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NPEINCIOBUE

Kuura saBnsercAa TpeThell yacThio cOOpHUKA 3adad [0 KypCy MaTe-
MaTU4YeCKOro aHaiusa. B mepBoil riaBe peus uzger o auddepeHUaIb-
HOM HCYHCIeHUM GYyHKIMH HeCKOMbKUX MepeMeHHbIX. PaccMaTpuBaTeA
pas3yiuyHbIE THUIBI MHOMECTB B 7.-MEPHOM IIPOCTPAHCTBe, NOHATHA Ipe-
Jena, HenpepbiBHOCTU. Ocofoe BHUMaHUe yaelIfieTCA TAKOMY TPYIHOMY
Ul YCBOeHUSAl NMOHATHIO, Kak OUdPepeHIUPYeMOCTh QYHKIUA HECKOJb-
KUX [epeMeHHbIX, a TaKkke MpobneMe OThICKAHUA TOYeK OGe3yCIOBHOIO U
YCIIOBHOT'O 3KCTPEMYMaA.

BTopas riaBa nocefllleHa KpaTHBIM, KPUBOJIUHENHBIM U MOBEPXHOCT-
HBIM UHTerpanaM. M3noxeHne TeOpuu KpaTHbIX UHTErpalioB CTPOUTCA Ha
ocHoBe Mepel sRopnana. MHOro BHUMaHUA yaenfeTCA reOMeTPHYeCKUM U
($HU3NYECKHUM IPWIOMKEHUAM KPaTHBIX HHTErpajoB, CKaJAPHBIM U BEKTOP-
HBIM IOJIAM.

B Tperneii rnaBe paccMaTpUBalOTCA UHTErpalbl, 3aBUCAIUE OT Napa-
Metpa. [IpuBeneno Goibinoe 9YUCIo NPUMEpPOB, CBA3AHHBIX C KCCIeI0BaHU-
€M paBHOMEDPHOU CXOOUMOCTU HecOOCTBEHHBIX WHTErPajoOB, 3aBHUCALINX
0T napaMeTpoB. PaccMaTpUBAalOTCA BamHble A NMPUIOMKEHUN UHTerpa-
ael Hupuxie, itnepa, Ilyaccona u ap. OTaenbHbIN naparpad MOCBAIIEH
unterpary @ypre u npeobpazoBanuio Oypee.

MaTtepuan 4yerTBepTOll TiaBBl ABAAETCA BBeNeHUEM B (GYHKIIMOHAIL-
HbIil aHanu3. HMccnenyoTcA MeTpudyeckue, HOPMUPOBaHHbIE M IOMYHOD-
MUPOBaHHBIE MPOCTPAHCTBA, a TaKk#e T'UILGEPTOBBI U TONONOIMYECKUE
npoctpaHcTBa. Cogep:raTcA HadanbHble cBeJeHuA 06 0606MeHHbIX QY HK-
LUHX.

[Ipu paGoTe Hag cOOPHUKOM aBTOPLI ONMUPATUCHL HA MHOTOJETHUI ONBIT
npenojaBaHUA Kypca MaTeMaTUUeCKOr0 aHa/ln3a Ha Kadeape BhIcuIei Ma-
TeMaTuku MOCKOBCKOrO (U3UKO-TEXHUUYECKOr0 HHCTUTYTa. Kak u B nep-
BBIX ABYX YacCTAX, Bechb MaTepual TpeThell yacTu cOOpHUKA pa3bUT Ha
naparpadsl. Raxasrit naparpad comepsuT: KpaTKUil 0030p TeopeTuyec-
KUX cBeJleHUN, HeoOXOOMMBIX [JIfA PEUIeHUA NMOoCIeAyIOMUX 3a1ady; pele-
HUA TUMHUYHBIX 3a0ay; yIparkHEeHUA U 3a1a4d, cHabKeHHbIe OTBETAMU U
npefHa3HaYeHHbIE IIIA CAMOCTOATENRHOrO pelieHud. BriaoueHue B cGop-
HUK CpPaBHUTENBLHO GOJBUIOrO Yucia MOoOpo0HO pelleHHBIX 3aJad HMeeT
IeJbI0 MOKA3aTh CTYAEHTY ONTHUMalbHble INPUEMBI M MeTOIbI pelleHUd
U TeM caMbIM JAaTh €My BO3MOMHOCTBb YacTh MaTepuaga U3yUUTh caMo-
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croTeabHo. CreyeT OTMETUTh, UTO yIpasHeHUa W 3ajadyud, NpeqHasHa-
YeHHbIe /A CaMOCTOATENLHOIO pelleHHA, pasdHoobpa3Hbl He TOJALKO IO
TeMaTHKe U COIepHaHuIO, HO U 10 cTelleHW TPYAHOCTU — OT MPOCTHIX,
HITIOCTPUPYIOUHUX Te WM WHbIe pa3fielsl Kypca, 40 IOBOIBHO CIOMHBIX,
TpeOyIoWnX OT YUTaTe A ONpeleNeHHOd HacTOHYMBOCTH, @ MHOTAa U He-
KOTOpOH usobperaTelbHOCTH. Boabmoi Habop ynpamHeHUN 1 3aay U UX
pazHooOpa3re MO3BOJMT UCIHOAb30BaATh COOPHUK BO BTy3aX M YHHBEDCHU-
TeTax C pa3juyHbIMU IPOT paMMaMHU 0 MaTeMaTHKe. ABTODPEI HaflelOTCA,
4TO NpenojaBaTe]d HalAyT B cBOpHUKe MaTepual, KOTOPbIA CMOTYT HC-
MOJb30BaTh HA JeKLUUAX, CeMUHAPCKUX 3aHATHUAX, KOHCYAbTALUAX, NPU
COCTaBJICHUU 3aJaHUH AJA CaMOCTOATENbHONH paboThl CTYAEHTOB, DU CO-
CTaBJEHUU KOHTPOJBHBIX paBoT, Ha 3K3aMeHaXx.



'TABA 1

JTUOOEPEHIIUAJIBHOE HCYHUCIEHUE ®YHKITUMA
HECKOJIBbKHUX IIEPEMEHHBIX

§ 1. Pasau4yHble THObI MHOKECTB B n-MEepHOM IIpOoCTpaHCTBe

CMNPABOYHBIE CBEAEHWA

1. IIpocTtpancTBa R". MHOMECTBO, 31eMEHTAMU KOTOPOTO ABJIAIOT-
CA BCEBO3MOMHbBIC YIIOPAOOYCHHbIE Ha60pbl 7 ,HeflCTBPITeIII:HI:IX qucel,
ofo3HavyaloT Rn B MHOMECTBE Rn MO HO BBECTHU IIOHATHE PACCTOAHUA
Memay TIOOBIMU OBYMSA ero sjileMeHTaMH. PaCCTOHHI/Ie MeRay sJeMeHTa-
MU
T = (T5%2;.3%0) U Y= (Yis¥25 -3 Un)s
zi,y; € R, 1=1,2,....n,

oGoznauuM p(x;y) U onpemenum bopMyIoi

plx;y) =

MuomsectBo R" ¢ BBeIeHHLIM B HEM DacCTOSHUEM Ha3hIBAIOT Npo-
cmparcmeosn R™, unucno n — pasmeprocmuio npocTpancTBa R™. 3neMent
z = (2i;%2;...; Ty,) MHOMecTBa R™ HasbIBalOT moukoil npocTpancTBa R,
yucno x;, © = 1,2,...,n, — - koopdunamoti 3Toil Touku. Touku z =
= (0;0;...; 2 ...;0) n-mephoro npocrpancrsa R™ o6pasyioT i-i0 koopdu-
namuyw oce npocrparctia. Toury O = (0;0;...;0) Ha3bIBAIOT HaA“aI0M
Koopdunam.

llas touer z = (z;) U y = (y;) omHOMepHOro npocTpancTea R' (R)

dopmyna (1) umeer Bua
p@;y) = |oi — yil,
MOSTOMY TpOCTpaHCTBO R' mpencrapaseT coGoit MHOMKECTBO AeHCTBHU-
TEIbHBIX YMCEN, PACCTOSHUE MEIy KOTOPBIMU H3MepseTcsi 0ObIYHBIM
o6pasoM, T. e. R' — uncnosas npsamas. Ilpocrpancerea R u R® — ato
COOTBETCTBEHHO IIOCKOCThL U OGhIUHOE TPexXMepHOe MPOCTPAHCTBO, KO-
TOpbIe U3Yy4AlOTCH B 3JEMEHTAPHON U B aHaduTHU4eckoit reomerpuu. das
2JIEMEHTOB MHOMecTBa R™ MOMKHO BBECTHU IIOHATUA CYMMBI 3JIEMEHTOB U
POU3BEeHNA BIeMeHTa Ha JelfiCTBUTeNhHOe YUCIO: eCclid

T = (T1;22;..5Tn), Y= Ys;y2;--3Yn), AER,
TO
24y =(T1+y1;22t Y253 Zn +Yn), Az = (Az1;Az2;..5Azy,). (2)



8 [Iw. 1. Jupdepenyuarvnoe ucwucienue Gynryull HECKOALKUT NEPEMEHHBLT

Kar usBecTHO U3 JUHERHOH anre6pbl, MHoMecTBO R™, B KoTopoM
dopMmynamu (2) onpeneneHsl cyMMa U NPOM3BeAeHHEe Ha AeHCTBUTEIbHOE
YUCT0, ABIAETCA AUHEUHbIM 8eKMOPHbIM npocmparcmeom. Toury z =
= (z;;Z2;...;2,) NpocTpaHcTBa R™ B 3TOM cily4ae Ha3LIBAIOT 6EKIMOPOM
1 00o3HavaOT MHOTAa X, yucia z;, ¢ = 1,2, ...,n, Ha3bIBAIOT €TI0 K0opdu-
Hamamu B 6asuce

e; = (1;0;..50), ..., e, = (0;0;...;1).
Bextop (0;0;...;0) Ha3bIBAIOT HY.1€6bLAL.

B nunednoM BeKTOPHOM IIpocTpaHCTBe R™ MOMHO BBeCTH CKalAPHOE
npousBeieHue (X,y), IOCTABUB B COOTBETCTBHE Ka#IbIM ABYM BEKTOpaM
X = (L3325 5 %n) MY = (Y1325 -+ Yn) 4HUCTO

n

(x,y) = Z TiYi- (3)

JuHelHOe BEeKTOPHOE NPOCTPaHCTBO R™, Ml BEKTOPOB KOTOPOro (op-
Mysoit (3) ompeneieHo cKalfpHOe NPOM3BeAEHUE, HA3bIBAIOT 13- MEPHbIM
esigaudosoin npocmparcmeom. ducio /(x,X) Ha3bIBAIOT JAUHOU 6eKMO-
pa x u o6o3HavaoT |X|. BeKTopsl X M y Ha3LIBAIOT OpIMOZOHAAbHBIMU,

ecnu (x,y) = 0. Eciu X U y — HeHYJeBble BEKTODBI, TO ye40M MeMmay
HMMM Ha3bIBAIOT yron ¢ € [0;7] Taroii, 4To
cosp = &.y) .
Ixllyl

2. PazanuHble THIOLI MHO}KecTB B mnpoctpaHcTBe R™. Ilycth
Touka a = (ay;as,..5a,) € R, § > 0. MuomecTBo Beex Touek z =
= (x1; @2, ...;Z,) NpocTpaHcTBa R™, A8 KOTOPBIX

|z; —a;| <9, i=1,2,..,n, (5)
Ha3bIBAIOT 71-MePHbLM KYOom ¢ pebpoM 20 U € LEHTPOM B TOUKE a WU
Kybuieckoll §-0kpecmHoCbio TOYKU @ B IpocTpaHcTBe R™.

OdnomepHbill kY6 — BTO UHMEPBAA IAUHBL 28 C LIEHTPOM B TOUYKE @,
dsymepHulll kY6 — 3TO Keadpamm CO CTOPOHOH 20 U C IEHTPOM B TOUKE d.

IIyeTs Toura @ € R™, § > 0. MHOo#ecTBO Bcex TOUER x NPOCTPAHCT-
Ba R™, 1aA KOTOpLIX p(x;a) < d, HA3LIBAIOT N -MEPHbIM WAPOM DaIHyca §
C IEHTPOM B TOUKe a WJIH &-0Kpecmuocmpio TOYKH a B NpocTpaHcTBe R
u oBoznavaoT U™(a;d). Tarum o6pazom,

U™a;6) ={z € R": p(z;a) < 6}. (6)

OdnomepHulil wap

Ula;8) ={z € R: |z—a| <6}
npeacTaBafeT coboi uHmepeas IMHLL 2§ C IEHTPOM B Touke a € R; dey-
MepHbLl wap
U%(a;0) = {z € R®: /(x1 — a1)? + (22 — ap)? < 4}

ABJAETCA Kpy2oMm paguyca ¢ ¢ IeHTPOM B ToYKe a = (aj;as) € R?.
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MuosmectBo F C R HasbIBalOT 02paHuMeHHbIM, €CU CYIECTBYeT
Nn-MEPHBIN 1Iap, codep;Kamuil 3To MHOMecTBO. llyeTh Kamkmomy HaTy-
palbHOMY YHCIy 1 TOCTaBleHa B cOOTBeTCTBHe Touka (™) mpocrpan-
ctBa R™. YnopagodyeHHoe MHOMECTBO TOYEK

et g™

Ha3bIBAIOT nocaedosamenbHocmplo moyex npocmpancmea R™ u o6osHa-
vator (™, m € N, um {z(™}. Tlocrenopareapnoers {y*)} uasnr-
BalOT nodnocaedosameavrocmyio nociepopatepnoctu {2(™} ecan cy-
I[ECTBYeT Takas CTPOro BO3pacTalolas MociefoBaTelbHOCTh my € N,
yro z{mk) =y k€ N. Tocaenoparenstocts {z(™} naswiaior ozpa-
HUMeHHOlL, eClTH MHOZecTBO Todek ™ | m € N, orpaHHueHHO.

Toury a € R” naspBaloT npedeaon nocaedosamenvrocmu {x(™}, ec-

m p(z{™;a) = 0 npu m — co. B sTOM ciyuae numryT

lim z™ =q

m—o0
1 TOBOPAT, YTO MOCAeoBaTelbHOCTb (™) cxoautes k Touke a. Iocie-
JOBATEIbHOCTh, KOTOPAfl CXOAUTCA K HEKOTOPOH TOYKE, HA3BIBAIOT CTO0s-
ujetica. Eciu mociieioBaTeNbHOCTL He ABIAETCA CXOOAMCHCH, ee Ha3bIBa-
10T pacrodaujetics.

HocnegoBatenbHoeth ™) € R™ cXomuTesl Kk TOUKE @ TOTAA H TOAbKO
Torja, Korga g nio6oro ¢ > 0 cymecTByer YUCIO s TaKoe, 4TO A
BCeX 1m > mg BepHo Brmouenue (™) € U”(a;4).

Teopema (Boasuano—Beitepitpacca). M3 awboii ozpanuiennod no-
caedosamenvrocmu moyer npocmpancmea R™ moxcno evideaums crods-
wyca nodnocaedosameabHOCMb.

Hocaenopatensnocts {z(™} Touer npocTpanctBa R" Ha3LIBAIOT
cmpemauetica ¥ GeCKOHe HOCMU U TUIITY T

lim z{™ = oo,
m—r00
ecmu p(z(™;0) = 400 npu m — 0o, rge O — HAYANO KOOPAMHAT.

Toury MHomectBa F C R" HasbIBalOT sHympenHell mouxoil 3TOr0
MHOMecTBa B R”, ecim B R™ cyulecTByeT §-OKPECTHOCTb 3TOH TOYKH,
cofiepsiamascs B MHoMmecTBe F. JIpyruMu clloBaMH, €ClIU & — BHYTPEH-
Hsf Toyka MHOmecTBa F € R™, to cymectsyer map U™(x;§) Taroit, 4To
U™(z;8) C E.

MHo#ecTBO, Kamaas TOYKa KOTOPOro ABJAETCA ero BHYTPEHHEeH ToY-
Kol B R", HasbIBalOT omupoumuim 6 R™ mHoxcecmeon.

MpocrpancTtBo R™ 1 MycTO€ MHOMECTBO & ABIAIOTCA OTKPLITLIMU
MHOECTBaAMH.

Jio6oe oTkpeiToe B R™ MHOMECTBO, colepiallee HEeKOTOPYIO TOURY,
Ha3bIBAIOT OKPECIMHOCMbI0 3TON TOYKH B pocTpancTBe R™. B wactHocTH,
BeAiKafg §-0OKPEeCTHOCTb TOYKU ABIAETCH OKPECTHOCTBIO 9TOH TOUKH.

Toury x € R™ HasbIBaIOT MouKoll npukocHosenus MHo¥ecTBa B/ € R™,
ecau ai06af OKPECTHOCTb 3TOH TOUKH COAEPHMUT XOTA ObI OAHY TOURY



10 [a. 1. Jufdepenyuarvroe ucyucrenue Gynryul HECKOABKUL NePeMEHHBLE

MHoOssecTBa F.

Toury z € E C R™ HasblBalOT u30Auposannoti moykorl Muomsectsa E,
eCli CYIECTBYET OKPECTHOCTh TOURU Z, He COAep:kallad HUKARUX TPY-
T'UX TOUeR MHOMKecTBa F, KpoMe caMOi TOUKH Z.

Touky x € R™ HasbIBalOT npedeabHoti moykoll MHOMecTBa E, ecau
no6ad OKPECTHOCTh TOUKU T CONEPMHUT XOTA OBl OHY TOUKY MHOMKECT-
Ba E, OTAMYHYIO OT TOYKU Z.

Toury z € R™ HasbIBaloT epanuuroll moykot MHomectsa £ C R", ec-
U J06afd ee OKPECTHOCTE COMEPKUT TOUKY, MPUHAANEKAYI0O MHOMKECT-
By F, u Toury, He mpuHamiexalyio MHoecTBy F. MHomecTBO Bcex
IPaHUYHBIX TOUeR MHoO;ecTBa F HasbIBalOT ero 2paxuyell u oGo3Haua-
0T 0F.

MHO#$€eCTBO HA3bIBAIOT 3AMKEHYMbIM, €CIU OHO COAEPKRUT BCE CBOU TOY-
KU TPUKOCHOBEHUSA.

MnoskecTBo Bcex Touelk NPUKOCHOBEHUA MHO#eCTBA E Ha3bIBAIOT 3a-
MmblkaHuem mHoxcecmsa E u obosnavaior E.

MHo#ecTBO BceX NMpeldenbHBIX TOUEeR MHokecTBa F HaspIBalOT ero
npoussodnbim mHoxcecmsom i obosnavaior BV, Muomectso E HazbIBa-
10T cosepuwennbin, ecii E) = E. MHomecTBO Beex MpeaenbHbIX TOUER
mHuoecTBa B HasbIBAIOT 81MOpPbLM NPOUIBOOHBIM MHONCECIIBOM MHOKEC-
tBa F 1 oboznauaior E?). [lo vHAYKIMY ONpenenaioT npoussodHoe MHO-
scecmeo nopadka n W oboszmavaior EM.

Paccronnue d memay HemyCcTbIMHM MHOecTBamMu Fy u FE, B mpocT-
panctBe R™ ompenenserca GopMyJIoi

d=d(E;Ey) = inf p(z;y).
el
yeb>

B wactHoetH, aia pacctoanna d MewIy Toukoid x € R™ U HelmyCThIM
MHoecTBoM E C R™ monyuaem

d = d(z; E) = inf p(z;y).
(z; E) ;ng(%y)

Huamempom D(E) muomecrea E C R™ nassiaior
sup_p(z;z').
' €eF

MuosectBo [' Touek z = (x1;29;...;2,) MpocTpaHcTBa R™ Takux,
41O

x1 =z1(t), T2 =32(8), .00,y = 20 (8), 1€ [; 0], (10)
riae ¢yurumu z;(t), ¢ = 1,2,...,n, HelMpepbIBHbL Ha OTpeske [a; §], Ha3bI-
BalOT Henpepbieroti kpueotl B mpoctpaHcTBe R™. YpaeHenus (10) HasbiBa-
10T napamempuieckumu ypashenuamu KpuBoil [', apryMenT ¢ HasblBaioT
napamempon.

Fcau ypasuenus (10) auHeiHbl, T. e.

T =a1 + blt, To = as + bgt, vy Ty = Ay + bnt,
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n

npuieM be > 0, o I' HasbiBaloT npamoil 6 npocmpancmee R, eciu
i=1

t € R, u ompesxom & npocmpancmse R", eciu t € [a; f3].

MuoasectBo E C R", mofble ABe TOYKU KOTOPOI'0 MOMSHO COEAMHUTD
HeNpepLIBHON KPUBOH, NMpUHALIe;AIel 3TOMY MHOMKECTBY, Ha3bIBAIOT
AUHEIHO c6:3HblM. MHOMECTBO, cOCTOAINee U3 ONHOIM TOUKU, TaKKe CUU-
TaIOT JIUHEHO CBA3HBIM.

MuosmectBo E C R" HasbiBaloT ofaacmeio B IpocTpanctBe R™, ecnu
E — orkpreitoe B R nunelino cBasHoe MHOecTBo. Ecain E — o6aacTs,
TO ee 3aMblkaHUe F Ha3bIBAIOT 3AMEHYMOU 064dcmbio.

MuosectBa Fy C R" u E; C R" HasbBaloT omdesumbimil, eClId HU
OOHO M3 HUX He COMePMUT ToUeK NPUKOCHOBEHUA APYTOro.

MuosectBo £ C R™ HasbIBalOT C6A3HbIM, €CIAM OHO He MOMeT ObITh
npeacTaBileHo B Buje 00belUHEHUA OBYX OTAEIUMBIX MHOMecTB. MHO-
mecrBo E C R™, moGble ABe TOUYKM KOTOPOI'O MOMHO COCAUHMTHL OTPE3-
KOM, NpUHAIeMalUM 3TOMY MHOMECTBY, Ha3bIBalOT &utnykasim. MHO-
JKECTBO, cofiepskalllee TOJMbKO OJHY TOUYRY, TaKMe CUYUTAIOT BHIMYKJIBIM.
[MepeceueHue Bcex BBIMYK/IBIX MHOMECTB, COAepsKalliX MHO#eCcTBO F C
C R", Ha3bIBAIOT 6uinyKAol 060404K0l MHoMmecTBa F.

NMPUMEPLI C PEWUEHUAMMU

ODpumep 1. B mpocrpaHerBe R nano muoskectBo F = (0;1]U {2}.
YKa3aTh BHYTpeHHHE TOUKM MHOskecTBa F B mpocTpaHcTBe R, a Tak-
’Ke TOYKU MPUKOCHOBEHUA, U30JIMPOBAHHLIE, MpefelbHble U I'paHUUYHBIE
TOYKU MHOMRecTBa F.

A BuyTpennumu toukaMu fABIAIOTCA Bee ToYRM uHTepBama (0;1),
TOuKaMM MPUKOCHOBEHUA — Bce Touku oTpeska [0;1] u Touka x = 2.
MHuoecTro E uMeeT oOHY M30AUPOBaHHYIO TOURY x = 2. IlpeaenabHbIMU
TOYKaMH fIBIAIOTCA Bee TOYkM orpeska [0;1], rpaHHYHBIMM — TOUYKH
r=0,z=1, =2 A

Opumep 2. Haiitu pacerosnne mexay npambiMu [y € R* u Ty C
C R, 3ajaHHBIMH MapaMeTpUUYECKHMHU YpaBHEHUAMHU

1 =14+2t, zo=-21, x3=24+2t, x4=21

u
=1 a2=1t, xz3=1+2t, 4=t t€ER.

Yrazats Tounu z° € 'y u y° € T'y Takue, yTo
p(a’;y°) = d(T1;Ts).

A Haﬁ}:{eM paccTogdHne MEeM Oy OBYMA MMPOU3BOJbHBIMU TOYKaMHM JaH-
HBIX IIPAMBIX:

plz;y) = \/4152 + 2t +7)2+ (A +2t -2+ (2t —T7)2 =
= V1612 — 817 + 672 + 4L — 47 + 1.
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IIpeo6pasopaB nogkopeHHOE BhIpameHue, MOLYYUM

plz;y) =/ (4t — 7+ 1/2)2 + 572 — 37 + 3/4 =
= \/(47,‘ — 74+ 1/2)2 + (V57 — 3/(2V5))2 + 3/10.

C \/
JeloBaTeNbHO, d(T1:T) = inf pla;y) = \/3/10.
zel;
ngz
Penus cucremy At —741/2=0,
V57T —3/(2v/5) =0,

Haiinem t = —1/20, 7 = 3/10, u, caegoBarenbHo,
2% = (9/10; —1/10;19/10;1/10), y° = (1;3/10;8/5;3/10). A

3ALAUN

1. JTokasarb, 4T0 paccToaHue p(x;y) MemIy TOUKAMH IPOCTPAHCT-
Ba R", onpenenenuoe ¢popmyunoit (1), oGnagaer cBoidcTBaMu:

1) p(z;y) =0, npuuem p(z;y) =0 Toraa u TOALKO TOTAa, KOTAA T = Y3

2) p(x;y) = py; x) aas modwIx z,y € R™;

3) plz;2) < plz;y) + py; 2) mas modebix z,y,z € R™ (nepasencmeo
mpeyeoavHuKa).

2. Jlorasarhb, 4TO CKANAPHOE IIPOU3BECHHE B €BRJIMI0BOM IIPOCT paH-
cree R"™, onpenenenHoe dopmyunoit (3), obiaagaer cBoiicTBaMu (X,y,z €
€ER", AER):

1) (x,x) > 0, npudem (x,x) =0 Torga U TOILKO TOrAa, KOrja X —
HYJIEBOIl BEKTOp;

2) (x,y) = (y,x);

3) (A%, Ay) = A%, ¥);

1) (x+y,z) = (x,2) + (y,2).

3. JllorkasaTh:

1) mas pavHbl BekTopa X = (#1;%2...; Tx) B €BRIUAOBOM IIPOCTPAHCT-

Be R™ Bepna Qopmyia
n
x| = /> =i
=1

2) 1A CRaJIIPHOIO IIPOM3BeeHU: BEKTOPOB X, y € R™ clpaBe1iuBo
HepPaBeHCTBO
1Ge, ¥ < I - [yl

4. Haiitu A € R, npu KOoTOpoM BeKTOpsl a U a + Ab opToroHanbHbI:
1) a=(1;2,1;3), b= (41;1;1);
2)a=(1;2;3;..;n), b=(nsn—1;n—-2;..;1), n> 1.
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5. B n-MepHOM eBRIUJOBOM MpoCTpaHCcTBe JaH Ky6 ¢ pebpoM a.
Haiitu:
1) anuny d,, nuaronanu ky6a; 2) lim dy;

n—oo

3) yroa ¢, Memay auaroHanbio KyGa u ero k-mMepHoi rpausio, k < 1;

4) nlgréo Pn; 9) YMCIO BEpLINH KyDa;

6) uncio guaroHazeil Ky0a, OpTOrOHANBHBIX AaHHON AHATOHAIH.

6. lycts a= (a1;a92;..;a,) E R 1 6; >0, i =1,2,...,n. MHOMxeCTBO
BCeX Touek x = (I1;T2;...;T,) NpocTpancTBa R™, 1Al KOTOPLIX

|a:i—ai| <(§i, 1=1,2,...,n,

Ha3LIBAIOT 7L-MEPHbIM NPAMOY20AbHBIM napasiesenunedom c pedpamu 26;
U C HEHTPOM B TOYKE a.

JlokasaTsb, 4TO:

1) mus moBoro m-MepHOro wapa ¢ LEeHTPOM B TOYKE ¢ CYIECTBYET
7 -MEPHbI1 MPAMOYTOJNBHBIH Tapafeenune] ¢ IEHTPOM B TOUKE a, COJAEP-
MRaluiica B mape, ¥, Ha060pOT, JJIA AI06Or0 7-MepHOro MPAMOYTOJLEHOT0
napanjiesienunea ¢ HEHTPOM B TOUKE ¢ CYIIeCTBYeT 7-MEpHBIH map c
IIEHTPOM B TOUKE ¢, COAEpPKAIIHACA B Napajielenunese;

2) KBaApaT AMAroHald 71-MePHOr0 MPAMOYTOJbHOrO Mapalllelenurie-
Ja paBeH CyMMe KBaipaToB ero pedep, BbIXOAANIMX W3 OJHON BEPUIMHBI
(o606wenue meopemst HMudazopa).

7. llokazaTb, 4YTO I CXOAMMOCTH IOCJIEI0BATEIbHOCTU M =

= (argm);xém);...;x%m)) € R" & touke a = (a1;a9;...;a,) € R™ Heobxo-
OIUMO M JOCTATO4YHO, 4yTOObl lim a:(m) =q; 1 =1,2 n
bl '3 - WY e e AR A

m—oC

8. Hatitu lim .Z'(m) €CIIN:
?
m—00

< [T B 1))
2) 2 = (ﬂ;(—l)"‘);

m
cos sin
3) z(m = (ﬂ; ﬂ), rae: a) ¢, — OECKOHEUHO BOMbINaf To-
Yn ¥n
cleoBaTeabHOCTh; 6) ¢, — OEeCKOHeYHO Majlaf MocledoBaTelbHOCTh,

on # 0;
4) z(™ = (™ cos mep; r™ sinme), 1, € R;

5) 2™ = (m("&/?cos% —1); m Y sin %), r,p R, r>0.

9. Tocnegosatensrocts (™ € R HaswIBaloT dyrdamenmansioil, ec-
AU OHa yJOBIeTBOpAeT ycaosuw Howw: nna ramporo € > 0 cyllecTByeT
Takoe HaTypajlbHOe uucao N, uTo ais awoéoro m > N u moboro k > N
BepHo HepasencTBo p(z(™); M) < .

JlorazaThb, UTO AIA CXOAUMOCTH NOCIEAOBATENIBHOCTH TOYEK MPOCT-
pancTBa R" Heo6XoOUMO M AOCTATOMHO, YTOOLI MOCIEA0BATEIbHOCTh ObI-
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Ja ¢dyHAaMeHTalbHOM.
10. Joraszarh, 4YTO ecid NocCAeJoBaTelbHOCTh {w(m)} TOYEK IPOCT-
paHcTBa R™ cTpeMHUTCA K GECKOHEYHOCTH, TO:
1) p(x(m);a) — +00 OpU M — o0, Ile a — nwbaa (pUKCUpOBaHHaA
TouKka mpocTpaHcTBa R™;
m .
2) MOKeT He CYNIECTBOBAThL KOOPAMHATA mg ), 1 <i < n, Taras, 4To

m—r00

11. JoraszaTh, 4YTO crelyiOUlMe MHOMKECTBa fIBAAIOTCA OTKDPBITHIMH
B R":

1) npousBoAbHBIA 7-MepHbBIH ap;

2) MpOU3BOJLHBINA 1 -MEpPHLIA KYG;

3) MpOU3BONLHBIN 7.-MepHBIHl NPAMOYTONLHBIN Mapaiielenunes (cM
3agauy 6);

4) BuemnocTh (n — 1)-mepHO# chepbl paguyca § ¢ LEHTPOM B TOY-
Ke a, T. e. MHOecTBO F = {z € R™ p(z;a) > 6}

flpagerca au oTKpBITEIM B R™, n > 1, MHOMECTBO BCeX TOUeR
Kpyra . . .
E={zcR" z}+25<¢6* 2,=0, i=3,...n}?

13. Ilycts f(z), z € R, — nempepuiBHaa ¢hyHRIUA, yg — TPOU3-
BoJAbHOE (puKcupoBaHHoe yucao. /lokasaTh, YTO MHOMKECTBO pellleHuil He-
paBeHcTBa f(x) > yo ABIAETCA OTKPLITBIM B R.

14. Ilyete G, i € N, — HpOI/IBBOJIbeIe OTKpBITEIE B R™ MHOMecTBa.
NloraszaTh, 4yTo B R™ MHOkecTBa ﬂ G;u U G; ABAAIOTCA OTKPLITHIMHU.

15. HOCTpOI/ITb HOCJIe,HOBaTeJIbHOCTb OTprITbIX MHOHRECTB, Iepece-
YeHHe KOTOPLIX He ABJAETCA OTKPLITHIM.

16. JlokasaThb, 4To Aaf Toro, 4ToOLl Touka a € R” 6bura TouKOi mpu-
KoCHOBeHuA MHOMecTBa I C R, Heo6XoQuMo U JOCTATOUHO, YTOOLI Cy-
HIeCTROBANA TOCAeA0BaTeIbHOCTE Touek (™) € FE, cxoaamanca K a.

. 2

17. HaiiTu Bce TOUKM NPUKOCHOBeHUA MHOMecTBa = {x € R% x9 =
=sin(1/z1)}, He npuHanneamue .

18. IocTpouTL MHOMECTBO, BCe TOUKM KOTOPOrO HM30JMPOBaHHLIe, a
MHOKECTBO €ro MpeelbHbIX TOYEK HEIyCTOe.

19. JloxasaTh, YTO MHOKECTBO U30JHUPOBAHHBIX TOUYEK IPOU3BOJILHOIO
MHOKeCTBa He 6ollee 4eM CUeTHO.

20. BepHbl 1M yTBep#AEHUA:

1) BcAKaa rpaHHYHAasA TOYKA MHOJKECTBA ABAAETCS ero MpefiedbHo
TOYRKOIA;

2) mobag OKPECTHOCTb MPAHUYHON TOUKM MHOJKECTBA COAEPIKUT KAk
BHYTDEHHHE TOYKH, TaKk W BHEIIHUE TOYRH 3TOC0 MHOKECTBa (6HEUHUMU
MOYKaAMU MHOKECTBA HA3LIBAIOT BHYTPEHHUE TOUKM €ro IOMOJHEHMs)?!
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21. TlocTpouTh MHOMecTBO F, yAOBIeTBOpANOIEe CAEAYIONUM TPeM
YCIAOBUAM:
1) Bce Touku E W301MpOBaHHbIE;

2) npefeabHbIX TOYeK MHOkecTBO E ne umeer; 3) inf p(x;y) = 0.
z,yelE

22. JlokasaThb, UTO CJAEAYIOUME MHOMECTBA ABIAIOTCA 3aMKHY ThIMM:

1) npocrpancteo R™;

2) NPOU3BONBHBIA 7-MEPHBIH 3aMKHYTHIH 1ap, T. €. MHOMECTBO BCex
Touek x € R" Tawux, uto p(z;a) < J;

3) mpousBonsHasa (n — 1)-MepHas chepa paguyca § > 0 ¢ ueHTpoM B
TOYKE @, T. €. MHOMKECTBO BceX To4ek x € R" rtamux, uro p(xz;a) = 0.

23. llanbl n-MepHbIA Ky6 ¢ pe6poM a U n-MepHbIA 3aMKHYTbIA L1ap
paauyca a (cm. 3agauy 22, 2)). llenTp Kyfa coBnajaeT ¢ UEHTPOM Inapa.
[Ipy KaKUX 3HAYEHUAX N KyD CONEpMUTCA B mape?

24. JloxaszaTh paBHOCWJILHOCTE CAEIYIONUX ONpeIeeHUHA 3aMKHY TOT0
MHOKECTBA: MHOAECTBO HA3bIBAGTCA 3aMKHY ThIM, ECJIM OHO COZICPAUT BCe
CBOM:

1) TOYKM TPUKOCHOBEHUS; 2) MpefiefbHble TOUKY;

3) rpaHUYHBIE TOYKH.

25. JlokazaTh, YTO [OMNOJHEHHe 3aMKHYTOIO MHOMECTBa 10 BCero
NPOCTPAHCTBA OTKPbITO, & JOMOJHEHUE OTKPBITOr0 MHOMECTBA 3aMKHY TO.

26. Joxazarh, 4yTo ecau MHomecTBo (G C R™ orkpeitoe, a F' C R"
3amkHyTOe, T0 G\ F' orkperroe, a F'\ G samrHyTOe.

27. Oycrs F; C R™, i € N, — npou3BoJibHbIe 3aMKHY Thl€ MHOMECTBA.
o0 m
JlokasaTh, uTo MHO;kecTBa M F; u N F; ABIAIOTCA 3aMKHY ThIMU.
i=1 i=1
28. TlocTpouTs mocieA0BaTENbHOCTh 3aMKHY THIX MHOMECTB, 00beau-
HeHHe KOTOPhIX He ABNAETCH 3aMKHYTHIM.

29. Oycrs f(z), ¢ € R, — HenpepbiBHAA QYHKUUSA, Yo — NPOH3-
BOJIbHOE PUKCUPOBaHHOE Yucao0. [loKasaTh, 9TO MHOKECTBO pellleHUit He-
paBeHcTBa f(x) > yo ABAAETCA 3aMKHYTBIM.

30. Oycrs f(x), = € [0;1] — nenpepsiBHas byuruusa u E,, — muo-
srecTBO pemeHnit HepaBenctBa n < f(z) <n+1, neN.

o
JlokazaThb, UYTO MHOKECTBO kU FEs; 1 3aMKHYTO.
=1

31. Tlyers aas ¢yukuuu f(z), = € [a;b], b > a, MHOMeCTBa ToUek,
B KoTopeix f(z) 2y u f(z) <y, npu mobom y 3aMrHyTHL. [lokasars,
uTo f(2) HempepbiBHa Ha oTpe3ke [a;b].

32. JlokasaTb, YTO NpU OTOOpAMEHMU, 3a0aBaE€MOM HENPEPbIBHOM
dyurnuedt f(z), x € [a;b], npousBoMbHOE 3aMKHYTOE MHOMKECTBO F C
C [a; b] mepeBoguTCA B 3aMKHYTOE.
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33. B npocTpanctBe R pana mocieqoBaTelbHOCThL KOHIEHTpUYEC-
KUX T -MEpHbBIX WAapoB paguycoB &1 < ds < ... < &g < ...

fIpagerca au ux ofLenuHeHue:

1) OTKPBLITHIM MHOMECTBOM; 2) 3aMKHYThIM MHOMECTBOM?

34. B npocrpanctBe R" gaHa nociemoBaTelbHOCTh KOHIEHTpUYeEC-
kux (n — 1)-mepHbix chep (cM. 3agady 22, 3)) paguycoB

01 <0y < ... <O < ..
fIBaseTca U UX 0OGbefUHEeHrE 3aMKHYTbIM MHOMECTBOM?

35. JokazaThb, 4TO 3aMbIkaHue F npousBoabHOro MHoxecTBa E C R™
3aMKHYTO.

36. IokazaTh, uTo rpanuila 0F npousBoabHOro MHomecTBa E C R"
ABIAETCA 3aMKHYTBIM MHOMECTBOM.

37. llpuBecTu npuMep 3aMKHYTOrO MHOkecTBa F, He PABHOI'O 3aMbl-
KaHUIO MHOKECTBAa BHYTPEHHUX ToueKk F.

38. IlpuBecTy npuMep OTKPLITOro B R? MHOmecTBa (3, He PaBHOrO
MHOMECTBY BHYTPEHHUX TOUYEK ero 3aMblkanua G.

39. Iasa xaxux Muo#ecTB E C R™ (0TKpLITBIX, 3aMKHYTLIX, IPOU3-
BOJILHBIX) BEPHbBI CACAYIOMINE YTBEP# ISHUS:

1)ECE; 2) E=E, 3) 0ECE; 4 ENOE = g;

5) 0(0F) = OF; 6) O(OE) C OE; T) 0(0(OFE)) = 0(OE);

8) ectu 2™ € E u liem 2™ =q, 0 a€E?

40. JokazaTh, 4TO 1A NPOM3BOILHBIX MHOxecTB E; C R™, 1 € N,
BepHa (popMmyJa:
m m o__ [SS) oo
i=1 i=1 i=1 i=1
41. IlocTpouTh MOCIEAOBATENbHOCTL MHOMECTB, 1A KOTOPhIX 3aMbl-
KaHre UX 00beJWHEHUA He PAaBHO 00beJUHEHHUIO 3aMbIKAHMIA.

42. HOHa3aTb, 4YTO MHOMECTBO ABJAETCA COBEepPIIEeHHBIM Toraa v ToJIb-
KO Torga, Korga oHO 3aMKHYTO M HEe UMeeT H30JHMPOBAHHLIX TOYEK.

43. HOH&SaTb, 49TO IIpPOM3BOJHOE MHOMMECTBO M1000ro MHOMeECTBa
3aMKHYTO.

44. TlocTpouTh MHOMecTBO F, AJf KOTOPOro IPOU3BOJHOE MHO-
mectBo BV nemycroe, a Bropoe npoussonsoe muoxectso E) mycroe.

45, JlokasaTb, YTO AJd JIOO0ro MHOMeCTBa F BepHbI BRIOUYEHUSA
EWSE® 5  5E® 5 |
rae E*) — npousBogHOe MHOKECTBO mopagka k.

46. Ilycts F — MHO€ECTBO BCeX TOUYER & MOBepXHOCTH 3eMiau (3eMm-
Jf1 CYUTAETCA WAapOM), KOTOpble 06J1aJal0T CBONCTBOM: €C/IU U3 TOUKH
MpoiTH 7 KM Ha ceBep, 3aTeM 7 KM Ha 3anaj v, HaKkoHell, 7 KM Ha for, TO
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ORaMelbCa CHOBa B TOUKe Z. I[OHaBaTb, YTO MHOKECTBO £ He ABIAeTCA
3aMKHY ThbIM. Haittu 3ambikanue E u INpOU3BOOHOE MHOMECTBO E(l)

47. B npoctpancTtBe R mocTpoum MHOMecTBo C ciaemyromum obpa-
3oM. U3 orpeska [0;1] ynaaum untepsan (1/3;2/3). Ramubnit us gsyx
OCTaBIIMXCA OTPE3KOB pasieluM Ha TPH papHLIE YacTH W yOaluM cpef-
Hue uHtepBansl (1/9;2/9) u (7/9;8/9). 3areM KamIblil U3 OCTABIIMXCA
YyeThIpeX WHTEPBAJIOB AEIUM Ha TPU paBHbIE YAaCTH M CpeJHHEe WHTEepBa-
Abl yaainsieM. B pesynbTaTe HeOr PAHMUEHHOTO MPOJOIKEHUS 3TOTO MPO-
Iecca JejeHUA OCTABIIMXCA OTPE3KOB HA TPU paBHbIE YaCTH U yIajeHHsA
CpelHUX MHTEPBaIOB NOiy4uM moaMmuoskectBo C toder orpesra [0;1],
KOTOPOe Ha3LIBAIOT KAHMOPOSbIM MHONCECIBOM.

JlokasaTsb, 4TO:

1) mHosecTBO C ABIAAIETCA 3aMKHYTBHIM M COBEPIICHHBIM;

2) cymMMa [JIMH HHTEPBAlOB, YIAIEHHBIX [IPH INOCTPOEHUM MHOMKECT-
Ba C, paBHa aaune otpeska [0;1];

3) muomectBo C' MMeeT MOI[HOCTh KOHTUHYYMA.

48. Nycts ¢’ — pomonHenue KaHTopoBa MHOMecTBa C (cM. 3ana-
uy 47) no orpesra [0,1]. JokaszaTb, 4T0 MHOMECTBO

$ = ([0:1] x [0; 1) \ (€ x €,
Ha3bIBaeMO€ Ko8pom Cepnur-tc;cozo, COBEPUICHHO.

49. Jlokasars, 4T0 MHOMKeCTBO Beex uncen x € [0;1], B npeacrasie-
HUU KOTOPBIX JeCATUYHON APOGLI0 OTCYTCTBYIOT HUbPHI 4 U 5, ABIAeTCA
COBEpIIEHHBIM.

50. JlokasaTb, UTO eciu MHOMecTBa F; U Fy HelycThle, 3aMKHY Thie
U XOTA ObI OJHO U3 HUX OTPAHHUYEHO, TO CYNIECTBYIOT TakUe TOUKU x € F)

uye€F, uro
d(F1; F) = pla;y).

51. JlokasaTs, 4TO eciu MHOMecTBa F) u Fy HemycTble, 3aMKHYThIE,

HelepeceRatomuecs U XoTA 6bI OOHO U3 HUX OrpaHUdeHo, TO
d(F1; Fy) > 0.

52. HaiiTu paccrosaHue Memay HEMyCThIMHU 3aMEHYTBIMM Helepece-

KaloMUMUCA MHOMKECTBAMU: THIIEPOOJIOH
2
F]Z{J?ERI ,171272:1}

1 IPAMOH F={xc¢ R 2y = 0}.

53. JokazaTs, 4To IJf JIOOOT0 HEMycToro MuoMecrsa F € R™ u iaio-
Goro uucia € > 0 MHOKeCTBO Beex Touek x € R™, naa kotopeix d(z; E) <
< €, AIBJIAETCA OTKPLITEIM B R™.

54. JlokasaThb, 4TO QA JIOOLIX HeMycThIX MHO:ecTB Ky C R™ u Fs C
C R™ BepHBI paBeHCTBa

d(El,EQ) = d(El,FQ) = d(El,EQ) = d(El,Fz)

2 Ilon pen. JI.I.Kynpasuena, T.3
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55. HaiiTu paccroanue ot Tousu z = (1,1;...;1) C R"

; R

IF={xCcRz;=0i>k}, 1<k<n.
56. Haittu d(E;; Ey), ecau:
) Ey={zecR: 2y =a}}, By ={x € R* 2y =21 —2};
2) By ={z € R* 22 +4a2 =4}, By = {z € R*: z; + 23z, = 8};
3) E;={z¢€ R x; =1y =x3}, EQZ{.TERSZ x1+22=1, 23 =0}
57. Mycts Fy = {x € R%: 2? +4a2 =4} u By = {x € R%: x17y = 4}.

Horazars, uto d(FE7; Es) > 1.

0 MHOMKeCTBa

58. Haiitu paccronnne Memay npameivu I'y € R® u I'y € R®, zapan-
HbIMH TApaMETPUYECKUMH yPaBHEHUAMU

z1 =3+t xo=1-—1, z3=2+2t
1 =—t, zo=2+4+3t, x3=3t teR.
Yrazats Tousu x € [y u y € T's Tarue, uto p(x;y) = d(I'y;Ta).
59. HaiiTu paccroanue mexmgy npameimu 1y C R™ u Iy C R™, 3a-
JaHHBIMM MAapaMeTpUYeCKUMU YpaBHEHUAMU
Ty =t, x2=1% xI3=1,..., ITp=1;
1=t x2=1—t, x23=0,.., z,=0, teR.
Yrazats Tousu x € [y u y € T's Tarue, uto p(x;y) = d(I'y;Ta).
60. Iowrasatk, uTo MHOMecTBO E C R™ orpaHHuYeHHO TOr/@a ¥ TOJBKO
TOrza, KOrja ero AuaMeTp yaoBleTBopser ycaosuio D(E) < +oc.

61. HaiiTn quaMeTp MHOKeCTBa TOUER MPOCTpaHcTBa R2, yIOBIETBO-
PAIOIIKUX YCIOBUIO:

1) 4z% + 323| < 2; ‘2) 472 — 325 = 2;

3) (@2 +22)(2? + 23 + 221 + 222 + 1) = 0;

4) zo = sin(1/z), |z1] < 2/7.

62. HaliTn quaMeTp MHOAeCTBa TOUEK MpocTpaHcTBa RS, yIOBIeTBO-
PAIOIIKUX YCIOBUIO:

1) 322 + 222 + 22 + 223 — 1 < 0;  2) 32?2 + 223 + 22 + 223 + 1 < 0;

3) 322 — 223+ 224223 —1=0; 4) 3z} +23+223-1<0.

63. HaliTu guameTp n-MepHOro ky6a ¢ pe6poM a.

64. ﬂOHaBaTb, 4yTO 00beAUHEHHUE TUHEHHO CBA3HBIX MHOeCTB, UMeIO-
111050,4 06LLIyIO TOYRY, fIBJIAeTCHA JIMHEHHO CBA3HBIM MHOMECTBOM.

65. dorazaTb, uTo ecau MHOskecTBO F C R numnelino cBfizHo, TO E
AIBJAETCH MPOMEKY TKOM.

66. HOHaBaTb, YTO €CJH JIMHEHHO CBAI3BHOE MHOMECTBO nepeceraeTcda
C HEKOTOPbIM MHO#€CTBOM M C ero OOIOJIHEHHeM B Rn, TO OHO IIepeceRa-
eTCA 1 C FpaHI/IHeﬁ ITOTr0 MHOMeCTBa.

67. IlocTpouts 06iacTh, 3aMBIKAHHE KOTOPOW He ABIAETCH JTHHeiHO
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CBA3HbBIM MHOMECTBOM.

68. JoxasaTh, UTO BCAKOE JHHEHHO cBAsHOe MHOMecTBO F C R™ aB-
JAfIETCA CBA3BHDBIM.

69. IoctpouTh MHomecTBO F C R?, sBAfiomeecs CBA3HLIM, HO He
JAUHENHO CBA3HBIM.

70. JorazaTh, YTO BCSIKoe CBA3HOE OTKPLIToe B R" MHOMECTBO fIB-
JAfieTCA JUHEHHO CBA3HBIM.

71. llokasatb, 4yto eciu E C R" — cBABHOE MHOMECTBO, TO €ro 3a-
MbIKaHue F — Tomie CB3HOe MHOMecTBO. [IpuBecTu mpumep HECBA3HOIO
MHOECTBA, 3aMbIKaHUE KOTOPOTO CBA3HO.

72. flpasercs AU CBA3HBIM MHOKECTBO BCEX TOUER MIOCKOCTH, Y KO-
TOPbIX:

1) xors 6bl 0QHA KOOpOUHATA PALMOHAIbHA;

2) 06e KROOpAMHATLI UPPALHOHANLHBI?

73. BhifcCHUTD, AIBAAETCA MM MHOMecTBO F B mpocTpancTBe R’
a) CBA3HBIM; 6) JMHEHHO CBABHBIM; B) OTKPBITBIM; T') 00JACTBIO;
ecau:

1) E={s2+23>1}; 2) E={2?+23=1};
3) E={ai+a3 #1}; 4) E={a}+23=0}
5) E={z% + 23 < 1JU{(z1 —2)* + 25 < 1};
6) E={2?+23 <1}U{(x1 —2)? + 23 < 1};
7) E={z} —23<1}; 8) E={zf-23=1}
9) E={z? -2} > 1}

1O)E:{m16(0;1), xg—%sin%l‘<i};
11) E = {zp =sin(1l/z1)} U{x; =0, |zo| < 1};

12) B = {52 + 122122 — 2221 — 1225 > 19}.

74. BbIACHUTDL, ABAAETCA MM MHOMecTBO F B mpocTpancrBe R® 06-
J1acThlo:

) E={z}+z3<1, 23=0}; 2) E={2?+223+ 323 <4};

E={ai+zi—-25<1}; ) E={af+zi+1<a3};

5) E={z?+ 23> 13}; 6) E={a?+2a3 <ai};

E={zi—-zi<uz3}; 8 E={s?+z3<1};

9) B={

10) E = {23 — 1129 — 2123 + T2T3 > 1 — T2 }.

75. llorasaTb, 4To JMO6bLIe ABE TOYKU MPOU3BOALHON 06JaCTU MOMSHO
COeIUHUTDL JOMaHO! JUHUeH ¢ KOHEYHBIM YUCJIOM 3BEHLEB, LEIUKOM €M
npuHaaexamei.

76. BbigcHUTH, KaKMe U3 MHOMECTB, 3aJaHHbIX B 3agadax 73 u 74,
AIBASIOTCA BbIMYKAbIMU.

2%
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77. HafiTu BBINYRIYIO 060J0NKY MHOMecTBa F':

1) E={(0;0),(0; 1)};

2) E=A(0;0),(0;1), (1;0)};

3) E—{a:ERQ: T3 =a3);

) E={zeR* 22 +22+2z, +1=0};
E={z € R* z} + 423 = 4};
E={z € R* 1z} —4a3 = 4};
E=RU{(0;D};
E={zcR* 23 +23+2}>1};
9 — MHO}HeCTBO B npocrpancTBe R", coctosmee us toyer (0;0; ...
;0), (1;0; ...50), (0;1; ...;0), ..., (0,0..;1).

78. ,HOHEISEITB, YTO NepecevyeHne BRITYKIbIX MHOKECTB ABJIASTCA Bbl-

NYKJIBIM MHOKECTBOM.

=
1 [l

o
\_/\_/\_/\_/\_/

Dj

79. Cumnaercom B npocTpaHcTBe R™ ¢ BeplMHAMM B Touykax ¢ =

=1,2,...,n+ 1 Ha3blBalOT MHOKECTBO TOUEK
n+1 n+1

T = E o;a, a; 20, E a; = 1.
i=1 i=1

JlokazaTb, 9YTO CUMILIEKC — BBIMYKJIOE MHO/KECTBO.

80. JlokasaTh, 4TO BLINYKJIaA 000J0YKa NPOU3BOJIBLHOIO OTKPBITOrO
B R" mHomecTBa oTKpniTa B R".

81. JloKasaTh, YTO BBINYKJIad 0060J0YKa NPOU3BOJILHOIO 3aMKHYTOrO
OrpaHH4eHHOr0 MHOKeCTBa 3aMKHYTa.

82. IocTpouTsb B mpocTpaHcTBe R 3aMKHYTOE MHOKECTBO, BBINYK-
Jas 060/109Ka KOTOPOro He 3aMKHYTa.

83. ,HOH&S&TB, 4YTO 3aMblKRaHue BbIHyHJIOfI 000704k MMPpOKW3BOJIbHOI'O
OrpaHNM4YeHHOro MHOMeCTBa coBliagaeT ¢ BbIHyHJIOfI 000/104YKOH €ero 3amMbl-
KaHuA.

OTBETHI

4.1) =3/2; 2) —2n+1)/(n+2).

5.1) ay/n; 2) +oo; 3) arccos/k/n; 4) n/2; 5) 2"

6) 0, eciu n =2k — 1, Ch1 | ectu n = 2k.

1) (0;1;2;5¢e); 2) npedel He CyIIeCTBYeT;

3) a) (0;0), 6) mpenex He CyIIECTBYET;

4) (0;0), ecau |r| < 1, (1;0), eciu r =1, ¢ = 2wk, k € Z, B ocTans-
HBIX CIydasix npegel He cymectByer; 5) (lnr;).

12. ToabKo B IpOCTpPaHCTBE RZ.

17. . = (0,22), z2 € [-151].

20. 1) HesepHo; 2) HeBepHO.
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21. Taxum MHOKeCTBOM, HallpuMep, ABJAETCA YMUCJI0Bad IocjJedoBa-

m
1
TenpHOCTL (™ E:I T
23. n < 4.
33. 1) Ia;

2) HeT, ecu MOCAENOBaTENLHOCTE J; OrpaHUueHa; Oa, ecad Tocae0-
BaTEIbHOCTh HE O paHUYEHA.

34. Her, ecau nmociefoBaTelbHOCTh O) OrpaHUYeHa; Ja, ecly Tocle-
JOBATEeNbHOCThL §) HEe OrpaHU4YeHa.

39. 4) E — OTKpbBITOE MHOMECTBO;

5) E — 3aMKHYTOe MHOMECTBO;

6) £ — mpousBoNLHOE MHOKECTRO;

7) E — NIpoM3BONLHOE MHOKECTBO;

8) E — 3aMKHYTOe MHOMEeCTBO.

46. E = EUP, rge P — MHOMeCTBO TOYEK, PACIOIOHEHHBIX Ha
napaiienu, yaaiennoit ot CeBeproro noaoca na 7 km (P ¢ E); EM =
= E\ Py, roe Py — Touka Imuoro momoca.

52. 0. 55.vn—k. 56.1) 7v/2/8; 2) 4//13; 3) 1//6.
162/55, = = (89/55;131/55; —42/55),
y = (8/55;86/55; —24/55).
59. /(n—2)/(2n), =z =(1/n;1/n;1/n;..;1/n),
y=1(1/2;1/2;0;...;0).
61. 1) 1/2/3; 2) +o0; 3) 1+v/2; 4) (2/7)VA+ 2.
62. 1) 2/2; 2) 0; 3) 400; 4) +oo. 63. ay/n. 72.1) Jla; 2) uer.
73. 1) a) Ila, 6) ma, B) 1a, r) ma; 2) a) na, 6) ga, B) HET, ') HeT;
3) a) uer, 6) HeT, B) na, r') HeT; 4) a) mga, 6) Aa, B) HET, I') HET;
5) a) uet, 6) Hert, B) 14, r) Her; 6) a) nga, 6) Aa, B) HeT, I') HET;
7) a) ga, 6) na, B) Aa, r) Aa; 8) a) HeT, 6) HET, B) HET, I') HET;
9) a) ner, 6) Her, B) Aa, r) Her; 10) a) na, 6) ma, B) 1a, r) 1a;
11) a) na, 6) ner, B) HeT, ) HeT; 12) a) HerT, 6) HeT, B) Aa, T') HET.
74. 1) Her; 2) na; 3) ma; 4) uer; 5) na; 6) ver; 7) na; 8) ma;
9) ner; 10) Her.
76. 4) us 3agauu 73 u 1), 2), 8) us zagauu 74.
77. 1) OTpe3ok ¢ KOHIAMH B TOYKaX, 06pasyIONMX MHOMeECTBO F;
2) 3aMKHYTBIA TPEYrOMbHUK C BepUIMHAMHM B TOUKax, 06pasdyromux
MHOM#ecTBO
3) R% 4) (—=1;0); 5) {x € R* 2% +42} <4}; 6) R®
7) oobeannenne nomocel 0 < 2o < 1 u Tounn (0;1); 8) R®;
9) cumnierc (cM. 3ajauy 79) ¢ BepHIMHAMM B TOYKaX, 06pas3yroOmUX
MHOecTBO F.
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§ 2. DyHKIUU HeCKOJbKUX NepeMeHHBIX. [Ipenen
U HellpepbIBHOCTH (GYHKIOHUII HeCKOJBKHUX IepeMeHHBIX.
OTob6pazxenun

CMNPABOYHLIE CBELEHWA

1. dyHKnuM n nepemMeHHbIX. [lyeTh nano MHomectBo E C R™, u
IyCTh KaMaoid Touke z € F TNOCTaBIeHO B COOTBETCTBHE 4Ucio u € R;
TOrJla TOBOPAT, YUTO Ha MHO;ecTBe F ompeneineHa 4ucioBasg (yHRLHUA.

MpaBuio, ycraHaBiuBaiollee COOTBETCTBUE, 0603HAYAIOT HEKOTOPOM
OyKBO#, HanpuMmep f, ¥ MUMYT

u= f(z), z€E,
Uiy, nogpobuee,
u = f(z1;22; .5 Tn),  (T13225-585) € E.

MuosmectBo E HasbIBalOT 00adcmbio onpedeseHus QYHKLUUH, TOY-
KY Z — apryMeHTOM WJM HEe3aBUCUMOM NepeMEeHHON, ee KOOPIMHATEI
X1, L9, ..., Ty, — HEIABUCUMBIMU NEPEMEHHBLMU, DYHELIMIO U = f(T1;T2; ...
e} Xy ) — PyHryuel n nepemennbiz. Eciu n > 1, To pyHKUUIO HA3BIBAIOT
rarye Pynnyuell HeckoavkUT nepemennniz. YNUCI0 ug, COOTBETCTBYIONIEE
anauenuto aprymenta 0 = (29;29;...;2%), naswiBaoT anavenuem Gynn-
yuu 6 moure o u obosnavaror f(z°) wmm f(29;29;...;29).

Oyuruuio f(z1;22;...;%y,), KOTOPag MOMET ObITL 38[aHa C IOMOLILIO
KOHEYHOT0 YMCiIa apudMeTHYECKUX Ollepaluii 1 KOMIIO3ULMI al1eMeHTap-
HBIX GYHKUUE omHoro mepementoro (eMm. [1, § 7, m. 2]) oT nepemen-
HBIX Z1,%2,...,Tp, HA3bIBAIOT dlleMeHTapHON QYyHKLUeld n INepeMeHHBIX.

Mon dynryueii, sadannoti gopmyaoii, NOHUMAIOT QYHKUUIO, 06IaCThIO
onpefeleHdsa KOTOPOI ABIAIOTCA BCE 3HAYEHUA apryMeHTa, IS KOTOPBIX
aTa HOpPMYyJa UMEET CMbIC], U PE3YJIbTATOM KamsIol olepaluu, yKasaH-
HO#t B opMyJie, ABNsAETCA NeACTBUTEILHOE YHCIIO.

HesaBucumble nepemMentble GyHKUMH IBYX NepPeMEHHBIX 00bIYHO 000-
3Ha4aloOT OYKBaMU T M Y, a TpexX MepeMeHHbIX — T, Y U Z.

T'padurom GyHEUUM IBYX IE€PEMEHHbBIX

u=fr;y), (z39) €ECR
Ha3bIBAIOT MHOMECTBO Bcex Touek (z;vy; f(x;v)), (x;y) € E, npocr-
parctea R

Hanpumep, U3 Kypca aHaJMTHYECKOH MeOMeTpUH M3BECTHO, YTO I'pa-
duroM dyurumn u = 422 + 42, (x;y) € R?, ABAAeTCA SIIMNTHYECKUM
napabonous.

AHAJIOIMYHO MOFKHO OIpEENUTh OHATHE IpaduKa QYHKUMH Tpex U
6oilee TepeMeHHBIX.

Ecnu obaacth onpefeieHus GyHKUNM ABYX NepeMeHHbIX © = f(z;y)
COCTOUT TOJbKO M3 TeX TOYeK, KOOPAMHATLI KOTOPLIX ABIAIOTCA HATY-
palbHBIMY YHUCIAMH & =m, ¥y =n, m,n € N, To QYHKIHIO ¥ HA3LIBAIOT
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deotinoli nocaedosamenviocmyio. 3Havyenre GYHRIUU B Touke (m;n) Ha-
3BIBAIOT YACHOM T0CAC008AMEALHOCMU ¥ 0003HAYAIOT U, p, & CAMY I[0-
CJ1el0BaTeILHOCTL 0603HAYAIOT {Urm p }-

Yposnem (c-yposuem, ¢ € R) dyusuuu f(z), z € E C R", uasbiBa-
IOT MHOMKECTBO ToUek x € F, yIoBIeTBOPAIOMNX ypaBHeHHO f(x) = c.
YpPOBHU QYHKIMU ABYX MepEMEHHBIX YacTo Ha3bIBAlOT ALHUAMIUL YPOSHA,
YPOBHYU GYHKIMU Tpex MepeMeHHbIX — NOSePIHOCTAMIL YPOSHA.

Oyurimo f(x), onpeseiedsyto B obaactd G C R"™, Ha3bIBalOT 00HO-
podnoil cmeneruy « B obaacTu G, ecau i Mo6eiX £ € G U A € R Tarux,
uyTo Az € (G, BepHO PaBEHCTBO

fQx) = X f(z). (1)
Eciu npu Tex e NpennogoMeHUsaxX uMeeT MeCTO PaBEHCTBO
fQAx) = [A]* f(z), 2)

TO PYHRKIMIO HA3LIBAIOT NOAOHUMEALHO 00HOPOOHOI cmeneHit a.

Hanpumep, pyusuua f(z) =z, x € R, ABAAeTCA OXHOPOAHON cTene-
uu 1; dyuxuua f(z) = |z|, £ € R, — N0JI0MKUTENBHO OJHOPOHOH CTe-
nenu 1; dyuruus, sagandas popmyioit f(z;y) = y/x, — OIHOPOAHON U
MOJOMUTENbHO OTHOPOAHON cTeneHu 0.

QYHKIUIO HA3BIBAIOT A0KAALHO 00HOPOOHOU cmeneny « B obaactu G,
ec/i OHa fABJIAeTCA OJHOPOOHOH (GYHKUUeHd cTelleHU « B HEKOTOPOH
OKPECTHOCTH Kammoi Touku obiactu (. U3 noxanbHON OAHOPOAHOCTH
byHKIUM B 061aCTH He ClefyeT ee OJHOPOAHOCTL B 3TOH obmactu (CM.
3anauy 36).

2. llpenen ¢pyHKUHUU.
Ileproe onpenenenue Npefena pyHKUUU (oNpeneleHUe
Feitne). Iycrs o6aacts onpegenenus GpyHRUMN f(z) Copep:suUT OKpecT-

nocth U™ (%) Tousu z° € R™, wpome, 6bITh MOseT, camoil Touru .

Yucno a HasbiBalOT npedesom gynryun f(x) 6 mouxe z°, ecam nas
J1000M rocjeg0BaTeNbHOCTH TOYEK zm e U"(mo), zm #* 2V, cxopameit-
ca & 20, uncaopas nocaenosarensnocTs f(z(™) cxomutes & a.

Jlna toro 4To6bl OokasaTh, uTo GyHrIMA f(z) He HMeeT Npefela B
Touke £, JOCTATOUHO yKazaTh ARe NMocledoRaTedLHOCTH Todek: x(™) €
e U(z%) u y™ e U™(20), =™ # 20 y0™ £ 4% exonamumecn & 20,
tarue, uto lim f(z"™) # lim f(y™).

m— o0 m— 00

Bropoe onpegenedue npegeia GyHKUUU (ONpefeieHue
Kowu). Yucno a naswiBaoT npedesom gynryuu f(x) 6 moure z° € R",
eCJIU [ KamkI0ro udeaa £ > 0 cymecTByeT Takoe udcio ¢ > 0, 9To miA
BCcex z, yloBaeTBopslomux yeaosuto 0 < p(z;2°) < §, BbImoanseTcs He-
paBeHCTRO f(z) —a| <z
Onpepenenus Komu u T'eifine paBHOCHILHBL.

Ecau 4ucio a ABageTcA npenenom ¢ynrnuu f(z) B Touke z°, To
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MUITY T
lim f(z) =a wuan lim f(z)=a. (3)
z—z0 p{z;z°)—0

Mousarue npegena GyHKuMU B TOUKe 06061IaeTCA HAa TOT ciaydai, Koraa
dYHKUUA paccMaTpPUBAETCA He HA BCell OKPECTHOCTU TOUKH, a TOJAbKO Ha
HEKOTOPOM €€ TIOIMHOMECTRE.

Onpepenenue Teiine. Uucio a Ha3bIBAIOT npedesom @dyHu-
yuu f(z), v € E C R", no muowmecmey X C E 6 moure z°, apasio-
meiicA npenelbHOR TOUKON MHO?ReCTBa X eciy A Jo00i nocienoBa-
TenpHOCTH Toder (™) 6 X, 2™ #£ 2% cxomameiica k x°, uncioBas
nociefoBaTenbHocTh f (2 )) cXoauTeA R a.

Jlast Toro uTo6el OOKasatTh, uto Gyuruusn f(z), £ € E C R", He umeeT
npejesa 1o MHokecTBy X B Touke z°, L[OCTaTO‘{HO YRa3aThb IBe N0cIe0-
patenproctd (™ € X u y™ € X, x0m) £ 29 ¢ £ 20 cxopamuecs

U Tarue, 4TO

K TOYRe T,
lim f(z™)# lim f(y"™).
m—o0 m—o0

Onpepenenue RKRomu. Uucio ¢ HaswIBalOT npedeaom @GyHryuu
f(x), € ECR", no muosecmey X C E 6 moure z°, ecu ans Kamaoro
yucaa € > 0 cyuiecTByeT Takoe unciao § > 0, uro ojs Beex x € X, yA0OB-
nerBopsomux ycaobuio 0 < p(z;x°) < §, BeINoAHAETCA HepaBeHCTBO

|/ (x) —a| <e.

Ecau uneno a aeagerca mnpenenom ¢yuruuu f(r), = € E C R,

MHoMecTBy X C E B Touke z°, To numyT
hm f@) =a. (4)
.EA).L‘
TEE

B Tex ciaywasx, Korga U3 KOHTeKcTa ObIBAET ACHO, [0 KAKOMY MHO-
sKecTBY OepeTcA npefell, ykasaHie z C X 4acTo ONycKalOT U MUIIYT

lim f(z) =

Eciu MHOkecTBo X COAEPHUT OKPECTHOCTh TOUKU ¥, KpoMe, 6bITh
MoszeT, camoil Tousu x°, To npenen dynruuu f(z) no MHomeCTBy X&e
Toure z’ coBnajaer c O6LIUHBIM NpedeldoM GYHKUMH f(T) B 3TOi Touke.

Ecnu MHoMecTBO X COCTOUT U3 TOUEK HEKOTOPOI HENMpephIBHON RpU-

Boit I' (§1, (10)), npoxoasmeii 4epes Touky z°, To lim f(z) HaspiBaloT
r—x
rzeX

npedesom Pynryuu f(z), © € E C R", no kpusoii T' 8 mouke x
penen ¢yuwumun u = f(zr;y) OBYX HepeMeHHLIX B To4ke (To;Yo)
00b14HO 0603HAYAIOT

0

lim f(=x; um  lim w.
T f( ,y) T
Y—Yo Y—Yo
Ananoruvso caydaio dbyHKUuM ogHoro nepementoro (em. [1, §9, m. 3, 4])
i byHRUKE HeCKOJAbKUX nepemeHHbiX f(z), ¢ € R", n > 1, BBOOATCA

INIOHATHUA TIpegeJia (pyHHLII/II/I npu r — O U 0eCKOHEYHOr o npeneJa.
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Jlast pyHKIME HECKOALKUX MEPEMEHHBIX CIPABEIINBLI TEOPEMBI O Tpe-
zeite CyMMBI (pa3HOCTH), TPOM3BEJEHUA U YaCTHOTO (YHKIIMH, aHaTOTHY-
Hble COOTBETCTBYIOIIMM TeopeMaM Mif (QYHKIHMHA OAHOIO MEepPEeMeHHOro
(em. [1, § 9, m. 2]).

Ias dyurumit n > 1 nepeMeHHBIX MOMKHO paccMmaTpuBaTh n! Tar Ha-
3bIBaEMbIX MOBTOPHBIX MpefieloB. B yacTHOCTH, B ciyyae GpyHKIHH ABYX
nepeMeHHBIX © = f(z;y) MOMKHO paccMaTpPUBAThL /IBa IOBTOPHBIX Mpefiela
B Touke (Zo;Yo)

lim (lim f(z;y)) wu lim (lim f(z;y)).

T—=To Y—Yo Y—Yo T—To
Hanpumep, ans oyurnuu v = (x — y)/(x + y) uMeem
1im(1im’“y):1 n lim (1im 2Y) = -1,

z—0 \y—0 r+ Yy y—=0 \z—0 2+ Yy

Otciona ciaeayeT, YTO U3MEHATDL NMOPAMOK CIeJ0BaHUA NMpedelbHbIX Nepe-
XOJIOB MO pa3HbIM IIepeMEHHBIM, BOOOIIE FOBOPSA, HENb3A.

CeA3b npefena GpyHKIUM B TOUKE C ee IOBTOPHBIMU TIpefesaMu B Toi
e TOUKe WIIOCTPUPYIOT 3aaauu 37-39.

3. HenpepniBHOCTh U paBHOMepHaA HeMpepbIBHOCTh. DyHK-
o f(r), omnpefeleHnyio B okpecTHocTH Toukd x0 € R™, masmniBaioT

HenpepvisHotl 6 mouxe ¥, ecan

lim_ f(z) = f(z°).
z—z0
Teopema KanTopa. ®OyHRIUA, HellpepblBHas Ha OrpaHUYEHHOM
3aMKHYTOM MHOECTBe, PABHOMEpPHO HelpepbiBHA HA 3TOM MHOMECTBe.
Oycts & — mpousBoJbHOE TONOMHUTENbHOE 4ucio. Modysem nenpe-
poisnocmu Gpyusuuu f(z), x € E C R™, na MuossectBe x C F Ha3bIBalOT
w(; f;X)= sup (f(z) - f(2").
plze’)<s
z,z'cX
B Tex cayuasx, Korga AacHo, 0 KakoMm MHoiecTBe X M 0 Kako#t pyHkuuu f
UJIeT peub, MOAYAbL HelpepblBHOCTU w(d; f; X ) o6o3HauaoT w(d).
3uauenue MoayIsa HenpepeiBOocTH w(d; f; X) dyunuun f(z), z€ EC
C R", npu 6 = D, rae D — auamerp mHossectBa X C F, HaswiBaloT
roieGannreM byHrnuM f Ha MHomecTBe X M ofoznavaroT w(f;X). Us
ATOrO OMpe/elleHus clieyeT, YTo
w(f; X) = sup (f(z) - f(z")). (7)
z,x'€X
Eciu ¢dyusiuu f(z) u g(z) nenpepeisubl B Touke 20 € R™, To dyHk-

uuu cf (r) (¢ — nocroannas), f(z)+ f(z), f(z)-g(z), a ecin g(x°) #
#0, Tou % TaK:e HempepbIBHLI B Touke z°.

Oyuruuio f(z) HaspiBalOT Henpepvisnol e obaacmu G C R™, ecau oHa
HempepbIBHA B Kakaoi Touke o6aactu G.
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Ilycth ¢ynxuua f(z) ompefeneHa B okpecTHocTH Touku z° € R™,
KpoMe, ObITh MoeT, camoit Touky z°. Toury 2° HasplBaroT mouroli pas-
potsa GyHRIUKU f(z) B CIeIYIOMUX CIYyYaax:

1) dynknus f(x) He ompefeneHa B Touke z°;

2) dynsuua f(z) onpefenena B Touke z°, Ho:

a) lim f(z) He cymecTByerT;

z—z0
6) lim0 f(z) cymecrsyer, Ho He paBen f(x°).
T—T
Ecau wl;n;g f(x) cymectsyer, Ho umu f(z) He ompefenena B Touke z°,

Uiu limof(x) # f(z°), To Toury z° HasLIBAIOT TOUKOH ycmMparumMozo
paspvied.

MonATHe HenpepbIBHOCTH (GYHRUMU B TOYKe 0600IMAeTCA HA TOT Cly-
yait, Korja GyHKIMA paccMaTpUBaeTcd He Ha Beell OKPeCTHOCTH TOYKH,
a TOJbKO Ha HEKOTOPOM €€ MOJAMHOMECTRE,

Oyuxuuio f(z), onpemencHuyio Ha MHOkecTBe F C R™, HasbIBaioT
HenpepbleHotl no mHowecnsy © C E 6 mouke z° € E, eciu

lim f(z) = f(2").

T
zeX
B cayuae, sorga X = F, TOBOPAT 0 HENPepbieHOCIMU 8 MOYKe N0 MHO-
acecmey (o6aacmu) onpedesenusn PyrryuL.
Hanpumep, GpyHKIMA OBYX MEepeMEHHBIX
Flary) = {ysin(l/x), ecin  z? +y? #£0,
y) =

0, ecit 22 +y? =0,

He ABIAeTCA HenpepbiBHON B Touke (0;0), Tak Kark He ompefeneHa B ee
OKPECTHOCTH, HO OHa ABJAETCA B 3TOI TOUKe HENPEPLIBHON 10 MHOMKECTRY
onpeneneHuf QyHKIHUU.

Henpepoishoti no muomecmey E 6 mourxe z’ cuuTaerca GYHK-
uua f(z), r € EC R", eciu 2° — usonupopannan Tousa MHomecTBa E.

Besran anemenTapHaa GyHRIEA N HepeMeHHbIX (CM. II. 1) HempepbIB-
Ha B KakJoH TO4YKe, B KOTOPOU OHa oI pejeleHa.

Dyuxuuio f(z), z € E C R", Ha3LIBAIOT HenpepueHOU HA MHONCECTM-
se X C F, eciu oHa HelpephIBHA 10 MHOMECTBY X B KaskI0H ero TOUKe.

Oyuruuio f(z), € E C R", Ha3bIBAIOT PAGHOMEPHO HenpepbleHoll Ha
muoxecmee X C E| ecnu 07A Kamaoro uucia € > 0 cylecTByeT Takoe
queao ¢ > 0, uTo AaA mobbix z,x’ € X, YIOBIETBOPAIOWHUX YCIOBHIO
p(z; 2"} < 6, BepHO HepaBEHCTBO

!
|f(z) = F(=")] <e.

4. Orobpasenud. [Iycts gano MHomectBo £ C R™, u nycTh Kaxs-
noit Touke x € F mocraeieHa B COOTBeTCTBHME Touka u € R™; Toraa ro-
BOPAT, UTO Ha MHOMeCTBe F ompefeneHo otobpaskenue AU GYHKIUA CO
3HAYEHUAMH B NpocTpaHcTe R™

0



$2. Oynryuu Heckoavrkur nepemennsvix. lpedea. Omobpamenusn 27

[IpaBuno, ycTaHaBIMBalolllee COOTBETCTBHe, 0003HAYAIOT HEROTOPOU
6ykBOit, HanpuMep f, U NUIIYT

f: E-5R™ ECR", wm u=f(z), € ECR", ueR"™. (8)

B vacTHOM cyuae m =1, T. e. Korga u € R, otobpaskenue f npejacrabis-
¢T cobofl YncaoByI1O GYIURIMIO N NepeMclibix. B obmeM caydac sagaiime

oTobpameHun
P u=f(z), =€ FECR", uweR", (9)
PaBHOCUJIBHO 3aIaHUI0 M (PYHRIUN 7 IIepeMEHHBIX
Uq :fi(-rl;-r2;"';xn)7 i = 1727"'7m' (10)

@Oyurunn (10) HaspiBalOT KoopduramHeimu @GyrKEUUAMU OTOGpare-
aua f u mawyT f = f(f1; fo;..; fm). Ecan npm orobpasmenuu f Tou-
ke r € R" cTaBuTCA B COOTBETCTBHe Touka u € R™, To TOYRY U Ha3pIBa-
10T 06pa3om ModKy T NpHU 0TOOpaMeHUn f WU 3HAYeHHeM QYHRIUH [ B
Touke z. MHOsecTBO Beex 06pas3oB npu oTobpasmenun f(x), z € E, Hasbl-
BAIOT 06pasom muomecmea FE u obosHauaior f(E). Ecan toura uw € R™
ABASIETCA 3HAUeHUeM QYHRIUU f, TO MHOMECTBO Beex Touek x € E C R”
Takux, 4t0 f(x) = u, HA3LIBAIOT NPOOOPA3OM MOYKL U ¥ 0003HAYAIOT
f~Y(u). Yepes f~1(U) obosnauatoT o6bemrHeHHe MHOMECTB BCexX Ipo-
oGpasoB Touek MHomecTBa U C f(E).

Ortobpasmenne f(x), © € E C R", Ha3bIBAIOT HENpepbleHbiM 6 MoyKe
2(®) € E, ecau ana rammoro uncaa € > 0 cymecTByeT Takoe uncio § > 0,
4TO 1A BeeX Touek x € F, yaomietopawomux ycnosuio p(z;z(0) < 6,
BepHo HepabencTBo p(f(x); f(z(9)) < e.

Oto6pamenne f(x), * € E C R", Ha3bIBAIOT HenpepuleHbiM HA MHO-
aecmee X C E, eciii 0HO HEIPEPLIBHO B Ka[I0i TOYKe MHOMecTBa X.

Orto6pasmenne f(x), * € E C R", Ha3bIBaIOT PABHOMEDHO HENpepbie-
Hbim Ha muomcecmee X C E, ecau naa kaxgoro yucna € > (0 cynecTByer
Takoe 4uciao ¢ > 0, uyTo aaf A6kl z,x € X, yOOBIETBODAIOIINX YCI0-
Buio p(x;z') < §, BepHO HEpaBEHCTBO

p(f(z); fa')) <e. (11)

Otob6pamenne f: F — R™, E C R", HasLIBaIOT 63QUMHO OOHOIHAY-
HblM, €CIIM Pa3HbIM TOYKaM MHOecTBa FE COOTBETCTBYIOT MpPHU 3TOM
oToOpaeHnH pas3Hble TOUKKM MpocTpaHcTBa R™, T. €. ecliu U3 pPaBeHCT-
Ba f(x) = f(2') mna x,2' € E caepyer paBenctBo z = z’. B atom ciay-
yae FOBOPAT, UTO MHoNcecmeo E 63aumno o0nosnawHo omobpaxaemcn Ha
muoscecnso f(E). Ecin E B3aumuo ogHosHa4yHo otobpaskaerca Ha f(E),
TO Ha MHO})kecTBe f(F) cymecTByeT ofHO3HAUHOe OTOOpazenue (obpam-
nan gynryua) f~1: f(E) — E, npu KoTopoMm Kamoil Touke u € f(E)
CTaBUTCH B COOTBETCTBUE Touka x € E Taras, uto f(z) = u.

Ecau otoGpamenne f: E — R™, E C R", B3aUMHO OIHO3HAYHO U
HelpepbIBHO HAa MHOMecTBe E, a o6paTHoe oToGpasenue f ! Helpepbis-
Ho Ha MHOMecTBe f(E), To [ HA3LIBAIOT 2oMEOMOPPHHBIM OMOOPAsCeHILeM
WIH 20ME0MOPPUIMOM.
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Feau png muoskects E C R™ u E; C R™ cymecTByeT roMeoMop husM,
otobpaskalomuit K Ha Fy, To MHOskecTBa ' U F; Ha3bIBalOT roMeoMopd-
HBLIMH.

MPUMEPBLI C PELUEHHUAMMU

Ilpumep 1. HaiiTu obnacTh onpefeneHU U c-ypPOBHU (PYHKIUU, 3a-
nannoft popmynoit u = +/(2y)/(z% + y> — 1).

A DyHruuA ompeeneHa B Tex W TONBKO B TeX Todkax (;y) mioc-
KOCTH, KOOPIUHAThI KOTOPBIX VIOBAETBOPAIOT HEPABEHCTBY

(29)/(®+y* —1) > 0.
STO HepaBeHCTBO paBHOCI/IHbHO COBOP{yHHOCTI/I CUCTEeM HepaBeHCTB
{y>0, {yéQ

22+ >1 2+ y? < 1.

IlepBoii cucTemMe HepaBeHCTB YIOBJIETBOPAIOT KOOPOUHATBI BCEX TO-
YeK, PacnooMeHHbIX B MOAYIUVIOCKOCTH Yy 2> 0 U BHe ORPYKHOCTHU pajiu-
yca 1 ¢ 1leHTpoM B Hauale KoopAuHaT. BTopoit cucTeMe yIOBIETBOPAIOT
BCE TOUKU IJIOCKOCTH, Jeallie B IoAyniaockocTy ¥y < 0 U BHYTPU OKPYK-
HOCTU panuyca 1 ¢ 1eHTpoM B Hayale koopaunaT. Ha puc. 2.1 obaacTs
onpefeleHnuA HYHRIUYU OKa3aHa MITPUXOBKOII.

s HaXoAeHUA ¢-YPOBHA QYHRIUU HYRHO 471 J1060ro ¢ € R Haittu
MHO?KEeCTBO TOUEK MJOCKOCTHU, KOOPAUHATHL X, i KOTOPbLIX YIOBIETBOPA-

y I0OT ypaBHEHUIO
& Ve[ P -1 =

Ecan ¢ < 0, To c-ypoBHeM (yHK-
MU ABJAAETCA MYCTOe MHOMECTBO;
0-ypoBHeM ¢yHRIUU OyaeT, OUeBUA-
HO, MHOKECTBO BCeX TOUeK OCH z,
3a ucKItoueHueM AByX Todek (+1;0),
He BXOAAWIMX B 06JacTh ONpejeleHUf
¢dyuruuu. B cayuae ¢ > 0, npeodpasysa
HCXOJHOE YpaBHeHUe, N0Jy4aeM

2y 2
FrpoTs S TV o gyv=l

1\? 1
ﬁ+@—§):1+§
CrnefoBaTenbHO, c¢-ypoBHeM (yHKINH
npu ¢ > 0 ABAAETCA OKPYKHOCTb pa-
muyca /1 + 1/ct ¢ uentpom B Toure (0;1/c?), 3a UCKIIOUEHUEM ABYX
Toder (£1;0) 3Toll OKPYKHOCTH, He NpHMHAAJEKALWNX 0GNACTH ompene-

geHuA ¢yuruuu. Ha puc. 2.1 nocTpoens! c-ypoBHU GyHRINU npu ¢ = (),
3/4, 1, 4/3. A

Puc. 2.1
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2
22
Opumep 2. Hatitu lim — y
o0 B2+
y—0
A [lns moGoro yucaa € >0 cymectByer § >0 (a uMeHHO ¢ =€) Takoe,
4TO [l BCeX ToUYek (&;y), YAOBIETBOPHIOWNX YCIOBHIO /22 + y2 < 0 u
OTJAMYHBIX OT Havasa Roopm/maT CIpaBeJIMBO HEpPaBeHCTBO

.CL'2 :
| =0 = Aol <l < VR T <<

ety z? + y?
:c‘y
CrnemoBaTenbno, lim =0. A
z—0 22+ y?

y—0

Hpumep 3. Haiitu npegen dyusunu f(z;y) = ycos ! B TOY-
y—

e (0;0) no MHOsKECTBY, HA KOTOPOM (YHKIIHA ONMpeleleHa.

A 3amMeTuM, 4TO GYHKUUA He olpeleleHa B ToYKaxX MPAMOH y = .
Mostomy oferunoro mpegena B Touke (0;0) He cymectByeT. B 10 e Bpe-
MfAl Tipefien o MHosecTBy E = {(z;y) € R®: x # y}, Ha KoTopoM (yHK-
LKA olpefedeHa, CyecTBYeT U paBeH HyIIlo, 4To cleflyeT U3 HepaBeHcT-
Ba |ycos(1/(y — z))| < |y|, cnpaBeqnuBoro pns Beex Touer (z;y) € E. A

Hpumep 4. Haittu npenen dyuxuuun f(z;y) = ;y T BTOURE (0;0)
mo npaAMoil z = at, y = Bt, o + 3% £ 0; uomaaaTb yro lim 2:c+y - He
cylecTByeT. 538 yre

A OyuEUUA ompeleleHa BO BCeX TOYKaX INIOCKOCTH, KPOME TOY-
u (0;0). Tar rar ,
Gt
flat; gt) = ﬁqaﬂu_”) npu t— 0
(ecu 3 =0, to f(at;0) = 0), To mpenen dyuxkuuu B Touxe (0;0) mo
KasI0i MPAMOMN, IPOXOMAINEH Yepes Hayalo KOOPAMHAT, PaBeH HY.IIO.

e
Yro6bl JoKa3aTh, yTo lim — y4

z—0 Y-+
y—0

3aTh KPUBYIO, TIPOXOIAILYIO Yepe3 Hadalo KOOPAMHAT, TT0 KOTOpo# npenen
dyurnun B Touke (0;0) He paBen Hyi0. Takoil KpUBO# ABNAETCH, HATIPU-
mep, mapabona y = z2. B camom mene, f(z;x?) = 1/2, u, caegoBaTenbHo,
npenen Gynkuun B Touke (0;0) no napaGoae y = x> pasen 1/2. A

He CyLIeCTBYeT, JOCTATOYHO yKa-

3ALAUYHN

1. Haiitu dpyuxumio s = f(z;y), ecan s — naowans pomba, £ — ero
nepuMeTp, ¥ — CyMMa [UIUH ero auaronanel. Beruncaurs f(1;2).

2. Hatitu dyuruuio v = f(z;y), ecin v — 06beM NPAMOTo KpyroBoro
KOHyca, £ — [JMHa ero obpasyiouel, a y:

1) BolcoTa KoHyca; 2) OMUHA OKPYHKHOCTU OCHOBAHHUS.
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3. Haiitu dyuruuio v = f(x;y), ecin v — 06beM NPAMOro KpyroBoro
KOHYcCa, & — BeJW4MHa yria Memxk Iy o0pa3yomeil U MIoCKOCThIO OCHOBA-
HUA KOHYycCa, y — IUIOMaAb CeUeHHUS KOHYCa IUIOCKOCThIO, NapajielbHol
OCHOBaHUIO U MPOXOJALlel yepe3 LEHTP BIMCAHHOTO B KOHYC IIapa.

4. Haiitu ¢yunnuio s = f(z;y;z), ecin s — mIomanb paBHOGOYHON
Tpaneuudu, x, y — AJIHHBI OCHOBaHUHN, z — [IauMHA GOKOBOH CTOPOHBI
tpanenuu. Berancauts: a) f(2;1;2); 6) f(1;4;1).

5. Haittu pyuxuuio s = f(z;y; z), eciu s — miowans TpeyroibHUKa,
Z,Y,% — LIUHBI €ro CTOPOH.

6. Haittu ¢yuxuuo Q = f(x;y;z), ecin ) — miomans 60KOBOM 10-
BEPXHOCTH MPABUILHOM MIECTUYTONBHON yCceyeHHON MUpaMuibl, T, Yy —
CTOPOHBLI OCHOBAHHUIL, 8 z — BLICOTA MUPAMHIbI.

7. Haiitu dyuxumio v = f(x1;x2;T3;24), €CIM v — 0ObEM TeTpa-
s1pa, a &;, ¢+ = 1,2,3,4, — nnomwanu ero rpaHeil, IpuieM IBYT paHHLIE
yTJbl, NpUIeramliie K paHd ¢ IUIOWAABI0 T1, PaBHBI Memmay coOoi.
Boruucauts f(1;1;1;1).

8. Haiitu obnactu onpeneneHus ¢GyHRIUU OBYX IIepeMEHHBIX, 3a0aH-
HOH GOopMYyJI0ii:

Du=yVr+y+v/2—-y; 2) u=+1-22—9y%

1
) u= ———; 4) u=In(z? +y? - 1);
: o

5 u=1In(y? — 4z +8); 6) u = In(z? + 4y? — 2z — 3);
. )u:1n7ﬁ+y2_z'

Ny= ————; 8 —
V2 —16(y2 + 1) 2 -2’ —y*
1
1—|£L'|—|y, 10) U = 5x2—4xy+2y2+2x—2y+3’
Inzlny _ 3 1.
11) u = Vel 12) u = vV4z? — 22 — 4x;
13) u=/log,(2 — 22 — y?); 14) u=+/(22 +y*> — a)(2a — 22 — y?);
In(3—z)
15) u=1n(3z +y —3) + Ny
6) u=vzr—1+y— 1+ +y—3+/42—6x—Ty;
17) w=+/ysinz; 18) u =Inz — Insiny;
19) w = Insinw(z? +9?); 20) u=+/TIn tg(%); 21) u = arccosy;
)

22) u = arccos(z + y); 23) u = arcsin < 24) uw=av.
z+y

9. flpaseTcs AM MHO/KECTBO, HA KOTOPOM ONpeleleHa GYHKIHUA u =
= u(x;y):

a) 3aMKHYTBIM, ) OTKPBLITBIM, B) JIMHEHAHO CBA3HBIM,

r) o6acThio, 1) 3aMKHYTOH 06JaCThIO, €) BBITYRJIbIM?
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@Oyuruua u(z;y) 3anaHa hopMyIoii:
1 -
1) u = m, 2) U = /T8I y;
3) u=1In(1-2z—2%—y?) +1In(l + 2z — 22 — y?);
4) u = arcsin(y/z); 5) u = /Ty + arcsin z;
6) u = arccos(z/y?); 7) u = arccos(2y + 2yz? — 1).

10. HafitTu MHOMKeCTBO 3HayeHUIl GYHRIKUM, 3agaHHON dopMyiofi:
1) u=2xz%—2zy +y?®+ 2z — 2y — 3;

2) u=+2+z+y— 22— 2zy — y2;

3) u = 1In(4z? + 2y% — dzy + 12z — 12y + 21);

4) u=log, z +log, y; 5) u= €Y — e +2;

6) u = 3sin(y/x) + 8sin*(y/2x);

7) uw=3sin(z —y) + 6sin(z +y) + 4cos(x —y) + 8(x + y);

14 2%y

11. HaiiTu mMuomecTBo 3Havenui pyunuuit v = f(x;y), (z;y) € E:
DBu=z-2y-3, E={(z;y):z+y=1, >0, y >0}

2) u=2>—zy+y* E={(zy):lz|+yl =1}

3) u=x2+y? 12z + 16y + 25, E = {(z;y): % + 3% = 25};

4) u=1In(222+3y?), E={(z;y):z+y=2, >0, y >0};

5) u= YVt +yt, E={(z;y):z+y =2}

8) u = arccos

12. Haittu obaactu onpedenenua GyHKIMM TpeX NepeMeHHLIX, 3a/1aH-
HOW dopMyIofi:

l)u—ln(l—a:—y—z u—\/l—lfvl Iyl |2];

3)u—7+\/_ 1) u=

5 u=+16—22 — 2%; 6) u= \/(9—y2—z2)(y2+z2—4);
7) u=1In(36 — 362> — 9y? — 422); 8) u = 19 =
9) u =In(22? — 62> — 3y? — 6); )

z—x2—y

10) u= /22 +2y2 +2yz + 22 — 2y + ;

11) u= /16 —a® —y? — 22 In(z® + y* + 2* — 4);

12) u= 20> +y? +22) - (@ + > +2°)° - L
Inz+Inz

13 U:—+ln5—a:— - 2);

14)“:\/E+\/_+\/_+\/1—w—y+\/3a:+y—3z;

15) u= & T ) . gq) = MLy e -9

4— 22—y
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In(dz — 2" — 2> —¢°)

18) uzm—l—\/l—z—\/m;

19) u = arccos(2 — x? — y? — z?); 20) u = arcsin .
21) u = arccos(z® + y® + 2% — 3) + arccos /22 + ¢y — 3.

13. JoxasaTb, 4TO 06aacTbIO ompedeileHusl GYHKIUM, 3aJaHHON dop-
MVJ0H

17) u =

u = arcsinz arcsin(2z + y) arcsin(3z + 2y + z),

ABIfAETCA 3aMRHYTHIN MapajiieNenuie/], 1 HaiTh ero BepluIvHbL.
14, flBagercas N MHOMECTBO, Ha KOTOPOM OMpefeleHa GYHKLUUA
u(z;y; 2):
a) 3aMKHYTBIM, 0) OTKPLITBIM, B) JMHEHHO CBAA3HBIM, I') 06AacTbIO,
1) 3aMKHYTOH 061aCThIO, €) BhINYKILIM?
OyHKruMA v 3agaHa GOpMYJION:

1) u= L 2) u=+z+/y++z 3) u=In(zyz);

T 5y = /I F T

6) u=1In(z?> —2? —y2+1); 7) v =In(yIn(z —y));

8) u = arccos x_;y_ 0 9) uw=(xy)*; 10) u=z2"v.

15. HaiitTu MHOkeCTBO 3HaueHUIl (QyHRUUI, 3agaHHON GOpMYyIIOLi:
1) v =2? + 2y? + 52% + 2zy + 4yz — 202z;

2) u=2a?+y>+ 322 + dzy + 2xz + 2yz;

3) u=/a2+y?+2+5+V222 + 2%+ 4+ 11;

1) u= /422 +y2 + 22+ 22y — 4z + 5;

5) u=3In(lz| + |y| + [2]) — In |zyz|.

16. Haittu mHoskecTBO 3Hadenuit dyuruuit v = f(xr;y;2), (z;y;2) €

cE:

Du=22+4y>+22 E={(m;y;2):z+y+2=6}

Du= gy P @y iety -z =1

3) u =22 +2y2 + 322 + 2y2, E = {(z;y;2): 2% + y> + 22 = 100};
4) u = arctg ./ —(111(1—}—;132))/2, E:{(;Ij;y;z):q;:y:z}.

17. Haifitu obnacTb onpejeieHUl U MHOKECTBO 3HaueHUNl QyHKUMU
YeThIpeX MepeMeHHbIX, 3alaHHoll GopMyIoN:

1) u=1/(af + 25 + 23 + 2§ - 1);

2) u=+/1—a?+\/4—12+/9—12%+ /16 — z7;
3) u=+/T—a? — 23— 22— 23 — 223 — 2wy

4) u =1In(144(1 — z?) — 3623 — 1623 — 9z73).
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18. HaiiTu o6aacTh onpefneilenua GyHRIUE n IepeMeHHbIX, 3alaHHOMN
hopmyaoii:

U_Z 1— = 2) u—111—2xl+z\/_z,

n n
3)u:1n<1—2(:17 —z)) u-ln(Z:ﬂ +Z$ixj);

i=1 i<j=1

n
5) u=,/log, (Za}f), 6) u= Zarcsin(a: -

=1 =1
19. HaiiTu c¢-ypoBeHb QYHKIMH IBYX MEPEeMEHHBIX:
Hu=y—x 2) u—\/ —x; 3) u=1/(z*+9%);
Hu=In(l—z%—y?); 5) u=+/36 —4z2 — 9y?; 6) u=1//22 — y?;
7 u=zly; )u—\/x+y+\/x— ;

9 u=((z-1D*+y)/((z + 1) +y*);
10 u—ln\/((a:—l) +y2)/((x +1)% +y?); 11) u=2aY;
12) u = /@ +v"). 13) y = /y—smaz: 14) u=Inz — Insiny;
15

17) u= /1 =2z| — |y|; 18) u=l|z|+ |y| — |z + yl;

)

)

) u= arcsm(y/a:) 16) u = arctg (2y/(=* + y* — 1));

)

19) u = min(r, )i 20) u = max(ll y): 21) ¥ = min(s”, )
) u

sign (sin z sin y).

20. HalTH c-ypoBeHb (DYHKIIHH TpeX MepeMeHHLIX:

1) u=x+2y+3z; 2) u=e"t23% 3) u=2%+y? +42%

4 u=1/(x>+y*+ 2% +22); 5) u=In(z? +y* + 2°);

6) u=a?+y?—2% 7 u=In2-2>-y?); 8) u=(z—y)?+ 2%
Nu=1/z+1/z; 10) u=z2/(z+y+2z—1);

11) u=22/(2% +y? + 2%); 12) u = 2z/(z% +4*);

13) u=In((1+ /22 +y2+22)/(1 — /22 +y%> + 22));
u=/2(x2 +y2 +22) - B+ 2t +yt+z%);
u=+(e+1)2+y>+22+/(x - 1) +y? + 22

16) u =In(1 — |z| — |y| — |2]); 17) u = 4/sign 81n(:172+y2+z2);

u = arcsin /(22 + y2) /22

21. Haiitu c-ypoBeHb QYHKIIMH 7N NMepeMeHHBIX:

n n
l)u:%;Q)u: n? -y % 3)u::171/z:17f;
i=1

n =1 n

1) u= ((:171 - 1)? +Z:ﬂf)/((x1 +1)2 +fo)
i=2 =2

22, BbIICHUTh, BEpHO AU paBEHCTBO:

3 Ion pen. JI.I.Kynpasuena, T.3
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1) flzyy;2) = flys;2); 2) flzsy;2) = f(z339);

ecan f(z;y;2) = ze¥ ™% + ye* % + ze* Y.

23.

Haittu f(z;y), ecuu:

D fzt+ye—y) =yl@+y); 2) flzyy/z) =2* —y*

24.

25.
26.

=x.

27.

28.

29.

30.
31.

z > 0.

32.

33.

z> 0.
34

Haittu f(z;y) = /¥ +¢(V/z — 1), ecn f(z;1) = .
Haittn f(z;y) = zp(y/z), ecmn f(l;y) = /1+y>
Haittn f(z;y) = ¢(zy) + JTyy(y/z), ecm f(Ly) =1, f(z;2) =

Haittn f(z;y) = o(ay) + ¢(y/z), ecn f(z;1) = sin(rz/2),
flz;z) =1,
Haittu f(z;y) = ¢(z + 2y/y) + ¥(z — 2/y), = 20,
ecn f(z;0) =sinz, f(z;2?/4) = cosz — 1.
Haittu f(z;y) = ¢(2) + ¢(y +e7), ecan f(0;y) =y,
flx;—e®) =22 + 1.
Haiitn v = f(z/z;y/z — x), eciin uw = x npn y = z.
Haittn u = f(222;2y%z — 2*), ecmu u = 23/2? npu y =z, = > 0,

3

Haittn u:f(x/z;m/y—x?’y), eci u =z z ipu y =z, y > 0.

2

_ 2 2
HaitTn u:f(zxzx; 6;—_z), eciii u = (1— %) npu y =lInz,

Haiitu creneHb OOJHOPOOHOCTH HJIH MOJIOAUTEILHOU OQAHOpPOOHOC-

TU GYHKIUU, 3aJaHHONA HOpMYIION:

) u=+z*>+y%/z, ©>0; 2) u=+/22+y?%

3) u=xz"%sin % +yV2cos 5; 4) u = /2622 + 2x3ytz + wy? 25,

ryz + yat’

n—1
5 u= 2yt 6) u= Iy = D T
=1

n—1

8) u = i wiwj/ia??; 9) u=y a7 (nzis —Inwz;);
=1

10) u = ‘ [T,
35.

3,j7=1 i=1

,Y
, v € R.

JlokazaThk, 4TO BCAKAA OJHOPOAHAA CTENEHU ¢ PYHKIUA
flzrs 2.5 my), n #0,

lIpeacTaBuMa B BUe

36.

. . . — P 1 . T2 . . Tn—1
f(xl,xg,.-.,xn) _an(x_’ x—,..., - .
n n n

1) Ilycte G — ofaacThk, cocrodmas U3 BCeX TOYER [LIOCKOCTH, 3a
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HCRIIoueHHeM ayua x = 2, y > 0. JlokazaTh, 4To $yHRIUA
" — yt/z, ecun x>2, y >0,
- Y3 B OCTalbHBIX TOUKax obnactu G

AIBAAETCA JOKANIbLHO OJHOPOIHON, HO He OfHOpPOIHOH B obnactu G.

2) JlorkazaTh, 4TO B BBIMYKJIOH 061aCTH BCAKAA MOKANbHO OQHOPOJHAA
GhYHRIUA ABIAETCA OJHOPOIHOM.

B sapavax 37-48 lim f(x) noHumaercs Kar mpefel M0 MHOMKECTBY,

z—z°

Ha KOTOPOM onpefeiena GyHrUUA u = f(x).

37. Haiitu: a) lim lim w; 6) lim lim uw; B) lim w; ecmu:
z—0y—0

y—0z—0 z—0
y—0
z° -y, Ty yg—xz a:‘zy—l—a:y2
Du=Z—1 u=—=73; 3)u= 3 MU= s
a:—l—y a:—l—y y—l—x Ty +y
2
7y’ . o+t +yt+y —
5)“:ﬁ’ 6)“: 1
Y’ + (z - y) t+y!

7) u::c—}-ysinl; 8) u:wsinl—}-ysml;
z y z

_ Y., _
9)u—mtgm+y, 10) u=log;,,(1+2x+y).

38. Hocrtpourts ¢yuruuio u = f(x;y), ONPefeNeHHYIO Ha BCeil MIoc-
KOCTH, [JIA KOTOPOii:

1) lim lim f(z;y) = lim lim f(z;y) = 0, a lim f(z;y) nHe cy-
—0y—0 y—0

x x—0 z—0
LIeCTBYET; y—0
2) lim f(z;y) = 0, a noBTOpHbIE mpemen hm lim f(z;y) wu
y%

lim lim f(:c y) He CYLIeCTBYIOT.
y—0z—0

39. Ilycte ¢dyuruua f onpefeleHa Ha MHOMecTBe F, cofep:kaiieM
OKPECTHOCTh TOYRM (To;yo): |T — To| < 1, |y — yo| < d2, KpoMe, GBITh
MOKET, TOUER TNPAMBIX T = g U § = YYo. JloKa3aTh, UTO eciu wlLH;O f=

Y—Yo
= A u npu a060M y € (yo — 02;%0 + 02), Yy # Yo, cywectByer lim f, To

T—ZQ
lim lim f=A.
Y—=Yo T—>T0

40. Haiitn: a) lim lim »; 6) lim lim w; B) lim w; ecm:

yHOO
2 2 3 2 2
Tty e T . Y .
Du=5—= = ) u=—F5—+; 3) u=-sin ——;
- +y - +y z? + 3y
. < 2 2
) u= (22 +y%)% * ¥, a€R.
41. 1 z?
. llana ¢yHRUUA u = .
byHrI 1+ ¥
1) Haittu:
a) lim lim w; 6) lim lim w; B) lim lim w;
z—+o0 y—+40 y—=+0z—+co z—+ocoy——0

3*
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r) lim lim w.
y——02x—+00

2) HoraszaTh, uTo lim u He CcynecTByer.
z—r—+00
y—0

42. TIycTh U n(z) = cos™(rnlz) = cos™(wnlz), m, n€ N, =z € R.
OnpefelnTsh, NIpU KaKUX 3HAYEHHUAX T BEPHO PaBEHCTBO

lim lim wpma(z) = lim Hm wy,a(2).
n—00 M—00 m—00 n—00

43. Haittu npegen ¢yusuun v = f(z;y) B Toure (0; 0) mo npsamoi
x=at, y=pt, o+ 3% #0; norasars, uto lim f(x;y) He cymecTsyer,
z—0

ecnu: y—0
o 2 . 2 .
y—2z° r'siny +y sinz
Du="—pi 2uv="—1r7-
y—x Tty
" _ Yz . )
44. Haiitn npepen QyHRIMM 4 = P B Touke (0;0;0) mo

upaAMoil & = at, y = ft, z =~t, o® + 5% + % # 0; gokaszaThb, 4TO Npejel
dyurnuy u B Touke (0;0;0) He cymecTByerT.
45. HaiiTy npenea ¢oyHRIMK u = 22e¥="" o ay4y
x=tcosp, y=tsing, @€I[0;21), t— +oo;

nokazaThb, 4To lim f(x;y) He cymecTByer.
T—r00
y—00

46. Haiitu npenen dyuxunn u = f(z;y) no ayuy
x=tcosyp, y=tsing, ¢€[0;2T), t— +oo:

1) u= ey’ /(@ +y?). 2) u=In|z + yle®TY;

Nu=e" Vgin2ay; 4)u= —L _In (l + el/y).
/:[2 + yi’ X
yefl/zz 0
47. Haiitu npenen GyHRIMA u=q 2 | c—2/a°’ ecan & #0, oo
0, ecin x =0,
ke (0;0) mo KpuBoit
z=ot™, y=pt", o®?+32#0, mneN, t>0
IoKazaTh, 4TO npefel GyHKIUU 4 B Touke (0;0) He cymecTByer.
48. Haiitu B Toure (0;0) npexen dyuruuu u = f(z;y):
xy 4y sin(y — %)
Hu=s—r—Frt—; 2)y= ———=——; 3) u= ———F2;
) 1_3/1+_l'y7 )y 1;2+y+9—3, ) y — 2 )

A) u= w2+ ) 5)u:\/_—\/m

1 —cos(z?+ y2)’ tg2(z? + y?) ;

1— 3/am? 1 . .
6) u= Sl? T cos v. ) u =22 +y?In(z? +y?);
/$2+y2

8) u=(z2 +y>)""; 9) u=(1+ay?)/ @+,




$2. Oynryuu Heckoavkur nepemenusvix. lpedea. Omobpamenusn 37

12) w = (cos /7% + y?) /@07,

49, Haiitu: . .
D i ey ) S 9 m (L)
?41 za)z za)l

Va+tyl +6+ \/a:2+y2

4) lim zysin —; 5) lim

1% Ty zooo oty 2(l+atp) — /B Ty
6) lim (VA(z* + y*) + 13(22 + y?2) + 8x2y2 —7—2(17 + y?)).
yA)OO

50. Haiitu pyusuuu fi(z) z € R®, n>1, i=1,2,...,n, 1aa Kampao#
U3 KOTOPBIX IIPH Z — 0O He CYIIECTBYeT HU KOHEYHOI'O, HU 6ECKOHEYHOI0
n

. 2
npefena, a zllbnolo Z fi (@) = +o0.
i=1
51. BrificHuTb, AABAAeTCA AU QYHKLIHUA
u = {3179/(352 +9%), ecmn z+y* £0,

2 2 _
, ecin  z* +y° =0,

B Toure (0;0):
1) HenpepbLIBHOM 0 x; 2) HENpPEPLIBHON MO y; 3) HENpPEepLIBHOM.
52. HaiiTu 3HaueHue a, IPU KOTOPOM QYyHKLUA
" { (@ =)/ (@® +¢?), ecm 2 +y° #£0,
- a, ecn z2 +y? =0,
B Toure (0;0) ABnsercs:
1) HenpepbLIBHOM 10 x; 2) HENpPEPHIBHOMN M0 y;
3) HenpepbIBHOM MO KPUBOH y = a+/Z, o # 0; 4) HempepbIBHOA.
53. HaiiTu sHaueHue a, MpH KOTOPOM q.)yHHLII/IH
. { (@8 = ay?) /(e +92), ecmn @24y’ £0,
a, ecn 2 +y? =0,
B Toure (0;0) ABngercs:
1) HempepbIBHO# 10 TpsAMOR = = at, y = Bt, o + 32 # 0;
2) HenpepbIBHOIA.
54. HaiiTu 3HaueHue a, MPH KOTOPOM q)yHRuHH
[ 2?y/(z* +y?), ecam ac + 42 #£0,
u_{ a, ecan g +y2—0
B Touke (0;0) sABnAerca:
1) HempepbIBHO# 10 TpsAMON = = at, y = Bt, o + 32 # 0;
2) HenmpepbIBHOM 10 KPUBOH ¥ = az?; 3) HerpephIBHOIA.
55. flaserca au gyuxuua u = (z +y2)/(x —y*) HenpepwIBHOH Ha
cBOel 06JacTH oNpeeleHus?
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56. HaiiTu 3HaueHUe @, MPU KOTOPOM GYHKITUA
1

U=9q r+y

e~ VIetul ecmn x4y #0,
a, ecin z+y =0,
AIRIAETCA HeMpephIBHON B RZ.
57. HaiiTu 3HaueHua ¢ U b, IpU KOTOPBIX GYHKIUA
ecan  z2 4+ y? < 4,

a7
u=9¢/9—22—y2— /22 +y2 -4, ecmm 4<2?+y? <9,
b, ecin 2% +y? > 9,

HernpepeiBHa B R.
58. Haiitu 3Hayenus a U b, Npu KOTOPbIX QYyHKIUA

a, ecin 22+ y? =0,
u=<¢ /52 +y?) —4— (22 +y?)2, ecmm 1< % +y? < 4,
b, ecmn 22 +y? > 4,

AIBNIAETCA HEMpPEephIBHON Ha cBOell 06JacTy onpenencHus.
59. Haiitu 3HauyeHud a U b, Npu KOTOPLIX GYHKIIUA

n
a, ecin Z mf =0,
i=1
n n n
u = Zm?/ln(l—fo), ecnu O<Zx3<1,
i=1 i=1 i=1
n
b, ecsu fo > 1,
\ i=1

HenpepriBHa B R,

60. llorazaTh, 4TO:

1) dyurmun  fi(x1;20;..;@n) = x5, 4 = 1,2,...,n, HelnpephIBHbI B
npocTpaHcTBe R";

2) eciu g(z), = € R, HenpepbIBHA, TO QYHRIIMU

fl(xlax277xn) :g(xl)v 1= 1727"'7”7

HenpepbIBHLI B pocTpadcTBe R™;

3) dyurnua f(zy1;22;...;Th) = Z |xx| HempepbiBHA B mpocTpaHCT-
Be R"; k=1

7

4) dyuriua f(xi;xe;..;2,) = mlélx|mk| HelpephIBHAa B IIPOCTPaHCT-
Be R".

61. llorasatn, uto ¢pyusuua f(z)=p(z;E), zcR", rne ECR" —
IPOU3BOJILHOE HEMYCTOe MHOMECTBO, HelpephiBHA B MpocTpaHcTBe R™.

62. HaiiTu Bce TOUKHU pa3pbIBa, YKa3aTh TOUKH YCTPAHHMOr0 pa3pbiBa
GYHRIIMU IBYX NEpPEMEHHBIX:
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z° z? xy—2x —y+2
1) _ . ) _ . 3) _ Y Y

—; 2 u= —/—— U ;
22 +y?’ x'—l—y'—’ 2+y?—2x —4dy+5’

u_{w/\/wz—i- ,  ecau .T +y 760

ecmu 2 4y
5)u:{(:c +v3)/(z+y), ecam w—l—y;é(),

3, ecain z +y = 0;
6) u= — 1 . = zsin(l/y), ecan y;a_é()z
sin® z +sin” y 0, ectn y = 0;
8) —M, 9)u=:csin,,y—_g;
sin* x + sin” y -+ Yy
10) w = (:L'2+y2~1)sin mﬁé‘*_‘"‘y‘é‘, eCJIn $2+y‘2 ;él,
0, ecin  x® +y? =1,
—1/|z—yl
e , ecnu  y # z, _ 1 .
11)u_{:c2—5:c+6, eciv Yy = I; 12)u_1n|l—yc‘-’—4y2|’

13) w=sign(1— |z| —2ly|); 14) u=[/z? +y2];

15) uw = [y/z], 3mecs [t] — nemas 4yacTb uyucaa t;

16) u = 72 +4y% ecmm z°+ y? — panuonambHoe YmMcIO,
- 0, ectn  z? + y? — uppauUMoHATBHOE YHCIO.

63. HaiiTu Bce TOYKM paspbiBa (yHKUMH TPEX NMEPEMEHHBIX:
1) u= {:z:zy/(y2 +22), ecmm y?+22#£0,

0, ecin  y? + 2% =0;
2?y/(z? 4+ 2%), ecam z%+ 22 #0,
2) u= 2,2
0, ecin  z° 4+ z2° = 0;
1
3) u= 22 +y?+ 22— 22+ 22— 14"
1 .
4) u= 7 5) u=sn —;
) 224224202 —yz—y+1) ) yz
T _ [sin(zyz)/z, ecim z#0,
6) u= sin(yz)’ ) u= { T2, ecin  z =0;
8) u= arccos(z®/(z? + 22)), ecim z%+2%2 #0,
- 7/2, ecin  x2 + 22 = 0;
1 _1/.2 . . .
g)u: me 1/~,eCJH/I 2750, $2+?/2+22§£2Z,
0, eciu z =0 uau x> +y? + 2% = 2z;

10) u = 1/(In]z® + y* — 2?|).
64. Haiitu obnacTh onpeaeneHua GYHKIUU ABYX NepeMeHHbIX

U = arccos —————
z2+y? -1

Y BBIICHUTB, fIBAAETCA M 5Ta QYHKUUA HellpepLIBHON Ha cBoel 061acTH
onpejeneHus.
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65. BoiacHuTh, ABnAeTcA au GyHRUUA
u = 2arctg (1/(z% —y?)), ecam z+7y #0,
- T ecii z+y =0,
HellpepblBHOH Ha cBoeil 00JacTy onpejelieHusl.

66. llokaszarh, uTo ecau Gpynruua f(z) HenpepsiBHa B Touke 0 € R™,
c€ Ru f(z°) > ¢, To cymecTByeT okpecTHOCTL ToukK x°, 1A Beex TOYEK
KOTOPOH BepHO HepaBeHCTBO f(x) > c.

67. JlokasarTb, YTO ¢-ypOBeHb HeNpepbiBHOH B R™ (QyHRUMM eCTb
3aMKHYTO€ MHOMEeCTBO.

68. Ilycts QyHxuua f(x) HenpepbiBHa B npocTtpaHcTBe R™ u ¢ € R.
Jorazarh, YTO MHOMECTBO TOYEK I, Ads KOTOpbIX f(x) < ¢, OTKpPBITO
B R", a MHOKeCTBO TOUEK ¥, [iA KOTopeiX f(z) < ¢, 3aMKHYTO.

69. Mycts F C R™ — 3aMKHyTOe MHOMKecTBO, gyHruua f(z) He-
npepbiBHa Ha F u ¢ € R. JlokasaTb, 4TO MHOMECTBO To4eK = € F, s
KoTOpeIX f(Z) 2> ¢, 3AMKHYTO.

70. Idorazate, yro ecan ¢yuwuus f(z;y) B Heroropoil obaactu G
HelpepblBHa M0 £ U PaBHOMEPHO OTHOCHTENLHO T HellpepblBHA MO ¥, TO
f(z;y) nenpepriBua B G.

71. JokasaTb, uTo ecau ¢yuxuusa f(z;y) B o6aactu G HenpepbiBHA
1o z, a 10 Yy yIOBAeTBopseT ycaosuio Junwuya, T. e.

|f(z;9') — flmy") < Lly' —y"|, L — const,
To f(z;y) HenpepriBHa B (.

72. Jorazate, uto ecau gyuruua f(z;y), (z;y) € E, Henpepriua
o x, @ [0 Y HenpepblBHA M MOHOTOoHHA, TO f(z;y), (z;y) € E, uenpe-
pbIBHA.

73. lycTb pyHrINU
up = f1(T1520; 5 Tn)s ooy U = frn(T15 2255 70), m <N,

nenpepbiBHbI B Touke (29;29;...;22), a dyusuua F(uy;ug; ...;u,,) Henpe-
pbIBHA B TOUKE
(f1(@F528; -5 2%); i Frn (¥ 295 .5 20)).
JorasaTk, YTO KOMIIO3UIIUA
u=F(fi(z1;22;-520); -3 fn (@13 225 - 20)
nenpepbieHa B Touke (z9;29;...;20).

74. Mlycte ¢yuruua f(z) HenpepbIBHA Ha JMHEHHO CBAZHOM MHO-
secrBe E (§1, n. 2), u nycrs f(a) = A, f(b)=B, A< B, a,be E.
Ilowasate, uTo aaa aoGoro uncna C € [A; B] cymectByer Touka ¢ €
tarad, uto f(c) = C.

75. Jlana @yHRIUA

flz)y =2} +25+...+a) — a4 — . — 25, L<k<n
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llorasaTb, uTo Ha cdepe x7 + 23 + ...+ 22 = 1 cymecTByeT Takas
Touka ¢, uyto f(c) =1/7.

76. Hycte ¢yuruusa f HenpepbiBHA M NPUHUMAET KAK MOJOMKUTEb-
Hble, TAK K OTPULATENbHbIE 3HAYEHUA Ha OTKPbITOM MHOmecTBe E C R™.
fIBnseTcsa nu MHOMecTBO Tovek z € E, B Kotopbix f(z) # 0:

1) oTEpLITEIM B R™ MHOmecTBOM; 2) o6nacThio?

77. HceaenoBaTh Ha PABHOMEPHYIO HEIPEPLIBHOCTL GYHRUUIO f(x;y)
Ha MHOecTBe X :

1) f=2z+3y+4, X =R?%

2) f=In(z?+y?), X = {22 +y? > 1};

3) f=sin pea— X ={z? +y* < 1};

4) f=aresin(y/z), X = {ly| < z}.

78. Iowrazarb, 4To eciu GyHELUA [ ompegenena B obaactu G C R"
u lim W& /&) =0, To f — nocTtofAHHag QYHKLUA.

§—-+0 8

79. Jlorazathb, 4TO A/IS paBHOMEpHOIi HenpepblBHOCTH dyHRuuu f(z),
z € E C R", na muomecrse X C F Heo6XogMMO W AOCTaTOYHO, YTO-

ob1 li ;X)) =0.
blé_lg_low(&f,X) 0

80. HaiiTu Moay/Ib HENPEpPLIBHOCTU U UCCIEA0BAaTh HA PABHOMEPHYIO
HENPEPLIBHOCTE (QYHKIUIO f Ha ee 061acTH ONpeleNeHum:

) f=az+by+c 2) \/a:2+ 2
3) f:smﬁ )f_

81. Haiitu Konebanue ¢yuruuu f Ha MHOMecTBe X :
D f=z+2y+3, X={z|+yl <1}

m-l—y

2) f=+y? —22+4y—1, X ={22+y* =1}
_ 1 _p2 (22 :

3)f_x+y a) X =R%, 6) X ={z% +y% > 2};

4) f=1/(a? —l—a:y—l—y -2 —y+2), X =R%

)f—ﬂf+|fv—y| X ={lz] <1yl <2}

6) f=(z+ye*, X—{O<x+y 1}

T f=vV1-22+4—y2+V9—22, X — obuacTh onpeenenus
¢yHHuHH
8) f=/144(1 — 2?) — 3622 — 1622 — 922, X — obnacth onpesee-
HUA (pyHRum/I

82. JlokasaThb, 4T0 ecnu PyHKUUA f HenpepbIBHA B npocrpancTe R™,
TO 1pu moBoM HeoTpulaTenbHoM £ MHoMecTBo B = {x € R": w(f; R™) >
> €} 3aMKHYTO.

83. HaiiTu o6pas okpy:HocTH 22 + y? = 1 1pu 0ToBpameHUM:
D u=2x, v=3y; 2) u=azx+ap, v=>by+b.
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84. HafiTu o6pa3 npAaMoil £ = a Npu oToOpakeHUU:

Du=y, v=ay; 2) u=zcosy, v=ucsiny.

85. Haiitu o6pa3 wBagpata 0 < z < 1, 0 € y £ 1 mpu orobpaske-
HUU U =& — ZY, U = ZY.

86. Haiitu 06pas o6nactu G C R?, 3agaHHON HepaBeHCTBAMH

<2, zy>1l, y<z+1l, y>z-1,

IpU oTOOpaMeHUn u = XY, UV =T — §.

87. 1) HaiiTu ofpas okpymHocTd z2 + y2 = 2x mnpu oToBpameHUU

z Y

I0Ka3aTh, YTo 06pa3oM Kam ool NpAMOR U Kax o OKPYAKHOCTU NIPU 3TOM
oTobpaxkeHUU fABNAeTCA JUO0 OKPYHHOCTh, 1160 NpAMa;
2) HaiiTh o6pa3 okpys#HocTH 2 + y? = 4 npu oToOGpaseHnn
_ 4yt -1 . 2y

88. HaiiTu o6passbl:

1) mpamoit & = a; 2) upAMolt y = b;

3) obmactu z? +y2 <1, x>0, y > 0;

npu oTobpamenuu u = x° — y2, v = 2xy.

89. HaiiTu o6pa3sbr:

1) oxpysuocteit: a) 2 +y> =1, 6) 2> +y? =1/4, B) 22 +y> = 4;
2) npusoit y = |z|, y # 0;

z 1 y 1
py oToOpaxeHnu u:—(l —) v:—(l——).
P P 2 +$2+y2 ’ 2 2+ y?

90. HaiiTu o6pa3sbr:

1) mpamoit = a; 2) oTpeska x =a, |y| < 7;

3) npamoit y = b, |b] < 7/2; 4) npamoit y =az+b, a #0;
npHy otobpaxkeHun u = e* cosy, v =e’siny.

91. HafiTn o6pa3sbl:

1) npamoit z = a; 2) npamoii y = b;

3) monymonocer 0 < x < w, y > 0; 4) noaocer 0 < z < 7;
npu oToGpamenun u = coszchy, v =sinzshy.

92. HaiiTu ofpa3 npoctpadcTBa R mpH oToGparkeHHU:

1) w=sinz, v = cos 2x;

QY u=ax+ap, v=>br+by, w=cx+co.

93. HaliTu o6pa3 npocTpaHcTBa R? NpUu 0TOOparKeHnu:
Du=y+2,v=3x+4y+5, w=06z+Ty+8;

2) u=cosxcosy, v=coszsiny, w = sinz;

3) u=(2+cosy)cosz, v=(2+cosy)sinz, w =siny.
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94. Hatitu o6pa3 npAamoli z = a npu oTobpaxeHUn
u=2xcosy, v==zsiny, w=y.

95. Hafitu o6pa3 npocTpaHcTBa R? npu oTo6paskeHuu
2 2
. 3, .2
= V= o w= #
- +y +1 +y +1 =ty +1
JlokazaThb, UTO TPU 3TOM OTOGPANEHUHN 06PA3OM KaskI0H OKPYHHOCTH
ABAAETCA OKPYHHOCTD.
96. Hatitu obpas ky6a 0 <2 <1, 0 <y <1, 0 <2< 1 npu orobpa-
HKEHUU
v=z(l—y), v=zy(l—-2), w=azyz.
97. IowrazaTb, 4To oToGpamenue f: E — R™, E C R", nenpeprlBHO
B Touke z(®) € F Toraa u TomkKo Torfa, Korja A/ MoGo# okpecTHOC-
™ Uu®) rouru u® = f(2(9) cymectsyer Taras okpectnocts U(z(?))
touru 20, uro f(U(2(?)) Cc U(z®).

. . . . m
98. [lorkazate, uto otobpamenue f = (f1; fa;...; fm): E — R™ nempe-
PBIBHO B TOUKe & = (Z1;%9;...;2,) € E C R™ Torga u Toabko Torna, Kor-
Jla B 3To# ToYKe HEMpEepPLIBHLI BCe KoopAuHaTHRIe byHRIMU fi1, fo, ..., fin-

99. Mycrs f — oToGpaeHune npocTpaHcTBa R™ B npocTpanctso R™,

JlokasaTh, 4TO I HENPEPLIBHOCTH OToGpameHUA [ HeoOXOOUMO U
JOCTaTO4YHO, YTOOLI BEINOJHANOCE OJJHO U3 YCJIOBUIl:

1) npooGpa3s Ka#I0ro 3aMKHY TOIO MHOMKECTBA €CTh 3aMEHYTOE MHO-
JRECTBO;

2) mpooBpas Ka#kIoro OTKpLITOro B R™ MHOMeECTBa eCTh MHOMeCTBO,
OTKphITOe B R™.

100. JlorasaTh, 4To ecid TpU oToOpameHud f npocTpancTtBa R" B
npocTpaHcTBo R™ mpoo6pas Kaaaoro OTKPLITOrO apa ABJIAETCA OTKPbI-
TeIM B R MHOMeCTBOM, TO 0TOGpamende f HenpepbiBHO.

101. [lorasaTs, 4To ecau oTobpaskeHue f HempepbIBHO HA Or pAHUYEH-
HOM 3aMKHYTOM MHOMEeCTBe, TO OHO paBHOMEpPHO HENpPephIBHO HAa 3TOM
MHO}KECTBe.

102. [lycTe oToOpaseHue [ — MNpOERTUPOBaHUE TOUEK ILIOCKOC-
i (z;y) Ha npamyio y = 0. [lokasath, 4TO:

1) f paBHOMEpHO HENMPEPLIBHO Ha JI000M INIOCKOM MHO;KkecTBe K

2) ecin E — OTKpPhITOE MHOMKeCTBO, TO f(F) — OTRpbITOE Ha -
Mol y = 0 MHOecCTBO;

3) ecin E — 3aMKHYTOe MHO#eCTBO, T0 f(F) He 06A3aTelbHO 3aMK-
HYTO.

103. /loxazaTh, uTO NpU HeNpephIBHOM OTOGpaMeHuu:

1) o6pas Ka;K/J0ro orpaHUuYeHHOr0 3aMKHYTOI0 MHOKECTBA OTpaHUyueH
U 3aMKHYT;

2) o6pa3 KakI0ro CBA3HONO MHOKECTBA eCTh CBA3HOE MHOKEeCTBO;
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3) O6p33 KaJoro JHHEeHHO CBA3HOIO MHOKECTBa €CTh MHOMECTBO
JIUHEWHO CBAI3HOE.

104. Hycts f — orobpasmkenne MHoxkectBa E C R™ B npocTpancr-
Bo R™, X C E, U C f(F). BepHbl iu paBeHCTBa:

D ) =x; 2) fFCHU) =07

105. JlokasaTb, uTo ecad f — B3aMMHO OJIHO3Ha4YHOe OTOGpaeHHe
MHOMecTBa E Ha MHomectBo f(FE), To ana mo6oil H0CIed0BaTeIbHOCTH
MHO#mecTB Xy C E, k € N, BepHBI paBeHCTBa:

D (0 x) = U s 2) £( A %) = 0 A0,

BepHbl nu 37U paBeHCTBa, ecau f He ABIAETCA B3AUMHO OJHO3HAYHBIM
oTobpaxieHuemM?

106. Tlycts f — B3aMMHO OfHO3HAYHOE HENpPEpPLIBHOE 0TOGpaMeHue
MHuomecTBa E C R™ na muosmectso U C R™. Bepusl u cliefiyionue yT-
BepHAeHUA:

1) ecin E He uMeeT M30MMPOBAHHBIX Touek, To U U He umeeT U30-
JUPOBAHHBIX TOYEK;

2) ecniu U He MMeeT M30JMPOBAaHHBIX ToYeK, TO U F He nMeeT H30-
JUPOBAHHLIX TOYeK?

107. TloctpouTh B3aMMHO OAHO3HAYHOE HENpepbIBHOE 0TOOpake-
Hue f, AnA KoToporo o6paTHoe oTobpareHre He ABIAETCA HellPEPLIBHBIM.

108. Jokaszarb, 4yTo ecnu f — B3aUMHO OJJHO3HAUHOE HENpepLIBHOE
0TOOpazkeHue orpaHUIeHHOTO 3aMKHYTOT0 MHO;ecTBa F' C R™ Ha MHoO-
mectBo U C R™, To ofpaTHoe oTobpasmenue f~' HempepbiBHO Ha U,
T. e. f sABAsETCA TOMEOMOp(HU3MOM.

n
109. JNokasatb, yto (n — 1)-mepHas chepa Zazf = 1 c¢ BpIOpoIIeH-
i=1
HOl TOUKOH roMeoMopdHa npocTpancTBy R .
110. IHocrtpouts orobpaskenne orpesra 0 < z < 1 Ha wBagpar 0 <
<z<L 0yl
111. IocTpoutTh HenpephIBHOe oTobpaskenue orpe3ka 0 < ¢ € 1 Ha
Bagpar 0 <z < 1, 0 <y <1 (kpusan leano).

112. JloxazaTb, 4TO He CYHIECTBYeT B3aHMMHO OZHO3HAYHOTrO Hempe-
peiBHOTO oToGpasenus orpeska 0 < x < 1Ha kBaapatr 0 <z <1, 0 <
<y <1, T. e. 4TO OTPE30K U KBaapaT He rOMeoOMOpP(dHBEI.

OTBETHI
1. s = (4y% — 2?)/16, 15/16.

2.1) v=(7/3)y(z? —y?); 2) v=(y?/24n%)\/4n22? — 2.
3. 0 = (8yy)/(By7)) tr 2 cos’(z/2).
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IIZ/ 422 — (z —y)2, a) @, 6) He CylIeCTBYeT.
1
s = Z\/(:v%—y+z)(:c+y—Z)(Z/+Z—CU)(Z+$_?/)'

Q= 3@ +yVIZ 3 -y
v = %\/331(372 + a3 +24)2 — 23X

% 4 (zo+zs—z)(xs+as—za)(xys+ 22— 23) 2 4/ 4
(2 + x5+ 24)® 3V 2t

8. 1) 3aMKHYTBII yroJ, OrpaHUYeHHbIH ayyamMd y =, © =2 0 U y =
=—z, 20

2) 3aMKHYTBIA KpyT ¢ ueHtpoM B Touke (0;0) u ¢ paguycoM, pas-
HBIM 1;

3), 4) BHEWHOCTL OKPY#HOCTH ¢ UeHTpoM B Touke (0; 0) u ¢ paguycom,
paBHBIM 1;

5) BHewHOCTHb Mapafoisl ¢ BepunHoil B Toure (2;0) u ¢ (oRycoM B
Touke (3;0);

6) BHEIIHOCTH 3JJMICA ¢ HeHTpoM B Touke (1;0), ¢ dorycamu, pacmno-
JOEHHBIMU Ha OCH X, C IONYOCAMU, PaBHBIMU 2 U 1;

7) BHYTpPeHHOCThH runepGoast ¢ yentpoM B Touke (0;0) ¢ dorycamu
Ha oCH z, AeficTBUTenLHas Moayoch paBua 4, MEMMan —1;

8) ofaacTh, orpaHWYeHHas OKPYHHOCTAMU C IIEHTPAMHU B TOY-
kax (1/2;0) u (1;0) u ¢ paguycaMu, COOTBETCTBEHHO paBHbiMU 1/2 U 1;

9) 3aMRHYTEHIH KBagpat ¢ BepuHamu B Toukax (1;0), (0;1), (—1;0),
(0;—1);

10) R?;

11) oTKpwBITLIH TpeyrodbHUK ¢ BepwuHamu B Tourax (0;0), (1;0),
(0;1);

12) ofbemuHenue 3aMRHYTON JeBoil moaymiockoctd ¢ < 0 u mps-
Mol x = 2;

13) ecin @ > 1, To 3aMKHYTBIA KpyT ¢ HeHTpoMm B Touke (0;0) u ¢
paguycoM, paBabiM 1; ecni 0 < a < 1, TO KOHUEHTPUYECKOE KOJLLO C
uentpoM B Toure (0;0), orpaHMUYeHHOe OKPYAHOCTAMU ¢ paguycamu 1
U /2, mpuyeM GoJblilasg OKPYKHOCTh He BXOAUT B MHOMECTBO CYIIECTBO-
BaHWA (YHKIUH, a8 MeHbIIasd BXOIUT;

14) ecniu a > 0, TO 3aMKHYTO€ KOHUEHTPUYIECKOE KOMBILO C LEHTPOM
B Touke (0;0), o6pasoBaHHOe OKPYHHOCTAMH C paguycamu +/a u /2a;
ecmu a = 0, To Touka (0;0); ecin a < 0, To MycToe MHOAECTBO;

15) OTKpPBITLIA TpeyrodbHUK ¢ BepmunHamu B Toukax (0;3), (3;15/2),
(3;-6);

16) 3aMEHYTbIH YeTLIPEXYTOJAbHUK € BeplinHamu B Tourax (1;2),
(2;1), (35/6;1), (1;36/7);

17) o6bemuHeHre 3aMKHYTHIX BepTHKaNbHLIX moaynonoc 27k < o <
<w2k+ 1), y>20u k- Dr<x<2rk, y<0, k€ Z;

N ¢k
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18) oGnhefHHEHHE OTKPBITHIX TOPUBOHTAABHBIX mMoaymonoc x > 0,
2k <y < (2k + L)ym, k € Z;

19) o6nLepMHeHHe KOHIEHTPUYECKUX OTKPBITHIX KoJell ¢ HeHTPOM B
toure (0,0), mepeceraiomux moayoch x > (0 10 HHTepBanam
(V2n;v/2n+1), n=0,1,2,...;

20) ofbelUHEHHe OTKPBLITLIX YIJIOB, OFpaHUUEHHBIX JyyaMu y = kz,
z>20uny=02k+1x/2, >0, ke Z;

21) 3aMKHYTaa TOPU30HTATbHASA T0J0Ca, OTPpaHMYeHHasd MPAMBIMH y =
=—-luy=1;

22) 3aMKHyTas nojoca, orpaHudYeHHasa MPAMBIMU & + ¢ = =£1;

23) o6beIUHEeHHE IBYX TYIBIX YTIIOB, OrpaHUYEHHBIX PAMBIMU y = 0
W y = —2z, BRIIOYas PaHUIy YIJOB, 33 UcKIodeHneM To4ykd (0;0);

24) oTKpblTaf MpaBaf NOIYIIOCKOCTh x > 0.

9. 1) a) Her, 6) na, B) Her, I') HET, 1I) HET, €) HET;

2) a) ma, 6) Het, B) ja, I') HEeT, [1) 14, €) HeT;

) a) Het, 6) Aa, B) Aa, r') 14, 1) HET, €) 1a;
) a) Het, ) HeT, B) HET, I') HeT, M) HeT, €) HeT;

5) a) na, 6) HeT, B) fa, I') HET, 1) HET, €) HET;

) a) Het, G) HeT, B) HET, ') HeT, 1) HET, €) HeT;

7) a) na, 6) HeT, B) Aa, r) HeT, 1) 18, €) HeT.

10. 1) [—4; +00); 2) [0;3/2]; 3) [In3; —+-oo) 4) (—o0; —2]U[2,+00);

3) [1/4 100y 6) (19 7) [15:15],  8) 0.},

11. 1) [-5;-2]; 2) [1/4;1]; 3) [-50;150]; 4) [In(24/5);1n12];

5) [V2;+00).

12. 1) OTKpbITOE MOAYIPOCTPAHCTBO, OTPAHHYEHHOE IUIOCKOCTLIO,
npoxoasueit uepes rousu (1;0;0), (0;1;0), (0;0;1), u conepsaiee TOY-

y (0;0;0);

2) B3aMKHYTBIf BBIMYKJIbIH BOCBMUTDAHHMK C BEpPUIMHAMU B TOY-
rax (£1;0;0), (0;£1;0), (0;0;+£1);

3) OTKPBITHIA ABYTpaHHBIN yroj, orpaHUUYeHHbIH maockocTAMU = 0
u z = 0 u comepsammit Toury (1;0;1);

4) oTKpBITHIH wap ¢ nenTpoM B Todke (0;0;0) ¢ paguycom, paBHbIM 1

5) 3aMEKHYTaf 00jacTb, cofjepaimana Toury (0;0;0), orpanndennas
HUINHAPUYECKON MOBEPXHOCTHIO: HaMpaBAfOMasas HUIMHAPUYECKON Mo-
BEPXHOCTH — OKPYHOCTL paguyca 1 ¢ nentpom B Touke (0;0;0), aema-
masn B mIockocty y = 0; ofpasywolagd — npAMas, napauielbHas oOCH v,
npoxoaamasn yepe3 Todry (1;0;0);

6) 3aMKHyTas 06/1aCTh, OrpaHUYEHHAA ABYMs [UIMHIPUUECKUMU MO-
BEPXHOCTAMU: HAMPABRJAIOIINE IUIMHAPUYECKUX MOBEPXHOCTEH — OK-
py:HOCTH paguycoB 2 u 3 ¢ nentpoMm B Touke (0;0;0), nemamue B
nnockoct x = 0, obpasymooumue — MNpAMBIE, NMapalielbHble OCH T U
npoxoasamue yepes Tousu (0;2;0), (0;3;0);

7) BHYTpPEHHOCTDb aiiuicouna ¢ ueHtpom B touke (0;0;0) c ocamuy,
NpPUHAAISRAIIUMYA OCAM KOOPAMHAT, M C TONYOCAMH, COOTBETCTBEHHO
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paBHBIMM 1, 2, 3;

8) BHYTDPEHHOCTh napa6on01/1)1a BpallleHHA, MOAYyYalollerocd npu Bpa-
meHuy napatonsl z = z2, y = 0 BOKpYT OCH Z;

9) BHYTPEHHOCTD HByHO.I'IOCTHOI“O rnnep6on01/1)1a C NIeHTPOM B TOY-

e (0;0;0), rnaBHble INIOCKOCTH TUNepGOMOKIA COBNANAIOT C OCAMH KOOD-
JMHAT, IOTYOCH PaBHBI COOTBETCTBeHHO 1, /2, /3;

10) R®;

11) MHOKeCTBO TOYEK, PACHONOMEHHBIX BHYTPH cbepbl paguyca 4 ¢
uentpoM B Touke (0;0;0) u Ha 3TOil cdhepe, HO BHe cdepbl paguyca 2 ¢
uerntpoM B Touke (0;0;0);

12) ctepa paguyca 1 c uerrpom B touke (0;0;0);

13) oTkpoiTas nupaMuia ¢ BepuuHamu B Toukax (4;1;0), (0;1;0),
(055;0), (0;1;4);

14) samrHyTas nupamMupa ¢ BepumHamu B Toukax (0;0;0), (1;0;0),
(0;1;0), (1;0;1), (0;1;1/3);

15) MHOKECTBO TOYEK, PACIHOIOMEHHBIX BHYTPH cbepbl paguyca 1 ¢
uentpoM B Touke (0;0;0) ¥ BHYTpPM KOHHYECKON MOBEPXHOCTH, HAIlpAaB-
JAIOLIel KOTOPOH ABIAETCA okpyMHocTh 22 + 42 = 1, 2 = 1, a BepluuHa
Haxoautca B Toure (0;0;0);

16) MHOKECTBO TOUYEK, PacIoNOKEHHBIX BHe chepbl paguyca 2 ¢ eHT-
pom B Touke (0;0;0) ¥ BHYTpPU UMIMHAPUYECKOH MOBEPXHOCTH, HALIPAB-
asgoman KoTOpoil — OKPYRHOCTL paauyca 2 ¢ eHtpoM B Touke (0;0;0),
Jeiaman B miIockocTH z = 0, a obpagdylomasa — npAMas, napajieilbHas
OCH 2z W Mpoxojdias yepes Toury (2;0;0);

17) MHOKECTBO TOYEK, PACHOOMEHHBIX BHYTPH cdepbl paguyca 2 ¢
neHTpoM B Touke (0;0;2) u BHYTpH napaGoiouga BpallleHUs, o6pa3oBaH-
HOT'O BpalleHHeM napaboinl z = 4 — 22, y = 0 BOKpPYT ocH z;

18) 3aMKHyTas OrpaHdUYeHHas 06J1acTh, 3aKIIOYEHHAA MEKIY KOHH-
yecKol noBepxHocTbiO (Bepwuna B Touke (0;0;1), nanpapasiomas —
OKpYsKHOCTH paguyca 1 c¢ uerrpom B Touke (0;0;0), Jerkamas B mIoC-
Koct z = 0) U runepGoInYecKUM napaboionuoM z = Ty;

19) samKHyTad 06JacTh, OrpaHuyeHHasa cepaMu ¢ paguycamMu 1 U
v/3 U ¢ LeHTpaMHU B TOUKe (0;0;0);

20) BHYTpeHHOCTL KOHyca (Bepummua B Touke (0;0;1), Hampasuasio-
mas — OKPYMHOCTh paguyca 1 ¢ mentpom B Toure (0;0;0), demaman
B IUIOCKOCTH 2z = () BMecTe ¢ TpaHULEH, 38 UCKIIOYEHEM BEPIIMHBI KO-
Hyca;

21) 3aMKHYTasg orpaHHYeHHas 00JaCThb, PacloIoKeHHas Mexay cde-
poit (uentp B Touke (0;0;0), paguyc 2) ¥ UUAMHIPOM (HANpPAaBJIAIOIIAS
IUIMHAPA — OKPYHOCThL pagnyca v/3 ¢ IEHTPOM B TOUKe (0;0;0), ne-
»ramad B ockocty z = (; obpasyiomas — npAMas, napajlelbHasg ocu 2
¥ mpoxoaAmas depes Toury (v/3;0; 0))

13. (17 _1; _2)7 (17_3;2)7 ( 0)7
(=1;3;-4), (1;— ), (1;-3;4), (-1;1;2), (=1;3;-2).
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14. 1) a) Her, 6) na, B) aa, ) Aa, 1) HET, €) HET;

2) a) ma, 6) Het, B) ja, I') HeT, 1) ha, e) 1a;

3) a) Hert, 6) A4, B) HeT, ') HeT, 1) HeT, €) HET;
4) a) na, 0) HeT, B) 14, I') HeT, 1) HeT, €) HeT;
5) a) ma, ©) Her, B) HeT, I') HET, 1) HET, €) HET;
6) a) Het, 6) na, B) na, I') aa, 1) HET, e) HeT;

7) a) HeT, 6) Aa, B) HeT, I') HeT, A1) HeT, e) HeT;
8) a) Her, 6) HeT, B) HeT, T') HET, ) HET, €) HeT;
9) a) mer, 6) na, B) HET, ') HET, 1) HET, €) HET;
10) a) net, 6) na, B) Aa, T) Aa, 1) HeT, e) 1a.

15. 1) [—100;+00); 2) (—o0;+00); 3) [5;+00); 4) [1;400);

5) [In27; +00).

16. 1) [12; +c0); 2) (0;1/2]; 3) [10; +00); 4) (—o0;7/4 — (In2)/2].

17. 1) R*, 3a MCKIIOYeHHEM TOUEK 3-MepHOii cdepbl (eMm. 1.22, 3))
paguyca 1 ¢ uentpom B Touke (0;0;0;0), MHOMKECTBO 3HAYEHHIA:
(—00; —1JU (05 +00);

2) 3aMKHYTBIA napainenenumnesn ¢ unentpom B Touxe (0;0;0;0) u ¢
pebpaMu, napajielbHbIMU OCAM KOOPAUHAT U paBHBIMU 2, 4, 6, &; MHO-
skecTBO 3Havenuit: [0;10];

3) 3aMKHYTBIil Wwap paguyca 3 ¢ nentpom B touke (0;0; —1; —1), muo-
skecTBO 3HaueHuit: [0;3];

4) BHYTpeHHOCTH samuncouna ¢ nentpom B Touse (0;0;0;0), ¢ ocs-
MU, TIpUHAAAEKAIIMME OCAM KOOPJAUHAT, U C MOJYOCAMH, COOTBETCTBEHHO
paBubiMu 1, 2, 3, 4, MHOMeCTBO 3Ha4eHunit: (—o0;21In12].

18. 1) 3aMKHYTBI n-MepHbIA Ky6 ¢ HEHTPOM B Hayajle KOOPIHHAT C
pebpamMu, mapaielbHbIMU OCAM KOOPJMHAT U PABHBIMH 2;

2) 3aMKHYTbIii cuMIulekc B npocTpancTBe R™ (em. 1.79) ¢ BepwuHamMu
B Toukax (0;0;...;0), (1;0;...;0), (0;1;..;0), ..., (0;0;...;1);

3) oTKpbITEIN Wwap paguyca 1 ¢ neHtpom B Touke (1;2;...;n);

4) R™, 3a MCKIIOUeHHeM Havala KOODJUHAT;

5) ecan @ > 1, To 3aMKHYTas BHEWHOCTD cdeprl paguyca 1 ¢ HeHTpoM
B Hauale KoopauHat; ecan 0 < a < 1, To 3aMKHYThIH map paguyca 1 c
HCHTPOM B 11a4a/c KOOpAMIIAT, 38 MCIIIOUCIIMCM IICIITpa Hapa;

6) 3aMKHYTBIA T-MepHbIH Ky ¢ meHTpoM B Touke (1;2;...;n) ¢ pe6-
pamiu, napaiielbHbIMH OCAM KOOPAWHAT U PaBHBIMH 2.

19. 1) Ilpsamas, npoxoasamas depes Touru (0;¢) u (1;1 + ¢);

2) npaMas, npoxoaamas depes Touru (0;¢2) u (1;1 + ¢?), ecan ¢ > 0;
g, ecau ¢ < 0

3) okpy#sHocTh paguyca 1/4/¢ ¢ nentpom B Touke (0;0), ecan ¢ > 0;
g, ecan ¢ < 0

4) okpyskHocTh paguyca /1 — e ¢ nentpom B Toure (0;0), ecin ¢ <
< 0; Toura (0;0), ecaiu ¢ = 0; @, ecau ¢ > 0;

5) anaunc (uentp B Touke (0;0), GoKychl HA OCH Z, MOIYOCH paB-
Hbl V36 — ¢2/2 u /36 — ¢2/3), eciu c € [0;6]; Touxa (0;0), ecau ¢ = 6;
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@, ecu ¢ & [0;6];

6) runep6ona (uentp B Toure (0;0), borychl Ha OCH Z, MOJIYOCH paB-
Hel 1/c¢), ecau ¢ > 0; &, ecau ¢ < 0

7) BerBu napaboasl y* = z/c? (ecam ¢ > 0, To y > 0; ecau ¢ < 0,
To y < 0), oco y Ge3 Touru (0;0), ecnu ¢ = 0;

8) myra mapaGoasl y? = *(x —c*/4), = < */2, eciu ¢ > 0; TOU-
ka (0;0), ecmut ¢ = 0; &, eciu ¢ < 0;

9) okpy:HOCTE paguyca 2v/¢/|1 — ¢| ¢ nenrpom B Touke ((1+ ¢)/(1 —
—¢);0), ectu ¢ > 0, ¢ # 1; ocb y, ecnu ¢ = 1; touka (1;0), ecau ¢ = 0;
&, ecnu ¢ < 0

10) oxpymuocTb paxmyca 1/|she| ¢ nenrpom B Touke (—cthe;0),
ecmu ¢ # 0; ock y, ecau ¢ = 0

11) xpuBag y = (Inc)/Ilnz, eciu ¢ >0, c#1; aya y =0, >0, u
npAMas ¢ = 1, eciu ¢ = 1; &, ecau ¢ < 0;

12) oxpymsuocTs paguyca 1/|lnc| ¢ uentpom B Touke (1/1lne¢;0), 3a
uckmovyenuem touru (0;0), ec ¢ > 0, ¢ # 1; npaman ¢ = 0, 3a UCKIIO-
yenuneMm Touru (0;0), ecau ¢ = 1; &, ecau ¢ L 0

13) cunycouna y = ¢ + sinx, ecau ¢ > 0; @, ecau ¢ < 0;

14) oyru cunycounet x = e‘siny, y € 2nk;2nk + ), k € Z;

15) npamas y = (sinc)x, 3a nuckmouenuem tousu (0;0), ecnn || <
< w/2; @, ecau || > w/2;

16) oxpymHocTb paxmyca 1/|sine| ¢ mentpom B Touke (0;1/tgc),
kpome Touer (+1;0), ecau |e| < 7/2, ¢ #0; ock z, Kpome Touer x = +1,
ecan ¢ = 0; &, ecnt |c| 2 7/2;

17) rpanuna pomGa ¢ BepunHamu B Toukax ((1 —¢2)/2;0), (0;1 — ¢?),
((c* = 1)/2;0), (0;¢% —1), ecau ¢ € [0;1); Toura (0;0), ecin ¢ = 1; &,
ecnu ¢ € [0;1];

18) o6benunenye ABYX HEPIEHAUKYIAPHLIX JyJell ¢ BePLIHHON B TOY-
ke (—c¢/2;¢/2), pacnonoseHHbIX BO BTOPOM KBajJpaHTe, U JBYX [epleH-
OMKYIAPHBIX Jy4el ¢ BepWMHON B Touke (¢/2; —c/2), pacrnoso#eHHbIX
B 4eTBEPTOM KBanpaHre, eciu ¢ > (; o6beinHeHHEe IePBOTO M TPETLEro
KBaJpaHTOB BMecTe ¢ rpanulleil, eciu ¢ = 0; &, ecau ¢ < 0;

19) nBa ayy4a, UCXOAfAININE U3 TOYKU (¢;¢) B HATIPABIEHUH KOODPAHHAT-
HLIX OCel;

20) rpanMua KBajpaTa ¢ BepLIMHAMU B YeThIpex Toukax (zc¢;=+c),
ecan ¢ > 0; toura (0;0), ecin ¢ =0; &, ecau ¢ < 0;

21) obbeauHeHWE OBYX MEPNEHIUKYIAPHBIX Jyueil, MCXOAAIMMUX W3
Touku (c;c?) M Jemamux B NepBOM KBajpaHTe, U ABYX MepreHauKy-
NAPHBIX Jydeil, UCXOAANMX U3 TOYKU (—c;c®) M IemalMx BO BTOPOM
KBajpaHte, ecau ¢ > (; obbeaunenue npamoil y = 0 u nyya z = 0,
y > 0, ectu ¢ = 0; npaMas y = ¢, eciu ¢ < 0;

22) npsamsble = 7k, y =xl, k,l € Z, eciu ¢ = 0; gBagpatel 7k <
<z <mk+1), sl<y<a(ll+1), kleZ, k+1 verHoe, eciu ¢ = 1;
@, ecin ¢c#0, c# 1.

20. 1) lnockrocts = + 2y + 3z = ¢;

4 Ilon pen. JI.I.Kynpasuena, T.3
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2) niaockocTh & + 2y+3z=Inc, eciu ¢ > 0; @, eciu ¢ £ 0;

f) f)

3) samuncoug — LYy c/—4 =1, ecmu ¢ > 0; Toura (0;0;0), ec-
m ¢ =0; J, ecan c<O

4) chepa paguyca y/(c+ 1)/c c nentpom B Touke (—1;0;0), ecan ¢ <
< —1 uau ¢ > 0; toura (—1;0;0), eciu ¢ = —1; &, eciu —1 < ¢ < 0;

5) chepa paanyca e/? ¢ uentpom B Toure (0;0;0);

6) onnonomocTHbIl runepotoun z?/c + y> /c —2%/e =1, ecn ¢ >

> 0; IBYNOJOCTHBIN rnnepﬁononﬂ z?/(—c) +y?/(—c) — 2?/(—c) = —1,
ecin ¢ < 0; gouyce x? + y? = 22, ecu ¢ = 0;

7) OBYNOJOCTHBIN runepbotoun x2/ef + y2/ec —22/ef = —1;

8) IIMOTUYECKHUI UUIMHAD € 0Cblo y = x, 2z = 0 U ¢ HaOpaBIfAO-
meit y = —x, 422 + 22 =¢, ecu ¢ > 0; npaMaa y =z, 2z =0, ecin ¢ = 0;

g, ecnu ¢ < 0;

9) runepbomuveckuil umauuap z = z/(cx — 1), 3a HCKIIOYeHHEM
ocu y, ecan ¢ # 0; miaockocTh =+ z = 0, 38 UCKIIOUYEHHEM OCH Y,
ecau ¢ = 0;

10) maockocTb ¢z + ¢y + (¢ — 1)z = ¢, 3a UCKIIOYEHHEM NPAMON T +
+y=1, 2=0;

11) cihepa paguyca 1/|c| ¢ uentpom B Toure (0;0;1/c), 3a uckiio-
uyenueMm Touru (0;0;0), ecau ¢ # 0; muockocts z = 0, 3a UCKIIOYEHHEM
touru (0;0;0), ecan ¢ = 0;

12) sanmntudeckuil napaboaona z = (¢/2) - (x? + y?), 3a uckIOYeHu-
€M BepIIMHbI napadonounia, eciu ¢ # 0; miockocTh z = 0, 38 UCKIIOUEHHEM
touku (0;0;0), eciu ¢ = 0;

13) ciepa paguyca th (¢/2) c uenrpom B Toure (0;0;0), ecau ¢ > 0;
toura (0;0;0), eciu ¢ = 0; @, ecau ¢ < 0;

14) Bocemsb Touer (+1;=+1; :i:l), ecn ¢ = 0; &, eciu ¢ # 0;

z? y + 22
(0/2) ( /2)? —

ocu x, ecid ¢ = 2; @, ecau ¢ < 2;

16) moBepxHOCTh OKTa3apa C BepmiMHaMu B Toukax ((1 — e°);0;0),
(0; (1 — €9);0), (0;0; (1 — e°)), ecau ¢ < 0; Toura (0;0;0), ecau ¢ =0;
@, ecau ¢ > 0;

17) MHOMECTBO TOUEK, pACIONOMEHHBIX MeMAy cdepaMu pamuycoB
V27k v 2wk + 7 ¢ uentpom B Toure (0;0;0), eciu ¢ = 1; cdepsl pa-
myea Vrk ¢ nenTpoM B Touke (0;0;0), eciu ¢ =0, £ =0,1,2,...; &,
ecin ¢ # 0, ¢ # 1;

18) kouyc (22 +y?)/sin’ ¢ = 22, 3a UCKIIOYEHNEM BepIIHHEI KOHYCA,
ecan 0 < ¢ < ©/2; och z, 3a uckmouenneM Touru (0;0;0), ecan ¢ = 0;
@, ecnn ¢ € [0;7/2]. n

21. 1) (n — 1)-mepnas mnockocts (1 + ¢)zy + CZ%' = ¢, 32 UCKIIO-

i=2

15) smmuncoun

=1, ecau ¢ > 2; orpesor [—1;1]
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yeHueM (n — 2)-MepHoii miockoctu z; = 0, Zwl =1
=2

2) (n — 1)-mepHasn cdepa paguyca vn? — ¢? ¢ UEHTPOM B Hadalle KO-
opauHaT, eciu ¢ € [0;n]; &, ecau ¢ & [0;n];

3) (n—1)-mepuan cdepa pammyca 1/(2|¢]) c¢ uentpom B TOURe
(1/(2¢);05...;0), 3a UCKIIOUEHUEM Ha4ala KOOpAMHAT, ecid ¢ # 0; (n —
—1)-mepHas miockocTs z1; = (, 38 UCKIIOYEHHEM Hadala KOOPAMHAT,
eciu ¢ = 0;

4) (n — 1)-mepHasn cepa paguyca 2./c/|1 —c| ¢ UEHTPOM B TOUKe
((1+¢)/(1-¢);0;..;0), ecin ¢ 2 0, ¢ #1; (n—1)-MepHaa MIOCKOCTb
21 =0,eciu c=1; &, eciu ¢ < 0.

22. 1) Hemepuo; 2) Bepuo. 23. 1) (z/2)(x —y); 2) x/y — xy.

24. fy+x—1. 25. (signz)y/2? +y2. 26. x. 27. sin(nz/2y).

28. sin(z — 2,/y) — 2sin(z/2)sin /. 29. z? + (e® +y — 1)

30, u=x+ (x —y)/z. 31.u= (222 — 2%+ 2%)/2%.

32. u=zyz+z/z—z/y. 33. u=(1—2z/z)(1—zeY).

34.1) 0; 2) 1; 3) V2; 4) 4/3; 5) 1;6) —1; 7) 2; 8) 0; 9) m; 10) ny.

37.1)a) 1, 6) —1, B) He CYylLIECTBYET;

2) a) 0, 6) 0, B) He cylIeCTBYeT;

3) a) —1, 6) 1, B) He cymectByer; 4)a) 0, 6) 0, B) 0;
5) a) 0, 6) 0, B) He cymecreyer; 6)a) 1, 6) 1, B) 1;

7) a) 0, 6) He cymecTByeT, B) 0;

8) a) ne cymeCTByeT 6) He cymectByeT, B) 0;

9) a) 0, 6) 1, B) He cyuleCTBYeT;

10) a) 1, 6) 00, B) He CyllecTBYyeT.

40. 1) a) 0, 6) 1, B) He CyILIECTBYeT;

2) a) 0, 6) c© ) He CYNIeCTBYeT;

3) a) \/_/2, 6) 0, B) He cymecTtByer; 4)a) 0, 6) 0, B) 0.
41. 1) a) 1/2, 6) 1, B) 1/2, 1) 0. 42. x € Q.

43. 1) 1, ecau ,6#0 2,ecin f=0; 2) 0. 44.0. 45.0.

46. 1) 0, ecin ¢ € (7/2;37/2); 1, ecin ¢ =0, 7/2, 7, 37/2; +oo,
ecitn ¢ € (0;7/2), ¢ € (3w/2;2m);

2) 0, ecnnt w € (3w /4; 7w /4); +o0, ecan @ € (0;37/4), ¢ € (Tn/4;27);
He CYWIeCTBYeT, ecid ¢ = 3w /4, ¢ = Trw/4;

3) 0, ecut p € (n/4;3n/4), p € (7/4;3n/4), ¢ € (br/4;Tn/4), p=0,
= T; He CYIECTBYEeT NPU OCTAIbHbIX 3HAUEHUAX (p;

4) cosp +sinp, ecmn ¢ # 0, /2, m, 3w/2; He cyulecTByeT, eciu
=0, n/2, n, 3n/2.

47.0. 48.1) —3; 2)6; 3) 1; 4) 0; 5) v2/8; 6) 0; 7) 0; 8) 1; 9) 1

10) e cymectryet; 11) 1; 12) 4/e.

49.1) 15 2) 2; 3) e; 4) m; 5) —2; 6) 13/4.  51. 1) zma; 2) ga; 3) Her.

52. 1) 1; 2) —1; 3) —1; 4) He cymecTByer.

4%
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53.1) 0; 2) 0. 54.1) 0; 2) o/(a® +1); 3) me cymectByer. 55. [la.

56.0. 57.a=+5, b=—/5. 58.a€R, b=0.

59. a = —1, b=0.

62. 1) (0;0) — TouYKa YCTPAaHHUMOrO PaspbIBA;

2) (0;0); 3) (1;2); 4) (0;0);

5) Bce Toukd npAMoit z +y = 0, KpoMe IByX ee Touek (1;—1) u
(—=1;1); 5TO TOYKM YCTPAHUMOrO Pa3pbIBA;

6) (rk;mn), k,n € Z; 7) (2;0), z #0; 8) (wksymn), k,n € Z;

9) (0;0) — Toura ycrpaHuMoro paspoiBa; 10) To4Yek pasphiBa HeT;

11) Bce TourM npAMON y = z, KpoMe ABYX ee Touer (2;2) u (3;3);
HTO TOYKM YCTPAHHMOI'O pas3phlBa;

12) Bce Touru ABYX aaanncoB z2 +4y? = 1, 22/2+ 2y* = 1 u Tou-
ka (0;0), B Tourax saaunca x2 + 4y> = 1 paspbIB ycTpaHUMBIIL;

13) Bce Touru rpanunst pom6a ¢ sepumnamu (1;0), (0;1/2), (—1;0),
(0; —1/2);

14) Bce TouyrM orpysHOCTeidl paguycoB n € N ¢ UEHTPOM B TOY-
ke (0;0);

15) Bce Touru npameix x =0 u y = nz, n € Z;

16) Bce Touru maockocTH, Kpome Touku (0;0).

63. 1) Bee Touru ocu z;

2) Bce TOUKM ocH ¥, 3a UckiIoYeHreM Toukn (0;0; 0);

3) Bce Touku cteper paguyca 4 ¢ uentpom B Toure (1,0;—1);

4) Touer paspbiBa HeT; 5) Bce TOURM IuockocTeir y =0 u z = 0;

6) Bce Touku miockocreil y =0 1 2 = 0 U rUNEPOOIMYECKUX IMH/-
poB yz =7n, n€ Z, n#0;

7) Bce TOYRM IockocTH z = (), KpoMe Tover npaMoi y =z, z = 0

8) BCe TOUKH OCH U;

9) Bce TourM cdepnl paguyca 1 ¢ nentpom B Toure (0;0;1), Kpome
touyru (0;0;0);

10) Bce TOYKHM OAHONOMOCTHOrO runepbonouna 2 + y2 — 22 = 1, aBy-
nonocTHoro runep6onouaa 2 + y? — 22 = —1 u wonyca 22 +y? — 22 =0.

64. O6nactn onpenenenna: Touka (0;0) M BHemHocThL (BMecTe ¢ I'pa-
HUTeH) OKpY#HOCTH paanyca /2 ¢ nentpoM B Touke (0;0). ®yHkIMA
HenpepbIBHA Ha CBOEil 06J1aCTH ONpefeNeHus.

65. Her. 76. 1) [Ia; 2) uer.

77. 1) PapHomepHo HempepbIBHA; 2) PABHOMEDPHO HEIPEPBIBHA;

3) He ABAfiETCA PABHOMEPHO HEIPEepbIBHOIA;

4) He ABAAETCA PABHOMEPHO HENPEpPbLIBHOM.

80. 1) w(d) = Va? + b%§, paBHOMEDHO HelpepbIBHA;

2) w(d) = §, paBHOMEDHO HelpepbIBHA;

3) w(d) = 2, He ABNAETCA PABHOMEPHO HENPEPLIBHOM;

4) w(d) = +00, He ABAAETCA PABHOMEPHO HENPEPLIBHOM.

81.1) 4; 2) 4v/5; 3) a) +oo; 6) 1/2; 4) 1; 5) 5; 6) ¥e; 7) 6; 8) 12.

83. 1) danunce u?/4 + v*/9 = 1;
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2) snune (u — ag)?/a® + (v —by)?/b*> = 1, eciu ab # 0; oTpesor u =
=ag, |v—bo| <b, eciu a =0, b# 0; orpesor v = by, |u— ap| < a, ecin
b=0, a#0; toura (ag;by), ecin a =b=0.

84. 1) llpamas v = au;

2) oxpymuocts u? + v? = a?, ecau a # 0; Touna (0;0), ecnu a = 0.

85. 3aMKHYTbIH TpeyroibHUE ¢ BepmuHamu B Touxkax (0,0), (1;0),
(05 1).

86. Ipamoyroasuuk 1 <u < 2, |v| < 1.

87. 1) llpamas 2u = 1;

2) okpy#HOCTb paauyca 4/3 ¢ ueHrpom B Touke (5/3;0).

88. 1) Mapatoaa v? = 4a*(a® — u), ecin a # 0; ayy v =0, u < 0,
ecan a = 0;

2) napatona v? = 4b%(u + b%), ecin b # 0; ayu v =0, u > 0, ecin
b=0;

3) moayrpyr u? +v? <1, v> 0.

2

89. 1) a) Orpesork v =0, |u| <1; 6), B) smaunc %uz + 19—6v2

2) runep6ona 2u’ — 2v? = 1.

90. 1), 2) Orpymuocth u? + v* = €2%;  3) ayu v = (tgb)u, u > 0;

4) norapudmudeckan cupans p = el? 0/ rpe p=vuZ + 12, tgh =
=v/u.

2

v T
91. 1) Tunep6oaa prvcynilicn sl 1, ecnu a # §k’ ayd v = 0,
w>1, ecnt a =2rk; ayqd v =0, u < —1, eciu a = 7(2k + 1); npamas

u=0, eciu a=7w(2k+1)/2; k € Z;

2) BIMUIC — 4 —

= M = <
TR 1, ecnmt b # 0; otpesor v =0, |u] <1,

ecan b = 0;

3) moaynaockocTs v > 0;

4) maocKoCTh ¢ BRIOpOMmEHHbIMY dydamu v = 0, |u| > 1.

92. 1) lyra napa6oast v = 1 — 2u?, |u| < 1;

2) mpamasn Lo - —bba = w;co , ecmi a® + b% + 2 # 0; Tou-
ka (ag;bo;co), ecnu a? + b2 + ¢ = 0.

93. 1) Ilnockocts uw —2v +w = 0; 2) chepa u? +v? +w? = 1;

3) moBepXHOCTb TOpa, 06pa3oBaHHOro BpaumeHuem Kpyra (u — 2)% +
+w? <1, v =0 BOKpyYT ocH w.

94. Ouaunap v? +v? = a2, ecin a # 0; och w, ecin a = 0.

95. Cdepa u? + v? + w? = w ¢ BrIGpomenHoit Touroit (0;0;1).

96. 3amruyTan nupamuzga ¢ Bepmunamu B Todrax (0;0;0), (1;0;0),
(0;1;0), (0;0;1).

104. 1) HeBepno; 2) Bepro. 105. 1) Hda; 2) ner.

106. 1) Bepuo; 2) HeBepHO.

111. Cm., sanpumep: leabaym B., Oamcmed /. KoHTpIpuMepsl B
aHaiauze. — M.: Mup, 1967.
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§ 3. YacTHble npousBoanbie. Juddepennuan GyHKIHU
HeCKOJbKHX NepeMeHHbIX. HuddepeHiupyemsoie
oTobpaskeHUHA

CMNPABOYHLIE CBELEHWA

1. MMpousBoaubie U auddepeHMan nepBoro mopaaka. Ilycts
dyuruua f(z;y) onpemeneHa B HEKOTOPOH OKPECTHOCTH TOYKU (Zo;Yo).
Eciau cymecTBYIOT KOHEYHbIE Tpeedbl

lim flxo 4+ Az;yo) — flxo, o) u lim flzo;yo + Ay) — f(zo, o)

Azr—0 Az Ay—0 Ay ’
(1)
TO UX HA3BIBAIOT YACMHbLMU Npoussodubimu gynryuy f 6 mouke (To,yo)
COOTBETCTBEHHO M0 MIepeMEHHLIM I U y U 0003HauyaoT
Of(@osy0) I (xo; o)
dx dy

fo(zo590)s f;(xo;yo)

WKW MPOCTO
fz(®o390),  fy(zosyo).

Ecnu yacTHbie npousBogHbie GyHKIUU f CYLIECTBYIOT B Kak ol TOU-
ke MHOMecTBa I C R?, TO rOBODAT, 4TO QYHKUHA f HUMeET 4acCmHbie
npoussodnsle Ha muoxecmee E.

AnanoruyHo onpeaeidioT U 0603HaYaIOT YacTHbIE TPOU3BOAHbIE QYHR-
nuit Tpex u 6onee nepemMeHHbIX. Hampumep, eciau cyllecTByeT KOHEUHBIH

lim flry sz + Az xn) = f(21; 5 Ts 5 Tn)
Az, —0 Al’k ’

TO ero Ha3bIBAIOT uacmHoll npoussodnot gynruyuu f 6 mouke (z1;zs2;...
e} Tp) N0 NEpeMennol Ty WU 0003HAYAIOT

Of (x5 225 ...; Tn) P
Y W T1E25 o Tn)-
afL‘k fzk( 9 ) ) n)
of
IIpousBognbie s k=1,2,...,n, HAa3bIBAIOT NPOUIBOOHBIMU NEPBO2O
Zy
nopadka. of
1 BLIYUCIEHUA YacTHON MPOU3BOAHON . OGBbIYHO MOJIb3YIOTCA
Ty

U3BECTHBIMU (popMyJlaMU U NpaBUiIaMHu OupPepeHUUpPOBaHUA PYHKUUU
OIHOH mnepeMeHHOIl, cuuTad Bce IlepeMeHHble, KpOMe INepeMeHHOH xy,
¢buKCcHpOBaHHBIMH (TOCTOAHHBIMMU).

Oyurumio f(z;y) HaswiBawoT dudifeperyupyemori 6 moure (Zo;yo),
eciy CylecTBYIOT uucia A u B Takue, 4TO mpupalieHue

Af(zosyo) = flwo + Az;yo + Ay) — flo590)
dyuruuu f B Toure (Zg;yo) MPEACTABUMO B BUjE

Af(zo;yo) = AAz + BAy + o(v/ Az? + Ay?), (Az;Ay) — (0;0). (2)
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Ecau ¢dyuruus f(z,y) nubdepenuupyema B Touke (zo;Yo), TO B popMy-
ae (2) IMHEeRHYIO OTHOCUTENbHO mpupaieHuit Az 1 Ay bYHRIHIO

AAz + BAy

HasbiBaloT dudifepernyuaiom (Tounee, nepsvim Juddepernyuanon) byHE-
uuu f(z,y) B Toure (Zo;yo) u o6osnauawoT df (Xo;Yyo).
TakuMm o6pasoM, eclld BepHO paBeHCTBO (2), To

Huddepenyuarom Hesasucumoil nepemeHHoll © WUIN Yy HA3bIBAIOT €€
npupallenue, T. e. [0 onpejeneHuio noaaraioT dz = Az, dy = Ay.
Ecnu ¢dyuruua [ guddepeHuupyeMa B KamOoll Touke MHOMECTBa
E C R?, 1o ee nasbBaioT dufdepenyupyenoti na muoxnecnse E. Ana-
JOTUYHO OINpelelfAlnTCA NOHATUA IUBdepeHIIUpYyeMOCTH U AuddepeH-
nuana aada GyHRUUR Tpex U Gollee NlepeMeHHBIX.
Teopema 1. Ecau dynnyua f(z;y) Juddepenyupyema 8 mou-
ke (To;y0) U
df (zo;y0) = Adz + Bdy
— ee Jufeperyuan 6 smoil mouke, mo 8 mouke (Xo;Yo) CYUECMBYIOM
uacmmble Npoussodnvle dyHkyuu f, npuiem
Of(moiy) _ 4 Of(zoiw) _ p
oz Jy
Takum 06pazoM, B KayiIoll TOUKe, Tl CIpPaBeIIUBO paBeHCTBO (2),
nuddepernuan GyHKIUU f MomeT ObITh BRIMUCIEH MO GopMylie

df = af di + f (4)

Qopmyna (4) oGobinaeTca Ha ciryyai ﬂn(l)(l)epeHquyeMoﬁ QYHRIUU N
nepeMeHHbIX [(Z1;Z2;...;Ty) CAEAYIOMUM 00pa3oM:

0 0 0

=2 f dey + 2L ey 1+ v 2L g, (5)
81‘2 8 Ln

Teopema 2. ,ZI./lﬂ 6ugﬁgﬁepenuupye/nocmu dynryuu f(z), v € R",
6 Heromopol mouxe G0CmamoyHo, Wmobbl HACTHbE NPOUIBOOHbE ByHK-
yuu f ObLau HenpepwleHbl 8 MOl MoiKe.

DYHKIKIO, YaCTHLIE NPOU3BOAHLIE KOTOPOH HelpepbIBHLI Ha HEKOTO-
pOM MHOE€CTBe, Ha3bIBAIOT Henpepuieno JufPepenyupyemorl Ha B3TOM
MHOK€eCTBe.

2. YacTHbIe NPOU3BO/AHbIE CIOMKHOH DYyHRI[MHA.

Teopema 3. Hyeme dynkyuu u(z;y) u v(z;y) onpedeseHer 8 He-
komopot okpecmuocmu mouky (Zo;yo), ¢ Pynwyusa f(u;v) onpedenena
6 Hewomopoil okpecmuocmu moyuku (ug;ve) = (w(Zo;yo); v(zo;y0)). Fe-
au Pynwyun flu;v) duddepenyupyema 6 moure (uo;vo) u ecau 6 mow-
ke (Zo;yYo) Cywecmsywm npoussodHie

ou v ou v
8—1'7 6_1" a_ya a_ya
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mo 6 moure (To;yYo) CYWECTBYIONM YACTHbLE NPOUIBOOHBIE CAOHCHOT PYHHK-
e £ (u(wsy); (w3 )), nputen
of _ Of Ou i af v B_f Of Ou | Of Ov (6)
dz ~ Ou dz = v Oz’ Oy du ay ED ay
AHajoruuele (GOPMYJbl MPU COOTBETCTBYIOIIUX IIPEANOIOMEeH -

AX CIpaBeMJMBBl [JIA YaCTHBIX IPOU3BOIHBIX o CJIOKHOM (DY HK-
x;
U1 f(ul;u2;...;un), rge up — QYHKIMU [IEPEMEHHBIX ;'
Of Ouy .
1=1,2,....,m. 7
al’z Z aUk al’l 3 3 Ly ey ( )

3. CBoiicTBa nmpq)epenunana.
1°. Mlas mo6bix ouddeperuupyembix dpyuxuuit u(z), v(z), = € R,
ClpaBeIMBbl PABeHCTBA

dlau + fv) = adu + S dv, (8)
roe o v 3 — NMOCTOfIHHELIE,
d(uv) = vdu + udv, 9)
du —udv
d(%):UT, v #0. (10)
2°. ©opmyis! (4) u (5) cnpaBeaauBbl He TONBKO TOTAd, KOrga & U
Yy — He3aBHCHMble NepeMeHHble, HO M TOTAa, KOrZa & H Y ABIAIOTCA

auddepeHUUpyeMbIMU HYHKUHAMU KaRUX-THO0 MepeMeHHbIX (cgoticmeo
uxeapuanmuocmu gopmel nepsozo dudifepenyuana).

4. TpousBogHaA Mo HanpaBieHUIO U rpagueHT. IlycTs B npocT-
paHcTBe R™ 3amaH eIUHUUYHBLIA BEKTOD

1 = (cos aq;cosag;...;cos ay), E cos? ay = 1.

Ipoussodnoi gynrkyuu f 6 mouke (x1;xa;...;Ty) NO HANPAGACHLUIO BEK-
mopa 1 HasbIBaAIOT Npefen
lim flzi +tcosan;...;on +tcosan) — flx1;...;2n)
t—4-0 t )

MpousBognyto dyHruuu [ 1o HamnpaBieHulO BerTopa 1 oGo3Haua-
10T 6—
ol
IIpousBoaHy1O 0 €IMHUYHOMY BeKTOpY | Ha3LIBAIOT Takmke npous3soo-
Hou no HanpaeneHuw (HalpaBieHHe BeKTopa 1).
I'paduenmom auddepenuupyemoit dbyusuuu f(xy;xa;...;x,) Ha3bIBa-
0T BEKTOD

(3 a5 )

Jrot BexkTop oGoznavaoT grad f.
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5. YacTHble NOpOU3BOJAHbIe (YHKIHI, 3aJaHHBIX HEABHO.
Mlycts dynruua F(x;u), x € R, u € R, pasua nymo B touse (x°;u%) =
= (29;...;2%;u’) u HempepriBHA B HEKOTOpOIi ee OKPECTHOCTH, YacTHAad
npoussoanasa F! wenpeprisua B Touse (zV;u’) u F' (2% uY) # 0. Torna B
HEKOTOPON OKPECTHOCTH TOUEH 2 CyllecTBYeT eJMHCTBEHHAA HellpephiB-
nad ynknua u = f(z) Taxad, uyto u® = f(2°), ynosnersopaioman ypas-
nenuio F(z;u) = 0. Ecau, KpoMe Toro, yactHble MpOU3BOAHDIE lek’ k=
=1,2,...,n, nenpepomBubl B Touke (x°;u°), 10 B Toure ¥ cymectByior
BCe YacCTHble IPOU3BOAHbIE DYHRIMK u = f(z), npudem

!

== Pf; , k=1,2,..,n. (11)

@opmyas (11) Mo#HO 3amucaTh B BUIe O,HHOﬁ MaTpUUYHOK HOPMYBI:

(fars frni i fu) = —(F) T (FL 3 Fryy s By ). (12)

[Ipr AOMOMHUTENLHOM YCAOBUH HeNPEePLIBHOCTH UYaCTHBLIX TPOU3BOI-
neix F, Fy , k=1,2,...,n, BOKpeCTHOCTH TOYKHU (20 u®), dynsnua u=
= f(z), onpenennemas HesaBHO ypaBHeHueMm F'(z;u) =0, Gy aeT Henpepris-
HO AudhepeHLpYyeMoil B HEKOTOPOH OKPECTHOCTH TOUKM zU.

HycTs pyHRUUMA
Fi(z;u), z€R", weR™ i=12,..m

pasubl nymo B toure (z°;u%) = (295...;29;u?;..;u%) u HenpepoiBHbI B
HEKOTOPOH ee OKPECTHOCTH, @ UX YacTHble npoussoanbie (Fj), , i,k =
=1,2,...,m, nenpepriBubl B Touke (z°;u’) u onpegenutent
! !
(F1)y, - (F1)y.
...................... (13)
! !
(Fm)ul (Fm)um

He paBeH Hyio B Touke (z0;u?).

Toraa B HEKOTOPOH OKPECTHOCTH TOYKM z¥ CyllecTByeT efHHCTBEH-

HafA CUCTeMAa HENpPepPbIBHBIX (YHKIUH
_ 0 _ 0 o
ui_fi($)7 Uu; _fl(:I" )7 Z_1a27"'7m7
yAOBIeTBOpAIOIIas CUCTeMe ypaBHeHul
Fi(z;u) =0, i=1,2,...m

Ecnu, xpome Toro, yacThble npoussoansie (F;), , k=1,2,...,n, He-
npepbiBHbl B Touke (zV;u’), To B Touke z¥ cymecTByIOT Bce uyacTHbIe
npousBoaHble GyHKRUMNA u; = f;(2), 4 = 1,2,...,m, npuuemM

(fi)ey - (f)z,

-1

UL N BT L . (1)



58 [Ia. 1. Jufdepenyuarvroe ucuucaenue Gynryul HECKOALKUL NEPeMEHNHBIT

IIpu AONOAHUTENBHOM YCIOBUM HEIPEepPbIBHOCTU YAaCTHBIX IIPOU3BOJ-
uplx gynrnuit Fy, i = 1,2,...,m, B okpectHoctu Touru (z°;u°) dynk-
uun u; = f;(x), oupemensieMble HeAIBHO cHCTeMoil ypaBHeHwit F;(x;u) =
=0, 6yayT HenpepbIBHO TUbdepeHIIUPpYEeMbIMH B HEKOTOPOI OKpecTHOC-
TH Touku z°.

Gopmyna (12) aBaseTcA yacTHBIM caydaeM (m = 1) dopmyast (14).

Onpegenurens (13) HasblBalOT AK0GuUAHOM CUCTeMbl GyHRUME F; 1o
nepeMeHHbIM u;, ¢ = 1,2,...,m, U 0603HAYalOT

A(Fy, ..., Fm)
A1, oy um)

6. 3ameHa nepemMeHHBIX. B pasauuHbIX Bompocax MaTeMaTUKU U
ee MPWIOMKEHUH YacTO OKa3bIBaeTcA IesecooOpa3HbIM MpH paccMOTpe-
HUU BhIpameHUil, collepmalux Kakue-aIu6o ¢dyHKIUU U UX IPOU3BOIHLIE,
nepeiTU K OPYTUM He3aBUCUMBIM IepeMeHHBIM, a WHOrJa U K JAPYTUM
(GYHRIIMAM, KOTOpbIe CBA3AHBEI C UCXOJHBIMU NMEepPEMEHHBIMU U GYHKIIUA-
MM OllpeJeleHHbIMU cooTHOMEeHUAMU. [lenecoo6pa3HoOCTh TaKOro Mepexo-
na o6bAcHAeTCA OGBIYHO AUGO TOI POJBIO, KOTOPYIO UI'pPalOT HOBLIE Ie-
peMeHHbIe B U3y4YaeMOM BoIpoce, AUO0 TeM, YTO B HOBBIX MEpeMEHHBIX
naHHoe AuddbepeHliMaldbHOe BhIpameHUe 3HaYUTeAbHO yrpoliaeTcA. lpu
3aMeHe NlepeMeHHBIX UCIIOAb3YIOTCA NpaBuia nuddepeHIIMPOBaHUA CIOMK-
HBIX W HEfIBHO 3alaHHbIX QyHKuMi (cMm. mm. 2, 5).

7. Duddepenuupyempie orobpamenua. OroGpaienve (cMm. § 2,

n. 4) . .
f: E>R™ ECR",
C KOOPJMHATHBIMU (hYHKIUAMU
w; = fi(x1;20; .5m,), 1=1,2,...,m,
HasbiBaloT Juddepenvyupyemvin 6 mouke x° = (29;29;...; 22
IEeCTBYIOT TaKkue 4Yucia

A, 1=12,...m, k=12 ...n,

), ecau cy-

4TO NpUpalleHN
0 0 0 0
Af; = fi(z] + Az @y, + Axy) — filz; .5 2;)
GbYHRIMA f; B TOYKe g NMpeJCTaBUMBI B BUjle

Afi=) AplAwg +o

k=1

ZAmi , Az — 0. (15)
k=1

Ecau oro6pamenne f auddepennupyemo B Touke z°

BeIUBBI hopmyabl (15), TO Npou3BeeHHe MaTPHUIIL]
A11 Aln

, T. €. ecyu crpa-
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Ha ctoJjbel
Al‘l dl‘l
dr = : = :
Az, dx,
Ha3bIBAIOT Juddepenyuarom omobpancenus f 8 mouxe z° u obosHaua-
wor df (z9).
Tarum o6paszom, ecin BepHo paBeHCTBO (15), To
Ay e Ay, dz;
df(z®) = .o ; . (16)

Ecau paBenctsa (15) cnpaBefiiuBbl B KaKA0M Touke MHOecTBa B C
C R™, o oToOpasmenue f HasbIBAKOT Juddepenyupyemoimn omobparceruem
MHOskecTBa F.

Teopema 4. Ecau omobpascenue f: E — R™, E C R", ¢ koopdu-
HamHubMU FYHEYUAMU

w; = fi(z320;.52,), 1=1,2,..,m,

Judpepenuupyemo 6 moure z° = (z9;29;...;2°

amoti mouke onpedeanemca gopmyaoti (16), mo 6 moure x
wgcmHuble npoussoonsie Pyuryull f;, npuiem

) u ezo dudidepenuyuaa 8
O cywecmsyrom

on  an
(9171 (91371 All Aln
0z Ozn

Taxkum 06pa3oM, B KaykI0il TOUYKe, I'Mle CIpaBelIUBbl paBeHcTBa (15),
auddepennuan orobpameHuss [ MoskeT ObITb BBIMHCIEH IO (HopMyiie

on o
(9171 v (91771 dml

df = | . | (17)
of 0 |\ 4,
81'1 o 81‘7},

s nudbdepennupyemoctu otobpasenus f(f1; fo;...; fin) B HekoTO-
polt Touke AOCTATOYHO, YTOOBI YAaCTHbIe TPOU3BOMAHbIEe GYHKUME f;, 1 =
=1,2,...,m, ObLIM HENMpPEPELIBHBI B 3TOH TOYKE.

Otobpasmenue f(f1; f2;...; fin) HA3LIBAIOT Henpepuieno dudidiepenyu-
pyemoim omobpasceruem MHomecTBa E C R™) ecin ero KoopauHaTHble
(bYHKUMH HenpepbIBHO NuddepeHUpyeMbl Ha MHOkecTBe F.

i o _
k), i1 =12,...m, k=1,2,...,n, cocTaBleHHYIO U3

0
Matpuiy ( !
oz
YaCTHbIX TPOU3BOMIHBIX KOOPAMHATHBIX (DYHKIME oToGpaMenusa f, Ha3bl-
BaIOT Npousgodnott omobpascenus [ u obosznadaoT f'.
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Dopmyny (17) pas quddepennnana oTobpaxens f MOMKHO 3alUCATh
b puAe df = f'dz.

B cayuae m =n npoussopnas otoOpaysenus f(f1; fa;...; fn) ABIsAETCA
KBaJpaTHON MaTpHllell, U ee OlpeeluTelb

on  on
, Owr " Ozn 8(f1, for oy fu)
= = o dsrn /RS 18
|f afn afn a(wl,wz,...,wn) ( )
8z, T Oxn

Ha3bIBAIOT AKOOUAHOM omobpaycenus f.

NMPUMEPbLI C PEWLEHUAMH
Opumep 1. HaiiTu yacTHble Npou3BoAHbIe QyHKIUU
flz;y) =z +y* +1In(z + y?).
A Oyuruus onpegenena B obaactu y? > —z. OuUkcHpyd nepeMen-
HYIO 4, HAXOAUM of 1
97 1 :
Ox z+y?
Ourcupya NepeMeHHyIo T, I0dydaeM

) y2 > —x.

of _ 2y 2o
ay_2y+w+y'3’ Yy > —x. A

IIpumep 2. [lorasaTh, 4To GYyHKIUA
fosy) =z +y* +In(e +y?)
nuddepennupyema B Touke (0;1), u Haiitu df (0;1).
A B npumepe 1 HaiifieHbl yacTHble [IPOU3BOAHLIE AaHHONH GYHRIMNH.
B toure (0;1) oGe yacTHble npousBoHbIe HenpepblBHbL. Clieg0BaTenbHO,
byurnua f auddepenurpyema B Toune (0;1), u ee nuddepenunan B
3TO TOYKE MOKHO BBIUHCIUTH, IpUMeHHUB dopmyay (4). Tar Kar

of(;1) 9 0f(0;1)

AN 50—y,

Ox ’ dy
df(0;1) = 2dzx +4dy. A
IIpumep 3. Uccregosats na auddepeniipyemocts B Touke (0;0)
dyurmmio f(z;y), ecan:
1) flz;y) = Hzy, 2) f(z;y) = cos Izy;
3) f(z;y) = arctg (5 + z/5y¥/7);
4) f(x;y) = arcsin(zy + /23 + y3);

In({1+ =z 1—2y)) — 2z ; ;
5) flay) = DX W) 220 2 4250, £(0;0) = 0.
(22 +y?)>/?
A 1) Haiinem mpupamenuve Af ¢yuwumn f B toure (0;0) u Bbl-
YHUCIUM €e JaCTHbIe IPOM3BOMHLIE B 3TOH TOUKe, MOJb3YACh TeM, 4TO

f(ZL',O) =0mu f(oay) = 0. Momyunm Af = \3/1'_7 fz(oao) = fy(oao) =0.

TO
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Opeanonomum, uro ¢pyuruusa f auddeperunpyema B Touke (0,0); Tor-
aa cupaBefauea popmyiaa (2), KoTopas B JaHHOM Ciydae UMeeT BUM

Yry=o0lp), p=v22+y>—-0. (19)

PasenctBo (19) M0AKHO BBHITOMHATLCA IJA MOOIX T U Y TAKMX, YTO

Vat+y? > 0. lyets y =2 u x> 0; Torna p = xv/2 u u3 dopmyast (19)
clleyer, 4To

o Va2 = o(z), = — +0. (20)

Tar rak yteepmaenne (20) He fiBafgercA BepHbIM, TO GyHEUUA f He aud-
depennupyema B Touke (0;0).

2) Saece f(2:0) =1, f(0iy) = 1, u noovowy [,(0,0) = /,(0,0) =
= 1. Noramem, uto dpyHruua f ouddepergupyema B toure (0;0), T. e.
VIOBIETBOPAIOT YCIOBUIO (2), KOTOpOe MOMHO 3aNucaTh B BUAE

Af=cos Jzy —1=0(p), p=+22+y>—> 0. (21)
Tak wak cost — 1 = —2sin®(t/2), a |sint| < |t|, To, ucnoassys Hepa-
BeHcTEa |z| < p, |y| € p, noayUuM

1 : 1
A< lePPlyl? < 5t

Orcioga caegyer, uro ycioBue (21) BRINOJAHAETCH, U NOITOMY bYHEK-
uua f = cos Ty anddepenuupyema B Touke (0;0).

3) B atom cayuae f(z;0) = f(0;y) = f(0;0) = arctg5, u nostomy
12(0;0) = f,(0;0) = 0. HoxasmeM, 4T0 ¢yHkuua f auddepeHyupyeMa B
toure (0;0), T. e. yIOBIETBOPAET YCIOBUIO

Af = arctg (5 + 25y 7) — arctg5 = o(p), p = Vz2 + y2 — 0. (22)

Hcnonbays HepaBeHeTBa | arctga — arctgh| <|a —b, |z| < p, |y| <

3 (22) noayuaem

|Af| < |x|4/5|y|2/7 < p4/5+2/7 :,038/35-

Yeaosue (22) Boimonaertcs, U noatoMy Gyuxuua f auddepeniuupye-
ma B Touke (0;0).

4) Tax wrar f(0;0) = 0, f(z;0) = arcsinz, f(0;y) = arcsiny, TO
f2(0;0) =1, £,(0;0) =1.

MpeanonomumM, uro dyHruua f muddepenunpyema B toure (0;0).
Torna

Af=arcsin(zy + V23 +¥) =z +y+olp), p=vV22+1y2—>0. (23
Ecin y =z, rae = > 0, To p = 2v/2, u paBeHcTBo (23) npumeT BUA
arcsin(z? + v 2z%) =2z 4 o(x), = — +0,

OTKYyJa cleJyeT, 4To (8- 2z = o(z), 7 +40.
JTO PaBeHCTBO He ABJAETCA BePHbIM, U II03TOMY GYHKUUA f He Aud-
tepennupyema B Touke (0;0).
5) B atom cyuae f(z;0) = f(0;y) =0, f.(0;0) = £,(0;0) = 0.
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Myets yuruua f auddepeniupyema B Touke (0;0), Torna

Af = flzsy) =o(p), p=+2>+y*> 0. (24)
lonaran y = x, rge = > 0, us (24) nonyuyaem
In((1+ z%)/(1 — z%)) — 22°

Af = flzyz) = =o(z), =z —+0. (25)
(2x—>d/’
Tak kak In 1—+§ =2t+ = t3 + o(t?), t — 0, To us (25) caegyer, uTo
G
Af = flaz;z) = 20/3 +ola’) =27%237 1 1 o(z) = o(x),

95/245
T. e. x = o(x), * — +0.

Takum o6pasom, paBeHCcTBO (24) He MOKET BBINOJHATHLCA [IPHU JIHO-
6bIX T, y Takux, 4yTo p — 0, U mosatomMy byHKUUA [ He AuddepeHNU-
pyvema B Touke (0;0). A

IMpumep 4. Oyers f(u;v) — nuddepenuupyemasn B R? dyuruus,

: of  of

_ _ 2,2 or or 95 g5

u =zxy, v =12 —y°. Beipasuts e 1 By uepes =~ 1 —-.
A Tlo dpopmynam (6) Haxooum

ﬁ _, 9 + 2x of ﬂ = ﬁ — ﬂ A

oz Y bu o oy Tou Yo
ODpumep 5. Haiitu auddepenuuan dyusuuu f = 1+ z/(2? + y?).
A Hcnoansys dopmyant (8)—(10), nonyuaem

df :d<1+ 2 ) gt tyldeedai by
T+ Yy x + Yy (w- + y‘)-
2xz 2yz 1
= T3 ~><7d'r_ B '>')dy+ B) odZ'A
R RN R P

Mpumep 6. Mycrs f(u;v) — nuddepenuupyemasn B R? (yHrius,
u=z/y, v=y/z Haiitu df, ecnu f u f| nzBecTHsL
A Hcnonssys dopmyist (4) u (8)—(10), mony4aem

df = fldu+ f, dv =
:f;d<£) +f1’]d<£) :f;ydx xdy +fl zdy —ydz _
Y z 1 Y’ 22 y
— = ! - _ _J !
= fudet (2= 5f) dy - L flde s

Opumep 7. Haiitu B Touke (1;1) yacTHBIE TPOU3BOAHBIE (QYHK-
uvd u = f(z;y), 3a0aHHON HEFABHO YpABHEHHEM

u® — 2uz +uzy — 2 =0.

A W3 ypaBHeHUs HalifeMm 3HayeHUe QYHRUUU 4 B JaHHON TOUYKe: u =
= f(1;1) = 2. Oyuknua F(z;y;u) = u® — 2u?r + ury — 2 paBHA HYJIO B
touke (1;1;2) u HenpephIBHA B 6 OKPECTHOCTH, A €€ YAaCTHbIE IPOU3BOI-

Hble , N ) ) 2
F,=-2v"4uy, F,=uz, F,=3u"—4dur+zy
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Take HenpepbiBHBI, npudem F!(1;1;2) # 0. CaemoBaTelbHO, JaHHBIM
ypaBHeHHeM B okpecTHocTH Touku (1;1;2) onpexgensercd HempepLIBHO
audbdepennupyemMas GyHRUNA 4 = f(x,y), YaCTHbIe IPOUBBOMHLIE KOTO-
poit MosHO HaiiTu 1o gopmyaam (11). Tar rar B Touke (1;1;2) vacTHbIe
NpOou3BOAHbIE GYHRINYN F' COOTBETCTBEHHO PaBHEI

;o ' "
F,=-6, F,=2, F, =5,
TO YacTHLIE MPOM3BogHLIe GyHKUMK u = f(x;y) B 5TOil TOUKe paBHLI

fi=6/5, f,=-2/5 A

Opumep & Haiitu B Toure (1;0;1;—2) dYacTHble [IPOU3BOAHLIE
byusuuit v = fi(z;y) u v = fo(x;y), 3a0aHHBIX HEABHO CHCTEMOI
VpaBHEHUN

zu+yv —ud =0,
z+y+u+v=0.

A Oynruuu Fy =zu+yv—u® u Fy =2 +y +u + v paBHBI HYJIO B
touke (1;0;1; —2) 1 HenpepbIBHLL B €€ OKPECTHOCTH, UX YACTHBIE [IPOU3-
BOJHBIE

(Fl)’m =u, (Fz)lm =1, (Fl); =, (FZ); =1,
(R, =xz-3u% (F),=1, (F), =y, (F),=1
TaK;ke HENPEPBIBHEL, U AKOOUaH

OF, F) | z—3u? y
O(u,v) 1 1
He paBeH HyJI0 B 3ajgaHHoi Touke. CileqoBaTenbHO, DAHHOH CHCTEMOM
ypaBHeHHil B okpecTHOCTH Touku (1;0; 1; —2) onpeneastoTces eIUHCTBEH-
HBIM 00pa3oM HerpepbIBHO guddepeHuupyemsie QyHrIMU v = f1(z;y)
u v = fo(x;y), 4acTHbIE NPOU3BOIHBIE KOTOPBIX MOMKHO HaiiTH 00 Gop-
myne (14). 3HayeHUA YaCTHBIX [POM3BOAHbIX GyHEUMA Fy u F, B
touke (1;0;1; —2) cOOTBETCTBEHHO PABHbLI
(Fl); =1, (FZ); =1, (Fl);; = -2, (FQ); =1,
(F1)y, = =2, (F2), =1, (F1), =0, (Fz), =1
Mo ¢gopmyne (14) HaxoguM MaTpULY, BIEMEHTaMHM KOTOPOH ABASIOTCA
HWCKOMble 3HayeHUA [IPOU3BOOHbBIX:

(0 3 --(59) (G )-

(DY) )

Ipumep 9. [IpeobpasoBaTh ypaBHeHHe

262 262_“ 2
o Vo, =% zyz £ 0,



64 Ia. 1. Jufdepenyuarvroe ucuucaenue Gynryul HECKOALKUT NEPEMEHHBIT

IIDUHAB 32 HOBBIe He3aBHCHMbIE [lepeMeHHble u = 2, v = 1/y—1/x u
3a HOBYIO byHEUUIO w = 1/2 — 1/x.
HaiiTu pemenus naHHOro ypaBHEHUA.

.. 0z 0z
A Hatinem BhlpameHHUA MPOU3BOIHBIX e U 0 yepes YyacTHhLIe Mpo-
z Yy

W3BOJHble (GYHKUMN w 10 NepeMeHHbIM ¢ W v. A atoro npogudde-
peHuupyem ofe yacTu paBeHcTBa 1/z — 1/2 = w 10 NepeMeHHBIM T U Y.
pu muddepeHuupoBanuu GyHKUUM w Bocnoibdyemcs dopmyaamu (7)
JJA YaCcTHBIX NPOU3BOAHBIX CA0MKHOA GyHKRUuU. [omyuum

1 0z 1 _ Owdu , OwlOv _ 0w |, 10w
S 220x 2 Budr  dudr du  z o’
18z _ Owdu  Owdv _ 10w,
220y Odudy  Bwdy  y?ov’

cleoBaTedkLHO,
Bz_zg(l Ow 16w) 9z _ 20w
Or 2 Ou  z*Ov/)’ By Y ov’
. 0z 0z
IlogcTaruB HalifeHHbIE BhIpaKeHUS AJIA NPOU3IBOIHBIX o U 5, B Aal-
€T Y
HOe ypaBHeHUe, OyaeM UMETh
2 92 Oow
72— =
Ou
Ocranoch 3aMeHUTH £ U 2 HOBLIMU NlepeMeHHbIMU. Tar Kak ¢ = u, 2 =
U
= TO B HOBBIX NepeMEHHBIX UCXOIHOE YPaBHEHHUE IPUHUMAET BUJ

ww+ 1’

()2 -
uw + 1 ou

llonyuenHoe ypaBHeHue Jerko pemaercA. UHTerpupya mo u ypaBHe-

w

HHe o = 0, maxogum w = f(v), roe f — npousBodbHasa oupdepeH-
u

uupyeMas ¢yHruus. BosBpauasch K UCXOAHBIM [EPEMEHHBIM, M01yYdaeM

pelleHuA ucxogHoro auddepeHNaILHOO YPaBHEHUSA

1z = 1/z = f(1)y - 1/2),
c=af@f(1fy—1/m)+1). &

Mpumep 10. Haittu B Touke (7/4;7/4) nuddepenuuan otobpare-
must f: R® — R® ¢ KOOpAMHATHBIMU (DYHKLUMAMU

OTRyJIa

%1 = 2C0SZ1COSTa, Uz =2COSTSiNTy, U= V2sinz;.

A HRoopaunatable QyHRUUU HeNpephlBHO OUdGdepeHUUpyeMbl B R%.
CrnenoBarentHo, nuddepenunan LaHHOIO OToOpameHUA CyllecTByeT B
KapkI0# TOYKe, M ero MOKHO HaiTu 1o dopmyie (17):

—2sinzy coszy —2coszqsinxs
. . d.’L’l
df(z1;22) = | —2sinzisinzy  2coszy cos o d
2
V2 cos T 0
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B 3a/laHHOR ToUKe noayydyaeM

-1 -1 de —dz; — dzo
df(ﬁ,f): —1 1 1 = —dxy +dxs . A
474 1 0 )\ dy
ODpumep 11. Haiitu aroGuan @ y,2) oTobpaseHus
or, ¢, 1)

T =Tcospcosy, y=rsinpcosy, z=rsiny.
A Cornacto dopmyine (18) noaydaem

oy, 2) cospcosy —rsingpcosy —rcospsingy

3 = | sinpcosy rcospcosy —rsingsiny | =
(r, 0, 9) sin 0 7 COS 1)
) . —sing —cospsiny
=" COS¢<SIH¢‘ cosp —sinysiny *
cospcosy —sing 9 . 9 2 N 2
+ cosy sin ¢ cos 8 cos ’) =7 cosy(sin® ¢ + cos® ) =7° cos ). A

3ALAUYH

1. HaiiTi yacTHBIE IPOU3BOAHLIE TIePBOro MopAnka GyHruuU f(z;y):
1) f=2®+y®—3zy; 2) f= 7z(z—y); 3) f =sinz — 2%y;

2

4) f:sin%cos%; 5) f =e"(cosy + xsiny);

6) leni\/ﬁ"'yz_gﬁ; 7 f
T
8) f = (1+sin®z)"v.
2. BoLIUHMCAUTL YacTHbIE MPOUBBOAHLIE MEPBOro MOpAAKa QYHKIUU f
B JAaHHOHW TOUKe:

D f=2/y*, (L1); 2) f=(l+z/y), (1;2);

3) f=ayesn ™Y (1;1); 4) f=(2z+y)**tY, (1;-1).

3. Haiitu 4yacTHBRIe TPOUBBOAHBIE MEPBOr0 TNoOpAAKa (YHRIUU
flzyy;2):

1) f=2y+yz+ z2x; 2)f:;' 3) f=

«/w2+y2+z2’
z

Yy z x #
4 f=1 tg 2 tg 2, = 5o, =(2).
) f ~ + arctg ~ + arctg —; 5) f=2%; 6)f ”
4. HailT¥ vacTHBIe MPOM3BOJHEIE MEepBOro mopAaka GyHruun f(x),

z € R™:

1) f:zn:siHin; 2) f:exp{zn:z?}.
i=1

i=1

= arcsin

—+

SRR

)

MRS S

5 Ilon pen. JI.I.Kynpasuena, T.3



66 [Ia. 1. Jufdepenyuarvroe ucuucaenue Gynryul HECKOALKUL NEPEMEHHBIT

of of )
5. Brrumcauts x 3 +y 3y eCiIu:
1) f=z/Vz*+y% 2) f=In(® +ay+y?).
of . of  of :
6. Brruucauts B + By + 5y 0 CCTH:
D f=@-yly-2)(z—2); 2) f=z+(@—-y)/ly—2)
of . of  of r .
7. Brruncauth o + 3y + 92 B Touke (1;1;1), ecan:

1) f=In(x®+9°+2%—2zy2); 2) f=In(1+x+y?+2%).

4
1o} T — T2 T4 — T1
8. Broiuucautn E —f, ecan [ = -+
— dz;
1=

I3 — Ty o — I3 ’
9. Pemuth cucteMy ypaBHeHHU of = of =0, ecan
o Jy

= xy/9 — 22 —y2.

10. Haiitu npupamenue Af u auddepenuuan df dynruun f = zy
B Touwax: 1) (1;1); 2) (1;0); 3) (0;0).

11. Haiitu Af(x;y) u df (z,y) dynsumu f = 23 — y2.

12. BepHbi au aas dpyunuuu f(z), z € R™, crefyionie yTBep: K IeHUSA:

1) eciu QYHKUUA B HEKOTOPOH TOYKE MMeeT YacTHbIe MPOU3BOHbIE
0 BCeM MepeMeHHbIM, TO f(x) HempepbIBHA B 3TOH TOYKeE;

2) ecu pYHKUMA B KaMI0M TOUKe MpoCTpaHeTBA R™ MMeeT uacTHbIE
IpOU3BOIHbBIE M0 BCeM MepeMeHHBIM, To oHa HelpepbiBHa B R™;

3) ecau ¢pyuruusa auddepeHunpyeMa B HEKOTOPOH TOYKE, TO B 3TOM
TOUKe Yy PYHKIHUHM CYHIIECTBYIOT YacTHbIE NPOM3BOAHBIE 110 BCEM NEPEMEH-
HBIM;

4) eciu y GYHKUMM B HEKOTOPOH TOYKE CYNIECTBYIOT YACTHBIE MPO-
U3BOJHbIE 110 BCeM NlepeMeHHBIM, TO pyHKRUUA AU pepeHLIpyeMa B 3TOH
TOUKE;

5) eciu ¢pyuruusa auddepeHunpyeMa B HEKOTOPOH TOYKE, TO B ITOM
TOuKe Y GYHKUUU CYUIeCTBYIOT HellpepbIBHbIE UacTHbIE MPOU3BOAHBIE M0
BCEM N€pEeMEeHHbIM;

6) eciu y GyHKUMM B HEKOTOPOH TOYKE CYNIECTBYIOT HENpepbIBHbIE
YacTHble NPOU3BOJHbIE, TO (GYHKUUA AUddepeHUIUpyeMa B 3TOH TOUKe.

13. Haittu nuddepennuan yuruuu f(z;y), ecnu:
1) f=2z*=32%y* +2%; 2) f=(y°+22%y +3)%

z+1

6) f =In(z+ /22 +4y?); 7) f=lunsin 7
8) [ = arctg% + arctg %; 9) [ = arctg i—+y;
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10) f =1+ zy)".
14. Hafitu Touku, B KOTOphIX Auddepenunan ¢pyHruuit f paBeH Hy-
JI0, eCu:

1) flz;y) = (52 + Ty — 25)e (" Heviv®),
2) flzyy;2) =22 + 22 —2y? —yz + 4z 4+ 1.
15. HaHTH HHCpCpepeHuHaﬂ ¢yurumn f(z;y) B OaHHOH TOYKe, eCau:

D 7=57 @) @), 6 051
_ 1. _cos(x—2y) (m _\.
2) f= ]vy+ 57 (2;1); 3)f_M7 (2777)7

4) =2t/ (1) 5) f=In I (150);

1+cosy
6) f = arccosy/z? — 2y, (1;0,18); 7) f = arctg #, (1;-1);
8) f=e*" 1arctg t;y (1;1); 9) f =Inarcsin(z + y3), (g;O);

10) f = arcctg ln(ﬁ~l—y ), (e2;0).
16. Hafttu auddepennnan ¢yuruun f(z;y;2), ecau:

f=VERTAT, D ey 3) [ = (o)
1) f=ave,
17. Haittu nuddepenuuan dyuruuu f(z), £ € R", ecau:

f:singxf; 2) f:1n<<1—\/§xf)/<1+\/§w§)>-

18. Haiitu umpcpepeﬂunan byHROMK f B 3a0aHHON TO4YKe, €C/IH:
— -0-1)- — ﬂ -9.1)-
D f= o L0 2) f=arctg 3, (3:21);

3) f= (a:y+;)z, (1;1; 1); an:nl, 1;2;...;n).

19. Jloxasatb, yTo pyHELUA f }mcpcpepeﬂul/lpyema B Touke (0;0), ec-

Jn:

) f=a({1+ VIl -1); 2) f=lylsinz; 3) f=(sinz + ¥7y)";
) f=ch{/aPy; 5) f=Vat(cos Yy 1);
6) f=In(2— |20+ |y”/*); 7) f = ¥y arcig ]al;
) f= {xsm y/\/|7, z #0,

0, z =0;
) f=y*Parcsiny/|z]; 10) f =y+ ch /2> + ¢
1— |z|2/3|y[3/6; 12) f =14 zy +sin 3/z2y%.

20. [lorasats, uyto ¢pyuruua f neanddepenuupyema B Toure (0;0),

=Y

5*
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€CJIN:

D f=Vieyl; 2) f=Va2+y% 3) f= Y2 +4%

f
4) f = ¥/sinz(1 —coszy); 5) f=sin(r/4+ zy?);
6) f=In(3+ 3/x2y); 7) f=sin(3z+ /23 —y3);
8) f=In(l+z+ /23 +279y%); 9) f = arctg(2x + /23 — 27y3);

10) f = arcsin(y + /z3 + 8y3).

21. Haiitu vacTHble npousBoaubie dyHriuu f B Touke (0;0) u uc-
cleJoBaTh ee Ha AU(HepPEHIIIPYEMOCTD B 3TOU TOUYKE, €CIH:

1) f=y V1+ Va?; 2)f:W; 3) f =2y + xcos zy;

4) f =y +cos \/zQ—}-y" = ¥/sintz + cost y;
6) f=y+In(3+ ¥z2y) = arcsin(zy + ¥/z3 + y3;
8) f = arctg(zy +y + \/;1:2

) f

9 {(y3 23)/(z? + 2y° ), ecin z2 4+ y? #£0,

0, ecu  z2 4 y? = 0;
10) f = (x +y)arctg (z/y)?, ecim y#0,
7z /2, eciu  y = 0;
1) f= { VO, eemn o2 442 20,
0, ecin 22 +y2 =0.
22. Haiitu nuddepennuan dyusnuu f B Toure (1;0), ecau:
= V@ =Dyl —zy; 2) f=zy+sin Y/ (z - 1)y
3) f=z—y+m@+/[@-Dy]; 4) f=z+2y+eVED%W
23. 1) lorasars, 4yTo QyHKUUA
f= (2% + y?)sin(1/(2? + y%)), ecam z°+y* #£0,
a 0, ecin 22 +y? =0,
ouddepennupyeMa, Ho He HellpeprIBHO OUdPepeHIiupyema B RQ;
2) mokrasaTh, YTo GYHKUHUA

0, ecliy Mo KpalHel Mepe OMHO U3 YHCed T, §
VMppanuoHalbHO,

= { (22 + %)%, ecau z, y —pauvoHadbHble YMCa,

npu « > 1/2 nuddepenuupyema toasko B touke (0,0) u He sBIAETCA
HenpepbIBHO AU depeHNUpYyeMoil B 3TOil TOUKe.

24. Haiitu Bce 3HaUeHUA (v, IPU KOTOPBIX GyHKIUA f AuddepeHu-
pyema B Toure (0;0), eciu f(0;0) =0, a npu z° +y? # 0 dynuxuua f
3agaerca GopMyJIoH:

S—20¢

g B i

1 — + 3a+ 4—a. 2 !
) f=lz+yl lyl ) 22 1 2 ’ lz] + [y]

4 = — 1o

1—In(z2+94?)°

?
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25. HceaepoBarh Ha muddepenunpyemocts B Touke (0;0) dyHi-
miio f(z;y), ecan f(0;0) =0, a npu z? +y? > 0 ata GyHKUMA 3ama-
eTcA GopMyJIoit:

1/2

|23y 1 1
1 = — = = = -
)f (xz-i;wy+y2)a’a 2,& 4°
_ =y _1 2
2)f_($0+y0)a’a_2,a_3’
(x2y3)3/‘-’ 1
) f=—-21 __ a=1,a=z;
)f (wg_wy_"_yg)a? 7a 27
_ @y 13
4)f—(w4+y4)a,a—2,a—4.

26. HafiTu Bee ToukH, B KoTopblx dyHRUMA f(z;y) ouddepennnpye-
Ma, eCJIH:
1) f= w|y|1+ ylaly 2) f=@—l2)?* 3) f=1a* -y
DI T
27. UccaepoBath Ha muddepennupyemocth B Touke (0;0) dyHk-
mao f(z;y), ectn £(0;0) =0, a npu 22 +y> > 0 sTa dynkuua saga-
eTcA GopMyJIoit:
1) f= zln(l4+y) —yln(l 4+ ) + (zy/2)(y — x) :
(wz + yz)s/z
2) = zshy —yshz + (acy/ﬁ)(alc2 — ) :
(x'3 4 y‘_’)a/ll
3) f= rarctgy — yarctgx + (zy/3)(y* — z°)
(x2 + yz)s/z ’
4) f= xey—ye”‘+y—x+(xy/2)(x—y);
(z2 + yz)z/-z
5) f = AT zu +wy—ezy/2_ 6) f = (w3y+y5)1/3
(z2+y2)32 7 2| + |yl

+ 2y.

B sapauax 3.28-3.30 npeanonaraercs, uto ¢yHruuu f(u), f(u;v),
f(u;v;w) anddepennupyemsl n ux npoussoanste f|,, fl. fl usBecTHbI

28. Jlas dynwuuu f(u) natita f, u f,, ecan:
Du=z>+e¥ 2)u= 2% +zy2 3) u=sin® 3z cos’ 2y;
4) u = arcctg (x + lny).

29. [llna ¢dyusnun f(u;v) waiitu f, u f;, ecyIu:

Du=ay, v=x/y; 2)u=z>—y? v=e,

3) u=wxcosy, v=u=xsiny; 4) u=arcsinz?, v=2zY.

30. Hafitu auddepenunan GyHRIUU @, eCIU:

D) ¢ =f(u), u=ay+y°/z;

2) ¢ =flwv), u=y/(z+y), v=a—y%
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3) ¢ = f(u;v), u=y> v= arctg(y/z);
4) o= flujvsw), u=2>+y> +2%, v=a+y+2 w=mY82.
31. Jorasatb, uTo ecau f(u) — npousBombHaf AubdepeHnupyemas
GYHRLIMA, TO GYHRLUA Lp(a: y) yIOBIETBOPAET AaHHOMY ypPaBHEHUIO:
Oy
) ¢=yf(z>—y*), y a Loy 2F oy L

_ Y 9p Op _
2)@0—9:y+9:f($) a“’a =y + ¥

3) ¢ =sinz + f(siny —sinzx), cosy g— + coszx Z—L‘O = COS X COosY;
Y
— ¥ z2/<2y2>) 9y _
4) ¢ ef(ye , (o y)agchwya = zYp.
32. JokasaTh, uTo ecnu f(u;v) — NpOU3BOJIbHafA OUddepeHUUpYe-

Mafl GYHKUUA, TO GYHRUUA ©(T;y;2) yAOBIETBOpSET NaHHOMY ypaBHe-
HUIO:

. A 3] Oy
Do = (St +y—22), 25 58 42y L2+ (2
) @ fy,a:—l—yz,mza-i—yza (Q:-I—y)a = 0;

2) @0=f(u;(m—y)e‘z /2),

zy 2, 9% d¢ O _ .

vz g 1yt G2+ (e +y) P =0
3) ¢ = 2 f(ya”; 227), m%—ﬁyg—w—v ?;0 ap.
33. Haiitu pewenue u(x;y) ypaBHeHUA g— = 2z + y?, yIoBIeTBO-
Y

paomee yeaosuto u(z;z2) = 0.
34. Haiitu pewenue u(x;y) CHCTeMbl ypaBHEHUN
ou x4+ Ou  y—2z

Or x4y’ dy a4y’
ynosaeTBopsiomee yeaosuo u(0;2) = 0.

35. lowasaTb, uTo ecium ¢yHsuua [ guddepeHumpyema B TOUY-

Ke (Z1;Z2;...;%,), TO B 3TOM TOUKe CYUIeCTBYET MpOU3BOAHAA £ o
HanpaBIeHHIO MPOU3BOILHOTO eJUHUUHOTO BeKTopa
n

1= (cosai;cosas;...;cosay, cos®ay =1
? ? 3 ) )

npuyeM

E — COS (i, .

36. Mycts pyuxuus f(z), = € R", IuddepeHurpyemMa B HEKOTOPOH
TOYKe U 1 — NpPOU3BONLHBIN eIUHUUHBIH BeKkTOp. JoKazaTh, YTO B BTOH
TOYKe:

ol

1) 5 = (grad f,1); 2) mlax— |grad f1;
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of

3) ecau grad f # 0, To mpousBoaHasA Br PocTHraer HauBONbIIETr0
3HAYeHUd MpU
grad f

 lgrad f|

37. Bepuo 1u yTeepaenue: npousBoanasa ¢yHsuuu f(z;y) B TOU-

3f( myl>) _

ke (Zo;yo) MO HampapieHuio Bextopa (1;0) paBHa

38. BepHOo 1M yTBepAeHHE: TI'PaIUEHTOM prHHLII/II/I f=c+y+
|zy| B Touke (0;0) aBaserca Bexrop (1;1)7

39. Haiitu npousBogHyio GyHELMKM [ MO HamnpaBleHUIO BexTopa 1 B
Touke M, eciu:

)f—3:c2+5y2, 1= (-1/v2;1/v2), M(1;1);

2) f=zsin(z +y), 1=(-1;0), M(r/4;7/4);

3) f=a%+2zy® + 3y2?, 1=1(2/3;2/3;1/3), M(3;3;1);

4) f=In(z?+y*+2?), 1=(-1/3;2/3;2/3), M(1;2;1);

5 f _:c%+;c§—;c§+x§, 1=1(2/3;1/3;0,-2/3), M(1;3;2;1);
)

6) f= Zarcsmxk, l:(%;%;...;%),

h=l 11 1 11 1
M(Figieig)s M(g3ig07):
40. Haiitu I‘paﬂI/IeHT gynruuu f B Touke M, ecau:
l)f—l—I—:c‘ , M(=1;1); 2) f=ya¥, M(2;1);
—1/\/332—1—3; + 22, M(1;2;3);
4) f= arctg(my/z ), M(0;1;2); 5) f=emT#¥ra% M (205905 20);
6) f=In(1—2%—2y? — 322 ), M (03903 20), T2+ 2y3 + 328 < 1.
41. Pemutt ypaBuenue grad f = 0, ecau:
1) f=22+2>+2y2 +ay +3z -2y — 62+ 1;
2) f=a®+y3+2° - 3ayz.
42. Jlna ¢pyuruun f = — % jaiitu:
N

1) inf|grad f|; 2) sup|grad f| B obaactu 0 < a < z < A.

43. Hajitu npoussoanyio GpyHsuun f B Touke My MO HampaBiEHHUIO
BexTopa MyM, ecau:

1) f =5z +10z%y +3°, Mo(1;2), M(5;—1);

2) f=ay?2®, My(3;2;1), (751)

3) f = arcsin z/\/mQ—i—y Mo(1;1;1), M(1;5;4);

4) f=x2/ (2} + 25 + 23 +fﬂ4) Mo(07 1,1;0), M(3;2;1;0).

44. HaiiTu npousBoAnylo YHKUUU f B Touke M MO JaHHOMY Ha-
NPABJIEHHIO, €CIIH:

1) f =32+ 4%+ zy, M(1;2), no HanpaBieHuIo Iy4a, 06pasyIoNlero
¢ 0cbIO x yroa 135°%;
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2) f = arctg(y/x), M(1/2;1/3/2), o Hampapienuio BHemHeil HOp-
Malu K OKpYMHOCTH z2 + y? = 2z B Touke M;

3) f=2a2%—-3yz+4, M(1;2;—1), no HanpaBieHUIO Tyya, 06pasyio-
1ero ONMHAKOBbIE YIUIbl CO BCEMU KOOPAMHATHBIMU OCAMU;

4) f=In(e* +e¥ +€*), M(0;0;0), no HanpaBAEHHUIO JIy4a, 00pazyIO-
1ero ¢ OCAMU KOOPIAMHAT &, Y M 2z YIibl, COOTBETCTBEHHO paBHble 7 /3,
/4 u /3

5) f = tgxz, M(m/4;7/4;1), no HanpaBleHUIO rpagueHTa (GYHE-
uMu f; = sinyz B To4ke M;

6) f =a2%/a® +y?/b? + 22 /c®, M(xo;yo0;20), MO HaMpaBIEHUIO Tpa-
aveHTa QYHRUMU f B Touke M.

45. HaiiTu npousBoaHyio GyHKIMYU f 10 HAMpaBAeHUIO BHelIHEH HOp-
Majld K JUHMU c-YPOBHA QYHKUMKU f B KakIol ee TOUKe, eClu:

1) f=2+y% ¢>0; 2) f=In(z?+y?).

46. Haittu B Touke (av/c/2; /¢/2), ¢ > 0, npousBoguyto ¢HyHKIUH

f = 22fa? + o 1
110 HANPABJIEHMIO BHYTPEHHEH HOPMAM K JIMHUU C-yPOBHA GOYHKUUU f.

47. Haittu f;(a:;arz) naa  auddepennupyeMoit ¢yuruuu  f(z;y),

VIOBJETBOPAIOWEH YCIOBUAM
f(z;2*) = const, fl(z;2%) =z.

48. Haiitu Hauboiblee 3HadeHre g—{ B Touke M, eciu:

1) f=ay? = 3%y, M(L;1); 2) f=(z+5)/y, M(21);

3) f=Inzyz, M(1;-2;-3);

4) f=tgz —x +3siny —sin®y + 22 + ctgz, M(r/4;7/3;7/2).

of

49. HailiTu eIVHUYHBIH BeKTop 1, MO HampaBieHUID KOTOPOro £

B Touke M pocTuraer HauGoOAbIIEro 3HAUEHWHA, €CIU:
1) f=2*—ay+y?, M(-1;2); 2) f=z-3y+3ay, M(3;1);
3) f = arcsinzy + arccosyz, M(1;0,5;0); 4) f=zz¥, M(-3;2;1).
50. Haiitu BenuuuHy rpaaveHta GyHRUMU

f=10"2sin(n10%y/22 4 32 + 22)

51. Haiitu yroa Memay rpagdentamu dyHuiuud f B Toukax A u B,
ecnu:

1) f=Inly/z|, A(1/2;1/4), B(1;-1);

2) f =arcsin(z/(z +y)), A(1;1), B(3;4);

3) f=a/(2® +y* +27), A(1;2;2), B(=3;1;0);

4) f =sin(z? +y® — 22), A(a;—2a;a), B(b;b;b), a® + b? # 0.

52. Haiitu yron Memay rpaaueHTaMu GVHRIUNA f; U fo B Touke M,
eCcnu:

B Touke (2;1:2)
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D) fi=Va2—y?, fo=a"+y° =3y, M(4;3);

2) fi=y?/x, fo=2a"+y*, M(xo;v0), To #0;

3) fi=a® =247+ 2%, fo = (ay2)?, M(xo;yo;20);

4) f1 = sin(z2z + yt), fz = cos(xt — yz), M(xo;Yyo; 20;%0)-
53.

I[oxasaTb 4TO YIOa MeMIay rpa;meHTaMM byHRIUIA
fi=2+2y2 +32% fo=a224+2y° +322 +42+ 5y + 62
B Touke M (Zo;¥yo;20) CTPEMUTCH K HYIIO, eclu Touka M ynaisgercd B
0eCKOHEUHOCTD.
54. llyers f(z), © € G C R", — nuddepenuupyemas 0fHOPOAHAH
dyuxuua crenenn « (§ 2, (1)). NorasaTh, 4TO YacTHbIE NPOU3BOIHbBIE
GYHEUMKM f — OJHOpPOAHbIE DYHKLUUU CTENeHH a — 1.

55. 1) Morasars, uto auddepenuupyemas B obaactu G C R" ¢dyHEk-
n

uus f ynoenerBopser B G moxcdecmsy Jidaepa Zxk o
bl 6$k

TOMBKO TOr[A, KOrJa OHa JIOKAJbHO OJHOPOAHAS CTeleHu « B obnactu G
(em. §2);

2) nocTpouTh GyHKUHIO, YIOBIETBOPAIONIYIO TOMIeCTBY Jiilepa B He-
KOTOpO# 06acTu, HO He ABIAIONYIOCA OJHOPOIHON (pYyHRKUKEN B 3TOH 00-
JacTH.

=af tormau

56. Ucnone3yna TompecTBo Jitnepa (cM. 55), BLIYUCIUTE
2 9 af af
ax Y5y, Oy tz 8z’
eciu:

. . rxt+z _ .
)f—m Q)f_gi/m’ 3) f=(z+2y+32)%4

4) f =(nz —lny)¥/7;

3) f = % ln;v—f-a:(p(%; %), rae p(u;v) — nuddepeHuupyemadn
HYyHRUNA.

57. Jlokazate, 4to GyHRUMA f(z;y), UMeONaa OrpaHUYEHHLIE YacT-

Hble MPOU3BOAHbIE —= H =~ B HeKoTopo#l BuIMyK/o# obaacTu (7, pap-
x Y

HOMEPHO HelpepbIBHA B 3TOil o6nactu.

58. JlokasaTb, 4To ecau GyHRUUA f(z;y) B HEKOTOPOii o6aacTu G He-
[IpePbIBHA [I0 & [IPYU KakAOM (GUKCHUPOBAHHOM Y W UMEET OIrPaHUYEHHYIO

HACTHYIO NPOUSBONHYIO =, TO 5Ta dbyHELMA HelpepbIBHA B o6nacTu G.

59. Ilyers f(a;y) — HenpepriBHO OubdepeHurpyemas OYHKUIUA B
HeKOTOpoi o6nactu G u % = (0 B oGnactu (7. BepHo nu yTBepsaeHue,
uyTo GyHKUMA f(z;y) He 3aBUCHUT OT y B obumactu G7

60. HaiitTu B yKa3aHHOIl TOYKe 4YacTHhIe NPOU3BOAHBIE (YHKIUU
u(x;y), 3a1aHHON HEAABHO YpaBHEHHEM:
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1) v +3zyu+1=0, (0;1); 2) e*—ayu—2=0, (1,0);

Hu+lnlz+y+u) =0, (1;-1);

4) u/y/x? —y? — arctg (u//2?> —y?) — 1 =0, (5;4).

61. Haiitu B yKaszaHHOH To4YKe 4YacTHBIC NPOU3BOAHLIE (GYHKIMH
u(z;y), 3agaHHOil HEIBHO ypaBHEHHEM:

1) 22 —2y? +3u? —yu+y =0, a) (1;1;1/3), 6) (1;1;0);

2) zcosy+ycosu+ucosz =1, (0;1;0);

Hu—z=yctg(u—=zx), (n/d;7/4;7/2);

4) w?In(u +z) = zy, (1;1;u), up — Kopenb ypapnenns u’In(1+
+u)=1.
. Ou ou
62. Haittu 3, 1 3, b Toure (1;-2) maa wampoit Auddepenun-
x y

pyvemoil dyHEUMU u(x;y), 3aLaHHOH HEABHO YpaBHEHHEM u® — dzu +
+y?—4=0.

63. Haiitu B yrkasanHoil Touke audpepenuuran pyukuun u(z;y), 3a-
JaHHOW HEefAIBHO ypaBHEHUEM:

Dz+y—u=e"""Y (zo;90); 2) z—u=uln(u/y), (1;1).

64. Haiitu B yrkasanHoi Touke auddepenuuan ¢pyHruun u(z;y), 3a-
JaHHO HEeAIBHO ypaBHEHUEM:

) u’—zu+y=0, a) (3;-22), 6) (3;-2-1);

) 2+ 29 +ud —3ayu+2y—3=0, a) (1;1;1), 6) (1;1;-2).

65. Haiitu du B Touxe (1;1) maa xammoil nuddepeHunpyemoit GyHE-
uun u(x;y), 3aJaHHOIl HEfIBHO ypaBHeHHeM Tyu = 4 arctg xu.

66. Haiitu B Touxe (Zo;yo;20) aubdepenuuan dyHxuuit u(z;y;z),
3aJaHHbIX ypaBHenueM u® — 3(z + y)u2 +23=0.

67. Ina oyusumn u(z;y;2) = xy?2® naiitu B Touke (1;1;1) npous-

ou

BOJHYIO —=—, eca: 1) 2(z;y); 2) y(z;2); — byHKUNM, 3aHaHHLIE HEABHO
ypaBHenueM 22 + y? + 22 = 3xyz.

68. Haittu du B Touke (x;y), ecin u = 2+ @iy a z(zy) —

y+z2(zy)’
dYHKIMA, 3a/laHHas HeSIBHO YpaBHEHHEeM

ze® = xe® + yev.

69. Oycts ypasuenueM f(z —y;y —z; 2 —x) =0, rae f(u;z;w) —
Iudpdepennrpyemas QyHKUUA, onpeaengeTca JupdepeHnupyemasa pyHK-
uuna z(z;y). Haittu dz(z,y).

70. HoxasaTsb, uTo eciu ypaBuenuem f(z? + y? + 22) = ax + yb + cz,
rae f(u) — oubdepenuupyemas GyHrUus, a, b, ¢ — IOCTOAHHLIE, ONpe-
neiserca guddepennupyemas GyHrnusa z(z;y), TO oHA YIOBIETBOpPAET

YDPABHEHUIO 92 92
(cy —bz)£ + (az—cw)a—y = bz — ay.
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71. Jlorasath, uTo ecau ypasHenueMm yf(z/y) = z® +y* + 22, rame
f(u) — muddepenuupyeman GyurLuA, onpepenserca guddepeHunpye-
Mas GYHRUUA 2(x;y), TO OHA YIOBIETBOPAET ypPaBHEHUIO

2 2 20z 0z _
(° -y —z )(% + 2zy 9 2zz.
72. JokazaTh, uTo ecnu ypaBHenueM f(z —az;y—bz) = 0, rae
f(u;v) — puddepenuupyeman pyHruua, a, b — mocrosHHbIE, ompe-

nensercs guddepenunpyemas GyHRUMA z(Z;Yy), TO OHA yAOBIETBOPAET

YPpaBHEHUIO
Oz Oz

z—a y—>b

; ) = 0, rze
Z—C Z—¢cC
f(u;v) — muddepenuupyeman byHKuus, a, b, ¢ — MOCTOAHHLIE, ONpe-
nensercsl gupdepenunpyemas GyHRUUA z(Z;y), TO OHA YAOBIETBOPAET

YPaBHEHUIO
(:c—a)% +(y—b)g—z =z—c

73. JlokazaTh, 4YTO eciAu YypaBHEHHEM f(

Ox
X1 s Tn—1 Z
74. JorazaTb, UTO ecild ypaBHEHHEM f(—; — ey —a> =0,
rn In In In
rae f(u;ug;...;u,) — Auddepenuupyemas GyHKUUA, @ — IOCTOAH-

Haf, onpejensierca AuddepeHunpyemas GyHRUUA z(21; L2} ... Ty ), TO OHA
YIOBJETBOPAET yPaBHEHUIO

75. Haiitu B Touke (1;2) uyacTHble NPOU3BOAHBIE AUddepeHLUpYe-
MbIX GYHKUUI u(z;y) ¥ v(x;y), 3a0aHHBIX HEABHO YPaBHEHUAMHU
ze U 2uv =1, ye' U — % =2z, u(1;2)=v(1;2)=0.
v
76. Haiitu B Touxe (1;1) muddepennuansl qag 1uddepeHIUPYEMbIX
dyuruuit u(z;y) u v(x;y), 3a0aHHbIX HEABHO YCJIOBUAMHU

=2 cos L, y=+2e""sin =, u(l;1) =0, »(1;1)= %
Yy Yy

77. Haiitu dz(1;1) doyukuuun z = 2u+wv, ecin v = u(x;y) U v =
= v(z;y) — oudbdepenuupyemoie GYHKUNUHN, 3aJaHHble HEfIBHO ypaBHe-
HUAMHU

u+lhhv=2z, v-lnu=y.

78. Haiitu dz(z;y) dynkunu z = u® +0°, u # v, ecin u = u(z;y)
u v =wv(z;y) — oubdeperuupyemole GyHKLUUY, 38AaHHLIE HEAABHO ypaB-
HEeHUAMU 5 9
utv=x, u +v =y.

79. Haiitu dz(z;y), ecnu:
1) z =¢sinv, x =acosucosv, y = bsinucosv;
2) z=cshv, z=acosuchv, y=bsinuchv, a, b, c — nocrosuusie.
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80. IlycTh cucremoil ypaBHeHUI
zcosv +ysinv + lnu = f(v), ycosv—zsinv = f'(v),
rae f(v) — gBamael quddepeHuupyemas QyHKIMSA, B OKPECTHOCTH TOY-
KU (Zo;yo; Uo; Vo) onpeaensioTca guddepenunpyeMoie GyHruuu u(z;y)
u v(x;y). Hatitu B 9T0i#t Toume: 1) du; 2) |gradul.
81. IlycTs cucremoil ypaBHeHUi
(u—f)* = 2" =), (u—f)f'(v) =2,
rae f(v) — aBamasl quddepeHunpyeMas GYHKUNA, ONpeAesoTes aud-
depenuupyemere pyuruun u(z;y) u v(z;y). lorasars, 4yTo
oudu _
Or Oy
82. 1) llycts ypasuenueMm f(z;y;z) =0 B Touke (o;¥o;20) OUpeje-
JIAI0TCA audpepeHUrpyeMble GyHRKLUN
z=xz(y;2), y=ylw;2), 2z=z(w;y).
Oz (yo; z0) ) Oylxo; z0)  O0z(xo;y0)

oKazarTh, 4TO . = -1
a ’ Oy 0z Or
2) Mycrr ypaBuenueM f(x1;32;...;2,) = 0 B Touke z° = (2%;29; ...
...;.T?L) onpenenfitoTca qudpepeHurpyemMole QyHKINHU
71 = 21(22; 235 5Tn)s oy Tn = Tp(T1522; 5 Tno1).
Oz1(z") Oza(z’)  Ozn(2")

Jorazars, 4T . e (=1)™.

83. IlycTs cucremoil ypaBHeHU
flesysus0) =0, glasy;usv) =0,

roe f u g — auddepenuupyeMele hyHKIUH, ONpeAelaoTcA Juddepen-
uupyemble ¢yuruun u(z;y) u v(z;y). HaiiTu yacTHble mpousBoaHble
dyurumit u(z;y) u v(z;y).

84, IlycTs cuctemoil ypaBHeHUN

fly;us0) =0, g(u;v) =0,

roe f u g — auddepenuupyeMele hyHKIUU, ONpeAelAoTca Ouddepen-

uupyemble Gyurunn u(z;y) u v(zr;y). Haiirn 8—1: u (9_1;}’ eci w =

= F(x;y;u;v) — aubdepenuupyemas GbyHRLHUA.

85. IlepeiiTn 0T OeKapTOBBIX KOOpOMHAT Z, Y K MOAAPHBEIM, HoJja-
rafg £ =7rcosy, y =rsing:

_ ﬁ_g)/( 2@). dy _zty.
l)w_(dz z 1+zdz’ 2) de  z—vy’

dy \? d
3) x(2y—x)(£> + 2zy % +y(2z —y) =0;

dz .
_t :y+’r(x2 +y2)’ _ Ou au
4) dy 5)w—x£ ya—y,

= = —o+y@® +y°);
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_ au Ou _ [ Ou\? ou\?2. _ 0(u,v)
GJw=rg-—yg Dw= (%) +(8_y> Y w=Foms
86. PemuTh ypaBHeHUe mg—u —y gu = 0, npeoGpa3oBaB ero K NoJfAp-

Y

HBIM KOOpAMHaTam.

87. llpeoGpasoBaTh ypaBHeHUe, IPUHHUMAaA ¥ U U 38 HOBEIE He3aBH-
CHMble NepeMeHHbIe:

l)m%—l— 1+ y? g =zy, u=Inz, v=In(y++/1+y?)

2) (a:+y)%—(:r— )gZ—O, u=In+/z2% + y?, v:arctg;,

3) (m+z)%+(y+z)g——x+y+z u=x+z v=y+2z
0z 0z x . Yy

4 =% u=2r—22 v=-1.

)@ oz ty dy  z’ b S z

88. PemuTh yparHeHue, npeoBpa3oRaB ero K HOBBIM HE38BHCUMBIM
nepeMeHHBIM % U U:

oz 0z
1 - = — = = = — Y
)895 9y 0, u=z+y, v=0—1y,
0z 0z
2 = = = b
) @ 8$+y8y 2, T=u, Y = uv;
oz 0z
3) 8z+ oy , U=, v=y —az, a = const;
4) x g—z+ygz—z+ x2+y2+22,u=%,v:z+ x? 4+ y? + 22,

89. Hpe06pa30BaTb ypaBHeHUe, NIPUHAB # U ¥ 3a He3aBHUCUMBbIe Ie-
peMeHHble, a w 38 PYHRUUIO:

2 2
(m%) +(y%) :zz%% r=ue”, y=ve, z=we".

Ox dy oz dy’
0z 0z
90. MpeobpaszoBath ypasHeHue (z — ) 3 Yo = 0, npuHfAB & 3a
L Y
GYHRUMIO, @ ¥ ¥ 2z 3a He3aBUCUMEIE MlepeMeHHbIe.

0z 0z _
o (y +2) oy 0, npuunn

x 3a QyHRUUIO, a ©u =y — 2, ¥ = Y + 2 324 HE3aBUCUMBIE NepEMEHHEIE.

91. TIpcobpasonaty ypaniciiuc (y — z)

92. PemnTh ypaBHeHMe, NMpeo0pa3oBaB €ro K MEepeMeHHBIM u, v
uw=wu;v):
0z Oz )
1) y% _ma_y :(y—ﬁ’])Z, UZCL'Z—F:[]Q, v =

8=

+

K

@ =

w=Ilnz—z— y;

(1—y2)%:$+yz, u=yz—x, v=21z—Y,

2) (a:y+z)%+ 9y

ox
w=2zxy— 2.
ow ow

93. PemuTh ypaBHeHUe Ow + — + — = 0, npeobpa3oBaR €ro K
or ' 9y | Bz
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HOBBIM HE3aBUCHMBIM ME€pEMEHHBIM
u=z, v=y—z, t=z-—.
94. IIpeofpa3oBaThb ypaBHEeHUe

Ow Ow

MNpUHAB 3a He3aBHUCHMELIe IIepeMeHHEbIe

dw

+(z+2z+w) -

+x+ytw) - =x+y+z,

u=In(z —w), v=Inly—w), t=In(z—w).

95. 3amucats (gradu)?, roe u = u(x;y;z), B chepuyeckux KOOpau-

HaTax, noJjaras
T =TCOSpcosy, y=rsinpcosy, z=rsiny.

96. 3anucars (gradu)?, rae u = u(z1;29;...; %), B OPTOrOHAILHLIX
KOOpAMHATAX )
yi = yilz1; 225 52n), 1=1,2,..,n,

T. e. B KOOpPJUHATAX, YIOBISTBOPAIOMNX YCIOBUAM

(grady;, gradyy) =0, 4, k=1,2,...n, i<k
ow ow ow Ty
— — +2— =w+ ==, upu-
oz Ve, TFE T W LM
HAB 33 HE3aBUCUMEIE IepeMeHHble 4 = x/z, v=y/z, t=2z, a3a QyHEK-
umio s = w/z.

97. IIpeoGpa3oBaTh ypaBHeHUE &

98. Haittu B Toure (2;1; 1) auddepennuan orobpasmenus v =zxy, v =
=z/y.
99. Hailitu auddepenunan orobparzkeHusa u = yz, v = 2T, W = IyY.

100. Haiitu B Touke (0;0) npousBogHYIO OTOGPayKEHUA U UCCIEHO-
BaTh ero Ha auddepeHUpyeMOCTh B 3TOU TOYKE:

Du=y+ 1+ [zByP2, v=x+/5—|z[3/2|y]5/5;

X
2) u= TRk y#0, v:{\/|my|cos(1/y)7 y #£0,
— 0 =0.
0, y=0, ’ Yy

101. MycTte f — TommecTBeHHOe oToBpadeHre MHoMecTBa E C R™.
Haiitu f'.
102. Oto6pamenne f: R"™ — R™ ¢ KoopauHATHBLIMU (QYHKIUAMU
n
u; = b; + E axzr, t=12,....,m, a,b; = const,
k=1
Ha3LIBAIOT JAuHelHbimM. HaliTu Npou3BOAHYIO JTHUHEHOr0 OTOOpaKeHuUf.

103. Hafitu axo6uan o(u, v

oToOparkeHu:
Azy) O
1) u=x(z? — 3y?), v=y(32% — y?); 2) u= chzcosy, v=shzsiny.
104. Haiitu axroOuan O(z,y) oTo6paeHus
a(r, )

x=rcosPp, y=rsinfyp, peN.
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Ay, 2)
o(r,r,9)
r=rcosPpcos?yy, y=rsinfpcos?yy, z=rsin?yY, p,qgeN.
O(u, v, w)
Oz, y, z)
D u=uxyz, v=uy —Tyz, W=y — TY;

Du=z/V1—1r2, v=y/V1—-1% w=z/V1—-72, 12 =2+ 1>+ 2%
8(u1,ug,...,un)
6(1:1,.1:2,.4.,wn)

n

E a:k, 1=1,2,...,n;
2

T; E axTr, t =1,2,.

k=1,k#i
108. Ilyers Ey CR™, B € R™, f: By — Es, g: Ey — R*, npuuem
oroGpa;kenne [ ouddepenuupyemMo B Touke x € £y, a oToGpamenue g
nuddepenuupyemo B Touke f(x) € Es.
HokazaThb, UTO:
1) Komnozuuua go f AubbdepeHlrpyeMa B TOUKe T U IPOU3BOAHAA
KOMIIO3ULIMU 0ToOpaeHU paBHA [IPOU3BENEHUIO IPOU3BOIHBIX, T. €.

(g(f(2)) o f(2))" = ¢'(£ (&) f'(2);

2) B caiydae k = m = n AKOOMAH KOMIIO3ULUMHM g o f B TOUKe T paBeH
NPOM3BENEHUIO AKOOMAHOB oToOpasmkeHuil f(uq;ua;...;un) U glur; ;...
.3Up), T. €.

105. Hafitu aro6uan oTobparmeHusa

106. HafiTu arobuan oTobparKeHU :

107. Hatitu axoGuan 0TOOpaKeHu:

1) U; =

l\:>|>—A s.|>—~

2) U; =

A1, ..., Un) _ v, ..., vn) . O(u, ..., un)
Nz, ..., Tn) Ou1,.cyun) Oz, .cyxn)’
B 4acTHOCTH, eciu ¢ = f 1, To ggii::izg . ggx::zz; =1.
109. IlycTb cucTemoll ypaBHeHUNR
filz;u) =0; z€ECR", ueR", i=12,..n

3afgaerca auddepenuupyemoe orobpamenue u; = u;(z), U MycThb

a(fh'“afn)
———= #0.
Au, ..., un) 7
a(ulv"'vu”) _ O(f1, s fn) A f1, s fn)
Howazars, wro o(zy, ..., Tn) = (=" w1y esn) [ Bty yun)
110. JokasaTh, 4yTo ecau [ — HelpepblBHO AUBdepeHInpyeMoe

oToGpaMmeHue OTKPLITOro B npocrpancTBe R™ mHomectBa G ¢ AKoGHa-
HOM, He ofpalalnuMca B Hydb Ha MHOMecTBe (7, To:

1) oroGpamenue [ JI0KaIbHO B3aUMHO OJHO3HAYHO, T. €. L 1000
TOukU = € (G HaiifercA OKPECTHOCThL C [EHTPOM B 3TOH TO4Ke, KOTO-
pas B3aUMHO OJHO3HAYHO 0T00pakaeTcA Ha HEKOTOPYIO OKPECTHOCTD TOU-

ku f(x);
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2) o6paz f((G) MHOmecTBa G eCTh OTKPLITOE MHOMKECTBO;
3) ecniu G — o6nacts, To f((F) Takme ABageTcA 061aCThIO.
111. Ipusectu npumep HenpepsIBHO AU EPEHLIPYEMOro 0Tobpa#e-

HHUf o6JjacTH, AkO6UaH KOTOPOro HUTZe B 3Tolf o6nacTu He obpailjaeTcA B
HYJb U KOTOPO€ He B3aUMHO OJHO3HA4HO.

OTBETHI
a 0 :
1. 1) f =3(z* —y), a_i; =3(y* — 2);
8f 2x—y af zy — 2z° af af 9
) 52 y> 7 By Y 3) gy = cose 2oy, ay ~ 7
4) or _ lcosfcosg+£.sinfsmg, al:_icosfcosﬂ_
oz y Yy z  x2 Y z’ Oy Y’ ] z
1 z Y
——sm—sm—;
xT x
5) 6f = e*(zsiny + siny + cosy), g_£ = e*(z cosy — siny);
6) 6f = - o=

Oz /$2+y2’ a;»’_—y $2+y-z’
7 of zy®\ /222 — 2¢y°  Of _ ya? 222 — 2y*

%ﬂ;_ 2[(@* =y 7 By Iyl(y;f—w*)l’
Yl _ g 2 Iny—1 v9ri _ 2 2 Iny
8) . sin 2z ln y(1 + sin” z) - y(1+sm )™ ¥In(1 +
+sin® z).
2.0)1, -2, 2)1/3, —-1/6; 3) 1 —w, 1—7; 4) 2, 1.
of _ of _ of _ .
3. 1) ax—y+z, 8y_z+a:, 6Z_a:+y,
of __ =z Of __y Of __z | _ jsEioroLe.
Z)Bm_ Moy o 9z A YT RS
3)g—l_iﬁ g 8f _1_ =z,
ox ~ z x2’ Oy "0z x 2%
of _y 9f _1 9of _ .
1) 8$_0’ 8y =z’ 0z 22’
6_f_ Yy _f— zy _f_ zy—1
5) 50 = V7 In z, . z2*¥1n z, TYZ2
of _zp 0f _ 24 Of z
R
4. 1) f —sin2wl, 2) 8—; =2z;f, i=1,2,...,n
51)0 Yoy 2 6.1)0; 2 1. T.1) 3 2)3/2 8.0,

9. (0; 0), ( j:\/_,j:\/_), 3Hgaku GepyTcs NPOU3BOIBLHO.
10. 1) Af = 2Az + Ay + Az? + 2AzAy + Az? Ay, df = 2dz + dy;
2) Af = Ay + 2AzAy + Az? Ay, df =dy; 3) Af = Az?Ay, df =0.
11. Af =322 Az — 2yAy + 3zAz? — Ay? + Az df =32%dz — 2y dy.
12. 1), 2) Heepusl, ecau 1 > 1; 3) BepHo; 4) HeBepHO, ecau 1 > 1;
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5) HeBepHoO; 6) BepHo.
13. 1) (8z® — 6xzy® + 3z’y)dx + (a: — 6x%y)dy;
2) 4(y + 222y + 3)3(day dx + (222 + 3y2)dy);

- dz dy 3/2 B .
3) —xy (x y), 4) y(@® +y*) "3 (y de — x dy);

In2 1 d
27Y/* —Z(ydr —zd 6) —— (do+ — 42 ;
5) = y); 6) m( HW)
1 r+1 _z+l . . rdy —ydz
7) \/yctg = (dz o dy); 8) 0; 9) P
10) (1 + zy)¥ 1 (y2dz + (zy + (1 + 2y) In(1 + zy))dy).
14. 1) (1;3), (=1/26;-3/26); 2) (7/4;2;1), (7/4;-2;-1).
15.1) ) dz —dy, 6) 0; 2) zda; 3) Ady; 22 (e — 2dy);
5 -5 -2 g) —5<dy—dx>; 7) 2 (dr +dy);
2 P
8) (5 - —)d + dy, 9) ;da:, 10) ¢ dz.
16. 1) xdx—l—ydy—l—zdz.
/x2+y2+z2

2) €Yoz (ysin zdx + xsin 2z dy + zy cos 2 dz);
3) (zy)*~(yzdz + xz dy + zy In(zy) d2);

4) L v (yd:c +Inzdy — Ln;d'z).

z

17. 1) 2(cos (fo)) Zﬂlz d;;
i=1 i=1

(S n) ) [S (S )

18.1) - &, 2) 2de+3dy = 12dz. 5y 5 40 | Inddz;

37
n—l—l del

21.1) f, = 0 f' =1, auddepenunpyema;
2) =1 f,= 0 ouddepeHpyeMa;
fr =1, f, =2, mbdepenuupyema;

3)

4) fi =0, f, =1, mddepenunpyema;

5) fi = f, = 0, muddepenuupyema;

6) f. =0, f, =1, nemuddepennnpyema;

7) fi = f, =1, neqnddepenuupyema;

8) f» =0, f, =1, neanddepenuupyema;

9) fr =-1, f; =1/2, nequddpepennunpyema;
10

) fl=7/2, f’ = 0, neguddepennupyema;
11) f, = f, =0, mddpepennupyema.

6 Ilon pen. JI.I.Kynpasuena, T.3
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22. 1) He cymectyet; 2) dy; 3) dx — dy; 4) dx + 2dy.

24.1) « € (1/3;3); 2) a€(1;4); 3) a€[0;5/2]; 4) a € [1/2;+00).

25. 1) Hemuddepenunpyema npu o = 1/2, puddepenuupyema
npu a = 1/4;

2) nuddepenuyupyema npu o = 1/2, neguddepenuupyema npu « =
=2/3;

3) neauddepenuupyema npu « = 1, nuddeperuupyema npu a = 1/2;

4) muddepenunpyema npu « = 1/2; Heaubdepenuupyema npu o =
= 3/4.

26. 1) {(0;0)} U {(:9): 2y # 0} 2) {(0,0)} U{(as9):  # O}

3) {(0:0)) U (w3 9): 2° # 4%} 4) {(00)} U {(w;): y # 0}

27. 1)-6) Henuddepenuupyema.

28.1) fp=2xf,, f,=€e"fu;

2 f= L _p -y
33 (w3+x 2)? (1:34—1: 2)2
3) fi = 3sin6z cos® 2y fi, fo= —3 sin® 3z sin 4y cos 2y f*;
4) f/ — _ f’lIL P f’lIL
X

L+ (z+Inyp’ v y(1+ (o +Iny))”
1
29.1) fr=yfu+ gf{” fy=afi— yg v
2) fr=2zf, +ye™fy, f,=-2yf, + we”fé;
3) fp =cosyf, +sinyf,, f, =—zsinyf, +zcosyf,;

1) = _1295 fo+yzv L fl = aVinef).

30.1) f! (y— x—)da:—i—f’ (x—i— - )dy,
2) (2wf’ iy )+ (ﬁf’ — 3y, ) dy;
3) — o S+ (2ufy + o £ )
4) 2z f, + f, +yzfy,)dz + (2yf’ b [y +xzfl,)dy+
+(2zf + fl + a:yf{v)dz
1 z° +y2

33. u—2w(y—a:2)+ (y — z%). 34. u= o ln =—,

+ 2 arct z.
gy

37. HeBepHo. 38. HeBepHO
39. 1) 2v/2; 2) —1; 3) 62; 4) 5/9; 5) 2; 6) 4/n/15.
. . . . +2j+ 3k
40. 1) —2i+3j: 2) i+2(1+1n2)j; 3) — :
)IJ)I(H)J)M\/—
4) i/4; 5) erotrovotrovoso((1 +yq + yozo)i + (To + Toz0)j + Toyok);
. . X
9 -T01+2Ay0,]+?)z0 .
6) 3+ 2y3 + 325 — 1
41.1) (=2;1;1); (=2;1;-1); 2) (t;;t), t € R.
42.1) 0; 2) 1/(2a). 43.1) —18; 2) 52/5; 3) 1/5; 4) 0
44. 1) —1/v2; 2) V/3/2; 3) —1/V3; 4) (2+ V2)/6;
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72 /(2v/72 + 16); 6) 2\/x0/a4+y Jb* 4+ 23/t

45. 1) 2v/¢; 2) 2e—c/2. 6. 2c(a? + b2)/|ab|. 47. —1/2.
48. 1) /290; 2) v/29/2; 3) 7/6; 4) /137/8.

—di+5] 4 i—j o 2i+4j-V3k . i—6k
49.1) Nz ,2)\/5,) VT ,)\/3_7.
51. 1) arccos(—1/+/10); 2) arccos(7v/2/10);
3) arccos(—8/9); 4) w/2.
52. 1) arccos37/(5\/ﬁ) 2) 7/2; 3) 7)2; 4) w/2.
56.1) —z/(z? +y2); 2) (z+2)/(3V22 + 22); 3) 4(x + 2y + 32)%;

4) 0; 5) (zy/2)(1+1nz) + zp(y/z; z/x).
59. HesepHo.

50. 10007.

ou ou ou ou In2

. _— = = 2y — = _ = —
60. 1) ox ’ ay =0; 2) ox 0, oy 2’

ou ou 1
3) o =0y = 1im Uy — KopeHb ypasHeHua u + Inu = 0;

Ou _ dug Ou _ _ﬂ o E —
4) = 9 oy 50 Uo KOPeHb ypaBhenmsi = = 1+

+ arctg —
ou Ou 10 Ou Ou

61.1)& a——276—y—?, )6—$—276—y——3,

Ju ou ou ou 2
2)6_,1‘__(:081’ 8—y—_1, 3)6—1:—].78—?4—2_}——7(_7

Ou _ wtug—uy Ou _ up
4) == = 5———35 7 =575 3"

oz 24 2uy+uy’ Oy 2+ 2up + uy

du _, Ou _ du _ du 1
62. E =0, 7 —1, ecmut u(1; —2) = 0; E -1, 9 2 ecin
8u Ou 1
u(l; —2) = —2; pol 1, 3y 3 ecan u(l;—2) = 2.

1) dz + dy;

2) 11()u (dz + uody), up — wopenb ypaBHenua u~' =1+ Inu.
0

64. 1) a) M, 6) He cyLIeCTBYeT;
2) a) He cylecTByeT, 6) —dx — (14)/(9) dy.

65. du = w, eciu u(l;1) = 1; du = Mag—iwdy’ ecan
w— — T
u(1;1) = —1; du =0, ecain u(1;1) = 0.
66. uy(de + dy) = 2 dz, up — KopeHb ypaBHenua u® — 3(zg +

wo(uo — 2x0 — 230)
+yo)u? + 25 = 0.
67.1) —2; 2) —1.
g8, {24 1) + ool + )~

(y+z) (z+1)

6*
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P %_ﬂ” 1 8
u u v
75. 81‘ O,B—y——g, a—w—_
76. du= XYW g - dT
77, dz = w. 78. dz = 3
79.1) dz:—%(f“?
sign sinv \ a?

N c rdzx ydy)

2) dz = sign shv( a? + b2

80. 1) ug(cosvodz + sinuvpdy); 2

83 Ou/dx Ou/oy
*\Jdv/Ox Ov/Oy

|uo]-

_ 1 ( (F,9)/0(z,v) 3(f,9)/3(yyv))
0(£,9)/0(u,v) \ O(f,9)/0(u,z) O(f,9)/O(u,y)
gq, OQw _ OF 0w _ OF  0(g;F)/0(u;v) Of
R L
85. 1) w = dr/dcp‘ ) dg =i 3) (@) - s1n2<,pcp ™
)%:7"3, Cfi—f -1; 5) w g:;6)w:rc082<pg—r—sin2<pg—:;,

Do (2) () o e-toed

86.1) u= f(2% +y?), f — npousBonbHaa qudpdepennupyeman GpyHR-
M.

0z | 0Oz w ] 0z 0z _ .
87. 1) %—F%a—e Shv, 2) %a v —07
z z
3) (2u+v—z)% +(u+2v—z)%—u+v—z,
4) v(2? —u)% =z(2% +u).
88.1) z=flz +y); 2) z=xf(y/z); 3) z =5+ f(y —az);

) 2 =+/22+y?+ 22+ f(y/z), rae f — npousBoasuan auddepen-
nupyemasn hyHKIHS.
ow\? Ow 5 Ow Ow O0r ©—z
89. (ua—u) +(v%> =uw?Sl Sl 90, =12
Oz 9y _u

92. 1) z = eVt @) 9) 2 = wy + f(yz — ), rae f — npous-
BOJILHAA OupdepeHnupyemasa GyHKINUA.

93. w= f(y — x;2z — x), roe f — npousBonbHas AuddepeHnUpyeMasn
QyHRIUA.
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Ow Ow Ow

- - - U v t
94. 9 + e + 5 +3w+e*+e’ +e 0. )
OuN\? 1 (0u\? 1 Ou \2 of Ou \?
95. (o) + 5 (50) * ey (5) 96 ;(gwdyl) (350)
zdy +ydz
97. % =2 98, ( Cf‘?fgz ) 99. | zdz+zde
y ydr +zdy

100. 1) <(1) é), nuddepenpyemo;  2) (8 8), Heaubhepet-
LHPYEMO.

101. f’ — eJIMHUYHaA MaTpula lopdaaKa n.

102. f'=(aw), i=1,2,...m; k=1,2,..,n.

103. 1) 9(2? +y?)%; 2) (ch2z — cos2y)/2. 104. pr(sin pcos)P~L.

105. pgr?(sin @ cos )P~ (cos )4~ (sin¢p)d~L.

106. 1) zy?; 2) (1 —7r%)"5/2,

107.1) [ @i-a); 2 (1+§:mi‘ﬁai)ﬁ(a¢i—ai).

i,k=1,i>k i=1 i=1

§ 4. YacTHble NPOU3BOAHLIEe H NUddepeHHaNbl BBICIIHX
nopaakos. ®opmyaa Teinopa u pag Telinopa

CMPABOYHBLIE CBEAEHWA
1. YacTHble NPOU3BOHbIE BbICIINX MOPAAKOB. IlycTh GYHKUUA
u=f(x), x € R™, B OKPECTHOCTU TOUYKH & = (X1;To;...; Ty ) UMEET YACT-

u
HYIO TIPOM3BOAHYIO MEPBOTO MOPANKA = Torpga yacTHYO TPOU3BOJ-
Tk

Ou . Y .
HYIO GYHKINH - 10 IEPEMEHHOM X; HA3BLIBAIOT YaCMHMOL NPoU3BooHOL]
T,

81mopoeo nopm?rca o NMepeMeHHbIM Ty U T; U o603HavaloT

OQU 1"
afl]]c afL’Z ? TEl; U fZCIciEi "
Tarum o6pasoM, Mo onpeaeNeHUIO
w0 ( Ou )
sz al'i N al'i amk )
2 2
. - Ou
B cayuae ¢ = k mpousBoanyio 0603HavyaloT - .

amkamk 61‘76

Jacmmoti npoussodnoti nopadka m € N Ha3bpIBalOT YaCTHYIO NPOU3-
BOAHYIO MEPBOTO NMOPAAKa N0 KaKkoi-n11ubo nepeMeHHOH oT A000H yacTHOHU
NPOU3BOAHON TopaAKa m — 1 ([P 9TOM MOJ YaCTHON NPOUBBOAHON HY-
NeBOTO MOpfAJiKa MOHUMaeTcA cama ¢GyHruuA). Hanpumep, mis 4acTHBIX
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NPOU3BOIHBIX TPETHLEr0 MOPAAKA MO ONpPeeJeHNI0 IMeeM
Fu 0 (azu) Fu 0 (azu) Pu 0 (62u
0z% ~ 8z \0z?/)’ 8220y Oy \dx®)’ Oy*dx Oz \ Oy

YacTHYIO TNPOM3BOAHYIO MO pA3NUYHBIM MepeMeHHbIM Ha3bIBalOT
cmewannot nacmioti npousgodiod. Hampumep, aas1 GyHRIUH ABYX

MepeMEHHBIX MOT'YT CYIECTBOBATb Ye€ThIpe MPOU3BOJHbIE BTOPOTO MO-

v Ou 0u 0u

022" 0 U JIBe CMelllaHHbIe POU3BO/IHbIE 950z u 900y

Teopema. Ecau 0se cmewannvie npoussoduvie nopaoka m, OmAl-
uawouuecs aub nopaokom ouddeperyuposaHua, HenpepvieHbvl 8 HEKOMOo-
potl mouke, mo uxr 3HAHeHUA 8 amotl mouke coenadaom.

DYHKIHIO, BCe YacTHbIE TPOU3BOHbIE KOTOPOIi 10 HEKOTOPOT'O NOPAT-

Ka M BRIIOYUTENbHO HENPEPLIBHBI B HEKOTOPOi TOUYKe (MJIM HA HEKOTO-

POM MHOeCTBe), Ha3bIBAlOT m pa3 Henpepwleno Juddepenyupyemoil B

9TOil ToYKe (COOTBETCTBEHHO HA 3TOM MHOJKECTBE).

) U T. O

pAdKa:

2. IudPpepentitaibl BhIcIHIHX MOPAAKOB. [luddepeHunansl Bbic-
MUX MOPANKOB Aad (PYHRUMHU HECKONbKHUX MEPEMEHHBLIX OMNpeNefloTcCA
Tak e, Kak 1 B ciiyyae GyHKIUKM OHOMA nepeMenHoi (cMm. [1, §15, m. 2]).

Mycrs pyuxuus u = f(z;y) ABaAAbl HeNpepbIBHO AubbepeHIpyeMa
Ha HeKkOTOpoM MHO#ecTBe (3 C R?. Ee auddepenuuan

_ Ou Ou
du—a—wdw—i-a—ydy

ecTb QYHKIHA YeTbIpEX NepeMeHHbIX: z, Yy, dz, dy. llpn ¢urcuponran-
HbIX dx U dy audpdepenuuan du ABnfAerca pyHKUMe Tonbko x U y. Ias
3TON (GYHKIMU BbIYMCIUM Iu(depeHlinal, IpuyeM B KaueCTBe NpUpallle-
HUil Az 1 Ay He3aBUCUMbBIX MEPEMEHHBIX BO3bMEM Te jke camble MpH-
paleHus, KOTopble GbLIH BbIOpPaHbI IPU HAXOMIEHUU NEPBOro nuddepel-
uvana. BeluuciaeHHBIH Opu 3ToM yciaoBuM AuddepeHlnan OT MepBOro
nuddepeHnuaia Ha3bIBAIOT 8mopbim duddeperyuaron unu duddeperyia-
a0m 6mopozo nopadka Gyuskimu u = f(zr;y) u obosHavaior diu umm d f.
Takum obpas3oM, Mo onpejeNeHuIo

a2y = d(@ dz + 8—udy) d( )da: n d( )dy -
ox dy
6'7
a 5 Byoz
WM, YUNUTbIBad PaBeHCTBO (npn cAeNaHHbIX OTHOCHTEIbLHO beHHHI/II/I u=

= f(z;y) npennonomeHnﬂx) CMeIIaHHbIX TPOM3BOAHBIX, MOMAYUYUM

62U 2
6,d + 66 az/_,ci,14. (1)

d>u =

Anajornyso B ciydae, koraa ¢yukuusa v = f(x;y) ABasgerca m He-
npepbpIBHO guddepenunpyemoii, ee nuddepenunan nopaaka m onpepe-
jJdeTcA Kak nepsblit quddepenunan ot auddepernana nopaaxka m — 1
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[Py YCJAOBUH, UTO IPU BBIYUCIEHUU NepBoro AuddepeHlidana B KavyecT-
Be NpHpalleHul He3aBUCUMBIX IIepeMEHHBIX OepyTcA Te ke IpupalleHNs,
KOTOPLIE UCIOJAb30BAJIMChL NPHU BLIYHCICHUU (m - 1)—r0 Iuddepenyana.
[Ipu 3TOM ycioBUM UMeeM

d™u = d(d™ ).

Ina nuddepenninana nopﬂ)ma m € N cnpaBemiuBa hopMyaa

_ k_ 0™u —k gk
T = ZCmazm kakdwm dy”. (2)

3amevanue. [lus cromuonn dyukuuun w = f(x;y), rae = = z(u;v),
y = y(u;v), BTopoil nuddepennnan GyHKIHE «, BOOGLIe FTOBOPSA, HE BbI-
pamaeTes deped dx u dy coraacuo ¢opmyie (1). CirenoBaTenbuo, ais
nuddepeHuranos nopaaka m > 2 (B oTauune oT auddepenuana neppo-
ro NMopfjika) He MMeeT MecTa CBOWCTBO MHBAPUAHTHOCTH (OPMbBI AU~
(hepeHIMaIa OTHOCUTENBLHO BbIGOopa nepemeHHbIX. His ciuomuolt (yHK-
unn w = f(z(u;v);y(u;v)) dopmyaa (1) oGobwaercs crepyiomwumM o06-
pazom: e e 5

o “w “w “w

dw—a7 +26x—6yd$dy+6y9
Eciu  u y — HesaBUCHUMBIE IlepeMeHHble, To d2x = 0, d%y = 0, u dop-
myaa (3) coBnmagaer ¢ hopmynoii (1).

B cayuae ¢yuxuuu n nepemeHunix u = f(xy;...;x,) dopmyia, aHa-
JoruyuHasg GhopMyJie (1), UMeeT BU[

2 ow 2 ow 2
dy +§dx+6—ydy. (3)

n

. 8%u
d*u = d .+ 2 dr;dzr 4
> sl e @
= i,k=1
i<k

@opmyna (2) obobmaercss Ha clayvail GYHKIUH 7T NEepeMeHHBIX U =
= f(z1;...;Zy) CAEOYIOWUM 06pa3OM:
m
A= 3 O e daf? . daf (5)

rae
!
m!
Q] yeee X
Cm ’ o a ! 1 b
1:...Gn!

a CyMMHUpOBaHHe IIPpOUM3BOOMTCA II0 BCeM MLeJIbIM HeOTpHULaTeJbHbIM (;
n

TaKUM, YTO E Qp = m.
k=1
3. ®opmyna Teinopa u paa Teiutopa. llycrs dyuruua f(z;y)
B OKPECTHOCTU TOUKH (ZTo;Yo) UMeeT HelpepbIBHLIE NPOU3BOHLIE 0 HO-
pAlKa m BRIIOYUTENbHO. Torga B 3Toil ORPECTHOCTH CIpaBelauBa ¢op-

Myna
Zk,Z o LICuw) (0 pyk-ity o) 4 o(p™),  (6)

b ork—igyi
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rge p z
pP= \/($—$0)2+(y—y0)27 T = Zo, Y — Yo

Muorounen
i 0" f(zo; o—i i
Z 7 Z 3;19 Say[i) (z —20)*"(y — v0) (M)

Ha3bIBAIOT MHO20uAeHOM Telinopa m-20 nopsagka pyuruuu f(z;y) B TOY-
ke (zo;y0), @ GyHRIMIO

rm(w;y) = f(w;y) — Pm(2;9)
— 0CMAMOYHbBIM HAeHOM T -20 nopadka dopmynnl Teitiopa.

Dopmyny (6) nassiBalor dopmyaotd Teiiaopa m-zo nopadra Pynryuu
f(z;y) 6 okpecmuocmu mouku (xg;yo) ¢ ocmamounbim waeHom 6 gopme
Heano. B uacTuoM ciryuae, Ipu oy = yo = 0, dopMyiy (6) Ha3LIBaIOT TaK-
e gopmyaoll Makaoperna. Popmyiny (6) MO#HO 3anucaTh U B TAKOM BHIE:

m

1 O f(ao; m
=3 > ool a;;(lg ZUQ) (@ —20)*" (y — y0)** +0(p™), (8)
k=0 a1+ax—=k T y

rge . Z
p= \/($—$0)2+(?J—y0)2, T — Zo, Y — Yo-

Fcan ¢yuruus f(z;y) uMeeT B OKpecTHOCTH TOYKU (Zg;yo) HEmpe-
pELIBHBIE MPOU3BOMHBIE A0 (m + 1)-ro HOpSiIKa BRIIOYUTEILHO, TO [
M060i TourM (z;y) U3 ATON OKPECTHOCTH Hali[eTcsl TOYKa

(&m) = (xo +0(x —20); yo +0(y —wo)), 0<E<1,
Taraf, 4TO

flasy) = _—

_ ) O™ f(&m) mA1—i i

= Pp(2;y) +1)' Z +1w(ﬂ?—wo) (v — o), (9)
rie Pm(x;y) — wmuorounen Teinopa (7).

Gopmyay (9) HaseiBalOT Gopauyaol Tetiaopa ¢ ocmaAmMoLHbIM YACHOM 8
dopme Jazparnia.

Ecau ¢yusuua f(z;y) npescrasuma B Bune (6), (8) uau (9), To ro-
BOPAT, 4YTO OHA pasioxena no gopmyse Teiiaopa B OKPECTHOCTH TOU-
KU (o} Yo)-

FEcau dpyuruus f(z;y) umeer B Toure (Zo;yo) NPOUBBOAHLIE BCEX MO-
PALKOB, TO PALL

Z 7 Z S SHEE) @ — 20)* "y — o)’ (10)

HasbIBAIOT pﬂaom Teu/mpa byuruun f(z;y) B Toure (zo;Yo).

FEcau psag (10) cxoguTes B HEKOTOPOH OKPECTHOCTH TOYRH (Zo;yYo) K
dyuruuy f(z;y), TO rOBOPAT, YTO B 9TOI OKpecTHOCTH QyHKUuA f(z;y)
pasaazaemcs 6 pad Teiiaopa. B wacTHOM ciyyae, npu zg = yo = 0, psan (10)
Ha3bIBaloT padom Makaopena.
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@opmyna (10) MoskeT GbITH 3aMUcaHa U B CieJyIOMeM BHe:

> 1 0% f(ao;
F=2 2 aran ali(lgyz? (= 20)™ (y = yo)™. (1)
k=0 a1tas=k
Jlna gyHRUMA Tpex M Bojee nepeMeHHbIX (opmyaa Telinopa u psan
Teitiopa onpenensioTcda aHaiorduno. IHanpumep, ¢gopmyna, aHalordy-
uas popmyine (11), 1. e. pan Teinopa dyuxumu f(x1;zs;...;2,) B TOU-
ke (29;29;...;22), umeer Bun

- 1 O f(al .ozl o o
f = Z Z ay! Otn' 8:L.‘£1 - 8:L‘an) (.271 - '77(1)) L (-Tn - -77(7)1) "y (12)
o Loap! 1.0y

rape CyMMHpOBaHHUE E IIPpOU3BOOUTCA II0 BCEM LEJbIM HeOTpHUUIaTe/lb-

n
HBIM ; TAKUM, 4YTO E a; = k.
i=1

MPUMEPEI C PELUEHWUAMMU
Dpumep 1. HaiitTu BTOpoil auddepernuan yHRIUH © = ze¥, ecau:
a) * uy — GYHRIUH KAKUX-TUGO0 HE3ABMCHUMEIX MEPEMEHHBIX U MX
BTOpble Auddepennuannl d?z U d?y U3BECTHBI;
6) £ U y — He3aBUCUMble NlepeMeHHbIe.
A a) 1-it cnoco@. Ilo ompemeneHuio BToporo muddepeHiuana mo-
JdydaeM
d*u = d(d(zeY)) = d(e¥ dx + ze¥ dy) =
=d(e¥)dz + e¥ d*z + d(xe¥) dy + ze¥ d°y =
= 2¢Y dz dy + ze¥ dy® + e¥ d’x + ze¥ d?y.
2-i cnoco6. Tak kar
Ou " Ou Y u u 8u
— = — = = 0 " =Y
ar  C Oy T B T dzdy € Oy?
To coraacHo opmyie (3) Haxogum
d*u = 2¢¥ dz dy + ze¥ dy® + e¥ d°z + xe¥ d’y.
6) B aToM ciyuae d*z = 0, d’y = 0, u, clefoBaTeNbHO,
d?u = 2e¥ dx dy + xe? dy®. A
Opumep 2. [lasa rampoit quddepennupyemoit pyuruuun u(x;y), 3a-
JaHHOU HEIBHO ypaBHEHUEM
22° + 2% +u® — 8zu —u+ 8 =0, (13)
Haiitn d?u(2;0).
1-icnoco6. B okpecrHoctu touku (2;0) ypaBHEHHEM ONpeNeTAIOT-
cs ABe aubdepeHiupyeMble QyHKIIMU; UX 3HAUYEHUA B 9TON TOYKe PABHBI 1
u 16. YacTHble npousBoaHble QyHKIIMUA

F(x;y;u) = 227 + 20 +u® — 8zu—u + 8

= ze¥,
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COOTBETCTBEHHO paBHbl F, = 4z —8u, F) =4y, F, =2u—8zr—1.
Ilo dpopmyaam (11) §3 naxomum
ou 2u—zx ou —4y
or  2u—8x—1" dy 2u—8xr—1"
Nuddepenunpys nepoe paBeHCTBO N0 &, BTOPOE [0 £ U Y, HOIydaeM
u 4(2u — 8z —1)(20u/ox — 1) — (2u — 2)(20u/dz — 8)

o2 (2u — 8z — 1)? ’
u 20u/0x —8 @__4(2u—8x—1)—2y8u/8y
dxdy y(?u—Sx—lP’ ayr (2u — 8z — 1)? ’
B toure (2;0;1) snayenus HallJeHHBIX IPOM3BOIHBIX PABHEI
ou_, ou_, Fu_4  u _, Pu_ 4
ox T Oy T Ox? 15’ Jz 0Oy T Oyt 15’
cienoBaTensHo, ecaun u(2;0) = 1, To
&Py = 14_5 (da® + dy?). (14)
B toure (2; 0; 16) npousBoaHbIe PABHbBI
Ou _ g Ou_ az_“z_i ﬁzo azu:_i
ox T Oy T Ox? 15" Oz 0y T Oy 15°
Mostomy, ecan u(2;0) = 16, to
d*u = — 14—5 (dz? + dy?). (15)

2-it cnoco6. Ecin u(z;y) — oubdepenuupyemas GyHKUUA, YIOB-
aetBopsiomas ypaeHenuio (13), to npu moacranoBke u(z;y) BMeCTO u
B 3TO ypaBHEHHE OHO CTAHOBUTCH TOMIECTBOM.

Haitnem nuddepeHinan sToro To#AECTRa:

drdr + 4y dy + 2u du — 8z du — 8udr — du = 0. (16)

Ananoruyno Hajinem auddepenuuan roxaecrea (16):

4dz® + 4dy* + 2ud®u + 2(du)® — 16 dudr — 8z d*u — d®u = 0. (17)
B toure (2;0;1) parencrso (16) npumer Bua du = 0, a uz (17) caeayer
pasencTso (14).

Ananoruuno, B Toure (2;0;16) us (16) naxozum du = 8dzx, a us (17)
caegyeT paBeHCTBO (15). A

0z &z 0z

Ox Ay —Y 8y oy
[PUHSAB 3d8 HOBble HE3aBHUCHMbIE [IEpEMEeHHbIE U = L, U = ZY.
A Ilpumvensas npaBuio oudGhepeHUUPOBAHUA CIOMHON (QYHKIINH,
Haey 03 _ 020w 020w _ Dz
oy ou Oy ov Oy ov’
Huddepennupysa obe YacTH 3TOTO PaBEHCTBA 110 Z U ¥, IONIYUYUM
9’z :% w( 9’z Ju azz@):%+w( 9’z +y62z)
dxdy  Ov Oudvdr vl oz v Ou dv ovr)’
azz_w( 0’z du azz@)~ 2 0%z
oy? Oudv dy  Ov? oy ov?’

IIpumep 3. [IpeobpazoBaTh ypaBHeHUE &
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[MoacTaBasas HalileHHbIe 3HAYEHUSA NIPOU3BOAHLIX B JaHHOe ypaBHeHue, 6y-
JIeM UMETh
Oz 5 Oz 5 Oz 5 Pz 8z

x%—l—x Ou Ov +xy8vz_yx Ov? 811

_0’

2

&z
= (, WIN, OKOHYATeAbHO, u° =0. A

y4
Oudv ’ ’ T Budv

Mpumep 4. Pasznomurs no ¢opmyne Makaopena go o(p®), p =
= /z? + 32, dyurumio f = sin z sh 2y.

A 1-it cnoco6. Oyuxuua f B Touke (0;0) paBHa Hymo. U3 Bcex
ee MPOM3BOAHLIX OO MATOrO MOpAgKa BRAOUMTedbHO B Todke (0;0) or-
JAUYHBI OT HYJA TONBKO CMellaHHas POU3BOJHAA BTOPOro NMOpAIKa U ABe
cMellaHHble TPOU3BOAHbIE YETBEPTOr0 MOPALKA, IPUYEM

&f(0;0) 9 d'f(0;0) _9 d'£(0;0) 8
oxoy ooy ’ dr Oy
COFJIaCHO qaopMyJIe (6), nonoskuB B Hell m = 5, xg = yo = 0, monyyaem
f= 02293y+ (04( 2)z°y + C§8xy®) + o(p°) =
1
_Qxy——a: y—l— a:y + o(p®).

T. e. z°

2-#t cnoco6. Bocnonb3yemcs U3BECTHBIMU PasioMmeHUAME (yHKIMIH
sinz u sh2y no ¢popmyne MarnopeHa. Torga nonyuum

f:(a:—%g—t—o( ))(2y+—+o(y )):

1
_Qxy——a: y+—:1:y +0(p°). A

3ALAUN

1. HaiiTu yacTHbIe IPOMBBOAHBIE BTOPOro nopAaka ¢pyusuuu f(z;y),
€CcyIu:

1) f=ay(a® +4° = 3); 2) f=e: 3) f=arctg 2L s 4) f=av.
- Ty
2. BLIYMCAUTL YacTHBIE IPOM3BOAHBEIE BTOPOro MOPAAKAa (YHK-
unu f(x;y) B 3a1aHHON TOYKe:

— €z . . — a2 R . .
1)f_$+y7(170)7 2) f=y"(1—¢€), (0;1);
3) f =1In(z® +y), (0;1); 4) f=ysin(y/z), (2;7);
5) f =cos(zy —cosy), (0;7/2); 6) f = arctg(z/y), (1;1);
7) f =arcsin(z/\/2? +y?), (1;-1); 8) f=(zy)*t¥, (1;1).
3. Boiscuuts, cymectByior au B Touke (0;0) 4acTHbIE IPOU3BOAHBIE
BTOPOro NopAAKa ¢pyHKIUN

f= zy/(z? +y?), ecanm z? +y? #£0,
o 0, ecin 22 +y2 =0.
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4. Boruuenuts B Touke (0;0) wacTHble mpoussomamble fi . fi
(byHKuHM f= wy(z® —y*)/(a* +y?), ecmn 2 +y® #0,
- 0, ecmn x4+ y? = 0.

! "
vy Jay onpeneieHbl B

HeNpephIBHA B 3TOH TOUKe.

1"
yas TPAUEM

5. lycrs ¢dyuruua f u ee nmpoussopHbie f1,
HEKOTOPOH OKPeCTHOCTU TOURHU (Z0;Y0) U [,

Jlorasats, 4TO B Touke (Zg;%Yo) CYIIECTBYET NPOUBBOAHASA
f{,’x(ﬂ?o;yo) = fély(mo;yo)-
6. HaiiTu uacTHble NpOM3BOIOHBlE BTOpOro mnopsgxa ¢yHruuu f(x;
y; 2), ecnu:
D f=2(1+y?2%); 2) f=sin(z+y+2)
7. BbIYUCIHTL 4YacTHbIE NPOU3BOAHLIE BTOPOro MOpPAAKa (QYHK-
uvd f(x;y;2) B 3ajlaHHON TOUKe:

1) f=n@®+y* +2%), (LL1); 2) f=a*", (L1).
o f
Oy 0x2’
_ o' +8uy’ _ : — sinle :
1) f= ot2y 2) f=In(z +y); 3) f=sin(z+ cosy);
4) f = cos(e?¥ — 2x).

8. HaiiTu yacTHYO NMpPOU3BOIHYIO €CIIu:

3

9. HaiiTu yacTHYIO NMPOU3BOJHYI0 —————, €CIIHU:
Or Oy 0z
1) f=+/xy325 2) f=a%siny +y’sinz+ 2¥sinz; 3) f = e?¥%;
rt+y+z—ryz
4 = tg ———————~= |
) f arcgl—xy—yz—zx
10. HaiiTu yacTHYIO NPOU3BOJHYIO E‘if (hyHKRIUU
' y p A y 8.171 8.172 8353 8354 y I
f=M L .
\/(m —x3)? + (w2 — x4)?
p+q
11. HaiiTu cMmemaHHYIO NPOU3ROAHYID ————  €Clu:
OxP Oy?

) f=(z—a)Py—b)7" a,be R 2) f=(x+y)/(x—-y)
3) f=@”+y*)e™™; 4) f=In(z"yY).

p+q
12. BbLIYUCIUTD aapayq B touke (0;0), eciu f = e*siny.
€T
. p+q+7’f
13. Ha#iTu 4acTHYIO NPOU3BOIHYIO DaF OyTOT byHKLUY
f = wyze*TVtE,

14. Haittu BTOpOii auddepennman dyusuuu f(x,y), ecnu:

) f=z(l+y); 2) f=asin®y; 3) f=(1/y)e¥;
4) f=ylnz; 5) f=In(z?+y?);
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6) f = arcsinaxy.
15. Haiitu Bropoit muddepennuan dyuruuu f(x;y) B yKasaHHON
TOYKE:

1) f=e, (L-1); 2) f=e"/Y, (L1); 3) f=(e/y)e”, (0;1);
4) f =x%ch3y—92% (0;0); 5) f==xzcoszy, (7/2;—1);
6) f =4y’ +sin’*(x —y), (0;0); 7) f=Qz+y)In(z/y), (1;1);
8) F=eMe, (1), 9) f =T (0;0);
y— — 2 _ .0

10) £ =l T (505 10) £ = st =), (10)
12) f = yarctg o (0501 13) £ = (z +9), (1; 0);
14) f = (sinx)®V, (7r/6 7/2).
16. HaiiTu MHORECTBO TOYEK IUIOCKOCTH, JJIA KOTOPbIX BEPHO Hepa-

BeHcTBO d? f > 0, ecau:

1) f=a?+y?—zy—Ty; 2) f=x2+y2% 3) f=cos(z+y).
17. Haittu BTOpO# nudbdepenuuan byuskuuu f(x;y;z), ecau:

) f=ay+yz+az; 2) f=ln(z+y+z).

18. Haiitu B Touke (0; 0; 0) BTOpO# Muddepernuan GpyHrRUMU f, eciu:
1) f=a* + 2% + 322 — 22y + 4x2 + 2yz;

2) f=(1+2)*Q+y)’(1+2)7, a, B, vER.

19. Haiitu B Toure (1;1;1) Bropoit nuddepennuan pyHkuuu f, eciau:
1) f=z2/(z"+y); 2) f=(z/y)/*

20. Haiitu B Toure (1;1;...;1) Bropoi auddepeHnnan ¢yHRIUA

n
_ 2
=In E zj.
i=1

21. Haiitu d°f, ecau:

1) f=a%; 2) f=2"+y* +3ay(y —a); 3) f =sin(a® +y?);

4) f =axyz.

22. HaiiTu B ykasaHHOH Touke d°f, ecnu:

1) f= eV, (0;1); 2) f=sin(2z +y) (0; 7r)

3) f=zcosy+ysinz, (0;0); 4) f=z"+xy® +yz? + 222, (0;1;2).

23. Haittu d'f, eciu: 1) f =cos(z +y); 2) f=In(zy¥z?).

24. Haiitu B Toure (7;0) auddepeHnyan wecToro Nopaaka gpyHKIHH
f=coszchy.

25. Haiitu nuddepenuuan nopagxka n byHruuu f, ecau:

1) f=ewt, 2) f=In(z+y+2).

26. [lowasate, uto ecan P, (z;y;7z) — OQHOPOOHBI MHOIOYIEH CTe-

lenn n, TO d"P,(z;y;2) = n! P,(dz; dy; dz).
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Haittu d*f, ecan:

1) f =2+ 423y + 22y 2 — 3ayz?;

2) f=at+52%y — 2%y + 2% + x23.

27. Mlyety f — mBamael auddepennmpyemas dyuruua. Haiitu BTO-
poii nuddepenunan PyHKUUN p, €cau:

D) e(zsy) = flu), u=z+y; 2) plz;y) = flu), u= 2> +y%

3) plz;y; 2) = f(u), u=mzyz;

1) p(z;y) = fluvsw), u=a>+y?, v=2

28. 1) llokasats, uto deymepromy ypasHenui Janaaca

Fu | 0u
T Ox? + Oy?
YIOBIETBOPAIOT CleAyIolne hyHKITUN;

a) u=e*(xcosy —ysiny); 6) u=zxchzsiny+ yshxcosy;

B) u= arctg(y/z); 1) u=lnr, r=+/(z—a)?+ (y—b)>

2) Haittu ¢yHruuio (), ecid H3BECTHO, YTO QYHRUUS u =

2y w=2axy.

=0

Au

(£22)
= yIOBIeTBOpAET ypaBHeHHIO Jlamnaaca.
z

3) Howrasath, 4To ecnnt GyHKUNA u(z;y) YIOBIETBOPAET ypPaBHEHHUIO

Jlaniaca, To GyHRIUA
N S
- 22 + yz P g2 4 e

TaKke YI0BIAeTBOPAET 3TOMY YpPaBHEHUIO.

29. JlorasaTh, 4TO:

1) pyukmua u=1/r, r=+/(z —a)> + (y — b)2 + (2 — ¢)? yaoBreTBO-
pfAeT mpexrmepHomy ypasHeruio Janaaca

Fu  u  Ou
ot T ez Y

2) ecau dyurung u(z;y;z) ynoBaerBopser ypasHenuio Jamaaca, To

hyHRIUA
1 T Yy =z
v=su(542), r= VP T

T re

Au

TaKMe yJ0BJeTBOpPHET 3TOMY ypPaBHEeHHIO;
3) ecan dyuruuu ui(z;y;2), ua(x;y;2) YIOBIETBOPAIOT YPABHEHHUIO
Janaaca, To dynruua v = uy + (22 + y? + 2?)us ynoBiaeTBopseT Ouzap-
MOHUMECKOMY YPABHEHILIO
o*v o*v o*v
(Av) dzt 0x? 0y oy

30. [JorazaTb, 4TO GHYHRIUA

[ n
uzl/’rn_Qa Tl>2, r= Z(xk_ak)27
k=1

0.
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VIOBIETBOPAET 7,-MEPHOMY ypaenenu;o Jdanaaca

Au_zax

k=1 "k
31. [lokazaTh, 4yTo byHKLUA
Cle—kr +Cf_>€kr

U = 5

T

rae r =+/z? +y2 + 22, k, C;, Cy — MOCTOAHHLIE, YIOBISTBOPAET ypas-
nenuto Ieabmzoavya ) 9 .,
0 u 0 u o0 u

_ 1.2
Ox? + Oy? + 0z2 = k.
32. /loxkasaTh, 4YTO:
1) dyusuma u(t,z) = ;ez/(m%) VIOBIETBOPAET YPABHEHUID
2av/ 7wt
menaonposodrocmu X
Ou _ 2 0u.
ot~ oz’

2) ecau ¢yuruusa u(t,z) yAOBIETBOPSET ypPaBHEHUIO TEINIONPOBOJI-
HOCTH, TO GYHKIUA

1 u 1
/U(ty-r) = a—\/ze /(4 t)’U/(—)t _E)

TaKe YAOBJIETBOPAET 3TOMY YPaBHEHUIO.
33. [lowkazaTh, 4uTO byHKRLUUA

n

1 .2 2 . .

ult; ;. Tn) = Ve e~/ (et g2 in’
k=1

VIOBIETBOPAET 1.-MEPHOMY ypaenenu;o menﬂonpoeodnocmu

(9u
o Z 6:vk

=1

34. [lokazats, 4yto ¢yHkuusa u(t;z) = % ein®/(4t) YAOBJIETBOPAET
ypasrneruio Hllpédunzepa ¢
(9u 4 O u -0
"ot T o2 ’

35. 1) llycts f u g — nBamanl auddepenuupyemble dyuruuu. Jo-
KaszaTh, YTO (yHRIUA
’ u(z;y) = f(z) + 9(y)

VAOBIEeTBOPAET ypaBHeHUIO o
Oz Oy -
2) Haittu ¢yuruuio u(z;y), YAOBIETBOPAIOWYIO YCIOBUAM:
u N Ou(z,z) _ o
a) 920y =0, u(z;z) = =x, —5n =&
0u

6) 900y r+y, u(z;0) =sinz, u(0;y) =y.
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36. lokasaTh, UTO 0JHOMEPHOMY BOAHOBOMY YPABHEHILIO
Pu 5 Bu
o ox?
VIOBAETBOPAIOT CJEAVIONNe HYHKIMHU:
1) u=2z/(x? — a®t?); 2) u= Asinwz cosawt;

3) u= f(x+at)+g(x —at), roe f U g — NPOU3BONbHLIE AB&KIbI
IudpdepeHIpyeMble PyHRINAU.
37. Haiitu dyurumio u(t; ), YIOBIETBOPAIOUIYIO YCIOBUAM

(9u__
o

38. Jlorkazartn, uto GyHrUMA u(t;x;y) =

Oult; 2t)
ot

=12,

yAOBJIETBO-

PAET 0BYMEDHOMY BOAHOBOMY YPABHEHUIO
Ou a2<62u Bzu)
ot? oz o2/’
39. Ilycte f u g — mnpousBoJbHBIE OBa#iIbl AUG(HepeHLnpyeMble
dyuruuu. JokazaTh, 4To GYHKUUA ¢ YIOBIETBOpAET TaHHOMY ypaBHe-
HUIO:

. Bzu_ 0*u u
Du=zf(z+y) +yglz+y)), v 920y ﬁ_oa

= 1/27t — az_u_ 63u @ _: .
2) u=f(z +2t)e +g(z 21?), e 522 +2 oy +4 0;

. y 282u_ 5 0% A
3)U—f(wy)+\/wyg<x), oz Y ogp =0

_ fle-t)+glz+t) &u _ u ga_
4 u= z Tooe2 T fx? z Or '
S S A U BRY

T fx? oy: 2 0y ’
y <0

_ £ QBQ_U_ 262'& a_u_ Bu
6) u—f(a:y)—l—g(y), T Oy? =Y Oy oz’

. Ou _ Ou Ou
7) u= f(z)g(y), uax—ay_%%’

. ou 0*u _ Ou 0u
8) u= f(z+g(y))), B_xax—ay T Oy 0

40. 1) Joxasats, uTo n pas guddepeHUUpyeMas OLHOPOOHAA CTelle-
mn a (§2, (1)) B obnactu G C R® ¢yukuusa f ynoieTBopseT B obrac-
T G ypaBHEHUIO

(5

2) BbIuMCIuTh <a:

0

+y(9_y +z %)nf:a(a—l)...(a—n—f-l)f.

2
o %) f, ecan f = \/z? +y? + 22,

—I—yay

oz
2 +y?+22>0.
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41. HaliTu B yKazaHHOH TOYKe YACTHbIC IIPOM3BOJHLIE BTOPOrO I0-
panka GyHruuu u(z;y), 3afaHHON HEABHO ypaBHEHUEM:

1) 222 +2y° +u? —8zu—u+8=0, (2;0;1);

2) 22 /a® + y?2/b? —u?/ct =1, (a;b;c).

42. HajiTu yacTHEIe IPOM3BOAHEIE BTOPOro NopsAaka Gy HRIMu u(z;y),
3aJaHHO} HEABHO ypaBHEHUEM:

1) eu = e*t¥tu;  2) u =z + arctg(y/(u — x)).

43. Haiitu Bropoit muddepenuuan ¢yHsuud u(x;y) B ToYKe
Mo(zo;y0), ecan u(z;y) — nudbdepernupyemMas QyHRINA, 3aJaHHAA yKa-
3aHHBIM HUME yDaBHEHUeM U Taras, 410 u(Zo;yo) = A, ecan:

1) 2zyu’® + (4y3 — 22%)u + 32%y? —4 =0, u(2;1) = 2;

2) u? —3zyu—2=0, u(l;1) =2;

N ut+au+y?=0, u(-21)=1; 4) z+u=e"¥, u(0;0)=1;

5 ud+2yu+xy =0, u(l;—1)=-1; 6) y—u=-e"" u(l;1) =0.

44. Haiitu BTOpOil nuddepennuan Gyurimu u(z;y), 3aAaHHOH HeAB-
HO YpaBHEHUEM:

1) z?/a® + 92/ + 4/ =1; 2) z+y+u=¢e* 3) u=In(yu—z);

4) u/va? —y? = tg(u/\/2? —y?).
45. [lycts ypaBHeHHEM:
D) flruzyu) =05 2) f(msz+y;o+y+u) =0;
rae [ — mBamapl AMepenurpyeMan QYHKUNA, olpeelfAeTCA ABa#i/bl

nubdepennupyemas dyurunsa u(x;y). Haiitu g;

46. [lycTs ypaBHeHHEM:

D flz+uy+u)=0; 2) f(z/u;y/u) =0;
rae f — mBamael nuddepenuupyeMasa GyHKINA, oNpeAedaeTCsd NBaA bl
auddepenpyeman Gynruua u(z;y). Haiitu d®u(z;y).

47. Jlorasath, 4T0 ecnu ypaBHeHueMm y = zf(u) + g(u), rne f u g —
ABakabl nuddepeHnrpyemele QyHRIIUN, ONpeAenaeTCa ABamabl audoe-
peHuupyemas dyHKRUUA u(z;y), TO OHA YIOBIETBOPAET YpPaBHEHUIO

(8_u)282u_ Ou du &u (8_u)282u_0
oy /) Ox? dr Oy Ordy or/) oy

48. lycrs u = F(v), rae v(z;y) — dyHRUMA, OnpeesemMas HeBHO

aBHEHUEM
P v=1+yf(v).

n n—1
llorasaTe gopmyay Jazpanica % = aawn—l (f"g_Z)

0w (3;3)
Jx Oy
v v(x;y) 3amaHbl HESBHO CUCTEMOI ypaBHEHH

2 _
{u+v - u(3;3) =2, v(3;3) =1.

49. Haiitu , ecn w = u(z;y)v(z;y), a dyukumu u(z;y)
U

UZ_USZy,

7 ITon pen. JI.I.Kynpasuesa, T.3
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50. Haiitu B Touke (0;7/2) nuddepenunanst d>u, d*v, ecmu pyHR-
uvd u(x;y) M v(z;y) 3agaHbl HESIBHO CUCTEMOH ypaBHEHUN

u‘+v:x+y, - - x
swe_a 0 uf0g) =m o0 g) = -5
sin v Yy

51. Ilpeo6pa3oBaTh ypaBHeHHe K MOJAPHBIM KoOpAHHATaM, MoJa-
rag £ =rcosy, y = rsinp:

0u 0u 0u 0u 0*u
1 =0: 2 2 2 2 =0
Vot ap 0 DT g P2 gt 5 =0
0u ou &u Ju Ou
2 _ 2 e 2 Y% vv vR o
3)y ox? Y 5z Oy . oy’ oz Y Oy

52. Hpeo6p830BaTb ypaBHeHHe, IpUHUMaad ¥4 M U 3a HOBbIE He3aBU-
CHMbIe ITepeMeHHbIe:

1) g;j :azgj;, u=x—at, v=2z+at;

2) %+622;y_6gy§+g—;+3g—;:0,u:y—3a:,v:y+2x;

3) gz —2622;y+g;§ =0, u=2z%, v=x+y;

4) gj:;ng? +a?2=0, t =e%cosv, y = e¥sinv;

5) 2z +y) 52 +g—;:o,u:x,v:\/ﬁ;

6) ngz—QQg;:O u:a:y,v:%;

7) 3z 8; — 4zy 8?5; —}—yzg_ 0z _ 0, u = zy,
v =zy?;

><1+m>§ >6 +x§—§ yg_;:o;

10) sinQa:gZ—stina:(,fc—i’(;j—l—ng;/zZO,u:ytgg,v:y.

53. PemuTh ypaBHeHUe, BBeld HOBble He3aBUCHUMEBIE MepeMeH-
HblE U, U:

0z 0%z 0z 0z 0z
1 —4 4= —-12 = = = =
)(%2 8x6y+3 o7 + g 9y 0, u=y+3z, v=y+
+ x;
0z 0’z 1 0z
2 472 = - = =y—a? = 2,
)6x~ o7 Iax,x>0,u y—zt, v=y+zx

54. HorasaTb, uTo ypaBHeHue Jlanaaca Az =
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MeHAeTCA NPU 11060# 3aMeHe He3aBUCHMBIX IepeMeHHbIX
r=z(u;v), y=ylusv),
VIOBJACTBOPAIOIIUX YCIOBUAM
Jz _ Oy dz 0Oy o(z,y) £0
du  Ov’  Ov Ou’  O(u,v)
55. I[IpeobpasoBaTh ypaBHeHWe, IPUHUMAA ¥ U v 3a HOBbIC He3aBU-
CUMBIE [epeMeHHbIe:

&’z &’z az_

1) 527 920y 83 0, u=z+2, v=y+2
&Fz .

2) _az(')y_< ) =z, v=y+ 2z

56. Hpe06p33OBaTb ypaBHeHHe, MpUHUMad w(x;y) 38 HOBYIO GyHE-

LHIO:

)6?6; +a 8 +b—+cz—0 z=we~02tay) 4 b ¢ — nocro-

AHHbIE;
0z 8z 9z\? 9z \2 .
2) = )=(5) +(5) v=="
)z oxr Oy ox + Jy W=
57. IlpeobpasoBarh ypaBHeHMe, IPUHUMAA U, U 38 HOBbIE HE3aBUCH-
Mbl€ IIepeMeHHbIE U W 38 HOBYIO (QYHKIHIO:
8z 8z 8z
1) 92 o (1 ) — v = —
)69:- 66y+ + = o7 =0, u=x, v=s+y, w=z+
+y+ 2z
2) O 9z _ 2 U=, V=1, wW=21Iz—Y;
y ayf_) ay - .'L" y et — - y7
0%z 8z 0z
) oz? Oz Oy + oz

=z, 2u=x+y, 2v=z—y, w=eYz

& oz 02 9z
)(1 )69:’+(1 y)8y2 xax+ya,x sinu, y = sinv,
z=e"
&z &z az 1 _
5) (1 )69:— Rl R £ |z| < 1, 2u = y + arccosz,
2u =y —arccosz, w = (1 —x?)}/z;
&>z D’z 8>z
6) a1 +9) 55 — (M +p+a+2pq) g +p(1+p) 55 =0, re p=
0z 0z
:a—x,q:a—y;u=$+2,v:y+z,w:x+y+z.

58. Beenn HOBbIe HE3AaBUCHMBIE NIEPEMEHHBIE U = T + Y, ¥ =y/T U
HOBYIO GYHKUMIO w = z/x, PelliTh ypaBHeHHe
V., 0 05,
Oz? drdy Oy )
59. I[IpeobpasoBaTh, IPUHAB 38 HOBble He3aBUCUMbIe IepeMeHHbIe Y
U 2z, a 33 HOBYIO (YHRIHIO Z, YpaBHEHHe:

7*
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1) ( 8z )2 &z 0x
Oz Oy dx? 2’
3 0%z 0%z 0z 0z
2 2 _ 0z
2 +q B =0, p= 3 9= 9
60. Hpeo6pa308aTb, NpPUHAB 38 HOBbIE HE3aBUCHUMbIe IepeMeHHbIe u,
v, t, ypaBHeHUe:
0w 0w 0w fw | w
+y+2z, 2t=3x+y— z;
Fw  Fw o, Fw | Ow | dw _
0z oz Oy Oy 0z oy 0z

T

61. Hpe06paaoBaTb YpaBHeHue, IpuHMand 3a HOBbIC He3aBHUCHUMbIE I1e-
peMeHHbIe Y1, yg, Ys:

1) Z 61:161:] =0, m=—-T1+T2+23, Y2 =1 — T2 + T3, Y3 =
i<j=1
= + 372 — Z3;
_ X T3 _ _
2) lelmJaxza$ 07 Yy = .17_17 Yz = .17_17 Yz = T2 z3.
i,j
62. IlpeobpasoBaTh ypaBHeHue Jlamnaaca (9_—“ + 0u + 6—“ =0 &

ox? oy? 022
cheprUyecKUM KOOpIMHATaM, IoJaras

x=rcospcosy, y=rsinpcosy, z=rsiny.

1
63. Ilpeo6pasoBaTh ypaBHeHHe Z 6% ,Z ka Oa:kﬂ = 208

I[IpUHNMafd 3a HOBble He3aBUCHMbIE HepeMeHHbIe

i
= E Tk, i:172,...,n
k=1

32)2) &z 9 8z 8z Oz

64. IlpeoBpazoBaTh ypaBHEeHHE (1 + (8 -
Y

972 %a_yaxay

0z &z 8(0z/0x, Dz /dy)
(1 + (6 ) )6y = 0 npu yciaoBuu BT e—

npeobpasoBanue JlexaHnapa, T. €. IPUHUMAasA 38 HOBble HE3aBUCHMBIE Iepe-
MeHHble © = 0z/0xz, v=0z/0y, a w = zu + yv — z 38 HOBYIO PyHRLUHUIO.

# 0, npumenssa

65. Pasnomuth no dopmyae Teitnopa dynsuuto f(x,y) B okpecTHOC-
TH 3aJaHHOI TOUYKH:

1) flayy) = —22 + 22y + 3y — 62 — 2y — 4, (=2;1);

2) flzy) = 227 — xy — y* — 6z — 3y, (1;-2);

3) fz;y) = 2° — 20° + 3zy, (1;2);



$ 4. Yacmuwie npoussoduvie. Popmyaa Teilropa 101

4) f(x;y) = 2° — 5z? — zy + y? + 10z + 5y, (2;-1).

66. Paznomuts mo ¢opmyie Teiisopa B OKPECTHOCTH TOUKH (Zo; Yo )
QYHRIUIO .

fla;y) = ax® + 2bxy + ey’

a, b, ¢ — mocroanHbIe.

67. Paznomuts mo gopmyie Teitnopa dyuruuio f(x;y;2) B okpecT-
HOCTH 3aJaHHOI TOUKH:

1) floy2) = (@ +y +2)% (1;1,-2);

2) flz;y;2) = 22 + 32% — 2yz — 3z, (0;1;2);

3) fw;y;2) = zyz, (152,3);

4) f(zyy;2) = 2® +y° +2° = 3ayz, (1;0;1).

68. BoinucaTh ujeHbl A0 BTOPOro MOpAAKAa BRAIOUUTEAbHO GOPMYIILI
Teitmopa ana PyHRUMU f(a:;y) B OKPECTHOCTHU 3aJJaHHON TOUKHU:

D) flmy) =1/(z—y), (2:1); 2) flzy) =vE Ty, (2;2);

3) flasy) = arctg(z/y), (1;1); 4) fla;y) =sinzcosy, (zo;yo)-

69. Paznomuts pyuruuio f(z;y) = zv/1 + y no popmyne Mariopena
mo o(p?), p= /22 + y?; ¥ 3anUCaTL OCTATOUHBIIH YlleH BTOPOTO MOPAKA
B ¢opme Jlarpanzka.

70. Paznomutsh GyHEIHIo f(r;y) B OKPECTHOCTH TOURH (Zq;%Yo) IO
dopmyae Teitnopa 10 o(p?), p = v/(z —x0)? + (y — yo)?, U samucatsb
OCTATOYHLIH WieH 2-ro mopsaka B dpopMe JlarpaHsxa, eciiu:

1) f(z;y) =sinzsiny, xo =yo = 7/4;

2) f(zmy)=2aY, zo =yo = 1.

71. Pasnomuts ¢pyurnuo f(z;y) no ¢opmyne Teiitopa B okpecTHOC-
i Touru Mq(zo;y0) 10 o(p?), rae p? = (x —x0)? + (y — yo)?, ecam:

. _ coST LA, . _ 1+2 LA,
1) f(l',y) - COSy’ M()(0,0), 2) f(a?,y) - arctg 1+y7 M0(070)a
o <)
) Ja) = AT e R a0y
4) f(z;y) = arctg(z®y —2e7 1), Mo(1;3);
5) f(z;y) = arcsin (23: — gafy>, Mo(—1;1);
6) f(x;y) = cos(3arcsinz + y? — 2zy), Mo(1/2;1);
7) fla;y) = In(r — darctg s + a2 /y), Mo(1;1).
72. PasnomuTh no popmyne Makaopena 1o o(p?), p= /22 +y2 + 22,
(pyHRIHUIO

flz;y;2) = coszcosycosz — cos(x +y + 2).

73. Pagnomuts mo ¢opmyine Teitnopa B okpectroctu Tousu (0,0;1)
no o(p®), p= /22 +y%+ (2 —1)2, dynkimio

f@;y) = In(zy + 2°).
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74. Paznomuth mo dopmyae Mawaopena mo o(p?), p = /22 + 12,
dyurmuoo f, ecnu:

1) f= m; 2) f=V1—-2a%—y% 3) f=coszcosy;

4) f =sinz/cosy; 5) f=e%siny; 6) f=e*In(1+1y).

75. Paznomuts no dopmyie Teitnopa B okpectHoctu Touku (0;2)
no o(p?), p= /22 + (y —2)? bynrumio f, ecau:

1) f==z/y; 2) f=sinzlny.

76. Paznomuts no Gopmyne Mawaopena mo o(p™), p = /x> + 42,
m € N, dyHRIuIO

f=—r"Yy
(1-2z)(1-y)

77. Paznomuts 1o dopmyne Mawdopena mo o(p?™), p = /22 + 12,
m € N, dynruuio f=1/y/1—z2 — y2.

78. Pasznomurs no dopmyne Teitnopa B okpectHocTu Touku (1;—1)
mo o(p™), p=+/(c =12+ (y+ 1)2, m € N, dpyusumio f = e"*v.

79. Paznomute no dopmyne Teitmopa B okpecTHocTu Touku (1;1)
mo o(p?), p=+/(x—1)%+ (y —1)%, dynsmmo u(z;y), u(l;1) =1, sa-
NaHHYIO HEfIBHO ypaBHEHUEM:

1) v —2zu+y=0; 2)u®+3yu— 4z =0;

3) ud +yu —axy? — 23 =0.

80. Paznomuts mo hopmyie Teitnopa B okpecTHocTH ToukHd (2e; 1) mo
o(p?), p=+/(z —2e)2 + (y — 1)2, dyuruuio u(z;y), 3agaHHYIO HEABHO:
u(l+In(u/y)) =z, u(2el)=cec.

81. Hycts dyuruusa f(z;y) B oGaactu G UMeeT HENpEpPbIBHBIE MPO-
U3BOJIHBIE [0 2-T0 MOPAAKA BRIOUYKUTENbHO. Pa3nomuTs no dpopmyie Max-
nopena mo o(h?) dbyHKRUMIO

Ft i)+ f(m = 2y Ln) 4 (2= By~ )
_ 2 2 2 2
- )

3 (z;y) € G.

82. Mycts dpyuruusn f(z;y) B oGaactu G UMeeT HelpepLIBHLIE YacT-
Hble MPOM3BOAHbLIE [0 MATOTO TOPAAKa BRAIUYUTENLHO. PasloimuTh Mo
¢dopmyne Marnopena a0 o(h®) dbyusuuio

c+hy)+ flesy+h)+ fle—hy)+ flesy—h

83. Mycth Gpyuruusa f(x;y) HelmpepblBHA BMECTE CO CBOMUMHU YacTHbI-
MU TIPOMBBOAHLIMH [0 TOPAAKA M BRIIOYUTENLHO B OKPECTHOCTH TOY-
kU1 (xo;y0), U nycers Pp,(z;y) — ee muorowren Teitnopa B 5Toit Touke.

Horazars, uto ecnn Q(x;y) — KAKOH-T1MGO MHOIOUIEH CTeleHU He

F(h)
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BhIIIIE 17 TaKoOH, 4To
@) = Q(my) +o(p*), k>=m, p=+/(z—20)2+ (y—10)2—0,
10 Q(z59) = Pra(39).

84. Pasnomuth B paa Mawinopena GyHKUOMIO f U yKas3aTh MHOMECTBO
TOYEK CXOOUMOCTU pAAa, eciu:

1) f= L“;, 2) f=cos?((z —y)/2); 3) f=sinzsiny;
4) f=e€"cosy; 5) f=coszchy; 6) f=In(l+z+y);

N f=vVI+taz+y+axy; 8) f=arctg((z—y)/(1+ zy)).

85. Pasnomuts B psag Teitnopa B okpecTHOCTH TOYRM (Zo;Yo) GyHK-
U0 f U yKasaTh MHOMECTBO TOUEK CXOAUMOCTH PAIA, eciu:

D f=z/y, zo=yo=1; 2) f=1/2-2—2y+zy), 20=1, yo=0;
) _eJH-y, xO_yO_Q 4) f:SIH(Z'+y), xO:()v y0:77/2§

5 f _sm(a?+y), x0 = 7/2, Yo = 0;

6) f=In(2—z+2y—ay), zo=yo=1;

N f=In $_yy, 20=0, yo=1;, 8 f=Inzlny, o=y =1

3

86. Tlycrs dyHruMa f(z;y) B obnactu (G MMeeT NPOM3BOAHBIE BCeX
nopsaaroB. Pasnomurs B pag MaknopeHa ¢yHRIUIO

F(u;v) = flx +usy +v) — fle +wy) — flo;y +0) + fosy),

(z;y) €G.
OTBETHI
OFf 192 FF _aos sy _a P o o
1.1) o = 12z3y, 55 4(z° + y*) - 3, o = 12zy%;
azf — 22,y azf _ Ty azf _ 42,y
2) Ox2 =y-e, (9:n6y (1+xy)e ’ ayz =zITer;
o f _ 2 Ff ﬁ 2y )
Y o T T Bwoy " By T gy WTE
Pf o g2 OF gt Oy
' o &f
2.1) Oz? =9 dxdy 7 Oy =2
’>r af o Of _
2) ox> 1, oz dy 2, 0y? =0
62](- B 62](- B alf 3
3) Ox? =2 Oz Oy =0, oy L
p ¥ oy _x Of_ =
8z2 167 dxdy 8 8y* 4’
5) 82f __7T_2 82f __E 82f _
dx2 4 dxdoy 20 8y
AP AP S S A WO ¥ R S IS
9z~ 27 dxdy T Gy 27 0z 2 27 dxdy
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¥fr_of _, & _
8) dz: ~ Oy? =4 dr oy
3. foe=1y =0, fz, n fj, necywecrsyor. 4. f\ =-1, fi' =1
’>f _ Pf o5 3 Ff a9y f o, 3 Ff
6.1) 027 =00 Gray W gpas T G T 55,
= Bryz?, 8;])‘ 6xy’z;
az2
2) —sin(z +y + z).
oy &L 0L 0 2 O O Ff 4
) . ox? ' Oy? '822 9’ ﬁxay . dr 0z 8y8z 9’
2) adf = adf = adf = ﬂ = a_f =€ a_f :2
dz? 022 Oz 0z T oy? Oy 0z T Oz Oy )
8.1) —4; 2) 2(z+y) 2 z+y>0; 3) sinycos(z + cosy);
4) 8¢ sin(e? — 2z).
3
9.1) %\/ %; 2) 0; 3) (14 3zyz + x?y?2?)e¥?; 4) 0.
10, Blozm) @a-z) 6 rie 72 = (z1 —23)% + (T2 — 74)2.

T-S T-«l ?
) 2(=1)P(p+q - 1!(gz +py) .

11. 1) plgl; 2) @—grrin ;

3) (2® + 7 +2pz +2qy +p° —p+¢* — eV, 4) 0.

12. sin(qm/2).

13. (z +p)(y + @) (z +r)e” TVt

14. 1) 2dxdy; 2) 2sin2ydx dy + 2 cos 2y dy?;
3) e*¥ (y de®+ 2z dx dy + w dyz);

7)Y (d2” — dy®) — dzydedy
(22 + y2)? )

_ Y 4.2 2 . (y2 -
4) - dx +o dz dy; 5) 2
zy’de® + 2dx dy + =y dy®
6) — :
(1— JvzyZ)s/z
15. 1) e 1(dz? + dy?); 2) e(6dz?® —8dzdy +3dy?); 3) —2dzdy;
4) 2(dz? — dy?); 5) —2(dz® — ndzdy); 6) 2(dz? — 2dz dy + 5dy?);
7) (dz — dy)?; 8) 2(1 4+ In2)dzdy + 2In? 2dy?; 9) 2dzdy + w2dy?;
10) —%(7dw2 +ddzdy +dy?); 11) —dz? + 4dx dy — 2 dy?;
12) 2dxzdy; 13) 2(dzdy + dy?); 14) —2v/3dzdy + In* 2 dy>.

16. 1) Bea miockocTh;

2) BcA MIOCKOCT, 3a HekaiovenneM Todru (0;0);

3) cueTHoe MHOeCTBO Monoc — ¢+ 7/2+ 21k <y < —x+37/2 +
+27k, k€ Z.

17. 1) 2(dzdy + dydz + dx dz); 2) —(

dw+dy+dz)2
r+y+z '
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18. 1) 6dz%2 — 4dxdy + 8dxdz + 4dy dz;
2) ala—1)dz® + B(B — 1) dy* + v(v — 1) dz>+
+2afdx dy + 28y dy dz + 2ay dz dz.
19. 1) (1/2)dz® + (1/2)dy® + 2dz dy — dz dz — dy dz;
2) 2(dy? — dx dy + dydz — dz dz).

20. %{n—Q Zdz Y dzld%}

1,§=1,t<j

21. 1) 6.da? dy; 2) 6(dz® + dy® + 3 dz dy(dy — da));
3) —8cos(z? + y*)(x dz + y dy)*—

—12sin(z? + y®)(z dz + y dy)(dz? + dy?);
4) 6dz dy d. (@* +7)( y dy)( y?)

22. 1) 6d2>dy; 2) (2dz +dy)3; 3) —3dzdy?;

4) 6(dz dy® + dy dz® + dzdx?).

23. 1) cos(z + y)(dz + dy)?; 2) 2(dx*/x® + dy/y® + d2*/23).
24. d2® — 15dz* dy® + 15dx? dy* — dyS.

25.1) s H(qdz + bdy)"; 2) =D g g 4y,
’ (x+y+2)"

26. 1) 24(dz?* + 4dx® dy + 2 dx dy® dz — 3 dx dy d2?);
2) 24(dz* + 5dxdy + dz d2®).
27. 1) f"(u)(dz + dy)?;
(de +ydy)? | (yde — x dy)’
f'(u)——5=— + f(u ;
DIy T S e
) f"(w)(yz de + zx dy + zy dz)*+
+2f'(u )(zdxdy+xdydz+ydzdx);
4) Af)(zdx +ydy)® +4f),(xdz — ydy)® +4f,,(ydz + z dy)*+
+8fuv( 2de? — y*dy?) + 81! (zdx +ydy)(ydz + xdy) + 8f. (v dx —
—ydy)(ydz + xdy) + 2f.(dz® + dy*) + 2f.(dz® — dy*) + Af., dz dy.
28.2) A/t + B.
35.2)a) y+ (z® —¢3)/3, 6) sinx +y + xy(x +y)/2.
87. 2/2 — (x — %[44+ (x + 1)°/108.  40.2) 0.
Fu Fu 4 d*u

4. 1) 92 8y- ~ 15’ 8$8y o
oo o e
Ox? o> T Oz dy ab’
u 0u u U
20 5F Ty or G- wp
) @_ﬁ_o Pu 2@ —uw)(y+ D+ +u—2$u)
oz dzOy Oy (22+ 92+ 132 — 2zu —y)®

43.1) —62_3 dz? + 206 dz dy — 306 dy?; 2) —%(dz — Tdzdy + dy?);
3) —4dx® — 20dz dy + 26 dy; 4) —2dz dy + 3 dy>;
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5) 6da:2+6da:dy+2dy2; 6) —%da:dy— édyQ.

44. 1)
2)

3)

7b7 3 ((y2 - b2)d$2 - 2l’y dz dy + ($2 - G,Q) dy2)7
% (dz? + 2dx dy + dy?);
((yu — z) dz? — 2(yu?® — (u — 1)(z + y)) dz dy+

(z +y—yu) + (yu® — (2 + 29)u’ + 2(z + y)u) dy?);

4) —ﬁ(ydw —zdy)?.
45.1) — Yl () il = 2f1 2 1 + (FD°F3) — 2u(z fi + y (1)
(@fl +yfs) ’
2) — (£ (AL +2F5 + f23) = 20 + (s + f33) + (FL + £2)°F38
(£3)? '
(B2 fo () fs o
46.(1)) T +(f§)3 (dz — dy)*;
P Fii — 2f1 fo fls + (f1)° 25 _ 2
? GH vy T
49. 13/121 50. d*u = —d*v = —(8/7%)dx dy.
51. 1) 1 Ou 1 @ . 282u:0_ 3)

"5z
8z 0z

52. 1) 8 A
Pz Pz
6u~ ov?
a_
Hudv

10) (u? + v >§ ¢ =
53. 1) z = e 2t f(g +y) +gly+32); 2) 2= fly—=*) + gy +
+2), rae f U g — NPOM3BO/LHbBIE, ABAM ALl AUddepeHLupyeMble hyHK-

4)

22uz_0 5) 502
—0; 8) 20 gz %:0; g 2, 0=
62

7)

LU, 5 R 2 2
Oz &z &z 0z\ Oz 0z 0z
55.1) 6u2+28u6v+82_0’ 2) (1_%)au6u 30 97
Fw
56- 1) m + (C — ab)w = O7

57. 1) a'ulf :(1—3)8?”; 9y Jw _q, 3y Tu, O o,

Oou? U 261)2 gug ou? Ou dv
Pw Fw Ow \* ow &w w
Y et o +(%) +(_v) =09 5050 = Tale— o)
Fw
6) Oudv =0

58. z=xzf(z +y) +yg(x +y), rie f U g — NPOU3BONbHLIE, IBAHK LI
ouddepeHnpyeMele PyHRINUU.
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59.1

a?x 2 af_’x azx aQ:L'
) (ayaz) T o Wa% o =0.
Pw  Ow _ O Fw _Fw , Fw  Ow
ou? ov? ot? Jul 902 e 30
u

61. 1) ;=0 2) 5r =0
Fu 2 Ou 1 o ou 1 u
72 r Or | rlcosy @(cosw%) r2cos?y Op? =0
%.E:yu:O.Mnﬂ+u)aw+QMJy +(1+v?)
Oy o D 0
) flsy) =1—(z+2)* + 2@ +2)(y - 1) +3(y — 1)
zy) =2z -1 = (z - Dy +2) - (y+2)%
3) flzy) = —9+9z—-1)-21(y—2)+3(x—1)2+3(z - 1)(y—
—2) —12(y —2)> + (z — 1)° = 2(y — 2)*;
4 flzy)=6+3z-2)+y+ )+ (x-22-(z-2)@y+1)+y+

+1)% + (;1:—2).

66. f(x;y) = axg+ 2bxoyo + cyg + 2(axo + byo)(z — o) + 2(bxo +
+ cyo)(y — vo) + alz — xo)? +A25(37 —20)(¥ — o) +AC(11 — y0)*.

67.1) f(sy;2)=(z— 12+ @w—-12+E+2?2+2(z—- )y —1) +
+2(z — D)(z+2)+2(y — 1) (2 + 2);

(2) g)(m;y;z) =2-4y—-1+7(z—-2)+2*+3(z—2) —2(y — 1) x

3) flmsy;2)=6+6(x—1)+3y—2)+2(z-3)+3z—- 1)y —-2)+
2 -1D)(E-3)+y-2)E-3)+ (@ -1y -2)(z-3);

4) flo;y;2)=2+3(x—-1) —3y+3(z—1)+3(x—-1)>+3(z—1)? -
3z —-1Dy—-3yz-1)+x-12+y>+(2—1)2 =3(x — Dy(z — 1).

6&1)L—@—QVE@—1V+@—2V—2@—9X9—U +(y-1)%

4

2) 24 @w-2)+ ;-2 -5 G- - £ @-2)(y—2) - X

=0.

60. 1) =0; 2)

62.

Fw
ov?

=0.

k
65. 1
(

(z;
2) flz;y) =
jy

5 64
x (y — 2)%
Tl Yy Ytz L 12
DIt te-D-tw-D- -1+ te-1
4) sinzgcosye + coszgcosyg(r — xg) — sinzgsinyo(y —yo) — %x

. ) . 1.
X sin g cosyo(x — @o)* — coszo sin yo(x — o)y — yo) — 3 Sin@o cosyo %
x(y —yo)®. _

xy 9 .’l'yz

69. f(z;y) =2+ 5 +olp*), p = 0; 12(25y) = — 5= (2+60y)(1 +

+6y)75/2, 0< 6 <1
1 1 7 1 ™ 1 w2
0.1) fley) =5+ 5 (o) r3-F)+5e-5) +

(= 5)l-5)-3
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X (w— %)Scosﬁsinn—l—?)(w— %) (y— —) s1n§cosn+3(w— %) X

X (y— %)Zcosfcosn-l— (y— I)331n§cos77), rae & = I —1—0(3:— %),
= Z , 0<8<1;
fzy) = 1(+ (:ﬂ)—(l) )(w—l)(y—1)+0(p2), p—>(0g Tz(;ﬂ;y) =
=1 -2 2 21— 1+ —n)in¢
(@ -1) T t== + 3 = 1’y — 1) % +
+3(e— 1)(y - 1)? REEEIRE (19103 ) rme & = 1+ 0z — 1),
-1), 0<8<1.
(z3y) = 1= (2% = y*)/2 + o(p*); ‘
sy) = /44 (2 —y) /2 — (2% — y*) /4 + o(p?);
) az + By n a(3a — 4)2® — 2aBzy + B(35° — 4)°
4 32

4) f(ay)= £+2(w—1)+%(y—3)—3(;c—1)2_ %(y—?,)g_(w_
°);

. _ r+1 (x4 1)° V3 5
i) flzy) = —g‘i’w‘i"\/g(y—l)— Wi -5 =1 =
— J5 et Dl =1+ olp?); 2
6) f(z:y) = @—mﬂew—)—@—n—ngﬁf—@—W+
w2 2) 1)+ o)
7) flay) = (y—1)+2(:v—1) (y—1)2—2($—1)(y—1)+
+0(p%).

72. f:;vy+yz+zx+o(p2). ‘
=2(z-1) = (z=1)* +zy + o(p*). ‘ ‘
74. 1) f=1l4+z+y+a®+tay+y*+2° +o%y+ay’ +y°3 +2' +
+a’y +2%y® + 2y’ +y' +o(p');
1 . 1 .
2) f=1- 5(;172 +y?) — g(;z:4 + 22%y% + y*) + o(p*);

3) f=1- 3(a* +97) + 57 (@t + 6222 + y") + op);

s ) 24
Hr=o-T T oy,
5)f:y+:vy+w; —%S—ﬂ+—3+0(p)
6) f:y+2;z:y—y;—wy + 2z y—l—;—i—%x y—x2y2+§wy3—
2 R (a)
75. 1) fzg_ﬂ”(y4—2) +$(98—2) _ﬂ”(yl;?) + o(p");
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_ xly—2) W2 5 xy-2° 2’(y—2)
2) f—$1n2+72 e T 5 TR
z(y—2)° 4

. =5t o)
76. f = (zF —y*) +o(p™).

k=1

T2k = D e

7. f—l"r‘z 2kk| Zcz 2k — 2zy2z+0(p )

k
1 k3 7/
78'f:ZFZCk (z — Dy + 1) + o(p™).
= =0

79. 1) u__1+2(x—1) (y—1) = 8(z —1)2 + 10(x — 1)(y — 1) —
=3(y—1)* +o(p?);
(

Du=1+2@—1)- -1 2@+ 3 (y—1)?+o()
Hu=l+@-—1)+ -1 z@-Dy—1+ xy—1+
+o(p?)
80.§:6+%(x—26)+§(y—1)—531—6(1’—26)24- 2—27(33—26)(31—
1) = 2y 12+ o)
81. F(h) = f(ay) + - (2200 o 821;(; DVR2 + o(h?).
82. F(h) = f(z;9) + %(822(5; vy 62];(;; v )h2 + 4—18 (641;(;5 vy
0'f(z;y)
s )h4+o(h5o)o. k
84.1) f=1+2> D (-1)Cia" "y, |z —yl < 1;
k=1 i=0
oo 2k
_ 1 (-pF —i i p2.
2)f_1+§kz::11: (2) C Zk y7R2a

R2
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ook
T F=Y > CipCiyay* ™ [z <1, lyl < 1;

k=0 =0
_ e (=D 26+1 _  2k+1
8)f—2m($ y ), =l <1, Jyl <1
k=0
85. 1) f_1+z (=D + (@ —Dy - 0<y<2;

k=0 1=0
fe's} 1 k
3) f=e')Y 5 D Cila =2y -2, R
k=0 =0
o (~1)* e 2% g2
— 1 _ 4
k=0 =0
o] 2k
_ (_1)k 7 2k—1 24 2
5 F=2 (2h)! C%(”’ 2) T
k=0 =0
S Nk
6) len?—Z%((m—l)k—f- (2}3 (y—l)k), 0<e<?2
k=1
1<y <3
- 1 1 k 1 i
0= ZkZ (-1 -1<2 <1, 0<y<2
z<y<Lzr+2;

)= ZZ a1z “(y — 1)*2, cymmupoBanue Z MpOU3-

BOOUTCH HO BCeM HaTypalbHBIM &) W (2, TaKUM, 4YTO @ + Qg = k‘;

0<z<2 0<y<2
oo k-1

N (G
86. F(u;v) ZZ T =) 9ri oyt VAL

k=2 i=1

§ 5. dreTpeMmyMmsbl bYHRITHIT

CMNPABOYHBLIE CBELEHWA

1. JlokaabHbIil 3KcTpeMyM. TouRy o Ha3bIBAIOT MOYKOU AO0KALb-
noeo marcumyma dyuskuuu v = f(z), x € R™, eciu cyuecTByeT OKpecT-

HOCTH TOYKH JZO, OJIA1 BceX TOYEeR X ROTOpOfI BEepHO HepaBeHCTBO

fla) < f(a).
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Eciu pas Beex x # 2° U3 HeKoTopoli OKpecTHOCTU Touku x°

CTpOFOG HepaBeHCTBO
flz) < f(2°),

To Touky z° Ha3BIBAIOT MOUKOL CIMPO2020 AOKAALHOZ0 MAKCUMYMA QY HE-
uuu f(z).
AHaJOrM4HO, i B HeKOTOPOi OKPecTHOCTH TOYKU x° BBIMOJHAETCA

HepaBeHCTBO f(w) 2 f(wo)’

To TouRy 2 HA3LIBAIOT MOUKOL AOKAABHOZ0 MUHUMYMG, eCly AIA BCeX
2 # 2 U3 HeKOTOpOIl OKPeCTHOCTH TOYKU £’ BepHO HepaBEHCTBO

f@) > (=),
To Toury 2¥ HA3BIBAIOT MOUKOL CIMPO2020 AOKAALHOL0 MUHUMYMA.

JInA KpaTKOCTH CJIOBO “JIOKANbLHBINA” 4acTo OMycKAIOT U UINYT MPOCTO
“Touka MUHUMYMa” WU “ToYKa CTPOroro Makcumyma’.

Touku MaxcuMyma U MHUHUMYMa GYHKIMM Ha3bIBAIOT MOYKAMU
skcmpemyma, a 3nadyera GYHKIMU B 3TUX TOUKAX — ee IKCMpemymamil.
Hanpumep, nis oyuruuit u = 2> + y? u u = |z — y| Toura (0;0) sBaser-
¢A TOYKOM MUHUMYMa, IpUYeM ISl TepBOi GYHKIUH — TOUYKOI CTPOroro
MUHUMYMa, & Il BTOPOA — HeCTPOroro.

Heo6xomumMple yCIOBUA CYIMeCTBOBAHUA BKCTpeMyMa.
Eciu Touka 2° = (29;29;...;2%) aABnserca Toukoil skcTpeMyma dyHE-
unu u = f(1;22;...;8,), T0 6o f, () =0, aubo f, («°) He cymect-
ByeT, ¢t = 1,2,...,n.

Touku, B KOTOPLIX GDYHKIUMA ONpeeneHa, a ee YacTHbIe POU3BOHbIE
PaBHBI HY/IO WK He CYNIECTBYIOT, HA3LIBAIOT KPUMULCCKUMU MOYKAMU
dyuruuu. Hanpumep, pas dyusumuu v = f(x;y) = |y| Bce Touru ocu x
ABAAIOTCA KPUTUYECKUMHY, TaKk Kak B KaykIoil ee Touke QYHKIMA onpe-
flellena, yacTHas npoussofnas f, = 0, a yacTHaA NpousBofHas f, He
cymecTByeT. ToukH aKkcTpeMyMa QYHKIUU ClIedyeT UCKATh TOIbKO cpe-
I ee KPUTUUECKUX TOYEK.

Ecau y dynruuu v = f(z1;22;...;Z,) B TOYKE BKCTPEMYMA CYLIECT-
BYIOT 4aCTHBIE NMPOU3BOJHLIE N0 BCeM MepeMeHHBIM, TO BCe OHU PABHEI
HYIIO B 3TOH TO4Ke:

Ou Ou Ou
gu o, —0,.., 2 _y. (1)
o Oxs Oxn

YenoBua (1) He ABAAIOTCA A0CTATOYHBIMHU YCJIOBHAMH CyLIeCTBOBa-
HuA srcTpeMyma. Hanpumep, g GYHKIUY © = TY OHU BBINOMHAIOTCA B
Hayaje KOOPAMHAT, OJIHAKO 3Ta TOYKA He ABIAETCA TOYKOW 3KCTpeMyMa
HYHRIUU.

Touky, KOOpPAWHATBI KOTOPBIX YIOBAETBOPAIOT CUCTEME YpaBHe-
uuit (1), Ha3BIBAIOT cMayuoHapHelmy mouramuy GyHKIUM . ToYKM 3KC-
TpeMyMa AuddepenupyeMoit GYHKIUH ClIeIyeT UCKATh TOILKO Cpely ee
CTAIIOHAPHBIX TOYEH.

BEpPHO
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HJocTaTouHbkle YyCHIOBUA CcTpororo sakctpemywma. Ilyers
dyunuua uw = f(z), x € R", mBamjsl HempephiBHO AubbepeHnupyema
B OKPeCTHOCTM cTalMoHapHoi Touku z°. Torma Touxa z°:

1) ABAseTCA TOYKOM CTPOroro MUHUMYMa (QYHKIIUH, el

22(.0
d"f(z”) 20,

n
IpUYeM PaBeHCTBO MMeeT MeCTO TOALKO MPH YCIOBHH Z dz? = 0;
i=1

2) ABJIAETCA TOYKOI CTPOroro MakCUMyMa (QyHRINH, €CiIu

& f(%) <0,
n
IpUYeM PaBeHCTBO MMeeT MeCTO TONLKO MPH YCIOBUH Z dz? = 0;
i=1

3) He ABAfAeTcA Todkoll sKcTpemyma, ecau d f(z°) npunumaer raw
MOJOKUTENbHBIE, TAK U OTPUIlATEIbHBIE 3HAUEHMS.

JTH yclIoBUA He ABIAIOTCA HeoGxoaumbiMu. Hanpumep, dyHrumua u =
= 2% + y* umeer B Touke (0;0) cTporuit MUHUMYM, XOTA ycaoBue 1) He
BBINMOJHEHO, Tak Kak d?u(0;0) = 0 npu modeix dz u dy.

Yenosus 1), 2), 3) 03HAYAIOT COOTBETCTBEHHO, YTO KBAJAPATHYHAS OT-
HOCUTENBRHO AuddepeHIHaNIoB He3aBUCUMEBIX INepeMeHHBIX dzr; dopma

n 20,0
2i0) =Y @) e, @)
L~ Qx; Ox;
1,j=1
MOJOMUTEALHO ONpeleleHHas, OTpUllaTedhHO ONpefeleHHas, Heompee-
JeHHA.

Coraacuo wputepuio Cuanpectpa (cM., Hanpumep, [20]), ycnosue 1)
BEITIOJHAEGTCA TOra W TOJABLKO TOT/A, KOTJa Bee TIaBHbIE MMUHOPEI MaTpHU-
e & f () & ()

O] " 0710z
....................... (3)
agf(.l’“) O'Zf(z())

Ox10xy oz?,
KBaJpaTHUHON GOopMbI (2) NOIOKUTEILHLI, YCIOBYUE 2) BBINOMNHAETCSA TOT-
[a U TOJLKO TOTAa, KOTAa IIIaBHble MHHOPBI HEYETHOTO NMOPAKA OTPHUIE-
TellbHbI, & YeTHOTO NOPAIKA [HOJTOMHUTENbHBL.

B uwacTHOM cayuae ¢YHKUMH IBYX NepeMeHHbIX AOCTATOYHbIE YCIO-
BUfL CTPOrOro 3KCTPEMYMa MOMHO cHOPMYNHPOBaTh CAEAYIOLNM 06pa-
3oM. Ilyets dyHkunsa u = f(z;y) ABamAbl HEPePhIBHO AuddepeHInpy-
eMa B OKPECTHOCTH CTallHOHapHON TOURH (Zg;yg). Toraa Touka (zg;yo):

1) ABAAETCH TOUKONH CTPOrOr0 MUHUMYMa, €CIIH B 3TON TOUKE

o' f o' f

o'f ox? Oz dy
A = Ay = ; . ;
1 522 > 0, 2 0 9/ > 0;

dz dy oy?
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2) fAiBIfieTcA TOYKOH CTPOroro MakCHMyMa, eCiid B 3TOH TOUKe

o*f o’f
0 f Ox? Oz Oy
A = <0, A= N R 0;
L7 b2 2 2f  f |
Oz Jy oy?
3) He ABAAETCA TOYKOH 3KCTpEMYMa, €Cild B 3TOH TOUYKe
o f o f
Ox? Oz Oy
Ay = Y R <0
S T A
Oz Oy oy?

2. YcuaoBHbIH 3keTpemMyM. IlycTh Ha OTKphITOM MHOM#ecTBe G C
C R™ zapaHbl GYHKLIUH

f(.’E), Sol(m)a crey Som('r)v m<n,
U NMYCThb F — MHomecTBO TOYEeK, KOOPAWHATBhI KOTOPLIX Y OOBIETBOPAIOT

aABHEHHUAM
M o1(2) =0, ..., fnlz) = 0. (4)

YpaBHeHus (4) Ha3bIBAIOT YPAGHEHUAMU CEA3L WU 02DAHUYCHUAMLU.
Touky 2 € E Ha3blBalOT MoO4KOU JCAOBHOR0 CMP02020 MAKCUMYMA DY HE-
uuu f(z) oTHOCHTeNbHO ypaBHeHUIT cBA3U (4), eciM CyliecTByeT Takas
OKpecTHOCTh Toukd zU, A Beex Touek z # zU KOTOpOM, YHOBJIETBO-
PAIOMUX ypaBHeHUAM CBA3H, BepHo HepabencTBo f(z) < f(2°). Ecim
TP Tex ske YCJIOBUAX BhiModHAeTcA HepaBencTBo f(x) > f(zY), To Tou-
Ry z¥ HasbIBAIOT MouKOl ycaoenoz0 cmpozo2o munumyma GyHsunu f(r)
npu orpaHudeHuax (4).

Hanpumep, dyuruna w(z;y) = zy OTHOCHTENLHO YPaBHEHHA CBA3H
w(z;y) =y — 2 =0 B Toure (0;0) MMeeT YCIOBHLIH CTPOrUil MUHUMYM,
tar kak ©(0;0) =0, a B Tourax (g;¢), € # 0, IpUHAAIERAUUX YPABHEHUIO
cBA3U y — x = 0, 3HaYeHUA DYHKLUMHU NONOKUTENbHBL: u(e;e) = &2 > 0.

AHaJOrMYHO BBOIHMTCA TIOHATHE HECTPOrOro YCIOBHOIO SKCTPEMYyMa.

Touru ycloBHOTO MaKCUMyMa U MUHMUMYMa HasbIBAIOT MOYKAMU [C-
A06HO20 3KCmpemymd. SHAUEHUA QYHKIUH B STUX TOUKAX — e€e YC106-
HbLMU SKCTpemMyMaml. YCIOBHBIM SKCTPEMYM WHOI/la Ha3bIBAIOT Onmi-
HOCUMEAbHBIM IKCITLPEMYMOM.

OpaMo#t MeTom HAXOMAEHUA TOYEK YCIOBHOTO BKCTpe-
MyMa (MeTon McKIOYeHUA). Ecin ypaBHeHUA CBA3U

wi(z13225.52,) =0, i=1,2,...,m, (5)

yaaeTcd pa3pelluTh OTHOCUTENbHO KAKUX-TO M MEPEMEHHBIX, HallpUMeD,
OTHOCUTENbHO NEPEMEHHBIX Tj, ..., Ly, T- €.

1 = g1(Tmy15 3 Tn),
To = g2(Tmg15 -3 Tn)s

8 Ilon pen. JI.I.Kynpasuena, T.3
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TO uccnegoBanue GyHRUUU u = f(x1;Ta;...; Ly) HA YCIOBHBINA 3KCTPEMYM
npu orpanudeHusnx (5) CBOAMTCA K MCCIELOBAHMIO HAa OOLIYHBIHA (Gezyc-
JIOBHbBIN) BKCTPEMYM QYHKIMU 70 — 170 [EPEMEHHBIX Typy1, -y Lt
U= f(G1;;9m; Tma1} - Tn)-

MetTon JlarpaHska HaxoKIeHHUA TOUYEK YCIOBHOTO 3KcC-

TpeMmyMma. llyeTh pyHKIUU
. n
fl@),pi(x), i=1,2,...,m, z€R", m<n,

HeNpepbIBHO AU depeHIUpyeMbl B OKPECTHOCTH Touku z’ M paHT MarT-
putibl Axko6u B () B ()
Oz1 Oxn
....................... (6)
dom(x) dom(x)
81'1 a.’L'n

B 3TOi Touke paped m. OyHEINIO
m
L(z) = f(z) + Z Aipi(T)
=1

Ha3wbIBalOT PyHryuell Jazpansca, napaMeTpnl Ay, ..., Ay, — MHOMCUMEAAMU
Jazpansca. Tlpu cuenaHHBIX NPEANOIOMKEHUAX MOMKHO cHOPMYIUPORATE
He0GXOIUMBbIe YCIOBUA CYIIECTBOBAHUA YCIOBHOTO 3KCTPeMYyMa U J0CTa-
TOYHbIEe VCIOBUA HAIUYUA WIU OTCYTCTBUA YCIOBHOTO 3KCTPEMYyMa.
Heo6xoauMbie ycaobusa. Hug Toro 4rodel Tousa x’ seasnack
TOYKON YCIOBHOrO aKcTpeMmyMa ¢yHruuu f(x), z = (x1;..;Ty), OpH
ypaBHeHunx cBazu w;(z) =0, 1 = 1,2,...,m, He0OX0IUMO, YTOOBI ee KO-
OPAWHATHI IPU HEKOTOPBIX 3HAYEHUAX Ay, ..., Ay, YIOBJIETBOPAIU CUCTEME
ypaBHeHUN

OL(z") _ _
8_” = 0, k= 1,2, ey 1y (7)
(%) =0, i=1,2,...,m. (8)

Yeaorus (7) u (8) 03HaUaIOT COOTBETCTBEHHO, UTO TOYKA Zo ABIAETCH
CTalMOHAPHOH TOYKOH GyHKUMM Jlarpanma U ee KOOPOMHATHI yAOBIETRO-
PAIOT YPaBHEHHAM CBA3HU.

NoctaTounbie yeaosua. Oyets dynruun f(z), ¢;(x), 1=1,2,...
..,y © € R™, nBakObl HEMPepLIBHO IH(depeHInpyeMbl B OKPECTHOCTH
Touru z', ¥ MycTb B 3TOH TOYKE BBLIMOJHAIOTCA HEOOXOAMMBIE YCIOBUA
CYIIECTBOBAHUA YCIOBHOTO 3KCTpeMyMa GyHKUNH f(x) Npu orpaHHYeHU-
ax (4).

Toraa, eciu OPH BBIIOJIHEHMH YCIOBHH

n

n

dos(a®) = 3 af;T(f“) duy =0, 3 da} >0, 9)
k=1 k=1

BTOpOW Ou¢ddepenuunan dQL(xO) ¢yukuuu Jlarpanma ABIAETCA MOTOMHU-

TeNbHO (OTpUIIATENBHO) ONpe/ielleHHON KBaApaTHIHoi GopMoit, To GyHE-

A f(z) B Toure z° HWMeeT yCAOBHBIH CTPOTHH MUHUMYM (MaKcUMyM).
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Ecau npu ycaouax (9) Bropoit auddepennuan d2L(z°) apaserca
HeonpeeNeHHoi KBagpaTH4HONH (OpMOi, TO B Touke z° yCIOBHOIO 3KC-
TpeMyMa HeT.

3. HauGoabiliee ¥ HauMeHbIllee 3HaUeHUA GyHKUHUHU. [Tna dyHk-
IIMY, HeNpPepPbIBHONI Ha OrpaHUYeHHOM 3aMKHYTOM MHOMKECTBe, CYLIecT-
BYIOT Ha 3TOM MHOKeCTBe TOUKA, B KOTOPOH (yHKIMA NPUHUMaET Hau-
fosbliee 3HauyeHUe, U TOUKA, B KOTOpOi (pyHKIMA NpUHUMAET HauMeEHb-
wee 3HaveHue (meopema Beilepwmpacca). @yurnusa, nuddepeHuupyemas
B OrpaHHueHHOH 0061acTH U HelpepbIBHAA Ha ee I'paHMlle, JOCTUTraeT CBoe-
ro HauboJblIero U HauMeHbIIero 3HadyeHuit 1Mo B CTAIMOHAPHBIX TOUKAX,
aubo B rpaHUYHBLIX TOUKaX 06JacTH.

MPUMEPLI C PELUEHUAMMU

Opumep 1. HccaeporaTh Ha 3KCTpeMyM GVHKIUIO ABYX NepeMeH-
HBIX ‘
u = 2® + 3xy® — 392 — 36y + 26.
A Hatinem uacTHbIe npou3BoaHbIe 1-ro mopsAaka
Ou

_ 9.2 2 ou _ _
B 3z° + 3y 39, 3y 6xy — 36.
CorsacHo HeOBGXOOUMBIM YCIOBUAM 3KcTpeMyMa (dbopmyuel (1)) moayyva-
€M CHCTeMy ypaBHeHuit 2 4y =13,
zy = 6.

Pewun sty cucremy, HaiieM Bce craiuoHapHble Tourd: (3;2), (—3;—2),

(2;3), (—2;—3). Beruucaum 9acTHbIE NPOUBBOAHLIE 2-T'0 MOPAIKA:
0u 0*u 0*u

Marpuna (3) B nanHoM ciiydyae UMeeT BUQ

6x 6y
6y 6z /°
Ee rnaBuble MuHOpbl A1 U A, paBHBI
6x 6y

Ay =6z, Ay= 6y 6z | 36(z* — y?).
B toure (3;2) oHHM MOAOMMTENBHBI; CIEIOBATEALHO, B 3TOM TOYKe GyHE-
uus umeeT crporuii MuauMyM u(3;2) = —100. B toure (—3; —2) munop

1-ro mopaAara oTpullaTeleH, 2-ro NOpAAKa NOM0KUTENeH; cleloBaTelbHO,
B 9TOI TOUKe QYHKIMA UMeeT cTporuit makcumym u(—3;—2) = 152. B
Touykax (2;3) u (—2;—3) MuHOp 2-ro MOpAAKa OTpUIATENeH, I03TOMY B
3TUX CTAlMOHAPHBIX TOUKAaX dKCTPeMyMa HeT. A
ODpumep 2. HeeneporaTh Ha dKeTpeMyM GYHKIMIO TpeX MepeMeH-
HBIX
uw=3z>+y>+ 22 +6zy— 22+ 1

8*



116 Ia. 1. Juddepenyuanvnoe ucuucaenue GYHKyUUL HECKOALKUL NEPEMEHHBY

A HatigeM yacTHble mpou3BoAHbIe 1-To MopAaKa:

g;‘_g + 6y, g—’y‘=2y+6m, %:%—2.
Pemus cucremy
3z% 4+ 2y =0,
y+ 3z =0,
z—1=0,

HaiineMm cTauuoHapHble Toukd (2;—6;1) u (0;0;1). Beruscnum vacTble
NPOU3BOJHbBIE 2-T0 TOPAIKA:

3 u 3u 3u 3u 3u 3u
9z 18z, dy> 922 =2 Oz Oy =6, dx 0z~ Oyoz =0
Marpuua (3) B 1aHHOM ciydae MMeeT BH[
18z 6 O
6 2 0
0 0 2

B toure (2;—6;1) ee raaBHbIE MUHOPEI
Ap =18z, Ay=36(z—1), A;=72z—1)

nojoxuTensHel. ClleoBaTeNbHO, B 3TOW TOUKE GDYHKIUA MMeeT MUHHU-
MyMm u(2;—6;1) = —12. daa uccaenoBanus ¢yuruuu B touke (0;0;1)
Helb3fl WCMOALb30BaTh KpuTepuit CunnBecTpa, Tak kak A; = 0. Jlerko
BUJIETh, YTO B 3TOH TOYKe 3KCTpeMyMa HeT. B camom mene, 4(0;0;1) =
=0, a B cKOIIb YroAHo Mainoii okpectrocTu Touku (0;0;1) dyuruua npu-
HUMaeT Kak TOJOMKMTelbHBle, TaKk U OTpUIlaTelbHble 3Hadenud. Hampu-
Mep, u(e;0;1) > 0, ecar £ > 0, u u(e;0;1) <0, ecit € <0. A

IMpumep 3. HaiiTu ycnoBHbIE 3KCTPEMYMBI QYHKIIMU % = XYz OTHO-
CUTeNLHO ypaBHeHuil cBA3U

z+y+2=6, z+2y+32=06.

A Pazpemyum ypaBHEHUA CBA3U OTHOCUTEIbHO MEpPEMEHHBLIX & U ¥ :
z=2+4+6, y=—2z. llogcTaBuB HalileHHbIe 3HAYeHUA & W Yy B BLIpaske-
HUe [JIA u, CBefleM 3a/lauy K UcClelOBaHUIO Ha 0ObIYHBIN (6e3yCI0BHBIH)

SKCTPEMYM HKIOWU .
peMyM QyHKI w=—22%(z +6);

Tak Kak u' = —6z(z +4), v’ = -12(z+2), v"(0) = —24, v/ (-4) = 24,
TO B Touke 2z = 0 dbyHRUNA UMeeT MakcuMyM u = 0, a B Touke z = —4 —
MHUHUMYM u = —64. CregoBaTelbHO, HCXOAHaA QYHRUUA NPU 3afaHHBIX
OrpaHNYeHUAX MMeeT OJUH yCaoBHbIA MakcuMmyM u4(6;0;0) = 0 u oaun
VCIOBHBIH MUHUMYM u(2;8; —4) = —64. A

Mpumep 4. Haiitu ycioBHble 3KCTpeMyMbI GYHEUUU u = f(z;y) =

=6 — 5z — 4y OTHOCUTENBLHO ypaBHeHus cAzn (z;y) =22 —y*> — 9=0.

A Oyuruuu f W ¢ OBamAbl HermpepbIBHO AubdepenuupyemMsl. Mat-
puua flko6u (6) B manHom ciaydae umeer Bun (2@ — 2y), U ee paHr paBeH
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elIMHUIle BO BceX TOUKaX, YAOBIETBOPANIMUX ypaBHeHUio cazu. Ciemo-
BaTeJbHO, MOKHO IPUMeHUTh MeTo[ Jlarpanma. 3anuuiem ¢pyHrnuwo Jla-

rpaHsa:
pax L(z;y) = 6 — 5z — 4y + M(z® —y* — 9).
CoraacHo nHeoOxoquMbiM ycaoBuaM (7), (8) moaydaem cucremy

OL _ 5490 =0,
oz
oL
—_— = —4— =
o9 22y =0,
r? —y? —9=0,
U3 ROTOpON HaxoguM x = —5, y =4 npu A= —-1/2 u 2 =5, y = —4

u A = 1/2. Takum oBpaszom, pyHRIUA f MOMET UMETh YCAOBHLIN 3KC-
TpeMyM TONbKO B IBYX Toukax: (—5;4) u (5;—4). Beruucaum BTOpO#t
nuddepennnan dbynkuuu Jlarpansa. Tar Kak
0°L o0°L o°L 2 9 9
— =2\ — = — = -2\ d*L =2X(dz” — dy~).
Oox? ’ Oz By T Oy? > 10 (dz v)
Haiinem neppriit nuddepennuan GpyHRIUU !
dep =zdxr —ydy.
B tourax (—5;4) u (5; —4) nuddepennuanst dr u dy cBA3AHLI PABEHCT-
BoM S5dz +4dy =0 (ycnosue (9)). lIpu BbImonHeHHM 3TOrO yCIOBUA BTO-
poit muddepenuman ¢ynruuu Jlarpanma B Touke (—5;4) aABaAercA
HONOUTEIBHO OlpelelleHHON KBaApaTUYHOHN (opMoii

2r _ 9 4 2
PL= T da?,
a B Touke (5;—4) — OTpULATEIbLHO ONpEAeIeHHON HOPMOi
or — 9 9
d°L = 16 dx”.

CaemoBarenbHo, dyukuua f B Touwke (—5H;4) MMeeT YCJIOBHBIA MHHH-
myM u(—5;4) =15, a B Toure (5; —4) — yciaoBHbll MarcuMyM u(5; —4) =
=-3. A

3ALAUN
Uccnenopats ¢yHKIMIO u(x;y) Ha skcTpemyM (1-8).

1. 1) u=a*+zy +y° — 122 — 3y;

2) u=3+2z—y—2>+zy—9y* 3) u=3z+6y—z°—zY+Yy%;
4) u=4z® —day +y> +4x — 2y + 1.

2. ) u=3=%+9y?) —2®+4y; 2) u=32>y+y®— 12z — 15y + 3;
N u=22+zy? +522+9y% Hu=32+y>-3y2 -z 1;

5) u =123+ y* + 3azy.

3. 1) u=a%y? —2zy? — 62%y + 12zy; 2) u=2z*+y* - 222
Hu=2at+yt -2 -y)? 4) u=22+y* -2 -2
Su=ay*(12—z—y), >0, y>0; 6) u=2*y6-2—1y).
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4. Du=(z+y)/lzy) —zy; 2) u=8/z+z/y+y;

N u=81(1/z+1/y)— (2 + 2y +v?); 4) u=2zy+a/z+b/y.
5. 1) u =32 - 22y +y— 8;

Nu=ay/ITrty+y/I+z, z>-1,y>-1;
Du=1+2"+Yy+272% HYu=1+y> - Y(x-2)%

5) u=xzy\/12 — 422 — y?; G)UZM a> +b+c* > 0.

6. 1) u=(z+yHe*? 2)u= (22" Y;

3) u = (822 — 6zy + 3y?)e® ;. 4) u=(5— 2z +y)e® Y;

5) u=x%/3+3z2¥ —eV"; 6) u=(25—5z— Ty)e~ @ +W+yz);

7) u = (ax? —I—by Ye~ @+ 4 >0, b>0.

7. D u=2+zy+y>—4lnz — 10lny;

2) u=108Inz — zy® +¥3/3; 3) u=2? +y* — 32In(zy);

4) u=zyln(z? +y?).

8. 1) u=sinz +cosy + cos(z —y), = € (0;7/2), y € (0;7/2);

2) u =sinzsinysin(z + y), = € (0;7), y € (0;7);

u=xz+y+4sinzsiny; 4) uv=(1+e¥)cosz — ye’.

9. Haiitu Bce cTanuoHapHble Toukd Gynruuu u = z* +y* — 222 u
uceaeqoBaTh ee Ha 3KCTpeMyM. MOASHO JIM HCNOoNb30BaTh [PU STOM [0-
CTATOYHBIE YCJIOBUA CTPOroOro akcTpeMyma?

10. JoxazaTb, uto dynruua u = (y? — z)(y? — 2x):

1) Bpons wamjoii npaMoi, npoxoadiei yepes Toury (0;0), uMeer B
5TOH TOYKe MUHUMYM;

2) ve umeer munumymMa B touxe (0;0).

11. Mosker au HenpepbiBHO auddepeHuupyemas GyHruua u(z;y)
UMeTh 0eCKOHEYHOEe MHOMECTBO CTPOrUX MAKCUMYMOB H HU OJHOI'O MM-
HUMyMa?

12. BepHo /4 yTBepasjeHHe: €ClIU HellpepblBHO A depeHnupyeMas
dyusmua w(z;y), (z;y) € R, UMeeT TOMbLKO OJHY CTAUMOHAPHYIO TOU-
KY (Z0;%0), B KOTOPO# y Hee JOKAJbHBI MHHHUMYM, TO CPABEJIUBO He-
paserctno u(rsy) > ulzo: o), (v;y) € R2?

Ucenenosars dyuruuio u(zx;y; z) Ha sxkerpemym (13-15).

13. Du=2>4+y+ (2 4+ 1) —zy + z;

2) u=8—6x+4y — 2z — 2% —y? - 2%

Nu=a2+y?>—22—dx+6y—22 4) u=2x%+y>+ 2% +6zy — 4z;

5 u=zyz(16 —z —y — 22); 6) u=xy?2°49 —z — 2y —32).

14. 1) u = ry +x2” +y’z 256

tr+l; 2Ju=24+1 _|_3/_‘_|_Zz;
TYZ Y z
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3)u:x+y—_+z—_+g; 4)u:x—_+y—_+z—_.
4 y z Yz Tz Ty
15. 1) u =sinz +siny +sinz — sin(z + y + 2), x,y,z € (0;7);
2) u=(z+Tz)e @V,
3N u=2Inzr+3ny+5nz+n22—z—y— 2).
16. UccaemoBaTh dyHruuio u(zx), x € R", x>0, k=1,2,...,n, Ha
BKCTPEMYM:

n
1) u=z,23...27 (1 - Z kwk);
n k=1
_ Lhi1 _ _

2) u-kzzo o To=a>0, Ty,r1 =b>0.

17. WccnenoBaTh Ha BKCTPEMYM HENPEPBLIBHO JU(p(HepeHIUpYeMYIo
byurumo v = u(x;y), 3aNaHHYIO HEABHO YCJIOBUAMHU:

2?2 +y>+u? -4z -6y —4u+8=0, u> 2

2) 2522 4+ 9% + 16u? — 50z + 64u — 311 =0, u < —2;

3) 2+ 4y% +9u> — 6z + 8y — 36u =0, u > 2;

4) (22 +y® +u?)? = 8(a? +y> —u?), u > 0;

5) (22 + y? +u? +9)2 = 100(z® + y?), u < 0.

18. HcesnenoBaTh Ha CTPOTUH 3KCTPEMYM KakAyIO HElPEpbLIBHO AH(-
dbepennupyemyio Gpyuriuio u = u(x;y), 3aJaHHYI0 HeABHO ypaBHeHUEM:

1) 2% +y? +u? + 2z — 2y + 4u — 3 = 0;

2) 222 +2y% +u? + 8yu —u+ 8 =0;

3 z® -y +u—3r+4y+u—8=0;

4) (22 +y?)? +u' — 8(2® +y%) — 10u? + 16 = 0.

19. HaiiTu ycnoBHbIe SKCTpeMyMbl GYHRIUN u = f(x;y) OTHOCHTEIb-
HO 3a7aHHOr0 YPaBHEHUS CBASH:

Du=zy, +y—-1=0; 2)u=x2+y? 3x+2y—6=0;

N =22 —y? 22 -y—-3=0; H)u=zy% v+2y—1=0;

5) u=cos*z +cos’y, x —y—m/4=0.

20. OTHoCUTEJbHO ypaBHeHUA cBAsu z/a+y/b— 1 = 0 HafiTu yec-
JOBHbBIE SKCTPeMyMbL GyHRIMH u = f(z;y):

Du=zy; 2u=2>+y% 3u=z>-9% 4) u=uaxy’

21. HaiiTu ycaoBuble sECTpeMyMbl GYHRIMH u = f(T;y) OTHOCUTENh-
HO 38[aHHOr0 YPaBHEHUSA CBABH:

Du=5—-3x—4y, 22 +y>=25; 2) u=1—4z — 8y, 22 — 82> =8;

Du=a+ay+y? o +y° =1

4) u =22 + 122y + y2, z? + 4y* = 25,

5 u=z/a+y/b, 22 +y*=1r% r>0.

22. HceaepoBath OyHRUMIO u = f(2;y) Ha YCIOBHBIA SKCTPEMYM IIPH
3a/8HHBIX YPABHEHHAX CBA3BH (BBIACHUTh, MOMHO M [IPH ATOM HCIOMb30-



120 Ia. 1. Jupdepenyuanvnoe ucuucaerue GYHKUUL HECKOALKUL NEPEMEHHBY

BaTh MeTon Jlarpaussa):
Du=(x-1)2+y+1)? a) 22 +y? —22y=0, 6) z —y =0;
D u=xt+yt (x-102-9>=0.
23. MceaenopaTh GpyHEIMIO u = f(z;y) Ha YCAOBHBI! 3KCTPEMYM TIPU

3aJaHHRIX YPABHEHUAX CBAZMU:
N 1 1 1 1 1 _ 3 3
1) u—l—}-;—l—g, P+? =35 2) u=Inzy, z°+zy+y°=0.
24. BepHo au 45 HellpephbIBHO quddepenHnnpyeMbix byurumit f(z;y),
f(z;y) cremyromee yTBepaIeHHe: TOUKA YCIOBHOTO JOKAIbHOIO AKCTpe-
Myma ¢yHruun f(x,y) oTHocuTenbHo ypaBHeHus ceasu @(x;y) = 0 AB-

JAAeTCA cTallMoHApHOM Toukol dyHruuu Jlarpansxa

Lizyy) = fzy) + Ap(z; )7
25. HailTu ycnoBHbIE 3KCTpeMYMbl GYHKIMHU u = f(x;y;2z) 1pU 3a-
JaHHOM ypaBHEHUU CBA3U:
1) u=2x%+3y> + 422, x+y+2 = 13;
NDu=z2y’2®, z4+y+s=12, >0, y >0, 2 > 0;

)
) u=2a?y’2t 22 +3y+42=18, >0, y >0, 2 > 0;
4) w =sinzsinysinz, r+y+z=7/2, >0, y >0, 2> 0;
5 u=xz—2y+2z, 22 +y?+22=09;
6) u=x—y+22 z>+y?+22% =16
)

) u=uzyz, ¥°+y>+22=23; 8) u=2ay+ 222+ 2yz, Yz = 108;

9) u=2a?+y>+2% 22/a®+ /P + 22/ =1, a>b>c>0;

10 u=z+y+z a/z+b/ly+c/z=1, a>0, b>0, ¢>0.

26. HaitTu ycnoBHbIE 3KCTpeMYMbl GYHKIMHU u = f(x,y,z) 1pU 3a-
JaHHBIX YPABHEHUAX CBA3H:

Hu=zyz, z+y—2=3, z—y—2=28;

Q) u=wyz, zy+yz+ze=8, t+y+z=25;

Nu=ay+yz, 2°+y> =2, y+2=2, y > 0;

Hu=x?+y?+2°, 22/4+y*+22 =1, z+y+2z=0;

5)u=(x-1>2+y—-2>2+(=-3)% 22 +y*+22=21, 3z +2y +
+2 =0;

6) u=x2/4+y>+2% 22+’ +22=1, 2+ 2y+32=0.

27. Haiitu ycaoBHbIe skcTpeMyMbl pyHruuu u = f(x), x € R", n>1,
NpHY 3aJaHHOM ypaBHEHWUM CBABM:

i=1 i=1
n

-
Du=3 o, 3 =1 a>0
i=1

i=1

n n
3) u:wa‘, Zmi:a, a>0, a>0;
i=1 i=1
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4)UZZZ_:" Zbixizla a; > 0, bi>07 x; > 0;

=1 zl
5) u ﬁ Zml_a a; >0, a>0; 6) u_Zalxl, Zm =1.

Hafitu HanGonbimee M M HaMMeHbllee 7 3HaueHMA (QYHKLIMK u Ha
3a71aHHOM MHOecTBe (28-33).

28. Hhu=zy+x+y, —2<2<2, 2<y<4

2 u=a2—zy+y, 2| <2, ly <3

3)u:x2+y2—4x, -2<z<], -1<y<3;

4) u=2%+y>— 32y, 0<z <2, —1<y<2

5 u=a%+8° —6ry+1, 0<z <2, Jy <1;
6)U:$+|$—y|, |$|<11 |y|<27
Nu=a>—ay+y°, |z +y < L

8) u=(z+y)e", —2<z+y<1l

29. l)u—1+x+2y,x+y<1 z > 0, y 0;
Du=z+3y, t+y<6, z+4y>4, y<2
Hu=z-2y+3, y—x<1, <0, y>0;
Du=z?+y’—ay—-z—y, c+y<3, 20, y>0;
Du=ayl6—z—y), s+y<12, >0, y > 0;

6) u=sinz +siny —sin(z +y), c+y <27, 20, y 2 0.

)
30. 1) u=3+2zxy, a) 2> +y?> <1, 6) 4 <22+ 92 <9;
D u=(r-06+ @y +8)7° 2% +y* <25

3)u=x2—y',x +y? <22 4) u=2zy, 22 +y% <1,

5) u=yt — 2%, 22+ 42 <9 6) u=(y2 —a?)e! TV 2% 442 <4
31. 1) u:x+2y+3z, z+y<3, z+y<z 3x+3y>2z2, =20,

<
<

2) u=3z—y—2x, a:—l—y 2, 3x+y<6,0<2<3, 2220
Nu=z+y+z ®+y’ <z< 1
4) u=x?+2y% +32%, 22 +y? + 22 < 100.

n

33. Du=z+y—2z 22 +y’ =1, y+2z=1;

D u=x2+2y2+32% 22 +y>+22=1, 2+ 2y+ 32 = 0;

3) u=3x2 +4y? +52% +day —dyz, 2 +y? +22=1;

4) u = y? + 42% — 2zy — 22z — 4yz, 222 + 3y? + 622 = 1.

34. Haiitu naubonbmee M u HauMeHbIIee 1 3HaYeHUA QYHKIUU U:
Du=(zy-1?+y% u=lzt+yl-1-2>—y%

3) u=(22% + yz)el_‘"”z_yz; 4 u= (2 +y*+ zz)e_(‘"”2+2?/2+322).
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35. Bepno au yTBe MAeHHe: eclin P(x x € R"™, — MHoOrOYJIEH, TO
) > )
|P(.T)| JocTuraer B R™ cBoero HauMeHbIIEro 3HaYeHUA?

36. ,HOHaSaTb, 4yTO HauboJiblllee U HauMeHblllee 3HAYEHUA (pyHHLII/II/I
n

w= ) aRTik, Gk = Gk,
n i,k=1
Ha ciepe fo = 1 paBHbI HaubOJbIIEMY U HaUMEHBIIEMY KODHIO Xa-
i=1
PAKTEPUCTUYECKOr0 yPaBHEHUSI MATPULLL (G ).
37. HailiTu paccTofinve Meay KPUBON U MPAMOIL:
Hy=x? z2—y—-5=0; 2)22—y?=3, y—2x=0;
3) 922 4+ 4942 =36, 3z +y — 9 = 0;
4) 222 —dry+ 2y  —x—y=0, 92— Ty + 16 = 0.
38. HaiiTu TouRy, [OJA KOTOpPOil CymMMa KBagpaTOB pPacCTOAHUN OT
npaMeIx . =0, y =0, £ + 2y — 16 = 0 HauMeHblIas.

39. Haiitu HaMMEHbIIYIO Ijiomalb TpeyroJbHHUEKA, OIMMCaHHOI'O OKOJO
JJUTHUIICAa C MOIYyOoCcAMHM a U b TaK, YTO OJHaA M3 CTOPOH Tpeyr'oJbHHRKA
napaJjijaeljibHa 60Jb1I0I1 OCH BJIJIMIICA.

40. HaiiTu nomyocu snmunca 7x> — 6zy + Ty? = 8.

41. HafiTu nHaubBoabliee paccTofAHUe OT LEHTpa JJIMICA C MOAYOCH-
MU a U b 10 ero HopManeil.

42. Ha nnockoctu x +y — 22z = 0 HaliTH TOYRy, cCyMMa KBaapaToB
paccToAHUN KoTopoil oT miockocTell z4+32 -6 =0 u y+32—2=0
Obl1a Ob1 HAMMEHbIIeH.

43. Haiitu paccroanue ot Tousu (0;3;3) mo Kpusoi z2 + y? + 22 =1,
z+y+z=1

44. HaiiTu paccTofiHHE MeKIy MOBEPXHOCTAMU

2296+ 3y +2°=1 u 3z 44y + 122 = 288,

45. HaitTu HauGoabmuii 06beM, KOTOPEI MO#eT UMETh MPAMOYTOJb-
HBII Napadnienenumnes, eciu:

1) noBepxHocTs ero pasua S; 2) cymMMa 1udH pebep paBHa a.

46. HaitTu naubGonabmuii 06beM, KOTOPEINR MOKET UMETb MPAMOYTOJb-
HbIA Mapanienelnune], BIXUCAHHbIN:

1) B momychepy paauyca R;

2) B mpAMo#i KpyroBoil KOHYC, paiuyC OCHOBaHMA KOTOPOIO pABEH T,
a BricoTa H;

3) B 9JUIMIICOM]I, TIONYOCH KOTOPOrO PaBHbl @, b, ¢;

4) B cCerMeHT 2JUIMITHYEeCKOr0 napaboiouia

zje=a%a® +y* /b, z=h, a>0, b>0, ¢>0, h>0.

47. OnpenenuTb HAUGOJBLIIYK) BMECTUMOCThH LMJIUHIPHUYECKOrO Bejl-
pa, MOBEPXHOCTb KOTOPOro (6e3 KpbIWKK) paBHa S.
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48. OnpeneauTb HauGOABIIYIO BMECTHUMOCTh KOHUUECKON BOpPOHKM,
MOBEPXHOCThL KOTOpOil paBHa S.

49. OnpepenuTts HaUOOIBIIYIO BMECTUMOCTD IIMJIMHPHUYECKON BAHHBI

¢ MOJYKPYTJbIM MOMEPEYHbIM CEUEHHEM, eCIM MNOBEPXHOCTh BAHHBI paB-
Ha S.

50. Haiitu Hanbonbumnii o6beM Tela, 06pa3oBaHHOIO BpallleHHeM Tpe-
YroJbHHUKA C [IePUMETPOM p BOKPYI OJHOH U3 ero CTOPOH.

51. HaiiTu HaUMEHBIIYIO NIOBEPXHOCTh, KOTOPYIO MOMET UMeTh IIpA-
MOYTONbHbIM Napajefenues, eciu ero odreM paBeH V.

52. OnpeneauTh HauMeHbllee KOIMYECTBO MaTepualia, He00X0AUMOTro
JNfl U3TOTOBNEHUA IaTpa 3aJaHHOro odwvema V., umeromiero ¢opMy Iu-
JUHAPA ¢ KOHUYECKONH KpbILIen.

53. Teno npencrapaser cooil ABe MUpaMUALI U NPAMOYTOIbHBIN Na-
panienenunesl, OCHOBAHUA KOTOPOr0 COBMEIIEHBI C OCHOBAHUAMU [ABYX
OTMHAKOBLIX NPaBUALHBIX nupaMup. [Ipu KakoM yrie HakIoOHa GOKOBBLIX
rpaHeil mupaMuA K UX OCHOBAHUAM NOBEPXHOCThH TAKOr0 Tena OyneT Hau-
MeHbIeH, eciau ero o0beM paBen V7

54. OnpenenuTh pasMepbl OTKPLITOrO NPAMOYTOJILHOIO aKBapuyMa C
3aJaHHON TOIUHON CTEHOK d U eMKROCTBhIO V, Ha U3TOTOBIEHHE KOTOPOTo
notpebGyeTcd HauMeHblllee KOJUYECTBO MaTepuala.

55. HaiiTu niomans miockoit GUrypbl, OrpaHMYeHHOH 2imncoM (a >
>0, b>0, ¢>0):

1){A§+By+0g:0, 2){AAx+ABy+CA’z:O, A

z?/a® + y? /b = 1; 22 /a? +y?/b? + 22 )c? = 1.

56. Yucao a > 0 pasioskeHo HA 1 ION0MUTEILHBIX MHOMKUTENEH Tak,
4TO:

1) cymMa ux KyGOB HAMMeEHDIIAS;

2) cymMMa uX 0oGpaTHBIX BeJUYUH HaUMEeHbIaf.

HafiTu 3HayeHua CyMMBL.

57. llycTb usuyeckue BeIMUUHBI & W Y CBA3aHBI HEU3BECTHOM JIU-
HelfHO!l 3aBHCUMOCTLIO y = az + b. B pesyabTaTe n u3MepeHUl NOTY-
4eHBI ¢ HEKOTOPOIl OrPENIHOCTLIO CJEAYIONHe apbl 3HAYeHui: (21;Yy1 ),
(22;Y2)s s (Tn; Yn). CornacHo NpUHIMIY HAUMEHBIINX KBaApaTOB, Hau-
Gollee BepOATHBIMU 3HAUECHUAMHU KO3(Q@OUIHEHTOB a U b CUUTAIOTCA Te,

IpU KOTOPBIX
m

Z(yi —az; — b)?

i=1
JocTUraeT HauMeHbllero 3Hauenusl. HaliTu Haubolee BepOATHLIE 3HAYeE-
HUA @, b 118 KoabduIueHToB a U b.

58. B pesyabTaTe nocienoBaTelbHbIX [EHTPaNbLHBIX cOylapeHUR ab-
COMIOTHO YIPYTHX WAapoB ¢ MaccaMu M > my, > my_1 > ... > mp > m
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TeJIO ¢ Maccod m npuobperaeT CKOPOCTh
mi ms Mp M

v= : 2"y,
m4+mi mi+me Mmp_1+mn mp+ M ’

rae V. — cropocThb Tesa ¢ Maccoit M. Kak cnenyet Beli6paTh Macchl myq,

Ma, ..., My, YTOOLI TEJO Macchl m HPUOOPEIO0 HAUOOMBIIYIO CKOPOCTL?

HafiTu 3HaueHue HauGoNbIIENl CKOPOCTU.

59. [las cucTeMbl MaTepUalbHBIX TOYEK (Z1;Y1), ..., (Tn;Yn) C Macca-
MU, COOTBETCTBEHHO PABHBIMU 111, ..., My, HAWTU TOURY (z;y), OTHOCU-
TeJIbLHO KOTOPOH MOMEHT MHEPIUY CUCTEeMbI GyleT HauMeHbIIUM.

60. Pemuth 3amauy 59 npu OONOIHUTENBHOM YCIOBHH: Touka (x;y)
[O/HA JeMaTh Ha OKpysHOocTH 22 + 32 = 1.

61. JlnAa cucTeMsl MaTepUalLHBIX TOYER (Z1;Y1), ..., (Tn;Yn) C Macca-
MM, COOTBETCTBEHHO PABHBIMU M1, ..., M,, HAATH IPAMYIO

rzeosa+ysina—p =20,
OTHOCUTENBLHO KOTOPOH MOMEHT WHEpIUU CUCTEeMbl OyaeT HAaUMEHBLIIUM.

62. Eciu B snekTpuyeckoil 1lenu, uMeroeil conpoTusienne R, Te-
4eT TOK I, TO KOIMUYECTBO Temia (J, BbIAEIAIONIEECA B eIUHUILY BpeMe-
HH, onpefeisfierca s3axoHoM Imoyaa—Jenna: Q = QoI’R, Qo — const.
Rar cienyet pasBeTBUTbH TOK I Ha Toku Iy, ..., I, Npu NOMOIIM 1 MPOBO-
JIOB, CONPOTHUBIEHUA KOTOPBIX Ry, ..., R,, 4T0OBI BhigeneHue Temaa ObIIO
HauMenbluM? HaliTu HauMeHblllee 3HaYeHHE (.

OTBETHI

1. 1) Muuumym u(7; —2) = —39; 2) maxcumym u(1;0) = 4;

3) skcTpeMyMOB HeT; 4) HecTporuit Munumym u =0 npu y = 2z + 1.
2. 1) Munumym u(0; —2/3) = —4/3,;

2) munumyMm u(1;2) = —25, makcumym u(—1; —2) = 31;

3) munumym 4(0;0) = 0, marcumym u(—5/3;0) = 125/27;

4) munaumym u(1/3;2) = —47/9, marcumym u(—1/3;0) = =7/9;

5)

eci a > 0, To MakcuMyM u(—a; —a) = a®; ecim a < 0, TO MUHU-

MyM u(—a; —a) = a®; ecain a = 0, To 3KCTPeMyMOB HeT.
3. 1) Maxcumym u(1;3) = 9; 2) munumymbt u(+1;0) = —1;
3) mumuMyMBl u(v2; —v/2) = u(—v/2;V/2) = —8;
4) maxcumym ©(0;0) = 0, deTnipe Mmunumyma u(+1/2;+1) = —9/8;
5) MakcumyM u(3;6) = 324;
6)

€ (0;6), necrporuii makcumy™m u(0;y) =0, y € (—o0;0) U
4. 1) Marcumym u(—1;—-1) = =3; 2) munumyM u(4;2
3) maxcumyM u(—3; —3) = —81;
4) sucrpemym u( 3/a?/b; 3/b%/a) = 3¢/ab, ecau a # 0, b#0; munu-
MyM, eca b/a > 0; makeumyMm, ecaun b/a < 0.
5. 1) MunumymMm u(2;4) = —8; 2) sKCTpeMyMOB HeT;
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3) Mmunumym u(0; —2) = 1; 4) s3KCTpeMyMOB HeT;

5) mBa MuHumyMa u(+1;F2) = —4, nBa makcumyma u(t1;£2) =
= 4; HecTporuii skcTpemyM u = 0 B Toukax saaunca z2/3 + y2/12 = 1;
MHMHUMYM IpU zy > 0, MakcuMyM 1pu zy < 0;

6) makcumyM ula/c;b/c) = Va? + b2+ 2, ecin ¢ > 0; MUHUMYM
ulafc;b/c) = —vVa? + 1% + 2, eciu ¢ < 0.

6. 1) Munumym u(—2;0) = —2/e; 2) marcumym u(—4; —2) = 8/e?;

3) munumym u(0;0) = 0; 4) 3KRCTPEeMYMOB HET;

5) muuumy™m u(0;0) = —1;

6) munumyMm u(1;3) = —e!?, makcumym u(—1/26;—3/26)
— 266_1/52;

7) muauMyM ©(0;0) = 0; ecau a > b, To ABa MakcuMyMma u(=£1;0) =
= afe; eciu a < b, To gBa makcumyma u(0;+1) = b/e; eciu a = b, 10
HECTPOTHi MakcUMyM u = a/e = b/e B Toukax okpy#HocTH z2 + 3% = 1.

7. 1) Munumym u(1;2) =7 —101n2; 2) sKCTpeMyMOB HeT;

3) muBa Munumyma u(+4; +4) = 32(1 — 41n2);

4) aBa munumyma u(+1/v2e; £1/v/2e) = —1/(2e), 1Ba MakcumyMa
u(£1/v2e;F1/V2e) = 1/(2¢).

8. 1) Mascumy™m u(7/3;7/6) = 3v/3/2;

2) marcumyM u(Tr TF) _ 33 MHHUMYM u(2—7r2—7r) = —%~
YMU\3i3) T T8 Y 3°3)° T8¢

3) MaKkCUMYMBI u(ﬁ +(k+n)7r;z—72r+(k—n)7r) = %T—I—Qkﬂ—}-
+2—|—\/§, MHUHUMYMBbI u(%—l—(k—i—n)w;—% +(n—k)7r) = _%_1_

+2nm —2—+/3, k,n € Z; 4) makcumymsl u(2rwk;0) =2, k€ Z.

9. Cranuonapupie Touku (£1;0), (0;0), munumym u(£1;0) = —
Henb3s, Tak Kak d?u B CTALMOHAPHLIX TOYKAX He ABIAETCA HU MOJOHU-
TEJbHO ONPEIEIeHHON, HY OTPUIATEILHO ONpeNelenHol, HA HeolpeaeieH-
HOIl KBagpaTUYHON (OpPMOIi.

11. Ja, cM., HanpuMep, 8, 4). 12. Het, cM., Hanpumep, 6, 5).

13. 1) Munumym u(—2/3;-1/3;-1) = —1/3;

2) makeumyM u(—3;2; —1) = 22; 3) BKCTPEMyMOB HET;

4) munumym u(6; —18;2) = —112; 5) marcumym u(4; 4;2) = 128;

6) makcumym u(7;7;7) = 77, HecTPOrMii MAKCUMYM WJIH MUHUMYM
u = 0 B TouKax miockocTu y = 0, He Jemamux Ha npamMeix z =0, 2 =0,
z + 3z = 49.

14. 1) Munumym w(l;1;1) = 5, makeumym u(—1;1;-1) = —3;

2) muaMyM u(8;4;2 ) = 60;

3) MHHEMYM u(1/27 1;1) =4, makcumym u(—1/2;—1; 1) = —4;

4) HecTpPOruit MUHUMYM 4 = 3 B TOUKaX HPAMOH & = y = z, KpoMe
touru (0;0;0).

15. 1) Markcumym u(n/2;7/2;7/2) = 4;
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2) MakCcUMyM u(i'O' 1) -5 MHUHUMYM u(— i'O'—l) =
5 1077710 NR 10777 10

%7

3) maxcumyM u4(4;6;10) =13In2+31ln3 + 51n5.

16. 1) Marcumym™m u(c;c;...;c) = /¢, ¢ =2/(n? +n +2);

2) mumumym u(zd; 23; .5 20) = (n + 1)(b/a)/ ("D | 29 = ol =F/(n+ 1)y
x b/ =12, n.

17. 1) Marcumym u(2;3) = 5; 2) munumym u(1;0) = —7;

3) marcumyM u(3; —1) = 13/3;

4) HecTpOruil MakcUMyM 4 = 1 B TOUKaxX OKDPY#HOCTH 2 + y? = 3;

5) HecTporuil MUHUMYM u = —4 B TOUKax OKpy#iHocTu x° + 3% = 25.

18. 1) Munumym w1 (—1;1) = =5, makeumym uz(—1;1) = 1;

2) munumym ug (0, —2) = 1, marcumym u2(0;16/7) = —8/7,;

3) munumym w1 (—1;2) = 1, marcumym uo(—1;2) = —2;

4) muanmyM uy(0;0) = 2v/2, MancumyM u2(0;0) = /2, MuUHEMYM
u3(0;0) = —v/2, marcumyM u4(0;0) = —2v/2.

19. 1) Marcumym u(1/2;1/2) = 1/4;

2) munumym u(18/13;12/13) = 36/13; 3) marcumym u(2;1) = 3;

4) munumym u(1;0) = 0, maxcumym u(1/3;1/3) = 1/27;

5) munumymbl u(57/8 + 7k;37/8 + k) = 1 —1/+/2, MarcuMyMmbI
u(r/8 +mk;—n/84+7k) =1+1/V/2, ke Z.

20. 1) u(a/2;b/2) = ab/4, munumym, ecau ab < 0, MAKCUMYM, €CIH
ab > 0;

2) MUHUMYM u (

ab> @%b ) _a’h
) @+07 a4/ e+
3) u( ab>  a’b ) __alb
b2 — a2’ g2 — b2 b2 — g2’
MyM, ecid a? < b2, Ipu a = b, BKCTPEMYyMOB HeT;

4) u(a/3;2b/3) = (4/27)ab?, munumym, ecin a < 0, MAKCUMYM, ecili
a >0, u(a;0) =0, munumyMm, eciu a > 0, mascumyM, ecau a < 0.

21. 1) Munumym u(3;4) = —20, markcumyMm u(—3; —4) = 30;

2) munumyM u(—4;1) = 9, makcumym u(4; —1) = —T;

3) apa munmmyma u(£1/4/2;F1/y/2) = 1/2 u nBa Marcumyma
u(£1/v/2;+1/y/2) = 3/2;

4) npa munumyma u(£3; F2) = —50 u nea marcumyma u(+4; £3/2) =
=425/4;

5) munumy™m u(—r/aA; —r/bA) = —rA, makcumy™m u(r/ad;r/bA) =
=rA, rae A =+a?+b>/|abl.

22. 1) Munumym u(0;0) = 2; 2) munumym u(1;0) = 1. Meron Ja-
rpaH#a HelpUMeHUM B ciaydaax 1), a) U 2), Tar Kar paur MaTpuilbl (6)
B TOYKAaxX MMHUMYMa He paBeH eJUHUIIE.

23. 1) Munumym u(—4;—4) = 1/2, maxcumym u(4;4) = 3/2;

2) maxcumyM u(—1/2;—-1/2) = —21In2.

MUHUMYM, ecad a? > b2, Makcu-
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24. Het, cM., HapuMep, 22, 2).
25. 1) Munumym u(6;4;3) = 156; 2) marcumyMm u(2;4;6) = 6912;
3) marcumym u(2;2;2) = 512; 4) marcumym u(n/6;7/6;7/6) = 1/8;
5) munumyM u(—1;2; —2) = -9, marcumym u(1; —2;2) =9
6) munumym u(—2;2; —2) = —8, makcumyM u(2; —2;2) = §;
7) MuHEMyMBI ©(1;1;—1) = u(1; —1;1) = u(-1; 1,1)
=u(-1;-1;-1) = —1,
makcumymel u(1;1;1) = u(l;—-1; -1) =u(-1;-1;1) =
8) munumym u(6;6;3) = 108; =u(=LL-1) =1
9) munumymbt u(0;0; £¢) = 2, makecumymbr u(£a;0;0) = a?;
10) munumym u(dv/a; dvb;dy/c) = d?, d = /a+ Vb + /¢
26. 1) Marcumym u(11/4; —5/2; —11/4) = 605/32;
2) MuruMyMBL ©(2;2;1) = u(2;1;2) = w(1;2;2) = 4, MaKCUMYMBbI
w(4/3;4/3;7/3) =u(4/3;7/3;4/3) =u(7/3;4/3;4/3) = 112/27,;
3) marcumyM u(1;1;1) = 2, munumym u(—1;1;1) = 0;
4) mea munumyma u(0;+1/v/2;F1/v2) = 1 u nBa Makcumyma
w(£2/V3F1/V3;, F1/V3) = 2;
5) munumyM u(—2;1;4) = 11, makcumyMm u(2; —1; —4) = 59;
6) mea munnmyma u(+13/v182;F2/V/182; ¥3/V182) = 17/56, npa
makcumyma u(0; £3/4/13; F2//13) = 1.
-1

27. 1) Murumym u(%;...; i) =A, rge A= (z": i) ;

an " (€21
=1
n
2) MUHUMYM u(é;...; i) =A, roe A= (Z l,),
a1 an — a
a a a® =1
3) MUHUMYM U(E3"'5 E) = =1

4) MUHUMYM U(Z \/j Z\/7) A% roe A= Z Vaibi;
5) MakcUMyM u( ( ) Ha , rae A = Zai;
i=1

= — A, MaKCUMYM u(a . 'a") =

Qi
“A
as
A ATTA

6) MUHUMYM u( -

=A roe A= Za

28.1)M_14 m=—6;2) M =13, m=-5;3) M =21, m=—3;
4H) M =13, m=-1; 5) M =9+4V2, m = —-T;

6) M=4, m=-1,7) M=1, m=0; 8 M= {e, m=—2e.
29. 1) M=3, m=1;2)y M=10, m=2; 3) M =4, m=1;

4 M=6 m=-1; 5 M=8, m=-216; 6) M =3V3/2, m=0.
30.1)a) M=4, m=2,6) M =12, m=—6; 2) M =225 m =25;
3) M =4, m=-1/2; 4) m=2V/3/9, m = —2/3/9;



128 Ia. 1. Judpdepenyuanvnoe ucuucaenue GYHKyuUL HECKOALKUL NEPEMEHHBY

5) M =81, m=—81; 6) M =4e®, m=—1.

31. 1) M =33, m=0; 2) M =7, m = —6;

3) M=1++2, m=-1/2; 4) M =300, m =0.

32. M =+/n, m=0.

33.1) M=+v5-1, m=—/5-1;

2 M=3/74+V2), m=3/7(4—+2); 3) M=T7, m=1;

4 M=1, m=-1/2.

34. 1) He cymectnyior; 2) M =2, m=—-1; 3) M =2, m = 0;
4 M=et, m=0.

35. BepHo Tonbko npu n = 1, cM., Hanpumep, 34, 1).

37.1) 19v/2/8; 2) 3v/5/5; 3) (9v5 — 15)//50; 4) 8/+/130.

38. (8/5;16/5). 39. 3v/3ab. 40. /2, 2/\/5. 41. |a—b|.

42. (3;-1,1). 43. VI1. 44. 256/13. 45.1) (s/6)*/*; 2) (a/12)%.

49£R3; 2) L Hr% 3) 8‘/_ abe; 4) 2 5.2

46. 1) a7, [

S /28 / p° _ e 3/t3
‘3#/? ? .%. 51.8—6 V

52. V40572V1. 53. arcs1n(2/3).

54. OcHoBaHMe — KBajapaT CO CTOPOHOIH V2V + 2d, BwicoTa ¥ V/2+
+d.

55. 1) Trab\/A2+B2+CZ 2) ﬂabc\/ _ A+D +C

IC] P TR + 207

56. )n\/_3 2) n/ ¥a.

n
T TZ-Y—TY-T __ 1 1 '
=Ty T L = 2w

i=1 i=1

48

57.a=

— 1
y= - E LilYi-
mn
i=1
58. Yucna m,m1, ma,...,My, M nonkHbl 06pa3oBLIBaTh I'eOMeTpH-
2

ml/(n+l) £ pf1/(n+l)

g H|
SRS
HI HI
HI @I

n+1
4eCKYIO IIPOrpeccHIo; ( ) Mv — naunbonblllee 3Ha-

YeHHhe CROpPOCTH.

n n n
1 1
59. x = 7 Zmixi, Y= i Zmiyi, rne M = z;mZ
1=

60. x_Ame“ y—AZm,y“ riue

P o

, P=ZTcosa+ysinaq, rie T =
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n n n
1 —_ 1 — 1
=5 Zmifﬂz‘, Y=o Zmiyi; ry = Zmimiyi-
i=1 i=1 i=1

1

62. I, = %f, Qmin :QOAIZu rae A= <Z E)_l'

=1

§ 6. TeoMeTpHUUYECKHE MPUHII0KEHHUA

CNPABOYHLIE CBEAEHUA

1. KRacaTeabHaa mnJjockocTh U HopMalb. Hacameavroid naoc-
KOCMbI0 K TIOBEPXHOCTH B HEKOTOPOH ee TOUKe Ha3LIBAIOT IIOCKOCTD, CO-
Jepikaliyio Bce KacaTenbHble K KpuBBIM (cM. [1, § 17]), npoBeseHHbBIM
Ha MOBEPXHOCTHU Uepes 3Ty TOURY (mouky kacarus). lpaMyo, npoxons-
YO Yepes TOUKRY KacaHUA U MepleHIUKYIAPHYIO KacaTeldbHoil IocKoc-
TH, HABLIBAIOT HOPMAAbHOL NpAMol (WM HOPMAAI0) K TIOBEPXHOCTH B
3TOH TOUKe.

Ecau rnagkas noBepxuocth (cMm., Hampumep, [3, No50.4], wau [4,
Na'7.19, Ne 7.20]) samana ypaBHeHHEM

z = f(z;y),
TO YypaBHEHHUSl KAcaTeJbHOIl MNIOCKOCTH M HOpMald B TO4YKe (Zo;Yo;20)
NOBEPXHOCTH UMEIOT BUJ

2=z = f (205 90)(x — o) + £y (x0;50) (¥ — Yo), (1)
I:L'—:L'() _ ’y—yo :Z_Z(] (2)
fa(zow)  fylzoiw) -1
Ecay raankas NOBEPXHOCTDL 3alaHa HeBHO ypaBHEHHEM
F(x;y;2) =0,

TO ypaBHeHHMf KacaTelbHOH [UIOCKOCTH M HOpMamu B Touke (Zo;Yo; 20)
NOBEPXHOCTH 3aMMCLIBAIOTCA CAEIYIONHM 00pasoM:

Fy (203905 20)(z — xo)+
+F, (20; Y03 20) (Y — yo) + F2(z03 Y05 20)(2 — 20) =0,  (3)

T — X — Yy—Y — Z— 20 (4)
Fg’;(l'n;yo;zl)) Fé(l'n;yn;zo) Fz’(xu;yn;zo) ’

B cnyuae, Korna riagkas MOBEepXHOCTD 3ajlaHa apaMeTPUUECKH YpaB-

HEHUAMHU
z=z(u;v), y=y(uv), z==z(u;v),

ypaBHEHHS KacaTeJbHOH MIOCKOCTH M HOPMalH B TOUKE
xo = x(uo;v0), Yo = y(uo;v0), 20 = z(ug;vo)

9 Ilon pen. JI.I.Kynpasuena, T.3
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NMOBEePXHOCTHU HMeIOT BHU[I

T —x(uo;v0) ¥ — y(uosvo) 2 — z(uo;vo)

4y, (o3 vo) Yo (o3 v0) 2y, (103 v0) =0, (5)
z, (uo;v0) Y, (o3 vo) 2, (uo;v0)
z — x(ug; vo) _ y — y(uo; vo) _
yu(uos vo) 2y (uo; vo) Zy(uosve) 'y (uo; vo)
! ' ! !
Yo (uo; vo) 2y (uo; vo) zp(uv;vo) 2y (uo; vn)
— z — Z(’LL[); 'U(]) 6)

'y (uo;vo) Y (uo; o)
! !
zy(uo;vo)  yul(uo; vo)

Hanpapasowuit Bektop npsamoit (6) nHOrga 3anMCLIBAIOT B BUe

i j k
A "
ZEU yU ZU

CUUTaf, YTO AJA TaKoro “omnpefenuTensa’ BepHa GHopMyJsa pa3iomeHUd MO
37€eMeHTaM NepPBOH CTPOKU.

Yenom medxcdy 0syma noseprHocmamu B TOUKE UX NepecedeHU HA3bI-
BalOT Yrod Me[y KacaTelbHbIMH IUIOCKOCTAMMY, NMPOBEJEHHLIMU K IO-
BEPXHOCTAM B 3TOH TOUKe.

IloBepxHOCTH HA3BLIBAIOT OPIMO20HAAbHbIMU, €CIU OHU NePECEeRaloTCA
NOJ NPAMBIM YIJA0M B KaIOH UX TOUKE IepeceueHUs.

2. Ocobble TOYKH UIOCKUX KpUBBIX. [lon kpusot, sadanHoil ypas-
HeHuem
F(z;y) =0, (8)

rae ' — nenpepoiBHO guddepennupyeMan GyHKINA, 6yaeM MOHUMAaTh
MHOFECTBO TOUEK MIOCKOCTH, KOOPAWHATLI &, § KOTOPBHIX YIOBJIETBOpPA-
10T 3TOMY YPaBHEHHIO.

3aMeTHUM, 4TO 3TO MHOMECTBO He 06A3aTeNbHO OydeT ABIATHLCA He-
IIPEPBIBHBIM 06pa30M OTpe3Ka, U TeM caMbIM “KpUBas, 3afaHHas ypaBHe-
HueM F'(x;y) = 07, MOMeT He ObITH KPUBON B 0OLIYHOM cMbIcie (cM. [1,
§24, 1. 2)).

Toury (zo;yo) Gymem HasbiBaThL ocobot moukol ypasHenus (8), ecin
€€ KOOPAMHATHI YIOBJIETBOPAIOT CUCTEME TPeX YpaBHEHHI:

F(z;y) =0, Fy(z;y)=0, Fy(x;y)=0. (9)

FEcau B ocooit Touke (zo;yo) ypaBHeHus (8) Bce 4acTHbLIE IPOU3BOII-
Hble pyuEIMK 10 (k — 1)-ro nopsgra BRIIOYKUTEILHO 06pallaioTCs B HY b,
a cpelM MPOU3BOJHBIX k-TO MOPAJKA MO KpalHel Mepe oJHA OTJAWYHA OT
HYJA, TO TOURY (Zo;Yo) HA3BIBAIOT 0coboll mowkoll k-20 nopadka.

Ocobas Touka ypaBHeHus (8) MoskeT GbITh 0C000i TOYKON KPUBOIL, 3a-
JaHHOH 3THM ypaBHeHHeM, T. €. TAKOH TOUYKOH, B OKPECTHOCTH KOTOPOH
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HU B OJHON cUCTeMe KoOpIUHAT KpuUBaf He fIBIfleTCA rpaduroM Helpe-
puiBHO auddepennupyemoit dpyHsuuu. Hag toro 4rtobel Touka (Zo;yo)
Opl1a 0co00i TOYKOM KpUBOH, 3aJaHHON
ypaBHeHueM (8), He0GX0IUMO, UTOOLI OHa

Obl1a 0coGOMl TOUKOH 3TOTO YypaBHEHHS, \9/

T. e. He0O6X0AUMO, YTOObl €€ KOOPAUHATLI

Y

Y IOBIIeTBOpAIH cucTeMe (9). ITO yciaoBHe o) >
He fABAfeTcA jocTaTouHbiM. Hanpumep,
nas ypaBuenus F' = y? = 0 touka (0; 0) Puc. 6.1

ABaseTca 0coGoil, HO KpUBas, OIpefeNseMas STUM ypaBHeHHeM (mpsamas
y = 0), 0coBbIX TOYEK He HMeeT.
[ToBenenue kpuBoii (8) B OKPeCTHOCTH 0COGOH TOYKU BTOPOTO NOPAAKA
3aBUCUT OT 3HAKA ONpeAeTUTeNA

y
1 1"
A= Fa:a: Fa:y
- FII FII
zy vy
B 9TOA TOuUKe.
Ecau A > 0, To TOYKY Ha3bIBAIOT UIOAUPO-
\ sanHoll. B HeKOTOpOIl OKpPeCTHOCTH H30JIHPOBaH-
I3} z HOH 0Co00i TOYKM HeT ADYTUX TOYEeK KpUBOH
(puc. 6.1, Toura (0; 0)).
Ecau A < 0, To TOYKY Ha3bIBAIOT Y34080i]

(ds0tinoti) mouroti (puc. 6.2, Touka (0; 0)).

Puc. 6.2 Ecau B oco6Goii TOuyke BTOpPOro mnopsaaka
onpegenutens A = 0, TO xapakTep NOBefleHUA KPHUBOii (8) B OKpecTHOC-
TH TaKOW TOYKM MOKeT ObITh pasiuyHbIM. Takas TOUYKA MOMKET ObITh
u30AUPOGAHHOT moukoli kpueoil (puc. 6.3), moukol CAMONPUKOCHOBEHU
(puc. 6.4), mouroti sosspama nepsozo poda (puc. 6.5), mouroil sosspama

y Y
Y
O T
O] T
@] T
Puc. 6.3 Puc. 6.4 Puc. 6.5

smopozo poda (puc. 6.6). Jlas onpeneileHUs TUNE 0COOOH TOUKM B CiHy-
yae A = 0 HY#HO U3YUUTh PACHOJOEHHEe TOUEK KPHBOH B HEKOTOPOH ee
OKPECTHOCTH.

Hanpasnenus (I;k) wracarenbHbIX K KDPUBOH (8) B ABOHHOI ocoGoi

9*
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y Touke (Zo;Yo) BTOPOro MOPAAKA HAXOMATCA U3 ypaB-
HEHUA

E!' (zo;90) + 2F,, (xo;y0)lk + F (2o yo)k? = 0.

(10)

o z B cayuae, rorma dyukuus F'(x;y) He saBasercs

JIBaxabl HelpephlBHO IUMdepeHLUpyeMoil, KpuBad

Puc. 6.6 (8) Momer uMeTh ocoGble TOYKM U JIPYTHUX THIIOB,
HaTpUMep y2A06ble MOYKL UIH MOYKL NPEKPAULCHUA.

3. Orubaromasn. IlycTs ceMelicTBO IIOCKUX KPUBBIX 3a/aHO ypaBHe-
o Fla:y;C) =0, (1)
rae F' — nenpepeiBHo auddepenuupyemas B o6nactu G C R* hyHRINA,
C — napameTp cemeftcTna.

Ozubawweii cemeticmsa (11) HA3BIBAIOT KPUBYIO, KOTOpas B Kakjoi
CBOeil TouKe KacaeTcd Mo KpaliHell Mepe OOHON KpUBOH ceMelicTBa.

Fcau cemeiictBo kpuBbIx (11) MMeeT orubaomyo, To KOOPAUHATHI ee
TOYEK YJIOBIETBOPAIOT CUCTEME yPaBHEHUI

F(z;y;C) =0, (12)
Fi(z;y;C) = 0.
Cucreme (12), momuMo Touek orubaromeil, MOTYT YAOBIETBOPATL U APY-
rve TOYKM KPUBBIX ceMeilicTBa (11).

Huckpumunanmnot  kpusoti cemeiictBa (11) Ha3LIBAIOT KPUBYIO
D(xz;y) =0, nonydenuyio us cucreMsl (12) ucrmodennem napamerpa C.

Ananoruyno ompefenseTcd U HaxoOuUTcA orubarwllaa ceMelicTBa Io-
BepXHOCTeMN.

NPUMEPLI C PELUEHUAMU

Ilpumep 1. HafiTtu ypaBHEeHUA KacaTedbHbIX TUIOCKOCTE K MOBEpX-
HoeT 4+’ -2 41=0
B TOUKAaX MepecevyeHus ee ¢ MPAMOA x =y = 2.

A Ilpamas mepecenaeT MOBEPXHOCTH B ToKAX (2;2;3) u (2;2;-3).

HaxoauM 4acTHbIe MpousBofHkble byuumun F = z2 + 92 — 22 + 1 B aTuX
TOYKAaXx:

Fr(2;2;3) =4, F(223)=4, F\(2;2;3) = —6;
Fl(2;2;-3) = 4, FZ;(Q; 2;-3)=4, Fl(2;2;,-3)=6.
o dopmyae (3) moayuaem
Hr—-2)+4(y—2)—6(z—3)=0, 4z —-2)+4(y—2) +6(z+3) =0,

i 9% 42 —32+1=0, 20+2+32+1=0. A

Ilpumep 2. Hanucatb ypaBHEHUE HOPMAIH K BUHTOBO! MOBEPXHOCTH
T =wucosv, ¥y =usinv, z=v
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B TOYKe C MapaMeTpaMu u = g, U = Ug-
A Tak rak
o o o .
T, =cosv, ¥y, =sinv, z,=70;
z, = —usinv, vy, =wucosv, =z, =1,

TO 10 popMmyie (6) noayuaem

T — Ug CoS Yy _ Yy — Uy sin Vo _ Zz— W
sin vy 0 0 oS Vg Ccos vy sin vy ’
up COS vy 1 1 — Uy sin (34 — Uy sin (3] Yy COS Vg
T. € )
I — up CoS vy _ Y — U SmM vy _ Zz— W A
sin vy T —coswvy  wo

Opumep 3. HcenenoBaTh ocoOble TOUKM KPUBOM, 3agaHHONl ypaBHe-
HHHeN az® +2° —y* = 0.
A B nannom cayyae F(z;y) = az? + 2° — y?. Tak kan
F, =2ax + 32, F,=-2y,

To cucTeMa (9) [as onpeseseHU KOOPAHHAT OCOOLIX TOYEK KPUBOH HMe-
eT BUJ 5 ‘ .
az’ + 2 —y* =0, 2ax+32°=0, —2y=0.

Jra cucTeMa npu M060M @ UMeeT eguHCcTBeHHOE pemenne z =0, y = 0.
CregoBaTenbHO, 1aHHAA KPUBAf MOMKET UMEThb TONLKO OHY 0COGYIO TOY-
Ky (0;0). BeruMcaum dacTHble NMPOM3BOAHBIE BTOPOTO MOpAAKa (QyHK-
uuu F' B Toure (0;0):

F!' =2a, F! =0, F! =-2

zy
Tan rar Iy, # 0, To npu mo6oM a toura (0;0) aBaserca ocobol To4-
Koit 2-ro mopsaaka. B roure (0;0) onpemenutens A = —4a. IlosTomy ecnu
a <0, 7o A >0, u, ciegoBateibto, Touka (0;0) sABIsAETCA U30IUPOBAH-

Y Y Y

1 1r / 2=zdta2 1
— N —
O -1 e z O

Puc. 6.7 Puc. 6.8 Puc. 6.9

HOM TOYKO KpuBo# (puc. 6.7); ecit a > 0, To A < 0, T. e. Toura (0;0)
ABAAETCA y310BOH Toukoi (puc. 6.8).
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Ecmu a =0, To A = 0. B aToM cayuae y wpusoii y?> = z° B Hauane

KOOpIHHAT — TO4YKa BO3BpaTa mepBoro poga (puc. 6.9). Ypasnenue (10)
O7A JaHHOH KpuBOil nMmeer Bua 2al? —2k% = 0. Ilpu a > 0 noayda-
eM, UTo KacaTelbHble B y3/l0BOl Touke UMelOT HampaBienusa (1;4+/a).

Y

2R

Puc. 6.10

IIpu a = 0 KacaTeanHasa K KPUBOI B TOUKe BO3BpaTa coBlafaeT C OChIO .
Ilpu a < 0 ypaBHeHHe He UMeeT pellleHHi (KpHBasA B H30IMPOBAHHON ToY-
Ke He UMeeT KacaTelbHON). A

Ilpumep 4. Haiitu orubatonyio cemMeiicTBa KPpUBbIX
(y—C)?=(x-0C).
A Cucrema (12) B gaHHOM cil1ydae UMeeT BU[
(y—C» —(z-C) =0,
—2(y—C)+3(x—C)? =0.
Uckarouan napamerp C, noiydaeM AMCKPUMHMHAHTHYIO KpuByio 4(y —
—2)+27(y—2)> =0, T.e. (y—2z)(y—x+4/27) =0.
lipaman y = ¢ — 4/27 (puc. 6.10) aABafserca orudaroieil JaHHOro ce-

MelfcTBa KPUBLIX, IpAMasg y = £ JaeT MHO#eCTBO 0COObIX TOUeK KPHBLIX
ceMelicTBa (TOUeK BO3BpaTa MepBOro pojaa). A

3AJ0AYN
HanucaTh ypaBHeHHs KacaTelbHOH MJIOCKOCTH W HOPMaid K MOBepX-
HOCTH B 3agaHHOM Touke (1-3).

1. 1) z=uay, (2;1;2); 2) z=2+y2 (1;1;2);
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3) z=2x2 -4y, (=2;1;4); 4) z2=(z—y)? —z+2y, (1;1;1);
5) z =23 = 3zy + 3, (1;1;-1); 6) 2 = /22 +y2 —zy, (—3;4;17);
7) 2z =/22 +yt, (0;0;0); 8) 2z =2z —y++/|zy], (0;0;0);

9) z=In+/z2 + 4%, (0;1;0); 10) z =sin(z/y), (m;1;0);

11) z=¢e%%Y (1;0;e); 12) z = arctg(y/x), (1;1;7/4).

2. 1) 22+ 92+ 22 =169, (3;4;-12);

2) zy? + 2% =12, (1;2;2);

3) 23+ + 28 +xyz =6, (1;2;-1);

4) zyz(2* —2*) =6 +y°, (1;1;2);

5) Ve +yi+22 =z +y+2—4, (2;3;6);

6) e —z+xzy =3, (2;1;0); 7) 2=y +1In(z/z), (1;1;1);

8) 2¢/x pov/z =8 (2;2;1).

3. D) z=ut+v, y=u?+v2 2=u+v3 (3;5;9);

2) z=u, y=u®—2uv, z=u® - 3uv, (1;3;4);

N zrz=u+lnv, y=v—Inu, z=2u+wv, (1;1;3);

4) x = cosuchv, y =sinuchv, z = shv, (ch1/v/2; ch1/v/?2;sh1).

4. HanucaTh ypaBHeHHe KacaTelbHON IIOCKOCTH K IOBEPXHOCTH B
3a1aHHOl ee Touke (Zo;Yo; 20):

1) 22 /a® +y2 /b + 22 /c? = 1 (saauncoud);

2) 2% /a® + y? /b — 22 /c® = —1 (dsynosocmuwiii 2unep6oaoud);

3) 2 /p — y*/q = 22 (eunepboauteckuil napaboaoud).

5. HanucaTh ypaBHEeHMs HOpMajM K MOBEPXHOCTH B JaHHOH ee TOY-
ke (Zo;Yo; 20):

1) 22 /a® + y*/b* — 22/c® = 1 (odnonosocmuniil 2unep6oaoud);

2) 2% /p +y?/q = 22 (saaunmuuecrui napaboaoud);

3) 2%/a® +y?/b? — 2%/c® = 0 (ronyc).

6. HanucaTh ypaBHeHHe KacaTelLHOH IIOCKOCTH K TIOBEPXHOCTH B
JaHHOU TOuKe (Zo;Yo;20) BTOH MOBEPXHOCTH:

Haz"+y"+2"=a" neN, a>0;

2) (2P +y? + 292 =a%(2? —y? +22), a £0.

7. HanucaTh ypaBHeHUe KacaTelbHON IJIOCKOCTH K NMOBEPXHOCTH:

1) x =ucosv, y = usinv, 2 = u;

2) z=3cosucosv, y=2cosusinv, z=sinu, B TOYKEe C TapaMeTpaMH
U=1g, V="g. BIPa3UTh K03 DULUEHTHI IOy YeHHOro ypaBHeHU A Yepes
KOOPAUHATBI Zg, Yo, 20 TOUKM KACAHUA.

8. HanucaTbh ypaBHeHHE KacaTelbHOH MIOCKOCTH K TOBEPXHOCTH:

1) 2 = (b+acosy)cosy, y = (b+acosy)sing, z =asiny, b >
>a>0;

2) x =sinpcosy, y =singsiny, z =1n tg(¢/2) + cosp B Touke ¢
napaMeTpaMu ¢ = @g, ¥ = .
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9. HamucaTb ypaBHeHHfl KacaTeJbHBIX MIOCKOCTeHd K MOBEpPXHOCTU
22+ 292 =322 oy +yr—222+16 =0
B TOUKax ee mepecedeHus c npamoit z =1, y = 2.

10. JlokasaThb, 4TO MOBEPXHOCTH 2z =y — &> + 8x — 5, 2z =e*T2¥+4
KacaloTCA ApYT Apyra B Touke (2;—3;1), u HaliTH ypaBHeHHe oOwWel Ka-
caTelbHOM MIOCKOCTH.

11. HaiiTi Ha MOBEPXHOCTU TOUKH, B KOTOPBLIX KacaTeJdbHbIe MI0CKOC-
TH K Hel MapanielbHbl KOOPAUHATHBIM MIOCKOCTAM:

1) 22 +y? +22 —6y+42=12; 2) 22 +y?> — 22 — 22 =0;

3) 2% + 2y% + 322 + 2y + 222 + 4yz = 8.

12. HanucaTb ypaBHEHHA TeX KacaTeNbHbIX MNIOCKOCTEH K MOBEPXHOC-
TH, KOTOpbIe MapalienbHbl JAHHON MIOCKOCTH:

1) 22 +2y° +2°=1, 2 —y + 22 =0;

2) 24ay+taz=1,2—y+2z=1;

3) 4% +6y° + 422 + 42— 8y —42+3=0, 4+ 2y =0.

13. HanucaTh ypaBHeHHe KacaTelbHOU MIOCKOCTH K MOBEPXHOCTH,
npoxoffmeil uepes Touky M W NapaiienbHoil JaHHOH NpAMOIi:

1) 22 —y? =3z, M(0;0;-1), z =2y = z;

2) 9022 + 160y? + 57622 = 2880, M(12;-3;-1), 2 =0, y = 0.

14. HanucaTh fai1f JaHHON MOBEPXHOCTH ypaBHeHWe KacaTelbHON
[JIOCKOCTH, NEepPINeHAURYJIAPHONA NaHHONH NPAMO:

2 2 2 _ r—y—z=2,

) 2" +y" +2° =2z, 2¢ — 2y —z = 4;

2) z=xy, z=y=—2z.

15. Jlaa noepxuoctu 22 + 5y + 222 — 20y + 6yz — 4o —y — 22 =
= 0 HamucaTh ypaBHeHMEe KacaTeJbHOW IMIOCKOCTH, MpOXOojfiieill uepes

MPANMYIO x/5=y/4=(z-1)/0.

16. Jas snauncouna z2/a” + y?/b* + 2%/c* = 1 nanucars ypasHenue
KacaTelbHON MIOCKOCTH, OTCeRAIOmeil Ha MOJI0KUTENbHBIX TONYOCAX KO-
OpIMHAT pPaBHbLIE OTPE3KH.

17. IorasaTb, 4TO KacaTelbHBIE MIOCKOCTH K MOBEPXHOCTH

zyz =a, a>0,
00pasyoT ¢ KOOPAMHATHBIMH [IIOCKOCTSIMH TeTPaspbl MOCTOSHHONO
o6bemMa. HaiiTu o6beM TeTpasapoB.

18. ,HOHaSaTb, YTO KacaTeJbHbIe IJIOCKROCTHU K MMOBEPXHOCTH
Vz+y+vz=va, a>0,
OTCeKRalT Ha KOOPAMHATHLBIX OCAX OTpPe3KH, CyMMa KOTODLIX paBHa a.
19. ,HOHaBaTI:, 4TO KacaTeJbHbIC IIJIOCKOCTH K MMOBEPXHOCTH
22/3 +y2/3 4223 = a2/3, a>0,
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OTCeralrT Ha KROOPDOMHAaATHBIX OCAX OTPe3KRH, cCyMMa KBaJapaToB KOTOPLIX

I[IOCTOAHHA M paBHa a2.

20. Haiitn paccrofHue OT Havana KOOPAMHAT IO KacaTeJqbHON [iocC-
KOCTH K NOBEpXHOCTU z = arctg (y/z) B ee Toure (Zo;Yo; 20)-

21. JlorazaTb, 4TO BCe MJIOCKOCTH, KacaTelbHble K II0BEPXHOCTH
z=zf(y/z),
rae f(u) — ouddepenunpyemas GyHKOMA, UMEIOT OBLIYIO TOYRY.

22. Ilna noBepxHocTH 22 — 22 — 22 + 6y —4 = 0 HaliTH ypaBHeHuf

HOpMaJIY, [apajjielIbHON [IPAMOM

r+y—2z+1=0,
3r—dy+32+9=0.

23. Ha nosepxnoctu 2+ 6y? — 22 —drz + 62 —20y —22—1 = 0
HafTH TOYKH, B KOTODPLIX HOPMalb K IOBEPXHOCTH MepIleHJHKYyIApHA
miockoctu y = 0.

24. B ranux toukax smmncouma /20 + y?/15 + 2% /14 = 1 nopmaib
K HeMy 00pa3yeT paBHble yTJbl C OCAMU KOOPIMHAT?

25. Haiitu yriel, KoTopble 06pasyeT HOpMalb K IIOBEPXHOCTH
z = arctg (z/y)
B Toure (1/4;1/4;%/4) ¢ ocamu KoopauHar.
26. Haiitn Toury mepecedenns HopMaau B 1060# Toure (Zo;Yo; %o)

NIOBEPXHOCTH BpallleHud . :
z=f(Vz* +y?),

rae f(u) — nuddepenuupyeman dyuxuus, f'(u) # 0, c ocrio BpaleHus.
27. OnpeneiuTs, MOJ KAKUM YTIIOM IePECeKalOTCA MOBEPXHOCTH:
1) 22 =zy, 22 +9y*+22=1; 2) zy=az, 22 +y? =1, b>0;
3) zy = az, Va2 + 22+ /y2+22=5, b>0.
28. JorazaTb OPTOroOHAAbHOCTE NOBEepXHOCTEMN
ryz=a> n 222 =2+ + F(2® —y?),
rae f(u) — ouddepeHunpyeMas gyHKLIUA.

29. Haiitu yrianl Meay HOpManfAMH B TOUKAaX, IPUHAANERAINX BCEM
TpeM HOBEpPXHOCTAM

2 2 2
z T

2 2 2
TreTSEL T -T=L 5oy f =L
30. JlokasaTh NOMapHyo OPTOrOHAJLHOCTH IOBEPXHOCTEIL:
1) 22 + 9% + 22 =2ax, 2% +y? + 22 =2by, 2% +y% + 22 =2¢z, a #£0,
b#£0, c#£0;
2) 2+ 9yt +22=a% y=br, 22 +y? =c*2% a> 0, c>0;
3 22 +yi+22=a? zy=02% 222 + 22 =c(2y? + 2%), a >0, c> 0.

N
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31. Jloraszarh, 4TO 4yepes KamAyio TOYRY (x;y;z), He Jemauyio Ha
KOODIHMHATHOH MIOCKOCTH, MPOXOAAT TP{ MONAPHO OPTOTOHANLHBIE IO-
BEPXHOCTH BUJA

o y2 22 B
T ot e e ==L a>b>c>0,

— JJUIMIICON O, OJHOIIOJOCTHBIA U HByHOHOCTHbII;’I FI/IHep6OIIOI/IHI:I.

2 2 2

32. K saauncouny % + % + z-z =1,a>0, b>0, c>0, npoBecTu
KaRyl0-1u60 KacaTelbHYIO IJIOCKOCTh TaR, YTOOLI:

1) cymMma mIMH OTPe3KOB, OTCEKAEMBIX €0 Ha KOOPAHHATHBIX OCHX,
Oblna HauMeHbIUeH;

2) UEHTp THAMECTH TPeyrolbHUKA, BBICEKAEMOr0 Ha Hell MI0CKOCTAMHU
KOOpAMHAT, HaXOAUJICA Ha HauMeHbIIeM PacCTOAHWUU OT LEeHTpa 3JUIUI-
coupa;

3) TeTpasgp, OrpaHUYEHHBIH €10 U KOOPOMHATHBIMH ILIOCKOCTAMH,
HUMell HauMeHbIUH 06heM.

UccnenoBars ocofble TOMKM KPHUBBIX, 3aJaHHBIX ypaBHeHUsAMH (33—
35). HaiiTn KacaTeabHble B 0c061:1x TOYKAax.

33. 1)x3+y3—3my:0; 2) —22%y —y? = 0;
3)3: +y* =322 =0; 4) 2® - 222+ 1 — 4% =0;
5) 2% — 22%y + 2zy? + 222 —2my+m—0 6) ' + 2y —y! =0;
7)y +xy—4x =0; 8)33 +yt -2 —y2=0;

9) 22y — (y + 124 —y?) =0; 10) z +y4 8m2—10y +16 = 0;
11) 25 — (y — 222)2 = 0; 12) ¢® + 5y* — 422 = 0;
13) 2% — (y—2)* —22 =0; 14) ¥ -yt +22=0.
34. 1) y? = az® + 25 2) z(2® + y*) +a(y® —2*) =0, a £ 0;
3) (2a — 2)y? = z(z — a)?, a # 0;
4) (22 +y*)(y — a)? — Yy 2—0 a>0, b>0;
5) Y2 =23 +azx+b; 6) y’ =(x—a)(z—-b)(z—c), a<b<ec
35. 1) 2%/3 4923 = 22/3; 2) 4?2 =sinz?; 3) y? =sin®1;
)yl =1—e";5) y2=1—e2;
6) y = {x/(l +el/*), ecm x #0,
0, eciu z = 0;

zlnzx, ecam z #0,
7)y:{ 0, eciu miO;
8) y* = V.
36. Onpegeauts nopsigok n ocotoit Tourn (0, (0) KPUBOI U NOCTPOUTD

KPUBYIO B OKPECTHOCTH 3TOH TOYKH:

1) z* + 22%y — 2y? + y% = 0; 2) z* — 622y + 25y% — 1622 = 0;
3) (22 +y?—62)° — (22 +9%) =0; 4) 2* +y* — 69° + 822y = 0;
5) 2t + 2% — 422y =0; 6) 2° +9° —2y® = 0;
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7 y? —zly+25=0; 8) (22 +y?)® - 272%y% = 0.
37. Onpeneauts nopanok n ocoboit Touxu (0; 0) ypaBHeHuUs

3 5
(y/3)” + (2/5)” = 0.
Hmeet au KpuBafd, onpeaejsaeMas 3TUM YpPaBHEHHUEM, ocobpie TouRu?

38. Haiitu orubaromyio ceMefcTBa NPAMbBIX:

Hy=Ce—-C% 2)y=Cz+1/C; 3) y=Czx—InC;

) y=Cz+cosC, |C| < 7/2;

5) y=Cz+ f(C), f — uenpepsiBuo aubdepennupyemMas QyHRINA;

6) zcosC +ysinC =p, p>0; 7) 3(Cz —y) = C3;

8) 2C*(y — Cx) = 1.

39. HafiTu orubaiowyio ceMeiicTBa NpAMbIX, 06pa3yolIUuX ¢ KOOPAU-
HATHBIMM OCAMH TPEYIONIbHUKH NOCTOAHHOMN maomanu S.

40. HafiTu orubamomyio ceMelcTBa NPAMbLIX, COJep:KalluX OTPe30K
NOCTOAIHHON JUIMHBI G, KOHIIBI KOTOPOI'O CKOIb3AT MO OCAM KOODPIHUHAT.

41. [loxazaTb, 4T0 orubaromasa HopMajell NIOCKON KPUBOH eCTb 3BO-
JioTa 3Toit KpuBoil.

42. Ha nyry owpysuoctu z2 + ¢ = a?, z > 0, najaer my4yox napa-
JdeNbHbIX Jy4el, HallpaBAeHHbLIX BAOAL ocU x. HallTu KaTaKkaycTURY, T. €.
OrubarIyo oTpaieHHbIX J1yJeil.

43. HaliTu orubamiyio ceMeiicTBa OKPYKHOCTEMN:

1) (z-C)P2 +y?=R?% 2) (z—C)2 +y? =C?%/2

3) (z-C)P+y-0)=C%

4) (x—C)? +y*>=R?-C?, |C| < R/V2.

44. HaiiTu orubammyio ceMelcTBa OKPYHHOCTEN, HMEIOMUX [IeHTPhI
Ha napaboie 2 = 27 U NPOXOAAIIMX Yepes ee BeplLIUHY.

45. HaiiTu orufaromyio ceMelcTBa ORPYMHOCTEN, TOCTPOSHHBIX KaK
Ha AMaMeTpax Ha (hoKalbHbIX XOopAax mapadons! y? = 8z.

46. HaiiTu orubaromryio cemeiictsa aaauncos z2/a® + y?/b* = 1, ecan
cyMMa Monyocefl Kaaoro siauica NocToAHHa U paBHa d.

47. HaiiTu orubarmmmyio ceMeiicTBa napabo:
1) y= —(JH—C(;_D_; 2)z=C+ %; 3) y =12 -2Cz — 3C%
4) y? =2Cx+C? C£0; 5) y=C*(z—-C)? C£0;

6) Cz? 4+ C?y = 1.

48. HaiiTu napaGony Ge3omacHOCTH, T. €. OrMOAIOMIYIO TPAEKTOPHUI
CHapAAOB, BBINYIIEHHBIX C Ha4albHOHW CKODOCTHIO ¥y B BePTHUKaIbHOH
IJIOCKOCTH NPH BCEBO3MOMKHBIX YTiIax Gpocanusi « (CONPOTUBICHUEM BO3-
JAyXa npeHeépeus).

49. HaliTu orubamoimyio ceMeificTBa KPUBBIX:
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Hy=C*/(z—-0C); 2) y=CJz—C? 3) z =y*/4C)+C, C > 0;

4) (y = O3>+ ((z + C)/5)° = 0; 5) y = Ce™/

6) y=Ce>* +1/C; T) y=x+sin(z+C); 8 y=C - tgax — C°.

50. HaiiTu u uccilemoBaTh JUCKPUMHHAHTHYIO KPUBYIO ceMeiicTba
KPHBDIX:

1) C?y =4(C + D)a; 2) y=(z—C)’; 3) y* = (z - O)%

4) y’ = (z-C)% 5) y—C=((z-C)/3)%

6) ((y+C)/5)° = ((z + C)/T)T;

7))y =302 -C3% 8 2—-2)(y—C)? =2*12+2);

9) 2+ (y = C)° =3z(y — O); 10) (y — (z - C)?)* = (z - O)°.

51. Haittu orubaromyio cemeiicTBa NOBEPXHOCTEI:

1) z2=(z—1)cosC + (y—2)sinC; 2) 22 +4>+ (2 — C)? = R?%;

3) (r—C)+(y—C) + (2 - C) = R

) (z-CP+y-CP+(:x-C)P=C? C#0.

52. Haiitu orubamomyio cgep paguyca R, IeHTPbI KOTOPLIX JesiaT:

1) na orpymuoctu x2 + y? = r?, z = 0; 2) Ha Konyce x° + y? = 22

53. Haittu orubaromyio aamuncoumoB z2/a? + y?/b% +22/c* = 1,
UMEIOIUX OCTOAHHLIA 06beM V.

OTBETHI
1.1)m+2y—z:2,x—2:%:%;
o r—1  y—-1 _2z2-2
2) 2z 42y —2z=2, 5 _2 — =
3) 82+ 8y + 2 +4 =0, ””‘SF :%:z_47
4)w—2y+z:0,x—1:y_;:z—l,

z=1,

5) z =—1, {y:l;
_ . _ z+3 _y—4 _ z-17
6) 23z — 19y + 52 + 60 = 0, B - 19 — 5

7) He CYNIECTBYIOT; &) He CYIIECTBYIOT;

9)y—2=1, f=y—l=—z10)z—my+:=0s-7=""1 =2
-
o z—l_g_z—e.
11) ex — 2 =0, T 0 1 /
_ _ 7 _ _y—1 _ z—-m/4
12) = y—|—2z—2,m 1——_1 =
2.1) 3z + 4y — 12z = 169, % =yd = 2—12;

Ner+y+32=9, z—-1=y—-2=(2-2)/3;
N r+1ly+52=18, z—1=(y—2)/11 = (2 + 1)/5;
DH2x+y+112=25, (z—-1)/2=y—1=(z—2)/11;
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5) br+4y+2=28, (z—2)/b=(y—3)/4=2—6;

6) x+2y=4, z—-2=(y—1)/2=2/0;
Net+y—22=0,z-1=y—1=(2—-1)/(-2);

8 z+y—42=0,z-2=y—2=(z—-1)/(-4).

3.) 122 -9y +2:=9, (z—3)/12=(y—5)/(-9) =(2—9)/2;
2) Gt By — 22 = 7, (3= 1)/6 = (y — 3)/3 = (2 — 4)/(—2);
N3z—y—224+4=0, (z-1)/(-3)=y—1=(2—-3)/2;

h1l cthl
) @ty - (sh)z=1, a=y=-2(>-2a1).
2 2
\/;(11' Yoy 202 .’L'(]l' yoy\/_ Z02
zox ™ yoy ¢ a? ¢
3) = — == =2+ 2.
p q
5.1) an—Io:bgy—yo:_022—20.
o Yo P
2) T—% _ Y—Y _ EZT 20,
o Yo -1’
3) a2 T80 —p2 YT 22T ey 22 4 g2 + 22 #0.
Zo y[ Z()
6.1) z *m—i-yo y—f-zg 2 =an

2) (2r? — a®)zoz + (2r* + a?)yoy + (2r —at)zgz =11,
r? =23+ y3 + 28 > 0.

7. 1) (coswvo)z + (sinvg)y — 2 =0, zex + Yoy — 20z = 0;
2) COS Uy COS Vo cos u[;smvo Y+ (sinug)z =1, wg + yoy + 202 =1.

8. 1) (costhg cos o)z + (costg sinwe)y + (sinp)z = a —+— bcosy;

2) (cos g cos o)z + (cos o sin to )y — (sin o) (z — In tg (wo/2)) =

9. 2—6y+92=16, bz +3y+ 92+ 16 = 0.

10, z+2y —2+5=0.

11. 1) (053:3), (053;-7), (5:3;-2), (=5;3;-2), (0;-2;-2),
(0;8; —2);

2) (1;1;0), (1;=1;0), (0;0;0), (2;0;0);

3) (0;2v2;-2v2), (0;-2v2;2v2), (2;-4;2), (—2;4;-2), (4;-2;0),
(—4;2;0).

12. 1) 2z — 2y + 42 = +/22;

) x—y+22==+V5; 3) x+2y—-2=0, z+2y=0.

13. 1) 4o — 2y — 32 =3; 2) 3z + 4y = 24, 3z — 28y = 120.

4. 1) z+y=14+v2; 2) 2z +2y —2=4.

15. 42 — 5y —22+2=0.

16. z+y+2=+va?+b> + 2.

17. 9a3/2.

20. 20/ (w5 +y3)/ (@§ + g + 1)

22. x—-2=(y—10/3)/3 = (2 +4)/4.

23. (—1;2+/5;1).

24. (20/7;15/7;2), (=20/7;—15/7;—2).

26. arccos(2/3), arccos(—2/3), arccos(—1/3).
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27. (0;0;20 + V22 + 43/ F (V@ +y3))-

28. 1) E; 2) arccos ﬂ, Zg — anIjuRraTa TOUKH [epeceyeHu ;
2 bv/aZ + b2

3) w/2.

29. 7/2.

32.1) 2/ Va® +y/ V02 + 2/ =/ Va2 + 12 + Ve

2) z/va+y/Vb+z/ye=Vat+tbte 3) z/faty/b+z/c=+/3.
33. 1) (0;0) — ysnoBaa Touka c KacaTelbubMu ¢ =0 u y = 0;
2) (0;0) — Toura Bo3BpaTa MepBOro poja ¢ KacarelbHoll y = 0;
3) (0;0) — Toura Bo3BpaTa IIepBOrO pofa ¢ KacaTelbHol z = (;
4) (1;0) — ysnoBas TouKka ¢ KacaTelbHbIMU Yy = +(z — 1);

5) (—1;0) — uzonupoBaHHaA TOUKa;

6) (0;0) — ysnoBas Touka ¢ KacaTedbHbiMH y = 0, z = 0;

7) (0;0) — Toura caMONpPUKOCHOBEHUS ¢ KacaTelbHol z = (;

8) (0;0) — usonuUpoBaHHAaA TOUKA;

9) (0;—1) — yanoBas TouKa C KacaTelbHbIMU Y = £3/y/3 — 1;

10} (£2;0) — ya3i0Bble TOUKH C KacaTeldbHbIME Y = £2/2/5 (x — 2),
y=+2,/2/5(z +2);

11) (0;0) — Toura Bo3BpaTa BTOPOro popa ¢ KacarenbHoil y = 0;

12) (0;0) — TouKa caMOIPUKOCHOBEHHUSA C KacaTeabHoil z = 0

13) (0;2) — usonupoBaHHasA TOYRA,;

14) (0;0) — TouKa cCaMOIPUKOCHOBEHHUA ¢ KacaTteabHoil © = 0.

34. 1) (0;0) — usonupoBanHas Touka npu a < 0, ysioBas C Kaca-
TeNbHBIMU § = ++/az mpu a > 0, Touka Bo3BpaTa MEPBOro pojia ¢ Kaca-
TenwHoit y = 0 npu a = 0;

2) (0;0) — yanoBasd TOYKA ¢ KacaTeNbHBIMU i = +x;

3) (a;0) — ys3ioBas TouYKa ¢ KacaTeIbHBIMU Yy = +(z — a);

4) (0;0) — usonupoBaHHAasa TOUKAa IpU b < a, y3/lI0Basg TOUKA C Kaca-
TenbHbIMU y = tax/v/b* — a® npu b > a, Touka Bo3BpaTa MepBoOro poja
¢ KacarenbHoit x = 0 mpu b = a;

5) ecnn a < 0, To npu b = (2a/3)\/—a/3 usonuposanHas ocobas TOU-
ka (—y/—a/3;0), npu b= (—2a/3)y/—a/3 ysaosas roura (/—a/3;0) c
KacaTeabHBIMI Yy = + v/—a/3(vV/32 — v/—a), ecu a =b=0, 1o (0;0) —
TOUKa BO3BpaTa MepBOro poja ¢ KacaTelbHoi y = 0, MpH oCcTalbHBIX 3Ha-
YEHUAX @ U b 0COBBIX TOUEK HET;

6) ecin a < b < ¢, TO 0cOBBIX TOUEK HeT, ecd a = b < ¢, To (a;0) —
W30IMpOBaHHasA Touka, ecid a < b = ¢, To (b;0) — ysnoBas Toura c
KacaTelIbHBIMU ¥ = £+v/b — a(z —b), ectit a = b = ¢, 10 (a;0) — ToOUKA
BO3BpaTa MepBoOro pojaa ¢ KacaTeanHoit y = 0.

35. 1) (£2;0) — Touka Bo3BpaTa NepBOro pofa ¢ KacarelabHoil y = 0;
(0; £2) — Touku BoO3BpaTa MepBOro poma ¢ kacatenbHoll = = 0;

2) (0;0) — ysi0Basg TOYKA ¢ KacaTeNbHBIMU Y = +x;
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3) (km;0), k € Z — ToukH BO3BpaTa MEPBOrO pojla ¢ KACATENbHbI-
MU T = kT

4) (0;0) — ys10Basg TOYKa ¢ KacaTelbHbIMU ¥y = +x;

5) (0;0) — Touxa BoaBpaTa ¢ KacaTelbHOH y = 0;

6) (0;0) — ysaoBana Ttoura; 7) (0;0) — Touyka mpekpalleHus;

8) (e;€) — yanoBasi Touka ¢ KacaTelbHBIMU ¥ = Z, T + y = 2e.

36. 1) n =2, Touka Bo3BpaTa BTOPOTo pojia ¢ KacaTeabHod y = 0;

2) n = 2, yslIoBag ToYKa ¢ KacaTelbHbiMu y = *4x/5; 3) n = 2,
Y310Bas TOUKA ¢ KacaTelbHBIMU ¥ = /35 ;

4) n = 3, racatenbHrle y =0, y = i2m/\/§;

5) n = 3, racaTenpHele y = 0, y = +/2z;

6) n = 3, racaTennHnre y =0, « = 0;

7) n =3, Kacatenbhble y =0, y = tux;

8) n =4, wacaTenprle y =0, z = 0.

37. n = 3, KpuBad 0cOOBIX TOUEK HE UMEET.

38.1) dy =22, 2) y? =4x; 3) y=1+Inz;

4) y = zarcsinz + V1 — z2;

5) napaMeTpuyeckHe ypaBHeHus orubamwieit z = —f'(t), y = f(t) —
—tf'(t);

6) =2 +y? =p% 7) 9y? = 423; 8) 8y = 27x%.

39. 22y = *s.

40. 22/3 44?3 = a?/3,

42. [lyra asnMUUKIOUIbL T = %Ta cost — % cos 3t,

3a . a . ™
y= 4 sint—7 s1nﬁt, |t|q< 5
43.1) y=+R; 2) y==4z; 3) 2y =0, 2> + y> #£0; 4) o= + & =1,

2R* ' R?

44. 23+ 3y? + 9> = 0.

45. (z —3)? +y?> =9, z = -2.

46. Actpouna z%/3 + y2/3 = d?/3 6e3 BepiuH.

47. 1) y=0, y=4(x—1); 2) y = £2/2; 3) y = 422/3;

4) orubatomteii vet; 5) y =0, y = (z/2)4, 22 + y?> £0; 6) y = —21/4.

48. y = v3/(29) — gz* /(2v).-

49. 1) y = —4x; 2) y = 1/42?; 3) napatona z = y> Ge3 BepLWMHDI;

4) y = —x+2; 5) y = ex, kpome Touru (0;0); 6) y = +2¢%;

Ny=zx1; 8 y=(tg’x)/4

50.1) z(y + ) =0, cocTONT U3 OBYX NPAMBIX ceMelicTBa, orudaiomei
"er; 2) y = 0, ABasgerca orudaioiiei;

3) y = 0, cocTouT U3 0coObIX TOYEK KPHUBLIX CeMeiCTBa, ABIAETCHA
orubaroieii;

4) y = 0, cocTouT U3 0cOBBIX TOYEK KPHUBLIX ceMelicTBa, orubaiomeil
Her;

)

5) y = x £ 2, ABagerca orudaoieii;
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6) (y—z)((y—x)? —4) = 0, cocTout us orubawomeii y = r+2 u
NPAMON y = x, colepsiallell TOYKHU nepernta KPUBbIX CEMEHCTB;

7y = +22%, spageTca orubaioueii;

8) z(z +2) = 0, cocrouT U3 orubatomeil £ = —2 u npaMoit z = 0,
colepsuallell y310Bble TOYKHM KPUBBIX CEMEHCTBa;

9) z(z® — 4) = 0, cocTouT U3 orubaomeil ¢ = V4 u npaMoii z = 0,
cofdep:kallleil y3J0Bble TOUKY KPUBBIX ceMeHCTBa;

10) y(5°y — 28) = 0, cocTout ua orubatomeit y = 28 /5% u npamoit y =
= 0, cofepskallell TOUKKM BO3BpaTa BTOPOro poja.

51. 1) (z — 1)2 4+ (y — 2)2 = 2%, 2) 22 + 4% = R%;

3) 22+ y?+ 22 —xy—yz—x2=3R3/2;

4) 22+ y? + 22 - 2ay —2yz — 2722 =0, 22 +9y? + 22 £0.

52.1) (r+ /22 +¢2)%> = R?> — 2%, 2) (2 +/2® +¢2)* = 2R%.

53. |zyz| = V/(47wV/3).



I'TABA 2

KPATHBIE, KPUBOJUHENHBIE U IIOBEPXHOCTHBIE
HHTETPAJIBI

§ 7. Mepa Kopnana. UsmepruMble MHO#eCTBa

CNPABOYHLIE CBEAEHUA

Pasbuenuem (uHorna cemwio) pamea k mpocrpaHcTBa R™ HasblBalOT

COBORYTMHOCTh BCEX 3aMKHYTBhIX KyGOB BUa
Q = {z: mi/10F < z; < (my +1)/10%, i=1,....n},

rae m; — JiOOble Hedble yucia, 1 = 1,...,n; caMu 3TH KyObl Ha3bIBAIOT
rybamu panea k, k=0,1,2,. Hyﬁbl B R ABIAIOTCA ompeskamu, B R? —
Keadpamamil.

Ecnu nBa ky6Ga pauroB k; u k; MMeroT o0WIYIO TOYKY, TO JuGO OAUH
13 3THX Ky6oB (Gonbllero paHra) COAEpRUTCH B APYTOM, JHGO mepecede-
Hue KYy6OB fIBIAETCA TpaHbIO OJHOTO M3 HUX WK ofluieit rpaHbio 06ouX
(mpu k; = k2 ), B 4ACTHOCTH BEpPIIMHOM.

Yuciao 107" naswiBatoT mepoti kyoa panra k (daunoti B R', naowadsio
B R?, ofsemom B R", n > 3) u oGosuayaor u(Q), T. e.

n(Q) = 1074, (1)
Bmecto p((QQ) ucmonnsyroT Takme oGosHadenne mes(). Mepa oObe-
ouHenua S KoHeuHoil copokymHocTH N ky6oB (4, j =1,...,N, ogHoro

panra k ecrb .
p(S)=N-107"%", (2)

117 o6beauHeHus S CUeTHOH COBOKYNMHOCTU KYyGOB OIHOTO paHra mo-
aaraioT pu(S) = +oo.

Mepy mycToro MHOMECTBa CYMTAIOT paBHON Hymo, T. e. u(&) = 0.

Jlng mpousBoanbHoro MHomecTBa X C R™ o6beauHeHme Bcex KyGoB
paura k, k=0,1,..., nexamux B X, 6ynem o6oznauats si(X), a oGbe-
JIuHeHUe Bcex Ky6oB paHra k, umeromux ¢ X HemyCcTOe MepecedeHie —
Sp(X). DT MHOMKecTBa MOrYT OLITh, B YaCTHOCTH, W NMYCTbIMH. MHo-
mectBo Si(X) uHorma HasebBalOT nokpemuem X KyGamu padra k.
Bepnbr BRIIOUeHUA

5p(X) C X C Si(x), (3)
sk(X) C spqr(X), (4)
Se(X) D Sk (X), k=0,1,.. (5)

10 Iloa pen. JI.LI.KynpaBuesa, T.3
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OBo3HayuM 18 KpaTKOCTH 8 = si(X) u Sy = Si(X). Us (4), (5),
(2) caenyior HepaBeHCTBa

p(se) < plse1),  pu(Sk) 2 u(Se+1), k=0,1,... (6)
Ynens! mocnegoBatensHocteit p(sg) u u(Sk), k= 0,1,..., mubo He-
oTpHLATeNbHBIE YHCaa, AM60 +oo. Ecau aTH nocrenoBaTenbHOCTH 4He-
JOBbIe, TO B CHJIY MOHOTOHHOCTH M HEOTPHLATENLHOCTH OHM HMEIOT
npefelbl — HeOTpUUATelbHble uucila WIM +oo. EciM cpein 4ieHOB
nocnegoBaTenbHoOCTH psy) wian pu(Sg) ecTb 400, TO CYUTAOT, YTO
¥ ee Ipenen ecTh +00.
Koneunsi#t nim GeckoHeuHbIH Hpejen nociaegoBatelbHoCTH sk (X))
HAa3bIBAIOT gHympeHHel (Mau HuxcHell) mepotl Hopdana mHomectBa X U
o6osHauatoT px(X) uin p(X), T. e.

pr(X) = p(X) = lim p(si (X)), (7)

Roneunsrit niu GecroHeuHsblii npegel nociegoparensHocT u( Sk (X))
Ha3bIBalOT 8HeiHell (Uiu seprHell) mepoti AKopdana MHomecTBa X U 060-
snauator p*(X) wim w(X), 1. €.

Pt (0 2 =l p(Se(Y). (8)

Onpepnenenue Mephbl fRopnana. Eciu BHyTpeHHAIA U BHEIIHAA
Mepnl flhopaana MHoecTBa X KOHEUYHBI U PaBHEBI, T. e.

(X)) = (X)) = p(X), 9
To uncio p(X) HaseiBatoT mepod Aopdana mHoMecTBa X, @ camMo MHO-

MReCTBO HA3LIBAIOT UIMepuMblM no Aopdany.
Jlnsi mycTOro MHOMECTBa 3TO OIpe[esieHHe COBHAAAeT C IPEMHUM,

T. e. u(@) =0.

Mepy #iopaana muoecta B R' naswiBaior daunot, B R> — nao-
wadvi, B R", n > 3, — obvemon.

BmecTo TepMmuHa “usMepumoe”’ B R? ymoTpeGJIAIOT Tarme TEPMHH
“weadpupyemoe”’, a B R® — “mybupyemoe”. Ins ykasaHHA pasMepHOCTH
npocTpancTBa Mepy Ropaana muomectsa X B R™ wuHorga o6osnaua-
01 i (X).

Hng kpaTKocTH 4acTo 6yaeM roBopuTh “mepa”’ U “U3MepUMOE MHO-
JECTBO”, MOJAPa3yMeBas, €Cliu HeT MAOMNOJHUTEILHOro yKasaHus, “Mepa
Hopaana” u “usmepumoe no #HopaaHy MHoecTBO”

HenocpeacTBeHHo U3 olpefeneHUsl BHITEKAIOT CleAYIONie MpoCcTeli-
e CBOWCTRBA MephL

Mepa BCAKOro U3MEPHUMOro MHOMECTBa HeOTPULlaTelbHa,;

BCAKROE U3MEpPUMOe MHOKECTBO OTPaHUYEeHO;

ecin p(X)=0,a X1 CX, Tou pu(X1) =0

ecan pu(X) =0, X — zampiranue X, Tou pu(X) = 0;

ecai X7 u Xo usmepumnl u X1 C Xz, o pu(X1) < u(X2) (sonomon-
HOCITb Mepbt).
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CnpaBelauB Cleayromui

Kpurtepuit usmepumocTu. JLif TOro 4T06b MHOMECTBO X ObLIO
HU3MepUMbIM, HeOGXOAMMO U JOCTATOYHO, YTOOLI OHO OBII0 OrpaHUYeHHBIM
1 uToObI Mepa ero rpaHuibl Obula paBHa Hymo, T. e. u(0X) = 0, rue
0X — epanuua X.

Bepunl cieayionye yTBep#aenns o Mepe Mopnana.

O6beaMHeHre M IlepeceyeHUe KOHEYHON COBOKYNHOCTH U3MEPUMbIX
MHOKeCTB, a TakMe PasHOCTh ABYX U3MEePUMBIX MHOMECTR fABIAIOTCA U3-
MEePUMBIMH MHOKEeCTBaMHU.

Mepa 0ObeIMHEHUA KOHEYHOH COBOKYNHOCTH MOIAPHO Helepeceralo-
LIMXCA U3MEPUMBIX MHOKECTB paBHa CyMMe Mep 3TUX MHomecTB (addu-
MUBHOCITLL MeEPbL).

Oyere X' C R™, X" C R"™™. MHomecTBo

{z= (252" e R": 2’ = (z1;..50m) € X', 2" = (xme1;..ym,) € X'}
HasLIBaIOT npouseederuem muoncecms X' u X' v oGosuauaior X' x X",

Ecaun Muomectso X’ usmepumo B R™, a muomectBo X' usmepumo
B R"™™, to muomecrBo X' x X" usmepumo B R u

fn (X" x X) = p (X') + pn—m (X7).

B uactHocTH, ecin X' — uaMepuMmoe MHO#ecTBO B R™ ', To BeAkuit
uunuaap X = X' x [a;b] ¢ ocHoBanuem X' usmepum B R™ u
fn(X) = (b —a) - prn-1(X").

Ecin X' — orpanunuennoe MHoxectBo B R™, a Mepa MHomecTBa X
B R™™™ paBua uymio, To u u, (X' x X'") = 0. B uacTHOCTH, eciu Mepa
OCHOBaHMA LMJMHApa paBHa HY/II0, TO ¥ Mepa UuaMHApa B R™ paBHa
HYJIO.

I'padur 11060 HelpepbIBHON Ha KOMIAKTe *) (GYHRUUU U3MEpUM, U
ero Mepa paBHa HyJIO.

Beakan cnpamiaseMan spusas B R™ usMepuMa, U ee Mepa paBHa HYJTIO.

Paszbuenuda uamMepumMoro Mmuoskectna. [lycte X — usmepu-
Moe MHOmsecTBO B R™. KoHEUYHYIO COBOKYIIHOCTD

T(X) = {Xj7 J = 17'")N}
HellyCTbIX N3MEePHMBIX MHOMECTB Ha3bIBaroT paaéueHueM )(7 eClIu:

n
D p(XeNXy) =0, k#1, kl=1,..,N; 2) J X;=X.
=1

Jlast Beakoro pas6uenus 7(X) BepHO paBeHCTBO

N
ZM(XJ‘) = p(X).

Yucio .
|7(X)| = max diam X,
J

*) Komnaxkt — OI'paHHY€HHOe 3aMKHYTO€ MHOMECTBO.

10*
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rge diam X; — guameTp MHosecTBa X;, j = 1,..., N, Ha3eIBalOT Mea-
kocmuio pasdbuenus 7(X).
Myers 7(X) u 7/(X) — pasbuenus usmepumoro Muoskecrsa X H

aas Kamaoro Muomectsa X € 7'(X), j = 1,...,N', cymecTtByer MHo-
mectBo Xp, € 7(X), 1< kj < N, raroe, uto X} C Xy ; Torna pasue-
uue 7'(X) HaswIBAWOT enucanHbim 8 pasbuenue T(X) u numyt 7' (X) =
=7(X) ur(X) < 7(X).

Eemu 7(X) < 7(X) u 7(X) < 7" (X), To 7(X) < 7"(X).

Jlas m06e1x ABYX pasbuenuit 7/(X) u (X)) uameprmMoro MHoOkeCT-
Ba X cyumecTByeT Tarkoe pazGuenne 7(X) saTOro MHoskecTBa, 4To T(X) >
=7 (X)u 7(X) > 7" (X).

JlasT BCAROTO M3MEPHMOT0 MHOKECTBA CYIECTBYIOT pasbHEHUS CROMb
YTOIHO Malof MEJKOCTH.

Ilasg moBoro oTKPLITOr0 M3MEPHMOTO MHOKECTBA CYLIECTBYIOT pas-
GHEHHS CKOMb YTOAHO Malofl MeIROCTH, BCe DIEMEHThl KOTOPBIX HMEIOT
NONOKUTENLHYIO MEpY.

MPUMEPLI C PEWUEHUAMMU

IMpumep 1. lokasaTs, uto Ky6 () panra ky B R uamepum no fop-
nany u ero mepa Ropjgana coBnajaer ¢ BBefieHHo# B (1) Mepoii, T. e.
paBHa 10~*om,

A Ecmu k < kg, To HMKaKro#il Ky0 panra k He JeRUT B (); NO3TOMY

Sk(Q) =&, H(Sk(Q)) = 0. Ecan k = kUa TO SkO(Q) = Q7 H(Sko (Q)) =
=10"%". Ecau k > ko, 1o onatb-Taru six(Q) = Q u u(si(Q)) = 10~Fon,

3HayvuT, . -
px(Q) = lim p(sp(Q)) = 107Fo".
k—oo
Jlaunbiit kKy6 () eCTh MHOKECTBO

m; m; + 1 .
Q= {x: 10—130 <z < 120—790’ i= 1,...,n},
rne m; € Z, i=1,...,n. Ilpu k < ko p(Sk(Q)) — HEKOTOpbIE MOTOMU-
TenbHble yucaa. Ilycts k > kg. O6benunenue Si(Q)) Bcex ryGoB paH-
ra k, uMmeromux ¢ () Hemycroe nepeceyeHue, eCTh MHOMECTBO

Sk(Q):{m: o —%Sxiémiﬂﬁ— L }

10ko 10k ' 10k
JToT KyD ¢ pedbpoM JIAUHBI
1 2 10k ko 49
10k T 108 T 10k

conepaut (105 ko 4 2)7 wy6om panra k. Ilostomy
_ _ _ 2 n
R(SH(@) = 1047k 9y 107k = 10 ko (14 2 )"
WH(Q) = lim p(Sk(Q)) = 107",

Tarum o6pasom,

1x(Q) = ¥ (Q) = p(Q) = 107", &
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ODpumep 2. lokazaTh, YTO HA OTPe3Ke 6CTh OTKPBLITOE MHOMKECTBO,
HeuzMepumoe o Mopaany.

A YrameM Taroe MHomecTBO Ha oTpeske [0;1], crenyn unee T. Ran-
Topa.

Cravana oTMeTUM, 4YTO eClld @ U b — KOHIIBI OTpPe3KoB paHra k, To
cepequHa oTpeska [a;b] ABAfeTcA KOHIOM oTpeska patra k + 1. Heiict-
_ B(m+n)

m
BUTEJILHO, a = b= , a
10k+1

o7 mik,rnem,neZ,H%(aﬁ-b)
KajkJ0e YUCIO TAKOTO BUA eCTh KOHell OTpe3ka padra k + 1.

OnumeM mpolecc UHIYKTHUBHOTO NOCTPOeHU TpebyeMoro MHOMKECT-
Ba. Bynem Ha3bIBaTh uHmepsaiom paHea k WHTepBal, MOAYYaEMBIA U3
OTpe3ka paHra k UCKIIOYeHNeM ero KOHIOB.

HepBriit mar. UuTepBan 1-ro panra, MMeloluil MeHbLIINI KOHell B
cepenuue orpeska [0; 1], o6oznauum A;. Ymamus A; us [0; 1], noayuum
[IBa OTpe3Ka, COBOKYMHOCThH KOTOPLIX 0603Ha4uM (1. KoHIIbI Kamgoro us
HUX ABJIAKOTCA KOHIIAMHU OTPe3KOB 1-To paHra, cieloBaTelbHO, cepeIruHbI
OTPE3KOB U3 (1 ABIAIOTCA KOHIAMM OTPE3KOB 2-TO paHra.

Bropoi#t mar. B ramaomM otpeske u3 [3; Bo3bMeM HHTepBail 2-TO
paHra, UMeluil MeHbIINN KOHENl B cepeliiHe oTpe3ka. TaKkuX UHTepBa-
JoB 6yneT ABa, ux oobequHenue 0603HauuM Ay, Ypanus As U3 UMeBIIMX-
CA OBYX OTPE3KOB, MOIYYUM UYeThIpe OTPE3Ka, COBOKYIHOCTH KOTOPBIX
oBoznauuMm Fo. Jamna Kammoro orpessa us fo ne Goanme 1/22. Ux ron-
bl ABJAAIOTCA KOHIIAMU OTPE3KOB 2-TO paHra, No3ToOMYy UX CepeluHbl —
KOHIIbI OTPE3KOB 3-T0 paHra.

JlonycTum, 4TO HA N-M WIATe NONYUYeHbl MHOMeECTBO A, — obbequ-
HeHue 27! UHTepBaloB paHra nm, U COBOKYNHOCTL 3, U3 2" OTpe3KOB,
obpasylollasnca nocie ypaleHua A, uz 27 1 oTpeskoB, COCTaBIAIOIMIUX
Bn—1. NnvHa KakaOr0 OTpeska U3 [, He Goabime 1/27, UX KOHUBI AB-
AAIOTCA KOHLAMH OTpPe3KoB padra n. Torma (n + 1)-# mar cocTouT B
cnenyiomeM. CepefivHa KamkIoro oTpesra us 3, ABIAETCA KOHIOM OT-
peaka paura n + 1. B ramaoMm oTpe3re us (3, BblbepeM UHTEepBal paH-
ra n + 1, UMeOmuil MeHbIIUN ROHENl B cepeiiHe 3TOr0 oTpeska. O6benu-
HeHue BhIOpaHHbIX 2™ WHTepBanoB o6o3HadyuM A, 1. ocne ynanenus us
0Tpe3koB 3, TUX UHTEPBAJIOB MOJYUYUM COBOKYNHOCTL 2™'! oTpeskos,
KOTOpY10 0603HAaYUM [3,11. JlnMHA KamkIOr0 M3 3TUX OTPE3KOB He 00Mb-
me 1/2"1 ux KoHubI ABAAIOTCA KOHIAMM oTpeskoB panra n + 1. Tewm
caMbIM MHAYKTUBHBIM Mpollece 3aJaH HOJHOCTBIO.

B pesyabTaTe 3TOro mpoliecca nojgydaeM INOCJAeI0BATeIbHOCTb MHO-
mecTB A,, n=1,2,... Kammoe U3 HUX OTKPLITO Kak o6beauHenne 271
MHTEpBAJoB paHra n.

MuoskectBo A = |J A, oTKphITO M Heusmepumo no HlopaaHy.

n=1

[IepBoe BbINOIHEHO MOTOMY, YTO A €CTh 06'beJUHEHNE OTKPBITHIX MHO-
smecTB A,. [lokaxem BTOpOe, BLIYUCIUB BHEIIHIOIO U BHYTPEHHIOI Me-
per A.
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Yeranosum, uto p*(A) =1, fokaszas, 4To Ram/bIi oTpesor Qy C [0;1]
panra k, k =0,1,2,..., umeeTr ¢ A Hemycrtoe nepecedyenne. 0603HaAUUM
By =[0;1]\ A1, B =Bp_1\A4p, n=2,3,..., T. e. B, — o0seduneHue
HelepeceRalonUXes 0TPEe3KOB COBOKYITHOCTUH 3.

Homyctum, uto QN A=, T.e. Qp NA, =& nasa moboro n. llpu
n =1 u3 Toro, 4to (Jr N A1 = &, caeayer, uto (J; C B;. U3 Toro, yto
QrC B, mman>1lu@QrNA,; =@, cienyer, 4to Qr C Byy1 = By \
\Ap41. MeTonoM HHAYRIMHA OOKasaHo, YT0 Qi C By C Bpy1 = Bp \ Apnt1
nns mo6oro n. llockoabky B, ecTh o0beflHEHHe HENepeceraioujuIc
OTPE3KOB COBOKYMHOCTH (,, OTPE30K () COMAEPRUTCA B OAHOM U3 HUX,
U, 3HAYUT, €ero JJMHAa He mpesocxoauT 1/27, 1. e. 1/10F < 1/2" naa
a1060T0 n. ITO HEBEPHO, MOATOMY HEBepHO U gomylieHne (Qr N A = &.

O6vennnenne Sy Bcex oTpeskoB () C [0;1] ¢uKcupoBaHHOrO paH-
ra k cosmapaer c [0;1], nostomy pu(Sk) =1 npu ao6oMm k, a 3HAYUT, U

* _
pr(A) =1

Hatinem BuyTpenHioio Mmepy A. MHTepBal paHra n He CONEPRUT HU
OIHOTO oTpe3ka panra k, ecin k < n. Ecau e k > n, To nHTepBan paH-
ra n cogepmut 105" — 2 orpeswos panra k. MHomecTBo A, COCTOMT
uz 27! HenmepecenalollixcA MHTEPBAIOB PaHTa 7, MO3TOMY OHO He CO-
JEepPsRUT OTPE3KOB paHra k npu k < n, a ecnu k > n, T0 A, COAEPHUT

o0

2n=1(10¥=" — 2) orpeskos panra k. B o6bveaunennn A = (J A, Toabko
n=1
MmHozectBa Aj, ..., A1 comepmatr oTpe3ru paHra k, ocTajbHBIE UX HE
comepat. lloaTomy
k—1 1 k—1 —
_ n—1 k—n _ . -k _ 1
p(sk) =Y 27710 2)- 107" = 2 Z
n=1 n= 1 n=1
1 1 1 1 13 1 1
~ 1 ) g1 _py=1_1 1 1
8( 5kt 10k ) =57 % T
oTryna ux(A) = klim wu(sk) = 1/8. Caeposarennno, ux(A) < p*(A) u A
HEeU3MEepPUMO. e
HUcnonnsys omucannoe 3ech MHOKeCTBO A, MOjiHO ykasaTh B R™,
n > 2, OTKPBLITBIE MHOMRECTBA W jame ofaacT, HeuaMepuMbie no HAlop-
nany. A

3ALAYN

1. JlorasaTs, uto B R" Ky panra k comepmut (10'=% — 2)” ryGos
panra [ < k, He IepeceKalIIUXCA C ero rpaHuUleil.

2. Joxazarh, uTo Aaa Ky6a (Q panra k B R" umeercs:

1) 3" — 1 xyGoB panra k, UMelOIUX ¢ () HemycToe MepecedeHue, HO
He COBMafalonux ¢

2) (10'=% 4-2)" ky6os panra [ > k, uMeromux ¢ () HemycToe Mepece-
JeHHe.
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3. Ilyete X C R™. JlorasaThb, 4ToO:

1) ecau gas vewoToporo kg Sk, (X) ecTb 00bearHEHHE CYETHOH COBO-
KYIOHOCTH KRyGOB panra kg, To u gas aoboro k = 0,1,... Si(X) asas-
eTcA 00beNHEeHHEM CYETHOM COBORYMHOCTH KyGOB paura k (T. e. eciid B
nocaepoBaTenbHOCTH (i(.S)) OOUH U3 WIEHOB CTh +00, TO U BCE €€ YJIEHELL
ecTb +00);

2) nocnegoBatenvHOCTh Sg(X) He 06aagaeT CBONCTBOM, yKa3aHHBIM
B 1) naa nocnegopatensHocTH Si(X).

4. JlokaszaTb, 4TO OTKPLITEIA Ky6 panra k B R" uamepum mo fMlopaa-
HY U ero Mepa paBHa Mepe 3aMKHYTOro ky6a panra k, T. e. 107*".

5. llorazaTh, moab3yAch omnpeneneHueM Mepbl sRopaaHa, usamepu-
MOCTb U HaliTU Mepy:

1 1

1) orpesna [a;b] B R*; 2) unrepsana (a;b) B R

3) 3aMEHYTOr0 IPAMOYTOILHUKA B R?, CTOPOHBI KOTOPOTO Mapaiielb-
HbI KOOPAUHATHBIM OCAM U UMEIOT IJIMHEBL ¢ H b;

4) OTRPLITOTO NPAMOYTOILHUKA B R? ¢ TaKUMH e CTOPOHAMMU, YTO U
B 3);

5) saMKHYTOro Napaiienenunena B R™, n > 3, pe6pa KoToporo mna-
panienbHbl KOOPAUHATHBIM OCAM U UMEIOT MIUHBL a1, G2, .., Up;

6) oTEpbITOro Napaiienenunena B R™, n > 3, ¢ TakuMu #e peGpamu,
4TO U B 5).

6. ITlonbsysace onpegenenrieM Mepsl fRopaaHa, oKasaTh U3MEPUMOCTh
MHOMECTB:

1) {(z1522): 2120, 22 20, 21 + 25 < 1};

) - 2.
2) {{z;22): 1< <1, 0< 2 </ 1—2]};
) {(@522): 0< 2 €1, 0< 32 < e s
4) {z1;22): 1<z <e, 0< 2 <Inzy )5
5) {(z1;22): 0< @ <7, 0 < xo <sinay ).

7. JlorazaTb, UTO BHYTpeHHAA U BHellHAA Mepbl sRopnaHa orpaHu-

YEHHOTO MHOKEeCTBa KOHEUHbI.

w

8. 1) JlokaszaTb, 4TO MHOECTBO ¢ KOoHeuHo BHemHel Mepoii fopaa-
Ha OrpaHHUYEHHO;

2) yrasaTb HeOTpaHUYEHHOEe MHOMECTBO C KOHEUHOH BHYTpeHHei
MepOHi.

9. JloraszaTb, uTo u3MepuMoe no sfHopaany MHOKeCTBO OrpaHUYeHHO.

10. /JorasaTb, 4TO:

1) BHyTpeHHAA Mepa MHOMECTBA, HMEIOIEero XOTH Obl O4HY BHYTpPEH-
HIOIO TOURY, JU0O0 MOJOKUTENbHOE YHCII0, JIu00 +00;

2) MHOECTBO C MOJOMUTEILHON BHYTPEHHEH Mepoil UMeeT BHYTpeH-
HUE TOUKY;

3) mepa usmepumoro 1o JRopoaHy MHOMECTBa, He UMEIONIEro BHYT-
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pPEHHUX TOUEK, paBHA HYJIO.

11. /lorazaTh, 4TO HeMycToe MepecedeHHe 3aMHEHYTOTO 71-MepPHOro
Ky0a ¢ OTKPBITbIM MHOASECTBOM B R" UMeeT NMOJOMUTEIbHYIO BHY TPEH-
HIOIO Mepy.

12. Mlycte X — samrnyToe MHuomectBo B R, Si(X) — ero mo-
KpbITHe KyOGamu panra k. JlokazaTb, 4To Kamjgada Touka X fABIAETCA
BHYTpeHHel Toukoil MHOmkecTBa Sk (X).

13. Ilyecte X; C Xo C R". Horasarb, uTo px(X1) < pux(Xs) u
P (X1) < p*(Xo).

14. Mycte X — orpanuuennoe MuoskectBo B R, X; C X. JlokasaTn,
4TO:

1) Sp(X\ X1) = Sp(X) \ sx(X1); 2) s(X\ X1) = s (X) \ Sp(Xn).

15. Ilycte X — orpanndennoe muosectBo B R™, X; C X. JlokaszaTn,
4TO:

1) p* (X X)) = ¥ (X) = s (K1) 2) g (X0\ X)) = s (X) = ¥ (X0).

16. YrasaTb [Ba TakUX HelepeceRamNUxcA MHomecTBa X1 U Xo

us R"™, uto N N N
pH(X1UXo) # p (X1) 4+ p (Xa).
17. Mycte X u Xo — oTKpbITEIE MHOMecTBa B R"™. JlokazaThb, 4TO

px (X1 U X2) < pse(X1) + psx (X)),
18. YrazaTb aBa Takux MHomecTBa X; U Xo us R™, 4dro
px (X1 U X2) > pse(X1) + psx(X2).
19. JlorasaTb, uto eciu p*(X) =0, To X uamepumo u pu(X) = 0.

20. JlorazaTh, 4T0 AaHHOE Bblile onpejenenue mepsl fJlopaana B yact-
HOM CJy4ae MHOMMeCTBA Mephl HYJIh PABHOCWILHO ClAeAYIOUeMY: MHO-
smecTBo X umMeeT Mmepy Hyab no Mopaany, ecau aaa gioboro € > 0 cy-
IIECTBYIOT TaKMe HaTypambHOe Kk M KOHeyHoe mokpbitHe Si(X) MHO-
mecrBa X KyBamu panra k, ato pu(Sp(X)) < e.

21. JlorasaTh, UTO KOHEYHOE MHOMECTBO Touek B R" uMeeT Mepy
HYJhb.

22. IlocaenosatentnocTh Touek z¥ € R, k € N, cxoauTcs Kk Touke
us R". llorasaTb, uto mMuomectBo {z¥: k € N} umeer mepy Hy:b.

23. Tlyett o — k-mepHan runepriiockocts B R (mpamas npu k =
=1); X — orpannyenHoe noaMmHomecTBo «. [orasars, uto p(X) = 0.

24. MHomecTBO uMeeT Mepy HYIb. lloab3yfchk ompefeleHremM Mepkbl
Mopnana, nokazaTs, 4TO:

1) no6oe ero NOAMHOMECTBO UMeET Mepy HYJIb;

2) Mepa ero 3aMbIKaHUA paBHa HYIIO.

25. Ilycte X C R™ u ana awo6oro € > 0 cymecTBYeT COBOKYIHOCTD
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N

1413 N usmepumbix no Ropaany MHoxectB X; Tarad, uyto X C 'U1 X; u
]:

Z“(Xj) < ¢ (N n X;, Boobwe roeops, 3aBHCAT OT ¢). JlokasaTs,

7=1

yto X wusmepumo u u(X) = 0.

26. Ilycte X C R™, X — rpanuua X, o4(X) — o6benuHeHue Beex
Ky6oB paura k, cogepskamuxca B Sk (X), HO He Bxogawux B si(X), k=
=0,1,... lokazars, uto X C 04 (X) C Sk (0X).

27. JokazaTh KpUTEPUN MU3MEPUMOCTH: A U3MEPUMOCTH MHOMSECT-
Ba no fRopaaHy HeoOGX0OUMO U JOCTATOYHO, YTOGLI OHO GBLIIO OrpaHUYeH-
HBIM ¥ YTOOBI €ro rpaHulla uMena Mepy Hyab no fRopaany.

28. JlokazaTb, yTo uaMepuMsIM o AlopjaHy fAIBAAETCA:

1) o6beauHeHHe KOHEYHOH COBORYIHOCTH u3MepuMbIX no fRoppany
MHOKECTB;

2) nepeceyeHue KOHEYHON COBOKYHHOCTH uaMepuMbrx no jRopaany
MHOKECTB;

3) pasHOCTb ABYX U3MepUMBIX 10 sRopaaHy MHOMeECTB.

29. JlokazaTb MOHOTOHHOCTbH Mephl.
30. /orkazaTh aggUTUBHOCTb MepHhI.
31. Ilycte X; u X5 — usmepumele no #opaany MHomecTBa B R”.

HorazaThb, 4TO:
1) p(X1UXs) = p(Xy\ Xo) + (X2 \ X1) 4+ p(X1 N X5);
2) p(X1 U Xs) = pu(Xy) + p(X2) — p(Xa NXo).

32. JlokazaTb, uTo 3aMmbikaHue X usMepumoro no fRoppany MHo-

secrBa X uamepumo o fRopmany u p(X) = p(X).

33. lIyctb X — u3MepuMoe MHOMECTBO, in X — MHOMECTBO BCeX
ero BHyTpeHuux To4er. Jlokazatb, uro inX wusmepumo u p(inX) =
= pu(X).

34. llyctb X — usaMepuMoe MHOMECTBO, in X — MHOMECTBO BCEX
ero BHyTpeHHUX Touek. JlokazaTh, uto ecin Xy C X \in X, To pu(Xy) =

35. Iyers X7 C R™, wu(X:) = 0. HokasaTb, 4To Ais 11060r0 MHO-
mectBa X C R™ mHomectBa X, X UX;, X\ X, oagHoBpeMeHHO 1160
HEU3MEepUMbI, JTU60 U3MEPUMEI, U B IOCJE[IHEM CJIy4dae

w(X) = p(XUX1) =p(X\ X1).

36. Ilycte muomectBa X1 u X5 uamepumel o Mlopaany B R", X C
C X2 u pu(X1) = p(X2). lorazaTh, uto moboe MHO#eCTBO X Takoe, UTO
X1 C X C X3, uamepunmo 1o fRopaany B R” u pu(X) = pu(X1) = p(Xs).
37. Tlyctb uamepumoe no sRopaany mMuoskectBo X C R™ paccedeHo
(n — 1)-MepHOI I'MIEPINIOCKOCTBIO & Ha OBe 4yacTH X1 U Xa, T. e. Bce
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ToukM X, JesaT 1o OJHY CTOPOHY OT ¢, BCE TOUKU Xo — IO APYTYIO
uX=XjUaoUXs, roe ap =anNX, XiNayg=XsNay = . Jlora-
3arh, uto X7 u Xo usmepumsl no Mopuany u pu(Xi) + p(Xs) = u(X).

38. IlorkazaTh, 4TO:

1) nna moBoro muomecrna X C R™

px(X) = sup p(X'),
X'CX

rae X' — BceBO3MOAIHBIE U3MEPUMbIe MHOMECTBa, cofepsiamueca B X ;

2) mna moBoro orpanudeHHoro MHoxectna X C R™

* : !
X)= inf pu(X
pH(X) = inf pu(X0),
rge X' — BceBo3MOAHbIE U3MEpUMble MHOMECTBA, cofepaamue X.
39. Muosecrso X C R™ taroBo, uTo A1 dio6oro € > 0 cyllecTBYIOT

nBa uaMepumbIx o fRopnany mMuomecrsa X' u X" takux, uro X' C X C
CX"wu p(X")— p(X'") <e. lorasaTb, 4T0 MHOKECTBO X H3MEPUMO 110

R
PRI X) = sup p(X') = infp(X"),
X'CX X"DX

rie X' u X" — BceBo3MOKHBIe U3MepPUMbBIe MHOMeCTBA, colepiallecs
B X u comepmamue X COOTBETCTBEHHO.
0. IorasaTb HeuaMepuMocThb no fRopaaHy MHO:KeCTBa:
1

1) paunoHanbHbIX Touek oTpeska [0;1] B R;

2) Touer kBazgpara [0;1] x [0;1], ofe KOOpAMHATBI KOTOPLIX paIMO-
HalbHbI;

3) Touer kBaapata [0;1] x [0;1], 0fiHa U3 KOOPAMHAT KOTOPHIX paIMO-
HalbHAa, a Jpyrasa HepaluoHaJbHa.

41. YrasaTh B R® neusmepumoe no #iopaany MHOMKeCTBO.

42. Tycrs {X;} — mnocregoBaTeldbHOCTL M3MepUMBLIX mo Moppany

MHO#ecTB B R", He MMEIONUX MOMapHO OBMIMX BHYTPEHHUX TOYEK, U
o0

nycte X = |J X; — orpaHuueHHoe MHOmecTBO. JokasaTb, 4To DAA
Jj=1

(o] (o]
Zp(Xj) cxomutes U px(X) = Z”(XJ)
i=1 i=1
3. Iorasarh, 4To A JHOGOr0 OTKPBITOrO OFPaHUYEHHOTO HENYCTO-

ro mHosecrBa X C R" ecTb Takas MocaeqoBaTelbHOCTL Ky0OOB Q]‘ paH-

ros k;, j € N, He uMeromux odmux BHYTPEHHHX TOEK, 4TO X = U Q;u
j=
Z m(@Q;)-

44, Ilycte X,, — u3MepuMbI€e MO ?EopaaHy MHOKeCcTBa Mepbl HYIb,
o0

n c N, U NYCTb X = U Xn — HU3MepHumMoe 1o ?EopaaHy MHO?KECTBO.
n=1
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llorasath, uTo u(X) = 0.

45. YrasaTh CUETHYI COBOKYMHOCTh MHOMKECTB #OPIAHOBOH Mephl
Hynb, 00beIMHEHUEe KOTOPLIX He ABIAETCH MHOMMECTBOM MeEpbI HYIb IO
Mopaany.

46. Yrasats HeusMepumoe 1o JRopaaHy MHOMeCTBO, 3aMbIKaHUE KO-
Toporo uaMepuMo 1o opaany.

47. JlorazaTb, 4To 0ObeAUHEHNE JBYX HEMepeceRaloUuXcA MHOMECTB,
OJIHO U3 KOTOPBLIX M3MepUMo, a Apyroe HeusmepuMmo Ino Ropaany, ecThb
MHOKeCTBO, He U3MepuMoe 1o opaany.

48. YrazaTb [Ba HEU3MEPUMBIX MHOKeCTBa, 00belUHEeHHe KOTOPBIX
U3MEepPUMO.

49. JlokaszaTh, YTO BCAKOe 3aMKHYTO€ CUeTHOe OrDaHUUYEeHHOe MHO-
mecTBo B R uamepumo no sRopaany u ero Mepa paBHa HYJIO.

Y razaunue. MomHO BOCHONL30BaThLCA NeMMoit Bopesa o NoKpLITUAX.

50. IIycte X' — usmepumoe no Hoppany muomectso B R”. [loka-
3ath, uto muaunap X = X' x [a;b] usMepum mo Ropuany B R"M u

— !

pn1(X) = (b—a) - pn(X7).

o 2
51. Kampana us npoekrnuit MHOkecTBa X C R” Ha ocU KOOpAWHAT —

1

u3MepuMoe MHO#ecTBO B R™. O6sA3aTenbHo 11 caMo MHoecTBo X Oyaer

M3MepUMbIM B R??

2

52. YrasaTk B R° orpanuueHHOe HEM3MEPUMOE MHOKECTBO, ¥ KOTO-

poro ceyeHue 000K NPAMOH, NapanielbHOU OOHOH U3 0Cell KOOpAWHAT,
1
ecTb U3MepuMoe B R~ MHOMECTBO.

53. 1) JlorasaTs, uto Mepa sRopaana rpaduka HellpepbIBHON Ha KOM-
naxkTe ¢GYHKIUU paBHA HYJIO;

2) yKazaTb GYHRUMIO, ONpPEIeNeHHYIO HA KOMIAKTE, rpaduKr KOTOPOi
HeusMepuM 1o sRopnany;

3) yKrasaThb HeNPEepPbLIBHYIO HA 061acTy oNpeeleHua GyHRIUIO, Tpadui
KOTOpOi HeusmepuM no sRopaany.

54. JlokazaThb H3MepUMOCTbL BCAKOro0 OIrPAaHUUYEHHOTO MHOMECTRA,
rpaHulia KOTOpOro ecTb OObelWHEHHE KOHEYHONH COBOKYIHOCTU MHO-
JKECTB, KaykJoe U3 KOTOPBIX fIBAfeTcA MO0 rpaduKoM HeNpephIBHOM Ha
KoMnakTe QYHRKUUM, AUD0 4acTbio LIUAUHAPA C OCHOBAHUEM Mepbl HYb.

55. JlokazaTh uaMepumoctb no fRopaany:
1) xpyra B R?; 2) napanneiorpavva B R?;
3) snnuncounga B R™, n > 3; 4) napannenenunega B R, n > 3.

56. Ilvcrs
Y X = {(z1;29): (21 —1)% +23 <1},

Xo = {(z1;22): (21— 1/n)> + 23 <1/4*"}, neN.

oo
Jlokasats maMepumocTh MHOsecTBa X \ |J X, u HailTH ero mepy.

n=1
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57. HorazaTb U3MEpPUMOCTH MHOMECTBA
{{z1;522): O0< 2y <1/, 0 22 < |sin(l/z1)|}.

58. lorazaTh, uTo cnpaMisemas Kpusasa B R” MMeeT »KoplaHoBy Me-
Py HYIB.

59. Iycte ) — 3aMKHYTOe OrpaHMYEeHHOE BBIMYKJIOE MHOMECTBO
B R™, ¢yuruuu ¢;(y), ¢ = 1,...,n, HempepblBHO AuddepeHurupyeMbI
Ha (). /lorazaTh, UTO m-MepHAA MOBEPXHOCTL, 3aJaHHasd MapaMeTpUuec-
KU B Bule x; = @;(y), i =1,..,n, y € 9, umeer B R" HyIeByIO Mepy
sRopnana.

60. YrazaTh HeNpepbIBHYIO KPUBYIO = = @(t), ¥y = ¥(t), a <t < b,
MMeIoyIo B R? MOM0MUTEILHYIO Mepy.

61. YrasaTb usMmepumoe no sRopaany MHoxecTBO X U HENPEPEIBHYIO
Ha HeM QYHKUMIO f TaKWe, UTO MHOMKECTBO

X:={zeX: f(z) >0}

HeusMepumo no Hopaany.

62. YrasaThb o6aacTh B R? HensMepuMyto no Hopaany.

63. Mycts ¢yHruua f HempepblBHA W HEOTpULATENbHA HA OTpPE3-
Ke [a;b].

JoraszaTe, 4To KPUBOJIUHENHAA Tpaneuua

¢ = {(z1;22): a<z1 <b 0< 2 < fm)}

usmepuma no fRoppany u

b
= /f(ml)dxl.

64. Tlycte ¢yuruua r(p) HenpepbiBHA U HEOTPUIATENbHA HA OTpE3-
ke [a; 6], 0 < a < B < 27. JlokasaTh, YTO CEKTOP

®={(re): a<e<h 0<r<rp)}

usMmepuM 1o fRhopnany u 8
=3 [
[e3

65. Ilycth X — u3MepuMoe MHo#ecTBo B R, o € R", u
Xe={z: z=a+12', 2’ € X}
— MHOMeCTBO, NodydeHHoe caABUroM X Ha a. JokasaTh, uTo X, H3Me-
pumo u p(X,) = p(X).

66. IIycth X — uamepumoe muoskectBo B R, A — (n X n)-opro-
roHaimbHag Matpuua, X4 = {z: z = Az’ 2’ € X} — mHomecTBO, MH0-
JIy4YeHHOE OpTOroHalbHbIM IpeobpasoBanneM A MHomecTBa X (MOBOpPO-
TOM, CUMMETPUAMHU, UX KoMmmosulusamu). [lokazats, uto X4 HU3MEpPUMO

n p(Xa) = p(X).

N —
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67. JlokazaTh, uTo Mepa MlopaaHa He 3aBHCUT OT BhIfopa NMpPAMO-
YrOJIbHOM JerapTOBOI CUCTEMBl KOODJUHAT.

68. JorazaTb, UTO A8 BCAKOrO U3MEpPUMOro MHOMECTBA CYyHIECTBYIOT
paz3bueHnA CKOIb YTOJHO Majoil MENKOCTH.

69. JorazaTb, 4YTO AJIA BCAKOrO OTKPBITOIO MU3MEPUMOr0 MHOMECTBA
CYLIeCTBYIOT pas30HeHHf CKOJb YTOJHO MaJjoil MeJIKOCTH, BCe 3JeMeHThI
KOTOPBIX MMEIOT MOJOMKUTEIbHYIO Mepy.

70. Ilyctb X — OTKpbITOE M3MepHMOe MHO#eCTBO, X — ero rpa-
nuna, X; C 0X. JlokazaTb, 4yTo miaA MHoxecTBa X U X; CymeCTBYIOT
pa3bHeHNA CKOJMbL YrOoAHO Maloll MEeNTKOCTH, BCe 3JleMEeHThl KOTOPBIX
HMEIOT MOJOKUTEIbHYIO MEpY.

71. Yrasartb B R" MHOMECTBO MONOAUTENLHON MEpDI, I KOTOPOro
He cylllecTByeT pa30ueHUl CKOJIb YTOAHO Malloil MeJIKOCTH, BCe 3JIeMEeHTEI
KOTODBLIX MMEIOT MOJOMUTENBHYIO Mepy.

72. JlorazaTb, 4TO AJIA JOGOr0 U3MEPUMOr0 MHOMecTBa X CylecT-
ByeT MOC/IeL0BaTeNbHOCTL BaoseHHbIX pastuenuit {7,(X)}, 7,11(X) =
= (X)), n € N, ¢ METKOCTAMU, CTPEMAIIUMHUCA K HYJIIO:

Tim_ |, (X)] = 0.

73. Muomecreo X C R" umeem mepy nyav no Jebezy, ecau pis
ao6oro € > 0 cyllecTByeT He Gollee UeM CUueTHafA COBOKYITHOCThL 3aMKHY-

o'}
ThIX NPAMOYTOJBHBIX Iapalliejellnuneaon {PJ} Tarkagd, 4ToO X C U Pj
o j:l
u Z,U,(Pj) < €.
j=1

JlokasaTb, UTO:

1) ecau MHomeCTBO uMeeT Mepy HyJab no sRopmaHy, To oHO MMeeT
Mepy Hyib 4 1o Jlebery;

2) eciu MHOecTBO X HMeeT Mepy Hydb no Jlebery, To mis qr06oro
€ > 0 cymecTByeT He Gojee 4YeM cUYETHaf COBOKYMHOCTL OTKPBITLIX Ma-
pamitenenunegos {P;} Taxas, 4yTo

o0}

o
XCcUPR u > ub)<s
J=1 j=1

3) ecau wommasT X MMeeT Mepy HyJb 1o JleBery, To OH UMeeT Mepy
Hynb u o Hopaany.

74. JorasaTb, YTO MHOMECTBO BCeX DallMOHANbHBIX TOYEK OTpe3Ka
[0;1], Hemamepumoe o Mopaany B R' (cm. 3anauy 40, 1)), umeer B R
Mepy HYyIb 1o JlebGery.

75. JlokazaTb, 4TO MHOKECTBO:

1) u3 sagauu 40, 2) uMeeT Mepy HYJbL Mo Jebery;

2) u3 sagauu 40, 3) uMeeT Mepy HyJb mo JeGery.

76. ,HOREIBaTb, 4yTo 00belHMHEHHEe CUETHOH COBOKRYITHOCTHU MHOMECTB
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HYyJIeBoii Mephl JleGera Takme UMeeT HylIeByO Mepy JleGera.

77. YrazaTh MHOmecTBO X HyJeBoit Mepnl JleGera, 3ambikanue X
KOTOPOTO HE ABIAETCA MHOMECTBOM Mepbl Hyab mo JebGery (uTto, oTme-
THUM, HEBO3MOMKHO [IIA MHOKECTB HyJ1eBoi Mepel fRopnana).

OTBETHI
5.1) b—a; 2) b—a; 3) ab; 4) ab; 5), 6) a1as...a,. 65. 147/15.

§ 8. KpaTHsiii uHTerpan PumaHna u ero cBoiicTsa

CMNPABOYHBLIE CBEAEHWA

1. Onpenenenue uHTerpansa PumaHna, ero cpoiictBa. [lycTh Ha
uamepuMoM 1o Moprany mMuomecrse X C R™ ompeneiena ¢pyuruma f,
r=7(X)={X;, i=1,...,N} — paséuenue X, 0, ={¢®, i=1,...N} —
NPOU3BOMbHBIH Habop Touek &9 € X;, i =1,..., N. Beimuuny

n

or =0:(f;0;)= Zf(f(i))u(Xi) (1)

Ha3bIBAIOT uHmezpaaviol cymmol Pumana ot f mo X.
Onpenenenue. Yucno I HazwBaloT uHmezpasom Pumana om f
no X C R*, ecin

Ve>036>0Vr(X) 30, (r(X)| <= |I—0.(f;0.)<e), (2)

U 3alMCBIBAIOT
lim 6,(f;0,) = I. 3)
|7]—0

OyHKIUIO f HA3bIBAIOT B 3TOM cilydyae unmezpupyemol no Pumany

Ha mHomecmee X (uanu no muomecmsy X ) (manee, 0L KPaTKOCTH, —

unmezpupyemoll na X (no X)). laa yxasanua pasmepHoctu R™ wHOT-

na ynoTpeGiAIOT TEPMUH T -KpamHubill unmezpas Pumana. [IBykpaTHbBIHA

HUHTerpall YacTO HA3bIBAIOT JBOIHuLM, TPEXKPATHLIH — mpotHbiM.

Hurterpan Pumana or f mo X oGosznavaior

/f(:z:)d:z: UIH ///f(:z:177:z:n) dry...dz,,
X X
/f(:z:) dX

B R? u R® wacto ucnonbayioT o603HaUYeHNA

//f(»’l?;y)d:l?dy, ///f(:c;y;z)d:cdyd:c.
D G

da u"Horaga u
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B TepMmuHax moclenoBaTeldbHOCTeH onpefeleHHe HHTerpaia, paBHO-
CHALHOE [aHHOMY paHee, TaKoBO: YHCIO0 [ HAa3BIBAIOT UHMEZPAAOM
Pumana om f no X C R, ecin ans mo6oii MoclHef0BaTeIbHOCTH pas-
6reHnil 7,,,(X), y KoTOpO# "}gnoo |7 (z)| = 0, u nas moboi nocaenoBa-

TeNhHOCTH HaGopoB Touek O
lim o, (f;0,, )=1 (4)

m—ro0

Kpurepuit Kowmu uurterpupyemoctu dGyHwuuu f mo
MHOMecTBY X:

Ve > 036 > 0 ¥ (X) Ve (X) VO, VO,,
(I (X)) <6, |(X)|<d=|or([;0n) —0r(f;0)] <e). (5)
HHTeraJ’I Pumana onpenelied JUIbL IO MHOMeCTBaM, U3MepUMLIM 10
H{Op}laHy, Mo3TOMY Jaljiee YKa3aHue Ha 3TO CBOHCTBO MHOKECTB nHoraga
He MMOBTOPAETCA.

Oyers Xog C X, X — usmepumoe no #opaany mMuosmectso, 7(X) —
pazduenue X. O6o3HauuM

TOZT()(X):{XZ‘GT(X): Yiﬂong}, (6)
or([;07) = D JEDu(X). (7)
1 X;€T10

Teopema 1. Fcau dynruyua f oepanuvena Ha usMepumom mMHoxcec-
mee X, Xo C X u pu(Xo) =0, mo unmeepas Pumana om f no X cy-

ujecmsyem moeoa 1 MoAbKO moeda, kKo2da cyuiecmeyem ‘li‘mo o+ (f;0:),
T|—

u ecau amom npedea cyulecmsyem, mo

/ f(z)dz = lim o, (f;0;). (8)
A |T]—0

U3 TeopeMsnl caeqyeT, 4TO ecld QyHKUUA [ ompefeneHa U OrpaHude-
Ha Ha U3MEepUMOM MHOkecTBe X, TO MpPU HaXOMJEHWU Tpelela ee UH-
TerpalbHbIX CYMM MOMHO MCKJIIOUATh U3 HUX cjlaraeMble, COOTBETCTBY-
I0llie TeM 3JeMeHTaM pa3tUueHnil, 3aMbIKaHUA KOTOPBIX COMepKaT TOUYRU
(hPMKCHPOBAHHOTO MHOMECTBA MepPbI HyJb. TakUM MHOMECTBOM ABJIACTCH,
HalpuMep, rpaHulla U3MepUMOro MHoMecTBa. U3 TeopeMnl clielyeT Tak-
Ke, UTO eCJIU [IBe OrpaHUUeHHble QYHKLUU, ONpeeNeHHbIe Ha U3MEPUMOM
MHOecTBe X, pa3iuyHbl JULIE HA MHOMKECTBE Mephbl HyJb, TO OHU 0be
a0 HeMHTerpupyemsl mo X, nu60 UHTErpUPYeMbl U UHTerpaibl OT HUX
no X paBHBI.

Teopema 2. Fcau [ unmeepupyema Ha X, mo cyuwecmsyem maxoe
nodmnosncecmeo Xo C X, u(Xo) =0, umo f oepanuwena na X \ Xj.

(Cm. Taxme sagauy 50.)

Teopema 3. Fcau dynkyua unmezpupyema Ha OMEPLLNOM MHOMEC-
mee, Mo OHA 02PAHUYEHA HA HeM.

(Cm. taksme sajauy 47.)
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Onpenenenue cymMM U uHTerpanon ap6y. llycts dpyHEK-
uuna [ omnpeneieHa U orpaHHyYeHa Ha U3MepUMOM MHOkecTBe X, 7(X) =
={X;,t=1,..,N} — ero pastuenue,

m; =inf f, M;=supf, i=1,...,N.
X; X;

CyMMBI N "
sr=s:(f) =Y mip(Xs), S, =S.(f)=) Mip(X:)  (9)
=1 =1
Ha3bIBAlOT COOTBETCTBEHHO HudcHell u eeprHell cymmamu Japoy, a
Ix = Ix(f) = I«(f; X) = sup s-(f), (10)
T(X)

=)= IX) = inf S () (11)
— COOTBETCTBEHHO HUMNCHUM Ul 8epIHUM uHmezpaiamu Japoy om f no X.

Kpurtepuu uUHTerpupyemMocTH OrpaHUUYEHHBIX (YHEK-
nuit. [na toro uTo6pl orpaHUYeHHas Ha U3MEPUMOM MHOMecCTBe X
dyuruua f Gbuia MHTErpUpyeMa Ha HeM, HeOGXOOUMO U AOCTATOYHO Bbl-
NOJHEHUA OOHOTO U3 CAEOYIOUIUX YCIOBUH.

L lim (S,(f) (/) =0.

|7 (X)|—0
N
II.  lim w(f; X)w(X:) =0, tie w(f;X;) = sup  |f(2)) —
i, s Xux (X = s /@)
—f(z'")| — ronebanue f na snemenre X;, 1 =1,..., N, pasouenus 7(X).

1. Le(f) = I*(f) (spumepuii Jap6y).
IV. Ve > 0 3I7(X): S:(f) —s.(f) <e.
Ilpy BLINOJHEHUM AS OTPAHMYEHHON HA MU3MEPUMOM MHOKecTBe X

dyuruuu f xoTs 6b1 OMHOrO U3 ITUX YCIOBUH muast uuTerpana or f no X
CIpaBelINBbI HOPMYILI

[f@)de = lim o, (£;0,,) = sup s, (f) =
s m—ro0 meN
= lim s, (f) = inf S, ()= lim S, (), (12)
m—00 melN m—00

raie Tn(X), m € N, — raraf-1u60 nociegoBaTelbHOCTL pasbueHHi ¢
yeaosueM lim |7, (X)| =0, ©,, — Karag-1160 NOCIEL0BATENbHOCTD
m—o0

HaGOpoB, COOTBETCTBYIOIIHNX 3THUM paSGI/IeHI/IHM.

HocTatouHoe ycnoBue uauTerpupyemocTu. Orpanuyennas
Ha 3aMKHYTOM H3MEpPUMOM MHOecTBe X «GYHRUUA, ¥ KOTOPOH MHO-
JRECTBO TOYEK pa3pblBa MMeeT Mepy Hydb 1o fRopoaHy, uHTerpupyema
Ha X. (Bonee oblee yciioBre MHTErpupyeMoCcTH GYHKIMK OaeT Teopema
Je6era.) B wyacTHoCTH, HemnpepblBHAS HA 3aMKHYTOM HU3MEDPHMOM MHO-
shecTBe QYHRIUA UHTErpUpyeMa Ha 3TOM MHOMKECTBE.
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CpotictBa™®) KpaTHOro uHTerpana Pumana.
1) Oyere X — usMepuMoe MHOKECTBO; TOr[Ia

/1dx:u(X).
X

2) llycTb ¢yHRLMA UHTerpupyema 1o MHOKecTBY X; TOria oHa WH-
TerpupyeMa u no Jo6oMy U3MEPUMOMY NOAMHOMECTBY X.

3) ycres X, X3, X2 — usmepumble MHOmecTBa, X = X; U X,
w(X1 N X9) = 0; toraa nas unterpupyemoctu dbyHunuu f mo X Heob-
X0auMo, a npu orpanudennoctu f Ha X u gocraroyno, 4ToGol f Oblia
uHTerpupyema 1no X; u no Xs, Ipu 3TOM

[f@yde= [ fl@)dat [ f(@)de
X X X

(adOumuenocme unmeepana no MHOMECMEAM).

4) Ilycrs Gyuruuu f v g uHTerpupyemsl mo X; Toraa s JIOObIX
yucen o ¥ § dyHruua af + Fg unTerpupyema rno X u

[(ei@) + gD dr = o [ [(@)dz+ 5 [ g(x) da
X X X

(aunetinocms unmezpaaa).

5) Mlycts ¢yHruuMu f ¥ ¢ UHTerpupyeMbl mo X; Torma:
a) mpousBeneHue fg MHTErpupyemo mo X;
6) ecau i&f lg(x)| > 0, To yactHoe f/g unterpupyemo no X.

6) Iycre pyuruuu f u g unrerpupyemer o X u f(x) < g(x), z € X;
Torjaa
[i@dr < [ g()de.
X X

7) Oycrs dyuxuusa f unterpupyema no X; torma u yHruua |f| uu-
Terpupyema no X u

| [ $@yda| < [ 176 da
X X

8) Ilycty dynruua f unrterpupyema na X, HeoTpuuaTteabHa Ha X,
X1 — u3MepuMoe NOJMHOM¥eCTBO X ; Torpaa

[f@dr< [ f@)da.
X3 X

9) Myctp GyHRUMA [ HMHTErpUpyemMa Ha MHOMECTBe X, UMeIoleM
BHYTPEHHIOIO TOUKY X, f HeoTpuuarteibHa Ha X, HENPEPLIBHA B TOY-

*)B ydebHUKAX M yueOHbIX MNOCOOUAX pAJ DTUX CBOWCTB [0OKa3blBAIOT AJdA
orpaHuyeHHbIX ¢yHRUME. B sagade 52 npennomeHo HaWTH [0Ka3aTeNbCTBO ux 0es
3TOr0 OrpaHUYeHUA.

11 Iloa pen. JILA.KRynpasuesa, T.3
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ke o U f(xg) > 0; Toraa

/f(a:) dz > 0.
X

10) Oycte ¢dyuxuua f unterpupyema no X, X, k € N, — nocre-
JOBATEILHOCTL TAKUX U3MEPUMBIX MHoMecTB, uto X C X, k € N,
klim w(Xy) = p(X); torna
e — 00

hm /fa:)da:—/f (x)dx

(noanas addumusrocms UHMEZPALA NO MHOHECTIBAM).

11) IIycts GyHKUNMM f B ¢ HHTErPUPYEMBI MO MHOMkecTBY X MOMO-
MUTeNbHONU Mepbl, in X — MHOeCTBO BceX BHYTPEeHHUX Touek X, g He
MeHfleT 3Haka Ha in X; Torga:

a) CYyHIeCTBYeT TAKOe YHCI0 A, 4TO .in)f(f <AKsupfu

mn in X

[1@g(a)de =X [ g(a) dr;
X X

6) ecin & Tomy e X — JMHefiHO CBA3HOE *) MHOMECTBO WM 3a-
MbIRAHWE JAUHEHHO CBA3HOTO MHOXecTBa U f HempepbIBHA Ha in X, TO
CyllecTBYyeT TaKkafd TOUKa f € inX, uto

/f z)dz = f E)/g

(meopema o cpeaue/n).

Teopema JebGera. Jag moeo 4molv, 02pAHUMEHHAA HA UIMEDU-

MOM MHONcecmBe GYHKYUA Bblaa URmMezpupyema no Pumany Ha smom mHo-

aecmee, HeoOToOUMO U GOCTNAIMOYHO, YMOGbL

v MHONCCCINBO BCET ee MOYCK PA3PbLEa UMEA0 Me-
py Hyav no Jdebeay **).

2. CBA3b MeKaAy KpaTHbBIMH U IIOB-
TOPHBIMH HHTerpairamu. Ha niockocTu
MHoOz#ecTBo X BHUAA

a Jﬁ ' X ={(zy): a<z<h,
| ple) <y <wla)} (13)
i HA3bIBAIOT  JAEMEHITIAPHbIM  OIMHOCUINEAbHO
Puec. 8.1 ocu Oy (puc. 8.1). 3nect GYHRUUH ¢ U ¢ He-

npepbiBHbI Ha [a;b] U (x) < ¢(z) Ha [a;b].
AHaNOrMYHO ONpefelfioT MHOMECTBO, 24EMEHMAPHOE OMHOCUMEAbHO
ocu Oz (puc. 8.2).

*) MHO#ECTBO HA3LIBAIOT AUHEHO CBA3HbLM, eClU MOOble ero ABe TOYKU MOMHO
COEJMHUTDL HENpepbiBHONX KPHUBOM, lemaliell B 9TOM MHOMECTBe.
**) Onpenenenve MHomecTBa Mephl HyJb no Jlebery cm. B 3anaue 73 us §7.
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Teopewma 4. Ecau gynryusa f unmespupyema Ha mHoxecmee X 6u-
da (13), snemenmaprom omuocumeabHo ocu Oy, mo

//fxydmdy—/dx/fxy (14)

w(x)

Opapas vacth B (14) fABAfieTcA NMOBTOPHBIM MHTErpajioM, T. €. pe-
3yNbLTATOM MOCAEA0BATEIbHOTO BhIYUCIGHUA CHAYala UHTerpaa 1o y npu
(HUKCHPOBAHHOM T, @ 3aTeM MHTerpaja 1o £ OT NoJdyduBIIeiica GyHKINN.
Ecau ¢yuwuusa f(z;y) HempepbiBHA HA MHO-

mecTBe X, TO Kam/Jblii U3 3TUX MHTErpaioB Y

cymecTByeT. O Golee obuem ciaydae cM. [3]. . d .
Eciu muomectBo X 27eMeHTapHO OTHO- A ] ]

curenpno ocd Oz (M. puc 8.2), TO [l UHTET-  4(y) 2 B(y)

pupyemoit no X ¢yuruuu f(x;y) BepHO pa-

BEHCTBO o
//f(x;y) derdy = /dy / flz;y)dz. (15) Oc__E
. © aly

Puc. 8.2

MuosmecrBo X, slIeMeHTapHOE OTHOCH-
TenbHO Kam oM u3 oceit Oz n Oy, HA3BIBAIOT aaemeHmapHbim. JIns Hero
BEPHO KakIoe U3 paBeHCTB (14) u (15), B yacTHOCTH,

/dx/fxydy—//fxy (16)

¢ a(y)
ITO PaBEHCTBO MCMNOJIb3YIOT AJA NMepeMeHbI NMOpPAAKa UHTETPUPOBAHUA B
[OBTOPHOM HUHTerpaine.
B npocTtpancTBe MHOMecTBO X BuHOa

X ={(my;2): (my) € X', alzy) <z < By} (17)
Ha3LIBAIOT 2demenmaprvim omuocumensno ocu (Oz. 3ech MHOMeECT-
Bo X' — mpoernua X ua miockocrs Ozy — usMepumo, a az;y) <

< B(z;y) Ha X'. AHanOTWYHO ONpefenfiOT MHOMECTBO, 3JIEMEHTapHOE
otHocuTenbHo ocu Oy unu Ox. MHOMKECTBO, 3lIeMeHTapHOe OTHOCUTENb-
HO Kak[OOH M3 KOOPAUHATHLIX OCEl, HA3BLIBAIOT JAeMEHMAPHBIM.

Teopema 5. Ecau gynryusa f unmespupyema Ha mHoxecmee X eu-
da (17), anemenmaprom omuocumeavno ocu Oz, mo
B(z3y)
// flzyy;2)dedydz = //dxdy / flzyy;2)dz. (18)
X X’ a(z;y)
[oBTopHubiit uHTErpan B npaBoil yactu (18) ABaserTca pesyibTATOM
NOCJAe10BaTeAbHOr0 BEIUMCIEHUSA CHavana WHTerpaia 1o z npu GuKCUpo-
BaHHBIX Z U Yy, a 3aTeM [OBOHHOro UHTerpana 1o z, y.

11%*
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Eciu muomectBo X' Ha miockoctu Ozy ddeMeHTapHO, HalpuMep,
oTHocutenbHo ocu Oy, T. e. umeeT Buf (13), TO BhIYHCIEHHE TPOHHOrO
UHTerpana oT f 1o x,y,z CBOOUTCA K BbIUUCIEHHIO TPEX OJHOKPATHBIX
HHTErpaoB:

// fmy,z)dwdydz—/dm / dy / (z;y; 2) dz. (19)
wol(z)  alzy)

IIpu cooTBeTCTBYIONIMX NPENNONI0MEHHUAX TPOHHOH HHTerpal MokeT
ObITh BBIYHCAEH U KaKk NOBTOPHBIN HMHTErpaj, B KOTOPOM HOPALOK WH-
TerpPUPOBaHKSA OTJIUYEH 0T yKazanHoro B (18), (19).

Boamosen u gpyroit crnocoG cBejeHus TPOHHOrO HMHTerpaia K IOB-
topHoMy. Ilycte [ — npoekuus muomectBa X Ha och Oz, X'(z) —

z cedente X INOCKOCTBIO z = const € [
(puc. 8.3).

Teopewma 6. [Iycmb usmepumst no
Hiopdany mroxcecrnea X e R®, I ¢ R
u X'(z) 8 R® 0an awbozo z € I,
nycmy  dynkyun  f(z;y;z) unmeepu-
pyema Ha muoxucecmee X, a kar GyHi-
yus om (z;y) unmezpupyema Ha MHO-
acecmee X'(z) dan awbozo z € 1.

N

N~

Toeda
o - /f(;z:;y;z) dedydz =
X
z :/dz /f(m;y;z)da:dy. (20)
Puc. 8.3 I X'(z)

AHaJOrMYHOE DABEHCTBO IIPM COOTBETCTBYIOMUX MPEANOIOAEHUAX
MOKHO TOMYUUTh, eclid BMecTo ocd Oz BBLIGTUTL JAPYTYIO KOOPAMHAT-
HYIO OCh.

PaBenctBa, nogo6uble (18)—(20), UMEIOT MeCTO U /ISl 7-KPaTHBIX WH-
TErpajoB.

3. 3amena nepemeHme B KpaTHOM HHTerpaje.

Teopema 7. llycmo ) X C Ry, UCR;, — usmepumbvie obaacmu,
@ — omobpaxcenue U na X maroe, wmo:

1) ¢ esaumno odnosnauno na U,

2) ¢ Henpepwisno dufdepenyupyemo Ha U.

Ecau dynryua f(x) unmeepupyema na X, mo gynryus f(p(u)]J (u)
uHmezpupyema Ha u U

/f da:—/f (w)| du. (21)

*) HrsHKMe CUMBOIBL Z M U YKa3bIBAOT HA pasHble 0003HAYEHNA TOYEK T =
n
= (21;.52n) ¥ u = (ur;..;u,) uz R
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30eco % A1
(91L1 aun
J(u) = M = det gol(u) = (22)
ANua, ..., un) don Aon
Oouy Oun

— AKobuan omobpaxenus p, 3a0annozo Henpepuvisno dufdepenyupyemot-
MU PYHEUUAMU
2 = @i(u) = @i(ur;.5un), i=1..,n. (23)
3aMeHy MepeMeHHLIX MOMHO paccMaTpUBaTh M Kak Mepexo/ Ha MHO-
ecrBe X C R™ 0T IPAMOYTOJbHBIX KOOPAMHAT (Z1;...;Ty) K KPUBOIU-
HeHHBIM KoOpauHaTam (uy;...; Uy, 10 dopmyaam (23).
Ecan otobpanenue 3agano ofpaTHolt cucTeMolt dyHKIMIH
w; = Yi(x) = i(xr;.5mn), i=1,..,n,
To AKoGUaH oTobpasenua B Touke u’ = 1(x°) Momno HaitTu Mo hopmyie
O, ¥m) 00\ ! 10 0Ny —1
Juoz(%x) = (det ¢’ (x 24
(W) = (Fl=tod (o) = (eew @), (24
ecmu ' (z°) cymectByer.
JlJiAl MOAAPHBIX KOOPAUHAT Ha MAOCKOCTH
T=rcosp, y=rsing, J=r
B mpocrpaHcTBe Adf HUIMHAPUYECKUX KOOPIUHAT
T=rcosp, y=rsing, z2=2z J=r;
aas chepuueckix KOOpAUHAT
T =rcospcosy, y=rsinpcosty, z=rsiny, J=rcosy
(§3, npumep 11).
3aMeHy MepeMeHHbIX HCMOAb3YIOT Kak [If YNPOLEHUs HMOAbIHTEr-

panbHON GYHKIMHM, Tak U AJdd YNPOLUIeHUA Bujaa 06JacTH UHTErPUPOBa-
HUA.

4. Heco6cTBeHHbIe KpaTHble HHTerpadabl. [lycts G — OTKpLI-
Toe MHOMecTBO B R™. TlocieoBaTeNbHOCTh OTKPLITBIX U3MEPHMBIX MHO-
mectB G, k= 1,2,..., HaswBalOT ucHepnwisaiowel muoxcecmso G (uc-

wepnanuem G), ecmn: 1) Gy C Gy, k=1,2,...; 2) U Gr =G.
k=1

Jlanee 6ynem paccMmaTpuBaTh Takue GyHKIUM Ha (F, KOTOpble WH-
TerpupyeMbl Ha JIO60M OTKPBLITOM M3MEPHUMOM MHoOecTBe () TaKoM,
gro Q = G.

Onpepenenue. IlycTs mia aro6oii MocaeqoBaTelLHOCTH UCUEPILI-
Baromux G mHomecTtB G, k= 1,2, ..., cylecTByeT Ipeael

lim /f(a:)da:,

k—o0
Gy
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He 3aBUCANIMA oT BLIGOpa MociefoBaTelbHocTd Gy, k = 1,2,...; Toraa
9TOT Mpefiel HA3BIBAKOT HecofcmeaeHHvim unmeepaton om f na G 1 060-
3HAYAIOT )
/f(m) dz = lim /f(m) dz, (25)
k—o0
a G

a pyHKUMIO f HABBLIBAIOT UHIMe2pUpYemoll 8 HecoOCTNBeHHOM cmbicie Ha G.
Ecnu cumBon unTerpaia /f(a:) dz, ynorpe6aseMblil 4acTo A Npo-

aq
HU3BOJIbHBIX f )4 G, B TOM 4YHcCJ€e U MJIA HeOrpaHMY€eHHBLIX, Ollpege/jieH co-

riaacHo (25), TO ero HasbIBAIOT CTOOAUWUMCS UHINE2PAAOM, B IPOTUBHOM
clyyae — pacrodauumcs.

CxonAamueca HecoGCTBeHHbIe MHTerpaiabl 06JafaloT CROMCTBaAMU JIU-
HeHHOCTH, afJUTUBHOCTH [0 MHOMECTBAM, COXPaHAIOT 3HaK HepaBeHCTBa
[pU UHTETPUPOBAHUMU, ISl HUX CIIpaBe[yiuBa B 00bIYHOM BHUAe hopMyia
3aMeHbl IepeMeHHOro U T. [I.

Ecnu ¢yuruua f HeoTpuunatenbHa na (G, To i ao6oii nocienopa-
teabHocTH Gy, k= 1,2, ..., ucuepneiBawieil (7, cynecTByeT KOHEUHbIH

nu GecKOHeUHbIH npegen lim / f(z)dz, u on ne 3aBucuT OT BLIGOpPa
k—4oc0

*
nociegoBateasHoctd Gy, k= 1,2, ... HHade roBops, A1 HEOTPHULATENb-
HBIX (YHRLUHKH NP Hecle0OBaHUH Ha CXOAUMOCTb HeCOGCTBEHHOIO UHTEr-
pajia i BBIUMCJIEHHH ero 3HaUeHHUS JOCTATOYHO UCIIOIb30BaTh KaKyIO-1H60
OIHY MOCJIEL0BATENLHOCT MCUEPILIBAIONINX MHOMECTB.

Mpusuar cpasHenuda. Ilycte 0 < f(z) < g(z) na G. Torpa us
CXOMMOCTH HMHTerpaia /g(m) dx cieayeT CXOOMMOCThH HHTerpaia

G
/f(a:) dz, a u3 pacxogumoctu unterpaia | f(x)dx ciaenyer pacxonu-

G G
MOCTb MHTerpaia /g(m) dz.

e
HecoberBenHbIt UHTerpain /f(a:) dr Ha3bIBAIOT aOCOAIONMHO CTOOA-

WUMCA, €CTIU CXOOUTCA I/IHTera(J;I /|f(a:)| dz.
G
Teopema 8. Ecau kpamuuidi (n > 2) unmezpaa /f(m) dr cxodumes,
Mo OH U AOCOLIOMHO CTOOUMCA. G

MPUMEPBLI C PELUEHHUAMMU
IIpumep 1. Hafitu c norpemnoctsio He Oojee 0,1 npubaumieHHoe

3HaYeHUe UHTerpajaa
P _ // dxidzs
1+0,25x 22’

rne X — reaapar [0;1] x [0;1].
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A Vckomoe mpubnumenHoe sHadeHHe BozbMeM paBHbIM [ = (S, +
+s.)/2, rne S; u s, — cymmbl Jap6y or mannoit dpyusuuu no X. Ilo-
ckonbRy s, < I < S, naa morpemHocTu cupabenBa ouenka [ — I*| <
< (S; — s,)/2. Pasbuenne T HOIyduUM JeleHWeM [JaHHOTO KBanpata X

Ha TL2 paBHLBIX KBaapaToB IIPAMbIMHA

x1 =1i/n, zo=j/n, i,j=1,.,n—1

Yucio n onpeneinm U3 yCIOBUA

(S; —s;)/2<0,1. (26)
HeTpynHo ycTaHOBUTE, 4TO Ha KaKJ0M KBaapaTe pa3bueHuUA

Xiy == D /n;i/n] x[(G = 1)/n;j/n], i5=1,..m,
nas nanHoft dyHkuuu f(z;xs) = (1+ 0,25 2122) 1
. 71 . . 71
ij o (1—1)(3—1))
4n2) M = (1 + 4n? ’
ITo Teopeme Jlarpau;ka
6f 6f 1 1 §1 + §2
My =y = (2 Lo L
A o Ot 55, 8)) L = o Tromane
rae & = (&1; &) — HeroTopad Touka kBagpaTa X;;. UccrenoBanne GyHk-
mn (& + &) (14 0,25&1&)™? Ha sKeTpeMyM B 3TOM KBaJpaTe N0Kasbl-
BaeT, 4TO OHA UMEeT MAKCHUMYM B IpaHudHON Touke & = i/n, & = j/n,
1,7 =1,...,n. 3HauuT, 044 modbeIx 7,7 =1,....n
1 32 8
M < — 2= 2
Mig=mii S 30 %5 = 2

Hcnonp3yda 3TU HepaBeHCTBa, I0J1y4YaeM
n

1 —
— = — ] ij < : ’ =
(Sr —sr) I E 1(]\4z mlj) N o002 95n " 25n’
HJ=

mi; = (1+

N =

W Tenepb, ucxona us (26), naxomgum 4/(25n) < 0,1, n > 1,6, 1. e. gocra-
TOYHO B3ATb N = 2. B aToM cayuae
*
[ =17 < (S —s.)/2<2/25=0,08.

OTciofa BUHO, YTO IOTPENTHOCThL BRIYUCIEHUN §, U S, He JoMKHaA Ipe-
Boimath 0,02. 3To ycioBue 3aBefoMo Gy €T BhIIOIHEHO, €Cl1, HApUMED,
BbIYMCAeHNe M;; U M;; BecTu ¢ TpemsA 3HAKaMM Hocje 3alATol ¢ nocie-
AYIOMUM OKpPYTJAEHHEM JI0 IBYX 3HAKOB.

Brruncnenus (Hanpumep, ¢ nomombio Muan—3BM, tabnun u ap.) gaor

2

2
1 1 4 4 2 2 1
=12 1m_216—+zj—ﬁ+§+§+3~
4=

i5=1
~ 0,235+ 20,222 + 0,200 = 0,879,

S, =

L

2
1 4
i§::11+(i—1)(j—1)/16 =2 16+

4,5=0
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1 1 1 4
=3+~ 302540235 = 0985,

I* = (0,879 4 0,985) /2 = 0,932 ~ 0,9.
YuurniBan MOTpelIHOCTh MocJjJeaHero ORpyrjaeiua U TO, YTO MIOr pelliHOCThb

BeIUMCAeHUH S, u S; He mpesbimaer 0,005, oneHWBaeM HCTUHHYIO IO-
rpemHocTs [*:

I — I*] < (0,985 — 0,879)/2 + 0,005 + 0,033 = 0,091 < 0,1.
OtBer: I ~0,9. A
Mpumep 2. Mycts X, =[n—1;n] x [0;n], n € N. Jokaszars, uTo

lim // e 173 dxidxs = 0. (27)
n—r0o0 Xn

Allyets 0<0<]; Xps=[n—1;n] x[0;0], ne N; X! =X, \ Xpns,
n € N. OueBugno, W(Xps) =96, w(X,)=n—-35u0< e=®1%5 < 1 mpu

(x1522) € Xy, @ T123 > (n — 1)8% u e L e~ ("1 npu (21;2,) €
€ X!. B culy aiIMTUBHOCTH MHTeErpala

I, = // e~ 1% dr day + // e N3 gy drs, mE N,
Xn5 X;L

rae I, — unrterpan us (27). Tlo coiictBam 6), 1) u 4) unTerpana umeem
// e~ T1%3 dxry drs < / ldzydzy =6, néeN, (28)

n,6 X6
// efzng dzy dzs < // e*(ngl)(Sdel dzy = (ﬂ _ 6)6—(11—1)(52’ n € N.
X5, X5
(29)
Mz (28) u (29) caepyert, uTO
I, <6+ (n—08)e (D8 = §(1 — e~ (n=D8%) 4 pe—(n-1)8” o

<d+ ne*(”*l)‘sQ, nehn.

Ilyers € > 0. Bosbmem 6 < €/2, a ng BolGepeM Tak, YTOOBL [IA JI060-
ro n > ng OblI0

ne~ (18" < €/2.

. _ _ 2
DTo BO3MOKHO, TaK Kak Af (QuKcupoBanHoro 6 lim ne (D9 =,

n—00
Torga musa mo6oro n > ng I, < €/2+¢€/2 = ¢, a 970 03HavaeT, 4YTO
lim I,, =0. A
n—00

IIpumep 3. Ha kpagpate X = [0; 1] x [0;1] onpemenena ¢pyuxuns f

TaK, 4TO
f(z) = f(z1;22) = 1/q1 + 1/ qo,

€CM Z1 W T2 PAUMOHAIBLHLL U Z1 = P1/q1, To = p2/¢e, THE p1/q1 U

PQ/(]2 — HecokpaTHMble OpobH, p1,P2,q1,q2 € N, 1

f(z)=0
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B ocTalbubix Toukax X. JlokasaTh, uto f uHTerpupyema Ha X, U BbI-
YUCAUTH MHTerpail ot f mo X.

A Ilyets 7= {X;, i,j =1,...,n} — pasbuenne X Ha paBHLIE KBaj-
paTbl X;; NPAMBIMH

1 =i/n, z>=3j/n, i,j€Z, neN.
IIyete N € N, N > 2. CHavana o6paTUM BHUMaHUe Ha TOYKU BUAa
(p1/q1;p2/g2) u3 kBagpata X, B KOTOPBIX

f(p1/qgip2/a2) = /g1 +1/g2 2 1/N.

[TorameM, 4TO XOTA TAKUX TOUYEK U GECKOHEUHO MHOI'0, HO Mepa 00b-
eIMHEeHNA KBaapaToB pa3fueHus 7, COAep;Kallux Takue TO4YKH, OygeT oo-
CTaTO4YHO MaJsoil 1pu goctaTtouHo Goabmux n. Co 3HaMeHaTeneM ¢ < IV
umMmeercs He Gosee yeM ¢ — | paunoHanbHbIX ducen 1 = p1/qp € (0;1).
YuuTtsiBas eme x; = 1, nomy4yaem, 4TO BCEr0 pallUOHATBHBIX YUCET T CO
3HaMeHaTelAMU ¢; < N HMeeTcsa He Gonee yeM

N
1
1+ ZZ(QI —)=1+5 NN -1,
q1=
Kampgoe ¥3 TakuX 4Mce] NPUHALE:KUT He 0ojee 4eM IABYM OTpe3KaMm
Buga [(i — 1)/n;i/n], i =1,...,n. 3HauuT, Mepa o6beIUHEHHA BCEX 3THX
OTPE3KOB, COflepskallluX TOUKH 1 = p1/q1 ¢ ¢1 = N, He N1PeBOCXOAUT

21/n)(1+ N(N —1)/2) = 2+ N(N — 1))/n.

W3 pasbueHUs T BbIOEJIMM COBOKYIHOCTh () BCeX KBaJpaToB, cOlepa-
WUX TOYKHM Buga (p1/qi;x2), roe ¢ < N (Kayablil U3 YKa3aHHBIX BbIIIE
OTPE3KOB JaeT MOMOCKY MJIMHBI 1 U3 Takux KBaapaToB). Mepa o0beanHe-
HUA KBaJpaToB 3TOH COBOKYIHOCTH He MPeBOCXOIUT

(2+ N(N —1))/n.
B wamgoMm ocraBlieMcAa KBadpaTe M3 pa3bueHUs T A TOYeK BUAA
(p1/q1; 2) GymeT BBLIMOMHEHO HEPABEHCTBO ¢ > N.

M3 3TUX OCTABIIMXCA KBAaJApaTOB BBIAEIUM COBOKYIHOCTH (Jo Bcex
KBaJpaToB, cofep:kallliX TOUKY BUAa (z1;p2/qe) ¢ g2 < N. Paccymnan
aHAMOIMUHO, TI0JYYUM, 4TO Mepa UX 00'beJUHEHU TAKMKe He IPEBOCXOIUT

(2+ N(N —1))/n.
IIycTh € — NMpoU3BOALHOE MOMOMUTEAbHOE yncao. Bozsmem N € N rtak,
qrober N > 2, N > 4/e, a satem BozbMeM 1 € N Tar, 94T06bI
2+ N(N —-1))/n <e/4.
Ouenum BepxHiowo cymmy lap6y ot f no X anasa BeIGpaHHOrO Bbilile pas-
Guenus 7. Ha ®amijoMm KBajapaTe pasfueHuf, BXOAAlleM B (J; uiu (o,
sup f < 1. CoBOKYIHOCTb BCEX OCTABUINXCA KBAAPaTOB 7 0603HAUNM T’ =

=7\ (Q1UQ2). Ha ramngom us Hux no ycaosuo f(z) = 0, ecan z;
WM T — HepalMOHAIbHOE YMCIO, a B TOUKe BUAA (p1/q1;p2/qe) uMeeM

fpi/qiip2/q2) = 1/qu +1/g2 < 1/N +1/N = 2/N,
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U, 3HAYNT,
sup f < 2/N.

Mepa ob6nLeauHeHUs KBaapaToB M3 7' He mnpeBocxoguT 1. OTcioga

= Z Mijp(Xij) =

1,j=1
Z Mijp(Xi5) Z Mijp(Xi5) Z Mijpn(Xij)
Xi; € X”eQ2 Xi;er!
2
< X+ Y mXig) + % > Xy <
z;€Q1 Xi;€Q2 Xi€er’

1 1 2 e £ €
<;(2+N(N_1))+E(2+N(N_1))+N<Z+Z+§_6'
YunTeiBad, uto (oueBHaHO) $.(f) = 0, nomyuaem
Ve >0 3Ir(X): S:(f)—s-(f) <e.

3uauuT, no kputepuio 1V ¢dyusuusa f udaTerpupyemMa Ha X, U Tak Kak
s; =0 aaa moboro 7, To U /f(w) dr=0. A

X
3ameuyanue. Oynsuua [ U3 3TOro npuMepa HelpephiBHA TOJABKO B
Toukax Buga (z1;z2), (0;22), (x1;0), rae 1 U xo — HepaUWOHANBHbIE

yMcsa, BO BeeX OCTalbHBIX TOUKax KeBazapaTa X 3Ta (YyHRUMA Pa3phIB-

Ha. 3HaYMT, MHOMECTBO TOYEK pa3pbiBa (yHKUHH f HE ABIAETCH MHO-

JKECTBOM JKODAAHOBOH Mepbl Hymb. TeM He Menee f wuHTerpupyema

no X (cp. ¢ ykasaHHBIM Bblllle JOCTATOYHBIM YCJIOBHEM HHTErpUpYe-
MOCTH).

Y Dpumep 4. BoiaucauTsb
Y I, A
y=2 I = / fi(z;y) dz dy,
y=6—z
L X;
I\ eC/IH: ‘
of---- i 1) filzsy) = (1+z+y)~%, X — Tpe-
N : VTOAbHUK, OTpaHWYeHHbI MNPAMBIMU T =
i =1z | =2, y =2z, z+y =6
B ! 2) fo(x;y) = y?, MuomecTBO Xo oOrpa-
. L : HUYEHO IUHUAMH T = y2, y = 7 — 2;
o 2 4 7z 3) fs(z;y) = x, mHOMmecTBO X3 3amaHO
Puc. 8.4 HepaBeHcTBaMH 21z < a2 + y2 <R% 0<

<2r < R.
A 1) Tpeyroansnuk X usobpasen Ha puc. 8.4. Otpeskom AB paspe-
auM X1 Ha [Ba TpeyroibHuka, A; u Ay, BIeMeHTapHbIX OTHOCHUTENbHO
ocu Oy. Torpa

L= [[fey)dedy+ [[ filey)dady.
Ay Ay
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o popmyae (14) Haxogum
2z

2
//fla:yda:dy—/dm/z 1+a:+y 0/( 1+a:+y) z/2

2
1 1 2
/( 1+3z 1+3z/2)d$__§1n7+§1n4’

—x

dy
)dz dy = / de [ — _ —
/fw:y vdy = [dv [ G
2 x/2
/ 2 2
=—=+4+>(In7 — In4);
2/( 1+3z/2)d$ 7 +3n7—Ind)
ciegoBaTenbHo, 7 = 5 In7 — ?.
2) MHuomectBo X5 maobpaseHo Ha puc. 8.5. OHO 3JeMeHTapHO OTHO-
cutennHo ocu Ox: y
Xo={-1<y<2 ¥’ <z<y+2} 2
Brruucasiem Iy mo dopmyae (15):
2 y+2 )
+
L= /dy/y dw—/y(\zz)dyz 0
1k
7 63
/yz(y+2 y)dy__ Puc. 8.5
S
y 3) MuomectBo X3 — HEKOHIEHTPUYHOE
KOJB110 — u306pameno Ha puc 8.6. Boruuc-
K:% Jdenusi I3 TMpoOU3BOAMM CleAYIOWUM 00pa-
/ = \ 3oM. O6o3naunuM K, — wpyr z° + y2 < R?

E@ Ky — wpyr 22 +y% < 2rz. Torma X3 =
{ o1 T_%'EVR > = K \ K. lIpogommum pyunumio f3 ¢ X3

" Z—] Ha K5, nonarasa fi(xz;y) = x ana (z;y) €
N 4 € K. Torpa
%g I3 = //xdwdy— //;dedy;
K1 K>
Puc. 8.6

NepBbI WHTerpan 3aech o0o03HauuM Aj,
Bropoit — A,. Kpyru Ky, u K, 3agagum B Buze

Ki={-R<y<R —VR-y’<z< VR -y},
Ko={-r<y<rn r=yr2—y?<z<r+r2 -y}

o dopmyae (15) Haxogum
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R /R27y‘2
A= / dy / xds =0,
-R _ /RZ 42
Tak Kak QYHKUUA Z BO BHYTPEHHEM MHTerpaje HedeTHa,
r r+4/r2—y? r
Agz/dy / mdm:2r/\/r2—y2dy:ﬂ'r3.

-r r— /T:’fyz —-r
Cnepgosarenpuo, Is = A; — Ay = —7r3. A

Dpumep 5. lepeMeHUTDb NOPAAOK MHTETPUPOBAHUA B MOBTOPHOM HH-

Terpaiie N
2sinx

[ar [ s dy

A HepaBenctBa 0 < z <7, 0 <y <
< 2sin & 3a7al0T MHO3keCTBO X, yRazaHHoe
na puc. 8.7. lIpoernueit X ua oco Oy AB-
asercst orpesok [0;2]. Rampan npavas y =
ol aly) Bly) ™ T = const € [0;2) nepeceraeT MHO#ECTBO X

Puc. 8.7 10 oTpe3ry ¢ kouuamu a(y) u G(y), rorto-

pble HAXOAUM KaK pelleHUsl YDaBHEHUA y =

= 2sinz u3 orpesra [0;7]: aly) = arcsin(y/2), B(y) = 7 — arcsin(y/2).
Takum 06pa3oM, MHOM*ECTBO X 3aJaeTCsl HEPABEHCTBAMHU

0<y <2, arcsin(y/2) < a < — arcsin(y/2).
Ilo dopmyne (16) umeem

T 2sinz 2 m—arcsin(y/2)
/dw / fxsy)dy = /dy / flz;y)de. A
0 0 0 arcsin(y/2)

HepeMeHa nopAdKa B IIOBTOPHOM HHTerpaljie uHor'ja CyluleCTBEeHHO
yipomaeT ero Bbl4UucJICHHUe.

IIpumep 6. Beruucauts Y

1 -

1 1
= 4 — 2 .
I O/da:z/\/l y? dy y

A BHyTpeHHUI UHTErpajl He ABIAETCA dJle- =z
MeHTapHO! QyHruMed z: (cM. [2, c. 39]).
Ilpenenbl WMHTErPUPOBAHUA B OAHHOM IO- 17
BTOPHOM MHTErpajie OIPEeNeIflOT TPeyroilb-
Hur (puc. 8.8), KOTOpPBIM MOMKHO 3a8d4aTh U
HepaBeHcTBaMu 0 < vy < 1, 0 < = < v. Puc. 8.8

N

N,
[

o
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CienoBaTedbHO,
1 Y
4
- [y [Tt
0 0

Opumep 7. lorazaThb, uyTo npH |a| # 1

/ln(a2 +1—2acosyp)dp = {(2)71'111|a|, }ZI z }7
0 3

A OGosnayum paunbrit uHrerpan f(a). C momowmbio 3ameHbl @ =
=7 — 1) Jerko npoBeputh, 4to I(—a)=I(a), 1. e. I(a) — 4yeTHasa pyHEK-
uud. Ouesnnno, 1(0) = 0. IIycts @ > 1; Torga

In(a®> + 1 —2acosy) = 2Ina + In(af + 1 — 2a; cosp),
I{a) =2rlna+ I{a1),

rae a; =1/a, 0 <ay < 1. Jna Beruucienun unrerpana I(a) npu a € (0;1)
MCIObL3YeM CBeleHHne ero K ABoiiHomy unterpany. lag a € (0;1) umeem

a? +1—2acosp = (a—1)% +2a(1 —cosp) > (a — 1)? > 0,
= f(a;9);

p , 2(a — cos p)
4, 1-2 T @+ 1-2acosp
4 nfa? + acosy) = o 2a cos ¢

[I03TOMY x

Z/dcp/af(t p) dt
0 0

@yuruua f(1, p) HempepbIBHA Ha MPAMOYTOMbHUKE
Q={0<p<m 0<t<a<l},

noatoMy f uHTerpupyema Ha () U ABOHHON MHTerpa’ paBeH MOGOMY U3
NOBTOPHBIX. 3HAUMT,

//f (5 p) dt dp = /dt/ t’—l—l C;:(f)scpd(p'

BuyTpenuuii I/IHTeraJI 3/1€Ch MOKRHO BBIUHCIUTD, HAIIPUMED, C OMOIILIO
3aMeHbl 4 = tg (p/2) (cM. Takske 3agavy 186 us (2, §6]). On paBen uy-
o, moatoMmy u I{a) =0, 0 < a < 1. Orcioga ciaenyer Tpebyemoe. A

Ipumep 8 Boruncauth unterpan I; = /// Ii(z;y; 2) de dy dz, roe:
J

1) fi(z;y;2) =2 +y + 2z, MHOmKecTBO X; OrpaHUYEHO [UIOCKOCTAMHU
z=0,y=0,2=0,z+y+2=1,;

2) fo(z;y; 2) =y, MHOmecTBO Xo 3ajaHo HepaBeHcTBamu |z]| <z, 0 <
<2z<1, z2<y, 22 +y2+22 <4

A 1) MuoskectBo X; — TeTpasap, KOTODPBIA MOKHO 3a87aTh B BH-

e (17):
Xi={(z;y) e X, 0<z< -z —y}
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rie X' ={0<z<1, 0<y <1—2} — rpeyroabuuk (puc 8.9).
Ilo popmyae (19) umeem
1—=z l—z—y

Ilz/lda:/dy / (x+y+2)dz=
0 (1% 0

1 1
:/d:z:/%(:U+y+z)2|(1)_x_ydy:%/d:z:
o0 0

=3[ gear) o= [0 e o) aest
0 0

2) HepaBenctra |z| € z, 0 < z < 1 sajatoT TpeyroabHur X' Ha mioc-
wocru Ozz (puc. 8.10). Pemnm mcxogHyio cuctemMy HepaBeHCTB OTHO-

T

(1-(z+y)*)dy=

o7

N

NN

M.

/
SN

X

A-.',,"g y

Puc. 8.9 Puc. 8.10 Puc. 8.11

cuTelbHO Y. M3 BTOPOro u TpeThbero HepaBeHCTB cleayeT, 4To y = 0,
MO3TOMY TPEThbe U YETBEPTOE HEPABEHCTBA PABHOCUJIBHEI CUCTEME

<y < V44— 22 -2 (30)

JTa cucTeMa HMEET pelleHMf, ecld TOMbKO V4 — 22 — 22 > z. JTomy
VCIOBUIO YA0BIETBOPAIOT BCE TOYKM TpeyrodbHuKka X', Tak Kak JiId HUX
VA—22—22>/4-222>V2>1> 2
3uauut, cuctema (30) umeet pewenus pas mob6oit tousu us X'. llostomy

MHOecTBO X2 umeer Buja (puc. 8.11)

Xo={(z;2) € X', 2<y<V4—a%—22}.

Ilo dpopmysne, ananoruynoit (19), umeem
1 z Via—z2—22 1 z

I = /dz/ dz / ydy = /dz/%yﬂz ot dr =
0 z 0 —z
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:%jdz/z(él—a: —22%)dz :%/1((4—222)37—%373)

0 —z

Opumep 9. Beruucauts
7= /// _dxdydz
(x+y+2)°
rge G — MHOMECTBO, OrPaHUYEHHOE IOCKOCTAMU

dx+32=12, dx+z=4, 4y+32=12, 4dy+z2z=4, 2z=0.

A JlaHHoe MHOM€eCTBO — NMpaMuaa ¢ BepinuHoit B Touke (0;0;4)
OCHOBaHMEM KoTopoil aBaderca KBagpaT 1 <z <3, 1 <y <3 (puc. 8.12).
[poexuunest nupamMugsl Ha ocb Oz
Apasgercea orpesok [ = [0;4]. Ceuenns- *
MU X'(2z) nmupamMugbl MIOCKOCTAMH Z = 4
= const € [0;4) sBagIOTCA KBaupaThl,

orpaHUYeHHbIe PAMBIMU

r=3-32/4, z=1-2/4,
y=3-3z/4, y=1-2z/4.

Wuave rosops, ceuenune X'(z) 3angaercs
HepaBeHCTBaMU

1-2/4< 2 <3—32/4,
1—2z/4<y<3—3z/4.

Brruncasgem naHubii uuTerpan no gop- O
myae (20):

Puc. 8.12
3-32/4 3-3z/4

4 4
1= [a: ,/ el A B I e

(2) 1-z/4 1—z/4

1 4 3-3z/4 ) )

50/ / (x+3+z/4)2_(x+1+3z/4)2)dm:
1—z/4

2/(6—z/2 ;+2+12/2)dz=1n3—1.A

Opumep 10. Boiuucauth uuterpanbt I; = /fj(;z:;y) dz dy, rne:
Xj

D) filziy) =2, X1 = {22 <a® +y* <6z, y <al;

2) fa(z;y) = 1/y, muomecTBo Xo OrpaHHUYEHO NPAMBIMH

y=xz, y=2z, y=1-2x/2, y=4-2zx.
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A 1) MHuoxectBo X; (puc. 8.13) He ABIAETCH BIEMEHTaPHBIM OTHO-
cutensHo oceit Oz, Oy; nepexol K INOBTOPHOMY HHTerpaly B [JekapTo-
BLIX KOOpAMHaTax TpebyeT pasbueHUA X; Ha HECKOJbKO 3jleMeHTapHBIX

y
3r 4
= 2C0s ¢
T
4 1
T O 1 2= U‘1 - T
_z r==6cosy
2k
Puc. 8.13 Puc. 8.14

MHoecTB. BBeenue MoMApHBIX KOOpAMHAT ympowaer Bun obaactu *),
a umenHo (puc. 8.14)

Uh={-7/2<p<n/4, 2cosp <r < 6cosp}.
Ucnoabzya popmyny (21), noayuyaem

L = //r2 cospdrdy =

Ui w/4 6 cos ¢ 908 w/4 13
= / cos p dp / r2dr:T / cos4<pd<p:F(97r+8).
—x/2 2cos @ —m/2

2) VpaBHeHHA MMHUN, OrPAaHMYMBAIOWIMX JAHHBIA YeTHIPEXYIo/b-
Hur Xo (puc. 8.15), sanumem B Buge y/x =1, y/z=2, y/(2 —x)=1/2,

)
v
2 2
1 1+
1
2
O T O 1 2 u
Puc. 8.15 Puc. 8.16

y/(2 — z) = 2. 3aMeHUM IlepeMeHHble 110 popMynam v =y/z, v =y/(2 —

— ), Toraa obpasom Xo Gyaer npamoyroabHuk Us (puc. 8.16). Haxogum
) 2w _ Oy 4w 17| = duw
Turo YT uwo T 0(w,v) T (w+wv)® T (ut )

*) PHCyHOK obaracTtu B CTapbIX MW HOBBIX KOODAHMHaTax BOBCE He oBA3aTeneH AnA
pellleHUA 3adadyy BbIYMCIIEHUA MHTerpaja ¢ NOMOINbIO 3aMeHHI IlepeMeHHBIX.
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Boruucasiem Iy mo dopmyne (21):

2 2
//u—l—v dyv dudo — 2/dv/ du :
2uv (u+v)? / (u + v)?

1/2

2
:2//(1+v 2+v)de2lnz

Hpumep 11. Beruueauts uHTerpannl [; = ///f] z;y; 2) de dy dz,
rue:

1) fi(zyy;2) = (2 + y? )/ VEE+ +22 Xl_{ $2+y <2< af;

2) folmy;2) = 1, 23 = {(2? +y +2%) <4wyz z >0, y>0}

3) falwiyiz) = |2l Xa= (@24 2+ 224 b~ a?)? < 42(e” +9%)) —
TOp;

4) falzyiz) =2 Xa={@-p)*+ -2 <R, 0<z+y+2<
< h}.

1) HepeiigeM K OUIHHAPHYECKHM KOODIMHATAM X = I COS, Y =

= rsiny, z = z. MuomecrBo unTerpupoBanus (konyc X; B [IeKapTo-
BbIX KoopauHaTax, puc. 8.17) B 3THX KOOpAMHATAX 3a4aeTcfl Hepa-

z

Puc. 8.17 Puc. 8.18

BenctBaMM U = {0 € ¢ € 27, 0 < 7 € z € a}, T. e. ABAfleTCA MpUB-
Moit (puc. 8.18). Brruucnsiem unterpan:

L = ///\/—7drdg0dz—/dga/dzz\/:(j_—rzﬂ—

:2w/¥z3dz:%(2—\/§)a4.
0

2) MepeitneM K chepuyeCKUM KOODAMHATAM L = 7 COS @ COSY, Yy =
=rsinpcosy, z=rsiny, rae r 20, 0K ¢ € 27, —7/2 <Y < 7/2.
HoncranoBka B 3aJaHHble HEPABEHCTRA JaeT

r* < 413 cos p sin  cos? Y sin 1,
rcospcosy >0, rsingcosy >0

12 Iloa pen. JILI.KynpaBuesa, T. 3
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Iockoneky 7 > 0, cosy > 0, aTa cucTeMa paBHOCUILHA ciledylomei:
r < 2sin 2y cos? ¥ sin 1,
cosp 20, sing > 0.

U3 BToporo u tperhero HepaBeHcTB HaxomuMm 0 < ¢ < 7/2. IlepBoe He-
PaBeHCTBO MMeeT pPellleHUsA Torjga M TOAbKO Torda, Koraa siny > 0, T. e.
0 € ¢ € n/2. CnegoBaTteasHo,

Uy = {0 <7< 2sin2pcos® ysingy, 0<p<m/2, 0<1p<n/2).
CoBepiunaeM 3aMeHy B UHTerpaie I M BRIYUCIACM €ro:

w/2 w/2 2sin 2¢ cos® 1 sin ¥
, = 2 - 2 g
I éz//r cos )y dr dy dip O/dgao/coﬂs/zbdw 7T//2 redr

- g / sin? 20 dip / cosT 1 sin® 4 dp.
0 0
Hanee nepBbIil HHTErpajl MOKHO BEIUUCIUTDE C MOMOIBIO 3aMeHBI oS 2 =
=1, a BTOpOii — 3aMeHBI COS P = §.
z B pesyabrate momyuum Iy = 2/45.
3) 3amaguM mnapaMeTpUueCKU
IUIOCKOCTD, IPOXOAAIIYIO Yepe3 0Ch
Oz: z=rcosp, y=rsing, r =
> 0, ¢ ¢urcuponano (puc. 8.19).
Ceuenue Topa X3 3Tol MIOCKOCTbLIO
olpefenseTCcA HepaBeHCTBOM

(r* + 2% + b* — a?)? < 462,
OHO paBHOCUJILHO CIEAYIONIUM:
r? + 22 +b° —a® < 2br,
(r—b)? + 2% < a®.
3HA4YUT, ceueHre — Kpyr pagudyca ¢ ¢ LeHTPOM B Touke, rae r =b, z =0.
B sToM Kpyre BBeseM MoJsipHbIe KOOPIUHATLI
r—b=pcosy, z=psiny, 0<¢ <27
OKoHYATENbHO COBEPIIUM 3aMeHy Mo GopMyaam
z=(b+pcosp)cosp, y=(b+pcosy)sing, z=psiny,
roe p 20, 0 <o <2m, 0K ¢ < 2m.
IIpoo6paszom Topa fiBAfeTCA Napaiieienunen
Us={0<p<a 0<p<2m 0< ¢ < 2r}.
Haxooum axoGuau:

Puc. 8.19

O(x;y; 2)
= =) = b+ COs .
Op; ;) plb+ peost)
BbI‘{I/ICHHeM HHTerpaJ:

I = é/ |psing| p(b + peosy) dp dip dip =
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= 7ﬂdcp/ap2 dp?(b + peosyp)|sin | dyp =

wha®.

col

= 27r/p dp - 2/(b+pcos1/2) siny dyp = 87rb/p2dp =

4) Cnauana BBeeM KOOPAMHATHI
(=z—-y, n=y—2z (=z+y+z, (31)
B KOTOPbIX MHOKECTBO MHTErPUPOBAHUA ABIAETCA TUIUHAPOM
{&€+n* <R*, 0<C<h)

fIroGuan aToit 3aMeHbl Haiiflem 1o popmyie (21):
1
0

g = Q) (26n0y RS
(&, ¢) o(z,y,2) 1 1 1 3
Tenepn BBefieM LMWJIHHAPUYECKHE KOOPAUHATELI
E=rcosp, m=rsing, (=( (32)

¢ Ako6uanoM Jg = r. MHOMECTBOM UHTEeIpUPOBAHUA B 5TUX KOOpPAUHATAX
OymeT mapajuiejenunes

Uy={0<r<R, 0<p<2r, 0<C<h}.

fIroGuan samens! z, y, z Ha T, @, ( paBeH Npou3BeaeHUIO J1 - Jo =1/3.
3 (31) u (32) naxogum

fa(ziy;2) =2 = (C—€—=2n)/3 = ({ —r(cosp + 2sinyp))/3.

Tenepb BhIYHUC/IAAeM MHTerpaJ:

/// — r(cos p + 2sing)) - 3 7 dr dp d¢ =

/d{/rdT/((—T(coscp+2s1ncp))dcp 2;/(d(/rdr:

[Ipumep 12. JlorazaTb CXOAUMOCTb MHTErpala
I= /e_(z2+yz)dxdy

M HAaliTU ero 3HayeHue. R?

A Togeinrerpansuas ¢pynrunsa e +¥) nonomurensna. Pacemor-
pUM MocsiefioBaTeabHOCTh MHOMecTB Gy = {22 +y? < K2}, k=1,2,...,
vcuepneiBaonyio R?. Ilepexoasi K NOJAPHLIM KOOPAMHATAM, HAXOTMM

k
I, = / e gy dy = 27T/€7T27‘ dr =7(l - ekz).
G i

12%
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Otciopa I = lim I, = n. Rak oTMeueHo BbIllle, TAKOB jke OyAeT npenel U
k— o0

1A MOG0it APYTOi NOCAeI0BATEILHOCTY MHOAECTB, HeuephbiBatomeil R2.
IlosTtomy unterpan I cXoguTcA U paBeH 7. A
+o0
Ilpumep 13. Beruucauth uHTErpan / e dz.
—o0
A B ycnoBuax npenplnyliero npuMepa Bo3bMeM N0C/IeJ0BATeIbHOCTD
wpampatos Dy = {|z| <k, |y| < k}, ucuepnsisaomyio R*. Toraa

= i [ = i (/ e_mzkda:) (_/:e—yzdy):
- =i ([era) = ([ ar)”
OTciona /e*’ﬂzda;:ﬁ_ A —k oo

— 0o

Mpumep 14. HccnemoBaTh Ha CXOOUMOCThL WHTErpalbI:
L= // derdydz L 9) I = / drdydz

(Va2 + 7+ 22)a (VT + 7+ 29

A TlogpiHTerpanbHad GYHKIUA NOJOMKUTENbHA, IO3TOMY MOMHO pac-
cMOTpeTh Haubosiee yao0HbIE 3[ech MOCIeA0BATENLHOCTH HUCYEPNBIBAIO-
IUX MHOMECTB:

%:{(1+1/k>2<$2+y2+z2<k2} s 1),

L={l/k <2+ +22 < (1-1/k)?} nma 2), k=23,..
Ilepexoas Kk cpepuyecKUM KOOpAMHATAM, MOJYUYaeM:

224y +22 21 a2y <1

k d 1-1/k d
1) Ly = 4n / ra—f 2) Loy = 4n / raiz'
1+1/k 1/k

Tenepr BUAHO, YTO TMpenes klim Iy cymecTByeT, eciu o —
— 00
—2>1, 1. e a>3, uune cymecrsyer npu « < 3. Ilpenen klim Loy,
— 00

cyllecTBYeT, eciu  — 2 < 1, T. e. @ < 3, ¥ He cyllecTBYeT IpU « > 3.
TaruMm oGpazom, uHTerpan I; cXomuTcA NMpu « > 3, pacXogUTCA MpU
a < 3, unrerpail I» cXxoguTcA Npu « < 3, pacxoOUTcAd NpU « > 3. A

Mpumep 15. JorasaTh, 4To UHTerpai
I= // sin(z? + y*)* dz dy
R2

pacxXxoouTcCH.
A I/IccnenyeM Ha CXOAMMOCTDb UHTErpai

I, = [[1sin@? +y*)?| dedy,
RQ
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B KOTOPOM TIOJbIHTerpaibHas GhyHKIMA HeoTpullaTenkHa. [lycTh
Gy ={z +y> <k}, k=1,2,..;

TOrja

k Mo
Ly = // |sin(z® + y?)?|dz dy = 27"/|Sinr4|rdr _ g/ |sint] o,
i 0 s t

7

| sin
Vit

lim I3 = 400, u, 3HauuT, uuterpan I, pacxogutca. Ecau 6bl manabit
k—o00

o0
t
Kak wu3sBecTHO, UHTerpain / ldt pacxoouTca K 400, MO3TOMY
0

uHterpan I cxopuicd, To cxoguicA Obl Mo TeopeMe u UHTerpal I;. 3Ha-
YUT, U3 €TI0 PaCXOAUMOCTH clIelyeT PacXodUMOCThL JaHHOI'O MHTerpaja. A

3AJAUN
1. Oycts X = [0;a] x [0;0], X;; = [@;%&] X [w, %],
§(i’j) — LeHTp npAMoyroaeiuka X;;, i,5 =1,..,n; 7, = {Xy;, 4,j =

=1,..,n} — pasouenne X; O, = {6 4 =1 .,n}
BeruucnuTs //f(a;) dz war npenen cymm Pumana o (f;0., ), ec-
X

m (= (z1;72)):
1) f(z) =px1 +qz2, z€ X; 2) f(x) =122, T € X
3) fla) =ePmT0% gz e X, pg#0; 4) f(z) =pz]+qz3, z€X.

2. yers X = [-2;2] x [-1;1], 7, — pasouenue X Ha paBHble
NPAMOYTONLHUKHN NPAMBIME 1 = 2i/n, zo = j/n, i,j € Z. HailTu HuMm-
HIOIO S, W BepxHioo S, cyMmel [lapby ot f no X u ux npegen I npu
n — o0, ecmu (= (x1;22)):

1) flz)=2z1 —x2, € X; 2) flz)=e"1"%2 z € X;

3) f(z) =212, T € X; 4) f(z) =22 +23, € X.

3. Oyers X = {(z1522): 0<21 €1, 022 <1, 0< @y + 20 < 1},
pas6uerue 7(X) COCTOMT U3 UEThIPEX PABHBIX TPEYTOJIbHUKOB, MOIYUYEH-
HBIX pasferenneM X mnpaAMbIMH 21 = 1/2, 2o = 1/2, z1 + 22 = 1/2,
HaGop ©; COCTOUT U3 TOUEK IepeceuyeHUd MeduaH 3TUX TPeyrodbHUKOB.

HaiiTn npuausmeHHoe 3HaueHNe MHTerpala /f(z) dr (BbIYHCIEHUA

X
BeCTU C TpeMf 3HaKaMU MOCle 3arnATol), TPUHAB 32 Hero:

a) cymmy Pumana o = o,(f;0s); moanycymmy S BepxHell M HI-
Heil cymm JlapGy M OLEHUThL MOrPEIIHOCThE A pesyinTaroB, eciu (r =
= (z1;22)):

1) f(z) =891%%2 z € X; (2,228);

2) f(z) =cosm(z1 + 12), z € X; (—0,203);
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3) flz)=In{1l+ 2z 4+ 22), z € X; (0,250);
1) 7(@) = VI T m, 7€ X; (0400).

CpaBHUTL pesyaLTaThl CO 3HaUEHHeM HHTerpaja, YKasaHHLIM B CKOG-
rax (c TpeMA 3HAKaMU MOcJe 3anAToil).
4. BhINOJHUTH TaKoe e 3a7aHue, Kak B 3agaue 3, ecau (x = (z1; 22))
— s - 2 2
X ={(z1;22): 1 20, 22 20, 27 + 25 < 1},
pasbueHue T MOJdYyUeHO pasaeneHreM X Ha YeThIpe YaCTH OKPYMHOCTAMHU
paguycos 1/4, 1/2 u 3/4 ¢ ueHTpoMm B Hadaje KOOPAMHAT, TOYKA Ha(o-
pa ©,, COOTBETCTBYIONAA 3JeMEHTY U3 T, ABIAETCA CepelUHON 0Tpeska,
[0 KOTOPOMY NpAMAaA Ts = 1 NepecekaeT 3TOT IEMEeHT, U:

1) f(z) = /2% + 23, z € X; (0,524);

2) flz) =1 +22 +23)7 1 2 € X; (0,544);

3) f(z) = e~%i7% z € X; (0,496).

CpaBHUTb pe3yJbTaThl CO 3HAUYEHHEM HHTerpaja, yKasaHHbIM B CROO-
Kax (c TpeMA 3HaKaMH I[0cJle 3aMATOM).

5. Hycts X = {(z1;22): z? + x5 <1}, 7 — pasbuenne X, O, —
COOTBETCTBYIOWHUH eMy HaGop Touek, ¢ > (. YkasaTb Takoe § > 0, 4ro-

Obl 0aA 1060ro pasbHeHUA ¢ MeIKOCThIO |7| < § u moGoro HaGopa O
BBITNOJIHAJIOCH HEPABEHCTBO

o (£:0,) ~ [[ @) da| <,
ecin (x = (x1532)): b'¢
1) f(z) =sin(pz1 + gz2), x € X; 2) f(z) =eP"1T9%2 g € X;
3) f(z) = In(2+ pr1 + ¢72), T € X, rpe /p? +¢* <2;
4) flz)=e"1" zeX; 5) f(z)=(1+322+22)), z€X.

6. 1) IIycte X =[a;b] % [¢;d], F(z)= f(z1), z € X, x = (z1;22), rze
dyuruua f(z,) unterpupyema Ha [a;b]. Joraszats, uto F' unTerpupyema

Ha X U /F(m)dw:(d—c)/bf(wl)dxl.
X a

2) llycts X' — u3MepuMoe MHO#eCTBO B R™ 1,
T = (T15.5%0), T = (T155Tn1),
X=X'x[e;d]CR", F(z)=F(';52,) = f(z'), z€X,
rae f(z') — orpanuuennas u unterpupyemas ua X’ ¢yuruus. lokasars,
uto F' uHTerpupyema Ha X u

[f@de=(@=0o [ f@a')da"
X X

3) Myets X' — usmepumoe MHoskecTBO B R¥, X" — usmepumoe
MHO#ecTBO B R',
! p— . . " J— . .
T = (xla ...,l’k), T = (xk+1a -'-7xk+l)7
X =X'x X"= {1‘2 (:L,I;:L,II) c Rk+l -2 e X/, = X”}.
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Oyers F(x) = F(a';2") = f(&'), © € X, rae f(z') — orpanuvenuas
u uaterpupyeman Ha X' ¢ynruuda. [lokasath, yto F uHTErpupyema
Ha X Hu

[F@de=m(X") [ fa')de'.
X X!

7. 1) lyers dyuxuua f(x;) uarerpupyema Ha [a;b], dyuruus g(zz)
uHTerpupyema Ha [c;d], X = [a;b] X [¢;d],
F(z) = Fz1;32) = f(z1)g(z2), z€X.

Norazats, uro F' uHTerpupyema Ha X H

b d
[F@)yde= [ f@)da [ gr2) das.

X a c

2) Hyers X' — usmepumoe MuomectBo B R*, X" — usmepumoe
!
MHOMeCTBO B R’ o' = (z1;..;2k), " = (@pa1; o xppr), X' x X' =
= X. Ilycrs ¢yuruma f(x') orpannyena u unterpupyema Ha X', dyHi-
uusa g(z") orpanuyena u uHTerpupyema Ha X',

F(z) = F(a';a") = f(a')g(a"), zeX.

lokasaTs, uTo F uUHTerpupyemMa Ha X H

/F(m) dr = /f(x')dx' / g(z'") dz".
X X/ X
8. ChopmynupopaTs oTpuliaHHe KpHTepusa KolM MHTErpUPYeMOCTH
GYHKLUUH 10 U3MEPUMOMY MHOZKECTBY.
9. 1) CpopMyarpoBaTh KPUTepHii HHTerpupyeMocTu I:
a) B TepMHHAx £—0; 0) B TEPMHMHAX M0C/IEL0BATEIbHOCTEH;
2) 10Ka3aTh PaBHOCHILHOCTE YTBepaeHuit U3 a) u 6) B m. 1).
10. 1) ChopmyaupoBaTs Kputepuii uaterpupyemocru II:
a) B TepMHHax £—0; 0) B TepMHHAX MOCIEL0BATEIbHOCTENH;
2) nokazaTh PaBHOCHILHOCTL yTBep:K[eHUil U3 a) 1 6) B 1. 1).
11. 1) ChopmyaupoBaTs KpuTepuilt HHTerpupyeMocTu 1V B TepMuHax
noc/eIoBaTelbHOCTEl;
2) nowkazaThb PaBHOCHABHOCTH yTBep;kaeHus us 1. 1) wpurepuio 1V.

12. JlokazaTb paBHOCUJILHOCTHE ONpeaeleHuii KpaTHOro uHTerpana Pu-
MaHa B TEPMHUHAX €—4¢ U B TEPMHUHAX MOCJIEI0BATENLHOCTEM.

13. Joraszats kputepuii Komm uHTerpupyemocTu GyHKIHH.

14. MycTs pynruug f onpefedeHa U orpaHudyeHa Ha U3MePUMOM MHO-
secrBe X. Jlorasats, yro: 1) aus a106bix ABy X pazduenuit 71(X) u 72 (X)

sm, (f) < Sr(f);
2) naa moboit cymmsl Pumana o-(f;0) s-(f) <o:(f;0) < S (f);
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3) mia moGoro pazbuenusa 7(X) = {X;, i=1,...,N}

Mz

S-(f)—s:(f w( X,
=1
roe w(f; X;)= sup |f(z') — f(z")| — ronebauue f ua X;, i=1,..., N;
z',z""eX;
4) nna moboro pasbuenua T7(X) ={X;, i=1,..,N}

sr(f) = iélfar(ﬁ@r)v S:(f) =supo-(f;0;);
- o,

5) Le(f) < I*(f);
6) I+(f) = lim s, (f) T*(f)= lim S.()).

|7(X)|—=0 I7(X)|—=0
15. JlorkazaTh, 4YTO OmpefeliieHUe n-KpaTHOro UHTerpaia PumaHa B
ciyuae n =1 u X = [a;b] C R' paBHOCHIBHO ONpeleNeHHI0 MHTerpa-
n1a PumaHa oT yHRIMM OJHOTO NEpeMEHHOro 1Mo oTpe3ry [a;b] (em. [2,

§6]).
16. Ilycrs X € R™, u(X) =0. Horasarb, 4To di06as GyHKINA, ONpe-
JeneHHad Ha X, uHTerpupyema Ha X Hu

/f(a:) de =0, = (z1;..;2)
X

o

17. lycts pyuruua f unterpupyeMa Ha X, Xg — NogMHOMeCcTBO X
uyieBoit Mepel. Jorasate, uro f unrerpupyema Ha X \ Xo u

/f da:—/f ) da.

X\ X

18. Ilycts ) — H3MepHMoe OTKDBITOE MHOKeCTBO, (! — ero 3ambl-
ranue, 2 C X C . [lorkazats, uTo (HyHKIMA, UHTErpupyemas Ha X,
orpaHuuena Ha X.

19. JlokasaTb, uto Ix(f; X) < I*(f; X), ecin X =[0;1] x [0;1], = =
= (z1372) € X, &

1) f(z) =1, ecim 21 U zp paumonanbusl, f(z) =0 B ocTanbHbIX
CIYuanx;

2) f(z) =1, ecint x1 + x2 — panuoHanbHoe yncio, f(z) =0 B ocTannb-
HBIX CIIYYasx.

20. Joxasatb, yro pyHruua f udrterpupyema mo X (z = (z1;22)),
eCiIu:

1) X=[0;1]x[0;1]; f(&)=(=1)"npu 1/(n+ 1)<z, <1/n, neN,
0<z2 <15 f(O322) =1 mpu 0 < 22 < 1

1

2) X =A{(z522): |oal+ e <1h fle) = (=1)" mpu 1- — <
<o+ 22| <1-1/(n+1), ne€N; f(z) =0 npu |z1| + |22| = 1;

3) X = {(zim): Bi+a3 < 1 f@) = Un mpu 1/(n+1) <
< VI < 1n, ne N; f(050)=0.
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21. JlokazaTh, yTo GyHKUUA [ UHTerpupyema mo X, U BeIYUCIAUTH
unrerpai ot f mo X (x = (z1;22) € X), ecau:

1) X =[-1;1] x [-1;1]; f(z) = signzizs;

Q)X:{(.Z'l,l'g) OS.’El\l 0<£L’2\1—ZL'1} f() ( )nil
mpu 1/2" <z + x5 < 1/2°71, n € N; f(0;0) = 0;

3) X = {(zi522): af +123 < 1}; fle) = 1/271_1 mpn 1-1/2"1 <

T3 +x3<1-1/2", neN; f(z)=1npu J/zi +z3 =1;

4) X =[0;1] x [0;1]; f(z) =1/(q1 + ¢2), ecam z; = pi/qi, 7A€ Pi/ @i —
HecoKpaTuMble apobu, p; € N, ¢; € N, i =1,2; f(z) =0 B ocTanbHbIxX
Toukax X;

5) X = [0,1] x [0 1); f(z) = 1/(arg
HecoKkpaTHMEbIe apobu, p; € N, g; € N,
Toukax X.

) can x; = pi/qi, TR Pi/qi —
i=1,2; f(z) =0 B ocrambHbIX

22. Jlorazats, 4To dpyHruua f Hemuterpupyema mo X = (0;1] x [0;1],
ecin (z = (z1;22) € X):

1) f(x) =1, eciim 2y M zy — pauvoHanbHele uncaa; f(z) =0 B
OCTa/bHBIX TOYKAX;

2) f(z) =1, ecan ; — paunoHansHoe yncio; f(z) =0 B ocTanibHbIX
Toukax X;

3) f(z) =1, ecin z; — HepauuoHanbHoe uncio; f(r) =z B ocTanb-
HBIX TOUKax X;

4) f(z) =1, ecin =1 = p1/q, T2 = p2/q, TAC P1/q U p2/q — Heco-
KpaTumble Opobu, pi1, p2, q € N; f(z) = 0 B ocranbubix Toukax X;

5) f(z) = 1/(g2q2), ecu z; = p;/qi, vae p;/¢; — HECOKPATHMEIE
apobu, p;,q; € N, i =1,2; f(z) =1 B ocranbubix Toukax X.

23. YrasaTb GYHRLMIO, HENPEPbIBHYIO Ha U3MEPUMOM MHOKECTBE, HO
HE HHTETPUPYEMY 10 Ha 5TOM MHOECTBE (JIJIA CPaBHEHUA CM. JOCTATOUHOE
YCJIOBHE WHTETPUPYEMOCTH ).

24. [ycTh QyHKUMA f HempephiBHA HAa OTKPBLITOM MHOMecTBe X.
JlokasaThb, uTo f WHTerpupyema Ha IH060M W3MEPUMOM MHoMecTBe X,
nemauieM cTporo BHyTpu X (B TOM CMbICAe, UTO KaMjafd TOUKA 3a-
MbLIKanusa X, fApAsgercea phoyTpenicit aaa X ).

25, Oycrb GyHKUMA f HenpepbiBHA HA OTKPLITOM MHOecTBe X U
A 1060r0 U3MEPUMOro OTKPBITOrO MHOMecTBa X, Jesallero cTporo
(cm. 3agauy 24) Baytpu X,

/ flz)dz = 0.

X1
llokasats, uto f(z) =0 Ha X.

26. JorazaTb, uTo GbYHKIMA, PaBHOMEPHO HeNpepbIBHAA Ha H3MepH-
MOM MHOM€ECTBe, HHTerpupyeMa Mo 3TOMY MHOMKECTBY.

27. 1) llycts dyuruua f ompefeleHa Ha uaMepumoM mo fRopaany
MHO#ecTBe X M MHOMECTBO BCeX ee TOUeK pPa3pbIBa UMeeT MOJOKUTENb-
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Hyio Mepy opaana. lokasaTh (He ucnonb3ysa TeopeMy JleGera), uto f
He UHTerpupyema no Pumany Ha X;

2) yKasaTh MHTErpUpyeMyIo Ha MHOecTBe X (u3Mepumom 1o op-
nany) (yHRLHMIO, MHOMKECTBO TOYEK paspbiBa KoTOpoil (nexmamux B X )
He AIBIAIETCS MHOMECTBOM Mepbl HyIb 10 fRopaany.

28. VraszaTb (QYHKLMIO, ONpeleleHHYIO U HEOrPAaHUUEHHYIO Ha MHO-
srecTBe X IMoJOKUTeNbHONU Mephl flopaana, Ho unTerpupyemyio Ha X.

29. 1) IIycrs MHomecTBO X wusmepumo, QyHKuUA [ ompeneleHa

U orpaHuveHa Ha ero 3aMbIkanuu X U uHTerpupyema Ha X. JokazaTb,
yto f uHTerpupyema Ha X U

[i@de = [ f(a)dz
X X

2) yraszaTh (pyHKIHIO, ONpeJelleHHYO Ha 3aMblkaHuu X M3MEepUMOro
MHOMdecTBa X, UHTerpupyeMyto Ha X, HO He UHTerpupyeMyio Ha X.

30. Ilycts X — uaMepuMoe MHOKeCTBO, X — ero 3amMblkaHue, yHK-
uua f uHTerpupyema Ha X. JlokasaTh, 4To f uHTerpupyema Ha X WU

/f(a:) do = /f(a:) de.
e X

31. 1) llycrs pyHKUMU f W g olpeseieHbl U OTpaHUYEHbI HA UBMEPU-
MOM MHOecTBe X U Pa3iuuHbI JUIlb HA MHOMECTBE MKOPAaHOBOH Mephl
Hysb. JokazaTh, 4To eciu f uHTerpupyema Ha X, TO U g UHTErpupyemMa

Ha 9@z = [ f@)da
X X

2) ykazaTb pyHKUMU f M g, ONpejeleHHble HA UBMEPHMOM MHOMEC-
TBe X, pasiuyalolliecsl JUIIL HA MHOMKECTBe Mephl HYIb, HO TaKue,
yTo f uHTerpupyemMa Ha X, a g He UHTerpupyeMa Ha X.

32. llycts dyHKUUA f UHTerpupyema Io MHOsecTBY X, inX —
MHOMECTBO BCEX BHYTPEHHUX ToueK X, X; — U3MepuMoe MOIMHOMECT-
Bo in X, Xo =X\ X;. Horasats, uto f unterpupyemMa Ha X; uHa Xo u

[f@de = [ f@yde+ [ f(z)de.
X X1 X5

33. YrazaTh MHOkecTBO X TNOJOMUTENLHONU MepBI U GYHKIUIO, ONpe-
JeleHHYIO U HEOTPaHUYeHHYIO Ha X, HO UHTerpupyeMylo U Ha X, U Ha
ar060M U3MEPUMOM NOAMHOMecTBe X.

34. Yrasarb Henepeceraroluecs MHOxecTBa X1 U Xo MONOAMUTETb-
HOM Mepel U PYHKIMIO, UHTErpUpYeMyIo Ha X; U Ha X3, HO He WUHTer-
pupyemyto na X; U Xy (cM. cBolicTBO 3)).

35. YrazaTh MHO#ecTBO X IMOJOMUTENbHON Mepbl U GYHRUUU [ U
g, HeorpaHUYeHHbIe U UHTerpupyeMbole Ha X U Takue, 4TO:
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1) nmpoussefenue f - g WHTErpupyeMo Ha X
2) igl{f|g(x)| > 0 u uyactHoe f/g unrerpupyemo Ha X (cM. cBoMCT-

BO 5)).

36. Ywasarb: 1) uaMepuMoe MHOKeCTBO X U ONpeJeIeHHYIO HA HeM
GyHKUMIO [ Takue, 4To QyHKUMA |f| mHTerpupyema nHa X, a [ He uH-
terpupyeMa Ha X (cM. cBOiCTBO 7));

2) MHOmecTBO X MOIOMUTENbHOM Mepbl U UHTErPUPYEMYIO Heorpa-
HuueHHyIo Ha X ¢yHEUMIO f Takyio, uyTo ¢yHKUuua |f| uHTerpupyema

Ha X H
| [ f@yda| < [17@)da.
X X

37. Ilycts GyHKOMM f W g UHTErpUpPYeMbl Ha MHO;kecTBe X, Hempe-
PBLIBHBI B 0 BHYTpeHHel Touke T U f(zg) < g(zo), flz) <glz), z € X.

Jlorasarh, 4TO
/f(x) dz < /g(a:) dz
X X

38. Oyukuua f HempepblBHA U HHTerpupyemMa Ha MHOMecCTBe X
u /f(x) dr > 0. [lokasars, yro cymwecrByeT Ky6 () C X Takoi, 4To

X
flz) >0 na Q.

39. Ilycts X — u3MepuMoe MHOMECTBO NONOMUTEIbHON Mephl, QYHE-
uuna f unrerpupyema na X u f(x) > 0 mas Bcex x € X. JlokasaTb, 410

/f(x) dz > 0.
X

40. IIycts X; — nuHelHO CBA3HOE U3MEpUMOEe MHOMeCTBO, Xo —
MHOeCTBO Mepbl Hyab, X = X; U Xy, u nycTb dyHKUOUA f orpaHudeHa
u uHTerpupyema Ha X u HenpepbiBHa Ha X;. JlokaszaTh, 4TO CyllecTByeT
Takasa Toura & € X, 4To

[ f@)de = F@u(xy).
X
41. Jorasarb HepaBeHcTBa (x = (z1;22)):

1) 1,96 < / (100 + cos® z1 + cos® x9) " ldr < 2, rne X = {(z1;22):
|x1|+|$z| 10}
7r</ I1+I° dr < 37 rae X = {(z1;22): 1 <22 + 22 <
1+ +Z:, 4 9 1,42/ X Ly 2 X
<4};

4—f 2%17 %2 16 — 22 o .
Tin2 /1+2w1+w2 T< iy o e A =25 8]x (-1 -05].
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Vwrasanue. MoaHO BOCIONL30BATLCA PE3YILTATOM 3afaqn 6.
42. Tlyets X,, = [0;n] X [0;0], yn = Xnt1 \ Xn, n € N. Jlokasars,
47O
lim /f(a:) dx =0,
Yn

n—oo

ecnu g x €Y,, n €N, x = (x1;292):
D) f(z) = (27 + 23)*, a < —1/2; 2) f(z) = z129/ (21 + 22)";
3) fl@) = (1+122)7% 4) f(a) = e lziel,
43. Ilycts Y,, — MHOecTBa u3 3agauu 42. [lokasaTh, 4TO

lim [ f(z)dz = +o0,
/

n—ro0

ecni A x € Y, n €N, z = (z1;22):
1) f(z) = 21 +22)7'%5 2) fa) = (14 | —2]) 7

44. Mycrs Y, — MHomecTBa u3 3agaun 42. Jowasath, 4ro (z =
= (z1;22)) im [ %
n— 00 14 zoIn{z1 + z2)
Yn

45. Ilycths ¢yHrIUA f HelmpepbIBHA, HEOTPULlATENbHA U UHTEr pUpYye-
ma Ha X, M =sup f. Jlorazats, 4yTO

Tim. (X/(f(w))" dw)l/n - M.

46. Ilycrs ¢pyusuusa f unrerpupyemMa mo X, Xy — MHOMECTBO BCex
TAaKMX TOYEK 3aMbIKaHUA X, B M0G0 OKPECTHOCTH KayK[I0# U3 KOTOPBIX
byuruua f ve orpanuvena. [[okasaTh, UTO CyllecTBYeT Takoe ¢ > 0, 4TO
aua moboro pasduenus 7(X) ¢ menroctsio |7(X)| < 6 mepa mo6oro ero
BIEMEHTA, 3aMbIKaHKe KOTOPOro uMeeT ¢ Xy 00IIYIO TOURY, paBHA HYJIIO.

47, IlycTs n3MepuMoe MHOECTBO TAKOBO, YTO CYIIECTBYIOT €ro pas-
OUeHUA CKOJb YTOAHO Malofl MeJKOCTH, BCe EMEHThI KOTOPBIX UMEIT
noJokuTenbHyio Mepy. JlokasaTh, 4To BCIKag UHTerpUpyeMas Ha 3TOM
MHOKECTBe QYHKIIMA OrpaHUueHa Ha HEM.

48. Ilycte pyHEIUA f UHTerpupyeMa Mo MHOMECTBY X MOJOMKU-
TelbHOI Mepbl, Xy — MHOMECTBO BCEX TOUEK 3aMbIKaHWA X, B JH000i
OKPECTHOCTH KamOoi U3 KOTOphIX GyHKIUA f He orpanuvena, in X —
MHO€eCTBO BCeX BHYTpeHHUX Todek X. Jloka3aTh, YTO paccTofiHue Me:-
oy Xo ¥ in X TonoMUTeNbHO.

49. 1) llycts ¢yuruua f WHTErpupyema 1Mo MHOKECTBY X MOMOHH-
TEIbHOM Mephl, in X — MHOKeCTBO BceXx BHYTpeHHUx Todek X. [loka-
3aTh, uTo f UHTerpupyemMa U orpaHnuveHa Ha MHo;ecTBe X N inX u

[ f@de= [ f()de:
X

XNin X
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2) ykazaTb MHO#eCTBO X MOJOMHUTEIbHON Mephl U ONpeeNeHHY IO Ha

HeM ¢yHKUMIO f, KoTOopasg uHTerpupyema Ha X N in X, HO He UHTErpu-
pyema Ha X.

50. Tlycto @dyHKUOUA f MHTerpupyeMa 0 MHOMECTBY X TMOJOMUTENb-
HOH Mepbl, in X — MHOMKeCTBO Bcex BHyTpeHHux todek X. llokazaTsb,
YTO CYILIeCTBYyeT Tarkoe noaMHoxecTBO Xg C X HyneBoil mepsl, uto f
orpaundena Ha X \ X, u paccrosinue Meray Xo u in X MOJ0KUTEIBHO.

51. Oycts X — MHOKECTBO MOJOMKUTENbHON Mepbl, in X — MHo-
JKECTBO BCeX ero BHYTpeHHUX Touek, Xo C X, u(Xo) =0, p(Xo; in X) >
> 0. Hlokaszatp, 4TO ecau GyHKUUA [ omnpefeleHa Ha X, orpaHuyeHa
na X \ Xo u unrerpupyema na X N in X, 1o f unrerpupyema Ha X u

/f(a:) dr = / f(z)dz.
X XNin X
52. 1) Jlokasarts cBoiicTBa 2), 3), 5), 7), 8), 10) KpaTHOro MHTerpaia
Pumana;

2) nycTh GyHRIUH f W g UHTErpupyeMbl Ha MHOMecTBe X MOJOHH-
TenbHON Mepbl, in X — MHOMECTBO BCeX BHYTPeHHUX Touek X, g He
MeHsieT 3Haka Ha in X. [lokasaTn, 4TO:

a) CyLeCTBYeT TaKkoe YUCIO A, 4TO

inf f <A< sup I, X/f(ﬂf)g(w) dr = AX/g(w) dz;

6) ecnu K ToMy #e X — JIMHEHHO CBfI3HOE MHOECTBO WIH 3aMblKa-
HUe MUHeMHO CBA3HOr0 MHOMeCTBa U [ HelpepbiBHA HA in X, To cyllecT-
ByeT Takaf Touka & € in X, 4uto

[ F@g(@)do = £(¢) [ g(a) do.
X X

53. Mycts ¢pyukuua f uurerpupyema na X. HorasaTs, 9T0 041 110-
Goro € > 0 ecTb Taroe 6 > 0, yTo AnA MOGOr0 MU3MEPHMOro MOAMHO-
smecrBa X1 C X Ttawroro, uto p(Xi) < 4,

‘/f(x)dx’<5.
X1

54. Oycty ¢yuxkuua f uHTerpupyema Ha X, u nycte f(x) =0 B
Kamaoi Toure x € X, B KOTOPOH oHa HemnpepbiBHA. Jloka3aTk, uTo

/f(x) dz = 0.
X

55. Ilycth GyHKUMA f HempepbIBHO AuddepeHUMpyeMa HA KBajgpa-
Te X = [0;1] x [0;1]. Haiitu

ol [forae— & 3 1(2:4))

2,j=1
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56. IlycTh auHUKM YPOBHA HeNpepblBHON GyHRUuuM f(x;y) — mopoc-
Tble IJaAKue 3aMKHYTble KPUBbIE, IyCTh Vg — (DUKCHPOBAaHHOE 3HAYe-
uue f, Q(v) — obaactb, orpaHUYeHHAs AMHUAMHU ypoBHA f(x;y) = v U
f(z;y) = v, S(v) — nnomaas 21oit obnacru. Jlokasarh, 4To

v
// flzyy)dedy = /uS’(u) du.
Q(v) vy
Yraszaunue. Paccmorpers pasfuenne }(v) JauHUAMM YPOBHSA
flz;y) = uy, roe {u;}, j=1,..,n, — pasdbuenue oTpeska [vg;v].
57. llycrs ¢yuruusa f unrerpupyema na X u a < f(z) < b, z €
€ X, byHKUMA ¢ HenpepbiBHA Ha [a;b]. lokasaTh, 4TO KOMMO3ULKA g o f
nHTErpUpyema Ha X.

58. Ilycrs pyuruua f unrerpupyema Ha X u a < f(x) < b, z € X,
¢byHELMA ¢ BhIMykaa (BBepx uiu BHU3) Ha [a;b]. JokasaTsb, 4yTo romrmo-
3uUKUA g o f uHTerpupyemMa Ha X.

59. Tlycers ¢yuruus f unterpupyema Ha X. Jlokaszarb, 4TO 0/ JIO-
goro p > 0 dyuruusa |f|P unrerpupyema Ha X.

60. [ycrs dyuxumu f u g unrerpupyemsi va X, p> 1, 1/p+1/g=
= 1. JlokasaTs, 4TO

[ @g@lde <2 [1f@Fde+ 2 [lg@)) da.
X pX qX

Yrasauue. Jlorazars Hepasencmso Huea |ab| < of [p + a?/q u Boc-
MOML30BATLCSA HM.

61. lycrs dyuxumu f u g unrerpupyemsiva X, p> 1, 1/p+1/g=
= 1. Jlorkasats Hepasencmeo I'éavdepa

[r@atede < ( [1s@ra)”( [lo@a)".
X X X

Yrazanue. [lpuMenutrs pesyabTaT 3agauu 60 K GyHruuAM of
U g/a, nomo6pas a.

62. MIycrts ¢dyuwuua f unrerpupyema na X, p> 1, 1/p+1/q=1.
HorkazaTb, 4TO

J1i@lde < @ooye( [ 5@ )"
X X

63. Ilycte dyuruun f u g unrerpupyemMnl Ha X. JlorazaTh Hepa-
sencmea Munkosckoz0:
1) ecin p > 1, 10

(J1r@ + o) < ( [1r@pas)” + ([ lotrar)”:
X b F
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2)ecnun 0 <p <1, TO

(/|f<x>+g<x>|pda:)”” > (/If(w)lpdw) +( [1atp an)”.
X
)=

64. Ilycts dyuruus f unterpupyemana X u f(x
heR".

1) Yrasate Takue X, f W h, uto ¢yurumua f(z +h), z € X, He
uHTerpupyema Ha X;

2) mycTh AomoaHUTeNbHO [ orpaHuueHa Ha X. /JokazaTb, 4To (QyHE-
uus f(xz + h), x € X, uaterpupyema na X nas nwoboro h € R™;

3) mpu Tex e yCIOBHAX, YTO U B 2), J0Ka3aTh, YTO

lim /lfx+h F(2))| de = 0;

0 BHe X, nycThb

4) ne mpenonaras orpaHuyeHHocTd f Ha X, J0Ka3zaThb, YTO CYUIECT-
ByeT Takoe & > 0, uTo aaa modoro h € R™ taroro, aTo |h| < 4, yHRUHA
flz+h), x € X, uaterpupyema ua X;

3) Tpu TeX e YCIOBUAX, YTO U B 4), I0Ka3aTh PABEHCTBO U3 3).

65. 1) llycts pyurmua f uHTerpupyema u orpanndyera na X C R™,
Y — usmepumoe muomectBo B R, Y D X. Ilycrs f — HPOJOJHKeE-
nue f Hyzem Ha Y *). JlokasaTb, 4TO f HHTerpupyema Ha Y H

[f@adz= [ @) dr;
Y X

2) yrazaTb usmepumble MHOmecTBa X U Y uz R", X C Y, u pyus-

uMio f, MHTerpupyemyio Ha X, Takue, 4To f — NpofolsKenne f Hylem
ua Y (cm. 1)), He unTerpupyemo Ha Y.

66. ycte X u Y — usmepuMeble mHOkecTBa B R", X CY, V —
OTKPBLITOE MHOMECTBO MW 3aMblKaHUE OTKPBITOro MHOzkectsa. [lycThb
dyuruua f unrerpupyema Ha X, a ee MpoOAOJKeHWe HyJeM HA Y UH-
TerpupyeMo Ha Y. [lokaszaTb, uto f orpanuueHa Ha X.

67. OmHO M3 BO3MOMHBLIX ONpefleNeHuil uHTerpaida PuMana TakoBo
(x = (x1;..;25)). OyecTh
1= {33 € R": a; <xr; <by, 1= 1,...,7?,}

— TmpAMoYTodbHBIA Napaiieienunen B R" ¢ peGpamu, mapalielbHbLIMU
KOODPAMHATHLIM 0CAM (TOBODAT Take: IPOMeMKRYTOR, 6pyc). Mepotd M (1)

TaKoro napaJjuiefenuinena Ha3bIBalOT IIPOU3BeNEeHUE
n

H(bz - ai))

i=1

*) 3To 3HAUUT, UTO f:f Ha X, j~':0 Ha Y\ X.
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yTOo coBnagaeT ¢ Mepoil fRopaana (§7) NIpAMOYroaIbHOrO Mapasielenure-
na. PaccmatpuBaior pazbueHus JaHHOro napajienenunena I Ha mapalie-
Jenumnebl #e MI0CKOCTAMHU, MapalielbHbIMI KOOPAUHATHLIM. Mcnoinaysn
TOMLKO TaKkue pas3bueHus, ONpeleifloT WHTerpai mo I oT dyHRuuu f,
omnpepeieHHoit Ha I, mocpeacTBoM cyMMm PumaHna Tak e, Kak U B onpe-
neienuu (2) B Havale 3Toro naparpada.

1) NokasaThb, 4To aasa mapanienenunega I Taxoe onpeneneHue WHTeEr-
pana ot f mo I paBHOCHALHO ompeneleHuIo (2).

Jlanee, mycTh GyHKUMA f ompeleleHa Ha OrPAHUYEHHOM MHOKECT-
Be X, I — mapanaenenunen, cogep:kamuit X, X C I. llycth »xx — xa-
panTepucTuyeckana gpynruua X *). Ecau cymectsyer unterpan **)

/f%x (z)dz,
I

TO €ro Haa3bIBAlOT UHIMeEezZpaiom Pumana om f no X u o6Go3HAyaoT

flz)dz, T. €.
X/ /f(m) dr = /f,tx(aj) dz. (33)
X i

2) JoraszaTh, UTO CcyllecTBOBaHUe MHTerpana (33) U ero BelMunuHa He
3aBUCAT OT Bblbopa nmapanienenunena I, comepkamero X.

OTMeTuM, UTO B onpedeteHud (33) MHoecTBO X He IpeAINOJaratoT
usMepumbIM 1o fRopaany.

3) llokaszaTs, uTo eciau X Hemamepumo o HRopoany u f = const # 0
Ha X, To f He uHTerpupyema Ha X B cMbIcie onpefeneHus (33).

Mepoti orpannyentoro MHosectBa X C R” HasbIBalOT 4YMCIO

w(xX) = [1da,
X

€C/I 3TOT HHTerpail B cMbicie (33) cylecTByer.

4) Jlokas3aTb, UTO Takoe oNpelelleHHe Mepbl PABHOCUIBLHO ONpejese-
HuIo 13 §7 mepsl fRopaaHa, a caMu Mepbl COBMANAIOT.

5) HokazaTh, uTo eciu GyHKuuA [ uHTerpupyemMa Ha X B CMBbIC-
1e (33), To f orpaHmnuena Ha X.

6) YrazaTh Takoe MHO;ecTBO X U Olpe/eleHHYIO Ha HeM QYHKIHUIO f,
uyTo f uHTerpupyema Ha X B cMblcie (33), Ho X HeusMepumo no Rop-
OaHy W, cefoBaTelbHo, uHTerpal oT f no X B cMmblcie onpegeneHus (2)
He CcyLlecTByeT.

7) YrazaTb usMmepumoe no fiopaany MHOmecTBO X U ompeleleHHYIO
Ha HeM (yHKUMIO f, KOoTopas uHTerpupyema Ha X B cMbIcie onpejee-
Hus (2), Ho He uHTerpupyema Ha X B cMmbicie (33).

8) HokazaThb, 4TO Ha KJjaccax U3MepUMBIX N0 HRopoaHy MHOMECTB U

*) Dto snaunt, ¥x(z) =1 ana z € X, »x(z) =0 Bue X.
**) CuuraloT no onpegeinenuto fry = f Ha X n fary =0 BHe X.
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orpaHUueHHbIX GyHKUUHA onpenenenua unterpaia (2) v (33) paBHoCHIL-
HBbI.

68. Ilyctb cemeiicTBO UaMepuMbix B R™ MHomMecTB X (A), A € [0;1],
takoBo, 4To GyHKUMA p(A) = u(X(A)) nempepoiBaa Ha [0;1] u X (A1) C
C X (A2) nas nobeix Ay 1 Ay us [0; 1] takux, yto A; < Ag. [Iycth GyHEK-
uusa f unterpupyema Ha X (1).

1) Norasathb, 4yTo pyHKRUUA p(N) = / f(z) dz nenpepsiBHa nHa [0;1].

X))
2) lyers u(0) =0, f(z) > 0 maa moboro z € X(1). Jorasarb, 4TO
aas motoro 8 € [0; 1] HaI/meTCH A(#) € [0;1] Taroe, uToO

0 / flz)dz = / flz) de.
X X))

3) llycTb momomHUTENbHO K yCaoBUAM 2) ¢dyHRuMA p(A) cTpOro Bos-
pactaer Ha [0;1]. Jokasarb, 4To s awodoro 8 € [0;1] ypaBHeHHe OTHO-
cutennHo A(f) u3 2) MMeeT TOILKO OHO DELIeHHE.

4) llycts pononnutenbno k ycaosuaMm 2) u 3) X (0) = {zg} — Toura
B R", diam X(\) — 0 npu A — 0, dyHKUUA f HempepbiBHA B TOUKE Zg.
Haiitu

lim HAO)
60 0
69. Myctb gyuruus f unterpupyemano X, zo € X, lim f(z) = a.
o
IIycty Q) — KyO ¢ UeHTPOM zp U pebpaMu AIUHBL A, X = X NQy U
w(X,) > 0 nas mo6oro A > 0. [lokazaTs, uTo
(z)dz = a.

. 1
mn——_/
e J
X
70. 1) Ilycte Q,,, n € N, — nocieqoBaTenbHOCTD OTKPLITBIX MIAPOB
¢ IEHTPaMHu B Hauajle KOOpAWHAT U ¢ paguycamu R, > 0, lim R, =
n— oo

= +oo. ycrk pynruusa f ompenenena Ha R™, MHTerpupyema o Jo6oMy
mapy Q,, n€ N, u lim f(r) = a. JokazaTh, uTo
T—r 00

ﬁEHMM)/f@ dv = a.

2) JlokasaTb MpeabIAYIIUA pe3yabTaT, 3aMEHUB MOCIE0BATENBHOCTD
mapoB {), Takoi MPOU3BOMBLHON MOCIENOBATENbLHOCThLIO U3MEPUMBIX OT-
KPbITBIX MHOMeECTB X,, n € N, uto pu(X,) >0, X,, C X,,41, n € N, u

U X, =R".
n=1
71. Oyers X = [0;1] x [0;1], # = (z1;z2), pyHEUUA f HempepbIBHA
na X. Haittu
lim /f(x?,mg)dm

n—o0

13 Iloa pen. JI.LI.KynpaBuena, T. 3
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72. YkasaTb U3MepUMoOe MHoMecTBO X ¥ MHTerpupyeMylo Ha HeMm
GYHRIMIO, ¥ KOTOPOHl MHOMKECTBO cofepykaimuxcsi B X TO4YeR pasphiBa
HensMmepumo 1o Hopaany, HO UMeeT HyJdeBYIO Mepy 1o Je6ery.

73. llycrs ¢yuxuua f unrerpupyema Ha muoxkecrBe X, 7(X) =
={Xj;, j=1,...,N} — pas6uenne X. Ilycts ¢ >0, a X, — obbenu-
HeHMe Bcex aleMeHToB X; € 7(X), Ha KaIoM M3 KOTOPBLIX KojdeGaHMe
w(f;X;) 2 0. JorazaTe, uTo ms aro6oro € > 0 1 ao6oro § > 0 cymecrt-
ByeT Taroe pasbuenne 7(X) ¢ MearocTbio |7(X)| < 6, uto pu(X,) < e.

74. Jlorazaty wputepuit JeGera MHTErpUpyeMoOCTU Or pAHUUYEHHBIX
(pyHRUMA.
75. BLIUNCAUTL NOBTOPHLIE UHTErpanbl:

7T/2 xr 1 Yy

1) dr | cos(x+y)dy; 2) | dy | (z —y)e¥dx;
[*] [
w/2 cos ¢ sinz

3) O/dcp 1/ rsing - lnrdr; 4) / uo/\/_
cos y—x

) /dw/dy/(w+y+z)dz.
sin x y+zx
76. Tlycte ¢ynruua f(y) HenpepsiBHa Ha oTpeske [0;a]. Hokrasathb,
4TO:

D [ [ fay=[(a-ap@dn 2 [do [ frdy= [ v dy
0 0 0 0 z 0

77. Ilycts gyuruusa (x) HenpepblBHO AuddepeHIHpyeMa Ha OTpes3-
ke [0;a] u m < ¢¥(x) < M ua [a;b], nycts dyuruus f(y) HenpepbiBHA
Ha otpeske [c;d], roe 0 € [¢;d], [m; M] C [¢;d]. lokasaTsb, uto

a  ¥(z) ¥(0) a
[do [ fwdy=a [ f@)de+ [(a—2)f@@)' (@) de.
0 0 0 0
B zamavax 78-81 gna 3amaHHoro MHoskecTBa (G 3amMcaTb MHTErpai
/ f(z;y)drdy B BUe NOBTOPHBIX MHTETPANOB C PA3HBLIMHU MOPAAKAMH

G
HHTErPUPOBAHUA.

78. (G — TpeyroibHHUK, OTPaHUYEHHbIN TPAMbBIMU:
H)z=0,y=0,ax+by=c; 2) 2=0, y=a, mz —ny = b;

Ny=0,y=kx, x=a; 4) 2=2a, y=2a, z+y=a;
S5Yz=a, y—kzx=0, y+lz=0,a>0, k>0, >0
6) z=a, y—kr=0,y—Ilz=0,a>0, 1>k

7 y=h, ay = hz, ay = 4ah — hx, a >0, h > 0;



$8. Kpamuwi unmeepas Pumana u ez2o ceoticmea 195

8) y=2kx, y=—kz, 2kz +y=2a, k> 0;
Ny=lz, y=kz, z+y=(k+1{I+1), >k

79. G — 4YeThIpexyroJbHUK, OTpaHnYeHHEId npaMeivMu (a > 0):
He=0,y=0,y=a, z+y=2a

2)xz=0,z=a, y=z, +y = 3a;

Ny=0,y=a, z+y=0, x+y=2q

) y=ux, 2y=2+6, y=2z, y=2z-3;

5 2=0,y=0,z—y=a, z+y=2a.

80. (7 orpaHUYeHO JUMHUAMU:

6) 22+ < R% z+y >0
7 m2+y?232, 3{2+y2<2Rm,y>O;
8) 2 —y? < a?, 2% +y% < 3a%

DHy=2z* z+y=2 2)z=0,z=—y, t=—2—y;
3)y=0, =y, z+y=06

4) =0, x =siny, z =cosy (0<y <7/2);
S)rx=Vd-y o= \4y—y y=2

6) =0, z=1, z =y y=¢€%

N x=0, z=7/2, y=sinz, y=2+cosz (0 <z <7/2).
81. ( 3agaHO HepaBeHCTBaMHU:

1) 22 +y? <2ax; 2) 22 + 9y’ <2Ry, z20; 3) 22 + 4> <4z, y > 2
)2’ +y <R’ z+y 2 Ry 5) v’ <2pz+pP, y 2w

)

)

82. 3anucaTh MOBTOPHBIH HHTErpan Wiu CyMMY MOBTOPHBIX HHTerpa-

JIOB B BU/I€ JBOHHOIO U HaprucoBaTb MHOMECTBO MHTCI'PUPDOBaHUA:

13*

1 arccos y

1)/dy/f(a:ydm2/dm/fa:ydy, /dm/fa:ydy,

0 r—a Inz
72f(”3 y)d jdwif(w,y )dy + /da: / Flasy) dy;
y? , ) — P

[ fayyde+ /dy Fasy) dos
-V Vo

a

4

C.

1%

iny -

fatyda:—i—/d /fa:y

0

o,

2 2~y
feyydet [dy [ fla.y)dr;
1 P

Y

4) jdy
6) /1dy
1

M [
8) /1dy

o [
@ <
| |
< <

o o
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1/2 2 —x2 1 1—22
9) /dw / f(z,y)dy + /dw / f(z,y) dy;
0 m 172 12

—
—
p—
|
H\o
QU
<
'—‘\w
~
8
=
Q..
8
+
Pe——
QU
<
\
\
H
=
Q..
8
+
He——
QU
<
\
\
i~2
=

1/2 1—y? 1 1—y?
12) [ dy / f(w;y)dw+/dy / f(z;y) de.
0 T2y 1/2 0
83. H3MeHUTL NOpAOK I/IHTerI/IpOBaHI/IH B MOBTOPHLIX MHTEr palax:
v2 4y
dz | f(z;y)dy, a>0; 2) [dy (z;y) dx;
) Jor s o
2 (7w+10)/ T cos
3) /dw / f(z;y)dy; 4) /dw / f(@sy) dy;
-1 2z -7 -1
2 22—z 0 2vy+1
)/dw / f(z;y) dy; 6) /dy / f(x;y) dr;
6 a2/4-1 -1 -
4 logo @ bl sin a
N [de [ faydy 8) [de [ Fey)dy
5 2(x—1)/3 x/2  cosI
2 2 3+2z—z7
/dw/f z;y) dy; 10) / / flz;y) dy;
Inz -1 z27
V3 24++/4—y? b sin @
11) /dy / fla;y) do; 12) /dw / f(x;y) dy;
—/3 19_42 /4 cos T
1 1+vV1—z2 3 2z
13) /dw / fzsy)dy; 14) /dw/f ;) dy;
1 e 1 T
1 2221 2 2z
15) /dw / f(x:y) dy; 16) /dw / f(xsy)dy.
S g 0 Vo

84. Bripasuth cyMMY TOBTOPHBIX HHTErpajoB Yepe3 OUH MOBTOPHbIH
HUHTerpal, NepeMeHUB MOPAIOK UHTEr pUpOBaHus:
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1 2y
/dy/f:ﬂydx—i—/dy/fa:y
0 y/2 L y/2
V3 w/2 2 z/2
/dﬂ:/fa7 y)dy + /dw / [z y) dy;
0 0 V3 z2—3
3 logzy 44—y

) /dy / f(w;y)daer/dy/f(w;y)dw
1371'/2 ’ sin 57"/2
/da:/ zydy+/dz/fzy
—7n/2 - /2 sin

85. BbluHcAUTL MOBTOPHBLIE MHTErpasbl, MepeMeHUB MOPAIOK UHTEr-
PUPOBaHUA:

'7
z- Ky ™

/dw/ (1 —y2)3/2 dy; 2/ sinz

0

/dw/a—y “dy, a >0, a >0;

4) /lda;/l(l—yz)ady, a > 0;
1

31}
Vics o
O/dy/lardxﬁ/da:/yy % dy.

¥z
86. [ycro ¢dyuwuusa f unrterpupyema no Pumany na orpeske [a; D).

llorkazaTb, 4TO b ) b
(/f(z) dz) < (b—a)/f2(z) dz

Yrazanue. MoskHO, Hampumep, BOCIOJb30BATbCA pe3yibTaTaMU
3afga4 6, 7, a) U pacCMOTpeTL HHTerpai

// 2 dx dy,
rae G = [a;b] X [a;b].

87. Mycts f(z;y) =1/y?, ecim 0<z <y <1; f(z;y) = —1/2%, ecin
0<y<z<l; f(z;y) =0 B ocransHbIX Toukax kBajgpara X = [0;1] x
x[0;1]. JorasaTb, 4TO CymecTBYIOT 00a NOBTOPHLIX HHTerpaa,

/ldz/lf(z;y)dy u /ldy/lf(z;y)dz
0 0 0 0
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U OHU He paBHLI APYT ApyTYy. JorkazaTh, uTo f He UHTerpupyema Ha KBaJ-
pare [0;1] x [0;1].

88. Mlycts f(z;y) =y, ecan & — pauuonainHoe uucio; f(z;y) =0,
ecii & — HepauuoHaibHOe yncio. [lokasaTh, 4To f He MHTErpupyema Ha
npsiMoyroiphuke [0;1] X [—1;1] u 4To cymecTBYeT OJUH U3 MOBTOPHBIX

I/IHTeraJIOB 1 1 1 1
/dw/f(w;y) dy, /dy/f(x;y) dz,
0 —1 —1 0

a Apyroil He CYILIECTBYET.

89. Mlycts f(x1;22) = 1, ecu x; = pi/q, rne p; < ¢, pi € Z, p; >
>0, g€ N, p;/qg — HecorpaTuMsnle apobu, i = 1,2, u f(z1;22) =0 B
oCTallbHbIX ToYKaX. IokasaThb, 4To, XOTA f He MHTErpupyeMa Ha KBajapa-

e [0;1] x [0;1] (samaua 22, 4) storo maparpada), CylleCTBYIOT paBHble
Me#sy co00ii MOBTOPHbIE UHTEr Pailbl

/ldxl/lf(wl;xg)dxg u /1d372/1f (z1;22) dy.
0 0 0 0

Boiuucnurs gBoiinble uHTerpaist (90-94):
90. 1) //(arsiny+ycosa:)da:dy, G = [0; g} X [0; g},
G
2) //%da:dy, G={0<z 2*<y<z*}
G
3) //$2y2 dx dy, G orpaHuueHo quHuAMU ¢ = y2, T = 1;
4) //aryzda:dy, G={2>+y?><a? z>0}
G
5) //(x3 +y’)dedy, G ={a* +y*> < R?, y >0}
G
6) // (z + 2y) dx dy, G orpaHUYeHO NPAMBIMU § =, Yy = 2x, & =2,
G

z=3;
7) // (z® + y?)dr dy, G orpanuyeHo mpAMLIMU y = T, ¥ = T + a,
G

y=a, y=3a
8) [[VE=vdudy, G = {3 <y<a 1<y <4
G
9) // sinm(z —y)drdy, G — Tpeyroaruur ¢ BepmuHamu (—4;1),

(—L—1/2), (7/217/2).
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91. 1) //e“:_y dx dy, G orpanuyeHo npaMbiMU £ =—1, z=1, y ==,
y = 2m;

)//(Jf+y)dmdy, G={2?+y> <R* y >z}
G

)//:Uyda:dy, G={x?+42<25 3z+y>5}
G

)//fvdwdy,G:{weryQéZ -y’ <1, 220, y >0}
G

)//ydxdy,cz{ogygﬁ,x<6, y >3, y—x—2<0}
G

) [[@y-w)ydedy, G ={yly —2) <2 ale+y) <3)
G

) //a:Qdea:dy, G={y>0, zy <1, 22— 3zy + 2y% < 0}.

92. 1) // e dv dy G orpaHuyeHo JIUHUAMH Yy = xTtgx, Y = ,

‘) 3

AN

7T/2,

11 11
O/y/e dzx dy; 3) O/J/ysma: — 1) dz dy;

Z‘

1—-y

1
tg (y* +y) dy d; 5) 27" dy dy;
[l

6) /\/y2 —22dxdy; G orpanudeHo mpaAMbIMU y = 1, y =z, y =
G

= —Xx.

93. 1) //:c +y2)dedy, G={a<|z| <b a<|y|<b}, 0<a<h
/ |y|d:cdy, G—{l(;—f-y <1, x2+y221};
G
) [[@-z—y)dedy, G = {2y <o +y* <4);
G
)/ lzy|dr dy, G = {a®> < 2% +y? <}, 0<a<b;
G

) [Vl =ldedy, G = [-1:1] x [0;2].
G
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94. 1) // min{z,y}dzdy, G =[0;a] x [0;a], a > 0;
G
2) // max{sinz,siny}dzdy, G = [0;7] x [0;7];
G
3) // sign (2a — 2z — y)dz dy, G =[0;a] x [0;a], a > O;
G

4) // sign (22 — y? + 2)dzdy, G = {22 +y? < 4}.
G

95. 1) Oycro dyuruusa y = (), x € [a;b], 3anana napamMeTpudecKu:
z=at), y=p(), tEelt;t],
rae «(t) BospacTaeT W HenpepblBHO auddepennupyema Ha [t1; L],
alty) =a, alt)=0, B()=20 na [t1;t].
Oycrs G = {z € [a;b], 0 <y < ¢(z)}, a dynruua f(z;y) HeupepbiBHA

Ha (¢. Jloka3aThb, 4TO 5
¢

to )
ﬂﬂmwMWZ/dwﬁ/ﬂmew
G t1 0

2) mokasaTb, YTO ecily B JONOAHeHHWe K yciaoBuaMm 1) dyuruusa [(i)
HenpepriBHO guddepenunpyema Ha [t1;ls] u B(t1) =0, TO
¢

t
[[ f@yydedy = [o(tydi [ f(a(t); ()8 (s) ds.
G i i
96. BbluMcIUTb ABOWHBIE UHTEl PAJbI:
1) //(Z—j + Z—z) dz dy, G orpanuyveno muuuaMu z =0, y=0u z =
= asinct:, y = beost, t € [0;7/2];
2) // (r —y)dzdy, G orpaHnyeHo o0CAMU KOODAMHAT U OyTOi act-
G

pouarl & = acos®t, y = asin®t, 0 <t < 7/2;

3) / ydxdy, G orpanudeno apkoil unkiaounsl ¢ = a(t —sint), y =

G
= a(l —cost), t € [0;27] u ocbio Ox;

4) //ajdm dy, G orpaHuveHo KpuUBOH x = asin{, y = bsin2t, ¢t €

G
€ [0;7];
3
5) //my dz dy, G orpanudeno ocbio Oy 1 KpuBo# x = 3t — %7 y=
G

=2t — 12, t € [0;3];
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) // (z +y)dxdy, G orpaunueno ocoio Ox U KpuBoi x = 2t(1 — 1),

G
y=4t—13, te€0;2];
) //yz dz dy, G orpanunueno oceio Oz u KpuBoil z = sin(3t/2), y =

G
=sint, t € [0;7].

97. Ilyctn MuomecTBo (G orpanudeno ocbldo Ox ¥ apkoil [MUKIOH-
abl z = a(t —sint), y = a(l — cost), t € [0;2x]. TokazaTk, uTo

é/xy"dwdy:ﬂaé/y"da:dy, n > 0.

98. Tlycty ¢yuruua f(z;y) HempepbiBHa Ha KBaapaTe () = [0;1] X
x [0;1]. lorasarsb, 4yTo
1 1

lim —// zy(l—z)(1—y))~ f(w;y)dwdy:f(g;z),

a—)Jroo

rae J. :/( z(1 —z))% dz.
0
99. JlokazaTb, 4T0 dopMyJia 3aMeHbl IIepeMeHHOI0 B HHTerpale Io
orpesry (cMm. [2, § 6]) ABaseTcs 4YacTHBIM ciaydaeM GOPMYIbl 3aMEHBI
NepeMEeHHbIX B KPaTHOM WHTerpale.

B unterpaie //f(a:,y) dx dy nepefiTu K MOJAPHBIM KOOpAMHATAM U

3alMcaTb €ro B BUJe MOBTOPHBIX HHTErPaloB, pacCTaBHB MpeAedsl HHTEr-
PUPOBaHUA B pasHbIX mopsaakrax, ecau (100-102) Bce napamerpsl MOA0KU-
TelbHDI.

100. 1) G _{a 2 +y? <V}, 0<a<b;

2) G={a?+y° <a,y>w};

3) G ={a® <2®+y* <4d, |z| -y >0}

4) G={2’ +y> <2ay}; 5) G={(2®+y°)* < Q(x‘_y) > 0}
6) G={2*+9y*> < 2ax, y > 2} 7)G—{a 22 +y? < 2ay};
8) G = {(w T2 <ay(B3a2 — ), 730, y > 0

9) G={z +y2<a x+y+a<0};

10) 6= (2 142 <, y > V/l)

101. 1) G = {2? +y2<2aa: x +y2<2by}

2) G={(z-a)?+9y?><4a®’}; 3) G={0<2<a, 0<y<z};
4) G={- 2<x<0 x2<y<2—x},

5)G={zx2y>0, z+y <2}
6)G={0<y<1,y—2<w< —Vi}

T G={?+y* <2, y<2? 20}

102. 1) G = [O;a] x [05a]; 2) G = {2* +y? < 2ay < 2a%, z 2> 0};
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3)G={0<z<a, 0K a—a:}
4) G ={z? +y? < a?, 2* —|—y < 2az}; 5) G ={2z < z?+y* <2}
6) G = {2ay <o +y* <day, y > o]}y T) G = {s*/4— 1<y <z}

Mepeiias K MoagpHLIM KOOPAHHATAM, CBECTH MHTErpaibl K ONHOKpAT-
ueiM (103,104).

103. 1) //f(\/fc2+y2)dfcdy, G={z*+y* <=z > +y> <y}
2) //f( =) dedy, G = (VI <y<1
3) g/f:c +y)dedy, G={0<a <1, <y <Viek

4) //f(%) dz dy, G — MHOMKeCTBO, OrpaHHyeHHOe NeTyeil faeKap-
G

ToBa aucta z° + 4% = 3zy;

5) [[£(Y)dody. G={a®+y* < VBa, (2 +3) <9 )},
G

@ VaZ—z2 1 1
104. 1) _/adx 0/ F/ZZ+ ) dy; 2) /d:cz/f(g)dy;
4—y? VaZ-a?
3) /dy / (%)dw; 4) /dw / F@2 + ) dy;
-1 V3l

5) /adx/aﬂm)dy; 6) ]da:ff(ﬁ)dy.

1/V3
105. IokaszaTh, 4TO //f(%)dwdy = / (1+—i’t f(t)dt, rme
D ,1/\/§
D={4< (a® +y*)? <A(z® —y*), = 2 0}

BerumcauTh uHTerpa’ibl, mepefiifi K MNOJAPHBIM KOOpOUHATaM
(106-109).

106. 1) // cos(my/x2 +y?)dzdy, G = {z* +y? < 1};
)// d""d” , G={9< 2> +y> <25}

$+y

3) //|:cy|d:cdy, = {a® < @ + 4% < da?};
G
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) //wy‘zdxdy, G={z"+y><a’, = >0}
G

) //yze’”*fdxdy, G={e?+y? <1, 220, y >0k
//ln(x +y)dwdy, G={1<2*+y*<a® y> 0}
// (ax + by)dedy, G ={2> +y> <R, 2 —y <0}
G

8) //(w—i—y)dwdy,G:{w2+y2<R2,y—kw>O};
G

9) //signydwdy, G={2>+y? <1, y—kz >0}.
G

107. 1) //

//ydwdy, = {2 +y* <2z, z >y}
G

dxdy, ={2®> +y? < azx}, a> 0;

3) //dedyj G={2z2+y? <1, 2 +y? <2}

5) //xdxdy,G_{axga:‘—i—ynga 0}, a>0
G
6) // a2 -z —y?dedy, G={ay<2®>+y*<a® y=0, x>0},
a>00
//y2 dedy, G = {2z < < 6z, y < x}
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109. 1) //( dxdy) G orpanuyeno auHuaMu z2 —y%2 =6, z = 3;

2/

3) //a: dedy, G = {(z? +y>)2 < 2zy, z > 0};

G={(z*+y?)? <z>—9y% z >0}

4) //yda:dy, ={0<z< (2 +4y)%?2 <1, y >0}
_J3 2 2 2 )
5) //\/ﬁy_dmdy7 —{anga: <a y},a>0,
//Va’“ry dedy, G = {ax < 2 +¢* < a(z+ 22 +y?)},
a > 0. “

110. 1) Beruucauts unterpan //e_(xzﬂf) dedy, G = {$2 +y? <

<R 220,y 0}
2) JoKra3aThb HepaBeHCTBa

g\/l—e*“2</ xda:<—\/ — e—2a%,
0

+oo
(9] 7:E2
3) BbIUHCJIUTL HECOOCTBEHHBIH HHTerpajl / e dx.
0

111. Haiitu lim Z !

n—oo n? 42+ 52
JBIM 3HAUEHMAM { ¥ j TakuM, 4T0 § 2 0, j 2 0, i + 4% < n?

112. Oycts pynsnua f(z;y) HenpepbiBHA B KpyTe - +y2 < R*u
2m

, rAe CyMMa cocCTaBJ/leHa 10 BCeM Le-

:/f(rcosga;rsintp)dga, 0<r<R.
0

llorazatTs, uTo ¢pyuruua ¢(r) nempepoisua Ha [0; R).
113. TycTs ¢yukuus f(z;y) HenpepbiBHa Ha R> u
Gir)={a* +9*<r*), F)= [[ f@yydedy, r>o0.

HokazaTb, uToO:

1) lim &i) = f(0;0); 2) F(r) mudpdepenuupyema, u Haiitu F'(r);
r—0 7re

3) ecan 11111 r?f(z;y) =a #0, rae r = /22 + 42, TO
T—r+o0

lim M

ro+oo Inr

= 2ma;

?
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4) ecin hm rfz;y) =a#0, rme r =22+ 42, a <2, 10

r—4

lim F(r) _ 2ma :

r—s4oo riTa 2—«

5) ecau lir_P r*flz;y) =a #0, rae r = /22 + 42, a > 2, To Cy-
r—+00
wectByloT lim F(r) = F(+o00) u
r—-+00

. _ 2ma
lim r*"2(F(r) — F(4+00)) = .

rotoo (F(r) = F(to0)) = 5—
114. CoBepluuB 3aJaHHYIO 3aMEHY, 3allUCAThL JaHHbIM UHTErpal B BU-

e ITOBTOPHOI'O:

b
1) /d:ﬂagf(x;y)dy, rie 0<a<h, a<f,u=2z, v= %;

d ky—+b
2) /dy / flzyy)de, tne e<d, a<b; u=z—ky, v=1y;
4 ky+a
3) //f(:z:,y) dz dy, rae o6iacth G orpaHuyeHa MPAMBIMU T = MY,

G
x—ny,y—a 0<m<n, a>0; u=x+y, y=uv;

/ f(z;y)dxdy, rpe obaacts G orpannveHa OpAMBIMU T = 2y,

y = 2z, w+2y_2 2e+y=4; u=y/z, v=y/(2—x);
2—z

/d:z: / flesydy, u=a+y, v=z—uy;
—3—g

/ f(z;y)dz dy, rae obaacts G orpaHuyeHa JMHUAMU Yy = az’;

y=0bx’ zy=p, ay=q, 0<a<b, 0<p<q, uw=zy, v=y/r?

/ flxyy)dxdy, rne G = {— + F < 1}; T = arcosy, y =

=br sin’go;
) / f(z;y)dzx dy, rne obnacts G orpannvena aunuaMu € =0, y =

G
=0, VT+¥=+va, a>0; z=rcos*yp, y=rsin‘y.
115. IlpousBead cOOTBETCTBYIOWYIO 3aMeHY, CBECTU OaHHbI UHTEr-
pal K OJIHOKPATHOMY:

1) / fle—y)dedy, rie G={0<x<a, 0<y<a—z};
G

2) // flaz + by + ¢)dz dy, a® +b* £ 0;
m2+y2<R2
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3) //f(%) dzx dy, rie obaacts G, pacnonoxennas B [ kBagpaHre,
orpaHuueHa JUHUAMU Yy = a, xy = b, ay =z, by =z, 0 < a < b;
2 z—1
1) /da:/f(a:y)dy, //a:— flz +y)dzdy, G=[0;1] x [0:1].
1 0

116. VkaszaTb Tanue (popMynbl nepexosa K HOBbIM KOOpAUHATAM, YTO-
6l 061acTh (G cTajla B HOBBIX IIEPEMEHHbIX NPAMOYIOJALHUKOM, ecin G
OrpaHMyeHa JUHUAMU:

Vy=kx, y=kx—b, y=0, y=a,rne k>0, b>0, a>0;
2)z—-2y=0,2z—y=0,y=1, y=2;

N kzx—y=0,y=0, z=a,rne k>0, a>0;

) x2=0,y=0, z+y=a, rae a > 0;

SYay=a, zy=b, z —y+c¢c=0, z —y+d=0,rne 0<a <b, ¢<d;
6) y_pa:Q, y=qz, y=azx, y=br, rne 0<p<gq, 0<a<b.
117. TloxazaTb, YTO KPUBOIMHEHHBIA YeThIPEXYTOJbHUK, DPACIONO-

MREHHBIA B I1€PBOM KBaJpaHTe M ONPAHWYEHHBIH COMOKYCHLIMH JJIUII-

caMy U NEpPIEeHANKYIAPHBIMU UM TUnep0o1aMu

2 9 9 9
z” Y’ z Yy’

ch2a + sh2a ’ ch?% + sh2b ’ <a<o
2 2 2 2
x~ y_ x” y_ is
= =1 — — =1, O0<a<f<=
cos’a  sina 7 ocos’B sin’g ’ 2 2’
B BJUIMIITUUECKUX KOODAUHATAX U U ©:

x = chucosy, y=shusing, uwé€R, ¢el0;2r),

ABJIACTCA NIPAMOYTOJbHHUKOM.
118. Ilycts HoOBble KoopauHAaTh! (u;v) 3a1aHbl YPABHEHUAMH
o(z;y;u) =0, P(zyy;v) =0.
Owy) _ _ uthy
Ouyv) @by — Wy
119. Jloxa3aTh, 4TO Ipu Inepexoje K 060GIHIEHHBIM MOJAPHLIM KOOp-
ouHataM T = 708, y = rsin® ¢ AKo6UAH 0TOOpaMkKeHUA paBeH

J = ar(cosp sinp)

Horaszark, 4TO

a—1

120. Oycts ¢ynruua f uHTerpupyema no muossectsy G, cCUMMeET-
pPUYHOMY OTHOCHTeldbHO ocH Oz, u nycth f(x;—y) = —f(x;y) aua ao-
Ooix (z;y) € G. [lokasaTs, 4T0

/ f(@;y)dedy = 0.
G

121. lycre ¢yurumusa [ uHTerpupyemMa mo mMHomecTBYy G, cUM-
METPUYHOMY OTHOCHUTENbHO Hauyala KOOpAMHAT, U HYyCTh f(—x;—y) =

= —f(x;y). HorasaTs, uTo flx;y)dxdy = 0.
j
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122. JlokazaTh, uTo //|cos(a:+y)|da: dy = //|cos(a: —y)| dz dy,
rie G = [0;7] x [0;7]. ¢ ¢

1A 3aganubix GyHRIAA f U MHOMkecTBa (G ¢ MOMOIILIO MOAXOAAIIEH
3aMeHbl BBIYHUCAUTH UHTEr pal / flx;y) dxdy (123-125).

123. 1) f(z;y) =ay, G = {Iw+2y| 3, |z —yl <3k

2) flzy) = (2 —y*)%, G ={lz| <y <1}

3) flmy) = 1/(2%y?), G orpaHu4eHo mpsAMbIMU 3y =z, y = 3z, y =
=4—-5x, y=4—x;

4) flasy) =", G={0<s <1, 0<y< 1o

5) f(ﬂf;y)=(932—ZJZ)SiI”T(ﬂf—y)2 ={| | <z<1-yl}

124. 1) f(z;y) = x +y, G orpanuyeHo IMHUAMHU Ty = a, zY = b,
y=z,y=x—c, raeld<a<b 0<g

2) flzy) =92 G={1<2y<3, 0<z<y< 2}
) flzyy) = e**/v’ | G orpannueno mHMAME y =z, y = 27, y = z%;

4) f(zyy)==x/y, GorpaaneHo napaboaamu y =z, 8y =22, z =y,
8z =y,

5 flyy) =2t -y, G={2>0, 1 <oy <2, 1 <2? —y? <2}

125. 1) fziy) = VIZR]@ g0, G = {a?/a® + 52 /0* < 1)

2) flmy) = Ve +y, G={Ve+ iy <val

3) flmy) =(+y)? G={z>0,y>0, (z+y)! <2®+y’}

4) flzy) =2z, G={z >0, y>0, (z/a)*? + (y/b)*/® < 1}.

126. llycts dyuruua f(x;y) HeNpephlBHA HA MPAMOYTOJIbHUKE () =
= [a;0] x [¢; d],

2.

=S
>

l\D

= /f(w;n) dn, (z;y) € Q.

lorazaTs, uTO:
1) F(z;y) HempepbiBHa Ha ();

2) F(z;y) nuddepennupyema o y u %—z(w;y) = flz;y), (z;y) € Q;

3) ecay AOMOIHUTENLHO g—f HenpeprelBHa Ha (), To F auddepeniu-
pyeMa 1o = u w

)ZC/%(w;n)dn

127. IlycTh QYHRUMM ¢ U ¢ HENPEpPbIBHBL U YIOBIETBOPAIOT Hepa-
BeHCTBY (z) < ¢(x) Ha oTpeske [a;b],
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U nycTh GyHRIUA f Hel‘[peprBHa Ha G
F(z) = / @ y)d

HorasaTh, 4TO:
1) ¢yuruua F(x) HempepbiBHa Ha [a;b];
2) ecau cyuwecTBYIOT HellpepbiBHbIe mpousBoguele f'(z), ¢'(z) Ha

[a;b] u %(m;y) Ha G, To u F(z) uMeeT HeNpepbIBHYIO MPOU3BOAHYIO

Ha [a;b] u w(x)a
F'(a) = [ @)W () - f@p@)e' @+ [ 2L @y dy
()

128. Haittu F'(t), ecau:
D )= [[ eV dady, Q) = [0:4] x [0:1;
Q)
// Vgt dedy, Q(t) = {(z—t)2+ (y —1)2 < 1}.
Q)
129. Tycts ¢yuruusa f(z;y) HempepblBHA HA MUIOCKOCTU R27
F(t) = / flz;y) dx dy.
G(t)
Haittu F'(t), ecou:
1) G(t) = [0;t] x [0;¢], t > 0;
2) Git) ={z >0, y>0 r4+y <t} t>0.

o dzdy . .
130. Haiitu Llinoo t3/’ // T roe Q(t) = [05¢] x [0;¢].
131. OycTe dyHRIUA f(t,;z:) HelpepblBHa Ha miockocTu. Horasars,
4yTo GYHRKIUA ¢ eta(t—r)
utia)= o [ar [ fmede
0 r—a(t—T)
82u _ a2 82U

YAOBACTBOPAET BOTHOBOMY YPABHEHUIO — o flt;x).
132. BolyucauTh NMOBTOPHBIA HHTerpai:
3 2 Vael-y? 1 22 VI
1) /d;z:/dy / (Va2 —y?+2)dz; 2) /d;z:/dy / 3y?zdz;
10 0 0o 0 0
2z z+y
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133. B noBTOpHOM HHTerpaie, 3aMeHUB MOPAJOK UHTET PUPOBaHUA Ha
YKa3aHHEIN, pacCTaBUTh Ipejebl HHTErPUPOBAHUSA:

o VaZ-z2 h
1) /dm / dy /f(:r;y;z) dz, (z;y;2);
“a o=z 0

4 3-3z/4 2-2y/3—z/2

) 0/ dz 0/ dy 0/ flay;2) da, (2393 2);
2—z/2 2—y—

3) /2dfﬂ / dy /w/Qf(m;y;Z)d% (z3239);
0 0

0

1 11—z z+y
4) /da?/dy / f(zyy; 2) dz, (2;750);
0 0 0
1 1 224y
5) /de/dy / flzy;2)dz, @) (z;239), 6) (2;9;7).
0 0 0

134. Harerpan ///f(:c,y,z) dz dy dz 3anucaTb B BHUJe IIOBTOPHOIO

WIM CYMMbl [OBTOPHBIX C YKa3aHHLIM MOPSAAKOM (ClIeBa HalpaBo) W
YKa3aThb Ipefieibl UHTerPUPOBAHUS, eCIIU:

1)G={z20,y20,422>0, 2z +y <2}, a) (y; ) 6) (z;9;2);

2) obaacts GG orpanudena miockoctamu z =0, y =0, z=0, z + 2y +
+3z =3, a) (z;y;2), 0) (z;7;9);

3) G={a?/a® +y*/b* + 2%/ <1} (z3952);

4) obaacth G orpanudena nosepxuocTaAMu yZ +2z2° = 4z, x = 2,
a) (y;2;2), 6) (z3y;2);

5) obaacts G orpanudena mopepxuoctamu z = 2(z% +y?), 2z =1+
+27 + 9%, a) (z3952), 6) (y32;2);

6) G={z20, 220, 2 +y> <, ¥’ +22 <}, a) (y3259),
6) (z;2;9);

7) G ={2*+y? +z2 22, 2 +y* 2 2%}, @) (13y32), 6) (z3239);

8) G={y*+22<a?, y* +2> <1, 2 >0}, a) (w3y52), 6) (y;232);

9) G ={ly- 1)(37—2) 22, —z<y<w z<1}, a) (zy;2),
6) (z:9;7).

135. CpecTu uHTerpal K OJHOKpAaTHOMY MM CyMMe OJHOKpPaTHBIX:

)fdﬁidn/nf(C)dc; /du/udva du
0 0 0

) ///f(z) dz dy dz, oBnacte G orpaHuyeHa MIOCKOCTAMU = = 1,

14 Iloa pen. JILI.KynpaBuesa, T. 3
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y=0 2=0,y=2, z2=z+y;
4) ///yf(z) dz dy dz, obaacTe G orpaHuueHa NoBepxXHoOCTAMU z = 0,

G
2=y, x° +y° =2z
136. Ilycts II = [0;a] x [0;b] % [0; ¢]. Beruncaurs uHTEr passl:

1) ///($2+y2+zz)dxdydz; 2) ///zezsinydxdydz;
i i

3) ///(w—}-y)e’”‘ydxdydz.
i

137. BBIYMCAUTL UHTErpasbl:

1) ///wyzdxdydz, I =1[0;1] x [-1;1] x [0;1];

|
1 11 T T T
///xy—}-yz—f-zx)dmdydz 3) ///sin(x+y+z)dmdydz.
000 000
138. BbIYKCAUTL UHTErpanbl:
1) ///sm z+y)sinzdrdydz, I — npuama {0 < z < g, 0<y <
i
ég, r-y<z<ztyh
) /// (x + 2y + 32) de dy dz, 11 — npusma, orpaHuYeHHas IIOCKOC-
TaMu y =0, 2=0, z2=2, 2 +y=2, 22 -y +2=0;

3) ///(wy)zdxdydz, N={0<z<y<z<1}.
1

139. BbruucauThs UHTErpailn // f(z;y;2) dedy dz, ecan:
G

1) f(z;y;2) =y, G — nupamuia, orpaHudeHHas MIOCKOCTAMH T = (),
=0, z= 2x+y+z:4;
2) (x,y,z) =(1+z+y+2z) % obaacts G orpaHMyeHa MIOCKOCTA-

MUzZz+y+z=1 2=0, y=0, 2=0;

3) f(z;y;2) =x + z, obaacts G orpaHuYeHa INIOCKOCTAME & + y = 1,
r—y=1L x4+2z=1 2=0, x=0;

4) f(z;y;2) = 2% — 22, obnactb G orpaHuyeHa MIOCKOCTAMU Y = —,
z=x, 2=y, z2=1;

5) f(z;y;2) = zy, obaacte G orpaHuuena nosepxHocTAMmU z2 + y2 =
=1, 2=0,2=1, 220, y 20

6) f(x;y;2) = zyz, G — uyacth mapa z° +y? + 22 < 1, nekamasn
B I orTaure;

7) f(,z: y; 2 ) = /2?2 + 92, obmacte G orpaHuyeHa MOBEPXHOCTA-
mu z? +y? + 2%, 2 =1;
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8) f(:c, y; 2) = zy*x®, obaacTh G orpaHMyeHa MOBEPXHOCTAMU z = T,
y=z, z=1, 2=0;

9) f(ac;y;z) = zyz, obnacTb (G orpaHuyeHa MOBEPXHOCTAMU y = 2,
r=9y% z2=xay, z=0.

140. IlycTb usmepuMas o6aacTh (G CMMMeTPUYHA OTHOCHTENLHO KO-
opaunartHoi miockoctu Oxzy, a pyuruusa f nederna no z. JokaszaThb, 4yTo

/G/ f(z;y;2)dedydz = 0.

141. Ilyctb usamepuman obnacTb G CUMMeTpPUYHA OTHOCHUTEIBHO KO-
opauHatHo#l ocu Oz, a uHTerpupyemas Ha G ¢GbyHKUMA f HedeTHa MO
nape nepeMeHHrIX (y;z), T. e. f(x; —y;—z) = —f(z;y;2). Jorasarn, 9yro

/G//f(:r;y;z)dxdydzzo.

142. Ilyctb usamepuman obnacts G CUMMeTPUYHA OTHOCHUTEILHO Ha-
yaja KOOpAWHAT, a UHTerpupyemas Ha (G yHRUUA [ HedeTHa IO TpoOiike
nepeMeHHbIX, T. €. f(—z; —y; —2) = — f(z;y; z). Jorazartn, yto

/c/ f(z3y;2)dedydz = 0.

143. B unrerpane ///f(:r,y,z) dx dy dz mnepeliTu K chepruyecKUM

KOOpAMHaTaM M 3allicaTb ero B BMae IIOBTOPHOTro, ecC/iu:

G —{a‘<:r +y +2? < 4a?, y = 0};

2) G = {z* +y + 22 <R2y>0z 0, z+y = 0};
3) G={a? +y*+ 22 < R?, 2% +4% > 3%}

4) G ={2? +y* + 2% < 2az, 2% +y? > 2%},

5) obaacth (G orpannyena nopepxHocTAMHU 2 =z + y?, x =y, v =1,
y=0, z=0.

144. BeryucauTs WHTerpa’t // f(z;y;2) de dy dz, nepeitna & cde-
G

PUYECKUM KOOPIUHATAM, eClN:

1) flzy;2) = Va2 +y2 + 22, G—{l m—i—y + 22 < 8};

2) Flaiyiz) = of(R1+ (@ + g2 + 222, G = {z* + 9+ 2 < B2,
x>0}

3) flmyy;2) =2 +y? — 2%, G={1<2® +y*> + 22 <4, 220, y > 0};

4) f(z;y;2) = yz + zx, obaacte G pacnofioxeHa B [ okTaHTe U orpa-
HUYeHa NoBepxHocTAMU y = &, £ =0, 2 =0, 22 + y% + 22 = R%;

5) flosys2) = 2/(Va? +y? +2%), G={2*+y"+2> < R z 2
> (h/a)\/x? +y 21

6) flz;y;2) =Vz2 +y?2 +22, G={z +y? + 2% <z}

145. CBeCTI/I HHTEerpai K OfIHOKPaTHOMY:

14%*
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1) ///f (Va2 + % + 22) dz dy dz,
G={Vr2+y> <z< V222 -y}

2 ///f( )dxdydz G={ < +y", 2" +y* +2° <

< R?}.
146. BoprumcauTh WHTerpall ///f(ac;y;z) drdydz, nepeina K 1u-

JUHAPUYECKUM KOOpAMHATAM, €CJIU:

) flzyy;2) =22 +9y> 4+ 2%, G={2>+y* < R?, 0<z, 0<2< H};

2) f(z;y;2)=x +y + 2, obnacTs G orpannyeHa NOBEPXHOCTAMU T2 +
+y2=1,2=0, z+y+2=2;

3) flmyiz) =2 +4%, G ={(@" +y°)/2< 2 < 2L

4) f(xz;y;2) = z—x +y, obnacte (G orpaHdYeHa NOBEPXHOCTAMHU
ay =22 + 2%, y? =22+ 2%, a> 0.

147. [lokasaTb, 4TO IpU Nepexole K 0006IIeHHbIM CDEepUUYECRUM KO-
opAuHATaM

z =arcospcosy, y=brsinpcosy, z=crsiny

AKroBUaH oTobpameHns pabeH J = abcr? cos .

148. lycts G = {z%/a® + y*/b® + 2°/c* < 1}. BoluMcauTh vHTer-
pauIbl:

1) ///(—j+—~l— )dacdydz 2) ///ac +9?) dz dy dz;

149. Tycrb (z0;y0;20) € R®, 0 < R< Ry = /23 +y2 + 2%, G =
— {22 +y? + 22 < R?).
drdydz

BquI/ICHI/ITb HHTerpai /// 5 eCcJin:
J z—z0) + (y — ) + (2 — 20)%) 2/

Da=2 2)a=3 3)a=4 4) a#234

Yrkazanue. MoMmHO BOCIOIb30BAThCA INOBOPOTOM CHUCTEMbI KOOpOHU-
HaT " liepexoaoM K HUJIUHIAPUYECKRUM KOOpAHMHaTaM.

Beruvcauth uHTeErpan ///f(ar,y,z) dx dydz, ucnonb3yd moaxond-
G

uryio sameny (150-152).
150. 1) f(z;y;2) =
x>0}

2) f(x;y;2) = 2, obnacte GG orpaHudeHa nopepxHocTamu R22% =

1

— 20 20,2 < 4
Ty O rrresd
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=h2(z2+9y?), z2=h, h>0;

) flwy)=a?—y*, G={a"+y* +22 <’ y 20, 220}

4) f(z;y;2) = Vy? + 22, obnacty (G orpaHHYeHa MOBEPXHOCTAMU
V¥ +22=R?, y+z=R, y—x =R, R>0;

5 flryy;2)=x+2, G={2+y>+ 2> < R?, 2 < /22 + 92

6) f(ﬂ?‘y; z) = xyz/(@® + 22 +y° +2%)%, G = {2? +y% <’ ¥ +
+22<a?, 220,920, 2> 0};

7 f(a:,y, ) = /x? + 42, obaacts G pacnonosiena B | okTaHTe u

orpanuyena nosepxHoctamu z =0, y =0, 22 + 4% = a?, az = 2% — ¢?,

a > 0;
8) flzyy;2) =22 G={a®+y>+2> <R, 2% +¢*+ 2% <2Rz};
0) fw9:2) = leyl/o?, G = (VETFE <2 < /T- 27 52},
151. 1) f(z;y;2) = zyz/(2® +y* + 22)%2, G ={(2® +y*> + 22)%/2
Ldzy, 20,y >0, z 20}
2) f a:y,)—z\/:ﬁ—l—y G—{:c —I—y <2z, 0< 2z <yl
3) Fwyiz) =22, G ={(30 — 47 <y + 2 < 2}
4) flzyy;2) =2, G={3(z* +9?) <2, 1 -2 —y® > 2}
152. 1) f(zyy;2) =1/ ((z+y)z+y+2), G={l<z <2 1<
<zr4+y<d l<z+y+z<b)

2) flwiy;2) = (»T —y)(z+$ —y) G={z—-1<y<z, l-2<
<y<2—z, 1—22+4° <z<y — 2%+ 2z};
3)f(a:,y,)_wyz G ={z <yz < 2z, y<zm<2y,z<wy<2z},

4) f(x;y;2) = 2, obnacts G orpaHndeHa MOBEPXHOCTAMHU 2 = ay?,
r=by?, y>0, z2=ax, 2=0z, 2=h, r1e 0<a<b 0<a<fB, 0<h;

5) f(z;y;2) = zyz, obnacte G pacnonomkena B [ okTaHTe U orpaHu-
YeHa MoBepXxHOoCcTAMU mz = x° + 2, nz = 22 +y2, zy = a?, zy = b,
y=oax, y=pfxr,rie 0<a<b 0<a<f, 0<m<n.

153. Haiitu cpennee 3HaueHue ¢pyuxuuu f Ha obractu G, eciu:

D flmye)=a®+y° +2° G={a> +y* +2° <oz +y+z}

2) f(zsy;z) = exp/a?/a® +y? [0 +22/c?, G = {z°/a® +y*/b° +
+22/c? < 1}.

154. Breluucautbs uHTerpai ///w’"y”zpdwdy dz, roe G = {z* +
G

+y2+ 22 <1}, m, n, p — uenble HeoTpULUATEIbHBIE YKCA.
155. BripasuTb depes 3Hauenua ['-pyHruuu uHTerpan Jupuxie

///wpyqz”(l —z—y—2)dxdydz,
d

rae G={z>0,y>0,2>0,z+y+2<1}, p>0,¢>0, r>0, s>0.
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Yrazaunue. MomHO BOCIONb30BaThCA 3aMeHolt x4+ 1y +2 =&, y+
+2z=4&n, 2= &nC.

156. Iycts X u U — U3MepUMbIe MHOMKECTBA, (p — 0TOGpameHne X
Ha U ¢ TakUMM e CBOCTBAMU, Kak U B TeopeMe 7 1. 3 5Toro naparpacga.

HorazaTs, uTo:

1) cymecrByer raxoe 6, uto 1nf |det ©'(x)| < 8 < sup |det ¢'(z)| u

zeX
w(U) = 0u(X);
2) eciu X — CBA3HOE MHOMECTBO, TO CYLIECTBYET Lo € X TaKoe, 4TO

u( )=|dets0’(:vo)lu(X)-
157. Haiitu /// axayaz (z;y;2)drdydz, nonarana G = [ai;asz] X

X [b1; b2] % [01702]
158. Tycts gynkuua f(x;y;2) HenpepbiBHa Ha muaunape 2 + y? <
< R%, 0< z < H. Jlokasarb nenpepbiBiocTh Ha [0; H] dyHKuum

F(z) = // f(z;y;2) de dy.
22y a2
N dF
159. Tlycre dyuxuusn f(r) nenpepoiBHa npu r > 0. Haittu = The
Ft) = /// f(WVz? +y?+ 22)dedydz.
z2+y2+22<t2
160. Tlycte dyuruusa f(x;y;z) HenpepblBHA HA 3aMEHYTOH o6Jac-
™™ 2 2 /2? + y2. Haiitu ij_l,:’ rae
F@)= /// flzyy;2) de dy dz.
Valdyr<aKt
161. Mycts GyHruus f(z;y;z) HenpepsiBHa mpu z >0, y >0, 2 > 0.

Hapitu —, rue

dt’ F(t) = /// flz;y;2)dx dy dz,
Gt

Gt)y={z>0,y20, 220, z+y+2z<t}

162. Tlycts dyuruusa f(x;y;z) nenpepeiBHa npu x >0, y >0, z > 0.
O°F

Fz;y:2 // F(€m:0) de dn
z,y,2)

G (x;y; ) = [0737] [O7y] [072]
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163. 3anucaTh uHTerpal oT ¢yHruuu f Ha MHoecTBe (G B BUie
HNOBTOPHOTO 110 BO3pacTaHUI0 HOMEepPOB KOOPAMUHAT, eCiIu:

) G={0< w1<x2<w3<$4<a};

2) G {1+:172+:173+;174<a 2120, 2220, 2320, 24 20}
3)G={r?+22+22<R% 0<zs <H}

1) G :{x1+x2<a,x3+x4<b2}

5) G ={z}+ 23+ 23 <a’23, 0< 2y < H}.

164. BoruucinuTh Ha MHOMECTBE
G={z1+za+a3+zy<a, 2120, 22 20, 23 20, z4 > 0}:

1) /d;z:l dzs dxs dzy; 2)/(:171 + 22 + 23 + 24)%dzy dxs das dzy, a2 0.

7

165. 1) llpoeputs, uto (x = (x1;22;T3;Z4))

a 1 2 T3 a a a a
/d:Cl/diL'Q/d:L'g/f(:C) dry = /dm4/d$3/d$2/f(:lf) dxy;
0 0 0 0 0 T4 3 zo

2) BeruncauTh uHTerpan us 1) mpu f(x) = 1.
166. 1) Mpoeputs, uto (x = (z1;T2;23;%4))

a—x] a—x1—T3 a—x]—Ty—2x3

/dml / dzs / dzs / flx)dxy =
0

a a—Ty a—T —T3 A—Ty—T3—2T2
= /da:4 / dzs / dzo / flz) day;
0 0 0 0

2) BorumcauTh uHTerpan us 1) npu f(z) =
167. Boruucaurs na muosectBe G = {0 <z < 22 < 23 < 24 < a}
UHTerpai:
1) /;171;1725173;174 dzy dxo des dry; 2) /(;171:172 + x314) dxy das dzs diy.
G
168. Boruucauth na Muomectse G = {x7 + 23 + 23 < R?, 0 < 24 <
< H} wunrerpan:
) /d:cl dzo dxs dzy; 2) /(:cf + 23 + 22 + 2%) dz1 dws dos dy.
G
169. Boruucauts Ha MHOmecTBe G = {z% 4+ 73 + 73 < a’z3, 0 <34 <
< H} wuHTerpai:
1) /d;rl dzs drs dzy; 2) /(:c% + 23 + 23) dz1 dzs dxs dxy.
G
170. Borumcauts na muomectse G = {z? + 13 < a?, 22 + 23 < %}
WHTerpai:
) /d:cl dxs dos dry; 2) /(:L'l + 22 + 23 + 24)? doy dos ds day.
G
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171. HOycts ¢yuruua f(z) venpepbiBHa Ha KyGe {0 < z; < a, i =
=1,...,n}. dokasaTs, 4T0

LTn—1

/dwl/dwz /_dwn 1 / flx1; s 2n) doy =
—/dwn/dwnl /dmszml, n) dI7.

172. Tycts dyuruua f(¢) HenpepbiBHA HA [O;+oo) JlorasaTh, uTo:

/dwl /dmg 17 dz,_1 171]‘(;1:”) dr, =
0 /f(t 1 dt;
/dwl/d$2 / dz,,_ 196 /1 flzy) dx, = nil)! O/f(t)t”—ldt;
) /dml/dxg... 7 o 7 lﬁ F(w:) dan = % (if(t) dt)n;
0 0 0 0 =1 0

Tp—2 Tp—1

4) /amldm17$2d$2... / Tp_1dT, 1 / flay)dz, =
0

0 0
2n l(n_1|/a _t2n lf()

0
173. lycth beHHuI/IH f(t) sempepniBHa Ha [0;4+00), G = {le <
<a, z; 20, ¢=1,...,n,. HlorazaTs, uTo i=1

/f(xl + ... +J3n) dxi...dz, = /f t" Lt

174. Nlycrs ¢dyuruua K (z;y) HempepbiBHA HA KBaipaTe
I? = [a;b] x [a; b] = [a; b2
O6osnaunm [ = [a;b], I" =1 x I, n > 3, u nycrs

Ka(z;y) /K 6K (. y) de,
Kpai(wiy) = [Kulz: K, y) dg,

I
(m;9) e I?, n>2.
HoraszaTh, 4TO

Kn(@sy) = [K@e)K(€:6) K(6niy) déy...dén,
n
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K1 (239) /K 5K (Gy)dé,  (w3y) € 12, myne N,
175. Bbrumeauts WHTerpambl no ky6y Q, = [0;a]” € R, n > 2:

n
1) 2dr, 1<k<n, p>0; 2) rpdx;
J+ gz

Qn
n n p
3) xdr, p>0; 4) zy ) dz, p>0;
Q[ ; ' Q{ (; k>
5) / eCr¥rttnln gy o £ 0, k=1,...,n;
Qn

2 T
6) Q/ cos” 5— (1 + ... + x,) dz.

176. Brruncauts uHrerpanst no nupamuge I, = {0 <z, < zp1 < ..
< r2 < <al:

)H[ dz; 2) H[ Z1Z2... T dx; 3) H[ z::xkdx

177. BoiuucauTh UHTerpafibl o mUpamuge S, = {Zxk <a, x4 2
>0, k=1,.,n}: k=1

n

n n /
1) S[ dz; 2) S{ ;xkdw; 3) S{ ;widm‘; 4) S{ (;%)1 zdx;
5) /(ixkydx, p = 0.

Sp k=1
178. Haiitu o0beM n-MepHOTO mNapalielenunena, OrpaHUYEeHHOIo
MJIOCKOCTAMHU n

Z%’%’ ==h;, hi>0, i=1,..n,
i=1

npu ycqoeun det(a;;) # 0.

179. Haiitu o6beM n-MepHOI NMUPaMUAbI
n

T .
Z—’gl, z; 20, a;>0, 1=1,..,n.

=1 ai
180. Cipepuuecrne KoopauHaTel B R™ MOAHO MONYyYUTh UHAYKTUBHO
cnenyromuM obpasom. IycTh
z=(T1;.;Tn_1;Ty) € R",
' = (x1;..;Tp_1) — TpoeRuMA T Ha R™. Dyers r' = lz'|, 1, ...
o o — cdeprdeckre KoOpaMHaTh B R™7T.
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HaGop (r';41;...;%n—2; ;) Ha3BIBAIOT YUAUHOPUMECKUMU KOOPOUHA-
mami To4kU = B R™.

CoBepllluM ellle OQHY 3aMeHY MO GhopMynam

' =rcos¥n_1, Tn=rsiny,_1,

OCTABIHA KOOPAUHATBL 41, ..., Yn_o HPEHRHUMHU. 3HeCh © = |&|, Yp_1 €
€ [-7/2;7 /2], AkoOuaH 3aMeHbl, OUEBH/IHO, paBeH 7. Toraa Ka#moi To4-
Ke I COMOCTaBIeHbl cieputeckue koopdunamol (7311} ...;%n_1), a8 AKOGU-
an nepexofa oT (Zy;..;Zn) R (r;¢1;...;¢n—1) paBen J, = rJ,_1, rie

Jp—1 — fAKoOHaH chepruecKoit 3aMeHbl B R 1.
BriBecTu:
1) dopmyusl nepexosa K chepuyeckUM KOOpAUHATAM

Tn =TSinYp_1,

T CO8 Yp—1 SINYp_2,

Tp_o = T COSYWy_1 COSYy_osSin, s,
Ty = 7 COSYWy_1...COSYa SIN Y,

T1 =7 C0o8Yp_1...COSYy COS Y1,

rae 1 € [0;27), ¥ € [~n/2/2, j=2, .0 -1

Tp—1

2) dopmyiy mis AroGuaHa mepexofia K chepHuecKUM KOOpAUHATAM

n
B R Jn =1 cos™ 2 4_1 08" 3 4 _s... cos® 1hg cOS s
n
181. HaiiTu o6beM n-MepHOTO mapa Z acf < R
=1
n—1
182. Haiitu o6beM n-MepHOTO HWIHMHAPA Z acf <R?, 0<
i=1
n—1

n’

183. HaiiTu 06beM 1n-MepHOro KOHyca Z xf <z%2?, 0<z, < H.

=1

2 — (e -
184. BoIyHCcIUTh HHTErpan /mn dr, z = (x1;...;2y), TAE

G:{nzlegRQ, 0< 2, <HJ.
i=1

n 2
185. Haititu o6beM n-MepHOTro 3JIUNICOUaa Z % < 1.
i=1
186. BoruncauTh MHTErpadl /(R2 —x} — .. —22)2dz, tie Q —

n
. Q
nap fo < R?.
=1
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187. llyets dyuwuua f(r) HempepbiBHa mpu 7 = 0. CBeCTI/I K OJHO-
KpaTHOMY UHTerpan /f Vr? + ...+ 22)dz, roe ) — map Zm < R%.
=1

188. Mlycts Q) :[ sal, Q(z) =1[0;21] x [0;22] X ... X [0;2,], 2z >0,
k=1,..,n, unycTs ¢yHruua f(x) HempeprlBHA HA (), * = (Z1;...;Zn),
U= (U150 Un),

F(z) = / fwdu, z€Q.
Q(z)
oF
awlawn ’

189. Ilycth dyukuMA f HempephIBHA U ModoMHUTeNbHa Ha [0;a], Q =

= [0;a]", = = (x1;...;Tn). Beruucaurs unTErpan

sz/(éfm)/éfm))dw, 1<m

190. Ilycts dyuxuusa f HempepuiBHa ua [0;1], @, = [0;1]". doxra-
3aTh, 4TO (= = (21;...;Tn))

lim /f(xlwg...xn)dxzf(O).

Haittu

N

n.

n—od

n
191. Ilyets S, = { Zxk <1, 2,20, k=1, ,n} Tloayuuts dop-
k=1

myay Hupuxne (z = (21;...;2,))
p1—1_pa— 1 L T'(p)T(p2).--T'(pn) >0 k=1
S/l'l To - Ty €T F(p1+p2++pn+1), Pk ) y ey 1O
192. Ilycts S, — Ta e mupamuzaa, 4yto u B sagade 191, f(t) —

HenpepelBHaA npu ¢ > 0 ¢dyuruua. Honyunte dopmyay JAuysuaan

/f 1+ o+ 2y) prlx”*l...mﬁ"’l dxi dzs... dzx,, =

F(pl)r(pn) / 4+pote..tpn—1
= )P e Pr—1dt, >0, k=1,.
T(p1+p2+.. +pn 1t P

193. TlorasaTh, 4TO BBedeHHoe paHee {cMm. [2, rua. III]) nousaTHe
HeCOBCTBEHHOrO HHTerpana B R' He PaBHOCHIBHO JaHHOMY 37€Ch ONpe-
JeJeHNIO. A MMEeHHO TPUBECTH TpUMep OJHOKPATHOrO WHTEerpaia, CXo-
JAIETOCA B TPEAKHEM ONMpeJeleHNr U PacXoffllerocs B MaHHOM 3[eCh
OTIpeIeeHIH.

194. Jorasath:

1) auHefHOCTH HECOGCTBEHHOrO WHTEr PAIa;

2) agJUMTUBHOCTL HeCOOGCTBEHHOIO HHTErpaja [0 MHOMKEeCTBaM;
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3) eciu f < g Ha G U 0Be GYHKIIMU UHTerpupyeMbl Ha G B HecoOCT-

BEHHOM CMI:ICJIe, TO
[f@de < [g(a)da.
G G

195. [Iycte dyHKUMA f UHTerpupyeMa B HECOOCTBEHHOM CMBICTE

Ha G, 2 — oTkphlTOe U3Mepumoe nmoamHoxectBo (. JlokasaTh, 4TO
/f(m)dm— /f(a:)dm: / f(z)dz.
G Q G\Q

196. okazaTh, 4TO UHTErpan /f(a:) dz CXOOWUTCA TOrga U TOJILKO

G
TOr/la, KOrja A Ji060i nocieqoBaTelbHOCTH MHOMeCTB Gy, k=1,2, ..

vcyepnbiBatouleil G, cylmecTBYIOT HHTer palbl
/ f@)de u lim / f(z)dz =0.
k—oo

197. Tlycts fi(z) = f(z), ecu f(z) 20, u fi(z) =0, ecin f(z) <
<0, nyets f_(z) = f(z), ecmu f(z) <0, u f_(x) =0, ecau f(z) > 0.

HokazaTb, 4TO UHTErpain /f(a:) dz abCoOJIOTHO CXOAUTCA TOra U TOJbKO

G
Torga, Korga CXooATCA MHTerpaJibl

/f+(m)dm u /f,(m)dm.
G G

198. Ilycts ¢yuxnuu f(z) u g(y) abcomoOTHO WHTErpUpyeMbl Ha
(a;b) n (e;d) coorBercTBenHo. JlokasaTh, 4To uHTerpan ot f(x)g(y)
Ha (a;b) X (¢;d) cxomutes u

[[ f@gly) dedy = /b /(@) de- /d 9(y) dy.
(a;b) x (¢;d) a ¢

oo o0
199. 1) HceaenoBaTh Ha CXOAMMOCTh MHTErpall //e*zy sin z dz dy;

00
2) OoKa3aThb, YTO CXOAATCA MOBTOPHLIE MHTEr paJIbl

oo oo oo oo
/dy/e*zy sinxdr u /dw/e*zy sin x dy
0o 0 0o 0

N MMEIOT OJMHAaKOBO€ 3HaA4YCHHE, HalTu 3TO 3Ha4eHHe,

a—+00
b—+oo O
HalTH BTOT npegesl M CpaBHUTL €ro CO 3Ha4dYeHHWeM TMNOBTOPHBIX WH-

Terpanos us 2).

a b
3) nmokasaTh, YTO cylleCTByeT mpeded  lim //e‘wy sinz dx dy,
0
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200. 1) HceaenoBaTh Ha CXOAUMOCTH MUHTEr paj
[oele )
// sin(z?® + y*) dz dy;
00

2) JoKa3aTb, YTO CXOOATCA MOBTOPHbIE MHTEr pajbl
00

[o.@) [o.@) o0
/dm/ sin(z +y*)dy wu /dy/ sin(x? + y?) dz
0 0 0 0
1 UMEIOT OIMHAKOBOE 3HAYeHWe; HAHTH 3TO 3HAYEHUE;

a b
3) JokasaThb, UTO CymlecTBYeT mpefei lim //sin(a:2 + y?) dz dy,

HalTH 3TOT Hpeledl W CPABHUTL €ro co 3HAaYeHHeM WHTErpailoB w3 2);
4) naiitu npemen lim // sin(z? +y?)drdy, rme G, = {22 + 1% <
n—o0

Gn
< 2mn, & >0, y > 0}, ¥ CPaBHUTH €ro ¢ npeeioM U3 3).
201. Ilyers f(z;y) = (2% — y*)/(2* + y*)?, 2 > 1, y > 1. llokasats,
4TO:
1) cxopATeA NOBTOpPHbIE UHTErPALI
+oo 400 +oo  +00
/ dx / flzy)dy u / dy / fz;y) de;
1 1 1 1
+o00 400
2) pacxoouTes ABOMHOM HHTerpan / / f(z;y) dx dy.
11

202. YxazaTh TaKkylo HeoTpULATelbHYIO QyHKuUiO f(z;y), ompene-
aennyio Ha (a;b) X (a;b), 94T0 ABOIHOI UHTErpan

f(z;y)dzdy
(a;b) x(asb)
CXOOUTCAHA, a OOJUH WUJIN oba u3s TMOBTOPHEIX HWHTerpaJ/ioB He CYyHeCTBYIOT.

HUcenenobats Ha cxopumocTts uHTErpadst (203, 204).

203. 1) // Ay g a2 > 1)
w-i-y

/ dx dy / _dzdy
J I+ +zy+y?) (1 +at+yhe
R2
204. 1) // de dy -~
2 Al +[ul”)

dx dy 8
— [e3 1 .
)//$a+yB,G—{x>0,y>0,x +y? > 1}, a>0, >0
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dx dy _ .

2 // Gprppe: ¢ = lelrl> 1 a>0 5>0
z” da:dy _ )
Y // Atz ty)p’ G ={lyl <1};
_dady . -
%) // (x +y)r y G={y > 1+a%);

6) // da:dy , G={y >0, z—y > 1}

205. Hcenenoeath Ha CXOAMMOCTh WHTErpalbl, CUHTAfl, YTO (QyHK-
nua f Her[pepI:IBHa u0<m<|flz;y) <M< +o0:

8 // Lol o) [[ Rt 6= <y <)

(2 +y>+ 1) (xt+yh)e 7

fxydxdy 2 2
G={1+ 2+ .
3)// || y)a ! { z <y< JJ}

HccenenoBars Ha cxopumocTh HHTerpaisl (206-210):

// smxcosyd dy.

207. //smx +yt) dz dy.

208. // sin(z? + y2)* dz dy.
z24+y221

dx dy dx dy
SO T S YV
2 2y 2 — zy + y2)@
z2+y2<1 vty [z|+]yl<1 ( v+e?)

3) // 1_?(?5, s ) // %'

z24y2<1 o<y<z<a
210. 1) // dz dy ,G={z>0,y>0, 2% +y° <1}, a>0, B>0;
* +yP
)// dxdy ,G={z>0,y>0, z+y<1}, a>0, 3>0, p>0;
xa+yﬁ ) b b b ! b
3)// de dy G={z>0,y>0, 2°+y% <1}, a>0
1—.’Ea—.'L'B)p 3 ’ 3 )
8 >0, p>0

211. UccnenoBaTh Ha CXOOMMOCTL HMHTErpafibl, CYUTad, 4TO (YHE-
uusa f nenpepbiBHa U 0 < m < |f(z;9)| < M:



$8. Kpamuwi unmeepas Pumana u ez2o ceoticmea 223

11
flziy) . // _flzy) .
) //|$—y|p dz dy; 2) l—x— (=TT dz dy;
00 || +lyl<1
3) / / ) da dy.
24yl
212. Mycre ¢yHkuua f(z;y) HenpepblBHA Ha NPAMOYTOJbHUKE
[a;B] % [c;d], a dyukuua g(z) HereprBHa Ha orpeske [a;b]. [loka-
(z;y) dudy
3aTh, YTO A p < 1 CXOOWTCA WHTerpan // e
ly — g(x)P

HcenepoBars Ha cxopuMocTb uHTerpaisl (213-217).

dz dy a2 2 2
213. 4/—(x2+y2)a, G={z"+y* <1, 0<z 0<y <2’}

dx dy _

¥

215. //% G={Vi+y<l}

v

216. // +y 7y dz dy, ecau:

1) G :{0<m<y<1}; 2)G={l<z<y<+oo};
I GE={0<z<], 1<y < +oo}.

217. // sin(z? + y?)* dz dy.
224921

218. IlycTh GyHKIUA {4 HENpEepbIBHA B 3aMbIKAHUH G O paHHUYEHHOI
usmepumoii obnactu G, N(&1;¢) € G, M(z;y;2) € R,

IMN|=(z-2+@y-n>+(—0?2 r=vz2+y?+z>

NokazaThb, 4TO

// PEBR S = 2 [ wem: Q) ds dndC + o(1fr)
d

Boruncauts unTerpanst (219-228).

219. //M. 220. // d“"dy
1+ 22 +y%) (22 4+ y%)

ery >1

221. / drdy 999, // dvdy
TPyl (x +y)P
zy>1,2>0 O<y—z<l,z>1
// % 224. // e =) dy dy.
Tt +y°

y>a24+1 0<z<y
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225. // e~ ") cos(a? + y?) du dy.
226. // e~ (@ +v") gin(2? + y?) dz dy.

227. e~ @@ +¥*/6) qu dy.
x2/a’+y? /b2 >1
228. // e~ @2yt g gy,

229. Ilycte € € (—1;1). Beiuncaurs unrerpain
// pye— @/ 252/ (D) +*/Y%) g gy

230. Mycts a(z;y) = Az? +2Bxy+ Cy? + 2Dz +2Ey + F, raoe
A>0, A= AC — B? > 0. Beluucauth unTerpai

// e @V dy dy.
R?

Boruneantsb uHTerpaisr (231-239).
231. // d””dy  p<1.

x +y
ery <1
232. // da:dy.
x? +y-
ery <1
dx dy
. 1.
233 // Aoar e @<
ery <1
dx dy z? y?
234. // : G:{x>0,y>0,—o+—o<1}.
1—x%/a® —y2/b? a® b

235. // _dzdy 93, // YT drdy.
Nz R

a2 4yl<2y Iz <y<1

i dad
237, 0//\/#

238. //lnsin(x+y)dwdy, G={z>0,y>0, z+y <=}

239. // YT drdy, 0<a<l.
(22 +y?)?

|z]*<y
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240. MuomectBo (G orpanuueno otpeskom [(a® + 1)%; (b 4+ 1)?]
ocu Ox W ABYMA CNHUPAIAMH, 3aJaHHLIMH B HOMAPHBIX KOOPOMHATAX
ypapenuaMu 1 = (e +a>)* u r = (e¥ +52)%, ¢ >0, rae 0 < a® <
<P <a?+e™ -1, a>0:

1) naiiTi Bce a ¥ 3, IPH KOTOPLIX CXOAUTCH MHTErPall

223 .
g/(m + y° ) dx dy;

2) BBIUMCIMTH MHTerpan u3 1) mpu a = 1/6, 8 =1/2.
241. BbIUMCAUTD UHTErpad

= // e~ VY cos € cosyn dr dy.
RQ

Yraszauwue. Ilepefit or Koopauuat (z;y) u (&;7) K COOTBeTCT-
BYIOLIUM TNOJIAPHBIM Koopauuatam (7;¢) u (p; ).

242. [lycTh cXOauTCA UHTErpall

®(&n) = // (/&2 + y?) cos z€ cos yn dx dy.
R2

llokasatn, uto ®(&;n) = (/2 + 1?).

243. llycte dyuruma f wenpepeiBua Ha [0;a]. Jokasats, 4To

//Jaf)mijy__ «[ 1) dy
0

HCIIOJb3YA CBeJeHNe HeCcoOGCTBEHHOTO IBOHHOTO HHTerpaJja K IIOBTOPHOMY.

244. TlpoBeputh, uto GyHrUud @(y) = —

N

eT ypasHeHruto Abean

ply) dy
T NI Y — T s
rae f — 3ajaHHas HenpepbiBHO Auddepenunpyeman GyHKUNA.
245. Jna T-dynkyuu u B-dynryuu:
o0 1
I'(a) = /e*“”mafldm, B(a;b) = /m‘“l(l —x)" d,
0 0
IOKAa3aTh 3aKOH ymHomenus (Arobu)
I'(a)T'(b) =T (a+ b)B(a;b),
MCTIONB3YA YTBep:#aeHHe U3 3a1a4u 198 1 noAXoAALyI0 3aMeHy HepeMeH-
HBIX.

15 Iloa pen. JI.LI.KynpaBuesa, T. 3
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246. JlokaszaTb, 4TO HUHTerpan

dx
/ T2 rae z = (21;...;2,) € R™, |m|:\/m’

Jz[>1
CXOAUTCA MPH @ > N U PacXOoOUTCA NpU « < n.
247. JlokaszaTh, 4TO UHTErpan

dz n ;
. . _ 2 2
/ e rae x = (z1;..;2,) € R™, |2| = /22 + ... + 22,
Je|<1
CXOAUTCA NMpU ¢ < 7 W PACXOAMUTCA MpPH & = M.

HcenemoBaTh Ha CXOAUMOCThL HMHTErPATBL, CYUTAs, YTO GyHKUMA [ He-
npepbiBHa U 0 < m < |f| < M < 400 (248, 249).

f(%% drdydz 2 ) 2
2 — .
48. 1) // T , G={2? +y> + 27 > 1}

2) /// P A G = (] + g+ J2] > 1),

+lyl + |2

flz;y;2) dedydz g2 .2 .2 .
249. 1) // T G= Ay 2 < 1)

2) /// (z; y, dalcd:l/d)zp7 G={22+y>+ 22 <1};

3) /// |j”yd;p, G={lal <1, Iyl <1, 2| <1, @ £y + 2k

4) /// _dtdvdydz o ¢ ST T2 <t < T < +oo).
g [t? — 22 — y? — 2?|P

250. Ilycte ¢yuwuusa f(z;y;2) HenpepsiBHa Ha KybGe @ = [0;a] X
x [0;a] x [0;a], dyusuun o(z) u ¥ (z) nenpepsiBHbI Ha oTpeske [0;al.
JlorazaThb, 4yTo npu p < 1 CXOAUTCA MHTErpai

/// (z;y;2)dzdydz
(Iy—w(w)l + 1z —(x))P
Brruucnute unterpane: (251-255).

[T [ dedyde
251. /// e

da:dydz _ 2 2 2
252. /// Ty G= 2> 1

253. /// __dwdydz o2 202 1)

(2 +y> + 27)
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. —(@+y*+2?) .
254 4{/6 V) dr dy d

255. ///xgyewyzdxdydz, G={z>0,y>1, 2> 1, zyz < 1}.

n 2

256. Tlyctb z = (21;...;2,), Alx) = Z w—ﬁ Beruucnuth uHTErpan
a*
i=1
/e_A(””)d:U.
RTL
257. Tlyete z = (z1;...;2,), Alz) = Z 0 T;T; — TOJOMUTEILHO
ij=1

onpejeleHHas KBaApaTUuHaA GopMa. BRIYMCIUTL MHTErpan
A@) .
RTL
258. BripasuTh ueped 3Hayenus I'-QyHuuu U B-QyHEOUM UHTer-
pasbr:

1) (r +y)Pe " Vdady, p>0;

2) (z? + yz)pe*“ﬂ*y2 drdy, p> —1;

0\8 0\8 0\8
0\8 0\8 0\8

/e @+v*+2°) o dy dz, p > 0;
0

4) (22 + y?)P(1 — 2? —yHdady, p > -1, ¢ > -1, G = {x >

QQ

>0, y>0, 22 +y? <1}
) [[] ot p< L G = (P 4P 4 2 <),
G

C—o =y =)

OTBETHI

1. 1) ab(pa+ gb)/2; 2) a®b°/4; 3) (1 —eP*)(1 — ) /pg;
4) ab(pa® + qb*)/3.

2. 1) s;, =—20/n, S,, =20/n, I =0;

2) Sp = l) sh2shl 73/(2,”)’
n? sh(1/n)sh(1/2n)
2 sh2sh1l 3/(2n . .
Sro == sh(l/n)sh(l/%)e /G2n) T =4sh2shl;
3) s,, =—8/n, S;, =8/n, I =0;
4) sT =20(n—1)(2n-1)/(3n?), S., = 20(n+ 1)(2n + 1)/(3n?),
I=40/3
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3.1)a) 0 = 2,164, A = 2,168; 6) S = 2,270, A = 1,084;
2)a) o= 0217, A =05 6) S =—0,125, A = 0,25:

3) a) o = 0,251, A = 0,158; 6) S = 0,231, A = 0,079;
4) a) 0= 0402, A=0,198: 6) S = 0,364, A = 0,099.
4. 1) a) 0 =0,515, A =0,197; 6) S=0,515, A =0,099;
2)a) 0 = 0,549, A = 0,111; 6) S = 0,548, A = 0,056;
3)a) o= 0502, A= 0,147 &) S = 0,501, A = 0,074,
5.1) n(l—}-%e‘vpz"‘qz);

2-— Vp +¢ 75/71'. £ . 8¢
3) ﬁ(l ); 4) 5 5) o

) 0; 2) 0,3; 3) 107/21; 4) 0; 5) 0.
)

71
eD) /f(a:)da:
x(1)

71. f(0;0).
75.1) 0; 2) —(e —5e~1)/2; 3) 1/9; 4) |sinz|*/3; 5) 8.
85. 1) 8/15; 2) 2; 3) a®@tV) /2(a + 1); 4) 1/(a+ 1)(a + 2); 5) 2/15;
6) 7/28 — 16/2205.
90. 1) 72/4; 2) 1/15; 3) 4/27; 4) 2a°/15; 5) 4R5/15; 6) 76/3;
7) 14a*; 8) 31/30; 9) —(457 — 10)/(672).
91.1) 2ch1—2; 2) 0; 3) 135/4; 4) 1/+/2; 5) 255/4; 6) 0
7) (In2)/6.
92. 1) 72/32; 2) (e —1)/2; 3) (cos1—1)/3; 4) Incos(1/4);
5) (e —1)/2; 6) /6.
93. 1) 8(b* —a")/3; 2) 20; 3) Tm; 4) (b* —a')/2; 5) (10 + 37)/6.
94. 1) a®/3; 2) 8 3) a®/2; 4) 47/3 +41n(2 + V/3).
96. 1) mab/8; 2) 0; 3) 5ma®/2; 4) wma®b/4; 5) —243/70; 6) 0;
7) 16/45.
1/V2
103. 1) / (arccosr — arcsinr)r f(r) dr;
0

21.1
68. 4

3n/4
_ l cos 230 sin 2¢p
2) 2 / sin f( 2 )d%
/4
2/V3 2 1
0§ [ et [ (5w )es?an
0 2/v3
9 /2 9
9 sin’ . sin"2p .
4) 8 /f g(p (cos? ¢ + sin® 30) e
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—n/6 w/6
- / fltgy)cos2pdp + 3 / f(tg ) cos® pdp+
—n/4 —n/6 ﬂ./4
2 /f tg ) cos 2 dep.
/6
; o) 7
¥ .
104. 1) 7r/ / S e 3) 2 / Ftg ) dy;
0 —n/6
2
4) 2 érf(r )arccos(rﬂ)dr
o/

av'2 av2
5) g / (r)dr—Z/rf r)arccos—dr

2
6) 2/COS SOf (cos ) dp.

106. 1) —4/m; 2) wln3; 3) 15a%/2; 4) 24d°/15; 5) 7/8; 6) wln®a;
7) ( a)RY; 8) ;S_k),m 9) arcctg k.

107. 1) 7a?/16; 2) —1/6; 3) (8 — 3v/3)/3; 4) (2 — 3v/3)/2;

5) Tra3/16; 6) 2a3/9; 7) (457 + 20)/3.

108. 1) w(Ind — 1)/2; 2) ©/3; 3) 3x/8; 4) 16v/2/15.

109. 1) (3v/3 — 7)/108; 2) 1/24: 3) ©/32; 4) 1/5; 5) (2V/3 — 9)a?/6;
6) (157 — 4)a3/9.

110. 1) w(1—e B%)/4; 3) /7/2. 111. (xln2)/4.

113. 2) f/f(rcos<p,rsin<p) de.
0
115. 1) %/(a—|u|)f(u) du;

2) ?/mﬂu-l-@du, e = RVa® + b2,

b 2
3) b;aa/f(v)dv; 4) 0/f(u)ln 1

—— du
1+vI+4u

116. 1) kz —y=w, y=v; 2) y=ux, y =v; 3) ¢ =u, y = vx;
Hz=ull-v), y=uv; D) u=zy, v=y—x; 6) y=uz’ y=oz.
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123.1
124. 1
125.1
128. 1

4; 2) 8/45; 3) (4+1n3)/2; 4) (e* —1)/2a; 5) 1/(4r).
e(b—a); 2) 4; 3) (e —1)/6; 4) 135/8; 5) 3/4.
27mb/3 2) 2a5/2/15 3) 7/60 1) 8a2b/105.

z // ;r—l—y d;rdy
t

129.1) [ f(tiy)dy + / flw;t) dw; 2) 5 / f(t;0) dv
130. 8(\25—1)/3. 132 1) 20; 2) 2/9 3)

185.1) 3 [ (@ 00 dc; 2) L /( w?) f (w) duw

0

\_/ e e e

3) (2—-22)f(z)dz + i/(2—z)2f(z)dz;

| =

O\»—t O\H

4) 1 -2%)*7f(2) dz

136. 1) abc(a? + b2 +¢?)/3; 2) c*(e* — 1)(1 — cosb)/2;

3) c(ae® + be® — (a + b)e?~?).

137.1) 0; 2) 3/4; 3) —8. 138.1) n/2; 2) 28 3) 1/126.

139.1) 16/3; 2) (8In2 — 5)/16; 3) 5/12; 4) —4/15; 5) 1/8; 6) 1/48;
7) 7/6; 8) 1/364; 9) 1/96.

144. 1) 637; 2) (w1n2)/4; 3) 317/15; 4) R?/15;

5) ma?R?/(3(a® + h?)); 6) m/10.

wl o

\/E
145. 1) 7r(2—\/§)/r2f(r)dr; 2) 27rR / f(tg) cosp dip.
0 —n/4
146. 1) 7R*H(3R? + 2H?)/12; 2) Tn/4; 3) 167/3; 4) ma*/12.
148. 1) 4wabc/5; 2) 4mwabe(a® + b2)/15; 3) w2abe/4.
o B 2 p2 Ry+ R\
149. 1) R&(NZ)R ﬂgRO R )m %%R), o
o + ) K 0o _ o+ LT,
2) 2”(111 Ro-R F@) RD(Rg—R2 In RU—R)’
4) 2w ( (Ro + R)éi(1 — (Ry — R)éi(1 _
(2 — OL)R[) 4 —

R (Ry+R)* ® — (Ry— R ©
0 3—a )
150. 1) (471n3)/3; 2) wR2R%/4; 3) 0; 4) 4wRY/3; 5) —mwRY/8;
6) (In3—1)/16; 7) a?/10; 8) 597 R°/480; 9) (3v/2 —4)/3.
151. 1) w/40; 2) 128/525; 3) 8n/5; 4) Tn/96.
152. 1) (In3)In5; 2) 55/72; 3) 27/32;

2 (1 1 1
4) 2_(\/‘ f)(—S B E)hg/z
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5) i(%—i)(b8 )(%__4_132 a2+21n§).

32
153.

154.

T T2 B
1) 6/5; 2) 3(e —2).

i (m—1)Y(n —D!(p—- 1)U
m+n+p+3 (m+n+p+D!

, €CIN M, N U P — YeT-

HbIe YHCJa; 0 — B ocTadbHBIX ClIy4dasXx.

155.
157.

159.

161.

162.
165.
168.
169.

175.

Fp+1I(g+ T (r+1)I(s+1)
Tlp+qg+r+s+4) )
flag;ba;e2) — flar;basco) — flaz;bisea) — flag;ba;er) +

+ flai;bi;¢2) + flar;baser) + flaz;biser) — flaws brser).
art?f(t). 160. / flz;y;t) dz dy.
o2 y?<t?
/ f(ziyit —x —y)dzdy, rne Q) ={z >0,y 20, z+y <t}

flz;y;2). 164.1) a*/4l 2) a®T1/6(a + 4).
2) at/24. 166.2) a'/24. 167.1) a®/384; 2) a/40.
1) 4rHR3/3; 2) 4mrHR*(9R? + 5H?)/45.

) 7aH'/3; 2) 27a®>HO/15.

) m2a?b?; 2) w2a’b?(a® + b%) /2.

) a™P/(p+1); 2) na™1/2; 3) na"P/(p+1);

1

ap+n L

k n eack_l
R e S P rE M U

6)

176.
177.

k=0 k=1
a/2.

1) a™nl; 2) a®™/(2n)lY; 3) a™T1/(2- (n — 1)1).
1) a™/nl; 2) na™/(n+ 1) 3) 2na™?/(n + 2)!;

2an+1/2 a P

Y ooy’ Y oo

178.
181.
182,
183.

184.
185.

1
186. —

187.

188.
199.

2"h1h2...hn|det(aij)|_1. 179. alag...an/n!.
mRQm 2m+17rmR'2m+1

s
Vam () = 5= Ve (B) = 5oy
11V,_1(R), rae V,_1(R) u3 sagaun 181.
%HVn,l(aH), rae V,,_1(R) us sagaun 181.

%H‘gVn,l(R), roe V,,—1(R) u3 zagauu 181.
ajaz...a, Vo (1), rae V,(R) u3a 3anauu 181.
Vit1(R), rae Viyr(R) u3 3agaun 181.

R
nVn(l)/r"’lf(f) dr, rae V,(R) u3 3anaun 181.

f(z). 0189. (m/n)a™
1) He cxonutes; 2) ©n/2; 3) n/2.

2
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200. 1) He cxoguten; 2) n/4; 3) n/4; 4) 0.

203. 1) CxomuTea npu « > 2, pacXomuTcs Mpu « < 2;

2) cxonutes npu « > 1, pacxogures npu « < 1;

3) cxonutes npu « > 1/2, pacxonures npu « < 1/2.

204. 1) Cxoputes, ecan Toabko « > 1 u 8> 1; pacxogutces B ocTallb-
HBIX CIydadx;

2) cxogutes, ecin 1/a + 1/ < 1; pacxoautes, ecan 1/a+1/8 > 1,

3) exomutes, ecin p > 0, 1/a+ 1/8 < p; pacxogures, ecau p < 0 win
p>0, 1/a+1/8 2 p;

4) cxoguTes npu p > 3/2, pacxogures npu p < 3/2;

5) cxonoutes npu p > 3/2, pacxogutcs npu p < 3/2;

6) cxooutes mpu p > 2, pacxoautcs npu p < 2.

205. 1) Cxoputea npu « > 1, pacxopures npu o < 1;

2) cxonutes npu « > 1/4, pacxonures npu o € 1/4;

3) cxoguTesa mpu o > 1/2) pacxoaurtes npu o < 1/2.

206. Pacxogutca npu qoboMm p.  207. PacxoguTcs.

208. Cxogutcsa npu o < —1, pacxoautes npu o > —1.

209. 1) Cxoputea npu « < 2, pacXOAUTCA MU « = 2;

2) cxonoutes npu « < 1, pacxogures npu a > 1;

3) cxonutes npu « < 1, pacxogures npu « = 1;

4) cxopures, ecnt o < 1 u B < 1; pacxomuTcs TNPH OCTANBHBIX
u g.

210. 1) Cxomutes npu 1/ +1/6> 1, pacxoguteanpu 1/a+1/8<1;

2) cxogures npu 1/a+1/8 > p, pacxogutesa npn 1/a+1/8 < p;

3) cxoautes npu p < 1, pacxoantes npu p > 1.

211. 1) Cxoputes mpu p < 1, pacxogutes npu p = 1;

2) cxoautes npu p < 1, pacxoautcs mpu p > 1;

3) cxoautes npu p < 1, pacxoautcs npu p > 1.

213. Cxognresa npu « < 3/2, pacxopures npu « = 3/2.

214. Cxoautea npu « < 2, pacXoduTcA, IpU « > 2.

215. Cxogutea npu « < 3, pacXoOUTCA NpH « > 3.

216. 1) He cxonures; 2) He cxoauTcs; 3) CXOAUTCA.

217. Cxoputes npu mobeix «. 219, x. 220. n/(p—1), p > 1.

221. 1/(¢-D(p—q), p>q> 1.
(3/2)°"P -1
222. , p> 1, 2: In\/3/2, p=2.
p-D@ e P L P A% 32 p
223. m/2v2 — 2. 224. 1/2. 225. 7/2. 226. 7/2.
227. wabje. 228. 27/V/3. 229. —wa?b?e/(2(1 — £%)%/2).

230. = exp (AE' _2B£E+CD' ~F). 231 7/(1-p).

VA
232. w/2. 233.7/(1—«). 234. wab/2.

235. 4. 236. 7/2. 237. ra. 238. —%_ In2. 239. ra/(1l — a).
240. 1) 2a(8 +1) < 1;
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2 (b+vb+1)” 3 5 )
2) 3( (HW) VI VET).
2ma
(@
248. 1) Cxogutes npu p > 3/2, pacxogures npu p < 3/2;
2) cxomguted, ecmn 1/p+1/g+1/r < 1, pacxomutca, eciu 1/p+
+1/g+1/r > 1.
249. 1) Cxogutes npu p < 3/2, pacxomures npu p = 3/2;
2) cxonutes npu p < 1, pacxogures npu p > 1;
3) cxoaures npu p < 17 pacxonuTcd Ipd p = 1;
4) cxomutes npu p < 1, pacxomutes npu p > 1.
251. 1/(1-p)(1—q)(1—7), p<1l,g<1, r<1.
252. 47 /(2p — 3), p>3/2. 253.47/(3 - 2p), p<3/2. 254.7%/2.
255. (e —2)/2. 256. ajas...a,7"2. 257. (7™ det(as;)) /2.
258.1) D(p+2); 2) 00+ 1 3) 2-0(55);
4) TB(p+1ig+1); 5) 27rt3*2pB(§,1 - p).

§9. N'eomeTrpHyeckne U pU3NUYECKHEe NMPUIOHEHUA KPaTHBIX
WHTerpalioB

CNPABOYHLIE CBEAEHUA

l'eomeTpuuecKkHe NPWIOHEHUA KpaTHBIX HHTerpaiaoB. Mepa
pG uzmepumoro no FRoprany MHomecTBa (¢ BhIUHCAAETCA N0 GhopMmyde

(z€RY) pG = /dm. (1)
e}

B R? — s10 naomanb, a B R? — obbem:

S://dxdy, (2)
G

V:///dmdydz. (3)
G

Iycrs B R® sagana nopepxnoctb S Kak rpaduk HempepsIBHO Audde-
PEHLHPYEeMOil Ha 3aMKHYTOM H3MepUMOM MHo#ecTBe G € R® dhyHKIMU
z = f(z;y), (x;y) € G. llnomwanps o Takroil NOBepPXHOCTH BBHIYUCAAIOT M0

dbopmyae
m U_//\/ (g—i) dz dy. 4)

Ecan nosepxuocth S 3agaHa HefiBHO ypaBHeHueM F(x;y;2) = 0,

roe F' — HenpepbiBHO auddepeHuupyeMan GYHKUUA, U ?9—F (z;y;2) 0
V4
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A 10608 TOUKM MOBEPXHOCTHU, U ecld S B3aUMHO OJHO3HAUHO MpPOeK-
TUpyeTcA Ha miockocTs Oxy B uaMepumylo obaacts G, TO

o= G G (Y e

Ecan [NOBEPXHOCTLb 3adaHa lapaMeTpuiyeCKd ypaBHEeHUAMU

r=x(u;v), y=ylwv), z=z(u;v)

¢ HelpephIBHO Aud depeHnupyeMbIMu QYHRIUAMY HAa 3aMKHY TOH U3Mepu-
Moii obaactu D C R“, To miomanb NoBepXHOCTU BRIYUCIAIOT Mo hopMyle

a://\/EG—FQdudv, (6)
D

_ {0x\? oy\? 0z\? or\? oy\? 0z\?
£=-(5) (&) (&) 65 &) +(5) o
P dade  Oydy  0:0:
T Oudv  Oudv  Ovdv

rge

(em. §11, (2)).

2. lpuoseHUA KpaTHBIX MUHTErpajoB K reoMeTpHH Macc ™).
OnHoll M3 (QUBMYECKUX XapAKTEPUCTUK IUIOCKONH MaTepuaibHo#l 06-
aactu §) (NpoCTPaHCTBEHHOrO, MaTepUaNbHOro Tela GG) fBIseTcs ILIOT-
HOCTh — HeoTpunareibHas pyHrnua p(z;y) (cooTBeTcTBEHHO p(T;Y; %)),
3anaHHas Ha () (Ha (G) u uHTerpupyemas Ha § (Ha G

HHorpa roBopaT Takie 0 Maccax, pacnpefeieHnbix Ha ) (na G) ¢
naotHoeTsio p(x;y) (p(m;y;2)).

Maccoii ninockoii matepuansHoit ¢urypel € ¢ mioTHoCTLIO p(T;y) Ha-

3bIBalOT BEIUYHUHY
M= //p(:v;y) dz dy, (8)
Q

maccoll MaTepuaibHoro tena (G ¢ MIOTHOCTLIO p(Z;y;%) — BEIUUUHY

M= ///p(:z:;y;z) dzr dy dz. (9)
€]

Henmpom macc Tenra G (MHOrAa rOBOPAT — ILEHTPOM MAacc, pacrpe-
neleHHbIX Ha () ¢ mI0THOCTBIO p(z;¥; 2) Ha3eIBalOT TOURY C' ¢ KoOpaU-
HaTaMU

1

T = %/J/w(m%@dmdydz, Yo = H/G//yp(:v;y;z)dwdydz,

2. = %///zp(w;y;z) drdydz.
a

AHaloruyHo Ollpele/IAI0T HEeHTp Macc IJIOCKOH 00JacTu.

(10)

*) Boabinoe uucio 3anay 1o 3Toil TeMe npuseseHo B [2, §9].
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Beanuunnr
My, =M., M, = Mgy = M, (11)

Ha3bIBAIOT cmamuyueckumu momenmamu Tena (G OTHOCUTENLHO KOOPIU-
HaTHLIX mockocTell Oyz, Ozz u Ozxy.

Jlist mocolt GUIypol alajoruyiio ONpeacisaloT CTaTUYCCKUC MOMCII-
THI OTHOCHTENBHO OCeil KOOpAUHAT.

Momenmom umepyuu Tena (G OTHOCUTENBHO OCH | Ha3bIBAIOT BelU-

Y I = // & pdx dydz, (12)
e]

Yeo

rae d; = di(z;y; z) — paccrosHue OT TOYRM (x;y;z) Tela 00 ocu |, p =
= p(x;y;2) — MIOTHOCTH Tena. B 4aCTHOCTH, MOMEHM UHEPLUL OTHOCH-
TeJbHO KOOpAUHAaTHOW ocu Oz BBIUHCIAIOT MO hopMylle

Ioo = /G/ (* + 2°)p(w; y; 2) d dy dz. (13)

Dopmyasr aast Iy, u I, ananoruussr (13).
[To dhopmyie, anasoruunoit (12), onpesedsIoT U MOMEHIbL UHEPUUL
IUIOCKOM (PUTYPBI, HAIPUMED,

I, = //yzp(:v;y) dx dy. (14)

Momenmuot unepyuu Iy, 1,,, I’, OTHOCHTENLHO KOOPAMHATHLIX IIOC-

Kocreii O:Uy, Oyz Ozx onpenelsiroT 0o GopMyam

///z pdxdydz, I ///medmdydz,
///y pd:vdydz (15)

Momenm urnepyuu Tena orHocuTeIbHO Touku Mo(zo;yo; 20) (momsap-
HBIH MOMEHT WHEepIMH) ONpPeAessioT 0 GopMmyiie

0 = // dir, p dz dy dz, (16)
G
rne dp, — paccTosHue oT To4KM (T;y;z) Tema no Touku My. B wact-
HOCTH, eciu My coBnajgaer ¢ HauyaioM KoopauHat O, To
I, = /// (% +y* + 22)p(z; y; 2) dz dy dz. (17)
G

3. HeroTopble npuiao;keHua K ¢usmre. Ilycts Ha miockoét o6-
nactu ) samana dyuxuus p(€;n). Jdoeapudmuyueckum nomenyuaiom B
Touke M (x;y) HAa3bLIBAIOT MHTErPai

u(@iy) = 5= [[wgm)nrdgd, (18)
Q
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rae 7 =+/(£ — )2 + (n — y)?. OYHRUMIO y HASBIBAIOT nOMHOCMbIO0 (Ha-
MpuUMep, INIOTHOCTh Mace, SIeKTPUYECKOro 3apfia).

Ilycts Ha npocTpaHcTBeHHON obiacTt G 3ajana gyHruusa p(€;n; ().
Hviomonosvim nomenyuaaom B touke M(z;y;z) Ha3BIBAIOT HHTErpai

u(z;y;z) = k/// M d¢ dn d(, (19)
G

rner=+/(E—x)2+ (n—y)2 +(( — 2)%, k= const (nanee k=1). Dynr-
IMIO0 p HA3bIBAIOT NAOMHOCMbI (HAapHUMep, MIOTHOCThL Mace, 3JIeKTpPH-
deckoro sapsna). ECId p — IIOTHOCTH Mace, TO HLIOTOHOB MOTEHIIH-
al — 9TO MOTeHIMal TPaBUTAIMOHHOTO MOJNA MarepuainbHoro Tena G.
Ecan HploTOHOB moTeHunan u(z;y;z) omnpeneieH B obaacTu §), To roBo-
PAT Take, 4To B () 3a1aHO M0Je ¢ HHIOTOHOBBIM MOTeHIHAIOM u(T;y; 2).
Hanpsacernnocmpio 3TOTO N0AA B TOUYKE M(x;y; 2) Ha3bIBAIOT BEKTOD

E(z;y;2) k/// IMNP p(&;m; C) dE dn d; (20)

37eCh
N=N(&n(), MN=(-a; n—y;(—2),

[MN| = V(€ —2)> + (n—y)* + (( - 2)%.
Jlns HaxosaeHusi cocraBafiomux Bekropa E cienyer GpaTh cooTBeTCT-
BYIOIIHE COCTaBIAIIMe BekTopa M N Mol UHTerpaioM.

Ilycrs norenuunan onpefenen mioTHoctsio p(€;1; (), 3aganHoit Ha 06-
gactu (G, ¥ myCcTh B mofe ¢ 3TUM MNOTeHIUAIOM HaxoauTcA obnacTts Gy
¢ 3allaHHON Ha Heii MIoTHOCTLBIO p1(&1;m; (). Cuaod, deticmsyowel Ha
(G, Ha3bIBAIOT BEKTOD

F = é//E(&Hh;Q)Pl (&sm; Cr) d€y dmy dys (21)

3lleCh, KaKk U Bblllle, clelyeT OJHOBpeMeHHO OpaThb B JeBOH WU NIpaBoi
4acTAX OJHOMMEHHbIE KOMIOHEHThI BerTopoB. CrtfruBasa obiacts G
K ee BHYTPeHHEH TouKe (Zg;yo;20) W HU3MEHAA [PH 3TOM IUIOTHOCTH
p1(&1;m1;¢1) Tak, 4To6bI MHTErpal

a= ///p1(§1;771;C1)d§1 dm dG
Gy

HMell MOCTOAHHOE 3HaueHHe, NMPUXOOUM K 0O0OMIeHHbIM MOHATHAM TH-
na MarepuanbHoit Touru Mo (xo;yo;20) € Maccoil m = a WK TOYEUHO-
ro 3apfja BEJMYUHLI ¢ = o ¥ T. . B atux cayvaax dopmyaa (30) aaa
CUJIBI YTIPOIAeTCA; HapPUMep, B TPaBUTALIMOHHOM WU 3JIeKTpoCcTaTHYeC-
KOM T0JIe COOTBETCTBEHHO UMEEM

F = mE(20;90;20), F = ¢E(20;0;20)- (22)
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NMPUMEPEI ¢ PEWMEHWUAMMU

Dpumep 1. JorasaTsk, 4TO JorapudMUYeCKUi IOTEHI[HAI IOCTOAHEH
B MOJIOCTH KPYTOBOIO KOMbIA, €CIU ero IIOTHOCThL paBHa u(r), rge r —
paccTofiHde 10 LeHTpa Kojbla.

A llycts Ry u Ry — BHYTPEHHHUI YU BHENIHUN paauychl KOJbIIA,
nycTh TouKka M pacro/ozseHa B MOJOCTH KoJbla HA PACCTOAHUM p OT €ro
nentpa, 0 < p < R;. 3a Haualo KOOPAMHAT BO3bMEM LEHTP KOMAblld, OCh
Oz nanpaBuM dYeped Touky M, Torga ee woopauuartsl Oyayt M(p;0).
Oyets (§;7) — Touka Konbia. Ameem

- % //u(r) In /(€ — p)2 + 12 d¢ dn,

rne r=+/&+n% Q= {RZ 2+ n? < R}}. B noaspHbIx KoopauHaTax

u(M) = /u rdr/ln\/r2+p — 2pr cosp dp.

—T

0603HaunB BHYTpeHHUH uHTerpan I, npeobpasyeM ero:
T m
I= / In(r? + p* — 2prcosp) dp = 2rlnr + /ln(a2 + 1 —2acosp) dp,

rae a = p/r, 0 < a < 1. CoriacHo pesyiabTaTam npumepa 7 us § 8, noc-
JAeHUI UHTerpal paBeH Hyqo, noatoMy I = 2rwlnr u

2
u(M) = /u(r)rlnrdr,
Ry
T. e. u(M) He 3aBucuT OT BbIGopa TOUKM M B MONOCTH Kojblia. A
HOpumep 2. 'papuTalnronnoe noje co3aaHo MoasM mapom (¢ BHYT-
PEHHHUM U BHEIHUM paguycamu Ry u Ro, uMeromuM miotHocth p(N) =
= po/r, Tlle T — pacCTofiHME OT LEHTpa wapa a0 Touku N, py = const.
Haiitu cuny, AefAcTBYIONYIO Ha MaTepUaibHylo Touky M Maccel m, yaa-
JIeHHYIO Ha paccTofinle R oT lleHTpa mapa, R > Rs.
A Hauano cucTembl KOOpAMHAT MOMECTUM B IIeHTp Imapa, ock Oz
HanpaBuM depes AaHuyto Touky M. Toraa »Ta Touka MUMeeT KOOpPAMHA-
1 M (0;0; R), wap (G 3agacTcs HepaBeHCTBAMHU

Ry < V& +17 + ( < Ry,
ero MIOTHOCTL paBHa p = po/r, e r = /&2 + 7% + (2.
Oyets N(&;7n;¢) — Toura mwapa, Toraa
MN = (&m;¢ - R),
IMNP? =& +n> 4+ +R*—2(R=1r>+ R* — 2R;
COCTaBIAIONINE BEKTOPa CHUAbL B COOTBETCTBHH ¢ (22), (20) Haxomum mo
hopMyaam
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e
= b 2

Sy =

HCHO7 4To HepBbII/I 14 BTOpOI/I HHTerpaJibl paBHbl HYJIO, T. €. F, = Fy =0.
Tlocne nepexona K C(pepl/l‘{eCKI/IM KoopaAuMHaTaM IOJy4YruM
27 7T/2 Ry

F. — km / / /(rsin&—R)rcosGdcdedr .
= = Hmpo (1"2-i-R?—27‘Rsin49)3/2 B
077T/2R1

— 9km /Td?“ / (rsin — R)cos0df
po (r? + R — 2rRsin §)3/2

CoBeplIMB BO BHYTpeHHeM HHTerpaje 3aMeHy 72+ R? — 2rRsinf = t,
HalineM

Ro (R+7)”
_ wkmpo /dr /r) —R2)t_3/2 _t—1/2)dt: 2mkmpy (R Rz)
F. ST ) 22 2 1)-
1 (R—7)

Hrak, cuna HampabjleHa OT TOYKM K LEHTDPY llapa U HMeeT Beluuu-
ny 2nkmpo(R3 — R})/R%. A

3ALAUN

1. Oycth MHOmecTBO (G aeMeHTapHO oTHOcuTenbHo ocu Oz, T. e.

G={(r;y:2): (m;y) €Q, plr;y) <z <Y(T;v)}, (23)
rge ) — 3aMKHYTOe H3MEepHUMOe MHOKECTBO B R?, (yHKLHH o u Y
HenpepbiBHBL Ha ). HokaszaTb, uto aiaA o6beMa (G BepHa dopMmy.a

V= g [ @aiy) - olasy) dedy. (24)

B gacruocru, ecin (x;y) 20, a p(z;¥) =0 Ha Q (1. e. Q ABIsAETCA
OCHOBaHHEM LUIMHAPUYECKOT0 MHOMecTBa (7, a rpaduk ¥ — “KpbILl-
Koit”), To

V= //w(x,y) dz dy. (25)
Q

2. Ilyers npomesyTtok I sABnserca npoexnueii Ha ock Oz, H3MepH-
Moro muomecrBa G C R™, Q(z,) — ceuenue (G THINEPINIOCKOCTHIO X, =
= const, T. e. (' = (21;...;Tp-1))

Qx,) ={z' e R" . (@'52,) €G} C R,
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U MycTh AJA T060T0 &, € [ MHomecTBo Q(z,) usmepumo B R™ 1.

JlokasaTh, 4TO uG = //LQ(xn)dmn' (25)
i

B wacrthoctu, nia R®, o6osnauas pG =V, uQ(zs) = S(z), umeem

V= 1{5)d=. (26)
/

3. Ilycte A u B — Takue uaMepuMble MHo#ecTBa B R™, 4To 014 J1o-
6oro z, ux cedenus Qa(z,) u Qp(z,) U3MepUMBI B R u uQalz,) =
= ;LQB(xn). Towazats, uro puA = pB (npunyun Kasaavepu).

4*). HaiiTu miomannb ofaacTy, OFpaHI/I‘IeHHOI/I KPHBBIMU:

1)4y_x — 4x, x—y+3 2) 2 =10x + 25, y> =9 — 61,

3) y? —2p;17+p y =q? —2qz, p>0, q > 0;

4):c + y? —4 y?=4—dx, < 1;

5) y? =2z, y? =4x —2? 2x<y ;

6) y = cosx, y = cos2x, 0 <z £ 27/3;

7) 2:1:2+2y2 =2z +1, x2+y2 =1, 22 +¢y2 > 1;

8) VT +T=Va, s+y=a; 9) (x+y)+a2>=d.

5. llycrs K' — o6Gpas keaapata K = [a;a+ h] x [b;b+ k], &k > 0,
npu otoSpaskenun u = p(x;y), v =1(z;y), nyers S u S’ — miomanu
Ku K'

N306pasuth MHoskectso K', Hafitu ornomenue S'/S u ero npegen
npu h — 0, ecau:

Hu=zy, v=y/z; a >0, b>0;

Dutv=z, v=zxy; a=0,b=1, 0<h <L

6. Haiitu romans o6JacTH, OrpaHUYEHHONW KPHUBBIMU (MOMHO HC-
110J1b30BaTh IOJAPHbIE KOOPAWHATEI):

1) 22 +y? =2az, 22 +y? =2bz, y=2, y=0, b>a > 0;

2) (22 + ) = 20%(2 — ), 2+ =a® (VI HPE 3 0> 0)

3) (x% +y? —ax)? = a’(x? +y?), 2° +y> = a3y (06aacTh BHE Kap-
JAMOUIbI, HO BHYTPH OKPYRHOCTH);

4) (2° +y?)° = a’a® - 0%y% 5) (2% +4°)° = a®(z" +y);

6) (z° +y?)? = a(@® —3xy?), a > 0; 7) (@®+y?)? = a(z® +¢3).

7. HailTu nuomanb o61acTH, 3aiaHHON Ha AEKAapTOBOM IUIOCKOCTH B
NOJAPHBIX KOOPAWHATAX:

Dr<l—sing; 2) 3cosp<r<2—cose.

8. Hafitu nuowaap 067acTH, OrpaHUYEHHONH KPUBBIMH (MOMRHO

BOCII0/b30BAaTECA O0BOBIIEHHBIMU NIOJAPHBIMUA KOOPAMHATAMHU; CM. 3aia-
gy 119, §8):

*) Bonbluoe KOIMUYECTBO 3a4a4 O BbIUMCICHUM ToWanei nocknx Guryp, o6b-emMos
Tea, momajel nosepxHocTell nmeerca B (2, §7].
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1) 2?/a® +y*/b* = 1; 2) (27 [a® + y?/b?)* = y*/c?;

3) 2% /a® +y* /b =z/p+y/q, p>0, ¢ > 0;

4) (z +y)* = 6zy? (wnomanns netan);

5) (w+y)4 a2z +y?), x=0, y=0 (2 >0, y>0);

6) 3 /a+ y/b=1, :1:—0 y—O a>0, b>0

7zt +yl = 2a zY; 8) 23 + y® = axy (womans netan).

9. Haiitu miomans o6aacTy, orpaHUYeHHOH MaHHBIMH JUHUAMHE, HC-
N0JIb3YA NOAXOAAIYIO 3aMeHy KOODAMHAT:

Hax=2y, y=3z, 3x=2—y, v =4—2y;

rx+y=a, z+y=b, y=ax, y=0z, 0<a<b 0<a<f

3 ry=a ,ary—b2 r=py, z=qy (x>0), b>a>0, ¢>p;
4) y* = ax, y = bz, w—py,w—qy,b>a>0 g>p>0;

5) y? = ax, y? =br —py, =gy, b>a>0, ¢g>p>0;
6) Ty = ‘,:ny_b2 2 =py, = ‘:qy,b>a>0 qg>p>0;
7) 22 =ay, 2 =by, 2 =py?, ¥ =qy*, b>a>0, ¢>p>0;

8) Vr/a+y/b=1, Jx/a+y/b=2, x/a=y/b x/a=9y/b,
a>0,b>0;
9) $2/3+y2/3:a2/3, 223423 =023 y=x, y=8zx, b>a>0.

10. Haiitu naomans GUryphl, orpaHiuyeHHONR KPUBOI

(a1 + by +c1)? + (aex + bay + 2)? =1,
ecid A = a1by — byay £ 0.
11. Haitu miomans pacnojosentoi B I KBagpanTe ¢puUryprl, orpaiu-

. z )
YeHHOH OBYMSA 3JIIUICAMHU — + y—r, =1 u OBYMA OPTOTOHANbHBI-
ch “aj sh-aj
2 y2
MH UM runepbonaMu — — —<— =1, rae j=1,2, 0 < a1 < ag,
cos? b; sin” b;

0 < b1 < by.

Yrazanue. MomHO BOCHOIL30BaThCA 3aMeHol = = chucosv,

y = shusinwv.

HaiiTu 06beMbl Tel, OrpaHHYeHHBIX NOBEPXHOCTAMH (CM. (OpMy-
aer (24), (25)) (12, 13).

12. 1) |z +y| <7/2, z=coszcosy, z=0, |z —y| <7/2

2) 7171'<:1:2—+-g/2<(n—+—1)71'7 z =sin(z? + y?), 2 =0;

3) 2P+ y? =ax, z=12°+97 z—O

Hy=z% y=1, 2=0, z =22 + 9%

5 x+y+z=a, da+y=a, dc+3y=3a, y=0, 2=0, a > 0

6) 22+ 9y =R? z+y+z=aqa, c+y+2z=—qa

7) 2¥ja® + 22/ =1, y=bzx/a, y=0, 2=0,a>0,b>0, c>0
(z > 0);

) 2*+y’ =ay, z==xy, z=0 (x> 0);
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9) z=6—1x2—y2 2= /22 +9y%

18. 1) 2> +y’ =a®, y+2==a, y— 2= ta;

Nz=wy, z=z+y, 2+y=1, =0, y=0;

Nzr=a, y=b, 22=x2y, a>0, b>0;

4) z/a+y/b+z/e=1, 3zfa+y/b+z/c=1, 3z/a+y/b—3z/c=
=1, y=0, a>0 b>0, ¢c>0;

5) z=a2>+y? z=a+y; 6) v+ =a, x=y;

7) 22 ja? 4+ 22 /b2 =1, 2% /a® + y?/b* = 1;
)z—:c a22—y—2,2—a 2, a>0;
9)

2?22 +a?y? =c*2?, x=a, a> 0.

oo

HaiiTu 061eMbI Tel, OrpaHUYeHHbIX MOBEPXHOCTAME (MOMHO BOCTIONb-
30BaThCA UMIMHAPHYECKUMHU KoopauHaTamu) (14, 15).
14. 1) (22 +y?)?2 =22y, 2=x+vy, 2=0 (z > 0);
2) a:2+y2:;17, 2+ y? =22, 2 =22 +y? z2=0;
3) 22 +y? = 1 z=e @) =0,
4) 2* +y x+y‘+a‘—2z‘ a>0(z>0);
):c +y +z~—a , 22 +y? > alz|, a > 0;
6) 22 + 92 + 22 = a?, (22 +y2)2—a2(a¢ -y, a>0, |z| > |y|;
T y=ztga, y=ztgh, 2z = c-cos(my/22+9y%/(2a)), z =0,
VEZ+y? <a, ¢>0, 0<a<f<2
8) z =12 +147, w4+y4:a2(m2+y2), z=0;
Na2+y?=122+9y>=4, z(z+y)=ar+by, z=0, >0 y >0,
a>0,b>0.
15. 1) 2%/a®> +y?/6? =1, 2?/a® + y? /6> =2z, 2 =0,
2) 22/a? +y?/b? =1, cz=xy, 2=0, x>0, y > 0;
3) 22/a? +y?/b® = z/p, z/c = \/22]a® +y2/b2, 2 =0, p>0;
4) (2 /a® +y? V) + 22 [c? = 1
5) 22/a? +y?/b® + 22/ =1, 22/a® + 2 /b2 = z/c, ¢ > 0;
6) z*/a* + y*/b* =22 [a® + 2 /b%, 2*/a® +y* /b =z/c, z=0, ¢>0;
7) 22 /a® +y?/b? = z/c, xfa+z/c=2, a>0, c> 0.
HaiiTu 06beMbl Tell, OTpaHUYEHHBIX MOBEPXHOCTAME (MOMHO UCTOMb-
30BaTh cpepudecKue koopaunatei) (16, 17).

16. 1) $2+y2+z2:4,z:,/1'2+y2 (Z< /l-2+y2);
2) 22 +y? 4+ 2% = 2az, 2 = /2? +y? (2 > V22 +y?);

3) (22 +y? +22)? = adz, a > 0

4) (2% +y? + 22)? = a?(2? + y? — 2%);
5) (22 +y*+2%)? = awyz, a> 0

6) (22 +y2+ 222 =az(z? +9%), a>0
7 @+ 9?2+t =a%2, a> 0

16 Iloa pen. JI.I.KynpsaBuesa, T.3
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8) (2 +y?)® + 2% = alayz, a> 0.

17. 1) (z*/a® + y*/b* + 22 /c*)? = z/p, p > 0;

2) (#2)a® 4+ y? /b + 22 )c?)? = 22 Ja® + y? /b

3) 2% /a® +y? /b2 + 22/t =1, 2 /a® +y? /b = z/e, ¢ > 0;

4) 22 /a® + y? /0% + 2t et =15 5) (2% /a® + y? /b + 2%/ c?)? = 2yz /PP,
p>0.

Haiitn o6beMer Tei, orpanndeHtbix noepxuoctamu (18-20) (Bce na-
PaMeTpbl MOJOAMTENbHBI):
18. 1) (x?/a® +y?/b%)? = 2zy/c?, 22 =2zy, >0, y >0, 2> 0;
2) (z/a+y/b)?+22/c2=1,2>0, y>0, 2>0;
Hr+y=1, 22==xy, 2> 0;
4) (z/a+y/b)* +2%/c* =1, (z/a+y/b)? ==z/a, y >0, 2> 0;
5 z+y=1, w3/2+y3/2—z x>0, y>0, z2>0;
6) (x/a+y/b)>+22/c2 =x/p+y/q, >0, y >0, z2>0;
7) (z/a+y/b)? + 22/ =z/p—y/qg, >0, y >0, z>0;
8) z%/a’ +y /b +z/c = 1, (x/a)*P+ (y/b)*? =1, z = 0,
((x/a)*/® + (y/b)*/* < 1);
9) 2?/a? +y? /b2 + 22/ = 1, (2%/a® +y?/b%)? = 22 /a® — y* /b,
(@ fa® + 92 [P < 2 Ja? — g2 W),
19. 1) (22/a® + y*/b*)* + 2*/c* = 2/p;
2) (w/a+y/b+2z/c)>=2/p, x>0, y >0, 2> 0;
3) (w/a+y/b+z/c)> =z/p+yl/g, x>0, y>0, z>0;
4) (z/a+y/b+z2/e) =x/p—y/q, >0, y>0, 2> 0;
5) (z/a+y/b+z/c)* =zfa+ylb—2z/p, >0, y >0, 2> 0;
) Valat+ Sylb+zfe=1;T) (2/a)*P + (y/b)*F + (2/e)* = 15
8) ((z/a)*® + (y/b)*/?)* + (z/e)” = 1;
9) xfa+ Yyfb+ Y2fe=1,2>0,y>0, 2>0.
20. 1) 2y = a?, xy = 3a%, =2y, =3y, z = 2° +¢*, 2 =0;
) yi=ax, Y =br, x=py, t=qy, 2=1/ay, 2=0, b>a, ¢> p;
3) y? =2z, y? =3z, 2 =y, ¥ =2, z=xy, 2=0;
Haoy=1zy=4, y¥>’=2, y2 =3z, 22 =1y, 2=0;
5 z+y+z=a, t+y+z=2a, zt+y=2z2, z+y =22, y
y = 3x;
6) z =22 +y?, 2 =2(2% +y?), zy = a®, zy = 24>
x>0, y>0;
72?2 +22=a 22 +22 =8 22 —9> - 22 =0, >0, b> q;

Il
B

, T =2y, 2r=y,

£gzzlwz —o. YiF_g
8)a+b+c n Ja+ /b , =0, 2 O’b+c 0,a+
+2 42 =1

b c
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21. Haiitu o6beM napadiefienunena, orpaHMUYEHHOTO ILIOCKOCTAMH
a1z + by +c1z = td1, asx + boy + c22 = £do, azx + b3y + c3z = Lds,

cyuTafd, u4To

ap b
A = a9 b2 Co ?é 0
as b3 C3

22. HaiiTu o6beM aanuncouna
(@17 4+ by + 12)? + (a2 + boy + 22)? + (azz + bzy +c32)® =1
npu yeaosuu, 4to A # 0, rage A u3 zagaun 21.
23. Haiitu 06BeM yacTu NUAMHAPA
(@17 + by + 12)% + (a2 + boy + 22)* < 1,
OTCEUYEeHHON TIOCKOCTAMU azx + bsy + c3z = +d, npu ycnoBuu, uto A #
# 0, roe A us 3agaun 21.

24. Ilyctb V,, — o6beM n-MepHOro mapa paauyca R. JlokazaTh, 4To:

1) cymecTByeT Taroe ¢, > 0, 4to mas awboro R ofbem mapa V,, =
= c, R
(2m)* (2m)*
2 =2——
) Vot (2k + 1)!! (2k)!
25. Haiitu 06beM YeTHIPEXMEPHOTO IPAMOr0o KPyroBoro:
1) uuaungpa ¢ paguycom ocHoBanua R u BbicoToit H;

2) ronyca ¢ paguycoM ocHoBanusa R u Boicotoit H.

R2k+1, Vo = Rzk, keN.

26. [ycrs y = y(x) — HenpepbiBHO AuddepeHIUpYeMas Ha OTpes3-
ke [a;b] dyurmma. Joxazats, ucxona uz dopmyust (6), 4TO miIowags o
MOBepPXHOCTH, 06pa3oBaHHOI NpU BpallleHUU rpaduka 3TOH (GYHKINU BO-

KpyT ocu Oz, paBHA b

o =2 [ Iy@|VI+y? (@) de

a

(em. [2, §8, (8)]):
27. HaiiTu naomans gactu chepsl 22 + 2 + 22 = 202, 3akIoueHHO

BHYTPH KoHyca 2 + y? = 22.

28. HaiiTu miomans noBepxHocTH az = zy, > + y? < a’.

29. Haiitu naomans yacTu nuaunapa z° + z2 = a?, 3aRII04YeHHO

BHYTPM LMaAuHApa 3% + 22 = a2,
30. Hajitu naomans yacTu napabonouga y = x2 + z2, pacrnonomeHHoi
B I KBafpaHTe U BHYTpU nuauuapa z2 + z2 = 1.

2. 3aRMOYEHHON

31. Haiitu naomags yactu chepul z2 +y° +22 = a
BHYTpU umaunapa z2/a® +y%/b> =1, b< a.
9

32. HaiiTu miomanab 4acTd HUIMHApPA z = x°, OTCEeYeHHOH MIoCKOC-

TAMH T4+ Yy =2, 2 =0, y =0.

16*
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33. HaiiTu miowmags, 4acTH NOBEPXHOCTH 2> = 27y, OTCEYeHHOH ILIoC-
woctAMH £ +y =1, £ =0, y =0.

34. Haiitu momans 9acty cdepor 2 4+ y2 + 22 = a2, pacnonomennoil
BHe HMIMHAPOB z2 + y? = Faz.

35. Haittu nomanp yacTu nuamaapa z2 + y° = az, paclolos:eHHOH
pHyTpH mapa z2 + 3> + 2% < a®.

36. HaitTu miomans yactu Konyea o2 + 42 + 22, 3aRIIOYEHHON BHYT-
pu uuauagpa x> + 32 = 1.

37. HaiiTu miomagp 4acTH KoHyca z = /22 + 42, 3aKII0YeHHOH
BHYTpH Luiaunapa =2 + y° = 2z.
38. HaiiTu miomans yacTu Konyca =2 = y2 + 22, orceuennoit mosepx-

HOCTLIO ay = 72.

39. HaiiTu miomaasr 4acTd HOBEPXHOCTH 2z = z2 — y2, pacnolosen-
HOit BHyTpH umaunapa y2 + z2 = 1.

40. HaijiTy mowazap 4acTH Huaunapa 2 + y° = a?
woctaMu 2 £z =0 (x > 0).

5 OTCEeYEeHHOH IlJI0C-

41. HaiiTy miomaas 4acTH NOBEpXHOCTH z2 + y? = 22, 3aKMIOYEHHOM
BHyTpu unmunapa (22 +y?)? = 2% —y2.

42. Haiitu miomazgs yactu chepol 22 + 9>+ 22 = a
BHyTpu nuaunapa (z2 + y?)? = 2a2zy.

2. 3aRJIOYEHHO

43. HafiTu miomajib 4YacTU MOBEPXHOCTH a;g/a — yz/b = 2z, OTCce4deH-
noit numuuapoM x?/a? + y%/b? = 1 u pacnonomennoit npu z > 0 (a > 0,
b > 0).

44. HaiiTu miomanb yacTu noBepxHocTu z2/a + y° /b = 2z, oTceuen-
no#t numnapom z2/a? +y2/b> =1 (a >0, b > 0).

45. Haiitu nnomaas nosepxuoctu (z+y)2+2=1, = >0, y > 0,
z > 0.

46. Haiitu nuomaas nosepxnocty (z + y)? + 222 =202, >0, y >0,
z> 0.

47. HaiiTu miomanb 4yacTH chepudyeckoro Tpeyroinnuka z2 + y? +
+224+22=0a%, >0, y>0, 2>0, 2 +y <a.

48. HaiiTu miomaznp 4acTH KOHUYECKOH NOBEpPXHOCTH 22 = 2 + g2,
uMeiollell KpaeM BUHTOBYIO JUHUIO & = 2¢082, y = zsinz, 0 < 2z < 27,
1 O0Tpe30K o0pasylouei.

49. HaiiTu niomans yacTH noBepxHocTH sinz = shaxshy, y > 0, oT-
CeYeHHOIl mIockocTAMU £ =1 u . = 2.

50. HaiiTu miomags gactu chepnl 22 + y? + 22 = R?, orpanuueHHoi
ABYMf NapajenfiMu 3 =11, Y =12 > 1)1 U AByMA MEPUANAHAMHU @ = @1,
W =9 > 1, Tle ¢ U Y — yriabl chepuuecKUX KOOpAHHAT.

51. HaiiTu miowans moBepxHocTH Topa x = (b+ acosy)cosy, y =
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= (b+acosy)sing, z=asiny, 0<a <b.

52. Ilyety Ip u I — MOMEHTBI UHEePLUHU OTHOCHUTENbHO Havana Ko-
opaunat O u nentpa macc C tena, u nyets d =|CO|, d, =+\/y2 + Z2 —
pacctofaHue ot C o ocu OX, M — macca Tena. JlokazaTh, uto:

1) Io =1T¢ +md2;

2) Iy =1Iprp + mdi, rae Iy, — MOMEHT UHEepIUU Tesla OTHOCHTE/b-
Ho ocu C2', mapamnensHoit Ox u npoxoasuieit yepes C.

53. HycTs aas Teaa Q C R® momans S(z) ero nonepevHoro cedeHus
IIOCKOCTBIO & = const fBAfleTes HeNpepblBHOH QyHKuMed z € [a;b], u
IyCTh IJIOTHOCTh p Tela 3aBHCUT TONbKO OoT z, p = p(z). Hokasatn,
9TO A Macchl Teaa M, ero craTudeckoro Momenta My, M MOMeHTa
unepuuu I, Bepubl popmyant (em. [2, §9, (15)-(17)]):

b b
) M= [S@pla)de; 2) My: = [«S()p(a) da;
a
b

a

3) I, = /:cZS(;c)p(;c) dz.
a
54, Ilycts Teno §) moaydeHo Nnpu BpauleHUH BOKpPYT ocu Ox GUrypbl,
3aJlaHHOl HepaBeHCTBaMU

0<yi(z) Sy<y(r), a<z<h,

riae y1(z) ¥ y2(z) — HenpepbIBHbIE GYHKIMU, U [IYCTh IIOTHOCTh Tela

3aBUCHUT TOJNLKO OT &, p = p(z). Horasats, uto (cMm. [2, §9, (19), (20)]):
b

D) Lo = § [ @@ —y}@)ple) da;

a
b

2) Ty = 3 Lo+ 7 [ 223 (2) — 4} (@))pla) do.
a

55. [ycTh ocHOBaHMEM NpPAMOro LUAKUH/PA fABAfeTCcA 06JaCcTh IIoLa-
au S, a “mpelmka’ nuanHapa miockad. IIyers H — miuHa jemsaiero
BHYTDU LMJAMHPA OTPE3KA LPHMON, HPOXOAHIIEH 4epes NEHTP MAce 0c-
HOBaHUf NapajieibHo obpasytomum. JlokazaTs, 4To 06beM HUIUHApa pa-
BeH SH.

56. llna weagpata Q) = [0;7/2] x [0;7/2] ¢ mioTHoCTBIO p(z;y) =
= posin(z + y) naiitu:

1) maccy; 2) KOOpAMHATHI LleHTpa Macc;

3) MoMeHTHI unepuuu I, u I, oTHocutenbHo oceit Oz u Oy;

4) MOMEHT MHEPIUH OTHOCUTENbHO NPAMON y = 1.

57. Hna wpyra Q = {z? +y? < 2ax} c mnotHocThIO p(T3Y) =

= pov/2? + y® HaiiTu:

1) maccy; 2) KOOpAHHATHI [IEHTPA MACC;
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3) MoMeHTH! UHepuuu I,, u I, oTHocuTenbHo ocell Oz u Oy;

4) MOMEHT MHEepIMH OTHOCUTENLHO MPAMONA T = a.

58. Ias tpeyroasuuka @ ={z+y>a, a2z >0, a2y >0} c
ILIOTHOCTLIO p(z;y) = 2 HAWTH:

1) Maccy; 2) KOOPOUHATHI LEHTpA MAace;

3) MOMeHThI UHEPLUN OTHOCUTeNbHO ocelt Ox u Oy;

4) MOMeHT MHepUUU OTHOCUTEILHO NPAMON y = y¢, Tle yo — Opau-
HaTa [eHTpa Macc.

59. Ilycro nHauyano woopauHaT () ABJIAETCA LEHTPOM MAace IIOCKOIA
durypor ), npsamaa | npoxomut uepes (O u cocraBiser ¢ ocklo Oz
yroa o.

HorasaTb, 4TO

I =1, cos’a— 21, sinacos a + Iy, sin? o, (27)
rie I; — MoMeHT uHepuu# () oTHocHTeldbHO ocH [, [, — LeHTpoGek-
HBIII MOMEHT WHEpPIHHU:

Iy = //wyp(w;y)dwdy- (28)
Q

60. HaiiTy KoOpOMHATHI I[EHTPA Macc ONHOPOAHON IIocKoi (p = 1)
(PUTypBI:

1) y?la<z<2a—y, a>0;

2) 2® +y* <, |yl <ztge, a € (0;m/2);

3)y<a?/z, y*/(8a) <z < 2a, a>0; 4) r <a(l+sing);

5) orpaHudeHHoOl netseil geraptosa aucra r° + y® = 3axy;

6) orpanuueHHO# aproil uuriaonAbl * = a(t +sint), y = a(l — cost)
U npamMoit y = 2a;

N VT+yy<va, 220, y>0.

61. HaiiTu craTuyeckuit MomeHT ogHopognoro (p = 1) tena {(z? +
+y?) < 2 < 1— 2% — y?} orsocuteasno mnockoctu Ozy.

62. HajiTy KoOpIMHATEI LIEHTpa Mace OXHOpoAHOro (p = 1) Tena:

1) 0<bz<hb—y), d®y>bz?, a>0, b>0, h > 0;

2) (2 +222)/4<z<2.

63. HaiiTy KOOpIMHATHI IlEHTPa MAce Telld ¢ [IOTHOCTRIO p:

1) [0;a] x [0;a] x [0;a], p = po(w +y+2)%

2) 22 +y? + 22 < R?, p—pg/\/a:2+y

3) R? <2 +y? + 27 4R2, y 0, p=po(2* +2* +y?);

4) Va2 +y? <z < h, p=poz?

5) w2+y2 <2<h p=povh—2

6) :1: T2 +z2 SR 220, p=pola® +y2 + 22) 12

7 22 +y —z <a? 0<2<h, p=poz;

8) 0 <2< —y,a:—l—y gl,wzo,p:poz.
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64. Ilo mpocTpaHcTBY BHe mapa x° + y? + 22> R? pacnpegenena
Macca C INIOTHOCThIO p = po/r3+a, rne a >0, 1= /z2+y%+ 22

HatiTu 31y ™Maccy.
65. Ilo npocTpaHcTBy BHe saauncomaa z2/a’+y2/b% +22/c2>1
pacnpejeneHa Macca ¢ INIOTHOCThIO

p=poexp(—k+/z2/a + 42 /b2 + 22/c?), k> 0.

HatiTu a1y ™Maccy.

66. HaiiTu MOMEHT WHEPIMH OTHOCUTENbHO KOOPAUHATHBIX OCEl U OT-
HOCHUTENILHO Hauyala KOOPAUHAT OJHOpoAHO# (p = 1) miockoil ¢urypsr:

1) 2®+y* <d?, Jyl <ztga, ac (O;W/Q);

2) (z—a)’+(y-a)®2a’ a>2220,a2y>0;

3) zfa+yle< ], /b+ylcz1, y 20, a>b>0 c > 0;

4) r <asin2p, 0 < ¢ < 77/2 5) r < a(l - sm<p)

6) 2/a +y /bz<1 7) 2t +yt = a*(2? + P

8) zy=a? zy=2a% z=2y, y=2x (>0, y>0).

67. HaiiTu mojsApHbI# MOMEHT MHEpPIUM OTHOCHUTEIhHO Hauala Koop-
AWHAT ofHOpoaHOH (p = 1) muockoil Gurypsr:

Dazfa+y/b<l, 220, y>0, a>0, b>0;

2) a® > y?> > ar >0, a>0; 3) r=a/cos2p.

68. HaiiTu MOMEHT MHEpIHHK [IO0CKOr0 0AHOPOAHOrO (p = 1) mpaBub-
HOTO TPeyToJbHUKA CO CTOPOHOH G OTHOCHTENLHO OCH:

1) comepssamieii ero BLICOTY;

2) mpoxopflledl Yepe3 LEHTpP Macc TPEYTOJbHUKEA U COCTABIAOIIEH C
ero BeICOTOH yrol a.

69. Ilo mapy paguyca R pacnpeneieHa Macca M ¢ INIOTHOCTBIO p.

HaiiTu MOMEHT MHEPUUH Iapa OTHOCUTENhHO €ro JuamMeTpa, ecliu:

1) mI0THOCTHL p B TOUKe MPOMOPIHOHATBHA PACCTOAHUIO MEMIY STOH
TOYKON U UEHTPOM llIapa;

2) MIOTHOCTH p B TOUKe 0OPATHO MPONOPIUOHANEHA PACCTOAHUIO Mek-
Iy 3TOU TOYKOH U LIeHTPOM Iapa.

70. HaiiTu MOMEHTbI HHEPIIUH OTHOCHTEThHO KOOPJIUHATHBIX ocelt 0/1-
noponubix (p = 1) rex:

1) [0;a] x [0;8] X [05¢]; 2) 22 +y? < R%, 0< 2z < H,

3) 0< Rz < H (R— /22 +42).

71. HaiiTi moasApHbIii MOMeHT MHepuuu mapa z2 +y> + 22 < R? ¢
mAoTHOCThIO p = po(z? + y? + 22) oTHOCHTENBLHO €ro UeHTpa.

72. HaiiTi MOMEHT HHEPIHH OTHOCUTEIhHO MiIocKkocTU Oxy 0AHOPO-
woro (p=1) Tena 2 + y* + 22 < R?, 2% + y? + 2% < 2Rz.

73. HaiiTi MOMEHTBI MHEPUHU OTHOCHTENbHO KOOPAMHATHBIX ILIOC-
KocTeli opHopoaHbIX (p = 1) Tem:
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) zfat+y/b+z/e<]l, 220, 420, 220, a>0,b>0, ¢>0;

2) 2%/a® + y? /b2 + 22 /c? < 1; 3) J/x2/a? +y2 /bt < z/e < 1

4) 2%/a® + y? B> + 22 )c* < 1, 2°/a®> + y*/b* < m/a, a >0, b >0,
c> 0;

5) (2%/a® +y%/b?) /2 < zJe < xJa+1y/b, a>0, b>0, ¢>0.

74. HaiiTu MOMEHT MHepUMM OTHocHTenbHo ocd Oz OJHOPOA-
Heix (p = 1) ren:

1) 2az > 22, 2% +y? < ax;

2) 22 +y? <ad®, z+y+z<av2, 2z >0

0L+ [z+yl <1, |z —y| <1

) 22 +y? +22<2, 22> /a2 +y? 5) (2P + P+ 292 <Py

6) (/a)*" + (y/b)*° + (2/c)*/* < 14

v /0> + 22/ <zfa<], a>0, b>0, ¢>0.

75. Haiitu MomenT unepunu Topa z = (b+ acost)cosy, y = (b+
+acos)sing, z =asiny, 0 < a < b, OTHOCUTEILHO:

1) ocu Oz; 2) ocu Ox.

76. HaliTu MOMEHT MHepUMH oaHopoaHoro (p = 1) uumuuapa z2 +
+y? < R?, |z| < H oTHOCUTeNbHO MpAMOH 7 = y = 2.

77. IlycTs Havato koopauHaT O coBnajgaeT ¢ HeHTpoM Macc Tena G,
och | mpoXomuT vepes Touky () M COCTaBAAET C OCAMH KOOPAMHAT yT-
Al «, 3 u . JlokaszaTb, YTO MOMEHT MHepUuM I; Teja OTHOCHUTENLHO
ocu | paBeH

I, = I, cos® e + I, cos® B + I, cos? v — 21,y cosacos 3 —
— 21y, cos fcosy — 21, cosycose, (29)

rie
Ixy:/a//wypda:dydz, Iz:/G//yzpd:cdydz, Im:/G//zxpdwdydz

(30)

— IEeHTPOOEHHbIe MOMEHTbI HHEPLUM Tela.

78. Haiitu sorapudmuueckuii norennuman, ecim ) = {x? + 52 < a?},
1, KpOME TOro:

1) = const; 2) p(z;y) = f(r), r = /22 + 92

79. HaiiTu HBIOTOHOB MNOTeHIHal B Touke My, co3gaBaeMblil Ina-
pOM IIOTHOCTH po *) u paguyca R.

80. HaiiTu HbIOTOHOB NOTEHUMaAN B TOYKe My, co3aaBaeMblii 0JbIM

IIapoM ¢ IUIOTHOCTBIO pg, €CAM ero BHYTPEHHMH M BHEIUHHI paguychl
ecte Ry n Ry, R1 < Rs.

81. HaiiTu HBIOTOHOB NOTEHLUA], CO3JaBaeMEIi wwapom z2 + y? +

*) Bcroay B 3agauyax 3Toro nyHkTa py = const.
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+ 22 = R? ¢ mnotHocThIo p(x;7;2) = /22 +y2 + 22.

82. HafiTu HLIOTOHOB MOTEHIMAN B IEHTPE OCHOBAHWA HUIWHIApA C
paaguycom R, BeicoTofi H Y MJIOTHOCTBIO py.

83. Marepuanbubiil Konyce ¢ oGpasytomieil | 1 BLICOTOM h uMeeT mI0T-
HOCTh po. HaliTu moTeHIMand rpaBUTAIlMOHHOTO MOJA KOHYycCa:

1) B ero BepiiuHe; 2) B UleHTpe €ro 0CHOBaHUA.

84. Haiitu B Touke (0;0,h) HLIOTOHOB MOTeHNMal Modymapa T2 +
+y? + 22 < R?, 2> 0 c WI0THOCTLIO pg.

85. Haiitu B Touke (0;0;h) HBIOTOHOB MOTeHIMAN UMIMHApA T2 +
+y2 < R?, 0 < 2 < H ¢ mI0THOCTBIO po.

86. HaiiTu HbIOTOHOB moTenuuan snauncouna (x° + y?)/a® + 22 /b> =
=1 c IJOTHOCTBIO pp B ero LeHTpe.

87. Hafitu cuny nputAMeHus maTepuaibHoOH Touru My Maccel m
mapoMm paguyca [ ¢ IJIOTHOCTBIO pg.

88. N3 marepuanbHoro mapa paguyca R U NIOTHOCTU po BbIpe3aH
MAapoBO CEKTOP C YIJ0M B oceBoM ceueHuu 2a. Haiitu cuny, ¢ koTopoit
3TOT CEKTOP NPUTATCMBaeT TOUKY Macchl m, pPaclooMEHHYIO B ero Bep-
HIUHE.

89. [lns MaTepHalbHOrO MIapa ¢ IOTHOCThIO p = f(r) moKasaTh, 4TO:

1) Touka BHe mIapa MPUTATMBAETCH MAPOM C TAKOW 7KE CHJIOH, Kak U
TO4YeYHOH Maccoi, paBHOI Macce I1apa U MOMeIIeHHON! B ero LIeHTpeE;

2) HA TOYKY BHYTpHM IlApa HapYHLIH MAPOBOH CNOil He OKa3blBAET
HUKAKOIo JeHCTBUA,

3) noTeniMan B ToUKe BHe Ilapa TaKOB e, Kak U 0T TOUYeYHON Macchl,
paBHOH Macce Iapa U MOMeIeHHOH B ero LeHTp;

4) ecau mwAap MOMAbIH, TO MOTEHIHAN 1Iapa B MOMOCTH HOCTOAHEH.

90. Haiitu cuny, ¢ KOTOpPOIl IMIMHIP C MJIOTHOCTLIO pg, BbicoTOll H
U paguycoM R NpUTATHBaeT TOUKY MaccChl 1M, PACHOJIOMEHHYIO B [[EHTPE
OCHOBaHUA ITMIUHIPA.

91. Hafitu cuny, ¢ KOTOpoll KOHYC € MAOTHOCTLIO pgo, BeICOTON H u
paguycoM OCHOBaHUA [T IPUTATHBAET TOYKY MAacChl 77, PaCMONOKEHHYIO
B BepIINMHe KOHYyca.

92. HaiiTu cuiy NpUTAMEHUA MATepUalbHONA TOYKH Macchl 1M ¢ Ko-
opaunatamu (0;0;h) matepuanbubiM kpyrom {z? +y? < R?, z = 0},
[0 KOTOPOMY paBHOMepHO paclipejeleHa Macca ¢ TOBepXHOCTHOM MJIOT-
HOCTBIO pg.

93. HaiiTu cuny npuTAMeHUA MaTepualbHOH TOUKKM Macchl 1 ¢ KOOp-
aunatamu (0; 0; h) MaTepualbHOI IIOCKOCTBIO, I0 KOTOPOil PABHOMEPHO
pacnpejlefleHa Macca ¢ MOBEPXHOCTHON MNIOTHOCTLIO py.

94. PaccTofiHue Mesay IEHTpPaMH JBYX IapoB PaBHO @, Macca 0JIHOTO
mapa paBHa My, apyroro — My, NJOTHOCTE KaJoro 1iapa MOCTOAHHA.
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Ucxons uz gopmya (21), (20) moxazaTh, 4TO CHIA MPUTHKEHUA OJHOIO
mapa APYTUM paBHa CHUJIe NMPUTMEHUA MEKIY TBYMsA MaTepHUalbHbIMU
TOYKaMHU, NMOMelleHHbIMU B LEHTPHI WApoOB U UMeIoIUMH Macckl Mi u
M, cooTBercTBenHo. HaiiTu 3Ty cumy.

95. Cuutag 3eMII0 HRUAKUM LIAPOM CO CpefHeil MIOTHOCTBIO py U
paguycoM R, HafiTu JaBieHWe B HeM Kak GYHKUUIO PACCTOAHUA T [0
I[eHTpa.

96. Tonkas naacTuHKa UMeeT GOpMY KPYroBOro KOMbLA C [EHTPOM B
tourke O(0;0) u paguycamu Ry u Ry, Ry < Rp. YaenbHas TEMI0eMKOCTb
N1aCTUHKY PaBHA ¢ = |zy|, MIOTHOCTH py nocTosAHHa. HailTh KomryecTBo
Terna, NoiyYeHHOro MIaCTUHKON MpH ee HAarpeBaHuu OT TeMnepaTypbl 1]
1o TeMmnepaTypbl T5.

97. Ha Touxo#t nnacTuHke, umeroieii ¢hopMy napaboaudyecKoro cer-
MEHTa C OCHOBaHWeM 2q ¥ BBICOTON A, pacrnpefeleH BleKTpUYecKUil 3a-
pAA ¢ MOBEPXHOCTHOH MAOTHOCThIO ¢ = 2x + y. HailTu noauslil 3apag
MAACTUHKH.

98. TopuzoHTanbHbIfl YpOBEHb MUIKOCTU COBHAAAET C MIOCKOCTHIO
Oyz, ocy Ox HanpaBleHa BHU3, B riayOb MUAKOCTH. IIIOTHOCTB
JKUIKOCTU pg. [lokazaTh, 4TO cuia AaBIeHUA MUIKOCTH HA BEPTUKATIh-
HYIO TaacTuHy (), pachoiosKeHHYyIo B miaockocTu Oxy, paBHA

po [[wdady,
Q

a ee TOUKA NPUJIOMEHUA HAXOAUTCA Ha rIybuHe h, ompeaenseMoit us dop-

MYJIbI _ ) -
hé/wdwdy é/w dz dy (31)

99. lloxkasaTh, 4YTO KHMHETHYECKasA 3HepPruf TBepaoro tena (, Bpa-
waomerocs BOKpYr ocu Oz ¢ MOCTOAHHON YIJIOBOH CKOPOCTBHIO w,
paBHa 1

Wi = 5 L.w?, (32)

roe 1., — oceBOl MOMEHT MHEpPLUMU Tela.

100. IlycTs Teno (G BpamaeTca BokpyT ocd (Oz ¢ MOCTOAHHON YTIJ0-
BOW CKOpPOCTLIO w.

Tiasnwui sexmop cunl unepuuu (nentpodeskueix cua) F = (Fy; Fy; F)
onpenenfOT No $popmyaam

F, = w2/xpdV =w?M,., F,=w?M,,, F.=0. (33)
G

Tnasnoui momenm M = (My; My; M,) stux cun — no gopmyiam

M, = w2/yzp dV =w’l,,, M,=uwl,,, M,=0. (34)
&
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MaTepuanbHasa naacTUHA 3aKpeluieHa Ha OCH | U BpallaeTcd BOKpPYT
Hee ¢ MOCTOAHHON YTJOBOM ckopocThio w. Kak caemyeT pacmofomurh
ocb [, 4TOGLI CHIIbI UHEPHUU (IeHTPOOe;kRHbIe CHIIbI) HE OKa3bIBaJM Ha
Hee HUKaKoro geticTBua?

101. Ilyers G — TOHKag OAHOPOAHAA TPeyroJbHaA MIacTUHA Mac-
cel M c wareramu a u b, Bpawalomasca Bokpyr ocu Oz, coaep:kaiieii
KaTeT b. B Kawroil Touke cilefyeT MOMECTUThb TOUEUHYIO Maccy U Karoi
BeJIUUUHBI, YTOGBI, IPUCOEIUHUB €€ K ILIACTUHKe, YCTPAaHUTh Peakl[UUu B
TOUKAX 3aKperieHUsA OCH BpaleHus?

OTBETHI
4. 1) 8/3;2) 16v15/3; 3) 2(p+ q)\/Pa/3; 4) (67 + 8)/3;
5) (6w — 16)/3; 6) 3v/3/4; 7) (7 +6+/3)/24; 8) a?/3; 9) wa?.
5.1) 2Ry ath 2_b. 2 "o
- h a 2 ) 27 -
6. 1) (1 +2)(¥* )/4 2) (3v3 —m)a?/3; 3) 3v/3a/4;
4) ab + (a® —b2)arctg (a/b); 5) 3wa?/4; 6) ma®/4; T) bma?/16.
7.1) 3n/2; 2) (97 +12V3)/4. ’
8. 1) mab; 2) %, 3) ﬂTab(Z—;vL—Q); 4) 355 9) %;
6) ab/70; 7) ma®/2; 8) a?/6.

25 (ﬁ—a)(bz—az). v —a® q.
1) 515 2) 2(a+1)(ﬂ+1)’3) 2 p’

1) g0 - @)~ 1% 5) 30— (a-p) 6) (0 —a)in L
D (= k) 8 G
9) 16(1)2 —a )(arctg?— -+ —)

10. w/|A|.
11. ((b2 — bl)(Sh 2&2 — sh 2&1) — (a2 — al)(sin 2[)2 — sm2b1))/4

12. 1) =; 2) 2m; 3) 3ma®/32; 4) 88/105; 5) a/12; 6) 2nR%a;

7) abc/3; 8) a*/24; 9) 327/3.

13. 1) 2(37 — 4)a®/3; 2) 7/24; 3) 8(ab)®/?/3; 4) 2abc/27; 5) ©/8;
6) 7/32; 7) 16ab?/3; 8) 4(2 — V2)a?/3; 9) wac?/2.

14. 1) 7/8; 2) 457/32; 3) 7(1 —e™1); 4) 7(2 —V2)a 3/3 5) 16a°/9;
6) (67 + 40 — 32/2)a® 7) 2(,3—a)(7r—2) a%c; 8) 3ra’

9 ’ 2 2\/_
3m(a + b)

9)
15. 1) wab/4; 2) a’b?/(8c); 3) 4a’bec/(9p°); 4) w2abe/2;

5) 5(3 — V5)mabe/12; 6) 3mabe/2V?2; 7) 81mwabe/32.

16. 1) 87(2 +/2)/3; 2) ma®; 3) 7a®/3; 4) 72a®/4v/2; 5) a®/360;
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6) ma®/60; 7) T2a®/6; 8) 2ma’®/9/3.

17. 1) ma?be/(3p); 2) w2abe/4; 3) 5(3 — V/5)mwabe/12; 4) 8mabe/5;

5) a*b*ct/(360p°).

18. 1) 7a?b®/(12¢%); 2) abe/3; 3) 7/24; 4) (16 — 3m)abe/48; 5) 8/35;
mabc [ a b a_2 b_z . wabc  pq a 4. 75mabc

6) 64 (;DJrq)(p2 +q2), 7 64 aq—l—bp(p) > 8) 256

9) 2(3m + 20 — 16v/2)abc/9.

2abe? abc? abc { a b a’ b
19.1) T7%, _ _(_ _)(f f);
) 6p )160;034 )60 zz+q)p2+q2
abc fa | DN /aN® . abc p(5¢c+4p) abc | 4dmabe
Y %% (p+q) (p)’ %) 5 crp)? ) 50: 7 35
8) mwabe/2; 9) abe/1680.
70t b q. 5 14 . o 49a° 9a*
20.1) &5 2) (ma)ln;, 3) 25 4) 5 nd; 5) =i 6)
1

2/2(6° — a*) 1 B —a® /2 3

7 A (o ) - 1e(g5)) = Sy 2 (3). e
unn F u K cm. B 3amaue 27, §13;

8) Sabe(l/e — 1/3).

21. 8dydyds/|A]. 22. 4x/(3|A]).  23. 2xd/|A|.

25. 1) 4rR*H/3; 2) =R3H/3. 27. 2ra*(2 —V/2).

28. 2(v2 - 1)ra®/3. 29. 16a>. 30. 7(5v/5 — 1)/24.

31. 8a® arcsin(b/a). 32. (5+3v2In(v/2+1))/6. 33. mv2/4.

34. 8. 35. 4a®. 36. 2m. 37. mv/2. 38. ma?/V2.

39. 27(2v2 — 1)/3.  40. 4a®. 41. (20 — 37)/9.

42. 2(7 +4 — 4/2)a®.  43. %(2\/5 — 1)abarctg \/g.

44. éw(wi—l)ab. 45. % 46. 242,

47. g(\/i— a2, 48. 47%/2/3. 49. gln(e+e—1).

50. (2 — ¢1)(sinehy —sinpy )R2.  51. 4w2ab.

56. 1) 2po; 2) zc =yc =m/4; 3) Iy = Iy = (72 /4 + 7 — 4)po;

4) (7°/4 = 2)pq.

57. 1) 39#2@3/)0; 2) z¢ = ga, yo = 0
12 g ~lo2a . 1376

58. 1) a®/3; 2) zc = 3a/4, yc =5a/8; 3) I, = 3a®/20, 1,, =a®/5;
4) 194 /960.

_ 8a _ _a, 2sina .
60‘1)1‘0—8?’?/0_ 2a2)‘1‘2:7 3a ) 0_07 ;
_ a ___ 2% _ _ ba_
3) zc = 106+md)’ Y~ " 161 ma)’ Y zc =0, yo =
5) zc =yc = 4xa/IV3; 6) zc =0; yo = Ta/6; 7) vc =yco = a/5.
61. 77/96.

62. 1) .TC:O, yo=3b/7, ZC=2h/7; 2) .1'024/3, yC:zC:O.
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63. 1) rc =Yoo = zZ¢c = 3a/5’ 2) o = 8R/(37T2)’ Yo = 2¢ = 07
3) To =20 = O7 Yo = 105R/124, 4) o =Yoo = 07 2C = 5h/67
5) ¢ =yc =0, zC:4h/7 6) o =yo =0, zc = R/3;

A(5a2 + 3h?)
) wo=yo =0, 20 = 1o eyt
_ 64V2 _ 4
8) zc = o=, yo =0, 20 = 3
64. 47rpa0. 65. 47re_kwabcpo.
aR k3
66.1) I,, = a*(2a —sin2a)/8, I, = a*(2a + sin2a)/8, Iy = aa*/2;

9) Iy = I, = a*(1 — 57/16), Io = a*(2 — 57/8);
_(a—-b)é (@~ b)c _{a—-1b)

Voo = =5 ly = =5 lo= 795

) Lyy = 1y, = 3wa*/128, Iy = 3wa*/64;

) I, = 497a?/32, I,, = 217a*/32, I = 35ma’/16;

)

)

¢ +a® + b + ab);

L, =®ab®/4, 1,, = 7ab/4, Iy = wab(a® + b%)/4;
Iy = I, = 3ma'/(4V2), Iy = 3ma*/(2V/2);
8) I, = I,y =9a*/8, Iy = 9a*/4.
67. 1) ab(a® +b%)/12; 2) 26a?/105; 3) wa/8.
68. 1) v/3a*/96; 2) v3a*/96. 69.1) 4MR?/9; 2) MR?/3.
70. 1) L, = abe(b® + ¢*)/3, I, = abe(c? + a2)/3,
I, = abe(a® +b?)/3;
2) g =1y, = 7rHR2(H2/3+R2/4) 2z = (7r/2)HR4
nHR? THR'

3) Ly = Iy = o (2H? +3R?), I, = T

4) Ly = I,y = I, = 4715,

TL dmpo /7. T2 597H°/480.

73. 1) I, = abc® /60, I, = a®bc/60, I, = ab>c/60;

2) I,y = 47rabc3/15 I,. = 4mwa’bc/15, I, = 4wab®c/15;
3) Iy = wabc? /5, I, = wabc/20, I., = mab®c/20;

4) I, = 2abc < (157 - 16), 1 21“ be (1057 — 92),
2ab’c

Lo = 7= (105 — 272);

5) Iy, = Trabc®/2, 1. = 4wa®bc/3, 1., = 4mab’c/3.
BVE o ) g M dr(VE-D)

1) TE e D) 553 5 Y 5 Y

6) 4mabe(a® + b)/715; 7) wabe(b® + 4a?)/20.

75. 1) 72ba?(4b% + 3a?)/2; 2) w2ba*(4b? + 5a?)/4.

76. 20 R2H (R + S H?) 3.

78.1) uTa' In7 mpn 7= /z? +y> > 1, %(a21na+ %(7“2 - 02)) npu

r < a;

9ra’
140 ’
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a

2) /f(p)pM(r;p) dp, tae M(r;p) = max{Ilnr,Inp}, r = /2> + ¢°.

0
79. %wpoR?’riU npu 79 > R, 27rpo(R2 - %) npu 7o < R, 1o =
80. 47T( 2%/)0(3133—7"3—2?—%) npu
Ry < 1o < Re, 27po(R3 — RY) npu rog < Ry, 1o = /2% + 42 +Z%-
81. 7TR4F npu r > R, §(4R3 —r3) npu r <R, r = /22 +y2 + 22.
82. wpo (B2 LI p(RE T HE - ).
83. 1) mpoh(l — h);

2) ”f’(}fzh @ 784:3“)) +UR =), R=VP =,

84. 2;”’ ((h2 R R34 R ghR2) npu h > R,

1
R} - R3)P0— npu ro = s,

27 py ((h2 +RYY? 23 — RS + ghRQ) npu h < R

3h
85. pr(H—h VEE A (H—hZ+h/RE+R2— (H — h)|H — h| —
H—h+ /R + (H—h)
—h*+ R?In
VRI+1? — )
27rp0a?b b v

4
87. —7rR3p0— npu ro > R, gﬂpomTo npu ro < R, roe ro — pac-
[)
crosnue oT My g0 ueHTpa apa.

88. wpoRsin® .  90. 27po(vVR2 + H2 — R+ H).

VEEFIE - VETTE ~ b
91. 2rpomHE YE T —H g9 opmp, VL — 1
N VR
93. 2mmpo. 94 R 95, T (R ),
pe

100. 3a ock [ ciepyer B3ATH OOHY U3 ABYX TVIABHBIX OCell MHEpLUU
NIaCTUHBI.

101. Ilycrs nawano koopamnar (O cOBHagaeT ¢ BEPLIMHON IPAMOro
yria, och O HalpaBleHa 0 KaTeTy MIMHBI @, TOrLa Macca m W Koop-
[AHHATLI ee TOUKK HaXOMAECHUA OLpeelfoTCA U3 yeiaoruil y =0, z=5/4,
mx = —-Ma/3.
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§ 10. KpuBoanHeiiHble HHTerpalbl

CNPABOYHbLIE CBEAEHUA
1. KpuBonauHeiiHble HHTerpaibl nepsoro poja. Illyctes cnpaAm-
afemas KpuBaa |’ 3agaHa ypaBHeHUeM
r=r(s), 0<s<S, (1)

rfe s — IepeMeHHasA JAWHA AyTH 3Toil KpuBoit. Torga, ecnu Ha kpusoit I
onpefeneHa GpyHruuA F, To yucio

5
/F(r(s)) ds
0

Ha3bIBAIOT KPUBOAUHELHBIM UHMe2paioM nepeo2o poda oT GyHKUMM F 1o
KpuBoit I' 1 obozHayvaloT

/F(a:;y;z) ds uau, Kopoue, /Fds.
r r
Tarum o6paszoM, Mo onpeaeNeHUIO
g
[Fasys=)da = [ Fla(s)y(s); 2(s) ds. (2)
r 0

Uurerpan (2) cywectByer, ecnu dyHriuusa F' HenpepbiBHa Ha KpuBoi I
CpoficTBa KPUBOJUHEeNHOro UHTerpaja NepBOro pojaa.
1) KpuBonuneiiHblif HHTErpal MepPBOro Poja He 3aBUCUT OT OPUEHTa-
LIUUA KPUBOH.
2) Ecnu spuBas [ ecTb 00bequHeHHe KOHEYHOTO YHCIa KPUBBIX ['1, ...
..., g, a dyuruusa F uHenpepwiBHa Ha ', To

/F(;c;y;z) dr = Zk: /F(J:,y,z) ds. (3)
r

=1 r;
3) Ecau rragkas kpuBasa ' 3anana ypaBHeHUEM
r=r(t), a<t<p, (4)

a ¢pyuruua F nHenpepsiBHa Ha KpuBoil [', To

8
[Flsyiz)ds = [Fa):y@: 20V @ 0P+ @02 + @0 dr.
r a

(5)
ECIII/I F — Trj1agraf MnjoCcrafd KpuBasd, 3aJaHHafd ypaBHCHHEM
y=f(z), a<z<b, (6)

b
[Fayyde = [ Fle; @)+ (F@)F do. (7)

T

TO



256 I'r. 2. Kpamnvle, kpusoaunelHble Ut NOBEPIHOCHbBE UHMESPAAbL

AHEIJ'IOFI/ILIHO, eClM TIJlagKad INIOCKafd KpHUBada r 3alaHa YpaBHe-
HHUEM

TO

d
[Fsy)yde = [Fle@)nv/I+ @ W) dy. ®)
T c

2. KpuBoauHeiiHble HHTerpaJasl BTOoporo poja. llycte raagkas

wpuBas I' samana ypasuenuem (1). Torna
dr

il (cos a; cos 3; cosy) 9)
— eJIMHUYHBIM BEKTOp KacaTelbHON K 3TON KpuBoil. 3nech «, B, v —
yribl, 06pa3oBaHHbIe KacaTenbHOU ¢ KoopauHATHbIMU ocamu Oz, Oy
u Oz COOTBETCTBEHHO.

Mycrs na kpupoit I' onpepenena Bertop-dpyusuun F = (P;Q; R) Ta-
Kafl, YTO [l CRaJIAPHON pyHKIIUU

F.=(F,7)=Pcosa+Qcosf+ Pcosy
CYIIECTBYET /FT ds. Torpa uuciao
r F.ds= [ (F,7)ds (10)
/o=

HAsLIBAIOT KPUBOAUHEIHbLM UHIMe2paiom 6mopoeo poda oT GyHKIMU F mo
kpuBoi I' u oBosnavaior
/Pd:z:—l—Qdy-i—Rdz.
r
TakuM 06paszoM, 110 OIpeieNeHHI0
s

/Pdm+Qdy~|—Rdz:/(Pcosa+Qcosﬁ+Rcosy)ds, (11)
r 0

rie (cosa;cos 3;c0sy) — eIUHUYHBII BEKTOP KacaTeJdbHOU K KpuBoi I
@opmyny (11) MOKHO 3anucaTh B BEKTOPHOM (opMe:
s

[(®.dr) = [(®(x(s)),7(s)) ds, (12)
r 0
rae dr = (dz; dy; dz).
Ecan @ = R =0, 1o dopmyuny (11) sannceiBaior B Buzie

5
/Pd;z: = /P(m(s);y(s);z(s))cos a(s)ds. (13)
r 0
AHanoruyso,

5 5
F/Qdy:o/Qcosﬂds, F/Rdz:o/Rcosvds. (14)
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CBolicTBa KPUBOJHWHEHHOro MHTErpala BTOPOIro poja.

1) Tlpu U3MeHeHUM OPUEHTALMM KPUBOH Ha MPOTUBONOJOMHYIO KPU-
BOJUHEHHLIA HHTErpal BTOPOro pofa MeHAET 3Hak.

2) Ecau rnagkan wpuBas [' 3amaHa ypaBHeHueM (4), a BeRTOp-GyHEK-
mua F = (P;Q); R) nenpepriBHa Ha [', To

/(F,dr) - /ﬁ(F,r’(t)) dt, (15)

WIn r o

I¢]
[Pde+Qdy+Rdz= [ [P():y(t):=()a’ (1) +
r o
+ Qa(t);y(1); 2(1))y' (1) + R(z(t); y(1); 2(1))2" (V)] dt.  (16)
B cayyae, korna [ — miockas raagkas KpyuBas, 3aJaHHas ypaBHEHH-

em (6), us dopmyasr (16) crepyer, 4to

b
[ Playyde = [ Pl f(a) de, (17)
T a
b
[Qy)dy = [Q: f(@) ' (x) da. (18)
T a

3. ®opmyaa I'puna. Ilycts rpanuna [N miockoit orpaHudeHHoi 06-

nactd G COCTOUT U3 KOHEYHOr O Ha60pa KYCOYHO INtaIKUX KPUBBIX. Torna,

eciau pyuruuu P, @, BP, Z—Q HellpephIBHLI Ha G, TO CNpaBeInBa op-
y T

//(———)d dy_/de+Qdy, (19)

rae KOHTyp [ OpHeHTHpOBaH Tak, YTO MpU ero oOxome obaacTk G ocTa-
eTcA cieBa.
U3 popmyner (19) npu @ =z, P = —y nonyvaem

1
S—ir/:cdy—yda:, (20)

myaa I'puna

rae S = //d:c dy — mnowaas obaactu G, orpaHU4YeHHOM KOHTypoMm [

(npu o6xoxe Koutypa [' o61acth G ocTaeTcA cleBa).

4. Yc/ioBUA HE3aBHCUMOCTH KPHUBOJHHEHHOT0 UHTerpalia oT
nyTu uHterpuposanua. Eciu ¢yuruuu P(z;y) v Q(z;y) Henpepbis-
HBI B ITOCKOH 0GaacTu (7, TO KPUBOAWHEHHBIN MHTerpal

/ Pdz+ Qdy (21)
CaB

17 Iloa pen. JILI.KynpaBuesa, T. 3
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He 3aBHCUT OT MyTH uHTerpupoBauua ['4p (kpuBasg ['s4p IeUT B 06-
aactu G, A — ee nadano, B — KoHel) Torja ¥ TOABKO TOrAa, KOrjaa
Beipamenue P dzx + () dy ABIAeTcA NonubIM JuddepeHIMaioM HeKOTOpoi
dyurmun v = u(z;y), T. e. B 06aacTi G BLINOJHAETCA YCIOBHE

%_P Ju

du=Pdr+ Qdy wmm o =L a—y:Q. (22)
IIpu sTom
P / Pdz + Qdy = u(B) — u(A). (23)
Cap
31ech
u(z;y) = / Pdz + Q dy, (24)
FM[)M
rae I'a,ar — HeKoTOpas KpHBafd ¢ HavanoM B (DUKCHPOBAHHON TOY-
ke My(xo;yo) U KoHUOM B Touke M(z;y), nTemaman B obnactu G.
Mycrs dyuruuu P, Q, 57 M 5, MempephiBHbl B IIOCKO# ofnac-
Y X
™1 (. Torga ans Toro 4ToGbl KPUBOIMHENRHBIA HHTerpan (21) He 3aBHCen
OT MYTH UHTErPUPOBaHUs, HeOOXOOUMO, a B cay4dae, koraa (G — ofiHO-

CBfi3Haf OﬁJIaCTb, TO M JOCTaTO4HO, 4yToObl B 006aacTh (G BBLIMOJHAIOCD

ycnoBHue
opP 0Q
9z = ¢, (25)
dy Oz
5. HexoTopble NpPUI0KEHHUA KPHUBOJIUHEHHBIX HHTErpaloB.
IIyets Ha KycouHo raagxoii kpuBoii [’ pacmpepeneHa macca ¢ JHHeHHOM
mI0ckocThiO p(x;y;2) (Mau p(z;y) 44A MIOCKOH KPHBOW).
Maccy xpusoil BLIUHCAAIOT MO dopMyJie

m = /p(:v;y;Z) ds, (26)
T

Koopdunamut yermpa macc — 1o Gopmynaam

1 1 1
zc=— [epds, yo== [ypds, 20== [zpds, (27)
T T T

MOMeHmbL uHepyuu omHuocumensvto ocell Oz, Oy u Oz — no hopmynam

I, = /(y?‘ +28pds, I, = /(z?‘ +2Hpds, I, = /(ar;2 +y*)pds.
r r r
(28)
IIycts Ha obaactu ) 3agana Bextop-gyuruusa F(r), roe r — paaguyc-
BEKTOp TOYKM u3 ), TOraa FOBOPAT, UTO Ha () 3adaHo GekmopHoe (Cuao-
soe) noae. llycte ' — KycouHo ruagkas opHeHTHpOBaHHaA KpUBaf B ()
1 BeKkTopHoe noje F HenpepsiBHO Ha [
Pabomoti noas F Boons I Ha3wIBalOT UHTErpan

A= [F(r)dr. (29)
/
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NMPUMEPLI C PELUEHUAMMU
IDpumep 1. BeruyucauTs KPpUBOIMHEHHBIN HHTErpail

I= /(x +y)ds,
r

rie I' — rpanuna TpeyrompHura (puc. 10.1) ¢ Bepmmuamu 0(0;0),
A(1;0), B(1;1). y

A Ilycte I, I, I3 — KpPUBOJMHEHHBIE MHTEI- | feme-meemen-e B
pampl oT GYHKUMH z + 4y 10 orpesram AB, BO ¢
u OA coorBercrBenno. Tak kak orpesok AB
3agaercd ypaBHeHueM z =1, 0 <y < 1, To no
dopmyie (8) moaydaem A

1 3 O 1 z
Il:/(y+1)dy: 2 Puc. 10.1

0
Orpesku BO u OA 3ajaioTcsi COOTBETCTBEHHO YPaBHEHUAMHU Y = I,

0<z<l,uy=0,0<z<1. HotpopMyne(7) HAX0AUM

I, = /Qx\/_da:— / =

Cnepopateavno, I = L1+, +13 = 2+

Y y=xa2 + \/i A
> Ipumep 2. BoluucauTh KPUBONUHEHHBIN
Lr @x& i 1) UHTerpai
~ I= /y dx + x dy
N N r
4
)y no kpusoit I' ¢ navamom O(0;0) M KoHLOM
A(1;1), ecau (puc. 10.2):
, 1) I' — orpesor OA4;
o 1 z 2) ' — myra nmapaGoasr y = x?;
Puc. 10.2 3) I' — nyra owrpymHocTu paguyca 1 ¢

neHTpoM B Touke (1;0).

A 1) Tak rar orpe3ok OA 3amaerca ypaBHeHueM y =z, 0 <z <1,
To, npumenss dopmyist (17) u (18), Haxogum
1

I:/xdx+/a:da::1.
0 0
2) Eciu I' — nmyra napaGoisl, To

1 1 1
/ydx:/xgda:, /xdy:/Qa:de, I:/3$2da::1.
r 0 r 0 0
3) Tak Kak ypaBHeHHEe IYTM OKDY/KHOCTH MOJKHO 3allMCaTh B BUME
z=1+cost, y=sint,

17*
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rie t MeHserca oT « o w/2, To no ¢popmyne (16) monyuaem
/2 /2
1= /smt(—smt )dt + / (1 +cost)costdt =

™

(cost+cos2t)dt =1. A

ﬂ\\

IIpumep 3. Beruneauts ¢ momomsio dopmyasl ['puna kpuBonuneii-
HbIA HUHTerpaJ

I= /a:zyda: —zy? dy,
G
rae I' — oxpysuocTs 22 + y> = R?, npoferaeMas NpoTUB XoAa 4acoBoii
CTPEJIKH.
A Bocnonbayemesa dopmynoit (19), rae

0 : OP
P = 'TQyu Q = _my27 % = _yza a. = $2'

Oy
Torna / / dm .

rae D — kpyr paguyca R ¢ nentpom B Toure (0;0). Ilepexons & momsp-
HbIM KOOpIHHATAM, MOMyYaeM
R
R-l
/ =-2' a
0

IDpumep 4. Hoaszyscs dopmyioit (20), nailTu mwiowans S, orpaHu-
YeHHYIO acTpOUoit

O\l:

z=acos’t, y=asin®t, 0<t<27.

A Ilpumenss gopmyist (20) u (16), nonyuyaem

_ %f(m(t)y'(t)—y(t) "(t)) dt = —/ cos* tsin® ¢ + sin? ¢ cos? t)dt =

:%/sm ot dt = 3L (1—c0s4t)dt:

3
7Ta'A

0

IIpumep 5. llokazaTh, YTO KPUBOJMHENHLIA UHTerpail
I= / (32%y + y) dz + (2* + z) dy,
AB

rae A(1;—2), b(2;3), He 3aBHCHT OT MYyTH UHTETPUPOBAHKA, U BLIYHUC-
JUTb 3TOT MHTerpai.
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A Tar war oyaruun P =322y +y, Q =2° + 2, ?)_1; u % Henpe-

2
pBIBHBI B R” U BbImonHseTcs yciloBue (25), TO UHTErpal He 3aBUCUT OT
IyTH MHTErPUPOBAHUSA U BbipamaeTcsa dopMmynoit (23).

Dyurumio u(z;y) MomHO HAWTH 1o dopmyie (24). 3ameTum, ogHARO,
4TO MOAbIHTErpajlbHOe BblpaseHue ABIAETCA MONHBIM AuddepeHnuanoM,
Tak Kak

(3% + y)dz + (2% + 2) dy = 32y dz + 2> dy) + (ydz + z dy) =
=d(z%y) + d(zy) = d(z°y + zy) = du.
CnepmoBaTenbHo, u = z°y + zy, u no gopmyue (23) Haxogum
I'=u(B)—u(A)=30—-(—-4)=34. A

3ALAYHN

1. BeruMciauTh KpUBOAMHEHHBIH WHTErpail MepBoro poia Mo IIoc-
Kol kpuBoit [':

1) /ds, I' — orpesok ¢ kouuamu (0;0) u (1;2);

2) /(23: +y)ds, I — nomanas ABOA, rae A(1;0), B(0;2), O(0;0);
r
3) /(a: +y)ds, ' — rpannua tpeyroasuuka ¢ BepmuHamu (0;0);

(1; 0) (0;1);

/yds ' — orpesok ¢ kouuamu (0;—2) u (4;0);

I' — orpesor ¢ konuamu (0;0) u (1;2).

r
5) / ds
7 /$2+y2+4

2. BprumcanTs KPpUBONHMHENHHEIN HHTerpail /a:y ds, ecnu:

r

1) T — rpanuna kmaapata c¢ mepmuuamu (1;0), (0;1), (=1;0),
(0; —1);

2) ' — uerBepts amaunca z?/a® + y?/b* = 1, newawas B | KBaz-
panre;

3) I' — rpaunuga npsamMoyroasuuka ¢ Bepuunnamvu (0;0), (4;0), (4;2),
(0;2).
3. Ilycrs I' — ranagkaa KpuBaf, 3agaHHas B NOJAPHBIX KOOpOWHA-

tax (r;p) ypaBHenueM r = p(¢), ¢1 < ¢ < @2, a dyuruua F(z;y) He-
npepniBua Ha I'. [JokaszaTh, 4TO

@2
/F(a:,y) ds = /F(p(ap) cos p; p(p) sin )/ p? 2dp. (30)
r @1
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BrIuMcAUTh KPUBOIUHEHHBIM UHTer pan 1o m1ockol kpusoit T (4-11).

4. /x2 ds, T — pyra okpymuoctu z2 + 9% = a?, y > 0.
r

5. /(xz +4%)"ds, T — oupysHoctb 22 + y? = a?.
r

6. /f(x,y) dz, T — okpysmHOCTE 22 + 4% = az, eclu:
r
D flzy) =z—y; 2) f(ny) = Va2 + o2
7. /f(m, y)ds, T' — mpaBhlil 1eNeCTOK NeMHUCKATHI, 3aJaHHON B MO-

r
JAPHBIX KOOPAUHATAX YpaBHeHHeM 72 = a? cos 2y, eciau:

D floy) =z +y; 2) flosy) = z/2% —y2

2

2

8. /|y| ds, T — nemuuncrata r2 = a? cos 2.
r

9. /(x4/3 +4*/3)ds, T — actpoupa x*/3 + y2/3 = a?/3.
r

10. /f(a:,y) ds, T — apra uurnougs! = = a(t —sint), y = a(l —
r

— cost), 0 <t < 2r, ecau:
D) flzy) =y 2) flzy) =9
11. /f(a:,y) ds, ' — nmyra pa3BepTKH OKPYMHOCTH
N

z = alcost +tsint), y=a(sint—tcost), 0Lt <2,
eCllu:

1) flxy) =2 +y% 2) flzy) = Va2 +y2

BoiuvenuTh KpUBOAMHEHHBIM UHTerpan Mo NpoCTPAaHCTBEHHON KpH-
Boit ' (12-18).

12. /f(m;y;z) ds, T — mepBbIit BATOK BUHTOBOH NHHUH
r z =acost, y=asint, z=bt,
ecau:

D) flzsy2) =22/ +9°); 2) flasy;2) =1/(2" +9° +27);
3) flmys2) =a” +y + 27
13. /f(a:;y;z) ds, T — myra KOHUYEeCKOH BUHTOBOM JIMHUU

r
z=tcost, y=tsint, z=1%, 0<£?<2n,
eciu:

) flzyys2) =2 2) flosy;2) = Va2 + 92 + 2
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14. /\/2y2 +22ds, T — onpymuocts z2 +y2 +22 =a?, z =y.
I

15. /wyz ds, T — uerBepth okpyskuoctu z2 +y2 + 22 =a?, z =1y,
r

pacnoJjoreHHad B I oxrante.

16. /(m +y)ds, T — 4eTBepTh OKpy#HOCTH T° + Y2 + 22 =a?, y=
r

= x, pacnofjomxenHad B I okTaHTe.

17. /des, ' — oxpymuocts 72 +y?+22 =a? z+y+2=0.
r

18. /zds, I' — nayra wpusoil z2+y? = 2%, y? = az oT Touru
r
(0;0;0) no Tourn (a;a;av2), a > 0.

BeruucauTh KpUBOJMHEHHBIM WHTErpanl BTOPOro poza mno KpuBoi T
npoGeraeMoil B HallpaBlleHWH Bo3pacTaHnus ee napamerpa z (19, 20).
19. 1) /a:y dr, T' — nyra cunycounsl y =sinz, 0 <z < m;
r
1
2) /(w - 5) dy, T — nyra napaomst y = 22, 1 < 2 € 2;

3) /:Udy—ydw, I' — mpuBasg y =23, 0 <z < 2;
r
4) /gdw—}-dy, I' —wpuaa y=Inz, 1 <z <e
x
r

(*]

T

5) /Q:Eydw +z2dy, T — myra mapaGodsl y = = 0<z <2
r

6) /wadw—a:?dy, I' — nyra napaboast y = ,/%, 0<z <2
r

20. 1) /cosyda: —sinydy, I' — orpesor npamoit y = —z, —2 <

r
<z <

(zy —y?)dr +zdy, T — kpuBaa y = 2\/7, 0< z < 1;

r
3) /(312 —2zy)dzr + (y?> — 2zy)dy, T — myra napaboasl y = 12,
r

/($2+y2)dm+(w2—y2)dy, I' —gpuBaa y =1 —|z—1], 0<
r
2
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BeruuenuTh KpUBOAMHEHHBIN HHTerpan no kpuBoii I', mpoGeraemoii oT
toukn A K Touke B (21-25).

21. /mdy —ydz, A(0;0), B(1;2), ecau:
r
1) T — orpesok AB; 2) I' — nyra napatoanl y = 22%;
3) T' — nomanaa ACB, roe C(0;1).
22. /my dz —y*dy, T — nyra napatoan! y2 = 2z, A(0;0), B(2;2).

r
3z 27 2
23. /— dr — - dy, T — nyra napatoas! = = y*, A(4;2), B(1;1).
P Y
24. /gdm — ?dy, I' — ayra napa6oasl y =22, A(2;4), B(1;1).
r

25. /a:dy, I' — nmoayokpysuocts z2 + 42 = a?, © > 0, A(0;—a),
r

B(0;a).
26. BorumcauTh KPUBOJHHEHMHLIH MHTerpail mo orpesky AB, opuen-
THPOBAHHOMY B HAlpaBlIeHUH OT Toukk A K Touke B:

1) /gﬁ dy — zy dz, A(0;—2), B(1;3);

2) F/ — 322 de + 4 dy, A0;0), B(2;4);
3) [ (22 —y)dx + (4z + 3y) dy, A(3;—4), B(1;2);
4) [ 4z + 5y)dz + 2z — y)dy, A(1;-9), B(4;-3);

5)

+y)de+ (L +2)dy, A(150), B(3;4);

< x
2 + 92 z? + 32

6) [ (z+y)de+ (z —y)dy, A(0;1), B(2;3).

BhluvcnuTh KpUBOAUHEHHDIN UHTerpad no kpuBoil I', mpoGeraemoii B
HaINpaBlIeHUH BO3pacTaHufA ee napamerpa i (27, 28).

27. 1) /a:y2 dx, I' — nyra okpysHocTu x = cost, y =sint, 0 <t <

T
<7 /2

2) /wdy +ydx, I' — nyra okpymHoctu x = Rcost, y = Rsint,

r
0Kt /2



$ 10. Kpusoauneiinvie unmeespanvt 265

) /ydm—xdy, ' — sanunc x = acost, y = bsint, 0 < ¢ < 2m;

/y2 dz + 2*dy, I — BepxHffi MONOBMHA BJIMICA T = acCOSt,
r
y = bsint.
28. 1) /(2a —y)dr+(y—a)dy, I' — nyra uuraonnst z = a(t —
r

—sint), y = a(l —cost), 0 <t < 2m;

*dy — ydx . 3
2 /17 I' — nyra acTpouabl ¢ = acos®t, y = asin®¢
) Py T ny pOMABL T = @ , y = asin’¢,

0t /2.

BbiuucauTh KpUBOMMHENHBIN UHTEr paJ 110 3aMKHY TOi kKpuBoii ', po-
feraemMoii Tak, 4TO ee BHYTpPEHHOCTL ocraercs ciea (29, 30).

29. 1) /(372 +y?)dz, T — rpaHuua npAMOYTroJbHHKa, 06pa3oBaH-

r
HOro mpAMbIMU =1, 2 =3, y =1, y = 5;

2) /(372 —2zy)dz + (z — 2y)?dy, T — rpanuna npAMOYToabHUKA,

r
obpasoBaHHOro npAMeIMU £ =0, =2, y =0, y = 1;

3) /(3372 —y)dx + (1 — 2z)dy, T — rpanuua TpeyroibHUKa ¢ Bep-
r
umuamu (0;0), (1;0), (1;1);

4) /(372 +y?)dz + (2 — y?)dy, I’ — rpanuna TpeyroibHUKA C Bep-

r
wuramu (0;0), (1;0), (0;1).

30. 1) /2(m2 +y?®)dz + (z +y)?dy, I — rpanuua TpeyroinHuRa c

r
pepunHamu (1;1), (1;3), (2;2);

/ ﬁji'd?/' I' — rpanuua keagpara ¢ Bepuunamu (1;0), (0;1),
(- 1,0), (0; —1);
3) / (@ +y) df+ ('2 — :r)dy’ I' — owpysuocTh 22 + y? = R?;
e+ y°
r
zy’dz — 2’y dy . 2
4) / = — 2 = T — mpaBblil JeNecTok JEMHUCKATBI 1r* =
=+ y-
= a2 cos 2p.

BeIYMCIUTE KpPUBOMMHEHHBIM HHTerpal BTOPOro pojJa MO MpPOCT-
paHcTBeHHOH KpuBoil [, mpoGeraeMoil B HampaBJeHUH BO3pacTaHUA
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napamerpa t (31-36).

31. /y dx + zdy + xdz, T' — BUTOK BUHTOBOI JNUHWU & = @ COSt,

r
y =asint, z =5bt, 0 <t < 2n.
32. /(yz—zz)dx—l—Zyzdy—xzdz, I' —spuBaa z=¢, y =12, z =
r

=8, 0<t< 1.
33. /yzd;r—}-z\/az—y2 dy+ xydz, T — payra BHHTOBOH JUHUU
T

x =acost, y =asint, z =at/(27), 0 <t < 27.
34. /(y—}-z)dx—}-(z—}-x)dy—f-(x—f-y)dz, I' — spusas x = asin’ t,
r

y = 2asintcost, z =acos’t, 0 <t <.

35. /mdw—l—(m—l—y)dy—i—(w—i—y—{—z)dz, I' — xpuBasa z = asint,
r

y =acost, z=a(sint + cost), 0 <t < 2x.
36. /ydx—i—zdy—i—xdz, I' — oxpysHOCTb * = acosacost, y =
r

=acosasint, z =asina (a = const ).

BbIuMcaMTh KPUBOJHHEHHBIR HHTErpan BTOPOro Pofia Mo NpOCTPAHCT-
BeHuoil kpupoit I' (37—44).

37. /1 dr +ydy+ (x+y—1)dz, T — orpesos AB, npoGeraemsiii
r
ot Touku A(1;1;1) ® Touke B(2;3;4).
38. / rdr+ydy+ zdz
E \/ac2+y2+z2—ac—y—|—2z
oT Touru A(l;1;1) & Touxe B(4;4;4).
39. /1(2 —y)de +ylz — 2)dy + z(y — x) dz, ' — nomanan ABCA,

, I' — orpesor AB, npoGeraeMbiit

r
rae A(a;0;0), B(0;a;0), C(0;0;a).
40. /y2 dz + 2°dy + z°dz, T' — nunusa nepecedenns chepnl z° +
r

+9y? + 22 = R? w ummunnpa 22 +y?> = Rz (R >0, 2z > 0), npoberaeman
NPOTHB XOfla YaCOBOM CTPENkU, ecliv cMoTpeTh u3 Touru (0;0;0).
41. /(y —2)dr+ (z —2)dy + (x —y)dz, T — oxpymuocTb x° +
r

+y2+22=da? y=xtga (0 < a < n), npoberaemas NPOTUB Xofla Ya-
COBOI1 CTPeNKH, eclli CMOTPETh ¢ MON0KUTeNnbHol noayocu O.
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42. / Bdx + (22 — 2%)dy + (z? —y?)dz, T — rpanuua yac-

TU C(bepbl 2+ y +22=1 (nesameit B T okranTe), npoberaemas o X0y
4acoBoil cTpenky, ecau cMoTpers us Touku (0;0;0).

43. /(y +2)dz+ (¢ +2)dy + (x + y)dz, T — onpymHocTs 2° +

+y?+22=a? r+ y + z =0, npoberaemasn NpoTUB XoJa YacoBoOil cTpell-
KU, ecilu CMOTpeTb ¢ MONOMUTENBHOM nonyocu Oy.

44. /(y2 + z2) dx + (372 + 22) dy + (172 + y2) dz, T — aunus nepe-

CeYeHUA MOBepXHoCTeMH

2P +y* +2°=2Rzx, z*+y*=2rz, 0<r<R, 220,
npoferaeMas NPOTHB XO[a YACOBON CTPEIKH, €Clld CMOTPeTh C IOJOHHU-
TenbHOH noiayocu Oz.

[Ipumensia ¢opmyny I'puHa, BEIMHCIMTH KPUBOMMHEHHBIA MHTErpal
Mo 3aMKHYTO# KpuBoii ', mpoBeraemoil Tak, 4To ee BHY TPEHHOCTDL 0C-
TaeTcA cieBa (45-55).

45. /(a:y—l—a:—i—y)dar—i—(a:y—i—a:—y)dy, €CIIN:

1) T —samunc 22 /a? + y?/b?> =1; 2) T — okpysuocTh 2 + y° = az.

2 '7

46. / 2zy —y)dr + 2% dy, T — saaunc Z— + = b’ =1.

47. / xdyj—_ydac [ — orpymuocts (z — 1)? + (y — 1)2 = 1.
=Ty

48. /(a: +y)?dz — (z? + y?) dy, T — rpanuua TpeyrojbHUKA C Bep-
r
umuamu (1;1), (3;2), (2;5).
49. /(y —2?)dx + (r+9%)dy, T — rpanuua KpyroBoro CeKTO-

pa0<r <R 0<p<a<n/2 rae (r;p) — noiaspHble KOOPJUHATEI.
dy]

50. /e [(1—cosy)dx + (siny — y)
I
<z<m 0<y<sinz.

, I' — rpanuua obaactu 0 <

51. /ey2*z2(cos 2zy dr + sin2zydy, T — orpymuocth z° + gy =
=R T
52, /(ew siny —y)dx + (e*cosy —1)dy, I' — rpanmua oGnactu
I

2?2 +y? <az, y>0.
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53. / dy , I' — rpanuna ksagpara c Bepmnnamu (1;0), (0;1),

(=1;0), ( ).
54. /\/x2+y2dx+y(xy+ln(x+\/x2+y2))dx, ' — oxpym-
r

nocth z2 +y? = R2.
55. /(w +y)¥dz — (z —y)?dy, I — rpanuna obaacTH, obpazoBaH-

Hoft orpeskom AB, rme A(1;1), B(2;6), u ayroii napadoanl y = az’ +
+ bz + ¢, npoxogaueii yepes Tourn A, B, 0(0;0).

Y6eUBIHCEL B TOM, UTO NOALIHTEr palhHOE BhIpaMeHUe ABIAETCA HOM-
HBIM AuddepeHaIoM, BLIYUCIHTE KPUBOIMHEHHEBIH HHTerpal Mo KpU-
Boit I' ¢ nauanom B Touke A u KoHuoM B Touke B (56-68).

56. /wdy—i—ydw, A(-1;3), B(2;2).
T

57. /wdw—l—ydy, A(-1;0), B(—3:4).
r

58. /(w-l—y)dx-i—(x—y)d% A(2;-1), B(1;0).
r

59. /2xydx+x2dy, A(0;0), B(—2;—1).
r

60. /(af* + 4zy®) do + (62292 — 5yt dy, A(—2;—1), B(0;3).

61. [ (z*+2zy—y’)dz + (z° — 22y —y*) dy, A(3;0), A(0;-3).

(3z% — 2zy + y*) dx + (2zy — 2 — 3y?) dy,
A(-1;2), B(1;-2).
63. /f(x—l—y)(dx—}-dy), f({t) — uenpepoiBHas ¢yurnusa, A(0;0),
r
Yo)-

’—J-\’—J\ H

B(xo;
/ z)dz +¢¥(y)dy, ¢(t), () — HempepoiBHble YHKINH,

r

1), B(z25y2).

(xla

65. /excosydx—exsinydy, A(0;0), B(zo;yo)-
r
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66. /a:da:+y2dy—z3dz, A(=1;0;2), B(0;1;-2).
T

67. /yzdw+$zdy+a:ydz, A(2;-1;0), B(1;2;3).
r

68. /xdw+ydy+zdz
/$2+y2+22

+22=R2, Sy — chepa 2?2 +y* + 22 =R3 (R1 >0, Ry >0).

, A€ S, B€S,, rae S; — chepa 22 + 42 +

Haittu ¢yHRUHIO U Mo 3ajaHHOMY MoOJHOMY U depeHIHany 3TOH
byuruun (69-77).

69. du = 2% dx + y? dy.
70. du = (e* — 5y3e®) dz + (2ze®¥ — 15y%e”) dy.
Tl du=e""¥V[(1+z+y)de+ (1 —z—y)dy]

2z(1 — eY) o2
! (1+a22) v +w2+ Yy
73. du = w 74. du yZdl’"‘l’Zdy-i-xydz
Tryt+z 14 z?y22?

75. du = (2% — 2yz)dz + (y? — 2zz) dy + (2% — 2zy) d=.
76. du (1——+ )da:+(f+%) y— Y g,
z P 22
(z+y—2)de+(c+y—2)dy+ (x+y+2)dz
2?2+ y? + 22 + 2zy '

78. KarkoMy yclI0BUIO AOMMHA YAOBIETBOPATH AuddepeHnupyemad
dyuruus F(z;y), 4T00bI KPUBOIMHEHHDIH HHTEr pal

/ Fz;y)(yde + z dy)

Fap

77. du =

He 3aBHCel OT My THU uHTerpupoBanus ' 4p7

79. Hcxoas u3 onpeneleHUs MIMHBL § ChpAMifeMoil kpusoit T =
= {r(t),a < t < b}, pannoro B [1, § 24, n. 2], zorkasars, uro ecan I' —
KYCOUHO TJajkasg Kpupas, To B R

; dr 7 dz\? dy \? dz\?
= fo= E(tmdtzﬂ(ﬁ) (Y (2w ey
aB R?
s_/ds_/ dt /\/ )th. (32)
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80. [JorazaThb, uTO:

1) ecnu mnockan kpuBas I' — rpadui HempepbiBHO OuddepeHIUpye-
Mot dyusuun y = f(z), a <z < b, T0
b

s = /\/1 ¥ (f'(2)2 dz; (33)

2) ecnu miockas HpI/IBaH I' 3apana B HOHHprIX KOOpAHMHaTax ypaBHe-
HueM 7 = (), <p < b, rae dyuruua r(p) HenpepblBHO nuddepen-

uupyema Ha [a; b]
s—/q/ dr +r2d<p (34)

81. HaI/ITI/I zumHy IYTH TIOCKOH KpUBOH *

1) ay? = 2%, 0 <z < Ba; 2) y—l—lncosm, 0<z<n/4
3) y:ach(w/a), 0< z<mo; 4) r=asin’(¢/3);

5 r=a(l+cosp); 6) z=-elsint, y=etcost, 0 <t < 2m;
N x=p+sing, y=1—cosyp, |p <7

8) z2/a® +y2/b* =1, a >b; 9) z*/3 +y?/? = a?/3,

82. HaifTu aauMHy AYyTH NPOCTPAHCTBEHHON KPUBOIA:
Dz=3t y=3t% =23 0<t <L

2) x =tcost, y=tsint, z=1¢t, 0 <t <V2;

)

3) z —a(1+cos<p) y-a(go—smgo), z = dasin(p/2), 0 < ¢ < 27,
4) :tcostz y=tsint?, z =12, 0 <t < V2w,

5) 2 x—z 6py—z3 0<z<p;

6) 22 —y? =922/8, (z +y)? =8(z —y) or Touknu (0;0;0) A0 Toukm
C ammIMKaToil zo = 1/3.

kt kt

83. IlycTes s, — AnAWHa BUTKa KpuBoit x = e " cost, y = e "'sint,
z=e " 2rn <t <2x(n+ 1)t, n € Z. HailTi oTHOWEHNE Spiq : Sp.

84, Hcnoaw3ya Tabauubl, HAWTH C MOTPENIHOCTbIO He Gonee yem 0,1
IJIMHY OYTH KpUBOH % + y2 +2%2= 1, y2 +22= Y.

85. HaiiTn maccy, pacnpefieleHHYIO ¢ THHeHON MIoTHoCThIO p(z;y)
mo ayre AB miockoit kpusoit I', ecau:

1) I' — orpesor AB, A(1;1), B(2;3); p(z;y) =2z +y;

6);

2) ' — otpesor AB, A(1;0), B(4;6); p(iq:, )=y +2/xz;

3) Ty =22/2, A(L:1,5), B(2:2); plaiy) = y/z;
4) I y? =z, A1), B(42); plz;y) = y;
5) I': y=2x%/2/3, A(0;0), B(4;16/3); p= ks, rie s — AaMHA AYTH

ot Toukn (0;0).

86. Haittu maccy Bceil kKpuBoit y = ach(z/a), = € R, ¢ nuueiinoi
naoTHocThIO0 p = 1/12.

*) 3agaqu o BBIYMCIEHWMU AAA AYT KPHBBIX UX AJMH, Macc, UEHTPOB Macc, MOMEH-
TOB MHEPLMU COCPeNoTOYeHbl B [2, § 7].
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87. Haiitu maccy, paclpefeleHHYIO ¢ JUHeHHOH MIOTHOCTLIO p IO
niockoit kpusoit I':

1) T:r=aycos2p; p=kr; 2) T:r=a(l+cosyp); p=kr;

3) I': . = a(t —sint), y = a(l —cost), 0 <t < 2m p=19°%
4)F:m:acos3t,y:asin3t,0<t<7r/2;p_\/§,

5) T': x = In(1 + ¢2), y—2arctgt—t 0<t<l; p=ye™ %,
6) I': 22/a®> +9%/0* =1, 220, y > 0; a>b; p=uy;

7) T 223 +y2/3 = a?/3; p = |zy|;

8) T: 22 +y? =azx; p= /22 +y2

88. HaiiTu maccy, pacnpefeneHHYIO ¢ JUHEHHON MJIOTHOCTLIO p IO
npocTpaHcTBeHHON Kpupoit I':

1) I': 2 =cost, y=sint, z=1¢, 0<t<2m p= (2% +y>+2°)71;
YT:z=at, y=at?/2, z=at®/3, 0<t < 1; p=/2y/a;
3)I': z=tcost, y=tsint, z=1, 0Kt < 2m; p=+/z? +y2%+ 2%
4) T': z = ael cost, y = aelsint, z = aet, —0o <t < 0; p=kz;

5) T — nyra wpuBoit y = z2/v/2, 2z = 2*/3 c navatom A(0;0;0) u
koHOM B(4;8v2;64/3); p = k\/22 + y2;

6) I' — ayra kpusoit y° —4z? = 3z , ¥ =2, z > 0, c HAUYaNOM
A(0;0;0) u rouuom B(1/4 1/2 0); p

NI ={z?+y*+22=4a :E—l—y—l—z—a} p =z

89. HaiiTu KoopaMHATbI LEHTPa Macc, paclpeneleHHbIX 0 IOCKOH
KpuBoit ' ¢ nuHetHON MIOTHOCTBIO p = 1:

1 I': y=ach(z/a), |z| < a;

2) I': x =a(t —sint), y =a(l —cost), 0 <t < 2m;
3) I' — ayra okpysHocTd r = R, |¢| < o < 73
1)
)

Y]

I' — wapauoupa r = a(l + cos);

5r;c2/3+y2/3—a/ >0; 6) It VT+ 7= V&

7 T:y? =2%/3 + 28, x;O.

90. HafiTu roopAuHaThl IIeHTPa Macc, paclpeleleHHbIX ¢ JUHeitHoi
IJOTHOCThIO p IO AyTre BUHTOBOI JMHUM ¥ = Rcosyp, y = Rsing, z =
= hy/2m, 0 < ¢ < o, ecan:

1) p=po = const; 2) p=poe *", cuutath @y =2wn, n € N.

91. HaiiTu KoopAWHATEI IIEHTpa Macc OJIHOPOAHON KPUBOHT

z=etcost, y=elsint, z=ef 0<t<o0.

92. HaiiTu KoOopAMHATHI IlEHTPa Macc OJHOPOAHOTO Kpaf MOBEpXHOC-
™ VT + ¥+ 7z =

93. IlycTh KycouHo raagxaa kpuBasa ' ABiIfgeTcA o6belHHEeHUEM Tla-

n
kux kpuBbix [;, I'= |J Ty, ¢ Maccamu m; ¥ paguyc-BEKTOPaMH IIEHTPOB
i=1
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Mace r;, ¢ = 1,...,n. lIlyctb m — macca I, rc — uentp mace I'. [loka-
3aTh, 4TO n
—
ro = E — ;. (35)
m
i=1

94. Haiitu momeHT unepuuu I, orpymuoctn z2 +y? = R%; p = 1.

95. Haijitn MoMeHT uHepuuu I, OKpy#HOCTH 2> +y? =2Rx; p=1.
96. Haiitn MomeHnThl MHepunu I, u I, ofHOH apKU LHKJIOULI
z=a(t +sint), y=a(l —cost), [t|<m, p=1

97. Haiitn momenTel uHepuuu I, I, I, ofHOro BUTKA BUHTOBOH NMH-
HUH
x=acost, y=asint, z=~ht/2r, 0<t<2x; p=1.
98. Haiitu MoMenT unepuuu I, okpysnoctu z2 +y? + 22 = R%, z +
+y+2=0; p=1.

99. HaiiTu noasApHeIi MOMeHT HHepuuu [y = /(w2 + y?) ds mnockoit

r
onHopoaHoit kpueoit I' (p = 1) oTHOCHTeNbHO Havasa KOOPAMHAT, €CIIH:

DTzl +|yl=a; 2)T: 223 4 23 = o?/3;

3) I': x = a(cost+tsint), y = a(sint —tcost), 0 <t < 27

100. Ilycte G — orpanuuenHas miockas o6iacTh ¢ KyCOYHO riaf-
Kol rpanuuedt G, opueHTUpOBaHHOH Tak, 4yTo obiactk (G HaxoauTCA
(nmoxkanbHO) cieBa or kacatensHoro k 9G Bekropa. [JokasaTh, uto mio-
magb G MOMHO BHIYHCIATE Mo M0G0 U3 GopMyi

Sz%wdqz—?{ydxzéfwdy—ydw. (36)

aG Yel rel
101. Haiitu niowanb obaacTH, OrPaHUUEHHON MIOCKUMU KPUBBIMU:
Vyl=4—z, z=4,y=1; 2)y=22%, z—y+1=0;
Ny=1-22,z2-y—-1=0; ) z=¢t3 y=13, 2=1;
5)  =acost, y = bsint; 6) z=12sint, y = 3cos’¢;
7) z = asin2pcos® ¢, y = acos2pcos? @, |p| < 7/2.
102. Haiitu niowans obaactu 2—; + % <1, z < \/52_ ! .
103. Haiitu niomwanb 06jgacTu, orpaHUYeHHON KPUBBIMU:
) (y—2)?+2*=1; 2) (z+y)?=az, y=0;
3) y? =22 — a2t 4) 9y? = 42% — 2%
5) (a2 +y*)? =a*(2® —y?), 22 0; 6) (2 +y%)? = 2a2%;
22 +yd =22 +y? =0, y=0.
104. Haiitu niomwanb 06jgacTy, OrpaHUYEHHON MeTAeil KPUBO:
1) z=3t/(1L+#), y=32/(1+);
2) z =acosp, y=asin2¢, z>0; 3) (Vz+ /9" =uy.

_ ¥
b
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105. Ilyets G — orpanudenHas o6aacTb B moaymiockoctu y > 0 ¢
KYCOUHO riafkoit rpaHuueit JG, opueHTHpOBaHHON Tak, 4To obaacTs G
pacnonosieHa (JloKanbHO) cleBa OT KacaTeibHoro sexropa. llyets 2 —
Teno, oGpa3oBaHHOe BpallenueM obiaactu G Boupyr ocu Ox. JowrasaThb,
yTo 06beM pf) MOMKHO BBIYMCIATH M0 JI060H 13 dhopmMyn

,uﬂ——ﬂ']{y dx-—27r%xydy-——f2xydy+y dz. (37)
Ye;

106. HaI/ITI/I 06beM Tena, 06pa3oBaHHOIO NpPH BpalleHUH BOKPYT OCH
Ox obnacTy, OrpaHUYeHHON KPUBBIMU:

1) y=shz, 2=0>0, y =0

2) y_2—smx 0<e<2n, y=0, 2=0, ;U—27r

3)y?—a?=1, |z|=1; 4) x =acos’t, y = asin®t;

5) £ =sin2t, y =sint, 0 <t < 27

107*). Haittu pabory noas F = (Fy;0), Fy = const, Bioab mgyru
napabonbl y? = 1 — 2 ot Touru (1;0) o Tousu (0;1).

108. Haiitu pabory noas F = (Fy,0), Fy = const, BAoab AyrH act-
poumst 22/ 4+ y?/3 =a?/3 £ >0, y >0, ot Tournu (a;0) o Touru (0;a).

109. Haiitu padoty nons F = (zy;z + y) Buons ayru AB wpuBoii T,
rae A(0;0), B(1;1), ecau:

DTliy=z 2)T:y=2%

110. Haiitu pa6ory noas F = (4z — 5y; 2z + y) Booas oyru AB wpu-
soit T, rme A(l;—9), B(3;-3), ecan:

1) I' — nomanas APB, rge P(1;-3);

2) T — nomanan AQB, roe Q(3;-9); 3) I' — orpesor AB.

111. Haititu pabory noas F Baooaw ayru AB wpusoit I', eciu

1) F = (2azy;—y); Iy =2? — 1, A(1;0), B(2;3);

2) F=3ay*—z—vy); I y? =241, A0;1), B(3;2);

3) F=(—y;x); I': z =a(t —sint), y =a(l —cost), A(0;0),
B(27a;0);
4)F=(y;—2z); T; 22 +42=1, y >0, A(1;0), B(—1;0);

5 F (O,Zw) I': © =acost, y =bsint, y >0, A(a;0), B(—a;0).
112. Haiitu paGory mons F = (—y;z):

1) ot Touru A(1;0) mo Tourn B(—1;0):

a) Bioab domaton AMNB, rae M(1;1); N(—1;1);

6) BAOJIL BepXHEH MOIYOKDYMRHOCTH %+ y2 =1

B) Bioab nomanoit APB, rae P(0;1);

2) ot ToukH (29 — R;yp) mo Toukn (xg + R;yo) BAOMB:

a) BepxHefi monyokpysHocTH (x — x9)% + (y — y0)? = R?, y > yo;
6) HukHeil moayospysuoctu (z — o) + (y — yo)? = R%, v < yo.

)

*

3ajauu Mo 9TOH TeMe BRKIKOUYEeHbl Takke B §12.

18 Ilog pen. JI.LI.KynpaBuesa, T. 3
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113. Haiitu pa6oty moasa F = —ur/r3, r = (2;), r =|r|, p= const:

1) Baoas ayru AB mapa6oabt y = 22 — 1, rae A(zi;y1), B(za;ys);

2) Boab ayru AB riaankoit kpusoii T, He npoxoasiieil yepes HAYaI0
roopaunat, rae A(zi;y1), B(xg;yg)

114. Haiitu paboty noasa F = —) (—y;z), 72 = 2% + y?, BAoOODL AY-
r2

ru AB wpusoit ', roe A(1;0), B(0;1), ecau:
1) T' — aomanan APB, rae P(l;l);
2) ' — ueTBepTb okpysHocTH 22 +y2 =1, >0, y > 0;
3) I' — weTBepTh actpounnt 22/3 +y2/3 =1, 2> 0, y > 0.

115. Haiitu paboty noaa F = —( —y;x), 72 = 2% + 52, BEOAL OpHU-
€HTHUPOBAaHHOW TMPOTHUB YacOBOM CTpeJ‘[HI/I OKPYHOCTH:

Da?+y*=1;2) (-2 +y? =1.

116. Haiitu paboty moasa F = Ar, r = zi + yj + 2k, Bmoas ayru OM
rpusoit T, rae O(0;0;0), M (xo;y0;20), ecau:

1) T — BuHTOBaf IuHUA z = ael cost, y = aelsint, z = ae;

2) T' — oTpesors OM.

117. Haittu paboty noasa F Bpoab koutypa I', ecau:

1) F = (yz;2x;2y); T — nomanan ABCD c Bepmunamu A(1;1;1),
B(2;1;1), C(2;3;1), D(2;3;4);

2) F=(x+2;2;—y); T — samrnyran nomanaa ABCA ¢ BepunHa-
mu A(1;0;0), B(0;1;0), C(0;0;1);

3) F = (zy;yz;22); ' — samruyTas nomanas ABCDA c BepmuHa-
vu A(1;1;-1), B(—1;1;1), C(—1;—-1;-1), D(1;—-1;1);

4) F = (2?/y;y/z;cosz); T — BUTOK BUHTOBOI JUHMH T = aCOSt,
y =asint, z = bt ot Touru (a;0;0) mo Touru (0;0;27b);

5) F = (y;—z;z); [ — wpusas z? + y? + 22% = 2a?, y = z, opuen-
TUPOBaHHAA TPOTUB YaCOBOH CTPEIKH co CTOPOoHbl ocu O;

6) F = (2zy;y%; —2?); T — ayra kpusoit 22 + y? — 222 =242, y =z,
oT Touku A(a;a;0) mo Tousn B(av2;av?2;a);

) F=(z;7y); T — okpymuoctb 22 +y? + 22 =R?, z+y +2=R,
OpPUEHTHPOBAHHAA MPOTHUB YACOBOH CTPEIKH ¢O cTopoHsl ocu Oz.

118. Haiitu paboTy moas nentpanphbix cuil F = f(r)r, rae r = zi+
+yj+zk, r =|r|, f(r) — uenpepbiBHas npu 7 > 0 QyHKIMA, BOOIb
raagkoro kourypa I' ¢ navamom A(z1;y1;21) 1 KoHIOM B(Z2;ys; 22), HE
coflep#raliero Hayania KOOpAMHAT.

119. [lokasaTb, MUCXOIf M3 3aKOHA B3aUMOAEHCTBHUA TOUEYHBIX Macc,
yTO MaTepuanpHasa kpuBasa [’ ¢ auHeiHON mioTHOCTRIO p(&;7); () NpUTHA-
ruBaeT mMaccy m, HaXO}IHLLIy}OCH B Touke M (z;y;z), C cUiION

—km/ |MN|3 p(&m Q) dz, N = N(&mn;0). (38)
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120. HafiTu HampAmeHHOCTL I'PaBUTAIMOHHOIO MOJfA, CO3/aBaeMoro
OAHOPOAHON MaTepUalbHON MPAMOMN € JIMHEHOH MIOTHOCTBRIO pp.

121. C raroii cumoit Macca )M, paBHOMepHO pacnpejeieHHasa BIOJIb
oxpymuocT z2 + ¢ = a?, z = h >0, IPUTArUBaeT TOUYEUHYIO MacCCy 7,
NOMelIeHHYIO B Ha4alo KOOpJAUHAT.

122. MyeTs (p;v) — KOOpPAUHATHI, ONpeAeasIONIte Ha I0CKocTH Opu
COCTOfIHME OIHOI'O MOIIA HIeallbHOrO rasa (faBieHHe U 06beM). Ypab-
HeHHe COCTOfIHUA OJHOI0 MOJf Takoro rasa uMeer Bun pv = RT, rae
R = const > 0, T — aGcoarornasa TeMnepatypa. Ilpu nepexone us coc-
tTosHuA (pi;v1) B cocroauue (ps;vs) MO KpuBoil [' KoMMYeCTBO MOMy-
yaeMoro (MM OTAaBaeMoro) Teria ra3oM OMpeelfaioT no Gopmye

Q:/%pdv—k%vdp, (39)
r

rie ¢, = const, ¢, = ¢, + R. KpuBylo, 3agaBaeMylo ypaBHeHUeM pv” =
= const, TAe v = ¢p/cy, HA3bIBAIOT aduadamot (a Mpoliece UBMEHEHUSA
COCTOAIHUA BJIOJb 3TOW KPUBOHU — aauaﬁamu%ecnu.M).

1) HaiiTu Tenio, moayuyaemoe razoM B U30TEPMUUECKOM MPOIecce, T. €.
BIOIbL KpuBoil pv = RT = const, npu nepexone U3 coctoAHuA (pi;vi) B
cocTofiHUe (p2;U2).

2) HowrasaTb, 4T0 B aquabaTHYeCcKOM Mpolecce ra3 He MOIydaeT U He
OTHaeT TeIulo.

3) Oyers po” =y, pv” = Cs — pBe aguadarsl, ['(1T') — orceraemulit

MMHU OTpe3ok uzomepmut pv = RT, Q(T) — ronudyecTBO Temaa, Mofy4a-
T
emoe rasoM Ha ['(T"). JlokaszaTb, 4To OJA Beex U30TEpM % = const.

4) uraom Kapro Ha3bIBAIOT 3aMKHY ThI KOHTYP, 06pa30BaHHbIN IBY-
MfA aauabaTamMy U AByMA usotepMaMu pv = RTy u pv = RT», Ty > Ty.
IIyeTs 3TOT KOHTYD OPMEHTHUPOBAH OT TOUKM ¢ HAaUGOJBLIIUM AaBASHHUEM
BAoub uzotepmbl pv = RTy. Mlyets () — monHoe Termo, momyd4eHHoe ra-
30M Ha nukie Kapuo, a Qo — Ha usorepMe pv = RT5. JlorasaTb, 4TO
K. II. 1. tukIa 7 = Q/Q2 onpepenserca no gopmyie n = (T — 11)/Ts.

123. B ycTaHoBUBIIEMCA CTAIMOHAPHOM MOTOKE MMAKOCTH MIOTHOCTD
W CKODOCTb B Kak[I0H TOYKEe IOTOKA HE 3aBUCAT OT BPEMEHH, T. €. p =
= pla;y), v = (ulz;y);v(z;y)).

1) HaitTu KomM4ecTBO MHUAKOCTH, IPOMIEAIISH 38 €QUHUIY BPEMEeHU
Yyepe3 OrpaHU4eHHYIO 06aacTh G ¢ KyCOYHO ruafroii rpanuueit 4G,

2) moayuuTh ypaBHeHHWe 1A « W v, Npefdnolarasg, uTo B obaacTu G
JRUIKOCTh HE BO3HHMKAeT M He ucdesaeT (T. €. HET HM HCTOYHHKOB, HU
CTOKOB) M UTO MHUIKOCTH HECKHMaema.

124. Haiitu norapudmuieckuii NoTeHI[Hal OIPOCTOrO CA0A
1
u(e;y) = §u(&min(s)ds, (10)
r

18*
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roe I' — orpymuocts &2 +n? = 1, opUeHTHpOBAaHHAA IIPOTHB YacoBoil
crpeasu, 7 = /(€ — z)2 + (n — y)2, ecam:

1) p(&;m) = po = const; 2) p(&;n) = cosmp, m € N;

3) w(&;n) =sinmp, m € N.

31ech @ — MOAADHBINA yroa Touku (&;7).

125. Beruucauths uaTerpan I'aycca

1= cos(, ) g (41)
oG "
rae OG — KycouHo IrMafkas rpanuiia obaactu G, r= M N, M(z;y) € R?,
N(&n) € 0G, r=+/(€ — )2+ (n—y)?, n — BHewHAn Hopmanb K OG,
(r;n) — yroa Memay r ¥ n, Npejnoiaras, uTo:
HMgG; 2) Meqd.
126. Beruucaute aozapudmuyeckuti nomenyuai 0801HO20 €A05

cos(r,n
ulwy) = § vigm) S gs, (42
r
roe ' — oxpymHocTs &2 + 1% = 1, opueHTHpOBaHHAA MPOTHB YacoBOH

crpeasn, T = (£ —z;m—y), r = /(- 2)>+ (n—y)?, n — BHewnsx
Hopmanp K I', eciu:

1) v(&n) =cosmp, m e N; 2) v(&n) =sinmp, m € N.

3mech ¢ — noafApupit yron tousu (&;7). PacemoTpeTh ciyuau

Vit >1lu o2 +y? < L

OTBETHI

1.1) V5/2; 2) 34+2V5; 3) 1+v2; 4) —/5In2; 5) In((3 +v5)/2).
2.1) 0; 2) ab(a® +ab+0*)/(3(a+b)); 3) 24. 4. ma®/2.

5. 2ma’"t. 6. 1) ma?/2; 2) 2a%. 7.1) a?V2; 2) 2a3/2/3.

8. 2a%(2 —+/2). 9. 4a7/3. 10.1) 32a%/3; 2) 256a%/15.

11. 1) 27%a®(1 4 27%); 2) ((1 +472)3/2 — 1)a?/3.

12. 1) 87b%va2 + b2/(3a%); 2) (Va? + b?/ab) arctg (27b/a);

3) 2mva? + b2(3a” + 472b%) /3.

13.1) (1427232 = 1)2v/2/3; 2) (1 +27%)%/2 —1)4v/2/3.

14. 2ma®. 15. a*/6. 16. a®>v/2. 17. 27a®/3.

18. (100v/38 — 72 — 171n((25 + 44/38)/17))a®v/2/512.

19.1) m; 2) (14—31n4)/3; 3) 8; 4) 3/2; 5) 4; 6) 12/5.

20. 1) 2sin2; 2) —8/15; 3) —14/15; 4) 4/3.

21.1) 0; 2) 2/3; 3) 2. 22.8/15, 23. —11. 24. (5 —1n8)/3.
25. ma?/2. 26.1) 7/12; 2) 56; 3) 8 4) 6; 5) 12+ Inb; 6) 4.
27.1) —1/4; 2) 0; 3) —2mab; 4) —4ab®/3.

28. 1) ma?; 2) 3mwa*/?/16.
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29.1) —48; 2) 4; 3) —1/2; 4) 0. 30.1) 4/3; 2) 0; 3) —27; 4) 0.
31. —ma®. 32.1/35. 33.0. 34.0. 35 —mwa®.
36. —wa’cos’a. 37.13. 38.3v3. 39.a°. 40. —7wR%/4.
41. 71a’2%/? sin(n /4 — ). 42. —4. 43.0. 44. 27Rr>.
45.1) 0; 2) —wa®/8. 46. mab. 47.0. 48. —140/3.
49.0. 50.(l—e™)/5. 51.0. 52.7a%/8. 53.—4. 54.7wR'/4.
55. —2. B56.7. 57.12. 58.1. 59. —4. 60. —1148/5.
Zo1-Yo T2 Y2
61. 0. 62.30. 63. / f(t)dt. 64. /gp(t) dt + /w(t) dt.
0 Ty at
65. e®™cosyg — 1. 66. —1/6. 67.6. 68. Ry — Ry.
69. u= (2> +¢%)/3+C. T0.u==ze? —5ye” + C.
TL.u=eYz+y)+C. 72.u=(e¥-1)/(1+z%) +y+C.
73. u=Injz+y+2|+C. T74. u= arctg(zyz) + C.
5. u= (23 +y>+2%)/3 - 2zy2+C. T6.u=x—x/y+ay/z+C.
T7. u=In\/(z+y)?+ 22+ arctg (z/(z +y)) + C.
78. zF(z;y) = yFy(z;y).
81. 1) 335a/27; 2) In(1 + v/2); 3) ash(z¢/a); 4) 37a/2; 5) 8a;
6) (> — 1)V2; 7) 8 8) 4aE(n/2;vVa? — b2/a); 9) 6a.
82. 1) 5; 2) V2+1In(v2+1); 3) 4wa; 4) V2r(3+47)/3; 5) Tp/6;
6) 9v/2/16.
83. e 2™k 84. 4\/2E(n/2;1/y/2) ~ 7,6404.
85. 1) 5v/5; 2) 2V/10; 3) (5v/5 — 2v/2)/6; 4) (1717 — 5v/5)/12;
5) 4(63 — 5v/5)k/9.
86. 7/a.
87.1) kra®; 2) wk(2a)*/%; 3) 3v/2ra%/?; 4) a*/3; 5) (x? — 81n2)/16;

b | ab . _ Var - 9ma® 2
6)5+£arcsm5,5— a\/_, 7) 51 ; 8) 2a°.
. 3a 3+2 _ 2\,

88. 1) v2arctg2r; 2) E(1n 23 3),

3) 4((1+27%)3/2 —1)/3; 4) V3ka?/2; 5) 2644k/15;
6) 1/16; 7) 2v67a®/9.

89. 1) (O; Sh2+2a); 2) (Wa;%); 3) (RSin@O;O); 4) (4a'0);

4sh1 ©0 5’
2a\, _ TW243Wn(vV2+1) a 8
90 1) ((Rsingo)/wo; R(1—cospo)/wo; (woh)/(4m));
2) (R/(1+47%);27R/(1+472); h(1— (n+ e ") /(L —e ™).

V2 +3In(v2+1
91. (2/5;1/5;1/2). 92. xc:yc:zc:;—4 \/§+1n(\(/§+1))'

94. TR, 95. 3nR%. 96. I, = 324°/5, I, = 8(x® — 256/45)a’.
97. I, = I, = VAr2a2 + h2(3a® + 2h?) /6, I, = VAx2a? + h2a>.
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98. 2ma®/3. 99. 1) 8v/2a%/3; 2) 3a®; 3) 272(27% + 1)a®

101. 1) 1/3; 2) 9/8; 3) 9/2; 4) 4/5; 5) wab; 6) 277 /2, 7) 3ra?/8.
102. (77T+3)ab/12.

103. 1) =; 2) a?/6; 3) 4/3; 4) 87/3; 5) a®; 6) 5wa?/8;

7 ( 3\/_—1-477)/9\/_

104. 1) 3/%; 2) 4a/3; 3) 1/30.

106. 1) n(sh2a — 2a)/4; 2) 97%; 3) &%/3; 4) 327a®/105; 5) =>/2.
107. —8/15. 108. —aFy. 109. 1) 4/3; 2) 17/12.

110. 1) 22; 2) 106; 3) 64.

111. 1) 0; 2) 113/3; 3) —6ma®; 4) —37/2; 5) wab.

112. 1) a) 4;6) 7; B) 1; 2) a) —(wR+2yo)R; 6) (7R — 2yo)R.
113. 1) u 2) p(1/ro —1/r1), roe r; = ,/:v? +y§, ji=1,2.

114. 1), 2), 3) ©/2. 115.1) 27; 2) 0.

116. 1) u 2) A(zd + 2 +23)/2.

117.1) 23; 2) 1/2 3) —4/3; 4) sin(2wb) — wa?; 5) 2mwa?;
6) ( 2f 7/3)a%; 7) 2zR?/V/3.

118. /rf(r) dr, rj = /a3 +y3 + 23, j=1,2
]

120. — _2heo_
- +y°

121. (0;0; kMmh/(a® + h?)3/?). 122.1) RTIn(p,/p>).

123. 1) fp(w;y)(v(w;y) d — u(z;y) dy); 2) _‘959/’;) + %;) -0
8G

124. ) O mpu 7 = /22 +y2 < 1, —27polnr mpu r > 1;
2) nin cosny mpu r > 1, %r" cosny npu r < 1 ((r; ) — noasipuble

(z;y;0) (npsmas coBnagaer ¢ oceio Oz).

KOOpOUHATBI TOUKK (2;Y));
3) in sinny npu r > 1, zr”sinmp npu r < 1.
nr n
125.1) 0; 2) 2«
126. 1) wr™cosng mpu r < 1, —ar "cosny mpu r > 1 ((r;¢) —
HOAAPHBIE KOOPOUHATHI TOUKK (;Y));
2) wrsinny npu v < 1, —wr~"sinng opu r > 1.

§ 11. [ToBepXHOCTHBIE UHTETPAJIbI

CMNPABOYHBLIE CBELEHWA

1. IloBepxHOCTHBIII HHTerpajJ mnepBoro poja. llycts mnosepx-
HOCTb S 3aJaHa mapamMeTpUUecKH:

r=xz(u;v), y=ylwv), z==z(uv), (uv)€D, (1)
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npudeM pyHRUnd z(u;v), y(u;v), 2(u;v) qubdepeHUUpPyeMbl B U3MepU-
Moii o6iactu D. IlycTe Ha 3TO# NoBepxHOCTH 3a0aHa GyHruuA f(z;y;2).
IHoseprrocmubtll unmezpas nepeozo poda //f(a:;y;z) dS or thyHE-

s
unu f(x;y;z) 00 MOBEPXHOCTH S MOeT GLITL ONpeleleH CleyIOWUM
obpazoM:

[[ 1@yi)ds = [[ fauiv)iyu vy z(us0) VEG = F? dudv, (2)
S D

rae 2 2 2\ 2 7\ 2 2 2\ 2
2= +G) G =) G (&)

F— Or 0z  Oydy 020z
Judv  dudv  Judv

Ecau noppiHTerpanpian GpyHKUMA B paBoil yacTu paBeHcTBa (2) He-

npepbiia B D (B wacTHoCTH, eciu (QyHKIMA [ HempepniBHa Ha S, a

dyuruun (1) nenpepbiBHo auddepeHUUpYEMb B D, to wunTerpain

//f(a:;y;z) dS 3aBeOMO CyLIECTBYeT.
s

IToBepXHOCTHBIA MHTErpal MOKeT OLITh ONpeleleH U Kak Npeaes co-
OTBETCTBYIOLIUX MHTErpalbHblX CyMM (CM., HanpuMmep, [3] uau [4]).
Ecau noBepxHocth S 3agaHa ypaBHEHHEM

Z = z(at;y)7 (Z';y) € Ev (3)

rae z(z;y) — nubdepenuupyemasn B D byHKUMA, TO paBeHCTBO (2) npu-
HMMaeT BU[

//fa:y, )dS = //fa:y, ary))\/l (g;) +(g—;)2d$dy. (4)

YacTo noBepxHOCTb S He MomeT ObITh 3agaHa B Buge (3) mau (1), HO
ee ynaeTcs pasbUTb Ha yacTH S; Tak, 4TO KamJag U3 yacTell JOINYyCKaeT
NpeicTaBleHre B HY;KHOM Bue. B Tarux ciydasx 1ol MHTErpaioM Io0
IIOBEPXHOCTH S MOHMMAIOT CYMMY HHTErDANOB 10 €€ 4acTAM:

//fds Z//fds (5)

115

Ecmu f(z;y;2) — IIOTHOCTH Macchl, pacipe/eleHHOH 10 M0BEepXHOC-
T S, To unrterpans! (2), (4) galoT Maccy Beeil IOBEPXHOCTH.

Momenyuaaom e mouxe My npocmozo ¢a0s, pacnpeaeseHHoro ¢ mioT-
HOCTBIO p(x;y;2z) Ha MOBEPXHOCTH S HA3LIBAIOT MHTErpall

Vi(zo;y0;20) = // wwiy; z) y,z) ds,

rie r — paccTofAHHe Memay Toukod M (x;y;z) moBepxHocTu S W TOY-
woit Mo(zo;yo0; 20)-
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2. lloBepXHOCTHbIE UHTErpaJbl BToporo poaa *). [lycTh noepx-
HOCTb S 3afaHa MapaMeTPUUeCKH:

z=a(u;v), y=ylu;v), z=z(v), (u;v)eD, (1)

dyuruun z(u;v), y(u;v), z(u;v) HempepblBHO AuddepeHuUpyeMsl B D,
IpUYeM PaHT MATPULEI oyl
Ty Yy 2y
paBeH 2. B wammoit Touke (u;v) TaKOH NMOBEPXHOCTH CYILIECTBYIOT IBa
IPOTHUBOIOI0HO HAMIPABACHHBIX €IUHUYHBIX HOPMAaIbHLIX BEKTODA, Kaxk-
MbIi U3 KOTOPBIX ABAAETCA HEMPEPbIBHON GYHKIMEH TouKkH (1 v) TOBEpX-
HocTH S. BriBop ofHOr0 U3 HUX HA3LIBAIOT OpUEHMayuell noeeprHocmi.
Eciau noBepxHocTs S ABAfieTCA paHULEel OrpaHUYeHHOl 061aCcT, TO To-
BOPAT, UTO €€ MOMNHO ODUEHTUPOBATD 8HelLHel W 8HymperKel (o 0THO-
IEeHHIO K 3Toi 06aacTi) HopMaasiMu. [loBepxHOCTH S, OPHEHTUPOBAHHY IO
BHEIIHell HopMalbio, Ha3bIBAIOT ee eHewHell cmoporoil, a OpUeHTUPOBaH-
HYIO BHYTpPEHHEl HOpMalblo, — €€ 6HYMmpenHell CImoponotl.

Jl1A opUeHTUPOBAaHHON MOBEPXHOCTH S ONPEAEIAIOT NOEEePIHOCTLHbLL
uHmezpas 6mopo2o pooa.

HyCTb COS x, COS¢, COS7y — HallpaB/JAlOIHNEe KOCUHYChLI HOpMaJau

7

i j ok
! ' !
! 1 !
:Ev yU ZU

& moBepxHocTH (1) (em. §6, (7)). llycTs moBepxHOCTH S OpHEHTHpPOBaHa
eIMHUYHBIM BEKTOPOM HOpManu (cos a; cos 3;C0osy), U MyCTh Ha MOBEPX-
Hoctu S 3agausl pyuruun P(z;y; 2), Q(z;y;2), R(z;y;z). lloepxHoct-
HBIA MHTErpan BTOPOro pona
/ Pdydz + Qdzdz + Rdzdy (6)
S
onpenenfeTcA Yepe3 MOBepXHOCTHbI MHTerpal nepeoro poaa ¢opmyJoi

/ Pdydz + Qdzdx + Rdw dy =

’ ://(PCOSCHLQCOSﬂvLRcosy)dS. (7)
5

Ecnu noeepxHocTs S OpHEHTHPOBaHA MPOTUBOMOJOMHBIM 06pazoM,
T. e. HOpManblo (— cosa; — cos 3; — cosy), TO ¥ MOBEPXHOCTHOrO WHTEr-
pajia U3MeHAeTCA TOJAbKO 3HaK.

Nlast unrerpana (6) uMeeT MecTo caegyromas Gopmyia:

P Q R
//dedz+dedm+Rdmdy:// oy 7 |dudv.  (8)
'S D Z‘; y;; Zzlz

*) B 5TOM M cllefyoWuX [NyHKTaX UCNOAb3YIOTCA TONLKO NpaBble CHCTeMbl KOOp-
OUHAT.
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B wactHoMm ciayuae P =0, ) =0 dopmyaa (8) umeeT BUA

//Rdx dy = //R(x(u;v);y(u;v);z(u;v)) gg:’;:z% du dv. (9)
s D

AHanorM4HO 3aMMChIBAIOT (I)OpMyJIbI OJid UHTerpaJjioB

!/dedz, !/dedx.

Ecau noBepxHocTh S 3amaeTca fABHO, TO dopMyia (9) ynpomaercs.
OycTh, HampuMep, MOBEPXHOCTHL S 3afaHa ypaBHEHUEM

z=2(zy), (z39) €D, (10)
rie z(x;y) — HelpepbIBHO AuddepeHlupyeMan B D ¢yuruua. Toraa

//Rdx dy = j://R(w;y;z(x;y)) dz dy, (11)
S D

rae D — npoekuus mosBepxHocTH S Ha miaockocTh 2z = 0.

Mepen nBo#iHBIM UHTerpaioM B Gopmyie (11) Gepercsa sHakr mwioc, ec-
AY TOBEpPXHOCTb S OPHUEHTHUPOBAHA HOPMAIAMM, COCTABJIAIOIIUMU C
OChIO 2 OCTPBIH Yrod, ¥ 3HAK MUHYC, €CJId MOBEPXHOCTh S OpPUEHTUPOBa-
Ha HOPMaJfAMHU, 06pas3yIoUUMU ¢ OCbIO0 z TYyIo# yroia. B mepsom ciyuae
TOBODAT, UTO UHTerpaj GepeTcsA MO BepXHel CTOpPoHe MOBEPXHOCTH, BO
BTOpOM — IO €€ HUKHei CcTopoHe.

Ecau noepxuocrs S He npexacrasuma B Buge (10) uau (1), Ho ee yna-
eTcA pasdUTh Ha KOHeUHOe YMCIO YacTel, Kam/Jad U3 KOTOPBIX MpedcTa-
BHMMa B TaKkoM BUje, TO T0]] IOBEPXHOCTHLIM HHTErpaloM BTOPOro poaa
IO MOBEPXHOCTU S MOHUMAIOT CyMMY MHTErpAJOB IO ee YacTAM.

3. Teopema I'aycca—Octporpaackoro. Ilycts G € R® — snemen-
TapHas o6aacth (cM. §8, m. 2), orpaHuYeHHas KyCOYHO TNIAAKONH MOBEpX-
HoCThIO, U nycTh dyukuuu P(z;y;2), Qx;y;z), R(z;y;2z) Bmecte co

0

R —
CBOMMH TIPOU3BOIAHBIMU ——, —=, —— HenpepbiBHbl B G. Torga
dx’ Oy’ Oz
//dedz+dedx+Rdxdy—// ( —+8—)da:dydz
(12)

rae S — BHellIHAA CTOPOHA MOBEPXHOCTHU, OrpaHUYUBalollell o6aacts G.

@opmyny (12) naseBatoT gopmyaoit l'aycca—Ocmpoepadckozo. UHorpa
ee 3allUChIBAIOT B BH[E

// Pcosa+ QcosfB+ Rcosy)dS = ///(— + = + —)dxdydz

(13)
rge coscq, cosfl, cos<y — HampabBJAIoNIMe KOCHHYChl BHEIIHEeH HopManu
K nopepxHoctu S. ®opmyna [aycca—OcTporpaackoro MoseT GbITh 3aMH-
caHa B BeKTOpHOH ¢opme (cMm. §12).
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4. Teopema Crokca. Ilycts S — opueHTHpOBaHHAA KYCOYHO IJIaj-
KafA [OBEPXHOCTb, OrpaHH4YeHHaA COOTBETCTBEHHO OPHEHTHPOBAHHLIM
koutypoM L*). Ilyers gynruuu P(z;y;2), Q(x;y;2), R(x;y;z) Henpe-
pBIBHO AuddepeHpyeMbl B HeKoTopoil obaactu G O S. Toraa

/Pda:+Qdy+Rdz:
L

_9Q 9P _OR Q _ ‘9_P)
_//(— )dd+(az o) deda + (5 dody. (14)
(DopMyJIy (14) nasbiBaor gopmyaot Cmokca. Jta GopMyna MOKeT GLITH
3alMcaHa B TAKOM BHJIe:

L/Pda:—}—Qdy—}—Rdz:!/((g—I;—%—Cj)cosa—}—

(ZI: ZIZ) cos 8+ ((?9_2 — Z—Iy)) cosy) ds, (15)
rie (cosq;cos B8;cosy) — BEKTOP eMHUYHON HOPMAIH K IOBEPXHOCTH S,
HAINPABJIEHHLIH COOTBETCTBEHHO HApaBleHuIo Koutypa L. ®opmyay (15)
WHOI/Ia 3AMUCLIBAIOT B CUMBOJIMYECKOM BHJIE
cosa cosf cosvy

0 0 0
/Pda:—i—Qdy—i—Rdz:// % & 5 |45 (9
L P Q R

Dopmyna Crorca MomeT ObITL 3alKcaHa B BEKTOPHON dopme (cM. §12).

YcnoBUMCA TOBOPUTDH, YTO 3aMKHYTafA KPUBAA OPUEHMUDPOSAHA NOAO-
HcumeabHo OTHOCUTEIBHO HEKOTOPOIro BeKTOpa a, ecld HallpaBleHHe Ha
KPUBOH (CO CTOPOHBI, B KOTOPYIO HANPABIEH BEKTOP A ) MPOTHUBONOIOMKHO
HallpaBlIeHUIO [BHREHUA YAaCOBOIl CTPEIKM, U OpPUEHIMUPOSAHA OMpuiad-
mMeAbHe OTHOCUTENLHO BeKTOpa a, ecid HallpaBlleHWe Ha KPUBOH CoOBIa-
JaeT ¢ HalpaBileHUueM JBUEHUA YacOBOH CTPeNKU.

MPUMEPLI C PEILEHWUAMMU

ds
IIpumep 1. BoluncauTh uHTErpai // —_ ecu S —
Vx4 g+ 22
4YacTh LMJIMHAPUYECKOH MOBEPXHOCTH

z=rcosu, y=rsinuy, z=v; 0<u<2r, 0<KLv<<H
A B nannom ciyuae npumenuMa dopmyaa (2), mpuuem E =72, G =1,
G = 0. oatomy
H
rdudv

[t [t -

*) I'oBOPAT, UTO MOBEPXHOCTbL M OTPAHMYMBAIONHH €e KOHTYP OPUEHTHDPOBAHbI CO-
OTBETCTBEHHO, eclii HabnofaTelb, BUAYLIIMACA M0 KOHTYPY Y CMOTPALIXI Ha NOBepX-
HOCTb C TOI CTOpOHBI, KY/la HalnpapleHa HOpMalb K [OBEPXHOCTH, BUAUT MOBEPXHOCTb
clieBa.
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= 27r7'1n M A
r

ODpumep 2. Boruncauts uaTerpan I = //zz dS, rne S — noauasn

MOBEPXHOCThL KOHyca v/x2 + 9% < z < 2.

A Ilycth S| — GoroBas NMOBEpPXHOCTh KOHYyca, So — €ro OCHOBaHUE;
TOraga 9 9
I= //z d51+//z dS,.
5 5,

K nepBomy uuTerpany npumenum gopmyay (4). Ha GokoBoii noBepxHoc-

TH KOHYCa
R
0: Lz 0 _ Y (&) (Z) = v
oz \/m’ dy \/— Ay '
CrenoBaTedbHO,
//z dS; = // (x* +9° \/_dxdy—\/_//rdrdgo—&/iw

z24+y2<4

Ha ocHoBanuu KoHyca z = 2, Mo3TOMY BTOpOil HHTErpasl paBeH ydeTBe-
peHHoii IIomanu ocHoBanuA Konyca 4722, Urar, I = 87(2 + \/5) A

Dpumep 3. BorunmcauTs vHTerpan //zdwdy, rae S — HIKHAA

CTOpOHa uyacTH KOHMUYecKoll noBepxHocTH 22 = x? + 4%, 0 < 2z < H.

A TloBepxHOCTL S OpPUEHTHPOBaHA HOPMAaIAMM, COCTABIAIOUIUMU TY-
noit yroi ¢ ocsio z. Ilo dopmyse (11), B3aAB B Heil 3HaKk “MUHYC”, CBOOUM
HHTerpam K JBOWMHOMY, KOTOPbI BbIUKCIAEM, MepeXoaa K MOJIAPHBIM KO-
opAMHATaM:

__ _ =-3 3
g/zdxdy // \/Wd:cdy /dga/r dr ﬂ'H

22y H?

Dpumep 4. BeluHCIUTL HHTErpanbl: a) // 22 dx dy; ©) //z dz dy;
S

rae S — moaycdepa x? + 32 + 22 = R?, y > 0, opuenTHUpoBaHHasA BHell-
Hell HOpMallblo.

A a) Pazo6bem nmoBepxuocTs S Ha 4acTH S; U Si, pacnonoieHHbIE
COOTBETCTBEHHO BhbIlle U HUMe mnockoctu z = (. Toraa

2 _ 2 2 _
!/z dx dy S/I/z dxdy—l—s/g/z dx dy
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IloepxHocTH S ¥ So HUMEIOT OAHY U TY e IpoeRiuio [ Ha miIoc-
roctb z = 0. Coranacuo dopmyse (11) HonyqaeM

//z dmdy—// — 2 -y} dzdy,

Tak Kak BHEIIHAA HOPMa/b K [OBEpXHOCTU S; oOpasyeT ¢ OCbIO Z OCT-
pbIf yroda;
2 _ 2 2 2
//z dmdy——//(R —z° —y°)dz dy,
S1 D

TaK Kak BHELIHffl HOpMalb K MOBEPXHOCTU Sy 00pasyeT TYNOH yroua c

ocpio z. CienoBarenbHo,
//22 dxdy = 0.
S

6) Kar u B ciyyae a), pasbuBas NoBepxXHOCTh S Ha yacTu Sy U So U
npumenssn dopmyay (11), noaygyaem

//zdmdy://\/RQ—a:Q—dexdy,
5 D
= — — 2 g2 g .
S/r’/zda:dy Z/( VER? =22 —y2)dedy

CrepoBatedbHO,

{/dedy:QZ/\/mdmdy:Z%R?’:2?”337

Tak Kak MOCAefHUI UHTerpal paBeH o6beMy YeTBepTOi YacTHU Ilapa pa-
ouyca R. A

dydz dzdx dr d
IIpumep 5. Beruucauts unrterpan K = // 4= 4 + i ,
Yy z
rge S — 4acTh BILIUNCOUAA
r=acosucosv, ¥y =bhsinucosv, 2z =c¢sinv,
u € [r/4n/3], v€n/6;7/4],
OpPUEHTUPOBAHHOIO BHENIHEH HOPMalbIO.
A 3ameruMm, uyto dyuruuu 1/z, 1/y, 1/z nonomutenbHble, a YIibl,
06pa3oBaHHbIe BHEIIHEHl HOPMAJbIO ¢ OCAMU KOOPIUHAT, — OCTpbIe, 1103-
tomy K > 0. Bocnoabsyemcs dopmyioit (8). Tar rar

x, = —asinucosv, vy, =bcosucosv, =z, =0,
7!, = —acosusinv, y, = —bsinusinv, 2z, = ccosv,
TO

1 1 1 1 1 1

z ) Z a COS U COS v bsinucosv csinw

li ’ t = . = pcCcosv
Ty Yu 2y —asinucosv bcosucosv 0 p ’
z [ —acosusinv —bsinusinv ccosv

v yv v
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rac b e b
c b
[oatomy no popmyite (8) monydaem
w/3 w4
_ oo \/5_1 _w(\/i—l)(ab ac bc>
K_p/du/cosvdv_pﬁ(T §>_T ?4_?4_3 A
w/4 /6

Ipumep 6. BeriuncauTh MHTErpal
I= //w3dydz+y3dzd:v+z3dmdy,
5

rge S — BHeIIHAA cTOPOHa GOKOBOI MoBepxHOCTH KoHyca G: x? + 32 <
<22, 0<2<1.

A OGosHauuM 4yepe3 [; MHTerpal Mo BHeIIHeH CTOpPOHe MOJHOM Io-
BepXHOCTH S7 KoHyca, 4epes [, — MHTerpai mo BepxHeil cTOpOHe ero
ocnoBauus Sy. Torna I = I} — I5. K unrerpany I; npumeHum popmyiy
lNaycca—OcTtporpaackoro

I :3/G//(m2+y2+z2)dmdydz.

Ilepexoaa K UMIMHAPHYECKUM KOOPAMHATAM, BBIYMCIHM IIOJYYEHHBIH
TPOMHON UHTerpajl 1 o .
: 9
L :3/dz/dg0/(r2+22)rdr: o
0 0 0
Brruneanm mHTerpas no oCHOBaHMIO KOHYyca:

_ 3 3 3 _ -
I S/Z/a: dydz +y°dzdx + 2° dz dy S/Q/dmdy T

CrnepoBatensHo, I = —x/10. A
Ipumep 7. BoruncanTb HHTErpad
A= /(y2 —22)dx + (22 — %) dy + (2® — y?) dz,
L

roe I — xpuBas nepeceuenus mapaGomsouna 2 +y> +z = 3 ¢ mioc-
KOCTBIO & + ¥y + 2z = 2, OPUEeHTUPOBaHHAA [OJOM¥UTENbHO OTHOCUTEILHO
Bextopa (1; 0; 0).

A Tlpumenum dopmyny Crokca. 3a MoBepXHOCTh S, OrpPaHHYEHHYIO
KpuBOil L, IpUMeM HacThb CeKyllell INIOCKOCTH T 4y + 2 = 2, Jeka-
meit BHyTpu mnapaGoioupa. EAMHUYHBIM BEKTOPOM HOpMaiud K S, Ha-
IpaBJeHHBIM COOTBETCTBEHHO HAlPaBJEHUIO KpHUBO L, fAB1feTcA Bek-
Topz(l/\/g;l/\/g;l/\/g). Tas waw P=9% — 22, Q=22 — 2%, R=2%—
-y, 10

-Gl = ety G- =22,
0Q JP

or 9y —2(y + ).
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Mpumenss dhopmyay (15), nonyyaem

—% g/(a:+y+z)ds:—% S/dS.

Tak Kak z = 2 — & — Y Ha NOBEPXHOCTH S, TO

e (52) + () - A
Ilo dhopmyae (4) Haxogum

A:—8£/da:dy,

roe D — mpoeknua S Ha miockocTh zQy. Vckmiouas z U3 ypaBHeHUId
224y +z2=3 z+y+tz=2,

noHEey (x—1/2)2 + (y — 1/2)? = 3/2,

T. e. D — ecTb KpyT paguyca +/3/2. CiegoBarensHo,
/ drdy = gﬂ, A=—-127. A
D

3AIAYH
Boruucnuts unterpanst (1-13).

1. //(a:+y+z)dS, rie:
S

1) § — wyacts miockocTu x + 2y + 4z = 4, Bolgensemas YCIOBHSA-
it x>0, 420, 220
2) S — yactb coheprl z2 + y2 + 22 = 1, BrIgendgemad yeaoBdeM z 3= 0.

2. // (2 4+ y?)dS, rae:
3

1) S — cipepa 22 +y? + 22 = R%;
2) S — nosepxHocTb KoHyca /22 +y2 < 2 < 1.

3. // (2% + y* + 2%) dS, rae:
s

1) S — cdepax z? +y? + 2° = R?;

2) S — noBepxHocT Ky6a |z| < a, |y| < a, |2] <
3) S — moBepxHoCTE OKTa3apa |z| + |y| + |z| < a;
4) S — noanas noBepxHocTs wMHapa z +y? < r?, 0 < 2 < H.

4. //—,,S NOBEPXHOCTL TeTpa3apa £ +y + 2 <1, 2>
Qtety)? p pasip Y Z

S0, 420, 230
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) //a:yz ds; 2) //|:1:y|z dS; rne S — uacth napaBonouna z =
5
= 22 4 y?, BhlgenseMas yciaosueM z < 1.
6. 1) //(:1:2 +42)dS; 2) //\/a:2+y2d5; roe S — 4acThb KOHH-
S S
YeCcKol MOBEePXHOCTH z = /22 + y2 BbljleadgeMan ycaoBueM z < 1.

7. 1) // Ty +yz + 21) dS; //a:y2+y2z2+z2a:2)d5; rie

S — yacThb KOHMYECKOH MOBEPXHOCTH z = +/x2 + y?, pacnonoeHHas
BHYTpY UuauHapa z° + y? = 2x.

8. 1) //f(a:;y;z)dS; 2) //f(%tz,z)’
5 S
Y g/ (@t f(x(f/; 5

S — samuncoun x_) + y_7 + 2 =1,
a’? b? c

9. //:c +y% + z—a)) n/2dS, n € N, § — chepa z2 +y> +

[®]

RQ
10. //Z dS S — 4YacTb KOHMYECKOH NOBEPXHOCTH

z =ucosvsina, y=usinvsina, z=wucosa,
a = const, a € (0;7/2), BemeasemMan yeaosuamu u € [0; 1], v € [0; 27).
11. //zdS, S — MOBEPXHOCTH
T =ucosv, y=usinv, z=v, ué€l01], wvel0;2n]
2
12. [[7)dS, tne r=y/ETFE T, f(r):{l JrST
S b =
S — niockocTh T + ¥y + 2 = a.
. — /2 2 T TS .
13. //f(r,z)dS,ruer—\/a? + 2, f(r,z)—{o r> oz S
5

chepa 22 +y? + 2% = R
14. Jlorasats gopmyay Iyaccona

1
//f(a:c+by+cz)d5:27r/f( a’ + b + c?t) dt,
5 1

rae f(t), |t| < va?+b?+c?, — uempepuiBHaa dyHEOIMA, S — cde-
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pa 22 +y?+22=1.

15. OnpefenuTs Maccy, paclpefeleHHylo:

1) mo nosepxuocty Ky6a 0 < 2 < a, 0Ly <a, 0<2z<a cno-
BEPXHOCTHOH ILIOTHOCTLIO p = pPoTyz;

2) no cepe 2% + y2 + 22 = R? ¢ mIoTHOCTBIO:

a) p=po/x? +y2, 6) p=po(x® +y*); ‘

3) Mo yacTu »AIUNTHYeckoro mapabotoupa z2 +y2 =2z, 2 <1 ¢
IIIOTHOCTLIO p = poZ;

4) mo yacTu runepGoanyveckoro napadoouaa 2 — y° = 2z, BbIpesae-
Mot muauHapoM 2 + y? = 1, ¢ mIoTHOCTRIO p = polz|, po = const.

16. OnpefenuTh cTaTHYECKHII MOMEHT OTHOCUTEJbHO IIOCKOCTH 2 =
= 0 opHOpoaHO# (p = po = const ) MOBEPXHOCTH:

Vazt+y+z=a 20,y>0 220, 2) 22 +y*+22=R% 2>0.

17. OnpenenuTh aNnmIMKaTy [eHTpa Macc noaycdepbl 2 4 y? 4+ 22 =
= R?, 2> 0 c noBepXHOCTHOH MIOTHOCTLIO:

1) p=po; 2) p=pov/a?+y% 3) p=pole® +y*), po= const.

18. OnpefeauTs KoopOuHAThLI IleHTpa MacC OAHOPOAHBIX IOBEpX-
HOCTe:

2> +y>+22=R%, 220, y>0, 2>0;

2) z=/R? =22 —y%, 220, y>20, v +y < R

3) z=Vat+y? Pyt <as 4) 2=2- (2 +y%)/2, 22 0;

5) ® =wcosv, y =usinv, z =v, u € [0;1], v € [0;7].

19. BBIYMCIUTL MOMEHTLI MHEPLUMH OTHOCHTEILHO KOOPAUHATHLIX
MI0CKOCTeH OAHOPOAHOR (p = pg = const ) MOBEPXHOCTH:

Dz+y+z=1220,y>20, 2>0

2) 2= ﬁ\/az:Q—I—yZ, 22 +y? <r2.

T

20. BbluvcauTh MOMEHT MHEPIHMU OJHOPOAHOM (p = pp = const ) mo-
BEpPXHOCTH:

1) 22 +y? = 2az, z < a, otHocUTeNBbHO ocu Oz;

2) 2%/a® + y*/a® = 22 /b*, 0 < 2 < b, oTHOCUTeAbHO TpsIMOH y = 0,
z=15b

21. HaliTu BelMuyuHy CHJBLI, C KOTOpPOH OAHOPOOHAA MOBEPXHOCTh:

1) z=acosp, y=asing, z=2z, p € [0;2x], z € [0; H];

2) x=rcosy, y=rsing, z=7r, ¢ €[0;27], r € [a;b], a > 0;
INIOTHOCTH py NPUTACMBAET TOYKY Macchkl 11, IOMeEIeHHYIO B Hauaje
KOOpAUHAT.

22, HaiiTu BenMYMHY CHIBI, C KOTOPOU ofHOpoOHAA cdepa paguyca R
U INIOTHOCTH p = pg NPUTATHUBAET TOUYKY Macchl m.

23. OnpepenauTs >AeKTPUYECKUIl 3apsAfd, pachnpefefeHHbIH ¢ MIOT-
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HOCTBIO p = polz| N0 MOBepXHOCTH:

1) #2/a? +y*/a® — 22 /2 =0, |2] < g

2) 22 — 2% —y? =a?, |z|] < aV2.

24. Haiitu notexuuan B touke Mo(zo;yo; 20) mpoctoro cios (m. 1),
pacrpe/eneHHOro:

1) na chepe z? + y? + 22 = R? ¢ NOCTOAHHON MIOTHOCTLIO o}
2) na cdepe z2 +y? + 2?2 = R? ¢ NOCTOAHHOI MJIOTHOCTBIO Ly W Ha
chepe 2 + y? + 2% = R? ¢ NoCTOAHHOH IUIOTHOCTBIO s, Ry < Ro.

25. Haiitu B Toure (0;0;2) nOTeHLMAI IPOCTOrO COS, PACIpPe/IeNeH-
HOTO C MJOTHOCTBLIO f4:

1) ma 6okoBoii moBepxnoctu nmmuuapa 2 +y? = R?, 0 < z < H,
B = pos;

2) na chepe 2 +y? + 22 = R%, pu = poz?.

Boruneants unTerpansl (26-43).
26. // (x? +y*) drdy, S — uumuaAn cropona kpyra z2 +y? < 4,
s
z=0.
27. // (2z —x)dydz + (x + 22)dzdx + 3zdxdy, S — BepxHad
s
CTOpOHa TpeyroidepHUKa z +4y+z2=4, x 20, y 20, z > 0.

28. 1) //a:zdxdy; 2) //yzdydz—f-zxdzd:r—f-xydxdy; s —
S S

BHYTDEHHAIfl CTOPOHA IOBEPXHOCTH TeTpasapa z+y+z < 1, = > 0,
y=20, 2> 0.

29, //fl(:r) dydz + f2(y)dzdx + f3(2)dx dy, rne f1, fo, f3 — He-
s

npepbiBHbIe BDYHKUUH, S — BHEIIHAA CTOPOHA INOBEPXHOCTH Napajiiele-
munegqa 0 <z <a, 0<y<h, 0<z2<e

30. 1) //y dzdz; 2) //:172 dydz; S — BHewHsig cTopoHa cdepobl
‘ 13 5
a? +y* +2° = R
31. 1) // (x° + 2)dy dz; 2) //:172y2 zdxdy; S — BHYTpeHHASA CTO-
S S

pona noaycdepsr z2 + %2 + 22 = R?, 2 < 0.

32. //:172 dydz + 2*dxdy, S — BHewHAA cTOpoHAa 4acTu cdepbl
s

2?2+’ +22=R% <0, y>0.
33. // 22 dydz + y?>dzdx + 22 dxdy, S — BHewHAA cTopoHa coe-
S

19 Iloa pen. JI.LI.KynpaBuesa, T. 3
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pol (z —a)? + (y —b)2 + (2 — ¢)? = R2.
34. //22 drdy, S — BHyTpeHHsfl cTopoHa noaycdeps! (z —a)? +
5
+y—b2+22=R* z>0.
35. // (z — 1)3dy dz, S — BHewHss cTopoHa noaychepsl z2 + 42 +
+22 = 2;10 z <

36. 1) //dzda: 2) //wdydz 3) //m dy dz; 4) //d“ly s

BHEIIHASA CTopOHa snnnnconna z?/a? + yz/bz + 22/ = 1.

37. 1) //yz dzdz; 2) //w3 dydz + y® dzdx; S — BHemHAs cTopo-

5
Ha uactu snauncoupa 2 /a® +y? /b2 +2%/* =1, z > 0.

38. //(2;152 +y?+2%)dydz, S — BHemHsAA CTOpOHa GOKOBOII MO-

BepXHOCTH KoHyca v/y? + 22 <z < H.

39. //(y—z)dydz—l—(z—z)dzda:—l—(w—y)dzdy, S — oana us
S

cropon noeepxHoctu x2 +y? =22, 0 < z < H.

40. //yz2 dx dz, S — BHYTDEHHsIfl CTOPOHA YaCTH LUJIUHAPUYECKO

nosepxnoctu 2 +y?2 =71, y <0, 0<z2<r

41. //yz drdy + zxdydz + vydz dx, S — BHeIIHAA CTOPOHA YaCTH
5

uummnapa x2 +y2 =r?, 2 <0, y >0, 0< 2 < H.
42. //wG dydz +y*dzdx + 22 drdy, S — HUMHAA CTOpPOHA 4acTU

BIIMIITHYECKOr0 napadojouaa z = x° +y2, z < 1.

43. //a: dydz + ydzdzx + zdxdy, S — BepxHAA CTOPOHA YACTU TU-

nepBosuyeckoro napadosonga z = x2 — y2, ly| <z < a.

C nmomortnbio TeopeMbl 'aycca—OcTporpaackoro BBIYMCAUTL UHTerpa-
ae1 (44-48).

44. //(1+2x)dydz+(2x+3y)dzdm+(3y+4z)dxdy, roe  S:

S
1) BHemHsAA CTOpOHA MOBEPXHOCTU MUpaMuibl z/a+y/b+ z/c < 1,
z20,y20, 220;
2) BHYTpeHHfii CTOpPOHa [OBEpPXHOCTH |x—y+z2|+|y—2z+z| +
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+|z—z+y|l =a.
45. //zdmdy+(5a:+y)dydz, roe S:
S

1) BHemWHAs cTOpoHAa NOAHONW MOBEPXHOCTH Kohyca =2 +y? < 22
0<z2<4

2) BHyTpeHHAA CTOpOHa aanuncouna z2/4 +y2/9+ 22 =1,

3) BHeIWIHAA cTOPOHA rpaHulbl obaactu 1< 22 +y? + 22 < 4.

46. //w2 dydz+y?dzdx + 22 dx dy, rae S:
s

1) BHYTpeHHAS CTOPOHA NMOBepxHOCTH napatienenunesa 0 € z < a,
0<y<h 0<2<g

2) BHEIIHAA cTopoHa noaHoi nosepxHoctu x2/a’ + 42 /b2 < 2% /c?, 0 <
< z € ¢ (Komyc).

47. //x3dydz+y3dzdw+z3dwdy, rae S:
s

1) BHeWHAA CTOPOHA MOBEPXHOCTU TeTpasapa £ +y+ 2z < a, = > 0,
y=20, 220
2) BHyTpenuasa cTopona chepbl 2 + 42 + 22 = R2.

48, //x4dydz+y4dzdw+z4dwdy, rae S:
S

1) chepa z? + y? + 2% = R
2) BHEWHAA CTOPOHA IOIHON MOBEPXHOCTH Modymapa z2 + y? + 22 <
<R z20.
49. JlorazaTh auad o6beMa V Teja, orpaHMUEHHOTO TaKkoil NOBEPX-
HOCTBIO S, hopMyIy
V= ‘% //a:dydz +ydzdz + zdz dy|.
S

50. Hcnonb3ysa dopMyny us 3agauu 49, HaiiTu o6beM Tesa, orpaHu-
YEHHOT0:

1) mopcpXuocThIo & = ucosy, y = usinv, z = —u—+acosv (u = 0,
a > 0) u naockocramu ¢ =0, z = 0;

2) noepxHocThio £ = (b+ acosu)cosv, y = (b+acosu)sinv; z =
=asinu, b > a > 0;

3) HOBEepPXHOCTHIO T = acosucosv + bsinusinv, y = acosusinv —
—bsinucosv, 2z =csinu U NAOCKOCTAMH 2 =¢, 2 = —C.

Brruncauts unTerpannt (51-55).
51. //wdy dz +ydzdr + zdxdy, rie S — BHeIWIHAA CTOpPOHA IO-
s
BEPXHOCTH, 00pa30BaHHON BpalleHHeM BOKDYT OCH 2z KPUBOM:
Dy=2-1]z—1], 2z€[0;2]; 2) z=1+sinz, z € [0;7].

19*
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52. //;L’Qdydz—i—yzdzdm—l—sz;rdy, roe S:
5

1) HuHAA cTopoHa moaycdepht z2 4+ y2 + 22 = R2, z > 0;

2) BepxHfifi CTOPOHA dYacTH MOBEPXHOCTH mapaboiouga 2 + y2 +
+2az=a%, 2> 0;

3) HUMKHAA CTOPOHA YACTM KOHMYECKOH MoBepXHocTH z° + y? =
0<z<H.

53. //(z HDdydz + (2° — 2%)dzdr + (y? — 2?)dedy, S —

22,

BepxHAA CTOpOHa noaycohepsl z2 + 4% + 22 = R?, 2 > 0.

54. // 2?ydydz + zy*dzdx + zyzdxdy, S — HUKHAA CTOpOHA

s
yactu chepbl 22 +y2 +22=R%, >0, y>0, 2> 0.
55. //m2y dydz — zy* dzdx + (22 + y?)z dz dy, S — BHemHnAA cTO-
S

o 2 :
pOHA YacTH MUIHHApHYecKoil moBepxHoctu x2 +y2 = R%, 0 < z < H.

56. JorazaTh, 4To ecld S — 3aMKHYTafl rilajgkasd MOBEPXHOCTh, L —
ee BHEUIHAA HOpManb, 1| — HEKOTOpBIN MOCTOAHHBIN BEKTOP, TO

é/ cos(l,n)dS = 0.

57. Mlycts G € R® — orpanuyennas o6aacTh ¢ Magko# rpanunei S,
n — BuewnAa HopMane K S, r = (£ — )i+ (n —y)j + (¢ — 2)k:
1) nokasath Gopmyry

é/cos(r/,?l)dS:2/G//%;

2) BBHIYMCIUTL UHMeEZPaL Faycca

I(z;y; 2 // cos(r,n) ds, (z;y;z) € S.

58. JlokasaTh, uTo ecin G € R® — orpannuennas o6nacTh ¢ riagkoi
rpauuieii S, n — BHewHAA HopMadb S, u(x;y; z) 1 v(z;y; 2) — ABaKILI
HenpephIBHO nubdepennupyeMble B (¢ GYHRINM, TO

Ou Ov
///‘A“ Av dzdydz= [[ | on an |dS.
U v u v
G s
59. Jlorasath, yTo ecau u(z;y;z) — rapMoHHdeckas (QYyHRUMA B
OrpaHUYEeHHON 3aMKHYTOHU 06J1aCTI/1 G ¢ raagkoii rpaHuneit S, n —
BHELIHAA HopManb K S, r = (£ — x) 1 (77 v+ -2k, 10

ulw;y;z) = = //( Cosﬂn +|i| gz)ds
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60. [lorazath, uyTo ecaut u(x;y;2) — OYHKIUA, rApMOHHUYECKAA BHYT-
pu cheprr S paauyca R ¢ ueHTpOM B Touke (Zo;¥Y0;20), TO

u(To;Yo; 20) = In R> // T;y;2)dS.

Hcnonbsya dopmyay CTokca, BBIYMCIUTL UHTErpasbl (61—68).
61. /(w—}-z)dw—}-(m—y)dy—f-xdz, L — anaunc Z—; + ? =1, z=
= ¢, OPUEHTUPOBAHHBIA OTPULATEILHO OTHOCUTENLHO BerkTopa (0;0;1).
62. /y2 dz + 2> dy + 2 dz, [ — rpaHuua TpeyroibHMKa ¢ BepIIU-
L
Hamu B toukax (a;0;0), (0;a;0), (0;0;a), opueHTHpOBaHHAA ONOHHU-
TeabHO OTHOCHTenbHO BekTopa (0;1;0).

63. 1) /yda:—l—zdy—f-a:dz;

L
2) /% + zdz; rae L — orpymHocTh z2 + y? + 22 = R?,

T+ Yy +z = 0, OpHMeHTHpOBaHHAaA IOJOKUTEJIbHO OTHOCHTEIBHO BERTO-
a (0;0;1).

64. / Hdx + (22 — 2%) dy + (* — y?)dz, L — wpuas nepe-
Ce‘{eHI/IH noBepxHoctH Ky6a |z| < a, |y| < a, |z| € a maockoethio T +

+y+ 2 = 3a/2, OpUEHTUPOBAHHAA TMONOMUTEIBHO OTHOCUTEILHO Bek-
topa (1;0;0).

65. /(y—z)da:+(z—a:)dy—f-(x—y)dz, rae:
i

1) L — orpymuocth 22 +y? + 22 = R, y = xtgy, ¢ € (0;7), opu-
€HTUPOBaHHAfA HOJIOH{I/ITeJIbHO OTHOCI/ITe.TIbHO Bextopa (1;0;0);

2) L — samunc z° +y? =a?, zf/a+2/c=1, a >0, ¢ > 0, opuentu-
POBaHHBIN OTpULIATEAbLHO OTHOCI/ITeJIbHO Bektopa (1;0;0).

66. /yda:—zdy—{—a:dz, L — xpuBas z° + y*> + 22> =20, y —z =

= 0, OpUEHTUPOBAHHAA IOJOMUTEILHO OTHOCUTENbHO BekTopa (1;0;0).
67. /(y2 + 23 dr + (2° + 2°)dy + (2> + 9*)d2, L — wpusas z° +

L
+y? + 2% = 2ax, 2® +y? = 2bzx, 2 >0, 0 < b < a, OpUEHTUPOBAHHAA
N0JI0KUTEILHO OTHOcHuTeabHO BekTopa (0;0;1).
2

68. /z3d$ +23dy + y3dz, L — wpupas 22% —y® + 22 =a?, z+y=

= (, OpUEHTHPOBaHHAA NOJOKHUTEILHO OTHOCHTENbHO Bextopa (1;0;0).
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Brruucnute unTerpann (69-72), ecau kpuBasa L opueHTHpOBaHA B
HalpaBlIeHUU BO3pacTaHUd mapameTpa t.

69. /xdw+(w+y)dy+(w+y+z)dz, L — wrpuBaa z = asint,

L
y =acost, z=a(sint + cost), t € [0;2n).
70. /y222 de + 2?2° dy + x°y%dz, . — kpupag z = aqcost, y =

L
=acos2t, z =acos3t, t €[0;2r).
71. /(y+z)dm+(z+x)dy+(x+y)dz, L — wpuBas z = asin’ t,

y=asin2t, z=acos’t, t € [0;7).
72. / —yz)dr + (y* — za)dy + (2> — 2y)dz, L — wpumas z =

—acost y=asint, z = ht/(27), t € [0;27].

OTBETHI

1) 7v/21/3; 2) = 2.1) 8xR*/3; 2) n(1+2)/2.

1) 47 R*; 2) 40a*; 3) 2v/3a*; 4) wr(r® + 2r°H + rH? + 2H?/3).
. (V3-1)(In2++/3/2). 5.1) 0; 2) (125v5 — 1)/420.

1) 7n/v/?2; 2) 20v/2/3. 7.1) 64v/2/15; 2) 297/2/8.

4 1 1 1
1) ;;abc(; ta Tt ?)’ 2) 4dmwabe; 3) 47; "
™ _ pl2-n _ 2—n ™
9. 7a(n_2)(|a R la + R| n#2, —

eciu a # 0; 47R?>™™, ecin a = 0.

10. (rsinacos® a)/2. 11. 72(v/2 +1In(1 + v/2)).

12. 7m(a® — 3)%/18, ecau |a| < V/3; 0, ecau |a| > /3.

13. 7(8 — 5v/2)R*/6.

15. 1) 3poa®/4; 2) a) por?R®; 6) 8ponR*/3; 3) 21(1 + 64/3)po/15;

4) 8(1+v2)po/15.

16. 1) V3poa®/6: 2) mpoR3. 17.1) R/2; 2) 4R/37: 3) 3R/8.
R R R V2, V2o, V241 1. .. 16

18. 1) (55 2,3) 2) (LrY —(1; | R); 3) (3:05 52 );
307 — 15 2v/2 -1 T

4 (0’0 U ) 2 (0’ 37r(\/§+1n(1+\/§))’5)'

19. 1) pov/3/12; 2) I,y = wporh®l/4, 1,. = L., = mpor3l/4, rae | =

)
20.1) 4 6\/;;— L poat, 2) mpoa(3a? + 2b°) a-12+ L
)

27p ma(1 — ;) 2) wp mln(g)
Na T Verm ) ‘ al

—

® oA W

In a+ R
a—R

, n=2

?

21.1
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22. 4rpomR?/r?, ecniu v > R; 0, ecmu v < R; 2mpom, ecin r = R,
r — paccTofsHHe TOYKM 0T LeHTpa chephl.

23. 1) %wpoacx/a2 +¢2; 2) 2mpg (\/_— %)a?’.
24. 1) %, ecmn a > Ry a = /22 + & + 22;
2) dr(u Ry + paRs), ecan a < Ry; 47T(MR1 -‘rqug), ecan Ry <

<a < Ry %(ulR%—i-ugRg), a> Ro; a= /2% +y2+ 23
VR (H - 22+ H -
25. 1) 2rpoR1n H —2) ‘.

B2
2 2
2) M(l—i— g), ecau |z| 2 R
3z 522
4’/T,U[)R

26. —8x. 27.128/3. 28.1) —1/24; 2) 0.

29. (fi(a) — f1(0))be + (f2(b) — f2(0))ac + (fs(c) — f3(0))ab

30. 1) 47R?/3; 2) 0. 31.1) —2aR7/7;, 2) —2rR?/105.

32. —xR'. 33.8x(a+b+c)R?/3. 34. —xR'/2. 35. —2x/5.
36. 1) 0; 2) 4mwabc/3; 3) 0; 4) 4mab/c.

37. 1) mabc?/4; 2) 2m(a® + b*)abe/5. 38. —3wH/2. 39.0.

40. —xr®/6. A1 (cH/8—r[3)r*H. 42, —7/3. 43. —a'/3.
44. 1) 3abc/2; 2) —3a®. 45.1) 1287 2) —48m; 3) 567.

46. 1) (a +b+c)abe; 2) mabc?/2. 47.1) 3a®/20; 2) 127 R°/5.
48.1) 0; 2) 7R®/3. 50.1) 2a%/9; 2) 272%a2b; 3) 2w(2a® + b?)|c|/3.
51. 1) 127; 2) (24 + Tm)/2.

52.1) — R4/2 2) mat/12; 3) —mH*/2. 53.0. 54. —R%/3.
55. 0. B57.2) 4n, eciu (z3y;2) € G; 0, ecu (z;9;2) € G.

61. —wab. 62. —a®. 63.1) 7/3R?, 2) 2r. 64. —45a%/8.

65. 1) 2v2na’sin(n/4 — ¢); 2) 2(a+ c)aw. 66. 2wa®. 67. 2mab?.
68. 37R/2. 69. —ma?. 70.0. 7T1.0. 72. K.

§ 12. CraafApHbIe U BEeKTOPHbIE MOJIA

CMNPABOYHLIE CBEAEHUA

1. CranApHoe U BeKTopHoOe moJe. IIycte ) — ob6iacTe B Tpex-
MEPHOM MpPOCTPAHCTRE.

Cranaprsim noaem Ha §) HasplBalOT 4ucioBylo ¢yHruuio w(M), za-
JaHHylo Ha Toukax M € Q.

Bermoprvim noaem Ha §) Ha3bIBAIOT BeKTOPHYIO byHKUMIO a(M ), 3a-
JaHHylo Ha Toukax M € Q.
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Eciu B npocTpaHcTBe BBeleHa KaKaf-iubo JeKapToBa cUCTeMa Ko-
opauHaT, To cranspHoe noie u(M) wiam BextopHoe mone a(M) Ha 2
CTAHOBATCA QYHKUMAMHU KOOPAUHAT TOUEK:

w(@;ysz),  alwy;z) = (aa(@5y; 2); ay (2395 2); a: (w595 2)).
Mpu BbIGOpE OPYTOW A€KAPTOBON CHCTEMbI KOOPAMHAT MEHAIOTCH, BOOO-
1le rOBOPA, KoopauHaThl Touek M (x;y;z) Ha M(z';y';2"), HO 3HaYeHUn
CRaJIAPHOTO WM BEKTOPHOrO MOJIAA B TOYKAX He MEHAIOTCA, T. €.
u(@'sy's2) = ulzsysz), a'(asy's2) = alys2).

MuostecTBO Touer M, 3amaBaemoe ypaBHeHueMm u(M) = const, Ha-
3LIBAIOT NOBEPTHOCMbLI0 YPOSHA CRAIAPHOrO MOJA 1.

Bermoproti uiu cua080l Auruell BEKTOPHOIO 110dA a Ha3bIBaIOT IJiajl-
KYIO KPUBYIO, KOTOpasA B Kamaoi cBoeil Touke M Kacaercs BekTopa Io-

afa a(M). Ecau r = (z;y; 2) — paauyc-BeKTOp llepeMeHHOI TOUKH Bek-
TOPHOH MUHUU NOAA & = (Gy;ay;a;), TO
de _ dy dz

=z 1)

Az ay az
(Oufdeperyuarvrbie YypasHeHUs CUAOBBLT AUHUL).

IlycTh v — naIoCKas KyCco4HO riafkas npocTas *) 3aMKHYyTaf KpUBaf,
HUT[e He Kacalladgca BeKTOPHBIX AUHUH noiad a. lloBepxHocTs, 06paso-
BaHHYIO BEKTOPHBIMU JUHUAMHU, NEPECEKAIOUINMU 7y, HA3bIBAIOT 8EKMOp-
Hotl mpyCrol oA a.

2. CumBoa V. Onepauuu Hala mojdAMHU. Bewtopuwiit auddepeH-
UadbHbIA cUMBOM V Ha3bIBalOT Hab.aa 1o obo3Havawollell ero 6yKBe, a
TaKke CUMBOJOM WU ollepaTopoM 'aMUIbTOHA.

B npsamoyroabHOit 1eKapTOBOI cUCTeMe KOOpAMHAT

. 0 . 0 3]
V=i— — +k — 2
Oz +J Oy + 8z’ (2)
rae i, j, k — oproHopMupoBanHslii Hazuc. KoopauHaTHele CUMBO/IbI 3TO-
ro omneparopa —, i, L CHUMBOJIbI YaCTHBIX MPOU3BOJHBIX — IMpU
or’ Oy’ 0z

3aMeHe OJHOTO OPMOHOPMUPOBAHHO20 6a3uca Ha APYTON OPIMOHOPMUDPOBAH-
Hblll MEHAIOTCA TI0 TEM e NpaBUiIaM, YTO U KOOPAUHATHI BekTopoB. CaMm
e onepatop V He MeHAeT cBoero Buma (2) *¥).

I'paduenmon nuddepennupyemoro Ha {2 ckanapuoro noasi U B Touke
M € ) HasbIBalOT BeKTOp, 0603Havyaembrit grad U uau VU u 3aiaBaemblii
B IIPAMOYTOJAbHOH JeKapTOBOI cHUcTeMe KOOpAMHAT (popMyJIoi

.oU . oU Ou

rge npousBopHble moas U BouucieHsl B Touke M (z;y;z). 3uade-
nue grad U(M) B Touke M He 3aBHCHUT OT BbIOOpa MPAMOYTONBHOM CHC-
TeMbl KOOpOUHAT, T. €. BekTop-QyHEIUA gradU ABAfAeTCA BEKTOPHBIM
nosieM Ha Q.

*) [Ipocmoti Ha3LIBAIOT KPUBYIO, HE VIMEIOILYIO TOYEK CAMONEpecedeHmit.
**) Metaabnee cm. [9, 4. 2].
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A npousBoaHolt auddepenurpyemoro noia U B Touke M no ua-
npasAeruio IPOU3BOJILHOTO eJUHHYHOr 0 BekTopa 1 Bepna dopmyna
ou
o= (1, grad U). (4)
BBoasa cranapubiil quddepeniuansyeiil cumBoa (I, V), uMeromui B nps-
MOYTOJILHOH AeKapToBOH cUcTeMe KOOpAWHAT BUJ

_, 0 0 0
(I,V):lma—x—i-lya—y—i-lz&, (5)
rae 1 = (I;;1,;1;), paBeneTBo (4) 3anuceLIBaloT B BUIe
ou
%1,V ©®)

I'paguent nosnsa B Touke M HalpaB/ieH 110 HOpMalu K IOBEPXHOCTH
YPOBHA, NpoxofsAileii yepe3 M, B cTOPOHY BO3pacTaHUA IOJA, U €ro Mo-
ayias | gradu| = |Vu| paBen HauGoablueil IPOU3BOMHOM 10 HAIPABIEHUIO
B 3TOH TOUKe.

Epome cuMBoaa (5) HCHOAL3YIOT aHAIOTHYHBIA CKaIAPHBIA mudde-
peHIUalbHBIA CUMBOII, I/IMe}OLL[I/Iﬁ B HpHMO}’FOJIbHOﬁ cucTeMe KOOpAMHAT

o bV)=b 2L 15,2 +p, 2
( ) + (9 + Z&a (7)
rie b = (by;by;b,) — npousBoibHOe BekTOpHOe nose. PeayabTaT ero
IpPUMEHeHUs K un(p(pepeﬁunpyemomy BeHTOpHOMy oo a
(bV)a—b 2 p 22 +bz%, (8)

ABJIAIOMUIICA BeHTOp-(pyHHuHeﬁ, Ha3bIBAIOT MHOTAA 2paduenmom a no b.

Husepzenyueri unn pacrodumocmoero quddepennnpyeMoro Ha {) Bek-
TOpHOTo NonA a B Touke M € () HazwpIBalOT yucio, o6o3znauaeMoe diva
wi (V,a) u 3agaBaeMoe B NpAMOYTOABHO} I€KapTOBOM CHCTEME KOOp-

puHat gopmyjiod _ Oag | Oay | Oa,
diva = (V,a) = 9z a—y F; (9)

rie a = (a,;ay;a;) U IPOU3BOIHLIE BLIUUCIEHD B Touke M (z;y;2).

3uavyeHUA YUCA0BOH GyHKIUH diva B Tourax {) He 3aBHCAT OT BbI-
fopa NPAMOYTOJILHON CUCTEMbI KOOpUHAT, T. e. diva — cKalfgpHOe moie
Ha ().

Pomopom (roBopAT Takme — eurpem, pomayuetl) 1uddepeHIupyeMo-
ro Ha ) BeKTOpHOro nonf a B touke M € () HasbIBalOT BeKTOp, 0603HA-
uaeMblii rota niu [V, a] (a uHoraa V x a) u 3a1aBaeMsblii B IPAMOYTOJb-
HOH MOM0KHUTeNbHO OPHEHTHpOBaHHOHM (HpaBoil) cHcTeMe KOOpAMUHAT

hopmyoit
_ _ Baz_%)_.(aaz_aam) (%_aaw)
rota =[V,a] =i (By 0z I\ Bz 0z +k Oz oy /)’
(10)
rie a = (0,;ay;a;) U IPOU3BOJHLIE BLIUUCIEHD] B Touke M (x;y;2).
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3HaueHUA BeKTOPHON GHYHKIIUHU rot a B Toukax (] He 3aBUCAT OT BhIGO-
pa IpAMOYTONBHBEIX CHUCTEM KOOPIUHAT OJIMHAKOBOM OpUEHTAIUHU, HO rot a
MeHfleT 3HaK MPU CMeHe OPUeHTAI[UY CUCTEeMbI KOOPAUHAT.

Jas 3anmucu rota MCNOIL3YIOT TaKOW Ke CUMBOIWYECKHUI ompeenu-
Tellb, KaK U A1 BEKTOPHOrO MPOU3BEIEHUA BEKTOPOR:

ik
a a a

rota = [V, a] = 8_13 8_y E . (11)
Ay Ay a,

[Ipu pacKkpbITUX oNMpeesuTeNs Mo NepBOH CTPOKE Pe3yJNbTaTOM “yMHO-
Menua” CUMBOJOB BTOPOH CTPOKH Ha 3JeMeHThbl TpeThell ABifgeTcH AUd-
(depeHIIMpPOBaHUe, HATIPUMEP,
9 ., = 9=
oy ¢ Oy
Dopmynet (3), (9), (10) ompenensiioT Hag CRAISPHLIMU M BEKTODPHbI-
MU MOJAMU TPU OCHOBHBIE OU((epeHNHanbHbIe OMepallii MepBoro To-
pAnka — geHcTBUA V Ha cranfgp uiau BewTop. Hasa 3TUX omepanuii uc-
NOIL3YIOT Takue ke 0603HaueHNUA, KAK U A NPOU3BedeHU BeKTopa Ha
CKaJIAp UIX BEKTOp, U 00JafaloT 3TH OllepalliM TAKUMU Hse CBoMCTBaMHU,
Kak 1 3TU npousBenenus. Ho nociegnee — ¢ yueToM, BO-NEPBBIX, HEBO3-
MOKHOCTH MepecTaHOBKY CUMBOJIa V ¢ TeM CKalfgpOM WM BEKTOPOM, Ha
KOTOpBIA OH [IefiCTBYeT, U, BO-BTOPBIX, IUDdHepeHIIUalbHOrO XapaKkTepa
cumBona V.
Omnepanuu (3), (9), (10) auheiiHbI
PesynbTaToM UX TPUMEHEHHUS K MPOU3BEIEHUIO IBYX COMHOMUTETEH
ABJAETCA CyMMa JIBYX CJIaraembix, B KamJIOM U3 KOTOpbIX V IeHCTByeT
TOJBKO HA OJUH U3 cOMHOMUTeNel. Ilocie 0TMETKH 3TOr0 COMHOKUTEINA
(3mech OyleT UCHOIb30BAHA BePTHKANLHAS CTPENKa CBepXY) K MOMYUHB-
meMycs BIpaeHUIO0 TPUMEHUMEBI BCe Te MpeoGpasoBaHu, YTO U A Bek-
TOPHBIX BeIpaeHuil. B utore npeo6pasopanuit cuMBoa V ¥ OTMeueHHDIH
COMHOKUTEIb JOMMKHBI ObITh COBMellleHbl TIOJ 3HAKOM OAHON M3 omepa-
uwmit (3), (9), (10), (7). Ilocne 3Toro MeTRY MO#HO CHATD.
CumMBon V MOMET BCTpeUaThCfl B BhIpaeHUN He pas, co3faBas aud-
depennuanbHble CUMBOJLI BTOPOT0 U 60Jee BHICOKUX MOPAMKOB.
Nlng craasipHOro cUMBOJA
divgrad = (V,V) = V? (12)
BBOAAT 0003HAaUeHHe A U HA3BIBAIOT €ro onepamoposm Janaaca uin aan-
aacuarom. Jlerko HameThb, 9TO
0u ou ou
Ox? + oyr 9227
Cumion [V, V], Kak HETPYIHO NPOBEPUTE, HYJIEBO, YTO €CTECTBEHHO
C TOYKH 3peHUs BeKTOpHOW anrebpnl. UMeem
rotgradu = [V, Vu] = [V,V]u =0, (14)
divrota = (V,[V,a]) =([V,V],a) =0. (15)

Au = V?u = divgradu =

(13)
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3. upKkyJaAnuA U NOTOK BeKTOpPHOro mojda. [lycte a — Hemnpe-
pbIBHOE BeKTOpHOE Tone B 0baactu {1, I — KycodHo raagkas opueHTupo-
pauHas kpusas B (). Junetinvin unmeepason om a no I (paomoii noasn
8doab ') Ha3bIBAIOT MHTErpal

/(a7 dr) = /az dz+ay,dy+a.dz. (16)
r r
Ecau I' — 3aMxHyTas KpuBas, TO 9TOT MHTErpal HasbIBAIOT UUPKY-

aauuetl noasa a no I.

ycrs S — KycouHo riiagKkas OpUeHTUPOBAaHHASA HOBerHOCTb*) B {1,
n — eJUHUYHBIN BEKTOP HOPMAaJH K MOBEPXHOCTH, 3aAal0IUil ee OpUeH-
Tauuio, n = (cos a; cos 3; cosy). Homokom sexmoprozo noas a uepes S 6
HanpaeAeruy N Ha3bIBAIOT MHTErpall

g/ (a,n)dS = g/ (agy cosa + ay cos 3 + a; cosy) dS. (17)

4. UHTerpaiabHbie popmyabl. [IycTh © — HenpepbIBHO auddepeH-
uupyemoe ckaisiptoe noje B ), I' — KycouHo riagkas OpueHTUpOBaHHASN
KpuBaf B {) ¢ HavanoM A u woHuom B. Torza

/(gradu,dr) = /(Vu,dr) = u(B) — u(4). (18)
r r
Ecan kpupas ' neuT Ha NOBEPXHOCTU YDPOBHA Monid u, TO padora
nona gradu Bmoas I' paBHa Hym IO,
[Iycrs a — HenpepbiBHO AuddepeHrpyeMoe BEKTOPHOE Moie B ofnac-
i ), S — KyCOuHO riafKas OpHEHTUPOBAaHHAA eIMHUYHBIM BEKTOPOM
HOpMalM N HOBepXHOCThL B ) ¢ Kpaem OS, OPHEHTHPOBAHHBIM COIACO-
BaHHO ¢ opueHTauueil moBepxuoctu (§ 11). Torma no dopmyse Cmorca
(bopmyaa (14) §11 ¢ yuerom dopmyin! (10))

?{adr = //n-rotadS = //(n, [V,a])dS. (19)
s s

a5

Tarum 006pazoM, UUPKYIALMA HOAA a [0 Kpalo NOBepXHOCTH S paBHA
[IOTOKY pOTOpa NOJIfl a 4yepe3 3TY II0BEPXHOCTE.

Myers Tourka M € Q, n eIMHUYIIBIN BeKkTop. B miockocTH, npoxo-
asmei yepes M nepneHOUKYJASPHO N, PAacCMOTpUM Te ee obiactu S,
Koroprle comepykat M M i KoTopbix BepHa ¢opmyaa (19). O6osua-
yuMm d(S) — muamerp, uS — miaomans S. Cnpaseanusa dopmyia

. 1
otma(M) = lim o / adr. (20)

3mech rotpa = (rota,n) — npoekuusa rota Ha BEKTOD n.
[Ipu Tex e NPENOJOMEHUAX O IMOBEPXHOCTH S, YTO U B POPMY-
ne (19), nas HenpepbIBHO aubdepeHIUMpPYEMbIX T0I€ed a U u BepHbl (op-

*) B sToM naparpade paccMaTpMBAIOTCA MNOBEPXHOCTH, OFPAHMYEHHbIE KaK MHO-
HEeCTBA B MPOCTPAHCTBE.
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MYJIbI
[[ [0, 9,a)dS = — § [a,dr], (21)
S a5
/ [0, Vu] dS = j{udr. (22)
S a5
Iycts G — orpanuyennas obaacTb, G C ), ¢ KYCOYHO INIagKoOif

rpanuueit 0G, opueHTHUpOBaHHON BHelnHeil Hopmanbio n. Ilo @opmyae
T'aycca—Ocmpoepadcrozo ¢ yyetom oGosHaderus (9) umeem

// (a,n)dS = ///divadV:///(V,a)dV, (23)
oG G G

T. €. IIOTOK II0JI1 a 4Yepe3 'paHuly obaactu paBeH MHTErpany OT AUBEp-
FeHIWH M0JA a M0 3Toi obaacTu.

ycte Touka M € §), paccMOTpHUM COBOKYIHOCTH copepammux M o6-
aacteit G C (), oA KOTOpBIX cripaBefinBa popmyaa (23). lyers d(G) —
ouamertp, uG — obbem G. Torga

diva(M) = hm el // a,n) (24)

GYy—0 @

Ipu Tex ske ycaoBuax Ha obmacts (, 4To U B dopmyrne (23), aaa
HellpepbIBHO AU depeHLUpYeMBbIX Mojdeil a, % U v U BepHbI QOpPMYJbI

///[v,a] dv = // [n, a] dS, (25)
G oG
/G//VudV:aé/nudS, (26)
///(Vu,Vv)dV: // u(n, Vv)dS — ///uAvdV, (27)
G oG (€]

///(uAv—vAu)dV: //(qu—vVu,n)dS. (28)
G fe.

Pasenctsa (27), (28) nasviaior gopmyaanu [puna. Us Hux cregyer, 4to

///IWIQdV: // u(n, Vu) dS — ///uAudV, (29)
G oG &
///AudV: // (n, V) dS. (30)
G 8G



§$12. Craanprvle u 8eKRMOPHBLE NOAA 301

5. lloTeHnHaALHBIE H COJeHOUJATbHbIe MoJA. Bce nons B aToM
NYHKTE CYMTAEM HENPEPBIRHO AUG G epeHIUpYEMBIMU.
Hose a B ) HA3BIBAIOT 0e36UTpPesbIM, CIU

rota=0 B .

Ilone a B §) HasbIBAIOT nomerHyuaaAbivim, eCJIi CYHIeCTBYET Ha Q) cra-

AfIpHOE TIOJe U TaKoe, 4T
a = gradu. (31)

DYHRIUIO % HA3BIBAIOT NOMEHYUAAOM TIOIA a.
Jl1A moTenuuanbHOCTH Moad a B () HeoGXOOUMO U AOCTATOUHO, UTO-
Obl €r0 MUPKYJIANUA MO TOGOMY KYCOUHO IaIKOMY 3aMKHY TOMY KOHTYPY

aBHAJIACL HVYIIIO:
P Y fadr =0.

r
Ecau 310 ycioBUe BBINONHEHO, TO MOTEHIMAaA MOJAA ONpelelseTcA IO
dhopmyae M

u = /adr + const, (32)
My
rae My — durcuporannasa Touka {), unterpan Gepercd mo moOGOH Ry-
COYHO TyajaKkoil KpUBOH, coequusaiomeit My u M.
YcaoBue
rota =10 (33)

Heo0X0AMMO AJA NOTEeHUUAAbHOCTH M0JA, HO, BoobIle roBopfA, He [0CTa-
TOYHO.

Ecnu ofnacts ) ogHocBsasHa, To yeloBue (33) A0CTaTOUHO st HOTEH-
nuaibHOCTH Noif. [oBopAT, uTo o6aacTh 2 odHoceasHa, ecau MoGoi npu-
HagJealliil efl KycoyHO IaJKUil 3aMKHYTBIH KOHTYD MOMHO CTAHYTb
B TOYKY 2TOH 00/JaCTU TaK, YTO BO BCEX NPOMEKYTOUYHBIX MOJOAECHUAX
IIPH CTATUBAHMU KOHTYp GyzAeT ocTaBaThCA B () (B 3TOM ciryyae FOBOPSAT,
4yTo MOGOH 3aMKHYTBII KOHTYp 2omomonen mouke). Hanpumep, Bcakas
BpIyKJaasA 001acTb OJHOCBA3HA.

B onHocraA3HOIM 06nacTu Ge3BruxpeBoe mode noteHnuansHo. [lore a B 2
Ha3bIBAIOT COAECHOUOGAbHBIM, ecliU 1 M06o# obaact G C ) ¢ KycouHo
raafako#t rpanuiet G MOTOK MOJdA a 4yepe3 3Ty TPaHUIY paBeH HYJIO,

e // (a,n)dS =0,
oG

rfie n — BHeIIHAA HopMallb K OG.
Jlis coleHoMAaIbLHOCTH MOJIA HEOGXOOUMO M JOCTATOYHO, YTOOLI

diva=0 B (34)
BerTopHoe moiie A Ha3LIBAIOT 6eKMOPHbLM NOMEHLUAAOM TIONA A, ec-
a1 a = rot A.

Yenosue (34) Heo6xoaumo, HO, BOOOLIE FOBOPS, HE AOCTATOMHO [JIA
CYLIECTBOBAHUA BEKTOPHOrO MOTEHIHAA.



302 I'r. 2. Kpamnvle, kpusoaunelHble Ut NOBEPIHOCHbBE UHMESPAAbL

Jio6oe raagroe none a B §) ABAAeTCA CyMMOli 6e3BUXPEBOTO U coje-
HouganabHoro noieil (meopema I'eavmeoavya).

IloTennuansHOe coneHOUOAALHOE I0JIe HA3LIBAIOT 2APMOHUHECKUM
(aanaacosvim). B ofpHOCBABHON 061acTH [0de &, Y KOTOPOro

rota=0 u diva=20,

rapmMOHHMYHO.

MPUMEPLI C PEIUEHWUAMMU

Mpumep 1. IIycrs craispHoe Iole u, a Takie BEKTOPHbIE NOAA a
u b nuddepenunpyemsr Ha ), ¢ — nocrosHHbIA BekTop. [lokasaTs, uc-
MONL3YS NpaBuiaa AeficTBUA ¢ V, 9TO:

1) div(ua) = (gradu,a) + udiva, 1. e.

(V,ua) = (Vu,a) + u(V,a); (35)
2) div[a,b] = (b,rota) — (a,rotb), T. €.
(V,[a,b]) = (b, [V, a]) — (a,[V,b]); (36)
3) rot[c,a] = cdiva — (¢, V)a, T. €.
[V,[c,a]] =c(V,a) — (c,V)a. (37)

A 1) Cuavana mpeoGpasyem Bolpamenue (V,ua) ¢ yuetom gudde-
PEeHLIMaNbLHOTO XapakTepa V:

(V,ua) = (V, a) + (V,ua). (38)
B nepBoM claraeMoM NepeHeceM CKalAp i K V, He IepecTaBifif HX:
(V,%a) = (V ,a).
3mech V coeanten onmepanveii (3) ¢ u, I03TOMY ONYCKaeM MeTRY:
(V i1,a) = (Vu,a) = (grad u, a).
Bo BTOpoM ciaraevom u3 (38) BbIHOCHUM CRalAp U, NEPECTABIAA €10 ¢ V :
(V.ua)=u(V,a),
U, IOCKOIbLKY V coemuHeH onepanueii (9) ¢ BEKTOPOM a, OMycKaeM MeT-
Ky: .
(V,ua)=u(V,a) = udiva.
CriajbiBas pesylIbTaThl, OMydYaeM PaBeHCTBO (35).
2) Umeem . .
(V,[a,b]) = (V,[a,b]) + (V, [a, b]).
Jlas nepBOTo ClaraeMoro BOCHOMb3yeMcsl GOPMYIoH HKINYeCKOR Mepe-
CTAHOBKH B CMEIIAHHOM IPOU3BEIEHHU

(p;[a,b]) = (b, [p,a])

U NOJLYUUM (v, [é’b]) = (b, [V, 5])-
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3nmeck V coeauben ¢ a oneparueil (10), mosaToMy MeTRY MOKHO OIIyC-
THTb: (V,[a,b]) = (b,[V,a]) = (b,rota).
Bo BTOpOM ciaraemMom cHavana COBEpIIMM MepecTaHOBRY
fa, b] = —[b, al,

3aTeM mpeobpasyeM ero, Kak U NepBOe, U MONYUYUM

1 . L
(v7 [a7 b]) = _(v7 [b7a]) = _(a[v’ b]) = _(a7 [v’b]) = _(a7 I"Otb).
CiosMB pesyibTaThl, MPUAEM K paBeHCTBY (36).
3) Umeem 1 .
[v7 [cv a]] = [vv [c7a]] + [vv [cv a]]
HocroabRy ¢ = const, pesyiabTar deficTBUA V Ha € €CTh HYIb, O3TO-

MY U NEpPBOE cjaraeMoe paBHO HYIO. liad BTOporo ciaraemMoro BOCHOJb-
3yeMcA GhopMyoli npeo6pa3oBaHUA JBOWHOTO BeKTOPHOTO MPOU3BeIeHUs

[p7 [c,a]] = (p7a)c - (p,C)a.
Moayaum
V.le.a]=[V,[c,a]]= (V,a)c - (V,c)a.
MlepecrasuB V u ¢ B npousBenexuu (V,c)

(310 BymeT cuMBoOI Buaa (7)), NpUIEM K
TpeGyeMOMY pe3yiabTaTy:

[V,[c,a]] = (V,a)c — (¢, V)a. &

IIpumep 2. HaitTu moTok monsa a =
= yi+ 2j+xk uepes noBepxuocTn S =
={Vz + /¥y ++/z =+/r}, nopmain na Ko-
TOpOU HaMpaBleHa OT Havala KOOpIHHAT.

A Ouernpno, diva = 0. Bocnoasayem-
ca TeopeMoii 'aycca—OcTtporpanckoro. Pac-
cMOTpuM 06iacTe G — “KpuUBOIMHEHHbBIH
rerpasap” OABC (puc. 12.1). YacTs ero rpauulisl, Jekallyio B II0CKOC-
1 Ozxy, obosnauuM S, B miockoetu Oyz — So, B miockoctu Ozx —
S3. IloTokn noas a uepes S, Sy, Sa, Ss (Hopmans — BHemHAsa kK G)
o6o3nauuM coorBeTcTBeHHO II, I, I, II5. Tlo Teopeme INaycca—OcTpo-

rpajcKoro _ . _
8/(/ (a,n)dS /G// divadV = 0,

T.e. II4+1II + I, +1I3 =0, a H:—(H1+H2+H3).
Brruucaum, nanpumep, Ils:

I, = // (a,n) dS.
S3

3meck n = (0;—1;0), a= zj+ zk. 3a napamerpnl Ha S3 — KPUBOIHU-
HeiinoMm Tpeyronbuuke AOC — Bosbmem z u z. llyra AC 3zapaercs

Puc. 12.1
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ypaBHeHHeM /T + /2 = /T, T. e. & = (/7 — /2)?, 0 < 2 < r. Haxomum
r (VT—vZ) .

II; = // (—z)dxdz:—o/zdz O/ dm:—%‘

¥ Yei
Tarose! #e II; u II,. CnemoBaTenso, Il =3-7r3/30 =7r°/10. A

Dpumep 3. Jorazars bopmyay (27).
A Tlo popmyie (35), nomaraa a = Vo, noiydaem

div(u Vv) = (Vu, Vo) + u(V, Vo).
Orciona, yuutsiBas, uto (V,Vv) = divgradv = Av, Haxoaum
(Vu, Vu) = div(uVuv) — v Av,

H, ciegoBaTelIbHO,

///(Vu,Vv)dV:///div(qu)dV—///uAvdV.
G G G

Ilomarag a = w Vv U OpUMeHAA K NepBOMY claraeMoMy IpaBoil 4acTH
dopmyny (23), noayuaem (27). A

Mpumep 4. IIycTs «y — yacTh TMHUU [epeceuyeHUA IMICOUAA 22 +
+y?/4+ 2% =1 ¢ nnaungpom z2 +y? = 1, nekamana B 3aMKRHYTOM

Puc 12.2

obractu z > 0, z > 0 (puc. 12.2) u opueHTHpPOBaHHaA 10 BO3PacTaHUIO
opaunat Tovek. HaitTu paboty nonda a =yi+xj + zk:
1) Baoab <y; 2) BAOAB 7y; — 4YacTH 7, Jeallell B IePBOM OKTaHTe.
A 1) Jlerxo naiitu, uto rota = (. Bocnoassyemes dopmyaoit CTok-
ca (19). 3amrnem v ayroit 7' = AC (cm. puc. 12.2), nemaieit B nepece-
YeHUM 3IUIcora ¢ mockocThio Oyz. Routyp I'= ABC A — 3T0 Kkpaii
vyactu S moBepxuoctu amauncouga. llo popmyne (19)

F/adr :S/(n,rota)dS =0.

Orciona /adr + /adr =0.
o

y
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Jlyry ~' sammuem otpeskom AC, wanpasienusiM ot A n C. Toay-
YUBIIMHACA KOHTYD CAYMRUT KpaeMm dacTu miockoctu Oyz. U3 toro, 4o
rota = 0, KaK U Bblllle, IONyYaeM

/adr+ /adr:O.

' AC
Ha oTpesre AC
a=yi+ ? k, dr = (0;dy;0),
HoaToNY adr=0 wu / adr =0.
AC

Otciona ciaefyer, 4To U

/adr:O, /adr:O.

4 v
2) Cnoco6 I. Beraucaum paoTy mo ' HemocpeACTBEHHO, HCTIOMb3Y S
napamerpusauuio . Ilonaras
z=cosp, y=sing, 0<p<n/2,
_ V3 ,
U3 ypaBHEHUA 3JIHIICOMAA MoayuaeM z = > sin . Torpa Ha

a=sinpi+cospj+ ? sinpk,

dr = (—singpi+cosg0j + ? coswk) dy,

Mo3TOMYy

/2
/: /(—sin2@+cos2g0+% singpcosgp)dgp: %
v 0

Cnoco6 II. KRoHTyp ¥ B3aMMHO OJHO3HAYHO TPOEKTUpPYETCA Ha
oce Oy. OnycTUM NepneHAMKYIAPbI U3 TOUEK KOHTYpa Ha 3Ty ocb. OHU
06pasyloT THalky1o TOBEPXHOCTD, Kpall KOTOPOii COCTOUT, KpoMe ', ellle
us gomanoit CDOB. Uenoabsysa ¢opmyay (19) u to, uyto rota = 0, mo-

aydaem
adr + adr + adr + adr = 0.
Juter Joier Juier ]
Ha OB a=zgz]j, dr =idz, noatoMmy
adr=0 u /adr:O.

OB
Ananoruyuxo, adr = (. IlosTomy
DO
/adr:— / adr = /adr.
o~ cD DC

20 Ilon pen. JI.A.Kynpsasuena, T.3
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Ha DC a=i+ zk, dr = kdz, nostomy
V3/2

/adr: 0/ zdz:%.

D

TakuMm o6pa3omM, Kak U paHee, /adr = % A

,Y/

3ALAUN

1. HaiiTu noBepXHOCThL YPOBHA NodA u = 22 — y? + 22, comepallyio
Toury: a) (1;1;1); 6) (1;2;1).

2. HamucaTh ypaBHeHHe HOpManu B Touke (2;2;—2) K NOBEPXHOCTH
ypoBHA monsi u = arccos(z/+/x? + y?), mpoxopsmeil depes 3Ty TOURY.

3. Nycrs a u b — nocrosHubie BekTophl, a# 0, b#0, r = (x;y; 2).

HaiiTi moBepXHOCTb YpPOBHA MOJA:

— (az I‘) . _ (a» b, r)
I)U—(b,r),Q)u_e .
4. HaiiTh noBepxHocTH ypoBHA moafl u = /(z +1)2+y2 + 22 +
+\/((1’ —1)2 + 4% + 2% u maxu Ha chepe 22 +y? 4 2% = R

5. HaiiTu moBepXHOCTH YpOBHA moifl © = 2/4/x% + y? + 22 U maxu,
minu B wape (z —1)2+ (y — )2 + (2 —v/2)? < L.
6. Haiitu grad u(Mp), ecmu:
1) u=zy+yz+ zz; Mo(1;1;1);
2) u=In(z? + 4% + 22); Mo(1;1;-1);
N u=9z+y+2)/Vx?+y?+ 2% Mo(l;—-2;-2);
4) u= ze® P27 Moy (0;0;0).
7. B rarux Touxax grad(w + y? + 1823 — 3zyz):
a) neprneHauryiIsapen ocu Oz;
6) mapasnenen ocu Oz; B) paBeH HyIHO?

8. Haittu yroa memay gradu(My)arctg (z/(y + z)) u gradu(Ms),
eciu:

1) u=(z+y)e"tY; M(0;0), Mx(1;1);

2) u = arctg (z/(y + 2)); Mi(1;1;0), M2(-1;0;1);
3) u=ua/(x>+y?+2%); Mi(1;2;2), Ms(-3;1;0);
)

4) u=2/\/22 +y2 + 22, M1(3;V/3;-2), Mo(V/3;1;2V/3).

9. Ha noBepxuoctu yposua noasa u = z/(x? + y? + 2?), npoxoaamei
yepes Toury (1;1;1), Haiitu HauMeHnblee 3uaveHue | gradul.

10. Haiitu inf|gradu| u sup|gradu| B ofnactu 1 < z < 2, ec-

mou=z/\/z?+y? + 22,
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11. Mycts w 1 v — guddepeHUpyeMble NOAA, @ U 3 — 4ducia.
lokazaTh, UTO:
1) grad(u + v) = gradu + gradv; 2) grad(ou) = agradu;
3) grad(au + fv) = agradu + B gradv;
4) grad(uv) = vgradu + ugrad v;
w) _ vgradu —ugradv
5) grad(;)— , v#£ 0.

V2

12. VkasaTe B R® Tarne muddepeHnnpyeMble oA & U v, 4TO BEKTO-
pot Vu u Vv He KOJUIMHEAPHbI HU B OAHON ToYKe (11 0GLIYHOTO BEKTO-
pa p BEKTOpHI Pu U pv 00f3aTelIbHO KOJIUHEAPHDI).

13. Mycts w — nuddepenuupyemoe noie, f(t) — nubdepenuupye-
Masa ¢pyHruud, ¢t € K. Jlokasars, 4To

grad f(u) = f'(u) grad u.

14. Tycts u u v — nuddepenuupyemole nois, f(t;s) — muddepen-

uupyemas GyHKnusa, (t;s) € R?. JokaszaTh, uTo
grad f(u;v) = % (u;v) gradu + % (u;v) grad v.

15. llycts a 1 b — noctosAiHHble BekTopel, r =iz + jy + kz, r=|r|.

Haiitu gradu, ecau:

Du=r; 2)u=r1% 3)u=1/r; 4) u=Inr; 5) u=(a,r);

6) u = (a,b,r); 7) u=(a,r)(b,r); 8) u=|[a,r]%

16. Jowraszatb, uro grad u(M) mepneHAMKYJIfApEH MOBEPXHOCTH YPOB-
HA TOJA w, Npoxoafuet yepes Toury M.

17. llycrs w — HempepsiBHO Auddepenunpyemoe noae, ug = u(Mp),
Vu(My) # 0; lo — HopManb B Toyke My K MOBEPXHOCTH YPOBHA U = Ug.

1) Norasars, 4TO CyLWIECTBYIOT TAKHE OKPECTHOCTh TOYKU My U 4HCiIo
go > 0, 4ro mpu Beex €, |g| < &g, B 3TOH OKPECTHOCTH €CTh TOJIBLKO OJHA
To4ka nepecedenuss M = M (e) nopmanu ly ¢ IOBEPXHOCTHIO YPOBHSA U4 =
=ug + €,

2) mafitu aauuy orpeska M My ¢ TouHocTwIO 10 ofe) mpu £ — 0.

18. IlycTs r; U ry — pajinyCc-BERTOPBI ABYX (GUIKCUPOBAHHBIX TO-
yek, r =iz +jy + kz,

v —r;| = \/(m—mj)2+(y—yj)2+(z+zj)2, j=1,2,

u=|r—ry|+|r—rs.

Norazats, yTo grad u B TOUKE C pagUyCc-BEKTOPOM I' COCTABIAET paB-
Hble yrJbl C BEKTOpaMHM r —rp; U r —ry. OOBACHUTH, UCMOIL3YA BTO,
ONTHUYECKOE CBOMCTBO 3JIIUICOUA.

19. Mycrts dyukuusa f(r) nudpdepenuupyema, r =iz +jy +kz, r=
=|r|.

Hlokasats, uro Vf(r) = f'(r) ;

20*



308 I'r. 2. Kpamnvle, kpusoaunelHble Ut NOBEPIHOCHbBE UHMESPAAbL

20. Mycrs BewTop-pyuEImuu a(r) u b(r) muddepenuupyemol, r =
=iz+jy+kz r=|r|. lorasars, yto:

1) V(a(r),r) = a(r) + (& (r),r) =

2) V(a(r),b(r)) = ((a',b) + (a,b) =.

21. Bripasuth gradu:

1) B UMIMHAPHUYECKUX KOOPAMHATAX T, ©, Z;

2) B cepuYeCKUX KOOpPAMHATAX 7T, (9, 1), HCINOIL3YS COOTBETCT-

BylomiMe OpThl €., €,, €, U €, €,, €y, RacaTe/JIbHble K KOODANHAaTHbIM
JJUHUAM.

22, TIporeputsk, uTo BeKTOp gradu He 3aBUCUT OT BLIOODA JeKapTo-
BOIi cCHCTeMbl KOOpJHHAT.

23. JlokasaTb, 4dYTO [ JABamabl OU(GeEepeHITupyeMbIX — TMoJei
u UV

A(uww) = V (uv) = v V3u + 2(Vu, Vo) + u V3.

24. HaiiTu NpoM3BOAHYIO MOJA U [0 HANpPABJIEHUIO eJIUHUUHOIO BeK-
Topa n = (cosa;cos J;co8y), ecan r = y/x? +y?+ 22, r = (z;y;2):

Du=r; 2) u=1/r; 3) u=(a,r), a=const; 4) u= f(r).

25. Haiitu npousBonnyto noasg u = x°/a” + y?/b? + 2%/c®> B Toure
M (z;y; z) mo HampaBlIEHUIO paguyC-BEKTOPA 3TOH TOUKH.

26. Ilycth u U v — nuddepernupyeMble noaa. HailTu npousBogHyIo
NoJA u MO HanmpaBJeHuio BekTopa gradv.

27. Ilo wrakroii KpuBOil ciaeayer aBuratbes us Touku Mo(Zo; Yo; 20),

4To6b1 NoNe U = 22 /2 + y? — 2° umeno HaubbIcTpelinee yGLIBAHMUE, €CTH:

a) Mo(1;1;0); 6) Mo(1;1;1)?

28. Hafitu nunuu HaubplcTpeiillero U3MeHeHUs MJIOCKUX NoJjeil:

) u=2a?-y% 2) u=2zy; 3) u=2a%/2+y?% 4) u=1y*/z.

29. Hafitu auHuu HauObIcTpefillero U3MeHeHUA TPeXMepHbIX NoJjeil:

Du=22+2y%+2% 2) u=2"+y?>+2% 3) u=zxyz.

30. MycTs B 3Be3gnoit *) oTHOCHTEnbHO TouKkM A obracTu ) 3agano
raagkoe nose v U |Vu| < ¢. Jokasars, uro mid aodoit Toukn B C ()

[u(B) — u(A)| < ¢|B — 4,
rae |B — A| — paccrosuve memay A u B. Jlas Beimykiaoi obaactu go-
KasaTh CIpaBeIMBOCThL 3TOr0 HepaBeHCTBa A Jioopix A u B us (.
Haittu Bertopuble aunuu noas a (31, 32).
3l. ) a==zi+z2k; 2) a=z2j—yk; 3) a=2zi+yj;
4 a=ri—yj 5 a==z>i+y?].

*) O6sacTh Ha3bIBAIOT 36e30HOU OTHOCHTENLHO TOYKKM A, eciM Aif 11060i Tourn B
3Toi o6aacTh oTpesok AB npuHane;kuT obaacTu.
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32. Ya=r=izx+jy+kz 2) a=ai+asj+azk = const;
3)a=f(r)r, r=iz+jy+kz r=]r|;

4) a=|c,r], c=const, r=iz+jy+kz;

5) a= (b,r)c, b u ¢ — nocroanusle BekTopnl, r = iz +jy + kz;
) a=0—yi+@—-2)j+y—2)k; TYa=zi+2yj+:zk.

33. HaiiTu BeKTOpHYIO IHHHUIO [I0JA a, NPOXOIALIYIO Yepes TOURy M,
eCJIn:

1) a=—yi+zj+ck, ¢= const, M(1;0;0);

2 a=z2i—y*j+ 22k M(1/2;-1/2;1);

3a=z2zityzj+ (22 +yH)k; M(1;1;0).

34. HaiiTu BeKTOpHBIE JHMHHM HanpsAMeHHOCTH MarHUTHOIO mnofs fec-
KOHEUHOI0 MPAMOIMHEHHOr0 MPOBOAHUKA NOCTOAHHOTO TOKA.

35. [lua mona a = r HailTH ypaBHeHHEe BEKTOPHOH TPyORH, colep:ka-
melt oxkpyHOCTh 2 = 1, 22 +9y% = 4.

36. [lna mona a=j/z — k/y HaiiTi BeKTOpHYIO TPYOKY, COAEPIKAIILY IO
kpuByio y =z, 2>+ (y — 1)+ (z - 1)? = L.

37. [poBepuTh yKazaHHble PABEHCTBA B KOOPAUHATHON GopMe, a Tak-
JKe 3aMCaTh UX U IIPOBEPUTh, UCHOAb3YA CHMBOI V U mpaBuila AeficTBUA
c HuM (a, # — uucaa, u, a, b — guddepeHunpyemMuie CRanApHOE U BEK-
TOpPHbIe TI0AA):

1) div(ea+ 8b) = adiva + Sdivb;

2) div(ua) = (gradu,a) + udiva.

38. Honmaraa r =zi+yj+ zk, r = |r|, naiitu diva, ecau:

a=r;, 2)a=rr; 3 a=r/r; 4) a=(—zi+yj+z2k)/V/22+y%

5) a=(62%y*> — 23+ yz—5)i+ (423 + 22 + 2)j+ (zy — 3z2* — ) k.

39. Bripasuth B koopaunatHoit dopme div gradu.

40. Haiitu:

1) div(ugradw); 2) div(ugradv).

41. Haittu (r =zi+yj+ zk), r =|r|):

1) divgradr?; 2) divgrad(1/r); 3) divre, ¢ = const; 4) div(f(r)r);

5) divgrad f(r); 6) div(f(r)c), ¢ = const; 7) div[c,r], ¢ = const;

8) div][r, [c,r]], ¢ = const.

42. Pemuts ypasuenue (r = zi+ yj+ zk, r = |r|):

1) div(u(r)r) =0; 2) divgradu(r) =0; 3) div(u(r)r) = Aulr), A #3.

43. HaiiTu QUBepreHIuio rpaBUTAIMOHHONO MOJIA HECKOMAbKUX TOYEY-
HBIX Macc.

44. Cpeza BpallaeTcfi Kak TBepAOe TeJ0 BOKPYT OCH C MOCTOAHHOM
yrioBo#l ckopocThio w. HailTu B ¢puKRCHpOBaHHBINT MOMEHT BpPEeMEHU AU-

BEPreHIMIO MOJIA JUHEHHLIX CKOPOCTEH V U TOJA YCKOPEHHH W TOYeK
cpefnl.
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45. JlorkasaTb, uTo diva He 3aBHCHUT OT BHIOOpPA IEKAPTOBON CUCTEMBI
KOODJMHAT.

46. Haittn diva miaockoro nosas a B MOJAAPHBIX KOOPAMHATAX.

47. Haittu diva TpexmMepHOro moif:
1) B uunnMHApHUECKUX KOOpOMHATAX; 2) B chepHIecKHUX KOOpAHHATAX.

48. Haiitu (r = /22 + y? + 22):

1) diva(r); 2) div(u(r)a(r)).

49. TIpoBepuTh yKasaHHbIE pABEHCTBA B KOOPIHHATHOI dopMe, a Tak-
ke 3aAMKCATH U IPOBEPUTH UX, HCNOIb3YA CUMBOA V U NpaBuia JeffcTBuA
cunM (a, # — uuena, u, a, b — auddepeHunpyeMble CRAIAPHOE U BEK-
TOpHBIE IO, ¢ — TOCTOAHHBIA BEKTOD):

1) rot(wa+ 8b) = arota+ fSrotb; 2) rot(uc) = [gradu,c];

3) rot{ua) = urota + [gradu, a]; 4) rot[c,a] = cdiva — (¢, V) a;

5) rotla,b] = adivb —bdiva+ (b,V)a — (a,V)b;

6) div[a,b] = (b,rota) — (a, rot b).

50. Haittn (r=zi+yj+ 2k, r=|r|, a u b — N0CTOAHHbLIE BEKTO-
pel, u(r) — auddepeHunpyemMoe mone):

1) rotr; 2) rot(ra); 3) rot((r,a)b); 4) rot(u(r)a); 5) rot(u(r)r).

51. Bbluucauth rota B Touke My, eciu:

1) a= xyzi + (2;16 + 3y —2)j+ (@ + 22 k; Mop(1;3;2);

2) a= —1—|— _]+ Lk Mo(1;2;-2).

52. llaa mooro BeHTOpa P BEKTOpBI [p,a] U a NepreHANKYIAPHbI
(eciu onu He HyleBble). BepHo nu 9To misA BekTopos [V,a] u a?

53. Haiitu yroa memay rota (M;) u rota(Ms), ecan:
Da=(@+y?)i+ " +27i+ (" +a)k

E

1(13253), Ma(1s1i—1)
2)a=2i+ (2> +9®)j+ayzk; M(1;2;0), Ma(1;12;4).

54. Hafitu:

1) rot[c,r], ¢ = const; 2) rot[r,[c,r]], ¢ = const.

55. IIpoBepuTh B KoopAUHATHOH opMe:

1) gopmyay (14); 2) popmyay (15).

56. Papenctro rotrota = graddiva — Aa npoBepuTh B KOOpAMHAT-
HOH ¢opMe, a TaKkKe 3alMUCaTh U NONYYHUTH ero, UCMOAb3YyA CUMBOI V U
npaBuiIa OefiCTBUA C HUM.

57. Haitu rot grad(1/r).

58. IoayunTs GOPMYJIL:
1) V(V,uc) = (c,V)Vu, ¢ = const;
2) V(V,ua) =uV(V,a)+ (V,a)Vu+ [Vu,[V,a]] + (Vu, V)a+

+(a, V)Vu;
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3) [V, [Vu,c]] = (¢, V)Vu — c Au.

59. [lorasathb, 4TO:

1) div[Vu, Vv] = 0;

2) BerTopr! a = ugradv U rota nepreHAUKYIAPHBL.

60. HaiiTu 1OMIIOHEHTLI rota IJOCIiOTO IOJs a B NOJISIPHLIX 1R00D-
JuHaTax.

61. HaiiTu KOMIIOHEHTHI rot a TpeXMepHOro MoJA a:
1) B UMAMHAPUYECKHX KOOpAUHATAX; 2) B chepruecKUX KOOpAUHATAX.

62. Haiitu rot(u(r)a(r)), r = /22 + 32 + 22.
63. 3anucats Au = divgradu:
1) B UMAMHAPUYECKHX KOOpAUHATAX; 2) B chepruecKUX KOOpAMHATAX.

64. Cpena BpalmaeTcs Kak TBepIoe TeJIO BOKPYT OCH C IIOCTOAHHOU
YTJ0BO# ckopocThi0 w. IlycTh vV — mOJe IUHEUHBIX CKOpOCTEd TOYEK B
¢duKcUpoBaHHbLI MOMeHT Bpemenu. HaiiTu rotv (Bocmnonb3oBaTbeA LU-
JAMHOPUYECKUMU KOOPAHUHATAMHN).

65. B npocreiimem ciaydae cucTema ypapHeHUil MakcBeiia 31eKTpo-
MarHuTHOrO MOJA UMeeT BUJ

SO —vm), L% v, (VE) =0, (V,H)=0.
3mecs E u H — BeKTOpHbIE MOJA 3J€KTPUUYECKON M MarHUTHOH Halps-
AEeHHOCTH, €, i, ¢ = const > 0. Ilonaraa Bce pyHKIMU JOCTATOYHO IJIaj-
KHUMHU, OOKas3aThb, 4YTO Eu H YAOBJIETBOPAIOT BOJHOBOMY YpPaBHEHHIO
PE & ’H &
o T ep 0 0 T en

66. [ycts B oBaactu () BBeJeHa OPTOrOHAJbLHAfl CHUCTEMAa KPUBOIU-
HelfiHbIX KoopauHat (£;n;():

z=a(&m0), y=y(&m(), z==2&m0),
rje npasBble YacTU — HellpepbiBHO Auddepeniunpyemble GyHRIuU. [Iycrs
€¢,e,, e, — eJUHHYHLIE OPTLI BTOH CHUCTEMbl (BEKTOpLI, KacaTelbHble K
KOODIUHATHLIM JMHUAM W HalpaBjeHHble [0 BO3PacTaHUIO KOOpIOMHAT,
ec Le, e, Le, e Le)™). llycrs He, H,, H; — rosdpdunuen-

3 3 2
o1 Jlamo, T. e. He = \/( 8:c) + (@) + (8;:) u T. g. Jokasarsb, uTo:

3 o€ €
1 Ou 1 Ou 1 Ou
1) gradu- Ea—geg Fn%en Fga—é_e(, (39)
. _ 1 8(Hana5) O(HCHEan) 6(H£H,,a<) .
2) diva = HanHC( o + on + o ),(40)

*) Bce opToHOpMHpOBaHHble Ga3nChl HCXOAHOH U BBOAUMON CHCTEM KOOPIAMHAT
MOJOMMTENLHO OPHeHTHPOBaHb! (npaBble), B 4aCTHOCTH, AKOGMaH DYHKLMIA, 3anaio-
IIUX KPHUBONHMHEHHYIO CHCTEMY KOODAHWHAT, MONOKHUTENEH.
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Heee Hpen Hceg
Lt e o 9
HeHpHe | 06 On  OC

Heae Hyan Heac

3) rota = (41)

67. Honbaysace dopmyiaamu (39)-(41), HOAy4YUThL BbIpaMeHus s
gradu, diva, rota:
1) B UMIMHAPUYECKUX KOOPAUHATAX; 2) B chepuuecKuX KoopAUHATaX.

HaiiTu NoTOK 1ojA a yepes OpUeHTUPOBAHHYIO HOPMAJIbIO N IIOBEpPX-
Hoets S (r=zi+yj+zk, r=|r|) (68,69).

68. 1) a=a,i+a,j+a.k, roe a,, ay, a, = const, S — Kpyr
panuyca R, nemawuii B maockoctd (r,n) = d;

2) a=r, S — BHewHAA cTOopoHa KoHyca /x2 + 42 < 2 < A;

3) a=r, S — BHelIHAA CTOPOHA IIOBEPXHOCTH LuauHApa z2 + 32 <

<R? 0<z< by

4) a= r/r?’, S — BHelHdAA cTopoHa cdepnl z? + 32 + 22 = R?;

5) a = f(r)r, S — BHemHsan cTopona cheprl x> + y? + 22 = R

69. 1) a=(zx—2z;2+3y+ 2,52+ y); S — NPOTUBONOOKHASA Ha-
Yajly KOOPIAMHAT CTOPOHA IIIOCKOr0 TpeyroibHuKka ¢ Bepmunamu (1;0;0),
(0;1;0), (0; 0 1)

2) a = (2%;92%;2?); S — BHemHAA CTOPOHA MOJHON MOBEPXHOCTH IH-
pPaMHU b, OrpaHUYEHHOM IIIOCKOCTAMU £ +y + 2=1, =0, y=0, 2 =0;

3) a=(y%;22%;2%); S — vacTh BHemHeil CTOPOHLI UIMHApa z2 + y2 =
= a?, pacnojloseHHas B IepPBOM OKTaHTe Meay INOCKOCTAMU z = 0 U
z=a, a>0;

4) a = (0;4%;2); S — orpanuyeHHas 4acTh BHeUIHEeH CTOPOHBI Mapa-
Gonoupa z = x? + y2, oTceUeHHAas ILIOCKOCThIO 2 = 2;

5) a=(z;y; /22 +y2 —1); S — yacTb BHewHeli CTOPOHLI rUnepGo-
gouna z2 + 3% — 22 = 1, 3aril0YeHHAA MeM Iy IOCKOCTAMU 2z =0 U 2z =
=/3;

6) a=(y;z;x); S — 4acTh BHyTpeHHeil CTOPOHBI HWIMHAPa 2 + y? =
= R?; pacnonomenHnas B obaactu x > |z|;

7) a = (3x;—y;—z); S — 4acTb BHEWHeH CTOPOHEI uapaboaou-
ga z2 +y? = 9 — z, paclo/omeHHasA B [IePBOM OKTaHTE;

8) a = (ry;yz;2x); S — yacTb BHemHeil cToponbl chepnl 2 + y2 +
+ 2% = 1, pacno/iomeHHas B IEPBOM OKTaHTe;

9) a = (zz;y2;2%); S — yacTbh BHemHeli cTopoHnl chepnl z2 + y2 +
+ 22 = 9, pacnojomenHas B obaactu z > 2;

10) a = (z;y;7yz); S — YacTh BHellHell CTOPOHBI NMAMHApPA T° +
+y? = R?, pacioso#eHHas B 06JIaCTI/I x > |y| ¥ oTceueHHAs MIOCKOCTHIO
2=0wu napa60n01/1L(OM z = 2% —y%;

11) a = (:Uy v —2? + 2y + 22;2); S — uwacth BHeLLIHeVI CTOPOHBI
yuunapa x? + y? = 1, oTcevennas kouycom 22 = z2/2 + y2.
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70. HaiiTu MoToK Mofif a Yepes NoBepxXHOCThL S HenocpeacTBeHHO UK
no teopeme ["aycca—OcTporpajackoro, eciu:

1) a=a%i+y*j+ 22k, S — Buemnaa noBepxHocTh Kyba |z| < a,
lyl <a, |z| <a;

Na=(z—y)i+(z—2)j+ (y — 2)k; S - noaHas BHEIIHAA IOBEPX-
HOCThL TeTpasjpa, OrpaHUYeHHOr0 MIOCKOCTAMU « +y +2 =1, z+y —
—z=1,y= () T = 0

3) a=y’zi —yz ] +:c(y +22)k; S — nonHaa BHEWHAA MOBEpPX-
HocTh muimugpa y2 + 22 < a?, 0< z < @
4) a=2xi+2yj— zk; S — noJHafd BHEUIHAA MOBEPXHOCThL KOHY-

ca /r?+y? <z H;

5) a=(zx+2)i+(y+x)j+ (2+y)k; S — BHelHAA NOBEPXHOCTD
tena 22 +y? < R?, 0< 2z <y

6) a =2%yi+2y’j+ xyzk; S — BHemHAA NOBEpXHOCTHL Tena 2 +
+y? + 22 <R, 220, y20, 220

7) a=2%yzi+ xy®zj + 2yz° k; S — 4acTb BHeuIHell CTOPOHbBI BJIUII-
couna x2/a® + y2/b* + 2?/c* = 1, pacnonomenHas B NepBOM OKTaHTE;

8) a=2%i+y*j+2°k; S — nonoBuHa BHemHeil CTOPOHBI ChEpb
22 +y?+22=R?, 220

9 a=0E"—y")i+ (& T F )j+(y"—m")k; S — nosioBHHA BHEI-
Heit CTOpOHBI chephl &2 + y +22=R? z>0.

71. Ilycts  A(r Z @;j%;T; — TMONOKUTENbHO ONpejeleHHas
5,j=1
KBagpaTu4Hafa ¢opMa, r = x11+ Z2j + 3 k. HaliTu moTtok moma a =
=r- (A(r))~%/? yepes ennnnunyio chepy |r| = 1.

72. VrasaTb ¢ To4HOCTbIO 10 o) MpuBIMAKeHHOEe 3HAaYeHHe MOTOoKA
nonfd a:

1) us sagaum 38,4) vepe3 BHENIHIOW CTOPOHY cd)epbl € IEHT-
pom (3;4;0) u paguycom &;

2) us zagauu 38,5) Yepe3 BHENIHIOK CTOPOHY MOBEPXHOCTH KybOa ¢
uentpoM (1;1;2) u peGpom OAHHBL &.

73. Jlorazare dopmyny (24).

74. IlycTtb none a nenpepbiBHO Auddepenuupyemo B 2, G — npous-
BoMbHaA 06MacTh ¢ KYCO4YHO raaaroit rpanuneit, G C Q. llokaszaTb, 4T0
noTok rota udepe3 JG paBeH HYIIO.

75. Ilycte orpanuueHHad o6aacTs (G UMeeT KYyCOUYHO TIaiKylo rpa-
nuny OG, OpUEHTUPOBAHHYIO BHelllHell HopManbio. JJoka3aTh, 4TO MOTOK
paauyc-BerTopa r 4epe3 OG pasen 3uG, rae uG — o6vem G.

76. Ilyctb kycouHo raafkas rpanuia OG obaactu (G, OpHeHTUpOBaHA
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HOpMallblo N, ¢ — MOCTOAHHLIN BeKkTOp. [JokazaTh, UTO

(r}/G/ cos(n, ¢)dS = 0.

77. Howasatb ¢opmynsr: 1) (25); 2) (26); 3) (28); 4) (29); 5) (30).

78. IlycTh mone w ABas[ibl HenmpepbBHO Audbdepennupyemo B (1,
G — oBaacts u3 ) Taras, yto G C ) u rpanuna 0G ABIAETCA MOBEPX-
HOCThIO YpoBHA moas u. JoraszaTe, 4To

/G//AudV:ia/G/ V| ds,

rjge ciegyet BbI6paTb OIOWH M3 3HAROB. O6BACHUTD Bb160p 3HaRra.

79. JlokasaTb, 4TO

JJ[ Fw(vahav =[] (aVun)ds
G 3G

80. Ilycts u ¥ a — HenpepbIBHO AuddepeHunpyemble moaa B 2,
G — obnacte u3 Q, G C , 0G — RycOuHO Trrafgkaf MOBEPXHOCTh,
OpPMEHTHPOBaHHAA BHeINHeH HopMaibio. JlokasaThb, 4TO

[[ wamyas = [[[ () + (& Vu)) av.
a8G G

81. Ilycts S — riagkas NOBepXHOCTh, OPUEHTUPOBaHHAaA HOpMalbIO
n, U 0ycTh 3aMbIkaHue S He CONEPMUT Hauvaila koopauHat. [lokazaTb,

YTO MHTEerpan cos(r, n)
/ / s

€CTb IOTOR HEKOTOPOro IMOJA 4Yepel S.

82. Ilycts G — orpaHndeHHas o6IacTh ¢ KyCOYHO TagKoil rpaHuleit,
OpHUEHTHPOBaHHOH BHewHeil HopMainio n, O € G, r = (z;y;2), r = |r|.
IIOHaBaTb YTO:

0 fffia=} //com
/// =555 [[ SR e

83. HyCTb OorpaHuYeHHas 06JIaCTb G vMeeT KyCOYHO rIajiIkyIo TpaHu-
ny OG, OpHEeHTUPOBAHHYIO BHEIHeH HopMaibio, My — ¢duKcupoBaHHas

Toyka G, -7
a(M) = MM /| MoM|?,
S (Mp) — cdepa c uentpom My u paguycom €, aesaman B G, OpUeHTH-

poBaHHafA BHellHeli HopManblo. JlokasaTh, 4TO MOTOK a dyepe3 OG paBeH
notory a uepes S.(Mp).

84. IlycTts orpanndennas o6nacts (G UMeeT KYCOUHO IIagKkyIo rpaHu-
uy 0G, opueHTUPOBaHHYIO BHellHell Hopmanbio, My — dbuKrcupoBaHHas
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TOYKa, R
a(M) = MoM J|MoM|.

HaiiTu nmoTor mons a uyepes OG, ecm: 1) My € G; 2) My € G.
85. B ycuoBuax samaun 83 nycte My € 0G u B orpectHocT My
rpanuna G ABamabl HernpepsiBHO Ouddepennupyema. Illyecte G, —

yacTh I'panniel OG, nemaman BHYTpU mapa |[MoM| < e, a T, — noTok
noas a 4epes OG \ 0G.. Haittu liII(l) II..
£—

86. ChopmyaupoBath aHagor Teopembl 'aycca—OcTporpaackoro ans
INIOCKUX ofJacTell U MoJefi.

87. Hycth v — raagkas miockas npoctas (c. 295) Kpusas, 3aMbIKa-
HUe ROTOPOH He COMepUT Hadala KOOPAWHAT, n — HeNpephiBHaA egu-
HU4YHadg HopMmanb K . [lokaszaTs, uTo unterpan I'aycca

/ cos(r, n) ds

r
5

€CTh MOTOR HeKROTOpOr'o MoJif 4vYepes 7.

88. IlycTo B ycnoBuax 3agadyu 87 7 ecTh rpaHulla orpaHUUYEHHON 06-
nactu (. Brruncautps unterpan I'aycea, ecau:

1)O¢G; 2) 0Oed.

89. IloramuTe, 4yTO 3HaYeHUe WHTerpala l'aycca u3 3agauu 87 paBHO
NOAAIPHOMY YTy, TIOA KOTOPBIM BHHA KPHUBafl 7 U3 Hauyala KOOPAMHAT.

HajiTu paGoTy MoJaA a BIOAb NPAMON 0T ToukH A(ry) 10 Touku B(rz)
(r=zi+yj+zk, r=|r|) (90, 91).

90. Y)a=r; 2) a=r/r; 3) a=r/r’

4) a = f(r)r, f(r) — HenpepoiBuaa Gpyuruusa, r > 0;

5) a =[c,r], ¢ = const.

91. 1) a= — J k. A(=1,0:3), B(0:—1;2);

y+z z+x Tty

2)a=1ie¥*+je* % +ke*¥; A(0;0;0), B(1;3;2);

3)a=(yi+zj+ak)/Va2—y2+22—xz+z A(l;1;1), B(6;6;6).

92. BriuucauTh paGoTy IJIOCKOrO MOJAA a BAOJb KPUBOW 7y, €ciu:

Ha=(x+y)i+(z—y)j; ¥ — vacts rpapura y = |z| 0T TOUKH
(—1;1) o Touru (2;2);

2) a=(y?i—a?j)/\/x? + y?; v — noayorpymuocth x2 +y? =1 oT
Touku (1;0) mo Tousu (—1;0) B oGaacTu y > 0;

3)a=f(z)i+ f(y)j; ¥ — nyra actpounst z2/3 + y%/3 =1 ot Touru
(1;0) mo Touru (0;1), pacmomomennas B nmepsoM kpagpaute (f(zx) —
HelpepsIBHAA QyHKINA).

93. Beruucauts paGoty moag a = yi+ zj+ xk ot Tourun A(a;0;0)
1o tousn B(a;0;2wb):
1) Booab BUHTOBO# anHuu © = acost, y = asint, z = bi;



316 I'r. 2. Kpamnvle, kpusoaunelHble Ut NOBEPIHOCHbBE UHMESPAAbL

2) BRoan oTpeska AB.
fIBnsercA AU gaHHOe MoJ€e NOTeHIHalbHbIM

94. Haittu no opmyie Crokeca (19) IMPKYIANUIO TIOAA a BIOAL KOH-
Typa [', OpHeHTHPOBAHHOIO [0 YACOBOI CTpedKe P B3rIAAE HAa HErO U3
Havaja KOOpAHHAT, eciu:

Da=z2i+2?j+y’k; T={2>+¢y*’+22=1, 2+y+2=1}

Na=(y+2)it(z+o)j+@+yk ={40"+y*)=2" z+y+
+z=1}%

a=23i+yPj+22k; T={z=224+4¢% z2+y=2}

NHa=yi—zj+zk; T={z2+y?>+22=4, 22 +y%> =22, 2 >0}

5)a=z22j+2’k; T={y>+22=9, 32 +42 =5};

6) a=zritayjtuyzk; T={>+2 =1, 2+y+2=1}

95. Jlusanons a=—yi/(z® + y*) + zj/(2® + y*) naliTi UMPRYIALKIO:

1) no okpymuoctu z? + 4% = R?, 2z = 2y, OpUEHTUPOBAHHOH NPOTUB
YacoBOI CTpelKU Ipu B3TJAde us Touek ocu Oz, rae z > 2g;

2) mo oxpymuoctu (z — R)? + (y — 2R)? = R?, z = zp, opueHTauus
IIPOM3BOJbLHA.

96. Haiitu uupryasumio moas a = (—yi+zj)/(z® +y?) + 2k mo
OKDYMHOCTH P (P 422 =1, atytze0),
OPHEHTUPOBAHHON MPOTHUB YacOBOH CTPEIKH NpU B3MIALE U3 TOYEK
ocu Oz, roe z > 1.

97. B ycnoBusx 3agauu 64 HallTU HUPKYAALUIO MOAA V:

1) no okpymHOCTH paauyca R, KoTopad JeiUT B IIJIOCKOCTH, [IepleH-
OUKYJISPHOR ocu BpalleHWs, U OPUEHTUpPOBaHa [0 HAlPaBIEHUIO Bpalie-
HUA;

2) 1o OKpYMHOCTH paguyca R, KOTOpasf OpUEHTHUpOBaHa Tak ke, Kak
1 B 1), HO IIOCKOCTh KOTOPO# COCTABIAET YIOJl (¢ C OChIO BpalleHUS.

98. B yciaoBusax 3agauu 64 npumem ock BpalueHusa 3a ock Oz, Hampa-
BUB €€ 10 BeKTopy yriaoBo# ckopoctu. IIycts G — orpaHuyeHHas oHO-
cpAsHaA 061acTh B IOCKOCTH Ozy ¢ rpaHulell 7 — KycouHO TIaiKuM
IPOCTLIM 3aMKHYTBIM KOHTYpPOM, Il — uuaunap ¢ ocHoBanuem G u 06-
pasymomuMy, napamielbHbIMU ocu Bpamenusa. llyete ' — 3amMkHyTas
KYCOYHO TajKkad KpUBad Ha MOBepXHOCTU HuanHApa I, koTopasd B3auM-
HO OJTHO3HAYHO MPOEKTHUpYyeTcA Ha 7y. [lokaszaTh, YTO UUPKYAALUA IONA V
no I' pasna 2w - uG, rae pG — nowans G.

99. MaruuTHOe noJje NpAMOro 6eCKOHEYHOr0 NPOBOAHNKA IOCTOAHHO-
ro roka I (I > 0) sajaercs kak noje Bektopa Hanpsasentoctd H. Ecnu
ock Oz COBMECTUTEL ¢ NPOBOAHHKOM I10 HallpaBIeHUIO TOKa, TO

H =27 —¥ited
= + y-°
1) Y6epurses, uto rotH =0 (B oTauuue or rotv wus sagauu 64).
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2) Hatitu nupryasuuio noasg H 1o orpy#HocTH paguyca R ¢ [IeHTpoM
Ha ocu Oz:

a) lekaleil B IIOCKOCTH, MepleH IURYIApHoi ocu Oz;

6) Jeskameil B IIOCKOCTH, KOTOpafg COCTABIAET yrodl « ¢ oceio Oz.

3) BssaB rarue e, Kak U B 3amadve 98, o6nacts (7 C rpaHUlER -,
tuaudap I u kpusyio I' Ha ero moBepxHOCTH U AOMYCTUB, 4TO ock Oz He
ABAfAeTcA obpasyloweit nuanagpa I, gorkazats, uto uupryaannsa H no I
paBHa nupryaanud H mo .

4) Donmyctus, uto O € G, ¥ B3IB OKPYHOCTD ¢ IeHTpoM O, JesRaulyio
B (7, JokaszaTh, 4To nupkyIAuuu H no - ¥ 1o 3Toil OKPYHOCTU paBHbI.

5) Hlowraszatb, uro ecan woHTYp I (u3 3)) He oxmaTbiBaeT och Oz,
T. €. IPOBOJHUK C TOKOM, TO nupryjaAauua H mo I' paBHa Hymio, a ec-
au ' oxBaTeiBaer oce Oz, To qupkyaAuua H no I' Takana e, Rar U MO
OKPY#KHOCTH U3 II. 2).

100. Haiitu ¢ TounocThio 0 0(c2)aBCOMOTHYIO BEMTUUMHY I[UPKY-
nfuuy noas a mo oxpyskHoctd (z — D)2+ (y — 12+ (z — 1) =¢2, 2+
+y+z= 3 ecm/l

l)a_—1+—J+ k 2) a 71—7J+\/_k

101. Jorasats dopmyay: 1) (20); 2) (21); 3) (22).

102. Mlycts w ¥ a — HempepbIBHO AubdepeHnrpyeMble nois B €1,
M € ). PaceMoTpuM COBOKYMHOCTE cofepamux A obaacteit G C £,
1Sl KOTOpbIX cropaBemiauBa dopmyaa (23). Hyers d(G) — puamerp,
#(G) — obpem G. I[OEa3aTb 4TO:

1) gradu(M) = hm G // undS;

2) rota(M) = lim / n, aj
d(G)—0 ,u

103. Karue u3 yra3aHHBIX MoJjell MOTeHIHATLHLI B R3:

Da=z2i+y?j+22k; 2) a=zxzi+zyj+yzk;

Ya=(ax+y+b2)i+ 2z +cy+dz)j+ (bx+dy +c2)k;

4) a =yzcoszyl+ zzcoszyj+ sinzy k?

104. [oreHuuanbuo au none H = 27 %4—{‘], (z;y) # (0;0):

- y-

1) B monynpoctpasctBe x > (;

2) Bo BceMm mpoctpaHcTie Ge3 ocu Oz 7

105. TlpoBeputs, uto none H=2I(—yi+ zj)/(z* + y*) norenumann-
HO B noiymnpoctpanctse y > (, ¥ HalTHU ero MOTeHIIHAa.

106. IIpoBepUTH MOTEHIUAALHOCTh U HAXTH MOTEHLHAN TOJA:

Da=@+2)it+(z+2)j+@+yk
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_yzitzzjt+aoyk . . 21
2)51——14_1:221%2 ; ya=yit+zj+ek
HYa=r/r; B)a=rr rt=zit+yj+zk, r=]r|).
107. Tycte f(r), r >0, — nuddepenunpyemas dynruus. Jorazars,
4To noje (ueHtpaibHoe) a = f(r)r morenumansHo npu ¥ >0 (r=zi+
+yj+ zk, r = |r|). Hailtu norennuan a.

108. JlokazaTh, YTO NoTeHOHWal « HelpepblBHO auddepeHInpyeMoro
nosid a ynoBiaeTBopsieT ypaBHeHHIo Au = diva.

109. [lokaszarh, 4To eciy Mojle a NOTEHUMANLHO B 3Be3AHON (cM. 3a-
nauy 30) orHocuTenbHO Touku Mo(rg) obaactu ), TO ero moTeHuUal B
touke M (r) onpegensiercs bopMyoii

1
u(r) = /(a(ro +t(r —1o)), T — o) dt + const.
0

110. JoraszaTh, 4TO MOJOMEHUS YCTOHUMBOIO PAaBHOBECHA YACTULbI
B MOTEHLUUAIbHOM CHIOBOM noje F = — gradu HaxomaTcA B TOYKAX MMU-
HMMYyMa MOTeHHuala u.

111. JlokazaThb, 4TO MOTeHIHAAbLHOE MOJe HEe UMeeT 3aMKHYThIX BEK-
TOPHBIX JTUHUHA.

112. flpafAerca M mose a MOTEHUUAIbHBIM, CONEHOWAANbHBIM, €C-
m (r=zi+yj+zk, r=]r|):

1)a=r/r} 2)a=r/r?

113. HBJIﬂeTCH JM TI07e & CONCHOMAANbHBIM, eCIH:

1) a=a(* —y)i+y(a® —22)j+ 207 +2?) ks

2) a (1+2a:y)1—y zJ+(zy 2yz + 1) k;

3) a=a2%yzi+ 2y?2j —2y2’k; 4) a= (—yi+xj)/(2® +9?) + ryk.

114. Jloxrasats, uTo ycaoere (34) HeOGXOAUMO W DOCTATOUHO JIAl CO-
JeHOUanbHOCTH MOJIA.

115. Haiitu Taryio auddepennupyemMyto dyHruuio P, 4rodbl no-
e a=%(r)r, r=zi+yj+zk, r =|r|, 6110 coneHOMTAIBHBIM.

116. Totox nons a =r/r®, r = |r|, onpenenennoro B o6aactu 7 > 0,
yepes cpepy r = 1 paBen 47. O3HavyaeT Jau 3TO, YTO JAHHOE MOJNE Hecole-
HOMOAJILHO MPU TOM OMpeIeNeHUN COJeHOUAANbHOCTH, KOTOPOEe NPUHATO
B 9TOM naparpade?

117. 1) IIycts Ay u Ay — BeKkTOpHbIE MOTEHUHMAbI [0S a; A0Ka-
3aTh, 4TO moje b = A; — A, Ge3BUXpEBOE;

2) mycTh A — BEKTODHbIA NOTeHUMAaN Mods a, nojie b Ge3BUXpPeBoe;
IOoKa3aTb, YTO A + b — Take BEKTOPHBII NOTEHLUA TOIA a.

118. TIpoBepUTDb COJNCHOUAAILHOCTD MOJA A U HAUTU €ro BEKTOPHLIN
MOTEHLUA, eCIIH:
1) a =¢, ¢ — mocrosuusiii Bextop; 2) a = 2yxk;
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a=zi+zj; 4 a=yit+tzj+zk;
5) a=3y?i—322j— (y?* +2z2)k; 6) a=ye*i+ze*j+ zeV k.
119. JlokasaTb, 4TO ecIM BEKTOPHOE MOJE a HENpepbIBHO Au(depeH-

LMPYeMO U COJEeHOMAalIbHO B obnactu (7, 3Be3gnoil (cM. zamauy 30) ot-
HocuTeabHo Touku My(rg) € G, To
1

A(M) = / [a(ro + t(r — ro)), r] t dt
0
— OJWH U3 €ro BEeKTOPHLIX MMOTEeHIHa/Jl0B (I‘O U r — pallyC-BEKTOpbI TO-

yer My u M).

120. HaiiTu BEeKTOpPHBII MOTEHI[HA]l MArHUTHOrO NoJd GeCKOHEeYHOTO
NPSIMOTO MPOBOJHMKA MocTofHHOro Toka I (och Oz HaAmpaBUThL MO MpO-
BOJHHURY, cM. 3aga4dy 99).

121. JnerTpuuyeckUil 3apfAl ¢, OBUMYIIUHACA ¢ MNOCTOAHHON CKO-
pOCTBIO V, co3aeT B MPOCTPAHCTBe (Bakyyme) B (UKCHPOBAHHBIA MO-
MEHT BpeMeHHU MarHuTHoe MoJ/e HalpAMEeHHOCTU

(M) A7prd
rije r — BeKTOp ¢ HayaloM B 3apfiie, a KoHiloM B M, r = |r|. Haii-

TH BeHTOprIﬁ NnoTeHuuama 3Toro IoJAd.

122, ,HORaBaTb, YTO BEKTOpHbBIC JUHHUU COJEHOWOAJbHOI'O IOJIA 1160
3aMKHYThI, 160 OKaH4YUBaAIOTCA Ha rpanuvie obaactu onpejejeHUuA IMOJIA.

123. JokazaTh, YTO MOTOK COJEHOUJATHHOTO MOJA Yepe3 MonepevyHoe
ceyeHMe ero BEeKTOPHOU TPYyOKU OJUHAKOB BAOJbL Bcell TpYOKU.

124. TlyeTe w — [OBakabl HENMpepbIBHO AU hepeHUpyeMoe Moje
B 2, a u b — gubdepenuupyemsoie noia B ), a = b+ gradu. [loxa-
3aTb, YTO JIJA TOro, 4ToObl Noje b GbLIO coleHOUaTbHBIM, HEOGXOAUMO
U JOCTaTOUYHO, YTOOLI Moje u YAOBAETBOPAI0 ypaBHeHUIO Awu = diva.

125. JlokazaTh rapMOHMYHOCTD MJIOCKOTO MOJfA

_ 2 _ . _
a—r/r, I‘—(:L',y), T—|I‘|.

126. JloxasaTb rapMOHUYHOCTD MOJfA CHJ TATOTEHUA TOYEYHOH Macchl
U MOJS KYJOHOBBIX CUJ TOUEYHOTO 3apsAna.

127. Jloka3aTb, 4TO MOTEHIIUAT FAPMOHUYECKOTO MOJfA eCTh GYyHKIIUA
rapMoHudeckas, T. e. Au = 0.

128. IlycTes orpanuuenHas o6aacTh (¢ UMeeT KYCOUHO IJIaAKYIO rpa-
Huny OG, GyHKUUA u, ompejeienHas B (7, rapMmoHuuHa B (G, a gradu
HenpepbiBeH B (. /lokazaTsh, 4To:

Ou
1) 8/G/ n dS =0, rge n — "Hopmains K OG,

2) ecin u =0 Ha OG, o v =0 B G, T. e. rapMoHUYecKasa QyHKIUA
OOHO3HAYHO ONpefefeTcA CBOMMU 3HaUeHUAMU Ha rpaHUIle;
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ou —
3) ecau n 0 va 0G, To u = const B (G, T. e. rapMoHUYeCKaf
n
bYHRUMA ONpeAenfieTc ¢ TOUHOCTHIO 10 NOCTOAHHON 3HAYEHUAMU CBOel
HOpPMAaNbHOM MPOUBBOAHON Ha TpaHulle.

129. B ycaoBusx sagauu 128 nycts z € G, Q.(z) — wap ¢ ueHt-
pPOM z U paguycoM &, demamuit B . Baab

! yeG, y#u,

~ anle -yl
U npuMmeHus dopmyay I'puna (28) K obaactu G\ Q. (z), morasato, 4TO
1
u(e) = / (w0)Vy = ~ =57 Vulw). () dS,,

rjle HUAHUI CUMBOJ 4 yKa3bIBaeT [MepeMeHHYIO TOYRY, n(y) — eIMHHY-
Hafl BHEIIHAA HOpMa/b K TPAHUIE B TOUKE Y.

130. OycTb dyHKUUA v TapMOHUYHA B OKPECTHOCTHU TOYKU & € Rg’7
Sr(z) u Qp(z) — cdepa u wap paguyca R ¢ ueHTpoM z, lejkauive B
3TOW OKpecTHOCTH. JoKaszaTh Teopembl 0 CpefHeM A FapMOHUUYECKUX
pyHRUMA:

1) ulz) = = // uly)dS; 2) u(z) = / // uly)d
Sp(x
131. U3 ypaBHEHUI 3I€RTPOCTATUKHU
(V,E)=p/eo, [V,E]=0,

rie E — moie 3neKkTpuyeckoil HaIPAKEHHOCTH, p — IUIOTHOCTH paclpe-
JelleHnd 3apAgoB, €p = const > 0, BeiBecTH 3akon 'aycca

nE) s - 2
[ wmyis- ¢

0 MPONOPLUUOHAILHOCTH MOTOKAa HaNPAMMEHHOCTH 4epe3 rpaHuuy obiaac-
™ G (c BHemHe#l HOpMAaNbIO n) U MOJHOTO 3apAna (), HAXOAALIEroCA B
3TON obaacTH.

132. [IycTh mose ckopocTeil v ABUKYIIEHCA CIIOIHON cpebl MOTEH-
nuaibHo. JlokaszaTb, YTO e€caM cpefga HeckuMaeMa, TO MOTeHIual u I0-
Jf1 V rapMOHHYeH (MOMSHO BOCIHOIb30BAaThCA TEM, YTO 0GBEMHBIH pacxon
cpefbl Yepes JMI00yI0 3aMKHYTYIO [OBEPXHOCTh paBeH HYIIO).

OTBEThI

l.a) 22 —9y2+22=1;6) 22 —y2 + 22 = -2.

2.2—-2=y—-2=(2+2)/2.

3. 1) O6bepunenue By x miockocteit (a — Cb,r) =0, (b,r)#0, C =
= const;

2) miockocTh (a, b,r) = const.



§$12. Craanprvle u 8eKRMOPHBLE NOAA 321

4. {u=2} —orpesok y=2=0, -1 <z <1; {u= const >2} —
samunconpst (4z2)/(u?) + 4(y* + 22)/(u® — 4) = 1; maxu = 2v/1+ R2.
5. Ognononocrasle koHycel ¢ BepmuHoii (0;0;0) 1 ocoio Oz; maxu =
= cos(n/12) = (V6 4+ V2)/4, minu = sin(7/12) = (V6 — v2) /4.
1) (22:2); 2) (2/3;2/3;-2/3); 3) (4,1;1); 4) (0;0:1).
a) zy =182%6) z =2y* 2=1/(3y), y #0, y # 1; B) (2,1;1/3).
1) 0; 2) arccos(—1/3); 3) arccos(—8/9); 4) w/2.
9. 1/9. 10. inf|gradu| =0, sup|gradu| = 1/2.
15. 1) r/r; 2) 2r; 3) —r/r®; 4) v/r?; 5) a; 6) [a,b];
7) a(b,r) +b(a,r); 8) 2[a,[r,a]].

17. ¢/| grad u(My)|.
ou 1 du ou
21. 1) Ee + a <p+ &eu
du 1 8u 1 0u
2) 5 e —rcosw%e‘p+__ew'

r oY
24.1) cos(r,n) = (r,n)/r; 2) —(
25. 2u/r, T:\/m.
26. (gradu,gradv)/| gradv|.
27.a) z=0; y=122, 2 € (0;1];6) 2 =1/z, y =22, z € (0;1].

28. 1) ay=C; 2) 22 —¢y*=C; ) y=Cx?uz=0, 2> +9y> £ 0;
4) 222 +y* =C, = #£0.

29. 1) (as bs?;cs), s >0; 2) (as;bs;c/s), s > 0;

3) x2 — —Cl, 22— 22 = (.

31. 1) x=as, y=b, 2=cs, s >0; 2) z =a, y>+ 22 =b%
3)z=as®, y=bs, z=c, s>0; 4) z=as, y="b/s, 2=c¢, s> 0;
5) 1/x—1/y=Cy, z=Ch.

32.1) r = srg, 8> 0; 2) r =rg + al, a = (a1;a»;as);

3) T = 5T, s>0 4) r? = const, (c,r) = const; 5) r =1y + ct;
6) 22 +y? + 22 —RZ x-l—y—f-Z—C;

7z =as, y="bs? z=cs, s>0.

n)/r?; 3) (n,a); 4) f'(r)(n,r)/r.

33.1) ¢ =cost, y =sint, z = ci;

2) Vo —1/2=1, Iz +1/2y*) =4; 3) y=um, 2% =2(z*-1).

34. 22 +y? = R?, 2 = C (ocv Oz coBnagaeT ¢ NPOBOAHUKOM, @ 110
HalnpaBleHUI0 — ¢ TOKOM).

35. 2% + y? = 427,

36. YerBepTn Topa 8(y* + 2%) = (¢ +y* + 2% + 1)%

38.1) 3; 2) 4r; 3) 2/r; 4) 222%/(2® +y*)*/?; 5) 12xy? + 42° — 6z2.

_Pu | u | Ou
39. Au= go+ So g
40. 1) (gradu)? + udiv gradu = (Vu)? + uAwy;

21 Ion pen. JI.I.Kynpsasuena, T.3
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2) (gradu,gradv) + udiv gradv = (Vu, Vv) + uAv.
41. 1) 6; 2) 0; 3) (r,c)/r; 4) rf'(r) +3f(r);
5) £'0) + 220 6) (r,0)5') /s ) 0; 8) ~2fe.).

37

43. 0. 44. divv =0, divw = 2w.

42.1) u(r) = 55 2) u(r) = 2+ Cy; 3) ulr) = O,

10 10
46. dlva—a—( r)+T aa:
1 1 0ay | Odaz
47 ].)lea—;—( r)+;w+az,
iva= + 9 (2 1 _dap 1 9
2) diva = r? Or (riar) + rcosty Oy T COS 1 61/) (ay cos ).

48. 1) (r,a'(r))/r; 2) (W' (r)(r,a) +u(r)(r,a’))/r.
50. 1) 0; 2) [r,a]/r; 3) [a,b]; 4) u/(r)[r,a]/r; 5) 0.

51.1) i+j 2) —2i—j+ 2k

52. HeBepHo.

53. 1) w/2; 2) arccos(3/5). 54.1) 2c; 2) 3[r,c].
170 Oar

57. 0. 60. ; (E(raw) — %)

r dg 82 T 9z ’ ( ”));
2) (coi,w (?9% 3% - (a COSw)) (%w g(mw))
(3 (ra

°) Tcésw %z))

61. 1) (1 Oa, Jay . Oar 6az ) %

62. %(u'[r,a] + ufr,a’]). ror

_ 190 ou 1 d*u 62u_
Lo (piuy, 1 Fu 10
2 Or (7" or + 72 cos? ) 9p? + r2costp OY Cowaw )
64. (0;0; 2w).

68. 1) 7R%*(a,n); 2) wh3; 3) 3rhR?; 4) 47; 5) 47R3 f(R).

69. 1) 5/3; 2) 1/4; 3) 2a*/3; 4) —2m; 5) 2/3m; 6) 0; 7) 81x/8;

8) 3m/16; 9) 457; 10) R*; 11) 0.

70. 1) 24a°; 2) 0; 3) —wa®/4; 4) wH3; 5) 2R3; 6) R°/3; 7) a®b*c?/8;
8) 167/5; 9) 0.

71. 4m\/det(a;;). 72.1) (24/125)7e®; 2) 4e3. 84. 1) 0; 2) 4.
85. 27. 88.1) 0; 2) 2.
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T2

00. 1) (3 —13)/2 2) ra—r1; 3) (o—r)/rira; 4) [uf(w)du

5) (e,r1,12). "

91. 1) (1+1n3)/2 2) 4e-3-e—2; 3) 15.

92.1) 5; 2) —4/3; 3) 0. 93.1) —wa?; 2) 2mab.

94. 1) 47r\/‘/9 2) 0; 3) 0; 4) —4m; 5) 0; 6) .

95. 1) 2m; 2) 0. 96. 27. 97. 1) 2wrR? 2) 2wrR?*sina.

99. 2) a) 47T; 6) 4xlsina. 100. 1) %m?; 2) v3re?.
103. 1) na; 2) Her; 3) Her; 4) na. 104. 1) na; 2) HerT.

105. 27 arccos(z/+/x? + y2).
106. 1) zy + yz + zz + C; 2) arctg(zyz) +C; 3) zy +e* + C;
4 r+C; 5) r*/3+C.

T

107. /tf(t) dt+ C.

112. 1) HoTeHIIHAILHO U COJIEHOUAAIBHO;
2) moTeHNMANbHO, HECOJIEHOMAATBHO.
113. 1) net; 2) aa; 3) uer; 4) aa. 115. C/r3.

116. Her. 118. 1) = c,r] +b*); 2) —zy’?i+b; 3) zzit+yzk+b;
2 Y

4) —zyi-—yzj—azk+b; 5) —z(@+y*)j+ (2° +y*) k+ by
6) —ze¥i—ye*j— ze*k +b.
120. (—Iln(z®> +¢*)k +b). 121. qv/(47mr).

21%

*) b — npousBoIbHOE Ge3BHXpeBoe ToJe.
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NHTEI'PAIIBI, SABUCHAIIIUE OT TAPAMETPA.
NHTEI'PAJI ®YPBE. IPEOBPASOBAHUE ®YPBHE

§ 13. CobGcTBeHHBIe HHTErpaibl, 3aBUCAIIHE OT MapaMeTpa

CMNPABOYHLIE CBELEHWA

Feau npu kamnom suayennu « € E C R gyuruua f(z;«) uHTErpu-
pyema no Pumany wak ¢pyHRUMA 0T z HA oTpe3ke [a;b], TO MHTerpan

b
I() = [ f(z;0)de (1)

Ha3LIBAIOT COOCMBEHHbIM UHIME2PAIoM, 3ABLUCAUUM om napamempa «. Ha-
pAxy ¢ uHTerpansamMu Buza (1) paccMaTpUBaIOT MHTErpaisl Goiee 06Iero
bitia Y(a)

¢ = [ flasa)de, (2)

3aBUCAIlINE OT IlapaMeTpa.

1. HempepblBHOCTH HHTerpaida mno napamMeTpy. Eciu ¢yHE-
uuA f(x; @) HellpephIBHA B NPAMOYTOILHUKE

K={(z;0): a<z<h, oy Sa<a}, 3)

To nurerpan (1) ectb HempepbiBHAA QYHKIWA MapaMerpa ¢ Ha OTPEs-
Ke [a1;as).
B uactHocTH, ecin dyHrUmMA f(x;q) HenmpepelBHA B IPAMOYTOIbHU-
ke K n ag € [ag; ], TO
b b
lim | f(z;0)de = lim f(z;«)dz, (4)

Q—rQ Q=g
a a

T. €. BOBMOMEH Hpe,ﬂeﬂbeIﬁ nepexon 1o 3HakoM MHTerpaJa (1)

2. UnTerpupoBaHie HHTerpaaoB, 3aBHCANIUX OT MapamMeTpa.
Fcan ¢yuruma f(z;«) HenpephlBHA B NPAMOYTOJbHHEE (3), TO MHTer-
pan (1) ecTh GyHKIMA, HHTErPUPYeMan Ha OTpe3ke [aj;as], W clpaBel-
JIUBO PaBEHCTBO

ay b b

/(/f(m;a)dm) da = /(/f(m;a)da) dz. (5)

o a a
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3. MuddepeHIUpOBaHHE HMHTErpajoB, 3aBUCAIIUX OT MNapa-

Of(x; )

merpa. Ecau gyuruun f(z; ) 1 ——=2— HenpepbiBHLI B MPAMOYTOIb-
-

nure (3), To unrerpan (1) — uenpepriBHo nuddepeHnupyemas Ha OT-
peske [ay; 2] OYHKIMA, MPOM3BOAHYIO KOTOPOH MOMHO BBIUMCIHTH MO

npasuay Jetibnuya b
I'e)= | %@ia) dz. (6)

a

Ecau dynruuu f(z;a) u 9f(zi0) HEMpepuIBHbI B MPAMOYTOILHHU-

e (3), pyurmuu ¢(a) u ¥(a) gubdepeHuupyemsl Ha oTpeske [a; as], a

MX 3HAUEHUA NPHUHA/IERAT OTPe3Ry [a;b], To uurerpan (2) — dbyHRUMA,
auddepeHuUpyeMasn Ha OTpe3ke [a; z], TPUUEM

Y of (i)
() = f((a); ) (o) — fp(a);a)e (a) + / Y dw. (1)
@(a)

NMPUMEPLI C PEWMEHWUAMMU

T
HpI/IMep 1. Haiitu lim / (gj 4+ COSO(H}) eTsine go.
a—0
-7
A Tar Kag nopplHTerpanbHad GYHKIMA HelpephbIBHA B IPAMOYTOIb-

HHURKE
K={(z;0): -7 <z <7 -1<ag1}

ris
TO UCKOMLIH Mpefen A paBen /f(m;O) dz, roe

fz;0) = liirb(m + cosax) e = gz 4 1.

CrenoBaTeabHo, x
A= /(m+1)dm=27r. A
-7
MIpumep 2. BruucauTh MHTErpad

1

Q2 _ .01
I:/%dm, 0< o € as.

A PaccmorpuM ¢ynruuio f(z;a) = 2% JTa PYHRUUA HENpPepbIBHA
B mpaAMoyroastuke K = {(z;a): 0<z <1, ou € a < ag}, rae a; > 0.
Mpumensas dopmyay (5), norydaem
a3 1

[( o) o= /(7 o) dr. ®

Q)
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—

[a D)
© do
Tak kar [z®dr = ——, TO neBas yacTh Gopmyis (8) paBHa /— =
T dopmyas (8) p e
0 a
14+ as
=lIn o [paBas yacth popmyant (8) paBHa I, Tar Kak
a1
o o2 _ 01
/a:a do=2""2 |
Inx
ay
CrenoBaTtenbHO, )
[=In2t2 A
14+
2
" ' _ az? dz
Mpumep 3. Haiitu I'(c), ecan I(a)—/e —=.
T
1
A [pumenss dopmyay (6), momyyaem
2 2
2 e T 2 6401 — e
I'(a) = / o’ dy = ‘ = A
(@) e zdx 7 |, o

i
IIpumep 4. Boryucauts uHTeErpain
w/2
I{a) = / In(sin® z + &® cos? z) dz, a # 0.
0
A llycts @ >0 u a #1. Tak kak byHrUMA
f(z;0) = In(sin® z + o® cos? )
of(x; )
Oa
K={(z;a): 0<2<7/2, ag L a<as},
rae ay > 0, To 10 dopmyie (6) noaydaem
w/2 5
I'(a) = / __facos T g,

) - -
sin® z + a2 cos?x

HelpepbIBHA U MMeeT HENPEPLIBHYIO IPOU3BOAHYIO
yTrolbHUKE

B IpAMO-

Hcnoan3ysa noacTaHoBRy t = tgz, HAX0AUM

+o0o

I,(a)_Qa/ dt 2 7‘”( 11 )dt_
N J (t‘2+1)(t2+a2)_a2—10 241 24a? N

2a 1 ty |t
= tgt — —arct —)‘ =
ar—’—l(ang aanga 0

iy
a+1’

OTKyIa
Ia) =mln(a+ 1) + C.

Tak war /() — ¢yuruus, venpepsiBuas npu > 0, u I(1) =0, To C =

=—nln2. CaepoBarensHo, I(a) =nln((a+ 1)/2) npu « > 0. Yuursisasg,

yro I(a) — verHas ¢pyHKUMA, oTciona nonyydaeM I (a) =7 In((ja| + 1)/2),

ecit v #0. A
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sin o
Mpumep 5. Haiitu ®' (), ecmu ®(a) = / sh az? dx.

Cos &
A Tlo dopmyze (7) naxomgum Gina
®'(a) = cosa - sh(asin® a) + sina - sh (acos® a) + / z?chax?dr. A

cos &
3ALAUYH

1. Jowrasatk, uro ¢pynruusa I{«) HenpepriBHa Ha R, ecau:
1

1) I(a) = /sin2 ar?dz; 2) I{a) =

2
———dzx
; 1+2? + ozt

2. HaﬁTn npeaen:

1) hm \/1+a2w4da: 2) hm/\/a:2+a2da:

1

hm/ zdr ; 4) lim 2262 dz;
a—1J) 14224+ ab a—1

5) lim a:cos(l + a)zdz.
a—%OO

1
3. lorasars, uto dynxuua I{a) = /sign (z — a) dz wuenpepsiBHA
Ha R. 0

4. Oyers dyuruusa f(z) HenpepblBHA U MPUHUMAET [OJ0KUTENbHbBLE
3Havenus Ha orpeske [0;1]. Jowrasarhb, 4To QyHKUMA
1

@)= [ 2= f@)de

7+ a°
paspbiBHa npu « = 0.
5. BLIACHUTD, CIpPaBeAauBO JU PaBEHCTBO
1 1
lim /f(a:;a) dz = / lim f(z;«a)dz
a—0 a—0
0

eClIn:

D fa) = 5 e ) fma) = .

6. Oycrs dyuruua f(x) nenpepsiBHa Ha oTpeske [a;b] U a < ag <
< x < b. llorazaTs, 4TO
x

lim = [ [/(t+0) = f))dt = f(z) = f(ao).

@Q
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7. Oycts  {pn(z)} — nocmefoBaTenbHOCTH  GYHKIWHA, WH-
TerpupyeMbix no Pumany Ha oTpesxe [a;b] ¥ NPUHHUMAIOIMX HA HTOM
OTpesKe HeoTpHUllaTeNbHble 3HAUCHMA, PABHOMEPHO CXOAUTCA K HYJIO Ha
muoectBe B = {z: 0 < d < |z| < 1} npu modom 6 > 0, npuiem

nlglgo /13%(37) dr =1

JlowazaTh, uTo Aaf M000 HempepbiBHOHM Ha oTpeske [—1;1] byHE-
uun f(x) crpaBeliMBO PABEHCTBO

8. BhiACHUTH, paBHBI U UHTET pajbl

j(o/lm;a)da)dm ’ /(/f o) do

0

ecnu: .
1) fz;a) = ﬁ; 2) flz;a) = ﬁ§
3) fasa) = (5 = 25 ) e/

9. Mycts dyHEIMA f(T;@) NPH KaKIOM « € [a1;an] UHTErpUpyeMa

N0 x Ha oTpe3ke [a;b], W MyCTh Ha HTOM OTpe3Ke CYIIECTBYyeT (GYHEK-

uua p(x) takag, uro lim f(z; @) = p(x), rae ap € [ay; as], paBHOMEpPHO
a—rag

OTHOCUTEILHO & € [a; b]. IIORa3aTb 4TO:

b
1) lim fa:ada:—/gp x)dx;

x—rxp

b
2) lim [ f(z;0)g(x)dx= /gp( z)g(z) dz, roe g(x) — dyHrUMA, HH-

ax—r o
a

TerpupyemMas Ha oTpeske [a;b].

t
10. Iloasaysach dopMymoit are gac /1+ —3» BBRINHCTUTb MH-
pax

1
arctg x
——dz.
0/ V1 —a?

11. Iloas3yack popMynoit

. 1
1 lna—l—bsmx:2a/ dt

sinz  a—bsinz 2 _ p22sin’x’
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rae a > b > 0, BRIUMCAUTEL UHTErpail

‘ﬂ'

/ a+bsinx dzx

a—bsinz sinz

0
12. Iyetb a > 0, b > 0. BpiyucauTh UHTerpai:

1) /lsin (ln i) mblnz dzr; 2) /lcos (ln i) mbln_;a dzx.
0 0

13. Haiitu I'(a), ecan:
1 3

1) I{a) = /sin(aw) dz; 2) I(a) = / COS(;W'B)dx;
0 1
3) I{e) = /easz—m7 1) I(a) = /Sch(a4x2)d?z

14. Haiitu ¢'(a), ecau:

a 20,
1) ®(a) = /Mda:; 2) ®(a) = /Smm; dz;

xr x
cos o o2 ,
3) @(a):: (/ eav17r2d$; 4) Q(a)::‘/eaz dw;
sin a 3a
sin a , & p
5) ®(a) = [ ' dz; 6) Bla) = [ In(1+a22?) 2,
cos/a e_/a xr

a
ae

7 ®(a) = / In(1 + o?2?) dx;

ae”
sh o

8) ®(a) = /1n(1+a:2+a2)dx.
cha
15. MosHO MU BBIYKUCAUTH 0o mpaBuny JleliGHuIla TPOU3BOAHYIO

QyHRIIUU
1
Ia) = /ln(w2 +o?)dr mpu a=0?
0
16. Ilycty ¢yurnua f HenpepviBHa Ha R. JlokasaTh, 4TO QYHRIMA
a

F(z) = % /f(a: +{)dt, rge a > 0, UMeeT HENPEPLIBHYIO MPOU3BOAHYIO

a
Ha R, u naiitu F'(x).
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b

17. C momompbio auddepeHUHpoOBaHUA UHTerpana
b

0
dz
MeTpy «, rae « > 0, BEIYUCAUTL UHTEerpal /W
2 4+ a?)?
0

. _ IO mapa-
22 + a? p

18. Tlpumenss muddepeHUMpoBaHUe N0 NapamMeTpy ¢, BLIYHCIHTH
unterpan I(a), ecau:
w/2

1) I{a) = / In(a? —sin® @) dp, a>1;

0
2) I(a) = /1n(1—2acosm+a2)dw, ol < 1;
0
3) I(a):/ﬂlnw e o<1,
/ 1—acosz cosz’ ’
w/2
4) I(a) = / arctg (atge) .
tgx

19. Hycte ¢dyHkuua f(z;q) HempepbiBHA B MPAMOYTOMbHUKE
K={(z;a): a<z<b, a1 La < a},
a dyuruus g(z) I/IHTerI/IpyeMa Ha orpeske [a;b]. loraszaTs, 4To:

1) ¢yuruuas F(a /fz a)g(z)dr HempepblBHa Ha OTpe3sKe
[a1; 2]
a» b 2
2) /F(a)da: /(/f(m;a)g(m)da) dz;
] a ]
3) o¢yurumsa F(a) uenpepbiBHO audpdepeHuupyeMa Ha OTpe3Ke

[a1; 2], mpruem by
Fla) = [ 28D o),

da
a
0f(z; )
IpU JOMOJAHUTENLHOM YCIOBUU, YTO (PYHKIMA — 5o Uempepbipha B
npAMoyToiabHuKke K.
[e3

20. IIycrs F(a / z 4+ a)f(z)dz, rpe f(z) — muddepenuupye-
Maf Ha R ¢dynruus. HaI/ITI/I F"(a).

21. Tycts F(a /f x)|z — a|dz, rae f(z) — HempephIBHaf Ha

oTpeske [a;b] qayHHLU/IH. Hatitu F''(«).
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22. Mlyets F(a) = %/h(/hh(f—kn—ka)dn) dg, rne h >0, f —
0

0
HenpephiBHaf Ha R ¢yuriusa. Haditu F''(a).

23. Hyctp dyuruua [ HempepnlBHa Ha oTpeske [a;b], xg € (a;b), x €
€ (a;b), k # 0. lorazaTs, yTo GYHKIUA

y(z) = % /f(t) sink(z — t) dt

yioBJieTBopAeT AuddepenuraninioMy ypasHenuo y”' + k*y = f(z).
24. lycrs pyuruusa f HempepbIBHA Ha oTpeske [a;b], xo € (a;b), z €
€ (a;b). Moraszarnb, 4To QyHRKIHA

1

Flz) =

x

/ (z — )" f(t)dt, rae neN,
0
YAOBJIETBOPACT yCJIOBHUAM

Flzo) = F'(zg) = ... = F" Y (x0) =0, F™(z) = f(z).
25. JlorazaTsh, 4yTo byHKUUA
u(r) = /e””osedﬂ
0
npu J106o0M n € Z yIOBIETBODPSAET yPABHEHUIO
d*u 1 du 2.,
dr? r dr

26. JTorasaThb, yTo hyHRUUA u(x) YAOBIECTBOPAET ypasHenuio Becceas

22" +zu’ + (2% —n*u =0,

€CJIn:

1) u(z) =

30—

KLy
/cos(nap—msinap) de, ne€N;
0
KLy

2) u(z) = m"/ cos(z cos ) sin®™ pdp, n € N.
0

27. PaccMoTpHuM MoJHbIE 3JLIMNTHYECKHE HHTErpabl
w/2 w/2
.92 _ d@
E(k) = /\/1—k251n edp, K(k) = F(k) = /—
A A 1 —k?sin® ¢
rae 0 < k < 1. JlokazaTs, 4TO:
) Bk = 28 Kk = s -
E(k)

1
" 2l —0-
2) B"(k) + 1 B'(K) + = = 0;
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3) /tK(t) dt = B(k) — (1 — k2K (k);

(1+#)E(k) - (1 - ) K (k).

.
N

—
o~
o
=
Q.
&

W=

sin x

28. Ilycts p(z) = npu z # 0, ¢(0) = 1. IlokasaTs, uro:

n+1, (n) _ n nr .
1) 2"y (;E)—O/t cos(t+ 2)dt,nGN,xGR,

(n) 1
2) [pM (@) < g, nEN, zER

29. Ilycrs dyusuusa p(z) u ee npousBogHasa ' (z) HempepbiBHBL Ha
orpeske [0;al, u nycTh

_]wmm
2 Vi—z
Horasats, 4to npu ¢ € (0;a) clpaBeAaMBO PaBEHCTBO
4 I
Fiiy=29 4 / 4 ““’) dz.
Vi) Vi

z(1—y), ecin z <y, o
y(1—z), ecan x>y, TP #(y)
HenpepriBHasa Ha otpeske [0;1] dyuruus. [okasate, yrto dyHKLUUA

30. Oycrs K(z;y) = {

1
= /K(w;y)w(y) dy
0
ynoBiaeTBopaeT Ha otpeske [0; 1] ypaBrennio u”(z) = —p(x).
31. Haiitu gBampsl AnddepeHuupyemyto Ha R ¢yHruMio ¢(z), yaoB-
JETBOPAIOIY IO ypaBHeHmo:

1) —m+/ —xz)p(y) dy;
2) ¢ _1+/\/a:— y)dy, > 0;
_/\/x— y)dy + 2%, X >0.

Yy

32. Hatitu Iy (z;y), ecan F(z;y) = / (x —yt)f(t)dt, rne f(t) —
nuddepeHmpyemas GyHEIUA, y £ 0. /vy
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33. Illycty f — mBamasr aubdepenuupyemMas, a F — auddepennu-
pvemas ¢yHRIUA. JokazaTh, 4To dhyHRIUA

. B 1 1 z+at
wlest) = 5 (fle—at) + fle+at) + o [ F(O)dg

VIOB/IETBOPAET BOJHOBOMY VPAaBHEHHUIO

Pu o Ou
ez~ ¢ Pz @ 70,

nu Cﬂeﬂy}OU.[I/IM HadaJlIbHbBIM YCJ'IOBI/IHM:
u(z;0) = f(z), wy(z;0) = F(x).

34. Norasarh, yTo ecim GyHKUUA f HenpepbiBHa Ha oTpeske [0;a),
£€l0;a] u (z— 6% 4y>+ 22 #0, To pyHrIUA

Yd
- / f(s 3
ViEe=&?2+y + 2
Fu 8u
YIOBJIETBOPAET ypaBHeHUIO Jlanmac + =0.

x> ' By 07

OTBETHI
2.1) 1; 2) 1; 3) (In3)/2; 4) (e—1)/3;5) —2.
1) Her; 2) ner. 8. 1) Her; 2) ner; 3) ner.
10. (7/2)In(1++/2). 11. warcsin(b/a).
12 1) arct b——(l 2) llnw
. ETH@+DB+D’ 7 2 "laviprl
13. 1) I'(a) = asina +cosa—1 2) I'(a) = cos 27 — cosa |

a? 9 ;
4o « 4_ 4
3) I'(@)= =5 4) I'(a) = 2(ch 9 . chda)
14. 1) (I),( ) (21H(1+a ))/O[ 2) ‘I”(OL) :2(Sin2a2_sina2)/a;
cos a
)@’(a) /\/1_1-2 eaV1— z2 dr —sina - ea|81na\_cosa ea\cosa|

sin o
4) ®'(a) = /x%‘”z dz + 20e®” — 3e92° ;
Ja
sin o
5) ®'(a) = 4a? 22" dr 4 cosa - e SIn° @ Lging - et cos” @ ;
cos &
' _ l 14 a’e®™®
6) ¥'(a) = ~ In Trge
7) ¥ (a) —4sha+ —(arctg( Ze~) — arctg (a®e®)) +
+ (o + 1) *In(1+ a*e?®) — (@ — e *In(1 + ate™2%);

+In(1 + 202 ch 2a + ot);



334 I'a. 3. Humeepaawt, 3asucauiue om napamempa. Humeepar dypve

8) ®'(a) = — arctg

200 ( arctg — 2 cha )+
V14« V1 V14 a?
+ chaln(chQa +a?) — shaln(ch?a + a? + 1).
15. Her. 16. F'(2) = (f(z +a) — f(z — a))/2a.
b

1
17. 57 arctg — +

18. 1) 7ln ————— ot :2) 0;3) 2rarcsina; 4) = s1gna In(1 + |a).
20. F'(«a )—3f(a)+2af( ).

21. F'(a) = {Qf( a), ecmn « € (a;b),

0, ecin  « & [a;b].
22. F''(a) = f(a+2h)—2££a+h)+f( @)
sinz; 2) p() = ch (2VN);

31. 1) o(z) =
3) plz) = 2(ch(a°\/_) - /A
32. F', = (2 - 3y%) f(xy) + f( ) +2%y(1 - y*) f'(zy).

§ 14. PaBHOMepHaA CXOOUMOCTh HecOOCTBEHHBIX HHTErpajoB,
3aBHCAIMX OT MapaMeTrpa

CMNPABOYHBLIE CBELEHWA

1. OmnpepeleHHe paBHOMEPHOII CXOOHMOCTH HHTerpaia. B
3TOM naparpade onpefeieHue, NPU3HAKN CXOAUMOCTH U KPUTEDPUIl paB-
HOMEPHOU CXOAUMOCTH (OPMYJIUPYIOTCA 1A HecoOCTBEHHBIX WHTEr-
pajioB BUJA

+o0
[ flasa)de. (1)

CooTBeTCTBYIONINE YTBEPAKIEHUA aHATOTUYHO GOPMYIUPYIOTCA AIA Ipy-
I'UX THIIOB HeCOOCTBEHHBLIX MHTErpajoB.

Hurerpan (1), exonsmuiics mis kasmaoro « € E, Ha3bIBalOT pasHomep-
HO cxodaujumca Ha MHoxecmsee E| eciu 0ias wamaoro € > 0 cyllecTByeT
TAKOE YUCIO0 &g, UTO i Bcex a € E u pias Becex € 2 6. BbIIOAHAETCA
HepaBeHCTBO

400
;o) dx £.

| [ty < @

3

Ecinu cymecrByet umcno g9 > 0 Takoe, 4T0 fid a1060ro § € [a; +00)
HalgyTeA udcna as € B u & € [(5' +00) Takue, UTO

‘/fw Qg dw) €0, (3)
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TO UHTerpal (1), CXOOAMUNCA OJA KasKaoro o € E, crodumcea HepPasHo-
MEPHO Ha MHOMecmee E.
I/IHTeraJI (1) CXOOUTCAH paBHOMEDPHO Ha MHOMECTBe E TOrga U TOJbRKO
Torga, Korga BbIINOJHAETCA YyCJIOoBHe
o0

sup [ f(z,a)dz =0 mnpu £ — +oo. (4)
aclE

2. llpusHak BeiiepmiTpacca paBHOMEpPHO ¢XOQUMOCTH HHTeET-
pana. Ecnu Ha npomessyTre [a; +00) cymectByeT GyHKRIUA (x) Tarad,
uro |f(z;a)| < w(x) naa Beex z € [a;+00) U muda Beex a € K, u ecan

‘oo
HUHTErpaj / w(z) dz cxoputes, To unterpan (1) cxomuTcs abcoawmuo u

a
PABHOMEPHO HA MHOMECTBO E.

3. Ilpusnak [upuxiie paBHOMEpPHOii CXOAUMOCTH HHTerpaia.
Hurterpan

+00
[ g o) de

CXOJIUTCA PaBHOMEPHO MO « Ha MHOMecTBe F, eCiy NpU KaxkaoM (QUK-
cupoBaHHOM a € F ¢yHKuuM f, g, g, HenpepbIBHBI 0 X HA MHOMKECT-
Be [a;+00) U yIOBIETBOPAIOT CIAEAYIOUMM YCIOBUAM:

1) g(z;a) = 0 npu z — +00 paBHOMEPHO OTHOCUTENLHO « € E;

2) dyuruus g (z; ) mid Kammoro GURCUPOBAHHOTO o € F He MeHAeT
3HAKA DU U3MEHEHUM I Ha NPOMeMmYTEe [a;400);

3) pyHruua f mua kamporo a € E uMeeT orpaHUYEHHYIO NepPBO0G-
pasHylio, T. e. cymecrByer uucio M > 0 takoe, uTo

‘/xf(t;a) dt‘ <M

LUl BeeX T € [a;+00) u mad Beex a € K.

4. Kpurtepunii KRomin paBHoMepHoOil ¢X0AHMOCTH HHTerpaia.
HAurerpan (1) cxoauTcsa paBHOMEpPHO Ha MHOmecTBe E Torza u Toabko
TOrJa, KOrja BhIIoAHAeTCA yeaosue Kowuw: nus modoro € > 0 cylecTByet
unciao & € (a;+00) Takoe, 4To maA MOObIX & € [fe;+00), & € [8e; +00)
v ISl BeeX a € E BbINONHAETCA HEPABEHCTBO

H

‘7f(:r;a) dw’ < e.
b

Ecau ycioBue Koy He BbINOJMHAETCH, T. €. CYIIECTBYET YUCIO g9 > 0
Takoe, uTo AJf Jo6oro § € (a;+00) Halgyren uuena as € E, £ u £,
rue & > 6, & > 6, Tarue, 4To
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31
| [ Flasas)da] > <. (5)
G

TO UHTerpal (1) He ABJIAEeTCA paBHOMEPHO CXOOAIIMMCA Ha MHOMECTBe E.

5. HenpepblBHOCTh paBHOMEPHO CXOAAIIEroCA HHTerpaia Mo
napametpy. Ecau ¢oyuruua f(z; ) HenpephiBHa HA MHOMECTBE

D={(z;a): a<z <400, a<a<ga}
+00
u ecau unterpan I(«) = / f(z;a)dz cxomutes paBHOMepHO Mo « Ha

a
oTpeske [a1;as|, To dynryua I(a) Henpepwiena He ompeske [ar;as.

MPUMEPLI C PEWUEHWUAMMU

+

[ee)

IIpumep 1. lokasaTb, YTO HHTErpal e “dx:

O

a) CXOMMTCA PaBHOMEPHO Ha MHOMecTBe F = [b;+00), rae b > 0;
6) cxoauTcA HepaBHOMepHO Ha MHoecTBe Fp = (0; +00).
A a) IIyete € >0, o 2 b > 0. Tar rak

+00

/ e “dr =
13
<

e o8

+co
U « > b, To HepaBeHcTBO 0 / e dr < eT < € anaa kamgoro € > 0
3

BbIIIONHAETCA IpH Beex a € E, ecnmut € > (1/b) In(1/eb). O6osnaunm 6, =
= max(o.;0), rae o. = (2/b)In(1/be). Torna HepaBeHcTBO (2) AJA OaH-
HOrO MHTErpa/a CIpaBeluBO IpH Beex € € [J.;+00) u npu Beex a € E,
T. €. HHTErpal CXOIUTCH PABHOMEPHO.
6) Ina npousBosmbHOro uucna 6 > (0 BeiGepeM &5 = 146, as =
=1/(1+§6). Torza
+o0

) —&505
/ e~ 08 gy — & =(1 +6)e_1 > 6_1,
Qg
£s

T. €. HepaBeHCTBO (3) BBINOJHAETCA NMpU g9 = e~ 1. ClegoBaTenbHo, UH-
Terpai cXoAUTCA HepaBHOMepHO Ha MHoMecTBe (0;+00). A

+o00
dx
IIpumep 2. loraszaTh, 4TO UHTErpall / — CXOJIUTCH HEpaBHOMEP-
xT
HO Ha MHOMecTBe F = (1;400). 1

glfoz 1—a

+<X>d

x

A Tar rar K = su — =su = lim

© ae% z¢ ae% a—1 oa=140 a—1
3

= +09,
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To ycaoBue (4) He BBINOAHAETCA, U MOATOMY HMHTErpall, CXOAANuiies npu
RakJIo0M « > 1, cxoAuTCA HEpaBHOMEPHO Ha MHOMecTBe E. A

Opumep 3. HoxasaTe paBHOMepHYIO cxomgumocTh uHTerpana I(a)
Ha MHOMecTBe F, eciu:

In®z
23/4

+oo |
1) I{a) = i‘i‘;ﬁ dz, E=R; 2) I(a) =
0

A 1) Tar rar

dz, E =[0;2].

w +
\8

sinaa:‘< 1
1422 5 1422

, A1 Bcex « € R wuHTerpan

+o0
1
/ de CXOAUTCA, TO TIO NpU3Haky BeilepmTpacca maHHBIA HUHTEr-
2
0
pajl CXOOuTCA paBHOMEpHO Ha MHomecTBe R.
2) Ecmu « € [0;2], z € [3;400), To 0 < In®z < In®z, u mostomy

[0

2

In% 2 In” z
0< 24 TS g/
+ o0

2

23/4

MOCTbL JaHHOI'O MHTerpaja Ha MHOMeCTBe E. A

Uz CXO0OJUMOCTH HHTeErpala / dx cjlelyeT paBHOMEpPHad CXOOdH-

+00
Ipumep 4. Joxasars, uyto unrerpan I(a) = /

0
paBHOMEpHO MO « Ha MHOMecTBe E = [b;+00), roe b > 0.
T
A [ycrs F(z;a) = /sinatdt; TOraa
0

cosar — 1
F(z;a) = —

sin ax
dxr cxoguTcs

u |F(z;0)| <2/b nns Bcex x € [0;+00) 1 aaa Bcex a > b. Kpome To-
ro, 1/z — 0 npu & — 400, npudeM dyurnua 1/z ne saBucut ot a. llo
npusHaky [upuxie AaHHBIA HMHTerpal CXOAUTCA PaBHOMEPHO 10 «
Ha MmHoskecTBe [b;+00), rae b > 0. A

Dpumep 5. Jorazars, uto unrterpan I(a) cXooutcs HepaBHOMEPHO
Ha MHOecTBe F, eciu:
+00
2
1) I(a) = /e_‘” dz, E = (0;+00);
0

+oo |
2) I(a) = / 2222 da, B =[0;1].

A 1) lns moBoro 6 > 0 Beibepem a5 =1/(1+6)2, & =46, & =6+ 1.
Toraa

22 Ilon pen. JI.A.Kynpsasuesa, T.3



338 I'a. 3. Humeepaawt, 3asucauiue om napamempa. Humeepar dypve

£y
Jedn > e NG ) = =,
G

T. e. BbInoaHAeTcA yeaoBue (5). ClieqoBaTenbHO, JaHHBIH UHTErpali, cXo-
AALuiica IpH KamaoM a € E, cxoanTea HepaBHOMepHO HA MHOMeCTBe F.

2) Ina moGoro & > 0 BeifepeM a5 = 6, & = «/(36), & = n/(26).

Torna
w/2
’/Sma(ga: ‘_‘ / Sln5a: dx‘— / sin t di = ¢
= =¢&o-
z
w/(38) w/3

3A0AYUN

llorkazaTh, uTo uHTerpail I(a) CXOAMTCA PaBHOMEPHO Ha MHOKeCT-
e E (1-5).

+ood
1. 1) I(a)= [ 2, E=[agi+00), ao>L;
1
[ d
2) I(@) = [ 25, E=(0;00), a0 <1;
0
+o0
dz
8) 1) = [ 5, B=lai+), ao > 1L;
2
1/2 d
X
Y E = [ag; +00), ap > 1;

N
=~
2
|
+ O

8

5) I{a) = / e d, E = [ag;+00), ap > 0;
0
+oo

6) I(a) = / % % dr, E=[1;3].
i

+o0
2. 1) I{a) = /e_o”” cos2zdr, F = [ag;+00), ap>0;
0

oo 5 .
2) I{a) = /ln(f_isll;ljwdm, E =[ag;+0), ag>1;
2
i In®z
3) I(@) = [ ZFrde, E=R;
1
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22%

+

o0
rdr

4) I(e) = T4 (@ —a)’

E = (-o0;a), a>0;

—

o 'In’zde, E= [ag; +00), ag > 0;

=
Pan
£
I
+ O~

6) I(a) = / 1n(1+x)x-2arctgax dx, E=[-a;a], a>0.
o
3. 1) I(e) = Zoi‘;f dz, E=R;
Lo & ( 1 1
RO E ——— oy (R
: —1)2(2 — 272
0/3(33 1)2(2 — x)
1 o3
3) I _ T arctgom:d7 E=10:2]:
) 1(e) /T__ r, E=[0:2]
“+o00
4) I{a) = / CZix dr, E =[ap;+00), ag > 0;
1
+0o ]
5) I{a) = / COSQ\Z_: 2% dx, E = [ap;+00), ag > 0;
2
+00 .
T sin &x
2
+oo |
4. 1) I(a) = / SH;:E e “dr, E=1][0;400);
0
+00
2) I{e) = C‘\g’ e dr, E =[0;+00);
0 9 2
3) I(a) = ﬁdm E =R;
F s ()
. drx, E =[ag;+00), ag > 0;

8

cos(ax?)dz, E =[1;+00);

3

N
=
£
I
R T i ol
z

sin(ashz)de, E= [%H—oo).
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cosz®dx, F = [ag;+00), ag>1;

(924
=
~
2

I

O\%—

+o0 >
. acos(a’t) e e,
2) I{a) = P dx, E=13;5];
oo e A 17
3) I{a) = sm2m-sm;dm, E= [0,5],
Oosin(of‘av) L )
I+l dﬂf, E= [1,—}-00),

2

(& +z3)e 2" dz, E=[1;4];

2

e~ dx, E=[1;2].

=
~
2
Il
e T O T O\-'r O T O

6. Jlorazarh, uro unrterpan I(a) cxoouTcs paBHOMEPHO HA MHO-
mecTBe [ M cxooUTCA HEPABHOMEPHO Ha MHOMeCTBe [y,

1) I(a):/g(xiixl)a, E = [-h%], Ey =[-1;1);
1
+0o0

d
2) Ie) = / ( +$1)a’ By = [3;+00), Ez = (1;+00);
0
+oo d
= . ar — (— o0 L — 0 .
Y= 0/ 14 (z — )’ By = (-0030], By = [0;+00);
+o0 )
4) I{a) = / e—(x—a) dz, Fy =[0;2], E»=[0;+00);
0
+oo .
5) I(a) = / ple—ox daj, E, = [Ck(];—f-oo)7 agy > 0; E, = (O,+OO),
0
-i-ool o
6) I(a) = / nzw sinzdr, Fy =[0;1], E»=[1;+00).
1

Heenenosats unterpan I(a) Ha paBHOMEPHYIO CXOLMMOCTbH HA MHO-
sectBe F (7,8).

dx

) 0= [

E = (1;+00);

=] +
\8
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+00
2) I(a) = /ae‘aw dz, E=10;1];
0
+o00 .
3) I{a) = /\/ae_” dr, E=(0;+00);
0
e sinx
1) 1) = [ 2o de, B =[05+00);
i
oo 2 2
5) I{a) = / sina-e* 0+ dp E =R,
0
F o1 d
6) I(a):/sin; -2, E=(0;2).
0
/ t 1
rcgax T 17,
/ E= [0’ 2]’
1
2) I(O{) sin &x [0 1]
0/\/|T—a|
_ dr 1.5
3) I(a)_l/|ln(ax)|“ v E‘[§’ }
2m z
9 1) = [ i dn E=[01);
0
e sine
5) 1) = [ 255 de, E = (0 4o00)
0
“+oco
6) I(e) = [ S e/ de, E = [1;+00).
1

“+oco
9. HyCTb HWHTerpai /f(:L') dx CXOOUTCH. I[OHaSaTb, YTO Ha MHO-

mectBe [0;4+00) paBHOMEPHO CXOAATCA MHTErpadbl

+oo +oo ,
/e*‘”f(x) dr n /e*‘” f(x)dx
a 0

+oo

10. /lokazaTh, UTO eciau UHTerpaln /f(x) dxr cxomuted, a QyHE-

a
una g(x, ) MOHOTOHHA N0 * Ha MHOMecTBe D = [a;+00) 0as RasKaO-
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roa€ Fu paBHOMEpPHO orpaHMyeHa Ha MHOMeCTBe

G={(z;a): z€D, ac L},
T. e. cymectByeT 4uciao M > 0 raxoe, uto |g(z; a)| < M oas seex (z;a) €
+o0
€ (7, To HHTerpain / f(@)g(z; ) dz cxonuTesa paBHOMEPHO IO & HA MHO-
wectBe E. a
+o0
11. JoxasaTb, 4TO HMHTErpal /f(m;a)g(m;a) dz CXOOUTCA paBHO-

a
MEPHO M0 & Ha MHOYKECTBe E, eCJIn prHHHI/IH f(T, a) HHTerpupyemMa 1o r
o0

Ha oTpeske [a; A] mas moboro A > a ¥ MHTerpan / f(z; @) dz cxonmnt-

a
cfl PABHOMEPHO OTHOCHTEIbHO « Ha MHoecTBe E, a dyuruus g(z;a)
pPaBHOMEPHO OrpaHUvYeHa HAa MHOMECTBE

G={(z;0): agz<+o0, a€ E}.

12. Ilycte ¢yukuua f(z) wunrerpupyema no Pumany na orTpes-

ke [0;a] ona moboro a > 0, U MyCTh CYLIECTBYET YUCIO aq Takoe, YTO
A

dyuruua F(A) = /e"’”f(at) dzr orpanuuena na MHoxecTBe [0;+00).
0 +oo
HokasaTb, 9T0 MHTErpal / e~ f(z)dzr cXooMTCA pPaBHOMEPHO Ha

0
MHO#ecTBe [ag + §; +00), Tae § > 0.

13. Mycte dyuruna f(z) onpenenena Ha npomexyTke [0;+00), UH-
TerpupyemMa no Pumany Ha oTpeske [0; 4] mas moGoro A > 0, u mycThb
+oo

CYIIECTBYeT UMCI0 (g TaKoe, UTO CXOAMTCA MHTerpail / e~ f( ) dx.
+o00 0
JlokasaTh, 4To MHTErpain / e % f(x)dx cxomuTes paBHOMEPHO Ha
MHO#€eCTBe [ag; +00). 0

14. McenenoBaTh Ha PABHOMEPHYIO CXOAUMOCTh HA MHOMeCTBe I MH-
terpan [{a):

1) I{a) = % arctg (ax)dz, E={a: |a] 2 1};
2
cos2x  dx _ p.
i Tram UER

) g, B = (2:3);

X

w
p—
~
—~
Q
p—
Il

N
=
2
Il
—p i
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+
8

In(1 + z%)

VItV

cosz? - arctg (azx)dz, E = R;

dx, E:{a: —oo<a<—%};

.

=
—~

—
o}

=
|

8

229% dy, E = (—o00;1].

(@]
=
~
—~
Q
=
Il

|~
w
=,
=

|~

N

=

L

I |
Ot — Ot O

15. JlorasaTb paBeHCTBO:

+o0 +oo
1) lim / < _1.9) lim / cosz _dr___
n—o00 "+ 1 ’ =400 \/E 1+ a?x? ’
1
+o0 +oo 2 5 1
3) lim e " der=1; 4) lim /a‘ sinze™™ * dx = = ;
a—r4+o0 a—+00 d 2
t oo 2,2
5 lim B gr=T.6) lim o’sinze™ % dg = 0.

a—=+00 r2v/x2 —1 2 a—+0 )

16. JorazaTb, uTo ¢yHrUMA F(a) HenpepLIBHa Ha MHOmecTBe K,
eclu:

+
g

e_(””_o‘)2da:, E=R;

3

COs ax

~dx, F=R,;
e

8

N

g

£
I

8

sin %\/lnxdx, E=R

&
g
L
I
I e e = S S L
w
J=3
Q
=
N>
j=
=
txy
I
=
_.l_
2

HccnepoBarh dyHkunio F(«) Ha HenmpephlBHOCTL Ha MHOMecTBe F
(17,18).

rdx

17.1) Fla)= [ %=,

E =(2;400);

= +
\8

+oo |
2) Fla) = / MY eovgy, E= [0; +00);
0
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1
Inz
+o0
4) Fla) = / czzx dz, F=(0;+00);
1
7od
5) Fla) = [ =, E=[0;1);
0
+o0

+ oo
18. 1) F(a) = / ae= T dy, E =R;
0

+o0
2) Fla) = / e *®cosz’dr, E =][0;+00);

0

+oo =z

e

3 Flo) = [ o de, E=(051);

0

r sinx
1) F(a) = /wa(w_z)a dz, E =(0;2).

0

+oo +oo
19. JorasaThb, 4TO 11151_0 e " f(z)dx = / f(z)dzx, ecin ¢pyHs-
a—
0

0
uua f uHTerpupyema Ha npome:myTtke (0;+00).

20. JToxasaTb, uTo ecau (GyHKRUMA [ abCOMIOTHO MHTErpupyeMa Ha
npomeskyTRe (0; +00), TO

n—oo o0

+o0 +oo
lim / f(z)sinnzdz = nll}m / f(z)cosnzdx = 0.
0 0

21. JoxasaTb, YTO eciid (HYHKUUA [ HelNpepLbiBHA U OrpaHuyeHa Ha
npomeRyTRe [0;+00), TO

+o0
lim 2 / of(2) dz = f(0).

a0 2 + a?

22. 3aKOHeH U Mepexol K mpefedy npu « — +0 Moa 3HAKOM HH-
Terpana +00

ae”* dz?
0

23. HowrazaTh, uTO eciu (YHKUUA f HelpepbiBHA U OrpaHUYeHa Ha
npomeskyTie [0;00) u f(0) =0, a pyurUA g abCOMOTHO UHTErpUpyeMa
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Ha [0; +00), TO
+00

lim / f(g)g(a:)da: = 0.

a—+0 x

24. Ilycrs ¢yuruua f(z;«) npu « € E unTerpupyema mo z (B co6-
CTBEHHOM CMbIcie) Ha oTpeske [a; A] mpu a06om A > a ¥ HE KamIoM

TaKoOM OTpe3Ke IIpU o — g, gy € E, CTpeMHTCA paBHOMEpHO OTHOCH-
—+o0

TeNBHO T K NpefelibHol GyHRIMU ©(Z), U MyCTh UHTErPan / flz;a)de
CXOQUTCA paBHOMepHo Ha MHoOMecTBe E. JokasaTh, uTo @

+00 +00
QIL%O /f(at;a)da:: /f(a:)da:
25. JorasaTb, 4TO
+o0 +oo
Jm [ f@eyde= [ lim f@;a)dr,
a a

ecau f(x;a) = f(z;a0) B KamaoM KoHeYHOM HHTepBaie (a; A), rae a <

< A< 400, a€lar;az], ag € [ar;as], uecau cywectpyet $yuruusn F(z)

taras, uro npu |f(z;a)| < F(z) maa Beex « € [ag;as] u 048 Beex z €
+oo

€ [a,+00) unTerpan / F(z)dz cxomutes.

a

OTBETHI

7. 1) Cxoaurea HepaBHOMEPHO; 2) CXOOUTCH HEPaBHOMEPHO;
3) cxoauTes HepaBHOMepHO; 4) CXOOUTCH PABHOMEPHO;

5) cxoAUTCA HepaBHOMepHO; 6) CXONUTCA HEPAaBHOMEPHO.

8. 1) Cxoauresa paBHOMepHO; 2) CXOOUTCH PABHOMEDHO;

3) cxomuTed paBHOMepHO; 4) CXOAUTCA HEPABHOMEPHO;

5) CXOAUTCA PaBHOMEPHO; 6) CXOAUTCA HEPaBHOMEPHO.

14. 1) Cxopurcs paBHOMEPHO; 2) CXOOUTCA PABHOMEPHO;

3) cxoauTcsa HepaBHOMepHO; 4) CXOOUTCH HEPABHOMEDHO;

5) CXOAUTCA PABHOMEPHO; 6) CXOAUTCA PABHOMEPHO.

17. 1) Henpepoieua; 2) HenpepblBHA; 3) HEIPEPbIBHA;

4) HempepbIBHA; 5) HElPepLIBHA;

) HempepbiBHA OpH « # +1; o = —1 1 a = 1 — TOYKM paspbIBa.
18. 1) HenpepoiBaa npu « # 0; « = 0 — To4ka paspblBa;
2) HenpepbIBHa; 3) HenpepblBHA; 4) HelpepbIBHA.

22, Her.
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§15. JuddepennupoBaHie U HHTEr pHpoOBaHle MO NMapaMeTpy
HecoOCTBEHHbIX MHTerpajioB

CMNPABOYHBLIE CBELEHWA

1. IuddepennnpoBaHiie HecoOOCTBEHHOT 0 HHTerpaJa no napa-
metpy. Ecan ¢dyuwuun f(z;o) u f.(z;«) HenpephIBHBI Ha MHOMECTBE

G={(z;a): a<z<+o0, ar <a<a},
+00
unterpan I(a) = / f(z; @) dz cxomutesa npu KaskaoM a € [ar; as)], a uH-
+00 a
Terpali / fi(z;a) dz cxoouTea paBHOMepHO 0 « Ha OTpe3ke [a1;al, TO

: +o00
I'e)= [ file;a)de (1)

a
npu a1 < a < as (npasuao Jeiibruya).
2. UHTerpupoBaHue Heco6CTBEHHOr0 HHTErpaja o napamer-
py. Ecau ¢dyuruus f(z;«) HenpephiBHa HA MHOMRECTBE
G={(r;0): a<z<+0, ar<a<a}

+oo
W UHTerpaln /f(a:;a) dr paBHOMEpPHO CXOAMTCA II0 « Ha OTpe3Ke
a

[@1; 2], To cupaBepuBa hopmyiia

o2

/da 7wf(x;a) dz = 7wdw7zf(m; a) da. (2)

Fean f(z;a) > 0 Ha muomectBe (G, To paBeHcTBO (2) ocraerca B
cHlle TakAie ¥ U151 GECKOHEUHOTO MPOMEKYTRa ((v1; (va) B MIPEATNONOMKEHNH,
4YTO BHYTPEHHME MHTerpaibl B paBeHCTBe (2) ABIAKTCA HellPepPLIBHBIMH
GYHKUMAMHA W X0TA Gbl 0OOHA M3 YacTeil paBeHCTBa (2) MMeeT CMbICIL.

Ecau dyuruusa f(z; ) HenpepbiBHA Ha MHOMKeCTRe

G={(z;0): a <z <400, ¢c<a<+oo},
MHTerpaibl

+00 +0o
/f(x;a)dm u /f(m;a)da

CXOAATCH PABHOMEDHO COOTBETCTBEHHO [0 (¢ U Z Ha OTpe3rax [¢;€] u
[a; 7] npu KammoMm durcupoBaHHOM £ € (¢;+00) u 7 € (a;+00) U ecn,
KpOMe TOT0, XOTA Obl OAWH M3 MOBTOPHLIX WHTerpaion

+oo o0 +oo +oo

/da/|f(m;a)|dz, /da: / |f (23 )| dex
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CXOJIUTCA, TO CXOAATCA U PABHLI MekIy coGoit 06a MOBTOPHBIX MHTerpaia
or pyuruuu f, T. e.
—+o0 400

/ da +/Oof(:v;oz) dzx = / dz Jr/oof(w;a) da. (3)

Mpy BBHIYMCAEHUH HECOGCTBEHHBIX MHTErPANOB YacTO HMCMOAL3YIOTCA
yKasaHHble Hike nHTerpais (4)—(7).
Ecan « > 0, To aaa mo6oro 3 € R cnpaBeAnuBLl HopMyJbl

o0
_ —aw - %
L = O/e cosﬁxdx—a2+,82, (4)
+o0 3
12: 0/6 smﬁxdx: m (5)

CDOpMyIIbI (4), (5) MOMHO NOJIYYUTh, UCNOJbB3YA MeTOd UHTEer pupoBaHuA
0 4acTfM.
Ecan CI)yHHI_II/IH f HelnmpepbIBHA Ha NMPOMERYTRHe [0, +OO) WU 0JA Rak-
400

goro A > (0 cxoauTca MHTeTrpal / M dx, To pu Jo6pix a >0, b>0
x

cupaBefIuBa gopmyra Ppyasanu

+oo
flaz) — f(bx) , _ b
/ - dz = f(0)In 2. (6)
0
+oo
Ecau unrerpan / f=z) dr, Toe f — HempepbIBHaA Ha MpoOMeHYTHe
x
A
[a; +00) DYHKUNA, PACXOAUTCH, HO CYLIECTBYET KOHEUHBII lir}rl fl@)=
r—r+00
+0o0o
= f(400) u, KpoMe TOro, CXOAUTCA HHTErpai / fz) = f(+o0) dz, To,
xr
A

npuMeHUB GopMmyay (6) K QYHRLIHU f(m) = f(z) — f(4+00), monyuum pa-
BEHCTBO

Haw) = 02) gy — (£(0) - f(++o0)) In 2 g

T

O\—é—

NMPUMEPLI C PELUEHUAMMU
Mpumep 1. Beruucauts unmeepas Jupuzae

+oo |
/ sin ax de. (8)

x
0
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A lIyctb o > 0. PaccMoTpuM HHTerpai
+oo .
®(c; B) = / e P AT Gr B> 0. (9)
5 X
IIpu ¢uxcupoannom (B > 0 wunrerpan (9) CXOZUTCA MU Kamkao-
ro a # 0 no npusHary dupuxie cXoAUMOCTH HecOOCTBEHHBIX HHTET-
pajioB, Tak Kak QyHRIUA " e~P* y6piBaer na mpomemyTre (0;+00),
a ¢yHKIUA sinax uMeeT npu « # (0 orpaHuvyeHHYIO IepBooOpas-
x
HYIO (/sinatdt = #)

0
0. Kpome Toro, uHTerpan

. Ipu « = 0 unrerpan (9) paBeH Hy-

400
Ko p) = /e*ﬁzcosamdz,
0
noiaydenubii u3 (9) nuddepeHnHpoBaHHEM IO « NOABIHTEr PalbHOM
GYHKIMM, CXOOWUTCA paBHOMEpHO Mo « Ha R 1o npusHawry Beiiepmir-
pacca. Mcnonabsysa npaBuio .HeI?I6+HI/1ua (1) u dopmyny (4), momyuaem
oo

! (a;8) = K(o; 8) = / e P cosax dr = a?f—ﬁz' (10)
0

HuTerpupys Ha otpesre [0;a] paBenctBo (10), Haxonum

¢ = arct ad
2+32 g,@'

P(azf) ~ 2(0:0) =5 [

Tax kar ®(0;8) =0, To orciona caeayer, 4to npu aoéom [ > 0 crpa-
PRI a3 8) = arctg (a/8),

T. €. too
L sin ax a
0/ - MUY dr = arctg 2 ik (11)

Briuneaum unrerpan (8), cunras, uro « > 0. 3aMeTHUM, UTO IPU Kays-
noMm ¢urcupoBaHHoM « > 0 unTterpan (9) cxomurtcs paBHOMepHO 1o 3 Ha
orpeske [0;1], Tak Kak QyHKUMA Sinqr HUMeeT OrPaHUUYEHHYIO IEpBO-
obpasuyio (« > 0 durcupoBano), a GyHruusa g = e_m/m MOHOTOHHO
yobiBaer (g, <0 npu >0, 820 )u g(z;8) 3 0 npu ¢ — +00 Ha o1-
peske [0;1]. Mo npusnary Jupuxie narerpain (11) cxonuTcs paBHOMEPHO
no [ Ha orpeske [0;1]. M3 paBHOMepHOil cxonumocTy unTerpania (11) u

—pBz Sinaz
HEeNPepLIBHOCTU QYHKIUU € ——— Ha MHOMeCTBe
x
G={(x;8): 0<z <400, 0 G <1}

clieflyeT HelpepbIBHOCTL IO ﬁ dyurunit ®(a; ) na orpeske [0;1] u, B
YacTHOCTH, HENPEepPbIBHOCTL 110 [ 3Toi GyHKUMU cipaBa B Touke 3 = 0.
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JTo o3HauaeT, uTo B HUHTerpaie (11) MomHO NepeliTH K Npefely Npu

B — 40 noxa 3narom unrerpaia. CiefoBaTtenbHo,

“+00 . +oo
. _gz Sinazx sin az . o T
lim /e Be 2200 dp = / dr = lim arctg = = —.
B—+0 x B—+0 8 2
0 0
sin ax
— HedeTHadA Mo a GYHKIUA, OJIyYaeM

Y4uTbIBas, 4TO

A Gy =T sigha, a€R. A
xr

O\ér &

Mpumep 2. Beruucauts unmezpaast Jdanaaca

+o0o +o0o .
COosS ax rsinoaxr
Hoy= [ 55 de w Ke)= [ 5704
0

0
cos ax
HeNpepLIBHA MPH JIIOObIX ¢

A Ilycte o > 0. Tak kar pyHKuMA ———
1+ 2
+oo
T sin ox

+OOE) COS xx
/8_a(1+z?)dx:_0 1+ a2 dx

CXOJHUTCA PABHOMEPHO N0 ¢ HA OTPe3Ke [ag; +00), rae ag > 0, To, npu-
Mensa npasuino Jeiituuna (1), monyyaem

U x, a UHTerpan

+oo
/ _ Tsinax
I'(a) = J T (13)

CraaapiBas nowieHHo paBeHcTBO (13) ¢ paBeHCTBOM

+oo |
gz /sm$dx, rae « >0,
0
HaxXoauMm
+oo . . .
I'la T _ / (smaw _ xsmaw)dx: / Sin de.
() + 2 x 1+ 22 z(1+z?)
0

ﬂHCpCpepeHLII/IpyH NnojqiydceHHoe paBeHCTBO NOYJCHHO, HMCeM
—+oo

I” — / COs @ )
() 1+ z2 dz
0
Takum o6pazom, dyuruua I(«) yaorieTBopaeT 1uddepeHnanbHOMY
ypaBuenuio 1" (a) — I(a) = 0, obuee pelwenre KOTOPOro UMeET BUA
Ia) = Cre® + Che™ . (14)
+oo

@ <10)= [ 55 =73

3aMeTuM, UTO
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Kpome toro e™® = 0 npu a — +00, a €* — 400 npu a = +o0o. Orcioza
cienyer, 4to B opmyie (14) € =0, v nostomy I(a) = Cre®. Ilonaran

a =0 u yuursiBas, uro I(0) = %, noayqaeM [(a) = % e ® npu a > 0.
Tak kar I(a) — 4eTHasas GyHKIUA, TO
I{a) = g e’ aeRr. (15)
U3 pasencrsa (13) cregyer, uro I'(a) = —K(«). CiuenoBaTeibHo,
T _a\ T
K(a):—(ae 0‘) =ge ¢ a>0,
T. €. foo
z sin o _ T
/ T dx = 5 € a >0,
0
OTKyZa B cuily HedeTHOCTH dyHkinu K (a) cregyer, 4to
+oo
zsinox , W . —la]
/ T dm—ZSlgna e’ a€eR. A (16)
0
—+o0

IIpumep 3. Beruucantes unterpal Jitaepa—Ilyaccona I = / e~ dz.

0
A Tonossum © = yt, roe ¢t > 0 (¢ — ¢purcuposantoe uucio). Toraa
o0

e V"t dy, otryna

+

I =

o,

42 +oo —(y?)t?
et = /e VA gy, (17)
0

Hurerpupys o6e yactu paBeHcrBa (17) mo ¢ Ha npomemyTke [0;+00),
noayuaem

+/°° 2 +/°° +/°° 2(14%)
I- [ e dt= [ dt | e "I )tdy. (18)
0 0 0

Heras yacTh (18) parna T2, Beruucnum npapyto yacth K parenctra (18),
H3MEHUB NOPAJOK UHTErPUPOBAHUS:

+OO +OO 2 2
K= / dy / e P ) g gy,
0 0
Tax kax
+OO +OO 2 2
24y g _ L [ 24y A +y0)E)
te dt = e - =
2 ]_ + y_
0 0 B 67t2(1+y2) =t 00 B 1
T2+ ) =0 201+ 92

TO
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1 +/OO dy T
K = — 5 — -
2 / 1442 4
CaemoBatenbro, I? = K = w/4, otkyna I = \/7/2, 1. e.
+oo
/ e dz = g (19)

0
MMepecTanoBKa mopagka WHTerpupoBaHus B paBeHcTBe (18) 3akoHHa,
TaK Kak MoAbIHTerpaibHas GyHKUUA g = te—t*(14v") HeoTpULaTelbHa NPU
t > 0, y 2 0 1 HellpepbIBHA, UHTerpa/ibl 0T QYHKUUU ¢, B3fAThle 10 T U
Y, CXOAATCA PABHOMEPHO MO ¥ W { COOTBeTCTBEeHHO HA oTpeskax [0;&] u
[0;7] mpu ao6pix € > 0 u 1 > 0 (npusHak BeiftepmTpacca), a ogun us
IIOBTOPHbIX MHTETPAIOB CXOAUTCA U paBeH 7/4. A
Mpumep 4. Beruucauth uumeezpas Janaaca
—+o0
I(a) = /e*’62 cos2azx dz.
0
A Juddepenunpys unrerpan (o) mo «, nomydaem

+00
I'(a) = -2 / ze™"" sin 20z dz. (20)
0

Ipumenene npabuia JefiGHuLa 3aK0HHO, TaK Kak GYHRUMA e~ ° cos 20z
HempepbiBHa IpH = 2 0, « € R, unTerpan I(a) CXOOUTCA IPU KAMIOM & €
€ R, a uurerpai B npaBoii yactu (20) cxooutcsa paBHOMepHO mo « Ha R
(mpusnak Beiieptpacca). [Ipeo6pasyem pasencTBo (20), NIpUMeHS Me-

TOO MHTErpupoBaHWA II0 HaCTAM: Joo

I'(a) = e~ sin 2aw|;roo — 2 / e~ cos 2az dz. (21)
0

U3 (20) u (21) cuenyer, uro I'(a) = —2al () nan dII(a) = —2ada, o1-

Ryla 2
Ha)=Ce > .
+oo . \/—

Monarasg o = 0 u yuutsieas, uro I(0) = / e ¥ dr = Tﬂ (mpumep 3),
oIy daem 0

+co

/ e cos2az dr = g e . a (22)

0

Mpumep 5. Beruucauts unmezpaavt Opereasn
+00 +oo
I = / sing?de wu I = / cos 22 dz.
0
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A Tonaras 22 = ¢, 3amumeM WHTerpal I B cleyIOIEM BHJIE:

+00 1 +oo | ¢
I= / sing?de = = / SmE g, 23
; [ = (23)
0 0
IIycts ¢ > 0; Torma cnpaBemINBO PAaBEHCTBO
1 2 T,
—tu
—_ = — e du 24
AR : (24)
0 “+oo

2
HJIA TIOJTy4YeHHMA KOTOPOro AOCTAaTO4YHO B MHTerpale / e_t“ du caeaaTb

0
3aMeHy TepeMeHHol 1o gopmyle v/fu = ¥ U BOCIOIL30BATHLCA UHTErpa-
aom (19). Uz (23) u (24) caenyer, uTo

1 +o0 +oo
2
I=— / sint dt / e~ du. (25)
Nz
0 0
Mensia mopsiok HHTEr PUPOBAHUSA, IOy YaeM
1 +oo +oo s
1= NG /du/e‘t“ sint dt.
"o 0
Ucnoanzya dopmyay (5), Haxogum
1 7
u
= — —_—. 2
NZd 0/ 14wt (26)
Brruncanm unrerpan (26). 3amerum, uto
e . A (1/z%) __/ . Jr/OO dx
1+z4_0 1+( 1/x 1+t4_0 1+at’

IlosTomy

F do _ 7ool+$2 do — +/Oo(1+l/m2)dx . +/OO d(z —1/z)

J 1+z4_0 1+t _0 2+ 1/x2 _0 (x—1/z)>+2

= %arctg (%) ‘;Oo = \7;5,

“+00
dr
OTRKYyIa = . CaenoBaTeilbHO,
0

1l o= _1 /7
NZIONG) 2 2°

Ilas oBocHOBaHMA 3aKOHHOCTH [EePECTAHOBKU NOPSAKA WHTErPHPOBa-
uuA B Gopmyne (25) MosHO BocnodbzoBaThes (cM. (23)) npu a # 0 pa-
BEHCTBOM

1+oo " 1 “+00 ) “+00 .
50/60‘ tsil/l_ dt = ﬁo/eatsintdt/et“ du =
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1 . 1 du
= — d / g ) gi tdt———/i.
\/_0/ uO e sin NG / T 7y

Mepexonn 3nech K npefeny npu « — 0 (3aKOHHOCTH TMepexofa K mpeneny
cliefiyeT U3 paBHOMEpPHON CXOAMMOCTH MHTErpajoB), TOMYYHUM PaBEHCT-
BO (26), U3 KOTOPOTO cleAyeT, YTo

Jr/cosinm2dx = % \/g (27)

0

AHaloru4HO MOMIHO J0Ka3aTb, 4TO

7mcosx2dx = % \/g A (28)

0

3ALAUYH

1. lycte @ > 0, b > 0. llpumensa dopmyny Ppynaanu (6), Borumc-
JAUTh UHTErpai:

.2 )
sin” ax — sin” bx

+00 5 2p +00
1) / cos” ax — cos” bx dz: 2) / dz:
T x
0 0
T ag? _ —bz? 1 a _ b
3) /%dm; 4) /uda:.
T Inx
0 0
HUcnonbsysa unrerpan Jupuxie (12), BoluucauTb uHTerpat (2-4).
T~ cos T sing \? T gin 22
2. 1) /—qwdx; 2) /(—‘”) dz; 3) / Y dr;
0 v 0 v 0 v
+oo 4 +oo | _ +oo o
4) / SIn T da:; 5) / ST ;rcosa:dm; 6) / T s:na: da.
T T z
0 0 0
+OOsingoz;z: +OOsinalcc052;1: e sin ar \
3. 1) / - dzr; 2) /7dm; 3) /( . ) dz;
0 0 0
oo . too oo . -
4) / sin” x dz; 5) / SIn x COs™ T dz; 6) / sin' x de.
T T
0 0 0
+oo | 6 +002 . —sin?
4. 1) / SIn r COS™ & da:; 2) / sIn ax 3sm ar dm;
0 v 0 v

4

+oo |
3) /smx?az dz; 4)
0

23 Ion pen. JI.I.Kynpasuesa, T.3

cos ax — cos Bz

z2

dx;

= +
\8
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+oocos +cosf 2 +oos' 2z cos
azx T — in” & cos ax
5) / - de, a >0, 3>0; 6) /Tdm.
0 0
5. Ucnoassysa unrerpan Jupuxne (12) nin unrerpan @pyanauu (6),

BBIYHUCIINTE UHTErpas:

1)

sin az sin Sz dz, a>0, >0, a+8:

x

asinz — sin azr

700
0
+00
2) / . dz, a>0;
0 v
+oo 4 it
3) / sin axxsm Bz dz, o >0, 8> 0:
0
+o0 . +oo | .
4) / awcosxxz—smax dz, a>0; 5) / s1naw§1nﬂx dz:
0 0
+Oosin3xcos ar
6) / ———dz, a>3.
e
0
6. C nomombio nuddepeHIPOBAHUA 110 ITapaMeTpPy BbIYUCIUTL HH-
Terpai:
—&-oo1 +oo |
1) / SO e Brgr, B> 0; 2) / SNAT e Brdr, B> 0;
0 0
+oo e aT _ — Bz )
3) / - sinAzdz, a >0, 8>0, A#0;
0
+o0 eTaT _ e—ﬁw
4) / - cosAzdzr, a >0, 8> 0;
0
P oarct (1 + a’c?)
arctg ax n ax”
5 /7dm;6 /%dm,a>0, > 0.
Vo= 0 | e m o
+00 :
7. llokaszaTs, 4To ecdd « > 0, To / % dr = g In(1 + ).
8. Hcnonbaya pesyibTaT mpuMepa 7, A0Ka3aTh, UTO:

w/2 w/2

T 7 ) . __
/@da:— 5 In2; 2) /lnsmmdm 5 In2.

1
_ 1
. Honb3ysack TeM, 4TO /m" Ydz = — npu o > 0, BIYMCIUTDL WH-
(8]
0



$15. Judepenyuposanue u unmespuposanue no napamempy 355

1
Terpain /xa*1 In™ x dx, rne m € N.
0

dzx T
10. Hoawbayack dhopmyiioi / = — (a BBIYUCIUTD HUH-
yACH opmy Tow = 2. (a>0),
+o0 0
dzx N
Terpain / m, rope n € .
0
o0 .
11. oab3yAach TeM, YTO / sm:z dz = g npu « > 0, gokasaTb, 9YTO

o

700 cosax — cos bx w(b—a)
z? 2

0
+oo

v 1
12. IMoab3yAch TeM, UTO e * dr= — npu « > 0, 1okasarp, 4TO
«

S,

er -
/idwzlng, a>0, b>0.

13. Hcnonsaya uurterpan Jitnepa—llyaccona (19), nokasaTs, 4TO:

+ o0
1) / e~(aa®+202) go — ,/g Al > 0;

/ (az® + 2bz) e~ (x> +26m) g — (OF 262 a — 4afb \/, oFla,
pe

a > 0;
+°°e—az2 _ e_ﬁmz
3) [ = de=2VF (/B V), a>0, B>0;
—00
2o 2 2
4) /e*‘” chﬁxdx:,/geﬁ /10) o > 0;

)

+oo
5) / e~ (@ ra?/e®) gp = 4 e 2 a>0.

0

+oo
; 1
14. [oab3yAach TeM, 4YTO /e“”Zd:c =3 ,/E, rae « > 0, mora-
«
0

34Thb, YTO n
(o]
271. (277'_ 1)” m
/ e dzr W a, n e N.
0

23*
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Brruneants uHTerpan (15-19).

+o0 +oo e _ 8
15. 1) “n‘“”"dx a>0; 2)/e COSPT Gz, o> 0;
] 1+ / z?
e sin? o e sin® o e cos ax
4 ————dx; b —" dx:
/ ) 0/w2(1+x2) v Y O/(HW 7
6) /%dm, a>0, ac—b >0,
ax® 4+ 2bx + ¢
+oo |
16. 1) /wd% a>0, §>0;
0
+o00 d +o00 ,

2) /e“"’”sinQﬂx ?x’ a>0; 3) /we‘aw sin Brdz, o> 0;
0 0
+o0 ) +o00

4) /a:Q"e*”” cos2axdr, n € N; 5) /e*”sinzﬂfc -, a>0;
0 0
1 4
In(1 — a’z%)

6 / <1

)O Y o]

1 1
In(1 — o’z%) In(1 — o”z%)

17.1/ dz, <1,2/—d, <1;
v v
T g —Bx\2 00

3) /(e © )da:, a>0, 8>0; 4 / fHCtgam dr;

z 21?2 —1
0 1
+oo
5) /%Wd% a>0, 8>0;
0
Jroo1n(1 +a’z?)
Jrooln(d2 + Fz?)
w/ /2
18. 1 / 1+acosx) dz, |a|<1; 2) / arctg (atg x) dz, a>0;
4 coszT ] tgx
+00
3) /1n(1+axlz (1+’6w)da:, a>0, 3>0;
0
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In(1 + o’2?) arctg Bz
3

de, a>0, 3>0;

et e d, aB #£0;

In(1 + &’2”) In(1 + B%2®

ot
O\-é- O\-é- O\-é-
™
:

6) " )d:c,a>0,ﬁ>0.
x
+co
19. 1) / sin(az® + 2bz + ¢)dz, a > 0;
—o0

+oo
e Mdr, A>0; 3) / cos x? cos 2az d;
0

sin ar sin Bz
2

sin 22 cos 2az dx ;

9 cosax — e cos B d

T

3]

o
~—

z, a>0,b>0.

W
O\-é- O\-é- O\-é-

sin x

20. [lorazathb, uto Gpyuriua F(a) = TTta)
x )~

u ouddepennupyema Ha R.

dx HempeprIBHA

= +
\8

21. JlokazaTb, uTo ecau a > 0, § > 0, TO hm \/_/ —art® gy —

_ JTa

sin o
22. JlorazaTh, uto unmeepar Aupuzae I(a) =

dr umeer

T

=} +
\8

npu « # 0 MpOU3BOAHYIO, OIHAKO €€ HeMb3A HAWTU ¢ MOMOIbIO MpaBuIa
Jeitbuuna.

23. BoificHuTh, AomycTHUMa JU TlepecTaHOBKA MOPAJKA WHTErpUpOBa-
HUA B CJAEIYIONIUX CAydafx:

+oo +o0 9 +co 1
1)/dy/y_,;x_)dx;2 /dx/y
- +y° (z +y)
1 1 1 0

24. Hcnonbsya mpeicTablienue feccenesoll PynKuuL HYAe8020 NOPAd-
ka Iy(z) dopmyinoin

/2
Iy(z) = % / cos(zsinf) df,
0
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—+00
1
II0Ka3aTh, 4YTO / e Ih(z)dr = —— a> 0.
’ Vitad’
25. MHOZOI{./leHbl Yebviuesa—3Ipmuma  ONpedeiaoTed  GHopMyIaMu

— n %2 dn —%2
Ho(zx) =1, Hp(z)=(-1)" dm—”(e ), neN.
HorazaTb, 4TO
+00
—2 5 0, eciu m # n,
/ Hin(z)Hn(z)e™" du = {Q"n!\/ﬁ, ecau m = n.
—00
26. [oxasatb, uto ecan ¢yHkuua f(z) abCOMIOTHO HMHTErpupyema
Ha R, To ¢pyHrRUUA

u(x;t / )?/(4a’t) g
@ty = —= [ e 3
8u 2 82'IL
VIOBJETBOPSET ypPaBHEHUIO TeHHOHpOBO}IHOCTI/I 57 = @ Fpz W Hauamb-

li 3t) = .
HOMY YCJOBHIO t_lffo“(w’ )= f(=)

27. llokas3aTh TOMIECTBO:

T0 g +oo . _
1) /e—qdw:/wdw,a>0;
J 14+ 22 J T
“+o00 22 “+o00 g2
2)/ i dw:i/ ¢ dz, a>0
] 2 4+ a? N ; T+ a®
/ 1 P in 2t
2 2
3) /e_t dt = \/—_ / e_t SHIT:B dt
0 T 0
+ o0

b
28. JoKkasaTh, UTo / e~ sin 2bx dz = e_b2/et2 dt.
0 0

29. JlorkazaTb, 4TO:
—+00

1) /e’“”“’Qcosbcvzdcv:l,/I atva £B o,
2 2 a2+ ’

+ o
3

€

no
~—

_amz 1 2d :l .7_r
sin bz* dz 2,/2

,
e~ cos % dx = 4 e~1e1V2 cos |a|v/2;

a > 0;

8

8

2

e sin & dx = g e=1o1V2gin |a|v/2.
X

2

I
p——a

=
O T O T O
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OTBETHI

1.1) 0,5In(b/a); 2) 0,5In(a/b); 3) 0,5In(b/a); 4) In((a + 1) /(b +
2. 1) wla|/2; 2) n/2; 3) w/4; 4) ©/6; 5) w/4; 6) n/4.
3. 1) (n/4)signa; 2) 7/4; 3) 3na|al/8; 4) 3n/16; 5) 37/16;
6) 57/32.
4.1) 57/32; 2) maal/2; 3) wlal/4; 4) (] - laln/2;
5) —m(a+3)/2; 6) (2—a)r/4, ecant « < 2; 0, ecint a = 2.

1 a+8 Y. . 3 a . .
5. 1) §ln(|a—ﬁ|)’ 2) alna; 3) §ln(ﬁ)’ 4) a(lna —1);

—); 2) arctg % ; 3) arctg g — arctg % ;

—1)"m! 10 7r(2n—1)!!

3
15.1) T (1- —2'a> 2) 7|8 - vaa; 3) Hok
B Tl —1+e2); 5) Z(1+ fae

T ba _ el e
6)mcosaexp{ — Vac b}.

16. 1) %(sign(a+ﬂ)+sign(a—ﬂ))' 2) iln(l-}- 4(5);

BT =5/ a0) . n VT AT oy,
) 4a ae 7 4) ) 271’l+1 d € )’
5) Barctg % - %ln (1 + a—ﬂ_z); 6) —(arcsina)z.

_— 1+vVI—a® (2a)** (287
17. 1) 7(v/1—a2 - 1); 2) mln ————: 3) 1nm7

9 T0+a-VIT@): 5) T O 6 Tinag 1 1)
3’ «@ o’ «@

)QInﬁjL +ﬂ°(ﬁw+2ﬁlnﬁ)'

18. 1) % —W; 2) ”1n(1+a)-

[(a+ﬂ)ln(a+ﬂ)—alna—ﬁlnﬂ]

(@ = %) In(a+p) —a*lna+ 2B+ af]; 5) V(8] -

6) Slafla+p)+e’lna+ 2 ns - (o + %) In(a + B)]
19. 1) Esin(“ay +g);

2) a+ﬂarctgaj:ﬂ a;ﬂ

B

arctg < ;

5) % In(a + V1 +a?); 6) %(aﬁ —1In(1 + apB)).

1).

)
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in (a2 1+ 7, 24 %), 5) L B42
3) ﬁsm(a +4),4) ﬁcos(a +4), 5) 21na?+a‘3'
23. 1) Het; 2) Her.

§ 16. dilnepoBbl U HEKOTOPbIE ApYyrue WHTErpaibl

CNPABOYHbLIE CBEAEHUA
HuTerpan +oo

rp)= [ e de, 1)
0
cxoaAmuics npu p > 0, Ha3hIBAIOT 2aMmda-PyHKyuLell, a HHTerpan
1
B(pig) = [ (1 - )" " da, (2)
0
cxoaamuiics npu p > 0 u g > 0, HasbIBaOT Gema-@yHryuell.
Hurerpanet (1) u (2) HasblBAIOT Tarke II4epoBbIMU UHME2PAAAMU
6MOpP020 1L Nepeozo podd COOTBETCTBEHHO.
OTMeTHM OCHOBHbIE hOopMyJbl aist unterpaita (1):
a) dopmyaa noHuINCeHU

I'(p+1)=pl(p), p>0; (3)
6) dopmyaa donoanenus
L(p)I'(1-p) = Sinﬂﬁp, 0<p<l (4)

+oo
Tar wrar I'(1) = / e *dxr =1, To uz popmyunsl (3) ciresyer, 4TO
0
'n+1)=nl, neNl.
CBA3b Mexay OeTa-pyHRKIMeH 1 raMMa-QyHKI[HeH BbipaskaeTca Gop-

MyJ0H T(»)T(q)

B(Pﬂ]):m7 p>0, ¢g>0. (5)

MPUMEPLI C PEWUEHWUAMMU

IMpumep 1. Beruucnuts unmezpan Jiiaepa
+oo

$a71
I= / T _dr, O<a<l.
l1+«x
1 z&1 too 2oL
A OGoznauum [} = / de, I, = / dz. llyets 0 <z < 1;
1+ l1+«x
TorAa 0
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B = k +h—1
Tz = (DR ©)
k=0
Eciu
a—1 n—1
. . o) = Z P _ 1Yk atk—1
€(051), z€(031), flase) = yo—, Falz;e) ;< DFzetht,
TO B
|f(z;0) = fulz; o) =
a—1 a+n—1 n—1
. x ntlony| _ <
‘1+ 1+x(1+( D"t 1+z 2

1
1

Tar rar /a:"_l dr = = — 0 npu n — oo, To pax (6) MokHO NOUTEHHO
n

0
uHTerpuposath Ha orpeske [0;1]. [osTomy

- Lo 1 <= (=1
I1=k20( )/ +k1d$_2a+kza+;(a+)k'
= 0 =

[IpeoGpasys unrerpan Iy ¢ noMoIbiO MogcTaHoBRYU & = 1/, noaydaem
0

/ 1 dt t—dt
12 = — —_— = .
RS VORE S R

NuTerpupysa mounenHo Ha orpeske [0;1] pan, moayuaembiil U3 paga (6)
3aMeHoll a — 1 Ha —q, HaiigeM

oo o0
D" -~ (=DF
I = k—l—l—a_za—k'
k=0 k=1
CiegoBaTelbHO,
1 1
I_Il+12+—+2 (a+k+a_k). (7)

k_
BocnonbayeMca H3BeCTHBIM pasiomeHueM GyHrIMM 1/sinz (cm. [6])
Ha MpocTbie APOGHU:

o
1 1
51nz_;+; (z—kw+z+k7r)'
[Monaraa z = am, rae 0 < a < 1, nonyyaeMm
o
w 1 el 1 1
Sy )
sin a+;( ) a—k+a+k (8)

W3 pasencts (7) u (8) caenyet, 4To

T a—1

/x dr=—"—, 0<a<l1. a (9)
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Mpumep 2. lorasatsk popmyay (5).
A Tlonaras =z = (1 +t)y (rme t > 0) B dopmyune (1)

+0o0
INa) = /a:afle*’”da:,

InojqydyaemM

+
—(I+t)y
1 +t / e dy.

IIyctb @« =p+gq, roe p > 0, q>0 Torna

(ggli;pq+q /yp+q ey,

YmMuosan obe yacTu 3TOr0 paBeHCTBa Ha P~ Ly UHTerpupyd no ¢ ot 0
Io +o0o, nojgyudaem
+o0 1

F(:D+(1)/ ( i
0

+0o0 +oo
T)PHI dt = / tp71 dt / yp+Q7167(1+t)y dy (].O)
0 0

[IpeoGpasyem uHTerpan B Jepoil 4actu pasBeHctea (10), momaras ¢ =
=z/(1 — z); nonydum
+o00 o 1

Ldt— 2P 11— 2)7  dz = B(p; q) (11)
/ (1 +t)pta _/ -
0 0
Menss B npaBoil yacTu papenctBa (10) nopsiok WHTEr pUPOBAHUA U UC-
Hoab3ysa GopMyry (11) HaxoauM

T(p+a)B(p; /yp+q te” ydy/t” e v gy =

= /y’”" temv 2 (p) dy =T(p)T(q),

oTRyna ciaenyer dopmyaa (5).

OGocHOBaHME TEepecTAaHOBKM TMOpfika WHTETPUPOBAHUA B IpaBou
gactu (10) mpoBOgMTCA AHANOTMYHO TOMY, KAk HTO [elal0Ch B IIpH-
Mepe 3 §15. A

Dpumep 3. lorazars dpopmyast (3) u (4).
A a) B unterpaie (1) samensiem p Ha p + 1, a 3aTem, HHTErPUpPYH 10
4acTAM, 10y daeM

+o0 +oo
Tlp+1) = / e dx = —a:pe_mu_oo +p / P~ te % dz = pT(p).
0 0

6) Tlonaras B dopmyiae (11) g =1—p, roe 0 < p < 1, u ucnoiabaysa
dopmyay (9), norydaem
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+o0 _
P! ™

B(p;1—p) = / dr = (12)
0

1+z sinmp

C mpyroi cTOpoHLI, U3 paBeHCTBA (5) HAXOAUM
B(p;1—p) =T(p)I'(1-p), (13)
Tak Kak I'(1) = 1. U3 paBencts (12) u (13) cnexyer dopmyna (4). A
Dpumep 4. C nomolibio 3i1epoOBEIX HHTErpaloB BHIUUCIUTH MH-
Terpa:

P/l d A
I = / Y S SR A A T g
®) h / x (z-—2) ) Ix NS
A a) llpumenss noacraHoBry z/(2 — z) = ¢, monydaem
2t 1—1¢ dx dt
— —_— , 1 — = — ; = —-.
t+1 t+1° (@—-20° 2
CrenoBaTteibHO, 1
1
I = — /t’l/?’ 1— )3 at.

0
Ucnonesysn dopmyaer (2), (5), (3), (4) u yuurwiBag, uro I'(2) = 1,
HAXOOUM

- Eiﬁ% (%)F(g) - E%/"i sin(77rr/3) - 3\/7§T€/§ - 3\0/7;%'

Bocnoasayemesa dopmyioit (12). U3 sToit GopMylIsl ciefyeT, YTO UHTEr-
pan I, paBeH MpPOU3BOJHOU OT QYHKLUUU

Pl

1
sa(p)—zo/tﬂdt

B Touke p = 1/4. CrenoBartensHo,

d ( T ) 7 cos Tp V2
I =— - = - = — . A
dp \4sinzp / lp=1/4 4sin” 7p lp=1/4 4
3ALAYNU
1. JokazaTh paBeHCTBO;
— 1M (m —1)!
1) B(m;n) = w, meN, ne N;

(m+n-1)!
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D T(a+n)=(a+n—1)a+n—-2)..(a+1Da-T(a), n € N;
3) B(p;q) =B(a;p), p>0, ¢>0; 4) I'(1/2) = /m;
5) ( —):TF; 6) F(n-%—%):i(?n;nl)”ﬁ, neN.

2. Jlokaszartb, yro I'(p) — Geckoneuno guddepenunpyemas QyHKLINUA,
npuveM +oo

£ (p) = /az”fl(lnx)me*z dz.
0
3. JllorasaTb, 4TO
INa)~1/a mpu a—=>40 u T(a) > +o0 npu «a — +oc.

4. JlokazaTb Q)OpMyJ'Iy
+oo

1

5. llokasarb, uTo QyHkuus (@) sABIfAETCA CTPOro BBINYKIOH BBEPX
Ha uHTepBaie (0; +00).

6. BoipasuTh 4yepes 3HAUEHUA raMMa-QyHKUHM HHTET Palkl:
“+o00 “+o00
1) P le %%dr, p>0, a>0; 2) / e " dr, a>0;
)

—

+ o
3

e’ de, a>-1, §>0;

w
~—

N

+ O~ R L
%
3 "

3

e—a/2” dr, a>0, ne N;

1 a—1 T
x) z%~Ydz, >0, B>0; 6) / (Inz)P x” p>—1;
1

ot
T

—~
=
|

+oo

7) _Zoe_e errdr, p>0; 8) 0/

1 +a22)a’ 2

Hcnonbays silliepoBbl HHTErPallbl, BbIYUCAUTEL UHTerpat (7-12).
2 2

dx dx
™ 0/ g x2(2—x); 2 / Y (2—x)(1—|—z)3;

—1

3)_/24<z+jT O/W
5)/23(2 x)(x—ldxﬁ/g\/i
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2 1
) 1/\/ E (av(j—xiﬂ)2 0/\/ z+2)

1 1
€z Trdr \/JU( —z
) 0/(3:+1)d\3/z2—z3 +4) /(Q_x)‘/d’(l_g_n / : de;

J @+
1
Yr(l —x)3
6)0/ TEE dx.
+oo +0o0
9. 1)

0

dr_ vz fa2 — 12
0/ 1+25° 2) 0/ (1+z)? dz; 3) / z* dz;
+

re®/? Ooza—l
4) / m_{_lda: 5) 0/1+xﬁd$’ 0<a<pg;
1 i—a _
/x =2 —l<a<2
(x+1)°
0
+oo +oc +oo
10. 1) \ﬂ” 2) | dz; 3) [ 2 e a0;
\/_( +1 2% 4 a?
0 0 0
+oo +oo Inz
0 0
1
/1 142 dr
n
-1

L=z 3/ —z)2 (I1+z)

o] —+o0
vz —1ln(z — 1) In(z — 2)
11. 1 ————dz; 2 / — = dx;
) z? + 3z z; 2) J (@ — 1)Vz -2 v
+ool +00 @p?
n’z z%1In’
3) [ omde, a0 0) [ TFde ol < 1
0 0
T elnz e e g
5 [ sde; 6) [ mde D) [ S—Fdr, 0<a <l
0 0 0
+oo 07112
8)/“’ %z, 0<a<1
/ l+x
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w/2 1
tg Yz 3 -
3) [ bl de, O<a<l; 4) [o{T-ddr
(sinz 4 cos x)?
0 0
I 2n +0o0
zdz
5)/Ax7dx,n€N; 6)/ e
5 V-2 J (e
+oo 2201 w/2
7) / Tr s dz, 0 <a<1; 8) / sin®  cos® x dz;
0 0
w/2
9) / tg?* lzdr, 0<a<l.
0

BoipasuTh uepes sHauenus Gerta-¢pyHruuu unterpan (13,14).

1

13. 1) /dix a>0;

14.

2)

3)

4)

5)

Y1 —ga’

0

(1 —2°)de, a>—1, >0, v>—1;

—

2ot z° 1
0/(1+x) de, 0<a<pf; 5 Omdw a>—§,
700 z@ a+1
/ (a+bz5)1’ 3 ) ) ) ﬁ

1) /lsm Y de, p>1;

+cosx

Tr/ S COSE !
ln x xX
/ (sin,’L‘—{—COS,’L‘)a+ﬁ d.’L', a > 07 ﬁ > 05

0

n/2 . )

/ sin?® !z cos?P 1y
a?sin’ x + b? cos? x)‘“@

de, >0, >0, a>0, b>0;

0
w/2

ioa—1 a—1
/ (Sm res ¥ de, a>0, ab>0;
0

a?sin® z + b2 cos? x)2

w/2
/ sin®zcos® xdx, a> -1, 8> -1;
0
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A a—1
6 [ Ty semge 4 0<18l <1, a>0;
0
I (1+2) (1 — )P
7) / (1+$2)a+ﬁ d;l,', a>07 ﬂ>0;
=1
) /b(:c—a)a(b_w)ﬁ
8 | Traeme O 0<a<h >0, a>-1 f>-1
J (z + c)atB+2

15. llorkazaTh paBeHCTBO:

1
Pl 4 !

1) B(p;‘I):/Wd% p>0, ¢>0;
0

1 1
2) B(p;p) = W—_lB(g;p), p>0;

-1
3) Bp:g)= —4—° _B(p;qg—1 0 1.
) B(p;q) P (r;g—1), p>0, ¢>

16. Bripa3utThb uepes ramma-¢pyHKIUNIO UHTEr pal

“+0o0
/a:pe_wln;cd;c, a>0, p>-—1.
0

17. I[oycasaTb paBEeHCTRO:

/ r*(1/4) .
\/1~a:4 4v2r
!m = 4\1/F F2(%) (Yrazsauue. Ionomurs cosf =

=1-2z);
3)/”( sin 6 )fH o 2°7' [D(a/2)P <1

1+rcost 1+rcosf (1—r)a/2 T(a)
(YHasaHI/Ie. IoaomuTh tgg 11—:\/_)
/1 o du =Z 5) Jr/ooegc4 dz Jr/ooar2ew4 de =
VIi—al ) V=gl 47 ] ] 8v2’
6) ﬁ -7)026"6161011 dr = (%)n_l/z(%r)("*l)/?
k=1 0

(Yrazauue. BOCI‘IOIIb3OBaTbCH dopmynoit nonoaHenusa (4) U pa-

H 2k7m/n

BEHCTBOM
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18. Hcnonbsyna paBeHCTBO L /tp le=otdt (x>0, p>0),
, & T p)
HallTH MHTerpan:
+00
1) / CSAT 43, a>0, 0<p<I;
P
0
+oo |
2) / s1r;§x de, 0<p<2, a>0.
0

19. BuuucnauTh UHTerpail:

1) I(p) = /%dw, 0 <p<1l (Yrazaunue. I(p) =
= lim [B(p;A) — B(1 —p; A\)]);

sh azx —28z __ 1).
2) 0/ shﬁxdx’ 0<a<f (Yrasauue. e =t);

z)dr (YkaszaHue.

O\H

Hcnonan3oBaTh paBeHcTBo I =
= / InT(1 — z)dz u dopmyny nononnenus (4));
a+1
4) I(a) = / InT'(z)dz, a >0 (Yrazauue. Ilpoguddepenuupo-

BaTh uHTerpan I(a) mo mapamMeTpy W MCNONL30BaThb GOPMYIY MOHUKE-

nn (3));

1
5) /lnF(a:) sinwzdx; 6) /lnF(x) cos2mnzdr, n € N.
0 0

20. Horaszatb dopmyavt Iiaepa:
+oo

. Tr
T te Ateosa cog( At sin o) dt = (/a:) cos azx;
AT
0
+oo
z—1_,—Atcosa o : Lz) .
/t e sin(Atsina)dt = === sinaz, A >0, z >0,

0
|| < /2.

OTBETHI
6. 1) %; 2) ér(é) 3) %F(a;1)~ 4) 2"/2—1a—n/2r(g);
5 S 6) 1+ 1); 1) rpy; 8) L,

2 (a)
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2r T

7. 1) %; 2) TV2; 3) 7V2; 4) sm(27r/5)  5) VAR IOk
T T S Sy 3
8'1)m12)m73) m74) \/g(\/_ 1)55) 39 '
6) 3w2-23/4,
27r\/§_ 7r\/§_ ra* . 7r2\/§. T .
9. 1) g ! 2) 1 3) Ea 4) - 4’ 5) ﬁsin(aw/ﬁ)’
2° ra(l — a)
6) sin o ' y
) ] wlnla| 7’ sin(ar/2) n2*/? )
10. 1) 0; 2) 0; 3) ol 4) oot an/d) 5) = (vV3In2 + 7);
o’
6) =5 -
drln2 mln3 e 2 7’
1.1 T 9) T ) g (1n |a|+I),
7 1+ sin’(ar/2) 27 3 _ m’cosam
) 8 cos(an/2) 5) 27 6) 322 7 sin® aw
) 3(1+cos om)
sin® o
7(l—a) wp ] T 2mV3
12. 1) sinamr 2) 4sin(mp/2)’ 3) sin o ’ 1) 27
7 1-4.(3n-5)(3n—-2) 27m/3 T 3r
5) Nz 3nn!  6) 27 7 2sinaw ’ 8) 512
9) QSiH?TF .
13. 1) aB( 11— ) ) 3 ( ,7+1); 3) a**01B(a; 8);
1 2
4) B(f — a;a); (a 5,5)
a P (C"H)/B a+1 a+
%) 7( ) ( g P g )
B .
14. 1) 20~ 1B( > ,p2 1), 2) B(e; 8); 3) Zﬁbﬁ;
B(a/2;a/2) 1 a+1 B+1Y. 221 a a\
) 2(ab)> 5) EB( 2 2 ) %) (1_ﬁ2)a/2B(5’5)’
7) 204528 (0; ) 8) — 0= g yig4
) (a:/B)7 ) (a+C)B+1(b+C)a+1 (a"f_ :/B+ ).
d (T'(p+1) maP™! ) raP!
16. %( apt! ) 18.1) 2T (p) cos(pr/2) ’ 2) 20 (p) sin(pm/2)
19.1) nectgmp; 2 ( ) 3) Inv/27; 4) Inv27 + a(lna — 1);
1

5) %(1+1H(2)); 6) &

24 Ilon pen. JI.A.KynpsaBuesa, T.3
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§ 17. Uurerpaa ®@ypre. IIpeoGpaszoBatue dypre

CMNPABOYHBLIE CBEAEHWA

1. HuTterpan ®ypre. Ilycts ¢yukuna f(x) KycouyHO HempepbIBHA
Ha J1060M OTpe3Ke AeiCTBUTeILHOH NpAMO, abCcodIOTHO UHTET pUpYyeMa
Ha R ¥ UMeeT B RaiJiolt ToyKke & € R KoHe4YHble OIHOCTOPOHHUE MPOU3-
Boaukie. Torga B TOUKax HENpepbIBHOCTH (YHKUMA f NpecTaBifieTcH B

BULle urmezpata Pypve oo

flz)= = /dy/f(t cosy(x — ) dt, (1)

a B ToUKax paspblBa (YHRUUM [ /1eBYIO uacTb paBeHCTBa (1) cienyer

3aMEHMUTL Ha
flx+0)+ f(z —0)
5 .
Ecaun HenpepobiBHasa, aGCoMIOTHO MHTerpupyemasa Ha R ¢yHruus f
UMeeT B Ka#aoH Touke & € R KoHedYHbIe 0JHOCTOPOHHHE NPOU3BOHLIE, TO
B cayuae, KOrga 3Ta QyHKLUUA ABISETCA YeTHOMH, clpaBeIUBO PABEHCTBO

+0oo
@)= [ aly)cosaydy, (2)
rge 0+oo
2
a(y) = = 0/ (1) cosyt d, (3)
a B cilyuyae, Korga [ — HedeTHas (YHKIMUSA, BBHINOJIHAETCA PABEHCTBO
+oo
@)= [ by)sinzydy, (4)
rhe 0+oo
y) =2 / () sinyt dt. (5)
T 0]

(DOpMyJIy (1) MOKHO 3alllicaTh B KOMIIJIEKCHOM (I)OpMe:
+oo +oo

f(x) = / /f e d

rje BHEUIHUHA HHTer paj noHuMaeTCHd B CMLBIC/Ie I'MTaBHOIo 3Ha4YeHUA.

2. Ilpeo6pasoBanue dDypbe u ob6GpaTHoe npeoOpa3zoBaHHe
Oypre. Dyuruuio f, onpeneiaeMyio GopMyioit

+0o0o
R A ™)

Ha3kIBAIOT npeobpazosanuen Pypve byuruuu f U 0603HAYAIOT TaKMkKe U
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uepes F[f], a pyHruuio f, onpelensaeMyo gpopmyaoi

+00
Jw)=ve.—= [ fer ®)

HA3bIBAIOT 06pammubim npeodpasosanuem Dypve dynruuu f u obozHaya-
ot F7Lf].

Ecin ¢pynruus f aGeomoTHo HHTerpupyema Ha R, To uHTerpans (7)
¥ (8) cymecTBYIOT Kak HecoGCTBeHHbIE, a He TONbKO B CMbIC/Ie IVIaBHOIO
3HAUYeHHUA.

OTmeTuM crefyiomue cBoiicTBa npeotpasoBanusa @ypbe u 06paTHOrO
npeoGpasoBanusa Pyphbe.

1) ®opmyaa obpawenun. Ecan venpepbiBHas GyHKUMs f abCoaiOTHO
MHTerpupyeMa Ha R M MMeeT B Ka#iloil Touke z € R KOHeUHble OlHO-
CTOpOHHHe [POU3BOAHbIE, TO

FOUF[f = FIFT[f]] = f.
2) Junetinocms. Fenn cymectByor npeobpasoBanus ®yproe GyHEK-
Uit f U g, To Mpu NOOLIX KOMILIEKCHBIX ¢ U (J CpaBeIMBO PABEHCTBO

Flaf + fg] = oF [f] + BF][g].
AnanoruuHoe yTBep##IeHHE CIpaBeAdUBO U Aid 00paTHOro npeodpasoBa-

nua @ypre.
3) Henpepvisnocmy. Ecan ¢yHruusa f aGcoqioTHO MHTerpupyeMa Ha

~

R, To ee nmpeoGpasoBanue DPypre f(y) — HempepoiBHAA W OrpaHUYEHHASN
Ha R QyHKIUA, npuieM

lim f(y)= lim f(y)=0.

y—+00 Yy——00
4) Ipeobpasosanue Pypve npouseodnod. Ecnmu dynrnus f u ee mpo-
W3BOJIHBIE [0 7-TO MOPAAKA BRKAIOUUTENbLHO HEMpepbIBHBI U aGCOMIOTHO
UHTerpupyemsl Ha R, To
FIfP) =) Flf], k=12 ..n. 9)
5) Ilpoussodnan npeobpasosanus Pypve. Ecin dynkuua f Henpepbis-
na Ha R, a oyusuuu f(z), zf(z), ..., 2" f(x) abcomoTHO UHTErPUPYEMEI
Ha R, 1o dyukuusa f(y) = Fly] umeer Ha R mpousBogHble A0 n-Io M0-
pAAKa BRIIOUUTEIbHO, TpHYeM

F® () = (=)' Flz* f(@)], k=1,2,..,n. (10)

MPUMEPLI C PELUEHUAMMU

Opumep 1. Opencrasuth dyuruuio f(z) unrerpanom Oypoe, eciu:
-1, ecin —-1<x <0,
1) f(z)=e 2l a>0; 2) f(z)= 1, ecin O0<z <1,
0, ecam |z| > 1.

24%*
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A 1) Tar kar f — uenpepbiBHas Ha R yeTHasa GYHRIMA, TO, UCTIOMb-
3ya dopmyast (2), (3) u dopmyay (4) §15, nonyuaem
9 ' F° 2
—at «
= — tdt = —,
aly) - /e cosy p P

0
—+o0

ealrl = 2_a/ cosyw dy, z€R
T o2 +yr '
2) @yuriua f ABIfAeTCA HEYETHON U HENpEepPBLIBHON Ha R, KpoMme To-
yek x = —1, £ =0, x = 1. Henoawsysa dopmyast (3) u (4), Haxogum
1
21 _ 2(1 —cosy)
bly) = 7T/smyt dt = - ,
02 +ool (11)
_2 —cosy .
fz) =~ / — sin zy dy,

(=2

ecin x Z0, x # +1. llpu & = 1 A0IMHO BBIMOAHATHCA PABEHCTBO

FO-0)+f1+0) _ 1
2 ____/

Y sin ydy.

Tlonarasa y = 2t, oTcioga HAXOAUM

+oos' Stcost

11 iy

—_—dt = —.
/ t 16
0

Ecau B (11) nomomurs = 1/2, To

f( ) :%0/1—cosy sin %dy.

TTonaras 3pech y = 2¢, Hailaem

+Oos'3t

/ St =T a
t 4

0

Mpumep 2. Haiitu npeoGpasoBanne Pypre dyuruuu f(x), ecau:
. di} 1
o . . _
D) f@)=e ol a>052) f(@) =a?e i 3) fo) = - (== )
A 1) Tar war ¢yurnua f abcoaorHo uHTerpupyema nHa R, To ee
npeobpasoBanue Pyphe CyIIeCTBYeT U BhipamaeTcs dbopMyioii

1 P

Flfl= = [ e stle v az. (12)

IIpeotpasys unrterpan (12) u ucnoabaya dopmyay (4) § 15, momyuyaem
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+ ety

—axemy _
F[f] = m/Q Tt do=

2 'f° 2
:\/j/e_o‘””cos:cyd:c:\/j Sl
7r0 T a4y

Fle =l =,/ % ﬁy?’ a> 0. (13)

2) Npumenas dopmyas (10) u (13), Haxonum

Fee Hi=-tre ==/ o) =2y E e

3) Ucnoawsys popmyiy (9), nonyvaem

FIf = (i0)°F | =]

1+ 22

Tarum obpaszom,

rue

1

F ”y—l—e iy gy
[1+m2} \/27r/1+;1: / 1+x2
/coswy \/fe_|y|
1+ x? 2

(em. § 15, dopmyna (15)). CnenoBatenbho, F[f] = _i’/ﬁ yre vl a

3AJAUN
MpencraBute $yHruuio f(z) unrerpanom Pypoe (1-4).

1. 1) f(z
2) f(z)

1, ecmn |z| <71
) — 7 7
0, ecam |z|> T3

{1—|a:|/a ecin  |z| < a

# 0, ecan  |z| > q;
3) flz) = 1gn(w—a)—81gn(x—b), b > a;
4) f(z) =1/(z* +a®), a #0.
sinz, ecan |x| <,
_ cosa: ecan || < 7/2,
- ecan x| > w/2;
_ [ sinwz, ecan |z| < 2wn/w,
- { ecmu x| > 2mnjw, " €N, w>0
) fz) = *a\w\smﬂx a>0; 2) flz) =e lcosfz, a>0;

) (x)z ; 4) flz) =ze™"
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e ™ ectu x>0, a>0;
4. 1) f(m)—{ 0, ecin  x < 0

_Je*®sinwz, ecim x>0, a> 0
2) fla) = { 0, ecnn < 0;

3) flz) = sinz, econ 0 <z < 7n,
= 0, ecmu z<O0 um z>7n, n€N.

5. llpencraBuTh uHterpaioM Pypbe dyHKIMIO f(x), TPOJOMMKUB ee
HeyeTHLIM 00pasoM Ha uHTepBan (—o0;0), ecau:
__Jsinz, ecim 0Lz <,
1) f(=) = { 0, ecnu x> T
| 2-3z, eciu 0<z<2/3,
2) fla) = { 0, ecin x> 2/3.

6. lpepcraButh uHterpanom Pypbe dyHKIUILO f(), TPOmOIAMUB ee
YeTHBIM 06pasoM Ha MHTepBad (—oo;0), ecnu:
1) fley=e"%%, 220, a>0;
1, ectu 0Lz <1,

2) fla) = {O: ecin z > 1.
Haittu npeotpasoBanne ®@ypbe byurnun f(z) (7-9).

_J1, ecmn Jz| <1,
7.1) flo) = {O, ecan |z| > 1;

. e, ecan |z] < =,
2) fla) = { 0, ecau |z|>m;
_ Jcosz, ecam |z| < 7,
3) fla) = { 0, ecan |z|> m;
_ [sinz, ecim |z| <7,
Y fla) = { 0, ecau |z|>m;
_ Je®, ecm =z €07,
5) f(@) = { 0, ecan =z ¢&[0;7);
_ Jecosz, ecau =z € [0;7],
6) flw) = { 0, ecmn z¢[0;7]
8. 1) flz) =ze2lzl a>0; 2) f(z)=e2/2;
3) f(x) = o—T2/2 cosaz; 4) f(z) = % (zel71);

5) f(@) = 1= (se #); 6) f(a) = o (we o),

_ fxsinz, ecan |z| <,
9. 1) fla) = { 0, ecin |z| > m;
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_J 1, ecin 1<z <2,
2) f(‘”)—{o, o Jo|>2 u |a| <1

>
_ [ 2% ecmm |z| <1,
3) flz) = { 0, ecan |z| > 1;
_ [ 2%cosz, ecn |z| < T,
Y =) = { 0, ecan |z| > m;
2—z% ecmn |z| <1,
5) f(z) = 1, ecin 1< |z] <2,

0, ecn |z| > 2.

10. Iycrs ]?(y) :AF[f(iL‘)] Jorazars, 4T0:
1) Fleeef(w)] = fly — a), a€R;
2) Flj(a— )] = 7V (y), a€R:

~

3) Flcosax - f(x)] = f(y—a)—;—f(y+a), a€ R;

o~ ~

4) Flsinaz - f(z)] = f(y_a);if(y+a)7

11. IIycre ¢yuxuus f HenpepbiBHa Ha R, aGCOMIOTHO MHTEr pupyemMa
Ha R ¥ yIoBJeTBoOpAeT YCIOBUIO

a € R.

plx) = if(t) dt -0 npu |z| > +o0.
0

o~ o~

—gfw»meﬂszuy

12. Jokasatb, uro mnpeo6pasoBaHie @yppe dyuwuun f(x) =

Nlokazats, uto Flp] =

1
= T30 MMeeT HeNpPephIBHYID IPOU3BOOHYIO [ECATOro IopAlKa.
12
13. Jowrasatb, 4ro npeoGpazoBanue ®ypoe pyuruuu f(z) = ze~lel®
ecTb GeCKOHeYHO JU((epeHuMpyeMana QyHRIMA.

14. MycTe f(y) — npeo6pazoBaine ®ypbe ¢yusuud 1/(1+ |z|°).
HoraszaThb, 4TO:
1) f(y) umeer HenpeprlBHYIO Ha R NPOM3BOAHYIO TPETHEro NOPALKA,

o~

2) fly) = O(1/y®) mpu y — o003 3) f(y) = o(1/y®) mpu y — co.

15. Ilycrs gyuwuus f(x) HenpepblBHa HA R, aGCOMIOTHO UHTErPUDYeE-
Ma Ha R 1 1MeeT B KamA0H Touke = € R KoHe4YHblEe OJHOCTOPOHHHUE MPO-
usBojHble. JlokaszaTh, UTO

+oo N +00 N
[ 1wy = [ 17wl dy,
rae f(y) = F[f], f(y) = F7'[/].
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16. Ilycth dyHKRIUU f U ¢ HENpEepbIBHLI, OrpaHUUYEHbI U afcodl0THO
UHTerpupyemsor Ha R. I[OHaSaTb 4To:

1) dyurnusa h(z / f)g(z — 1) dt, roropylo HA3BIBAIOT cBEPIM-

Kol GyHKIMA f U g U 0603Haan0T f * g, HenpepblBHA, orpaHUyeHa U
abCcoMTHO UHTerpupyema Ha R;

2) F(f xg]=F[f]- Flg]-
17. Haiitn ©(y), ecau:

+00 +00
— 4 — o
1) 0/<p(y)coswydy— T 2) 0/<p(y)smwydy—e , x> 0.
OTBETHI
9 +o0
_ 2 [ sinTy
1.1) f(z) = - 0/ cosxy dy;
2 Jrool—cosay
2) f(x) = — 0/ — coszy dy;
+oo
2 sin(y(z — a)) — sin(y(xz — b))
) dy -
3) (@)= = / - s
P
4 T)= — e~19lv cos zy d
) /(@) ,a|0/ ydy
9 +oo | 9 +oo |
_ 2 sin my _2 sinmy . ]
2.1) f(a:)—7r 0/ Ty sinzydy; 2) f(z) — 0/ Ty sin zy dy;
+oo

) f(=) 2% / Sin;r_?iny{w) sin zy dy
4(; e y sinzy
8- Jo) == 0/ =+l T pr T Y

a+oo 1 1
2) fz) = p / [(y—ﬂ)2+a1’ + (y+ﬁ)2+a2]cosmydy;
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+
8

ye‘y2/4 sin zy dy.

N’
~
&
I
M
B

O\ér S

sin(zy + @) dy, ¢ = arctg 2

N
=
[y
—
2
|
SR,

1
Vit

(@ +? —y)COS$y+2aysmxgd
(o —w? + ¢?)? + 4a’w?

+
8

N
~
&
|
3|

3

Sm(ﬂnyﬂ)sm(f = /2y dy, eciu n UeTHoe,
g —

&
~
&
|
RN
J oot o

3

flz) = _2 / Cos(ﬂnyﬂ)gos(f_ﬂnﬂ)y dy, eciu n HeueTHoe.
m 2
) Y
2 TF°
_ 2 sinmy . .
5.1) f(z) = p 0/ =y sin zy dy;

5 sinzy dy.
e

& o
= ~
= &
~—~
B |
Il RS
:‘|l\3 o
R 8

e dy; ) fo)= = [ LRy,
a_+y_ ™ Y

0 0
7.1) Flf] = \/Esmy; 2) F[f] = ﬁslin_ﬂg;

3) F[f] = % ysinw{)y; 4) F[f]:—i\/g sinmi;

1—y T 1—y9y

= —t —iny. _ i oyleTm 4
9 FUfI = o = (e ™) 0) Flfl = = =

N N VIR
8.1) F[f] =i T (P +al)2’ 2) Flfl=e 9/2’

F[f] = e~ (v +a?)/ ) _ 2 v
3) Flf] = e~ W) 2 chay; 4) F[f]_2”7r_(y2+1)2’

o 2 1-3y 22
5) F[f]—2z\/;y A+ 6) F[f]—l\/;m-

9.1) F[f] = 1 m(l—y)cosmy+ 2ysinmy

Var (1—2)? ’

2 sin2y —sin
2) F[f]:J;%;

<




378 I'a. 3. Humeepaawt, 3asucauiue om napamempa. Humeepar dypve

3) F[f]:\/g%(:osy—!—(yz—?)siny;

Y
/2 2mcosmy(l — ') +sinay [6y + 29" — 7’ (y — 20" +
2 y’sin2y + 2siny — 2ycosy

5) Flf] = /2 - .

_ 2y
17.1 —e ¥ >0: 2 =29 >
7.1) p(y) =e7¥, y>0; 2) py) a4y’ y=>0
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BBEAEHHUE B ®YHKIITUOHAJIBLHBIN AHAJHN3

§ 18. MeTpuueckue NMpocTpaHCcTBa

CNPABOYHLIE CBEAEHUA

1. Metpuka. Ilpenea mociemoBaTedbHOCTH. MuosecTBo X Ha-
3BIBAIOT MEMmpPUYECKUM TPOCIMPAHCINEOM, €CIM Ha COBOKYIIHOCTH YIIODA-
I0YeHHBIX map (x;y) 3JIeMEHTOB 3TOr0 MPOCTPAHCTBA ONpejeNneHa Takas
HeoTpullaTedbHaad GyHEUUA p(x;y), HasblBaeMas paccmoanues (Wian
Mempurol), 4To:

1) p(z;y) =0 Torga u ToAbBKO TOTda, Korga © =y, &,y € X;

2) p(z;y) = p(y;z) AnA Beex z,y € X

3) p(z;y) < p(x;2) + p(2;y) Ana Beex @, y, 2 € X.

CpoiicTsa 1)-3) Ha3bIBAIOT TAKME AKCUOMAMU MEMPURL, TIPUYEM ak-
CUOMY 3) HA3BLIBAIOT AKCUOMOL Mpey2oabHUKA. JNeMeHThl MeTPUUYEeCKOro
NPOCTPAHCTBA HA3bIBAIOT MOYKAMLL.

BeAKoe NOgMHOMECTBO METPUYECKOro npocTpaneTBa X B CBOIO 04e-
pedb ABAAETCA METPUYECKUM MPOCTPAHCTBOM OTHOCHUTEALHO METPUKU
npocTpancTBa X, M ero Ha3LIBAIOT NOONPOCPAHCITBOM IPOCTPAHCTBa X .

JlBa MeTpuuecKux npocTpaHcTBa X U X' HaAsLIBAIOT U3OMEMPUUHbL-
MU, €CIH MeAdy UX TOYKAMM CYIIeCTBYET B3aHMHO OJHO3HAYHOE COOT-
BeTCTBHUE f, COXpaHAIollee PACCTOAHKE, T. €. TAKOe, YTO eCiu

"'=f®), ¥v=Ff), ze€X, yeX, deX, yeX,

B p(z;y) = p(z';y")

(TaKue COOTBETCTBHA TAKKE HA3BIBAIOT M30METPUYHBIMU).
[HocrepoBaTebHOCTE TOYEK (X1;...;Tpn;...) METPUUECKOTO TPOCT-
pancrBa X HasbIBalOT crodawelica k e2o0 mouke T, ecin lim p(z,;z) =
—00
= 0. B sTtom cayvae mumyt lim z, =x Wid , — £ OPU 1 — 0O U
n— 00

TOBOPAT, YTO TOUKA & ABIAETCA npedenosm NJAaHHON MOCIeI0BAaTENbHOCTH.

JIBe MeTpUKH p U p HA MHOMecTBe X HA3bIBAIOT SKBUBAAEHITIHbL-
MU, eCIU 1A M0G0 MOCAe0BATENbHOCTH (X1; ... T} -..) TOYEK MHOKECT-
Ba X ycaoBue lim p(z,;x) = 0 BLINOJHAETCA TOr4a M TOJNBKO TOTAA,

n—oo
korga lim p'(z,;z) = 0.
n—o00

CX0OMMOCTh TOC/IeAOBAaTENLHOCTH TOUEK &, € B(F), n = 1,2,

npoctpancTBe B(FE) orpaHudyeHHBIX Ha HEKOTOPOM MHOkecTBe E dyHE-
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unit ¢ MeTpuroii p(z;y) = sup |z(t) — y(t)| o3HauaeT paBHOMEPHYIO CXO-
teE

OUMOCTH Ha MHOkecTBe F mocienoBaTenbHOCTH QYHEIUU Ty, n=1,2, ...
(cM. Huske mpumep 1).

Juamempom diam E MHosecTBa E MeTpuveckoro mpoctpaHctBa X

.
HAa3bIBAIOT BEJIUUHY diam E = sup p(:y).
z,yeEE

MHo#€ecTBO, OUaMeTp KOTOPOTO KOHeYeH, Ha3bIBAlOT 02PAHUYEHHbIM.

HIas Besikoro muomectea FE C X muoskectBo X \ F Ha3bIBAIOT ero
donoaxeHueMm B IpocTpaHcTBe X.

B merpuueckom npoctpancerse X omipvimein wapon U(x;€) ¢ uent-
poMm B Touke z € X U paguycoM € > () WIM £-0OKPeCTHOCTbLIO TOYKHU T
HAa3bIBAIOT MHOMECTBO

Ulz;e) = {y € X:p(y;z) <e}.

MHO}‘KGCTBO TOUYEK
{y € X:p(y;z) < e}

Ha3bIBAlOT 3AMKHYMbIM Wapom ¢ HEHTPOM B TOUKE & W pPAaJIHyCOM &£.

2. OkpectHocTH. OTKpBITHIE U 3aMKHYTbIe MHOKecTBa. I'pa-
HUIla MHOoKkecTB. CBA3HbIe MHokecTBa. [Iycthb X — mMeTpuueckoe
npoctpaHcTBo. Touky @ € X Ha3BIBAIOT SHYymMpeHHell Mo4koil MHOMECT-
Ba £ C X, ecsqii y Hee CYIIECTBYeT £-OKPECTHOCTE, colepskamasacad B F.

Ecnu raskgas Toura MHosecTBa E C X BHyTpeHHAf, TO €r0 HA3LIBa-
0T OMKEPbLUTbIM.

BcAkoe oTKpBEITOE MHOMKECTBO, cOfeprralilee TOUKY « € X, Ha3bIBalOT
OKPECMHOCbIO BTOI TOYKH U obozHavator U(x).

Toukry x € X nHa3pIBalOT Moukoll npukocHoeenus muonecmea £ C X,
eclii KamJad OKPEeCTHOCTDb 3TOH TOYKM NepecekaeTcA ¢ MHoMecTBoM E.

COBOKYIIHOCTB BCEX TOYEK IPUKOCHOBeHUA MHoMecTBa F C X Hasbl-
BAIOT €ro 3ambikanues U oboznavaior E. Ouennano, E C E.

MHO#$€eCTBO Ha3bIBAIOT JAMEHYMbIM, €CIN OHO COAEPKUT BCe CBOU TOY-
KU MPUKOCHOBEHUSA.

Ecnu y Touku z € E C X cynecTByeT OKpeCcTHOCTh, He codeprraiiad
HUKaKUX OPYTUX TOYeK MHOKecTBa F, KpoMe caMoll TOUKH x, TO 3TY
TOYKY Ha3BIBAIOT U30AUPOBAHHOL moukol MHOecTBa E.

Toury z € X Ha3bIBalOT npedeavholl moukoti MHOMecTBa E C X, ecin
KajkJas OKPECTHOCTh TOUKHU T COOEPHHUT II0 KpaiiHell Mepe OOHY TOUKY
MHOMecTBa E, oTnUUHyIO OT 2.

Toury z € X Ha3bIBalOT 2panutuHoll moykoil MuomectBa F C X, ec-
a4 B J1000i ee OKPECTHOCTU CYNIECTBYIOT TOUKM Kak MpUHAJeRalue
MHOMecTBY F, Tar u He npuHadiexainiue emy. COBOKYIIHOCTb BCeX rpa-
HUYHBIX TOYEK MHOKeCTBa F HA3bIBAIOT ero zpanuyeli u obosHavaioT OF.

MHo#€eCTBO, KOTOPOE HeNb3A MPEACTABUTh Kak 00beiHeHNe IBYX He-
MyCTHIX HelepeceKalonuXc 3aMKHYThIX B UX 00beJUHEHUH MHOMECTB,
HAa3bIBAIOT CBASHBIM.



§18. Mempuveckue npocmpancmea 381

CBfiI3HOE OTKPHITOE MHOMECTBO HA3BIBAIOT 064ACHbIO.

MuosecTBo E C X HasbIBalOT NAOMHbLIM B METPUUYECKOM MPOCT-
paHcTBe X, eciy 3aMbIkaHue I MHoskecTBa F COBNajaeT €O BCeM IPOCT-
paHetBoM X: E = X,

MeTpuueckoe MpoCTPaHCTBO HA3BIBAIOT CenapadesbHbiM, eClid B HEM
CYIWECTBYeT CYETHOE MIAOTHOe MHOMECTBO.

3. ITonubie MeTpHuYeckHue npocTpacTBa. KomnakTei. Ilocneno-
BaTEIbHOCTD (Z1;...;%y;...) TOUEK METPHYECKOrO NIPOCTPAHCTBA HA3bIBA-
10T gyndamenmanvroi (nin nocaedosamenvrocmoio Kowu), ecnu pas aio-
Horo € > ( cymecTByeT Takol HOMep M., YTO AJAA BCEX HOMEPOR 7 > N,
U m > n. BBINOJHAETCA HEPABEHCTBO

T Tm) < E.

MeTpuueckoe IpoCTPAaHCTBO HA3BIBAIOT NOAHbIM, €CIU BeAKaA dbyHa-
MeHTajlbHafd MOCIeA0BaTENbHOCTh €r0 TOUEK CXOJUTCA K €ero #e TOouKe.

[lonHoe meTpuueckoe mnpocTpaHcTBO X* HA3BIBAIOT NONOAHEHUEM
MeTpuueckoro npocrpanctea X, ecau X C X* u X njaotHo B X*.

MHomecTBO B MeTpUYeCKOM NPOCTPAHCTBE HA3BIBAIOT KOMIIAKMOM,
ecau u3 Ar000i MOCIeI0BATENLHOCTH €r0 TOYeK MOMHO BBIJENAUTH MOJ-
Nocie0BaTeAbHOCTD, CXOAAMYIOCA K ero TOYKe.

Ecnu 3aMblkaHue MHOMECTBA B METPUYECKOM NPOCTPAHCTBE ABIAETCA
KOMITIAKTOM, TO TaKOe MHOMECTBO Ha3bIBAIOT NPeOKOMNAKIIHbIM.

CRA3HEBIN HEMyCTOM KOMNAKT HA3bIBAIOT KOHMUHYYMOM.

[Iycte E — MNOAMHOMECTBO MeTPHUUYeCKOro MNpocTpaHcTBa X U
€ > 0. MHomecTtBo A C X Ha3bIBAIOT £-Cembio 0JA MHOMecTBa I, ecnn
nus n106oi Touku z € E cymwecTByeT Takas Toura y € A, uto p(z;y) < €.

MHomecTBO MeTpUUECKOr0 IpocTpaHcTBa X Ha3bIBAIOT 6MOAHE 02pa-
HUYeHHblM, eCTU [JIA Hero npu aio6oM € > 0 B mpocTpaHcTBe X cyllecT-
ByeT KOHEUHaf £-CeTh.

4. OTo6paskeHra MeTpHUUecKkuX npoctpaHcTB. [Iyecte X n' Y —
MeTpuyeckue npoctpanctBa. Otobpamenne f: X — Y HasbiBalOT Henpe-
poleHbIM 8 modke To € X, ecau A A06oil mocneqoBaTelbHOCTH TOYeK

zn € X, n=1,2, ..., Taroit, uto lim x, = zy, UMeeT MeCTO PaBEHCTRBO
n—ro0

nlgrgo f(l'n) = f(.%’o).

B 3ToM ciyuae nuimyT
Y T lim f(@) = fao).
9To onpefleflenye paBHOCWILHO clefytomeMy (cM. 3ajady 168): oTo6-
pamenue f: X — Y HagbIBalOT HenpepoléHbLM 68 mouke Ty € X, eciu
1A nroGoft oKpecTHOCTH V' TOukHM f(x() CYNIeCTBYeT TaKafd OKpecCT-
Hocte U ToukM 9, uto f(U) C V.
Orobpasxenue f: X — Y Ha3blBalOT HenpepuéHbviM OmoOpajyceruem
(mpoctpancTBa X B IPOCTPAaHCTBO Y ), €CJIM OHO HENPEPLIBHO B KaK 0N
Touke z € X.
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Otobpamenne f: X — Y Ha3wbIBalOT pagHomepHo HenpepuisHbim Ha X
omobpaxteruem, eciu Aia aoboro € > 0 cymwecTByer Takoe ¢ > 0, 4TO
aus Beex Touek x € X, z' € X, nas woropeix p(z';z) < J, BblmonHsaeTcH
HepasenctBo p(f(z'); f(z)) < e.

IocnegoBaTtensHOCTE OTOGpamenuit fr,: X — Y, n=1,2,..., Ha3bIBa-
10T pasHomepHo crodauelica kK oTobpamenuto f: X — Y, ecau pia nio6oro
€ > 0 cymecTByeT TaKkoli HOMep 7., YTO LJf BCeX HOMEPOB 7, > 7. U BCeX
Touek = € X BolnonHfAercA HepaBeHCTBO p(fn(x); f(z)) < e.

Orobpamenue f: X — X Ha3bIBAIOT CHUMAOUUM, €CIH CYLIECTBY-
eT Takoe 4yuciao ¢, 0 < ¢ < 1, yro ang mobeIx Touek = € X, y € X
BhinogHAeTCA HepaBeHCeTBO p(f(x); f(y)) < gp(z;y).

Ecnu otoGpaenue f: X — Y apnferca Guexuueil u orobpaxenue f,
TaK e, Kak U o6paTHoe eMy oToBpamenue f !, ABIAKOTCH HelNpepbIBHbI-
MU, TO oToOpameHue [ Ha3LIBAIOT 20Me0MOPPHbLM OMmOOpasceHueM TTPO-
cTpaHcTBa X Ha NpOCTPaHCTBO Y.

MPUMEPBLI C PEWUEHWUAMMU

Mpumep 1. loxkazars, uTo MHOMecTBO B(E) Bcex orpaHUUYeHHBIX
Ha HEKOTOPOM MHOKecTBe F dyHKIUH, IPUHUMAIOMUX AeiCTBUTEIbHEIE
3HaUeHUsA, ABIAETCA METPUUYECKUM MPOCTPAHCTBOM C MeTPHUKOM

p(a;y) = sup|z(t) — y(t)]. 1)
teE

A Uz dopmyner (1) cpasy caemyior cBoiicTBa 1) M 2) paccTOAHHA.
Horamenm cBoiictso 3). Ecan z,y, z € B(E), o aaa moboro t € E umeem

l2(t) =y = |[z(t) — 2(O)] + [2(1) =y D] < |2(t) — 2] + 2(t) = y(D)],

MO3TOMY lz(t) — y(t)| < sup|z(t) — 2(t)| + sup |z(¢) — y()],
E E

OTKy[a

sup |z(t) — y(t)| < sup |z(t) — 2(2)| + sup [2(2) — y(?)]-

E E E

dTo B culy dopmynsl (1) osuauaer, uto p(z;y) < p(z;z) + p(z;y). A
Hpumep 2. JlokasaTh, YTO MHOMECTBO [y BCEBO3MOMSHLIX MOCHE-

DoBaTeNbHOCTEH T = (T1;...;Tp;...) AEHCTBUTENLHLIX 4HCEl, U KOTO-
[o.@)

PBIX E x2 < +00, ABIAETCA METPUYECKUM MPOCTPAHCTBOM C METPUKOI

n=1 )

o) S (@0 — ya)%; 2)

n=1

x=(21;3%n3--)s Y= W1;-3Yn;--) € la.
A Ilycts
[o.@)

[o.@) [o.@)
in < +00, Zyi < +00, szl < +00. (3)
n=1 n=1 n=1
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II.IIH Jo6oro HaTypaJbHOI'o 1 BBINIOJHAETCA HepaBeHCTBO

m m m
Z(-L'n - yn)2 < Z(-L'n - Zn)2 + Z(zn - yn)z’
n=1 n=1 n=1

Tak Kak OHO MpeAcTaBjifAeT co00i HepaBeHCTBO TPEYTOJbHUKA B IPOCT-
panctee R™. Tlepeiina k npedely NpU m — 0O B 3TOM HepaBeHCTBe,
HOJYUUM

Z(vvn —yn)? < Z(vvn —zn)" + Z —ya)?. (4)

[lonomxus 3pecy z, =0, n=1,2,..., 6ydeM UMeTb

) ) 00
D —y)? <4 [ D wn ) D v
n=1 n=1 n=1

W3 aToro HepaBeHCTBa clejlyeT, UTO onpenefneHue (2) UMeeT CMBICT:
€C/IM BBIMIOJHAIOTCH YCIoBUA (3), TO PAO, CTOALMN B NpaBoil yacTH pa-
BeHcTBa (2), cxoputca. Hepasencrso (4) ABnsgercs, 04eBUIHO, HEPABEHCT-
BOM TpeyroinHUKa Aad MeTpuku (2). BrimoiHenue e cBONCTB 1) u 2)
METPUEH HENOCPEJCTBEHHO ClefyeT u3 GopMyint (2). A

Opumep 3. JokaszaTb, 4TO MHOMKECTBO OTKPBITO (3aMKHYTO) TOrIa
¥ TOJLKO TOT/Ia, KOTrda ero OOMOJHEeHHEe 3aMKHYTO (OTKPBITO).

A Eciiu G — OTKpBITOE MHOM#ECTBO METPUYECKOr0 MpocTpancTBa X,
TO HUKaKaf To4ka € G He fIBIETCA TOYKON NPUKOCHOBEHUA €ro JOMoI-
nenus F' = X \ GG, Tar kax MuoskecTBo (G, GyOy4U OTKPLITHIM, ABIAETCA
OKPECTHOCThLIO TOYKM & W He COOEepsKUT Touer MHozkecTBa F. CrenoBa-
TeIbLHO, BCe TOUKU MPUKOCHOBEHUSA MHOzkecTBa F' cofepsaTcs B HeM, 4TO
U 03Ha4aeT ero 3aMKHYTOCTh.

Ecin F' — 3aMrHyTOe MHOsecTBO, G = X\ F u z € G, To B cu-
Iy 3aMKHYTOCTU F TOUKa x He ABJIAETCA er0 TOUKOH NMPUKOCHOBEHUSA, a
NO3TOMY CYIIECTBYET ee okpecTHocTh U(x), He mepeceRaloWancs ¢ MHO-
srecTBoM F' u, cremoBartensHo, taxas, 4yto U(z) € G. Tarkum o6pasom,
mobast Touka x € G ABIAETCA BUYTPeHHel, a 3To U o3uauaeT, uto G —
OTKPBITOE MHOMECTBO.

Nrak, MuomecTBO (G OTKPBITO TOr[a U TOJALKO TOTJAAa, KOrOa ero [o-
noanenne F' = X \ G 3amruyTo. OTclofa cpa3y cilefyeT, 4TO MHOMKeCT-
Bo F' 3aMKHyTO Torma u TolbKO TOrza, Korja ero gonoaHenue G = X \ F
OTKPBITO. A

Mpumep 4. JlokazaTs NOMAHOTY NpOCTPAHCTBA Iy (CM. mpumep 2).
A IlycTh mocinenoBaTeqbHOCTH TOUER

2™ = (M ™) m=1,2,

fBAfeTcA GYHAAMEHTAIbHOH MOCHeA0BaTENRHOCTBIO B MPOCTPAHCTBE [s.
CnegoBaTenbHO, OA MPOU3BOALHO BRIGPAHHOTO € > () cyllecTByeT Takoii
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HOMep N, UTO OJA BCeX k, m > N BBINOJHAETCA HepaBeHCTBO

pa®sztm)y = [ 3 (@F) —2(M)? <. (5)
n=1

HOCHOJIbHy Ol Ramaoro n € N umeetr mecto HepaBeHCTBO

0
o™ = 2] <4 D@ — 2P
n=1

TO U3 (5) caegyer, 94To Luif 1060ro UKCHPOBAHHOIO N YMCIIOBAS MOCIEN0-

pateannocts (2™ . ;al™; ) apaseTca yn i
1 e Th yHIaMeHTalhHOH, a T03TOMY
cxogutca. llyerey  lim w%m) = T,; TOKaeM, 4TO TOraa
m—r00
2= (xy;.2n;.) €l u  lim 2™ =g,

m—o0

B camomMm gene, u3 (5) ciepyer, 4To IUIA d1000r0 GUKCUPOBAHHOIO ng € N
u Bcex k, m > n. BHINOJHAETCA HEPABEHCTBO

Z(x;’” —z{m)? <e.
n=1

llepeitna 3meck K mpegeny cHavajda nMpu k — 0o, a 3aTeM MpHU Ny — 0O,
MOJYUYUM, YTO AJf BCeX M > 7. BLINOIHAETCA HepaBEHCTBO

x>

Y (@a -2y < (6)

n=1
Uz ztm e, ciaegyeT, 4TO oo
2
> el < oo, ")
n=1

a noatoMy u3 (6) u (7) momyuaem
(o) (o)
Sowh =) Ll 2 + 2P <
n=1 n=1 = =
<y Y(@n =2l + [ 3 2l < oo,
n=1 n=1

Urar, = € I, a Torga B cuily IpoOU3BOJIBHOIO BeIGOpa £ > ( BhINOJHEHUE

yeaosus (6) mpu m > n. o3xauaer, uto lim 2™ =z a
m— o0

3ALAUN

1. JlorazaTs, 4TO OuA QIO0BIX TpeX TOYeK T, Y, 2 METPUUYECKOro
npocTpaHcTBa X cIpaBedlIMBO HEPABEHCTBO

lp(z;2) — py; 2)| < plz;y).
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2. JlokasaThb, 4TO /A JIOObIX YeThIpex TOYeK Z, ¥, ¥, U MeTpudec-

KOro mpoctpaHcTBa X CIpaBeliuBO HEPABEHCTBO
|p(z;u) = p(y; v)| < px59) + p(usv).

3. JokasaTh, 4TO HU’KeyKasaHHble GYHKIMH ABIAIOTCA METPUKAMHE
HA COOTBETCTBYIOUIHUX MHOMKECTBAX:

1) p(z;y) = |x — y| HA MHOMmeCTBe Bcex AeHCTBUTENLHBIX ducel R,
z,y €R;

2) p(z;w) = |z — w| Ha MHOMeCTBe Bcex KoMILIEeKcHbIX wucel C,

z,w € C;
o) — 2

3) plxy) = 2(5171—2/1) Ha MHOMKECTBE TOYeR 7,-MepHOro
i=1

npoctpatctBa R™, = (21;...;%,), ¥ = (Y15-.;Yn) € R™;
4) p(x;y) = sup |z(t) — y(t)] Ha mHOmecTBe Be(F) Bcex KOMIUTEKC-
teE

n

HO3HAYHBIX (YyHKIUN, OrpaHUYEHHBIX HA MPOU3BOJILHO 3aJaHHOM MHO-
ecTBe F;

5) plz;y) = /|a:(t) — y(t)| dt na muomectBe CL,(G) Beex dyHRIui,
a

HelpepbIBHLIX Ha 3aMbplkaHuu (¢ OTKpBITOrO uUaMepumoro mo Ropaany
MHokecTBa G C R™;

+o0
6) p(z;y) = / |x(t) — y(t)| dt na muoskectBe C'L1(R) Bcex hyHKIIMIA,

HelpepLIBHBIX U afCOMIOTHO UHTErPUPYEMBIX Ha UYMCIOBOHN ocu R;

) plz;y) = \//[:c(t) —y(t)]? dt na muomectBe CLo(G) Beex pefict-
G

BUTENbHBIX (YHKIINI, HEIIPepbIBHBIX Ha 3aMbIKaHHH (G OTKPBLITOrO U3Me-
puMoro mHomectBa G C R™;

+oo
8) plzyy) = \// [z(t) — y(t)]>dt na muomectBe CL2(R) BCex

NedCTBUTEIbHBIX HellpepLIBHLIX Ha R Q)yHRHI/IfI, Y RKOTOPLIX CXOOUTCHA
+o0

MHTer pai /[f(t)]Zdt.

—

4. JlorkazaTb, YTO MHOMECTBO [, BCEBO3MOMHBIX MOCIEI0BATEILHOC-
Telt £ = (Z1;...;Tp;...) JEHCTBUTENLHBIX YHCET, VA KOTOPBIX Sup |z,| <
n

< 400, ABAAETCA METPUYECKHUM TIPOCTPAHCTBOM C METPUKOH p(z;y) =
=sup ey, — Yn|, T = (@153 2n5-2), ¥ = W15 Yni ) € oo
n

5. JlorazaTs, 4TO MHOMKECTBO [, 1 < p < +00, BCEBO3IMOMHBIX I10-
’ F22) ~ k)
caefoBaTelbHocTel € = (1;...; Tp;...) AeHCTBUTENBHBIX YHCE, JJf KOTO-

25 Ilon pen. JI.A.KynpsaBuesa, T.3
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oo

PBIX E |zn|[P < 400, ABASETCA METPHYECKHMM NPOCTPAHCTBOM C MeET-

s=1 1/p
pHROH ,0 (Z |37n - yn|p)

6. ByayT au o6pa3oBbIBaTh METpHUUYECKHE NMPOCTPAHCTBA MOC/eI0Ba-
TEAbHOCTH (X1;...;ZLp;...) KOMILTEKCHBIX YHCET ¢ METPUKAMHU, BBeIeHHbI-
M B 3anauax 4 u 5 (zp,yn € C, n=1,..,2,..)7

7. HowrasaTb, uTo MHOskecTBO C L (G) 1 < p < 400, Bcex HyHRUUMA,

HeNMpephIBHLIX Ha 3aMbIKaHHM G OTKPBITOro U3Mepumoro no #iopgaHy
MHomecTBa (G C R™, AiBNfileTcA MeTPUYECKUM MPOCTPAHCTBOM ¢ MeTpPHU-

Rt esn) = ( / 2(t) — () di)’

8. flBaserca au merpuroil gpyHruMA p(z;y) /|;1: —y(t)| dt na

MHOMECTBe BeeX QYHKITHI, UHTEr pHPYEMBIX M0 PI/IMaHy Ha oTpeske [a; b]?

9. Mycrs (a;b) — KOHEYHBIH WK GeCKOHEUHBIN HHTEPBAIL: —00 < @ <
< b € 4o00. Horazats, yro MHOMecTBO CL,(a;b) Bcex HeMpepbIBHBIX Ha
b

untepsaie (a;b) QyHRIMIA, 111 KOTOPLIX MHTErpan /|m(t)|p dt cxomgutes,

a
ABJIA€TCHA METPHYECKHUM HpOCTpaHCTBOM C MeTpI/IHOﬁ

plasy) = / 2(t) — () di)’

10. flpasercs AW MeTPHUYECKMM I[POCTPAHCTBOM MHOMECTBO BCex
MeHCTBUTENbHBIX UHCENl, eCIH 0] PacCTOAHHEM MeMAy & M y [OHH-
Math sin®(z — y)?

11. flaserca IM METPUYECKMM NPOCTPAHCTBOM MHOMKECTBO TOUEK
OKPYKHOCTH, €CJIM PAcCTOSHMEM MY TOYKAMH CUHTATHL AAMHY HaM-
MeHblllell IyTH, COeANHAONmE JaHHble TOUKU?

2. flBafercd M MeTpPHUUECKHUM NPOCTPAHCTBOM MHOMECTBO BCeX He-
npepbIBHO AU pepeHInpyeMbIX Ha OTpe3ke [a;b] QyHKUMI, ecan
! !
p(z;y) = max|2’(t) -y (1)

13. flBaserca nu METPUUECKUM NPOCTPAHCTBOM HENMyCTOE MHOMECT-
Bo X, ecnt p(z;y) =0 npu ¢ =y u p(z;y) =1 npu = #y?

14. Byner 1M Ha MHOKeCTBe BceX 4YHCIOBBIX IOC/IeJ0BaTeIbHOC-
teit z = (x1;.;2n;.-.) (zn € R wmm z, € C, n = 1,2,...) MeTpHKOii
q)yHHuMH o

n yn| — . . . — . . . ?
plz;y) ZQ 1+|9Cn—yn| = (x1; . Tns ), Y= Y13 Yn;--) !
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15. flpaserca au MeTPUYECKUM MPOCTPAHCTBOM CeMeHCTBO Beex He-
IYyCTBhIX MOAMHOMECTB METPUYECKOro mpocTpaHcTBa X, eciu “paccrofi-
Hue” Memay MHoxecTBaMu Fy C X u Fy C X onpelenluTh paBeHCTBOM

. _ : Y]
p(EL; Ep) = weglr}?fEEzp(m,y)-

16. IlycTo Ha MHOMKECTBE YIOPALOYEHHBIX Hap (;y) 9JIeMEHTOB MHO-
srecrBa X OIpefeneHa HeoTpuuaTeabHasa GbyHKUUA p(;y), YIOBIETBO-
pAIomas BCeM aKCUOMaM MeTPUKH, KpoMe MepBOil, KOTOpas BBIMOIHA-
eTcsl B oclabjJeHHOM BHUIe: AJf JI000ro sineMeHTa z € X WMeeT MecTo
paBeHCcTBO p(z;z) = 0. dileMeHTHl © U Yy MHOMkecTBa X HA30BEM IKBIU-
saaenmuvini, ecnd p(z;y) = 0. Myers X* = {z*} — MHoMecTBO Beex
KJIACCOB SKBUBAJIEHTHLIX 3/IeMEHTOB MHOecTBa X. JlokasaTh, 4To HYHK-
uus p*(z*,y*) = p(z;y), roe z € 2* € X*, y € y* € X*, He 3aBUCUT OT
BLIOOpA IeMeHTOB T U y COOTBETCTBEHHO B Kiaccax x*, y* U ABigercs
MeTpUKO# Ha MHOskecTBe X *.

17. Jorazath, uto ecit X U Y — MeTpUYeCKUe IPOCTPaAHCTBA CO-
OTBETCTBEHHO C METPUKAMHU px U Py, TO PYHRUOUA
p((x1;0); (@2592)) = Vpx (@1;22)2 + [y (u1592) 2

AIBJIAETCA METPUKOHN B UX npousBedeHud X X Y, Ha3bIRaeMOM B 3TOM CIIy-
yae npoussederuem mempudeckur npocmpancms X u Y.

18. Ilyers p(x;y) — merpura Ha MHomecTBe X. Jloraszarh, 4TO
(pyHRUUU (z:1)
px;y
rY) =
pi{wiy) 1+ p(a;y)

p2(z;y) = min{p(z,y); 1}, p3(z,y) =In(1+ p(z,y))
ABJIAIOTCA METpHKaMKW Ha MHOMECTBE )(7 OKBUBa/JCHTHBIMHU METPHURKE p.

19. IIpuBecTH NpUMep IOCIEI0BATEILHOCTH HENPEPbIBHLIX HA OTPE3-
ke [a;b] dyHRUMH, cxoaameiica B npoctpancTBe C'Lylasb], 1 < p < 400
(em. 3apauy 3.7)), HO He CXOfdllelicA paBHOMepHO Ha oTpeske [a;b]. (B
caydae orpeska Gydem mucath CLyla;b] Bmecto CLy([a;b]), 1 < p <
< 4o00; eM. 3agaay 7).

20. [puBecTH npuMep MocieJoBaTeNbHOCTH (GYHRKIUMIA, NpUHAaLIeHa-
uwmx npoctpatctBy CL»[0;1], cxoasmeiica B npoctpanctse CLy[0;1], Ho
He cxonsmeiica B npoctpanctee CLs[a;bl.

21. IlpuBecTu npuMep MOCAeI0BATENLHOCTH HEIPEPbIBHBIX (YHKIUHA,
cxoafimeiica B Kamioll Touke oTpeska [a;b|, HO He cxopsmeiica B mpo-
crpanctee C'La[a;b].

22. TlpuBecTH npuMep MOCAEIOBATEIbHOCTH GYHKIKIN, cXoadieica B
npoctpanctBe CL1[0;1], HO He cxonfimedica HU B KaKkoH TOYKe OTpe3-
ka [0;1].

23. ByayT /4 5KBUBaJeHTHbIMM Ha MHOMECTBe HellpepbIBHLIX Ha OT-
pesie [a;b] dyurumit MeTpukn npoctpadctB C'Ly[a;b] u ClLyla;b]?

25%
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24. JoxazaTh, YTO [IJIA 3KBUBAJCHTHOCTH METPUK p; U ps HA MHO-
mecTBe X OOCTATOYHO, 4TOGBI CYIIECTBOBANU [BE Takhe IMOCTOAHHbBIE
c1 >0 U ¢co >0 u 4Tobbl anA mobbIXx £ € X U y € Y BhINOIHAIOCH
HepaBeHCTBO ¢1p1(x;y) < p2(z;v) < eop1(z;y). MorazaTs, uTo 3TO yCI0-
BU€ He ABJAETCA HeOOXOAUMbIM [JIA 3KBUBAJIEHTHOCTU METPUK p1 U p2.

25. ,HOHa?)aTb, 4TO B METPHYECKOM IIPpOCTPaHCTBe IIoc/jieqoBaTelb-
HOCTb MOMET MMETb TOJbKO OJWH IIpenell.

26. JlorazaTb, YTO MHOKECTBO 3HAUEHUIT cXOAAIIeCA TocaeqoBaTeNb-
HOCTH TOYeK MeTPUYeCKOro MIPOCTPAHCTBRA ABJIAETCA OT paHUYEeHHBIM MHO-
JKECTBOM.

27. MoseT a4 GbITh HEOTPAHUYEHHOHN I0C/Iel0BaTelbHOCTb (yHRIUH
zn: [0;1] = R, n = 1,2,..., cxonsumanca B npocrpancTBe CLo[0;1]7
(Cm. sapmauy 3, 7).)

28. Ecan z(™) = (mgm);...;m%n);...) €le, m=1,2,... (cM. 3agauy 4)

U IJA Kamaoro n = 1,2,... cylecTByeT KOHEUHBIN npeden lim mﬁj”) =
m—0Q

= a,, TO OyJAeT JU [OCIAeIOBATENbHOCTD (G1};...;0p;...) BCErAa IPUHALIE-

#aTh [ ? Ecan  lim mstm) =a, ¥ a=(a1;...;0,;...) € ln, TOo OymeT au
m—r0o0

BepHBIM yTBepaeHue, uto lim 2™ =a B 17
m—ro0

29, ,HOHaBaTb, 4TO OJA JI0OBIX ABYX pa3JM4YHbIX TOYECK METPpHYCCKO-
ro IIpoCcTpancTBa CylleCTBYIOT HellepecCeRaloliecd mapbel ¢ eHTpaMu B
9TUX TOURKAax.

30. [orazaTb, YTO MHOMECTBO F/ MeTpHUeCKOro IpocTpaHCcTBa Orpa-
HHUUEHO TOTZa U TOJbKO TOrAa, Korja [id Jio6oil Touku z € X cyllect-
ByeT Takoe € > (), 4TO map C IIeHTPOM B TOUKe Z pajuyca £ COLepP;KUT
B cefe MHOeCTBO F.

31. JoxasaTh, UYTO eco MHO#ECTBO OrpaHMYEHO B MPOCTPAHCT-
Be Cla;b] HenpepbIBHBIX Ha oTpe3ke [a;b] QyHKUMHA ¢ MeTpPHUKON

plzsy) = I[I;?ﬁ(h?(t) —y(t)], =,y € Cla;b],

TO OHO OrpaHu'1eHo U B mo6om npoctpanctBe CLy[a;b], 1< p < +o0o (eMm.
3agauy 7).

32. BepHo 11, YTO €ci MHOKECTBO HENPEPLIBHEIX HA OTpe3ke [a;b]
GyHRUUA orpaHuYeHo B HeKOTOPOM npocTpadceTBe C'Ly[a;b], 1< p < 400,
TO OHO orpanudeno u B npocTpaucTBe Cla;b]? (Cm. 3agauy 31.)

33. Ilpu kakux ycloBUAX Ha NOCAeNOBAaTeIbHOCTb a, € R, a, > 0,
n=1,2,..., BopocrpancTtie [y (cM. 3agauy 24.5) GyayT orpaHMYeHHBIMU
MHOMKEeCTBA:

1) napamnenenunen {z = (£1;...;%n;...) € a] |Tn] < an, n=1,2,..}

2
2) ananmncons {;17 = (21;...;Tp;...) € 12‘ Z Z—_? < 1}?
=1 "
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34. MosmeT au map paauyca 4 6bITh COGCTBEHHLIM MOAMHOKECTBOM
mapa paguyca 37

35. HorazaTb, 4YTO €-OKPECTHOCThH TOUKH METPHUYECKOI0O IPOCTPAHCT-
Ba fIBJAIETCA OTKPLITHIM MHOMKECTBOM.

36. ,HORaSaTb, 4YTO MHOMECTBO BHYTPEHHHUX TOYEK JM060ro MHOMECT-
Ba MeTpHUYeCHKOI'O MpoCTpancTBa AIBJIACTCA OTKPLITLIM MHOMECTBOM.

37. ﬂOHaSaTb, 4YTO MHOMECTBO BHYTPEHHUX TOYECRK JIIOOOro MHOMECT-
Ba MeTpHUYeCROI'0O MpOCTpaHCTBa ABJIAETCH 00beMHEHUEM BcCeX OTKPLI-
THEIX MHOMeECTB, cogep:raluxcad B JlaHHOM MHOKReCTBe.

38. IlpuBecTH NpUMep OTKPLITOO MHOMECTBA MOANPOCTPAHCTBA MeT-
PUYECKOr0 MPOCTPAHCTBA, KOTOPOE He ABIAETCH OTKPBITBIM B CaMOM
NpOCTpPaHCTBE.

39. IlpuBecTH npumep 3aMKHYTOr0 MHO;KECTBA MOANPOCTPAHCTBA
MeTPHUYECKOT0 IPOCTPAHCTBA, KOTOPOE He ABIAETCA 3aMKHYTBIM B caMOM
NPOCTPaHCTBE.

B zapauax 40-48 norazath chopMyNHpOBaHHbIE YTBEPHIEHNA.

40. logmuomecTBo E noanpocTpancTBa Y MeTPUUECKOro pOCTpaH-
crBa X OTKPBITO (3aMKHYTO) TOrJAa M TOJbKO TOrAa, KOTA8 OHO ABIAETCA
nepecevyeHneM OTKPLITOro (3aMKHYTOro) B X MHOMECTBA C MOANPOCT-
paHcTBOM Y.

41. Ecau G — oTKpbIToe, a F' — 3aMKHYTOE MHOKEeCTBA MeTpHYeC-
roro npoctpanctBa X, to G\ F — orkpeitoe B X MHOMECTBO.

42. llepeceueHre KOHEUYHON COBOKYNHOCTU U o0bednHeHHe M1000H co-
BOKYMHOCTH OTKPBITHIX MHOMECTB fAABJATCA OTKPLITBIMH MHOMECTBAMU.
[IpuBecTu npumep HECKOHEUHOI'0 MHOECTBA OTKDBITHIX MHOMECTR, Ie-
peceyeHHe KOTOPhLIX He ABJIAETCA OTKPBITEIM MHO#ECTBOM.

43. O6belrnHeHUEe KOHEYHOH COBOKYNHOCTH M Iepeceuenue Ji060MH
COBOKYIIHOCTH 3dMKHYTBIX MHOKECTB ABJAIOTCA 3aMKHYTHIMU MHO-
RecTBaMU.

44. Ing Toro 4ToObl TOYKA & MeTpPUUECKOro mpocrpaHcTBa X Oblia
TOYKOH NPUKOCHOBEHUA MHOmecTBa E C E, Heo0X0AUMO U JOCTaTOUYHO,
yT06Bl CyllecTBOBala Takasd MOCIeJoBaTelbHOCTL TOUek Z, € K, n =

=12,.., 9ro lim z, = z.
n—ro0

45. JIng Toro 4troGbl TOYKA & METPHYECKOro mpocTpaHcTBa X Obl-
7a mpefeabHOU Toukoll MHOMecTBa E C X, Heo6XoOUMO U JOCTAaTOYHO,
YTOGBI JI06as OKPECTHOCThL TOUKH Z Cofep;kalia 6eCKOHEUHO MHOI'O TOUEK
MHOkecTBa E.

46. MHosecTBO METPpHYEeCKOI'o IMpocTpaHCTBa 3aMKHYTO Torga H
TOJbBKO TOrga, Korga OHO COOEDKHT B cebe MHOMECTBO BCEX CBOUX npe-
OeJILHBIX TOYEHK.
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47. 3aMbikaHue MHOeCTBa B MeTpUUECKOM NMPOCTPaHCTBE fIBIfAETCA
3aMKHYTbIM MHOKECTBOM.

48. 3aMKHYTBIH WAap METPUYECKOr0 MPOCTPAHCTRA ARIAETCH 3aMKHY-
TBIM MHOMECTBOM.

49. MoskeT 14 3aMKHY THIH Wwap He GbITH 3aMbIKAHUEM OTKPBITOrO Lua-
pa Cc TeM ke IEHTPOM U paguycom?

50. BepHbI 11 yTReEpKACHUA:

1) MHOKeCTBO BHYTPEHHUX TOYEK IE€PECeUeHHUsl OBYX MHOMKECTB fB-
JfeTcA nepecedeHreM MHOMKECTE UX BHYTPEHHUX TOUEK;

2) MHOK€CTBO BHYTPEHHHX TOUYEK MepecedeHUs I000i COBOKYMHOC-
TH MHOKECTB fIBJfleTCA MepecedeHreM MHOMECTB UX BHYTPEHHUX TOUeK?

Ecnu Het, To uMeeTcA M B KaKYO-HUOY[b CTOPOHY BRIIOUeHUe?

51. BepHbI AU yTRep K ACHUA:

1) MHO#KeCTBO BHYTPEHHUX TOYEK 00beIUHEHHUS ABYX MHOKECTB fB-
asfeTcA oObeJUHEHNEM MHOMKECTB UX BHYTPEHHUX TOUEK;

2) MHOECTBO BHYTPEHHHUX TOUYeK OfbeJHHeHU MI0G0H COBOKYTHOC-
TH MHOKeCTB fIBIfleTcA 00 beJUHEHHEM MHOMECTB UX BHYTPEHHUX TOUYeK?

Ecnu Het, To uMeeTcA M B KaKYO-HUOY[b CTOPOHY BRIIOUeHUe?

52. BepHbI aU yTRep K ACHUA:

1) sambIkaHie 0GbeJUHEHNU IBYX MHOMECTB fABIAeTCH 00 beiUHeHHeM
UX 3aMblKaHUil;

2) 3aMbIKaHue 00 beJUHEHUs 1I000H COBOKYIIHOCTH MHOKECTB fBIAET-
cfl obbe/[MHEHNEM 3aMBbIKAHUM 3TUX MHOMKECTBY

Ecinu Her, To uMeercs M B KaKylO-HUOYb CTOPOHY BKAIOYeHHe?

53. BepHbI iU yTRep K ACHUA:

1) 3aMbIKaHue NepecedeHUs IBYX MHOMECTB ABIAETCS [lepecedeHreM
UX 3aMblKaHUil;

2) 3aMbIKaHHe [epecedeHus 000 COBOKYITHOCTH MHOKECTB fBIAET-
cfl lepeceyeHueM 3aMbIKaHUN 9TUX MHOMECTR?

Ecau Her, To uMeercs M B KaKylO-HUOYb CTOPOHY BKAIOYeHHe?

B zapauax 54-59 norazaTb choOpMyNUpPOBaHHLIE YTBEPsKIEHUA.

54. 3aMblKaHHE MHOMKECTBa fABJIAETCA nepecedyeHueM BCeX 3aMRKHY-
TbIX MHORECTB, cogepralinx B cebe TaHHOE MHOMECTBO.

55. I'paHulla MHOKECTBA ABIAETCA 3aMKHYTBIM MHOMECTBOM.
56. Jlas mo6oro MHoMecTBa E = F UOE.

57. HenycToe MOOMHOMKECTBO METPUUYECKOT0 MPOCTPAaHCTBA OTKPBITO
TOr/la U TOJABKO TOr[a, KOTAa OHO He IepeceKaeTCA CO CBOE I'paHUIlE.

58. MHosecTBO 3aMKHYTO Toraa U TOJIbKO Torja, koraga OHO COAepKunuT
BC€ CBOM I'DaAHUYHbIC TOYKH.

59. T'panuiisl oOveAUHEHNA, IepecedeHN U PA3HOCTH ABYX MHOMECTR
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cofepsarca B 06beIMHeHUH FPAHUL] 3TUX MHOMECTB.
60. [ocTpouTh mpuMep GecKOHeUHOH COBOKYMHOCTH MHOMKECTB, I'pa-
HUla 00beIVMHEHUA KOTOPBIX He COAEPHUTCA B 00beJUHEHUN UX TPaHull.
B zagauax 61-67 mokaszaTh chOpMyJIUpPOBAHHBIE YTBEp:ICHUS.
61. MHOMeCTBO IpeleibHbIX TOUeK MHOMECTBA 3aMKHYTO.
62. Jnna mo6oro Muosecta diam E = diam E.

63. Eciu z(t) — HempepbIBHafA Ha MeTpHUYECKOM MpocTpaHcTBe X
GyHRUMA, TO A1 doboro urcna a € R MHoectBa {t € X | z(t) < a} u
{t € X| z(t) > a} samreHyThI, a MHOmecTBa {t € X | z(t) < a} u
{t € X | z(t) > a} OTKpPBLITLL.

64. Ecan z(f) — HempepplBHasA Ha MOAMHOecTBe E MeTpHuecko-
ro npocrpaHctBa X GYHKIHNA, TO A MOGBIX uHced a € R MHOMeCT-
Ba {t € E| z(t) <a} u {t € E| z(t) > a} 3aMKHYTbI, & MHOKECTBa
{tce E|z(t) <a} u {t € E| z(t) > a} oTkpeIThl B MHOskecTBe E, pac-
CMaTPUBAEMOM KaK MOANPOCTPAHCTBO METPHUYECKOTO mpocTpaHeTBa X.

65. Ecau z(t) — HenpephIBHafA Ha MOAMHOMeCTBe F MeTPHUECKOTO
npoctpancTBa X GYHRIHUA, TO A1 TI06bIX udced a € R, b€ R, a < b,
MHOmecTBO {t € E'| a < z(t) < b} ABnAeTCcA OTKPLITHIM B F MHOMECTBOM.

66. Ilapanmenenunen
{z=(x1;..52n;...) €lp| |znl <1, n=1,2,...}
ABAAETCA OTKPLITHIM, a Tapalieienunes
{z=(x1;..52n;...) €Elp| |zn] €1, n=1,2,...}
— 3aMKHYTBIM B TpocTpaHcTBe [, MHOomecTBOM, 1 € p < 400 (cM. 3a-
Jady b).
67. Ecau z2(t) € Cla;b] (em. 31), To MHO#eECTBO QyHRIMHA
{y(t) € Gla; 0] | VE € [a;b]y(t) < (1)}
3aMKkHYTO B mpocrpanctee Cla;b].
68. Byger nu samruyTteiM B mpoctpaHceree Cla;b] (em. 31) mmo-
MECTBO MHOTOWIEHOB 1) cTeneHn < n, 2) =n?
B szagauax 69-86 nokasaTh copMynMpOBaHHbIE yTBEPAKACHUA.

69. Ecnu A u B — 3aMKHyTble (OTKPBITbIE) MHOMECTBA COOT-
BETCTBEHHO B MeTpudecKkux mpocrpaHcTBax X u Y, 10 A X B sBager-
CA 3aMKHYTBIM (OTKDBITHIM) MHOHECTBOM B MpousBeaeHun X X Y mert-
pudeckux npocrpancte X u Y (cm. sagauy 17).

70. Ecau cBA3HOE MHOMECTBO CONEpKUT 6onee OJHONU TOUKU, TO OHO
He UMeeT U30JUPOBaHHBIX TOYEK.

71. OGLGHI/IHGHI/IG OBYX MepeceRaloOlMXCA CBA3HLBIX MHOMECTB ABJIA-
€TCH CBA3HBIM MHOKECTBOM.

72. Hna toro utobel o6beauHeHne AU B ABYX CBA3HLIX MHOMECTB
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A ¥ B MeTpHUuecKoro npocTpaHCTBa GbIIO CBA3HBIM, HEOBXOAMMO U I0C-
TaTouHo, 4To6sl (AN BYU(ANB) # @.

73. Ecniu A u B — HemycTble OTKPbITbIE (3aMKHYThIe) MHOMKECTBA
MeTpHYecKoro mpoctpancTsa 1 AN B = @, To MHoskecTBo AU B He-
CBAI3HO.

74. Ecau cymMa U nepecedeHUe ABYX 3aMKHYThIX MHOKECTB MeTpH-
4eCKOr0 MPOCTPaHCTBA CBA3HKBI, TO U 00a 3TUX MHOKECTBA CBA3HAI.

75. O6neannHeHye Bo3pacTarollell MOCIeI0BaTeNbHOCTH CBA3HBIX MHO-
}RECTB ABJAETCA CBA3HBIM MHOMKECTBOM.

76. O6nenuneHue NO60H COBOKYMHOCTU CBABHBIX MHOMKECTB, UMEIO-
MUX HEeMyCToe nepecevyeHue, ABASETCA CBA3ZHBIM MHOMKECTBOM.

77. Ecau nas mobeIx IBYyX TOYEK MHOMeCTBa A CYIIeCTBYET CBA3HOE
MHO?KEeCTBO, coflepskalllee 3T TOUKU U cofepskallleecsl B MHOMKecTBe A,
To A ABAAETCA CBA3HBIM MHOMECTBOM.

78. 3aMbIkaHUe CBA3HOTO MHOMECTBA CBA3HO.

79. Eciu A — cBasHoe MHOomecTBOo U A C B C A, To B — Takme
CBA3HOE MHO{ECTBO.

80. IlogMHOMECTBO YHCIOBOI NMpAMON ABAAETCA CBA3HBIM TOrAa U
TOALKO TOTAa, KOT/a OHO ABJAETCHA KOHEUHBbIM UM GeCKOHEUHBIM MpO-
MERYTKOM.

81. MHO#eCTBO TOYeK IJIOCKOCTH, Y KOTOpPbIX 00e KOOpAOUHaTHI pa-
LUUOHATbHLI, HECBA3ZHO.

82. MHOReCTBO TOUeK MJIOCKOCTU, ¥ KOTOPBIX MO KpaiiHelt Mepe ogHa
KOOpIMHATA UppalUOHANbLHA, ABNAETCA CBA3HBIM MHOMECTBOM.

83. [lna Toro uToObl MHOMeCTBO A X B, jealllee B NPOU3Befle-
Huu X x Y merpuueckux npoctpanctB X u Y, 6b110 CBA3HBIM (CM. 3a-
nauy 17), A C X, B C X, HeoOXOAUMO U [10CTATOYHO, YTOOLI 062 MHO-
mecTtBa A u B 6bLTU CBA3HLI.

84. MpocTpanctBo R™ aABjifercs 06J1acThIO.

85. OTKpLITLIN Wap B npocTpancTBe R” fBlfeTcA o6IacThio.

86. OTHpLITLIN ap B NPOCTPAHCTBE Iy, ABAAETCA 06MACTHIO (CM. 3a-
nauy 4).

B zamauax 87-99 gokasaTb chOpMyIMpOBaHHLIC yTBEPHKACHHUA.

87. Ecau [IoC/ie10BAaTCJbHOCTb TOYEK METPHYeCKOr'o IIpOCTpPaHCTBa
CXO0OUTCA, TO OHa (pyH}laMEHTaJ'IbHaH.

88. Ecau HeroTopas momnocienoBaTeNnbHOCTh PpyHAAMEHTaNAbHON IMo-
Cl1eI0oBaTeIbHOCTH CXOAUTCA, TO CXOAUTCA U BCA MOCAeN0BaTEIbHOCTD,
IpUYeM K TOMY ke Ipeaeny, 4TO U yKa3aHHasd MOANOCAeJ0BaTelbHOCTh.

89. flBnAlOTCA NOMHBIMU ClIeAyIOUIMe IPOCTPaHCTRA:
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1) R™; 2) B(E) (cMm. npumep 1); 3) Bo(E) (cM. zagauy 3, 4));

4) CB(E), E C R", cocrosiee U3 Bcex OrpaHUIeHHBIX HETMPEPLIBHBIX
na FE ¢yHruuii ¢ MeTpukoit npocrpanctBa B(E);

5) loo (cM. 3agauy 4); 6) I,, 1< p <400 (cM. 3agady 5).

0 o o
90. MHoxecTBO léo) BCeX MIocjIieA0BaTE/IbHOCTEH OeMCTBUTE/IbHbIX YH-

cen & = (xq;...;Tp;...), CTDEMAINIMXCA K HYJIO C METPUKOH
. _ _ RN _ .. . 0
plzyy) = mgx|a:n —ynly z=(T1;-3%n..), ¥y= Y153 Yn;...) € léo),
ABJIAETCA MOJHBIM IPOCTPAHCTBOM.
91. Merpuyeckoe mnpocTpaHcTBO S Bcex IOcIeAoBaTeNbHOCTEH

IEeHCTBUTENBHBIX UHCed & = (Z1;...;%pn;...) C METPUKOM
(o]

= S L [zn —nl (1 o — (s
p(w’y)_z 2n1+|xn_yn|’ w_(wla"'awnr“)a y_(ylﬁ"'ayn7"')es7

n=1
IMMOJHO.

92. TIpoctpanctBo Cla;b] (cM. 3agauy 31) monto.

93. IlpoctpanctBo C™[a;b] Bcex GYHKUMH, MMEIOMMX HA OTpe3-
Ke [a;b] HempephIBHYIO MPOM3BOAHYIO MOPAAKA 12 ¢ METPUKON

plasy) = 3 max|a® (1) =y @], 20), y(t) € C"lasb)
k=0

1

ABJAETCAH IIOJHBIM.

94. TlpoctpancTBo C[a;b] Bcex GeckoHeUHO AU PEPEHIHUPYEMbBIX
Ha oTpeske [a;b] dyHRUMA ¢ MeTpUKOl

S
X = L : . z(b), e C® a;b,
P( y) —~ 21 4 +I[nab7](|fl?(n)(t) _ y(n)(t)| ( ) y( ) [ ]

ABJAETCAH IIOJHbIM.

95. Oyuruuio x(¢) Ha3wBAIOT ydosaemeopawueld ycaosuw ['éavdepa
cmeneHy « Ha OTpeske [a;b], eciy cyliecTByeT Takaf MocTOAHHaA ¢ > 0,
4TO AAf BeeX i1,lo € [a;b] BbimoaHAeTcs HepaBeHCTBO |z(ly) — z(f1)] <
< ¢lta — t1]“. TpocTpancTBo H*[a;b] Beex GyHRUMIN, YIOBIETBOPAIOLIUX
Ha orpeske [a;b] yciaoBuio I'énpaepa crenenu a > 0 ¢ MeTPUKOH

p(zyy) = max|e(t) —y()] +  sup |[z(t2) — y(tz)]_— [xitl) =yl ’
[a;b] aty <ta<h [t — ]
ABJAAETCAHA ITOJHBIM.

96. OpocrpanctBo C'(R) Bcex HenpephiBHBIX Ha 4YHCIOBOH ocu R
(pYHKUIUHR ¢ METPUKOH
oo max |z(t) — y(t)|
[—nn]

plasy) = :

27 1 + max |z(t) — y(t)]’
=1 [—nn)

z,y € C(R),

ABJAETCAH I[TOJTHBIM.
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97. llognpocTpaHcTBO HelpepbiBHO AU depeHIUpyeMbIX &yHRINR
npoctpancTBa Cla;b] (em. 3agauy 31) He ABIAETCA MNOIHBIM.

98. IlpoctpanctBo CL[a;b] (cm. 3agauy 3, 5)) He ABIAETCH HOTHBIM.

99. TIpoctpanctBo CLyla;bd], 1 < p < +oo (cM. 3agauy 7), He ABIA-
eTCA MOJHBIM.

100. O6osnaunm nocpeactsoM CB(a;b) NoANpOCTPAHCTBO MPOCT-
pancrBa B(a;b) (cM. mpumep 1) orpaHn4eHHbIX GYHKIWI HA KOHEYHOM
win GeckonedHoM uHTepBate (a;b), —oo < a < b < 400, cocrofiiee U3
BCEX HeMpepbIBHbIX GyHKuui. Bymer au npoctpanctso CB(a;b) moa-
HbIM?

101. Ecau MeTpudeckoe npocTpancTBO X ABIACTCH HOJHBIM C MeT-
puroii p(z;y), To GyleT AU OHO MOIHLIM ¢ MeTpuramu p1(z;y), p2(z;y)
u p3(z;y) sanaun 187

B 3apauax 102-105 pgokaszaTh cdhoOpMYyJIUMpOBaHHbLIE YTBep:MIAEHUA.

102. B moaHOM MeTpHUYECKOM MpOCTPaHCTBE 3aMKHYTOE MOIMHO-
MeCTBO TOMHO.

103. IlonHoe MOAMPOCTPAHCTBO METPUYECKOrO NMPOCTPAHCTBA 3aMK-
HYTO.

104. Ecau MHO#eCTBO A MIOTHO B METPUUYECKOM MpoOCTpaHcTBe X
u AC B C X, to muoxectBo B Taxse miotHo B X.

105. Ecau MHOM#ecTBa IJIOTHB! B MeTPHUECKOM NIPOCTPAHCTBE, TO UX
o0beIUHEHHE TaKM€e MUIOTHO B 3TOM IPOCTPAHCTBE.

106. IlpuBecTu nprUMep ABYX IUNIOTHLIX B METPUYECKOM NPOCTPAHCTBE
MHOMECTB, IepeceueHre KOTOPBIX He IUIOTHO B HEM.

107. ByneT a1 MHOMECTBO BceX MHOIOU/IeHOB B npocTpancTie Cla; b)
(cm. sagauy 31): 1) OTKpBITEIM; 2) 3aMKHYTBIM; 3) MJIOTHLIM?

B zamauax 108-110 nowrasaTh chopMyJIMpOBaHHBIE YTBEpHKIEHHSA.

108. MHoKeCTBO HENPEePLIBHBIX KYCOUHO JHHEHHBIX GYHKITHI MI0THO
B npocrpancte Cla;b] (em. sagauy 31).

109. 1) MuoskecTBO MHOrOWIEHOB IIOTHO B mpocTtpancTBe C"[a;b]
(cm. sapauy 93);

2) MHOMECTBO MHOTOU/IEHOB MIOTHO B npocTpanctBax CL,la;d], 1<
<p < 400 (cm. 3agauy 7);

3) MHOMECTBO TPUTOHOMETPUUYECKHUX MHOTOYJIEHOB IIOTHO B MPOCT-
paHCTBaX HEMPEPHIBHLIX MEPUOANYECKUX TIeproaa 27 PYHRIUI ¢ MeTpHu-

e j2(t) — y(0),

o) = ( [let) — oy at)”, 1<p< o
0

p(x;y) = max
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110. B noaxom MeTpHUYECKOM INIPOCTpaHCTBe 3aMbIKaHHE BCAKOI'O €ro
MOANMpPOCTpaHCTBa ABIACTCA 3aMKHY TbIM MHOMECTBOM.

111. YuciaoByio mocieAoBaTeNbHOCTL HAa3bIBAIOT PUHUMHOL, €CIU B
Hell TONbKO KOHEYHOE YUCIO YWIEHOB OTIUYHBI OT HYJIA.

lokaszaTh, YTO NOANPOCTPAHCTBO (PUHUTHBLIX MOCIENOBAaTEILHOCTEM
NpOCTpaHCcTBa zfﬁ) (cm. zapagy 90) He sBasieTcsa noaHeM. flBaserca nu

0
Karoe-HUOYb U3 NMPOCTPAHCTB l(()o) u l,, ero momoaHeHuem?

112. Byaer iy noanpocTpaHCTBO (UHUTHBIX MOC/AeA0BaTelbHOCTEN
(em. 3agauy 111) npoctpanctsa l,, 1< p <400 (cM. 3agaqy 5), INIOTHBIM
B 3TOM MpOCTpaHcTRe?

113. IlycTs (a;b) — KOHEYHLIH MM OECKOHEUHBIH MHTEPBAL: —00 <
<a<b< +oo. Dyurumio z(t) HaswBAOT PuHumHou Ha uHTepBaie (a;b),
ecnu ee HOCHTeNeM *) ABIAETCA KOMMAKT, cOflepRalluiic B MHTepBa-
ae (a;b): suppz C (a;b).

Bynet au mMuomectBo C§°(a;b) Geckoneuno auddepeHunpyembix bpu-
HUTHBIX Ha uHTepBaie (a;b) GYHRUMUN [IOTHO B MPOCTPAHCTRE:

CLy(a;b), 1 < p < +oo (cM. 3anauy 7); CB(a;b) (em. 3anauy 89)7

114. BygeT a1 MHOMKECTBO HeNpepbiBHBIX (QUHHUTHBIX (CM. 3amga-
uy 113) na unteppane (a;b), —oo < a < b < +00, GYHRUUIA UNIOTHBIM B
npoctpancTBe CB(a,b) orpaHi4eHHbIX HePepbIBHLIX Ha UHTepBaie (a, b)
dyuruuit (em. sagagy 100)?

B zagauax 115-123 powasaTh choOpMyJIUMpOBaHHbIE YTBEpKACHUA.

115. JIBe ¢yHOaMeHTalbHbIE MOCIEAOBATEAbHOCTH (I1;...;Tp;...) U
(y1; -3 Yn;-..) METPUUYECKOTO MpocTpaHcTBa X Ha3bIBAIOT SKEUBAAEHIN-
HbLMU, €CITH .
lim p(zn;yn) = 0.

n—r 0o

Oyctes X* — MHOMECTBO BCeX RJIACCOB, SKBUBAJEHTHBIX MeEMIY CO-

6oii pyHmaMeHTaNbHBIX MOCieqoBaTelbHOCTel mpoctpaHcTBa X. Torga
. . . * . . . * .
ec (T1;..;Tn;...) €T, Y15...3Un;..) €Y*, TO:

1) yncnoBas NocIeNOBATENLHOCTE P(Tp; Yy,) QyHIAMeHTaNbHASA U, Clle-

JOBaTeNbHO, cyllecTBYeT lim p(%,;yn);
n—o0

2) 3TOT mpejied He 3ABUCUT OT BBIOOpA NOC/eoBaTenbHOCTelH (1] ...
3T e) €%, (Y153 Yns ) €YY
3) dyuruua
p (&% y*) = lim p(znyyn), (2135205 .) €27, (Y153 Un; ) €Y7,
n—oo
ABIAETCA MeTPUKOH Ha MHOMecTBe X *.

116. OTobBpaseHue f, cTaBsilee B COOTBETCTBUE KA A0l TOUKE T €
€ X Klacc SKBHUBANEHTHBIX QYHAaMEeHTaIbHBIX MOCAef0oBaTeNbHOCTEH o*

*) Hocumesaem $yHkuuu HA3BIBAETCA 3aMbIKAHME MHOMECTBA TOYEK, B KOTOPBIX
dyHKUMA He paBHa Hyimo. Hocurens gyHkuuu f(z) oGozHauaercsa supp f(z).
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(cM. 3agauy 115), cogepsRamuit CTAlMOHAPHYIO MNOCJIEI0BATEILHOCTh
{z;z;..;x; ...}, ABAseTCA U3OMETPUUHLIM oToOpamenueM X B X*.
117. Ecau (zy;...;Tp;...) € * (eMm. zamauy 115) u f(z,) = z
(cMm. 3anauy 116), to lim p*(z);2%) = 0 u MHomectBo f(X) naorHo
n—o00

B npocTpaHcTBe X *.
118. IlpoctpanctBo X* (cMm. sagauy 115) momHoe.
119. BerAroe MeTpuueckoe NPOCTPAHCTBO MMeET MONOJHEHUE.

120. [onomHeHUe MeTPUUYECKOr0 IPOCTPAHCTBA C TOUHOCTHIO OO U30-
MeTPUUYECKUX OTOGpaMeHUN eIMHCTBEHHO.

121. HOCJ’Ie)IOBaTeJIbHOCTb HelMyCThIX MHOeCTB MEeTPpHUYeCKOI'o
IMpocTpaHCcTBa Ha3bIBalOT nocaedosameisHoCmuio HOUIU, €CJIM 3TH MHO-
#RecTBa MmocjegoBaTe/IbHO BIOMKEHbI APYT B Jpyra U UX JUaMeTpbl — 0.

Fcau mociaenoBaTeabHOCTh (%15 ... Zp;...) TOUEK METPHYECKOIO MpPO-
CTpaHCTBa fiBNAeTcA ¢GyHAaMEHTAIbHON, TO MOCIENOBATEIbHOCTb MHO-
wecTB B, = (X Tne1;...), n=1,2, ..., ABIAETCA NOCIEI0BATEILHOCTHIO
Komu.

122. B nojiHoM MeTpUUECKOM MpOCTPAHCTBe BCcAKafA MOC/HedoBaTelb-
HocTh Romm (cM. 3agauy 121) 3aMKHYTBIX MHOMKECTB UMeEET HelMycToe
nepeceyeHye, COCTOAIIEE U3 OOHON TOUKU.

123. MeTpudeckoe NMpOCTPAHCTBO MOJHO TOrJa U TOJbKO TOrJa, KOr-
Ia BeAkan nocaefoBaTeibHocTs Romm (eM. sagauy 121) ero moagMHoO:#eCTB
MMeeT U MPUTOM eJUHCTBEHHYIO TOUKY, ABJIAIONIYIOCA TOUKONH TPUKOCHO-
BEHHUA IJIA BCEeX MHOKECTB MOCJIeI0BaTe/]bHOCTH.

124. [MocTpouTs NpUMep NOCAEIOBATEIbHOCTH 3aMKHY THIX IIapOB He-
KOTOpPOro METPUYECKOr0 MpPOCTPAHCTBA, MOCAEIOBATEIbHO BIOMEHHBIX
OpyT B Jpyra, AMaMeTphl KOTOPBIX CTPEMATCA K HYIIO, a MepeceueHUe
MyCTO.

125. [locTpouTh MNpuUMep NOCIENOBATEILHOCTU 3AMKHYTBIX MHO-
RECTB, MOCIeIOBATENbHO BIOMEHHBIX JPYT B Apyra, MOJHOr0 MeTpuUec-
KOr'o MPOCTPAaHCTBA, NepeceueHre KOTOPBIX NMYCTO.

B zapgauax 126-133 noraszaTh cGhOpPMYJIUMpPOBaHHLBIE YTBep:AeHUA.

o0
126. Ecau X — mosnHoe MeTpudeckoe npoctpaderso, X = |J F, u
n=1
Bce MHOMeCTBa Fj, 3aMKHYTBI, TO N0 KpaiiHell Mepe OJHO U3 HUX COOeEp-
MUT OTKPBITBIA M1ap.

127. MpocrpancTtsa 19 (em. zagauy 90), Iy, 1 < p < +oo (cM. 3ana-

ay 5), CLpla;b], 1 < p < 400 (cM. 3ajauy 7) ABIAIOTCA cenapabeib-
HEIMH.

128. MpoctpancTBa loo (cM. 3apauy 4) u Bla;b] (cM. npumep 1) He
ABJAIOTCA cenapabellbHbIMU.
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129. Cucremy 9 = {Go}, a € U (U — HeKkoTOpoe MHOMKECTBO MH-
JEKCOB), OTKPBLITBIX MHO#ECTB METPHYECKOr0 MpOCTpaHCTBa X Hasbl-
BaIOT €ro 6a3oll, ecll Kasjgoe OTKPLITOe MHOKECTBO IpocTpaHcTBa X
ABiAfeTCA o0belHHEeHHeM COAEPAAINXCA B HeM MHOKeCTB cucTeMbl §1.

MeTpI/I‘{eCHOe IIPpOCTPAHCTBO Cenapa6eano Torga M TOJBKO Toraa,
Korga OHO MMeeT CHETHYIO 6a3y.

130. Ecau meTpuyeckoe NPOCTPAaHCTBO He MMeeT cyeTHoli 6asbl, TO
pu HeKOTOpoM ¢ > ( HaltgeTcs HecueTHOe MHOMKECTBO 3JIeMEHTOB, B3a-
UMHOE pacCTOfIHUE MeAY KOTOPLIMU He MeHblle . BepHo i1u obpaTHoe?

131. KomnaxTt aBafgeTcH 3aMKHYTbIM MHOMECTBOM B J1I060M coaoep-
FxameM €ero MeTpuiecRoM IIPOCTpaHCTBeE.

132, 3aMHHyTOQ NOOAMHOMECTBO HKOMIIaKTa ABJIAETCA KOMIIAKTOM.

133. Jasa aByx MHOecTB A u B MeTpudeckoro npoctpaicTBa X Be-
anuuny p(A; B) = filnf Bp(;l:;y) Ha3bIBAIOT PACCINOAHUCM MeHCOY MHO-
TCAY

acecmeanmu A u B (cm. zagaay 15).

Ecmn A u B — 3aMKHYTbhle HellepeceKaloleca MHOMeCTBA, U3 KO-
TOpBIX [0 KpaiiHell Mepe OfHO ABAAETCA KOMIAKTOM, TO OHHM HaXOAATCA
Ha TIOJNOMKUTENBHOM PacCTOAHUM.

134. IlpuBecTu npumep AByX 3aMRHYTBIX HelepeceRarolUXcA MHO-
JKECTB, PACCTOAHUE MeMAY KOTOPBIMU PaBHO HYIIO.

135. JlokasaTk, 4yTo ecnu F; u F» — 3aMEHyThIe HellepeceKkamomuec
MHOMeCTBAa B MeTPUUYECKOM IIPOCTPaHCTBe, TO CYLIECTBYIOT OTKPLIThbIE
Henepecekaiomueca Mao:xkecTBa G D F1 u G D Fs.

136. IlocTpouTh NpuMep 3aMKHYTOTO MHOMecTBa F B HEKOTOPOM
MeTpUYeCKOM INpocTpaHcTBe X U TOYKU = € X Takux, 4To A ao6oi
TOUKU y € F' BBINONHAETCA HEPABEHCTBO

p(z;y) > pla; F) = inf p(z;2).

137. JlokazaTh, 4TO eciu F — KOMIAKT B MeTpPUUYECKOM IIPOCT-
panctBe X u z € X, To cyllecTByeT Touka y € F, Gnukabiiag K To4-
Ke x, T. e. Takad, 1A KoTopoit p(x; F) = p(z;y).

138. IIpuBecTu npumMep IMOJIHOIO MeTPUUECKOr0 NPOCTpaHcTBa X,
3aMKHYTOrO B HeM MHOxecTBa A U TOuku x € X Takux, 4To B A He
cymecTByeT Oauskaiimeil K  Tousu (cM. sagavy 137).

B zagauax 139-165 norazaTh copMyJIMpPOBaHHLIE YTBEepkAEHUA.

139. s nenpepbIBHO# Ha orpeske [a;b] pyuruuu z(t): [a;b] = R u
J1000r0 HaTYpPalbHOTO YUCHa 7 CYIECTBYeT MHOrodieH P Hauilydiero
NpUGIUAEeHUA CTelleHH 1, T. €. Takoil MHoroulen P cTeneHu He BhIlle n,
4TO, KAKOB Obl HU ObLI MHOTOWIEH () TaKie CTelleHU He BbIIIE 71, BbIIOJ-
HAETCA HEPABEHCTBO

max (1) ~ P(t)] < max a(t) - QD).
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140. Ecau Fi u F, — KoOMIAKThl B MeTPUUECKOM NMpPOCTpaHcTBe X,
TO CYWIECTBYIOT TAKUE TOUKU 1 € ) U 0 € Fy, ut0 p(21;22) = p(F1; Fh)
(cM. zagauy 133). CyliecTBeHHO M YCIOBHE KOMIAKTHOCTH 000MX MHO-
mecTB?

141. Bcsaxoe Bnoaue OrpaHu4eHHOe MHOMEeCTBO AABJIAETCH OrpaHHUYeH-
HLBIM.

142. B npoctpaHcTBe I3 (cM. npuMep 2) 3aMKHYThHIH 1ap ¢ EHTPOM
B touke (0;0;...;0;...) paguyca 1 orpaHudeH, HO He BIOJHE OrPAHUYEH U
He AIBIAETCA KOMIIAKTOM.

143. Eciu MHOMECTBO BIOJIHE OrPaHUYEHO B HEKOTOPOM MeTpUUec-
KOM MpPOCTPaHCTBe, TO UIA 3TOr'0 MHOMKECTBa IpH Jo6oM € > ( cyiecT-
BYeT KOHEUHafl £-CeTh, COCTOANlafA TONbKO U3 €ro TOUeK.

144. TpocrtpanctBo ls (cM. mpumMep 2) He U30METPUYHO HUKAKOMY
KOHEYHOMEpPHOMY NpocTpaHcTBy R™.

145. Bearkoe orpannyendoe B R MHOMECTBO ABJIAETCA U BIOJHE
OrpaHuYeHHbIM.

146. MuosecTBo Q°° ToUek = (Z1;...; Tp;...) OpocTpaHcTa Iy (cM.
npuMep 2), KOOPOMHATLI KOTOPBIX YIOBIETBODPAIOT HepaBeHcTBaM 0
< @y, € 1/2", ABNfAETCA BHOAHE OrPaHMYEHHBIM MHOMKecTBOM. (MHOMeCT-
BO (Q°° HA3BIBAIOT 2UAbOEPIMOBbIM KUPTLHOM. )

147. MHOECTBO B METPUUECKOM MPOCTPAHCTBE BIIOJIHE Or'PaHUYEHO
TOrJa U TOJBKO TOrAa, KOrjaa Kaskaafd MOcjiedoBaTeIbHOCTb 3TOO MHO-
JKEeCTBA COAEPMUT QyHIAMEHTANbHYIO MOCIeI0BATENbHOCTE.

148. IlonHoe BroJHE OrpaHM4€eHHO€ MHOMEeCTBO B METDPHUYECKOM
NMpOoCTpaHCTBE ABIACTCA KOMIIAKTOM.

149. MeTpI/I‘{eCROG NMpOCTPaHCTBO ABJAECTCA KOMIIAKTOM TOr'la U TOJIb-
KO Torga, Koraa oHO BIIOJIHE OI'paHHU4YeHO U IIOJTHO.

150. KomnakxTt aeiaserca OrpdHM4Y€HHbIM MHOMECTBOM B J1o0oM co-
nep:raujeM ero MeTpuyeCROM MMPOCTpaHCTBe.

151. Jlna Toro uTOOBI MOAMHOMKECTBO TMOJHOIO METPUUYECKOro
MPOCTPAHCTBA OBLIIO KOMIAKTOM, HEOGXOOUMO U AOCTATOYHO, UTOOLI OHO
ObLI0 3aMKHYTBHIM M BIOJHE OrPaHUYEHHBIM.

152. TunbGepToB KupnuY (cM. 3agauy 146) ABIAETCA KOMIAKTOM.
153. [na Toro yTobbl MHOMECTBO, JieKaliee B MOJHOM MeTPUYEeCKOM

npocTpaHcTBe, ObLIO npearoMIlakTHBIM, HeoOX0AUMO U OOCTaTO4YHO, YTO-
ObI OHO OBLJIO BIIOJIHE OI'PaAHNYEHHBIM.

154. Komnakwt ABafeTcA cenapafenbHbIM MeTPUUYECKUM MPOCTPaHCT-
BOM.

155. U3 BcAKOro MoKpeITUA cenapadelbHOro MeTPUYECKOro NpPOCT-
paHCTBa OTKPBITBIMM MHOMKECTBAMM MOMHO BBIJEIUTH CUETHOE IOK-
pPbITHE.
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156. /lns Toro utobnl cenapabenabHoe MeTpUieckoe NPOCTPAHCTBO AB-
Af10CE KOMIIAKTOM, HeoOX0AUMO U JOCTaTOUHO, 4To0b] A106an nocaegoBa-
TeAbHOCTh HEMYCThIX 3aMKHYTHIX MHOKECTB, [10C/AeJ0BaTENLHO BIOHEH-
HBIX OpYT B ApYyra, MMeJsa HeNycToe IepeceyeHHe.

157. lna Toro uTto6bl MeTpuueckoe cenapabeilbHOe MPOCTPAHCTBO
6b1710 KOMNAKTOM, Heo0XOQUMO U J0CTAaTOYHO, YTOOLI U3 JI060ro ero mo-
KPBITUA OTKPBITBIMU MHOMKECTBAMU MOMKHO OBLJIO BBIJEAUTH KOHEYHOE
MOKPLITHE.

158. [lasa Toro uTobbl mpousdBeaeHne X X Y MeTpUUYECKUX MPOCT-
panerB X u Y (cm. zagauy 17) 6bLI0 KOMIAKTOM, HEOGXOAUMO U 0OCTa-
TOUYHO, 4TOOBI ObLTH KOMIAKTaMH IpocTpaHcTBa X U Y.

159. Eciu A 1 B — mpeAKoMNaKkTHLIE MHOKeCTBa MeTPUYeCKOro
npocTpaHcTBa X, TO MHOKeCTBO 4ucen p(z;y), rae € A, y € B, orpa-
HUYEHO.

160. Ilepeceuenue m0GoOli COBOKYMHOCTH KOMIIAKTOR AIBJIAETCA KOM-
NaKTOM.

161. Oﬁ'be}lI/IHeHI/Ie KOHEUYHOH COBORYITHOCTH KOMIIAKTOB ABJACTCAHA
KOMITAKTOM.

162. Ilepeceyenne mnocienoBaTelbHOCTU KOHTHHYYMOB, HOC/ed0Ba-
TelLHO BAOMEHHLIX APYT B Ipyra, ABIAETCA KOHTUHYYMOM.

163. Ecau F,, n=1,2,..., — nociegoBaTelbHOCTh KOMIAKTOB B MeT-

o
puyeckoM npoctpanctBe X, F1 D F, D ..DF, D> .. u F= (| F,, 10
n=1
aafa moboro € > (0 cylecTByeT TaKoll HOMeEP 7., UTO [JIA BCEX M > M,
BBINOJHAETCA BRIIOUEHHE
def
E, CU(F;e) = U Ulz;e).
TEF
164. Ecau F,, n=1,2,..., — noclegoBaTeJbHOCTh KOMIAKTOB B MeT-
puueckoM npoctpaHcTBe X, F1 D Fy D ... D F, D ..., To Aad TOTro, 4TOOLI

o0
nepecevenue F = ()| F, cocrosno U3 OfHOH TOUKH, HEOOXOOUMO U [I0-
n=1
cTaTouyHo, 4ToGel lim diam F,, = 0.
n—ro0

165. Ecau F,,, n=1,2,..., — Takas NocJea0oBaTeIbHOCTh KOMIAKTOB
B METPHYECKOM MPOCTPAHCTBe, YTO MepecedveHHe M0G0 KOHEUHOH COBO-
KYIHOCTH 3THUX KOMIAKTOB HEMyCTO, TO NepeceyeHre BceX 3TUX KOMMaK-
TOB TaKke HelycTo.

166. Bepuo au yTBep:#aeHue: U3 N1000r0 NOKPLITHA KOMNAKTa 3aMbI-
KaHUAMM OTKPBITbIX MHOKECTB MOMKHO BbIIEIUTh KOHEYHOE MOKPLITHE?

167. [loxasaTb, 4TO, KakoBO Obl HH OBLLIO MOKPLITHE {Ga}, a €U,
KoMnakTa X OTKpPBITBIMU MHOMkecTBaMu (G, CYIIECTBYET TaKkoe UHC-
10 § > 0, uto ana mo6oro MHoMecTBa [ C X, nHuaMeTp KOTOPOro MeHh-
we 6, HalimeTcA aneMeHT (i, 3aJlaHHOTO MOKPBITHSA, COAepKAaNIUil B cebe
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MHOecTBO E : Gy, D E.

B zapauax 168-173 X, Y, Z — MmeTpuueckue npocrpaHcTBa. B 3ana-
yax 168-171 norazaTh chopMyaupoOBaHHLIE YTBep:AeHUS.

168. CdopmynupoBaHHbIe BhIlIe ONpele/eHUA HEeNPEePLIBHOCTU OTOO-
pamenusa f: X — Y B TepMmuHax mociiefoBaTelbHOCTedl U B TepMuHaX
OKPEeCTHOCTEN pPaBHOCHUJbHBI.

169. OroGpasenne f: X — Y HenpepbIBHO B TOuKke Ty € X TOr-
7a U TOABKO TOrAa, Korga aisa mwodoro € > 0 cymwecTByeT Taroe 6 > 0,
yTo masa doboit Tousn x € X, aasa woropoit p(x;xg) < §, BhImonHsAeTcHA
HepaBencTBo p(f(z); f(xo)) <e.

170. Otobpamenue f: X — Y HenpepwsiBHO Ha X TOraa ¥ TOALKO
TOr/a, Korjga npootpas KaskJoro OTKPBITOro B Y MHOMKeCTBa fAABAAETCA
OTKPBLITBIM B X MHOMECTBOM.

171. OroGpasenne f: X — Y HenpepbiBHO Ha X TOraa U TOJBKO
TOr/a, Korjaa npoofpas KasJoro 3aMKHYTOTO B Y MHOKecTBa AIBAAETCA
3aMKHYTBIM B X MHOMECTBOM.

172. O6a3aTeAbHO AU NpPU HEMPEPHIBHOM 0TOGpameHuU OJHOI'0 MeT-
pUYEeCKOr0o MPOCTPaHCTBa B pyroe:

1) o6pas Kaxm0ro OTKPLITOr0 MHOMECTBA OTKPhIT;

2) 06pa3 3aMKHYTOT0 MHOMKECTBa 3aMKHYT?

173. JokasaTh, 4YTO KOMIO3ULUA ¢ o f HENpPepbIBHBIX 0TOOpare-
Huti f: X - Y u g: Y — Z nABAfAeTcA HeENpepbIBHBIM oTOGparke-
HUEM.

174. ByzeT a4 HelpephiBHBIM 0ToOpamenne f npoctpancrea C[0;1]
(cMm. 3anauy 31) B cebfl, ecid OHO 3afaeTcA HOPMYIION:

1) f(z) = gz, roe ¢ = p(t) — durcupoBaunas ¢yuruua us C[0; 1],
a x = x(t) € C|0,1];

2) f(z) =22, z(t) = C[0;1]7?

175. Byner au HenpepblBHBIM oToOpassenue f(z) = x? mpocTpaHcT-
Ba CL1[0;1] (cM. 3amauy 3, 5)) B ce6a?

176. lycts X = {z € C'[0;1], z(0) = 0} (cm. zagauy 93). Byner
au HenpepbiBHO oTobpamenune f: X — (C[0;1], 3agaBaemoe opmyna-
v f@)(0) = 2t e (0:1], f(@)(0) = lim “0 7

177. flpasioTcs 11 HelPEPBLIBHBIMU CleAYloLie 0ToGpasMmeHus IpocT-
pancrBa C[0;1] (cm. zapauy 31) B cebn:

¢ ¢

D f@@) = [a(s)ds; 2) [@)@) = [o2(s)ds:

0 0
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t
3) fa)(t) = /sin(t—s)x(s)ds, te[0;1]?
0
178. SIBIAIOTCA M HeNnpepbiBHLIMU CIAEAYIOIME OTOOpameHud f
npocrpancTBa CLs[0;1] (em. sagauy 3, 8)) B ceba:
1) f(z)(t) = o(t)x(t), Toe p(t) — durcupoBaHHAA HeNpepLIBHAA HA
orpeske [0;1] dyHRuUUA; .

2) fla)t) =2*(t); 3) fla)(t) = /SU(S) ds, t €[0;1] 7
0

179. Byger au HempepbiBHbIM oToGpazenue f(x) = z(l), ecau oHo
paccMaTpuBaeTCA Kak 0ToGpameHue:

1) us C[0;1] (cm. 3amauy 31) B R;

2) us CL»[0;1] (cm. zanauy 3, 8)) B R?

180. [lokasaTb, 4uTO eciu f — HempepbiBHOE 0TOGpasieHHe MpOCT-
paHctBa X Ha mpocTpaHcTBO Y u F — nnorHoe B X MHOMECTBO, TO
f(F) fABafeTcs MIOTHBHIM B Y MHOMECTBOM.

181. Jowrasarb, uroeciad f: X =Y — HenpepbiBHOE oTOGpaskeHue X
BY u X — wommaxt, To f fBAAETCA PABHOMEPHO HENPEPLIBHLIM Ha X.

182. Byaer au HenpepblBHBIM aubdepeHUHpOBaHUE, paccMaTpU-
BaeMoe Kak oTobpaxeHye MOAMNPOCTPAHCTBA, COCTOAINIET0 U3 HEMPEPhIB-
Ho auddepenunpyemeix dyuruuii npoctpancrsa Cla;b] (em. sagauy 31)
B camo npoctpanctso Cla;b]?

183. Byaer nu HenpephIBHBIM OuddepeHUMpOBaHUE, paccMaTpU-
BaeMoe Kak oTobpamenue npoctpanctsa Clla;b] (cM. sajauy 93) na
npocrpanctBo Cla;b] (cM. 3agauy 31)7

184. llyctr £ — njoTHoe B MeTPHUUYECKOM NpocTpaHcTBe X MHO-
mectBo u f: FE — Y — paBHOMepHO HempephiBHOe oToGpasienue F B
MONHOE MEeTPpUYECKOe TPOCTPancTBO Y. JlokasaTk, UTO CylIECTBYET U NMpU-
TOM eIUHCTBeHHOe oToOpaskenue f*: X — Y, cymeHUHe KoToporo Ha F
coBmajaer ¢ f.

185. IlpuBecTu npumMep HelPEPLIBHOTO 0TOOPareHUA, ONpeieIeHHOT O
Ha MJOTHOM NOAMHOMECTBE METPHUUECKOT0 IPOCTPAHCTBA U He UMEIOIIET 0
HeNpepbIBHOTO NPOJOMEHUA HA BCE MPOCTPAHCTBO.

B 3zapgauax 186-192 nowrasaTbp choOpMyNHUpOBaHHLIE YTBEPKIECHUA.

186. [aa Toro uToObI MoCaeI0BaTelIbHOCTh OTOOpameHuil f,: X — Y,
n=1,2,..., pABHOMEPHO CXOAMIACh K HEKOTOPOMY 0TOOpamennio X B Y,
rie Y — moaHoe OPOCTPAHCTBO, HEOOXOJMMO U JOCTATOYHO, YTOGHI /174
noGoro € > 0 cylecTBOBal TakoN HOMep n., YTO JIIA BCEX HOMEPOB 1 >
> Ne, M > Ne U BCEX TOUEK # € X BBINOHATOCH HEPABEHCTBO |fn(x) —
— fm(z)| <e.

187. Ecau mocinegoBaTenbHOCTh oToGpazsenuit f,: X — Y paBHoO-

26 Ilon pen. JI.I.Kynpsasuena, T.3
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MepHO cxoguTeA K otobpamenuto f: X — Y u Bce oTobGpaseHusa f,
HempepbIBHBL B ToYKe g € X, To U oToGpamene [ HENpPEpbIBHO B 3TOM
TOYKe.

188. Ciumaiouee otobpamenue f: X — X paBHOMEPHO HEMPEPBIBHO
Ha X.

189. Cmumaromwee orobpasenne f TOTHOTO METPHYECKOTO IPOCT-
paHcTBa B ceGfl UMeeT U MPUTOM €JUHCTBEHHYIO HEMOABUKHYIO TOYRY,
T. €. TAKYIO TOYRY, 4TO f(Z) = 2.

190. Eciu HekoTopasa cTeleHb 0TOOpakeHUsl NMOJHOTO MeTPUUYEeCKO-

ro npocrpaHcTtbBa B ceba ABIAETCA CRUMAaIOIINUM OTO6paPHeHI/IeM, TO ca-
MO 0T06pame}me HMeeT U IIPUTOM eJHMHCTBEHHYIO HellOABHUMHYIO TOYRY.

191. Ecau ¢yuruusa f(¢) HenpepbiBHa Ha oTpeske [a;b], GyHKUMA
K(t;s) — na kBanpate @ = [a;b] X [a;b], ¢ = mgx|K(t;s)|, A — HeKo-
TOpOE YUCIO U ¢
MM:A/KW@M@®+fw,
TO: @

1) oToGpaskenne A oroGpazaer npoctpatcTBo Cla;b] (eMm. 3amauy 31)
B cebd;

2) mas mo6bix dysruuit xp € Cla;b], z2 € Cla;b] u mwoboro t €
€ [a;b] cnpaBeMBO HEpaBEHCTBO

X (b —a)”
- maxfm(t) - w ()

|A (1) (8) = A™(22)(1)] <

192. Oro6pasenue A(z) npeabiayweii 3agaun npocrpancrsa Cla; bl
B ceGA UMeeT eIUHCTBeHHYIO HelOBUKHYIO TOUKY, T. €. YpaBHeHHe

dﬂ:A/Km@d@®+f@

npd M06oM A\ UMeeT U MPUTOM eJUHCTBEHHOe HeMpepblBHOe pellleHue.

193. TlpuBecT mpUMep TAKOro OTOOpakeHUsi [ MOJHOrO MeTpUYec-
KOTO MpocTpaHcTBa X B cebsl, ¥ KOTOPOTo A MOBBIX ABYX Touek x € X,
y € X Bemonnserca yeaosue p(f(x); f(y)) < p(x;y), HO HET HemoABHMK-
HOH TOYKMH.

B zapgauax 194-203 norasaTh chOpMYIUMpPOBAaHHbLIE YTBEps;RACHUSA.

194. Jlwob6oe HenpeprIBHOE 0ToOPakeHNe OTpe3ka B ceGA UMeeT Helo-
OBUHYIO TOURY.

195. Jlio6oe Bo3pacTaiollee oTobOpaxkeHle oTpe3ka B ce6A UMeeT He-
MOJBUKHYO TOURY.

196. HenpepbiBHLIN 06pa3 KOMIaKTa fBAAETCA KOMIAKTOM.

197. BzaumMHO ofHO3HAYHOE U HeNMpepbIBHOe 0TOOpa;MeHHe KOMIaRTa
ABIAETCA TOMEOMOP(HU3MOM.
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198. Benawasa HenpepbiBHaa ¢yHruua f: X — R, onpefeneHHas Ha
roMnakTe X, orpaHuueHa Ha HeM U IPUHUMaeT HauboJabllee U HAaUMEHb-
lee 3HAYEHHUA.

199. HenpepoiBHbBIM 00pa3 CBA3HOIO MHOMECTBA ABIAETCA CBA3HBIM
MHOMECTBOM.

200. HenpepoiBHBIH 00pa3 KOHTUHYYMa ABIAETCA KOHTUHYYMOM.

201. Ecau meTpuuecKoe MPOCTPAHCTBO ABIAETCA HENpPEphIBHBIM 006-
pazoM cenapabelbHOTO MeTpPHUYECKOr0 MPOCTPAHCTBA, TO OHO TaKjKe fAB-
afeTcaA cenapabenbHbIM IPOCTPAHCTBOM.

202. MuomectBo ¢yurmmit {z: z(t) = kt?, o < k < 1} aBaserca
roMmakToM B mpoctpanctse C[0;1].

203. CemeiictBo S = {z} ¢yurmmit = z(t) npocrpancrsa Cla;b]
(eM. 3agauy 31) HA3BLIBAIOT PABHOMEPHO OZPAHUNEHHbIM, ECITH CYLIECTBYET
Takag noctofAHHag ¢ > 0, 4To aaA Bcex & € S u Beex t € [a;b] BhI-
nonuaetcs HepaBeHcTBO |z(t)| < ¢. CemeiictBo S = {z} dyHruMi z =
= z(t) npoctpanctBa Cla;b] HA3BIBAIOT PABHOCTENEHHO HETPEPbLEHbLM,
ecau aas qo6oro € > 0 cymectByer Takoe 6 > 0, uTo 1A Beex £ € S u
Beex t1, to € [a;b], 0aA KOTOPLIX |ty — ¢1] < 4, BBINOMHSAETCA HEPABEHCT-
BO |z(t2) — z(t)]| < e.

Ilna Toro utobul ceMeiicTBo S = {z} HeNpepLIBHLIX Ha OTpeske [a;b]
dyurumit = z(t) 6buto npegkoMnakTHO B npocrpanctBe Cla;b], HeoG-
XOAMMO M AOCTATOYHO, YTOOLI 3TO CeMEHCTBO ObLIO PABHOMEPHO OrPaHU-
YeHHEIM M PABHOCTENEHHO HENPEPLIBHBIM (meopesma Apyeaa).

204. Byger au komnakrom B npoctpancrse Cla;b] MHOMmeCTBO Beex
MHOrouwieHos P(t) cTemenu He Bbllle JaHHOTO HaTypalabHoro n: P(t) =

n
= Zaktk, y Kotopeix |ax| <1, k=0,1,2,...,n7
k=0
B zapauax 205-207 pokasaTb chOpPMYyNHpPOBaHHLIE YTBEP;KIECHUA.

205. Besikoe orpanuyentoe B npoctpanctse Clla;b] (cm. zagauy 93)
MHOECTBO MIpeIROMIaKTHO B nmpoctpadcree Cla;b] (cm. 3agauy 31).

206. Ilycte C(X) — mpocTpaHCTBO HENPEPBIBHBIX HA KOMMakTe X
¢oyuruuit x: X — R ¢ MeTpukroi

ple;y) = max |z(t) —y(@), .y € C(X).

B sTom ciyuae MHO#ecTBO E C C(X) npeJKOMIIaKTHO TOTJa U TOMb-
KO Torjia, KOrga OHO PaBHOMEPHO OTPaHHYeHO (T. e. CYIeCTBYyeT Takas
noctosinHas ¢ > (0, 4To 141 Beex T € E u Bcex ¢ € X BhImonnseTrcs Hepa-
BeHCTBO |z(t)| < ¢) ¥ paBHOMEpPHO HeNpephIBHO (T. e. 1A Modoro € > 0
cywecTByeT Takoe § > 0, uto aas mo6oil pyHkuuu z € F U3 HepaBeH-
ctBa p(ta;t1) < 0 caemyer, uto |z(le) — z(i1)| < €).

207. B moampocTpaHCTBe pPaBHOMEPHO HENpPEpPLIBHBIX  (YHKIHMH

26*
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npoctpancTBa B(X) (cM. npumep 1), raze X — MeTpuueckoe MpoCTpaH-
CTBO, MHO?KECTBO NPEIKOMIAKTHO TOTAa U TOJIBKO TOrja, KOrga OHO paB-
HOMEPHO OIpPaHHUYEHO U PaBHOCTENEHHO HelpepbiBHO (cM. 3agady 206).

208. BoiAcHUTEH, KaKWe U3 HUKENepedUCIeHHbIX CeMeHCTB (OyHKIuA
GyoyT npeAKOMNAaKkTHbIMY B npoctpancTBe Cla;b] (eM. sagauy 31) u npu
KakuX a 4 b:

D", n=12,..; 2) (a)”, «a € R, n=1,2,..;

3) sinnt, n=1,2,..; 4) sin(t+n), n=1,2,..;

5) elT® a€eR; 6) =% a€e R, a>0.

209. Karue 13 yra3aHHBIX HIUMe MHOMECTB OyOyT KOMIARTaMU B

npoctpanctBe C[0;1] (em. samauy 31), ecnium ¢ — HeKOTOpasg MOCTO-
1) {z € Cl0;1]] |z(¥)] < ¢}
2) {z € CH[0;1]] l2(t)] < ¢, |2'()] <k
3) {z € C?[0;1]| |=(t)| < ; Iw @) < e |2"(B)] < e}
4) {z € C*[0;1]] l2(t)] < e, |2"(8)] < e
) {z € C?[0;1]] [2'(1)] < e |2"(1)] < }?

210. lorasaTb: gaa Toro 4Tobel MHOmecTBO B Cl,, 1 < p < +©
(cM. 3agady 5), 6bLI0 IPEAKOMIAKTHO, HEOOXOAUMO U HOCTATOYHO, YTOGLI
OHO OBLIO OrpaHHUYeHO M YTOOLI Adf Ji060oro £ > 0 CyIecTBOBANIO Takoe
Ne, 9TO A4S BeeX & = (Z1;...; Tp;...) € E BhINOIHAETCA HEPABEHCTBO

o0
3 fal <.

k=n.

OTBETHI

6. /la. 8. Het: He BhImonHAeTcA nepBoe cBoicTBO MeTpukH. 10. Her.
11. Jla. 12. Her. 13. [Ja. 14. Ja. 15. Het. 23. Het. 27. MosxerT.
28. Her, HeT. 32. HeBepHo.

o0

33. 1) Zai < 4005
n=1

2) (ai1;...;ay;...) — orpaHudeHHas MOCIEJOBATEILHOCTD.

34. Mosxet. 49. Mosser.

50. 1) lla; 2) ner. MHOMeCTBO BHYTPEHHUX TOYEK IIePECEUEHUs MHO-
JRECTB COJEPUTCA B INepeceyeHUU MHOMECTB UX BHYTPEHHHUX TOUEK.

51. 1) Het; 2) xer. O6bearHeHNe MHOMKECTB BHY TDEHHUX TOUYEK MHO-
JRECTB COOEPHUTCA B MHOMKECTBE BHYTPEHHUX TOYEK 0ObeIUHEHUA MHO-
JRECTB.

52. 1) Jla; 2) Her. UZ CUA 53. 1) [la; 2) Her. ﬂA CﬂA

68. 1) la; 2) Her. 100 Ha. 101 I[a Ja, 1a.
107. 1) Her; 2) uer; 3) na. 111. 19, 112. Ta. 113. Jla, Her.
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114. Her. 130. Ja. 140. Ja. 166. Het. 172. 1) Her; 2) Her.

174. 1) lla; 2) ga. 175. Her. 176. Her. 177. 1) [la; 2) uet; 3) na.
178. 1) Na; 2) Hert; 3) na. 179. 1) Jla; 2) Her.

182. He 6ynet. 183. /la. 204. /a.

208. 1) [Ipu —1 < a < b <1 6yzeT, a B OCTaALHBIX Caydasax He OyaeT;
3), 5) He GynyT, a 4), 6) GyoyT NpeiKOMNOaKTHBIMH;

2) mpu |a| < 1 6ymert, a npH || > 1 He GyneT NpeJKOMIAKTHLIM.
209. 1) u 5) He OyayT, a 2), 3) u 4) GyAyT KOMIAKTaMH.

§ 19. HopmupoBaHHbIEe U NOJYHOPMHUPOBAHHBIE IPOCTPAaHCTBA

CNPABOYHLIE CBEAEHUA

1. JInneitHble IpocTpaHcTBa. MHomecTBO X Ha3bIBalOT deiicmeu-
MeAbHbM AUHETHBM (U 8EKIMOPHBIM) NPOCTMPAHCINBOM, ECIH:

KaMaoi ynopsagodeHHo# nape (x;y) saemeHtoB z € X; y € X no-
CTaBJEH B COOTBETCTBHE €IMHCTBEHHBIH 3/1eMEHT MpocTpaHcTBa X, Ha-
3bIBaeMbIil cymmorl x U y U o6o3HaYaeMbld x + y;

KaKIOMY 31eMeHTY z € X U RamAoMy NeHCTBHTEILHOMY 4YUCTY A
MOCTABIEH B COOTBETCTBHE €JMHCTBEHHDIH 3]IEMEHT NpocTpaHcTBa X, Ha-
3vIBaeMBbIl npousgederuem A Ha x M 0603HAYaEMBIH Az.

[Ipu 5TOM BBINOIHAIOTCA CAEAYIONIHNE [PYIITLI AKCHOM.

a)z+y=y+x gaaaobbix z € X u y € X;

6)z+(y+z)=(z+y)+zmamobx z€ X, yec X u z€ X,

B) B MHoKecTBe X CYIIECTBYeT 3JIeMEHT, Ha3bIBAEMBIN Hyiesbim U
oGo3Havaemslil 0, Takoi, uto = + 0 = z gada moboro z € X;

r) LI Kamaoro £ € X CymnecTBYeT €IMHCTBEHHBIH 3IE€MEHT MHO-
secTBa X, Ha3bIBAEMbIH NPOMUBONOAONCHBIM daemeHmy ¥, 0003Ha4Yae-
MBIl —z ¥ Tawoi, uto z + (—z) = 0.

2) a) lz = z pasa aoboro z € X

6) AMpz) = (Ap)z paa moboro x € X ¥ mo0ObIX AefCTBUTENbHBIX YU~
cel A U g

B) (A+ p)z = Az + px 1 modoro € X ¥ MO0bIX 1elCTBUTENbHBIX
yucen A U u;

r) Mz +y) = Az + Ay aasa mobeix © € X, y € X u moGoro nefdcrsu-
TeNbHOr0 Yucia A.

Ina wampoil mapbl aneMeHTOB ¢ € X u y € X sileMeHT « + (—y)
Ha3bIBAIOT PASHOCINGI) dAeMEHmMO8 T U Y U 0003HAUAIOT & — Y.

JdeMeHTBI NHHEHHBIX NMPOCTPAHCTB HA3bIBAIOT TAKMKE MOYKAMU WK
8EKIMOPAMLL.

Ecnu B copMyIupoBaHHOM oONpefeleHUH JeHCTBUTENBHOIO JIHMHEN-
HOT'O NPOCTPaHCTBA BCIOAY AEHCTBUTENbHBIE YHCIA 3aMEHUTh KOMINIEKC-
HBIMI: A, pu € C, TO NOAYy4YHTCA oNpeleleHHe KOMINIEKCHOTO JHHEHHOro
NpOCTPAHCTHRA.
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Ecau Y u Z — noaMHokecTBa JUHeHHOro npocTpaHcTBa X, TO 4e-
pe3 Y + Z o6o3HavaloT MHOKECTRBO BCeX DJIEMEHTOB & € X, MpecTaBu-
MBIX B BUje £ =y +2, y €Y, z € Z. MuosxkecrBo Y + Z HasbIBalOT
(anzebpauneckoil) cymmoti muonecne Y u Z.

Ecnu ana mo6oro snmementa x € X ero npeiacTaBlieHUe B BUIE T =
=y+2z2,y€Y, 2 € Z, eIMHCTBEHHO, TO CYMMY Y + Z Ha3bIBalOT npamotl
U oBo3HavaloT Y H L.

Ecau X — nunelinoe npocTpanctBo U 2 € X, k=1,2,..., To BcAKUR
3JeMeHT BUAA A1Z1 + ... + Apn@p, TO€ BCe A — OeHCTBUTeNbHBIE YHCTIA
B cilydyae MAeHCTBUTENbLHOTO MNPOCTPaHCTBAa M KOMIUIEKCHBbIE B Clydae
KOMILIEKCHOTO NpPOCTPaHCTBa, HAa3bIBAIOT AUHelHol kombunayuei sie-
MEHTOB Z1,...,Tn.

MHoecTBO, cogepshallleec B IMHEHHOM IPOCTPaHCTBe X, HAa3bIBAIOT
nodnpocmpaHcmeoM ITOr0 NPOCTPAHCTBA, eClid Bce JUHEHble KoMOUHA-
[[UU JIEMEHTOB 3TOT0 MHOMECTBa COAepHaTCA B HEM.

BexTopsl 1, ..., &, JTUHEHHOrO MPOCTPAHCTBA HA3bLIBAIOT AUHEUHO 3a-
8UCUMBLMLU, €CITU CYIIECTBYIOT TaKUe YHUCIA A, ..., A,, HE BCE PaBHLIE HY-
M0, 94T0 A1x1 + ... + Apz, = 0. Ecin yrasaHHBIX yHcell He CYLIECTBYET,
TO BEKTOPbI Z7, ..., T, HA3LIBAIOT AUHELHO HE3A8UCUMbIMU.

IIpouzBoabuyO cucTteMy BeKTOpoB {z,}, o € U (U — uexoropoe
MHOMECTBO MHAEKCOB) Ha3bIBalOT AUHEUHO He3asucumol, ecly, KaKkoBa
Obl HU Oblila ee KOHeUHas MoJCUCTeMa, BXOAALIHe B Hee BEKTOPBI JUHEHHO
HE3aBUCUMBI.

COBOKYITHOCTH BCEBO3MOMIHBIX JHUHEHHBIX KOMOHHAIUI 3JIEMEHTOR,
NpUHAAIERAIIUX HEKOTOPOMY 3aJlaHHOMY MHOMECTBY, Ha3bIBAlOT Al-
Hellnold 000404K01l 3TOr0 MHOKEeCTRa.

BeAKyo KOHEYHYIO YIMOPAAOUEHHYIO CUCTEMY JUHENHO He3aBUCHMBIX
BEKTOPOB JIMHEHHOI0 NPOCTPaHCTBA, JUHEHHOH 000JI0UKOHA KOTOPOH OHO
AIBJIAETCA, HA3bIRAIOT 6U3UCOM 3TOTO NPOCTPAHCTRA.

Ecnu B nuHeliHOM MpocTpaHCTBE CyUIECTBYET Gasuc, COCTOAIIMNIN U3 N
BEKTOPOB, TO MPOCTPAHCTBO HA3bIBAKOT 71 -MEPHBIM.

Bce n-MepHbie npocTpaHcTBa Ha3bIBAIOT KOHeuHomepHbimu. Eciau nu-
HeliHOe MPOCTPAHCTBO He KOHEYHOMEPHO, TO €ro Ha3bIBAIOT OECKOHeHHO-
MEPHBIM.

Hume Bcrogy B sTOM paspeine X u Y — nuHeliHble MpPOCTpPaHCTREA.
Ecin f: X — Y — oro6pamenne npocTpaicTBa X B IPOCTPaHCTBO Y,
TO npooOpa3z Hylf Ha3blBalOT Adpom ker f 3TOro orobpareHusn:

ker f={z € X: f(z)=0}.
Otobpaskenue f: X — Y HaspIBaloT auHelinbim omobpanternuem (UIH,

4TO TO JKE camoe, AUHEIHbLM ONepamopom), eciau L JOObIX OBYX die-
MeHTOB € X, y € X U mo0ObIX uucel A, y CIpaBelJUBO PABEHCTBO

FQx 4+ py) = Mf(z) + pf(y)
(ecin X u Y — [melicTBUTENbHbIE IPOCTPAHCTBA, TO YUCIA A, i HeHCT-
BI/ITe.TIbeIe; eCJIu 3THU HpOCTpaHCTBa HOMHHGRCHBIE, TO U YUCJIa A, [1,



$19. Hopmuposaumnvie 1 nOAYHOPMUPOBAHHbIE NPOCMPAHCMEA 407

KOMILIEKCHBIE).

MHomecTBO Bcex lnuHeiiHbix onepatopoB f: X — Y o6ozHavaior
L(X,Y).

JluneitHoe oToOpaskeHNe NUHEMHOrO MNPOCTPAaHCTBA B MHOMECTBO
JENCTBUTENbHBIX WM KOMIUIEKCHBIX YMCEl HAa3bIBAIOT (PYHKYUOHAAOM
J@HHOI'O IIPOCTPAHCTBA.

JluneitHOE B3aMMHO OJHO3HAYHOe oToGpajieHue mpocTpaHcTBa X Ha
npocTpaHcTBo Y (6ueryus) Ha3LIBAIOT UIOMOPHUIMOM WU UIOMOPPHHbLM
omobpanceHuem.

Ecnu gas npoctpancte X u Y cymecTByeT u3omopdHoe oTobpaske-
HUe OJHOTO Ha APYTOe, TO UX HA3bIBAIOT U3OMOPPHBIMU.

IIpoussedenuem Z = X X Y NUHEHHBIX NMpocTpaHcTB X U Y Hasbl-
BaIOT JIMHEHHOe NPOCTPAHCTBO Z, COCTOALIee U3 NIEMEHTOB z = (x;y),
z € X, y €Y, TeopeTUKO-MHOKECTBEHHOTO NIPOU3BEAeHUA MHOMeCTE X
u Y, onA KOTOpBIX oNpeleneHa IUHelHAA onepalud A1z1 + Aszo 10 dop-

Myite A121 + Ag2o = (/\1171 + Aoxo; Aty + /\2y2)a

rae z1 = (215y1) € Z, 22 = (T23y2) € Z, A\ 1 Ay — uncia.

BrimonHumocTh aKkcHOM JIMHEMHOrO NPOCTPAaHCTBA NPU TAKOM OIpe-
JelleHUH JIUHeHO! onepallii JeT' KO YCTaHaBINBaeTCA HellOCPeACTBeHHOH
[IPOBEPKOI.

AHanoru4yHo NOHATHUIO NPOW3BEAEHUA OBYX JHHEHHBIX MPOCTPaHCTB
BBOJUTCA NOHATHE NPoussedenus n AUHelHbT npocmparcme AiA 1060ro
HaTypajbHOro n > 2.

Otobpamenue z = f(z;y), t€ X, y €Y, 2 € Z, npousbegenua X x Y
JAUHeHHbIX NpocTpaHcTB X U Y B JuHeiiHOe NPOCTPAHCTBO Z HA3bIBAIOT
OuauHeliHbiM, eClIA TIPpH QUKCUPOBAaHUU OOHON U3 MEPEMEHHBIX Z, Y OHO
JIUHEHHO N0 ApPYT O IepeMeHHOMH.

o anamoruu ¢ GuIMHEHHBIMU OTOGPaMkeHUAMU BBOIUTCA MOHATHE
MYAbMUAUHETIHbIX omobpaxcenuti: eciu X1, Xo, ..., Xy, Y — JuHelHble
npocrpaHcTBa, To orobpamenne f: Xy X X X ... X X;, = Y HaspIBaiOT
MYALMUAUHCEHBM VIU 71-AUHElHbIM, eClId OHO JIMHEeHHO OTHOCHTEILHO
KaskI0i epeMeHHol zy € Xg, k= 1,2,...,n, Korga ocTajabHbIE NepeMeH-
Hble QUKCHPOBAHBI.

2. CBoiicTBa NOAYHOPMHPOBAHHBIX U HOPMUPOBAHHBIX MPOCT-
paHcTB. JluneiiHoe npoctpancTBo X (IeHCTBUTEILHOE MM KOMILIEKC-
HOe) Ha3bIBAIOT NOAYHOPMUPOBAHHLLM, €CIH Ha MHOMECTBE €ro TOYeK
onpejesieHa neficTBUuTeNbHAnA (QYHKIUA, Ha3bIBaeMas noAyHopmoti, 0603~
Havyaeman ||z||x wam ||z||, z € X, u uMmelomas clefylollde CBOHCTBa:

1) neompuyamenvrocme: s Bcex © € X BBINOJIHAETCA HEPABEHCT-
o |lal| > 0;

2) odnopodnocme: nust Bcex x € X ¥ Beex 4ucen A UMeeT MeCTO pa-
sencrno |z = [Allle]l;

3) nepasencmso mpeyeoavnuka: 0is Beex ¢ € X, y € X BbINoNHAETCA
wepanencto |z + yl| < o]l + [yl
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Ecau, Kpome Toro, BBLITOIHAETCA yCIOBHE:

4) ecant ||z|| =0, To £ = 0 (Hesbiposncdennocmy),

TO MONYHOPMY Ha3bIBAIOT HOPMOU, a MpocTpaHcTBO X — HOPMHPOBaH-
HBIM.

Ose nopmel |21 ]| u ||z]|®) B muneitnom npocTpanctBe X Ha3LIBAIOT
IKBUBALEHIMHbLMU, €CITH CYIIECTBYIOT TaKHe NMOCTOfAHHbIE ¢1 >0 U ¢z > 0,
qTO A1d BceX € X BBINONHAETCA HEPABEHCTBO

arfle| M < 2| < eall]) ).

MoaMHOMECTBO HOPMHUPOBAHHOTO MM TONYHOPMUPOBAHHOIO MPOCT-
paHCcTBa Ha3bLIBAIOT €r0 NOONPOCMPAHCINGOM, €CIIA OHO ABJAETCH JIHHEH-
HBIM MOANPOCTPAHCTBOM (cM. . 1).

IIpouzeepenvem X x Y [BYX MNOQYHOPMHUpPOBAHHBIX (B YacTHOCTH,
HOPMHPOBAHHLIX) MpocTpaHeTB X U Y Ha3bIBAIOT NOAYHOPMUPOBAHHOE
(COOTBETCTBEHHO HOPMUPOBAHHOE) IPOCTPAHCTRBO, ABIAOIIEEC IPOU3Be-
MeHHeM JMHEHHBIX mpocTpaHeTB X U Y ¢ nomyHopMo# (HOpMOIt)

[yl = /llelx + lblly, zeX, yeY.

MoamuosecrBo E momyHOpMHUpOBaHHOTO (HOPMHUPOBAHHOTO) MPOCT-
paHCTBa Ha3bIBAIOT 02PAHUYEHHbIM NO NoAyHopme (Hopme), eciu Cy-
miecTBYyeT Takas mocToAnHasa ¢ > 0, 4yTo nusa Beex € E Bpimondsercs
HepaBeHCTBO ||z|| < c.

MocnenoBaTeabHOCTb (X1} ...} Lp) -..) DIEMEHTOR IOy HOPMUPOBAHHOIO
(nopMHpOBaHHOr0) pocTpaHcTBa X Ha3bIBAIOT cxodawerica no noayHop-
me (Hopme) K anementy x € X, ecau npegea lim ||z, — z|| = 0. B saTom
ciyyae MUIIYT . e
lim z, = z.

n— 00

OtoGpaskenue f: X — Y NONyHOPMHPOBAHHOTO (HOPMHPOBAHHOIO)
npoctpancTBa X B IOIyHOPMHPOBaHHOE (HOPMHUPOBaHHOE) MPOCTPAHCT-
BO Y Ha3bIBAIOT HEnpepuisHbiM 6 Mmouke Tg € X, ecau aias ao0oii nocie-
IOBaTeAbHOCTH (X1;...;Ty;...), CXOAAMEHCA K Tg M0 MOIyHOPMe (HOpMe)
npoctpaHcTBa X : li_{n Zn = Xg, NochefoBaTenbHoCTh { f(x,)} cxoaurca

n (o]

K f(xo) mo momynopme (HopMme) mpocTpaHcTBa Y :
lim f(z,) = f(2o).
n—od

Bsaumuo oxnosnauHoe otoGpasenue f: X — Y HopmupoBanHOro
npocTpaucTBa X Ha HODMHUPOBaHHOe IPOCTPAHCTBO Y, coxpaHfiouiee JIH-
HelHy10 onepaunio (T. e. u30MophHO oToOpamalouee IHHEHHOE MPOCT-
pascTBo X Ha IMHeHHOe MPOCTPAHCTBO Y ) U HOpMY (aas Beex « € X
BoInonuseTcd yenosue || f(x)|ly = ||z||x ), HasbIBalOT usomopdruim omaoo-
pascenuem WIN U30MOPPHUIMOM HOPMUPOBAHHO20 npocmpancmea X Ha
HopmuposanHoe npocmpancmeo Y. AHaIOrMYHOE ONpeleNeHHe HMeeT
MeCTO U [ NOMYHOPMUPOBaHHLIX NPOCTPAHCTB.

B wopmupoBaHHOM IpocTpaHcTBe X GYHRLUA

plz;y) = llz —yllx, z€X, yekX,
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AIBAAETCA METPURON, Ha3bIBaeMON Mempuroll, nopoxtoeHHoll Hopmoll npo-
cmpancmea X. Taxum 06pasom, Ha HOPMUPOBAHHBIE IPOCTPAHCTBA (Kak
Ha YaCTHbIA cayyail MeTpUYeCKIX ) PACIPOCTPAHAIOTCH BCe NOHATHA, BBe-
JeHHBIe B § 18 AnA MeTpUUECKUX MPOCTPAHCTB.

[TonHOE HOpMUpPOBaHHOE IPOCTPAHCTBO HA3BIBAIOT 6AHATOBbIM NPOCIT-
PaAHCMBOM.

Cucremy a1eMeHTOB {24}, @ € U (U — HEeKOTOpOe MHOMECTBO MH-
[EKCOB), MOJIYHOPMHUPOBAHHOIO NPOCTpaHCTBA X HAa3bIBAIOT NMOAHOU B
3TOM NPOCTPAHCTBE, eClU 1A KaMI0oro aneMenTa £ € X u moforo € > 0
CYIWECTBYIOT TaKHUe BJIEMEHTHI Zoy,...,Lq, JAHHOM CHCTEMBI U TaKue
qucna Ap, ..., Ap, 9TO BBINOJHAETCA HEPABEHCTBO

|2 — (MZay + .- + Anzo, )| <&

[TomyHOpMUpOBaHHOE NPOCTPAHCTBO X HA3BIBAIOT BAOGNCEHHbIM B IO-
JAYHOPMUPOBaHHOE NDOCTPAHCTBO Y, eciu:

1) X CY;

2) cywectByeT Takafd mocrofiHHag ¢ > 0, 9To aaA Kamaoro ¢ € X
BBINO/MHAETCHA HEPAaBEHCTBO
l[z]ly < cllz]lx-

Ecnu npoctpaneTBo X BiloskeHO B IpocTpaHeTBo Y, To numyT X C Y.

3. JIuHeiinble U NMoauAHHeliHble omeparTtopbl. B nanbHeiiem B
sToMm naparpadpe X, Y u Z — auHeliHble HOPMUPOBAHHbIE NPOCTPaH-
ctBa. [IoCKOIbKY HOPMBI TOPOM/IAI0OT METPUKY, TO JIJIA HOPMUPOBAHHBIX
IPOCTPAHCTB ONpe/IeNeH0 MOHATHe HeNpepbIBHOro (o HopMe) oToGpa-
JREHUA OJHOTO U3 HUX B Apyroe. OrobpaseHus HOPMUPOBAHHLIX IIPOCT-
paHCTB HazbIBalOT 06GbIUHO onepamopamu. OnepaTopbl, oToGpamalommue
JlaHHOe HOPMHUPOBAHHOE MPOCTPAHCTBO BO MHOMECTBO [AefCTBUTEILHBIX
uiu, Gosee 0610, KOMILIEKCHBIX UMCeN, HA3bIBAIOT PYHKYLOHAAAMY HAT
JIAHHBIM OPOCTPAHCTBOM.

Mycte A: X — Y. Ilonomum

Al = sup [|A(z)]ly- (1)
llzllx <1

Onepatop A HasbIBAIOT oepanuyenusim, eciu ||A|l < +oo. Iaa auHed-
HBIX ONIEPATOPOB 3TO YCIOBUE PABHOCUILHO TOMY, YTO CYyLIECTBYET Takas
nocTofinHasg ¢ > 0, 4To miA Bcex & € X BBINOJIHAETCA HEPABEHCTBO

4@y < clllx.

Jlnsi AMHERHBIX OrpaHUYEHHBIX OnepaTopoB BeanuuHy (1) HasbIBaIOT
UX HOpmoOtL.

MHo#eCcTBO BceX OrpaHHUYeHHbIX TUHEHHBIX ONepaToOpOB, 0TOOparkalo-
wux npocrpancTtBo X B npocTpaHcTBo Y, oboznavaor ¥ (X;Y).

BuineiiHoe orofpamenne f: X x Y — Z (cM. 1. 1) HasbIBaOT o2pa-
HUYeHHbIM, eCIU CyLlecTBYeT Takad NocTofAHHafA ¢ > 0, uTo aad mobeIX
z € X u y €Y BoINOIHAETCA HEPABEHCTBO

£ (@5 9)llz < ellellxlyllx-
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AHanoruyHeIM 06pa3oM BBOAUTCA MOHATHE OrPaHUYEHHOTO MOIUIU-
HeltHoro otoGparkeHus.

4. JuddepeHuupyemble oTo6paxeHHd HOPMHPOBaHHBIX
npoctpaHcTB. [Iycts X u Y — HopMupoBaHHble mpocTpancTBa, G —
OTKPBITOE B X MHOMECTBO U Tp € G. OToOpasenne a: G — Y HaspBalOT
GeCKOHe MO MAAbM NO CPABHeHUID ¢ Pynruyuel ||z — xo||™ ¥ oumyT

a=o((x—=z0)"), z— o,

eciu CynecTByeT TaKoe HeNpephiBHOE B Touke & = ¢ OToOpame-
e : G =Y, uro alx) = e(x)||z — zo||?, €(0) = 0.

Oro6paxenue f OTKPLITOro0 MHOMecTBa (G HOPMHMPOBAHHOTO MPOCT-
paHcTBa X B HOpMHUpOBaHHOE MPOCTPAHCTBO Y HaszwIBaloT dudidiepen-
yupyembim UIN cuavho dufifepenyupyemuim B Touke x € (G, ecuu cy-
HleCTBYeT TaKoil JUHeNHbIN orpaHuueHHeIN onepaTop A: X — Y, uto

fl@+h)=f(z)+ A(h) +o(h), h—0.

B sTom cayuae auHelHbli omepaTtop A HaseiBawT dudidepenyuaiom
omobpaxcenun f e mouxe x v oboznavarot D f(x) (uam (Df)(z)), a rar-
#e f'(z). Ero uacto HasbBaOT cuibHbim duffepenyuaiom Ui cuibHol
npouseodrnoll, a uHoraa duddepenyuanon WU npouszsoduoli Ppeuse.

Eciu 29 € X u 2 € X, To MHOKECTBO Bcex TOYeK mpocTpaHcTBa X
Buga (1 —t)xg +tz, 0 <t <1, HABBIBAIOT OMPE3KOM [To; x|, MHOMECTBO
Beex Touek Buaa (1 —t)xo +tx, 0 <t <1, — unmepsasom (zo; <) B ITOM
NPOCTPAHCTBE, & YUCIO ||& — Zo|| — ux mauHoi. TourM xp U & Ha3BIBAIOT
KOHYaMUu YKa3aHHbIX 0Tpe3ka U UHTepBaja.

Mycts z € EC X, h € X, h #0, mHoxectBo E TakoBo, 4TO OHO
COMIePKUT BCe TOYKM BUAA x + th Mpu mocTaTouHo Mmarneix ¢ > 0 (T. e.
CO/IEPRUT HEKOTOPLIN OTPE30K MOJONUTENbLHOM AMUHBI C KOHIIOM & B Ha-
npaBnenuu Bektopa h) u f: E — Y.

Otobpamenue f HaseIBalOT dudidiepeHyupyesmvim 8 mowke T no Ha-
npasaenuio sexmopa h, ecnu cymecTByer Taroil suement (Dyf)(x) € Y,

e Fla+th) = f(z) + (Dh (@)t + o), t— 0. 2)

Auemenut Dy, f(z) = (Dy, f)(z) HasbiBatOT npoussodnod no nanpasae-
Huto h uau npoussodnoi I'amo o 3TOMYy HanpabBjIeHUIO.

MlpousBonnana ®peme D f(x) u npousBonnaa lato Dy f(x) umeror
pasuyio npupony: Df(z) € L(X;Y), a D, f(z) €Y.

Ecau oroGpamenue f: G — Y, G — oTKpbITOE B MpocTpaHcTBe X
MHOMECTBO, UMeeT B Touke z € G upoussoauyio (D f)(z) mo awobo-
My HaIpaBJIeHUIO U CYIeCTBYeT TAaKOi JIMHEHHbIH orpaHUYeHHbIN onepa-
Top (Denf)(z): X = Y, ut0

(Duef)(@)(h) = (Dn f)(=),
TO ATOT OMEPATOP HABLIBAIOT cAaObM Jufiepenyuanomn U cAabot npous-
800Ho1l, a Tarme duddeperyuanomn Nan npoussodnot I'amo. B 3ToM ciaydae

Fla +th) = f(z) + tDeaf(2)(R) + o(t), t— 0, he X.
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Ecnu otobpamenne f: G — Y oTkphITOro B npoctpaHcTBe X MHO-
mectBa G auddepennnpyemMo Bo Beex Toukax & € (¢, TO ero Npon3BoOjiHaA
fi(z) € Z(X;Y) sapaer orobpamenue f': x — f'(x) muomectBa G B
nuHelHOe HOpMHpOBaHHOe npocTpaHcTBo Z(X;Y). Ecau sTo oToGpake-
HME B CBOIO odepefb AnddepeHinpyeMo B ToUke oo € (G, TO €ro npous-
Boany1o (f') (z9) oBosnavaoT f'(zg) M HasbIBalOT 8MOPOL NPOU3BOOHOI
omotpaxncenun f (B Touke zg). OHA ABAAETCA 3IEMEHTOM MPOCTPAHCT-
Ba L(X; Z(X;Y)).

Bropas npousBosHas MoeT ObITh paccMaTpHBaeMa Kak OWIMHeNHad
¢opma, onpefieleHHas PaBEHCTBOM

f'@)(hs k) = (f"(@)h)k, heX, keX.

[Mpouseoanasa moboro mopaaka n € N omnpegenseTca M0 WHIYKIUH
(kar obbruno, fO(z) = f(x)). lpu durcuposannom z € G TPOU3BOJ-
nasn fU(z) ABAAETCA TMHEHHBIM OIPAHUUYEHHEIM ONEPaTOPOM M3 IPOCT-
pancrBa X B npoctpanctBo L(X;..; £(X;Y)...), T. e.

~—_— —, —

n—1 pas

f™(z) e L(X; 2(X; 3 L(X;Y).).

~

n+1 pas

Hpoussoanyio f{™ (x) MomHO paccMaTpuBaTh Kak n-TMHEHHYIO HOp-
MY, ONpefeiAeMyl0 paBeHCTBOM

(F @) (b s h) = (L (F P (@) h) ) .
B cayuae, koraa hy = hy = ... = h,, = h, Bmecto f((z)(h;..;h) mu-
myT f(z)h".

5. HHTerpypoBaHve BeKTOPHO3HAYHBIX QYHRIUI. [TycTh pyHK-
unAa z = z(t) oroGpamaeT oTpesok [a;f] C R B nuHeiiHOe HOPMHPO-
BaHHOE NPOCTPaHCTBO X, T = {ti}ﬁzgr — pasbuenne otpesra [a;f],
Aty =t —tioa, & €Jtimsty], 1=1,2,..,4,, |7| = i_lnéax |At;| (men-

T

KOCThL pa3bHeHud 7 ), ;
.

or =0 (75815..5&,) = Zx(fi)Ati~

=1
B ?
Humezpasom /x(t) dt (noapoGuee — unmezpasom Pumana—Bormnepa)
(&3

oT ¢yHruuu z(t) no oTpesry [a; ] Ha3BIBAIOT mNpenen |li|m oy, T. €.
7|—=0

8
/x(t) dt = lim o, (3)

|7]—0
o

rge npegeia MHTErpadbHBIX CYMM OIpedeaAlOoT aHaJOlM4HO Cilydailo 4u-

CJIOBBIX (BYHKUMI: 3i0eMeHT @ € X HasblBaloT npedesom lim o, ecau
|7]—0
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mas moBoro € > 0 cymecTByeT Takoe § > 0, 4To Al Beex pasbueHuit T
MEIKOCTU |T| < § BBINOJHAETCA HEPABEHCTBO ||o, — al|x < &.

Ecinu unterpan (3) cymectByer, To ¢pyHkLuiO z: [o; 3] = X Hasel-
BAIOT uHmezpupyemoli Ha ompeske [a; f3].

NPUMEPLI C PELLEHNAMMU

IIpumep 1. JokazaTh, YTO eClH KaskIObINd U3 1 JIUHEHHO HE3aBUCU-
MEIX BEKTOPOB fiBIfleTcA JUHeHHo KoMOuHauueld n NTUHEHHO He3aBUCU-
MEIX BEKTOPOB, TO m < 7.

A IlycTb cucTeMbl BEKTOPOR 1, ..., Lp U Y1, ..., Yy JHHEHHO HE3aBU-

CHMDL, HLYCTh Yi = A1%1 4+ oo+ XinZn, 1=1,2,...,m.
Torpga cpegu uncea Aiq, A12, ..., A1, HalileTcs 1o KpaliHeii Mepe 0JHO YUC-
JIO, OTIIMYHOE OT HYJf: B IPOTHUBHOM ciyuae y; = 0 u cucremMa ¥i,...,Yn
onL1a Obl IUHEeRHO 3aBucuMa. [lepeHyMepoBaB, ecili B 3TOM eCTh He0OXO-
OUMOCTh, BEKTOPbI X1, ..., Ly, BCErAd MOHHO MOJY4UTh, 4To A11; # 0. B
DTOM CJy4dae BEKTODP ¥] MOMKHO NPEeACTaBUTL B BHAE JHHEHHOH KoMOHU-
HalUU BEKTOPOB Y1,T2,...,Tn. LIOACTABUB 3TY JIHHENHYIO KOMOUHALUIO
B BbIpaieHue AJIfA BEKTOpa Yo, NOAYYUM, YTO BEKTOD ¥y» OyIeT JUHEl-
HOUl KOMOUHAaLNel BeKTOPOB Y1, X2, ..., Ln. IIPOJONHNUB 3TOT NpoLece, e-
pe3 k maroB (GbITh MOKET, MeHfIA HYMepPaUUio) IOMAYy4YUM, YTO BEKTOP
Yr4+1 OyIeT npeacTaBieH Kak JUHeliHafd KOMOWHALUA BEKTOPOB Y1, ..., Yk,
Tk41s ..oy Ty, IPUYEM CPEAU KOB(PHHUIUEHTOB 3TOH NUMHEHHONH KOMOMHAUUU
Y BEKTOPOB Tk+41,..., Ly 110 KpaliHell Mepe OOUH He paBeH HYJIO: B IIPO-
THUBHOM Clly4ae BEKTOD Y41 OKa3aycf Obl JuHelHOH KoMOuHalliell Bek-
TOPOB Y1, ..., Yk, YTO IIPOTUBOPEYUIIO Obl JUHEHHON HE3aBUCHUMOCTU CHUC-
TEMBI Y1, -.er Y-

Ecnu 661 m > n, To npu k = n noay4unock Obl, YTO BEKTOP Ypn+1 AB-
JA7cA JMHEeHHoU KoMOuHauueld BEKTODPOB Y1, ...,Ypn, YTO NPOTHBOPEUYUIIO
Obl TUHEHHOH He3aBUCHMOCTHU BEKTOPOB U1, ..., Ym- A

Mpumep 2. lycts RLy[a3d], —co<a<b<+o00, 1 <p< +oo, —
MHOKECTBO Beex (YHKUMN 2(t), OompeieneHHBIX Ha oTpesre [a;b], mas

b
KOTOPBIX KOHeueH uHTerpail Pumana /|x(t)|pdt.
a

JlorasaTb, 4T0 MHOMeCTBO RL,[a;b] ABafgeTcs NONYHOPMUPOBAHHLIM
[POCTPAHCTBOM C HOJIYyHOPMO#t

; 1/p
lelly = ( [x(” dr) (4)

@

U 4To, eciim 1 < p < ¢ < 400, TO

RL,[a;b] G RLy[a;b]. (5)
Ilist yno6erea obo3Hadenye ||z||, IPHMEHAIOT U B TOM CJIy4ae, KOra HH-
Terpai, CTOSIMUN B IpaBoil yacTH paBeHcTBa (4), paBeH GECKOHEYHOCTH.
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A TIpex e Bcero, U3 NHHEHHOCTH HHTErpajla U HepaBeHcTBA MHUHKOB-
croro (cMm. [2, §12]) cnegyer, uto

b 1/p
0 = 0 p
||/\1331 + /\2332||p(8)(/|/\11‘1(t) + /\Ql‘g(t” dt) <

<Mu(ﬂmuwon“HM(jmxwwmf”.<m

Orcrona cirenyer, 4to ecan |[z1]l, < +o00 u |||, < 400, TO A1A 1iO-
ObIX umMcel A1, Ag MMeeT MeCTO HepaBeHCTBO |[Ai1x1 + Aswa|p, < 400,
T. €. MHO#ecTBO RL,[a;b] o6pasyer nuHeiiHOe NPOCTPAHCTBO M 4TO JUIA
dyHKUMOHaNa (4) BBIMONHAETCA HEPABEHCTBO TPEYTOJbHUKA (1UIA 3TOrO B
HepaBeHCTBe (6) M0CTAaTOUHO B3ATH A1 = A = 1). HeoTpuuareiabHocTh
dyurnuoHana (4) oueBuHa, 8 €ro OAHOPOAHOCTD CAEOYET U3 IHHEHHOCTH
unrerpana. Urar, RLp[a;b] — nonyHopMHPOBaHHOE IPOCTPAHCTBO.

Hokamem Bnomenue (5). Ecin © € RL,[a;b], To, NIpHUMeHUB Hepa-
BeHCTBO ['énbaepa aif uHTerpanoB (cMm. [2, § 12]) ¢ norasartenem g/p
(B cuny yeaous 1 < p < ¢ OH He MeHbIIE eJUHUIIBI), [OJYIUM

el = ( fistor ar) " <
a < (fretma) " (fa) " = o= apir e
/ /

OTCIO/Ia, OYEeBUIHO, CleayeT BioikeHue (5). A

3ameuanue. Belony B manbueiilieM M0 WHTErpajoM IO HEKOTO-
pOMY 4YHCIOBOMY IPOMERYTKY MOHUMAETCA, BooOIIe TOBOPA, HeCcoBCT-
BEHHBIH WHTerpai, onpeieNeHH bl KaKk Mpegel COOTBETCTBYIONUX pUMa-
HOBBIX MHTerpaioB. [l Bcex paccMaTpuBaeMbIX (YHKIUE, Korga pedb
GymeT UATH 06 UHTErpalax Mo KaAKoMy-To MPOMERYTRY OT HUX WIH OT UX
MOMYJIA, WIK OT UX CTENEHU U T. M., Bceraa GymeT MPeanoaaraTbes, UTo
CylecTBYeT Takoe KOHeuHoe pazéuenue {ty }E=! ykazannoro mpomemyT-
Ka: a <ty < ... <t <...<t, <b, uTo Ha BcAKOM oTpeske [£;7)] € (a;b),
He cofepskallleM HM ONHON TOUKH 3TOro pasdbueHus, QyHKIUA UHTErpU-
pyema no Pumany.

3AJAUN
B zagauax 1-37 gorazaTh copMynupoBaHHbIE YTBep:H#iIeHUA.

1. B cuny o6pluHBIX onepaluil Hag yuciaMUu MHOMECTBO BeeX AeicT-
BUTEIbHBIX (KOMILIEKCHBIX) drcell 00pasyeT AelicTBUTENbHOe (ROMILIEKC-
HOE) JIMHeHHoe MPOCTPAHCTRO.

2. KoneunomepHoe BekTOpHOe NpocTpaHcTBO K™ B CHily OObIYHBIX
omepauuii Hag BeKTopaMu X = (Z1;...;&,), 2x € R, k=1,2,...,n, o6pa-
3yeT JelicTBUTElbHOE BEKTOPHOE IPOCTPAHCTBO.
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3. llyetr C" — MHOMECTBO BCEBOBMOMHDLIX YIOPANOUYEHHBIX MHO-
mecTB z = (21;...;2,) U3 N KOMIUIEKCHBIX uncel z; € C, k=1,2,...,n,
¢ IMHelHOH onepauueii, onpeleleHHON clAefyIOIUM 00pa3oM: eciau

z2={(215..52,) €C", w=(wy;..;w,) €C", A€, peC,

To def
Az 4+ pw = (Azy + pawr; .. Azn + pwy,).

TOF/:[a C" aBafieTcA KOMILIEKCHBIM JMHEeTHbIM MpoCTpaHncTBOM.

4. Mycts E — npousBoabHoe MHO#ecTBO. Toraa coBokynHocts F(E)
Beex ¢yuwruuit f: E — R (coorBerctBenno f: E — C) npu oGbI1vHOM
oTnpefleIeHHH CIOMKEeHUA QYHKIUA U yMHOMMEHHA UX Ha AECTBUTENLHOE
(KOMIUIEKCHOE) YHCIIO ABIAETCA AEHCTBUTENbHBIM (KOMIUIEKCHBIM) MH-
HelHbIM MpPOCTPAHCTBOM.

5. Muostectso P{™ (cooTBercTBenHO P(Cn)) BCeX MHOI'OY/IEHOB CTe-
neHefl, He NpeBLIMAIONIMX 3aJaHHOIO HATypalbHOro 4YMciaa 7, 0T OQHO-
ro NMepeMEeHHOr0 ¢ OeHCTBUTEIbHBIMU (KOMINIEKCHBIMU) KO3 dulneHTa-
MU fABJIAETCA JIHHE{HBIM NPOCTPAHCTBOM.

oo} oo}
6. Muomectso P = (J P (COOTBeTCTBeHHO Pc=U Pén)) BCex
n=0 n=0
MHOTOY/IEHOB OJHOT0 IEPEMEHHOTO C JeHCTBUTEAbHBIMHI ( KOMILIEKCHBIMH )
Ko3adduureHTamMu (cM. 3afady 5) ABIAETCA JIHHEHHBIM NeHCTBUTENbHBIM
(KOMILIERCHBIM) TPOCTPAHCTBOM.

7. MHOKecTBO BCEBO3MOKHLIX UYHCIOBBIX MOCAeJOBaTelbHOCTel
(21;.-;%n;-..), Tn € R (cooTBeTcTBEHHO X, € C), n=1,2, ..., npu 06bIY-
HOM OIlpee/eHid UX CIOMEeHUA U YMHOMEHUA Ha YUCI0 ABJIAETCA JIMHel-
HEIM TPOCTPAHCTBOM.

8. MuosmectBo C(X) Bcex HeNpepbIBHLIX HA METPUYECKOM IMPOCT-
panctBe X uucioBbix ¢yuruuit f: X — R (coorBercrBenno f: X —
— () fABJIsAETCA NOANPOCTPAHCTBOM NpocTpadHcTBa F(F) Bcex YUCIOBBIX
GyHRUM, onpefenennbix Ha npoctpaHcTBe X (cM. 3agauy 4).

9. MuomectBo C'B(X) BceX orpaHUYeHHBIX HENPEPLIBHBIX HA METPHU-
teckoM npoctpanctBe X ¢yuruuit f: X — R (coorBercTBenno f: X —
— () aBasgerca noanpocrpancTBoM npocrpancts B(X) (em. 3agauy 8)
u C(X).

10. MuomectBo RLypla;b] Beex uncnoBbix ¢yHRUMA z(t), onpeneneH-

b

HBIX Ha OTpeske [a;b], ¥ KOTOPBIX KOHeUeH UHTErpai /|:U(t)|p dt, p>0,
a

ABJAETCA JUHENHBIM MNpOCTPAHCTBOM.

IIpumeuyanue. CoriacHo celaHHOMY BbIlle 3aMeYaHUIO MOX UH-
TerpajioM NoHUMaeTcA HecOOCTBEHHbBIN UHTErpall, B YACTHOCTH, HHTerpall
Pumana. lostomy 3aech R p[a,b] 000o3HauaeT Goslee WHUPOKOe MHOKeC-
TBO (YHKIUI, UeM B mpumepe 2.
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11. Muosecto C'[a;b] Beex HempepbIBHO AuddepeHInpyeMbIX Ha
oTpeske [a;b] hYHKIMIA coCTaBIsET JUHENHHOE TPOCTPAHCTBO, ABJAOIIEe-
eA noanpoctpadeTBoM npoctpaHeTrBa Cla;b] (em. sajauy 8).

12. MuoskecTBo [, Beex mociegoBaTelbHOCTel NefCTBUTENbLHLIX YH-
o>

cel (z1;...;%n;...), AIA KOTOPBIX DAN E |z, |P cxomutes, obpasyeT 1u-
HelHOe TPOCTPAHCTRO. n=1
13. MuoMecTBO Bcex TOCIEN0BATENbHOCTEH KOMILIEKCHBIX — YH-
(o0}

cel (X1;...;%y;...), NI KOTOPLIX PN E |z, |P cxomutcs, obpasyer 1u-

n=1
HellHOEe NPOCTPAHCTBO.

14. Feau Y u Z — moanpocTpaHCTBa JUHeRHOro npocTpaHcTBa X,
To Y + Z — TaKke MOANPOCTPAHCTBO 3TOr0 MPOCTPAHCTBA.

15. BekTopel 1, ..., %, JUHEHHO 3aBUCUMBI TOI'/la U TOJBKO TOTrAa,
KOrjla mo KpaliHell Mepe OJUH U3 HUX ABAAeTCA MUHeHHONH KoMOuHanuen
OCTaJ/IbHBIX.

16. CucTeMa BEKTOPOB, cofleprhaliaa HYNIeBON BEKTOP, JUHEHO 3aBU-
cuMma.

17. Beakas NnojJcucTeMa JUHENHO HE3ABUCUMOU CUCTEMBI JUHENHO He-
3aBUCHMa.

18. Ecnu cucteMa BEKTOPOB JIMHEHHO 3aBUCHMa, TO JIMHEHHO 3aBUCU-
Ma U BCAKaf CUCTEeMa, ee cofleprralias.

19. B nuneiiHOM n-MepHOM INPOCTPaHCTBe He cyllecTByeT ©onaee
YeM 7. JUHEUHO He3aBUCUMBIX BEKTODPOB.

20. B nuneifiHOM n-MepHOM NpPOCTPAHCTBE Bce 6a3UChI COCTOAT U3 N
BEKTODOB.

21. B 1uneilHOM n-MepHOM NMPOCTPAHCTBE Kamaas cucTeMa 1 JUHel-
HO He3aBHCUMBIX BEKTOPOB fIBJIAeTCA 6a3MCOM 3TOr0 MPOCTPAHCTBA.

22. IpoctpancTBo P(™ MHOrOUIEHOB OJHOrO MEPEMEHHOrO CTeneHH
He Boime n (cM. sajady 5) ssiasiercs (n + 1)-MepHBIM, U OgHOUIE-
Hbl 1,%,12,...,t" 06pa3yloT B HeM Basuc.

23. [pocrpancTBo BcexX MHOIOYIEHOB OJHOTO epeMeHHOro (¢M. 3ajia-
4y 6) ABasgeTcH 6eCKOHEYHOMEPHBIM MPOCTPAHCTBOM.

24. Ecnu BeKTOph! 1,22, ..., Ty 00pa3yioT 6a3uc B JIMHEHHOM NPOCT-
n
pancrBe X, y; = E a;;x;, i+ =1,2,...,n, u det(a;;) # 0, ToO BekTO-

j=1
PBI Y1,Y2, ..., Yn Takike 0O6pa3yioT Ga3uc B NpocTpaHcTBe X.

25. Eciu BeKkTopel %1,%9,..,T, O00pa3yloT 0a3uc B JUHeHHOM
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n
npocTpaHcTBe X, y; = Zaijxj, rie (a;;) — TpeyrojibHasg MaTpHLa
j=1
ua;#0, i=1,2,...,n, TO BEKTOPHLI ¥Yi,Y2, ..., Yn TaKe 00pasyloT Oa-
3UC B pocTpaHcTBe X.
m
26. Beakasa cucremMa MHOMOYJIEHOB Pm(t) = Z amktk CTeleHeld m =
k=0
=0,1,....n (T. €. Gmm # 0) obpasyer Gasuc B npocrpanctse P (cm.
3agady 5).

27. Ecan cucTeMa MHOTOYIEHOB JIHMHEHHO 3aBUCHMa B JIHHEHHOM
IPOCTPAHCTBE MHOrO4a1eHOB P (cM. 3agady 6), TO OHA IMHEHHO 3aBUCHMa
U Ha 11060M npoMekyTke. Eciu cuctema MHOTO4YIeHOB JUHEHRHO 3aBUCHMA
Ha HEKOTOPOM INPOMEKYTKE NOIOMHUTEIbHON IJIMHBI, TO OHA JUHEHHO
3aBHCHMA U B IPOCTpPaHcTBe P.

28. Muorounensn! Jleanapa
1 d™E-1n™
2Myp! dt™ ’

o6pasyioT Gasuc B npoctpanctse P (cM. zagauy 5).

Po(t) =1, Pu(t)= m=1,2,..n, (7)

29. Oyuruua p,(t) = cos(narccost), n = 1,2, ....|¢| < 1, aBaserca
MHOIOU/IEHOM CTelleHH 1. MHozowaeHs Yeboliiesa

To(x) =1, Tn(z)=

ST cos(marccosz), m=12..n, (8)

06pasyloT Gazuc B npocTpanctee P (cM. 3agauy 5).

30. Jlio6oit MHOrOu/leH CTelleHH He BEILIE 71 ABJIAETCA JHHEHOH KoM-
funanueit muorowrtenoB Jlemanmpa Py(t), Pi(t),..., P.(l) v auueiinoit
roMmOunanueit muorounenoB Yebormesa To(t), T1(t), ..., Tn(t).

31. fAapo nuneitnoro orobpamenusa f: X — Y sABiserca moamnpo-
CTPaHCTBOM JHHEIHOro npocTpalcTea X.

32. O6pas aumHetiHoOro MpocTpaHCTBA MPU JUHEHHOM oToOparkeHUH
B Apyroe JHHellHOe IPOCTPAHCTBO ABAAETCA NIOANPOCTPAHCTBOM IIOC/IEN-
HEro.

33. Jlna Toro yToOnl AMHeliHOe oToOpasenue f: X — Y auHeliHoro
npoctpaHcTBa X B JIMHEHHOe NPOCTPAaHCTBO Y ObLIO HHBEKIHeH, Heob-
XOAKMMO M AOCTAaTOYHO, YTOOBI AP0 3TOr0 OTOOPAaMKeHUs COCTOANO TWIBKO
U3 HyJA.

34. Bce nuHefiHble 7-MepHBIE INPOCTPAHCTBA H3OMOPQPHBI MEHIY
coboi.

35. IIpeotpaszoBanune Pypbe HenpepbIBHBLIX aGCOMIOTHO WHTErpUpye-
MBIX Ha Bcell yucioBoit ocu R yHKIUI ABIAETCA UHbeKIMel B IMHeliHOe
npoctpaHcTBo pyusuuit f: R — C.

36. MuomectBo L(X;Y) Bcex nuHefHLIX omepaTopoB, oToOpaykaio-
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KX JKHelHoe IpocTpaHcTBO X B /IKMHeIHOe NPOCTPAHCTBO Y, IpU 0ObIU-
HOM OIpEJe/JeHUH IWHEHHBIX onepanuid HajJ HUMK o0pa3yeT JAHHeEHHoe
NIPOCTPAHCTRO.

37. """ = R"x R™, n,m=0,1,...

38. JorazaTth, uTo JauHelHble (QyHKRUHOHANLI f; u f, mauHeliHOro
npocrpancTtBa X JHHEHHO 3aBUCHMbI TOTJa M TONBKO TOrAa, Korja
ker f1 = ker f5.

39. JorazaTb, YTO OJA TOCO YTOOHI IUHEHHBIA GYHKIMOHAT f JUHeH-
HOr'o npocTpaHcTBa X Oblil JAuHeliHON KomMOuHauvel JUHeHHBIX GYHK-
HUOHANOB f; U fo TOrO jke MPOCTPAHCTBA, HEOOXOLUMO WU AOCTATOYHO,
yto0b! ker f; Nker fo C ker f.

40. HoamnpocrpanctBo H OeHCTBUTEILHOrO (COOTBETCTBEHHO, KOMII-
JeKCHOr0) JIMHEeHHOro NpoCTpaHcTBa X  HA3LIBAIOT 2UNEPRAOCKOCTbIO
npocmpancmea X, ecau cyuecTByer Takasd Touka a € X \ H, yto X =
= H ® Ra (coorBerctBenno X = H @ Ca). 3aecs

Ra={zeX|z=xa, A€ R} (Ca={ze€X|z=2Aa, A€ C}).

JlorazaTb, uTo ecniu H ABIAETCA IUNEPINIOCKOCTHIO A€HCTBUTENLHO-
ro snuneiiHoro npocrpancrea X u be X\ H, to X = H @ Rb.

41. JokazaTb, uTo eciu H; u Hs — TrUNepmIOCKOCTH JUHEHHOIO
npocrpanctBa X u Hy C Hs, To Hy = Hs.

42. JokazaTb, uTo eciu H; u Hs — TrUNEpmIOCKOCTH JHHEMHOIO
npocrpanctBa X u Hy # Hy, TO cymecTBYIOT Takue Touku hy € X
U hy € X, uTo hy EHl\Hg, ho EHQ\H].

43. JJorazaTh, 4TO NoAnpocTpaHcTBO H nuHefiHOro npocrpaHcTBa X
AIBJIAIETCA TUNEPIUIOCKOCTLIO 3TOr0 NMPOCTPAHCTRA TOrAa U TOJBRO TOrIa,
rKorga H ABafeTcA AAPOM HEROTOPOroO JUHENHOro GyHKIMOHANA.

44. JlowazaTb: ecnu f; u fo — JuHEHHO He3aBUCHUMEIE JIHHeHHbIE
(yHRIMOHATBI JUHEHHOro MpocTpaHcTBa X, TO CYleCTBYeT TaKoi Ju-
HelHbIN GYHRIMOHAN g npocTpaHcTBa ker fi, uto ker g = ker f; Nker fs.

45. JlokazaTh, 4uTO MepecedeHUe OBYX pPa3JIUYHBIX TUIEPIIIOCKOC-
Telt Hy u Hy nuneiinoro npoctpanctBa X ABIAECTCA FUIIEPINIOCKOCTHIO
B Ka;KIOOM U3 runepriaockocreit Hy u Ho.

46. [orasaTb, 4To ecau noanpoctpancTea Hy u Hs ABnAIOTCA runep-

IIOCKOCTAMH JefCTBUTENLHOrO IMHelHoro npocrpanctea X, Hy # Ho
u hy EHl\HQ, Tto H = H NHy® Rh;.

47. JlokazaTb, 4YTO B JIUHEHHOM NPOCTPAHCTBE JNI00bIe IBE ero CUIep-
MIOCKOCTH U3OMOPGHBL.

48. CransipHoe npousBeienue (x,y) B n-MepHOM mpocTpaHcTBe R
ABagercAa GUIMHednbiM oToOpasxenueM R™ x R™ B R.

49. BerTopHOoe npousBejeHNe TPeXMEPHLIX BEKTOPOB ABIAeTCHA GHUITU-
HefiHbIM oTOOpaseHneM R° x R® B R°.

27 Ilon pen. JI.A.KynpsaBuena, T.3
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50. Buauxeiinas gopma
) = Z aijTiYj, T =(T15-52n)s Y= (Y15-3Yn),
i

ABJAeTcA OWIMHEHHBIM oToOpamenneM R™ x R B R.

51. Ecnu z = f(z;y), z € X, y €Y, z € Z, — OGununeiinoe oroGpa-
JieHHe JIHMHeHHoro npoctpaHcrBa X X Y B JIMHEHHOe MPOCTPaHCTBO Z,
TO Aad MOGBIX Yuced Ay, Az, Hi, o U T1, T2 € X, y1, y2 € Y uMeer
MECTO PaBeHCTBO

Sz + Asza; puyn + poy2) =
=M f(z 1) + Aepn f(m2591) + Apa f(21592) + Aopa f (225 92)-
52. Haa aoGoro 6unuHeiiHoro orobpasmenusa f: X x X = Z umeer
MECTO TOMIECTBO
r+y x4+ 1 1
f( 2y y)+f( Qy)=§f(w;w)+5f(y;y), z,y €X.
53. MuosecTBO Bcex OuiuMHeHHBIX oOTOOpameHMit NpouU3Befe-
HuA X X Y nunelinpIx npocTpadcTB X U Y B JIMHENHOE NIPOCTPaHCTBO £

obpasyeT npu 00bIYHOM ONpefAe/eHUH JTUHENHON onepaluu Haa GyHKIUA-
MM JUHeHHOe IPOCTPAaHCTRO.

54. Bununeitnyio dopmy F: X X Y — Z Ha3bIBalOT cummempuinol,
ecnu A Jro6eIX 21eMeHTOB £ € X W y € Y BbINOIHAETCA pPaBeHCTBO
F(z;y) = F(y;z). CuMMeTpuuHele Oununeiinsle dopmel f: X2 — Z u
g: X? = Z, rne X? = X x X, coBNanaloT Torjia U TOJbKO TOrJd, KOrja
COBIIAZAIOT [OPOKIACHHLIE UMU KBagpaTuunble dhopMmel f(x;z) u g(z;x).

55. HorazaTh, YTO AJd MIOOBIX ABYX 3JIEMEHTOB T U Y MOJYHOPMUPO-
BaHHOI'O NIPOCTPAHCTRA BBINOIHAETCA HEPABEHCTBO
2l = Nyl < fle = yl].
56. HorazaTh, YTO AJd MOOBIX ABYX IEMEHTOB I U y MOTYHOPMUPO-
BaHHOI'0 NIPOCTPAHCTRA BBINOIHAETCA HEPABEHCTBO
l[=]] < max {||lz + y[|; l|l= — ylI}-

57. HorazaTh, 4TO MOJIYHOPMa HYJIEBOTO BIeMEHTa II0JYHOPMHPOBAH-
HOI'0 IPOCTPaHCTBA PaBHA HYIIO.

HoraszaTh, uTO HUkellepedyUCIeHHble B 3ajayax 58-71 nauHeliHble
NpOoCTpaHCTBa ABJIAIOTCA HOPMUPOBAHHLIMHU OTHOCHUTEIBHO YKa3aHHBIX
HOPM.

58. R, ||| = |a]-
59. C, ||lz]| = 2.

n

60. R 1) |zl = Zwk ll2lloo = max|ay|; 3) [zl = lok;

k=1
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n

1/p
9 Yzl = (D lal?) 7, 1< p < o0y @ = (@150520),

k=1 n
61. C" (cm. sapauy 3), ||z||l2 = Z |26, 2 = (2153 2n), 2n € C,

k=12, e
62. [,, 1 <p < +4oo (eMm. zagauy 12) {z||, = (Z|mk|p) , T =
= (21;..;Tp;--), Tn € R, n=1,2,... k=1

63. I, (cM. samauy 4 u3 §18 u 3anauy 7), ||z||co = sup |zg|.
k

64. 1Y (em. samauy 90 u3 §18 u zanauy 7), ||z|| = max|z|.

65. Cla;b] (cMm. zanauy 8), ||z||c = r[n%))]( |z(t)]-

66. CLpla;b], —00 < a < b< 400 (cM. 3agauy 7),
: 1/p
lall, = ( [lz@®l"dt) ~, 1<p < +oc.

67. CLy(a;b), —oo <a <b< 400 (cm. zamauy 9 uz §18),

; 1/p
lelly = ([l dr) . 1<p< oo

68. B(FE) (cm. mpumep 1 B §18), ||z]|oo = sup |z(2)].
E n
69. C"[a;b] (eM. 3amaay 93 u3 §18), ||z|lc» = max|a: ()]

[a;2]
k=0
70. H%a;b], a >0 (cM. 3agagy 95 uz §18),

e (t2) — a(t)]
z||g« = max |z(f)| + sup == .
IE4] te[a;b]| )l S A

71. H(K) — MHOMECTBO aHaIUTUYECKUX BHYTDPH OTKPLITOrO €MIU-
Huusoro kpyra K = {z € C| |z| < 1} ¢yHKEUMi, HENPEPHIBHEIX Ha €ro
sameikanun K, ||z]| = ‘m‘ax [z(t)].

z|=1

B zapgauax 72-75 morasaTh cthOpMYJIUpPOBaHHBIE YTBEp:AEHUS.

72. llna vopMm ||z||, u ||zl B 3amauax 62 u 63 uMeeT MeCTO COOTHO-
wenue lim [|z]|, = ||#]|oo-

p—Cc0O
73. B nwuneiiHom mnpoctpaHcTBe R ¢dyHEnua |z|| = MZJ:,C,

0 < m < n, ABIAeTCA NOIYHOPMON, HO He ABIAETCA B HEM HOpMOI/I

74. B auneitnom npoctpancte C™[a;b], n >0 (cm. 3anauy 59) dyHk-
uus ||z|| = I[na)](|:r(") (t)| ABameTCA MOMYHOPMOI, HO He AABIAETCA B HEM
b

a;

HOPMOIA.
27*
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b
1/p
75. Oyuruuonan |zf|, = (/|a:(t)|p dt) , fABIAACH TONYHOPMOIi B
a
npoctpanctBe RLp[a;b] (cM. npumep 2), He fABIAeTcH B HeM HOPMOM.

76. Ha rakux moaMHosecTBax MHO#eCTBa GYHKIME Z(t), MMEIOWUX
Ha oTpeske [a; b] abCoAI0OTHO UHTErPUPYEMYIO NPOU3BO/IHYIO NMOPALKA 7,

¢GbyHRIMOHAT /|a: t)| dt GymeT: HOpMOIL; MOAYHOPMOM; Il KAaKUX N7

77. MO}‘RHO JA B JHHEHHOM I[IPOCTPAHCTBe [BaiJbl HENPEDPHIBHO
auddepennupyemMblx Ha oTpeske [a;b] QyHRUMIA NPUHATE 3a HOPMY 3e-
MeHTa Z(t):

1) Ja(@)] + 2/ (@] + 2" lowar 2) [2(@)] + [l e

3) o'l tafas) + 1o llctaa; 4) [2(@)] + [5B)] + 2 o

) 12(@)] + 12l + 12 lotes

78. MoskHO K B THHEIHOM NIPOCTPaHCTBe HENpPEePLIBHO AuddepeHLn-
pyeMbIX Ha oTpeske [a;b] QyHKUHI NPUHATHL 3a HOpMY 3jeMeHTa x(t):

1) max|z(t)]; 2) max|z'(t)]; 3) |#(b) — z(a)| + max|z'()];

[asb] [asb] b [asb]
) |z(a |+I[IlaX|.I'( /|a: |dt+max|a¢( |?

B zapauax 79-84 pnorazaTb chopMynUpOBaHHbIE YTBEpPHIEHUS.

79. B roHeuHOMEPHOM JMHEHOM NMpOCTpPaHCTBe BCe HOPMbBI 3KBUBA-
JeHTHBI.

80. Eciu X u Y — juHeiiHple HOpMHpOBaHHBIE MPOCTPAHCTBA,

To ynsuuonanst max {||z(lx; [lylly}, llllx +[lylly n ll=ll% +llvll5,

x € X, y € Y, ABIAIOTCA SKBUBAJEHTHLIMH HOPMaMH B NpPOCTPaHCT-

Be X xY. b

81. ®yHKUHOHAIEL ||z]|c = I[n%)](|m(t)| u ||zl = /|m(t)|dt (eMm. 3aga-
a

un 65 U 66) ABNAIOTCA HE’KBUBATEHTHBIMU HOPMaMM Ha JUHEHHOM Mpo-
CTpaHCTBe HelNpepLIBHLIX HaA OTpeske [a;b] GyHKUuii.

82. Hopwmst ||z|lc u ||z]|g: (cm. 3agauu 65 u 70) He 3KBUBaIEHTHLI
Ha MHOKeCTBe (QYHRKUMIi, yAoBIeTBOpfiOmMX yciaosuio Jdunmuuna (T. e.
yeiaoBuio I'énbaepa crenenu 1) Ha oTpeske [a;b].

(0)
83. 1) MHomecTBo [y ABAAETCA 3aMKHYTBHIM MHOANPOCTPAHCTBOM
HOPMHPOBAHHOTO IPOCTPAHCTBA [y, (cM. 3amaun 63 u 64).
2) MHomecTBO, cocroslee U3 TOYeK x = (1;...;Tn), ¥ KOTOPLIX
BCE T, HAUMHAA C HEKOTOPOTI'0 HOMepa, PaBHbI HYJIIO, ABAAETCA He3aMKHY-
TBIM MOANPOCTPAHCTBOM IpocTpaHcTBa [, 1< p < 400 (cMm. 3anauy 62).

84. Muomecrso C"[a;b] ABAfieTCA HE3AMKHY TBHIM NMOANPOCTPAHCTBOM
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npoctpancTBa Cla;b] (cm. zagaun 65 u 69).

85. O6pasytoT au B npoctpanctBe C[—1;1] (cM. 3anauy 65) 3aMKHY-
TOe MOANPOCTPAHCTBO CledyIONNe MHOMKECTBA (YHKIIMIA:

1) mMoHoTOHHBIE GYHKUHHM; 2) YeTHble QYHKUUM; 3) MHOLOYMEHBI;

4) MHOTOUJIEHBI CTENeHn < 7;

5) HellpepbIBHO OUddepeHLUpyeMble GYHKLINU;

6) ¢yuruuu, ygpoBneTBopsiomMe yciaoBuio [Eabpepa (cMm. 3ana-
gy 105 us §18) naunHoil cTeneHu?

86. Ilpu Kakux p u ¢ copaBemIMBO BRmoueHue [, C [, (cM. zana-
uy 62)7

87. Jowasats, uto ecin z(t) € RLy[a;b] (em. mpuMep 2), 1 < p <

< +00, TO

lzlh < (0 —a) |zl 1/p+1/g=1;
aecnu 1 < p< +oo, TO
h C 2l < (0= @) Pl
(nas HeorpaHudeHHBIX GYHEOMNA z(t) odeBHOHO, YTO ||Z||ee = +00).

88. [lokazaTpb, 4TO ecau MOCIeAOBAaTENbHOCTh GyHkuuil (z,(t)) pas-
HOMEPHO CXOAUTCA K GyHKUMU z () Ha oTpeske [a;b] u z, — x € RL,[a;b),
TO 3Ta MOCIeNOBaTEILHOCTh CXOAUTCA K (GYHKIMH T U MO NOJYHOPME
npoctpancTBa RLp[a;b] (cM. npumep 2).

89. TlocTpouTh MpUMep MOCAeNoBaTeILHOCTH HellPpephbIBHLIX HEOTPU-
narenpHelx Ha orpeske [0;1] dyHKUMil, cxoasmeiicas B CMbICIE HOPMEI
npoctpancTBa C'Lp[0;1] (cM. sagauy 66), HO He cxoAAwWeCA HU B OXHON
TOUKE 3TOr0 OTpe3Ka.

B zamauax 90-99 nokazats chopMyUpOBaHHbIE YTBep:HIEHNA.

90. Eciy B NOJAyHOPMHUPOBAHHOM MPOCTpaHCTBe X [OC/Ie]0BaTElb-
HOCTb (Z1;...; Tp;...) HMeeT Ipelel, paBHelil a € X, TO AJA TOro YTOGBI
Ta e MOoCIeI0BaTeIbHOCTh UMeNa mpefed, paBHblil b € X, HeoGXomuMo u
HOCTaTO4YHO, UTOGH! ||a — b|| = 0.

91. Eciu nociefoBaTeqbHOCTh TOUEK CXOAUTCA 110 NMOJAYHOPMeE, TO OHa
orpaHHUYeHa.

92. Oyuruua f: X - R (uan f: X — (), onpeneieHHas Ha NOI1yHOD-
MHPOBaHHOM NpocTpaHcTBe X, ABAAETCA HEMPEPBIBHON B TOuke Zg € X
TOr[a U TOJIbKO TOrAa, Korga mag Jro6oro € > 0 cymecTByeT Takoe § > 0,
4TO A1 Beex x € X, YIOBIETBOPAIOWUX YCIOBHIO ||z — Zol| < §, Bbimoa-
HAAeTcA HepaBeHCTBO |f(z) — f(xo)] < e.

93. TlonyHopma ABRIAETCA HENpephIBHON QyHRUUEN Ha MOJYHOPMUPO-
BaHHOM IPOCTPaHCTBE.

94. Omnepaluu CI0MEHUA JEeMEHTOB U YMHOMeHUe UX Ha YUCI0 ABIA-
IOTCA HEMpPepPbIBHLIMU B MOIYHOPMUPOBAHHOM IPOCTPAHCTBE.

95. MHomecTBo FE Ha3LIBAIOT NAOMHbLIM 8 NOAYHOPMUPOSAHHOM
npocmparcmee X, ecnu LA Ramaol Touku z € X u moboro € > 0 cy-
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mecTBYeT Takaf Touka y € F, uro ||y — z|| < e. MHosectBo C§°(a;b),
—0 € a<b<g 4o (em. sagauy 113 uz § 18), mioTHO B mpocTpaHCT-
Be RL,(a;b), 1 < p < 400 (cM. npumep 2).

96. Ecin 1 < p < ¢ < +00, 10 MHOecTBO RL,[a;b] aBngercs mior-
HBIM MOANPOCTPAHCTBOM npocTpaHeTBa RLyla;b] (cMm. mpumep 2).

97. BeAkoe n-MepHOe HOPMHPOBaHHOE NPOCTPAHCTBO H30MOPGHO
¢ R" (cm. 3anauy 60).

98. Ilyctr X — nosiyHopMUpOBaHHOE NMPOCTPAHCTBO. JJIeMEHTHI Z €
€ X u y €Y HasbIBaloT sksusatenmubimi, eciu ||z — y|| = 0. O6o3nauum
yepes X MHOKECTBO, BIEMEHTAMU KOTOPOr0 fIBJIAIOTCH KJIACCHI DKBUBA-
JEeHTHBIX 3JeMeHToB mpoctpaHcTBa X. Ilyers ¢ € T € )N(, yeEyEe )~(,
A — uwcio. Onpefenum T + § Kak 3JeMEHT MHOKeCTBa )N(, cofiepia-
muit x +y, a AT — Kak sJeMeHT U3 )N(, cogepskamuit Az. Ilonoxmum
Izl = ||zl x. Hannbie onpenenenus KOPPEKTHbI, T. €. HE 3ABUCAT OT

BLIGOpA BIEMEHTOB T € T, y € § U MHOMeCTBO X ABIAETCA JHHEHHLIM
HOPMMPOBAHHBIM MPOCTPAHCTBOM C HOpMOii ||Z|| 5.

99. HopmupoBaHHOe MpocTpaHcTBO X fABAAETCA METPHUECKHM
MPOCTPAHCTBOM ¢ MeTpuKoil p(z;y) = ||z — y||x.

100. I[IpuBecTH mnpumMep MeETPUUECKOrO0 MPOCTPAHCTBA, B KOTOPOM
MeTpHKa He MOpOMAaeTCA HOPMOH.

101. byaer au B JHMHEHOM NPOCTPAHCTBe BCeX UUCIOBLIX MOCAeA0-
BaTelbHOCTeH MeTpuKa 3agaun 18.14 noposkaaThes Kakoi-1ubo HOPMOIi?

B 3agauax 102-127 goxasaTb yTBepH#AeHUA.

102. MHOMeCTBO B HOPMUPOBAHHOM MPOCTPAHCTBE OrPAaHUYEHO IO
HOpMe Torjla U TOJIbKO TOrJa, KOrJa OHO OIPDaHUYEHO KaKk MHOKEeCTBO
MeTpUUeCcKOro NPOCTPAHCTBA B CMLICAe METDPUKH, MOPOyKAEHHOH »Tol
HOPMOH.

103. MeTpurku, NOpOKIOEHHbIe IBYMf HOpMaMH JIHUHEHHOIO IpOCT-
paHCcTBa, SKBUBaNEHTHbI Mexay cofoit (em. § 18 m. 1) Torma u Tonbko
TOr4a, Kor'ja 3KBUBAIEHTHb! NOPOKAEHHLIE UMH HODPMBI.

104. Hopma sABifieTcA HENpepBIBHOU GYyHKIUEHl B CMbIC/IE METPHUKH,
MOPOAAeHHON 3TOIl HOPMOIA.

105. Eciu B HOpMUPOBAHHOM TIPOCTPAHCTBE &, — T U Y — Y, TO
[0 = yall = llz = yll, n — oo,

106. Eciu B HOpMHPOBAaHHOM MPOCTPAHCTBE Ty — &, Yn, — ¥ UB R
An = Al = 1y TO ApZp + UnlYn — AZ + uy, n — o0.

107. Ecau no Kpaiineii Mepe ofHO U3 MHOkeCcTB Fq U Ky HOpMU-
POBAHHOI'0 NPOCTPAHCTBA OTKPLITOE, TO U UX ajlrebpandeckasg CyMMma
E) + E, sABnfAeTcA OTRPBITHIM MHOMECTBOM.

108. B no60M HOpMHPOBAHHOM MpPOCTPAHCTBE CYUIECTBYIOT ABa He-
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nepeceralominxXcad OTKPBITHIX MHOMeCTBa, KOTOPbIe He coAeprraTCA HU B
KaKHuX HelepeCeRralOlMXCA 3aMKHY ThIX MHOMeCTBax.

109. Bcraroe HOpMUpOBaHHOE NPOCTPAHCTBO COMEPUTCA U IIIOTHO
B HEKOTOPOM GaHaXOBOM MpOCTpaHCTBe (3ITO MPOCTPAHCTBO HA3BIBAKOT
nonoaxeHuem UCXOIHOT0).

110. Bce nmnonoiHenusA AaHHOTO HOPMHUPOBAHHOTO NpocTpaHCTBa
(cM. 3agauy 109) usoMopdHbl Memay coBoil.

111. TpousBeneHiie GaHaxoBbIX NPOCTPAHCTB (cM. 3agauy 80) Tarme
ABAfleTcA BaHaXOBLIM NPOCTPAHCTBOM.

112. Cucrema {25}, « € U, »31eMeHTOB NO0JYyHOPMHUPOBAHHOTO
npoctpaHcTBa X MoJHa Torda U TOJBKO TOr[a, KOrJa MHOKeCTBO KOHeu-
HBIX JIUHENHHbIX KOMOUHAUUI ee DJIEMEHTOB, T. €. ee JUHeliHaAg 000J104Ka,
oGpasyeT maotHoe (cM. 3aga4dy 95) B X MHO#ecTBo.

113. Cucrema {z,}, a € U, 31eMeHTOB HOPMHDPOBAHHOIO MPOCT-
paHCTBa MoJHA Torja U TONLKO TOr[da, Korja 3aMblkaHUe ee JUHeHHON
0601049KH (B CMBIC/IE METPUKH, IOPOIEHHO! HOPMOIi) COBIIafaeT co BCeM
NPOCTPaHCTBOM.

114. HopMupoBaHHOe MPOCTPAHCTBO cenapabenbHo (B CMbIcie MeT-
PHKH, NMOPO#IEHHON HOPMOI) B TOM M TONBKO TOM clyuae, KOrfa OHO
COJEPHHUT CUETHYIO NOJHYIO CUCTEMY.

115. Cucrema creneneii 1,¢,2,....#", ... noana B npoctpanctie Cla; b]
(cMm. 3agauy 8).

116. 1) B noanpocrpanctee C*[—x;«| npocrpancrtBa Cl—m; 7] (cM.
3agauy 8), cocTofeM U3 TakuxX GYHKUMH 2(f), uyTo x(—7) = z(7), cuc-
Tema

{1;cosz;sinz;...;cos nz;sinnz; ...}
nojHa, a cuctema {1;cosx; cos 2z;...; COS Nx; ...} He MOJHA;

2) B moanpocrpanctse npoctpanctsa C[0; 7/2] dyHKRUMIL, yIOBIETBO-
psrowunx yenoputo f(0) = 0, cucrema

{sinz;sin 3z;...;sin(2n + 1)z; ...}
noJiHa.

117. UMeloT MeCTo CleayIOHUe BIOAEHU:

1) CLpla;b) G RLpla;b), 1 < p < 400 (cM. npumep 2 u 3agauy 66);

2) Cla;b) G CLpla; b, 1 < p < 400 (cM. 3amauy 8);

3) C™[a;b] C Clasb], n=0,1,2,... (cM. 3anauy 69).

118. Ecau cucrema {x,}, a € U,, HoiHa B N0JYyHOPMHPOBaHHOM
npocTtpancTBe X, KOTOPOE BJOKEHO B I0JYHOPMHPOBAHHOE MPOCTPAHCT-
B0 Y, u MHosecTBO X INIOTHO B MPOCTPAHCTBe Y M0 MOJYHOPME 3TOr0
IpoCTpaHcTBa, TO 3ajflanHas CHcTeMa MoJiHa B IPOCTpaHcTBe Y.

119. Cucrema creneHeii 1,%,t2,...,¢t7,... NoAHA B NpPOCTpaHCT-
Be CLy[a;b] (cM. 3agauy 66).



424 I'a. 4. Beedenue 6 gynryuonasvmbill anaaus

120. Cucrema MHorounenoB Jemannpa (cm. 3agauy 28) mnoaHa B
npoctpancrBax Cla;b] (em. sagauy 8) u CLpla;b], 1 < p < 400 (eMm.
3agauy 66).

121. 1) Cucrema {1;cosz;sinz;...;cosnz;sinn;...} moaHa B MpoOCT-
paictBe RL,[—mw], 1 <p < +oo (cMm. npnmep 2);

2) cucrema {cosz;cos3z;...;cos(2n + 1)z; ...} nonHa B npocTpaHcT-
Be RL5[0;7/2).

122. Ipocrpancrea Cla;b] (eMm. 3anauy 8) u CLyla;b], 1 < p < 400
(cM. sapauy 66) cenapabenbHbI.

123. IIyctb X — HOpMHpOBaHHOEe MpocTpaHcTBo. Toraa:

o0
1) eciu z,, € E n=12,.., A — 4ucio u pHJZ[ Zmn CXOOUTCA, TO
CXOOUTCA W PAL Z ALy, IpUYEM Z AT, = A Z a:n,
n=1 n=1 n=1
o (o]
2) eciu z, € X, yp, € X, n =1,2,..., U pAnsI an U Zyn
o

CXOoOATCA, TO CXOOAUTCA U pPAL Z(l‘n +yn), InpuyeM Z(Z‘n +yn) =
00 o]
n=1 n=1
=2 Tt D
n=1 n=1

124. TlocaepoBaTenbHOCTD DIEMEHTOB (€15 ...;€y;...) HOPMUPOBAHHO-
ro nmpocTpaHcTBa X Ha3bIBAIOT (CuemHbim) 0a3ucom, ecid, KaKoB Obl HU

ObLI 2JIeMEHT & € X, cyuleCTByeT M IIPUTOM eJWHCTBeHHafd IlocjJedoBa-
00

TeNLHOCTEL 4UCEN Ap, N = 1,2,..., Takaf, 4TO0 T = E An€n. Ecau cuc-

n=1
TeMa JJEMEHTOB 06pasyeT Basuc HOPMHPOBAHHOI'O IIPOCTpPaHCTBa, TO OHa
JIMHENHO He3aBUCUMA.

125. Eciu HOpMUDOBaHHOE NPOCTPAHCTBO UMeeT 0asuc, COCTOANIMUI
M3 KOHEYHOI'0 WK CUETHOI'O MHOKEeCTBa 3JIeMeHTOB, TO 3T0O IPOCTPAHCTBO
cenapabebHO.

126. Cucrema crenmeneil 1,%,t2,...,t",... He ABJIAeTCA G6Ga3UCOM B
npoctpanctBe Cla;b], —oo < a < b < +00 (cMm. 3agauy 8).

127. TpuroHoMmeTpudeckas cUCTeMa
1, cosz, sinz, ..., cosnz, sinnz,
He fiBasgercA OasucoM B npoctpaHcTBe C*[—7, 7] (cM. zagauy 115).

B zamauax 128-139 nowrasaTe chopMyJIMpOBaHHbIE YTBEpMIOEHUA.

128. Eciu X — AByMepHoOe JIHHeIHOe [IPOCTPAHCTBO BEKTOPOB I =
= (£1;x2) ¢ noayHopMo# ||z|| = |z1|, To nuneiinas dyukuua f(z) = x»
He ABIAETCA HeMpephIBHOH Ha X
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129. Jluneiinas ¢GyHRIWA f, cTaBAmlaa B COOTBETCTBHE KamIOMY
muorowiaeny P € P (cm. 3agauy 6) ero snadeHue B Touke { =4, T. e.
f(P) = P(4), He ABafgeTcs HeNpepbIBHONW (yHKIMEH Ha HOPMHPOBAH-
HOM MpPOCTpaHCTBe P BCeX MHOCOWIEHOB ¢ HOpMo# ||P|| = max|P(t)|.

l

130. B romeuHOMEepHOM HOPMHPOBAHHOM MPOCTPAHCTBE BCSAKAS JH-
HeliHaA (GYHKIMA HellpephlBHA OTHOCUTEILHO HOPMBI.

131. Onepatop A(z) = (w1;23;25;...;2%;...), @ = (T1;...;Tp;...) € l2
(cMm. 3agauy 62), oToOpamaeT ls B ly, HempepbiBeH B Ka#/oli Touke H
HeorpanudeH na mo6om mape U(0;r), r > 1. Byner au onepatop A nu-
HeHHBIM?

132. Jluneitnwrii onepatop X — Y HempepbiBeH TOra U TOAbKO TOra,
Kor'/la OH HelpephIBeH B HyJle IpocTpaHCTBa X.

133. Jluneitnwiit onepatop X — Y orpaHuueH Toraa U ToJdbKO TOr[a,
Kor/la OH HelpephIBEH.

134. Eciiu A: X — Y — jQunelnnlfi onepaTop, TO

“AH = sup | A=)l
zco Izl
135. Ecim A: X — Y — nuveilneiil onepatop, To
||A|| = sup lA@) )
=1 [l

136. Jluneiinniit onepatop A: X — Y orpabHuued Torga U TOJBKO
TOT/1a, KOT/la CYIIeCTBYET Takad mocrofiHHaa ¢ > 0, 4yro aad Bcex = € X
BhinoaHAeTcs HepaBeHeTBo ||A(x)||x < cllz|y-

137. Haa nuneiinoro onepatopa A: X — Y Beanuuna ||A|l pasua
HUHel TPaHU TAKUX MOCTOAHHBIX ¢ > 0, uTo 1A moboro x € X BhINOJ-
usiercsa HepaBeHcTBO ||A(x)|| < d|z]|.

138. Jluneiinwiit onepatop X — Y orpaHuueH Toraa U ToJdbKO TOTIa,
Korja oH Ji06oe orpanMyeHHoe B X MHOMeCTBO oToGpaxiaeT B OrpaHU-
yeHHOe B Y MHOMKECTBO.

139. Eciu A: X — Y — aunciiniit oncpatop, To g jaioboro & € X
BhINOJHAETCA HepaBeHCTBO || A(z)|| < ||A|l|lz[.

140. flpasloTeAs AW JMHEHRHBIMHU CledyIomure (QYHKIUOHAILL Haj
npoctpancTBom C[0;1] (em. 3anauy 8):

1) A(z) = /at(t) sintdt; 2) Afx) = z(to), to € [0;1];

3) A(z) = / 2(2)dt; 4) Alz) = / 22(t)dt; 5) A(x) = maxa())?

141. Rarue u3 ¢pynkuuroHadoB B 3anave 140 quHefHbI U HENIPEPBLIBHEI
Ha npocrpanctie C[0;1]7 BHIUUCAUTL UX HOPMEL.
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142. Jlokasarts, uto onepatop A: C[0;1] — C[0;1] (cm. zapauy 8)
OrpaHuyeH, U HaﬁTn €ro HOpPMY, eCJIH:

A(z) = 22(0); 3) A(z) = z(t?);

9 Alr) = ia(t)() olt) € CI0, 1)
/51n7rt—s x(s)ds; 6) A(m):/et’sm(s)ds

143. Jlokaszath, uto onepatop A: C'0;1] — C[0;1] (cm. zanaum 8
u 11) HempepbiBeH, U HAHTH €ro HOPMY, eCilu:

1) A(z) =z(t); 2) Alz) =2'(t).

144. Jlokasats, uto ecau @y, € Cla;b] (cm. 3agaay 8), k=0,1,2,...,n
TO OIepaTop

A: CMajb] = Clah), Alx ngk ),

OrpaHuyYeH.
145. Jaa kakux a >0 onepatop A: C[0;1] — C[0;1] (cM. 3agauy 8),
A(t) = x(t™), nuneeH u HenpepwiBen? HafiTu ero HopMmy.
146. Tlpu KakuX @1,Q2,...,Qy,... onepatop A: ly — Iy (cMm. 3aga-
uy 62), A(x) = (121; @& .. Tp; --.), T = (T1;...;Tp;...) € lo, Hempe-
pbiBen? HaitTu ero Hopmy.

B 3apgauax 147-154 poraszaTh cGhOpPMYJIUpPOBaHHLIE YTBep:AEHUS.

147. flnpo orpanuuenHoro JduHeitHoro omepatopa A: X — Y saApas-
eTcfl 3aMKHYThIM NOJNPOCTPAHCTBOM MpocTpaHcTBa X.

148. Ecau X; — nuHeliHoe NMpOCTPaHCTBO, IJIOTHOE B HOPMHUDOBaH-
HOM mpocTpaHcTBe X, a Y — mMojgHOe HOPMHUPOBAHHOE MPOCTPaHCTRO,
TO BCAKMIA JIMHEHHbINA orpaHuYeHHbIH omepaTtop A;: X; — Y MOMHO u
NPUTOM €JUHCTBEHHEIM 00pa3oM NPOAOJAKUTH B HEIIPEPBIBHOE 0TOOpae-
Hue A: X — Y. 9710 otoGpamenre A nuHeitHO U

||A||.Z(X,Y) = HAlH.,(f(Xl,Y)'

149. MuokeCcTBO Or paHHUEHHbBIX THHEHRHbIX onepaTopoB .Z(X;Y) 06-
pasyeT NOANPOCTPaHCTRO JUHEHHOrO IPOCTPAHCTRBA BCEX JUHEHHBIX ome-
patopoB L(X;Y).

150. MuoskecTBO orpaHUUYEHHBIX IHHEHRHbIX onepaTopoB Z(X;Y) as-
aseTCA HOPMHPOBAHHBIM [POCTPAHCTBOM, B KOTOpoM ¢yHRuuoHan (1)
ABJIAETCA HOPMOH.

151. Ecau mpocrpancta X u Y koHeuHomepHbl, T0 Z(X;Y) =
= L(X;Y).

152. Ecau Y — GaHaxoBO IPOCTPAHCTBO, TO NpocTpaHcTBO £ (X;Y)
TaKkxke 6aHaxoBo.
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153. Jlio6oe HopMHUpOBaHHOE IIpocTpaHCTBO X HM30MOpdHO ¢ IpocT-
pancreom Z(R; X).
154. KoMmoauuus JHHEeHHbIX OrpaHuYeHHbIX onepaTopoB A u B Tak-

Ke fABJIAieTCA JIMHEHHBIM OrpaHHYeHHBbIM OIepaTOpOM M BBINOJHAETCA He-
pasenctso || BA[l < [|B][[|Al-
155. IlpuBecTH npuMep HOPMHUPOBAHHOIO NIpocTpaHcTBa X U TaKUX

AuHeliHpIX orpannvennslx onepatopoB A: X - X u B: X — X, 4yro
AB # BA.

B zapgauax 156-162 pokasaThs chopMyJIMpPOBaHHBIE YTBep:JAeHUS.

156. Ecin A: X X Y — Z — jqudeiidblil orpaHU4eHHbBIH onepaTop, TO
CYILIECTBYIOT U NPUTOM €QUHCTBEHHbIE TakHe JMHeiHble orpaHUYeHHbIE
omepatopbl A1: X = Z u Ay: Y — Z, uro ana mo6oro siemMeHTa
(z;y) € X X Y umeeTr MecTO paBeHCTBO

Alz;y) = Ar(z) + Az(y).
Jlns vopMm onepatopoB A, A; U As BbINONHAIOTCS HEPaBEHCTBA
Al < [JAll, - [[A2]] < [JA]]-

157. Ecin Ay: X > Z u Ay: Y — Z — jnuHeliHble orpaHuYeHHbBIE
onepaTopsl, To oneparop A(z;y) = Ai(x) + Ax(y) ABIAeTCA JIMHENHHBIM
OrpaHU4eHHbIM onepaTopoM M3 X XY B Z, U Ui €ro HOPMbI BbINOJIHA-
erca HepasenctBo || Al < | Al + ||Az]].

158. MHOeCTBO OrpaHHYEHHbIX OHIHMHENRHbIX oToOpamenut f: X X
xY — Z ofpasyeT noAnpocTpaHCcTBO JUHEHHOI0 IPOCTPAHCTBA Beex Gu-
JAuHeliHbIX oToOpaskenuit X xYV — Z.

159. MuoskectBo .Z»(X,Y; Z) orpaHudeHHblX GUINHENHBIX 0TOOpa-
sweauit f: X XY — Z aABadeTcA HOPMHUPOBaHHBIM IIPOCTPAHCTBOM C

HOpMOM .
/1l = inf{c: [|f(z, y)llz < cllzllxlylly}-

160. [Ias BCAKOro orpaHMyeHHoro GuauneHoro orobpasmenus f: X x
xY — Z umobeix ¢ € X, y € Y BbINOIHAETCA HEPABEHCTBO

1 (@ 9)llz < Nl x [lylly-

161. Jlasa toro utoObl OunMHEliHOe 0TOOpaMeHe NPOU3BeleHUuA HOp-
MUPOBaHHBIX [IPOCTPAHCTB ObLIO Or PAHUUYEHO, HeOGX0AUMO U JI0CTaTOUHO,
4TOOBI OHO OBLIO HENPEPBHIBHBIM.

162. Ecau npoctpadcTBo Z 6aHaxoBo, To OpocTpaHcTBo (X, Y Z)
OrPaHHUYEHHbIX OUMMHEeHbIX oTo0pameHuil Take 6aHaX0BO.

163. Ilpu ¢urcupoBaHHoM aieMeHTe x € X OuiluHeiiHoe oToOparmke-
Hue f: X XY — Z szagaer auneiiHoe orobpamenue f,: Y — Z 1mo

hopmyile det

fe(y) = fx39).

Ecnu f — orpanuuenHoe Sununeiinoe orobpaxenue, o || f|| < || £zl
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164. llycts f — orpanuueHHoe GuanHeitHoe oToOpaieHue f: X X
XxXXxY—>ZuF:z— f,, z€ X (cm. 3agaay 163). Torga ans ao6oro
y € Y BepHo paBeHctBo (F(2))(y) = f.(y) = f(z;y), F sABigerca nu-
HefHbIM Or pAHMYEHHBLIM OIePAaTOPOM, OTOOPAKAIOIIUM IPOCTPAaHCTBO X
B mpocrpancteo Z(Y;Z), 1. e. F € X (X, Z(Y;2)), u ||F|| = |f]l-

165. Orobpamenue f — F (cm. 3agauy 164) spasercs usomopd-
HEIM oTo0pamenueM mpocrpanctBa £5(X,Y;Z) na mnpocTpaHcTBO
L (X, 2(Y;2)).

166. Ilo ananoruu c GuaMHENRHBIM 0TOOpaKEHUEM OIpeaesieTC Mo-
HATHE N-auneiinozo omobpancenuns X1 X Xo X .. x X, =Y, n=1,2,...,
v ero Hopma (X1, X, ..., X,,, ¥ — HopmupoBauusie npocrpanctea). Hop-
MUPOBAHHOE MIPOCTPAHCTBO BCEX OIPAHUYEHHBIX 7L-IHHEHHBIX 0TOOpaske-
HUl 2L, (X1, Xo, ..., X3 Y) usoMopdHO ¢ NPOCTPaHCTBOM

j(Xh j(X% ey E(Xna Y)))a
IpUYeM CYIIeCTBYeT Takoi U30MOpGhU3M 3TUX NPOCTPAHCTR, UTO [JA CO-
OTBETCTRYIONIUX IPH HEM [PYT ADPYTY 3IeMEHTOB

ijn(Xl,XQ,...,Xn;Y) )51 FEE(XDE(XQ,,X(X”,Y)))
ana mobeiX x, € Xg, £ =1,2,...,n, UMeeT MeCT0O COOTHOIIEHHe
(..((Fz1)za)..)xy, = f(21;22; 0 Z0)-

B zapgauax 167-174 powraszaTh cthOpPMYJIMpPOBAaHHLIE YTBep:AeHUA.

167. Ecau otobpamenue f: G — Y orkpoitoro B X MHOMecTBa (¢
nuddepeHupyeMo B Touke g € (7, TO OHO U HENPEePhIBHO B 3TOH TOUKe.

168. Ecau otobpamenue f: G — Y OTKpBITOro B MpocTpaHcTBe X
MHozkecTBa (G nUddepeHnrpyeMo B Touke & € (7, To ero quddepennuan
B 3TOH TOYKE OIpe/e/leH OAHO3HAUYHO.

169. Ecau orobpamenue f: (G — Y NOCTOAHHO HA OTKPLITOM B
npoctpancTBe X MHomecTBe G, 10 f'(2) =0 Ha G.

170. Eciu 20 € X, a € X u f(t) =xzo+at, —o0 <t < 400, TO
otobpaskenue f: R — X nmuddepeHuupyeMo Bo Bcex Toukax t € R u
f'(zo + ta) = a.

171. Orobpamenve y = f(x), = (Z1;.;Zn); ¥ = (Y15 --;Ym), OT-
KpBITOrO B npocTpaHcTBe R muomectBa (G B npocrpanctBo R™ pud-
depennupyemo B Touke z € (7 TOrja U TOJABKO TOI[A, KOraa B 3TOH TOUYKe
aubdepeHIUpyeMbl BCe ero KOOpAUHAaTHBIe QYHRUUU Yy = y;(T1;...; Ty ),
i =1,2,...,m, npuuem npousBonHan f'(z) samaerca mampuyer Aro6u

Ayi - .i_
(axj ), t=1,2,...,m; 7=12,..,n.

172. JlokazaTh, uTo guddepeHlnan IMHeHOro oTobOpakeHUsl CoBIa-
JaeT ¢ caMUM 0ToOpaMieHUueM.

173. Ecau otoBpaskenue w = f(z), z =x + iy, w =u + v, OTKPLITO-
ro MHoskectBa G C C B KoMIUekcHY10 mockoeTs C auddepeHnupyemMo
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B TOURE 29 = Zp + iYyg B cMbicie Dpeliie, TO B 3TOH TOUKE BbITOIHAIOTCA
yeaoBusa Komu—Pumana
Ou(zo;yo) _ Ov(zosye)  Ou(mosy) _ _ Gulzo; yo)
Or oy ' Ox oy

174. Ilycts dyHrOuM @(t;s) u w
S5

HeTpephIBHBI B Mojoce ¢ <

<t <b —00<s< +oo uotobpamkenre f: Cla;b] — Cla;b] 3apaerca

dopmyoit
f(z) = o(t;2(t), € Clasb]
(cm. 3agauy 8). Torpa oto6pamenne f nuddepeHunpyeMo B M0G0H TOY-
ke zg € Clasb] u
Of(t;zo(t
(o)) (h(t)) = 2EDD by h e Olash)

HMonyunTs otcioga dopmyny s npousBogHoi otobpaskenns f: Cla; b] —
— C[a; b] yMHO#eHUA Ha HETTPEPHIBHYIO (PYHKLHIO, T. €. 1JIfA IPOU3BOXHON
oroGpaskenus (f(z))(t) = o(t)z(t).

175. Haiitu npousBoiHble cilefylomUX oToOpaseHUIl B yKa3aHHBIX

Toukax (cMm. zagady 8):
1) f(x) =sinz(t), f: C[0;7] = C[0; 7] B Touke g = cost;
2) f(x) = az®(t) + bx(t) + ¢, f: C[0;1] — C[0;1] B Touke xg = 0;
3) f(z) =@ f: C[1;2] - C[1;2] B Touke o = Int.

176. Haiitu npousBoanyio @Ppeiiie pyHKIHUOHANA
b
[(@) = [Fla:a (1),

onpeneeHHoro Ha 6anaxoBom npoctpancTee C'la;b] HempepbiBHO AU De-
peHUMpyeMbIX Ha oTpe3ke [a;b] ¢yurumit z(t), obpamamomuxca B HYIb
Ha ero KOHIEAX, B TPEINOJOMeHUH IBaM/Ibl HEeTpPephIBHON AuddepeHnn-
pyemocTy GpyHKuUU F.

Bo Bcex manpHedinux 3agayax 3Toro naparpada moj mpocTPaHCTBOM
NOHUMaeTCA JIMHeHHOe HOPMUPOBaHHOE MPOCTPAHCTBO, eCly, KOHEYHO, He
OTOBOPEHO YTO-TUGO ApYTOE.

B zapauwax 177-183 pokasaTh ChOpPMYJIMPOBaHHLIE YTBEp:KAEHUA.

177. Ecnu otobpamenus f: G—Y u g: G — Y OTKPBITOrO B IPOCT-
panctBe X MHoOMmecTBa (G nuddepenHurpyemsl B Touke = € G, TO JIO-
Gan ux JuHelHaa koMOuHauua Af + pg takske guddepeHpyeMa B 3TOM

TOYKe U
(Af + pg)'(x) = Af'(z) + pg'(2)-

178. Ecnu otobpasmenue f: G — Y OTKpPBITOrO B mpocTpaHcTBe X
MHOsecTBa (G nuddepeHurpyemMo B Touke z + toh, 0 <ty < 1, uHTEp-
Bana (z;z + h) C G, To orobpamenue ¢g(t) = f(z +th), 0 <t <1, nud-
¢epennupyemo B Touke to u g'(to) = f'(zo + toh)h.
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179. Ecau X, Y u Z — HopMupoBaHHbIe pocTpaHcTBa, G u D —
OTKPBITHIE MHOKECTBA cooTBeTcTBeHHO B X U Y, oTobpamenue f: G —
— D puddepennupyemo B Touke z € GG, a oTobpamenue g: D — 7 —
B Touke f(x), To uX KoMmosuuua gf AuddepeHUUpyeMa B TOUKe T U ee
I @epennual B 3ToOH ToOUKe paBeH KOMMNO3ULUU AU PepeHUUaloB 0To-
spasennii f u g: D(g(f(x)))(Df(x)).

180. YcnoBue (2) paBHOCHILHO YCIOBHIO CYIIECTBOBAaHWA Mpemeia

ti 2EX =IO _ (), gy (o).

t—0

181. Orobpasenute  — ||z]|, = € X, umeer B Toure x =0 npousBo-
HYIO N0 11000MY HalpaBleHHIo, HO He auddepeHuupyeMo B 3TOH TouKe.

182. Ecau oto6pasenue f: G — Y oTKpbITOro B mpocTpaHcTBe X
MHoskecTBa G puddepenuupyemo B Touke z € G mo ®peue, To 0HO B
3TOI TOUKe MMeeT MPOU3BOAHYIO MO JIOGOMY HamnpapBleHHIO.

183. Ecnu B maHHO# Touke y 3ajaHHOI'0 O0TOOpaMeHUA CYLIECTBYeT
cunbHBIN guddepeHLnan, To B Hell CyUlecTBYeT U cnadblif, IPpUYeEM OHU
COBMAJAIOT.

184. IpuBecTu npuMep oTodpakeHUs, UMeEIOLIEero B HEKOTOPOH TOUKe
cjabeiil nuddepeHnran U He UMEIOIIEro B Hel CUJABHOIO.

B zapmauax 185-193 nowrasaTs chopmyIMpOBaHHBIE YTBepIOEHUA.

185. Ecau y orobpamenun f: G — Y orkpbeITOro B npocTpaHcTBe X
MHOsecTBa (G B HEROTOPOI OKpPECTHOCTH TOUKU x € G CYIECTBYeT cia-
6af npousBogHafa D.,f(z), HenpepblBHafA B TouKe x (T. €. B 3TO TOuKe
HenpepbIBHO oToGpamenue z — (D, f)(z) € (X ;Y)), To B Heil cywect-
ByeT cuibHadA npousBoguana D f(z), U ona coBmamgaeT co ciadoi.

186. Ilycts ¢ — oroGpamenue orpeska [0;1] B nuHeiiHoe HOPpMUPO-
BaHHOEe MPOCTPAHCTBO Y, a ¢ — pAelicTBUTenbHad (QYHKUUA, 3aJaHHAA
tare Ha orpeske [0;1], npuueM @ W 1) HENpepbIBHBI HA STOM OTpe3Ke
u guddepeHurpyeMbl B €0 BHYTPEHHUX To4ykax. Torna, eciau AiA Bcex
t € (0;1) BomonHseTca HepaBeHCTBO ||’ (2)|| < ¢'(¢), To BhINOAHAETCA U
nepaBencTBo [|p(1) — p(0)|| < (1) — ¥(0).

187. Ecau otoGpasenue f: G — Y oTKpbITOro B mpocTpaHcTBe X
MHOs;kecTBa G HeNpephIBHO Ha OoTpeske [zg;z] C G u oubdepenunpyemo
Ha uHTepBane (rg;x), TO

1 f(zo + h) — flzo)ll <RIl sup [[f'(EII-
(zosw)

188. Bununeiinyo dopmy F(z;y), © € X, y € X, Ha3blBalOT CuM-
MempuiHoil, eclu [JIA JOObIX aneMeHToB © € X u y € X BbINoIHAETCA
pasenctBo F(z;y) = F(y;z). Ecau orobpaenue f: G — Y orkpsitoro
B mpocTpaHcTBe X MHOskecTBa (G UMeeT BTOpPYIO NpousBoauyio [ B
Touke xg € (G, TO 3Ta NPOU3BOJHAA ABIAETCA CUMMETPUUHON HOpMOIi,
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npuHaadessaieit mpocTpancTBy Zo(X2%Y) = Zo(X, X;Y) (cm. 3ana-
ay 159).
189. UmeeT mecTo dopmyaa
£ @) i e ) = ((F7) @) ha) (e oo )
190. UmeeT mecTo opmyJia
(PP (@) (B oo B ) (Bt o5 ) =
= f (@) (h;.ihe), 0<m <,

191. Tpoussoanas f() m06oro nopsagka n ABIAETCA CHMMETPUIHOM
n-nuHefiHoi gopmoii (n-muneiinyio ¢gopmy F(z1;...;2,,) Ha3bIBAIOT cuM-
MempuyHoli, eClU ee 3HAUEHUA He MEHAIOTCA MpU 060N MepecTaHOBKe
ee apryMeHTOR).

192. Ecau otobpamenue f: G — Y OTKpeITOro B mpocTpaHcTBe X
MmHO}cecTBa G uMeeT Ha orpeske [Tg;x] C G n HempephIBHBIX IPOUS-
BOJHLIX U Ha UHTepBaie (Zo;) NPOU3BOJHYIO MOpsaka 1 + 1, To

" zo) , - (n) o
[ #6010 = 7o) = (o = Zdpe - - Ly

”thJrl (n+1) .
~ (n+1)|( Su}lh)Hf (E)Ha o+ h € [ZL’(),ZL’].
" {Zojxo

<

193. Eciau B nmpeanonoxeHUAX MpeAblayileil 3a1auu TPOU3BOAHASA TI0-
panka n + 1 otobpaskenusa f orpaHuveHa Ha UHTepBaie (Xg;x):

c= sup [[f"TV(9)] < +o0,
(zos)
TO

Flwo +h) = f(mo) + f'(wo) b+ 1) p2 oy P o gy

2! n!
h—0
(fopmyaa Tetiaopa).

194. laa orobpakenun f: C?[0;1] — C[0;1] (cM. zamauy 69)

(flx)(t) = (fl)i + sinz(f) HaiiTu Bce ero MpoU3BOAHBIE B TOUYKE T = ¢
U paslouTh 1o GopMyJe Tellnopa B OKPeCTHOCTU 3TONH TOUKHU.
B
195. Jlatb ompefeneHue uHTerpana Pumana—boxHepa /m(t) dt,

[e34
z: [a; 8] = X, [a; 8] C R, B TepMuHax npeneios nociefoBaTelbHOCTEN
UHTerpaibHLIX CYMM M JOKasaTh ero 3KBUBaJEHTHOCThL C ONpelefeH!U-
eM (3).
B 3agauax 196207 porasaTe chOpMYJIUPOBaHHBIE YTBep:kAeHUS.

196. Eciu dyuxuusn z: [o, 8] - X, X — nuHeiiHoe HOPMUPOBaH-
HOe MPOCTPaHCTBO, TO OHa OrpaHUYeHa; T. €. MHOMECTBO ee 3HAaUeHU
ABJSAIETCA OrPaHUUYEHHBLIM B POCTpaHCTBE X MHOKECTBOM.
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=i,

197. Ilyets @: [o; ] = X — orpanudenHas yHkuua, 7={t;};_5 —
pasbuenue otpeska [«; ],

wi(z;T) = sup |[[f(n) = (Ol

& mElts—1;t4]

B
Toraa anga Toro 4ToOLI CYIleCTBOBAI UHTErpai /a:(t) dt, HeobXoaUMO U
(03

JOCTaTO4HO, 4TOObI i
=

lim 5 wi(z; T)AL; = 0.
|7]—0 4
i=1
g
198. Jln1a toro uToGbI CYyIIeCTBOBal WHTErpadf /a:(t) dt oT orpanu-
a4
vyenHoit ¢yuruuun x: [o;f] = X, rge X — GaHaxoBO MpOCTpPaHCTBO,
He0OXOAUMO U JI0CTAaTOYHO, YTOObI, KaKkoBa Obl HU Oblia Moc/ieoBaTelb-
HocTh {0, } MHTerpaibHbIX cyMM QyHRUUM z(t), v KoTopoit lim |r,| =
n—oo
= 0, ana mobdoro £ > 0 cyuecTBOBal Takoil HOMep ng, 4YTO A BceX
HOMEPOB 7,11 > Ty BBINOMHAETCA HEPABEHCTBO |0, — 0, | < €.

199. Ecaun ¢yuruua x: [a;3] — X HenpepbiBHa, TO OHAa MHTErpu-
pyema.

200. JluHeliHag KOMOMHAlMA MHTErpUPYeMbIX Ha oTpeske [«;[3]
GYHKUMI ABIAETCA MHTerpupyeMoii Ha 3TOM oTpe3ke (QyHKUIHEH,
W uHTerpan (2) or sauHeiiHONH KomMOMHAUMK GYHKUHE paBeH TaKoH
e TUHelHOH KoMOUHaIUU UHTerpanoB OT 3TUX GYHKIIHMA.

201. Ecau ¢dyurmua z: [a; ] = X uHTerpupyema Ha oTpeske [a; f3],
TO OHa MUHTerpupyeMa U Ha modoMm otpeske [o'; '] C [o; G].

202. Ecau ¢oyuruuda z: [a; 8] > X uHTerpupyeMa Ha oTpeskax [a; ]
u [v; 0], @ <y < B, To OHa UHTerpUpyeMa H Ha oTpeske [«; 3] U umeer
MecTo (popmyJa

/:z:(t) dt

a4

]a:(t) dt + /ga:(t) di.

203. Ecmun ¢dyuruuda z: [o; 8] — X unterpupyeMa ua otpeske [q; ],
TO Ha HTOM OTpPe3Ke UHTerpupyema u ee Hopma ||z(t)||, ¢ € [«; 3], npuuem

a g
H /z(t) dtH < / [l (t)]] dt.

204. Ecau ¢yuwuusa z: [a; ] — X nocrosunas: z(t) = xp, To oHa
WHTerpupyema Ha orpeske [«; ] u

B
/a:(t) dt = (8 — a)xo.
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205. Ecau otobpasenne z: [a; 0] — X umeer Bun z(t) = ¢(t)zo,
riae @(t) — duciaopasa GyHRUUA, 8 g € X, TO

9 9
/x@d#:m/w@dt

[e3

206. Ecau C: X —» Y — orpanuyenHoe nuHeliHOe 0ToGpameHyue HOp-
MHPOBaHHOrO npocTpaHcTBa X B HOPMHUPOBAaHHOE MPOCTPAHCTBO Y, TO

3 B |
/C(a:(t)) dt = c( /ac(t) dt).

207. IlycTts 3agaHo HenpepbiBHOe oToGpamenue f: X — Y HopMupo-
BAHHOTIO IPOCTpaHCTBa X B HOPMHUPOBaHHOE MPOCTPAHCTBO Y U [2o; 1] C
C X. Honosxum

&1 1
[ #@)dn ™= [ (o + (a1 = z0)) dt.
Z( 4]

Torpa, ecan HenpepeiBHOE oToOpayenne f: X — Y uMeeT Ha oTpes-
Ke [Zg; 1] CHABHYIO NPOM3BOAHYIO f', HeNpephIBHYIO MO Z, TO

[ £(@)de = f(ar) — f(xo)

0

(popmyaa Herwomona—Jdetibrnuya).

OTBETHI

77.1), 4), 5) Na; 2), 3) ver. 78.1),4); 5) la; 2, 3) Her.

85. 1), 3), 5) Her; 2),4), 6) na. 86. p<gq. 101. Her. 131. Her.

140. 1)-3) lla; 4), 5) ver. 141.1) 1 —cosl; 2) 1; 3) 1

142, 1)-3) Il = 1 4) 41| = illcoy 5) 141 = 2/m;

6) |4 =e—1.

143. 1), 2) ||A|| =1. 145. Jlasa Bcex a > 0: ||A]| = 1.

146. [locne10BATENLHOCTE (415 ...; iy} ...) OFpanuueHa, ||A|| =sup |ay]|.
n

174, (7(2))(h(1)) = p(Oh(0).
175. 1) f'(cost) = cossint; 2) f/(0) =b; 3) f'(Int) = t!+1.
176. (f'(z0))(h(t)) =

_ /b[aFa;wo(t);ws(t)) pe) + 2GRSO 1)

ol
= - heC lab].

194, (f/(1)h = "+ heost, (FO @A = sin (t+ )ik, k> 2,

sin (¢t + k7r/2)

(t—l—h)—smt—i—h”—i—hcost—f—z i

k=2

+o(h"), h 0.

28 Ilon pen. JI.I.Kynpsasuena, T.3
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§ 20. T'uan6epTOBBI MPpOCTPAHCTBA

CMNPABOYHBLIE CBEAEHWA

1. [IpocTpaHcTBa co cRaJAPHLIM NpousBeaeHneM. Ilycts X —
NeHcTBUTENbHOE THHEHOe TIPoCTpaHeTBo. OyHRIUIO (I;y), ONpeeieH-
Hyto Ha X X X, Ha3bIBAIOT CKAAAPHbLM NpOU3GederueM, eCIU LA TOObIX
To4YeR Z,Y,2 € X W MoObIX JEHCTBUTEIbHBIX YUCET A, ji BbIMOAHAKTCA
cliefyollde CBOHCTBA:

1) wommymamusnocme: (z,y) = (y, z);

2) aunetinocmy: (Ax + py, z) = Mz, z) + ply, 2);

3) neompuyameavnocmy: (x,x) = 0;

4) neeviporcdenrocme: ecau (xz,z) =0, mo z = 0.

B ciyuyae KOMILIEKCHOrO JJMHERHOro NMPOCTPaHCTBA QYHKIUIO HA3biBa-
10T CKAAAPHBIM npoussederueM, eCli BLIMOIHAIOTCA YCIoBUS 2), 3) U 4),
a BMecTo 1) ycioBue:

1) (2,9) = (5, 2).
Ecau nnsa ¢yHkuuu (z,y) BBINOJIHAKOTCH TOAbKO ycaoBua 1)-3) (co-
OTBeTCTBeHHO ycioBusa 1'), 2), 3)), To ee HABLIBAIOT NOYMU CKAAAPHbIM
npouseederuem. Huaue roBops, MOUTU CRANAPHOE MPOU3BEEHNE B CiyUae
JeHCTBUTEIBLHOrO IPOCTPAaHCTBA — 3TO CUMMeTpUYHAA HeOTpUIlaTelbHas
OunuHeliHaa popma.
Fcau (z,y) — cranspHoe (MOUTH CKaIAPHOE) IPOU3BeEHHE, TO BHYHK-

[[HOHAT

2] = V/ (2, ) (1)
ABNsETCA HOPMOIA (moayHOpMoil) Ha npocTpaHcTBe X (cM. 3agady 5 u3
§ 20).

Yeaom mempy saementamu x # 0 U y # 0 AuHEHHOTO TIPOCTpaHCTBA
CO CKalAPHBIM NIPOM3BEeHHEeM HA3bIBAIOT Takoi yroa ¢ € [0, 7], uto

(%, y)

Iyl

JuHeliHOe NPOCTPAHCTBO CO CKAIAPHBIM NPOU3BELEHHEM Ha3bIBAIOT
2uAb0epmoebiM, €CITH OHO TIONHO B CMBICHE METPUKH, MOPOAKICHHON HOp-
Moit (1).

JIBa MUHEHHBIX TPOCTPAHCTBRA €O CRAIAPHBIM (MTOUTH CKaTAPHBIM) TIPO-
M3BeeHUEM Ha3bIBAIOT UIOMOPFHBIMU, €CTH OHU H3OMOP(HBI KaK JIHHEl-
Hble POCTPAHCTBA U CYLIECTBYeT OTOOpaMeHHe, 0CyIIeCTRIAOIIEE 3TOT
M30MOP(HU3M M coXpaHdiollee cKalfApHoe (IOYTH CKalfApHOE) NPOU3Be-
eHHe.

cosp =

2. OproHopMupoBaHHbie Oa3uckl. PaAagsl @ypre. JaeMeHTH T
U Yy JWHEIHOro MPOCTPaHCTBA C MOUYTU CRAIAPHBIM NPOU3BeJeHHEM Ha-
3LIBAIOT OpimozoHaasHsimu, ecan (z,y) = 0.

Cucremy 21eMeHTOB {Z4}, @ € U (U — HEKOTOpOe MHOMECTBO HH-
II€KCOB), BTOC0 MPOCTPAHCTBA HABLIBAIOT OPIMOZOHAAbHOU, €CIU Ka#Ible
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ABa ee pasyIMYHEBIX 3JlIeMeHTa OpTOorOHaJJbHEI. EC.III/I7 KpoMe TOro, HOpMa

1106010 ee 3IeMeHTa paBHa equHule: ||z,|| = 1 VYa € U, 1o ee HasbiBa-
10T OPMOHOPMUPOSAHHOLL.
Ecmu {e,}, @ € U, — oproronaihHas cUCTeMa B IHHEHHOM IIPOCT-

panctBe X co cRaJfApPHBLIM IIpOU3BeneHUeM, e, 7# 0 aas Bcex a € U u

z € X, To uucia (z,e0)
)

(ea, ea)
Ha3bIBAIOT Koafduyuenmon Dypve sneMeHTa T MO JAHHOH OPTOrOHATb-
HOH cucTeMme.

Ao —

>
Ecnu aTa cuctema He Gollee ueM cueTHa: {e,}, n € N, To psax g Gnén
Ha3bIBAIOT pAdom Pypve s1eMeHTa X N0 JaHHON CUCTEME. n=1

OpTOroHalbHYIO CHCTEMY {€,}, a € U, HaswBaOT samrHymoll 6 au-
HellHoM npocmpavcmee €O CKAAAPHLIM npoussedenuem, €cid B 3TOM
IPOCTPAHCTBE HE CYIIECTBYET NIEMEHTA, OTAMYHOTO OT HYJAA U OPTOro-
HaJBHOTO K KaMMIOMY U3 3JEeMEeHTOB 3TOU CUCTEMbI.

Ecnmu Xy — nomMHOkeCcTBO JIMHEHHOr 0 NpocTpaHcTBa X €O cKajfp-
HBIM NIpou3BeldeHueM, ¢ € X U xg € Xy Tarol 3IeMeHT, 4To

z — x|l = inf ||z —
I oll yexoll yll,

TO €ro Ha3bIBAIOT IACMEHMOM HAUAYHUIe20 NPUOAUNECHUA dAeMEeHMmd T B
nogMHoskecTBe X IpocTpaHcTBa X, a YUCIO

Bow) = inf flo
—  HAUAYHWUM NPUCAUNCEHUEM IACMEHMA T K YKa3aHHOMY I[OJMHO-
FKECTBY.

[TogMHO?KECTBO JIMHEHHOTO NpOCTpaHeTBAa X CO CRAIAPHBIM NIPOM3-
Be/IeHHEM HasbIBAIOT €r0 3AMEHYMbLM NOONPOCIMPAHCIEOM, €CIIH OHO fB-
AfIeTCA MOANPOCTPAHCTBOM X Kak JMHEHHOTO NPOCTPaHCTBa M, KpoMe
TOrO, AIBASIETCS 3aMKHY ThIM 0AMHOkecTBOM. [IpoctpancTBo X HasbiBa-
IOT NPAMOU CYmMmoti ero 3aMKHYTBIX NOAIPOCTPAHCTB ¥ U Z W NUWYT
X=Y®Z ecmn X =Y + Z (cm. §19, 1. 1) 1 Kamublil s1eMeHT x € X
eMHCTBEHHBIM 06Pa30M IPEACTABUM B BUe & =Y + 2. JJiAl BCAKOro MHO-

def
mectBa £ C X muomectBo It ={z € X:(z,y) =0 Vy€ E} nassiaior
OPTOrOHAJBLHBIM NOMOJHEHUEM MHOkecTBa E.

MPUMEPLI ¢ PELUEHUAMMU

[o.9]
Opumep 1. Illycte pax Z/\n cxogutea, 0 < A, <1, n=1,2, ..

n=1
I[OI-’&EIBaTb7 4yTO B JUHEWHOM I[IPpOCTPAaHCTBe X Bcex IociegoBaTellIbHOC-
o]
Tell £, € R, n=1,2, ..., 07A KOTOPLIX CXOAUTCA PAX g mi, GyHKLIUOHAN
o0 n=1
(z,y) = § AnZnYn (2)
n=1

28*
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ABJAeTCA CKAJAPHBIM MNPOM3BeJeHHeM M UYTO MNpOoCTpaHCTBO X C 3TUM
CKaJAPHLIM NPOU3BeJeHUeM He ABIAeTCA M'UILOepTOBLIM.

A BLINOIHMMOCTL aKCHOM CKAJAPHOr0 MPOU3BEACHUA I QYHKIIMO-
Haja (2) mpoBepsieTcs HemocpencTBeHHO. IlokameM, YTo MoCie10BaTENb-
noets (™ = (; (m) mgn), ...), Tze mﬁ,’;) =l,eciul<m<n, n mgff) =0,
eciu m > n, prH}laMeHTaJIbHaH, Ho He cxoaamasnca. IllycTs 3agano € > 0.

oo

U3 cxogumocTu pana E Ap CIEedyeT, YTO CYIIECTBYeT TaKoW HOMep 7.,

i An < 2.

n=ng

4yTO n=1

Mostomy npu n > n. u k > 0 umeeMm

||$(n+k) n)” _ \/( (n+k) — g(n ) plnt+k) _ w(n)) —
n+k 00
=1/ D A<yl D Am<e,
m=n-+1 m=n+1
T. e. mocaenopaTenstocTs (2. 2(Y; ) dynaamentansuasn. MycTs cy-
meerpyer lim z(™ = q = (a1;...; Qm;...). Torma U3 cXOOMMOCTH DA-
o n—oo
na Z aZ, clemyeT, 4TO cyllecTBYeT Takoe 7y, YTO NMPU T > Mg BbI-
m=1

TIOJIHAETCA HEPAaBEHCTBO a4y < 1/2, a mosToMYy W HEpaBEHCTBO

[ee)

ng
2™ — a||2(3) Z A (@D = am)? 2 ) Am(1 = am)?
m=1

P Aman? > 3 Al - an)? - S

m=ng+1 m=1 m=ng+1

3mech mepBoe ciaraeMoe B MpaBoil YacTH HeOTpHIlaTeAbHO, a BTOpOe
Ipu N — 0O B CHIY VCIOBHA A, > 0 cTpeMUTCA K MOJOMUTEILHOMY
npepeny. CrenoBaTenbHO, Npefea Bcell MpaBoil 4acTH NMPH 1. — 0O II0-
JO}KUTENEH, B TO BpeMA KaKk Mpefes JeBoit yacTu paBeH HyJi0. OTcio-
1a AIBCTBYET, 4YTO MOC/JAeJ0BaTeIbHOCTL (m(l); ...;m(”); ) He UMeeT Ipe-
nemna. A

IIpumep 2. JlokasaTb, YTO MHOMECTBO
= {2z = (z gn);...;mgg);...) €l 2™ =0
mpun£m, =W =1+1/n} (3)

ABJAETCA OI'PaHU4Y€HHbIM 3aMKHYTBIM MHOMRECTBOM B MMPDOCTPAHCTBE 12,
B KOTOpOM HyﬂeBOVI 3JIeMeHT NpOoCTpaHCTBa He MMeeT 3JeMeHTa Haulyd-
mero l'IpI/I6.TII/I}HeHI/IH.
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A CranfipHoe IpOM3Be[eHHe B MPOCTpaHCTBe [ 3agaeTcA (GopMyoit
o)

(x,y) = Zmnyn, z= (21} Tns )y Y= W1;iYn;--) Ela (4)
n=1

(cMm. Hume 3amavy 15).
Moatomy u3 (3) u (4) cnenyer, 4To

o] = /(™ 2y =1+ 1/n < 2. (5)

CitefoBaTenbHo, MHOKecTBO X orpamiueno, inf ||z — 0] =1 u B MHO-
n

mecrBe X B cuny (5) HeT aneMeHTa ¢ HOpMoH, paBHoit 1. Ilokamem,
yto X — samruyToe MHomecTso. Ilyers z(™) € X, k=1,2,..., u
klim ™) =z Bemu ¢ = (21;...;2p; ...), TO
—00 1

) =l =1 b D (6)
Hocroabky n#nk

. (ni) _ N . _ 2
klglgo||m *o— gl =0, T}Lrgom,l =0 un Z x5 20,
n# N

TO paBeHCTBO (6) BO3ZMOKHO TOILKO B ClIydae, KOrjia MoCcae/0BaTelbHOCTh
HOMEpPOB (7] ...; Ng;...) OTpaHUYEHA CBEPXY, U, CIeI0BaTeIbHO, NOCIe10-
paTeapHocTh (2(M); . ;x(™): |} comepmuT cTalnmoHapHyio MOANOCTeI0-
BAaTEILHOCTh, BCE UleHbl KOTOPOH paBHLI HEROTOPOMY 3ideMeHTy z("0) ¢

€ X, atorma lim z\"™) = z("). 310 osnauaer, uto MHOMecTBO X CcO-
k—o0
JIepM#UT BCE CBOM TOUKM MPUKOCHOBEHHS, T. €. ABJIAETCA 3aMEHYTHIM. A

Opumep 3. lorasaTh, uTo eciu Y — 3aMKHYTOe MOANPOCTPaAHCT-
BO JIMHEIHOTO MpocTpaHcTBa X €O CKRaJlfApHBIM MPOU3BEAEHUEM, TO €ro
opToroHadbHoe Jomodnenne Y- Tamske ABIAGTCA 3aMKHYTBHIM MOANPOCT-
paHcTBOM MpocTpaHcTBa X.

A Eenn 2 € YL, 2 € YL, 1o nna moGeix uncen Ay, Ay M J11060TO
y €Y umeem

(Ar21 + A222,4) = A1(21,y) + Aa(22,9) =0,

MO3TOMY A 21 + A2zo € Y. 3amrnyToCcTh MHOMecTBa YL cremyer u3
HEIPEPLIBHOCTH CRANAPHOrO IpousBeneHua (cM. sagady 25): ecau z, €

eYLt u lim Zp = Z, TO OJA Ramaoro y € Y 6yaeM UMeTh
n—o

(z,y) = (lim z,,y) = lim (z,y) = lim 0 =0,
n—o00 n—00 n—00
T.e.zcYt. A
[Ipumep 4. JlokasaTk, 4TO eciau

Y = {y = (Y153 Yn; ) Ela: iyk :0},
k=1

Zm ={z="(21552n;..) €Els: 2z, =0 ¥n> 1},
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TO IIpU M060M M
L=Y,®Z,, m=12 .. (7
Bynetr au MHO#eCTBO Z,; OPTOrOHalbHBIM [AOMOJHEHHEM MOANPOCT-
paHcTBa Y,, B mpocTpaHcTBe [y 7
A Ecu z = (x1;..;20;-) € loy, v = (W15-5Un;-) € Y, 2
= (z1;...;2p}...) € Zy, U UMeeT MecTo ¢opmyna (7), To IJIA BCeX N Ty =
= Ypn + 2. U3 9TOM cucTeMbI criefiyeT, 4To Aid Bcex n > 1

Tn = Yn- (8)
,H.T[H TOr0 4TOOBI BbIpa3nuTb Y3 U 21 4epe3d T, BOCIOJb3yeMCA COOTHOIIE-
HUIMHU

Yi+ ... +ym =0, =z =91 + 2.
U3 Hux ¢ nomowsio (8) nomyuum
Y1 = —T2 — .o. — Ty, &1 =1+ T+ ... +Tip.
Tawrum obpazom, Iy, =Y, + Z,,, u npecTaBieHue 3eMeHTa x € [o B BUne
r=y+z,rae y €Y, z€ Z,, eAMHCTBEHHO, T. €. UMeeT MeCT0 GHOpMYy-

aa (7). llognpocTpanctBo Z,, He ABIAETCA OPTOrOHAILHBIM JOMOMHEHHEM
NOANPOCTPAHCTBa Y, HU NMpPU KaKoM m > 1, Tak Kak

y=(a;—0;0;...;0;..)€Y,,, z=(0;0;..;0;...) € Z,,,, m=2,3,...,
Ho (y,2)=a?>#0 mpu a#0. A

3AJAUN
B 3agauax 1-18 nokasaTh chopMyIUpPOBaHHLIE yTBepHKAEHUS.

1. [Ina ramporo 3jeMeHTa & MPOCTPAHCTBA C MOUTH CKaJAPHBIM IIPO-
M3BeJeHHEeM MMeeT MecTo paBeHcTso (z,0) = 0.

2. Tloutu cranfApHOe Npou3BeleHUE B [IeHCTBUTENbHOM JTHHEHHOM
NpPOCTpPaHCTBE ABIAeTCA GUIMHEHHBIM 0TOOpaMeHHeM, & B KOMIIIEKCHOM
He fIBJAfIeTCH.

3. I[JIH MOY4YTHU CHaJAPHOIO MpoH3BedeHUA B NeNCTBUTENbHOM (ROMH—
JIePiCHOM) JIUHEHHOM NMpoCTpaHCTBe ClIpaBeJJUBO HepaBeHCTBO

I(z,9)| < V(z,2)V/(y,v)

(nepasencmso Kowu-Bynaxosckozo).

4. I[JIH MOo4YTHU CKRAJAPHOI'o NpoU3BedeHUA CIIpaBelJIMBO HEPaBeHCTBO

Vi +y,z+y) <V(zz) + V(Y1)

5. Ecau (z,y) — mouTu ckanfipHoe (CKaAfipHOe) NPOU3BeleHHe B U~

HelflHOM TpocTpaHcTBe, TO ¢yHKIHOHAN ||z|| = \/(z,2) ABIAeTCA MOTY-
HOPMOIi (HOPMOIi) B 3TOM MPOCTPAHCTBE.

6. B MHOKecTBe NEeMCTBUTENLHBIX yucead R oObluHasg omnepanusa yM-
HOMEHUfl ABIAETCA CKaNfAPHLBIM NpPOM3BeJeHHeM, a8 B MHOMECTBE KOMII-
JekcHBIX yncen C CKaldApHBIM MPOMU3BENEHHEeM 4Hucel 21 U zo ABIAETCA
NIpPOU3BeNeHUE 21Z5.
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7. B medcTBUTENbHOM n-MEpPHOM BEKTOPHOM mpocTpaHcTBe R™
(PyHRKIIMOHAT
(z,y) = 2191 + ... + ZnUn,
r=(215..52n) €R", y=(y1;.-5yn) € R",
ABJACTCA CKAIAPIILIM TPOU3BCACIIMCM, @ COOTBCTCTBYIOWIAdA CMy I10pMa
coBIlafiaeT ¢ JJIMHONW BEKTOpA.
8. B KOMIUIEKCHOM 7 -MepHOM BeKTOpHOM npocTpaHcrBe C™ (em. 3a-
nauy 3) hyHKRUHA
(,y) = 2191 + ... + ZnTn,
z = (T1;..;20) €EC", y=(y1;.-;yn) € C",
AIBJAIETCA CRAIAPHBIM NPOU3BEIEHUEM.
9. B 1eiicTBUTeIbHOM T-MepHOM BeKTOPHOM IpocTpancTee R™
pyHRIUA
(wvy) :$1y1+~-~+l‘mym7 1 <m<n7
r=(21;..;2n) €ER", y=(y1;.-;yn) € R",
AIBJAIETCA MOUTH CKAJAPHBIM IIPOU3BEIEHUEM U He fIBIFETCA CKaJfPHBIM.
10. B auueitnom npoctpancree RLo(a;b), —oo < a < b < 400, cocTo-
AleM U3 TeHCTBUTENbHBIX QYHRIMI ¢ MHTErpUpYeMbIM (BOOGIIE TOBOPS,
B HeCOGCTBEHHOM CMBbIC/Ie) Ha UHTepBale (a;b) KBampaToM, HyHKIMOHAN
b
(z,y) = /:v(t)y(t) dt, x € RLs(a;b), y € RL2(a;b),
a
AIBJAETCA MOYTH CKAIAPHBIM IIPOU3BeIeHHEeM U He fIBJIAETCA CKaJfAPHBIM.
11. B 1uHe#HOM IPOCTPAHCTBe HEIPEPhIBHBIX Ha OTPe3ke [a;b] GyHK-
uuit z: [a;b] = R dyHruHoHAN
b
(2.9) = [2@y@®dt, @,y € Clast]
a
AIBJAETCA CKaJISPHBIM MpousBeaenueM. llonyyeHHoe NPOCTPAHCTBO CO CKa-
JAPHBIM Npou3BefeHHeM obosHaualoT CLo[a;bl.

12. B nuneitHOM npocTpaHCTBE, COCTOAIEM U3 KOMILIEKCHO3HAUHBIX
bYHRIUH, KBafipaT MOAYJIA KOTOPbIX HHTETPUPYEM Ha KOHEUHOM UJIH Gec-
KOHEeYHOM WHTepBaje, bhyHKINOHAI

b

(2.9) = [a()y(®) de (9)

a
ABJIACTCHA IIOYTH CRAJAPHBIM WU HE ABJACTCH CRa/JAPHLIM IIPOU3BEJCHHUEM.

13. B nuHedHOM NPOCTPAHCTBE KOMIUIEKCHO3HAYHBIX HENpPEpbIBHBIX
Ha oTpeske [a;b] QyHRUMHA byHKIHOHAL (9) ABAAETCA CKANAPHBIM IIPOU3-
BelleHHeM.
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14. B npoctpanctBe C'Ly(a;b) melicTBUTeNbHBIX HeMpephIBHLIX Ha
KOHEYHOM MM GecKOHeYHOM HHTepBaie (a;b), —oo < a < b < +o0, hyHE-
I[1Mii, KBagpaT KOTOPbLIX UHTerpupyeM Ha 3ToM UHTepBale, GyHKIHOHAN

b
(@) = [ely®dt
a
ABJIAlIeTCA CKalfIPHBIM MPOU3BEAEHUEM.

15. B nuneiiHoMm mpocTpaHCTBe [y OeHCTBUTENbHBIX UUCIOBBIX MOCITE-

noBaTenbHocTel (cM. mpumep 2 B § 18) dyHRIIHOHAN

o)
(x,y) = anyn, = (T1;.;&n;..) €Elo,  y= (Y153 Yn;-.) € lo,
n=1

ABJIACTCA CRaJAPHBIM IIPOU3BEICHHUEM. HpI/IBeCTI/I npruMep Io4YTH CRallAp-
HOT'O MMpOM3BeJeHNA B 3TOM JIMHEHHOM MMPOCTPaHCTBe.

16. B suHeliHOM MpOCTpaHCTBe MOCJIE0BATEIbHOCTEH (T1;...; Ty .. )
o)

KOMILIEKCHBIX unced (cM. 3agauy 13 uz §19), mia KoTopbix E |z, |* <

< 400, HYHKIIHOHAT oo n=1
(z,y) = Z Tn¥p
n=1

ABIAETCA CRAIAPHBIM IPOU3BEIEHUEM.
17. B auneiinom npoctpancTBe lp (cM. 3agauy 15) GpyHKUHOHAN

o<
(@y) =D Tt
n—m

npu m > 1 ABIAETCA MOYTH CKANAPHBIM U HE ABIACTCA CKATAPHBIM TPO-
U3BedeHUEM.

18. Mycts X — sMHeHHOE MPOCTPAHCTBO C TOYTH CKANAPHLIM MPO-
u3BeneHneM. diaeMeHTsl & € X, y € X Ha3blBalOT 9KBUBAAEHNIHbIMLU, €C-
m ||z —yl|? = (r —y,x —y) = 0. O6osnauum X MHOMECTBO, DJIEMeH-
TaMH KOTOPOT0 ABIAIOTCA KIACCHI 9KBUBAIEHTHBIX 2JIEMEHTOB [IPOCTPaH-
cra X. Ilyetb x €7 € X, y €y € X, A u p — uucaa. Onpegennm
AT + uy Kak aMeMeHT MHOMecTBa X, COofepalluii A\x + Ly, ¥ TON0HHM
(Z,9) = (z,y). Torma sTu onpeneneHus KOPPEKTHLI, T. €. He 3ABUCAT OT
BLIGOPA DIIEMEHTOB & € Z, y € § u X ABIAETCA JMHEHHBIM TIPOCTPAHCT-
BOM, a GyHruuA (Z,J) — CKANAPHLIM IPOU3BEIEHUEM B HEM.

19. HaiiTu yrael TpeyroapHMKA ¢ BeplIMHaMU B Touxax x1(t) = 0,
x22(t) =1, z3(t) =t B mpoctpanctBe C'Lo[—1;1] (cm. 3apauy 11 us §20).

B zapauax 20-35 morazaTb chOpMyAUpPOBaHHLIE YTBEpHIEHUA.

20. B n1uHeitHOM mpocTpaHCTEE C MOYTU CKAIAPHBIM IIPOU3BEIEHHUEM
IUTA MIOOBIX IBYX 2IEMEHTOR & U § TIPOCTPAHCTBA UMEET MECTO PAREHCTRO

lle +yll* + llo = yll* = 2(]l[* + llylI*)
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(pasencmeo napaasesozpamma).

21. B guHeitHOM MpPOCTPAHCTBE C MOYTHU CRAIAPHBIM IIPOU3BeIeHUEM
JAA MIOOBIX TPeX 3JeMEHTOB I, § U Z MpOCTpPaHCTBa MMEET MECTO pa-
BEHCTBO

x+yw

1
Iz = ol + llz = yll* = g llz =yl + 2|z - 23

2
(pasencmeo AnoanoHus).

22. B peiicTBUTENLHOM GAHAXOBOM MPOCTPAHCTBE MOMHO BBECTH CKa-
NApHOe NpousBefenue (x;Yy), 1as kotoporo ||z||*> = (z, ), Toraa u Toabko
TOrja, Korja Ads Mo6bIX TOUeR Z, Yy STOTO NMPOCTPAHCTBA BBIIOJIHAETCH
paBeHCTBO ) )

2 2 _ 2 2
1z +yll” + llz = ylI* = 2(]12]" + lly]l®)-

23. B HopmupoBaHHoM npocTtpancTBe Cla;b] Henb3A BBECTH CKalIAp-
HOE TIPOUBBejIeHHe, COTIacoBaHHOE ¢ HOPMOH 3TOT0 POCTPAHCTBA B CMbIC-
Je 3agayu 22.

24. Omepalny CIOKEHUSA MEMEHTOB U YMHOMEHHA UX HA YUCIO ABIf-
I0TCA HEeNpephIBHBIMU B MPOCTPAHCTBE ¢ MOYTH CKaJAPHBIM MPOU3Be/Ie-
HUEM.

25. TlouTu cralfipHOe NMPOU3BeJEHHe B JHHEHHOM mpocTpaHcTBe X
AIBAAETCA HelpepolBHON Ha X (dyHRUHEH.

26. Ecau B naunelinom mpocTpaHcTBe X ¢ MOYTU CKATAPHBIM IPOU3-
(o0}

BeaeHHeM 3aaaH CXOHHmHﬁCH pAno Zl‘n =, Tn S )(7 TO OJA BCAKOTO
n=1
3lleMeHTa a € X 4YHUCIOBOH pan, HOﬂyqa}OIHHﬁCH N3 JaHHOTI'O MOYJEeHHbIM
00

YMHOMEHHEM €T0 Ha G, Take CXOOUTCA U E (zn,a) = (z,a).
n=1

27. Ecnu B npocrpanctBe RlLs(a;b) (cm. zamauy 10) cxoauTes psn
[e @) (o0}
Z Zn(t) ¥ ero cymma pasha z(t), T. e. Z z,(t) = z(t), To nas MOG0H
n=1 n=1

byuruun ¢(t) € RLy[a;b] uMeeT MecTO paBeHCTBO

b oo b
[e@ewdt=3" [zbe)dt,
a n=1a

B YACTHOCTH, AJIA KOHeYHOTO WHTepBana (a,b) MMeeT MecTO PaBEHCTBO

/ba:(t)dt = f: /b;vn(t)dt,

a n=1 a
T. €. 3aJaHHbIA pAOD MOHIHO MMOYJIEHHO MHTErpUpOBaTh.

28. Bce n-MepHble 1UHetHBIE IPOCTPAHCTBA CO CRAAAPHBIM IPOHU3Be-
JeHHeM U30MOp(HBI Mexay co0oil.
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29. BcesKkoe n-MepHoe JUHeliHOe TPOCTPAHCTBO CO CRAMAPHBLIM IIPOU3-
BeJleHHeM MOJHO B CMbIC/Ie METPUKY, IOPOMACHHOH CKRalfipHbBIM NIPOU3Be-
JeHUEM.

30. Bcakroe nuHeliHOE MPOCTPaHCTBO CO CKANAPHBIM NPOHU3BENEHUEM,
U30MOp(HOe TUAL0epTOBY MPOCTPAHCTBY, ABIAETCA TI'HAbOEPTOBBIM
NpPOCTPAHCTBOM.

31. Bcakoe nMHeHOe NPOCTPaHCTBO (AefCTBUTENBHOE HITH KOMILIEKC-
HO€) CO CKASIPHBIM [IPOM3BEJEHHEM COIEPKUTCA U IVIOTHO B HEKOTOPOM
runs6epTOBOM NPOCTPAHCTBE, HA3LIBAEMOM €0 NONOAHEHUEM.

32. Bce nononHeHMA JUHEUHOTO NPOCTPAHCTBA CO CKAIAPHLIM MPOU3-
BeleHUeM HU30MOp(HHBI Meay coBoM.

oo
33. MuoskectBo {x =(x1;...;&p;...) €y ‘ 5 T, = O} ABJAAETCA JU-
=1
HEHHBIM MPOCTPAHCTBOM, IUNIOTHBIM B IpocTpaHcTBe [y (cM. 3agauy 15).

34. Hpoctpancreo CLs[a;b] (cm. zamauy 11) He siBaseTca ruinbep-
TOBLIM TTPOCTPAHCTBOM.

35. Ipoctparcteo ClLsla;b] (em. sagmauy 11) miIoTHO B HEKOTOPOM
r'ui1b0epPTOBOM MPOCTPAHCTBE (3TO NPOCTPAHCTBO 0Go3HauatoT Lola;b]).

36. Bynert au B nuneiinom npoctpanctse C Lia;b] nenpepoiBHo aud-
(epeHnupyeMbIX Ha oTpe3ke [a;b] GYHKIMN (yHKIMOHAN
b
(@.9) = [ (@) + Oy (1) dt
a
CKaJApHBIM mnpousBegenuem? Eciu ga, To GymeT nu mnomy4duBiieecs
IPOCTPAHCTBO THILOEPTOBLIM?

37. Haittu yron memagy oyukuuamu x(t) = sint u y(t) =t B
npoctpanctie: 1) CLs[0;7] (cm. samauy 11); 2) CLi[0;7] (cm. sana-
ay 36).

B 3agauax 38-55 mokaszath chopMyinupoBaHHbLIE YTBepHiJeHU.

38. Nmeer mecto Baomenue (cM. § 19, m. 2) Cla;b] C Lafa;b] (cm.
3agaudy 35).

39. TpoctpanctBo Lsafa;b] (cM. samauy 35) cenapabenkHoe.

b

40. Eciu  lim [ [2(t) — z,(1)]?dt = 0, To mnociefOBATEILHOCTD
n—o0

a
dyuruuit {z,(t)} HasbBalOT crodaweiica 8 cmbicae cpedHezo KBa0-
pamuyHozo Ha ompeske [a;b] kK dyHruMu x(t).
Oyurnusa x(t) = 1/v/t He sABAfieTcA MpefenoM B CMbICie CPeIHEro
KBagpaTHuHoro Ha otrpeske [0;1] mocienoBaTeNbHOCTH HeNMpepbIBHBIX
GyHRIUNA.
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41. Mpoctpanerso Iy (eM. 3agauy 15) ruianGepToBo.

42. Ecau cuctema {z4}, o € U, 31eMeHTOB JHHEHHOTO MPOCTPAHCTRE
¢ MOUTH CKaAfPHBIM NPOU3BEJEHHEM OPTOrOHANBHA U ||Z4|| # 0 mus Beex
a € U, To oHa JTHHEHHO He3aBHCHMA.

43. Eciau sneMeHTbl Ty, %3, ... U Y1,Y2, ... JUHEHAHOTO IPOCTPAHCTBA C
MOUTH CKalfApHBIM NPOU3BEJEHUEM TAKOBLI, UTO
i 1 nmpu 1=3j
(i,y5) = 6; {0 npu i #j
(Tarue CUCTEMbI HAa3bIBAIOT GUOPMOZOHAAbHBLMIL), TO KA Jasi U3 3TUX CHUC-
TeM JUHEHHO He3aBUCHUMA.

44, Ing Toro 4to6bl cHUcTeMa 3JIeMeHTOB Ii,%2,...,LTn JUHENHOTO
NpoCTpaHCTBa €O CKANAPHBIM IpOU3BeleHNeM Oblia JUHEHHO 3aBUCHU-
Ma, HeoBX0AUMO U TOCTATOYHO, YTOORI ee onpeneautenas ['pama

(mlaml) (1'17372) ((1}1’3’;”)
G(z1; 223 ..52n) = (2, 71) (w2,2) ... (T2,7n)
(-Tn,l'l) ('Tna-TZ) (-Tny-fn)
PaBHAJNCA HYJIIO.
45. Eciu {en}, o € U, — OpTOHOpPMHPOBaHHAA CHCTEMA B IHHEHHOM

NPOCTPAHCTBE CO CKAIAPHBIM MpoU3BeaeHHueM, T0 AaA Jo0eix « € U u
B €U, a# 3, uMeeT MecTo paBeHCTBO ||y — eg|| = v/2.
46. Ecnu audeiiHoe MPOCTPAHCTBO CO CRANAPHBIM NMPOU3BEACHHEM Ce-

napa6ean0, TO BCAKaA ero OpToOHOpMHpOBaHHafd CHCTeMa He 0ojiee ueM
cyeTHa#d.

47. TpuronomeTrpuueckasn cucteMa GyHRIUHA
1, cost, sint, ..., cosnt, sinnt, ...
OpTOroHalbHa B NpocTpaHcTBe Lo[—m;w] (cM. 3amauy 35), U cooT-

BETCTBYIOHIafA OPTOHOPMUPOBaHHAA CUCTeMa UMeeT BUJ
1 cost sint cosnt sinnt

\/_2—7_‘_77)7’"'3 \/7—1_ ) ﬁ y v
48. Muorounensr Jemanapa P,(t), n=10,1,2,... (cMm. 3agauy 28 us
§19) ABAAIOTCA OPTOrOHANBHON cHCTeMOI B mpocTpaHeTBe Lo[—1; 1] (eMm.
3agauy 35).

49. Ian mo6oro oTpeska [a;b], mHorounenst Jemanapa P,(t), n =
=0,1,2,... (cM. 3agauy 28 uz § 19) 00pasyloT NOIHYIO CUCTEMY B IpO-
crpancTBe Lofa;b] (eM. sagauy 35).

50. Cuctema dynsumit {e™'}, n = 0,+1,£2, ..., ofpasyeT noaxyo
OPTOTOHAIBHYIO CUCTEMY B IIPOCTpPAaHCTBE KOMILIEKCHO3HAUYHbLIX Helpe-

PBIBHBIX Ha 0Tpe3ke [—m; 7] GyHKUME CO CRANAPHRIM IPOM3BEeHHEM (CM.
m

sagauy 13) (z,y) = /x(t)mdt.

—TT
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51. IlocnenoBarenbHocTs GyHKLML sin(2n — 1)¢/2, n=1,2,..., obpa-
3YeT OPTOroHANBHYIO cucTeMy B npoctpaHcTBe Lo[0; 7] (cm. zagauy 35).

Oyurunu sint, sindt, sin 5¢, sin 7¢, sin 9¢ auHeitHO HE3aBUCUMBI.

53. Ecau  xy,%9,...,2, — oOpTOroHaibHasg cuUcTeMa B JIUHelHOM
npOCTpaHCTBe €O CRAJMAPHLIM NPOU3BEIEHHUEM U & = 1 + T2 + ... + Xy,

1o [|z|]* = lewkllz

54. ECJ‘II/I T1,22, - xn, ... — OpTOroHa/lbHafA CUCTeMa B TMIL0epPTOBOM

IpocTtpaHcTBe, TO pAnd E Lpy, CXOOMNTCA B 3TOM IIPOCTPAaHCTBE TOraga 1

n=1
TOJIbKO TOrAa, KOrja CXOAUTCA YUCIOBOH pan g ||317n||2
n=1
55. Ecau z,, n = 1,2,..., — JIUHeHHO He3aBUCUMAaf CHCTEMa 3Jje-

MEHTOB JIUHeHHOro nMpocTpaHcTBa X €O CRalfApHbLIM NPOU3Be/IeHUEM, TO
CYIIeCTBYeT TaKaf OpPTOroHalbHAf CUCTEMa 3JeMEHTOB Yn, Y, 7# 0, n =
=1,2,..., 3TOro NpoCTPaHCTBa, YTO

Yn = An1%1 + Qpa@o + oo + QppTn,  Qpp # 0

(3mech @y, — HeHCTBUTENbHBIE YMCIA, CIH PACCMATPUBAEMOE TUHEHHOE
IPOCTPAHCTBO NEHCTBUTEILHOE, U KOMILIEKCHBIE, €CTH OHO KOMILIEKCHOE).

IocTpoenune cucTeMbl (Y1} ...; Yn} -..) [0 cHCTEME (L1 ... Ty} ...) HABBI-
BaeTCA opmozonaiudayuell nociednell.

56. IlpoBectu opTOroHamM3aUMIO CcHUCTeMbl QyHRUMEA xo(t) = 1,
z1(t) =t, x2(t) = 2, x3(t) = +> B npocrpancTe:
1) Lo[—1;1]; 2) L2[0;1] (cm. 3apauy 35).

B 3apauax 57-74 powrasarh chopMyIUpOBaHHLIE YTBEPHIEHUA.

57. Ecnu B ycaoBusx 3agauu 55 (215 ...; 2} ...) — OPTOrOHAIBHAA CHC-
TeMa u Zp = Bn121 + ... + BpnTy, TO Yp U 2z OTAUYAIOTCA IPYT OT JApYyTa
CKaJIAPHBIM MHOMUTENEM: Zp = ApYn, T = 1,2, ...

58. B pesyabrate oproronanusauuu (cM. 3agady 55) CHCTEMBI CTelle-
weit 1,¢,12,...,#%, ... B npocrpancrBe Ls[—1;1] (cm. 3anauy 35) nomyuat-
cfl MHOT'OUJIeHEI, KOTOPbIE JUIIL YHUCIOBLIMU MHOMUTEAAMU MOTYT OTJU-
4aTheA OT MHOro4aeHoB Jlemanapa (cM. sagady 28 uz §19).

59. Ilycty e;, k& = 1,2,...,n, — KOHeuHas OpPTOroHaJbHafg CHUCTe-
Ma 3JIeMEHTOB JUHeHHOro mpocrpaHcTBa X cO CKalApPHBIM NpPOU3Bele-
HueM u Zl(ei;...;e,) — JAuHelHasa 060j04YKa TUX 3neMeHToB. Torza

3JIeMeHT Haujayulero HpI/I6JII/I}‘KeHI/IH ateMeHTa £ € X B noanpocTpaH-
n

crBe Z(e1;...;e,) UMeET BUL Ty = E apey, rae ar — KO3PPUINEHTDI
k=1
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dypre anevenTa z 1o cucreme {ex}, k=1,2,...,n. lpu sTom

n 2 n
o= > anew]|” = 1ot = = aZlenlr®
k=1 k=1
n
60. JuemeHT Ty = Zajej AIBAACTCA HIEMEHTOM HaWIYYIIEero MmpH-
j=1
GausKkeHnsn saementa ¢ € X B mognpoctpancTBe L(ep;...;e,) € X TOrna
¥ TOJBKO TOTAd, KOTAA 9IEMEHT & — Lo OPTOTOHANEH KO BCEM MeMeHTaM
u3 Z(e1;...;en), UTO 3aNUCHIBAETCA B BUle T — &g L Ller;...;en). (06-
oblleHKe 2Tol 3afayd Ha Clydyail GeCKOHEYHOro MHO/kecTBa {e,} c¢M. B
sagade 91.)

61. Eciu e, G X, n=1,2,....,2 € X u E,(x) — Hauaydiee npu-
GnueHe BIeMeHTa & K NPOCTpaHcTBy .Z(e1;ea;...;en), To B,y (x) <
< By(z).

62. Eciu e, € X, e, #0, n=1,2,..., — opTOroHaiLHasa cCUCTeMa B

JUHEeHHOM MPOCTPAHCTBE CO CRAJAPHBIM IMpOM3BedeHHUEM X, TO 4YaCcTHU4-
n

Hble CYMMBI §, = Zakek pana Pypre seMeHTa x ABIAIOTCA BJIEMeH-
k=1
TAMH ero HaWIyuyllero NpubIuKeHHA B IPOCTPaHCTBe .Z (€1} €;...;€p ).
63. Eciu s, — 4acTuUuHble CyMMbI pAna @yphe a1eMeHTa T JUHEHR-
HOT'O MPOCTPAHCTBA CO CKAIAPHBIM NMpousBefeHueM X MO OPTOrOHATh-
HO#t cucteMme e, € X, e, # 0, n =1,2,..., To YUCIOBasA MOCIEAOBATENDb-
HOCTE {||z — s,||} yOriBaer.

64. Ina xoadpdunuentor Dypre a, dIeMeHTa Z JTUHEHHOr0 MPOCT-
paHCTBa CO CKalfipHbIM TMpou3BefeHueM X 10 OPTOrOHAIbLHOM CHCTe-
Me e, € X, e, #0, n=1,2,..., BbINOJIHAECTCA HEPABEHCTBO

>0
Y adlleall® < llelf?
(nepasencmso Becceas). =t

65. Ecau cymectByeT Takasa noctoAHHas ¢ > (), 4TO AAA BeeX HlIeMeH-
TOB OPTOTOH&JBHON CHCTEMBI €, n = 1,2,..., THHeHHOr0 MPOCTPaHCTRa
€O CKalfAPHBIM NpOM3BefleHneM X BRHINOIHAIOTCA HePaBeHCTBA ||en|| 2 ¢
(B 9aCTHOCTH, €ClIH 9Ta CHCTEMa OPTOHOPMHUPOBaHHAf ), TO KO3bGULMEH-
Tel Pypbe Kamaoro aleMeHTa & € X M0 DaHHOH CHUCTeMe CTPEMATCA K
HYIIO TIPH 1 — 00,

o0
66. Ecnu nmpoctpanctBo X ruanbepToBo, To paAg Pypoe E Anén
n=1
Kamgoro sneMeHta x € X 1o a1060if oproroHaibHOi cucrteme e, € X,
o0

en 70, n=1,2,..., cxogurea B npocrpanctee X. Eciau zg = E Ap€n —

n=1
CyMMa 3TOro pfaa, TO 3JJeMEHT I — o OPTOrOHajJE€H KO BCEM 3jJeMeHTaM
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CUCTEMBL (€1;...;€p; ...).

67. Pag @ypre aneMeHTa & AMHeHHOro NPOCTPAHCTBA CO CKANAPHBIM
npousBefeHueM X 10 OpTOroHanbHOW cucreme e, € X, e, #0, n =

=1,2,..., CXOOAUTCA K 3TOMY 3JEMEHTY TOrjga U TONbKO TOr[Ja, KOrjAa BEI-
NOJHAETCA PABEHCTBO
2 2
ll=l|” = E aplen]” (10)
(pasencmeo Ilapcesaasn), roe a, — ROS(p(pI/IuHeHTbl Dyphe sneMeHTa T

no cucteMe (€1;...;€n5...).

68. Pax ®ypbe 10 OpTOroHaNbHON CHCTEMe KamJoro aleMeHTa Hel-
HOTO [POCTPAHCTBA CO CKANAPHLIM NPOM3BEICHHEM CXOAUTCA K CAMOMY
5TOMY BJE€MeHTY TOrja W TOAbKO TOrja, KOraa OaHHasd OpPTOroHanbHas
cHCTeMa ABJAETCH MOJHOMN.

69. [lasg Toro 4yTo6bl OPTOroHaNbHad chcTeMa Oblaa MOJHON B JUHEH-
HOM IIpOCTPaHCTBe CO CKaJAPHBIM NPOM3BeleHHeM, He0OX0JUMO U JocTa-
TOYHO, UTOOBI 17 J1000ro 3jeMeHTa IIPOCTPAHCTBA BbINOJHAJIOCH OTHO-
CUTEeNbHO 3TO# cucTeMbl paBeHcTBo [lapcesans (10).

70. Ecau oproronanbHas cucTeMa IOJIHASA B IUHEHHOM [IPOCTPAHCTBE
CO CKRalIfIpHBIM IIPOU3BeJeHHeM, TO dJeMeHT IIPOCTPaHCTBA, Y KOTOPOro
Bce KoabduuneHTsl @ypre N0 3TOH cCUCTeMe DaBHBI HYJ/IO, CaM paBeH
HYJIO.

71. U3 paBencTra Bcex koapduunentor @ypre y ABYyX 31€MEHTOB JU-
He{{HOro MPOCTPAHCTBA CO CKaJAPHBIM NPOU3BEJEHHEM IO MOJTHOH OpTO-
roHalbHOM cUcTeMe clelyeT paBeHCTBO 3TUX 3JeMeHTOB.

72. Ecan B JAuHeHHOM NpPOCTpaHCTBe CO CHalfAPHLIM NPOM3BENEHH-
eM X [7A aneMeHTa z € X cyIlecTBYeT ero INpeacTaBIeHHe B BHIE
(o0}

T = E An€n, TIe ¢p € X, e, #0, n=1,2,..., — opTOroHainbHas CUCTe-
n=1

Ma, TO 3TO NpeJCcTaBlAeHHUEe eJUHCTBEHHO U KO3 GUIUEHTB] \,, ABIAIOTCA

rKoabdunreHTamu Pypbe diIeMeHTa T [0 CUCTEME (€15 ...;€p;...).

73. Besakaa noanas opToroHansHaf cucteMa e, € X, e, 0, n =
=1,2,..., ABagercAa 6a3ducoM B JUHEHHOM NPOCTPAHCTBE CO CKaJfPHLIM
[pOU3BeJeHUEM.

74. B runvbepTroBoM mpocTpaHcTBe X OpTOroHajbHAafg cCUCTeEMaA e, €
€ X, e, #0, n=1,2,..., ABAfAeTcA NOJHOI TOrga U TOABKO TOrOa, Korjaa
OHa 3aMKHYTaf.

75. IlpuBecTu npuMep 3aMKHYTOH CHCTeMEI B HEKOTOPOM JMHEHHOM

I[IPpOCTPAHCTBE CO CRAJAPHLBIM IIPOU3BEACHNEM, KOTOPAaA He ABJIAETCAHA I10JI-
HO. CyIHeCTByIOT JIW TIOJHBbIE CUCTEMBI, HE ABJAIOIINECA BaMHHyTLIMI/I?

B zapauax 76-86 morazaTb chOpMynUpOBaHHbIE YTBEPHIEHUS.

76. dnemMeHTbl e, = (xﬁ”);...;xﬁ,’});...), :E%n) =1, scs,'«f) = 0 npu
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m#n, n=1,2,.. 06pasyloT OPTOHOPMUPOBAHHEIH Ga3UC B MPOCTPAaH-
crBe I (cMm 3apauy 15).

77. Muorounens! Jesranapa (cm. sagauy 28 uz §19) o6pasyior opro-
roHanpHblil Gasuc B npocrpanctBe Lo[—1;1] (cm. 3amauy 35).

78. TpuroHomerpuueckas cucremMa 1, cost, sint, ..., cosnt, sinnt, ...
obpasyeT OpTOrOHalbHbINA Gasuc B npocTpaHeTBe Lp[—m;7] (cM. 3ana-
uy 35).

79. OyuRUUH XDp { 2min(t —a)

1
vb—a © b—a
OpPTOHOPMHPOBAHHBIN Ga3uc B IPOCTPAHCTBE, ABIAIOIIEMCS MOMOIHEHHUEM
(em. 3agady 31) mpocTpaHCTBa HellpephIBHEIX Ha OTPe3Ke [a, b] Komiiekc-
HO3HAYHBIX (YHRUMH CO CKAIAPHLIM NpousBegeHuem (9).

}, n=20,1,2,..., o0pasytoT

80. ®yuruun /2/mwsinnt, n=1,2,..., 06pasyloT OPTOHOPMHUPOBAH-
HbIil Gasuc B npoctpaHcTBe Lso[0;7], a B nmpocTpancrBe La[—m;7] (cm.
3amauy 35) ABAAIOTCA OPTOTOHAIBHOM CUCTEMON, HO HE GA3HUCOM.
2mn(t — a) cos 2rn(t — a) ’

b—a b—a
HanabHbI B npoctpanctBe CLi[a;b] (cMm. zagauy 36).

81. dyuruuu 1,sin n=1,2,..., oproro-

82. RKampas dyuruus x € RLy[—m; 7] (cMm. 3agauy 10) packiaagsiBaer-
cA B paa @yphbe o TPUTOHOMeTpUUECKOH cucTeMe pYyHRUMI cxoafmuniica
B CMBIC/Ie CpeJHero Kpagparu4ynoro (cMm. sagady 40):

o0
a .
7[) + E (@, cosnt + by, sinnt),

n=1

npuyieM uMeeT MeCTO paseHrHcnieo HUPCGBUJL}Z

5 o0

1 ag

“lal® = 5+ (an + ).
n—=1

z(t) =

83. Ecau y ¢oyuruun x € RLy[—m; 7] (cMm. zagauy 10) Bce ee Koad-
dunmenTsr Pyphe Mo TPUTOHOMETPUUECKON CHCTEMEe paBHbI HYIIIO, TO OHA
SKBUBaAJEHTHA HYIIO (cM. 3agady 88 uz §19).

84. Bo BcsAroM cenapaGelbHOM JIWMHEHHOM NPOCTPAHCTBE CO CKaJAp-
HbIM IIPOU3BeldeHUEM CYIIECTBYET OPTOHOPMUPOBAHHBIN Ha3uc.

85. Ipocrpancrso Iy (cMm. sagauy 15) cenapaGenbHo.
86. Bce cenapabenbHble GeCKOHEYHOMEPHBIE TPOCTPAHCTBA U30MOPd-
HbI Memy coBoi.

B nanbHeifmeMm B 3TOM naparpade nog IpocTPaHCTBOM BCerja IOHU-
MaeTcAl IUHEHOe NPOCTPAHCTBO CO CKRANAPHBIM IPOU3BEIEHUEM.
B zagauax 87-97 norazarh cthOpMyJIHMpPOBaHHbIE YTBEPHACHUSA.

87. Ecnu nognpocTpaHcTBO Z npocTpaHcTBa X ABJAETCA OPTOro-
HaJbHBIM JOMOJHEHUEM IOANPOCTPAHCTBA Y TOro e NMPOCTPaHCTBA, TO
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u Y aBagercsa OPTOrOHaJAbLHBIM AOIMOJHEHHEM IIOAINIPOCTPpaHCTBa Z.

88. Ecau mHomecTBa Y U Z ABIAAIOTCA 3aMKHYTBIMU TOANPOCTPaH-
cTBamu npocrpancTBa X, To u ux cymma (em. §19, m. 1), Y + Z apas-
eTcAl 3aMKHYThIM MOAMPOCTPAHCTBOM TpocTpaHcTBa X.

89. Jlag Toro 4TOGBI MOANMpPOCTPaHCTBO Y mnpocTpaHcTBa X ObLio
JI0OTHO B 3TOM MPOCTPAHCTBE, HEOOXOAUMO H A0CTAaTOUHO, YTOObI U3 YCII0-
Bua z LY (1. e. (z,y) =0 aas Beex y € V) cnefosano, uto z = 0.

90. Ecan Y — 3aMKHYTOe NOANPOCTPAaHCTBO THIbGEPTOBa IMPOCT-
panctBa X U zg € X, TO CYNIECTBYEeT eIUHCTBEHHbII BIeMeHT yg € Y

[ | = inf [lzo -yl
o — = In o —
0 — Yo ey 0o—Y

(3meMeHT Yo Ha3bIBAIOT OPMOZOHAALHOL Npoekyuell 3IeMeHTa Ty B IPOCT-
paHCcTBO Y').

91. /lna Toro uTobhl 3l1eMeHT Yo GbLT OpTOroHANBHOI MpoeKLUell ale-
MeHTa o ruasbepToBa nmpocTpaHcTBa X B €ro 3aMKHYTO€ IMOATPOCT-
paucTBO Y (cM. 3agauy 90), HEOOXOAMMO U JOCTATOYHO, UTOOBI ISl BCEX
y € Y Beinoausiocs yenoBue (To — yo,y) = 0.

92. Ecau Y — opToronaibHoe A0MOJHEHHe 3aMKHYTOT0 HOANPOCT-
paHcTBa Y ruab0epToBa mpocTpaHcTBa X, To
X=YaVvt
mpUueM, eclid &g =yo +20 € X, yo €Y, 20 €Y L, 1o
inf [lzo —yll = llz — zoll = [lyoll-
yeyY

93. [laa toro yToGel 3eMeHT x NpocTpaHcTBa X 6bL1 OpTOroHaleH
noanpoctpancTBy Y C X, Heo6XOAUMO U IOCTATOUHO, UTOOBI 1M A1060r0
snemeHTa y € Y BeinoaHsaioch HepaBeHerso ||z|| < ||z — yl|-

94, Jlaa no6oro noaMHoskecTBa I mpocTpancTBa X MHOMECTBO E+
AIBJAAETCA 3aMKHYTBIM MOANPOCTPaHCTBOM X.

95. Ecain E — moAMHO:keCTRO IIpocTpaHcTBa X €O CKalfPHBIM IIpoO-
U3BeJIeHHeM, TO WMeeT MecTo BhIlouenne E C (E4)L. Boamomuo au
37leCh CTPOTO€ BRJIIOUeHUE?

96. /laa mogmuoskecTBa E mpocTpanctBa X pasenctBo (E+)t = E
BBINIOJHAETCA TOrJa U TOJIbKO ToOr[a, Korjaa MOAMHOMecTBO E fABafeTcA
3aMKHYTBIM TOAMPOCTPAHCTBOM MpPOCTpaHcTBa X.

97. Ecnu By C E» C X, 10 Bt D Ef-.

98. Ecan X — ruan6eprtoBo npoctpaHcTBo U X = Y& Z, To cienyet
a1 oTcioAa, uTo Z = Y17 A B clyyae KOHEUHOMEpPHOTO MpocTpaHcTBa?

B zapauax 99-105 gorasaTb copMyaupOBaHHbIE Y TBEPKAEHUA.

99. Ecin Y = {z € CLy[—1;1]| «(t) =0 nasa Bcex t € [0;1]} (cm. 3ana-
gy 14), To Y — noanpoctpancTBo npoctpanctBa CLs[—1;1]. Onucats
npocTpancTBo Y 1. Byaer nu cnpaBepanBo pasmomenne CLo[—1;1] =
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=YoaVvt? ,
100. MHosmecTBO Y = {a:(t) € CL%[a;b]’ /a:(t) dt = 0} AIBJAETCA
a

noanpoctpanctsoM npoctpanctsa CLi[a;b] (M. sanauy 36). Hafitu VL.
101. Ecau

Y ={z={z,} € lo] z = (21;0;z3;0;25;0; ...},
Z =A{zx ={zn} € lo| z = (z1;21523;23/3; w5525 /55 ...},
0Y +7Z =1l i0 Y+ 7Z #I, unosromy Y + Z He ABAAETCA 3aMKHY-
TBIM IOANPOCTPAHCTBOM NPOCTpaHCTBa lo.

102. [lasa BcAKOro JrHelHOr0 orpaHUYeHHOro dhyHKIMOHANa [ nefteT-
BUTEILHOr0 (KOMILIEKCHOr0) riibbepToBa npocTpaHcTBa X CyLIECTBYeT
U IIPUTOM eIWHCTBEHHBIA 3jeMeHT a € X Takoii, uto a1a Bcex z € X

BbloansAercsa paseHeTBo f(z) = (z,a), upuuem || f|| = |la]l.
103. Eciu A — suHeiiHbIl orpaHUYeHHLIH onepaTop B JAHHEHHOM
npoctpaHcTBe X €O CKAIAPHBIM IIPOU3BENEHUEM, TO
Az, y
lAl = sup MABDL
syex  lellllyll
z#0,y7#0
104. Eciu A — nuHelHBI OrpaHUYEHHBIN OlepaTop B JMHEHHOM
npocTpancTBe X €O CRAAPHBIM NpOU3BedeHHeM, To GyHRuuA f(x;y) =
= (Az,y) aBaserca GwiuHelHelM QyHKRIMOHaIoM u || f]| = || 4]|.

105. [lua BeAKoOro orpaHuyeHHOro GuinHeHHoro dyHknuoHata f B
runb6epToBOM npocTpaHcTBe X CYIMIECTBYET €IMHCTBEHHBIN JTHMHEHHBIHA
orpaHuueHHsblii onepatop A Takoit, uto f(z;y) = (Az,y) s Beex x € X,
y € X.

OTBETHI

19. #/2, n/3, w/6. 36.1) Ja; 2) nert.

37.1) cosp = V6/m; 2) cosp =+/3/(x2 + 3).

56.1) yo(t) =1, y1(t) = ¢, yalt) = 3% — 1, ys(t) = 5¢3 — 3t;

2) vo(t) =1, yi(t) =2t — 1, yo(t) = 61> — 6t + 1, y3(t) = 206>~
—30¢% + 12t — 1.

75. Her.

95. Jla (nanpumep, korga E — miaotHoe B X MHOMeCTBO).

98. Her, Her.

99. Y+ = {z(t)|z(t) = 0 nas Beex t € [—1;0]}, uer.

100. Y+ cocTouT M3 0AHOMEpHOro NMOANPOCTPAHCTBA BCEX IOCTOAH-

HBIX (PYHKUMH.

29 Ilon pen. JI.A.KynpsaBuena, T.3
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§ 21. Tomonorudyeckue npocrpancrea. 06o6meHHble QYHKIIHMHU

CMNPABOYHLIE CBELEHWA

1. Tonosoruyeckue mnpoctpaHcTBa. MuomectBo X Ha3bIBAIOT
MONOA0ZUECKUM NPOCTNPAHCTNBOM, el B HeM 3ajaHa cucrema {) = {G}
ero MOAMHOKECTB, YIAOBJIETBOPAIOMAA CAeAYIOMUM YCIOBUAM:

1) nepeceuenne 11060# KOHEUHOH COBOKYIHOCTH MHOJMKECTB CHCTE-
Mbl {) NpUHAJIEHUT 3TOH cUcTeMe;

2) 06begrHeHHe M0G0 COBOKYITHOCTH MHOKECTB CHCTEeMbI ) pUHaA-
JEHUT ITON CUCTEME;

3) XeQ, ge.

Cuctemy () HasbIBAlOT monosozuell monoso2u1ecko20 npocimpaHcm-
s8a X, a8 MHOMKECTBA CUCTEMBI §) — €ro OmKEpblmbIMU MHONCECTIIBAMU.

s wamgoit Tousu « € X BefAKoe cojepikaiiee ee MHOxecTBO G € ()
HAa3bIBAIOT €€ OKPECMHOCTIbIO.

Ecnu y m06be1X JBYX TOYEK TOMOJOTHYECKOro MPOCTPAHCTBA CYIIECT-
BYIOT HellepeceKaloUlHec OKPECTHOCTH, TO NPOCTPAHCTBO HA3BIBAIOT
zraycdopdosuim UIH 0MOCAUMbBIM.

MHoecTBa, NONONHUTENbHbIE K OTKPLITHIM, HA3BIBAIOT 3AMKHYMbL-
MU.

Besakyio moacucteMy D cueTeMbl () OTKPBITBIX MHOMIECTB TOMNOJO-
THUeCKOro MpPOCTPAaHCTBa HA3bIBAIOT ero 6a3ol monosceuu, eciu nwboe
OTKPBITOE MHOMECTBO NPOCTPAHCTBA ABIAETCA O0ObeJHHEHHUEM HEKOTO-
POit COBOKYIHOCTH MHOkecTB U3 D.

Cucremy D(x) OKpPeCTHOCTEH TOUKU & TONOIOrHYECKOro NPOCTPAHCT-
Ba X Ha3BIBAIOT 0KAAbHOU 6230l MOnNosozuy 8 IMotl moyke, eciii, Kakopa
Obl HU Obula OKpecTHOCTh V TOYKH Z B NMpocTpaHcTBe X, CYLIeCTBYeT
raras okpectHocTh U € D(z), uto U C V.

Toukry z € X Ha3bIBalOT moukoil npukocHoseHua MHOMecTBa E C X,
eciu q00afd OKPECTHOCTh TOUKU X COAEPMKUT TOYKM MHO;kecTBa E.

Toukry z € X HasbIBalOT npedeavholl moukot MHoecTBa F C X, eciin
ao6as OKPeCcTHOCTL TOUKH X COLePHMHUT M0 KpailHell Mepe ofHY TOUKY
MHOMecTBa E, oTIUUHYIO OT 2.

CoBOKYIIHOCTh BCeX TOUEK IMPUKOCHOBeHUA MHOMecTBa F C X Ha3bl-
BAIOT ero 3ambikanuem L.

MHuoskectBo F HasuIBalOT naomusim B ipocTpancte X, ecan B = X.

MocaenoBaTtensHocTs Tovek &, € X (n = 1,2,...) Ha3bIBAIOT €00~
uetica B pocTpaHcTBe X, ecsd cyUlecTBYeT Takaa Touka xz € X, UTo
1uA kasaoi ee okpectHocT U(x) cyllecTByeT TaKoil HOMep ng, 4TO 4JA
BCEX HOMEPOB 7. > N BLIIOJIHAETCA BRIIOYeHMe T, € U(z). B atoMm cayuae
TOYKY Z HA3bIBAIOT npedesom nocaedosamenrvHocmu (L1;...;Ty;...) U OH-
wyT lim z, =z. B cienyomeM nyHkTe 6ygeT gaHo oboduieHNe TOHATUA
npeﬂgﬁoﬁocneAOBaTeanOCTn TOYeK TONOJOrMYECKOro NPOCTPaHCTRa.
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2. ®uabTpsl. Illpenen no ¢puabTpy. IlycTh 3agano MHOMecTBO X
yepes B = B(X) Gynem Bcersia 0603HayaTh MHOMECTBO BCEX €ro MOA-
MHOMECTB.

Fcan X — HemycToe MHO#eCTBO, TO MHOsecTBO f C B(X) HasbiBa-
10T guasmpom Wiy, noapobHee, Guarsmpom Ha mHoxcecmse X, eciu:

1) aaa mobeix A' € f u A” € f cymectByer Takoe A € f, uto A C
c AN A",

2 odf f+2

Ounbtp fi = {A} Ha mHOmecTBe X HasbIBalOT duasmpon, Komopsill
cuavnee guavmpa fo = {B} Ha TOM ke MHOMecTBe X, ecsy U JI0GOr0
MHomecTBa B € fy cymecrByer Takoe A € f, uto A C B.

Eciu duabtp fi cunbnee duabrpa fo, a ¢uabtp fo cuibhee fi, TO
bunbTpel fi U fo HA3BIBAIOT SKBUBAACHMHBIMLU.

Quantp fi HaszbBalOT noddusempom dunbrpa fo, €CIU Kam Ablil di1e-
MeHT GuibTpa fi ABIAeTCA U 3leMeHTOM puiabtpa fo, T.e.ecau f; C fo.

Ramablit nonduibTp duiabTpa, 3KBUBAJIIEHTHLIN caMoMy GUILTPY, Ha-
3LIBAIOT ero 6a3oll.

@Ouantp f Ha MHOMecTBe X HaA3bIBAIOT NOAHbIM, €CIU U3 ycioBuil A €
€ fuACBCX cuenyer, uto B € f.

Eciu X u Y — Herortopble MHOMecTBa, f: X — Y — oroGpaskeHue
XBY u f={A} — dunorp Ha MmHOskecTBe X, TO COBOKYIHOCTb BCEX
o6paszoB f(A) muomects A € f saBasgerca hUILTPOM Ha MHOMecTBe Y U
oGosunauaerca f(f).

Qunwptp f(f) naseBawoT o6pazom duasmpa f npu orobpamenuu f.

Eciu X — rtononorudeckoe npocrpanctso, ¢ € X u f — ¢uinTp
Ha X, To TOYKY Z Has3blBalOT npedesom Puavmpa f uau ero npedeavnod
moukoi, ecnu uanrtp f cunphee punstpa D(x), ABAAIOIETOCA JORAIb-
HOH 6a30li TONONOTUU B 3TOU TOYKe.

Eciau touka x sBndercd npepeiom ¢unbrpa f, To numyTt x = lim f.

Ecmu f: X —» Y — orofpameHue HEKOTOPOro MHox#ecTBa X B TOIO-
Jorudeckoe rnpoctpanetso Y u f — duabrp Ha X, 10 Toury b€ Y Hazpl-
BalOT npedeaom omobpaxenus f no guasmpy f v nuwyt limy f(z) = b,
ecnu ouIsTp f(f) UMeeT CBOUM IpelelloM B IPOCTPaHCTBe Y TOURY b:

b=limy f(z) =1lim f(f).
Eciu X u Y — rtononoruueckue npocrpancrsa, f: X =Y, xg €
€ X u f — rakoi ¢uabTp Ha X, uto lim f = zo, To npegen limy f(x)
Ha3bIBAIOT npedesom omobparcenus no gussmpy f B Touke zg. B aToM

ciayvae BMectTo limy f(z) mumyt tarme lim  f(x).
Z%ng

QuUILTP B MeTPUUECKOM IPOCTPAHCTBe Ha3bBaloT guabmponm Kowu,
€CJIM OH COIEPKUT CKOJb YTOAHO Majble M0 JUaMeTpPy MHOKeCTBa.

3. O606meHHble QyHKRIUUH. [[pocmparcmeos ocHosHbLL Pynkyul D
Ha3bIBalOT MHOMECTBO BceX OeCKoHeuHo AuddepeHInpyeMbIX GUHUTHBIX

29*
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¢yurouit p: R — C co cnegyomuM onpeaeieHneM CXOAMMOCTH IOCie-
JoBaTelLHOCTEH: NocleoBaTelbHOCTL @, € DD HaswpIBalOT crodawelica k
Pynryuu @ € D, ecy cymecTBYeT Takod 0Tpe3ok [a;b], 4To supp yy, C
C [a;b], n=1,2,..., suppy C [a;b] 1 Ha 3TOM OTpe3Ke MOCIEAOBATEIb-
HOCTh (GYHRIMI ¢, U MocaefoBATEILHOCTH BCeX UX MPOH3BOJHBIX <p£f>,
n =1,2,..., paBHOMEpPHO CXOAATCA COOTBETCTBEHHO K PYHKLUUHU ¢ U K ee

npoussogusiM @ %), k=1,2,... B atoM caryuae mumyT lim ¢, =¢ B D.
n—o0

OyHRKINHT, 3aJaHHble Ha TPOCTPAaHCTBe OCHOBHBIX (hYHKIIMH, HA3LIBa-
10T 06bI9HO yHEyuoHaaamu v BMecTo f(p) mumyT (f, ).

Oyurnuonan f: D — R Ha3bIBAIOT AUHEUHbBIM, €CIH I JIO0BIX €
€ D, ¢ € D u mobbix A, g € C BBIIONHAETCA YCIOBHE

(f, Ao+ b)) = A, ) + u(f, ).

Oyurnuonan f: D — € Ha3bIBAIOT HenpepuleHblM, €CIU W3 YCIo-
BuA lim ¢, = ¢ B D caepyert, uto lim (f, p,) = (f,¢).
n—oo n—00
Beakuii nudeiiHblit HempepbIBHBIH (yHRIMOHAN f, 3agaHHBIM Ha
MPOCTPAHCTBE OCHOBHBLIX QYHKIMWHA I, HA3LIBAIOT obobuienHoll dynryuet
(na D), u nx coBorynHocTb o6osHadaiot D'
Oyurnuio f: R — C Ha3bIBaAIOT 40KAALHO UHMezpupyemol, eciu
OHa aBCcoMIOTHO UHTErpUpyemMa Ha Jo60M KOHEUHOM OTpeE3Ke.
06061meHHYI0 hYHKIHIO +oo
(fiv)= | f@)plz)de (1)
-
Ha3bIBAIOT 0606ueHHol PyHkyuetl, nopoicdeHnol A0KAALHO UHMezpupye-
nott gynryuet f: R — R.
Ipyrum npumepoM o6o0ueHHONH GYHRINK ABIfAeTCA §-QyHRimA §(x)

(6,0) =¢(0), ¢eD.

Cdsunymoti § -gynryuet §(x — x) Has3bIBAIOT 0600IEHHYIO Gy HKIHIO,
CTABAIIYIO B COOTBETCTBHE Kayi[0ii OCHOBHONH (QDYHRIMHU @ dHCIO ¢(Tg).

MosHO Morasath, 4To §-GYHKIUA He TOPOkAaeTCA HUKAROI ToKalbHO
WHTerpupyeMoil iyHKIIMeR.

MocaenoBaTenbLHOCTEL 0006MEeHHbLIX GyHkIUiA f, € D', n=1,2, ..., Ha-
3BIBAIOT crodawelica K oboGuennoll gynkyuu f € D', ecau ana moBoit
GhYHRIMU @ € D BLINOIHAETCA YCJIOBHE

(fr, ) = (f, ).

Ilpoussodnoil o6o6uwennot gynkyuu f HasbiBalOT byHKIUOHAT Ha D,
oboszHayaeMbIil f 1 ompeaenseMblii paBEeHCTBOM

(fla(p):_(fa(pl)a (,OED (2)
IlpousBoanble nopAaka n = 2,3, ... onpeaeidloT no Gopmyie

F = (5Dy.

lim
n—oo
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U3 s3Tux onpeneneHuii cienyeT, 4To

(f",0) = (=1)"(f,¢'™), @eD, fO=f n=12,.
Jlna ao6oi obobiendol Gynruun us D' nobasa ee npousBogHAA Tak-
e obobwenHaa Gpyukuua uz D'
Tarnum o6pazom, oGobienHble GYyHKINH UMEIOT IPOU3BOAHbIE 11060T0
nopsaKa.

4. IlpeoGpa3zoBanne Pypre o06006meHHbIX GyHKOUI. [lycTs
S — auHeliHOe MPOCTpaHCTBO Beex GeckoHedHo nuddepeHIupyeMbIX Ha
Bcell yucaoBoit ocu R dyuriuit ¢: R — C, KoTopble BMecTe CO BeeMu
CBOMMH MPOU3BOAHBIMHY CTPEMATCA K HYIIO IPH Z — 00 BbICTpee M1060i
crermenn 1/z, T. e. Takux QYHRIMA @, 4TO npu Mobex n,m = 0,1,2, ...
HMeeT MeCTO PaBEeHCTBO lim :1:”<p(m) (z) = 0.

Tr—0Q

HocnenoBaTensHoCcTh @) € S, k=1,2, ..., HasbIBaOT cxodaweiica B S
K Gyuruun @ € S, ecnu s Bcex n, m = 0,1,2, ... Kamaana nociaeaona-
TeAbLHOCTh :z:"goém) (z), k=1,2,..., paBHOMepPHO Ha Bceil OCH CXOOUTCA K
dbynrman 7™ (z). B aToM cayyae mumyT lim @p = ¢ B S.
k—o0

IIpoctpancTBo S o0nagaeT TeM CBOMCTBOM, UTO mnpeofpasoBaHue
dypbe u o6paTHoe npeobpaszoBanue Pypre oTobpakaioT S Ha cebs.
HemnpepbiBHocTh ¢yHrnuonata f: S — C o3HavaeT, 4TO U3 TOrO, UTO

lim ¢, = ¢ B S, cneayer, uyto u lim (f,¢n) = (f, ¢).
n—oo n—oo

JIuHelHbIM HenmpepbIBHBIR (QYHKIIMOHAN, OMpedeNeHHBIH Ha MpOCT-
paHcTBe S, Ha3bIBAIOT 06obuweHHotl GyHKyLel MedreHH020 pocma, a MHO-
MECTBO BCeX TaKuUX (GYHKUMOHAIOB — MNPOCMPAHCTMEOM O0006ULEHHBLT
Pynryui medaennozo pocma u obosnavaror S’

[IpumepoM o0000meHHO (QYHKIHUU MENJIEHHOTO pOCTa fABIAETCA
d-oynruua §(z), onpenensemas paBencTBoM (6, @) = p(0), ¢ € S.

Kak u B ciyyae o600mennsix pyurimii f € D' 111 0606IeHHbIX Gy HE-
uuit f € S', npousBogHan f(”) nopaaka n ¢yHKIMM f ompeaeiserca
paseticreom (fM, ) = (~1)"(f,™), ¢ € 5.

[IpeobpasoBanuem Pypbe 0606meHHON byHKIUMU f € S' HasbIBalOT
dyurnuonan F(f), onpenensemslii GopMyIoit

(F(f)o) =(f, Fle), @€

[Ipeobpasopanne Pypre F(f) ¢dyuxumum f (ocHOBHON niam 0GOOIIEH-
HOM) 00603HaYAIOT TaKiKe W CUMBONOM f.

O6pamuoe npeotpazosanue Pypve F~1 obobuwennviz ynryuil f € S'
onpenenarT GopMyIoi

(FH) o) = (F, F ().

IIycers ¥y = R — C — Takas GeckoneuHno auddeperHuupyemas byHK-
UUA, YTO JJA A000H ee IPOU3BOJHON 1/)("), n=20,1,2,..., cyllecTBYIOT
Takue nocrofHubie Cp, u C!, uTo 1A Beex x € R BbINONHAETCA Hepa-
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BEHCTBO
W™ (z)] < CL(1 + |z])". (3)

Feau f € 5, a pyHKuua 1 ynoBieTBopseT yciaoBuio (3), TO mpous-
BeneHue i f onpenensior ¢GopMyioi

W f, @) = (@, 10)
(eciu @ € S, To Yy € 5).

Jlna npeobpasopanua Oypbe NPOU3BOAHON M TPOU3BOAHOMN Mpeobpa-
3oBanufl Dypbe 0606MIEHHBIX QYHKIMNA MEIJIEHHOIO POCTa UMEIOT MECTO
(popMy.J1bI

F(f™) = Go)"F(f), F™ =(=i)"F(z"f). (4)

MPUMEPBI C PEWUEHWUAMMU

Ilpumep 1. Jorazath, uto ecin X U Y — HEKOTOpble MHOMKECTBA,
f: X Y —otobpamenne X BY u f={A} — ¢ounastp Ha MHOMKeCT-
Be X, TO cOBOKymHOCTb Bcex o6paszoB f(A) muomecte A ¢uastpa f
ABJIAeTCA GUIBTPOM HA MHOMecTBe Y.

A Ot6osnaunm f(f) MHomecTBO Bcex MHOkecTB Buaa f(A), rue A €
€ f. Oycre By € f(f) u By € f(f). Torna cymectayior Takue A; € f u
Ay € f, uto By = f(A1), Bs = f(As). U3 onpenenenus ¢puirTpa cieayer,
yTOo cymectByeT Takoe A € f, uto A C A1 N Ay, aTorna f(A) C f(41 N
NAs) C f(A)N f(A2) =B1NBy u B= f(A) € f(f). Tarum 06pazom,
nepBoe yciaoBue onpeenenusa GuiabTpa BoinondeHo. lanee, eciu B € f(f),
T.e. B= f(A), A€ f, unockoarry A # &, To u B # &. Hakone, us
Toro, uto f # @&, caenyet, uro f(f) £ <. A

Opumep 2. dokazaTh, 4To ecau f — JNOKaJIBHO WHTErpuUpyemas
dyurnua, To ¢yusuuonan (1) Aeiafgercs ofobuenHol ¢pyHxumed na D.

A Tlpexnge Bcero, onpepenente (1) uMeeT cMbICH s JO60H QYHE-
uuu @ € D: eciu ¢ € D, TO cylllecTBYeT OTPE30K [a;b] D supp ¢, OpH-
yeM (QYHKUIUA (o, Oyady4d HeNpepbIBHOM, orpaHuueHa Ha [a;b], T. e. cy-
ImecTByeT Takaf NocToAHHaA c¢ > 0, 4To AnA Bcex x € [a; b] BBIMOJI-
usetca HepaBeHCTBO |f(z)| < ¢. llosTomy Ha [a;b] BepHO HepaBeHCTBO

b
|f(z)p(z)| < | f(z)|, a 3Hauwur, /|f(a:)<p(3:)| dx cxonutes. Bae [a; b] nme-

+o0 b
eMm |f(z)p(z)] = 0, mosTomy / f(@)p(x)dx coBnamaer c /|f(a:)|da:

CnepoBaTenbHO, OH afCONIOTHO, @ MOTOMY U MpocTo cxoautcA. Jluneit-

HocTh (pyHkumonana (1) ciaegyer us auHeiiHocTH uHTerpana. Jokamem

HempepbIBHOCTL 3TOro ¢yHkunuonana. Iycre lim ¢, = ¢ B D. Toraa
n—r 00

CYIIECTBYeT TAKoH 0Tpe3oK [a;b], uTo mas Beex n = 1,2, ... UMEIOT Mec-
TO BRJIIOYEHUS SUpp @, C [a;b] u supp ¢ C [a;b]. CiegoBaTento, B cumy
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paBHOMepHOI/I CXO}II/IMOCTI/I gOn = @ MeeM
la; b]

(£, 0) = (£, n)l /|f 2)|o(z) — pn(z)| de =

—/U@W@)wmmm sup o(z) - %@VU@MmHOA

Opumep 3. Hatitu npousBoanyio dynryuu Xeducaiida
_J1, eecn =z 20,
0(z) = {0, ecmn z < 0.
A Oyuruua f(z) IoKanibHO HHTErpUpYyeMa U MOTOMY MOKET paccMar-

puBaTheA Kak o6obuenHana GyHriuA (cMm. npumep 2 ). HosTomy, ucnons-
3yf onpefelenye (2), nomydyaeM

+oo
@',9) = ~(6.9) = — [ 62)¢ (@) du =
AN +oo
=— [ ¢ (@)dz =p(0)=(4,9), €D,
T.e. 8/ =6. A 0
Mpumep 4. HaﬁTH npeoGpasoBaHHe ®ypbe eIUHHUIBL.
A(l d e Y dr =
A AT / Y ——= \/— / T
1 +oo 400
zy(t z) — -1 —
[QW/dy/LP dm”t:o_ 2k |t:0_
=V2mo(t)|,_o = V271 9(0) = V2 (8, ).

Tarum o6pasom, 1=275. A

Opumep 5. Haiitu npeobpasoBanue ®ypbe pyuruun f(z) = z.

A 31echb peyb MOMeT UATH TOAbKO O NMpeobpazoBanuu Pypbe GpyHE-
unu f(z) = x, paccMaTpuBaeMoil Kak 0Go6IleHHasa GYHKIUA, TaK KAk K
3Tol pyHRIMM HenmpHMeHHMa dopMysa KilaccHueckoro npeotpasoBaHUf
dypoe.

3amertus, uto F(1) = §v/27 (cm. mpumep 4), B cHTy BTOPOit hOPMYITBI

(4) nomyuum Flz)=F(z-1)=iF'(1) =i V21 4. a

3AJAYHN
B zagauax 1-13 gokasaTb yTBep;KAeHUA.

1. MeTpuyeckoe NpoCTPaHCTBO ABAAETCHA XaycAopdhOBBIM TOIMOJIOT U-
YeCKUM MPOCTPAHCTBOM, €CJU IOJA €ro TOMOJOrHeil MOHUMAaTh COBOKYII-
HOCTh BCeX er0 OTKPBLITBIX MHOMECTB, ONpelelfieMbIX C MOMOUILIO MeT-
PUKH.
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2. Eciu D — 6aza tonosoruu ) TOMOIOTHYECKOro NpocTpaHcTBa X
u D C Dy CQ, o D) Tarike ABAfeTcA 6a30H TOMNOMOTUU ITOCO NMPOCT-
paHcTBa.

3. Ecain X — Tononoruyeckoe NpocTpaHcTBo ¢ Tononorueit @ = {G}
u E C X, To MHOsecTBO E fiBAfeTcA TONOJOrHYEeCKUM MPOCTPAHCTBOM C
tononorueit Qg = {GNE}, G € Q. Tononoruio (g HA3LIBAIOT MONOAO-
2uetl, undyyuposanHol monoaozued ) mpocTpaHcTBa X Ha €ro NoJMHO-
wecTBe B.

4. B meTpuueckoM npocTpaHcTBe 6a3o0i ero Tononoruu (cM. 3agady 1)
ABIAETCA COBOKYITHOCTb BCEBO3MOMHBIX €-OKPECTHOCTE BCeX ero TOUeK.

5. B MeTpuyeckom npocTpancTBe 6azoi ero Tononoruu (cM. 3agady 1)
AIBJIAETCA COBOKYMHOCTh BCEBO3MOMHBIX £-0OKPECTHOCTEI BCeX ero TOUeK,
rie € — palUUOHaJbHOE YUCIIO.

6. B cemapabenbHOM MeTpUUYECKOM MIPOCTPAHCTBE CYUIECTBYET CUET-
Has 6asa ero tonoJoruu (cm. sagady 1).

7. Ilnsa mo6oit TOUKH METPUYECKOro MPOCTPAHCTBRA ee JIOKalbHYIO Ga-
3y TOMONOTUH 06pa3yiOT BCe €-OKPECTHOCTH 3TOM TOUKH, rge € = 1/n,
n=12 ..

8. O6neanHeHue JOKATLHBIX 6a3 TOMOJOTHH BCEeX TOYER TONONOr Hyec-
KOT'0 NMpocTpancTBa o6pasyeT 6a3y TOMOIOTHH 3TOCG NPOCTPAHCTRA.

9. OfbeauHeHue OBYX TOMOJOTMH OJHOTO W TOTO ke MHOMECTBA MO-
#eT He ObITh €ro TOINOJOorueil.

10. O6benuHeHHe KOHEUYHON COBOKYIHOCTH U MepecevyeHue M000H co-
BOKYIHOCTH 38MKHYTBIX MHO}KECTB fIBAfleTCA 3aMKHYTBIM MHOKECTBOM.

11. 3amMbikanue J1000r0 MHOMKECTBA B TONOJOT UYECKOM MNpOCTpPaHCTBe
ABJAETCA 3aMKHYTbIM MHOMECTBOM.

12. 3ambikanue J060ro MHOKECTBA B TOMNOJOrHYECKOM NnpocTpancT-
B€ COOEPKHUTCA B RaHI0OM 3aMRHYTOM MHOH€CTBE, codeprialmeM gJaHHOe
MHOMRECTBO, T. €. 3aMblIRaHMe MHOMeCTBa ABJAETCA MHWHHMAaJbHBIM CO-
oep:ramiviM ero 3aMKHYTbIM MHOMEeCTBOM.

13. B xaycaop¢®hoBOM TONOJOrHUECKOM NMPOCTPAHCTBE RamiJasf TOUYKa
AIBJISIETCA 3aMKHYTBIM MHOKECTBOM.

14. IlpuBecTu NpuMep HEOTAEIHMMOI0 TOMNOJOMMYECKOr0 MPOCTPAHCT-
Ba, B KOTOPOM Kaj;kJafd TOUKa fBJAAETCA 3aMKHYTbIM MHOMECTBOM.

15. Jlorazath, yTo ecian X — GecKOHEeUHOe MHOMKECTBO U TONOJIOT UA
Ha X COCTOHMT U3 JOMOJHEHUH KO BCeM KOHEUYHBIM NOJMHOKEeCTBAM MHO-
mecTBa X, To 11060e HeCKOHeYHOe MHOMECTBO IJIOTHO B X.

16. JlorazaTs, 4YTO B XaycIop(hoBOM TOMOJIOTMYECKOM MPOCTPAHCTBE
MOCIeI0BaTeIbHOCTh TOUEK MOMKET UMEeTh TONBKO OJHMH Mpeled.

17. Ilycts X — muomectBo Beex dyuruuit z: [0;1] — R. Orpect-
HOCTU TOYKH zg € X ONpeleNuM ClIeAYIOMUM 00pa3oM: 3agaiuM Ipo-



§$21. Tonoaoeuwecrue npocmpancmesa. Obobujennvie gyHryuu 457

u3BoNbHO £ > 0 U BeIGepeM KaKkoe-TUG0 KOHEUHOEe MHOMECTBO TOUER
ty € [0;1], k =1,2,...,n. OrpectHocts Ul(xg;e;tr;ta;...; 1) TOURM Zg
oTnpeJeNuM Kak COBOKYMHOCTE BCeX TakuX GyHRNUN x € X, uTo Ana Bcex
k=1,2,...,n BbINONHAETCA HEPABEHCTBO

lz(tr) — zo(te)] < e.

MonyuuBIieecs Tomojornyeckoe npocTpaHcTBo obosHaunm M[0;1]. Jo-

KasaTh, 4TO OJA TOro YTOOLI B 3TOM NpocTpaHcTBe lim z,, = x, HeoOXo-
n—o0

AMMO U JOCTATOYHO, YTOOLI A1f Kamoil Touku ¢ € [0; 1] umeno 661 MecTo

PaBEHCTBO .
lim z,(t) = x4(t)

n—00

(MHAaYe roBOPH, CXOAMMOCTh MOCHEOBATENLHOCTH GYHKIMA B OCTPOEH-

HOM mpoctpatcTBe M[0; 1] o3HAYaeT MOTOYEUHYIO CXOOUMOCTL BTOH MO~

CIIELOBATENLHOCTH ).

18. JlorkaszaTh, 4yTo eciu X — TomoJoruueckoe npoctpatctBo, K C X,
z, €FE, n=12,..,u zy= lim z,, To zy € E.
n—o0

19. [IpuBecTH NpUMep TOMOJOTUYECKOT0 MPOCTPAHCTRA, ero MOgMHO-
mectBa E u Touru z¢ € E, 1ns KOTOPBIX He CYIIeCTBYeT TaKoil mocie-

JOBaTeIbHOCTH &, € B, n=1,2,..., uyto lim =z, = x9.
n—00

20. JokasaTs, 4TO B TonogorudeckoM npoctpanctee M[0; 1] (eMm. 3a-
gady 17) miIoTHO MHOMKECTBO HelpepblBHbIX QyHRIMI z: [0;1] = R.

21. Jlorasats, 4To B Tomomorudeckom npoctpancree M[0; 1] (cm. 3a-
gauy 17) ve Beakrad QyHKUMA M3 BTOrO MPOCTPAHCTBA ABIACTCH B HEM
npefeoM MOCAeJOBaTeNhHOCTH HellPePhIBHBIX (DYHKITMIA.

22. OmnucaThb Bce CXOAANIMeCA NMOCNEI0BATENBHOCTH TOMOIOTHUECKOT O
NpOCTPaHCTBa, TOYKAMH KOTOPOrO ABJIAIOTCA AefiCTBUTEeNbHbIE YMCIA, 4
fa3a TOMONOTUY COCTOUT U3 CIeAVIOUUX MHOMKECTB:

1) Bcex ONHOTOYEYHBIX MHOMECTB (AMCKPETHAfA TOIMOJOrUA);

) BCEX MHTEPBANOB;

) BCeX TMOJIYHMHTEPBANOB, OTKPHITHIX ClIeBa;
)

)

=W N

BCEX OTKPBITLIX TIOAYTPAMBIX (£ +00);
BCEX 3aMKHYTBIX MOIYIPAMBIX [t; +00);
6) Bcex momyHHTEpBaloB Buaa [n;n+ 1), n € Z.

ot

23. JlokaszaTs, UTO NepeceveHue JI060H KOHEUHOI COBOKYTTHOCTH MHO-
JRECTB, MPHUHALIEHKAINX HEKOTOPOMY (QUIALTPY, He MYCTO.

[IpoBepuTh, 4TO MHOMECTBA, NIepeuncIeHHbIe B 3afauax 24—27, obpa-
3YIOT GUILTPEL.

24. c-0KpecTHOCTH (Lo — €;2( + €) HA YMCIOBOH mpsiMoi R 3anaH-
HOM TOUKHM zg € R.

25. TIpoKOMOTBIE £-0KPECTHOCTH (g — €; %) U (Zo; To + £) Ha YHCIO-
BOU TpAMOit 3agaHHONl TOUKH zg € R.
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26. Uurepsanet Buga (1;8), 8> 1.

27. TlonmHoecTBa A, ={n + 1;n + 2; ...} MHOMeCTBa HATYPaIbHbBIX
quceld N (3TOT QUABTP HA3LIBAIOT HAMYPAAbHBIM furbmpom 1 0603HaYE-
ot Fy).

IIpoBEpUTb, 4TO MHOMECTRA, [lepevUcieHHble B saaadax 28-30, oOpa-
3YIOT MojHble GUABTPLI (X — 3a/aHHOe MHOMECTBO).

28. f={A|z€ AC X}, rne © — QUKCHPOBaHHbIIl BIEMEHT MHO-
smecTBa X.

29. f={B|ACBC X}, rne A — QUKCHPOBAaHHOE MOJIMHOMECTBO
MHOecTBa X.

30. JlomonHeHUs B MHOMECTBe HATYpalbHBIX yhced N 10 BCeBO3MOM-
HbIX KOHEYHbBIX MOJMHOMKECTB (3TOT GUIALTD HA3LIBAIOT duasmpon Dpeute
¥ oGozHavaoT fy).

B zagauax 31-44 noraszaTb chopMyIUpOBaHHEIE YTBEp:iICHUS.

31. ®unpTpsl B 3agauax 24—27 He ABJAIOTCA MOJHBIMU.

32. JlokaanrHaag 06a3a TOMOJOTMU OO0 TOYKH TOIOJOTMUYECKOr0
NpOoCTpaHCTBa AIBAfleTCA GUIALTPOM.

33. Eciu X — TONOJOTMYECKOe MPOCTPaHCTBO, £ — ero npeaelbHas
Touka, D(x) — nokainbHasg 6asa TONOIOTHH B 3TOH TO4YKe, a QO)(JJ) —
MHOKECTBO BCEX MPOKOJIOTLIX OKPECTHOCTEH [}(m) 3TOH 6asbl: [}(a:) =
=U(x)\ {z}, 10 lo)(x) o0pasyeT GpUInTp.

34. ®unpTpsl B 3agavax 27 U 30 3KBUBaNEHTHEI.

35. Ecau D(z) — nokanbHas 6a3a TONOJIOTHH TOYKH & METPHYECKO-
ro IPOCTPaHCTBA, COCTOAIIAS U3 Beex ee e-okpecTHocTedt, a Do(x) — ee
JokanbHasa 06a3a TOMOJOTUM, COCTOAINAl TONLKO U3 £-OKpecTHOCTel pa-
auyca € = 1/n, n=1,2,..., o punetper D(z) u Dy(x) sKBUBAIEHTHEI,
npuueM ¢uabTp Do(z) Apasercsa Gazoi ¢uabTpa D(x).

36. Harypanbusiii ¢wastp Fy (cM. samagy 27) saBasercs Gasoid
dunnTpa Opeme (cM. sagauy 30).

37. Bearuit puabTp siBiasieTca 6a30d HEKOTOPOTO MOMHOIO GUILTPA.

38. Ecau fi — ¢uabTp Ha MHOmecTBe X1, fo — QUABTD Ha MHOME-
ctBe Xou f={C=AxB|A€ f1, BE f2}, T0 f ABngerca GUILTPOM
Ha npousBeneHun X X Xo MuomectB X1 u Xo. (®PuiasTp f HazbiBaioT
npoussedenuem gurvmpos f1, fo nmumyt f = f; x fa.)

39. Ecin X = N — MHOeCTBO HATYpPalbHbLIX YUCEN C JUCKPETHOH
TonoJoruelt (Kaijaas TOYKa ABAAETCA OTKPBITBIM MHOMECTBOM), TO Ha-
TypaibHbiil uabtp Fy (cMm. 3agauy 27) ue uMeer npenena B N.

40. EcaiuX = NU {400} u noranbuas 6asa tonogoruu D(+o0) co-
CTOWT M3 BCEBO3MOMHBIX MHOMeECTB A,, BBeJEeHHBIX B 3ajaue 27, a Jo-
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kaibHasg 6aza D(n), n € N, cOCTOUT U3 OAHOM TOUKH 7, TO HATYPAIbHBIH
¢ouabtp Fy uMmeet npenen: lim Fy = 400.

41. Jasa Toro 4ToObl M060H GUILTP TOMOJOrUUECKOTO MPOCTPAHCTBA
uMell He 0ojlee OJHOTO INpefeia, HeOOXOAUMO U AOCTATOYHO, UTOOBI IIPO-
CTPaHCTBO ObLIO XaycoophOBLIM.

42. Jlna Toro uTo0bl TOYKA T TOHNOJOTHYECKOTO NPOCTPAHCTBA ABJIA-
Jach IpeaenaoM HeROTOporo GuibTpa 3TOro MpPOoCTPaHCTBa, HEOOXOAUMO,
yTOGBI 3Ta TOUYKA ABJIAJIACH NpelesioM Kamiaoil 6a3nl ¢uibpTpa, U OOCTa-
TOYHO, 4TOOLI OHA ABJIAJNACH NIPedeioM [0 KpaliHel Mepe 0IHOI ero 6a3bl.

43. Ecan X = N, Y — Tononorudueckoe npocTpaucTso, Fy — Ha-
TypaibHbiil uabTp (cM. sagauy 27), TO mpefen lli:m f(n) oroGpaxenun
N

f(n) =y, €Y coBnagaer c npeaenoM nocieqoBaTeabHOCTU (Y1} ...; Yn; .. )
B IpoCcTpaHCTBe Y.

44, Ecaiu X = N x N, Y — Tonojsorudeckoe npocrpanctso, Fy —
HAaTypalbHbiil uabtp (cMm. 3agauy 27), f = Fy x Fy (cm. sagauy 38),
f: NxN =Y, f(m;n) = Ymn, To npeden limg f(m;n) coBnajaer c
npenenoM ABOAHOM nocnegoBaTenbHOCTH  lim ¢, B IpocTpaHcTBe Y.

(m,n)—o0

45. Toctpouts MHOMecTBo X, oToGpaskenue f: X — R u ¢ouastp f
Ha MHOMecTBe X TaK, 4ToObI pefie] MHTerpalbHbIX cyMM PumMana ¢yHK-
uuu @ : FE — R Ha 3aganHoM uaMepumoM no sKRopaany MHoOmecT-

Be £ C R™ (r. e. uHTerpa /<p(t) dt) coBmajan ¢ mpefelioM 0ToOpaHe-
E
uua f: X — R no ¢uastpy f.

B zamauax 46-51 morazatb chopMyJIHUpPOBaHHBIE YTBEPHKIEHUA.

46. Eciu X u Y — Tonosnoruueckue mpocTpadctBa; f: X — Y u
¢uasTp f COCTOUT U3 OKPECTHOCTEN HEKOTOPOH JIOKAILHOM 6a3bl TOMOIO-
run D(zg) TOUKM Zo, TO cyliecTBOBaHMeE npefeda limy f(x) paBHOCKILHO
HeNpepLIBHOCTH 0TOOpameHus f B Touke zo, npudeM limy f(z) = f(zo).

47. Ecin X u Y — Tononorudeckue mpoctpancTBa, f: X — Y
o € X u duapTp f COCTOUT M3 MPOKOIOTHIX OKPECTHOCTEH HEKOTO-
poil NoKadbHON 0a3bl TOMOJAOTUU TOYKU o, TO CYLECTBOBAHUE Tpeje-
aa limy f(x) paBHOCHILHO CYIIECTBOBAHUIO Npedela oToOpaienua f 1o
mHomecTBY X \ {20}, npruem

lim f(z) = limg f(z).

T—T0
z€X\(z0)

48, Eciu X — npousBoibHoe MHOMecTBO, f — ¢uibTp B X, ¥V —
JAuHefiHoe mpocrpaHcTBo, f: X =Y, g: X — Y, oroGpamenun f u g
UMeloT npefen 1o duibTpy f, A U u — yucaa, To otobpamenue Af + ug
Tak#e umeet npegen no ¢uiabtpy f u

limg (A f(z) + pg(x)) = Mlimg f(z) + plim, g(z).
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49. BeAruii GUABTP B METPUYECKOM MPOCTPAHCTBE, KOTOPBIM CUIb-
Hee HEROTOPOH JIOKadbHOW 6asbl TOMOJOIMH TOYKU DTOrO MPOCTPAHCTRA,
ABaAeTcd duabTpoM Rormu.

50. Haa Toro utobel oTobpaskenne f: X — Y NpoU3BOJIBHOIO MHO-
mecTBa X B M0JHOE MeTpUYECKOe MPOCTPAHCTBO Y UMeNo mpejes Mo
HekoTOpoMy ¢uibTpy f MHOmecTBa X, HEOOXOAMMO U AOCTATOYHO, UTO-
6b1 06pas f(f) duasrpa f npu otobpamenun f 6bu1 uiabTpoM Komu B
npoctpaHcTse Y.

51. Iyets X u Y — npousBosbHble MHOk€CTBa, Z — TOINOJOTU-
yeckoe mpoctpaHcTBo, f: X =Y, g: VYV = Z, fx u fy — ounstper
COOTBETCTBEHHO B pocTpaHcTBax X W Y, npuuem duantp f(fx) cuib-
Hee ¢puabTpa fy. Torza, eciu oToGpasmenue g uMeeT npengen Mo GUIbLT-
py fy, KoMmosuuud gf umeer npefen no ¢UILTPY fx U

limy, g(f(z)) = limg, g(y).

B 3agauax 52-59 pokasath chopMyaupoBaHHbLIE YTBepOEHUA.
52. Ecau ¢ € D, to npu 1wboMm £k =1,2, ... go(k) € D.
53. Ecau lim ¢, = ¢ B D, To npu aobom k= 1,2, ...

n— 00

lim cp(k) =o® B D.

n— o0 n

54. Oyuruna @,(z) =
mut D.

' npuHanIe-

3

2 2 2
e @ /@=2) ecmu |z|<a
0, ecin |z Z a
55. Haa ¢yHkmmu @ € D cymecTByer ¢yHKIUA 3 € D Tanan,
+00
4TO ( =)', Torga U TONBKO TOTAa, KOraa / p(z)dx = 0.
— 00
56. JIBe HelpepbIBHbIC Ha UUCJIOBOHM OCH GYHKLMHK pPasinuHbl TOrda U
TOJbKO TOI'/A, KOT[a PasjJMuHbl [OPOAAEHHbIe UMK 0GO00IeHHbIe (Y HHE-
LMK,

“+o0
57. ®yHKIMOHATI v.p./ elz) dx, @ € D, aApnAeTcA 06061EHHON
xT
— 00
1
byHROUEH (OHa 06b14HO 0603HavaeTCA 77—).
x
58. 4-QyHKUMA He MOPOMKIAETCA HUKAKOM JOKAIBHO WHTErpUPYeMOii
(pyHKUUEH.

59. 4-pyHrUUA ABIAeTcA npeneloMm B D' mociemoBaTenbHOCTH 06-
OOIEHHBIX (YHKIUH, MOPOMKIEHHBIX JORAIBHO UHTErPUPYyeMBIMH (BYHE-
LUAMU.

60. CymecTByloT JAM B npocTpaHcTBe D)) mpegensl lim cosnz
?
n—o0

lim sinnz? Eciau oHM cylIecTBYIOT, TO YeMy PaBHbI?
n—oo
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B zagauax 61-70 porazaTh chopMyaupoBaHHLIe YTBep:eHUA.

61. Ecau f, € D', n=1,2, ..., u aasa qo6oil pyHRIUK @ € D cymect-
BYeT Ipejiell YUCI0BOH HocaefoBaTensHoCcT (fn, ), TO dyHruuonan F,
onpenensemblil papencTBoM (F, ) = lim (f,, ), ABAgeTca 06o6meHHOM

n—oo

dyuruuein: F € D'
62. Eciu mnociefoBaTelbHOCTh a0COMOTHO MHTErPUPYEMBIX (GYHEK-
it fr,(l), n=1,2,..., TakoBa, YTO:
a) KakoBo Obl HY ObLIO uMcao ¢ > 0, mpu |a| < ¢, |b| < ¢ nocaenoBa-
TeNbHOCTh

, n=1,2,..,

’/bfn(t) dt

OorpaHUYeHa CBEpXY;
6) Tpu AIOOLIX PUKCUPOBAHHLIX @ W b, OTAUUYHBLIX OT HYJf,

lim
n—oo

b
~JO mpu a<b<0 u 0<a<h,
/f"(x)dx_{l mpu a <0<

a

TO ee Ha3bIBAIOT J-00pasHoll.
Jlna moBoit HenpepbIBHOM QYHRIUN ¢: R — R u mo6oii §-o6pasnoii
nociefopatensHoct {f,} MMeeT MecTO paBeHCTBO

n—o0

+o0
lim [ J(@)o(z) de = p(0).

1 2
63. Ectu fi(z) = —— e~ */*, 10 B npocTpancTBe D’ BhIMOIHAETCA
7t

paBEeHCTBO tl_lg_lo fi(z) = (z).

64. B npoctpanctBe D’ cymectByeT npemen lim -
y—+0 T L1y

(OH 060-

3HavyaeTcA

1
- ) U clipaBejiuBa ¢popMyJiia
+ 10
1
x xi0

= Find(z) + P 1
(cM. 3agauy 57). ¥
65. Bcearaa obobiieHHaa QyHRIUA ABAAETCA NMpeaeaoM 0006IIeHHbIX
(QYHRUIMH, NMOPOMAEHHBIX JORalbHO HUHTETpUpyeMbIMU GYHKIUAMHU. B
3TOM CMBICIe MPOCTPAHCTBO 0006IEHHBIX (QYHRIUN ABAAETCA “NOMOJ-
HeHHeM” MPOCTPAHCTBA OOBIUHLIX JOKAIbHO UHTEr PUPYEMbBIX QYHKITHI.

66. OGobmennyio dyukimio f € D' Ha3bIBAIOT 00pawaowerics 6 Hyab
Ha unmepsaae (a;b), ecau nas Beex ¢ € D, supp g C (a;b), uMeer Mec-
To paBeHcTBO (f;¢) = 0. laa Toro 4ToGbl HempepbiBHAS GYHKIMA 06-
pamanach B Hylb B RakA0i TOUKke MHTepBala, HeOOXOAUMO U JOCTaTOU-
HO, 4ToObI oHa oOpallanach B HyJb Ha 3TOM HHTepBajle Kak 0600leHHasn

pyHRUINA.
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67. Ecau pyusuusa f: R — C uenpepoiuo auddepeHupyema, To 1isa
00061eHHOH QYHKIIMH, TTOPOAKIEHHO ee TPOU3BOAHON f', BhIMOAHAETCA
cootrnomenue (f' o) =—(f,¢"), € D.

68. Ilpouseomnaa f' oBobwenHoi dyuruuu f € D' Tarme ABIAET-
ca 06001eHHoH pyHRIMel ua D',

69. IIpousBoanas aoboro nopaakra o6o6uieHHON GYHKIUN U3 NPOCT-

paHcTBa D' saBasgerca o0606l1eHHOI (yHRIMe U3 TOTO e IpOCT-
paHcTBa.

70. Ecnu f u g — o6obmennnle Gyusuuu, a A, u € C, 10 (Af +
+urg) =M+ pg'
B 3apmauax 71-77 BBIUMCAWUTL MPOU3BOJAHBIE OOOGIIEHHBIX (GYHKIIMH.
. _ |1 mpu =z 2 =z, _
71.y_9(w—x0)—{0 mpu < 20, 72. y = 6{x — xp).
x npu x 20,
0 mpu z<0.
z* mpu x>0,
0 mpu z<0,

. _JInz mpu =z >0,
77.y_lnx+—{ 0 mpu z<0.

73. y=|z|. T4.y=2z4, roe $+:{

A

75. y =In|z|. 76.y:$f‘i_:{ -1<A<0.

B szapgauax 78-79 HaliTM NMpPOM3BOAHLIE 7 -TO MOPAAKA 0OOOUIEHHBIX
(pyHRUUA.
_ I _
8. y=90(x). 79.y=27, k=0,1,2,..

B zagauax 80-87 mokaszaTh chopMylUpoOBaHHbIE YTBEpHISHUA.

d e 4’ o) O(x)sinwzr
80. (% +/\)9(a:)e —6(z). 81. (% tw )T = ().
1/ npu <e/2, '
82. Ecau 4.(z) = { (/) ngn {iI > 5?2, TO B mpoctpaHcTBe D

CylleCcTBYeT Npefeln

lim 6.(z) = 6(z) u 6. ()= S +e/2) —dw—¢/2)

ve—0 £

83. Ecau
_ | file) mpu < o,
flx) = { f;(z) npu x> zg,

roe GpyHKINU fi ¥ fo HEMPEpBIBHBI U KYCOUHO HeNpepbIBHO AudrdepeHiu-
pyembl Ha R (crnefioBaTenbHO, B 48CTHOCTH, CYIIECTBYIOT npegeisl f(xg £
+0)) u

D g@) = f(@) ~ [f(ro +0) = Flwo — 0)}6(z — x0)
(cMm. 3amauy 71), To dyuruua g(x) HempepbiBHA HA R, UMeeT JORAILHO
WHTETPUPYEMYIO MPOU3BOIHYIO ¢' U

F'= g +[f(wo +0) = flwo — 03z — o).
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84. Fcau f — wycouno raafgxas Ha R QyHRITUA, UMelOmaa B TOY-
Kax Zi,...,Z; Pa3pbiBbL IEPBOTO POJa CO CKAYKAMU P1, P2, ..., Pn, TO
filz) = +Zpk5 (z — =),
: b=l df (x)
rae f' — o6oCiennasa npoussoanasa GyHkIuu f, a 4 o6o0IeHHas

x
dbyHRIMA, TOpOMAeHHaA O0bIYHON NpU & # zf, k= 1,2,...,n, NPOU3BOJ-
HO! dyHKUUU f.

85. Ecau f,e D', n=1,2,..., f€ D' u lim f, = f, To naa moGoro
n— oo

k=1,2,... B opocTpanctBe D' uMeeT MecTo paBeHCTBO lim fr(bk) = f(k).
n—ro0
86. B npoctpaHcTBe 060611eHHbLIX GYHKIIUI cXOAANHeCA PAAbl MOKHO
o0

nouneHHo AuddepeHpoBaTh J1I060e YKUCIO pa3: ecad f = an, TO
o0

fR=3"fF D, k=1,2,..
=1

87. B npoctpaHcTBe D' uMeroT MecTo paBeHCTBa

(ismnw) Zcosnx————l—w Z o(x — 2km).

n=1

n=1
o0
sin nx m™—X
Yraszanue. BocroabsoBarnesa (I)OpMyJ'IOI/I E = D) .
n=1

B 3agauax 88-103 nokaszaTh copMyupoBaHHble yTBepsAeHUS.

88. [Ina Toro uTto6bl OGeckoHeuHo OuddepeHnnpyemana QyHRIUA @ :
R — C npunannemana NIpocTpaHCcTBY S, HeOGXOMUMO U TOCTATOUYHO, YTO-
Obl 1af A100bIX HEOTPUIATENLHBIX IENLIX M U 7 BLIIOJHAJIOCE YCIOBUE

sup |z"\™ ()] < +o0.
R

89. [lna Toro ytober lim ¢, = ¢, HEOGXOAUMO U JOCTATOYHO, YTOGKI
n—ro0
lim sup [o*[o{") () = o!™(2)]| = 0, k,m =0,1,2,...
n—oo p

90. Ecau lim ¢, = ¢ B S, To naa mwboro m = 1,2,... u awbdo-
n—o0

ro x € R uMeeT mMecTo
hm o\ () = o™ ().

91. [pocrpaHcTBO OCHOBHBIX GYHRIUA D conepsKUTCA B NPOCTpaH-
CTBe OCHOBHBIX QYHKIIWI MeIIeHHOro pocTa S, npudeM ecin lim ¢, = ¢

n—oo
B D, o lim p,=¢ B S.
n—oo

92. D # S.
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93. OGobiieHHan ¢yHRLUMUA, NOpOMIeHHAA JOKaILHO UHTeIpUpyeMoi
byHRIMEH e”, He MpOAOIaeMa ¢ MHOKECTBAa OCHOBHBIX GyHKUMA D
Ha MHOMECTBO OCHOBHBIX (hyHKUHUH S, T. . He IPOJoIMAaeMa B JIEMEHT
npocTpaHcTBa S'.

94. IIpocTpaHcTBOo D MIOTHO B MpOCTpaHCTBe S, T. e. Jio6afg byHK-
uuA p € S apafgerca B S IpeeoM MOCAeNoBaTeNbHOCTH PYHKLUUN o, €
€D, n=12,..

95. Ecau dyuruusa f(z) abcomoTHO HHTEr pupyema Ha Beeil YMCI0BOH
ocu, To byHKUHOHAN f, onpeneneHHbIH Gopmynoi

+0o0
(Fo) = [ J@el@)de, wes,

IPUHAMIEKUT pocTpaHeTBy S,
96. Ecau dyuruua f: R — € nokajibHO UHTerpupyemMa U [Uif Hee
cIpaBelINBa OlleHKa £ ()] < ezt
~ k)

roe x u k — HeoTpulaTelbHbIe MOCTOIHHBIE, TO GyHKUMOHAI f, Ompe-
OelfieMbIi HopMyJIoi

+00
(f.o)= [ f@p@de, oes,

IPUHAMICHKUT TpocTpaHeTBy S,

1

97. O6obiieHHan dyHKLNUA -
r +10

B 0000111eHHY 0 (PYHKLHIO MeJIEHHOI'0 pocTa.

€ D' (cm. 3agauy 64) npoponkaema

98. Jlag npou3BOOHBIX 0GOOIIEHHBIX (QYHRUUE MeNJIeHHOI'O pocTa
cIpaBeldUBLI MOJHbIE aHATOTH YTBepMAeHui 3agau 69, 70, 85 u 86.

99. Ecau ¢ € S, to npu mobom k=1,2,... pyurius mkap(r) abcomoT-
HO WHTerpupyeMa Ha BCeil YUCIOBOH OCH, M MOTOMY AJA Hee ONpeeleHo
npeoGpasoBanue Dypere.

100. Ecaiu ¢ € S, 10 F(p) €S u F~1(p) € S (F — npeobpaszoBanue
®ypre, a F~1 — obparnoe npeobpazopanue Oypoe).

101. Ecau ¢ € S, 1o F7LHF(p)) = u F(FYf)) = ¢.

102. IIpeotpazoBanne @Pypre u obpaTHoe mnpeobpazoBaHue Dypbe
0TOOpaKAIOT B3aUMHO OJHO3HAUYHO, JIUHEHHO U HENPEepPLIBHO MPOCTPaHCT-
B0 S Ha ce6s. (Otobpamenne F: S — S Ha3LIBAIOT HEnpepbleHbIM, eCIU
us yenoBus lim ¢, =@, ¢, €S, n=1,2,..., cieayer, uto lim F(p,)=

n—o0 n— oo

= F(p).)
103. Ecan ¢ynkuua f(z) HenpepblBHA M abCOMIOTHO HHTErpHpyeMa
Ha Bcell YMCIoBOH ocl M ¢ € S, TO

/«p(a:) dx / Fly)e =¥ dy = Jr/oof(y)dy _‘_/Oogp(m>eizy da.
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104. IllpuBecTH npuUMep TaKoi OCHOBHONM GYHKUHUU (¢ U3 IIPOCT-
pancrBa D, uto ee npeoGpasoranue Dypre F(y) He IpUHALIEHUT HTOMY
NIPOCTPAHCTRY.

105. Haittu npsamoe 1 o6paTHoe npeoGpasopanus Dypbe misa §-GyHi-
[UH.

B 3zapgauax 106-112 porazaTb chOpPMYyNUpPOBAHHbBIE YTBEPMIECHUA.

106. Tlpeo6pasopanue ®ypre oGobmentHoil pyusuun f € S’ Tanme
ABnseTcAa 06obwenHoi ¢yuruuein wiacca S’, 1. e. F(f) — auHeiHbINA
HeNPePLIBHBIN GYHKIMOHAT HAJ NPOCTPAHCTBOM S.

107. Iaa moGoit o6obwennol dbyHruud f € S’ UMeloT MecTo cooT-
vowenusa FY(F(f)) = F(F7Y(f)) = f.

108. Ilpamoe F u opatnoe F'~! mpeo6pasopanus ®ypne oTobparka-
10T npocTpancTBo S’ Ha ceff MUHEHHO, B3aMMHO OJHO3HAYUHO U Helpe-
pLIBHO (HENpPEepBIBHOCTh OTOOpajkeHUA NpocTpaHcTBa S’ omnpegeisercs
aHaJOrMYHO HelpephIBHOCTH oToOpamenusa S — S B zagade 102).

109. Ilyete ¥v: R — C — Tanas GeckoHeuHo auddepeHnupyemas
GYHRIMA, 9TO 1A M0Goi ee npoussonHoit ™, n=0,1,2, ..., cymecr-
BYIOT Takue nocrofuusle Cp u C], 4To #ad Bcex z € R BolnonufieTcd
nepabenctio [ (z)| < C! (1 + |z|)¢". Toraa, eciu ¢ € S, T0 Py € S.

110. Ecam f € S, a ¢yuruua 1 yIOBIeTBOpsieT YCIOBUAM 3aja-
qu 109, To ¢ f € .

111. Ecmu f € §', To F(f™) = (iz)"F(f).

112. Ecm f € S, to FO(f) = (=i)"F(2™f).

B zamauax 113-118 naiitu npeoOpasoBanve @Dypre 060OIIEHHBIX
OYHRIUHA.

113. 6. 114. Zakxk.
k=0

115. CapunyToit 0-dyusuuu 0(z — a).
116. 5z —a) —;— 5z +a) 117 5z —a) ; d(z+a) .
118. dyuruuu Xesucaiaa 6 (cum. nmpumep 3).

OTBETHI

22. 1) CranuoHapHble ¢ HEKOTOPOr0 HOMeEpa;

2) cxoasmuecs B OGBIYHOM CMBICJE;

3) cxonfMecs K Npejeny CileBa;

4) u 5) crpemAIKecH K +00;

6) nociemoBaTenbHOCTH (Z,), ¥V DIEMEHTOB I, KOTODBIX, HAYHHAA C
HEKOTOPOT'0 HOMepa, MOCTOAHHEIE 1eIble YacTH.

30 Ilon pen. JI.A.KynpsaBuena, T.3
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60. 0, 0. 71. ¢ =6(z — o). 72. ¢ = go’( 0). T3. y' = signuz.

74. y' = 0. 75. ¢y = P%. 76. (v';¢) = /\/ Hep(z) — ¢(0)] dz.

+0o0

77 (Y ) = / o(z) — ‘P(;))e(l — ) dz. T8. ((5("), ©) = (71)n80(n) (0).
0

79. (2% )" = { Kk = 1)k Z o Dot mom n Sk,

k5D () npu n > k.
106. F(5) = \/% F1(5) = V2r. 113. \/%(im)”.
114. \/ﬁkioakik&(k). 115. \/%e—iay. 116 Tcosay.
117. \/%sinay. 118. \/%y—zz()
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