenglikdan foydalaniladi.

: Az =)
Misol 35. Integralni xisoblang: _Mm el
Echish: ~ Nyutona-Leybnits formulasidan foydalanib, 1l
jadvalidagi 16 formulaga ko‘ra quy idagiga ega bo‘lamiz.
n kg

T 1 x| 1 _h u
dy=— 2= 1= 0)=—| ==0]==.
.__..u_f_ 2 g_wua MA&.QN arcig 0) 2\ 3 3

48

egrallash formulasi. Agar f(x) va g(x) funksi
| . h siyal A
I differensiallanuvchi bo‘lsa, u xolda Ak

_:%A%HE.NEM-TE%F

(8)

. Integralni xisoblang: w x” In xdx .

. I
oridagi formuladan foydalanib quydagini xosil gilamiz.

[constantmultiple]

[power]
1

o In(x) dy = W In(2) — —

1 9




2.3. O‘zgaruvchini almashtirish. Agar olr) funksiya [o.p] kes
uzluksiz differensiallanuvchi va oln)e [oBl, a=wla), b=olp) bo'lib,
funksiya [a.b] kesmada uzluksiz bo‘lsa, unda

(s o O o)

bo‘ladi.
3
Misol 37. Integralni xisoblang: [Vax—x'-3dx.
2

Echish: 11diz ostidagi ifoda uchun quydagi almashtirishni bajaram
dx-x -3=1-(F -4x+ H)=1-(x-2)".

Yangi o‘zgaruvchi kiritamiz. x-2=sin/, u xolda x =2+sinf,

dv = d(2+sint) Yoki dx=(2+sint)'dl =costdL.

Yangi t o‘zgaruvchi uchun integral chegarasini topib olamiz:
Agar x, = 2.,bo‘lsa u xolda to o=sinr = =0

Agar x, =3, bo‘lsa u xolda 1=sint =

Aniq integralda o‘zgaruvchini almashtirish formulasidan foydal
quydagini xosil gilamiz.

] 3 =l

ZaTnFu&uZT:L%&u [Vi=sin’ ¢ cosudt =

1 1 o

il w =il 1 MEN- w2
= 1 == = —
= .m_“oom Elm ._c+8m~:&|mﬂ-+ > =

_hu mﬂhu _ﬁ m._scwla

=| 4= |-=| 04— =7

2.2 2 2 2 4

Maple dasturida quydagicha bo‘ladi.
> \with(Studend Calculusl]) :

V.?...?i«..&ul.—nlww

| change, w=x — 2,
Wl

¥
_.. Cesititni)® + 1) das

1 3

Seintnd ) et 4| et
L

| ehange. w
=simiud ), ui)

| wraent |
- 2
_ _: winlad ) ...z-.— + | [ | eonstanimulviple |

k. =
1 f L won( 2wl 2
_ F e = T u,:l R rewrite, sin(ad )?
"

o

conl 2l

"
3

] . |
" _.— |w. et | — —‘. IE...le..ul._:.. + _ 1t [xtaem |

1}

"
T =
. — 3
T |MEJF:|,F; ? _ _.:_..
.. .. .
h

| canstant]
)

| cenmessaretmaeltiple]

| change, u2 = 2ul,
ul)

| cornstantmuleiple]

[cos]

| eonstant]

3

__

J-Z+4r—3 &x=—1x

2 4

| Integralda o‘zgaruvchini almashtirish bajarilganda avvalgi
(uytish extiyoji yo‘qoladi. Sababi aniq integral bu —aniq

integral esa  bu —m’lum bir funksiya. Shuning uchun

i avvalgi x o*zgaruvchiga qaytish kerak.

. wollarda  x=p()almashtirish o‘rniga  /=g(x) teskari

harish mumkun.




Quyidagi misolni ko‘ramiz.
Misol 38. Integralni xisoblang:. ._[&i

x(5+Inx)
Echish: = n xbo‘lsin, u xolda m_m& =dInx=dt.bo‘ladi.

Agar x, =1, bo‘lsa t, =In1=0,bo‘ladi agar X, =e ,bo’lsa
U xolda t, = Ine =1.bo‘ladi.

Quyidagini xosil n:m_.:mw..

.w de _. dinx) ¢ dt

| ||||_-+m _15uu
1 X(541In x) ,m+5n 2944 nl _: ne
m

=ln—=Inl2
5

2.4. O'rta qiymat haqidagi birinchi teorema.

Agar f(x) va g(x) funksiyalar [a,b] kesmada chegaralungnn
integrallanuvchi bo‘lib, g(x) funksiya (a,6) da ishorasini o'zgartiom
shunday pe[m, M] ﬁ 1_ f{/(x)}, M= wcvc.?v& nuqta topiladiki,

[a8]
J g0 =Tl (10)

tenglik bajariladi.
2.5 Aniq integral yordamida tekis shaklning yuzasini hisoblash.

a) Dekart koordinatalar sistemasida berilgan shaklning yusn
hisoblash.

f(x)ecla,b] bo‘lib, vxela,b] uchun f(x)=0 tengsizlik bajarilsin va 1
quyidagicha aniqlansin:

Ul thM& .... .
losy<r(x) -egri chiziqli trapetsiya.

Unda
L]
S=[fl}x  (11)
tenglik o*rinli.
Agar .\..Tumﬁ.—a.& bﬁkvmﬁﬁn.b_ bo‘lib,

asxs<h
D= { Y ers )

bo‘lsa, u holda
s=lAG)-Alk  (12)

52

v=2x-x' va y=-—x. Chiziglar bilan chegaralangan

i toping.

u-a... - parabola . Uning uchini va koordinata o‘glari
Mugtalarini topamiz.

u_...o yoki 2-2x=0, x=1
1, bo'lsa y, <2-1=1.bo'ladi a7, 1) — parabolaning uchi .

[ W' w0 yoki x(2-x)=0 x=0; x=2.

i chiziq.

i) va parabolaning kesishish nuqtalarining absissasini

yoki v -3x=0 x =0 x =3. Yuza xisoblash uchun

S= .q (2x - x* —(~x))dx =

3 2 3 3
=[@Bx-x)dx=|3.2- X
foydalanamiz. _,.A o 2.3

N.... 27 9
= =2 45k
R (kv.birlik).

di quydagicha bo‘ladi.
._E.: figurani chizib olamiz. Buning uchun “plot”

0

1 ‘..u_..u._ A)

1 va _uswo_p:_zm kesishish nugqtalarining absissasini
4 tichun “solve” komandasidan foydalanamiz.
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> solve({f= g}, x);

{x=0}, {xr=13)

Hosil bo*lgan figuraning yuzasini hisoblaymiz.
> with(Student| Caleulus1]) :

> tmTutor(2x — & — (-x))

_._u.\N + .fL..:.
]

3 3
= _ Py + _ Sade [ x|
o 0

| i koordinata boshida
st R = V8 bo‘lgan aylana

u ._
.. .—_ nu_:w +_u..m_.._Q.Eb___._b.a_iz.__u._.___
‘o (]

1

il 0(0,0) nugtada bo*lgan parabola.

sl — olaning »m«_m_.:m_._ nuqtalarini topamiz.
N ' Bles: -~ +2x-8=0
=-<043 — _ ..;L | constantmulriple) h=—4x, =2
o ) o lenglamani qanoatlantirmaydi.
= W | power|

Wi xolda ¢ < g yoki y, =2, v, =2.bo‘ladi.
Anturida quydagicha topamiz.
W p=0,)2 - 2x=0}, {x,});

[(-2+35)aenl

9
3
‘o 2

hfem2 yve -2}, (x= ~4.y=2Root0f(_Z +2)}
Misol 40. x* +y* =8 aylanani y? = 2x parabola bilan kesishdu

xosil bo‘lgan S soxaning yuzi xisoblansin .

Echish: Quydagi chizmadan foydalanamiz . Maple dasturi yordamida
chizib olamiz.

> with( plots) :

> impliciplod {# + ? — g =0,,? —2x=0},x=-3.3,y=-3,3);

N yuzasini hisoblaymiz.
" vg..

A= &ﬂl.-.aw
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AT oo O

Eu/\mmmzn n..-.u,\mnomh&
Acapy=0,-1=0

Azap y=2,—» 2 =[8 sint, mmaﬂn%w ..Hm
H - 12 1 - 3
O 4570,
uu.—:{m:mma:.gm§§|mu;.—:§"§fwu

xrid . wid
8 sin 2t 8 x 17 8 4
Hmn_”:+8mN3&..lwunT+ 2 uu IMHAI+IW|IHMH+I.

Quydagi soxalarning yuzasini xisoblaymiz.
Sy =7R*; S, =n-(J8)' =8x

4 4

_.w-u ﬂ_W-u___ |.m._ "muﬁtha+muH®uﬂlm.

Maple dasturida to‘gridan -to‘g‘ri xisoblasak quydagicha ho'l
Bunda “ int * komandasidan foydalanamiz.

> 5= ..ET =t ._NH. =-2 .L

s/ um +2r
> Rr=%;
22 =207
> 852 = Pi-R%
§2:=8n
> Sw=52-8I;
.w..u.malh

3

b) Qutb koordinatalar sistemasida berilgan shaklning yuzusini
hisoblash.
Agar D soha qutb koordinatalar sistemasida
D- *Q <p<p
O<sr< ___Aﬁv
ko‘rinishida berilgan bo‘lib, r(p)< Cla, #] bolsa,
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a
.TW % rlode  (13)

o' ladi.

4/ Paskal ulitkasi bilan chegaralangan soxaning yuzi
e

(13) formuladan foydalanamiz.Integral chegarasini
| olumiz. Qutib koordinatalarida r=2+cosp egri chizigni

dagi jadvalni xosil gilamiz.

Jadval 1
30° 45" | 60° | 90° | 120° | 135° | 150° | 180°
6 & [L{o[ 1 & _a-
) 2 2 2 2 2
u+m|m ~+q¢.|m 25| 2 1,5 ~||,\M ~|.¢~|m !
2 2 2 2

Iya ~ juft funksiya bo‘lgani uchun, r=2+cosp funksiya
0'qqa nisbatan ¢ <(180°,360°] qiymatlar uchun simmetrik
pafigini ge[0:180°)da chizish uchun r qutib chizig'ini
flarda jadval 1 da berilgan qiymatlarni belgilaymiz va
¢ Paskal ulitkasi nomli yopiq egri chizigni xosil qilamiz.

| yordgmida onson va aniq chizish mumkun.

), thota = 0.2 P, scaling = constrained):
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2=
1

Xosil bo‘lgan figuraning yuzasi quydagiga teng.

2x

7 1 I +cos2¢
S= m h. (2 .Tnhuwﬁuu&ﬁ = M ‘__ hh+&ﬂcw%+|ulru&% =

_ 2x

u .MT, ma+hum=ﬁ+ Wmmz Nau HA.ma?squr.v
1]

2.6 Aniq integral yordamida yoy uzunligini hisoblash.

a) Dekart koordinatalar sistemasida berilgan yoy uzunligini xisoblash.

f(x) funksiya [a.6] kesmada aniqlangan bo‘lsin. Uning grafigi quyidagi
{(x, 7 ()): x € [a, 5]}

nuqtalar to‘plamidagi iborat. Shu grafikdagi 4(a, /(a)) va 8(b,7(+)) nuqtalar

orasidagi 4B egri chiziq yoyi uzunligi / ni topish talab gilinsin. Agar

f'(x)eCla,b] bo‘lsa, unda

=TT (14

bo‘ladi.
Agar (14) da b=x desak, (x)= [ I+ [/ () ¢ bo'lib,

MM = .\_ + C.Auu_a =dl= 4\_ + _\.?Vw& .
Bu ifodaga yoy differensiali deb ataladi.
b) Parametrik ko‘rinishda berilgan egri chiziq yoyining uzunligi
hisoblash.
Agar

,..uusE
aw.«.—.nﬁe; nmam\w

bo'lib, ¢'(1) e Cla, ] va v'(t)ela, p] bo‘lsa,
1= [o @ T4 (15)

bo*ladi.
Misol 42.  Sikloidaning bitta arkasi yoyining uzunligini
hisoblang.
x=alt—sinn
y=all—cost),
= plot([2-(r —sin(1)),2(1 —cos(#)),t=0.2-Pi),x=-3 .15,y =-5.10);

0 <t <2n. Maple dasturi yordamida chizib olamiz

Maple dasturi yordamida a=2 bo‘lgan xol uchun ko‘ramiz. (15)
formuladan foydalanamiz.
= with{ Student| Calculus1]) :
> = a-(¢-sin(1));

x=ua(t —sin{r))

g
dr ©

a(l—cos(r))
> yi=a(1-cos(r));
vi=a() —cos{i))

>4
ar

asin(f)

> mitutor(2-J (1-cos(1))? + (sin(1))? )




wnir)

rowrine, 2§ 11— cosf 1) §*
—Zcoalr) |

f | r
o))" 4+ anle)™ N

2411

Zeoslr) o
2
| ermanniemeemlreprie

—. Parsige. b .E._.. .4 Jom

Lowsvanmsinmmtnipaty |

[ ehaspar, w4 0 =t ut]

[

(1 Inszi:u | ..:._T.._u =8

Bu erdan yoy uzunligi L=2*I =16 ga teng bo*ladi
Bu misolni “Maple” dasturida quydagicha usulda xam echish mumkun

> with| Student| Caleulus1)) :
> ArcLength([2-(x — sin(x)), 2+ (1 -cos(x)) |, output = plot, x = 0.2-Pi);

16 1
144

3z Is
2 2

x
2

—x) 7 g(x) = \~+AW\?L Iﬁ,ﬁu?_u

The arc length off(x) = [2x—2 sin(x), 2 —2 cosi 5} | on the mterval
|0, 2x]. The coordinate system is Cartesian

> ArcLength(|2-(x — sin{x)), 2:(1-cos{x)) ], x= 0..2:Pi, output = integral);
60

R 1
5 T
2J coslx)” + sintx)® — 2cos(x) + | dr

ArcLangth(|2+(x — sin{x) ), 2:(1 —cos(x] ) J.x=0.2-P1);
Qutb koordinatalar sistemasida berilgan egri chiziq yoyining

a<ep<fl,

wzunligi hisoblash.
AB: ﬁ. = 7ko)

Agar

bo'lib, r'(p)e Cla, #] bo‘lsa, unda

1= (7 @)+ @ do

(16) formula o‘rinli bo‘ladi.
Misol 43. Egri chizigning uzunligi topilsin.
Pa.e?, omemm.
Maple dasturi yordamida chizib olamiz.

> \with( plots) :
3 (thetn) Pi
> EE.EL 3¢ Y thewm=0 -ml_ scaling = constrained

Echish: r=3.c% egri chiziq qutb koordinatalar sistemasida berilgan

(16) formuladan foydalanamiz.
r'(p) ni topib olamiz.
K !
o NT.Q 4 w
)
r i

P+ =9 ﬁ



~5e" =5-(e"* =1 (birlik).
2.7. Aylanma sirtning yuzasi.

Aytaylik, s(x)eclas] bo‘lib, s(x)=0 bo‘lsin. AByoyni OX o'qi
atrofida aylantiramiz va aylanma sirtni hosil qilamiz. Agar f'(x)eCla,b]
bo‘lsa, unda shu aylanma sirtning yuzasi ushbu

nuawﬁhu;\:—\f% dx (17)

formula yordamida hisoblanadi.
Misol 44. OX o‘qi atrofida  3y-x'=0, osx<i.egri chiziq
aylanishidan xosil bo‘lgan figura sirtining yuzasi topilsin.
Maple dasturi yordamida chizib olamiz. Echish: 3y-x"=0 yoki y=

__
> restart : with( plots) : with( plottools) @ y = ul.% 3 ‘-_u ﬁwauw uku

> F = plot(y(x),x=0..1, thickness =2) : (17) formuladan mowam_mamamm

> plots| display (| F), scaling = unconstrained, title =" | rasm");
1| rasm

_ i
14 (x%) &nllﬂm (1+x"yYd(l+x") =

||i~u|:um @v2-1).
9

Buni maple dasturida quydagicha topamiz

> with( Studend Q?.E.._ v

> ?..3..6..? pi-XJ 1+ () w

change.x* + 1= .u

> print( ‘aylanma figuran chi

aylanma figurani chizamiz: | cxmnnumtnenditipia]

>Fr = E&AF %3, a=-Pi.Pi, h = 0.1, coords = cylindrical, nﬁn.sss___ :

3
> plots| display)([ F1), scaling = unconstrained, siyle = hidden, title = "2 rasm"),

| peower |
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2.8 Aniq integral yordamida hajm hisoblash.

Faraz qilaylik, bizga biror T jism berilgan bo‘lib, uning OY ugiga
parallel bo‘lgan kesimlarining yuzasi ma’lum bo‘lsin. Bu yuza x
o‘zgaruvchining funksiyasi bo‘ladi, uni §=5(x) deb belgilaylik. Agar
S(x)eCla,b] bo‘lsa, unda T jismning xajmi V ushbu

]

V=[S(axr  (18)

a

formula yordamida hisoblanadi.
Natija. (Aylanma jismning hajmi). Ushbu
D- An sxs<b
0<y< flx)
egri chizigli trapetsivani OX o‘qi atrofida aylantirishdan hosil bo 'lgan
aylanma jismning hajmi

verfl@Fae (19

Sformula yordamida hisoblanadi.

Misol.45.  y=cx , o<x<1 egri chizigni OX o‘qi atrofida
aylanishdan xosil bo‘lgan figuraning xajmini xisoblang.
_nq+n|.

= Egri chiziq zanjir chizig‘i deyiladi. Buning

Echish: y=chx=

grafigi

1 rasmda tasvirlangan. OX o°qi atrofida aylanishdan xosil bo‘lgan
figuraning xajmi 2 rasmda tasvirlangan. 19. formula yordamida
xisoblaymiz.
Maple dasturi yordamida chizib olamiz.
> restari : with{ plots) : with( plottools) :

> y(x) = E

3 .

> print( 'OXY ugida chizamiz:");

OXY ugidu chizamiz:
> ¥ = plot(y(x), x=0_1, color = RED, thickness =2) :
> YF = plot(y(x), x=0..1, filled = true, color = GREEN, thickness = 2) :
> plots{display)(| Y, YF), xtickmarks =2, scaling = constrained);

= Theta = Pi :

> printl x wgi atrofida avlantiramiz: "),

¥ uggi atrofid

-k
> ql = E&EH E a=-Pi.Theta, h = 0.1, coords = clindrical, style = :SamL :

> plotsl display (|l ], stvle= hidden, scaling = constrained, orientation = | =45, 50, labels = | =,
¥, x], axes = normal);

(2. rasm)

e*+e”
2

1 |
u n..—.um...—.ﬁmw +2.¢" e v )de =

Vo= L. eh’ xdx = L.H
(1] 1]

1 12 2\t
XL, 3 a3 x e e
=— 2 Z—| —t -] =
._h.nn +2+e " )dx 7y Hm +2x 3 Hc

:.nu n&an. n-._q n.ln-uﬂ
u|I~|||IIc||u|m ui~|=~.
&.TA, L ..T,, L %+ T e

Misol.46. Radiusi R, va balandligi — H ga.teng bo‘lgan paraboloidning
xajmi topilsin.
Maple dasturi yordamida chizib olamiz.
I

> restart : with{ plots) : with( plottools) : x = u.l-v‘.,.m..,
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> Fa= plor{x(y), y=0.3, thickness =12} :
> plots| display|( [ F), scaling = unconstrained. title = * 1 rasm");

I taam

> print( ‘avl Jigurani chi iz:);

aylanma fignerani chizamiz:
>l EQET,W. a=-Pi.Pi, h=0.3, coords=cylindrical, axes uas___i ;

> plots| display)([ F1), scaling = unconstrained, style = hidden, title = "2 rasm");

Echish:  Bu paroboloid OY o‘qi atrofida  y=kparabolani
aylantirishdan xosil qilinadi, 0<y<H (1 rasm2 rasm), bunda Kk
quydagicha topiladi.

Agar x=R, bo‘lsa u xolda y=H, quydagini xosil qilamiz.
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H=kR =5k umnv.cum.au.

Natijada xajm quydagicha topiladi.
i

Agar wum.a".anmmx uxolda »= Hm y bundan

JE R HT ey (kub birlik),
H 2 2
Misol.47. x =3cost, y=4sint egri chizigni OX o'qi
aylanishidan xosil bo*lgan figuraning xajmi topilsin .
Maple dasturi yordamida chizib olamiz.

= restart : with( plots) : with( plottoals) :
> F = plot([3-cos(t), 4-sin(1), 1 =0.2-Pi], thicknesy = 2) :
= plots| display|([ F], sealing = unconstrained, title = " 1 rasm");

> print( avlanma figurani chizamiz:");

aylanma figurani chizamiz:
> 1 == ploi3d(3- cos( h), a=-Pi..Pi, h=0.4, coords = spherical , axes = normal) :
> plots| display)( | F1), scaling = unconstrained, style = hidden, title = "2 rasm");

atrofida




Echish: Bu egri chiziq parametrik ko‘rinishda berilgan bo‘lib
ellips (1 rasm) xosil giladi. Agar OX o‘qi atrofida aylantirsak  ellipsoid
xosil bo‘ladi (2 rasm). V, xajmni topamiz

19. Formula.

V= aw v (x)dx.

Agar x=-3bo‘lsa, u xolda 3cos r=-3, cost=-1, r,=x.
Agar x=3 bo‘lsa, u xolda 3ws =3 cost=1, r=0.

] [} 0
Vy=n [ yide=x[(4sint) dB3cost) = - 16-3 [ (sint)*d(cosr) =
-3 r [

o i L
= 487 [ (1- cos 1)d(cos1) = :Asa g %# =

u&aﬁ:_LuL_m cosx—n X n.;n.mi:i\IJH
3 3 3 3

=—-487=64r (kub.birlik.).

2.9. O*zgaruvchi kuchning bajargan ishi.

OX o‘qida shu o‘q bo‘ylab biror jism F=F(x) kuch ta’sirida harakat
qgilayotgan bo‘lsin. Agar F(x)eCla,b] bo‘lsa, F=F(x) kuch ta’sirida jismni
a nuqtadan 5 nuqtaga o‘tkazishda bajarilgan ish ushbu

A=[FGMe (20)

formula yordamida hisoblanadi.
2.10. Statik moment. Og‘irlik markazi.

Aytaylik ,m massaga ega bo‘lgan M(x,y)-material nuqta berilgan
bo‘lsin. my va mx ko‘paytmalarga mos ravishda berilgan nuqtaning OX
va OY o‘qlarga nisbatan statik momentlari deb ataladi.

Egri chizigning OX va OY o‘qlarga nisbatan statik momentlari A7,
va M, lar ham shu kabi aniqlanadi hamda

M, =[vat, M,=[xai  (21)
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formulalar yordamida hisoblanadi. Bu erda ar= (@) +(a) -yoy
differensiali, / esa berilgan egri chiziq uzunligi.
Berilgan egri chiziq og'irlik markazining koordinatalari esa ushbu
- M, - M, )
kul..l. P ! AN V
formulalar yordmida hisoblanadi.

2.11. Geometrik figuralarning statik momentlari va og‘irlik markazi.

Agar geometrik figura

asxsbh
Unﬁom._.mk.ﬁkv

egri chiziqli trapetsiyadan iborat bo‘lsa, unda
x.”_m?&. My =Lfoa  (@23)

RTINS

bo‘ladi. Bu erda s = [ y{x)éx-trapetsiyaning yuzi.

2.12.Elliptik integrallar.

5-Ta’rif. Ushbu

T dx
Flk,p)=
A u ‘._u. 1—k%sin’ x

m?inw I-klsin’xdx (26)

(25)

ko ‘rinishdagi integrallar I va Il-tipdagi elliptik integrallarning Lejandr
Sformasi deb ataladi.

(25) va (26)-integral ostidagi funksiyalarning  boshlang‘ich
funksiyalari elementar funksiyalar yordamida ifodalanmaydi. Shuning
uchun ham ularning giymatlarini hisoblash uchun maxsus jadvallar
yaratilgan.

Agar (25) va (26)-integrallarda aum bo‘lsa, u holda bunday
integrallar to‘liq elliptik integrallar deb ataladi va ular F(k).E(k) kabi
belgilanadi.

Demak,




(27)

Elk)= [ V1-k*sin® ax (28)

,_Jc,._E elliptik integrallarning giymatlari ham maxsus jadvallar
yordamida hisoblanadi.

. 2 2 - e
Misol.48. Ushbu M|~+.|.”4n_ ellips yoyining uzunligi hisoblansin.

Unda

a*ll=sin® 1)+ b sin? tdt =

l=4l,=4. .w VIFOF + [y @)f de = awt.au cos’ t+ b sin’ tdt =4

=4ak(e) bu erda ¢=Y" =" llipsning

a a

[3_;1
mﬁuhm..nanhm g b w

ekssentrisiteti.

> with(Student| Calculus!]) :

> ArcLength([ 2 cos(x), sin(x) ], output = plot, x=0 .2 1 )

gx=[1+ H.Mﬂhn_u I._MnE s

The are length off (1) = [2 cos{r), sinx) | on the interval [0, 2] The
coordinate system is Cartesian
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> ArcLength(| 2 cos(x),sin(x) |, x=0_2n, output = integral)

2

n
_ ,\.E_;:“ +cos(x)”
0

> ArcLength([ 2 cos(x),sin(x)],x=0.2m)

8 _w____a:,mm 2 gﬂw
> E_qT m__m_anmﬁ + J3 u u
Y.GRR448224

3. Xosmas integrallar

Aniq integralning tarifini kiritganda va uning xossalari integrallash
metodlarini ko‘rganimizda f(x) funksiya [a,b] oraliqda uzluksiz va chekli
deb faraz qildik.

Umuman olganda f(x) funksiya [a,b] oraliqda uzluksiz va chekli
bo‘lishi shart emas. Bu xolda biz xosmas integral tushunchasiga kelamiz.

3.1. Birinchi tur xosmas integrallar(integrallash chegarasi
cheksiz).

v = f(x) funksiya [a; +0).oraliqda uzluksiz bo‘lsin.
fix) funksiyaning [a;+) oraliqgdagi xosmas integrali deb quyidagi

limitga aytiladi _..wm_”__..:b&“
4 A
[ fxd = lim [ fx)ds. (29)

Agar yuqoridagi limit mavjud va chekli bo‘lsa u xolda xosmas
integral yaqginlashuvchi bo*ladi aks xolda o‘zoqlashuvchi deyiladi.

Agar [a,+x) oraligda f(x)>0 va ._qhb&As bo‘lsa, u xolda [a;+)

cheksiz intervalda y= f(x)egri chiziq bilan va x=a to‘gri chiziq bilan
chegaralangan cheksiz egri chiziqli trapetsiyaning yuzini xosil gilamiz.
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a X
0 3.1rasm

(—o0; b] intervaldagi xosmas integral xam xuddi shunday aniqlanadi.
[ rcods = tim | e, (30)
(—o0; + ) intervalda esa quyidagi formula orqali topiladi.

[ 1= | feods+ [ fears. @31)

Bu erda s — ixtiyoriy xaqiyqi son.
Agarda 2 ta egri chizigli trapetsiyalarni ko‘radigan bo‘lsak 3.1 rasm,
u xolda bu funksiyalarning mos ravishda xosmas integralini chekli yoki
cheksizligi y=/(x) va y=g(x) funksiyalarning x>+« Xususiyatiga
bogliq.
+o0
Masalan. g% integral o >1da yaginlashadi va a<1 da

1 x%

uzoqlashadi.

1
a

>
._.I&rmaom::a>Iv._.8mmxmmoa_3.3mn.
1 X

Agar btnw«, bo‘lsa u xolda >1v8amw.w.&n_u_£ =InA-Inl=InA—> -+
- 1

bo‘ladi demak ,m& — uzoglashuvchi, Bundan mos ravishda egri chizigli

tropetsiyaning yuzasi chegaralanmagan deb xulosa qilishimiz mumkun,
Quyidagi integralni ko‘ramiz. .NH_“.& — lw = |w +1
[| 1

.._ _ _ | . . .
ﬁﬂ&u E_luuu_ xom_.zmm_:am_.w_wme:_mm:_.:.o?ﬁ_namr
y= W x=1 chiziglar bilan chegaralangan egri chiziqli trapetsiyaning yuzasi

[I; +o0) intervalda chekli va uning yuzasi 1 ga teng.
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| mauple dasturida quydagicha topamiz

e Al La‘n.._:u_w - -,a-ﬁ ..“4..” =1 L_%:S.Hu

el ot f(x),x);

B i v subs(x= b,ad) -subs(x= 1, ad);

intioh ulnl_ + 1
b

P IV /%72 = | infinity) = limit{inttob, b = infinity);
[

— dr=1

1 X"

Misol.49. | «.e-as. Xosmas integralni yaginlashuvchilikka tekshiring.

Lchish: O.._”Qm chegarasi cheksiz bulgan xosmas integral B._.mmnmb va
b’ luklab integrallash formulasidan foydalanib quyidagini topamiz.

e . u=x, du=dx | _

Mh.‘&““ﬁ‘h.“&“*%"ﬁl&' 1"&& B

e ) e
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=it 0 — il 1
|.._¢=_J._~E|h.nnla +quv|hﬁl.ﬂm¢~+qunl.

14 (-4
Maple dasturida quydagisha bo*ladi

> Int{x-exp(x), x == infinity.0) = int{ x-exp( x),x =—infinity 0);

> intton == imt{x-expl x),x =a.0);

inttoa = -¢"a + &' — |
> limit{ inttoa, a == infinity);
-1
Demak xosmas integral yaginlashuvchi.
Bu erda limit-- Maple dasturida “Limits Tutor”
yordamida quydagicha hisoblanadi.
o lim sﬁ -Ffa+ F-1)

komandasi

= Im -fa+ Im £+ Iim -1
a— -o a— -® a— -m
= lim -fa+ Iim -1
a—-w a— -w
=- lim fa+ Im £-1

a— .o a— -m
=- lim -+ lIm F-1

a-—=-u a— .o
=2 _Im &-1

=-1
Misol.50. Xosmas integralni xisoblang.
T odx

ey

Echish: Chegaralari cheksiz bo‘lgan xosmas integral ta'rifidan
foydalanamiz. ¢ = -2 deb o:E:.N va acwammmmm ega bo‘lamiz.

.‘-u dx ui d(x+2) < Ein &Au+nv ._, d(x+2)
mt_io (X427 +5  Bae (x42)7+ 5 A A(x42)7+5
-1
qu r+u Q&:L.

BT AN

c (04X L(z )z S5,
o3} 35052
Demak xosmas integral yaqinlashuvchi.
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alomati.

[a:+) oraligda f(x) va g(x) funksiyalar
0« f(x)=g(x) bo‘lsin. Agar ..?3& integral yaqginlashsa. u

[ f()dvintegral xam yaqinlashadi. Agar .bq:t& integral

u xolda ..w_m?E integral xam uzoqlashadi.

v—.wDQOw”mmf alomati .—.\.-h-& _.HCS&.. va

e w::&,ﬁ_...htﬁ. xosmas integallar uchun xam o‘rinli.

Misol. 51. xosmas integralni yaqinlashuvchilikka

._q xdx
' urm +3)
rng.

Lehish: Tagqoslash alomatidan foydalanamiz.

(1€x<+x),

Bizga ._«l_

Huning isbotini o*quvchiga xovola gilamiz). Demak tagqoslash alomatiga
ko't xosmas integral yaginlashuvchi.

xosmas integral yaqinlashuvchi ekanligi ma’lum. «=3

4.2 Ikkinchi tur xosmas integrallar (chegaralanmagan funksiyaning
aniq integrali).

v f(x) funksiya [a,b] oraliqda a va b, yoki ce(a,b),nuqtada II tur
Wzilishga ega bo‘lsin. U xolda uzilishga ega bo‘lgan y= f(x) funksiyaning
sonmas integrali quyidagicha aniglanadi:

1) aun - _._NE_m: nuqtasi u xolda

_ S(x)ds = _. [ (X (32)
3 X=b-— ch__mr nuqtasi u xolda
?:E _ha_&. (33)

3) v =, ce(ab), s — uzulish nuqtasi u xolda
wha,& = .— S(x)dx+ [ f(x)ax.



Agar yuqoridagi limitlar mavjud va chekli bo‘lsa u xolda xosmas
integral yaqinlashuvchi deyiladi aks xolda uzoqlashuvchi deyiladi.
Taqqoslash alomati. f(x) va g(x) funksiyalar [a,b) oraliqda uzluksiz

va x =bnuqgtada Il tur vzulishga ega. 0< f(x)<g(x)bo’lsin. Agar wn_:

b
integral yaginlashsa, u xolda ??Exm:ﬁm_ﬁ_ xam yaqinlashadi. Agar

w 7(x) integral uzoglashsa, u xolda W_NE& integral xam uzoqlashadi.

Misol: 52. .— xosmas integralni yaqinlashuvchilikka tekshiring.

?l:
Echish: .ch: Funksiya x=1 nuqtada II tur uzulishga ega u

xolda ncwamm_mm ega bo* F::N
dx Td(x-1)

=lim +lim [ dG= _uu
e 3 (x—1)° =0 J (x=1)

1-&-1 I+~ L

1 | el
Ls..ﬁwl_ui.ﬁﬁlm#,& o+ =00
Integral uzoglashuvchi .
Maple dasturida quydagisha bo‘ladi

> m1/(x—1)%,x=0.3) =ind 1/ (x— 1)%,x=0.3);

! |=,.«|
y (1)
> ad:=inf{1/(x—1)%,x);

e |
od.= x—1

> properint = subs(x =1 — epsilon, ad) - subs(x =0,ad);
1

propering = — — |
E

> tnt 1/ (x = 1)%.x=0..1) = limit{ properint, epsilon = 0, right);
A
1

— =
g (x— 1

w Vad) = subs(x= 1 + epsilon, ad);

1
propering = O &
2 g

,:_-.- w | .1} = timit{ properint, epsilon = 0, right);

| ! = U= %

__.I__

e 1) =0 .3) =i 17 (x = 1), x=0.3);

Misol 53. xosmas integralni yaginlashuvchilikka tekshiring.
m. ~n+nwn
] .-u+m.3.
Lichish: x =0 nuqtada funksiya maxraji 0 ga teng, su'rati 1 ga
0, demak, x =0 — nuqgtada funksiya Il tur uzilishga ega . (0:1]
m lqning barcha nuqtalarida integral osti funksiya uzluksiz .
Agar (2x+chx)dx=d(x" + shx) , ekanligini e’tiborga olsak
—dum&l.—?» +.1.avlu d(x* + shx) = {x° + shx=1}=

W
l._.__ ‘ﬁl._.h|+h.nlﬂ+n.

n.:onna_gaumn: funksiyaning xosmas integrali ta'rifidan xamda
Zqﬁo:...rnu&:_ﬁ woasc_nmamn mown_w_m:_c quyidagini xosil gilamiz.

u.:&.a nu+% 4,

_ —Vx" +shx| =
v :s.u o..muu+.1§ 03 ? '.
u.._ra@_.:ﬁ .‘.‘n +.1.L A+ shl.

__..ana_ uﬁ_:_umscér..




4. Nazorat savollari.

1. Boshlang‘ich funksiya tushunchasi.

2. Anigmas integral va uning xossalari.

3. Anigmas integralda o‘zgaruvchini almashtirish.

4. Anigmas integralda bo‘laklab integrallash formulasi.

5. Ratsional funksiyalarni integrallash.

6. Ba’zi irratsional ko‘rinishdagi funksiyalarni integrallash.

7. Eyler almashtirishlari.

8. Binomial differensiallarni integrallash.

9. Trigonometrik funksiyalarni integrallash.

10. Aniq integral tushunchasi.

11. Nyuton-Leybnits formulasi.

12. Aniq integralda bo‘laklab integrallash formulasi.

13. Aniq integralda o‘zgaruvchini almashtirish.

14. O‘rta qiymat haqidagi birinchi teorema.

15. Dekart koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash.

16. Qutb koordinatalar sistemasida berilgan shakIning yuzasini hisoblash.
17. Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
18. Parametrik ko‘rinishda berilgan egri chiziq yoyining uzunligini
hisoblash.

19. Qutb koordinatalar sistemasida berilgan yoy uzunligini hisoblash.

20. Aylanma sirtning yuzasini hisoblash.

21. Aniq integral yordamida hajm hisoblash.

22. O*zgaruvchi kuchning bajargan ishi.

23. Egri chizigning koordinata o‘qlariga nisbatan statik momentlarini
topish.

24. Egri chiziq og‘irlik markazining koordinatalarini topish.

25. Geometrik figuralarning statik momentlari.

26. Geometrik figura og‘irlik markazining koordinatalarini topish.

27. Elliptik integrallar.

28. Xosmas integrallar.

5. Mustagqil echish uchun misol va masalalar.

dv
11 .— e

3 o

—.u ._.__.-. 4+3) cos2xdx.
L7 [ 1) sin2xdx.
1.9 ._.n.ﬁ.nﬁsku...
L1 [(/2 - 3)cos2xax.
113 [ -2)cos xa.
1.15 [arcig3x—ia.
117 [2°(4x+6)dx.
119 [3x% In(x+ 2)dx;.
1.21 _.Awhlqugamum«.

1-masala. Aniqmas ::nm_.»_ topilsin.

L2 [ =gy

_lam._...«

1.6 [xe ™ ax:

1.8 T.u In x dx,

1.10 [(2x —sx)eax.
LA2 [(x+1)-3% dx.
1.14 [sin7xsin 3xdx.
1.16 [arcigJ5x—1dx.
1.18 _.n..ka.&.
1.20 [(2-4x)sin 2xdx.

2-masala. Anigmas integral hisoblansin.

21 (#2002

-
Nu—? é.

iy
2.7 .—Bﬂ. In{cosx)dx.
Noet .—ﬂ&

cosxdy
g ._.u_u x- u

N-U ._‘.ﬂ +k

a.:

u._m._ﬁ.
241
2.17 TFF?Q:W:

x*+4°

2.19 [ 2

N.N ._._+__.-.ﬂ&
X
24 [ 7 e
2.6 dx;
_. *+4
2.8. Twwa&,
9 :”-_.— l-cosx l-cosx

(x—sinx)*

Noﬁ“ _.Hgmh._.ﬂ_uu._h rc
(xsin x)

2.14 _.Smnoc?a.ﬂ#

216 [l
2.18 (AT,

1+x?

220 [ Avons g

x* +2sinx




.— 2x —sinx ;
221 7 (x* +cosx) |

3-masala. Anigmas m.:nm..n_ hisoblansin.
x* +2x-2 ’
Al ._. .4 9y iy o ._.q |uh+m&.

241 X420 +9x" +5x42
33| & 34 _. Fx+1) S

3x% -1 2=t +Mx-1
. [ii.
33 —nula.bn ua.— uhmlu.+u

AT 4, 3BT

x*—x-2 x Ia

2 -1 x'=3x*-12
uo_ = oo 10 .:u -2k
AN (D 302 [E42 4

x +unmu . % +u4
u.-u— Yo 2 x+3

(e—1)x—2)x - u&. 3.14 h|&
3.15 3x’ ,ém: (x=1P 2 +1)
_‘u+m x—2fx— m.« +8x 4 x4 x-2

X 3.16 | - d.

ucu.q .—P\-+0¢du+__ﬂ+.w Ah.._-Mw

(EFERFS) oFe 318 (F=3x+2
3.19 _.E _.mm e
Fae Pox-2,
3.20 [
321 {2 —a. P(x-2)

x lh+_

4-masala. Anigmas integral hisoblansin.
L_ N .— x+3 e
x* +10x% +25x
&5% X +Nh.u +10x

&.
(x+1) - _m lk+__v

4x’ +24x% +20x-28
4.6 dr.
._.@I.uu" (v +2x+2)
E& 48 [z

dx.
Ahl_vu? +1) ﬁ +u+_=h +_v

4.9 _.uuf:u_imaio A.:.... x' -1 i

(x+2) ﬁu+~a+uv *4+3x42

3x +6x° +5x—1 4x° +3x+4
411 | G+) - +2) s A.Hub‘ﬂ.iﬁ:ut-&.

2x —x+1

==
i

x'+2x" +x+1
418 [ R e

4.20 —E_+EH+N.1_&.

5-masala. Anigmas m.:nn_.u_ hisoblansin.

m:,?H

m&_._+u¢1

A ._.guu+#+._ 3+l

5.

= _ P
5.12 —ul,___,p_h%&.

-7 +7

5.16 _iiqw&.

RIS [

dx.

Vax _+a_uu |_

5.20
_.Luu -4 +4s5x? |a

6-masala. Aniq integral hisoblansin.
62 (/2 )

6.4 _TII Jis-

81




69 [ &
- o

6.11 _E&&.

1+x?

cosxdx
sin®x+1°

i
x'dx
o1s [

6.17 ﬁE

6.13 _

.k.&a

Au +_vu

6.6 .w:i x)dx
sin'(x)

6.8 [ X .
ru.+_m

610 fram
_+H

m-u.—

k+_

6.14 ._.QH|B?
6.16 .—_+_?-hhn
1 X

%

615 _. 2+cosx

ONG— I-cosx l-cosx

2 (x—sinx)’

7-masala Aniq integral hisoblansin.

7.7 2l

| X
7.9 N_.?Jur&g.
7.11 u.?‘qmrag.

7.13 ?:Eiriu_&u.

w/1

7.2 b.aaia Jdx .
7.4 wn..___..‘t&.

7.6 ._..SR,N?»&.

LI

7.8 wm&.

7.10 p—.ﬁa,r;wsﬁg.

7.12 ﬁ??;&iﬁ?

7.14 [In(x)dx.
1

82

14 beosx +sinx)
Tories
: sin’ w1+ cosx)”

A

H t....x-_a... 1~ sinx

it-l:. _“
ﬂe._-_._-nu-h .

) dx
tﬁg.

(i x)

"n M_!m.pt-s..n.u.

7.16 ﬁau —5x 4 6)sin 3xdx .
7.18 ﬁ_uumrf&.

7.20 [xin’ xcs.

8-masala Aniq ::.wm_.a_ hisoblansin.

sin x
dr,

Smu:umw:ua

@ .—.c H—.—.Smhrh
A 1+ cos x +sinx

e 1

| +sinx _
s 1+ cosx+sinx

il

seiel (1+sinx—cosx) -

Jurog) &

8.16 |

oy 08 x-(1—cos x) ©

g 'x

cos' x

&0

S [ S a8




9-masala. Aniq integral hisoblansin.

9.1 T__m

9.3 wn. sin® xdx

9.5 b.u.m_.:.w.ampm =
ir

9.7 ._.ww..h.aam..&u.

9.9 .—u.mm_....kASaAﬁn.
qm

9.11 Ts = . cos* ._.

4 [

9.13 ._._.u -oos® S
9.15 [2*sin® xds.

=

1x
9.17 T_,a_..ﬁ?
9.19 wu.ui‘..«oom;ﬁ.

%
9.21 j2*cos*

4 2

10.1 .—k X +4 dx.
10.3 .ql,_annw

smﬁrl

10.7 |

)
am_+.....

9.2 _.mE M.S%M
9.4 .—n.mi;hgw;.ﬂ?.

tein® X, st X
oa_‘m sin' = - cos 5%
9.8 _.mEuhoom.,a&..

0
9.10 ._.N.mm.._u x-cos” xdx .
%

9.12 u_sam

9.14 [2"sin® xoos® sds.
1=

9.16 TE,.«S% xdx ,

9.18 wm.mw—;ﬁm,a&.

9.20 w—.mi. 3xcos' 3xdx .

10-masala Aniq integral hisoblansin.
1

10.2 _ﬂwﬂ.

10.4 Jmu
:::N i Fa.

dx
10.8 |——.
.:fkuvx
1010 7L,

84

10. un ,__ -xdx.,

10.14 _Uﬂ
10.16 %j
10.18 J.,H|

1020 |

- —Q&Jhu i

I1-masala. Quyidagi chiziglar bilan chegaralangan shaklning
vuzasi hisoblansin.

Posign, y=0, x=%.

yebx=Lx=e".

B meos x, y = 0px =0,

| n.._uolau;.ucxcmam&.

wlsﬂhwia.hukn.
anve ~lix=0,y=In2.

yue', y=0,cc0, x=1

V-, 3.‘ Ox=1.

.........lu._ y=dx-8.

|
11.2 Hﬂuﬂ. .tuo.
114 y=ve -1, y=0, x=In$
11.6 -2, &HW‘A&I.—_.

x

11.8 v.ukn_ﬁﬂp y=0, x=

11.10 y=¢', y=¢™, x=I,
T

11.12 v=sin"x-cosx, yv=0, hnm

11.14 wuwuﬂ”.ﬂ,uaw.?mumukmw.
11.16 y=xya—x";y=0,(0<x<2).
11.18 y=2%, x=)",

11.20 x=4-ylix=y' -2y,

12-masala. Tenglamalari qutb koordinatalar sistemasida
un chiziglar bilan chegarlangan shaklning yuzasi hisoblansin.

‘l.a:ut p=2pz22

"_.-_._WN. pe2 p=z2.

P sing ,

12.2 »=2sing; r=4sing.
12.4 p=14s5in2p.

12.6 o nuSAﬁ|Mw.

85




12.7 4 =3cs3p. 12.8 p- aéuﬁwa-&.
3 5 4
12.9 »= oS @ir =S c0s @

12.11 £ =3—sing.

12.10 p =sing.p=cosp, %mT.MH—

1 R e
12.13 r=2+cosg. 12.12 = Ssingir = Zsing.

12.15 r=sing:ir = 2singp. 12.14 r=cosgir=2cose.
12.17 p=2sin’p. 12.16 r=6cos3pr =3(r 23).
12.19 5 =2sin3p. 12.18 r=6sin3p:r =3(r=3).
12.21 r=4cos3p;r=2(r22). 12.20. »=3sin4p.

13-masala. Parametrik ko‘rinishda berilgan egri chiziq yoyining
uzunligi hisoblansin.

131 x=2cos’t, HHMmmz»-oM._mm.

13.2 - c¥sins, y=e" cost, am-mm.

133 <-6cos's, y==6sin"t, $M..mm.

13.4x=3cos’t, y=3sin't, cmamm.

13.5 x=e cost, y=e¢'sing, om-mm.

13.6 = 2(sint + cosr), .—..umnm!.l..ﬁa;ammmm.
13.7 .«uuA.me.;.gnuﬁTam;aﬁnua

| | n
13.8 al...nuunl{ 2, |!n.=__|lnau._lm~m|.
2 ;nou y 2 4 2 3

13.9 x=3(coss +rsine),y = 3(sint —rcosr)0 <t mm.

13.10 n.l.@» imr._._._u+-3mn.¢_uAulanvoou__._.Eu.shcmamm.

13.11 unooa.:\..nomﬁ_hcm__mm.
13.12 x=e¢'(cost +sint)y =e"(cost |u§awm <t<7.

13.13 x=25(—sins}y= w.uﬁlncuuwm <tsnm.

13.14 x=35(2cost—cos2r)y =3,5(2sins —sin20)0 < ¢ mm.

13.15 x=6lcost +rsint)y =6{sint—rsin}0<r<x,

13.16 nuT|~vm5..+~.§r.<uﬁlxvaﬁ:psaﬁamnmm.

13.17 x=8cos’ :fuumi_:om“mm.

86

n m.wml_._“

8 v e'(cost+sinrky =e'(cost —sine}0<r <27,
r

e Ale-sing)y nA_..Sm_me__mIm..

20 & 22081 - cos 2} y = 22sint —sin2w}0 < 1 < m.

| nluelur.:wu. 31 —cost} O<x<a.
ala.Quyidagi sirtlar bilan chegaralangan jismning hajmi
topilsin.

= _,Nu.iuuuo _n.nnuh~+mw~.mua.
1443 +V/16=1,2=0,z= 3
(v=0).
14.6 ¥ +y* =9z =y:z=0(y20).

—Bml.v.v -zt=

14.10 I+I.+|U_ 250,
9 16

14.12 . m:a +y9 + 2136

=21 8y iz =4,
B0+ R =1, z=0,z

-..u. ' _:_.u.nu.

_-
,__I-|-L.. =20,

LTI 14.20 = =2x +18y*.2=
Pty a9yt z=6.
]

L

15 musala. Quyidagi chiziglar bilan chegaralangan shaklni 1-5
Mlarda OY oqi atrofida, 6-21 variantlarda esa OX o‘qi atrofida
uylantirishdan hosil bo‘lgan jismning hajmi topilsin.

2

A s y=a. _JLItIL y=16, o

9
. 3x+5

*\._‘_mu_.;:u_. . _m.a Tuu ...ﬁ N

N

l__- = x=0x=1. —m.a *h ..uw.ﬂ.h..—.uc.v.ﬂlk..
T
oxwyt,

sl hl, xt2, =0, .

87

15.8 {x =3(r—sinr).y = 3(1—cost), ¥y = 0,0 < x < 67,



15.11 {y-1) =x.x=1.. 15.10 Tn_-sm? yaoiasr,
15.13 HHD.HHPYH” - 2
—.M.—.m “m\tu uhw.hnh- “M.““ {x=3cosr. v =5sinte«
15.17 wnhwga:...t"nwm:ua. * qpﬂnr._.“. ¥=0 0<sx<mx, =

N 15.16 {’ =4x, y=2,
15.19 y=x°, y=1, x=2. g
1521 y=2x-x',y=—x+2. 15.18{y=¢", y=lx=L.

15.20 ' —y* =9,x= 6.

16-masala.
Quyidagi chiziglarni aylantirishdan hosil bo‘lgan aylanma
sirtlarning yuzalari hisoblansin.
16.1 .  y=x’, x=0,x=2y=0. OY 0'qi atrofida.
3
16.2 .,ﬁm%. ernnw. OX o'qi atrofida.

16.3 3x° +.€u =12 ellipisni OY o'qi atrofida.
16.4 x - i. ||5w (1=y<e) OX 0qi atrofida.

165. y= x*+1, y=x,x=1,x=0.0Y o‘qi atrofida.
16.6 3y=x", 0<x<2,  OX o'qi atrofida.

16.7 x=¢'sint; y = e' cost ?m_m uoxoem:oﬁn_m

16.8 x=2cost—cos2t, y=2sine—sin2r ni OX 0'qi atrofida.

16.9 M|”+M_|“u_ ellipsning OX o‘qidan yuqorida joylashgan
bo‘lagigining koordinata o*qlariga nisbatan statik momentlari topilsin.

16.10 ~x+y=1.x=0,y=0 chiziglar bilan chegaralangan uchburchakning
OX va OY o‘qlarga nisbatan statik momentlari topilsin.

16.11 ' =2x(v>00<x<2) parabola yoyining OX va OY o‘glarga
nisbatan statik momentlari topilsin.

16.12 wuﬁnﬁnlmum u egri chiziq yoyining OX o‘giga nisbatan
statik momenti topilsin.

16.13 m+m =1 to'g'ri chizigning koordinata o‘qglari orasida

Jjoylashgan kesmasining koordinata o‘qlariga nisbatan statik momentlari
topilsin.

16.14 5 - _+a va y=x' chiziglari bilan chegaralangan shakIning OX
o‘qiga nisbatan statik momenti topilsin.

88

A8 'y’ <’ y=0-yarim aylananing og‘irlik markazi topilsin.
6 Sy -a¥ xz0y=0 -astroida yoyining og'irlik markazi

ol q H_. :_ n_?waww 0) ning og‘irlik markazi topilsin.

i) .....m.e nl_: (1=y<2) chiziq yoyining og'irlik markazi

E-n. chiziqlar bilan chegaralangan tekis shaklning og‘irlik
Sﬂ-_a_...
619 ax = ', ap=x’ (x>0).

| .._um.u. y=sinx Ahwou.
n

1621 i 4y-16=0,y=0.

17 masala.
Nosmas m.:on:.:_:. xisoblansin.

17.1 ) F_au

dx ! xldx
4 : b :
12w | e
L ] _
173 0) [e dx; b) ?E.

I
—Q.AIV %m_ ®) ._, u+@.—.+:

17.50) —

o +..

b) Hr.w_m.

17,6 0) _%_Wz b) [~ s
1.7 w) _ ; s_

u +au+n H__.. x

T dx

dx
s M@?—.lhhlw. ®) .u—uﬁ




17.9 a) fxe d;
0

2
xdx
17.10 a) |—;
wh¢alhn
17.11 a) [ 't

17.12 a) ?:.&

G.zu.ﬁ x4l

x*42x+2

17.

1) st
17.16 a) _

OH +—

1717 a) |

X

17.18 a) [ Ltz 4
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=
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6. Namunaviy variant yechimi.

« [(3x~7)cos5xdr anigmas integral hisoblansin.
integralni  bo‘laklab integrallash usulidan foydalanib

|_.q dv = OEMH&
du =3dx,v= _.nOmMQWI
_.s....&azné_aa U holda

u=3x-

J= Wah —7)sin3x

I ‘ 3
i lw.ﬁuu..d sin ma+w cosSx+C.

"

2.21-masala. ° (x" +cosx) aniqmas integral hisoblansin.
< Bu integralni  o‘zgaruvchilarni  almashtirish  usulidan
ih hisoblaymiz:

.— 2x—sinx

—
. RO = (2x —sinx)dx =dt. U holda l.—n dt
.
i X +cosx %OT_
_2x-sinx . )
...cn T cosx)’ _.Q +cos x) d(x’ +cosx)

1
=—a——+C.
X 4cosx

A2l-masala, [ 5— < i aniqmas integral hisoblansin.

|a+_
o Biz bu _Enm_.m_:_ ratsional funksiyani integrallash usulidan
dalanib hisoblaymiz. Avval noto'g‘ri kasrni to‘g‘ri kasrga keltiramiz,

W' uni sodda kasrlarga yoyamiz:

.u_._lnhlm.; X =-x- _+|_l

-y

kvadrat uch hadda tula kvadrat ajratamiz

x—x+l

-ln..lﬁalwuulm+_uﬁH|WHu+m. U holda



o &u_a.&iau&n_gu_ﬁl & < -
Tfu .3 Y (B
2) 4 =2 2
5 1 2 -y | 5 4 2
_X X % 1 x L I A 2 2x-1
e —— — 2 = — —— — —_— .
s 4 3 u+;mﬁﬂw A +C 5 + e 3 X+ _min.m A +C;

u..
A.N_-...m,ﬂ_u.E&. . .
= anigmas integral hisoblansin.

< Bu integral ostida ham ratsional funksiya turibdi. Bu funksiyani
sodda kasrlarga yoyaamiz.

4346 xP43x+6 A B C
P o5xP46x xx-20x-3) x x-2 x-3
Bu tenglikning o‘ng tomonidagi noma’lum AB,C larni noma’lum
koeffitsientlar usulidan foydalanib topamiz. Buning uchun tenglikning
o‘ng tomonini umumiy maxrajga keltiramiz va berilgan kasr hamda hosil
bo‘lgan kasrlarning suratlarini bir-biriga tenglaymiz:
_ A -2)(x=3)+ Bx(x=3)+Cx(x-2)
x(x—2)(x-3) 3
Ax® =5 Ax+ 64+ Be® —3Bx + Cx* —2Cx
x(x—-2)(x—-3) ;

X2 43x+6=Ax? —SAx+64+ Bx® —3Br + O - 2Cx

x*: Il=A+B+C

1=1+B+C A=1,
x': 3=-54-3B-2C} > {8=-3B-2C = lp=_3 U holda
% 6=64 A=1 C=8,

X2 +3x46 | 8 8

=—= +

©-5x*4+6x x x—-2 x-3

) e b Pt

hadma had integrallab quydagini hosil qilamiz
= In|x| - 8In|x — 2|+ 8In|x -3 +C;

_
JVe+ilx

< Integralni quydagi almashtirishlarni bajarib hisoblaymiz:
t=4x x=t8, dx=665de

5.21-masala. | anigmas integral hisoblansin.
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_ dx -hem.&l
QML\M“:%

(t+1)(t —1+1) d
4

3 3,
t m__nm___ -,
1+1 1+l

6f

6 {qu&m"a (2 —t41)dl~6[ (+1

=27-3¢ +elm5_.+_i+qu~amlu¢w+m¢mlm Inf{/x-++e.

6.21-masala, _—_,.m% aniq integral hisoblansin.
) X

Ji+x =1, Almashtirish bajarsak ¢ =14+x x=t'-1, dx=2dr. x=0 F-1=0, 1=1,

Quydagiga ega bulamiz =15, 15=/-1 /=16, 1=4. U holda

4.3 4 i i
(£ =1)- 2uelt 3 u 2 2
o (- = =—-2]| =2.4"-2.4-[=-2]|=36,

7.21-masala. ~._.,N§E aniq integral hisoblansin.

< Bu integralni bo‘laklab integrallash usulidan foydalanib hisoblaymiz:
1 = 2xdx
v = cos xdy]
v =sinx

u.—.u..ﬁaa&.u u.qum_._._l.u..l._.mum_._._a&n

W, =X
_|duy = dx
yana bir martta bo*laklab ~ [#v, = sin xdx

¥, =—C0S X

1r
=4x’ sin2xr -0 -2x _Alnom.c—“. |~._.3..a.3..-.n
o

=2-2wcos2x —0-2sinx|." =4x

w2

8.21-masala. | ¥m& aniq integral hisoblansin.
: -...

“ Bu integralni hisoblash uchun *=¢ universal almashtirish

2
bajaramiz.
X 1-1? - 2
/2 ; —= = 1 h
._.Smu:msa&u 2 S Y u._,_i.. 14! 2dt
q " (U+sinx)’ de =22 ging=2| 3 _+.|n|-:M 1+¢
1447 417 1+11
I X
n..é: 2-1)
y (l+n)
2
v mm:luﬁnmlvmc&m kasrlarga ajratamiz
+1
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Nl&lu__uvuh+ B e . B
q @+ 46 (40" 1+ Q40!
_ AN+ BA+O +C(1+0)+ D
B 1+ .
DA+ + BA+ 1) +CU+0)+D =241 -21",
t=-1,da D=4
Mos koefisentlarni tenglaymiz ', 4-o:

<]

9 2, 3448=2=B=—2:
<

<

1, 34+2B+C=-4=C=0;

i 4 2 ] 2 4 4 1
- =|-— — | ==——Fl+—=2==
Buserdan ___?,f:. :iLn ﬁu::vl_iu._ 38 *3 2%

"X

P aniq integral hisoblansin.

9.21-masala. _..u. cos
L]

[2* §.w =fa +00sx)"dx = [(1+2c05.x + cos® x)"dr =
o 0 0

(14 3cosx+6c0s’ x+dcos’ x + cos* x)dy =

e I

= ﬁw@m+u=nu+ macau.n +W§ah~5+a‘—: ~sin’ x) cos xdx =

(1] 0
uﬁﬂ%k+umiu+mmiwa+ w_lumw. auu“,.. &u__‘:éau x)d(sinx)=
= m@ma +£u§ulwm5_ i“ - umlmk.

.eluh .. . .
S.u_.._un_wu_u. ,— 31— 7;*aniq integral hisoblansin.
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| 9-2r

-y T S |
| -2
n i 12
(r+1)

]

=amgmas it egra Ini hisoblaymi 2=

! ¢
_M? dt=12[——di =

(i 41y (r+1)?
(=iga
“lgy=_ta{=12[" cos’ada =12{sin’ ada =6 (1-cos  2a) da=
s’ g
. 9-2r .. 9-2r ||’
= Barctg T-3sin(2arcyg :-HE..Ew __‘uluﬂml_-rsﬁg m:-
b}

= arcty 3 -3sin( u&ﬂu&Tgﬂmwamigg_ﬂ_u?ru_s
]

|a+w_shuu«u|+u.|ua
3 2 2

3

.2 1-masala.  Quyidagi  y=(x-2)".y-4r-3. chiziglar  bilan
hegaralangan shaklning yuzasi hisoblansin.

yedx-8,

*._. “ (x~2)" Sistemani echib, bu chiziglarning kesishish nuqtalarini topamiz:

MO-8) , M,(20) va Mm,a8) U holda

F 2
S= N?TQ —4x + 8)dx = u?_ ~6x" +12x—8— 4y + 8)dy =
L o

2

1
uu‘_.ﬁ.«.lo.q:m...v&nmﬁ_mu.lwn_ +.a.«J_ =—.2'-4.2"+8.2° =38,
1]

r |-

0

P swithl plots) -
* sotvel [y=ax =8 y=(r—2)"}, (x.y})

{r=0y=-8} {x=2y=0). {x=d,1v=8)
v.__i:_.s|..._a|£__.n!,,u..fe.,-s.ﬁ.eu_im.zﬁ_r
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i i 12.21-masala. Tenglamlari qutb koordinatalari sistemasida

¢ un chiziglar bilan chegaralangan shakilning yuzasi hisoblansin.
¥ o] r=4cos3p; r= N@.vuv

\ aBirinchi navbatda bu funksiyaning aniqlanish sohasini

24 \ 7 i
10 R B

24 ¥

-4

-6 4

-8

A

> with( Student| Calculus 1) -

o e n naw.“:s.sﬂ.a 3n], [11n
=lVy— =t e N T IIN
olr) T LCT LCT LCT L

Relatife sl asini hisoblashimiz kerak bo‘lgan soha 6-chizmada shtrixlab
r=4cos3p

itilgan Integrallash  chegarasini  topishimiz  uchun *wum

3

|. .J.T.iu_.;_—a._ |m.f_...+_ :::. _:..3_
0 o 1]

.. . u ,

. _ . ‘

u FH_._.- lu._ ._.«_ + \_ |u...:n+ ‘ :.:: T.._é__..___..:.._::_q.ui.;
o 0

0 2 2

o HH_L:__L $ _ -Bxdr + _ 16 dr [change, w=x — 2. u]

2 0 0 4

2 2 2
il - T = _ ~8xdr -+ _ 16 dy Tz.x-c._ W&SGHGU NuTﬁ 3 .__m_.OO.m m&ﬁ hﬂ&_ﬁ ==

‘o 0

2 2
= -B—8| | ede| + | 16ae (SR
T: M (0 . e ﬂn—&ﬂ-ﬂgrﬁ ~d¢ _a U_MAQ;* sin mﬁu _ AN
= ~24+ ____.::_._ [power]
L [consiant) ._ et NJ\I B

uple dusturida quydagicha ko'rinishga ega bo‘ladi.

2
[ (20r=20" =8+ 16) =&
(1]

([ |4 con(3 1), .0=0.2x]. [2,1,0= 0.2 x] |, numpoints = 50)
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u]u .
|

L}

x
i’ _.!|§|n£ 1+ (gw] — | s6)e
anq% ((4-cos(3-x))* —4) dx Tha arc lengih off (x) = |3 £ —3 sin(x), 3 —3 cos(x) | on the interval
0 [0, =] The coordinate system is Cartesian.

.ﬂ.iw?“i,

13.21-masala. Parametrik ko‘rinishda berilgan egri chiziq
yoyining uzunligi hisoblansin.
x=3t—sint)y=3(1-cost) 0<x<x

()0 (= win(x)), 301 = cos{x)) ], x= 0. x, output = integral)

_.w.?&:_u + sin(x)? —2cos(x) + | dx
*a =3(r—sint), *a_Suuﬂ_lﬁ.m; b

y=3(1-cosr) |y'(r)=3sint.

. . {18 (%~ winfx)),3-(1 = cos(x))J,x=0..%)
= .—.&m_clnom___zu +(3sins)’ dr = u.—.&inuam:‘onuq t+sin’ rdr = ?m: +sin’ 1= __n
o o

d 3 ) [ _aft O VR
uuhgmln.uaiﬁuu._“%?os;&n*_;gﬁuums mew g ﬁmu&u 1421 -masala. Quyidagi = +2-+=-=1 sirt bilan chegaralangan
madng hajmi topilsin.

- | i A x v
=6 —dt=—6-2c05—| =-12| cos——cos0 |=-12-(0-1)=12]
m.,.s 2 2j0 2 ©-1) .y
Maple dasturida quydagicha bo‘ladi. Wi -A.m 4 ..Mu + % « |y x=-d.4,y=-3.3,z=-2.2, scaling = CONSTRAINED,
> with Student] Calculus1]) © u
> drcLength([3- (x — sin(x)),3-(1 = cos(x)) |, output = plot, x =0 .. 7 ) |

e dasturi yordamida chizib olamiz.




< Hajimni (18)-formulaga ko‘ra
v

V= ?E&

formula yordamida hisoblaymiz. Buning uchun $(x) ni topish lozim.
O*zgaruvchi x ni fiksirlasak, ellipsoid kesimida.

2

b # . 3
.
=)

&

- =1 ellips hosil bo‘ladi. Bizga

= -1

Natija. Agar a=b=c=R bo'lsa, ellipsoid sharga aylanadi va shar
xajmini hisoblash usuli
4

s
3

4

formulani hosil gilamiz.

15.21-masala. Quyidagi

y=2x-x'y=-x+2.

chiziglar  bilan chegaralangan shaklni OX o‘qi  atrofida
aylantirishdan hosil bo‘lgan jismning hajmi topilsin.

aAvval OX o'qi atrofida aylantirish kerak bo‘lgan p sohani chizib
olamiz (7-chizma).

1
b= e =[x +3x-2) de =
1

L .._N.uf.r&.uhﬁw.«, IW.—.. +._.ww.k. —6x’ +ahu

] [t} b 1

q.n__mn.-:n.

Ja=Poxt2.5=1.2 output = plot, axis = horizontal)

Thw noled of reved: cresedon] Sa € 2y of
Jixi = 42 vandgixy = 5 + 2 abourthe muy=0
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> VolumeOfRevolution(2-x — % =x + 2,x= 1 .2, output = integral, axis = horizontal)

J
| a—«h —4x +32 +_n.al_n_ de
I

> VolumeOfRevolution(2:x — &.~x + 2, x = 1.2, axis = horizonsal)
|

5

16.21-masala, Quyidagi
X +4y=16=0.y=0
chiziglar bilan chegaralangan shakilning og'irlik markazi topilsin.
4 Masala shartidan ko‘rinadiki berilgan chiziqlar bilan chegaralangan
p sohani ushbu

-4<x<4
D= -

X
0sy<a—X
¥ 3

ko‘rinishda ifodalash mumkin. Bu shaklning og‘irlik markazining
koordinatalarini (23) va (24)-formulalardan foydalanib topamiz.

4 2 4
MH_. P A«Hhaalwﬁu um.
= 4 12) ,
1% x? :
-2
2 4

l._ I.. . Ikl» ; _
o, = foot= fx (-2 i ) =(0-2)

Bu erdan T. wunﬁ$ M, u - .21 -masala.. Xosmas integrallarni yaginlashuvchilikka tekshiring.

§TS
> with( plots) :

T xex
> N b)

> solve( {x* +4-y—16=0,y=0}, {x,y})

4
dx
m

{v=4,y=0}, {x=-4,v=0} r=x"+4

, dt =2x dx
> implicitplot( [ x* + 8-y — 16=0,y=0],x=-4 .4, y=0 .4, color !
= ["NavyBlue", “Teal"]) xdx = m..u._..
x=0=1=4

X, =—0 |, =>0
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{Integgralni hisoblab (2)}

= lim h_m == lim| V| |= _EHQWINWIS : -
bl 14) & W el == [Jzoglashuvchi ekanini

topamiz.
b) Ikkinchi tur xosmas integrali.
x=4 Nugqta integral ostidagi funksiyaning uzulish nuqtasi :

4 d ; 4—¢ dx 3 4= dx

[ ntim [~ lim | 2=

ov16-x2 00 V16-x2 0§ a2 -x?

{Integralni hisoblaymiz}
_m.saﬁmwnmmsm.al,muu _wﬂﬁﬂamaﬁ_lmWiﬁnuicwum D i
: 2lo e 2 5 - emak integral
yaqinlashuvchi.
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