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32. Ilpumepsl HAa HAXOXKIEHUE TIPECIIOB

33. Teopema llITonpua u ee npuMeHEHUs

MoHOTOHHAsI BapuaHTa

34. IIpenen MOHOTOHHOM BapUaHThI

35. Ilpumepsl

36. Yucno e

37. IlpubnnxeHHOE BBIUUCICHUE YUCIIA €

38. JleMMa 0 BJIOXEHHBIX IPOMEXKYTKAX

[IpuHnun cxoquMocTy. YacTUYHBIE NTPEEbI

39. IlpuHIMD CXOAUMOCTH

40. YacTHuHBIE N1OCJIE0BATEILHOCTH U YaCTUYHbIE TPEJIEIIbI
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83. CymecTBoBaHH€e 00paTHOU (HYyHKIIUU 172
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92. Omnpenenenne NPON3BOTHOM 189
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97. Ilpocreiilue nmpaBuia BEIYUCIECHUS TPOU3BOIHBIX 199
98. IlpousBogHAas CIOXKHOUN PYyHKIIUU 202
99. ITpumepsl 203
100. OgHOCTOPOHHKE TPOU3BOIHBIC 209
101. beckoHeuHbIe NPOU3BOIHBIE 209
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103. Onpenencuue quddepeHmmana 211
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109. Teopema depma 223
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113. IIpenen npousBoaHON
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118. ITpumepsnr
119. InddhepeHnmanbl BRICIINX TOPSIKOB
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HOPSIKOB
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122. KoneuHble pa3HOCTH

§ 5. ®opmyna Telinopa
123. ®opmyina Teitnopa 11t MHOTOUJIEHA

124. PaznoxxeHue mpou3BOIbHON (DYHKIKU; JOTIOJHUTENBHBIN UieH B popme
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125. ITpumepsbr
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127. [Ipubnuxennsie GopMyIIbl
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132. YcnoBre MOHOTOHHOCTH (DYHKIIMH
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140. 3agauu

Boinykible (1 BOTHYThIE) QYHKIUU

141. Onpenenenue BbITYKIOH (BOrHYTOM) GyHKIMN

142. Ilpocreiimme MpeaIoKEHHS O BRITYKIIBIX (PYHKIIUSIX
143. YcnoBus BEITYKIOCTH (QyHKITUH

144. HepaBenctBo MeHceHa 1 ero npuiioKeHus

145. Touku neperuda

[Toctpoenwne rpadukoB GpyHKIUI

146. ITocTanoBka 3agaun

147. Cxema noctpoenus rpaduka. [Ipumepst

148. beckoHeuHbIe pa3phIBbI, 0ECKOHEUHBIH MPOMEKYTOK. ACUMITOTHI
149. [Ipumepsl

PackpeiTue HeonpeneneHHoCTEN

150. Heonpenenennocts Buma 0/0

151. HeonpeneneHHOCTh BHJIA 00/ 00

152. Ipyrue Buabl HEONPEIEACHHOCTEH

[TpubnnxeHHoe peneHre ypaBHEHUH

153. BBoHBIE 3aMeuaHus

154. TIpaBuio mpoMmoOpIMOHAIBHBIX YacTei (METO XOp.1)
155. IlpaBuno HetoToHa (METO/ KacaTelbHbBIX )

156. [Ipumepsl U yripaKHEHUS

157. KoMOMHMpOBAaHHBIN METO/T

158. [Ipumepsl U yripaKHEHUS

I'JIABA IIATASA. ®YHKIIUU HECKOJIBKUX IIEPEMEHHBIX

§1.

OCHOBHBIE OHATHS

159. ®ynkuuoHanbHas 3aBUCUMOCTb MEXAY NepeMeHHbIMU. [Ipumepnl
160. ®yHKIIMY ABYX MEPEMEHHBIX M 00JIACTH UX OTIPEICTICHUS
161. ApupmeTnueckoe n-MepHOE MPOCTPAHCTBO

162. ITpumeps! oOnacTeli B n-MEpPHOM MTPOCTPAHCTBE

163. Obuiee onpeneneHne OTKPBHITON M 3aMKHYTOH 00JIaCTH
164. ®yHKIMU N IEPEMEHHBIX

165. IIpenen GyHKIINN HECKOIBKUX MEPEMEHHBIX

166. CBeneHue K ciyqaro BapuaHThI

167. Ilpumepsl

168. [ToBTOpHBIE ITpEnEIBI

290
294
294
296
298
301
303
305
305
306
308
311
314
314
320
322
324
324
325
328
331
335
336

340
340
341
345
348
350
352
354
356
358
360



§ 2. HenipepsIBHBIE (DYyHKITHUH
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182.
183.
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185.
186.
187.
188.

HenpepriBHOCTE U pa3pbiBbl (yHKLIUN HECKOJIBKUX NEPEMEHHBIX
Omnepanuu HaJl HEMPEPHIBHBIMU (DYHKIIUSAMU

®yHK1IMH, HenpepbIBHBIE B 00nactu. Teopems! bonbnano—Komn
Jlemma bonbiano—BeliepmTpacca

Teopemsbl Beiiepuirpacca

PaBHOMEpHas HENMPEPHIBHOCTH

Jlemma bopens

HoBsle noka3aTenbCcTBa OCHOBHBIX TEOPEM

[TpousBonHbIe U MU GepeHHanbl GyHKIHH HECKOIBKUX MEPEMEHHBIX
YacTHble MPOU3BOAHbIE U YaCcTHBIE MU DHepeHInalb]

[TonmHOE Mpuparienne GyHKIuN

[Tonusnit nuddepenmman

I'eomeTpuueckas nHTEprpeTanust Uil ciydas QyHKIUN ABYX
MIEPEMEHHBIX

[Tpon3BOIHBIE OT CIIOKHBIX (DYHKITHIA
[Ipumepsl

@opMysa KOHEYHBIX IPUPALLECHUN
IIpon3BoaHas 1O 3aJaHHOMY HalPaBJICHUIO

WNuBapuaatHOCTh PopMbI (TIepBoro) nuddepenimana

ITpumenenue noaHoro augdepeHnuana B NpUOIMKEHHBIX BBIUUCICHUSIX

Opnopoaubie GyHKINN
®opmyia Dinepa

§ 4. IlpousBoanbie B qu(GEepeHIaIbl BEICIINX TOPSIKOB

189.
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191.
192.
193.
194.
195.

[Tpou3BoAHBIC BHICIIUX TTOPSIKOB

Teopema 0 cMeIIaHHBIX TIPOU3BOIHBIX

O06006111EeH1E

[Tpou3BOHBIC BBHICIIUX MOPSIKOB OT CJIOKHOW (QYHKIIUH
Jn¢depeHnnansl BEICIIAX MOPSIIKOB

Juddeperunanst cnokHBIX QyHKITHIA

®opwmyina Teinopa

§ 5. DxcTpeMyMbl, HAMOOIBIINE U HAUMEHBIIINE 3HAYCHUS

196.

197.

OKeTpeMyMbl GYHKIIMN HECKOJIBKUX NepeMeHHbIX. HeoOxoaumble
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198. ocraTounsie ycioBus (00U Cirydail)
199. YcnoBus oTCyTCTBUS IKCTPEMYMa
200. Haunbompiiee 1 HauMeHbIee 3HaYeHUS QyHKIHA. [Ipumepsr

201. 3amaun

I''IABA HIECTASA. ®YHKIIMOHAJIBHBIE OIIPEJAEJINTEJIN; UX

IMPHUJIOKEHUA

§ 1. dopmanbHbIe CBOMCTBA (YHKIMOHATIBHBIX ONpeAeIUTeNneH

202. Onpenenenne GyHKIMOHATIBHBIX OTPEACIUTENCH (IKOOMAHOB)
203. YMHOXEHHE IKOOMaHOB

204. YMHOXeHUE (PyHKIMOHAIBHBIX MaTpHIl (MaTpui SKoOm)

§ 2. HesiBHBIE pyHKIIMH

205. [TonsiTie HesBHON (YHKLUU OT OJHOM NepeMeHHON
206. CymecTBoBaHUE HEABHOW (QDYHKIIMU

207. MuddepeHmpyeMOCTh HEIBHOW (PyHKIHH

208. HesBHbIE (YHKIIUN OT HECKOIBKHUX MEPEMEHHBIX
209. Bplunciienne npou3BOAHBIX HEABHBIX (PYHKIIMIMA

210. ITpumepsl

§ 3. HexkoTopble MPUIIOKEHUS TEOPUH HESBHBIX (PYHKIIUU

211. OTHOCUTENBHBIE SKCTPEMYMBI

212. Meron HeonpeaeneHHbIX MHOXuUTeNnel Jlarpanxka

213. locraTouHble 7151 OTHOCUTEIBHOIO 3KCTpEMyMa YCIOBUS
214. Ilpumeps! 1 3a1a4u

215. lonsTHe He3aBUCUMOCTH (QYHKITUIT

216. Panr matpunsl Sxodu

§ 4. 3ameHa nepeMeHHbIX

217. @yHKIMU OJHOW NTEpEMEHHOMN
218. ITpumepsl

219. @yHKIMY HECKOJIBKUX IIEPEMEHHBIX. 3aMeHa HE3aBUCUMBIX
HepEeMEHHBIX

220. Meron BeraucicHus quddepeHIrnanion
221. O06uwmii cimyvaid 3aMeHbl IEPEMEHHBIX

222. Ilpumepsbl

I'VIABA CEABMAS. TPUJIOXKEHUSA JTUPPEPEHIIUAJIBHOI'O

NCUYUCJIEHUA K TEOMETPUN

§ 1. AHanuTH4eckoe npeacTaBiesHe KPUBBIX U TOBEPXHOCTEN
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223. KpuBble Ha IJIOCKOCTH (B MPSIMOYTOJIbHBIX KOOPAUHATAX ) 503

224. Ilpumepsl 505
225. KpuBble MEXaHUYECKOTO MTPOUCXO0KICHUS 508
226. KpuBble Ha MJI0CKOCTH (B MOJISIPHBIX KoopAuHATax). [Ipumepsr 511
227. IToBEpXHOCTH U KPUBBIE B IPOCTPAHCTBE 516
228. [TapameTpuyeckoe MpeacTaBIcHUe 518
229. ITpumepsl 520
§ 2. KacarenpHas u KacatenbHas MIIOCKOCTh 523
230. KacarenpHas K MJIOCKOW KPUBOU B MPSIMOYTOJIBHBIX KOOPIAUHATAX 523
231. [Ipumepsnr 525
232. KacarenbpHas B MOJISPHBIX KOOPAUHATAX 528
233. [Ipumepsnl 529
234. KacarenbHas K IpOCTPaHCTBEHHOM KpuBOM. KacarenbHas Mi0CKOCTh K 530
MOBEPXHOCTHU
235. ITpumepsl 534
236. OcoOble TOUYKH TIIOCKUX KPUBBIX 535
237. Ciy4aii mapaMeTpu4ecKoro 3alaHusl KpUBOU 540
§ 3. Kacanue KpuBBIX MEXKITy cOOOU 542
238. Orubaromas ceMeicTBa KPUBBIX 542
239. [Ipumepsnl 545
240. XapakTepuCTUUECKHUE TOUKU 549
241. Ilopsiiok KacaHus ABYX KPUBBIX 551
242. Cny4aii HESIBHOTO 33JJaHUs OJHOU U3 KPUBBIX 553
243. Comnpukacarouiasicsi Kpunas 554
244. JIpyroi moaxoA K CONpUKacaroUMCcs KPUBbIM 556
§ 4. JInHa TUI0CKON KpUBOM 557
245. Jlemmel 557
246. HanpaBieHue Ha KpUBOM 558
247. JlnuHa KpUuBOWU. AJANTUBHOCTH JJIMHBI 1yTH 560
248. JloctaTouHbie yCIIOBUS cupsiMiiieMocTd. uddepeHnnan nyru 562
249. Jlyra B ponu napameTtpa. [lonoxuTrenbHoe HanpaBlieHUE KacaTeIbHOU 565
§ 5. KpuBu3Ha miockoi KpuBoi 568
250. ITonsiTHE KPUBU3HBI 568
251. Kpyr KpuBU3HBI U pauyCc KPUBU3HbI 571

252. ITpumepsl 573



253. KoopauHaTsl HEHTPA KPUBU3HBI 577
254. OnpeneneHue 3BOIOTH U 3BOJIBBEHTHI; Pa3bICKAaHUE SBOJIIOTHI 578
255. CBolicTBa 3BOJIOT U HBOJIBBEHT 581
256. Pa3bickaHN€ IBOJIbBEHT 585
JOIIOJTHEHME. 3AJTAYA PACIIPOCTPAHEHUSA ®YHKIINI
257. Cny4aii pyHKIHMM OTHOM epeMeHHON 587
258. IlocraHoBKa 3a1auu AJisl IBYMEPHOTO CiIydas 588
259. BcnoMorarenbHbIe NPeI0KEHUS 590
260. OcHOBHas TeOpeMa O pacIpOCTPAHEHUN 594
261. O6o0uieHMe 595
262. 3aKII0YUTENbHbIEC 3aMEYAHMS 597
AJs(paBUTHBII yKa3aTelb 600

AndaBuTHBIN yKa3aTemb

AoOcomrornag Bennunna 14, 31, 34

AOCONIOTHBIN SKCTpeMyM 469

Anrebpanueckas pyHkuus 448

AHanMTHYECKUH cr1oco0 3aaHus
bynkiuu 97, 98

AHaIuTHYECKOE BhIpaXXeHHE (PyHKLINN
98

- npeacTasneHue kpusbix 503, 517

- - moBepxHocten 517

AHoMmainus (3KCUEHTpUYECKas) MIIaHEThI

174
AprymeHnT QyHkiuu 95, 341
Apudmernueckoe 3HaUCHUE KOPHS
(pamukaina) 36, 103
- IPOCTPaHCTBO 345
ApKcuHyc, apKKocuHyc U T. 1. 110
Apxumen 64
Apxumena akcuoma 16, 34
Apxumenosa coupains 512, 529
Acumnrora 309
Acmmnrorndeckas Touka 513, 514
Actpouga 506, 511, 526, 546, 573, 583
Bapomerpuueckas dopmyna 95
bepnymnu, Noann 206, 314
- SlkoB 38
- njemumckara 515, 530, 575, 577
beckoneunas necaruynas 1po0p 22
- nmpousBoaHas 209

Beckoneuno OoJibiiias BeaudnHa 54,
117

- - - knaccudukanus 145

- - - mopsAnok 145

- Manasg BenuunHa 47, 117

- - - BBICHIETO MOpsiiKa [0003HaUEHHE
O(a)] 136, 137

- - - knaccuduxanys 136

- - - IeMMBbI 57

- - - mopsiok 137

- - - DKBHMBAJICHTHOCTH 139

beckoneuHoctp (+00,—©) 26, 55

beckoHneunblii mpoMexxkyTok 94, 308

- pa3pbiB 309

boitns—Mapuorra 3akoH 94

Bonbsuano 84

Bonsnano metox 88

bonsriano—Beiiepmrpacca 1emma 87,
367

bonsriano—Komu teopems 1-5 u 2- 4
168, 171, 182, 366

- - yciosue 84, 134

bopens nemma 181, 372

Bapuanra 44, 344

- Bo3pacTaromias (HeyObiBarorast) 70

- UMeroLas npejaen 52

- KaKk QyHKIUs 3Ha4Ka 96



- MOHOTOHHas 70

- orpaHu4eHHas 53

- yObIBaromas (HeBo3pacraroriasi) 70

Beitepuirpacca—bonbuano nemma 87,
367

- TeopeMsl 1-au 2- g 175, 176, 183,
369, 370, 373

BeprukansHas acumnrora 309

BepxHss rpanuna 4McioBOro
MHOK€eCTBa 26

- - - - ToyHas 26

BemectBennsie unciaa 19

- - BeruuTanue 31

- - nenenue 34

- - IECSITUYHOE NMPUOIMKEeHne 22

- - HEMPEPBIBHOCTH 00nactu 24

- - INIOTHOCTH (yCHIIeHHast) oOmacTu 21

- - paBeHCTBO 19

- - cloxkeHue 28

- - yMHOXeHue 31

- - ynopsinoueHue obdmactu 19

Busunanu kpusas 521, 535

Bunrosas nunug 521, 534

- IOBEpXHOCTh 523, 535

BrojxeHHbIE TPOMEXKYTKH, lemMMma 83

BnyTtpennss Touka mHOxkecTBa 350

BornyTsie (BblmyKIible BBEPX) PyHKIMU
WM KpUBbIE 295

- - - - YCIIOBUS BOTHYTOCTH 298

- cTporo (pyHKIMU WK KpUBbIE 298

Bosspara Touka 539, 541

Bo3spacraromnias BapuanTa 70

- ynkuus 133

Bpamenus nosepxHocts 522

Brinykiible (BbITyKJIble BHU3) (yHKLIUU
WM KpuBbIe 294

- - - - YCIIOBUS BBIITYKJIOCTH 298

- cTporo (pyHKIMU WK KpuBbIe 298

Bericmiero nopsizika 0€CKOHEUHO Malible
[0603Hauenwue o(a)] 136, 137

- - nu¢pdepenmanst 241

- - - (DyHKIIMM HECKOJIbKUX MEPEMEHHBIX
410

- - npousBoaHbIE 231, 232

- - - CBA3b C KOHEYHBIMH Pa3HOCTAMHU
245

- - - yacTHble 402

INapmonnueckoe konebanue 208

laycc 74, 439

I'enbnepa—Komum HepaBeHCTBO 275,
302

I'eorpaduueckue koopanHATHI 522

I'eomeTpuueckoe UCTONKOBaHHE
muddepennuana 214

- - mosHOTO U Pepenimana 386

- - mpou3BoAHOM 190

Iumep6oma 506, 575, 580

- paBHoOounas 102, 103

I'umepOonmueckas crimpains 529

I'unepOonuueckue CUHYC, KOCUHYC U T.
a. 107

- pyHKIMH, HENPEPBIBHOCTH 149

- - oopartubie 108—109

- - mpou3BoaHbIEe 205

lN'unonuknonna 509

I'nmaBHast BeTBb (TJ1aBHOE 3HAYCHHE)
apKCUHYCa, apKKOCHHYCA U T. 1.
110,114

- 4acTh (IJIaBHBIN 4JIeH) OECKOHEUHO
Majsoit 141

I'mankas xpuBas 594

l'opusonransHas acumnrora 309

I'papuent dynkun 394

I'panuna obmactu 351

- YUCJIOBOTO MHOXECTBA (BEPXHSIS,
HWDKHs) 25—28

- - - To4Has 26

I'paduk Ppynkuuu 100

- - moctpoenue 305

- - IPOCTPAHCTBEHHBIN 343

Iotirenca dpopmyna 260

HapOy Teopema 224

JiBuxenus ypaHenue 187

JIBoiiHast Touka KpuBOM 538

JBoitHoit npenen ¢pyHkuun 360

JIByx nepeMeHHbIX (QyHKIus 341

Henexunp 17

JlenexnHaa ocHOBHasi TeopemMa 25



JlercTBUTENbHBIC YHCIIA, CM.
BemectBennsle yncna

HexaproB nuct 507, 538

Hecartuunoe npuOIMKeHue
BELIECTBEHHOI' 0 yKcia 22

Hecstuunbie norapudmsl 79

Juametp ToueuHoro MHoxecTBa 371

Hupuxine dynkuus 99, 102, 153

JuckpumuHanTHas kpusas 545, 550

Huddepenmuman 211, 215

- mopsiaka, 1-ro, 2-ro, n-ro 241

- FEOMETPUYECKOE UCTOJIKOBaHue 214

- nyru 562, 567

- UIHBapUaHTHOCTH (hopMbI 216

- oJHBIHN 382

- - nopsiaka, 1-ro, 2-ro, n-ro 410

- - TEOMETPUYECKOE UCTOJIKOBaHUE 386

- - UHBAPUAHTHOCTH popmbl 394

- - METOJI BBIUUCIIEHUS (IIpU 3aMEHE
nepeMeHHbIX) 489

- IPUMEHEHHE K MPUOIINKEHHBIM
BeIuncieHusM 218, 220, 396

- yacTHbIN 378, 411

Huddepenuuponanue 215

- mapameTpuyeckoe 243

- npasuna 215, 395

Huddepermmpyemast pynkmms 212, 382

HuddepeHunpyeMocTs HESIBHOM
¢ynkum 451

Jnuna orpeskos 40

- TUIOCKOM KpuBOH 560

- - - aJIUTUBHOCTE 560

- IPOCTPAHCTBEHHON KpUBOM 567

JlononHUTENBHBIN YieH (OPMYIIbI
Tetinopa 249, 257, 415

- - - Jlarpanxa 263

- - - Opmura 266

Hpobnas panmonansHas yHkius 103

- - - HETIPEPHIBHOCTH 148

- - - HECKOJIbKUX NI€pEMEHHBIX 353

e (aucno) 78, 148

- UppalMOHANIBHOCTD §2

- IpUOINKEHHOE BbluncieHue 81

Enunnna 14, 32

3aBucuMeble GyHKIMH 478

3aMeHa epeMeHHbIX 483

3amkHyTas oomacts 351

- cepa 351

3aMKHYTO€ MHOXeCTBO 351

3aMKHYTHIN napamnenenumnes 351

3aMKHYTBIN IPOMEXYTOK 93

- cumiuiekc 351

3aoctpenus Touka 539

3aryxaromiee konebanue 208, 282

3HaKOB NpaBujIo (IpU yMHOXKEHUM) 16,
32

Wencen 295

Hencena nepasenctso 301

N3mepenue orpeskon 40

N3onupoBanHas Touka KpuBou 536, 539

WNuBapuaHTHOCTH (HOPMBI
muddepennnana 216, 394

WuTepnonuposanue 263

WNurtepnionupoBanus y3ibl 263

- - KpaTHbIe 266

WnTepnonsumonnas gopmyna
Jlarpanxa 263

- - - IOTIOJIHUTEIBHBIA WiIeH 265

- - Opmura 266

- - - IOTNIOJIHUTEILHBIN ujieH 267

Wppaunonansueie yucna 19

KanTopa Teopema 179, 184, 370, 374

Kapnuounna 510, 515, 530

Kacanue xkpuBbix 542

- - nopsanok 551

Kacarensnas 188, 210, 386, 523, 530,
533,555

- ogHOCTOpOHHSs 209

- OTpe3oK 524

- - OJISIpHBIN 528

- INIOCKOCTH 384, 532

- MIOJIO’KUTENIHOE HampaBiieHue 567

KacarenbHoe npeobpaszoBanue 485,
487,493, 500

Kacarenpabix MeToa (prOIMKEHHOTO
pelieHus ypaBHeHuit) 328

Kaccunu oBan 515

KBanpatuunas dhopma 423



- - HauOoJbIlIee U HAaUMEHbIIIEe
3HaueHus 476

- - HeomnpeaeneHHas 425

- - onpeneneHHas 423

- - mosyornpenaeneHHas 427

Kennepa ypaBuenue 174

Knanetipona ¢popmyia 340, 377

Knacc rmankoii kpusoit 594

Knaccudukanus 6eCKOHEIHO OOJIBITUX
145

- - ManbIx 136

Knaccel ¢pynkuuit 102

Kone6anne rapmonmnueckoe 208

- 3aTyxatoniee 208, 282

- ¢ynkuuu 177, 370

KomOuHMpoBaHHBINH METOA
(MpUOAMKEHHOTO peIIeHUs
ypaBHeHHit) 335

Kommpeccop 433

Koneunsie pazHoctu 244

Koneunsrx npupamienuii popmymna 227,
390

Konyc ro, nopsinka, 2, 535

KoopauHatHble TMHUU (TOBEPXHOCTH)
520

Koopaunatel n-mepHoit Touku 345

Kopenb 13 BeliecTBEHHOr0 Yucia,
cylecTBoBaHue 35

- ypaBHeHUs ((pyHKINN),
cymiecrBoBanue 170

- - npuOIKkeHHoe Beiumciienue 170,
324

Kocunyc 103

- (pyHKIIMOHANBHAS XapaKTepUCTUKA
160

- runepOonuyeckuit 107

- - (yHKIMOHATIbHAS XapaKTEPUCTHKA
160

Kocekanc 103

Koranrenc 103

- runepoonmyeckuii 107

Komm 67, 69, 84, 192

Kommn—Dbonbuano Teopems! 1-5 u 2-51
168,171, 182, 366

- - ycioBue 84, 134

- opma 1OMOTHUTENHHOTO uiieHa 257

- ¢popmymna 229

Kparnas touka kpusoii 505, 519, 538,
540

Kpusuzna 568

- kpyr 571

- paauyc 571

- cpenusst 568

- ueHtp 571

Kpussle, cM. cOOTBETCTBYIOLIIEE
Ha3BaHUE

- B mpoctpaHctse 517, 518

- B 1-ME€pHOM TpocTpaHcTBe 347

- Ha mockoctu 503, 508, 511

- mepexoaHble 576

Kponexep 99

Ky6 n-mepnsrit 348

Kycouno-rnankas kpuast 595

Jlarpanx 192, 257,470

Jlarpan’ka MHTEPNOJIALMOHHAS
dbopmyna 263

- - - JIOTIOJTHUTEJIbHBIN WICH 265

- Teopema, popmyna 226, 227

- hopMa TOMOTHUTETBHOTO WieHa 257,
415

JleGer 181

Jlexanapa MHorouneHs! 240

Jlexxanapa npeoOpazoBanue 487, 499,
500

JleitOuun 192, 215, 241

JleitOnuna popmyna 238, 241

Jlemuuckara bepnynnu 515, 530, 575,
577

Jlorapudwm, cymecrsoBanue 39

- necsituuHb 50, 79

- HaTypaJbHbIN (WK HenepoB) 78

- - IepexoJl K AecATUIHOMY 79

Jlorapudmrmueckas crimpains 514, 529,
574, 581

- ynkmus 103

- - HerpepbIBHOCTD 155, 174

- - mpou3BoHas 195, 197



- - (yHKIIMOHAJIbHASI XapaKTEePUCTHKA
159

JlomaHas (B n-MEpHOM IIPOCTPAHCTBE)
347

Jlonurans npasuso 314, 320

Maknopena ¢opmyna 247, 251

MakcumyM, cM. DKCTpeMyM

Martpuna ¢pyHkunoHansHas (Skoomu)
444,478

- - panr 468, 471, 479

Matpuibl yMHOXeHUs 444

Meps 44

MunumyMm, cM. DKCTpEMYM

MUHKOBCKOT'O HEpaBEHCTBO 276

Muoro3naunas ¢pyukuus 96, 109, 341,
447,453

MHoOXecTBO TOUYeK 3aMKHyTOE 351

- - orpaHuyeHHoe 352

- YUCJIOBOE, OTPAaHUYEHHOE CBEPXY,
CHHU3Y 26

MHOXUTENHN HEONPEEIEHHbIE, METO
470

Mopyie epexojia OT HaTypaJIbHBIX
J0rapupmMoB K AECATUYHBIM 79

MomnotonHnas Bapuanrta 70

- yskmwms 133

- - HEPEPBIBHOCTh, pa3priBbl 154

MonoTtoHHOCTH QyHKIHH ycnoBue 270

n IepeMEeHHbIX QYyHKIMS 352

n-KpaTtHasi Touka kpuout 540

n-KpatHbid peaen 360

n-mepHas cdepa 349, 351

n-MEpHOE POCTPAHCTBO 345

n-MepHbIN napaimenenunes 348, 351

n-MepHbIi cumriieke 349, 351

Haubonbmee 3nauenue Gpynkiuu 176,
286

- - - HECKOJIbKHMX NEPEMEHHBIX 427

HaubGonpmmii npenen BapuanTsl 89

- - ¢pynkuuu 136

Hawnmensiee 3HaueHue GpyHkmu 176,
289

- - - HECKOJIbKUX MepeMeHHbIX 427

Haumensmmii npenen BapuanTsl 89

- - pysxum 136

Haumensmmx kBagpatoB Meron 438

Haxnonnas acumnrora 310

Hanoxenue gpynkumii 114

Hamnpasnenue Ha kpuBoit 558

Hatypanbnslit norapupm 78

HezaBucumocts Qpynxkimii 478

HesaBucumslie nepemennsie 94, 341,
352

Heonpenenennoctu packpeitue 62, 314

- suga 0/0 60, 314

-- o/ 61,320

--0-0 61,322

--o0—00 62,323

--17,0° " 166, 323

Heonpenenennsie MHOXXHUTETH, METO/T
470

Hemnep, nenepoBsl norapudmsr 78

HenpepriBHOCTH 001acTH
BEIIECTBEHHBIX uncen 24

- IpsiMoii 42

- pyHkuu B obmactu 365

- - B IpoMexyTke 148

- - B Touke 146, 362

- - ogHOCTOpOHHSIs 150

- - paBHOoMepHas 178, 370

HenpepwiBHbIE (QYHKITUH, ONIEpALIAN HAJT
HuMu 148, 364

- - cBoricTBa 168—185, 365—374

- - cynepno3uuus 114, 364

HepagenctBa, nokazarenscTBo 122,
273,302

Hepasencro Komm 275, 346

- Kommn—TI enbaepa 275, 302

- Uencena 301

- MunkoBckoro 276

HecoOcTBeHHbIe uncia (Touku) 26, 55,
355

HesBuble pynkuun 447, 453

- - BBIYHMCJICHUE MTPOU3BOAHBIX 460

- - CYIIECTBOBaHUE U CBOMCTBA 449,
451, 453



HwxHsis rpaHuLia YUCIOBOTO
MHOX€ECTBa 26

- - - - ToyHas 26

Hopwmans k kpuBoit 523

- - - oTpe3ok 524

- - - - IOJISIpHBIN 528

Hopwmans x noBepxnoctu 532, 534

Hrrotona meron (mpuOImKkeHHOTO
pelieHus ypaBHeHui) 328

OTtHOocuTENbHBIN 3KCTpeMyM 467

Otpe3ok, u3mepenne 40

- KacareiabHOM, HopMaiu 524

- - - IOJISIPHBIN 528

Ouenka norpemnocteit 220, 396

O6nacTe B n-MEPHOM IIPOCTPAHCTBE
350

- U3MEHEHMS IEPEMEHHOU
(mepemeHHbIX) 95, 341

- 3aMKkHyTas 351

- onpenenenust pyHkuu 95, 341

- oTkpbITas 350

- cBsi3Has 352

Oo6patHas ¢pynkuus 108

- - HETIPEpBIBHOCTH 172

- - mpou3BoaHas 196

- - cyulecTBoBaHue 172

OOpaTHbIe TPUTOHOMETPUUYECKUE
¢bynkuu 110

- - - HeTpepbIBHOCTH 156, 174

- - - mpou3BoAHbIE 197

OObIKHOBEHHAs TOUKa (KpUBOW MM
noBepxHoctn) 504, 505, 520

Oanst Kaccunu 515

Orubaromas cemeiicTBa KpuBbIX 543

OrpanunyeHHas BapuaHTa 53

OrpaHMyeHHOE MHOKECTBO TOYEUHOE
352

- - YUCJIOoBOE 26

OrpaHn4eHHOCTb HETIPEPHIBHOM
bynkiuu, Teopemsr 175, 183,
369, 373

Opnno3naunas ¢pyHkius 96, 341

Onnopoanas ¢pyukuus 399

OHOCTOPOHHNE HETIPEPBIBHOCTD U
pa3pbIBbI PyHKIMH 150

OnnocroponHsis kacarenbHas 209

- npousBoHasg 209

- - BBICILIETO Nopsifka 232

OxpectHOCTb TOUKH 115

- - n-mepHas 348, 349

Onpepenurens, npousBoaHas 388

- pyHKuMOHaNbHBIN (SIk0o0n) 441

Ocobast Touka (KpuBOM Win
noBepxHoctu) 504, 505, 517, 518,
519, 531, 533, 535, 537

- - u3onupoBaHHas 536

- - nBoWHadg 538

- - kpatHas 505, 519, 538, 540

Octporpaackuii 442

OtxkpsiTas o6nacts 350

- cpepa 349, 350

OTKpBITHIN TPOMEKYTOK 93

- napayenenunen 348, 350

- cummieke 349, 350

OTtHocuTenbHas norpemHocts 140, 218,
397

[Tapabomna 64, 103, 525, 546, 575, 579

[Tapabonoun Bpamenus 344

[Tapannenenunen n-mepHbii 348

[Tapametp 217, 504

[TapameTpuueckoe
muddepennupoBanue 243

- mpeacTaBieHue kpusou 217, 504, 512

- - - B mpocTpaHcTBe 518

- - moBepxHocTu 519

[leano ¢popma JOMOTHUTETHHOTO YICHA
249

[leperuba Touka 303

[Iepemennas 43, 93

- HezaBucumMas 94, 341, 352

[IepemenHbIx 3ameHa 483

[TepemecTuTenbHOE CBOMCTBO
CJIOKEHUs, yMHOXeHus 12, 14,
29,32

[lepectanoBka auddepeHunpoBaHm
405, 407

- IpenenabHbIX nepexoaoB 361, 406



[Tepexoanbie KpuBbIE 576

[lepuonuueckas aecaTuuHas Apoos 24

[Tosepxnocts 343, 517, 519

- BpaieHus 522

[ToBTOpHBIN penen pyHKUUU
HECKOJIbKHMX IepeMeHHbIX 360

Ilonkacarennuast 207, 524

- noJsipHas 528

[Hopnopmans 524

- noJsipHas 528

IloamocnenoBaTenbHOCTE 85

[Torpannynas Touka 351

[TorpenrHOCTh a0COMIOTHAS,
otHocuTenbHas 139, 140, 218,
221,397

[ToxazarenbHast pyHkims 103

- - HenpepbIBHOCTH 149, 155

- - mpou3BoaHas 194

- - (YHKIMOHATIbHAS XapaKTEePUCTHKA
158

[Tonnoe npupamenue pyHkuu 378

[Monueiii muddepennnan 381, 396

- - BeIciiero nopsiaka 410, 413

- - reoMeTpHuuecKas uHTepnperanus 386

- - IHBapUAHTHOCTH (hopmbl 394

- - IPUMEHEHUS K MPUOIMKEHHBIM
BbIUHCIICHUSIM 396

[Tomykyouueckas napabdomna 506, 540,
548, 579

[TomyOTKpBITHIN TPOMEKYTOK 93

[TonapHas noakacarenbHas,
noAHOpMaib 528

[Tonsiproe ypaBHeHue kpuBoi 511

[Tonsipubie koopauHatel 493, 495, 512

[TonsapHBII OTPE30K KacaTeIbHOM,
HOopManu 528

[Topsimok 6eckoHEYHO OOJBIITON
BEJIMYUHBI 145

- - Maso# BeuuuHbI 137

- nupdepenmmana 241

- KacaHMsl KpuBbIX 551

- Ipou3BoaHOM 231

[NocnenoBarensHOCTD 44

[TocrosiHCTBa DYHKINH yciaoBHe 268

[IpaBuio, cM. COOTBETCTBYIOIIIECE
Ha3BaHUE

[Ipenen BapuanTsl 46, 48

- - 6ecKOHEYHBIN 55

- - eIUHCTBEHHOCTE 54

- - MOHOTOHHOH 71

- - HanOOJIBIINI, HAUMEHbIIHH 89

- - YaCTUYHBINA 86

- OTHOLIEHUS 59

- mpou3sBeaeHus 59

- IPOU3BOJIHOM 228

- pa3HoctH 59

- CyMMBI 59

- yskmuu 115, 117

- - MOHOTOHHOH 139

- - HanOOJIBIINH, HAUMEHbIIHI 135

- - HECKOJIBKMX NEepeMEHHbIX 354, 357

- - - - IOBTOPHBINA 360

- - yacTU4HbBIN 135

IIpenenbHbli IEpexo B paBEHCTBE, B
HEpaBeHCTBE 56

[Ipeo6paszoBanue Jlexxanapa 487, 499,
500

- TOYEYHOE (IIOCKOCTH, IPOCTPAHCTBA)
485, 493

[TpubnuxeHHoe pereHre ypaBHEHHS
324

[TpubnuxKeHHbIe BEIYUCIICHUS,
npuMeHeHne auddepeHnuana
218, 220, 396

[Mpubmmxennsie popmyisr 140, 143,
218, 257—263

[Ipupamenue nepemenHou 147

- pyskuun, hopmymna 199

- HECKOJIbKUX NEPEMEHHBIX MOJIHOE,
dbopmyna 379

- - - -ygactHoe 375

[Ipuparennii konedHbIx Gopmyna 227,
390

[IpousBenenue Bapuanr, npeaen 59, 61

- @ynkuwmii, npenen 129, 130

- - HerpepbIBHOCTD 148, 364

- - mpousBoaHas u auddepennnan 200,
216, 236, 241, 395



[IpousBenenue uncen 14, 31

ITponsBogHas cM, TakKe, Ha3BaHUE,
¢ynkuu, 189

- Oeckoneunas 209

- BeICIETO mopsiaka 231

- - - CBSI3b C KOHEUHBIMH Pa3HOCTSIMU
245

- reoMeTpu4ecKoe ucTojkoBanue 190

- HecymiecTBoBanue 211

- ogHOCTOpOHHSs 209

- 110 33JJaHHOMY HarnpasieHu:o 391

- IpaBwJIa BeIYUCIEHUS 199

- pa3psiB 211

- yactHas 375

- - BpIcIIero nopsaka 402

[IpomexyTok 82

- 3aMKHYTBI!, TIOJIyOTKPBITHIH,
OTKPBITBIM, KOHEYHBIH,
O0eckoHeuHsIit 93, 94

ITpoMexyTOo4HOE 3HAUYEHHE, TEOpEMA
171

[TponopLnoOHaNBHBIX YacTel, IPAaBUIIO
325

[TpocTas Touka (KpUBOW MM
nosepxHoctH) 505, 520

[TpoctpancTBeHHbIH rpaduk GyHKIUH
343

ITpocTpaHcTBO N-MEPHOE
(apudmeTtuueckoe) 345

[Ipsimas B n-mepHOM npocTpaHcTBe 347

PaBHOMepHas HENIPEPHIBHOCTH
bynkiuu 178, 370

Panukan, apupmerndeckoe 3HaUCHUE
36, 103

Pannyc xpuBusHel 571

Pasnocte Bapuast u T. 1., cM. Cymma

-ypucen 13, 31

PazpsiB nponzBoaHoit 211

- pynkuuu 146

- - MOHOTOHHOH 154

- - OOBIKHOBEHHBIH, poJIa, TO, U, TO, 1, 2,
151

- - HECKOJIBKMX NEPEMEHHBIX 362

Panr matpuuer 468, 471, 479

PackpriTue HeonpeneneHHocTei 62,
314

PacnpenenurenpbHoe CBOMCTBO
yMHOxeHus 15, 34

Pacnipoctpanenue ¢pynkuuit 587

PaccTosiHne Mex1y TOukaMu B -
MEpHOM IpocTpaHcTBe 345

Pannonanehas ¢pynkuus 102

- - HENpepbIBHOCTH 148

- - HECKOJIBKMX MEPEMEHHBIX 353

- - - - HenpepbIBHOCTH 358, 563

ParonanbHele uncia, BeluuTanue 13

PannonaneHble uncna aenenue 15

- - IJIOTHOCTH 12

- - cnoxenue 12

- - yMHOXeHHe 14

- - ynopsigouenue 12

Puman 154

Ponns Teopema 225

Pomra u Hlnemunsxa gpopma
JOIIOJIHUTEILHOTO uiieHa 257

Casi3u ypaBHeHus 467

Cssi3Has obmnactp 352

Crymenus Touka 115, 116, 117, 351

Cexkanc 103

CemelicTBO KpUBBbIX 542

CeueHue B UHCIOBOM obnactu 17, 24

Curnym (¢ynxkuus) 29

Cuna toka 192

Cunbsectp 423

Cummnekc n-mepubiit 349, 351

Cunyc 103

- runepOonuyeckuit 107

- IpeJie] OTHOLIEHUS K ayre 122

Cunycouna 106, 304

CkopocTh ABMXKEHUS TOUKH 186

- B JaHHBIA MoMeHT 187, 190

- cpennsia 186

Cnoxnas ¢pynkuus 115, 353

- - HEMpepBIBHOCTH 156, 365

- - mpou3BOAHbIE U AU depeHInanb
202,216, 242,386, 395,413,414

CwMmenianHble IPOU3BOHBIE, TEOPEMA
404



Conpuxkacaromascs kpubas 554

- mpsaMast 555

Conpukacaromuiics kpyr 555, 571

CouerarenbHOE CBOHCTBO CIIOKEHMS,
ymHoxeHus 13, 14, 29, 32

CpaBHeHue 0eckoOHeYHO Manblx 136

Cpennee apupMeTHKO-TapMOHUIECKOE
74

- - - reomeTpuieckoe 74

- apupmeruueckoe 275, 430

- rapmoHunyeckoe 74, 303

- reomerpuueckoe 74, 275, 303, 430

- 3HaUeHue, Teopema 227

- - 0000meHHas Teopema 230

Cpennsist kpuBHu3Ha 568

- ckopocTth 186, 190

Cranunonapnas touka 277, 418

Crenennas ¢pynkuus 103

- - HENPEepBIBHOCTH 156

- - mpou3BoaHas 194

- - (yHKIMOHATIbHAS XapaKTEPUCTHKA
158

CreneHHo-moKkazareiabHast QyHKIIHUS
(mByx mepemeHHbIX) 353

CreneHHo-moKazareiabHast PyHKIIHS
npexaen 358, 359

- - - - HENPEPBIBHOCTH 363

- - - - nmuddepenuuponanue 376

CreneHHo-110Ka3aTeIbHOE BhIpaXKEHHE,
npexaen 165

- - - - mpousBoHas 206, 388

CreneHb ¢ BEIIECTBEHHBIM
nokasaresuem 37

CymmMa Bapuanr, npenen 59, 62

- ynkumii, npenen 129, 130

- QpyHKIM, HenpephIBHOCTH 148, 364

- - mpousBoHas U aupdepenman 200,
216, 233, 395

-ypcen 12, 28

Cynepnosunus ¢pyukuuit 114, 353, 364

Cdoepa 344

- n-mepHas 349, 350

Cdepuueckue koopauHaTel 495

Cxoaumoctu npunuun 84, 134

Tabmuuneblil crioco6 3amanus QyHKIUN
97

Tanrenc 103

- runepOonnyeckuit 107

Teno reomerpuueckoe 345

Tennoemkocts 191

Touka, cM. COOTBETCTBYIOIIEE Ha3BaHUE

Touku ¢pynkuu 352

Tounas rpanuna (BepXHsis, HIOKHSS) 26

Tpuronomerpuyeckue ¢pynkuu 103

- - HenpepbIBHOCTH 149

- - Ipou3BOJHBIE 195

Tpoitnas Touka 540

Tporinoi npenen 360

Teitnopa dpopmyna 246, 249, 257, 415

YosiBaromas Bapuanra 70

- ynkmus 133

VYrnosas touka 209

VY31b1 HHTEpHIONUPOBaHUS 263

- - KpaTHble 266

VYurneii 590

Vimmtka 514, 529

VYpasuenue kpusoit 100, 230, 503, 511,
518

- moBepxHoctu 343, 517, 519

- npubnuxenHoe peuenue 170, 324

- cylecTBoBanue kopuei 170

VYckopenne 191, 231

®depma Teopema 223

®opma kBagpatruHas 423

dopmyna cM, TaKKe,
COOTBETCTBYIOIIEE, HAa3BaHue, 97,
98

@yHKUMOHATbHAs 3aBUCUMOCTh 94, 340

- matpua 444, 478

@yHKUHOHATBHOE YpaBHEeHHe 157, 158,
160

OyHKUHUOHAIBHBIA onpeaenutens 441

DyHKIMA CM, TAK)KE, Ha3BAHUE,
bynkmm, 95

- uccaenoBaHue 268

- HECKOJIbKUX NepeMeHHbIX 341, 352

- oT pyHKIMH (WK oT pyHkuwmif) 115,
353



XapakTepucThuueckas TouKa Ha KpUBOM
539

Xectunc 590

Xon u3menenus GpyHkuuu 268

Xopa METO MPUOIMKEHHOTO PEIIEHUS
ypaBHeHui 325

Henas panmonansHas pyHkus 102

- - - HenmpepbIBHOCTH 149

- - - HECKOJIbKO MepeMeHHBIX 353

————— HemnpepbIBHOCTH 358, 363

- yacTh uncna [E(p)] 48

LenTtp xpuBu3Hbl 571, 577

Hennas muams 207, 505, 573

Hukmonga 508, 526, 574, 581

Hunuanap npoextupyronmii 518

YacTuuHas ocie0BaTeIbHOCTh 85

YactuuHblil Ipeien BapuaHThl 86

- - ¢pynkuuu 135

YacTHas mpousBoanas 375

- - BeIcLIErO nopsiaka 402

YacTtHoe BapuaHT, ripeaen 59, 60

- 3HaueHue pyHKuuu 96

- npupaienue 375

- ¢ynkmwmii, mpenen 129, 130

- - HenmpepbIBHOCTH 148, 364

- - mpousBoaHas u quddepennuan 201,
216, 395

- gucen 15

UYactaerii muddepenmman 378, 411

YeOrimena popmyna 262

Ywucaa, cMm. PanmmonansHbIC,
HppaunoHnansHble,
BemecTBenHnsle uncia

Yucnosas och 42

- OCIen0BaTEebHOCTE 44

[Bapu 407

HInemunsxa u Porra hpopma
IOIOJHUTEIHLHOrO wieHa 257

[lITonsia Teopema 67

OBonbBeHTa 578, 582—583, 585

- kpyra 511, 527, 574

OBomoTa 579, 582, 583, 585

Diinep 78

Oitnepa popmyina 401

OKBUBaJCHTHBLIC OCCKOHEYHO MAJIbIC
BEIMYUHBI (3HAK ~) 139

DKcTpeMyM (MakCUMyM, MUHUMYM) 277

- mpaBwiia oTeickanus 277, 278, 284,
287

- COOCTBEHHBIN, HECOOCTBEHHBIH 277

- (YHKIIUM HECKOJIbKUX TEPEMEHHBIX
417

- - - - abcomroTHBIN 469

- - - - OTHOCUTENbHEIN 467

Dnektpuyeckas ceth 436, 474

OnemenTapHble pyHkmu 102

- - HENIPEPBIBHOCTH 155

- - nmpou3BoaHbie 193, 197, 233

Onnunc 448, 506, 525, 547, 575, 579

Ommuncounn 535

DpMUTa HHTEPIOJISAIMOHHAS (hopMyIIa
266

- - - JOTIOJIHUTEIILHEIN UjicH 267

Omunmkiionga 509, 527

SIxkobu 376

- matpuua 444, 478

- onpenenurTens (skoduan) 441



BBEIEHWUE
BEIMECTBEHHBIE 4YHUCJIA

§ 1. Ob6aacts pauHOHANBHBIX YHCEN

1. MlpexeapurenvHble 3aMevanns. M3 wKONBHOrO Kypca uHTaTEMO
XOPOINO 3HAKOMHI PAHOHAAbHHE uMCia W MX cBoHCcTBa. B TO Xe Bpewms,
yke NoTPeGHOCTH 3/JEMEHTAPHOM MaTEMAaTHKH TPHBOAST K HEOOXOAMMOCTH
pacumpenus 9To#t uucaoBo#t ob6nactu. IlefcTBATENLHO, CPenN PauvOHa/by
HHX YACE] He CYNIECTBYET 3aYacTYI0 KODHEH [axe M3 UEeABX TOJ0XKH-

TeAbHHX (HaTypasibHHX) uacen, HanpuMep, /2, T. €. Hem maxoil payuo-
naasnoli Opobu % (20e p u q — Hamypaasubie uucaa), Ksadpam Ko-

mopoti Oun 6o pasen 2,

Ilna nokasaTenbCTBAa TOTO MOMYCTAM NPOTHBHOE: MYCTh CYIMIECTBYET
Takas ApoGb %. 470 (%)’=2. M=u BRpdBe CUHTaTh 3Ty APOGb HECo-
KpaTuMOR, T. €. p M ¢ IWIIEHHNMA o6mux MuoxnTeNeh, Tak kak p*==2¢4%,
{70 p eCTb 4aCAO 4&THOE: p==2r (r —uenoe) H, CAEAOBATENbHO, § —
neuttnoe. JloacTaBass BMECTO p ero BupaxeHne, Hatadm: ¢%==2r%,
OTKyZa CHAemyeT, 4to ¢ —ubTHoe uucao. ITonAyueHHOe mnpoOTHBOpEuHE
JOKasHBAET Hallle YTBEPHKIEHHE,

OpHOBpEMEHHO € 9THM, eCAM OH Mbl OCTaBaldCh B O6JAaCTH ONHHX
AWIIL PAMOHANBLHHIX UHCEJ, B TEOMETPHH 3aBENOMO He BCE OTPE3KH
Morim OW OHTh CHaGxeHH AJAuHaMu. B caMom nene, paccmoTpuM
KBaapaT CO CTOPOHOH, PaBHOM EAMHHUE MJMHH. F20 0uazonass He Mo-

Heem UMEMs PAUUOHAABHOL OAUHB %, K60, B TPOTHBHOM CJayuae, MO

Teopeme Iladaropa, xsagpar 3ToH AJuHB Gh GH paBeH 2, 4To, Kak
MH BRIAEJH, HEBO3MOXHO.

B nacTosmem BBenenam M CTaBM ceGe safaueft pacwapaTh 061aCTb
PalHOHANbHBHIX YHMCEN, NPHCOEAMHWB K HUM UHCJAA HOBOH mpApOsL —
AppaunuoHanbHHe. BmecTe ¢ TeM Mb MOKaxeM, YTO B PaCUIMPEHHOH
06nacTA OCTAaHYTCH CNPABEJAMMBHIMM BCE NMPHBHYHNE CBOHCTBA PALAOHANb-
HHX UHCEA, OTHOCAMIAECH K apROMETUMECKHM AcHCTBUAM Haj HHUMH ¥ K
COYETAHUI0 WX C NOMOIBbIO SHAKOB DABEHCTBA M HepasewcTsa. [las TOrO
9TOGH CAENaTh [€aNbHO BOSMOXHOM NPOBEPKY YNOMSHYTHX CBOHCTB AAA
pacuimpeHHOH  uHCA0BO# 0064acTH, OYEHb BAaXKHO BHAEAHTL HauMeHblice
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KOJMMYECTBO OCHOBHB X CBOMCTB, H3 KOTOPHIX BCE OCTAJAbHHIE BHITE-
Kaau OW yxe KaK (OpMasnbHO-AOTHYECKHE CJEACTBHAS: TOT ga NpO-
Bepke 6yaAyT NMOAJAEX2aTh JHUMIb 3TH OCHOBHHE CBOM-
CTBA.

B cBA3u ¢ 9THM Mbl NPHUBOJAMM HHUXE IMEpEYeHh OCHOBHHX CBOHCTB
06/acTd palnoHanbHeIX unces. ITomyTHO MBI Ha paje NpUMEpoB NOKashi-
BaE€M, KaK JpYyrue H3BECTHBICE HX CBOHCTBAa BHIBOASTCA U3 OCHOBHMX
coBepieHHo (opmaabHO, ['OBOPS O «uMCJaxX», MBI 34eChb BCErfa MMEEM
B BHJY panMOHaJbHble 4uciaa: OYKBH a, & u T. 4. 0603HAYAIOT UMEHHO UX.

2. YnopagoueHHe o0GJACTH PANUOHAJBHBIX YHCeJ. YCJOBHMCS C Ca-
MOro Hayaja, 4TO paBHBI € YHCJa MBl GyIeM: pacCMaTpuBaTh, Kak O LH O
N TO € YNCAO B pa3HHX dopmax. MHuMd caosamu, mas Hac
MOHATHE «PaBHO> (=) O03HAYAET «TOKAECTBEHHO», IT03TOMY MHI He mepe-
YHUCJAAeM CBOHCTB paBHHIX 4HCel.

Ynopagouenue PAUNOHANBHBIX YHCEN HOCTHTA€TCS € MOMOLIBIO MOHATHA
«Gosbie» (C>), C KOTOPHIM CBA3aHa MepBad TpyHma CBOHCTB:

[ 1° 0an raxcdoid nape. 4uces a u b umeem Mmecmo 09HO, U MOABKO

00RO, U3 coomHOuLeHNl
a=>b, a>b, b >a;

12°u3 a>>b ub>c credyem a>>c (mpan3umusHnoe csoli-
cmgo 3Haxa >);
I 3° ecan a™>b, mo Haldémcs maxkxce maxoe HUCAO €, 4MO

a>c uc>b*
(csoiicmso naommuocmu).

ITonsitne «meHbmie» (<) BBOLMTCA YyXKe KaK NPOH3BOAHOE, VIMEHHO,
TOBOPAT, uT0 @< b B TOM, W TOALKO B TOM, Ciayyae, ecad b > a. Jlerko
BuAeTh, uTo M3 a< b u b<c caemyer, uto a<c (TPaH3UTHBHOE
CBOHCTBO 3Haka <). JleHcTBUTENbHO, HEpaBeHCTBA @ <_b u b < ¢ paBHO-
CUbHH, 110 YC/IOBUIO, HEPaBEHCTBAM b >a u ¢ >b; oTcioga ciaeayer
¢ >a (I 2°) nam, uro 10 xe, a<ec.

Jlansueitinide CBOUCTBA MNOHATUA <GOMbIIE», CBASAHHBIE C APUPMETH-
YeCKUMH AeHCTBUSIMHA HaJ pAUMOHA/JbHBIMU ukC/JaMd, OyAyT yKa3aHu
nuxe,

3. Cnoxkenne W BHYHTAHME pPANMOHAJBHBIX 4YuceJ., BrTopas
rpynmna CBOACTB CBA3aHACO CAOMKEHHUEM, T, €. C Olepaunelt Haxox-
JleHHa CyMMH JByX umcen. Jlna Kaxmol mape uMcen @ u b cywecrsyer
(EAMHCTBEHHOE) uHCJ/IO, HasbiBaeMoe CYMMOH a u b (ero oGosHavawT
a -} b). 310 nousiTee obnanaeT CBOHCTBAaMA:

N 1°at-b=0b-}a (nepemecmumenssnoe ceolicmso capo-
vicenus);

* B 9THX yCa0BHAX TOBOPAT TAaK¥Ke, YTO UPCAO ¢ NEWMUT MEXILy unciaMmu a u b;
OUEBHIHO, TAKHX umcea GyAeT GeCUHCHIEHHOE MHOXeCTBO.
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2 @t+d)+c=at(@+tc) (conemamersrnoe csoiicmso
CAOMNCEHUST).

Oco0ast poap HY A9 XapaKTEPU3YETCH CBOACTBOM:

Il 3° a4 0=a;

KpOME TOTO,

11 4° 025 wascdozo wuucaa a cywecmsyem uucao — a (cu s #e-
mpusroe emy), marxoe, tmo a-(— a)==0.

Ha ocnose sTux CBOHCTB, Tpexae BCEro, HCYEPNEIBAETCS BONPOC O
BHUNTAaHUH, KaK AelicTBAn, 06paTHOM ClOxeHno, Ecan pasHoOCThH 10
upces @ ¥ b, Kak OOBIYHO, Ha3bIBaTh TaKOe UUCIAO ¢, JMJA KOTOPOro
c-+-b=a*, 10 BCTaéT BONPOC O CYIIECTBOBAHUH TAKOTO YHCJ]A ¥ O ETO
€IMHCTBEHHOCTH.

IMonoxus ¢=a -} (—b), moayunm [II 2°, 1°, 4°, 3°I:

ctb=[a-}(—b)+b=a+[(—b)+b]=
=at[b+(—b)]=a-+0=aq,

TaK YTO 9TO YHCJIO ¢ YAOBJIETBOPSET ONPEAENEHHI0 PasHOCTH.

ITycTs, 06paTHO, ¢’ ecTh PasHOCTb uucen a m b, Tak uro ¢' -+ b=a.
IpubasuB x o6eum uacTaM 3TOro paseHCTBa No (— b) u mpeoGpasys
aesywo vacte [II 2° 4° 3°:

(€ +8)+(—B)=¢ +[p+(—b)]=c +0=¢,
sakaounM, 4T0 ¢ =a -} (—b)=c.

Taknv o6pasoM, LOKas3aHH CYIEeCTBOBaHUE H OLHO3HAYU-
HOCTb Das3HOCTH uuces a u b; o6osHavawT €& a—b.

M3 01HO3HaYHOCTH PasHOCTH BHITEKAeT psj caexcrtsnuit, IIpexie scero,
w3 II 3° cnenyer O=a—a, u Mb 3akmouaeM, uTO, Kpome uucaa 0,
He CYWEeCTBYET YHCHa, KOTopoe 06/1a1a10 65l CBOHCTBOM, aHaaoruuasM I 3°.
Jlanee, OTCiONa K€ BHTEKAET CAHHCTBEHHOCTb UACHA, CUMMETDHYHOIO
npanHomy: —a=0—a.

Tak kak w3 @ - (— a)=0 caeayer (— a)-}-a=0 [II 1°], 10 OKa-
3niBaeTCd, 4T0 a=— (—@a), T. €, UUCJA g ¥ — @ ABAAIOTCA B3AUMHO
CUMMETPUUYHBIMHA. YCTAHOBMM €ul§ TAKOE CBOHCTBO CHMMETDHUHBIX uUHCEJ:

—(@+b)=(—a)-}-(—0);

AN BTOrO LOCTAaTOMHO AOKA3aTh, UTO
(a—I—b)—]—[(—a)—|-(-—b)]=0,

a sro BuTtekaer us II 1°, , 3%

Hakonen, npuseaém eul.é onno CBOHCTBO, CBASHIBAOLIEE 3Hax>co
3HAKOM CYMMBL:

Il 5° us a>>b caedyem a++c>b+c.

* Beuny Il 1° s1o paseHcTBo, onpefeasoulee pasHOCTb, MOXHO HANHCATh
u1aK: bt e=a.
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O=Ho ycTamaBiMBacT NpPaBo K 0OeHMM 9JacTAM HEPABEHCTBA NpHOABIATH
IOPOBHY; C €ro MOMOMBIO JOKA3HIBAETCS DPAaBHOCHIBLHOCTE HEPABCHCTB

a=b m a-b>0.

Hasee, 03 a>b ciepyer —a< —b. eiictButensuo, a=>b Bjeuer 3a coboii
a-b=>0; HO

—b=a+(-B)=(-b)+a=(~b)+[-(-a)=
~(-B)-(-),

TaK YTO HEPaBEHCTBO 3TO MOXHO HepenucaTh Tak: (—b) - (—a) >0, oTkyna
—-b>—-anm —a<-b.

B wactHocTH, M3 a>0 cmenyer —a<0, u u3 a<O0 ciaegyer —a=0.
Ecmu a=0, To U3 IByX B3aEMHO CUMMETPHYHEIX YHCE] d, —a OfHO (A
TOJBKO OFHO) Oymer Gombme 0; ero AMEHHO M HA3LIBAXOT a6 c o IO T-
HOM BEeNHINHOHN KaK YHCIA 4, TaK M 4ucia —q, H 0003HAYAIOT
CHMBOJIOM

al=|~al.

AOGCONIOTHYIO BeNHYMHY 9JHC/IA HyJb HOJAaraloT paBHOM Hymo: |0 |=0.

Ha csoiictBe 11 5° OCHOBBIBACTCA BO3MOXHOCTH HOWIEHHOTO CKIAMBI-
BaHMS HEPaBEHCTB: U3 a>b u c¢>d cnenyer a+c>b+d. B camom nene,
u3 a>b cnenyer a+¢>b+c; B CBOIO 0o49epenp, U3 ¢>d cuenyer c+b>d+b
wia [IT 1°] b+c>b+d, a Torma, B camy I 2°, OKOHUATENBHO HOJy4aeM
a+c>b+d.

4. YMuoxeEHe H JeJieHHe PAalEOHAJBHBIX uncell. TpeThs
TPyOIa CBOMCTB CBA33HA C YMHOJXEHMEM, T. €. C oepanueil Ha-
XOKICHHE OPOM3BEeNEHHS IBYX umcesw. [y KaxmoH mapel ducen
a 1 b cymecTByeT (€OHHCTBEHHOE) YHCIIO, HA3BBAEMOE HPOU3BE I e-
HueM a ¥ b (ero 06038a%ar0T 4 * b 1nu npocTo ab). Ito noHaTHE 06a-
aeT CBOMCTBAMHN:

II1 1° ab=ba (nepemecmumesvnoe CBOIUCINBO YMHONCEHUA);

II1 2° (@b)c=a(bc) (couemamesnvHOe CBOIUCMBO YMHONCEHUR).

Ocobad ponk €e ITHHU OB XapaKTEPH3YETCs CBOMCTBOM:

III 3° g+ 1=gq;

XpoMe TOTO,
IIT 4° 0us wascoozo uucaa a, om/tuunozo om O cywecmayem Yucao

—(o b6pammuoe emy), makoe, umo a-—=1

Bonpoc 0 meneHHH, KaK O nencmrm, Oo0OpaTHOM YMHOXEHWIO, pe-
[aeTCA HA OCHOBE CBOJMCTB YMHOMEHHS TaK e, KaK Bbllle ObLI peiieH
BOOPOC O BLIYMTAHMM HA OCHOBE CBOMCTB cioxennsa. OOpaTHoe YHCIO
3/eck OymeT HIparh Ty K€ PONb, KAKyl0 TaM HIPalo CHMMETPHUIHOE
GHCIIO.
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Ha3soBem wacTHHM uucen a u b (rae menurens b Bcerda mpemno-
Naraercd oTINYHBIM OT () Takoe 4UCio ¢, uTo *)

¢c-b=a.
1
OTOMY ONpeJesieHUI0 MOXHO YHOBICTBOPHTh, NOJOXHUB C=4- 37
rax xak [IIT 2°, 1°, 4°, 3°]:

c~b=(a-71,)-b=a-(%-b)=a-(b-%)=a-1=a.

O6paTHO, eciM YUCIIO ¢’ YAOBJIETBOPSET OMPENEIICHUIO YACTHOTO YM-
cexx a u b, Tak 4r0 ¢’ -b=a, 10, yMHOXHUB 0G€ YACTH ITOr0 PABEHCTBA

Ha% u npeobpasys JyieByro gacts [III 2°, 4°, 3°:

(c’-b)~%=c'-(b-%)=c’-l=c’,

1——
E—C.

Taxam o6pa30M, JOKa3aHB CYINCCTBOBAHHUAES U OHOHO-
3HAYHOCTDb YaCTHOFO YHCENX aub (IIPH YCIHIOBHH, 4YTO

a
b=0); obo3gagaroT ero a: b mim 5°

W3 o1H03HAYHOCTH YaCTHOTO BBIBOJMM, 4TO, KpOMe 1HCIa 1, HET umcha,
KoTopoe obsanamo Ol cBoiicTBoM, amamormausM ITI 3°, 3ateM orcrona,
KaK W BBIIIE, BHITEKAECT CNMHCTBEHHOCTh 0OpaTHOro 4ucia (KaK 4aCTHOIO

1
lu a); KpOME TOro, JISTKO YCTaHABIIMBACTCA, YTO YHCJIA a4 M P ABJIAOTCA

B3aUMHO o6OpaTHBIMH.

Crenyromee CcBOHCTBO CBsi3bIBaeT 00a OCHOBHBIX apu()METHICCKHX
IeHCTBAA — YMHOXEHHUE H CIOXKEHHAE:

IIT 5° (@+b)-c=a-c+b-c (pacnpedeasaumesvrnoe ceolicmso
YMHOUCEHUA OMHOCUMENBLHO CYMMBI).

OTcrofa Jerko BHIBECTH M PACHPEXENHTEJNBHOE CBOMCTBO
YMHOXEHHSA OTHOCHTEIbHO PAa3HOCTH:

TIOJTyIHM, YTO ¢’ =a-

(@-b)+c=a-c-b-c.
ITo ompenenenHIo pasHOCTH, 3TO IPSMO CIEHyeT H3 TOro, YTO
(@-b)-c+b-c=[(a-b)+bl-c=a-c.
IIpamermM eme cBoiicto III 5° X nokaszaTensCTBY Tdro, 9TO0

5-0=0.5=0.
B camom nmene [1I 3°]

a+0=a, (a+0):b=a-b+0-b=a-b,
oTkyna cieayer 0-b=0, a Taxxe [III 1°] b-0=0.

*) Beuay III 1°, 310 paBeHCTEO, ONpEACHSAIONIES YACTHOE, MOXHC HAIWCATh M TAK:
b.c=a.
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O6patHo, ecia a - b=0 u b=0, To Heob6xonumo a=0. [leiicTBuTeNLHO,

0 0
a=g, HO OTTHOBPEMEHHO H 0=E (rax kak b-0=0), a 4acTHoe e U H-
CTBEHHO.

Haxonren, ykaxxeM CBOMCTBO, CBA3BIBAIOILEE 3HAK > CO 3HAKOM IPOU3-
BEIECHUA:

IT1 6° u2 a>b u ¢>0 caedyem a-c =b-c.

Ha 3TOM OCHOBBIBaETCS HOWICHHOE IEPEMHOXCHEC HEPABEHCTB C IO~
JIOXATEIbEEIMUY WicHaMu. OTcCIoOAa Xe TIoiy4YaeTcs, uTo npu a>0 u b>0
TaKxke 1 a-b>0.

3ameruM, uto (—a)-b= —(a-b); 3T0 crenyer U3 TOro, YTo
a-b+(-ay-b=[a+(-a)]-b=0-b=0.
Teneps HETPYAHO BUIETS, 4T0, ecnHa<0,b >0, Takyroa= — |a|,b=|b|, TO
a-b=(-|a])-[b|=-(|a]-|6])<0;
To xe Oynet npu >0, b<0. Ecau xe a<0, b<0, 1o

a-b=(-la))-(-|b])=~[la]- (- [6P]=
= —[-(la]-[b D]=|a]-|b] 0.

TaxuM 00pa3oM, MBI TOTHOCTHIO BOCCTAHOBHJIM U3BECTHOE TP aB U J O
3HaXKOB IpA YMHOXEHUM, KOTOPOE SBIAACTCS JIOIMYECCKAM CIICHACTBHEM
IIEPEYNC/ICHHBIX CBOMCTB pallOHANBHBIX Hce)l. UHBIMH cloBaMu, Hp 4 -
6ULO 3HAKOE NPUHYOUMEAbHO HABA3LIGAEMCA HAM, €CAU Mbl XOMUM
cobaodenun ynomanymelx ceoticme. To e moocHo ckazams (Kax 3TO
BBISICHEHO BBILLE) U OMHOCUMEALHO npasusa ymHuoxscenusn Ha 0.

HNmest B cBoeM PACHOPSKCHAN CBOMCTBA CIOXEHHS M YMHOXCHHA, MBI
Tenephr MOId OBl AOKa3aTh TO CBOMCTBO IMJIOTHOCTH o0nacTu pa-
HHAOHAJBLHBIX YHCE, KOTOpoe MBI CHOPMYJINPOBAJH BHILE B YACIE OCHOB-
HBIX cBoicTB [I 3°]. UMenHO, C MOMOINBIO HX MOXHO HOXKa3aTh, HAIIPUMED,

49T0 M3 a>b cnenyer a >a—;£ >b.

5. AxcroMa ApxmMena. 3aKJIOYAM Hall NEPEYCHHL OCHOBHBIX CBOHCTB
PanUOHANIBHBIX YMCE CHACAYIOMIMM HPOCTHIM M Baj)XKHBIM YTBEPXKICHHEM,
KOTOpOE He BHITEKAET U3 IEPEUACIICHHBIX CBOMCTB:

IV 1° xarxoso 6v1 Hu 6via0 uucao ¢ =0, cywecmsyem Hamypaabp-
HOe uucao n, komopoe bosvuie ¢ («axcuoma Ap xume o d).

B nelicreuTensHocTH ApXEMeZ0oM OBIIO BHICKA3aHO IeoMETpH-
4eCKOe MPEIOKERNE, KOTOPOE M H3BECTHO MOl AMEHEM ¢aKCHOMBI A D X ¥ -
Me I an

ecau Ha npAaAmoil Oanvt atobvie 0sa ompesra A u B, mo mosxcno A noemo-
pump caazaemvim CmoavKo pasz, ymobsl cymma bvira boavute B:

A+A+...+A=A-n>B.

T et
n pa3s
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Ecnu nepe(bpasnposa'rb 3TO YTBCPXIACHHUC IS NOJOXKUTCIBHBIX YHCCI
an b, TO OHO CBEIETCA K CYIIECTBOBAHHUIO TAKOI'O HATYPAaJBHOIO 4HCIa
n, 4TO

a+a+...+a=a-n>b.
n———
n pa3s

3ro0 HEPABCHCTBO, €CJIM HCOHOJB30BATH YX€ M3YYCHHEBIC CBOMCTBA panouo-
b
HAJIBHBIX YHCCJ, OKa3bIBACTCAd PABHOCWJIBHBEIM TaKoMYy.: n>-‘;; o6o3na-

b
YMB 9aCTHOE — Jepe3 ¢, Mbl M moiaydnM Ty (opMyaupoBKy, KoTOpas
llaHa BBIIE,

§ 2. Baerende HppanHOHAJBHBIX UMCE]. YHOPAAOUeHHEe
00/1aCTH BelleCTBEHHbIX 9HCE

6. Onpesenense HPPANMOHANLHOTO wHCAR. MHOXECTBO PpAIHOHAJb~
HBIX YHCE]T CO BCEMU HX CBOMCTBAaMH, HEpEe4HCIEHHbIME B § 1, cunraercs
JIaHHBIM,

MBI H37I0KHM TEOPHIO UPPAUHOHAIBbHBX YHCEJ, CIERys
Henexuuny (R. Dedekind). B ocHoBe 3ToM TeopuH JEXKHUT TOHATHE
O CeTeHHH B oONacTd pauHoOHAILHBIX YHCE). PaccMoTpuM paszbuenme
MHOXXECTBA BCEX PAlOHANBHBIX YNCENT HA JBA HE mycTeie (T. €. AeicTBE-
TENFHO COJEpXAamde XOTh HO ONHOMY YHCIY) MHOXecTBa A, A'. MH
OyneM HA3BIBATHL Takoe pa3GHeHHe CeYeHU €M, €CIH BHIOIHSIOTC
YCTIOBHUS: ~

1° kamcdoe payuonaavroe uucao nonadaem é GOHO, U MOALKO 6 OOHO *),
u3 muoncecme A uam A’

2° rascooe uucao a muoncecmea A Menvle KaKc0020 yucaad a MHO-
ocecmea A'.

MHoXecTBO A Ha3BIBACTCI HHUXKHHM KJIaCCOM CEICHHS, MHO-
*kecTBoA' — BepXHUM K1 acc oM. Cegenme Oynem o6oznayars 4 | 4.

W3 onpenenenusi ceueHHs CIICHYET, YTO BCAKOE PAIEOHAILHOS 9HCIIO,
MEHbIIIEEe THCIIA @ HIDKHETO KJiacca, Takke NPHHAUIEXUT HIKHEMY KJIaccy.
AHaorugmo, BCAKOE PAHMOHAILHOE YHCIO, OOJpIIee YMcia ¢ BepXHErO
KJIacca, U CaMoO TPHHAJIEKHT BEPXHEMY KJjaccy.

IIpumep 1. OmpememmiM 4 XKak MHOXECTBO BCEX DPaIlROHANBHBIX
4uceN @, YOOBJIETBOPSIOMUX HEPABEHCTIBY a<1, a K MHOXeCTBY A4’ mpu-
YHCIAM BCe YHCIA @', T KOTOPHX a’'=1.

Jlerko mpoBepHTh, YTO TAKMM 00Pa30M MBI HEHCTBHTEILHO ITOJIYYIM
cegenue. Hucno 1 mpmaamIexuT kiaccy 4 ¥ SBJIIETCH, OYCBUIHO, B HEM
HauMeHLIMM gicsioM. C Ipyroif CTOpOHEI, HET HamOONbIIEro 4YHCHA B
Knacce A, Tak Kak, kakoe OBl YUCIIO @ N3 A MBI HA B3sJIM, BCerga MOXHO

*) To 06CTOATENECTBO, 9TO KaXAOe PAlHOHAIBHOE YHCIO HomafaeT TOJIBKO
B OIH M3 KIAaCCOB, BEITEKAET, BIPOIEM, B3 TpeOoBarud 2°.

2 I'. M. ®Puxredronsl, 1. I
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ykazaTh Pan@OHANBLHOC YUCIO @, JeXallee MEXIy HUM M CHHHHICH,
CIENOBATENbHO, OONbIIEe @ ¥ TOXE IPHHAIICKAIIee Kiaccy A.

IMIpuMmep 2. K mmkueMy kiaccy 4 OTHECEM BcCe paIlOHAJIBHBIC
9uCia @, MCHbIINE WM PaBHBEIE 1. a=1; K BepxHeMy — panWOHANbLHEIC
qucna @', 60aenme 1: ' >1.

DTo Taxxke OyneT ceucHHE, MPHUYEM 3[eCh B BEPXHEM KJIACCE HET HaM-
MEHBIIETo YHCIA, 8 B HEKHEM eCTh Hanboapmee (rvenno, 1).

IIpumep 3. OtmeceM Kk Kmaccy 4 BCE ITOJIOKHUTENBHBIE PATHOHAIE-
HbIC YMCIA 4, VIS KOTOPHIX a*<2, wyucito 0 M BCe OTpHHOATENBHEIE pa-
IHOHAJbHEIC YHCIA, & K KIaccy A" — BCe HOJOKHUTEIBHBIE PANMOHAILHEIE
gycna @', s KOTOPHIX a'2>2.

Kaxk sterko yOeANTHCS, MBI OIIATh HOJMYYHIH Cegenre. 3eCh HA B KIacce
A wer HamGoJBIEro 4uCHa, HU B Kiacce A’ — mHammenswinero. Hoxaxem,
HaIpuMep, TEepBOE B3 3THX YTBEPXJAcHWIT (BTOpDOE NOKa3bIBACTCA aHalIo-
rougo). IIycte @ — moboe HOJIOKATENBHOE YHCIO Kjacca A4, Toraa
a?<2. TlokaxeM, 9TO MOXHO HOHoGpaTh Takoe HEJIoe HOJOXKUTEIBHOE

B, 41O
1\2
(a + —) <2,
n
1
TaK 9T0 W THCIO @+ GyHeT NMpHHAIIERaTh Kiaccy A.
310 HEPaABCHCTBO PABHOCUJIBHO TAKHM:

2a 1

Hii2-a
R n

ITocrennee HepaBeHCTBO H D O N aBH O OyHeT BHINOJIHEHO, €CIU # YIIOB-

2a+1
JETBOPUT HECPABCHCTBY P <2 az, AJId 9€r¢e A0CTaTOYHO B3ATH
2a+1
n> 2-ag®’

a 5To BCeraa BO3MOXHO [mo «akcmome ApxuMe gay, 1V 1°. Urax, xa-
KOBO Obl HH OBLIIO MOJOXUTEIBHOS YHCIIO g K3 Kjiacca A, B 3TOM Ke KJlacce
A maiipercs Oobilee ero IMCIO; Tak KaK Mg YuceN a=<0 3TO yTBEPXKICHHUE
HEIOCPEICTBEHHO OYEBHIOHO, TO HMKAKOe YHMCJIO Kijlacca A He SBJISETCS
B HEM HAMOOJIBIIAM.

JIerko TOHATH, YTO He MOMCEm CYWecmeosams cedernue, 048 KOmo-
D020 00HOBPEMEHHO 6 HUMCHeM KAACCe HAuIA0Ch Obl Hauboavuiee YUCAO ay,
a 6 gepxHem KAacce — HaumeHvuiee qy. I1yCTb, B CAaMOM Jeiie, TaKoe cede-
HEE CYyHIeCTBYyeT. Bo3pMeM TOrzla, HOJIBE3YSCh IDIOTHOCTHIO 0Giacte
pammonadbHeIx umcen [I 3°], nroboe paiwoHaNbHOE YHCIO ¢, 3aKIIOYAO-
meecs MeXIy @, U dgy: @y<C=<dy YHCIO ¢ HE MOXET IPHHAIUICKATE
knaccy 4, u6o nHave g, He ObT0 OB HAROGOIBINNM JUCIOM B 3TOM KJjacce
W NO aHaJOTHUYHOM NpPUYMHE ¢ HE MOXET OpHBAANIeKaTh xjaccy A', ¢
5T0 TPOTUBOPEIMT CBOWCTBY 1° ceuyeHms, BXOISIIEMY B OIPCICICHU!
3TOTO TOHATHS.
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Taxmv o6pasoM, CedeHNsT MOFYT ObITh TOIBKO TPEX BHIOB, WIIIOCTDH-
PYeMBIX Kax pa3 mpumepamu 1, 2, 3:

1) mbo B HyDKHEM Kiacce 4 HET HAMOOJNBHIErO YHCHA, & B BEPXHEM
Kjacce A eCTh HaHMEHBILEE THUCIIO F; ,

2) mubo B HIKHEM Kjacce 4 HMeeTcs HauOoNbIee IHCIO 7, & B BEpPX-
HeM KJiacce A' HeT HaNMEHbBIIero;

3) mbo, HakoHEINl, HX B HIDKHEM KJacce HET HaubojpLIero 4ucia,
HH B BEPXHEM KJIacCe — HAMMEHBIIETO.

B nepBbIX ABYX CIIy4asX MBI FOBODHM, YTO CCUCHHE HPOU3IBOAHTCH
PanyoHAIbELIM YHCIIOM 7 (KOTOpOE SBISETCS MOTPAH HYHE M MEXAY
kmaccaMA 4 H A’) MM 4TO CeUcHHE ONpPEeIeNseT pPANUuoOHAILHOE
4ucigo r. B mpeMepax 1, 2 Takum qucioM r 6pbia 1. B Tperthem cirydae
ITOTPAHAYHOrO YHCIA HE CYIIECTBYET, CCUCHWE HE OMPESHCIACT HHUKAKOro
PanydoOHAIBHOTO YHCHa. BBemeM Tenepb H O BEH € 00BeKTH ~ U PP & 1L ¥ O-
HaJbHB € YHCIA, YCIOBHBUIMCH TOBOPHUTD, UTO 6CAKOE CeUeHUue 8uda
3) onpedensem HekOmoOpoe UPPAYUOHAALHO € HUCAO %, DTO YHCIO &
3aMeHseT HeJOoCTaronlee NOrpaHnIHOe YHCHIO, MBI KakK OBl BCTABISEM €ro
Me3XAY BCEMH YUCHAMU @ Kjlacca 4 W BCEMH wuCIaMu ¢’ Knacca 4.
B npmvepe 3) 3T0 BHOBb CO3AAHHOE HHCIIO, KaK JIETKO HOrajiaThes, H Oy-
zer V2.

He Broas g vppanMonanbHbX YUCE]I HUKAKHX OJHOTHIIHBIX 0603Ha-
vyenwii *), MBI HEH3MEHHO OyIEM CBS3BIBATH MPPALHOHAIBHOE YACIO ¢ C TEM
ceuenmeM 4|4’ B o6macTH panUOHANBHBIX YHCEN, KOTOPOE €ro ompeje-
JISeT.

dna onpgoobpa3us naM 4acTo yaobHo OyZeT To Xe cheiaaTh H IO OT-
HOUICHHIO K panuoHajdbEoMy umciy r. Ho g xaxmoro uucna r cyme-
CTBYET I Ba ONPEICHAIOMHAX ero CeYeHws: B O0OMX Clyuasx wmcna g<r
OTHOCATCS K HIDKHEMY KJlaccy, YHCa ke 4’ >r — K BEPXHEMY, HO CaMo
YHCIIO I MOXHO IO IPOM3BOJNY BKIIOUHTH JHOO B HIKHUI Kjace (Torma r
TaM Oynmet HaubombmmM), 160 B BepxHWi (M ¥ TaM OyHeT HauMeHbIIHM).
JUI1 OmpeReneHBOCTH MBI YCIOBUMCH Pa3 HaBCerHa, rOBOPS O CEYCHUH,
OHNPENEIIOMEM PAlOHATHFHOE YHCIO 7, BEIIOYATH 3TO WHCIIO B B € P X-
HEH Kjacc.

Yuciia panuonaibHble ¥ APPANMOHANbHEIE IOMYIHIN o6Iee HA3BaHUe
BEMEeCTBEHHHX (MNE NeWCTBUTENbHBX) uiced Ilomsrue
BEIIECTBEHHOTO YHCTA ABJIACTCA OIHAM M3 OCHOBHBIX HOHSTHH MaTeMaTH-
YECKOr0 aHaJin3a.

7. VYnopsaouende o0JacTH BelleCTBeRRMIX wncel. Jsa uppa-
YUOHAABLHBIX uucia o U 5, onpedessemblX COOMBEMCIMEEHHO Ccede-
nuamu A A’ w B| B, cuumaiomca paeHst MU 8 MOM U MOALKO 8 MOM

*) Pewr HOET 0 KOHEYHBI X OGO3HAYCHHSAX; CO CBOELO pona OGecCKOHE Y-
HBIMH 0003HAYCHWAME HPPAIMOHAJIGHBIX YHCEN YHTATENL HO3HAKOMETCA B 9. Yame
5CEr0 MHAPBHAYaiIbHO 33JAHHEIC HPPANMOHAIGHEIE YACHA OGO3HAYAIOT B 33BHCHMO-

CT¥ OT WX OPOUCXOXACHUS U PONH: Vf, log 5,sin 10° 1 7. 1.
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cayuae, ecAu MU CEYEHUS MONCOECMEEHHDI; BIIPOYEM, OCTATOYHO MOTpe-
60BaTh COBIANCHUS HUKHUX KitaccoB A H B, ubo BepxuHe kiaccel A’ u B’
TOrAa COBHAIyT caMmu coboil. DTo ompenelieHHe MOXHO COXPAaHWTH U B
ciiyuae, Korja uyucia « ¥ § panuoHaibubl, VIHEIME CIIOBaMM, eciu 08d
PAYUOHAAbHBLX HUCAQ & U 3 paeHbl, MO Onpededsiowue ux ceyeHus
coenaoarom, u, OOpamMHO, — U3 COBNAOECHUA CEUEHUil GbIMeKaem PaseHCMEo
yucea o v f§. Ilpu 3TOM pasymeeTcs, ClIEAYeT y4eCTh YCIOBHUE, 3aKJIIOUCH-
HOE BBIIlIE HACYET PAlMOHAIBHBIX 4ucel *).

IlepeiieM Temeph K YCTAHOBJICHHIO IOHATHS «OOJNBINE» IO OTHOIIE-
HAIO K BENIECTBEHHBIM vHuciaM. Vi1 pPamHMOHANbHBX YACEST 3TO
HOHATHE YK€ YCTAaHOBJIEHO. 18 PAaNHOHAJbHOTO WiCIHA F M HP-
PANMOHANBbHOTIO YUHCIA & HOHATHE «COJbIiey OBLIO, COOCTBEHHO,
YCTAHOBJIEHO B 6: HMEHHO, €CIIE & ONpeHeNsIeTcs ceucnueM 4 |4', MbI cuu-
TaeM, 4To o OoJipllle BCeX PANHOHANBHBIX YHUCEN, BXOIMIMX B Kiacc A, u
B TO JX€ BpeMs Bce umcia kjacca A’ GoJbie o.

IIycTs Temeph mMeeM IBa HPPAMKOHA b HB X wucna o ¥ 3, npu-
uéM « ompezensercs cedenueM A|A4’, a f — ceuenmem B|B'. Mm Gynem
CYHMTATH TO 4YHCIIO OONBINMM, Y KOTOPOro HIKHm xilace 6 o 1p me. Tog-
Hee TOBOps, Mbl Oydem cyumamsb o >f, ecau xaacc A yeauxom codepicum
6 cebe kaacc B, ne cosnadas ¢ num. (1o ycjaosue, OYEBUAHO, PABHOCHILHO
TOMy, YTO Kjlacc B’ meinmKoM COmepXuT B cebe kiacc A’, He coBma-
Jag ¢ HuM.) JIerko IpOBEpHTBH, UTO MO OnpededeHue moxcem 6vimb co-
XpaHeHo u 04s cayuaes, K020a 00HO u3 uuced o, § uau daxnce oba — p a-
YUOHAADLHDL

IToxaxxeM, WTO IJiA BEIECTBEHHBIX YHCEJl BBIIOJIHSIOTCS CBoiicTBa I
1° 1 20

I 1° dua xaxcooii naper (8ewjecmeennuix) wucea o u i umeem mecmo
O0HO, U MOAbKO OO0HO, U3 COOMHOULCHUIL:

a=f, a=f, P>«

Ecim ceuenue A|A’, ompemensiolee 9ucio o, COBHAHAET C CEYCHHEM
B|B’, ompenemsomuM wucio S, To «=p. Ecnu 3TH cevenmsa He COBHa-
JaroT, To 6o A memukoM comepxur B cebe B, n Toraa a>f, mmbo 3Toro
HeT. B mociempeM cirydae CyIIECTBYET 3JIeMeHT b, Kiiacca B, momamaronmii
B xmacc 4’. Torma mns moboro asnementa a Xxiacca 4 mMmeeM a<b,.
ITostomy xmacc B comepXuT xnacc A, He COBNANas C HAM, H MBI HMeeM
B>«

12° U3 a=f, f>y caedyem, umo «=>7.

Ilycre umena o, f, ¥ (Ccpeas KOTOPHIX MOTYT OBITh H PaliOHAJBLHEIE)
ompeziensoTcs ceuenuamu A|A', BB, C|C’. Ecnmm a>f, To 1o ompe-
JeNIeHII0 MOHATHA «6osbimes kjace A comepxur B cebe kimacc B, He coB-
nagag ¢ HuM. B ¢Bolo ouepens, pas >, kiacc B comepxur B cebe kKmacc

*) Be3 3T0TO YCIIOBHS, HAIPEMED, CEYEHHs, PACCMOTPEHHKIe B mpuMepax 1 u 2 [6],
oba onpenensmu 651 0nHO U TO ke wMCHO 1, He 6y AyYH TOXKMAECTBEHHB MU,
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C, ne cosnanas ¢ HuM. CleI0oBaTeIIbHO, KNacC 4 IEIUKOM CONIEPXKUT B cebe
kyace C, He coBHajas C HAM, T. €. a>7.

HonsTre «<MeHbIle» yCTAHABIUBACTCA TENEPh, Kak U B 2: MBI TOBOPHM,
uTo & < f3, eciut ff >o. TOYHO TaK e 3HaK < OONaJaeT TPAH3UTHBHB M
CBOMCTBOM, IMOHOOHO 3HAKY >.

8. BcpomoraTeinBple DpeJIOKeHRS. YCTAHOBHM TeNepb CBOHCTBO
ODI0THOCTH O0ONacTH BCex BemecTBeHHBIX wucen (cp. I 3°); Toumee,
MBI JTOKaXeM CICHYFoIice YTBEpPKACHHUE:

Jlemma 1. Kaxosor 6vt Hu 6viau 0sa eeupecmsennvix uucia o« u B,
npuuem a>f, 6cezda Haludemcs PAYUOHAAbHOE YUCAO F, 3aKAO-
yennoe medcoy rumu: «>r=>f (a CIeHoBATENbHO — OECIHCIICHHOE MHO-
KECTBO TaKUX PAalMOHAJIBHBIX THCEIN).

Tak xax «>f, To HAXHAR KI1acC A CeYeHUs, ONPEelENIOIEro Tucio «,
IETHMKOM CONEPXKUT B ceOe HEKHEM Kiacc B mid wncna f, He coBmamas
¢ B. ITostroMy B A HalieTcs Takoe PaHHOHANBHOE UHCIO F, KOTOPOE HE
COIEPXKHTCA B B H, clenoBaTenbHO, NPUHAAIJIEXAT B'; nas8 Hero

a=r=f

(paBeHCTBO MOIJIO OBI MMETh MECTO, JIHINb €Cli [ panmonaibao). Ho Tax
Kak B 4 HeT Haubojpmiero 4mcia, To, B Ciydae HaJOOHOCTH, YBEIHYHB 7,
MOXHO HCKIIOYMTH PaBEHCTBO.

3aMeuanue VYCTaHOBHB, YTO MEXKJAY BEILECTBEHHBIMH YHCIAMHE
« 1 f (ecin «>f8) HEOOXOMIMO COTEPXUTCE paUHoHaAbHOE (a He
TONBKO BEUIECTBEHHOE) IMCIO, MBI (HaKTHYECKA HoKasainm Goxee CHIBHOE
CBOHCTBO 00ONACTH BEMICCTBEHHBIX THCEN, 9€M ILIOTHOCTh. B HaibHeiimem
HaM TpHIETCA HOJNB30BATHCA 3TOH YCHICHHOHN HIOTHOCTSIO.

Orcroja HEMOCPENCTBEHHO MOJyIacTCs

Jlemma 2. IIycmo daner déa sewjecmsenmvix wucia « u B. Ecau,
Kaxoe bvl Hu 63amb uucao e >0, uucia o u f Mozym 66ime 3arAr0ueHbl MENCOY
OOHUMU U HeMU e DAYUOHANLHBIMU 2DaHuyamu s u S':

S’'=az=s, '=f=s,

DA3HOCMbL KOMOPBIX MeHble €:
s’ —s<e,

mo uucaa « u 3 Heobx00umo pasHsi.

HoxaszarenbcTBoO OymeM Bectd oT mpormBHOTrO. IlycTh, Ha-
mpumMep, « >f. Ilo nemme 1, Mexay o ¥ f MOXHO BCTABHTh A Ba PAIHO-
HaJbHBIX WHCHA ¥ H F' >Tr!

a=r'=r=pf.

Torma nias mOGEIX HBYX UECEN § U §', MEXAYy KOTOPHIMH COAEPXATCH
a u 8, GyayT, 0OYeBHAHO, BHIIONHATLCH HEPABEHCTBA

=1 >r>s,
OTKyZa
§'—s=r—r=0,
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TaK YTO PA3HOCTH §' — §, BOIPEKH YCHOBHIO JIEMMBI, HE MOXET ObITH ClIe-
TaHa, HaOpEMep, McHbHIEH wacna e=r' — 7. DTO IPOTHBOPEINE AOKA3EHI-
BACT JIEMMY.

9. TIlpencraBjeHHe BeIECTBERHOr0 YHCIa OeckoHeuMoll JecwTHY-
Hoii Apo6bio. Myl mMeeM B BHIY TaKoe HpEACTaBIECHHE, OPH KOTOPOM
apobras 4acTh (MaHTHCCA) MOJNOXHATENbHA, B TO BpeMd, Kak Iejas 4acTb
MOXET OKa3aThCH KaK MOJOXKATENBHOM, TaK ¥ OTPHIATEIILHON WU HYJIEM.

IIpenmonoxeM CHaYaIa, 9TO PACCMATPHABAEMOE BEHIECTBEHHOE HCIIO &
He SBIAAETCI HA HeNBIM YACIOM, HHM Kakod-nnbo XoHedYHOoH AecaTHd-
Ho#t mpoOpro. CraHeM HCKaTh €ro HecaTudmbie mpubnwkennsa. Ecmu oHO
ONpeIeNAeTcs cedeHHeM A|A’, To Xpexae BCEro JNErko y6enmThCH, UTO
B Kiacce A malimercsa menoe auciao M, a B knacce 4' — Ieoe ke IHCio
N> M. Ilpubasnuas x M uo emuanne, neobxoauMo IpHAeM K TaKuM IBYM
nocaenoBatTedbHHM HeneM wucnaM C, u C,+1, 4T0

Co<a<Cy+1.
HPH 3TOM YHCIIO CO MOXKET 0Ka3aThCs MOJOXUATCIbHBIM, OTPHLATCIIEHBIM
WA HYJEM.

Janee ecnm pasnemuTh mpomexyrok Mexny C, m Cy+1 Ha necars
PaBHBIX YacTe# 4HCIaMH

Co.1; Cpu2; ... 5 Gy, 9,
TO « TOIANET B ONUH (M TOJHKO B OAWH) H3 YACTHYHBIX IPOMEXYTKOB,
1 1
M MBI OPAAEM K JIBYM YHCIIAM, PASHANIMMCA HA 75 ° Cpc; 1 C, aG+ige
JUIS. KOTOPBIX

1
C0,01<OC<CO,CI+~— .
10
Ipomomxast 3TOT NPONMECC Hajblie, NOCHe OHpEHeNcHHA DD
€15 Cyy «+ .5 Cne1, MBI 1-10 THGDPY ¢, ONPENETAM HEPABEHCTBAMI
1
Cpr€1€ v Cp=<0<Cy,CiCp ... Cptarm © )

107

TaxuM 06pa3oM, B IpoHECCe HAXOXKIECHAS ASCATHIHGIX NPHOIIKeHui
9HCIa o MBI HOCTPOWIIH Hestoe qucno Cy, u 6eckoneunsrif psg nudp ey, ¢y, . - .
vers Cns ... . COCTABIICHHYIO U3 HUX GECKOHEUHYIO 0eCAMUSHYI0 Opobs, m. e.
cuMB04
' CosCiCs oo Cy - )

MOJICHO PACCMAMpUeams KaK HPeoCcIasaeHue GeujeCeeHHo20 HUCAd .

B HCKNIOYEHHOM CIyYae, KOTOa & CaMO SBIIACTCA LEIBIM THCIOM HIIH,
BooOmie, KOHEeYH O HecaTugaod ApoOblo, MOKHO MOHOOHBEIM Xe 00-
Pa3’oM NOCIEHOBATENBHO ONPENCIHTE TUCIIO Cy EIHPPEL €1, Coy vy Cry -« +y
ucxoas u3 Oosyee obmmx, veMm (1), coorHomenuit

1
CosC1Cy - . Cp=a=<Cy,CiC; . .. Cn+ o7 - (1a)
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Heno B TOM, YTO B HEKMH MOMEHT WHCIIO ® COBHAIET C OJHAM M3 KOH-
HOB MPOMEXYTKA, B KOTOPBIA MBI €0 3aKIIOYAEM, C JICBHIM WUIM C Ipa-
BBIM — IO HaIeMy IPOU3BOJIY; HAYHHASA C 5TOI0 MOMENTA, COOTBETCTBEHHO,
crieBa MM crpaBa B (1a) yke HOCTOAHHO OYyIeT HMETh MECTO paBEH-
crBo. CMOTpa mO TOMy, Kakas M3 3THX BO3MOXHOCTEH OCYILECTBIISETCH,
TIOCHEAYIOIHE TUQPHI OKAXYTCSA BCE HYISIMH MJIM BCE HEBATKAMH. TakumM
obpa3oM, Ha 3TOT Pa3 YHCIO ¢ HMEET ABOAKOEC IPEICTABICHHE — OJHO
¢ HynéM B IEPHOAE, a NPYroe ~— C JAEBATKOH B IIEPHWOJE, HANpPHMED,

3,826 = 3,826000. . . =3,825999. . .,
- 3,826 =4,174000. . . =4,173999. . ..

IIycrs Temeps, BaobOpOT, IO HPOM3BOJY 32J1aHA OEcKOHEYHAS [eCs-
THYHAS IPOOB (2); MOKaXeM, UTO BCEIA HAHETCS BEMECTBEHHOE TUCIO «,
U1 KOTOPOro HMEHHO 3Ta Jpo0b M CIyXuT mpefcTaBicHEHeM. C 5Toi
LENbIO PACCMOTPHM OTpe3k: apobu (2)

Cn=C0’ €1l - - Cp, (3)

KOTOPphIE CIIyXaT Kak Ont «HPHGJIH)KCHHLIMI/I SHAYCHUSAMHU N0 HEOAOCTATKY»
JJIA ICKOMOT O YMClia, a TaKXe €ro <<IIprI6J'IPDKCHHLIe 3HAYCHUA IO I/I36I>ITKy»

Cn’=CO,clcz...cn+T(l)-n. (€3]

HerpynHo Bunets, 9to kaxmoe C, MeHpuie kaxnoro C, (He TONBKO IpH
m=n, HO H npx m=n). Temepb MHI CleOyOmuM 06pa3oM HPOU3BEIEM
cedyeHue B 00IacTH panMoBAaJbHBIX YHCEN: K BEpXHEMY Kiaccy A’ oTHECEM
TaKHe panfoHaibuble wMCra @', kKoropsle Gosblie Beex C, (Hampmmep,
Bce yucna Cp), a K HHKHEMY 4 ~ BCe OCTaIbHBIE (HAPHMED, CAMH MHCIA
C,). Jlerko MpOBEPHTH, 4TO 3TO — CCYCHUE; OHO ONPEZEIIACT BELICCTBEH-
HO€ YHCJO &, KOTOpoe B OYHeT HMCKOMBIM.

HelicTBRTENBHO, TaK KaK o ABIACTCS HOrPAHAYHBIM 9HMCIOM MEXTY
IBYMA KJIACCAMH, TO, B MaCTHOCTH,

C,<x=Cj,

T. €. 9HCIO & YIOBIETBOPSICT BCEM HepaBeHCTBaM Bmaa (1a). DTEM 1 no-
Ka3aHo, 9TO B34Tas OO NMPOH3BOJNY HpoOb (2) sBIsETCS mpeACTaBIICHBHEM
HAWJCHHOIO YHCIa.

PasgocTs Mexay AecaTHuHBIME npubmmkerusve (4) 1 (3) mo u3GHITKY

1
U IO HENOCTATKY, PaBHAA {57, C BO3PACTAHUEM 1 MOXET OBITH CHeNaHa
MeHsbiel 1r000r0 pamuoHaNbHOro uucna e >0, J[eHCTBUTEIbHO, TaKk K4K

1
HaTYPAJIbHBIX YHCEJ, HE NPEBOCXOMSUINX WiCHa 2’ CyINECTBYCT JHIIDL KO-

1 1
HEUHOE YHCIO, TO HepaseHCTRO 107< - MM PABHOCHIILHOE eMY: 57> ¢
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MOKET BBIMONHATHCA JIMIIb Ui KOHEYHOT O YHCIA 3HAYeHuil #; IuIs
BCEX K€ OCT2IbHBIX OymeT

W <e.
JTo 3aMeuaHue, BBUAY JIEMMBI 2, MO3BOJISET 3aKIIO9UTH, 9TO YHCIO S,
OTJIMYHOE OT &, HE MOXET YIOBIETBOPATH BCEM TeM k¢ HepaseHcTBaMm (1)
wm (1), 9T0 | «, U CIEXOBATENHLHO HMeeT NMpEenCTaBleHne B BaIe Gecko-
HEYHOH IECATHYHOH IPOOH, OTIAMYHOE OT IPENCTABICHAS YHCIIA «.

Otcropa, B 9acTHOCTH, CHECIYET, YTO MpPEJCTaBJIEHAE YHCIa, HE pPaB-
HOI'O HUKaKo} KOBETHOH NeCATHIHOM ApoOH, HE UMEeT HU HyJif, HU JEBITKH
B HEPHOJE — HOCKOJBKY KaXkaas ZpoOb C HyJIEM HJI C AEBATKOU B HEPUOTE
SABHO BBIPaXaeT KOHETHYIO NECATHYHYIO ApOOH.

OTHBIHE YHTATENh MOXET HPEACTABIATH Cce0e BELECTBEHHBIC YHUCIA
KaKk OeCKoHeYHble AecsaTuunble ApoOH. VI3 IIKOJNBHOTO Kypca H3BECTHO,
970 DepHOZHIecKkas Oeckomeunas ApoOb uM300paxaer paliuo-
HalbHOE IHCIO U, 00paTHO, KAXI0e PATUOHAJ D H O € YHCIO Pas-
JIaTaeTcsl MMEHHO B HepHONHYECKy¥o npobs. Takum obpasom,
US0OPANCEHUAMU 6HOBL 66COCHHBIX HAMU UDPAYUOHAABHBIX YUCEA CAYHCAMN
Henepuoouyeckue feckoneunsie Opoou. (JTO IPEACTABICHAE TAKKE
MOXET OBITh OTIPaBHOM TOYKOM Ijid MOCTPOCHUS TEOPHH HPPANHUOHAIE-
HEIX YHCEJL.)

3aMegaHue B mociemyromem HaM He pa3 IPHACTCS MOJIb30BATHCA
PanyOHAJILHEIMA MPHOIHKCHUSIMEA d B @' K BEHIECTBEHHOMY YHCIY !

a<a<d,

Pa3HOCTHL KOTOPBX IPOM3BONbHO Mana. Iidpandonas-
HOTO 0. CYLIECTBOBAaHWME YHCEN @ M 4’ OYEBHIHO; VI HPPAIHOHAIBHOTO
XKe o B KadecTBe @ M @’ MOXHO Obulo ObI, HapHMep, UCHOIB30BATEL HECs-
THYHble npubGmkerus C, u C, OPH TOCTATOYHO GONBIIOM 7.

10. HenpeprBHOCTE 06JAaCTH  BemieCTBeHHEIX “heed. OOGparTmMcs
Terepb X paCCMOTPEHAIO OJHOI'O BECHMa BaXHOTO CBOMCTBA 0ONAcTH BCEX
BEIECTBEHHBIX YHMCE)I, KOTOPOE €€ CYIIECTBEHHO OTNHIAET OT 00JacTHh YH-
cell pamuoHaNbHBIX. PaccMaTpuBas cedeHHs B OOJACTH DPANHOHAIBHBIX
Yycesi, MBI BHNEJIH, YTO HHOM pa3 IS TaKOro CEYCHUs B 3ToM obmacth
He HAXOMMJIOCh HOTPAHHYHOT O THCIA, PO KOTOPOS MOXHO OBLIO
OBI CKa3aTh, YTO OHO HPOU3IBOOUT cedenne. VIMEHHO 3T4 HE N O I~
HOTa 0b1acTu pan@oHATMBLHBIX YHCE]l, HAJIMINE B Hell 9THX EpobGenoB
¥ DOCIYXWIH OCHOBAHWEM M7 BBECHWS HOBEIX YHCEA ~ HPPalHOHAJIb-
eIX. CTaneM Temeph PacCMATPHBATH CEUCHHS B 00JACTH BCEX BEIHECTBEH-
BpIX gucest. ITox TakuM ceveHueM Mbl HOAMMAaeM pasduenne 3Tok obmacTi
HAa OBa He NMyCTH X MHOXecTBa A, A’, npu KoTopom:

1° xaxcooe sewpecmeenHoe HUCAO RONAOGeMm & OOHO, U MOALKO 00O *),
uz muoncecms A, A’;

*) Cp. crocky Ha ¢1p, 17,
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2° Kancooe Hucao o MHodcecmea A MeHvule Kaxcoozo uucia o' MHO-
acecmea A'.

Bo3nmkaeT BOMpPOC: BCETAA JiM JULi Takoro ceuenus A|A’ maiinercs —
Cpeld BEIICCTBEHHBIX YHCEN ~— IOTPAHWUYHOE YHACIO0, HPOM3BOIANIEE
3TO CeYCHWE, MM B 9TOM 0061acTH CymiecTBYIOT mpobes! (KoTophle MOTIIH
OBl IOCIYXHTb OCHOBAHMEM MJIA BBENCHHS elle HOBBIX 4ucen)?

OxaspIBaeTCs, YTO HA [ejie TAKWX IIpolbesiosB HeT:

Ocnoenaa meopema (L e ne x i 01a). [as ecaxozo cevenun A|A’
6 06sacmu 6eujeCMEEeHHbIX UUCes Cyujecmeyem 6eujecmeennoe uucao f,
Komopoe npou3eooum smo ceyerue. Imo yucao  Gydem 1) aubo nauboav-
wum 6 HunCHem Kaacce A, 2) aubo naumeHvuium 8 éepxHem Kiacce A’.

D10 CBOMCTBO 00JIACTH BEINECTBEHHBIX YHCE] HA3LIBAIOT €€ I O J-
HOTOMH, a4 Takke — HENPEPHBHOCTHI (WIM CIIJOHIHO-
CTBhI0).

HoxasarenxnsctBo. Obo3sHaumM uepe3 4 MHOXECTBO BCEX P a-
NHOHANbHB X YHACEN, NpHHAIEXKAUMX kK A, a uepes 4 — MHOXe-
CTBO BCEX PaNHOHAJbHB X YdceN, mpuHamiexanmx X A’. Jlerko
yOennThes, 4TO0 MHOXecTBa 4 B A’ 00pasyioT ceuenwme B OOJACTH BCEX
PAaLMAEOHAABbHE X YHCEL

O710 cevenue A|A’ ompenenser HEKOTOPOE BELIECTBEHHOE UHCIO f.
OHo MOIDXKHO NMOMAcTh B OIHMH W3 kinaccoB A, A’; mpenmonoxmM, 9ro f
nomanacT, HaOpAMEp, B HIDKHHH Kjgacc A, M JOKAXeM, 9TO TOrHa OCy-
nrecTBIsieTcs ciuyyaif 1), a mmenno, f ABIseTcsA B kiacce A
HamOonpmuM B camoMm nene, ecnu GBI 3T0 OBUTO HE Tak, TO Ha-
IWTOCk GBI APYTo€ YMCIHO &, 3TOro Kinacca, Gonbinee §. Becrasum (omupaschk
Ha JieMMy 1) Mexnoy o, ¥ § PAaNHOHANBLHOE YHCIO 7:

a0>r>ﬁ;

r Taxxe IPUHAJUICKHUT KJaccy A H, CICHOBATEIHLHO, IPHHAATEKUT KIACCY
A. Mpl opuiiiE XK OPOTHBOPEYHIO: PANMOHAJIGHOE YKCIO 7, NpHHAJIE-
JKalllee HIKHEMY KJIAacCy CedeHus, onpeesnomero yucio §, 6okie 31oro
gucna!l DTAM HOKa3aHO HAle YTBEPXKICHHE. ,

AHAIOTMYHOE PACCYKACHHUE IOKA3LIBAET, YTO €CjiM § MONagacT B BEPX-
HA# xnace A’, To ocymiecTBHTCsS Ciy4ai 2).

3amMmeuanue. OmaoBpeMenHoe CyIIECTBOBaHME B Kiaacce A Ham-~
Gonpoiero 4ncna M B Kacce A’ HaMMEHBIIETO — HEBO3MOXHO; 3TO yCTa-
HaBJHBAETCA TaK ke, KaKk M JJIs CEYCHHN B MHOXECTBE PalHOHAJILHBIX
guees (C mOMOIIBIO JiemMMsr 1).

11. T'pamumuni YHCAOBBIX MHOXECTB. MBI HCIOJNB3YEM OCHOBHYEO
Teopemy [10], 9TOOBI 3MECh XK€ YCTAHOBHTL HEKOTODHIE HOHATHSA, MIPa-
IOIIHE BAXHYIO POJb B COBPeMEeHHOM ananmie. (Onm momamobsrcs Ham
yXXe Op#l pacCMOTPEHUH apHdMeTHYeCKHX AeCTBHI Hal BelieCTBEHHBIMHA
IHCIAMIA.)

TIpencrasuM cebGe mpon3BoNbHOE GECKOHEIHOE MHOKECTBO
BEIICCTBEHHBIX YHCEI; OHO MOXET OBITh 3a7ano /iobsM o6pasom. Taxnmu
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MHOKECTBAMH SBIIIOTCA, HAIpPEMeEp, MHOXECTBO HATYDANHHBIX YHMCEJ,
MHOXECTBO BCEX NPAaBHJIBHBIX JIpo0eif, MHOXECTBO BCEX BEIIECTBEHHBIX
o . 1
wacenn Mex 1y O ¥ 1, MHOXECTBO KOpHell ypaBECHHS sin x=5 , H T. IL.
Jro6oe u3 wMceN MHOXecTBa O0O3HaYUM depe3 X, Tak YTO X €CTb
THEHOOBOE 06O3HAYCHHE YHCEN MHOXECTBA; CAMO XKE MHOXECTBO HHCET
x Gymem obGos3nadath uepes A ={x}.

Ecym mis paceMaTpuBaeMoOro MHOXECTBA {X} CYIHECTBYET TaKoe YHCIO
M, uto Bce x=<M, To GymeM TOBOPHTB, 4TO HAllle MHOXECTBO OT p a-
HA49Y€HO c¢Bepxy (dacamoMm M); camo uucio M B 3TOM chy4¥ae ecth
BEpPXHAA I'paEETa mEoxecTsa {x}. Hanmpumep, MBOXecTBo mpa-
BIJIBHHIX ZIpoOeit orpanmdeHo CBepxy 4ucioM 1 wid jxoGeIM wuciaoM =>1;
HATYPAJILHBIA P4 CBEPXY HE OrpaHmdecH.

AHanorgyHo 3TOMY: eciM HAHHETCA TAKOE UHCIO M, YTO BCE X=M,
TO TOBODAT, YTO MHOXKECTBO {X} OrpanmuueHO CHHU3Y (YACIOM m),
a caMo YWCJIO M HAasBIBAIOT HHXHEeld rpaHHIe# MuaoXKecrsa {x}.
Hanprmep, HATYpaNbHEIA P OTPAaHUYEH CHHA3Y YACIOM 1 wim Jo0BIM
YHCIOM < 1; MHOXECTBO NPaBIIGHBIX JApoOell OrpaHNvYeHO CHU3Y YHCIOM
0 mmu mro6pM gucstoM <0,

Orpanrmuernoe cBepxy (CHH3Y) MHOXECTBO MOXeT OLITh IPH TOM Kak
OTPAHHYCHO, TaK M HECOTPAaHWICHO CHHU3Y (cBepxy). Tak, MHOXKECTBO Iipa-
BIJIGHBIX Ipo0ell OrpaHMveHO W CBEpXY, W CHHM3Y, & HATYPANbHBIM DI
OTpaHmYEH CHH3Y, HO HE OTPAHHYEH CBEPXY.

Ecnu MHOXeCTBO CBEpXY (CHH3Y) He OTPaHHYCHO, TO 3a €r0 BEPXHIOIO
(HEKHIOIO) TPaHALY NPHHAMAIOT <HECOOCTBEHHOE YHCIIO» + e (— ). OT-
HOCHTEJIBHO ITHX <HECOOCTBEHHBIXY MM «GECKOHCHHBIX> THCE)I MBI CUATAEM,
4TO

—oo fo0 P —eo<<f< +°°,

KaxkoBO OBl HE OBLIO BEIMIECTBEHHOC (KKOHEUHOEY) WHCIO &.

3HAKH +e H —e YHTAFOTCH TAaK: «UIFOC OECKOHEUHOCTHY ¥ «MHHYC
BECKOHEYHOCTEY.

Ecnu MHOXECTBO OTpPaHHYECHO CBEPXy, T. €. MMEET KOHCUHYIO BEpX-
HIOIO rpamuiy M, TO OZHOBPEMEHHO OHO HMECT H OCCKOHEYHOE MHOXKE-
CTBO BEpXHMX IpaHHAN (Tak Kak, HApUMED, Jro0oe ducio > M, O9eBUIHO,
TaxKke Oynmer Bepxmell rpaumueif). M3 Bcex Bepxmux rpamun ocoOwli mH-
Tepec MPEACTaBiIseT HAMMEHb I A A, KOTOPYH Mbl OyaeM BasbiBaTh
movunoil eepxneii epanuyeli. AHaIOTAYHO, €CIIH MHOXECTBO OTPAHHYCHO
CHE3Y, TO HauN O OJNBINYI M3 BCEX HUXKHIX IpaHul OyIeM HA3BBATHL
mo 4 H ot nuxcheil epanuyedi. Tax, Ig MEOXeCTBA BCEX TPABUIILHBIX JIPO-
Geit TOYHEBI MU Ipanunamu OymyT, cooTBeTcTBenHO, O u 1.

SBnsercss Bompoc: BCernma NH JUIS OTPAaHUYCHHOTO CBepXy (cuu3y)
MHOXECTBA CYLIECTBYET T O 1 H a 4 BepxXwsid (ArokHss) rpasuia ? Hecteu-
TEIHHO, TaK Kak BepXHHX (HEKHUX) I'DAHHN B 3TOM Ciyuae OGECKOHEYHOE
MHOXECTBO, a Cpeltd OECKOHEYHOTO MHOMKECTBA YHCENT HE BCEr[a Haligercs
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lHauMenbliee Wiau Hambosbmee ¥), To caMoe CYIEeCTBOBAHHE TaKOTO HAU-
MeHbIIero (HAaOOJBIIEro) YHCIA U3 BCEX BepxHUMX (HIKHUX) TPaHUI] pac-
CMaTPHBAEMOI'0 MHOXECTBA TpebyeT HOKa3aTeNlbCTBa.

Teopema. Ecau muoncecmso X ={x} ozpanuuero ceepxy (cuusy), mo
OHO umeem U MOYHY 0 8epxHiolo (HUNCHIOW) 2DaHUYY.

JdoxaszatenbcTBo. IIpoBeneM paccyxicHHe IO OTHOHICHHIO K
BepxEEH rpandane. PaccMoTpuM IBa ciaydas:

1° Cpexgm umcen x MHOXecTBa X HaligeTcsa HaH-
6onpmee X. Torma Bce uucia MHOXECTBA OYyLYT YAOBIETBOPATH He-
PaBEHCTBY X=X, T. €. X OymeT Bepxueii rpamuueii mia &'. C gpyroii cro-
POHBI, X HPHUHAUICKHAT L; CIEJIOBATENBHO, M 000N BepXHell I'PaNdIsl
M BpEIONHSETCA HEPaBEHCTBO X=<M. OTcroma 3aKiIIO¥aeM, 4TO X eCTh
TOYHAS BEpXHsd I'paHuma MHOXecTBa X

2> Cpenxu 9ucedq X MHoXecTBa & HeT Haumbo b
mero. Hponssengm ceyenne B 0ONacCTH BCEX BELIECTBEHHBIX YHCEN ClIe-
IyronmM o6pazom. K BepxueMy kiaccy A’ oTHECEM BCe BEPXHHUE IPAHHILL
o’ MHOXeCTBAa X, a K HIDKHEMY KJaccy A — BCe OCTANBHBIE BEINeCTREHHBIE
uucna «. Ipa 3ToM pasOuerny Bce micina x MHOXeCTBA I IOMALYT B KJIace
A, #60 HY OIHO M3 HMX — IIO JOIUYINEHHIO — He OyaeT HanbOoNLIIAM.
Taxum obpasoym, oba xmacca A, A’ HenycTsr. 3T0 pasGuenue HeicTBE-
TENBHO SBJIAETCS CeYeHHEM, TaK KaK BCe BELIECTBEHHEIE YHCHA pACIpene-
JIeHBI ITO KJlaccaM M Kaxxaoe 9o w3 kiracca A’ Gonpmie mro6oro vmcia
u3 xnacca A. ITo ocroBHOM Teopeme Jemexmuma [10], nomkno cy-
DIECTBOBAThH BEIIECTBEHHOE 4MCIIO f§, MPOHM3BOMMINIEE cedenue. Bee wmena
X, KaK IIpHHAJJIeXaUHe K1accy A, He IPeBOCXOIAT 3TOr0 «HOrPAHTIHOIOY
qrcaa f, T. €. § CIYXUT BepxHe# Tpamumeil UiA X, CIeJOBATEILHO, CAMO
IPAHAIJICKAT Kiiaccy A’ M SIBIIAETCS TaM HaEMEHBLIIMM. TakaMm oOpasoM,
B xax HapMeHBIIas W3 BCEX BEPXHMX IPAHMIl U €CTh MCKOMAas TOYHA 4
BEpXHAA IPaHMNA MHOXeCTBA X ={x}.

CoBeplilleHHO TaK K€ JOKa3hIBAETCS M BTOpAs MOJIOBHHA TeOopeMsI (OT-
HOCAIIAACA K CYIIECTBOBAHMIO TOYH OH HWKEEH T'DAHUIED).

Ecia M* ectb TOYHA S BepXusid rpagana YHCIOBOI'O MHOXECTBA
X={x}, To m1x BCcex x Gymer

x<M*.

Bo3pMmeM Temeph NPOH3BOIBHOE YHCIO «, Membiee M*. Tak xak
M* - HauMeHbIIAasd M3 BEPXHHX IPAHUI], TO YHCIIO X HABEPHOE HE
Oyner BepxHeil TpaHmei Hius MBOXecTBa X, T. €. HaeTCs TaKoe YHCIIO
x' w3 &, gro

?

X >,

OTEMHE IOByMs HEPABEHCTBAMM BIONHE XaPaKTEPU3YETCA TOYHAA BEPXHAL
TPaHALA MHOXECTBA .

*) Kak HX HeT, HampuMep, CPeAd BCEX IPABH/IBbHLIX Apobeil,
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AHaJIOI"I/I‘IHO, TOYHAA HAXHAAL IpaHuI m* MuoOXecTBa I Xapak-
TEPHU3YETCA TEM, YTO OJILI BCECX X M3 A

x=m*

M, XKakoBo Obl HM Onbio wncnmo f, Goubluee m*, Haliaercs uucao x” us
& rtakoe, uTO
xll <‘8.

Jns oGosnadenus TouHOM BepxHell rpammibl M* H Tounol MWIKHEH
rpapunel m* MuoXecTBa wAced & ynoTpe6IsiOT CAMBOJIEL

M*=sup X' =sup {x}, m*=infZ =inf{x}

(mo-nmaTHIEM: supremum — Ha®WBHICHIee, infimum — HamHM3MIIEE).

OTMeTHM OIHO OYEBH/IHOE YMO3AKJIOYEHHE, KOTOPOE 9YacTo O6ymeT
BCTPEYATLCA B JajibHEHIIEM:

ecau 6ce 4UCAQ X HEKOMOpO20 MHOMCeCmEa y0084emeopAlom HepaseH-
cmey x<M, mo u sup {x}<M.

HeiicTBuTeNbHO, YHCIO M OKa3bIBAETCS O AHO M W3 BEPXBUX I'DAHHUIL
MHOXECTBA, @ HOTOMY HAHMMEHBUIA S M3 BCEX BEPXHHX I'DAHAL €ro
HE HPEBOCXOHMT.

Amnasiornuno, u3 Hepasencmea x=m caedyem, umo u inof {x}=m.

VcioBuMes, HaKOHET, €CITH MHOXKECTBO X = {Xx} HE orpammIeHo CBepxy,
LOBOPHTb, 4TO €r0 TOYHAS BEPXHAA IPAHULA €CTh -+ SUP {X}= + o,
Amanoruyso, ecid MHOXECTBO &' = {X} He orpaHNMeHO CHH3Y, TO FOBOPSAT,
YTO €r0 TOYHASA HUXKHAS TPAHMIA €CTh — e inf {X}= — .

§ 3. Aprdmermueckue IelicTBAA HAJ BemieCTBEHHHIMH YHCIAMH

12. Onpeseneniie CymMMBI BeiecTBeHHBIX aucesn. OOpaTEMCs Temepn
K YCTAHOBIICHHIO MOHSATHS O JeHCTBHUAX HAJ BEINECTBEHHBIMHM YHCIAMH.
I'pedeckue GyxsEI «, fi, ¥ B IOCHEIYIOMEM 03BAYAIOT HMEHHO BEHIECTBEH-
HBIC YHCIA, KaK PauyOHANBHBIE, TAK H HPPAHAOHAILHEIE.

ITycTs HMeeM JiBa BEHIECTBEHHBIX 4rcia « ¥ 3. CTaHeM paccMaTpuBaTh
PANMHOHANBHEEC THACHA @, @ B b, b’, yROBIeTBOPAIOLIME HEPABEH-
CTBaM:

a<a<ad - m b<f<b 1)

Cymmoii a+p uucen o u f Hasosem maxoe eewjecmeenroe wucao ¥y,
KOMopoe codepicumces mexcoy ecemu cymmamu euda a+b, ¢ odHoii cmo-
DOHbL, u gcemu cymmamu suda @' +b'y, — ¢ Opyeoi

atb<y<da +¥. @

Vaocroeepamcs, mpexie BCETO, UTO TAKOS YHUCHO Y CYIUECTBYET IS
JFO0OH Naphl BEMICCTBEHHBIX 4HCEN a, f,
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PaccMoTpuM MHOXKECTBO BCEBO3MOXHEIX CYMM &+ b, DTO MHOXKECTBO
OTPAHHYECHO CBEPXY, HaImpuMmep, 10 0o i cymmoit Buma a4’ +b'. Iloso-
KM ke [11]

y=sup {a+b}.

Torna a+b=y u, B TO Xe BpeMd, y=a +b'.

Tax xak, KakoBbI ObI HU OBUTH panmoHANBHEIE uucaa a, b, a’, b, yZ0B-
NIETBOPSIOLIE YCIOBHSM (1), Bcerga MOXHO 4HCIA @, b YBEIHUYHUTBH,
aqucrna @', b’ YyMEHBPIIHTH C COXpPaHEHMEM STUX YCIOBMil, TO B IO-
JIYYEHHBIX TOJILKO YTO HEPABEHCTBAX, COSHMHEHHBIX C PABCHCTBAMH, P a-
BEHCTBA HAa JeJIe HAU B OAHOM cJliyyae OBITHh HE MO-
K eT. Takum 06pa3soM, YHCIIO Y YIOBJIETBOPSET ONMPEHEICHUIO CYMMEL

Bo3nukaer, ogHako, BOIPOC, O AHO3HAYHO JH CymMMa Y=o+ f
ompeznensercs HepasercTBaMy (2). st Toro uro6sl yOeAuTHCA B € 1 ¥ H-
CTBEHHOCTH CYMMEL, monbepeM, mo 3aMeYaHuIo B 9, palHoHAIbHBIE
yucia a, a’, b, b’ tax, 4ToOrl OBLIO

ad—-a<e u b —=b<e,

TAC ¢ — MPOH3BOJBHO MAJOEC PANHOHAJIBHOS ITOJOXHUTEIBHOC HHCIIO, Or-
Croga

(@ +b)-(a+b)=(a"-a)+ (' —b)<2e,

T. €. ¥ 3Ta PA3HOCTh MOXET OHITh CHEddHA CKOJIb YIOZHO MaJioi ¥).
A Torga, mo jeMMe 2, CyIIeCcTBYeT TOJBKO OJJHO YHCIO, COAEpXKa-
Hleecst MeXXIOy CyMMaMu a+b u a'+b'.

Haxkonen, 3ameTnM, 4To eciy wucna « U 002 panMOHAIBHEL, TO WX
oO6HMYHaAd cymMMa y=a+[5, OYeBHIHO, YIOBJIETBOPACT HEPABEHCTBAM
(2). Taxum oOpaszoM, HauwHOe BbuE oOLIee OMpElENCHHE CYyMMHBI IBYX
BEU[€ECTBEHHBIX YHCEN HE IPOTHBOPEYMT CTAPOMY OIPEHCIECHHIO
CYMMBI IIByX PAaUMHOHAJNbHB X YHCEIL

13. CpoiicTBa cilokeEusl. JIeTKO YIOOCTOBEDHTBCH, 4TO U Bellie-
CTBEHHBIX YHCEN COXPAHSIOTCS CBOHCTBA:

II 1°a+f=B+a; I 2° (@+f)+y=a+(B+7);
IT 3° a+0=c.

TloxaxkeM, HampuMmep, mociefdee. Ecmm pallMOHANBHBIE UACHA a, 4,
b, b’ TaxoBhI, YTO

a<a<a', b<0<b,
TO, OYEBHIHO,
a+b<a<a<ad <a +b'.

’

e
*) Hucno 2e CTanOBHTCS MEHBIINM JnoGoro wucna ¢’ >0, ecnu B3STH e<5 .
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TakuMm 06pa3oM, o €CTb BEIIECTBEHHOE UYHCNO, 3aKJIIOYCHHOE MEKIY
YUCHAMA BUAZ a+b H a'+b', MEXIy KOTOPHIMH 3aKJIIOYEHA, IO OIpe-
menenuio, 1 cymma a+0. Ho Takoe 9mciio MOXET OBITH TOJBKO OJIHO;
mosToMy a+0=u, 9To ¥ TpeOOBAJOCH JOKA3ATh.

O6patumca k cBoiictBy II 4° m foKaxeM, 4TO 044 Kax#cd020 seuje-
CMBeHn020 uucaa « cyujecmgyem (CumMMempuuHoe emy) uucio —o,
yoosaemsopaowee yeaoguto o+ (~w)=0,

Ilpw 3TOM [OCTATOYHO OTPAHMYMTECH CHy4YdeM H PP AL HOH A Jb-
HOT O YHCIA «.

Ipenmonaras, uro wmcno o ompexenseTcsa cedeHueM A|A’, Mbl ompe-

JenuM 9HCI0 —o caedyrommM obOpasom. K mmxmeMy kiaccy A4 umcrna
—o MBI OTHECEM BCE pallMOHAJIBHBIE yucna — a4', rae @' — Jroboe 4ucio

kaacca 4’, a X BepxHeMy Kiiaccy A’ 3TOro YmMCia OTHECEM BCe MMCia — 4,
rae a — moGoe wucno kmacca 4. HeTpynso BHZETH, YTO HOCTPOEHHOE
pa3OHeHHE €CTh CeYeHHe W, NeHCTBUTENLHO, OUPENENACT BEICCTBEHHOE
(B MaHHOM ClIy4ae — HPPAIHOHATLHOE) THCIO: 3TO YKCIo 0603HAIAM — .

HokaxeMm Temepb, 4TO OHO YHOBIETBOPSET YKA3AHHOMY BBIIE YCJNIO-
Buio. Ilone3ysach caMAM ONpemeNeHAEM YMCIA —o&, BHOMM, YTO CyMMa
a+(—«) €CThb €IMHCTBEHHOE BELICCTBEHHOE UYHCJIO, 3aKIIOYEHHOE MEXKIY
9YHECIIAMH BHIa a—a’ W a' —a, The a 1 a' paudoHambHEl ¥ a<x<a’'. Ho,
OYEBHITHO,

a-a<0<a —a,

Tak 4Yr0 M HCIo 0 32KII0YEHO MEXAY TONBKO 9TO YIOMSHYTHIMH YH-
craMu. BBAIY eNWHCTBEHHOCTH 4HCHA, OOJANAIOLIETO OTHM CBOHCTBOM,
HMeeM

o+ (—o)=0,

4T0 U TpeGOBAIOCH JOKA3ATS.

Hakonen, ycranoBEM CBOHCTBO:

IT 5° u3 oo>p caedyem a+y=>+y.

Ecnu o« >f, To MeXOy HEUMH MOXHO BCTABHTh [ Ba pPalEOHANBHEIX
WACTA Fy M Fy! a>ry>7y>f.

Tlo 3amewanmo B 9, CymIECTBYIOT Takme JBA PALMOHANBHBIX YUCHA €
u ¢’, 9To

c<y<c H ' ~—c<ri—t,.
Orcrona
ri+e>ry+c,
a IO ONPENETCHHIO CYMMBL
x+y=ri+c, ryt+c >f+y.

Conocrasisas BCe 5TH HePABEHCTBA, MBI M IPUXOAMM K TpebyeMoMy 3a-
KIJHOYEHHUIO,

TaxuM 06pa3soM, DO OTHOIICHAIO K CIOXEHHIO 06NacTb BEMIECTBEH-

HEIX 9HCEJ 00JiamaeT BCEMH OCHOBHBIMM CBodcrsamm II 1°—5°, koToprie
B 3 GBUIM TEpPBOHAYANBHO CHOPMYIMPOBAHEL [Jis PAMOHAILHBIX YHCEN.
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CrenoBaTenbHO, Ha BEUIECTBEHHBIE UACHA ABTOMATHYECKM HEPEHOCSTCS
H BCe (OpPMANbHO JIOTHYECKME CIEACTBHS M3 3THX CBOMCTB. B wacTtmo-
CTH, U BeLICCTBEHHBIX UHMCENI MOXeET OHTE O YKBaJbhHO NOBTOPEHO
BCE, CKa3aHHOE B 3 HEMOCPEACTBEHHO I0Ce U3Noxenus 11 rpymmss cBolicTs,
T. €. MOTYT OBITh JJOKa3aHbl CYIIeCTBOBAaHHE H OJHO3HAYU-
HOCTh PA3HOCTH «—f 4YHCEeNX « U f, YCTAHOBJIEHO IIOHATHE
abcomoTHOM BeNHMYMHEL MHCIa o (AN KOTOPOH MBI COXpaHseM
obGo3mavenuie |« |) ¥ T. 1.

14. OnppegeseHne NTPOM3BEACHHS BEIECTBEHHLIX YHCEJ. Iepetinem
K YMHOXEHHIO BCHIECTBEHHBIX YHCEN, OTPAaHNYMBASCH CHAYANA II O-
JOXHUTE Db HBIMHU yucaamu. ITycTs ke JaHBI IBA TaKuX 9ACHA & H f.
ME1 30€ce TakKe CTaHEM pPacCMATPUBATH BCEBO3MOXKHBIE PAIHOHAIHHEIE
9HACIIa, YOOBIETBOPsOME HepaBeHcTBaM (1), HO M 3TH vHCIA Ipemo-
JOXKAM MOJOXHTENDb HBMH.

Ilpouzeedenuem off 06yx nosrosmumesvHwvlXx 6euecm-
BEHHBIX uuces & U  Ha306eM MaKoe 6euecmeenHoe uucio y, Komopoe co-
Oepoicumcea mexncdy ecemu npouseedenusmu euda ab, ¢ 00HOL cmoponvl, u
ecemu npoussedenuamu euda a'b’, — c opyzoik.

ab<y<a'b'. 3)

Hns moxa3aTenbeTBA CYINECCTBOBAHHMS TAKOTO YHCHA Y BO3BMEM MHO-
KECTBO BCCBO3MOXHBIX MPOM3BENCHMH ab; OHO OTPaHHYEHO CBEPXY JI FO-
6 1M H3 npoussenerwii Buna a’b’. Ecnum momoxuTh

y=sup {ab},
TO, KOHEYHO, ab=y, HO ONHOBPEMEHHO H y=<a'b’.

BO3MOXHOCT YyBENTHMYHTHh YUCAZ @, DA YMEHBIIATDH -
cna a', b’ (xak @ B CiIydae CyMMBI) MO3BOJISIET HCKJIIOYATH 3[€Ch 3HAK pa-
BEHCTBA, TaK YTO YHCIO Y YAOBIETBOPSAET ONpPENeSCHHIO IMPOU3BEICHHS.

EnduacTBEeHHOCTD NpoU3BeIEHHS BEITEKACT M3 CIEAYIOLAX CO-
obpaxermmit. IonbepeM, Mo 3aMevanyio B 9, panuoOHAJIBHBIC YHCIA @, @
H b, b’ Tak, uToGHl OBLTO

d—a<eun b -b<e,

I7e e — MPOU3BOILHO MAJoe PANMOHANBHOE IMOJOXKHTENbHOE YHCIo. Ilpn
3TOM MOXHO CYHTaTh, YTO YHCHA @ ¥ b HONOXKUTEILHEL, a 4ucha a' u b’
HE HPEBOCXOMAT, COOTBETCTBEHHO, HEKOTOPHIX Hamepes (HKCHPOBAHHEIX
gqrcen ay U bg. Torma pasHocTsb

a'b'—ab=a'(b’'-b)+b(a’ —a)<(ay+bg) - e,
T. €. TaKKe MOXeT GBITh C/ejlaHa CKOJNb YIOAHO Maiioi *), a 3Toro, mo

r 7
*) 3ameTEM, 9TO (ao+ bo)e CTAHOBHTCS MEHBIINM JF000r0 umcna e’ >0, ecian B3sATb
el

e<

’ ¢ "
(l()+b0



32 BBEJAEHUE. BEMIECTBEHHEIE YMCJIA [1s

JeMMe 2, HOCTaTOYHO Ui YTBEPXKAEHMS, YTO HepaBeHCTBaM (3) Moxer
YAOBAETBOPATL TOJBKO OLHO WHCIO ).

Eciu mMonoXuTeNbHBe Yucia o ¥ § 00a palMOHAJIBHE, TO HX
06BHYHOE mpomsBedeHue y=afl YHOBIETBOPAET, OYECBHAHO, HEPaBeH-
ctBaM (3), T. €. HOJIy4YaeTcs TAKAM Xe i 1o OOINeMy ONpelIeNICHHIO IIPOn3-
BEHCHHS HBYX BEINCCTBCHHBIX YHCENT — IPOTHBOPEIHSA HET.

Haxosen, A1 TOro 4YTOOLI ONPENCMTE MPOU3BENICHNE IPOU3BOJIBHOM
TIapel BEIECTBEHHBIX Yrcell (He 005M3aTeAbHO MONOXKUTEIIBHEIX), 3aKIIIOUIM
CIEIYIONIAe COTJIaMICHNS.

IIpexne Bcero, yCIOBHMCS, UTO

a-0=0.a=0,
KakKoBo O HH OBUIO «.
Ecnu xe o6a MHOXUTENS OTAMYHEL. 0T 0, TO TTOJOKMM B OCHOBY OOBIY-
HOE IPABHUJIO 3HAKOB»:

a-f=|a|-|B|, ecau « u B odnozo 3naxa,
af=—~(la|+|B]), ecau « u § pasneix 3naxos

(416 O3HA¥AET MpOM3BEICHKE MOJNOXHTE b HE X wuacen || u |f| -
MBI YK€ 3HaeM).

DTH cornallieHns, Kak Mbl BHAEIH B 4, B HEKOTOPOM CMBICIE 00s3a-
TeJIBHBI JIJIA HAC, €CJAM MBI XOTHM, 9TOOBI JeHCTBUA HAX BEIIECTBEHHEIMHU
yrcaamMu 06JIanaliil BCeMH OCHOBHBIMM CBOMCTBAME JeHCTBHi Ha® panuo-
HAJIBHBIME YHCIIAMH.

15. CeoiictBa ymHoxenusa. Kak M B ciydae palHOHAJILHBIX YHCET,
IUist JEOOBIX BEIIECTBEHHBIX UHCENl COXPAHSIOTCSA CBOMCTBA:

I 1° ax-f=PF-a;

I 20 (x-) -y =o-(B);

IIT 3° a-1=a.

Hns nmprMepa MokaxeM BTOPOE M3 HHX, HAYAB CO CIy4as, KOria BCe
TpHa 9mcia — «, B, ¥ — moioxurensusl. Ilycrs a, @', b, b, ¢, ¢’ — mpo-
H3BOJIbHBIE PALMOHAJIBHEIC YHCHA, YIOBAESTBOPAIOLINE HEPAaBEHCTBAM

O<a<a=<d, 0<b<ﬂ<b" O<c<y=<c'.

Torzna, Mo CaMOMY OIpPEeHeNICHHIO IPOM3BEICHNs ABYX BEIIECCTBEHHBIX 4H-
celr, uMeeM
ab<afi<a'b’ u be<Py<b'c.

ITonp3ysack elle pas TeM ke OIpelcIICHIEM, IIONyYAM
(@b)e<(@B)y <(a'b)c’ u a(be)<a(By)<a'(B'c).

Tak Kax Juisi PAUMOHANBHBIX YHCEN NOKa3bIBaeMOE CBOMCTBO yXe H3-
BECTHO, TO BeitecTBennble ducha («f)y H «(fy) OKaswBAIOTCA 3aKJIOYeH-
HBIMH MeXIy ONHHMH H TeMH K€ I'DaHHIaMH:

(ab)c=a(bc) u (@'b)c’ =da'(b'c’).



15} § 3. APUOMETUYECKUAE OEVUCTBUS 33

Ho nerxo roxasare, 4To 34 CYeT COJMKCHHS MHOXHTENeH a u o,
bub', c mc Mexny coboll 1 pasHOCTb mpou3sBenerHuit a’b’'c’ — abc MoxeT
OBITH cHeNaHa CKOJb YrOAHO Mayoif (IpH 9TOM MOXHO HKCIOJB30BATH
nomo6HOe e yTBepXKicHHe B 14 OTHOCUTENBLHO NPOM3BEAEHUIL JABYX MHO-
xuTenel). O1crona, mo JeMMe 2, W IMONYIHUTCS 3aKJIOYEHAE O PABEHCTBE
wucen (xf)y u a(fy).

Ilepexon x ciy4aro 9HCENI HPOW3BOJBHBIX 3HAKOB NPOHM3BOJMUTCH HE-
MOCPEICTBEHHO, €C/IH YYECTh JIHIIb <«IIPaBHJIO 3HAKOB», ECIM Xe XOTh
OIHO M3 4ucea «, f, ¥ pasuo 0, To ob6a mpomssenenusi obpamarorcsa B 0.

OG6paTmMcs K CBOMCTBY:

IIT 4° 0aa xaxcoozo eewjecmsenHo20 uucaa o, OMAUYHOZO OM HYAA,
1
cywecmeyem (obpamuoe emy) uucio 5 yoosaemeopArouee  YCA08UIO:

a-1=1.
o

JloCTaTOUYHO OrpaHuIMTLCA CIYYaeM M PPAHOHAAbHOT O qucaa
«. IlycTs cragana o >0.

Ecnn « ompenensiercst ceuenneM A|A4’, To MBI cienyroumM oGpaszoM
IOCTPONM CCUYCHHE I UHCIA é K EMXHEMY KJaccy ero 4 MBI OTHe-
CeM BCE OTPHIATENBHBIE PAMOHAIBHBIC TACTA M HYJb, & TaKXKe BCES WHCIA
BHIA % , Toe @' — moboe l'mcno knacca A’; B BepXHMi Xe KJacc A" no-
MECTHM BCE WHCIA BHIA —, [HE ¢ — mo6oe MONOXHTEIbHOE

gqucno kiacca A. Jlerko ybemuThes, YTO MBI, TaKAM oOpa3om, JeHCTBH-
TeJBHO IIOJIy9aeM CeUCHHE, KOTOPOe ONPENENHT HOJOXHTEIbHOE BEIle-
CTBeHHOC (B MAHHOM CJIy4ae — HPPANHOHANBHOE) YUCIO, 3TO YMCIO

1

00603HaIIM %
IToxaxxeM, 49TO OHO YHIOBJIETBOpSET TpebyeMoMy ycnoBuio. Ecmu
y4ecTh TOCTPOCHHE oOpaTHOro YHCIA, TO, IO CAMOMY OIPENECIICHHIO

1
IPOM3BENICHNS, HHCIO o> €CTh €AHHCTBEHHOE BEIECTBEHHOS
a a

YHCIIO, 3aKMIOYCHHOE MEXY YACTAMH BANA — M —, THC 4 H a - mno-

JIOXKHTC/IBHBIC DPANHMOHAJIBPHBIC YHCIA, YAOBJICTBOPAIOIINEC HCPAaBCHCTBAM

a<x<a'. Ho u acno 1 3aKimio9eH0 MeX[y YUOMSHYTHIME 9HCIAMIE:
g; <1< 2 s
a a

CJIEOBATEIbHO, OHO H SBJISETCA UCKOMBIM IPOH3BEICHHEM.
Ecmu a <0, To moyaraem

TOrAa HO QIPABHILY 3HAKOB»

3 I'. M. ®axrearonsn, T. 1
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Iocie Toro kak Mel yOeAMIMCh, YTO M IO OTHOIICHHIO K YMHOXe-
HUIO OOJIACTh BEIIECTBEHHBIX YHCEN OGJATAeT BCEMH OCHOBHBIMH CBOM-
creamu 11 1°—-4°, acHo, uTo 115t 9TOM 06IaCTH COXPAHAET CHIY BCE CKa-
32HHOE B4 0 CYIMECTBOBAHHAYM M €EAMHCTBEHHOCTH 9aCT-

HOTO % wicenauf(Ipn ycnosum, 9o f=0) U T. 1.

PacnpenemaTensuoe CBOMCTBO:

IS (@+p)-y=a-y+B-y
TaKXKe HMEET MECTO Ul JIOOBIX BEINECTBEHHBIX HWHCEN, YTO JIErKo Io-
KaspIBaeTCA UIA ClIy4as DOJOXMTENbHBIX uMCEN (Kak M cBoiictBo 1T 2°).
K stoMy cny4aro npHBOISTCS BCE OCTAJIBHEIE — IYTEM H3MEHEHUS 3HAKOB
obenx 4acTeil paBeHCTBA WM NyTeM NEPEHOCA WICHOB M3 OXHONU YacTH
B npyryro. Mckmodenne, BIpoueM, LIPEACTaBISeT CAyYail, KOraa OJHO
U3 9uceN &, f, ¥, «+f PaBHO HYNIO; HO JUIA 3TOTO CIydYas PaBEHCTBO He-
TIOCPEACTBEHHO OYEBHIHO.

Haxonen, csoiicTBo:

II1 6° us =P uy=0 credyem -y =B .y
nposepstercst 6e3 Tpyna. Hepasencrso « > paBROCHWIBHO & —f >0; Torna
HOo «IpaBmiy 3HAaKoB» M (x—~f)-y>0. Ho yMHOXeHHe HMeeT pacmpee-
JIUTENHHOE CBOMCTBO M OTHOCHTENBHO PAa3sHOCTH, TAaK 4TO oy —f -9 >0,
a oTcIoma a-y=f-7,

16. 3axmouenne. OcTaercs ymomsHyThL emie 06 «akcmome Apxu-
Meqar,

IV 1° kakoso 661 Hu 6110 6ewyecmeentoe uucao y, cyuecmeyem wam y-
pasvroe uucio n, 6oauee y.

IIposepka ee Jyierka: Beob B BepxXHeM Kiacce ceuenusi C |C’, ompe-
JEJAIOMIEro YUCHO Y, Haliferca OoJbllice €ro panHoOHANLHOE IHCIO ¢,
a Ui paofoOHAIBHAIX YHCEN STOT HPUHIMII HMEET MECTO.

Tenepb MOXHO, HAKOHEIN, CYHTATh YCTAHOBJICHHBIM, YTO & ofAacmu
6CeX 6EWJECMBEHHBIX YUCes ROAHOCMbIO COXPAHAIOMCA Npa-
susa d4emMeHmapHoil anzebpul, OMHOCAWUECAE K uembipem
apug memuvieckum Oeilicmeunm u K CONEManUIo PaseHcms U HEPABEHCMA.

17. A6comoTtmbie BeawduHBL. B HWHTepecax majbHelIuero, TIPHECOBO-
KynuM €1I¢ HECKOJIbKO 3aMeYanuil 00 a6 C o0 THLI X BEIHYHHAX.

IIpexne Beero, ycramosmM, 4TO HEpaBeHCTBO: |a| <f (rme, KoHewHO,
B>0) paBHOCHIBHO IBOWHOMY HEpaBeHCTBY: —f<a <B.

HeficTBuTeNbHO, 3 || <f crlelyeT, 4To ONHOBpeMeHHO & <f 1 —x<f,
T. €. a > — . OBpaTHO, eCIH JaHO, YT0 a<f ¥ &> — f, TO HMEEM OJHOBDE-
MEHHO: @ <f M —o<f}; HO OJHO H3 5THX YHCEN &, — M €CTh ||, Tax
9TO HaBepHOE |a|<p.

AHAaJOTHIHO, OKA3BIBAIOTCS PABHOCHIBHLIMA H HEPABEHCTBA:

lel<p m —B=a=p.
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HoxaxeM, nanee, MOJNE3HOE HEPABEHCTBO:

|oc+ B <] +|B].

CknagpiBasi OWIEHHO OYCBUOHBIC HECPABCHCTBA

~la|=a<la] w —|B|=<B=<]B|,
=(la| + 8=+ B=<[a| + 8],

OTKyZa, B CHJIY CHCNAHHOTO BBINE 3aMEYaHMS, H BHITEKaeT Tpebyemoe
HEPaBEHCTBO. .

C momourslo MaTeMaTHYeCKO HHIAYKIMHM OHO PACHPOCTPAHSICTCS Ha
ciaydail moGoro 4MCia CiIaraeMbIX:

le+B+. .. +yl<|a|+|B]+...+]|y]-
Ecxny 3ameHnTh B HOKa3aHHOM HEpaBeHCTBe § HA ~—f, TO MONYIHM
loe =B8] <a| + |B].
Tax xak a=(x+f)-f, 10 |a|<|a+f]|+ |8], wm

| +B]=o| - [B].

MOJIYIHM

Amnanornuso
|| = |B]<|o—B].
Tak xak 0JHOBpEMEHHO U
Bl = || <o —B],
TO, OYEBUIHO,
Ho] - 18] <a—B|.

Bce atn HEPABCHCTBA GyJIYT ITOJIE3HB! B TCOPUM M PEe N €JIoB,

§ 4. Janpueiimae cBolicTBa M NpHiIoAKeHHs
BEMIECTBEHHBIX “HCEJ

18. CymecrBopanHe kopus. CTemeHb ¢ pPANHOHAJBHBIM HOKA32-
TeaeM. Ompenenerne yMHOXeHUs (A [IeJICHHs) BEIECCTBEHHBIX YHCEN He-
TDOCPEACTBCHHO LPHBOIUT, KaK M OOBIYHO, K ONpENENICHHIO CTEHCHH C
IeTBbIM IOJOXKHTENbHLIM (M OTpHIATEIbHBIM) IOKasaTeleM. Ilepexons
K CTeNEHH C BOOOINE PalrOHANIBHBIM IIOKa3aTeIeM, OCTAHOBAMCS IIPEXie
BCEr0 HA BONPOCE O CYIMECTBOBAHMNHE KOPHSI.

Kak mMbl moMmmM, oTCyTCTBHE B OGNIACTH PAlMOHANLHEIX WHCEN IIPO-
CTEHIINX KOPHEH HOCIHYXHJIO ONHMM H3 IOBONOB K PacUIMPEHHIO 3TOMH
obyacTy; mpoBepuM Xe, B Kakoif Mepe IPOH3BE/EHHOE PACIIHPEHHE 3a-
HOJIHAJO CTaphle Apo6Gesl (He CO3aB MPH 3TOM HOBHIX).

ITyete @ ~ mo6oe BeIeCTBEHHOE HCIO, 7 — HATYPaJbHOE JHCIO.

Kax m3BecTHO, KOpHEM n-if CTENEHM W3 WHCNIA & HA3BHIBAIOT TaKOE Be-
IIECTBEHHOE YMCIO &, 4TO

En=g,
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MBI OrpaHHYMMCH CIy4aeM, KOraa « HOJOXHUTENbHO, H OyleM MCKaTh
HOJIOKHUTENLHOE XK€ &, YIOBIETBOPSIONIEE STOMY COOTHOMICHHUIO, T. €. TaK
Ha3eBaeMoe apHdMeTHIECKoe 3HAUYECHHE KOpHI. Mml moxa-
3KeM, YTO TaKO€e YHMCJIOo & BCeraa CYIIEeCTBYET, H NPHTOM TOJBKO OJIHO.

ITocnennee yTBEpKAEHNE OTHOCHTENBHO eIMHCTBEHHOCTH wicna &, BIpo-
9eM, cpa3sy CienyeT M3 TOro, YTO Pa3sHbIM HOJOXHUTEIbHBIM YHCIAM COOT-
BETCTBYXOT Y pasHule cTernend ux: ecym 0 <& <&, o £ <&

Ecnu CymiecTByeT Takoe PANMNOHAJIbHOE YHCIO F, n-51 CTENEHD
KOTOPOro paBHA ¢, TO OHO ¥ OyxeT mckoMeM umciioM £. TTosToMy Brpens
IOCTATOYHO OTPAHMIATECS IPEINOJIONKEHHEM, 9T0 TAKOr0O PAa A O HA Ji b~
HOT O 4YACHA HET.

TloctpouM Temepp cedenme X|X' B 061acTH BceX PpAlMOHANBHBIX
qucen cremyromuM obpasoM. K xmaccy X oTHeceM BCe OTpHIATEIBHBIC
PanHOHAJIBHEC YHCIIA U HYJb, 2 TAKKe Te H3 HOJIOKHUTENbHBIX PalfoHAIb-
HBIX YHCEN X, A KOTOpHIX X" <a. K Kiaccy X* oTHECEM HOJIOXHUTEIbHBIE
PanAOHATBHEIE YHCHA X', IS KOTOPHIX X' >,

Jlerxo BUAETH, YTO KJIACCH 3TH HE MYCTHIE ¥ 9TO X COAEPXKHUT H IOJO-
KWATEJbHEIC Yucia. ECiu B3sTH, HAIpHMEDP, HATYpPaNbHOE YUCIO m Tak,

1 1 1
yTo0BI OBLIO . <®<m, TO M HONaBHO W<oz<m", TaK 4TO WHCIO —

Bxomur B X, aunciom — B X'.
Ilpoune TpeGoBanusd, NpembABIIEMBIC K CCYCHHIO, MPOBEPAIOTCS HE-
HOCPEACTBEHHO.
ITycts Temeps & Gymer wmcno, ompexensieMoe cedenneM X|X'; moka-
n

xeM, 4To £'=0, T. e. uT0 &=} a. PaccMaTpuBas &7 Kak IpOW3BENEHHE 71
COMHOXHUTEJEH, PaBHBIX &, Ha OCHOBAaHHH OIPEIENEHHUS IPOH3BEICHHN
ITOJIOXUTENLHEIX BeIeCTBEHHEIX uncesa [14] 3axmouaeM, 9TO

XN < &n < x’n’
eCHH X U X' CYTh IOJIOKHUTEJIbHEIC PANMOHAJIbHBIE YMCNA, IS KOTOPBIX
O<x<€<x.
Tak kax, o4eBuIHO, X NMPUHAIIEKHT Kiaccy X, a X' — xyaccy X', 1o, IO
ONPENENCHNIO STUX KJIACCOB, OJHOBPEMEHHO M
Xt<o<x'm,

Ho pasmocTh X' —x MoXeT OBITh cleiaHa MeHbIIeH Jo0oro wmcia
e>=0 (9, 3aMevyanme), MpPUYEM HHYTO HE MEMAET CYATATh X' MEHBIIHM
HEKOTOPOTo Hamepel (GUKCHPOBAHHOTO YMCIA Xg. B TakoM ciyyae pa3H ocTh

XM xN=(x = X)(x' L+ x x4+ x ) <eonxgtt,

T. €. TAKXe MOXeT OHITh CIejlaHa CKoJib yrogmo Majoii *). Orcrona, mc
JeMMe 2, B ClIeAyeT PABEHCTBO dIHCEN &" I .

*) 3aMeTEM, 4TO YHCIIO € - 72X ! CTAaHOBATCA MeHbIAM JiroGoro gncna e’ >0, ecm
;

B3ATh €< > .
nxin—1
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ITocie Toro xak HOKa3aHO CYIIECTBOBAHHME KODHS, OOBLIMHBIM IIyTEM
YCTAHABIMBACTCA MOHATHE CTCIICHH C JIIOOBIM PAIMOHAJIbHBLM IO-
ka3aTesieM r ¥ MPOBEPACTCS, YTO [UIA TAKHX CTCNEHEH CIpaBeauBEl 0ObIY-
HbIC HPABHAJIA, BHIBOAUMEIC B KypCe 3JIEMEHTAPHOM anreGphi:

af v =, o e =,

(“r)rl = ,’s (“AB)’ =al. ﬁr’

a) ar
=5
IMomaepkreM emie, YTo UpH ¢ >1 cTemeHb «” BO3pacTaeT C BO3-
pacTaHueM PaUMOHAJIBHOI'O IIOKa3atTensd r.

19. Cremens ¢ JmoObIM BemleCTBEHHLIM RNOKazaTeaeM. OGpaTumcs
K ONPEeJIE/ICHII0 CTENEHH N0 60ro BemecTBEeHHOT 0 (I 0 JO-
KHTEABHOIrO) YHCHA & C NJIOOBM BEI[ECTBEHHE M II O-
kazaTtenaem f.

BseneM B paccMOTpeHde CTENEHH THCIA o

a o

C PaNMOHAJIBHBIMY MOKA3aTeJIMHA b U D', yIOBICTBOPSIONIMMH HEPABEH-
cTBaM
b<pB<b'.

Cmenenvio uucaa «.>1*) ¢ noxasamesem f nasviearom (u o6osHayarom
cumgonrom of) eewecmeennoe wucao 7y, codepxcaueecs mexncdy cme-
nenamu ob u «?’;

ab<y<al’, 4]

Jlerko yGemurncst B ToM, 4TO TaKoe 4HCJIO BCerja cyuiecTByer. Jleid-
CTBUTENIbHO, MHOXECTBO CTenereil {4’} orpaHmdeHo cBepxy, HaImpEMEp,
moboit crenensio 4. Bossmem Torma [11]

y=sup {«’}.
b<B

Jns aToro uucna 6yneM uMeTh

absy=<al’,
Ha piene xe 3HaK paBeHCTBA 3/1€Ch HE HYXEH, BBHAY BO3MOXHOCTH ¥ B €-
JHYUTh b yMEHBbMUTH b’, TAK 9TO IOCTPOEHHOE YUCIIO § YAOB-
sersopseTr yciaoBuam (1).

OGpatumcest Temeps K JIOKa3aTesbCTBY SAMHCTBEHHOCTH YHCJA, OIpe-

JIEJIIEMOFO STUMH YCIOBUAMM.

Hast 3TOTO, MpEXKIE BCETO, 3aMETHM, 4TO JeMMma. 2 [8] coxpanseT cBoIO-
CHIIy ¥ B TOM CIIy4ae, €CIH OMyCTUTh TpeGoBaHme, YTOORI YuCiaa s, s’ U e

*) OTEM ClyaeM MOXKHO OTPAaHEMHTLCS: OPH o< 1 monaraeM, HamphMep,

o {y”.
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OBLIM HENPEMEHHO PATMHMOHANBbHBIMM; [OKa3aTeJIbCTBO OCTAcTCA
TO Xe€.

3aTeM, YCTAHOBHM OHHO BeCbMa MPOCTOE, HO YacTO HOJE3HOe Hepa-
BEHCTBO, KOTOpOe MHOrAa CBA3BBAIOT ¢ mMeneM k. Bepuynau (Jac.
Bernoulli): ecau n — namypaavhoe uucao, 6osvuiee edunuysl, u y =1, mo

y*>1+n(y-1). @
JleficTBUTEIbHO, HONOXUB ¥ =1+ A, rae A >0, no dopmyne 6unoma H b 1o-’
ToHAa OymeM HMETh
(A+D)r=1+nA+...;

TaK KaKk HCHAIIMCAHHBIC YJICHBI IOJIOXKUTCIILHBI, TO
(1+2)">1+nl,

YTO0 PaBHOCHJIBHO HEPABEHCTBY (2).
1

ITonoxus 371ech Y =" (x > 1), MOTy4nuM HEPABEHCTBO

a—1

1
o _1<T’ )]

KOTOPBIM MBI ceifyac M BOCIOJIb3YEMCH.
Mb&l 3HaeM, 410 yucha b u b’ MOXHO BHIOPATH Tak, 4ToOBI Pa3sHOCTH

’ 1
b’ — b GplIa MeHbBLIE - pH n000oM Hamepen 3a4AHHOM HATYPaJIbHOM 7;
Torpa, mo HepaBeHCTBY (3),

1
o — o = b’ 0~ 1) < ab(a” — 1)<ocb$ .

Tax xax b Membuie mro6Goro (HO (GUKCHPOBAHHOTO) by, TO HOCTATOYHO
B3ATH
bo(or —
n>oc (e —1)

£ L4

riae € — IOPOH3BOJBHO MAJIOE MOJIOKHTEIBHOE YHUCIO0, YTOOBI OBIIO
¥ —ab<e.

B TaxoM ciaykae, o oOOOINEHHOM BHINE JIEMME 2, MEXAY I'DaHHLIAMH
ob 7 ab’ He MOXKET COJePXKaThCA OBYX p a3 JI M Y HBI X YHCEN 7.

Ecau § pangonaibgo, To JaHHOE BhIIIE OIPENesieHre BO3BpAIAET HAC
K 00OBMHOMY HOHHMAHHIO CHMBOJIA &P,

Jlerko UpOBEPUTH, 4TO AN CTENEHH C JrOOBIM BCIICCTBCHHBIM ITOKa-
3aTeJIeM BHITOJIHAIOTCS BCE OOBIYHBIE IS CTEIICHU MpaBria. OcTaHOBAMCSH
IJId MpAMEpa Ha MOKa3aTeJbCTBE NpABMJIA CIIOXKCHUS IOKa3aTeNed IIpH
YMHOKCHUH:

aﬁ . av = “ﬁ +7,
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Ilycrs b, b', ¢, ¢’ — mo6bie pauMoRATBHEIE YHCTA, LIS KOTOPBIX
b<f<¥b, c<y=<c}
IO OIpeNecIeHAI0 CyMMBI [12]
b+c<f+y<b'+c,
4 II0 OIPEEJICHHIO CTEICHH

W<af<a¥, af<a¥<a’ U abtc<gbtragttc,

TIepeMHOXHB NMOWICHHO TePBHIE [BA IBOMHBIE HEPABEHCTBA (c ywerom
TOro, MTO I PalMOHAIBHEIX HOKa3aTeNell MOKa3hIBAEMOE MPABHJIO YIKE
H3BECTHO), HMOJYyYHM

ab+c<“ﬂ, o <t +¢ .

Taxum obpasom, mBa wuHcna of+? u «f.a’ OKA3BIBAOTCH 33KIIEOYCHHBIMHE
MeXIy IpaHunaMu o’+e, a¥+¢, xoTOphle, Kak Jerko mOKa3aTs, MOI'YT
OBITH chenaHEI CKOMb yrozmo Gamskumu. OTcrona (mo 06o0werROH JeM-
Me 2) ¥ BHITEKACT PABEHCTBO 3THX YHCEI.

ITpoBepum eme, uto npm «>1 cremenws «f Bo 3 pacraeT ¢ BO3-
PacTaHUeM BEIUECTBEHHOrO Mokasatens 8. Ecim f<B, To, BcTaBuB pampo-

HAIBLHOE WHCIIO I MEXY HUMH: f§ < r < f3, IO CAMOMY OIIPEIeNIeHHEO CTENCHH
' C BEIIECTBEHHBIM IOKa3aTelieM OyneM HMeTh

<’ m a'<of, oTkyma af<ob

20. Jlorapudmer. IMonn3ysce maHabIM ONpPEIEICHAEM CTEHOEHH C JIFO-
ObIM BELIECTBEHHEIM NOKA3aTENeM, TENeph JIETKO YCTaHOBHUTD C Y LI €-
CTBOBaHME JNorapudma aug J0GOro IOJOKATEILHOTO Belie-
CTBEHHOTO 9HCJIA Y TIPH HOJOXHTETHHOM OCHOBAHWA ¢, OTJHYHOM OT 1
(MBr Gynem, Hanpumep, cauTaTh o > 1),

Eci cymecTsyeT Takoe paMMOHANBHO € YHCIO 7, 4TO

al=y,

TO r H €CTb HCKOMBIH jorapudm. ITpemmoNoXuM xe, YTO TAKOLO Palyo-
HAJIBHOTO 9HCJIA F HET.

Torna MoXHO TPOH3BECTH CEUCHHE B|B' B 06GnacTé BCeX pamHOHANB-
HBIX YHCEJI IO cnepyromeMy npasmity. K xnaccy B oTHeceM panyMoHAIbHEIE
9HCHA b, JUISL KOTOPEX a<9p, a K Kiaccy B’ — DPAalMOHANBHEIC WHCIA b,
D711 KOTOPBIX & >, v

TToxaxem, ¥ro knaccel B u B’ — me myctsie. B cuty HEPaBEHCTBRA (2)

ot >1+nex—1)>nlx-1),
H JOCTATOYHO B3SATh

b4
n>oc——1 ’
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4T00BI GBLTO & >7; Takoe HATYPAIbHOE YHCIO # OTHOCHTCA K Kiaccy B’
B To0 e Bpems umeem:

n_1 1
=<,
o nlx—1)

H JOCTATOYHO B3iATh

HETCE
9T00BL 65110 & "<y M UMCIIO — 1 NTOHAJIO B Kiace B.
Ocranbable TpeGoBanmsa, IpedBABIAEMBIE K CEUYCHHIO, 316Ch TaKXKe
BBIIOJIHEHEL.
IMocTpoernoe ceuenne B|B' onpenenseT BEILECTBEHHOE YUCIO f, KOTO-
poe ABISETCA «IIOTPARMYHEIM» MEXIY 4ucnaMu oboux kiaccos. Ilo ompe-
IENCHUIO CTEHEHH, HMEEM

d<af<a? (b<f<b),
pgpuieM of ecTh € IHHCTBEHHOE YHCIO, YIOBJIETBOPSAIOIEE BCEM
nonobHeIM HepaBeHCTBaM. Ho 1t qucna y mMeeM (1o caMoMy OCTPOSHHAIO
CEYCHUs)
b <y<ab,
CnepoBatesibHO, ’
f=y u f=log,y;
CylliecTBOBaHME Jiorapudma JokasaHo.

21. W3mepenne otpe3koB. HeBo3MOXHOCTh CHAOIUTH, OCTaBasACh
B 00NacTH palHOHANBHEIX HUHCET, BCE OTPE3KH JIMHAMH Takxke ObLIa
BAKHEHIIAM OOBOJOM K BBEJECHMIO HMppallioHANBHBIX wucel. IlokaxeM
TEHepb, YTO MPOU3BESACHHOTO PACIIMPEHISA YHCIOBOM 00JACTH JOCTATOTHO
IOJI PellleHN% 3a0a94 M3MEPDEHHUS OTPE3KOB.

IIpexne Bcero chopMynupyeM caMyro 3amaqy *):

Tpebyemcea ¢ KancOvIm NPAMOAUHEHHBIM OMpPe3Kom A C6A3amb HEKOMo-
Doe noaodxcumenvroe sewgecmeerntoe uucao 1(A), komopoe 6ydem Hazviéams
«Qaunoii ompeska A», max, umobst

1) nexomopuiii naneped evibpannbiii ompesox E («<maaon Oaunbly) umen
oauny 1:1(E)=1;

2) pasnvie ompesKu umeau OOHy u my ce OAUHY;

3) npu caoxcenuu ompesroe OauHa cymmul écezda Ovlia PAGHA CYyMMe
OAUH CKAQOBIBAEMBIX OMPE3KO8.!

1(4+B)=1(4)+1(B)

(«ceoiicmeo adoumusHocmy).
TJocrasiiennbie YCJIOBHA IPHBOJIAT K OQHO3HAYHOMY PEIICHMIO 3aa%H,

*) Msnl nomb3yeMcs 34ech MKOJbHBIMA CBEACHUSIMA MO I'eOMETPHHM M HE GopMmy-
JINpYEM OTHOCALIMXCA CIOAA aKCUOM.
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U3 2) u 3) caenyer, 4TO g¢- 4aCTh ITANOHA NOJXKHA HMEThb IJIHHY
1 .
E; €CIIM JK€ 3Ta YaCTh LHOBTOPEHA CJIaraeéMBIM p Pa3, TO IIOJYYECHHbIH
OTpPE30K, B CHIIY 3), KOJDKECH UMETh JUIHHY g . Taxum obpasom, eciu oTpe-

304 COM3MEPHM C ITAIOHOM IUIMHEL, H o6lIas Mepa oTpe3koB A u
E yxnanpiBaeTcs B HAX, COOTBETCTBEHHO, P U ¢ Pa3, TO HEOOXOIAMO

P
14)=2.

Jlerxo BUOETD, YTO ITO YACHO HE 3ABHCHUT OT B3ATOM oOLIell MepH! B 4TO
€CIM OTpe3KaM, COM3MEPHMBIM C 3TAJIOHOM, IPHIONMCATH PaNHOHAJLHEBIC
JUTHHBI IO 3TOMY IIPABUIIY, TO — JUIA 3THX OTPE3KOB — 3a/a4a A3MEPEHHS
OyZeT MOJHOCTBIO pelIeHA.

Ecam orpe3ok A 6onbine orpeska B, Tak 910 A=B+C, rne C ecthb
TakKe HEKOTOPHIA OTpe30X, To, B CHIY 3), HOJKHO OHITH:

1(4)=1(B) +1(C)

7, Tak Kak [ (C) >0, 1o I(A4) > [ (B). Itax, HepaBHbIe OTPE3KH JOIIKHBI HMETh
HEpaBHbIC [UIMHBL, & MMEHHO, Gonpumii oTpe3sok — OGOibUIYIO AIHHY.

Tax xak KaX A 0e MOJOXUTEIBHOE pallOHAJIBHOC YUCIIO ‘IE) ABJACTCA

IJIMHOM HEKOTOPOTO OTpE3ka, COM3MEPHMOro C 3ITAJOHOM IMHK E, To
H3 CKa3aHHOTO0, MEXIY IPOYHM, SCHO, YTO HH OJHH OTPE30K, HECOM3MEPH-
MBIii C 3T2JI0HOM, HE MOXKET MMETh PAHHOHAIBHYIO IJIHHY.

ITycte xe 2 OymeT Takoil OTpe30K, HecoHU3MepHMBHH ¢ E.
Haligercs GecuucieHEOE MHOXKECTBO OTPE3koB S U S', CousMepuMbIX ¢ E
H, COOTBETCTBCHHO, MEHBUMX MiH O06nbpimx 2 ¥), Ecim o6o3padmTh WX
sl Yepe3 s M 8 1 1(S)=s5, 1(S")=+5', To uckomas wmna /(L) nomxna
YAOBJIETBOPATh HEPABEHCTBAM

s<l(X)<s'*¥%),

" Eciu pa3Gurh BCe palMOBAJIGHBLIE YMCIA HA fABa kiacca S m S/, or-
HecAd K HIDKHEMY KJjlaccy S g@cna § (M KpOME HMX — BCE OTPHLATE/IbHBIC
yucia # 0), a K BepxHeMy Kjaccy S’ — 4ucia s, TO HOJYYHTCS CCUCHHE
B 00NacTH panmHOHANBHBIX YHCEN. TaK Kak B HYDKHEM ‘KJ4CCe, OYEBHIHO,
HET HauOOJBINEro YACHA, & B BEpXHEM — HAWMEHBIIETO, TO 3THM CEUCHHEM
ompefieNiieTCi HPPANHOHAJNBbHOE YACIO 0, KOTopoe M Oymer
€IMHCTBEHHBIM BEHICCTBEHHBIM HHCIIOM, YIOBJIETBOPSIOIEM HEPABEHCTBAM
s<o<s'. VIMCHHO 3TOMY YHCIY HeO0OXO0ZHMMO MOJOXHTE paBHOH
nnamy ().

IIpennomoxuM TeHepsb, 9TO BCEM OTpe3kaM, Kak COM3MEPMMBIM C E,
TaKk ¥ HECOM3MEPHMBIM, IPUIACAHBl AIUHLEI B COLJIACHH C YKA3aHHBIMH

*) D10 JNerKo NOKa3aThk, MCXOAS M3 I€OMETPHYECKON (aKCHOMEI ApPXHMena», O
KOTOpO# yxe Obuia pedb B 5.

**) Pasymeercs, ¥ JUIS OAMEEL OTpe3ka 2, COU3MEPUMOT O ¢ E, TaKKE Bbi-
HOJIHSIIOTCSA 3TH HEPABEHCTBA.
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npaBunamu. BrimosHenue ycnoBuit 1), 2) odeBmmmHO. PaccmoTpuM nBa
orpeska P, 2'c nnunamu o =1 (P), 0=1(X) u ux cymmy, otpesok T=P + 5,
In4Hy KoToporo obo3nayuM uepes 7 =/(T). B3sB JoGbie 1010KUTENbHbIE
palMOHANBHLIE MUCHA 7, I, §, s’ Takue, yTo

r<p<r', s<o<g,

IOCTPOHM OTPe3KH R, R, S, §’, It KOTOPHIX MMEHHO 3TH 9HCNA, COOT-
BETCTBCHHO, CIyxaT iuHamMu. OTpe3ok R+ S (nuunsl 7+ s) 6yaeT MeHb-
me T, a orpesox R+ S’ (mmmeer r'+ ') — Gompime T. IToaTomy

r+s<zt<r'+s'.

Ho [12] eppuCTBEHHBIM BEIECTBEHHBIM YHMCJIOM, COACPXAIMAMCS MEXIy
YHCJAMM BHOA '+ §*) ¥ qucnaMu r'+ s’, sBisieTcs cymma g+ o. CregoBa-
TEIbHO, T=Q+ 0, 4. ¥ TP. M.

Pacopoctpanenne «cBo¥CTBA aIIMTHBHOCTH» HA CIy¥ail M06Oro xo-
HEYHOIO YHCNIA CIAraéMeIX NPOU3BOAMTCA IO METONY MAaTeMaTHieCKo
WHIYKIAA.

Ecra Ba oce (BaumpaBineHHOM npsmoil) (puc. 1) BHGpaTh Ha-
YaJbHYIO TOYKY O M 3TasoH WinuHsl OF, To kadxcooli mouke X smoii npAmoti

44 a7 vZ ¢4
Oty —F X
lz ———d

Puc. 1.

omeeyaem HeKomopoe éewjecmeenoe yucao — ee abcuucca x, pasHas
amHe orpeska OX, ecan X JIEXKHT B IOJOXHTENBHOM HANPABICHHH OT
O, wiu 3710l ATHE CO 3HAKOM MHHYC — B IIPOTHBHOM CJIyHUae.

Ecrectenno BcTaeT Bompoc, OymeT s BepHO M obpaTHOE: Kaxcdoe
AU BEUJECMBEHHOE HUCAO X OMBeUaem npu SMom HeKOMopoii mouke npamosi 7
Bompoc 3TOT B F€OMETPHU PEHIACTCA B YTBEPAMTCILHOM CMEICIE — HMEH-
HO € IOMOIIBIO AKCHOMBL O HENPEPH BHO CTH NPIMOM, YCTAHABIIH-
BalOIWIEe# AN OpAMOH, kKaK MHOXECTBA TOYEK, CBOMCTBO, AHAIOIMYHOE
CBOMCTBY HEHPEPHIBHOCTH OGJIACTH BEeIIECTBEHHEIX wmcen [10].

Takum 06pa3oM, MeXIy BCEMH BEINECTBCHHBIMH YHCIAMH ¥ TOUYKAMH
HaNpPaBJCHHOM IPAMOH (OCH) MOXHO YCTAHOBATH B3aHMHO ONHO3HAYHOE
COOTBETCTBHE. BeINeCTBEHHEIE YHCIa MOXHO M306paXxaTh TOYKAMH HA OCH,
KOTOPYIO B CBSI3HM C 3THM Ha3BIBAIOT YU CIOBOH ochi0. ITomobmbiM
u300paxXeAHeM MBI BIPEb OCTOSHHO 6YeM IIOJB30BATHCA.

*) Orpammelme DOTOXHTCJAbHBIMHA YNCIAMH 7 H S, KOHEYHO, HECyHe-
CTBCHHO.



IF'JIABA TIEPBA S
TEOPUA IIPEJAEJIOB

§ 1. BapnanTa u ee mpenein

22. Ilepemennas BejH4HHA, BapmanTa. B ¢u3nke M B [OpyrEx Hay-
Kax o IPHPOAE YHATATENIO BCTPEYAJIOCh MHOXKECTBO PAa3iHYHBIX B € JI H-
YHH: Bpems, JUIHHA, o0BeM, Bec ¥ T. . Jlro6asd w3 HHX, CMOTp 1O 00-
CTOSITENIBCTBAM, TO HPHEMMAJIA DAa3JIMYHbIE 3HAYCHHS, TO JHIUL OMJHO.
B mepBoM ciryuae MBI AMeENA eN0 C NePEeMEHH O il BEIMYUHOMN, 4 BO
BTOPOM — C IOCTOSAHHOIM

B maremartuke, oIHako, MBI OTBJIEKaeMCS OT (H3HUECKOTO CMBICIA
PaccMaTPHBAEMON BEJMYMHBLI, HHTEPECYSACh JMIIL Y H CJOM, KOTOPBHIM
OHa BhIpaxaeTcs; QU3NYECKHil CMBICH BEIMYMHLI CHOBA IIPHOOpETAET BaX-
HOCTh, JHIIb KOTAA 33HUMAIOTCS IPUIOXKCHUSAMH MaTeMaTuxu. Takum
obpasoM, IyiA Hac MEpeMEHHAR BeNWIMHA (MJH KOpode — NEPEMEHHAs) sB-
JSeTCd OTBJUEYCHHOH MIM 9HCJIOBOMH nepemennoil. Ee 06o3na-
4ar0T KakuM-Ia6o cuMBotoM (GykBoit, Hanpumep, x), KOTOPOMY TIPHIIHCHI-
BaIOTCA YHCIIOBBIC 3HAYEHWS.

IlepeMenHasA cudTaeTCS 33 TaHHOM, €CIIM YKa3aHO MHO XK ECTB O
X'={x} 3HavYeHHH, KOTOpble OHA MOXET NPHHATH. IIOCTOAHHYIO
BeJIAIAHY (KOpode — NOCTOSAHHYI) YHOOHO paccMaTpUBATh Kak
YaCTHBIH CIy4Yail MepeMeHHOM; OH OTBeYaeT IPEIIIOJIONKECHHIO, YTO MHO-
%ecTBO &' ={Xx} COCTONT W3 O IHOT O SJIEMeHTa.

Ilpu ycramoBICHMH HOHATHA HpejJeJlla NEPEMEHHOM X HemocTa-
TOYHO 3HATH JIAIIb, H3 KAKOTO YHCIIOBOTO MHOXECTBa 4 IONyYacT 3Hade-
HAA 3Ta IEpeMeHHas; HeoOXomuMo eme 3HATH, KAKAEe HMEHHO 3HAYCHMS
(cpenu XOTOPHIX MOIYT GBHITH W MOBTOPSAIOIIMECS) M B KAKOM IOPSJKE OHA
npHEEMacT. OTKIafeBas HM3JIOKEHNE BOIPOCAa 0 HANPAaBIUEHHOM
NEPEMEHHOM U ee mpefene, B oOmeil mocTaHOBKe, MO KOHNA CIENYIONIEro
ToMa *) (KOTZa y YHTATe s HAKOMUTCS JOCTATOYHEIN OIBIT B 3TOM 00JIACTH),
MBI HOCBATHM HACTOSIIYO TJIaBY M3YYEHUIO OJHOTO, CAMOr0 MPOCTOro H
BMECTE C TEM BaXXHOT'0, YACTHOTO THIA TaKOil MEPEeMEHHOMH BeJIMIAHHL.

HavgeM ¢ yCTaHOBJIEHUS MOHATHA YUCIOBOM NOCJIEXOBAaTE JIb-
HocTH. IlpencraBmm cebe HaTypanbHBH pajn:

1,23 ...,n...,0,..., M

*) Cm. Tam Jonondenwe: « OGmas TOYKA 3pesus HA Openes.
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B KOTOPOM 4HCIa PACIOJOXEHBI B NOPsAOKE BO3pACTAHMA, TAK 4TO OOJIb-
mee YACHo 7’ CHEeNyeT 3a MeHbIINM YUCIOM 7 (MM MEHbIIee YUCIIO 1
opepmecTByeT SonpeMy unciay n’). Eciim Teneps 3aMeHHTH B psfe
(1), mo xaxoMy-HHOYIEL 3aKOHY, KaX/I0€ HATYPAILHOE YHCIIO 7 HEKOTOPHIM
BCLIECTBEHHBIM YHCIOM X,, TO HOJIyIATCH UHCIOBAS MO CJIE OB a-
TEJIBbHOCTH:

Xis Xgy Xgs ovvs Xns eevs Xnry ones )

YICHDB HIA 3J€MEHTH KOTOPOH X, 3aHyMEpOBaHH BCEMH HATY-
PanbHEIME YMCIAMH M PACHOJIOXEHB B HOPAAKE BO3pacTa-
HHEs HOMepoB. Ilpu n'>n wWieH X,, CIEeXyeT 3a WIEHOM X,
(X, TpenmWecTBYET X,), HE3aBHCHMO OT TOro, OyIeT JIH CaMo
YHCIIO Xp,, GOJIBIIE, MEHBINE HJIH HaXe PaBHO YACHY X, *).

Ilepemennyio x, npuHUMAIOWYI0 HeKOMOPYI0 NocAedoéame ab-
Hocmb (2) snavenuil, Mot — cnenys Meps (Ch. Méray) — 6ydem na-
3vigamb 6 apuanmod. DTo H €CTh TOT THI NEPEMEHHOM, PacCMOTpe-
HHEM KOTOPOIO MBI 3€Ch OIPAHMYHBAEMCS.

B mixosbHOM Kypce MaTEMATHKH YHTATEIO BCTPEYANNCH NEPEMEHHBIE
HAMEHHO THIIa BapuaHTHL. EMy 3HaKoMa, HAIpEMED, MO CJIE€ L0 Ba T € JI b-
HOCTDb BMOA

a, a+d, a+2d, ..., a+(n-1)d, ...
1 2 3 n

(apudmeTnyeckas IPOrpeccus) UK BUAA

a, aq, aq% ..., ag"’4, ...

1 2 3 n
(reoMeTprueCKas IpPOTPECCHS); NEPEeMEHHbI WieH Toi M Jpyrod mpo-
IpecCHA €CTh BAPH A HT a. '

B cBsizu ¢ ompeneneHHeM MUIMHBI OKPYXHOCTH OOBLIMHO paccMaTpH-
BaeTCs IHEPEMEHHBIH NEPHMETP HPABUIBHOIO BIMCAHHOIO B OKPYXKHOCTH
MHOT'OYIOJIbHHKE, IOJY4aeMOro M3 LICCTHYIOJbHUKA IIOCICHOBATEILHBIM
YABOCHHEM YHCIIA CTOPOH; TaKAM 00pa3oM, 3Ta Ba P Ha H T 4 IPHHUMAET
OOCJAE€NOBATEJNbHOCTDH 3HAYCHHUIL:

Pe=6R, pn=12R)2-V3,
1 2

p24=24RV§—V2+}/§, Pass -

YIomsmeM eliie o JeCATHIHOM IprGIIDkernH (CKaxkeM, IO HEJIOCTATKY)

K 2, CO BCC Bo3paCTa101ueﬁ TOYHOCTBIO; OHO HNPHUHHMMACT MO CJI€ I O-
BATECJAbHOCTDb S3HAYCHHN:

1.4; 1,41; 1,414; 1,4142; ...
1 2 3 4

U Takxe IpeacTasiasier coboil BapuanTy.

*) AHANOTHMHO ONpPEeHeNAETCS MOHATHE MOCIeNOBATENbHOCTH TOYEK HA
npsiMol W 00BEKTOB KakoH-1E00 APYro# OPUPOAbY
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Ilepemennyio x, mpoberaromiyio HOCIEAOBATENBHOCTD (2), 4acTo 060-
3HAYAIOT YEPE3 X,, OTONKACCTBIAS €€ C MepPEMEHHBIM («OOIUIM») WIEHOM
3TOH HOCHEHOBATEIBLHOCTH.

Wnaorpa BapmaHTa X 3aJaeTcsl TeM, YTO YKa3bIBAETCS HEIOCTP € -
CTBE€HHO BBIPAXCHUE ANA X,; TaK, B ClIyyae apuPMETHYSCKOH WIH
FEOMETPHICCKOM TpOrpeccMM HMMEEM, COOTBETCTBEHHO, Xp,=a+(n—1)d
W X, =ag"!. IIoJb3ysach 3THM BHIPAKECHHEM, MOXHO CPa3y BBEIYMCIATH
100 0e 3HAaUECHHEe BapHAHTHI [0 33JAHHOMY €r0 HOMEDY, HE BEIMHUCIASL
NpEeasIayIUX 3HAYCHMII.

Jns mepuMerpa NPaBUJILHOIO BIMCAHHOTO MHOIOYIOJLHMKA TaKoe
obuiee BEIpaXKeHHE BO3MOXHO JIHILIb, €CJIM BBECTH YHCIIO 7; BOOOIIE mepu-
METP pp, NPAaBHILHOIO BIHMCAHHOIO M-YTOJNBbHUKA JaeTcs hopMyioi

.. Tt
pm=2mRs1nE.

B ppyrux ciaydasx HaM MOXeT OBITH HEH3BECTHO BLIPAXEHHE IS
obmero unena x, nocuenosarensHoctd (2). TeM me Memee, nocredosa-
meavHocms (2), @ ¢ Helo u omeeuarowas el 8apUARMA, CUUMAemcs 3a0aHHO,
ecau movl gce dce eradeem NP ABUAOM, NO KOMOPOMY Moxcem 6Gbimb
6bIYUCACHO A 10 6 0 e 3HaueHue 6apuanmvl, AUUbL MOALKO U3BECEH e20
Homep. IloaToMy-TO, 3HAA TPaBHIIO IS NPHOIMKEHHOrO BBIMHCICHHSN
KODHEH, MBI MOXEM CYATATh 3aJaHHON BCIO IOCIIEHOBATEJILHOCTH MECH-

THYHBIX MPUOITIOKEHMH K }2, XOTS BHIPAXEHHA IS €ro oBIero uieHa Mo
HE 3HACM.

Ecnu BapuanTa ~ B yXKa3agHOM CMBICIE — 3a/laHa, TO 3THM HE TOJBKO
0XapaKTepH30BAHO BCE MHOXXECTBO IMPHHMMAEMBIX €10 3HAYCHHUM B IEIOM,
HO M ONpeJieNieH MO P AJ 0K, B KOTOPOM 3TH 3HAYCHUS NPHHUMAIOTCS,
KaXJOMy HOMEpY OTBEYaeT CBOE 3HAYCHHE BADHAHTHI, H M3 IBYX 3HAYCHUMI
TO CYATACTCS CIEAYIOMNIM, HOMEP KOTOpOoro Gosblie,

EBmé pa3 mojdepkHeM, 4UTO 3HAYCHHA BAPHAHTH HE [OJDKHEI OBITH
obs3aTenbEO pasimyabiMu. Hanpumep, ecniu 3aiaTh BADHAHTY ONHON H3
Gopmyt:

- n
2= 1D

Xp=1; xp=(-D™Y -

b4

TO COOTBCTCTBYIOIIHUC ITOCIICAOBATCIBHOCTH 6y11)’TZ

1, 1, 1, 1, 1, I ...
1 2 3 4 5 ]
1, -1, 1, -1, 1, -—-1,...
1 2 3 4 5 s

1 1
0, , 0, 5,0 TREE
1 2 3 4 5 6

B mepBoM ciyuae MBI HMeeM IPOCTO IOCTOSHHYIO BEJIMYHHY, BCE ¢(MHO-
" JXeCTBO» IPHHAMAEMBIX €10 3HAYEHHI CBOJHTCA K OZHOMY. Bo BTopoM -
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3TO MHOXECTBO COCTOMT M3 JBYX 3HaYeHMH, 1 ¥ ~ 1, mIpHEAMAEMBIX IO-
ouepenno. HakoHelNl, B TPETbEM CJydae MHOXKECTBO 3HAYECHWI HepeMeH-
HOM GeCKOHEYHO, HO 5TO HE MENIaeT 3HAYCHHSIM IEPEMEHHOH depe3 OqHO
paBusAThCs 0; M MBI CuMTaeM, 4To 3HadeHWe (0 HA NATOM MeCTE CledyeT
HE TOJBbKO 34 3HAUCHHEM | Ha BTOPOM MecTe, HO WM 3a 3HaveHmeM O Ha
IEPBOM MecCTe.

23. Ilpemen Bapuanthl. YuTaTelb M3 IIKOJBHOIO Kypca Takxke 3Ha-
KOM yXe C 9THM IOHATHEM. BOT ToUHOE er0 o pemeneHHuE:

Ilocmonnnoe uucao a Hasvieaemca npedesom eapuanmvl X=X,
ecau 048 Kaxncoo20 NOAOIICUMEALHO20 YUCAA €, CKOAb Bbl MAAO OHO Hu 6bia0,
cywecmeyem maxoii Homep N, umo ece 3HAUEHUA Xn, Y KOMOPWIX HOMED
n=N, ydoeaemeopaiom Hepasencmey

[xn—al <e. 3
Tor ¢akT, 4T0 @ sABIAETCA IpENENOM BAPHAHTH, 3aNHCHIBAIOT Tak:
limx,=a wmwm limx=gqg

(im ecTh coxpallieHHe JATHHCKOTO CjioBa limes, 03HAYAOMIETO «Ipenesi»).
T'oBopsT TakXe, 4TO MEPEMEHHAsA CTPEMHU TC A K @, H HANIYT

Xp~a@ WH X->a.

WHoii pa3 TUCHIO @ HA3BIBACTCS NPENEJOM HOCHEAOBAaTE b HO-
¢TH (2), # FOBOPAT, 9TO 3Ta IOCIEHOBATENLHOCTE CXOJUTCH K a.
To xe ompenenenre KOPOTKO MOXET GBITH CHOPMYIHPOBAHO Tak:

Yucao a ecmvb npedes 8apuanmul X = Xy, €CAU ee 3HAYEHUS OMAUYAIONICA
Om a cKoAb Y200HO MAA0, HAUUHAA C HEKOMOPO20 MeCmd.

Hepasenctso (3), riie ¢ mMpoH3BONBHO, M €CTh TOYHAS 3aIMHCh yTBEp-
XOEHUsI, YTO X, OT @ «OTAMYACTCA CKOJNb YTOIHO Mayios, a HoMep N Kak
Pa3 ¥ YKa3bIBa€T TO <MECTO, HAYMHAS C KOTOPOLO» 3TO OOCTOSTEIHLCTBO
OCYUIECTBIIACTCH.

Baxno nate cebe oT4eT B TOM, 4TO HOMep N, BooGime rosops, ..
MOXeT OBITh YKa3aH pa3 HaBCerJa: OH 3aBHCHT OT BHOOpa
yucaa & [dua Toro 4Tobbl MOMIEPKHYTH 3TO, MBIl HHOI pa3 BMecTO N
Gymem mucate N,. Ilpr YyMEeHbIICHHMH YHCIA € COOTBETCTBYFOILMIL
HOMEp N=N,, BooOIlIe roBOpsl, YBEJIHYHBAETCA: 4UeM OOJbuIeit
6sM30CcTH 3HAYCHHIT BapHaHTHL X, K a Mbl TpefyeM, TeM OoJjiee nanexme
3HaYeHusd ee — B pany (2) — HPEXOIHTCA PacCMATPUBATS.

Hckmouenre OpPEeACTaBISET TOT Ciydail, Koria BCeE B3HAYCHHI Ba-
PHAHTEL X, PaBHEI HOCTOSHHOMY 4HCIY a. O4eBHAHO, YTO TOrAa a=lm X,
HO Ha 3TOT pa3 EBepaBeHCTBO (3) OyaeT BEINIONMHATBCH Uil J0 60T O
&>0 OTHOBPEMEHHO NPH B C € X 3HAYCHUAX X ¥).

*) AmasormaHoe 0GCTOATENBCTBO IMEET MECTO AT BADHAHTEI X, , 3HAYCHAS KOTOPOi
CTAHOBATCS PaBHEIME @, HAYWHA A C HEKOTOPOTO MeEcCTa.
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Hepasenctso (3), kax Mel 3HaeM [17], paBHOCHJILHO CIIEMYIOIMM:

—e<Xp—a<e
IR @
A—E<Xp<a-+e,

3TIM MBI 4acTo OymeM NoNb30BaThCH BIOCIECICTBHH.

Ecnn u306pasuts yucna g, ate u 3HAYCHUA X, HaUIelt BADHAHTHI TOY-
Kamu Ha 4ucioBol ocu [21] (puc. 2), To mosyunTcs HarIsEHOE reoMeTpH-
YeCKOe WCTOJIKOBaHWe mnpejena Bapuanthl. Kaxoif 6l Manmiit oTpesok

a-& a+rs
([ £ .\
Zz \ Lner Zp / Ly Z;
Puc. 2.

(mmuHBL 26) C IEHTPOM B TOUKE @ HA B3ATh, B C e TOYKH X,, HAUMHAL C He-
KOTOpO#M M3 HHUX, JOJDKHBI NOTACTh BHYTPb ITOTO OTPE3Ka (Tak 94TO
BHE €T0 MOXET OCTaThCS Pa3Be JIANIL KOHSTHOE YUCIO 3THX Todek). Touka,
m3obpaxaromas mpenen g, sBIAETCS Kak OBl CPeOTOYMEM CryYCTKa
TOYeK, H300paXaIOMMX 3HAYCHHUS BAPHAHTEL

/24, Beckone9HO MaJkie BedHIHHDL Cry4ali, xorma BapHaHTa CTpe-
MHTCH K HYO: X, -0, mpeacrasiser ocoGblii MHETEpEC.

Bapuanma x,,, umerowan ceoum npedesom Hyaw, HazbI8aeMCE 6 e ¢ K O-
HeYHO MAAOH 6eAUYUHOU, HIM IPOCTO OECKOHEYHO Ma-
a0

Ecmu B onpenenenim npenena sapuantsi [23] monoxuts a=0, To He-
paBeHCTBO (3) mpumMeT BUI

[Xn—=0| =|x,|<¢ (mns n>N,).
Takam o6pasomM, maHHOE BbilIe ONMpeEENCHHE GECKOHEYHO MANON MOXKHO
mozipoGree chopmymupoBatk Ge3 YHOMHHAHUS TEPMUHA <IIPEIEI>;

Bapuanma X, nasvieaemcs 6ecKoHeuHO Maao0i, ecau oHa no
abcomomHoll  6equuuHe CMAHOSUMCA U OCMAemca MeHbuiedl cKotb
Y200HO Maa020 Haneped 3adamnozo wucaa &>0, HAuuHAA C HeKomopo2o
Mecma.

He Bmonme ynmawmeni (HCTOpHYECKH CIOXHMBIIHCS) TepMHH <«GeCKo-
HEYHO Majas» BEJIMYAHA HE NOJDKEH BBOJWTHL UHTATeNsl B 3abiyxienue:
HA OJHO B OTACHBHOCTH B3ATOE 3HAYEHUE ITOM BEIMUMHBI, CCIF OHO HE
HYJIb, HE MOXET KBJIH(HMIMpoBAaThCA, Kak «Mayoer. CyTh Aena B TOM,
4TO 3TO — M€ PEMEe HHA A BEIMIMAA *), KOTOpasi IHIILB MPoIecce
CBOEro H3MEHEHHUA CHocobHA CHENAaThCA MEHBINEH POH3BOJIBLHO
B34TOTO UHCIHA &.

Ecnu BepHyThCS X OOILEMY CIIyYal0 BAPHAHTHI X, HMEFOLICH npenen a,
TO Pa3HOCThb

An=Xp—a

*) Uckmoyas REHHTEPECHHIl cllyqall, KOr/ia OHA TOXIECTBEHHO PABHA HYJIO.
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MEXTy TEPEMEHHOH U e MPeNesioM, O4eBUAHO, OyneT OeCKOHEYno Matoif:
Bems, B cuny (3),
lon]| =% —a|<¢  (mnz n=N).

OO0paTHO, €CiH ¢, €CTh OECKOHEYHO Malaf, TO X,—~d. DTO NPHBOIAT
HAC X CIEHYIOMEMY YTBEPXKICHHUIO:

Haa mozo umobvl éapuanma X, umesqa céoum npedesom HOCMOSHHOE
uuci0a, Heo6X00UMO U docCmamoUHo, 4Mobsl pasHOCb MeHCOY
HUMU ot = X, — @ 6b11G OECKOHEeYHO MaAoil.

B cBs3y ¢ 31AM MOXHO GBUTO GBI HATH M JUIS MOHSTHS <HPEICI» KPYyroe
onpenencHue (PaBHOCHIIBHOE CTAPOMY):

ITocmosnHoe uucA0 a HA3bIBAEMCA Npeodeno M GaPUAHMbL X, €CAU
PA3HOCMb MeXCOy HUMU ecb GECKOHEeUHO Maiasn eAuyuHd.

Pasymeercs, ecii MCXOOUTh M3 3TOTO OOPEHENCHUS Ipenena, To I
6eCKOHEYHO MAJIOW HYXHO HCIOJIE30BATH BTOPOEC M3 MPHBEHCHHBIX BLIIIIEC
onpenenenuii. Muave momyanncs 65 mopoyHBlil Kpyr: NpeaeN onpenesaIcs
OBI wepe3 GeCKOHEYHO Mallylo, a Geckomeuno Manas — depe3 mperen!

Wrak, ecny BapHaHTa X,—+>d, TO OHA MOXET OBITh NpEICTaBIECHA B
BUIE ‘

Xn=a-+0o,,

rae «, ecTh OeCcKoHEUHO Maiyas, M o6paTHO, €CJU BAPHAHTA X, IONYCKAacT
TaxKoe HpeACTaBJICHAS, TO OHA MMCEET NPEJesIoM a. DTHM 4acTO HOJB3YIOT-
Cq Ha MpakTHKe JJI9 YCTAHOBJICHHT IIpefiesia MEPeMEHHOM.
25, Ipuamepsl. 1) PaccMOTpAM BapHAHTHE
1 (- D+t
Xn=—» Xn=——, Xn = >
n n
UM OTBCYAIOT TAKHE NOCHCAOBATEIBHOCTH 3HAYCHUIA:

1 1 1 1
> 21 3, 4, MRS ]
1 1 1
-1, ——, ——=, ==, ...
2 3 4
1 1 1
19 A bt Tt
2 3 4

Bce TPH mepeMEHHEIE NPEACTABIBIIOT COG0l GeckOHERHO Malbie, T. €. MMEIOT Ipe-
nenoM 0. JIeiCTBRTENBHO, AR HUX

|xnl =—x<g,
n

1
JHEING TONBKO #>— , Takam 06pa3oM, 3 kagecTse N, MOXKHO, HanpaMep, B3Th HAHOOIb-
€ *

1 1
mee Helloe 9ucio, cojepanieecs B —, 1. e. E (——) .
£ €

*) Boobme, yepes E(p) obo3nagaercs HanbombIIee Leiioe YACI0, He OPEBOCXOMSALICE
p, WA, KOpoUe, Helas YacTh wmcna p; E ects Havambpas Gykea ¢pasiy3ckoro
cnoBa Entier, 03HAYalomero 4Uenbiis.,
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OTMeTHM, YTO IEpBAasA IEepeMeHHAs BCe BpeMs Gompme cBoero mpepena 0, BTO-
pas — BCE BPEMs MEHBIIC €r0, TPeThb XK€ — IONEPEMEHHO CTAHOBUTCS TO GOJbINe,
TO MEHBIIIE €T0.

2) Ecnmu moJjoxaTh 24(-1Dn

Xn=——"—""—"""—,
n

TO TIepeMeHHast IPOOEraeT TAKYI0 HOCIENOBATELHOCTD 3HAYCHUIM:
31 3 1 3
35S
" B sTOM ciydae xp ~0, Tak Kak

2 s

|xn|s—=e
n

&
MBI CTaNKUBAEMCH 30€Ch C JIOOOMBITHON OCOOEHHOCTHIO: MEPEeMEeBHAast IOOYEPETHO
To npubnuxaeTcd k ceoeMy npepeny 0, To yaganseTCcs OT HErO.
3) Hycre Teneps
1+(-1)"
=T

n

3 3
Ui n>—, Tak 4710 3a N; MOXXHO HpHHATH E (~—) .
e

Xn
C 3TOH BApHAHTOH MBI yXKe MMENH IIejIo B KorIe 22, 3mecs Takxke x, ~0, u6o

lxn[<;<6,

2
JEIIB TONBKO n>N,=FE (—) .
&

OtMerrM, ¥TO A1 BCeX HEYETHBIX 3HAYCHMI 71 MEPEMEHHAs OKa3bIBaeTCA PABHOMN
CBOEMy Hpeneny.

OTH HpoCThIe NPAMEPHI HHTEPECHBI TEM, YTO OHU XapaKkTEpu3yIOT MHOTooGpasme
Te€X BO3MOXKHOCTEH, KOTOPHIC OXBAaTHIBAIOTCS NAHHBIM BBOIE OIpEACNICHAEM Ipeaena
BapuaHTH. HecymecTBenno, exatT I 3HAYCHNSA HEPEMEHHOK C OAHO M CTOP O H Bl
OT TpEeAeNa HIM HET; HECYIIECTBEHHO, NPHOIIDKACTCS JIM HEPEMEHHAA C K 2 XK A B M
IDNaroOM K CBOEMy IIpenelNy; HECyINeCTBEeHHO, HAKOHEN, NOCTHIaeT JIM HepeMeHHas!
CBOEro Ipenena, T. €. NPUHEMAET JIH 3HAYCHUS, PABHBIC npexeny. CymecTBEHHO JHIND
TO, O Y€M TOBOPHUTCS B OMpENENCHHH: IepeMeHHAs NOJDKHA OTJIMYATHCA OT IIpeAelia
CKOJIb YTOIHO MajO B KOHIIE KOHIIOB, T. €. IUIf HOCTATOYHO NAJIEKMX CBOHX 3HAYCHWIH.

4) Bo3bMeM Goree CHOXKHBIE IPHUMED BaPHAHTEL:

ni—n+2 .
TR

Xn

) 1
ZIOKaXeM, 4TO ee mpeaenomM Oyaer {ucio 3

C 3TO#f HENIBIO PACCMOTPHEM PA3HOCTD

1 - 5n+10
T3 3Gt 2n-4)
H OHEHHM ee aGCONIOTHYIO BETHUHHY, IUIA 7 >2 MMeeM:

Xn

1 5n—-10 5n S5n 1
Xpn——| = < < <—,
31 3(3nm*+2n—4) 3(3n2—-4) 3.2n* n
‘ 1 1
TaK 4TO 3TO BHIpAXXKCHHAE MeEHbIDE €, ecnu n>N,=E (—-—) . OTHM JI0Ka3aHO, YTO Xp —~~§ .
&

4 I'. M. ®pxrerroasl, T. I
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5) Onpepermtm Bapuanty Gopmynoit
1
xp=a"=Va (a>1),
H JOKaXeM, 9TO Xxp —~ 1.
Ecnm BOCTIONB30BaTECS HEPaBeHECTBOM (3) B 19, TO MOXHO HAMHACATS:

n
- a~1 a-1
xn—1]=)a-1<-—~"<¢ nwms TOMEKO N>N.=E .
n 3
Mosxso, ognako, paccyxnath u umaue. Hepasencrso
1

|xn—1]=a"-1<¢
PaBHOCHIBHO TakOMy:

1 1
—<loga(14+¢8) mwmu n>—-——,
n ga(1+¢) >loga, (1+e)
1
TaK YTO OHO BBHIIOJIHACTCS OpH n>Ns=E(————) .
logg (1+¢)

B cootsercTerH ¢ BEIGPAaHHEIM CIIOCOOOM PacCyXIeHds MEI IPHOUIE K D a 3 J i 4-

HBLM BeIpaxenuaM A N;. Hanpmvep, npu a=10, £=0,01 ponyyaem Ny = ool

=900 no mepsomMy criocoSy u No,o1= =231 — no Bropomy. o Bropomy

El——

0,00432...

crnocofy MEl DONYYAIM HAaHMEHBbIIE€E H3 BOSMOXKHBIX 3HAUEHHH I Np,01, u60
1

yxe 10%%1 = 1,010017 ... ormmuaerca or 1 Gombwe, yem Ha £=0,01. To xe Oyzer # B
obmeM cnyuae, 160, Kak JIErKO BALETDH, IpH
1

nS—————  HeoOxomuMo a" —1=c.

log, (1+¢) .

3aMeTHM IO 3TOMY NpPOBOAY, YTO MEI BOBCE HE 3aMHTEPECOBAHBI HMEHHO B H & H-
MECHBIIEM BO3MOXHOM 3HAYCHUA N, €CIIM pe4Yb MAET TOJNBKO 00 YCTRHOBIICHUM
¢akra cipemienus K mpepeiny. JOWKHO GBITH TapaHTAPOBAHO BBLOIOJHEHWE HEpa-
BeHCTBa (3), HayMHASA XOTh C KAKOTO-HAOYIOb MeCTa, NANEKOrO WM ONM3KOro — 6e3-
pa3nm4HO.

6) Baxunlit npaMep GeCKORSYHO MAJIOf NaeT BapUAHTA

xp=q", rtoe |q|<l.
s nOKa3aTeNkCTBa TOTO, YTO ¢y ~ 0, PACCMOTPHM HEPABEHCTBO

lan| = |q]" <&
OHO PaBHOCHIIBLHO TaKuM:
loge *)
n-loglg|<loge wm n>———r
loglq]

Taxum 06pazom, ecmi nonoxuts (cuuTas e< 1)

1
NS=E(£E_),
log |q|

TO OpH n>N, yOOMsIHYTOe HEPABEHCTBO HABEPHOE BBHIIOIHUTCH.
AHaNoruyHO, JIerko yGeauThCs B TOM, 9TO H BapHMaHTA

Ign =A- qn:
*) Tlon log x 3peck (m BOpenab) pasymeercs logy, x. Clenyer mMeTb B BEAY, 4IO

|g] <1 u log |q] <0; mosToMy mpm NefeHum o6emx JacTelt HEPaBEHCTBA HAa 3TO YHCIO
3HaK HEPABEHCTBA JOTXEH OLITh M3MEHEH Ha OOGpaTHbIM.
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rae Ho-mpexHeMy |g]l<1, a 4 — DOCTOSHHOE YWCIO, TaKKe eCTh GeCKOHEYHO
Maas.
7) PaccmotpuM, paiiee, GeCKOHEYHYIO YOBIBAONIYIO IEOMETPHYECKYIO NPOTPECCHIO

=a, aq, ag®, ...,aq"", ... (|g]<1)

M IIOCTaBHM BOHPOC 00 OMpeleNICHAN €€ CY M M Bl.
ITox cymmoit GeckoneyHOM TPOrpeccHH, kKak H3BECTHO, pPasyMeercsa Ipenern, K
KOTOPOMY CTPEMHTCA CyMMa Sp €€ n WieHOB npu Oe3rpaHuyHOM Bo3pactanwd n. Ho

a a
TAK 4YTO BapHAHTA Sn PA3HUTCA OT MOCTOAHHOTO 4HCiIa l_ Ha BCIIMYHARY 0y = —— . qn,
— q —

KOTOpasl, KAk MBI TOJBKO YTO BUJENH, ABJIAETCA OSCKOHEYHO MaJIOif. Cne,uonarenbno,
IO BTOPOMY ONPEACIICHUIO Mpenerna, NCKoMas CyMMa IIPOTrpPecCHU

R a
s=lm s, = .
1-4
TaxuM o6pa3oM, 3TO UHCIO SBASETCS CYMM O M OGeCUHCIIEHHOrO MHOXECTBA
YJICHOB MPOTPECCHH, YTO 3AMHCHIBAIOT TaK:
a
atagt+ag®+...+agt 14+ ..o=—u,
1-¢
8) IlycTe mane! ABa yrcna a u b. TIonoxuM x;=a, x, = b, a HOCHEAYIOINNE 3HAYCHUS
BapHAHTHI X;; ONPENe/IuM PABEHCTBOM
Xn—otXn_q
Xp=————  (n=2).
2
OTHEM BapHaHTa Xp, OEHCTBUTEILHO, 3a[jaHa, TaK KaK, mojaras 314ech n=2, 3, ...,
MOXHO HOCNEeAOBAaTEJbHO HAaliTH BCC €€ 3HAYEHHS, JO NIOOOr0 BKIIO-
YHTEBHO.
Ecnma m3 ofenx uacTell HAIMCAHHOIO PABEHCTBA BBIYECTb MO Xp_;, TO MOJYIHM

1
Xn—Xn..1= ——2—(xn_1—xn_2) n=2,3,4,...).

Taxum o6pasom, B psifly pasHOCTEH

X1~ Xp=b—a, x3=Xy, ..., Xn_1=Xn_g, Xn—Xn_y, +--

1
Kaxpas (HayMHAas CO BTOPOH) NOJYYAeTCs W3 MpeIbinyIell YMHOXEHHEM Ha —50 T. €.

1
MBI HMEEM 3ZI€Ch TEOMETPHIECKYIO IPOTPECCHIO CO 3HAMEHATEJIEM ——2—. Tax xak cymma

n €€ WICHOB €CTh Xn — a, TO, IIOJIB3YsACh N3BecTHOM HaM [cM. (7)] dopmymnoi s CyMMBL
MPOTPECCHH, Cpa3y IOMyYaeM:

b 2
lim (tn ~ @) = o= = (b~ @),

(-3) °
1-1 -=
2

OTKyHna YXE€ JICTKO 3aKIIOYUTh, ITO
2 2
lim xn=a+—3—(b—a)=a+3 .

4*
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9) HanonoGue reoMeTpuueckoif IPOrpecc MOXHO PAccMOTpPeTh I POH3BONE-~
HY IO NOCIeNOBATEILHOCTD YKCENT

iy Qyy Qg oy Ay one
W, O TOPSANAKY CKIIafbiBast UX, 0O6pa30BaTh ¢YACTHYHLIC CYMMBI):
Ay=ay, Ay=ay+a,, Az=a,+a,ta,, ...,
An=ayFay+ .. dan, ...
Eciu, mpu Ge3rpanuyHOM BO3PACTaHWU #, An CTPEMHUTCS K (koHeYHOMY HmM Gecko-
HEYHOMY) TpeAENy A, TO 3TO YHUCIO HA3BIBAIOT CYMM Ol BCEX B3STHIX YHCEN an M

OWIIyT
G +a,t+ ... Fan+ ... =A.

CHMBOIT B JICBOH 44CTH 3TOTO DPABEHCTBA HA3BIBAKOT O €CKOHE Y HEI M pAaAgoOM,
amcno 4 — ero ¢cyMmoi. IIpo pss, uMeromuit KOH e Y HY 10 CYMMy, FOBODST,
4TO OH CXOHHMTC S
Ilycre, HanpuMep, OaH psia
1 1 1 1

b —— L
1-2 2.3 3.4 n(n+1)

3mecs

_n(n+l)~ n n+l’
TaK 4TO B JAHHOM Cily4yae

d=f1-1 +( L, +( LI EPR
U 2) 2 3T T e e T A
OueBnaHo, An—~1, Tak YTO NPEANOKEHHbIH PSR CXOHUTCA M HMEET CYMMOM €IUHMILY.

Ecma psn ne nMeeT KOHEYHOH CyMMBI, IIPO HETo FOBODAT, YTO OH PACX O XU T C 5 :
TaKOB, HATIPUMED, DAL

1+1+. 0414...

26. HexoTopoie TeopeMb! O BapuaunTe, MMelouieli npemel. Ilycte
BapuaHTta X, aMeer npenen a. llpu moboM p<a (Mi1H ¢ >a) JNETKo I0A0-
GpaTs umcio & >0 Tax, 9To6b GHUIO

a-e>p (WM a+e<g),

[N 3TOFO JNOCTATOYHO B3ATH £ MEHBIUMM PasHOCTH a—p (HIH g — q).
Ho, no onpenenenmro npenena [23], maiinercs Taxoit HoMmep N, uto mnsg
n>N Gy[eT BHIHOJHATHCA HEPABEHCTBO [cM. (4)]

Xp=a-¢& (X,<a+te),
4 CHeNoBATENIbHO — H HOIABHO HEPABEHCTBO
Xp>p (WH x,<q).

1° Ecau eapuanma x, cmpemumesn k npedeay a, u a=>p (a<gq), mo u ece
3HAUEHUA nepementoll, HAYUHAA C HEKOMOPoO2o, modxce Gyoym

=p (=)
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9TO NPOCTOE MPEIIIOKEHHE NMEET PSL MOJIE3RBIX CICACTBHIL.

2° Ecau eapuanma X, cmpemumcs K npedeay a=0 (<0), mo u cama
nepemennas X, >0 (<0), wauunasa ¢ mekomopozo mecma.

Ans moxaszaTenbCTBa JOCTATOWHO NPHUMEHHTE NpebIayliee yTBepKIe-
Hue, B3sB p=0 (g=0).

MoxHO ycTaHOBHTH M GoJlee TOUHEIA Pe3yJbTAT:

3° Ecau eapuanma X, cmpemumcs K npedeay a, om aAuyuH o m y om
HY a4, mo, no kpaiineli mepe, 00 CMaAMOYHO daseKue 3HAUEHUS
Xn MO abcomiommuoil eeauuune npee3oldym HeKxomopoe noAoxcumensHoe

yucao r:
[X:]=r=0 (942 n=N).

HetictBurensHo, npu a >0 (< 0) MOXHO B3SThH
O<p<a (a<g<0)

¥ IOJNOXUTB r=p (r=|q|).

V4o C APYFOW CTOPOHBI, eciu éapuanma X, umeem npedea a, mo oua
AGAAEMCA 02D aAnUYEeHHOl, B TOM CMBICIE, YTO BCE e¢ 3HAYCHUS
II0 aGCONIOTHOMN BEJIMYUHE HE IPEBOCXOAAT HEKOTOPOH KOHEYHO! I'DAHUIGL:

[Xn|<M (M=const; n=1, 2, 3, co)

BozbsMeM uncito M’ > la|, Takuto — M’ <a<M’, u HOJOXHM p = — M’,
a g=M'. Haiinetca Takoit Homep N, uto mus n<N Oynmer

~M' <xy<M' wmm [X,| <M.

9TO HEPaBEHCTBO HABEPHOE BLIIOJHACTCS opu n=N+1, N+2, ..., Tak
4TO €My MOIYT HE€ YAOBIETBOPATEH JIMIUL mepBhle N 3HaueHHY Hamei
BAPHAHTHI (MJIM HEKOTODPHIE M3 HHUX).

IToatomy, ecou monoxuts M paBHsIM HauOOJBIIEMY U3 YHCEN

[l (%), .., [xn], M,

TO yXe Jia BCeX 3HaueHmil x, Oynem mmers: |x,[<M, 4. u Tp. I
3aMevanusa I Moxseo math ONPENENICHUE OI PAHUYCHHOCTH Hepe-
MEHHOH X, B PaBHOCHJIbLHOU (opMe, HOTpe6oBaB BHIIOJHEHAS HEPABEHCTB

k<x,<g (n=1,23,..)),

rae k B g — /Ba KOHEUHBIX YMCIIA. HeHCTBUTEIEHO, U3 ITHX HEPABEHCTB,
CCIH HOJIOKHTh M paBHBIM HauGoNBLIEMY U3 uuMCen k|, |g|, cmenmyer
[x:] <M; obpaTro, ecym mMeeT mecTo TmocenHee HEPAaBEHCTBO, TO OHO
MOXeT ObITh HAaNHCaHO B popme — M =x,=<M, Tax 4T0 — M Hrpaer ponp
k,a M — pons g.

II. Vreepxnenne 4° ne MoxeT GbITh ofpaineno: He BCAKas OrpaHi-
‘CHHAs BapuaHTa MMeeT pezel. Ecin momoxuTs, Hanpumep, x, = (— 1)+1,
TO 3Ta BapuaHTa, KOHEWHO, OrPa’HWYEHA: |X,|<1, Ho TpeAena OHA HE
HMeeT, BCe BpeMs KoJ1e0ach o +1 k — [,
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B s3aioueHue, ONMpAsChb Ha IpeUIOXKEHWE 1°, JoKaxeM € U H-
CTBEHEOCTH Hpeneia: '

5° Bapuanma X, He MOd4cent 00HO8PEMEHHO CIPeMUmbCA K 08y M pasiut-
HbIM Npedeaam.

JeHCTBUTENBHO, MOMYCTAM TPOTUBHOE: ITYCTh OAHOBPEMEHHO X,—>d M
X, b, IpmaeM a<b. Bo3bMeM mo6oe yMCIO r MEX Y aub

a<r=<b.

IocKkONBKY X, —~a U a<r, HalifeTca Takolt Homep N', uto it n>N !
GyIeT BHITOJNHATHCS HEPABEHCTBO: X,<r. C ApYroil CTOpoHSI, pa3 x,-b
u b>r, HaligeTca u Takoit HoMep N”, uro must n<N'"' oxaxercs: X,>Tr.
Ecnn 8371 HOMep 1 66mpiuM ¥ N', 1 N/, To COOTBETCTBYIOLIEE 3HAYCHUC
HepEMEHHOMN X, OyAeT OTHOBPEMEHHO M <! M >F, YTO HEBO3MOXHO.

3TO IPOTHBOPEUHE NOKA3HIBACT HALlle YTBEPXKACHHE.

27. Beckoneuno 0o0JblIMe BeamunmHbl, BeCKOHEYHO MaJIbIM BEIHYHHAM,
B HEKOTOPOM CMEIC]IE, IPOTHBOIOCTABIIOTCA GeCKOHEYHO 60 ib-
mue BeJNUUYMHHB (WK npocTo 6eCKOHEUYHO Gonpuue).

Bapuanma x, nazvieaemcs 6eckoHeunHOo 60aAbw 0, ecau OHA
no abcoslomuoil éesudune cmaHosumca u ocmaemca 6o avuieidl CKoAb
y200H0 6oavuiozo Haneped 3adannozo uucsa E >0, nauunas c nexomopozo
Mecma:

|x.| >E (042 n>Ng).

Kak ¥ B ciyyae GECKOHEUHO MAJIbIX, 3/1Ch TAKCKe CIIEHyeT MOaYep-
KHYTb, 9TO HA OJIHO B OT/JEABHOCTH B3STOE 3HAYEHHE BECKOHEYHO OobHION
BENHYMHBL HE MOXET OBITh KBANH(PHIUPOBAHO, KaK «6OJBINOEY; MBI HMEEM
30ech OENI0 C MePpEeMEHH O BEIHYHHOM, KOTOpas JMIIb B IIP O-
Hecce CBOero M3MeHEHU s cmocoOHa caenaThes Gojiblueil npo-
W3BOJILHO B3sATOro uucia E.

TIpumepamu GeckOHEYHO OONBIIHMX MOTIYT CIYXUTh BaPHAHTHI
Xn=n, Xn=-m xp=(—1)"tn,

KOTOpHIE MpoberaroT HaTypaibHBIA PAX YHCEN, HO NEPBas CO 3HAKOM ILIOC, BTOPas
€O 3HAKOM MMHYC, TPETBS XK€ — C YePelyIOIAMHACHA 3HAKAMH.
Bot eme oauH npuMep GeCKOHEYHO OONBIIOH BE/THYMHEBL

xn=0" mpn 1Q|=1.
JleiiCcTBUTENBHO, KakoBo Onl Hu Gpiio E=>0, HepaBeHCTBO
|32l =[Q|"*~E

BEHITIOJIHAECTCH, JIAIID TOJIBKO
logE %)

logl@|

n-log|Q|>logE wum n>

(logE)
E{——I1.
log| Q|

*) Tax xak [Q] =1, 10 log Q| =0,

TaK 4TO 334 NE MOXHO B3fiTb 9HCIIO
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Ecau eapuanma x,, agasemca beckoHeuno 60avwoii u (no xpaiineii mepe,
048 docmamourno Gosvwux n) coxpansem onpedesennviil 3nax (+ Wi —),
M0, 6 COOMBEMCMEUY CO SHAKOM, 2060PAM, YMO 6APUAHMA X,, UMeem N p e-
e +ooumu —oo, U NHIIYT:

limx,= +o0, x> +co
WJTH
limx,=~c, x,-—co.

Moxuo Gputo GBI IaTh [UIA 3THX CIIy4aeB H HE3aBHCHMOE oIpeneJie-
HUC, 3aMCHUB HEPABEHCTBO |X,|>E, CMOTps MO cTy4alo, HEpaBEHCTBOM

x,>E wm x,<-E,

OTKyHa yXKe BBITEKACT, COOTBETCTBEHHO, YTO X, >0 mmm x, <0.
OueBnnHo, 9T0 GecKoHETHO GoONbIIAS BeMIUHA X, B obmeM cny-
92 ¢ XapaKTepU3YeTCs COOTHOLUEHMEM: |X,| > + o.

W3 npuBeACHHEIX BEOIE TPUMEPOB GECKOHETHO GOMBITX BEJIMYMH, OYECBHIHO,
BAPUAHTA Xn =1 CTPEMUTCH K + oo, BADHAHTA Xn = — i CIPEMHTCA K ~ . UTO e KacaeT-
Csl TPETRel BAPUAHTEL Xp = (— 1)"*1n, To mpo Hee Heb34 CKa3aTh HE 9TO OHA CTPEMUTCS
K + oo, HH 9TO OHA CTPEMHTCH K — oo,

HaxoHen, OTHOCHTENBEO BAapHAHTEI xn=0" npu O>1 MOXHO CKa3aTh, 4TO OHa
CTpeMHUTCH K+, a upA Q< — 1 y Hee npegena Her.

C HECOGCTBEHHBIMHU YHCIAMY oo MBI YK€ CTAIKABAIIICE B 10; crexyer
TIOMHHTB, 9TO HMX IIPAMCHCHHE MMECT COBEPIICHHO YCJIOBHBIA CMBICH, H
OCTEPEraTeCA NPOA3BOIUTL HAX ITHMH «IHCIAMH» ApHPMETHIECKEE OIle-
pauui. BMecTo + e gacTo mumyT mpocrto o,

Baenenne GecCKOHEYHBIX IpPEJesioB HE HAPYLIAET TEOPEMBL O € O U H-
CTBCHHOCTH NIpPEJENa, YCTAHOBICHHOH B HpeIsIAymIeM n° (CM.
5°); meliCTBATENbHO, KaK YKa3aHO GBLUIO TaM XKe (4°), BapuanTa, mMeromas
KOHCUHBIH IIPENeN @, ABISETCS OTPaHWYEHHOH H, CIIeIOBATENbHO, HAKAK
HE MOXCT ONHOBPEMEHHO CTPEMHThCSI K 6€CKOHEYHOMY Impedeny.

B 3axmovenue ymoMsHeM o mpoCToif CBs3M, KOTOpas CyIIECTBYET
Mex/y GeCKOReHO GONBIIMME M GECKOHETHO MAJTHIMHU BETHYIHAMIL

Ecau eapuanma x, seasemca 6eckomneuro boavuioii, mo ee obpamnas

1 .
6CAUTUHA O = — 6yoem becxoneuno manoi,
n

1
BoseMeMm nr0Goe amcio £>0. Tak kax |%n] >0, To AnA wmcHa E=—8
HaiiieTca Takod HoMmep N, uTo

[xn]>—i—, JIIOb TOJNBKO #>N.

Torza nnst Tex xe 3paveHmit n, oveBmHO, GymeT
Jomn| <e,

YTO B HOKA3bIBAECT Hallle YIBEpXIeHHE,
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AHAJIOrH4HO MOXHO [0Ka3aTh B 00paTHOE yTBepXKICHHUE:
Ecau sapuanma o, (He obpawaiowanca é 0) asaaemcs beckoneuno maioti,

1 .
mo obpamuasn 045 Hee 8eAUNUHA Xn=> Oydem beckoneuro 60AbUOI.

2, Teopemsl 0 1t eeax, oOnervalonme HAXOXKCHHE
P p
npeaeciioB

28. TIlpenenpHblii mepexod B paBeHcTBe W HepaBencrBe. Coenmuss
IIBE BAPHAHTHI X, U J, 3HAKAMH PAaBCHCTBA IUIA HEPAaBEHCTBAZ, MBI BCErJa
IIOAPa3yMeBacM, 4YTO PEYb UAET O COOTBETCTB Y IO NI M X 3HAYCHUAX
HX, T. €. O 3HAYCHUAX C OXHHEM H Te€M X€ HOMEDPOM.

1° Ecau 0se sapuanmpsl X, u y,, npu 6cex ux U3MeHEHUAX DABHBI: Xp=Vn,
npudem Kaxscoaa u3 HUX uMeem KOHEeuHbli npede:

limx,=a, limy,=b,

mo pasubl u 3mu npedeavt: a=>h.

Henocpencreenro ciiefyer U3 eOUHCTBEHHOCTH npenena [26, 5°.

Otoii TeopeMoil moim3yroTcs 00bMHO B hopMe HpeEeNEeNIBHOT O
mepexona B PaBEHCTBE: H3 X,=y, 3aKIIOYAIOT, YTo lim x,=
=lim y,.

2° Ecau 047 08YX 8apUAHM X, Y, 6Ce20a GbINOAHACMCSA HEPABEHCNIEO
Xpn=Ypn, HDUYEM KAKHCOAA U3 HUX UMEEH KOHeUHblil npedea:

lim x,=a, limy,=5;

mo u a=b, :

Homycrum mpotuBHOE: mycTh @<b. Paccyxpmas Tak ke, Kak U B 26,
5°, BO3BMEM 9HCIIO F MEXIY @ U b, Tak uTo a<r<b. Torma, ¢ oHOI CTO-
poHBI, Halnercs Takoil Homep N', uro mus n>N' Oyner x,<r, ¢ Apyroit
ke — HalimeTcs M Takoit Homep N/, uto mig n>N"' okaxercs y, >r. Ecnu
N 6oipine o6oux wucen N', N/, To mist HoMepoB 1 >N OyIayT 0JHOBPEMEHHO
BBEIIOJIHATHCA 00a HEPAaBEHCTBA

Xp<F, Yn=r, OTKyJa Xn<Vn,

9TO OPOTHUBOPEYHT MPENIOIOKEeHII0. TeopeMa JIoKa3aHa.

OTa TeopeMa YCTaHABIMBAET HONYCTHMOCTh HPE€LE€IBbHOT O IIe€-
pexonga B mepasencTsBe (COEIHMHEHHOM C PaBEHCT-
B O M): H3 X,>J, MOXHO 3aKJIOYATH, uTo lim Xx,=lim y,.

KomneuHo, 3HaX > BCIOJY MOXKET ObITh 3aMEHEH 3HAKOM <.

MHu obpailiaeM BHUMAHME YUTATENS HA TO, YTO H3 CTPOroro He-
PaBEHCTBA X, >¥,, BOOOIIE ToBOpd, HE BHITEKAET CTPOTrO€ Xe He-
paBenctBo lim X, >lim y,, a TonbKo, Ho-mpexHeMy: lim x,=lim y,. Tak,

1 1
Hanpumep, E > - 7 IIpH BCEX #, H TEM HE MCHEC

lim = lim (-1)=0,
n nj.
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IIpu ycTaHOBNEHMH CYINECTBOBAHMS U BETHYMHLL npenesia BapHaBThL
MHOTJa OBIBAeT IOJIe3HA Teopema:
3° Ecau 0na eapuanm x,,, Vns Zn 6ce20a evinoansOmca uepasercmea

Xn<Yn<Zy,
nputem GapuaHmul X, u z, cmpemamcs K obuemy npedeny a:
lim x,=1im z,=aq,
mo u édpuanma y, umeem mom e npedes:
lim y,=a.
3amanuMcs DpoHM3BONBHBEIM &3>0, Ilo 9TOMY &, NIpeXIEe BCEro, Haii-
Agrcs Takoit HoMep N, uTo upu n>N'
a—-&<XxX,<a-e,
3aTeM, HalineTcss Taxoii Homep N, yro upu n>N"'
a-e<z,<qa+te.
Iycrs N Gyner Gonbime oGoux wncesr N’ u N ”; Torna, upu a>N, BbI-
HOJHAIOTCH 062 IpeNIecTBYIOUMX ABOMHEIX HEPaBeHCTBA, H IOTOMY
A—e<Xp<y,<z,<a-+e.
OkonuaTensno, npu n=N ‘
a-&<yp<ate WM |y,-al<e.
Taxum o6pazom, IeAcTBATENbHO, lim y, =a.
M3 stoit Teopemsl, B yacTHOCTH, CIIeIyeT: ecau npu écex n
a<sy,<z,

U US6ECMHO, YMO 2p~a, MO U y, ~a. BOpodeM, 3T0 OUCHB JIErKO NOKa3aTh
H HENOCPEICTBEHHO.

Teopemsr 1°, 2° u 3° jerko PACIpOCTPAHAIOTCA U HA ciaydali 6eckomey-
HBIX HPENEJIoB.

29. JleMMbI 0 GeckomewHO Manbix. B JaibHeHIMX TeopeMax HaM
NPUAETCS PAcCMATPUBATE OJHOBPEMCHHO IBE BapuanTel (wid Goisie),
coteTas uX MexAy cobolt 3HAKaMU apAQMETHIECKAX NeHCTBHIL. IIpm atoM,
Kak A BBHIIIC, MBI OTHOCHM 3TH 3HAKK K COOTBETCTBYXO MMM 3HA-
dcHisM BapuanT. Hanpamep, roBops o cymme nyx BaPHUAHT X, H ¥y, NIPO-
Oerarommx MOpO3Hb MOCHeNOBATENBHOCTH 3HAUCHII

xl,xz,xs, sy Xy oe s
H
y1,y2,y3’ cesVns ey
MBI NMEEM B BUOY BapHAHTY X, + ¥y, OPHHEIMAIOHTYIO HNOCNICOOBATECIILHOCTE
3HAYCHHU M
x1+yl, x2+y2, x3+_y3, ceey x,1+yn, ooy
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IIpn noKa3aTenbCTBE TEOPEM, OTHOCSIIMXCS K pe3ynpTaTaM apupme-
THYECKAX ONepalnii HaJ NEPEMEHHBIMHE, BaXHYIO POiib OyIyT HIpaTh Clie-
Jyronque JiBe JIEMMEBI O OSCKOHEYHO MaJiblX.

Jlemma 1, Cymma a106020 KOHEUHO20 YUCAQ GECKOHEYHO MAAbIX ecnmb
maxsce GeauuuHa OeCKOHeUHO MAanas.

ITpoBeneM HOKa3aTebCTBO IS CiIydas I B Y X OECKOHETHO MAJBIX o
4 f, (obumii ciryyail HCUCPIBIBACTCS AHAJIOTHIHO).

3amaaEMcst IPOM3BOIBHEIM HCIIOM ¢ > 0. CornacHo ompeneneHuro Gec-
KOHEYHO MalloH, X0 YHCIy & I GeCKOHEeUHO MaNoll «, HalmeTcs Takoi
nomep N’, uro npu n=N' Gynmer

&
Jotn | =3
TouHo Tak e u s Geckowewno maioit f§, Halierca Takol Homep N/,
yro nipu n>N"" Gynmer
£
|Bnl =3

Ecnu B3aTh HaTypamsHoe uucio N GdubimM oboux uymcen N' u N7,
To TpH n>N OIHOBPEMEHHO BBHINONHSIOTCA 00a ITH HEPaBEHCTBA, Tak
970

o+ Bl <o + ] <5+ =

Wrak, BemmyuBa «,+f,, HEHCTBUTENBHO, SABIAETCH OECKOHEYHO
MAaJIOH.

Jlemma 2. Ipouseedenue ozpanuyenHoil nepeMeHHol X, Ha beckoHeuHo
MAAYIO &, eCMb GeAUYUHA BECKOHEeYHO Maias.

IIycTh, ms BceX 3HAYCHUH 7,

|xn| <M.
&
Ecam 3anago npou3BoJibHOE YACHKO £ >0, TO 1O YHCIY 37 A 6ECKOHEYHO
Maoit a, HaiineTrcs Takoil Homep N, uto mus n>N Gyner

o] <.
M
Torpa mns Tex Xe 3HAYCHHH 7, OYECBHIHO,
&

M
OTcloa U CHEHAYET, YTO X, +X, €CTh OCCKOHEYHO Majad.

[%n+otn| = |%n |+ |otn| < M -

=E&.

30. ApmdMerHueckde onmepamEm Hal NepeMenmbivE. Crenyrouine
TEOPEMBI BaXXHbl B TOM OTHOIICHHH, 4TO C MX IIOMOMIBIO BO MHOTHX CIY-
qasx JeIaeTCsd HEHYXHBIM BOCXOXKCHIE BCAKHMA pa3 K ONpPeNCNCHHRIO
HOHSATHS <Ipefiei», ¢ PA3LICKAHUEM II0 33JaHHOMY € COOTBETCTBYIOLIEro N,
H T. 1. DT¥M BBYUCICHHAE TPEAEIOB SHAUUTENBHO obserdaercs.

1° Ecau sapuanmul X, U Y, UMeIOmM KOHeYHble npeoesl.

lim x,=a, limy,=b,
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mo u cymma (pasHocmv) ux makowe umeem KoHeuHbvlii npeded, mpuuem
lim(x, +y,)=a+b.
VI3 ycioBuSL TEOPEMEI CHENYET, 4TO

Xp=a+d,, Yp=b+f,, €))
rae o, u 3, — Oeckoneuno Mansie. Torma
Xntyn=(axb)+(x,+pB,).

3nech «,+f, ecTh GeckoHEUHO Manas IO JiemMme 1; CIeI0BaTEILHO,
HOJB3YsICh BTOPHIM OIpENEICHUEM IIpeZiesla, MOXHO YIBEPXIATh, YTO
BapuaHTa X,=*y, UMeeT Ipele, paBHBIM atb, uTo u TpeboBasocs mIo-
Ka3aTh.

JTa TeopeMa M €€ JOKa3aTeJbCTBO NEPEHOCATCA Ha Cydail Jro6oro
KOHEYHOI'0 YHCIA CIaraeMbIX.

2° Ecau 6apuanmul X, U y, UMelOM KoHeuHble npedesl:

limx,=a, limy,=5,
Mo u npoussedeHUe UX MAKice uMeem KoHeuHwlili npeded, u
lim x,,3,, = ab.
Hicxoma m3 Tex xke paBeHcTB (1), HMeeM Ha 3TOT pa3
XnYn=ab+(afn+bay +2.f,).

Boipaxenne B cKoOKax, B CHIy JemMM 1 u 2, €CTh BEJIUYHMHA OECKOHEYHO
Manasg. OTCIofia H CICAYET, YTO BAPUAHTA X,V,, NEUCTBUTEIHHO, MMeEET
npenenoMm ab.

Orta TeopeMa MoxeT OBITH pacmpocTpaHeHa Ha Ciydait moboro Ko-
HEYHOro YHCJIA COMHOXKMTENeH (HapIMep, METOAOM MATEMAaTHYECKOH HH-
IyKIHH).

3° Ecau eapuanmyl X, u y, UMerOm KOHeuyHwle npedesl:

limx,=a, limy,=5b,

npuuém b omauuno om 0, mo u omuoweHue uUX MaKdiCe UMeen KOHEUHbIL:
npedes, a uUMeHHo,
<X a
lim="==,
yn b
Hockoneky b=0, cornacHo yTBepxicHMIo 3° B 26, HAYMHAS C HEKOTO-
poro MecTa, He TOJNbKO yV,#=0, HO maxe

lynl >r=0,
rac r- - HOCTOSIHHOC YHUCJTIO. OrpaHH‘IHMCﬂ TEMH 3HAYCHUSAMH HOMEpA 7,

X
IUls KOTOPBHIX 3TO BBOIOJHACTCS; TOTOA OTHOIICHHE —- 3aBEIOMO MMEET
yn
CMBEICIL.
Hcxons, mo-npexnemMy, u3 pasencts (1), umeeM

xn_a_atan_a_ 1o
.Y‘rz -b_-—,b’f‘.gn b—byn(ban aﬂn)-
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Bripaxxenue B ckoOxax, B cuiy JieMM 1 u 2, ecTh Bejmunna GECKOHEYHO
Manasi. MBOXHTENIb X€ NpU HEM, HAa OCHOBAHHU CKa3aHHOIO BHAyalle,
OyoeT OrpaHHYeHH O NepeMeHHOI:

1 1

[B]1al = 1b]r"
CnenmoBaTensHO, N0 JEeMME 2, BCe IpoH3BecHHE clpaBa OymeT Gec-

|1
byn

w X
KOHCYHO MajablM, & OHO IPCACTABIACT Pa3HOCTh MCXKIY BapHaHTOU ;.'3
n

5 5 9TO H TpeGoBasOoCh HOKA3aTh.

a X
A uacnoM . Witak, mpenes y—" ecTp 2
n
31. Heonpenesennsie Bhipaxkemms. B mpenpimymiem n° Mbf paccMmart-
PHBANA BEIPAXKECHHS

Xn*¥n,  XnVn, In )
¥n

U, B IPEIIOJIOKECHNHA, 9TO BAPUAHTH X, U J, CTPEMATCS K KOHSYHBIM IIpe-
IenaM (U3 KOTOPEIX, B CIIy4ae YaCTHOIo, Mpejell ¥, He HOJuKeH OBLn pas-
HATBCS HYJIIO), YCTAHABIMBAJIM TPEJeibl KaXIOTO W3 STHX BBIPAKEHUIA.
OcTtapneHs!l 6K 6€3 PacCMOTPEHNS CIyYaM, KOTHa Ipelesibl epeMeH-
HBIX X, X y, (oOMH Wik 06a) GeCKOHEeYHH MWIH — eClM pedb HAeT
0 YaCTHOM — KOIla IIpefiell 3HaMEHAaTeNId H Y JI b. V3 3THX CIy4yacB MBI
3[eCh OCTAHOBMMCS JIHHIb HA YETHIpEX, IPeICTABISIOIHX HEKOTOPYIO BaX-

HYIO B MHTEPECHYIO OCOOEHHOCTD.

X,
1°. PaccMoTpHEM CHavaia 4YacTHOE 5]—” ¥ TMPeINoJIONNM, YTo o Ge Il e-
n

PEMEHHEE X, U}y, ONHOBPEMEHHO CTPEMITCS K HY JIO.
34ece MBI BIEPBBIE CTAIKMBAEMCS C COBCEM OCOOBIM OOGCTOATENBCTBOM:
XOTd HaM HM3BECTHBI OPEHEINB! X, U J,, HO O Npelesiec UX OTHOIICHHUS —
HE€ 3Haf1 CaMHX 3THX BapHaHT -— HHUKAKoro obmero yreep-
KICHHAS MBI CHENaTh HE MOXEM. Omom npeded, 6 3a8UCUMOCHU Om Yacm-
HO20 3GKOHA USMEHEHUA 0DeUux Nepemennblx, Moucem UMents pasauynsle 3Ha-
ueHusa uau oasce osce He cywecmsosamy. ClIenyIOIIME IIPOCTHIE TPHMEPHL
TOSICHAIOT 3TO.

1 1
Ilycte, ckaxeM, X,=— H Yn=5; 00e BapuaHTH! CTPEMSTCS K HYJIO.

n?
Xn 1
Hx orHOIIEHHE y—=;l. TaKXKC CTPEMUTCHA K HYJIO. Ecnn KE, Hd-
n
1 1
O60pOT, MOJIOXKHUTH xn=;9 ,Vn=;, TO XOTA OHHU IIO-NIPEKHEMY CTPEMSTCS

K HyJO, HA 3TOT pa3 MX OTHOUICHWE % =n CTpeMHTCs K <! Bass
Xe J1000€ OTIHTHOE OT HyJIS YHCIIO @ H IIOCTPOUB NBe GECKOHEYHO MAJIkie
x,,=s 4 y,,=%, BUIMM, YTO OTHOIICHME HX MMEET IPEACJIOM 4a
(Tak Kak TOXIECTBEHHO PABHO a),
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(-pr+

1
Haxonen, ecmu x,, = > Y=y (o6e mMeroT mpenesoM HyJb), TO

Xn +1
OTHOH.ICHI/ICy—=(—1)" OKa3blBA€TCs BOBCE HE HMEIOUUM
n
npepemna.
Taxmm oGpasom, oHO 3HAHME IIPENENOB BAPHANT X, K y, B TAHH O M

Clydac HC IO3BOJSCT CUIE CYLUThb O ITOBEICHWUM HX OTHOHICHUS. HE-
O6XOlII/lM0 3HaTh CaMM BapHaHTEHL, T. €. 3aKOH HX M3MEHCHHUS, 1 HE M O-

. :
CPENCTBEHHO HCCIEAOBATH OTHOIHEHHE y—” Hnist Toro, 4roGer xapak-
n
TEPU30BATE 3TY OCOOEHHOCTB, TOBOPAT, YTO KOrma Xx,—0 u Yn—0, 6bi-
X, 0
pavicenue }ﬂ npedcmasasem nHeonpeodeseHHOCM b 6uda o
n

2°. B cnyyae, Xorma OJAHOBPEMEHHO Xp—>too M Y, koo,
HMeeT MeCTo MoJobHoe ke o6CToaTenbcTBo. He 3HAa S caMHUX B a-
PUAHT, OOLIEro yTBEPXKACHHS O NOBENEHAM WX OTHOLICHWS CHEIATh
HEJB3sL. ITOT (GakT HITIOCTPHPYETCH IPHIMEPAMH, BIIOJHE AHATIOMHIHBIMI
NpHUBEIEHHBIM B 1°:

2 .
Xn=HR->co, Yn=n"—>co, y_n:}—z_»()a
2 Xn R
xnzn"‘»oo’ ynzn—»oo’ —-:n—yoo,
¥Yn
Xn
Xp=an- too (a=0), n =M~ oo, 5=
n
X
X =2+(-D"*n—>co, y,=n-oo, y_”zz,f.(*1)n+1
n

BOBCC HC NMEET upeneia.
X,
M B atom cnyuae roBopat, 4TO 6sipascenue }Tn npedcmasasem H e-
n
oo
onpedesennocmos — euda =.

O6paTuMCs X paccMOTPEHHIO TIPOU3BELACHUSA X, Y-

3 Ecau X, CTPEMHTCSA K HYJIIO, B TO BpeMs Kak J,
CTPEMHUTCSA K Foo, TO, HCCIEOYA MOBEICHUE IPOM3BENCHUS Xy, Vy, MBI
CTaJIKHBAEMCA C TaKOH e OCOGEHHOCTHIO, XaK M B MyHKTax 1° m 2°. O6
3TOM CBHIETEILCTBYIOT MPHMEPEL:

1 1
xn=’?—>0, Yn=Hn-—oo, xn)’n=;"0;

1

xn:”n‘_’O, yn=’12—>°°, XpnYn=H—>oo]

a
Xn=y=0@=0),  yp=n-c, xpyp=a-a

— 141
xn:_( ln)n -0, Yn=n-—>co, xnynz("])ﬂn1

BOBCE HE MMeeT mpejeia.
B cBsasu ¢ atuM mpu x, ~0 ¥ y, oo TOBOPSIT, YTO GbIpadMdceHue X,y,
npedcmasasem HeonpedesenHHocmb euda 0- oo,
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PaccMOTpHM, HAKOHEL, CYMMY X+ Vj.

4° 3nech OKa3bIBacTCAd OCOOBIM ciiydai, KOIZa X, ¥ Yy, CTPEMATCA K
OeCKOHEYHOCTH Pa3HBIX 3 HAaKOB: MMEHHO B 3TOM Clydae O CymMMe
Xp+ Yn, HUYETO ONPEHEIECHHOTO CKa3aTh HEJb3s, HE 3Ha s CaAaMHX Ba-
PHAHT X, U J,. Pasnu4abiec BO3MOKHOCTH, HPEJCTABIISTIONIIECS 31EC,
WILTIOCTPUPYIOTCS NPUMEPaMHM:

Xp=2n- +oo, Yp=—Nn~> —oo, Xp+Yn=n->+oo}
Xp=R-> +eo, Yn= —2n-> —oo, Xpn+Yn=—N— —oo}
Xp=n+a—+oo, Yn=—hn—> —oo, Xn+Yn=a-a;
xn=n+(—l)”+1—>+00, Yn=—H—> — anFYn:(_l)nH’

BOBCE HE WMMeEET IIpenesa.

BBuay 2TOro, TP Xp-> +o H Yp— —o°, TOBOPAT, YTO 6bipaceHue
Xp+ Yn npedcmasasem HeonpedeeHHOCMb 6Uda <o — oo

TakuMm obpa3oM, HocTaBEB cebe 3amadell ~ ONPENCNIATL NIPEICNBI
apuMETHIECKAX BBIpaXKeHmil (2) mo mpenesiaM BaphHaHT X, M Vn, M3 Ko-
TOPEIX OHHM COCTABJICHBI, MBI HAIIUIM YETHIPE Ciiyyas, KOTa 3TOro CAENaTh
HENb3d: HEOMpPEeNEeJNCHHEOCTH BHOA

o *
g s »;— N 0 - w, oo — OO ) -
B stux clay4asX IPHXOOUATCS, YYHMTRIBAS 3aKOH H3MCHCHHMA BapHAHT X,
U Vp, HEDNOCPEACTBECHHO HCCICAOBATH HHTEPCCYIOLICC HAC BbI-
paxeHue. HO)IO6HOC HCCJIEIOBAHUE ITOJYYHJIO HA3BAHUE PACKPHITHC
HEONPpECHUCJICHHOCTH. Z[anexo HE BCErJa OHO TaK IIPoCTO, Kak
B IIPUBEJCHHBIX BBIIIC CXEMATHYCCKHX IIPHMCpAX. Huxe MBI YKaxeM HE-
cKoJIbKO Oonee WHTCPCCHBIX NPUMEPOB ITOr0 poxa.

32. TIpavepnl ua Haxomuenne mpeaenos. 1) Ilyctb p(n) OymeT MHOTOWIEH, UENbI
OTHOCHTENILHO 11, C TIOCTOSHHEBIME kKo3ddaieaTamMu:

Py =agnt +ank—1+ ...+ ag_yntay.

TocraBaM BOIpOC O mpexnele ero. Ecim 651 B Ce Kko3ddHumenTs: 3T0ro MHOTOWICHA
ObUIN DOJIOKHTEILHLI (OTPHIATENBHEI), TO CPa3y $CHO, YTO OPEeNesioM p(n) Gynmer
+o (—<). Ho B cuyuae kodpUnueHTOB Pa3HeiX 3HAKOB ONHU UIEHBl CTPEMSATCH
K + oo, IPDYTHE K — oo, ¥ HANIAIIO HEONPEAENEHHOCTD BHAA o — o,

JI7Ist pacKpHITHS 3TO# HEONPENENCHHOCTH NPEACTaBEM p(n) B BHJE:

a ag_, a
p(n)=n"(ao+—l-+...+ ko1 K
n nk—1 pk

Tak Kak BCE CilaraeMble B CKOOKaxX, HAuMHAas CO BTOPOTO, IPH BO3pAacTammM n OyayT
GeCKOHEYHO MaJIbIMH, TO BHIPAXECHME B CKOOKaxX MMeeT HPEAECNIOM &y ; HEPBBIA ke MHO-
XHTENb CTPEMHTCS K -+oco. B TAKOM ClIy9ae BCE BBIPAXEHWE CTPEMUTCS K oo WIH
K — e, B 3aBACAMOCTA OT 3HAaKa 4.

VHEYTOXCHHE <HEONPENENEeHHOCTHY HyTeM npeob6pa3oBaHUs JaHHOIO
BBIpAXEHHA (4eM MBI 30eCh BOCMOJb30BANMCE) YaCTO MPHMEHSETCS AJIA PacKpHITASA
HEOUpPeNeNICHHOCTH.

*) KoHEeYHO, CAMBOJIBI 3TH JIKMIE€HB BCAKOI O YUCIOBOIrO CMpBiCia.
Kaxent u3 HUX SBISETCA JHMb KPATKOH YCIIOBHOM XapaKTepHCTHKOH AN BBHIPAXCHHIH
OIHOTrO M3 YETHIPEX THIIOB HEOMIPEACTICHHOCTH.
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2) Ecnu g(n) ecTh TAaKO# ke MHOTOWIEH
gy =bgn! + byt~ 4. . by _n+ by,

oo

p(n)
TO 4YaCTHOE 7_5 IIpPA BO3pacCTaHVH 1 nopeacrasuT HEOIIPECACICHHOCTh BHOa —.
q\n

o
IIpeoGpasys U 3pech Kauwiif U3 MHOTOWIEHOB TaK, KaK 5T0 OBIIO CHEAHO & 1),
TIOJIy9HM;

4} ay

Gyt —+ oot —

p(n) nk
gkl .

q(n) b by

byt=+... +—

n

ay
Bropoi#f MHOXHTENb 3[0€Ch MMeET KOHEUHBIA Ipejen e Ecimn cremenu o6onx

)
. P *)
MHOTOWICHOB DaBHBL: k=/, TakoB xe OymeT ¥ mpeHesl OTHOMEHHS — . TIpn

q(n)
k>l nepBHIi MHOXUTENL CTPEMHTCI K +o, TAK 4TO

paccMaTpuBaéMOe OTHOIDCHHE CTPEMHUTCSI K & oo

(:maxc — B 3aBHCHMMOCTM OT 3HaKa ?) . Haxosen, N
0
npu k </, mepBsIl MHOXWUTENb, & ¢ HUM H BCC BBIPAXKE-
HHE, CTPEMHATCS K HYJIIO.
3) Haiimu o6sem V mpeyzoasnoii nupamuder SABC S
(puc. 3).
Paznemis BeicoTy H TEpaMuasl Ha 2 PaBHBIX
4acrel, NPOBEAEM Y€pe3 TOYKH HENIEHHS IDIOCKOCTH, /
MAPAJUIC/IbHEIE IUTOCKOCTH OCHOBaHMA. B ceueHmHM mo- X
JIyYaTCsA TpPEyroJIbHEKH, HONOOHBIE OCHOBaHUIO. I[lo- A
CTPOMM HAa HHX CHCTEMY BXOASINUX M BBIXOASIIHX v )
TIpU3M; U3 NEPBBIX COCTABMTICA TeNO C o6beMOoM Vj, ¢
a U3 BTOPHIX — Telno ¢ o0seMOM Vj, npuyeM, oge-
BHU[IHO, Y/ 4 A
Va<V< Vf;. \

Ho pasmocte V-~ Vi ecTh He uTO HHOE, KaK 0OBEM .
HIDKHeH BBIXOASIMICH NPA3MBI C OCHOBaHWEM (= i
H [

N
N

=mwt. AABC u BHICOTOM — ; HTaK Pa3HOCTH )
n

QOH Puc. 3.
Vi=Vn="n=0
n
4
NPH BO3PACTAHWH 1, & TOTAA TeM Golee CTpeMsTCS K HYIO B Pasnocte V-V, u Vi—V,
T. €.

V=Ilim Vp=1im V;.
Haiinem Teneps Bripakerme ans Vj;. MBI HMeeM 37€Ch TeJI0, COCTABIEHHOE H3 paga

BBIXOZISIIMX OPH3M; IO CBOXCTBY CeYCHMH MHPAMHUAL], WX OCHOBAHWS, COOTBETCTBEHHO,
OyAyT paBHBIL

~0.20,..,20,..,%0-0
e 1;1'5 :"'7n2 ""’nz s

1
*) Tax MOXHO GBUTO 651 HONYYHTE PETeEN 3 B nnpuMepe 4) 25,



64

)L 1. TEOPWS IPEAEJIOB [32

H
B TO BpeMs KaK BBICOTa Y BCEX ONHA U Ta XKe: 7 TTosTomy

V,;=g (124224 ...4n2)
n2

TaK 4TO

H

n

OH n(n+1)2n+1) _ % (n+1D@2n+1) %)

nd 6 6 n2 ’
H
V=1lm ¥V, =QT .

4) Haiimu naowade Q duecyper OPM, obpaszoeannoii uacmeto OM napaboast y=ax®
(a>0), ompeskom OP ocu x u ompesxom PM (puc. 4). PazoOneM orpe3oxk OP Ha n paBHBIX

g
y=ary
M
7 /A
Puc. 4.

yacTel W IOCTPOMM HA HEX PO BXOAAIIMX
H BHIXONMIIMX NPSIMOYTONBHHEKOB. Ilnomanm
On ¥ Qf COCTaBIIEHHBIX M3 HHMX CTYIECHYATHIX

x
(Guryp pasHATCA IUIOMAABIO — « ¥ HauGOsbINEro
n

npsmoyronscuaka. OTCioaa, XKaKk u B 3), pasHOCTh
On—-0n—0 u, TaK KaK

On=<Q0< Q;I P
OYEBHANHO,
Q=1im @, =lim Qp.

Tak Kak BHICOTHI OTHENBHBIX IPSIMOYIOJb-
HUKOB CyTh OPOMHATHI TOYeK mapaboisi, ¢ adc-
IECCaMK

1 2 i n
Xy Xy eaey T Xy eeey, X=X,
n n n n

B — B COrJIaCHM C YPAaBHEHHEM KPMBOM — BEIHMYMHA UX DaBHA, COOTBETCTBEHHO,

TO st QF, TONIYYaEM BBIDAXKEHHES

22

i2

a-'—l—zxz, a--n? X%, ..., a--,sz, ceey A X3,

2

ax
Qn=

o

Orcrona

(124224 ... +n). ==
n

x ax® (n+1)(2r+1)
~6— n? ’

Om»lpam:L H2 9TO, JIETKO IOJYy4YHUTh, YTO NJIOLIAAb napaGOquecxoro CerMeuTa

4
M’'OM papHa gxy, T. & —

IOBYM TPETAM IUIOMAOH OIMCAHHOIO HNPAMOYIOJIBHHKA

(3TOT pe3yisibTaT OBUT H3BECTEH eme Apxumeny)**).

*) 3mech MBI HCHOJIb3YEM HW3BECTHYIO GOpPMYIy VIS CYMMEI KBaApaTOB HEPBBIX

n HaTYPAJILHBIX YHCEIL.

**) O6mee ompenelecHHE INOMand KpuBoimHelnou ¢urypsr Oymer maHo

TMmb B rjase X (BTOPO# TOM); TaM Xe MPAMEHEHHBI! 37IeCh METON BHIYUCHEHHU A
miomanyu 6ynetr oGo0nicH Ha Apyrue KpUBOJMHENHbIE QUTYDHI.
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5) Joxazats, 4ro npu O<k<1,
lim [(u+ 1)k -k} =0,

Mer uMeeM 37eck HEOTpPEHENEHHOCT: BHAA o — . IIpeoGpasyem, semocs nk 3a
CKOOKy:
1)k 1 1
0<(n+l)k—n"=n"[ 1+— —1]<nk[ 1+— —-1]=———-.
n n m—k

Tax kak ~0, To 1 nogasuo (n+ 1)k —pk -0, u. u Tp. 0.

ni—k
6) HaiiTa npenesi BapmaHThI
xn=Yn(Yn+1-Vn),
NPEACTABIOEH (COrIACHO HpPEMBIIYyIIeMy HPUMEPY) HEOHpPEAEIeHHOCTh BUga o0,
YMHOXas v nenst Ha cymmy KopHeil Vn-+1-+ Yn, npeo6pasyem nanuoe BBIpaKeH U

K HCONIPEACIICHHOCTH BHAA — :

— UMV y
x,,:V?z-WH yn)(]/n+l—i Vl;)z ]_n _.
Vn+l+Vn /n+1+n
HAKOHEL, IC/IUM YUCIHTENb M 3HAMEHATENb Ha |/
1

1
T+—+1
n

1 1
I< i I+—=<1+—;
n n

T2K KaK BBIDAXKCHHE COPABA CTPEMHTCH K 1, TO DTO XK€ COPABEIMBO M OTHOCUTEIBLHO
KOpHs. OKOHYATENbHO,

Xn=

Q4eBUAHO,

fim x, !
Xn 5
7) Haiitu npepensl Bapuant:
n n
Xn=————, yn=—r—r—
Vr24n Y +1
M, HAKOHEI,
1 1 1 1
Zp = ——— ——+ ... — ...+ .
V241 Yn242 Vnz+i Vrz+n

=

Bapuaursl xp H yn OPEACTABNAIOT HEOUPEAENECHHOCTb BHIQ — (TaKk Kak 06a
o«
KODHA =7, TO OHH CTPEMATCA K <), IIpeobpasyemM, Zens YMCIUTENs ¥ 3HAMEHATEIL
Ha
1 1

gpes—Y Yn=——m—.
1 1
14— I+
n n?

Tax xak oba xopHs B 3HAMEHATeNe UMeOT npenenom 1 (cp. OPEAbIAYLIU TIPEMED),
TO Xp—=~1 ¥ yp-1.

Xn=

5 I'. M. ®nxrenronst, 1. 1
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BeIpaxkeHHe IIA zp UMEET CBoeoOpasHylo GopMmy: Kaxaoe claraeMoe 3Toi CyMMbL
3aBUCHT OT 1, HO M YHCJO HX pacTeT BMecTe ¢ n*), Tak xak kaxzmoe cna-
raeMoe MeHbIIE 1IepBOro ¥ Oonbine MOCISOHEro, TO

n n
<Zp=< »

Vn2+n Yn2+1
Ho (cornacHo yke Hai{iEHHOMY) BAPHAHTHI Xp H ¥n CTpeMsrTcA K oOumiemy npeneny 1;

CleioBaTeNbHO, — MO Teopeme 3°, 28, — K TOMY e PEAey CTPEMUTCS ¥ BAPHAHTA Zp, .
8) ITycTb NaHO M MOJOKUTENbHBIX YHCEN

T. € Xn<Zp<Yn.

Qys Qg5 vy Om-
O603Ha4as yepe3 4 HauGONbIIee H3 HUX, AOKA3aTh, YTO

n
. n, n, . .n
hmVa1+a3+ R A
3aKIIFOYEHHE 3TO CIIEAYET B3 OYCBH/IHALIX HEPABEHCTB

n n
A<V +di+... +da<a-Vm
[em. 25, 5)1.
9) Mgl Bunenu B 27, 9TO IpH @>1 CTemeHb a” ~ + < (C BO3pacTaHHeM n). Uccre-
IyeM Tereph NOBEACHHE OTHOMMCHWS
ar
nk
o
(npu k > 0), IPEeACTaBIAIOHIErO HEONPEAEICHHOCT BUIA — .
VCTaHOBUM OJHO BCIIOMOIATENbHOE HEpaBeHCTBO [cp. HepaBeHcTBO BepHynnu
B 19]. ITonoxus a=1+4, Tak yto 4>0, mvmeem no gopmyne 6unoma HproTOHA:

-1 -1
a“=(1+2)"=1+n1+n—(”2—) 2. >f("2—) Az

n
Tak xak nns n>2, odesuaHo, #— 1 >,£ , TO OKOHYATENBLHO,

(a-1)2

at > ——— 12,

2 n 3)
Ilpu k=1, nonysaeM cpasy

at (a—1)*

e g

n 4

TaK 9To
. ar

lim —= 4o,

n

Tak KaKk 3TOT Pe3yibTaT BepeH OpE N 6oM a>1, To, B3AB k>1, MOXeM Ha-
macaTs (DO KpaiHel Mepe, LA HOCTATOYHO 60MBUIMX 7)

e b
al‘l 71 n
2],

n n

OTKYyAa

. at
lim —=+e (a>1).

nk

*) BTy %e 0cOOEHHOCTh, BIPOYEM, HMENH ¥ BEIPAXCHUA A% Vnu Q;, B 3), 4).
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HoxaszauHbiil, TakuM 00pa3oM, i k==1, 3TOT pe3yapTarT TeM G6onee Oymer
BepeH ¥ Ona k<1.
10) Tem xe HepaBeHcTBOM (3) MOXHO BOCHIOJNB30BATHCH, YTOOBI YCTAHOBHTH, YTO

n
lim Yn=1.
n
ViMenno, nonaras B HeM a= |}z, Donyyum

2 N
n>= (V- 1)y
OTKYyZa n 2
0<Vn-1<=,
n

YTO ¥ NPUBOAMT X TpeOyeMOMY De3ynbTaTy.
11) Tenepe MBI MOXEM YCTAHOBUTB M JPYTO#f MHTEPECHBI Npene

. loggn
lim

=0 (a=1).

o0
3pech MBI CHOBA MMeeM HEONpENENieHHOCTh BHAA —, ¥u0O, Kak JIETKO [0Xa3aTh,
loggn—++. had
JeHCTBUTENLHO, €CTIM B3ATH OPOM3BOJBHOE HHCHO ¢ >0, TO, MOCKONBKY at> 1, mns
ROCTaTOYHO Gonbmux n Gynet [26, 1°)
n
Va<as.
JlorapupmMupys 00 OCHOBAHMIO g, MOJYYHM

iogg n

<£’

n
OTKYZa 4 CIeAYEeT BBICKA3AHHOC YTBCPXIACHME.

33. Teopema HItomsua u ee npuvMencuus. [is onpesesieHUs PEAEIOB HEONPEAEIICH-
Xn o
HbIX BBIPAXCHMH — THOA — 4acTO OBIBAET MONE3HA CIEAYIOLAs Teopema, NpHHALIe-

Yn o
xamas rtonpny (O. Stolz) *). .
IIycmy eapuanma yp ~ + oo, npuuem — xoma 6vi NQUUHAA C HEKOMIOPO2O Mecma ~
C 803pacmanuem n u yp 603pacmaem: yn.y,=>yn. lo2oa
. Xn .. Xn—Xpn_1
lim — = lim ———,
Yn Yn=Yn—1
€CAU MOALKO cyujecmeyem npedes cnpasa (Konexnslii uau oaxce Geckoneunsii).
Honycram cHavana, YTO 3TOT IPENeT PaBEH KOHEYHOMY uHCHy /:

. Xn—Xnp—y
lim ————==],
Yn=Yn—1
Torma mo mo6omy 3azansHoMy €>0 Haiigerca Takoii Homep N, uto mig n>N Oymer
{Xn—Xn_1 -
R Cont R § DS
Yn=Yn—y 2
WA
& Xp—Xn_ &
| SRS Ll Yy U

2 Yn—Yn— 2

*) Ilpn 4aCTHOM HPEANOJIOKEHHH Yn =N Mbl HAXOIUM 3Ty TEODEMY elie y Komu
(A. L. Cauchy).

5*
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3HauuT, Kakoe Obl # >N HU B3sTH, BCe Opobu

XN+1— XN  XN+27 XN+t Xn—1—Xn—2. Xn~Xn—1

ceey

?
YN+1— VN  YN+2-VN+1 ’ Yn—1—Yn—2 ’ Yn—¥Yn—1

Nexar MeXAy 3TEMM rpaHuiamu. Tak Kak 3HaMeHaTend MX, BBUAY BO3PACTaHHA Yn
BMeCT€ C HOMEPOM 1, IONOXUTENBHBI, TO MEXHAy TeMH X€ IDaHWIAMH COJNCPXUTCA
u npobs

Xn— XN

T s

Yn—JN
YHMCIATENb KOTOPOIi €CTh CyMMa BCEX YUCIUTeNell, HANMCARBBIX BbIlLE Apobelt, a 3HaMe-
HaTenb — CyMMa Bcex 3HameHatestell. Mrak, npu n>N
Xn—XN !
Yn—JVN

-

2

Hanuinem Teneps TOXAECTBO (KOTOPOE JIErKO HEMOCPEACTBEHEO NPOBEPUTH):

X, xN—1 { Xpn— X
_n_I= N yN’FlI“&)( n N_[),
¥Yn Yn Ynj\¥n—JIN
OTKyZIa
x| xw-’}'NI'Jr'Xn*xN_Il.
¥n Yn Yn—JN

€
Bropoe crnaraeMoe crpasa, Kak MbI BHIENA, NPH n>N CTaHOBHTCS <5; nepsoe

&
K€ CIIATaEMOe, BBHIY TOTO, YTO Yp —~ + =, Taxxke Oyner < 3 cxaxem, gist n>N’. Ecnu

npu 31oM B3sTh N’ >N, To mna n>N’, OYEBHAHO,
Xn
——1
¥n

<g,

YTO ¥ JOKA3LIBAET HATIE YTBEPKICHHE.
Cnyuaii 6eckoHE4HOTO Tpeneia IPHBOAKTCA X paccMotpenHomy. flyctp, nanpumep,

. Xn—Xn—3
lim ————= 1.
Yn—Yn-1
OTCIONa, HPEX/E BCEro, BHITEXACT, YTO (I AOCTATOUHO GOJBINUX /1)
Xn=Xn—1>Yn~"YVn-1,
CIEAOBATENBHO, BMECTE C Yp U Xp — + oo, IIPAYEM BRPHANTA X, BO3PACTAET C BO3pacTa-
HMeM HOMEpa 71. B TaKOM Clyuae, JIOKa3aHHYIO TeOpeMy MOXHO NpUMeHHTb K 0 6 p a 1-

yn
HOMY OTHOIWCHUIO —
Xn
. ¥Yn .. Yn—Vn-
lim ~—=lim ————=0
Xn Xn—Xn-1

(ub0 3716Ch Ipeen yXXe K O H €4 e H), OTKYAA | CIEAYeT, YTo

. Xn
lim — = 4, 4. ® TP. I.
¥n

OGpatuMca CHOBAa K IpHMepaM.
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12). M1 Bugenn yxe 8 9), uro npu a=>1

an
lim — = + oo,
n

Qror PE3YNBTAT C IIOMOLUEIO TCOPCMBL IMronasna IIOJIYy4acTCst cpasy:

an 1
lim — =lim (@7 — g~ Y =lima" (1 - ——) = 4o,
n a
To xe oTHOCHTCS 1 K mpuMepy 11).
13) Ipumenum TeopeMy II T O J1b iga K IOKA3aTENBCTBY CIEAYIOLIETO HMTEPECHOTO
apeanoxenus (K o o1 u):
Ecau sapuanma an umeem npeden (koneunsiii uau eckoneunsiii), mo mom gice npedea
umeem u eapuanma
aytag+ .. +ap

n

(«cpensee apudMeriyeckoes nepsbix 72 SHAYCHAH BAPHAHTDI ay,).
[HeiicrBuTensyo, nonaras B reopeme MiTonpua

Xpn=a;+a+...+an, yn=n,

n

MMECM:
. .. Xn . Xn—Xn.r
lim by =lim — =lim ———=1im q,,.
Pn Yn=—VYn-1

n
Hanpumep, ecnu Mb1 3raem [10)], uto ]/ n~1, 01

3 n
+V24 )3+ Vn |
n > L.
14) PaccmoTpuM Teneps Bapuanty (cuuras k — HaTypasbLHbIM)
L A
= pk+1

Zn

)

3

KOTOpast NpeAcTapiseT HCONPENSICHHOCTh BAOA — .

oo

Tlonaras B Tcopeme IITonba
Xp=1K42k4 . pnk, gy, =nkt1

OyneM uUMeTh nk
. fim z,,=11m m .
[
. (n—Drtr=phti (e lynky ...,
TaK 4To
et (g — e+l (k1) nft ...
n [em. 2)]
nk 1
lim z; =1lim = .
(k+D)mt+... k+1

15) B zarouenne onpenenuM Npenen BapHaHTHI

1 Vep2ki  4nk n

k+1 nk k+1’

IPEACTABIMOICH B NEepBOU (opMe HEONPEAENEHHOCTh BHAA -0, a BO BTOpOH —
BHIA o — <. IIpom3sens suuuTaHme apobeit, MONYYMM HA STOT Pa3 HEOHPENENCHHOE

oo

BRIPAXCHUC BHAa — :

©0

u,,=n(z,,—

_(e+1) (tF 42Kl — it
(k+1) nk

Un
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Tlonaras x, paBHBIM YHCIHTEMO 3TOH Apobu, a y, — 3HAMEHATENIO, MPUMEHAM
eime pa3 Ty xe Teopemy. [Tomyunm

(k+1) nk = [nk+1— (n— k1]

lim up =lim )
" (k+1) [nk - (n— DK
Ho
k+1)k
(k-i—l)n’f—[n"*‘l—(n—1)k+1]=(_+72_,,k—ur .
a
i~ (n— Dk =knk—14+ ..,
Tak yro [cMm. 2)1, oxormarénbﬂo,
k+1Dk
—— k1
1
lim up = lim ———————— = —,
(k+1D) knt—14-... 2

§ 3. MonoTonHas BapHaHTa

34. Tlpemen MoHOTOHHGH BapHaRTBI. TeopeMBl O CYLIECTBOBaHHM
IPE/IEIOB TIEPEMEHHBIX, KOTOPbHIC IPHBOMMINCH 10 CHX IOP, HMEIH TaKou
XapakTep: B IPeANONOXKEHUU, YTC Ul OJHHMX BapMaHT IpPEHeNbl Cylle-
CTBYIOT, YCTAHABJIHBAIOCH CYIIECTBOBAHNE HPeIesIOB AJIA APYTHX BapHaHT,
Tak MJIM MH3Ye CBS3aHHBIX C IEpBHIMH. Bompoc o IpH3Hakax CyLIeCTBO-
BaHHs KOHEUHOTO IpeJieNia i1 34 1a HH O i BapHaHTH, 6e30THOCHTEDb-
HO K JPYIHM HEPEeMEHHBIM, He craBuics. OCTaBlss DPEIHICHHE 3TOI'O BO-
npoca B obuieM Buze 10 § 4, 39 — 42, MBI PacCMOTPHM 31€Ch OJMH IPOCTOM
M BaXHBIM YACTHBIA KJIACC TEPEMEHHBIX, JIJIsi KOTOPBIX OH PEUIAETCs JIETKO.

Bapuanta X, Ha3pBacTCI Bo3pacTalomeH, ecnu

Xy <Xog<...<Xp<Xp41< ...,

T. €. €CJIM U3 #' =7 CAEIUYET X;>X,. E€ HA3LBaloT Hey 6 bl B a o ¢ i,
€CIi
Xjs=Xo=<s...=Xp<=Xp41=<...,

T. €. €CIIM U3 1’ ># CJIEAYeT JMIIb X,=X,. MOXHO K B NOCIEHHEM Ciydae
Ha3bIBATH IEPEMEHHYIO BO3DACTAIOINEH, €CM NpHIATh ITOMY TEPMUBY
GoJiee INMPOKMHA CMBICT.

AHATIOTHYHO YCTAHAB/IMBACTCH NMOHATHE 00 yO®BIBaromed -— B
V3KOM WMJIM IIMPOKOM CMBICIE CJIOBA — BapHaHTE: TaK Ha3bIBacTCs BapH-
aHTa, Ui KOTOpoH, COOTBETCTBEHHO,

X1>X2> e T Xn=Xn41 > ..
i

X{=Xo= . X=X e

TakK 4T0 U3 7’ >n cieayeT (CMOTPSA MO CIAYYaI0) Xy < Xp, WIA JHIUb Xp=<Xp.
IlepeMennbie BCeX 3TUX THIIOB, M3MEHSIOIIMECS B OJHOM HalpaBe-
HWH, OOBETUHTIOTCA IO 0OMUM Ha3BAHUEM M O H O T O H H BI X. OOBIHO
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O BapHMaHTE roBOPST, YTO OHA «MOHOTOHHO BO3PAacTacT» WM <MOHOTOHHO
yOEBIBAET>.

Ilo OTHOIICHWIO XK MOHOTOHHBIM BapHAHTAM HMMEET MECTO CIEOYIO-
mas — (yHIAMEHTaNbHO! BAKHOCTH —

Teopema. Ilycmb Oana mMoHOMONHO 603pacMAIowaAn eapuanma X, . Ecau
OHA 02PAHUYEHA CEEPXY.

Xp<M (M=const; n=1,2,3,...),

Mo HeobX00uMO umeem KO H e U H bl il npeded, 8 NPOMUBHOM dce caAyHae —
OHA CMPpemMumca K + oo,

Touno mak oice, 6cezda umeem npedea U MOHOMOHHO YObIBAIOWAR 8aPU~
anma x,. Ee npeden xoneuen, ecau ona ozpanuuena CHusy:

Xp=m (m=const; n=1,2,3,...),

6 NPOMUBHOM Jice CayHde ee NPedesoM CAYHCUm — oo,
HdoxasaTtenbrcTBo. OrpanyumMcs CJIyiaeM BoO3pacTaio-
me#, XoTs Obl B IMHPOKOM CMBICIE, BADHAHTHL X, (Ciydail y6rmarommei
BapHaHTHl MCYEPNBIBAETCS AHAJIOTHIHO).
HomycraM cpayana, 4TO 3Ta IIEPEMEHHAs OrpanMyeHa cBepxy. Torna,
no Teopeme n° 11, nns muoxecTa {Xx,} ee 3HAYCHHH NONXKHA CYLIECTBO-
BaTh U (KOHEYHas) TOYHA BEPXHAA IDAHHNA:

a=sup {x,};

Kax MBI IOKaXeM, HMEHHO 3TO YHUCJO a N 6yneT mpeneaoM
BAaPpUAHTH X,.

BemoMunM, nedCTBHTENBHO, XapakTEpHBIE CBOMCTBA TOMHOM BEpXHEH
rpamuusl [11]. Bo-mepsrix, Iis Bcex 3Havenuit n Oyger

Xp=<a.

Bo-BTOpBIX, kakoe OBl HU B3sTh uucio &>0, maiimercs Takoii Homep N,
9T0
Xny>a—E&.

Tax xax, BBUAY MOHOTOHHOCTH HAIUel BapMaHTH (31eCh MBI BICPBEIE
HAa 3TO onupaeMcs), npu n>N OYIOET X,=Xp, T. €. H HOAABHO X,>d—&,
TO i1 3THX 3HAYCHHH HOMEpA # BHIIOJHIIOTCA HEPABEHCTBA

O<a-x,<¢ mm |x,—a|<g,
OTKyAa WU cienyer, 4To lim x,=a.
Ilycte Temeph BapmanTa X, He orpaHddeHa csepxy. Torma, CKoJb Be-
JEko HE Obiio Owf umcno E=0, maiiferca XoTh OOHO 3HAYeHHWE HaleH

nepeMeHHOM, KoTopoe Gospine E; mycts sto Oynmer xp: xy=>E. Beuny
MOHOTOHHOCTY BapUaHTH X,, 19 n>N H MOIABHO

Xn>E,

a 3TO H 03HauaeT, uTo lim X, = + oo,
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Jlerko- moHATH, YTO BCE 3aKIIOYCHHSI OCTAIOTCS B CWJle U JUIs Iepe-
MEHHOH, KOTopas, JINIIb HAYMHAS C HEKGTOPOI'O MECTa, CTAHOBUTCS MOHO-
ToHHOH (W60 — ©e3 BIMSHHSA HA TpeNe] NepeMeHHOH — Jo6oe YHCHOo
HEPBBIX €€ 3HAYCHHN MOXHO OTOPOCHTB).

O6paTuMcs K IpuMepaM NPHMEHEHHS TEOPEMEL.

35. Tipumepnt. 1) PaccmoTpuMm Bapuanty (cumras c>0)
cn

n’

-2

o
roe nl=1.2.3...n (Oﬂa opu ¢>1 HPeACTaBNsIeT HEOUpPeEAEHHOCTL BUAA —.)

Tax kak
c
n+1’
TO, JIMITG TOJNBKO n>c¢— |, NepeMeHHAs% CTAHOBUTCH YOBIBAIOLICH; B TO € BpeMs CHU3Y
OHa OrpaHmyeHa, HanpuMep, HyneM. CHeHOBATENbHO, BAPHAHTA X, — II0 TEOPEME —
MMCET KOHE€YHBIH npenes, KOTOPEA Mel 0603HAYMM Yepes a.
Hns Toro uyto6pl HaliTH ero, nepeiifeM K mpefeTy B HaIHCAHHOM BbIll€ PABEHCTEE;

TaK KaK Xp..; OPOOEraer Ty ’Xe NOCIEMOBATENHHOCT 3HAYECHUH, YTO U X5, (C TOTHOCTHIO
JI0 HEPBOTO 4IICHA) M HMEET TOT K€ NPENEN @, TO MbI MOJYYHM

Xn41=Xn-

a=a-0,
orcionia a=0 H, OKOHYATENEHO,
Cn
lim — =0,
n!

2) Cuutas cdopa ¢ >0, OOpENeNAM Teleph BAPUAHTY X, Tak:

x=VYe, x=Vet+7e, x3=Vc+Vc—+~]/7z
Xp= Vc+Vc+ ceot-Ye.
&——\f—/

n XOpHEH

u BoOOInE

Takum o6pa3om, xp, . HOJYIAETC M3 X, O BOpMye

Xn 1= Jet+xn.

SlcHo, uTO BapHaHTa X, MOHOTOHHO BO3DAcT4€T. B TO Xe BPEMs OHA OIPAHMYCHA
CBEpXy, HampuMep, YACIOM VZ—H. JIeiiCTBUTENBHO, X; = Vc_ MEHBIIC 3TOrO YHUCHA; €CMH

JONYCTHTH TeHepb, YTO KAaKOe-Tubo 3HAYCHHE X, < VE +1, To | oA CREAYIOMmEro 3Ha%ue-
HUA HOJIydaeM

xXny<Vet VE+1<VC+2 Ve+1=Vc+1.

Taxum o6pazoM, Hamie yTBepXKOCHHE ONpPABABIBAETCA NO METOHY MAaTeMATHYECKOH
VHAYKIAH. i

ITo ocmoBHO# TeopeMe, BapHaHTa X, VMMECT HEKMH KOM e Y H Bl ¥ mpemen a. Jus
ONpENeNeHNs ero nepeiineM K Ipeleiy B PaBEeHCTBE

2 .
Xn41=C+Xn;
MBI TIOJIYYHM, TAKUM 0Gpa3’oM, 9TO @ YHAOBNETBOPSET KBAIPATHOMY YPaBHEHHIO
a=c+a. )
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VYpapHenue 2TO. MMeeT KOPHM Pa3HBIX 3HAKOB; HO HMHTEPECYIOILHMA HAC upeaed @ He
MOXET ObITh OTPULATELHBIM, CICAOBATE/ILHO, PABCH UMEHHO OO K UTEIBHOMY
KOPHIO;

Vae+1 +1
A = e
2

3) Base moboe x,, 0<x,<1, onpenenuM BapuaHTy X, PEKYPPEHTHBIM COOTHO-
0 )
UICHHUEM
Xn4+1=Xn(2— xn).
Honycrus, uro 0 <X, <1 (310 ycnosue Wi 1= 0 BLIIONHEHO), YCTAHOBUM, YTO
0<Xn_<xn+1< 1.

HeHCTBUTENBHO, TaK KaK 2—Xp>1, TO Xpp;>Xn; HO Xp(2—xn)=1—(1—x,)?, oTKyna
Xp41<1. Taxum 06pa3oM, HHAYKTHBHO HOKA3aHO, YTO BApHAHIA X, MOHOTOHHO BO3-
pacras, OCTaeTCsi MEHbLIE CAMHMUPB], CIEHOBATEIILHO, OHA MMEET KOHEYHEIi mpeneln
a=0. Ilepexons k mpedeny B peKypPEHTHOM COOTHOINEHHH, HakneMm, yro a=1. Utak,
lim x, = 1.

IlpenocraBnsem wmTartento camomy pa3o0paThCs B TOM, YTO HPOU3OHIET, €Ciu
B3Th X, BHe npoMexyrtka (0, 1).

3amcecgaune. Ilycte ¢ — mob0e DONOXHTEABLHOE YHCIO, M HOIOKUM Xpn=CVp .
Hanucanuoe Bblilie PeKyPPEHTHOE COOTHOLICHAE 3AMEHUTCH TAKUM:

Yn+1=yn(2—cyp).

1
B3se HavaneHoe 3HAUeHMC ¥, mox ycnosueMm: 0<y,< -, HOJNYYHM, YTO Y, MOHOTOHHO
c
BO3pacras, Oyner cTpeMuThbest K —. [To 3TOH cXxeMe HA CYETHBIX MalIMHAX ¥ BBIMHCIIS-
c

€TCA YHCII0, ODPATHOE C.
4) IlycTe maHBl ABa MONOKUTENbHBIX yuchHa a M b (a>bh). CoctaBuM HX cpemsee
apupMETHIECKOE B CpeiHee TeOMETPHYECKOe:

ay="—,  by=Yab.

U3BecTHO, 4TO NepBOE cpetee Gomblue BTOPOro *); B TO Ke BpeMst 062 OHH COAEPIKATCA
MEX Iy UCXOMHBIMU YMCIAMU:

a>a,>b,>b.

as yucen a; u b, cHOBa COCTaBUM UX 063 CPEnHHX:

a;+b, —
az=_‘2—“ » by= Valbl»
MpHYEM
ay>a,>by>by,

M T. X Ecni uucaa a, u b, yxe ompeneneHsl, TO an 41 4 by 4, Onpenensiorcea no ¢op-
MylaM
an"'bn

an+x=—2_‘- b= Vanbn

H, XKaK ¥ BbIHIE,
an>an41>bpyy=bp.

*) D10 cpa3sy cileqyeT u3 HEPABEHCTBA
+b 1 — - 8)
a_z_,__'l@=.2_(a_2vab+b)=w_>o (apu a=b).
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Taxnm 06pa3’oM COCTaBISIIOTCA HABE BADUAHTHI an M by, U3 KOTOPBIX IEPBAX OKA3bI-
BacTc yOnBalomeif, a Bropas — Bo3pacTammei (HABCTpeYy ONHA
Apyroii). B To ke Bpemst

a>ap>bp>b,

TaKk 4ro o0Ge BapHaHTHl OTPAHMYEHHI M, CIEZOBATENBHO, 00¢ CTPEMATCS K KOHEMHBIM
npenenam:
ae=lima, u f=limb,.
Ecnu B paBeHCTBE
an+bp
2

an+1=

TIepeiiTH K MpeAeiy, TO MOIyYuM
o= R ° oTKyma a=p.

Takum oOpasoM, 0o6e MOCICHOBATENBHOCTH — M CpeJHHX apuMETHYECKUX dy,
M CPENHMX TeOMETPUYECKHX b, — cIpemsATcs x obwemy mpemeny p=u (a, b); cnenys
IF'ayccy (C. F. Gauss), ero Ha3elBaloT CPEeAHUM apHPMETUKO-TEOMET-
PHYECKHM HCXOAHBIX 4YuCel a ¥ b. Bripaxenne yucia u (a, b) yepes 5TH nocneHuE
MOKy#a HaM HENOCTYIHO — IUIsi Hero TpeOyercs Tak Ha3bBacMblli 3 N JIHUNOTHY -
CKXuii HuHTerpa (cM. BTOpo#l TOM).

5) OTnpasnsisack CHOBA OT ABYX HMONOXHTENBHLIX umcen a u b (a>b), Ha 3TOT pa3
CTaHeM INOCIEAOBATENLHO COCTAaBIINTh CPENHHE apudMETUYCCKHE M CpPEeHHe TapMo-
HHYECKHE ¥).

atb b 2ab
a = —— ’ = — s
) Y a+b
_atbh _ 2ab,

s s 2 = s
2 a;+b;
an+bn 2anbn
an+1=’—3‘—, n41= 7

L T T

a+b -
W3 #3BECTHOrO YX€ HaM HCPaBEHCTBA —2— > V ab (upu a= b) nonyyaem:

(a%—b)z a+b 2ab
>ab W, Hakomel, — >-——,
2  a+b

TaK uTO CpeaHee apudMeTndeckoe GONbIIE CPEIHErO TAPMOHHYECKOro; K TOMY XK€
o0a cpemEHX COAEPXATCA MEXAY HCXONHBIMH yuciamu. IlpmMeHss 310 K ap 4 bp,
Halmem:

an>ani1>bny>by.

CoBepmenHO aHATOTMYHO TOMY, KaK 3T0 OBUIO CHENaHO B NpeABLAYILEM NpPHMEPE,
ybenumcs B TOM, 4TO 00€ BapMaHTHI a, M b, CTpeMATCA K oOIeMy Ipeneny ¢, KOTo-
phiif MOXHO Obuto GBI Ha3BaTh CPEXHUM apHOMETHKO-TapMOHHYe-
CKHM umces @ u b,

*) Yucno ¢ Ha3bIBAETCSI CPEAHHM TFrapMOHHYECKHM [ABYX IOIOKH-
TeJLHBIX YHCen @ U b, ect 06paTHOC €My YHCIO — HBIIACTCA CpeIHEM apud-
c

1 1
MCETHYCCKUM OiIs OﬁpaTHle YHCelT — H ;:
a

1 1 (1 1 ) 2ab
—= —+—1, OTKyZAa c=——.
c a+b
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OpHako, 3[eCh [Ipelesl ¢ HMEET MPOCToe BRIpaxeHue yepe3 a u b. ViMenno, suauM,
4T0 @ by =ab; Tax Kax, QHANOTHYHO, U Gni1bn 4= anbn, TO 3aKTIOYaEM, YTO IPH BCEX
3HAYECHUAX 1

anbp =ab.
Tepexons 3mech X mpeaesy, HOJIyYaeMm
c=Yab,
T. e CpeaHee apHPMETUKO-TAPMOHUYECKOE IBYX YHCE] HOHOPOCTY

ecTh MX CPEeJIHEE FEOMETPpHUYECKOE.
6) Haxonen, npusenem 607iee CIOXKHBIE npuMeD.

Hcxoms M3 HEKOTOPOTO BELIECTBEHHOrO YMCIA ¢, HONOXUM X;=—, & HOCICAYIO-

(SR

1HHe 3HAYCHUS BapMAHTbI X, OUPEACIMM HMHAYKTUBHO GOpMysIoi

c 0
Xn41=5 1 5.
22
HccnenyeM BOIPOC O NpEAEiie 3TOH BAPHAHTHI PU BYX PA3jIMYHLIX MPEIIIOIOKEHUSX
OTHOCHUTC/IBHO C.
33.M€’1'K1VI, 410, €CIH 051 MEI Hamepen 3Halu, 4TO CYBICCTBYET KOHEYHBIN npenesn

a=1lim xp,, Q)

TO HAWTH ero He coctaBwio O Tpyza. CTOMT NMMBb NepedTH K mpeleiy B PaBeHCTBE
(1), onmpepmemsiOmEeM HAIOY BAPDHAHTY, YTOOBI MOIYYHTH

=it wE a?-2a+c=0.

Y3 3TOro KBagpaTHOTO YPaBHEHAA HAXOOUM

a=1-Y1l-c 3)
+)
Orcioga cpa3zy BUGHO, YTO BapHAaHTa X, 338BEAOMO HE MOXET HMETh KOHEYHOrO
npenena mpu ¢>1.
(a) Mpeanonoxnm cHauana, yto 0<c=s1. Toraa scHO, YTO X, >O0. Beruuras u3 (1)

OOWIEHHO aHAJIOTHYHOE DPaBEHCTBO

2
€ Xp—y

Xp=-—+
2 27
HaiipeM, 41O
2 .2
Xn— Xn-—1
Xn+1’xn=‘2— .

c
OueBHAHO, x2>x1=—2—; a U3 NpPENBIOYIero PaBEeHCTBA CHEAYET, 4TO, JIALIL TOJBKO

Xp>Xn_y, TOTYAC XKe ¥ Xp 41> Xn. TakuM 06pa3oM, 10 METOAY MATEMATAYECKON HHAYK-
UMM yCTaBaeinMBaercs GakT MOHOTOHHOIO BO3PacTraHHA BapHaHTHL Xr.
AHANMOTHYHO JTOKa3bIBACTCA OTPAHHYEHHOCTH (CBEpXy) Hamell BapHAHTHL

Xn<1-

3TO HEPABEHCTBO OYCBMIHO I n=1; eClm Xe OHO COOJIOBACTCH NPH KaKOM-HAOYAB
3HaYeHWH 1, TO OyXeT BepHO ¥ IU1s n+1— B cuny (1). 3dadAT, openen (2) AefCTBHTE b=
HO CYINEeCTBYET, a TOrJa OH BEIpaxkaercs dopmyinoi (3), ¥ HMEHHO €O 3HaKOM MHEHYC
OpH KOPHE, TaK KaK mpenes 3T0T He MOXeT OblTh GoNbIlie eXUHMIIEL.

0) ITycrs Tenepp — 3=sc<0. OueBumHO, 71 BCEX n:

c
Xn==-—.
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TTokaxem, 4To B 3T0M Clyvae xx < 0. DTO BepHO NpH 7= 1; €CIIN e AOMYCTHTL copaseji-
JIMBOCTEL 3TOTO YTBEPKIACHUA IJIA KAKOro-Jmbo 3HAYEHHs M, TO

c c|? c
ixnlsl—z—l—, xf.s-%l«< |el (Tax KaK l4—|< 1) ,

[+
M Xn4; OyAer mMers 3HaK E , T. €. OyZ#eT OTpHIATeNBHBIM, Y. U TP. I.

Ha stoT pa3 Bapwanta x;, He 6yXeT MOHOTOHEHO L Onuako, ecnu 1oA0-
x0Tk B (1) n=2k m 2k—2, a 3ateM n=2k+1 u 2k—1, u B 0GOHX CIIy4asx HOWICHHO
BBIYECTB, TO TOJIYYMM:

2 2
Xok— Xop—2
Xok+1~ Xgk—1= ———“‘"—2 B

2 2
Xok4+1 — X2k—1
Xofto = Xoh=————F5———.
r4

@

OTC}O,ZI& MOXHO HHAYKTHBHO 3aKIIOYHTH, YTO BCErad

Xof41> Xok—y u Xof+2= Xgk -

€
Je#icTBUTEABHO, Xy> X; = ?—; Torna |xz} < jx}, x§<xf, H IO BTOpOH w3 dopmyn (4)

(npm k= 1) Gyner x, < x,. Crenosatensuo, | x| > | x, Is X3 > X%, M 1O (epBOii 13 dopmyn
(4) (upm k=2) nony4urca x;>x;, U T. 1.

Taxmm 06pasoM, B paccMaTPHBAEMOM CIIy4ae, MOHOTOHHBIMH GYAYT MODP O3 Hb
B3ATBL€ BAPHAHTBL Xoi_y M Xop (A=1, 2, 3, ...); TaKk Kak OHU COOCPKATCH MEXHY

c
KOHEUHBIME T'DaHHLIIAMHU > u 0, TO 00e UMEIOT KOHEUYHBIE Npeaenbt

a’ =lim x,_;, a”’ =lm x,p.

Ocraercs nokasath, 410 @’ =a’. C 3T0if HENBIO YCTPEMMM 3HAYOK N B (1) x Gecko-
HEYHOCTY, CHAYa/la Yepe3 YCTHHIC 3HAYCHESA, a 3aTEM — Yepe3 HedeTHble. MBI IOIyYnuM
B [IPEAENE IBa COOTHOIHNEHHUSA:

a=—+—, a’ =t (5)

Boyurast, uCKmouuM ¢:
(@ -a"Ya'+ad’ +2)=0.

Kak Mpt ycTaHOBUM ceiiuac, ecnmu ¢ > — 3, BTOpHIE CKOOKH obpaTuThCs B 0 HEe MOTyT,
TaK 4TO HEOOXOAMMO a'=a”. JeliCTBUTeNbHO, B NOPOTMBHOM Cilyuade, MOACTABISAS @ =
= —a’—2 BO BTOPOE 3 COOTHOIIEHuH (5), MbI HONYHHIH GBI 7S @’ XBagpaTHOE ypaB-
HEHUE

a?+2a'+(4+c)=0,

KOTOPO€, HMEHHO NP ¢ > — 3, BEIICCTBEHHBIX KOPDHEH HMeTh HE MOJXET.

Haroseun, ecmz ¢ = — 3, Bropsie ckobku oOpamaores B 0 ONHOBPEMEHHO C NECPBHIMH,
6o BoTOM ciygae u @'= -1 ua’=—1.

Wtax, Bo Beex cnydasx a’=a’’. Q603HauMB 06INEe 3HAYEHHE DTHX OPEReNIoB yepes
@, AMEEM ISl @ BBIpaKeHwe (3), OYEBHIOHO, CHOBA CO 3HAKOM MUHYC IPH KOopHe, ubo
IPeacs OTPHIRTEILHOM BAPAAHTE! Xy HE MOXET OBITh IOJIOXHUTEIHHBIM,

HMsnoxenssie npmMeps! JAiOT MOBOX K CIEAYIONMIEMY 34 Me4aHHIo. Hoxa-
3aHHAs TeOpeMa ABNACTCS TUNHIHOM ¢TEOpeMOil CymiecTBOBaHMA®: B Helf ycTaHap-
JBaeTCs (GaxKT CylEeCTBOBaHWS TpeAena, HO HE HAeTCSd HAKAKOTO npuemMa i €ro
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BeryucHeHus. TeM He MeHece OHA IMEET OveHb BaHOE 3HaueHme. C OHHOM CTOpOHEI,
B TEOPETHHECKMX BOOPOCAX YacTO TONBKO CYINECTBOBAHWE NpeHeNa NpeNCTAaBIETCS
HyXHBM. C IpYToil Xe CTOPOHBHI, BO MHOTHX CIIy4asx BOSMOXHOCTH IIPeHBADHTEIHHO
YROCTOBEPHTECH B CYHIECTBOBAHMM MpPENENa BaXHA TEM, YTO OTKPHIBACT NYTH IS
ero $axTIIeckoro BerumcieHus. Tak, B mpumepax 1), 2), 3), 5), 6) usmenno 3nanue daxma
CYI}eCmBeo8anus npedeaa no360AUnD, ¢ NOMOUfbI0 Nepexoda K npedesy @ HeKomopwix pa-
€encmeax, yCmanoeums MoyHoe 3HAYERUE npedea.

B sToM ortHOMmEHME OCOGEEHO moyvuTened mpmmep 6) (6). Bexs npu ¢< — 3 BEIpa-
xKeHHe (3) COXpaHSET CMEICH, HO 3TO BOBCC HE O3HAYAET, YTO OHO NPOAOIDKAST NABAThH
0pefen BAPUAHTEI Xp; HAUPOTHB, OH 3/€Ch HE CYIIECTBYET: HAPUMEDP, KaK HETPYAHO
NPOBEPUTE, [PH Cc= —4 Hamia BapHasTa npoberaeT IOCHEIOBATENBHOCTL 3HAYCHHI:

-2,0, -2,0, -2,0, ...

M HUKAaKOro mpepesia He uMeer.

B npumepe 4) Mbl BRIPaXEHUs 1UIs IPENESia He MMEeM, HO, 3HAs YTO OH CYLLECTBYET,
JIETKO MOMEM BBIYHCIIUTE €ro C JIF0GOi CTEMeHbio TOYHOCTH, u60 O CONEPKATCH MEKAY
BAPDHAHTAMHU Gn Y by, KOTOPbIE K HEMY CTPEMATCA C 0GEHX CTOPOH.

B crenyrowem n° Mbl NO3HAKOMHMCS C €IIE OXHAM BaXKHBIM APUMEPOM IPUIIOKEHAS
TEOPEMbI O MOHOTOHHOI BapHaHTe.

36. Yncno e. Mbl Henonb3yeM 31ech NIpeJeNbHBI TIepexoy st onpene-
JIEHHMST HOBOT'O, I0 CHX NOP HE BCTPEUYABHIErOCS HAM Y U C JT 4.
PaccmoTpuM Bapuanty
/ 1 ”n
Xp= ll + =
n

1 MOIBITaeMCA HPUMEHUTL K Hell TeopeMy n° 34,

Tak Kak ¢ Bo3pacTaHMeM IIOKAa3aTeNs # OCHOBAHHE CTEIICHU
3eCh yOBIBAeT, TO «MOHOTOHHBI» XapaKTep BAPHAHTHI HEIMOCPEN-
CTBEHHO HE ycMmartpusaercs. [lis Toro 4Tobbl yGenuTscs B Hem, npuber-
HEM K DPasJIoXeHHo 1o Qopmyne GuHOMA: :

xn:(1+]1—1)”=1+n'%-+”(””1)~1+

1.2
aa-D@-2) 1 ap—1)...(a—k+1) 1
1.2.3 mo 1.2k Tp

nn-1)... (n—n+1)._1.=

1-2...n nn

1, 1y 1 1 2)
1 n k-1
-..’1‘7&(1*;)...(1—"’7)”{"

+;,(1_%) (1—”—;‘-). )

Ecn 0T X, HEpedTH Temeps K Xn,;, T. €. yBEJMYUTH 72 HA COUHMLY, TO,
OpeXAe BCero, NXOGABHTCS HOBBIA, (n+2)-H (OO XHKTENbH B )
YNCH, KAKIBIA K€ W3 HAMMCAHHBIX 7-+1 WICHOB YBeJXMYUTCSH, ubO

.+
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~ s -
060 MHOXHTENb B CKoOKax Bupa 1-— ~ 3AMCHUTCS O00NBIIEM MHO-
s
KATEIEM l—m . Orcrofa M cienmyeT, 4To

Xn41>Xn,

T. €. BapHaHTa X, OKa3blBacTCs BO3pacTalome il

Tenepp mokaxeM, YTO OHa K TOMYy X€ OFpaHHYEHa CBEpXY.
Onyctus B BRIpaxeHHH (6) Bce MHOXHMTENH B CKOOKax, MBI 3THM YBEJH-
YHM ero, Tak 4TO

1 1 1
Xp<2+5t5+ .. +oi=Vn-

3amMenuB, nanee, KaxIblii MHOXMTEIL B 3HAMEHATENsAX Npobeit (Hauu-
Hast ¢ 3) 4ucnoM 2, MBI €Ie YBEJIM YU M IONYYEHHOE BLIPAXEHHE, TaK
9TO, B CBOIO O4Y€penp,

1 . 1

2424
Yn< +§+§§+...+‘2n—_‘1.

1
Ho mporpeccus (H&‘IKH&IOIII&XCH YICHOM 5) AMeeT cyMMy <1, To3TOMY
Vn<3, a 3HAYAT ¥ TOLABHO X,<3.
Orcrona yxe cienyer, mo Teopeme n° 34, 4yTo BapHaHTa X, UMEET KO-
neunsit npenen. ITo mpumepy Ditnepa (L. Euler), ero o6o3nauaror

Bcerga OykBoit e. DTo YMCIO
e=lim (1 + l)n
n

HMEET HCKIIOYHTEIbHYIO BAXHOCTH KaK IJIS CaMOro aHajm3a, Tak H IUis
ero npusoxennd. BoT nmepsrle 15 3HaKOB €ro paszioXeHHs B ACCATHUHYIO
JpoOb:

e=2,71828 18284 59045 ...

B cnexyromeM n°® MBI HOKaXeM YHOOHBIH IpweM ISt HMPUOGIMKEHHOrO
BEIYACNEHUS YHCHA €, a TAaKXKe INONYTHO YCTAHOBHM, YTO € €CTh YHCIIO
HppaLHOHAJbHOE.

HexoTopbie CBOMCTBa YHCIA €, KOTOPHIE MbI YCTAHOBMM BIIOCIENCT-
Bun [54, (13)], nenaroT 0c0OEHHO BHITOIHBIM BBIOOp HMEHHO 3TOTO MHCIA
B Ka4eCTBE OCHOBAHUSA A cucTeMHl Jorapudmos. Jlorapudmsl o ocHO-
BaHWIO € Ha3BIBAKOTCA HATYPaJbHBIMH ¥ 0003HAYAOTCI 3HAKOM
In 6e3 yxa3aHHs OCHOBaHMS; B TEOPETHYECKUX HCCIICKOBAHUAX IIOIB3YIOTCH
HCKJIIOYATENHHO HATYPaJIbHBIME Jiorapudpmamu *).

*) Ot norapudMel MHOTAA OMMGOYHO Ha3kBalOT HemepoBEH MH OO MMEHA
mornagnackoro Maremaraka Hemepa (J. Napier, XVI-XVII B) — wun3obpera-
Tens norapudmMor. Cav Hemep He mMen noHATHA 00 OCHOBAHHMM CHCTEMBI JIOTa-
padMOB (HOO cTpoma HX CROeOOpa3HO, Ha APDYTrOM HpHHUHNE), HO €ro JIOrapu¢Msl

COOTBCTCTBYIOT norapnd)MaM 10 OCHOBAHHIO, GJIKZH(OMY K — . Bou3koe x e ocHOBaHHE

e
uMmeroT JorapadMsel ero cospeMenarka Biopru (J . Burgi).
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ViiomaneM, 4TO OOBIYEBIC, N CCSTHYHBI €, JIOTAPDHPMEI CBI3AHLI
C HATYpaJbHBIMH H3BECTHOH (PopMYIoii:

logx=Inx-M,
rae M ecTb MO YyJAb NMepeXxoja M paseH

! .
M=]0ge=m=0,434294 s

9TO JIErKO HOJIYMHTb, €CIIH MPOJIOrapuMupoBaTh No OCHOBAHMIO 10 TOX-
ZECTBO

X=elnx,

37. Ilpubmmkennoe BhMHC/ICHRe umciaa e, BepHemcs kx paseHcTBy (6).
Ecim duxcupomarTs k u, cunras n>k, oT6pOCHTh BCE WiEHHI IO-
cieanell 9acTH, crenyromue 3a (kK + 1)-M, To HOJIyTMM HEPaABEHCTBO

1 N1 1 2 1 1 k-1
xn>2+5(1—5)+§(1—;’-)(1’;)++H(l'—;l) N ( —T).

VBenuuusas 3746k 7 JIo OECKOHEYHOCTH, HepeiiieM K Ipenely; Tak Kak
BCe CKOOKM MMeEIOT mpeneiioM 1, To Haifmem:

s 1.1 1
e= +‘2—!+§§+ eee ‘f'l‘c'!—yk.

ITO HEPABEHCTBO MMEET MECTO HpPH JOGOM HaTypadbHOM k. Takum 06-
pa3oM, EMeEM

xn“yn“‘e,
OTKyHJa sicHO [B cuiy Teopemsl 3°, 28], uTo u
lim y,=e.

3aMeTHM HONYTHO, YTO yYn €CTh (n+1)-1 4acTHYHAa A CyMMa I8 GecKOHEY-
HOro psana {25, 9)]

1 1 1 1
+1—!+"2~!+...+E+...,

¥ HAIACAHHOE TOJHKO YTO NPEAECIBbHOE COOTHONIEHHE NOKA3BIBAET, YTO € SBJSETCH
€70 CY MM O if; TOBOPST TaKke, 9T0 WCNO ¢ PA3AATAETCA B 3TOT PAK, ¥ OAINYT

il iy
HERETRE TR R

Bapnanra y, 114 npubaikeHHOTO BHIMHC/ICHHS YUCHA e FOPa3fio YHo6-
Hee, YeM X,. OnennM crenenb 6u30CTH Yy K e. C 3TOl LEbI0 PaCCMOTPEM
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CHaYaja PasHOCTb MEXIY JIOOBIM 3HAYCHUEM Pn,m (m=1,2,3, ...), cue-
OIVIOIIUM 33 y,, H CAMHM J,. ViMeeMm

1 1 1
yn+m_yn: m+(n+2)! +... +(n+m)!=

1 1 1 1
= 1+ + ...+ .
(n+1)!{ 72 e mEd) 7R ) B ey
Ecnm B ckobkax { } 3aMeHMTh BCe MHOXHTENHM B 3HAMEHATEJNAX Jpobeil
yepe3 n+2, To MONYYAM HEPABEHCTBO
VRN S § (VI S S !
Ynim = Vn =GOy { nt2 @mr2r (n—|—2)’"‘.1}’
KOTOpPOE JHIIL YCHJIATCH, €CJIH 3aMEHHTL CKOOKHM CyMMoii GecKoHe -
HOW IIPOrpeccHH:
= 1 n+2
Yram =V = Grini Wit
Coxpaﬂsm 34ECh 1 HEH3MCHHBIM, CTAaHEM YBCIMYUBATH M1 IO Oecxo-

HEYHOCTH; BAPUAHTA Y, , ., (3aHYMEPOBAHHAd 3HAYKOM ) IPHHUMAET HOCe-
JOBATENILHOCTD 3HAYCHHUIT

Yu+is Vas42s Vo435 o5 Vngms -+ -
OYEBH/IHO, CXOOAINYIOCA K e. HOSTOI\JY nojyyaeM, B IIPELEIIC,

e 1 nt2
Yn=<Gx Dl " nrl

WK, HaKOHeI,

1 *
0<e=n=py .

- 1
Ecnu wepe3 6 0003HaYNTH, OTHOLICHME PA3HOCTU €—Y, K qucny -

(oHO, oueBHIHO, comepxuTcd Mexay 0 u 1), TO MOXHO HaIlHCATh TaKXe

e K
Y=
3aMeHss 31€Ch J, €r0 Pa3sBEpPHYTHIM BHIPAKEHHEM, Mbi U TIPHJEM K BaX-
HO# dopmyiie:
1 1 1 1 0

e=1+ﬁ+i+§+.‘.+;!‘+;ﬁﬁ, (7)

Ia]( KakK (3TO JErKo IIPOBCPUTH, .
(ﬂ+ 1) n
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KOTOpas MOCIYXUT OTHPABHOM TOYKOM IUif BBiuMclieHHA e. OTGpaceBast
HOCICTHUM, «HOIOJHHUTENbHBINY, YWICH U 3aMEHAA KaXKAbli U3 OCTaBjeH-
HBIX WICHOB €ro JECATMYHBLIM NPHOJIMKEHHEM, MBI M IOJYYAM IpHOJM-
JKEHHOE 3HAYCHUE IJIA e.

TocraBum cebe 3apaveil ¢ momMoupio GopMyssl (7) BHMHCIHTD e,
1
CKaXeM, C TOYHOCTEBIO JIO 75 - IIpexne BCero, HYXHO YCTAHOBUTH, KAKAM

B34Th YHCIO 7 (KOTOPOE HAXOAUTCH B HAIUEM DACIOPSKEHUH), YTOOHI ocy-
HICCTBUTH 3TY TOYHOCTbL. .
Beryuciias mocaeqoBaTenbHO Yuciaa, o6paTHbie (pakToOpHaiaM (CM. IpH-
JIaTaeMylo TabJIM4KY), MBI BHIOHM, YTO ITPU 1= 10 «JONONHUTEIbLHE YieH
dopmynst (7) Oynmet yxe
0 8
nin~ 10110

TaK 4To, 0TOpACHIBas €ro, MBI H€JaeM IOrPEUIHOCTh, 3HAYHTEILHO MCHb-
LIYIO IOCTaBJICHHOM rpapumel. OCTaHOBMMCS e HA 3TOM 3HAYCHHU M.
Kaxapii 13 oCTaNBHBIX WIEHOB OOPATHM B JECATAMHYIO IpO6h, OKPYIISs
(B 3amac TOYHOCTH) HA BOCEMOM 3HaKe TaK, YTOGH IIOIPEIIHOCTH IO
abComoTHON BeMMuMHE ObLIA MEHBINE IOJIOBHHBI COWHHMILI HA BOCHEMOM

<0,000 000 03,

1
MECTe, T. €. MEHBIIE 5w . MEI CBeNM pe3yABLTATHI BRMMUCHEHME B Tab-

nmiKy. PsgoM ¢ npuOnmkERHBIM YKC- 2,000 000 00
JIOM IOCTaBJIEH 3HaK (+ WIH —), yKa- 1
3BIBAFOLIMI HA 3HAK 11 O © P 4 B K H, KO- 2—!=0,500 000 00
Topyio HeobxomuMo ObUto OB mpHOa- 1
BHTH [JIf BOCCTAHOBICHHS TOYHOI'O T 0,166 666 67 -
YHCIIA. 1

Hrak, xax MBl BHIMM, IIONpaBKa E=O’041 666 67

Ha 0T6paCI:IBaHHB JAOLOJIHUTEIBHOT O

1
YeHA MEHBIIE — . YUHTHBAS Temephb 5_!20’008 33333+

108
elé U NOUpaBKH HA OKpyIJieHme (C HX t%:0,()()1 388 89 —
3HaKaMH), JIErKo Coo0pasuTh, YTO CyM- 1
MapHas DOIpaBKa K MOJYYeHHOMY IpH-~ 57=0,000 198 41 +
6NIKEHHOMY 3HAYECHHIO YHCIA € JISKNT 1
MexXny 5 s g1 = 0,000 024 80 +
—-—— "  +=.

1 108 570,000 002 76 -
Otcroga caMo 9HCIO € CONEPXHUTCA 1'
MEXIy Ipobsmu Toi =0,000 000 28 —

2,718 281 78 u 2,718 281 86,
TaK YTO MOXHO INOJOXHTH
e=2,718 281 83:0,000 0001,

OTmMeTHM TOHYTHO, 9T0 Ta Xe QopMmyna (7) MOXET CHYXHUTh M AT
JOKasaTearCcTBa MPPAMUOHANBHOCTH YHCHA e. '

2,718 281 81

6 I'. M. ®uxvenronnu, 1. I
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Paccyxpasi oT OpPOTHBHOTO, HOMPoOyeM IONMYCTUTH, YTO € PaBHO pa-
o m
IEOHAILHOR POGH — 5 TOrAA, €CIM MMEHHO UL 9TOTO 7 HAIMCATh (op-
myny (7), 6yneMm uMmeth

m 1.1 1 90

—=l+=4++.. =4 <1).

n +1!+2!+ +n!+n!n(0<6 )

VMHOXHB 00€ YacTH 3TOr0 paBeHCTBA Ha n!, MO COKPAIICHMH 3HAMEHA-
Tesel BceX Ipobeit, K poMe MOCH € JHEHN, MBl IOJYYHM CIeBa I e-

¢}
JOo€ YHUCJIO, a cIupaBa — I{eJIoe YUCIO C npo6b}o;l—, Y¥TO

HeBo3MoxHO. ITonyueHsoe NpoTHBOpeYde ¥ IOKa3BIBAET TO, 4T Tpebo-
BaJIOCh.

38. JlemMa o0 BIOXeHRHIX NPOMEXYTKaX. B 3axiroueHme 9TOrO
naparpada, IOCBSILIEHHOTO MOHOTOHHOM BapHaHTE, OCTAHOBMMCS Ha CO-
HOOCTAaBJICHAM IBYX TaKMX BapHaHT, W3MCEHAIOIIUXCA ¢HABCTPEYY» OIHA
Jpyroi:

Hycmb 0anbl MOHOMOHHO 803pacmaiowas 6APUAHMA X, U MOHOMOKHO
ybvisarowas eapuanma y,, npuuesm 6cezoa

Xn=Y¥n- (®)
Ecau ux pasnocmoe y, — x, cmpemumca x 0, mo obe eapuanmvt umerom 06~

tyuii KOHeuHblli npeodea:
c=lim x,=lim y,.

HelCTBUTEIbHO, MpH BCEX 3HAYEHUSX N HMEEM: Y,=<);, a4 3HAUUT,
Beuny (8), ¥ x,<y, (n=1, 2, 3, ...). Bo3pacraromas nepeMeHHas X, oKa-
3BIBAETCS OTPAHMYEHHOH CBEpXy, CICHOBATE]BLHO, OHA MMEET KOHEYHBIH
npenen

c=lim x,.
Amnasiorndso, Iuis yObBaroeit nepeMenHoid y, 6yleM HMETH
Yn=Xn=Xq,
TaKk YTO ¥ OHA CTPEMHTCA K KOHEYHOMY Npelelry
¢’ =lim y,.
Ho, no teopeme 1°, 30, pasmocth 060X NPENENoOB
¢’ —c=lim(yn—X,),
T. €, 10 yciaoBuio pasua 0, Tak 4TO ¢’ =c; 3T0 B Tpe6OBAJOCh AOKA3aTh.

Joxa3aHHOMY YTBEPXIEHHIO MOXHO IpHUAaTh Ipyryio dopmy, B Ko-
TOpO¥ OHO Yallle HPAMEHSETCS.

Ha3oBeM mnpoMexXy Tk oM [a, b] (Tme @<b) MHOXECTBO BCEX YHCEI
(wym, XaKk TOBOPSAT, «TOYEK») X, YIOBJIETBOPSIOUMINX HEPABECHCTBAM

a=<X<b.

Yucna («TOUKN») a u b HA3HIBAIOTCS, COOTBETCTBEHHO, JTEBHM U I P a-
BHM KOHIAaMH IPOMEXYTK2, & WX pPasHOCTh b—a — AOHHOM
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npoMexyTka. HeTpyasHo BHIETh, YTO HA YHMCIOBOH OCH MPOMEXKYTKY
oTBeYaeT OTPpe3 0K (ToH Xe AJIHHEL).

VcnoBUMCSl TOBOPHTE, 4TO NIPOMEXyTok [a’, &'] comepxwurcs B 1mpo-
MexyTke [a,b] WM BN OXEH B HEro, €CiM BCE TOYKH II€PBOro Npo-
MeXyTKa IPHHALIEKAT BTOPOMY MJIH, 4TO TO XK€ CaMoe, eCIH

a=a <b' <b.

T'eoMeTpuueCcKUil CMBICT 3TOIO SICEH.
IIyemb umeemcsa 6ecKoHeuHAs NOCACO06AMENLHOCHb BAONCENHBIX 00UN
8 Opy20ii NPOMENCYMKO8

[al, bl]’ [623 b?_L LIRS ] [am bn]’ vy
MaK 4mo Kaxcovlil Nocaedyrowuii coOepicumcsa 6 npeobioyujem, npuvem
Oaunbt dmux npomexcymros cmpemamcea k 0 ¢ eo3pacmanuem .
lim (b, —a,) =0.
Toz0a kouyel a, u b, npomescymros (¢ pasivix CMoOpoN) cmpemMamcesa x 06-
wemy npeoesy
c=lim @, =1lim b,,
KOMOpblil npedcmaedicm eOUHCMEEHHYI0 MOYKY, 06wyl ecem npome-

JCymram.
DT0 €CTh Aullb MepedpasipoBKa A0Ka3aHHOM BBINIE TEOPEMBL: COTJIACHO

YCIIOBUIO,
@ <@ny1<bny1=<bp,

T4K 97O JIEBLLI KOHEI g, W TpaBblii KOHEW b, #-TO HPOMEXKYTKA HUIPAKOT
3[€Ch POJib MOHOTOHHBIX BapHAHT X, H V,.
Tak Kak a, CTPeMUTCS K ¢ Bo3pacras, a b, — yObBas, To

ap<c<b, ®@=1,23,...),

T. €. TOYKA ¢, JeHCTBHTEIHHO, IIPUHAMIIEKHT BCEM HAIIUM IPOMEXYTKAM.
B To e Bpems IpYroil, OTJIHYHON OT ¢, TOUKU €' C TEM XK€ CBOWUCTBOM
ObITH He MoXeT, 0o mHaue MBI UMETH OBl

bp—an=|c'—¢| =0

U JJIMHA #-TO MPOMEXYTKA He Morya Obl cTpeMuTbes K 0.
BriocieicTBUM HAM HE pa3 NPHASTCS ONMMPATHCS HA 3TO IPEAJIOXEHUE,
KoTopoe Mbl GyIEM HA3BIBATH «IEMMOM O BIIOKEHHBIX MPOMEXKYTKAXD.

§ 4. Hpusnun cxoaumoctH. YacrHumble Nperesbl
39. Ilpummm cxemmmocrd, IIycTh 3aZiaHa BapHaHTa X,, mpoberaro-
Lasi IOCIeNOBATENbHOCTh 3HAUCHUH
X1y Xgs «ves Xns ovey Xpry oun )
3aiiMeMCs, HAKOHELL, BOIpocoM 00 o 61meM MPpU3HAKE CYWEeCTBO-
BAaHUSA KOHEYHOTro npepesia jaus atod BapuanTel. Camo ormpe-

6*
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AETICHUE TpejieNia I 3TOH LEJU CIYXHUTh HE MOXeT, u60 B neM (Hrypu-
PYET yXe TOT IIpe/iell, O CYIECTBOBAHMM KOTOPOTO MACT Pedb. MEI HyX-
AacMCs B NPU3HAKe, KOTOPbIH MCHONB30Bak Ol JIHIIL TO, YTO HAM JAAHO,
4 HMCHHO — HOCJICHOBaTEeNbHOCTh (1) 3HaYeHuit BapHAHTEHL

IoctaBienuyio 3amady peiiaeT CleAyIOLIAsA 3aMeyaTesbHAA Teopema,
NpUHAJNEKAIIAsA YEIICKOMY MaTeMaTuky Boxbmano (B. Bolzano) u
¢panmysckomy mateMatuky Komu (A. L. Cauchy); ee nasbaror npun-
YUnom cxooumocmu.

Teopema. [aa mozo umober eapuanma Xx, 6006ue umera Ko He u-
Hulil npeden, HeoOX00UMO U 0OCMAmMOYHO, UMOBHl 0AA KancO020 wucia
e>0 cywecmeosas maxoii Homep N, umobst nepasencmeo

<e )

8bINOAHAAOCH, AUy MOoabko n>N u n' >N.

Kak Buaut uutarens, cyTh Hena 31eCh B TOM, YTOGLI 3HAUEHMS mepe-
MEHHOH MeXIAYy Co6oi# OearpanuyHo CONMXKAIUCH N0 Mepe BO3-
pacTanus UX HOMepoB. ObOpaTuMcs K JOKa3aTedbCTBY.

HeoGxonumocTs. Ilycrs Baphamta X, HMEET OIpele/CHHBIH
KOHCUHBIH Ipejies], ckaxeM, a. ITo camoMy ompenenemmio mpegena [23],

£ © -
KakoBo OBl HM ObmIO uucio £>0, HO YHCIy 7 HallleTcs Takoif Homep N,

[%n = X

YTO IUIs n>N BCErJa UMEET MECTO HEPABEHCTBO
|%—a|< <.
2

Bo3bmeM Teneps nio6pie I B a Homepa n>N U n’ >N; Juif HUX OJIHO-
BpeMEHHO Oynder

]x,,«a]<% " [a—x,y}<§,
OTKyJa

|%n = x| = |(¥n = @) + (@~ Xn)| <|Xp —a| + la—_xn'[<§+§=e.

OTEM HEOOXOOMMOCTL YCJIOBHS HOKa3aHA. 3HAYATENHHG TPYIHEE HOKA-
3aTh €ro , v

AocraTouynocTs. IIycrs yciuoBHE TeOpeMbl BBHUIONHEHO; Tpe-
OyeTcs yCTaHOBHTH, 4TO TOTJa JUIS BADHAHTH X, CYIIECTBYET ONpPEMIEIeH-
HbI{ KOHEYHBIH mpenes.

C oToit mempio mpousBenEM B 0ONACTH BCEX BEIIECTBEHHBIX YHCE
CEeYCHHEe II0 CIEAYIOLIEMY HIpaBIUTy. B HuxHuil knmacc A oTHeceM Kaxmoe
TaKo€ BEHICCTBEHHOE YHCIO ®, IJIA KOTOPOrO, HAYMHAS C HEKOTOPOro
HOMeEpa, BBHIIONHAECTCS HEPABEHCTBO

Xp >0

B Bepxumit xe knacc A’ OTHeCeM BCe OCTaJNbHEIE (T. €. He MonasinHe B A)
BEINECTBEHHbIE IHCHa o', v
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Ilpexne Bcero, ybenmMes B HEMyCTOTe 3THX KIACCOB, HCIOJIB3YS st
STOro YCHOBHME TEOPEMBI. 32[aBIIMCh IIPOH3BOJILHBIM YHCIOM & >0, BO3b-
MEM COOTBETCTBYIOLIMI eMy (B yKa3aHHOM TaM cMeicne) Homep N. Ecmu
n>N u n'>N, To Bemonusiercs (2), oTKyaa

Xy —E8<Xp<Xy+e. 3)

Tenepp MBI BHIOMM, 4TO KaXO€ YHCIO X, —& (rme n'>N) B oTmeNBHO-
CTH OTHOCHTCA K kiaccy A, ubo i AOCTATOYHO OOJIBIINX N (mmennoO,
anst n>N) xp ero mpeBocxomut. C'mpyroi CTOPOHEI, Tak Kak (OnA Tex
XK€ n) Xn OKa3LIBACTCS MEHBUINM, YeM JH060e M3 9HceN BUIa Xp+e (Ipu
n'>N), TO HA ORHO TaKOE YHCIO 3aBEIOMO HE MOXET NIPHHAJIEKATD
A n, crenoparensHoO, oTHOCHTCS X Kiaccy A’

IlpaBuno, onpenensmomee kaaccet A 1 A’, Tak chopmynuposano, uTo
M3 HEro HCHOCPEACTBEHHO ACHO, YTO KA XK O € BEMIECTBEHHOE WHCIO
nonanaeT B OIMH M TOJBKO OMH M3 3THX KIAccoB. BMecTe ¢ TeM, kaxmoe
HACHO o (U3 A) MeHbIIE KaXIOro WHCIa o (13 A’); Bens, npu « >a’, Ba-
PHaHTa X,, HAYMHAS C HCKOTOPOrO MECTA, NMPEB3oNLIA OBl U ¢, BONpPEKH
onpenesienno wcen «'. Takum 06pa3oM, npou3BeneHHOe pa3Guenue o6-
JIACTH BEINCCTBEHHBIX YHMCEJ HA KJIACChl €CTh, NEHCTBUTENLHO, CCYCHHE,

ITo ocnoBHo# Teopeme Menexwua [10], cymecrByer Takoe Be-
ILECTBEHHOE HCNIO @ *), KOTOPOE SBIACTCS MOTPAHAYHEIM MEXIY YHCIAMH
000HX KJIACCOB:

a=<a=a’.

Ho, kak MBI oTMeTHIH, opu J1to6oM n' >N 4YMCIIO Xy—& €CTh OIHO
H3 @, & YHCHAO Xy+€& — ommo m3 «'. IToatomy, B wacTHOCTH,

Xw —e<SA<Xy+& WM |a-Xy|=|x,—a|<e
anst moGoro n'>N. Tlo onpenenennio e npenena [23], 3To u 3Hauwr,
910
a=lim x,.
Teopema nmoxaszana.

TIpumenenne 3Toro mpusnaka Mbl OyneMm me pas BCTpEYaTh B HAJb-
HEHIIEM M3JIOXKCHNH.

40. YacTWuHble DOCIENOBATENLHOCTH M YaCTHYHEIE npeaenbt.
PaccMoTpEM Temeps, Hapamy ¢ mociemoBaTeIbHOCTBIO (1), xaxyro-mubo

HU3BJICYCHHYIO M3 HEE TaCTHYHY IO HOCIEAOBATEILHOCTD (HJXPI non-
HOCJ’IC,HOB&TCJII:HOCTL)

Xngs Xngs Xngy oons Xngy o v o) “

re {n,} €CTh HEKOTOPAA MOCIENOBATEIBHOCTD B O 3 pacTaruiux Ha-
TYPalbHBIX 9HCEN:

P<Mpy<My<...<Hp<Mpi1<... (5

*) B ykasaunoii Teopeme ono 6110 0603H24eHO uepes g,
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3nech posib HOME P d, NPHHAMAIOMIErO IOCHCAOBATENLHO B C€ HATY-
pajbHBIC 3HAYECHHs, UIPAaeT yXe He n, a K; ny e NpeacTaBiseT coboii
BapUAaHTy, IPUHAMAIONLYIO HATYypalbHLIC 3HAYCHHUA M, OYEBHIOHO, CTPEMs-
WMyIOCA K oo OpH BO3PacTaHUH K.

Ecau nocaedosamenvrocmo (1) umeem onpedesennviii npedea a (koHeu-
Hblil UAu Hem), Mo MOm dce hpeden uMeem U HACMUYHAA NOCAe006amenb-
Hocmb (4).

OcTanoBuMCA A IpuMepa Ha ciiyyae kKoHeunoro a. Ilycts mma 3a-
manHoro ¢=>0 Hauuoch Takoe N, 4To mpd n>N yXe BBIIOJHACTCA HE-
PaBEHCTBO:

|Xn—a| <e.

Beumy Toro, 4To ny->co, CywecTByeT M Takoe K, 4ro mpu k=>K OyaeT
n,>N. Torma, npd Tex ke 3HaYeHHSAX k, OydeT BBLIMOJHATLCS HEPABECH-
CTBO

Jx..—a] <e,

4TO M HOKa3hIBAET HALIC YTBEPXK/CHUE.

[3aMeTEM HONYTHO, YTO B 3TOM DPACCYXISHMH MBI HE OMHPANNCH HA
HepaBeHcTBa (5), T. €. HE NOJB30BAIUCH MOHOTOHHOCTBIO BaPUAHTHI Hy.
3HauuT, HAIIE YMeepicoeHue COXPAHAEM CUAY, NO KAKOMY Obl 3GKOHY He
CMpPemMUAacs K -+ oo yes04ucAeHHAs 8apuanma ny.J

Ecnmy 15 BapuaHThl X, WIH, YTO TO XK€, UL IOCIeNoBaTeNbHOCTH (1)
HET OIPENEJICHHOrO MpefieNia, TO 3TO HE HCKJIIOYaeT BO3MOXHOCTH CyIe-
CTBOBaHHs Mpeldena Ui KakoW-mubo YaCTHYHOM IOCIHEHOBATENb-
HOCTH (4) WM Ui COOTBETCTBYIOLIEH el BaPHAHTHI X;=X,. Takoil Ipe-
Jiell Ha3hIBAIOT YA CTHYHBLM IIPENesIoM M BADHAHTHL X,, MJIM HOCIIe-
nosatenpHoctr (1).

Iycrs, manpuMep, xn={(—1)"*+1; npenena 3Ta BapuaHTa He MMeeT. Ecinu xe 3a-
CTaBUTh 12 OPOOEraTh JIUINL ONHY HCYETHBIC WM ONHM YCTHHIC 3HAYEHHA, TO YA CTH 4-
HEI € MNOCIeNIOBATEILHOCTA

x; =1, x3=1, ..., Xopey =1, «..
x,=—1, xg==1, ..., Xge=—1, ...

OGyAyT AMeTh OPeeNIOM, COOTBETCTBCHHO, 1 iy — 1. OTH 4KC/Ia M SBAAIOTCA YA CTH Y-
HBIM ¥ IOpeleiiaMi BapUMaHTHl Xn . AHAJIOTHYHO, BAPMAHTA X =(— 1)tz umeer wua-
CTHYHEI € MPEACNbl + o H — oo, 4 BapuaHTa xp=n—-D"*' — gacTHYHEBEI € npe-
menel +<= u 0.

JIerko DOCTPOHTL HPHMEPHl BAPHAHTHI, Ui KOTOPOH CYINECTBYeT OeckoHeYHOe
MHOXECTBO Pa3JIMYHBIX YACTHYHHIX NpPEAETIOB; BOT OOHH B3 HMX. 3aJaJuM BapHaHTY
X, CHEXYIONIMM HIPaBWIOM: €CJIM HOMED r HANMCaH HO JECSTHYHOM cucTeme: af3...¥
(rme o, 3, ..., v — uudpsl), TO HoNaraeM

xn=0,af ...

Hanpumep, x33=0,13, x4035=0,4035 u T. 0. Ilpu 3ToM xaxpas KoHedYHAasd xpecd-
TH4HAA Apobb, Mex ay 0,1 u 1, BcTpewaercs B psny 3HA4YCHMI Hameil BapuUaHThI
6GecKOHETHOE MHOXECTBO pa3: HampmMep, 0,217 — Ha 217-M MecTe, a Takxke Ha 2170-m
21700-Mm u 1. A,
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Otciona cpasy clieoyer, 470 Kaxzaas KOHEeYHasd MAecATUYHAS Apolb MEXAy
0,1 m 1 Oyner ciayXxuTh 4aCTHYHBIM IOPEACTIOM IUIA Hameil BapuaHTsl. Ho ecnm
B3ATh H N0 0€ I PYyTroe BEmECTBEHHOS YACIO & B 3THX TPaHUUAX, TO CTOHT JIHIOL
NPEOCTABUTH €r0 B BUe OECKOHEYHOU AecATHYHOM apodn [9]:

=0, €1 v Cpve- (e;=1),
9TOOBI CTANIO ACHO, YTO YA CTHYHA S HOCICAOBATENILHOCTD
X, =0, €1,  Xeey=0, ¢,€p +vvy  Xeyep...ck=0, C1Cp ot Cy o v-

HMECT MMCHHO 3TO YHCJIO o CBOUM IIPCACIIOM. Taxum oGpa30M, B PpacCMaTpuBaCMOM
Clly4ae 4aCTHYHBIMHU TIPEAENIaMH MNOCIEAOBATEIBHOCTU 3aNOJIHAETCA BECh NPOMEXYTOK
[0,1; 1].

Bcerpa Jid U1 BAPUAHTHI X, CYLIECTBYIOT YA CTHYHBIE IIpeaesbl ?
Ha 5ToT BODpOC JIETKO OTBETHTH YTBEPAMTE/IBHO B CJIydae, KOrAa MHO-
KecTBo {X,} He orpaBmyeHo. ITycTh HaMpUMeEp, OHO HE OTPAHHYEHO CB € P-
Xy, TOrAa AJiA KaxAoro HaTypajibHOro k Haiimerca B pamy (1) wieH X,
Oonpmiuid, yeM k:

Xm=k (k=1,2,3,...)

(mpHueM JETKO YCTPOUTH Tak, 4ToObl HOMEpa Ay, BO3pacTain BMecTe C k).
YacTuuHAas HOOCISIOBATCIBLHOCTD

Xngs Xnys Xngs « v 05 Xngs 00

QYEBHIHO, OYJET MMETh NPEIesioM +oo; 3TO B €CThb 4 aCTHYHBL i
Tpenes IS HAIed BapHaHTHL

VIBepaOHTEebHBIA OTBET MOXHO J4Th M B CIy4Yae OIpPaHMYECHHOM Ba-
pHaHTBL; HO 9To TpedyeT Ooyiee TOHKMX COOOpaXkeHUH, KOTOpBIC MBI NpU-
BedéM B CICHYIOUIEM n°.

41. Jlemma Boubuano — Beilepmrpacca (B. Bolzano — C. Weier-
strass). M3 amwoboii ozpanuuennoil nocsedosamenvriocmu (1) ecezda
MOJICHO U36A€Ub MAKYIO YACMUYHYI0 nocaedosamervHocms (4), Komopas
cxoouaace 6vl K KOHEUHOMY npededy.

(312 dopMyIHPOBKA HE MCKIIFOYAET BO3MOKHOCTH 1 P 4 B H Bl X YHCEI
B COCTaBe MAHHOM IOCIEHOBATENIBHOCTH, YTO YHOOHO B IPIIIOKCHHSX.)

HJokxasaTtenscTBo. IIycrs Bce HHCHA X, 3aKJIFOUCHBI MEXY Ipa-
HunaMi ¢ ¥ b. PasmenaM 3ToT mpoMexyTok {a, b] momonamM, Torma XoThb
B omHoi#f mojioBune Oymer comepxaTtbcd OECKOHEYHOE MHOXe-
CTBO 3JEMEHTOB HAHHOM! NOCIENOBATENLHOCTH, 100, B IPOTUBHOM CIIy-
4ae, H BO BCEM NpoMexyTke [a, b] 5THX 3JIeMEHTOB COAEPKAIOCH ObI KO-
HEYHOE YUCIIO, ITO HEeBO3MOXHO. UTax, mycTh [ay, b;] OymeT Ta u3 mono-
BHH, KOTODas CONEPXHT OECKOHCUHOE MHOXKECTBO HHCEN X, (MM, ecim
00e ITOJIOBUHEI TaKOBHl, TO — JH00asg U3 HHX).

ARAIOrNYHO, 43 IpoMexyTka [a,, b,] BHOENHAM ero IOJNOBHRY [a,, b,]
-~ TpPU YCIOBHUM, YTOOHL B HEll COIEPXKajoch 0eCKOHEeYHO € MH Oo-
XKecTBO umcen X,, u T. O. IIponoirkas 3ToT mpolecc no Geckorew-
HOCTH, Ha k- CTaguy ero BBIIEIMM NPOMEXYTOK [ay, by], Takxke conmep-
Kamuii OCCKOHEYHOEC MHOXECTBO YHCET X,.
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Kaxeii ¥3 mOCTPOEHHBIX MPOMEXYTKOB (HATMHAS CO BTOPOTO). CO-
JACPXKATCA B OPECORIAYINEM, COCTABJIAA €ro IOJIOBHUHY. KpoMe TOro, IJINHA
k'I'O IIPOMECXKYTKa, paBHaA

b-a

bk—0k=—§k— B

CTPEMHTCS K HYJIO C Bo3pactamueM k. IIpmMenss croma JeMMy o BJio-
KEHHBIX MpoMexyTkax [38], 3akmrouaeM, uTo @y 1 by crpemMaTCa K 06IEMY
Ipeseny c.

Teneps M0CTPoEHAE YACTHYHOM ITOCIENOBATENLHOCTH {X,,,} TIPOH3BEAEM
VHIYKTABHO — CHeOyIomEM obpasoM. B kauecTBe X, Bo3bMeM Jo6oit
(HanpuMep, NepBEIi) W3 3NEMEHTOB X, Hamell IOCIENOBATEIBHOCTH, CO-
nepxamuxcs B [ay, b)]. B kavectBe x, Bo3bMeM JoGoit (BampuMep, mep-
BBIi) H3 3JIEMEHTOB X,, CJIe AYIOMHX 32 Xp, ¥ COIEPKAIHXCA B [a,, by,
u T. . Boobie, B kauecTse X, BosbMeM 060l (HanmpuMep, HepBbIi)
H3 JJIEMEHTOB X, CJHUE€AYIOIIHUX 34 DPAHEE BHIACICHHBMEU
Xnys Xnys o5 Xpy_, U CONEPXKAIMXCA B [a;, by]. BO3MOXHOCTP TakKoro BhI-
Gopa, NPOH3BOMMMOr0 MOC/EAOBATENLHO, OOYCIOBIMBACTCS HMEHHO TeM,
9TO KaXOBli W3 NPOMEXYTKOB [ay, b;] colmepkuT 6GeCKoOHEeuYHOE
MHOXECTBO YHCCHI Xp, T. €. CONEPKUT IEMEHTHL X, CO CKOJb YTOIHO
GONIBIIAMH HOMEPAMH.

Haiee, Tax xax

ap<Xx,=<b, n lima=Ilimb,=c,

To, no teopeme 3°, 28, u lim x,.=c, 4. ¥ Tp. .

MeTon, nprMeHEHHBIH TP HOKA3ATEILCTBE 3TOH JIEMMBL H COCTOSMIMI
B IIOCJICIOBATEIBHOM [CJICHMH IOH0JIaM PAaCCMATPHBAEMEIX IPOMEKYTKOB,
H3BECTEH IIOJ] IMeHeM memoda 5o abyan o; om wacto 6ymeT HaM mo-
JIe3¢H H B OPYIHX CIy4Yasx.

Jlema Bonsmano—-BeliepmTpacca 3saunTeNbHO O6JIeEr-
YaeT JOKa3aTeJIbCTBO MHOTHX TPYOHBIX TeopeM, kax Onl BOupas B cebs
OCHOBHYIO TPYZHOCTH PacCyXkIcHMs. (s npmMepa HOKaXeM CHOBA C €e
IOMOIUBIO APUHYUN CXOOUMOCHIY; MBI IMEEM B By HOCTATOYHOCTb
COIICpKAIIETOCSI B HEM YCJIOBHS, KoTOpasd moTpeboBana ot Hac B 39 3ma-
YHTENLHBIX YCHJIAH.

HUrax, nycTh yciioBue BBHIIONHEHO, U 1O 3aIaHHOMY & >0 HajiieHn Takoil
HOMep N, 4o it n>N u n' >N uMeroT MecTo HepaBencTBa (2) mid (3)
Ecin n’ npu aToM ¢ukcupoBath, To u3 (3) SCHO, YTO BAPHAHTA X, B(
BCAKOM Ciiy4ae, OyAeT OrpaHMYeHHON: ee 3HauYeHUs Ui n >N ComepKaTC,
MEXIY YHCIAMH Xy —& H Xy +€ M HETPYOHO ITH IDaHWILI DPa3ABHHYT
TaK, YTOObl OXBATHTEL M NepBble N 3HAYEHHI: X;, Xy, ..., Xy .

Torna, mo ToABLKO YTO JOKA3aHHOM TEOPEME, MOXKHO BBIACIIHTD YaCTH
HYIO MOCNENOBATENBHOCTL {Xn}, CXONSUIYIOCS K KOHEYHOMY MpeAemy

Iimx, =ec.
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IMokaxeM, 4TO K 3TOMy HpedeNy CTPEMHTCS BoOOIIe M BapUaHTa X.
Moo BEIOpaTh k HACTONBKO OoNBIIMM, YTOORI OBLIO

[Xny— | <e
H, OIHOBpPEMEHHO, n;>N. CiemoBaTenbHo, B (2) MOXHO B3ATh #' =ny:
[xn - xnkl =g,
H, COHOCTaBAsfA 00a 3T HEPABEHCTBA, OKOHYATEIHHO HAXOIUM
|Xn—c|<2¢ (aasz n>N),
9YTO M OOKa3blBAeT HAUIEe YTBEpXKIACHHE *).
42. HauGosplmii ¥ HauMeHbuUmit npeneins, MTak, mna noOoi BapuanThl Xp, Oyan
OHAa OrpaHMMCHA WIHA HET, CYMIECTBYIOT YACTHUYHEBEIC OPCOAECIEL Mgt HokaxeMm
celiyac, 4TO CPEAM 3THX YaCTHYHBIX MpPENeNoB HEOOXOMuMO HalpyTcs HamGoNbIIMi

¥ HAUMEHBIIMI; OHH HA3BIBAIOTCH HauOONBIWIAM M HAUMEHBIOIUM ape-
meNaMHu CaMOil BapHAHTHI Xn U 0003Ha9a10TCsA, COOTBCTCTBEHHO, yepes

lim xp u lim xn.

Teope.ma. Hauboavuuwii uw naumenvuiuii npedeavt 04n eapuanmel Xn écezda cy-
wecmeyiom. Hx pasencmeo ecmbe ycaosue, reoGxooumoe i 00CImamodnoe 041 Cyujecmeosa-
HuR npedeaa eapuanmsl (6 obviunoOM cMbicae) **),

JMokazaTenbcTBOo. HayAeM C pacCMOTPCHHSL BONMpOCA O HAWOONbIIEM
npenene. Mer yxe Bunenmu Beime [40], 4TO ecnmu BapuanTa X, HE OrpaHA4YeHa CBEPXY,
TO U3 NocnenoBaTenbHOCTH (1) ee 3HAYEHMI MOKHO BBIICNINTH TAKYIO YACTHYHYIO NOCIIe-
ZOBAaTENBHOCTD {Xny}, UTO

lim xngp= + 0.

Takum oOpa3oMm, B 3TOM Cliydae + o SBASETCH O A HH M H3 YaCTHYHBIX MpENesIoB
BapPHAHTHI, ¥, OYCBUAHO, HAMNO O JIb I UM W3 BCEX BO3MOXHBIX, TAK YTO

1im xp = + o,
IIpeanonoXkuM e Tenepb, 9T0 BAPUAHTA Xn, OTPAHHYCHA CBEPXY:
xn<M n=1,2,3...).
PaccMOTPHUM TOYHYIO BEPXHIOIO TPAHMIY 3HAYCHHM Xn A n>k:
Mye=sup {xn} =SUD {Xp41, X4z, -+ }=<M.
n>k
TIpu Bo3pacTanum & 3HaveHAe M MOXeT pa3Be MI> YMEHBINATHC 4, CIENO-

BaTeNbHO, 0 TEOpeMe O MOHOTOHHOM BapHamTe [34], BO BCAKOM Cly¥ae CYIMIECTBYET
npeneit (mpu Bo3pactaHuy k 10 GECKOHEYHOCTH)

lim My,
KOHEYHBIA WM DABHBIH — oo,

*) Hncno 2e B Taxoit e Mepe ¢OPOM3BONILHO Majloey 9UCIIO, KaK M &. ECiu yroaso,
&
MOXHO GBUTO CHavaJ1a B34Th HE ¢, a 3 TOrAa Msl 31ech TOJy9rim Obl €. Bopeas monot-

HBIX YKa3aHW MBI yXe AeNIaTh He Oynem.
**) OT1a TEOpeMa, JOKa3aTEILCTBO KOTOPOit He HCIIONb3yeT JIEeMMEI BOTbIfaHO —
Belfepm Tpacca, NEpeKpsIBacT NOCICAHIOO.
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Ciyqaif, KOra 3TOX TPEHeN eCTh — oo, TAKXKe MCYEpIbIBACTCS pocTo. s moboro
E >0 malinercs Takoit HoMep k=N, uro

My<—-E;
HO NI n> N, OYeBHNHO, Xn<<M)y, TAK 9TO NPH YKa3aHHBIX 3HAYCHUSX 77 M TOIAaBHO
xn< —E.
A 3TO 03HAYaeT, YTO CYIECTBYET npeaeln (B OGEMHOM CMEBICIE)
lim xp= — oo,

KOTODBI OMHOBPEMEHHO OyneT ¥ HAAGONB M UM U HAXUMEHB I UM *),
Ocraercs pacCMOTpeTh CaMBIf BaXKHBIH CiIyyall, KOrAa CymecTByeT KO HE€ Y H bl i
TipeRen:
lim My = M?*;

MBI HOKaXeM, 4YTO 3TO YHCI0 M* u Gymer UCKOMBIM HauboIblIAM NPEACTIOM JUIT Ba-
PHAHTH Xn. ’

C 5TO#l HenaLl0 YCTAHOBUMM B4 XAPAKTEPHBX CBOMCTBA uncna M*.

Ecnu npon3BoieHO B39TE YHCIO £ >0, TO Halinetcs Takoe k=N', uto Mn'<M *+¢;
TaK Kax, 1pu n>N’ xp=<MNn’, TO ¥ NOAABHO X < M *+¢. VITak, mmeeM

I ceoticTBO wucnma M* xaroso b HU 6u10 € >0, cywecmeyem maxoit Homep
N’, umo 012 ecex n>N’ 6ydem

Xn=< M*4¢,
C mpyroit cTopoHsI, ipu npoussodabpHOM e>0 u 0 6 0oM & Oymer
My=M*=>M?*—¢.

Ho Torma, mo ceoiictBY T O 4 H O I BepxHeil rpamuns! [11], cpenu 3HavYeHuit X, C HO-
mepamu n=k+1, k+2, k+3, ... maligercs Takoe 3HAYEHHE Xp’, YTO U Xp/>M*—¢,
3aMenst IpoOUW3BOINBHO B3groe kK Ha N, chopmymupyem

II cBoticTBO wynmcma M*: xaxogo: 66 nu 6uiau € >0 u nomep N, naitdemcs 3na-
uenue xn’ ¢ Homepom n’' >N maroe, umo

Xn>M*—¢,

HopuepxueM pasuumy B (GopMyampoBKax oboux ceoiicrs. B nepBoM cCiiyuae He-
PABEHCTBO BBINONHAETCS JUIA B C€ X 3HAYCHUH X, CI1JI O NI b, HAYMHAS C HEKOTOPOrO.
Bo BTOpOM k€ CiIy4ae HEPAaBeHCTBY yJIOBJICTBODSIOT JIMIbL O T € J1 b H If € 3HAYCHHUSA
Xn , CPEAH KOTOPEIX, ©MHAKO, HMEIOTCI 3HAYE€HH A CO CKOJIb YrOAHO G0 nb-
MHEMHA HOMEpaMHu.

IIpexnae Bcero, omMpasich HA 3TH CBOUCTBA, JOKAXEM, YTO YHCI O M* COIyXHUT
9aCTHUYHBIM IPEXETTOM AN BAPHAHTE Xp. IS 3T0r0 HyKHO BEIACIUTH
HaCTHYHYIO [OCIENOBATENBHOCTD {Xn}, CXOAMIMYIOCH K M *.

Bo3sMeM I110CIHenOBaTENBHOCTEL IONOKHTETIBHBIX umcen & —0. IMonoxue n =1,
IOMYCTHM, YTO HOMEpa

m=l<m<nm<...<nj_,

yXe BBIODAHBI, ¥ IOKaXeM, Kak BbiOpaTh n;. Ilo I cBOMCTBY anst € =¢; HaiiieM COOTBET-
crBytommii Homep N'=N;, TakoH, yro mis BceX n>N; Oyaer xn, <M *+¢;. Teneps
obparamca ko Il cBoicTBY, mosarass mO-IpeXHEMY £=¢;, a 3a N B3sB HaubGobumHd U3
HOMEpOB n;_; ¥ N;; 3ToMy BBIOOpDY WHcel ¢ U N u orBedaeT HoMep n’ =n;. Hns Hero,
C OIHOH CTOPOHEL,

Xng > M*— &y

*) Hpu Hanuyuu OOBNMHOTO NpeAcia BAPMAHTHI B C e YaCTHYHBIC OPEAENIHl ¢ HHM
coenmagaror [40].
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C Apyroi xe, Tak Kak n; >N;, omHOBpeMeHHO Gyner u
Xng< M *+gj.

OTMETHM, KPOME TOTO, 4TO 1 >Hi_;.
Jlnst DAE€MEHTOB Xp; IOCTPOCHHOM TakuM NYyTeM — HHAYKTHBHO — TOCHCAOBa-
TEJLHOCTH OyZeM AMeThb

|xXng—M*| <¢ (=2, 3, 4,...),

TaK YTO, AEHCTBHTEILHO, Xng ~ M *.

HaxkoEen, yCTAHOBUM, 4TO H¥ ONHH YaCTHYHBIHK Npenes He MOXET
npessoiTm M* B caMoM mene, mycTh I HEKOTOPOH YaCTHYHOM TOCICAOBATE b~
HOCTH {Xn;} ¥MeEeM Xn;~a, TaK 9TO @ €CTh OfMH U3 JACTHYHBIX IPENENOB. ITo I cBoiicrBy
VIS OCTATOYHO AaeKHX HoMepos (yxe 66nsmux, yem N') Gyuer

.Xn‘<M*+5.

ITepexons 31ech K Opeaely, HONyYuM a<<M *--¢ H, BBUAY INPOU3BOJILHOCTH &, OKOH-
4aTeNLHO,
aM#¥,

Takum obpazoMm, M* geiicrButenbro Oyner HauGOJNBLIMM H3 BCEX YaCTHYHBIX
Opeznenos, T. €.
M*=lim xn.

AHAJNIOrMYHO yCTaHABIHMBACTCA CYLIECTBOBAHWE HAUMEHBINEI O HOpeacna.
He nobsropsst BCex pacCykICHHHM, OTMETHM CIICAYIOUIHE ABA obcrosTenscTa.
EcIr 3TOT HaMMCEHBNOIMHA NPEHET €CIb +oo, TO CYLICCTBYET IIPEACT B 0OBIMHOM
CMEICIIE
lim Xn= +oo.

Ecia e HAMMEHBLIHIA NPeeN eCTh KOHeYHOe 1icao M 4,
M *= lim Xris

TO 0HO ObNagaer CBOMCTBAMH, aHAJOTHYHEIMY YKA3AHABIM Bblule Uit M *:
I cBo#icTtBO aucia M,: Kakoso 6wt nu 6vino € >0, cyypecmeyem maxoit Homep
N”, umo 018 n>N"' 6ydem
Xn>M,—¢.

Il cBoficTBO wHcua M,: kaxosst 6ot nu Gorau € >0 u nomep N, waitdemca
3nauenue xXo' ¢ nomepom n’ >N, maxoe, umo
Xn*<M 4 +e.

OBpaTHMCH K JHOKa3aTelNbCTBY 3aKTIOUMTS/ILHOTO YTBEpXKICHUA TeopeMsl. Ecin
CymecTByeT npesiesl B OOBIYHOM CMBICIIE COBa

lim xn

(KOHEYHBIl I GeCKOHEYHBIH), TO BCE MBICTIMMBIC JACTHYHEBIC OPEAEIIbl C HUM CAABAIOT-
ca [40], Tak 9TO HeoOxodumocns BHICKA3AHHOTO YCJIOBUA OYCBANHA,
IIpeanoioxuM TeOeps, 9TO

lim x, =1lim x5.

Ecnu ux obinee 35A4€HHE €CTb + o WM — o, TO, Kak MBI BHICIH, CYMECTBYeT Npenel
BapHAHTH B OOBI4HOM CMBICIIE ¥ MIMEET TO XKe 3HAYEHHE.
IlycTe, HakoHel, 00a mpelena KOHEUHBL

M*=M_,=a.
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Torna, comocrasmsisi I cBoiictBa wucen M* n M »»> HalileM [0 Hamepen 3aJaHHOMY
€ >0 Taxoit HOMep N, uro mis n>N 6yner

a-e<xp<a+e, T. €. [Xn—a| <e.

A 3TO ¥ 3HAYHT, YTO @ €CThb NPENeN BAPHAHTHL X, B OOEIYHOM CMBICIE. Teopema no-
Ka3aHa. .

3ameTHM, YTO C MOMOMIBIO 3TOH TEOPEMEI COBCEM YX TPOCTO JOKA3HIBAETCS xo-
CTAaTOYHOCTDH ycnoBud Boasunanmo -~ Komu [39]). Hmerno (eciu coxpa-
HATH NPEXHHE 0003HaueHHs), B3 HEPABEHCTB

Xp—E€<Xp<Xp4e (ans n m w'>N)

HEOOCPEACTBEHHO YCMATPHBACM, 9YTO HAWGONLINMYE ¥ HAWMEHBIIWK WpENEIE! BapH-
AHTHl Xp KOHEYH Bl H PasHATCH He Gornee, ueM Ha 2¢, CIENOBATENBHO, BBHAY HPOH3-
BOJIBHOCTH €, COBmagaroT. OTCIONAa ¥ BHITEKAET CYINECTBOBAHAE KOHEYHOTO ‘mpenena
B OOBIMHOM CMEICIIE.



TJIABA BTOPA A
®YHKIUN OJHOM IMEPEMEHHOI

§ 1. lonarue Gyniomn

43. Ilepemennas M oGnacTb ee M3MeHenms. B 22 yke OBUIO paHo
obIee mousTHe 0 mMepeMeHH 0. Ilepemennas x 3a1a€TCI MHOXe-
cTBoM X'={x} Tex 3HadYeHuii, KOTOphlE OHA CHOCOGHA OpUHATH (B pac-
CMATpUBAEMOM BONPOCE). DTO MHOXECTBO &', B KOTOPOM KakKI0e 3Hade-
HH® X BCTPCHACTCH MO pas3y, Ha3hIBACTCA 06.4aCIMbIO U3MEHEHUS TepeMeH-
Ho#t X, Boobmie, 06nacTeio H3MeHeHns NEPEMEHHOM MOXET CITYyXHTh JI060e
YHUCII0BOE MHOXECTBO.

Ms1 yXxe yomoMuHAIM O TOM, YTO YH CJa FEOMETPHYECKH HMCTOJIKO-
BBIBAIOTCHA KaK T O YK M Ha (IMCII0BON) oc. O6nacts & usMenenus nepe-
MCHHOH X Ha 9ToH OCH H3006paxXaeTcsi B BHje HEKOTOPOIO MHOXKECTBA
TOYeK. B CBA3M ¢ 3THM OGBIYHO caMy YHCIOBHE 3HAYE HH 5 nepe-
MEHHOH Ha3BIBAIOT TOYKAM M.

HacTo mpuXomMTCA MMETh AENO C NepeMeHHOH n, M KoTopo#i 06-
JIaCTRIO U3MEHECHMSA SABNACTCA MHOXECTBO o BCEX HATYPaNBHBIX YHCEJ,

1+(-1
Ans Bapuanth x,,=~f—(n—)f 00NacTei0 H3MEHeHHs OyHeT MHOXECTBO

Apobedt Buma 1/m (upu m=1,2,3,...) ¢ npucoeuHenHeM UHCIa 0; mnsa
HOCTOSHHOM BEJIMYMHBI BCSI 00JACTh H3MEHEHHS CBEAETCH K OHOMY YHCIIY.
Onnako B anamuse OGBIMHO H3YYAIOTCs NePEMEHHbBIC, U3MEHAIOUIMECS,
KaK TOBOPAT, HENPEPHIBHLIM MIM CHJOUIHEM o06pasoM: X
Hpoo6pa3oM SBASIOTCS (DM3HYECKHE BEAUYUHBI — BpeMs, IyTh, OPOXOIH-
MBI OBHXYIIEHCS TOUKOH, H T. m. O6IaCThIO H3MEHEHHS nono6Holt nepe-
MCHHOM CIYXHT 4HCIIOBOi HPOMEXYTOK Yame BCEro 3To 6ymer
KOHEYHBIH HOPOMEXYTOK, OrPaHMYEHHLIH JBYMs BELIECTBEHHBIMH H-
cnamu a u b (a<b) — ero KOHLIAMH, KOTOPHE CAMH MOIyT OBITE BKJIIO-
HCHBL B €I0 COCTaB WJIM HET. B 3aBHCHMOCTH OT 3TOro MBI 6yIeM pasinyaTs
3amKHymblil TIPOMEXYTOK [a, b]: a<x<b
(o6a KxoHIa BKIIOYEHBI);
(a,b]: a<x=<b
nOAYOMKpbImble TIPOMEXYTKH
{ [a,b): a=<x<b
(MMOIe ofMH KOHeN BKITIOYEH);
OmKpbImbli IDOMEXYTOK (a2, b): a<x<b
(8M OmMH KOHEN He BKIIOUCH).
Haunoii mpomekyTka BO BCeX CIyYasx Ha3bIBaeTCs uUCHO b — a.
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TeOMETPUYECKMM AHAJIOTOM YHCIOBOTO HPOMEXYTKA SABIAETCH, Kak
JIErKO IOHSATH, OTPE30K YMCIIOBOM OCH, TIPUYEM — B 3aBHCMMOCTH OT THNA
NPOMEXYTKA — M K OTPEe3KY KOHIBI €ro MPUKIIOYAIOTCA MJIM HET.

TIpHXOIATCS PAacCMATpuUBaTh U GE€CKOHEYHBI € NPOMEKYTKH, ¥
KOTOPHIX OJHHM M3 KOHIOB WJIH OGOMMH CIIYXAaT <HECOOCTBEHHBIC YUCIIa»
—co, +oo. OBO3HAYEHUS WX AHAJOTMYHBI IIPMBEICHHBIM Bbuue. Hampu-
Mep, (—o°, +oo) €CTh MHOXECTBO BCEX BEIIECTBCHHBIX YHCEN; (a, +)
O03HAYaeT MHOXECTBO YHCENX X, YOOBICTBOPSIOIMIMX HEPABCHCTBY X>4;
JIPOMEXYTOK (— oo, b] ompenensieTcs HepaBeHCTBOM X =<b. T'eomeTpriecku
GecKOHEUHble IIPOMEXYTKM M306pakaroTcss B Buje Geckowewnoil B obe
CTOPOHBI IPSMOI HIH JIyYa.

44, ®OyukOMOHMAILHAA 3aBHCHMOCTH MeXJAy NepeMEeHHBIMH. TIpm-
Mephl. [TIaBHBIM OpeIMETOM H3YYEHHs B MATEMAaTHYECKOM aHATIU3E ABJIACT-
cs, OJTHAKO, HE M3MEHEHHE OIHOM NEPEMEHHOR caMoii ro cebe, 2 3aBHC U-
M OCTBb MEXAY ABYMsi LM HECKOJNBKMMHE NEPEMEHHBIMH IIPH UX € O B M €~
CTHOM M3M€EHEHMH. 3HeCh MBI OFPAHUYUMCS NPOCTEHIIAM Cly4aeM
IBYX IICPEMEHHBIX.

B pasmmyHBIX 0GNACTSX HAYKH M XKM3HH — B CAMO} MaTeMAaTHKE, B Pu-
3UKe, B TEXHMKe — YHTaTeJb HE pa3 BCTPEYas TakKAe COBMECTHO
H3MeHsSIomHeCsa mepeMmeHnsie. OHM He MOryT ONHOBDEMEHHO INpH-
HUMAaTh JII0GYI0 mapy 3HaueHwil (#3 cBoMX 00JacTell H3MEHEHH): eCIH Of-
HOM ¥3 HUX (He3aBHCUMOM IepeMeHH O i) IPUIAHO KOHKPETHOS
3HaYeHne, TO 3THM YXe¢ ONpelelisieTcs W 3HauYeHHEe APYroi (3aBHCH-
Moit mepeMeEHON wi ¢yHKIuH). IIpuBeneM HECKONBKO IPH-
MEpOB.

1) Mnomans Q kpyra ects QyHKHMA OT €ro pajuyca R; ee 3HaYeHHE
MOKeT OBITh BBIYMCIIEHO MO 33aJaHHOMY 3HAUYCHMIO pajuyca C IOMOUIBIO
H3BECTHON (OpPMYIBL

O=nR%

2) B ciyyae cBOGOIOHOIO NMACHUS THKEJIOM MATEPHANbLHOM TOUKH —
OpH OTCYTCTBMM CONPOTHBIICHHS — BpeMs ! (Cex.), OTCYHTEIBAEMOE OT
Hayaa JIBYKCHUS, M TIPOIICHABIN 33 5TO BpeMs MyTh s (M) CBSI3aHBI ypaB-
HEHHEM:

M
roe g=9,81 & €CTb YCKOPEHHE CHIIbL TSXKECTH. Otcloia u ompefeseTcs

3HAYEHHE 5, COOTBETCTBYIONIEE B3ATOMY MOMEHTY f: IyTh § ABJseTCA PyHK-
HOHell OT IPOTEKINero BPEMEHM 1.

3) PaccMOTpUM HEKOTOPYIO Maccy (MIeabHOTO) rasa, COACPXKAIIyrocs
HOJ MOPIIHEM IMJIMHApA. B IPEAHONOXKEHHH, YTO TEMIIEPATypa COXpa-
HSETCS Heu3MeHHOH, 06beM V (1) M naBienue p (amm) 3TOH MacChH rasa
DOMUAHAIOTCA 3akoHy Bodns-MapuoTTa:

pV=c=const.
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Ecnu npou3BonbHO U3MEHATH V, To p Kak dynkuus oT V 6yneT Beakuii
pa3 OHHO3HAYHO ONPEHENITHCH o (GopMmyie
c
p=v-
4) Haxowell, OCTaHOBUMCS €IIE Ha 3aBHCHMOCTH AABJIEHHS BO3IyXa
p (amm) ot BBHICOTHI MecTa h (M) HAN ypoBHEM Mops. B ¢usuke BEIBO-
ouTcst 6apoMerpunueckas bopMmyna:

p=p.e~",

IJe p, — HAaBJCHHE HA YPOBHE Mops, a k — HexoTopas nocrosunas. Ilo
3Toit popmyne 3HayeHHe p, Kak GYHKIHH OT H, M OUPENENAETCA, JIUIID
TOJIKO 3a[aH0 3HAYeHHE /.

3aMeTHM TYT Xe, YTO CaMblif BHI 6 0 p HE3aBUCHMOM IepeMeHHOM K3
YHCNIa [BYX pacCMAaTpHBAEMBIX UHOIOA OniBaeT Oe3pa3iimvueH WM CBI3aH
¢ coobpaxeHusMu mpocroro ymo6crBa. B OoNBUIMHCTBE Xe CaydYaeB OH
IUKTYETC W EJEHANMPABIECHHOCTBIO HPOU3BOAHMOIO HCCIENO-
BaHWA.

Hanpumep, eciiu — B mociiefHEM IpHMEpe — CBA3b MEXAY HaBie-
HHEM p W BBICOTOH A MICHOJIB3YETCA IJIS TOI'O, YTOOHI HAaTh BOSMOXHOCTH
NETYMKY Mo HaOMoZaeMOMy IABJICHHIO CYIHTh O HOCTHIHYTOM BBICOTE,
TO €CTECTBEHHO OOMEHATR POJM NMEPEMEHHBIX H GapoMerpuieckyio ¢op-
MYJIy HIpEeJICTaBATh B BUJIE

_1 Po
h—Eln; .

45. Ounpenenenne nonaras $ynkman. OTBiedeMcsi Teuepb, Kak
OOBIMHO, OT (PU3MUECKOTO CMBICHHA PACCMATPUBACMBIX BEJMYMH M IAJHM
ToYHOE oblIee ompeneyicHue MOHATHA PYHKU MU — OJHOIO M3 OCHOB-
HBIX OHATHHA MAaTEMAaTHYECKOTO aHAJIH3a.

ITycTe nanel ABE mepeMeHHbBIE X M y ¢ 00JaCTAMH U3MEHEHUS X u Y.
IIpennonoxnM, 910 IO YCIOBHMSM BONPOCA TIEPEMEHHOM X MOXET OBITH
IPHNACAHO NMPOHM3BONIbHOE 3HaYeHue u3 obmactu X Ges xakux-miGo orpa-
mnuennil. Torma nepemennas y nazvieaemcsa @yHxkyueii om nepemenHoil X
8 obaacmu ee usmenenun X, ecau no HeKOMOPOMY RPAGUAY UMY 3AKOHY KaAHC-
domy sHauenwo x us & cmasumes & coomeememeue 00HO onpedeneHHoe 3Ha-
venue y (uz ).

Hezapucumas mepemenHas X HA3LIBACTCA TaKXKe apeymeHmom (QyHK-
1470, 8

B sToM onpenmeieHNH CymIECTBEHHHB JBa MOMEHTA: BO-TIIEPBBIX, yKa-
3aHde o6sacTu & u3MeHeHus apryMeHTa X (e€ HA3HIBAIOT 0baacmuio onpe-
Oeaenus QyHKIMHU) M, BO-BTOPHIX, YCTAHOBICHUE IPABUIIA KM 3aKOHA COOT-
BETCTBUSA MexXAy 3HadeHusMu x u y. (OOmacty ¢ maMenenws Gynxunu
y OOBIMHO HE YKa3hIBAaeTCH, MOCKOJBKY CaMBIM 3aKOH COOTBETCTBHS YXKe
OIpeNeNseT MHOMXKECTBO NPHHUMAaeMbIX (pyHKumell 3HaYCHMIA.)

MoxkHo B ompenesieHHM moHATUsA (yEKUME craTh Ha OoJyee 0o6IIyIO
TOYKY 3PeHHs, Aomyckas, YToOBl KakHOMy 3HadeHuio X u3 X oTBevano



96 I 1L ®VHKIAY ORHOM NEPEMEHHOMN 45

HE OJHO, & HECKOJIbKO 3HaueHmif y (4 Jaxe OeCKOHEYHOE MHOXECTBO HX).
B nomoOupIxX ciyvasx (QyHKOUIO Ha3pBaloT MHOTO3HAa4YHOM, B OT-
JIMUhEe OT O HO3HAaYHOM (yEknuu, ompeneneHsoi Bbuue. Bopouew,
B Kypce aHajim3a, CTOSAIIEM Ha TOYKE 3PEHHs BEILECTBEHHOH MEPEMEHHOM,
u30eraloT MHOrO3HAYHBIX (YHKIMiM, W BOpedb roBopid o GyHKOHY,
€CJIM He OTOBOPEHO IPOTUBHOE, MBI OyZeM pasyMeThb O JHO3HAYHY IO
dyHxnHIO.
Jns ykasanus Toro (axra, 4TO ¥ eCTh (QYHKIMS OT X, IMIIYT:

y=f(x), y=¢(x), y=Fx) u T.1L%).

Byksbl f,, F, ... XapaKTepu3ylOT UMEHHO TO IPABHJIO, MO KOTOPOMY
IIOJIyYaeTCs 3HAUCHHE Y, OTBedaroliee 3a7anHoMy X. Iloatomy, ecnu onro-
BpPEMEHHO PACCMATPHBAIOTCA Pa3JH Y HEBI € QYHKIUHE OT OXHOTO M TOTO
*e apryMeHTa X, CBS3aHHble C Pa3JHYHBIMHU 3aKOHAMH COOTBET-
CTBHS, MX HE cielnyeT o0o3HaYaTh ONHOM H TOi Xe OYKBOIL

XoTtsa nverro O6ykBa «3d» (B pasmuudbix andaBUTax) CBA3aHA CO CJIO-
BOM «(pyHKIHUs», HO JUIA 0003HaUYeHNS (YHKIHOHAIBHONR 3aBHCHMOCTH, pa-
3yMeeTCd, MOXET NPHMEHSTHCH M Jobas Apyrasg OykBa; MHOIZA JaXke
HOBTOPSAIOT Ty e OykBy y: y=y(x).

B HEKOTOPHIX CiyYasx HHIIYT apryMEHT M B BHAC 3Bauka IpH QyHK-
(MM, HAOPUMED, V.. IO 3TOT THI NOAXOIUT IPHUBBIYHOE HaM 0603Haue-
HHe BAPHAHTH X,, KOTOpas ABJIseTCA (KaK MBI TEHEPh MOXEM CKa-
3aTb) QyHKHHEH OT «HE3aBHCHMOIL IepeMerHoi» n, npoberaronielf psn Ha-
TypaibHbiX yuced J ={n}. Ananormyso u obosHasende N, g HoMepa
N (B ompenenenuu upejesia BapHaHThl, 23), KOTOPOE NONYEPKUBAET €O
3aBHCUMOCTh OT & M T. .

Ecnm, paccMatpuBas (QyHKLMIO, CKaxeM, Y= f(X), Mbl XOTHM OTMe-
THTh €€ 44 CTHO € 3HAYEHHE, KOTOPOEC OTBEYaeT BRIOPaHHOMY YaCTHOMY
3HAYEHHIO X, PABHOMY X,, TO JUI1 0DO3HaYeHHSA €ro ynoTpebJsloT CHM-
Bo: f(x,). Hanpumep, ecin

@)=, 8O=7, M=V, ..,

10 f(1) o3navaeT uucieHHOe 3Havenue QyHkmuu f(x) mpu x=1, T. e. Ho-
IpOCTy YU C IO 1, apanoruyHo, g(5) o3mavaer 4YHCIO 2, A (’g)

4

YHCIO 3,
O6paTiMcs Tereph K CAMOMY IPaBHJYy WIM 3aKOHY COOTBE T-
CTBHSA MEX]y 3HAYCHHIMY IIEPEMEHHBIX, KOTOPOE COCTABIIACT CYLIHOCTh
NOHATHS (YHKIHEOHAJILHOM 3aBHCcHMOcCTH. ITpaBmiio 5T0 MoXeT OBITh BeCbMa
pa3sHoo6pa3Hoil HpAPOJL], IIOCKOJbKY OHO HHYEM HE OBIIO OTPaHHYECHO.
Haubosnee OpoCcTHIM M €CTECTBEHHBIM HPECTABIISCTCS OCYIIECTBIICHHE
3TOrO NpaBWJa B BHAC AHAJHTHYECKOTrO BHIDAXECHHUA WM

U T. IL

*) TIpOH3HOCHTCA 3Ta 3amMCh CHEAYIOIMM OGpa30M: (AIPEK PaBHO 3 OT HKCY,
«HrpeK paBHO (U OT HKCY, H T. I.
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G OopPMYIIE, CONSPKAUIUX YKa3aHHUE HA T€ ONEPALMH WK ACHCTBHS HAJ
TMOCTOAHHBIMU YHCJIAMH U HaJ 3HAYECHMEM X, KOTOpPBIC H2M0 TPOH3BECTH,
YTOOBI HOJMYYUTh COOTBETICTBYIOUICE 3HAUCHHE y. DTOT AHAJHUTHIe-
cxuii cmoco6 3amanus GyHKOUM sABIACTCA Haubojice BAXKHBIM JIf
MATEMATHYECKOTO aHanu3a (Mbl €nie BEPHEMCS K HEMY B CIEAYIOIIEM n°).
C HEM YHTATENb BCErO JIy4IIC 3HAKOM W3 LIKOJILHOrO Kypca MaTeMAaTHKH;
HAKOHEH, HMEHHO aHAJHTHYCCKUM CIOocoO0M MBI HOJB30BaJkCh B IIPHBE-
JIEHHHIX B 44 mpumMepax.

Ognmako 6puto OBI OMIKOOYHBIM AYMATh, YTO 3TO — EXWHCTBEHHBIH
croco0, KOTophIM MOXeT ObITh 3amana Qynxumsa. B camoit Matemartmke
HepeOKH Ciydyau, Korma ¢ymxmus ompenesnsercs Oe3 momoiy (GOpMYIBL.
TakoBa, naupumep, Gyakmus E(x) — «uenas 4acTh umcna x» *). Jlerko
Cco00pa3UTh, YTO

EQ)=1, EQ,5=2, E({13)=3, E-n)=-4 wurT. I,

XOTA Huxako#i ¢opMynsl, BeIpaxaroweil E(x), y Hac HET.

TaxoBBl TakXe U MHOIOYHCIEHHBIE «apUdMeTHUECKHe QYHKIHUY, T. €.,
GYHKIEH OT HATYPAJIBHOTO APTYMEHTA, HPHHEMAIOMHE JIMINL HATypaiib-
HBIE K€ 3HaueHus. B BUIe mpuMepa YyHOMSHEM «0 (aKTopHajie THCIIa Hy:

n=1-2-3...n,

a Takxke O (pyHKOUM 7(7), MPEACTABIISIONIEH Y MU CJIO AEeNHTEeNeil
YyHCIa #, WM O QyHKIUH ¢(n), ykasbBalowehd, CKOJNBKO B PAXY
1,2,3,...,n HMeeTCsd YUCEJ, B3aAaUMHO NpocTH X ¢ n He-
CMOTpPS Ha cBoeoOpasHbll XapaxTep NpaBujl, KOTOPHIME 3aJAIOTCA 3TH
(yHKIUM, OHM TIO3BOJIAIOT BBIVMCIIATH 3HA4YEeHHS GYHKIMKE C Takoi xe
ONPpeAETICHHOCTHIO, Kak U dopMmyisl. Hampumep, nmeem:

7(10)=4, 1(12)=6, 71(16)=5,...
P(10)=4, ¢(12)=4, @(16)=8, ...

B ecTeCTBEHHBIX HAYKaX U B TEXHHKE 3aBHCHMOCTh MEXAY BEIUYHHAMM
YacTO YCTAHABJIMBAETCA DKCICPHUMEHTANBHO WM IyTeM Habmropennii. Ha-
TPUMED, €CIM TIOABEPrHYTh BOAY INPOU3BOJIBHO BEIODAHHOMY AaBJICHHIO
P (amm), TO HA OIBITE MOXHO ONPEHEIIMTE COOTBETCTBYIOILYIO CMY TEM-
neparypy 9 (°C) xunenus Bozmsl: 0 ects $yuxius ot p. Opnako sta QyHk-
HUOHAJNBHAS 3aBUCHMOCTh 3aJjacTCi He Kakoif-nubo dopMysioli, a JTHIIE
Tabnuneii, re IPOCTO CONOCTaBieHbI HOJYYCHHBIE W3 ONBITA JaHHEBIC.
IIpumepst Ta0auuYHOT O coCOo0a 3ananns QyuKmuy Jerko HalTH
B JI000OM TEXHMYECKOM CHpaBOYHUKE.

Haxonen, ynoMsiHeM e1ie, 4TO B HEKOTOPHIX CIAydYasxX — IIPH DOMOIIH
CaMONHUIIYIIUX TPUOOpoB — (YHKIMOHAJIBHAS 3aBHCUMOCTH MeXny (u-
3MYECKHMH BEJIMYMHAMHE 32JaeTCA HENMOCPEICTBeHHO rpad mx oM. Ha-
OpyMep, «HHOUKATOpHASA AVWArpaMMas, CHAMaemas IpH TTOMOILN WHAWKA-

*) CM. CHOCKY Ha CTp. 48.

7 I. M. ®uxrenroibu, 1. I
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TOpa, IAET 3aBUCUMOCTh MY 00BeMOM V 1 HaBICHHEM p Hapa B IHIUH-
npe paboTaroieii NapoBoit MalKHLL, «GaporpaMMas, oCTaBisieMas 6apo-
rpadoM, OpelCcTaBJsIeT CYTOYHBIA XOJ aTMOC(EpPHOTo HaBJEHUS, M T. I

M3yl HE BXOOUM B IOAPOOHOCTH OTHOCHTENBHO TAONHYHOIrO M rpadu-
4eCKOro CnocoboB 3ananud yHKIHOHAIBHONR 3aBHCHMOCTH, TAK KaK MMH
B MATEMAaTHYECKOM aHAJN3C HE MPUXONUTCH HOJIb30BATHCA.

46. Awasmrudecknii cmocod 3amamms  Qynknmmn.  CpaenaeM  pap
Pa3bACHUTENBHBIX 3aMEYaHHl 0 MOBOAY 3alaHus QYHKIMA 2HAJHUT M-
YE€CKHEM BHpPaXeHHEM WM (opMyaoi, KOTOphle HIPAIOT B
MATEMATHYECKOM aHANA3€ UCKIFOYMTENHHO BAXKHYIO POJb.

1° TIpexne Bcero, XKakue aHAJHUTHYECKHE ONMEPANHH MIWIH
nelfCTBHMSA MOTYT BXOOATEH B 3TH (popmynsl ? Ha mepBom MecTe 31eCh
pa3syMeIOTCcd BCE W3YUCHHBIC B 3JIEMCHTapHOH anrebpe W TPUrOHOMETPHH
omepamuy: apudMeTHIecKAe ASHCTBUS, BO3BHILICHHE B CTEIERb (M M3BJe-
Yenue KopHs), JorapudMApPOBaHHAE, IEPEXOX OT YIIIOB K HX TPHTOHOMETPH-~
YeCKMM BeJIMUMHaM B obpaTtHO [cM. Huke 48 — 51]. Omrako, M 3TO BaXHO
MOMEPKHYTh, K UX WICIY IO Mepe Da3BHTHS HALUNX CBEACHUH O aHAJM3Y
OyayT IpMCOCTMHSATRCS M JAPYrHe ONepalyy, B TICPBYIO rojioBy — mpe-
IeNBbHBIM IEpexoll, ¢ KOTOPEIM YATATENb yXe 3HAKOM M3 IiaBei 1.

TaxkuMm o6pa3oM, IOJTHOE COIEPXKAHHE TEPMUER «AQHAIUTHYECKOES BEHI-
paxkenue» Wik «popMynaar OYIET pacKpHIBATHECS JIHINB IMOCTEHEHHO.

2° Bropoe 3amedaHuWe OTHOCHTCI K 00JMacTH ONMpeNeNcHUSA
(YHKIMA 2HAJUTAYECKAM BBIPROXKEHAEM WM (QopMytoH.

Kaxmoe aHaIMTHYECKOE BHIPaXeHNE, COOCPXKaIiee apryMenT X, MMeeT,
TaK CKa3aTh, ECTECTBEHHY 0 00JIaCTh IPHMEREHUS: 3TO MHOXECTBO
BCOX TexX 3HAYCHWH X, HJI KOTOPHIX OHO COXPAaHSET CMEBICH, T. €. MMEET
6noAHe onpedenenHoe, KOHeuHoe, GewecmeerHoe 3Hauenue. Pa3bsiCHAM 3TO
Ha MPOCTEHINX HPUMEpPAax.

: i
Tak, AnA BHIPAXKEHHS i TaKo#i obnacTeio GyleT BCce MHOXECTBO BEUIECTBCH-
- X
HEIX 9Hced. [ BBIpaXCHAS V 1—-x2 312 O0NacTh CBEIETCS X 3AaMKHYTOMY npo-
mexyTky [~ 1, 1], 3a mpemeramMu XOTOPOTrO 3HAUEHHE €r0 NEpecTaeT OHTH BEMIECTBEH-
1

gM. HanmpoTBs, BBIPaXCHHIO NPUOETCA B KAueCTBE €CTECTBEHHOHW o6macTh
1—x2

TIPEMEHEHHs] OTHECTH O T K P BI T b it mpoMexyTok (— 1, 1), 560 Ha KOHIIaX €ro 3HaMe-

Hatenb obpamaercs B 0. MHorna obsacte 3HaveHmH, MU KOTOPBEIX BBIDAXKEHHE COXpa-

HSIET CMBIC)I, COCTOHT 3 Pa3PO3HEHHHIX HPOMEXYTKOB: it Jx2—1 sto Gymyr mpo-

MexyTRE (~ <o, —1] B [1, +), g —-— — npomexytkn (-, —1), (-1, 1) =
1, +); 1T 5% x:-1
B kxadecTse HOCIEHHETO NPHMEPa DPAacCMOTPAM CyMMY OECKOHEYHOH IeoMeTpH-
HecKOH Iporpeccur
T4 x+x2+ . . 4+x 14 L =lim (Q+x+x2+ ... 4 X170,

n-eo

*) Jins Hac, pa3yMeercs, He HPEACTABIAIOT MHTEPECA TaKue BHIPAXEHUs, KOTOpble
HY TIPK OAHOM 3HAYEHHHA X BOOOIIE HE MMEIOT CMBICIA.
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Ecmu |x| <1, To, xax MBI 3HaeM [25, 7)], 3TOT npenen CYLUECTBYET W UMCET 3HAYEHME

e Ipu |x| =1 npenen nuGo paen + e, 160 BOoBCe BHE CymecrByeT. Takum 06-
-x

pa3oM, Uil OPUBCICHHOTO AHATUTHYECKOTO BBHIPAXCHHS €CTECTBEHHOH OBNACTEIO MpH-

MeneHus OyleT O TX P Bl TH # mpomexyrok (—1, 1).

B mocrnenyromeM H3N0XEHUM HaM IPUICTCA PAcCMATPHBATD Kak GoJice
CJIOXHBIE, TaK U GoJiee o0IupMe aHANMTHUECKHE BHIPAXEHHAS, B MBI He a3
OyneM 3aHMMATBCH MCCIIEHOBAHMEM CBOMCTB (DYHKIMI, 3a8aBaeMBIX HO-
NOGHBIM BBIDaXEHMEM BO BCe€i 001acTu, Ile OHO COXpAHSET CMBICH,
T. €. M3yYCHHEM CaMOT0 aHANHMTHYECKOTroO ammapara.

Omnako BO3MOXKHO H IPyroe MOJIOXKEHHE BElei, HA YTO MbI CIMTAEM
HYXHbIM 3apanee oOpaTHTh BHEMaHue wuratens. IIpenctaBum ceGe, uto
KaKkoi-1u60 KOHKPETHEIH BOHPOC, B KOTOPOM LEPEMEHHAs X [I0 CY LI e-
CTBY Jela OrpaHAveHa OONacThIO H3MEHEHUSA X, IPUBEN K PACCMOTpE-
HUEO QYHKIMH f(x), NOIYCKAIONUICH aHAIMTHIECKOE BhIpaXeHne. XOTH Mo-
KET CIIYYHTBCS, YTO 3TO BHIDAXKEHHME MMEET CMBICT M BHe obnactn X,
BBIXOJUTH 32 €¢ NPeHENbl, Pa3yMeeTcs, BCE e Heib3sl. 31eCh anaInTHye-
CKOC BBIPa’KCHHE WIPAET IMONYUHEHHYIO, BCIIOMOTATENBRYIO POJb.

Hanpumep, ecnu, nccnenys cBoGOAHOE MAMAEHEE TAXKETOH TOYKH C BBHICOTHL h Han
TIOBEPXHOCTBIO 3€MITH, MbI NpuberteM k dopMmye

g2
2
[44, 2)], To menmeno Gsin0 GBI PaCCMATPUBATE OTPHLATENBHLIE 3HAYGHUA ! MM 3HA-
2h /
deHus £, Gonbmue, vem T'= |/ —, u6O, KaK JIETKO BHAETH, Npu ¢ = T TOYKA yKe ynajer
g

2
Ha semiir0. M 3TO HECMOTDs Ha TO, YTO CaMO BBIPAKEHHE g COXpaHsieT CMBICH st
BCE€X BEIIECTBEHHbIX 7. 2
*3° MOXET CIHyYHTBCS, YTO (GyHKIMA ONPEACHSETCS HE OXHOM ¥ TOH XKe dopmynoit
ML BCEX 3HAYEHHH aprymMeHTa, HO JJIS OOHMX — OAHOMH dopMysol, a s BpYyrux —
apyroii. ITpumepomM Taxoli GyHKIMM B APOMEXYTKE ( — o, + o) MOKET CNYy*UTh QYHK-
1Hst, onpemenseMas CleAYIOUIMMU TpeMs GopMynamMu:

SG=1, ecmt |x|>1 (r.e ecnm x>1 wmm x<-1),
fx)=-1, ecmn |x|<1 (1.e eam —l<x<l),

W, HaKoHen, f(x)=0, ecriw x= +1.
VYromsuem eiwe o dyaxuun Jupuxne (P. G. Lejeune-Dirichlet), KOTOpas ofpe-
[ENAETCH TaK:
X(x)=1, ecmu x pamMORANHHO,

Z(x)=0, ecnu x MppaiHOHANBHO.

Haxoneu, BMecte ¢ KporexepoMm (L. Kronecker) paccMoTpuM GYHKIMIO, KOTOPYIO
OH Ha3BaJl «(CUTHYM Xx» *) B 00O3HAYMN 4epe3 sgn Xx;

sgnx=1, ecmd x>0,
sgnx= -1, ecmu x<0;
sgn 0=0.

*) Io-narTeing sighum = 38aK,

7*



100 TJ. 1. ®YHKUHA ONHOH MEPEMEHHOH 147

Bnpouem, He caeayer Ay™maTth, YTO eCTb HNPHHNMNHAaAbHAA pasHulia
Mexay ¢yHkuueHd, 3anaBaeMoit ojHoOH QopmyloH Ana Bcex 3Hauenu# x, U QYHK-
uyeil, onpeleneHHe KOTOPOR HCNOAb3YeT HECKOAbKO dopmyn. O6buHo GyHKUMA,
3a/laBaeMas HeCKOJbKUMH (OpMyTaMH (npaBla, HEHOH HEKOTOPOro YCHOKHEHUA Bbi-
paxceHus), MOXeT ObiTb 3allaHa W OXHOH.

Hanpumep, ecin npusieyb onepanuio mpefelbHOr0 Nepexoma, TO MepBas H3
NpUBeIE€HHbIX Bbille GYHKUWA, f(x), Moxer OHTb 3afaHa oxHoH dopmyroll (11s
BCe X X cpasy):

f(x)_-hm x”'-{—l

JeitcrBurenasto, npu | x| > 1 creneds x2" — - 00, a obpaTHOE eff Bhipame-
nue crpemurca k 0 [27], Tak uro’ ’
1

1

1 T X
lim x2"+1—11m1 =1L
T
Mpu | x| <1 crenenp x%"— 0 [25, 6)], u B sTOM Ciyuae
i x2n — 1 |
m m = — |,
Hakonen, npu x == | Gyxer, oueBuiHo, x*" =1, oTKyna
X —
P

¥ B npejene noayyaerca 0. Bcé 3TO MOAHOCTBIO cOrmacyercs ¢ MpeXHUM omnpene-
NeHueM.

47. Tpaduk ¢ynkuun. XOoTs B MATEMATHUYECKOM aHann3e (yHKUWH

rpaduyecks He 3aZalOT, HO K rpaUueCKOld HANIOCTPANHUH

¢yHkuun npuGeraioT Bceraa. JIér-

,yt_ ‘ Kass 0603pUMOCTb M HAarAsiJHOCTh

: _ 8 rpajuka JenalT ero HesaMeHu-

— MbIM BCNIOMOTATE/NbHBM CPEX-

CTBOM MHCCJAEAOBaHHA CBOKHCTB
(pyHKH M.

Iycts B HEKOTOPOM npome-
Kytke 2 . 8ajaHa (yHKuus
y=/f(x). IpencraBumM ceGe Ha
MJIOCKOCTH [BE€ B3aUMHO NEpneH-
JUKYJASPHBIE OCH KOODIHMHAT —
ocb X u ock y. PaccMoTpum napy
COOTBETCTBYIOMAX 3Haue-
HAR X # Y, rhoe X B3ATO U3 mpo-
mexyrtka 2, a y=f(x); o6pa-
30M 3TO#f MapH Ha MJOCKOCTH CAYXHT TOukKa M(x, y), c abcuuccott x
u opnmHaro#t y. Korja nepeMenHas X uM3MEHsSeTCs B NpeJeNax CBOETO
NPOMEXKYTKA, 9Ta TOUYKA ONMHCHBAET HEKOTOPYIO KpuBYy 10 AB (uepr. 5),
KOTOpas M ABJSIETCH reoMeTpHYyecKuM o6pasoM Haumell (yHKUHMM ¥ Hash-
Baercs e rpadukom B 5TuX ycaosuax caMo ypasHeHue y==f(x)
Ha3bBAIOT ypaBHEeHUEM KpuBo# AB,

opduvame §

S0

P ————

aibm'm.r
Yepr. 5.
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Hanpumep, Ha uepr. 6 u 7 ugobpaxens rpaduxu (yHKIui

y=%yI—x' n y==yx—T,
(TR {ix]1=D

YMTATEJIb Y3HAET B HUX OKPYXHOCTb H PaBHOGOUYHYIO runep--
60ay. Muoro Apyrux npumepoB rpaduyeckoro u3obpaxenus (yHKud
uuTaTenb Haliaer B OmmxaHIMX HOMepax. .

Crpourcs rpadguk oGHYHO MO TOUKaAM.

Bepyr B npomexyrtke Z paj O/Au3KnX Mexnay coGol sHauenntt X,
BHIUKC/ISIOT 1O dopMyne y==f(X) COOTBETCTBY U We BHAYCHUSA V:

x= | x| x5 [X5].... ] %4
y=Inlylysl.o.lyn
U HAHOCHAT HA 4YepTEXK TOYKH
(xla yl): (xﬂ’ yﬂ)r (xar y3)’ R (xm yn)'

Uepes 3T TOYKM OT PYKHM WA C MOMOIIbIO JIEKana NMPOBONAT KPHB Y Io,
KOTOpag (KOHEYHO, JHIIb ¢ HEKOTOPHM TPUGIMKEHHEM) H J3aeT HCKOMBIH
P, rpadgux. Yem nnaBHee XOR
rpaguka © YeM Fyiue B3ATH
Ot TOYKM Ha HEM, TEM TOuYHee
y=ttz HauepyeHHas KpHBAas BOCMpPO-
M3BOAUT 3TOT rpaguk.
Crenyer saMeTdTh, UTO
XOTs reomeTpuueckult ob6pas
— v— s, (YHKIUH BCEra MOXHO ceGe
2 g 7 Z J «TIPEeJCTaBUTL>, HO HEe BCEraa
3TOT 00pa3 OGyxeT KPpHBOM’
O B OOHIYHOM,  HHTYUTHBHOM
CMEIC/IE. _
O TMocTpoum, nanpumep, rpadmx
Uepr. 8. bynkums y=E(x). Tak kak
B NPOMeXYTKaX ... [—2, — 1),

t) 'y
['_ 1’0)1 [Ovl)v [1' 2)) [2: 3)' K
(dyHxuuA CoxpaHsAeT NOCTOAHHbIe 3Havenua ..., —2, —1, 0, 1, 2, ..., 1o rpadmx
6yneT COCTOATh M3 pAAa OTHENbHbIX I'OPH3OHTAIbHHIX OTPE3KOB, JHMIIEHHHX CBOUX -
NpaBHX KOHNOB (yepT. 8) *.
Hna ¢ynkuud y (x) v p 1 x ae rpabuk COCTOUT U3 MHOKECTBA TOUEK C U P P a-
NUOHANbHBMMH abCHUCCAMH HA OCH X U MHOXECTBA TOYEK C PALMOHAMNb-

HbIMH abcuuccaMi Ha mpaMo#l ¥y == 1; ero m u306pa3uTb HEBO3MONKHO.

48. BawHeitmne xjaaccs (ynkumit. IlepeuncanM spech HeKOTOpHE
KAaCCH (DYHKNUH, NOMYYMBIUAX HABBAHHE INEMEHMAPHHLX.

1° Lleaas u Opobuas payuonaissHbie Byrryuu. .

Dynknus, NPeACTaBAIEMas HEALM OTHOCHTEIBHO GYKBE X MHOTOY/IEHOM:

y=ax"tax"1'+...4a, ,x}a,

* 3T0 06CTOATEABCTBO CHMBOIU3UPYETCA CTPeENKaMU, KOTOPHE CBOMMH
OCTPHAMM YKA3BIBAIOT HA TOUKY, HE UPHHAATCHKAHME rpaduky,
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(@, ay,.ay, ...—TOCTOSHHAE), HasHBAETCH L €NOH PANUOHANBHOM
dynkuue#h.
OrHolEHHe IBYX TaKMX MHOFOY/IEHOB:

X" X" - F e, xta,
Y B b T L. bpyrk By
Ha3nBaeTCA APOGHOH paunmoHaiabHOM ¢pyHKuueHd. OHa ompe-
Ie/leHa JAs BCeX 3HayeHul x, Kpome Tex, KOTopele o00pauiaioT 3Hame-
HaTeAb B HY/b.
Ias nmpumvepa Ha uepr. 9 naHml rpadgukd GYHKUAH Y= ax? (nap a-
GonB) NpH pasauyHBIX BHAUYEHHAX KO3d(¢uuueHra a, a Ha ueptr. 10—

a
rpagukn dyHKuun y=— (paBHOGOYHHE rumepGoak), TAKXKE NpH

PasAMYHBIX 3HAYEHUAX Q.
2° Cmenennas ¢@ynryus.
Tax HaswiBaeTcs (YHKUUA BHIA
y=xp.,
rae p— n060e MNOCTOAHHOe BeulecTseHHoe uucao. Ilpn wmenom p moay-
yaercs pauuoHanbHas ¢yHxkuma. Ilpp p ApoGHoM M mMeeM 3xech p a-
Aukan Hanpumep, nycrb m — HaTypaibHOE 4HCIO U :
1
Y=xm =" X,
3Ta (QyHKUudA ONpeNeseHa [Ad BCEX 3HAueHu# X, ecau m — HeuSTHOR,
M JMIIb s HEOTPULATENbHHX 3HAYEHRH — Mpu 7 YETHOM (B 3TOM cayyae
Mbl MMEEM B BUAY apudMETHUYECKOE 3Ha4yeHHe paankaaa). Hako-
Hell, eC/ii % — WPPALUOHAJbHOE YHCA0, ME GyneM npeanosarats x >0
(x==0 nonyckaercs auumb npa p > 0).
Ha wuepr. 11 u 12 pnaubl rpaguxm creneHHoH q)ynxuml npu pas/iuy-
HBIX 3HAYEHHAX (v
3° Mokazamensnas @yHKyusg, 1. €. QyHKUUA BAAA

,y_—_-ax’
TAe @ — NOJOXHUTENbHOE YUCAO (OTAMYHOE OT EAWHHMILH); X TPUHEMAET
11060€ BElECTBEHHOE 3HAUEHHE.
Ipaduxn moxasatenbHOR (DYHKUMM TPH PasIMYHBX SHAYEHUSX @ AaHH
Ha uept. 13,
4° ./Iozapugfmuuema}z ¢ymct;uﬂ, T. e. (GyHKuus BHIa

) y= loga
FO€ @, KaK U BHIUE, — MOJIONUTEJLHOE YHCAO (OT/IMYHOE OT EHMHUIH);
X NPAHEMAET JHIIb [OJOXKATENbHHE 3HAYEHUd.
Ha uepr. 14 paHsl rpaduku 3TOR QYHKUMA NPY PA3AHUHBIX 3HAUCHUAX 4.
5° Tpueonomemputeckue @ynryuu:
y==sinx, y==cosx, y=tgux,
y=ctgx, y==secx, y==cscx.
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Ih y=xtu0 w13 2 5‘7
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OueHp BaXXHO pa3 HAaBCErla YCBOHUTb, 4TO QP2YMEHMs. MPU0HO-
Mempuneckux @GYHEYUE, ecau UX paccMAmpusams Kax Mepbs Y2408,
8cez0a sumpaxcarom smu yaase 8 paduaxax (NOCKOABKY HE OrGBO-
peHo nporusHOe). laa tg ¥ m sec x HCKIAOUAIOTCA 3HAueHud .Bua

@k+1),
a ana ctg X U csc x — 3HauYeHUd BUAA
kn (k —uenoe).
Ppaduxy dyukunht y==sin x(cos x) u y=tgx(ctgx) naun Ha
yepT. 15 n 16. I'paduk cuHyca OGBIUHO HA3HIBAIOT CUHYCOUOOL.

HHof#t pa3, 0coGeHHO B TEXHHUECKHUX BONPOCAX, MPEACTaBJAIOT HHTEpeC:
' 6° Tunepboauteckue ¢hyurguu. Tak Has3eIBAOTCS (YHKIMM

_ex___e—x ___ex+e«x‘
th-—"‘“2—, Chx——-—z*—,
shx e¥—e* _¢chx ef4e*
the=qs=Fres M¥=gr= %

(rnunepboanuecKne CUHYC, KOCHHYC, TaHIe€HC, KOTAHFEHC, ...); OHH
onpejesieHsl AJs BCEX 3HavdeHud x, uckmouas cthx, xoropeit Tepser
v ceicn npu x=0. 3Imu @yuryuu

J nposEASIONM 3aMELAMENSRYI0 QHANO-
2UI0 ¢ MPU20HOMEMPULECKUMI (HYHK-
Wi yusmu.
D
i\s ‘
\\ l/ | ;
: =
Z,
\- 7/& A
Py
L % = T 7T et
A B/ R B {g;ﬂ)‘
Yepr. 17. Yepr. 18.

Tax, umeror mecto dopmyast (06paTuTh BHUMaHME HAa 3HaKu!)
ch(x 4 y)==chx.chy +shx.shy,
sh(x+y)=shx - -chydchx.shy,

U3 KOTODHX MNPH Yy ==X, B YaCTHOCTH, CJEHYET:
ch*x —sh®x=1, ch2x=chix-}sh’x,
sh2x=2shx -chx.
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Hanpumep, nepsas u3 5TUX  (OPMYJN CBOXMTCS K JErKO NPOBEPAEMOMY
TOXAECTBY: _
ey LY F4e ¥ o fe + eF—e* o) —e.

2 T T 2 T2 2 T2

Tax xe NPOBEPSAITCS H OCTaJbHbE.
Ipaduku runepGoanueckux ¢yskuuit usobpaxensl Ha uepr. 17 a 18.

49, Mouatue o6patHoét dyrkuuu. Ilpexne uem nepeittu K obpart-
HHIM TPUTOHOMETDHYECKHM (YHKUUAM, CHENaeM MOSCHEHHE OTHOCHTENBHO
o0paTHHX (yHKUEH BOOOLIE.

TIpennonoxnM, 41O QyHKIMA Y = f (x) sanauna B HexoTopo# o6nactn L,
u nycts ¥ GygeT MHOMECTBO BCEX 3HaueHmil, KOTOpbE 3Ta (YHKUHUS
NpUHHMAeT, KOTHa X Hu3MeHseTcd B npegenax obaactd 2. (B nawe#
npakTuke kak 2, Tak @ ¥ obwuyHO OyAyT npeacrasasTh co6oio I p O-
MEeWYTKHW) A

Bu6epem kaxkoe-HnGyAb sHaueHne y==y, u3 obnacta ¥; roraa
B o6aacth Z Heo0XoZuMO HalJETCA TaKoe 3HAYEHHE X ==X, NpPH KOTO-
poM Hama (yHKUUS NPUHUMAET HMEHHO 3HAUEHHE Yo, TaK UTO

F (X)) =yu

noJoGHHX SHAueHuH X, MOXET OKa3aTbCi M Heckoabko. Takum oGpasom,
KaXOMy 8SHaueHu0 y u3 & CTaBUTCS B COOTBETCTBHE OJAHO HJIH He-
CKOJILKO 3HAuYeHMH X; STHM Ompejensercd B 061acTu & 0lHOBHauUHaA
AW MHOTO3HauHad QyHkuus Xx==g(y), KOTOpas U Ha3HIBAETCH
o6paTHO# ana dyskunu y==f(x).
Paccmorpum npumepm'
1) Mycre y=a* (a’>1), rie X uU3MEHAETCH B IPOMEXYTKE
= (— 00, -~ 00). 3HaueHns y sanoausior npomexyrok ¥ == (0, 4- o),
npuqéM Kamnomy ¥ W3 3TOrO NpOMEXYyTKa OTBEevaeT, Kak Mul 3HaeM [20],
B 2 onpHo onpeaeasHHoe x==1log,y. B sTOM ciyuae o6parHas ¢yHK-
UM OKa3LIBAETCA O AHO3HAaUHOM
2) Hao6opor, aas ¢yuxuun y—x% ecau X H3MEHSTDb B MPOMEKYTKE
=(~— o0, -} oc), ofparnas ¢yHKuus GyaeT ABY3HAaUHOMU Kax-
nomy 3HaueHmio y M3 npomexytka & = [0, -} 00), OTBeualoT A B a 3Ha-
yenua x—_t 1/ y us Z. Bwmecro stofi ABy3HauHOH (yHKHUE OGHUHO
pacCMaTPUBAIOT PasielbHO [Be OXHO3HauHH e (yHKIMH X = vy

u x==— yy («Bersu» nBy3HauHoHt hyuxumu). UX MOKHO NOPO3HBL TaKiice
cunTaTh OODAaTHHIMH A (QYHKUWH y ==X?, B NPEANONOKEHWH JHIIb, YTO
06/1aCTh U3MEHEHUS X OTPaHHYEHA, COOTBETCTBEHHO, TpoMexkyTKoM [0, 4 o0)
UM NPOMEXYTKOM (— oo, 0].

3) AHanormuHo, ecam B3ATh y==chXx, rae 06/aCTbi0 H3MEHEHH: X
CHOBA ABAAETCH MPOMEXYTOK Z == (— 00, - 00), TO, pellas ypaBHEHue

ii;f:f-_y min e —2y-e* - 1=0
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OTHOCHTENbHO €*, HallaéM (npu y =>1) ABa 3HaueHHs

ef=y+ I/yz —1,
OTKy A2

x=In(y=+ yy*—1).

CHoBa — I BYy3HAauyHas (YHKIMs, KOTOPasd Pacnajfaerca Ha ABE O A HO-
3HavYHb € BeTBH, OTBEYAIOUIME TNOPO3Hb M3MEHeHH0 X oT 0 10 - o0
10T —o go 0.

4) Ecim e y==shx, 10— npu mo6oM y — U3 ypaBHEHUs

ef—e* ax x
==y Wm e —2y.e"—1=<0

- Hafig&M MUIIb O A H O 3HayeHWe Aad e*:
ef=y+vVy+1

TaK KaK BTOpPOE SHaYeHHE ~— C MHHYCOM TNpH KOpHE, KaK OTPHLATENbHOE,
HEBO3MOXHO M XOMKHO ObiThb OTGpoweHo. Otciona

x=In(y+ Vy*+1),

TaK YTO 37ech oO6paTHas (PyHKIMS OXHOBHAUYHA.

3ameTuM, 4TO N0 rpaguky ¢QyHkumu y=f(x) Aerko coo6pasuts,
6yner i ofparHas AJa He& PyHKIMA X ==g(y) ONHO3HAYHON MM HET.
IMepsuitt cayua#t npeactaBuTCs, ecau aio6Gas npsmas, napajjienbHas ocyu X,
nepecekaeT 3TOT rpaduk passe aumib B 0 A H O # Touke. Hao6opor, ecan
HEKOTOphlE K3 TaKHX NPAMBIX NEPeCceKalT rpauk B HECKOJAbKHX
TOuKax, obGpaTHas ¢yHkums Oymer. MHorosHauHo#h. B sTOM cayuae mo
rpaguKy ke Jerko pasbuTh TNPOMEKYTOK M3MEHEHHd X Ha YacTH Tak,
yTOGH KaxIOH YaCTH yXe OTBEYaJa OZHO3HAYHAd «BETBb» STOH (yHKuUHM.
Hanpumep, no onHomy B3risly Ha napa6oay uepT. 4, KOTOpas CAyxuT
rpajgukoM ¢yHkumn y == x?, scHO, 4TO obGpaTHas el QyHKuMA ABY3HAuHA
U UTO AJS TOJydYeHHs OJHO3HAYHHX <«BeTBeH» JOCTAaTOYHO Pasie/bHO
paccMaTpPHBaTh INpPaBYld M. JIEBYI0 YaCTH 3TOH napaGoJH, T. €. IOJOKHU-
TeJbHBE M OTPHULATENbHble 3HaueHus x *,

Ecan ¢ynkuus x = g (y) aBaserca o6paTHOR Aas cpynxmm y=f(x),
TO, OueBMIHO, rpaguwa obeux ¢yHKIMHA COBNazaoT. MOXKHO, OQHAKO,
norpe6oBath, uYTOOH M aAPrymeHT o6paTHOH ¢yHkunu o6o3Havancs OyK-
BOH X, T. e. BMecTO QyHKnuu X == g (y) paccmarpuBath y == g(x). Toraa
JULIb fIPUAETCS FOPU3OHTAJIBHYIO OChb Ha3BaTh OCBIO Y, 4 BEPTHKAAbHYIO —
oChi0 X; Tpajuk BCE ewd ocTaHeTCs npexHuM, Ecam ke noxenats,

* Humxe [83] mn BepHémca emé K sonpocy o CYLIeCTBOBAHWM W ONHO3HAY-
HOCTH 00paTHOH (PyHKUHH.
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uTOGH (HOBad) OChb X Obi1a OB, KaK NPHUBRYHO, FOPUSOHTANbHOH, a (HOBas)
OCb y — BEePTHKaAbHOM, TO 9TH OCH HYXHO OyHEeT NEpPeCTaBUTH OLHY Ha
MECTO APYro#, YTO YXe M3MEHUT M rpaduk. [las OCyuecTBAEHHS 3TOro
npome BCEro MOBEPHYTh MIOCKOCTh yeprexa xOy Ha 180° Bokpyr Guc-
y CEKTPHCH MEPBOr0 KOOPAMHATHOIO YrJia
(uept. 19).

,g@f’ - Takum oﬁpasom, rpagux y=—g(x) no-
y> AyYaeTCA KaKk ‘'8epKa/JbHOEe OTpaxe-
}J(’ /& HHU € rpaduka y = f(x) OTHOCHTEAbHO TOH
N Guccektpuch. Ilo ueprt. 13 u 14, nanpumep,

4 3 Cpasy BUAHO, YTO OHH HMEHHO TaK MNOJY-
4 YeHBl onmH u3 jApyroro. TouHO TaK xe,
, MCXO/s U3 BBICKA3aHHBIX COOGpaxeHnH, JIerKo

0 & OOBACHUTD CHMMETPHYHOCTH (OTHOCHTEMLHO
HYepr. 19, GuCCEeKTpHCH) Kaxaoro us uepr. 11 m 12,

50. OGpaTHble TpuroHoMeTpuueckue QyHKuH. B mononseHue K.rem
KJaCCaM 3JMEMEHTApHBIX (DYHKUUH, KOTOphle GhiiM ynOMSHYTH B 48, pac-
CMOTDHM TeNeph

7° O6pamnsie mpuzoromempuieckue Qysxyum:

y=arcsinx, y==arccosx, y==arctgx,
y==arcctgx, (y==arcsecx, y=arccscx).

OcranoBuMcsa cnayana Ha nepso#t u3 Hux. PyHKums y==sin.x onpe-
neneHa B npomexytke 2 =(— 00, - 00), npuudm e& 3HaueHms 3anoj-
HAIOT CIoWb npomexyTok & ==[—1, 1]. [Tapaaneas ocu x nepecekaer
cunycouny, T. e. rpaduk ¢yHkumn y==sinx (4epr. 15) B 6eCKOHe u-
HOM MHOX eCTBE TOYEK; MHaye roBoOpf, KaXJAOMY 3HAYEHHIO ¥ U3 [PO-
MexyTKa [— 1, 1]oTBeyaeT Ge CKOHEYHO e MHO X € C T B O 3HAaYEHHH X.
[Mostomy o6parHas (yHKUHA, KOTOPYIO OGO3HAYAIT TaK:

x = Arcsiny, *

6yner (6ECKOHEYHO-)MHOTOBHAYHOM,

OG6huHO paccMaTpuBAlOT /ML OXHY <«BETBb> 3TOH (yHKuuH, OTBe-
YAOLLYI0 H3MEHEHHIO X MEXIY ——% % %; Kaxaomy y us [— 1, 1] B aTux
npefenax OTBEYaeT O M HO BHAYEHHE X; ero 0603HAYAIOT yepes

X == arcsiny

W HasbBAIOT 'TaBHHM 3HAYEHHEM apKCUHyCa.

* Mo ywe nopu€pkuBanm B CBOE Bpems [48,5°], UTO apryMeHT X TPUroHOMe-
TPHUECKOA (YHKUWH BbIpa¥kaeT Yrof B pa I ¥ aHaX; pasyMeeTcd 4 31eCh 3Have-
HUA OCPaTHHIX TPUTOHOMETPHYECKUX (YHKUMH, eciv HX PACCMATPUBATh Kak Mepy
yraa (wn4 Kyru) BCe BbpaXeH» B paiuaHax (B paiuMycax).
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IoBopauuBas CHHYCOMAY OKOJO GHCCEKTPHCH MNEpBOr0 KOOpAHHAT-

Horo yrna (uept. 20), moiayuaem rpadHK MHOTO3HAauYHOH (QyHKUAH
y==Arcsin %; cunomHo#t nuuned BuAeaeH rpa-

¢uk rnaBHON BeTRHM ed y—=arcsinx, Ko- g .
TOpask OJZHO3HAUHO oOnBpeleseHa B TNpo- !
mexyTtke [— 1, 1], 3HaueHmd X u HOpPUTOM <
YHOBAETBOPAET HEPABEHCTBY ya
kL < . - T i //
— g < arcsin X s bk 2
4
4
KOTOpOE XapaKTepusyer e& cpeoW APYrux ¥
BeTBel. , /
BenomuHas @3 9AeMeHTapHO#t TpHroHoMe- /
TPHH, KaK BBHIPAXKANOTCA B C € 3HAYeHHd yraa, /
MMEIOIero NaHHHH CHHYC, Yepes OaHO M3 3THX T 77
3HayeHuH, JNerKO HanucaTh (OpMyJH, Aamoliue N 1 Z
B C € 3HAYEHUd apKCHHyCca: - AN
N
-Arcsin x = arcsin x -}- 2kn ]
N\,
(=0, &1, =2, ..). N
wnn (2% - 1) @ — arcsin x.- ING
\,
Hcxomss #3 TEOPEMH CJOXEHHS IJs CH- AN
Hyca A
; : i N
sin (e +B)==sina - cos B - cos « - sin B, 1
. \\7[ i
MOXHO TOAYYHTb TEOPEMY CJOMKEHHA IJA apK- 2 i
cunyca, MMeHHo, nonoxum saech a==arcsinx,
B==arcsiny (rae x u y nexar mexay — 1 u
- 1); Toraa '
sina=x, sinB=y; cosa= /1 — 4% g z
cos p= y/1—34, /
npuyéM KOpHE GepyTCs CO 3HaKOM ILHOC, TaK -iaresinz
KaK yras @ B B, IO XapaKTepHOMY CBOHCTBY
TJIABHOIQ 3HAYEHHA APKCHHYCA, JIE€XKAT MEXAy 77
x -
—u =, TaK UTO KOCHHYCH HX MOJIOXH- Z
2 Yepr. 20.
tenbH, HTak,
sinv(a—{—up)=x Vi—3yi+tyy1—xd

OTKyZa a -+ B =arcsin x - arcsiny =
= Arcsin(x Y1 —3y 4y /1 —x).
dopmyna MOKET OMTh Hamucana mpome:
arcsin x - arcsiny = arcsin (x Y1 —y* +y y'T—x%
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JlHLle B TOM Cayyae, eCad Ha-B HE BHXOAHUT U3 MPOMEXYTKa
[ o) ] DTO yC/OBUE ABTOMATHYECKH BHIOMHAETCS, €CIH apryMeHts

xny(acuava o u B) uMeOT pasHHeE 3HaKH B cayuae He OAHHA-
KOBHX 3HAKOB BBICKa3aHHOE YCJOBHE, KaK JErko BHAEeTH, PaBHOCHABHO
TaKOMY: '

B4r<t
HonoGuee xe paccy)xnéﬂun NpUMEHUMBl K (YHKUHR Y ==COS X ’
“(—o0o < x<H o0) U smece obpatHas dyHKuus

y==Arccos x (— 1 <x<1)

oKashiBaeTcs (0eCKOHeYHo- )MHOFOSHa‘{HOI’( (cm. uepr. 13). Jlna BriueneHAs
OAHOBHAaYHOH BEeTBH, €8 IIOJI.‘MHSIIOT ycaosnio:

0 < arccos x << ;

9TO €CTb rJaBHasd BeTBb apPKKOCHHYyCa.
q)YHKI.lHﬂ arccos ¥ ¢pA3aHa C arcsin.x " OuYeBUIHLIM COOTHOMIEHHEM

T
arccos X == 5 arcsm X5

. i . T .
AeHCTBUTEABHO, ~HE TOJNBKO ~KOCHHYC yraa 5 ~— arCsin X  pPaBe€H

sin (arcsinx)=x, HO M CaM Yroa COAEPHUTCA HMMEHHO Memny Oumn

OcTtanpHele sHayeHuss ArCCOS X BBIPAXKAIOTCA uepes r7aBHOE €ro 3HauYeHHe

no ¢opmyne , :
Arccosx 2kn+arcgosx (=0, 1, &2, ..).

dynxuns y—-*tgx onpejeneHa NN BCEX SHAYEHHHA X, KpOMe 3Haye-
nuit x = (2k -+ 1)-2— (=0, =1, =2, ...). 3uauenns y 3anOAHAIOT

8I€Ch NPOMEXYTOK (— 00, — 00); NPUYEM KaKAOMY y - CHOBA COOTBET-
- CTByeT OECKOHEUHOE MHOXeCTBO 3HaueHu#t x (cM. uepr. 16). ITostomy
obpatHas QyHKuus x == Arctgy, sagannas B npomexyTke (— 00, -+ o0),
“6ymer (GeckoHeuHo-)MHOrosHauHo#t. Ha uepr. 21 wusoGpamén rpaduk
¢ynkunn y = Arctg x, noayyessutt nosoporom Ha_180° BOKpYr Guccex-
TPUCH MEPBOTO KOOPAHHATHOrO yraa rpacduxa ¢yHkumu y=tgx. 3a
‘rnaBHOEe 3HaYeHHe apKTaHrenca, arctgx, NpHHAMAOT TO W3 B8Ha-
ueHnft 9TOH MHOTO3HAYHOR (yHKHMH, KOTOPOE YXOBIETBOPSET HepaBeH-
CTBaM

— %< arctg x < % .

Taxkam nyT&M ONpENEARETCA ONHO3HAUHAA (YHKUHI —TAaBHAd
BeTBb apKTAHIEHCA, 3aJaHHAA A BCeX 3HaueHuHl X, OCTaAbHbe 3Ha-
YEHUS ‘APKTAHIEHCA, KAK JIErKO NOKasaTh, NMOMAYYAIOTCS TaK:

Arctgx—arctgx+k1:(k_0 *1, %2 ...
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Teopema croxeHus mis TaHrenca:

tga--t
tg(a+9)=“1—§fgia%fg—g',

-

T

L

| e O

ESE

Y=arclyr

T
Z
Yepr. 21.

ecau MoNoXUTh o==arctg x, B=arctgy, maér (npu xy % 1)

tg (a —l_ B)___ IXj-xj; s .

TaK 4TO
o B8 =arctg x - arctg y = Arctg %
W B nauHoM ciyuae paBeHCTBO NPHBOAUTCA K MPOCTOMY BHAY
— x+y
arctg x - arctg y = arctg Ty’

T
b 1711113 ecnn_~?<a—f—p<%, T. €, ec/u xy<l,

113
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HeTpynHo yCTaHOBHTL mpAMylo CBsidb Mexay QyHKkuusama arctg x
R arcsin x:

. X . X
arctg x =—arcsin —— HAd  arcsin.x = arct o
g Vi4xt ) R g P | —x3
(—oo < x < +oo) (—l<x<+4D ’

Hanpumep, ecam moaoxuts a=—=arctgx, Tak wuro ftga==x, TO

sin a==—mBl _ — X npuyém KopeHb Oep&Tcsi €O B3HAKOM
Vidfigte VIid+a'
T T .
naoc, motoMy uro —5<{a<; OTCIAa W BHTEKaeT, uTO
. x '
o = arcsin ——-—r,
YT+

Ynomsnem ewg o dynknmn Arctg x (— oo < x< - o0); €& raas-
HOe B3HAaYeHHUE ONpeelseTcs HePaBeHCTBaMH

0<larcctgx <=

u CBA3aHO C arctg X COOTHOIIEHHEM
T
arcctg x = 57— arctg x.

OcTanbHBIE 3HAYEHAS aPKKOTAHI€HCA MMEIT BAX
Arcctgx=arcctgx -}-krn  (B=0, =1, &2, ..)).

Ha oynkumax arcscx (—oolx<<—1 n l<x<J o) w
arccosc X (Te ke NPOMEKYTKH HWSMEHEHMs) OCTAaHaBIMBAThCA He Gylem,
NpeaoCTaB/sgs 4YATATENO CaMOMYy B HHMX DPasobpaThcs.

51. Cynepnosunus ¢ynkuuil, 3akaouuTenbHble 3amedaHus. [To-
BHAKOMUMCA C TOHATHEM CYNMEepNOSHUHH (WM HAJAOXKEHHUs)
¢yHkuuft, KOTOpas COCTOMT B TOM, 4TO 'BMECTO apryMeHTa JaHHOH
¢yHKIAE TMOACTABASETCS HEKOTOpas (yHKIHs OT APYroro aprymeHTa.
Hanpmvep, cynepnosuums ¢yHKuu#h y=sinx u 2==Ilogy Na&r ¢yHk-
M0 2 ==log sin x; aHAJOrHYHO HOMYYAIOTCA U (PYHKLUH

—ge 1
—_—x? —
7 V1=—x", arctgan.n.

B ofwem Buae, NMpeanotoxuM, 4to ¢yHkuma 2==¢(y) ompenenecHa
B HeKoTOopo ob6mactn ¥ ={y}, a ¢ynkuma y=f(x) onpexerena
B o6aacth Z'={x}, npuuem 3HaAUYEHHUR €€ BCE COAEPKATCH
B o6anactu ¥. Toraa nepemenHas 2, KaK roBopsT, 4epes Nocpe A-
CTBO J, U caMa fBAfeTCAd (QyHKUuEH OT X:

z=r¢(f(x)).

To samanHOMy x u3 2 CH3yana HaXoAAT COOTBETCTBywulee emy (no
Npasu1y, XapakTepusyemMoMy 3HaKOM f) 3HaueHuwe y u3 ¥, a 3zarem
YCTaHaBAMBAIOT COOTBETCTBYIOMIEE S TOMY 8HAueHHlo y (no mpasuny, .
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XapaKTepu3yeMOMy 3HAKOM @) 3HAUeHUWE 2; €ro M CYMTAIOT COOTBET-
crBylomuM BHGpaHHoMy x. IlonyuenHas hywrgqus om Gynrxyun wim
crodcHas (hyHKyus W eCTb Pe3yabTar cynepnoduyuu HyHKuuh f(x)
u 9 ().

Ipennonoxenne, uyTo sHavyeHns QyHKuuM f(X) HE BHXONAT 8a mpe-
nenn To#t oGnactu ¥, B KoTOpOR ompeleneHa ¢yukuus ¢ (y), Becbma
CYmecCTBEHHO! €ClM €ro ONyCTUTh, TO MOXET HOJYUYATbCA H He-
nenocth. Hanpumep, nonaras z—logy, a y==sinx, Mol MOXeM pac-
CMaTpWBaTh JMHIb TAKME 3HAYEHHd X, [JIA KOTOPBIX Sin x>0, n6o
WHaye BhipaxeHue log sin x He umeno Obl CMHICAA.

Mbl cuMTaeM MOJESHBIM 34€Ch Xe NMOAYEPKHYTh, UTO XapaKTEPHCTHKA
(yHKIMH, KAK CAOXHOMH, CBI3aHAa He C NPUPOLOH (YHKIMOHANLHOH
3aBHCMMOCTH 2 OT X, a JMIWbL CO CnoCoO6OM 3ajgaHus 3Toit 3a-

sucumMoctd.. Hanpuwep, nycts z==1¢/1—3% a1 y 8 [—1, 1], a

y=sinx a1 x B [——2“—, —;—] Torna

2= y/1 —sin®x = cos x.

3nech ¢yHKUMA €OS X OKasanaCh 3aLaHHOM B BHIE CAOKHOH (yHK-
{717

Teneps, KOraa NOJHOCTHIO BHACHEHO NMOHATHE CYNEPNO3HUAH (YHK-
LK, MBI MOXEM TOYHO OXapakTepusoBaTb NpPOCTeRIIHN ©u3 Tex
K1accoB (YHKIMH, KOTOPHE H3Y4alOTCH B -aHaAu3e: 3TO, NPexAe BCETO,
NIEPEYUCAECHHbIE BHIE 3IeMeHTapHHe PyHKuuu 1°—7° a satem —
BC€ T€, KOTODHE K3 HHMX NOJAYYaloTCH C TMOMOIIBIO -UETHPEX apugpMeTH-
YeCKHX JEeHCTBHH - Cynepuosuiuif, MOCAEHOBATENbHO NpUMEHEHHHIX
KOHeuYHoe uucao pas. IIpo HuxX roBopsAT, YTO OHU BHIPANKAOTCA yepes
3/IEMEHTAPHHIE B KOHEYHOM BHJ€; HHOMAA MX BCE TaKXKe HaspIBAaIOT
9/€MEeHTAPHBMHU

BrocnencTeun, oBnazes Go/iee CHAOXKHHM aHANUTHYECKHM annapaToM
(6ecKoHeuHsIe PAJH, UHTErpajbl), MM MO3HAaKOMUMCS M C APYTHMH (PYHK-
LMsIMA, TAKXKe WMpaolMMd BaXKHYI DOJb B aHaiause, HO YXke BHIXOAA-
UMK 33 TIPEAENbl KJAACCa 3MEMEHTAPHBHIX (YHKUUM.

§ 2. lpenea dbynxuun

52. Onpepenenue mpeaena (pyHKHUH. PaccMOTpHM uMCIOBOE MHO-
xectB0 X' ={x}. Touva a Ha3viaemcs mMo4Koi ceywernus
3Mmo20 MHONCeCcmsa, ecau 8 A60E Oausocmu om a coaepofcamc;z 3Ha-
yenusg x uz I, omauiHsie om a.

YUroGH BHPa3sWTh 3TO ONpefeseHde B Gojlee TOUHHIX TEPMHUHAX,
BBENEM NEHATHE OKPECTHOCTH TOYKM @ TaK HA3HBAETCA MOGOH
OTKPHITHH NpomexyTok (@ —3, a-}-3) ¢ uentpoM B TOuKe a. Teneps
MOXXHO CKaszaTh, UTO mouka a 0ydem MoO4YKOid c2yu,eHUST MHO-
acecmsa L', ecau 8 Kasxcdoii e€é ompecmnocmu codepaicamcs omawyHole
om a 3Hayenun x u3 Z.
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Cama TOYKa CryIleHHMs NPH STOM MONKET NpHHamiexars 2 HIM HET,

Iycte B o6nactu £, 4715 KOTOPOH a fBJSETCS TOYKOH CryLIEHHT,
3agaHa HekoTopad ¢yukuua f(x). Ilpeacrasaser uHTepec mNOBELEHUE
sTo# GyHKuMH npu npubmixeHun x K a. ToBopat, uto ysryua f(X)
uMeem npedesom 4wuca0 A npu cmpermserHuu x k a (uan s
mouxe a), ecau 04 Kaxcdoeo uucaa ¢ >0 Haildémcs makxoe HUCAO
8>0, umo

|7 () — Al <e, aums moaero | x —a|< 3 (1)

(rze x B3aTo w3 2 m oTAHYHO OT a)* OG603HAYAOT ITOT (aKT
TakK:
lim f (x)= )
X—=a
Ecan o6nacts 2 TakoBa, 4TO B moﬁoﬁ- 61430CTH QT @, HO cnpasa
om a, HalkKyTca OTJMYHBIE OT @ SHauseHns x u3 2 (B 3TOM cayyae
TOYKY @ HashBalOT npagod mouxod cayuenus aas Z’), TO MOKHO
CNEUMANA3APOBATL TONBKO-UTO NAHHOE ONpejeleHHe nperena (yHKumy,
Or'PaHMYMBUIACH JIKIIb 3HAYEHHAMH X >a. B sToM cayuae mpenen ¢yHk-
LMY, €CJIM OH CYHeCTBYeT, HashBaeTCs npedesom ghyrxyuu f(x) npu
cmpemaeHuu X K a cnpasa WM, KOpoue, npedesom (8 moure
a) cnpasa u 0603HAYAETCA  CHMBOJIOM

lim f(x) nm f(a-0)**
x—>a+0

AHa/IOrMYHO YCTAaHABIMBAETCS NOHATHE O L e80W mouKe c2yuje-
Hus 1 O npedese PYHKyUU Npu cmpeMAeHUU X K a cAeBa
uId o npedese (8 mouxe a) caresa:

lim0 f(x) nam  f(a—0)**,

Ecin Touka @ sBAfieTCS OXHOBPEMEHHO TOuko# crymwenus mas 2,
M TpaBoOH, W JeBOH, TO, KAK JIETKO YCTAHOBHTb, 0451 CYU4ECMBOBAHUSA
npedeaa (2) HeoOxo0umo u OOCMAMOYHO CYULECME0BAHIE NOPO3HbL
u pasencmso npedenos cnpaga u caresa:
lim f(x)= hm f(x)__
x-»a-40
ITpu crpemieHud X K KOHEUHOMY MNpefeny a (YHKIHA MOXET UMETh
u OeckoHeunnit mnpexen. lVimenHo, gynrgus f(x) umeem npedenom
+ o0 (—®) npu cmpemaernuu x K a, ecan 048 Kaxdo20 yu-
caa E>0 naiioémes maxoe wucao 8>0, uro

F(X)>SE (f(x)<—E), aums moasko |x —a|<38 3)

(roe, Xak u BCerja, x B3iTo u3 2 M OTJAHUYHO OT Q).

* JIMeHHO W3 TOro, 4TO @ €CTh TOUKa cryuieHus paa %, ABCTBYeT, 4TO Takue
3HauCHHA X B OKpeCTHOCTH (@ — &, @ 4 8) TOUKH a HaBepHOE. CYHIRCTBYIOT.
¥ Ecan camo @ =0, 10 BMecTO 0--0 (0 — 0) nmmyr npocro +0(—0).
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3anuck aTux (hakToB aHanoruuna (2):

lim f(x)=-} o0 (— o)

Ilns paccMaTpHBaeMOro C/Ayuyas MOTYT OHTb MOBTODEHH CJeJIaHHBEe
BBIIIE 3aMEYaHHs OTHOCHTE/NBHO OJHOCTODOHHMX TNPEAeJOB CrpaBa o
creBa.

Ecau  muosicecmgo X = {x} codepacum cronas y200HO [orsuiie
(no abcorwomnoii seaudurne) noaoscumensHsle (ompuyamensHsie) 3Ha-
weHus X, mo 2080psam, wmo -+ oo (— o0) gsAsemcs MOKOE czyuje-
rug Oan L.

B stoM npeanonoxenun: gyaxyus f(x) npu cmpemareruu x
K -} o0 (— o0) unmeem npedea A, ecau, Kaxogo Ov. HU 6640 HUCAO
e >0, dan nHeeo cywecmsyem maroe wucso A™>0, umo

[f(x)— A|<e, aums moasro x >A (x<—A4) 4)
(roe x Geperca us Z'). Ilpn stoM numyr:

lim f(x)=A. (%)

Hakonen, Jserko mnepedpasupoBaTh BCE CKa3aHHOE Ha Cayuait
A=} 00 nm — ox.

CymHOCTs BCEX STHX OnpejeneHmi ofHa H Ta xe: Qynkuus f(x)
JOMKHA OHTb CKOMb YroAHO «OaM3Ka» K CBOeMy mnpeleny A, jauuib
TOMbKO HE3ABHUCHMad NEPEMEHHAad X MOCTAaTOYHO «OJH3Ka» K CBOEMy Tipe-
zeny a. Ho nepemenHas «Gau3Ka» K CBOEMYy KOHEUYHOMY npeneny,
€CJI1 PasHOCTh MEXIY HUMH (N0 aGCOMIOTHOR Be/MYMHE) Mana, a K Gec-
KOHEYHOMY, ecnu oHa caMa (mo aGCOJIOTHOH BEeJMYMHE) BeauKa M
NPUTOM COXpaHseT 3HAK mnpejeda.

ficHo, uto uucaa d(A) Bo Bcex cayuasx sasucart oT e (E).

3aMeTHM B BaK/IIOYEHUE, YTO MpH CTpemiaeHnn ¢yuxkuun f(x) k 0
e HasHBaWOT GEeCKOHEYHO MaJoH, e HasHBAOT GECKOHEYHO
6onbmol, ecan |f(x)| crpemurcs K oo. Ecau nocneamee o6CTOS-
TEeAbCTBO UMEET MECTO NPH X — @, TO FOBOPAT TaKxke, YTO B TOUKE a
¢pyHkug o6pamaercada B 6ECKOHEUHOCTbD.

53. Ceenenue K cayyaio BapuaHTh. Ecan paccMaTpuBaTh BapuaHTy,
KaK QYHKIHWIO OT HE3aBHCUMOH NEPEeMEeHHOH 1, m3MeHsomeHcs B npene-
Jax HaTypaibHOro psifia, TO mOpelen 9TOH QyHKumm 1pu 7 — 00, Kak

OH onpejeaéH B 52, OueBHIHO, COBNALAET C MpPEJEJOM BapHUaHTH, Onpe- .-

pgenénneM B 23 1 27 (poms A rtam wrpaet N). Takum oGpasom, npe-
dea sapuanmol ecms uwacmiuil cayuaii npedesa @ynKyuu.

"Ognako u, o6paTHO, B HEKOTOPOM CMBCJAE Npeled (yHKIuH
MoxeT GObiThb CBEAEH K NpeJeny. BaDUaHTHL

Iycte mHoxecTBo 2 ={x} uMeeT TOuKy crymeunus a (31eChb a
MOXET OBITb KaK KOHEYHBIM YHC/IOM, TaK M GeCKOHEYHOCTBIO TOro MM
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uHoro snaka). Torma w3 2 (GecumcieHHHM MHOXECTBOM CHNOCOGOB)
MOXHO K3BJEYb TAKYI0 NMOCAEIOBATEIbHOCTH

X1y X3y Xg.ery Xpyoe - (6)

sHaueHuR x (OTIMYHBIX OT @), KOTopas WMejna Gbl CBOMM MpPEAENOM a

JIe#cTBUTENLHO, €CJIH @ KOHEUHO, TO, 33 AaBIIKCH TION0KATEAbHOH BapH-
aHTOH 3, CTpeMAILEHCS K HYMO, B Kax/IOH OKPECTHOCTH (a—3,, a-}38)
(n=1, 2,73,...) TOYKM @ HaliaéM no TOYKe X=—=x, u3 2, OTANYHOH
oT a: TaKk KaKk |x, —a]<3, 10 X,—>a. TMpu a=-} o0 (— ) 3a-
AanuMcsl TIONOWHTENbHOH BapmaHTO#f A,— 400 # mas Kaxzoro A,
HalpEM sHauenne X ==x, u3 2, ana Kotoporo X, >A, (x,<—A,)
OUYEBUIHO, X, >+ 00 (— o0), U T. A.

TocaenosarenpnoctTd (6) 3HaueHHH aprymeHTa OTBEYAeT MOCAEHO-
BAaTEJAbHOCTb 3HAUEHHH GyHKUUN

f(xl)t f(xil)» f(x3)’ e f(xn)’ e (7)

Jlerko ycmoTpets, uTo npu Hasuwuu pasewcmsa (2) ama nocaedo-
samensrocms gce20a umeem npedea A. OcraHOBMMCA AAsl  MpH-
MEpa Ha Caydae KOHEUHHX a u A. -

Ecan 3agaHo mpousBosibHOe uucao € >0, TO CHayana BO3bMEM TO
uncno 8 >0, KOTOpOe eMy COOTBETCTBYeT B CHIy ONpPEAE]EHHs Ipe-
pena (2). Tlo wucay 3, BBuAy cxomumocTH mnochexoBateabHocTd (6)
K a, Hatin&tca [23] Taxo# Homep N, uto mas n >N GyaeTr BHIOJ-
HATbCSA HepaBeHcTBO |x, —a|<8, a caemosarempHo fcm. (1)],
[f(x,)—A|<e. DTuM B JOKa3aHa CXOQUMOCTb MOC/AEAOBATE/b-
Hoct (7) k A. :

OxaseiBaercs, YTO CMPABEI/MBO M OOGDATHOE YTBEPKAEHHE:

donycmux meneps, umo rKarxyi O nocaedosamedns-
Hocms (6) (u3 Z') ¢ npedesor a Hu npoGezara He3asucumas nepe-
MeHHan x, coomsemcmsywuas nocaedosamessrocms (7) 3Haweruil
dynryun scez0a umeem npedea A. Tozda amo wucao A Oydem npe-
denox ghynxgun f(x)— 8 cozaacuu ¢ onpedenenuer 8 52.

OrpanuuaMcd u smecb CJayyaeM KoHeuHmx a u A. Paccyxnas or
NPOTHUBHOIO, MPEAMOJONKHM, u4TO A He OyleT npene/noM (yHKUHHA B
ynomsnyToM cmbicne. Torma s HekoToporo udcaa e >0 yxe He
CylecTBOBaA0 Gl COOTBETCTBYOMEro d; T. €., Kakoe Ob Manoe 3 Hu
B34Tb, BCEraa HaiA&TCd XOTb OJHO 3HAUEHHE NEepPEMEHHOR x=x' (oT-
-JINYHOE OT @), BJAS KOTOpOro

| ¥ —a|<3, no mem ne menee |f(x')— A|=-.

BosbMéM noc/enoBaTeNbHOCTL mONOXMTenbHHX uncea {3,}, crpe-
MamMxcs K Hymo, Ha ocHoBamum TOABKO 4YTO CKasaHHOTO, AAA K a X-
poro uucna 8==38, HaWa&TCA Takoe 3HaueHwe X' ==X, YTO

| %p—a| <3, Ho mem ne menee [f(xn) —Al=e
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W3 sTtux 3naueHmd, Takum o0G6Gpa3oM, COCTABAAETCA HEKOTOpas Io-
CAeN0BaTe bHOCTD

Xy, Xa KXoy teny Xy oeny
AJi1 KOTOpO#H

.[x,',—a[<8,, (n=1, 2, 3,...)

TaKk Kak 3,—> 0, 10 X, —a.
ITo ponyuleHmio TeopeMH, COOTBETCTBYIOMAs MOCJEAOBAaTENBHOCTD
3HayeHnlt QyHKUuH

F), flx) (2 oo fln)r oo

JAOMKHA CTPEMHTBCH K- A, a 9TO HEBO3MOXHO BBHAY TOrO, YTO TpH
Bcex n==1, 2, 3,... nmeeM |f(x,)— A|=-¢. TloayyenHoe npoTHBO-
peune U JIOKAa3niBaeT Hallle YTBEPXAEHHE.

Takum o6pasoM, MH B CYIIHOCTH NPUXOAMM KO BTODOMY oOmNpe-
JeNeHWI0O TOHATHA npejgena GyHKUHUHU KOTOpoe B 52 6O
BHIDAKEHO, TAaK CKasaTb, «HA si3bIKe e-0». Temepp ke MBI MOXKeM BHIpa-
3UTb €r0 <«Ha #A3bIKE MOCAENOBATENbHOCTER», nonumas pasencsngo (2)
8 moM cmbicae, ymo 041 A1060li nocaedosamessnocmu (6), umenuei
npedesa a, coomsemcmgyrousan nocaedosamensrocms (1) umeem npe-
den A.

B sakmiouenne OTMETHM, UTO 00CMAMOYHO NpeONOAOIHCUME OOHO
Aums cyuecmeosanue npedesa 04 K aok0oil nocaedosamens-
nocrmu - (7), omsenanwel awboli cxodauwelics ¥ a nocaedosamens-
nocmu (6), wmobuw omcwda yoce sumexaro cogénaderue scex
smux npedenos. JleficTBHTENbHO, JONMyCTHM, 4TO A/f JABYX MOCJERO-
BaTeNbHOCTEH:

X1y Ky ovey Xy oes B X5 X0 uisy Xy oe
CTpeMAlUXCa K @, uMenn Okl
fxa)—> A u f(xp)—> A",
rae A’ 3~ A". Torpa, nepeMexas uwieHn 06enX MNOCJEAOBAaTENbHOCTEH,
COCTaBHM HOBYIO NOC/IENO0BATENbHOCTD:
Xy X{y Xy Xy euvy Xny Xny oo}
OHa, OY€BHUAHO, CTPEMHTCH K aq, NOCKOJAbKY I AOCTaTOYHO GoablINX 7

B Xn, M X; OTJHYAIOTCA OT @ NPOHM3BOJABHO Mano. B To xe Bpems co-
OTBETCTBYIOUIas MOCAEAOBATENLHOCTh 3HAUEHHH (yHKUMU:

f(xl) f(x")’ f(xs)’ f(x")r sy f(xn): f(x )’ ey

BOMPEKHA NPEANONOKEHNI0, HE HMEET BOBCE Mpefena, TaK KaK YacTHy-
HbI€ TOC/AEJOBATENLHOCTH K3 €€ U/IEHOB, CTOAIIMX HA YETHRIX MJAM He-
YETHBIX MeCTaX, CTPEMATCA K Pa3AHYHHM npenenam [40]. Tloayuen-

- HOE TNPOTHBOpEYME W [NOKA3HBAET, 4TO rnoc/ienoBaTeabHOCTH BUma (7)
H3 Jene CTPEMATCS BCE K OJHOMY H Tomy Ke Tpeneny.
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54. Npumepsi. 1) dokamewm, uto
lim ¢*¥=+4® (npu a>1).

X—-{-00
IMpu mwo6om E >0, nocrarouno B3ars A =log, E, uro6u
x> A Biaekno 3a coboit a¥ > E,

4YTO. 1 JIOKa3blBaeT Hallle yTBepxieHHe *,
AHaJIOTHYHO JOKa3blBaeTcH, UTO

lim a¢*=0 (opu a>1).

X = — O
WmenHo, kakoBo 6 HM Onito e>0 (e<<1), ecmu B3ath A=1ogale=

= —logg ¢, TO
npy x << — A HeoGxomiAMO @¥ <e.

Ecan ke 0 <a<<1, To ¢ nomoiusio npeoGpazoBanus

wea)”
a
IerK0 yCTaHOBHTbL PEe3yabTaThl
lim a*=0, lim ¢*=+4 o @unl<<a<lI).

X+t X —»—00
2) YcraHosum, yTo npu a > 1

lim log, x =4 o, lim log, x =— o,
X —+-00 x40

Mpu nio6om 3amannom E > Opmumib T0AbKO X >> aE, 6ynem umers: log, x > E,
¥ aHANOTHYHO, MMUIb TOMbKO 0 << x << @—E, BLIMOJHAETCA HepaBeHCTBO: log, x <<—E,
JTHM U JoKa3aHu 06a COOTHOUIEHHSA.

3) Nmeem, nanee,

7/ ki3 T
lim arctgx =< lim arctg x=— .
X400 g 27 g g 2

OctaHoBUMCA 1A MpUMepa Ha nepsoM npexexe. Ilpu moGom e> 0, mocra-
T T
TOYHO B3ATb X > tg (5-——5>, 4TO6K GbINO: arctgx>—2——e, TaK 4TO

T
0<—Q-—arctgx<e.

4) Boaee TOHKHMM ABAsETCA COOTHOLIEHHME:
a*

lim Z_— ] x npn a> 1
P e + (up )
BcrnoMHHM, 4TO YACTHBIA CAyvait ero Mbl yxe HMeln:
" n
lim 2 — 4 o
n—-s>+4oo N

[32, 9)]; oueBunHO, OXHOBpeMeHHO GymeT u
: a"

lim
Rt n+1

=4 .

* C Gomee yaCTHLIM Pe3yIbTaToOM
lima"=+40o© (@>1)
M yke uMer feno 8 27, '
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CrnemoBaTeasHo, no 3agaHHoMy E > 0 Haiigércs taxkoe HaTypaabHoe uucao N,
410 npu n > N BHIIONHAETCA HEPABCHCTBO
n
—>E
n-41 >
Mycts Ttetepp x > N -+ 1; ecin nogoxurs n=E (x), T0
n>N 1 nsSx<<n-+l,

TaK 41O
a* at E
ER e R
4TO W JOKa3biBaeT Hallle yTBEPXIEeHHe.
Orcrona, kax u 8 32, 9), nemo MOXY4UTh
lim =4o (@>1, k>0

x—»—i—oo
5) AHanoruuHo, onupasch Ha npexuuft pesyastatr [32, 11)]
lim 1% _o @>1),
n~» -4 oo n
MOXHO YCTaHOBUTb, YTO BOOGILE
lim l_o_gi,_v___:O (a>1),
X - 00

rje x npuUHEMaeT moGble MOJOXHTENbHbE BelleCTBERRbIe 3HaYyeHH4.
3aMenss 3ech X Ha x® (k> 0), nerko mnokasatb, 4TO H

loga x
lim T_O @a>1,">0).

X —-}-00
JlefiCTBUTENLHO, €C/H, 3aXABIINCH NPOM3BOMBHEIM ¢ >0, B3ATh A TaK, uToGH
OpH X > A BHINOMHANOCH HEPABEHCTBO
0
L
10 Mpu x> A; = A® Gymer x¥>A u
. log, x
_%F‘ <e.

1
Ecmu samenuTh 31ech X Ha —» TO TOAyueHHu# pe3yAbTaT MepennuIeTcA

B BUJE .
lim x¥log,x=0 (a>1, £>0)
x-»--0

6) V3 noxasannoro B 25, 5) npemenbHOro COOTHOLIEHHS
!

lim a® =1
n—»-4-o
MOXHO MOAYYHTbL Golee ofilee
lima* = 1.
x>0
3aMeTUM, 4TO, OYEBHIHO,

—

1

‘lim a " = lim

n—+--o n—+4 oo il
n

da




122 TJI. 1. ®YHKUMA OJHOH NEBPEMEHHOH {64

[TosToMy, kakoBo 6w HH 6bmo ¢ >0, MOXHO HaWTH TaKoe HaTypalbHOe
YUCTIO ng, YTO (€CaH, CKaxeM, @ > 1) .
LI
l—e<a "™ <a™ <14
Ecau teneps
|x|<l Wi 1<x<'1'
ny ny n’
TO
1 1
a ™M <X a"o'
OTKyIa . :
: o l—e<a* <14 um (¥ —1|<e,
YTO M JOKashbiBAeT BHICKA3aHHOE YTBEDIEHHe.

c 7) Tenepb Mbl ycTaHOBHM ciaexytown#l (B a %-
HHH W Aad gaapHeHuiero) pesyabrar:

=1. (8)

IpexBapureibHO, OJHAKO, HaM OpUAETCA JO-
Ka3aTb HEKOTODHIE IOJIESHHE HEpPaBeHCTBA:

sinx<x<ltgx (0<x<-§—). ©)

C sTo#t Henbio B Kpyre paauyca R paccMoTpum
octpuit yron {C AOB, xopay AB u Kacareab-
Uepr. 22. Hyio AC Kk OKpyxHOocTH B Touke A (uept. 22),
Torpa umeem:

naowans A AOB < naomanu cexropa AOB <maomamu A AOC*,

Ecan uepes x 0603HauuTh panHaHHylo Mepy yraa < AOB,

TaK 4TO AAMHA Ayrd AB BHpasurcs NpoM3BeleHHEM R.x, TO 3TH Hepa-
BEHCTBA MEPENMIMyTCA TaK:

—le,—R’ . sin x<—é— R“-.x'<—;-R2 -tgx.

OT1cCroxa — NoO COKpAILEHUH Ha %R*—-n NPUXONMM K HepaseHCTBaM (9).

- T .
B npeanonoxenun, 4to 0<x<7, pasgenuM sin X Ha Kawaum# us
yneHoB HepaseHCTB (9). Mws noayumwm:

1> SIzx>cos X,

* Tlpu sToM Mbl NONL3YEMCA TeMM CBENEHMAMH O MIOWANAX IICMEHTAPHHX
GUryp, KOTOphLIe M3JAralwTCA B WIKOALHOM Kypce,
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OTKyIa

0<1 —sme< 1 —cos x.
Ho
x

l—cosx:ZSin22

. X
<2sing<x

[B cuny (9)], Tak uto
sin x

0<1-"X o
X

OTCI-O,H’CI BBITCKACT HCPABCHCTBO
sin x
X

li<]x],

KOTOPOE, OYEBUAHO, COXPAHHUTCA M NPH M3MEHEHWM 3Haka X, T. €. Oyaer
44
crpaBenMBo UIA Beex X =0, b TombKo |x| <75 .

TTony4yeHnoe HEPAaBEHCTBO M pemaeT Bompoc. JlelCTBUTENBHO, €CTH

[0 TPOM3BOINY 3aJaHo 4ucio £>0, To 3a ¢ JOCTATOYHO BHIOpPATH H a4 M-
4
MEHBIIEE M3 UHCST & M 5 TpH |x| <6, mpexme Bcero, IpH M e-
T

HUMO 3TO HEPABEHCTBO (Bem. 655) , @ UMEHHO B CWJIy Hero (Tak Kak
d=<e)
sin x

UL

X

<E&.

Ilo onpenenenuto npexena yuknuu [S2], 510 U 03Ha4aeT, YTO GyHKIUA
sin x

npu crpemitedvd X X 0 uMeer mpenesr 1, Tak YTO COOTHOLICHHE
(8) ompasnauo.

7a) TIpenenbHoe cooTHouwedue (8) Moxer ObITh, B corjgacuy ¢ 53, mOHUMaeMoO
M TaK, YTO, JHUIb TOJIBKO X Mpoberaer CXONMIIYIOCH K HYJIIO TOCICHOBAaTEILHOCTH
sin xn

{xn}, BapnanTa Oynaer BCAKMiA pa3 CcTpeMUTBCH K 1.
Xn

HDPUIO)KI/HVI OTO 3aMCYAHHC K PA3BICKAHHIO Npeacsia BapHaHTBI

. 14 ' '
lim cos e COS - ... COS

oo 2 2 2n’
rae ¢ — moboe oTauyHoe oT 0 4KCHo.
QueBuaHO,
. .9 ' ¢ . P @ ' ¢ . @
singp=2¢c08 —+8Sin—=22¢C0S —+COS —+Sin —=...=27¢C0$ —+COS— ... COS— -SIN —
? 2 2 2 22 72 2 22 2n an’
TAK 9TO MHTEPECYIOIIEE HAC BHIPAKCHUE NPCACTABUTCS B BUIAC
?
sing sing 27
. P '
.sin — . sin —
2".sin o s o
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@
Tak xak x, = E;-’O, TO [0 CKA33HHOMY Bblilie

. P

sin —

2!1

lim —— =1,
14
2n
" sin @
¥ OpeAeII HAIICH BapUAHTHLI OKA3bIBACTCS PABHBIM YHCHY — .

8) Ceifuac MBI U3yYMM TakKe OYE€H b Ba X HBI il npener. MMenno,
B 36 ObLTO OMpPENENCHO YMCIO € KaK IpeleN BAPHAHTHI

e=lim (1 T }1)" (10)
Teneps Xe MBI yCTaHOBUM OoJiee oOLumii pe3ynbTaT:

lim (1 +§)"= e, an
a Takxe H ’

lim (1 +§) =e. (11a)

Xv—eo

Bocmons3yemes Ha 3TOT pa3 BTOPHIM OoNpedeeHHEM Ipeaeia
<Ha SA3BIKE IOCIENOBATENbHOCTEH» [S3].

Ilpexne Bcero, mamoMuuM, uto Hapsamy c (10) mMmeeT MecTo M pa-
BEHCTBO

1\

lim (I + —-) =e, (12)
ny

ecnu {m} eCTh IPOM3BONIBHAS MOCIECIOBATEIBHOCTh HATYPAJIbHBIX 4HCET,

PacTymux BMeCTe ¢ HoM€ep oM k o Geckoneunoctu [40].

Ilycte Temepb x mpoGeraer kakyro-HHOYIb HOCIENOBATENBHOCTD {Xi}
3HAYCHUH, CTPEMSIHUXCA K +co; MOXHO CUHTATh JAAKE, 4YTO BCE Xy > 1.
Ionoxum ny, = E(x;), Tak 4to

m<=Xp<m+1 H  n->+oo,
Tak xak npu stom

1 1 1
_ e
me+1 xp m’

1 ng 1y 1Y+l
(1+ ) <{1+—) <(1+—) .
ne+1 X ny
HBa kpaliHUX BBIpaXeHMs MOIYT GbiTh MpeoOpa30BaHBI TaK:

1 ng+1
I = (1+ l) 1 \m+1 1\ 1
(1+ ) =1 Mt , (1+_) =(1+_) .(1+_),
ny, ng

ne+1 1 n
« 14 &
ni+1

TO
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npudeM, B cury (12),

1\ 1 \tl
(] + —) —~e, a TaKxe ( 1+ ) -e,
ny np+1

B TO BpeMs KakK, OYEBHIHO,

1 1
T4o=l Ly
TakuM 00pa3soM, 06a ynoMsHYTHIX BHIPAXKEHHS CTPEMSATCS K o6ileMy mpe-

Jeny e, a TOTAA M 3aKIIOYEHHOE MEXAY HHMM BBIDAXKEHHE Takxke CTpe-
MuTCA K e [11o Teopeme 3°, 28]:

lim (1 + —I—)sz e.
X

OTUM M 3aBepluaeTcs NOKa3aTenbcTBo cooTHommenmss (11) «Ha s3bike
MOCTIENOBATEILHOCTEWY,

HAnst moxasatenscrsa sxe (11a) IPEAnONORXUM Temepb, YTO MOCTEIO-
BATENBHOCTE {X;} MMEET NPENelioM —oo (IPUYEM MOXKHO CYMTATH BCE
X< —1). Ecii MOMOXUTD X;= — i, TOTAR Y= + oo (d Bee y,=1). Oue-
BUJIHO, :

14:_% X _ l—i Y vk VE_ 1»_%_1*‘)}7;—1. 1+ 1 '
Xk Yk =1 yie—1) ye—1

Tax kak, Mo nOKa3aHHOMY, HEPBBL MHOXKHTENb TOCIENHETO BHIPAKESHHS
CTPEMHUTCA K e, BTOPO#M XK€, OYEBMIHO, MMEET UpelesoM 1, To M BhIpa-
JKEHME ClieBa Takxke cTpeMutcd K e. Popmyna (11a) ompasnana.

1\ 1
3aMeHUM TeHneph B BHIPAKECHUH (1 +;) TNEPEMEHHYIO X HA - €CIi

NpuAaTh o IOCHEHOBATENBLHOCTh TIOJOXHUTENBHBIX HJIM OTPHLATENbHBIX
" 1
3HaYenuit, crpemsmuxcss k¥ 0 (do me pasueix 0), To x= = Oyner ctpe-

MATBCH K oo, Tlotomy dopmymnst (11) m (11a) moxHO nepenucaThb
B BH/E
1
e=lim (1 +«)". (13

a0

Omom zamevyamenvriviii Pe3YAbINGNT ACHCUM 8 OCHOBE 6CeX anI/IO.’MCC’Huﬁ
wucaa e.

9) UnTepecen, HaKOHEN, ¥ IPUMEp, KOTAA penea QYHKIMA HE CYI[eCTBYET:
GYHKUHS Sin X HPH CTPEMIICHHM X K +o (—c) BOBCE HE MMEET Mpexelad.

B otcyrcrum npenena Bcero npome yOeAHTHCS, CTOS HA (TOYKE 3PEHHS HOCIICAOBA -
TENBHOCTEN», JIOCTATOYHO 3aMETHTB, YTO JIBYM HOCHEIOBATETHHOCTSIM

{(Zn——;:)n} " {(2n+—;—)n} n=1,23,...)
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3HAYCHM# X, MMEIOLUM MPENEIOM - oo, OTBEYAIOT MOCIEHOBATENBHOCTH 3HAYEHMH
YHKIIVMH, CTpEMAIIMECST K Pa3 T U Y H Bl M IOpEAeiam:

1 1
sin 2n——)n= -1--1, sin 2n+—)n=1—»].
2 2

[TO XK€ MOXHO BBIDA3UTE M MHAYEC: €CJIH B3ATHh IOC/IENOBATEIIBHOCTH

{[n—l—%—) n} n=1,2,3,...)

3HAYCHUH X, NMEIOMIYIO MPEIeIOM + oo, TO €if OTBEYAET MOCIIEAOBATELHOCTh 3HAYCHHUI
dyukIny:

1
sin(n+—\ﬂ=(—l)" (n=1, 2, 3,...),
2)
BOBCE He MMelouas npereia.

Ecnu BCcOOMHUTDL «K0JIeOaTeNIbHEI XapakTep CHHYCOWIB, TO OTCYTCTBHE NIpErena
B PacCCMaTPHBAREMOM CJIyYae CTAHET HATJIANHBLIM,

o1
ABanoTHYHO, M GyHKUMA sin — npu cTpemieHun « K O (cnpasa unm crnesa) np e-
a
fAeja He uMeeT. ITO, B CYUIHOCTH, TMIIL Npyras ¢opMa NpuBEAECHHOrO BIIIE IPH-
1
Mepa: CTOHT Juiib B GYHKUMH Sin X 3aMeHHTh X Ha — . QueBMIHO, eClik o npoberaer mo-
4

1
CIIeOBATENBHOCTD 3HAYCHHIH, NMpubimkaronmxcs k 0 copasa (cnesa), TO X =— CTPEMHTCH
K +oo (— <), © 00paTHO. a

1
HamumeM CHOBa B BBIDaXXCHHH Sin — BMeCTO GyKBEI o GykBy X (Y4TOOHI BEpHYTHCS
o

K IPUBBIYHOMY OOO3HAUCHHAIO aGCICCEY) M PACCMOTPHM NOYYHTENbHBINA TpaduK
byrKIMH

1
y=sin— (x=0),
x

T
OTMeTHEM TI0C/IeNOBATENbHO YGBIBaIOIlIHC mo O 3Havesus Xx:

2 1 2 1 2 1 2 2 1 2

2’ 7’3’ 22’ 5x 3 Ta U @i-Da’ mn’ @eta’

2 2
OrpaHHYHBasCh 3HaYeHHsMH x oT 0 jo — [n oT — — mo 0.
T

1
KM OTBCYAIOT PACTYINHE OO oo 3HAYECHUA —

1 3n 57 T 2n-D= Q2n+Dn
5 T o5 27{; P 33’!, A s N7,
2 2 2 2 2 2

s res

B npoMexyTkax Mexuy yKa3saHHBIMM 3HA4CHWSIMH (Ipy y 6B BaH M x) Hama QyHk-
Hs nonepeMeHHo ybsmaet oT 1 5o O m ot 0 mo -1, 3areM Bo3pacraer ot —1 g0 0
norOpmol, mr. 1.

1
TakuM oOpasoM, ¢yHKUuS Sin — NPOM3BOAMT OECKOHEYHOE MHOXECTBO KOJe-
x

Gaunit, monobro dyHKiwm sin x, HO, B TO BpeMs Kak Ui HociemHedl 9Tu xoneGaums
pacupenesmorcss Ha 6 eCKOHeTH B NMPOMEKYTOK, 31eCh OHHM BCE YMEINAIOTCS
B KOHEYHOM NPOMEXYyTKe, Crymmasch x 0.
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T'padmx m3obpaxen Ha puc. 23 (pa3syMeercs, He HNOTHOCTBIO — BECKOHEYHOE MHO-

KECTBO KoNeGanmii BOCTIpOM3BeCTH HEBO3MOXKHO!). Tak Kak IpM M3MeHCHHM 3HAKA
1

X ¥ sIn — MEHACT 3HaK, TO NeBas NOJIOBHMHA Ipaduka CHMMCTDHMYMHA C IpaBoi OTHOCH-
x

TEAbHO HauaJa.

~ 5

Y=sin

=Y
¥
=
Nps

iRl

Puc. 23.
1
10) Ecnm (mist x70) paccMOTpeTh GyHKIHIO X-Sin — , KOTOpas OTJIMYACTCS MHO-
X

1

JKUTENEM X OT TONIBKO YTO M3yueHHOH GyHKIHMH Sin —, TO Ha 3TOT pa3 npeaes npu x—0
x

CYIIECTBYET:

. L1
lim x.sin —=0,
x=-0 X

YTO Cpa3y sACHO M3 HCPABCHCTBA

|
x-sm—‘s)x[.
x

Ilpr npubmaxervn x kK 0 Hama GYHKIHA MO-OPEKHEMY NPOU3BOAMT GECKOHETHOE
MHOXECTBO KOJIeGaHuii, HO UX aMIIHTY A (61aroxaps MEOXKECTBY Xx) yOBIBAET, CTPEMSCH
k 0, veM m obecmeunBaeTcs CymecTBOBaHME Ipenena.

I'pabux dbyuxoum

L1
y=x.sin —
P

u3006paxeH Ha DHC. 24; OH yMEINACTCH MEXAY HBYMS GHCCEKTPHCAME y=X H y=—x
KOOPAWHATHBIX YIJIOB ¥).
3aMevanue. Mbl HMeNH Psf OpeNcioB

: 1

. sinx ] = . b
lim——=1, lim (+4x)*=¢, limxsin—=0,
x=0 X x-+0 x~0 x

0Obe/iuHEeHHBIX OfHON OCOGEHHOCTHIO! HH OfHA M3 PACCMATPHBACMbIX 3/€Ch (YHKIMiA
He onpenenena npe x=0. Ho 3T0 HUCKOJILKO HE MEMIAET FOBOPHTH 06 MX Hpe-

*) Ha puc. 23 # 24 nia SCHOCTH OPMINIOCE MO OCH X B3ATh GOJBMM Macmrad,
YTO CO3[aET HCKAXKEHHE,
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zenax npu x—0, n6o, COrnacHo TOYHOMY CMBICITY TAHHOrO B 52 ONpE/IENIEHUs, KaK pas
3HaueHue x==0 NpuU ITOM He pPaccCMaTpPUBAETCH.

Puc. 24.

1
AHaNIOru4HO, TO 06CTOATENHCTBO, YTO (yHKIMS sin— He HUMeeT CMBICHA NpH x =0,
x

HE MEIIAeT CTAaBHUTHh BOII poc ob ee npenene npu x——>0; HO Ha 3TOT pa3s upeaen
OKa3biBACTCA HECYIECTBYHOILHAM.

55. Pacnpoctpanense Teopmn upefenoB. EcTecTBeHHO BCTaeT Bompoc
O PAacCIpOCTpaHeHWM TEOPHUHM HNPENEJ OB, pa3sBUTOM B rnase I
(88 1 u 2) npumenuTENBHO K CIIy4al0 BapHaHTHI, HA PacCMAaTPUBAEMBLA
31ech obmmil ciy4ail Mpowu3BOIBHOM bynxnmm,

Hns sTOrO CymiecTBYIOT ABa mMyTH:

I. TIpexne Bcero, MOXHO nepedpa3supoBaTh 30€Ch M3 Jo-
KCHHBIE TaM pacCyXIeHHA Mu s npumepa daxTuuecku
BBIIOJIHUM 3TO TIO OTHOIIEHHIO K IIPEIIONKEHHIO 1° B 26.

Paccmotpum  dyukumio f(x), 32AHHYI0 B HCKOTOpoH obnactu X,
C TOYKOH Crymienus a *),

1° Ecau npu cmpemaenuu x x a Pyukyun f(x) umeem xomeunwvlii npedea
A, u A>p (A<q), mo 0aa docmamouno 6auskux x a 3nauenui x (omauunsrx
om q) u cama Pyuxyun Yoosaemeopsem wnepasencmay

f@)=p  (f(x)<g). (14
Bribpas monoxutensroe uncio £ <A -p (g—A), 6ynem umerts
A-e>p (A+e<q).

Ho, no onpenenenuto npegena, majist 31010 & HaliieTes Takoe 6, uTo, MHLIDL
TONIbKO [X—a|<4 (rme x B3sTo u3 & H OTIMYHO OT a), TOTYaC ke

A-e<f(x)<A+e.

Ans Tex ke 3HAYEHMIl X M TOZABHO Oynet BhimoansThea (14).
Yuratenb BUIMT, YTO HUKAKMX HO B BIX HICH IJis 10Ka3aTenbCTBa
HOPHUBJICKATh HE NPHUILJIOCH.

*) Yucmo @ MoxkeT ObiTh OECKOHEUHBIM, HO MBI JUIS ONIPE/EIEHHOCTH OrPaHMYMMCS
Clly4aeM KOHEYHOTO a.
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Ortcrofia HenoCpeaCTBEHHO MOTYT GBIThL ONIPaBAAHHI U yTBepKAcHHS 2°,
3° u 5° u3 26. Hanpumep, nonaras B 1° p=0 (g=0), nomyuum:

2° Ecau npu x-—~a @ynkyua f(x) umeem KoHeunsiil noaodcumenvibiii
(ompuyame.vnbiil) npedes, mo u cama Pyuryus nosoxcumenvia (ompuya-
meAbHa), no Kpaiineii mepe, 042 3HAUEHUIl X, OOCMAMOUHO GAUSKUX K a,
HO OMAUYHBIX om a.

CrnpasennnBo M yTBEpXKIEHHE, aHANOTHYHOE 4°, HO B Goee y3Ko
dopme:

4° Ecau npu cmpemaenuu x k a gynxyus f(x) umeem xoneunviii npeden
A,mo daa 3navenuii x, docmamouno 6 AUIKUX K a, dPynr-
yua 6ydem 02paHuyeHHol:

|f(x)|<M' (M’'=const, |x-a|<d).

Hanomuum, 4T0 nepBoHauaIbHO ¥ JJIsl BAPHAHTEI X,,, HMEIOIIEH KOHEd-
HEI IIpe/iel], HEPaBeHCTBO |X,| <M’ GbUIO IONyYeHO TONBKO Wist 7> N,
HO, TaK KaK JIHIIb KOHEYHOE YHCIO 3HAYECHMI BAPHAHTHI MOXET
HE YNOBJETBOPSATH STOMY HEPaBEHCTBY, TO HETPYOHO OBIIO, YBEIMYUB
B ciyyae HamoOHocTH M, OGUTHCS BEIIOJIHEHHNS HEPABESHCTBA I B C € X
Xp. 3[eCh XK€ 3TOrO0, BOOOIIE TOBOPS, CHENATh HeNb3s, HOO 3HAYEHHH X,
IU1sL KOTOPRIX | f(x)] > M, MOXeT OKkaszaTbcs M GECKOHETHOE MHOKECTBO.

Hanpumep, ¢yuxmous f(x)z—i— (ans x>0) opH x -1 CTpeMHTCS K €IHHUIE;

1
O4YeBHIHO, f(x)<2, ecmu |x—1|<+, omHako it Bcex paccMmaTpu-

BacMBIX 3HaueHn# x (Qymkmus f(x) BoBce He GyneT OrpaHHMYeHHOIL.

IL. Ilepexoms x ApYrmM TeopeMaM, B KOTOPHIX HEPEMEHHBIC CBS3BI-
BAIOTCs 3HAKAMH PABCHCTBA, HEPABEHCTBA WJIM api)METHYECKHX JeHCTBHIA,
MBI, NIPEXKAE BCETO, JOJIKHBI OTOBOPHTE, UTO, COEUHSS BE WA HECKOJIBKO
Obynxumit f(x), g(x), ... (ompeneneHHBIX B OXHOU WM TOH e OBJIACTH x)
TaKMMM 3HAKaMU, MbI BCET/Ia MOJPa3yMeBaeM, YTO UX 3HAYEHHS OTBEYAIOT
OIHOMY U TOMY € 3HAYEHHIO X.

Bee aTi TeopeMB1 MOXHO 6BUIO 651 [OKa3aTh AHAJOTHYHBIM O6pasoM
HaHOBO, HO — M 3TO BAXHO IOMYECPKHYTb —~ HA Oede Hem Heo6X00uMoCcmu
ux nepedokasviéams. Ecnu, roBops o npesene GYHKIME, CTOATh HA «TOUKE
3PCHUS TIOCIICXOBATENLHOCTER», TO, HOCKOABKY 04A ROCAe008amMe bHOCME]
meopembl JoKA3aHbL, OHU 6epHBL U 045 BYHKYUIL.

s mpuMepa OCTaHOBMMCA Ha Teopemax 1°, 2°, 3° u3 30:

IIyemv 6 obaacmu X' (c moukoit ceywenun a) 3adamv dse GynKyuu
S(x) u g(x), u npu cmpemaenuu x x a obe umerom Komeunsie npedenl

lim f(x)=4, limg(x)=B.
Tozoa u gyniyuu

f@Ee(,  f0)-g0, L2 1s)

9 I'. M, ®uxtenronsn, 1. I
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makoce uMelom KoneuHule npedeas. (8 ciyuae 4acmuoz20 — 8 npedno-
aooiceruts, umo B =0), umenno
A
AXB, A-B, .
B
Ha «ssbixe NOCAEAOBATENbHOCTEN> NAHHBIE COOTHOUIEHHs pacuppo-
BBIBAIOTCS TaK: €Cll {X,} ecTb /1106 ad IMOCIeI0BAaTENbHOCTh SHAYEHHA X
u3 2, uMeromas MpeseioM a, TO

f(xn) — 4, g(xn) —B

Ecim x 3TUM ABYM BapUaHTaM INPHMEHHTh YXE HOKa3aHHHIE TEOPEME,
TO IOJIyuaeM Cpasy:

lim[f(x,) =g (¥ )] = A+ B, 1imf(xn')g(xn) =A-B,

Slxen)
lim (xn)

a 310 (Ha <«s3bIKE nocnenosaTeanocreﬁ») U BBIDAKAET HMEHHO TO, 4TO
Hy»HO OblIO HOKaszarh ¥).

Takum ke o6pasoM Ha obmuit caydail, pacCMaTpuBaeMbld HaMu TENEpb,
aBTOMATHUECKM MEPEHOCUTC M BCe CKasaunoe B 31  oTHOCHTENBHO
«Heomnpee/eHHbIX BBpaweHufly, YCJOBHO XapaKTEPU3YEMbIX CHMBOJIAMH:

0 o

TY'T;T’ O'YOO, xX — 0.

Kak u B mpocreftiiem cayuyae, KOrfia MH HMMeeM Aea0 ¢ GYHKUMAMHE HaTy-
panbHOrO aprymeHTa, 34€Ch IJll <PACKPHTAS HEOMPEACIEHHOCTHY YiKe
HEI0CTaTOYHO B3HaTh JUIIb npesedsl Qyuxuud f(x) 1 g(x), a HyXHO
YYeCTb W CaMblfi 83aKOH WX H3MEHEHHS.

Yuraresip JErkOo NpOBEPHUT, UTO B npmmepax 4), 5) npempiaywero n°

MBl HUMEJH AENO C HeONpPEeIEJCHHOCTLIO BHja ——u O- 00, a B pumepe 7) —

0
C HEOMNpPeacJeHHOCThIO vaa—— B caeaymwuem n° Mbl npuBeacM JHAadjb-

Hefllive mpuMepsl, yxe C NMPUMEHEHNneM MPOCTEHINNX TeOpeM Teopuu mpe-
LEeNOB.

Mu eme BepHeMcs K 3ToMy Bompocy W B § 4 raasws 1V, rae OyayT
IaHp ofmye METOAH PACKPHITHA HEONPENSNEHHOCTEH YyXe € MNpUMEHE-
HHUeM AutdepeHIHaabHOTO UCUNCIEHUS.

56. MprMepsl. ' 1) O6ofmasn npumepsr 1) u 2), 32, uccrenyem MNOBeleHHE

MHOroyjieHa
px)=axF+taxkt -t ap g x +ap,

*) B cryvae yactHOro MOXHO 6510 Gl 3aMeTHTH (AHAIOTMYHO TOMY, KaK MbI
9TO cHeAand Aad BapUaHtH), YTO Auas X, JOCTATOYHO OMM3KHX K @, 3HaMeHaTelb

I (%)
0, q 6
g (x) £ 0, Tak 4t0 ApPOGH FI5)
YeHHH X.

uMeeT CMbICH, MO KpaiiHeit Mmepe, JIs 9THX 3Ha-
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a 3aTeM — M YaCTHOTO ABYX TAKHX MHOTOUYJICHOB
p(x)  apxf+axt—14 ... tap_x+ta
q(x)  bpxl+bx! =14+ ...+ bp_x+ by

apu X~ £ oo,
IIytem npeoOpazoBaHus
p(x)=xk (a0+‘il+ et ai)
X X
JIETKO YCTaHOBHTB, YTO
lim p(x)=tc (o—<)
X+ oo
DIPHYEM 3HAK IPeAesia NPH K YeTHOM ONPENEISeTCs JINIb 3HAKOM 4, & TIPH kK HEYETHOM —
3aBHCHT €IIe M OT 3Haka X.
2) AHAJIOTHYHO HAXOI¥M, YTO

X, a, oo

lim ‘IQ =te, —, 0(—)
x—teo G(X) b,y oo

B 3aBUCUMOCTH OT TOro, Oyner i k >/, k=1 unw k< /. 35ax npepena (B nepBoM ciiy4ae)

YCTaHABJIMBAETCS 110 3HAKAM 4, ¥ by, @ Taxke (UpH k — ] HEYCTHOM) — 110 3HAKY X.
3) HokaxeMm uid JI0GOTO MOJIOXKMTENBHOTO PalUMOHANLHOTO MoKazaTeds r hop-

MYty
1+x)7 -1 0

i ) ("} .
x-+0 X 0

HayseM ¢ mpoCreifliero Ciyuas, KOrja I0Ka3aTeslb €CTb HATYpPalbHOE YHCIIO:
r=n. Ilo 6maoMy HrOTOHAa

nx+,—t(n;l) X241
(1+xn-1 1-2 nn—-1)
= =n+ X4 .o 4 xnmt
X X 1.2

TaK Kak npH x—~0 BCe WieHH B JTOCNEAHEH CyMMe, KpoMe MepBoro, crpemarcs k 0, To,
JNEeHCTBUTEIILHO, MMEEM

. (A+x)n-1

m-—————

li
x—0 X

1
ITycth Teneps r=— (TAe m — HATYpaabHOE), H PACCMOTPUM BhIPAXKCHHE
m

ﬂl_-A
Vi+x-1
Monoxum x ’
m____
Vitx-1=y, orkyma x=Q4pm-1.

Tak xak (cuuras | x |>1)
m mn

1-|x]<}Yi+x<1+|x], TOo lim}Jl+x=1,
x-+0
TaK 4TO, BMECTE C X, K ¥~ 0. A TOTAa, N0 HPEABIAYIEMY CYYaIO,

m_—
_ Ylex-1 y 1
lim =lim -
x-0 X y=o0(1+y)"—-1 m

*) Huxe [77, 5) (8)] ona 6yzmer o6Go0iumieHa Ha ciayuail mo60ro BemecTBEHHOTO HO-
Kasarens.

g*
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n
Haxonen, o0yl cnyyail r=— MCYEPNHIBAETCS. BBEACHHEM TOM JX¢ BCOOMOTATE/b-
m

HOM NEepeMEHHOH y:

n
(1+x)'"—1_(1+y)"~1_(I+y)n—1 y
x (I+ym-1 y (+yym-1’
OTKyIa n
40" -1
hm ———— =,
=0 X m
4) Haiitu npenen
m
— x
Vitx-1-=
. m
lim ——,
x—0 X4
m

C noOMOIIBIC TOM K€ IOICTAHOBKK Vl+x—1:: y npecbpazyert paccMaTpHBACMOE
BbIPAXKEHUE K BHIY

1[(1! Y1) m-—1 - m~1L
¥ - ¥ > A N 5 Tt
(+pym—1F  mht... mE ..
m-—1
OTKYJld Cpa3y SICHO, YTO HCKOMbII Npenesl paBeH — ot
i
5) Npenen [54, 7))  sinx
Iim——=1
x>0 X

4aCTO UCHOJIB3YETCS AN HAXOXACHHUS OPYTrHX NPEeaenos.

I—-cosx 1 0
(@) m———— = — (~) .
-0 X% 2 .0
Ouyesiigno,
. . oX\?
2 sin%-—- Sin—
1-cosx 2 - 1 2 .
2 e 2] x ’
2

[SYE

TaK KaK BbIpaXeHHe B CkoOKax cTpeMuTCs K 1, To o6muii npenen u 6yaet

tgx—sinx 1 (0)

0

W 3nece npeoﬁpa'sosarme JIEYKO IIPHBOAMT K YK€ M3YUYCHHBLIM IIpejesnam;

tgx—sin x 1 sinx l-cosx

©) _ lim———— ==

x=0 X3 2

x3 cosx X x?
3amerum, uTo cos x~1 mpu x~0, XaKk 3TO BBITEKACT, HANPHAMEP, W3 HPEALIAYLIErO
pe3ynbrara {a).
(8) lim (sec x—tg x)=0 (o0 — o).

7
X*;;
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A T
3nech, ynobHee uepedTyd K IEPeMEHHOI oczz—x; OueBHIHO & 0 1pH x—*z. meem

secx—-tgx=csca—clg = —m—m= —— o —— >0,
s

57. Ilpenea monoTonwoll ¢rynxkmun. Bompoc 0 caMoOM CY W €€ TBO-
BAaM UM Upeneiaa QyHKIMK
lim f(x)
X=>a

0COOSHHO NPOCTO peruaeTed VIS QYHKIWE 4aCTHOTO Tuna, NpPencTABJIsI0-
UMX 00001eHNe TOHATHI MOHOTOHHOM BapuanThl [34].

Oycte byskmua f(x) oupemeneua B HekoTopolt obmactu 1 ={x}.
dyukius Ha3BBaeTcs Bo3pacTarpigeidl (yOrBalonei) B 9Toi
obnacTy, ecin g 1000 Mapsl MPUHALIEKAILUX i 3HAYCHUH

w3 x'=x cneayer f(x)=f(x) [f(x)<sf(x)])

Ecnn xe
3 X' =x crenyet b f(x)=f(x) [f() = ()],

To (YHKIMIO Ha3LIBAIOT Hey OB Batou el (HeBoO3pacTalo ue ).
Wrorga ymobuee W B 5TOM Ciiydae Ha3bIBaTh (QYHKIMIO BO3PACTAIOUICH
(yOpmBaroleil) — HO B WM P O K OM CMEICIE.

OyHKIHH BCEX 3THX THIIOB HOCAT obLIee Ha3BaHMe M OH O T O HHBIX.
JIng MOHOTOHHOM (QYHKIMM MMeEeT MECTO TeOPEMA, BIOJHE AHAJOTHYHAIL
TOlf TeopeMe 0 MOHOTOHHOM BapuauTe, KoTopas Opuia ycTanosnieHa B 34.

Teopema. Ilycmo dynxyus f(xX) moHomoHno gospacmaem, XOMAa ool
8 wupokom cmbicae, 8 odsacmu X, umerowjeil mouKol cayujenus Yucao a,
Goavuiee ecex snauenuil x (OHO Mocem OblMb KOHEUHBIM UAU PASHBIM -+ o),
Ecau npu smom GYHKYUA 02PAHUYEHA CEEPXY:

fx)=M (043 ecex x uz &),

MO Npu X -a GyuKyua umeen KoueuHslii npedea; 6 HPOMUGIOM cayude —
OHA CRIPEMUMCA K+ o,

HoxrkaszaTenbcTro. JomycTuM cuayaia, yro Gynxuusa f(x) orpa-
HHYCHA CBEpXY, T. €. OIPAHMYEHO CBEpXy MHOXecTBo {f(x)} 3HaueHmi
GYHKIMA, OTBEYAIOMMX M3MeHeHHIo x B obmactu A'. Torma muis aToro
MHOXeCTBa cylecTsyeT {11] komeusas To4YHasd Bepxasd rpamuua 4.
JTOKAKEM, YTO 3TO MMCIO A 1 OYICT HCKOMBIM IIPEAEIOM.

3a7aBIUMCH TIPOM3BOJILHEIM YHCIOM &>0, HO CBOJCTBY TOUYHOW Bep-
XHelt TpaHULPI, HalineM Takoe 3HaveHue X <a, uTo f(Xx)>A —e. BBupmy
MOHOTOHHOCTE (YHKIMM, IS x =X ¥ mojasuo Oyzer: f(x)=>A-—e. Tax
Kax, ¢ Apyroit-cropousl, Bcerna f(x)=A <A +e, To INs yIOMAHYTHX 3Ha-
YeHHH X BBOTOJIHUTCS HEPABEHCTBO

| f(x)—4 | <e.
DTO M NOKA3LIBACT HAMIC YTBEPXKIACHUE, CTOWT JUIIbL IPH & KOHEHHOM
HONOKATE X =a—08 (T. e. =a—x’), & IpH a= + « B3ATH A=x".
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Ecmu dynknus f(x) cBepxy He orpanuueHa, To, KaKoBO Obl HU ObLIO
uncino E, Haiinerca Taxoe x’, uro f(x)>E; Torma mis x>x' M mOAaBHO
Sx)=E, uT. 1

IIpemocTaBisieM YMTaTeNIO MpeoGpasoBaTh 3Ty Teopemy MIA ClIydas,
KOTa Ipe/iesIbHOE 3HAYEHWe ¢ MEH b II € BCEX 3HAYEHWH X, PaBHO KaK
U Ui cnyyai MOHOTOHHO yOwRBaromei Qynxkuum.

Jlerko ycMOTpeTh, 4TO TeopeMa O MOHOTOHHON BapHaHTe B 34 ecTh
IPOCTO YaCTHBIA Cly4ai 3Toif TeopeMbl. HesaBucHMoli mepeMeHHO Tam
ObUI 3HAYOK 7, OOJIACTBIO M3MEHEHHS KOTOPOTO CYXKUJ HATYPaIbHbLA
pan N ={n}, ¢ ToUKOM Crymenus + .

B nocxenyromem HaM yallie IpUueTcs B KadecTe obnactu 4, B xoTo-
poii paccMaTpuBaeTcs ¢ynkuus f(x), BCTpeyaTh CHIOWHOM mp o-
MeXYToK [d, a), The a’<a M @ — KOHEYHOE YMCIIO MIIH + o, JIGO
KE ~ IIPOMEXYTOK (@, @], The a'>a ¥ a — XOHEYHOE YHCIIO HJIH — co.

58. O6umii npusnax Boabuano—Komm. Tlepeiinem Temepsr k pac-
CMOTPEHMUIO 0bwIero ciyyas — dynxuun f(x), 3a5anHoit B o6nactn & = {x},
IUIL KOTOPOH @ CIYXKHUT TOYKOM CrymueHus. [is cymecTBoBaHHSA K o-
HEYHOTr O mpefena 3Toi QYHKIMK IIPH CTPEMIICHHMH X K @ MOXET OBITh
YCTaHOBJICH TaKO# Xe NPU3HAK, KaK M B ciydae Bapuautol [39]. ®opmy-
JIUPOBKY €ro Mbl HAAuM MapaJlIeIbHO Ui Caydas KOHEYHOIO 4 U IyIs
ciayvas a= + =,

Teopema. [1a mozo umober gynkyus f(x) npu cmpemaenuu x K a umesa
Koneunblii npede, HEOOX00UMO © DOCMaMOYHO, YMOBHL 048 KAHCO020 Yucaa
e =0 cywecmsosaso maxoe yucao 6 =0 (4>0), ymobsl Hepaserncmso

116 =) |<e
BbINOAHAAOCH, AUUL MOAKO
|x—aj<¥6 u | x"—al]<é (x=4 u x'=A).
HoxaszaTenbCcTBO IpoBEeAeM B HPEANOIOXKECHHH, YTO a4 — KO-

HEYHOE YHCIIO.
Heob6xomumocTs. IlycTs CyluecTByeT KOHEMHBIH mpeest

lim f(x)=A.
X=a
Torna 1o 3agauHoMy ¢ >0 Halizercs Takoe § =0, 4To
&
If@-41<5,
€CJIM TONBKO | x —a {< 9. IIycrb u | X' —a | <4, Tak 910 U

| A-f() <.
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Orcrlona mojyvaem
| f) =S| = [[f) = 4]+ [4 = fx )| <[ f(x) - 4| + | 4= f(x)] <,
B TNPEONOJIOXEHAH, YTO OJHOBPEMEHHO
[x-a]<d wu |x'-a|<é.

HOCTATOYHOCTH MOXCET OBITh YCTAHOBIIEHA C MOMOIIBIO pac-
CYX/ICHUH, BIOJIHC AHAJOTHIHBIX TEM, KOTOPHIC ObIIM NPHMEHEHH B CIIy-
yae BapuanThl [39]. Ilpome, omHako, He MOBTOPSS 3THUX PAcCyXICHUI,
MOTPOCTY CBECTH BOIPOC K yXKe PACCMOTPEHHOMY cCiy4daro. IlyTe mns
3TOTO HaM OTKPHIBAET BTOPO€ ONpEN € HU ¢ IOHATHA Npeaena
GYHKIMHM «Ha s3bIKE HOC/IeHOBaTENbHOCTEH [53].»

HWrax, nycts ycnosue, chopMyIMPOBAHHOE B TEOPEME, BHITIOJHEHO, H
N0 NPOM3BOJBHO B3ATOMY &=>0 YCTaHOBIEHO COOTBETCTBYrOWEe O > 0.

Ecim {x,} ecTh 106G as HOCIEMOBATENRHOCTh 3HAYECHHE x w3 L,
CXOAAUIaACs K @, TO, HO ONPENENICHHIO IpeJeia IIOCIEN0BATENLHOCTH,
HaHIOeTCs Takoil HoMep N, uto mist n>N 6yner: |x,—a|<o. Bossmem,
Hapsay € n, M Npyroi# HoMmep n’ >N, Tak YTO OAHOBPEMEHHO

[x,—al<6 u |xy-a|<d.
Toraa, B cuny caMmoro BeIGopa 4ucia o,
If(xn) _f(xn’)

OTO0 HEpPAaBEHCTBO, TAKHM 00DPa30M, BHIMTOJHIETCA APH €IMHCTBEHHOM
TpeGoBanuH, YTo6s 06a HoMepa n U n’ Geuld > N. 3TO 03HAYAET, YTO
It BapMaHTH f(x,) (n=1,2, 3, ...) BemoJnseTcs yeiosue 39 u, ciego-
BaTeJIbHO, IOCJIEIOBATEILHOCTD

S, 0, - (),

WMeeT KOHEYHBbIl npenen.

Mp1 Buze B 53 (cM. 3amMeyaHde B KOHIE), YTO 3TOTO yXKe JOCTATOTHO,
4TOOHL MOCHEHME TPeNeNl OBUT OJHMM H TeM %€, KaK OBl HM BEIOMpATL
NOCNENOBATENbHOCTE {X,}, CXOAAIIYIOCS K @; 9TOT Ipemen u GymeT mpe-
ZleIoM (DYHKIMH, CYLIECTBOBAHUE KOTOPOTO HAIJIEKANO NOKA3aTh.

[Jlerxo BEIBECTH IOCTATOYHOCTH BHICKA3AHHOTO YCJIOBHA M H3 TEOPCMBI
boanrpmano-BeiliepmTpacca — namoaobue TOro, XaK 3TO CHC-
JIaHO JJI1 BapHaHTHl B KoHIe 41.]

= ¢&.

59. Hanbonumyii m manvensmii npenenst ynxanu. [Jaxe npu OTCYTCTBUM ONpene-
JIEHHOro mnpeaeia GyHkuud f(Xx) npu CTpeMIIEHHH X K a, JUIst OTHENbHBIX IOCIEIOBa-
TENBHOCTEH 3HAYCHHH Xxp—a npenen

- lim f(xn)
n—+tes

BCC K€ MOXET CYWECTBOBATh; €r0 HA3BIBAIOT YACTHYHBIM IPCACIOM (bymcuun.
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o1 .
Hanpumep, mna gysxmuu sin x npe x> F e (Wan a sin— npu x—0) 3tu yacTuy-
x

HBIC TIPEAEJbl 3aNONIHAIOT BeCh NPOMEXYTOK oT —1 mo +1.
Cpeou uacmuunblx npedesoé @ynxyuu 6cezda Haildemca Kax nauboavuwuil,
maKk u HauMmeHbsuwuil, 1X 0603HaYAIOT TaK:

m fGx) u lim f(0).

x—>a x—~a

Pasencimeo nauboavuiez0 u HauMeHbWE20 nPedenos ecmb ycaosue, Heobxodumoe u docma-
MmouHOe 01A CYWeCmBO8anUs Onpedeeroz0 npedea GyRKYu, 8 0OLINHOM CMBICAE CA06A.

Msi orpanuauMcst GOpMYITHPOBKOM 9TOH TEOPEMBI, HE NPHBOAS HOKA3ATE/ILCTBA.
OHO MOXET 6BITE BHIIONHEHO B TOM Xe MOPAIAKE HMACH, 4TO ¥ B 42,

§ 3. Knaccndnxamus GeckoHEYHO MAagBIX H GECKOHETHO
OobmAX BeTHIAH

60. CpaBnenne OeckomedHo Maupix. IIpeANONOKUM, YTO B KaKOM-
b0 WMCCNENOBAHMHM OJHOBPEMEHHO DPACCMATPHBAETCH DI OECKOHEYHO
MAaJTbIX BEJIHIHH:

%GB,
KOTOpbIe, BooGIe roBopsi, 6yayT dyHKIuAMH OT ONHOM ¥ TOl Xe mepe-
MEHHOH, CKaXeM, X, CTPeMSILEHCS K KOHCYHOMY MM GECKOHEYHOMY Iipe-
ey a.

Bo MHOrux cnyyasx mpeICTaBISCT HHTEPEC CPABHEHHME HA3BaH-
HBIX GECKOHEYHO MajbIX MeXHy coboif mo XapakTepy MX NPpUOIMXKEHUs
K Hymo. B ocHOBY cpaBHenus nByx GeckoHeuyHO MajibIX « W 8 KiajeTcs
HOBEACHHE MX OTHOIIEHHA *). Ha 3TOT CYeT yCTaHOBMM [Ba COIJIAINCHMS:

a .
I. Ecau omuowenue é(a C HUM U —| umeem KOHEUHbBU U Om-

/3

AUYHbLIL OM HYy AR npeodean, mobeckoneuno mavie o u f cuumarom-
CA eauquUHaMU 00HO20 NOP AOJKa.

B

II. Ecau sce ommowenue % Camo okasvieaemcs becxoneuno manvim
@

B

B cuumaemcsa eeaununoii esicuezo nopadka, uem beckoneuno ma-
447 &, U OOHOSPEeMEHHO OeCKOHeuHO Maias & Gydem HU3 W e20 Nno-
P AOKa, uem beckoneuno masas .

(a obpamnoe omuowenue beckoneuno Goabium), mo beckoreuno marasn

Hanpumep, ecmt a=x->0, TO N0 CPABHEHMIO C 3TOH GECKOHCYHO
MaJIo# ONHOro Nnopsjka ¢ Helo Oyayr 6CCKOHEYHO Malibie

m
sinx, tgx, J1+x-1,
160, xax Ml 3maem [54, 7); 56, 3)],

sin T+x-1 1
im 2%_1,  lim Yiex-1_1
x-0 X x-0 X m

*) M=l 6yneM cuuTaTh, 9TO MEPEMEHHAS, HA KOTOPYIO MBI AenuM, He obpauiaeTcs
B 0, mo kpaltEelt Mepe, mis 3HaYeHMit X, JOCTATOYHO GNM3KUX K .



61] § 3. KITIACCUPMKALIMA BECKOHEYHO MAJIBIX 137

HaoGopoT, OcCKOHEMHO Malbie
m

x
V1+x—14—, 1—cosx, tgx-—sinx 0}
m

6ynyT, OYEeBHAHO, BBHICINEIO NOpAIKa, YeM x [56, 4); 5), (a) u (6)].
KoHEYHO, MOXET CIYYMTHCS, YTO OTHOIIEHHE IBYX OECKOHEYHO MaJbIX HE CTpe-
MUTCS HM K KaKOMy mpeleily; Hanpumep, €Clid B3sTh [cMm. 54, 9) u 10)]

a=x ®u PB=xsin—,
« x

1

TO MX OTHOLIEHME, PABHOE sin — , IpK x— 0 mpenena HE UMeeT. B TakoM ciyyae roBopAr,
X

4T0 ZBe GECKOHEYHO Majkie HE CPaBHUMBI MEXKAY COOOH.

3aMeTPIM, 41O eca OSCKOHEYHO Maas ‘3 OKa3pIBaCTICA BBICIIET O
nopsamgkKka, 4eM OeckoHedHO Manasg o, TO ITOT (I)aIST 3aMUCBRIAIOT TaK:

p=o(®).
Hamnpumep, MOXHO HOHCATh:
I-cosx=o0(x), tgx-sinx=o(x) uT. I
TaxuM o6pa3zoM, CHMBOJ 0(x) CIyXuT o0 Ou UM oOO3HAYEHUEM JUId

GECKOHEYHO MAJIOW BBHICLIErO NOPSAAKa, deM «. DTHM ynoOHemM 06o3Ha-
YeHHEM MBI BOpeAb OyaeM MOJIb30BAThCA.

61, Mxana Geckoneuno maneix. VHoi pa3 BcrpedyaeTcs HAaZoOHOCTD
B GoJlee TOYHOH CpPAaBHHMTENBHON XAPAKTEPUCTHKE TOBEACHMS GECKOHEYHO
MAJTBIX, B BLIPAKEHMM HX MOPSAKOB T M € Ja M H. B aToM ciydae, mpexne
BCETO, B KA4eCTBE CBOETO POJA «ITAJOHA» BHIOUPAIOT OJIHY M3 (QurypHupylo-
IIHX B JA2HHOM HCCIEIOBAHMM GeCKOHEYHO MaJbIX (CKaxeM, «); €e HA3Bl-
BaloT ocHOBHOMH Koneuno, BRIOOp OCHOBHOH OGeCKOHEYHO MaJoi
B M3BCCTHOM Mepe IPOM3BOJieH, HO 00bMHO OepyT NMpPOCTEHIIYIO U3 BCeX.
Ecni paccMaTpuBaeMble BEJINYAHBI, KaK Mbl NPEANOAOXHUIIM, SBJISAIOTCS
dYHKIEAMHE OT X M CTAHOBATCS OECKOHEYHO MANBIMH IPH CTPEMJICHHU
X K @, TO B 3aBHCUMOCTH OT TOT0, OyIeT X a HyleM, KOHEYHBIM U OTJINY-
HBIM OT HYyJI 9HCJIOM HJIM OSCKOHEYHOCTBIO, €CTECTBEHHO 32 OCHOBHYIO
OECKOHEMIIO MaJyio B3ATh, COOTBETCTBEHHO

Jlanee, U3 cremeHeil ocHOBHOM GeckoHewHo Manoil « (Mbl Oynem cun-
Tath «>0) C Pa3IHYHBIMK MOJOX HTEJAbHB MU NoKa3aTeaamH, o,
COCTABJIAIIOT KaK OBl LIKaJy JJIis OUCHKH GeCKOHeIHO MaJbiX Goisiee Cloxk-
HOM mpuponsl *). :

111. Ycaasausaiomen cuumame Geckoneuto masyio fi eeauuunoii k-co
nopaoka (omuocumensio 0cHo610i GecKoneuno maioi o),
ecau B u o (k=>0) 6yoym geaununamu 001020 nopaoKa, T. €. €CIIU OTHOLIE-

HUe pe HMeeT KOHEUYHBIA M OTJIMMHBIH OT HYJIA NPEeRCIL.

*) JIerko BHAETH, 4TO TpH k=0 semuumua o Gyner GeckOHEYHO Maoii OJHOBpC-
MECIHO C d.
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Tenepp, HanpuMep, MOXHO, HE IJOBOJILCTBYACH YTBEPXKACHUEM, YTO OECKOHEYHO
Maunsie (1) (mpu x—~0) OyayT BenMUMHAMH BBICHIErO MOPSALKA, YEM & =X, CKA3aTh TOTHO,
YTO MEPBBIC ABE H3 HUX CYTh GECKOHEYHO MAJIbIe BT O P O T O NOPSANKA, & NOCHEAHAA —
TPEeThEeT O IOPSAKA OTHOCHTENBLHO o =x, OO0 [56, 4); 5), (a) u (0)]

m l
Vi+x—1——x
. m
lim— im —=—
x>0 x? 2m? x=0 X? 2

. tgx-—sinx 1

Iim ——=—.

x-0 x3 2

Yrt0o06s! B3aTh GOJIEC CIOXKHBIA MPUMEP, PACCMOTPUM BBIPAXCHUE

=Vx+1+ Vx—1—2V§;

apU x-» + e OHO 6y1xe'r OSCKOHEYHO MAJIBIM, 4TO CTAHOBHTCS SICHBIM, €CI¥ NPEJACTa-
BUTBb €0 B BHAC

B= (V;:— V——) (V_—Vx 1)=

1

Vx+1+VJ_c Va+ Vx—1

IMpogomxkas 310 npecOpa3oBanue, HalgeM:

_ Va—1-Vx+1 __ 2
(Vxri+V0(a+Vx=1)  Vxt1+VD(x+Vr=D{x—1+Vx+1)

1
Tlonaras a=—, Tenepb yxe HETPYAHO COOOPa3uTh, YTO
X

~2( ]F)3

lim —fi— —

Z*‘f“*(mxnvii)(vl—%vl-ef‘

TakuMm 06pa3oM, 346Ch MOPAAOK BLIPAKACTCA YUCIIOM 2"

— %),

He creayer ayMaTh, KOHEYHO, 4TO JUIsl BCsKoil GeckoHeuro manoi B (maxe ¢ p a B-
HUMOH CO BCeMu CTemeHsMH ak) MoxeT GBITh YCTAHOBJICH ONPEACTICHHbIY NOPAIOK.

*) IToBcrooy 3HeCh MBI MOJb3yeMcsA TeM, 4To lim V1+z=1; 9TO OBLIO JOXAa3aHO

z2—0

B 56, 3) (mnsa xopHs moOOH cTeneHu m).



62] § 3. KNIACCUPHUKALMUSA BECKOHEYHO MAJIbIX 139

JT10600BITHEIE APHMEPE], OTHOCALIMECS CIOAA, MOXHO IMOJYyYuTb 43 GopMyl, YCTaHOB-
JeHHBIX B 54, 49) u 5) (mpu a>1 u k>0):

. ax . logg x
lim <= T lim =0, 2)
X oo X xor oo XK
TIpexae BCero, OTCIOMa
xk Xk
lim — =0, {im = oo,
N oo OX N +oo 108g X

1
3aMeHUB TCHepb 3/eCh X HAa — M IIOJIOKHUB CUIC B ICPBOM U3 ITUX COOTHOUICHUH @=-~,
X c

0<c¢<1, Mbl DoONy4uM:

lim —=0, lim = oo,
x40 X
TaxkuM o6pasoM, Geckoneuno manas ¢ (0<c<1) 6Gymer BHICINET O HOD -

ka, ueM Bce crenenu xk (k>0), B To Bpems XaK OeCKOHECYHO Mamas i
08qX

(a>1) oxa3biBaeTcd HHU3IIE€Tr o NOPAAKA, Y€M BCE 3TH CTENEHH.

62. DxBHBasieHTHLIE OecxkonedHo Mainie. OCTaHOBHMCA TeHEPh HA Of-
HOM OCOGCHHO Ba)XHOM YACTHOM Cliydae OECKOHEYHO MANLIX OAHOIC
MTOPSAIKA.

IV. Bydem nazvieame 6eckoieuno masble x U 3K8UBAACHMH BL M U
(6 snarax: a~f), ecau ux pasnocmo y = —o OKA3bI6AEMCA 6EAUNUHOLL BbIC-
wez0 nopaoKa, yem K a e 0 a s u3 6eCKOHeUHO Mavix « u f:

y=o@) u y=o(f).

BnpoueM, moctaTouno morpeGoBarh, 4TOOBL ¥ ObLIA BEHICIIErO MOPAIKA,
YeM O X HAa U3 9THX OECKOHEYHO MAJLIX, IOTOMY YTO, €CJIH, HAllpHMED,
y BBICHIETO TIOPAIKA, YEM &, TO OHa BYJeT TakxXe BBICIIETo HOpsIKa, YeM .

vy . s
HeiicTBUTEILHO, U3 TOrO, 4TO lim ;=0, cleayeT, uTo |

4
T 1 RT o«
lim ﬁ~11m a—+y—11m ~—l 7 0.
[+

PaccMOTpUM JiBe 3KBUBAJIEHTHbIC GECKOHEYHO Majble o M ff, Tak 4TO
B=a+v, rae y=o(x). Eciu mpu 6 M uK € HHO IOJOKHATH f="a *), To —
HO Mepe YMeHblIeHusd 00eHuX BEeJIMYMH — CTPEMHUTCS X HYJIO He TOJBKO
abCoMIOTHAs TOTPEIIHOCTh OT 3TOH 3aMEHBI, NIPEACTABIACMAS BEITU-

*) 3HaK -= 03HAYaeT NPHOINKEHHOE PABECHCTBO.
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YHHOW |y|, HO W OTHOCHTENBbHAS [IOTPEIIHOCTb, paBHAN ';‘ . UapiMu
CIIOBAMH, npu 0OCAMOUHO MAABIX HAYEHUAX & U B moxcro co ckoaw y2odno
6oabwoil OMmHOCUME AbH O MOUHOCHIBIO noaoxcums f=a. Ha sT0M
OCHOBAHA, NPH MPHOIIMKEHHEIX BBIKIIA/KAX, 33MEHA CIOKHBIX GECKOHCIHO
MAJIBIX SKBMBANEHTHBIMU MM TIPOCTHIMI.

YCTaHOBUM IIOJIE3HBL KPUTEPHil IKBHBAICHTHOCTH IBYX GeCKOHEYHO
MAJIbIX, KOTOPBIH B CYIHOCTH Ta6T BTOPOE ONPENETEHHE ITOro
TIOHATHSA, PABHOCHIBHOS PaHEee NAHHOMY:

Hra moz0 umobvr dee beckoneurno manvie « u B ovrau oreusascnmmer,
HEOOXO0UMO U QOCMAOUHO, YMobsl 6bla0

Ilycts cricpra BuIMONHAETCSA 3TO COOTHOUIEHHE, TAK YTO
s=f_1-0.
&
Torma
y=f-a=6-«x
OyAeT BeJIMYHEON BBICUIErO nmopsiaka, 4eMm o, ubo

lim 2 =1im 6 = 0.
o

O6partro, nycTs Teneps o u 3 IKBHBAJICHTHEL, T. €. ¥ =[5 — & ¢CTh OeCKO-
HCYHO Majlas BBICHIETO MOPSAKa, YeM a. BeireneTsue 3Toro nMeem

8

o

-1= g»O, OTKyaa g—» 1,
4. H Tp. [
C nomoutsio aToro kputepus, HAUPMMEpP, Cpasy BUAHO, YTO NPH X ~0 GECKOHEYHO
m

. S— 1
MaJnbIe SIN X W tg X SKBUBAJICHTHHI X, a ]/1 +x— 1 3KBUBAJIEHTHO - Orcroma ~ npu-
Snkennsle GopMyITBI:

sin x==x, tgx-—=x,
m

Vi+x- li%x, B vacrsoctH, J1+x— Ii%x.

HoxkasanHOe CBOHCTBO JKBHBAJICHTHBIX GECKOHEYHO MANILIX NPUBCANT K MCMOMb-
30BAHMIO MX UPH PACKPHITHH HEOTIPENCTCHNOCTH BUAA 5 T- © TIPM paskicKamuH mpe-
Iejia OTHOMIERUS NBYX GECKOHEYHO MAThIX = Kaxcoan uz mux npu smom moncem Goimp

3amenena, 6e3 6auANUA Ha cywecmeosanue u SeAUNUNY npededa, AI000i dKEUSAACHMHOILL
ell Geckoneuno manoil.

HeiicTBATENBHO, €citu o~ 71 B~B, 1. €.
o B
lim—=1n lim—==1,
o
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TO OTHOLICHUE

4
24

SASS
91[‘%]
Q| R

OT/AMYAIOILEeeCsl OT OTHOIOCHIT — MHOKHUTICISMH, CTPCMAINMMUCST K COUMHWMUC, HMECT
o

npees OAHOBPEMEHHO C HUM (M DPUTOM TOT XKe).

Ecnn ypactes BuiOpaTts ¢ ¥ AOCTATOYHO IPOCYBIMY, TO 3TO MOXKET CPA3y 3HAYU-
TEABHO YOPOCTUTH 3a1auy; Halpumep,

1
—— —(x+x?

C Viexeaz-1 ¢ )
lim ————— = i —— =
) sin 2x X0 2x

NI

U3 BOKA3GHHOIO BBITCKACT TAKKe, UTO d6e OCCKOHeuNno Maivie, SKel-
eajenmible mpemoeil, IKGUCALCHMKbL MedicOy coboil.

63. Brigesenne riapnoil vacte. Ecnu BEIOpana ocHophas GeCKOREUHO
MaJast &, TO HpOoCTeR M U MU OECKOHEYHO MAJbIMM €CTECTBEHHO CYM-
TaTh BEJMYMHBEL BUma c-of, rae ¢ — mnocrosuublit kKodgdunuent n k=0.
Iycte Beckoneuno Manas  OymeT k-ro MOPAAKL OTHOCHICABHO o, T. ¢

4

Iim = =¢,
ok

TAC ¢ — KOHEYHOC U OTJIMYHOC OT HY.JId YncCio. Torma

1 GCCKOHEYHO Masble M cof OKA3BIBAIOTCA SKBHBANCHTHBIME: [~ cof,

DTa npocmeiiuiaa beckoneuno maasn cok, SK6UGAICHINNA OAHHOTI
beckoneurio maioii B, nazvigaemes ee 2 Aa 6N 0 yacmvio (ua 24ae-
HOIM YAEHOM).

noanyﬂCL YCTAHOBJICHHBIMH BBIMIC PE3YNBTATAMH, KPOMC YK YEAZAHHDLIX TIPOCTLIX
FPUMEPOB, JIETKO BLIACIUTE TJIUBHBIE YaCTH BLlpa)KCHMﬁZ

1
1—~cos x~—2x2, tg x —sin x~—x3.
2 2

3nech x 0, M HMEHHO &= X SIBNAETCS OCHOBHOH OCCKOMCYHO MAJIOH.
1
HaxoHel, ¢Cu X -~ 1 oo 1 32 OCHOBHEYIO OpHUIATA GECKOHEYHO MAnasd o= -—, TO HMEEM
X
TaOKE
3
S 11\
Vx+14-Yx—1-2Yx~~—|-] .
4 \x
Bce 9TM pe3ynbTaThl CHOBA TPMBOIST K HPMOIMKCHHBM GOPMYyIan.
Oycte f~cak, 1. e. B=cak+y, rne y=o(ak). Moxuo npemcraBuTh cede, 4TO 13

GEeCKOHEUHO MAjIoM 3 CHOBA BBIJIENIEH T/aBlblil unen: p=c'oal’ -6, rac &' =k, a = olok’),
WT. I
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Hanpumep, ecni nonoxuTs (cunras x - 0):

m__ 1
Vitx-1==x+y,
m

TO, KaK MBI yXe mmend [S6, 4)],
LY m-—1
lim —=
x>0 X2 2m?

m
TaK 4TO IJIaBHAd 4acTh ) €CTh — 7—; x2, O1croza
m

A 1 m-
Vl +x-1=—x- — x2+0(x?.
m 2nm?

B vactHOCTH,
— 1 1
Vi+x-1 =3 x——8~x2+o(x2).

3r1oT IPOLECC NOCIEZOBATCIBHOTO BBIACIICHUA W3 GecxoHeYHO Manoi MpOoCTeii-
muX OeCKOHEYHO MaJbIX BCe BO3PACTAIOMMX NOPAAKOB MOXHO IPONOJXATh M Aanbile.

MBI orpaHMYHBaeMcsi B HACTOAIIEM naparpade yCTaHOBIEHHEM OOLMX
[OHATHM, KITFOCTPHUPYS HX JIHIIb HEMHOTHMH IIpuMepami. B nocienyroniem
MBI YKaXeM CHCTEMAaTHYECKMH IpHEM Kak I IOCTPOESHUS
IJIaBHOM YaCTH JAHHOM OSCKOHEYHO MAJIOH BENMYMHBI, TAK M IS NajibHek-
LIero BBIOEJCHMsS U3 HEe INPOCTEeHINMX OECKOHEWHO MaJbIX, O KOTOpPOM
TOJNBKO 4TO 1A peub {cM. 104, 124].

B 3axmouenne, OCTAHOBHMCS €Ille Ha TaKOM BOIPOCE: €CIM IS OBYX
GECKOHEYHO MAJBIX § M 9 M3BECTHBI MX IJIaBHBIC WieHBI cxk u ¢’'a¥, uTo
MOXHO CKa3aTh O IJIABHOM WIEHE UX CYMMBL 3+ ?

IIpn k =k’ riaBHBIM WIEHOM €€, OYEBHIHO, OYyIeT TOT M3 WIEHOB caf
n c'a®’, B xoropoMm mokaszatenp Membie. Ilycth Temepb k=k’; Torma
IJIaBHOM YacTeio JJist B+ sBuTC cymma (c+c¢')e* — B npenmoao-
KEeHHH, ODHAKO, 4T0 c+c 0. Bcnayyae ke, xorga 06a riaBHBIX
YJIeHAa B3aHMHO YHMYTOXAXOTCH, CyMMa f+7y oOKa3biBaeTcs OGECKOHEYHO
MaJloii BBICIHErO TIOPSOKa, YeM KaxHoe U3 CIaraeMblX.

Tax Gyner, vanprMep, npu x+0 s 6eCKOHEYHO MalbIX
1 —_— 1
f=V1+x-1 ~o X H y=Yl-x-1~ -5 X
Ecnu BEIIENHTH B HUX €IIE CIEAYIOUIHE YNICHBE

oY o Lol
=—x——x2+0 (x2), ==—x-—x2+0(x?),
2778 TR
TO $CHO, YTO

— 1
Bry=Yl+x+Vl-x-2=- Zx2+o (x?),
TaKk uTo B-+7 Gymer GecKOHEUHO MaNofi BTOPOT O IOPAAKA, a ee [IaBHBIH 4ieH

paBeB —— X2,
4
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64. 3apauu. s WIAIOCTPAUUM M3JIOXKEHHBIX CooGpaxeHuil NPUBENEM HECKONBKO
3aa4, B KOTOPBIX OHM MCIOJIB3YFOTCHL.

1) Ilycts npsMoOIMHEHHOE PACCTOSHHME HA MECTHOCTH H3MepsieTcs ¢ IIOMOILUBIO
MepHo# peiiku 1yvHbI [ a, Tak Kaxk (aKTHIECKU peiika MPUKIAABIBAETCS HE TOYHO BIOJbL
u3MepsAeMoil NPAMOM, TO pe3yNbTaT M3MEPEHMs OKa3hBACTCA HCCKOJIBKO Oobine
McTHHHOM n7vHEL CoenaeM caMoO€ HEBBIT O HOE MpPelONOXCHAC, HMCHHO,
yTo peilka NMPUKNAABIBACTCA 3UI3ArOM, TAK YTO €€ XOHLBI OTCTOAT OT npsMoi T o-
OYepenHO TOB OHY, TO B APYTYIO CTOPOHY Ha paccTosHue A m (pHc. 25). Tpebyercs
OLEHUTEH MO PEINHOCTD.

A \\j,v’

Puc. 25.

Ipu OJHOKPAaTHOM NpHUKIAABBaHMM pelixy abCOMOTHAS NOTPEMIHOCTE  pABHA
PAa3HOCTH MEXAY AMuHOMA / PeKA U €€ NPOCKUKMEH HA H3MEPACMYIO NPAMYIO; NPOCKUHA

xKe 3ra Oynmer:
1\2 42
2 (-) -—Agzl]/l——‘.
2 I8

Bociop30BaBMHECh NPpUGINKeHHOM (hopMyJIioif

S 1
T4x=14+—x
V 2
2
pH X= T (4TO OUPABNAHO, BBHAY MAJIOCTH BCJIMYHNE! A OTHOCHTENBHO D), 3aMeHnM

BBIPDAXCHUEC 1 MPOCKUIUK [B3(9307 011135
22 272
-2 -2
Iz I
202
B takoMm cilyyae, yIoMsAHYTas MNMOTpemHoCTb €CTh —-—l—— ,4 OTHOCHTENNBHAA II0-
2

22
IPeUIHOCTb, OYEBUIHO, OymeT = Ta e OTHOCHUTE/bHAS TIOTPEMIHOCTE COXPAHUTCH

U NIPU MHOTOKPATHOM NPHKJIANBIBAHUM PEHKH. 242
Ecinu ast 5TOH MOrPENIHOCTH YCTAHOBIEHA rpaguua d, T. €. JoNmkHo ObITh 7;—<6,
J
TO orctoma A<l 3

HanpuMep, NpH U3MEPEHHUH OBYXMETPOBOM peiikolt (I=2), mns NOCTHXEHUSA OTHO-
curenpHOl Tousoctd B 0,001 mocTaTtowHO, 4TOGHI YKJIOHEHME A HE NPEBOCXOAMIIO
2 1/0,00052-0,045 4=4,5 cu.

2) Haiitu dopmyny s [iMHbl [ OTKPBITOrO PEMHs, HA[ACTOrO HA NAaHHYIO fapy

INKUBOB PamuycoB R M r, C paccTogHHeM d MEXAY LUCHTPaMH (puc. 26).
W3 veprexa umMeeM
!

—=;1_é+ Cc:ZZ.
2

N~ o4 - 2
Ho AC :R(E+ oc) , ca=r (——oz) , TOe 4Yepes o o6o3HaueHs! paBHblE YIabl < BOC u
b4
<I boc; a u3 A ODo
Cc=Do=Yd*—(R—-r)
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TaxuMm oOpasomM,
I=n(R+r)+20(R-r)+2)d*~(R~r)%
JUig yupoLueHus 37oi GopMynel BCIIOMHHM, 4TO
OD R-r
Oo d

o==sino=

— B NPCANICJIOXKCHUH, YTO R—r Mmano otHocutensHo d. B ToM xe APCANONOXCHUA

e[ (A

Ilociie MOACTAHOBKYM 3THX 3HAYEHHA W TPeOOpPa3OBaHUIL, IMOJYYHM OKOHYATE/IBHYIO

dopmyy:

(R—r)?
I=n(R+r)+2d+ e

3) Ilpn pa3OuBke AYT OKPYXXHOCTE HA MECTHOCTH MMEET 3HAUCHME Cleayromas
3apava: Haiimu omuowenue cmpeavt f=DB oyeu ABC okpyscnocmu k cmpese f,=D,B,
noaosunet AB B smoii dyzu (puc. 27).

Ecnu NONOXHTh PagUyc OKPYXKHOCTH PaBHBIM r, JAOB=g¢, 1O <IAOB‘=.?2)— "

f=DB=r(1—cos p),
fi=r (l —cos%) .

TakuM 06pa3oM, MCKOMOE OTHOILIEHHE PaBHO
f 1l—cosg

A 4

1—cos—

2
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BripaxeHne 3TO CIMLIKOM CIOXHO, YTOOb UM yROOHO GBINO MOJB3OBATLCH HA Tpak-
Tuke. Haiinem ero npemen upd ¢—0 (6o A1 AOCTATOYHO MANBIX @ 3TO BHIPAXKCHHUE
MOXEHO NpHOIHXEHHO 3aMEHUTh €ro IMPEeIEiomM).

by

C 5TOH HENBIO 3aMEHSeM YHCIHTENs M 3Ha- /,5;” %ﬁ
MEHATenb MX TIJIaBHPIMM YacTsMH H Cpa3y Ha- B, e e
XOOHUM: F

1 ! i

__¢;2 /7 ﬂ 5

11m—~:1im1———1——9:4
Ao p
212 9
Wrtak, ans [Oyr, COOTBETCTBYIOIIMX He- 0

GONBIIOMY HEHTPAILHOMY YLy, HPHOJIMXKEHHO
MOXHO CYMTATh, YTO cmpesa noayoyau evem-
6epo  memvile cmpeavl Oy2u. ITO TNO3BOJIIET
OOCHENOBATEIIBHO CTPOUTL IIPOMEXYTOUHbIE TOYKM AYIH, IJIS KOTOPOW IAHBLI KOHUBI
¥ cepemyHa.

Puc. 27.

65. Knaccuuramus GeckoHedno Gouibmimx. 3aMCTHM, 4TO s Oecko-
HeuHo GOJIBLIMX BEJMYAH MOXKET OBITH pasBuTa nomoOHas xe Kiacchdi-
xamus. Kax 1 B 60, GyaeM CYATATh paccMaTpuBaeMsble OeckoHeuHO ©0Jb-
I¥e BeIMYMHBI (PYHKIMAME OT ONHOH M Toi Xe NepeMeHHOH X, KOTOpbIe
CTPEMSATCS K -+ oo, KOTJA X CTPEMUTCH K 4.

I. Jlse Geckoneuno Goavtute y U z CUUMAIOMCA BEAUNUHAMU OOHO20
ROPAOKA, eCAU UX OMHOWeHUe ;z—(a ¢ HuMm u %) umeems KOHeuHblil

U oOmAUUHB Oom HY AR npeded.
z
11. Ecau oce omuowenue 5 camo  cmanosumes beckoHeuno 6oabUUM

Y

((1 06pamHoe onmmouieHue P 6eCKOHeUHO MaabiM|, MO Zz CYumaemcs

GecKOHeUHo 6oAbWON 6eAUYUHOT 6blCcUl e20 NOPpAOKA, ueM Y, U
o0HO8pemMento, y 6ydem bGeckoneuno Goabwoll Hu3uie20 HopAOKa,
yem z.

B ciyuae, Korja OTHOHIICHHUE g HH K KaKoMy IpeHeiy He CTPeMMTCH,

Hecxoneuro Gonplie y Uz OyAyT HECPAaBHUMBEL.

IIpn OIBOBPEMEHHOM PACCMATDHBAHMH pajfa OeckoHedHo OOJbLIMX
BEJIMYMH, OJHY M3 HUX (CKaxeM, y) BHIOMpPAroT B KayeCTBe OCHOBH O
H C e CTENmeHAMH CPaBHHBAIOT OCTajbHbIE Oeckoneuno Gomplune. Harmpu-
Mep, eciu (Kak MBI TPEOJIOKMIM BBILIE) BCE OHM CYTh QYHKLHM OT X
Vi CTPEMSITCA K - oo IIPH X —d, TO B Ka4eCTBE OCHOBHON GECKOHEYHO O0Jib-

. 1
0¥ OOBIKHOBEHHO OEPYT | x|, €CIM @ = oo, Teoa] ~ TIPY @ KOHEUHOM.

1I1. Beckoneuno Goavuias z Haszvlisaemcs GeAuuunoil k-20 nop aoxa
(omuocumenavno ocnognotl 6eckoneuno 6oabuwoil ¥),

z
ecau z u y* 6yoym odnozo nopadka, T. €. €CJIH OTHOLUECHHE S HMeeT KOHeu-
HBIH ¥ OTJIHYHBIA OT HYJS TPENe.

10 I'. M. ®uxresrousu, T. I
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MsI He CTaHeM NPHBOAMTL 3HECH NMPUMEPOB, MOO WX JIErKO MOJy4uTh, 3aMEHUB
PacCMOTPEHHEIE Bbile GECKOHEUHO MAJIbC BEIUTHHEL OOPATHBIMA M. YIIOMSHEM TOJILKO
0 TOM, 4TO OeckoneyHo Gonbimas ¢* (@>1) opu x - + « OyJeT BHICHET O NOPAA-
Ka, a Geckomeuno Gonbmas loggx (@>1) — HH3mMero mopanaka, YeM jmobas
cTeneHb x¥ (C NONOKHATENLHBIM NOKa3aTeNeM h); 3To cienyeT u3 Gopmyi (2) 61.

§ 4. HenpepoiBHocTs (M pa3pbiBbl) GyHKmuii

66. Onpeneiicnne HenpepoiBHOCTH QYHKIME B Touke, C HOHATHEM IIpe-
nena GpyHKOME TECHO CBSI3aHO IPYTO€ BAXKHOE IIOHATHE MATEMATHYECKOTO
aHanmM3a — JOHATHE HEMPEePHBHOCTH PYHKI UK.

PaccmorpuMm  QyHKIHMIO f(X), ONIpENENEHHYI0 B HEKOTOPOH 0ONacTH
X ={x}, I KOTOpOH X, ABNAETCA TOYKOH CIYLICHHS; MPH 3TOM IYCTh
caMa TOYKA X, IPMHALIEXKHUT oONACTH ONpEACIEHAS
GyBKU UMY, Tk YTO B ITOH TOUke DyHKIMA MMeET OIPENENICHHOE 3HA-
wyenne f(x,).

Korpa ycTamasiuBanoch HOHATHE O Ipeneie GYHKOMH NpH CTpemie-
HMHA X K X, [52, 53]

lim f(x),

X~+Xp

HEOJHOKPATHO IOAYEPKUBAIIOCH, YTO 3HAYCHHS X, IEPEMEHHAs X H € IT P H-
HUMaeT;, 3TO 3HauYeHHWe MOIJIO JaXe He NpHHAIexaTs obnacTu ompe-
neneHust GYHKIMM, a €Cii M IPHHAJIEKAN0, TO 3HaueHue f(> ™ u obpa-
30BAHHM YIOMSHYTOI'O NpeneNa HE YIMTHIBAJIOCh.

Onnaxo 0co6yI0 BaXHOCTh MMeEeT MMEHHO CiIy4aH, Korna

lim f(x) =£(x,). M

XX,

ToBODAT, 4TO yHkyua f(X) HenpepbiéHa npu 3HaueHuu x=x, (uau
6 mouKke X=2X,), eCAU GbINOAHACMCA IMO COOMHOUIEHUE; €CAlU JHCe OHO HAapY-
WIEHO, MO 2080PAM, YMO NPU 3MOM 3HaueHuu (Uau 8 3moil mouxe) GyHKyus
umeem pa3zpure*).

B ciyuae HempepbiBHOCTH OyHKuMu f(x) B Touke X, (M, OYEBHAHO,
TONBKO B 3TOM CJIydyae), IpU BHMUMCIEHHWH Ipefiena (ysknuu f(x) Ipu
XX, CTAHOBHTCS Oe3pa3nu4YHBIM, Oyaer nu x B CBoeM CTpemie-
HMH K X, IPHHAMATH, B YACTHOCTH, H 3HAYEHUE X,, MJIN HET. :

Onpenenenre HeNPEPHBHOCTH (QYHKIMHM MOXHO ChHOpMYIHpOBaTH B
Ipyrax Tepmugax. [lepexon oT 3HAYEHHAA X, K IPYTOMY SHAUEHHIO X MOXHO
cebe MpPENCTAaBHTh TaK, YTO 3HAYEHHIO X, NPUAAHN0 NPHPpAIMCHHE

*) DTa TEPMHHONOTHS CBS3aHA C HHTYHMTHBHB M IPEACTABICHACM O HE-
TPEPHIBHOCTH ¥ Pa3pbBax KPHBOM: QYEKIMsS HEMPEpHIBHA, €CHH HENPEPHIBEH e¢ rpaduk,
TOYKHA pasphiBa ()yHKUMM OTBEYalOT TOUKaM pa3peiBa Ipaduxa. Ha neme, ommako,
HOHATHE HENMpPEPHIBHOCTH I KPUBOH caMo TpebOyeTr O0OCHOBAaHHU A, M Mpo-
cTeiimimil MyTh X HEMY JICKUT KaK pa3 ¥epe3 HeHmpephiBHOCTh GyHKumit!
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Ax,=x~x,*). HoBoe 3nauenne QyHkuun y=f(x)==f(x,+-Ax,) pasuurcs
oT cTaporo y,—f(x,) Ha mpuUpauUieHHE

Ayo=f(x) = flxg) = fxq+Ax,) = f(x0)-

Jlna Toro uto6nl hynkuug f(x) Gsl1a HeupephIBHA B TOUKE X,,, HEOOXOTUMO
¥ JOCTATOMHO, YTOGHI ee npupauicHue Ay, B 970l Touke cTpeMMIIOCh K 0
BMecTe ¢ mpupaiienueM Ax, HezaBucuMoOil nepeMerHoi. VHBIMU crioBamu:
Henpepuienas (PYHKYUS XapaKmepuzyemes mem, 4mo OeCKOHEUHO MAAOMY
NpUPAWYEHUIo APy MeHmMa omeeydent HeCcKOHeUHO MAA0e Jice npupaiyenue
Pyuxyuu.

Bosspamascs K ocHoBHOMY onpeneiienmo (1), packpoem ero conep-
aHUE «na A3blKe £-0» [52]. CMBICT HenpepbIBHOCTH QYHKIMH f(X) B TOUKE
X, CBOAUTCS K CNEAYIOLIEMY: KaKoso 6bi nu 6bla0 uucio &>0, 049 He2o
naiidemesa maxoe uucso 6> 0, umo HepagerHcmao

Ix—xo| <6  eaeuem 3a coboit | f(x)— flxy)] <e.

Tlocnennee HEpaBEeHCTBO, TAKUM 06pa3oM, NOJKHO BBIIONHATLCA B [ O-
CTATOYHO MaJoO# OKpecTHOCTU (X,—0, X,+0) TOUKH X,.

Haxomen, «Ha s3bIKe HOCIEIOBATEIBHOCTEH» HENpPEPBHIBHOCTE BBIpa-
3UTCA TaK: KaKylo 6bl nocaedosameasHocmy 3uavenuti x uz X:

Xy Xpy vvvs Xps ooy

CX00AWYIOCA K Xy, HU G3AMb, COOMBEMCIMEYIOWAS NOCACO0BAMEALHOCHb
sHaueHuti HyHKYuu

SOxp), fOxp), - os f(X0)s - -
cxooumen K f(xg).

3amevyanue. IlycTh TOuka x=2x,, CHyXallas TOYKOH CIyILECHUS
s obmactu &, B xoTopoit onpeneneHa QyBKuMa f(x), cama obnactu X
He NPUHAIUIEKNUT, TaK UTO B 3TOlH Touke QYHKIMA He OoNMpeeJeH a.
Ecnu, ogHako, cyumecTBYe T KOHCUHBIH TIpeaen

lim f(x),

X-+Xo
TO CTOUT JIMIIL JOTIOJIHUTE ONpeiesicHie GYHKILH, TTONOXUB f(X,) PaBHBIM
TOMY Mpefiesty, yToOrl GYHKIUS OKa3anach HeNIpep B BH O M M B TOUYKE
X=X,. 3TO BMOLOOHEX cnyuyasx MH OOBIYHO H Oymem
BIpedb MNOAPA3yMEBATh.

HaoGopoT, eciy yNOMAHYTHIA Opefe] He CyllecTBYeT, TO —
HECMOTpPS Ha TO, YTO B caMOH TOyke X=X, (yHKHUSA HE ONpeleleHa —
BCE K€ TOBODPAT, yTO (DYHKUMS B 9TOM TOUKEe TEPHHT Pa3phIB: OHA OyaeT
UMeTh 3MIeCh PasphiB, Kakoe OB 3HAYCHHE AOHOAHUTENBHO HH MPHUIIHCATH
GYHKIHH [P X =X,.

*) B ananu3se NpUHATO NpHMpALIEHUS BEJWYMH X, Y, f, ... 0003Havars vepes dx,
Ay, A, ... DTH 0603HAYECHUST HAMIEKHT PACCMATPUBATH KAX [ €J1b H Bl € CHMBOJDL,
He otnenas 4 or x, u T. M.

i0*
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O6b1uH0 MBI 6ynem B nanbHelileM paccMaTpHBaTh tyHKItMH, onpene-
JICHHBIE B TpOMeXyTke Z; BCe €O TOUKM SIBIAIOTCH €rO TOYKAMU
CIyUICHHSA, TaK 4TO IO OTHOMICHHIO K JFOGOM M3 HUX MOXHO CTABHTL
BOHPOC O HENPEPBIBHOCTH. [l yNpoIieHWs pedYd, YCIABIMBAKOTCH IO-
BOPUTE, YTO (YHKUUS HENpEephiBHA B MpPOMeXyTKe &, eciH oHa
HENPEPHIBHA B KAXKTOM TOYKE INPOMEKYTKZ B OTHEJBHOCTH.

67. Apudmermieckne onepamuu mHan HENpephIBHLIME  (DyHKIMAMHE,
Ipexne uem mepeiiti x npuMepam HENpephIBHBIX PYHKIUHA, ycTaHo-
BUM CJICAyIOUICe NPOCTOE NPEANOKCHHE, KOTOPOE MO3BOJNMT JIETKO pac-
LIHPUTL MX YHCIIO,

Teopema. Ecau dse gynxyuu f(x) u &(x) onpedenenvt 6 0dnom u mom
oce npomexcymxe X u obe nenpepuignvt 6 mouxe Xy, MO 8 Moii Hce mouke
6yoym nenpepuvieHbl u Gynxyuu

10809, 1080, 1.,
nOCAEOHAA hpu ycaoeuu, umo &(xy) #0.

OTO HENOCPENCTBEHHO BHITEKAET M3 TEOPEM O Hpejene CyMMBI, pa3Ho-
CTH, TIPOU3BENCHHS W YaCTHOTO JBYX (DYyHKUWH, MMEIOLIHX TMOPO3Hb IIpe-
nenst [55].

OcranoBumes mis NpuMepa Ha YaCTHOM IIBYX ¢bynxunit. Ipeanosno-
KEHUE O HenpepbIBHOCTH (yHkiuit f(x) v g(x) B Touke Xy PABHOCUJIBLHO
HaMYHIO PABEHCTB

lim f(x)= f(x,),  lim g(x)=g(x,).

XY X>Yo

Ho otcroma, no Teopeme o mpeneste wacTHoro (rax xax npenesT 3Hame-
HaTels He HYJb), UMeEEeM:

llm@ _J(x0)

—x, 8 g(x)’

- .
a 3TO PAaBEHCTBO M O3HAYAET, YTO (YHKIHS 1) HETPEPLIBHA B TOYKE X,.

g0

68. Ilpaveprr HenpeprBHLIX (QyRKuUmA, 1° lHesnas w npobGHas
pannoHanpHbe QynKkuuH. Oynkuua f(x)=x, OYEBHIHO, He-
NpCPEIBHA BO BCEM NPOMEXYTKE (—ee, o) €CHH X, —~X,, TO f(x)=
=Xp~>Xo=f(Xy). ToUHO Tax Xe HempepbiBHAa M byHkuus, cBomsmascs
TOXJIECTBEHHO K HOCTOSHHOM.

Orcrona, Ha OCHOBaHHH TeopeMbl MPENBIAYIIErO N°, BBHITEKAET YyxKe
HETIPEPLIBHOCTH JIFO60r0 ONHOWICHHOrO BHIPAXCHHS

m pa3

axM=qgex.x...x
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KAK MPOM3BECICHHUS HENPEPHIBHBIX (QYHKUUHE, & 3a4T€EM ~ W MHOIO-
ynena (uenoit pauuonanbHoil GyHKIuK)

XM+ a x4 Lt aq X+ ay

KaKk CYMMBI HeupepsBHbIX (yHKnuid. Bo Bcex ymoMsaHYTHIX Cly¥asx
HEIPEPLIBHOCTE UMEET MECTO BO BCEM MPOMEXYTKE (— oo, -+ oo).
QueBHIHO, HAKOHEL, YTO H YA CTH O € ABYX MHOIOWICHOB (ApodHas
par@onanbHas GyHKIHI):
agx"+a, x4 .. tan_ x+an
boxM+ b xM=14 ...+ by _yx-+by
tasoke OyJeT HeNpephIBHO IPH KAXKAOM 3HAYSHUM X, KPOME TeX, KOTOpbIe
o0palialoT 3HaMEeHATEeNb B HYJIb.
2. HokasaTenbuas Pynxnug. JdokaxkeM HEIPEePHIBHOCTD
JI0KA3aTeNbHONM (YHKIUM @* NpPH JIIOOOM 3HAYCHUM X =X, UHBIMH CJIO-
BAMU, YCTAHOBHM, YTO

lim @* = a*.
X+ Xp
([Ipyt 3TOM IOCTATOYHO OTPAHUYUTHCS IIPSAMONOKEHHEM: @ > 1.)
Mpur1 Bueu B 54, 6), uto
Iim a*=1.
x=+0
Tak kak 1 ecTh Kak pa3 3nadcHue ¢ nHaueil QYHKIHH, TO 3TO PABEHCTBO
U BHIPAXAeT HENPEPHBHOCTD IIOKa3aTelbHOH OGyHKuuMu B Touke x=0.
OTcrofa yxe JErko IepeiTH K JEo0oil ToHuke; AeHCTBUTEIIBHO,

a* — qXo = axo(ax-xu _ 1)’
HO npHA X —~X,, OYEBUIHO, X — x0->0, TaK 4TO — TIO JOKa3apHOMY -

a~%->1 u a-as,
4, H Tp. I

3 Tunepbonuveckue dyHknuu. MX HENpepsIBHOCTH, 1O
yXKe YIOMMHABIUCHCS TeopeMe, HEMOCPEICTBEHHO BBITCKAET M3 JOKa3aH-
HOM HeNpEPHIBHOCTHE MoKasaTenbHOH (yHKINH, 100 BCE OHM PAl[HOHAIBHO
BhIpaXaloTcsd 4epes QyHKIIO e*.

4 TpuronoMerpuueckue pyuHxnuau. OCTanoBAMCs CHA-
yana Ha QymKnuM sin x. OHa TAKKe HenpepblBHA NPH JIOO60M 3HAYCHMU
X=Xy, T. €. AMCET MECTO PABEHCTBO

lim sin x =sin x,.

X-»Xp
HJIX JloKasarejbCTBa 3aMETHM, YTO M3 HCPABCHCTBA

sin x <X,
4
cTanoBJicEHOro 54, (9) miust O <X <73, JIErKO BBIBECTH, YTO HECPABCHCTBO
2 5

[sin x| =<]|x|



150 Il 11 ®YHKLUI OAHOV IMEPEMEHHOW {69

o T ’
CNPaBeIINBO YXKE I BCeX 3HaueHuii x (mid | x |=3 =1 s10 creayet

H3 TOrO, uTO |sin x |=<1). dajee, uMeeM:

. . soX= XX,
sin x —sin xp=2sin 2 $.cos =52 3
TakK 4TO
. . .o X x—+ X - X X — X
sinx —sinxy| =2+ |sin=—=% |-} cos =52 0 <2 X%l
2 2 2
, OKOHYATEJIBHO,
[sin x —sin xp| < |x ~ %], )

KaKoBEL OB HY OBUIM 3HAYEHUS X H X
Ecau 3anano nmoGoe >0, To mojioxuM d=e¢; npu [x—Xx,| <0 Oyner

fsin x —sin xy| <,

YTO W [OKa3bIBAECT HENPEPHIBHOCTDH Sin X. AHAJOTHYHO YCTAHABIMBACTCS
U HEIIPEPRIBHOCTHL QYHKIHU COS X TaKXKe IPH JI00OM 3HAUCHHHU X.
Or1crona, 1mo TeopeMe NMPeabIAYIIEro N°, BEITEKAET Y€ HEIPEPHIBHOCTH
ymxumit
sin x 1 cosXx

1
X=—", secx=——, Cigx=-——, CSCX=——-.
COs X COsx s x sin x

T
Hcknrouenue npeAcTaBiasgroT AJ1 IEPBBIX IBYX — 3HauyeHHs Buaa (2k -- 1)-2~ ,

obpanratorme cos x B 0, IUis NOCASAHUX IBYX — 3HAYEHMd BHAa ki, obpa-
wuraromme sin x 8 0.

69. OnHocTopoHHAA HeUpephHIBHOCTh. KiaccHpukanms  pasphiBoB.
Brume ¢ nomomnpto paseHcTBa (1) MBI OHpemeNMIM HOHATHE HEIpPEepHIB-
HocTH (ynxiui f(x) B Touke x, Ilpu atoM, Berumcnss mpegein (1), Met
MOTJIH NIPHOIIIKATE X K X, U CIIPaBa, M CjIeBa. Y CTAHOBHM TENEPhb IIOHATUE
0060 OZHOCTOPOHHEH HENPEPHIBHOCTH HJIK O THOCTOPOHHEM
pa3priBe (DYHKIUH B JAHHON TOUKE.

ToBopsT, uto Pynxyus f(x) Hempepvisna ¢ mouke x, cnpaga (c 4 e-
6 @), €CIIH BBUIOJHSICTCS MIPENENIbHOe COOTHOIIEHYE:

fx+0)= fm S %) =1(x,)
[F(=0)= lim £(x) =f(x,)].

X—>Xq—

€)

Eciu Xe To MM APYroe U3 3THX COOTHOLUICHMI HE OCYLIECTBJSETCS, TO
Pynxyus f(x) umeem 6 mouke X, paspvié, COOMEEMCMEEHHO, CRP A6 A
U caeeaq.
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o oTHOWmEHUIO X JieBoMY (IpaBoMy) KOHILY HIpoMexyTka J4*), B Ko-
TopoM (YHKIUS OUpPEAENeHa, MOXET WATH Pedb, OUEBHUIHO, TOJBKO O
HeMpepHIBHOCTA WM paspeiBe cmpaBa (caesa) Ecm ke x, ects
BHYTPEHHSAS TouKa OpoMexyTka X, T. €. HC COBNALACT HU C OJHEM
{3 ero KOHLOB, T0 I TOro, YTOOBI BBUIONHSUIOCH paBeHCTBO (1), BHI-
paxcaloliee HEMpPepHIBHOCTh (YHKIMH B TOYKe X, B OOLIMHOM CMBICIC,
HEOBXOMMMO ¥ NOCTATOYHO, 4YTOOBI KMeJM MeCTo cpasy oba pasen-
crea (3) [52]. UmbiMu CIOBAMH, HenpepelsHOCMb (PYHKyuu 6 mouKke X,
PABHOCUIbHA €€ HenpepISHOCHIU 6 IMOil moUKe OOHOSPEMEHHO CRPp a6 a
u caesa.

OcranoBUMCs HOApoOHEe HA BOIPOCE O HEMPEPHIBHOCTH M pasphiBe
PyrKin f(X) B TOUKe X,, ckaxeM, cupasa. ITpexmonaras, 4T0 QyHKIMSA
f(x) B nekoTopoM mpoMexyTke [x,, X,+A] (h>0) cupasa ot 3TOM TOYKH
onpeneNcHA, BUAUM, YTO IUIA HENPEPHIBHOCTH HEOOXOMUMMO M
JIOCTATOYHO: BO-TIEPBBIX, UTOBHI CyILECTBOBAJ KOHEYHEIH mpezen f(x,+0)
dbyaxipyr f(Xx) Ipu CTPEMIICHAM X K X, CIIpaBa, U, BO-BTOPBIX, 4TOOBI 3TOT
npenen GbUI paBeH 3HAYCHUIO f(X,) QYHKIM B TOUKE X, .

IosToMy Jierko nath cebe OTYET B TOM, NPH Kakux oOCTOATE/ILCTBAX
nas pynxuua f(x) B TOUKE X, COpaBa MOSBIAETCA Pa3PHIB. Moxert
CIIYYUTHCH, YTO XOTs KOHEUHBHl mpemen f(xp+0) M cCyilecTByer, HO OH
He PaBeH 3HAYEHMIO f(X,); TaKoif Pa3phIB HA3HBAIOT O O BIKH O B € H HBIM
WIH paspelBOM TepBOTro poxpa**). Ho moxer Obith U Tak, 4TO
npenen f(x,-+0) GecKkoHeueH, WM €ro0 BOBCE HET; TOTA TOBOPAT O Pa3phiBe
BTOpPOro pona.

B ciieayromemM n° Mbl IPUBENEM IIPAMEPHI 3TUX Pa3phIBOB.

3JamMeuauue. Ecuu B Touke x=x, bynxmusa f(x) He ompenesieHa
(cM. 3aMedanue B 66), TO BOCCTAHOBATH HEMPEPHIBHOCTb (PYHKIHMU B ITOH
TOUKe MOMKHO JIHillb, €CITH CYINECTBYIOT 06a KoHedHBIX npeaena f(x,+0),
f(x,~0) 1 paBubBl Mexay coboil.

Ecnu xaxoif-mibo M3 3THX mperesioB OCCKOHEYEH WM BOBCE HE CY-
HIECTBYET, TO TOBOPAT O HAJNMYMH Pa3peiBa BTOPOTI O PO aa C COOT-
BETCTBYIOLIEH CTOPOHLL

70. Ilprvepst paspeiBubix ¢ysxumwii. 1) Paccmorpum dynxumio y=E(x) (rpadux
ee DpeicTaBNed Ha prc. 8). Ecnu x, — He uenoe Wucno v E(xg)=m, T. €. m=<Xo<m-+ 1,
0 W JUIA BCEX 3HAYCHUI X B IpoMexyTke (m, m+ 1) Oyner E(x) = m, Tak YTO HEOPEPHIB-
HOCTh (PYHKLUM B TOMKE X, HEIIOCPEICTBCHHO SICHA.

Urave OBCTONT OO, €CIIM X, PaBHO LejoMy uucny m. CrnpaBa B 3TOH TOUKe
GyE€T MMeTh MeCTO HEeNpephIBHOCTb, WOO OpaBee X =in, WMEHHO Ul 3HA4YCHWH X B
(m, m+1) 6yner E(x)=m, TaK uyro u E(m--0)=m = E(m). Haob0poT, nesee x = m, A
3Haveprd x B (mi—1, m), oueBumHo, E(x)=m—1; otciona, u E(m—-0)=m-1, 4yto He
paBHO 3HaveHnIo E(m), 1 cleBa B TOYKE X =m GYHKUMI AMEET OOBIKHOBCHHBIE pa3-
PBIB WU CKauOK! '

#) TIpenmonaras, YTO 3TOT KOHEL eCTh YHCJI0O KOHE4YH O €.
**) B 3TOM CJly4yac TOBOPST Takke, 4To dyHKumst f(¥) B TOYKC X, COpapa MMEET
CKadv0K, N[O BEmuuHE paBublil f(x,+0) —f(x).
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2) Bo3bMeM (QyHKUHIO, PAaCCMOTPEHEYIO B 46:
2n _
y=fE)=lm e
neow XW4-1
(ee rpadux nan Ha puc. 28.) OHa HMeeT OGHIKHOBEHHBIC DA3pHIBHI B TOYKAX x=1+1 M
copaBa, 4 ciuesa, ubo:

F(£D)=0, f(-1-0)=f(1+0)=1,

f(-1+0)=f(1-0)=-1.
3) Mnst dpyuxugm

f)= L (mpu x = 0)
x3

ToYka x=0 eCTh TOYKA Pa3peIBa BTOPOro poja — ¢ ofeux CTOPOH; MMEHHO, B Hel
(yHKUMS ¥ COpaBa # CjIcBa 0BPAMIACTCH B oot

1 1
f(H0)=lim —=+4 e, f(-0)=Ilim —= —oo.
x—+0 X2 x»—0 X3
4) dyukuus
1
f(x)=sin— (upu x=0),
x
paccMorpennas B 54, 9), B Touke x =0 uMeEET pa3phlB BrOPOro poaa ¢ oBeHx CTOPOH,

4

*/

-7
Prc. 28.

TaK K&K He CyINeCTBYET BOBCe mpeaena 3Tod ¢yHKumm npa crpemiesyud x x 0
HA COpaBa, HY CleBa.
5) Haoboport, ecau B3sre dyuxumio [54, 10)]

f(x)=x-sin ;1‘- (npr x#0),

IS KOTOPOif, Kax Mbl BUAEMH, CYIIE€CTBYET npenesd
lim f(x)=0,
x—~0
TO, MOJIOXKHB — COIJACHO 3aMeyaHuio n° 66 — f(0)=0, MBI BOCCTAHOBMM HENpEpHIB-
HOCTBb ¥ Opu x=0,
6) OnpemenuM nBe QYHKIMH PaBEHCTBAMH:
1

1 1
filx)=ax, (a=1), fix)=arctg <

i x 0 u ceepx Toro nonoxumM f; (0) = 1z (0)=0.



70} § 4. HENPEPBIBHOCTb (M PA3PbIBbl) ©VHKUM N 153

JAns nepeoil U3 HUX HUMEEM:
1
f[i(4-0)= lim ax = lim a%= +,
x->+0 2+ oo
1
fi(-0)= lim ax= lim a?=0,
x—=+—0 FAa—
Tak 41O B TO4Ke x=0 cmpasa — pa3pbiB BTOPOro poja, a CleBa — HENPEPHIBHOCTD.
JInst BTOpOH xKe —

1 7
fo{+0)= lim arctg —= lim arctgz=z,
x40 X 2o 2
Sl=0)= -2
2 sTg

U B Touke x=0 — ¢ 0oBeux cropod ckaukh. I'paduky 31ux dyHkiuit LaHsl HA puc. 29
u 30.

4

yea?

*/

&
59

[
AN

I

N
=
o
b
=

&

Puc. 29.

Sy s

Y
Puc. 30.
7) BenoMuuMm ewle 0 byaknun Jupuxiae [46]:

y(x)=1, eCIH X PANHOHAJILHO.
2(x) =0, ecna X HPPALUOHAILHO,
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Tak kax B 1000# 6JM30CTH OT PaIMOHANIBHON TOYKM HAWIYTCA TOYKH UpPALMOHAIb-
HbIe, ¥ HA06OPOT, TO KaKOBO Obl HU OBIIO X, B NPOMEKYTKE (— e, + o), mpenena y(x)
NP4 X — X, HE CYIIECTBYET, TaK YTO B K a XK A O TOYKe HANHUO Pa3phlB BTOPOro pona
(c obeux CTOpOH).

8) OnpenemimM, HakoHew, B mpoMexyTke [0, 1] dyuxmuro f(x) Tak: ecliu x p a i U o-

. p
HalbHO M BHIPAXAETCHd HECOKPATUMOHR LPOOBIO —, TO f(X)=—; mid X HDPDP a-
q

HEOHAIbHOTO noioxmM f(x)=0 *). MbI yreepxuaeM, 4TO B KaXLOU panuoHalib-
HOM TOYKe (QYHKLMS MMeeT OOBLIKHOBCHHBIC PA3pBIBEI, B TO BPEMs KakK B KaKHIo# uMppa-
[MOHAJILHON TOYKE OHA HENpPEpPHIBHA.

HelcTBATENEHO, TYCTh X, Oymer jrobas TOYKa B PACCMATPHBACMOM IMPOMEXYTKE.,
Eciv 3a1aThCsi MPOM3BOJBHBEIM YHCIOM ¢>0, TO CyIIECTBYeT JHMIIL KOHEUYHOE

YUCIIO HATYPAJIBHBIX YHCEIl g, HE NPEeBOCXOASIIMX — , @ 3HAYAT B MPOMEXKYTKE HalijeTcs
€

p p 1
JIAIB KOHEYHOE YUCJIO PAlMOHAJIBHBLIX TOYEK —, AJIA KOTODPLIX f|—|=—=¢. TOUKY X,
q
MOXHO OKPYXKHUTb TAKO OKPECTHOCTBIO (X — 0, Xo+0), yTOGEI B Hee He Homnana HE OfiHa
U3 3THX TOYEK (KpoMe, OBITb MOXKET, CAMOR TOYKHM X,). Toraa, NUIbs TONBKO | x — x5 [< 0
(x# Xy), OyneT MM x palMOHANBHO WM HCT, BO BCAKOM cmydae | f(x) | <e. 3uauur, ans
JNFO60H TOYKA X, CYLIECTBYIOT

S+ 0)=f(x, - 0= 0.

Ecmu x, eCTh MppalMOHalIbHAS TOYKa, TO H f(x,)=0, T. €. B 3TO# Touke QYHKLUS
HENpepPbIBHA; €CIIM K€ X, PALHMOHANILHO, TO f(xX,) OT/m4HO OT 0, ¥ HANNLO Pa3phB (OOLIK-
HOBCHHBI), C 00€WX CTOPOH.

71. HenpepbiBHOCTh M Pa3pLiBbI MOHOTOHHOH ¢ysxmmH. PaccMoTpum
GyaruIo f(x), KoTopas — IpPH M3MEHEHHH X B NPOMexXyTke L *¥) —
MOHOTOHHO Bo3pacTaeT (yObiBaeT), XoTA OBl B 1mipokoM cmeicae [57]. Tlo
OTHOLIICHUIO K TaXxuM QYHKIUSIM VMMEET MECTO CEAYFoLIast TeopeMa.

1° Monomonno sospacmarowyas (y6vieaowas) Pyuxkyus f(x) moocem
umemv ¢ X pasee autib paspeigsl nepeozo pood, M. €. CKauki.

Bo3sMeM n0GyI0 TOUKY X, MPOMeXyTka &, i OyCTh OHA HE SBIAETCA
JIEBBIM KOHIIOM 3TOT0 IMpOMeXyTka. PaccMaTpuBas Ty YacTb MPOMEXYTKA,
KOTOpas JIEXHT BIIEBO OT X,, NPUMEHUM K Hell TeopeMy M3 57 o mpeneie
MOHOTOHHOH (YHKIUH; MOCKONBKY I X <X,, OUEBUAHO, f(x)= f(x,), TO
CYHIECTBYET KOHEYHBII Hpenesi

-0 = lim f(x)=f(x,).
X—+Xg—0
Eciu oH coBMamaeT co 3HaYeHHeM f(X,), TO cIeBa B Touke X, Qynxums
HENPEPHIBHA; B IIPOTHBHOM CJIy4ae — HAJMIO CKauCK.
AnajioruyHo yoexmaemcsl B TOM, 4TO B KaXIO# TOYKE X, IPOMEXYTKA
X (we cmyxameii UpaBbiM ero KOHIOM) CIpaBa Toxe Jubo HMMeeT
MECTO HEIPEPHIBHOCTD, JIHOO CKaYOK.

¥) Oty dysxumro paccMmatpusai Puman (B. Riemann).
*¥) DTOT ONPOMEXYTOK MOXKET ObITH KaK KOHCYHBIM, TAK M OCCKOHEUHBIM 3aMKHY=-
THIM HIIE OTKPHITBIM (C OXHOIO WIH ¢ QOCHX KOHIIOB).
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C momoupio [0Ka3aHHOM TEOPEMBI JIETKO YCTAHOBHUTbL KPHTEpHIl He-
HPEPLIBHOCTA MOHOTOHHOH (QYHKIMYU, yNOOHBIA HA IPAaKTHKE:

2° Ecau 3nauenus monomowno eospacmarowjeii (ybvisaioweii) 6 npome-
acymxe X Pyuryuu f(x) codepmucamcs & npomexcymie Y u cniows
zsanoanaom ezo (maxk ymo kaxcooe 3nauenue y u3z Y npunumaemca
Pyuryueii xomo pas), mo oma Gynxyus nenpepoiena 6 I *).

ITonpoGyem monycTuTh, 4TO B KaKoi-HHOYAL Touke X, u3 X (yHKIms
J(x) uMeeT pa3pLIB, HanmpuMep, CIeBa; KAK MBI BUAEIH, TOT PasphiB
MOXeT GBITb TOJbKO CkaukoM. B aToM ciyuae cymectsyet npenen f(x, — 0),
HO OH MeHbuie 3Havenus f(x). Tak xak must x<x, Oymer f(x)<
= f(x,—-0), a 1 x=>x, oueBugHO, f(X)= f(¥X,), TO DYHKIMSI HE MOXET
NPUHUMATh 3HAYCHUIl y, JeKalux Mex Ay unmcmamu f(x,—0) u f(x,),
TNPUHAUICKALIAMHI IIPOMEXYTKY Y. DTO NPOTHBOPEYUT YCIOBHIO TEOpe-
MBI, 3HAYUT, Ha feste QyHkuus f(x) pa3pbiBOB HE MMECT.

B crenyroiuem n° 4MTaTeNh HaMAET PAA HPUMEPOB NMPUIIOKEHUS ITOM
HOJIC3HOH TEOPEMBL.

72. Henpepoisnocts 3ementapubix dynkumii. [is psga sneMeHTap-
HBIX QYHKUMH HENPEPHIBHOCTH GBI JOKAa3aHA 104 BHIOM NPUMEPOB B 68.
Tone3ysacy Teopemoii 2° mpenpiayluero HoMepa, JIETKO, IIPEXIE BCETO,
HAHOBO YCTAHOBHUTHL HENPEPHIBHOCTL (DYHKIUH @* WM sin X.

Pynxkips y=a* (@>1) MOHOTOHHO BO3DPAacTaeT NpPH H3MEHCHUH X
B IpoMeXKYTKEe X' =(— =, + ). Ee 3naueHns MOJOXHUTCIBHBI M 3aIOJHAIOT
BECh MPOMEXYTOK Y =(0, + ), 4YTO BHAHO M3 CYLIECTBOBAHHsA Jorapupma
x=log, y nys moboro y =0 [20]. CaegoBaTensHo, moka3aTeNbHas GYHKIHSA
HETPEPBIBHA IIPU JIIOOOM 3HAYEHHHU X.

AHAJIOTHYHO, HENMpPEePHIBHOCT: (DYHKUMK y =Sin X, CKaxXeM, OpU HM3Me-
. .

~3
B 3TOM IIPOMEXKYTKE, JId €UIE U3 TOro (akTa (YCTaHABIHBAEMOIO T€OMETPH-
YECKH), YTO NIPH 3TOM OHA NMPHHUMAET KaXJ0e 3HaueHHe Mexay — 1 u + 1.
To e OTHOCKHTCA U K J1I000MY MPOMEXYTKY BHAA

» T
HEHUM X B IIPOMEXKYTKE X =[ E] » BBITCKACT HU3 €€ MOHOTOHHOCTH

[kn~'72—, km-’zfj (=0, £1, +2,...).

Opuaxo Goyiee MHTEPECHDI IJi1 HAC HOBBIEC PE3YJI b Ta T b, KOTO-
PBIC TaK XKC JIETKO MOIyT OBITh MOJIYYEeHE! MPUMEHEHHEM HA3BAHHON Teo-
pemsl. IIPDOHOJKMM TNEpPEYHCIISHUE OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIHI,
Hayatoe B 68.

5° lorapudpmuueckasa pyuxkuusa: y=log,x (a=0, a=1l).
OrpannvuBasch ciyyaeM a=1, BUIUM, 4YTO 3Ta (YHKHHS BO3PAcTaer
MIPH U3MEHEHHH X B MpoMexyTke X = (0, + «). K Tomy ke oHa, OUEeBHIOHO,

*) Venosue, yroGsl 3mayeknst f(x) 3a0ONHANM CIUIOMIHOM TIPOMEXYTOK %Y, BBICKa-
32HO 371€Ch, KAK NOCTATOYHOE Ui HEOPEPHIBHOCTH MOHOTOHHON (yHKUMH;
BrOCIHeACTBUY [82] MBI yOemUMCS, UTO OHO ABIAETCS H HE OO X O L M M bl M,
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IPHHAMAET JIF000¢ 3HAYECHHE } M3 NPOMEXYTKA Y =(—oo, + o), UMEHHO,
s x=a¥. OTcI0la — € HEMPEPLIBHOCTD.
6 Crenenmas pymknusa: y=x* (u=0), upu Bo3pacTaHHH
x ot 0 mo + o Bo3pacraer, ecimu y >0, u ybriBaer, eciu u<0. Ilpu 3Tom
1

OHA TPHHUMAET JII0G O€ IIONOXHUTENLHOE 3HAYEHHE Y (Wi X =yH),
CIEIOBATENbHO, U OHA HENpEepHIBHA *).

Haxonen, ymomszeMm

7° O6paTHHE TPHUTOHOMETpPHYECKHE PYHKIU I

y=arcsin x, y=arccos x, y=arctg x, y=arcctg x.

IlepBple nBe HEMpepHIBHH B mpomexyTtke [—1, +1], a mocieauue — B
IPOMEXYTKE (— oo, -+ oo). JIOKA3aTENBCTBO MPENOCTABIIAECM YUTATENIO.

Pe3roMiupys, MOXHO CKa3aTb, TAKUM 00pa3oM, 4TO OCHOGHbIE 3AeMeH-
maprvle PYHKYUY OKA3bI8AIOMCA HEHPEPLISHBIMU 60 6CeX MOUKAX, 20e OHU
umerom cmvica (T. €. B COOTBETCTBYIOIHX €CTECTBEHH B X 06macTax
HX ompenAecsIeHH).

73. Cynepnozunusi HenpephIBHBIX $ynxuuit. OOIINpHEIE KNACCh! HETpeE-
PHIBHBIX (QYHKOMI MOIYT OBITH IOCTPOEHBI C TMOMOIIBIO CYIEPIO3UIUH
[51] byHxumif, HEMPEPEIBHOCTE KOTOPHIX YKE H3BECTHA.

B ocHOBE 3TOro JIEXUT CHeAyIOnIas

Teopema. IIycmy gynxyus p(y) onpedeierna 6 npomexncymxe %, a yHk-
yua f(x) — e npomescymie X', npuuem 3nauenus nocieoneii gynkyuu He
661x00:am 3a npedenvt Y, Kozoa x usmenaemea ¢ X. Ecau f(x) nenpepvisna
8 mouke x, u3 U, a p(y) Henpepvigha 8 coomeemcmey oy eil moyke
Yo=Sf(xy) uz &, mo u caoncnaa @yuxyus e(f(x)) 6ydem nenpepviena e
mouke X,.

HoxaszartenscTBo. 3agagumMcs TPOM3BONLHBIM YHUCIOM & =0,
Tax kax @(y) HelpephIBHA OPU ¥ =Y,, TO N0 & HalfgeTcs Takoe 6 >0, 4To

us [y—y,| <o caedyem |p(»)-p(yo)| <e.

C npyroi cTopoHbI, BBHIY HEMPEPHIBHOCTH f(X) NPH X = X,, WO ¢ HAl-
Ietca Takoe 0 >0, 4ro

uz [x—x,| <98 caedyem |f(x)— f(xp)| = |f(x)—y,| <o.
. ITo camomy BHIGODY YuCHIa 0 OTCIOAA CIIEAYET, HaJIee,

lP(f() =(¥o)| = [ (f (%) ~p(f (x0)) | <e.

*) Ec >0, 1O 3Hauesme 0 BXJIIOYa€eTCA KaKk B MPOMEXYTOK H3MEHEHUA X,
TaK ¥ B IPOMEXYTOK H3MCHEHHs y; NpH &< 0 3HaveHre 0 He BKIOYaeTc o JManee,

P
eCi x — LeNoe YMCHO +7 WK NpobHOoe +— ¢ HEeYeTHHIM 3HAMEHATENeM, TO

CTeeHb X MOXHO PacCMAaTPHBATh U I x <0, HEOPEPEIBROCTD €€ VI 3THX 3HAYCHHH
YCTQHABJIUBACTCH AHAIOTHYHO.
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OTHM «Ha s3bIKe &-8» M JIOKAa3aHa HENPEPHIBHOCTbL ()YHKLHH o(f(x)) B
TOUKE X, .
Hanpumep, ecnu crenennyio gyHkimio x# (x > 0) NIPCACTABHThL B BUJE

CJIONHOU (PYHKUHMU:
Xt=g#rInx

KOTOpas MoJiy4aeTCsi OT CYyNEePHO3MIMU JIorapudpMuueckoii H moKa3aTelib-
HO# (DYHKUMH, TO U3 HENPEPBIBHOCTH MOCIEAHUX ABYX (YHKLHMIA yxe 6ymer
BEITEKATh HENPEPbIBHOCTH CTENCHHOM (YHKIIHU.

74. Peutenne onnoro (GyHKUHOHANBLHOTO ypaBHEHHS. st obneryeHus M3JIoKEHHS
B GmuxaitueM n°, saitMemcs ceifyac cuemyrouwiel 3apavucii (KkoTopasi npeiacTasaseT U
CaMOCTOATESILHBI WHTEPEC):

Haiimuece nenpep v anvie 6nposesncymse (o0, +eo) dhynryun f(x), ydosaem-

GopAIouue YCA08UIO )
SE+»)=1)+ fO), A)

Kaxoeol Obl nu Oviau 3nauenus x u y.

VYpasueuue (A) sBisleTcs MPOCTEMUINM NpUMCPOM TAK HA3LIBAEMLIX (Y H K Il ¥ O-
HaJlbHBIX ypaBHEeH U |, (QOPMYTHPYIOIIMX HEKOC CBOHCTBO MCKOMOW (YHKLM,
10 KOTOpOMY OHA M 1oJbkHA ObITh Haiigena. Hawa 3anava cocToutr B pasuickanuu
BCEX HENPCPBLIBHBIX pelIeH U ypaBHenus (A).

Jlerko Buperh, 4To MUHCHibIE OAHOPOIHbIC dyrkuun, BUgA

f(x)=cx  (c=const.), (a)
YNOBIICTBOPSIOT 9TOMY YPABHCHHIO!
c(x-+y)=cx-icy.
Ho neew Bonpoc mmenno B ToM, GYAYT JiM OiM € AHHCTBC H I bl M K HCNPEPbiB-
HBIMH QYHKUMAMH, HMEIOLMMH CBolcTBa (A).

Ans TOro YTOGBI YCTAHOBHTB, YTO 5TO NEHCTBUTENLHO TaK, HNPEANOJIOKHM, YTO
HCKOTOpast HeNpepH BHAs ¢ynknus f(x) ypaBuennio (A) yAOBNETBODAET, U NO-
KQKEM, 4TO TOrja oHa Heobxommmo mmeer Bua (a).

ITpexpe Bcero, ¢ MOMOIBIO METOAA MATEMATHYECKOH MHAYKUMM JICTKO 0606HITD
coornowenue (A) na cnydail no6oro umcna (=#) craracMbix:

n

fGTYE D= SOV -+ 1. @

HCﬁCTBHTeJ'IbHO, €CIK JOMYCTUTB BEPHOCTD €TI0 JIJIs KAKOTO-ubo uucaa n=-2 CJIAaracMerx,
TO OHO OKAXETCs BCPHBIM U piiA n-+-1 craraeMbix:

Syt itz =f x4y +- .. F2)+ fWD=LfD+ . - . + FD]+ ().
TMonaras B (4) x=y=...=z, Haiinem:
fnx)=n- f(x). (5)

3aMeHMB 31CCh X HA — X, Mbl NOJIYYHAM
n
1 1
f —X :_'./(x)9
n n

a 3aTeM, €CJIIM HONCTABUTH Inx (m — Harypam:xoe) BMECTO X M HCIIOJIB30BATH NPEAbLI-
AYUWCE PAaBECHCTBO, NPHUIEM K COOTHOIICHHIO

f(T x)z%-f()r) ©

n
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ITonoxuM Tenepsr B OCHOBHOM ypaBHeHHHM (A) x=y=0; noay4um

f0)=2f(0), Tak uro f(0)=0. M
Ecnm ke B3siTH y= — X, TO, ¢ yueroM (7), Hallpem:
f(=x)=—f(),
Tak 4To GyHKIMA f(X) MEHACT 3HAK NMpPH M3MEHEHUHN 3Haka x. A Torpa u3 (5) u (6) merxo
BBIBECTH:
S(=nx)=— f(nx)= —n- f(x) (8)
¥, aHAJOTMYHO, BOOOIE
[ m m
f(~—x): -2 ©
n n

Tonyyennsle cootHouienust (5)—(9) MoryT ObiTh OOBEHAUHEHB. B PABEHCTBE
Sex)=r- f(x),

CIPaBEAANBOM I JTHO60r0 BEIIECTBEHHOTO 3HAYEHHMS X, KaKOBO OBl HH ObLIO P a-
HMOHAIBHOE YUCIO F.
Ecnu B3ath 3mech x=1 1 0603uauuts f(1) uepe3 ¢, TO NONYYUM

f)=cr.

TakuM 06pa3oM, Mel, COGCTBEHHO TOBOPS, YCTAHOBWIM yXe€ BHA (YHKIUH f, HO NOKA
JMIOb A1 PAUMOHAJNbHBIX 3HAYEHHH aprymenTta. IIpu 3TOM MBI UCMIOIBL30BANIN
TONBKO TOT (aKT, 4TO (QYHKUHSA yLOBIETBOPSET yCiOBHIO (A), W HE ONULAIUCh HA €€
HETIPEPHIBHOCTD.

Ilycte Temepp p Oymer moboe MPpamHOHANbHOE 3HAYEHHE apryMeHTA.
JIerko mOCTPOUTH CTPEMSILYIOCH K HEMY IOC/IENOBATENIBHOCTb DALMOHATIBHBIX YHCENT

FisFay vy Frpsees

(MOXHO, HAPUMED, B3ATh OTPE3KH COOTBETCTBYIONIEH GECKOHEYHOM ACCATHYHON APOOH).
MBI TONBKO YTO BHOEIH, 4TO

fr=cr, @=1,2,3,...).

TIepeiineM 30ech K Hpenesty NPU n—s + o=; COPABA MbI NOIYYUM Cp, CIIEBA XK€, HMEHHO
BBUAY IIPEIMOJIOKCHHON HENPEPLIBHOCTH (QYHKIMA f, TOMYYHTCS

lim f(rp) = f(0),
fl@=co.

Taxkum o6pa3zoM, AcHCTBUTENLHO, HAIOa GYHKUHS TIPH BCEX BEIIECTBEHHBIX 3HavE-
HASX APryMeHTa BeIpaxaercs Gopmyioit (a). Ota dopmyna naer camoe odluee pemeHne
ypaBHeHus (A) B HEIPEPBIBHBIX (QYHKLUAK.

TaK YTO, OKOHYATENHHO,

75. DYRKUHOHAIBHAN XAPAKTEPUCTHKA NOKA3ATENbHOI, JorapudmMuieckol u cTenen-
Hoit pynxumii, 1° Ecnu

fx)=a* (a=0), (6)
TO, KAKOBLL 651 HU 6I>IJ'IH ABa BCIUCCTBCHHBIX YHACIIA X H ), BCECraa HUMEET MECTO paBCHCTBO
S+ p)=10)- f(3), (B)

BhIpaxkatomiee OOILCH3BECTHOE NMPABHIO YMHOXCHHA CTETCHEH:
aXty=qgX.qy.

OkasbiBaetcs, 4TO (yHKUHOHANBHBIM cBoiicTBOM (B), BMecTe CO CBOHCTBOM H e-
NPEPBIBHOCTH, MOKa3areilbHas QYHKUMS OlIpEeneNseTcsi BIonHe. TouyHee roBops:

eouncmeeH ol ynxkyueil, ONpedeseHHoll U Henpep bl 6 HO il 80 6CeM NPOMEICYMKe
(=0, -+ o) u yoosaemsopsaroweii 6 Hem ycaoguio (B), nersemeca noxasameavnaa @GyHkyus
(ecnu He cYUTATh (YHKLMH, TOXIECTBEHHO paBHOM 0).



751 § 4. HEIMTPEPBIBHOCTb (M PA3PLIBLI) @YVHKIINI 159

UupiMu cioBamu, dopmyna (6) — 3a ykasaHHBIM HCKILIOYEHHEM — [OaeT CaMoe
obwee pewenne GYHKUHOHAILHOTO ypaBHeHus (B) B HENPEPBIBHBIX
yHKIMAX.

HAna [OKA3aTeNsCTBA 3TOTO PACCMOTPUM MPOH3BONBHYIO (yHKmmio f(x), ompe-
JICTICHHYO M HEUPEPBIBHYIO MPH BCEX X M yAOBJIETBOpAIOMyIo yeiaosmio (B). U ¢ x 1 1o0-
4YaeTCss TPUBHANBHHE cnyvair, korna f(x)=0.

WTax, npu HEKOTOPOM 3HAYCHHM X = X, 3Ta OyHKIUA oTauvEa oT 0. Ilonaras B (B)

¥ =Xy~ X, TOAYIUM
f(x)"f(xo“x)=f(xo)¢0;

OTCIOZIA AICHO, 4TO f(X) oTAHuYHa OT 0 Npu BCAKOM x. bonpine TOTO, 3aMeHAA

o2

TaK 470 f(x) Bcerjga CTPOTO NMOJNOXMUTENDHa.
Tlone3ysice stmM, mponoraprdmupyem pasencteo (B), Hanpumep, MO HaTypajb-

HOMY OCHOBaHMIO e
Inf(x+y)=Inf(x)+In f(»).
o(x)=In £ (x),

TO B Juue @(x) Mbl GyaeM uMerbh GYHKUKIO, HEMPEPHIBHYIO (KaK pe3yibTaT Cynepno3u-
LM HENpPEPBIBHLIX QYHKIMI, 73) H yIOBIETBOPSAIOIIYIO YCIOBHIO!

x
B (B) x u y uepes 7 Halimem:

Ecnn nonoxnth

Px+y) =g(x)+e(),
a”anorudHoMy (A). B TaxoM ciryyae, Kak Mbl YCTAHOBHIIH, HEOGXOMEMO
P(x)=Inf(x)+cx  (c=const.),

f(x)=e*=ax

OTKyHa, HaKOHell,

(ecu DONOXUTH a=eC), u. U TP. A.

2° Ecnu
f)=logax (a=0, a=1), ()
TO IIpH MOOBIX MONOXUTECNbHBIX 3HAYCHUAX X H y 6}’;(61‘
SO =fC)+f(). (B)

DTO €CTh 3amKch NPaBHIA JOrapuOMHPOBAHMA IIPOW3IBCICHH:
logg xy =logy x+logg y.

W 3peck — 5TO paBEeHCTBO, COBMECTHO ¢ HENPEPLIBHOCTDIO, BIONHE XAPAKTEPH3YET
VIMEHHO JIOTAPH(PMHYECKYIO (DYHKIIHIO:

eduncmeennol ynxyueil, onpedeaennoii u nenpepvienoii 6 npomexcymre (0, + o)
u yoogsemeopatoweii 6 nem ycaosuio (B), asasemea aozapugruneckan dyuxyua (3a TeM
Ke MCKIFOYEHHEM), Tak 4To dopmyna (B) Haer camoe obluee pemeHHe ¢y H X I{ | O-
HaXbHOro ypasHeHHU A (B), B HEPePHIBHBIX QYHKUMAK.

Tl moxasaTenbeTBa BO3BMEM IIPOM3BONBHYIO GYHKIIIO f(x), HEOPEPHIBHYIO ISt
x>0 ¥ YAOBIETBOPSIONIYIO 3TOMY YPaBHEHHIO. BBeeM HOBYIO IEPEMEHHYIO &£, W3Me-
HSIFOLIYIOCH B TIPOMEXYTKE (— oo, -+ e0), U MOJIOXIM

x=cf, @(§)=f(ef),
f=Inx, f(X)=p(nx).

OTKyZLa
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Henpeprieaas (8 cwiy 73) dynxuus ¢(£) yIOBIETBOPSET YCIOBMIO fem. (B)]
PE+m) = fed+n)= f(el-en) = f(ef)+ flem) =p(&) +¢(n)

tuna (A). 3uayur,
o&)=ct¢ u  f(xX)=c-Inx.
Ecnu wexmowmTh ciydail ¢=0 (toraa f(x)=0), To NOIydeHHbIH Pe3yIbTaT MOKET GbITh

HalmnuCaH U B BHOC
f(x)=logg x,

rae a=e°. DTEM BCe HOKA3aHO.
3° Hakouen, ofpatumca K GyHKUAN

fx)=xw, ®
KOTOpasl, OYeBHIHO, YAOBIIETBOpPsieT (YHKLHHOHANBHOMY YPaBHEHMHIO
o)y =fG)-f») @)
(opu JFOGBIX NONIOXUTENLHEIX X ¥ ), 60
(xp)p=xu. i,

YpaBHCHEE 3TO, B COSNMHEHMH C HEHOPEPBIBHOCTL 10, B NAHHOM CIydae Takke
XapaKTEPHU3YET CTENEHHYIO (QYHKUHIO B TOM CMBEICIIE, YTO

eduncmeerHoll ynKyuei, onpedesennoii u nenpepeignoii 8 npomexscymxe (0, + o)
u yoosaemsopsaioueii 6 nem ycaosuio (T), seasemca cmenennasn @ynkyus (33 OGBMHBIM
HCKITFOYCHHUEM).

B camomMm pene, ecnu gaHa BHenpepwiBHAas i x>0 dymkmms f(x), YOOBAETBOPAIO-
mast ycnosato (), To nprberneM k Toit e NOACTaHOBKe, 9T0 H B 2°. Torga ¢ynxums
(&) 6ymer ynosnerBopsaty ycnosuio [cm. (I)]

Pé+m) = fles+n)= f(ef-em) = f(e8)- flem=p(&) -o(n)
Tuna (B). Met yke 3HaeM, 4TO Toraa (eCid MCKITIOYMTD TPHBHANLHEIA CITyHaii)

p()=at  (a=0).
Ortcronma
f)=anx=xu

(ecrur mosOXuTh 1 =1n a), 4To U TPe6OBANOCh HOKA3ATb.

76. DyHKUMOHANBHASY XAPAKTEPHCTHKA TPHIOHOMETPUMECKOTO0 M TIHIepGO/HYecKoro
KocunycoB. 4° Ecmn
f(x)=cosax wm ch ax (a=0), ()

TO, TIpHA JIIOOBIX BEMIECTBEHHBIX 3HAYEHUSAX X U ¥, YAOBIETBOPSAETCSH COOTHOINEHHE
JO+)+fy-x)=21)-f(»). 01y
DTO € JIETKOCTBIO BHITEKAECT M3 TEOPEMBI CIOXKEHHUS IS 0GONX KOCHHYCOB:
cos (¥ £ x)=cos x . cos y+sin x - sin y,
ch(ytx)=chx-chytshx.shy

[48, 6°]. ®yuxunoHansHOe ypasHernne (JI), BMecTe C TpeOOBaHHEM H €-
OPEPHIBHOCTH (YHKIMM, H Ha 3TOT Pa3 NONHOCTHIO XapakTepusyer oba Kocu-
Hyca:

COUHCMGEHHBIMU  (PYHKYUAMU, ONPEOEAEHNbIMI U HENPEPHIGHLIMU 8 NDOMENCYMKE
(— e, + ) u yoosremeopaiouumu 6 nem ycaosuwo (II), ssaaomen MpuU20HO MempuyecKuil
u 2unepboauueckuit kocunycst (1) (€Civ, KaK U BBILIE, HE CYHTATH GYHKLMH, TOXKIECTBEHHO
paBHOI HYJIIO).
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Hrax, nycte f(x) 6ymer menpepsiBHAsi mis Bcex x GYHKUHES, YAOBICTBOPSIOLAs
yesosuto (). Honmaras x =0 u npunuMas 3a y kakoe-mu6o u3 3HAYCHHH, O KOTODPRIX
f(») =0, 3axnrodaeM, yTo

fO=1. (10)

IIpu y=0 B TakOoM cilyyae moiy4aercss

f(=x)=f(x), an

Tak 4TO GyRKUMsA f(X) OKa3bIBAETCA Y€ T H O if.
Tockonexy wenpepsisEas dyHxuus f(x) mpu x=0 OyneT monoxuTensHa, TO Haii-
ACTCA TAKO®, CKaXeM, IOJIOXKUTENEHOE YUCIIO ¢, YTO f(X) OYeT HmONOKUTENLHA BO BCeM
npomexytke [0, ¢]. B nanmpHelfileM KCCIENOBAHUE MONAET I O Pa3HBIM OYTAM

B 3aBHCHMOCTH OT TOTrO, Gyaet mu («) f(c)=! mmu (f) f (©)> 1. 3aiimemces cnavana ciy-
yaeMm (o),

7
Tak xax 0= f(c)<1, To Halinercs Takoe § (0:59<5) , YTO

f(c)=cos 6. (12)
TIpuseas zarem ocHosHOe cootnomenne (JI) k BUJLY:
SO+x)=2f(x)-fO)-f(r—x),

CTAHEM B HEM MOCICAOBATEIBHO NONArarhb

x=¢,  y=c;
xX=c, y=2c;
x=c, y==3c

i T. A Mol nosysum ¢ yuetom (10) u (12)]
f(2c)=2cos? § — 1=cos 20,
S(Bc)=2cos 0 -cos 20 ~ cos 8 = cos 39,
f(4c)=2cos 0-cos 30 —cos 28 = cos 48

W T. A TTOiBb3ysCh METONOM MATEMATHUECKOM HHIYKIMH, NIerko JOKKeM As oBoro
HATYPANLHOTO 11 HOPMYITY
f(mc)=cos m0. 13)

1
Ecmu xe B (JI) nonoxats x= yzz ¢, To monyuuM [cHoBa ¢ yyerom (10) u (12)]:

L Lo e o

TaK Kak f(x) 0CTaeTCa HOIOXUTENLHON Mexy O u ¢, a byarima cos x — Mexny 0 u 0,
TO, U3BNEKASA MOJOWUTCISHBIC KOPHH B OGCUX YaCTSX, NPUNEM K PASCHCTBY:

1

i1 1
—c|=cos— 0.
Mze)mes
1
Cosepiienno Tak xe, nomaras e (JI) x= y=§ ¢, HalineM, 4To
i1 1 0
f (55 c}=cos 7=

U T. a. Tak, HocieIoBaTenbHo (MaTeMATHUYECKAS VHOYKUMA!), MONyYEM H ofIee Co-
OTHOIIEHNE

1 1
f(z—n J=cosz—nﬂ (n=1,2,3,...). 14

11 . M. ®uxrenronsi, 1. I
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Haxkosen, NOBTOpssA TOT HPOLECC, ¢ HOMOUIBIO KOTOPOrO MBI, OTOpasissace oT (12),
npaou x (13), Met u3 (14) opuaeM K paBeHCTBY

m m
fl— c]=cos—#.
2n 2n
m
Wrtak, 11 HONMOXUTENbHBIX 3HAYCHAM X BHOA o HMeeM:

f(cx)=cos 6x. as)

Ho Tak kak mofoe MONOXMUTEIBHOE HYACIO X MOXHO HPEACTaBHTL Kak N peaen

3HAYCHHI 3TOTO BHAA, TO, C INOMOIIBIO NPEASNLHOro mepexona (M OmMpasich Ha H e-

OPpEepPHBHOCTD OYHKIMA f(X) M COSX), YCTAHOBUM CIPABEIMBOCTE (DOPMYIIBI

(15) mns Beex x> 0. s x<O0 ona S6ymer BepHa B cuny (11), a mig x=0 — B cuny (10).
6

x
Ecim 3amernts B (15) X HA — ¥ IOJIOKUTE — =@, TO ¥ MOJYYUM OKOHYATEIBHO:
c c

f(x)=cos ax.

B ciyqae (B) umeeM: f(c¢) > 1; Torna HaiifeTcst Takoe 6, ¥ro
f(e)=cha.

IloBTOpsast AOCIOBHO BCE NMPOBENEHHBIC TOJBKO YTO PACCYXKIOECHHS M ONUPAsCh HA CO-
OTHOIICHUSA AT TUNEpOOJIMYECKOr0 KOCHHYCAa, COBIAJAIOMHKE NO (OPME C COOTBET-
CTBYIOIDHMH COOTHOINEHUSIMHE IJIA TPUTOHOMETPHUYECKOTO KOCHHYCA, MBI ISl pacCMaTpH-

BaeMOro cllyyas HaWaeM, 4To
f(x)=chax (a=0).

IIpu a=0 no obeum dopmynaMm nomyynwnu Gbl: f(x)=1.
dynxuponankHble ypaBHeHHs (A), (B), (B), (') m () BOoepBse OLITH PACCMOTPEHBI
K omu, KOTOpBIi H Jajl MX PEIEHUS B HETIPEPELIBHBIX (GYHKIUAX.

77. Hicnob3oBanne HENPEPHIBHOCTH (yRKINi 1 BBIMEC/IeAHA npeneios. Henpepris-
HOCTB (yHKIN MHOTOOOPa3HO MOXET OBITh HCIIONB30BAHA NIPH BLIYHCIICHUH IIPEACTOB¥),
IIprMepaM 3TOro pofa Ml MOCBAMIAeM HaCTOSILIMEA HOMEP.

1) VimeeM, tipyt JFO60M BEIHECTBEHHOM X,

x\n
lim (I + —) = eX,
n—+4eo n

JeliCTBUTENBHO, PAcCMATPHBAEMOE BhIpaxenwe (cumras x=0) MOXHO NPENCTABUTH

B BHIC
n

X ; X
[ (1 +_) ] .
n
x
Tak xak — -0, TO BapuaHTa B KBAIPaTHBIX CKOOKax cTpemuTtcs k e [54 (13)], a Torma —
n

BBH/y HENPEPHIBHOCTH CTENEeHH O ¢dynkuuu (3mech x =const.) — BCe BBEIPAXEHHE
uMeeT OPEAEIIOM eX.
2) Haiitu npepen

k
lim {V(x+al)(x+az) ---(x+ak)—x} (oo =~ =),
X oo

IIO€ ay, Gy, - -+, Gy CYTh NAHHBIE MOCTOSHHbIE YMCHA.,

*) daxTHUECKH MBI WHOM Pa3 3TO JENaiM W paHbIle; Tak, B mpuMepe 3) 56 MbI mo-

m
IYTHO YCTAHOBHIIM HENPEPHIBHOCTH Vx npH x=1 H HCHONB30BalM €e, 2 B OpuMepe 5)
(0) Tax xXe ODOCTYIMIM IO OTHOIMEHHIO K oS X IpH x=0.
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Bocnonbayemea ToxnectBoM
yk — zk

y—zzyk‘1+y"‘2z R Lt
KyAa MOJCTaBHM
&

y=Vx+a)...(x+ap H z=X,
Toraa paccMaTpHBaeMOE BBHIPaXEHHE OPESICTABATCH HOCNICAOBATC/IBHO B BHAE

aas+ ..+ ag_yaz
a+ ... ta)t——-——— ...
(x+ap) ... (x+ag)—xk @ 0 x

({}'.T)k_l+x<1l>f.")k_2+...+x’”“ ( k (1+a—fJ (1+a-f() R :

e e
X X

Ipu x> + o TIOUKOPEHHOE BBIPAKEHHE CTPEMHUTCSA K 1, CIEHOBATENLHO, CAaM KOPEHb
MMEET IPEeaeiioM ]/ 1=1 - BBHIY HENPEPHIBHOCTH KOPH!, KAK Y4CTHOTO CNY4Yast CT € -
neHHOH oynkunu. Tak kak MHorounen (k—1)-i cTeneHn (OT KODHS), CTOSILMiL
B 3HaMEHATelNle, TAKXKE €CTh HETIPEPhIBHAsA (YHKIMA, TO 3HAMEHATeNh CTpeMuTcst K K,
a npenien Bee apodbu Oyaer

ap i@+ ...--ag
P .

3) Bepuemca k npemtoxenyio B 33, 13). Iyers an >0 1 an —~ a; OTPAHUUEMCS TOKA
nonyiuenuem, 410 O<a< 4. ITPEMEHMM YHOMSHYTOE NPEAJIOKEHNE K IOCHE/OBa-
tensHOCTH {In an}.

Tax xaxk Ina;—~Ina (8 clwly HenpephLiBHOCTH JOTrapudMuUYECKOl dykk-
11H), TO

. N Ing+...+lnay
limin Ya, ... an=1lim =Ina.

n

B Takom cnyyae — 1o HENPEPHIBHOCTH NMOKAa3aTeNbHOM (YHKLHE —

n " -
Val.“an=eana,...a,l _»elntz:a'

C nomowsto npenenos 1) u 2), 54, 53TOT pe3ynbTaT pacnpocTpaHAeICs M Ha CIydail
a=0una=+o,
Taxum o6pazom, Mel monyyaeM credykolliee NIpeobpasoBanne YOMSAHYTOIO Ipes-

JIOXCHHA:
Ecau noaoncumensnas sapuaiing an imeem n])[‘aefl (I\‘Ollellllblﬁ na Il(’IH), mo nom e

i?])(’()(’/l umeem u sapuanna
n

bn=YVa,-a,...an.
4) TIpuvenus 5TO TIPEMIOKERAE K MOCTEHOBATEIbHOCTH

a, a 4n  Gn4y
1% o 3ttty T Ty R )

a, a, an_y an

NpUIEM K HHTEPECHOMY CIIEACTBHIO:

n
. . Gnygy
lim Va,=lim ,
an

B IIPENONOKEHUH JIHIb, YTO CYLIECTBYeT BT O P O M3 ITHX IpEIeiosB.

11*
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Haiinem nns npumepa npenen
‘an
lim—.
n
n
Ilonaras an,=—, GyaeM uUMeTh
n"

an+1 n+1 n! 1 1

an (n4-l)"+1 n" (1 1)" e’

n

3HayuT, ¥ MCKOMEIM TIpEene;l ecTh — .
e

5) YcraHoBEM psil BAXHE X IPE/1€JI0B, KOTOpble HOHANOOSTCA
HaM B CJICAYIOWIEH IIIaBe:

.1 1+ 0
(@ lim —%"‘—“%—) =log, e (_) ,

a0 0

. -1 0

6) lmZ =] 0
( ) a.l—>0 a« na (0) ’

oy (Fee—1 0

Hmeem
1
22 0D logy(1+ 997

TaK Kak BBEIDAXEHHE, CTOsILEE CIpaBa IoJ 3HaKoM Jorapudma, opu « -0
crpemutcs X e [54, (13)], To (mo wempepmBHOCTH JoOTapH (MM Ye-
ck ol dynkmun) ero yorapudm crpemurcs K log, e, 4. u Tp. 1.

OTmeTHM 9acTHBUA CiIydait Hoka3aHHOH (OpPMYSBI, Korja peub WAET
0 HaTypanabHOM Jorapupme (a=e):

lim R4
o0 «

B mpocToTe 3TOro pesynpTaTa M KOPEHSTCS, MO CYIIECTBY, TE€ IPEHMY-
IIECTBA, KOTOPhIe NPEACTAaBNIAeT HATYpaJbHAs CUCTEMA JIOTapU(MOB.

Obpamascs x dpopmyie (6), mooxnM a*—1=p4; Torma npu «~0 (1o
HETIPEPEIBHOCTH MOoKa3aTeJdbHo# dydxunn) u 0.

Vimeem, nmamee, a=Ilog,(1+f), Tak ¥TO, eciam BOCHONB30BATHCSA YKE
JIOKa3aHHBIM DE3YIbTATOM:

lim = fim £ !
o % PN 0loga(1+,b’) loggqe

=Ina, w u Tp. I

Ecnm, B yacTHOCTH, B3ATh a:rl; (n=1,2,3, ...), TO DOJYIATCSA MHTE-
pecHas dopmyJa:
limn (V?z-l)zlna (- 0).

>0
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Haxoneu, mia roxaszatesibCTBa GopMyJibl (B), IOIOKUM (I+x)y—1=p4;
npi &0 (0 HeNMPepEIBHOCTH CTeNeH k O i (yHKuuy) GyreT u 5 0.
Jlorapugmupys pasesctBo (l+w«)*=1+f, nodyunm, 4To

peln(l+a)=In(1+8).

C MOMOUILK) ITOro COOTHOLLUCHHUMA Hpeoﬁpa3yeM HAaHHOC HAM BbIPpAXKEUC
TAK:
A+oyr-1 g b In (1+4+0)

o T« In(1+p) Kl

[To noxasanuomy, 06a oTHoMwIEHYS

B u In(1+a)
In(1+p) o
crpeMaTcs K 1, Tak 4ro Bce NMPOM3BEISHUE HMSET OPCUENIOM U, Y. ¥ TP. H.

Mpenen, paccMoTpennslil B 56, 3), mo/y4aeTcs OTCIONA, KAK YACTHBIH
CIyvYai, Ipu p=r.

78. Crenento-noKazareibHbie BohIpaskenns. PaccMoTpum TEHepy C T e-
HCHHO-MTOKA34aTENbHOC BBIPAXCHHUE U, INE ¥ M ¥ SABISIOTCH
GyHKIMAME OT OJHOI W TOM Xe MepeMEHHOM X, C 06NACTHIO M3MEHCHHUS
X, MMerowe#d TOUKy Crymenus Xg; B YACTHOCTH, 3TO MOTYT OBITH IBE
BAPHAHTHI U, U V.

FIycTb CynecTBYIOT KOHEUHDIE TIPEIEIBL:

lim u=a u lim v=>5,
X=X, X+ Xp
npudem a =0. Tpebyercss naliTu npenesn BEIDAKCHIS u”.
ITpeacraBuM ero B Buie
P = lnu,

Dynxuun v 1 I ¥ IMEIOT NpeaeTs!

limv=>b, limlnu=Ina

X—>Xp X=X
(37Mceh MCIIOITB30BANA HENMPEPHIBHOCTH JI O T 2 pupMuuyecxoii dynk-
IYH), TaK YTO

Iimolhhu=blna.

Otcrona ~ 1o HeNpepsIBEOCTA TOoKa3aTedAb H 0 i (yHKIMH — OKOH-
YATEbHO:

lim u?=eb-1na=gb,

XX

Ifpenen BBIpaxeHus 4” MOXHO YCTAHOBUTb M B APYLHX cily4asix, X o r-

Aa M3BCCTEeH MpPENOCI ¢ NPpoM3BeneHus vinu — xoHeu-
HBlif unu Geckonequbif. IIpH KOHCYHOM ¢ HMCKOMEII npenen Oyaer, ode-
BUIHO, €] eCIIM XKE ¢= —oo MWJIH -+ <o, TO 3TOT NpeNe/, COOTBETCTBEHHO,
Oymer O wmn + < [54, 1)].
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CaMmoe xe onpezesenue npenena ¢=lim {vIn u} — JAWD N0 3a1aHHBIM
npenenaM a ¥ b — BO3MOXHO BCErJa, KpOME CJy4aeB, KOIJa 3TO NPOM3-
Benenye (IPU X —~X,) IPEACTABIAET HEONPEIETICHHOCTh BUa o+ 0. Jlerko
CO0GPa3UTh, YTO UCKIIIOYHTEIIbHBIC CITyYal OTBEYAIOT TAKAM KOMOUHAMAM
3padennit a u b:

a=1, b=+
a=0, b=0;
a= +oo, b=0.

B 3Tux clyuasx TOBOPAT, YTO BBIpaXXeHME u° IPEICTABJIACT HEonpe-
nenennocTs Buaa 1=, 0°, <=0 *) (cMoTps 1o ciiy4aro). s pelllerus Bolpoca
O Tpeieie BHIPAXEHNS u° 3eCh MaJl0 3HATH JIMILb Npenenbl GyHKuud u
U v, a HYXHO HEMOCPEACTBEHHO YYeCTh 3 aKOH, IO KOTOPOMY OHH
CTpeMATCS K CBOMM IIpeAeaM.

1

1 n
BapuaHTa (1 +~) , TIPU 12— e, WK OoJiee 0OIce Bupaxenne (I -+)*, npu « 0,
n

MMeOLLNE TIPENeNoM e, NAloT NpHMep HeoupeneneHHocTd Buaa 1-. Bruuue, B 77, 4),
n 1

nl (m\m
MBI PAacCMaTpPHBANIM BapUaHTY V—"-=(—n) , TIPSACTABJIAIONLYI0 HEONPEAE/IEHHOCTD
n n

.n
Buga 0°. Haxkouew, B 32, 10), BrIpakeHUE Vn TOe ObUIO HEONPEAEACHHBIM — BUIA o0,
TIpuBeaeM elle HECKONLKO IIPMMEPOB HA DACKphiTHE HEONMPENCIEHHOCTeH HOBbIX
BHIIOB.
1
79. Tpumepst. 1) Haiitn lim (In x)*  (e9).
X400
QOGo3Havast JAaHHOE BBIPAXKEHHE depe3 y, umeeM [cM. 54, 2) u 5)]

#ln (In x)_ln (In x) l_rz 0 (eo)

Inx x o
TaK 410 y—~e%=1.

2) Haiitu lim xsinx  (09).
x—=0

3peck [54, 7) n S5))
. sin x
Iny=sinx-lnx=-— -xInx-0,
x

CIeAOBAaTENbLHO, ONaTh y 1.

3) TIpmmep 1), 76, nerko Teneph cheayromuM obpasoM 0600 muTsH ecmd
BapHMaHTa Xn—+X (T€ X — KOHEYHOE YHCIIO), TO

n
fim (1+ﬁ) —ex (1)
n

4o

*) OTHOCHUTENBHO CAMHX ITHX CHMBOJIOB MOXHO OBUIO OBI IIOBTOPHMThH CKa3aHHO®
B CHOCKE Ha CTp. 62.
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IIIIH AOKa3aTeIeCTBA AOCTATOYHO NPEACTaBHTh OPCIJIOKCHHOE BbIPAXKCHHE B BHOE

n}Xn
Xn)*n
1+— ;
n
OCHOBAHHE CTCIICHH CTPEMUTCH 34E€Ch K €, IOKA3aTeiib X¢ — K X,

4) K 3TOMY MOXHO NPHUBECTH ¥ IPHUMED:

. x " - 'x n 3
lim [cos—+4sin—} =e’x  (1%).
N oo n n

Xn
TTonaras BblpaxeHde B CKOOKax paBHbIM [+ — , uMeeM
n

sin — 1—cos-—
x LoXx n n
Xn=1"n [cos-«-l»{-/'lsm ——]=Zx ——X ————— > X
n n X x
n n

" T. O
5) AHajnornyHo ucuepnpiBaercs npumep (a, b>0)

n n\n
Va+ Vb : -
e | = Vab 17).

Jim Vab (1)

3necn
n n
/a+1b n_ n_
Xp=n }i;ﬂ—l =%[n(Va——l)+n(Vb-l)},

TaK YTO, Ha OCHOBAHHH OJHOIO YaCTHOTO CIencTBus u3 Gopmynsl 5) (0), 77,
1 _
¥n= (na+Inby=1n Yab,

M UCKOMBIH Npeaes, AeHCTBUTEBHO, OKa3LIBAETCA PABHEIM eln Vab = ]/ ab.
6) Haxowen, pacCcMOTpHM mpenesn

1 1

1 2 sin? ;i 2 cos“é 1 1
b N X 2 —
lim (cos X *= lim (1 — 2 sin2 ——) =e T, 1.
x—+0 x—+0 2 Vg

Yuraredb BHAUT, YTO B CIy4ae HEOMpENENICHHOCTH Buaa 17 ynob6HO NpHBOAUTH
ZEJI0 HENOCPEACTBEHHO K €.

Kak yxe ykaspBanoch, 06 I ume MeTOOBI PAaCKPHITHS HEONPEHENCHHOCTER BCex
BuNOB OyayT naust B riase IV (§ 4).
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§ 5. ChoiicrBa HenpepuIBHBIX (YHKIMiE

80. Teopema o6 obpamennu gynkuun B Hy.b. 3aliMeMCs Temepb U3yc-
HUEM OCHOBHBIX CBOHCTB ()YHKUMM, HENPEPHBHOX B HEKOTOPOM HpOMe-
xyTke. IHTepecHbIe U caMu 110 cebe, ITH CBOMCTBA B JaTEHEHLIEM H3JI0Ke-
HUH Y4CTO OYIyT CIYKUTb OCHOBOM JUIS PA3IMUHBIX YMO3aKITHOUCHHIL.

HaureM co criefylomeil mpocToil TeopeMbl, IpUMHALICKAlIeH B o 11 b-
ya"o (B. Bolzano) u Kouu (A. L. Cauchy).

Ilepsas meopema Bonvyano — Kowwu. Iycms dynxyus f(x) onpede-
AeHA U Henpepolena 6 3amKHymom npomescymie [a, b] u na xonyax smozo
NPOMEIICYMKA NPUHUMAEH 3HAYEHUA pAaA3HblX 3HakK oe. To20a merc-
0y a u b neobxodumo naiidemcs mouka c, 6 Komopoii Bynkyus obpawyaem-
ca 6 Hyab:

f©=0 (a<c=<b).
Teopema umeeT OYeHb MPOCTOH IeOMETPUUCCKHI CMBICIL €CJAH HENpe-

PBIBHAS KpHBAs TIEPEXOJUT C ORHON CTOPOHBI OCH X HA APYIYIO, TO OHA
nepecekxkaeT 3Ty ocb (puc. 31).

4

Puc. 31.

[-e Toka3zaTesbCcTBO MBIIPOBEIEM ITO METOLY B O A b I[aH O
[41] — pocnemoBateLHBIM JENCHHEM MIPOMEXYTKA. [ OHpeAeNeHHOCTH
nosoxum, aro f(a)<0, a f(b) >0. Pazmemim npoMexyTok [a, b] momoaam

a—t{z. Moxet cywuTscs, yTo Gyskmus f(x) obpaTuTcs B HyJib

2
o a+b
B 3TOHM TOYKE, Toraa TCOPEMa [0Ka3aHa:. MOXHO HOJOXUTh C=-—F—.

a+b 2
Ilycte xe f 5 #0; Torma Ha KCHIOAX OJHOIO K3 IPOMEXYTKOB

TOYKOMI

[a, ‘—z%li] , [%{-’— s b] ¢byHknps GyneT NpUHEMATL 3HAYEHUA P A3 HBI X

3HAKOB (H NIPHTOM OTPHIRATCIIPHOC 3HAYCHHME HaA JIEBOM KOHIUE H IO~
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JIOXHUTENLHOE — Ha TpaBoM). OBO3HAYUB ITOT NPOMEKYTOK uepes [ay, b,],

HMEEM
f(al) = 0, f(b]) =,

PasgeanM mononam npomexyrtox [a,, b,] u cuosa OTOPOCUM TOT Ch1y-

. a+by
Yai, xorjga f(x) obpaijaercs B HyThb B Cepelyie “5

XKyrKa, ubo Torga teopeMa mokazama. O603HAIM uepes [a,, b,] Ty u3
HOJIOBHH NIPOMEXYTKA, JUIst KOTOPOi

Sfla)<0, f(bsy) =0.

Hpoxomkum sror upouecc nocrpoenits npoMexyTros. [lpu stom
760 MBI IOCAE KOHEYHOTO YACHA LIATOB HATKHEMCS B KAYCCTEE TOUKH
AcJCHUS Ha TOUKY, TAC QYHKUMA 0OpallaeTcsi B HyJlb, — M H0KAa3aTEIbCTBO
TCOPEMBI 3ABEPIIUTCA,{— A KM 6 0 MOTyUINM GECKOHEUHYIO NMOCIEI0BATE b~
HOCTb BJIOXCHHBIX OJHMH B APYrodl NPOMEXyTKoB. OCTAHOBMMCS HA 3TOM

3TOrO TpoOMe-

ItocienneM ciydae. Toraa mng n-ro mpomexyixa [a,,, bl (n=1,2,3,...)
OyeM uMeTh
S(a)<0,  f(by) =0, ¢y
NPUICM JUTHHA €T0, OYeBMIHO, PaBHA
b-a
bn —a,= oA - (2)

[MocTpoennas mocnex0BaTeIbHOCTD NPOMEXYTKOB Y IOBIICTBOPSAET YCIIO-
BUAM JICMMBI O BOIOXKCHHBIX TpoMexkyTkax [38], uGo, BBu-
ay (2), lim (b, -a,)=0; nodromy CYLIECTBYET TOYKA ¢ M3 NPOMEXYTKA
[a, b], nas xoTopoit

lima,=1lim b, =c.

IMoxaxem, 4To uMenHo 3Ta TOYXA YIOBIETBOPSET TPEOOBAHUIO TECOPEMBI.

IMepexons x mpenesty B HepaBeHCTBaxX (1) m ucnoab3yd IpH 3TOM H e-
IPEPBHBHOCTE (YHKUMM (B YACTHOCTH, B TOUKE X =c), HOJYYNM,
YTO OTHOBPEMEHHO

J@=limfa)<0 n f(c)=lim f(b,)=0,

TaK 4To, OCHCTBUTENBHO, f(c)=0. Teopema fokasana.

Mpr mamiM HIKe BTOPOE HOKA3aTEIbCTBO Teopemul Komu, mo-
CTpoeHHOe Ha Apyroit umee. IlpeamomnteM emy cliemyrouee odYeBUIHOE
NPEIIOIOKEeHHE:

JHemma. Ecru ¢yuxyus f(x) uenpepwiena & mouxe X=X, U 3HAYeHue
f(xg) omauuno om 0, mo das ecex docmamouro 6.auskux x X, 3Hauenut
X Pynkyus f(x) coxpansem mom yce smax, Kaxoii ona umeem ¢ mouxe Xg-

OTO BBITEKAET U3 yTBepX/eHusa 2° B 55, I, OpHYEM B OAaHHOM CIIy4ae
Poik npenena 4 GyHKIMKM (MMEHHO BBUAY HEMPEPHIBHOC T u) urpa-

eT f(x,).
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IT-e noxa3zaTenbcTBO. PaccMoTpum BCe Te TOYKH X =X Ipo-
MexyTka [a, b], mna xotopeix f(X)<O0. K ux wumciy, wampumep, oTHO-
cATCs To4Ka @ U (B CUNy JIEeMMEI) ONu3iexainue K Hell Toukd. MHoXe-
ctBo {X} orpanuyeHo cBepxy ymcioM b. Ilonoxum Temeph c=sup {x}
[11]; Mer yTBepX)HaeM, uto f(c)=0.

HelicTBATENLHO, MOOYCTHM NPOTHBHOE; Toraa Jubo f(c¢)<0, nubo
f(¢)=0. Ecmuz 68t 65110 f(c)<0 (Torma 3aBemoMo ¢<b, 6o HaM HaHO,
yro f(b)>0), To — WO JeMMe — M MpaBee ¢ HAULIMCL ObI 3HAYCHUS
X, A XoTopeX f(X)<0, a 370 mpoTHBOPEYWIO Obl OHpEIECHUIO ¢, KaK
BepXHed rpanun sl s {x}. Ecma xe 6but0 681 f(c) >0, To — cHOBa
HA OCHOBAHMH JIEMMBI — UMeN Ovt f(x)>0 u BOMU3M ¢ CaeBa, MMEH-
HO — B HEKOTOPOM JOCTATOYHO MAaJioM IpoMexyTke (c—90, ¢], a Torma
TaM BOBCE He OBLIO OBI 3HaveHuil X, YTO TakXKe HEBO3IMOXHO, MO0 ¢, IO
ONpENIENEHHIO, €CTh T O Y H a 5 BEPXHAS I'PaHHua I1d {X}.

Teopema mokasana.

3ameTHM, 4TO TpeOOBaHHE HETMPEPHIBHOCTH QyHKIMU f(X)
B 3aMKHYTOM IpoMexyTke [a, b] cymecTBenHo: yHKuuMs, mMeronas pas-
PBIB XOTh B OIHOM TOYKE, MOXET IEepPeiTH OT OTPHUIATENLHOrO 3HAYCHHS

K TIOJIOXKHTEIBHOMY U He obpainasce B 0. Tak Gynet, nanpumep, ¢ GyHKIHeH

x) = E{ x)——1~ , koTopasd HuUTZe He npuHUMAeT 3HaveHns 0, xors f(0)=
3 p

= ~%, af(l):% (cxkavox mpu x=1).

81. IlpuMenensie K peureHuio ypapHenwii. J{oxazaHHas TeopeMa HMEET OPHUMCHCHHE
NPH PELICHUN YPABHCHUH.

TIpexne Bcero, ¢ ee MOMOWBID yYyCTAHABAMBAETCS CYMECTBOBA-
HHU e KopHeil. Hanpumep, I BceX O4eBUICH KOPEHb X =4 ypaBHCHHA

2% =4x,
HO TpyJHEE 3aMCTUTh CYLIECTBOBAHHE €IIE OJHOTO KOPHA. A Mexny TeM, (GyHKums
f(x)=2%—4x ppn x=0 npuammaer 3Hauenue f(0)=1>0, a npm x=-12— — 3HavYCHUE
f (—;—)= Vf -2<0, CJIe,HOB&TCJII}HO (Tak Kak OHa HEmpepeiBHA), obpammaercas B 0 B
HEKOTOpo# Touke Mexay O u 3

HApyroii mpumep: paccMOTpHM, BoOOIle, ainreOpanveckoe YpaBHEHHE HEYCTHOM
cTeneny (C BEMECTBEHHBIME KO3dduLmenTamu)

S =apx®t14g x4+ ... +amx+amy=0.

IIpu nocraTouno Gonbmux 10 aBCOMOTHOM BEIMYMHE 3HAYEHMAX X MHOTOWIEH MMEET
3HaK CTapINEro WICHa, T. €. IIPH NOJIOXUTENLHOM X — 3H2K @y, & IPH OTPHUATEILHOM
x — obpaTHbl 3HaK. Tak KaX MHOTOWIEH €CTh HENpPepHIBHAS (GYHKIHMS, TO, MEHSASA 3HAK,
OH B IIPOMEXYTOYHOM Touke Heobxommmo obpamaercs B 0. OTciofa: 8cakoe aszebpau-
ueckoe ypasHenue HewemHoli cmenenyu (C eewjecmeennbimu KoIGPuyuenmamu) umeem no
Kpaiineii mepe 00UH 6eujecmeeniblii KOpeHs.

Teopemoit KoImru MOXHO IONB3OBATECS HE TOJNBKO AJISi YCTAHOBJIECHHS CYIIe-
CTBOBAaHHMS KOpPHS, HO ¥ AN OPUOIDKEHHOrO €ro BBIMWCIERHs. IIOSCHAM 3TO HpH-
mepoM. IIyctb f(x)=x—x—1. Tax xax f(1)=—1, f(2)=13, TO MHOTOWIEH HMMeeT
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Kopenb Me & 1y 1 u 2. PaszenuM 5T0T npomexyTok [1, 2] Ha 10 paBbIX 4acTeit TOuKa-
v 1,15 1,25 1,3; ... M cTaHeM NOCIENOBATENLHO BEIYUCIIATE:

SALD=-0,63...5 f(1,2)=-0,12 ...; f(1,3)=+0,55 ...; ...

Buanm, uro xopenb comepxutcs Mexay 1,2 u 1,3. Pasmenus u 3TOT IIPOMEXKYTOK Ha
10 vacreit, nainem:

FA2D)=-0,06...; £(1,22)= —0,004 ...; £(1,23)= +0,058 ...; ...

Teneps sicHo, uto Kopens nexur Mexay 1,22 u 1,23 ; Taxum 06pa3om, Mbl yKe 3HaeM
3HAYCHUC KOPHA ¢ TOYHOCTBIO 1o 0,01 u T. 1. ¥).

B ceete aTHX 3amedaHu# MHTEPECHO CONMOCTABUTSH H3JIOKEHHBIE BEHILC IBA IOKA3aA-
TCIALCTBA OJHOH M TOH XK€ TeOpeMbl. BTOpOe M3 HMX SBIAEICH TONBKO (HOKA3ATENb-
CIBOM CYMIECTBOBAHWA» KOPHA YpaBHEHMA f(x)=0, HHYEro He roBOpA O TOM, KaK KO-
pcib Halry. IlepBoe ke HameyaeT ONpENe/ECHHBIH MyTh K PEANbHOMY BBHIYHCIICHHMIO
KOpHA: IIyTCM IIOCICAOBATENBHOTO JICNCHAS TIPOMEXYTKA HONOJaM (46M MBI IS TpO-
CTYOTBl OTPAHMYAINCH) MOXHO B HEHCTBMTENBLHOCTH 3aKNIOYMTH HCKOMBIH KODEHb B
JIPOMCKYTOK NPOU3BOJILHO MQJIOK IUIHHBI, T. €. BBIYUC/IIMTb 3TOT KOpPEHb C NPOM3BOJIb-
HOM CTCNEHBIO TOYHOCTH.

82. Teopema o mpomexyrounom 3nauenmu. J[okazanuas B 80 TeopeMa
HETIOCPeACTBeHHO 0600iaeTes cneayruM obpazom:

Bmopaa meopema Bonsyano— Kowu. Iycms $yuxyus f(x)
onpedeneHa u nenpepuieHa 6 Hekomopom npomexcymre X (3amKHymom uau
1tem, KoHeuHom uau sce beckoneunom). Ecau 6 06yx moukax x=a u x=5b
(a<b) smozo npomexcymra @ynxyus npunumacm nepasnsie snavenus

f@=4 u  f(b)=5,

mo, kakoso 6ol nu 6110 yucao C, sexcayee mexncdy A u B, naiidemes
maxas movka x=c mexcoy a u b, umo

Sle)=C ™).
HoxaszaTtenbcTBo. ByaeMm cuutats, HaIpuMep,
A<B, Tak uto A<C<B.

Paccmotpum B mpomexytke [a, b] BcmomoraTteabHyro bynxumo g(x) =
=/f(x) -~ C. D1a dynxius HenmpeprBHA B MPOMEXYTKe [, b] H HA KOHIAX
€ro MMECT PA3HbBIE 3HAKM:

p@=f(@)-C=4A-C=<0, ¢@b)=f(h)~C=B-C=0.

Torma, no mepsoit Teopeme Bonsmano ~ Kown, MeXny a u b
Ha#leTCs Tovka X = ¢, U1 KoTopoit p(c) =0, T. e.

f©)-C=0 wm f(c)=C,

9. ¥ Tp. 1.

*) BupoueM, IPAKTAYECKM 3TOT NyTh HeBbIroaeH. B raase TV (§ 5) OynyT ykazamunl
ropasno Gonee 30deKTUBHEIE TIPHEMEL.

#*) Oucsunmo, uro uepsass TeopemMa BonbuaHo — KO M ecTb YaCTHBIA
Ciiy4ai 9TOi: ecli 4 U B — pa3HBIX 3HAKOB, TO B KagecTBe C MOKHO B34Th 1 O,
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Mer ycraHOBHIIM, TakuM o6pa3oM, BaXHOE CBOMCTBO byaxmuu f(x),
HETIPEPEIBHOH B IPOMEXYTKE: Nepexo0s om 00HO20 C60e20 3HAYeHUS K Opy-
20My, PYHKYUA XOMb pa3 npunumaem, 6 Kauecmee 3HAUEHUs, KAHCIOe npo-
MENCYMOUHOe uucAo.

WHBIMK C/I0BAMH 3TO CBOMCTBO MOXHO BHIDA3HTH U TAK: 3nauenud,
npunumaemsle Henpepuisiioli gynxyueii f(x), Ko20a x uzmMensemcs 6 kaxom-
aubo npomevxcymre X, camu maxce 3anOAHAIOM CN A0 UL b HEKOmOopblil
HpOMENCYMoK Y.

JelcTBATENBHO, NYCTh

m=inf{f(x)}, M=sup{f(x)} *)
H y, eCIb NPOH3BOJBHOE YUCAO MeXIy m u M:
m<y,<M.

Heobxomumo HajiiyTest 3Haveuns yHKUUAH Y= (x) U yy=1(xy)
(¥; ¥ X, B3ATBI U3 NPOMEKYTKA &), Takme, 4TO

m=sy,<y,<Yy,<M;

9TO BBLITEKACT U3 CAMOrO OMpPENEJEHMS T O Y H BIX TIPaHHL YUCIIOBOIO
MHOXeCTBA. Ho Torna, mo fmokasaHHoi Teopeme, CyIIECTBYET M ¢ X Y
X; U X, TaKoe 3Ha4YeHMe X=X, (OYEBHIOHO, TAakXe NpHHAMLIeKalee I),
4TO f(x;) B TOYHOCTH PABHO Y, ; CJAEAOBATENBHO, 3TO YHCIO BXOIAT B MHO-
JKecTBo 9.

Takum obpazom, Y mpeacraBisier coboit MPOMERKYTOK C KOH-
oame m 1 M (KoTopbie camMul MOTYT €My IPHHAUIERAT HIH HET — CMOTDS
o ciy4aro; cp. 84).

Msr1 Banenn B 71, 2°, 4TO B Ciiy4ae MOHOTOHHOM (hYHKIHM YOOMSIHY-
TOE CBOHCTBO, 0OpaTHO, BieueT 3a CoGoif HEmpephBHOCTL. OOHAKO He
CIeNyeT AyMaTk, YTO TaK OyIeT BCErNa; JETKO MOCTPOUTH 3aBEIOMO PAa3-
PHIBHBIE GYHKHUMH, KOTOPBHIE BCE K€ 3THM CBONCTBOM 06JIAZAIOT. Hanpu-
Mep, 3Hadenud Qykmuu [70, 4)}:

f=sinl (x=0), f0)=0,

Korna X d3MeHACTCS B KaKOM-THOO MPOMEXYTKe, CONEPKAIIEM T O YKy
paspeBa x=0, 3aN0JHMOT CIIOW TPOMEXYTOK [—1, +1].

83. Cymecreosanne oGpaTHoii Pysxuun. ITpuMeHHM H3yYeHHbIE B npe-
HBUTYIIEM N° CBOMCTBA HEIPEPLIBHON GYHKIHA K YCTAHOBJICHHIO, DU He-
KOTOPBIX NPENOJIOKCHHUSX, CYIMIECTBOBaHUA O JHO3HA4YH O obpat-
HOW (QYRKIMM M €€ HECNPEPHIBHOCTH [cp. 49].

Teopema. ITycmv @ynkyus y= f(x) onmpedeaena, monomonno 603~
pacmaem (y6vicaem) **) u nenpepvisna 6 mnexomopom mnpomescymre X .

*) HanmoMuHaeM YHTATENIO, YTO €C/M MHOXECTBO {/(x)} ve orpannueHo CcBepxy
(cum3y), To Mul ycmowiucs B 11 monarate M= + (m= — o),
*) B cTpOroMm cMbiche cioBa (3TO 30€Ch CYILECTBEHHO).
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Tozda s coomsememeyrouen npomesicyme Y 3nauenuii >3moii dyuryuu
cyuyecmsyem 00HO3HAYUHaA o6pamHad Pyuryusn x=g(y), maroce
MOHOMOKHO 603pacmarowan (yovisaiowas) u Henpepvisnas.

HdoxazaTenscTso. Orpanmamvcs CIIy4aeM BO3PaCTaroLIcii (hyHK-
uxd. MBI BUNEIM BBIIE, YTO 3HAYCHHS HenpeppBHOd Qyrknum f(x) 3a-
TIOJIHAIOT CIUIOLIbL HEKOTOPBIH HPOMEXYTOK %Y, Tak 4TO WIS K a % A0TO
SHAYUCHUS Yo U3 STOr0 MPOMEXYTKA HAWIETCS XOTh OAHO TAKOE 3HA-
uenue x, (u3 ), uto

Sxg)=y,.

Ho BBuOy MoBOTOMHOCTH 3TOj $ynkuumn Takoe 3HAYCHME MOXET HalTUCE
TOMXBKO ONHO! €CINM X;>HIH<X,, TO, COOTBETCTBERHO, M f(x,) =
W < f(x,).

ComocTasusas uMeHHO 3To 3HadYeHUe Xo JIPOM3BOJILHO B3ATOMY J, u3
Y, MBI TOAYYUM O AHO3HAYH y 10 QyHKIn0

x=g(y),
00paTHYIO s QyHKIUK y=f ).
Jlerko BuzETH, YTO 3T ByHKIHA &(y), monobuo f(x), Takxke MOBOTOHHO
BospacTaeT. Ilycrs

Y=ytoowm x=g(y), x"=g(y");
TOTAd, HO caMOMy ompefesicHHIo (pyHKuuu g(y), OJHOBPCMCHHO
V=) m y=f(x").

Eciu 651 66110 X' > X", ToO, B CHIty Bo3pacTaHus GyHkimu f(x), 66u10 Obl 1
y'=y", uto npotusopeuuT ycnosuro. He MoxeT OBITE M X' = X", 160 Torna
Obio 651 w0 ' =", yToO
TAKKE APOTHBOPEHHUT yCII0- 4
BHIO.  MrTax, BO3MOXHO [
TOJNBKO HEPABEHCTBO X <
<x", Tak uro g(y), neii-
CTBUTEJIBHO, BO3PACTALT.

Haxkonen, 4ro6ur noxa-
3aTh HEMPEPHIBHOCTH (PYHK-

T
i x =g(y), HOCTATO4HO A -
COCIATLCA HA TEOpPEMY B S _:;7‘/
71, 2°, ycioBUs KoOTopoit S
BBITOJIHEHBL  HA3BAHHAS |
bynxmust MonOTOHHA, U ee 71 z

3HAYEHMs, OYEBHOHO, 3a-
TOJNHAOT CIDIOUI MPOMe-
KyTok I *),

Bee yrsepxnenna Teopembl reomerpriecku OYEBUIHEI, MX JIETKO «IIPO-
U4TaThLY 10 pHC. 32.

*) Kakoe 6561 x u3 & 5u B3ATh, CTOUT NNIIb HOJIOKATE ¥ = £ (X), YyTOOBI I 3 TOT O v
GyHKUEA g(¥) MMeNa CBOMM 3HAYEHHEM HMMEHHO B3ATOE X.
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C mOMOUIBIO [OKA3aHHOW TEOPEMBI MOXXHO HAHOBO YCTAHOBUTBH DI
yXe W3BECTHBIX HAM pe3YJbTaToB.
Ecin nmpuMeHATh e K GyEKmum x” (n ~ HATYpaJbHOE YHMCJIO) B HPO-
MexyTke & =[0, +0), TO IpHAEM K CyUIECTBOBAHMIO M HENPCPHLIBHOCTH
n

(apupmeTHIECKOT0) KOPHS x=Vy ma y B Y=[0, -+ ). Ucxomst us dynx-
IMA y=a* B OPOMEXYTKe & =(—oo, +o0), JHOKAXKEM CYLIECTBOBAHUE U
HENpepHIBHOCTb Jlorapudpma x=log,y B mpomexyrke Y=(0, + ). Ha-

KOHEll, paccMaTpuBas GYHKIMM y=sinXx W y=1igX, NepByio — B Ipo-
MeXyTke ;= [—-g " g] , @ BTOPYIO — B OTKDBITOM IHPOMEKYTKE Lp=

27 2
M GYHKUMHA X =arcsin y M X=arctg y, COOTBETCTBEHHO, B MPOMEXYTKax
6(91:[_15 +1] u 6(92=(—°°s +°°)'

[[Ipu 3ToM mpeamoaraeTcs, UTO IPEABAPUTENBHO YXKe J0Ka3aHa He-
IpepLIBHOCTh (GYHKIHMI X", 4%, sin X, tgx — 0e3 CChUIKM HA CymiecT-
BoBaHMeE OOpaTHBIX MM OYHKIMil (WHAYe IOJTYYMNCs Obl MOPOYHBIH
kpyr). Takue moxa3aTennCTBa 1 6BUIH Nanbl B 68; coobpaxenus xe n° 72,
OYEBUIHO, 3J€Ch HENPUTOJHBL]

b2 4 T
=( —) , yoemMMcst B CYILECTBOBAHMH H HEMPEPBIBHOCTH OOPATHBIX

PaccMOTpHM €mIe Taxoi npuMmep.
Ilycte ans x B X =(— o, +)

y=x—¢-sinx, roe O0<e<1. 3)

JIerko moKasaTh, YTO 314 GYHKIHMA 6yA€T MOHOTOHHO BO3PACTaIONIeH (B Y3KOM CMEICTE).
MmenHO, ecnu x'’>x" u y', ¥’ — COOTBETCTBYIOIIUE 3HAYECHNA Y, TO

¥y -y =(x"-x)—e(sin x” —sin x').
Ho [eMm. (2), 68]
|sin x” —sin x| =x"—x,
OTKyZia M CNeNyeT, 4TO
yfl_yl . 0’ T. €. y// >y/'

TIpHMEHHB K 3TOMY CIly4ai0 TEOPEMY, YOeK1aeMCs B TOM, 9TO ¥ X ABJIACTCA O AH O -
3HAa4YHOM QyHkmeid oT y, U T. I.

TpHuBeeHHBI IpEMEP NPEACTABIAET MHTEPEC TeM, YTO CONPHKACAETCA C OJIHOM
3amavell TEOPETHYECKON ACTPOHOMHHU. YpaBHEHHE

E=M-+te-sinE (3a)

€CTh 3HAMEHHTOE ypasnenue Kenaepa, KOTOpoe CBS3HIBAET CPENHIOK aHO-
MaJlAI0 M IUIaHeTHl ¢ ee SKCUeHTpuueckoi aHomaimueil E (¢ eCTh IKCHEHTPHUCHTET
IUIAaHEeTHOH op6uTEY). MBI nOKa3aH, TakuM 00pa3soM, 4UTo, KaKOBO Ob1 Hu OBLTO 3HaYe-
HHe CpefHed amomamud, ypasHenme Kemiepa, ACHCTBUTENBHO, OIHO3HAYHO Ompe-
ZiesiAeT 3HAYEHWE HKCICHTPUYECKOH aHOMAIIHHA.

84. Teopema 06 orpammdennocTn ¢ynkmmm. Ecim  dymrknps f(x)
ompezeinerHa (CIEIOBAaTEIbHO, MPUHAMACT KO HEYHBIC 3HaYeHs) AL
BCEX 3HAYEHHH X B HEKOTOPOM KOHEYHOM IPOMEXYTKE, TO 3TO HE BJIC-
48T 33 COOOM C HEOOXOMUMOCTBI0 OTPAHMHYEHHOCTH QYHKIUH,
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T. €. OIPaHMYEHHOCTH MHOXecCTBa {f(x)} IPUHEMACMEIX CIO 3HAUEHMIL,
Hanpumep, nycts ¢yakuus f(x) onpernesiena Tax:
flx =§, ecmn O<x<l, u f(0)=0.

@yHKIMA 3Ta NPUHMMAET TOJIBKO KOHEYHBIE 3HAYEHMs, HO OhA HE orpa-
HHUYEeHA, NOO mpH NpubmKeHud X XK 0 MOXET MPUHMMATH CKOJIb YTOIHO
Oonbuine 3HAYCHHS. 3aMETHM HOIYTHO, YTO B IIOXYOTKPHITOM NPOMEKYTKE
(0, 1] ona HempeprIBHA, HO B Touke x=0 UMeeT pa3phis.

Wnaye obcrout meno ¢ GyHKIUSIMH, HEeNMPEePHIBHLIMU B 3a M-
KHYTOM NPOMEXYTKE.

Ilepeas meopema Beiiepumpacca. Ecau gynxyus f(x) onpedesena
U HenpepuisHa 6 3aAMKHYMOM npomexcymke [a, bl, mo ouna ozpanu-
ueHa, m. e. Cyuecmeyiom maxue NOCHOAHHbIE U KOHeuHble uucid m u M,
ymo

m=f(x)<M npu a=x=b.

JokxazaTeNlbCTBO TOBEAEM OT NPOTHBHOIO: IONYCTHM, UTO
byHkMS f(X) Tpi U3MEHEHMH X B HpoMexyTke [a, b] okazelBaeTcs H e-
OFpPaHHYECHHOH.

B Takom city4ae 1T KaXIOro HATYPANLHOTO YHCIA /1 HAiIETCS B TIpo-
MexyTke [a, b] Takoe 3HAYEHHE X =X,, UTO

[f(xn)|=n. @

ITo nemme Boasumano-Beiiepwrpacca [41], us nocruemno-
BATEALHOCTH {X,} MOXHO M3BJiCUb YACTHYHYIO MOCIEHOBATEIBHOCTD {X,,},
CXOIANIYIOCS K KOHEYHOMY IIPelieIy:

Xm—~>Xy (mpU k ~ +oo),

OpUYEM, OYEBMIOHO, a=X,=<b. BcrencTBue HempepbIBHOCTH (YHKUUM B
TOYKE X,, TOTJa HOJKHO OBITh ¥

S ) > f(x),

a 3TO HEBO3MOXHO, Tak kak u3 (4) creayer, uto
|f(xflk)l - 00,

HOHY‘ICHHOC IIPOTHBOPEHHE M JTOKA3BIBAET TCOPEMY.

85. Haudo/binee n HauMeHbmiee 3HadYeHust Gymkumu. MLI 3HaeMm, 4TO
GeCKOHEUYHOE YHCIOBOE MHOXECTBO, JaXe OIPAHMYECHHOE, MOXKET
HE MMEThb B CBOEM COCTaBe HAMOONbIWIero (HAUMEHbBILET O)
anemenTa. Ecmu ¢yuxnus f(x) onpenenena 1 Aaxe orpaHuYeHa B HEKOTO-
POM IpPOMEXYTKE HU3MEHEHHUS X, TO B COCTABE MHOXECTBA e¢ 3HAYCHU
{f(x)} mMoxer He oka3aThci HaMOoONbWero (HAMMEHBIIET O).
B aToMm cryyae Tounas Bepxuas (HHXKHSSL) [paHALa 3HAYCHNH QyHKIUK f(xX)



176 TJ. II. ®VHKLOUU OXHOW ITEPEMEHHOM 85

He JOCTHIaeTCs B HA3BAaHHOM IpoMexyrke. Tak Gyner ob6cTosiTh
IieJto, HAampuMep, ¢ QyHKIuei

S(x)=x-E(x)

(rpadux ee mpencrasiex Ha puc. 33). IIpu usMenennu x B Jro6oM npo-
‘ mexytke [0, b] (b=1), Toumol Bepx-
J HeH rpanubeil 3Ravyenuit ¢ynxuum 6y-
meT 1, HO OHa He JOCTHraeTcd, Tak
YTO HamOOJBIIEro 3HAYCHUS (QYHKIHUS
HE UMeeT.
Unutateno, BEPOATHO, SCHA CBA3b
9TOT0 OOCTOSITENILCTBA C HAJNMYHEM
Puc. 33. y paccMmaTpuBaeMoil ¢ymkImum p a 3-
PHBOB TMpH HATypalNbHBIX 3Haye-
HUSX x. [{eHCTBUTEIBHO, IS HE I P €-
PHIBHBIX B3AMKHYTOM NPOMEXYTKe QYHKIHHA HMEET MECTO:
Bmopaa meopema Beiiepwumpacca. Ecau giynkyus f(x) onpedesena
U HenpepoleHa 6 3AMKHYmoMm npomexcymke [a, bl, mo ona oo cm u-
2aem 6 IMOM NPOMEICYMKE CEOUX WIOUNLIX GEPXHeil U HUJICHel 2paHuy.
WueivMu ciioBamy, ¢ npomexcymre [a, b] Hatioymesa makue mouku x =X,
u x=x;, umo suauenua f(x,) u f(x,) 6yoym, coomsemcmeenno, uau-
bosbuwuM U HAUMERbUW UM U3 6cex 3HayeHusi Gynkyuu f(x).
[-e noxaszaTenbcTBo. IHomoxmm

M =sup {f(x)};

[0 TPeAbIIyIeld TeopeMe, 3TO YUCIO0 — KoHeyHoe. IIpenmosoxum (Bo-
IIpEKd TOMY, 4TO HYXKHO JIoKa3aTb), 4To Bcerga f(x)<M, T. e. uro rpa-
Huna M He nocturaercs. B TakoM cCliy4ae, MOXHO PACCMOTPETH BCITO-
MOTaTeNbHYIO (DYHKIHIO

Y SR
Nohe—

7Y

1

Tax kax, 110 HPEAIOJIOKEHUIO, 3HAMEHATENb 3[IECh B HYJIb He o0paiiaercs,
To 3Ta GyHKUusA OyneT HempephiBHA, a CIEHOBATENBHO (10 MpeabiaynIei
Teopeme) orpawnyeHa: o(x)=y (u=0). Ho oTcrona nerko moJiy4uts, 4TO
ToTAA

FE=M—,

1 . o
T. €. qucio M “w MEHbIIEE, 4YeM M, OKa3pIBAcTCH BEpXHEll rpaHu-

el AJis MHOXeCTBa 3HaueHuil ¢pynxuuum f(x), 4ero OBITH HE MOXET, HGO
M ecTp TouHas BepxHsAd IPaHANA 3TOT0 MHOXeCTBA. Iloyden-
HO€ IPOTHBOpPEUHE JOKA3hIBAET TeOopeMy: B NpoMexyTke [a, b] mHaipércs
Takoe 3HAYCHHE X,, 4TO f(X,)=M OymeT HamOONBIIHUM U3 BCeX
3HageHmit f(x).
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AHAJOTMYHO MOXET GBITH 10KA3aHO YTBEPXKACHHE W OTHOCUTEJILHO
HAaWMEHbBIIET O 3HAYCHUS.

II-e nokasaTenbcTBoO. MoxHo ¥ 37eCh HCXOJIUTh U3 JIEMMBI
Bonrnano-BeliepmTpacca [41]. OrpannunMes yTBepxkaeHuEM
o nHaubombureM 3HaYeHHH. ECIH, XKaK H TOJBKO 4TO,

M=sup {f(x)},

TO TO CBOMCTBY TOYH O BepxHel rpanuupi [11], ans M060ro 7 Haii-
JeTes Takoe x=Xx, B [a, b], yTo

fe)=M-1. ©)

Torna u3s nocnenosatensHOCTH {X,} MOXeT GBITL W3BJICUCHA YACTHY-
Hafg MOCNENOBATENBHOCTE {X,,}, CXOMAMAACS K HEKOTOPOMY 3HAYCHMIO X,
w3 [a, B]: xn Xy, TAax uTO, BBURY HEeNIPEPLIBHOCTH DYHKIMH, U

S~ f (xo).

B 1o ke Bpems uz (5) umeem
1
J(xn) =M - m o Bompenene,  f(x)=M.

Ho f(x,) ne MoxeT GbiTh Gosbie Bep x H e it rpandnel M MHOXeCTBa
3HAYCHUH (QYHKUMM M, CJICOBATENBHO,

f (xo) = M B
4YTO M TPeGOoBaoCh JOKAa3aTh.

OtMeTnM, 4TO 064 IpHUBENCHHBIE MOKA3ATENbCTBA CYyTh UYHCTBIE «O-
K43aTeAbCTBA CYIIeCTBOBaHus». CPEICTB /IS BLIMUCICHYS, HanpuMep, 3Ha-
HUCHHA x =X, HUKaKuX He JaHo. Brocnencteuu [B ruase IV, § 1], npasna,
npu 6oJiee TSKEIIBIX NPEeITONIOKEHUAX OTHOCHTEIbHO GbyHKIINK, MBI Ha-
y4UMCsi (DaKTHYECKH HAXOAUTh 3HAYEHMSA HE3aBHCHMONL TIEPEMEHHOM, I0-
CTaBIsIOIME (PYHKIMM HAMGOJbIIEe MIIM HAUMEHbIIEE SHAUCHHS.

Ecnu ¢ysxuus f(x), npu n3Mmenenuu x B kakoM-3u6o npomMexyTke &I,
OTPaHM4eHA, TO €6 KoNeOaHMeM B 3TOM NMPOMEXYTKE HA3BIBACTCH
Pa3HOCTh

w=M-m.

Wnaye mMoxuo onpenenuts KoiebGamue o kak TOYHYIO BEPXHIOK Ipa-
HUIY MHOXECTBA BCEBO3MOXHBIX pasHocTedl f(x”)-f(x'), tme X’ u x”
UPHHUMAIOT HE3ABHCHMO OJIHO OT APYTOro MPOM3BOJIbHBIE 3HAYEHHS B PO~

MexyTtke I':
w=sup %{f (") - f(x")}.

X, x” m3

Korza peus ymer o wenpepuBHoO i Gyrximu f(x) B 3aMKkHYy-
oM Kome4YHOM mnpomexyrtke L =[a, b], To, kak CIleAyeT U3 OoKa-
JAHHOH TeopeMpl, konebamieM GyHET MONMPOCTY PA3ZHOCT b M e XK ay

2 T. M. ®uxrenronen, 7. I
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HaMOGOJNbPIIUM H HAMMEHBI UM 3HAYECHUAME QYHKIUH
B 3TOM IPOMEXYTKE.

B sTtoM cioyyae mpoMexyrok ¢ 3HadeHuil (QYHKOMM €CTh 3 A MK H y-
TBHLH TIPOMEXYTOK [m, M], 1 KonebanWe HAET €ro IUIHHY.

86. TlomnTHe paBHOMepHOii HempepbiBHOCTH. Ecnu ¢ymxuus  f(x)
ompeliesicHa B HEKOTOPOM HpOMEXYyTKe X (3aMKHYyTOM ¥UIM HET, KOHEU-
HOM WIH OECKOHEYHOM) M HEHPEPHIBHA B TOUKE X, OTOTO TPOMEXYTKA,
TO

lim £(x) =1 (xp)

XX

WK [«Ha A3bIKE e-0», 66): 042 Kamcdozo uucaa & >0 Haiidemes marxoe yucio
8=0, umo

|x—x,| <06 6aeuem 3a coboii |f(x)~- f(x,)|<e.

IlpeanonoxuM Tenepb, 4To GyHKIUS f(x) HempepsIBHA BO BCEM IIPO-
MexyTKke X', T. €. HENpephBHA B K a XK T 0 Hl TOUYKE X, 3TOTO MPOMEXYT-
ka. Torna mns xaxgo# Touku x, 13 X' B OTHEJIBHOCTH MO
Y, 3aJaHHOMy & HalimeTca o,
v COOTBETCTBYIOIIEE EMY B YIIO-
MSHYTOM Bbillle cMbiciie. [Ipu
M3MEHCHHH X, B Opepenax X,
Zaxke €CJIU € HEU3MEHHO, TUCIIO
0, BooOIIie TOBOPA, OymeT Me-
HaThcd. OgHOTO B3r/IAHa HA
puc. 34 mocraTovmo, YTOOH
yOEMATHCSA B TOM, MTO THCIIO 0,
TMPUTOJHOE HA YYacTKe, TOe
GYBKIHMS H3MEHSETCS MEIJICH-
HO (Tpaduk npeCTaBsACT II O-
! z TOTYI KpHBYIO), MOXET
Y ‘ 0 Ty L0 OKa3a¥H:C$I cIJ)mH);KgM 60J1b-

Puc. 34. WAM JUIA yYacTka OBICTPOro

w3MeHenys Qpyuknuy (TIe rpa-

bUK KpyTO IOHHMMAETCS WM ONMyCKaeTcsi). INBIMK CIIOBAMH, y#cA0 0
6006we 3asucum He MOAbKO OM €, HO U OM X,.

Ecnm 6bI peyp IjIa 0 KOHEYHOM YHCIE 3HAYCHUH X, (IpH HEH3-
MEHHOM &), TO U3 KOHEYHOI'O YHCIIZ COOTBETCTBYIOIINX UM YHCEN O MOXKHO
6bUT0 OB BLIOPATH HAMMEHBIIEE, W 3TO IOCIEHEE TOIUIOCH Obl, OUYEBHIHO,
U JUis BCEX PAacCMAaTPHBAEMBIX TOYEK X, OTHOBPEMEHHO.

Ho no orHomenno kK 6 eCKOHEYHOMY MHOXKECTBY 3HAUCHUMN X,
CONEpXKAIUXCA B HPOMEXYTKE &, Tak yXKe PacCyXOaTh HEIb3s: UM (IIpH
TTOCTOSIHHOM &) COOTBETCTBYET OECKOHEYHOE MHOXECTBO 4HCeN 0, Cpean
KOTODBIX MOTYT HaWTHCh M CKOJIb YrOHHO Maibie. Taxum oOpasoM, IO
OoTHoOLIeHUIO K (pyHKIHK f(X), HENPEPLIBHOM B MpOMEXyTKe X', BCTaeT BO-

I
|
|
i
i
i
I
[
1
|
i
i
I
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1pOC: CYIIECTBYET JIM, P 3aJaHHOM €&, TaKoe 6, KOTOPOe TOMHIOCH ObI
Mg BCEX TOYCK X, U3 3TOTr0 HPOMEXKYTKA ?
Ecau oan kancdozo wucaa £ >0 Haiidemes maxoe wucio =0, umo

|x—x,| <6 esevem 3a coboii [ f(X) = f(x) | <,

20e Ovl 6 npedesax paccmampusaemozo npomexcymxa X Hu Aexcasu mouxy
Xo ¥ X, mo PyHrywo f(x) nasviearom pasnome P HO HenpepvigHoii 6
npomexcymre &.

B sTom ciyyae wuciio ¢ okaswIBaeTCs 3aBUCAUIMM TONBKO OT & U MOXKET
ObITE yKa3aHo X o BEIGOpa TOUKM Xo: O TOIOMTCS Ui BCEX X, OJHOBpC-
MEHHO.

PaBHOMepHAs HENPEPBIBHOCTH O3HAYAET, YTO BO BCEX HACTSX IpoMe-
HKYTKa JIOCTATOYHA OHA M Ta Xe CTeNeHb GJIM30CTH ABYX 3HAYEHHIt apry-
MEHTa, YTOOBl ZOOHTHCA 33aJaHHON CTEHEeHW OJIM30CTH COOTBETCTBYIOIIUX
3HAYCHHH QYRKIUHK, '

MoxHo noka3aTe Ha npuMepe, YTO HENPEPHIBHOCTE (QYHKIHU BO BCEX
TO'KaX NMPOMEXYTKa HE BieYeT HeoOXommMo 3a coboii ee paBHO Me p-
H O HeNPepLIBHOCTH B 3TOM HPOMEXYTKE. Ilycts, nampumep, f(x)=

.1 2
=Sin = 0as X, conepxamuxcs Mexay 0 u 5 » McKouas 0. B atom ciyyae
. 2
061aCTh M3MEHEHHA X €CTh He3aMKHY T Bl i MIPOMEXYTOK (0, ;J ,

W B KaXIOH €ro Touke (QyHKuus HenpepbiBHa. IToJOXHM Temeph X,=

2 1
=@niDn’ X (tme n ~ m06oe maTypambHOe YHCII0); TOTIa

Jag=sin@n+1)T=+1,  f(x)=sinnz=0,

TaxK 4YTo

FACIRSICAIEDR

1
€CMOT T ~Xy| =—5—— ¢ B CTaHue e T
HECMOTPSL HA TO, UTO |X — X, #GniTym © BO3PACTAHHEM 11 MOXET GbiTh
CAENaHO CKONlb YTOOHO MAaJIBIM. 3/eCh NMpH &£ =1 Heab3d HalTH 4, XKoTopoe

TOAMJIOCH OBI OJTHOBPEMEHHO IJIS BCEX TOYEK Xo B (0, %J , XOTS JUIS KaX-
HOT0 OTZIEJIBHOTO 3HAYEHHS X,, BBUAY HETIPEPLIBHOCTH (YHKIMH, TAKOE O
cymiecTByer!

Becoma 3ameuartenbho, 4TO B 3aMKHY T o M npoMexyTke [a, b] ana-
JIOTHYHOTO HOJOXEHHS Bellei ObITh yXke He MOXKET, KaKk SBCTBYET M3 Clie-
Ayrowiel Teopembl, TipuHamnexawei KauTtopy (G. Cantor).

87. Teopema Kanropa. Eciu gynxyus f (x) onpedesena u nenpepwisia
6 3amrnymom npomexcymre [a,b), mo ona u pasnomepno ue-
nPepbleHa € IMOM NPOMeNCYymKe.

HdoxazaTenbCTBO NOBEAEM OT MPOTHBHOLO. ITycte s mexo-
TOporo ompeneJ e HHOT 0 yucaa £>0 He CyWIECTBYeT TAKOro 4HMCa

12*
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6>0, 0 KOTOpOM HIET Pe¥b B ONpeNCNICHHH PABHOMEPHOH HEMpPEepBIBHO-
cti. B TakoMm ciydae, xakoe OBl uncio O0>0 HH B34Th, HAUAYTCS B IpO-
MeXyTke [a, b] Takde nBa 3HAYEHUA Xg M X', 9TO

|x'—x5| <6, u Tem me memee |f(x')- f(xp)|=e.

Bo3bMeM Teneps IOCIeN0BATELHOCTE {6,} IMONOKHUTENBHBIX YHCEN TaK,
aro 9§, -0.

B cuny cka3saHHOTO, JUIS Kaxmoro 0, maiimytcs B [a, b] 3nauenua x{m
v X (oHM UrpaloT poib Xu U Xx’), Takme, 4ro (mpu n=1,2,3,...)

|2 — x| <b,, u TeM me Menee |f(HM)—f(x§V)]=¢.

Ilo memme Bonvnauno—-BeiiepmTpacca [41] u3 orpanuueH-
HoO¥l mocienoBaTesibHOCTH {x(} MOXHO H3BJEYb YACTHYHYIO HOCIEHOBA-
TEJIbHOCTh, CXOMSIIYIOCS K HEKOTOPoOil Touke X, mpomexyTka [a, b]. s
TOro 4ToOH HE OCTIOXHATh 0003HAYeHMH, OyJeM CUATAaTh, YTO YyXe cama
HOCTIeNoBaTENEHOCTh {x() cxomuTes K X,.

Tak xak x™ — x{) -0 (u6o |x — x| <4, a'6,~0), To OAHOBPEMEHHO
¥ TIOCTIE0BATENBHOCTh {Xx§V} cxomutes k X,. Toraa, BBULY HENPEPHIBHOCTH
GyHKIMHE B TOYKE X,, HNOJDKHO OBITH

fGD)=fl) m )~ fx),

TaK uTO
S&x®) ~ f(x§2) -0,

4 3TO NPOTHUBOPEUYUT TOMY, YTO IPH BCEX 3HAYCHUAX K

[ f(x®) = f(x§)] =e.

TeopemMa moxa3ana.

W3 noxa3agHOM TeopeMbl HEIIOCPEICTBEHHO BHITEKAET TaKOE CIEHACT-
BHE, KOTOpOe HMKe OYyIeT HaM IOJIE3HO:

Cnedcmeue. Iycmv @ynxyus f(x) onpedesena u HenpepviéHa 6 3aMm-
kuymom npomexcymie [a, b]. Toz0a no 3adannomy =0 naiidemcs makoe
8=0, umo ecau npomexncymox npou3eoAbHO paszbumb HA HACMUYHbBIE NPO-
MENCYMKU C OAUHAMU, MEHBWUMY O, MO 8 KaANCOOM U3 HUX Kosebanue HyHK-
yuu f(x) 6yoem menvie &,

JlelicTBUTENIBHO, €CIIM, IO 3aJaHHOMYy & B KayecTBe O B3ATh HYHCIIO,
0 KOTOPOM IOBODUTCS B ONpPENEICHNH PaBHOMEPHOH HENMpPEPHIBHOCTH, TO
B YaCTMYHOM HPOMEXYTKE C [IHMHOH, MeHbIeil 6, pasHOCTb MEXIy JIXO-
OBIMH IBYMS 3HAYeHHSAMHA GQYHKIMH OyIeT o abCONIOTHON BEJIMYMHE MEHb-
1€ &. B 4aCTHOCTH, 3TO CIIPABEIMBO U OTHOCHTENIFHO HANO6 O MbIIET O
M HaMMEHBIOIET O W3 3THX 3HAYCHUH, Pa3HOCTb KOTOPBIX M [aeT
xoyiebanne GYHKIHKM B YHOMSHYTOM HYAaCTUYHOM IpoMexyTke [85].

88. Jlemma Bopens. MBI moKaxXeM cCeHYac OJIHO HHTEPECHOE BCIO-
MOTAaTENBHOE YTBEPXKIEHHE, KOTOpoe — MoJoOHO JieMme Bonbrumano—
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—BelepwiTpacca ~ Moxer GbITb IIOJIE3HO NpU NPOBEAECHUH MHOTHX
TOHKHX DACCYXAEHMH; OHO NMPUHALICKUT B o pe o (E. Borel).

Pacemotpum, Hapsany ¢ npomexytkoM [a, b], eme HEKOTOPYIO CHCTEMY
2 OTXPBITHX IPOMEKYTKOB o, KOTOpast MOXET OBITh Kak KOHEYHOH,
TaK ¥ OECKOHEUHOM. ¥V CIIOBUMCS FOBOPHTD, YTO CHCTE M a 2 TOKDHB-
BaeT NPOMEXYTOK [a b] (MM 4TO 3TOT MPOMEXYTOK TIOKPBIBAETCA CH~
CTEMOMH >, ¥ T. I.), €I JJIS1 KAXKIOM TOUKH X NIPOMEXYTKA [a, b] HaiineTcs
B 2 NMPOMEXYTOK 0, COREPXAINMii ee. DTOT CIOCo6 pedu obseruuT Ham
(OPMYJINPOBKY M JIOKA3aTEIBCTBO YIOMSHYTOTO YTBEPXKICHHSI.

Jlemma Bopenn. Eciu 3aminymu i npomexncymox [a, b] nokper-
saemes bOecKkoneunod cucmemoi > = {0} omxpeimeix npomescym-
K06, Mo u3 neé 6ceeda MmodicHO 6bl0eaumb KoM ey iy o noocucmemy

2*={019 02, L) Gn}’

Komopas maxoce nokpeieaem eece npomexcymox [a, b].

I-e ntoxasarenscTBO mMOBemEeM OT MPOTHUBHOIO, NPUMEHUB Me-
Ton Bonbsuano [41]. Dooyctum xe, uro npoMexyTox [a, b] He moxeT
OBITH TOKPEIT KOHEUHBIM YHCIOM TIPOMEXYTKOB & U3 2, Pazgenum mpo-
MexyToK [a, b] momonam. Toraa XoTs OfHA U3 MOJOBHH €ro TOXe He MO~
XKET OBITh NMOKPBITA KOHEYHBIM YHCIIOM O JNEHCTBUTENBHO, €Cly OBl OaHA
M3 HMX MOIJa OBbITH IOKPBITA MPOMEXKYTKAMH 01,05, ...,0, (13 ), a
Apyras — MPOMEXYTKAMHU Omi1, Opmy2, ..., 0p (M3 D), TOU3 BCEX ITHX
TIPOMEXYTKOB COCTABHMIIACH OBI KOHEYHAS CHCTEMA L, ¥, TIOKPHIBAIOMAS yxe
BECh IPOMEXYTOK [a, b], Bompeku ponymenmo. O603Ha9MM uepes [ay, b;]
Ty TOJIOBHHY IIPOMEXYTK2, KOTOPas HE MOKPLIBAETCH KOHEYHLIM YHCIIOM
o (ecnu xe obe TakoBbl, T0 — OBYIO U3 HEX). OTOT IPOMEXYTOK CHOBA
pasiemM HomojaM U 06o3HauuM 4epes [a,, b,] Ty H3 ero IIOJIOBUH, KO-
TOPYIO HEJIB3sl ITOKPHITH KOHEUHBIM YHCJIOM O, U T. [.

IIpomomxas 3TOT Hpouecc HEOTrpaHUYEHHO, MBI noJiyduM GeCKOHEYHYIO
[IOCICAOBATEIBHOCTD BJIOXKEHHBIX NIPOMEXYTKOB [a,, b,] (n=1,2, 3, .. Dy
KaX/Iblii U3 KOTOPBIX COCTABJISET MOJIOBHEY mpexuiecTByromero. I1p o-
MEXYTKH 3TH BCe BHIOHPAITCA Tak, YTO HH OMHH
M3 HMX HE MOKPBHIBAETCS KOHEYHBIM YHCJIOM IIPOMe-
KYTKoB 0. Ilo neMMe 0 BIOXEHHBIX MPOMEXYTKAX [38], cywectByer
o01as UM BCEM TOMKA ¢, K KOTOPOM CTPEMSATCS KOHI{bI an, b,.

DTa TOYKa ¢, KAK M BCSKA TOYKA IIpOMEXyTKA [a, b], NeXUT B ogHOM
M3 NPOMEXYTKOB 0, CKaXeM B 0, =(x, ), Tak 4To w<c<pf. Ho Bapuauts
a, U b,, crpeMsiMecs X ¢, HaYuHAA C HEKOTOpOro HoMepa OyayT camu
CONEPKATBCA MeXIy « i f [26, 1°], Tak uTo ompemensieMblit IMA IpOMe-
XYTOK [, b,] OKaXETCS HOKPHITEIM BCEro JIMINE OXHHM IPOMEXYTKOM 0y,
BOIPEKH CaMOMy BBIGOPY ITHX HPOMEXYTKOB [, b,]. ITomxyvennoe mpo-
THBOPEMHE M JIOKAa3BIBAaET JIEMMY.

IlpuseseM eme oqHO moKa3aTenbCTBO, IIOCTPOEHHOE Ha HOBOM WIEE;
ona mpuHamexur Jebery (H. Lebesgue).

II-e nokasaTexscTBoO. PaccmoTpum Touku x* mpomexyTka
[a, b], obnanatomue TeM CBORCTBOM, UTO IPOMEXYTOK [a, x*] TOKpBIBAETCA
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KOHEYHBLIM YHCIOM MPOMEXYTKOB . Takue Touku x*, BooOIue, HalayTcs:
TaK Kak, HalpuMep, TOUKA ¢ JISKHT B OIHOM H3 O, TO M Bce OiM3Jexa-
1Me X Hell TOYKM COIEPXATCs B 3TOM O W, CJIEIOBATENLHO, OKA3BIBAIOTCS
TOYKaMu Xx*,

Hauieil 3agadeit sBJISETCS YCTAHOBUTb, YTO ¥ TOYKA b TIPUHAIJIEXKUT
K 9HCIY TOYeK Xx¥.

Tak kak Bce x*=<b, To cywecrsyer [11] u

sup {x*}=c=<b.

Kak 4 BCAKasi TOYKa NPOMEXYTKa [a, b], ¢ IpMHAIIEXKUT HEKOTOPOMY
0,=(«, p), a<c<f. Ho, mo cBOHCTBY TO4YH O BepxHeii rpaHHIpbI, Hali-
IETCA X§, TAKoe, uTo a<Xxg=c. IIpoMexyTok [a, x§] moxpeBaeTcss K O-
HEYHB M YACIOM IPOMEXYTKOB 0 (10 CAMOMY ONPEIEJICHUIO TOYEK Xx¥);
€CIM K 3THM IIPOMEXYTKaM NPHCOCAUHUTH €llle JUIL OJHH IPOMEXYTOK
0, TO IOKPOCTCS M BECh MPOMEXYTOK [a, €], Tak 4YTO ¢ eCTb ONHA U3 TO-
ek x*,

Bmecte ¢ TeM, SCHO, YTO ¢ HE MOXET ObITh <b, uO0O HMHA4YEe MEXIY
¢ W f HalumMCh Ob ellle TOYKH X¥, BONPEKH ONPEICIEHAIO YMCHA ¢ KaK
BepXxHei rpaudist Bcex x*. Takum obpazoM, Heobxomumo b=c; 3Ha-
44T b €CTh OJIHO U3 X*, T. €. IPOMEXYTOK [a, b] OKpEIBACTCS KOHEYHBIM
YHUCIIOM TIPOMEXYTKOB O, 4. B TP. I.

3aMeTuM, 4TO Ui CIPABEIUIMBOCTY 3AKJIFOYCHHS JIEMMBI B PaBHOM
Mepe CYIECTBEHHO KaX TIPEANON0KEHAEC 0 3aMKHY TOCTH OCHOBHOIO
mpoMexXyTKa [a, b], Tak ¥ TIPEIOJIOKEHHE O TOM, YTO IPOMEXKYTKH O,
COCTaBJIIOLIUE CHCTEMY ), — OTKphIThie. Hampumep, cucTeMa OTKPBITHIX
MPOMEXYTKOB

1 3 (1 3 (1 3) (1 3
(2’ E)’ Z’Z’ 87 8""’2’1’ 2n""

nokpemaer mpomexyTok (0, 1], HO U3 HEHX Henb3s BLUICHUTL K O H € Y-
HOM IOJICHCTEMEI C TeéM e CBOHCTBOM. AHAJOTHYHO, CHCTEMA 3aMKHY-
TBHIX TIPOMEXKYTKOB

1 1 3 3 7 2n—1 2nt+1_j
R B - B - Rl BRI U
vl'IOK_pBIBaCT npoMexyTok [0, 2], HO ¥ 37ech BBICHEHME KOHEYHOH
IOJCHUCTEMBI HEBO3MOJXKHO.

89. HoBble noka3zaTenbcTBa OCHOBHBIX TeopeM. Ilokaxem Teneps,
Kak 17eMMa b opensi MoxeT OBITh MCHONB30BaHA MJIA JOKa3aTeJbCTBA
OCHOBHBIX TeOopeM O HempepsBHbIX Gynkmuiax Boabmamo—Kow g,
Beiiepmrtpacca u KauTtopa.

1° 1-12 meopema Boavyaro—Kowu [80]. Ha 3ToT pa3 noka3bBaTh
ee OyzeM OT mpoTHBHOTO. J[OYCTHM, YTO — IpHU COOMIOACHHUHM NPEIIIOJIO-
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XKCHUS TEOPEMBL —~ BCE K€ HYU B OJIHOM Touke QyHKHus f(x) He obpainaercs
B Hynb. Tornaa, mo gemme n° 80, xa x 1y 1o TOYKY X’ mpoMexyTxa [a, b]
MOXHO OKDYXHTb TaKOH OKPECTHOCTEIO ¢” = (X'~ &', x'+§), uTo B ee mpe-
nenax *) f(x) coxpaHseT ompemenEHHbBIA 3HAK.

Beckoneunas cucreMa > = {6} 3THX oKpecTHOCTEif TOKPBIBAET, TaKAM
00pazoM, Bech IAHHBIA HPOMEXYTOK [a, b]. Torga, no nemme Bopens,
AJI1 3TOTO OKA3BIBAETCS NOCTATOYHO YK€ KOHEYHOT O YACHA YHOMS-
HYTBIX OKPECTHOCTeH, 00pa3ylouux cucremy > *.

JIeBblil XoHeN @ HALero MPOMEXyYTKa HPHHAUIEKUT OJHON U3 OKpecT-
HOCTe# STOH CHMCTeMBI ¥, CKaxeM, OKDCCTHOCTH &)= (x;~ &, x;+0)).

'/ ’ \ 7 — \ ’ \

I a 1 B \ / by

i | /i I )1 (L | LA b

4 1 W ! LAY i 7T

\ ‘z'/ / ‘Z‘Z \\ 7 e v ‘Z;Z ,’
Puc. 35.

Ee npasbiif xomen x;+4,, B cBOIO ouepelip, NPHHALIEKUT OKPECTHOCTH
Oy=(Xg— 0y, Xy +0y) W3 ¥ TouKA Xp+0, CONEPKUTCH B OKPECTHO-
CTH 03=(X;— 0y, x3+0;) u3 3* u T. n. (puc. 35). Ilocie KoHEYHOro
UHCHIA  IIATOB, MNEPEABUTASICh HANPABO, MBI NPUAEM K OKPECTHOCTH
On=(Xp—0p, Xp+06,) U3 J*, 3axmiovarowneii B cebe yKe NpaBblii KOHEL b
JanHoro npomexyrka. Ecni 661 >'* comepxana eme xakue-nu6o Apyrue
IIPOMEXYTKH, KpOMe

01)0'210‘3, '~'a0n: (6)

TO MX, OYEBUIHO, MOXHO OBIIO GBI IPOCTO ONMYCTHTb.

B oxpectnoctn o, Qynkimma f(x) coxpauser OIIpECICHHBIH 3HaK,
uMento, 3Hak f(a). Ho u B 0, GyHKIMsA uMeeT onpeneneHHbii 3HaK, Ko-
TOPBIH TOJDKCH TOXE COBIANATH CO 3HAKOM f(d), O CK 0 JIb K y 0, U0,
B3auMHO naneraw T. Tak xe ybexmaeMcs B TOM, YTO TOT e 3HAK
DYHKIHMA COXPAHACT M B CIEAYIONICH 1O HOPAIKY OKDECTHOCTU O3, H a-
TCrarwiei Ka 0y, ¥ T. 1. B KOHIE KOHIOB, MPHAEM K 3aKJIXOYEHHIO,
UTO M B IOCTENHEH OKPECTHOCTH O, (yHKIWMs WMeeT 3HaK f(a), Tax uYToO
u f(b) coenanaer mo 3maxy ¢ f(a), a ato YX HPOTHBOPEYHT MPEIIOIIO-
xenuro. Teopema moxasana.

2° 1-1 meopema Beiiepuwmpacca [84]. BBuny mnempepriBHOCTH
bynxnuu f(x), xaxyro 61 Touky x OpOMEXYTKa [a, b] HU B3ATH, 3aOaB-
UIMCh 4HCIIOM ¢ >0, MOXHO OKPYXHTh 3Ty TOYKY CTOJb MAajolf OKDECT-
HOCTBIO 0" =(x"~ &', X'+ 6'), 4ToOBI I BCEX MPHHAMNEXAINX eff 3Hadc-
HHH X BEITIOJHSUTHCh HEPABEHCTBA

[f(x) = f(x")| <¢
f(x)—e<f(xX)<f(x') +e.

*) To ecTb B OBmeit yacTu 3T0M OKPECTHOCTH M IPOMEXYTKa [a, b], B KOTOpOM X
TOJIBKO B MOXET M3MEHSTHCH,

HIIH
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Taxum oOpasom, B mpenenax kaxmoil Takoi OKpecTHOCTH QyHKuus f(x)
3aBEOMO OIpaHMMEHA: CHU3Y — 4YHUCIOM f(X')—e&, a CBEPXy — YHCIOM
J(x)+e.

Yuratearo 5CHO, 4TO M 37ech K OECKOHEYHOM CHCTEME ) OKPECTHO-
CTeid, 06aalONMX yKa3aHABIM CBOACTBOM, HAJIEXUT NPHMEHHTE JIEMMY
Bopens U3 Hee crenyeT, uTo HAUAETCS B D KOHEYHOE YHCIO OKPECT-
HoCTei (6), Takke B COBOKYIHOCTH MOKPHIBAIOLIUX BECh TIPOMEXYTOK [a, b].
Ecnu

m=<f(x)<M, B 0y,

my=< f(x)<M, B 0,,

my<f(x)<M, B 0,

TO, B3AB B K4Y€CTBE 1 HAHMEHBILEE U3 YUCEN My, M, ..., M,, 4 B Kayc-
crBe M — nHaunbosbmee u3 uucest My, M,, ..., M,, oueBuaHO, GyieM HMETh
m=f(x)sM

BO BCEM NpoMexyTke [a, b, 4. u Tp. 1.

3°. Teopema Kanmopa [87). 3anaaumcsi 1pon3BoabHEIM 4UCIOME > 0.
Ha 3710T pa3 xaxayro Touky x’ mpomexyTka [a, b] oKpyXuM Takoif okKpecT-
HOCTBIO 0'=(x'—6', x'+0"), 4To6Bl B e¢c Npenesiax BHINOJHAIOCH HEpa-
BEHCTBO

&
| F@) - 6] <5
Ecnu Xy TAKXKE €CTh TO4YKa 3TOU OKPECTHOCTH, TO OJHOBPEMCHHO H
€
1) = fx)] <5

Takum obpasoMm, A HIOOGBX TOYEK X U X, U3 ¢' GyeM UMETD

[ ) = fCxp)| <e.

CraHeM KaX[IyI0 OKPECTHOCTH 0 BJIBOE, COXpaHsis ee IEeHTp, T. €.
BMECTO 0’ PacCMOTPHM OKpECTHOCTH '
—_ 61 6/
4 ! ’
7ofv-2, ).

W3 3TX OKpecTHOCTelf Takke COCTABHTCS CHCTEMAa %, IOKDHIBAIOIIAS
NPOMEXYTOK [a, b], 1 ¥MeHHO X Heit MBI MpUMEHMM JeMMy b op e J .
IMpomexyTox [a, b] mOKpoeTCs KOHEYHBIM YACIOM HPOMEXYTKOB

u3 >

S d; ,
0’,-=(xi—5',x,~+§!~) (l=1,2, ...,n).
S;
ITycts Teneps 6 GymeT HAaMMEHBLINM A3 BCEX TACEN - , ¥ X,, X — JIIOObIE
IBe TOYKH HALUETO0 TPOMEXYTKA, YIOBJICTBOPSAIOLIHE YCIOBHIO:
|x — x| <0. )
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Toyka x; momKHA UPMHAMIEKATL OQHON M3 BBIIEICHHBIX OKpEeCTHO-
CTel, HAIIPEMED, OKPECTHOCTU

— i, b,
0'[“= xlo_—i>7 xi«T_ZA 5
TaK 4TO |Xy—~X;| <=2 .
& &
Tax xak 5<§, 10, BBUAY (7), |x- x| <-?:~“, OTKyma |x-—x,|<§,,

T. €. TOYKa x (a JIOJABHO — H TOYKA X,) HPHUHAUIEKUT TOH I e pPBo-
HavYanbHO B3ATOM OKPECTHOCTH

(xi,— iy Xi, + 5:'0),

CTATMBAHUCM KOTOPOH IOJIYYeHA OKPECTHOCTb 0. B TakoMm ciyuae, mo
CBOHCTBY BCEX NEPBOHAYAIBHO B3ATBHIX OKPECTHOCTEIE,

[f() = f(x)] <e.

[Tockonbky 6 6pUTO BEIOPAHO BHE 3aBHCHMOCTH OT MOJONCHUS TOUKH
X9, PABHOMCDHAA HENPEPHIBHOCTH PyHKIMH f(X) mokasana.

Kak Bumno u3 npuBenennsix paccyxnenuii, temma B o pexs c ycne-
XOM NpHIIAraeTcs B TeX Cly4asX, KOrja «<IOKaJbHOE» CBOMCTBO, CBA3aH-
HOC C OKPECTHOCTBIO OTJACNBHOM TOYKH, IMOJJIEXHT PACTIPOCTPAHEHHIO HA
BECH PACCMaTPMBAEMBIN ITPOMEXYTOK.



TITABATPETHA
IIPOU3BOJHEIE M JUDPPEPEHIIMAJIBL

§ 1. ITpousBonHa® M ee BHIMHCIICHHE

90. 3amawa o BBIMMCIEHHH CKOPOCTH ABIDKYHfeiica ToukH. Hauuem
C 4aCTHOro IpHMEpa, MUMEHHO, PAacCMOTPHM cBOOoIHOE majeHue (B my-
CToTe — 4YTOOBL HE YYUTHIBATH CONPOTHUBJICHHS BO3MAyXa) T-
ol JXKeJIoH MaTepHATbHON TOYKH.
Ecnu Bpems ¢ (ceK.) OTCYHTHIBACTCA OT HAYalld HaJCHUA,
TO HPOMJECHHBIM 32 3TO BpeMs myTh s (M), IO U3BECTHOH dop-
MyJe, BBIpa3HTCA Tak:

& o
A Szzt, (1)
ds

M

roe g=9,81 (W) . Ucxons u3 srtoro, mpebyemcsa onpede-

AU CKOPOCMb U OBUNCEHUA MOYKU 8 CaHHbIL MOMEHM [, KOTIA
TOYKA HaxoJuTcs B Monoxenuu M (puc. 36).

IlpuoamuM DepeMeHHOH ! HekoTopoe mpupauiende At u
paccMOTpMM MoMeHT f+/tf, xorma Touka OymeT B MmOJiO-
Puc. 36.  xemmm M,. Ilpupamenne MM, myTH 3a OPOMEXKYTOK Bpe-

mend At 0603uavumM yepes As. Moxacrasnss s (1) ¢+ At BMecTo
¢, TOJyYUM [JI1 HOBOTO 3HAYCHHS TYTH BHIPAXKCHHE

st ds=5 @+ Ay,
oTKYIa

As=§(2z-At+AzZ).
Pasngenus As wa Af, MBI HOMyYUM CPENHIOI CKOPOCTDHb MNAACHUA
TOYKM Ha ydactke MM,:

As g
Vep. =5, =81+5- At

Kax BrmmM, 3Ta CKOPOCTH MEHSI € TCs BMECTe C u3MeHeHHEM Af, TeM

JIy4llle XapaKkTepu3ys COCTOSHUE Majaroleif TOYKH B MOMEHT f, YeM MEHb-
Hie IMPoMexXyToK Af, MpoTeKmHi IOCNe ITOTO MOMEHTA,
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Ckopocmbeio v mouKu 6 MOMEHM épemenu t Hasvléarom npeode 4,
K KOMOPOMY CMpeMUumcs CpeoHAR CKOpoCmb vy, 3a npomexcymok At, kozoa
At cmpemumen k 0.
B mameMm cnyyae, oueBHIHO,
v=lim (gt+§-At)=gt.
a0
AHANIOTMYHO BBIMMCIACTCS CKOPOCTH © W B OOLIEM Cllydae NIpPSMOJIM-
HEe#HOro aBIKeHKMA ToukH. ITojloxkeHMEe TOYKH OIpelesseTcs ee paccros-
HUEM S, OTCYATHIBACMBIM OT HEKOTOPOH HavaJIbHOH Touku O; 3TO pac-
CTOSIHAE M Ha3bIBACTCA NMPOMIMEHHBIM Iy TeM. Bpems ! OTCUUTHI-
BAETCA OT HEKOTOPOTO HA4albHOTO MOMCHTA, DIPUYEM He 00A3aTENBHO,
YTOOBI B 3TOT MOMEHT TOUKA HAXOAMWIACE B O. JIBHKEHHUE CUUTACTCS BITOJIHE
3aJaHHBbIM, KOT/[a U3BECTHO YPABHECHHE OBUXEHU S s=f(), us
KOTOPOro IIOJIOKCHHE TOUKH OIpelelsieTcd A Jo00ro MOMEHTa Bpe-
MEHH; B PACCMOTPEHHOM IIPHMEPE TaKylo pojib urpaio ypasuenue (1).
I onpezenicHUsI CKOPOCTH ¥ B JaHHBIA MOMEHT ¢ IPHMIIIOCH OFI,
KaK ¥ BBILE, NPUOATh ! IpUpauicHHe /f; 3ToMy oTBedaeT yBelMYEHHE

nyti s na As. OrHolueHne As

o
BBIPA3UT CPCAHIOI CKOPOCTH 0 3a npoMexyTok Af. Mcrunnas
JKE CKOPOCTb © B MOMEHT ¢ IIOJIyYHTCS OTCIOAA IPENCIbHBIM HEPEXOMOM:

v=lim v, =lim ds
di-0 T areo At
MEBI paccMOTPUM HEXKE APYLYIO BRKHYIO 3a/a4y, TIPHUBOMUALLYIO K IIO-
IOOHOM XKe TpeleNbHOM Omepanyu.

91. 3amaua o mpoBeJeHHH KacaTeJbHOH K KpuBoil. IIycTh mana KpuBast
(K) (puc. 37) w ma wHeit Touka M; oOpaTHMCI K YCTAHOBJICHHIO
CaMOro HOHATUA KA CaTEeJdbHO i
K KpPUBOK B ¢ Touke M.

B mxompHOM Kypce Kaca-
TEJIBHYH K OKPYXHOCTH
ONPEACISIIOT KaK «IPSAMYIO, HMELO-
1IYIO ¢ KpUBOM JIUIIb OOHY OOIuyrO
Touky». Ho 3T0 ompeznenenue umeet
YacTHBIL XapakTep, HE BCKpHIBAS
cyniecTsa nena. Eciad MONBITATHCH
IPUMEHUTD €T0, HAUpUMeEp, K Tapa-
Gose y=ax® (puc. 38a), To B Havane koopaunat O o6¢ KOOpPAMHATHBIE
OCH TONOULTH ObI TIOX 3TO ONpPECHCHHE; MEX/IY TeM, — KaK, BEPOSTHO,
HEIOCPEACTBEHHO SICHO M YMTATENI0, — Ha JeJie JHIUL OCh X CIYXHUT
KacaTeJIbHOH X mapabosne B Tovuke O!

Msr maguMm ceifyac obluee ompeneieHue KacaTeJbHOW. Bo3bMeM Ha
kpusoii (K) (puc. 37), kxpoMe Touku M, eimle TOYKy M, K HpoBeneM

Puc. 37.
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cexyumywo MM,. Korma touka M, Oyaer mepeMeILaTbCs BHOJE 10
KpHUBOH, 3Ta ceKylast OyAeT BpallaTbCs BOKPYT TOUKH M.

Kacameavnoii x kpusoii (K) 6 mouke M nasvieaemcs npeo e ab-
Hoe noaowenue MT cexyweit MM;, xozoa mouxka M, 6doab no
Kpueoii cmpemumca Kk cosnadenuro ¢ M. (CMBICI 3TOro OMNpeNiesie s Co-
CTOUT B TOM, 4YTO yroy <{ M;MT CTaHOBHTCA CKOJIb YTOJAHO MAaJBIM, JIAIIb
TONBKO JOCTATO4YHO Maja xoprna MM,).

IlpumenuM 1id mpumepa 3TO ompedeficHMe K mapabone y=ax? B
mo0oit ee Touke M(x, y). Tak kak KacaTeJbHAs MPOXOIUT YEPE3 ITY TOUKY,

4 4

y=azr?

Puc. 38.

TO JUIA YTOYHEHMA €€ MOJIOXKECHNA JAOCTATOYHO 3HATH Elle e€¢ YIIIoBOM KO-
sdpdumment. Mbl 1 ocTaBuM cebe 3amaveit Haiimu y2a060t Ko3PPuyuenm
tg & Kacameavrolt kK mouxke M.

Ilpunas abenmece x mpupamienue Ax, or Toukd M XpuBO#M mepeimem
K Touke M, ¢ abcmuccoit x+dx u opmumaToi

y+Ady=a(x+ Ax)?

(puc. 38, a). Yrnosoit koadduuuent tgp cexyvure it MM, onpenenarcs
U3 OpaMoyrojibHoro AMNM,. B Hem Kater MN paBeH NpHUpAILEHUIO
abcmuccsl Ax, a xater NM;, 0YeBHAHO, €CTh COOTBETCTBYIOIUEES HpHUpa-
UICHUE OPAMHATHI

Ay =a(2x - Ax + Ax?),
TaK 4TO

Ay
tg(p——Z;-ZaxﬁLa-Ax.
s mostydeHust yriioBoro ko3g¢unueHTa KacaTeJbHOH, Kak JErKo IO-

HATH, HYXXKHO IEPEHUTH 31ech K mpeneny npu Ax —0. Ml DpuxofuM TakuM
00pa3oM K pe3yJsbTaTy:

tg a = lim (2ax + a - Ax) = 2ax.
4x-+0
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[BameTym monyTHO, 4TO OTCIONA BBITEKAET yHoOHBIH npueM aas ¢ak-
THYECKOro TIOCTPOCHHS KacaTeNbHOH k mapaGone. MMmenno, 3 A MPT
(pmc. 38, 6), orpeszok

_ Yy ax? x
Ttga 2ax 2°

Tak4yto 7' ecTh cepenuua oTrpe3ka OP. Utak, s Toro 4ro6s
TOJTY4UTh KacaTelbHYIO K mHapabole B ee TOUKe M, NOCTATOYHO pasme-
JIATh TIONOJI2M OTPe30K OPF U Cepeluuy €ro COeAWHUTH C TOYKOM M}

B cnyyae mo6oit xpuBoif, ¢ ypaBHeHHeM

y=rf(x),

YroBoii KoodpuuuenT kacarenbroli ycTaHaBIMBaeTCs HOAOGHBIM e 06-
pasom. Ilpupaiennio /Ix abenpccrr oTBevaer npupawienne Ay opaMHATH,
M OTHOUIEHHE

Ay

x

BLIPOKAET YINIOBOM KoIpUUHMEHT ce Ky uie i, tgp. VInoBoi xe K030-
(pHIMEHT KacaTeNILHON MOJyYaeTcsi OTCIONA MyTEM nepexona K Ipeaety
npu Ax -0:

. . dy
tga=limtgp= lim = .
g Ax—+0 g(p AerAx

92. Onpepenenne nponssoauoii. ComocTasisia oNepalivy, KOTOpbIe
MEL OCYIIECTBIIAIM IMPH PELICHAM PACCMOTPEHHBIX BBHINIE (yHIAMEHTAIb-
HBIX 3a0a4, JIETKO YCMOTPETh, YTO B O0OMX CAyYasX — €CIM OTBJICYbCS
OT Pas3iiiivsi B HCTOJKOBAHUM IEPEMEHHBIX - IO CYUIECTBY IEJIaJIOCh
OAHO M TO Xe: NpHpalIeHue QYHKIUM OeNUIOCh Ha NPHUPAINCHAE HE3aBU-
CMMOJf TTePEMEHHOM ¥ 3aTeM BBIYUCIANICS Hpenes MX OTHOIleHHs. Takum
JIyTeM MBI H HPUXOANM K OCHOBHOMY HOHATHIO I (pepeHInaibHOTO HCYR-
CIIEHHS — X NMOHATHIO M POMU3 B O IHO L.

Hycto dynxnusa y=f(x) onpenciesa B npoMexyTtke X. HUcxons us
HEKOTOPOTO 3HAYEHHS X =X, HE3aBUCHMMON IEPEMECHHOW, NPUAAIUM EMy
npupauienne Ax =0, He BEHBOAAUIEE €r0 H3 NPOMeXyTka I, TaK YTO M
HOBOE 3HAYCHHE X,+ /X IPUHAIUIEXHT 3TOMY HPOMEXyTky. Toraa 3Ha-
uenne y = f(x,) GyHKIMU 3aMEHHTCS HOBBIM 3HAYCHHEM P + /| y =1 (x,+ Ax),
T. €. MOJYYNT NpUpPALIEHUE

Ay =41 Cxo) = f(xg+ A%) ~ f(x,).

Ilpeden omuowenus npupawenus dynkyuu Ay x 8bI36a8UIEMY €20 NpU-
pavjenuto Hezasucumoii nepemennoti Ax, npu cmpemaenuu Ax k 0, m. e.

.A . Ax) -
M=0 "% ax0 Ax
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IT-e noxa3zaTenbcTBO. PaccMoTpum BCe Te TOYKH X =X Ipo-
MexyTka [a, b], mna xotopeix f(X)<O0. K ux wumciy, wampumep, oTHO-
cATCs To4Ka @ U (B CUNy JIEeMMEI) ONu3iexainue K Hell Toukd. MHoXe-
ctBo {X} orpanuyeHo cBepxy ymcioM b. Ilonoxum Temeph c=sup {x}
[11]; Mer yTBepX)HaeM, uto f(c)=0.

HelicTBATENLHO, MOOYCTHM NPOTHBHOE; Toraa Jubo f(c¢)<0, nubo
f(¢)=0. Ecmuz 68t 65110 f(c)<0 (Torma 3aBemoMo ¢<b, 6o HaM HaHO,
yro f(b)>0), To — WO JeMMe — M MpaBee ¢ HAULIMCL ObI 3HAYCHUS
X, A XoTopeX f(X)<0, a 370 mpoTHBOPEYWIO Obl OHpEIECHUIO ¢, KaK
BepXHed rpanun sl s {x}. Ecma xe 6but0 681 f(c) >0, To — cHOBa
HA OCHOBAHMH JIEMMBI — UMeN Ovt f(x)>0 u BOMU3M ¢ CaeBa, MMEH-
HO — B HEKOTOPOM JOCTATOYHO MAaJioM IpoMexyTke (c—90, ¢], a Torma
TaM BOBCE He OBLIO OBI 3HaveHuil X, YTO TakXKe HEBO3IMOXHO, MO0 ¢, IO
ONpENIENEHHIO, €CTh T O Y H a 5 BEPXHAS I'PaHHua I1d {X}.

Teopema mokasana.

3ameTHM, 4TO TpeOOBaHHE HETMPEPHIBHOCTH QyHKIMU f(X)
B 3aMKHYTOM IpoMexyTke [a, b] cymecTBenHo: yHKuuMs, mMeronas pas-
PBIB XOTh B OIHOM TOYKE, MOXET IEepPeiTH OT OTPHUIATENLHOrO 3HAYCHHS

K TIOJIOXKHTEIBHOMY U He obpainasce B 0. Tak Gynet, nanpumep, ¢ GyHKIHeH

x) = E{ x)——1~ , koTopasd HuUTZe He npuHUMAeT 3HaveHns 0, xors f(0)=
3 p

= ~%, af(l):% (cxkavox mpu x=1).

81. IlpuMenensie K peureHuio ypapHenwii. J{oxazaHHas TeopeMa HMEET OPHUMCHCHHE
NPH PELICHUN YPABHCHUH.

TIpexne Bcero, ¢ ee MOMOWBID yYyCTAHABAMBAETCS CYMECTBOBA-
HHU e KopHeil. Hanpumep, I BceX O4eBUICH KOPEHb X =4 ypaBHCHHA

2% =4x,
HO TpyJHEE 3aMCTUTh CYLIECTBOBAHHE €IIE OJHOTO KOPHA. A Mexny TeM, (GyHKums
f(x)=2%—4x ppn x=0 npuammaer 3Hauenue f(0)=1>0, a npm x=-12— — 3HavYCHUE
f (—;—)= Vf -2<0, CJIe,HOB&TCJII}HO (Tak Kak OHa HEmpepeiBHA), obpammaercas B 0 B
HEKOTOpo# Touke Mexay O u 3

HApyroii mpumep: paccMOTpHM, BoOOIle, ainreOpanveckoe YpaBHEHHE HEYCTHOM
cTeneny (C BEMECTBEHHBIME KO3dduLmenTamu)

S =apx®t14g x4+ ... +amx+amy=0.

IIpu nocraTouno Gonbmux 10 aBCOMOTHOM BEIMYMHE 3HAYEHMAX X MHOTOWIEH MMEET
3HaK CTapINEro WICHa, T. €. IIPH NOJIOXUTENLHOM X — 3H2K @y, & IPH OTPHUATEILHOM
x — obpaTHbl 3HaK. Tak KaX MHOTOWIEH €CTh HENpPepHIBHAS (GYHKIHMS, TO, MEHSASA 3HAK,
OH B IIPOMEXYTOYHOM Touke Heobxommmo obpamaercs B 0. OTciofa: 8cakoe aszebpau-
ueckoe ypasHenue HewemHoli cmenenyu (C eewjecmeennbimu KoIGPuyuenmamu) umeem no
Kpaiineii mepe 00UH 6eujecmeeniblii KOpeHs.

Teopemoit KoImru MOXHO IONB3OBATECS HE TOJNBKO AJISi YCTAHOBJIECHHS CYIIe-
CTBOBAaHHMS KOpPHS, HO ¥ AN OPUOIDKEHHOrO €ro BBIMWCIERHs. IIOSCHAM 3TO HpH-
mepoM. IIyctb f(x)=x—x—1. Tax xax f(1)=—1, f(2)=13, TO MHOTOWIEH HMMeeT
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Umenno, ecmr npupaiennio Bpemenn At oTBevaer HpPUPALIEHHE CKO-
pocru Av, To oTHoHIeHHEe

)
acp. - Z

BBIDA3AT CPENHEC YCKOPEHHE 3a NPOMEXYTOK Bpemenu A7, a mpe-
e €ro NacT yCKOPEHHE IBHXCHNA B IAHHBIH MOMEHT BPEMEHHU:

a=lima, = lim Av
- ep. T T
-0 P o At

Taxum obpasom, yckopenue ecmv npouseoonas om CKOpocmu no epemenu.

OGpaTumcs K y4eHHIO 0 TEILIOTE — ¥ C OMOMIBIO IIPOU3BOJHOM yCTa-
HOBHM HOHATHE TE€MJIOCMKOCTH TEeNA NIPY NAHHON TeMIMe-
patype.

O6o3nauuM ‘BXoIsillMe B BOMPOC (PH3MYECKHE BeTMYMHLL CIEAYEOUIMM
obpasom: 6 — Temmeparypa (B rpamycax C), W — koimuecTBo Tela,
KOTOPO€ HYXHO COOOIMTD Ty, IpH HATPEBAHHM €ro oT 0° 1o 6° (B xaJo-
pusx). ScHo, uto W ecth dynxims ot 0: W= S(6). Iipuaamum 6 mexoTopoe
npupainenne A6, torna W rtaxxe nonyuut mnpupamenue AW. Cpe n-
HAA TENITOCMKOCTH NpH HAarpesawud ot €° g0 (84 A0)° Gymer

_aw

Cop. =45

Ho Tax xax, BooGuwe rosops, npu usmenennu A6 sta CPECAHAS TEILIOEM-
KOCTE MCHSCTCA, MBI HE MOXEM IPHHATL €€ 332 TENITOEMKOCTE
Np¥ RaHHOH TeMnepaTtype 6. lns NOTY4EeHHU S TIOCIIEAHEH HYXKHO
MepeHTH K mpeneny:

aw

c=lmc, = lim =~ ,
M0 T ggnp A0

Wrak, MOXHO CKa3aTh, 9TO menscemiocns meaa ecms npou3eooHaA
Om KoAuuecmeda menia no memnepamype.

Haxoren, BossMem npumMep u3 yuerua o6 3TIEKTPAYECTBE: YCTAHOBUM
TIOHATHE O CUJIC NEPEMEHHOTO TOKA B HAHHBLIH MOMEHT.

OOGoznayum vepes ¢ Bpems (B CEKYH/IaX), OTCUMTHIBAEMOE OT HEKOTO-
POro Ha4ajdbHOIO MOMEHTA, a 4Yepe3 () — KONHYECTBO 3JIEKTPUYECTBA
(B xymomax), mpoTexaBilero 3a 3To BpeMsi Yepe3 IIOTEPEUYHOE CeUeHHe
lenu. OveBuaHo, yTo Q €CTh (QYHKUHSA OT f: Q=/(t). IloBTOpPHMB TpenHI-
AyImue paccyXnIeHus, MOJNYYMM, 49T0 CPeNHAA CHJIA Toka 3a
IpOMeEXyTOK Bpemenu ¢ Gymer
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a cuJa TOKAa B JaHHBH MOMEHT BBIPA3UTCA MPEOCIioM

I=1lim I, = im 22,
40 4t-0
T. €. CUAQ MOKA eCmb NPOU360OHAA OM KOAUYECMBA NPOMEKUIe20 IAeKmpu-
yecmea no 8peMeHU.

Bcee aTti mprMeHEHUS HPOM3BONHOM (MHCIIO KOTOPBIX JIETKO OBUIO OBI
YBEJIMYMTb) C AOCTATOYHOM SPKOCTHIO OOHAPYXHBAIOT TOT (axr, 4To
MOHATHE HPOM3BOJMHON CYU[ECTBEHHHBM 006pa3oM CBA3AHO C
OCHOBHBIMH IOHATHSIMH U3 Pa3jIMuHbIX 00JiacTeil 3HaHus.

Brluyicienye TIPOU3BOMHBIX, M3YYECHHE M UCHOJIB30BAHHE HX CBOMCTB
U COCTaBISICT IJIABHBIN IPEOMET OugdhepeHyuasbHo20 ucuucienu.

Jns obo3HaveHUs NMPOU3BOMHOU YHOTPEONSIOT pPa3jIUYHbIE CUMBOJIBL

dy df (xo) . o
2 —7&—*) JJeinouuy (G. W. Leibniz);

yoowm f'(x) JTarpaux (J. L. Lagrange);
Dy wmu D f(x,) Komu (A. L. Cauchy).

Mg 6ymeM moJib30BaThCS IPEHMYILECTBEHHO TPOCTHIMU 0003HAUCHHS-
muJlarpaunxa. Eciu npuMeHszoT QYHKOUOHAIBEHOE 0003Ha4eHNE (CM.
BTOpOH cTonbel), To 6yKBa X, B CKOOKaX yKa3sIBaeT TO HMEHHO 3HAUCHHE
He3aBUCUMOI IIepeMeHHO#H, pn koTopoM Gepetcst mpousBoHasi. Hakowel,
3aMeTHM, YTO B CIIyJasxX, KOTJa MOXET BO3HUKHYTh COMHCHHE OTHOCH-
TeJABHO TIEPEMEHHOM, IO KOTOpOH B3ATa MpOM3BOIHAA (IO CpaBHEHHIO
C KOTOpOH YCTaHaBIIMBACTCSA «CKOPOCTh H3MeHeHHs (yHKUMW»), 5Ta mepe-
MEHHAsl YKA3EIBACTCA B BUJIE 3HAYKA BHH3Y:

7’ 4
yx’ fx(xo), nys Dxf(xo)’
IIPHYEM 3HAYOK X HE CBS3aH C TeM YaCTHHIM 3HAYCHHEM X, HE3aBUCUMOM
TIEPEMEHHOI, TIPU KOTOpOM OepeTcs IPON3BOJIHAS.
[B HEKOTOPOM CMEICIIE, MOKHO CKa3aTh, YTO I €J b HBI € CHMBOJIBI
df ’
e’ fuwm f, Df wnu D.f
HIpalOT postb G YHKIMOHANBHBX 0003HaYe HH A JNA OPOH3-
BOJHOU (DYHKIWH.]
3ammieM Tenepb, MOJB3YSICh BBEICHHBIMH Uit 0DO3HAYCHUS IPOM3-
BOJHBIX CHMBOJIaMH, HEKOTOPBIE M3 MOJIYUYCHHBIX BBIIE pe3ysibTaToB. Jlns
CKOPOCTHU MABMKCHUS HMEEM:

_dS ’
v=_ W V=g,
a I yCKOpPEeHHSH
a=" wm  a=v
T dt LA

*) Ioka Mb1 paccMaTprBaeM 0603HaueHns JIe i 6 H w1 a Kak LeabHble CUMBOJEI;
nuxe {104] MBI yBHAUM, 4TO MX MOXHO PACCMATPMBATBL K Kak ApoGH.
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AnanoruyHo, yrnoBoil Ko3(hpPpUIUUEeHT XacarelpHOH K KpUBOI
y=f(x) nanmuiercs Tak:

dy

tga=2  wm tga=y%,

H T. I

93. IlpuMepel BLIMMCJICHHS NPOM3BOJHBIX. B KauecTBe NpUMEpOB BHI-
YHCJIMM IPOM3BOJHBIE VI PANa SN EeMEeHTapHbX ¢ YHKI KK

1° OTMeTHM, Ipexne BCEro, OYEBUAHBIE PE3YJbTATHL €CIH y=C=
=const., To 4y =0, xakoBo Gsl HI GBITO Ax, Tak 4TO )’ =0; €CAM Ke y =X,
To Ay=A4x un y =1.

2° ITycTe Teneps y=X", re n — HATYPAIBLHOE YHCIIO.

IpunanuM x mpupauterne Ax *); Toraa HoBoe 3HadeHue y OyIeT

y+Ay=(x+Ax)"=x" + nx"1. Ax + {l-(;"——;) X2 AL,

TaK 4YTO
n(n

-1 ;
Ay=nx"=1.Ax+ Tz—)x”‘z-dler e,

/])‘_ ~ri— 1 ,,ngn_l) n—2 ).
ﬁ;«ﬂh t i2 X A.x.,..

Tax xax npu Zx -0 Bce cnaracMele, KpoMe NEPBOTO, CTPEMATCH K HYJIO,
TO
.4
y =lim 22 = pxn=1.
A0 4%

1
3° Ecan y:%, TO y+Ay=m, Tax uTo

Ape L 1~
S Ay i o I ke

I

A 1

Ax T x(x-+ Ax)”
Orciona

’ . Ay 1

y =1Ilm —A_x_: —g.
dx-»0

Ilpu aToM mpenmonaraercs, KoHeuno, x = 0.

*) Ecmu mpousBofHAasd BLIMUCHAETCA OpU JT10 6 OM 3HAYEHHM apryMeHIa, TO
OBBIKHOBEHHO €ro 00G03HAYAIOT TOM xe OYKBOM, YTO M apryMeHT, 6e3 Kaxux-~mb0 3HAUYKOB
OpH HEM.

13 I'. M. ®uxrenronsy, T. I
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4° PaccMoTprM GyHKIHIO y=V}—c (npu x>0). Ameem:
y+d4y= Vx+Ax
dy=Vx+A4x- —————,
= X V— x+Ax+V-

_ 1.
4x Yx+dx+ Vx’

HAaKOHEIl, IOJIb3YACh HEMPEPHIBHOCTHIO KOPHS, IOJIYYHM

Bce 3TH pesynbTATH COMEPXATCS KaK YaCTHBIE CIYYaW B CHCHYIOLIEM.
5° CtenenHas dyHxmEa: y=x# (roe u — mob6oe BEINECTBEHROE
yycno). O6acTh W3MEHeHHs X 3aBHCHT OT (4; OHa Obura ykasama B 48,

2°, imeem (npm x =0)

PO

(1 Ax) i
Ay _GHdgu—xt oy x)
Ax Ax Ax

Ecy BOCIONB30BaTLCA IPEIENIoM, BbIYUCIeHHBM B 77 [5) (B)], To mosryaum
Ay
—hm  Tx —px"‘l *).

B gactaOCTH
1 7 —9
e y=_=Xx" To Y =(-1)-x7?= T

1
V=2 08 SO
eca y=Vx=x, TO ¥ =5X 3

6° IokazaTenbrHas QPYHKHHA: y=a (@>0, —co<x=<

< +o0), 3nech
dy _axtd—gx g a%x—1
Ax T dx ax

BoCIOML30BaBHINCE TPEAENOM, BHUUCIECHHEIM B 77 [5) (6)], maiimem:

y'=lim ﬁi—=a"-ln a.

Ax—~0
B wactHOCTH,
ecnd  y=e5, ToH Yy =e
WTak, ckopoCTh BO3DACTaHHA IIOKa3aTenbHOH ¢dynxmum (nmpu a=1)
NpONOpPIMOHATbHA 3HAYeHHIO caMoli ¢yHkmuum: yem GoJbulero 3HAYCHHS

*) Ecma g>1, To mpu x=0 JErKo HENOCPEACTBEHHO UOJYYHTH 3HAYEHHE MPOU3-
BogHOI: ¥y =0.
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dyHKUMA yXKE JOCTUIJIA, TeM ObICTpee B 3TOT MOMEHT OHAa pacTeT. ITo
JaeT TOYHYIO XapaKTEPHCTUKY POCTa IOKa3aTeNbHOH (YHKLIUH, O KOTO-
POM MBI MMEJIH YXe cliydadl roBoputh [cp. 65].

7° Jlorapudpmugeckxas bynxkpous: y=log,x (O<a=l,
0<x< + ). B 3TOM crny4ae

lo 14—
Ay _loga (x+4x)-logax _1_ g"( x)
Ax Ax Tx Ax

X

Bocnosibzyemes npenesioM, BeYUcieHHsIM B 77 [5) (a)]:

.4 logg e
 =lim 42 _lotae
Ax—0 X X

B vactHoCTH, HJIA HAaTypalbHOTO Jorapupma moayyaeTcs
UCKJIIOYHTENILHO MPOCTOIl pe3ysibTart:

’

npy y=Inx umeeM y=§.

D710 nmaert (XOTH, IO CYIIECTBY, ¥ HE HOBOE) OCHOBAHUE IS NIPECANIOYTCHNUS,
KOTOPOE OKa3bIBAETCA HATYPAJBHBIM JlorapupMaM IpH TEOPETHUYECKUX
HCCAEOBAHUSAX.

To 06CTOATENBCTBO, YTO CKOPOCTH BO3PACTAHUS JIOrapAPMHUECKOI
¢ysxmun (nipu a>1) o6paTHO NMPONOPUMOHAJIbHA 3HAYCHHIO APryMEHTA
M, OCTaBasiCh IOJIOKHTENbHOM, CTPEMHICA K HYJIO NMpH O€3rpanmyHOM
BO3PaCTaHUH APryMEHTA, XOPOILIO COIJIACYETCA CO CKA3aHHBIM IO 3TOMY
nmoBoxy pambiue [65].

8 Tpuronomerpuueckue Ppyumkunu. Iycrs y=sinwx,
TorAa

si
1 i Ax) —si 2 /
Ay _sin (x4 Ax) —sin x_ .cos (erﬁ) )

Ax Ax Ax 2

2

ITonb3yach HENMPEPHIBHOCTHLIO (GYHKIMK Cos X W u3BecTHBIM [54, (8)] mpe-
. sina
nestom Him “— =1, moiyuyum
xw0 &
4y

W =‘1‘im02]~x— =Cos x *).
Ix—

*) OT™MeTHM, 9TO 3Ta dopMyna obg3aHa CBOelt HPOCTOTON TOMY, YTO yroji H3Meps-
ercsi B paguaHax. Ecim Obl MBI CTaJI U3MEPATH X, HATIPEMED, B TPagycax, Bpeaen
n

OTHOIICHHS CHHYCA K YIUTy ObUT OBl paBeH He egWHHIE, a, KaK JIETKO BAAETh, —— , H TOrIa
MBI MMEIH OBI 180

. » 7T
Sin = —— COS X.
Gin x)'= 155

13*
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ANajornyno Hauaem:

?

ecIH  y=cCosX, TO Y =-sinx.

B cioywae y=tg x uMmeeM
sin (x+4x) sinx

dy _tg (x+4x)—-tgx _cos (x+Ax)— cosXx
dx Ax - Ax a
_sin (x+dx) -cos x—cos (x+4x) -sinx
- Ax - cos x - cos (x -+ 4x) -

_sin Ax 1
T 4dx  cosx-cos(x+Ax)

OTcrona, Xak W BoIIE,

Ananoruixo,

eciu y=ctgx, TO Y = = —csc? x.

T sin? x

94. IlponsBoauas oopaTHoit pynxmun. Ilpexne yem 3aHATHLCA BBHIYMCIE-
HVEM IpPOM3BOJHBIX OT OOPATHBIX TPUTOHOMETPHUECKHMX (PYHKIUH, HoKa-
KeM CIENYIOUIYIO OOIIyI0 TeopeMy.

Teopema. ITycmy 1) gynryua f(x) ydosaemsopaem ycaosusm meopem
n° 83 o cywecmeosaruy 06pamHoil pyHkyuu, 2) 6 MouKe X, umeem K 0 H e u-
HYlO u omauunyno om HYAA npoussoonyio f'(x,). Tozda Oaa
obpamuoii Pynxyuu g(y) 6 coomsemcmeyroweii mouxe y,=f(x,) maxoce

cywecmeyem npou3eooHas, pasHas oy
0.

JHokxasaTenbcCTBo. IlpuaaguM 3HAYEHHIO y =Y, MPOU3BOJIBHOC
npupaienue Ay, TOTJa COOTBETCTBEHHOE NpHpamieHie Ax MONyYuT H
dyrxums x = g(y). 3amernm, uto npu Ay =0, BBHAY OJHO3HAUYHOCTH CaMOH
dynkuyun y=f(x), u Ax=0. Vmeem

e 1
dy Ay’
Ax
Ecnu teneps Ay >0 mo ni060My 3aKOHY, TO — B CHJIY HENPEPBIBIIOCTU

dynxkumn x=g(y) — u npupawenue 4x-0. Ho Torma smamenateib npa-
BOIf YACTH HAMMCAHHOrO PABEHCTBA CTPEMHTCS K mpemely f(x,) =0, cnemo-
BAaTeNbHO, CYIIECTBYET MPEIEt I JeBOH YACTH, PABHBIH 0OpaTHOH BeJiy-
1 .
qUHe m; OH H IpeicTaBiseT coboit mpoussomuyo g'(yy).
A :
Mrtak, ¥MeeM mpoctyio Gopmyiy:
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JIerko BBUACHHTh €€ T€OMETPHUYECCKUH CcMBICcJI. MbI 3HaeM,
YTO NPOU3BOJHAA y, €CTh TAHIEHC Yria «, 06pa3’oBAHHOTO KAaCATENBHOMH
x rpaduky dyskomn y=f(x) ¢ ocelo x. Ho obpatnas dyakmus x=g(y)
UMeeT TOT Xke Ipaduk, JUHb He3aBUCHMAs NepeMeHHas JUIS Hee OTKJa-
apaeTcss mo ocu y. [ToaToMy npou3BoAsast Xy, paBHA TAHIEHCY yria
B, COCTaBJCHHOTO TOH XK€ Ki-
caresnbHoil ¢ ocbio y (puc. 39).
Takum o0Opazom, nbiBeaeHsas 4/
dopMyna cBOIMTCH K HU3BCCTHO-

MY COOTHOLUCHUIO

Gyt

tg f=—= " |

gh wga’ i

|

CBA3BLIBAIOLIEMY TAHICHCBHI ABYX P 1
YIJIOB o M f, CyMMa KOTOPHIX 77157 7z E

7 A ‘

paBua . ’
Puc. 39.

IonoxnM s ripumepa y =
=g*. ObpaTtHoil st nee PyHk-
uueii Oymer x=log, y. Tak kax (cM. 6°) yr=a*-Ina, To, 1o naweii hop-
My.Je,

, 1 1 logg e

Xp==—t

Yy oax- Ine 5y

B corjiacuy ¢ 7°.

Ilepexonst Tenepb K BBIYKHCICHMIO MPOU3BOJHBIX OT OOPATHLIX TPHUrO-
HOMETPUYCCKUX (DYHKIMIT, MbI IIst YA0OCTBA 0OMEHACM POJISMHU TICPEMEH-
HBIE X M Y, IEPenucaB JI0Ka3aHHyo GopMyny B BUIAC

9° O6parHbe TPUTOHOMETpPHYeCKHEe QyHK UK. Pac-
cMoTpuM QyHKOHIO y=arcsin x (—1<x=<1), upuuem - 5<y=3. Ona
ABJIACTCS OOpaTHOM IS (PYHKIMM X =Sin p, MUMCIOUICH JUIS YKazaHHBIX

SHAYEHHH ¥ MO JJOXKMTENbHY O IPOU3BOIHYIO X,=c0sy. B Taxom
cllydae CyIeCTBYeT TaKke MPOM3BOAHAS Yy M PaBHa, Mo Hawel Gopmye,

polo 11 1

¥ xp ocosy Yi-sin?y Vi-a®

KOPeHb MBI OEpeM CO 3HAKOM ILIIOC, Tak Kak cos y =0,
MBI uckmouMsn 3avenusd x = + 1, nbo IJIs COOTBETCTBYIOUX 3HAYE-

HUH p= 42 5 IPOU3BOAHAS xy=cos y=0.
d)yHKIms[ y=arctg x (—oo<X< +o0) CHYXUT 0OpaTHO#H A (YHKIUH
X =tg y. ITo nameit Gopmyne
1 1 11
Fx= xj secty 1+tg2y I1+x%°
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AHANOrHYHO MOXXHO MOJIYYUTh:
st y=arccos x

g y=arcctg x

o1
O Vo
1

VS Te

(_1<x<1)a

(—oo<x< +oo),

95, Ceouxa ¢opmys juia npoussomubiXx. CaeliaeM CBOJKY BCCX BbIBC-

JICHHBIX HaMHd (GopMyJI:

1. y=c
2. y=x
3. y=ux#
1
Y=z
y=Vx
4. y=a*
y=e
5. y=log,x
y=Inx
6. y=sinx
7. y=cosx
8. y=tgx
9. y=ctgx

10. y = arcsin x
11. y=arccos x
12. y=arctgx

13. y=arcctg x

y'=0

y'=1

y = px

,__ 1

T a
1

,"—'——-:-

Y —21/:1:

y =a*-Ina

y=e

,__logg e

Y ="

=L

Y=z

y =cosx

y =—sinx

Y =sec?x=——p

1

o 2 g

y=—cx sin? x
1

,—

Y 1—x?

i1

Y V1—a2

, 1

Y =ire

Y =1

96. ®opMmyaa naa npapamenns gysxuun. JlokaxeM 37ieCh IBa OPOCTHIX
YTBEPKICHNUSA, MMCIOINAX MPHIIOKEHUS B JaIbHCHILIEM.

ITycts dyuxmast y=f(x) onpemenena B mpomexytke Z. Hcxoma us
OHpEJICNICHHOIO 3HAYECHMS X =X, U3 3TOI0 IPOMEXYTKa, 0003HAIUM Hepe3
Ax=0 npousBoJIbHOE HNPHpAIICHHE X, MOOYMHEHHOE JIAIIBL TOMY OTPaHU-
YCHHMIO, 9TOOBI TOUKa X,+ /X He BhIIUIa 3a mpefensi 4. Torma cooTser-
CTByIoIMM npupaniepnemM ¢ysxmpm Oymer

Ay = df(xg) =1 (%o + 4x) = [(xo)-



97] § 1. IIPOM3BOAHAS Y EE BHIYNCIEHUE 199

1° Ecau gynxyus y=f(x) 6 mouke x, umeem (KOHeuHyi0) RPOU3BOOHYIO
Ve=1"(xy), mo npupawenue Pynxyuu moxcem 6Gvimb npedcMaseHo 6 sude

Af(xg) =f"(xg) + Ax + o« Ax )]
uau, Kopoue,
Ay=yp+dx +a - Ax, (2a)

20e o ecn® gesuuuna, 3asucswan om Ax u emecme ¢ HUM CMpeMAWAACA
K Hysio.
Tak Kax, 0 CaMOoMY OINpeAeIeHHI0 TPOU3BOLHOM, pu Ax -0
Ay ’
ax T
TO, mojaras
Ay ’
®=e TV
BuIuM, YTo U a~0. Onpenensas orcioma Ay, npunem k dopmyne (2a).
Tax xak Benmmumna « - Ax (upu dx —>0) Gyger GeckoHEYHO MaJIoil BHIC-

urero mopsiaka, veMm Ax, To, ymorpebass BBeneHHoe B 60 oOo3Hadenwe,
MOXHO HalIM (HOpMYJIbI MEpenucaTb B BHIE

Af(xg) =f"(xg)+ Ax + o(Ax) )

Ay =y, Ax + o(4x). (3a)

WA

3ameuanue. Jo cux mop Mul cuutamu Ax=0; BeIMYMHA 0. U HE
ompenenena 6suia npu Ax =0. Korma mur roBopund, 9ro « —~0 opu Ax -0,
To (kax o6BMHO) mpemmosiaranu, 4ro Ax crpemutcs k 0 mo mobomy 3a-
KOHY, HO He MpPHHHUMAasd HyJeBoro 3HadYeHusa. Ilojoxum
tenepb «=0 mpn Ax=0; Torma, pasymeercd, dopmyna (2) coxpaHuTcs
u npu Ax=0. Kpome Toro, cootnomenue «—0 npu Ax -0 MOXHO IOHH-
MaTh ¥ B OoJiee INMPOKOM CMBIC/IE, UeM pPaHbllie, HE HCKIovYas aindg Ax
BO3MOXHOCTH CTpeMHUTCs K 0, IpHHMMAS B YHCJIC IPOYUX U HYJEBHIC 3HA-
9eHHS.

W3 noxazanusix GopMyl1 HEHOCPEIACTBEHHO BHLITEKAET:

2° Ecau gyuryus y =f(x) B mouxe x, umeem (KOHEUHYIO) NPOU3E0OHYIO,
Mo 6 3moil mouke PYHKyuUs HeobXo0Uumo HenpepuleHa.

Heticteutensro, u3 (2a) scHo, 4ro cooTHouremue Ax -0 Bieder 3a
coboit 4y +0.

97. IlpocTeifmpe NpaBuiIa BHMYHCACHAS NPOH3BONHLIX. B Impeablaymiux
nn° Mbl BBIYHCHUIM NPOU3BOJHBIC I 5JIEMEHTApHBIX (yHKnud. 3mech
H B CIEOyIOIIEM N° MbI YCTAHOBAM PSI IPOCTHIX NPaBW, C IOMOINBIO
KOTOpPBIX CTaHeT BO3MOXKHLIM BBHIUMCJICHHE NIPOM3BONHON mia Jroboi
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(YHKIMH, COCTABJICHHOH M3 3JIEMCHTAPHBIX HPH HOCPEICTBE KOHEYHOTO
upcia apegMerTuyecknx neficTeuil M cynepmosuuuii [S1].

I. IIyemy gynxyus u=qp(x) umeem (8 onpedesennoii mouke x) npoussoo-
nyio u'. JlokaxeM, 9TO U PyHKyus y=cu (c = const.) maxace umeem npous-
600mYI0 (8 Moil dce mouke), N BEIMACIAM €€.

Eci mesaBucuMasi nepeMeHHas X HONYYHT npupaitenue 4x, 10 (yHk-
LMsl u NOJYYMT npupamienne Au, mepeiiiiss OT MCXOMHOIO 3HAYEHUS U K
suavenmto u+ Au. Hosoe 3uasenne Qymxumn y Oymer y+Ay=c (u+ Au).

Orcropa Ay=c-Au u

dy Au ,

lim ===c-limS—=c.u'.
dx—0 Ax Ax—+0 Ax

HWrtak, npou3sBoasas CyuleCTByeT ¥ paBHA
y=(-u)=c-u.

OTta dopMya BBIPAXAET TAKOC NMPABHIIO: MOCTOSHHBII MHO-
KHTEJIb MOXET OBTb BHHECEH 3a 3HAK NPOHM3BOI-
HOMH. . »

IL IIycmby dynxyuu u=@(x), v=y(x) umerom (¢ onpedesennoii mouxe)
npousgoonsie u', v'. JlokaxeM, UTo FyHKyuA y =u+v maxaxce umeem npous-
800HYI0 (8 MOl ce Mouke), N BLIYUCIIHM €€.

HMpunamm x npupanienne Ax; TOTAQ 4, ¥ M y TOJIYYAT, COOTBETCTBEHHO,
upupawenus Adu, Av u Ay. Ux Hossie 3uavenus u+Adu, v+Av u y+ Ay
CBSI3aHBLI TEM K€ COOTHOLUEHHEM:

y+Ay=(u+Adu) + (v + Av).

Orcrona
) Ay  du | Adv
Ay—AuiAv, —Z';—-Zx'i‘jx—
u .
lim 2 —tim 2 4 tim 20—y 1y

s

Ax—0 Ax Adx-0 Ax Ax—-»0 Ax
TaK YTO MPOM3BOAHAN )’ CYLIECTBYET H paBHA
V=W@to)=u+v.

OTOT pe3yNabTaT JIErko MOXeET ObITh PACIpPOCTPaHeH Ha Jiroboe 4ucio
cnaraeMeix (M IpUTOM -~ TeM Xe METOIOM).

II1. IIpu mex suce npednosodceHuax omnocumensno GyHKyuit u, v, Noka-
KEM, UTO (PYHKYUA y=1u+0 MaKoce umeem npouseoonyro, W HaijgeM ee.

IIpupamennro 4x oTBe4aroT, Kak W BHIIe, npupamenus Au, v u Ay;
OpH 3ToM y+ Ay =(u+ Au) (v + Av), Tax uro

dy=Adu-v+u-Av+du-Av

Ay Adu Av  Au
R R A e T

Ax  dx dv.
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Tax xax npu 4x -0, B cuny 96, 2°, u 4v -0, To
. Ay . du - . v ’ ’
lim —==lim ——.v+u-lim S==u -v+u-v,
4x—-0 ax Ax—+0 dx Ax—+0 Ax

T. €. CYLUECTBYET NPOMU3BOAHASL }' W paBHa
V=@ v)y=vu-v+u-v.
Eciu y =uow, npuvyem o', o', w’ cyluectsysor, To
b
V=) w] =) - w+ @)« w' = u'vw + uw'w + uow'.
Jlerko cooGpasuteb, 9To AAS Cilydas # COMHOXKHTENCH OymeM uMeTh
AHAJIOTHYHO:

n

’ ' ’
[wow. . .sI'=w'vw. . .s+w'w...s+uvw'...s+ ... +uvw. ..s'. @)

A Toro uTo6H MOKa3aTh 3TO, BOCHOIB3YEMCS METOIOM MAaTeMATHYE-
ckolt uBaykumn. HpeanonoxuM, uro dpopmyna (4) sepua mist HEKOTOPOro
YdCIA 71 COMHOXHTENICH, U YCTAHOBHM €¢ CHpaBelUIuBOCTG IiId n+1 co-
MHOXHTEICH:

n+1 n

—— . P —
[wvw. . .st] =[(uwvw. . .5)-t] =(uvw. ..s) -t + @ow. ..s)-t;
€CJTH NMPOU3BOJHYIO (uvw . .. s) pasBepHyTh Ho (Gopmyne (4), To mpHIeM
K ¢opMyie
fuvw. . .st] =v'vw...st+w'w...st+ ... +uw...s't+uw. . .st',
COBEPUICHHO aHalorn4Ho# (4). Tak xak B BepuocTd Qopmynsl (4) npm
n=2 1 3 mu yGeaunuce HEIIOCPEICTBEHHO, TO 3Ta (OopPMYyJa BepHA NpH

mobom n.
IV. Haxonen, ecau u, v ydossemeoparom npexcrum npeonoaoHcenuaM

u
U, Kpome mozo, v OMAUNHO OM HYAA, MO MBI JOKAXKEM, UTO PyHKyUA y=s

MaKce umeem npouzeoonylo, i HalIeM ee.
Ilpu Tex xe 0003HAYEHMAX, YTO ¥ BHIE, UMEEM

u+ Au
y+Ay=v+Av’
TaK 4TO
A =Au-'u—u-Av
v(v+ dv)
H
Au Av
Ay _Aax T ax

dx = v-(otdv)
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VYerpemnss siece dx k Hymo (mppdeM onHoBpeMenHo M Av-0), yGe-
KIaeMCA B CyHIECTBOBAHHH IPOM3BOIHOM

) = (u)'_u'-v—u-v’
= =7

98. Ilpoussonnas cioxHoil pynkumn. Temeps MBI MOXEM YCTAHOBATD
BECbMa BAXKHOC [P MPAKTUIECKOM HAXOXCHHH NPOM3BONHEIX NPABHIIO,
HO3BOJIAIONICE BBLIMMCIHMTL NPOM3BOIHYIO CIOXKHOW (YHKIWH, €CJIH H3-
BECTHHI IIPOH3BOJHBIE COCTABJIAIOLMX (YHKIHIA.

V. IIycmo 1) dynkyus u=@(x) umeem ¢ nexomopoii mouxe X, npous-
600nyio u, =q'(x,), 2) Pyuryun y =f(u) umeem 6 coomeemcmsyroweii mouxe
Uy =p(x,) npouseodnyio yu=f'(uy). Tozda caoocnas gyuxyus y= flo(x)) e
ynomanymoii mouke x, maxace b6yoem umemv npousgoOHYI0, pagHylo npo-
usgedenuio npou3ssoonslx @yuxyuii f(u) u p(x):

[A(@x)] = fa(@(x0)) - @' (x0) ®),

uau, Kopoue,
’ 4 7.
Yx=DYu*Uy.

A nokasaTenbCTBa IPHAAIMM X, IPOH3BOJIBHOE HpHpauenne Ax;
uycTe Au — COOTBETCTBYIOILEE NPHPAICHAE (PYHKIHA u=gp(x) W, HAKO-
men, Ay — upupainende GyHxuEy y = f(4), BH3BaHHOE npupamenneMm Au.
Bocmoms3yemcs cooTHomermeM (22), KOTOPOE, 3aMeHAS X Ha %, HepelH-
meM B BHZE

Ady=y - Au+a-du

(« 3aBuCHT OT Au M BMeCTE C HUM CTPeMHTCH K MyJno). Paszenus ero no-
4ieano Ha Ax, moiryunmm

Ay , Adu Au

= — e —

Adx y“.Ax Ax °

Eciu Ax ycrpemurs X Hymo, To GyZeT cTpeMuThcs K Yo u Au
[96, 2°], a Torza, kak MbI 3HaeM, OyneT Takke CTPEMHTHCS K HYJIIO 3aBUCH-
mas oT Au BemmumHa «. ClefoBaTeNbHO, CYMECTBYET Ipemest

KOTOPBI# ¥ HPEJCTaBIAET COO0K0 HCKOMYIO IPOHM3BOIHYIO y».
3aMeuanme. 31ech CKashIBAeTCHA HOJE3HOCTh 3aMeuamHus B 96 oT-
HOCHTENBHO BeJUYMHE! & mpH Ax=0: mokyda Ax ecTh mpHpamieHHE H e-
3aBHCHMOM NepEeMEHHOH, MBI MOIJIK IIPEIIONAraTh €r0 OTINY-
HBIM OT HYJISl, HO KOraa /X 3aMeHeHO IpHpaleHAeM GYyHKINHH u=
=@(x), To maxe npu Ax=0 MeI yXe HE BIpaBe CIMTaTh, 9T0 Au=0.

*) HonuepxueM, wro cmMBON fy(p (X)) O3HAYAET HPOM3BONEYIO (YHKIHE f(x)
DO eec apryMeHTy #(a He mO X), IPH 3HAYCHEH Uy =P(X,) ITOTO apryMeHTa.
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99. ITpumepnl*). Cragana DpPHEBEAEM HECKOJIBKO HPUMEPOB IPUIONKCHAA NPABUI
! I}; PaccMOTpEM MHOTOWIEH:
y=apxnt+a x4 ... tan_xtan_1x+an.
Ilo mpapmny 1I, a 3ateM I, 6yneM umern
¥ =(@ex™ +(@x® Y + . . H{@n_ox®) +(@n_1 %) +(an) =
=@y +ay(x Y + LAy (3P +an(X) +(an)
Wcnone30sas xe popmyliei 1, 2, 3 [95], oxoHYaTeNBHO NOILy4uM
Y =napxt 14 (n— Dax"~2+ ... 4-2an_ox+0n_.
2) y=(2x2—5x+1)-e*. Ilo npasuny I1I
¥ =(2x2—5x+1) . eX+(2x2— 5x+1) - (eX)'.
Onupasch Ha OpeApLAYIEiE npeMep # dopmMyity 4 [95), Haitnem:
¥ =(@4x-75).-eX+(2x2-5x+1) - eX=(2x2—x—4) - eX.

b
3) y=ax+ . Ilo npaemiy 1V,
x241
., (ax+by(x2+1)— (ax+b)(x2+ 1Y _ a(x2+1) - (ax+b)- 2x —ax2~2bx+a
(24 1) N (x2+1)2 (2 +1)

.4) BBIMHACIMM CHOBA OPOM3BOAHYIO (YHKIMH y=tgX, HCX0Hd H3 (opMyilbl y=
sin x
= . Hombsysace mpasmwiom IV (u dopmynamu 6, 7, 95) nomyyum

COsS x
, (sin x)"-cos x—sin x- (cosx)’ cos® x+sin?x 1
cos? x cos? x cos® x
(cp. 8, 95).
X sin x+cos x
5) y= ————— . 3mech OPUXOAUTCH TONBL30BATHCHA CHayana npasuioMm IV, a

X cos x—sin x
3ateM npaswiamu 11 u 111 (@ dopmynamu 6, 7, 95):

V= (x sin x+cos x)’(x cos x ~sin x) — (x sin x -+ cos x)(x cos x —sin x)’ B
(x cos x —sin x)?

x cos x - (x cos x —sin x) — (x sin x+cos x) - (~ x sin x) x2

(x cos x —sin x)? (x cos x—sin x)2’

BelyuciieHAe MPOHM3BOAHBIX UYHCIUTENA M 3HAMEHATeNd Mbl OpPOM3BE/H, HE pac-
qiepsas ero Ha oTAexbEble mard. [lyteM ynpaxHeHus HeoOxomumo HOGHTHECS TOTO,
4T00BI BOOOMIEe THCATh NPOW3BOLHBIE CPA3Y.

TIpEMepHI HA BEIYHCHCHAE MPOM3BOAHBIXK CIIOXKHBIX (yHKwmii:

6) Ilycts y=Insin x, urave rosopd, y=In u, rae u=sin x.

1
ITo mpasuny V, ye=yf-us. Mpoussomaas yg=(In w)y=— (dopmyna 5) moykua
u

OpITH B3ATa OpH ¥ =sin x. TaxuMm o6pazoM,

cos X
— - (sinx)' =—
sin x sin x

yx= =ctgx (dopmyna 6).

*) BykpaMa X, ¥, U, v HIKE 0G03HAYCHE] T € P €M EHH bl ¢, a APYrEME Oyksama —
MOCTOAHHBLIC BEIMIAHBL.
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Dy=V14x%, r.c y=Vu, rae u=1+2a% o npasmy V,
’ 1 7
Ye=———"(1+xB) = ———
2 ]/1 +x2 Vl +x2
8 y=ex, T.c. y=eY, roe u=x% .
yr=ex'.(x2) =2x.ex* (V; 4 u 3).
KOHC4HO, B OTHCABHOM BLIODMCLIBAHHUH COCTABISUOMIMX (DYHKUMHA HA HCIC HCT
Ha100HOCTH.

(dopmyina 3; opmmvep 1).

9) y=sin ax; yx=cos ax-(ax) =a-.cosax vV; 7, 1, 2).
10) y=(x24+x+1)%  yx=n@2+x+ )Pt (x2 4 x4 1) =
=n2x+ 12+ x4+ 1)1 (V; 3, upnmep 1).
11) y=2sinx;
yx=2sinx.1n 2-(sin x)’=In 2-cos x-2sinx (V; 4, 6)

. 1
12) y=arctg —;
X
, 1 (1 ] I 1 v: 12, 3)
Ix= (1)2 x) v’ TR) T T ek
14—
x

Cnydait ClOXHOW (BYHKUWHM, TONYYCHHOH B PE3YIBTATE HECKOIBKHX CYIEPHO3H~
114, UCYEPNBIBAETCA MOCHEJOBATE b HB M IPUMEHEHUEM Npasuia V:

1
13) y= Vtgzx; TOTAR

, 1 1y
Ix= " tg—x) = V; 3
5 1/« 1 2 Jx
—x
g2
1 21 (l )' Vv 8)
= 56t —x-[—x] = :
1 2 2 Jx
21 tg—x
£3
1
sec? — x

1
sin? —
14) y=e *; B 310M cnydae

sin? — ’
yx=e "-(sinzz) = v; 4
x
sin? — 1 1}/
=e x-Zsin;-(sin;) = (V; 3)
x
sin? — 1 1 (1Y
=e *.2sin—-cos— (—) = V; 6
X x \x)x
1
1 2 sin? —
= —._2.sin_.e X v; 3)

X X
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I[ZIIU'IM €llIE HECKOJIbKO MIPHMEPOB HA ITPHMCHCHUE BCCX MPABUIL:

eX—e™X 1 eX+e™ X%
15) y=shx= 5 ; y'=§ (€)%~ (e—%)%] = =ch x.
Haobopor, ecia y =ch x, T0 y' =sh x. HakoEel1, KaK # B 4), I€TKO HONYYHTh:
" shx , 1
ecity =thx=——, 10 =——
Y ch x Y ch?x
: 1
eClIH Ke =cthx, TO =
y Y sh2
—_— 1 —_—
16) y=In (x+V¥+1);  ph= ———(x+ )2+ D=

x+ [x2+1

X 1
=___.(1+ )= .
x+x+1 V=2+1) Yx2+1

205

Tot *e pe3ynbTaT MOXHO MOJYYHMTH M M3 IPYrHX cooOpaxenumit. Mer Bugenu B 49,
4), uro dyuxums y=In (x+ Vx2+1) smusercs obparsolt wis dyskuyE x =sh y; nosTomMy

[94; npumep 15; 48, 6°]

, 11 11
X chy Vshiy4l YamEl
17 ad
y= ,
at Yx*+a?
x
R
, Vx1+a2 1
Y=

a? (Vx5 a)? GEraly
1 2x
18) y——i-arctg —_— ( I1<x<1);
1 1 1(1 x?) - x-(~ 2x) 1

Y =E'1+( 2% )2 (-2 TRy

1-x2
1 In Vax+b-Yb—ac
Vb-ac Vax+b+Vb-ac
(mMbl pepnonaraem: b — ac >0);

19)y=

a

a
, 1 2 Yax+b 2 Yax-+b 1
y = - =

Vo—ac LYax+b~Vb-ac Vax+b+b-ac] (x+c) Vax-{»b.

2 ax+b
20) y= arctg
Vac—b ac-b

(3mecy npennonoxeHo: ac~—b>0);
2 1 1 a N 1
ax+b Vac—b 2 Yax+b (x+c) Jax+b

ac—b

’

ac—b 1+
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1 . asin x+b n n
2) y= —— arcsin - 16| <a; —-~<x<—);
Vat = b2 a+bsin x 2 2
., 1 1 acos x-(a+bsin x)—(asinx+b)-bcosx_ 1
_Va’-—bz asin x+b 7 (a+bsin x)? a+bsinx’
1= "2
V (a+bsinx)
1 b+asin x~ b2~ a?-cos x
22) y= In - (lal <1b]);
P& a+bsinx
, 1 acos x+ Jb2—a?sin x bcos x ] 1
y=— u—— - s = " -
V62— |b+asinx— Y62 —atcosx @tbsinx| atbsinx

23) B Bume ynpaxXHeHHs, HCCIEAYEM €le BOHPOC O MPOU3BOAHON CTENEeHHO-
NOKa3aTeJbHOTrO Bepaxesus y=u’ (v>0), rae ¥ 1 v cyThb GYHKUHMH OT X, UMEIO-
[#e B XAaHHOM TOYKe mPOHU3BOMHEIE X', ¥,

IIposcrapudMupoBaB paBeHCTBO y = uP, MOJIYIAM

Iny=v-lna. (&)
TakuM 06pa3oM, BEIPAXKEHHE ANS Y MOXHO NEPENNCaTh B BUAE y=e?inu, oTKyna yxe
SICHO, YTO NPOM3BOMHAA ¥’ CymiecTBYeT. CaMoe e BEIYACTICHAE €€ IPOINE OCYIIECTBHTD,

NpHPaBHEBASI IPOU3BOJHEIE IO X OT 06erx yacTteit pasencrsa (5). [Ipr 3T0M Mo HCRONB-
3yeM mpaswia V u 11T (mOMHS 0 TOM, 4TO u, v ¥ ¥ CyTh QYHKIMH OT Xx). Mbl HOTyYUM

1 7 1 7z
—.y' =0 -mutv-—-u,
¥y u
OTKYIa
B vu’
y=y|—+v'Inul,
u
WIH, TIOACTaBNsAA BMECTO y €r0 BBIPaXKCHHE,

Y =u (ﬁ+v’ In u) . (6)
u

Ota dopMyna Bmeperie Obia ycraHosnena Jie#GHumuem u WU, Beprynnm
(Johann Bernoulli).
Hanpnwmep,

sin x
e p=xsinx, To  yg=xsSinx +cos x-In x| .
X

24) TIpeanonaras, 4ro GyHKuAs f(Xx) AMEET NPOU3BOAHYIO f'(X), HamHCaTH BHIpAKE-
HHUS MPOM3BOMHBIX I yHKumHM
(@) sinf(x), (©) e®, (® Inf(x)
no x, u gns GbyHxuuk
@© fGing), @ fl), (© fny)

Omgem: (a) cosf(x)-f'(x); (6) e/™-f'(x); (B) ff((_"))

@® f'int)-cost; (@) flehel; (© f(n t)-lt-

o .
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ITo noBoay mocinemamx Tpex npmmepos (r), (1), (€) oOpamaeM BHUMAaHME YHTATENIA
HA TO, 9T0 cuMBOA f’(...) O3HAYaeT HPOH3BOMAHYIO IO APTrYMEHTY X, OT KOTO-
poro 3aBucHT (QyEKIHMA f(x), HO NpH 3HAYCHWH 3TOrO apryMeBTa, COOTBETCTBEHHO,
x=sint, et, Int, yxe 3aBucsmmeM ot f. Cp. CHOCKY
Ha crp. 202. 4

25) OyExuma f(x), ompeAcicHHAs B CHMMe-
TPHYHOM OTHOCHTENHHO ( DPOMEXYTKe, HA3sl-
Baerct uemnoii, ecma f(—x)=f(x), & Hevemnoil,
ecme f(—x)= ~f(x). [[IpaMepamu 9eTHBIX yHROFE ",
MOIYT CIYXHTb 9Y€THBIE€ Crememdm x2, x4, ..., [
a Taxkxe COS X, Ch X; IPHMEPE HeYETHBIX (yHKIIMiA: 1
HeuYeTHH € CTeNe A x, x3, ..., sin x, sh x]. a

Hoxas3aTe, YTO OPOM3BORHAA YeTHOM Gymk- 7 7 Vi -z
1A (eCIM CYNIeCTBYeT) CaMa SBJISETCa He Y e T- '
HO¥M dyEKnue#t, a TpPOM3BOAHAT HEYETHO i Puc. 40.
dyHKIIM cama OymeT 4 e THO M.

26) Bommciure npom3Boguyro  giasa  dymkmmm  y=In [x| opr x=0.

1

ITpm x>0, oueBwanoO, y’=—;; MOKaXeM, 94TO Ta Xe (OpMyNa COXpaHseTcs M IpH
x<0. JeicTBUTeIPHO, BEMHUCHAS IPOU3BOAHYIO IS (GYHKUEA
y=In|x|=In(-x),
Kak ciioxHON dyuknwm, SGyaeM uMeTh

L1 1
Y= (D) =—
- X X

M B 3TOM Cly4ae.
27) PaccMOTpUM KpHBYIO

y=axm (m=0).
VrnoBoit ko3bduureHT kacaTeILHOM K Belt B HEKOTOpO# ee Touke (x, y) Gymer [91-92]:
tgo=y =maxm—1,

Tlo puc. 40 BugHO, yTO OTpe30K TP (Tak HaswBaeMas NONKacaTeJbHAA)
paBeH
¥y axm X

tgx maxm—1 m )
D70 06GCTOATENBCTBO AENAET JIETKAM CaMoe NOCTpoeHwe KacaTelibHou. [OQ0oGmenue
pesymeraTa n° 91.)
28) [nsa xpusoit (uenuwas NUHMUSA)
X
y=a-ch— (a=>0),

a

nopo0HeIM Xe& o6pa3om,

x
tgoa=y" =sh—.
a
Ha s31oT pas onpenenaM (cumras x> 0)

1 1 1
cosa= = =
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Tak 4To y-cosa=q. Ecnu u3 ocHosamus D opmumatel y=DM (puc. 41) onycturb
nepoesgukyisp DS Ha xacarensHyio MT, To oTpe3ok DS okaxercs paBHbiM a. OT-
CI0Jla CHOBA BBITEKAET MPOCTOM CHOCOO MOCTPOCHHA KaCaTENBHOM K paccMaTpUBaeMOM
KpuBOi: Ha opamuare DM, Kak Ha HHAMETpE, CTPOAT HOJIYOKPYXHOCTb M M3 TOUKH
D penaroT 3aceuky S pammycoM a: npsmas MS
u Oynmer KacaTenbHOH.

29) Tlycre, MaTepHallbHash TO4YKa Kojebnercs
IO OCH OKOJIO HEKOTOPOrO CPENHErO MOJIOXKEHHUS
MO 3aKOHY

s=A-sin (wt+a) (4, w>0).

Taxoe xorneOaHne HOCHT HAa3BAHUE 2aPMOHUYECKOZO;
A — ero amMmiIuTyna, @ — 4acroTa, & — HavyalbHAas
dasza.

B3sB NpOU3BOIHYIO OT IIYTH S5 IO BPEMEHW I,
HalileM CKODPOCTDb [JBWKCHUSN

v=Aw-cos (wt+a).

Haubonsieit BenmumHbl + Aw CKOPOCTB  HOCTH-
raeT B MOMeHTH, Korma s=0, T. €. TOYKAa MPOXOAMT Yepe3 CpeAHee IOJOKCHHE.
HaoGopoT, KOrja TOYKA HAXOHWTCs B HAamOOJbINEM y/AaleHuH OT STOTO CPElHEro no-
noxenust (s= + A), ckopocts v=0.

IIpom3BoaHas OT ¢ IO !

Puc. 41.

a= —Aw?-sin (wt+«)

[ACT HAM YCKODEeHHe, C KOTOPBIM JABWXETCA TOUYKA; OYEBHIIHO,

a=—w?-s.
OTcrona, eclii BBECTM Maccy m ABMXKYyHielicst TOYKHM, TO, 1O 3akoHy HproToHa,
cana F, DOX [EHCTBHEM KOTOPOM IPOMCXOMMT IAPMOHUYECKOe KosneGaHue, BIPa3uTCs

TaK:
F=—ma?-s.

Kak BHguM, OHA BCErja HAUpaBJeHa K CpeAHeMYy NoNoxeHuio (ubo umeet 3xak, obpat-
HBI 3HAKY S) ¥ IPOMOPIMOHATBHA YAAJIEHHIO TOYKH OT HETO.

30) HdewxeHne, NPOUCXOAANICE TIO 3AKOHY

s=Ae—ktsinwt (4, k, ®>0),
HA3bIBACTCS samyxaiowum Kosebanuesm, MO0 HAIMINE MHOXUTENS e~k 3acrasnser
TOYKY, XOTh M KONEOJACH OKOJNO CPENHErO IOJIOKEHHS, BCE XKe CTPEMHTBCHK K COBItA-
JIEHUIO C HMM:
lim s=0.
t> oo
B sroMm cnytiae
v=s5i=Ae M (w-cos wt - k-sin wt)

a=vj= — Ae— 1 (w? sin wt+2wk - cos wt - k*-sin wt ).
BBong B CKOOKax eIle 4eHbl + k2-sin wf, MOCHE OYEBMAHLIX Mpeobpa3oBaHMi NOJIYTUM
a= —Ae~kt[(w?+ k?) sin wt-+2k (- cos wt — k-sin wt)] = — (@*+k?) -5~ 2k-v.

Cuna, Toj felCTBHEM KOTOPOH HPOMCXOHMT MOHOOHOE ABIDKEHWE, PaBHA
F= —(0?®+k®»m-s—2km-v.

MsI BHOMM, YTO OHA CIAraercs W3 ABYX CHWIL 1) M3 CHIbI, IPONOPLMOHANBHOME pac-
CTOSHUIO TOYKE OT CPEJHEro MOJOXCHHs ¥ HAUPABICHHOK K 3TOMY CpeqHeMy HOJIO-
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sKeHIIo (KaK M B CJIy4ae TapMOHHYECKOro KolieGanus), H2) ¥3 TOpMo3simei npu-
JEHHME CHIIBI, NPOINOPIHOHATBHON CKOPOCTH M HANpaBjieHHOM 06 paTHO CKOPOCTH.

100. Onwocropounue upousBodubie. OOpaTHMCA, B 3aKIIOYCHHE,
K 0630py pama ocoGBIX clydaeB, KOTOpble MOIYT IPEACTABATHCA
B OTHOIICHHH IPOU3BoAHLIX. HadHeM ¢ yCTaHOBJICHHS HOHATHS 06 O I H O-
CTOPOHHUX NPOH3BONBHIX. Ecnu paccMaTpuBaeMoe 3HAYCHHE X SB-
JISieTCS ONHHM W3 KOHIIOB TOrO IPOMEXYTKa L', B KOTOPOM OHpefesieHa
dyuxuus y = f(x), To IpH BEMHCICHUU Mpejesa OTHOILECHUA % TIPEXOIUTCH
OTPaHHYHTHCS NpUGuDKenrneM Ax X HyJXIO JuOib COpaBa (korxa pevs
HIET O JIEBOM KOHIE IPOMEXYTKA)
WIH c 1e Ba (A9 IpaBoro KoHma). ¢
B stoM cayuae rosopar o6 o i-
HOCTOPpOHHEH INPOU3BOAHOH,
crpasa I cieBa. B cooTBETCTBYIO-
IAX TO4Kax rpaduK GyHKIAK HMeeT 7
OMHOCTODPOHHI I KacaTelb-
HYIO.

MoxeT ciayduTses, 9TO0 4 Oiad [/ Z,
BHYTpPEHHE! TOYKM X CYIIECTBYIOT Puc. 42
JIML O AHOCTO P OHHHUE IPEACIE

A

M
!
!
1
|
]
i
|
!
|
I

Vi) .
OTHOLICHHS Z% (upu Ax -~ +0 wiu Ax -~ —0), He paBHEIE MeXTy COGOH; UX

TaKXe HA3BBAIOT ONHOCTOPOHHHMMU Npou3Boanbivd. [lnd rpa-
¢uxa GyHKOME B COOTBETCTBYIOIIEH Touke OYAYT CyIECTBOBATD JIHIIB O A~
HOCTOPOHHHKE KacaTelJbHbIe, COCTABJIAIONIAE YIOJ; Touka OyAeT Yy I-
moBoi (puc. 42).

B xavecTse mpmMepa paccMoTpuMm dyHkmo y=f(x)=|x|. Vicxona u3 3Ha4eHHS
x=0, 6yaeM uMeTh
Ay =0+ Ax) - fQ) = f(dx)= | 4x|.
Ecmu Ax >0, TO
. Ay
Ay=Ax, lim ——=1,
Ax~0 Ax
Ecmu xe Ax<0, To

. Ay
Ay=—Ax, lim —=-1.
Ax—~0 Ax

Hawano KOOpIWHAT SBJISETCA YIJIOBOM TOYKOM I rpaduka 3To# (yHKUMH, COCTOS-
el U3 GHCCEKTPHC TEPBOTO H BTOPOTO KOOPAMHATHBIX yIJIOB.

. Ay

101. Beckoreunple npousBofusie. Eciu OTHOLICHHE NPHPAIEHHH — -
npu Ax~0 cTpeMuTCS K + oo (—o0), TO 3T0 HECOOCTBEHHOE YMCIIO TAKXKE
Ha3LIBAIOT IPOU3BO/IHOM (1 0603HAYAIOT KaK OOBIMHO). AHANOTAYHO YCTa-
HaBIMBaeTcs MoHATHE 06 OJNHOCTOpOHHEH OecKoHeUHOH IpPOH3-

BOIHOM. I‘eome’rpmecxoe HCTOJIKOBAHNE l'IpOI/I3B0,Il;HO]7[ KaK yIJoBOro

14 T'. M. ®uxresronsy, T. I
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k03Q)HUKEHTA KAaCATeIBHOM PAaCIpOCTPAHAECTCA H HA OTOT Ciy4aif; HO
3IeCh — KacaTejbHas OKa3HBaeTCA MapalulelibHOR ocH y (pmc. 43, a,
6, B, ).

B ciyvasx (a) m (6) 3Ta mpoWsBoiHas paBHA, COOTBETCTBEHHO, -+ oo
4 — (06e 0OHHOCTOPOHHHE IPOU3BOJHBIE COBIANAIOT IO 3HAKY); B CIIy-
Uasx ke (B) # (r) OJHOCTOPOHHME MPOM3BOMHEIE PA3HATCS 3HAKAMU.

4 ] w0 /] @
H A
Puc, 43.

1
Iycte, manpmMep, f1(x)=x2; npu x=0 dopmyna 3, 95 naer

1 -2 1
fi(x)=§x”= R

2
3x3

HO OHA HeMpWIOXKHMA Npu x=0. B 3Tol TOYKe BHIMMCIMM MPOU3BONHYIO, HCXONA He-
IIOCPEZICTBEHHO W3 €e ONPEAENIeHHs; COCTABUB OTHOIICHHUE

1
[i0+40)-HO) (dx)* 1

Ax Ax 2
Ax®

BHAMM, 4YTO €r0 OpeaesioM mpH Ax ~0 6yaeT + e. AnanoruvyHo ybexpaemcs, 41O Ais
2

dysxun fo(x) = x® opu x = 0 DPOM3BOJHAS CIIEBA PABHA — o, 4 CIIPABA + oo,

ITome3ysce pacHIMPEHUEM TOHATHS HPOH3BOJHON, MOXHO HONOJHHUTH
TeopeMy n° 94 o mpomn3BogHOU 0OpaTHOM (PYHKIHH YKA3aHHEM, YTO U B
TeX CiyYasx, koraa f'(x,) paBea 0 Hium + oo, mpomsBonmas obparHoi GpyHK-
nau g'(y,) CYIECTBYeT M paBHA, COOTBETCTBEHHO +oo mimm 0. Hanpumep,

. T T
TaK KaKk (pYHKIHS Sin X OpHA X= 7 MMEET IPOU3BOMHYIO COS (ii) =0, To

nns obpatHo# ¢yHKmmH arcsiny mpu y= +1 cymecTByeT OecKoHeHAA
Opon3BogHad (HMEHHO, -+ o).
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102. JanbHejiime npuMeps1 oco0bix ciyyaes. 1° Ilpumepsl necywecmeosanus npous=-
600Hoil. Ve dynkius y=|x| B Todke x=0 [cM. 100] me nMeeT OOBIYHOH, ABYCTO-
p o HHei, mpomssoaHoil. Ho mHTepecHee NMpAMED $yEKIIA

f()6)=x-sin;1c-(nrpH x=0), f0)=0,

RenpepsiBHEOU ¥ npH x =0 [70, 5)], HO He EMEOMEH B 3TOH TOYKE JaXKe OMHOCTOPOHHUX
IIPOU3BOAHBIXK. J{eliCTBHTENLHO, OTHOMEHHS

fO+89-f@)_f(4)_ . 1
Ax ax Ax

He CTPEMHTCA HH K KakoMy mpezeny npu dx - +0.

Tlo rpaduxy stoit Gyrkuuu (puc. 24) Jerko yCMOTPETh, YTO CeKymat OM,, ucxons-
Was M3 HAYANBHOM TOYKM O, He MMeeT HPEJEIbHOrO IOJOXEHHS NPH CTPEMIICHBN
M, x O, TaK 4TO KacaTe/bHOM K KPHBOiH B HAYaJIBHOM TOUKe HEeT (Ha)e ONHOCTOPOHHEH).

BrocnencTear (BO BTOPOM TOMeE) MBI NIO3HAKOMIMCA € 3aMeYaTeNbHBIM NPAMCPOM
(yRKIMY, HeNPEPHBHOM IPH BCEX 3HAYCHHSX aprymMeBTa, HO HM OPY ONHOM H3 HUX
He MMeIonlef IpOr3BOMHOM. '

2° ITpumepst paspvisos npoussodroii. ECra s NaHHOM ByHKIMH y = f(x) cymecrByer
KOHEYHAs MPOH3BOAHAA Y’ =f'(X) B KaXJO! TOYKE HEKOTOPOro MpOMEXYyTkKa %, TO 314
NPOM3BOAHAY, B CBOIO O¥epenb, OpefcTasisier coboit B ' GyHEKImMIO OT X. B mBOrO-
YHCIIEHHEIX NPEMEpax, KOTOPHE HaM N0 CHX [Op BCTPEYAHMCh, 3Ta (yHKuMS cama
OKa3BIBANACh HempepsiBHO. OXHAKO, 3TO MOXeT ObITh ¥ HE Tak. PaccMOTpHM, Hampu-
Mep, dyHknmio

f(x)=x2- sini— (mpu x=0), f({O0)=0.

Ecnu x50, TO €6 NPOW3BOAHAS BLIMHCIACTCS OOBIMHBIMU METONAMM:

1 1
f/(x)=2x-sin——cos —,
X X

HO TIOJIYYEHHBIA PE3yNbTAT HENPHIOKUM mpH x=0. O6pamasck B 5TOM CryYae Hero-
CPENCTBEHHO K CAMOMY OLpE/ENeRIIO OHATHS NPOU3BOHOH, GyieM MMETE

, . fO+40)-f0) .1

f(0)=lim —————=lim 4dx-sin —=0.
Ax—~0 Ax Ax—+0 Ax
BMecTe ¢ TeM SCHO, 4TO f(x) npu x -0 He CTPEMUTCS HU K KakOMy npereny, Tak 4ro
opu x=0 byuxuusa f'(x) MMEET Pa3phIB.
To %e COpaBeiIuBo U it Mobo# QyHKIUM

f(x)=xm-sin%(npn x=0), f({0)=0,

€CliM TONBKO 2>a>1.

B 3THX OmpuUMepax paspheiBBl NPOH3BOJHOHR OKa3bIBAIOTCA BTOpPOTrO poAa.
ST0 — He Ciy4alHOCTh: Hike [113] MBI yBUAWM, YTO Da3phIBOB NEPBOrO POAd, T. €.
CKAYKOB, NIPOU3BOAHAS UMETH HE MOXET.

§ 2. Anddepenunan

103. Onpenenenue nuddepenmana. ITycTs nveem QyHKIHIO y= J(x),
OLpENIEICHAYI0 B HEKOTOPOM IPOoMeXyTKe ' ¥ HeNPEepBIBHYIO B paccMart-
puBaemoii Touke x,. Torza mpupamenwto /Jx apryMenTa OTBEYaeT IPH-

pamcHue
Ay = Af(xg) = flxg + Ax) = fxo),
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OeckoneuHo Manoe Bmecte ¢ Ax. Boxubliylo BaXHOCT HMEET BoHpOC:
cywecmeyem au 048 Ay maxas auneiinas omuocumenvio Ax beckoneurno
manas A-Ax (A=const), umo ux pasnocms oxasvieaemcs, no cpaswenuio
¢ Ax, bGeckoneuno manoii evicuiezo nopadKa:

Ady=A4-Ax+ o(Ax). (1)

ITpu 40 ganuuwe paBencTBa (1) HOKA3LIBACT, UTO GECKOHCUHO MAaJIast
A - Ax sxBuBaneHTHa GeckoHeuHo Mayoil Ay W, 3HAUMT, CJAYXUT JUIS IO~
CIefHEeH €€ TJIABHOM YaCThIO, €CIM 32 OCHOBHYIO GECKOHEYHO Ma-
ayio BasTa Ax [62, 63].

Ecau pasencmeso (1) evinoansemen, mo dynxyus y=f(x) uasvieaemes
ouppepenyupyemoii (npu dannom sHaueHuu X=X,), Camo sice 6bi-
paxcenue A-Ax nasvieaemea ouddepenyuanrom dyuryuu u 060-
3HAYaeTCA CUMBOJIOM dy wma df(x,).

[B mocmemmeMm ciyuae, B CKOOKax YKa3hIBAETCS HCXOLHOE 3HAYCHHE
x *).]

Eme pas mosropseM, u4To auddeperuman GyHKIHH XapaKkTepu3yeTcs
ABYMsL CBOMCTBaMM: (a) OH IPEACTABIAET JMHEHHYIO (omHOpOIHYIO) dyHK-
IIo oT npupawienus Ax aprymenta u (6) pasHATCS OT IpUpalLCHNAST (yHK-
MM HA BEIMYUHY, KoTopas npH Ax -0 gpasercss GeCKoHEYHO Manoil Io-
pAfKa BHICHIEro, ueMm Ax.

PaccMoTpEM mpuMeEpHL.

1) Iliomane Q xpyra pamuyca r 3amaercsa dopmysnoit Q=nr2. Ecnu
panuyc r yBenuduTh Ha Ar, To COOTBETCTBYIomee mpupamenne AQ Beiu-
YMHEl @ OyZeT ILIOM2IBI0 KPYIOBOTO KOJBLA, COAEPKAIIErocs MEXIY
KOHUEHTPHYECKAMH OKPYXHOCTAMH PaguycoB r u r+Ar. U3 BeIpaxenus

AQ =n(r+ Ar)> —ar?=2nr - Ar +7(Ar )

Cpasy ycMaTpuBaeM, 4YTo IJIaBHOH 4dacTeio AQ mpm Ar—-0 6ymer 2mr- Ar;
aTo ¥ ecTh nubdeperunan, dQ. 'eoMeTpHIECKH OH BEIPAXAeT IUIOLIAND
HPsIMOYTOJbHAKA (HOITYYEHHOTO KaK OBl <BBIIPAMIICHHEM» KOJIBIA) C OCHO-
BaHMEM, PaBHBIM JJIMHE OKDPYXXHOCTH 27tr, M BBICOTOH Ar.

4
2) Ananormyro, s obnemMa V=§m3 mapa pajuyca r, Ipy yBelud-
YeHHU pamuyca Ha Ar, MONyYaeTCA NpHpalieHne

AV = ;7‘6()‘ +Ar)? —§nr3=4ar2-dr +dar« (Ar) + %at(Ar)"‘,

IJIABHOM 4acTero XoToporo mpu Ar-+0, ouesummo, 6ynmer dV =4mr2-Ar,
910 — 00BEM TIIIOCKOTO CJIOS C OCHOBZHMEM, PABHBIM TIOBEPXHOCTH 11apa
4ar?, u ¢ BBICOTOM Ar; B IOMOGHBII CI101 Kak GBI «(DACHIACTHIBAETCS CIIOH,
COTICPXAIIMACT MEXIY ABYMS KOHUEHTPHYECKHMH LIADOBBLIMEK MOBEPXHO-
CTAMH PamuycoB r u r+Ar.

*) 3nech df kak e IMHEBI i CHMBOJ HTPAET PONh GYHKHMOHANBHOTO OGO3HAYCHNS,
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3) Hakosell, pACCMOTPHM CBOOOJHOE NMAJCHHE MAaTCPUANIBHOH TOYKY,
12
IO 3aKOHY s=%— . 3a mpomexyTok BpeMenu At, ot ¢t no t+At, nBUXy-

adacda Tovka IIpOﬁIICT IIyTh

As=8CEAE oy 48 (ary,
Ilpu At—~0 ero rnaBHoit yacreio Oyper ds=gt/f. BCHOMHUB, YTO CKO-
pocrb B MoMeHT ¢ Oyner v=gt [90], BunumM, wro nuddepeHuman myTH
(upuGIKeHHO 3aMEHSAONIMI MPHPAINCHUE TYTH) BHLIYMCISETCA KakK MYTh,
OpOUIEHHLIM TOYKOM, KOTOpas B TEYCHHAE BCErO UPOMEXYTKa Bpemenu At
JBATAJIach OB UMEHHO C 3TOH CKOPOCTHIO.

104. Csuzs mMexny auddepennupyeMocTbI0O H CYINeCTBOBAHHEM HPOHM3-
BoaHoH. JIeTkO yCTaHOBUTH TENeph CIPaBEAIMBOCThL CIECAYIOHIEIO YTBEp-
K ICHMSL:

Haa mozo umobvr gynkyua y=f(x) ¢ mouke x, 6vira Ougppgdepenyu-
pyema, Heobxo0umo u 0ocmamouro, umobsl 048 Hee 8 MOl mouke cyuje-
€meoeana KoHeunas npoussodnas y' = f'(x,). Ilpu evinosnenuu smozo ycio-
sus pasericmeo (1) umeem mecmo npu 3navenuu nocmosuuoii A, pasvom
UMEHHO 3MOTi NPOU3800HOIL:

Ay =y Ax + o(4x). (la)
Heo6xomumocTs. Ecmm Bemonuserca (1), To orciona
dy _ . o(dn)
dx ax
Tak 9ro, ycrpemias Ax x 0, NeHCTBHTENBHO, MOJXYIaeM

Ay
A~hm2;—yx.

HocTtaTouHOCTSH cpasy BeITekaeT u3 96, 1° [cM. Tam (3a)].
Wrax, dugpdepenyuan gynxyuu y= f(x) scezda pasen *)

dy=y; - dx. @

IMomuepkHeM 31eCh Xe, YTO oA AX B 3TOM BBIPAXKCHUM MBI pasyMeeM
MPOM3BOJDHOE NPUPANICHHE HE3aBICHUMON IEPEMEHHOM, T. €. IIPo-
U3BOJIHOE YHCHO (KOTOpOe TacTo YHOOHO ObIBaeT CUMTaTh He 3aBHCH-
mmM oT x). ITpu sToM BoBce He 00sA3aTenbHO mpemmonaraTh Ax
Geckomeuno Mainoii; Ho ecnu Ax—+0, To mubdepenmman dy Takke
OyneT OeckoHeYHO MaJiol, W WMeHHO (mpH y;#0) — TIJABHOH YacTHIO

*) JIerko upoBepuTh, YTO UMEHHO TAaK M COCTABILUICH JuddepeHiEal Bo BCSX CIy-
4afX, PACCMOTPCHHBIX B apemeiaymemM n°. Haupumep, B ciaydae 1), aMeeM:

Q=nre, Qr=2mur, dQ=2nr- Adr,
A T. I
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GeckoHeYyHo Majoro npupamienus ¢yskouu Ay. OTo M IaeT OCHOBaHHE
NpHOJIMKEHHO I0JIaraTh

Ay =dy, €))

¢ TeM GoJplieil TOYHOCTHIO, YeM Menblie Ax. MbI BepHEMCS K paccMoT-
pennio npubamKenHoro pasescrea (3) B 107.

Y106H HCTOJKOBATh T€OMEeTpHUU e CKHU HupdepeHnran dy u ero
cBs3b ¢ mpupamienueM Ay dysximu y= f(x), paccMoTpuM rpaduk 3Tok
dynxnuu (puc. 44). 3HaueHueM X apryMeHTa ¥ y QYHKIHHM ONpEEMTCH
Toyka M ©a xpumsod. IlpoBeaem
B 3TOM TOYKE KPHBOH KacaTeJbHYIO
MT; xax MbL yxe Bupenu [92], ee
yraoBoit ko3pdunueHr, tga, pa-
BeH mpoussonmoit y;. Ecmm aGce-
nycce X OpANATH mpHpamedne Ax,
TO OpAWHATA KpUBOH Y IOJYYHT
npupamenne Ady=NM;,. B 1o e
BpeMs OpIMHATA KacaTeJbHOH Ifo-
2 nyuur mpupamenne NK. Boraucnsis
7 7 oz Z NK kak KaTeT NIpSIMOYIOJLHOIO

Tpeyronpuuka MNK, Baigem:

NK=MN-tga=y;-dx=dy.

Wrak, B To BpeMs kKak Ay €CTb IpHUpAllieHHe OPIHHATEI KPHBOH, dy
ABJISETCA COOTBETCTBEHHBIM LPHPAIICHHEM OPIMHATHl KAaCAaTeIBLHOM.

B 3aiJrOYEHHE OCTAHOBMMCH Ha caMoii He3aBHCHMOM Iepe-
MeHHOH x: ee AuddepeHNEaIoM HA3BLIBAIOT MMEHHO Hpupainenue Ax,
T. €. YCIIOBHO IOJIAararoT

q

Puc. 44.

dx=Ax. )

ECIHU OTOXAECTBUTL AudepeHal He3aBHCHMOM MepeMe B-
Ho# x ¢ mupdepenunanom G yHKIHHE y=Xx (B 3TOM — TOXE CBOCIO
pona cornawense!), To popmyay (4) MOXHO U TOKa3aTh, CCHUIAACH
Ha (2): dx=x.-Ax=1-dx=4x. :

VuuTeBas corjaienue (4), MOXHO Temeph mepemucats Gpopmyiy (2),
IAIONIYo ompeneienne AudpdepeHiyana, B BULC

dy=y-dx ®
—~ Tak e¢ OOBIYHO M IAULIYT.
Otrcrona mory4aercs
, d
Y=o > ©)

TaK YTO BBHIPAXEHHE, KOTOPOE MBI PaHbIE PACCMATPUBANM KaK I € JIb-
HB# CHMBOJI, TeIeph MOXHO TPakToBaTh Kak X p o 6 5. To obcros-
TEJNBCTBO, YTO CJIEBA 31ECh CTOUT BIIOJIHE ONPEAEICHHOE YHCIIO, B TO BpeMs
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Kak CIpaBa MBI UMeEeM OTHOIICHUE JBYX HEONpEENeHHbX qwces dy U dx
(Benp dx=/x TpOM3BONBHO), HE JOJDKHO CMYIIATh WHTATeNd: wacna dx
i dy U3MEHSIOTCI DPONOPIHNHOHAJNDHO, IPEYEM IPOH3BOIHAL Ve
Kak pa3 sBJseTcs KO03((HIMEHTOM IPONOPIUOHAIBHOCTH.

Tonstre mubdepernmana u caMblii TepMuH «aubdepeHnuam *) npu-
pamiexar Jlei 6 Hu 1y, XKOTOPHIA HE JaJ, OJHAKO, TOYHOTO OIpenese-
wms sToro momathd. Hapany ¢ mubdepennpmanamu, Jlei 6Bum pac-
cMarpmBai ¥ <«gaddepeHnMaIbHEble YACTHBICY, T. €. YaCTHEIE IBYX -
depeHManos, 9T0 PABHOCHAIBPHO HANIMM IIPOH3BOJHBIM; OJHAKO MMEHHO
mubdepermuan 6501 s Jledi 6 UM a meppoHadambHEM HoHATHEM. Co
ppemerr K 0 Il M, KOTOPLIl CBOEH Teopuel Mpe/iesioB Co37at $yamaMeHT
JUIS BCETO @HANM3A M BIEPBHIE OTYETIMBO ONMpPEAENAI IPOU3BOIHYIO KaK
Tpenel, CTAo OOBMMHBIM OTHPABIATECS UMEHHO OT IPOH3BO/IHOM, a OHS-
Tie nuddepesnana CTPOHTh YXe Ha OCHOBE NPOAU3BOMIHOM.

105. OcnoBHble gopMyasl 1 upaBuia naddepeanupopanus. BrraucacHAe
nuddepennmano GyHKUMA HOCHT HassamWe AU ppepeHHEpOBa-
gHa*¥). Tak kax quddepernuan dy UL MHOXHTENIEM dX OTIHYACTCA
OT IPOM3BOIHON Y, TO IO TaGiuue NPOM3BOAHBIX TS 3JIEMCHTAPHBIX
dynkmuit [95] nerko cocTaBuTh Tabmuuy auddepeHnHanoB A HAX:

1. y=c dy=
2. y=x* dy=pux*-1.dx
1 dx
= =3
3. y=a* dy=a*-lna-dx
y=é* dy=e¢*-dx
4. y=log,x d log"; dz
y=Ihx dy=%
5. y=sinx dy=cosx-dx
6. y=cosx dy=—sinx-dx
7. y=tgx dy=sec2x-dx=c—f§5

*) Ot narmackoro cnosa differentia, o3HaYaromero «(Pa3HOCTLY.

**%) BopoueM, TeM Xe TePMHEOM OOBMHO 0003HAYAIOT U BEIYMCIEHHE HOPOH3-
BONHBIX, U KOTOPOTO HA PYCCKOM sA3BIKe HET ocoboro TepMmuHA. B GonbmmuHCTBE
FHOCTPAHHBIX A3LIKOB IS OOO3HAYEHHS 3THX ONepanuil CYMIECTBYIOT IBa pa3iMy-
HBIX TEDMHEHZ; HampuMep, no-paHnysckH pasmmuaror «dérivation» m «différentiation»,
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8. y=ctgx dy=——csc“x-dx=-——§l—.z-?-£
9. y=arcsinx dy=7§._§—@

10. y=arccos x dy=—vg—ﬁ

11. y=arctgx dy:%—i

12. y=arcctgx dy=—1—f-l£—2

Mpasuna AubdepeHUUPOBAHHUA*) BHIIAAAT Tak:
I. d(cuy=c-du,

II. d(uxv)=du+tdv,
II1. d (uv)=u-dv+v-du,
v, aft] -2l ed,

v, (%
Bce OHH JIETKO HOJIYYAIOTCS U3 COOTBETCTBYIONIMX IIPABHJT JUisl IpO-
M3BONHEIX. JIOKaXeM, HalmpuMep, [1Ba IOCHEIHMX:
du-v)=@u-v) -dx=@-v+u-v)dx=

=0 +dx)+u-( -dx)=v-du+u-dv,

u\ _ (u)’ __u"u-—uv'. v Wd)-u-@-dx) _
R

_v-du—u-dv
=

106. MasapmanThocTh (opMbI nuddepenumana. IIpasmno nubdepen-
IMpPOBaHASA CIOXHOM (QYHKOHMEH HPHBEIET HAC X OXHOMY 3aMeJaTebHOMY
H BaxHOMYy cBoiicTBy muddepernuana.

Ilycrs (ysxmmn y=f(x) B x=@(¢) TaKoBbI, YTO M3 HHX MOXET OBLITH
cocTaBNena cnoxuas ¢yskums: y=f(@(?)). Ecimn cymecTByloT NpoH3BOX-
HHE Y, ¥ X;, To — [0 mpaBwiy V [98] — cymecTByeT M npousBoHAas

Y=Yz Xi- @)

Muddepenmuan dy, ecnum X CYMTATH HE3ABUCHMON NEPEMCHHOM, BBI-
pasutcs mo dopmyne (5). IMepeiinem Temeph K HE3aBUCHMOM NEPEMEHHOM
1; B 3TOM IPEIOJIOKEHHH HMEEM APyroe Buipaxerue 1y mubdepennuaa:

dy=y;-dt.

*) Ecny pevh HEET MMEHHO O BBIYHCICHNY OH G QEPEeHUHANOB,
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3aMeHss, 0[HAKO, MPOU3BOJAHYIO y; ee BbIpaxcHueM (7) M 3ameuas, 4To
x;-dt ectb puddepennuan x kak (YHKIMM OT f, OKOHYATEJbHO IO-
JTYIHM:

dy =y - x;dt=y;- dx,

T. €. BepHeMcss X nmpex Hel dopme aupdepenimanal

TaxeM obpa3oM, MBI BAAUM, YT0 fopma Jugddepenyuana
Modcem 6bimb COXPareHa 0axce 6 MOM CAYYaAe, eCAU NPEHCHAA HE3ABUCUMAA
nepemennasn 3amenena Hosoii. MBI BCeria MMeeM IpaBo mucaTh qupdepen-
muan y 8 popMme (5), Oyner nu x HE3ABHCHMON NEPEMEHHON MM HET;
Pa3HUIA JMIIb B TOM, MTO, €CJIH 33 HE3aBHCHMYIO IEPEMEHHYIO BbIGpaHO
t, To dx O3HA¥YAeT HE NPOU3BONbHOE npupauenne Ax, a mupdepenmuan
X XaK QYHKIMH OT ¢. DTO CBOKCTBO ¥ HA3hIBAJOT HHBAPDHAHTHOCTH IO
bopMme nuddepennuanga.

Tak xax u3 GopMmynsl (5) HermocpencTBenHo Ioaydaercs dpopmyna (6),
BLIPAXAIOLIAA IPOU3BOIHYIO Yy, yepe3 nuddepennuanst dx u dy, To ¥ 10-
cienaas GopMyJIa COXPAHAeT CUly, N0 KaKo# OB HE3AaBHCHMOMH
mepeMeHHOI (KOHEIHO, OJHOH H TOH Xe B 0o0OMX CilyYasx) HHU
OB IH BHYMCIEHB Ha3BaHuble NupbepeHIHANbL.

ITycts, Hampumep, y=)1-x%~1<x<1), Tak uTO
P
Yx= VF}E .
T
2
GyneM mMeTh: dx=cos t-dt, dy= —sin t-dt. Jlerko mpoBepuTh, 4TO $OP-
MyJia

Tlosoxum Tenepb x =sin ¢ (‘; <t<%|. Torma y= V1—~ sin* =cos f, ¥ MBI

, _—sint-dt_ sint

Yx="Cost.dr = cost

JaeT JMINb JPYroe BHIPAXEHHE UL BHMMCICHHOH BbIIE NPOU3BOIHOM.
DTM 06CTOATENBCTBOM OCOOSHHO YINOOHO NOJL3OBATHCH B ClIyYasx,
KOIJIa 3aBHCHMOCTE ¥ OT X HE 3aJaHa HEMOCPEACTBCHHO, & BMECTO 3TOrO
3a7aHa 3aBHCHUMOCTh OOEHX HEPEMEHHBIX X U ¥ OT HEKOTOPOM TpPEeTheif,
BCIIOMOTATEIbHOM, mepeMenHoil (Ha3biBaeMOd MapaMeTp o M)

x=(), y=v(). ®

Ilpeamonaras, uro obe 3TH GYHKIMH WMEIOT NPOM3BOJHBIE K 4TO JIA
IEepBOii U3 HUX CYLIECTBYeT obpatHas Qysxuus ¢=~06(x), uMerowas npo-
M3BoIHYIO [83, 94], Terko BUJETb, YTO TOTNA M ¥ OKa3bIBAaCTCs QyHKiueH

OT X:
y =p(0()) =), ®

I KOTOPO# TakXe CYyNIECTBYeT IpPOH3BOAHAsA. BhluuMCieHHE 3ToH npo-
WU3BOJHOM MOXET OBITh BBUIOJIHEHO IO YKA3aHHOMY BBILC NpAaBUIY:

, dy_y;~dt_ii_1p'(t) (10)

Tdx x-at x; 9@)°
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He BOCCTAHABIUBAT HENOCPECACTBEHHOH 3aBUHCUMO-
CTH y OT X.

2 2
MOXHO OIPEACIMTh, KaK 3TO CACIIAHO BBILIC, HE ITOJL3YSACh BOBCC 3aBHCH-

MocThio y=)1-x%

Ecnu paccMaTpuBarh X U Y KaK DPAMOYIOJIBHBIC KOOPAMHATHI TOYKU
Ha IIOCKOCTH, TO ypaBHenms (8) KaxIoMy 3HAYCHMIO IapaMerpa ! CTa-
BST B COOTBETCTBHE HEKOTOPYIO TOUKY, KOTOpas C M3MEHECHHEM ! OIHCHI-
BaeT KPUBYIO HA ILIOCKOCTH. YpaBHeHn: (8) Ha3sbIBalOTCA MapaMe TP u-
YeCKAMHU YPaBHEHUAMHU 3Tol KpHBOM.

B ciysae mapaMeTpHyeckoro 3ajamus Kpusol, dopmyna (10) mospo-
JIsIeT HEIOCPEeCTBEHHO 110 ypaBHeHusM (8) ycTaHOBHTH YriioBoil xo3ddu-
IUEHT KacaTeNbHON, HE IEpeXxoJd K 3aJaHuio KpHBoil ypaBHeHueM (9);
HMEHHO,

HanpumMep, ecii x=sinf, y=cost|—~<t<=|, To INPOHU3BOLHYIO Vi
pyMeEp p x

o~

tgoc=%. 11

-~

3aMeyaHue. Bo3MOXKHOCTE BEIPAXAThb NMPOU3BOJHYIO Yepe3 mub-
(epennuaib, B3ATHE MO JIFO0OW HEepeMeHHOH, B YaCTHOCTH, IIPABOANT
K TOMY, 4TO (popMysl

dp_ 1  dy_dy du
dx dx’® dx du dx’
dy

BEIpaXalone B JeiOHMNeBbX 0603Ha%eHnax npasmia nuddepenmmposa-
U oOpaTHO# QYHKIHHA H CIOXHOM (GYHKIHNH, CTAHOBATCS MPOCTHIMHA ajl-
re0pamvecKuMH TOXKIecTBaMH (IIOCKONBKY Bee AuddepeHIrantl 34eCh Mo-
ryT GBITH B3ATHI O OXNHOM W TO# Xe mepemennoi). He cnemyer mymats,
BIIPOYEM, YTO ITUM JaH HOBbIA BEIBOJ HA3BaHHBIX (hOPMYJI: IPEXAEC BCETO,
30eck HE IOKA3bBaNOCh CYI[E€CTBOBAHHE IPOU3BOIHBIX CIIEBA,
FJIABHOE € — MBI CYLIECTBEHHO HOJIb30BAJINCH HHBAPHAHTHOCTEIO (POpMEL
nuddepennnana, KoTopas caMa e€cTh CICICTBHE MpaBuia V.

107. JAuddepenunajl Kak WCTOYHHK WPHOIWKeHHBIX ¢opmys. Mu
BHIENH, 4To Ipu Ax -0 muddepennman dy Gynxwn y (ecim ToibKo Yy 0)
npeacTaBsiseT coboifi TIaBHYIO YacTh OECKOHEYHO Majoro IpH-
pamenws Gynxumn Ay. Taxum obpasom, Ay ~dy, Tak 41O

Ady=dy, ©)
W oapoOHee

Af (xg) =1 (o + AX) = f(x0) =" (xp) « Ax (32)

C TOYHOCTRIO 1O OECKOHEYHO Majlod BeICHIero mopsnka, 4em Ax. OT1o
3HAYMT [62], 4TO OTHOCHTEJbHA s HNOIPEHIHOCTE 3TOr0 PAaBEHCTBA
CTaHOBHTCS CKOJIb YIOZHO MAJIoi HpPH AOCTATOYHO MayoM Ax.
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PaccMoTpum npocroif mpumep: myctb y=x3. Torna
Ay =(xy+ Ax)* — x3=3x3 - Ax + 3x, - Ax> + Ax3,

H JHeiiHo# 4acTeio Ay (kak MBI 9TO BBHILIE YCTAHOBMJIK B OOIHEM BHIE),
IeHcTBUTENbHO, sBiAeTc Huddepenuman dy=3x3.Ax=y,-Ax. Ilomo-
KUM KOHKPETHO X,=2,3; eciuu B3arb Ax=0,1, To Oymem wmmerr Ay=
=24%-2,3*=1,657 u dy=3-.2,3%.0,1=1,587, Tak 4TO HOrPEIMHOCTH OT
3aMeHBl IepBoro ymcia BTOpbIM OyaeT 0,070, a OTHOCHTEIABbHASA
norpemHocTs mpeBbicut 4%, Ilpu Ax=0,01 monywam Ay=0,159391 u
dy=0,1587, 4T0o MaeT OTHOCHTEJBbHY O NIOIPEUIHOCTb, YK€ MEHb-
uryio 0,5°/; mpu Ax=0,001 - OTHOCHTEeNBbHAas TOIPEINIHOCTD
menpme 0,05°/, u T. &

ITonoGHoe Ke 06CTOATENBCTBO MOXET OBITH U HEMOCPEACTBEHHO YCMO-
TPEHO M3 pHC. 44, IAIOWIET0 TEOMETPHYECKOE MCTOJNKoBaHue mudpdepen-
nuana. Ha rpaduke BrunHO, 4To npH yMeHbileHu AX Mbl, JeHCTBUTEILHO,
Bce C Oonpliefi OTHOCHTEJBHOH TOYHOCTBIO MOXKEM 3aMEHAThH
[IpUpalIeHye OPIMHATH KPUBOH IpHpALICHUEM OPIHHATHI KaCaTeJILHOM.

Brirona 3ameds! nmpupaiueHus oyuknun Ay ee mupdepenmuanom dy
COCTOMT, KaK SICHO YATATEN0, B TOM, YTO dy 3aBHCHT OT AXx NI M HEH HO,
B TO BpeMs kak Ay mpencrasiisieT co0or0 0GBEIKHOBEHHO Gonee CIOXHYIO
dyuxnmo ot Ax. :

Ecnu momoxuth Ax=x—x, ¥ x,+dx=Xx, To pasencTso (3a) mpumer
BH]

S =) =1 (%0) - (x = %)
SO)=1 ) +17 (%) - (x = Xo).

Hin

ITo asToit dopmyne, M 3HaYeHui X, GMIM3KUX K X,, QyHKuMs f(x) npu-
OJDDKeHHO 3aMeHAeTCs NHHeHmoi dynkuueil. TeoMeTpudeckd 3To
COOTBETCTBYET 3aMEHE YYaCTKa KPHBOH y=f(X), IpAMBIKAIOIIEIO K
Touke (X,, f(x,)), OTpe3KOM KacaTenbHOM K XKpUBOH B 3TOH TOUKe:

Y= + /(g (x = x0) %)

(cp. puc. 44). B3gB 11 mpocToThl X,=0 ¥ OrpaHH4HBASICh MAJBIMH 3HA-
YeHUSIMH X, OyneM MMeTh NpHOMIKeHHyro hopMmyJy:

SE=f0)+f'(0)-x.

*) HeclcTBHTENMLHO, YpaBHEHHE HPAMOR ¢ YriIoBBIM KoddduiimenTom k, mpoxons-
mieit gepe3 ToUKy (X, ¥,), OyzeT

y=yot+k(x—xp);

B CIIyYa¢ KacaTeIbHOU 3/€Ch CIIEAyeT -HONOXHTE Yo =f(xg), k=f"(x,).
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Orcioa, UOACTAaBNSIL BMECTO f(x) pasnuvHble 3IEMEHTApHbBIC OdyrKunY, nerko
aoNyquTE psag bopmys:

— 1
(I+x)»=1+4+ux, B vacTHOCTH, Vi+xﬁl + Ex,

e*=1+x, In(l+x)=x, sinx=x, tgx=x, uT 0O

(#3 KOTOPLIX MHOFHE HAM YX€ M3BECTHBI).
Ilprsesem npuMepsi NPUOMIKEHHEIX (HOPMYI IPYroro THNA, TAKKE HMEIONUX
CBOMM MCTOYHHKOM PaBeHCTBO (3).
1) Eci pmmBy Tsoxenoif HuTE (HPOBOAQ, KaHATA, PEMHS), HOABEITCHHONW 3a 06a
KOHIIa, 0603naYMTs Yepe3 2s, OponeT — 4epe3 2/, a crTpeny upoeeca — gepe3 f (puc.
45), TO ON% BEUWCIEHAS s Yacro

1= [ ! TONB3YIOTCA (OPHOIIDKEHHOH) dop-
1'\ Mynok
s 1220
* s= l 1 +§ . 12 .
Puc. 45. Benmuudy f 3pmece OymeM  cuurars

HE3dBHCHMOH mHEepeMeHHOM, a s -—
dbyukuucii ot f. TpeGyeTcsl yCTaHOBUTE CBSI3H MEXAY H3MEHEHMeM s IHHDL § U H3Me-
HenueM Af cIpenst nposeca f.

3amenss As Ha ds, NOMyYuM

4 f !
As=— —.Af, orkyma Af=— —.A
31 f
Ecnn, vanpaMep, yuecTh W3MEHEHHE IJIMHBI OPOBOLZ OT H3MEHEHUS TeMnepaTypu
HIIX HAaTpY3KH, TO OTCIOZA MOXHO HPEyCMOTPETh H M3MEHEHHE CTPEIIbI IPOBeca.
2) VI3BecTHO, 9TO KPyrosoit Tok (pHc. 46) HeHCTBYeT Ha eNWHHLY TaK Ha3blBac-
MOro «MarHuTHOTO 3apAna, HOMEINEHHYIO Ha €r0 OCH Ha DACCTOSHMHM X OT HEHTpa O,

S

PN

C CHJIOH
k /
s’ rlzre
(@ + 32 z K
Yl VS
rae k — DOCTOSHHuI kKo3hOdHLMEHT, a —
pamuyc. HaiiTy BBIpaXeHWE I CHIBIL, C

Kakoi Xpyroeod Ttox Oyner nelicTBOBATH
Ha MargEAT NS InmHBl Ax, pacmoiIOxKeHHbH Puc. 46.
no ocu Ttoxa. Ilpm stom Oymem camTaTh,
4TO B HOOCE N COCPEAOTOYEH NOIOKHTENbHBLA (MATHATHBIHA 3aPAI) /1, & B IIOEOCE S —
PaBHBI €My OTPHNIATENIbHBIA (MAarHATHELA 3apsaA» — M.
OO6was cuna F nedCTBAS TOKA HA MATHAT BEIPA3UTCA TAK:
km km

1
F=- - =—km. Al ———]| .
3 8

. 8
@+x2 [+ (x+ A0 (@+x9)%

3amenss npapamenye GysKipm (B UPeAUOIOXEHAH, IT0 Ax MAIO) ee muddepermanom,
AOJIYYEM
1

Fo—komed | ——— | =3k.m ax. —2—

]
(a2+x2)? (@®+ x2)?

108. Ilpuvenenue nuddepenmanos npn omenie norpewmocreif. Ocobegno ynobuo
1 €CTCCTBCHHO HCTIONB30BATE HOHATUE NH((epeHnEana B NpHOMIKEEHEX BEYACICHAAX
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TIPH OLCHKe norpemtoctell. ITycrs, HanpuMep, BEUYHHY X MBI H3MEPSCM HIIM BbMHCIIA-
€M HENMOCPCACTBEEHO, a 32BHCANYIO OT HEE BEMYMEY y ONPEHENNEM II O
dopmynme: y=f(x). IIpy u3MepeHME BeMMMMELI X OGBIKHOBEHHO BKDAILIBAETCH
HOrpemsocts, Ax, KOTOpas BiledeT 3a CoBOI0 MOTPeNIHOCTh Ay [UlA BETMYMEDLL . Beumy
MaJIoOl BEJMYAHE! STHX NOTPEINHOCTEH, MONATaIOT

Ay =y%. Ax,

T. €. 3aMEHsIOT upupamenne Auddeperrmanror. ITycte Ox GyaeT MaKCHMA Jl b-
HOH abCOMOTHOM NOrpemrHOCTHIO BETHYMHLL X: | x| =<<6x (B OGBMHBIX yCIIOBHSX
nojobHasi TPAHMNA NOTPENHOCTH TPH W3MEPEHMH W3BectHa). Torma, ode-
BHIHO, 32 MAaKCHMM2aJIbHYO abCOMOTHYIO MOrpeHIHOCT: (IPAHUNY IOIPEUTHO-
CTH) IVIA y MOXHO NPHHATH

8y = [ ¥4 ox. (12)

1) Hycre, HanpuMmep, WIS onpeseneHnst oobemMa mapa cHakaja (C NOMOMIBIO MITaH-
TCHIMPKYTIs, TONIOEMEDPA, MHKPOMETpPA M T. II.) HENOCPENCTBEHHO M3IMEPAIOT
amamerp D mapa, a 3atem o6seM V B UK CI 0T N0 hopmMyite

T
V=-— D3,
6
7 T
Tax xax Vp= —2— D2, 10 B 3TOM Ccniyuae, B cuay (12),
sv=21Dp2.6D.
2

Pasgenue 310 paBeHCTBO HA MpenpiAyNIee, IIOILYYUM
oV éD

14 D’
TaK 4TO (MaKCHMANbHAs1) OTHOCHTENBHAS MOIPEIIHOCTh BBLIMECICHHOTO 3HAYEHHS OGbe-
Ma OKa3blBaercd BTpoe Gonbmelf, yeM (MAaKCHMANIbHAA) OTHOCHTENbHAS HOTPEIHOCTE
U3MEPEHHOIO 3HAYEHHS! OUAMETDA.
2) Ecny 4KCIIO X, i KOTOPOTO BBIMHCIAETCS €r0 JeCATHYHSIL norapudm y =log x,
HOJIY4CHO C HEKOTOPOH HOIPEITHOCTBIO, TO 3TO OTPA3MTCS Ha Jiorapudme, CO3A2Bas
W B HEM IIOTPeIlHOCTb.

M
3neck yi=— (M=0,4343), Tax uto, o dopmyie (12),
x
Ox
0y=0,4343 . —
x

Taxum o6paiom, (MakcaMasEas) a6 CONMIOTHA § HOTPEMIHOCTE Jtorapu dma mpocTo
OIpesieNaeTcss N0 (MaKCHMANBHON) OTHOCHTENBHOHN IOTPEUIHOCTH CAMOTLO
qycna, 1 obpaTHoO.

OTOT pe3ymbTaT MMEEST MHOrOOGpasuble mpuMenerns. HanpruMep, ¢ ero mOMOLIBIO
MOXHO COCTABHTH ccOe NPEACTaBeHHe O TOYHOCTH OGBIKHOBEHHOM IoraputMHuYeckoi
MUHEHKH, co mKaaoh B 25 cm=250 mm. YIpu oTcueTe mmm ycraHoBKe BH3UPA MOXKHO
YUOHTECS, TpAMEPHO, Ha 0,1 MM B TY WM IPYLyIO CTOPOHY, 4TO OTBEYAET IIorpeni-
I0CTH B norapudme

0,1
oy = =0,0004.
250
JTciona, no Hamlel Gopmyie,
dx 0,0004
X T 0,00092. .. 0,001,
x 0,4343

JTHOCHTENbHAS TOYHOCTh OTCYETOB BO BCEX 4aCTaX HIKalbl ogHA M Ta xe!
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3) Ilpu BHIYHCIIEHUMH YIJIA @ TIO JIOFapu(hMO-TPUI OHOMETPUYECKHM TabaMIAM BCTAeT
BOIPOC, KAKAMH TabIuUaMi BHITOHEE MONB30OBATECA — TabiMUAaMu CHHYCOB MITH TaH-
redcoB. ITonoxumM

y=logsing u y,=logtgy
# 6yeM CYMTAaTh MaKCHMAJIBHEIE TIOTPEIHOCTH Jy; U 0y, PABHBIMH (CKaXeM, HOJOBHHE
TOCIETHEro 3HaKa MaHTHCCH). Ecnu O0O3HAYUTL COOTBETCTBYIOIMME MAKCHMAJbHBIC
DOTPEHIHOCTH B yruie @ uepes 6,¢ H &9, TO,
KaK W BbIIe, TOJIYIHM:

M
Oy, = -cos @ - 619,
@

sin

M
Oyy = sec - 0y,

4

TaK 4710

S, =0, costp <.

| TakuM 00pa3OoM OKa3BIBAETCH, YTO IpPH
—f" onMHaKOBBIX ommbkax B Jorapudme Tab-
Puc. 47 NuNA TAHTEHCOB JaeT MEHBIIYIO Iorpem-
N HOCTH B yIJle, 4eM Tabnmma CHHYCOB, H,
cTano OniTh, SBIAETCA OoJiee BHIFONHOM *).
4) B xauecTBe MOCJIEQHEr0 NpHMepa PaccMOTPUM BOIPOC O TOTHOCTH H3MEpe-
HHUS HEB3BECTHOTO CONPOTHBICHHS y C MOMOMBIO MOCTHKE YHTCTOHA (puc. 47).
IIpz 3TOM HOABIKHOM KOHTAaKT D mepensuraercs mo rpagynpoBansoil nmuelike AC
HO TeX mop, HOXa rambBaHOMeTp G He TOKaXeT OTCYTCTBUE TOKa. CONpOTHBICHWME
y onpeaensierca no Gopmyie

Rx
y=—, (13)
a-x
roe a=AC, x=AD, R — u3BecTHOe conporusienue peTsu BC.
TTo dopmyne (12) nmomyyaercs:
Rx Y R
§y= (_J_C_.) . 6x=._a_._-. éx;
a—x/x (a—x)?

€CJIM Pa3lelTh MOWICHHO 3TO PaBEHCTBO HA PaBCHCTBO (13), TO MONYYNM BBEIPAKCHAEC
(MaxcuManbHOM) OTHOCHTENLHOH DOTPEMHOCTH AT Y3

8y a-0x
y x@-x’
Pl
Tak kax 3HAMEHATENIb x(@—X) AOCTHraer CBOEr0 HauMG oMb eT O 3HAYCHHA OPH

x=—**¥) a [orpemiHocTb 6X NPH H3MEPEHMH IJIWHBI MOXHO CYHTaTh HE 3aBHCAIICH

N e

*) IIpu 5THX BBIKIAJKAX MBI MPEIFIONArajM Yribl BBIDAXCHHEIMM B paanaHaX,
HO pPE3yNbTaThl, OUEBHAHO, CIPABEMITHBLI GE30THOCHTENLHO K TOMY, Kakod efmHmucH
HU3MEPSIOTCS YIJIHL.
*¥) VI3 04eBHOHOIO HEPABEHCTBA
a? a\?
xt—ax+—={x——| =0
4 2
HENOCPESACTBEHHO MOJIYYaeM
a2
x(a—x)<—4—,

9TO A JIOKA3bIBACT HAIIC YTBCPXOACHHE.
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OT X, TO HAMMEHb Il € € 3HAYCHHE IS OTHOCUTENLHOM NOrPeINHOCTH AOCTHraeTCs
a
HMERHO TIPH x=—2— . IToaTOMy OOGBIKHOBEHHO, AJIA TOJYYEHHS BOZMOXHO TOYHOTO De-

3yJIbTATa, COMPOTUBIEHEE R (C IOMOMBIO Mara3uHa CONPOTHBIICHHH) YCTaHABIMBACTCA
C TaKMM pacueToM, 4ToOBl TOK HCYe3al IpY HOJIOXKEHUY KOHTakTa D, BO3MOXHO 6onee
OJM3KOM K cepenube mmEeixa AC.

§ 3. OcHoBHbIe TeopeMbl JH(pPepPeHNHATLHOIO HCUHCACHHS

109. Teopema ®epma. 3uanue npowsBonuoi f'(x) HekoTOpoH GYyHK-
mud f(x) 9acTO MO3BOJAET IENATH 3aKJIOUCHHE W O HOBEICHHMH CaMoi
dynxiua f(x). BompocaM 3roro poja U OYyAyT, B CYyIHHOCTH, TTOCBSIUECHBI
HacTosMIdi maparpad # CIEAYIOINye 33 HIM.

IIpenBapuTebHO [OKaXeM IPOCTYIO JIEMMY:

Jemma. ITycmo Pyuxyua f(x) umeem KoHeunyo npousBoOHyI0 8 MouKe
X,. Ecau sma npouzeoonas f'(x,) >0 [f'(xy) <O}, mo 0sa snauenuit x, oo-
cmamouno 6auskux K x, cnpaéa, 6ydem f(x)=f(x)) [f(x)<f(x))], a
048 3HQueHuil X, 00CMamouHo GAUsKUX K Xo cAeea, 6ydem [(x)=<f(x,)
[ (x) =1 (xo)l-

WHpIMH ciIoBaMu 3TOT QaKT BHIPAXAIOT Tak: giynkyua f(x) 6 mouke
X, 6ospacmaem (ybvisaem). Ecnu uMeeTcd B BHAY ONHOCTOPOHHSS IpO-
U3BOLHAN, HAIPUMED, CIIPaBa, TO COXpaHACT CHJIY JIHIL YTBEPXKACHHE O
3HAYEHHAX X, JISXKALUX COpaBa OT X,.

JdoxaszaTtenascTso. Ilo onpenescHHIo NPOU3BOIHOM,

f’(x(',) ~lim Sx) = flxo) .
xoxg K™%0
Eciu f'(x,) >0 (orpanuuuMest 3THM cly4aeMm), To, B cuiy 55, 2°, HaiineTcs
Takasi OKpecTHOCTh (X, — 0, X+ ) TOUKH X,, B KOTOpoH (IpH X 7 X,)

f@-1&o _ o

X=Xy

Iycrs cuavama x,<Xx<X,+0, Tak 4YTO X—X,>0; H3 NpeObIAyLIEro
HEpaBEHCTBA CIIEAYET TOrAa, 4To f(x)—f(xy) =0, T. e. f(x)>f(x,). Ecma
Ke X, — 0<X <Xy H X —X,=<0, TO, 04eBUAHO, U f(X) - f(x,)<0, T.e. f(X)=
<f(x,). JleMmma noxasana.

Teopema Depma. (P. Férmat) Iycme gyuxyus f(x) onpedesena
6 Hexomopom npomedscymre X u 60 6HympeHHell MOuUKe ¢ 3M020 Npome-
Jcymra npunumaem Hauboavuiee (Haumenvuee) suauenue. Ecau cywjecmeyem
08YCMOPOHHAA KOHeuHas npouseodnan f'(c) 6 amoii mouke, mo HeobX00UMO
fe)=0%.

Jdoka3aTenscTBso. IIyCTh AN ONPEAEIEHHOCTH f(X) HPUHAMAET
HambGonbOiee 3HaAYeHHE B Touke c. Ilpemmoioxkenme, uTo f'(c)=0,

*) D10 YTBEPXIEHEME, DPa3yMeeTcs, BOCHPOH3BOAMT JIMIb CYHIHOCTh TOTO HpPH-
eMa, KOTOphIi mpuMeHsn P epmMa g Pa3biCKaHWS HAHOOIBIIAX B HaWMEHBOTHX
sHaveHul dyukuum (P epMa He pacmonaran MOHATHEM ITPOM3BOIHON).
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OPUBOAUT K MpoTusopeunro: jubo f'(c)>0, u Torma (mo nemme) f(x)=>
> f(c), ecmut x > ¢ 1 KocraToyno 6:m3Ko K ¢, muibo f'(c) <0, u rorma f(x) =
>f(c), ecim x<c ¥ mocTaTouHO OiM3Ko K ¢. B oboux cnydasx f(c) me
MoXeT ObITh HambodbIIuM 3HaYeHHeM GYHKIUH f(X) B mpoMmexytke X .
ITony4yeHnoe NMPOTHBOpPEUME M TOKA3BIBAET TEOPEMY.

BcmomamnMm [91, 92] reoMeTpHueckoe MCTOJKOBAHKE HPOM3BOMHOM )’ =
=f'(x) xak yrioBoro kosdduimenta XacaTelbHOH K KpuBO# y=f(x).
Obparmenne B HyJIb IPOU3BOIHOM f'(c) reOMETpUYECKM O3HAYAET, YTO B
COOTBETCTBYIOLIEH TOYKE 3TOM KPHMBOI KacaTeNbHas NMapajijielbHa OCH X.
Puc. 48 nemaeT 3To 0GCTOSATENBECTBO COBEPLIEHHO HATJISIHBIM.

g 4

|
I
i
|
t
%
i
{
|
t
H
c

Puc. 48. Puc. 49.

B noxazatensCTBe CyuIieCTBEHHO OBUIO HCHOJNB30BAHO NPEHOIIO-
JKEHUE, YTO ¢ ABJIAETCS BHYTPEHHEH TOYKOM NpPOMEXYTKa, Tak Kak HaM
IPHIUIOCh PACCMATPHBATh M TOYKK X CIIPaBa OTC, HTOYKH X CI€Ba
OT ¢. Be3 3Toro mpeamoyIoXeHus Teopema Iiepectania Gbl OBITH BEpHOI:
ecnu ¢yHKmms f(X) ompeneneHa B 3aMKHYTOM IPOMEXYTKE M JOCTUTAET
CBOEro HauOoONbIIEro (HAaMMEHBINEro) 3HAYECHUS HA OXHOM M3 KOHIOB
3TOro MPOMEXYTKa, TO Mpou3BomHas f'(x) Ha 3ToM Kompe (ecim Cylme-
CTBYET) MOXeT M He ObITh HyJieM. IIpenocTaBiisieM YHTATENIO IIOIBICKATH
COOTBETCTBYIOHIMI HpHMEDP; TCOMETPHIYECKH 3TOT (PakT HMILIFOCTPHpYETCS
pucynkom 49.

B xagectBe mpuitoxenusi Teopemsl P epMa nokaxeMm onmHy Jnobo-
NBITHYIO TEOpPEMY O IPOHW3BOAHON (yHKIWH.

110. Teopema Hapby (G. Darboux). Ecau gynxyus f(x) umeem xoneu-
HYI0 npOU3800HYI0 6 npomexcymke [a, bl *), mo gynkyua f'(x) npunumaem,
6 Kauecme 3HAUEHUA, KAHCO0e NPOMEINCYMOuHoe yucao mexcdy f'(a) u
f®).

HoxaszaTteunbcTBo. CoepBa mpemmoiioxmM, 4ro f'(a) u f'(b)
HMEIOT pa3Hble 3HakH, Hampumep, 4ro f'(@)>0, a f'(b)<0, u mokxaxem
CYLIECTBOBAaHME TOYKH ¢ MEXAY 4 U b, B KOTOpoi Ipou3BomHas oOpa-
maeTcd B HyJb. B camMoM Hene, U3 CyIIECTBOBAHAS KOHEYHOH IPOM3BOI-

*) IIpu 3TOM MBI CYHTaEM, YTO B TOUKE a CYMIECIBYET NPOM3BOOHAS CNpaBa,
a B ToYke b — npousBomHas cineBa. OHM B manbHelmeM 0003HAYAIOTCS MPOCTO

f@ n f'®).
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Holi f'(x) chaeayer wenmpepwiBHOCTh Gynkumm f(x) [96, 2°], a Torma, mo
2-if Teopeme Beiliepmtpacca [85], f(x) npuaumaeT B HeKoTOpoH
TOUKE ¢ CBOE€ HauOoJIblUee 3HAUCHWE, DTAa TOUKA ¢ HE MOXET COBIAIATH
HH C @, HM ¢ b, Tak Kak, coryaceo Jemme, f(x) Oonspime f(a) BOMA3M
Touk® a (cupasa) ¥ Gonbme f(b) BOm3E Toukd b (cmesa). Urtak,
a<c=<b. Torma, mo teopeme ® e pMma, momysaeM f'(c)=0.

Iepexonsa x obmeMy ciy4aio, Bo3pMeM Joboe uuciao C, 3aKIOYCH-
Hoe Mexny f'(a) u f'(b); mycTs, M OLOpPEIEICHHOCTH, f'(a)=C = f'(b).
PaccMoTprM  BemoMoraTensaylo Gyaxkmmo @(x) = f(x) —Cx; oHa Hempe-
pPHIBHA H MMeeT IpomE3BomHYyI0 ¢'(x)=f'(x)-C B mpoMexytke [a, b].

Tak xak ¢'(a) = f'(a@) - C >0, a ¢'(b) = f'(b) - C <0, T0 1m0 HOKa3aHHOMY,
CylIeCTBYeT Takas Todka ¢ (a<c<»), B KoTopoi

P)=f()-C=0, Tt e [f)=C.

JloxazaHHAas TeopemMa HMeEET OOJIbIIOE CXOACTBO €O 2-i Teopemoii
Komu [82], cormacHO KOTOPOil BCAKas HeHpephiBHAs (yHkuusa mepe-
XOJUT OT OJHOIO 3HAYEeHMs K APYroMy, JIMIUL IEPEXOZs 4Yepe3 BCE IPo-
MeXyTounble uucna., Ommako, Teopema Jlap Oy OTHIONL HE ABIgETCA
caeacTsreM TeopeMmbl K o I B, Tak Kak Hpor3BofHas f'(X) HEIPepBIBHOM
GyHKIMYE caMa MOXET M He GBITh HeIpephbIBHOH (QyHKIHEH.

111. Teopema Poans. B ocnoe muOrux teopeM M Qopmyn nudde-
PEHIUAILHOIO HMCYHCIICHUS M €r0 MPIUIOKEHMH JIEXKHT CIeAyrolas Hpo-
CTas, HO BaXHas TeopeMa, CBA3kiBacMasi ¢ umeneM Ponuxa (M. Rolle) *).

Teopema Ponna. IIycmo 1) pynxyun f(x) onpedesena u nenpepwisna
8 samxuymom npomexcymke [a, bl; 2) cywecmsyem Koweunas npoussoo-
naa f'(x), no kpaiineii mepe, 6 omkpeimom npomesxcymke (a, b); 3) na xou-
yax npomexcymxa Gynkyus npunumaem pasuvie 3navenus: f(a)=f(b).

Toz0a mexncdy aub wuaiidemca marxan mouka, c(a@a<c<b), umo
f()=0.

HokxaszatenscTBo. f(x)HempephlBHA B 3aMKHYTOM IPOMEXYTKE
[a, b] u moToMy, mo 2-it TeopemMe BefiepmTpacca [85], mpuaumaeT
B 3TOM IPOMEXYTKE Kak CBoe HauboJjbllee 3HAYEHHE M, TaK U CBOE Hau-
MeHbHIee 3HAYeHHE M.

PaccmoTpum nBa ciyuas:

1. M=m. Torma f(x) B mpoMexyTke [a, b] coxpaHAET IOCTOAHHOE
3HAYEHAE: B CAMOM JieJie, HEPABEHCTBO m=< f(x)=<M B 3TOM cilyyae JaeT
f(x)=M npu Bcex x; mo3ToMy f'(x)=0 BO BCeM IPOMEXYTKE, TaK YTO
B Ka4eCTBE ¢ MOXHO B34Th JHOOYrO TOUKY M3 (a, b).

2. M >m. Mgl 3HaeM, 9To 00a 3TH 3HayeHus (QyHKuHel nocTUrarICs,
HO, Tax Kak f(@)= f(b), TO X0Tb OAHO M3 HHMX JOCTHIaeTCi B HEKOTO-
poil Touke ¢ MeXx Ay a u b. B TakoM ciygae u3 Teopemrt Pepma

*) B melicTBUTENBHOCTH P O M b BHICKA3aJ 3TO YTBEPXKACHHME JMHIL A71A MHOIO-
4JIGHOB.

15 I'. M. ®uxrenrosnl, T. 1
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cremyeT, yTo mpousBommas f'(c) B aTo#f TOuke oOpalaeTCs B HYJS.
Teopema noxasana.

Ha reoMerpuieckoM si3bike TeopeMa P o 1Jis o3HAYaeT Cleayrouee:
€CIIM KpaliHue OpIMHATHL KpUBOH y = f(X) paBHEI, TO Ha KpUBOH Haimercs
TO4YKa, IJIc KacaTelbHas NapajulejibHA

4 ocu x (puc. 50).
y OOpaniaeM BHHMaHHE HA TO, 4TO
— HENpEPHBHOCTh PyHKIHE f(X) B 3 4 M-
Y/ v KHYTOM HpoMexyTke [a,b] B cy-
LIECTBOBAHKE IPON3BOXHOR B O BCEM
OTKpHITOM TpoMexyTke (a, b) cy i e-
CTBEHHB I BEPHOCTH 3aKIIO-
7 L L B mII;M TeopeMbl. Oynxuua f(x)=x—
— E(x) yOoBIETBOPSET B IMIPOMEXYTKE
Puc. 50. [0, 1] BceM yCHOBUAM TEOPEMEI, 32 HC-
KJIIOUEHUEM TOTO, YTO HMEET Pa3pHIB
npu x = 1, a npowsBomras f'(x)=1 sesze B (0, 1). Oynxuus, onpeneseMas
pasencrBamut f(x)=x OpH 0<x<5 " f(x)=1-x opu isxsl, TaxXKe
YAOBIETBOPSIET BCEM YCIOBHSM B TOM € IPOMEXYTKe, HCKJIOYas JIHIIb

1 =
TO OGCTOATENBCTBO, YTO IpPH X=3 HE CYIIECTBYET (mByxcTopouHeit) Ipo-

U3BOJHOM; B TO Xe BpeMs mpousBoxgast f'(x) paBHa +1 B JieBOR IIOJIO-
BHHE NPOMEXYTKa H —1 B IpaBoil.

To4YHO TaK Xe CyLIECTBCHHO M ycioBue 3) TeopeMsl QymKmus f(x)=x
B mpoMexyTke [0, 1] yaoBIETBOPSET BCEM YCIOBHAM TEOPEMBI, KpoMe
ycmosus 3), a ee mpomsBogmas f'(x)=1 moscrony.

YepTexu NPEHOCTABIAEM THUTATEINO.

112. ®opmyaa Jlarpamxa. OOGpaTEMCS K HENOCPEACTBEHHBIM CIICI-
CcTBUAM TeopeMsl P o i s,

Teopema Jlapansca. IIycmy 1) f(x) onpedeiena u HenpepvieHa 6 3aM-
KHymom npomedxcymke [a, b], 2) cywyecmsyem xoneunasn npousgoonas f'(x),
no kpaiineii mepe, 8 omkpsimom npomedicymre (a, b) *). Tozoa mexncody aub
naiidemea maxan mouxa ¢ (a<c<Db), ymo 0aa Hee gvinoAHAEMCA PABGEH-

cmeo

B0 1. Q)

Jloxa3aTenbcTBO. BBeleM BCIOMOTATENbHYIO GYHKIMIO, OTpe-
IelmB €¢ B IpoMexyTke [a, b] paBenCTBOM:

F) =) ~f(@) - L9=LO (x-a).

*) KoHe4HO, HempepLIBEOCTS dyHKIEH £(x) B (, b), npeanonoxenHas B 1), yXxe ClenyeT
©3 2), HO MBI HE 31€Ch, HA B IOCNEAYIONEM HE CTABHM Cebe LEbio PACLICHATh YCIIOBHE
TeopeMbl Ha B3aWMHO HE33aBHCHMBIC IPEIIIOTOXCHHA.
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Ora (QyHKHus yIOBIETBOPACT BCEM YCJIOBUAM TeopeMsl Ponnmsa. B ca-
MOM [ie)le, OHa HEHIPEpEIBHA B [q, b], Tak kak npencTasnseT coGod pas-
HOCTb MEXIy HelpephiBHON ¢ynkmuedt f(x) u jumeiinoit ¢ynkmueii. B
HpoMexyTke (a, b) ORa MMeeT OHPEHNeNCHHYIO KOHEUHYIO NPOH3BOTHYIO,
PaBHYIO
F()=f()-L97L2.
—a

Haxomen, HemOCPeACTBEHHOM MNOACTAaHOBKOM YOeXHaeMca B TOM, YTO
KHa)=F(b)=0, 1. e. F(x) npuHEMaeT paBHbIC 3HAYCHHS HA KOHUAX IIPO-
MeEXyTKa.

CrenosarensHo, K Qynkmuu F(x) MOXKHO IPHUMEHKTb TeopeMy P o 1 s
M YTBEPXKAATH CyllecTBOBaHKE B (a, b) Takoil ToUKH ¢, uTo F'(c)=0. Takum
o0pasom, .

’ b)— a)
f@)-===—=0,
OTKyIa
/ fO-f@
f)= “bTa
4. H Tp. H.

Jloka3aHHyI0 TeopeMy Ha3bIBAIOT
TAKXE TEOPEMON O cpemHEM
sgHaveHUu U (B audpdepennnannroM 7
HUCYHMCIICHHIHU).

Teopema Ponns smasercs yact-
HBIM CilydaeM TeopeMbl Jlarpam-

K a; 3aMCYAHMA OTHOCHTENBHO YCIoBMH 1) M 2) TeopeMbl, CHeNaHHbIE
BEINIE, COXPAHAIOT CBOIO CHIIy H 3JI€Ch.

OGpamasce K reoMeTPUIECKOMY UCTOJIKOBAHMIO TeopeMbi JIa T p a H-
x a (puc. 51), 3aMeTHM, YTO OTHOILUCHHUE

f®)-f@) _CB

b-a T~ AC
eCTh yrJioBo# kKodhdumueHT cekymeit AB, a f'(c) ecTh yriaoBoi ko3tpu-
[HEHT KacaTeNbHOK K KpuBoi y=f(x) B Touke ¢ abcmuccoit x =c. Takum
06pa3oM, yTBEpXKHeHHE TeOPeMBI JlarpaHk a DPaBHOCHIBHO CIEIYIO-
ueMy: Ha Iyre AB Bcerma maiinercs, Mo Kpaiineil Mepe, olHa Touka M,
B KOTOPOH KacaTelnbHas mapajijgelXbHa xopue AB.

Hoxazannast dopmyna
f®O)-f@
PELL o) wm f(0)-f(@)=f'(c)-(b-a)

HOCUT HasBamne GopMyns Jlarpauxa mwm GopMYIH Ko-
HEYHEB X NpUpauieHu . OHa, OYEBUIHO, COXPAHSET CHIYy H JUIS
ciay4as a=b.

Bo3spmem ioboe 3nauenme X, B mpoMexyTke [a, b] ¥ mpumamaM emy

npupamende Ax=0, He BHBOJAINEE €ro 3a IPENeNbI IIPOMEXKYTKA. Ipu-

Puc. 51.

15%
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MeHEM dopMmyny Jlarpamka K OPOMEXYTKY [Xg, X,+Ax] mpu Ax =0
I K TIPOMEXYTKY [x,+ Ax, xg] mpu Ax<0. Yucno ¢, 3aKiioUeHHOE B
3TOM Ciy4ae MeXIy X, ¥ X,+x, MOXHO IPEACTaBUTH Tax:

c=x,+0-4Ax, tme O0<0<1%).

Torma ¢popmysa JlarpaHoxa OpAMET BHUL

Lot DT _ p1(x, 4+ x) (12)
501151
Af(xp) = f(xo+Ax) —f(x) = f'(xp+04x) « Ax  (0<O<1). 2

DT0 PaBeHCTBO, NAIOLIEE T O Y H O € BHIPAXEHHE JUIS MPHPANICHUA QYHK-
UM IIpH JI060M K O H € ¥ H O M IpHpaIeHnH Jx apryMeHTa, eCTECTBEHHO
HPOTHBONOCTABJISICTCS NPHOAMXeHHOMY paseHCTBY [107, (32)):

Af ey =1 (o + Ax) = flx)=f"(xo) - A,

OTHOCHTEJIbHAS IOTPEITHOCTh KOTOPOro CTPEMHTCS K HYJIO JIHIDG IpPH
Geckomeuno MaitoMm Ax. OTciona IpoHcTeKaeT M caMoe Hasamue «bop-
MyJIa KO HE€YHB X HPHPAICHUM.

K mesrirone gopmyist Jlarpauxa — B Hell QUIypEpyeT HEU3BECT-
Hoe HaM umcio 0 *¥) (wim ¢). DTo He MelaeT, OJHAKO, MHOTO0Opa3HEIM
IpUMEHEHNSIM 3Toif GOPMYJNEL B aHAIMASIE.

113. Iipenen mpousBoanoi. I1ose3HBI DpEMEP TAKOTO IPHMEHHS JIAET
cnenyromee 3amevanue. IlpemmonoxuyM, urto Gymaknns f(Xx) HenpepbiBHA
B NPOMEXYTKe [X, X,+H] (H=>0) H #WMeeT KOHEYHYIO IPOH3BOJI-
Hylo f'(X) Ang x>x,. ECJHM CymecTBYeT (KOHCYHLIH HIH HET)
npenen '

lim f'(x)=K,
x+Xo+0
TO TakoBa Xe OymeT M mMpou3BOJHASA B TOYKE X
cupasa. Jlelicrearensro, npu 0 < Adx<H mveeMm (1a). Ecnu 4x ~0, To —
BRUy OTPAHMYEHHOCTH BEJMYMHBI § — ApTYMEHT IPOH3BOMHOMU X,+ 04X
CTPEMHATCS K X,, TaK UTO IPaBas YaCTh PABEHCTBA, a C HEIO M JIeBas CTpe-
mETCsA K npeneny K, 4. ¥ Tp. A. AHAJOTUYHOE YTBEPXKJCHMC YCTaHABIIH-
BAETCS M ISl JIEBOCTOPOHHEH OKPECTHOCTH TOYKH X,.

*) VIHOFrZa TOBOPSAT, 9TO O eCTh (WpaBHIILHAS APOOE»; HE CHEAYET TONBKO AyMaTh,
9TO pedb HAET O PANHOBAIBHOM APOOH — UHCIIO 6 MOXET OKa3aThCsl M HPPALMOHABHBIM.
**) JImh B HEMHBOTHEX CJIy4asXx MBI MOXEM €ro YCTaHOBHMTH; HAPEMeED, IUId KBaj-

1

parmuHoik dyHkman f(x)=ax?+bx+ ¢, Kak JIETKO OPOBEPHTH, HMeeM 6 =3
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PaccMOTpUM B KadvecTBe npuMepa QyHKIMIO
f(x)=xarcsin x+ V 1—x2
B npomexytke [—1, 11. Ecnma —1<x=<1, T0 mo OOBIMHBIM NPaBHIAM nuddepeHnnans-
HOTO HCUMCICHHS JIETKO HAWTH:
x x
Vi=xt Ji-a?
Ipu x-1-0 (x> -—14+0) 3Ta npom3BojHas, OYEBMAHO, CIPEMUTCS K MDPEACIY
T
2

= arcsin x.

[f/(x)=arcsin x+

T
(— E); 3HAYAT ¥ IPpU X = & 1 cyniecTByIOT (O}IIHOCTOPOHHHC) IPOU3BOIHEBIC
, T
f (i’ 1) =t -2— .

YacTo CENAHHOC 3aMEYaHHEe IPUMEHSETCS IpH ClieAylonmx obcros-
TeabCTBAX: U3 TOTO (akTa, YTO HAHICHHOE JUIA NPOM3BOJHOM BBHIPAXKCHHE
CTPEMHUTCH K +oo (—oo) IPH IPHOIDKEHUH X K Xo ¢ TOH HJIH
APYTO# CTOPOHEL MHENACTCA 3aKIMIOYERHE, YTO B CaMOH TOUKE X,
COOTBETCTBYIOIIA ONMHOCTOPOHHSAA IPOM3BONHAA PpaBHa +oo
(=) 1 2
HanpuMep, ecod BepuyThes K Qynxmuam fi(x)=x* B fx)=x%,
KOTOpHIG MBI paccmarpusamu B n° 101, To mna wux (upu x=0) nmeeM:

fiw ="y, fim=->.

3x° 3x

Tak Kak DepBoe¢ M3 ITHX BBHIPAKCHHH mpu x - +£0 CTpeMUTCA K +eoo, @

Bropoe mpd x- +0 wm npu x-— —0 MMeeT, COOTBETCTBEHHO, MPEJICIIb

+oo HIH —oo, TO 3aKJIFOUAEM, YTO IUIA fi(X¥) B Touke x=0 CymecTByeT

IBYCTOPOHHSS OPOM3BOAHAA: + <o, B TO BpeMs Kak JUls fy(x) B 9TOH TOKe

CYIIECTBYIOT JIMIUb OJHOCTOPOHHME IPOW3BOJHBIC! +co CHpaBa M —oo
cinesa.

M3 CKa3aHHOro BHITEKACT TaKXKe, 4TO, €CIH KOHEYHAs IPOM3BOXHAN
f/(X) cymecTByeT B HEKOTOPOM DPOMEXYTKE, TO OHA HPEICTABIIACT coboro
(yBKImAIO, KOTOPAsk HE MOXET HMETh OOBIKHOBCHHBIX PAa3PHIBOB WJIA CKady-
KOB: B KXo Todke oHA JuOO HempepwBHA, JKOO WMeeT pasphis 2-ro
poxma [cp. 102, 2°].

i

114. ®opmyna Komn. ®opmysia KOHEYHBIX HNpHpamienud o 6o 6 ur a-
eTCH CIEHyroWmM o0pa3oM:

Teopema Kowu. Hycms 1) gynxkyuu f(x) u g(x) nenpepuviensvt ¢ 3am-
KHymom npomexcymie [a, bl; 2) cywecmeyrom Koneunvie npou3seoouvie f'(x)
u g'(x), no xpaiineii mepe, 6 omxpsmom npomexcymie (a, b); 3) g'(x)=0
6 npomescymxe (a, b).

To2da mexcdy a u b naiidemca makas mouxa ¢ (a<c<Db), umo

f®)-fl@_f© 3)
gb)-gla g’
Dra Qopmyaa HocuT Haszsamme Gopmynn Konrm.
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HoxaszaTensbcTso. Veramosum CIEpBa, YTO 3HAMEHATENb JIEBOit
aCTH HaIllero PaBeHCTBA HE PABEH HYIIO, TaK KakK B NPOTMBHOM ClIydae
BEIDAXCHHC 3TO HE HMeJNO ObI cMbicna. Ecnm 66 6bLIO g(b)=g(a), To,
no Teopeme P o nis, mpomssommas g'(x) B HEKOTOPOH IIPOMEXYTOYHOMH
Touke Oblia OBl paBHA HYJIO, 4TO TIPOTHBOPEYAT YCIOBHIO 3); 3HAYMT
g(b) = g(a).

PaccMoTprm Teneps Bcmomoratenbayio (ynkuuio

) fay TOI@
F&)= ()~ (@ DL [0 - g(a).
OTa QyHKUMS YIOBIETBOPSET BCEM YCIOBHAM TeopeMbl Ponns. B ca-
MoM Jfiene, F(x) HenpepriBHa B [a, b], Tak Kak HeIpepsIBHBL f(x) U g(x);
npown3BoAHas F'(x) cywiecrByeT B (a, b), MMeHHO, OHA paBHa

’ e _ f(b) "./(a) co’
F (x) - f (X) g(b) _g(a) g (x)‘
Haxonen, npsamoii moxcTaroBkoil y6exmaemcs, uto Fa)= F(b)=0. Bcnep-

CTBHE 3TOTO B MPOMEXYTKe (a, b) CylIeCTBYeT Takas ToYka ¢, yro F "(¢)=0.
WMrave rosops,

: fBO)-f@ .\
SO~ =5 £ =0
HITH

f/(c) =f(b)*‘ f(a) _g/(c).
&) -g(a)

Pasnenus Ba g'(c) (370 BO3MOXHO, Tak Kak g'(c)=0), monyuaem Tpe-
Gyemoe paBeHCTBO. .

Acuo, uto TeopeMa JlarpaHKa SBISETCHS YACTHBIM CIIyYaeM Teo-
pembl Komwrw s nonydenns GopMyIBI KOHEUHBIX TIpHpAMIEHH M3
bopmyner Kowm cremyer moJiokurs g(x)=x. Teopemy Komu na-
3pBAIOT 0606menHOM TeopeMoOi o CPEeOHEM 3HAUYEHHUH
(8 mubdepernmansroM ucuncIeHAN).

I'eomerpmyeckas mwnmocTpamus Teopemsl Komu — Ta ke, 4T0 U
ans teopeMel Jlarpasxka. YToOs YATATEIO Nerde 6LUIO 31O YCMOT-
PeTh, EpeH/IeM K IpYriM 0603HAYCHASIM: X 3aMEHHM Ha. f, 4 yHKIH 060-
3Ha9MM vepe3 @(t) # y(t). Ecam ¢ u3MenseTcs B npomexyTke [, 5], To dop-
Myna Komu manmmercs Tax:

w(B)—y(®) _y'(») e
O CIAD) (@<y=<p). @

PaccMoTpiM Tereps KpHBYIO, 3aJaHHYI0 TaPAMETPHIECK UMK
YPaBHEHHAAMH

x=0(t), y=y(t) (x<t=<f). ©)

Torna nesas wacte QGopMynEL ¥ 37ech BHIpaxaer yrioBoit xoadduiment
XOPZbI, COCIUHSIONICH KOHIBI Myrd 3TOH KpHBOI, a mpaBas — yOJIOBOM
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K03(GhHIMEHT KacaTelNbHOH B HEKOTOPOH BHYTPEHHEH TOYKe IYIH, OTBE-
yaromei =7y [106, (11)].

3aMeganue. OTH COOOPaXKCHHA MOICKA3HIBAIOT MEICTL O BO3MOX-
poctH BeBecTH Qopmyny Komu m3 dopmymsr Jlarpamxa. Cyrs
3TOTO BEIBOJA B TOM, 4TO BMECTO IapaMeTpH4ecKoil 3aBrcuMocTH (5) ycra-
HaBJIMBAIOT HENOCPEACTBEHHYIO 3aBHCHMOCTB: y = f(X), M Torga ¢gopmyna
(4) oxaspiBaeTcs paBHO3HAvarei c (1).

§ 4. Ilpomssonusic B JEdPepennna bl BRICIIMX NOPAIKOB

115. Onpepnesicene DPOM3BOTHBIX BHICIIAX HOPSAKOB. Ecin dynxnms
y=f(x) mMeeT KOHEYHYIO NPOH3BOIHYIO ) =f’(X) B HEKOTOpOM mpo-
MeXyTke 4, TaK 4TO 3Ta HDOCNEAHSSA CaMa IPEICTAaBJIAET HOBYIO (YHK-
OHIO OT X, TO MOXET CIYy4dThCs, 9YTO 3Ta GYHKOHMSA B HEKOTOPOH Touke
X, 13 X, B CBOIO ouepenb, HMEET MPOM3BOARYIO, KOHEUHYIO HIH Her. Ee
Ha3BBAIOT HIPOH3BOJNHOM BTOPOro NOPSAXKa WIH BTOPDOH
npou3BoaHo# dysxumu y=f(x) B ynoManyToii Touke, u 0603Ha-
YalOT ONHHM H3 CHMBOJIOB

2 2
ZT); > y”a Dzy, d;;:l‘) s f”(xo): sz(xo)-

Tak, HaupEMeEp, MBI BEACIA B 92, YTO CKOPOCTH ¥ IBHXKCHUS TOYKH

paBHa DPOM3BOIHOH OT MPOMIECHHOrO TOYKOH IYTH § IO BPEMEHH f: =

ds
=a?, YCKOpEHME XC @ €CTh INPOH3BOOHAA OT CKOPOCTH ¥ IIO BpEMCHHU:

dv i ” o

a=4. 3HAYUT, YCKOPEHHE SBISETCI BTOPO#H NPOU3IBOAHOM OT
d3s

NYTH O BDEMEHM: a=— .

Ananormino, ecin QYHKIEA .y = f(X) UMeET KOHEUHYIO BTOPYIO HpoO-
H3BOIHYIO B IEJIOM IpoMexyTke X' (T. e. B KXol TOYKE 3TOro mpoMe-
KyTKa), TO ee MPOM3BOIHAS, KOHEYHAS HMIM HET, B KakoH-mubo TouKe X,
u3 U HaspBaeTcs NPOM3BONHOMW TpeThero MOpAAKA WIH
TpeThell IpOU3BONHOHK bynkmuu y= f(X) B 310l TOUKE, M 060~
3HAYAETCH TaK:

ddy . A3 ()
G Y Dy DI e, D3 gy,

ITono6rEM e 06pa3soM OT TpeThell MPOU3BOAHOM IEpeXoJuM K UeT-
BepTOi M T. A. Ecmm mpemmonoxuts, wro momsitue (n—1)-i mpoussoi-
HOH yXe ONpeAesIeHo H 4TO (n— 1)-s1 NpOU3BOIHASA CYIIECTBYET M KOHEYHA
B mpoMexyTke X, TO ee MPOM3BOJHAA B HEKOTOPOH TOUKE X, 3TOTO Mpo-
MeXyTKa Ha3hIBaeTCI INPOU3BOAHOMN mro mopsapkxa mwm n-it
OPOU3IBOAHOHR OT HCXommolt ¢dyHkmum y= f(x); nna o6o3HayeHHA
€e NPAMCHSIOTCS CHMBOJIBL

dny arf(x,)
¥, Dry; —==, fOx), D f(x,).

dxm ’ dxn
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Wroit pa3 — OpH moib30BaduM o0o3HaveHusaMu Jlarpanxa mwid
Komu - MOXET BO3HHKHYTh HAaZOOHOCTh B yKa3aHUM HNEPEMEHHOH,
10 KoTopoii OepeTcs Mpou3BoHAsA; TOTAA €€ MUINYT B BHJEC 3HAYKA BHU3Y:

ye, Dhy, fSAx), mrom,
mpryeM, X2, X3, ... €CTb YCIOBHAs COKPAILEHHAS 3aIIHCh BMECTO XX, XXX, . . .
HaHpHMep, MOXHO HaAHUCATh: a=S;;.
(qI/ITaTeJHO SICHO, YTO M 37¢Ch L CJIBbHBIC CHIMBOJIBL
dnf

dx’

F® wm £, Dif wnk D f

MOXKHO PAaCcCMATpHBATH KaK (YHKIMOHAJTbHBIE O0GO3HAYECHHMS.)

TaxuM 00pa3oM, MBI ONPENCIIIH HOHATHE 71-0if TIPOM3BONHOM, KaK
roBOpAT, HHAYKTHBHO, IepeXoii MO MOPSAAKY OT IEpBOi mpous-
Bogpoil X mocneayrowuM. CoOTHOIICHNE, OMPEISNAIOLIEe #-10 IPOU3BOJI-

HYIO:
— ’
¥ = [y =0,
HA3BIBAIOT TAKXKe PEKYPPEHTHHIM (WM <«BO3BPATHBIMY), IIOCKOJILKY OHO
«BO3BpAlIacTy HAC OT A-if X (n— 1)-i IpoU3BOIHOM.
CaMoe BLITHCIICHHUC OPOM3BOMHBIX A-TO0 NOpsAdKa, OPpHU YHUCJIECHHO 3ajaH-
HOM n, IPOM3BOAMICA MO M3BECTHBIM YK€ UATATENIO HpaBmiaM ¥ dopmynam. Ha-

npuMep, €CIIH

y= x“—l x"+2x2+ix——l ,
6 3 2

N -

TO
1 4 ,
Y =2x3=—x+4x+ —, Y/ =6x7—x {4,
2 3
y'=12x-1, yiv=12,
TAK 4TO BCE ILOCIEAyIOIIHUe NPOM3BOIHBIC PAaBHbBI TOXIOCCTBCHHO 0. inu nyCcTb
y=In (x+ ]/x2+1);

’ l r7 x 77 2x2 - 1
1k’

TOTA

T N TS VT

3aMeTHM, YTO IO OTHOIUEHHIO K MPOM3BOAHBIM BBICLIMX IOPSJKOB

TaKk e, WHAYKTHBHO, MOXHO YCTaHOBHTb IOHATHE O ZHOCTOPOH-

Heii mpomsBommoi [cp. 100]. Ecna dyskmus y=f(x) onpenenena JuIib

B HEKOTOPOM HpOMEXyTKe X', TO, TOBOPs O IPOM3BOAHOM J1F060ro MOps-

Ka Ha KOHI[€ €T 0, BCErJa MMEIT B BHIY HMECHHO OJHOCTOPOHHIOK
IPOU3BOHYIO.

116. OGmme ¢QopMys Bl I NPOH3BOAHLIX JEoGoro mnopsaaka. MTax,
IUIA TOTO, YTOGHL BEMHCIUTE 7-10 IPOH3BOLHYIO OT Kakoi-imnbo dynxuud,
BooOnIe TOBOPS, HYXHO IOPEABAPUTE/ILHO BBRIYHCIATE IPOM3BOJHBIC BCEX
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BOAHBIE BCEX NpeallecTByoWUX nopsagkos. OpHako B psaAe ciayyaes
yZa&TCsl YCTaHOBHTb TaKoe OOmnlLee BHIPAXKEHUE 114 n-H NpPousBon-
HOM, KOTOPOe 3aBHUCHT HEMOCPEACTBEHHO OT #Z W HE CONEPWHUT Gojee
0003HaUEHUH NpPeRecTBYIONHX MPOU3BOAHBIX.
Ilpu BBIBOZE Takux OOWHMX BHPameHANX HHOrga ObIBAIOT NOJE3HB
(hOpMy /bl
(cu)(") —c - u<"), (u i,v)(n) =u(n)__|__,v(n)’

oGo6uwaomue Ha cayya#h BHCIIMX NPOUIBOAHBIX H3BECTHHE UYUTATE/IO
npasuia [ u Il n° 97, VX nerko noAyuuarh nOCAEIOBATEAbHHM IPHUMEHE-
HUEM 5THUX TNpPaBHI.

1) PaccmoTpum CHayvalda CTeneHHyw ¢yHKuumo y=—=x%, rae p — Jamo-
6oe BemlecTBEHHOE YHCJO. MMeeMm nociaemoBaresbHO:

Y=px*t, yr=p@—1)x
Yr=pp—1) @ —2)x*3, .

Jlerko 'ycMoTperh OTcmia 1 obuuit 3aKox:
YW =p@e—1 ... p—nt1)x",

HO, CTPOro roBopd, OH e€l& MNOAJNENKHUT [AOKasaTeabCTBY. [as srtoro
BOCNOJb3YEMCS METOLOM MaTeMaTUdecKo# mHAyKuun. JlonycTus, yTto aad
HEKOTOPOro 3HauyeHus 7 31a QopMyna BepHa, npoauddepenunpyem  eé
emg pas. Mo npuzeMm K pesyabTaTy:

[y(n)]r ___y(n+1) =pp—1)...@—n+1) [x*"=
=p@p—1) ... —n+1) @—nx=0",
TaK yToO Hama Qopmy.aa okasmiBaeTCs BepHO# ans (n -} 1)-# npous-

BOAHOH, ecan Ovina sepua pas n-#. Orcioma u caepyer eé cnpaseasu-
BOCTb NPH B CE€X HAaTypa/JbHHX 3HAYEHUAX 7.

Ecau, HanmpuMmep, B3fATh p==— 1, TO MOJyuum
k 1\(» - — .ol
() =0y =S
a npu p=—=— %~

[ e B

= 1r@n—,
T @Y.
u T, 1.

Korza camo p ecrb HaTypanabHOE YHCAO m, TO M- NPOU3-
BOLHAA OT x™ GyHeT yxe NMOCTOSHHBIM YHC/IOM 7], a BCe CAeaywolue —

b

# CumBonom nll 0603HaualoT nNpowaBelieHHe HATYPaNbHHIX YHCEN, HE NPEBOCXO-
DAIMX 7 M OXHOW ¢ HUM YE€THOCTH, TaK YTO, HAnpuMep,

M=1.3.-5-17. 10=2-.4.6-8-10.
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HyaaMa. OTciofia ACHO, YTO M [Js UEJNOr0 MHOrOY/JeHa CTEeNeHd m
HMEeT MEeCTO aHaJOrHYHOe O6CTOATENbCTBO.
2) Oas Heckonbko Gosee O6uIEro BHpaXeHUs

y=(a-+bx)* (a, b=const.)
CTOJIb XK€ JIErKO Halgem: A
Y =p@—1...—nt1). 5" (a4 bx)".
B yactHoCTH, nosyvaetcs, KaK U Bhllle,

( 1 >(")___(—1)"n!b"

a+t-bx) T (a4 dx)+r
1 )W L —rea—bue
<VT-—F7§: T @t bxyYaFox

3) Ilycre teneps y=Inx. Ilpexae Bcero, uMeem
1
y=(nx)=—.
BosbméM oTClofa mpousBoAHylo {(n— 1)-ro nopsigka Mo COOTBETCE-
pylomiet dopmyne us 1), 3aMeHHB B HeHt 7 H3 7 — 1; MH U NOJyYuM

TOorxa (1)
- 1 \{n-1 — 1)1 (n — 1)
y(n) — (yr)(n 1) — (_x_> =( ) x'(_"‘ ) .

4) Ecan y=a*, 10
y=a*-Ina, Yy =a* (Ina)}...
O6wmas dopmyaa '
y® =a* (In a)"
JIETKO JOKas3hiBAETCA MO METOAY MaTeMaTHYeCKOH BHAYKIGH.
B yacTHOCTH, OUYEBHIHO,

(€)™ =¢*,
5) MoioxuM y==sin x; TOrxa
y=cosx, Yy =-—sinx, y"==—cosx,
yYW=sinx, y=cosx,...

Ha srtoM nytn naiitu Tpelyemoe ofliee BEHIpaXeHHe A5 7-# NMPous-
BoaHo# T1pyaHo. Ho meno cpasy ynpommaercs, ecau nmepenucats ¢op-

Myay AAs nepsoHl npoussomHo# B BuAe y = sin (x-{—%); CTAHOBHT-
cs ACHBHIM, YTO npu KaxaoM auddepeHuuposanun K aprymeHry Oyuer

npa6aBAATLCA —, TaK YTO

27
; (n) _ & L F
(sin x) _sm(x—l—n 2).

AHajoruyHo noayuaercs U ¢opmyaa

T
(cos x)'™ == cos (x +n- 7).
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1 "
6) PaccmorpuM ¢ynxumo y=gG_—a [IpencraBus e€ B BHIe

IRy 1
Y=g \x—a x+a )
Mbl TIONy4aeM BO3MONHOCTH WCIONbL30BaTh mpumep 2) (M obmme mpaBuia, yKasaH-
Hble BHAuyane). OxOHUATENBHO,

(x’ —1—— a”)(m == ;‘);'" < [ (x —Ia)”+l T (x —{—la)"+1] g

\

7) B cayuae OyHkumm y = e%* sin bx Mbi ynorpe6um Goiee HUCKYCCTBEHHbIH
npuéM. VimenHo, uMeem

y' = ae* sin bx 4 be** cos bx;
€CI¥ BBECTH BCHOMOI'aTeNbHBt Yroa ¢, ompenedseMbill YCAOBHAMH
b . a
Vare fTyeare
TO BbipaxeHHe Nas mepBofi NMPOM3BOXHOM MOXHO NepenucaTh B BHAE:
Y=V a J B . e . (sinbx - cosg+ cosbx - sin g) =
=V a® 8 - 8% . sin (bx + o).
[Mosropsasa puddepeHnuposanue, 1erko yCTaHOBHTh OGMMA 3aKOH

sin ¢ =

n
y = (a2 8% ? . e sin (bx + ny)

U 060CHOBAaTh €ro Mo MeTOAYy MaTeMaTHYeCKOH MHAYKLHH.
8) OcranoBuMcs ewE Ha Q)lyﬂxunn y = arctg x. ITocrasum ceGe CHauyaia 3a-
naueit Bhipasuth y'¥ uepes y. Tak kak x =1tgy, T0

1 n
. — OS2 4 =— R
¥y == Cos’y = cosy sm(y-i— 2).

JuddepeHuupys BTOPHYHO MO X (M MOMHA, YTO ¥ €CTb (YHKUMA 0T Xx), mnoay-
uuM

y"=[——- sin y - sin <y—|——§->+ cosy -+ cos (y—{—%)] cy =
=costy - cos<2y-l—%> = cos®y - sin2(y+ —;-)
Cnenymouee nmmepeuuupoaagne Iaert
’y”'=[——2 siny - cosy - sin2<y+—g—>+2 cos?y - cos2<y+%)] ey =
=2costy - cos(3y +2. —;‘-):2 cos*y - sin 3 <y+_;_>.
O6wman dopmyna; ‘
ym=(n—1) cos*y . sinn (y -+ -})

ONpaBABIBAaETCA MO METONY MaTeMaTHYeCKOH MHEYKUMH.
Ecan (npu x > 0) BBecTH yroa

—Js

~N|a

i
z=arclg —
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TO 3Ta (popmyna Moxer ObITh NIepeNHCaHa TaK:
1

PO = (1 — 1)!—_!Z - sinn(x— 2)
(+x9°
WA, HAaKOHeL,
_ 1 . 1
P = (— 1)1 (,,_1)!—--—--—__E + sin narctg <
(1+x?

9) YCraHOBHM B 3aKiO4eHUe, B BHIE YNPaXHeHHA, (OPMYTy
L
I x

D" (xm 1 ¥y = (— 1) (=123, ..).

Il+l

CnpasepmmsocTs €€ mpd n=1 1 n =2 npoBepsercs HenocpeacTsenno. [o-
0YCTHM Tenepb, YTO OHA BEpHAa XAA BCeX 3HAYEHHUH 27 BNAOTH 1O He-
KOTOPOF O n==2,1 NOKAWKeEM, YTO TOrIa OHA COXPAHHT BEDHOCTHL M NPH 3aMeHe
n Ha n4-1%. C 5Tofi LeIbI0 PACCMOTPHM BbIpaxeHHe

1 1 1 1
D (xne* ) = D" [D (x"%€* )] = Df{nx"~te* — xn%* | =
1 1
=n D" (x"1e* ) — D D1 (x-2¢% ).

HO.'leyﬂCb HallM IONYyWEeHHEM, MOXHO MNepenucatb 3TO BLIPAXEHWE Tak:
1 1 1

1 — — —

—_— ex X
D (xmet)=n-(— 1)

i e
x"T-D[(_ 1y lﬁ]:‘(_ 1yntt o u Tp. 4.

Wraxk, GopMyna BepHa 1as B C e X HaTypadbHbIX 3HAYEHUH 4.

117. ®opmyaa JleitGuuna. Kak Mpl 3aMeTunu B Hauaze mpemsiy-
mero n°, npasuaa I u II, 97, HemocpeaCTBEHHO NepPeHOCATCs ¥ Ha Cayyalt
NIpOM3BOANBIX Jto6oro mopsagka. CiloxHee OGCTOUT A€JO C NPABUJIOM 1L, -
OTHOCAWMMCA K AU(pepeHUUPOBAHUIO NIPOU3BEAEHUS.

Ipeanonoxum, 410 GYHKUMA &, ¥ OT X MMEOT KaXAas B OTAE/b-
HOCTH TPOWSBOAHBIE O 7-rO TOPAAKA BKJIOYATENbHO! HOKAXEM, YTO
TOrfa WX THpousBejeHue y-——uv TaKKe HMMeeT n-10 NPOUBOAHYIO, W
HaliméM e& BeipaxceHue.

CranemM, npumensia mpasuno IlI, nocienosarenbno mudipepeHunpoBars
3TO NPOM3BENEHHE; Mbl HaHmEM:

y=uvvtuv, y=u"v+ 2u'v 4 uv’,
y"' — u’",v _}_ 31177,07 __l__ 3117,0" + u,v'", e

Jlerko noaMETHTh 3aKOH, MO KOTOPOMY MNOCTPOEHH BCE 3TH (GOPMYIbL:
NpaBele YaCTH WX HANOMHHAKT pasjoxeHue cTeneHed Ouxoma: u-|-v,

#* O6pamaeM BHMMaHWe UMTaTeas Ha 9Ty CBOeoGpa3Hy0 GOpMY mpUMeHeHUA
METOJa MATEMATHYECKOH HHIYKUWHM, B NeHCTBHTEAbHOCTH (CM. TEKCT HHXe) Mbl
UCTIOAb3YEM CHPaBEANUBOCTL HamleH GopMyan X4 n v aaa n — 1,



117] § 4. UPOM3BOJHHIE BBICIUHX MOPSIKOR 237

(u+v)? (u}wv)?, ..., nump BMecTo CTeneHe# u, v CTOST MPOU3BOIHbIE
COOTBETCTBYHOIUX NOPsiaKoB. CXOACTBO CTaHeT Go0Jee MOJHbIM, ec/u
B MOAyueHHHX (opMynax Bwecto u, v macatb u'®), v(®, Pacmpocrpa-
HAs STOT 3aKOH Ha CJyuyai ao6oro 7, mpugeM k obuie#t gopmyne®:

n
P = (o)™ = 2 Ciuly® =
i==0

— u(ﬂ).v + nu(ﬂ—l),a' + n (”i"‘21) n(n—e),vn + .

A 11)2 ‘.(.n_?H— D -y 4| o™, (1)

Ilns mokasarenbCTBa €& CHpaBeRNUBOCTH mnpuberdeM CHOBA K Me-
TOAYy MaTeMaruuecKod MHAYKuuu. JlomycTum, yTO Ip¥ HEKOTOPOM 3Haue-
HuE 7 OHA BepHa. Ecau ans Qyskuud u, v cywectByioT u (n-} 1)-e
TIPOU3BOAHBIE, TO MOXKHO €& pas npomaddepeHuupoBaTh MO X; MH
HOJIy YuM:

n n n
Y = ZC;‘ (DY =26,i,u(""'+”v(’) —{—XCLu(”‘”v(“'”.

i=0 i=0 i=0

O6benuuuM Tenepb cJaaraemsle obenx NOCAEAHUX CYMM, COAepxka-
e OJMHAKOBBIE [MPOUSBEAEHHS TNPOU3BOAHBIX (YHKUuH u# ¥ v (Cymma
NOPAJKOB TPOUSBOAHLIX B TAKOM TMPOM3BEACHMHM, KaK JIETKO BHIETS,
papua Bcerna n-+1). Iponssenenne u'™*Vo(® pxomut ToabkO B mep-
Bylo cymmy (npu i==0); koadduuuent ero B 3ToR cymme ectb Ci==1.
Touno tak xke u'99("™1) pxomur TOABKO BO BTOPYK CyMMy (B Caa-
raeMoe C HOMepoM i==n), ¢ KO3(ULHEHTOM Cn=1. Bce ocrans-
HHle TPOH3BEAEHWs, BXOLAUIME B STH CyMMBl, uvetorT Bug u(™1-Flytk)
npuuém 1 << k<< n. Kaxpoe Takoe npousBedeHUe BCTPETUTCS KaK B NEPBOH
cymme (craraeMoe C HOMepoM i==£k), Tak W BO BTOpOH cymme (Cia-
raemoe ¢ HoMmepoM i==k — 1). CyMMa COOTBETCTBYIOLIUX KO3(PDHUIUEHTOB

6yzer Ck--Cr'. Ho, xax mssectHo,
Ch G =Chyr

* CuMBOA ¥, O3HayaetT CyMMy ONHOTHOHBI X caaraeMbix. Korga caarae-
Mble 9TH 3aBHCAT OT OJHOIO 3HAUKA, MEHAIONIErocs B ONPeNeNEHHBIX TPaHUIAX
TO 9TH TpaHMUBl M YKa3blBaloTcA (CHH3Y W CBepxy). Hanpumep,

Voi=oo+ai+... 40

1==0

1
H,HT.JI.

1 11
F=l+gtg+...+

v

E
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TaxkuM 06pasoM, OKOHYATE/NbHO HAXOLMM:

n » .
A1) e g 141)55(0) +2 Ch D=8 40 1 po)gnr1) —
k=1

n+1
= ZCrk& e MUY
k=0

TaK Kak C2,+|=C;,’i}v= 1.

Mot nomyunnn aas y™*1) pupawenue, BnosHe amanoruuHOe BHIPa-
wenuto (1) (TOAbKO 7 8aMEHHIOCH "uMCAOM 72-}-1); sTUM M JOKasaHa
cnpaseaanBOCTb GopMyas (1) Aaf BCeX HaTypajibHuIX 3HaueHHH 7.

Ycranosnennas ¢opmysa HOCHT  HasBaHue gopmysn Jled O6nuya.
Ona uacTo 6hIBACT NO/AE3HA NPH BHBOAE OGLIMX BhpaxeHnit As n-i npous-
BOJHOM. , ‘

3aMeTnm, uTO TaKyw xe (OpPMyay MOXHO OO OH YCTAHOBHTH H
Aas n-@  OPOM3BOAHON TNPOM3BEHEHAS HECKOJAbKHX COMHOXHTE-
ae y==uv ... {; OHA HMEET CXOACTBO C pas/OXEHHEeM CTeNeHH

mHorounena (u-tov-4...4H"

118. Ifpumepsl. 1) Haktném npu nomomu popmyan Jleti6uuuna (1) npous-
BOAHYIO ‘

(x® - cos ax)'s0,
HonowuM v ==ux?, u = cos ax. Torna

: ©
u® =gk . cos (ax+k-§),
v'=2x, v"=2 v =0V =, =0

Taxkum o6pasom, B opmyne (1) Bce craraemble, KpoMe TPEX MepBhlX, PaBHE! HYMO,
H MBI TOAyuaeM:

(uv)®0 = x3. 4% . cos (ax 450 ;) +§—9 <2x+a*.cos (ax 4 49- 1:2-) +

I
-+ -5—?—%2 «2.a%. cos (ax 448 %) = a** [(2450 — a%x9) cos ax — 100 ax - sin ax).

’ 2) Bosspamaach kK mnpuMepy 7), - 116, Temeps MM MOXeM noayuuts ofiee
BhIDAXEHHE IIA n-i NPOH3BORHOMN GYyHKUMA
y=e% .sin bx

HENoCcpeiCTBeHHO No dopMyne JletGHuma:
P == g0¥ [sin bx <a" __n_{%:?_l)_ ar=pt . .)+
+cos bx (na"“b — E(n—r%%ﬁa”‘?b’ + .. )] .

38) Hafiném suipaxenne ata (n-- 1)-it npoussoanoli dyHkumu y == arcsin x.
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8]

ViMeeM, mpexae BCEro,
1 1 1

’

y= = * s
yi—x Vitx J1-»

K 9710, 0 bopmyne Jlei O m 1 a,

+1=( 1 1 )(n)=( 1 )(n) Vllh—x+n(1[11?c)(n-l)(v1‘i_;)'+

Vitx Vi-x) \Vi+x
n(n—l)( 1 )‘"‘2)( 1 )"+n(n-1)(n—2)( 1 )(""3)( 1Y
— — — +...
1.2 Vi+x Y1i-x 1.2.3 V1+x Vi-x
Ecnu TCHCPb K BBIYHCICHHUIO NOOCIENOBATENBHBIX OPOH3BOOHBIX OT 1
V1+x
BTATY

npmeﬂﬁn, dopmynsi, monmywennsle B 116, 2), 10 OpHAEM K pesy.

n(n-1)  (2n-5) 31
Ao

T-x

Py | Ao A+9r-x | 12

- -3
(a1 {(Zn D @e-3nn
4) TpeGyerca HafiTM 3HAYEHWS BCEX IIOC/IEAOBATENBHBIX NPOM3BOAHBIX (YHKIMH

arctg x mpu x=0,
» T0 Y’ (1+x%) =1. Bo3bMeM 7-10 HPOU3BOIHYIO OT 0GEHX FacTeii

1
Tak xak y'= ——
7 14x2
IO paBeHCTBA (HONB3YACh (opMyol JIe il 6 u u 1 a):

A+ 22+t D 4 2nx .y 4 n(n—1) . y(1-) =0,
TOXUM 31€Ck X =0; eCnu 3HaYEeHUS MPOM3BOAHBIX OpH x=0 OTME4aTh 3Haukamu 0

3y, TO MOJYYHM:
Y = —nn-1) 550,

ofpamaercst B 0: yj=0. U3 naiinen-

Ipn x=0 npoussomhas yp’'= —~——
(1+x2)2
O COOTHONIECHMs SICHO, YTO BCErza ygz’")=0. Yro xe KacaeTcs NPOU3BOIHBIX

STHOTO MOPsAfIKa, TO UMEEM Uit HEX PEKYPPEHTHY IO dopmyny:
WD = —@m=1)-2m. ym,

1HAMast BO BHUMAHUE, 4TO ¥4 = 1, mony4aeM otciona:
HE™ = (= ym@my!.
Tor xe pesynbraTr MOXHO GBUIO OBl HONYuYMTH M M3 O6miel dopmyisl mpumepa
55 'i‘o Ke — s pyHKIHMHA y = arcsin x.
Ykazanue. ®opmyny Jle i 6 HE 12 NIPAMEHATD K COOTHOIICHHIO;
A-x1).y"'—x.y=0.

Omsem: ™ =0, Y™ D=12.32 ... @m-1)2=[@m— DIP. Dror pesymrar u3
UX BBIDAXCHUi B 3) DONyYaeTcs He CTOMb HPOCTO.
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6) Muozounenvt Jl e o anodpa. B 3aKmioucHHEe OCTRHOBEMCSA Ha BaXXHBIX MHOTIO-
4yineHax, Bocsux uMa JIexaumapa (A. M. Legendre). Onu onpenensiorcs paBeH-
CTBaMH

dn(xz-1)n
Xn(x)=(—'nT n=1,2,3,...

IJie HOCTOSHEHIM K03 duIMenTaM ¢, NPUNAIOTCS TE WM MHbIC 3HA9€HHS B 3aBUCMMOCTH
OT coobpaxeruit ynobcTBa.

IIpexne Bcero ybemuMcs B TOM, YTO MHOrOWIeH Xr(x) (CTenend ) MMeeT 7 pas3ima-
HBIX BEWIECTBEHHBIX KOPHel, KOTOpHIe Bce copepxarca Mexny — 1 u + 1. [ apocToTh
MOJIOXKHM MOKa cp=1.

Jlerko BEmeTh, 9TO MHOTOWNEH (x2—1)t=(x—-1)".(x+1)" u ero n—1 nocnemo-
BAaTENBHBIX OPOM3BOAHBIX oOpamiaroTcst B Hyib npd x= + 1. Torna mepsas ee npowu3s-
BOHAd, IO Teopeme Pomnn s [111), Gymer umeTs xopeHs u Mexny — 1 u +1; no Toit
xKe TeopeMe, Bropas IpOoM3BOZHAs OyZeT MMeTh A Ba KOPHA Mexay —1u +1, U 7. 1.
BILIOTH A0 (n— 1)-#t mpoW3BOOHOM’, KOTOPass, MOMHMO KopHEl ~1 B +1, Oyzmer mMexny
HUMH ¥MeTh eme 72— 1 xopreit. [IpEMeHnB K Hel eme pa3 TeopeMy P o N s, mpuaem
K TpeOyeMOMy 3aKITIOUSHHIO.

Coxpansia ko3bduuuenTsr ¢, =1, onpesemuM Teneps 3HAYEHHS MHOTOWIERA Xn(x)
opu x=*1.

o dopmyne JIeiiGHUI A, paccma'rpnnaﬂ crenenb (x2— 1) xax mpousseleHne
(x+1)" "a (x— 1)?, MOXHO HAIHKCATb:

di(x-1nn ; dx+1n dni(x-1)n d”(x+ l)"
Xn(x)=(x+1n. s +Chn- N e o

S(x=-Dm

Tak Xak Bce craraeMble, HauyuHas CO BTOPOTO, COIEPXAT MHOXHTENb X - 1 M, CIeA0Ba-~
TeNnbHO, oOpamatotes B 0 opu x =1, 10 oueBumHo: Xp(1)=2"-nl.

Amnanorgyeo uoiydaeM: Xp(—1)=(-1)1.2".xl

Ecim B dopmyrne, naromuei obuiee onpeaenenre MaEorowieHa Jlexaungpa Xn(x),
[OOJIOXHTH B YaCTHOCTH

1
T

TO NOJIyYUTCSs MHOTOWIEH, KOTOPBIM Yamie BCEro BCTPEYAETCs; €r0 MMEHHO MBI OymeM
BOpensb Beeraa 00o3HavaTh yepes Ppr(x). OH xapakTepHu3yeTCs TE€M, YTO B TOYKaX x =1
U x= — | IpUHEAMAaeT 3HAYCHUS

Pn(l)=1, Pn(‘1)=("1)n-

C nomMomero popmynsl JIe##i G HM I a JIETKO YCTAHOBHUTD JAJIEE, YTO MHOTOWICHEI
Jlexarpapa Xn(x) yOOBIETBOPSIOT CHEAYIOMIEMY COOTHOIICHHIO:

2= D) Xn+2x  Xn—n(n+1)Xn =

KOTOPO€ HIpaeT BaXKHYIO PONb B TEODHH 3THX MHOTOYJIEHOB.
B camowm pene, nmonaras y=(x2— 1), uMmeem

Y =2nx.(x2- 1)1 TaK 4TO (2-1).y =2nx-y.

BospmeM Tenepp (n+ 1)-¢ mpow3BOAHBIE OT 00€MX YacCTeil MOCNIEOHETO PaBEHCIBA; IO
dopmyne Jleii6HHmIa,
n(n+1)
2

2 - Dyn+2) 4 (n+1) - 2x . p(+D 1 22y =2nx . YD L (n+1) - 2n. p(M),

Orcrona
= Dy +2) 4 2x3(n+1) — py(n-+ 1)y~M =0,

H, MO YMHOXCHHU HA Cn, MNOJIYYACTCA HOKA3BIBAEMOEC COOTHOIUEHMEC,
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119. Tuddepennmansr Beicmnx nopsaxos. O6paTumcs Tenepp K amg-
(epennuanam BHICIINX HODPSIKOB; OHH TaKXe ONPELEISIOTCS HHAYKTHBHO.
Auddepenunanom BTOPOro HOPANKa HIH BTOPHIM zudpdepen-
quantoM Qysknuu y=f(x) B HEKOTOpOit TOYKE HA3BIBAECTCS audde-
PEHIMAT B 3TO# ToYke oT ee (mepBoro) auddepenmuana; B 0603nAYCHUAX

d%y =d(dy).
AuddepennuanoM TpeThero NnopsagKka Wi TPETHhHUM
AuddepennuanomM nHaseBaeres auddepeHnuan ot BTOpPOTO Jtnd)-
(depenmana:
d%y = d(d%).

Boobwe, nnbdepenuanom nro nopsaaKa Win n-M I u ¢-
bepennmanom o¢ynxkuuu y=f(x) HaspBaeTca mudbepenunan ot
ee (n—1)-ro mupdepennuana:

d"y =d(d"—1y).

Ecia mosne3oBathest GyHKIHOHAMBEBIM 0603HAYEHUEM, TO NOCIENOBA-

Tenbubie Aud@epeHIMasl MOryT 6BITh 0003HAYEHBI TaK:

&Ef(x)), Bf(xg)s .., df(xy), ...,
IpAYEM MOJYHAaeTCs. BOSMOXHOCTb yKa3aTh TO YACTHOE 3HAYCHHE X =X,
OpH XoTopoM muddepennnais Gepyrcs.

Ipu Beruucienun MUpGEPEHIMANIOB BEICHIMX MOPAAKOB OYEHb BAXKHO
OMHHTB, YTO dX €CTh HPOU3BOJIHHOC i HE3aBHCALIE € OT X YH CJI 0,
KOTOpoe npn Ju((epeHIMpPOBAHIA T0 X HAUIOKHT PACCMATPHBATH Kak
HNOCTOAHHBIA MHOXHTEXb, B TakoMm ciyuae, 6ymeM umeTs (BCe
BpEMA — TIPEAToJaras CyHmIeCTBOBAHME COOTBETCTBYIOLIMX IIPOM3BO/IHBIX):

Py=ddy)=d(y - dx)=dy -dx=(y" - dx) - dx=y" - dx2,
By=dd®)=d(y" -dx®)=dy” - dx2=(y'""dx) - dx>=y"" . dx3 *),
1 T. A. Jlerko yragpiBaeMelii oOumii 3aK0H

d“y =y(n) . dxn (2)
JAOKa3bIBACTCA METOAOM MATEMATUUYECKOM HHIYKIHH. W3 »ero claeayeT, uTo
dny
y () = g

TaK YTO OTHBIHE 3TOT CHMBOJI MOXHO PacCMATPUBATh Kak I P O O b.

Bocnosp3oBabuncs paBencTBOM (2), Jerko Tenepk npeobpazosarts Gop-
Myny Jeii6runa x muddepenunanam. Jocratouro YMHOXHUTE 00€
YacTH e¢ Ha dX", 9TOOBI IOJYyINTH

&) =3 Cidv—iu-div  (du=u, d%=1).
i=0

Cam JIeifiGHH Il YCTAHOBMII CBOXO bopmyny umenHo s quddepeniu-
aJos,

*) Iox dx?, dx® ... W T. m. Bcerna PA3yMErOTCss ¢cTeneHun or auddepenunana:
(dx)?, (dx)% ... Huddepenman oT crenenu Oyner obo3Havathesa Tak: d(x?), d(x3), ...

16 T. M. ®uxrtenronsy, 1. I
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120. Hapymenne wHBapHanTHOCTH QopMbI AJA Ju(QepeHIHAIOB BhIc-
HIHX NopsaaKoB. Bcenomwunas, uro (mepsblf) nuddepenuman Gynxnum
obnanaeT CBOMCTBOM HHBAPHAHTHOCTH (OPMBL, ECTECTBEHHO
HOCTAaBHTH BONPOC, 00JIa1ak0T JIM NOMOOHEIM CBOMCTBOM au(depernast
BBICHIMX IOPsiAKOB. [lokaxeM, HapUMep, YTo yXe BTOpoil auddepeHnuan
3THM CBOMCTBOM He 006 ajfgaeT.

Urax, nycts y=f(x) 1 x=g¢(t), Tak 4T0 y MOXKHO PacCCMATPHBATH KaK
croxHyro (Qyskumoo ot t: y=f(p(f)). Ee (uepswiil) nuddepennuan mo ¢
MOXHO HANHMCaTh B GopMme dy =y, -dx, rue dx=x;-dt ecTb GyHKIUA OT L.
BerauciisieM Bropoit muddepenmuan o t: d%y =d(y; - dx) = dy, -dx + y,-d(dx).
Muddepermman dy;, MoXHO, CHOBA IIOJIB3YsCh HHBAPUAHTHOCTBIO (POPMBEI
(nepBoro) muddepenunana, B3t B GopMe dy,=y-dx, Tak 4TO OKOH-
YaTEJILHO

APy =yl dx?+ yg - dx, 3)

B TO BpeMsl KaK IPH HE3aBHCHMOMK NEPEMEHHON X BTOpoi muddepeniman
UMeEN BUA d2y =y, - dx?. Koneuno, Beipaxenue (3) nug d?y ssiuserca 6 o-
jiee oOm MM €CiIM, B YaCTHOCTH, X €CTh HE3aBMCHMAs NEepeMeHHAd,
TO d®x=0—u oCTaeTCs ONMH JIMIIL MEPBBIH WIEH.

BossmeM mpumep. IIycTs y=x%, Tak 4TO, NOKYA@ X — HE3aBHCHMAas MEPEMEHHAS:
dy=2xdx, d?=2dx2.
ITonoxuM Tenepy x =12, Toraa y=14, u
dy=4t3dt, d2y=122dr2.

Hosoe BeIpaxenye ajst dy MOXeT OBITH HOJIYYEHO H U3 CTAPOTO, €C/M TyAa NMOICTABHTH
x =12, dx=2t dt. IHave 06CTORT zieNo C d2y: CAenaB TaKylo e HOICTAHOBKY, MBI TOJY-
unm 812 df? BMecTo 12¢2 dr2. Ecin xe nponuddepeHnpoBaTsh paBencTso dy = 2xdx 1o ¢,
cuuTas x QyHKuweit ot t, To, HanonobGue (3), npuaeM k Gopmyie

d?y = 2dx%+ 2xd%x.

IoncrasuBe croma x=12, dx=2tdt, d?x=2dt?, nonyuuM yxe IIPaBHIBLHBIA DPE3YIBTAT:
12¢2ds2,

Wrak, ecnu x mepecTaeT OBITH HE3ABUCHMOI I€peMeHHOH, To audde-
peHImaNX BTOpOro Iopsnaka d?y BeIpaxaeTcs uepe3 muddepeHunanrsl x
ABy4YneHHOMN dopmynoii (3). [na muddepennanoB TpeTsero 1 aaib-
HEAIMX IOPANKOB YHCIO H06aBOYHBIX (IpH IEepexode K HOBOM HE3aBH-
CUMOH II€PEMEHHOI) WICHOB eIeé BO3PACTET. B COOTBETCTBHM C THM B

BBIPAXKEHUSX BBICIIMX INPOUBBOIMHEIX Yz, Ve, ... Uepe3 AubdepeHIras]
X yx
o d¥y i d3y

xZ:‘Kga x$ =¢E” .o (4)

yxe He b3 nuddepenunantst Gpath mo a060H NEPEMEHHOM, HO JIMIID
IO TEPEMEHHOH X.



121] § 4. TPOM3BOJHBIE Y JUSPEFPEHIIUAJIBLI BBICIIMUX MOPSIAKOB 243

121. TIlapamerpnueckoe nuddepennnposanne. MoxHO, BHpoueM, Ha-
[MCATh BBIPAKEHHUA NPOU3BOJAHBIX IO X U uepe3 AubdepeHiansl, B3SThie
10 JII000H HEPEMEHHOM ¢, HO OHM OYAyT ropasfio ciaoxsee. VIMewHo, ¢4 M-
Tasg BCe HHUXEe HaNHUCaHHBIEe Audpdepedyuuaas B3 s
TBIMHU IO !, HMEEM ITOCIEHOBATENBHO

d dy) dx.d?y —d?x- dy
7 ldx

N (@)

X T dx? x = ;IxY dx dx
T. €
o dxed—dix-dy
V=~ ’"7:{;;37 D (5)
3aTeEM,

(dx ~d?y - d%x - dyJ
, - - T

x¢ | T B -

[ dx-d?y~d3x- d_vr'
dx3

77X

dx¥(dx d3 — d3xdy) — 3dx*d®x(dx d%y — d®xdy)
dx8 i

dx

U OKOHYATEJIbHO!

ror_ dx(dx d® — d3x dy) — 3d2x (dx d%y — d2x dy)

Vs e ©
v T. 1. Popmyast (5), (6), ... saBAAOTCE Haubonee 06 L[ UM H; eClH
B HMUX CYMTaTh X HE3aBHCHMOM TepeMeHHOH, To dZx, d°x, ... obpararca

B HYJMh — W MbI BepHeMcsa K dopmynam (4).

IMonyyennsie HaMut GOPMYITHI IUISL HPOM3BOIHBIX ¥ IO X OCYLIECTBIAIOT
TaK Ha3bplBaeMo¢ MapaMeTpHUeckoe AupdbepeHIHPOBa-
Hue. Ecam x um y 3amansl B QyHKUHH OT mapamMmeTpa f:

x=g(), y=y@),

TO, Kak Mbl Bujled B 106, IpY M3BECTHBIX YCJAOBHSX DTHM ONPEHEIAETCS
1 y KaK Qyskiua ot x: y = f(x). IIpn naauduu mocsienoBaTe bHBIX TIPOM3-
BOJHBIX OT X M y IIO ! CYIIECTBYIOT COOTBETCTBYIOUINE IIPOU3BONKBIC OT
Yy MO X M BHIPAXArOTCA BBIBEICHHHIMH BHINIE (HOpMyIaMU.

Wrorna ynobnee nMeTh BBIpaXEHHE IPOM3BOJAHBIX ¥ MO X UEpe3 Ipo-
M3BOJHbBIE Xe (2 He MuddepeHnnansl) or x ¥ y mo t. VX Jerko mONyYHTh
13 qubdepeHIHanbHBIX BHIPAXKEHUH, PA3LC/IUB YNCINTETb ¥ 3HAMEHATEIbD,

COOTBETCTBEHHO, Ha df, dt®, dt, ... Taxum nyteM npuaeM K (popMymam:
dy dx d? d*x dy
- 7 — e e —e— g —— 17 r 7
s_dt _y oo dt der di? dt Xye— Xeyr

Yy dx - X‘; > V=
dt

&E T G
@)

16*
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AHAJIOTHYHO:
7 17 172 7 7 awZi 17 0
e _ XAxyes — x5 v1) = 3xp Xpype — x1ay1)
- ’

o G)*

u T. O.

122. Koneunnle pasnocrs. ITycrs dyukmus f(x) ompenernesa B HEKOTOPOM HpoMe-
XyTKe I B BCe 3HAYCHHUS X, KOTOPHIE OYNYT BCTPEYaThCs, CIMTAIOTCS OPAHAIICKALIMMEI
3TOMY HPOMEXYTKY. PHKCAPOBAB HEKOTODOE NpHpALleHWe Ax TepeMeHHOH x (MbI
6ynem mpeimonaraTs, AUIs ONPENENEHHOCTH, Ax >0, XOTS HAYTO He MEMIayo 651 paccmart-
puBath ¥ Ax<0), momoxumM

Af @) =f(x+4x)-f(x)

M Ha30BEM 3TO BBHIPAXCHUE NE€PBOM PA3HOCTb IO Hamed dynxiym. BTopoi
Pa3HOCTSLIO HAa3bIBACTCH MEPBas PAa3HOCTh OT MEPBOM PasHOCTH:

L f(x)=AlAf ()= Af (x+ Ax) = Af(x) = f(x+2 Ax) - 2f (x+ A0 + f ().
BhICIIME Pa3HOCTH ONpPENENAOTCS MHAYKTHBHO:
A f(x)=A[A"1f(x)].

Bopouem, mnst n-# pasHocTd MOXeT GHITE ycTamOBIEHA B dopMyia

anfe)= ﬁo (= DICh fx+n—i dx)=

"(;' _Zl)f(x+n‘—_2‘ AX) = oo (= DR L),

n -
= f(x+nAx)——l-f(x+n——1 Ax)+
BBIpAXAroIasi 3Ty PAa3HOCTH HENMOCPEACTBEHHO 4Yepe3 3HAYECHUs camMoii (ynxumu f(x)
B PAaBHOOTCTOSIIMX TOYKaX i

X, x+4x%, x+2 4, ..., x+n Ax.

Ota GopMyIa Ierko AOKa3bIBAETCH MO METOAY MATEMATAYECKON MHAYKIMY, YTO MOXKET
6LITE MPENIOCTABIIEHO YMTATENIO.

CornocraBuM Teneph 3TH Koweunvle pasnocmu ¢ TIDOM3BONHEIME M nuddepeHiua-
JaMH.

Ipeanonoxmm, uto dyHkuus f(x) uMeer n~1 HeNpepHIBHBIX TPOU3BOAHBIX

LG, £, vy fD() ,

B 3aMKHYTOM NPOMEXRYTKE [Xo, Xo+7n AX] W KOHeYHyIO n-10 MpoH3BoAHYyIo f(M)(x), mo
kpajiHell Mepe, B OTKPEITOM IPOMEXYTKE (X,, Xo-+ 1 Ax). Torma umeer Mecro dhopMyna

A flo)=fONEn) - Ax™,  the  xo<En<Xo+n Ax. )

Ilpu n=1 peno ceopurcs X GopMysie KOHEYHEIX NPHpAINEHHHM, KOTOpas SBIACTCS
npocrefinmM YacTHBIM ciiyyaeM dopMynst (7). HaMepepasch MpOBECTH HOKA3aTeLCTBO
HAINEro yTBEPXKACHHUS 110 METONY MAaTeMaTHYeCKOH MHIAYKIHMH, MBI JONYCTHM CHOpaBel-
JHBOCTH M3MEHEHHOU (opMynkl (7), moiyyaeMoit mpy 3aMeHe n Ha n—1, pasyMeercs,
TP COOTBETCTBCHHO M3MCHCHHBIX NPENNONOKEHMAX, U AoKaxeM (7), NpH CHENaHHBIX
nopenmonoxenusix. U3 mux cuemyer, uro ana dyskumn Af (x)=f(x+ Ax) — f(x) B npome-
KYTKE [Xg, Xo+7n—1 Ax] ¢ H3GBITKOM BBIIOJHSIOTCS YCIOBHA TPHMEHHMOCTH M3MEHEH-
HOl $opmyisl (7), ¥ MBI MOXEM HAMHCATH .

APAS (xo)l = A" flxo) = [f O™ D(én_y + AX) = fO=NEp )] - AxY, ®
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Ine xo<&n_y<Xo+n—1 dx. TIpuMeHss k mpaBoit 4acTH 5TOro paBeHCTBA dopmyny
KOHEYHbIX NPHPAIIEHNIA *), TONYYNM HENOCDEACTBCHHO (QopMysny (7), mpHdeM

Xo<én_y1<én<&n_;+dx<x,+n Ax.

3ameTM, 4TO, ecaM mpousBonHas f(M)(x) cymiecTBYeT Takke B TOUKE Xo ¥ OPHTOM
HENPpEePEIBHEA B ITOH TOWKe, TO U3 cooTHOomeHusi (7) mpu Ax -0 (Torma &y, —x,)
CHenyer, 4ro
A f(xo)

"Mxp) = li : 9
SO lim ©

Bopoem, 3Ta nuTepecHas ¢opMysa, yCTAHABIMBAIOMAS BO3MOXHOCTH LOJyYEHHS
n-¥i MPOM3BOAHON C MOMOIBIO JMINL O A HOT O NPENeNbHOTO IIepexona, CrpaBel-
THBA TIPH CANHCTBEHHOM INPEANOJIOKEHHH, YTO T2 NPOM3BOAHAS CYIIECTBYET MMEHHO
B TOYKE X;. ITO 3HAYMT, YTO B HEKOTOPOH OKPECTHOCTH TOUYKHU Xo CyLlie-

CTBYIOT HpPOM3BOAHEBIC
£, £fx), .., FO-1)(x)

W, CJICAOBATENBHO, DA JOCTATOYHO MAaNoOM /x, MOXET OmThL IpEMEHEHA
¢bopmyna (8). Beany cymecrsoBauus Ipom3BOmHOM f(M(x,), BOCHONB30BABINMCE dop-
Myno#t (2) n° 96, MoxeM HaOHMCaTh .

FEN(En )~ fOD(x,) = lf(")(Xo) “(En_y~xo)to-(€n.y—x0)
SO En 1+ Ax) = [P0 (x) = Fxg) + (€ny+ A% — X6) +B - (n g+ Ax ~ Xo),
rae oc* :1 B 3aBHCAT OT Ax ¥ BMecTe C HHM CTpeMATCs K Hymo. OTCIona u u3 (8) BhITE-
Ry A" f(xo) = [f "N (x0) +¥] - Ax™,

rae Yy — HoBaa GeckoHeuHas Manas. HakoHel, AeNs 5TO PaBEHCTBO MOWIEHHO Ha AxM
Y mepexons K npexeny npm Ax -0, opugeM k dopmyne (9).

TloxuepxneM, 4TO OHA MMeEET MeCTO JHINb B NPEANONOXKEHHH, 4TO
cymecTByer mpom3BoxHas f(")(x,). Ilpenen cnpaBa MOXeT CymecTBOBATH
¥ TOTZIa, KOrja 3Toi MpOU3BOJHOM HET ***), PaccMOTPEM, HampHMep, PyHKOHIO, OIpe-
JIENECHHYIO TaK:

1
f(x)=x3.sin — (x=0), F£(0)=0,
x
B351B X, = 0. s Hee CyIIeCTBYeT mepBast IPOM3BOIHAS
1 1
f/()=3x2.sin——x.cos—  (x=0), f/(0)=0,
X X
HO HET B Touke 0 BTOPOI NMPOM3BORHOM, MO0 OTHOMIEHME

1 1
3 Ax2.sin — — Ax . cos —
FO+a0)-fFro) ~ O SN T AR 4 1 1
= =3 Ax.sin — —cos —
Ax Ax Ax Ax

*) Ha 910 MBI umeeM mpaso, Tak kak dymkuws f("—1)(x) HempepbiBHA B IIpO-
MexyTke [&n_y, én_;+ Ax], a BHYTPH Hero MMeeT KOHEMHYIO NPOH3BOAHYIO f (M(x).
**) Vuutnias, uto 0<&n_, — xy<(n—1) Ax (upu Ax=>0).
*3¥) Tak wro dopmynma (9) OTHIONE HE MAET HOBOT O ONPEHCIICHAA CAMOIQ
NIOHATAA n-f UPOUIBONHOY, PABHOCHABHOT QO cTapomy!
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npu Ax -0 npexena He uMeeT. B To e BpeMs BhIpaXkeHUe

.1 1
£2£(0) =f(0+2 Ax)—-2f(()+Ax)+f(o)—8 Ax? - sin EE-ZAx3~5m =

Ax? Ax2 Ax?

1 1
=8 Ax-sin —— —2 Ax.sin —-0.
24x Ax

§ 5. ®opmyaa Teiinopa

123. ®opmy.a Teilnopa ans Muorowriena. Eciau p(x) ects Lienslii MHOTO-
4JIeH CTElleHH M.

PX)=a,+a X +ax> +a; x> + . .. +apx”, €))
TO, MOCICNOBATEIbHO Autdepernupys ero n pas.
P)=ay+2-ax+3ax+ ... +neax"l
P'x)=1:2a,+2-3-ax+... +(n—Dn-a,x"2,
PrX)=1-23.aq,+...+(n—-2)n-n.a,x"3,

.............................................

PM(x)=1-2-3...n-a,

¥ moJjiarasg Bo Bcex 3THX dopMmynax x=0, HalizeM BHIpaXeHMA KO-
3 PUUIMEHTOB MEOTOYJIeHA YEPE3 3HAUYEHHNA CaAMOTIO
MHOTOUYJCHA U ¢T0 NPOHU3BOAHLX Npu x=0

7' (0) Q)
%=p0), a==r, @<
) a _ O
3 - 3! 5 ¢ sy mn - n! .

ToactaBuM 3TH 3HaveHHs kKodddunuentos B (1):

PO _ pO) " ©) MO
p(x)=p(0)+—1!—x+w—2! x4+ Xt X 2
Ota popMmyna oriamdaercs oT (1) 3amMUCh IO KOIPOHUIHMEHTOB.

Bmecro TOro 4ro0OBI pa3jiaraTb MHOTOWIEH IO CTENEHAM X, MOXHO
OBLI0 GBI B3STH €r0 PA3NIOKCHHE IO CTENEHAM X — Xy, TIE X, €CTh HEKOTO-
PO€ MOCTOAHHOE YACTHOE 3HAYCHHE X:

P(x) = Ay + Ay (x ~ x) + Ay(x — Xxo)* +
+Ag(x — X+ . .. +Ap(x = Xp)". 3)
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Honaras x-x,=§, p(x)=p(x,+&)=P(), nas KodapHIMEHTOB MHOro-
YJIeHa
P(E)=Ay+ A E+ B2+ A B+ ..+ Ay8n

HMEEM, IO JOKA3aHHOMY, BBIPAXCHHA:

P P
4,=P0), 4=50, 4,-T0,
P7(0) P()0)
Ay="52, .., Ap=2
Ho
PO =px +E):  P'(E)=p'(xo +8),
P @) =p"(%+)s - - -»
TaK 4TO
PO=p(x), P'O)=p'(x)s P O)=p"(), ...
H
dy=px), A =TED, 4, P
)
"(x0) P(xy) (
A3="3f beees  Ap=tPE,

T.¢. KodpbunuenTs pasnoxeHus (3) oxa3aiuch BBH-
PaXeHHBIMHU Yepe3 3HAYEHHSA CAMOIO MHOTOYJeHa
A €ero NPOM3BOAHBIX NPH X=X,

Hoxncrasum B (3) BhIpaxernus (4):

p( o) 4 (xo)

(x—xp)? +

(x—x) +

p(x) =P(xo)‘|‘
/// o (n) o
$ 2000 eyt A (g (5)

®opmyna (5), Tak xe Kak H ee dacTHHIA (npu x,=0) cmyvaii (2), Ha3H-
Baerca bopmMmynoit Teitnopa (B. Taylor)*). 3BecTHO, Kakie Bax-
Hble IpUMEHEHHS OHA MMeeT B ajreope.

CoenaeM (moze3noe I AAJIbHEHINETO) OYCBHIOHOE 3aMEYaHHE,
YTO €CJIM MHOTOWIeH p(x) MpeICTaBicH B BHIE

C. C. C. C;
PR =co+ 3 (= Xo) +58 (x—xf +35 (X =%+ ... +op (6= xg)"s
TO HeobXoauMmo

plxp)=co, P'x)=c,, P '(X)=cyy oy Px))=Cp.

| *))BHPO'ieM ¢dopmyity (2) 4aCTO HA3BIBAIOT tbopmynoﬁ Makaopena (C. Mac-
aurin
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124. Pasznoxende HPOH3BOJILHOH QYHKNHE; XONOJHATEbHEI qjleH B
$opme Ileano. OGpaTHMCS Teleps X PaCCMOTPEHHIO I POHU3BONBHOIH
(ysxuun f(x), BooOwWwe He FBNAOIEHCT TIeNBIM MHOrowieroM. Ilpenmoro-
KHM, HTO UL Hee B HEKOTOPOH TOYKE X, CYIIECTBYIOT HPOM3BOMHBIE BCEX
TIOPAZIKOB IO 1-ro BKIFOYHTENLHO. DTO 3HAYAT, TOYHEE TOBODS, UTO bynx-
I OIPEACIICHA U HMEET HPOU3BOAHEIE BCEX IIOPSAIKOB 10 (71 — 1)-ro Bxim0-

YHTEIHHO:
S'G), ), £, ..., fON(x)

B HCKOTOPOM NpOMEXYTKe [a, b], comepxaiiem Touky Xy, U, KPOMe Toro,
VIMECT NPOU3BOAHYIO n-ro mopsaka f(x,) B camoii Touxe Xo*). Torna,
no obpasuy (5), ¥ mns dymkmum f(x) MokeT GbITs COCTaBJIEH MHOIO-
WieH

)= £ + 75 () 1 L6 (o _ye

2!
(n)
AT . (6)
Cornacno mpezwecTsyromemy 3aMCYaHHIO, 3TOT MHOTOYJEH H
€ro Npou3BOAHBE (10 n-if BUIIOYATENLHO) B T 04K € Xo HMEIOT
TC XK€ 3HAYCHHUSA, YTOo U PyHKIUA f(X) u ee IPOHU3BOI-
HEL €.

Ho ma 3rtor pas, ecimu Tonwko J(x) He ecTs menmli MEHOrowien n-i
CTCICHH, yXe HENb3s yTBEPKAATh paBeHCTBA f(x)=p(x). MHOrowieH r(x)
AACT JIMIIp HEKOTOPOoE NPpH G IHXKeHue QYHKI MU JS(x). IToaromy
0COGbIH HHTEpeC NpHOGpETaeT H3yyenwe pasuocTH

()= f(x) - p(x). Q)

VcranosuM, mpexzae Beero, 9To npu XX, 3Ma pazHocmv npedcmag-
Asem coboii Geckoneuno manyio nopadka eviue n-zo (no cpasmenuro ¢ x — x,):

1) =o((x —x)). ®

ITo cBoiicTBy MHOTOWIEHA P(x), ana dynkumyu r(x), ouesmmmo, OynyT
AMETh MECTO pPABEHCTBA

() =r'(x) = r"(xp) = ... = r®)(x;) =0, ©)

Mz cefiuac yctanoBEM 0 G mie e YTBEPXKAEHHE: ecau 0 4 A KakK o ii-
aubo gyunrxyuu r(x), umeloweii ¢ mouxe Xo MPOU360OHbIE 00 N-20 No-
PAOKA BKAIOUUMENLHO, 8bINOAHAIOMCSA yeaosus (9), mo umeem mecmo coom-
Howenue (8).

HoxazatenscrBo mposemeM Mo METONY MAaTeéMATHYECKOW HHAYKIIHH.
Ilpu n=1 310 yrBepXnNeHHe wMeeT BHI: eciu Pyuxyua r(x), umeiowan

*) Ecnu Touka X, sBIAETCA ONHAM. M3 XOHLOB IPOMEXyTKa [e, b], TO, roBops o
UPOM3BOIHBIX B ITOH TOYKE, MBI HMCEM B BHAY O XHOCT O POHHHAC¢ UPOH3IBOLHBIC,
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6 mouke X, npou3sodnyio (nepeozo nopadxa), yooeiemeopsem YCAO8UAM
r(xp) =r'(xp) =0,

r(x) =o(x — x,).

mo

Ero crpaBe[sIHBOCTh MPOBEPAETCA HEMOCPEICTBEHHO:
. X . r(x)— r(x
lim = L = lim Q__.(_Qz r’(xo) =0.
X—>Xg X0 xax, X7 %0

IMpenmonoxum Teneps, 4ro cHopMyNHPOBAHHOE BHILIE YTBEP-
XKICHHE CIPAaBEMJIHBO IS KaKoro-imbo n=1, ¥ JokakeM, 4T0 OHO
OCTAETCA BEPHBLIM U HPH 3aMeHe n Ha n+ 1, T. €. YTo: ecau 0414 K aK o ii-
aubo gpyunxyuu r(x), umeoweii 6 mouxe x, npoussodusie oo (n+ 1)-z0
nopAOKa 6KAOYUMEALIO, GLINOAHAIOMCA YCAOBUS

r(xg) =r'(x)=r"(xg)= ... =r"(xy) = r"(x,) =0, 9%

r(x) = o((x — xp)"*1). (8%

U3 (9*) ycmaTpuBaeM, uTo GyHKuus r'(X) yAOBJETBOPSET YCIOBHIM
THNA (9), a 3HAYMT JUIA Hee 10 N PEANMOJOXKEHHOMY YXKe HMEeM:

r'(x) = o((x — x0)")-
Ho, mo ¢opmyne xoneunbix npupamennii [112],
r(x) = r(x) - r(xg) = r'(c) - (x — xp),
/€ ¢ COUEPKHTCS MeXIY X, M X; TaK Kak |c—x,| <|x—Xo|, To
r'(e) = o((c ~ xp)") = o((x ~ xo)"),

M MBI OKOHYATENhHO mpuxomuM K (8%*), 4ro m TpeGoBaOoCh IOKA3aTh.

Taxum o6pa3zoM, Haille yTBEpXIEHHE ONpABIAHO IJIA JIOGOTO HATY-
PAaJIBHOTO A, M 1A pa3sHOCTH (7) HEeHCTBATENHHO BHINOJHACTCA COOTHOLIE-
nue (8). IMpunuMas Bo BHuManmue (6), MBI mosyuaeM (dopMyiTy

£ =16 + 78 (-2 + 559 (x s

L (n,),gxo) (x—xp)"+o((x-xp)),  (10)

mo

xoTopas oT dopMyJsl (5) II1 MHOTOWIEHA PA3HATCS HAJMIMEM I O I O J-
HUTeabHOTro uYnena (8). B ykasammoit popMe MONOIHHTENHHLIH
wien 6bl1 nag ITeano (G. Peano). ®opmyna (10) m HaseBaeTca gop-
myaoii Tetinopa c donosnumenvhvim usenom e opme Ieano.

Hoxasannas GopMyna SBIFETCE €CTECTBEHHBLIM 0606menreM GopMyIIbt
(3) n° 96, KOTOPYX0 MOXHO HAIWCATH TaK:

)= fx) + f(x)(x = Xg) + 0(x — x);
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oHa otseuaeT n=1. TaM Qyskmusa f(x), ¢ TOYHOCTBIO HO GECKOHEYHO
MaJIO} Nopsiaka BHILIE NEPBOro, MPEACTABIIACH B BUAC JMHEHHO i
byHKIUH 30eCh XKe MBI NPEICTABIAEM €€ IEIbIM MHOTOWICHOM #-if
CTEeNMEeHH, HO YK€ C TOYHOCTHIO IO OSCKOHEYHO MAJION MOPAIKA BHIIIIE
n-ro.

Jlerxo moka3aTh, YTO Takoe Ipe/ACcTaBIeHne GYHKIMM f(x) eAMHCTBEHHO,
T. €. YTO, €CJIX UMEEM OJHOBPEMEHHO BOJM3H X,

J() = Ay + A;(x — x0) + Ay(x ~ Xl + . . . + Ap(x = x)" + o((x — X))

J)=Ag+ Ay(x — xp) + Ax(x = XoP + . .. + An(x — X)" + o((x — xp)"),
To HeobxomauMo
Ag=d], Ay=A], ... A=A,
JelCTBUTEbHO, U3 TOXIECTBA
Ag+ Ay (% — %0) + Ag = X2+ . . . + A — X =
=Ag+ A1(X — x) + Af(X — X + . . . + Ap(x — x)" + o((x — xp)7)

OpH X —X, cpasy moiy4aeM A =A;. VHAYTOXKHB 3TH WICHH H Jeis HX
Ha X —X,, HOJY4dM:
A+ A(x—xp)+ ... +Ap(x — xp ) D=

=A;+Ay(Xx —x) + ... + Af(x = X"+ o((x - X)),
OTKy/[a, aHaJoruyso, 4,=A4;, u T. 1.

Urorna yno6uo ¢opmyny (10) npumensts B apyroit dopme. omoi-
HUTEJILHBIH WICH r(X) MOXHO NpPENCTABUTH Tak:

) = (- )

TOC o 3aBUCUT OT X M CTPEMHTICHA K 0 BMecTe ¢ X=Xy IToncraBnas 3To
BBIPAXCHHEC, II0JIYYHM

£09 = £ + 782 (v #7259 (o es SO (10a)

Hanee, nmeperocs B dopmyie (10) f(x,) HameBo U monaras x—x,=A4x,
MOJXKHO IIepenucaTh ee B BHJE

Af(x)=f'(x)- Ax + % S - Ax2+ .. +%f(”)(xo) - Ax™ + o(Ax™).  (106)
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B atoit popme ona eme Giuxe x dopmyne (3) n° 96:
Af(xg) = f(xy) - Ax + o(Ax).

Iocnennas BHIAEISET JMIUIb ONMH TIABHBIA WIEH H3 GECKOHEYHO MAJIOro
npupamenus ynkmuu Af(x,) — cumras, xaKk Beerma, Ax 3a OCHOBHYIO
GECKOHEYHO MAIyI0, B TO BpeMsd Kak B ¢opmyne (106) BHIIHCAHBI “WIEHBI
BCEX HOPSIKOB IO A-TO BKJIIOYHTENILHO, IIPUYEM BCE OHM SBJISIOTCS II P O-
CTEHIMUMHE OeCKOHEYHO MAJBIMH B CMEICE n° 63.

C TOYHOCTBIO IO NOMOJHHTENLHOTO WICHA, TakuM obpasoM, I p u-
paumeHue GYHKOHH Pa3JoXEHO NO CTEHEHSAM IpH-
PameHHss HE3AaBUCUMON MEPEMEHHO i

Haxkonen, BCIOMHHASA, YTO

S o)« Ax=df (), [ (x)+ A =f (xp), . .., [PNxp) - Ax"=d"f (x,),

MbI MoxeM nepenucats (106) B Takoit dopme:
1, 1
Af (x) =df (x,) + 5 Pf(x)+ ...+ ) d'f(x,) + o(4x").

Orcrona BumuM, uro (mpu Ax-0) mocnemoBarenbubie AuddepeHIHaIBI
OPENCTaBAfOT coboif, ¢ TOYHOCTBIO 10 (aKTOpHAIOB B 3HAMEHATEIE,
MMEHHO MpocTeiime 6eCKOHEYHO MAaJIble YJIEHBI COOTBETCTBEHHBIX MOPS-
KOB B Pa3JIOKCHUH OECKOHETHO MAJIOT0 NPHUPALCHAS QYHKIHH.

125. Ipumepn. Beero npowe Burasaur ¢dopmyna Teinopa, ecan
Xo=0%):

’ 74 )
F@ =@+ L 51 T s LD n o), a1
K 3ToMy 4acTHOMY CiIyuaro BCeria MOXHO CBECTH JENO, B3fB X —X, 3a

HOBYIO HE3aBHCHMYIO IEPEMEHHYIO.
PaccMoTpuM B BHOE IpHMeEpa HEKOTOPHIE KOHKPETHHIE PA3JIOKCHHS

mo 3To# dopMyne A 3JEMEHTAPHLIX (DYHKIIMIA,
1) Hycte f(x)=¢*; Torma f®(x)=¢* npu mobom k=1,2,3, ... Tax
Kak B aToM ciaygae f(0)=1, f®(0)=1, to, no dopmyne (11),

x  x2 X7
ex=1+1—!+7!1~...+ﬁ+o(x").
2) Ecmu f(x)=sin x, To f®¥(x)=sin (x+k%) , TaK 4TO

F(0)=0, fFEm(0)=sin mn=0,

SfE=1(0) =sin (mn—g) =(-D"t (m=1,2,3..).

*) U a1y dopmysty CBA3BIBAIOT ¢ HMEECM M akopera (cM, CHOCKY Ha cTp. 247),
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IostoMy, nosioxuB B (opMmyse (11)-n=2m, umeem

x5

T Ol Vi 1" +o(x m),

3
sin x=x— 3,—l—

3) Anasornyno, npa f(x)=cos x:
FOG)=cos(x+k-3)5 fO=1, fEmO)=(-1)

fem=10)=0 (m=1,2,3,...).
TakuM o0Opazom (eciid B34Th n=2m+ 1):

xt

COS X = l +4'

(=D p(amt),

(2 )!

4) PaccMoTpUM Temeph CTeNeHHYIO (QyHKIHIO X™, riie m — HE HATy-
pajibHOEe YMCJIO KX He HyJb. B 3TOoM ciyyae mpu x -0 ymbo cama QyHk-
st (eci m<0), 6o ee MPoN3BOAHEIC (HAYHHANA C HEKOTOPOTO HOpsKa,
npu n>m) 6ECKOHEYHO BO3pacTalT. Cnenonarenmo 3/1eCh
yXe Helb3s OpaTh x,=0.

BosemeMm x,=1, T. €. cTaHeM pa3naraTe x™ no cremeHAM x — 1. Bnpo—
4eM, KaK yXKe YIIOMHHAJIOCh, MOXKHO BBECTH B Ka4Y€CTBE HOBOH IepeMeHHOI
x~—1; MBI ee no-ipexxaeMy OyaeM 0003HaYaTh depe3 X, U CTaHEM pas-
naratk ¢ysxmuio (1+X)™ HO CTeNeHsSM X.

Kak Mer 3maem {116, 2)],

fOX)=m(m-1) ... (m—-k+D(1+x)"kK
fO)=1, FfOO)=mm-1)...(m-k+1).

Pazjioxenne MMeeT BHA

TaK 4TO

Q+x)m=14me+ ™D o ymm= D @ontl) oy oemy,
1.2 ’ 1-2...n
B wactHOCTH, HampEMep, IpU n=2 U M= —1,%, —% 6ymeM wuMeTh

1

—e =1 — 2 2
e 1 —x+x%+o(x?),

Yi+x=1 +%x——;;x2+o(x2),

1 1 3
=1-5x+%x2+0(x?).
Vi+x 2 8 9

HCPBOC H3 3THX pa3no>1<enm?i OYCHBb JICTKO MIOJAY4YacTCd IJICMECHTAPHO —

x3
IONOJIHUTENBHBINA WICH 31eCh OpoCTO PaBCH ——— . BTOpOe KE B TPCTHC

T+x
norpeoBaiy Ok Gojice ANMMHHEIX BRIKTAZOK [Cp. 63].
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5) Ecnu mepeiitu k sorapudmudeckodt Qysxuwmn I x, xotopas crpe-
MHTCA K —oo IpH X +0, To, Kak ¥ B IpeBIAYIEM OPHMEpPE, MbI Ipej-
noyTeM paccMaTpuBaTh GyEKIHIO f(x)=In (1 +X) ¥ pasmarats ee mo cre-
IeHsIM X.

Torma [116, 3)]

F0(x) = (-Dik-1)1 %

I
f0)=0, fBOQ)=(-1)(k- 1)!~
Otcrona s .3
1n(1+x)=x—%+x§— (= 1)”’1 " 1 o(x).

6) Ilycte Temepsp f(x)=arctg x. Ml umenu B 118, 4) 3HayeHNsd ee mpo-
U3BOIOHBIX mpH x=0

FA©) =0, fenD0) =(~ 1)@ -2},
TaK 4YTO €€ PA3JIOXKCHHEC IIPCACTABUTICA B BUIAEC

x» X m— 1
—3—+?‘ +( 1)

7) JAna oynkmuu f(x)=tg x 3aKoH oGpasonaHux ko3t dunuenros B
dopmyne Teitnopa ciaoxen. TeM He MeHee, HECKOJLKO IIEPBHIX WIEHOB
ee HaNHCaTh HCT‘pYJIHO. Tak kak, Hanpumep,

’r sin x " 14+2sin x
fx)= ,  Sx)=2 » JX)=2—5—

cos?x cost x

arctg x=x — e

+ o(x2m),

cos2 x ?

ing
FIV(x) =8 sin x 2+ sin®x

cosbx

TO

fO=0, f@=1, f"©0)=0, ["0)=2, [YN(0)=0,
TaK 4To 3
tg x=x+?+o(x4).

TMome3ysch H3BECTHBIMH PA3IOXKEHHUAMH, MOXHO, YX€ HEe BBIYMCIISS IPOM3BOKHBIX,
HEMOCPEACTBCHHO ITHCATh DPA3NOKEHUA M IUId 0oJiee CIOXKHBIX q)yﬂxmm Hanpumep,
npeabaymas gopMysia Moria Gsi ObITH HOJNYY€HA M3 Pa3lIONEHMH JIA Sin X M COS X.
TIpuBeneM HOBEIC PUMEPBI; IPH 3TOM BCE CTENEHH X, IO HA3HAYEHHOM BKIIOYHTENHHO,
MBI GyZEM TOYHO Y¥MTHIBATH, a GOJIee BBHICOKHE CTEMCHH (HE BEIMCHIBAaS HX) Gynem
Ccpa3y BKIIOYAaTh B AONOJHUTEILHEIH 4IIEH.

8) Hanucarp pa3snoxeHue GpyHrium esinx go x2, B cuny 1),

esinx=1+sin x+% sin? x+-é— sin® x4+ o(x3) **);
HO, mo 2),
sin x = x— % x84 o(x%),
TaK 4TO

1 1 1
esinx=1+ (x——6-x3) +_2"’.CZ+E X2+ o(x3).

*) ITon 0! Mel, kXaK Bcernaa, pasyMeeMm 1.
*¥) 'Cneposano 6wl HanmcaThb o(sin® x), HO, BBHAY 3KBWBANEHTHOCTH GECKOHEYHO
MaJBIX X W Sin X, 3TO BCE PaBHO, 4TO o(x3).
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YneH ¢ x3 ucye3aer M, OKOHYATEILHO,
1
esinx= 1+x+-2— X2+ o(x3).
AHaNnoruaHo,

1 1
etgx=1+4+x+ ~2-x‘*’+-2—x3+0 x3).

9) HanwmcaTp pasnoxenue ¢pyakuwu In cos x 1o wiena ¢ x8. CornacHo §), In rne v=
1 1
=In[1+(cos x—1)}=(cos x—1) -3 (cos x — 1)’-’+§ (cos x — 1)3+ o(x8) *),

ITpu stom, BBULY 3),

1 1
cosx—1= ——x~+ﬂx4—% x8-+o(x7);
OoTCrOza
Incos x= (—}-x2+lx4——1—xe) -l (ix*'— ix“)—k—l- (—ixs)+o(.x‘5)
2 24 720 214 24 3 8

HIH — MOCHC NMPHUBCOCHHUSA —

1 1 1
Incos x= —Ex‘z——x“-—— x5+ 0(x8).

12 45
AHaNOru4HoO,
In (x+ Y1+x2)=x —lx3+—3— X5+ 0(x%)
6 40
"
In S{I.l_x = - _1_ x2— _l_xl - _1_ X8+ o(x5).
x 6 180 2835

Bcee 3TH pa3IokeHHs, NOIyYeHHbIE 6€3 HEMOCPEACTBEHHOTO HCIIONB30BaH s ¢GOpPMYyIIbI
Te#mopa, Mornu 6bl, KOHEYHO, OBITH HOJYYEHBI ¥ IIO 3TOM PopMyne, 1 OPUTOM —
B TOYHOCTH C TeMHM Xe Ko3(duimenTamMu, BBUAY YCTAHOBJICHHOH BHIINE €OMHCTBEHHOCTH
HopoOHOrO pa3noxeHHa (GYRKIIHH.

3amevanue. Tak Kak pacCMOTpeHHBIe 37ech (YHKUUWH MMEIH B
OKDECTHOCTH TOYKM X=( IPOM3BOIHBIE BCEX IOPSIKOB, TO MBI HHYEM
He OBLIM cTecHeHHI B BhIOope wmcia n B ¢popmyne (11), T. e. Morym npo-
IOJDKaTh Pa3IOKEHMA 3THX GYHKIHMH BIUIOTH JO JIOOOW CTEHEHH X.

126. dpyrue dopmbi nonosammrensHoro 4iaena. ®opmysna Teitnopa
C JOTIOJIHMTELHBIM WieHOM B ¢opMe Ilean o mmeeT MHOrooGpasHble
TPIIOKEHHS (CM. CICIYIONIYIO IJIaBY); HO BCE OHM, TaK CKa3aTh, <JIOKAJIb-
HOTO» XapakKTepa, T. €. OTHOCATCS K CaMoil TOYKe X,. EcaM B HMX WHOR
Pa3 ¥ UAET peub O APYTHMX 3HAYECHUAX X, TO 3TH 3HAUCHHSA NPEAIONararoTcs

*) Tak xak 1-—cosx ommoro mopsaxa ¢ x2 [61), To o((cos x—1)%) B TO e Bpems
ecTb o(x®).
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¢IOCTATOYHO GIH3KHMMD K X, M HAmepes HE MOIYT GBITH B3ATHL IO MPOU3-
BOJTY.

Mex/y Tem eCTecTBEHHO MONBITATHCA HCHOIb30BATH MHOTOWIEH p(X)
Kak mpubinuxenue XK yHknuu f(x), c NOMOMBIO KOTOPOTo
OHA M MOXET GBITH BBIYHC/ICHA C HYXKHOH CTENEHBIO TOYHOCTH.

Hoist Toro 4T06BL MEOTOWIEH p(X) GBUI IPHTONEH IS STON POJH, He-
00X0IMMO MMETh BO3MOXHOCTH OLEHMBATL PA3HOCTH (7) ona nmas-
Horo x. B atoM ciysae dpopma ITeano, XapakTepusylowas JHIIb
crpemiienre 1(x) x 0 mpu x -0, ciayxuts e Moxer. OHA He MO3BOJIIET
YCTaHABIWBATH [UIA KAKHX 3HAYEHHH X MHOTOWIEH p(X) BOCIPOM3BOIUT
bynxmuro f(x) ¢ Hamepes yka3aHHO#M CTENEHbIO TOYROCTH; HIYErO HE TOBO-
PUT OHA TaKXe O TOM, KaK MOXHO OBUIO OBl — IIpHM JaHHOM X — BO3-
HeHCTBOBATh HA BENMYMHY JOHOJHHTENLHOTo WieHa r(x)=r,(x) 3a cuer
yBEeJIIMUeHHS #*),  T. I.

IToatoMy MBI 06paTHMCSE K BBIBOAY APYTHX GO P M HONONHATENb-
HOTO 4ieHa ry(x). /Ind ompeneneHHOCTH GyIeM paccMaTpUBATEL IPOMEXY-
TOK [Xy, X,+ H] (H>0) BIpaBo oT TOYKH X, H GyHeM CUATATH bynKIHIO
S (x) onpenenenHoii B 3TOM HPOMEXyTKe; Ciydail, Korma QYHKIHS 3aHaHa
B TPOMEXYTKe [xo— H, x|, MCuepnbiBaeTCS AHANOTHYHO.

Ha srot pas cnemaem Goslee TsikeNbie TPEMIONIOKEHHS, UMEHHO, [0-
IyCTHM, 4TO BO BCEM IIPOMEXYTKE [X,, X, + H] CYINeCTBYIOT H HEMPEPHIBHBI
NepBLIC 7 MPOH3BOJHEIX:

SO [, f7E)s e, [0

¥ KpOMeE TOro, IO KpaiiHedl Mepe, B OTKPHITOM HPOMEXYTKe (Xx,, X,+ H)
CymiecTByeT U Komewna (n+ 1)-s npowssommas f(+1)(x),
OrMmerum, uto, BBURY (6) 1 (7),

a6 = 1) £ () L8 () L2 (e

2!
")(x,
fn(!x)(x—xo)". (12)

n

Dukcupyem Temeph 110 60€ 3HaYEHHE X M3 IPOMEXYTKA [x0, xo+ H],
HHo o6pasmy mpasoif yacte Gopmymsi (12), 3aMEHSAA IOCTOSHHOE YH-
CJI0 X, Ha IEPEMEHHYIO Z, COCTABHM HOBYIO, BCIOMOTATENLHYIO (PYHKHMUIO:

9D =/0) - SD-P (x-2-L 2 -zp - DD (g,

TIpAYEM HE32BUCHMYIO NEPEMEHHYIO Z CYATAEM HM3MEHSAIOIICHCS B IpoMe-
XyTKe [X,, x]. B 3TOM mpoMexyTke (yHKIHS @(z) HeNpEepHIBHA H HPHMHU-
MaeT Ha KOHUax ero sHavenus [cm. (12)]:

P(X)=rn(x), @(x)=0.
*) HyXHO NOMHHTB, 9TO MONOIHUTEILHEIA 4IIeH r(x) saBucHT, BOOOIIE TOBODA,

OT 7, NN TIOQYePKABAHUS 3TOro OGCTOATENBLCTBA MBI M 6yneM Brpeab 0GO3HAaYaTh €ro
gepe3 rp(x).




256 1. 1L NPOM3BONHLIE VI AUGOEPEHIIMANEGL (126
Kpome Toro, B IIpOMEXYTKe (X3, X) CYLIECTBYET IIPOM3BOOHAN
v@= 1@~ [520-2-r@]-[G20-2 -T2 2] -

[f I"(Z)( 2P - f "(Z) (- z)Z]

fr+1(z) )i — f(z2) n—1
[P o - FE 2]

WJH, TIOCTE YAPOIUEHHS,
, (n+1),
?'(@)= “fT(z)(x— )

BoaeMeM Teneph IPOH3BOJIBHYIO QYHKIHIO Y(Z), HENPEPHIBHYIO B IIPO-
MEXyTKe [x,, X] 1 ¥Meromyo He 06pamAIONIyIOCA B HYJb HPOH3BOAHYIO
¥'(2), mo KpaiiHeil Mepe, B OTKPEITOM IPOMEXYTKe (X,, X)

K dysxmusm ¢(z) u v(z) npumennm dpopmyny Komu [114]:

p(x) — p(x)) _ 9(c)
v(x)-yp(x) ¥'(c)’

rae
Xp<C=<X WM c=x+0(x-x) (O<0<1).

Tak kak )
n+1
PD=0, PE)=r) @)=Ly
TO

(n+1)
rn(X) p(x) (Z;(xn) f (c) ( )

Temepb, ecnu NMOICTaBIATL BMeCTO y(z) JOOLIe YIOBJIETBOPSIOLIUE
IMOCTABJIECHHBIM YCHOBISIM (YHKIUH, MBI IOJIy4HM Pa3jindHbie (GOpMBL 10-
OOJIHHUTEIILHOTO WICHA 7y(X).

Iycts p(z) =(x -z)?, toe p>0. Umeem:

Y@= -px-2~1  (xp<z<x).

OueBuano, 3Ta (GYHKIMA YHOBIETBOPSET IOCTABJICHHBIM TpPeGOBAHUAM.
ITosTomy

. Dp (n+1) (n+1)
(x—x)p  f - (C)(x__c)n=£_’F(c)(x——c)"+1””(x‘x0)p-

rn(x) = —p(x—c)p=

Tak kak c=x,+0(x~xp), To x—c=x-xo—0(x —xp)=(1 - O)(x - x,), u
OKOHYATEJIbHO:

)= SO+ 80x —~ X))

ra(x i (1 -0)yti-r(x—~x )t (0<O<1).
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OTO BHIPAXCHHE HA3BIBACTCH NOHNOJNHHTENAbHHLIM YJIECHOM
B popMe Mnemunsrxa m Poma (O. Schlémilch - Roche).

W3 sero, oprgaBas p KOHKPETHEIE 3HAYCHHS, MOXHO IONYy4aTh Goiiee
qacTHble (OPMBI JONOJHHTENBLHOTO wiena. Ilooxus p=n-+1, monyamm
HJOHNOJNHUTENbHHH’ 4deH B dopmMme Jlarpamxa:

n+4-1),
) =L 2 (- xrt (S e=),
KOTOPEIH BRINJIAUT 0coOeHHO mpocTo. OH HAOMMHAET CielyIOMpit ove-
penso#t wien ¢opmymst Teiinopa, aumb BMECTO TOro, 4roGHI BEHI-
WCIATE (1 + 1)-10 IIPOU3BOIHYIO B TOUKE X, ITY IIPOH3BOIHYIO OepyT s
HEKOTOPOTO CPE/HEro (Mexmy x, H X) 3HAYEHHUS C.

Qopmysia Te#iropa ¢ HONONHATEIHLHEIM wieHoM B ¢opme JI a-
rpanxa, TakuMmM obpa3oM, HMEeT BHI

£ =10 178 (o) + L0 (e

f( )(xo) (x- ) fzn: i()‘!:) (x _xo)n+1 (13)

(xo§c§x).

Ecnu mepenecty B Heit wieH f(x,) HaleBo, TO JIErKO YCMOTPETh B Heil
npsMoe o6obmenne GopMysb kKOBeYHBIX mpmpamenuii [112], xoTopyro
MOXHO HAIACAThH TaK:

T =) =1"(c) - (x = xo).

XoTs 0XOTHEE BCETO NOJB3YIOTCS TONOJHHTEIBHBIM WICHOM HMEHHO
B dopme JlarpamHxka, BBAIY €€ NPOCTOTHI, BCE Xe B OTACTBHBIX CIIy-
4asx 372 popMa OKa3HIBAETCA HENPUTONHON ISl OEHKH JONOJIHUTEILHOTO
4JIeHa, ¥ NPHXOAUTCA IpHOeraTs X apyruM dGopMamM, MeHee mpocTeM. K3
HUX YIIOMSHEM 3[¢Cb O AONMOMNHHTENBHOM 4YieHe B opMe
Konrm xoTopsii monywaercs u3 obmeit opmer M neMuiapxa u
Poma npup=1:

(%) = f(’”")(xo + 8(x—xo)) (1 - B)(x — xp)™+1,

127. TlpaGmmxennsie gopmymsl. ITonoxum, Ui OpocTOTH, B dopmyIte
(13) x,=0, a BMecTO ¢ cramem mucath Ox, roe 0<6<1:

0 C )0 n+1)(0
F@=f @+ 5 L L0 S o (14

Ecnu 0T6pocuTs 3/ieCh NOMOTHATENBHBIH WICH, TO HONYYMTCS I p M 6 JI H-
XeHHad bopMyna:

f@=f@+ TR LD ey SO0 4,

17 I'. M. ®uxrtesromen, T. I
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3aMersromas QYHKONIO CIOXKHOM DPHPOIBI eNbIM MHOrowiesoM. Ho ma
9TOT Pa3 MBI B COCTOSHAA O IEHHUTHh DOTPSIMHOCTh 3TOH dop-
My nsl, u0o OHA XaK pa3 H paBHA (mo aGcoyroTHOM BenmdmEe) 0TOpO-
merHOoMy wieHy. Hampumep, ecm (n+1)- mpomsBommas (mo kpaiimei
Mepe, Py M3MEHEHAM apryMenTa Mexay 0 m x) orparmyena mo abcomor-
HOM BeIWMYMHE YHCIOM M, To

Mxn+1
I r,,(x)[ Sm .

JIna opuMepoB obpaTuMcs K 3neMenTapubiM ¢yrxkmusaM. HaMm et Ha-
MOOGHOCTH OBTOPATH BHIKJAAKA n° 125, TANIL JONOJIHATENEHBIA YIICH MBI
OymeM mucaTh B HOBOM ¢opme.

1) ITonoxuM f(x)=e*. Ilpubmixennas dopmyia:

xn

e"-_1+ +2'+ +-;‘l-!‘,

Tak XKakK JOMOJHATEILHBIA 4YIEH 37€Ch

ebx
) =G ¥

TO, HAampuMep, npu X >0 IOrpeniHOCTH OLEHHWBACTCS TaK:

xn+1

[ Fa(x)| <€*- R

B yactrOCTH, ecu x=1,

1 1
At ta

e1++ ;
n

]rn(l)[ (n—l-l)' .

TTomo6uo#t dopmyiioii MBI yXe moiab3oBaymch B 37 g npubaumkeH-
HOTO BLIYWCIICHHS YHC/IA e, HO OICHKa NOIOJIHHTEILHOrO 4IICHA, IOJyYeH-
Has JOpyrmM IyTeM, Tam Opura Gosiee TOYHOM.

2) B3sB f(x)=sin x, HOIyIAM
x2m—1

1 ~ _zc__s —x_G_ m—1
sin x=x +3 (=1 rmyk

3

B 3ToM ciydae IONONHATENbHBIA YWIEH:

n
sin (9x+ @Qm+1) —)

ram() =G 2 yemt1 = (= 1ym cos bx - 2

@m+1)°

H IIOrPECITHOCTh OLCHHUBACTCS JICTKO:

|x|zm+l
|ram)| <"y,
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B wacTHOCTH, €CJIE MBI JOBOJILCTBYEMCS ONHHMM WICHOM H IOJIAraeM
sin x=x,

TO JJI1 TOro, 4ToObl HOIPEIIHOCTH OBUIA MEHbINE, ckaxeM, deM 0,001,
JOCTaTOYHO B3ATh (cumtas x=>0)

* <0001
A
x<0,1817,
aro mpuMepHo pasHO 10°. Ilpm monp30BaHMM ABYWICHHON (GopMyioi
. N x3
sin x=x- —,

AN DOCTHXCHHUSA TOH XK€ TOYHOCTH YK€ OOCTATOYHO B3ATH
x5
T2-0<0’001

K
x=<0,6544(=37°,5);

€CJIH XK€ OFPAHMIATRC yraaMu x <0,4129 (=23°,5), To morpemnocts 6yaeT
naxe <0,0001, u T. 1.

MEI BHIMM, 9TO C YBEIMYCHAEM YHCNIA WICHOB MHOrowieHa Telnopa
OH ¢ Bce 6ompIIeii TOYHOCTBIO U HA O0JIBIIEM OPOTSKEHUM BOCHPOH3BOIAT
HcxonHy¥o Qysknmro. OToT (akT HAINAOHO WLIIOCTPUpYETCH puc. 52a,
rze Hapany ¢ rpadukoM GYHKIHK Y =sin X NpelCcTaBACHLI IPadMKUd MHOTO-
4JICHOB

3 3 5

y=x, y=x-2, y=x-2+X  ur
6 6 120
3) Amanornyno, mua f(x)=cos X mMeeM
cosx=1— x4 L+ (- 1)'"
4| 2m’
npuyeM
x2m+2
Foms1(x)=(~1)"+1cos Ox - N
TaK 9T0
Ix ' 2m-+-2
[rem41(0)| =< 2m+2)!
Hanpummep, 111 dopmyIisl
-1 x2 .
cosx=1->

HOIpCUIHOCTH
l . 3(") I = 24

17*
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4 HaBepHoe OymeT, ckaxeM, <0,0001 mas x<0,2213 (=13°), u 1. m. Ha
pHC. 526 mpejcTaBlicHBL VIS CpaBHEHNA rpaduku GYyHKIUHE y =Cos X U Ipa-
(GHUKE MOCIENOBATENbHBIX MHOTOWICHOB
2 2 4
y=1, y=1—5—, y=1—x7+;‘—4 H T. I
M1 ofpaiiaeM BHAMAaHUE YMTATeNsl HAa CYIIECTBCHHOC NPOJIBIKCHHE
BHEpeN 10 cpaBHeHmIo ¢ Gopmynamu nn° 62, 63, 107: menepv mor ymeem

7
/
g ) //
//
7k /\é’ —
// i
a5t
1 1 1
a /
(a)

(4) NG
Prc. 52.

ycmanaeausamp 2paHUYbL NOZPEUIHOCMU U pacnoiazaem dopmysamu 4ioboi
mounocmu.

VikaxeM eme, uto Gopmyna Tedmopa ABIAETCA HCTOUYHMKOM JUIA HOCTPOCHNS
npubImKeHHBIX GOPMYJI COBEPIICHHO HHOIO THNA.

4) B xauecTBe NepBOTro NpAMEPA OCTAHOBUMCs Ha ghopmyae Toiizenca (Ch. Huygens)
IS OPAGIMKEHHOTO CIPSAMIIEHHS! AYTH OKPYKHOCTH, MaJjio# 10 CPAaBHEHMIO C PAayCOM.
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Ilycth s — pnueA Ayru, d — COOTBETCTBYIONIAA €if Xopaa, a 6 — Xopaa, COOTBET-
cIBytomas mojosmHe ayrm (puc. 53a). IlocraBuMm cebe 3amadeli NpeACTaBETH S B O 3~
MOXHO TO%YHee¢ mpaOmkerHo# dopmynolt suma s=Ad+ Bd, rae A, B — xo3¢-
¢AMMeHTEI, HOMANIEXKAIEE OMpPeACICHHIO.

Z
\\ h\// \\

Puc. 53.

Ecma r — Dafuyc OKPYXHOCTH, & 2X — HEHTPaIBHBIA YIoJ, COOTBETCTBYIOIIHI
ayre s, TO EMEeM

’

d=2r.sin 2( 13+8x5) ©<6'<1)
=2r. x=2r{x—— — <0’ < .
*s T 120

x
H, aHAJIOTHYHO, 3aMEHAS X Ha 7°

X 1 1 6"
8=2rsin —=2r|=x——x3 | <0<
rsinz '(2" 3" T30 ) ( h
Orcropa
Ad+B6=2 [A+13 LRI I AT P
=er 20 ¥ 6% 48" Y T\ 1207 " 3840 ]

B TO BpeMs Kak s = 2rx. EctecTenHO BHOpPaTh A # B TaK, 4ro6H 65110

A+1B—1 1A+1B—0
20 7 67 a8 7

260 TOTAA pa3HAIA MY JeBOi B IpaBoi YaCTAMH paccCMaTpuBaeMol dopmyiist Oyner
JIMmE B WieHaX, copepxammx x5. [na xodddmuerToB 4 @ B moayYaeM 3HAYCHHSA

1 8
A=—§, B=-§, u bopMyIa OPUHUMAET BUI

Ee morpemnocTh 4, Kak Jerko BUACTh, OUCHABACTCH TaK!

|4l <r x
180°
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7

Haupumep, npu LesTpanbHoM yriae B 30°, T. e. x=—1—i , UMEeM, COTJIaCHO 3TOH
onerke, |4|~<r-0,000007; B peiicTeuTenpHOCTH §=r-0,523599 ..., a mo dopmyne
To#iresca nomayyaerca s=r.0,523593..., Tak 4TO PACXOXICHAC HEC IPEBOCXOINHUT
YCTAHOBJICHHOHM TpaHULBL.

5) Jnst Toit ke nema I1.JI. Ue 6 i m&B pan cienylomee NpaBmio: dyaa npubau-
JICEHHO DAGHA CyMMe DAGHbIX CMOPOH DPABHOGEOPEHHO20 MPEY20AbHUKA, NOCMPOEHHO20

l [a
Ha xopde u umeloujezo 6blCOMoii 3 cmpeaxu (puc. 536).

4
TlonoxuM moKa A =7yf; HAXKE BBISICHUTCS, 4TO, IIOJIarasg y = V?, MBI JCHCTBATENILHO

OOJIy4Ya€M — B HEKOTOPOM CMBICJIE — HAMJAyumece HDHGJH(DKCH.I/I&
Kax Msl BUEnu TOJIBLKO 49TO,

1 1. 6
—d=r.sinx= —— x84 —— x5 0<8,<1);
5 d=resinx r(x 5 +120x) ©<0,<1)
AHATIOTHYHO,

1 0
h=yf='yr(1—cosx)=yr(—2— xz—z—zx‘) 0<8,<1).

O603Hauas Yepe3 s* cyMMy CTOPOH PaBHOGEAPEHHOTO TPEYFOJIbHMKA, O KOTOPOM ynoMu-
HaeTcs B mpaBwie Ye O p1méBa, HMeeM

s*=2 -l—d a+h==2rx l—lx2+—el—x4 2+y2 —l—x—-a—z—x3 =
2 6 120 2 24

LI |
=2rxV l+(7—2-1_— —-3—) x2+axt+-bxS+cext.

Teneps, MIMERHO U1 TOrO, 9TOOLI YHWYTOXUTH MOX KOPHEM WiIEH C X%, HOJNIOXAM €ro

4
ko3t drumenT paBusM 0, OTKYAa H HAXOMEM ) = V-—3- !

I[JI}I OIICHKHA IOrpeIIHOCTH MEePCIMINEM BbIPAXCHHE NI s* B BHAC

s*=2rx Y1+4x4, (8]

DpHYEM BEIpAXCHAE A OKAXETCA CONEPKAIIAM BTOPYIO H 4eTBepTyio crenend x. IIpen-
T
moiaras x<5, 6yneM mMeTh: x2<2,5, x4<6,5, a Torma mis A NONYYATCA OLCHKA

| 4] <0,06, Tak uro [A|x*<04.
O603Hauns mus ynobersa Ax? uepes y, mo $opMyse KOHEWHEIX mpupamenwii [112]
OynmeM IMeTB

y
ViFaxt= Jiy=14——— (0<06<1).
2Y1+6y

Tocnenusas npods OLEHUBAETCS TaK:

y
2V1+8y

4 0,06x4
- !yl _ ‘A|x - > —x_<_1_.0’1x4.
2YT=1y] 2Y1-|4|x* 2706 2
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Conocrasiss eipaxenne (15) s s* ¢ TONBKO YTO NONYYEHHBIMM Pe3yJibTATAMH BHe
IEM, 9TO

s*=s+9, rme |p|<0,1rx5.
Tlopsamok NOrpemHOCTH TOT %€, YTO M B dopMyne I'to#ire mc a.

Mur BepreMes kK popmyne Teliiopa ¢ JOMONHATETHHEIM WIEHOM
B riase XI BTOPOro Toma, MOCBAINCHHOM GECKOHEYHBIM psIaM; TaM 3Ta

¢dopmyna GymeT mrpaTh BeCbMa BAXHYIO DPOJIb.

§ 6. Vnrepnosmposanue

128. Tlpocreiimas 3amaua uWHTepmoimpoBamus. Popmyna Jlarpamxka.
Ilpencrasum cebe, 4To nust HekoTOpol GyHKmAM f(X), ONpeNCNCHHONH B
HpOMEXYTKe [a, b], BerauCcnerbt m + 1 ec 3HAYCHHI B TOUKAX Xy, Xy, . . ., Xy

OPOMEXYTKaA:
f(xo)s f(xl)’ v sf(xm)’ (l)

¥ TpeGyeTcss M0 3TUM 3HAYEHHU M BLIYUCIIMTL 3HAYEHHE f(x) npu
KakoM-JIH00 H OB OM 3HAYEHHM X.

B 3TOM M COCTOMT npocmeiiuian 3a0aua UHM EePROAUDP OB AH U A.
Koreuno, B Takoil OCTAHOBKE BOIPOCA COREPXKATCSA MHOTO HEOHPEICIICH-
Horo. OGBMHO 3ajavy NMOHMMAIOT TaK: HINETCA LENbii MHOTOWIeH L(X)
HAWHW3IICH CTeNeHH, KOTOPHIi B 3aJaHHBIX Toukax x; (i=0,1,...,m),
HA3bIBACMBIX Y34AMU UHMEPNOAUPOBAHUA, IDHHIMACT Te XKe 3HadeHus f(x,)
yro M QyHKmus f(x), ¥ TPpHUOGIUKEHHO IONATAIOT UL JHOOOro X

u3 [a, b
J(x)=L(x). )

INono6roe mprOMKREHHOE PABEHCTBO HA3BLIBAETCH UHMEPNOAAYUORHO Pop-
Myaod. VITax, BaIJIeXHT IpexIe BCEro HadTH MHTEPIONAMHOHHYIO
dopmyity, a 3aTeM — OpH oOpeNeNeHHbiX MPEIIONIOKEHIIX OTHOCHTENBHEO
(yEKIEE f(X) ~ O € HH T b MOTPeIHOCTh IPHOIIKERHOMH hopMyIEL (2).

Ans paspickaEms MHorowiera L(Xx), YAOBIETBOPSIOMETO YCIIOBHSM

L(xi) =f(xi) (l= 0: 13 ey m), (3)

yIo6HO BBECTH MMOrOYJIEHHI M-l CTEHCHH

1 (x) _ (=X« (X=X )X~ Xt - - - (x— X))
K =)« -(xk_xk—l)(xk"xk+1)- o Qxeg—xm)?

(k=0,1, ..., m),

KOTOpBIE, COOTBETCTBCHHO 3HAYKY, IPHHMMAIOT 3HAYeHHe 1 IpU X=X, ¥
obpamarorcs B 0 mpu x=x;, eciu i=k. Temepp SACHO, YTO MHOTOWIEH

L) = 316 @

YZOBJIETBOPSET BCeM YCIOBHAM (3). CTemeHs 3TOr0o MHOTOYIEHA HE BbILIE
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m ¥ crano OuiTh yciaoBUAMH (3) OH ompedesifeTcss OJHO3HAYHO, €I0 HA3bI-
BAIOT UHMEPNOAAYUOHHBIM MHO20UAeHOM Jlazp anox a, a MpUOMDKEH-
HOE PaBeHCTBO (2) — unmepnoaayuounoii gopmyaoit Jlazp an xe a.

3aMmeTHM, 4TO MHOTOWICH /i (X) MOXHO HAIMCATh 0oJiee CXATO, €CIH
BBECTH BEIPAXKECHHE

o(x) =(x—x)(x —xp) ... (x—xp),

obpamatonieecs B 0 kak pa3s B y3JIax HHTCPIOJIHPOBAHU Xg, X1, + .., X+
Wmenno, oveBuIHO,

w(x)
X— XK

(x—xg) oo F=Xp—D)X —Xp41) ... (x—2p)= (x = x;),

a
(o —xo) -+ Ok — Xp— )X = Xp11) - -« (= X) =

k) _ lim w(x) — wlxy)
X— X X=Xy

=0’ (%y).

Takum oBpasoM,

W=Dy L= %0 20 g,

' (X)) — xz) o' (xp)(x — xg)

129. JAonommareasunii wien ¢opmyiml Jlarpamxka., O6Gpatmmca Tenepb
K olleHKe pa3sHOCTH f(x) — L(x), rae x ecTh r06oe PUKCHPOBAHHOE
3HAaYCHAE B NPOMEXYTKE [a, b], OTIHYHOE OT y330B HHTCPIOJIAPOBAHHA.
IIpednosoxncum, umo Pynxyus f(2) 6 MoM NPoMeICymKe umeem Npous-
600Hble 6cex nopadxos 0o (m+1)-2o ekaouumensho.

KakoBa 6b1 HE Obu1a mocTosmuas K, QyHxmus

9(2)=1(2) - L(z) - K- (2)

TOXe HMeeT m+ 1 MpoH3BOAHBEIX H K ToMy Xe oOpamacrca B 0 B y3max
x; (i=0,1, ..., m). Mol BHOepeM Temepb NocrosEHyI0 K Tak, 4roOel B
opH z=Xx Obpl10 @(x)=0, T. €. MOTOXHAM

K =f (x) - L(x) ( 5)

w(x)

(Tak kaK x=Xx;, To o(x)=0). ITo Teopeme Ponns [111] 8 m+1 mpo-
MEXYTKAX MeXIy m+2 KODHAMH X, Xy, Xy, - .., Xy QyHKIEH @(Z) Bail-
nercd m+ 1 pasaMMHBIX KOpHER ee mpomssoxaHo ¢'(z). IIpumensa cHoBa
TeopeMy Poang x ¢ymkumu ¢'(z) B X m IpoMexXyTKaM MexIy ee m+ 1
KOPHAMH, YCTAHOBHM CYIIECTBOBAHHE M Pa3JIMIHBIX KOpHEH BTOpO# Ipo-
H3BOAHOI ¢’'(2) u T. 1. IIpomomxkas 970 paccyxnende, Ha (m+1)-M ero
1are IpUAEM K CYIIECTBOBAHMIO XopHs & (m + 1)-if npon3sBomHoit @ +1)(z),
TaK 4TO

grE)=0 (a<E<b). ©
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Ho Lm+1)(z)=0, ubo creneris Muorowiesa L(z) He Bpuue m, a om+(z)=
=(m +1)! VunTEBas onpe/ieieHHe BCrioMoraTebHoH yrkumn ¢(z), mMeeM

gt D(z) = et I(z) - K - (m+ 1,

Tak 4yto u3 (6) mosrydaercd, 4TO
_ i)
K= (m+1) °

OxoHYaTeabHO, N3 (5) HaxoIuM:

fim+D(E)
S(x)=L(x) + T w(x) (a<E<bd). )]
D10 — uHmepnosayuornnaa popmysa JIazp amn s a ¢ 0OnOAHUMENbHBIM
yserom. B ormmaue ot (2), oHA SBJIAETCA T O 4 H O !
3ameuanne. Ecm B mpomexytke [a, b]

max [+ 9(z)| = My <oo,

To, TaXk KaK B 3TOM HpoMexyTke |w(z)|=(b—a)"+!, momyyaeM Takyo
ONEHKY JUI MOTperHocTd GopMyisl (2)
Mm+l m+1

|f(x)—L(x)|sm(b—a) +1,
ITpaBas yacTh IPH M —co CTPEMHTCH K HYJIO JHINb IS OY€Hb Y3KOro
Kracca Gymxumii f(x); HampuMmep, 3To OyHeT MMETh MECTO IJId TaKuUX
{yuxuuit, xotopsie B [a, b] muddepermmpyemst moboe 4HCIO pas, Ipa-
4eM BCe HX NMPOM3BOHBIC OFPAHMYCHBL O I H O H MOCTOSHHOM M. B sTtoM
clIyyae IO Mepe BO3PACTaHMA Y M CJa Y3JI0B MHTCPIOJMPOBAHNMS M H C-
3aBHCHMO OT 3aKOHAa, NO KOTOPOMY BHIGHpAIOTCA 3TH Y3JHI,
porpemHEOCTs GopMyIrst (2) OyaeT paBHOMEPHO CTPEMHTBCA K HYJHIO. Kax
nokazan Mapunuukesud (J. Marcinkiewicz), nist xaxno# OTHEJILHO
B3STOH HENpEPLIBHOM (GYHKIHWA MOXHO HOCTHTHYTH TaKOTO XK€ 3bdexra
IyTeM HaUISKAIIEro BEIGOpa IOCHeI0BaTELHLIX cAcCTeM y3inoB. Ho — mo
Teopeme ® abepa (G. Faber) — He CymecTByeT TaKOro 3aKOHA BHIOOpa
y3JI0B, KOTOPBIH TOMHIICA GBI B 3TOM CMbICHE JUIA BCEX HEMPEPLIBHBIX dysxk-
it OHOBPEMEHHO. B IOTPOGHOCTH OTHOCHTENBHO 3THX H HM IOJ0GHBIX
BOIIPOCOB MBI 3/1€Ch BXOJWTh HE HMEEM BO3MOXKHOCTH.

130. Vinrepmosmpopanne ¢ KpaTHbiMA yinamd, ®opmyra IpMETA.
MoXHO TOCTaBUTB 6oJiee 06wyro 3a0auy UHMepnoAupo8anys, 3a1as B y3jax
Xgs X1 + « -5 Xm» KPOME 3HAYCHAH camMo¥ (yHKIMU f(x), Taxke H 3HAYCHHS
HOCENOBATENbHBIX ¢ MPOH3BOTHBIX:

Sx. f "(Xg)s - s 8 "o X),
S (x1), f "), .- , SO(xy), (8)

................

S f'mds « + os SO %),
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rae my, ny, ..., By — HEOTPHUUATENBHBIC Lieiable yhcaa. Obinee Ynucio 3Tux
YCJIOBHH DPaBHO

e+ D)+ +D+... +(ny+1)=N.

3anady BHIMUCIIEHHS 3HAYCHES QYHKUMH f(X) OpH JIO6GOM OTIMYHOM OT
y3JI0B 3HaueHHy X u3 [, ] - ¢ mCmONMB30BaHHEM BCEX MAHHEIX (8) — MBI,
noto6HO mpocTeiiieMy ciyyaro, GyfeM IMOHMMATH TakK. Vuercs menbit
MHOTOWICH F(X) HauHU3IIEH CTeeHH, KOTOPHIA B KaXIOM y3JI€ X;, BMECTE
CO CBOMMH IPOH3BONHBIMY [I0 IIOPSIKA #; BKIFOYATENLHO, IIPUHAMAET T¢
XK€ 3HAYCHHMA, YTO U cama GyHxmusa f(x) ¥ ee COOTBETCTBYIOIIME NPOM3-
BOJHEIEC, 4 3aTEM NPHOIMKEHHO HOJIATAIOT

JS(x)=H(x). ©)

V3181 X; Ha3bIBAIOTCS Y3.0aMU UHMEPNOAUPOBAHYUA, COOTBETCTBEHHO K p 4 M-
Hocmu n;+1.

MoxHo JoKa3aTh CyluecTBOBaHHE H eJUHCTBEHHOCTH MHOTOWIeHa H(x)
CTenmeHH He BhIWE N —1, yIOBINETBODSAIOIIETO BCEM IIOCTABJIEHHBIM YCIIO-
BIsIM. Ero masemsaror ummepnossyuonnvim mmozousemom Dpmuma, a
dopmyiy (9) — unmepnoaayuonnoii opmyaoii 3 p muma (Ch. Hermite).

Ecin Bee 7; MONOXATE PaBHBIMA HYJIIO, TO Mbl BEPHEMCA K (opMyIe
Jlarpamxa (2). MBI BCTPeYaiuch ¥ C JAPYTHM YaCTHBIM CIIyYaeM dop-
Myl O pMHTa: BO3bMEM OJIMH JIHIID Y3€I X, HO KpaTHOCTH 71+ 1, T. €.
OT MHOrOWICHa HE BBINE n-# cTemeHH, 7(x), moTpeOyem, uToOLI B Touke
Xo €r0 3HAYCHAE M 3HAYCHHSA 7 €r0 IIPOH3BOIMBIX COBIANANH, COOTBET-
CTBCHHO, CO 3HAYCHWAMH CaMod GyHKmuM f(X) ¥ ee IPOM3BOJNHBIX. MEI
3HACM, 4TO ITHM TpeGOBaHMAM YIOBIETBOpPSET MHo20uten Tetiaopa
(124 (6)]

T(x)=f(xp) +f_,1(!i) x=x)+... +5 D) (x—xp).

n!
Taxam obpasoM mprGimxennas dopmyna
S(x)=T(x)

[cp. n° 127] Takxke ABIACTCA YACTHBIM CIy4aeM MHTEPIOJALEOHHON dop-
MyJel QPpMHUTaA.

Honommurensueii wien GopMyisl (9), BOCCTAHABIHBAIOLUIME €€ TOY-
HOCTb, BBIBOOHTICA C IOMOINBIO PACCYXNEHHI, aHATOTMYHBIX IIPUBEICH-
HBEIM B OpeApIAyIneM Homepe. PaccMoTpum muorowrtex N-if crenenn

QD) =(z- 5o+ z—x)w+t . .. (2 Xyt
H IOJIOXKHM I a<z<b
D(2)=f(z2)-H(z)-K-2z), rtme K=const.

Eciu npemmonoxuts, uro dymkums f(z) B mpomexytke [a, b] mmeer N
HOCIeA0BATENBHEIX NPOU3BOARRIX, TO 3TO OyneT cupasemymuso H 1 D(z).
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PuKCHPYA 3HAYEHHE Z =X, OTJIHYHOE OT Y3JI0B, MbI BRIGEpeM ITOCTOSHHYIO
K Tak:
f(x)-H)
= =01);

K=" [Q(x) =0 (10)
npu TakoM BbIGope dynxmusa D(z) obpamaercs B 0 u npu z=Xx. Beero
oHa Oymer mMeTh N+ 1 KopHEH, e€CiI¥ KaXOsli KOpeHb CYMTATE CTOJIBKO
pas, kakoBa €ro XpaTHoOCTb¥). IIpuMeHAS HOCHEHOBATENBHO TEOPEMY
Poans xak ¥ BeIle (C TEM JMIIb YCIOKHEHHEM, YTO KaXObi K P a T-
HE i KkopeHb Gynkrum &D(z) emie B TeuecHHE HECKONBKHX ILHAaroB OymeT
buUrypupoBaTh U Kak XKOpeHb €¢ MOCJEI0BATENPHEIX MPOU3BOAHEIX), OKOH-
YaTeNbHO NPHAEM K YTBEPKIECHHIO, YTO B HEKOTOPOH Touke & oGparuTcs
B 0 mpoussomuas DNYz). Orcroma

™)
PGy
N!

u BBUAay (10)
f@)=Hx)+ L2 09, 1)

3TO0 H €CTh UHMEPNOAAYUOHHAA POPMYIad DpMuma ¢ OONOAHUMEALHBIM
Y4eHOM.

QopMmyna JlarpaHika ¢ JONDONHATEILHEIM wWieHoM [(7)] sBisercs
ee YaCTHBIM CiIydaeM. TOYHO Tak e, B35B €IMHCTBEHHBIA y3eN1 X, Kpar-
HOCTH 7+ 1, MBI kKak dacTHEIH ciydait dopmyist (11) momyurm dopmyny
Tefiiopa ¢ IONONHATCHLHBIM 4ieHOM B dopme Jlarpamxa
[126 (13)].

*) MBI PacHpOCTpaHseM IOHATHE KPaTHOCTH KODHS, NPHBEYHOC IS 4ATA-
TeNs IO OTHOIMICHHIO K IIIOMY MHOTOWIEHY, Ha JIto0yio dyaximro D(z): wucno o Ha3bl-
BacTCA ec KOPHEM p-it xpaTHOCTH, ecii & o6pamaet B 0, BMecte ¢ &(z), m p— 1 ee mpous-
BOJHBIX.



TJIABA YETBEPTAA

HUCCIEAOBAHME ®YHKIMM C IIOMOMBIO
IMPON3BOIHBIX

§ 1. Uzyvenne xona n3MeneHus QyHKmmy

131. Yciaosue nocrosmucrsa dyukmud. [Ipy #3ydeHHE Xoxa M3MEHEHHUS
(yHKOMM HA ITepBOM MECTE IOSBIAETCS BOIOPOC 00 YCIOBHSAX, IIPH KOTO-
PHX QYHKIOWS COXpaHSeT B JAHHOM NIPOMEXYTKE IIOCTOAHHOE 3HAYCHUE
WA U3MEHsACTCSE B HEM MOHOTOHHO [S7].

Teopema 1. IIycmo dynxyun f(x) onpedenena u Henpepvisna 6 npome-
ocymxe X' ¥) u umeem GHYMPU He20 KOHEUHYIO npousgoduyio f'(x).
Haa mozo, umobur f(x) 6vira ¢ & nocmoannoil, Heob6xodumo u docmamouto
ycaosue

f'(x)=0 euympu X.

Heo6xoxzuMoOCTH YycloBdsA oueBHmHa: u3 f{x)=const ciemyer
f'(x)=0. Hoxaxem Temepsr obpaTHOE.

HocTtaTouHocTsh. IIycre ycmoBHe BHIOJHeHo. PHKCHpyeM He-
KOTOPYIO TOUKY X, H3 IPOMEXyTKa &' M BO3pMEM I 10 6y 10 IPYIyIO €ro
Touky X. J{ns mpomexyrka [x,, x] mwm [x, x,] yIOBIETBOpEHE! BCE YCIIO-
BuA Teopembl Jlarpamxa [112], ciemoBaTenbHO MOXXEM HAIACAThH

J&) =S x) =f"(€)(x — Xo),

T'AE ¢ COIEPXATCA MEXK OIY X, H X ¥ 3HAYUT 3aBEJOMO JICKAT BHYTPH
Z. Ho mo mpemmonoxenmto f'(c)=0, Tak 9ro mus Beex x w3 &

J(x) =f(x,) =const,

M Hallle yTBEPXKACHHE NOKA3aHO.

B mHTErpaIbHOM HMCYMCICHHM BAXHOE NPUJIOKEHUE HAHOET BBITEKa-
IoIiee OTCIOAAa IPOCTOE NPEIOKESHHE.

Cnedcmeue. Ecau dse dynryuu f(x) u g(x) onpedeservt u HenpepvigHol
6 npomexcymke X' u 6 HY M P u Hez0 umelom KoHeuHvle npoussodnsie f'(x),

g'(x), npuuem
f')=g'(x) (enympu ),

*) ITpoMexyTOK & Moxer 6uTH 3aMKHYTBEIM WIH HET, KOHCYHbIM HJIA GECKOHCUHBIM,
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mo smu dyukyuu 60 ecem npomexcymxe & pasHAmMca Auutb HA NOCHOSH-
HYIO:
f(x)=g(x)+C (C=const).
Hns noxasaTenbcTBa JOCTATOYHO IPUMEHATH TEOPEMY K pa3HOCTH
S(x) —g(x): Tax xax ee npousBonHas f'(x) - g'(x) BHyTpH & cBOmHATCA K O,
TO caMa PasHOCTb OyJeT MOCTOSHHOM.

OcobenHoCcTH MOMBL30BAHUS ITOM TeOPEeMOl BLISICHHM HA MpHMeEp ax:
1) PaccmorpeM pBe dyBKuum

arctg x u arcsin (—oe<x<+o),

Vl +x2
Tak xax OpoOM3BOAHASA BTOPOH H3 HUX
—— x2
Vi+x2-
1 1+ x2 1
D arcsin = - X =
Visx2 . X2 1+x2 1+4x2
It

COBNajaer ¢ OPOM3BOAHOH HEPBOM (YHKIMH, TO 3TH (YHKUMH BO BCEM NPOMEKYTKE
OT — e HO + o, PA3HATCSH HA NOCTOSHHYIO:

arctg x = arcsin +C.

V1+x2

Jns oupenernenwsa 3HaYeHHst STOH MOCTOSHHOW MOXHO, HaIpHMep, IOJNOXHTb 3IECh
x=0; Tak Kak NPH 3TOM APKTAHIEHC ¥ apKCHHyC 06a obparstcs B 0, To U C MOIDKHO
ObITh HyneM. HITak, MBI JOKQ3ad TOXOECTBO

arctg x = arcsin (oo <x<+0),

Vl+x2

KOTOpOe, BUPOYeM, B S0 GEUIO BEIBEAGHO H3 JIIEMEHTAPHBIX COOBPaXENHit.
2) Ilpepnaraercs, aHAJIOrMYHO, AOKA3aTh, YTO

arcsin x = arctg (—1<x<1).
1-x2
3) PaccMoTpuM Teneph GyHKIMU
. 1 ; 2x
arctgx M Earc gl—xz'

Jlerxo npoBepHTE, YTO HX MPOM3BOAHbIE COBNAAAIOT BO BCEX TOUKAX X, HCKIFOYas x = + 1
(roe BTopas u3 dyHKuMit Tepser cMBICK). T103TOMY TOXRAECTBO

! t Z t, +C
— arc ——=Qarctg x
2 B TaT e

OKa3bpIBACTCA YCTAHOBJICHHBIM JIMIObL 1A KaXIOro H3 TPOMEXYTKOB
(-1 +1), (_°°9 -1, +1, + o)

B OTACNBHOCTH. JIoGONbITHO, 4TO H 3HA4YEHMS HOCTOSBHON C Ui 3THX MPO-
MexyTkoB 6ynyT pasnuysbivu. JIns nepsoro u3 Hux C=0 (B yeM ybexxpaemcs, nonaras
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N T T
x=0), a nynd AByX APYIAX HMEEM, COOTBETCTBEHHO, C=E wm C= —5 (410 JNIETKO

YCMOTPETh, €CJId, HaIPHMED, YCTPEMHUTb X K — co MM -+ o),
Bce 3TH COOTHOIIEHHS TaKXe MOTYT ObITh HOKa3aHBl 3JIEMEHTADHO.

3aMevuanme. 3HaueHMe TeOpeMBI 1 mposBiIgeTICA B Te€oOpe T H-
9€CKHX HCCICIOBAHHUAX M BoOOINe B Tex ciiyuasix, Koraa QyHKmus 3a-
JaHa TaK, 9TO M3 €e ONpe/ielIeHHs HEMOCPENCTBEHHO HE BEHITEKAET, 4TO OHA
COXpaHdeT mocTosHHOe 3HadeHue. ITomoOHBIE cilyyad HaM HE pa3 BCTpe-
TATCSL B JaJbHEHINIEM.

132. Ycnosue MonoronnocTn ¢ynxkmun. BEIICHUM Teneps, KaK MO IpoOu3-
BOIHOM (QYHKIMA MOXHO CYIAHTh O Bo3pacranuu (yOriBanuu) camoii GpyHK-
MY B JaHHOM IpoMexyTke. OCTaHOBHMCS CHAadajla Ha Ciydae (yHKIHH,
MOHOTOHHO BO3pACTaromieif B M UPOKOM CMBICIHE, T. € HE YOBI-
Barouei (WM MOHOTOHHO YOBIBaIOIIEli B MM POKOM CMBEICIE, T. €.
He Bo3pacraroieit) [57].

Teopema 2. ITycmv @ynkyus f(X) onpedesena u HenpepvigHa 6 npo-
Mexcymike X u 6 HYy m pu Hezo umeem KoHeuHyio npousgoonyio f'(x). Haa
moz0 umobst f(x) 6viaa ¢ X monomonno eospacmaroweii (yoviearoweil)
8 WUPOKOM CMBICAE, HEOOXOOUMO U OOCMAMOUHO YCA08Ue

F(x)=0 (=<0) sayrpu I *).

Heo6xoxumocTth. Ecmn f(x) MOHOTOHHO BO3pacTaeT, XOTsd Ol
B LIMPOKOM CMEICIE, TO, B3SB X BHYTpH & H NpHAAB €My NpHpalicHHe
Ax >0, 6ymeM uMeTh:

S+ dy=f(), LEELITD_q
u B mpepene, upd Ax -0, monyumm f'(x)=0.

HDoctartouHocTs. IIycrh Temeps, obpaTHO, AaHO, 9T0 f'(x)=0
BEYTPH L. BospMem 1pa 3Havennd x' u x”’ (x'<x') u3 npomexyrka &
u K yakmn f(x) B mpomexytke [x’, x"'] mpumenumM dopmyiry Jlarpa B-
X a:

f(xll) _f(x’) :fl(c) . (xll — xl) (x’ - c - xll).
Tak kak f'(c)=0, To

S&)=1(x),

u ¢ynknma f(x) Oymer Bo3pacTarolmeif, Mo kpaiiHeii Mepe, B IIMPOKOM
CMBICIIE. :

Ho cmx mop mna Qyuxmmu f(x) He OBUIA HCKIIOYEHA BO3MOXHOCTD
COXpaHATh B HEKOTOPHIX NPOMEXYTKAX M IOCTOSHHBIC 3HAYECHHS, a I

*) Xota dopMynmpyeM TeOpeMBl MBI HAPALIENBHO W IS BO3PACTAIOMMX H IS
yOrmBarommx ¢yHKUMYE, HO OPH NOKA3aTENbCTBE OrPARAYABAEMCS JIHINL CIYJaeM BO3-
pacTaHus.
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€€ MPOM3BOAHOH — oOpamarscd B STHX MPOMEXYTKAX TOXIESCTBEHHO B 0.
Ecim MBI 3Ty BO3MOXHOCTB HCKJIFOYHM, TO OPHAEM K CIIy4ar0 BO3PACTAHKS
(v yOBIBaHHSI) B CTPOTFOM CMEICIIE.

Teopema 3. IIpu coxpanenuu mex sce npednosoHceHuii OMHOCUMENLHO
Henpepwisnocmu Pynkyuu f(x) u cywecmsosanus ee npouseodnoii f'(x),
048 mozo umober f(x) 6bisa monomonHo eospacmaioweii (y6uisaiowed)
8 CIMpo2OoM cmbicAe, HEOOXOOUMbL U OOCAMOYHbL YCAOGUS:

D) f'(x)=0 (=<0) gns x saytpu X

2) f'(x) He obpawaemca moscdecmeenno 6 0 Hu 6 Kaxom npomencymre,
cocmasanouem yacme X

Heo6xommmocTs. Ecam f(x) Bospacraer B mpomexyTke &, To
1o Teopeme 2 rMeeM f'(x)=0, Tak 4uTo yciosme 1) BBmMONHSAETCS. Bomon-
HSETCS M yCioBHe 2), Tak Kak, eciim Obl mpousBommas obpamanace B 0
B HEKOTOPOM HPOMEXYyTke CHJIOoIIb, TO HO TeopeMe 1 B Hem f(x)
6rp1a GBI MOCTOSHHOM, YTO IPOTHBOPEUMIO OBl HPEIIOIOKEHUIO.

HocrtatounocTs. IlycTs BEmoNHMIOTCS yenoBas 1), 2) TeopeMsl.
Torza, B cry Teopembr 2, gyHkius f(x) sBiseTcs, Bo BCAKOM Cydae,
ney6emaromeit. Ecomu B3aTh B4 1Ba 3navenns X' B x”' (x' <x'"), To 6ymeM
HMETh HE TOJBKO

S =f(x"), M

HO H

SE)<fX)=<f=") ms  x B [, x"] ¢)

Hoxaxem, 4ro 3HaK paBeHCTBAa B (1) HA Jeje OCYIIECTBUTHCA HE MO-
xet. Ecim 6uf 6p110 f(x")=f(x""), To, BBUAY (2), mOMyIHmH OB

fE)=f)=f&") ma  x 3 [x,x"],

T. €. Gynkuusa f(x) O6eima OB IMOCTOSHHOM B mpoMeXyTke [X, x”], ¥ Mbi
umenu 6s1 f'(x)=0 B 3TOM HPOMEXYTKE CIUIOLIL, BOIPEKH YCIOBHIO 2).
Hrax,

J&)<f(x") npu  x'<x",

T. €. QyBkmusa f(X), B CTPOrOM CMBICIE, BO3PACTaeT. DTUM TEOPEMA IO-
KasaHa.

VYcraHoB/IeHHAsA CBA3h MEXAY 3HAKOM IPOH3BOIHON M HAT P a B-
JeHHEM M3MCEHCHHSA (QYHKIMHA IeOMETPHYECKH COBEPLICHHO OYc-
BUIHA, €CIIM BCOOMHHATE [91, 92], uTo mpom3Bommas mpeacTasiseT coboif
yrioBoil kod(pdumment kacatenbHolt K rpaduky (yEkmmE. 3HAK 5TOTO
yrioBoro xo3ddunrenta mokassiBaeT, HAKJOHEHA JIM KacaTeNbHASs BBEpX
WM BHE3, a C HEI0O — MIET JIM BBEPX MJIM BHH3 M caMa KpuBad (puc. 54).

Onmako B OTHENBLHBIX TOYKAX KacaTeNbHAsd IPH 3TOM MOXET OKa-
3aThCs ¥ TOPH3OHTANIbHOM, T. €. IPOM3BOAHAS — JaXe B CTPOroM CMEICTE —
BO3pacrarouiet (yopmaromeit) GyaKmuM MOXET IS OTHENbHBIX 3HAYCHHMN
x obpamatecsa B 0.
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Mpumepsn. 1) Ipocreitmuit npaMep NOCHEAHET0 OOCTOATENLCTBA NOCTABIIAET
dysxuus f(x)=x3 oHa BO3pacTaeT, M TeM HE MEHee MPOU3BOAHAsA ee f '(x)=3x2 mpm
x=0 obpamaercsa B 0.

2) AHanormudo, Bo3pacraromeii 6yaer u byHKums

f(x)=x-sin x,
ub0 ee mpom3BOAHAS
f'(x)=1-cosx

He OTpULIaTeNbHa, obpamascek B 0 ans 3Havemmit x=2kn (k=0, +£1, +2, ...).

g @ 4 ]
7 Z7 d
Puc. 54.

3) Haxonen, 4To0BI MOKa3aTh, 4YTO i1 BO3pacTaromeii ¢GyHKIMM IPOU3BORHASA
MOXET faxe B KOHEYHOM MOpoMexyTke obpamatica B 0 GecCkoHedHOE
MHOXECTBO pa3, pacCCMOTPEM GyHKIIIFO

1
sin ~——
f(X)=e * * pgma x>0,
f@)=0.
lim f(x)=0,
x40
Tak 4TO Hama (GyBEKuusa HenpepsiBHa W upy x =0. UmeeM, ang x> 0:

QueBuaHO,

sinz—1 11
f(x)=e * "-(l—cos—)——>0,
x) x?

1
fIpHYeM 3Ta Opon3BogHas obpamaercs B 0 nipu x = e *=12,3,...).
7

3aMeTHM, 4TO .
1

x2
0<f’(x)<2ec—1-0 npu x40,

ex

orciopa [113] u f'(0)=0.

MoOXHO IOCTPOHTH NPUMEPHI Bo3pacTarouux (yormarommx) GyHKIHH,
JUIA KOTOPBIX TOYKH, IZie mpou3BomHasg obpamaercs B 0, pacmpesesiCHBI
eme Gosiee ciroxaEM o6paszom. OmEaxo, MOZOOHBIE CIyYal BCTPEYAIOTCH
PEIKo, U AN IPAKTHIECKHX Heliel OOBIMHO HOJL3YIOTCS TAKMM J O CT a-
TOYHBM ODPpH3HAKOM: ecau npoussoonaa f'(x)>0 (<0) nosciody.
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UCKAIOYAA PA38e AUlb KOHEYHOE YUCA0 SHaueHul X, mo gynkyus f(x) 6ydem
eo3pacmaroweil (ybvisarowyei).
OTOT IpU3HAK OYeHb YAOOEH B HPHIIOKCHHAX,

13\x
I mpumMepa paccMoTpEM GyHkmmIo f(x) = ( 1 +;) mpu x>0 # AOKaxeM, YTO
OHa Bo3pacTaeT. JIOCTATOYHO MOKA3aTh, YTO BO3PACTAET €€ JIOrapa(pM

g(x)=In f(x)=x[ln (x+1)-1n x].
Nmeem

1
x)= +)-lnx]-—.
g(x)=[n(x+1)~-Inx] o
Tak kax, mo gopmyne xoHeuHBIX mpupamenuit [112],
1
ln(x+1)-1nxs=g, rae  x<€<x+1,

\
To g’(x)>0: g(x) BO3pacraer, 4TO W TpeOyeTcs AOKA3ATH.

133. JoxazaTeJuCTBO HepaBeHCTB. I3M0XeHHEIH NPOCTOH KPUTEPHH MOHOTORHOCTH
YCOemHoO NPAMEHACTCS K HOKA3ATENBCTBY HEPABCHCTB.

T
1) dokaxem, aro mma 0< x<—2— nMeeM
. 2
sin x> — x.
T
sin x 7T
Iycrs f(x)= —— (O < x<-2—) . IIpon3Bomuas
x

f,(x)=cos x(x—-tgx) (0< < n)

X2 2
Gyner orpunateneHa, Tak kak x<tgx. 3Haunt, dyEkuus f(x) y6eBaeT M fx) >
24 2 7
>fl=|=—, ecmu O<x<-—.
2) = 2

1
2) ®yuknus f(x)=cos x—1 +E x* obpamaercs mpn x=0 B Hynn. Ee npomssopuast,
opud x>0,
[ ()= -sinx+x>0 (ubo sin x<x).

3sawuT, Gymams f(x) as x==0 oxassiBaeTcs Bo3pacTaiomed, ¥ npu x>0 Gyaer f(x)>
>f(0)=0, T. e.

1
cosx>1——x2,
2
Otciona, aHAOrMYHO, UPH X >0 MOJIYIHM, YTO

1
sin x>x-—6—x3,
A T. I

3) Hoxa3ars, 4T0 OpH 0<x<—z- Gyner

1
tgx>x+—3—x‘.

18 I'. M. ®uxtenroasi, T. 1
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Jlan 3TOro NOCTATOYHO YCTAHOBHTb, YTO JAA YKa3aHHBIX X TNPOU3BORHAA (YHKIHH
tgx —x— 3 x%, paBHas sec? x — | — x2, noaoxuTeabHa, T. e, yto tg? x — x? > 0,

a 3TO NPHBOJMT K M3BECTHOMY HepaBeHCTBY tg x > x [54 (9)].
4) Tax kax ¢QyHKuus f(x)= In x — x (x > 0) umMeeT NpPOU3BOZHYIO

>0 npu 0<x <1

t — —

flxn) = ! <0 mpu x> 1,
To (GyHKIMA 3Ta BO3pacTaer, MOka X H3MedaeTca B mnpoMexyTtke (0,1], n y6u—
Baer B mnpomexyTtke [l +oo) Orcioga scho, uro f(l)=-—1 6ymer Hauboab-

KM 3HaueHveM GyHKIMH, Tak 9TO Mad x>0
Inx<Sx—1..

5) PaccmotpuM eme GYHKUHD f(xX)=x*—ex ma x==0 (upexnonaras
0 <a<<l). UMeem » 0 0 |
, _ ot __ >S0mpu 0I<x <
flx=alx D { <0 npe x> 1,
R — aHANOrMYHO 4) — 33aKMoyuM, YTo A11 X >0

x*—ax=<l—a 3
[oayuenHoe NpoCcTOE HEPABEHCTBO ABAACTCA HCTOYHHKOM IAA BHBONA psia
KACCHYECKHX HEepPaBeHCTB. CBA3W C 3TUM NOJE3HO NpEICTABHUTH €ro eme o

B Ipyrux ¢Qopmax.
>’
3Hayas | —a uepes B, npuseseM (3) X BHAY ‘
a* b8 =< aa + Bb (33)
@ b,a,8>0, atB=1I). )

: a
Monaraa x==_ , rieanbd NPOM3BOJAbHLIE MOMNOXKHTENAbHbE YHCJA, H 060-

WNuorna BeomAT ymcna R =i—> Ink =—1 >1, rak uto A= k—_’i—] 3ame-

B

HAR B NpPEJBIYUIEM HEPABEHCTBE @ K b, COOTBETCTBEHHO uepes a* m ¥, mony-
unM

ab < P LA + k, b¥, (36)
(@,0>0; k"> 1, k—+F=I)"

6) Mpewxne Bcero, HepaBeHCTBO (3a) MOXHO pacnpocTpaHuTh Ha CryuaRt mo-
6oro uMCIa MEpeMHOKAEMHIX CTeneHed. OT IBYX K TPEM NMEPeXoX OCYHeCTBIALTCA
TaK (C OBYKpaTHHM IpDHMeHEHHEM HepaBeHCTBa (3a)):

g Y )G-H T

azmbw_—_au.<¢rzF"+T FE <wat @47 - bm 1

=< ag LUy H )—_-' a &+ e
+6+ g bh s o) =m0t
TaK YTO OKOHYATeNbHO
' a*bBeY << aa -85 + e
(2,b,¢,8,8,7>0, c+p+y=1)

AHANOrMYHO MOYKHO GHIO Gbl COBEpLIMTH M mMepexox oT 7 K n -1 M nokasats —
no MeToTy MaTeMaTHYecKo#l HHIYKUMH — ofliee  HEPABEHCTBO, KOTOpOE (B H3me-
HEHHHIX 0003HAYEHHAX) MMEeT BHI:

aade... aln<<qga, +qa:+ ...+ g8,
e, v ev 2p s, 43>0 @it tag=1)
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Pi

BaaMeH ¢; MOXHO BBECTH NDOH3BONLHEE uMCaa p; >0, nomaras g¢;= ,
: p
7
TaK 4TO CyMMa Z g; = 1. HepaBescTBO HamMiueTcs TaK:
; .
—
)3
<Py
(aplapﬂ o apn)j g ) SN +p202 + s —I—p,,a,,. (4)
18 ” pitpst...+p, )
@1 ,.004 (77790 2 RPN Pn>0)
Mpy py =ps=...=p,==1 Ml 0punéM K H3BECTHOMY HepaBEHCTBY
- ay+as+...+a
il/a‘a,'...'a" = 1+ s;l'_ +5, (43)

YCTaHABIMBAIOIEMY, UTO CpedHee 2e0Mempuyeckoe PsiOa NOAQICUMENbHELX YUCER
He npesocxodum ux cpeduez0 apugmemudeckozo. TakuM o06pa3oM, HepaBeH-
CTBO (4) ABNAETCA €CTECTBEHHHIM 06 OGI{eHHEM ITOrO KAACCHYECKOrO YTBEp-
HAEHHA,

7) O6patumca K JokasaTeIbCTBY, TaK HasnBaeMoro, HepaBedcTsa Komrnm —
Feabaepa (A. L. Cauchy — O. Hélder) o

" "L L |
Qois{ ot - { Yok} ®
i=1 i=1 ==

1 1 :

(a;, b >0, R, B' > 1, —k—+k-—,=l)

Kowmwu yCTaHOBHA 3TO HEPABEHCTBO HAA YACTHOTO cayyasd B =Rk'==2:

Ud n n
iglaibi ﬁ:,‘/za‘? ' sz’ ©2)

i=l - i=1
[Mpeanonoxnm cHavana, 4ro
n n

Yab=YoF =, ©

i=1 i=1
TaK YTO Nnojjiexauee A0Ka3aTCIbCTBY HEpPaBeHCTBO NPHMET BHI

n

\
a;b; << 1.

i=1

TMonoxuM B HepaBeHcrse (36) noouepénHo ¢ =a;, b=254; ((=1,2,...,n) u npo-
CyMMHpYEM BCe floNyueHHble HepaBeHCTBa; yuHMThiBasa yciosHe (6), npuaém k Tpe-
6yeMOMYy Pe3yabTarty.

O6muit cryyalt npuBOAMTCS K PACCMOTPEHHOMY YaCTHOMY, €CIH B3aMeH 4HCed
a;, &; BBectH uucna

“z=—"q'i—— b= bi

[ ’ i n 17

(Sar (B

1 j=1
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Al KOTOPBIX yXe BhINOAHAITCA ycaosua tuna (6). Ilo noxasanHoMmy
n
L
Yas<1,
i=1
a 3T0 paBHOCHIbHO (5).

8) U3 nepaBenctBa Komu —Teabgepa cpa3y noryvaercs emeé oqHO Bax-
HOe HepaBeHCTBO, Hocsmee UMA MuukoBckoro (H. Minkowski)

(Ssorf <3 +(Suf ®
(@ b,>Ol;1>1) =
OueBHIHO,

n

z(a,+b>k—2a,(a,+b>k '+2b (@4 B
i=1 i=1 i=1
Ecin x Kawnoil #3 mOCAeHHX ABYX CYMM NpHMEHHTb HepaseHcrso (5), To mo-
ayunm*:
1

2(a+b,> {Z R {2(a+b>‘k—""’} +
{gw}{z«+WFW}

i=1

={{2 } {Ebk}}.{;:l(ai'l'bi)k}%

i=1

H, HaKOHel COKPATHB HA NOCHAeXHHH MHOxkHTenb, npuném k (7).

134. MakcumMyMbl ¥ MHHUMYMBI; HeoOXOXHMble ycJIOBHSA. Ecian
¢yukuusa  f(x), onpenenéHHas W HeNpepeBHas B TpoMexyTKe [a, b],
He dABJAETCd B HEM MOHOTOH-
4 HOM, TO HaMAyTCa Taxkue 4YacTu
[, B] npomexyrtka [a, ], B
KOTOPHIX Hanbo/JbLIee MAM Hau-
MeHbillee 3HayeHHe AOCTHraeTcs
(dyHKuMel BO BHYTpeHHel
TOuke, T. €. Mexay a u B. Ha
rpajpuke QyHxumn (uepT. 55)
Z TAKMM [POMEXYTKaM COOTBET-
CTBYIOT  XapakTepHole  ropOw
WIM BIIaJVHBEL

* Hanomuum, yto }e +%= 1t
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Tosopar, uto dhyuryus f(x) umeem 8 moure. Xy -MaKcumys (usu
MUHUMYM)*, ecall 5my mOUKY MONCHO OKPYXHEIms mMaKoli oKpecmHo-
emsio (xq—3, xo-41), codepamcaweiicn & npomexncymye, 2Be 3adaxa
dyrrgus, wmo OAR Bcex eé mouex X. BLLIOAHAEMCSL HepaBerCmeo

F)< fx0) (amm f(x)=f(x0)).

MHHMH cnoBaMy, TOUKa X, AOCTAaBAAET cpymcnpm [ (x) maxca-
MyM (MuHEMYM), ecan SHaueHue f(x,) OkashBaeTcs HanGoOJBIIMM (nau-
MEHBUINM) 3 3HaueHu#, MPHUHNUMAaeMHX (YHKuUUEH B HEKOTOPOH (XOTH
6u  manoft) OerCTHOCTH 5To# TOukH. OTMETHM, YTO CaMmoOe ompejene-
‘HHE MaKCHMyMa {MUHHMYMa) NPENNOJaraer, uTO- §yHKIHS 8ajaHa Mo
0o6e CTOPDOHH OT TOUKH X, - .

Ecan cymecTsyeT Taxkas OKPECTHOCTb, B npeuenéx KOTOpo# (npu
x.—,éxo) BLNO/HAETCS CTPOrOE HEPABEHCTBO

F@)<fexy) (ama f(x)>f (xa)),

TO TOBODAT, qTo.q)nyum AMEET B TOYKe X, co6cTBeHHH H Makcu-
MyM (MHHEMYM), B TMPOTHBHOM Ciaydde — HECOOBCTBEHHH .

Ecau (yHKHus HMEeT MAKCHMYMH B TOUKAX Xy U X;, TO, upumeﬂsm

K TPOMEXYTKY [*o, x1] 2-10 Teopemy Be #tepmTpacca [85],
A#M,” 9TO HAUMEHBIIErO CBOETO 3HaYeHHs B STOM npoMexyTKE q)ynxumv
HOCTHT3ET B HEKOTODOH TOUKE Xq ME K LY XoH Xy H UMEET TaM MU H i-
MYM. AHalOrMYHO, MEKAY HABYMS MUHAMYMaMd HeNnpeMeHHO HaladTca.
makcuMyM. B ToM mpocreftuiem (M Ha npakTuke — BaxHeRuem) cayuae,.
Korza Qyukinmas umeeT BooOille MHIUP KOHEYHOE YHUC/IO- MAKCAMYMOB W MR-
HHMYMOB, OHH MOMPOCTY YEPeayioTCs.

‘3ameTnM, uTO AN 06O3HaUEHHs MaKcnmyma Ml MUHIMYMa cymecr-
ByeT W OGbeluHsioywmH ux TepwuH — oK CTpemMyM*™

IMocraBum sanady 0 POBHCKaHHA BCEX 3HAUEHHH apryMesTa, KOCTaB-+
JASIOUIEX QYHKLMH 3KCTPEMYM. Hpn pellleH#y €& OCHOBHYIO. poab Gyaer
urparb NPOUSBOLHAS.

- {lpeanonoxuM cHa¥ana, 4To AA q)ynxmm f(x) B npomexyrke (a, by
CyWleCTBYyeT KOHEuHada npoussoiHai. Ecau B TOuKe X, PyHKUMA MMe~
€T SKCTPEMYM, TO, MnpameHss R MPOMEXYTKY-(x, — 3, xo-}—&) 0 KOTO~
pom Gnina peus e, Teopemy ®epwma [109], sakmouaem, uro f (x,)=
=0: B 3TOM COCTOUT HEeOOXOLUMOE Yy CJOBME SKCTPEMyMa, OK-
CTpeMyM cjefyeT HCKaTh TOMBKO B TEX TOUKaX, TA€ NPOUBBOAHAA DaB-
HAa HYNIO; TaKMe TOUKH OyNeM HasHBaThb CTAUMHQHAPHE MU **¥,

He cnenyer aymarts, OZHaKO, Y4TO K@k Aad CTAMOHADHAA TOUKA [0~
C'rammer (pymcunn SKCTPEMYM: yKasaHHoe TONBKO YTO HEoOXoanMoe
ycnosne HEe #BJASETCH nouaroqﬂum Mu Bnnenn HanpuMep, B 132 1)

: * [To-nathinH croBd maximuom " mlmmum 03HAYAIT man6onbmee) H <HaH-
‘MeHbllee» (3HaueHue), -

o % Jlatunckoe extremum, 49T0 O3Hayaer «xpam{ee: (snaqelme)

¥ B yux wusMmefenue QyHKuMM Kak OH (npnocl'aﬂasnuaae"rcm. CKOPOCTH
9TOrO H3MEHEHHs |Y2] oGpam,aercrx B HYilb,



278  ra. IV. HCCARJOBAHHE ®VHKUMR C fOMOWBIO MPOH3BOAHLIX  [186

UTO Aas QYHKUMH x® npousBonHas 3x¥ obpamaercs B Hyab mpu x =0,
HO B 3TOH TOuUKe (PYHKUMS HEe UMEET 3KCTpeMyMa: OHa BCE BpeMd BO3-
pacraer.

Ecau paclMputh KaacC paccMarpuBaemmx ¢ynkuu# f(x) » nomy-
CTUTh, 4YTO B OTAEJbHBIX TOYKAaX ABYCTOPOHHEH KOHeuHO#i mpousBoA-
HOft He CyWECTByeT, TO HE MCKJ/IOYEHA BO3MOXKHOCTB TOrO, YTO 3KCT-
peMyM TpuAeTCs Ha Kakywo-aubo U3 TaKMX TOueK: Beab TeopeMa Pepma
yTBepxkaaeT paseHcTBO f(x)=0 J/ump B nNpeANONOXEHHH,
YTO CYIECTBYeT [BYCTODOHHAS KOHeuHas mnpomssogHasa! Hanpumep,

2

oynkuns x 3, ouesnaHo, HMeeT MUHMUMYM npu x==0, B TO BpeMa Kak
B 9TOW TOYKE ee MNPOM3BOAHAA CJEeBAa paBHa — OO a Cnpasa - o©
[101]; TouHo Takxke B Touke x =0 nveer MuHHMYM ¢yHKuHa | x|, X0-
Ts ABYCTOPOHHEH npousBopHOR nia Hee B 3ToH Touke Her [100]. Cae-
JOBaTeNbHO, H TOYKH, B KOTODHIX HE CYIHECTBYeT HBYCTOPOHHEH
KOHEYHOM NpousBOAHON, TAaKKE MOTYT AOCTaBJATh (YHKIUH SKCTPEMYM.
Ho, pasymeercs, u B 5TOM CAyuae TaKxe He MOXET OHTb TapaHTHPO-
BaHO Ha/iMuMe JKCTPeMyMa BO BCEX TaKuX Toukax. [Ipumepamm Moryr
1

T .1
CayXuTh QYHKUMM y==x3% u y=x.sin — (C NOMONHHTEJLHLHM YCJIO-

sueM: y=0 npu x=:0). [lepsas u3 HuxX uMeeT GECKOHEUHYIO MpPOH3-
BoAHylo B Touke x =0 [101], BTOpas Xe BOBCE He HMEET NPOMU3BOA-
HOH B 3TOH Touke [102, 1°], HO Touka x =0 He HOCTaBASET IKCTpe-
MyMa HM TOH, Hu apyro#t ¢dyHkuma (160 B moOo# €& oxpecTHOCTH 06e
(yHKUMM NPHHUMAIOT M TIOJOXHTE/bHBIE H OTPULATENbHHE 3HAYEHHA).

185. Mocratounsie yciaosug. IlepBoe nmpaBuso. Mrak, ecau Touka
X, €CTb CTalUMOHApHAad Touka Aad OYHKuMH f(x) uam ecau B 5TOH
TOYKE He CYWeCTBYeT AJs Hee JBYCTOPOHHEH KOHEYHO# NPOH3BOIHOH,
TO TOYKAa X, NpPEACTaBASETCHd, TaK CKas3aTb Jullb «nozx,ospmenbuon»
no axcrpemymy ¥ MOJJEKHT JajbHEHIIEMY HCHH TAHHIO,

DTO HCMLITAHME COCTOMT B MpOBEPKE AOCTATOYHH X YC/JOBHH
a8 CYLIeCTBOBAHUA 3KCTPEMYMa, KOTOpDHE Mbl CeHyac YCTaHOBHM.

MpennonoxuM, 4YTO B HEKOTOPOH OKpecTHOCTH (X, —38, x,--9)
TOuKM X, (MO KpafiHe# Mepe, Al X 7% X,) CYUECTBYET KOHEYHas Npo-
ussogHad f(X) 4 KaK ciesa OT X, TaK W COpasa oT X, (B oTaenb-
HOCTH) COXpaHfeT onpeneneHHnH 3HakK., Toraa BO3MOXHH
caenymomue Tpu caydas:

L f(x)>0 nmpu x<x, n f(x)<0 npn x>x0, T. €. npu3goo-
nasn f(x) npu nepexode uwepe3 moury X, MeHAem 3HAK RNANOC HA MU-
nyc. B atoM cayuae, B npomexyTtke [xo — 38, x,] dyuxuus f(x) Bos-
pacTaer, a B TPOMEXYTKe [X,, X,-} 8] yOmsaer [182], Tak uro 3Haue-
uue f(x,) 6yser HauGonblumm B mpomexytke [x,—38, x,4-3], T. e. B
TOYKE X, QyHKNU MMEET COGCTBEHHHIM Maxcnmym

I Fx)<O0mpux<x, 1 f(x)>0 npax_>x,1. e npoussodras
J' (x) npu nepéxode nepes mouky x, Mexsem SHaK MUHYC KA RAIOC. B 3TOM
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cayuyae aHanormyHo ybexjaaemcs, 4To B TOuke X, (yHkums mveer cofl-
CTBEHHBIH MUHHUMY M. _

HL f(x)>0 xax nmpu x<{Xx, Tak u npu x >x, au60 xe
F (x)<{0 u cnena u cnipasa OT X, T. €., npu nepexode 4epe3 x,, f (x) He
Mernsem 3nara. Torga ¢pyHkuus aubo BCE BpeMms Bo3pacTaet, aubo Bcé
Bpems yObiBaeT; B 060K GIM30CTH OT X, C ONHOH CTOPOHBI Ha#AyTCH
TOuKH X, B KoTopux f(x)<f(x,), a ¢ Apyro#t — TOUKH X, B KOTO-
poix f(x)>>f(x,), Tak yTO B TOuYKE X, HUKAKOrO 3KCTPeMyMa
HET.

Fpaduueckas wamocTpauus nNpPOCTERIINX BO3MOXHOCTEH pgaHa Ha
4epT. 56 a, 6, B. '

77
{.
k4 4 74 MUK,
MUK, § }‘é
i 7T Ry oY
| 3§ 5%
At A
Mqh: I M{I/m !
g z b z z z z
4
d MUK,

; %
: S

\( NN

: / RS

JERNE
i ! s

withe. E
g z ZZ z .
Yepr. 56.

WTak, Mp noayuaem mepBO€ NPAaBHUAO AAA HCHOBITAHHS <IOJNO-
8PUTEILHOTO> BHAYEHHUA Xy HOOCMABARA 8 npou3sodwyw f'(x) cuavasa
x < X, @ 3amem X > X, YCMAHABAUBAEM 3HAK NPoU3BOOHOL 804u3L
OMm mMo4KU X, CAe8a U CNpasa om Heé; ecAu Npu 3MOM Npou3BodHas
S (x) Mensem 3HAK NAKC Ha MUKYC, MO HAAUYO MAKCUMYM, ECAU Me-
HAem 3HAK MUHYC HQA NAKOC, MO — MUHUMYM; ecAl JCe 3HAKA He
MeHslem, mo SKCMmpemyma 806ce Hem.

9T0 NpaBMIO MOMHOCTBIO pENaeT BOMPOC B TOM CJaAyuae, KOraa
B npomexyTxe (@, b), Kak 3TO OOHUHO GmBaeT, BCEro JMllb KOHEUHOE
YUCAO CTAUMOHADHBIX TOYEK HAM TOYEK, IJE OTCYTCTBYeT KOHEuHas
NpOU3BOAHAS:

@ <yl i < gy oo o < 2,0 (49
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”MEHHO, TOorpa, mpexne BCEro, B Mo6oM NpOMEXYTKE
(al) xl): (xl» xil)’ LR (xk’ xk+l)’ LA (xm b)

CymecTBYeT KOHeuHas npousBogHast f (x) U, KpOME TOro, B KaX A OM
TakoM npoMexyTke f (X)) CoXpaHAeT MNOCTOSHHBH
sHakK. [leicteutenbno, ecau 6u f'(Xx) MeHsna 3HaK, HanpuMep, B Npo-
MeKYTKe (X4, Xpy), TO, no Teopeme Ilap6y [110], ona o6pamanace
bl B Hy/Ib B HEKOTOPOH TOUKE M€K Y X, M Xp,;, YTO HEBO3MONKHO, MO-
CKOJIbKY B C€ KOpHM NPOM3BOZHOH yxe comepxarcs B paay Ttouek (4).

ITocnennee samevanne GHLIBAET INOMEBHO B HEKOTOPHIX CAydasX Ha
MpaKTUKe: SHAK MPOMSBOLHOH f'(X) BO BCEM NPOMEXKYTKE (Xp, Xpyq)
OMpeneanTCsl, €C/IM BHUACIATL SHAYCHHE (WM JAXEe TOJAbKO yCTaHOBHTh
8HaK) €& B OLHO# KaKo#-nu60 TOUKE STOrO NPOMEKYTKA.

136. Tlpumepbi. 1) Haiiru sxcrpemymst dyHkumu f(x) = (x 4 2)* (x — 1)2.
E& npoussognas Bcerxa cymecTsyeT u KoHeyHa:

F)=2x+2x—1P+3x+2P(x—1)=(x+2(x—1)*Gx+4).

KopuaMu NpousBofHOi (CTanmMOHApHLIMA TouKkaMu) GYAYT:

DTHMH 3HAYCHHAMHM BECh NPOMEXYTOK (— 00, -+ o) pasbuBaeTca Ha CIeIyoOLHE
YacTH:

(— ®, — 2)) (_ 2: - 018); (_' 0y8) 1)’ (lv + w)

Ina onpemeneHHs 3HaKa NPOM3BOXHON B 3THX NPOMEXYTKAX MOXHO, BOC-
Nonb30BABIIXACh CHENAHHHIM BhHIIIE 3aMEYaHHEM, YCTAHOBHTH €r0 JUIf KOHKPETHbIX
sHayeHn#, Hampumep, mna —3, — 1,0 u 2. Onpenenns 3Haku OTAEAbHHIX MHOXH-
Teaed, AAA BCel NMPOM3BORHOM NOAyuaeM CiefyiolIMEe 3HAKH:

B npoMexyTke (— o, —2) (=)} (H)(—)=+
> > =2 —08) (HH(H)=—
> > =08 1) HHHH=+
> > L+ HHBD=+

Orciofa ACHO, YTO MpU X ==~— 2 QyHKuua f(x) nMeeT MakcUMyM, npH x = — 0,8
OHA WMeeT MHHHMYM, a IIpy x == | sKCcTpeMyMa BOBCE HerT.

Onnako, 06bMHO NMOCTYHAOT WHAYe, He MOXCTABIAA B NPOM3BONHYIO KOHKpET-
Hbix 3HaveHult. HauaéMm ¢ x = — 2. [IpousBejenne ABYX NOCACHHAX MHOXHTenelH
npou3BoxHOl (X —1)® U 5x 44 npn x = — 2 uMeeT 3HaK MHHYC, CAeJOBATelb-
HO (110 HeNpepeIBHOCTH) COXpaHAeT TOT e 3HaK W BOAM3A 3TOH TOUKH (Kak crie-
B4, TaK M cnpaBa). MHokuTeds Xe x -2, KOraa x, BO3pacTas, NPOXONUT uepe3
3HayeHHe — 2, MEHAET 3HAK MMHYC Ha IMIIOC, TaK YTO NPOU3BOAHAs MeHseT 3HaK -

naOC Ha MUHYC, ¥ QyHKUMA uMeeT MakcumyM. [lpuy x = — 5 (n B6mu3m  3roro

3HaueHWs) NepBbie IBAa MHOXHUTENd UPOM3BOLHOH HMMEIOT 3HAK MAIOC; MociaeRHuH
Wwe MHOXHMTedb 5x +4 (a2 C HHM M BCA NPOU3BOLHAA) NPH TNPOXONKIEHHH Yepe3
9TO 3HAUECHHE MEHAET 3HAK MHHYC Ha MIOC; PYHKUMA 34eChb UMEET MuUHUMYM. Ha-
KOHen, Npu nepexoje uyepe3 3HaueHHe x = |, He TOJNbKO MEpBuf U TpeTHH MHO-
HUTeab COXPAaHAIT 3HaK, HO M BTOPOH MHOXMTEIL TaKke, 0O KBajpar BCeria
fOI0XHUTENEH, IKCTPEMYMa 3[eCh HeT.



136) § 1. MBYYRHHE XOAA WMSMEHEHHS &YHKIMA 281

3Ha,. rouKM X, 1OCTaBAAI0 L Ke Hamed QYHKIUA SKCTPEMaNbHEE 3Have-
HHA, JEFKO BHIUMCIUTH TeNeph H CaMH 9TH 3HAueHHA: MaKCHMyM f(—2)=0
¥ mMuauMyM f(— 0,8) == — 8,40,

Ha wepr. 57 nan rpadux, unmoﬂpnpyxomuﬁ J
H3MeHeHue 3ToH GyHxuuu *, ‘
2) Hatitu skcrpemyMmsl dynkunn f(x)=sin® x -}- 4
-+ cos® x. Y
Beumy Ttoro, uro ¢yHxkuua umeer nepuoxn 2w, 2 g(‘z‘_ ®
JIOCTATOYHO OrPAHMYMTLCA TEMH 3HAYEHUSMH X, KO- ¥= 2
TOphle comepikarcAd B npoMexyTtke [0,2x]. IMpomus-
BOJQHAaA 9Toff QYHKUMM CYmeCTBYeT Be3le: 7 /
E
f(x)==38sin?x - cosx —3cos?x - sinx= 1 Z_/ i 77
=3 sin x - cos x - (sin x — cos x). - , [
N [
Kopuu mpousBomHO# (CTalMoHapHBIE TOUKH) B 3TOM oI
cayqae 6yayr: <
T n 5@ 3n -2
0,—, - —, = (2n).
14 g LT i g ( ) J .

A d
flpu nepexoge uepe3 x =0 MHOXUTens sin x me- - -
HAeT 3HaK MHHYC Ha NIOC, a BCA MPOM3BOJHAsA Me- v
HAET 3HaK TMIOC Ha MUHYC, 460 nocieiHue JBa -
MHOXMTENA COXpaHAioT BOMM3H x =0 3HaK MUHYC; l
Haauno MaxkcuMmMyM. MHoxkuTeab sin x —cos x, ofpa- \ -7

T
mapomuica B HyIb NpH x=-r, Tpu nepexole ue- /17
pes 9Ty TOUKy MeHAeT 3HaK MHUHYC Ha maoc. To 9

#e 6yneT W C NPOMSBOAHON, TaK KaK nepBee IBa
MHOXUTEN: TONOWMTEbHLI, CIeNOBaTeNbHO, 3IeCh Yepr. 57.
6yneT MuPHUMYM. AHaJIOFMYHO UCCAEAYIOTCA U OCTalb-
Hble CTaUMOHAPHhIe TOUKH: BCe OHHM NOOYEPENHO NOCTaBAAIT (QYBKUMM MaKCH-
MYMbl ¥ MHUHUMYMbL
Moncrasnas ux B BhipameHue GYHKIHMH, NOJTYUHM CaMH MAKCHMAAbHbIE W MU=
HUMaJbHble 3HAUYEHHA: '
maxcumymol: f0)=f2n)=1,f <-;~> = I,f(%'—t-> = —V;Qg— =—0,71,

MUHUMY ML f(%>=—T2-'=0,71, f(®)=—1, f(%“—)=_1_

9
’#’\J/\y%s/ﬂ{zm 1592 / 7=

a5
I N I

Nl N~

»/

7

|

R
N

Yepr. 58.
Ipadux dyuxuuu npexscrasnen Ha uepr. 58 [cp. 147, 1)].
2 i

3) Hatitu skcTpemymer dynkuuy f (x) = X% — (x2— 1)3‘

* 3pech M B CHNYIOMMX APHMEPAX M3MEHEHHE DYHKUMM MBI WATIOCTPUDYEM
rpadukamMi, HO caMbif BOHPOC O NMOCTpPOEeHUW rpadhukoB OYAET UOAPOOHO
paccMorped quuib B § 3. Cm, B uactHocTH, 149, 3).
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- Ha 3T0T pa3 KOHeYHAsA HPOA3BOXHAN

2 4
1 2 3 3

v 2 5 1 -5 2 (-1 -4
f(x)—'é‘x "—3-(362—1) 2x=—3———1————§
® .- 1)

CYHIECTBYET Be3Jie, ACKIIOUas Touka x=0 1 x= 1.

Ilpn mpuOnmxeawa x K 3TAM 3HaveEmsM (C o6eMX CTOPOH) HIPOM3BOAHAA CTpe-
MHTCA K T oo,

Jis onpenenenus KopHell OpOM3BONHON, NPHEPABHEBAEM HYJIO €€ YHCIMTENDb; MBI

1
BafgeM x = + — . VITax, «ciofo3puTeNnbHEIMED IO 3KCTPEMYMY OYIYT TOYKH:
2
‘ 1 1
—1’ T 0’ s +1'
12
Ilpu x=0 (u BOJM3u 3TO¥ TOYKA) YHCIHTENb M BTOPOH MHOXMTENb 3HAMEHATENA
1
AMCIOT 3HAK MmMOc. MHOXATENb Xe X° 3HAMEHATENs MEHSET 3HAK MEHYC HA amoc,

1
OPOM3BOXHAA — TOXe: MEHMMYM. IIpH x=— m (BONMH3W) 3HAMCHATENb COXPAHAET

3HaK mznoc. YncnuTens ke, AMES B BHIAY 3HaYeHHs X, OIH3KHE K —%, HIEPENHINeM TaK:
(¢} —xi‘)g—x§ ; OH O0pamaeTca B HyIbh OPH x=—i ,C YMCHBIIEHAEM X — YBEJIMIMBACTCS,
a C YBENIWYEHHEM — YMEHBIIAETCH, TAK YTO MEHfAET 3HAK IIIOC HA MHHYC, X nammg
makcaiMyM. To xe u mpu x= —i . TIpu nepexone uepe3 x=1 MHOXHTEID (xz—l)§
B 3HAMEHATENIE, KOTOPHIH o6pamae§cn B 3TO# TOUKEe B HyJIb, HC MECHSET 3HAKA; 3TO XKe
;ufanfmo M JUIA NpOW3BOAHOM, TaK 4TO HpH X=1 9KkcrpemMyma HeT. To xe u mpu

4

AT

7 N

Z . -7 J 7 2
Pnc. 59.

1 2
Wrak, MaxCEMyMBbI f(i— =ﬁi1,59,ammny(0)=l.
2

T'padmk na prc. 59 [cp. 149, 4)].
4) 3aryxaomue kKonebGaunsa Ilycts ABIKCHME TOUKM NPOMCXOZUT HO
CIEAYIOIEMY 3aKOHY:
s=Ae—k sin wt,
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rfic § ~ OPOHICHHENA MyTh (OTCYATHBAEMEI OT HAYAJIBLHOTO MOJIOXKEHHs), a ¢ — BpeMA
(OTCHTHBAEMOE OT HAYAILHOrO MoMenTa). BylieM CYHTaTh BCe NOCTOSHEEE A, k, w,
a Takxe NEPEMEHHYIO ! — NOJIOXKHTeNbHhIMA. BRICHMM BHA rpadmka 3To#t 3aBHCH-
MOCTH; €r0 HHTEPECHO COIOCTAaBATH C yXe 3HAKOMOM HaM cmHycommo# s=A sin wf.
Tak xax e~k >0, T0, 04eBHIEO, 062 rpadFka NEPeceRAIOT OCH X B ONHAX B TeX KE TOUKAX

n
t=n—(m=1,2,3,...). 3amersM, uT0 byHKUHST 5= A Sin w! MMeeT MONEPEMERHO MAKCH-
[ N\ =
MyMBI ¥ MUHAMYMBI B TOYKAX 7= (n+—2—) — , roe obpalqaerca B HyJIb €€ OPOH3BOMHAS
@
5" =Aw cos wt. CocTaBMM NPOM3BOHYIO Ut 3amanHoM dyrximm [cp. 99, 30)]:

———— [
§'=Ae~*(e . cos wt—k -sin wt)=A. Yo+ kte—kt (—————— cos wt —

k
———sin wt|.
Vw2 + k2 V cw?+ k2 )

BBoas BCOOMOTATENBHEIA YIOJI @ IOL YCIIOBUSIMH:

k .
=Cos ——————=5in @,

w
—_— '
Ve + k2 Ve?+ k2
gepenunIeM BhIPaXKeHHe OPOH3BOAHOM B BUAE
s'=A- Ywt+k2e~k cos (wt+¢).
Ona obpamaerca B HyJIb B TOUKax
NNz ¢
t={n+—-———,
( 2) 0w w

H TaK KaK KOCHHYC, IPOXOAs Yepe3 HyjIb, MEHSET 3HAK, TO JIETKO coo6pas3uTs, 9TO IpH
3ITHX 3HAYCHEAX Hamia QyHKuHA, NEHCTBATEIBHO, MMEET MAKCHMyMBI IDH 7 9ETHBIX
¥ MEHEMYMBI OPH 7 HeueTHEIX. ITo cpaBEeHIIO ¢ CHHYCOBAOH, MPOB30MI0 CMEIMEHH €

@
9KCTPEMAJLHBIX TOYEK BJICBO HA —.
w

HerpynHO DpOBEPHUTH, YTO BCE MAKCHMYMBI OYAYT HOJIOXKUTEIBHEL, 2 MAHMMYMEI
orpanarensHsl. Ecim BenwumHY 7-TO 3KCTPEMyMa o603HaMUTL Yepe3 An, TO
kn

An

Ant1

=em’

TaK 4TO pa3Maxu yOHBAIOT B reOMETPHYECKON Imporpeccus.

Tpapux (m1s DpOCTOro YacTHOrO Ciyuas) NpencraBieH Ha puc. 60. JIBwxenue
mofOOHOrO THIA HOCHT Ha3BaHHE 3aTYXalMero KonebaHus. :

3aMedanue. B GoNpIIMHCTBE NPEACTABIAIONMUXCA HA NPAKTHKE CIyYacB M3-
JIOXEHHOTO B NPEeIBIOYINEM n° IPaBWiIa OKa3hIBAETCS BIOJNHE NOCTATOYHO IS HCCIEAO-
BaHHS (IOHO3PHTENLHEIX) 3Hauenwii, OmEaKo CleAyer HaTh cebe OTYeT B TOM, 9TO
MOryT GHITB ‘CIIy9aH, Ii¢ OHO HENpIIOXHMO: 310 OymeT Toraa, korna B moGoi Grm-
30CTH OT HCHEITYEMOM TOYKH CONEPKHATCS GECKOHEWHOE MHOXKECTBO APYTHX HOXOOHBIX
XE TOYCK, M IPOHM3BONHAN HE COXPAaHAET ONPENENEHHOrO 3HAKa
C TOU MIE C APYTOo#l CTOPOHBI OT 3TOY TOYKH.

PaccMoTpuM i npEMepa GYHEKIMIO, OIPEAESiseMyio PaBeHCTBAMH:

f(x)=x2-sin§ (mpz x=0) #© f(0)=0.
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Mer yxe 3HaeM, 4To oHAa mpH x=0 EMeeT mpomsBomayio f’(0)=0 [102, 2°]. Opmako
B Joboit 6IM30CTH OT CTalMOHAPHOM TOUKK x =0 KaK cjieBa, Tak H crpasa IpOH3-
BOZHAs
1 1
f/(x)=2x-sin —~cos —
X X

BGECKOHEYHOE MHOXECTBO pa3 MeHsieT 3HaK. 30eCh B ToYke x=0 HeT 9KCT peMymMma.

\‘ A ,’\‘ M
h s \\ R [

N I cn \
e / ‘\“:' II \\
TN ! & !
1if N S Sser iy |
e\ g ‘S /

SN\ e~ \= !
l§ l, - \I\_\ __L
P 1 b p —
05 Mo 3
7 ! | o Y
A / g !
)\ ~’,"/S"e “ ‘I’
A ! \ ’
POl ! v !
- (N ! /
/ vt vy
. v vog
A/ s
N
Puc. 60.

Ecnm xe onpenmenurs QyHKIMIO Tak:

f(x)=x’(l+sin%) npu x#0, f(0)=0,

TO OH2 OGHApYXHBAET TAKYIO Xe OCOGEHHOCTb, HO HA 3TOT pa3zmpH x=0, OueBHAHO
6yner MmuaEMyM. IIpasmno B 0GOHX CIIy9asx HEnpHIOXHMO.

137. Bropoe mpaBmio. IIpH pa3sbiCKauWM 3KCTPEMYMOB HCCIIENOBA-
HHMEe 3HaKa MPOM3BONHOH BONM3M HMCOHITYEMOM TOYKH MOXHO 3aMEHHTB
UCCIICIOBAHAEM 3HAKA BT O P O i NIPOM3BOAHON B CaMoil 9TOH TouKe; Mo~
KaxeM 3To.

Wrak, nycte ¢ymxmus f(x) He TONBKO HMEET MPOH3BOMHYIO f'(x) B
OKPECTHOCTH TOYKH X;, HO M BTOPYIO IPOH3BOIHYIO B CaMOH TOUKE X,:
S"(xo). Touka x, — crammonapmas, T. €. f'(x))=0. Ecmu f "(x) >0, ToO,
no nemme n° 109, — dymxums f'(x) B To4ke x=x, BozpacTaer,
T. €. BOJH3A TOUKH X, cieBa f'(x)<f'(x,)=0, a cmpasa f'(x)>f (%) =0.
Takum o6pasom, mpomsBomHas f”(x) MeRSET 3HAK MEHYC Ha ILUTIOC H, Clle-
JOBATENLHO, f(X) HMeeT B ToYke X=X, MAHEMYM. Ecmu f "(x5)<0, TO
f'(*) B Touke x=x, y6sIBaeT, MEHIA 3HAK IUIIOC HA MHUHYC, TaK
YTO HAIAIO MAKCHMYM.

Takum 06pasoM, MOXHO CHOPMYIHPOBATL 6MOpOe NP a6 u 40
AJIst HCTIBITAHNS (IIOXO3PHTEILHOTO» 3HAYEHHS X HOOCMABAAEM X, 60 GNIO-
pyro npouseoduyro f'(x); ecau f''(xg) >0, mo Pynxyus umeem munumym,
ecau xce f'(x))<0, mo — makcumym.
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970 mpaBWIO MMeET, BOOOIIE roBops, 6osee y3Kuii Kpyr NPpHUMECHEHUS;
OHO, HANpPHUMED, SBHO HENPHIOKUMO K TEM TOYKAM, IA€ HE CyIIECTBYET
KOHeYHOH mepBoil mpou3BoAHOH (B60 TaM ¥ pedd GHITH He MOXET O BTO-
poi). B Tex cmydasx, Korma BTopas HpOH3BOJHAS obpaiaercs B Hyb,
OpaBHJIO TakKXe HHYEro He JaeT. Pemenwe Bompoca 3aBHCHT Torma oT
MOBENCHUA BBHICIINX IPOM3BOAHBIX [CM. clemyrommmii ne].

Ecima moxenaTh NPATIOXETH 3TO NPAaBHIO K OpEMepy 2), TO HYKHO BBEIMHCIIHTH
BTOPYIO HPOH3BOAHYIO:

Sf7(x)=6sin x cos x (cos x-+sin x) - 3(sin? x +cos? x).

24 3z
IIpu x =0(2x), 77 7, 0 mepeoe ciaraeMoe obpamaercs B HYJIb ¥ 3HaK f”/(X) OPOTHEO-
4
HOMNOKEH 3HAKY f(x)=sin® x+cos? x; 310 Gyner MmHyc ma x=0 (27), 3 (3mecyr Makcu-

3z 7 5%
MYMBI) ¥ IUEOC WIS X =7 K 3 (3mech MHHUMYMET), s x = 7 " 7 » BBHOY PaBEHCTBa

sin x=cos x, f'(x) ceemercs k 6sind x, Tax 4TO B NEPBOY M3 ITHX TOYEK 3HAK BTOpOM
Opou3BoNHOU OyneT mmoc (MHHAMYM), & BO BTOPOR MHHYC (MakcaMym),
x2-5x+6
Bor HoBBif NpUMEp: HAlTH OKCIpeMyMsl ¢yHKIME f(X)= T
X
X2—2x—

IIpoussopmas f’'(x)=5 ——m——
p mEas f(x) Iy
ee XKOpHH OyayT x;=1— Vfi ~041l ux,=1+ V2_~'_ 2,41. Mudpdepemmpyem mnpousBos-

HYIO CHOBA K4K IPOM3BEICHHE:

oGpamaeTcx B HyJb BMECTE€ C YHCIIHTEIICM;

5
f (x)=-(;z+—l)~2(2x—2)+ ceey

OpUYeM TOYKAMM 3aMEHEH WIEH, COAEPXAmmil MHOXHUTeNeM x2—~2x—1 W HaMm He

P zt-sp |

Y=<zt Hsh— -
4 %‘)—
J

Lz 3 Y 5
/
. W
1
Lo
108 64 2 0 24 6§ 8 W 1 WK% z
Prc. 61.

HYXHBH, #OO A7 TeX 3HAYEHHMH X, KOTOPble MBI COGHpaeMCS IOACTABIATH, OH
3aBeXOMO Hyib. JIerko BHAETSH, 4TO f''(x;)<0, a f"'(x,) >0, ClemOPaTENEHO, 3HAYCHHAE

S (x1)==7,04 ectb MakcumyM, a f(x,) = —0,03 —
I'padux dysxumm mamna puc. 61 [cm. 149, 5)).
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Hakomen, PacCMOTPHM €IIE€ Takyl0 3aMa49y TICOMETPHYECKOIO COJEPKABHSA:
HaliTH SKCTpeMalibHBIe 3HAYEHWS JUIS PAacCTOSHWA r OT JAaHHOM (HAa IUIOCKOCTH) TOYKH
P (& n) mpo Touexk M (x, y) KpuBo#
(K), 3apanHOM CBOMM YpaBHEHHEM:
y=f(x) (pnc. 62).

BMmecto ¢yHKIEHM r MOXHO
PaccMOTpPeTh (QYHKIHIO

=—;— r =—;— [x-&+ OG-,

rie y=f(x). IlpupasHuBas HYIIO
TPOH3BOIHYIO:

ur=x-+@-n-yx,

BHOMM, YTO Ul TOrO, 4TOOB!
Touka M (x, y) BHa kxpmeoit (K)
OCTAaBIANA SKCTPEMYM PpaccTosi-
HMIO r, BeOOXOIMMO BBIIONHERHE
7 2 ycrnoBHs:

Puc. 62. E—x+ydn-y)=0.

Waeva criosame, Touka P (£, ) HOMXKHA JeXaTh HA NPAMOHU
X-x+yUY-»)=0,

OpPOBEAECHHON depe3 TOUKY M(x, y) XpHBOM NEPUEHAMKYISPHO K KacaTelbHOH*); ee
Ha3BBAIOT HOPMAa b0 K KpHUBOH.

Hoftyctem ke, uro Touka P(§, 17) HelCTBHTENHHO JIOXAT HA HOPMAaIH X KPUBOM
(X) B Touxe M(x, y); Gymer nm paccrosmme PM skctpeMyM? Pemmerme 3TOro BOOpoca
3aBHCHT OT 3HakKa BTOPOH DPOH3BONHON:

U =14y2+@—n)-ys.

27
3710 BRIpaxenue oGpamaeTcsa B HYJb (IpeAnonaras y,s = 0) jums B To4ke ¢ ¢ KOOpAH-
HaTaMH:

1+y2 1+
E=x—ypr—Fr,  m=yt——;
Yx2 Y3

Ul Hee BOHpPOC ocTaerca OTKpeIThIM. Touxa C oThenser Ha HOpPMAIHM T€ TOYKE P,
1A KOTOpeIX u’ <0, | paccrosuue PM Gyoer MaKCHUMYM, OT TexX Touek P, ans
KOTOPBIX %’/ >0, ¥ 3TO paccTOsHHE €CTb MHHHMYM. -

Boocnencreun {243, 253] MeI yBEmMM, 9TO 3Ta morpanHuYHas Touka C
Ha HOpMaJIH 3aMeYaTebHA BO MHOTHX OTHOIICHMSX.

138. Hcuoap3oBande BHICIINX HPOM3BOABBIX. MBI BHIENH, YTO €CHH
[ (x)=0u (%)) =0, To dbysxmus f(x) ZoCTHTaeT B TOYKE X, MAHAMYMA;
ecii ke f'(x)=0 7 f"'(x)) <0, To pyEKnma EMeeT B 3TOM TOYKe MaKCH-

1
*) Ee yrioBok KodddmmmenT — - oOpaTeH HO Be/MYMHE M IO 3HAKY YTIIOBOMY

Yx
Ko3bdurmenTy yx KacaTenbHOMH.
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MyM. Ciyva#i, xorma u f'(xp)=0 u f"'(x,)=0, GBI OCTaBICH HAMH HEUC-
ClTeIOBAaHHBIM.

IIpenmonoxuM Temeps, 4o QyHKmEs f(X) AMEET B TOUKe X=X, n mo-
CICNOBATENLHBIX NPOM3BOJHBIX, OPHYEM BCE OHM, BIUIOTH HO (71— 1)-i,
B 3TOH Touke 0OpamialoTCa B HYJE:

S ) =f"(x)= ... =f"x) =0,

MexXay TeM kak f((xg)=0. Pasnoxum mnpupaumerne f(x)—f(x,) Gyux-
A f(X) DO CTemeHAM PasHOCTH X —X, o Qopmyne Telimopa ¢ mo-
TOJIHATENEHBIM WieHOM B opme Ileano [124, (10a)]. Tax xak Bce mpo-
M3BOJHBIC IOPSAAKOB MEHBLIAX, YEM 7, PABHE B TOYKE X, HYJIO, TO

) = flrg) <TG (e,

Benencreue Toro, uro a—~0 mpu x-Xx,, OpH JOCTATOUHOH GIM30CTH
X K X, 3HaK CyMMSI B uuciuresne OyAeT coBIajaTh co 3HakoM fX(x,) xak
ULl X<X,, Tak H U1 X>X,. PacCMOTpEM IBa ciydas.

1°n — BedeTHOE yucHoO: n=2k+1. Ilpu mepexone oT 3Ha-
YCHHH X, MEHBINX, 9€M Xy, K 3HAYCHHAM, OOJBLIEM, YeM X,, BHIPAXKCHHAC
(% — x,)" H3MEHHUT 3HaK Ha OOPAaTHBI, a TAK KaK 3HAK IIEPBOTO MHOXKHTEJIS
IOpU 3TOM HE MEHSETCH, TO H 3HAK PasHOCTH f(x)—f(x,) usmenurcsa. Ta-
kuM o6pasoM, B TouKe X, GYHKIHEA f(X) HE MOXET HMETh 3KCTPEMYMa,
160 BOIM3M 3TOM TOYKU IPUHAMAET 3HAYEHMS KaK MEHbIUHE, TAK U GOJIb-
mye, 4eM f(x,).

2°n - 4eTHOE WHCcHO: n=2k. B 3TOM ciydae pasHocTs f(x)—
~f(xp) HE MeHseT 3HaKa IPH MEPEXOJE OT X MEHbUIMX, YeM X,, K OOb-
MM, TaK Kak (x —Xo)">0 mpu Bcex x. OueBnaHo, BOIM3M X, Kak CleBa,
Tak U cOpaBa 3HaK pasHocTH f(x)—f(x,) coBmamaeT co 3HAKOM 4HCIA
SO(xp). 3uaumT, ecmi f@)(x))=0, To f(x)>f(x,) B6MH3M Touxwm Xy, U B
TOUKe X, QyRKIHs f(x) mmeeT (COOCTBEHHBIN) MURIMYM; eclu ke f(M(x,) <
<0, To dyaxmua mMeeT (COOCTBEHHBIN) MAKCHMYM.

Otcrona nosy4aeM Takoe O paBHJO:

Ecnu nepsas us npouseoduvix, He obpawaroujuxcs 6 mouke X, 6 Hyav,
ecmb NpoussoOHan HeuemHo20 NopAOKa, PYHKYus He umeem 6 MOUKAX X,
HU MAKCUMYMQ, Hu Murumyma. Ecau maxoii npouseodnoii aeisemea npous-
600HAR YEMHO20 NOPAOKA, PYHKYUA &€ MOUKe X, UMEEMm MAKCUMYM UAY
MUHUMYM, CMOMPA nO momy, bydem au 3ma npouzso0HAs ompuyamesHa
UAY NOAOHCUMENbHA.

Hanpumep, aist pyHkmn f(x) = eX+e~*+2 cos x TOIKa x =0 ABISETC CTALEOHAP-
HO#, TaK KaK B 3TOif TOYke OGpamaercs B Hylb IPOW3BOMHAS
fx)=eX—-e—*x-2sinx.
Hanee:
[ (xX)=eXte x-2cosx, f”(0)=0;
f"(x)=eX~e~x+2sinx, f(0)=0;
SfV(x)=eX+e *+2cosx, fIV(0)=4.
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Tak Xak B HyJIb He OOpaTWiach UePBOM IPOM3BOAHAS YE€THOT O HOPANKA, TO
HAJIMIO 3KCTPEMYM, 2 MIMEHHO MHHEMYM, HGO f1V(0) > 0.

3aMevanmne. XOTs BbBEACHHBIN BBINE KpUTepmil pemaer Bonmpoc o6 3kcTpe-
MyMe B BeCbMa INHPOKOM KJIacce CIIyJacB, HO, TEOPSTHYECKH rOBODsi, OH BCE K€ HE
ABIAETCS BCeoOBeMomEM: (yHKIMsl, He OyNyd9d TOXIECTBEHHO MOCTOSHHON, MOXET
HMETh B OKPECTHOCTH HCIBITYeMOM TOYKH IPOHM3BOAHBIE BCEX NOPAHKOB, KOTODEIE,
OFHAKO, B 3TO¥# TOYKeE BCE 3apa3 obpamiarorcs B HyJIb.

B xadecTBe mpmMepa paccMOTpuM (BMecTe ¢ Ko mm) ciefyromyio (QyHKIOHIO:

1

fW=e *  (@pu x=0), f(0)=0.
ITpu x=0 OHA MMeET NPOU3BOAHBIC BCEX HMOPALOKOB:

4 2 -‘% 24 6 4 _;]—;-
F@ase %, f(x)=(—;+F)e
H, BOOOIIE, L
£ = P (%)e T =12 3,..0, ©

rae Pn(z) ects nensiii MHOrowIeH (crenenu 3z). B OOIIHOCTH 3TOro 3akoHa JIETKO yGe-
JUTBCA IO METOAY MAaTeMaTHYeCKOM MHIYKUMH.

VcranoBuM Temepsb, YTO # B TOUke x =0 mia Hamed yHKIWE CYIIECTBYIOT
IPOU3BOAHLE BCEX HODAAKOB, NMPpHYEM BCE€ pDaBHB HYNIO.
JlelicTBATENBHO, IPEXKAE BCETO,

1

f®-fO) x
o
ex'

TaK 4to f'(0)=0. JomycTuM, YTO AOKA3bIBAEMOE YTBEPXKICHUEC BEPHO IS BCEX MPOM3-
BOIHBIX 10 #-FO NOPANKa BKIOYMTENbEO. Torma [cMm. (9)]

+0 mpu x-0%),

1 1
Fx)— gy x 1" (?)
x - 1
ex.

-0 mpn x-0,

c
MOCKONIBKY WHCIHTENb NPEACTAaBIdeT COOO CyMMY WICHOB BHUI3 Bt 3uauur,
x

B fr+D0)=0. Tlo MeTomy MaTeMAaTHYECKOR MHAYKIEH yTBEDKICHHE OIpPaBNAHO
MOJHOCTBIO.

XoTs HeOOCPEACTBEHHO SCHO, YTO AaHHas Gynkius npx x=0 HMeer
MEHEMYM, HO YCTAHOBHTB 3TOT (JaKT C HOMOLILIO PACCMOTPEHHAS €€ THOCIeHOBATENBHEIX
OPOH3BOIHLIX B 3TOH TOYKE — HE YAANOCH OBL

139. Pa3pickanne HauGOJBIMAX ¥ HAWMeEHbIUAMX 3Havenwil. Ilycrts
¢byaxoaa f(x) ompemesieHa W HENPEPHIBHA B KOHEYHOM 3aMKHYTOM IIpo-

*) HamoMH®M, 4TO €2 IIpH Z—+ + o Oyaer OeCKOHEYIRO GONBIION BHICIIEro HOPAAKA,
yeM N0 6as cremems ZX, T. €.

1
[65]. 3meck pone z urpaet = (npu x-0).
p%
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mexyTke [a, b]. To cHX DOp MH HHTEPECOBAUCH JIHINL €¢ MAKCEMYMAMH
¥ MEHAMYMAaMH, TEIEPh XK€ MOCTABAM BOIPOC O Pa3bICKAHWA Ha U 6 0 1 b-
IMerou HAHMEHb I €T O U3 BCeX 3HAYCHAN, KOTOPHIE OHA IPAHAMAET
B 3TOM IPOMEXYTKe*); mo 2-if Teo-
peme BeitepmTpacca [85],
Takge HAMOOoJbIIME W HAWMEHBILIAE
3Ha9eHHs CymecTBYIOT. OCTaHOBAM- 7
ci JJI OOPENeTICHHOCTH Ha H a M-
CoabmeM 3HAYCHHH.

Ecim OHO mocTHraercs B HEKO-
TOpOii Touke MeX IOy a u b, To

3T0 OHHOBpPEMEHHO OyHeT OmHAM !

M3 MAKCEMyMOB (OY€BHIHO, HAH- _

CompmIaM); HO HamOoJbIICe 3Have- [/ z
HHE MOXET JTOCTHIATECI ¥ HA OMHOM Puc. 63.

H3 KOHIIOB NPOMEXYTKa, a Wid b
(puc. 63). TakaM 00Opa3oM, HyXKHO CPRBHETH MeXIY C000it Bce MAKCHMYMEI
¢ynxmym f(x) mee rpadrYHble 3HaAaYeHE A f(a) u f(b); Banboms-
1Iee U3 9TAX 4Yrcel] U 6ymeT HamGoIbIAM A3 BCeX 3HaYeHHN QyRKmER f(xX)
B [a, b]. ABanoru4EO pPasHICKMBAETCA H HAaWMCEHbIES 3HAYCHHE (YHKIHU.
IIycrs, HampmMep, PashICKMBAIOTCA HAapbONBIIee M HapMEHbINCe 3HAYCHWA (YHK-
T

3
mf(x)=sin°x+cos’xnnpomexyme[-—Z, 7:-‘ ; OBa MAaKCUMyMa, paBHHIX 1, Gonbme

3
TPaHAYHLIX 3HAYeHHd f ( - %) =f (—;—t) =0, cnegoBarensuo, 1 B Oyaer manbonsmuM 3Ha-

gepAeM GYHKIMA B YKa3aHHOM NpOMeEXyTke. MmEmMyM, papHmt 0,7 ..., Gonsbme
TPAHEYHLIX 3HAYCHWY, TAK YTO HAaEMEHbIIMM 3HaueHEeM Oyzer 0. A mpoMexyTxa
n 3z

3 B KavecTBe HAHOONBINETO 3HAYECHHS IPHLUIOCH GBI B3ATh GoNbimmit B3 xBYX

7 Sm
MaxcEmMyMoB 1 # ~0,7 ..., IOCTETaeMBIX IPH X=— H — , #60 Ha KOHNAX MPHEEEMAIOT~

3
ca 3HaYeHua f (%) =07...af (—;) = —1, Mensmme, 9eM 1. Hammenrmee 3HaYcHHE

[OCTHraercs Ha OpaBOM KOHIE, B TO X€ BpeM#A, NPH X =7, COBOANAsA C MIHAMYMOM,

Ecrm xenaror m3bexarh HCCISAOBAHAA HA MaKCHMyM HIH MHHEMYM, TO MOXHO
HOCTYyDMTh WHave, HyXHO /b BHMYACIMTH 3HaYeHHs (YHKIEE BO BCEX (ORO3pH-
TeNBLHBIX» OO 3KCIPEMYMY TOYKAX M CPABHMTH HX C IDAHEVHEIME 3HAYCHEAME f(Q) B
f(b); BamGoypmme W HAWMEHBLINNE W3 STEX WUCE)I, OYCBHAHO, B Oyayr HamCOJIBIIAM
¥ HAEMEHbIAM M3 BCEX 3Havenuit GpyHKuwy,

3
HanpumMep, 1 NpoMexyTER [—% . 7:-’] cpapEmBaeM 3HaTeEHA f(0)=1, f (::—) =

] 14 3n n 3n
=07 ..., fl=]=1 -=]=f[=]=0, 12,2
0,7 f(z) C IpaHEYHBIME f( 4) f(4J ’ a ATA DPOMEXYTKA [4 3

*) TaxuM 00pa3oM, MBI COXpaHAEeM 33 TEPMHHOM MAKCHMYM €ro «JIOKAJILHBE
cMEICT (Hambolbiee 3HaYeHME B HENOCPEJACTBEHHON OKPECTHOCTH
COOTBETCTBYIOMIEH TOYKH) H OT/IHYAEM €ro OT HaHGONpmero 3HAYEHHH
¢$yHKIEHE BO BCEM PacCMAaTPHBAaEMOM IPOMEXYTKE.

To xe OTHOCHTCI XK MHHHMYMY H HAaEMEHbBIIEMY

3HAYEeHHUIO
Gy,

19 I'. M, ®uxrenromsu, T. 1
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n
CPaBHMBAEM dHCIIA f(—z-) =1, fln)=~1, f(-f) =-0,7 ... C rPAHAYELIME 3HAYCHAIMH

f(%)=0,7 uf(%”)=-1_

3aMeyanne B npuxiageEpIX 3aaYax vYamie BCEro BCTPeYaeTcs OPOCTOH ciy-

vyaif, KOrgja MeXAY a4 H b oxa3spBaeTcA JIHINb OIHA (TIOTO3PHTEIHHAA» TOUKA X .

Ecnu B 3T0# Touke dyHKIHA MMeeT MakCEMyM (MHHHMYM), TO Oe3 cpaBHEHHS C rpa-

HHYHBIMH 3HAYCHHAMHE $ICHO, YTO 3TO

4 u 6yner Hambonemee (HaUMeHbINEE) 3Ha-

yeade GyHKIE B OpPOMeEXyTke (CM. puC.

64). Yacto B NONOOHBIX CIOyJasx OKa-

/ 3piBaercs Oonee TPOCTBIM IPOHB3BECTH

HCCJIGIOBAaHNEG HA MAaKCHMYM H MEHHMYM,

YeM BHIYACISATh M CDaBHABATL YaCTHEIC

snaveHns ¢yExnEa (ocobeHHo, ecmm B

Vs COCTaB €e BHIPAXKCHHS BXOAAT OyKBEH-
HEIe NOCTOSHHEIE).

BaxB0 moaYepkHYTh, YTO CKa3aHHOE

OPWIOKMMO B MOJHOX Mepe ¥ K OT-

2 XDHTOMY OpoMexyTky (a, b), a

gl a 5 TaKxke K 66CKOHEIHOMY IPOMEXYTKY.

Purc. 64.

140, 3agam. W3noxwMm Tenmeps, B
BHAC TIPHMEPOB, DA 3aaa4 M3 Pa3HBIX
obnacTeif, pemenne KOTOPHIX OPUBOANTCA MMEHHO K PasbICKAHMIO HaHOOJILIIErO MM
HaPMeHbIIero 3BaveHus (yEkipd. BopoyeM, 4amme BCErO HHTEPEC HPEICTABIIOT HE
CTONBKO CaMH 5TH 3HAYCHMSH, CKONLKO Te TOUKA (Te 3HAYEHHS aApryMeHTa), KOTOPHIC
AOCTABIMIOT HX (QyHKIMH.

1) Y3 xBaapaTHOTO JIHCTA XECTH CO CTOPOHOIO @, BHIPE3asi MO YIjiaM PaBHEIEC KBal-
patsl B crabast xpas (puc. 65), COCTABISIOT HPAMOYTONLHYIO OTKDBITYIO KODOOKY.
Kax nosnyuurs kopoGky Hau60onbmed BMECTH-
mMocTu?

Ecmu  cropony Bmpesaemoro xBazpara 0003Ha-
9ATL Yepe3 X, TO OOBeM y KOPOOKH BBIDA3HTCS TakK:
y=x(a—-2x)?, npuyeM X M3MEHSEICS B HPOMEXYTKe

[0 —] Bonpoc INpUBeCs K HAXOXKACHWIO HAHGONIb-

mero 3@avenwss QYHKUEHA ¥ B 3TOM npomexcynce
Tak xak npounssogHas ¥’ =(a—2x)(a—6x) Mexny

a a -
On ) ¥MeeT eNUHCTRCHHBIH KOPEHBb x=—6— » TO ybemus-

INECH B TOM, YTO 3TO 3HA4YeHHE [OCTABISCT (yHKumu
MAKCHEMYM, OJHOBPEMEHHO NONydYaeM K HCKOMOE Hau-

Puc. 65.

a .
fonpmee 3Havenme. Mnu mHave: mpu X=m= HMEEM.

a8 .
y =27 B TO BpeMs KaK TDRHWYHEBIC 3HAYCHAS Y- paBHLI 0; CNeqOBaTeILHO, NIPA X =—

IeHCTBHETEILHO, MOMYIAETCs HAuGOIbIIee 3HAYHAe LIS Y.

2) Hamo 6peBHO ¢ KpyribIM cevendeM zmamerpa d. TpeOyerca ofrecath ero Tax,
9TO0H nonywwiaack 6anka ¢ DPSMOYIOMLHBIM CeyeHWeM Haunbonbmed mpod-
HOCTH.

Vrazargne. B conpommem Marepnanon YCTAHABIMBAETCSH, YTO IIPOYHOCTD
NpAMOYTONLHOM GalIKH MPONOPHHOHANLHA. IPOM3BEACHMIO bh?, roe b — OCHOBaHWE
IPSAMOYTONBLHARA B CeueHnd Oalk|, a i — €ro BRICOTA. :
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Tak kak h2=d2—-}% TO peyb UAET O HAWGONBINEM 3HAYCHHMH AJ19 BBIDAXKCHUS y =
=bh*=b(d?— b?), HpHYEM (HE3ABUCHMAS HepeMEeHEAs» b W3IMeHseTcs B HOPOMEXYTKE
© ﬁpouano;max Y =d?-3b? ofpamaercs B Hylb JIAb OIHAKIIEI BHYTPH 3TOrO
NpOMEXyTKa, B Toike b=-——-. Bropas mpomssomsas y” = —6b<0, CIISIOBATENEBHO,
B YKa3aHHON TO4Ke nocrm-al/r—?:—n MAaKCHMYM, a C HAM H HauboJbinee 3HAYEHHE.,

IIpn b-——-% Oyner h=dl/t§-, TaR 910 d:h:b= V§: VE:]. W3 puc. 66 suamo,

KaK DOCTPOUTH TpeOyeMEll IPAMOYrONBHAK (IMAMETD DasfelieH HA TPH PABHBIC YaCTH,
B TOYKaX JENCHWA BOCCTAaBICHbI NEPNCHIUKYNAPH]). B crpomrensHOM nene OGEMHO

OPEAUACHIBACTCS OTHOMCHNE /12 b =7 : 5; 3TO 1 ecTh NpUGIAXEHHOE 3HAYCHEE V§£1,4 vee

i3
Puc. 66. Puc. 67.

3) Bokpyr nosymiapa panuyca r OodcaTh HpAMON KDYTOBOHf XOBYC HaHE M € H b-
mero o6beMa; OpA 3TOM HPEANONATaeTcs, YTO OCHOBAHHUS noJIymapa M KOHyca
JIEXAT B ONHOM IUIOCKOCTH M KOHNEHTPHYHBI (pHC. 67).

3[ech HYXKHO €mle PaHOHAILHO BHIGPATH HE3aBACHMYIO NEPEMEHHYIO; HYCTH €0
6yner yron ¢ mpa sepiumre komyca. Ilpm 0Go3HaveHmsX "eprexxa OymeM BEMeTh R=

r

r
=-———, h=-——, Tak 910 06BEM KOHYCa
cosQ sing

1 3™
V=R = ———
3 cos?p -sing

s toro 9To0bt o6heM v EMeN HaRmMeHbIIee 3HAYCHHe, OYEBHAHO, HYKHO,
YTOGBl BHIDAXEHME y=COS?Sing@, Crosimee B 3HAMEHATENe, MONYSHIO CBOE H 4 H-

1
6onpmee 3maYcHNE, IPA M3MEHEHHH ¢ B HPOMEXKYTKE (O, 5) . Umeem
, . 1
Yo=—2cosg-sin? p+cosdp =2 cosdp 2" tg2p|;

1, 1
Mexnay On%npomnonnax ofpamaercst B HyJIb JMIIb OpA tg¢n—2—, ¢=arctg—-2-

(a0 oTBedaer 35°15'52”), MeHSA NPH 3TOM 3HAK IIIOC HA MHHYC. DTOT Yroll JOCTaB-
JISIET BRIPAXEHUIO y HamboNbImee 3HA4eHHe, a OOBEMY v — HaMMeHbIIEe.

19*



292 1. IV. HCCIIEAOBAHME ®VYHKINH C NOMOMBIO IMPON3BOAHBIX {140

4) I'pys Beca G, Nexanmit Ha rOPA3OHTAIBHON IJIOCKOCTH, HOJIKEH OHITH CHOBH-
HyT OPWIOKEHHOH K HeMy CHNOH (puc. 68). Ilox xakuM YIJIOM K TOPH3OHTY - NpH
BAMYEY TPEHUS — HAMICKHT IOPHIOKHATH 3TY CHIY, 4TO-
60 BenHMYHHEA ec F Onma mamMenbmei ? Ko-
s¢dumEeRT TPEHWs U HaH.

Vkazamnme. Tpenne cusTaercs NPONOPHHAOHANB-
HBIM CHJe, NPIKAMAIOMEX TeJ0 K IUIOCKOCTH (3aKOH
Kynora), X HampaBleHO NPOTHB ABWXeHUs. MHOXH-
Tenb NPONOPIEOHAIBHOCTH ¢ M eCTh «xo3bduumerT Tpe-

\II]"““_"!!.IEIII‘ a
RN

HASY.
OnpepemaM  cwty F, KOTOpas COOTBETCTBYeT MaH-
Puc. 68. HOMYy yriy 6. Pa3naras ee 00 rOpE30HTAIFHOMY H BEDPTH-

KaJbHOMY HANPAaBJIEHWSAM, HOJYIAM JUIS COCTABJISTEOIIMX
penmaunsl F-cos @ u F-sin 6. Cwia, npmyEMalomas Tejl0 K IIOCKocTH, Oymer G-
— F-sin 0, Tax uro, no 3axony Kymnora, Tpemme R=u(G— F-sin 0); ropusorTans-
Haf cocrasisomas F-cos @ TsEymelt cunel F Kak pa3 H AO/DKHA YPAaBHOBCIIMBATH €0
TpeHue:;
F-cos 8 =p+(G— F-sin ),
OTKyZa
uG
" cos B+pusin

Peub MIeT O Pa3biCKaHWK HAHMMEHbI €T O 3HAYCHHA 3Tod QyEknmm — wm
HauGoNbmero 3HaYeHus GyHKHMH y=cos 8+usin 6 — npm m3MeEeHHMH 6 B mpo-

MEXYTKE [0, %] . IIpomssopmas yj=p cos @ —sin @ oGpamaercs B Hyib, ecna tg8=p

wiH § =arctg 4 3TOT Yroun § HasLIBAeTCA (YIJIOM Tperms», Tax kak ygi= —usin 8 —cosd <
<0, To MPANATaTh CHIIy IOX YIIIOM TPEHHSA OKa3biBaeTcs HanGonee BHrogno. Hanprmep,
€CJI BYXHO CIBHHYTH KaMeHb IO IEPEBSHHOMY HACTHIY, TO 4= 0,4 m 6=22°.

5) MI3BeCTHO, YTO CTOMMOCTB INIABAHHA CYAHA B TCYCHWE 9aca BHIPAXAETCA B pyo-
NAX SMOHDHYECKOYH bopMyno# a+bv®, rae a m b — DOCTOAHHEIE, KOTOPLIE
JIOJDKHEI OBITh YCTAHOBJIEHHI OTACIBHO AJisi KaXHOTO CyAHA, a ¥ — CKOPOCTh CyjHa
B y3nax (ysen= 1,85 xatfuac)*). IIpu xako# CKOPOCTH («OKOHOMAYECKOH») CYAHO TOKPOET
mo6oe paccTosHMe C HAUMEHBIMEMH 3aTparamMa?

1
Ha noxpsitae 1 xm noTpebyercss —— 19aca, COOTBETCTBYIOIINE 3aTPAaThl BEHIPA3ST-
cs1 QopMysoik 1,850

1
1,85v

1 a
a+bv¥)=——o b2 +—].
( ) 1,85( 'v)
a
TIpupaBHEBAaHHS HYIIO NPOW3BOJHYIO BEIPAKEHHA y=bv2+;, MONyYEM yg =2bv —

a a 2a

——=0, oTKy;a v= 55 Tak Kak ypi= 2b+_a >0, TO np# HAWACHHOM 3HAYECHUM ¥
v® v

3aTpaTHl AeHCTBHETEILHO JOCTHIAIOT HAMMEHb I € #i BeIMYWHBY.

3
Yucnernsii opamep: a=40, b=0,01, v=12000=12,6 (y3sos).

*) B 310t popMyJIe NOCTOSHHAS YaCTh PACXOAa @ OTHOCHTCA K aMOPTH3AUMH K
K COMEPKAHMIO KOMAH/IBI, @ BTOPO# WIeH bv® — K CTOMMOCTH TOIUIHBA.
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6) IlycTs anexrpudeckas IaMOOYKa MOXET HEPEBHTATLCA (HanpEMep, Ha OROKe)
110 BEPTHKAILHOH mpsaMmol OB (puc. 69). Ha xakOM DacCTOSHHMH OT TOpH30HTAILHOMN
IIOCKOCTH OA ee clellyer NOMECTHTB, YTOOH B TOYKe A 3TOM IIIOCKOCTH MONYYHTH
HAHGONBPMY OCBEMEHHEOCTH?
Vkazamnme. OcBelmeHHOCTh J MPONOpPUMOHAIBHR SiN @ ¥ 06paTHO NMPOIOPHHO-
HaJIbHA KBaJpaTy paccrosums r=AB, T. e,
Jec- sin

e’

G
%ﬁ_

TA€ ¢ 3aBUCHT OT CMJIbI CB€TA JIAMIIOYKH.
Ecmu 3a HE3aBUCHMYIO NEPEMCHHYIO BbI-
Opats A= OB, TO

/

h A ~
sin¢p=.;-, r= Vhs_l_az g \\\
H ”i . ¢Z\
J=Cco—rr-— O<h< +), A
GErayn OThste)
JHanee, npousBoaHAS Puc. 69.
at—2h
Ji ! = P P,
e e

a
ofpaniacTca B Hy/ib OpH h=-—=0,7g, Meaas 3HaK OPH OEPEXOAC YepPe3 ITO 3HAUCHHUE
2

C IUIIOCa Ba MHEHYC. DTO M €CTh HAWBBITOIREEHIIee PacCTOsNHMAE,
MoxHO BHIOpPATh 32 He3aBHCUMYIO NEPEMEHHYIO YTOJI ; TOTAA

a
r= .
cosp

4 .
=-—-.Cos?psing,
a®

¥ JENO CBOAXICA K PA3BICKAHHIO HAWOONBIIEro 3HaYeHHS JIA (yHKumH y=cos?@sing
B IPOMEXYTKE (0, %) . Ho Mut yxe 3HaeM [cM. 3agauy 3)], uTo 310 HauGobIee 3HAYCHNS
JIOCTHTACTCA HpH YITe @, A
KOTOPOTO g @, = % Jna paccros-

HUA h NONyJacM NpexHES 3HAYC-
a
HHE @ 18Py =—.

7) U3 Ttouxa A4, HaxopsmieHcs

Ha XEJIC3HOAOPOXHOHN MAarucTpaim

AB (pmc. 70), rpy30BO# HOTOK

Hampabifgercs B Touky C, orcros-

myr0o Ha paccrosame CB=! ot

Puc. 70. JouaE  keie3Ho#  moporn. Crom-

MOCTh HPOBO3a BECOBOH €NMHHIIL

Ha €EHHAITY PACCTOSHHA €CTh & — IO JKeJIE3HOM Jopore ¥ § — IPH IyXeBOR TpaHCHOp-

TEpoBke. K xakoit Toaxke M cnenyer mpoeectd mocce MC, 100K DpoBO3 rpy3a m3 A

B C (mo mmewm AMC) 6511 BO3MOXHO emiesire?

IIpr 0603HAYeHAIX YepTeXRa CTOMMOCTH IMPOBO3a BECOBOM eOMHMNEI Ipy3a - IpPH

IPOM3BONLHOM TIOIOXECHHA TOYKH M — OKa3hIBaeTCA PaBHOMK

y=a(d-x)+BY2+ (Osx=<d).
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Hmeem
Bx x o
%= e — = | e~k k==].
g Vx2+ 22 * ﬂ(Vx’-f-If ) ( ﬁ)

Ecmu k=1 (e=§), T0 370 BBIpaKeHHE COXPAHSIET 3HAK MAHYC, He o6pamasich
BOBCe B Hynb. Dymxnma y yb6rieaer ¢ Bo3pactanueM x oT 0 80 d H, OYEBHIHO,
HAOCTHATACT CBOEI'O HAMMEHBLINErO 3HAYCHUA NpH X=d. B 3TOM ciiyuae Bcero BHITOJHEE
HAYHAHATH IM0CCe HEOCPEACTBEHHO Y TOYKH A.

To xe cnpasennuso 1 npu k < 1, €CIH TONBKO OAHOBPEMEHHO

ki
=d.
Vl — k2
JHeiicrBuTensno, upu k<1 BoipaxeHue
x
—_—k
V242
HMECT COUHCTBCHHBIH KOPEHDL
kil .
-2

Ho mpu cpenaHHEOM OpEINONOXEHHH 3TOT KOPEHbL OKa3plBaeTcs JieXam¥M BHE JO-
HIYCTEMOTO JJIsl X IPOMEXYTKa H3MEEEHAS (WM Ha KOHIIC €ro), TaK YTO BHYTDH NpPOMe-
KyTKa OPOM3BOAHAS Yy OKA3EIBAETCH OTPHUATEILHOM.

Jlmme B TOM Ciyuae, eciud YOOMSHYTHIH KOPEHb GYHeT <d, 3TO 3HAYCHHE X ompe-
HeIsieT MOJIOXEHHe TOUKA M Me XAy A # B, nIpm KOTOPOM PacxOAbl IO IEPEBO3KE
OyoyT HamMeHbIIFMW.

3amevanme. Ilone3yemcs cioysaeM OOpaTuTh BHMMAHHE YMTATENA HA Clie-
nyromee obcrosTenserBo. IlprE pasbicRkaHEM HAWOOJNBLINErO WM HAHMEHBINEIO 3HAYC-
HEA GYBKUFH IS ONPENENEHHOTO OPOMEXYTKa M3MEHCHHS APIryMEHTA JIETKO MOMET
OKa3aTkCst, 9T0 BHYTPH 3TOr0 MPOMEKYTKa BOBCE HET KOPHEU MPOW3BOAHON (WIM APYTHX
(WORO3PUTENBHLIX) 3HAYCHAN). DTO CBHACTENLCTBYET O TOM, YTO B PaCCMATPHBAEMOM
IPOMEXYTKe (YHKIMS OKa3kIBAETCA MOHOTOHHO BO3pacTaloliel wWmi yObiBaromeil o,
CIICNOBATENBLHO, NOCTHTAET KaKk HaunOONBINEro, TaKk M HAMMEHBIICTO CBOETO 3HAYEHHS
Ha KOHIAX OPOMEXYTKA.

B nocnepneit 3aave npH ONpefeNeHHBIX COOTHOMIEBMAX MEX/Y BXOASINMMH B Hee
BEIIMMMHAMIA KaK pa3 U OCYHIECTBIASTCH NOAOGHOE MONOXKEBHE.

§ 2. Bomyximte (M Borsyrthie) QyHKOBH

141. Omnpenenenne BeMYKJIOH (Bormyroii) ¢ymkmum. Ilocne xmacca
MOHOTOHHBEIX (QyHKIHH, BO3pacCTAaIOMHUX Wid YOHBAXOIEX,
BEIICIIAETCS KNACC TaK HA3hIBAGMBIX BBIMYKJIBIX HIH BOTHYTH X

Dynxyus f(x), onpedesennas u Henpepvlé6HAA 6 NPOMENCYMKe
X'*), nasvisaemca evinyk aoii (swinykaoii 6 HuU3), ecau 048 aobbIx
mouex X; u x, u3 X (X, = X,) 6binoAHAEMCA HEPABEHCMEO

J(@xy + @oxn)<qy - f (%) + gy - f(), 0y

*) 3geck ¥ croBa MOXer GHITH 3aMKHYTBIM HITH HET, KOHEMBLIM HiH GEeCKOHEUHbIM,
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Kaxogel 6bl Hu OblLAU. NOAOIHCUMEIbHBIE YUCAd 91 % gy, 6 cymme oaiowue edu-
Huyy. DYHKYUR HA3bI6AEMCA 6 0.2HY MO il (ebmymou eéepx), ecau
— emecmo (1) — umeem*)

J(@yx,+ @o%) =gy - f(x) + g2 - f(x). (1a)

OueBnaHO, 9TO, €CIHA Q)nymm J(x) Bemykna (Bormyra), To (yHKIHS

~ f(x) oxa3spiBaeTCs BOTHYTOH (BHIIYKIOH), M HaoGopoT. DTo mpocToe

3aMevanye HO3BOJUT HAM BO MHOTHX CITy4asX OIPaHAYMBATECA H3YYCHHACM
JIMIOp BBHIOYKJIBIX (YHKOHH.

IIpusenennoe ompeneneHne BHINYKIOX QYHKIMA HMeeT IPOCTOH reo-
MeTpudeckdit cMeICa. ITpexne BCEro OTMETHM, YTO BEIPAXXEHHE

X=qi 5+ g% (X <Xp), 2
TIpH HAJIOKCHHLX Ha ¢) M ¢y YOIOBUAX, CONEPRHTCH MEXIY X; H Xy; 00-
PaTHO, KaXI0€ HCIO X, KOTOPOE CONEPKHTCS MEXHY X; H Xy, MOXKET
OBITH €MHCTBEHHBIM 00pa3oM IPEINCTABICHO B yKa3aHHOM dopMe, c.Ko-
adpdunrenTaMu
: Y

Xp—X
u ‘ (2a)
9= ‘

Ecimm  paccMotpers Trpaduk

byaxmm f(x) (puc. 71) m ero myry
MeEXOy TOYKAMH '

A(xy, ) m A(X, ) 7 - Pr 713: *
C. .
rae y1=f(x), y,=f(xy), T0 B 7Ne-
Boi# yacT HepaBemcTBa (1) — mpm
Koacb(bmzemax (2a) ~ MBI AMEEM opmma'ry Touku A myru A, A, ¢ aGe-

muccoi X. B mpaBoit ke YaCTH 3TOTO HEPABEHCTBA CTOHMT OPOHHATA TOYKH
B xopnan 4,4,

xZ_

Fx x—x,
= + 3
y= P le’1‘ xz__le’b 3)
¢ Toi xe abcmmccoit. TakuMm o6pazoM, éuinyKaasa @yHkyus xapax-:
mepusyemca mem, 4mo 6ce mouku m00oii Oy2u ee zpaguxa sexcam n o O

*) IlonsTHAe BRMYKIOHK (BOTHYTOH) dyrKEr GbuIo BReneHO M eHCEHOM {J. L.
W. V. Jensen), KOTODHI HCXOOWN, OZHAKO, M3 GONee YaCTHOT O COOTHOMICHHAS,

yeM (1) [wm (1a)], amenwo:
Xi+xa)  fOe)+f(xp) |
f 7= ) ;

. =)
OHO OTBEYAET ql-qz—2 B ciyqae genpepHBHHX GysEKiul, KOTODEIME MBb]
orpammaemcn, €ro onpeAcICHAue _pannocmno gamiomy B TEKCTE,
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coomeemcmeayioweii xopooii uau Ha Heil. (B ciysae BOTHYTo i dyHk-
LUH BMECTO <Oy CIeN0BaJO ObI CKa3aTh «Haly.) OXHOBPEMEHHO C CaMoil
ysxumeit f(x) BHODYKNo¥# (BOrHYTOM) HA3HBAOT H KPHBYIO
y=f(x).

TpUBHATLHEIM IDEMEPOM BBIIYKION (M — OQHOBPEMEHHO — BOTHyTOM) byHKIHHR
CIYXUT NHHeHHas ¢yakmaa f(x)=ax+b: mm Hee coorHOmeHnMe (1) BHIIOMHA-
CTCA BCETIA CO 3HAKOM P aBEeHC T Ba. Bemykno# dyuknmeli Gyner u dymxnus f(x) =
=x%, 9TO JIETKO NPOBEPHTH HENOCPEACTBEHHO IO OUPEEIICHHIO:

(@rx1+go%)2 = i + 2ox3+q1qa (%, — X< @33 + %3,

e ¢y, ¢:>0, g,+g,=1. JIpyrae npaMepsl BENYKIBIX (YEKUEH YATATETH HalimeT
HIXKE.

142. Ilpocreiimme DpelIokeHHs 0 BRIYKJIBIX (yHKimsx. 1°, ITpous-
sedeHue GbINyKAOU PYHKYUU HA NOAOHCUMENBHYIO NOCMOAHHYIO ecmb 6bi-
nyxaaa @yuxyua. _

2°. Cymma 08yXx uau HecKoAbKuX GbINYKABIX BYHKyuii momce sbInyKAd.

B obomx cmywasx mokasaTelbCTBO Cpa3y MOJYYaeTcss W3 OIpefe-
JIeHUsL.

3amMeuanue. IlpousBenenne IByX BRINYKIBIX (YHKOWH MOXET He
OKa3aTbCA BRIIYKIIOH ynkumedt. IIpmmep ToMy Gyner fam mmxke (B CHOCKe
Ha cTp. 300). \

" 3° Ecau o(u) ecmv evinykaan u npumom eospacmarowanca @yHkyua,
a u=f(x) maxace evinykaa, mo u caoxcras Gynkyusn o(f(x)) 6y0em evi-
nyKAoii.

AelicTBATENbHO, BBHAY BRIIYKIOCTH f [cM. (1)] B Bo3pacTaHms ¢ uMeeM

P(f(grx1 + @2%)) <@(q - S (X)) + 5 f (x2))

a B CHITY BRIYKJIOCTH @ IOCE/IHEe BHPaXeHHe He IPEBOCXOMHT g -¢( 1 (x,)) +
+g,¢(f(xp)), Tak 9TO OKOHUATENBHO MOYYacM HEPABEHCTBO

P(f( g%, + gox)) <qy - p(f (%) + g2 - @(F (),

KOTOpOE M IpPEACTaBIsAeT Coboil cooTHowenue TEma (1) mna QymxumH
P(f(x)).

IlpeptaraeM 4uTaTemo MOKa3aTh AHAJOTHYHLIE YTBEPXKIECHUS, COMED-
Xalmuecs B Tabuume:

9(w) | u=f(x) | o(f(»)
evinykaa, ybvieaem 8oeHyma 8bINYKAQ
éocrnyma, eospacmaem 80ocnyma eocrHyma

goznyma, ybvieaem evinyKaa eozrymg
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4°. Ecau y=f(x) u x=g(y) cymb 00HO3HAUHbIE 63aUMHO 06pamHble BYHK=
yuu (8 cOOMBEMCMBYIOWUX NPOMENCYMKAX), MO OOHOBDEMENHO

§(6) | £0)
evinykaa, eospacmaem eozHyma, eo3pacmaem
svinykaa, ybvieaem evinykaa, ybvieaem
eozHyma, ybuvieaem 8oznyma, ybvleaem

IlycTs, HampaMep, B IIEPBOi CTPOKE H3 MPEATIONIOKEHHS OTHOCUTENLHO f
MBI XOTAM BBIBECTH 32KJIFOYCHHE OTHOCHTENBHO g. ITomoxum

D)=y, fO)=y,, Tak o x3=g(y), x.=8(y).
VimeeM, mo ocHOBHOMY HepaBeHCTBY (1)
Slgxy + gyx0)<qy - f(%) + 2 f () =411 + G2V -

Tax kak, mo Teopeme o6 obpatnoit dynxnunm [83], bymxuus g(y) Taxxe
OyIeT BO3pacTalomieH, To

8@y + 6 y)=g( (g% + 0%2)) = 41 - 8(¥) + 42 (1),
9TO M JOKa3BIBaeT BOrAyTOCTh ¢ynxmuu g [cMm. (1a)] *). ;

5°. Boinyxaan ¢ npomexcymre X dynxyua f(x), omauunan om nocmosn-
Hoil, He Mmodcem docmuzamb HaAuUbOAbUL E20 3HAYEHUA BHYMPU
IMo20 npomedxcymxa.

HonycraM OpPOTHBHOE: IyCTh (PYHKIHA AOCTHTaeT HamOonblero 3ga-
YeHHs BO BHYTDEHHEH TOUKe X, MpoMexyTka. Tak Kak QYHKIHS OTIAIHA
OT IOCTOSHHOM, TO 3Ty TOYKY MOXHO 3aKITIOYUTL B TaKOi IPOMEXKYTOK
(xy, xp):

X} <Xp=<Xp,

9TOGHI XOTh HA OJHOM M3 KOHIOB 3HaUeHHe QYHKIHHK OBIIO CTPOro MeHb-
IIie, 9eM B TOUKE X,. IIycTh, CKaxeM,

Jx)<f(x),  fx)=<f(xp)-

ITonaras x,=gq,x; +¢,X,, YMHOXAM 00€ 4acTH HEPBOro HEPABEHCTBA HA
¢, a BTOPOTO Ha ¢, ¥ CIOXHM. MHI moJIydmM
4y~ (%) + Ga - f(39) < f(xg) = g1, + 42%0),

YTO HPOTHMBOPEYHUT BBIIYKIOCTH (GYHKOHU f. DTHM Halle YTBEPXICHHE
OOKa3aHo.

6°. Ecau npomencymok [x;, X,], 20e X, < X,, CO0eDHCUMCA 8 RPOMENCYMKeE
X, 6 xomopom gyuxyus f(x) evinyxaa, mo coomnouienue (1) evinosnsemes
aubo eécezoa co 3HAKOM pageHcmea, aubo eécezoda co 3HAKOM He-
pasercmea.

Bosspainasice X o6o3mauennsM puc. 71, reOMETPHIECKH 3TO MOXKHO
BBIDA3UTh Tak: oyea A, A, aubo caueaemca c xopooii AjA,, aubo ace
(3a uckaroyenuem Konyos) 6 ¢ A aexcum no o0 Xxopooii.

*) Bee chopMynapoBanssie B TaO/UIE YTBEPKICHHA OYCBHIHEI B3 YCPTEKA,
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Hna noxasatenbcTBa paccCMOTPEM JHEHe M HY 0 dyrxmmo (3), xo-
TOpas B TOYKAaX X; H X, NPUHMMAET T€ e 3HAYCHHsA, ITO H Qyaxmua f(x);
IUIA XpaTKoCTH 0603Ha9uM 3Ty byHKIUIO Yepe3 /(x). PasHocTh

¢(x) =/ (x) - 1x) = f(x) + [- Ux)],

BBHJIy BBIIYKIOCTH ¢ynkmuii f u —I, Toxe Oymer Bemykioi [2°]. Torma
6o ¢(x)=0 B mpoMexyTke [x;, X,], 1u6o 3Toro Her. B mepBoM ciyuae
JS(x)=Lx) B 3TOM TpOMEXYTKe, T. €. Ayra CHAHBAETCH C XOPHOH,
H cooTHoUIcHUE (1) BEIIOJIHACTCS BCerjXa CO 3HAKOM DPaBEeHCTBA. Bo
BTOPOM CJIy4ae BO ‘BCEM NPOMEXYTKE (X;, X,) HOJDKHO OHITE ¢(x) <0, ubo,
ecmu OBl QYHKIHMS ¢ NPUHAMAJIA B 3TOM IIPOMEXYTKE ¥ HEOTpUUATEIbHbIE
3HaYeHHds, TO OHA OOCTHTaja Obl CBOEr0 HAWOONBLIETO B IPOMEXYTKE
[%1, x,] 3HaveHHA BHYTPpH 3TOro mNpoMEXyTKa, 9TO HJIA OTIHYHOH OT
HOOCTOSIHHOM BLIIYKIIOE (yHKUEA HeBO3MOXHO [5°]. WTax, BHYTpH mpO-
MexyTka f(x)<I(x), kpuBas JEKHT 1O X XOpHOH, M cooTHowenue (1)
BBIIOJIHACTCA BCET Ja CO 3HAKOM HEPABECHCTBA. -

Ecau 0aa 1106020 npomexncymra [x;, X, X, <X,, codeprucawezoca
6 X, coomnowenue (1) evinosnsemca co snakom Hepasercmsa, mol Gydem
dynxyuro f(x) nasvieame cmpoz0 evinyKAo0ii. ABAJIOTHYHO YCTa-
HABJIMBACTCA MOHATHE CTPOro BOTHYTO# O¢yHkuuu. OTa TepMH-
HOJIOTHS IPUMEHACTCA OJTHOBPEMEHHO H K KpHBOH y =1(x).

143. Ycaopus semykisoctn dymximu. YumtoiBag (2) m (2a), MOXHO
OCHOBHOE HepaBeHCTBO (1) mepermcaTh Tax:

) Xg—=X XX
f(x)sxz——xl Slx) + Xam2t, J(xp)
Wi — 0oJiee CUMMETPAYIHO —
(% = X)f Cep) + (% = %) f(%) + (x — %) f(>2)=0. @
Hakomen, 3Ty ycioBHE MOXET OHITH 3aIMCAHO M C IMOMOLIBIO ONpEHe-
THTEN:
- o A Lox o /)
/4 1 x  f(x =0 &)
J' = A T x  flx)
4 ¥l Bo Bcex ¢
i JIy4Yasx MpeNIojiaracrcs, 4ro X
o z @ COZIEPXKUTCA MEXOY X, H Xp; IUIL ompene-
JEHHOCTH OymeM BOpEmb CUYATATH X;<Xy.
Parc. 72. 3ameTnM, IONYTHO, YTO YCJOBHE BBIIYKJIO-

cta GyaxnmE B dopme (5) mosaydaeT He-
IOCPEACTBEHHOES IEOMETPHYCCKOE MCTOJIKOBAaHME, €CIM BCIOMHHUTB, YTO
HAACAHHEIA ONpPENEAHTENh BHIPAXAET YABOCEHYIO Iuiomans 44,44,
(puc. 72) ¢ D0 COM HMEHHO TOrJA, KOIZa TPEYroJhHHK I O J O X H-
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TEJNBbHO OPHCHTHPOBAH, T. €. mepuMeTp €ro A, —A —A, omuceBaeTcs
OPOTHB YaCOBOM CTPEJIKH.

OtMetuM 0c060, 9TO, ecau peub udem O Cmpo 20t 6binyKiocmu,
MO 60 8cex Mux YCA08UAX 3HAK PABEHCMBA 00AXHCEH GbIMb UCKAIOYEH.

Vno6Hbie s OpOBEPKH YCNOBHS BHIOYKIOCTH dymkmuu f(x) momy-
YaJOTCS, €CJIM NPHUBJICTh €e MPOU3BOIHBIC.

Teopema 1. IIycmv gynxyus f(x) onpedesena u nenpepvigha 6 npome-
scymre X u umeem 6 Hem KOHEUHyo npou3eodnyio f'(x). [as mozo, umobet
f(x) 6viaa svinyxaoit 6 &, neobxodumo u docmamouro, umobsvt ee npous-
soonas f'(x) eospacmana (& wupokom cmeicae).

Heo6xoauMocTh. Ilycre ¢ynxmua f(x) seimmykna. IIpemmona-
ras x; <X<Xx,, IpennmieM yciosse (4) B Baze:

f&)-fx) _fG)=fC) _ ©

X=Xy X~ X

Ecsam Temeps YyCTPEMMTH 37IeCh X K X; HIM K X, TO B IpEJicsie, COOTBET-
CTBEHHO, ITOJYIUM '

S'(x) sf————(xi :{C(:c‘) (7a)
"
- *
Flag=LEl) ), (76)

otkyna f'(x,)=<f"(x,), Tak uyro GyHKnEA f'(X) NEHCTBHUTEILHO OKa3bIBACT-
¢ Bo3pacTaronieil (B MEPOKOM CMBICIE).

HoctatouHocTs. IIpemmosioRkmM Teoephk BEHIIOJHCHAE 3TOTO
mocHeqHero ycnopus. I JOKA3aTeNbCTBA HEPaBEeHCTBA (6) IpHMEHAM
K Kaxmoit u3 ero yacteil $opMyay KoHeIHBIX npHpaieHni [112]

FG)-fx) _ fGa)—fx) _ o

OIS ey, LR,
npmaeM x; <& <x<&<x,. Tak kax, mo npemmonoxenuto, f'(E)<f"(5),
To cootsomenne (6), NEeHCTBHTENBHO, MMEET MECTO, & H3 HET0 MOXHO
BOCCTaHOBHTBL COOTHOMIEHHE (4), 06yCI0BIMBAIONIES BHITYKIOCT DYHKIAA
Jx).

Teopema 2. ITycmv @ynryusn f(x) onpedesena u nenpepvieHa émecme
co ceoeii npouseodnoii f'(x) € npomencymxe X u umeem 6HYmpu Hezo
KoHeunylo emopyio npoussoduyio f(x). Haa evinyksocmu @ynkyuu f(x)
6 X neobxodumo u docmamouro, umober 6 Hympu X 6bL10

f(x)=0. ®

B CBA3H C IpemBIAyINeil TEOpEeMOM, NOCTATOYHO IPHMEHHTH X (yHK-
maa f(x) Teopemy 2 n° 132,

*) B mHTepecax NOCIEAYIOIIEro MNONYCPKHEM, YTO MpH BHIBOJC HEPABEHCTB (7a)
# (76) mcoons30BaHO GHUI0O TOABKO CyMECTBOBAHHMC HPOM3BONHOM, COOTBETCT-
BEHHO, B TOYKE Xy WK X,.
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Hiist BOrEYTOCTH GYRKIMH aHAJIOTHYHO MOJTY4aeTCs YCIOBHE

S"(x)=0. ()

TaxmMm o6pasom, TpeGosarmie
S"x)=0  (<0) ®

3aBEJJOMO OGECHeINBaET CTPOT YO BHIYKIOCTh (BOTHYTOCTB), MGO
HCKJIFOYAeT BO3SMOXHOCTD JIIst QYHKOUH f(Xx) OBITHL JUHEHHON B KAKOM OBl
TO HM OBLTO IpoMexyTke [142, 6°].

Teneps cpasy obnervaercs HOCTpocHHE JFOGOTO YMCNA DPHMEPOB KK BBINYKIIBIX,
TaK ¥ BOTHYTBIX (hyHKIMiA:

1) ®ynxims a* (@>0, a=1) sasnsercs BHIOYKIOH B MPOMEXYTKE (— oo, + o),
TaK Kak (@X)’=a*-(In @)2>0;

1
2) dyuxims Inx BorHyTa B mpoMexyrtke (0, + ), u6o (In x)"’ = ——;<0
[cp. 142, 4°]; X

1
3) mang dysxumm x-lnx (B8 TOM *e OPOMEXYTKE) BTOpas NPOM3BOOHAA — >0,
¥ GyHXIHS BHINMYKJIa; X

4) nnst GyHKIMHU X7 (B TOM € HIPOMEXYTKE) BTODAst OPOU3BOHAS paBHA r(r—1x7—2
OTCIO/Ia BUNHO, YTO NpH r > 1 1 r<0 GyHKIMA BEIDYK X @, anpu0<r<1 BOTHY T a*),
U T O

Bo Bcex aTnx npumepax (axTHYecK MMeNa MECTO CTPOTa s BHIIYKIOCTh MU
BOTHYTOCTE.

B 3aKkgrodeHue, Mbl YKaXeM €IUE OJHY BaXHYI TeOMETPHYECKYIO
XapaKTePUCTUKY BBIIyKIOH (ynkuum f(x). IIpx aTOM, BMECTO X O p I Bl
y rpapuka dymkmun y=f(x), Ko-

TOPYI0O MBI PACCMATPHBAIA B
n° 141, 37ece MBI OpHBIEYEM
K PaCCMOTPEHHIO KaCa Te Jb-
HYI0 B m00oit Touke rpaduka

(puc. 73).
Teopema 3. IIycmo gynkyus
f(x) onpedesena u nenpepwina
T 6 npomexcymxe X u umeem
0 Ly € HeM KOHEYHYI0 NpOU3B00HYI0
Puc. 73. ['(x). Han evinyrsocmu @yuxyuu
f(x) neobxodumo u docmamouno,
umobui ee zpagux ecesmu moukamu Aexcas Had 1060i ceoei KacamerbHod

(uru na neit).

Heobxonumocts Kacarenmsuas k kpmoit y=f(X) B Touke

Ag(xy, f(xp)) mMeeT yrioBoit kosddumuent f'(x,). YpaBrenue xacareib-

HOM HAaIMINETCI TaK:
Y =F(xg) +f"(xp)(x = X,).

7 .Z,Tf(‘z,)

*) OTOT mpEMep NaeT BO3MOXHOCTL — HONYTHO — HOKA3aTb, YTO NPOU3BEICHNE
ABYX BBINYKIBIX (DYHKIWH MOMET He ObiTh BHUIYKIOH (yHKImEeH; Tak, QyEKums — x1/s
BBIIYKJIa, BTOBPEMs KaK £¢ KBAAPAT, T. €. GYHKIHS ¥2/3 OKa3bIBAETCA BOTHY T O i,
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Hamexur nokasars, 4To BEITYKJIOCTh (QYHKIHMH f(x) BiedeT, Ui JHO6BIX
TOUEK X, M X U3 X, HEPaBEHCTBO

J)=1(x) +f (o) (x — xg)- (10)
OHO PaBHOCWIBHO IBYM TaKUM
Fo<LRTSD gy oy, (i12)

Fo)"0LE aan v, (116)
a 9TH HEPABEHCTBA COBIAMAIOT, COOTBETCTBEHHO, C HepaBeHCTBaMH (7a)
u (76), monyueHHBIMH DPH JI0KA3aTeTbCTBE TeopeMsl 1 (MMeHHO B mpe-
HOJI0XEHMH BBITYKJIOCTH OQYHKOMY), €CIH B TIEPBOM H3 HAX TOJIOKHTHL
Xy =X, X, =Xy, @ BO BTOPOM Xy=X,, X; =X.

HocraTodrocTh. IlpeamonoxmM, HA0GOPOT, 4TO BHIIOJIHAET-
cs pepasencTso (10) wm — wro To xe - Hepamemcrsa (1la) m (116).
Torna mo HMM MOXHO BOCCTaHOBHTh HepaBeHcTBa (7a) u (76), oTKyma
crenyet, 4to f'(x,)<f"(x,), Tak uTo npousBoguas f’(x) Gymer Bo3pacTaro-
weA QyHkmued. ITo ke, B CBOK OYepenb, Kak MBI 3Haem (Teopema 1)
BJIeweT 3a Cobol BEITYKIOCTH (yskmuu f(x).

3aMevanue. OOpamaeM BHMMAaHHE YHTATENSd HA TO, 4TO (haKTH-
4eCKH (CM. CHOCKY Ha CTp. 299) HEe0oOGXOJHMOCTH HEPaBEeHCTBA
(10) ~ w11 NaHHOT O X, M HPOU3BONBHOIO XX, — NOKA3aHA B NPEJi-
TIOJIOXCHUM JIMIIB CYIIECTBOBAHMA NPOU3BOAHOM f(x,) B caMoit Touke X,.

144, Hepasenctso Mencena u ero mpraoxenns. COrJIaCHO ONpENETICHHIO BBINYKJIOM
¢yrxuun [em. (1)}, mmeem

flayxa +gx)=<<qgy-f(x)+ gy £ (xp).
(91,9:>0; g1 +q2=1)

MoxHO 10Ka3aTh, YTO IS BHIIYKIION GYHKIMU uMeeT MecTO Goliee obIlee HepaBeHCTEO
(XKOTOpO€ CBA3BIBAIOT C IMEHEM U eHC e H a):

Slaxi Xy + o o« +qnxn)=<gqy SCe)+ o fxD)+ - oo +gn-fxn) (12)
Q-+ qn>0; g1+. .+ ga=1)

KaKOBBL Obl HH OBLTM 3HAYEHHS X, X, -+ -, Xn B3 OCHOBHOTO IpoMexyTka 4. Jlis n=2
OHO, KaK MBI 3HaeM, BEPHO; JONYCTHB TENEPh, YTO OHO BEPHO I/ KaKOro-iubo HaTy-
PaJIBHOTO MHCIIA h==2, IOKAXEM, YTO OHO BEPHO W AN n+1, T. €. 4TO, B3sB n+ 1 3Haue-

HUB Xy, « .« «y Xy ¥n 41 B3 & -+ 1 DONOKATETLHBIX THCEI Gy, + - +, G, G141, CYMMA KOTOPBIX
paBHa eRFHALE, OYAEM HMETh

f@xi+ - gnxntanpixnp)=<gy,-f () + .. +qn SO+ qngr - fGngy).  (13)

C sToit 1enbIo, 3aMeHUM ClieBa CYMMY ABYX IOCHICIHHX CIAT2eMBIX GnXn-+qny1Xn iy

OJHHMM ClIaraeMbIM
dqn dn-1
(Gn+anyy) ( Xn+ xn+1) ;
qn+d4n4q qn+d4n4,
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3TO 1acT BO3MOXHOCTH BOCHONB30BATECA HEPABCHCTBOM (12) H YCTAHOBHTE, YTO BhIpa-
xeHde B (13) cneBa Be NPEBOCXOOHUT CYMMBI

dn dn+1
X,

n xn+1) .
an-tqn4y Antqniq

g1 SO+ ... +(11n+CIn+1)'f(
OcTaercd JHMIIb NPUMEHNTb K 3HAYEHHIO (YHKIMH B IOCIEOHEM ClAraéMOM OCHOB-
HOe HepaseHCTBO (1), wTo6m mpunTH K (13). TakxuM o6pa3oM — 10 MeTOOy MaTeMaTi-
YEeCKOH MHAYKIME ~ HepaBeHCTBO (12) MONMHOCTBIO ONPaBIAHO.
OO65rMHO, BMeCTO MHOXKATENEH q7, CYMMa KOTOPHIX DaBHA €IMHHUNE, BBOAAT OPOU3-
BOJILHBIC MMOJIOXKHATENBHBIE Yncna p;. Ilonmaras B HepaBeHCTBE (il)

oD
! P1+---+Pn’

(Epixi) Zpi-f(x)
fl— | s=———.
Zpi Zpi
B ciyqae sormyToi ¢byHxumE f, OYeBHOHO, 3HAK HEPABEHCTBA HYXKHO W3MEHHTD
Ha OOpaTHBIL. .
Bribupas pazmaussiME cocobaMi GYEKIWIO f, MOXHO HOTYYaTh BaXKHbIE KOHKpET-
HBIe HEPaBeECTBA — 3 IPATOM BCE B3 OFHOro ucrounwka! IlpumeeneM mpmMephlL
1) Iycte f(x)=xk, roe x>0, k=1 (Beinyknas ¢ysxus). Uvmeem
(Epixi)k Zpix!
=z
Zpi Zp;

NpUBCICM €0 K BHOY
‘ (129

(Zpixe<(Zp)k—1. Zpxk.
k

k=1
3amenss 3geck p; HA b; , a x; HA

, TIDMIEM K yX€ H3BECTHOMY HaM HepaBeH-
Bt
l
crBy Kommn — Tenbpaepa
1k ake1
Eaibis{zaf}k- {Z‘bf_l} k
fcp. 133 (5)).
2) Monarast f(x)=Inx, rae x>0 (Boruyras dyHxima), MOIyIUM
Zpilnx;  Zpix;
—_—=<In-
Zp; Zpi
O1crona, TOTEHIUPYS, TPHAEM TOXE K YKe BCTPEUABIIEMYCS HEPABEHCTBY
1
Sp Zpix; *
(i 2r<re "
Zp;
[cp. 133 (4)].
3) Haxoren, Bo3bMeM f(x)=x-lnx, rne x>0 (Bmnyknas ¢ysxuma). Toraa
OKaXeTCs, 4TO
Zpix;  Zpix; _ZpixiIn x;
— ==
Zpi Zpi Zpi

*) HamonoGue Toro, kax X O3HaYaeT CyMMYy, 3HaK ] O3Hadaer mpoH3-
BEIACHHUE.
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VMHOXaa Ha Zp; M NOTEHUMUPYS, NONYYNM HEPaBEHCTBO

s =
Zpii_ {[Tx[v}2pes |
2p;

1
B wacrHOCTH, DONOXUB 31€Ch p;=— , OYAEM HMETH
Xj

n n
——lslfﬂxi.
>

Xi

Ecima pacnpocTpanuTh HOHATHE CPEAHETO rapMOHHYECKOTO¥) Ha ciyyail
HECKOJIBKIX UHCEN, TO HEPABEHCTBO 3TO MOXHO COOPMYINDOBATSL Tak: cpedHee 2apmo-
HUYECKGE PAOA NOAOJICUMEAbHBIX YUCEA HE NPEsoCXooum UX CPedHe20 2e0Mempuveckozo.

145. Touxu nepernba. ITpu nocrtpoenmu rpaduxoB Gynkumit (demy
OyleT HOCBSAINEH CIEAYIOmMA naparpad), OPEACTABISIOT HMHTEPEC, TaK
Ha3EIBaEMEIC, TOYKH mepernba xpusoit y=5(x).

Touxy M(x,, f(x,)) kpusoii nazeisaiom ee mowukoii nepezuba,
ecau oHa omoeasem yuacmox Kpueoii, ede dynkyus f(x) evinykaa (evi-
nyKAQ 6HU3), om yuacmka, 20e ma PyHkyus eoeHyma (8vinykid é6epx)
(puc. 74).

@ v 7 (6)

e e ettt i et et e 2

7]
Puc. 74.

Ecia 1peanonoxuTh, 4TO B pacCMAaTPHBAEMOM IIPOMEXYTKE (PYHKIUA
J(x) mveeT KOHEUHYIO IPOH3BOOHYIO, TO 3TA MPOM3BOAHAA, IO TEOpeMe
2, BO3pacTacT B HEKOTOPOH OKPECTHOCTH [X, - §, X,] c1eBa oT x, u 3 6biBaeT
B OKPECTHOCTH [X,, X,-+ 8] copasa, wnu naoGopoT — yOLIBaeT cleBa H
BO3pacTaeT crmpasa. B nepsoM cnywae f'(x) UMeeT MpH X =X, MaKCHMYyM,
4 BO BTOPOM — MHHUMYM. ECIM JONYCTHTH eliie CyLIeCTBOBAHME KOHEY-
HOM BTOpO# mpoussomacH f”(¥) XOoTA OB TONBKO HDH X=X,
7o HeoOXommMo f'(x,) =0 (cp. 134].

3t1o0 ycnoBue f'(x,)=0 HUIpaeT TaKyrw XKe Ponb B OTHOUICHAM TOYEK
mepernfa, xakyro urpajgo ycmosue f'(xg)=0 NpH pasbICKaHMH 3KCTpe-
MyMoB QyHxkmmd f(x): ono HEeO0GXOMHMO, HO HE TOCTATOYHO.

*) Cm. VCHOCKy Ha cTp. 74.
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B mocnenmem nerxo ybemuthcs Ha mpuMepe — mycth f(x)=x!, Torma
JS"(x)=12x*=0 B mpomexkyTKe (— =, + ), TaK 4T0, HO TeopeMe 2, (yHK-
s f(x) BBIIyKJa BO BCE€M 3TOM HPOMEXYTKe, X0TsA f*'(x) obpamaercs
B HYJb B Todke x=0.

Ecim BTOpast mpousBommas f''(x) CymecTBYeT Be3je BHYTPH paccMa-
TPABAEMOro MPOMEXYTKA, To aOCIECCEI TOYeK mepernba CIeoyeT WCKaTh
Cpemd KO pHEH 3Tod mpoussomHod. Ho Kaxiplii KOpeHb X, HOIIEXHT
HCHHTaHNIO. IIycTh B HEKOTOPHIX OKDPECTHOCTAX [Xo— 0, Xo) M (X,
Xy + 0] creBa u cpasa oT X, Npou3BoaHafs f'(X) COXpPaHAET Oompe-
JAeneHHB A 3Hak. Torma g pacmo3HaBaHAS TOYKM mepernba
MOXHO JaTh Tako¢€ N PABUJIO: ecau npu nepexode uepe3 3HaueHue
X = Xo npoussoonasn f''(x) mensem 3nax, mo Haauyo nepeaub, ecau e 3HaKa
He menaem, mo nepezuba nem [cp. 135]. .

OTMeTHEM, YTO IIPH 3TOM Ha Y9aCTKaX KpHBOH, OTHENEHHBIX TOUKOM
(%05 (p)), KpHBAs OKA3LIBACTCH CT P O I O BBHIIYKJION HA OJTHOM H CT P O-
I' 0 BOTHYTOH Ha JpYyrom.

PaccMoTpum, s mpumepa, dyskipmo f(x)=sin x; ans see f”’(x)= —sin x oGpa-
IaeTCA B HYJIb B TOUKaX Xx=Kkn (k — menoe), Meusss OPH 3TOM 3HaK. Ciemo-
BaTENbHO, BCe TOYKH CHHYCOHIBI, JIEXAIIUE HA OCH X, SBISIOTCA TOUKAMHE Ieperm6a;
JIETKO BHAETH, YTO B NPOMEXYTKax (2m— 1 7, 2mn) CEHYCOMAA BHIIYKIIA (BBIOYKJIA BHM3),
2 B IPOMEXyTKax (2mmn, 2m+ 17) OHa BOTHyTa (BBUIYKJIA BBEPX).

Moxso 6r1M0 6BI, Kak MBI 3TO caenamu B n° 138 npu paspickanum
3KCTPEMYMOB (DYHKUUHM, IPUBJICYb U BBICIINE IPOU3BOMHEIE B UCIBITYEMOK
TOYKE X, AJA KoTopoit f''(xg)=0. TakuM myTeM mnojyyaercs IpaBHIIO:
ecau nepeas u3 npoussoonslx (8viule 6mopo2o NopAdKa), He obpawyarwuxcs
6 mouKe X, 6 Hyab, ecMb NPOU3BOOHAA HEUEMH020 NOPAOKA, MO HAAUYO
nepezub; ecau sce mMaxol NPOU3BOOHOU AGAAEMCA NPOU3BOOHAA HeMHO20
nopadka, mo nepezuba nem.

B 3zaxiroueHme, yKaXeM 3aMedaTeNIbHOE CBOMCTBO KpuBOi y=f(x)
OTHOCHTENILHO KacaTeNbHOM K Helf B Touxe mepermba (ecnd Takas Kaca-
TeNbHAS CYHIECTBYET): KpUBAA HEPeX00um 6 3moti mouke ¢ 0OHOl cmopoHbl
KacameavHoil Ha OpYy2yio, M. e. KpUBAA U KACamenbHAA 63AUMHO nepecexaiom-
ca (cM. puc. 74).

OTo 00CTOATENBCTBO OYEBHIHO, €CJIM KacaTeNbHAsd BepTHKAILHA (CP.
puc. 43, a u 6). ObpaTEMCs K CIy4al0 HAKIOHHOW WM TOPHU3OHTAJIbHOM
KACATeJIbHOM, IPe/IIoJIaras CyIecTBOBaHNe KOHeTHOMH IpousBomHOM f(xy).
HonycTum jist oIpeneieHHOCTH, YTO JieBee TOYKH meperuta, it x, — =
<X <Xy, KpUBadA BBHIIYKJA, 4 NpaBee, U X,<X<=<<X,+ 0, KpHBas BOTHYTa
(370 oTBeyaeT puc. 74, 6). B 3TOM Ciiyuae YCTAaHOBHM, YTO IS X <X,
KpHuBas JICKUT HaJ KacaTeJbHOH (MM Ha Hel), a g x>x, — HOXA.
KacaTeJIbHOM (WIH Ha Heit), T. €. 4To

SX)=f(x) +f (x)x—xp), ecom x<x,

JE)=f(x) +f (x)(x = Xp), ecmm  x>x,.
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Ho nepBoe u3 3TMX HepaBEHCTB coBmamaeT ¢ HepasencTsoM (10) [143)
(cmemyeT umMeTh B BUAy 3aMeEYaHuUe, TaM XKe). Bropoe ectb ananor
HepaseHcTsa (10) 111 BorHyTo ¥ dynxnum.

3amevanue. YacTo UMEHHO 3TO CBOMCTBO KpHMBOH IPUHHMAOT
ApOCTO 3a onpenesieHHe To4kM nepermba. Takoe ompenedenme
BOBCC HC PpPAaBHOCHIBHO JaHHOMY Bhime. Kpusas
TIPEX/E BCCrO MOXKET HE MMETh KacaTeNbHOH B TOuYKe meperuba, Tax uTo
BTOPOE ONPEALIICHAE OKAKETCS HEMPUIOKMMEIM. MOXET CllyqHTLCS 06paT-
HOC! KpHBasi IEPECEKACT KACATENBHYEO B TOYKE, KOTOpas HE OTAENIACT
BBIYKJIOTO yYacTKa KPHBOH OT BOTHYTOIO, U HEPBOE ONPEICICHHE He-
NpUJIOKEMO. TakoBbI KpHBBIE HA pHC. 43, 6 M 2; HO HHTEPECHEE KPHBas

y=x5 (1 +sin? %) npu x»0, y=0 npu x=0, koTopas B Havane KOODAMHAT

KacaeTCss OCH X M IIEPECEKaCT €¢; 3HeCh CYICCTBYET Haxe HENPEepBIBHAA
BTOpasd MPOM3BOJHASA, HO OHA OECYHCIIEHHOE MHOXECTBO pa3 MEHACT 3HAK
BOIM3M ToukHM X =0 kak CJieBa, TaK U CnipaBa OT Hee.

§ 3. IMocrpoenne rpadmxos ynKnmii

146. ITocranoeka 3amaun. Bo Bceopyxuu MeTomos auddepennuann-
HOTO HCYMCIICHUsI BEPHEMCA K BONPOCY O NOCTPOECHMUHU Frpad HK O B
dynxnouit [cp. 47]. Hycts cmavana Tpebyercs DOCTPOMTH Tpaduk He-
TIPEPBIBHON B KOHEYHOM TIpoMexyTke [a, b] Qynkmun y = f(x). IIpu stom
CeifYaC OCHOBHOM IENBIO A HAC ABJSACTCH BOIMONCHO MOUHAA xapak-
MEPUCMUKA CaMO20 X00a U3 MEHEeHU A PYHKYUU; TOYHOCTH OTHEI b
HBIX OPAMHAT MHTEPECYET HAC B MEHbLIEH CTEICHH.

OOGBIMHO TIPUMEHSEMBIH IPHEM NMOCTPOCHHMS <O TOYKAM> [47], B3aTEIM
GoJiee MM MeHee IyCTO, HO CHAYYaWHO H 63 OTHOINECHHS K (meus-
BECTHBIM Hamepes) OCOGEHHOCTAM rpaduka, Hempurozen. Ox Tipex e
BCEro TpebyeT BRMHUCICHHS GOJIBIIOrO YMCIIa KOOPIMHAT, YTO 11 PaKkTHU-
YeCcKH HeyHobHo. Ho riaBHOEe B NPYroM: OH HENPHLOAEH II P M HI U-
NHAaNbHO, IOTOMYy YTO MMEHHO BBHIY CIYYaiHOCTH BBIYMCIISEMEIX
OPIMHAT OH BCE XKE HE OOCCIEYMBACT MOCTHXCHMS TOCTABJICHHON HEJTH.

Ilpeanonoxum Teneps, uto Gymkius y = £(x) Boobie nMeer KOHEYHYIO
NPOU3BOJHYIO V' = f'(X); MCKIIOYERUE MOXET HPENCTABHTLCH JIMIIb B KO-
HEYHOM MHCJIE OTAETIbHBIX TOYEK, T NPOU3BOHAS OKA3BIBAETCA 6 € C K O-
HEUHOH — ONpEeNeNCHHOro 3HAaKa WM PasHBIX 3HAKOB CIPABA U CIIEBA.
Torna MeTome AupdepeRIMaNEHOr0 HCYHCIIEHUST HAIOT BO3MOKHOCTE ycTa-
HOBHTPH HEKOTOPOE YHCJIO <OIIOPHBIX» TOUYEK, XA PAKTEPHBIX HME H-
HO Ans NaHHOTO TpadukKa, IO KOTOPEIM rpaduk CTpouTes
YXe€ ¢ HOCTATOYHOM TOYHOCTBIO.

IIpexne BCero, Mbl MMeEM 371€Ch B BUTY HOBOPOTHEHE TO YK U
rpaduka, T. e. BEpIIMHBI ero ropGoB M BIAMHH, OTBEYAIONIHE 3KCTpe-
MaTbHLIM 3HaueHnsM  Gynkunn [134 —138]. BnpoueM, k num crenyer

20 I, M. ®uxtenronsn, 1. [
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OPUCOENMHUTEL BCE BOOOIIE TOUKH, Te KacaTelbHAas FOPH3OHTAJBHA WM
BEPTUKAJIbHA, JaXe €C/IM OHM HE OTBEYAIOT SKCTpeMyMaM (ymkuuu. Pasy-
MeeTCs, JOJDKHBI OBITH OTMEYeHBI M KOHIBI rpaduka.

Koraa ymoMsHyTBIe TOJIbKO 4TO TOYKHM HAHECEHHI HA UepTex (a UHCIO
PX OOBIYHO HEBEIMKO), 3TOT0, COOCTBEHHO, YXKe JOCTATOYHO JUIS TIOCTpOE-
aust rpaduxa.

IToctpoennsiii momoGHBIM 06pa3oM rpaduk yke XOBOJBHO IIOJHO
OTOOpaXaeT XoN M3MEHEHHS (YHKUMHM, TOYHO OTMeuast IMPOMEXYTKH ee
BO3pacTandss M YObIBaHMA, a TakKe TOYKHM, L€ CKOPOCTh H3MEHEHMS
Gysxknun namaer no myns ()'=0) WM BO3pacTaeT Mo GeCKOHEYHOCTH
O'= % ).

MOXHO NOCTHTHYTE NaJBHEMIEro yTOYHEHHs Ipaduka, €CIM Y4ecThb
€ro BBHINMYKNAOCTH (BBIYKJIOCTh BHH3) MIH BOTHYTOCTDb (BB
OYKJIOCTE BBEPX) HA OTHENBHBIX YYACTKAX U IOJIOKEHHE OTICASIOLIMX HX
Touek nmeperuba [143, 145).

147. Cxema mocrpoenns rpaduxa. Ilpnmepsi. WrTax, mycTs dyHKnus
y=f(x) B paccMaTpuBaeMOM HpoMexyTke [a, b] mBaxmel AudbdepeHiu-
pyeMa, MCKIFOYasl OTHACHbHBIE TOYKH, B KOTOPHIX IPOU3BOAHAA Y’ =f'(x)
nMeeT GECKOHEYHOE 3HaueHNe, ONPEeNCICHHOIO 3Haka C 00EUX CTOPOH MK
Pa3HBIX 3HAKOB CIpPaBa H CJIEBA.

Torna nna mocrpoesus rpaduxa QyHKUME y=f(X) HAAJIEKUT BBUIOI-
HHUThH CJICAYIOUIEE:

1) ompenenuts 3HaYeHMA X, MIA KOTOPHIX Hpow3BomHas y’=f'(x)
PaBHA HYJIO MM OECKOHEYHOCTH, M TIOJBEPrHYTh MX KCCIEJOBAHHIO HA
3KCTPEMyM;

2) ompenenuTh 3HAYECHHA X, A KOTOPHIX BTOpas NpPOM3BOLHAS y'' =
=f"'(X) paBHa HyJIIO, H HOIBEPIHYTh MX HCCISIOBAHAIO HA TEPerut;

3) BEIMMCINTH 3HaYeHMs camoil GYHKIME y=f(X), OTBEYAIOLIHE BCEM
STHM 3HAYEHHSIM X, & TAKXe KOHIAM 4 ¥ b paccMaTpuBagMOro IIPOMEXKyTKA.

Pesynbratel ymo6HO paciosoxuTh B Bane Ta6MMIBI [cM. HEXe IpH-
MEphi], ¢ HEMPEMEHHBIM YKA32HMEM OCOOGEHHOCTH BBHUHCICHHON
TOYKHA IpaduKa: Maxcumym, Munumym, ' =0, ' = + o A —o, y' = + =
W F =%*), nepeaub. ‘

Wrorna x Ha3sBaHHBIM TOYKaM IpadmKa MpH KeJAHUM NPHCOCTUHAIOT
€Ille M HEKOTOPEIE APYIHe, HANPUMED, TOYKH IlepeCeYeHUs FpagyKa C OCIMH.

ITocne HameceHMs Ha 4epTeX BCEX BLMHMCIEHHBIX TOUEK Yepe3 HHX
TIPOBOASAT CamMbiii IpaduK, yIATHBASA OPU 3TOM BCE YIOMSHYTEIE HX O C O-
6eHHOCTH.

Mbvi umeem 6 6u0y, KoHeuHo, 0GBIUHYI 6 RPAKMUKE NOCMPOEHUA 2PAPUK0E
cayuaii, Koz20a nepeas npoussoonan obpawaencs ¢ 0 (UK B + «) uiu émopas
npousgoonasn obpawaemca ¢ 0 — uwb 6 KOHEUHOM HUCLE MOYEK.

*) Tak MBI yCIOBHO GyaeM OTMedaTh TOT (AKT, 4TO IPOU3BOAHAS CNieBA €CTb + oo,
a cnpaBa — «, WA HAO06OpOT.
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Torja B HPOMEXKYTKAX Mexay HuUMH rpaduk MAeT BCe BPEMs BBEPX WM
BCE BpeMs BHU3, & TAKXKE OKA3bIBACTCS BHIMYKJIBIM, BHU3 UIIH BBEPX.

Brumciienns W TMPOBEOEHUE KPHUBOM YOpPOLIAOTCH, eciu (YHKIHS He
HU3MEHSET CBOErO 3HAYeHHs DPH U3MEHEHUM 3Haka x (deTHas obynk-
Es), TAKYTO TPAa QUK CHUMMETPHUYEH OTHOCHTEIBHO BEPp-
THUKANbHOU OCH. AHAIOTHYHYIO YCIYTY MOXET 0Ka3aTh U CH M-
METpHUS OTHOCHTENbHO HavYajJga KOOpPIHHAT, KOTOpas
AHATHTAYECKH BHIPAXAETCS B TOM, 4TO (QYHKIMS MpH M3MEHCHUH 3HAKA X
TaKXKe JIMUIb MEHSET 3Hak (Hevye THAas (yHKuus).

IMMpumeps. 1) B 136, 2) MBI yXe uccienoBand moBeaeHUE (GYHKUHH
y=sin3 x+cos? x;

C NOMOIIBIO €€ MPOM3BONHON MBI YCTAHOBHJIM 3HAYEHUS X, HOCTABISIOLINC (PYHKUHH
9KCTPEMYMbI, & TaKXKe BBMUCIMIM M CAMH 3KCTpeMalibHble 3HaueHus GyHxuwmu. Ilpu
3TOM, BBHAY IEPHONMYHOCTH (YHKIMY, Mbl OTPaHUYMIIACE IpoMexyTkoM [0, 27] uzme-
HeHAA Xx. I'padmk yHKIEM Taxke AOCTATOYHO HOCTPOUTH IJIA 3TOr0 IPOMEXYTKA.

Tenepy HaM HYXHO HAWTH KOPHM BTOpPOM npousBogHol. Ecnum npeacraButh ee
B BHie

9 2
Y= > (sin x +cos x) (sin 2x- —3—) s

TO JIETKO BHAETh, YTO TIEPBBIH MHOXMTENH B CKOOKax ofpaujaercs B 0 npu x=£ =
Tn
=236un Ié 5,50, a BTOpOit — TIpM x==0,36 (21°), 1,21 (69°), 3,51 (201°) u 4,35 (249°);

BO BCEX CJIyyasix 3HaK p’’ MeHSeTCs, TaK YTO HAIMIO meperuob.
CocraBliseM Ta0OIuILy:

x=0 0,36 0,78 1,21 1,57 2,36 3,14 3,51 3,94 4,35
|
y=1 0,86 0,71 0,86 1 0 -1 -0,86 |—0,71 -0,86
=) = Y =() = =)
fmk c. nepeau6 Jju . nepeau6 A':ax c. nepe2u6 }:“ u,,? nepeaub | oxe. nepezu6
x=4,71 5,50 6,28

ITo oaroit Tabmuune W WOCTpPOeH Trpaduk,
u3obpakedHsii Ha puc. 58.

3aMeyaHnue. Yurarenb JOMKCH HMETH
B BHMIY, 4TO NIPUBOAUMBIE B KHMIE€ YEPTEXH,
BBHAY Majmoro Macmitaba, He NOJHOCTBIO WC-
MONB3YIOT T€ TOYHBIE NOAHHBIE, KOTOphIE IONY-
4eHbl BBIYMCTICHHMEM. PexoMeHIyeTCss MOBTODHTH TH YepTexu B GonpmoM Macmrabe.

2) PaccMoTpuM ¢yHKIMEO

nepezué y'=0 maxc.

y=sin x-+sin 2x.

OHa He TOJBKO MEPHOAMYHA, HO ¥ HedYe T Ha. OTO TMO3BOJACT COKPATHUTH ellle Mpo-
MEeXYyTOK HW3MEHEHus X, censi ero x [0, x].
B 3TOM mpoMexyTKe MpOM3BOAHAS

¥ =cos x+2cos2x=4cos? x+cos x-2
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-1+ 3;3
obpawaercs B 0, ecimt cos X:—SV_ , T. e mipu x:-0,94 (54°) m 2,57 (147°). Taxk

KaK BTOpas IPOM3BOJAHAS
Yy’ = —sin x-4sin 2x= —sin x(1+8 cos x)

NpH NEPBOM K3 ITHX 3HAYCHHI, OYE€BHIHO, OTPHIATCIBHA, TO OHA HOCTABJIAET (QYHKUHH
MaKCHMYM; aHAIOTHYHO, P BTOPOM 3HAYEHWH MMEEM MHHAMYM.

Cama BTOpas mpou3BogHas obpamaercs 8 0 BMecTe ¢ sinx npu x =0 win x =n=3,14,
a TaKXe BMECTEe C MHOXMTENEeM B CkoOkax npm x==1,70 (97°) — BO Bcex ciiyyasx MeHAs
3Hak (mepernd).

Tabnmuua:
x=0 0,94 1,70 2,09 2,57 3,14
y=0 1,76 0,74 0 —-0,37 0
nepeau6 ¥ =0 maxc. nepeeu6 A V' =0 smun. nepezu6

2
K YKa3aHHBIM BbIHIC 3HAYCHUSIM X Mbl NIPUCOCTUHATIA 3/1€Ch €1IIC 3HAYECHHUE X = 3 =

22,09 (120°), upu xotopom y=0 (rpadux nepecekaer ochb x). I'paduk, mOCTpOEHHBIH

4

II0 3TUM TOYKaM, H300paxeH Ha puc. 75; ams npomexyTtka [—z, 0] oH monyyaercs
JIBOHHEIM MEpEKNAABIBAHUEM: BOKPYT OCH ¥, & 3aTEM — BOKDYI OCH X.

148. BeckoHeunble paspuiBbl, (ECKOHEYHBIH NPOMEXYTOK. ACHMOTOTBL
ITose3no pacupuTs KIACC PaccMATPUBAEMEIX (GYHKIHI B IBYX HAIpaBJe-
HHAX. Bo-mepebix, MBI momycTHM Temeph Aid GyHKuuK y=f(x) BO3MOX-
HOCTb OoOpamatrbcsas B OECKOHEYHOCTDH Ul OTIENBHEIX
3HAYCHUH X. DTO 3HAYMT, — €CJIH X, €CTh OHO U3 TAKHUX 3HAYECHMH, 4TO,
OpyY IPUOTIMKEHUM X K X, C TOM WJIH C APYroil CTOPOHBI, f(X) cTpeMuTCs
K + e MIH K — ., Bo-BTOpHIX, HAC MOXeT HHTEPECOBATH NMOBE/ICHHE (DyHK-
IMMUB OECKOHEYHOM IPOMEXKYTKE.

Tak xax pasmepsl ueprTexa, pasyMeercs, KOHEUHBI, TO B 00OMX 3THX
cny4asix TMPHXOAUTCS NOBOJLCTBOBATLCS YacThio Bcero rpaduxa. 3a mpe-
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JeTaMu YepTexa CTApalOTCs OCTaBUTh Takue uacru rpaduka, o BUue
KOTOPBIX JIETKO HANEPE COCTABHTL cebe MpPeACTABICHUE, HCXOA M3 TOTO,
YTO HAYEePHYEHO.

OcranoBuMCH Ha Cilyyae GECKOHEYHOro pa3spbiBa (YHKIMM, CKaXeM,
npyu x=x,. Ilpu npubmmkenuu X K x, ¢ 0AHON CTOPOHBI (PyHKIHS CTpe-
MHATCA K OECKOHEYHOCTH (TOTO WJIM MHOTO 3HAKA) MOHOTOHHO —
CCIIM, MO KpaiHeil Mepe, B KOHEYHOH 9aCTH IPOMEXYTKA — IIPOU3BOJHAS
¥y’ = f'(x) nuiic KOHEYHOE YHCIIO
pas MensieT 3HaK. C pasHbix CTO-
POH OT X, (€CIIH X, HE €CTh KOHEIl
TIPOMEXKYTKA) (YHKIHMS MoOXeT
UMETh MpeJeibl M Pa3HbIX 3HA-
KoB. Bo BcsikoM ciyuae, rpaduk
Oymer OesrpaHudHo  Inpudin-
JKATbCS, YXOAS B OCCKOHEYHOCTD,

K BEpPpTHKANbHOU npsMoi
X=X, B BepXHell WM B HUXHCH

€ro MacTil, CMOTPA IO 3HaKy Oec- 7
KOHEYHOTIO Ipefiena. D Ta np g-
Mas IIO3BOJAET OTYECT-
JUBO IPEACTAaBUTHL Ce-

6e Bunx rpaduxka u 3a /
HpenegsamMu yepTexa
(puc. 76). Ilpmvepamu Moryt Puc. 76.
CIIyXHUTh M Y)X€ M3BECTHBIC HaM

rpaduky  QyHKIH y=§ opu x=0 (puc. 10), y=tg x npu x=2k + 1)%

(puc. 16), y=log, x npu x=0 (puc. 14).

B cnyuae Geckoneusoro (B oJHy CTOpPoHY WIM B 06e) IPOMEXYTKa,
MOMOOHYIO XK€ YCHYry MHOT/A OKA3bIBAET TOPM3OHTANbHAS WIA
HaKJOHHAS MpIMasd, K KOTopoi rpaduk npubimxkaercs 6e3rpaHuvHo.
B cBs3m ¢ 3TMM, DaIuM crenyroinee obiiee OnpeneIeHAe.

IIycTe uMeeM KpHUBYIO, BETBb KOTOPOW B TOM MJM MHOM HAIIPaBJICHUH
yAansetcs B OeckomeunocTh. Ecau paccmosnue § om mouku kpugoii 0o
HEKOMOpOii OnpedeaeH Ol NPAMOIL o Mepe yOaeHus MOuKy 6 GeckoHey-
HOCMb CIPeMUMCS K HY 10, O IMA NPAMAA HAZ56AEMCA A C U M N M 0 W 0 i
Kpuegoii.

ToBKO YTO MBI IMEJIH 16710 C BEPTHUKAJI b HBI MU ACHMITOTAMY;
TEEpb 3aiMeMCAd aCUMNTOTAMK TFOPDH3OHTANBHBMHU U Ha-
KJOHHB MH — BCE BpeMs JUIL KPHBOH, 3aauHoil ypasuenueM y = f (x).

MprMepbl TOPHU30HTA N B HBIX ACHMIITOT HAM YK€ BCTPEYAIINCE:

Ui KPUBOI y:)—‘: — TipsMasa y=0 npu x -+« (puc. 10), mis KpuBoil
y=arctg x npsaMsie y=% Hy= —g , COOTBCTCTBEHHO, TPH X -+ = M
X — e (puc. 21), ans kpuBoit y=a* — npamas y=0 IPH X - — =, €CIH
a>1unpu x- + -, ecnu a<1 (puc. 13),
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Anist Toro 4TOGHI, HaNpUMep, NPU X - + =, Opsmas Y =b CIIyXKHJa
aCHMITOTOM [ KpHBoi# y = f(x), oueBumHO (puc. 77), He 06 X0 T UM O
H TOCTATOYHO, YTOOH OBLIO

limdé=lim [y-b/=0 wmwm limy=lim f(x)=b.

X 400 X~r oo X—++oo x> oo
Taxim 06pasom, BOIPoC 0 TOPH3OHTANbH O ACHAMITOTE CBOINT-
€4 MOMPOCTY K BOmpocy o6 3ToM mpenee.

4
N 4

iy

Puc. 77. Puc. 78.

OTAenbHO HyXHO MCKATH 1100GHBII IIPeJeJNT H TIPU X - — o IIPH 3TOM
(xak, HAIpHMED, B CTyvae KPHBOI y=arctg x) MOXeT NONYYUTHCA ¥ Apyrast
aCUMIITOTA.

Iepexonst xk HAKIOHHBIM aACHMIITOTAM, YIOMSHEM, YTO IpPHME-
PaMH HX MOTYT CIyXUTh U3BECTHbIE YUTATEIIO U3 AHAIMTHYECKOH [eOMET-

b
PHH ACHMIITOTH y= £ X runep6ost

2 —
%—%::1 W y= iSsz—aZ ¢))
(cm. Tarke puc. 7).
Ipenmosnoxnm Teneps, 9T0 KpHBas y= f(X) UMeeT HAaKJ O HH y 10
acHMITOTY
Y=ax+b )

(puc. 78), ckaxeMm, co CTOPOHBI IOJIOKUTENBHON YaCTH OCH X. Tak Kak
PasHOCTb opauHAT |y—Y| JMIIb MOCTOSHHEIM MHOXHTENEM (paBHBIM
KOCHHYCY YI7Ia MEXHy aCHMITOTOH M OCBIO X) Pa3HUTCSA OT PacCTOSHHUA O,
TO TIpH X -+ = ONHOBPEMEHHO € 6 HOJDKHA CTPEMHTBCA K HYJIO H 9Ta
Pa3HOCTh:

lim (y-ax-5b)=0. 3
X+ oo
Pasnenus Ha X, moaydnM otcrona:
lim Z=g; @
b
KPOME TOro, paBeHCTBO (3) HENOCPEACTBEHHO HAeT
lim (y-ax)=b. %)

X+
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Wrtak, amst Toro 4roOl npsMas (2) 6bUia aCHMIITOTOR Ui DaHHOM XpH-
BOH, HE0OXo XU MO BbmONHeHHe ycosuil (4) u (5). Ob6paTHoe pac-
CYXHCHAC JIETKO JIOKaXeT M MX N OCTAaTOYHOCTH. Bompoc 3mech
CBEJICA K IOCHCJOBATENbHOMY pasbICKaHuio npenenos (4) u (5), xoro-
PBIMH YK€ M ONIPEAENATCs KoahQHIHeHTH! ypaBHeHHs HPAMOii (2).
Pasymeercs, 1A X > — = HYXHO TOBTOPHTbH BCE HCCIICIOBAHUE.
Hanpumep, B ciydae rimepGoinst (1), cUuTas X — + =, IMeeM

Y2 — g2 2
y_ b Ve-e ié-VI—fz——»ié;
x a x a x? a

3aTeM,

BosBpaasics k 3amaue o nposeneHnM rpaduka GYHKOUH, Temepb Mbl
n06aBUM K CKa3aHHOMY B NpPEXbIIywieM n° B mymrkTtax 1), 2), 3), uto cre-
OyeT eme:

4) onpenenuTs 3HaveHMs X, obpawaromme Qyskimo y=£(x) B 6cc-
KOHEYHOCTh, C YYETOM 3HaKa, M NOCTPOMTH COOTBETCTBYIOLIUE BEPTH-
KaJIBHBIE ACHMIITOTEL,

5) HAHTM TOPH3OHTATBHYIO MM HAKIOHHYK ACUMITOTY rpaduka (u
HPATOM OTHEIBHO IPH X - + e U IPYU X - — e, €CIM IPOMEKYTOK Oecko-
HeYeH B 06e CTOpPOHEI).

O6paTHMCs CHOBA K IIpUMEpPaM.

149. Ilpamepsr. 3) Bepaemcs k QyHKIMH
y=(x+2)%(x~1),
A1 KOTOPO# MBI YK€ MCKAIM JKCTPeMyMsl B 136, 1). OTa dyHKIMA COXpaHAET Hempe-

y
PBIBHOCTb NP — oo <X < + o0, JIPH X~ o HE TONLKO ¥, HO M — CTPEMHTCA K oo,
TaK Y10 ACHMIITOT HeT. x
PaccMOTpUM OMIONHATENBHO BTOPYIO TPOM3BOHYIO

Y'=2(x-110x2+16x+1).

Ona ob6pawaercs 8 0 npu x=1; —0,07; — 1,53, MeHsa [P ITOM 3HAK (meperu®).
CocrtaBnsieM Tabiiuily:

X=-2 — 1,53 —0,8 —0,07 0 1
y=0 -3,58 —8,40 -4,56 -4 0
y'=0 ¥ =0 ¥'=0
make, nepeaut Mun. nepeeut nepecub
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I'paduk MbI yxke mmenu Ha puc. 57.
1) ITycts
2 1

y=3* - -1y

[cM. 136, 3)]. @yHKUMS COXpaHAET HENPEPLIBHOCTh B HPOMEXKYTKE (— e, +e). Ilpen-
CTaBUB €€ B Buue

1
42 1 2’
P g 1)3 +(x2-1)°

y=

JIETKO YCTaHOBHTb, YTO y~0 mpu X~ £ e, TaKk 4TO rpaduk Haileli QYHKIMH MMEET
acUMIITOTOM OCh X (M HampaBO M HaJeBO). BTropas nmpou3BomHas y”’ He MMeEET KOpHel;
nepern6p1 OynyT JHIB B TOYKAaX, TA€ OPOM3BOAHAs y* oOpamaercs B GECKOHEYHOCTS.
Beuny yeTHOCTM QYHKUUMM — CHMMETPHS OTHOCHTEJILHO OCH Y.

Tabiuua:
X=—oo —1 —0,71 0 0,71 1 +o0

»=0 1 1,59 1 1,59 1 0

, Y= Y=rteo ¥'=0 .
Y=te Maxc. MUH. Maxc. Y=
I'paduk — wa puc. 59.
x2—-5x+6
5) y=— [em. 137].
x2+1

HenpepbiBaa B (— o, +0). IIpu x—+ £ o, OueBHAHO, lim y=1: ropu3oHTaIbHAS
acuMmnrTora, Bropas npousBomHas

I’

-1 (x+1)(x2-4x+1)

(x24+1)8
obpamaercs B HyJb IIpH x= — 1, 2+ V§i 241 n2- ]/5 == 0,27, Mensas 362K (meperud).
TaGnuua:
X=—oe —10| =5| -1 | —041 | 0 |027] 2 | 2,41 3 1373 5 | 10 | 4o
y=1 1,55 |2,15| 6 7,04 6 {440} 0 | —0,03| 0 | 0,08 [023]055| 1
nepe- | y' =0 nepe- y'=0 nepe-
eub6 | maxe. eub MU, 2ub

I'padux Ha puc. 61. HeGonbuioit MacinTab 31eCh MelIaeT OTHETIIMBOCTH MEPTEKa,
0COOCHHO B NPOMEKYTKE W3MEHEHHA X OT 2 A0 5; 5Ta yacTh rpaduxa npeacraslicHa
B yBEJIMYEHHOM MaciuTabe.

JanuM Tenepb psAA HOBbIX IPHMEPOB.

(x—1)8

) P

x+1)2°
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Dynxuus o6palaeTcs B GECKOHEYHOCT (— o) NpU X= — 1. Tak K4K OPH X~ *
uMeeM

y —5x242x—1
Tl ymx=—— -5,
x (x-+1)2
TO KpHUBasA UMCECT aCUMITOTY. Y=x-35.
Beruucnnm TIPON3BOAHBIC:
, (= DXx+5) ., 28(x-1)
T TN

Ilepsas obpaiaeTcs B HysIb pu x = 1 (fleperul) u npu x = — 5 (MaKCHMyM); APYTUX TOYEK
neperuba uer. IMo Tabmune:

x=—10 —35 —3 —1 0 1 5 10

y-=—16,4 —13,5 —16 — o —1 0 1,78 6,03

V=0 y'=0
I MARZ. nepeeut

crpouM rpaduk, ¢ yueToM acuMnTorsl (puc. 79).

) Vﬂ @>0) A
D= - a=% [ R L— T T /‘
e [ T R . ny___(\l‘ /) %{

(z+//7
Ilo 3toit dopMmyse dysKuus mo-

A Wl :

i
{
H
ok
JIy4aeT BEIIECTBEHHBIC 3HAYCHMS, JIMHb | i ’ 7 ,
ecimd x=<<0 WU X >a; OpU X =a PyHK- ; .‘ e [ 7
uus obpamiaercst B OCCKOHeuHOCTb, 7/ & 6 <4 2 0f 2 ¢4 & 7
Cuyuras x >a, MMCEM TIPU X ~ + oo [ i K‘amy ] ----- 4——~-——--—J.,
— i 1‘ 5
T | . ZE .
I | |
x x-a e e LS Y v :
) ?l),
X / N &
y—x= X ! ; n
: / o]
x—-a 1 ‘
]
I i 4
a a | ‘
X e > —, 2
Vx+Vx=a 2 -
TAK 4TO, CO CTOPOHBI TOJIOKHTEIb- i | \ ] F 1
HBIX X, KpuBasi mnpuOmDKaerca K R TN [T A W 7% N S
a
aCUMIITOTE y=x+5. AHanoruvHo Puc. 79.

HosiydaeTcss CO  CTOPOHBl  OTPMUATENBHBIX X  OPyras acUMITOTa y=—X——.

( 3 )

x2x——a —_—
.1 2 (.3 *
yw'uwz"Pzﬂ%wm

3
obpamgaeics B HyJlb IIpH x;-z— a, MeHsisi 3HaK MMHYC Ha mwnoc (Munumym). OHa oOpa-

Hpoussoauas

laercst B Hynb M UpH x=0, HO 3TO — KOHeW NpoMexyTka (— <, 0], B KOTOPOM MBbI
Gynkuuio paccmaTpuBaeM, 1 06 IKCTPEMYME 371eCh He MOXeT OBITh ¥ pevn.
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BTopax NIPOU3BOOHANA:

—a?x

1 4
y (x-a)®’
oHa >0 u mpu x<O0, ¥ IpH x>q, Tak YTO KpHBas BCerna BbINykna (BHE3). Brluu-

27

3
CJMB eIi¢ OPAMHATY Y = 2,604, OTBEYAIOMYIO X = EY a, 4

MBI MMEEM YK€ JOCTATOYHO JAHHBIX UIA NOCTpO-
eHus  rpadmka (puc. 80).

8) y= Vaa_xa (a=0).
3x

4
9=V
,@X%
%
&\\
@;\ D /
[]"ﬂ z /R
Puc. 80. Puc. 81.

TlepeMernas x MOXeET u3MeHATHCA JIMIB B mpoMeskyTke (0, a]; mpu x =0 byHKIHA
obpamaercss B GeCKOHEYHOCTb.
IIpom3soguas

ad+2x3 1 x+y)
6x2y T2 y x

BCerJa OTpHUATENbHA, TaKk 9TO QyHKImus yObBaer. IIpu x=a NPOM3BOXHAN Y = ~ oo,
Bropas npousBoaHas

o1 . 5 1 1
= o— - X ———
b 5 y P
a
obpamaercss B Hy/b, MEHAA 3HAK, JIMIIB upy y=x=-—=0,63a (neperud); upu 3Tom,
3

VZ
OYEBHAHO, ¥’ = — 1, I'padux npeacrasnen Ha puc. 81.

§ 4. PackpeiTHe HeonpeneneHHocTeii

0
150. Heonpenencunocts BHEA R Ms! NpHMEHHM Temepbh INOHSTHE
TIPOM3BOJHOM U NOKa3aHHBIE B §§ 3, 5 mpeauIeCTBYIOMIEH I1aBhl TEOPEMBI
VIS PACKPHTHSA HeoUpelOeleHHOCTel Ilocnexyroommue Teo-
peMel 1 -4 B ocHOBHOM ImpuHamIexaT JI o XK T a J1 10 (G. F. de 'Hospi-

tale) u U. Bepuyanu (Joh. Bernoulli). Beickasannoe B HuX MpaBUJIO
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00bMHO Ha3pBaloT MpaBuIOM Jlonmurtansg Carayana MbL 3aii-

MEMCsI OCHOBHBEIM CJIYYaeM HEONPEIeJICHHOCTU Bpmag ,
BOIPOC O IPeAcIe OTHOIWICHUS ABYX dyukmuii f(x) u g(x), crpemmuuxcs K
HyO (UpH ONIPEeICIICHHOM IPEISIbHOM IEPEXOIe X —a).

HauseM ¢ mpoCTOH TEOPEMBI, HEIIOCPEACTBEHHO UCIONB3YIOMIEH caMoe
TOHATHE IMPOU3BOJHOM.

Teopema 1. ITycms: 1) dpynxyuu f(x) u g(x) onpedenenvi 6 npomexncymre
{a, b], 2) lim f(x)=0, lim g(x)=0, 3) cywecmeyrom roneunsvie npousgoonvie

a

T. €. HCCICAYEM

x—+a X
f'(a) u g'(a), npuuem g'(a) =0. Tozoa

&) _S'@
Ime® “v@

HdokaszarenbcTBo. CyHECTBOBAHUE KOHEYHBIX IPOM3BOAHBIX
f'(@) u g'(a) obecrieuuBacT HENMPEPHIBHOCTh (DYHKIHH f(x) u g(x) B Touke a.
B cuny 2) nmeem: f(a)= hm f(x)=0 u g(a)=lim g(x)=0. Buny Toro,

X—>a

yro g'(a)=0, mo neMme n° 109 g(x)=0 a4 3HaYeHHH X, IOCTATOYHO

ONMUBKUX K a, UMHA MBIl U OfPaHUYUMCHA, TaK 9YTO OTHOILICHUC f% NMEET
CMBICJI.
Tenepb 3TO OTHOINCHHC MOXHO IICpeHUCATh B BUIC

f)- f@

f(x) fxX)—fl@) x-a

gx) g—gla) gx)-g@ "
X—a

IMepexons 37ech K IPEAey NPH X —~a, U MOJYyINM TpeOyeMblil pe3yibTar.

IMpumepsl. 1) Halitu npepen
eX—_eg—X

lim ———————,
x>0l (e—x)+x-1
o Teopeme OH paBeH BEIYMCIECHHOMY 1pH X =0 OTHOWICHHIO IPOU3BOJHBIX

eX4eX 2 2e
1 N 1 e-1
1- 1-—
e—X |x=0 e
2) Haiitu npenen
Y2 —xt- Vx
lim
x-+1 4_
1- 73
O paBeH
1-2x3 1
/2 .4 3
Vavx 3 Yx2 16
3 "9

4 V; x=1
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B rtom cnyuae, xorna omnospemenno f'(a)=0, g'(a)=0, MoxHo Boc-
I0JIb30BaThCA CHCAYIOUAM 0000LIeHHEM Teopembl 1, NPUBIIEKAXOHIUM
K PacCMOTPEHHIO IIPOU3BOAHBIE BHICIINX HOPAMKOB:

Teopema 2. ITycme: 1) gynkyuu f(x) u g(x) onpedesensvt 6 npomencymre
[a, 6], 2) lim f(x)=0, hm g(x)=0, 3) ¢ npomesncymxe [a, b] cywecmsyrom

x-0
KOHeuHble npou3eodub1e ecex nopﬂdlcoe oo (n—1)-20 exmouumenvro f'(x),
FG), o fON), (), 87(%), ..., g N(x), 4) npu x=a omu ece

o6pau4alomc;z 6 0, 5) cywecmsytom koneunvle npoussoonvie fa) u giXa),
npuuem g% a)=0. Tozda
fG)_ f)a)

e 8X)  ga)

HDokxasartennbcTso. Ilpumoxum K Kaxaod us Qynxuuii f(x),
g(x) B npomexytke [a, x] (a<x<b) dopmyny Teiinopa c momoi-
HUTEJIbHEIM WieHOM B dopme ITeano [om. 124, (10a)]. Beuny 2), 3) n
4), Homyvyum

Xa)+
f(x )_w(x_a)n’

) =5 gy,

rae « u f—0 opu x —a.

BTopoe M3 3TuX paBeHCTB, BCleAcTBUe ycioBust g(¥(a)=0, mupexie
BCETrO TOKA3BIBAET, YTO g(X) OTJIMYHO OT HYyJs, MO KpaiiHeil mepe, mis
3HAYEHUH X, HOCTATOYHO OJM3KHX K a. ECIH 3THMM 3HaYeHHsMU OrpaHu-

YUTBCS, TO OTHOLICHUC fL)— HMCET CMBICII.

&)
Torza W3 HAIMCAHHBIX PABEHCTB HEMOCPEACTBEHHO M IOJIyYAeTCH Tpe-
OyeMBlil pe3yibTat:
F&) . fX@)+o_ f()(a)
lim—= =lim———F= .
wra 8D L EN@+E g)a)

M pumep. 3) Haiity opepen

. eX—eX-2x
lim ————— |
x»0 X-—sinx
3nece umeem:

f(x)=eX—e—%-2x, f(0)=0; g(x)=x-sin x, g(0)=0;
fix)=eX+e—Xx-2, f©@=0; g'(x)=1-cosx, £'0)=0;
f(x)=eX—e™%, f70)=0; g"”(x)=sinx, g0 =0;
[(x)=eX+e™X, =2, g"(x)=cosx, g7 (0)=1.

CremoBaTensHO, MCKOMBILIL TIpeJiell paseH 2.

Xors B OOJBUIKHCTBE CIYYacB MU PACKPBITHS HEONPCAEIEHHOCTH
0
BUNA o YXKE NOCTATOYHO JOKA3AHHBIX TEOPEM, HO HA IPAKTHKE OOBIMHO
yno61{ee clenyrouas



150} § 4. PACKPBITUE HEOIPEJEIEHHOCTEN 317

Teopema 3. Hycme: 1) ynxyuu f(x) u g(x) onpedeeitvl 6 npomedsicymre
(a, b}, 2) lim f(x)=0, lim g(x) =0, 3) ¢ npomescymre (a, b] cywecmsyiom

X--a X—-a
KoHeunvle npoussoousie f'(x) u g'(x), npuuem g'(x)=0, u naxoney, 4) cyuye-
cmeyem (koneunvill UAu Hem) npeoes

)
Tozo lim =K
ocod U

lim f&_ K.

Yoo &)

HoxazaTenbcTBo. JMJomoanum oupenenenne Gynkumi f(x)
g(x), monoXMB MX TpH X=a paBHeMu Hyo: f(a)=g(a)=0%). Torna
5TH QYHKIMHA OKAXKYTCH HEIPEPHIBHBIMU BO BCEM 3aMKHYTOM IPOMEXYTKE
[, b]: MX 3HaYeHHs B TOYKE g COBNAIAIOT C OpeleNaMH NMpu X —>d [BBUAY
2)], a B MPOYAX TOYKAX HENPEPHIBHOCTH BHITEKAET W3 CYIIECTBOBAHHA
KOHEUHBIX mpom3Boanbix [cm. 3)]. [Ipumensist teopemy Kouru [114],
MTOJTYIUM

f@_f®-f@ _f©
gx) g)—-g@ g0’

roe a<c<x. To obcrosresiberBo, uto g(x)=0, T. e. g(x)=g(a), ecth
CHIEACTBUE Ipeanofoxenus: g'(x)=0, xak 3To ObUIO YCTRHOBIECHO NPH
BoBoAe popmynsl K o w1 u.
Korama x —~a, o4eBUIHO, U € —>a, TaK 4TO, B cuny 4),
/

im 2% < jim L9 _ k,

a8 Lo 80
YTO M TpebOBANOCH TOKA3aTh.

TakuMm o6pa3oM, HoKa3aHHas TeopeMa CBOAMT MPENeT OTHOLLCHHA
(QysKIMd ¥ TIpenesly OTHOIUEHMS IIPOU3BOIHBIX, €CJIM IMOCIEAHMU 71
cymecTByeT. Yacro oka3blBaeTCs, YTO HAXOXKICHMUE Nperesia OTHO-
IIEHUS] TIPOMU3BOJMEIX MPOIIE ¥ MOXKET OBITh OCYLUECTBJICHO BIEMEHTap-
HBIMU TIPUEMAaMH.

MM pumep. 4) Haiitu npenen
. tgx—x
lim ——.
x~0X—sin x
OTHOILEAUE TTPOU3BOHLIX MOCHEIOBATENBHO YAPOUIACTCS:
1

——1
cos? x 1 I—cos?x 1+cosx'

1—cosx cos2x l-cosx cos’x

opH x ~0 OHO, OYEBHAHO, cTpeMuTcs K 2. TakoB xe GyneT, COTrnacHoO TeOPEME, W HCKO-
MBI mpenel.

*) KOHeYHO, MOXHO OO 6B MPOCTO MPENIIONOKHTE 3apanee (YHKIHA Onpene-
SIEHHBIMH ¥ HelpPepHIBHBIMY IIPK X = a; HO B MPHJIOKEHWSX WHOW pa3 ynoOuee ¢opmy-
TINPOBKA YCIIOBHIE TEOPEMDI, IaHHAR B TEKCTE (CM., HAUpHMEp, Teopemy 3%).
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Teopema 1 B 3TOM ciiyuae Gbula Gl Hempunoxuma, w60 HpH x =0 NPOU3BOMHHIE
YMCHIMTENA M 3HaMeHaTels obe paBsl 0. YITO Xe KAcaeTCs TEOPEMHI 2, TO, XOTS C ee
HDOMOIIBIO 3aa%a MOTia 6kl GEITH paspemena, HO IS 3TOro MOTPeGoBATOCH b (B eM
Jerko  yOemuTeCs) BRMHCIHTL TPH IOCICHOBATENLHBLIX NPOH3BOIHBIX OT 3aNABHEIX

dyHKIpmi.

OﬁpamaeM BHAMAHHE YHTATEIs HA TO, YTO 3/IECh M OTHOIIEHHE OPpOU3BOOHBIX
) 0
CHOB2 HNPEACTABHIIO HEONPENCIICHHOCTh BHAA -(-)— » HO PAaCKpPBITh 3Ty HEONPEAECIICHHOCTDh

OKa3aJioCh BOSMOXHBIM HYTEM 3JI€MEHTApHLIX NpeobpasoBaHmii. B apyrux ciydasx
MOXeT HOHaNOOHTECA NPHMEHHTL TeOpeMy HOBTOPHO. BaxHo IOAYEPKHYTh,
9T0 OpH 3TOM AONYCTHUMB BCSAKHE YNPOUEHHS NONY4YaeMBIX
BHIDAXEHUHN, COKpamenume OOIMMUX MHOXHTENEH, HCIONb3O-
BaHME YyX€ M3BCCTHHX Npeaenos u T. n. (Bcero 3Toro nenare Hemb3s,
€CJ OPUMEHseTCs TeopeMa 2!) B creiyiomeM OpAMepe TeopeMa 3 OpPHMEHSIETCS mo-
CIICAOBATENLHO TPH Pa3a; HOCIE NEPBOTO MEI COKpamiaeM Ha eX, a Nocie BTOpOro —
orbpaceBaeM MHOXHTENb eX B 3HAMEHATENEe (KGO OH crpemMuTes X 1). OTHM BBIKIAAKN

YIIPOIAIOTCS.
IIpumMmeps.
. xe™XtxeX—2e3{2eX  xeX| e xeXteX—4e?X42eX
5) lim =lim =
x-0 (ex-1)2 x—0 3(ex—1)2.ex
2xeX—3eX+3+x 1 2xeX+2eX—-3eX+1
=lm— = im— .
x=0 3(ex-1)2 3 x>0 2(eX-1)ex
1, —eX+2xeX+1 1 . 2xeX+ex 1
=—1i =—lim =—.
6 x-0 ex—1 6 x—0 eX 6
1
= 1
1+x)* —e s x—-(+x)n(l+x
6 1im S "8 fim g ¥ A0 Q)
x—+0 x x—0 x%(1+x)

Tak xak TIEPBBI MHOXHATEJb copaBa CTPEMUTCS K €, TO HOCTATOYHO 3aHATHCA BTO-
peIM MEOXHETENEM. C NOMOIIBIO HBYXKPATHOTO INPUMECHEHUSA TeOpeMsl 3 HaiimeM, 9To

1
TIPEACNT €ro0 paBeH ~5-

e
Omesem: —-— .-
2

Teopema 3 nerxo pacmpocTpasseTcst Ha ciydaif, KOrja apryMeHT X
CTPEMHUTCS X GECKOHEYHOMY IIpefielly: a= + « (3TOFr0, pa3syMeeTCs, Helb3s
COCTIATh B OTHOWICHUH TeopeM 1 u 2). IMeHHO, IMeeT MecCTo, HalpuMep,

Teopema 3*. ITycme: 1) dynxyuu f(x) ug(x) onpedenens e npomexcymre
l[e, +<], 20e ¢=0, 2) lim f(x)=0, lim g(x)=0, 3) cywecmsyiom ¢ npome-

Xr oo X too
acymxe [c, + ] xomeunwie npouseoonvie f'(x) u g'(x), npuuem g'(x)=0,
u, naxoney, 4) cyujecmeyem (Koneunvlii uau nem) npedea

lim f,,ﬁ=K.
xoo oo &%)
Toz20a u
lim A K.

o oo 8(X)
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HoxazaTensbcTBo. IIpeobpasyeM mnepemMeHuyro x mo dopMmyse

1 1
X=g, f=_. Torma, ecma x ~ + =, 10 ¢t—~0, 1 o6paTtHo. BBuny 2), nmeem

lim f(}):O, lim g(1)=0,
i~+0 —a0 \f
a B cuny 4),

1 1 . o
K ¢ypxumam f (?) u g(; OT HOBOiH NEPEMEHHOH { MOXHO IIpUMeE-

HUTHb TECOPEMY 3, YTO JacT Ham

1 1 1 1
) A A
lim —r=1im i 3 = lim i =K%),
t——+0g(_J t——+0g/(__) ] (‘*7) t—>+0g/(__)
t t £2 t
a Torma u
. f(x)
Jm e =k
4. M Tp. I.

3ameyanue. HMHorma mpu packpbITHH HEONPEEIICHHOCTEH pac-
CMATPHBAEMOT0 BIIa MOXHO 000¥iTHCE P opManb H o Oe3 npuMeHenus
yKa3aHHBIX BBILIC TEOPEM, HCIOJIB3YS pasnoxenus (ysHkuumid mo dpopmyie
Teitmopa [124-125]. IIycts x~0 (x 3TOMYy CiIy4aro BCEraa MOXHO
CBECTH HeNo). Ecin ¢ MOMOINBIO M3BECTHBIX Pa3JOXEHWH yIHaeTcs BhIe-
JIUTh W3 YACHUTENS ¥ 3HAMEHATENS [JIABHBIE WIEHBL:

f)=axt+o(x"), g(x)=bx"+o(x™),
f&) . a

TO CTAHOBHTCSA Cpa3y siceH Ipenesl Apobu 20 - OH PaBei HYIO, g Hin
+ «, CMOTpSA IO TOMY, OYAeT NI # Gojblile, paBHO HIIM MEHbINE m*¥),
[Cp. 62, 63]

Tak, B nmpumepe 1) umeeM, 3amenss Qysxkmuu €5, e * u ln(e—-x)—-1=
X o~
=In (1 —;) HECKOJNBKUMH IEPBLIME WIEHAMH HX Pa3JIOXEHMUIi:

lim(1-§—x+---)—(1~x+...)= lim 2x+.;“= 2e

x 1 e—1"
x>0 (~—+...)+x x—»()(l__)x_l___.
e e

1 1
*) ®yRKIMA f] (—t—) H g(—t—) MBI iuddepeHIMpyeM No ¢ KaK CIIOKHBIE GYHKIHH.

**) B niociemHEM cyyae 3 H a K OeCKOHEYHOCTH HETPYAHO COOBPA3UTh MO 3HAKAM
au b, a Takxe (B Cllyqae HEY € THOCTH Pa3sHOCTH m~ 1) MO 3HAKY X.
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AnajioTAudo B rpuMmepe 4):

x3 x3
(x+—+...)—x —4 ...
. .3
lim = =llm;3—‘:2.
x—0 x—0
X~|X=—==+ ... —4 ...
( 6 ) 6

[pemnaraercs, B BUAC YIPAXKHEHUS, TeM XK€ METOIOM PEUIUTH IIPHMEPLI
3) u 5).

151. HeonpeneirennocTs BHAR % ObpaTtiMcss K PAcCMOTPCHHIO He-

a =]
ONPECACTICHHBIX BBIPAXCHWHA BHIOA po) T. €. HCCJICAYEM BOIPOC O IPELCIIC

oTHOUIeHHs ABYX dymxmuit f(x) m g(x), CIpeMAIHXCA K + « (IpH X —a).
ITokaxem, 4To B 3TOM cjyyae IPHMEHUMO To e npaguso JI o nu-

maa g CIeAyIOLAs TEOPeEMa eCTh IPOCTas Iepedpa3upoBKa TEOPEMEI 3.
Teopema4. ITycmy: 1) gynxyuu f(x) u g(x) onpedeaenvi 6 npomemxcymxe

(a, b], 2) lim f(x)= + <, lim g(x) = + =, 3) cyuecmeyrom & npomesxnscymxe

x->a X—-a
(a, b] rxoueunvie npouseoonsie f'(x) u g'(x), npuvem g'(x)=0, u, naxoney,
4) cywecmeyem (Koneunviii uin Hem) npeden

. f0)

1‘1‘3 &) K
Tozoa u

1im’® k.

x2a 8

HokxaszaTenbcTBo. PaccMoTpum cHadana ciyvail xoHeuHoro K.

Tak kax npousBoxHas g'(x) He oOpalliaeTcsi B HyJb, TO IO TeopeMe
HDap6y [110] osa coxpauseT 3Hax, U GYHKuusA g(Xx) U3MEHSAETCSA MO-
notonso [132]. U3 2) Torma scHo, uTto g'(x)<0 u g(x) ¢ yOGrBanueM x
MOHOTOHHO BO3pacTas CTpeMHTCI K + <. MOXKHO CYMTaTh, YTO BCETna
g(x) >0.

3aaBinch TPOU3BOJIBHBIM YKCIOM (¢ >0, B cuity ycioBus 4), HalizeM
Takoe 71 >0, 4To IpU a<Xx<a+7 Oyner

&
g'x)

&€

-

<3-

TTotoxkuM J1ist KPATKOCTH @ + 1] =X, U BO3BMEM X MeXIY 4 U X,. K npome-
KyTKy [x, x,] npumenum bopmyny Ko mrnm *):

F&)-fx) _ [0

g -glx) £'©’

¥) B 3T0M — CYLIECTBEHHOE OTJIMYME OT AOKA3aTeNIbCTBA TeOpeMbl 3: 37eCh HENb3s
npuMeHuTh dopMyny Kowmu x mpomexyrtky [q, x], nbo, xak 6b HM OOpemeiATh
dyuxumn f(x) n g(x) B TOUKE a, BBUAY 2), W3 HUX HE TIONYYUTH (PyHKIMf, HENPEPLIBHBIX
B 3TOH TOUYKeE.
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IJE X -<C <X, CIeJOBATENbHO,

F) - flxp
()~ gl @
HamuimeMm Temeph TOXIECTBO (KOTOPOE JIETKO HEIOCPEHOCTBEHHO IIPO-
BEPUTH):
f®_ g f)-K -g(xo) [1 g(xo)] [f ) - fx) K]

g(x) - g(x) (x) (%)~ g(xp)
OTKy 4
1@ K'< lf(xo)—K.g(xo) F@-fo0) Kl
g(x) = 2(x) g0 —g(xy)

BTopoe CllaraeMoe CHpaBa Juisl X <X,=a--1) GYIET MEHbINE =, B CHIIY

27
(1). BBugy Toro xe, 4to g(x)—> + e IPU X--a, NEPBOE CJIATAEMOE NpH
9TOM CTPEMHTCS K HYIIO, M HaimeTcs Takoe 0 >0 (MOXHO CYMTATh §<1),

&
4TO sk @<X-=<a-+ 0 NEpBOE ClIATaeMoe TOXE CTaHeT MeEHbIle 5 Jlrs
YKa3aHHBIX 3HAYEHU! X OyIeM MMeTh Toria

f&)
() —K|= ’

YTO M JOKa3biBaeT TpebyeMoe yTBepxicHue*),
B ToM ciyqae, xorma K= + « [u 3asemomo f'(x) =0, mo kpaiineit Mepe,
BOIM3M a], iMeeM, MeHss poJisiMU f | g,

g(x) £()
112}7,(—)~0 Tak 4YTO M 112 70 =0,

OTKYIa, HAKOHEIl,
lim £ f (x)

= oo
va 8GO0 ’

Tak kak (mo kpaiineil Mepe BONHM3H a), 09eBHIHO, U f(x) >0 u g(x) =0**),

OTMeTnM, 4TO JI0Ka3aTeNbCTBO 0O€3 CYIMIECTBCHHBIX H3MEHEHUH pac-
IIPOCTPAHSETCS K Ha CIy¥ait a= — . TouyHO Tak e Teopema Morjia Gl
OBITH, IOKa3aHA M ANA IIPOMeXyTKa [b, a) (b<a) Kax IpH KOHEYHOM a,
Tak M OpH a= + . TaxuM oOpa3oM, HA ciydyail OeckoHEWYHOro Tmpenena
apryMesra teopema 4 pacmpocTpaHseTCs aBTOMATHYECKH.

B Bume OpHAMEPA JIETKO NOJIYYUTE YK€ W3BECTHBIC HAM NPCHOCIBI

1

. In x . x i 1
7) lim = lim = lim —=0 (ecnu > 0).
Xrtoo XM x> too UXETL y oo pxh

¥) ITonyepkEeM, 4TO B HAWEM DacCyX/eHHH Mbl (baKTHYeCKH HE HOJIB30BAINCH
OPEnooxXeHneM, 910 lim f(x) = + e [cp. poxasarenbcTBo Teopemsl IllTonema
B 33].

**) Cnyyaif K= — o TpPH NPEANOIOKEHHIX TEOPEMbl HEBO3MOXKEH.

21 I. M. ®uxtenroasy, 1. 1
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Loxe . pxp—1
8) lim —= lim (@a=1, u=0).
Xrtoo 8%  xodo @X-Ina
oo
Ecm p>1, TO cpasa CHOBA MMeeM HEONPEHENCHHOCTb TOTO Xe THIA — } HO,

o
OPOZOJDKAN ITOT HPOLECC ¥ HOBTOPHO NPAMEHSA TeOpeMy 4, B KOHNE KOHIOB IOJNYYHM
B YACIATENIC CTENEHb C OTPHIATENbHBIM (WM HYJIEBEIM) nokaszateneM. I1osToMy, BO
BCAKOM CIy4ae,

xH
lim —=0.

X+ oo ax

Cuenaem ofinee 3aMedanue OTHOCHTENbHO TeopeM 3 (3%) m 4. B mux
YCTaHABAMBACTCA Mpees OTHOLICHAS GYHKIMH B M Ppe NI 0 JI0 X € H U H,
4TO CYILECTBYET IIPeesl OTHOIICHMS mpou3BoiHbix. Ho oOpamenue 3Tax
TEOPEM HEIOMYCTUMO, M NIEPBBIi Ipesiesi MOXET CYLIeCTBOBATH HpPH OT-
CYTCTBHH BTOPOTO.

Hanpmvep, cymecrsyer mpeei

. x+tsinx . sin x
Iim = "= J]im (1+—)=1,
X+ 4o X X+ oo X

XOTsl OTHOLIEHHE IPOM3BOJHEIX, paBHOE 1-+COSX, MpedeNa mpH X - + o
HE HMeEET.

152. ipyrue Bumnl Heompemenennocteii. [Ipenpioyiise TeopeMsl OTHO-
0 oo
CHJIACH K HEOHPEJIEICHROCTAM BUJIA & H — .
Ecim mmeeM HeompenesnenHocTh BHAA 0« , TO ee MOXHO IPHUBECTH
0
K BULY & HJIH E} K TOrJa BOCIOJNb30BaThCH IpaBuioM JlomwuTa 4.
IIycrs
lim f(x)=0, lim g(x)= + .
X—a X-a
Torpma umeem

S0 g) =L 8D

& &)

Bropoe M3 3THX BBIp2XCHHIl NPEACTABIAET NPU X —a HEONPEAEIEHHOCTD
0 oo
BAM2 o, TPEThC — HEOMpEIENEHHOCTh BUMA — .
oo

IIpaumenp.
1
Inx Xk
9) lim (x#.-lnx)= lim —= lim ———= lim —=0
x+0 x40 XTH x40 —uxTHATl yii0 —p

(Mb1 cumTaem u>0).
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0 oo
K Buny o WD  BCErJIa MOXHO NPUBECTH U HEONPEETEHHOCTH BHIA
« — . [TycTs uMeem Beipaxenue f(x)— g(x), npudem
lim f(x)= + =, limg(x)= + .
X—-a X

—a
Toraa MoXHO NPOHM3BECTH, HATIPEMeD, CIEAYIONIee IPeoOPa30BAHKE, CBO-
0
ASIICE STO BEIPAKEHHE K HEONPEACNCHHOCTH BUAA 5

1 1
1 1 PPN
J() -g) =5~ :siTAL@ .

@ gx [ g
Yacro, BNpoyeM, TOro Xe yHAeTCst JOCTHIHYTH MpOLLE.

Mpumenp.
. ) 1 . X%.cos?x-—sin?x
10) lim |ctg? x~ —| = lim ——————
X0 X2 xs0 x2.sin? x

HO
x2.cos? x—sinZx x-.cosx+sinx x-cosx-—sin x

x2.sin2 x X X -sin% x
npenest epBoro MHOXKTEI HAXOMUTCS SJEMEHTAPHO:

lim ———————=1im

x—+0 X x—0
4 KO BTOPOMY IPUMeHseM TeopeMy 3:

X.CO0S x+sin x sin x
COS X +——n ) =2,
x

. XxX-Ccosx—sinx —-Xx-sinx . -1 1
lim - = lim — - = lim - =——,
x-0  X-sin%x x—~0 SN2 X+2x-SiN X-COS X x-0 SiN X
——-+2cosx
X

2
Taxum 06pa3oM, UCKOMBI npesies paBeH — 3

B cnyyae neonpenenennbIx Beipaxenuii suaa 1=, 0°, «0 pexomennayercs
3TH BBIPAXKEHMS NPEIBAPUTENBHO ITPOJIOrapHPMUEPOBATD.

Oycte y=[f(x)]!®; Torma Iny=g(x) - Inf(x). Ipemen Iny npex-
CTaBJISIET COOOM HEONPENEeNECHHOCTL yXe U3yvYeHHOro Thma Q.. Jlomy-

CTUM, YTO OJIHMM M3 YK43aHHBIX BBHILIE NPHEMOB yaaeTcs Haiitu lim In y,
x—-a

KOTODPBIA OKA3BIBAECTCS DPABHBIM KOHEYHOMY YHCHY K, -+ MIM — oo,
Toraa lim y, cooteeTcTBeHRO, 6yneT ¥, + = umm 0.
x—a

IIpumepwn. 11) Hycrs
i

sin x) 1—cos x
(%)
X

Tpebyercs Haiity lim y npu x~0 (HeonpeenenHOCTh Buma: 1°7).

21
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Ecnu CUATaTh X >0 (3TUM NPEANOTIOKEHNEM, BBHAY YETHOCTH (YHKIMM P, MOXHO
OrpaHHdATLCA), TO .
Insinx—1In x
ny=———
1—-cosx
TIpumensa TeopeMy 3 (M HCHONMB3ys yXe HAHACHHBLA B MpeIbIAYIIEM OpAMEpe pe3yib-
TaT), TONYyYUM:

cosx 1
. . sinx x . x-cosx—sinx 1
limIn y= im— = lim - =——,
) x—-0 sinx X0 x.sin? x 3
OTKyIa 1
-z 1
limy=e %=—.
x>0 3
Ve
12)

={-—-—arctgx .
y (2 g )

ITpu x~ + e 3TO BHIpaeHME NMPEACTABISIET HEONPENENEHHOCTh Buna 00. MMeem

In [Z - arct
n|—-—arctg x
— [
ny =——o—— — —].
Inx oo
ITo npasury Jlonmmrans:
1 1

7 +x2
E—arctgx
lim Iny= Ilim =
X} o0 X+ oo 1
x
X 1-x2
i 1+x2 L (14-x2)2 Co1—x2
= lim ————= lim ——= lm .— =-1,
X» oo T x> oo x> oo 14 X2
arctgx ——
2 1+ x2

1
Tax 410 lim y=—,
X—> oo e

§ S. IIpnGamxennoe pemenue ypaBHeHHil

153. Beonauble 3aMeuanus. 3aiiMeMCs Temeph 3afadYell O HAXOXAEHUS KOopHei
OaHHOM QyHKkmMA f(x), T. €. KOpHE}! ypaBHEHUs
f)=0. @
Bopouem, pemarts 3Ty 3agauy Mbl 6yIeM B IPEANIONIOXCHHH, 9TO MHTEDECYIOIMH HAC
KOPEHE & M30TUPOBAH, T. €. YTO HaleH COmep KAt ero POMEXYTOK [a, b):
a<&<b,
B KOTOPOM HAPYTHMX KOPHEH HeT.
Ecimi, cBepx TOTO, Ha KOHLAX NPOMEXyTKa (GyHKuMa f(x) mMeeT 3Hauenus f(a)
1 f(b) pa3HbIX 3HAKOB, TO, KaK 3TO GBIIIO Pa3BIACHEHO B N° 81, B cBA3M C IPHUMEHEHHEM
1-it Teopemer Bonpuano — Komu, HOCAENOBATENBHO NENs HA YACTH NPOMEXY-
TOK, CoZiepXaIuil KOPEHb, M ONpenenss 3HaK GYHKUMH f(X) B TOYKAX HENEHHs, MOKHO
TIPOH3BOJILHO CyXaTh 3TOT NPOMEXYTOK M T€M OCYIIECTBIIATL NPAGIMKEHHOE BHIYACIC-
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Hue KopHs, QIHAKO, 3TOT NpPHUEM, HECMOTPS HA €r0 HPHHUUINUANBHYIO IPOCTOTY, Ha
NPAKTUKE YaCTO OKA3BIBAETCS HEMPHUIOAHBIM, #00 TpebyeT CauMImKoM OONBIIOro Komu-
yecTBA BHIYMCIIEHU. B HacToseM naparpade yutatesb O3HAKOMUTCS C HPOCTEHIINMHI
mpHeMaMy TIPHOIDKEHHOTO BBIYMCICHUS (W30JMPOBaHHOIO) KODHA YypapHeHus (1),
xoTopele Gonee cucTeMaTHuyecku U Gonee GricTpo BemyT X 1iend. IIpH 3TOM MBI CHOBA
OymeM HMeTh Clyyail HCHONB30BATE OCHOBHBIE NOHATHS ¥ MeTonbl aubdepeHumans-
HOTO WCYUCIICHUS.

Mgl GyaeM BCerna IpeanolaraTbh BhIOOJHEHHE CIEAYIOIHUX YCIOBHIA:

1) dyuxyua f(x) e npomencymxe [a, b] nenpepvigna emecme co ceéoumu npouseoo-
nomne f(x) u f7(x);

2) snauenun f(a) u f(b) Pyukyuu Ha KOHYAX NPOMENCYMKQ UMEIOM DA3HbIEe IHAKU:
f@-f®)<0:

3) obe npoussoomsie f'(x) u f'(x) coxpansiom rkaxncoan onpedesennniii 3HAK 60 6CeMm
npomexcymre [a, b].

W3 senpepslBHOCTH QyHKUMH f(X) 4 yCIoBUA 2) CleAyeT, YTO Mexay a ub concp-
xutcs Kopenb & ypasHeHus (1) [80]. Tax xak mpousBogHas f'(x) coxpauser 3nak [3)],
10 f(x) B mpoMmexyrke [a, b] Bo3pacTaeT uny yObiBacT #, CIEHOBATEIBLHO, OOpanIaeTCs
B 0 ML OHAXABL KOPEHb & H30JIMPOBAH.

Vcenosue 3) reOMETPHYCCKH O3HAYACT, YTO KpuBas ¥ = f(x) HE TONBKO UMAET B OJHOM
HaOpapjieHu, — BCE BPEMS BBEPX WM BCE BpPEMsi BHH3, CMOTps 10 3HaKy f(x) [132],
HO XK TOMY e (CTpOro) BEHIIyKJIa BHWA3 WM BBEpX, CMOIDs 1o 3Haky f(x) [143]. Ha
puc. 82 u3o6paxeHsl YeThIPE BO3MOXKHBIX CIIydYasi, OTBEYAIOUIMX Pa3iMyHbIM KOMOMHA-
muaM 38aKkoB f'(x) 1 f'(x).

B anrebpe yCTaHABNMBAETCSH, YTO OPHU BLIYMCICHHM (BEILECTBEHHBIX) KOPHEH a JI-
reOpamyeCKMX YPAaBHEHHH BCEraa MOXET OBITH CO3M3aHO TaKOe IIOJOXKEHHUE
Belliei, IPH KOTOPOM BBIDOJIHAIOTCA ycitoBus 1), 2), 3), TAK YTO 3TH YCJIOBHS IPHHIIM-~
NUAJIbHO HEe OrPAHMYMBAIOT NPHIOKUMOCTH U3JIara€MbIX HUXE NPUEMOB. DTOTO HEJb3s
cKa3aThb IO OTHOWMIEHHIO K TPAHCUEeHAEHTHBIM (T. € HeanrcOpauyecKum)
ypaBaenusM. OIQHAKO HA OPAKTHKE IOCTABJICHHBIE OTPAHUYECHMS MAijl0 CTECHUTCIibHBI,
TaK Kak B OOJIBLIMHCTBE Clly4aeB BHICKA3aHHBIC YCIOBHS BbIIOIHAFOTCS.

154. IipaBuio npomopuHoHAIBLRLIX uacreil (Meroa xopn). Ecnu npomexyTtok [a, b)
HOCTaTOYHO Mall, TO C M3BECTHHIM NPUOIIDKCHHEM MOXHO CYMTATh, YTO — MNpPHA HU3Me-
HCHHM X B €ro mpemeiax — npupamesue ¢yHxkuux f(x) OPONOPUHOHANIbHO
npupameHiio apryMenra. O6osnavas yepes & KopeHb (GYHKIMM, UMeeM, B YaCTHOCTH,

fO-f@ ¢-a
f®-f@ b-a’

OTKyZa, € Y4eToM Toro, 4to f(£)=0,

£ a_(b~a) -f(a)
fb)y-f(a)
Taknm 06p‘dBOM, 34 upuﬁanCHHoc 3HAYCHUC KOPHS 30CCh NPHHUMACTCA 4HUCIIO
(b-a)-f(a)
Xy=a— (2
f®)-f(a)
3TO BbIPAKCHUE, OYCBU/HO, MOKHO NPEACTABUTHL U B Takoi tdopme
b-a)-f(b
x,=b-— b-9-fO) 175
f®)-f@

W3n0xeHHoe OPaBUIIO DOJyYEeHHs] TPAOCIIDKEHHOIO 3HAYCHMsI KOPHS M Ha3bIBAaeTCsH
npasuiom nponopyuonavtocmu yacmeir*). OHO NONYCKAeT NPOCTOE T'€OMETPHYECKOS

*) B cTapuHy e€ro Ha3bIBaJld ¢«[IPABHIOM JIOXKHOrO monoxexus» (regula falsi), mbo
OHO OCHOBAaHO HA ITPEANOJIQXEHHH, KOTOPOEe, CTPOTrO rOBOps, HE OTBEYacT ICHCTBH-
TEABLHOCTH,
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ucronkosanue. 3aMeHuM pyry MM’ xpusoi (puc. 82) — xopaoit MM’. Ypasuerue

mociiesHe!l MOXKeT OhiTh HAaNMCAHO, HAUpUMEp, B BHIS

b) —
y-r@-L0T D g, ®
—-a

Hame npapuio, nO CyIIECTBY, CBOMMTCS K TOMY, 9TO BMECTO TOUKHM A HepecevcHus
KPWBOMH C OChIO X ONPENENACTCs TOYKa D mepeceveHus ¢ OChI0 X 3TOM X O P I Bl

4 4

7|

v
M £
1
i
-2+
I/ , z
.
i
—} |
\\:}
2
Puc. 82.

HeiicTearensho, nomaras B (3) y=0, mna abemuccsl x; TOYkH D nolydaeM HMEHHO
BEIpaxeHye (2).

B ¢BaA3M ¢ 3THM DpaBMiIO OPONOPUMOHANBHBIX YaCTeH HA3BIBAIOT TAKKE Memodom
xopo.

OGparmcn TENEPh K HCCIICAOBAHUIO BOOPOCA O MOJOXEHHW TOYKH X; IO OTHOMIE-

HUFO K KOpHIO §. HemocpeACTBeRHO ACHO, 9TO TOYKA X; JEKAT MEXIY a | b, HO ¢ Kakoi
CTOPOHEBI OT £?

Tax kak B cnyyasx 1 = IT (111 u IV) MBI MMeeM JENO C BHHIYKIIOH BHEE3 (BBEPX) (yHK-
nueif, To xprusasa MM’ nexur uon (Ham) xopnoi MM, T. e.

f®)-f@
b-a
Tlonaras 3neck x=X;, HEMOCPEACTBEHHO NOIyYacM
fGa)=<0,
)

Tak 4ro f(x;) Bceraa MMeeT 3HaK, MPOTHBONONOXHEIM 3HAKY f/(x). OTCIONa, HAKOHELL,

3aKimoyaeM, uTo 6 cayuasx I u IV suguenye xy sexcum mencoy a u &, 6 cayuaax xce 11
u XIY ~ meowcoy & u b, '

f (X)(<)f @+ (x-a) (a=<x<b). @



154] § 5. IPMBJIVDKEHHOE PEIEHWE YPABHEHWI 327

Orpanrymeasch cnyvasmu I i IV, npuMennM CHOBA HAINE NpPaBWiO, HA 3TOT pas
K IIPOMEKYTRY [xy, b]; 3amenss B (2) a Ha X,, NOIYIAM HOBOG NPUGIMKEHHOE 3HAYCHHE
KopHa &:
_ b-x) - f(xy)
fO-fe)

COngpxKameecs, 0O NOKa3aHHOMY, MEeXAY X; H &. JTOT NPONECC MOXHO NPOLOJDKATD
HCONPEIENCHHO ¥ NOCTPOMTL HOCNCHOBATENHHOCTL BCE BO3PAaCTAIOUWIHX NpU-
ONUKEHHBIX 3HAYEHMIT

Xp =Xy

A<X)]<Xp<...<Xp<Xp41<...<&

TIpr >ToM JOGble ZBA WOC/IENOBATENLHEIX 3HAYCHUS Xp M Xp 4 CBsi3aHBI $HOPMYIIOH,
asanmormgHoit (2),
b—xn) - f(xn)

Xn41=Xp —————— |
T e ®
Tloxaxem, 410, ¢ BO3pacTaHueM #, xp ~&£. B caMOM jiente, MOHOTOHHO BO3DACTAIO-
masl, HO OrpaHMYCHHAs (HAOPHUMED, UCIOM £) HepeMeHHAA X, NONKHA CTPEMHTHCA
K HEKOTOpOMY KOHEYHOMY Mpeneny
a=<f, Ecm nepeittu x mpemeny B y
paseHCTBe (5), MCHONEB3Ys NPH 3TOM
HEOPEPLIBHOCTh  (ymkim  f(x), 7O
MOJIyYdM, YTO

(b-9)-f@) _
fo-f@

otkyaa f(x)=0. Tax xak Aapyrux 0

KopEeit ypasHerus (1), xpome &, B

npoMexyTtke [a, b] Her, To a=E&%),
Puc. 83 wumoctpupyer mocre-

OeHHOe npuOmmwkemue Touek D,, D,,

... *HepeceYeHHst HOCIIeXOBATEIBHbIX

XOpA C OCBXO X K MCKOMOM TOuKe A.
Jlerko MHOHATB, YTO B CHydYasx Puc. 83.

II wmm III noeropEOe mpMMereHEe

OpaBANa NPHBCIET K IMOCTENOBATENBHOCTH Y GBI BA O I U X INPHUOIMKEHHBIX 3Ha-

YeHui

b>x1>x2>...>xn>xn+1>.,.>§,

CTpeMsINMXCs K KOPHIO & copasa.

Taxum o6pasoM, BO BCex CiIyyasx, IPUMEHMB NOCTATOMHOE UHC/IO Pa3 YKa3aHHOE
BBIMIC NPABHIIO, MOXHO BEIMACITUTB KOPEEbE C N6 O0H CTENEHLI0 TOYHOCT M.
ITpr sTOM, BOpOYEM, OCTAETCS OTKDPHITHIM BOIPOC, K&K OHMEHHWTH TOYHOCTSH
YX€ BHYUCIEHHOTrO HNPHONUXEHHOTIO 3HAYCHUSA Xn.

HJist periesust €ro IPUMEHAM K PA3HOCTH f (xy) — f(£) GOPMYIy KOHETRBIX npupare-
mmi [112]:

FGn)=fGn) ~f(O)=(xn=5) - f(©) (E=c=xp).

Ortcrona

*) CX0ZHMOCTH PONECCAa MOXKHO YCTAHOBHUTD M 6¢3 TIPEANIOJIOKCHUS, OTHOCAIErOCS
KO BTOpPO#f NMPOM3BOJHOM, HO TOFIA HE MCKIIOYEHA BO3IMOXHOCTE TOTO, YTO TOUKU Xn
TEPEXONAT ¢ OHOM CTOPOHEI OT KOPHA Ha APYTYIO,
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ecny 0003HaYUTh YEpe3 # HauMeEHbIIee 3HaueHue | f'(x)| B paccMarpuBaeMoM mpoMe-
KyTke (KOTOPOE MOXHO pa3 HABCCIJA BBIYMCIIMTH HANEPCH), TO NOJIYYMM OLIEHKY:

g = L O ®
m

Tak o camoit Besuyune f(x,) OKa3blBaeTCA BO3MOKHEIM CYIUTh O GIIM30CTH X K KODHIO!
PaccMOTpUM NpHEMeEPp. YpPaBHEHHE

x8-2x2-4x-T7=0
MMEET KOpeHb Mexay 3 u 4, n6o, ecima depe3 f(x) 0003HAYUTH JIEBYIO €ro 4acTh
f(3)=-10<0, f(4=9>0.

TTocraBuM cebe 3amaucii BHIYMCIMTE 3TOT KOPEHb € TOYHOCTBIO B0 0,01. B npoMexyTke
[3, 4] o6e npoussomHBIC

S)=3x2-4x-4 u [f'(x)=6x-4

COXpaHsAIOT 3HaK Iwlioc (Cimy4ait I); HamMeHbillee 3HaYeHUe OepBOf M3 uux Oymer m=11.

Mveem: P
3) 10
3- 2 34 _-340,52...;
- ST T

OKDYIJIff, TOJNOXUM X, =3,52. Tak kak f(3,52)= —2,246592, To, 1O HepaBeucrBy (6),
TpebyeMoit TounoctH eme Her. Ilpomomkaem:

0,48 - (3,52 1,07836416
A )= 3,52+ =3,52+0,09...
S@-1(3,52) 11,246592

HUIH, OKpYIJsas, X,=3,61. Bormcenus f(3,61)= - 0,458319 M mone3ysac, HEpaBEeHCTBOM
(6), cHOBa BHAMM, YTO LEAb €lle He AOCTUrHyTa. Hakoserr,

0,39. £(3,61) B 0,17874441
f@-f3,61) 9,458319
OKpyriiss, DOJIOXHM X3=3,63. Tax KaK MBI OKDYIJIHIM «B CTOPDOHY KOpHs¥, TO MOILJIH

H OEPECKOYHTh Yepe3 Hero; YTo 3TOTO He MPOM3ONUIO, BUAHO O 3Baky wmcna f(3,63) =
= —0,041653. Ha s1oT pa3, no HepaBeHCTBY (6),

0,041...

Jxs—&) =E—x3<~T<0,W.

X =

Xy = 3,52~

x3=3,61~ =3,61+0,0188...

Taxam oOpazom,
3,630<€<3,634,
T. €. £=3,63.4 00
OTHM HPHEMEPOM MEI OFPAHHYHMCS, TAK KaK MeT O/ X OpPJ BCe e Mano 3d-
(exTHBEH; eMy cllefyeT mPEAUOYECTh METO N KacaTe b HBIX, K KOTOPOMY MbI
M OepexonuM,

155. IIpasuno HoloToma (MeTo] KacaTe/bHBIX). BepHEMCs K INPEXHUM NPEAHONIO-
JKEHMSIM OTHOCHTENLHO dynxmmn f(x) [153]; mCKkoMBIi KOpeHb & 3TOM (yHKIMA H30TU-
POBaH B IPOMEXYTKE [a, b]: a<&~<b. OTOpasissch OT KaKoro-EA0yb U3 KOHIIOB 3TOTO
OpOMEXyTKa, HanmpmMep, oT b, HamumeM popmyny Te#imopa ¢ DODOIHUTEIbHHIM
yieHoM B Gopme JTarpanxa:

0=1(&) =)+ Fb)- (6~ b)+%f”(c) (bR (E<c<b). )
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OTt6pachiBasi JOIOHUTCIBHbINA YJICH, HPUOIMKEHHO MOKHO MONOKHTH

fO+1®)-E-5=0

OTKyna
B
IXON
Takum nyreM Mbl MPpUXOJUM K ﬂpl/IﬁIIPDKCHHOMy 3HAYCHUIO KODHA zS:
S
xp=b- —) . ®)
f'b)

TlosyyeHne 3TOrO 3HAYEHMS MOXHO HATJIIAHO MCTONKOBaTh M ICOMCTPHYECKH.
PaccMOTpHM KacaTeNbHYIO K KpaBOi y=f(x) B Touke M’, ¢ abcunccot b. Ee

YDAaBHCHHE HMEET BHJL
y=fO)=5®)-(x-5).

Ionaras 3aece y=0, Haiinem abcuuccy Touk# T NEPECeYCHUs KACATEILHOH C OCBIO X;
OHAa B TOYHOCTH coBnazaer ¢ (8). 3Haumr, CyTh lena B NpuMOIDKCHHOR 3aMeHe Iyrd
KpuBoit MM’ KacaTelbHOM K HEi B OJHOM M3 € KOHUIOB (CM. puc. 82).

D10 npaBwio, nocAmee ¥Ms H b IO TOHA, Ha3BIBACICA TAKXKE Menmodom Kaca-
MeAbHbIX. ,

Bcraer, omHAKo, BOMPOC, LOE JIEKMT 3HAY€HHE X;, moidydaemoe mo dopmyne (8).
Beap TOT e pHC. 82 MOKa3bIBAET, YTO TOYKAE NEPECCYCHUA KACATENBHOR C OCBIO X MOXeT
NexaTh Jaxe BHE PAacCMarpuBaeMOro moMexyrka! MBI JOKaXeM, YTO, ecau 3Hauenue
f(b) — oonozo snaxa ¢ f”(x) (1. e. B cny4asx I u IV), x] aeacum Memcby & ub.

HeiicTBuTeNBHO, TaK Kak f(b) 4 f'(b) — onHOro 3Haka, TO M3 (8) HEMOCPEACTBEHHO
AICHO, YTO X1 <b. C npyroi cropossl, u3 (7) u (8) crenyer:

B 1 [
f ® 2 f®
Ho f “(x) B PAacCMaTpPUBACMBIX CITy4asiX HMEeT OAMHAKOBLIM 3HAK C f'(X), CleROBaTEIbHO,
< xl . OKOHYATENBHO: & < x1< b.

AHaOruvHO, €CTH MCXOOUTh M3 TOYKM @, U KAcaTeJbHYIO K KDHBOH NpPOBECTH B
koHne M (c abcuyccolt @), To, B3ameH (8), MOMy4uM OpHOIMKEHHOE 3HAYCHUE

x{=a—@. (8%
@
OTHOCUTEIRHO BBIYHCICHHOTO 1O 370M (OpMyJe 3HAYEHHST MOXKHO YCTAHOBMTB, Kak
W BBILIE: ecau 3navenue f(a) — oonozo 3uaxa ¢ f(x) (1. e. B ciuyqasax II u YII), x| aexcum
Mencoy a u E.

TakuM 06pa3oM, UIA KaXIOro 3 YETHIPEX BO3MOMHBIX CIy4aeB yKa3aHo, C Kakoro
KOHLIA TAPaHTHPOBAaHA YCOEIIHOCTH NPMOINKEHNWs K KOpHIO 1o mpasuiny HeloTona.
TloBTOpHOE IPUMEHEHUE €ro gaeT B cnyyasix I m IV mnocnenosaTensHOCTh Y 6 bl B 2 fo-
LI M X 3HAUYCHMM:

E-xj=t-b+ (¢-by. (©)

4 ’ ’ ’
b>Xxy>Xe>...>Xn>Xpp1> -+ =&,

a B cayyasx II u 11I — DOCIIEAOBATENBHOCTE BO3PACT a0 LI M X 3HAYCHMIL:

’ ’ l4 ’
<X <Xp<...<Xnp<Xpp1<...<&
FpHEYEM BLIYACIICHUC TOCTICAYIOMErO 3HAUCHUA MO NPEABIIYIIEMY BCCTAA NPOH3BOAKTCA
o dopmyne
’ ’ f ((\'n)

Xn1=Xn— 5
S (xn)

a0
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’
W 3gech JIETKO JOKa3aTh, YTO Xp ~¢. MoEOTOHHas u OrpaHHYCHHAS IIEPCMCHHAN

Xp IMeeT KOHEHHBIH e B; mepexoxs xe x npeneny B (10), ¢ y4€TOM HENPEPLIBHOCTH
obenx dyuxumit f(x) U f'(x), Haiipem:

f®
()

Puc. 84 wimocTpupyeT HpHONIKEHHE K ToYke A €O CTOPOHBI TOueK Ty, Tp, .-
NIepeceyCHHs] TIOCIECOOBATENBHEIX KACATEILHBIX C OCBIO X.

=0, orxyma f(B)=0 u pB=E&.

M!

Puc. 84.

Taxkum obpaszom, u mpaBuno HB ¥ TOHa, MOBTOPHO NPHMEHEHHOE, NO3BOJISET
BBIYHCIIATL KOpeHb & ¢ NI0OOO0OH CTENEHBI TOYHOCTH. IIpy 3TOM TOYHOCTH
yXe BBIYHCIEGHHOTIO NPUOMDKCHHOrO 3HAYCHWS ONEHMBACTCS, KAaK M BHIOIE,
oo dopmyre (6).

Y106k OXapakTepu30BaTh CKOPOCTh YOBIBAHMA pasHOCTEH X —&, BepHEMCS K (Gop-
myie (9); 3aMeHM B Heii b vepes x,'z, a x; — uepe3 x;.+1:

’ 1 ’
x,,+1-5=—.f © e

O6o3nauas yepes M Bambombinee 3Hauenme |f'’(x)| B 3agaHHOM npomexyTtke [a, b]
(¥ coXpaHss 3a m ero npexsee 3HAYCHUE), OTCIOAA JIETKO MOJYIATEH TENeph:

, M
|x,,+1-§(<2—m-|x,’,~—612. an

HOCKOJley cnpaBa CTOMT KBAaApaT, 3TAM OOECHedeHO BechbMa ObicTpoe npubnm-

KeHHE Xn K & (oo kpaitHeit Mepe, HauAHAs ¢ HEKOTOPOrO MECTa), 9TO ¥ IENAeT MEeTOX
KacaTenbHpIX OfHAM M3 CaMBIX 3(M(EKTHBHEIX METOJOB HPUGIMKEHHOTO BHIMMCIICHHS
KOpHSL.

HepaBelfcho (11) BemonmseT eme onHy QyHKumIo. ECiH TOYHOCTH BbIMHCIEHHOIO

3SHAYCHUS Xp YK€ ONEHEHA, HAImpHMep, C NOMOIBIO HepaBeHCTBa (6), TO HEPABEHCTBO
(1 1) mo3BONIACT HANEPENR OLEHUTH TOYHOCTH €lle¢ HEBBIYHCIECHHOT O 3HAYEHHS
xn+l. DTO MOKET OKa3aThCs MOJIE3HBIM IPH PELICHMM BONPOC2 O TOM, HA KAKOM 3HAaKe -
LEeNecO0BPasHO €ro OKPYIIHTE.

OG6partmMcs k mpuMepam. VIX pemenue, pasymeeTcs, NpPEAIIoNaraeT HCOONL30Ba-
HHUE BCEX BCOOMOTATENbHBIX CPEACTB BBLIMMCICHMS, KAKME UMEIOTCH IOJ PYKOM, KakK-To:
Tabmay creneHelfl W KopHeH, Tabimuy yMHOXeHMs, apAdMOMETpPa, JIOTapUPMHYECKHX
¥ JI0TapaPMOTPHTOHOMETPHYECKHX TaG/Mll, HATYPANbHBIX TAGMHI TPUrOHOMETpH-
9ECCKHX BEIMYMH, Tabul [y1s NEpeBOaa IPafycHOd MepHl YIVIOB B DajgaHHYIO, ¥ T, W,
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156. ITpumepsl B yopaskuemts. B 3ToM n® Mel 6GyzeM I0JIB30BATHCA MCKIIHOYRTEIBHO
METOAOM KacCaTelbHBIX.
1) Beraucnuth ¢ To4HOCTEIO 10 0,01 KOpeHs ypaBHEHMS

x3-2x2-4x-7=0,

3Hasl, YTO OH CONCPXHMTCA B poMexyTke (3, 4) [cp. 154].
Nneem:

fx)=x3-2x2-4x-7, fB)=-10<0, f@=+9>0,
f()=3x2-4x-4>0, f'(x)=6x-4=0 (mpu 3<<x=<4)
(cnyuait 1); nammenbee 3nayeHue | f(x)] ects m=11.

OrnpaeiseMCsi OT TOTO M3 KOHLIOB 3aJ@HHOrO MPOMEXYTKa b=4, Ui KOTOPOro
3Hak QyHkouu f(x) coBmagaer co 3HakoM f7(x). ITo dgopmyne (8)

4) 9
x{=4—ff =4 —=4-032...;
@ 28
OKPYIJIfisl, TOJIOKHM x; =4-0,3=3,7. Tak xax f (x;) = f(3,7)=1,473, 1O, 110 HEpABCH-
1,473
cTBy (6), x; &< —Tl_<0,14, T. €. AOCTHTHYTas TOYHOCTBL HemocrarouHa. J[lanee,
3,7 1,473
x=3,7- 20D _3q_ =3,7-0,066. - .;
F(EN)) 22,27
TIOJIONKHM, x; =3,7-0,066=3,634. Ha st1O0T pas f (x;) = f(3,634)=0,042..., Tax uTO,
0,042
B cuny (6), xg—&<——-=<0,004. IlosTomy
11 J4
3,630<6<3,634 u £=3,63 ¢ Tpebyemoii TOY- [
HOCTBIO. y=_f
(IHonyveHue 3TOro e pe3ynasTaTa B z
154 mo merony XopX HOTpebOBANO TP € X ! 7=lg,z
111aroB.) i e
2) Jlns BTOPOro mpuMepa HPEMJIORUM i ?
5 / i \
cebe pemuTs ypaBHEHHE 7 7 > 7 v
x-logx=1. ] i
Bocmonb3yeMcst 3THM  Cily4acM, 4TOObE o !
HOOSICHUTDh YUTATCIIO, KAK TpadHYEeCcCKoOe Puc. 85

H3zobpaxerune QYHKUME MOXET Cly-
KUTE ANA NPENBAPUTENILHOM OPHEHTHPOBKU
B PaCroNIOXeHuH KOPHCH ypaBHEeHWs. 3HadyeHue X, YJIOBJICTBODSIOIIEE YDPaBHECHHIO

1
log x=—,
X
OYEBHAHO, NIPCACTABIACT a0CUUCCY TOYKYU MEPECCYECHHU KPUBBIX
1
y=logx " y=—.
X
Haxe rpyboe mx msobpaxeHue (puc. 85) cpa3ly IOKa3blBae€T, YTO MCKOMbBI KOPEHBb
JIEXHT MEXAY 2 1 3. DT0 JIerko Tenepb HPOBEPHTE M BBIMKCIIEHHEM, 00, nonaras f(x) =
=x.log x—1, naMeem
f@=-0,39793... <0,
f(3)=0,43136...>0.

BerumcnuM ynoMsHyTHI KOPEHb ¢ TOYHOCTBIO 10 0,0001,
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- OyeBUOHO, TIpY 2=<x=<<3

f'(x)=log x+log e=0,

" log e
SR =—>0
X

(cnyyvait 1); MoxHO nonoxute m=0,7.
Taxk kak umerHo f(3) MMeeT TOT Xe 3HaK, 4To H f'(x), To, no ¢opmyne (8),

_f®) , 043136...
£33 ~ o09114l...

=3-0473...;

OOJIOXKUM x; =3-0,47=2,53. UmeeMm f (x;) =f(2,53)=0,0198%4..., Tak uyrO x; &=

0,0199

=

¢l

Xg=2,53—

<0,03. Hanee,

1253 0,019894. ...
253

=2,53-0,02375...;

¢}

T70,83741. ...

BO3bLMEM x; =2,53-0,0237=2,5063. OuenuM, no HepaBeHCTBY (6), IIOrPEILHOCTS:

g
16

4

/

/=4,
4

1A

10

T —
\\
\\

2

y:
y
AL
g 2
Puc. 86.

f(2,5063) = 0,000096. . .,

’ 0,000096. . .
.X'2='§< —07— <0,0002,

T. €. 2,5061 <£¢<2,5063. B TakoM cily4ae HMeEEM, C yXKC Tpe-
OyeMOH TOYHOCTBIO,

£=2,5062 4 0,0001 -

[Ha nene 2,5062 apnsercs u3OLITOYHBIM NPUOILMKEHHBIM 3HA-
uyenneM s &, w6o £(2,5062)>0.]
3) BepHeMcsi X YpaBHEHHUIO

2% =4x,

O XKOTOPOM yxe ObU1a peus B 81. MBI Buuenu TaM, 4YTO MEXAY
0 u 0,5 3axro4eH KOPeHb 3TOTO ypaBHEHHS, JTO OOCTOATENb-
CTBO TaKXe JIETKO OBUIO OBl 3aMETHTH ¢ MOMOMBIO rpadHEKoB
dynkumii y=2% u y=4x; Ha puc. 86 ACHO BHAHO, MTO ITH KpH-
Bble, KPOME TOYKH ¢ abcimccoi 4, mepecekaloTcs eIme B HEeKo-
TOpo# Touke ¢ abcumccoit & Mexay 0 u 0,5. Ilpenyoxum cebe
BBIYMCIIHTE 3TOT KOPeHb ¢ ToYHOCTHIO o 0,00001.
Pmeem mois O=<<x=0,5,

fx)=2%-4x, f(x)=2%.In2-4<0,
f(x)=2%.1n22>0

z — — M
17 (cmyyait II). 3neco m=4-)2In2>3, M=21n* 2<0,7, s

<0,12. Tak xak f(0)=1 uMeer omMHAKOBRIX 3HaK cC f(x),
TO HayuHaeM ¢ a=0. B cmiy (6), mOrpemHOCTh 3TOr0 IpH-

1
GIIDKEHHOTO 3HAYEHUS =3 a Toraa, B cwiy (11), MOXHO Hamepel OLEHHUTH MOTpPEI~

HOCTL:

i
e—x{<o,12,5<o,014.
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IMostomy BhraMcierHOE 0 Gopmyne (8%) 3nauenne
1 1 3
In2-4 3,306852...

OKpYTJIsIEM Ha BTOPOM 3HaKe: x;=0,30. Tlone3ysack 3Hauenvem f(0,30)=0,031144...,
HO HEPaBeHCTBY (6), TOYHEEe OLEHMBAEM NOIDEINHOCTb:

, 0,031144
S paac

0,30...

’
X1

<0,011
a Torama, mo (11), ,
& — x5 <0,12-0,000121 < 0,000015,
TaK 410 npubnMxkaeMcs K TpebyeMoii TounoctH, Crenyiomee NpUOTHIKEHHE:

’ 0,031144. .. 0,031144...
Xg=0,30- =030 + =0,309897...
0,8533643...-4 3,1466356. ..

’
OKpYIJISieM Ha TIATOM 3HAKe «B CTOPOHY KOpHH» Xp=0,30990. Tak xak f(0,30990)=
=0,000021...>0, TO 3TO 3HAYeHHE BCE XE¢ MEHBILE kopHst. TTorpewnnocrs xe ero,
B cuiy (6), Ha mesie OKa3bIBaeTCs

0,000022
£—x;<—3—<0,00001,

TaK 4TO, OKOHYATEILHO,
&=0,30990+0,00001 -
4) VpaeHeHnue
tgx=x

uMeeT GeCYMCNeHHOe MHOXECTBO KOp-
Hedl. DTO MOKHO cpasy ycMOTpeTh
n3 puc. 87 - mo GecducneHHOMY
MHOXECTBY TO4Y€K KepeceyeHus rpa-
duka TaHremca y=tgx c mnpsAMoii
y=x. Ilpemnmoxum cebe BBIMUCIUTD
HAVMMEHbBIIUNE HOTOXMTE I b-
Hbll KOPEHB 3TOIO YpPaBHEHHS, KOTO-

. S 3z
PBIM CONEPKUTCA MEXDY z- u ?.

3n
Tax xak npwm x=-2— TAHICHC OOpalaeTcss B GECKOHEYHOCTb, TO HPEHIOKEHHOE

ypaBHeHHe ynobuee npe/cTaBuThL B BuAe f(x) =sin x—x « cos x =0,
Hmeem:
5a) V2(. 5a
f(_ = = L 1—~—1=> 0,
4 2 4

f(3n) 1<0
—|=-1<0;
2
f)=x-sinx<0, m>2,7; f”(x)=sin x+x.cos x<0 (cnyyait IV). Hauwmnaem ¢ b=
= —zyf ~4,7123889. . .; nomyunm

’ 37! 2

xp=———=4,7123889... - 0,2122066. . .

2 3xn

3neck MBI CTalKMBaeMcs CO CNEAYIOIAM OGCTOSTENLCTBOM: B TabnMuax TPHTOHO-
METPHYECKHX BETIMYHH (M MX JIOTapndMOB) YTNEI YKA3BIBAIOTCH B rpajaycax, MHHYTax
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U CeKyHHax; I03TOMY OKpyrienmne nonpapku 0,2122066. .. vaMm ygobHee nenaTe BMEHHO
B 3THX CAMHWIAX. Mul Bo3spMeM 12°10°, 9T0 OTBEYaeT HECKONBKO GONBMIEMY HHCIY
0,21223484... (OKpYIJICHHE B ¢«CTOPOHY KODHS»), TaK 4YTO

x,=4,5000406. . . (257°50).

Hanee,
F@xp) = —cos 12°10"+4,5000406. . . - sin 12°10' = —0,0291274. . .,
, 0,03
Fle)=—4,398962...; xi—&< 57 =0.012.
Ipomomxaem: ’
,0291274. ..
x5 = 4,5000406. . . — 0,0291274... . =4,5000406. . . - 0,0066214. . .;

4,398962. . .

okpyrasem ponpasky no 0,0066177... (22'45) n Gepem
xg=4,4934229. . .(257°27°15").

Tak kak f(x;) = —0,000059. .., 0
, _ 0,00006

L
xo—&<
2,7

- 0,0000223.

Taxmm obGpazom
4,4934006. . . <£<4,4934229...,
M MOXHO MOJIOXHTD
& =4,4934.10,00003.

5) Cuna meroma HproToHa OCOGEHHO NPOSBIAETCS, KOTHA DPOMEXYTOK,
CoAepXaIui KOpeHb, JOCTATOYHO CyXeH. BHMECIAM B 3aKiIOYeHHE C GONBINONA TOY-

1
HOCTBIO, CKaXX€M, OO —— o’ KOpeHb ypaBHEHUs x%2—2x-—5=0, ucxoas U3 IPOMEXYTKa

(2; 2,1), B KOTOPOM OH COHEPKHUTCH.
3mech:
f(x)=x3-2x~5, f(Q=-1<0, f(2,1)=0,061>0,
F()=3x2-2>0, [f7(x)=6x=0 (upn 2=<x=<21).

(cnyyait I). Jlerko moxpcuurarb, uro m=10, M < 12,6, Tak yro

M
—=<0,63.
2m

0,061
Haunnaem ¢ b=2,1. Ilo dopMmyne (6): b— E(T)_—OO%] Tenepb, NONB3YACH

HepaseHCTBOM (11), MBI 3apaHee HOHCYMTAEM, KAKOM TOYHOCTH MOXHO XAATh
OT Xi:

x;—£<0,63 . 0,00612 < 0,000024.
ITostomy uucno

f(2 1) 0,061
- =2,1- =2,1-0,00543.
20

11 23
OKpPYTJISieM (B CTOPOHY KODHs» Ha ISTOM 3Hake: Xxj=2,1-—0,00544=2,09456. Tax xax
S (x{)= £(2,09456) = 0,000095078690816, TO Temepb, mo Gopmyne (6), MOXKHO TOYHEE
ONEHHTH HOIPENIHOCTD:
. 0,000095...
-

. 10

=21

< 0,00001.
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Ilepexoms k x; u cHora mpuberdyB K (11), mogcuuraeM Hanepen:

x5 —&<0,63 - 0,000012 = 0,000000000063,
IlosToMy wucio

$=2,09456 0————————’ 0095078690816 2,09456 — 0,000008518416
B=5 11,1615447808 = ’

OKDYIJICHHOS HAa OAMHHA[UATOM 3Hake: Xi=2,09456—0,00000851841 =2,09455148159,
BCE XKE OTJINYACTCA OT HCKOMOI'O KOPHs MeHbIne, yeM Ha 0,00000000007. Taxk,

2,09455148152 <& <2,09455148159,

1
T. €. §=2,0945514815+1—0ﬁ’ .

157. KoMOUHHPOBaHHBIH METOA. DTOT METOX COCTOMT B OJHOBPEMEHHOM HCIIOIBL30-
BAHMM KAK ME€TOJ2a KaCaTeNbHHX, TAK M ME€TOJXa XOp .

A9 onpeneneHHOCTH NPENIIONOXKAM, 9TO MBI HMeeM AEJO CO ciayyaeM I. TIpubnu-

MCHHBIC 3HAYCHUs! X; W X{ BHIMHACIMM, KaK U BblUe, NOJIB3YACh BOPMYIaMu (2) n (8):

b-a)-fla) ‘b f®)

1\=a8— —————, FOT ==y

fO)-fla) f®)
TOIRd, OO AOKa3aHHOMY,
a<x<&<x{<b.

Tlpu crieyromen e mIare Mbl HONPOCTY 3aMeHsAEM B 9THX (opMyTax a u b uepes x; ¥ xj:

(i —x) - f(x1) . J&D
_-——_“—__‘_’
SED-f(x)
OTOT Nponecce MOXKeT GBITH NPOJOIKEH HEONPENENCHHO; HMMesl [Ba IPUGIIKEHHBIX

3HAYEHUA Xp ¥ Xp, MEXIY KOTOPBIMHM CONEPXKHTCH KOPEHD &£, MEI IEPEXOQHM K clenyro-
niedl nape npuOMWKEHHBIX 3HAYeHMM 10 GopMyIam:

(xn—xn) - f(xn) o o f(xp)
TN ar n43=Xn T oo .
f&xR) —fGan) N ECD)
Bropas u3 Hux Toxzectsenna c (10); mepsas ke CyMECTBEHHO OTIMYAETCH OT (®)

TeM, 9TO mouka b 3amensemca 30ece mouxoii x}, ece Goaee u 6oaee Gauzxoii x & Eomu
HEPaBeHCTBO (4) — I PacCMaTpUBAEMOroO CIyyas — MNEPenHCAThb B BUIE

X=X

Xn41=Xn—

x—-a b-a
f&x)-fl@ fb)-fla)

K IONIOXKTH B HEM @=Xp M X=X}, TO JIETKO YCMOTPETh, 410 YHOMSHYTas 3aMeHa b Ha
X1, cnocobemeyem auws 6oaee Geicmpomy npUBAUSICEHUIO Xp X UCKOMOMY KOPHIO (TEOMETPH-
YECKH 3TO OYEBHHO!).

TakeM 06pasom, mpu KOMGHHHDOBAHHOM METOZC MbI IIOJIY4aeM OZHOBDPEMEHHO
HEJOCTATOYHbE ¥ H3OBITOYHBIC MPUOIIKEHHBIC 3HAYEHHS KODHS, KOTOPHIE CTPEMSATCH
K HeMy € pa3smbIX CTOPOH. B ciywasx I m IV x, crpemurcs k & ciesa, a X4 — cmpasa;
B ciysasx xe 11 u III, odeBuamso, 6Gyaer rao6opor. Bemmumna |xa—-xn]| Henmocpe a-
CTBEBHO NO3BOJSET CYAUTH O KaYeCTBE IOCTHTHYTOTO NPHOIMXEHWS — B 3TOM
yao6cTBO KOMOHHEPOBAHHOTO METOMA.

Tlpumenenue ero OCBETHM NpPAMEPaMH.
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158. IIpuMepnt M ynpasknemusi. 31eCh OPEANONIaraeTcs HONML30BAHUE JIMIIL K O M-
OMHHPOBAHHLBIM METOIAOM.
1) HaliTi TpH BEIIECTBEHHBIX KOPHS YpaBHEHHS

S(X)=2x3-x2-Tx+5=0
¢ ToyHOCTRIO mo 0,001.
Ipy6eri rpadmx ¢yHkumm y= f(x) moMoraer HAUTH HPOMEXYTKH, B KOTOPBIX
COAEpXaTcs 3TH KOPHH:
—2<§1< -1, 0<§2< 1, 1<€3<2;
NIPOBEPHTH ITO JIETKO MO H3MEHEHMIO 3HAKA (yHKIHMHA.
(a) B mpomexytke [—2, —1]
fi)=6x2-2x-7>0, f"(x)=12x-2<0
cnydait (III). Tak kak f(=2)=—-1<0, f(-1)=9>0, To npaBuno HprioToHna Hang-
TIEXUT NPUMEHATL K 1€ BBl M KOHIIAM NPOMexyTkoB. MIMeem: f'(—2)=21 u
-1
X{=-2~—=-1952...,
21

9
9-(-1)
Oxpyrisas 3Ha4YeHRe X; B CTOPOHY YMEHBINEHHs, MOJAyuuM 4ucino —1,96<&,. Ecnu xe
OKPYIUIATH €r0 B CTODOHY YBCIMYEHHSA, T. €. B CTOPOHY KODHS, TO HONYYMM 'HCIO
-1,95; 50 f(-1,95)=0,01775>0, T. €. B 3TOM Cily4ae MBIl IEPECKOYMIN YEPE3 KOPEHb.
ITO 06CTOATENLCTBO BHIFOAHO I HAC, OO JaeT BO3MOXHOCTH CY3WTL NPOMEXYTOK,

COAEPXAIINi KOPEHb, H, OTOPOCHB IpEKHEE 3HAYECHHE X;, NIOJNIOXKATH

xj=-1,96, x=-195.

x=-1 ~1,9.

Haiee, numeeM:
f(—1,96)= ~0,180672, f'(—1,96)=19,9696,

0,180672

1,064+ 21 1 06+0,00904. . = —1,95005. ..,
2 *+ 35,969
0,01 .0,01775
Xpm —1,95— o OO 95.0,00089. .. = —1,95089. ..
0,01775+0,180672

TTockonbKy &, HOIKHO OBITH 3aKIIOYEHO MEXAY 3THMH I'DAHHLAMHE, TO SICHO, 9TO
& = —1,9509 10,001

(Tax 9ro TpeGyeMas TOYHOCTH mpeB3oiinenal).
(6) B mpomexytke [0, 1] mepeas nmpousBomHas f’'(x) COXpaHsS€T 3HAaK MHHYC, HO

BTOpasi Npou3sojHas f''(x) Mensier 3Hak, o6pamasch B HYJb B TOYKe x=—6— . Or10 006-

CTOSTENLCTBO 3acTAaplifeT HPENBAPUTEILHO e€ile Cy3HThb OpOMeXyTok. McmeiThias
sgpavenms x=0,5, nonysaem: f(0,5)=1,5>0; tak xak f(1)=—1<0, 10 &, comepxurcs
BHYTPK mpomexyTtka [0,5, 1], rae f/(x) coxpanser 3Hax mwmoc (cnysai IT). U 3pecw
npaBuno H b0 TOHa IpEMEHseM K JieBbIM KOHIaM. M Meem:
1,5 0,5
1=0,5+—=0,7307=0,74, x;=1-—=0,80.
=02t es 177 25
OKpyricHue Xi B CTOpOHY KODHf He HPHBENIO K NEPECKAKHBAHMIO Yepe3 KOPEHb,
u6o £(0,74)=0,082848 > 0. Haxonew,
0,082848

{0,744 S 0,755 .,
2 5,194
0,01296

- 20,756...,
0,298848

x,=0,80
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TaK, 4ro 0,755...<&,<0,756..., U MOXHO IOJOXKUTh
£,=0,756 10,001 .

(8) B npomexyTke [1, 2] Bropas npou3BoAHAs COXPAHSET 3HAK ILIIOC, HO nepBas
HOPOM3BOAHAS MEHSAET 3HAK, oOpamasce B 0 mpu

1+ V43
6

Ucneiteisaem 1,5: f(1,5)= — 1, B 10 Bpems kak f(2)=3, tak 4t0o 1,5<f,<2; f(x)
B 3TOM HOPOMEXYTKE MMeET 3Hak Iroc (ciyuait I). Umeem:

X = 21,26,

1 3
n=15+2516  x=2-2=17

13
Hepes KOpeHt U 3/16Ch He nepeckoynnu, 6o f(1,7) = 0,036. Hakonen,
0,0568
Xo=1,6-+ =1,640,094...=1,694...,
0,604
, 0,036
xp=17— —=1,7-0,005...=1,6%4...,
6,94

Tak 410 ¥ &= 1,694 0,001.
3amMeuanne. Tak kak cyMMa KOpHeEif, 0 M3BECTHOl Teopeme anreGphl, A0KHA
pasHaTECA 0,5, TO 3THM MOXHO BOCHOJIB30BATHCS SIS IPOBEPKH.
2) VYpaBneuue
f(x)=x*-3x2+75x-10000=0

VIMEET JIBA BELCCTBEHHBIX KOPHA: OAMH Mexay — 11 m — 10, a npyroit — mexny 9 u 10.
BbuCIUTE HX C TOuHOCTBIO 10 0,00001.
(a) B mpomexytke [~11, —10]

/() =4x3-6x+75<0, f/(x)=12x2=6>0

(cnyuait 11). Honyyaem:

5453
Xp= =1k T = —10,33... = —10,3,
5183
1050
x=—10— = -1023...=-102;
4503

R MCPBOM CITyHae Mbl OKPYIIWIH B CTOPOHY KODHS, HHO 4€Pe3 HETO He MePecKOMHITA.
JTanee,

164,3181
xp=—103+ ——— = —10,262... =~ 10,262,
4234,108
25,27984
Xo= —10,2-- = —10,260. .. -10,260
- 417,1165
(10 xe 3ameuanue). Haxoneu,
4,334569118736
xy=—10,2624+ ————————= —10,262+0,0010354. .. = — 10,2609645. . .,
4186,137218912
0,00807038048
X3= — 10,260 - —————= — 10,260~ 0,0009642. .. = — 10,2609642. . .,
8,369759358736
TakK ¥TO

&, = —10,260964_0,000001

(maxe ¢ GoJibineil TOYHOCTBIO, YeM TPEGOBANOCH).

22 T. M. duxrenroasit, 7. [
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(6) B npomexytke [9, 10} f'(x)>0 n f"(x) >0 (cnyyaii I).
3pecs:
007

X, =9+ 3457 =9+0,869...=9,87 (8 cTopoHy kopHs!).

450
xj=10——-=10-0,112...-:9,89;
4015

1,2389658878
Xy=9,87+——————=9,87+0,01599...=9,88599...,
77,4689008

5=9,89 15,52060641 9,89 —0,003993 9,886006
Xo = s —_———— = 'y — U, sea = s e
: 3885,106676

TaK YTO, OYEBHAHO,
£,=9,88600+0,00001 .

3) PaccMOTpUM ypaBHEHHE
f(x)=x-sin x-0,5=0,

0,5
Tloctpour rpadwku ¢yeximit y=sinx ¥ y=— (puc. 83), BumuM, 4yTO OHM mEpe-
x

cexaloTcs B GECYHCIEHHOM MHOMXECTBE TOYEK, TAK YTO HAIle ypaBHEHHe MMeeT Gecduc-
JIeHEOE MHOXeCTBO KopHeili. ITo rpadmky BHAHO TaxXe, YTO HAaMMEHLINMH IIOJIOXKH-
TembHBI KopeHb & Gnu3ok k 0,7; mocTaBEM cebe 3apaveil BEIMHCINTE €T0 ¢ TOYHOCTBIO

N\ s

9=z

J=5nL

Puc. 88.

no 0,000001. [3meck cnedyeT UMeTh B BHAY 3aMe4YaHHE OO OKDYINeHMM B AONAX
rpagmyca, koTopoe GbIIO CIeNaHo 1o TOoBOAY 3anawd 4) B 156.]
Iloncrasnss B dysKnuio f(x) 3HAUCHHS

a=0,6981317... (40°) m 5=0,7853982... (45°),

HOJIyyaeM B IIEPBOM CIIydae OTPHANATENBHEIM PE3yNbTaT, a BO BTOPOM — HOJIOXUTENb-
HBIM, 3HAYHET, a<&<b. OGe mpomseommele f'(x), f”(x) B 3TOM HNPOMEXYTKE MMEIOT
3gak wnoc (cnyyait I).
CxeMa BBIYACIICHWH:
x,=0,6981317...+0,0419512. ..,

x}=0,7853982...~0,0438510...;

HEPBYIO MONpPABKY «OKpyrisiem» no 0,0418879... (2°24'), a sropyro — no 0,0439231...
(2°31’), TaK 9YTO OKOHYATEIHLHO

x,=0,7400196. .. (42°24), x1=0,7414741... (42°29").
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Harnee,
xy=0,7400196. . .--0,0008211.. . =0,7408407. . .,

x3=0,7414741. .. - 0,0006329. . . =0,7408412. . .,
OTKyZa K MOJydaeM ¢ TpebyeMol TOIEOCTHIO:
& =0,740841 + 0,0000005 .
4) B 3aKmoueHME BEPHEMCSI K YPABHEHHIO
fX)=xt—-x-1=0.

Mgt Bunenu B 81, 4TO OHO HMEET KOpeHB & Mexay a=1,22 u b=1,23. Ycrauosuts,
KaKkylo TOYHOCTb B OLPENCICHMH 3TOTO KOPHS HAeT BCErO JMIIL JBYKPATHOE IIpHME-
HEHUe KOMOWHMPOBAHHOTO METOAR.

Cxema BucieHuit (caygain I):

0,0000466544
X =1,224+ —«F———=1,22073... =1,2207,
0,06353115

0,05886641
x{=1,23— 2 =1.22086...=1,2209;
6,443468

0,00000005533760598398
x,=1,2207+ =1,22074407. ...,
0,001255538012096

0,0009788499821761
x5=1,2200— — =7 _ 1 2907441...
6,279478581316

Taxum obGpaszom,
& =1,2207441 1.0,0000001 .



FTIIABA IIATAA
OYHKINN HECKOJBKHX INEPEMEHHBIX

§ 1. OcHoBHbIe NOHATHA

159. ®ynkuuonaNbHAS 3aBHCHMOCTH MeXKIAY HepeMeHubiMH. Ilpumepsi.
Jdo cnx mop MBI M3y4add COBMECTHOC M3MCHEHHE N BYX IEPEMEHHBIX,
¥3 KOTOPHIX OJHA 3aBHCE€Ja OT APYrod: 3HAYCHHWEM HE€3a B U CH-
MO ¥ TIEPEMEHHOM Y3Ke BIIOJIHE OIPEHEIISIIOCh 3HAYCHHE 3 aBUCHMO H
HEpEMEHHON MM QYHKIMA. B Hayke M B XM3HH HEPEIKH, OJHAKO, CITydYaH,
KOrJla HE€3aBUCHUMBEIX NEPEMEHHH X OKasHBAETCS HECKOJBLKO,
H JUid ONpeAcsIcHUs 3HAYeHUd GYHKOUHE HEOOXOOMMO INpedBAPUTENBHO
YCTAaHOBHUThL 3HAYCHHS, COBMECTHO IIPHHUMAEMBIE BCEMH 3THMH HE3aBU-
CHMBIMH HEpPEMEHHBIMH.

1) Tak, HanmmpuMep, 06beM V' KpyroBoro WHJIMHAPA €CThb QY H KU U A
OT pajunyca R €ro oCHOBaHWS M OT BBICOTHI H; 3aBHCHMOCTb MEXAY 3THMH
NEpEMEHHBIMH BBIpaxkaetcs GpopMyion

V=nRH,

KOTOpas JIaeT BO3MOXHOCTh, 3Has 3HAYECHUI HE€3aBUCUMBIX ITep cC-
MEHHB X Ry H, yCTaHOBUTH COOTBETCTBYIOIICE 3HAYEHHE V.

O61eM V yceueHHOI'0 KOHYCA, OYEBHUAHO, ABJIAETCH DYHKIUMEH OT T P € X
HE32BUCHMBIX TIEPEMEHHBIX — PAJUYCOB R M r o0OUX €ro ocHoBapuil M
BbICOTH! H, M0 dopmye

V=7%I(R2 +Rr+r?).

2) o 3akony OmMa, HampsbkeHue V' B IENH 3JCKTPUYECKOrO TOKA
CBS3aHO C CONPOTUBNEHMEM R Tenu U C Cuiioit Toka I 3aBHCHMOCTBHIO
V=RI. Ecan V u R cuurarth HOaHHBIMH, TO OTcCioAa ompenenutcs I kak
byunxknus or Vu R

3) Ilycte TemmepaTypa MacChl Ira3a, HaXOILUEroCs mOJ MOPLIHEM
IDUTAHOpA, HEe MOCTOSHHA; Torga o6seM V U OaBlieHHE p ONHOIO MOJSA
raza ces3ambl ¢ ee (abcomrornoli) TemmepaTypoit T, Tak Ha3bIBa€MOM,
dopmynoit Knmameiipowna:

pV=RT (R=const).
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OTcrona, cuutasd, HanpuMmep, V u T He32BUCHUMBI MU 11 e peMeH-
HBIM H, QYHKUMIO p MOXHO BBIPA3HTh Yepe3 HUX Tak:

_&T
p_V'

4) Usyyas ¢usuyeckoe COCTOSHHE KAKOTO-HHOYAb TeNa, 4acTo npu-
XOJUTCA HAONMIOAATE H3MEHCHHE €r0 CBOMCTB OT TOYKM K TOYKe. TaKOBLI:
IUIOTHOCTb, TEMIIEPATYpPa, 3JICKTPUYSCKHH ITOTeHIMan M T. m. Bce 3tu
BCJIMYUHBE CYTh <«DYHKIUM TOUKH» HJIM, €CIU YIOAHO, BYHKIMH OT KOOp-
JMHAT X, Y, z To4kW. Ecnmu Qusmueckoe cocrosmme Tena Mensercs Bo
BPEMCHU, TO K 9THM HE3aBHCHMBLIM HEPEMEHHBIM IIPUCOEIHHSACTCS €INE M
Bpems, £. B aToM ciyuae Mbl HMeeM eNo ¢ GyHKUMSMU OT Y€ THIP € X
HC33BUCHMBIX IICPEMEHHBIX.

Yucno MooOHBIX TIPUMEPOB HMTATENb W CAM MOXKET HPOM3BONLHO
YBCIIMYUTb.

VYTouneHHe NOHATUS QYHKUMH B CIIydae HECKOJBKMX HE3ABUCHMBIX
TICPEMEHHBIX HAYHEM C IPOCTEHINEro Ciydas, KOrJa ITHX MEePEMEHHbIX
IIBE.

160. ®yskuuu ABYX mepeMeHHHIX M 00/ACTH MX onpedeennd. [ OBOps
00 ¥3MEHEHUHU [IBYX HE3aBHCHMBIX IEPEMEHHBIX X U Y, MBI JOJDKHBI BCAKHIL
pa3 ykasplBaTh, KaKue mMaphl 3HAYEHHH (X, ) OHU MOTyT
OIPUHHUMATHL COBMCCTHO; MHOXKECTBO e/ 3THX map M Gyner
061aCThI0 H3MEHECHUS IEPEMEHHBIX X, ).

Camoe ompejenenue MoHATHS G YHKIUM U HaeTcs B TeX Xe Bbpa-
KEHWAX, YTO U JUIA Cly4as OJHOH HE3aBHCHUMOM IepeMEHHOI:

Ilepemennas z (¢ obaacmvio usmenenun %) Hasvisaemes Gy HKyue il
He3d6UCUMBIX NEPEMEHHBX X,V 6 MHONCECHEe o, ecau KaxncOoit
nape (x, y) ux snauenuii u3 e/ — no HeKOMOPOMY NPASUAY UAU 3AKOHY —
CIMABUMCA 8 coomsemcmeue 00HO onpedeneHtoe sHaenue z (uz %).

3dech MMeeTCsl B BUAY ONHO3HAYHas QyHKIMSA; JIErko Pacopo-
CTPAHHUTH 3TO ONPCICJICHHE U HA Cly4af MHOT O3 HAa4YH O (yHKUUHM.

MBHOXeCTBO e#, 0 KOTOPOM BBILIE A PeYb, H €CTb 0O JTACThb
onpenenenus ¢ysxnun. Camu IepeMeHHBIE X, y, — IO OTHOIUECHHIO
K MX QYHKIMH z — HA3BIBAIOTCACC APryMeHTaM U, DyHKUHOHAIbHAS
3aBUCHMOCTh MEXNY Z U X, ¥ 0003HAYACTCSA, AHANOIHYHO CIIYYAKO OJHOM
HE3aBUCHMOH NIEpeMEHHOM, Tak:

z=f(x, ), z=9(x,¥), z=z(x,y)urT I

Ecin mapa (x,, y,) 83412 u3 e#, 10 f(X,, y,) 03HAYAET TO YACTHO e
(MucnoBoe) 3Havenume Qynkmmm f(x, »), KOTOpPOEe OHA NPHUHHMAET,
KOTTIA X=Xy, ¥=Y,-

TlpnpeneM HECKOJBKO NPHMEPOB GyHKLMY, 3a0aHHbIX AHANATHUCCKH —~ (b O p-
MyiaMu, CykasauueM ux obnactelt onpenenenus. ®opMynbl:

Dz=xy m 2)z=xtty?



342 [J1. V. ®VYHKIWHA HECKOJIbKUX INEPEMEHHBIX [160

onpenenaoT GyHKUMM O71A BCex map (x, y) 6e3 uckmoyeHus. ©opMynbL:
1
Yi-x—»2

TOOATCA (CCJIP[ MBI XOTHUM HMETH JCJI0 C KOHCYHBIMH BCIICCTBCHHBIMM 3HAYCHHAMM Z)
JMImb s TEX nap (X, y), KOTOPBIC YHOOBJICTBOPAIOT, COOTBETCTBCHHO, HEPABCHCTBY

3) z=Y1-x2=)2, 4) z=

x24+yt<l mmm  xE+)y%<l.
dopmMmyoit:

. X 4
5) z=arcsin —+arcsin—
a

(yHKUHA oOHpedeieHA Ul TeX 3HAYECHMIM X U Y, KOTOPHIE IOPO3Hb YHOBNETBOPAIOT
HEpaBeHCTBAM
—a<sx=<a, -b=<y=<b.

Bo Bcex 3THX Ciaydasx Mbi yKashiBaiH Hambojiee INHPOKYIO — €CTECTBEH-
Hy0 [46, 2°] — obnacTh mpuMeHEHHsT GOPMYJIEL.

PaccMOTpEM Temephb Takoi mpHMep.

6) IlycTh CTOPOHBI TPEYrOJIbHMKA MPOH3BOJBHO H3MEHSIOTCS, C TeM IMINbL Orpa-
HAYEHHEM, YTO MEPHMETP €r0 COXpaHsAeT NMOCTOSHHYIO BemumHy 2p. Ecid Ise CTo-
POHEI €ro 0603HAYHTD Y€PE3 X H Y, TO TPETbA CTOpOHA OyHeT 2p—Xx—y, TaK 4YTO Tpe-
YTOJIBHAK BIOJIHE ONPERENAETCs CTOPOHAMM X M y. Kak 3aBUCHT OT HMX IUIOIAnb Z
TpEeyroibHuKa?

TTo popmyne Tep o Ha 37Ta NIOMAAL BHIPA3ZATCA TaK:

z=Yp(p-x) (p—y) (x+y-p).

Yo Xe Xacaercs ob6JNacTHM ompemeNeHUd e# it dbynkitum, TO ona o0y-
CHOBJIMBAETCS, HA 3TOT Pa3, TEM KOHKPETHBIM BONPOCOM, KOTOPBIA HpHBENX K pac-
cMoTpeHuio ¢dyHkuun. Tak Kak AJMHA KaXOOi CTOPOHBI TPEYrONbHHKA €CTh MOJIO-
KHTEIBHOE YUCIIO, MEHBIllee IONyIepAMETPa, TO AOJDKHBI BBIIOJNHATHCA HEPABCHCTBA

O<x<p, O<y<p, x+y=>p;

OHM W XapaKTepU3yIOT 00NACTh eH *).

Takam o6Gpa3omM, B TO BpeMd Kak Aid (YHKIUM ONHOH MEPEMEHHOM
CTaHNapTHON OOJIACTHI0 H3MEHEHHS apryMeHTa ABJISUICS (KOHEYHBIH MK
0eCKOHEUHRI) IPOMEXKYTOK, B ciaydac GYHKOMU IBYX NEPEeMEHHBIX
MBI YK€ CTaJKMBaeMCs ¢ GONBUIHMM pa3sHOOOpasHeM M CIIOXKHOCTHIO BO3-
MOXHBIX (M €CTECTBEHHBIX) oOsacTell H3MEHEHUA apryMEHTOB.

PaccMoTpenne aTX oGjacTeil 3HAYHTEILHO OOJEr4acTCs HX IeoMe-
TpUYeCKolM HWHTepupeTaumeil. ECIH B34Th Ha NIIOCKOCTH [BE B3AMMHO
NEPIEHTAKYJIAPHEIE OCH H OOBIMHBIM 00pa3oM OTKJIAAbIBaTh HA HUX 3HA-
YeHHsd X # y, TO, KaK M3BECTHO, KaXIo#l mapoi (X, y) OHHO3HAYHO OIpe-
IEeNAeTCs TOYKa HA IUIOCKOCTH, MMEIOMAs 3T 3HAYCHHS CBOMMHM KO-
OpIOMHATaMH, U 00PaTHO.

Torma masd XapakTepuCTHKH TeX map (x, y), IS KOTOPHIX ompene-
sieHa (yHKUMS, IpOILIE BCETO yKaszaTh, Xakas (QHrypa Ha IUIOCKOCTH XY
3aIIOJIHAETCH COOTBETCTBYIOUIMMHA TOUKAMH.

*) HecMoTpss Ha TO, YTO moJsiydyeHHas dopMmyna camMa no ceOe coxpaHser
CMBICHT K B 0oJiee IMPOKOIl 06nacTH, HAPUMED, V1T X >p U Y > p.
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Tak, rosopsar, uto ¢ysxuum 1) u 2) onmpeneneHsl Bo BcCe i OIOCKOCTH,
bysximr 3) n4) — B Kpyre, COOTBETCTBEHHO, 3aMKHYTOM (T. €. BKJIOYAIOMIEM
OKPYKHOCTb) HJIH OTKPHITOM (Ge3 OKpyXHOCTH) (puc. 89); dysxuus 5) onpenmerena
B OpsaMoyronbHEuke (puc. 90); HakoHew, QyHKuuA 6) DPACCMATPHBAETCS B OT-
KpPHITOM TpeyronbHMKe (puc. 91).

4

779

/ 7 JA75

z /{/0 i) z /
Z 7 -
// 7 7]{ r

Puc. 89. Puc. 90. Puc. 91.

W
§

ITa reoMETPUYECKAsi MHTEPIPETANUA HACTONBKO YI0OHA, YTO OGBMHO
caMmble maphl duceR (X, y) HA3BIBAIOT «TOYKAMIl», & MHOXKECTBO TAaKHX
«TOYCK», OTBEYAIONICE TEM HJIH MHBIM TE€OMCETPHUYECKHM oOpa3amM, Ha3bl-
BAIOT MO MMEHM 3THX 00pa3os. Tak, MHOXeCTBO «rovek» wid map (x, y),
U1 KOTOPHIX BBITOJIHAIOTCS HEPABEHCTBA

a=<x<b, c=y=d,

€CTh <«IPAMOYIOJbHUK», U3MEPEHUS KOTOPOTO paBHEI b—a u d—c; ero
OyneM o6o3HauaTh cumBOJOM [a, b; ¢, d], CXOOHBIM C 00O3HAYECHHEM
OpoMexyTka. MHOXeCTBO «ToYek» WM map (X, ), YHAOBIETBODPSAIOIUHEX

HEPAaBEHCTBY
(x =)+ (y-B)r=<r?,

€CThb «KpyI» paguyca r, C HEHTPOM B «Touke» («, ), u T. m.

HanonoGue Toro, xak ¢ynkmus y=f(X) reoMeTpHYecKd HILIFOCTDH-
poBaach CBoMM rpa b uk oM [47], MOXKHO reOMETPHYECKH HCTOIKOBATD
U ypaBHeHMe Zz=f(x, y). BosbMeM H HpOCTpaHCTBE HPAMOYLOJILHYIO
CHCTEMY KOODAMHATHBIX OCEH X, y, z; H300pa3suM Ha ILIOCKOCTH Xy 06JacTh
o/ W3MeHeHHs] MEPEMEHHBIX X M Y, HAKOHEN, B KaXIOW TOYKE M(x, y)
9Toi 00NacTH BOCCTABHM MNEPHEHOUKYJSP K IUIOCKOCTH Xy M OTIIOKHM
Ha HEM 3HaveHue z = f(x, y). FeoMeTpuYecKoe MECTO HOJYYEHHBIX TAKAM
00pa3oM TO4YeK U SBHUTICS CBOEr0 poJa MPOCTPAHCTBEHHBIM
rpaduxom Hamed Gynkmun. Ito Gyner, BooOIe roBops, HEKOTOpPAs
HOOBEPXHOCTH; B CBOXO OUepelb, PABEHCTBO z = f(X, y) HA3BIBAETCA Y P A B-
HCHMEM HOBEPXHOCTH.

Hns npuMepa Ha puc. 92, 93 1 94 n306paxensl reoMeTpHYeCKie 0GPa3Ll
byuximit:

Z=Xxy, z=x%+)2

z=)1-x2—-y2%
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IepBriit 13 HEX OpencTaBuieT coboif rumepbGonuyeckuit mapa-
6omoup, BTopo — mapabonoupg BpalleHHS, a TPeTHH —
nonycbepy.

Puc. 92.

B 3amouende YHOOMSHEM, YTO HHOIIAZ TPUXOIMTCS PACCMATPUBATH
IEPEMEHHYIO Xy, , , SHAYCHHS KOTOPOJ 3aHYMEPOBAHEl 1B Y M 5 HATypalb-
HBIMHM 3HAYKaMH m ¥ #n (KaXABA M3 KOTOPHIX, HE3ABHCHMO OT APYroro,

V4

Puc. 93. Puc. 94.

npoberaeT HATYpaJbHBIA pAX yucel). Takas HepeMeHHas NPEACTaBIsSeT
co0oif, B HEKOTOPOM CMEIC)E, 0606IIeHNe BAPHAHTH X,.
MoXHO NOJOKUTH, HAPUMED,
¥ _(m+n)! _ 1 x =(ﬂ—l)-_n
e il ? T m 2 ? ™R m.(n+1)
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ITo cyru Hena, 3HAYKM M U 1 ClleflyeT PACCMATPHBATHL KaK HE3aBUCH-
MBIe TIEDEMEHHbIE, & IIEPEMCHHYIO X, , — Kak QyHKuuio oT HuX. Obyactsb
H3MCHEHUSI HE3aBHCHMBIX IEPEMEHHBIX B JAHHOM CJIy4ae Ie€OMETPUYCCKU
HILTIOCTPUPYETC CBoeoOpasHO TOodeuHOi KBAIPATHOM CETKOH B NEPBOM
KOOPJMHATHOM YIJIE.

161. Apudmerndeckoe n-MepHoe mnpoctpancrBo. Ilepexosms k QyHk-
MM OT H HE3ABUCHMBEIX IEPEMEHHBIX (IpH #=3), MBL CHAYaJla OCTaHo-
BUMCS Ha CHCTEMAX COBMECTHBIX 3HAYCHHI ITHX IEPEMCHHBIX.

B ciyuae n=23 Takas CHCTeMa M3 Tpex 4ucen (X, y, z), Kak sSCHO UMTa-
TeNo, eme MOXeT ObITh IeOMETPUYECKM MCTOJIKOBAHZ Kak To4kKa
NPOCTPAHCTBA, a MHOXKECTBO TAKUX TPOCK — KaK YacTb NPOCTPAH-
CTBa MJIK TeoMeTpuyueckoe T eJio. Ho mpu >3 BO3MOXHOCTH HENOCPe -
CTBCHHOII I€OMETPMYECKOM HHTEPIIPETALUM YXKE€ HET, BBHAY OTCYTCTBHA
y HAC MHTYHIUH TIPOCTPAHCTBA C WMCTIOM M3MEPEHHMM, GOIBLIIMM TpEX.

TeM He MeHee, HKellas PaclpOCTPAHATH TeOMETPHYECKHE METOIbL (OKa-
3aBILKECs TIOTOTBOPHBIMA I GYHKIUMI ABYX M TpeX MEPEMEHHBIX) ¥ HA
Teopuro (pyHKUuil GONBLIETO YKMC/A IIEPEMEHHBIX, B aHAJIH3€ BBOAAT IOHA-
THE N-MEPHOTO «IPOCTPAHCTBA» ¥ NPU 11> 3.

HasoseM (n-MepHO#) « T O UK 0 fi » CHCTEMY U3 1 BEILICCTBEHHBIX YHCEIL:
M(x,, Xy, ..., Xp)*); caMu WHCHA X, Xy, ..., Xp SABJIAKOTCI KOOPH-
HaTaMH O9ToH «royku» M. MHOXECTBO BCEX MBICIHMBIX A-MEPHBIX
«TOYEK» COCTABNISCT -M EPHOE «KHIPOCTPAHCTBO» (KOTOPOE MHOT-
[Ia Ha3pBAIOT apUOMEeTHYECCKHUM).

Ilenecoo6pa3Ho BBECTH MOHATHE <«paccTosHusy MM’ MexXay IByMs
(n-MEpPHBIME) «TOYKaMH»

M(X;, Xy, ...y Xp) 1 M'(X], X3, ..., Xp).

TMoapaxas U3BECTHON M3 aHAIUTHYCCKOH reoMeTpuu PopMyJie, NOJAraoT

MM =M'M= || 2(x-xP=V(x{=x)P+ (o= + ...+ =xn)% (1)
i=1

OpU n=2 WM 3 3TO «PACCTOSHUE» COBIIANAET C OOBIMHBIM PACCTOSHUCM
MEXIy OBYMS COOTBETCTBEHHBIMH I€OMETPHYECKUMHE TOYKAMH.
Ecii B3sTh elie OOHY <«TOYKY»

17 i 7 7’
M(X{, X5y ...y Xn),

*) VIMes HeN0 C HEONpPECNICHHbIM YUCIOM IePCMEHHBIX, DPEACTABIISACTCS ynob-
HBIM 0603HAYaTh MX HE Pa3JIHYHbIMM OyKBaMu, HO ONHOH M TOH Xe OykBOl JMIIbL C
pasyM4HBIME HOMepamu. TaxaM o6pa3oM, x; O3HayaeT (Bpa3pe3 ¢ NpPeXHEH MpaKkTu-
XO#l) He i-e 3HauUcHUE HEKOel mepeMeHHOH, a caMoe {10 ICPEMEHHY10, KOTOpas caMa 1o
ce0c NpHHHMACT Pa3jIMYHbIe 3HAYCHHA.
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TO, K&K MOXHO HOKa3aTh, MIA «paccTosuuiv MM', M'M" u MM'' sBul-
IIOJIHSETCS HEPaBEHCTBO

MM"'<MM' + M'M", )

HAIIOMHMHAIOIIEES U3BECTHYI0 TEOPEMY I€OMETPHH: <CTOPOHA TPEYTOJIBHUKA
HE NPEBOCXOJUT CYMMBI JIBYX APYTHX CTOPOH».

HeiicTBUTENbHO, AN MOGOro HAGOPA BEIECTBEHHBIX HCEN g, Ggy ooy y
u by, b, ..., b, IMEET MECTO HEPABEHCTBO *)

n n n
V3 p<] S| 302
i=1 i=1 i=1
Eciu monoxuTs 31ech

aG=x;—%;, b=x/-x;, Takuro @+b=x]-x,
(i=1,2,..., n),

TO MOJYIUM

]/ g«; (x) —x)2= Vz(x; —X)2+ l/ é‘l o — X0,

YTO PaBHOCHIBHO (2). Taxum 006pa3oM, CYLIECTBEHHOE CBOKCTBO pac-
CTOSIHHMA OKa3bIBACTCS HAJMIIO U B HAIEM «IIPOCTPAHCTBE?.

B n-MepHOM «POCTPaHCTBE» MOXKHO PACCMATPHBATH U HENPEPHIBHBIC
«KPHUBEIE».

HspecTHo [106], uTo ypasHEHHS

x =(p(t)’ y =1/)(t)s

*) OTO HEPaBEHCTBO €CTh HE YTO MHOE KAK YACTHBIA Ciyyall yXe BCTPETHBIIErOCH
HaM HepaBeHCTBA MuHKOBcKOTr o [133 (7)] npu k=2. Eciu Bo3BecTH 06€ 9acTH
€ro B KBaApaT M ONYCTHTh B OOEHX YaCTAX DABHBIC WICHBI, TO OHO CBEACTCS K TOXE
H3BECTHOMY HepaBencTBy Komru [133 (Sa)l. IpuBeneM cosepiueHHO 3NeMEHTapHOE
JOKA3aTENBECTBO 3TOr0 MOCIEAHErO HEPABEHCTBA, a BMECTE C TEM — W HEPABEHCTBA
B TEKCTE.

KeagpaTHbiit Tpexyied

n n n n
2 @x+b)=Daf - x2+2 Dlaib;-x+ Db},
=1 i=1 i=1

=1

OY€BHIHO, HEC INPUHUMACT OTPHLNATEILHBIX 3Ha4YeHWd. B Taxom CiIydqa¢ OH HE MOXET
HMEThb ZIBYX Pas3NMYHBIX BCILUECCTBEHHBIX KOpHEH, U BBIPQXCHNC

n n n 2
at- Db - %Zaibi}
i=1 =1 =1

JOJDKHO OBITH HEOTPHIIATCABHLIM, & 3TO PaBHOCHJIBLHO HepaBeHCTBY K o m u.
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roe ¢(f) u ¢(f) cyrp ¢yHKkuuE OoT mapameTpa f, HENPEPHBHHE
B HEKOTOpPOM mnpoMexyTke [f, £'], — BHpakaloT Ha IJIOCKOCTH Hempe-
PHIBHYIO KpUBYIO. AHAJIOrMYHO, HO JIMIIL C TOMOMBIO TPEX HEMpPEepPHBHBIX
QyHKIMR:

x=0(), y=9¢(@), 2=y F<<t<<t"),
BLIDAXAETCA HENpepHBHAs KpuBag B (OOHIKHOBEHHOM) NPOCTPAHCIBE.
IMompaxas sTOMy, PacCMOTPUM TENepb 7 HENMPEPHBHHX (YHKIMR oT £

xl=(91(t)’ x2=(.92(i)’ ceey xn=‘—%(t) _ (t'gtét”).
Torpa MHOXKECTBO <«TOYEK>

(“Pl (t)’ Pa (t)’ cee s Py (t))’

[o/yyaeMslX NDH Das/JMyHBIX 3HAUeHUAX mapamerTpa £, U COCTaBIsder
HENpepHIBHYIO <KDUBYIO» B N-MEDHOM <«NIPOCTpaHCTBe». Iomowus

Xp=@ () oo, Xn=0,({); X{=0 (") ..v, Xn=09,("),
MO2XHO CKa3adathb, 4TO 3Ta «KpHBaﬂ» COeNUuHAECT <«TOUKHU»
M(xy, ooy X5y v M (XY, ..., Xn)

B ToM cayuae, Korga BC€ (QYHKUMH @, ..., ¢, OKa3bIBAIOTCH JH-
HEHXHBIMA, «KpPUBAS» MNEPEXOIUT B <«NIPAMYIO»:

Xy=at 4Py, oo, Xp=at 4B

34€eCh KOI(UIHUEHTH g, ..., &, MPEANONAralOTCH HEOGpPaliaOUHMICH
sapas B 0, a f u3MeHseTCA OT — 00 A0 -}~ o0. Bynem cumrarh «TOUKH»
et caenyOW UMK ONHAa 3a APYrofl B NOPsAAKE BO3PaCTAHHs MapaMeTpa;
ecan t'<t<t’, TO W3 COOTBETCTBYIOWMX «Touek» M', M, M’ uvenno
«TOuKka» M JexuT Mex Ay OBYMS HADYrHMH, TaK Kak caepyer sa M
u npepmectsyer M. Tlpm 3THX yCAOBHAX, KaK JETKO MOKa3aThb, pac-
CTOSHAS MEXAY HUMH YIOBJETBOPSIOT COOTHOLIEHHUIO:

MM =MM4 MM,

YTO SIBJISETCS XAPAKTEPHHIM A5 NPAMOA B OGHYHOM MPOCTPAHCTBE.
YpasHeHus «npaMoi», MpOXOoAsdlleld uepes ABE 3aJaHHBIE «TOUKUY
M(x, ooy Xn) B M (x{, ..., X},

OUEBHAHO, MOfyT OBITh HAMUCAHH B BUIE: '
’ " ! . ’ ’ ’
Xy=x;Ft(x{ —Xx1), ..., X=X, 1t (xn— X))
npuuém camu «touxu» M m M* nonyuarorcs orciona npu £=0 un 1.
Ecan xe mn3MeHsTh ¢ TOJBKO OT O 1O 1, TO NoOAyuuTCa <«mPAMOJUHEH-

HBIi OTPE3OK», COENAHAIOWNI ITH «TOUKHU».

«Kpusasi», COCTOAIlAs M3 KOHEYHOrO YHCJAA «IIPHMOAMHEHRHBIX OTpEs-
KOB», HasblBAETCA <«JIOMalioi»,
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162. Tlpumepn o6nacteit B n-mMepHOM npocTpaHcTBe. OOGparumca
Teleps K PACCMOTPEHHIO HEKOTOPHIX NPUMEPOB «Tel» M <«obuacreli»
B N-MEPHOM <IIPOCTPAHCTEE>.

1) MuoxectBo «TOuYek» M (X3, Xg ..., X,) KOOPAMHATH KOTOPHIX
HE3aBICHMO OJHAa OT APYrofl YIOBJIETBOPSIOT HEPaBEHCTBAM

Q<X =<<b;, Q@<"Xq<bgy..., Q<<X,<b,
HasBIBAETCA (M1-MEPHDBIM) «IPAMOYTOJBHEIM Mapajienenuanegom» 1 000sHa-
Yaercs Tak:
lay, by ag, bg; ... @y by
flpu rn=2 orcioma, B YaCTHOCTH, IOJyYaerci TOT <IPAMOYIO/b-
HUK», O KOTOpOM yxe Owaa peus B n° 160; TpexmepHOMy <«mapasie-
JEMUMexy» OTBEYaeT B npocrpchrBe OOBIKHOBEHHBIH  NPAMOYTO/BHHIH

napanjejenumnen,
Ecau B HanmucaHHRIX COOTHOINEHUSX WUCK/OUHTDH PaBEHCTBO:

ay < xy < by, @< 29Dy, @y < Xy bps
TO 3TAM OINPEACTUTCA OTK DB TH i «ﬂpHMOYFOJIbeIﬁ napannenenuneﬂ»
@y, by ag, by;...; Qp by), _
B OTJIMYKME OT KOTOPOrO PacCMOTPEHHHIH BhIIE HA3HIBAETCI 3 a MK HY T BI'M ¥),

Pasuocrn by — ay, by—ag, ..., b,—a, Ha3HBAOT u3MepeHuAMH O0GOHX
‘TiapajJiesienuneioB, a TOUKY

(al—lg—b, ay -+ b, an—;b,,)

’ 9 3 eevy
— WX LEHTPOM
OkpecTHOCThIO «TOuKH» AMy(x], X3,..., Xp) HasHBaeTCA JIo-
60l OTKDBITHIH <«TNapalIelenunens;
(=B -3 =B, W0y A3 X3 (3)
3s 3,..., 3,>>0) c uentpom B Touke M, uvame Bcero 310 OyAer

<KyO»:
(6] —38, x14-8 x5 —3, x34-8;...; xp—23, X 4-3)

% > 0), pce usMepeHus KOTOPOro paBHu (23)
2) PaccMOTPUM MHOXKECTBO <«TOUYeK> M (X1, Xa ivs s Xp)s KOOPAMHATH
KOTOPBIX YIOBJETBODAIOT HepaBEHCTBAM

x=0, 232=0,..., £, =0, x,}+x+...7Fx,<h (A >0).

Ipu n==2 COOTEETCTBYIOUIUM 3TOMY MHOXECTBY reomerpuueckum obpa-
30M Oyzer paBHOOEIpEHHBIE NpPAMOYrOJbHBIH TPEYTOMBHHK, a IpH

*) MoxHo pacCMaTpHBaTh TaKle W 6 e CK OH e YH Bl i «Napantenenunen», ais
KOTOPOro OIIpeleNsionie ero IPOMEXYTKH (MK HEKOTODHIe U3 HUX) OKa3biBaloTCa
6eCKOHEeUHBIMH,

loBopa 06 n-MepHOM <«mapalnelenunefe», €CIM He CIEJAHO OrOBOPOK, MBI
scerna OyaeM HMeTb B BHUIY K OHe U H Bl A <lapannefnenunens.
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TeTpasap (puc. 95). B obiieM ciyyqae ero Ha3BIBAIOT CUMIIJIEKC O M *)
(MMCHHO ~ 3aMKHYTBIM, B OTJIHYHE OT OTKPLITOT O, KOTODbIii
IOJIyYHTCS, €CIM B HANKCAHHBIX COOTHONICHHAX HCKJIIOYATH DPAaBEHCTBO).

3) Haxomenm, MHOXeCTBO «Touek» M(x, Xgs .. Xn), OIPEHEIAEMOE
HEPABEHCTBOM

(= XD+ @y = 2D 4+ CrmxDPr? (wmn <12),

ec My(xP, x3, ..., x3) ecTb mOCTOAHHAA «TOUKA», & F — NOCTOSAHHOE
ITOJIOKUTCILHOE YHCII0, 00pasyeT 3aMKHYTY!o (Wi O TKPHITY 0)
n-MEpHYIO «cepy» paauyca r,

C LEHTPOM B «ToYke» M,. 4 z

WHpIME clTOBaMu «chepar eCTh
MHOXECTBO «TO4eK» M, «pac-
CTOSIHUE» KOTOPBIX OT HEKO- 2
TOPOH IIOCTOSTHHOH <«TOYKI»

M, wue mpeBocxomuT (wnu
mensure) r. Camo coGoii sicHO, 0
41O 3TOil <«cheper npu n=2 4
oTBeuacT Kpyr [cp. 150], a

npu n=3 - OOBIKHOBEHHAS

cepa.

O1kpoiTyto «cdepy» Jro- Puc. 95.

6oro pamuyca r=0 c ueH-
TPOM B Touke My(x?}, . . ., x9) MoxHO Takke pACCMATPHBATL KAK O K P € C T-
HOCTb OJTOH TOUKH; B OTJIMYHE OT ToH (WIapajuteNenureiaibHOMN»)
OKPECTHOCTH, KOTOPYIO MBI BBEJIM PaHbLUE, 3TY OKPECTHOCTh OyIeM Ha3bI-
BaTh «cepuueckoiiy. [Tonesno pas HaBceraa naTh cebe OTYET B TOM, UTO
€CJIH «ToYKa» M, OKpyXeHa OKpPEeCTHOCTBIO OIHOTO H3 YKA3aHHBIX HBYX
TUIIOB, TO €€ MOXHO OKPYXHTH U OKPECTHOCTbIO BTOPOTO THIIA TaX, YTOOLI
3Ta OKPECTHOCTDb COMIEPAKAIACh B IHEPBOM.

ITycts cnavana 3azan «arapamienenuneny (3) ¢ HIEHTPOM B «Touke» M, .
HJoctaTovHo B3SITh OTKPBITYIO «C(hEPY» C TEM Ke LEHTPOM U PaJUycoM 7,
MenblIMM Beex 6; (i=1, 2, ..., n), uToOHl 3Ta chepa yxe coaepkKanach
B HA3BaHHOM «Iapajutesienunenes. JeHCTBUTENbHO, AN JIO00H «TouKM»
M(x, Xy, ..., Xp) 9TOH «cheprD> GyneM uMeTs (pu xaxaoM i=1,2, ..., n):

@

n
vt = 3o 2 = Wby = <,
k=1

UIIN
X?—6i<xi<X?+5i,

TaxK 4YTO 3Ta TOYKA MPUHAAJIEKUT 3a0AHHOMY <«IaAPAJIIICIICIIUIICAY».

*) Tlo-nateiHu simplex O3HA4aeT «MPOCTOMY. CUMI JI€ KC MPEACTaBiseT coboil,
JEHCTBUTENBHO, NpOCTeiiliee MHOrOFPaHHOE «TEJIO», C HAMMEHLIMMM BO3MOXHBIM IS
JNAHHOTO IPOCTPAHCTBA YUCIOM TpaHei.
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OGpartHo, eciu 3aJaHa «chepar pamuyca r ¢ IEHTPOM B M), To «mapaiie-
nemunes» (3) B HeH CONEPKHATCA, HANPUMEDP, NPH O;=d,=...=0,=— .
n
9TO CeAyeT U3 TOro, YTo Jrobas «Toukar M(x,, X,, . .., X,) 3TOTO Iapai-
JeJlenunenia» OTCTOMT OT «TOYKH» M, Ha «PACCTOSHHE»

n n
MM, = 0
ity || Sty < | Saa-
k=1 k=1
H, CJICAOBATCIBbHO, IPUHAICKHUT 3aJaHHOH «C(bepe».

163. OGmee onpenesicHHEe OTKPHLITOH H 3aMKHYTOH oGuacrm. Hazosem
«TOuKy» M'(x{, X3, ...,X;) BHYTPEHHEH (TOYKOH» MHOXECTBA o/
(B n-MEpPHOM <IPOCTPAHCTBE»), €CIM OHA HPHHAIJIEKHT MHOXCCTBY e/
BMECTE C HEKOTOPOHl IOCTATOYHO MaJolf € OKPECTHOCTBHIO.

W3 yrBepxIenus, NOKa3aHHOIO B KOHIE HPENBIAYUIETO N°, CIEAyeT
C OYCBHIHOCTBIO, YTO 0€3pa3NHMYHO, KAKOTO THIA OKPECTHOCTH
37IeCb UMETb B BUAY — «NapalieNicluneJalbHbIe» WIH «chepriccKues.

Angd OTKPHITOT O «CIPAMOYrOJILHOTO Napaslleleinenar

(a;, by5 ...5a,,b,) @
Kaxas €ro «rouyka» sBJAeTcsl BHyTpenHei. JlelicTBuTensHo, eciuu
ay<x1<by, ..., @n<x,<by,,
TO JIETKO HAWTH Takoe 0 >0, uToOBI ObINO
a<x;—0<xi+0<by, ...,a,<x,~8<x,+06<b,.

Amanorniso, B Ciiy1ae O TKPBITO ¥ «cepb» paguyca r ¢ IeHTpoM
B «TouKe» M, Kaxnasd NpHHAAJIeKamas el «Touka» M’ Takxke SBIISETCS
I "ee BHyTpenHed. Ecimm B34TH ¢ Tax, yTo

. O<p<r-M'M,,
W oIcaTh Boxpyi* M’ «chepy» 3TUM pamMycoM g, TO OHA LENMKOM GymeT

COIEPKATBCA B MCXO[HOH «ceper: muiub Tombko MM’ <p, ToTyac xe
[160, (2)]

MMy<MM' + M'My<p-+ M M,<r,

TaK YTO «TOYKa» M NPUHAMIECKHT HMCXOTHOU «cheper.
Takoe ke 3axmrOdeHHe MOXHO CHETATH M 06 OTKPBITOM CUM-

ITIJICKCE:
>0,..., x>0, x+...+x,<h (h=>0).

ITono6roro poma mHodCceCmB0, yYeaukom cocmoswee u3 éHy mp e H-
HUX «mouex», bydem HA3b16aMb OMK P LM 0 ii <06AACMBIOY.

TakuM 06pa3oM, OTKpBITEHIHA <HPAMOYTONBHBIA Napauieenunes», oT-
KpuITas «chepar, OTKPHITHIA CEMIUIEKC — CIYXaT IPAMEPAMH OTKPBITHIX
sobmmacreii».
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OGobwKMM Temeps IOHATHE TOUKM CryINEHHA [52] ma ciy4ail MuOMe-
CTBa @/ B N-MEPHOM (IIPOCTPAHCTBe». «Toukay M, nazvieaemea «<mo yx o i
ceyu eHua muoxcecmea ek, ecau ¢ kaxcdoii ee oxpecmuocmu (K CHO-
Ba — 0€3pa3yM4HO, KaKOTO THIA) COOePpHCUMCA XOMb OOHA <MOUKA> MHO-
ocecmea o, omauunas om M,.

«To4KH CryleHHs» HJIA OTKPBITOH «0GIACTH», HE NMPHUHAIEKAILER eil,
Ha3BIBAIOTCI MOTPAHMUYHBIMHU <TOUKAMU» 3ToH «obnactwy. ITorpa-
HUYHBIC (TOUKH» B ¥IX COBOKYIIHOCTH OOpasyIOT «TpaHuny obnacTiy. Om-
Kpbimasn «obaacme» emecme C «epanuyeily ee HA3bIGAEMCA 3 A MK H Y M 0 i
«baacmulo».

HeTpymmo BHAETB, 9TO JUIL OTKPBITOTO «HAPAJLIEIEIHATENas (4) morpa-
HUMHBIMU OyAYT «Toukm» M(Xy, ..., X,), I KOTOPEIX

a=<x;<<b,, ..., ay=<x,<b,,

IIPUYEM XOTh B OJTHOM CJIyYae HMEET MECTO MMEHHO PAaBEHCTB O.
Touro Tax e, I11 paccMOTPeHHOM BHIIIE OTKPHITOH <«ChepsD rnorpa-
HUYBBIME OymyT «ToukH» M, IUIL KOTOPHIX B TOUHOCTH MMy=r.
Haxowneln, 111 OTKPEITOro CHMIUIEKCA (5) IOTPaHHYHBIMA SBJISOTCS
«TOUKm» M(x,, ..., Xp), YAOBICTBOPSIOIIUE COOTHOIICHHSM:

x2=0, ..., x,=0, X, +... +x,<h,

IPYYEM XOTh OJHAXKIBI OCYLIECTBISIETCS P2aBEHCTB O.

Taknm 06pa3om, 3aMKBYTHI QIPSIMOYTONBHBL MAPATIIETENUIIe ), 3aM-
KHyTast «cpepar U 3aMKHYTHIH CHMILTIEKC NAlOT NPAMEPH! 3aMKHYTHIX «06-
JIacTeit».

Bupens, rosops 06 «oGmacTu», OTKpHITON MM 3aMKHYTOH, MBI BCerna
OymeM MMeTh B BUIY «00JIACTHY B YKA3AHHOM 37€Ch CHEMUATHHOM CMBICIE.

YcTaHoBUM Teneps, 9TO 3aMKHYMOL «0bAacmu> npunadiecam yice gce
ee «<MouKu» CZyujeHus.

Hycrs maner samMkHyTas «06MaCTB» o) U «Touka» M, BHe ee. Jloka-
KeM, 4To Torma M, He OyHeT «TOUYKOi» CIYIUEHHS s o).

3aMkHyTas «obnacTe» &) MONYHAeTCs M3 HEKOTOPOM OTKDHITON «06-
JacThy ¢) MyTeM NPUCOSAUHEHHS K HEH ee «arpamuipd &. OueBHAHO, M,
HE SBJIACTCA <TOYKOW» CrymICHHS [UI1 G); CNENOBATENbHO, M, MOXHO
OKPYXHATh TAKOM OTKDHITOH «chepoity, 4TOGHL B Heit BoBce He conepxka-
J0ck «ToYek» U3 &. Ho Toraa B Hell He MoxeT GBITb W <TOUYEK» M3 &: Belb,
ecin OB Kakas-HuOynb «Touka M’ m3 § B Hee nonana, To B He#l conep-
XKaJach OBl NEJMKOM M HEKOTOPass OKPECTHOCTh «TodukH» M’, W B 3TOM
OKPECTHOCTH HE OBUIO Obl BH OJHON TOUKH M3 &), BOIPEKH ONPEACIICHHIO
¢TOYKM CTYIICHHHA» A MHOXECTBA § KaK <«IpaHHIBD. VITak, B YIOMSHYTOM
«chepe» HET «TOYEK» M3 &), YTO M JAOKASHIBAET HAllle YTBEPK/CHHE.

Boobme <TouedHOE» MHOKECTBO e/, ComepXalllee BCE CBOH <TOUKU»
CryIIECHH, HA3hBAIOT 3a MK HY TH M. Takum obpa3som, 3aMkRyTas «06-
JIACTh» €CTh YACTHBIA CiIydyail 3aMKHYTOTO MHOXECTBA.
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BeeneMm euie pag TepMuHOB. MHOXECTBO «To4YeK» e/ Ha3bIBAETCH
OTPAaHUYCHHBIM, €CIH OHO LEJHKOM COLEPKUTICI B HEKOTOPOM
«IPSMOYFOJIBHOM HapaJUie/Ienuesicy.

«O0acTs> HA3BIBACTCS CBA3HO H, ecmu moOble ee JBE <«TOYKH»
MOXHO COCAUHUTBH <JIOMAHOM», JICKAIICH BCEMU CBOMMM «TOYKAMM» B <06~
Jact». Ha puc. 96 npencras-
JIEHO Ui  WUIIOCTpAalMM  He-
CKOJIBKO CBS3HBIX objacTeil Ha
IJIOCKOCTH.

Orpannyensas W  cBsA3Has
«o0nacTe» B n-MEpHOM «Ipo-
CTPAHCTBE» (OTKPHITask UM 3aM-
KHYTas) €CTh, B HEKOTOPOM CMEI-
CJie, aHaJOr KOHEYHOTO IpOMe-
XKYTKa (COOTBETCTBEHHO, OTKPEI-
TOro WM 3aMKHYTOro). Yura-
T€Ib BHIWT, OJHAKO, HACKOJIBKO
YCIIOXKHSACTCA KapPTHHA IIPU Tiepe-
X0Jie K n-MEPHBIM (fipu n=2) 06-
pasam. IIpocTbIM ¥ 0 THOTHITHBIM
IPOMEXYTKAM, TpaHHUNEHl KOTo-
PBIX CIYXAT BCETO JIMIUbL BE TOYKH, 3[€Chb IPOTHBOIIOCTABIIETCS OIPOM-
HOe MHOrooGpasue «obiacteii» co CIOKHBIME «TPAHHLEAMHMY.

Bce u3noxeHHoe B mOCTEHMX NN° MOXHO PAacCMAaTPHBATEL Kak ycTa-
HOBJICHHC JIMIIIL HEKOETO TCOMETPHUYECKOT O A3 BIK A, C ITHM He
CBA3aHO (UPH 72>3) HHKAKHX PEalibHBIX Te€OMETPHYECKAX HpeACTaB-
Jienuit. OZHAKO HONE3HO MOMYEPKHYTH, YTO HA JEJIe n-MepHoe apudmMeTH-
H€CKOC IIPOCTPAHCTBO SBJIAETCA JIMINb HIEPBBIM IIAFOM K TeéM B BBICILIEii
CTCIICHU IIOKOTBOPHEIM 006 0O M€ HU I M IOHATUS HPOCTPAHCTBA, KO-
TOPBIE JIEXAT B OCHOBE MHOTUX (oJiee BLICOKHX YacTell COBPEMEHHOIO aHa-
Ju3a *).

164. ®ynkuun n nepemenunix. ITycTh mMeeM 1 MEPEMEHHBIX Xy, X, ..
+ -5 Xn, COBMECTHBIC 3HAUYCHUSI KOTOPBIX MOTYT BBIOUPATHLCH TIPOM3BOJIBHO
H3 HEKOTOPOTO MHOXECTBA o/ TOYeK H-MEPHOTO HPOCTPAHCTBA: ITH Mepe-
MCHHBIC HA3BIBAIOTCS HE3aBUCUMBIMH. Omnpenenenue QyHKuuH u
BCE CKa3aHHOE IO IMOBOJY HEro IS Cly4as JIBYX HE3aBHCHMbIX HEpEMeEH-
HBIX [160] HemOCPeCTBEHHO MEPEHOCHTCS ¥ HA PacCMATpUBAEMBLil CIy4ai,
TaK 4TO HET HAHOOHOCTH HA 3TOM OCTAHABIHMBATHC.
Ecir Touky (x;, Xy, ..., X,) 0603HaYMTL yepe3s M, To dyuxumo u=
=f (%1, Xy, . .., X,) OT ITHX NEPEMEHHBIX MHOT/IA HA3BIBAIOT (Y HK I ¥ € i
TOYKH M # 0603HAYAIOT TeM Xe 3HaKoM: u= f(M).

*) Msl moMemany B KaBBIYKAX BCE TEOMETPUYECKHE TEPMHHBI, KOTOpBIE yIOTpe6-
JIATIACE B CMEICTE, OTJIMYHOM OT OGBIMHOIO: ¢TOYKA», $PACCTOSHMEY, «OONACTRY, U T. M.
Bapenp MbI 3T0TO nenaTh yxke He Gymem.
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ITpeanonokuM Telepb, 9T0 B HEKOTOPOM MHOKECTBE § TOYCK m-Mep-
HOTO HPOCTPAHCTBA ([e M HE CBA3AHO C 71) 3a1anbl 7 QYHKUKIA OT m mepe-
MEHHBIX 11, fyy « . s by

xl=q)1(t1’ t2’ A ] tm)’ sy xn::(pn(tls t29 LR ] tm) (5)
WIId, Kopoue,
x1=‘P1(P)s cees xnz‘pn(P)’ (Sa)

roe P o3HauaeT TOUKY (4, fas -- -, Iy) M-MepHOTO NpocTpaHcTBa. [lomy-
CTHM, CBEpPX TOTO, 4TO KOTAa Touka P(t), t,, ..., Ip,) H3MEHACTCS B Ipe-
Ieaax MHOXKECTBZ §, COOTBETCTBYyIOLIas eif n-MepHas Touka M, ¢ Koop-
quaatami (5) [wim (5a)], He BRIXOHUT 3a MpPEENsl H-MEPHOIO MHOXKECTBA
o/, roe onpenenena Gyaxuas u=7f(x,, Xy, ..., X) =f(M).

Tora OepeMEHHYIO % MOXHO PACCMATPHBATh KaK CI O XKHY 0 § Yy H-
KI[HI0 OT HE3ABHCHMBIX MEPEMEHHBIX 1y, 1y, ..., Im (B MHOXECTBE §) —
Tepe3 MOCPEACTBO MHEPEMEHHBIX Xi, ..., Xn!

u=f(‘P1(t1, t2’ L] tm)9 .. -’(pn(t19 t2a ey tm))’

u sBoseTcs GyHXKOUMEeR oT QYHKODHHE @, ...,p,. [Cp. 51.]

CaMBblil IpollecC OMpeAeIeHUs CI0KHON QYHKIUHK M0 QYHKIWSM @y, . . .

..»Pn ¥ Gyukuum f HaseBaeTCs (Kak B HPOCTEHIEM CIy4ae byHknui
OIHO MEepeMEHHOH) — CYyHepHOo3MIHe M.

Knacc QyHKuMil HECKONBKHX HEPEMEHHBIX, C KOTOPBIMH HEHOCPEA-
CTBEHHO NPHXOIUTCS MMETh HEN0 HA NMEPBHIX Iopax, oueHp mepeiuk. Ilo
CYLIECTBY, OH CTPOMTCS C IOMOIIBIO CYNepPHO3ALMH HA JJIEMEHTAPHBIX
dynkousx o awmo il mepemenHoll [48, 50] u ma ciexyroux QYHKIHIX
IBYX IEPEMECHHBIX:

X
z=xty, z=Xxy, z=; H z=XxY,

T. €. Ha YeTHIpeX apudMeTHYecKUX omepanusax M Ha Tak Ha3bIBAEMOM
CTENEHHO-TOKAa3aTeNbHOMH (QYHKIAL.

ApudMeTHIECKMe ONICPALUH, TOBTOPHO IPMMCHCHHBIC, MCXOIA U3 He-
3aBHCHMBIX TIEPEMEHHBIX X;, Xy, . . ., Xp ¥ MOCTOAHHBIX, IPUBOJAT IPEKIC
BCEro K IEIbIM MHOIOWICHAM *):

- :
P(xy, Xy oo s Xp)= 2, PR, 15 < S 4

Vi, Ve, oo P00

(Henas pauMOHANXHHAs QyHKIUA) X K JACTHBIM ABYX TAKUX MHOTO-
YIIEHOB

vy ¥ »
ZC”p Payeeny vnxl’x,' . .xn"
/ By s n
D Cui, ey eny X1 X2 X

Q(xla x2’ .. "xn)=

(npo6Has panMoHanbHas OQyHxuus).

*) MpI 3HaeM, 9TO 3HAK ), O3HAYAE€T CYMMY OJHOTUIHBIX CIaraeMbIX. 3aech Mbl
uMeeM OoJiee CIIOXKHBIA Clydai, KOraa CllaraéMble 3aBHCAT OT HECKOJILKAX 3HAYKOB.

23 I'. M. Quxrenronsu, T. 1
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ITpuBneyenne 37eMeHTapHBIX GyHKIME 0xHOM NEPEMEHHON TIPHBONUT
K TakuM, HampuMep, QyHKIMSM:

In (x+y+2)
S, 3, 2)= _J\c’ﬂ_ﬁ >
@(x, ¥, z, t) =sin xy +sin yz +sin z¢ +sin x,
H Ts I
Te 3ameuanus, koTopele GbUIM caenansl B 46 10 MOBOJZY AHAJIMTHYE-
CKoro 3amamus QYHKUEH ONHOM IEpeMeHHOMN, MOTYT GhiTh IIOBTOPEHBI U
37€Ch.

165. Ilpemen ¢yHKIMH HECKOILKHX NepeMeHHBIX. IIpennonoxum, uro
bysxmms f(x,, ..., x,) onpeneiena B HEKOTOPOM TOYE€YHOM MHOXECTBE
e/, MOIYCKAIOLIEM TOYKY CIYILEHMs M(a,, a,, ..., a,).

AHAJIOTHYHO ONpEeICHAIO TIPeAeNa (YHKIUH OT OIHOMN IIEPEMEHHOH,
TOBOPAT, 4T0 (ymkyus f(xy, ..., x,) umeem npedesom wucio A n pu
CMmpemMAeHUU NEPEMEHHBIX Xy, ...,Xp, COOMGEMICMBEHHO, K
iy -« ., Ay, ecau 044 Kancdozo uucaa >0 Haiidemen makoe wucio 6=0,
umo

Gy -y x) = A <e,
AU MOABKO

[, ~a;| <6, ..., [x,—a,| <é.
Ilpu stom Touka (Xxy, ..., X,) OpeAmONAraeTcs B3sTOM M3 e# M OT-
JMYHOR OT (ay, ..., ay). VITaK, HepaBeHCTBO I (YHKIWH HOJKHO BbI-

HOJTHATBECS BO BCEX TOYKAX MHOXECTBA oA, » JICXKAIIIUX B IOCTATOYHO MaJioi
OKPECTHOCTH

(@,~90, a,+6; ...; a,—8, a,+96)

TOYKH M,, HO MCKIIIOYast CaMy 3Ty TOUKY (€C/IA OHA TPHHAIJIECKHT o).
O6o03HauaroT mpenen GyHKIOUH Tak:

A= lim f(x,, ..., x,). ()
Xy~>dy
Xn—>Qp
B reoMerpuuecKkux TepMHUHAX, BBOZS LIS TOYEK s X)) HE (g, -
-+ @) obo3maveHns M u M,, MoxHO GBUIO GBI nepedpasupoBaTh IpH-
BCICHHOE ONIPEHCIICHUE TAK: Yucao A naszvieaemcs npedesom Gynkyuu f(M)

npu cmpemaenuu mouku Mk My (um — ¢ mouxe M),
ecau 048 kaxucdozo uucaa £>0 cywecmeyem maroe uwucao r=>0, umo
lf(M)—Al <,

Audb moavko paccmosnue MM <r.
Kak u BbIme, Touka M mpenmonaraercs B3STOM M3 e#, HO OTIHYHOM
oT M,. Taxum 06pa3soM, HEPABEHCTBO IS (GYHKIMH JOJDKHO BBITOTHATHCH
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BO BCEX TOYKAX MHOXECTBA o/, Jexanmx B JOCTATOYHO Majoil ¢ d e-
PUYECKOH OKPECTHOCTH TOYKH M,, 32 HCKIIIOUCHHEM CaMoM 3Toit
TOYKH.
O6031aveHne npenena GyHKIHUA TAKKE MOXKHO IIPUCIIOCOOUTH K 3TOMY
OHpeAeIIeHUIO:
A= lim f(M). (6*)

M--M,

3 3amevanust n° 161 06 OKPECTHOCTIX Pa3HbIX THIIOB HETIOCPEACTBEHHO
SICHA TOXKIECTBEHHOCTh OOOMX IPHBENEHHBIX OIpEieICHUN.

AHaNOTHYHO YCTAHABNUBAETCA MOHITHEC 0 OeckoneYHOM mpexnene (ynx-
. B ciygae A=+ « WIH — -, HEPABEHCTBO

Gy, ooy xn)—A] <e
JIMIIb 3aMEHSETCs, COOTBETCTBEHHO, HEPABEHCTBOM BHIA

f(xls . -9xrl)>E

f(xl’ . --axn)< -E,

rae E ecTh IpoOM3BOJIBHOE HANEpPe B3SATOE IOJOXUTCIBHOE YHCIIO.

VIoMsHEM B 3aKJIIOYEHMe O CIydyae, KOTrga HEKOTOphle U3 H €3 a B H-
CHMBIX MEPEMEHHBIX Xi, ..., X, CTPEMATCA K OECKOHCHHLIM IIpe-
ZeJIaM.

Moxuo OBLIO OBI PacHpOCTPaHUTh IOHATHE TOYKHU CrYUIEHMU A
M(a,, ..., a,) obnacti e# ¥ HA TOT CIy4Yaii, koraa Bce KOOPAUHATHL 3TOH
TOUKM (MJIM HEKOTOPHIE H3 HUX) OCCKOHEYHBI ¥).

Hanpumep, mouka (+«, ..., + =) asiaemca 049 eH mouxoil czywe-
HUA, ecau 8 Mol obaacmu HAUOYMCA MOUKU CO CKOAb Y200HO 60AbuUMU
(noaoxcumeasnblmu) KoopouHamamu.

B 3TOM UpeosIoXeHHH, TOBOPAT, YTO gyrryus f(x, ..., X,) umeem
npedesom uucao A npu cmpemAaeHUU 6CEX NEPEMEHHBIX Xy, Xg, - . .y Xy K 4 o,
ecau 044 Kascdozo uucaa £>0 cyyecmeyem maroe uucio A=0, umo

[fxys Xgs - o5 Xp) —A| <6,

501078

AUWL MOABKO
x=4, X,=4, ..., x,>4.
B o0o3navenusax:
A= lim f(x, ..., Xy).

X+

B "acTHOCTH, BO3BPAINAICH K IEPEMEHHOM Xy 1, O KOTOPOH ObLIa pevb
B Komne n° 160, roBopsAT, YTO 3Ma HepeMeHHAs hpu 6e32panuyom

*) B 9TOM CiIy4ae TO4Ka M Ha3bIBaeTcss HECOOCTBEHH O M.
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go3pacmanuy 06ouxX HOMEpo8 m u n umeem npedeaom A, ecau 044 Kadxc-
0020 ¢>0 Haiidemcsa maxoii nomep N, umo

|Xm n—A|<¢ mpu m=>N, n>N.
3amuChIBAIOT 3TO TaK:
A= lim x,, , um npocro A=lm Xm,ne
m-+ oo

n-+-4oo

Jlerko MOHATBH, Kak TPAKTYeTCs CiIy4ai, Korja A= + = WIH — .

166. Csenénme x ciy4ar0 BapuaHTl. PaccMOTPEM B n-MepHOM Ipo-
CTPAHCTBE HMOCJIE€HAOBATEINBHOCTH TOUCK

{M(xo, .. x®)) (k=1,2,...).

Mp1 6yseM roBOpUTB, YTO 3Ta MOCHENOBATEILHOCTb CXOIUTCH K M P e-
nHenbHOH Touke Myay, ...,a,), eciu, upa k-~ + «, paccrosHue

MM, 0. ™

Bmecro 3Toro MoxHo GOpulo OBl MOTpeOOBaTh, 9TOOB! KOOPAMHATEL
TOYKH M) MOPO3HB CTPEMHINCh K COOTBETCTBYIOL{MM KOODAMHATAM
TOYKH M,, T. €. 9T00BI GBLIO

X0 sa, .., x0a,. 8)

PaBHOCHIBHOCTE 000HMX ompenesicHMid, COGCTBEHHO, BHITEKAET M3 JIO-
Ka3apHOro B 161 yTBepKZcHUA 00 OKPECTHOCTSX HOBYX THIOB. JleicTBu-
TEJBHO, ycioBue (7) 03HaYaeT, YTo, KaKoBo OBl HH OBLIO YMCIO r >0, Touka
M, npu moctarouHo 6ONBUIOM k YHOBICTBOPSET HEPABEHCTBY

MoMk<r,

T. €. momanaer B (OTKpHITYIO) cdepy pamuyca r ¢ HEHTPOM B Touke M,;
TpeboBamne xe (8) MMeeT TOT CMBICH, 4TO, KaKOoBO GbI HE OBLIO THCIIO
0 >0, Ha3BaHBAsA TOYKA — CHOBA IPH JOCTATOYHO GONBIIOM k — yHOBIIE-
TBOPAET HEPABEHCTBAM

[x{)~ay| <6, ..., |xP ~a,| <6,
T. €. COOEPXKHUTCA B (OTKPHITOM) MapaSiIc/ICIUIEE
(@,-9, a;+6; ..., ap—~90, a,+9)

C NEHTPOM B TOH XK€ TOUKE.

ITycre Temepe Touka Ma,, ..., a,) ABISETCSI TOYKOH CTrylIe-
HH S HEKOTOPOrO MHOXECTBA e/ B H-MEPHOM npocrpancrse. Torma ms
e# BCerma MOXHO M3BJIEYb TAaKyIO IIOCHe0BATENbHOCTD OTIHYHBIX OT M,
Touek: {M,}, koTopas cxommmach Obl k M,, Kak X npexeIbHOI
TO4YKe.
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Hast nokasaTenbCTBa 3aJafIMCs TOJIOKUTENbHON BapHaunToi ry—0.
To onpepenenuro Touky crymenus [162], B Kaxmoii cheprUEeCK 0 i
OKDECTHOCTU TOUKM M, paiuyca ry, saiinercs (OTiau4Has oT M,) Touka
M. muoxectBa o/ . TlocnenosatenbrocTs {M,}, oveBuano, u GymeT wc-
KOMO#.

Temepb MOXHO CHOPMYJIMPOBATL Takoe ycioeue, Heobxodumoe u do-
cmamounoe 048 cyuecmeosanust npedeawnozo pasencméa (6) [uau (6%)]:
ecau useaeuv uz e# nocaedosamensrocms {M,} omauunvix om M, mouex,
cxodmyyioca k¥ M,, mo uuciosas nocaedoeamesHocmo {f(M})}, cocmos-
Waa u3 coomeemcmeyiowux 3uauenuli @gymxyuu, éce2da cxooumca Kk A.

Heob6xomumocTs. Ilyers mMeeT Mecto (6*), M MO 3alaHHOMY
£>0 HaHOEHO COOTBETCTBYIOIEE eMy r>0, B COrJaCHM C ONpEAEICHHEM
apensrayero n°. Ecim nocnenosarenprocTh TOuek {M;} cxomures k M,
TO — IJI jocTatoyHo Oompmux k — Gyner

MOMk< r,
a 3To Bie4eT 3a coboil HepaBEHCTBO
[f(My)~ A <e,

KOTOpOE M MOKa3biBaeT, 4To f(M;)—A.

HoctatouyHocTs. Ilpeanonoxknum Tenepb, 9TO BHITONHAECTCS BHI-
CKasaHHoe Bbllle ycioBMe. [ Toro 4robGBl HOKa3aTh HANMYKE PABEH-
crBa (6*) B COOTBETCTBHU C ONpENENEHHEM IIPEABLIAYIIEro N°, TOIMYCTHM
IIPOTUBHOC TOMY, YTO COHEPXKHUTCA B 3TOM oIpenciieHud. Torma mid M e-
KOTOoporo uucna e>0 yxe He CyIIECTBYeT COOTBETCTBYIOWIETO 7, T. €.,
KaKoe 6bl umcio r>0 HU B34Th, Beraa B o# Haiinercsl Takas (OTAHYHAS
OoT M) Touka M’', 4TO OJHOBPEMEHHO ‘

MM <r, wo |f(M')-A|=e.

B3sis nonoxutenpHyro Bapuanty ry ~0, CTageM 3a r I0OYEpeHO 6paTh
YNCIA ry; OIS KaXIOTO 7, HAHOETCs, 0 CKa3aHHOMY, cBOA (OTIM4HAS OT
M,) Touxa M, nns xoTopoit

MOMk<rk, HO ’f(Mk)“Alaé‘.

Hocrpoennas takum 06pa3oM IOCIEAOBATENBHOCTE ToUeK {M;} cxoautcs
K My, 1 B TO 3Ke BPeMs YHCIIOBas HOCJIEX0BATENbHOCTD {f(M))} e MoxeT
MMETh NpenesoM A, BONPEKH YCIOBHIO. DTO MPOTHBOPEYME M AOKA3BI-
BACT HAllle YTBEePXKIECHUE,

HuraTemnro ACHO, 9TO BBICKA3aHHOE YCJIOBYUE NaeT APYIYI0 GopMy
(Ha «I3bIKe IMOCNENOBATEILHOCTEMY) OIPENENCHAS Npeaeia (GyHKIUM.

Taxum obpasom, U st QYHKUMHM HECKOJHKMX NEPEMEHHBIX YIAeTCs
BOIIPOC O mpeziesne GYHKIMM CBECTH K BONPOCY O Ipefelie BAPHAHTHI [Cp.
53]. DTOT pe3ympTAT JErko pacmpoCTPAHMTh M HA Ciy4ail, KOra 4ncia
4, ay, ..., a,, WIA HEKOTOpbIE U3 HUX, OECKOHCYHBL.
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Vka3aHHoe 0BCTOATENBCTBO HO3BOMAET PACIPOCTPAHMTD HA HOBBLA THII
npenesa BCe OCHOBHBIE IOHATHS M OPEJIOKEHUs pa3BUTOM B rnase I Teo-
pHE IpeJeoB — HamomobHe Toro, Kak 3To OBUIO chesiano B 55 mus mpe-
nena GYHKIMH OT OIHOM He3aBHCHMOM HEepPEMEHHOM.

167. Ilpumepor. 1) ITomb3ysck TeopeMolt O mpejene NpOM3BEICHHS,
NpeXHE BCEro, JIETKO IMOKa3aTh, 4YTO

lim Cxy ... xr=Ca} ... &,
X —~a,
Xn—~>dp
rae C, a;, ...,a, — moOOBIE BELIECTBCHHBIE, & V|, ..., ¥, — HEOTPHLA-

TeJabHBIE Leible yucna. Otcroma, ecau gepes P(xy, ..., X,) 0003HAYUTH
LEeNYyX PalHOHAaAbHYK oGyakuuoo [163]:

P(x17 R xn)= 2 Cp,,,,,,,.,‘xi‘ e x;’,",

Y1, enes ¥

N0 TEOPEME O CyMME, IIOJIy44eTCA TAKXKE

Clim P(xy, ..., x)=Pla, ..., a,).

Xy
Xn—+Qn

Anajiornyso i1 Apo6GHOM panuonanbuo# dynkmun [163]

v, [
ZC»I, T Xn"

’ oy Hn ?
2C, ..., ow%1" e X

O(xy, ooy Xp) =

10 TEOpeMe O Hpesesie YaCTHOro,
lim O(xy, ..., x)=Qay, ..., a),
Ay --a;
Xu=+dpn
KOHEYHO, JIMIIb OPY YCIOBUM, YTO 3HAMCHATEJb B Touke (&), ..., a,) B 0
HE obpaimaeTcs.
2) PaccMOTpUM CTENCHHO-HOKA3aTeNbHy0 (yHKIuI0 x¥ npH x>0 u

npousBonbHOM y. Toraa, ecnu a>0 u b — no6Goe BeLIECTBEHHOE YHCIO,
OymeM uMeTH
lim x¥=ab,

X—>a
y=b

HelcTBuTeIbHO, €CTU B3ATh JIFOOBIC BAPUAHTHI X, ~a U Y, b, To [cp. 78]
x’J_l’.=eyn-lnx,._,eb-lna ___ab,

4 3TO — Ha «A3BIKE MOCIEN0BATEIBHOCTEH» ~ H YCTAHABJIMBAET TPEeOyeMBI
Ppe3ynbTar.
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3) IlycTte o BapuaHTax X, M Y, H3BECTHO, UTO OHH UMEIOT MNPEAes,
COOTBETCTBEHHO, @ H b, M CTaBUTCA BONPOC O Npeaele COCTaBACHHOrO
#13 HHX BRIPaXEHHUA '

X $7
+y, X,V y—: wim X,

Ilna cayyas Tak HashIBAEMHIX HeoNpeNeNEHHBIX BHIPAXEHAH, YCAOBHO
XapPaKTEPU3YEMBIX CHMBOJAMH:
0
0’ ®’
Kak Mbl 3HaeM [31, 78], npesen MOXeT BOBCE HE CYUIECTBOBATb, a €C/H
‘CymecTByeT, TO MOXET —TIpM TEX e @ W b — WMeThb Pa3juuHble 3Ha-
‘yeHns, B 3aBUCHMOCTH OT YaCTHOIO 33aKOHA W3MEHEHWs BAPHAHT X, U J,.
Ecan BCHOMHHTbL ONpenencHue npeneia (QyHKIHA ABYX He3aBuCH-
MBIX NEPEMEHHMX HAa «fA3bIKE IOC/JEA0BATENLHOCTEH», TO CTAHET SCHO,
YTO YTMOMSHYTHE THNB <HEONMpeAeASHHOCTEH» CBfA3aHel C (aKToM H e-
‘CYWEeCTBOBAHUA CAEAYIOUHX NPEAENOB:

’ 0 0
00— o0, 000, 1o, 0% oof,

. . . X . X
lim (x—y), lim x.y lim = lim =,
x4 0o x—-0 x—0 x—4oo y
Y400 y—»too y—0 v —>too
lim x¥, lim xY, lim x’.
x> 1 x>0 X —> o0
y—>F*oo y-0 y—0

4) Tlocrasum BOmpoC O npejaeae:

Xy
lim .
x—0 X2 +yi
y—0

(q)yHKuHﬂ 31eChb onpexenacHa Ha BCe!l MIOCKOCTH 33 HUCKIIOYEHHEM HUMEHHO TOUYKH
=0, y= 0 )
Ecan B3sth IBe YHaCTHYHBIE IOCAEXOBATEAbLHOCTU TOUEK

1 1 f2 0 1\
{Mk<—,;, 'E>} H {Mk(fy 7;)},
oueBHJHO, cxonamuecs K Toyke (0, 0), To okaxmercs, 4To NMpPH BCex R
1 1 1. ’ 2 1\ .2
ry=r(5, §)=75 » rom=r(%, §)=%.
Orcioga yxXe CrefyeT, YTO YHOMAHYTOro npepeia He CYUleCTBYeET.
[pennaraeTca aHaAOrUYHO y6enmbca B TOM, 4TO He CymlecTByeT npejeia
_y3
lim

0 X YR
y—0

5) Hao6opoT, cymecTyer npenex
X3y
lim ————=0.
x—0 xR -+ y*
y—0
370 Cpasy BHITEKAeT M3 HEPABEHCTBA
X%y
Ees +y“] z1x
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To4HO Tak Xe MOKA3BIBAETCA, YTO H
X34y
lim =0

x-+0 X2+ 32
y=0

168. Ilosropnbie mpemenbt. KpoMe pacCMOTPEHHOro Bbilue npexpena
bynxoum f(x,, X, ..., X,) IPA OXIHOBPEMEHHOM CTPEMIICHHH BCEX
apryMeHTOB K HX IpeZesaM, OPEXOIUTCS HMETh JIeJIO U ¢ IpeiesiaMHu JIpy-
TOro poAa, HoJy9aeMBLIMH B PE3YJIbTATE PAJA MO CIEAOBATE I b H B X
OPEACIEHBIX NMEPEXONOB O KaXIOMy apryMEHTY B OTAEHBHOCTH, B TOM
W WHOM mopsinke. IlepBbii mpemen Ha3hBAaeTCS n-KPATHBIM (WIH
ABOHHBIM, TPOUHEIM UT. I. — npun=2,3,...), a Nocieaauil —
MOBTOPHEM.

OrpanuypMes Ul TPOCTOTHI CIyYaeM (QyHKIMM JBYX HePEMEHHBIX
f(x,y). NomycTM K TOMy e, 4TO OGNACTh e/ M3MEHCHHS IIePEMEHHBIX
X, Y TaKkoBa, 9T0 X (H€3aBHCHMO OT J) MOXET IPUAMMATH 06oe
3HAYCHUE B HEKOTOPOM MHOXeCTBE X, It KOTOPOIO @ CIYXHT TOYKOM
CIYIICHHs, HO €My HE IPHHAUICXKHUT, ¥ AHAJIOTHYHO ¥ (HE€3aBHCHM O
OT X) H3MEHAETC B MHOXECTBE ¢Y C He IpUHAANexaIell eMy TouKoif cry-
werns b. Takyro 061acTh e/ MOXHO GBUIO GBI CHMBOJTHYECKH 0603HAYNTS,
kak X' X<9. Hanpumep,

(a,a+H; b, b+ K)=(a, a+ H)x (b, b +K).

Eciu mpu nmoboM QHKCHPOBAHHOM y U3 Y CyIIECTBYeT s
dynxmmm f(x, ) (xoTopas oxassiBaeTca (yHKUMei JMIIB OT X) npenes
IpH X--a, TO 3TOT IpeJieli, Boobme rosops, GyeT 3aBuCeTh OT HaIlepen
¢$HUKCHpOBaHHOTO y:

lim f(x, y) =g(»).
x—a
3aTeM MOXHO NOCTAaBUTH BONIPOC O Mpefiee (yHKIHH ¢(y) upn y-b
lim p(y) =lim lim f(x, y)
y=b y=b x—-a
— 3T0 ¥ OyAeT ONMH H3 NBYX IOBTODHBIX MpenesioB. JIpyrol MmoIyduTCs,
€CJI HPENENIbHBIE NEPEXOABl MPOM3BECTH B 0GpaTHOM mHopsKe:
lim lim f(x, y).

x+a y-+b
He cnemyer mymath, 4TO NOBTODHBIE LpeAensl 3TH HeOGXOAAMO pasubpl. Ecnm,
Hanpumep, B ob1acta o4 0, +0; 0, + =) HOTOKUTH

X—y+xt+y3

1) fCe, »)= prees

¥ B3iTh a= b= 0, TO mojyyum:
e =Im f(x, Y)=y-1, lime()=lim lim f(x, )= -1,
x>0 y~0 $0 x>0
B TO BpeMs Kax

p(x)=lim f(x, »)=x+1, limyp(x)=lim lim f(x, p)=1,
y-0 x=0 x=+0 y-0
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MOXeT CIYYWTECS TAKKE, YTO OQMH M3 NOBTOPHBIX IPENENOB CyILECTBYET, a ApYy-
roii — mer. Tax Oyper, Haupumep, Ang GyEKUMALL:

1
xsin—-+y ;
x
2) fx, Y)=—————— wmwmm  3) f(x, y)=x-sin—;
x+y y

B 000uUX Crly9asx 34eCh CyLIECTBYET MOBTOPHEINA npeaen lim lim f, HO HET NOBTOpHOro
s y=>0 x~0 .

npenena lim limf (a B nocnenHeM mpumepe — HeT Jaxe IpocToro mpedena lim f).
x—+0 y->0 y=-0

OTH IPOCTHIE NPUMEPHI TOKA3BIBAIOT, HACKOJILKO OCTOPOXKHBIM HYKHO
OBITHTIPDH TEPECTAHOBKE IBYX NPEAEAbHBX NEPEXO/JL0B
IO PAa3HBIM HEPEMEHHBIM HE Pa3 OlIAOOYHbIE YMO3AKIIOUEHHS
IIPOMCTEKAJIM HMEHHO OT TaKoH HEe3aKOHHOM MEepeCTaHOBKU. B To ke Bpems
MHOTHC BaXKHBIC BONPOCH 4HANIM3A CBS3aHBl MIMCHHO C IIEPECTAHOBKOM
TPEENIbHBIX MEPEX0L0B, HO, PAa3yMeEeTCs, BCAKHH Pa3 JO3BOJMTENLHOCTD
TIEPECTAHOBKU JOJIKHA OBITH 0c060 00oCHOBaHA.

Omua u3 nyreil K TakoMy 0GOCHOBAHKIO OTKDBIBAET CIEAYIOLIAs TEO-
peMa, KoTopas B TO XK€ BPEeMs YCTAHABIHMBAET CBA3b MEXIY ABONHLEIMH
U HOBTOPHBIMH IIpEHEIAMH:

Teopema. Ecau 1) cywecmeyem (koneunvlii uau nem) 06 0iinoii npe-
dea

A =lim f(x, y)

X-—Q
y=b

u 2) npu mobos y uz Y cywecmeyem (koweumwviil) npocmoii npedea
no x
(p(y) = hmf(xs )’),
X+

mo cyujecmeyem HO8MOPHULIE npedea
lim ¢(y)=lim lim f(x, y)
y—=b y=b x-a

U pagen 06O0HUHOMY.
HoxaxeM 3To 1uisi ciydas KoHednsix A, a u b. Corjacho ompenee-
muro n° 163, mo 3amamHoMy &>0 maiimercs Taxoe 6=0, uTo

1f(x, )~ 4] =<¢, €)

JMb TONLKO |X—a] <0 u |y—b| <06 (npmuem x 6eperca usz 4, a y u3
Y). PuUKCHpYeM Tenepb y TaK, HTOGI BLUIOIHAIOCh HEPABEHCTBO |y —b| <
<0, u mepeiizeM B (9) x npemeiy, ycTpeMuB x K a. Tak Kak, BBUIY 2),
f(x, y) mpa 3TOM CTpemutcs K mpezeiy ¢(y), To IOdyuuM

lp(y) - 4| <e.
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Bcoommnast, 4To y 31ech €CTh Jr000€ HCIo U3 9, HOAYUHEHHOE JIAILb
YCIOBHIO |y —b| <0, IPHXOIMM K 3aKITIOYEHHIO, YTO

A= llm p(y)=1lim lim f(x, y),

»é x-a
9. # Tp. M.
Ecnn, mapany ¢ ycnosuwsamu 1) m 2), mpu oboM x 3 & cymecTByeT
(Konemm) IpoCcTOM mpenmen mo y

p(x)=lim f(x, y),
y=>b

TO, KaK CJIEXYET M3 yXKe HOKa3aHHOTO, €CIIH X K Y OOMEHATHh POJIAMH, —
CYLIECTBYET TAaKX€ H BTOPOH HMOBTODPHBIH Ipenen

llmzp(x) lim lim f(x, y)
X->a y-—»

H paBeH TOMy X¢ wiciIy A: B 3ToM ciny4dae 00a HOBTOPHE X
Opexejya paBHEL

W3 moxasanHoi TeopeMbl cpasy fCHO, YTO B IpuMepax 1) m 2) mBoii-
HOH mpenes He cymectByeT (mouemy 7). B sToM Jerko yGenuThecs M He-
HOCPEICTBEHHO.

B npmvepe 3), Ha000pOT, OBOUHON IpeJiesl CYIECTBYET: M3 HEPABEH-
CTBa

.1
Ix-sm—lslx[
y

ycMaTpuBaeM, 4To oH paBeH 0. DTOT IpuMep HMOKA3BIBAET, YTO YCIOBHE
1) TeopeMBl He BieueT 3a coGoit ycmoBus 2).

He crienyer mymaTh, ooHAKO, 9TO CYHIECTBOBAHHME NBOMHOIO Ipejeia
HeoO0X0oOQuMO IUIs PaBEHCTBA NOBTOPHBIX: B NpuMepe 4) Npeaniay-
mero n° o6a MOBTOPHBIX Ipefeia CYIIECTBYIOT U paBHBl 0, XOTA OBOM-
HOTO Hpe/ieiia HeT.

§ 2. HenpepoiBabie dyHKmun

169. HenpepriBHOCTE ¥ pPa3phHIBGI (GYHKIHH HECKOJIBKHX NEPeMEHHBIX.
IMycte dynxmus f(x,, ..., X,) OUpeIeeHa B HEKOTOPOM MHOXeCTBE o/
TOYEK N-MEPHOTO IPOCTpaHcTBa, U M'(x[, ..., X;) €CThb TOYKA CTYLICHHS
9TOr0 MHOXECTBA, MPUHANNEeXal(ass CAMOMY MHOXECTBY.

Fosopsar, uro dymkyua f(x,,...,X,) Henpepviena ¢ mouke
M'(x{, ..., x), ecau umeem mecmo paeeucmeo

lim,f(xl, e X)) =X, - ey Xn); )

X17>X1

’
Xn—>Xn

8 npomugrom nce cayyae — @PyHKyus mepnum pazpuvie 6 mouke M'.
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Ha «i3bike e-0» HEIPEePLIBHOCTh (YHKUMM B TOYKe M’ BBIPA3UTCsS TaK
[165): no arobomy 3adannomy € >0 Qoaxncno Haiimuce maxoe & =0, umo

[f(xys o X)) =S (x1, ..o, X)) <6, 2

AULLL MOALKO
X, —x1| <6, ..., [x,— x| <0; 3)

Wi uHave: no €=0 doaxcno Hadmucy makoe r>0, 4mo

(M)~ f(M")| <e,

AUWbL MOALKO paccmosinue
MM <vr.

TIpu sTom Touka M(x,, ..., X,) OpeAmoaraeTcs NpUHALIEKAIICH MHO-
KeCTBY o/, B YACTHOCTH K€, MOXET COBMACTh M C Toukod M’. VIMenno
BBUIY TOIO, YTO mperes GYHKUUU B Touke M’ paBeH 3uaueHuIo GyHKIHH
B 3TOHM TO4Ke, 00bIMHOE TpeboBariue, 4ToOBI M ObUIa oTivyHa oT M', 31€ech
CTAHOBUTCS HEHYXHBIM.

PaccMaTpuBast PasHOCTH X;—Xi, ..., X,~X; K&K I PpHPAI(CHHU A
Axy, ..., Ax;, HE3aBHCHMBIX HEPEMEHHBIX, 2 Pa3HOCTH

SO, LX)~ f (1, ., X

~ Kak IpuUpaumeHUe (YHKOUH, MOXHO CKa3aTh (kak B ciyuae QpyHK-
ouil OHON NEepeMEeHHOI), YTO (PyHKYUA HenpepuviéHa, ecau becKo-
HEYHO MAALIM NPUPALYEHUAM HE3AGUCUMBIX NepemMeHHBIX omeéeuaem 6GecKo-
HEeuHo manoe dice npupawenue GyHKyuu.

Onpenenernas BBIIE HEMPEPLIBHOCTL (QYHKIMKM B Touke M’ ecTh, Tak
CKa3aTh, HENPEPHIBHOCTh II0 BCEM COBOKYHDHOCTH IepPEMeEH-

HBLX Xp,...,X5. Ecnu ona uMeer MECTO, TO OAHOBPEMEHHO M
. ’ ’ ’ ’ ’
lim .f(xl’ Xgy « e e xn):f(xl’ Xoy o v ey xn)a
xl"X;
. ’ ’ 4 ’ ’ ’

lim f(x;, Xo, X3, - .., Xp) =f(X1, X5, X3, . . ., Xp),

xl"x:
7

Xg~+Xg

U T. H., 100 37eCh MBI OCYLICCTBJISEM JIMIIL YaCTHEH € 3aKOHBI HpH-
Oommkenust M x M'. VupiMu cI0BaMH, GYHKIMS OKa3bIBAECTCS HENPEPHIB-
HO! B OTHEJIBHOCTH MO KaX O MepeMeHHOH Xx;, TOoO KaXAOH
nmape MEePEMEHHBIX X, Xj, U T. I

C npuMepaMi HenpepsBHBIX (YHKIHH MBI yX€ CTAJIKHBAIMCH. Tak,
B 166, 1) OblIa YCTAHOBJIEHA HENpPEPHIBHOCTh LeJod U ApoOHOMH
pPanUoOHAIbHON (QYHKHUHA OT # apryMEHTOB BO BCEX TOYKaX H-MEp-
HOTo mpocTpanctBa (st apoOmoit QyHKIMM — 32 HMCKIIOYCHMEM TeX
TOYEK, KOTOpble obpammaior ee 3namenatens B 0). Tam xe, B 2), Obula
IOKa3aHa HENPEPHIBHOCT CTEMEHHO-MOKa3aTeNbHOH Gynk-
IHU XY JJIA BCEX TOYEK IpaBoii moiymiockocTH (x=0).
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Ecnu BHOBb PacCMOTPETH (DYHKIIUIO
xy

fGx, y)=xz+y2

(ana x%+y2=>0),

OnpeneIIeHHyI0 5Toi HOpMyJIOl BO BCell INIOCKOCTH, KPOME HAYaldLHOR TOYKH, M NOJIO-
*uTh JonosHuTeeHo: (0, 0) =0, To nonywam npuMep pa3p e Ba. OB UMEET MECTO
HMEHHO B HAaYa/jbHOK TOuke, TaK Kak [167, 4)] npm x 0, y—~0 ans dyuxuuu npenena
HE CYIIECTBYET.

3nech MBI CTAalIKHBAEMCS C TaKMM HHTEPECHBIM OOCTOATENbCTBOM. PaccMoTpeHHas
bynkums f(x, ), XoTs ¥ He sAB/AETCS HEmpepsBHOK B Touke (0, 0) o obenM mepeMer-
HbIM 3apa3, TeM He MeHee OyZeT HempepHIBHA B 3TOM TOYKE KaK HO X, TAK ¥ IO
Y B OTOENBHOCTH; 3TO CIeAyeT u3 Toro, 9ro f(x, 0)=f(0, »)=0. Buopouem,
CKa3aHHOE NepecTaeT ObiTh YAMBHTENBHBIM, €CIM COOGpasuTh, YTO, TOBOPS O HEIpe-
PHIBHOCTH IO X ¥ IO y B OTACIBHOCTH, Mbl YYMTBHIBAEM IMIIL OPUOMIKEHHE K TOYKE
(0, 0) BOONE NO OCH X WNHM WO OCH y, OCTABIASA B CTOPOHE OGECUHCIICHHOE MHOXECTBO
JPYTUX 3aKOHOB NPHOIIMKEHHAS.

Ecin nns dyrxmu f(M) npu crpemineHuy M x M’ B0BCe HE CYIECTBYET
ONpPERENICHHOr0 KOHEYHOro mpeaesia

lim f(M),
MM

TO TOBODAT, 4TO B TouKke M’ dyHKUMS HMeeT pasphiB, JAaXe B TOM Clyyae, KOTa B caMoii
Touke M’ QyHKuMa He ompeneyieHa [cp. 3aMevanue B 66].

Touxm pa3peisa QyHKIMHM MOTYT OBITL HE TONBKO M30NBPOBAHHBIMH, KaK B OPEHbI-
JylIeM NprMepe, HO H 3aNOJHATHL COOOIO JIMHHHM, MOBEPXHOCTH M T. M. Tak, ¢yHxoum
IBYX IEPEMEHHBIX

X%+ y2 1
xt-y2’  x2yyr-i

MMEIOT Pa3pbiBbl: IEpBas — BAONb OPAMEIX y= tX, @ BTOpas — BAOIbL OKPYXHOCTH
x2+4y%=1. JTna yBsKumit TpeX mepeMeHHBIX

X+y+z 1
xp-z  x4yrez?

Pa3peiBbl 3a00NHAIOT B HEPBOM Cllydae THNEpOOMIeckuii napaGoiiouf z=Xxy, a BO
BTOPOM ~ KOHYC z2=x2+ )2,

170. Onepamun nan HenpepbiBHBIMM (ynxmmsvu. Jlerko chopmysiu-
poBaTh M JI0Ka3aTb TEOPEMY O HENPEPHIBHOCTA CYMMEL, Pa3sHOCTH, IpO-
M3BENCHNS, YaCTHOI'O ABYX HenpephiBHBIX (yHkmmid [cp. 67]; mpemocras-
JIIEM 3TO YUTATENIO.

MbI OCTaHOBMMCS JIMIIbL HA TEOpPEMe O CYNepH o3 MI(MHY Hempe-
peiBHBIX Qynknmit. Kak 1 B n° 164, MbI npemiosioxkuM, 9To kpoMe (GyHK-

i u=f(x;, ..., X,), 3aNaHHOM B MHOXeCTBE o# n-MEPHBIX TOUEK
M(x,, ..., X,), HaM Iadbl ewe n QyHKUM

X =@ty o )y oo Xn=@u(ty, ..., ) ©)
B HEKOTOPOM MHOXECTBE § m-MEpHBIX Touek P(t,, ..., t,,), IpHIEM TOUKa

M ¢ xoopmunatamu (4) He BBHIXOAHT 32 HpeeJibl YOOMSHYTOIO MHOXE-
crBa /.
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Teopema. Ecau gynxkyuu oP) (i=1, ..., n) ece nenpepvignvi 8 mouxe
P'(ty, ..., t)us §, a Pynxyus f(M) nenpepvienae coomeemcmaey ro-
wei mouke M'(xy, ..., x}) ¢ koopounamamu

Xi=@(t1, -ty e X =ty .., 2,
Mo U CAONCHAS PYHKYUA

u=f(pi(tes s tmds o Pty o ) =P, - ., Pul(P))

6yodem Henpepviena 6 mouke P’.
HedcTBuTenbHO, CHavanma 1o &>0 ompemenutcs uucnao 0=0, Taxoe,
yro u3 (3) cnemyer (2) (sBHAY HempepbiBHOCTH GyHkumm f). 3aTeM Io

ucnry 6 (BBHAY HENpEpHIBHOCTH GYHKIHHA @y, ...,@,) HANIETCH YHCIO
7n>0 Takoe, 4TO HEPaBEHCTBA
=t =n, ..y [tm=t7] <n (%)
BJIEKYT 32 co0oil HepaBeHCTBa
[x,~x1| = oty -t —(th, -t <6, ..,
[Xn=Xn| = |@nlty, - t) —@a(ty, . .., )] <6.

Ho Ttoraa, mpu naimuyuu (5), OymeT Takxe
[FGrs oes X0) =S Gt ooy )| =
= lf((pl(tl’ MR tm), .. -,(pn(tp LR ] tm)) -

A 2GR o8 NN (A )| <e,
YTO M AO0KA3bIBACT HAILES YTBCPXICHHUC,

171. ®yuxuuu, Hempeprisabie B o6aactu. Teopemnr Boasuawo—Komm.
Mst GyneM roBOpHTE, 4TO @yHKYuUR f(X, ..., X,) HENpepvisHa & HeKkomo-
POM mHOXMCECmBe o mOoueK n-MepHO20 NPOCMPAHCMEa, ecau oA HenpepvieHa
8 KaxcOoil mouKe 3moz0 MHOMCECMEa, KOMOPAs AGAAEMCA OAA He20 Moy-
Koil czywenus. BOpeab, Kak MpPaBUIIO, MBI OrPAHUYMMCS CIYYaeM, KOTIa
MHOXECTBO e/ NpEACTaBiseT CO6OH OTKPHITYIO WK 3aMKHYTYI0 O O-
nacTh [163], namomobue Toro, kKak HeMPEPLIBHEIE (PYHKIMH OXHON nepe-
MCHHOM MBI PacCMATPHBAIH B HPOMEXKYTKeE.

ObGpamaeMcs Temepb K H3YYCHUIO CBOMCTB (DYHKIHE HECKOJIBKHX nepe-
MCHHBIX, HEOPEPHIBHOM B HEKOTOPOM 06JIACTH n-MEPHOrO HPOCTPAHCTBA.
OHH BIOJIHE AHANOTHYHBI CBOMCTBAM (YHKIMM OFHOM IIepeMEHHOMH, He-
IpepeBHOM B mpoMexyrtke (ri. II, § 5).

ITpy M3710KEHNA MBI JIUILB U KPATKOCTH OTPAHMYMMCA CIIY4aeM 1 B Y X
HE3aBHCHMBIX IepeMennbix. [lepenecenue Ha oOmmuil ciiydail NPOU3BOIATCS
HEIIOCPEJICTBEHHO H HE NPEACTaBIseT TpyJa. Bmpodem, HekoTophle 3aMe-
YaHUS 10 ITOMY I0BOAY OYyAyT CHENaHbl IOMYTHO.

Coopmymipyem Temeph TeopeMy, aHajormunyio 1-it Teopeme B o i b-
nano-Kowu mma gynknum omuoil nepemernoit [180].
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Teopema. ITycmo gynxyus f(x,y) onpedesena u HenpepvigHa & HeKo-
mopoii ¢ 6 23 H o1 obsacmu &). Ecau ¢ 0syx moukax My(x,, y,) 4 My(x;, y))
amoi obaacmu GYHKYua npuUHUMAem
3HAYEHUA PA3HbIX 3HAKOG:

S, ¥0<0,  f(x1, ¥)>0,

mo & 3moi o6aacmu Halidemcsa u MmouKa

M'(x", y"), & xomopoil gynxkyua obpa-
waemces 6 Hyaw: f(x',y)=0.

Jokxa3zaTedbCcTBO MBI HO-

CTPOUM HAa CBEHNEHUM K CIy4Yaro (yHK-

2 UM OJHOI He3aBHCHMOU NEPEMEHHOM.

Beuny cBsizHoCTH 00JACTH &), TOU-

Xu My; 1 M, MOXHO COeIMHHTBH JI O-

MAaHO#U, BCEMH TOYKaAMHM JEXKaHIei

B @) (puc. 97). Ecnu mocnenoBaTebHO

nepeOupaTh BEpIIHHBI JIOMaHOHM, To OO oKaxercs, Yro B Kakoit-nmmbo

u3 aux ¢ymkmus oOpamaerca B 0 — M Torma TeopeMa HmoKasaHa, Jubo

aToro me Oymer. B mocnemneM ciiydae HalieTcs Takas CTOPpOHA JIO-

MaHOH, HA KOHOAX KOTOpOoM (YHKIWS IPUHEMAET 3HAYCHUS Pa3HBIX 3Ha-

KoB. VI3menus o0o3HaYeHUs TOYCK, OyAeM cIMTaTh, 9To M, m M, Kak pa3

H SBISIOTCA KOHOAMu 3ToM croponbl. Ee ypaBuenms wmeroT sup [161]:

Pumc. 97.

X =Xo+ tx— J(‘o& 1)y =Yo+ 11~ o)

Ecmu Touka M(x, y) epeaBUraeTCss UMEHHO BJI0Jb 3TOH CTOPOHEL, TO HaIlia
mepBonavanbHas Gysxums f(x, y) IpeBpalaeTcs B CIOXHYIO (GYHKIHIO
OIHOM TEPEMEHHOH f:

Hp) =f(xo + 1, — Xg), Yo+ 10y _yo)) O=t=<1),

OYEBHIHO, HEIPEPHIBHYIO (10 TeopeMe MpPEANICCTBYIONMIEIo n°), BBUAY HeE-
OpephIBHOCTH Kak (Gynkmuu f(x, y), Tak m JupedHbX (yHKOUiA OT ¢, moi-
CTaBIICHHBIX BMeCTO ee aprymenroB. Ho mia F(f) mMmeem:

FO)=f(%, y9)<0,  F1)=f(x;,)>0.

ITpmvensa x oyuxuun F(f) o XH 0 i TlepeMeHHOH yXe JOKa3aHHYIO B n°
80 Teopemy, 3axurogaeM, uro F(¢)=0 mpu HEKOTOPOM 3HAYECHHH ¢’ MEXIY
0 u 1. Becnomunas omnpenenenne ¢ynkouu F(f), mmeeM TakuM oOpasoMm

S(xo+1"0ey = %), Yo+ t'(—30)) =0.

Touxa {tl "', ¥, THE X' =Xo+t' (2~ Xp), Y =Yot+t'(y1—-¥,) H ABIAETCA
HCKOMO.

Orcrona BeITEKaeT, Kak U B 82, 2-1 Teopema bonrnamo-Komu,
KoTopas, BIpoYeM, Morjia Obl OBITH IOJIyYeHA U Cpasy.
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YuTtaTenb BUMUT, YTO NEPEXO] K NPOCTPAHCTRY 1 U3MepeHuil (TIpu # > 2)
HE CO3[AeT HAKAKMAX 3aTPyIHCHNMH, 100 B n-MEpHOH CBA3HOMH 00JJaCTH TOYKH
TaKXe MOTYT OBITH COSTVHEHBI WIOMaHoW» W BOIPOC CBEHETCSI K PaccMo-
TPEHUIO €e CTOPOHBI, BOJb KOTOPOi dyHkIms OyIeT 3aBHCETh OT OJHOTO
napaMeTpa, 1 T. I.

172. Jlemma Boasiano—Beiiepmrpacca. s gajbpHeiIIero u3moxXeHust
HaM noHaobuTesa 06obmenne neMmel Bonpmano—-BedtepmTpac-
ca [41] ma coyyail 1OCIIEAOBATENIFHOCTH TOYEK B IIPOCTPAHCTBE JEOOOro
Yycia M3MEPEHNH; KaK BCEra, Mbl OTPaHHYHMCS <ILIOCKUM» CIIyYaeM.

Jlemma., U3 m060ii 0 2paHnuyeHnHO NOCAeO08AMEAbHOCU MOYEK

Ml(xp YD), My(xa, ¥o), « o oy Mp(Xpy Yr), - ..
gce20a MOJMCHO U364€Ub MAKYI0 YACMUUHYIO ROCAC006QMEAbHOCHb
My (Xn,s Yn)s Mn(Xnys Yn)s + - s Mu(Xras Yri)s - - - 5

(My=<Np=<<...<nE=<..., Af-> o),

KOomopas cxoousace vl K npedenbHoli mouke.

l-e ToKa3aTeNbCTBO MBI IPOBEAEM, MIEPEHECS HA pacCMaTpH-
BAeMBIil Cy4ail paccyXIeHHE, KOTOPHIM MBI NMOJIb30BAJINCH B WIHHEHHOMY
ciygac [41).

BBuny orpaHMYe€eHHOCTH JaHHON IOCIEOOBATENBHOCTH TOYEK,
HaligeTcss Tako# (KOHEYHbIit) y
npaMmoyroabuuk [a, b; ¢, dI, b __
B KOTOpPOM OH& LIEJIMKOM CO- m v
IepXuTcs. Pa3esuM Kak npo-
MexXyTok [a, b} 3Hauenmit X, p+d
TaK U IPOMEXYTOK [c, d] 3ma- 2 |
YeHHH Y TOHOJIaM:

at+b atb o c F——.I . 1
095, [%2. 0] : : :
1 ! !
c+d c+d ' ' '
u [c,—z—], T’d]' 0% ) 3T
2
KoMOunupys xaxmyro u3 mo- Puc. 98.

JIOBUH HOCPBOI'O IPOMEXYTKaA
C KaXIoH U3 MOJIOBUH BTOPOI'0, MBI IOJIYYNM YECTBIPE NPAMOYIOJIBHHUKA:

(I)[ a+b e, c_—i2-_d]’ an [a+b b %1],
(111) [ a+b’ c42-d’ d], (1v) [a-l—b b c_—;_—_z_i,d],

HA KOTOPHIE PA3JaraeTcsi OCHOBHOM IpsAMoyronbHux [a, b; ¢, d} (puc. 98).
XoTh B 0[{HO} U3 3TUX 4acTeil OyneT colepxaThcs GECKOHEYHOE
MHOXECTBO TOYEK AAHHOW IOCIEIOBATENBHOCTH, 00, B MPOTHBHOM
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clIydae, ¥ BO BCEM IPAMOYIOJIBHUKE HX COZEPKAIOCH ObI JIMIIL KOHEYHOE
yycio, 4To HeBo3MoxHo. ITycts [a;, by; ¢, 4;] OymeT TOT U3 HPSIMOYTrOiIb-
guxos (I), (II), (III), (IV), B KOTOpPOM COmEpXKUTCI GECKOHEIHO €
MHEHOXECTBO TOYEK HAUICH ITOCIENOBATEIFHOCTH (WJIM OJMH M3 TaKHX
NpSMOYTOJILHAKOB, €CIH HX HECKOJBKO).

ITony4eHHBIH TIPAMOYIOMBHUK CHOBA PA3jIOXKKUM HA YETHIPE MEHBIINX
IPSIMOYTONBHIKA U BO3BMEM TOT H3 HUX, B KOTOPOM COZEDXHUTCA O e c-
KOHEYHOC MHOXECTBO TOYEK JAHHOM IOCIeN0BaATEIBHOCTH; 060-
3HAYMM ero uepes [a,, by; ¢y, dy].

DTOT TPOUECC IIOCIECAOBATENHHOIO APOOIECHNS NPSIMOYIOJILHUKOB MBI
npezacrasisgeM cebe mponosmkaromumes 1o 6eckoneqnoctu. Ha k-if cramuu
€ro MbI BEIOEpEM IPIMOYTONBHUK [ay, by; ¢, di] Homd yCaOBHEM, YTO B HEM
comepXurci OECKOHEYHOEe MHOXECTBO Touek M,. Usmepenus
9TOTO TPAMOYIOJIbHUKA

-~C
dk“ck=——

b—
bk—-a;‘=~ 3

—a
2k 7
crpemsarcs K 0 pa k—~ + .

IIpuMeHHM Temeps B OTHCNLHOCTH K IIOCHENOBATENBHOCTH IPOME-
xyTKOB {[ay, by]} 3HAYEHMH X ¥ K IOCHEHOBATENBHOCTH IPOMEXYTKOB
{lck> 4]} 3madeHuii y neMMy o BIOXEHHBIX IpomexyTkax [38]. U3 mee
CJIEIyET, YTO KOHIEI MIPOMEXYTKOB ay H by, a Takxke ¢, U dy, CTpeMsTCH,
COOTBETCTBEHHO, K OOINMM INpeAeiaM:

limag,=limb,=% u limc,=limd,=Y. ©)

MOXHO CKa3aTb, YTO NOCIEAOBATENHHOCTh NPSIMOYTOJBHUKOB {[a;, by;

i, di]} «crsrmBaerca» B Touky M(X, y).

Teneps, B3siB B kKadecTBe M, moOyI0 TOUKY HAlICH MOCIENOBATEIb-
HOCTH, IONAJAIONIYIO B MPAMOYTONbHUK [a,, by; ¢;, dy], MBI CTaHEM 3aTEM
MOOYEPENHO BBINEIATh TOUKH My, M, , ..., BeOUpas — B obmem ciy-
vyae — B kauecTBe M, (X1, Vo) JEOOYIO TOUKY IOCIENOBATEABHOCTH, C JI €-
AVIOIMY 32 paHee BHIOPaHHBMH H COAEPXAIIyrOCcs B k-M
OpAMOYroibHuke [ay, by; ¢y, dy}. DTo cnenaTs MOXHO HMEHHO HOTOMY,
YTO KaXABIM M3 OPAMOYTOJILHMKOB CONEPXKHUT 6 E€CKOHEYHOE MHO-
KeCTBO ToueK M,.

Tax xak

ay<Xp<b, N cp<Yp=<dy,
To, BBEHAY (6),
lim x,=X%, lim y,=y,
k—too k> oo
TaK YTO BBIICJICHHASA YACTHYHAS MOCIENOBATENbHOCTH {M,} cxomurcs K

Touke M(X,¥), kak kK npexenbrHod [166].
Il-e noxasaTenbcTso. IIpoine, ogHaKo, MOCTYNHTh MHAYE, HC-
HOJb30BaB TEOPEMY, yXe HokazaHHYIO B 41 A ciaydas NMHEAHOH mocie-
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HoBatenbHOCTA. ECnM TOYKH Hamei mociaeZoBaTeNBLHOCTH COAEPXKATCS B
KOHCYHOM IpsMOyronkHuke [a, b; ¢, d], To

a<sx,<b, c<y,<d (man=1,23,...).

Ilpumenus Teopemy n° 41 cHavana K IOCHEZOBATENLHOCTH {xn}, BBI-
AeM YaCTHYHYIO MOCHICAOBATEIBHOCTD {Xy,}, CXOAAMIYIOCH K HEKOTOPOMY
npeneny X. Takum 06pa3oM, UL YaCTHYHOR IOCTENOBATENLHOCTH TOYEK

(xrzx’ Yn)s (xn,’ yn,), ey (xnk’ ynk)’ cee

OEPBBIE KOOPAMHATHL YK€ HMEKT mpenet. BTopuino mpumenyM ymoms-
HYTYIO TEOPEMY K MOCHENOBATENLHOCTH BTODPBIX KOOPIOMHAT {),} M BHI-
ZeIUM  TaKyro 9YaCTHYHYIO HOCJEA0BATENBHOCTD {J’nk,,.}’ KOTOpasi ToXe
CTPEMHUTCS K HEKOTOPOMY npeneiy y. Torna, o4eBHIHO, YACTHYHAS MOCIIE-
ZIOBATENBHOCTh TOUEK

(xnk‘, yn;.-l)’ (xnk’s ynk’)’ cees (xnkm9 Yrgds + o+

OyIeT cTpeMuTBCS K NpeAenbHOM Touke (X, V).

3amMeTHM W 37€Ch, YTO 06a PACCYXKIECHHS JIETKO MEPEHOCATCS HA CIIy-
Yadl OpoCTpancTsa n>2 U3MepeHuil. B IepBoM M3 HEX, HampuMep, H3-
MCHAETCA TOJIBKO YHCTIO 9ACTeH, Ha KOTOPhIe pacanaeTcs 3a1aHHad NpIMO-
yronbHasi o6JNacTe, €clyM pasfeNuTh IONOJNaM KaXABIA M3 OIpEneNsro-
IAX ee NPOMEXYTKOB; B o0ImeM clyJae 3THX MPOMEXYTKOB OyneT 7, a
yacTeit — Bcero 2°.

173. Teopemnt Beiiepmrpacca. C nOMOLIBIO [OKa3aHHOH TEOpeMbI
Hpexze BCETO MOXET GBITh YCTAHOBJIEHA M QYHKUHIA JBYX IIlepeMEHHBIX
1-1 Teopema BeliepmTpacca:

Teopema. Ecau gynkyus f(x,y) onpedesena u nenpepvisna ¢ o 2 p a-
HUYEeHHOU 3amMKRYmoi obaacmu @ *), mo gynkyus ozpanuyena,
m. e. 6ce ee 3HAYEHUS CO0EPHCAMCA MeHCOY O8YMA KOHEUHVIMU 2PAHUYAMI:

m=<f(x, y)<M.

AoxazatenbrcTBO (0T IPOTHBHOIO) BUOOJHE AHAJOTMYHO pac-
cyxaenuio n° 84. Ilycre dynxmus f(x, y) npu usmenenun (x, y) B &) oxa-
3bIBACTCI HeorpaHHMYeHH O H. Torma mia moboro n Hajtmercs B &)
Takas Toyka M,(x,, y,), 9T0

lf(xna yn)l >n. (7)

ITo Teopeme n° 172, u3 orpaHMYeHHOl MOCIETOBATEIHHOCTH {M,} MmoxmO
U3BJIeYh YACTHIHYIO NOCTENOBATENLHOCTD {My,}, CXOMAUIYIOCS K IPEHesib-

HOit TouKe M(X,¥).

*) Kotopas, Ha 3TOT pa3, MOXET ObITb 1 HECB A3 H O if.

24 . M. duxtenronsit, T. 1
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OtmeTnM, 970 3Ta Touka M HEOoOXOOMMO NPHHAUIEKHAT OOIACTH G).
JlelicTBUTEAbHO, B IIPOTHBHOM ClIydae TOUKE M,, Bce Gvuld OB OT Hee

OTJIUYHBI, W To4ka M 6puia 61 TOUKOMN crymenusa obmactu &,
el He HmpHHAJIexXamell, 9TO HEBO3MOXHO BBUAY 3aMKHYTOCTH OO0JACTH
& [em. 163).

Bcenenctsue mempeprIBHOCTH GYHKUHM B Touke M HOJDKHO OBITH

M) =f G, Yu) ~f (M) = (%, 7),

a 3To HaxomuTcs B mportmBopeun: c (7).

2-s1 TeopeMa BediepmTpacca QGopMyIHpyeTCs U OOKA3BIBAETCA
(c ccpuTkOif HA HPENBIAYHIYIO TEOPeMY) COBEPLIEHHO TaK Xe, Kak U B 85,

3ameTrM, 9TO Ge3 CYIECTBEHHBIX M3MEHEHHH B PACCYXAEHUAX — o0e
TeOpeMHl BeliepmI Tpa cca ImepeHOCATCS M HA Ciry4aii, korma ¢y H K-
KA HEeNpPpEPHBHA B JTI0OOOM OFTpaHMIYIEHHOM 3aMKHY-
TOM MHOXeCTBe o (XoTa Obl ¥ He IpeACTaBIAoNEM co6oX0 061a-
CTH).

Kax n B ciyvae dynxmun omnoii mepeMenso#, mwist dynxmuu f(x, y),
OIpENENICHHON I OTpPaHHU Y€ HH O B MHOXECTBE 2/, Pa3HOCTb MEXKY
TOYHBIMH BepXHeil M HIDKHeH rpaHMIamu 3HAYeHUH QYHKIUKM B e/ HA3H-
BaeTca ee KoJeOaHMeM B 3TOM MHOXecTBe. Eciu e orpanmdeno
H 3aMKHYTO (B YaCTHOCTH, €CIH e/ €CTh OTPAHWIEHHANA 3aAMKHYTas 06J1acTh),
A GyHkug f B HEM HENPEPLIBHA, TO KoyiebaHme €CTh HOIMPOCTY PA3HOCTH
MeXIy HAaUOOJIPIIMM H HAUMEHLIINM €¢ 3HAYCHHSMH.

174. PapnoMepHasi HempepbIBHOCY. MEI 3HaeM, 9TO HEUOPEPHIBHOCTH
dbysaxuun f(x, ) B onpeneNeHHoO#d Toake (X, ¥, MHOXeCTBA e,
rae QyHKOUS 3aaHa, HA <A3BIKe &-0» BRIpAXaeTcs Tak: mo Jrobomy &£>0
IOJDXKHO HaWTHCh Takoe 6 >0, UTO HEpaBEHCTBO

If(x’ y) "'f(xO’ J’o)l <&

BBITOJIHSETCS JUIS BCAKOM TOUKM (X, y) M3 e/, JHIL TOIBKO
[x=xo| <8,  |y—yo| <.

Ilycte Temeph ¢yuxmus f(x,y) HEOpepeBHR BO BCEM MHO X e€-
CTBe eA; Torna BO3HMKAET BOIIPOC, MOXHO JIA IO JaHHOMY & >0, HaliTH
Taxoe 0 >0, KOTopoe romuwIoCh OB — B YKa3aHHOM CMBICIE — IS BCe X
TO4eK (X, Y,) M3 e# onHOoBpeMeHHO. Ecnm 3T0 BO3MOXHO (1IpH
06OM &), TO TOBOPAT, 9T0 GyHKUMSI B e PABHOMEPHO HEID e-
PHBHA.

Teopema Kanmopa. Ecau ynxyus f(x, y) Henpepvisna 6 02 p a1 u-
YeHHOU 3aMKHYymMO i obaacmu &), mo oHa 6y0em U pABHOMEPHO
HenpepviGHa 8 ©).

Hdoxa3zaTeaxpCcTBO IOBeAEM OT HPOTHBHOIO. [lomycTuM, d4TO
IJIs HeKoToporo gucna eé>0 He cymecTBye T yucaa >0, koTopoe
roJiIock OBl OTHOBPEMEHHO I BCEX TOUCK (X,, ¥,) obmactu &.
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Bo3sMeM 1oCiIeIOBaTEIBHOCTD CTpeMsIIHXCA X 0 NONOXUTEIBHBIX
qACET

§y=8y=...=0=... =0, 8,~0.

Tak Kax H1 OJHO U3 YHCEN O, HE MOXET FOAUTECS — B YKa3aHHOM CMBICHIE —
OIHOBPEMEHHO JUIA BCEX TOUEK (Xy, y,) obmactu &, To A Kaxaoro 6,
HalfeTCa B &) TAKas KOHKPETHAS TOuKa (X, yn), IV KOTOpOH O, HE ro-
IUTCA., DTO 3HAYUT, YTO CYILECTBYET B &) Touka (X, Vn), MIL KOTOpOH

lx;l_'xnl<6n9 Iyr’l’—yn[<6n’
H TEeM HC MCHEC

If(xl:’ y;l) —f(xn > yn)l =¢€. (8)

W3 orpaHuveHHoi MOCIENOBATENBHOCTU ToUeK {(Xn, ¥,)}, MO Teopeme
bonsumano-BeltepmTpacca, HU3BIEYEM TAKYIO YaCTHYHYIO IIO-
CIENOBATENBHOCTD {(Xnmys Vp)}s UTO Xpp—~>X, Yp,—), TpHYEM HpEACIbHAS
Toyka (X, ) HEOOXOMMMO IPHHAMICKHUT oONacTH &) (BBHIY €€ 3aMKHY-
TOCTH).

Tak xak, majee,

’
lx:r;_xn;,!<6nk, l}’nk_ynkl<6nk
U, TIpY BO3pacTauuu k, ngp—> +« u 6, -0, To

4
xl,'lk—xﬂb_’o’ ynh_ynk"O’
TakK 4YTO H
7 - ’ —
Xnp>X,  VYmp=> DY,

Beuny HenpepwiBHoCTH GyHkumu f(x, y) B Touke (X, y), MpHHAIIEXKA-
uieit obnactu &), Ml JOJDKHE HMETh Kak

f(xnk’ ynk) _’f(}’ Y)s

TaK 4

f(x;lh yl’lt) _’f(}’ j})’

OTKyaa
f(xmw ynk) "f(x;lka y;zz) _’0’

YTO OKAa3BIBAECTC B HPOTHROpedud ¢ mepaBeHcrBoM (8). Teopema moka-
3aHa.

Hnst GopMyJTHPOBKH BBITEKAIOIIErO OTCIOAA CIIEACTBHSA HaM IIOHAIO-
OuTCS TOHATME MU AMETpa TOYETHOrO MHOXECTBA: TaK Ha3bIBAETCA
TOYHAS BEPXHsS I'PAHWIA PACCTOSHWH MEXIy MOOBIMH ABYMS TOYKAMM
MHOX€ECTBA.

Cnedcmeue. Ecau giynkyus f(x, y) HenpepbisHa 6 02paHUYERHO 3AMKHY-
moii obaacmu &), mo no Oannomy &>0 naiidemca maxoe 6=>0, umo, Ha
Kaxue Ovl vacmuunble 3AMKHYMBblE Jice obaacmu &), . . ., D, ¢ duamempamu,

24+



372 1. V. ®VHKUUM HECKOJBKUX NEPEMEHHBIX [175

Menvuumu O, HU pazbume smy obaacmb *), Koaebanue GYHKYUU 6 KANHCOOL
uacmu 6 omodeavHocmu 6ydem MeHbule €.

HocTaTouno 3a 6 B3ATh TO YHCIIO, O KOTOPOM TOBOPHTCS B oIpere-
JICHMH PaBHOMEPHOM HenmpepsiBHOCTH. ECiu Auamerp 4acTHIHOM 06iacTH
&); MEHBIIIE §, TO PACCTOSHHUE JIFOOBIX IBYX ee ToUYeK (X, ¥) & (X,, V,) MCHbIIIE
8: V(x—x2 + (¥ —yp)?<4. Otcrona u momaBHO |[x—Xp| <6 m |y—y,| <9,
Tak uTo |f(x, ¥)—f(%y, ¥o)| <¢. Ecam 3TH Touku BEIOpaTh Tak, 94TOOBI
f(x, ») u f(x,, ¥,) OBUTL COOTBETCTBEHHO, HAHOONBIIAM U HAUMEHBLIAM
M3 3HAYCHUN QYRKOMH B OOJAacTH &);, TO M IOJYyYHMM Tpedyemoe yTBEp-
KIICHHE.

Jlerko BHIETH, YTO JOKa3aHHAS TeopeMa 0¢3 M3MCHEHHH DEPEHOCHTCS
(momo6no TeopeMam BeitepuiTpacca) Hachayyaii yHKIHH, He-
NpepHBHOK B NHOOM OrpaHMYEHHOM 3aMKHYTOM
MHOXECTBE of.

175. Jlemma Bopeasi. Ilosre3noe npenoxenue, gokasangoe B 88 mMoxer
OBITE 0600INEHO HA MHOTOMEPHEIH CITydaii.

Iyctp MMeeM cucTeMy > OTKPHITH X 06xacTel o HA IJIOCKO-
CTH; €CJIM KaXasl TOYKA MHOXECTBA e/ COEPXKATCA XOTh B OHOM H3 3THX
obnacreif 0, To GyIEM TrOBOpUTb, YTO CHCTeMa >, MOKPHIBAET
MHOXECTBO k.

Jlemma Bopens. Ecau ozpanuuentoe 3aMKHYImMoe MHO%CeCmso oA moyex
naockocmu nokpwisaemca 6eckoHneun ot cucmemoii > ={c} omxpoi-
mulx obaacmeii, mo u3 Hee 6ce20a MONCHO 6blOeAUMb K OHeUHY 10 HOO-

cucmemy
>*¥={0y, Oy, ..., On}y

KOMOopas makice NOKPbIBaem 6ce MHOMCECMEo k.

HoxazaTeanbcTBo (OT mpoTHBHOro). [OmyCTHM, dYTO MHOXKE-
CTBO e/ He MOXeT OBITh IHOKPHITO K O H € 4 H b M YHCJIOM obnacTeii o u3 .

BBHIy OrpaHHYEHHOCTH MHOXECTBA e/, OHO COMICPKHTICS B HEKOTOPOM
npsMoyroyibauke [a, b; ¢, d]. Pa3nemms xaxapi M3 JIByX IPOMEXKYTKOB
[a, b] u [c, d] mononaMm, MBI Pa3JIOKUM 3TOT IPSIMOYIOJIBHHK, KaK M IIpH
nokazaTenscTBe JeMMbl Boabmano — BeiiepmTpacca [172],
Ha 9eTHIpe NPSIMOYTOJLHEKA. BMECTe ¢ TeM M MHOXECTBO e/ Pa3IoXATCA
Ha YaCTH, COJIEpXKaIMecss COOTBETCTBEHHO B 3THX YaCTHIHBIX IPAMOYTOJIb-
HHEKaX; 9acTeil, BOPOYEM, MOXET OKa3aThCs H MEHBbINE HYETHIPEX, €CII
KaKoOM-T6O IPAMOYTONBHAK HE COEPXHT BOBCE TOYEK MHOXECTBA o.
XoTh omHA W3 3THX YacTelt (CkaxeM, e#,), B CBOIO odepellb, HE MOXET
OLITH HOKPHITA KOHEYHB M IHCIOM obmacteit o (60 B NPOTHBHOM
CIly9ae BCE MHOXECTBO e/, BOIPEKH NPEIONIOKCHAIO, ObLIO 6B MOKPHITO
KOHE€YHBM 9nrcioM obmacteii ¢). ToT W3 YaCTHYHBIX NPAMOYIOJIb-
HEKOB, KOTOPbIH CONEPKHUT MMEHHO YaCTh e/, MHOXECTBA e/, 0003HAYNM
gepes [a;, by; ¢, di].

*) O1H YacTmunble 061aCTH MOTYT UMETh OOMIMMU JIMINb NOTPAHKYHBIC TOUKH.
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OTOT HPSMOYrOJBHAK CHOBA PA3JIOXHUM HA WETHIPE MPIMOYTOJIBHUKA.
XoTst OBl ONMH M3 HUX — OOO3HAYMM €ro uepes [ay, by; ¢y, dy] — comep-
XHT 9aCTh o/, MHOKECTBA e#, KOTOPAS HE MOXKET OBITh OKPHITA X O H € 4-
HEBEIM 4HCIOM OOJacTeii o.

IMponomxas 3ToT Mpouece 40 GECKOHETHOCTH, Ha k-if CTAOuM ero Mbl
NpUAEM K NPSIMOYIOJNBHUKY [ay, by; ¢y, d)), comepxamemy Takyio wacTs
o/ MHOXKECTBA o/, KOTOpasi HE MOXET OBITH IOKPHITZ K O H €9 H bI M
qucIoOM obnacTei o.

Kak u B 172, MBI 3aK/II0YMM OTCIOJA, 9TO HPAMOYFOJBHHKY [ay, by;
Cy» dy] «CTATHBAIOTCS» B TOUKY (X, ¥), TAK 4TO

lim a, = lim bk = i, lim Cp = lim dk = y.

OTa TouKa M()_c, V) TUpPUHANIEXAT MHOXECTBY o#. [leHCTBHTENHHO,

KaKy!0 OBI OKPECTHOCTH (X — 0, X+ 0; y — 8, ¥+ 8) Touku M HE B3ATb, s
OCTaTo4HO OoNbINUX k OymeT

J_C—(S<ak<bk<—f—|—6, y—6<ck<dk<f+(§’

TaK 4YTO B YIOMSHYTYIO OKPECTHOCTb IIONIAJIAET YACTh o4 ;, MHOXECTBA e/
(mo camoMy BBIGOpY ee, HaBEepHOE CoJepKamas GeCKOHEYHOE MHOKECTBO

ToYeK). CremoBatensHO, Touka M sBHSETCS TOYKOH CTyN[eHH S
AN MHOXeCTBA o/ W JIOJDKHA €My IpHMHA/UIEXAThb, BBUAY €rO 3aMKHY-
TOCTH.

B TaxoM ciyyae, Touka M COOEPXKUTCA B OOHOH W3 obnacteil o, cka-
KEM, B C,.

Tak xak 0, €CTb OTKPH Tasd 06JIACTh, TO B HEe BXOIUT U HEKO-
TOpast OKPECTHOCTh

G5, X+, -0, 7+9)

3TOM TOUKH. Kak M TONBKO 4TO, JIErKO MOKa3aTh, YTO B 3Ty OKPECTHOCTD
OCJIMKOM HOHaNeT, IPH HOCTATOYHO OOJIBINOM Kk, HPAMOYTONBHEK [ay, by;
Cy, di], a CHAM ~ H COepXKAIascs B HEM 9acTh o/, MHOXeCTBA e/, TaxuM
00pa3zoM, BCe MHOXECTBO o/, MOKDHIBACTCS O JHO M 06IacTbio G5
MEX/ly TeM Kak BBIGHpaH ero Mbl Tak, YToObI OHO HE MOTJIO GBITH ITO-
KPBITO HHKAKEM KO HEYHEIM 4YHCIOM obiacreit ¢. IMToaysennoe mpo-
THBOPEYHE M JOKA3BIBACT JIEMMY.

B Tex mpumenermax nemMst B o pens, KOTopble UMTATedb HAWAET
B CIIEAYIOLIEM N° ¥ B IPYTHX YacCTIX Kypca, B Ka9eCTBE MHOXeCTBA o4 GyneT
durypupoBaTh 0OOBIKHOBEHHO 3aMKHYTas oGmacTp. Ho wHHOM
Pa3 IpUACTCS NIPHMEHATE €€ U K IPYrAM 3aMKHYTHIM MHOXKECTBAM, HAIPH-
MED, K HENPCPHIBHOW KPHUBOM.

176. HoBble jnokazaTenncTa oCHOBHBIX TeopeM. 1° 1-1 TeopeMa
BeiiepmrTpacca. ®ymkuust f(x, y) mpemmonoxeHa HEITPEPEIBHOU
B OrpaBHMYCHHON 3aMKHYTO# 06gacTu &). Clel0BaTeNbHO, KaXIyI0 TOUKY



374 TJI. V. ®VHKIOMK HECKOJIPKMX NMEPEMEHHBIX [176

(x', ¥') 5Toi 0GIACTH MOXHO OKDPYXHUTh TaKoi OKPECTHOCTBIO ', WTO
B ee mpenenax (eciu yepe3 & 0603HAYEHO HANEPe]] B3ATOE YHCIO)

[fG ) - &, ¥)| <e
S ¥) —e<fx, y)<f(x, ¥) +e.

TakuM oOpa3oM, B obnactd o' dyHKOHA OKa3blBACTCd OTPpaHUYEH-
HOH. :

Ipumenss nemmy Bopess k cacteMe D, ={0'} 3THX OKPeCTHOCTeH,
MOHO BBIIEJIUT U3 > K O HE 1 H O € IHCIO OKPECTHOCTCH 07, Ty, .. ., Op,
KOTOpPBIE B COBOKYIHOCTH IIOKPHIBAIOT BCIO 00macTs &). Ecan

m<f(x,y)<M; B o; (i=1,2,...,m),

TO, B35B B Ka4eCTBE 7 HAMMEHBIIEE U3 11, a B KadecTBe M — Haubobluee
u3 M;, 6yneM umeTs B &)

1501178

m=f(x, y)<M,
4. ¥ Tp. A.
2 Teopema KanTtopa. 3agasBiuucs DOPOU3BOJIBHBIM YHCIIOM
£=>0, Kaxayo To9ky (x', ') OKpPYXHM TaKko# OKPECTHOCTHIO

o,l =(xl — 61’ xl + 6[; y’ — al, yl + al)’
yTO IUIs1.JIF00OM IMpHHAIIeXaIe eif Touku (x, y) (B3 @) Oynet
? ’ €
1 ) =&, Y] <3
Eciu (x,, ¥,) €CTh Apyras nogobHas xe TOYKa, TaK YTO H

If(x”y’) "f(xo’yo)l <% s
TO B pe3yIbTaTe
1f G, ¥) = (x5 Yo | <. ®

3aMeHHM KaXILId MPAMOYTOJIFHUK 0’ BYETBEPO MEHBUINM IPAMOYIOJIb-
HHUKOM, C TEM XK€ LIEHTPOM,

R VR S S
=X zax 27y Z,y 2'

Cucrema > ={0'} 5THX OTKPHITHIX NPAMOYIOJBHHKOB TOKpHIBACT 00-
nacts &). Mo memmve B ope s, u3 Hee BEIAENSEM KO HE Y H Y IO CHCTE-
My TIPSIMOYTOJILHHKOB

= ] 0; . 6 ]
;= xi'—'z—a xi+'f’ yi_i, y,-+7)

¢ TeM xe cBoiicTBoM. Hakoren, o603naunM depe3 6 HAMMCHBILEE U3 BCEX
o;

qUCceNT - .
2

Tycts (x, ¥) u (X, ) — Mo0sIe JBe TOUKA 00ACTH &), UIf KOTOPHIX

|%¥=%o| <8, |y—yi <o, (10)
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Touka (x,, o) TPUHANIEXHT OXHONK U3 OKPECTHOCTEH G, HAIIpHMeED,
OKPECTHOCTH

- 61- 610 . » 61. (5[.

O',~0=(xi.—-—~, xio-f_?’ yl,._.__z_’ yf|+-2_)’
TaK 4To

Es P
lxo—xi.|<71, lyo‘J?i.l<%-

‘ 8iy Oy i,
W3 (10), Tak xax 657 » CIEMYET, UTO |X — X, <5 & [y =y, <>
Otcrona

|x - x;,] <&, [y =i,| <845

U TOYKH (X, V), (%, ¥,) 00 OKa3BIBAIOTCA JIKAIMMHA B ONHONK U3 I & pBoO-
Ha4YaJbHO OHPEHEICHHBIX OKPECTHOCTE!

(x; =6, x;,+ 8is Yie— 0iys Yip+ 04,
a TOrJa, o NOKa3aHHOMY, Ul HAX BemosHsetcs (9).
WUrak, ynanoce mo ¢>0 Beibpath 6>0 HEe3aBUCHMO OT MOJO-

KEHUA TOUKH (X, J,), 4eM W JoKa3aHo, yTo QyHKmHs f(X, y) paBHO-
MEPHO HEOPCPHBHA.

§ 3. ITpomssonubie u nudepenmaanst pynKmmit
HECKOJIbKHX HepeMEHHbIX

177. Yactupie nponssonnabie n 9acTanie anddepenmuanst. s yopoie-
HAS 3aACH M HM3JIOKCHHS Mbl OTPaHMYAMCH CiydaeM (yHKOuE OT Tpex
TICPEMCHHBIX; BCE JAaJbHElilNee, ONHAKO, COPABEUIMBO W ATA (yHKIMIL
710000 YKCIIA EPEMEHHBIX.

Wrtak, mycts B HekoTOpoii (OTKpHITOH) 061acTH &) HMeeMm dyurnuro
u=f(x, y, z); Bo3bMeM Touky My(x,, ¥,, Z,) B 3Toit oGnactu. Ecmm Mer
TPHIAIIEM ¥ B Z HOCTOSHHLIE 3HAYEHHS Y, U Z, d OyIeM H3MeHATH X, TO
u u OyzneT Gyrxumei OT OXHON MepeMeRHOM X (B OKPECTHOCTH Xo); MOXHO
MIOCTaBUTH BOHPOC O BEIMUCIIEHHH €€ MPOU3BOMHOM B TOUKe X =X,. IIpo-
AafvM 3TOMY 3HAYCHHMIO X, mpupamenne Ax, Torna QGyEKuES MONYIHT
IPHpPALICHAE

Ayu =Axf(xo, Yo» Zo) =[x+ Ax, Yos Zo) —f(x,, Yos Zo)s
KOTOPOE MOXHO 6bUT0 GBI Ha3BaTh €6 YA CTHHM NPHpAI(EHUEM
(o x), mOCKOIBKY OHO BLI3BAHO H3MCHEHHEM 3HAYCHHS JHMIOb OIHOM

nepemMeHHOM. Ilo caMoMy ompernenenuIo Mpou3BOIHOMN, OHA MPEICTABIACT
coboro mpegen

Hm Axu =lim SOt Ax, o, 2p) ~f(Xq, Yo, 2o)
Ax-+0 Ax—+0 ax

OTa HPOU3BOMHAS HABIBACTCS YACMIHOU MPOUIGOOHOI Pynkyuu f(x, y, z)
no x ¢ mouxe (Xy, Yo, 2

.
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Kax BUAMM, B 3TOM ONpeIe/ieHH HE BCE KOOPAHMHATHI PABHONPABHEI,
TaKk Kak y, U Z, Hanepel (QHUKCHPOBAHBI, a X MEHSETCS, CTPEMICH K X,.
YacTHYIO IIPOM3BOLHYI0 0003HAYAIOT OIHUM M3 CHMBOJIOB:

ou  df(xps Yo> 200 %) . ropr .
b—;" ___o_axo__o > e, fx(Xos Yo» Z0)s  Dx, D, (%o o> Zy).

3amMeTnM, 9To OYKBA X BHH3Y B 3THX 0003HAYCHIIX JIHIIL YKA3HLIBAET,
[0 KaKoil W3 IepeMeHHBIX OepeTcs IPOW3BOAHAA, M HE CBA3aHA C TEM,
B KaKoif Touke (Xy, Vo, Z,) MBI IPOH3BOJIHYIO BEITACISEM **),
ABaJIOTHYHO, CYMTasA X U z IOCTOSIHHBIMH, 4 Y NEPEeMEHHEIM, MOXHO
paccMaTpHBaTh Hpenes :
lim 2% —im @o» Yot A, 20) =0, Yo, 20)
4y—~0 Ay A4y-+0 Ay

Ilpenen 5TOT HA3LIBAETCA uacmHOll npouseodnoil gymxyuu f(x, y, z)
no y & mouke (Xy, ¥y, Z,) B 0003HAYAETCS CHMBOJIAMH, AHAJIOTHYHBIMH
Ipe TBITYIIAM:

du df (x5 Yo, Z9) Y .
{)_y’ _050_2(!_; uy9 fy(xo’ y(), Zo)s Dyua Dyf(xO’ J’o, Zo)'

TOYHO TAK XKe ONpPENEIAETC H YacmHAA npoussoouas gyukyuu f(x, y, z)
no z 8 mouke (Xy, Yo, Zo)-

CaMoe BBLIMHCICHHE YaCTHOM NPOM3BOJHOM IO CYIIECTBY HE Ipen-
CTABJISIET HAYEr0 HOBOTO IIO CPABHEHWIO C BBITUCIICHWEM OORIKHOBEHHOHN
MIPON3BOIHOMN.

IIpuMmeps. 1) Iycte u=xY (x>0); YacTHble TNPOM3BOAMEIE 3TOH (yHKIUH
Gynyr:
ou
a—u=y-x3’—’, —=xY-Inx.
ay

ox

Ilepsas W3 HEX BBMACIAETCS KaK OPOHM3BOAHAS CTemeHHOH GyBKuME OT X (UpH
y=const), a BTOpas — Kak NPOW3BOAHAs fOKa3aTeNbHOM ynkmum oT y (mpn x= const).

X
2) Ecmm u=arctg —, TO
y

ou y ou x

3x—x2+y2’ 3—}’ —x2+y2.

*) six 06 u (C.G. Jacobi) npeuToKMII MONB30BATECA KPYTIIBIM 9 (BMECTO IPSAMOro
d) B 0603HaYeHM® IMEHHO 74 CT H O i IPOHM3BOAHOM.
*¥) U 3mech eI bHEBEIE€ CHMBONEBL

of
é‘x—y f:’t! Dxf

MOXHO PacCMaTpHBATh Kak G yHKIHOHaJbELE OOO3HAYEeHHA I 4aCT-
Holt mpo3BoAHOH 10 X. [T0A0GHEX NpEMEYanHil BIPEAL Mbl IOBTOPATE YX¢ HE CTAHEM.
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x
3) Ansa u= Jm HMeEeM
ou y:4z2-x? u ~2xy du —2xz
ax  RARR’ 9y (R4izR’ 97 (RAPAR
4) Iycte z=y-f(x2~y%, roe f(u) — mpousBonNbHAs GYHKIUA (aMeromas
npom3BoEy:o). IToka3aTh, 9TO A z BCETAA BBIIONHSETCS COOTHOLICHHE:

1 9z 1 9z =z

xox yoy »
KaxoBa Obl HE ObUIa QyHKIEA f.
Ilo mpasuny mupdeperumposanus cloxHOE (ynknuy (O3Hayas MTPEXOM IIPO-
H3BOJHYIO IO 4) UMEEM

ﬁ=y-f’(x’—y2)-2x=2xy-f'(xz—yz),

ox

oz

5=f(x”—y’)—2y*-f’(x"’—y’),

H OTCIOAA

1 1
—'E+—'?—Z—=ZY'f'(xz—y”)+l-f(x2—yz)—2y'f'(x2—y2) -Z.
xdx y dy y 2

5) CropoHa @ TpeyronbHAKA OHPENENSCTCs O HBYM ApPYTEM CTOpPOHaM b, ¢ H 3a-
KIIFOYCHHOMY MEXIY HEMH YIJIy & TaK:

a=}/b*+c2~2bc-cos .

da b—c-cosa b—c-cos « oa be-sine

Torpa

% /b1 ¢t - 2bc-cosa a T e a

6) Wspectmas u3 ¢usukn dopmyna Knmamedpona pV=RT (the R=
=Const) BHIPaXKaeT CBA3b MEXAY OOBEMOM V), IaBlleHHEM P # abcomoTHOR Temmepa-
Typo# T OQHOro MO HACANBLHOIO ra3a W ONpeAelNseT OfHy w3 BenmamH p, V, T Kak
bymkumo nByx apyrux. Ecim p, V — He3zaBucEMEIE nepeMeHHwie, a ' — GyHKIHMA OT

p
mx: T=—, 10
R
oT V 3T p
» R’ a9V R’
Ecmi ponb HE3aBHCHMBIX MIpalOT HepemenHnie p u T, a ¥V — $yHKIEA OT HEX: V=
RT
=—, TO
p

8V  RT aV R

o P’ 9T p’
RT
Ilycts, HakoHen, ¥ m T — HE3aBHCHMbIEC NEPEMEHHBIE, p — (YHKUMS OT HHUX: p=—— ;
Torna 14
or RT dp R

v v T Vv
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OTCIofa, MEXAY NpOYEM, MOJy4aercs BaXXHOE B TEPMOJHHAMHAKE COOTHOMICHWE

3anermM, u9To o6o3HaueHMs SIKOOGM 4YaCTHBIX MPOH3BOAHBIX (C KPYITIBIMH Q)
CIeHyeT PacCMATPHBATH T O NIbK O Kak IENbHBIC CAMBOJLI, 4 HE KaK 9aCTHbLIC HIM
npobu. TIoyveHHOE TOJNBKO YTO COOTHOIICHWE C OCOOEHHOH SICHOCTBIO HOMYEPKHBAET
5TO CYIIECTBEHHOE pa3jMuMe B XapakTepe 06Go3HayeHuMl OOLIKHOBEHHBIX M HaCTHBIX
NPOM3BOMHEIX: €CNIM GBI BLUIMCAHHEIE B JIEBOX YaCTH IPOM3BOAHbIE ObLIM OOBLIKHOBEH-
HBIMHE, TO MOXHO 6bUT0 6B HX PACCMATPUBATH KaX JacTHBIE OJHUX M TeX xe nuddepen-
OWAI0B, H IO COKpAIeHWA MbI TONyywiA GsI 1, BMecTO —1; 31€Ch XKe, KaK MBI BHIHM,
3TOrO ZeNaTh HENb3s.

ou

IIponsBenenne YaCTHOH MPOH3BOIHOU 3% H& TPOU3BONBHOE TpHpalile-

Hue Ax HaswBIBaeTCA yacmubim OudPepenyuarom no x GyHkyuu u; €ro odo-
3HAYAIOT CHMBOJIOM

du=

ou
o Ax.

Ecnu u 371ech 100 oudpeperyuanom dx He3a8uCUMOTE nepeMEeHHOL X pazymems
npupawyerue Ax, To npenpinymas GopMyna HAIMIIETCS TakK:

ou
dxu = s—x— «dx.

Amnanorsaddo,

ou __Ou
dyu=5;-dy, du= 57 dz.

TaxuM 06pa3oM, MBL BHIMM, 9TO MOXHO OBLTO OB M YaCTHBIC HPOH3-
BOJHBIE IPEJCTABATE B BAe O poOei
deut dyu dou
dx’> dy’ dz’
HO IIPH HETPEMEHHOM YCIOBUM YKa3blBaTh, IO KaKol mepeMennoil Gepercs
nuddepennua.

178. Tlonsoe mpupamenue $ynxuun. Eciyw, ucxond 3 3HadeHHH X=X,
Y=Yy, Z=2, He3aBUCUMBIX IIEPEMEHHBIX, IPUJATh BCEM TPEM HEKOTOpBIC
npupamenus Ax, Ay, Az, To dynxups u=f(x, y, z) HONY4HT NPUPAILCHHE

Au=Af(x0, Yos Zo) =f(xo+Axa y0+Ay: Zo+AZ) —f(xo: Yoo ZO)’

KOTOPOC HA3LIBACTCS MOAHBIM NpupaujeHuesm QyBKIUH.

B ciy4ae ¢pyaxmua y=f(x) oT oxHONH MEPEMEHHOM, B MPEIIOIOKCHAN
CYIIECTBOBAaHAA B TOUKE X, (KoHe4HOH) mpoussomHoH f'(x,), M mpupa-
mennst GyHKoua mmeeT Mecto dopMmyna [96 (2)]

Ay =Af(xp) =f"(xp) - Ax + o« Ax,
TZe o 3aBACHT OT AX u « -0 mpy 4x 0.
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MEI ©MeeM B BHIY YCTAHOBHTBH aHAJOTHYHYIO (GOpPMyJy Ui NpHpalie-
HuA ‘byHKI-lHH u=f(x’ ¥ 2

Au=Af(xy, Yo 29)=
=f: (%05 Yos 2o) - Ax +17 (%o, Yos z) Ay +
+ (X5 Yos 2o) Az +a-Ax+f-Ay+y- Az, 6y

rae «, f, ¥ 3asucar oT Ax, Ay, Az 1 BMecTe ¢ HAMH CTpeMATCA K HYJIO.
OgmHaxo, Ha 3TOT pa3 HPHACTCA HAIOXKHAThL HA QyHKIUIO Oojiee TXKeIbIe
OrPaHAYCHHU.

Teopema. Ecauuacmusie npoussodnsie f(x, y, z), fy(X, ¥, 2), f;(%, ¥, z)
cyujecmgyom He moavko 6 mouke (Xo, ¥y, Zo), HO U 8 HEKOMOPOIL ee OKpecm-
HOCMU, U KpomMe mozo Henpepuighsl (Kak @yHKyuu om X, y, z) € smoii mouke,
mo umeem mecmo gdopmyaa (1).

Uit 1oKa3aTeNbCTBa NPSACTABUM IOJHOE NpHpaiieHue GpyHK-
wau Adu B BHOE:

Au=[f(xg+ A%, yo+ Ay, 2o+ A2) = f(xy, Yo+ Ay, 24+ A2)] +
+ »[f(xo, Yo+ 4y, zo+42)—f(xy, ¥4, 2o+ 42)] +
+ [.f('XOs Yo 20+Az) _f(xO: Yo zO)]'

Kaxzas ¥3 5THX Pa3sHOCTeH IPENCTaBIseT Ya C T H O ¢ IPUpALICHHE,
(yHKOMH TS 110 0J(HOM mepeMeHHOM. Tak Kak MBI IPeATOIOXKAIHA CyIIe-
CTBOBAHHE YACTHBIX IPOU3BOJHBIX B OKPECTHOCTH TOUKH (Xy, Vo, Zo), TO —
TIIPH JOCTaTO4HON MayiocTu Ax, Ay, Az — K 3THM Pa3sHOCTAM IO OTIENb-

HOCTH MOXHO HPUMEHHTHh (OPMYIY KOHEYHBIX mpHpaienuit [112] *); Mt
TOJIYYHM

Au=f(x,+04x, y,+ Ay, z,+4z) - Ax +
+fy(%g, Yo+ 0,4y, 2o+ A42) - Ay +£(Xy5 Yos 2o+ 0e42) - Az.
Ecnut mos1oXuTh 34€Ch:
fieo+04x, yo+ Ay, 2o+ A2)=F{(x4s Vs 2o) +,
Sy (os Yo+0,4y, zy+ Az)=f(xy, Yo 29 +B,
(x5 Yos 2o+ 0:42) =1 (x5 Yo» 20+,

To mpuzeM k Beipaxenuio (1) maa Au. Hpu Ax-0, Ay—-0, 4z-0 apry-
MEHTHI JIPOH3BOJHBIX B JIEBBIX 9YaCTAX 3THX DABEHCTB CTPEMATCA K X,
Yo» 2o (60 0, 6,, 0, — mpaBuNBHEBIE IPOOK), CIENOBATEIHHO, CAMHE IIPOU3-
BOIHBIC, BBUAY NPEANONOXEHHON HEUPEPHBHOCTH UX
OIS 35THUX 3HAYECHUNA NePEMEHHEBIX, CTPEMATCA K IIPOH3BOI-

*) Ecim B3sTh, HaUpEMED, NEPBYIO PA3HOCTh, TO €€ MOXHO PacCMaTpuBaTh Kak
npupamenre byExmmm f(x, yo+A4y, z,+4z) OT omHON mepeMEHHOM X, OTBeYaromee
mepexoay OF x=Xx,, K x=x,=/Ax. IIpomsBogEas mo Xx OT 3T0# ¢yHKIWH, T. €.
Sx(x, yo+ Ay, 2o+ Az), 1O TPEANONOKEHAIO, CYyMIECTBYET U BCEX 3HAUCHAN X B IPOMeE-
KyTKe [xq, Xy+ Ax], Tak 970 GOpMyNIa KOHEYHEIX NPHPANICHAN TPHMEHAM, | T. A.
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HBIM B IPABBIX YaCTHX, & BEJIMMUHBL &, 5, Y — K HYJIIO. DTHM H 3aBepIIACTCH
JIOKA3aTeIbCTBO. :

Hoka3aHHas TeopeMa JdaeT BO3MOXHOCTh, MEX/Y IPOUUM, YCTAHOBHATH,
9TO U3 CYUeCMBO8AHUA U HENPEPbIGHOCMY 8 OGHHOL MOYKe YACMHBLX NPOU3-
B00HBIX 8bIMEKAECH HENPEPBIGHOCb & IMOTl MmouKe camoil PyHKyuu; NeHCTBU-
TeNbHO, eca Ax -0, Ay -0, Az -0, To, oueBunuo, u Au 0.

Ans Toro uro6er dopmyny (1) Moxuo GELIO HammcaTh B Gojiee KOM-
TAaKTHOH (opMe, BBEZIEM B PACCMOTPEHHE BHIPAXKECHNE:

o~ VE A7 27
~ pacCTOSHHE MEXIy TOYKAMM
(Xos Yo» 20) ®  (xo+dx, yo+Ay, zy+Az).
IMone3ysce UM, MOXEM HAIUCATH:
oc-Ax+§-Ay+'y-Az=(oc-Ax+ﬁ-Ay+ y-iz)-g.

e e

OGo3HauyuB BEIpaXkeHue, CTosIUee B CKOOKax, uepes &, OyleM HMETb
a-dx+p-Ay+y-Adz=¢-p,

roe € 3asucut oT Ax, Ay, Az u cTtpemuresa k mymo, eciu Ax -0, Ay -0,
Az -0 wm, xopoue, eciu p—0. Utak, dopmyny (1) MOXHO Teleps Hepe-
IOHCATh B BHIE:

Au:Af(xo, Yos Zo)zf;c’(xoa Yo> ZO)'Ax+f}ll(x05 Yo> ZO)°Ay+
+.fz,(x0’ yO’ ZO)'AZ +8'Q’ (2)

rae -0 npu p-0. Benuuuna ¢-p, OYEBHOHO, MOXKET OBIThL 3aIHCAHA,
Kax o(p) (ecnu pacnpocTpanuTh BBeneHHOoe B 60 00o3HaYeHUE H HA CIydai
GYHKIMH HECKOJIKHX NEPEMCHHBIX).

3ameTHM, WTO B HAIIEM PAacCyXICHUH HE ObUI (opMaIbHO HCKIIOYEH
ciyvaii, Kkorna npupamienus Ax, Ay, Az moposHs WiIH Jaxe Bce cpasy
paBesl 0. TakmM 06pa3oM, roBops O MPENCIbHBIX COOTHOLIEHHAX

%=0, B~0, -0, -0

opa Ax—0, Ay -0, Az-0, MBI OHHMAEM HX B IIXPOKOM CMEICHE U HE
HCKIIIOYAEM UL STHX IPUPAINCHAN BO3MOXHOCTH B MpOLECCe MX H3MCHE-
uus obpamarscs B HyJb. (Cp. amamoruunoe 3aMeqanue B 96.)

Tlpu [OKa3aTeNnLCTBE HNpensIAymeil TeopeMsl MEI noTpeboBannm OT (YHKIUH He-
CKONBbKAX MEpeMEHHBIX GOolbine, 9eM B ciydae GyHKumu onHOH mepeMeHHOH. [dns Toro
q10o6BI TOKa3aTh, 4TO 6e3 cobimonmenms 31X TpeGosammit dopmyna (1) mma (2) 3mech
Mormxa OBl OKa3arTbCi H HEOPHIOXKAMOM, PACCMOTPUM, B 3aKIIIOYECHEE, CIICIYIOMIHM
npaMep (TAe I OPOCTOTHI MBI IMEEM JEJI0 BCETO JIAID C ABYMs HE3aBHCHMBIMH
TEePEMEHHBIMH).,

Onpenenmnm dyaxumo f(x, y) paBeHCTBaAMH:

xz
f(x: y)= xz+yz

(ecma x2+%>0), f(0, 0)=0.
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Ota Qysxuusa HempephIBHAa HA BCell MIIOCKOCTH; I TogkH (O, 0) s3T0 cienyer u3
167, (5). Manee, cymecTBYIOT YaCTHBIE NPOM3BOAHEIE O X ¥ IIO ¥ TaKkxe Ha BCeH IIOCKO-~
cru. IIpu x2+y2>0, oyeBHAHO,

o 20 (o XT=)
f"(x’y)_(szyz)z’ fy(an’)—(xT_*_y‘a—);-

B HavanbmOM Xe Touke uMeeM: S0, 0)= 740, 0)=0; 3T0 HEDOCPEACTBEHHO BHITE-
KaeT, 10 CaMOMy OHpPEJICNICHHIO YaCTHBIX NPOM3BOAHBIX, B3 TOro, 410 f(xX, 0)=£(0, y)=
=0. Jlerko moxasath, uT0 B Touke (0, 0) HEIPEPHIBHOCTH NpPOU3BOAHBIX HAPYINAETCS

1
(mm OepBOil U3 HAX AOCTATOYHO, HANPHMED, MOJIOXKHTE y=x=—-0] .

n
Popmyna Bua (1) wim (2) ans Hamell dyrknuu B Touke (0, 0) He HMeeT MecTa.
B camoM Jfiene, ecii JONMYCTAT NPOTHBHOE, TO GBUIO GBI

Ax2- A
d & Jdx2+ 42,

A4f©0, 0)= ———=
1/(0, 0) Ty
rae e ~0 npu Ax -0 u Ay -0. Ionoxus, B YacTHOCTH, Ay = Ax >0, AMeNH 651

1 4 Vi P 1
—dx=¢-}2-4x, orkyma e=-—,
2 21[5

H & He CTPeMWIOCh GBI K HYJIO Opd Ax ~0, 9TO OPOTHBOPEYHT AONYIICHUIO.
Ananormuayio ocobeHEOCTE B Touke (0, 0) mposBIsieT 1 GyHKIMS

SO, »)=1xpl.

IlpemocraBnseM guraTemo pa3o6paibcs B 9TOM.

179. Toameiii muddeperman. B ciyyae dynxkumm y=f(x) omHo nepe-
MEHHOM, MbI paccMaTpusamy B 103 BOIPOC 0 IPEeACTaBAMOCTH €€ TIpHpa-
menust Ay =Af(x,) = f(x, + 4x) - 1(x,) B Buze

Af(x)=A-Ax+0(4x) (4 =const). 3)

Oxazainioce [104], 4To I BO3MOXHOCTH TaKOTO IPEACTABICHAS H e o 6-
XOMMMO H NOCTATOYHO, YTOOBl CyNIECTBOBANA B TOYKE X =X,
KOHEYHAs Ipom3BoAHas f'(X,), HpUYEM HANMCAHHOE DABEHCTBO OCYIIE-
CTBILICTCS MMEHHO TpH A = f'(x,). JIuneiinyio Yacts

A Ax=f"(x)-Ax=y,-Ax

npHpanieHus GyHKIAH MBI H Ha3bBaim ee auddepermmanom, dy.
Ilepexonst x (yHKIME HCCKOJNBKHMX, HAIDHMED, TPEX ICPEMEHHBIX:.
Sf(x, y, z), ompenernennoit B HEKOTOPOIt (CKaXeM, OTKPHITOH) obiacty &),
€CTCCTBEHHO IIOCTABHTH AHAIOTHYHBIA BONPOC O IPENCTABEHMOCTH IPHpA-
LIEHMS
Au=Af(xy, ¥, 20)=f(xo+Ax, yo-+ Ay, zy+A2) ~ f(xo, Yo» 20)
B BuUjle
Af(xe5 V45 29)=A+Ax+ B-Ay+C-Az +0(p), “@

rne A, Bu C — moctosuubIe, a g =) Ax2+ Ay + Az2,
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Kak u B 103, 1erko mokasaTh, 9TO €CIM MMEET MECTO pasioxenue (4),
TO B TOUKe (X,, Vo, Z,) CYLIECTBYIOT YACTHBIC NPOM3BOMHELIE O KAXIOH U3
DePEeMEHHBIX, IPHIEM

fx/(xo’ Yos Zo)=A, fy'(xoa Yoo Zo)=B, f:(an Yo ZO)=C'
JleiicTBUTENLHO, HAapuMep, mofaras B (4) Ay = Az =0 u Ax =0, noayunm

SO+ 4%, Vo5 20~ f %o, Yoo 20) _ 4, o1 AxD)
Ax ax

OTKYZia ¥ CIEHYET, YTO CYLICCTBYET

fx'(xo, Yo» Zo)———lim S(xo+4x, yq, j(l)))c_f(xm Yo 20)=A.
a4

x>0

TaxuM 06pa3oM, COOTHOUICHHE (4) BCErZla OCYLUECTBIIAETCA TOJIBKO B BU/E
4
Af(xo» Yos 20) =S (Xg> Yo 20) - A%+

+f:vl(x0’ yo, ZO) 'Ay +le(x0’ yOa ZO) °AZ + 0(9) (5)
Wi — B 0oyiee KOPOTKOH 3amucH —

Au=uj,- Ax +uy- Ay +u;- Az + o(p). (5%

OnHako, B TO BpeMs Kak B ciydae (GyHKIMHM OIHOH HEPEMEHHOH Cy-
IMECTBOBAHMA MPOM3BOMHOH y,=f"(X,) B paccMaTpmBaeMoif Touke 6BUIO
yXKe M JOCTATOYHO UL HAJMYNS COOTHOIIECHHMS (3), B HALIEM CIyYae CyIie-
CTBOBaHHE YaCTHHIX IPOHM3BOJHBIX

u; =fx,(xo’ Yo> zo): ujlf =fy'(xo’ Yo» Zo), u; =fz,(x0’ Yos Z())

eme He obecmedamsaeT pasioxenud (4). Jna caydas QyHKIMH JBYX mepe-
MEHHBIX MEL 3TO BUJEIH Ha IIpEMepe B mpenpiaymneM n°. Tam xe, B Teope-
Me, ObLIM yKa3aHmel MOCTAaTOYHB € YCHOBHA Ui BBIIOJHEHHS CO-
oTHOLIEHHS (4): 3TO — CYIIECTBOBAHME YACTHBIX MPOU3BOJHBIX B O K P €-
CTHOCTH TOUKH (X,, Vo, Zp) HMX HENPEPEHIBHOCTBH B 3TOH TOUKE.
BrpoueM, Jerko IoKa3aTh, YTO 3TH YCJIOBUS OTHIOAb HE HEOOXONHMMBL
g Gopmyisl (5) wim (5%). D10, COOCTBEHHO IOBODS, ClelyeT yXKe H3
TOro, 4To AN (QYHKOMM OMHOM mepeMeHHOH (KOTOpYIO, €CIHM YTOAHO,
MOXHO PACCMATpHBATh M KaK (QYHKOHMIO OT JIFOGOTO HNCIA NEPEMEHHbIX)
no1o6HkIe YCIOBAS HE HEOOXOAUMBL.

IIpu nasuuuu gopmyawvt (5) dynxyua f(x, y, z) Hasvieaemca Ou g P e-
penyupyemoii 6 mouke (X5, Yo, 2o) # (TOJMBKO B 3TOM crmydae!) wipa-
Jcerue

U Ax +uy- Ay +uy- Az =
=f;(,(x0’ Yos Zo) ’Ax‘{“f;(xo’ Yo zo)'Ay +1:(X05 Yos Zo) - Az,

m. e. AuHeiiHasA uacmb npupaweHus @yHkyuu Hazvieaemca ee (NOAHBIM)
Jugpepenyuanom B 0603HATAETCI CHMBOIIOM du Wik df (xy, Vo, Zo)-
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B ciyyae QyHKImMM HECKOJNBKHX NEPEMEHHBIX yTBEpXKNCHHE: «bYHKIHS
madepennupyeMar B NaHHOM ToUKe, KaK BHMM, YKe He PABHO3HAMAIIE
C YTBEPK/CHHCM ¢DYHKIUS HMEET YaCTHBIC POH3BOMIHEIC IO BCEM IeEpe-
MEHHBIM» B 3TOH TOYKE, HO O3HAYAeT HEYTO O O b HIe 6. BupouemM, Mbl
00br4HO GyneM TpemonaraTh CYNIECTBOBAHHE M H eI e PHBHOCTH
JACTHBIX MPOU3BOAHBIX, & 9TO yXke MepekpHBaeT muddepermupy-
€MOCTb.

IMon nudpdepernuanaMu He3aBUCHMBIX IEPEMEHHDIX dx, dy, dz ycnas-
JMBAIOTCA pasyMeTh NP OHM3BOJbHB e npupamenus Ax, Ay, Az *);
HO3TOMY MOXHO HANHMCATh:

df(xo, Yoo zo) =f;c,(xo’ Yo zo)‘dx+fy'(x0, Yo» Zo)+ dy ‘*‘fz,(xo, Yo, Z) dz

Wi
du=ug-dx+uy-dy+u)-dz.

IToanwii Oupdepenyuar oxasvieaemes pasuvim cymme uwacmu o x
oudpdpepenyuanocs [177].

180. I'eomeTputieckas HHTepHpETALMS IS CJayqast Gynxunn BYX nepe-
MeHHbIX. JKemast MaTh FeOMETPHYECKOE MCTOJKOBAHHE CKa3aHHOMY BHIIIIE,
AHAJIOTMTHOE TCOMETPHYECKOMY HCTOJKOBAHMIO IPOM3BOHOM M Jub-
Qepennmana GyHKIEM ONHOM TepeMeHHON
[91, 104], BepueMcs k HOHATHIO KacaTeNbHOMH
K KpuBo# J{ B JaHHOM Ha Hel Touke M,.

Me1 onpenesamu kacatensayro M,T (puc.
99) kak npemeNBHOE HOJIOXKEHHE ceKyieit
MM wpu ctpemnennn M M x mymo [91].

OvueBraHO, MOXHO [AaTh M Takoe, PaBHO-
CHJIBHOE 3TOMY, ONIPENCIICHHE:

IIpaman MyT nasvieaemes xk acame 4 b-
HO i K Kpusoti § 6 mouke M, na neii, ecau Prc. 99,
paccmosnue MP nepemennoti mouku M kpu-
6oit J{ om npamoii M,T, npu cmpemnenuu paccmosnus MM x uyawo,
ABAACINCA OECKOHEUHO Maaoti 6vlcuiez o nopadka, wem MM (1. e.
ecnu oTHomenue MP[MyM Tpu 3ToM CTpeMuTCS K HYIIO **).

*) Ecnm oroxnecrsars nubdepennman He3aBHECUMO if nepeMeHHOH
x ¢ mupdepenpanoM x, kak G YHEKIUHHE OT He3aBHCHMEIX LIEDEMEHHBIX X, Y, 7, TO,
oo obmelt popMyiie, MOXKHO HAIHCATH

dx=xyz+ Ax+ x5 Ay+x}- Az=1- Ax+0- Ay +0- Az = Ax,
TOTJa PABEHCTBO dx = /AXx OKa3bIBaeTCd M OKAa3a H HBI M.

**) A 3TO 3HAYAT, YTO CTPEMUTCS K HYIIIO Sin @, @ C HEM H YTOJI  MEKAY CeKymel
MM u npsmoit M,T (cM. puc.).
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PaccMoTpuM Temeph HEKOTOPYIO MOBEPXHOCTH & ¥ HA Hell Touky M|,
(puc. 100).

AHaJIOTHYHO OIPEeNEICHHIO XacaTeJIbHON IpAMOH, JauM OmpeeiieHIe
KacaTeIbHO! IUIOCKOCTH:
ITrockocme MK Hasvieaemca KacameAbHOU NAOCKOCMBIO

K nogepxnocmu S ¢ mouxe M, Ha neil, ecau paccmosnue MP nepemennoi
mouxu M nogepxnocmu & om 3moit nAOCKOCMU, NPU CIMPEMACHUY PACCINOA-

nus MM Kk Hymo, asisemca GeCKOHeYHO Maa0il 8blCuLe2 0 NOpAdKa,
uem MyM (T. e. eciim oTHOIIEHUEe MP/M,M 1p¥ 3TOM CTPEMHTCS K HYJIIO).

Puc. 100.

Iycte [159] moBepxHOCTH 3aJanHa YpaBHEHAEM z=f(x, y) B IpsMo-
YLOJNIBHBIX KOOPIUHATAX.

BosbMeM Ha Heit TOUKY My(Xo, Vo5 Zo) [TIe zo=1(x,, ¥o)] B ucCHERYEM,
IIPH KaKMX YCIOBUAX IIOCKOCTS §, IpOXosinas 4epe3 Touky M, u HMelo-
LIasi ypaBHECHHE

Z—-zy=AX-x)+B(Y~-y,), 6)

YIOBIETBOPSIET STOMY ONPEICIICHAIO.
ITposenem ML mapamnenbro ocu z (cM. puc. 100) u m3 M, omycTiM

Ha ML neprnenmukyissp MyN. Tax xak orpe3ok MK ormmyaercs ot MP
MOCTOSHABIM MHOXHUTENEM (HE PaBHBIM HYJIO), TO BMECTO OTHOIUCHMA

MP|MM,, Moxro paccMaTpuBaTh oTHomicane MK[MM,. Ilokaxem Te-
epb, 9TO, HE MEHSA IO CYINECTBY OIPEJCTICHMS KACATEIBHOM MIIOCKOCTH,

MOHO, HAKOHEN, 3aMEHUTh 3/IECh paccrosiaue r= MM, oTpe3koM p = M,N.
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Ecna npur M —~ M, crpeMdTcs X HyJIIO OTHOLICHHE MK]p, T0 3TO0 TeM
Gomee BepHO Mns oTHomweHus MK/r, u6o r>p. IlpenmM o0 XKHAM
Tenepb, YT0 MK/r CTPEMHUTCA K HYNKO, KM YCTAHOBHM,
YTO TOTXAa CTPEMHUTCAa K Hynio U MK/p. dua sroro gocra-

r
TOYHO JOKAa3aTh, YTO NpU M — M, OTHOLUECHHKE o OCTAETCA OrPAHHYCHHBIM.
Orpe3ox MK, ¢ TOYHOCTBIO IO 3HAKA, PABEH BBIPAKEHHIO
z2—Z=2-2y—A(x—x,) = B(y - y,)
WJIH, €CJIM BBECTH 0003HAYEHHS
x—xg=Ax, y-y,=Ady, z-zy=Az=A4f(x,, y,),

~ BBIPAKCHUIO
Az - (A4 Ax + B Ay).

BBuny cremanmnoro mpemmoiiokeHHWs, MO Kpaiimeil Mepe IId Touek M,
HOCTaTOYHO ONU3KHX K M,, OyaeM HMeTb

|4z - (A4 Ax + B Ay)| <% r:%}/llxhr/]y2 + Az?,

lj‘ﬂ<|,4[.£‘x_|+|3|.M_Yl+ll/1+(jAz|)z
e 14 e 2

TaK 4TO

e
i (YCHIIABAsI HEPABEHCTBO)

@<|A|+|B|+l(1+'—4ﬂ) :
e 2 e
Orcropa

L2241 418 41,
a CJICHOBATECJBHO,

E',':VI—JF(T%?)Z<2(|AI+ 1B|+ 1),

4TO M TpeOOBAIOCH AOKA3aTh.
Takum obpasoM, mnockocts (6) GymeT KacaTenbHOU K TIOBEPXHOCTH
B TOM H TOJIKO B TOM CJIy4ae, €CIIM OTHOLIEHHE

A4z—(A Ax+ B Ay)
e
CTPEMHUTCA K HYJIFO BMECTE C 0, T. €. €CIIH MMEET MECTO PA3JIOKEHHE
Az=Af(x,, y))=A-Ax+ B- Ay + o(p)
fep. (4)].

Mer npuxonuMM X OKOHYATENHLHOMY 3aKIIOYEHHIO: 044 moeo, umob6wl
nosepxnocme z=f(x, y) ¢ mouke My(x,, y,, z,), 20e zo=f{Xy, ¥o), umena
KacameabHyro naockocms *), HeoOX00UMO U doCmamoyHo, Ymobsl npu x=Xx,,
Y=Y, pynxyua f(x, y) 6viaa oufepenyupyema.

*) UmeeTcst B BHOY TUIOCKOCTD, He MapallebHAS OCH 2.

25 I’ M. ®uxrerronsi, T. I
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Tak Kak IpH BHIIOJHEHWH 3TOro ycioBus koaddumuentsl 4 m B He-
06X0IMMO PaBHBI YACTHBLIM NMPOM3BOMHEIM f(X,, ¥o) ¥ f(X,, Vo), TO Kaca-
TeJIbHAS IUIOCKOCTh BHIPA3UTCS YPaBHEHHEM

Z-z, =f:,c(x09 Vo) - (X = x,) +f;(x0, Vo) (¥ = o).

O6EYHO 3HAYKOB IPH X, J, Z HE IHIIYT; TOTJa YPABHEHHE KAaCaTCIbHOM
IJIOCKOCTH NPHHAMACET BHUI

Z—z=fYx, P)-(X—x)+ 1% »)- T -). Q)

HeTtpymso BHOETH, 9TO €CJIM Hepeceyb IOBEPXHOCTh H KacaTesbHYIO
K Hell IJIOCKOCTh ME060ii MIIOCKOCTBIO, HapaJlIeEHON OCH Z M IPOXO/IsIIeiH
"epe3 TOUKY M,, To B CCUCHHUH C IIEPBOM IOJIy4aeTCs HEKOTOpas KpHhBasd,
a B CEYCHHH CO BTOPO#l — KacaTeJbHAas K Heil mpsmas *).

B 9acTHOCTH, B CEYEHMHM NOBEPXHOCTH ILIOCKOCTAMH Y=y, U X=X,
TOJNYYATCH KPUBBIE, YTIIOBBIE KO-
3¢ puumenTH KoTOPHIX *¥) COOT-
BETCTBEHHO PaBHEBL

Fi%s yo) B [3(%05 Yo)-

Ha puc. 101 orpesxu KM,
K,M, u KM TipeACTaBJLIOT YacT-
HBI€E U OJIHOE MpApaieHus Gynk-
mvm, a otpeskr KiN;, KN, u

KN — dacTHBIE M DOJHBIL ee
7 mabdepenouans: [cp. n° 104 u
puc. 44].

181. IipousBoaBpie OT CJIOK-
meix  Qysxmmii. Ilycte umeem
fingziaiialel

u=f (x’ y 2 z)’
onpeneIcHAYIO B (OTKPHITO#) 06-
JTacTH &), mpudYeM Kaxaas H3
IIEpEMEHHBIX X, ¥, Z B CBOIO O4Yepellb, ABJSCTCS QYHKIHEH OT MEpeMEHHOM
! B HEKOTOPOM IIPOMEXYTKE:

x=¢(t), y=vp(), z=9(2).
IycThb, KpOME TOro, P U3MEHEHUH ! TOUKH (X, Y, Z) HE BBHIXOIAT 32
npenessl obaacTa .
TMoICTABAB 3HAYECHNS X, ¥ ¥ Z B DYHKIHIO f, HOIyIuM CIOXKHYIO QyHK-

TMIO:
u=f(p(), p(t), %)

*) Humxe [234], 6yner paccMoTper Gonee o6muit BOIPOC O KacaTe/IbHBIX K JOORIM
KDHBBIM, POBEAEHHBIM IO IIOBEPXHOCTH Ye€Pe3 AAHHYIO TOUKY.
**) Jlerko cooOpasuTh, IO OTHOMEHMIO K KaKHM KOOPDAMHATHBIM CHCTEMaM BbI-
YHCIISIOTCA 3TH YIJIOBBIE KO3 OWIHEHTHI.

Prc. 101.
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ITpemronoxnM, 9T0 % HMEET IO X, } ¥ Z HENPEPHIBHBIE YACTHBIC IPOU3-
BOJHBIE Uy, Uy, U, *) M 4TO X}, y; U 2, CymecTBYIOT. Toraa MOXHO JOKa3aTh
CYHIECTBOBaHHE MPOM3BOJHOM CIOXHOM (GYHKIMM H BMECTE C TEM BEHI-
YUCIIATD €€.

HeiicTBrTENBHO, NPHIAANM IIEPEMEHHOM ¢ HEKOTOPOS npupaienue Az,
TOTAA X, y M z HOJYYaT COOTBETCTBEHHBIC Ipupainenua Ax, Ay u Az,
byHKIMA XKe ¥ MOoMyYuT npHpamenue Au.

Ilpencrasus mpupamenne # B ¢popme (1) (3T0 MBI MOXEM CHENATSH,
TaK KaK NPEANONOXKHIN CYHIECTBOBAHME HENPEePHIBHBIX 4YaCTHBIX
NPOM3BOMHBIX Uy, Uy, U;), TOJYIAM

Au=u;-Ax+u}-Ay+u;-Az+a-Ax+13'AY+V'AZ’

e «, B, ¥ ~0 npu Ax, 4y, Az—~0. Pasnemas o6e 9acTi paBeHcTBa Ha At,
OyzmeM HMeTh

du _ , Ax  , Ay , Az Ax Ay Az
I—ux-5+uy~27+uz-z+a~Zt—+ﬂ-'z;+y--dﬁt.

Yerpemum Temeps npupamenne At x mymo; Torma Ax, Ay, Az Gymyt
CTPEMHUTCH K HYJIIO, TaK KaK GYHKIHMH X, ¥ ¥ Z OT ¢ HENPEPHIBHBL (MBI Ipe/-
HOJIOKHUIH CYIICCTBOBAHHE IPOU3BOMHBIX X, V; M zj), a IOTOMY «, f, ¥
Takxke OyIayT CTpeMHThCS K Hymo. B mpesene mosyunm:

7 ’ 7 4 ’ s 7
Up=Uy- X+ Uy- Vi + U 25, ®
BuguM, 4To NpHu CHEeNaHHBIX IPEANONOKEHNAX IPOU3BOIHAS CIOKHON
$ynkuun medcTBuTeNBHO CymecTByeT. Ecmm Bocmons3oBaThest mudidepen-
MHAIBHEM 0003HaYeHHEM, TO hopMyIy (8) MOXKHO 3aIHCATH TaK:
du_du dx du dy* ou dz

200 2,08 AV o 4z 9

@ “ox'dr oy d oz ©)

Tenepb paccMOTpuM TOT Cily4aif, KOTAa X, y ¥ Z 3aBUCAT HE OT OTHOM
TICPEMEHHON 7, & OT HECKOJILKHX MEPEMEHHbIX; HAPHMED,

x=¢(t, v), y=y(t, v), z=x(@ v).

Kpome cyimecTBoBanms 1 HEMPEPEIBHOCTH YACTHBIX MPOU3BOAHBIX DYHK-
nud f(x, y, 2)*), MBI IIpeAnonaraeM 37iech CYIECTBOBAHHE TIPON3BOJHBIX
oT qyukumii x, y, z 1o ¢  v.

Iocne noncranosku Gynkuuit @, v 1 7 B GyHKIMIO £ MBI GyIEM HMETH
HEKOTOPYIO QYHKUMIO OT I BY X IEPEMEHHBIX ¢ H ¥, M BO3HUKAET BOLPOC
O CYINeCTBOBaHWH M BBIMHCICHMA YACTHBIX NPOM3BOIHBIX % U u,. Ho 3TOT
CTy9ail HE OTJIMYAETCSA CYIIECTBEHHO OT yXe H3yYeHHOTo, uGO IpH BHI-
YHMCICHUY YaCTHOH NPOM3BONHOM QYHKIMYM OT ABYX NEPEMEHHBIX MBI OJIHY
U3 NEPEMEHHBIX QUKCHPYEM, H Y HAC OCTAeTCs QYHKIHS TOJIBLKO OT O I H O i

*) CobetBenHO TOBODS, NOCTATOYHO NPENONOXHTH ME(GEpPEHIEPYEMOCTE dynk-
wm u=f(x, y, 2).

25%
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nepemennoit. ClenoBaTelbHO, MIsi 3TOro ciydas (popmysa (8) ocraercs
6e3 m3MmeHenus, a bopmyiry (9) HyXHO Hmepenucarb B BUAE:

Qu du 9x du dy du 9z *
91 ox ot gy ot oz of "
182. IMTpumepbt. 1) PaccMOTPUM CTETIEHHO-TIOKA3ATEIIBHYIO dynxmio
u=xv.

Tlonoxus x=g(t), y=y(t) v npoauddepennuposas N0 TOJIBLKO YTO BEIBEJCHHOMY
npaBuny AudOEpPEHIMPOBAHNS CIOXHOMK GYHKIHMH, TOLYYUM M3BECTHYIO yXKE Ham tbop-
myny I'. B. Jleit6uanna u M. bepaynnu: )

up=y-x¥"1.-xj+x¥-In x-yf.

Pambime MBI YCTAHOBHWIM €€ (B JAPYIHX OGO3HAYEHMSX) C HOMOILUBIO HCKYCCTBEHHOTO
npreMa [99, 23)].

2) Mycrs u=f(x, y, zZ) HUMeeT HENMPEPLIBHLIE YACTHBIC NMPOH3BOMHEIE, U BMECTO
X, ¥ ¥ z TIOJICTABJICHO:

x=n-¢, y=(-§ z={-n
o 3u+3u du du ou u 8u+3u
9 9y 9z’  on ox oz at ax oy’
3) Eciu (upu TexX Xe MPEANOIOXEeHUs X OTHOCHTEILHO dyHkumyd ), coXpaHAA
X He3aBUCHMOMU MepeMeHHOH, MONIOXATE

Torpma

>

y=y(x) u z=z(),
rae Gyskomd y(x), z(x) nuddepeHIMpPyeMBI IO X, TO #, KaK CIOXHAS ¢dyHKOHA OT X,
6yseT HMETh NIPOM3BOIHYIO:
du Qu Ou dy Ou dz

& ox oy dx 9z dx

A
i di

d——j‘;f;(x, Y09, 2(0)) + 4%, ), 2(0)) - )+ FH(x, ¥, 2(0)) - 2 ().

3/1eCh CaMO X HIPaeT poJjib IEPEMEHHOMH ¢ B dopmyiie (8).
4) Ecna xe 006 e mNepeMeHHblE X, Yy OCTaBUTh HE3aBHCHMBIMH, 2 BMECIO Zz IO/~
CTaBUTHh (YHKIHIO

z=1z(x, ¥),

FIMEIOIIYIO YaCTHBIE IIPOM3BOAHEIE HO X W IO Y, TO IUIA CIOXHON GyHKIMH U= f(x, »
z(x, ¥)) 6yneM HMETb:

/]
a'_;l':f::'(x’ Vs z(x, y))+le(x’ Vs Z(X, J’)) 'Z;C(x, y)s

a
5’-; = 1Y%, 3, 206, M) L 3, 205, 2)) - Z5x, 3.

5) B KadyecTBe NANLHEHNIEro NpHMepa INpPEMEHEHHs (GOPMYIIBI (9) paccMOTpHM
Bonpoc o nudbepeHIMpPOBaHUM O PEACTIUTC I A
Ay Gy <.+ in
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B NPEANOJIOKEHUH, YTO IEMEHTHI €ro a; (i, k=1, 2, ..., n) CyTb QYyHKUHUU OT HEKOTO-
daj, -
poro mapamerpa f, IIsi KOTOPBIX CyLIECTBYIOT NPOU3BOAHBIE TIO ?: o
t

BcmoMuHas pa3iiokKeHUe ONPENEUTENs 10 3IeMeHTaM k-To cronbua
A=Ayg ay+Agie agiet « - -+ A @it -« +Anke ang,

rae anrebpandeckue NONOJHEeHUs Ak, ..., Any 7EMEHTA aj; HE COACPXKAT, IPUXOAUM
K 3aKIIOYEHMIO, 4TO

04
T = Ak
dair
B takoMm ciyyae, no dopmyne (9),
dd n n 9A day n o on dajy,
P st Y Ajje - —— .
dt }Z_:l i=10ay dt kzl El " dr

n .
3aMeTHM, 4TO cymMMa >, Ajp+ ‘i‘% ZaeT Pa3sioKEHHE ONPENSIHTENS, OTIHYAIOErocs
i=1
OT JAHHOTO JIHIIL TEM, 9TO IJIEMEHTHI €T0 k-ro CTONOLA 3aMEHEHBl MX MPOU3BOIHBIME
o ¢. OTCIoa TPABWIIO: HMPpou3600Han onpedeaumenn A pasna cymme n onpedeasumedeil,
noayuaroyuxca uz A samenoil, noouepedro, sremenmos ezo 1-zo, 2-20, . .., n-20 cmosbya
HpOU3800HBIMU.

®opmyna (8) cxomHa ¢ GOPMYNOR uj=us- xj His ciayvas GyHKUMM # OT OO H O ¥
nepeMerHOM x. IlomuepkHeM, OIHAKO, CHOBA PA3HAIY B YCJI OB H A X, IPH KOTOPHIX
Oy BBIBeEHBI 3TH (opmynel. Eciy # 3aBUCHT OT O A H O W MEPEMEHHOM, TO HZOCTa-
TOYHO OBUIO HIPEeANOJIOKHATH CYIIECTBOBAHHE MPOM3BOAHOMN 4%, B CIOyvae Xe HECKOJIBKHX
MEPEMEHHBIX — MBI BBIHYXACHBI OBUIH IPEAIIONOXUTE €Ie ¥ HEIPCPHIBHOCTH IPOH3-
BOZAHBIX Uy, Uy, ... CICAyIOIAE OPUMEPEI NOKA3BIBAIOT, YTO OAHOTO CYIIECT BO-
BaHU S 3THX NPOMU3BOAHBIX NIA AEHCTBUTENHHOCTH GopMyisl (8) BooOite HemocTa-
TOYHO.

6) OnpenensM dbyukro u= f(x, y), monaras:

x2y
X2+ y2

Ora QyHKiEg, KaK M6l BUICIA, UMEET YaCTHLIC IPOU3BO/HbBIE BO BCEX TOYKAX, HE UCKIIKO-
4yas v HavanpHO# (0, 0), mpuuem

f40, 0)=0, f30, 0)=0;

3aMCTHM, 4TO HMEHHO B 3TOH TOYKE IIPOU3BOIHBIC TEPHAT pa3psiB.

Ecmi BBECTH HOBYIO IEPEMEHHYIO 7, TIOJIOXKMB X=1! H y=1{, TO HOJYYHM CIIOXHYIO
dysxumio ot ¢. Ilo dopmyne (8) npoussBoamas sToit dyHKuuM npu (=0 Obpiixa OBl
paBHa

f&x, »)= (mpn  x*+3y%2=0), f(0, 0)=0.

u'=uy- xj+uyeyj=0.

Ho, ¢ apyroii CTOpoHSI, €Cili Ha HAeJic [IOACTABMTh 3HAYCHUA X U y B OAHHYIO QYHK-
g u=f(x, y), OIXy4YumM
2.t 1

u ==t
-orrger 2

i 1
ITponubdepeniuposas Temepb HEMOCPEACTBCHHO MO f, OyaeM HMETh ui=i npu

J0GOM 3HAYCHUM 7, 3HAYMT M upu =0,
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OxkaspiBaercsd, 910 hopMyna (8) B JaHHOM Ciydae HEOPAMECHUMA.
7) Ilosenenne dynxnpm u=f(x, y) onpenenseMoii paBeHCTBAMHU

[

o

x3.y

S5 D=5

(mpu  x*+y%=0), f(0, 0)=0,

B Touke (0, 0) BooyHe aHANOTHYHO. B3sB 31€Ch X =y ={, NOJIYYHM CIOXKHYIO (YHKIMIO
2

u= 2 t3, xoTopas mpH =0 uMeeT GECKOHEYHBI € ONHOCTOPOHHHE IIPOU3BOJHEIE,
Ecnu Xe DONOXHTE: X=1, a

4
2.1
y=tasin‘— npu t#0 u y=0 npu £=0,

TO CnoXHas (YHKUMs, ompeensieMan PaBeHCTBAME:

t-sin;—
u=——— npu t#=0, u=0 npu ¢=0,
2
l+t3-sin2;

opu f=0 HHKaKOU DPOH3BOJHON UMETH He OyHeT.

183. dopmyaa woneunnix npupamenwii. I[Iycte dynxmus f(x, y, z)
OIIpE/ICTiCHA W HENPEpHIBHA B 3aMKHYTO M obyactd &) U HMeeT He-
IpepHIBHBIC YacTHBIE IPOU3BONHEIE fy, fy, f, BHY TpH 3Tolt obimactu
(T.e.BoBciko BHY TP e HHE I ee Touke). PaccMoTpuM /Be TOYKH U3 &)

My(xXy, Yo 29) B My(xg+A4x, yo+ Ay, 24+ A2),

KOTOPOE MOXHO COCOMHUTD IIPSIMOJHHEHHBIM OTpe3koM M M, menuxoM
JIexaiuM B obmacta &)).
Torna umeer mecro dopmyrna:
Af(xg5 Yo 29) =f (o + A%, yo+ Ay, 2o+ A2) — (X5 Yos 20) =
=flxe+04x, y,+ 04y, 2+ 04z) - Ax+ f(...)-dy+f(...)- 4z (10)
0<06<1),
BIIOJIHG AHAJIOTHYHAS H3BeCTHOM GopMyJie KOHEUHHX IpPpUD a-

meHdHud# A ¢yakoum omuoit nepemennoit [112, (2)].
Hns moxasaTenbCTBa ee moloXxuM B byskund f(x, ¥, z)

x=xy+t-Ax, y=y,+t-Ady, z=zy+t-Az (1

(upu O=<?=<1), T. €. paccMOTpUM Hally QYHKIHIO IMEHHO B TOYKAX IIPAMO-
auueiHoro orpeska MyM;. Cnoxnas ¢ynxuus oT ¢

F(t)=f(xy+t-dx, yo+t- Ay, z,+ - 42)
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HempephiBEA Bo BceM Ipomexytke [0, 1] [170], a BHyTpm Hero umeeT
TIPOU3BOAHYIO, KOoTOpasd, o dopmyie (8), pasHa

F'(t)=flixo+t-Ax, v+ t-Ap, zg+ - Az) - Ax+ f;(. . )- Ay + f{. . .)- Az,
u6o u3 (11)

dx dy dz
d—t—Ax, E—Ay’ E;—AZ.

Ipumenum k Gyuxumu F(t) B npOMexcyTxe‘[O, 1] dopmyay (2) n° 112:
F)-F0)=F(©®) (©O<06<1).
Eciu 3aMeTuTh, YTO, 1o ompenenenuro ¢ynxmun F(1),
F1) - FO)=f(x,+dx, y,+ Ay, zy+ Az) — f(Xy5 Yo Zo)s

H IOJICTABUTh BMecTo mpomssomnoii F'(0) Tonbko 4To HalileHHoe BBIpa-
xerue (upy ¢ =0), To 1 upuneM k bopmyne (10).

B xadecTBe NMPOCTOro HPHUMEPA LPHIIOXKEHHS XOKa3aHHOM (GOPMYNIBI
YIOMSAHEM CIICAYIOIEee MPeIIOKeHHE:

Ecau @ynxyusn f(x, y, z), HenpepvieHAA 6 3AMKHYMOU U CE8 A3 HO i
obagcmu &), eHympu obaacmu umeem uacmuvle npou3sgoouvie pashvie 0:

4 7 4
f;( =f y =f;' = 0’
mo sma PyHKyUAa 60 éceti obaacmu &) c800UMCA K NOCMOAHHOIL:

f=const.

Ilycte My(x,, ¥y, Z,) & M(x, y, z) OyayT nrobbie aBe TOUKH 00nacTH 9.
BBuay NOpenmoJIOXeHHONH CBS3HOCTH @), 3TH TOYKH MOXKHO COCIHHHTH
JIOMAaHOI, He BRIXosuIei 3a npenenst &). Ecnu M (x;, ¥;, z;) €CTh CAEOyIO-
mas 3a M, BepumHa JOMaHOMH, To, nojoxus B (11) x,+ Ax=x;, y,+dy=
=y, zo+Az=2,, cpa3y moiyIuM

f(xla yl) zl) =f(x03 yOa ZO);

nepexonad TakK HOCIEA0BATCIBHO OT BEPIIHHBL K BEPIIMHE, OKOHYATCJIBPHO
Haiigem:
f(x’ Vs Z)=f(x05 Yo» Zo)’

4. ¥ Tp. I.

184, Ilpom3somuas N6 33aJaHHOMY HANDABJICHHIO., YacTHBEIE IPOU3-
Boauble ¢ynkmuum f(M)=f(x,y,z) mo X, 10 y, MO Z BBIPAXKAIOT «CKO-
pOCTh H3MeHEHHs» (YHKIMHM 0O HAUpPABJEHHIO KOOPAMHATHBIX OCEH.
Hanpumep, fy €CTh «CKOPOCTH U3MEHEHHs» (QYHKIMH IO X: TOYKA IPEN-
HoJIaraeTCs nepeMelialolleiics JUk 0o Mapamiesn ocd x. Mexay Tem,
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BO MHOTUX (PU3HYECKHX BOIPOCAX MOXET IPEACTABUTH MHTEPEC TaKkKe
«CKopocTh u3MeHenus» Qynkuuu f(M) W Mo ApyruM HampaBieHusm. Tak
OyneTt, HapUMeED, B Ciiyyae, €CJid JaHo 1 oJie TEMIepaTypH, T. €.
eCnu 3amaHa TeMmepaTypa f(M) B xaxnoil Touke M paccMaTpu-
BaeMOro Teja. 3aKOHBI pacmpelesieHHs ¥ IlepeMelIeHHsS TeIuia Cyle-
CTBEHHO 3aBHCAT OT CKOPOCTH Iia-
v nmeuus (MJIM poCTa) TEMIIEPATYPHI IO
BCEM HANPABIICHUSM. YTOYHHM ITO-
/ % HATHE <CKOPDOCTH H3MEHEHHS» HIIH
) il npoussomuoli ¢ynknuM 1o
M/r m060My 32JaHHOMY HAIIPABJIEHHIO.
3nmech MBI Takxke OyIeM MMeETb CIIy-
; Yaii mpuMeHuTh dopmyiy (9).
\},’\5/“’ p / Ilycte ¢ymkmust (M) ompene-
JleHa B HEKOTOpo# (OTKpEITOM) 06-
, J1acti. PaccMoTpum NIO0YI0 TOYKY
U My(x,, vy 2,) 3TOM 0GnacTd ® JFO-
6yr0 BampaBJcHUYIO TpsAMyI0 (OCh)
I, npoxopsiiyro duepe3 3Ty TOUKY
A (puc. 102).
Prc. 102 Hycte M(x, y, z) — Xakas-HHU-
Oyap [gpyras ToOYKa OTOH OCH,
MM - nnwea oTpeska MexIy M, M, B3sTas C HAIEXAUMM 3HAKOM,
VMEHHO CO 3HAKOM ILIIOC, €CNIK HampaByieHue M M coBIafaeT ¢ HAaNIpaB-
JIEHHEM OCH /, ¥ CO 3HAKOM MHHYC — B IPOTHBHOM CIIydYae.
IMycte M Heorpammdenno npubimxaercs k M. Ilpedes

lim SM)- f(Mn)
MM

M->M,

Hazvisaemcs npouseoonoi om Pyukyuu f(M) no nanpas-
Aenuio I (wmm Baons ock [) B 0603HAYAETCS CIEAYIOUIMM oOpa3zoM:

3f(Mo) f(xq, Yo, Zo)
ol al

OTa TWPOM3BOMHASN XapaKTepH3yeT ¢CKOPOCTh H3MEHEHHs» (yHKUUM
B TOYKEe M, o HampasieHuro /.
B 4acTHOCTH, KaK YHOMHHAJIOCh, U OOBIYHBIC HACTHBIC HPOU3BOIHbLIE

g)’; gﬁ 9‘[ TOXE MOXHO pacCMaTpuBaTh KaK NPOMU3BOIHBIC «II0 HAIIpaB-

JICHHUION.

IIpenmonoxuM Tenepb, uro Qynxkuus f(x, y, z) MMeeT B pacCMaTpH-
BaeMoi 00JIaCTH He I P € P bl B H bl € YacTHBIC mpou3Boanbie *). IIycTh ochb
! o6pa3yeT C ocsMU KOOpAMHAT YIbI «, f, y. JoxaxeM, 4T0 NIpH CHe-

*) Cm, cHOcky Ha c1p. 387
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JIAHHBIX MPEANOJIOXCHHAX MPOU3BOJHAS NO HANPABJIEHHIO [ CYLIECTBYET
M BhIpaxkaeTcs popMyioin

3f(xo5 Yo, zo)_af. 3_f Qj_‘
N A P LR cosﬂ+az COS J. (12)

st oka3aTeabCTBA 3aMETHM, YTO €CIIY OJIOKHATh M,M=t, To 6ynem
VMETh
X—Xy=t-cosa, y-y,=t-cosfl, z-—z,=t-cosy.

Takum oGpasoM, BIOJIE ocK / KOOPAMHATHI X, ¥, Z MOXHO paccMaTpu-
BaTh, KaK QYHKIUH f:

X=Xo+t-Cosa, Y=y, +t-CosP, z=z5+1cosy, (13)

a dynxmmro f(M)=f(x,y,z) — Kak CloXHYIO (yHKIMIO @(t) ot t. lpn
3TOM To4Ke M, COOTBETCTBYET 3HAYCHHE 7, PABHOE HYJIIO.
Taxum obpazom, uMmeeM:

My _ . f(M)-f(My)
ar 131111:4 M =

0
€CIM TOJBLKO CyIeCTBYeT mpomsBojHas ¢'(0). Ho mpoussonmas ¢'(f) mpu

CHENaHHBIX NPENONONKCHAAX CYHIECTBYET H BBIpAaXaeTcs Mo (hopMylie
(9) caenyromnmM o6pazom:

()<L 45 of dv of dx
TOx dt 9y dt 9z ar

Ucnone3ys popmyssr (13), monyyaem

of
~Cos y,

0 =2L. of o/
qy(t)—ax cosa+ cosﬁ+a

ay

OTKY/a U CIEIYeT HAIlle YTBEPKICHHE.

3alamuMCs Teneph BONPOCOM: 710 KAKOMY HAnpasaenulo GyHKYyus 6

dannoii mouxe 6ydem ecezo Gvicmpee 803pacmans? KomneuHo, 3T0T Bompoc
UMEET CMBICH JIMIIb B TOM CJIy9ae, eCild IIPOM3BOIHBIC

kéf(j, Yos Zo) __0fCx5 Yo5 20) _ 0f(x05 Yo Zo)
a= PR b——-—ay s C=—o (14)

HE paBHBI OJIHOBPEMEHHO HYJIIO (160 MHAYe — NPOM3BOAHAS MO JFOGOMY
HalpaBJICHAIO ObUTA OB HyJIEM).

B 3TOM HpeanosnioxeHH, pHGErHeM K IPe06pa3OBAHMIO BHIPAKEHHS
(12):

a-cosa+b-cosf+c-cosy=

=Va2+b2+c2-(Va:-cosa+%-cosﬁ%—c:-cosy) .

V-
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Jpobu B ckoOkax MOXHO PacCMAaTPHBATEH, KAK HAIPABJIAIOMIAE KOCHHYCHI
HEKOTOPOr'O HANpaBJICHHUS g:

a b c
=cosd, —=coSp, ~—===CO0S?,

V- s Vo

U TOorga MbI NOJIyUYuM

Va2 + %+ c?- (cos A-cos o+ cos - cos f + Cos ¥+ Cos p).

Ecnu, Hakomen, uepes (g, /) 0603HAYATE yroji MeXAy HANPABICHUAMH g
u I, To 10 U3BecTHON PopMyre aHATMTHYECKOH T€OMETPHH TIOIYIHM:

%=Vm-cos D). 13

Teuepb SICHO, 4TO, €CJIH l OTOXOCCTBILIETCA C g, 3Ta NPOHU3BOOHASA
OOCTHTHET HAaUOONbINETr O 3HAYCHHUS:

W _yEimre=|] (227 (2L + (2L)
3g—Va +b +c2~wax) +(3y) 4 (az) .

Bektop g, nmeronumii npoekuuu (14) Ha OCH KOOpAMHAT, YKA3bIBAaeT
HarpasjieRue Haubosee GHICTPOro Bo3pacTaHus (pyHKIOMH, a €ro JJIHHA |g|
JIaeT BEJIHYUHY COOTBETCTBYIOIICH MPOU3BOAHOM. DTOT BEKTOD HA3BIBAIOT
2paduenmom Pyuxyuu f(M)=f(x, y, z).

ITepenucae popmysy (15) B Bune

U= \2|-cos (2, D),

JIETKO YCMOTPETh, UTO BEKTOP, KOTOPEIA HOJIYIUTCH €CIIM HA HAUpPABJICHHN
9. ”

| OTJIOXKHTD OTPE30K a—{ ,» IpencTaBisieT coboif MoNpocTy NMpOeXHuio Ipa-

IMEHTa Ha 9TO HANPABJIECHWE.

185. MimBapuanTnocts ¢opmer (nepsoro) muddepennuana. Ilycts Gpynxk-
st u=f(x, y, z) UMeeT HEIPEPLIBHBIE TACTHBIC TPOU3BONHEIC U, Uy, U,
OpWYEM X, ¥, Z, B CBOIO OYepelb, ABIAIOTCA QYHKUMSIME OT HOBHIX Ilepe-
MCHHBIX ¢ M ©:

x=gp(t,v), y=9(t,v), z=yt7),

TaKXKe MMEIOIMMHM HEIPEPHIBHBIC XK€ YaCTHBIC IPOU3BOIHbIE X, X,, Vi, Vos
z;, z,. Torma [181] He TOJBKO CYIIECTBYIOT OPOH3BOTHEIE OT CIOXKHOM
GyHKIMA u YO ¢ X ¥, HO STH IPOM3BOJHEIC TAKKE HEIPEPHIBHBL IO ¢ U 0,
KakK 3TO JIETKo ycMoTpeTh u3 (8).

Ecmu 651 X, y B z OBUIM HE32BHCUMEBIMH NEPEMEHHBIMH, TO, KAK MBI
3naeM, (monnbii) nuddepenmman dynxmua « GsUT 651 paBen

du=ug-dx +uy-dy +u}-dz,
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B naHHOM Xe ciydae u 3aBHCUT — 4Yepe3 IOCPEICTBO X, J, Z — OT
nepeMeHHEBIX ¢ U v. ClefAoBaTeIbHO, IO OTHOIUECHUIO K 3TUM MEPEMEHHBIM,
Juddepeniaan HaMKHIIETCS TAK:

du=uj-dt+u,-dv.
Ho, B cuny (8), ‘
Up= U~ X+t i+l 2
Y, AHAJIOTHYHO,
7 ’ ’ 7 ’ ’ ’
Uy=Uy- X+ Uy Yo+ U Zp.
IToacTaBuB 3TH 3HAYEHUS B BHIpaXKeHue A du, OyIeM UMETh:
du=(ug- X3+ - Yy + - 2p) - dt + (ug - X+ uyy, + - 2,) - dv.
IleperpymmupyeM wieHs! creayommM o6pa3oMm:
du=u-(x;-dt + x,- dv) +uy- (- dt + y,- dv) + - (z;- dt + 2, dv).

Herpynuo BHIETB, YTO BBIPaXEHHs, CTOAIIME B CKOOGKax, CyTh HE UTO
HHOE, KaK mubpdepernnansl G YyHKH UK X, y, z (OT 4 ¥ v), TAK YTO MEI
MOXEM HANHCATh:

du=uy-dx+uy-dy +u}-dz.

MBI npunus X Toi xe camoit ¢ o p M e muddepennuana, 9To U B CIy-
Jae, Xorjaa X, y, z OblIM HE3aBUCHMBIMHA MEPEMEHHHIMH (HO CMBICI CHM-
BOJIOB dx, dy, dz 31ech, KOHEUHO, YX€E IpYroi).

Wtax, 01a @ynkyuii HeCKOAbKUX NEPeMEHHbIX uUMeem Mecmo U H 8 a-
puanmunocms ¢ opmur (nepsoeo) duggpepenyuaia, xax u i GyHK-
4 OgHOM mepeMeHHoi *).

MoxXeT CIy4uThCS, 9TO X, ¥ M z OYAYT 3aBHCETH OT PA3IHYHBEIX HEpe-
MEHHBIX, HAIPHMED,

x=0), y=ypitw), z=y, w.
B TakoM ciyuae MBI BCeryia MoXeM CUHTaTh, YTO
x=(p1(t’ 'U, W), J"—“Th(t, U, W), z= Z1(t, ’U, W),

U BCE NpeAbIIyIIHe PacCyXIeHHs OyAyT NPHMEHMMBI M K 3TOMY CIy4alo.
CanenctBua. Ina cuydas, Korma x ¥ y 6suiM QyHKOMSAMH OXHOM
HNEePEMEHHOM, MBI HMEITH CIeAyoniae GopMyJIbL:
dicx)=c-dx, dxty)=dx+dy, dxy)=y-dx+x-dy,

x\ y-dx—-x-dy
"(;)=y—z-

*) OTMeTHM, 9TO TO X€ 3aKIIOYEHHE CIPABEITHBO M IIPH OJHOM IPENIOIOXEHUH
AuddbepeANAPYEMOCTY BCEX PACCMATPHBAEMEIX (yHKIMit. UTOOH yOenuThCS
B 3TOM, HNOCTATOYHO IOKa3aTh, YTO PE3YNBTATOM Cynepno3ammd auddepeHmpyeMbix
byskuuii Oyner Takxe mbdeperumpyeman dysxnus,
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DT GopMynabLl BEPHB M B TOM ciyyae, Korpga x
My sBNAOTCA QyHKHHAMY J0060ro Yuciaa mepemeH-
HBLX, T.e. Xoraa

x=pt, v,...), Y=y, v, ...).

HokaxeM, HaIIpUMED, IIOCJIEIHIOIO dbopmyay.

Ons 3Toro mpUMeEM CHavaja X M Y 324 HE3aBUCMMBIC NIEPEMCHHBIC;
TOrJa
_yrdx—x-dy

x) 1 X
Af5) 5=

BuguM, 4TO IIpH 3TOM HPEANONIOKEHHN MU(depeHnan uMeeT TOT XKe
BU, 9TO M JUIs GYHKIWA X ©y O IH O IEepeMEHHOI. Ha ocHoBaHuH Xe
HHBAPHAHTHOCTH GoOpMBL NnbdepeHnnana MOXHO YTBEPXKIATh, YTO 3T
dopMyIa crpaBeqTMBA ¥ B TOM CiydYac, KOIJa X # y ABJSIOTCS QyHK-
HESAME TH000ro YAcia MEPEMEHHBIX.

JloxazaHHOE CBOHMCTBO mojHOro muddepeHnnana ¥ CIEACTBHS U3 HErO MO3BOISIOT
yOpOIIaTh BHYKCIeHHe Auddepermanos, Hanprmep:
x) y-dx—x-dy

x
1) d arctg—=
y

1
—_—.d
(x)2 y X242
1+|—
y
2 d x _(x2+y2+zz)dx—x-d(x2+y2+z2)_
Rryiz (21 yE+22)2 h
02 +22—x)dx—2xy-dy—2xz-dz
B (x2+y2+2%)? )

Tak kax ko3bdmmentamu npu auddepeHnuanax He3aBUCUMEBIX NEPEMCHHBIX SBJIA-
FOTCH COOTBETICTBYIOIME YaCTHBC HNPOHM3BOHHBIE, TO OTCIOAa Cpasy Xe

x
MONYYArOTC M 3HAYeHWs 3TMX noCienHux. Hanpumep, mis u=arctg— HMeECM Hedo-
y

CPEeICTBSHHO
ou ¥y ou X
ox iy oy e
ams u= ﬁ; NOJIYYHM Cpasy
ou Yy +z22-x? ou 2xy
ou 2xz

9z Pty
[cp. 2) u 3) 177).

186. TTpumenenne nosmoro audrpepennaa B NPHOTHKEHHBIX BbITHCIICHHSAX. Amnaio-
ruae0 gubdepennuany GyHKUEM OT OAHON mepemerHOK [108] m mONMHBIH naddepen-
nEai GYHKIMHA OT HECKOJBbKHX IEPEMEHHBIX C YCHEXOM IPHMEHACTICSI B NpUOTIDKEHABIX
BLIYMCIICHHSIX TIDH oOmeHke morpeimnHocTed. IlycTs, HampaMep, MBI HMEEM ysxmo
u=f(x, y), npaueM, onpenenss 3HaYeHUs X M ¥, MbI IOMYCKAeM IIOTPCLIHOCTH, CKaxeM,
Ax u Ay. Torpa ¥ 3HAYCHUE U, BLIYMCJICHHOE NO HCTOYHBIM 3HAYCHUAM apryMCHTOB,
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TaKXe MONYYMTCH C HOrpemHocTsro  Au=f(x+ dx, y+ 4y) - f(x, y). Pesr wupmer o6
OIl€HK € 3TOM NOTPEINHOCTH, €CIIM W3BECTHEI OLICHKU MOTPENTHOCTeH Ax u Ay.

3amenss (DpUONMXEHHO) mpupalneHne GyHkupH ee maddepeHnpanoMm (YTo ompas-
JIaHO JIMIIOG IIPH AOCTATOYHO MANBIX 3HAYEHUAX x U Ay), noiydnm

ou ou
Au=— . Ax+—- Ay. 16
“ ox ~ oy 7 (16)

3neck M norpemuocTd Ax, Ay, 1 Ko3bbHIHEHTs NP HAX MOTYT OBITH KaK MOJIOXH-~
TENbHBIMH, TaK M OTPULIATENILHBIME; 3aMeHsis Te U JPpyrue WX aOCOOTHBIMH BENTHYM-
HAMH, IPHACM K HEPaBEHCTBY

| dul = -1 4y].

ou ou
i W -
3x| l xl+|3y

Ecnu wepes du, Ox, 0y 0003HaYuTh MAaKCHMAaJdbHEB € a0CONOTHBIE MOIPEMHO-
cte (MM TPAHHNB A19 aGCOMOTHRIX MOrPEHIHOCTEH), TO, MOXHO, OYEBHIHO,
NpPUHATH

ou

dy

du= du <Ox+ - 6y. a7n
X

IIpuBegeM mpuMeE P BL

1) IIpexnae BCEro, ¢ MOMOINBIO BBIBEAEHHBIX (OPMYJN JIETKO YCTAaHOBUTE OOBIY-
HBIE B NPAKTHKE NPHONMKEHHBIX BBHIYMCIICHWH HmpaBHaa. Ilycte u=xy (toe x>0,
y>0), Tak 4r0 du=y dx+x dy; 3amenss muddepeHUMaNEl NPUPALICHUAMY, IIOIYIAM
Au=y - Ax+x- Ay [em. (16)] mmm, nepexons Kk rpaHunaM morpemsocreil [cMm. (17)]:

Su=y - 0x+x-0y.
Henst o6e 9aCcTH 3TOro paBeHCTBA HA 4= Xy, IPHACM K OKOHYATENILHOM (opMyrne

du dx &
222 (18)
u x y

BRIpAXAIOWEd Takoe MPaBHIO: (MAKCUMAAbHAA) OMHOCUMENbHAS NOZPEUIHOCHb
npousgedenun paeHa cymme (MAKCUMAABHBIX) OMHOCUMEAbHBIX NOZpeuinocmel COMHO-
srcumeneil.

MoxH0 6bI0 6Bl HOCTYIHMTH NPOLIE — CHAYAJIA MPONOrapuMupoBaTh HOPMYITY
u=Xx-y, a 3ateM npoauddepermposaTs:

du dx dy ¥
Inu=Inx+lny, —=—+4-—
u x y

M T. O

x
Eciu 4 =—~, TO IO 3TOMY METOAy HaiimeM
y
Inu=Inx-Iny, —=—-—-—;

nepexoas K aGCONMOTHBIM BEJMYHHAM M K MAKCHMAJILHBIM IOrPEINHOCTAM, MBI IIOJY-
ypM CHOBa (popmyiny (18). TakuM 06pa3oM (MaxcumaibHAA) OMHOCUMEAbHAR NO2peui-
HOCMb YaCMHO20 PABHA cyMme (MAKCUMAAbILIX) OMHOCUMEbHBIX NOZPeWHOCMEil 0eAUMO20
u Oeaumens.

2) Yacroe nprMeHeHHe HaXOAAT HCYHCIICHHE HOrPEeIHOCTell B Tonorpaduu, rIIaBHbIM
06pa3oM IpHM BBHIYACIEHMH HE M3MEPEHHBIX HEMOCPEACTBEHHO 3JIEMCHTOB TPEYrOib-
HWKa — TI0 M3MEPEHHBIM €ro dleMenTaM. TIpuBeneM npuMepsl U3 310l obnacTy.

*) O6pamaeM BHUMAHHE YHTATEN HA TO, 4TO AuddepeHiman In u Mel BHIYHCISEM
TaK, kKak € CI U OBl u 6pLIa HE3aBUCHMMOM NEPEeMEHHOM, XOTA Ha JIENe OHA SABJISACTCA
dbynkuueit ot x w y [175]. D10 3ameuaHue cieayeT UMETh B BHAY U HAXE.
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IIyctes B mpsiMoyromeHOM Tpeyronbauke ABC (puc. 103) xarer AB=b u npue-
x)ammi yron <JBAC=« uH3MepeHBI; BTOPO Xe KaTeT d BHIYHCISIECTCH IO (opMyIe:
a=b - tga. Kak OTpaxaroTcs Ha 3HAYEHWH @ IOTrPEMHEOCTH [IpH U3MepeHnH b u o ?

A
[
174
8 =y
Prc. 103.

Anddepernmpys, momyumm

da=tga-db+ - det,
cos? o

TaK 49TO U

da=tgo-0b+ - 8t,

cosZa
ITycTe, HaipUMep, W3MEPEHUS IPUBEIH K PE3yNbTaTaM:

b=121,56 m+0,05 m, Qa=25°21"40"+£12",
TaKk 4TO

a=>57,62 m.
Onpenensas mo Hamei gopmyiie da, momoxuMm B Hek 6b=0,05, a 6a=m (Benp
60" - 60 - 360
dx HyXHO BBIDa3WTh B DafiManHax, a OAMH DaJuaH paBeH HMEHHO o "

=206265"). MuI nonyyam
tgo- 66 =0,0237,

S0 =0,0087,

0s2 o

TaK 4TO, OKPYTJIsisi, MOXHO camTaTh d0a=0,04. Uitax, a= 57,62 m+ 0,04 m.
3) HaiineM morpemHOCTH OpW OHPENEICHAN CTOPOHBI @ KOCOYTONBHOTO TPEyroib-
KA ABC (puc. 104) no dopmyne

a= [/b2+c2~2bc-cos o.

ITonp3ysack pesynbraTamMu npemMepa 5) n° 177, MoxHo o gopmyne (17) cpa3y HamHCaThb:
b—c-cosa c—b-cosa bc-sina
da = -6b+ - de+ - dat

a a a

M3 yeprexa xKe MMeeM HEMOCPEICTBEHHO:
b—c-cosa=a-cosy, c—-b-cosa=a-cosf, bc-sina=a-hq,

TAe hg €CTh BHICOTA TPEYTONBHUKA, OMyINeHHas A3 BepmmEbl A. TakuM 06pa3oM OKaski-
BAETCH, 4TO :
da=cosy-6b+cosf-dc+hg- da;

10 3T0# GOpMyIIe JIeTkO CYANTh O BIWSHAH HA da OTAEIBHEIX morpewnocreit 6b, de, da.



187] § 3. IPOM3BOAHBIE X ANOGEPEHIMAIIBI 399

187. Opgmnopoansie ¢ynkmun. Kax H3BECTHO, OIHOPOAHBIMH MHOIO-
4JIEeHAMH HA3BIBAIOTCS MHOTOWIEHE!, COCTOSIIHE U3 WIEHOB OJHOTO M TOTO
ke u3Mepenus. Hanpumep, BrlpaxkeHue

3x%2—2xy + 5y?

€CTh OTHOPOJHBII MHOTOWIEH BTOpO# cremeHu. Eciau yMHOXHUTE 3[eCh X
H y HA HEKOTOPBIA MHOXHTENb f, TO BeCb MHOLOWIEH IpHOOPETET MHO-
XHTENh ¢ BO BTopoii cremeHd. Ilono0Hoe 0OCTOATENHCTBO HMEET MECTO
JUTs 11000r0 OJIHOPOZHOTO MHOIOYJIEHA.

Omuaxo 4 ¢yHKOEH GoJiee CIOKHOH IIPUPOABI MOrYT 00JIafaTh TaKAM
JKe CBOMCTBOM; €CJTH B3SITh, HAIIPHMED, BHIPAKECHHE

X _V_xd__f—z_‘_ .In x

x-y y

TO ¥ OHO MPHOOpETaeT MHOXHUTENb 2 MpY YMHOXEHUH OOOUX apryMeH-

TOB X H y HA [, YIOXOOJSACH B 3TOM OTHOIICHAN OJJHOPOAHOMY MHOIO-

4JieHy BTOpoii crenend. I1ono0Hyro (YHKIHIO €CTECTBEHHO TAaKXe HA3BATD
ONHOpPOAHONW PyHKIHeH BTOpOH CTENEeHH.

Hamum obiiee ompeneneHue:

Qynryun f(x,, ..., X,) om n apzymeHmos, onpedeennas & obaacmu &),
Hazvleaemca OOHOPOOHOU GYHKyueii m-ii cmenenu, eciu
npU Y MHOMCEHUU 8CEX ee ApeyMEeHMO08 Ha MHOMCUmenb t yHKyus npuobpe-
maem 3mom ce MHOM¥CUmeNb 8 M-ii CIeneHy, T. €. eCIIA TOXKIECTBEHHO BEI-
IIOJIHAETC PABEHCTBO

Slxy, .. tx)=t™ f(x;, ..., Xp). 19

Hust mpocToTHl MBI OTPAaHHYWMCS IIPEMIIOJIOKCHHEM, YTO Xi, ..., Xp
H ¢ 30eCh NPHHAMAIOT JIHLIb HOJOXATENbHBIEe 3mHadeHus. Ob6macte &),
B KOTOPO#l MBI paccMaTpuBaeM (QyHKIuEO f, BMecTe ¢ JIl000i CBOeH Tod-
kot M(x,, ..., Xx,;) IpedmoNaraeTcst cojepXallled M BCe TOYKHM BHIA
M{(tx,, ..., tx,) opu ¢ >0, T. . BeCb JIy4, HCXOJISIIUH M3 HAYAJILHOM TOYKH
U IPOXOJALIMMA Yepe3 TOUKy M.

Creness OOHOPOOHOCTH M MOXET OBITh JIOOBIM BELUECTBEHHBIM
9HCHOM; TaK, HanpuMep, GyHKIHs

>

X X
X*.sIn —+y* - coS —
¥y y

SIBJIAETC OJHOPOMHON (YHKIWEH CTEHEeHH T OT apryMEHTOB X H .
IlocrapaemMcst Tenmeph MOJMYYATh O OIjee BRI PAXEHHUE ONHOPOI-
HOIt QYHKIIMU CTENIEHH M.
ITycte cmepsa f(x;, ..., X;) €CTb OMHOPOIHASA QYHKIMUS HYJNE€BOH
CTCHCHH; TOTAa
Sxy, 1y, oo 1) =f (X1, Xg5 o 5 Xn).

1
ITonmoxus ¢ = > ToIynM
1

Fx, %, -..,xn)=f(1,’;—2, "—) :
1
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Ecnu BBecTH QYHKIHUIO OT 72— 1 apryMEHTOB:

@(ul’ sees un—l) =f(1, Upy o oes un—l)s
TO OKAXETCA, YTO

f(xl, x2, ey xn):(p (x._2’ .. .,fﬂ) .

Utak, Bcikas ogHOpoAHAsA (GYHKIMS HYJIECBOHM CTENEHM NPEACTaBISETCA
B BH/C (YHKIMH OTHOLIEHWH BCEX apryMeHTOB K ofHOMY W3 Hux. OGpart-
HOE, OYEBHIHO, TAaKXKe BEPHO, TaK YTO IPEIIECTBYIONIEE DPaBEHCTBO
JaeT obllee BHIpAXEHHUE ONHOPONHOM QYHKIIUH HYJ e
BOM CTEIEHHU.

Ecmt  f(X;, Xy, .- -» Xp) €CTb OJHOpONHAsA GYHKIMS m-A CTCHCHH
(¥ TOJILKO B 3TOM CJIy4ae), OTHOIICHHE €€ K X' 6yaeT oiHOpoAHOH (yHKIHeH
HYJIEBOM CTENEHH, TaK YTO

f(xl’xz’ ‘f"xn):q)(_x_fl_ ﬁ) .

A i U
TakuM o6pa3oM, MBI moyydaeM OO MM BHJ ONHOPONHOM
GYHKIUH CTENMEHHN M
X, X
f(x1’x29""xn)=xT'(P(_2"-~a_n) .
ITpumenp:
TN
VEi , x V”(Z)
x..Fl_.ln_=x2.'_x_.]nZ

x-y y y x°
x

188. ®opmyna Diinepa. IIpeamonoxum Temeph, 4TO OAHOPOAHAs
(ctenenn m) bymxmms f(x, y, z) *) uMeeT B (OTKpHITOH) obsactu &) He-
IIpEpHIBHBIE YAaCTHbIC UPOM3BOJHBIE IO BCEM apryMeHTaMm. PHKCHpyA MO
HpOM3BONY TOUKY (Xo, Vo, Ze) H3 &), B CHIIy OCHOBHOTO TOXIECTBA (19),
6ymeM uMeTh mid Jroboro £ =0:

S(txq, tyg, t20) =™ f(Xg5 Yo Zo)-

IponupdepennupyeM TeIepb 3TO PABEHCTBO MO f. JIEBYIO YacTb pa-
BEHCTBA — MO NIpaBiily JuddepeHIEpPOBaHus CIOXHON (yHKIMY **), mpa-
ByI0 — HPOCTO Kak CTemeHHylo ¢ynkmuro. [lomyunm

Fitxg, 194, 129)- X0+ f(tXg5 1, 120)* Yo +fAtx05 1905 129)  Zp=
= mtm_l 'f(x()a Yoo Z())-

*) JIMmb AJ18 YNPOUIEHUs MUChMa MBI OTPaHWIHBAEMCS 3[€ECh CilyyaeM Tpex mepe-
MEHHBIX.
**) JIMeHHO A7 TOro, 4ToOhl HMETh MPABO NPMMEHUTH 3TO NPABUIIO, Mbl U MMPEA-
MOMOKHIH HEMPEPLIBHOCTD YaCTHBIX MPON3BOAHBIX [181].
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Ecii moJokuTh 31eck =1, To mpugeM K clenyloLiel gopMmyire:

Sx(X05 Yo, 20) Xo +f;(xoa Yor Zo) Yo +fiXo» Yo» 20) - Zo=m-f(Xg. Yo, 2o)-

Taxnm obpasom, st EoG0H Touku (X, Y, Z) HMEET MECTO PABEHCTBO
e,y ) x4 fi(x yo 2y fUx ) z=mef(X, 3, 2). (20)

DTo paBeHCTBO HOCUT HasBamue opmyavt. Jiiaepa (L. Euler).

Mpbl BHIENHM, YTO 3TOMY PABEHCTBY YIOBJIETBOpsET Jrobas OOHOPOA-
Has QyHKIMS CTENCHH /M, UMEIOIIAS HENPEPBIBHbIE YACTHBIC HIPOU3BOJHBIE.
IMoxaxeM Temepb, 4TO W OOpaTHO ~ Kaxdas (YHKIUS, HEOpepbIBHAS
BMECTE CO CBOMMHA YaCTHHIMH IPOU3BOJAHBIMH M yAOBIETBOPSIOINAA PaBEH-
crBy Ditaepa (20), HeoGXOAMMO SBIIAETCA OMHOPOIHOM QYHKIHEH CTe-
ey m.

JeiicTBUTENBHO, TYcTh f(X, y,z) OymeT Taxoit Qynxumed. PHKCHPYS
[0 IPOM3BONY 3HAYEHHS Xy, Yo, Zg, PACCMOTPUM CIEAYIOWIYIO (YHKIHIO
ot t (mpu ¢>0):

(1) _f(txq5 1y, 120) .

= pe
Oda ompeJeieHa ¥ HempepbiBHA npH Beex f>0. Boruucious ec nMpou3Bon-

Hyko ¢'(t) o npasiwty nudbdepesuposanus ApodH, NIOJYTHM TaKKe Ipobb,
YUCIIUTENb KOTOPOI paBeH

[fi(tX05 tygs 120) - Xo +S3(1X0, 1Yo 120) - Yo +
FfltXgs 1V, 12) - Zg] - t —m- f(tXg, 1Yy, 12).
3amenuB B dopmyne Ditnepa (20) x,y, z HA Xy, 1Yy, 12y, BUIUM,
YTO 3TOT YHCIUTENHL OOpAINAETCs B HYJIb, Tak 4T0 ¢'(¢) =0 u ¢(f) = c = const

(itpa ¢ >0). UTo6BI Onpeae uTh HOCTOSHHYIO C, HOJIOKMM ¢ =1 B paBEHCTBE,
onpenenstoeM ¢(t). HonyduMm 41O

c=f(Xgs Yo» 2)-

Urtak,
o) =T 20230 f, 3, 2)
MM
S(txg, 1y, tzg) =1™ S (X05 Yos Z0)s
4. | Tp. A

Moxuo cka3aTh, uTo QopMmyna Difdepa B TaKOH XKe Mepe Xapak-
TEPU3yeT OJHOPOJHYIO (YHKIMIO CTENeHM m, KaK U OCHOBHOE DaBEH-
ctBo (19).

26 I. M. duxreuroany, T. I
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§ 4. ITponssonmnie W MR(pQepeHIMantI BHICHEX NOPATKOB

189. TIponssonusie BhICIHX mOpajKoB. Ecmm dymkmms u=f(x, y, z) *)
MMeeT B HEKOTOPOH (OTKpHITOH) 0GNAacTH &) 4YacTHYIO NPOHM3BOIHYIO
IO ONHOM HM3 NEPEMEHHBIX, TO HA3BAaHHAS NPOU3BOJHAS, CAMA NBJIAACH
¢ysKIEEi OT X, y, 2, MOXET B CBOIO 04epe/ib B HEKOTOPOHl TOUKe (%05 Yos 20)
HMCTh YacTHBEIC NPOH3BOJHBIC MO TOH e MM IO JIo6oil Apyroi mepe-
MeHHO#. [lna mcxomuodt dymKmuM u=f(x,y,z) 5TH HoCnemHHe IPOH3-
BoAHbIe OyAyT 9YaCTHHIMH NpPOHM3BOJHBIMA BTODPOTO HOPALKA
(41 BTOPHIMH YacCTHBIME IIPOU3BOTHBIMI).

Ecn nepsast npomssoznas Gbula B3fTa, HAPHMED, MO X, TO €€ IPO-
H3BOJHEIE IO X, ¥, Z 0003HAYAIOTCS TAK:

?__"i‘zazf(xoa Yos Zo) % =32f(xo, Yo Zo)

ox2 ax2 > 9xdy ax dy ?
P*u_ 0% (%, ¥o, 20
dx 9z  9xdz

2107
4 27, s 24
Ua=FfalXo, Yo, 20 Usy=Fi(X0» Yo» Z0)s
7 27,
Uy, =f;cz(xo’ Yos ZO) **)-

AHaJIOTHIHEIM 06pa30M OLPENeNAIOTC NPOU3BOAHEIE 3-T0, 4-T0 | T. 1.
HOPANKOB (TPeTbH, YE€TBEPTHE, ... OPOH3BONHEI). Obmee
OIIpeNesieHHe YaCTHOH IPOH3BOMHON 7-TO MO P A [ K & MOXKET OBITH IAHO
HHIYKTHBHO.

3aMeTEM, 9TO 9YaCTHasA NPOH3BOXHAS BHICIIErO TOPANKA, B3ATAS IO
Pa3I4HBIM NEPEMEHHBIM, HAIPHEMED,

8 o d'u
xdy’>  dydx’  Bxdydz2’ "’

Ha3bIBACTCA CMEIIAHHOH 4YacTHOM MpOH3BOIHOM.

HpumMmepsr. 1) Ilyere u=x4y%2% Torma:

uy=4x3ysz2, uly=12x3y%22,

uj=3xtyaz2, W= 12x%22,

u; =2x43z, uzx = 8x3y3z,
uly, = 24x3%z, Uyzx=T2x%%z,
Uyxx=36x2y%z2, Upra=T2x2y%,

Wiy = 24x3y%z, Ubvyx=T2x2%z,

*) ME1 ¥ 376Ch IS DPOCTOTHI NIHChbMa OTPAHHYHBAEMCS CIyYaeM (YHKOUH OT
TPEX NEePEMEHHBIX.

**) Pasymeercs, mubdepeHipanbEbe 0GO3HAYCHHsS CIEAYET PACCMATPHBATH Kak
LenbHbIe CuMBOJIEL. KBaapar 9x? B 35aMeHaTeNe 3aMEHsET YCIOBHO X X M YKa3bIBAET
Ha ruddepermaposanne N BaX A Bl O X; TOYHO TAK JX€ 3HAYOK X% BHW3Y 3aMeHSET
xx. OTO HY>XHO UMETh B BUAY M JaJIbIIE.
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2) M=1 umemu yxe [177] yacrabie npou3Boaakbie Wi QYHKIMH u = arctg i:
ou y du x ¢
BHIYKCIIUM Terephb NANIbHEUIIAEe POU3BOAHBIE:

32u ] y . 2xy
ax i)x X2+ y? 24y’
) e
3x 3y 3y xz+y2 (24y22
)
ay ax X2+ G222’
32u ) 2xy
3yz ( X242 (x2+y2)2 ’
O3u 3 ( 2xy ) 6xy% —2x3
ox2dy Iy \ (2+yd? (2 +y2
o3u D] ( x2—y? ) 6xy?—2x3
dyox2 x\(2+32) (B+y?)P
W T. I
1
3) Ansa dysxuuu u————————-— =(x2+)2+2%) % mMeeM IOCIEHOBATE/ILHO:
Yx24y2 422
ou s
= =X (243242 2,
ox
%u 5
a—-?:x2 (x2 43242 *- x’+y2+z2) z
x?
o%u 32u
QHAJIOTHYHBIE BhHIPAXKEHHS OMYYMM M JJIS 3—y2 Py . CnoxuB ux, ybeaumcsi, 4o GpyHk-
UuHsl ¥ YOOBIETBOPSET YPABHEHHIO
32u ou d%u
— +—=0.
c’)x2 ayr 0z2

4) Ilycts y = f(x+at)+@(x—at), rae a=const, a f(u),p(u) — 0B¢ D POU3IBOJ b~
H Bl ¢ (yHKIHH, IMEIOMHE MEPBYIO U BTOPYIO npousBoankie. IToka3ats, 4TO y yHOBIET-
%y %y
BOPSET YPABHCHUIO 7t =q% — py , KaKoBbl Op1 Hu Obuty dykaumm f 1 @.
x2
Ione3ysce npasmwioM AudepeHIUPOBAHAA CIOXKHON QYHKUMM HaXOAHM *):

2
({2} =f'(x+at)+o'(x—at), —3——)—’ =f"(x+at)+¢"(x-at),
dx / oxt

)
5;=f’(x+at)'a+<p’(x—at)-(—-a),
2y ” " 32y
;9_—2=f (x+at) a®+yp (x—at)-(—a)2=a2-ﬁ , Y. U TD. .

*) Mitpuxu B o6Gosuavenmsax f’, ¢’, ... O3HAYAIOT NPOU3BOAHBIE IO APTYMEHTY

u bysxmmi f(u), pu).

26*
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5) HoxasaTs, 94TO BEIpaxeHHE

)

IZe @ By O3HAYAIOT HPOH3BONbHEE GYHKIME (AMEIOMME MEPBYIO H BTODYIO
OPOH3BOHEIE), YAOBJIETBOPSET YPABHEHHIIO
d*z 0%z . 0%z

. 2%y 4+y2.— 220,
ax2 x) ax dy 7 9y*
9z (ZJ_Z’. '(X)_Z. (Z)
ax ¢ X xqp x/ xt v x)’

0z AT SN A

=o Bt

ay x] x x

%z ¥ (¥ 2y (YN ¥ (¥
s ()2 () E B
5w (= (-5 )
ax dy x”tpxxzwx =¥ \5)

322_1 ”(y +1 (YY)
3y=_x.‘p x)' = 7 (J_c)’

YMHOXasl HOCNeHUe TPY NPOW3BONHEIE, COOTBETCTBEHHO, HA X2, 2xy, ¥2 H CKIABIBAL,
ACKCTBATENBHO noiydaeM 0.

x2

HNmeem:

190. TeopeMa 0 CMemAHHEIX NPOH3BOAHBIX. IIpM PacCMOTpPEHHH NpH-
Mepos 1) u 2) 6pocaeTcs B IJla3a COBHAJCHHE CMEMIAHHBIX MPOH3BOMIHBIX,
B3STHIX IO OJHMM H TEM XK€ IIEPEMEHHEIM, HO B Pa3HOM IIOPAJIKE.

HyxrO cpa3sy e OTMETHTB, YTO 3TO BOBCE HE BBITEKAET C HEOOXonH-
MOCTBIO H3 ONpPENE€NEHHSA CMEUIAHABIX NPOM3BOJHEIX, TaK 4TO Cy-
LIECTBYIOT Cliy4aH, KOrAa yHOMSHYTOI'O COBIAJIEHHS HET.

Jia nprmepa paccMOTpPEM QYHKIHIO

[ M)=xp x;fz (opu x2+32>0), f(0, 0)=0.
HNmeem -

, xt— 4x2y?

13 0=y-[ 5 | a0,

X0, 0)=0.

ITpupas x 9acTHOe 3HAYCHHE, PaBHOE HYNO, GyaeM HMeTh OpH J060M y (B.TOM
uyacne u opa y=0):. f3(0, y)= —y. Ilpomuddepenrposas 3Ty GYEKIEIO OO ¥, HOTYIHM
F3A0, y)= —1. Orcrona crnemyer, B 9aCTHOCTH, 4TO B Touke (0, 0) Gynem mveThb

[0, 0)= 1.
BermCIHB TaKEM ke 06paszoM f5y B Touke (0, 0), nonysmm
[0, 0)=1.
Wrak, ans paccmarpusaemoli ymxamm 175(0, 0) = £5/(0, 0).

Tem Be MeHee, NMOAMEYCHHOE HA NPHMEpax COBIAJCHHE CMELIAHHBIX
NPOM3BOJHLIX, OTJMYAIOINHMXCA JIMIIL HopsakoM muddepennnpoBanuii, He
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CITy4aiiHO: OHO MMEET MECTO B IIHPOKOM KJAacce CIy4aeB — HpH coboro-
JICHAM OIPEIC/ICHHBIX ycnoBuil. HaureM co cnenyrommeil mpocToit Teopembl.

Teopema. Ilpeononsoxcum, umo 1) f(x,y) onpedesena e (omxprimoii)
o6aacmu &), 2) 6 3moii obaacmu cyujecmeyiom nepgsie npousgodnsie f; u 5
a maxdce 6mopble CmeuLanHble npousgoonvie [y, u fy u, HakoHey,
3) amu nocaednue npoussodmsie fg, u [y, Kak Pyukyuu x u 'y, Henpepvigno
8 Hexomopoii mouke (x,, y,) obaacmu 6). Tozda ¢ smoii mouke

f::;’(xo, yo) “—“f;:c(xoa yo) (1)
D; 0Ka3aTeJabCTBO. PaCCMOTpHM BBIPAKCHHUC

W=f(xo+h: Yo+ k)= f(xo+h, yo)— f(x,, Yo+ K)+ f(xo, ¥o)
hk ?

rae h, k OTIMYHBI OT HyJA, HAIPHMEp, NOJOXUTEIbHB, H IPUTOM HAa-
CTOJIBKO MAJIbl, YTO B &) COHEPKUTCA BeCh IPAMOYIOJBHHK [X,, X,+h;
Yo» Yo+ kl; TaxuMu MBI UX (UKCUpYEM 10 KOHIIA PacCyXKICHHUS.

BreneM Teneph BCHOMOIATENBHYIO QYHKIUIO OT X!

o(x) _fGx, yo+1\2—f(A', Yo)

KOTOpast B MPOMEXYTKE [X,, X, Al, B cuiy 2), UMeeT NpOU3BOJHYIO

(PI(X) zfa,((x’ y0+k12“f>,c(x, Vo)

H, CICOBATENbHO, HempephiBHA, C MOMOMIBIO 3TOi (DYHKUMM BHIpAKECHHE
W, KOoTOpoe paBHO

w=l [f(xo+h, Yo+ K)—f(xo+h, yo) _ f(xo, Yot k) = flx, yo)] ’ @

h K k

MOXHO HepenucaTb B BUIC:

Tax kak mist Gynxkuum (x) B poMexXyTKe [Xx,, X,+ k] BuMOMHAIOTCS
Bce ycnoBus TeopeMsl Jlarpamxa [112], To MBI Moxem, mo ¢op-
MyJie KOHEYHBIX NPUPALLICHNIT, TpeoOpazoBaTh BLIpaxenue W Tak:

£y +0h, 3o+ K) = f§(xg+ O, )

W =q'(xy+ Oh) = %

0<06<1).

ITone3ysick cyluecTBOBaHMEM BTOPOH HPOM3BOMHOM fi(X, y), CHOBa
HpuMeHEM (OpMyITy KOHEYBBIX MPUPAIICHUIN, HA ITOT pa3 — K QYHKIUH
oT y: fi(xo+06h, y) B mpomexyTke [,, ¥, +k]. OKOHYATENBHO, HOJNYYUM

W= f25(xo+ Oh, yo+ 0,k)  (0=<0, 6,<1). )
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Ho BrIpaxenue W comepxuT X U y, C OHO¥ CTOPOHKL, U A U k, ¢ IpYroii,
OMHAKOBBIM 0OpazoM. Ilo3TOMy MOXHO OOMEHATH MX POJIHM M, BBEIS
BCIIOMOTATENLHYIO (DYHKIHIO

_f(x 4”'» }’)—f(x ay)
y() LGt b D= 0. 9)

NyTeM aHAJIOTMYHBIX PACCY)KACHUH MOJYYUTH PE3YJILTAT:
W=fyx(xo+ Ooh, yo+05k),  (0<0,, 6<1). C))
M3 conocrapnenus (3) u (4), Haxomum:
S5+ 0h, yo+0,K) = £, (xo+ O, yo+ 05K).

Vcrpemus Tenepb A ¥ k X HYMO, IepelificM B 3TOM PaBEHCTBE K IpeNey.
BBuny orpammueHHOCTH MHOXuTeNel 0, 0, 0,, 0,, aprymenTsl U cmpasa
H CJIEBA CTPEMATCS, COOTBETCTBEHHO, K X,, ¥,. A TOrAa B cauy 3) oKoH4Ya-
TENBHO U TOJYYHM:

f::;(xo’ yo) =fy'):(x0a y()): 4. ® Tp. H.
Taxum 00pa3oM, HeTpEePHIBHE € CMEUIAHHBE NPOU3BOIHBIE fy)
U fy',: BCEr/ia PaBHBL
B OPABCACHHOM BbLIIIC NPUMEPE 3THU NPOH3BOAHLIC
8x3y?
(xz +y2)2

HE MMEIOT BOBCe mpemena mpu x—~0, y—-0 u, cnepoBarensHO, B Touke (0, 0) Tepmar
pa3pHB: K 3TOMYy CIy4al0 Halla TeOpeMa eCTeCTBEHHO HENPHIOXAMA.

2.
e e G

HHTepecHO TMOCTaBUTH B CBA3b Bompoc o paBenctBe (1) ¢ BompocoMm
0 MOBTOPHHIX TpelesiaX, paccMoTpeHHbIM B n° 168. Eciu mpenmonoxuTh
CYIIeCTBOBAaHHME NEPBBIX IPOU3BOMHEIX, TO, HAKCAB BEIpaKeHue W B BuUIE
(2), nmerko ycMoTpeTh, YTo

lim =00tk 202/ ) (- const) ®)
h->0
¥, aHAJOTHYHO,
lim W=/ y“”;:—f’,‘(x‘“ Yo) (k = const). (5%
k=0
Torza, Mo caMoMy OIPE/E/IEHHIO IIPOU3BOIHOH,
F3ixg» yo) =1lim Yot 3OS0, ) _ iy gim (6)
h~0 h=0 k-0
x,},'(xo’ yo) =lim Sl yo+klz —f5(xo, ¥0) =1lim lim W. (6*)
k-0 k~0 h-0

TaxuMm 06pa3oM, BOIPOC O CYINECTBOBAHMHM H PAaBEHCTBE CMELIAHHBIX
TIPOM3BOJHBIX TOXIECTBEHEH C BOMPOCOM O CYIUECTBOBAHHMH M PABEHCTBE
MOBTOPHBLIX IpeeioB s Boipaxenus W (3asucsmero ot h u k).
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OTo 3amevanue MO3BOJSET CEAYIOIMM 06pa3soM YCHIHMTBH 0Ka-
3aHHYIO TEOPEMY.

IIpeonososcum, nomumo cywecmeosanus nepsvix npoussodnvix, cywe-
CM8oGaHUe Aullb OOHOU U3 CMEUIAHHBIX NPOU3EOOHBIX, HANpUMep, Sofx, )
8 OKpecmHocmu mouxu (x,, y,) (uckaouan daxce camy smy mouxy). Ilycme,
Oanee, cywecmeyem KoHeunbiii npedea

lim f5(x, y)=4.

XXy
Y=Y

Omcroda ysuce svimexaem cywecmeosanue 6 mouke (Xo> ¥o) 0beux cme-
WaHHBIX NPOU3EoOHbIX U pasencmeo (1) *).

JelicTBUTENIbHO, MCXOAd M3 CHEIAHHBIX NPEMIOJIONKCHHAN, MOXKHO, Kak
¥ BBILIE, IPHUTH K paBeHCTBY (3), a 3aTeM, MOJB3YACH CYLIECTBOBAHHEM
upenena Gyskmun f(x, y) B Touke (X, y,), YCTAHOBHTBH CYLIECTBOBAHHE
ABOMHOTro mpejpena IPH OXHOBPEMEHHOM CTPEMIIECHMH A u Kk
K HYJIO:

lim W=A.

h—0

k-0
Ho mpocteie mpenmens (5) u (5%), mo npemmosnoxenuso, cylecr-
BYIOT: TOrMla 0 Teopeme n° 168, CymiecTBYIOT TakKe MOBTOPHbIE IPENEITHI
(6) u (6%) u paBHEL 1BOMHOMY. A 5TO M 3HAYHT, YTO CYIIECTBYIOT M PABHBI

MeXAY CO00M IPOM3BOIHBIE f1(Xy, Vo) H fyi(Xy, Vo).

191. O6o6menne. OGpaThMcs, HAKOHEL, K JIOKa3aTeNnbCTBY O O 1€ |
TEOPEMBI O CMEHIAHHBIX [IPOM3BOIHEIX:

Teopema. Iycmv dynxyus u=f (xy5 Xp, ..., X,) oM n nepemenuvix
onpedenena 6 (omxpuimoil) n-mepHoii obaacmu &) u umeem & >moii obaacmu
6CEB03MONCHBIE HacmHble npou3ssodnsie 0o (k — 1)-20 nopadxa exarouumenvio
U CMeuw anHble npoussoouvie k-zo nopadka, npuuem ece amu npous-
800Hble HenpepbleHsl 8 &).

Ipu smux ycaosusx snauenue a1060ii k-ii cMew anunodi npousgod-
HOU He 3asucum om mozo nopadKka, & KOMopom npou3sodAMCs nociedoea-
menvuvie Juffepenyupoeanus.

HoxazaTtenscTBo. [as k=2 Teopema yxe JloKa3aHa, Tak vTo,
HaNpHMED,

Pu %
Ox;dx; Axjdx;

HeficTBaTeIbHO, YTOGBL CBECTH 3TOT CiIy4ail K IIePBOH Teopeme, HoCTa-
TOYHO 3aMCTUTh, YTO NPH BBIMHCICHHH 3THX NPOM3BOIHBIX MOXHO BCEM
IIPOYMM HEPEMEHHBIM (KPOME X; M X;) NPHIKCATL MOCTOAHBbIC 3HAYCHNS,
NpUYEM HA3BAHHEIC MPOU3BOMHBEIE, HENPEPHIBHBIE IO BCEH COBOKYIHOCTH
IEPEMEHHBIX, OYIyT HEMPEPHIBHEL M HO IEPEMEHHBIM X; H X;, IpK QUKCH-
poBaaMd ocTanbHBIX. IIycTs Temeps k >2.

*) Oto mpennoxenie nprauagnexur Ml Bapuy (H. A. Schwarz).
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JokaxxeM CHadYajla Hally Teopemy JUId TOTO Clydas, KOIJa IIpH BHI-
qUCIEHNH TIPOM3BOMHON k-ro mOpsIKa IIPOU3BEICHA IIEPECTAHOBKA TOJILKO
MeEXNy ABYMs HOCNEeXOoBaTeNbHH MU IiQPepeHNHPOBAHAIME,
T. €. IOKaXeM CHPaBeIIABOCTh PABEHCTBA

O _ ’ u 0
BX1,0X1y + - OXip, MXipyy + -+ OXig  OX1y DXty ++ « Xy, OXty, « -+ OXit
(Bnecb iy, dyy + - vsdns intqs -+ +» Ik €CTh HEKOTOPOE PA3MEN[CHHUE

M3 1 3HAKOB 1, 2, ..., n 00 k, C BOSMOJKHBEIMH ITOBTOPEHHUSMH. )

IMpoussens IOCIEAOBATEIHHO HEOOXOMMEIC JUIA BBIMUCIECHHS STHX
npou3BoAEbIX AubdepeHIupoBaHns, BUIAM, YTO NpOH3BOmHEE (A —1)-TO
Hopsanka B o0oMX CIy4asx OXMHAKOBLL IIpHMeEHMB K HHAM yX€ IOKa3aH-
HyI0 Ui k =2 TeopeMy, IOJIYYdM, YTO ¥ Ipou3BoaHbe (A + 1)-ro mopsaoxa
pasHHL [lansilie ke B 000MX CIIy4asx HyXHO NPOHM3BOIMTE OJMHAKOBLIC
olnepanyy, KOTOpbIe W MPHBEAYT K OJAHAKOBEIM PE3YIbTATAM.

Wrax, pasencrso (7), DeHCTBATENBHO, COPaBEUIMBO, H TEOpeMa s
3TOro ciyyas Jokasama. Ho Tak KaK BCsKas HEPeCTaHOBKA 3IE€MEHTOB
MOXeT OBITh JOCTHIHYTA PAAOM IEPECTAHOBOK I BYX HOCJIE€AOBa-
TEeNBbHBIX 3JIEMEATOB, TO TEOpEMa JOKa3aHa H B oOImeM ciydae: IpH
YCIIOBHH HENMPEPHIBHOCTH COOTBETCTBYIOIMX MPOU3BOAHBIX, BCETIa MOXHO
IIepecTaBlIsaTh MeXAY coGoo muddepeRnupoBanns MO PasaUIHbBIM Hepe-
MEHHBIM.

HenpepsIBHOCTS IPOM3BOAHBIX MBI BOpeNb Beerna Oyaem mpenmona-
FaTh, TaK 4TO OJA HAC HOPSAAOK IOCHENOBaTENbHBIX. muddepernmpona-
HA# Gyner GespasamyeH. DTo JaeT HAM OPABO BUpEAb NpH 0603HAYEHAH
CMEIIAHHOH MPOU3BOLHOM COGHpaTh BMecTe Mu(QepeHIUPOBARKSA IO O~
Ho#t 1 Toii ke nepeMennoit. Eciu u ecTh QYHKIHA OT Xy, X, - . .5 Xp, TO MBI
OymeM IHMCATh TaKyIO MPOH3BOIHYIO B BHIE

u
3.\‘;‘1 3x‘;! ven 3x:" ?

e o+ o+ ... +a,=k; ecim xe u ecTb QyHKIUHUSA OT X, y, ..., Z, TO —
B BHJIE
_ u
x> 9yf ... 9z’
rae «+f+...+y=k. OTHeAbHBIC «IOKA3ATENHY O, Og, ..., Xn MWIH
a, B, ...,y MoOryT ObITh U HyJIsAMH: Hannuie Auddepenupmana ¢ aroxasare-

gem» 0 o3HauaeT OTCYTCTBUE Ha fAene AU(GPEPEHIUPOBAHUA TO
COOTBETCTBYIOLIEH IEPEeMEHHOM.

192, ITpousBoaHbIe BHICUIMX NOPSIAKOB OT CioxkHoi Qymemun, ITyctp
HIMeEEM (QYHKIHAIO

w=f(x, Xoy « o, Xp),
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A€ X, Xy, - .-» Xn, B CBOXO OYEPENb, CyTb QYHKIMH OT NEPEMEHHBIX 1,
toy «vus bt
xiztpi(tl’IZ""’tm) (i=1: 2;---3 n)-

Ommuocumenvho Gyuxyuii f u @; npeonosoHCUM, YMO OHU uMeom He-
npepbigHble YACMHblE NPOU3GOOHbIE NO 8CEM NEpeMeNHbM 00 k-20 nopsaoxa
sKaouumensio. PaccMaTpuBasi ¥ Kak CIOXHYIO (QYHKIMIO OT MEPEMEHHBIX

By oy ovny It
u=F(t1, Iy, «. -’fm)=f(<P1"P2, . "’(Pn)’

TOKAXKEM, UTO CAONCHAA BYHKYUR UMeem makdwe 6ce npoussoonsie 0o k-20
NOpAOKA 6KAIOUUMEALHO, U NPUMOM HenpepbisHble.

TouHee roeops, Mbl OyIeM JOKa3biBaTh CIEHYIOIEE HNPCIUIOKEHHME!
KaXJgas Npou3BoagHas kro nmopajnka pyexuuu F cy-
IECTBYET H COCTABNAETCHA M3 NDPOM3IBONHBX PyHX-
nuu f (00 €& APTYMEHTAM X;, Xy, ..., Xp) G yHK I M H @; (M0 BX apry-
MEHTaM ¢y, to, - .., tyy), HOPANKA HE BBIIIE K-TO, TYyTEM YyMHO-
KEeHHM U CIOXEHHH.

JloxasaTenbCTBO OyIEeM BECTH IO METOAY MaTeMaTHYECKOH MHNYKIMH.
Insa k=1 sT0 yTBEpXKIEHHE CIPAaBEIUIMBO; OHO CIEAYeT M3 BHIBEOCHHOM
panee GopMyJIb JUIst IPOU3BOAHOMN CiioxHOH Qynkmuu [181].

TIpenmookuM, YTO TeopeMa BepHA AJIA IPOU3BOAHBIX BCEX MOPANKOB,
HUBIIAX, YeM k; JoKaXeM, YTO OHA BEPHA W M IPOU3BOAHBIX k-Tro HOpAA-
ka. Kaxmas k-1 Ipou3BOAHAA IIOJiydaeTcss M3 HekoTopoit (k—1)-# mo-
cpenctBoM auddepernupoBanud no omHoMy u3 ;. Ilpencrasum ceGe
npousBoauyo (k —1)-ro mopanxa. OHa IO HPEIIOJIOXEHUIO MOTYYaeTCs
U3 IPOH3BOMHBIX GYHKIMA f M @; IO MEPEMEHHBIM X M { TMOPSIKOB HE
BBIle K —1 IyTeM yMHOXEHHH M CJIOXEHHH, T. €. IMPEACTaBIseT coboi
CyMMy IPOH3BEACHH} YHOMSHYThIX NpoH3BomHbIX. Jduddepenuupys no ¢;
mo60oe U3 3THX IPOM3BEIEHUI, MBI JOJDKHEL IO ovepend muddepenuupo-
BaTbh KaXApIi U3 MHOXuUTeeH. ECM 3TOT MHOXUTENb €CTh IPOU3BOAHAA
mopsIKa He Belue k —~ 1 OoT ofHOM W3 dyHKIWIA @, TO B pesynpTaTe nudde-
PEHIMPOBAHUSA €r0 MBI [OJNYYMM IPOU3BOJHYIO TOH e QYHKIMH HOPsAKa
ne Bonue k. Ecmu e 3To OyaeT IpousBommas Nopsaka He Bbime k—1
(yHKIUM f, TO paccMaTpuBas 3Ty NPOU3BOJHYIO KaK CIOXHYIO (QYHKOHIO
OT NepeMenHbIX ¢ 1 nuddepeHnupys ee no ¢;, Mbl 3aMCHHM €€ U3BCCTHON
CYyMMOH npousBemeHuit *).

B pesyapTare, Ui pACCMATPUBAEMOH MPOM3BOIHOHK Kk-ro mopsixa
IOJIy4MTCS, OYEBMAHO, BBIPAXCHHC KAaK Pa3 YKa3aHHOTO BUMA, 4TO M HO-
Ka3BIBACT HAIlle YTBEPXKIECHUE.

HenpeprlBHOCTS TMPOU3BOAHBIX CIOXKHOM ¢QyHKUuu F BBHITEKaCT u3
caMoro crocofa cocraBieHHs MX U3 NPOU3BOJHBIX f M @;, IIOCKOJDLKY
MOCIENHIE IPEATIONOKEHbI HENPEPHIBHEIMHU.,

*) VIMEHHO MIPEIIIOJIONKEHNE O HEM P e P I BH O C T YW BCEX IPOU3BOIHBIX GyHKIHMH
f u obecrneynBaeT NpaBO MOJL30OBATHECS M3BCCTHHIM HAM HPABUIIOM TS BBIMMCIICHUS
NPOM3BOMHEIX OT CIOXHON dynkuum [181).



410 IJ1. V. ®VHKIIMM HECKONBKUX IEPEMEHHEIX 193

193. Xuddepenmuansr sricoux nopsaxos. Ilycte B oOnactm &) 3amana
HeKoTopast QYRKUMA u=f(x;, X,, ..., X,), AMEIOIAs HENPEPBIBHbIC YaCT-
HBI® TIPOM3BOIHLIC NEPBOTo mMopsaka. Torma, kak Mbl 3HaeM, (IOJHEIM)
naddepennuanom du HasbBaeTcs CIICNYIOIEE BHIPAXKEHHE:

ax 1T g

The dxy, ..., dX, — IPOM3BOJILHBIC NPHUPANICHHS HE3ABHCHMBIX nepeMed-
HBIX X, ..., Xp.

MBI BUIHM, YTO du TaxKe SABJISETCS HEKOTOpo# dyHKImEeii oT X;, X,, ..

++» Xn. ECIH NpeNTONOXHTh CYIIECTBOBAHHE HEIPEPHIBHEIX HYACTHBIX

IPOU3BOMHBIX BTOPOTO MOPSAKa I #, TO du OGYIET HMETh HelpepHIBHEIE
IaCTHBIC IPOM3BO/IHEIC IEPBOTO MOPS/KA, H MOXKHO FOBODHTH O (IIOJHOM)
mubdepermmane ot aToro quddepernuana du, ddy), KOTOPBIi Ha3HIBACTCA
AxdPepeHNHATIOM BTOPOro HOpPAKKA (1 BTOpPHM
AubdepeEHNMATIOM) OT 4; OH 0603HAYAETCS CHMBOJIOM d2u.

Baxno momYepKHYyTH, YTO npupawjenus dx,,dx,, ...,dx, npu smom
paccmampusaiomes Kak nOCMOAHHbIE U OCMAIOMCsR OOHUMYU U MeMU e npu
nepexode om 001020 Jupdepernyuara k caedyrouemy.

Taxum 06pasoM, eci BOCIONB30BATHCS IpaBHIAME muddepentupo-
BaHHd u3 n° 185, OymeM umets

du=2% ax 2‘ia‘.’xz,+ .. +—a}dxn,
n

d2u=d(du)=d("’_"dx1+_"’idx2+ . dxn)=
dxy 0x, ox

n
du du du
—d(—a-x—l)-dx1+d(5}—2-) ediyt ... +d(ax”) < dx,
WM, pacKphIBad,
%u %u 0%u
2, (22 it — .
d u_(M dxy+ g g+ b P dx,,) dx, +
%u &u %u
+ (—3x2 o dx, + Fre dxy+ ...+ 9%, 9% dx,,) - dxy +
& % % _
+(axR o dx; + o 8x2dx2+ e +3—x:- dx,,) ~dx, =

_32u 2 0%u & 2
—ﬁdx1+3—x§dx§+ coe +ax:dx,,+

9’u 9%u
+2mdxldx2+2mdxl dx3+ et

9’u
dxydxs+ ... +2 ———dx,_, dx,.

+2 3xn—1 Oxn

%
3xz 3X3
Anaorndso onpenensercs 1uddepeHTHANT TpPeThero Io-
panxxa, d’u, u 1. 1. Boobume, ecrm magpdepermman (k —1)-r o mopszxa,
d*lu, yxe onpenenen, To nudpdepernnuan k-ro nopagka du
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ompeneiisiercs kak (mosuelit) muddepennuan or nudpdepennuana (k — )-ro
mopsanka *):
d'u=d(d* ).

Ecnu s QyHKUMM ¥ CYLIECTBYIOT HENPEPHIBHBIE YaCTHBIE IPOU3BOJ-
HBIE BCEX IOPAOKOB J0 k-TO MOPAAKA BKIIOYHTENIBHO, TO CYLIECTBOBAHHE
sroro k-ro mudepenumana obecmeyeno. Ho pasBepuyThle BbipaKeHHS
HocjemoBaTeNbHbIX AuddepeHuanoB CcraHOBiATCS Bce Oonee u Ooiee
CIOXHBIMH. B HESX YHOPOLICHUS HX 3aIIUCH MPUOEraloT K ClemyIoleMy
HpHeMy.

TIpexnae Bcero, B BRIpaXeHuH HepBoro muddepernuana ycJoBHO
«BBIHECEM OYKBY # 3a CKOOKM», TOrZJa €f0 CUMBOJHMYECKH MOXHO
OyZeT 3amucaTh CIeAyIouM oOpaszom:

9 ] 9
du—(a—xl- dx1+a—xz- dx2+ . +5;’;dxn) *U.

Teneps 3aMevaeM, YTO €CJIM B BBIPAXEHHH MJi1 BToporo Iuddepen-
LUaJIa TaKXe <BBIHECTH ¥ 3a CKOOKM», TO oCTaroleecss B CKoOKkax BBIpa-
XeHue (o pPMallbHO TPEINCTABISET B PACKPHITOM BHJE KBaJpaT BBHI-
paxenus

b)) b/ b/
—dx; 4 —dx, ...+ :
x, 1 + dx, 2 + dxn Xy
H03TOMy BTODOii middepeHuna CHEMBOJH Y€ CKM MOXHO 3allUCATh
Tax:

i) i 9

Pu=|5—dx;+5—dxy+ ... +5—

Xy 1 0x; 2 oxn

AHATOrHYHO MOXKHO 3alucaTh TpeTui mupdepeHuman u 1. H. ITO

OpaBuwiIo — oOufee: mpH BCsKoM k OymeM MMeTh CHMBOJHUUYECKOE
PaBEHCTBO

dxn)z- u.

9 d 9 k
hyy ) +-2 .
d*u ( P dx; + Py dxy+ ...+ I dxn) u, ®)

KOTOPOE MOXHO HOHMMATH TAaK: CHadada MHOTOWIEH, CTOAIUMI B CKOO-
KaX, §OopMalbHO BO3BOAUICA MO IpaBHIaM aireOpHl B CTEHOCHb, 32~
TEM BCE HOJIyYCHHbIC WICHBL <YMHOXAIOTCA» Ha % (KOTOPOE NOMHCHIBAETCS
B YMCHUTENAX NPH ¢X), H TOJNBKO TOCJIE 3TOr0 BCEM CHMBOJAM BO3Bpa-
1aeTCsd X 3HAYCHME KaK ITPOM3BOAMBIX M MuddepeHnnanos.

MHuI BHAEAH, YTO 3TO HPaBHIO BepHO HpH k=1, 2; mo3ToMy mocta-
TOYHO IOKa3aTh, YTO €CJIM OHO BEpHO JUiA d*u, To oHO OyHeT Takxke BEPHO
o s dty,

JIoNyctuB, 4TO 3TOT 3aK0H I d*u BetoJHsAeTCs, OyneM MMeTh B pas-
BEPHYTOM BMIE: )
du=3 Co .., ‘9—%—3—2—"—37@ dxgr ... dx,

*) JIerko yCTaHOBHTH NOHATHE K O 4 a ¢ T H bI X muddepermmanax moboro nopszuka,
Ha 9TOM OCTAHABJIMBATECA HE OyzaeM,
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I/ie CYMMHPOBAHHE PaCIPOCTPAHSETCS Ha BCEBO3MOXHBIE I'DYIIILI HEOTPH~
HATCNBHEIX IENMbIX YHCEN &y, U, ..., %,, YAOBJIETBOPSIOUIUX YCIOBUIO
Gytayt ... +a,=k, a
k!
Can LTI «"=&l! o ... an!
CYyTh «HOJMHOMHAJBbHBIE» KO3(D(DULHEHTSL.

B npepmosnioxenuu, 4TO CyImIECTBYIOT HENpPEpHIBHBIE IPOH3BOIHBIE
(k+1)-ro mopsmka, npomupdepeHuEpyeM pemBIIYIIyIO dhopMyy; MBI
NOJYYHM

gk+1y
15 %gy cony O * 3x‘;“+1 3x:, e 3)5:"

ditly=3'C, dxptldxy ... dxX +

Ity
X g g

dxPrdxptt L odxr L

N 3"+1u
ces 3x<;,ax:: cee ax:‘zn+1

dxjrdxy ... dxf,”“} .

O‘ICBHJIHO, TO X€ CaMO€ MbI MOIJIH OBI IOJIyUHTD, (1) OpMAalJIBHO
INCPCMHOXMB CHMBOJIMYCCKHE BEIPAXKCHUA:

o % dx%e &n
ZC"‘““”'“:“"W‘IxI dxz Lo dx X

2 2 2
X(a—xldx1+5x—2dx2+ +(—7x—ndx,,)

¥ moTroM mpunucas #. Ho aro «IIPOM3BEHACHUCY €CTh HC YTO HHOE, KakK

2

a9 9
(— dx1+—~—dx2+ e +3—Xr;

3x1 3x2

dx,,)"x

3 9 2
x(—dx1+~—d'x2+ e dxn)=

3x‘ (')Xg
E) 9 9 k+1
—(de1+-ﬁdx2+...+—gldxn) s
TaK 4YTO R ‘
Vi ] 9 k+1
k41, [ 9 P + i .
d*+iy (3x1 dx; + o dxy+ ...+ Yo dx,l) u,
Y. M Tp. .

W3 mpeapiayuux paccyxaeHnit BusuM, 4to k-it nuddepeniuan seisercs
OAHOPONHHM HEJIHM MHOTOYIEHOM CTeOEeHH Kk, MiH,
KaK roBODAT, ABJIeTC G opMo it k-t cTeme U oTHOCHTENLHO Mud-
(epeHIMaIOB HE3aBHCHMBIX IEPEMEHHBIX, K0 hHIMeHTAMI IIPH KOTOPHIX
CITyXaT YaCTHBIE IPOH3BOJHEIE K-T0 OPSIKA, YMHOKEHHBIC HA IIEIOYHCIIEH-
HBIE MOCTOSIHHBIE ((IOJMHOMUANBHbICY KO()(UIHEHTEI).
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Hanpumep, ecnu u=f(x, y), TO

du= dx2 +2

3x 9 Y dx dy +

0%u
d‘u=f~ L dxt 33*2_,)“ dx®dy +

+3.9% dy? ra

dIx 0y* y"’

! o'u '
d'u:a—x;dx“ s dx3dy 4 6

0- oy dx? dy* +

3202

+4 dx dy? + 5= dy4,

¢)x33

4 T. O. ITojoXHB KOHKpETHO u=arctg ; , OymeM umeTb
__ydx— xdy 2y = 2xy(dy® - dx®+2(x2 - y?) dx dy
TxE +yz - (x2+y2)2
(6x2y - 2y%) dx3+4 (18xy% - 6x%) dx® dy  (6y3— 18x2y) dx dy®+(2x%— 6xy?) dy?
G2+ y2) h (E+y2)3

>

d*u=

U T I

CrioxnocTs BHIpaxeHus At Auddepenuumana Bo3pacTaeT ¢ yBesude-
HHEM Yucia nepeMesHbX. Ecau u=f(x, y,z), To, ckaxem, Tperuit mud-
(epennuan d°u B pasBEPHYTOM BHUAE TAKOB:

dPu= ( dx+—dy+—dz} a”d% S+

dxzdy 33 azdxdy-lr
2 . By 2
+332(9 dx dz+3 +33y23dy dz +
+33 azdydzz+6 oz 9% dy dz.

194. Inddepennuannr croxHbIx Gynxmmi. IlycTs MBI Teleps HMeeM
CIIOXHYIO (QYHKOHIO:
u=f(x1, Xos « s Xn),
rae, B CBOIO ovepels,
Xi=pty, by, oty ((=1,2,...,n).
B stomM ciyuae nepBbiii nuddepeHIEan MoXeT ObITH COXPAHEH B HPEX-

HEM BUIC:
Bu
du= dxl - dY2"+ ‘,)—Xn dx,,
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[#a ocHOBaHMH WHBapHMauTHOCTH ¢opMel mepBoro mudbdepennuana, 185].
Ho 3pecy yxe dx,, ...,dx, spisnorcs nuddepeHnMaIaMA HE HE3aBUCH-
MBIX IIEPEMEHHEBIX, & QYHKIAH M, CJIeHOBATENILHO, CAaMHA OYIYT QyHKOHIMH,
H MOTYT He OGBITH HOCTOSAHHE MH, KaKk B IPeALIAYIIEM CIIydac.

BrruucnuB Temepk BTOpo#l muddepermman named ¢ymknum, OyneM
NMeTb (eCiIM BOCHOJIB30BaThbcsi npaBmaaMu gabdepennupoBanms
n° 185}

= d( )dx1+d( )dx2 +d( )dxn

v - d(dx,) + = ddn)+

- 9 2
—(s;dx1+‘a7'dx2+ e +5.;C; dx,,) U+

d2x1+ d X, +

M=t BAmHM, 4TO JUIS ,umb(bepennnana IopsKa BHIIIE NEPBOTO MHBA-
PHAHTHOCTh GOPMBI B0 O G I € HE MMEET MeECTa.

PaccMoTpmMm Temepr YaCTHBEH i ciy4a#, KOFAA X;, Xy, ..., X fB-
NAIOTCS JTMHEHHBIMU QYHKIUMAMH OT #y, 1, ..., Iy, T. € KOTIA
xi=a®t +a@Plh+ ..+, +8 (i=1,2,...,m),
roe of? u f; — mocTosHHBIE.

B sTtoMm caydae 6ymeM HMETh
dx;=a®dt + . .. +af™dt, =aPAt, + . . . +of™ AL, = Ax;.

Msm1 BEIMM, 4TO Bee mepBhie auddepennuanbl GYHKIUMA X;, X, . . ., X,
B 3TOM CiIy4ae IIOCT O S HHBI, HE 3aBUCAT OT 4y, ly, ..., Iy CIENOBA-
TeILHO, IPHMMEHNMEI 63 M3MeHeHH# BhKiIaaky n° 193. OTcrona BBITEKAET,
UTO 6 CAyuae 3aMeHbl He3AGUCUMBIX NEDEMEHHBIX Xy, Xa, ..., X AUH € il
Hbl MU GYHKYUAMYU OM HOBLIX NEPEMEHHBIX ty, 1y, ..., Ly, MO2YM Obimb
COXpaHeHbl npedicHue evipaxcenusa oaxce 044 Ougpepenyuaios evicuiux
nopadkos. B mmx muddepenmmansr dx,, dx,, ..., dx, COBIANAIOT C IpH-
pamerusmu Ax;, 4x,, ..., 4x,, HO 3TH NPHPAILCHHUSI HE IPOHU3BOJBLHEI,
a obycnosnuearorcss npupamenusmu Aty , At,, ..., Aty

DTo mpocToe M BaxHOe 3aMevamue (mpmHamIexamee Ko lrm) M
HCIOJIb3YEM HEIOCPEACTBEHHO B CICOYIOMIEM N°.

195. ®opmyaa Teiinopa. Mul yxe 3uaeM [126 (13)], uto dysxnus F(t),
[pY YCIIOBHH CYUIECTBOBAHMS €€ 1+ | IMepBBIX IPOM3BOIHBIX, MOXET OBITH
cnenyrommmM obpasoMm pasyioxena 1o ¢opmyse TeHaopa:

R1t)=F(t,) + F'(t) - (1~ 15) +
+2l F"(to)-(t —ff .+ L § FOtp) - (1 - 1) +

(n sy FotD(g, 4 0(r— 1)) « (¢ — 1"+t (0<6<1)
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(momosuTeNEHbIA WieH B3ST B dopme Jlar panxa). 3ty dopmyny,
OJIOXHB
t—ty=At=dt, Kt)- Ft,)=4F{),

MOXHO nepenucaTts Tak:
1 1
A1) =dF(ty) + 5 d®Fg) + . ..+ dF(t) +

+(_n-:—l)! At +0.41)  (0<6<1).
IIpu 3TOM BaXHO HOMYEPKHYTB, YTO 6eauyuna dt, 6X00AWAA 8 PAIAUYHBIX
CMenenAx 6 evipaxcenun ougdepenyuanos cnpasa, 8 mounocmu pasna momy
npupawenuio At, xomopoe guzypupyem 6 mpupawernuu Gynxyuu caeea.

Wmenno B mocnenueii popme popmyna T e it i1 o P @ pacIupocTpaHseTcs
M Ha CiIy4adl (QYHKIME OT HECKOJIKHMX IIEPEMEHHbIX.

Mist yOpOINeHHs MUChbMa OTPaHMMAMCS (yHKIHeit S(x, ») oByx nepe-
MEHHBIX.

IIpeamonoxumM, 9T0 B OKPECTHOCTH HEKOTOPOH ONPEENeHHON TOKM
(X0, ¥5) 3Ta GYHKHES MMeeT HempepHIBHBIC HPOM3BOMHEIE BCEX OPSOKOB
Jo (n+ 1)-ro BxmounTensro. IIpuaamnm Xo M Y, HEKOTOPHIC IPUPAINCHHS
Ax u Ay Tak, 4robnt NPAMOJIMHENHBIH OTPEe30K, COSAMHSIONMI TOYKH
(%0, ¥0) ® (xo+Ax, yo+Ay), He Boumen 3a IpEAEbl PacCMaTPHBAEMOiL
OKPECTHOCTH TOYKH (X, o).

Tpebyercs moxasars, 4TO HpH CHENAHHBIX NPEANONOKEHHAX OTHOCH-
TenbHO (yHKUME f(x, y) CHpaBeIJIMBO CleNyIOMee DPAaBEHCTBO:

Af (x4, yo) = f(xo + Ax, Yo+ Ay) = f(xe, ¥o) =
1
=df(xq, yo) +% &Y (X Yo)+ ... + i 8 (X5 yo) +
1
+ e A f(xy+04x, y,+04y)  (0<0< 1), e))

npudeM gueypupylowue cnpaga 6 paziuuHblx CMeneHAx ougppepenyuanvt
dx u dy pasnel umenno mem npupawenusm Ax u Ay uesasucumolx nepe-
MEHHbLX, KOmOpble nopoousu npupawjenue Gyukyuu cieea.

HAns noxasarenecrsa [kax m B n° 183] BBemeM B PaccMOTpEHHE HOBYIO
HE3aBHCHAMYIO TIEPEMEHHYIO f, MOJIOXKHB

X=Xp+t-4Ax, y=y,+t-dy (O=<i<l). (10)

IToxcraBus oTu 3HaYeHus X 1 y B GyHKIHIO /1 (x, ), mony4um cio X HY IO
GyRKOMIO OT OmHOl mEepeMeHHOM f:

Ft)=f(xo+t-Ax, y,+t-4y).
Mbl yxe 3HaeM, YTO BBE[CHHBIE HAMH B paccMoTpenue dopmyst (10)
TFEOMETPHYECKU BEIDAXKAIOT IPIMOJIMHEHHDIN OTPE30K, COSAUHATOLIMI TOY-
KH M(Xy, o) 1 My(xXo+ Ax, y,+ Ay).
Teneps MBI BHEMM, 49TO BMECTO NpHpALIEHHS

Af(xoa yo) =f(x0 + Axa yO + Ay) _.f(xO’ yO)a
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MBI MOXEM PacCMaTpHBaTh IPHUPAIICHAE BCIIOMOIAaTeNbHON (GyHKIWH:

AFR0)= K1) - F0),
Tak kak oba npupamenns papusl. Ho F(t) sBiseTcst GyHKupel oT omHoMi
nepeMeHHONH M mMeeT [192] n+1 HeNpepHIBHBIX MPOM3BOAHEIX; CJIEHOBA-
TeJIbHO, IPEMEHUB K HEell yxKe BhiBeJAeHHYI0 panee dopmyny Teinopa,
MOJTY4UM

ARO) = F(1)~ FQ)=dF0) + 5 d*FO) + ...

1 1
. +;ﬁ an(0)+m_!dn+1F‘(0) (O<0<1); 9]

mpu 3ToM gubdeperipan df, BXONAINMA B Pa3IMIHbIX CTENEHAX CIpasa,
pasen At=1-0=1.

Teneps, MoMB3yACh TEM, YTO IPU JTHHE U HO M 3aMeHE NEPEMEHHBIX
CBOMCTBO WHBAPHAHTHOCTH (POpPMBI HMeeT MecTo M IUIS BeICIIHX Audde-
PEHIHANIOB, MOXEM HAaIMCaTh, YTO

dFO) =f{(%,, ¥o) + dx + f3(x0, ¥o) « dy =df (xo, ¥o),
A2F(0) = (%95 o) - dX*+ 215X, o) - dx Ay + f3(%y, ¥o) - AY* = A/ (%, Yo)s
4 T. 1. Hakonen, mis (n+ 1)-ro mipdepennmana 6ynem uMeThb
drrF(0) =drtif(x, + 04x, y,+ 04y).
BaxxHo OTMETUTB, UTO 30ech Ougpdepenyuavt dx u dy Huuem He om-
audaromea om panee é3amvix npupawenuii Ax u Ay. JlefcTBUTENBHO,
dx=Ax-dt=A4x, dy=Ay-dt=A4y.

IMoactasus BCe 3TO B pasnoxenue (11), MBI U nmpumeM x TpebyeMoMy
pasioxenuto (9).

Yuratens JOJDKEH JATh cebe OTYET B TOM, 4TO, XOTA B Iubdepen-
uuansgoi popme popmyna Tei#mopa ana cnydas GpyHKIUM HECKOIIb-
KHX IIEPEMEHHBIX HMECT Takoi Xe MPOCTOoi BUA, KaK U M cioydas QyHK-
LYY OZIHOM IIEPEMEHHOM, — HO B Pa3sBEPHYTOM BHJE OHA FOPa3sfo CIOXKHEE.
BoT kax BHINJIAZAT IEPBHIE TPH e¢ WieHa Aaxe Uit GYBKIHM JIHIUB JIBYX
[epeMEHHBIX:

S+ dx, yo+Ay) = f(x4, y9) =
={fi(Xg, ¥o) + Ax +f}:(x0’ Yo« Ayl +

1 4 24 ’ 47
*3i [fa(xo, Yo) + Ax? + 2fxy(xo’ Vo)« Axdy + fiixg, ¥o) + M2+

1 117, 4
+3 [/ (xg5 o) « Ax -+ 3f3(x0, ¥o) - Ax?Ay +

+3f X0, o) « AxAy* + [y (X0, o) « A1+ . ..

®opmyna (9) mmeer Mecto M npu n=0; 3TOT YaCTHBIH CIy4yaldl Mbl
yxe paccmatpuBanu B 183.
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§ 5. Okcerpemymbl, HanGOALIIME N HAMMEHBIIAE 3HAYCHHAS

196. OxcrpeMyMbl QYHKUHY HEeCKOJLKHX NepeMeHHbIX. HeoGxogumbre
ycaoBus. Ilycts Qyuknums

u=f(x1, X3 0.y Xp)

o D 0, X9 %) 6 ] i
onpesesieHa B o0nactu P u (x7, x3, ..., x3) Oyaer BHYTpeHHE i Tou-
KOt 3To#l 00JIacTH.

LoBopar, uro gynkyus f(x,, X,, .. ., x,)6mouke (x3, x3, ..., x%) umeem

Makcumym (MUnUMY M), ecau ee MONCHO OKDYICUMb MAKOT OKPech-
HOCMbIO

(-0, x3+0; x3-08, x§+8; ...;x2-8, x2+9),
umobsl 015 6cex MOYeK MOl OKPECMHOCMU 6bINOAHANOCH HEPABEHCINBO

S Xo, oo x)<(38, X3, ..., X9).
(=)

Ecan 3Ty oXpecTHOCTH MOXHO B3ATh HACTOJBKO MAaJIOH, 4TOGEI 3HAK
paBeHCTBA ObLI MCKJIIOYEH, T. €. YTOOBI B KaXIO# TOUKe ee, KpoMe caMoit

Toukm (x9, X9, ..., x3), BBIIONHSIOCH CTPOTO€ HEPABEHCTBO
0 0 )
S %o, ooy X)) <f(X2, X2, ..., Xx9),
(=)
TO TOBOPAT, yT0 B Touke (x?, x3, ..., x%) uMeeT MecTo coGCTBE HH B i

MakCUMyM (MUHUMYM); B OPOTHBHOM CJy4yae, Makcumym (MHHHMYM) Ha-
3BIBACTCA HECOOCTBEHHEI M.

Hns o6o3nayeHs MakCHMyMa U MHHMMyMa YIOTpeOJseTcs U oOwmimii
TEPpMHH — 3 KCTPEMYM.

Ipeamonoxum, 4To Halwa GpyHKNHUs B HeKoTopoi Touke (x§, x3, ..., x0)
HMEET 3KCTPEMYM.

IMokaxeM, YTO € CJI M B 3TOI TOUKE CYIIECTBYIOT (KOHEUHEIE) YACTHBIC
TIPOU3BOJHEIC:

SaGd, LX), LS, XY,

TO BCE 3TH YACTHBIEC IIPOU3BOJHBIC PABHBI HYNIO, TaK YTO O6paujeHue é Hyab
UACMHBIX NPOU3BOOHBIX NEPEO20 HOPAOKA AGAAEMCA Heob6X00UMB M
YCAOBUEM CYUJECIBOBAHUS IKCIMPEMYMA.

C aT0H HeNbIO MOMOXKHM X,=X3, ..., X,=x3, COXpansis X, mepemeH-
HBIM; TOTJQ Yy HAC NOJIyYMTCA QYHKOUS OT ONHOM IepeMeHHON X;:

u=f0x, X3, ..., xp).

Tak kak MBI IPENOTIONKMIM, 4TO B Touke (x), x3, ..., x%) cymecrsyer
IKCTpeMyM (It OHpPEleIeHHOCTH — MYCTh 3To OyAeT MakCHMyM), TO,

2?2 T. M. ®uxrenrosubu, T, I
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B YaCTHOCTH, OTC}O,IIa. CIIEIyeT, YTO B HEKOTOpPO# okpecTHOCTH (X -
X{+8) Touxku X, =x{ HEOOXOMUMO HOJKHO BHIIOJHATHCS HEPABEHCTBO

f(xla xz: AR ] x?z)sf(x]o.s Xga RS xg),

TaK YTO YIOMSHYTAd Bbile QYHKIMA O I H O ii TIEPeMEHHOM B TOUKE X; = XJ
OyzmeT MMeTh MaKCHMYM, a oTCloJa mo Teopeme P epma [109] cnenyer,
410

fx;(xl’ -\29 MRS ] xn) 0

TakiM xe 06pa3oM MOXHO IOKa3aTh, uTo BTouke (x, X3, . . ., x%) u ocTamnn-
Hble YaCTHBIC IIPOU3BOJHBIE TaKXKe PABHBI HYIIIO.

HTak, «1oI03pUTEIbHBIMEY IO 3KCTPEMYMY SBJISIOTCA T€ TOUKH, B KO-
TOPHIX YACTHbIC IIPOU3BOJAHBIE HEPBOTO MOPAAKA BCEe 0OPAMIAIOTCS B HYIIb;
MX KOODIMHATHI MOXHO HAWTH, PELIMB CHCTEMY ypaBHEHHHM ¥)

fn’cl(xla KXoy « ey xn)=0,

Jr(xys Xgy o0y X,)=0, )

f)'m(xla x2a sy xn)=0'

Kax u B ciyyae QpyHKIME OIHON MEPEMEHHOM, MOJOOHBIE TOUKH HA3HI-
BAlOT CTAUMOHAPHBI MU

3ameuannsa I Heobxomumoe yciaoBue CyIeCTBOBAHMS IKCTPEMYMA
B ciydae muddepeHnupyeMoit PYHKINM KPATKO MOXHO 3aIIMCaTh €Ule Tak:

df(xy, Xy, ..., Xp)=0,

TaK Kak, eclu fy =fy,= ... =fy,=0, To, kakoBbI Ol BU GbutH dx;, dx,, . ..
, dx,, Bcerma

df (X1, Xoy ooy Xp)=fr o dXy+ fry e dXp+ . .. +frnrdxp,=0.

n 06paTHO' €CIIi B JJaHHOM TOYKEe TOXAECTBEHHO BBHITOJHSCTCH 3TO ycio-

BHE, TO BBHJAY HPOH3BONBHOCTH dxy,dx,, ..., dx, IpOA3BOI-
HBIC fx, > + > fxs TIOPO3Hb PABHEI HYJIO.
IL. OGLmHo paccMmaTpuBaeMast Qynkmmsa f(x;, Xy, . .., X,) AMeeT (KO-

HC‘H!LIC) YaCTHBIE IIPOU3BOAHBIC BO BCeit 06J'IaCTI/I, H Torxma TOYKM, HO-
CTaBJIAIOIIMC Q)YHKIII/IH IKCTPEMYMEI, CIEOYeT HUCKATh JIMIIb Cpead C T a-
DIHMOHAPDHBIX TOYCK. Opnaxo BCTPEUAOTCA CiIy4Yad, Kormza B OT-
ACJIBHBIX TOYKaX HECKOTOPBIC YAaCTHBLIC IMPOM3BOJHBIC HMCIOT OeCcKOHECTHEIC
3HAYCHHUSA WY BOBCC HC CYIICCTBYIOT (B TO BPEMA KaK OCTAJIBHEIC pPaB-

*) Mot caydas ¢yHKumE O BY X NEPEMEHHBIX z=f(X, y) — B OPEANONIOKEHAN €€
ArbGepeHIAPYEMOCTH — YCIOBMS

f’?(x, y)=0! f;(x, y)=0

[OLYCKAIOT OPOCTOE IEOMETPHYECKOS TOJIKOBAHME: Kacameavhaa niockocms [cMm. 180
(6)] x nosepxnocmu z= f(x, y) 6 ee mouxe, omseuaroujeit IKCMpPemymy, 00axHcHa Obimb
napassenvHa NIOCKOCMU XY.
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uel 0). ITogoGHble TOUKH, COGCTBEHHO, TOXKE CIECAYET IIPUYUCIUTD K (100~
3PUTEIBHBIMY 110 OSKCTPEMYMY, Hapsly CO CTANHOHAPHBIMM TOYKaAMH
[em. mmke: 201, 6)].

197. Jocratounbie ycjaoBHs (cay4daid ¢ynAknmma JByX LepeMeHHBIX).
Kak u B cnydae QyHKIMM OJHOM IIEPEMEHHOM, B CTAllMOHAPHOH TOUYKE BO-
BCe He olecreueHo HaJM4ue dKcTpemMyMma. Ecnu s mpumepa B3sSTh Npo-
CTYI0 QYHKLHIO Z =Xy, TO AN Hee zy=y M Z,=X obpamarorcs ofHOBpe-
menuo B 0 B equHCcTBeHHoM — wayanbuoM Touke (0, 0), B KoTopoit z=0.
B To ke BpeMs HEMOCPEICTBEHHO SCHO, YTO B JIIOOOH OKPECTHOCTH JTOM
TOUKH (YHKI¥S MPUHAMACT KaK IOJOXUTENbHbIE, TAK U OTPHIATENLHBIC
3HAYCHHI, W IKcTpeMyMa HeT. Ha puc. 92 usobpaxena nosepxuocts (ru-
nepbonuyeckuif mapaboJioun), BEIpaXkaeéMasd YPaBHEHHMEM Z=X); BOJIH3U
HAYaJILHOM TOYKM OHA MMeeT ceOnJiooOpas3uylo dopmy, usrubaices
B OJHOH BEPTHKAJLHON IUIOCKOCTH BBEpPX, & B APYroil — BHU3.

TakumM 00pa3oM, BCTaeT BONPOC 00 YCIIOBHSX, A0 CTAa T O Y H bl X JUIs
CyllecTBoBanMA (MM OTCYTCTBHS) OKCTPEMYMa B CTaMOHAPHOM TOUKe,
TO €CTh O TOM M CCJIE€ 1O B A H UM, KOTOPOMY 3Ta TOYKA JOJKHA GBHITH
JIONIOJIHATEJIBHO TOIBEPrHyTa.

MBI paccMOTpHM CHaYajla cly4ait GyHKIMH ABYX HepeMeHHbIX f(x, y).
IpeamonoxuM, YTo 3Ta QYHKIHA OIpedesieHa, HEelipephIBHA M HMeEET He-
npephiBHBIE YACTHBIC IIPOM3BOJAHBIE IEPBOTO M BTOPOrOo IMOPSAKOB B
OKPECTHOCTH HEKOTOPOR TOUKH (X,, Vy), KOTOPAS SBIACTCH CTALMOHAPHOMN,
T. €. YIOBICTBOPSET YCIOBHAM

4 4
fx(xo’ yo)z()’ fy(xo’ y0)=0, (]a)
Yr1oGhl yCTAHOBUTH, ACHCTBUTEILHO JIM Hala (YHKIMS HMEET B TOUKE
(X5, Yo) OKCTPEMyM MU HET, €CTECTBCHHO OOPATHTBCA X PACCMOTPEHHIO

pa3sHoCTH
A= f(x, ) - f(xy, Yo)-

Paznoxum ee mo ¢opmyne Tednopa [195], orpannuuBasce IByMs
wegamMi. BripoueM, Tak xak Touka (X, ¥,) IPEOIOI0KEHA CTAMOHAPH O,
TO TEPBBIA WICH HCUe3aeT, ¥ MBI OydeM HMETh HPOCTO
10

A=2—!{f\.i-Ax2+2f;’y-AxAy+f§',.Ay"}. 2
Ilpu 3ToM poib mpupamieHuit Ax, Ay HIparoT pasHOCTH X —X,, ¥ —Y, U
ITPOU3BOJIHBIE BCE BBIYUCIEHBI B HEKOTOPOH TOuKe

(x,+04x, y,+04y) (0<6<1).

BBeeM B pacCMOTPEHHE 3HAYEHMS 3THX MPOH3BOJAHBIX B CAMOH HCIILI-
TyeMOH TOYKe:

A= (%0, Vo) A=S(X> Vo) G =13(xq, ¥y) 3
U MTOJIOXUM
f;'z(xo + GAX, Yot OAy) =ay, +oyp,

;c/)( c)=apt o, f;l;( ) =gy g,

27
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TaK 4TO, BBUJY HENPEPHIBHOCTA BTOPHIX IPOM3BOIHBIX,
Bce a~0 mpu Ax~0, dy~0. (€]

Pasnocts 4 nanuineTcs B BHIE:
A= ; {8, Ax2 + 201, Ax Ay + ag Ay? -+ 0y, AX? + 200 A% Ay + age A2}

Kak MBI yCTaHOBHM, MOBEJeHHE pasHOCTU 4 CYIIECTBEHHO 3aBHCHT OT
3HAKA BBIPAXEHMS () Up — dop.

ot oliervenust  paccyxie-
HUIf BBEIEM WIOJISIpHBIE KOODIAH-
HaTBD, B34B 33 IIOJIOC HCXOJHYIO
TOYKY (X,,),) W TpOBeds Hepes
Hee NOJIPHYIO OCh HApaJLIEIBHO
oct x (puc. 105). Ilycte p==
=YAx2+Ay* ect»  paccTosHHE
MeXIOy TokaMH (X,,V,) H (X, ),
a @ 03HayaeT Yroi, COCTABJIICHHBIH
COCIUHSAIOLIAM HX OTPE3KOM C HO-
JIIPHOH OCBlO, TaK 4TO

Puc. 105.

Ax=pcosp, Ady=psing.

Torna HHTEpECYIoIasa HaC PAa3HOCTHb A HanyImeTrcs Tax:

2
A= % {a1, cos® @ +2a,, COS @ SIN @ + Gy, SIN? @ +
+ ay; €08% @ + 2a;, COS P SiN @ + dyy SIN% P}.
1° Ilycth, CHAYANA, @);Ao — As>0.

B stom ciydae 4,4, >0, Tak 4TO a;; =0, © MepBEIH TPEXWIEH B
ckobxax {...} MoxeT OBITH NpPENCTABJIEH B BHJE:

";1; - [(ay; cos p + ay, sin @)? + (@105 — ads) - sin? ). )

Orcroia sCHO, 4YTO BBIpaXeHHe B CkoOKkax [...] Bcerga NoJoXuTENbHO,
TaK YTO YHOMSIHYTH M TpEeX4JIeH IPHU BCEX 3HAYCHUAX
p, He oOpaigasch B HYyJdb, COXPaHAECT 3HAK K03 ¢ u-
HUEHTAa aq;. BEro abcomoTHas BEeJMYMHA, KaK HENPEPBLIBHAA B IPOME-
xyTKe [0, 27] byHkmusA OT ¢, HMeeT (OYEBUIHO, MOJOXKHTEJNbHO €)
HaMMeHbIIee 3naveHue m [85]:

|ay; cos? @ -+ 2ay, COS @ SIn @ + dyy SiN? | =m >0.

C apyroi CTOPOHSL, €CIM OOPATUTHCA KO BTO P OMY TPEXUICHY B CKOO-
kax {...}, To, BBHLY (4),

Jotyy €S2+ 2015 COS P SIN @ - ttoy SIN2 P =< |ty | +2]0g| + [tge| <m
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cpasy I BCEX @, eCiIH Tonbko ¢ (a ¢ uuM u Ax, Ay) mocratoyno Mano.
Ho Torma Bce BeIpaeHHe B CKoOKax {. ..}, a 3HAYUT M pasHocTs A, Oyner
COXPAHATH TOT XK€ 3HAK, YTO M M€ P BBIH K3 TPEXWIEHOB, T. €. 3HAK dj; .

Wrak, ecmu a;, =0, To 1 A4=0, T. e. GyHKOHMA B paccMaTPUBAEMOI
Touke (X,,),) ¥MeeT MHMHHMYM, a npH 4;; <0 Gymetr u 4<0, T. e.
HAJUIO MaKCUMY M.

2° TIpeAmosioKNMM TEHEPb, YTO €y s, — Aip<0.

OcTtagoBUMCA Ha ciyyae, KOorfaa a;; =0, Toraa MosKHO M 31€Ch MCIOJIb-
30BaTh npeobpazosanne (5). Ilpw ¢ =@, =0 Belpaxenue B ckobkax [...]
OyneT moJIoXUTeENbHO, H60 cBemeTcd K a3y. HaobGopoT, ecau ompe-
JIENIUTh (=@, U3 YCIOBUS

@y, COS Po+ Ay SiN P =0 (sin ¢, =0),

TO 3TO BBIPAXKEHUE CBEHCTCI K (@,dgy — a3y sin?@, U Gymer oTp M I a-
TeNnbHO. IIpu I0ocTaToOYHO MAlIOM ¢ BTOP O TpexwiceH B ckoOKkax
{...} Kax NpH p =@, TAK ¥ HUPH Q=¢,, OYIET CKOJIb YTOOHO MaJ, M 3HAK
A ompenenuTCs 3HAKOM MePBOT 0 Tpexwiena. TakuM o6paszoM, B Jro-
Goii 6aM30CTH OT paccMaTpHBaeMoOW TOUKH (X,,Y,) — Ha Jyyax, ompe-
JeJIAEMBIX YIJIAMU @ =@, U ¢ =@,, Pa3HOCThb 4 OymeT HMeTh 3HAYEeHMs IIpO-
TUBOIIOJIOXKHBIX 3HAKOB. CIIeIOBATEILHO, B 3TOM TOYKE HKCTpEMyMa OBITh
HE MOJXET.
Ecmn @), =0, u mepBoiii Tpexuiaen B ckobkax {...} cBemeTcs K

24, COS @ SIN @ + ayy SiN* @ =sin @ - (2a;5 COS @ + Ay, SiN @),

TO, MOJIB3YACh TEM, YTO HABEPHOE dyy 0, MOXHO OIPEIEHATH Yroil ¢; 0
TaK, 4YTO

| @] [sin @y | <2]ay] - [cos gy .

Torna npu ¢ =@, U p =@, = —@; YIOMIHYTHIX TPeXWICH OYIeT UMETH HpPO-
THBOTIOJIOXHBIC 3HAKH, M PACCYyXICHHE 3aBEpLIAcTCs, KaK M BBHIIIE,

Hmax, ecau a,,ay,—aly>0, mo 6 ucneimyemoiti cmayuonapunoi
mouke (x,, y,) Pyuxyus f(x, y) umeem sxcmpemym, umenno, cobcmeenHwlii
maxcumym npu a,<0 u cobemesennviii Mmunumym npu a;=0.
Ecau sice ayay, —a3s<0, mo sxcmpemyma Hem.

B cnyyae xe a,,d, —a,=0 mis pelreHuss Bompoca NMPHXOAMTCSA IIPH-
BJICKATH BBHICLIME IIPOM3BOAHBIC; ITOT ¢COMHUTENBHBIM» Ciyyaifi MBI OCTa-
BUM B CTOPOHE.

IIpumepsn. 1) MccieayeM Ha MakCUMyM U MUHRMYM OYHKUMIO

x2 y2
e (p=0, ¢=0).
p
Briuncinnm YaCTHBIC NPOU3IBOAHLIC,
, X , ¥
Zy=-,  Zy= -
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Otcrona cpasy BUAHM, YTO CHUHCTBEHHOW CTALMOMAPHOM TOYKOH SBJIAETCA HAYAJIO
xoopaunat (0, 0).
Beraucnus ay,, a;, U dsy, MOAYIHM

1

ap=—, a;=0, ap=—;
p

OTCIONA a5y — a},>0. CnenoBatenbHO, B Touxe (0, 0) OYHKUMH z MMeET MMHEMYM;
BIPOYEM, 3TO SICHO ¥ HENOCPEACTBEHHO.
TeomeTprueckuM oO6pa3oM Hamel GyHKIEE OyneT SNJIHHOTHYECKH U 1 a-

pabonouy cBepmHHOK B HaYaNbHOI TOYKe (Cp. puc. 93).
2 2

X
2 z=2-L  (p=0, g>0)
q

X y
’ ’
Zy=—, Zy=—~—.

W 3p1ece BUAMM, 4TO CTalMOHAPHOM TOuKO¥H siBnstiercs (0, 0).
Brraucnsiem
1 1
an=—, a3=0, ap=-—;
q
OTCIONA a);dsy— a3, <0. ClienosaTenbHO, SKCTPEMyMa HET.
T'eoMeTpHYeCKH MBI 37IeCh MMEEM Hesio ¢ TunepbonuvyeckuM napabo-
JI O M A 0M, BepliiHa KOTOPOro — B Hauajie KOOPAUHAT.
3) z=)24-x% wm z=3y2+x3;
B 000HX Clyyasx CTalMOHApHO} sBisieTca Touka (0, 0) u B Hel ay,a,,— al,= 0.
Hamr xpuTepnii He faeT OTBETa; IPU TOM, B IIEPBOM CJiydae, KaK HENOCPEACTBEHHO
BHJIHO, HANMI0O MU HHMMYM, a BO BTIOPDOM — 3KCTPEMyMa BOBCE HET.

3amevaHue. Pe3yipTaTsl HACTOsUIErO n° BrOCHEACTBHM [236] oka-
XYTCA TECHO CBA3AHHBIMU C T€OMETPUUECKHM BOTIPOCOM O IIOBEICHHH KPH-
BO# BONH3HM ee «0coBoi» TOYKH.

198. Mocrarounbie ycioBust (o0wmmii cay4ait). OGpaTuMmcs Telmeps K
paccMoTpermio obmero cnydas. Ilycrs dymxiwms f(x, x,, - .., X,) Ompe-
NieJieHa, HEIPEPHIBHA H HMEET HeNPEePHIBHBIC IPOU3BOMHBIE IEPBOI'O H BTO-
POro HOPSAAKOB B OKPECTHOCTH HEKOTOPOH CTAHHOHAPHOM TOUKH
(x, x3, ..., x%. Pasnaras pasHOCTb

A= f(x), X35 .oy )= (3, %3, ..., x9)
mo ¢opmyne Teitsnopa, HoMyudAM, Kax M BBILE,
A:%{f;':-Ax§+f;f:-Ax§+,..+f’;§-Ax,2,+

F 21 Ay Axy 4 2 s Ay Ay + L+ 215 s A AX) =

1 <&
='i fo;xk'AxiAxk’

k=1

rae Ax;=x;—x?; Opou3BOMHEIC BCE BLIYHCIECHBHI B HEKOTOPOM TOYKE

(x+64x,, x3+04x,, ..., x2+64x,) (O<0<]).
2
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BeeaeM M 31ech 3HAYCHUA

fl,\fcxk(xg; xg, ---’xg)Zaik (i’k=19 2, ---’n)’ (6)
TaK YTO
[+ 04x,, ..., X3+ 04x,) = ay +ay *),
u
o ~0 mpu Ax, 0, ..., Ax, 0. @)

Tenepb HHTCPECYIONICE HAC BBIPAXKCHHUE 4 MOXHO HAIMCaTh B BHIC

n n
A= %{ Z aikAxiAxk + 2 oc,-kAx,-Axk} . (8)
i, k=1 1,k=1
Ha mepBoM MecTe B CKOOKaX 31eCh CTOWT BTOpo ik Audb dpepenmman
bynxumu f B paccMaTpuBaeMoil TOYKe; OH IpelcTaBiseT coboif oxHo-
POIHBIA MHOTOWIEH BTOPON CTCHEHHM YUIM, KaK FOBODAT, K8AOPAMu4Hyio
Popmy oT nepemennsix Ax,, ..., Ax,**). OT cBOUCTB 3TOMH KBa-
OIpaTHYHON GOPMB, KaX MB YBHIOHM, M 3aBUCHUT Dpe-
MeHye HHTEpPECYONIero Hac Boumpoca.
B BricIIeii anrebpe KBaIpaTHYHYIO dopMy

@YV (=) &)

n
i, k=1

OT NEPEMEHHBIX )y, ..., ¥, HA3hIBAIOT OnpedeleHHOil nosoHcumestoli (om-
puyameavHoil), €CIH OHA MMEeT NHOJOXHUTEeNbHBIEe (OTpPHHa-
TeJNbHBIE) 3HAUCHUI PH BCEX 3HAYCHUAX APIrYMEHTOB, HE PABHBIX OJ-
HOBPEMEHHO HYNIO. Tax, HampuMmep, dopma

633+ 5y3+ 14)3+ 45,3, = 83,35~ 20575

OymeT OHpEeNesICHHOMN MONOKHUTENbHON., DTO CTAHOBUTCA SICHBIM, €CIIM IIpejl-
CTaBUTBL €€ B BHIE

(291 =393 + 201 + Yo + Y9 + 3V — yo)*

MBI He MMeeM BO3MOXKHOCTH BJABaThCA 371eCh IO 3TOMY HOBOIY B
nogpobrocTH. OrpasnyuMcs YIOMHHAHWEM o mpwHamnexauieM C u i b-
BecTpy (J. J. Sylvester) neo6xomuMoM M JOCTATOYHOM YCJIOBHMH HIJIS

*) SIcHO, 9TO ajy = ay; (N i = otg;).
**) Bropas cyMMa HMEET CXOJHbIM BHJA, HO B Hel M KOIDOHIMEATHI CaMH CyThb
(YHKIME OT TeX XK€ MePEMEHHbIX,
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Toro, 4To6sl opMa (9) GbLna onpenecHHOH M IOJIOKATENbHOM. OHO BhI-
PaxaeTcs IENbIO HEPABECHCTB:

4y Gy ... Gn

O Gy - Gonio (),

a4 @ 43
>0, ayy Ay Gy >0, ceey
a3 Gz Qg

4, G

dy; Gy

a;;, >0,

T R N I

Tak kax ompenejieHHas OTpULATENbHASA (PopMa C MIMCHCHUEM 3HAKA
BCEX €€ WICHOB NEPEXOJUT B ONPEEIICHHYIO IOJOXUTEIbHYIO, 1 06paTHO,
TO OTCIOZA JICTKO HAWTH M XapPAaKTEPHUCTHKY OTPULATEIBEHON (GOpMBL oHA
JaeTCA LENMbI0O HEPABEHCTB, KOTOpAasA IOJIYy9aeTCs M3 HAMMCAHHOM BBILIE
H3MCHEHNEM CMBIC/IA HEPABEHCTB Ye€pe3 OO HO (HAYMHAS C IEPBOTO).

Ionb3yscs 3THMA TOHATHAMH, CHOPMYIHEpPYEM TOCTATOYHBIE TS CyIIE-
CTBOBaHMA 5KCTPEMyMa YCIIOBHS:

Ecau emopoii oupdepenyuan, m. e. xeadpamuunas @opma

S audxdx, (10)

k=1

co snayenuamu (6) xoadguyuenmos oxasvieaemca onpedeseHHO il

nosoxxumeasvrnoti (ompuyameavnoil) ¢dopmoii, mo & ucnsi-

myemoii mouxe (x3, ..., x3) 6ydem cobcmesennviii munumym (MaKcumym).
Jna moka3aTenbCTBa, BBEAEM PACCTOSHHUE

o=VAx3+ ... + Ax2

Mexay Toukamu (x3, ..., x3) # (¥, ..., X,). Bemocs B (8) 3a ckobky o2
U TmoJaras .

%:g (=12, ...,n),

HNEPEHUIIIEM BBIPDAXCHUC IJIA 4B BHAOC

A= 92—2{ ; 20:7:5:'5;( + é'l“ikgiglr} . (11)

i k=

*) O6pawaeM BHHMaHHe Ha TO, YTO WieH C yiyr (i#k) BCTpeyaerca B cymme (9)
JBaXIbI, TaK 9TO @j;=ay; €CTb HOJTOBHUHA Ko3dhbuuuenta npu y;yy. Jas HAImDero
NPEMEPa YCIIOBHE JIETKO TPOBEPACTCH, €CNIH y4eCTh, YTO

a=6, ap=S5 ayp=14,

Ap=an=2, apz=ag=-4, ag=a,_=-1.
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Yncna §; 3apa3 He o0paImaloTcs B Hylb, TO3TOMY, ecid (popma (10) —
NOJNOXHUTENbHAdA, @OepBag cymMmMa B ckobkax B dopmyne (11)
HMeEeT BCerna IOJIOKHUTEbHBIH 3Hak. Bojklle Toro, Tax Kak

-1, (12)

TO HalJeTcs TaKoe MOCTOAHHOE HOJOXHUTEJAbHOE YHUCIO M, YTO
IIPH BCeX BO3MOXHBIX 3HAuYeHUAX &; Oynmer

n

aikE,'Ek?; m.
k=1
JedcTBUTENBHO, 3Ta CyMMa IPEACTABIACT HENPEPHLIBHYIO (DYHKUHIO OT
ApryMeHTOB &; BO BCEM NPOCTPAHCTBE, B YAaCTHOCTH K€ — M B MHOXe-
crBe e# Tex Touek (&, ...,%,), KOTOpBIE YOOBJIETBOPAIOT COOTHOILEHMIO
(12) («chepuueckast moBepXHOCTHY). Ho MHOXECTBO 3TO, KaK HETPYIHO BH-
JIeThb, 3aMKHYTO, T. €. COAEPKUT BCE CBOM TOYKH CIYIUEHHS & TOrHa, IO
TeopeMe BelepmrTpacca [173, cM. 3aMeuaHHe Iocjie ec Jokasa-
TeJIbCTBA], HA3BaHHAS CyMMa GYReT UMeTh BeZ M HaMMEHb LI € € 3Ha-
YyeHue m, HeoOXOMUMO IOJIOKUTENbHOEe (KAK M BCe ee 3HAYEHHS B oX).

C npyroii cropoust, BBuny (7) BTopas cymma B (11) mia mocraroyso
MaJIBIX ©, OYeBUIHO, OyZeT mo abCONIOTHOM BEIMYMHE YXKE MEHbUIe M,
TaKk 4TO BCS CKOOKa oKaXkeTcss MO OXHUTeNbH o Hrak, B nocra-

TOYHO Maioit cdepe, ¢ UeHTpoM B Touke (x?, ..., x%), pasnocts 4 Gymer
MOJIOXHTEJIbHA, OTKYHa M SBCTBYET, YTO B HA3BAHHOM TOUKe (QYHKIHUA
S(xy, ..., X,) MIMeeT COOCTBEHHBIH MUHHMYM.

AHaJIOTHYHO HUCYEPIBIBACTCA U CIyvaif, xorna ¢opma (10) Oyner ompe-
JIEJICHHOM, HO OTpH U AaTEJdb HO .

199. Vcnosus orcyrereus dxcrpemyma. Ksagpatuumas dopma (9)
Ha3bIBACTCS HeomnpedeaeHHOU, €CIIA OHA CIOCOOHA NPUHMMATH 3HAYCHUS
MPOTHBOMOJOXHEX 3HaKoB. TaxoBa, Hampumep, popma

6)F+ Y5+ 13+ 8y, — 8y V3 — 29,5

JlefCTBUTEIBHO, HANIPHMED, €€ 3HAUCHHe PaBHO +6 mpu y;=1, y,=y;=0
w —1 mpH y,=1, yy= —1, y,=0.

Temepe MBI MOXeM JONOJIHUTH JOKA3aHHOE B IPENBIAYILEM N° Mpe/i-
JIOXKEHHE CIeXYIOUMM o6pa3zoM:

Ecau xeadpamuunas gopma (10) 6ydem neonpedesennoi, mo
6 ucneimyemoii mouke (x3, ..., x%) szaeedomo nem sxcmpemyma.

Iycts npu Ax;=h; (i=1,2, ...,n) dopma (10) IPUHHEMAET ITOJIOKHU-
TeJIBHOe 3HAYCHHUE:

2 ayhihy =0, (13)

i, k=1
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anpn Ax;=h; (i=1,2, ..., n) — OTPULATEIBHOE:

aik;ih—k <0.
1

=

i

ITosmoxuM cHavajga
Axi’:}l,‘f IpHA t=0 (i=1, 2, ceey n),

YTO OTBEYAET NEePeABIXCHIIO BIOJIbL MO M P 4 M O i, COeTUHSAIOMNIEH TOUKH
&, .., x) a (3+hy, ..., x5+h,). Toraa, semocs B (8) 3a ckobxu £2, Mo-
NydaeM Ui 3TOTO Ciiydas

2 n n
4= 7{ 2 ahih+ “ikhihk}-
=1 k=1

IlepBas cymma B cKOOKax €CTh ONMPEOEJE€HHOE HOMOXMUTE I b-
Hoe¢ uncno, BBEAY (13). Uto e KacaeTcst BTOPO# CyMMEL, TO €€ Ko3d-
¢dunuenTr cTpemsares k 0 wpu ¢ -0, uGo upu 3TOM, OYeBHAHO, H Bee Ax; ~0.
3Ha4AT, OpH JOCTATOYHO MAJIOM I, BhIpaxenue B (GUTypHBIX ckoOkax (a
C HAM H® BCS Pa3sHOCTb ) CTAHOBATCH MOJOXHTENBLHBIM, T. €. B
TOYKAX YIOMSHYTOM BBIUIEC NPSIMOi, KOCTaTOYHO Omuskux K (x9, ..., x9),

Oyzmer o
f(xl’ M xn)>f(xg, LA | xn)'
C nmpyroit xe CTOPOHBI, €CIH B3AThb
Ax;=ht wpu t=0 (i=1,2,...,n),

T. €. TepelBUTaThCS BJOJIb NPYTOoi NPSIMOH, COCOUHSIOMIEH TOUKY

2, ..., x9) c Touxoit (X0+4;, ..., x0+h,), To B e TOUKAX, MOCTATOHU-
o Ommskux x (x?, ..., x%) (T.e. OTBEYAIOMMX NOCTATOYHO MANIOMY 1),
OKaXeTCs

SO, o x)<f02, ..., x9).

OTUM [T0Ka3aHO, YTO B MCOBITYEMOM TOYKE HE MOXET OBITH HU MAaK-
CHMyMa, HM MHHHMYMA.

MoxeT cnyunThbes, yTo (opma (9), me Oymyun cmocoOHAa HPHHMMATH
3HAYEHNS Da3HBIX 3HAKOB, BCE XK€ HE ABIISETCA OMpeNelcHHOM, ubo
obpamaercst B 0 He TOJBKO IPH HYJIEBBIX 3HAYCHUSIX ApIYMEHTOB: B 5TOM
ciydae GopMy HA3BIBAIOT HOAYONpedeseHHOl. ITO OTHOCHTCS, HAIPUMED,
x ¢opme:

Wi+ YR+ Y3+ 20100+ 201 Y3+ 20 Vs = (01 + Vo + 100

OTPHIATEeNbHBIX 3HaUeHUl OHA HE TIpHHMMAET, HO B 0 oOpaniaercs BCAKHIA
pas, kxorma
N+ye+y;=0,

CKaXeM, Npu J’1:)’2=% Moyy=—1.
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Cnyyaii, xorga gopma (10) okaspiBaeTcs ToNyonpeaee HH O,
€CTh «COMHUTENILHBIN» Cily4ail. B 3aBHCUMOCTH OT TOBENIEHMS BBICIIHX
TTPOU3BOJHEIX, B 3TOM CIy4ac MOXET OBITh 9KCTPEMYM, MOXET €ro ¥ He
OpITb. B 4YacTHOCTH, BEICIIHE TPOU3BOMHBIE JOJUKHBL OLITH IIPUBJICUCHEI
U TOrIa, KOrga BCE IIPOM3BOAHBIE BTOPOTO MOPSIOKA B HCIBITYEMOI TOYKE
obpauarores B 0.

WiccnenosanueM (COMHUTENBHOTOY CIydast MBI 3aHHMAThCA HE OyIeM.

BaMeuanue. Jna ¢ysknuu f(x) oxmoit mepemennoit dpopma (10)
CBOJHUTCA K OHHOMY YJICHY

S0 - Ax?,

rae X, — ¥CHbpITyemas Touka. OTa «hopmas, OUEBHIHO, ABNAETCA OMmpPE-
JeNEHHOM — MOJNOXHUTENbHOM pH f'(X,) >0 1 oTpunaTenbuoi mpu f*'(x,) <
<0. TakuMm oOpa3oM, mpusuak n° 137 ecTb 4YaCTHBEIA ChOyyall H3JI0XKEH-
Horo B 198.

Iepexons x ciayvaro Qynkmuut f(x, y) IBYX IIEPEMEHHEIX, 3aMETHM,
YTO ¥ Pe3ysbTaT n° 197 Taxke CONEPKUTICA B TOM, YTO OBLIO YCTAHOBIIEHO
B 198 1 199. Jlerko ycMoTpeTsh, 4to monyTHo B 197 Gblno mokaszaHo, 4TO
dhopma

apAx? + 2a,,4x Ay + a,,Ay?

B CIIy4ae, €CJIU ay,dy — a3 >0, OyHeT onmpeneNe HH Ol (IOJOKUTENb-
HOM TIpM. @); >0 U OTpUUATENLHOH’ NP ay, <0), B ClIyuae XKe, eCIH a1y, —
~a3<0,~ HeompemeeHHO M.

200. HanGouipiee u HauMenbmiee 3Havennst Gpyuxuun. Ipumepsr. Ilycth
bynknusa w=f(x, Xy, ..., X,;) oUpeleSeHa M HENpEpHIBHA B HEKOTOPOI
OTPaHUYEHHOU 3aMKHYTOIMH 001acTH &) M, 33 HCKIIOYEHUEM,
OBITE MOXET, OTHCNbHBIX TOYEK, MMeEET B JTOM 06JACTH KOHEYHBIE 4ACT-
Hble npoussoguse. ITo Teopeme BeliepmTpacca [173], B 3Toit 06-
jactd Haiimercs Touka (x,x%, ..., x9), B KoTopoll (yHKIusS IomydaeT
Haubonrmee (HauMeunbuIee) u3 BeeX 3HaveHnd. Ecam Touka
(x2,x%, ...,x0) nexur BuyTpH obnactu @), To B Heil QyHKIHS, Ode-
BUIHO, MIMEET MAKCHMYM (MUHUMYM), TaK YTO B 3TOM CIIy4ae HHTEPECYIO-
Ias Hac TOoYKa HABEPHOE COJCPXKUTCS CPEAU «IOMO3PHTENBHEIX> IO 3KC-
TpeMyMy Touek. OIHAKO CBOEro HamGoJbilero (HAaMMEHBINEr0) 3HAYCHUS
GYBKISL # MOXET ROCTHTATh M HA Tpammue obnactu. IlostoMy, d44 mozo
umobel Haiimu nauboavuice (Haumenvuiee) 3uauenue Pyukyuu u==f(x,, ...
..y Xp) 6 OOaCMU &) HYIICHO HAUMU 6Ce SHYMPEHIIUe MOUKY, <HOO03PUMELb~
Hble» NO 3KCHMPEMYMY, GbIUCAUMb 3HAYEHUA HYHKYUU 8 HUX U CPAGHUMDb
€O 3HAYEHUAMYU PHYHKYUU 8 NOZPAHUYHBIX MOYKAX obaacmu: Haubosbiuee (Hau-
MeHbulee) U3 Smux 3Hauenuil u Gydem Haubosvuium (HaumeHvUwUM) 3HaYeE-
nuem @yHkyuu 60 6ceil ob.aacmu.

TTosicHHM CKa3aHHOe N PHMEpaM M.
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1) Nycte Tpebyercs HaliTy HanboJbINEe 3HAYEHUE PYHKLUM
u=sin x-sin y ~sin(x+y)

B TPEYTOJIbHHKE, OTPaHUYEHHOM OCBHIO X, OCBEO y M NpAMO0 x+y=2z (puc. 106).
Umeem
uy=cos x—cos (x+y), uj=cosy—cos (x+y).

BHyTpu o006nacTd mNpOM3BOAHBIE OOpamAIOTCA B HyJb B CAMHCTBEHHOM TOYKE

27 2xn . 3)3
4 33 B KOTODO# u=—2— . Tak xak Ha rpaHune
Z
obnacty, T. €. Ha mpsaMeix x=0, y=0 M x+y=27, Hama
@{2 ¢ynkuas paBHa 0, TO, OYEBHAHO, HalifleHHAA BBIMIC TOYKA
S 2n 2=m
S (? . ?) U foctaBisieT GYHKOUM HAMGOJLIIEE 3HAYCHUE,
2) Haiitu HauGonsinee ¥ HAaUMEHbIIEES 3HAYCHHS (yHK-
o mn
7 o u=a?x%4-b?y% 4+ c%2% - (ax®+ by? -+ cz2)?

Pnc. 106. MpU YCJIIOBHM, YTO NEPEMEHHBIE X, Yy, Z CBS3aHBl 3aBHCH-
MOCTEIO X2+432+22=1 (4 a>b>c>0). Onpenemus orcroaa
z® M HOACTAaBUB €r0 BBIPAXKEHWE B i, MPAAEM K (GYHKIHH

u=(a-cAHx2+ B - )2+ —[(a— )x2+ (b - o)y +cJ?

OT ABYX HE3aBHCHMBIX EPEMEHHEBIX X, ¥ B Kpyre x2+)2=<1.
ITpoussonHEE

V4

ue=2x(a-c) {(a+c) - 2[@- )x?+(b - )y*+cl}
uf=29(b-¢) {(b+c)—2[(a— )x2+(b— )y +cl}

OQHOBPEMCHHO o6pamaxo-rcsl B Hy#Ab B TOYKax

1) x=y=0 w=0), x;O, y= i%(u=%(b—c)2)

3) x= i}%., y=0 (u=%(a~c)2) .

Temeps HaJIEXKUT OOPATATECA K rpanuue o6NacTH, T. €. K OKPYXKHOCTH x2+4y2=1,
Onpenensis oTCI0Oa y2 M MOACTABISss €rO BHIPAXCHHE B U, NONYIHUM (YHKUMIO ONHOM
OEePEMEHHOH X

u={(a*-b3)x*+b*~ [(a— b)x2+ b}

B npoMexyTke [~ 1, 1]. Buyrpy 3T0r0 NpoMexyTKa NpOW3BOAHAA

uy=2(a— b)2x(1 - 2x2)
obpalaercs B HyJIb IIPH

“) x=0 u=0)u (5) x= :E»V_l—i (u»-:l{(a—b)ﬁ).

Hakonel, BCIOMHUM O KOHLAX PACCMATPMBAEMOTO MPOMEXYTKA
© x=t1 (u=0).

Urak, NOAJICXKAT CPABHCHHMIO 3HAYCHMSL

1 1 1
u=0; Z(b—c)?; Z(a—c)z; —4—(a—b)2;
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1
W3 HMX HauMEHbIOHM Oyzer 0, a Hambonbium y (a—c)?. D10 H OyayT UCKOMEBIE HaH-

MeHbIIee ¥ HANGONIbIIee 3HAYECHWS (QYHKUMH, KOTODHIE JOCTUTAIOTCS, COOTBETCTBEHHO,
B TOYKax
0,0, £1), (0, 1,0, (£1,0,0)

(Fl% 0, 4 ]/13)

Boo6iue, B ciayyae GyHKUMY OBYX NepeMeHHbIX u= f(x, y), 061acTh OOBIYHO OKa3bi-
BAeTCsA OrPAHUYEHHOM K P U B 010 (WIH HECKOJIBKMME XpuBbIMH). Bross 370 KpHBOM
(MM KaXXHOH W3 KPUBBIX, €CJIM MX HECKOJBKO) IEpeMEeHHbIe X, ¥ 00 3aBHCAT OOHA OT
npyroyt, mi6o ofe 3aBHCAT OT OJHOTO llapaMeTpa, Tak 4TO Ha TpaHHUIe Hama
dysxuusa u= f(x, y) Oka3plBACICA 3aBUCALICH OT O HOM nepemem{oﬁ, U ee Hau-
Oonbinee (HauMeHbIIEE) 3HAYCHHE HAXOMMTCS YXKe MCTO,IIaMH n° 139. Ecnu, cxaxem,
KpHUBas 3a7aHa NMapaMeTPHYECKHMH ypaBHEHUSIMHU:

H

x=¢(t), y=y(),

rAe f U3MEHAETCst B IpOMexyTke [/, T, To Ha 2Toii kpHBoi Hama dyHxuun Oyner (crmox-
HOM) dyHKIMel oT I
u=f(g(t), y (1),

LIS KOTOPO# HauboMnbliee (HauMeHbIee) 3HAYeHHe HATU MBI yMEEM.
3) Haitty HanOonpniee 3Ha4€HUE U1 TIPOU3BEACHUs

u=xyzt

HEOTPUUATE/IbHLIX YHCEN X, ¥, 2, !, MPH YCIIOBUM, YTO CYMMa HMX COXPAaHSET IOCTOSH-
HY IO BEJIIMYKHY:
x+y+z+it=4c.

IMokaxeM, yTo HaubGonblice At 4 3HAYCHUE MOJIYYUTCS, KOrAA MHOXWTEIM BCC
paBHBY x=y=z=f=¢%*),
Omnpeneins { W3 HAHHOTO YC/IOBMS: !=4¢c—x—y—z, TIOACTABAM B It 3TO BHIpa-
JKEHUE:
u=xyz{(4c—x-—y-z).

Mpbr uMeeM 371€Ch QYHKIMIO OT TPpeX HE3a BUCHM M bl X IEPEMEHHBIX X, ¥, Z, B TpeX-
MepHON 06J1acTH, ONpeneIIeMOoii YCIOBHAMU

=0, y=0, z=0, x+y+z=dc.

TeoMeTprueckn 314 061aCTb NPEACTABNAETCA B BUIE TE€TpPae apa, OrPaHAYEHHOTO
miockocTsaMA x=0, y=0, z=0, x+y+z=4c.
BrBIYKCHIIEM NPOH3BOAHBIE U MPHPABHMBACM MX HYJIIO:

du ou
—~=yz(dc-2x-y—-2)=0, —=zx(4c—x-2y-2)=0,
ax 9y

du

—=xy(4c-x-~y—22)=0.

dz
BHyTpH oOnactu ypaBHEHHS OTH YAOBIETBODSIOTCH IWHIb B TOYKE X=y=2z=C(,
B KOTOpOit u=c4, Tak kak Ha rpannue obnactu u=0, To B HalileHHOM TOYKe, AeUCTBU-
TENBbHO, NOCTHTAeTCs AN HYHKUMM HAHOOJIbILEE 3HAYCHUE.

*) Mpl b a7 OOPEHEeHHOCTH B3SUIH YUCIO COMHOMXHTEJNEH PABHBIM YETHIPEM;
pe3yneTaT OyOET TOT K¢ IS Jo60ro YHCia COMHONUTENICH.
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VTBepxpeHue Hale Ioka3aHo (B00 mpU x=y=z=c Takxe u f=c) *).

Boobme, B ciyyae QyHKIHH Tpex HEPEMEHHEBIX 4= f(x, y, z) 0bIacTh OrpaHHm-
BAeTCA NOBEPXHOCTBIO (WM PAAOM HOBEPXHOCTEH). BRoib Takod HOBEPXHOCTH HEpe-
MEHHEBIE X, Y, Z 3aBUCAT YX€ OT ABYX HApaMeTPOB (MMM MOTYT CIYKHTh M IOBE M3
3THX NEPEMEHHBIX, KaK, HaOpuMep, TONBKO 9T0: z=4c—x—y). Torna m ¢dyHKnmsa u
OyZeT 3aBHCETh TOJIBKO OT JBY X DapaMeTPOB, TaK YTO ONPENEAEHHE HaMOONBHIEro
(Ha¥MEHBIIETrO) 3HAYEHHS €€ Ha TPaHALEe ABJIseTcs yxe Gonee IpoCToii 3ajauel, 0 KOTO-
poit mna peys Boime. U 1. A,

Ecan dynxuus u= f(x;, Xg, + ., Xn) 330aHATUOIG B OTKPBHITOM (MM HEOTp a-

HUYeHHOH) obmactu O, TO yxe HENb3d 3apaHee yTBEPKAATD, YTO OHA MOCTHIAET
B 00acTi cCBOEro HaubOJMbHIETO (HAMMEHBIIEro) 3HAYeHMsA. TeM He MeHee Takoe 3Haye-
HUE B OTACIBHBIX CIIy4asX MOXET M CyHmeCTBOBAaTh;, Mbl IIOSCHHM Ha DpUMEpe, KaK B
3TOM MOXHO YIOCTOBEPHTHCA.

4) HaitTy HapMeHbINEe 3HAYEHHE I CYMMBI

u=x+y+z+t

HOJIOXMTENBHBIX YMCEN X, ¥, z, !, TIPU YCIIOBHM, YTO NPOM3BEJEHHE HX COXPAHSET NO-

CTOSHHYIO BEJIMYNHY
xyzt=ct.

IlokaxceM, 4YTO HaUMEHbIIEE 3HAYEHME NS 4 HOJYYMTCA, KOF/R ClIaTaeMble BCE
PaBHBL: X=y=2z={=c *¥),
C‘
OnpenenuM f: { =—— , TOFCTABHM 5TO BBIPAXCHUE B i:
xyz

c4
u=x+y+z+—.
Xyz
HaM HyXHO OTHICKATb HAaMMEHBIIEe 3HAYCHME IS 3TOM (GYHKUMM TPeX NepeMEHHBIX
X, ¥, z, B 001acTH, oupenesaeMoii HepaBeHCTBAaMH x>0, y>0, z>0, T. e. B IepBOM
KOOPOWHATHOM OKTAHTE, OTKPHITOM H O€3rpaHuYHOM.
ITonpo6yem DPUMEHHTH IPEXHMII METOH: eciii B OONACTH €CTh TOYKA, e Hauld
(yHKIAS AOCTUTACT HAMMEHBINETO 3HAYEHUS, TO 5Ta TOYKA, KAK M UPEXAE, AOJDKHA
OBITH B YUCHE cTanmoHapHex. Meem

ot ct
ug=1-—=0, uj=1-—=0,
2 y 2,
x2yz xy2z
c4
wy=1—-—=0;
xyz?

OTCIOAA X =Y =z=¢, Y4eMy OTBEYACT { = C; IPU 3TOM U = 4c.

Kak Teneps npoBepuTh, YTO 3TO 3HAYEHWE, NEHCTBUTENBLHO, OYyIeT HaHMeE Hb-
o1 u M?

SIcHO, 9TO Npy NpNOIMKEHUH K NOTPAHUYHBIM ILUIOCKOCTAM x =0, y=0, z=0, pasHo
KaK ¥ NP yaajeHun B OecKOHEYHOCTh, Hama ¢yHKnus # GeCKOHeYHO Bo3pacTtaeT. Haii-
AEHHYIO TOUKY MOXHO OKPYXHTb KyooM [¢, E; ¢, E; ¢, E], B3siz E>0 Hacromnko 60ib-
WHM, a £ >0 HaCTONBKO MaJIbiM, YTOOBI BHE 3TOr0 Xy0a ¥ Ha €ro NOBEPXHOCTH

*) I3 cka3aHHOTO CHENYeT, YTO IPOU3BEICHUE MOJOXUTENBHBIX YHCENT Xyzf, CyMMa
KOTOPBIX PaBHA 4¢, HE NPEBOCXOAUT ¢4, TaK 4TO

‘ _X+ytztt

Vxyzt=<c —

T. €& CpefHee reoMeTpHMUYEeCKOe HE HNPEBOCXOHAHUT CPEAHELrO
apudPMeTHUYECKOT 0. DTOT pe3ynbTar, COPABEIIUBBIN Ui JIIOOOro KOJIMYECTBA
paccMaTpyBaeMbIX MUCeN, HaM yxe usBecten [133 (4a)].

**) U1 3meCh YHMCIIO CJIAraeMbBIX MOXET ObITh JHOOBIM (Cp. CHOCKY Ha IpenbIayLiei
CTPAHUIE).
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Ob110 4 >4c. Ho B Ky0e, Kak B 3aMKHYTOM ¥ OTpaHUYCHHOMN 00acTy, (QyHKIMA # NOJDKHA
MMETh HaUMEHBIICe 3HAYCHHE, TENEPh YXKe SICHO, YTO 3TO 3HAYEHHE NOCTUTAETCS UMEHHO
B HaliicHHO# BBONE TOYKE M YTO OHO OyneT HAaMMEHBINUM W IJI BCEd IEpPBOHAYAIBHOM
obnacrwy, 4. u Tp. A.

3amevyauune. B mpumepax 1), 3), 4) BHyTpu paccMarpuBaemMoii obnacTu cymie-
CTBOBAJIa O A H & JIHUIL (IOJO3PHTENbHAS» TOUuKa. MOXHO ObUIO OB yHOCTOBEPHTLCS,
YTO B HEll HamMIo MaxcumyM (Wi MuHUMyM). OAHAKO — B OTJIMYHE OT TOTO, YTO
ObIIIO OTMEYEHO i Ciyvas (QYHKUMM OOHOM mepeMeHHoM [cM. 3ameyanue B 139] —
30€Ch U3 3MO20 00HO20 Heab3A 6bli0 Obl cOeAQMb 3AKAIOUEHUE, YMO Mbl UMEeM 0ed0 C
nauboavwum (Haumemnsvwum 3Haderuem @Gynkyuu 8 obaacmu.

Crepyromuif npocroif mpumep NOKas3bplBaeT, 4TO MOAOOHOE 3aKIIOYEHHE B JEH-
CTBUTEIIbBHOCTH MOXET TPUBECTH X HEBEPHOMY pe3yibTaTy. PaccMOTpuM B NpAMO-
yroneauke [—S5,5; —1,1] dyHkuuto

1= x%~4x242xy -2,
Ee mpou3BoaHEie
uy=3x2—8x+2y, uy=2x-2y

B mpenenax obiacty obpawarorcs B Hynb jninb B Touke (0, 0). Kak nerko yGenurbes
C NOMOILEBI kpuTeprs n° 197, B melt (yHkuus mMmeeT MakcuMy™m (pasusii 0).
Onunako, 3HayeHwe 3TO He Oymer HaubonbImM UM B obmactw, ubo, Hanpumep, B
Touke (S5, 0) dynkuus u=25.

Benencteue 9T0r0, B Ciyuae (QYHKIHAH HECKOJIBKMX
MEPEMEHHBIX, — DPH Pa3biCKaHUY HanOOJBILEr0 WM HAHU-
MEHBIIErO 3HAauYeHus (QyHKuuM B 0OJIACTH -- HCCIIEHOBA-
HHME HA MAaKCMMYM M MUHAMYM OKAa3BIBAETCS IPAKTAYCCKU
HEHYKHBIM.

201. 3amayw. MHorue 3amauyM — Kak U3 oO1acTH
MaTeMaTHK{, TaK ¥ M3 Opyrux objacTeif Haykm M Tex-
HUKH — IOPHUBOAAT K BOHPOCY O HAXOXJICHMM HanOONb-
LIer0 WM HAaUMCHBINErO 3HAYEHWS HEKOTOPOM (yHKIMU.

Pemierue 3apgav 1) —4) cBA3aHO C yXe PacCMOTpEH-
HBIMU B OpeABIOyLIeM N° IpuMepaMi.

1) Cpeny Bcex BNHMCAHHBIX B HAHHBIM Kpyr paauyca
R TpeyronpbHUKOB HAlTH TOT, IIOMAAb KOTOPOTO HaW-
Goneiast (puc. 107).

Ecm uepes x, y, z 0003HAUYUTH LICHTPAJbHbIE YIJIbl, OHMPAFOILMECH HA CTOPOHBI
TPEYrOJIbHAKA, TO OHH CBSA3AHBI 3aBUCHMOCTBIO

x+y+z=2n,
OTKyHa
z=2n—-x—J.

Ihiomans TpeyroapHuKa P uepes HUX BBIPAXKAETCH TaK:
1 . 1 . 1 . 1 . . .
P=E R?.sin x+-2— R2.sin y+-2— R%.sinz= ERz- [sin x +sin y —sin (x 4+ )]

O6nacTh W3MEHEHUS [EPEMEHHBIX X M y 31eCh ompexensiercs ycaopuamu: x=0, y=0,
X+y=<2n. Hy)XHO HaliT Te 3HAYCHUS NEPEeMEHHBIX, KOTOPbIe COOOINAIOT BbIPAXECHHUIO
B CKOOKax HauGONbIYIO BeNUYHHY.

27 27
Mzt yxe 3Haem [200, npumep 1)], uro sro 6yayr x= y=-§ , TaKk 4TO U z=—§-:

MOJTy4aeTcss PaBHOCTOPOHHHK | TPEYrolbHUK,
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2) Cpeau BCEX TPEYTOJIGHHKOB NAaHHOIO NEPEMETpa 2p HAUTH TOT, ILUIOMEAAL KOTO-
poro P HauOCoJmbnias.
Ilycrs x, y, z 038AYAIOT CTOPOHBI TPEYroNbHUKA; TOraa mo dopMyne [epon a

P=1p(p-x)p-»)>p-2.

Moxuo Gruto GBI, HOACTABHB CIOAA z=2p— X — y, Ipeobpa3osath P K BUAY

P=Yp(p-x)p-y)x+y-p)

¥ HCKaTh Hawmbonblice 3HAaUCHWE STOH (YHKIMH B TPEyrojbHON 061acTd, O KOTOPOH
yxe ObUia peys B 160, 6).

M mocTynMM WHave: 3a4aYa CBOIWTCS K HAXOXKACHHIO HAMOONBLIEr0 3HAYEHHUA
A5l IIPOM3BEACHHUS HONOXHTENIBHLIX YHCE

u=p-x)(-»©@-2)
~ [PH YCIIOBHH, YTO HX CYMMAa HOCTOSIHHA:
@-0+@-y)+(p-2)=3p-2p=p.

A Mbl yxe 31aeM [200, npuMep 3)], 4TO AN 3TOrO BCE MHOXKHTENH JOJDKHEI GBITh PaBHbI,

-P
TaK 4TO x=y=z=?. CHoBa 10JIy4aeTCS PaBHOCTOPOHHHH TpPEyrolbHHUK.

3) Cpenu BOHCAHHBIX B NAHHBIM JUIMICOH,

xz y2 22
¢§+I§+Z§= 1

OpAMOYTONbHEIX DapasuleienuneaoB (C pedSpamu, mapaUleNnbHBIME OCSM €ro) HaWTH
TOT, KOTODBI UMeeT HaubGonbmmit 00seM.

Ecnu wepes x, y, z 0003HaYHTL KOOPIWHATHI TOW M3 BEPIIMH, KOTOpas JIEXKAT B
IIEPBOM KOOPAMHATHOM TPEXTPaHHOM Yrie, TO 00beM v = 8xyz. BMecTo v MOXHO pac-
CMOTpPEThH BEIHIMHY

2 X2 )2 g2

64atb’ct a® B2 ¢’

160 OHH, OYEBUIHO, NOCTHTAIOT CBOMX HAHOONBIINX 3HAYCHMIl DM OJHAX M TeX Xe
X, ¥, z. T1o OTHOIMEHUEO e K # BOIPOC CHOBA IPHBOJUTCS K IPAMEPY 3) IpeAsIAymero n°,
Omgem:
x2 2 22 1 a b c
—=—=—=— TAKYTO X=—:, Yy=-— z=—.

a b 2 3 3 3 3
4) IlIpeanonoxuM, 4YTO KaKOi-HUOYAp ras (HampuMep, BO3AYX) CXHMAEeTCA B I O p-
MHEBOM KOMIOpeccOpe OT aTMOCchepHOro HaBieHWs p, HO AABJIEHUS p>p,
Paborta, 3arpauynBaeMas IIpH 3TOM Ha CXaTHe 1 MONs rasa, BBIDa3HTCS TaK:
y—1

k4
A=RTy - (f-) -1{;
y=11lp,

31ech R ecTh «ra3osas mocrosiHHas», T, — abconmoTHas TeMuepaTypa rasa o CKaTHs,
a Y ecTh HekoTOopoe umcno (>1), 3aBucAmee OT KOHCTPYKIHMH koMmpeccopa. PaGota
A, OYCBHAHO, TEM MEHBINE, YeM MEHbINE HayajbHas Temmepartypa T,. Ilpm Gompmmx
CTENeHAX CXaTus, KOrJa SXOHOMMS B 3aTpaulBaeMoM paboTe NpeACTaBiseT BaXHOCTD,
pa30HBaIOT BECh MPOLECC CKATHS HA HECKONBKO CTyNEHEH, B IMPOMEXYTKax moasepras
CXaTEIM (M HarpeBarOLIUICS BMECTE C TEM) ra3 — OXJIAXAEHHIO.,
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Ilycts, mampumep, Mbl UMeeM TpexcTymeHYa TH i KOMIOpeccop ¢
ABYMS IIPOMEXKYTOYHBIMM XONOJWIBPHAKAME, B KOTOPBIX TEMIIEPATypa JOBOLATCA CHOBA
no T, Ecrmu o6o3mavnts Yepes p; | p, NaBneHns B KOHIE NepBO# U BTOPOi CTyneHeH,
To 0obmas paboTa CKaTHA Tenepb OyZer

y—1 y—~1 y—1

b2 v Ty
A=RT,. - (’i‘) ~1]+ (’f) ~1)+ (f) ~1f.
y—1 P Py Dy

Torpa BO3HMKAeT BOHPOC, KaK OpH 3aJaHHBIX p,, P, Ty BEIOPATH IPOMEXYTOYHEIE
HABJICHNs Py M Py C TAKMM PAacteToOM, YTOGHI BENMYVMHA 3aTpaYMBAEMOM paboTsl Oblna
HAOHMERbLIICH.

Ecm 0T6pOCHTE HOCTOAHHBIE MHOXHTEN> M HOCTOSHHDLIE criaraeMele, KOTOpbIE
HE BIIHSAIOT HA HCKOMBIC BE/IMMHHEI p)y M Py, TO IENO CBENETCH K MCCIENOBAHUIO BbIpa-~
KERUSI

y—1 y—1 y-1

()

y—-1 -1 y—1 y—1

Tax xax nmpousnenenme

GGG
Py 1 y2 p
COXDPARSACT NOCTOSHHYIO BEJIMYMHY, TO, BOCHONB30BABIIECH LOPHMEPOM 4), 200, cpasy

BHAMM, YTO CYMMa U OOCTHraeT CBOEr0 HAMMEHBIIErO 3HAYCHUS TOrpa, Korma Bce clia-
raéMbpi€ paBHBI:

L R
GG -6)
Po n 29
HIIm
n_p_p
Po D Pz’

TaK 4TO HOCTeAOBATENbHbIC HABJICHHN CO-
CTaBJIAIOT TE€OMETPHYECKYIO HPOTPECCHIO.
Orcropa

] t
p=Voi-p, p.=1Vpo %

5) Ha mnockocTy OaH TPeyroibHHK
€O cropoHamu a, b, ¢ (puc. 108); Ha P
] uc. 108.
HEM MOXHO NOCTPOMTh OECTHCIEHHOE
MHOXKECTBO MMPaMHI C JaHHOH BBICO-
To# k. Tpebyerca M3 Hux HaliTh Ty, KOTOpas WMeeT HANMEHBIIYIO GOKOBYIO IOBEpX-
HOCTB .

Bonpoc cBOAMTCS K HAXOXAEHWIO NpOeKmuH M BEpLUBHEI OUpaMuasl. ITTosoxkenne
€€ OUPEACIAETCS BENMYMEAMA TPeX NEPHEHANMKYIAPOB X, ¥, z, ONYIMEHHBIX, COOTBET-
CIBEHHO, ¥1a CTOPOHHI 4, b, c. KaxnoMy nepnesmuxynsapy Mbl OPHOMCHIBAEM 3HAK INTIOC
€CITH TOUKA JIEKHT C TOM e CTOPOHEL, YTO M CAM TPEYTONbHUK, M 3HAK MAHYC B OPOTHB-
HOM ciyae. Bemmaums! x, y, z cBA3amBI coOTHOWEHNEM (P O3HAYaeT wioniangs Tpe-
YrOJIbHUKA)

ax+hby+cz=2P, OTKyjA 2= o ;

28 T. M. ®@uxreuronsqu, 1. |



434 IJL V. ®VHKUUY HECKOJNBKUX IEPEMEHHBIX [201

Harepecyromasn Hac 60k0Bast IOBEPXHOCTD S BEIPA3UTCA TENEPh Tak:

a b
=5Vﬁ+#+5Vw+m+§Vf+W,

rae z AOJXHO ObITh 3aMEHEHO HalICHHBIM BBIPDAXCHHECM; 00NacThiO0 H3MEHEHHsT H e-
3aBHCHMBE X ICPEMCHHBIX X, ) ABNIACICS BCA IUIOCKOCTh XY, Vmeem

, ax cz a
28— C
V2t Ytk ¢
2S§=L_L 5.
VR+R Y2im ¢
21)1%¢
x y z

OTKYyNa Xx=y=2z.

Veii ViR (EiR

CooTBeTcTBYIOIIAas TOUKa M €CTh LEHTDP BIMCAHHOTO B TPEYTOJBHUK KDYra.

Yro 3THM 3HAYCHUSM X M ¥ OTBEYAET HAaHMEHBIIEE 3HAYCHHE I S, JIETKO NOKA3aTh
Kak B npEMepe 4) npeasiayinero n°, omapasch Ha TO, YTO — OpH 6e3rpaHdiHOM BO3pa-
CTaHWM X WIK ¥ — ® S pacreT 10 GECKOHEYHOCTH.

6) Ilycts naHel Ha IUIOCKOCTH TPH TOUKE M, (@, b)), M, (a,, b,), M, (as;, by), He
JleXamue Ha OmHOM npsMoi. TpeOyeTcs HaWTH B 3TOM IUIOCKOCTH TaKYIO TOYKY, YTOOEI
CyMMa €€ pacCTOAHHA A0 JAHHBIX TOYEK OblIa HaWMEHBIUEH,

B3as mobyio Touky M (x, y), ONOXHM

0i= YG—aP+(r-b (=1, 2, 3).
Torna uccleqOBAHMIO NTOIUIEXHUT (HYHKIHS

u=20i=2, Yx—aP+(— b2

Ina Hee CyIIeCTBYIOT — Be€3Jie, KPOME AAHHBIX TOYEK, — YacTHRIE NPO-
U3BOJHBIE

ou x—aj

—= x=2' cos 6;,

ax 0

ou —b; .

_:Zy =Zsm ei»

ay 0i

roe 8; o3HagaeT yromn npsamoi M;M ¢ ochio X.

«I[Topo3paTebELIME?Y IO SKCTPEMYMY TOYKAMM SBJISIOTCS, TaKuM 00pa3oM, Ipexkne
BCEro TOYKM M,;, M, # M, B KOTOPHIX NPOM3BOJHBIX HET, & 3aTeM Ta Touka M, (MBI
YBUAMM, 9TO OHA HE BCEr/a CYINECTBYET), B KOTOPOM NPOM3BOMHLIE 3apa3 OOpamaroTes
B 0. Tak xax npu OecKOHEYHOM BO3pacCTaHWHM X WIM y Hama (GYHKUESA ¥, OYEBHMIHO,
TakKe OECKOHEYHO pacTeT, TO HAWMEHBIIETO 3HAYEHHsS OHA AOCTHIAaeT B OAHON H3
YIOMSIHYTBIX TOYEK.

YT06K! paspickaTh CTANMOHAPHYIO TOIKY M|, MpUpaBHsIEM HyJio 0Ge 4acTHBIE IPO-
H3BOAHBIE; 3TO QACT HAM YCIIOBHS:

cos B;+cos 8,+cos 8;=0, sin 0, +sin 0,+sin 85=0.
VYMHOXHMM IIepBoe Ha sin @,, a BTOpoe Ha cos 0, U BBIYTEM; MBI IOJIYYHM
sin (0;—0,) =sin (6,~0;), oTkyma 6,—0,=0,—0;.

AHANOrMYHO HAMNEM, YTO
B,—0;=0,~0,.
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Taxum o6pasoM, yrisl Mexay NpsMbIME M M,, M,M,, M;M,, B3aTHIMH TONApHO,
BCE NOJDKHBEI OBITH DaBHEI -g—t , W TOYKa M, mOJy4aercss B IEPECeYeHN: LYT, MOCTPOEH~
HBIX HA CTOpPOHAx TpeyronbHuka M M,M; U BMemAOmuX
3 ¥
Ecnuw B 32TOM TpeyroJdbHHKE HET
yrina, OO6nNpmero HMIHA PABHOTO ?—;—Z, TO

HA3BaHHBIE AYTH, JCHCTBUTENBHO, [TEPECEKAXOTCA BHYTPH
TPEYTOJIbHUKA M ONpPENessloT TOUKy M, Hu3 KOTOpoH

)
§

27
CTOPOHBI €r0 BHIHBI MOJ YIJIAMH, DaBHBIMM - (pHC.

Q
109). B 3TOM CnyYae HAMNIEKHT CPABHMTH 3HAYECHUA, Prc. 109.

KOTOpBIE # TOJy4aeT B HA3BaHHBIX YETHIPEX TOUYKaX.
Mer noxaxeM, 4TO 3HAYCHME ¥ B CTANMOHAPHOM TOuXe M, OyneT MeHbime Apyrux (a
3HAYUT, ¥ BOOOImE HauMeHBIIAM), JeiCTBATEIBHO, IO ¢TEOPEME KOCHHYCOBY

1 2
M M2 = MyM3+ MyM3+ MM, - MyM, > (MUM2+ > MoMl) ,
TaxK 4TO
S [
MMy > MMyt MoM.

AHanoru4HO

1
M1M3>M0Ma+5 MM,

CxnanpiBas, MOJIy4dM

M_‘Mg‘i‘ AIIM;; >M0M1+M0M2+MOM3.
T. €.
w(My)>u(M,).

O4eBHAHO, TOUKA M, 3/16Chb MOXET ObITh 3aMEHEHA TOYKOH M, uiu My, 4TO M 3aBepluaet
JZOKa3aTeNIbCTBO.

Wuave o6cTOMT #eo, €CN M OLUMH M3 YITJAOB TPeyTronbHAKa MMM,
JT
paBeH HJH Conbme 3 Torpa cranuOHapHO# TOUYKH BOBCE HE CYLIECTBYET

M HapMeBbINee 3HauCHHME (YHKOMH 4 HOCTABISETCS ONHOM W3 HaBHBIX TOYek M, M.,
Mg — MMEHHO Tol, KOTOpas CIIyXUT BEPIIMHOM TYmoro yria.

JIzoboneiTHOM OCOOEHHOCTBIO ATOM 32HaYM ABJIAETCH MMEHHO TO, YTO B HEH NpH-
XOIMATCA, KDOME CTAIMOHAPHOM TOYKY, CYMTATHCS M C TOYKAMU, B KOTOPHIX IPOU3BOI-
HBIX He cyuiectByeT [cp. 196, samevyanue II].

7) O6o6mmmM 3azmauy 1): craHeM ucKaTh BOMCAHHBIM B HAHHGIH Kpyr (pamuyca R)
(n+ 1)-yronprauk ¢ HaEGOABIOEH NiIOANBIO P,

OG6o3Ha9MM Yepe3 X;, Xi, -+, Xn, Xn41 HEHTPANbHBIE YIIIbI, KOTOPBIE OOMPAOTCS
Ha CTOPOHBI MHOTOYTONBbHUKA; TOrNa

Xy +Xo+ oot Xn+Xn =27,
OTKya

Xn41=27 - (X1 + X+ . .+ Xp).
ITnomans P pasHa

1 1 1 1
P=— R%sin x; - R2.sin xo+ ... 4+ — R2.sin xp -+ — R2.sin Xpyy;
2 R : 2 ) s

28*
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€CII IOACTABUTE BMECTO Xp4; €r0O BBIPAXKCHHE, TO BONPOC CBEAETCA K DPa3bICKAHUIO
HanGoJBIero 3Haverus A GyHEKIAn

u=sin x, +sin X, + . . . +sin xn +sin 27~ G+ x4+ .« . +x0)l,

npudeM o6nacts &) A3MeHenNs He3ABHCAMBIX NEPEMEHHBIX Xy Xay « 5 Xn ONPEOEIAETCS
HEPABEHCTBOM

x=0, x,=0, ..., x;=0, x;+Xp+ ... +xp=<2m,

T. €. TNIPEACTABISET c0o60M n-Mepubit cuMunekc [162].
Mo obruemy mpasuy BEIYACISIEM OPOU3BOMHABIE M OPAPABHUBAEM HX HYJIO:

€0S X; —€0s (X3 + X+ ... +x1)=0,

D IR I ST A S P

€OS Xp~COS (X3 +Xa+ ... +x,)=0;

€[MHCTBEHHOH BHYTPEHHEN TOUKOM o6NacTH, B KOTOPOH BBHIIONHSIOTCA OSTH
yCIOBUS, OYIET TOYKa

2n 2
X1 =Xs= a0 =Xp= — TOTJA B Xpiq=-— |
1o "l nh n+1

. 2n
et orsevaer u=(n+1)sin —-.
n+1

Hna roro 4ro6BI MOKA3aTh, YTO 3TO, ACUCTBHTENLHO, GyaeT HauGONBIIAM 3HAYE-
HUEM i, BOCIOJIB3YEMCSl METOHOM MaTeMaTHyeckoil mupykiyu. Ilpu n=2 mame yTBep-
XACHHUC YXKE YCTAHOBIEHO B OpmMepe 1) mpenpizyinero n°. J[ONMycTHM, YTO OHO BEPHO
ANSL Cnyyas n ClaraeMbIX CHHYCOB (TaK YTO JMsi MX CYMMBI HAaHOOJBIINM 3HAYEHHEM

27
Oyner n-sin — |, 1 moxaxeM BEPHOCTH €ro W JIs Halell CyMMEI #+ 1 CHHYCOB.
n
Cornacio O6mMMM yKa3aHUAM, CAENAHHLIM Bble, HAICKAT CPABHHTD 3HAYCHHE
27
(1 +1) sin ail CO 3HAYCHHAMHM, KOTOpHIE (YHKIMS HPHHFMACT HAa IPaHMNE 00nacTH
n

&D. Bo3eMeM, HAIPHMep, ¢rpaHb CHMILIEKCAs X, =0; HA Hell 1 Gyner QyRKuMeH JHL
OT n—1 nepeMennpIx:

u =8I0 Xy +8in Xp+ ... +8in X,y +sin Ra— o+ x4 oo+ xn)]

g 27
4, N0 RONYINCHHIO, HAHOONLIIAM 3HAYEHHEM 37AeCh Oyner #n-sin —. To xe MOXHO
n

YCTaHOBHTB H JJIA APYTHX «<rpaneii». Ho Tak xak

2n . 2n
n.sin — < (n+1).sin —— *),
n n+1
TO Hamle yTBEpXAeHue nokasaHo. HauGompmyro mwiomaas 6yzer HMETh I P a B B J1 b-
HBI I MHOrOYrOJIbHHK.

8) PaccMOTpHM 3JI€eKTPHYE€CKYH NHUTATENbHYIO CETh C Hapal-
JienbHBIM BRITIoYeEneM. Ha puc. 110 mpeacrasnena cxema cern mpuieM 4 B B — 3a-
JKHEMBI UCTOYHHKA TOKA M Py, Py, ..., Pn — NPHSMHUWKH TOK2, NOTPEOIAOLINE, COOT-
BETCTBEHHO, TOKM iy, Iy, + + +, in. TPEOyeTCA, IPY HAEPED 3aAAHHOM HOMYCTHMOM O6meM
TMageHny TOTEHUHANa B LENH 2e, ONPeNeNnTh CEYESHHs NPOBOJOB TakK, 4ToObI HA BCIO
MAargcTpans Nouijio HaUMEHbBINee KONUYECTBO MEAM.

sin z
*) 2T0 06CTOATENBCTBO CIIEAYET M3 TOFO, YTO (YHKIHSA — MOHOTOHHO YyOBIBAET
z

Iipu Bo3pacTtanny z ot 0 xo  [om. 133, 1].
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OueBHAHO, JOCTATOYHO OTPAHMYMTECH DACCMOTPCHUEM OZHOTO M3 MPOBOAOB,
CraxeM AAn, TaK KaK APYroii NPOBOX HAXONMTCH B COBEPINEHHO AHAOTMYHBIX YCIIOBUSX.
OGo3naanm vepes /g, by, ..., In nmmer actelt Ad,, 414, ..., An_1An (8 M), uepes q,,
qss +++, qn — IUIOMIAAM HX NONEPEYHBbIX ceyeHM (B Mm?). TOrna BLipaxeHue

w=hay+lgo+t ... +ingn

KaK pa3 M npencTaButT ob6veM Beel 3aTpaveHHON Medu (B cmd); IS HETO HAM HYKHO
IOOUTBCS HaMMEHbLIICH BCIMYMHBI, NPHHMMAsS BO BHUMAHMC, Y10 OOINee maicHME HO-
TEHIHAJIA B Oposone AA, HOMKHO PaBHATECA e.

N N -
A ’, 2 Az ey T
)l
I 52 A Yt %
AN -
4
Puc. 110.
Jlerxo noacumTarh, Kakue Toku Ji, Jy, ..., Jo 6yayT npoTexats B OTpe3Kax AA,,
AAy, ooy An_1An temi:

Ji=htig+ o tin, Jp=igt.eiting, ey, Jn=in.

Ecnu 0603HaYMTh Yepe3 ¢ CONPOTHMBICHUE MEIHON OPOBOJIOKA JMuHOM B 1 M u ¢ ceye-
HHEM B 1 mu?, TO CONPOTUBNEHHS 3TUX OTPEIKOB OYAYT

oh oly oln
ry=-——, ry= 3t rn=-——,

G1 2 qn

TaK YTO COOTBETCTBYIOHIME HAN€HMs] DOTECHUHMANA B ITHX OTPE3KaX, COIJIACHO 3dKOHY
O M a, BBIPA3ATCA TaK:

QllJl QIng {_)Ian
e =rJy= ’ ey=roJ,= s eves en=Ipndp="— .
41 gz qn
YUToOB M36eXaTh CIOXHEIX BBIKNAJOK, MBI, BMECTO LEPEMEHHBIX Gy, Go» - - -, G,

BBEAEM MMEHHO TH BEJIWMUHEL €;, €a, - -+, €1, CBA3AHHBIC IPOCTHIM YCIOBHEM

eytet. .. ten_yten=e, OTKYNA en=€—e —€y— ... ~€n_,-

Torma, B CBOIWO OuEpE/Ib,

ohJy oloJ, elndn olndn
1= ) BT Ty ey, gn=- - =
1 2 en e—e—e—...—en_y
R
By Bi1Jn_y RBJn
u= [_.__4,- oot + ] s
€ €n.—1 e—e~—...—€Cn.4
npuuem 061acTh U3MEHEH:sT HE€3ABHCHMELIX MCPEMCHHBIX €;, €, - - -, Cn.y ONPE~

ACJACTCA HCPABCHCTBAMY
el>01 e2>0’ ey (3n—1>0, €3+93+~--+6‘n-1<8
(OTKPHITHIE CEMOTEKC),
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TIpupaBHUBaHMs HYIYO TNPOW3BOJHBLIC ¥ IO BCEM MNEPEMEHHBIM, HOJYYHMM CHCTEMY
ypaBHCHAMK

I, 2n
e? (e—ey—...—en_y ’
12J, 2J,
-+ L =0, ...,
e (e—e—...—en_y)?
l;’;—l«’n—l fg"”
T e, (e—ey—.oi—en_1)?
OTKYHa (CHOBa BBOAS €;)
8L BJ, 12Jn
e} e ez '

1
Vao6HO 0003HaUuTh OOLIYXO BETUYMHY BCEX TUX OTHOINEHUI depe3 7 (A>0). Torma

=MV, ex=ALY T, oo, en=AnYIn,
OpHYEM A JIETKO QUPENENAETCA U3 YCHOBHA €,+e;+ ... +en=¢:
e

A= - .
LYT ALY+ o+ 1Y s

Tak Kak, [p¥ NpHOIMKEHHH TOYKH (e, €9, - - -, €n_y) K Fpanmue ob6macTa, # pacrer
10 GECKOHEUHOCTH, TO HAHCHHDBIC 3HAYCHUS €, €5 - - +, € _; (€n) ACHCTBUTEILHO AOCTAB-
NTIOT QYHKIMH 4 HauMeHbIIee 3HAYeHHUE.

HaxkoHrel, BC3Bpamasch K Ha[OAM OCHOBHbLIM NMEPEMEHHBIM ¢y, s, - -, ¢n, HAXOJUM

ql=’% Jl: q2=%V']Zr ey ‘1112'3)'1/177 >
Tak YTO HAWBLIFOAHEWIHE CEYCHHS IPOBOJAOB OKA3BIBAIOTCS MNPOHOPHHOHANBHBIMU
KOPHSM KBaJpaTHBIM M3 COOTBETCTBYIOIMMX CHJI TOKa.

9) MeTonm BEaMMeEeHBIIKX KBAagpaTo B, Tak Ba3plBacTCs OYEHBL PAcIpo-
CTPaHEeHHEH MeTon 00paGoTKM HaOMIONEHHH, CyTh KOTOPOTO 3aKIIOYaeTCs B CIHeny-
FOILIEM,

IIycth TpebyeTcs onpenelinTh 3HAUYCHUS TpeX *) BEJIMUMH X, Y, Z, €CIIM Ui HUX yCia~
HOBJICHO 77> 3 JIAHEHHBLIX ypaBHCHWH

aix+biy+ciz=d; (j=1, 2, ..., n),

OpHYeM HEKOTOpBle M3 Ko3hduumenTos a;, b;, ¢j, d; NOJY4YCHBI ONBITHHIM IyTEM M H3-
BECTHBI JIMIOb 110 npubmxenuto, IIpH 3TOM MBI OPEANONOKNM, YTO XOTh Kakue-HAOyan
TPHA U3 3THX YPABHEHHH MMEIOT ONPEACIHTENb, OT/IMYHBIA OT HYJi: HAmpHUMeEp, OycTh

a b ¢
a; by ¢;|=0. (14)
as b3 C3

*) Mpl OrpaHHYMBACMCS TPEMS BEIUYHHAMH JHUILb Y18 TPOCTOTH NHCHMA,
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OfHaKo BBIMMCIICHHEIE M3 TEPBBIX TPEX ypaBHEHUI 3HaYeHus X, y, z, Boobiue rosops,
HC GyAyT TOYHO Y[OBIETBODATH OCTAMbHBIM (GO BBHAY HEM3OEXHBIX NOrpeHIHOCTEH
B KO3(:pHIMEATaX ypaBHEHHs, 1ubo BCileACTBHE TOTO, YTO CAMH PAaBEHCTBA OKA3bIBAIOT-
cs muImb BpubmkeHHEMA). He MMes OCHOBaHMI NPEANIOYECTh ONHYU YPABHEHMS JPYIEM
¥ CUMTASCh ¢ HEH3OEKHOCTRIO [OTPEMIHOCTEH

Oi=apx+biy+ciz—d;,

xakue Opl HM OpaTh 3HAYCHUS X, Y, 2z, CTAPAKOTCS HOCTHYD JIMOIB TOTO, YTOOB CYMM a
KBalZpaToOB 3THX HOrpemHocTreit

n n
W= 21'6} = Zl(aix+biy+ ciz—d;)?

Opla HauMeHbI e (OTCIONA M Ha3sanwe MeTona). VIHEIMU CclIOBaMuM, HAWIyYIIe
COITIACYIOMMHUCS ¢ Pe3yJbTaTaMH OMBITA CYMTAIOTCH T€ 3HAYCHHA X, Y, Z, KOTODHIE
HOCTaBJITIOT HAMEHbIIYIO BenuuuHy QyHkimuu W= W(x, y, z).

Ilo obmemy nmpaBwity, 4ToGBl HANTH STH 3HAYCHAS, NIPUPABHUBAEM HYIO NPOH3-
BOJHBIE OT W mo x, y, z:

n
2 Zl'a,-(aix +biy+eciz—d)=0,
f=
n
2 2 baix+biy+ciz—d) =0.
i=1

n
2 Zc,'(aix+biy+0fz— dp=0.
i=1

I'aycc (C. F. Gauss) BBen apyrue 06G03HAYCHHS CYMM ONHOTHMITHBIX CIIAaraeMBIX,
Pa3HAMMXCA JIHIIb YKA3aTEISIMH; HMEHHO, OH IUINET

n

n
[aal BMecTO 21' a}, {ab] BMecTo 1a,-b,~ H T ML
{=

B o6osHayennax I'aycca HOMyueHHble IUIS ONpEAeNeHUs 3HAYEHUH X, y, z ypaB-
HEHUsI TIEPENTUIIYTCH TaK:

[aalx + [ably + [aclz = [ad],
[balx + [bbly+ [bclz = [bd],
fealx + [ebly + [cclz = [ed];

HX Ha3BIBAIOT HOPM AN bHB MY YDABHEHAIMHU.,

M1t TOoro 9106B! OBITH YBEPEHHBIMH, YTO 3THMH YPABHCHHMSMH OXHO3HAYHO ONpe-
BeNsATCs 3HAYEHHsl X, J, z, HYXHO YCTaHOBUTh, 9TO ONPEHEIMTENL CHCTEMBI OTJIMYEH
OT Hyis. Ho mo usBecTHOi Teopeme anreGpol, XBafpaT 3TOrO OMPEAEIUTENs NMPEICTaB-
JIAETCS B BHIE

laa) [ab] fac] " a b o
[ba} [pb} [bcl| = 2 a b ¢,
[ca]l |eb] lcc) LK ay bx ok
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OpHYEM CYMMHDPOBAHHE PACIPOCTPAHAETCS Ba BCCBOIMOXHBIE codeTtaunma @/, k)
H3 51 3HA4KOB 1,2, ..., n 0o Tpu. TaKk Kak W3 BCeX ONpeieNUTENeil cnpaea, 0 HaIleMy
OpEANONIOKCHAIO, XOTh ONWH OTJIMYEH OT HYJH, TO OTCIOAA H CHEAYET, 4TO OIpeneiiu-
TeNb CleBa TAaKXKe He HYJb.

Ocraercs eme yGenuTsCs B TOM, YTO ONpPENEISIEMBIE M3 HOPMANLHBIX YpDABHCHHU
3HAYCHAS OEPEMEHHBIX ACHCTBUTENLHO MOCTABIAIOT GYEKUMM W HAEMEHbIIee 3HAuE-
Hue. JIng 3T0To ZOCTATOIHO, HAPKMED, YCTAHOBHTb, YTO BHE COEPHI JOCTATOYHO GOlIb-
moro paguyca W Oymer ckONb YrOAHO BENHKO.

C 3ToH nenpIo PacCMOTPEM 3HAYEHMs IEPBHIX TPeX CKOGOK B BhIpaXenuu W

ayxx+by+ez—di=u;, ax+byy+cz—dy=u,,
azx+ by -+ cgz— dy = ug,

Beupy (14) yepes 5Ty 3HAYCHHS, B CBOIO OY€pClb, JIMHEHHO BEIPAXAIOTCH, C BOOJIHE
ONpeNeneHHEIMA NOCTOSHHBIME KodQduuuenTamMn, M X, ¥, z, TaK 4TO, OOKA BCE TPH
BCITUYUHEBL 4, Uy, H3 OCTAIOTCA OTPAHMYECHHBIMY, OIPAHMYEHHEIMM HeoGxomuMmo GymyT
caMH X, Y, z. O1Crona yxe $iCHO, 4TO IPH GECKOHEYBOM BO3DACTARMH r2= X2+ y2+ 22
Taxxke pacrer no GeckonewnoctH M ui-+u3+ui (a crnepoBatenvHo, u W),



IFT'TABA MMECTAA

OYHKIIMOHAJIBHBIE OITPEAEJIVITEJIN;
X IMPNJIOXEHUS

§ 1. dopmaibbbie CBOHCTBA (PYHKIMOHAIBHBIX
onpeneHTeei

202. Onpenenenne GyHKIMOHANBHLIX onpenenTesieil (axodnanoe). B na-
cTosuei rnase (PaBHO KaK M B JPYruX YacTSX Kypca) BaXHBIM (opMaib-
HBIM OPYAHEM HCCIIEMOBaBHSA IJIS HAC ABATCA ocoboro pola ompe me-

JJHTCEJIH, COCTABJICHHBIC M3 YaCTHBIX NPOU3IBOAHBIX. I/IB}"II/IM npeaBapH-
TEJAbHO OCHOBHBIC MX CBOMCTBA.

Ilycre mapsr n GyHKIMit OT 17 MEPEMEHHBIX

y.l. =‘f1('\'1: xz’ sy xn):
y2=f‘.2(x19 KXoy v vy -xn),

M

KOTOPHIE ONPELEJICHBI B HEKOTOPOil 71-MepHOit obnacti §) M UMEIOT B Hel
HEOPEPBIBHBIE YaCTHBIC MPOM3BOIHLIE MO BCeM NepeMeHHBIM. CoCTaBHEM
M3 3TUX IDPOU3BOAHBIX OMPERCIUTEIH

xy, 8x,  9xn
9%, 9x,  9xn |-

OTOT ONpeNesNTENb HA3LIBACTCA OOBMHO PYHKYUOHAAbHBIM OHpedenu-
mesem HAxo6u MM . 3K0OUGHOM CACTEMBI (1) — mo HMCHM HEMEUKOTQ
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Matematuka fkobu (C. G. J. Jacobi), Buepsble H3yUMBILEIO €ro CBOMCTBA
4 npuMenerus *). OO0O3HAYAIOT €ro IUIa KPATKOCTH CUMBOJIOM

D(yla B2 TICREN y:l_)

—_—— T s
D(xla Koy o0y x.'l)

CXomHbIM C 00O3HAYCHHEM IIPOM3BOMHON. SIKOOMAH MMeeT PSL CBOJNCTB,
NOJOGHBIX CBOHCTBAM OOBIKHOBEHHOM HPOU3BOMHOIM.

203. VMHOXCeHHE SKOGHAHOB. Kpome cuctembl ¢yuxumit (1), BozbMem
cucremMy QyHKIHA

X =0(t, toy - - s L),
Xo=@5(t;, Loy -+ .y L),

.................. @

x"=(p,,(tl, lyy s In),

OIpPENENECHHBIX ¥ MMEIOIIMX HENPEPHIBHEIE YaCTHBIE POM3BOMHEIE B 00-
nactd §. I1ycTs Npu H3MEHEHMH TOUKH (f, Iy, ..., I,) B § COOTBETCTBYIO-
st TOYKa (X, Xy, - . ., X,) HE BRIXOIUT U3 0GJIACTH &), TAK UTO ¥y, Vs, - + -5 Vn
MOXXHO PacCMAaTpPUBATh KaK CIOXHBIE GYHKUHH OT %, L, .. ., I, 9€pE3 Io-
CPEICTBO Xy, Xp, - . ., Xp.

YMHOXHM Temeps skoOuan cucteMs! (1) na sikoGuan cuctembr (2):

0%y 0%y 0x,
3;1* _at—z .o 3—;;
0%, 9%, dx,
3[: 3_t2 .. E .
Ixn dxn dxn
R a—tz “ee E

W3 Teopum onpenennaTesiedl HAM HM3BECTHA TeopeMa 00 YMHOXEHMH OIpe-
IequTelei, BEIpaxkaromasics (popmyioin

antys .. A | | byubis ... byn C11C1s - - - Cin
Ay .« Gon | | boybos « .. Doy Co1Cag -« - Can
T egr e e s e e e L B B R Y =] s et ensnan s
Qnilng - -« nn| | bagbpg - .. bpp Cn1Cng Cnn

*) B mayxy sxoOmaBBl ObIIM BBEJICHHLI ONHOBpeMeHHO ¢ A k06w @ M. B. Oc-
TPOTrpPamgcCKuM,
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rje obuwui 3JeMEHT IOCIEAHEIO ONPEREIIMTENA TAKOI:
Ci = igbyic+ Qb+ . .+ Qb
Gk=12,...,n

(yMHOXEHHE 1O IPABUIY «CTPOKAa HA croJbely). TIpumenss 31y Gopmyny
K (GYHKIUNOHAJIBHBIM OHPEACTUTCHAM, IOJIYYNM

oy on |amon on

é—'—x:(;;z_ o dxn a4 3—t2 otn
0y 9y- 28 % Ox, dx;

3x1 3x2 o 3xn 32'1 atz afn

% Oyn O¥n dxn 0xn dxn

ax, 5_\’: oxn E‘: a_t; otn

s, b o oo
ax; ot dxn 04 9x, Otn dxn dtn
YRR o R T T
ax; o4 dxn 01 dx, dtn 3An Btn
oY Y S
'3x1 ot dxn 04y axy Otn 8xn Otn

3ameuasi, 4To, Mo GopMyne IS MPOU3BONHON ClOKHON (YyHKIHH, 06-
IR 3JEMEHT JTOTO OUPEACIUTENS €CTh

Avi 9x, i 9xn __0yi

ax, oty " dxn oty tn
(G, k=1,2,...,n)

MBI MOXEM HOCJIeTHAN OonPeaCIHTENIb NEPCIUCATh B BUAC

a}’x ayl %
3t1 352 TS
9yy Y2 2
5}'1- oty 3_1;

HOKaBaHHOC TOIIbKO YTO MEpBOEC CBO #cTBo sxobuana B Kpart-
KiX 0003HAYCHUSAX MOXHO IIepenucaTe Tak:

Dy Yo o-+s Yn) D(xy, Xy -+ o, xn)= D(yy, ¥z o ¥0) (3)
D(.\", Xas v v vy xn) D('lr tZ’ M ] tn) D('l’ ’2, ] tfl)
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Ecnu 661 nMesu omdy GyHKLIMIO y OT X, ThE X €cTh byHKUHA OT ¢, TO
HOJIYyYWId Obl M3BECTHYIO (OPMYITy A MPOU3BOXHOM CIOKHOM byuxnmm:
dy dx d .

Eﬁ-;i:j;; TakuM 00pa3oM, BEIBEIEHHOE CBOMCTBO SIKOGMAHOB SBIIIETCS
06ob1enneM GOPMYNEI I1s IPOM3BOAHON CIIOKHOM (DyHKIHH.

OrmernM 0cobo TOT Ciy4aif, Korfa mepeMeHHbIE ¢, tyy ooy ty TOXKIIE-
CTBEHHDL C )y, Yy, - .., ¥n, TAK 9TO CHCTEMA (YHKIHI (2) eCTh pe3ynbTaT
ob6pamenus cucremst (1)*). Toraa momy4eHHOE COOTHONICHHE CBE-
JETCSL K CIHERYIONEMY: .

_D(J’b Yoy v v Y1) R D(xy, x5, -, Xn) =1

D(xy, Xy +«oy Xn) DOps Yoy o5 ¥)
HIu
D(yl: Yzs v e ey J’n): 1 (4)
D(xl9 Koy v o ey Xn) D(xlx Xgy o oes xn) :
D(yl’ Yo o0y J’n)

B stom Bume ono mamommmaeT dopMmyny s mpou3BOIHOH oGpaTHOI
dynxmA.

204. Ymuomenne ¢ysxmHoHAIbHBIX MaTpRy (MaTpun SIkoGu). Hycte
umeercst m GyHKImui y;, ¥y, ..., Y OT n (n>m) MEPEMEHHBIX Xys Xpy - on

ey Xp
»n =11 X, o, X),
Ve zfz(xp Xay - ooy Xn),
ym me(xl’ x21 .. -’xn),

OpHYEM, B CBOKO OYEpElb, IEPEMEHHBIE X;, Xp, ..., X, SABJAIOTCH (YHK-

OMAME OT M NEPEMEHHBIX 1, by, . . ., In:

X1=§01(t1, lyy o vy tm)s
Xy =(P2(t1, Iy, ooy tm):

Ipemmosiaras B o6OMX CIy4asX CylIeCTBOBAHME HENPEePHIBHBIX 4ACT-
HBIX IPOM3BOHBIX, IOCTAPACMCS HANTH BEIPAXKEHHUE [ IKOOHARA p;, sy, ...
«+ o> Ym KaK QYHKIUH OT 4, by, ..., ty.

*) Camyio BOSMOXHOCTE TAKOTO OGpPAaeHES ME 34eCh AOMycKaeM. Cu,
¢ncayromul naparpad,
ay parp
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B Teopuu onpenenuTeneil ycranaBianBaeTcs obuas TeopeMa 006 y M-
HOXCEHUY MATPHI (A1 XOTOPOH HCHONB30BaHHAS BEUIIE TEOPEMaA
006 yMHOXEHUH ONpefeuTe el ABISETCS YaCTHBIM Clydaem). PaccMorpinm
Ise MaTpuUOb (TaGiIiel)

4y g ... G by by ... by
Ay Gy ... 4Q by, b.

21 22 2n " 21 22 2m (n>m)
aml am2 e amn b"ll bnz “oa bnm

Hx n POM3IBEACHUECM SABIACTCA KBAApPATHAST MaTpuOa

tn G2 -o- COm

Cn Cp -.. Com
------------ ’

Cm Cmo -+ Cmm

3JIEMEHTHl KOTOPOH BBIMHUCIIIOTCA 10 QopMysam

Cie= by + Aigbo + .« . . + by

G k=1,2, ..., m)

CooTBeTcTByOWIMI 3TOH MATPHIE OIPEAcHHTe/b PaBeH CyMMe

Ay, Ay - Qi b111 bilZ e bi,m
Ay, Aoy - .. Uy, .| bl'zl b,'z.z e b;zm
k4
A 2 % EEEEE LRI B R R
Ami, Ami, Amin lb’uzl biye biim

PacHpoCTPaHAIOINENCS HA BCCBO3MOXHBIE COYEeTAHUA (i), Iy, - . -, i)
U3 n 3HAykoB 1,2, ...,n mo m.

IIpuMernB 3TOT pe3yibTaT K GYHKUMOHANBHBIM MAaTpH-
uaMm (wm Matpumam Sxo6wu)

ady oy x 0% 0%
axy 9%, 0xn oty Oty Otm
(2& 0y, 3y 0%y 0, 09X
axy 9x, xn u oty oty otm |,
a_."ﬂ a_yg OYm 0Xn 0Xn dxn

X, Ix,  dxn } an ot otm }
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MBI IIOJYyY¥M

Iy 9%y O 9xn 9y 0%, 491 0xn
3x1 3’1 e 3Xn 3& o .Bxl 3tm ) 3xn 3tm
9y2 9%, 9y 9%n 933 0% 4 972 0xn
3x1 3'1 Tt xn 311 t ‘3x1 Otm e oxXn atm =
D N e
3x1 3’1 T dxn 31‘1 T 3x1 atm - oxn atm

mon ) dmon,  ox
3-xll 3xl.. ’ '3xlm 3t1 3t2 o ‘3tm

02 dys Vs | | 0% Oxi,  Ixi,
— 8x1, 8%ty " T Oxig || Oty Oty T Oty

[ YT 7 N I A T
ym 3ym Qg’m OXim OXim OXiy,
Ixi, Ixiy T OXim| | 0ty Bty T By

Ecnu cHoBa BCmOMHHTB (opMyJy It HPOM3BOIHOM CIOXKHOM (yHKIMH,
TO OUPENETUTENs B JIEBOH YaCTU 3TOTO PABEHCTBA NEPEHHUICTCS TAK:

WLy o

3[1 3fz PP 5’;;
29y, Oy
ot, 9ty " Ot .

Wm Wm  O¥m
oty Oty "ty

B kpatkux o0o3HAUYCHMAX TONIYYEHHBIH pE3yNLTAT WMEET BHL

D(ylr Yas MRS ym): D(yls Yoy o0 ym)-D(xlu Kiyy ooy )Cim) (5)
Dy, 1y, -+ oy tm) Gy ey ) Dts Xias ooy Xim) - Dty 13y 2oy 1)

rae CymMMa pacupoCTPaHseTCs HA BCEBO3MOXHBIE COYETAHHSA U3 I
3Ha4KO0B 1,2, ...,n mo m.

Ilpu m=1 pmoxasanHas opMyiia NEPEXOOUT B U3BECTHYIO (HOPMYITY
nost muddepenmuposanns CIoxHOM GYHKIMEA (I€pe3 MOCPEACTBO HECKONb-
KHX IPOMEXYTOYHBIX NEPEMEHHBIX):

dy < 0y dxi
a2 g @t

U, TakuM oOpaszoM, sBiIseTCa ee 060OIEHUEM.
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OtMmeTuM YacTHBLA cityyait Hantell popMyJibl, KOTOPBIH TOJNYYAeTCsl NpH
n=3 u m=2:

D(y1, y2) — D(yy, y5) . D(x;, x») , D(yy, ¥2) . D(x,, x3) |, D(yy, y2) .D(x3, x;) (6)
D(ty, t)) D(xy, xp) Dy, 1) D(xy, x3) D(ty, 1) D(xs, x;) D(fy, t,)°

Ora dopmysa HaxoguT cede 0COOEHHO YacToe IPHMEHEHHE.

Mpbr ycTasoBwIA psan GOPMATLHBIX CBOMCTB AKOOHAHOB, aHAJIOTHIHBIX
CBOMCTBaM OOBIKHOBEHHBIX IIPOM3BOJIHBIX; K HUM IIpUMBIKacT U Gopmyira,
KOTOPYIO MBI BhiBeAeM B ofHoM 3 Ommwkaiimmx n° [210, 8)]. Ho 6oxee
r1yGokas asanorus MEXAYy NPOM3BOIHBIMH M skoOuanaMu oOHapyXu-
BaeTCA IO TO’ POJIH, KOTOPYIO OHH MIPAIOT B TEOPUH HEIBHBIX (Y H K-
nui (cM. cremyrommit §), 1, 0COOEHHO, B BOIIpOCE O 3aMEHE Iepe-
MEHHBIX B IBOMWHEBIX, TPOHHBX M, BooOmie, KpPaTHHX
HnHTEerpaxax (B TPeTbEM TOME).

§ 2. HesaBurie ¢ynxuun

205. Tlousntue HesBHOl (PyHKIMH OT onHOl mepemennoif. ITpennonoxum,
9TO 3HAYECHUS OBYX IEPEMEHHEBIX X M ¥ CBSI3aHBI MeXIY co0oif ypaBHEHMEM,
KOTOpOE, €CIIH BCE WICHBI €ro NMEePeHeCTH HalleBO, B o0lleM ciayyae UMeeT

BHL
F(x, y) =0. ')

3mece F(x, y) ecTh (QyHKLHMs IBYX IIEPEMEHHBIX, 3afaHHas B Kakoi-nmmubo
ob6mactu. Ecnu s Kakaoro 3HAYCHUS X — B HEKOTOPOM MPOMEXYTKE —
CYIIECTBYET OIHO HJIM HECKOJIBKO 3HAYEHHH y, KOTOpPbIE COBMECTHO C X
YAOBIIETBOPSEIOT ypaBhenuto (1), To 3THM ompenensercs, OJHO3ZHAYHAsS
WA MHOTo3HadHast, Qynkuus y= f(x), s KoTopoil paBencTBo

Ax, f(x)=0 @

MMeeT MECTO yXe TOXJAECTBEHHO OTHOCHTCIBHO X.
BospMeM, HanpuMep, YpaBHEHHE

2 2
S tE—1=0; (12)

OHO, OYEBMIHO, ONMpENENACT ¥ KAK ABY3Ha4YHY O OYHKIUIO OT X B
MpOMeXyTke [—a, a], ’MeHHo

y=+2Y@ R,

W, ecsiu BMecTO y MoACTaBuTh B ypaBrexue (la) sty dynxmuro, To moiy-
YUTCSI TOX I ECTBO.

3necy ymamoch HaWTH s y OYEHb IPOCTOE AHATMTHYECCKOE BEHIpaxe-
HHE Yyepe3 X, Jaxe B dJIeMeHTapHbIX (yHnknusax. Tak obcrout mesto majexo
He Bcerma. Eciu B34Th ypaBHeHne

y—x-gsiny=0 (0<e<l),
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KOTOpO€ HaM YK€ BCTPeYaJioch [OpH ApYrMX JMOIb 00O03HAYEHHAX Iepe-
MeEHHBIX, 83], To MBI 3HacM, 4TO 3THM YPaBHCHHEM )y OLpEHENAETCS KaK
ONHO3HAa4YHAs (YHKUUA OT X, XOTA B KOHEYHOM BHAC OHA YEPE3 DJIEMEH-
TapHbic (YHKIMHA H HE BHIpa)kacTcs.

Oyaxuas y = f(x) HA3EIBACTC HeAgHOU, €CAM OHA 3aJaHa IpH Io-
CPEACTBE Hepa3pelule HHOTr O {OTHOCUTENBEO ¥) ypaBreuus (1); ona
CTaHOBUTCS A6HOU, CCIX PACCMATPHBACTCA HENOCPENCTBCHHZ
3aBUCUMOCTB ¥ OT X. HuraTemnro sICHO, UTO 3TU TSPMHHBI XapaKTEPU3YIOT
Julb cnoco® 3amanus QYHKOUMH y=f(X) U HE MMEIOT OTHOIUCHUS K ee
upupoae. [CTporo roBopd, IPOTHBOHOCTABIICHHE HEABHOT O H o B-
HOTI O 3afauud (yHKUHH C IOJHOH YETKOCTHIO BO3MOXHO JIMIUb, €CIX
OJ ABHBIM 3aJaHUEM pasyMeTh ABHOE AHAJMTHUYECKOE 3aJaHue,
€CII XK€, B Ka4ecTBE SBHOrO, IOMYCKATh 3aJaHMe C IOMOIIBIO JIH06Oro
npasuia [45], To 3ananue GyHKIMA y OT X C HOMOIBIO ypasHenus (1) Hu-
4eM He XyXKe€ BCAKOTO IPYroro.]

B mpocreiitueM ciyvyae, Korpa ypabuenue (1) — anreGpamdeckoe, T. €.
xoraa GyHKus F(x, y) €CTb LEJBI OTHOCUTENBLHO X U ) MHOTOUJIEH, OlIpe-
JensdeMad MM HesiBHAa g (QYyHKIUA y oT x (Boobmie MHOro3nadysas) Ha-
3piBacTcst aJire6paunuyeckoit. Ecnu cremens ypasHeHus (OTHOCH-
TEJIbHO ¥) HE BBIILIE YETBIpeX, To ajrebpauveckas GpyHKIMI AONYCKAET s B-
HO€ BBIPAXCHHC B pafHKajiaX, IPH CTEOCHU BBIIIC YETHIPEX Takoe BbI-
PpaxeHne BO3MOXHO JIHIIb B BHAC HCKIIIOUCHHA.

Ceiiuac Hac Oydem unmepecosamv AUUlb 80NPocC ¢ CY W ecmaeoaa-
Huu u 0OOHO3HAUHOCMU <HeAsHOl» PyHuxyuu (pasHo KaK u o Opy-
2ux ee cgoiicmeax), He3agUCUMO 0Nt 803MONCHOCMU NPEOCMAasumy ee 8 <s6-
HOM> 6ude aHasumuyeckoil gopmyaoii. BupoyeM, B 3TOH IOCTAaHOBKE BO-
IpOC JUJISL HAaC HE HOB; € YAaCTHHIM CIyYaeM €ro MBI MMEJIM JeJio, Kornaa
pedsb 1A O CYLECTBOBAHUH M O CBOMCTBaX oOpaTHOU (QYHKIMH, ¥ ypaB-
HEHHEM :

y-f(x)=0

mepeMeHHass X Ompedeanach Kak <HesBHAsS» (QYHKUUS OT J.

TloyuurenbHa reoMeTpUYeCKass TPAKTOBKZ YKa3aHHOI'O BOIpoca. YpaB-
nenue (1), IpH M3BECTHBIX YCJIOBHSX, BBIPAXXaeT KPHBYIO HA ILIOCKOCTH
[manpumep, ypaBuenune (la), Kak W3BECTHO, BHIpaxaet 3umnc (puc. 111)];
B 3TOM CJIy4ae OHO Ha3biBAEeTCAd HEABHBIM YyPaBHEHHEM KDHUBOMW.
Bonpoc 3axmodaerca B ToM, MoxeT Jn kpusast (1) (Win ee 9acTb) ObITh
BBHIpaXEeHA OOBMMHBIM YpaBHEHHMEM BHAA Y= f(x), ¢ OJHO3HAYHOM
byuxnuer copaBa; reOMETPHYECKH 3TO O3HAYaeT, YTo KpuBas (Wid ee
4acTh) MepeceKaeTcs NpsAMoil, TapaljIeIbHOM OCH y, JHMIIb B OJHOH TOYKE.

Ecny MplI kenaeM HMeTh OIHO3HAYHYIO (PYyHKIMIO, TO KaK BHOHO HA
OpAMEpPE TOrO XK€ 3JIIMOCA, HY)XHO OTPAHMYUTh HE TOJNbKO 00nacTh H3-
MEHEeHHS X, HO U 00JACTh M3MECHEHMS V.

Mpt OGymeM TroBOpPHUTH, I8 KPATKOCTH, YTO & MPAMOY20/bHUKe
(a,b; ¢,d) ypasnenue (1) onpedensemy Kak 00HO3HAUYHYIO
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PYHKYUI0 om X, ecau npu Kaxcoom 3Havenuu X ¢ npomexcymie (a, b)
ypasnenue (1) umeem 0dun, u moavKko 00un, Kopeiv y 6 npomexcymre (c, d).
OO0br4HO Hac OyHeT MHTEpecoBaTh OIpe-

JeJeHHas TOYKa (X, V), YOOBIETBOPAIOIIAS ¥
ypaBuenuto (1) (rexaimas Ha KpuBoii), u
B POJM YIOMSHYTOTO HpPAMOYrojibHHKa Oy-
JieT GUrypupoBaTe OKPECTH O C T b TOH 7 z
Touku. Tax, HampuMmep, B Clly4ae IJUIMICA
(puc. 111), oueBuIHO, MOXHO YTBEPKAATh,
4To ypaBHenue (la) ompenensier OpOUHATY
¥ KaK OJHO3HAYHYIO (PYHKIHMIO OT aGCIUCCHI Pac. 111.

X B JOCTATOYHO MAJOi  OKPECTHOCTH

moboit Toykn oSimnca, KpoMe BepuuH ero 4, A’ ma Goubluoil ocwm.

206. CywecrBoBanne HesBHOH ¢ynxuum. Temeph yCTaHOBHM YCIIOBHS,
o0ecnevrBarope CYHIECTBOBAHAE OJIHO3ZHAYHOM U HEIPEPBLIBHON HEABHOI
dbynxu.

Teopema I. IIpeononoscum, umo

1) dyuxyus F(x,y) onpedeseHa u HenpepviHa 8 HEKOMOPOM HPAMO-
YyeoavHuKe

D=[xo=4, xo+4; yo—A', y,+ 4]

¢ yenmpom 8 mouke (X, ¥o);

2) F(x,y) e smoii mouke o6payaemca 8 wyav: F(xy, y,)=0;

3) nmpu nocmosannom x Pyuxyua F(x, y) monomourno eospacmaem (uiu
MOHOMOHHO y0bIGAEM) ¢ 803pACMAHUEM .

Tozoa

a) @ Hekomopoii oxpecmuocmu mouku (x,, y,) ypasnenue (1) onpedessem
Y KaK 00HO3HAUHYIO GyHkyuio om x. y=f(x);

6) npu x=x, sma @Pyukyus npunumaem 3nauenue y,: f(xXg)=y,;
HaxoHey,

B) dyuxyua f(x) nenpepwina.

JoxaszatenbctBo. CraneM MepeaABUraTbCs BIOJb BEDP T M-
K a J1H, TIpoxoAsuel depes Touky My(x,, ¥,) (puc. 112), T. e. puxcupyem
X=1X,;, Torga paccMarpuBaeMmas QyHkuus F(x,y) cBemercs K (YHKIOUH
F(x,,y) oT oagHo# mepemenuoit y. B cuny 2), oma npu y=y, obpa-
waercst B 0. B To xke Bpems no ycmosuto 3) dyukmus F(x,,y) Bo3pa-
CTaeT BMECTE C y, TaK 9TO IV ¥ <}y, ¢¢ 3HAYCHUs MCHbIIE HYJS, a s
V=Y, — Ooxnblue Hyad. B yaCTHOCTH, CIEIOBATEIILHO, OHA OYAET UMEThb
3HAYEHUs PA3HBIX 3HAKOB B Toukax Ay(X,, ¥, —A") u By(x,y, ¥, +4"), AMeHHO

FAy) = F(x,, yo—4)<0, F(By) = F(x,, yo+4)=0.

ITepetinem Temeps X TOPHB3OHTAJbHBM HPSIMBIM, NPOXOIs-
UM ¥epe3 3T Touku A, i1 By, T. e. duxcupyeM Ha 3TOT pas y=y,— 4’

29 I M. QuxrcHronsi, T. 1
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W y=y,+A". ony4atcs nse QyHKIMM OT OMHOMN NepeMeHHON X:
F(x, yo~A) 1 F(x, py+ A'), XoTOpHIe, KaK MBI BHIEH, OpH X = X, UMEIOT:
nepBasgs — OTPHIATENLHOE 3HAYCHME, a BTOpas — IoJoxuTenbuoe. Ho
IO YCIOBYXO 1) 3TH (QYHKIMH HENPEPLIBHE ¥), 4 MOTOMY HaiIeTcs HEKOTO-
past OKPECTHOCTH (X,— &y, Xy+8,) Toukm x, (0<§,<A), B kKoTopoii o6e

14
) . & T
i
!//
Y
4
44 7,
b

= z
7l zp6'T  Z TGy Tl

Prc. 112.

¢ysKnEE coxpansmroT cBoit 3mak [80, memmal, Tak uTo mpH Xg—0p=<XxX<
<Xp+ 6
Hx’ yO—A’)<0’ F(x’y0+A,)>0'

WHbIMu cioBaMy, H2 HIDKHEM H BEPXHEM OCHOBAHHAX HCXOIHOIO IPSIMO-
YTOJIBHAKA BIOJTb OTPe3KOB 4,4, ¥ B, B, mimnbl 2§, C TEATPAMH B TOYKAX
A, v B, 3anamnas ¢yaxnusa F(x, y) uMeeT OoTpHIATeNbHBIC 3HAYCHHS HA
HEPBOM H IOJIOXKHUTEIBHEIE — HA BTOPOM.

®HKCHPYEM B IIPOMEXYTKE (X, — 603 Xo+6,) mwboe 3HAYCHHE X=X
I pacCMOTpUM BEPTHKAJBHBIH OTPE30K, COCAMHAIOIHI TOYKH
A(x, yo—4) m B(X, y,+4'). Bions Hero mama (yHKIHS CHOBA CBENETCS
X Gynxmuu F(x, y) oT omHoit mepeMenHoi y. Tak Kak oHa, B cHiuy 1), me-
IpephLIBHA *) U, KaK CKa3aHO, HA KOHIAX POMEXyTKa [y, — 4, y,+ A'] umeer
3HAYCHHS PA3HBIX 3HAKOB:

F(4)= F®, y,-4)<0, F(B)=F(, y,+4)>0,

TO, To TeopeMe boarmano-Komu [80], npu mrexoTopoM 3HAUCHUH
Y=y, conepxamemcs Mexnay y,—A' u y,+4’, sta dynxuus F(X, y) obpa-

IOacTCA B HYJIb:
F(, 7)=0.

*) MBI DpeanoNnoKuiE HEMpepHBHOCTL Gyakuuu F(x, y) N0 COBOKYIHOCTH Hepe-
MEHHBIX X, y; HO B TaKOM Cilydae OHa OyIeT HenpephiBHA M IO KaXIOH MepeMeHHoM
B OTHENILHOCTH.
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W 31ecy u3 ycaosust 3) cnenyer, uTo Npu Y=y OymeM HMETh, COOTBET-
CTBeHHO, F(X,y)=0, Tak 4To y €cTb € XM HCTBEHHO€ 3HAYCHHE Y
B mpoMexyTke (¥, — 4’, y,+ 4’), XoTOpoe COBMECTHO € X =X YIOBJIETBOPAET

ypasrenuro (1). Ha xaxmnom BepTHKAILHOM OTpe3ke A B HalieTcs T O JI b-

Ko oxmHa Touka M(X, y), obpamaromas JIeByIO YaCTh YpaBHEHUS B HyJb.
Takum o0pa3oM, B OKPECTHOCTH

(x()_(s()’ x0+50; yO—A,’ y()’{’[j’)

TOYKH (X,%) YpaBuenue (l), neficTBUTENAbHO, ONDe-
meyseT y KAaK ONHO3HAYHYI PYHKIHUIO OT X: y=f(x).

B To xe BpeMs IpeABIIyLIee PACCYXXIEHNE, BBUAY 2), MOKA3LIBAET TaK-~
xe, uTo f(x,) =y,. VIMerHo, U3 Toro, urto F(x,, y,) =0, ycMaTpuBaem, yto
Yo M €CTH TO €AMHCTBEHHOE 3HAYCHHE y B IPOMexytke (y,—A’,
Yo+4’), KOTOpOE COBMECTHO C X=X, YHOBJIETBOPAET ypaBHeHHIO (1).

OcraeTcs ML yCTAHOBHTE HENMPEPBIBHOCTh PyHKIHU y = f(X) B Ipo-
MexyTKe (X, — 0y, Xo-+&). JUIS TOUKH X =X, 3TO NOJy4aeTcsl HEMOCPEICT-
BCHHO U3 MPEABIAYILEro PAacCyXOEHUs, KOTOPOE NMPUIOKAMO U K JHOGOMY
MEHBIIEMY NPSMOYLOJBHUKY C HEHTPOM B Touke M(x,, ¥,). 3aMenus
gpciro A’ nro6bM YUCIToM &< A’, MBI HanIIH GBI, KaK K BBIIE, TAKOE 0=d,,
yToOBI 11t moGoro x M3 mpoMexyrka (x,— 0, X,+ 6) COOTBETCTBYIOIIEE
eMy €AHHCTBCHHOGC 3HAUCHHE Y, KOTOPOE COBMECTHO C X YIOBJIE-
TBOPSICT YPaBHEHUIO (1), OKA3AI0Ch MMEHHO MEXIY ¥V, —& U ¥, +&. Takum
o6pa3zoM, IpH |x — X,| <6 umenn Gl

) = yo| = /%) = f(xp)| <e,

YTO M JOKa3bIBaeT HENPEPHIBHOCThL (GyHKIMH f(X) B ToUKe X=X,.
Joka3zarenbcTBo s 000 TOYKM X=X aHAJIOIMYHO HOKa3aTellb-

CTBY mis x=x,. Touka M(x, ¥), rae ¥ =f(X), yOOBIETBOPIET TAKUM K€
YCIIOBHAM, KaK U Touka M(x,, ¥,), 460 F(X, ¥)=0. IToaToMy, KaK 1 BBHIILE,
B OKpECTHOCTH TOYKH M(X, ¥) ypaBHenueM (1) mepemennas y onpemens-
€TCA KaK OJfHO3HAa4YHAasd QYHKIMA OT X, HENPEPhIBHAS B TOUKE X =X.
Ho, uMeHHO BBUTY OZHO3HAYHOCTH, 9Ta GYHKINS COBIANAET C f(X), u TeM
YCTaHABIMBACTCS HENPEPHIBHOCTD f(X) mpH X = X.

Mpbl iokasann TeopeMy CYIIECTB OB A H U HEIBHOM QyRKIuM,
HE 33J1aBasChb BOIPOCOM O BHIUMCICHUMH €€ 3HAYCHHH uUnu o6 ee
AHANHTHYECKOM NPEeACTABIEHHUMW, 3THM MBI 3aliMeMcs B
rnase XIL.

Hoxkasannas TeopeMa, O9EBHIHO, SBIIAETCA 0606ImenneM TeopeMEI n° 83.

207. Huddepemmpyemocts resBHONH GyHxuun. Temeps Mbl yCHAMM
NPEIIONIOKEHAS OTHOCUTENBHO (QyHKIMU F(X, y) ¥ TOrga MOJIyYMM BO3-
MOXHOCTb YCTAHOBHTH U CYHIECTBOBAHHE NPOM3BOMHON s (DYHKIHUHU

y=f).

29*
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Teopema II. IIpeonoaoscum, umo
1) ¢dyurkyus F(x, y) onpedenena u Henpepviena 6 npAMOY204bHUKe

D=[x—4, xo+4; y,— A4, p,+ 4]

¢ yeumpom 6 mouxe (Xy, ¥o);
2) uacmnuvie npouseoonvie F, u F, cywecmeyiom u nenpepvignvl ¢ G);
3) Hx, y) 6 mouke (x,,y,) obpawaemcs 6 nyav: F(x,, y,)=0; naxouey,
4) npoussoonan Fy(x,, y,) omauuna om Hyis.
Toz0a svinoansiomesa 3akaouenus a), 0), 8) meopemst 1 u, xpome mozo,
r) @ynxyua f(x) umeem HenpepviGHYI0 RPOU3EOOHYIO,
HoxasatenbcTBo (puc. 113). Ilycts, Hanpumep, Fy(x,, y,) =0;
TaKk Kak mpomsBogHas Fy(x, y), B cmny 2), HEUPEPBIBHA, TO MOXHO HO-
CTPONTH TaKOM KBaIpaT:

[xo_als Xo 6’, yo'—(s" y()""a'] (6’<A u A,)’

uTO6BI J7Is BCeX ero Touek 6ww1o: Fy(x, ¥)=0*). Torma ans sToro kBai-
para BBINOJIHEHBI BCE YCIOBUS TeopeMbl I: MOHOTOHHOCTH (YHKIHH

4
44 <
Yo N7

\\//

% =

4o a
44

o

2025l Ty Zply 48

Puc. 113.

F(x, y) 0o y, mpu x=const, BEITEKAET UMEHHO M3 TOTO, YTO F;>0 [132].
CrnepoBaTenbro, 3akmoYeHns a), 0), B) MOXHO CUMTATH ONPABIAHHBIMA.

ITepexons k M0Ka3aTeNbCTBY YTBEPXKACHUS T), OyAeM IOL ¥ pa3syMeTh
HMCHHO Ty HesBHYIO QyHKuMIO y=f(X), KoTopas ONpeNeseTCa ypaBHE-
HEeM (1) 1 ToxzaecTBeRHO eMy ymoBieTBopsieT. IIpunaguM X IpUpaIIeHHe
Ax; HapalleHHOMY 3HAYeRUI0 Xx-+/x GyIeT COOTBETCTBOBATH 3HAYEHHE
y+Ady=f(x+4x), BMecTe ¢ HAM yIoBJIeTBOpsIOoulee ypaBHeHmio (1):
F(x +Ax, y+ Ay) =0. OueBuanHO, U IpUpalieHite

ARx, y)=F(x+ 4x, y+ 4y) - F(x, y)=0.

*) 60 u nnsa GYHKUHM HECKOJNBKMX HEPEMEHHBIX CHPABEAIHBO yTBEPIKIEHHE, aHa-
JiornaHoe siemme n° 80 s GyHKOuit ogHON NEpeMEHHOIA.
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Ipencrtasus AF 1o dpopmyie (1) n° 178, mosny1um
0=AF(x, y)=F(x, y)- Ax + F(x, y) - Ay +«x i Ay,

rae « u f 3asucar ot Ax, Ay u crpemsrcs x HyJ1o, koraa Ax u Ay o aH o-
BPEMEHHO Ccrpemircs K nyimo. Otcioga

dy _ Fix, p)ta
Ax ~ Fjx, )6’

YerpeMuM kK Hymo Ax; B CUy YCTAHOBJICHHOM yXKe HEIPEPBIBHOCTH
byuxnun y=f(x) [cm. B)], mpu 3ToM Ay Takxke CTPEMHTCS K HYJIIO, a IO-
ToMmy u -0, f~0. Tak kak Fy, =0, To CyIIeCTBYeT IIpeJesi NPaBOH YacTH,
a CJIeIOBATEIbHO, CYIIECTBYET M IPOU3BOAHAS Y IO X!

N Ay Fix )
f (X)_yx _Aliil})zg— F_{r(x, ¥) . (3)

Iloacrasmsas f(x) BMecTo y, OyneM UMETD 5

ey xS
S =~ F )

Tak KaK B YMCJIMTENE ¥ B 3HAMEHATEJIC MMEEM HENpephIBHBIE (YHKUHH OT
HEOPEPHIBHEIX ke GYHKUKIA, X 3HAMEHATe/Ib He 00palaeTcs B Hylb, TO OT-
crofia AcHo, 9to f'(x) — Takke HempepbiBHas GyHknusa. Teopema JoXa3aHa.

3aMeuaTensHo, YTO 1o cBoiicrBaM ¢ymkuuu F(x, y), KoTopas HaMm
JaHa HENOCPeACTBEHHO, MBI MOXEM CYIHTh O CBOHCTBaX (yHKLHH Y=
= f(x), OJIsI XOTOPOH HEMOCPEICTBEHHOIO 3a[aHUs MBI HE MMEEM.

208. HesBubie ¢YHKUMM OT HECKOJIBKHMX INepeMeHHBIX. AHaJiOTM4HO
ypaBHenuto (1) MOXHO paccMaTpHBaTh W ypaBHEHHE C OONLIIMM YMCIOM
MePEeMEHHBIX

F(xla Xgs v oes Xns .'V):O- (4)
le/I U3BCCTHBIX YCITOBUAX 3THM ypaBHeHueM Y ONpEeacsACTCA KaK <«HE-
sIBHAS» d)yHK].[I/IH OT n NEPEMEHHBIX X, X9, ..., Xpe
y:f(‘xl’ x2’ EEE] xn)9

KoTopas, BooOie rosops, OymeT MHoro3naunoil. Ecin MoAcTaBUThL €€
BMECTO y, TO OyIAeM UMETh

F(xy, Xg, ooy X, (), Xgy ..o, X)) =0

yXe TOXK/ZECTBEHHO OTHOCHTENBHO X;, Xo, - . ., Xp-
Mpt GyzneM roBopuTh, 4TO 6 (1 -+ 1)-Meprom napassesenunede

(ar, bys a5, by .. .5 an, bys ¢, d)
ypasHenue (4) onpedeasem y Kak 0OHOZHAUHYIO PYHKYUIO OM Xy, Xy, .. .5 Xpy
ecau 045 m060il MOYKU (X1, Xy, .. ., Xp), COOEPAHCAWENCA 6 N-MEPHOM napa-

Aeqenuneoe
(a,, bl; a,, b;;Q cvey s bp),
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ypasrenue (4) umeem O0OUH, U MOALKO O0UH, KOPEHb Y 8 NpOMedcymKe
(¢, d).
B poau Takoro TapaylIee e/ a 06bIHO 6y,ueT $urypuposaTth
OKPECTHOCTH MHTEpecyromleil nac Toukd (x9, x3, ..., x9).
ChopMynupyeM Teneph OTHOCAIIYIOCA K ypaBHeHmto (4) Teopemy.
Teopema III IIpednonoxncum, umo

1) gyuxyus F(x,, ..., X,, y) onpedesena u nenpepuviena 6 (n+ 1)-mepHom
napasiesenunede

@:_[X(I)—Al, x(]?_"'Al; RS ] xg_An’ xg_{"dn; yo_A’, yO'TI"AI]

¢ yenmpom 6 mouke (x3, ..., x%, yo);

2) uacmuvie npous'eoaubte F,, ..., F,, Fy cywecmeyrom u nenpepoleHvt
6 an;

3) dyuxyusn Femouxe (x, ..., x5, y,) obpawaemca 6 nyav; u, Hakowey,

4) npouseodnan F; e smoil mouke He pasna Hyo.

Tozoa

a) 6 nexomopoii okpecmuocmu mouku (32, ..., x3, y,) ypasuenue (4)
onpedessnem y KaKk OOHOSHAUHYIO BYHKYUIO OM Xy, « .., Xnt Y=F(X, - .., Xn);

6) npu x;=x3, ..., x,=x% oma @Pynkyus npunumaem snauenue Y,
f(x:(l)y tevy x?l)=y0;

B) ¢yuxyua f(x,, ..., X,) Henpepvi6HA NO COEOKYNHOCMU CE0UX apey-
MeHmo8 u

I) uMeem HenpepuiGHble dice HACMHbIE NPOU3BOOHBIE [y, . . .y fra-

Ha noxasaTenbcTBe MBI OCTAHABIMBATHCA He OyJeM, Tak KaK OHO
COBEPIIIEHHO AHAJIOTMYHO JoKa3aTenscTBY TeopeM I u II.
Hakonen, B caMoM oOIueM ciiy4ae MOXeT OBITh JaHA CHCTEMA H3 m
YPaBHEHUH C ¥ + M TepeMEHHBIMU
Fi(Xg, oo Xp3 V15 oo o5 Y =0,
Fz(xla sevy xn.; y15 RS ] ym) 0 (5)

P Y

Fo(Xyy ooy Xn3 Yys o - ,ym) =0.

31ech pedb uiueT 06 ONpeNeIeHHH 3TOH CHCTEMEL M1 IEPEMEHHBIX Yy, - - -5 Ym
KaK <HESBHBIX» QYHKIMH OT 7 MEPEMEHHBIX X;, X, .. .5 Xnt

y1=<;ol(x1, cees X )’ vees Ym= (pm(xh R ] xn)9
TaK 4YTO IIPHA IIOACTAHOBKE B (5) NOJIyYaroTes TOX AE€CTB a

Fi(%y, oo os X3 @11, o5 Xn)y oo @mXgs « - s X)) =0
Fy(x1s oy X0 @Xps o os Xn)s oo os PmXes -0 o xn)) =0,

Fu%ys oy Xn3 @000, s Xnds v ooy PmlXrs « - s Xp)) =
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Tosopsrt, 410 ¢ (n+ m)-MmepHom napaisesenunede

(a, bys ...5 an, by ¢, dys -5 Oy dp,,)

cucmema (5) onpedensem y;, ..., ¥y KAK O0OHO3NAHNBLEC
PYHKYUU OMXy,. .., Xy, €CAU 048 KAHWCOOT MOUKU (X, . . ., Xp) 6 N-MEPHOM
napasneaenuneoe

(@, by; ... an,s bn)
cucmema ypasnenuil (5) umeem OOHY, U MOAbKO OOHy, cucmemy pewleHuti
Vis « > Ym» NPUHAOLEHCAWYIO M-MEPHOMY naApaiiesenunedy

(e, dis .5 Cms dp).

Mpbl BMAENIH, YTO B BOIPOCE O CYIECTBOBAHMH OJIHO3HAYHON HesABHOM
dysxnuM, onpenesiseMoit o THU M ypaBHeHHeM (1) mwu (4), pemiaronyro
poJib urpano TpeboBaHme, YTOOEI B pacCMaTPUBAEMON TOUKE, YAOBJIETBO-
pArOlEH YPABHERUIO, He ofpalnanacy B HyJIb NpousBofgHas Fy, — HMEHHO
1o TOH HEepEeMEHHOU, KOTOopas TOMJICKUT OIpPEACICHUIO KaK HesBHAA
$yHKkIHsa. B Bompoce Xe 0 CYIIECTBOBAHMM OJHO3HAYHBIX HCSBHBIX (QyHK-
Wi Yy, ..., Ym, OUPEHOCIACMEBIX CHCTeMOH ypaBmeHM# (5), K KOTOPOMY
MBI CeH4ac IEPeXOJdM, AHAJIOTHYHYIO POJIb OymeT urpath SKoOHaH

oT QyYHKIMI, CTOSIIMX B JIEBHIX YAaCTAX, MO HEPEMEHHBIM Jy, ..., Vm:
oF oF, 0F, 0K
M vy T moy Ovm
OF, 9F,  OF OF,
D(Fy, ..., Fp) n 8y T 0ym—y OIm 6
:D—(}’l;---,ym):: e e e e e e e e ()
AFm_y 0Fm_ dFm_y 0Fm_y
oy 3y, T Wm—1 Om
OFm  OFn  0Fm OFn
1 9y: T OYm-y O¥m

Teopema IV, Ilpeonononcus, umo

1) ece giynxyuu F, ..

NPAMOY20AbHOM Napadesenunede

D=4y, R+ 4,; ..

¢ yenmpom 6 mouke (x3, .

N-4, B+4; ..

0. ,0
ey Xps Vis - -

o Vo)

- 40 0 .
(] xn_An, xn+An,

P M R M

., F,,, onpedenenvt u nenpepuisrsl 6 (n-+ m)-mepHom

2) cywecmsylom u HenpepeligHbl 6 G) uacmHble NPOU3EOOHBIE OM IMUX
PyHKyuil ho 6cem apzymenmam;

3) mouka (x9, .

.oy Y8 yoosaemeopsem cucmeme (5);

4) axoouan J [cM. (6)] e amoii mouke omauden om wyas.
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Z;Ozagercomopoﬁ okpecmuocmu mouxu (x3, . .., %) cucmema ypasnenuii
(5) onpedensem y,, ..., y,, kax odHosHauHbIE ByHKYUU OM Xis oy Xnt
V=F1(%0s o os Xp)y oy Yme1=fuoa(Xy, - ..y X)),
Ym=fuX1s « ooy Xn);
0) npu x,=x%, ..., X, =x5 omu dynxyuu npunumarom, coomeemcmeenHo,
sHauenus ¥, ..., ¥%_1, ¥%:
A xD=00, s faca(, L, XD =00,
S, -y XD =Y
B) ¢ynkyuu f, ..., fm Henpepvignsr u

T) umeiom HenpepwiGHble dce YaCMHble NPou3eodHbIE NO 6CEM apzymet-
manm.

AoKa3aTenbCTBO HOBEIEM IO METOLY MATEMATHYECKOH HH-
nyknud. IIpu m=1, xorma cumcrema cBOTHTCS K OJHOMY YPaBHEHHIO,
Teopema BepHa (3T0 — Teopema III). [lomycTuM Temepsb, 4TO TeopeMa
BEPHA JUISL Ciy4as, KOrJa CHCTeMa COCTOMT M3 m ~ 1 ypaBHeHMil W peus
uzaeT o6 onmpenenenuy m— 1 HesBHBIX (GYHKIOHMH, X JOKaXeM ee JUTS CHCTe-
MBI U3 m ypaBHEHUI.

Iockonbky sixobuman J B Touke (x2, ..., %) OoTaMYeH OT Hyid, B mo-
CllelTHEM CTOJIOLE €ro XOTh ONHH SJEMEHT B 3TOM TOUKE Takke He PaBeH
HYJIXO; IyCTh, HAPHAMED,

OFm(x1, - -, ym)
R D ST ().
oym
B TakoMm cnmygsae, mo Teopeme III, mocnemHee ypaBHeHHE, CH-
creMbl (5) ~ B HEKOTOPOH OKPECTHOCTH &* TO4UKHU
(}, ..., %) — ompenenser y, xax OHHO3HAYHYIO (QYHKUMIO OT OCTAJb-
HBIX apTYMEHTOB:
J’m=q’(xp cees Xns V1o o e e J’m—l), (7)

TaK YTO TOXICCTBEHHO (OTHOCI/ITCJI];HO JTHX apr, }’MEHTOB) HMEECM

FoXys <5 Xn5 Y1y oo vs Ymets P(Xgs -2 vy Y1) =0. ®)

Ota (1)YHKIII/I5I @ HCOPEPBIBHA U MMEET HCNPEPBIBHBIE YaCTHBIE IIPOU3BOI-
HBIC; KPOME TOI'O

0. ,,0 0 — 10
(p(x(l)"'w Xns Vis o+ ym—l)_ym- (9)
Baxuo HNOAYCPKHYTH, 4TO, HIOCKONXBKY MBEI OTpPaHMYHUBaA-
EMCH BOpean yHOMXHyTOI‘;I OKPECTHOCTHIO @*, ypaB-
HCHHC
Fo(Xys ooy Xn3 Vis ovvs Y =0

PaBHOCHIBHO ypaBHeHHIO (7): B mpefenax &)* eMy yAOBIETBODPAIOT
OAHH ¥ TE K¢ CHCTCMEI 3HAUCHUH NEPEMEHHBIX X1, ..., X3 V1, -+-5 Ve
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3aMenss mocnenHee M3 ypaBHeHu# (5) 3THM ypaBHeHHEM (7) u non-
CTaBJIsAst QYHKUMIO @ BMECTO J,, B OCTANbHBIC YPABHEHHS CHCTEMBI (5),
MEL JIOJIYHM HOBYIO CHCTEMY YXe u3 m—1 ypaBHeHuii ¢ n+m— 1 mepe-
MEHHBIMHA

Dy(X15 + e s X3 Yis v vvs Yme1) =0,
Dy(Xy5 ooy Xn3 Vis oo vr Ym-1)=0, (10)
D 1t(Xy, ooy Xp3 Y1y v vy Y1) =0,
TA€ T COKpALUeHHs mosiokeno (mpu j=1,2, ..., m—1)
Di(xy, <oy X3 Vis vy Y1) =
=FyXy, ooy X3 Yisenes Yoty (X0, - .oy Ym-1)). (11)

Eciuiy BrixonuTp 3a mpegens oKpecTHOCTH &F To
cucrema (5) okas3eiBaeTCs PaBHOCHIBbHO I cucteme (10) ¢ nobasie-
HueM ypasHenud (7). [ToaToMy, ecnd HAM yOacrcs OKa3aTh, YTO CHCTe-

moit (10) B moctatouno manoit okpectHocTH d* Toukm (xQ, ..., J%_,)
m—1 NEPEeMCHHBIX ;, ..., Ym_1 OHNPEAEISIOTCA KaK OJHO3HAYHBIE (YHK-
OUU OT Xy, ..., Xp:

y1=fi(x1> LY xn), ey ym~1=ﬁ11—1(x1’ ceey xn)’ (12)

To B cuny (7) M IepeMeHHAs J,, ONpeNesMTCS KaK Takas OJHO3HAYHAS
bynxnus:

ym=fm(x1, ey xn);—.
=(p(xl’ e X fl(xl’ S ‘x”)’ SRS fm—l(xp ey xn))a (12&)

1 3aKJII0YeHME a) OyeT MONHOCTHIO ONMPaBAAHo *).

OGpatumes xe k cucreme (10) 1 moKaxeM, YTO B OKPECTHOCTH TOYKM
(32, ..., ¥h_1) IIA Hee BBUIONHSIOTCA YCIOBHS, aHANOrMuHbEE 1), 2), 3),
4). CnpaBeJIMBOCTH MEPBBIX IBYX HEMOCPEACTBEHHO BBITEKAET M3 CBONCTB
¢ynxuwit F; u @, BBuny (11). Touno Tak xe ycmoBue 3), B CBSI3U C (A1) u
(9), maer Ham (st j=1, ..., m—1)

(p](y(l)a ey y?n—l):Fj(xga <y ygz-—l: (P(x(l)a R} y?n—l)):
:Fj(xl?s ] ygl—l’ y?,,)=0.

*) IosicaumM, 410 (n-+m—1)-MepHpiit (OTKPBITHIA) Mapauienenumes d* npeanoia-
raerCst HaCTOJJBKO MalJlbIM, ‘{T06I:I onpeaAcIAINMNEe €ro IIPOMEXYTKU COACPXKAIUCE B
COOTBETCTBYIOINX TPOMEXYTKAX, ONPENEIAIOIMX (1-+m)-MEPHEIH TNapaienennnes
GD*. Ta OKPECTHOCTH TOUKH @3, ..., ), o KOTOpPOH yNOMMHAETCS B 3aXJIIOYEHUH a),
Y ONPENEIMTCS BCEMH IPOMEXYTKAMM, CBS3AHHEIMY C d*, ¢ IPUCOCAMHEHHWEM K HUM

HOCJICAHETO U3 NPOMEXYTKOB, CBA3AHHBIX C @*,
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OcTtaetcs JHLIb PACCMOTPETE AK 0 O M aH (aHajgoruuubli J)

02 00 o,
3}’1 3}’2 o .3}’m—1
00, 9P, 09,
J* D@y, .-, Pmy) _ ay1 ;)y2 T 0Ym—y
D(y.l, M Ym—l) . e e e e .
mpm 1 aq‘)n'l l aqjm—l
M v, " 0¥m—1
1 ybeauThcad B TOM, YTO OH OTJIMYEH oT Hyns B Touke (x§, ..., Y%_y).

C aroit 1enpio 1peodpasyeM olpeneuTeNb J, npudaBiss K 3JIeMeHTaM
MEPBBIX €T0 Mm—1 CTONOIOB 3JIEMEHTH! #-TO CTONONA, YMHOXEHHBIE CO-

OTBETCTBEHHO Ha. ,28, R 99 :
oYy OYm—1
OF, , OF ¢ O, OR O
on m M T m—y m Dm—1  m
OF, | OF g 9R , R Oy OF
o m W T OVm—y oym  OYm—1 I¥m
aFm_1+3Fm—1 f’ﬂ 0Fm_, + 0Fy_, op 0Fm_4
on m 1 Wm—1 OYm  OYym—, ¥m
aFm + QFl ?ﬂ 0Fm | 3Fm __3?;_ &
ay1 m 01 Vm— Im  OVm—1 o¥m

Ecia cuutath 30€Ch Vi =@(X;, ..., Ym—1), TO BCE IJIEMEHTHI, KPOME Ha-
XOMAIIMXCA B HOCIEOHEH CTpOKE M B MOCHeAHEeM cTojbme, 6ynyT mpel-
cTaBIATh coBol yacTHbIEe Ipon3BoanbIe OT QyHKImE @; (MO Yy, -« -5 Yim—1)-
Vimenno, seuay (11), maddepermupys P; xax CJIO)KHYIO (byHKumo J100)
Vis ++vs Ym—1 [HONB3ysich IpaBHJIOM n° 181], monyauM i j=1,

v, m—1

oD; OF; OF; dp ab;  OF; 9F; op

-— ey g = .
ay, . 8ym n’ > m—1  OYm—1  OVm OYm—1

C npyroit cropossl, eciu npoguddepeHIIpPoBaTh MO Yy, ..., Ym—1 TOX-
zectBo (8) *), TO OKaxercs, 4TO

3En+3Fm 3?3 oF, IFm 09 -
oy ¥m 3)’1 Y Oym—t OVm 0Vm-1

*) Benpb ecnu (cnoxuas) ¢yskuus, crosmas B (8) ciieBa, TOXKASCTBCHHO PaBHA HYIIO,
TO ¥ NPOU3BOJHBIC €¢ NO JIIOOOMY apryMEHTY — TaKXe HyJIH,
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Takum 06pazoM, sjleMeHTBL B TOCTEIHEH CTPOKE (xpoMe mociennero)
BCE PaBHB HyM0. OKOHYATEILHO

oD, o0, IF,
W mey Om
09, 9P, OF,
79}’_1 T Ym— 51;1-
0D, 0P _y dFm_,
oy T Vm—1 OVm
0Fp
o ... o0 e

Pa3noxuB JTOT ompenenuTens MmO oneMeHTaM HOCHENHel CTPOKH,
OpuIeM K pesyabTaTy

J=Jg*.0Fm

O¥m
IMomoxunM, HakoHerm, 3meck Xy =x3, ..., Yu_1=)%_;; Torma y,=
=@(X1, - - ., Ym—1), B cuny (9), obpaturca B 3%,. Tak xaK B 3ToM ciydae, o

ycnoBuio 4), J OTIMYHO OT HyJIsi, TO HE MOXET OBITh HyJIeM U J*, 4. u Tp. I.

Anst cucremur (10), comepkameit m—1 ypaBHeHuii, Hama TEOpEMA
Npeamoiokena BepHOH. CreqoBaTeNbHO, CHCTEMa 3Ta B OKPECTHOCTH
TOYKA (X, ..., Yp_y) ompeneiaser omHo3Haumele (ymkuma (12), Helpe-
PBIBHBIC M HMEIOIIHE HENMPEPHIBHBIE IPOU3BOIHbIE; KPOME TOTO, 3TH (hyHK-
UUH YOOBJIETBOPSIOT H TpebGoBauuio 6):

[, s =30, S, XD =00 (13)

Orcrona crnemyer, uro m-s dynxuus (12a) Taxxe HENpPEephIBHA M HMMEET
HENPEPLIBHBIE [POU3BOAHbIC, U, HAKOHEL, NMPUHMMAsS Bo BuuMauwme (13) u

9):

T3y oo XD =e(x, ..., x%; 2162 ) N S 6 S x9)) =
=‘P(x(1)a sy x?l; ytl)a L) y&—l)zygz'

Teopema poxasana.

JaMevanue. Mu obpamiaeM BHUMAaHHE YMTATENS HA JI O K 4 JI b-
HBH XapakTep BCEX TEOPEM CYLIECTBOBAHHS HESABHBIX (DYHKIMIL: peus
udem 6ce 6pems Auulb O HEKOMOPOil OKPeCMHOCHU paccmampusaemori
mouku. Ho ¥ B TaKOM BHJE 3TH TEOPEMEI HOJIE3HbL, HanpuMep, YUTATEIb
YBUIUT 3T0 B ruase VI1I, roe npu usyvenuu cBOHCTE reomeT pude-
Ckoro o6pasa B JaHHOU €ro TOUKE COBEPLIEHHO JOCTATOYHO orpa-
HUYUTBLCH HEHOCPEACTBEHHON €¢ OKPECTHOCTHIO.
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209. BriunciienMe NPOM3BOAHBIX HesiBHbIX (ymkmuil. Xoxa paccyxneHuid,
¢ IIOMOUIBI0 KOTOPHIX YCTaHABJIMBAJHCh TEOPEMBI CYILECTBOBAHMS HEAB-
HBIX QYHKIUIL, B o01IeM CiIydYae He HaBall MPEICTABICHHAA O CAMOM C II O-
cobe BBIYUCIECHHUS IPOU3BOAHBIX (IEPBOrO HOPHAIKA) OT HESBHBIX
¢ynxnuii. O NpoW3BOAHBIX BHICILETO IOPSNKA M BOBCE HE OBLUIO pEvH.
Temeph Ha 3THX BaXHBIX BOIPOCaX MBI OCTAHOBHMCS CIIEHHAJIBHO.

HauneM c mpocteiitiero ciyuas, xoraa naHo ypasuenue (1). Bymem
CYMTATH BBHIIOJHEHHBIMH, B OKPECTHOCTH PAacCMATPHUBAEMOM TOYKH, YCIIO-
Bus Teopemsl II; cymiecTBemnyro poib B jajbHeiimeM OymeT Hrparth
TpeGoBanue F,=0.

IMokaxxeM IpoCTOM TipueM A BHIYUCIEHH S INPOM3BOTHOU i
(ecim cyumrecTBOBAaHHME €¢ Hameped U3BecTHO). MBI 3HaeM, 4TO
€CII HedaBHYIO (QYHKIHIO y=f(x) moncraButh B ypaBHenne (1), To oHO
oOpaTuTCa B TOXAECTBO [cM. (2), 205]. UTak, ecnu oz, y pa3yMeTb UMEHHO
9Ty (yHKUHIO OT X, TO JieBas vacTh pasercrBa (1), F(x, y), IpeacTaBuUT
coboif CHOXHYIW0O QYHKIHIO OT X, KOTopas TOXIECTBEHHO
paena uHymo. Tora u npou3BoAHAA €¢ IO X TakXe ecTh HyJb. Eciau mpo-
nuddepermupoBath 3Ty GyHKIMIO HO IpaBuiy n° 181, To mosydum

F(x, y)+ Fy(x, y) - y2=0%), (14)

oTkyza (Tak xak Fj=0)

A F)/C(x! y)
Y= F}’;(x, y) > (15)

MBI IIPHIILIA K YXe u3BecTHOM HaMm dopmyute [cp. (3) 206].

Teneps MoxeM moiTu manpiie. BEcuu ¢ynkuus F(x, y) MMeeT He-
HpEepLIBHLIE TPOM3BOANBIE BT O P OT O WOPSANKA, TO BBIPAXKECHHE, CTOA-
wee B Gopmyste (15) cnpasa, mMoxeT ObITh HpoanddepeHupoBaHo Mo X,
ClIeOBATENLHO CYHIECTBYET M IIPOM3BOJIHAS OT yy, T. €. BTOopas Hpo-
u3BOMHASA V., OT HesBHoW Gynxmuy y. Beimonmssa muddepennnpoBanue
U HOACTABISS BCAKAM pa3 BMeCTO . ee Bripaxenue (15), Halinem

v (Fy+ Fyay): Fx— (Fa+ Fey- ) Fy
Y= 72 -
Fy
_2F-FyFyy— Ff - Fa-F}-Fy
F)? ’

OTCIOZA XK€ BHIMM, YTO BTOpas MPOU3BOJHAA OyIeT HENpephBHON (QyHK-
uped or x.

Ecnu yuxuus F(x, y) UMeeT HENpEpHIBHEIE IIPOU3BOJHBIE TP € T b-
€r o NOopsaKa, TO, OYEBUIHO, CYIIECTBYeT M TPeEThs INPOM3BOAHASL
OT HESIBHOW (YHKIHUHM: y}:; €€ BBIPAKEHHE CHOBA MOXET OBITh MOJIYYEHO

*) CoOGCTBEHHO, TAKOLO K¢ THNA DPAacCykICHME MBI yXe MpOBOAWIHM Bbume. Cp.
CHOCKY Ha cTp. 438,
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HCTIOCPE/ICTBEHHBIM  1u()(PEPEHIIMPOBAHUEM BBIPAXCHUS LIS Vs U T. 1.
C noMompIo MaTeMaTHYeCKOH MHAYKLAN JeTKO IOKa3aTb, YTO CYUjecmeo-
6aHUe HENPepbIEHbIX Npou3eoonvix dynkyuu F(x, y) do k-20 nopadka k=1
6KIOUUMeIbHO obecneyusaem u cywecmeosanue (HenpepwlgHoir) npou3600-
Hotl k-20 nopaoxa om neagmoii ynkyuu.

ITocne Toro kak, TakuM o6pazoMm, cambiii daxT CyuwecTBOBAHUS IIO-
CIICIOBATC/ILHBIX MPOM3BOAHBIX OT HESBHOW (DYHKUMH YCTAHOBIIEH, BbI-
UHCIICHHE MX NpOLIe MPOU3BOJUTDL IyTeM HOBTOPHOro muddepeHumnposa-
HUS ToxiecTBA (14), C y4€TOM TOTO, UTO ¥ €CTh (YHKIHS OT X. Hanpuwmep,
nepBoe xe AMPHepeHIUPOBAHIE TOr0 TOXAECTBA JACT HAM

b Feye vt (B + Frie p) -yt Fy - =0, (16)
oTkynma (Bens Fy»=0!)

r rr rd 4 9
= Pet 2Pyt Fyeeyy
JSXT F;, b

NMOJICTaBHB BMECTO y; ero Bbipaxenue (15), BepHeMcs K yike HalAEHHOMY
BBIDAXKEHUIO JUISL Vie; M T. A.

AHaOTHYHO OOCTOMT JEJO U B Ciydae ypaBHeHUs (4) ¢ GOIBILMM YHC-
JIOM TI€PEMEHHBIX. 3/ECh TPEMTONATAEM BBIIOIHEHHBIMA YCIOBUS TEOPEMBI
I1I. Ecsim oz y pa3symeTs HesiBHYIO (DYHKUMIO, ONMPENESEMYIO YPaBHEHHEM
(4), T0 (4) mpeBpalLACTCA B TOX A€ CTBO. DHKCUDYS 3HAYCHHS X, , . . ., X,
U paccMarpuBas y Kak (YHKOMIO IMOIb OT X;, npoxuddepenmupyemM
9TO TOXAECTBO TIO X,:

7
, Fx, .
Fy +F,-y; =0, ortkyma y,=-— 7“}" ;
TOYHO TaK e TMOJIy4HM
’ 7
’ Fx N X
Y= ——F; ces Y= ,_F:- M T A
Ecin HyXubl BCe NpOM3BOIHBIE NEPBOTO, BTOPOTO, ... NOPSIKA,
TO HPOIIE Cpasy BHIUUCIATEL dy, dp, ... Ilpomudbeperuupyem xe Haine

TOXIECTBO MOJHBIM 00pa3oM, T.e NPUPABHIEM HYJIO MOJHBLI
mupepennEan OT ero JeBoil 4aCTH [UCHONB3ys NPH 3TOM W HB A P H-
AHTHOCTH ¢ opMBI HepBoro mubdepenuuana, 185]:

OF g W OF 4o L OF oF 4
({),: d)‘l T 5:‘:'2 d’\‘l oo, o dxn Jr(,)y dyf(),
TaxK 4To
IF IF
. 3X] L = (’)i”, ~
dy= “oF dy,— ... 9F dx,,.
oy oy
B 10 *%e Bpems
NN oy
dy = e dx; v .04 B dx,,
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Beuny nmpoussosnsHOCTH dX;, ..., dX,, OTCIOAA SICHO, YTO

oF oF
W _  _ oxn
'é?l— a_lj. 3 e vy E*_W’

ay 3

KaK MBI M ITOJIyYHJIM BHILUE,
Huddepenupys eme pas, mojiyanm
O*F 9*F

mdxl + .. +3x13xn

0*F OF 1 _
dx"+3x13ydy] dx,+ ... +$dy~0

U OoNIpeacjinM d? , YTO IPUBEAET HAC K BBIPAXCHUSIM I

&y
Ixy> Ix10x,> x5’

U T. X. MBI BUOUM, YTO BO BCEX 3THX BBIKJIAKAX OCHOBHYIO POJIb MIPAET
yCIIOBHE, YTO

, OF
F, y= 3—}; =0,

IlepeiineM Tenepp K pacCMOTPEHHIO CHCTeMBI ypaBHeuwii (5). Bymem
IpeANnoyIaraTh, YT0 B OKPECTHOCTH B3STOM TOYKH BBHITOJHAIOTCS YCIOBHA
Teopemsl IV. CHoBa of0paijaeM BHHMandWe Ha pOJib, KOTOpYIO Oyier
urpatb TpeGoBanue J=0.

MBEI 3HaeM, YTO HESBHBIE PYHKUMH Yy, ..., ¥, HMEIOT YaCTHBIC IPOU3-
BOOHBIE MO X;, ..., X,. CaMoe BBHIYHCJIECHUE MX NPOU3BOAUTCA aAud-
bepeHIMpOBaHHEM TOXHECTB, KOTOpHIE moJiyuarorca u3 (5), ecam mox
Yi> ---» Ym Da3yMeThb MMEHHO YIOMSHYThie HesBHBIC Gynkmuu. Hudde-

PEHIIIPOBAHUC 110 X, , HAIPUMED, AACT

3Fl 3Fl Q}’_; aFl aym —
9, I x T ym O ’
dFy  0Fn @’_1_ Fm 9ym -
x; Ay 0%y T Oym Ox

D10 — cHCTeMa JIMHE W HBIX YPaBHEHUN OTHOCHTEIHHO HEH3BECTHBIX

n Qy_m,c OTIHUYHBIM OT HYJs ONpeHcIUTENIEM

R vy
J=D(Fl9 “ey Fm)
D(yl’ A ] ym) ’
Otcroma
D(F, -+, F) D(F,, ..., Fp)
‘,).YI__D(XI#"'? .)_7_1222~ ain___ D(y19"'1 xl)
ox,  D(Fy, .-, Fp)’ 77 0xg DRy, -ee, Fp)

D(yl’ ] J’m) -D(yla M ] )’m)
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AHaJIOTHYHbIE BRIPAKEHUS MOJIYIaI0TCS ¥ Ul IPOU3BOIHBIX OT ¥, - . ., Vm
O Xp, - .., Xp.
Ecuu Qysxmum F, ..., F,, UMEIOT HENPEPHIBHBIE YA4CTHBIE IIPOM3-

BOIHBIE BT OPOT O MNOPALKA, TO IpaBble YacTH BCEX IIOJYYEHHBIX (op-
MyJI UMEIOT (HEeNpephIBHEIE) IIPOU3BOIHBIE 110 BCEM APIYMCHTAM, CICHO-
BAaTEJIbHO, CYLIECTBYIOT (HEMPEPBIBHEIE) B T O P B € IPOHM3BOAHBIE OT He-
SBHBIX (ynkmuii. Boobme (Kak 3To JIErKO IOKa3aTh MHIYKTHBHO) Cuje-
cmeosanue 0aa gyuxyuii Fy, ..., F, nenpepvienvix npoussodnvix 0o k-20
NOPAOKA GKAIOUUMEAbHO 6]euem 3a OGOl CYUJecmeoeanue U HenpepbisHOCHb
6cex npousgoonsix k-20 nopaoka u 04a HeaeHbiX BYHKYuL.

Boiuucnenue Hpou3BOAHBIX OT HESBHBIX (YHKIMI M B obuieM
ciyvae Takxke Impoussomurca gubo mudbdepennuposarueM TO X AE€CTB
(5) mo Tem mmm gpyrmM mepeMenHbM, SO0 THGbGEPEHIMPOBAHINEM WX
TOoNXHBM 06pa3om Ilomydaemas [ust onpeseeHns OPOM3BOJHBIX
Wi fuddepentmanos cucTeMa JIH H € i H Bl X ypaBHEHMit CBOUM OIIpe/Ie-
JIATENIEM BCETAa MMEET OTJMYHBIA OT Hynd sikobuan J. DTH 3aMevaHud
CTanyT boJee SCHBIMHU HA NPUMEPAX.

210. TIpnmeper. 1) ITycTh y CBA3aHO C X YpaBHEHHEM
— y
In /x2+)2=arctg —.
x
Zuddepennupys nocneaoBaTensHO Mo x (IpuyeM y cuntacM GyHKIHEH OT X), TONYIHM

Xty xy'-y
x2+y2 x2+y2

wm x+yy'=xy -y;
3aTeM
L+ 4y =xy”;

4 T. A. VI3 nepBoro ypasHeHMs HAXOOUM

xX=y
W3 BTOPOro (€CIM IIOACTaBUThL HAUZCHHOE 3HAUCHME )')

14y 5 X242
x-y (x-ypp’

’r

y

uT. O
2) aHo ypaBHeHHE
F(x, y)=x2+y2—3axy=0.

Tpebyercst HaHTH 3KCTpPpEeMYMBl ONPENEIAEMONl MM HESBHON $yHxuUT y OT X,
WmeeM 31ech

Fi=3(x*-ay), F)=30%-ax).
Beuny (15), ons toro urobel 6BLIO y5=0, NODKHO BBIIONHATECA DaBeHCTBO Fi=0,
Pemas coBMecTHO ypaeHemnss F=0 u F{=0, HaiizleM mBe napbl COOTBETCTBEHHBIX
3HAYEHHH X H y:

3 3_
x=0, y=0 wu =x=a)2, y=al4



464 IJL. VI. ®VHKUMUOHAJLHBIE OIPEAEJIMTEIN; UX MPUJOXEHUS [210

Ho B nepsoit Touxe ob6pamaerca B HyJib ¥ Fy, Tak 4TO MBI HE MOXKEM YTBEPXKIATh,
YTO B €6 OKPECTHOCTH Hallle YPABHEHME ONPENENseT ¥ KaK OJHO3HAYHYIO (PYBKIHIO OT

x; mo3ToMy Touky (0, 0) ocraBnsieM B CTOPOHE.

3
Bo BTopoit TouKE Fy = 3a? V—>0 M K He# nppmoxama Teopema II. Urobn1 ybenurscst

B HUIHYHA axcrpemyMa, BBIYHCIIUM yxx pu x= aV2 mpome Bcero ucxommrs us (16),
nonarasi TaM yy=0;

3
7 o 77
Tax kxak F,’Cz=6x>0 npu x=aV2, TO Yx2<0, ¥ HAMUDO MaKCHAMY M.
3) Ilycre HesBHAS (YHKIHS z OT X, ¥ ONPEHACNAETCA yPaBHECHHEM

Xt 3 22
—t—t==1
az b ¢?
HNmMeeM mocnenoBaTesbHO
x dx dy zdz c2x c?
il il =0, dz= ———dx———}—de,
a® b2 c? a*z b2z
TaK 4To
Bz cx 0z c2y
3x az’ 9y bz’
3arem

dx? dy* dz* z dzz
— \
a b c?
OTKyZa (€CITH BOCHOJB30BATELCSA M3BECTHEIM yXe BHIPAXKEHHEM A dz)
cl x2 ZZ dxz 2xy y2 22 dyZ
diz= -~ = | [+ 2| =+ 2L dxdy+[—+= ——]
T ( 2 cz) 2w Y (b2 c] b

YTO HAaeT HaM

0%z ct (x2 +zZ‘J 0%z cxy
axt  a2®\a® &)’ 9xdy  a%bs’
9%z ct (yz )
= — +— U T. O.
ay? b%z3 \ b?
4) TlycTs z onpenensercs, Kak GYHKIHAL OT X U Y, U3 YPaBHCHHUS
: z=x+y-p(2).
Ilpenmonaras 1-y-¢'(z) =0, noxa3ath, 4TO
0z
8)’
Nmeem
oz 1 0z B ¢(2)

ax 1-y¢'@’ oy 1-y¢@’
OTKyHa M BBITEKaer Tpebyemoe.
5) Ilycts u3 ypaBHEHMS
y=x¢(z) +y(2)

*) 310 - He oﬁuxee BBIPDAXCHUC AJ1s ”!' OHO T'OAUTCA JIKAIIbL B KHTCPEC 1oIIeH Hac
p Yx2s

3 3_
TOYKe (a V2, aV4) .
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NEPEMEHHAA z OUPEneIsieTCs Kak HeaBHAaA QyHkuusa oT x U y. IIpenmonaras x-¢'(z)+
+9’(2) %0, ycTasoBHTE, YTO 312 QYHKUHS YAOBIAETBOPAET AnddepeRuraIbEOMY ypas-

BEHHIO
9%z (32)2_ 9z 9z 92z 0% (32)2*
oy ax

e +—
3x 0y 0xdy oyt

axt -
wii
r.q*—2pq-s+t-p*=0,
rJIe ANl KPATKOCTH HOJIOKEHO
dz 0z 9%z %z 9%z
=D, =4, =" e 5§ —=1,
ax ay ax* oxdy ay?
Iocnenosarensuo Auddepesunpys 0o X 4 10 y, NOIyYEM
P+ x- 9@+’ @Dl-p=0, [x-¢'@+y'(D]-g=1
B, panee,
2¢°(2)p+[x-9" (@) + v (D] P2+ [x-¢' (@) + ' (2)]- r =0, q*
P (@)-q+[x-¢" @+ v @Dl pe+ [x-¢’ @D+ y'(@]-s=0,| —2pg
x-9"(2)+ 9" (2]-¢*+ [x- ' (D) +¢' (2] £=0. P
Cioxus NOCHETHHE TPH PABEHCTBA, IPERBAPHTENBHO YMHOXEHHBIE Ha g%, —2pg,
P?, ¥ OpuaeM K TpedyeMOMY COOTHOMEHHIO,
6) ITycts pmana cHcreMa
x+yt+ztu=a, xEP+yA+ziHut=0%  x3+33+z3+u8=c3,
onpeeNnfomas y, z, 4 Kak GyHknuu oT x. MmMeem
14y +z'4+u' =0, x+yy+zz/+u’'=0, x2+3% +222"+uu’ =0.

pearionaras onpexenuTess

[t 1 1]
ly 2z ufi=@E-»u-»wu-2)
Vo2t

HC PaBHLIM HYIAIO, HMEEM OTCLOOA
(z—x)u-—-x)
z-y)u-y)

7) HyCTb NICPEMERHBIC X, Y, Z CBSI3AHEI C NICPEMCHHLIMHY ¥, 8, (p COOTHOLICHUAMU

|’7

U T I

x=r.cos @ cosp, y=r-sinfcosp, z=r-sing,

0 Y P T o< Sxod
rge O<r= +oo, ——<f<—, ———p<—, KOGUAH
8 2 2 2 P73
i cos e _ L
Dix, y,z) |Cos9cosg —rsinbcosg —rcosBsing
=y sin 8 coso rcos6cosp —rsin @sing | =r?cosp>0.
D(r, 6, ) sing 0  cos

YuomsiHyThie COOTHOIICHNS ONPEAEIIIOT r, 8, @ Kak GyHKHAM OT X, y, z. Jus Bhl-
YHCJICHUA TPOU3BOAHAIX 3THX OYHKUME nponuddepeHIpyeM 3TH COOTHOIIEHAA IT O Ji-
HBIM obGpazom:

cos 8 cosg dr - r.sin 8 cos @ d6 — r-cos 8 sin ¢ dp = dx,
sin 8 cosp dr+r-cos 8 cosp db — r-sin 0 sinp dp=dy,
sing dr +r.cospdp =dz,

30 I. M. Quxtenroney, T. I
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Orxcrona onpeznemam dr, df u do:
r2.cos 8 cos? r2sin 0 cos? r2.sin  cos
r= P ax+ L e A

d ’
7 7 7 “
rsin 8 r-cos @
df= — dx+ dy,
r-cos 6 sin ¢ cos r-sin 8 sin @ cos r+cos?
dp=— Jtp (pdx— Jtp q)dy—f— . (pdz.

OTHM, COGCTBEHHO, YXe U Hali[ICHH! MHTEPECYIOIWe HAC NPOU3BOMHBIE (ECIHM YYECTE
yKa3aHHOE BBINIE 3Ha4yeHne J):

3—r=cosﬂcos¢p, éi=sin6cos¢p, 3—r=simp
ox ay az i
a9 sin 6 99 cosé a0

ox  r-cosp’ 3y recosg’ 5z—=0’

Ip cos @sing dp sin 0 sing dp cosep
e T

Ilpensioxennbie ypaBHEHNUS JIETKO PEMIMTH OTHOCATENLHO r, 8, @:

- z
r=)xt+y2+22, ()=arctgZ , @=arctg .

X / x4 yz
9710 HaeT BO3MOXHOCTH BHIYUCIHTL BCE 3TH HNPOM3BOAHLIC M TeM NPOBEPHTH HANACH-
HEIC PE3yIIbTATHL

8) B xayecTBe 3aKJIOUHTENILHOTO IpMMepa HA muddepeHHupoBaHue
HEsBHBIX (GYHKIOHH BHIBEAEM elle¢ OXHY (HOPMYIy, CHOBA IIOMYEPKHBAIO-
INYXO aHAJIOTMIO MEXMY SKOOMAHOM CHCTEMBI QYHKOMA M IIPOH3BOMHOM
omuo# (QyHKIHH,

Ilyctr nama cucTeMa n ypaBHEHMH C 2n IepEMEHHBLIMH:

FX1, Xoy covy Xn3 Vis Vas o205 Y)=0  (i=1,2, ..., n).
Ipeamosnaras sxobuan
D(F, Fp, .., Fp)
D(}’;, Yas 2oy yﬂ)

OTJIIMYHBIM OT HYJIA, PAaCCMOTPHM Yy, Vg, ..., Yn Kak ¢QyHKOHH OT
Xy Xg5 « -5 Xpn, OIPEICIIAEMBIE 3TOM CUCTEMOU YpaBHEHHMI U, CIEIOBATENb-
Ho, ofpamarolue uX B ToxzmecTsa. Jduddepennupys 3TH TOXIECTBA IO
KaXIOMY X;, Pe3yJIbTATHI MOXKEM NPE/CTABUTEL B BUIE

_OF; _0F; 3y,  0F; dy» +3F,- yn

oxj 9y dxy A axj """ 9yn dx;°
G Jj=12,..., n.
OHPC[ICJIHTCJ'H), COCTABJICHHBIN U3 JIEBBIX YacTeH 3THX PaBCHCTB, €CTh

_ D(Fy, Fpy <., Fp),
(-br D(xy, Xgy «vey Xn) °
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ONPEACIIATEIb XK€, COCTABJIEHHBIH H3 IPAaBBIX 4acTeil, OYEBUAHO, NpEn-
cTaBiseT cobofl MpousBeeHne onpeaeanTeet

9(F1: Fz,---, F"I) " D(yl) Yas ooy J’n)
D(y1s Y25« o5 ¥n) D(xy, X3, - -+, Xn)

[em. 203 (3)]. Orcrona nonyuaercsi hopmyia

D(Fy, .., Fn)
D@yyy ooy ) (-1 Dlxy, -y xn)
D(XI; ey xll) l_)_(&_'_'_'.l EZ) ’

D(yys s ¥n)

ABJIIOINAAcs aHajgoroM ¢opmyist (15).
Ecnu ypasHenus maumel B BuIe, pa3pElICHHOM OTHOCHTENBLHO X,
Xos o vvs Xpt
xiz(pi(yl’ Yos - s Yn) (i=l, 2, ..., n),

TO HOJ PACCMOTPEHHbIA Cy4aii 3TO MOMOMHIET, eCITH TOXOKUTE F; =, — X;.

Tax kax 3pech %’—- —1 uau 0, cMoTpst mo ToMmy, Gyaer nu i=j umu
J
i j, TO YHCIIUTEIb CBEJIETCA K
-1 0.. 0
0=t Ol
PRI
U GopMyna NpUMET BUI
Dy, -y yn): 1
D(xy, « oy Xn) Pixﬁ, xn) .
D(yl: ey yl‘l)

OTOT pe3ynbTaT HaM yxe 3uHaxom [203 (4)].

§ 3. Hexoropble Npu/ioxeHusi TeOPHM HeSIBHBLIX (yHKIMi

211. OrnocuTenbHbIe KCTPeMyMbl. PaccMoTpum Bompoc o6 3KCTpe-

myme Gysxmua f(x;, ..., Xptm) OT H-+m NEPEMEHHBIX B IPEANOJIONE-
HHAM, YTO 3TH HEPEMECHHbIC TOJYNHEHBI €lle 77 YPABHEHUAM CBA3 I
DXy, o5 Xns Xnt1s o5 Xnpm)=0 1)

@(i=1,2,..., m.

Mbl yTOYHMM HOHATHE O TAKOM OTHOCHTEJNLHOM OJ3KCTpPEMY-
Me H YKaXeM IPUEMBI LIS €ro PasbICKAHMS.

30*
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IoBopar, uto ¢ mouxe M(x}, ..., x%,,), ydoeremeopawwyei

ypasenenuam ceasu, @yukyus f(x,, ..., Xo1m) UMeem omH o-
cumeabrbvl i Makcumym (MUHUMYM), CCAU HEPABEHCMAO
y -0 0
S ooy X)) =GR, .oy Xym)
=)
6bINOAHACIICA 8 HeKOMOpoil okpecmiocmu mouku M, 012 ecex ee mouek
(X15 «+vs Xntm), YO0OBAEMBOPAIOWUX YPABHEHUAM CBA3U.

Msut Gymem mpeamonarats, WTo Kak QyHKuMS f, Tak M (QYHKIHUH D,
HMEIOT B OKPECTHOCTH PaCCMATPHMBAEMOIl TOYKH HEHPEPHIBHBIC YACTHLIE
IpOU3BOIHEIE 110 BCeM aprymentam. Ilycrs, mainee, B Touke M, o T Ju-
YeH OT HYHIsA XOTb OAHH H3 ONpeIeNuTeNell m-ro mopsmka,
COCTaBIEHHBIX U3 MATPHUIE! YACTHBIX IPOU3BOMHEIX *)

0Py 0P 9% 0P,
3x1 ° .3an 3Xn+1 o '3xn+m
Q“& % 99, __3(1)2 (2)
0xy v "Oxn 3xn+1 e 3Xn+m ?
3Pm 3Dy 89y Pm
Xy T 9xn 3xn+1 ° .3xn+m
HATPUMED, ONPEACIUTED
0P 09,
axr1+1. ’ '3xn+m
0D, 0D,
3xn+1 o .3xn+m . (3)
B 9D
8xXniq o “O%Xn4m

Torga, ecnu orpaHMYUTLCA JOCTATOUHO MAJIOW OKPECTHOCTBIO TOUKH
M, , mo teopeme IV cucrema (1) paBHOCH I b HA CHCTEME BAIA

x,,+1=q>1(x1, AR Xn), MRS ] xn+m=‘pm(x1’ MR xn)9 (4)

IOC Qg5 - -, Py CYTh HEABHBIE (QYHKUMH, ompeessieMble ciucTeMoit (1).
WNubmmu ciosamu, TpeGoBanue,-4TOOb 3HAYCHNS IEPEMEHHBIX X, ..., X,
Xn+1s «+ -5 Xptm YAOBJIETBOPSAIH YPABHEHHUSAM cBa3H (1), MOXHO
3aMEHUTh IPEIIOTOKECHAEM, ITO NEPEMEHHBIE Xpi1, -« ., Xppm HOPENCTa-
BILTIOT cobGoit gymknmu (4) oT Xy, ..., X,. TakmMm obpasoMm, Bompoc 06
OTHOCHTEJbHOM 3KCTpeMyMe Iia QyHKIEM f(X;, ..., Xp4m) OT
n+m NepeMeHHBIX B Touke My(x?, ..., x8, x9,;, ..., x%,,) cBogurcs
K Bompocy o6 OOBIKHOBEHHOM (a0COJIOTHOM) 3KCTpEeMyMe s

*) B aToM cnyyae roBopsrt, 4yTo Matpaua (2) umeer (B Touke My) paHT m.
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CHOXHOI (BYHKIUU OT 7 ePEMEHHbIX
S oo X lxg, o, Xn)y ooy OulXy, .., X)) )

B Touke Py(x?, ..., x9).

OTH Co0OpaxeHHs yKa3bIBAIOT M Ha PEATbHIH OyTh JUIA HaXOXICHUS
TOUKH, IOCTABJIAOLIEH OTHOCHTENBHBIA IKCTPEMYM DYHKLMHM f| (Xyseees Xngm):
CCIIM MBI yMeeM (aKTHYECKH DaspeliUTh YPaBHEHHS CBS3Y, HaIpuMmep,
OTHOCHTEJILHO MEPEMEHHBIX Xpi1, ..., Xppm, K HAHTH S BHEI€ BHIpae-
HUA U1 QYHKUEE (4), TO ACNO CBOAMTCS X HAXOXKICHUIO abCcoTI0THOTO
SKCTpeMyMa JUli CoxkHO# dynkmu (5). CoBCTBEHHO IoBOPS, MBI Tax
MMEHHO ¥ NOCTYTIAJIM B PAJC PaHee PEIICHHEIX 3amad [200, 201], Hanmpumep,
XOIla Mbl HCKRJIM HAMMCHBIUCE 3HAYEHUE UL CYMMBI X+ p+z -+t py
yCloBuU xyzi=c* U T. m.

VkaxeM Teneps IpYyroif MyTh I HAXOKAEHUS TOUKH M3, ..., x9,,
HE IIpeIoiaras, 4T0 Mbl IMEEM ABHbIC BBIDAKCHHS JUIsL (HESBHBIX) DyHKLmit
(4), xoT4 cyliecTBOBAHMEM ITHX (YHKIWMI MBI OyIeM MONB30BATECS U 31€Ch.

Wrak, nycte B Touke M, dynxums SOy oo, X.pm) HMeEET OTHO-
CHTCHBbHBH IKCTPEMYM MM —~ YTO TO XE — CIOXKHAS bysxnus (5)
B TOYKE P, UMeeT 3KCTpeMyM 4.6 C 0 JI¥0 T H I . Torna, 1o 3amevanuro 1
n° 196, B sToffi Touke HmOJDKEH obpamarecst B Hylb ce auddepennuan
¥ IPUTOM — TOXJECTBEHHO OTHOCHTENIBLHO IMpDEpeHnuanos i1e 3 a B u-
CHMBIX IEPEMEHHBIX dX,, ..., dX,. Ilo WHBAPHAHTHOCTH ¢dbopmer TIep-
Boro mu¢depennuana [185], 3o ycmoBue MoxXHO 3amucaTs Tax:

n+m 3f ~
jg;_ o dx;=0, )
IOe NMOA dXpy1, ..., dXpym PA3syMeroTCA aupdepenimanst Gynkuuu (4)

B ToYke P,, B TO BPeM# Kak YacCTHBIE MPOU3BOIHbIE BBIYHCICHBL B TOYKE
M,, n6o (xax sBcTBYeT M3 TeopeMbr 1V)

(pl(x?.’ MRS ] x?z):x2+1’ MR (]7,,,().’;), MR x2):x2+m' (7)

H3 (6) neavsa, koneuno, 3axsiouums o pasericmee nyao Ko3gguyienmos
npu oupepenyuairax, max xax me gce smu oupdbepenyuanst npousso v,
Jns Toro uToGwI cBecTH meno K IOPOU3BOJIBHO BHIOHpacMBIM Iudepen-

nHanamM, T. e. x mubdepernuanam dx,, ..., dx, He3aBHMCHME X
TICPEMEHHBIX, MBI JIOCTAPACMCH MCKIIOUHTL oTCrona  suddepennnane
AXay1y ooy dXpgm NIEPEMCHHBIX 3ABUCHUMBIX. OTO JIeTKo C/leyaTh,
eciu nponuddepeHMpoBaTs TOJHEM 06 Pa30M YpaBHCHHS CBSi3H
(1), PasyMesi OR Xp41, . . -, Xnym DymKimH (4) *):

n+m g,

> %ifi_dxj=0 G=1,2,..., m). )

j=1 9%j

*) Tousee rosops, Mbl duddepenmpyeM Te TOKIECTBA, KOTOpPBIE HOJIyYAOTCA
13 ypasHeruH (1), ecnu BMecTo x, +15 ++*5 Xn{m B HUX HOACTABUTE HEABHBbIC (GYHKININ
(4). ITopoGubLt cn0co6 peud MLI OyneM NpMMEHSTE U BOpeisb,
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3nech, XKak M BbIHE, BBUAY (7), 9aCTHBIC IPOU3BOIHEIC BEMHCIEHBI B TOUKE
M,. Tak xak, N0 IpPEANONIOXKEHHAIO, onpenenuTens (3) B 3Toit Touke —
HE HYJNb, TO dXp41, - - .5 @Xpyim MOTYT OBITH OTCIONA JIMHEHHO BBEIPAKEHBI
uepe3 dx,, ..., dx,. ECIH 3TH BbIpaxeHUA MOJACTABUTH B (6), TO MOIYIHTCH
PaBEHCTBO BUAA

Aydx + ... +A,dx,=0,

rae A;, ..., A, 03HaYarOT n BHIPAXEHWH, PAIMOHAIBHEIX OTHOCHTEJILHO
YaCTHBIX HPOM3BOMHBEIX Qymkiui P;, u 38ech B3ATHIX B Touke M. Tak
KaK B 3TOM paBeHCTBe GUrypupyIoT ToNbKo muddepernmans: dx;, .. ., dx,
HEe3aBHCHMBEL X IIEPEMEHHBIX, TO B TOUke M, nMeeM

A1=0, “aey AII=0‘

BMecTe ¢ ypaBHEHMSAMHE CBSI3M 3TO JaeT M-+ YpaBHEHHIN IS Ommpene-
JICHUS. HEM3BECTHBIX Xy, . .., Xnim-

KonewHo, MBI YCTaHOBHJIM JIMIIL HE OO X O THUMBIE YCIOBHA IUIA
3KCTpeManbHoi Toukd My(x?, ..., x3,,). Ho u B TakoM BuIE YCIOBHA
MOrYT OBITH IOJIE3HBI JaXKe IUIS paskiCKamus HamOoipmero (AIM Had-
MeHbIIEro) 3Havenns Qynknud f mpu ycinoBmsax (1), eciid IO XapakTepy
BOIIPOCA HANEpeX SCHO, YTO BHYTPH paccMaTpHUBAcMoO# OGNAaCTH IOJDKHA
CYILIECTBOBATh TOUKA, IJie 3TO HAWOOJbINece (HAMMEHbINeE) 3HAYCHHE IO-
CTHIacTCH, WM €CJIA Takoe NONYIICHHE CHEJIAHO B HOPSIKE HABEICHNS,
C TeM 9TO0BI HAMIEHHYIO TOYKY allpoOHpOBATh APYTUMHE COOOpaXKeHHAIMH.

ITpmMepsl pUBeIECHBI HIKE, B 214.

212. Meto HeompeJe/leHHBIX MHOXHTeNel Jlarpawxa. B m3nmoxersoM
BBHIIIE COOCO0E HAPYIIAETCS CHMMETPHS B OTHOLICHWH IIEPEMEHHBIX: 9aCTh
W3 HUX TPAKTyeTcs KaK HE3aBHCAMBIE, YaCTh — KaK 3aBHCHMEIE, OXHH
IubdepennEanBl HCKIIFOYAIOTC, Apyrue coxpanatorcs. VHoraa aTo Bieder
32 co0o#t ycnoxHeHre BHIKJIANOK. Jlarpa HiK IpeIoOKAI METOM, IIPH
KOTOPOM BCE NEPEMEHHBIE COXPAHAIOT ONWHAKOBYIO POJIb.

VMmuoxuM pasencrBa (8), COOTBETCTBCHHO, HAa INPOH3BOJIBHEIC IOKA
(«aeonpenenennsiey) MuoXaTeMd A; (i=1, 2, ..., m) ¥ pe3ynbTaTH MOYICH-
HO cioxuM ¢ (6). MBI oJIy9iM pPaBEHCTBO

n+m 3f aq)l 3¢m _
2 (8—xj+zl St +zm§j—) dx; =0, ©)

rie TO-IPEXHEMY dXpi1, - .., GXpym O3HAYAIOT HubdepeHraNbl HesTBHBIX
Gyaxuuit (4) (B paccyXKJJeHUU MBI IOKA COXPAHAECM HEPABHOIIPABUE
TIePEMEHHBIX); TPOU3BOHbIE BBIMUCICHEL B TOUYKE M, .

BrifepeM Tenepp 3Hadenusa MHoxmrene A,=47 (i=1, ..., m) Tax,
4TO0H 00paIAIHCh B HYJh HMEHHO K03(QdHIMEHTH P 3 a B HC U MBI X
mubdepermuanax dxni1, - ..y AxXnim:

O 0.0 0. 9%n_
ax]+11 3xj+...+2,,, 3x]—0 (10

(j=n+1, ..., n+m).
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OTOo cHenatb MOXHO, IIOCKOJIBKY ONpeHenuTensb (3) CHCTEMBI JMHEHHBIX
YPaBHeHHH, Ioyvaromeicss s onpemeneHud Ay, A, ..., A,, OTiaWYeH
or Hyjaa. Ilpu BRIOpaHHBIX 3HAYCHUSX MHOXHTeNel pasenctBo (9) npu-
MET BHQI

no(of oaabl o D)
E(ax, TR xj)dx,-~o. (9%)

3nece MBI CHOBa MMeEEM JeJIO JIMLIL ¢ quddepeHnyanaMu He 3 a B K C U-
MBI X NEPEMEHHBIX, HO3TOMY KO3(QOUUMEHTHI IpPH HUX HOJIKHBL OBITH
HyJIaMHA, T. €. Hapsany ¢ (10) uMmeeM n

of + 0. 3@1 120, APm
=0 10*
PR RS o (10%)
(=1, 2,..., n).

Wrtak, misi onpeneseHus #+ m HeU3BECTHBIX X, - .., Xnim, A4 €IIE M
MHOXHUTENEH 4y, ..., A,, IMEEM CTONBKO XKe YPABHEHUMN, MMEHHO M ypaB-
HEHUH CBSI3U U 7+ m ypaBHECHUN

of 9P, 9Pm
o +A —+ +Ame %, =0

(j=1, 2,..., n+tm)
[em. (10) u (10%)].
s Toro 4toObl 0OIETYNTs BHUIMCHIBAEHME 3THX YpaBHEHHUM, OOBIKHO-
BEHHO BBOIST BCIIOMOTATENbHY O (QYHKIHIO

F=f+1®;+...+1,Dn;
TOrJa YHOMSAHYTbIC YPABHEHUS MOTYT OLITH 3aHHCAHBI B BAIC

3—51—=0 (=1,2,..., n+m). (1)
OHH BBIITIAAAT TaK XKe, KaK M YCIOBUSA OOBIKHOBEHHOTO SKCTpeMyMa Jist
¢ysxmm F. OTo cmemyeT paccMaTpuBaTh JIMINE Kak ykaszaHue, obJrer-
qajonjee 3aNOMHUHAHHUE,

N meron Jlarpamxa OpaBOTATK HE 0O X O XU MBI M YCIOBHSIM.
B ocrampHOM 3meCh MOXET OBITH IOBTOPEHO TO, YTO OBLIO CKas3aHo B
KOHIe IIPENBIOYIIEro HOMeEpa.

3aMevanue. B U3NOXEHHOU TEOPHH CYILIECTBEHHYIO POJIb HUIPaJIo
NPEANONOXKEHNE O PaHIe MaTpUIH (2), KOTOPHIM MBI BOC-
IIOJIB30BANUCH TPIKABL. IIpH pemeHdyu 3aJad ONHHM M3 YKa3aHHBIX Me-
TONOB — IJISl YBEPEHHOCTH B TOM, 4TO HE IIPONYIICHA HHE ONHA TOYKA,
JOCTaBJIAIOMAsl QYHKIOFH OTHOCUTCNIBHBIM SKCTPEMYM, — CIEIOBAJIO Obl
MPEABAPUTENILHO YCTAHOBATH, UTO YIIOMSIHYTOE NPEIIIONIOXECHHE BBIIOJN-
HACTCA HA Jeje BO BCEX TOYKaX paccMaTpuBaeMoii obiacty, yIoBiie-
TBOPSAIONUX YPaBHEHHSM CBj3H. B NMPOCTHIX ciydasx MBl OymeM mpeno-
CTaBIATh 3TO YATATEINIO.
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213. [MocraTounble [UIS OTHOCHTEJBLHOIO JKCTpeMyMa yciesus. Ilo
3TOMY MOBOJIY MbI OTPaEMYMMCS HEMHOTAMHA 3aMedanusMu. [peamooxmm
CYHIECTBOBAaHAE M HENPEPLIBHOCTE BT O P Bl X HPOH3BONHBIX UIs (YHK-
wait f 1 Dy (j=1, 2, ..., m). Ilycte Temeps Touka My(x], ..., x9,,), co-
BMECTHO C MHOXHTEISME A2, ..., A%, ymosieTBopser yCTaHOBJ'IeHHbIM
BBIIC HEOOXO M MBI M YCIOBHIM.

Bompoc o Hanmmam# B 3TOH TOUKE (OTHOCHTEIBHOTO) 3KCTPEMyMa 3a-
BHCHT, Kak u B 198, oT 3maxa pasmocT:

A=f(x13 ey xn+m)_f('7é].)9 ey -xg-l—m)’

C Tol JIMIIL CYIIECTBEHHOH OTOBOPKOM, 4TO M TOUKA (Xq, ..., Xnim) YAO-
BIICTBOPsICT YpaBHEHWSIM CB:3H (1) wim — 9To 10 k¢ — (4). JIerxo moHsaTh,
4YTo AN TaKHX TOUYCK IpHpalieHne QYHKIHH f MOXeT ObITh 3aMe-
HeHO IpupamenueM obynkmua F (Toe BCe MHOXHUTETH A; MBI CUMTAEM
paBusiMA A9):

A=Flxy, ...y Xnsm)= P2, ..oy 320,

Beuny Toro, 4ro B Touke M, BemonHAtoTcs ycrmosus (11), — B 3TOM-TO
M COCTOMT BbIrofa mepexoza K ¢yskmuu F, — 3T0 npupalienude, no ¢op-
Myne Teiisopa, Moxer ObiTh 3amucado Tak [cp. 198, (8)]:

1 n+m n+m
_i{jkz._'lAjk ijAxk+Ié'l %k ij Axk} N

rue
Ax}=x]—x?, A x’xk(xl, ey 'XIH-ITI)
U, k=1, 2, ..., n+tm)
u aj—0, ecmn Ax, -0, ..., 4x,~0 (ocraybase npupamenas Ax, 1, . - .

.» AXp1m TpE 3TOM caMu coGoii 6YAYT GECKOHEYHO MAaibIMHA IO He-
npephiBHOCTE GyHKnuit (4)).

Ecim 3aMeHATH 37eCh BCe mOphpamieEMs AX; COOTBETCTBYIOMEMH
muddepernuanama dx;, TO IO OTHOINCHHIO K HE3aBHUCHMEL M IEpe-
MEHHBIM 3T0 BooOmIe Hmero HE HW3MEHAT; 9TO XK€ Kacaercs 3 aBHC H-
MBI X OEPEMCHHBIX, TO IPOU3BEICHHAA 3aMEHA BHI30BET JHINL HEOOXO-
JAUMOCTB IIOCTaBHTH BMECTO KO3(Q(WIMEHTOB aj, npyrme OGeckoHEUHO
Mamsie fy:

1
5{2 Aﬂ{dx} dxk+ z ,Bjkdxjdxk}

Ilepexon k muddepeHimanaM BBITOJEH ITOTOMY, 9TO AuddepeHmuanbl
3aBHCHMBIX ¥ HE3aBHCHMBIX IEPEMEHHBIX CBS3aHBI CHCTEMOM JI ¥ H € M-
HB X cooTHomeruif (8). Tax xax ompememutens (3) B Touke M, mo upen-
IIOJTIOXKEHHIO, — HE HYJNb, TO OTCIOAa 3aBACHMEIE AuddepeHmUansl BbI-
pasarcsa NMHEHHO depe3 HesaBUCHMBIC. IloacTaBHB WX BEIpaxkeHds B 4,
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MBI, BMECTO TNEPBOM CYMMBI, NOJYYHMM KBAaAPaTHYHYIO HOpPMY
oTHocuTenbHo nupdepennunanos dx, ..., dx,.

A Temepb, Tax xe kak u B 198 n 199, MoXKHO HOKa3aTh, YTO: ecau 3ma
dopma 6ydem onpedenAeHHOU U NPUMOM NOAOICUMEALHO U
(ompuyamennvnoit), mo e ucnvimyemoil mouxe 6y0em OMHOCUMEAbHbII
MunuMYM (Marcumym): ecau e fpopma oxasvieaemca Heonpeodene -
H O, MO OMHOCUMEALHO20 IKCMPEMYMA HEM.

BupoyeM, mpakTHUECKOe 3HAYCHHUE 3TOTO KPATepUs HEBEJIuKo (Cp. 3a-
meyarne B 200).

HepeitneM k npuMepaM H 3aadaM.

214. Yipuvepst ® 3agaud. 1) Ilycte rtpebyerca Hailty oskctpeMyM  dyHKmun
f=x+y+z+t upuy ycnosuu P = xyzt—c*=0; oO6nacTp W3IMEHEHAsT NEPEMEHHBIX ONpe~
nensieTca HepaseHcTBaMu x>0, y>0, z>0, ¢>0. Mbl yxke pemraym 3Ty 3amavy B 200,

4) daxTHYeCKH BbIpaxas ! M3 OocaemHero ycnoeus. Teneps, audpepeHIEpys 3TO pa-
BEHCTBO MOJNHBIM 06Gpa3owM, Haimem
dx dy dz dt dx dy dz
—t—t——rt-—=0, oTkKYyRa dt=-—-t}|—+—+—1.
x y z t X y z

Wckirovuas dtf w3 pasescrsa df=dx+dy+dz+dt=0, npuneM K pe3yrbrary

t t t
(l ——-—) dx+(l ——) dy+(1 ———) dz=0,
X ¥ z

KOTOPHI, BBUAY MPOU3BONGHOCTH dx, dy ¥ dz, pacmanaercsl Ha TPu:
t t t
1-—=0, 1-—=0, 1-—=0,
x y z

TaK 9T0 X=y=z=I=C¢.
Ilpumensss x Toi ke 3amave Merom JlarpaHxka, BBEOEM BCIOMOraTENbHYIO
dyuxnzo
F=x+y-+z+t+Axyzt *)
4 COCTaBUM YCIOBHS:
Fi=1+Ayzt=0, ..., F{=1+Axyz=0,
OTKyza
yzt=xzt=xyl=Xxyz, TaK 4YT0 XxX=y=z=1I=c(.

Ilnlﬂ TOTo 4YToOBl BOCHOJIB30BATHCA PE3YNLTATOM MNPEBIAYINEro N° BHYWCINM
A= —— U PacCMOTPEM GYHRINEO
¢
xyzt
F=x+ytz+t——-.
o3

Ee sropoit mbdepenunan (B Touke x=y=z=1[=c) Oyger
2
diF= —— (dx dy+dx dz+dx dt+dy dz+dy dt+dz dt).
c

Nuddeperimapyst ypapaeHes CBA3A (BCE B TOM Xe TOYKE), MNOIYYHM
dx+dy+dz+dt=90.

*) Ecnu BCOOMHHTH POJib 9TOH GYHKUMHE, TO CTAaHET SICHO, YTO [OCTOSHHOE Clarae-
Moc¢ B coctase @ 3mech MOXET GBITh OMyIICHO 6¢3 Bpexa.
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Ecnu onpemennrs oTCIONa df W NONCTABATH B Openpiiyniee BbIPAXKCHAE, TO OKOHYA-
TEJIBPHO HalimeM

2 1
- [dx dy-+dx dz+dy dz~ (dx+dy+dz)?] = - [(@x+dy+dz)2+dx2+ dy? + dz2).

Tax xak 3ta ¢opma, OYCBHEHO, ONpeXeNeHEas W TONOXHTEILHAS, TO B HAUIEHHOH
TOYKEe OyNeT OTHOCHTELHBIA MIHAMYM.

[Orcmna, OIHAaKO, HENB3S COECNIATH 3aKIIOYEHHAE, YTO 3TOT MUHAMYM 6y11e1‘ H HAaun-

MEHBbHI UM 3HAYCHAEM QYHKIMM f=x+y-+Zz-¢ OpH yKa3aHHOM CBA3H MEXIy 3Haye-
HHUSIMM €€ apryMEHTOB; ¢p. 200, 4)].

2) CraremM BHOBS [cp. 200, 2)] HCKaTh BaUMeEHBIIEE B HABGONbINCE 3HAYCHES dyRKIVIA
u=a?x2+ b2+ c%% - (ax2+ by?+ cz?)?
(@=b>c=>0)
TIPH HAJIMYUU CBSI3A:
x2+y24-22=1,

T. €. Ha CEePHUECKO HOBEPXHOCTH, BBLIPAKEHHON 3THM YPaBHEHHEM *),
C aToit nenbIo, CHaYana HalneM 1o Meroay JIATrpaH K a BCe OTHOCHTEILHBI
3KCTpeMyMBl dynxnpm. BemoMoraTentHas (yHKums

F=a*x3+b**+ 222 — (ax®+ by?+ c22)%+ A(x2+ )2 + 22)

[PUBOAMT K YCIIOBHSM;
x[(@®+2) - 2a(ax2+ by?+cz?)]} = 0,

Y2+ 2) - 2b(ax2+ by? + cz9)] = 0,
z[(c?+ 2) — 2c(ax?+ by? +c22)] =0,
K KOTOPBIM HAUIEXMT NPUCOSAVHNUTD €€ YpaBHEHHE cBsi3u. OTcrona
1) x=0, y=0, z=+1 (u=0);
2) x=0, y=+1, z=0 (u=0);
(B) x=%1, y=0, z=0 (u=0);

1 1 1
4 x=0, y=iﬁ, z=if2_ ( =Z(b—-c)2),
(5) x==+ ! 0 + ! (u 1(a 0)2)'
=T —, y=0, z=1+— =—ua- s
V2 V2 4
©) x=+—l y*:t—]- z=0 (u=-1—(a—b)2)
B 4 '

Bribupas u3 ykasaHHLIX B CKOOKAxX 3HAYCHUH 1 HAUMEHLIIEE K HaubopIIee, MBI M NPH-
ZeM K pemmeHuro 3ajauu [cp. 200, 2)].

3) BepreMcs K 3uaYe O HAMBBHITOAHEHIIMX CEYCHHSX NMPOBONOB B JJEKTPUIECKOH
CCeTH C NapajuleIbHEBIM BKIoueHHeM [201, 8)]. Coxpanss npmustsie TaM 0003HAYEHHs,
OyzneM HCKAaTh 3KCTPEMyM (YHKImm

S5 @25 - ooy an)=hay+hge+ .o o4 Ingn
NP YCIOBHH, 4TO

L J I, J. InJ;
ehh bty ehln_

U] g2 dn

@(ql’ 2y ey ql'l)=

€,

*) Beuay TOro, 4TO 3TAa MOBEPXHOCTH HPEACTABIAET 3aMKHYTOE OrPAHHYEHHOE
MHOXECTBO, CYLIECTBOBaHWME Ha Helf TodeK, rae ¢yHKUMS OpUEMMAET HAVMEHBIICe
M HarGOJbIIee 3HAYCHNE, BHITEKAET W3 TeOpeMsl BekepmTpacca [cM. 3ameyanue
B KoHue n° 173).
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OpH 3TOM MbI HE CTAHEM HaXXe BBOIATh, B3AMEH ¢, {ss «++» gn, APYTHEC IEPEMEHHBIE,
KaK CAeNajd 3TO BhIUe, W00 HAUAMHM HOBLIMH METOJAaMH 3a/laya M Tax pelaeTcs
TIPOCTO.

Urak, muddepesimpys monHeM oOGpaszom ypaeHeHue ®=0, nomyunMm
3aTeM Cleayrolee Brpaxerre mia pudbdepeammana dgy:

2
@ (LT Indn_
g = {_L}dql+...+i_1_f__ldqn_l}.

Indn ‘ﬁ (1121—1
Hoxcrasnsis ero B paBeHcrBo df=L dg -+ ...+ln_, dgn_+1ndgn=0, npunem x
pesynbTarty:
2 2
LJ In_yJn_
(11 _4n _1_51) dgy+ ... +([n__1 _ﬁ_”_%) dgn_,=0.
Jn G Jn dn—-y
Tax xax dg,, - .., dgn_y yXe NPOU3BOIIBHBI, TO KO3(DGUUACHTH! NPH HUX NOPO3Hb HYJIHM,
OTKy[a
2 2 2
A_E L d
J L Jooy In
21
a=AVJy, g=4 Tas o v vr Gn=2)Jn. (12)

MHOXUTETS NPOHOPUHOBAILHOCTH } JICTKO OHpPCHCINTE 113 VPaBHCHMs CBSIZUI
n
Q —
2== 2 LY.
€ =1

Ecnu npuMennTe MeTol, JIarp aH XK a, TO HYXKHO IOCTPOHTH BCIOMOTATENLHYIO
bynxuio *)
(b5 InJn
Fgy, gz -+ @) =hay+ .. +lngn+ 2| —-+. 0o b mm0
Uj qn
U NPUPABHATE HYJIIO €€ NMPOUIBOAHBIC!
oF ALy o oF Mlndn

y e eey == {p— =

dqn q%

DAY i .
on ai
OTKyZa cHoBa nomydaem (12), u 1. 1.
4) B xauecTBe 6ojiee CIOXHOIO IpMMEPA PACCMOTPHM TaKyrO 3a1aduy: TPEXOCHBIH
2 2 2
2 Z
SIUIHIICOUT -—2+—b; +—2=1 (a=b>c) mepecedeH OIOCKOCTBIO Ix-+my+nz=0, mpoOXo-
a c
Asmet yepes ero UeHTp; TpeOyercs OUpeNeHTh NOJIyOCH MOJIydYaroulerocs B CCYCHRHH
omnca. VIHBIMH CIOBaMH, HY)XHO HAMTH SKCTpEMaibHble 3HAveHwms! GyHKmmu r2=
=x2+)%422, ecnM TEpPEMEHHLIE DNOMYMHEHBI YKA3aHHBIM BRILIC JBYM YpaBHeE-
HUSAM CBA3H.
MeTon uCKiTIoueHns 3aBucHMbBIX Aubdeperunanos [211] 31eck NPUBOOUT K CIOX-
HBIM BBIKJIAZKAM; O3TOMY MBI cpa3dy npuberneM Kk Meroay Jlarpauxa.
JIast Toro 4To0B! YOeAUTHCA, YTO PAHI MATPHILST

)

X Yy z
@ B¢

I m n

*) (HeomnpeieaeH bl MEOXHTE/b» MBI AN ynobersa 6epem B dopme A2 m BKIIO-
YaeM B HErO MOCTOSHHYIO Q.
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paBeH 2 BO BCEX TOYKAX TEPECEYEHHs HUIMACOMIA C IIOCKOCTHIO *), HOMYCTHM OpOTHE-
Hoe. M3 obpamerus B 0 Beex ompezendreneif BTOPOTO HOpAAKA CIEAYET IPOLOPLMO-
HANBHOCTE JNEMCHTOB BEPXHEH M HIDKHEH CTPOK; HO TOTAAa DABeHCTBO [x+ my+nz=0

PERE
BJIEYET 33 COOOU — + = +— =0, 4TO HEBO3MOXKHO.

a® bt c®

CocTaBuB BCOOMOTaTENBHYIO GYHKIMIO
Xty 22
Fx, y, 2)=x¥+y*+224+ 4 (ﬁ +b_2+ -C—z) +2u({lx+my-+nz),

OpHpaBHAEM HYIIO €€ IPOU3BOMHBIE:

X
X+ Ae—-pul=0, y+Z~—y +pm=0, z+}.~-z-+,un=0. (13)
a2 b2 2

VMHOXAs 3TA yPABHEHMS, COOTBETCTBEHHO, HA X, ¥, z H CKIAMBIBASA, NOIYIUM (C yIeTOM
YDaBHEHUH CBs3M), YTO A= — r2,

Ecmy npejnoNnoxars, IS ONPEeIeHHOCTH, 9TO HU OfHO U3 MHCEN /, m, 1 He PAaBHO
HyJo, TO 3 (13) MOXHO YCMOTpETh, YTO F HE PABHO HY @, HU b, Ha ¢. Torxa ypapHe-
mus (13) nepenuiuyTcs B BUAC:

la® - mb? ne?
Y g b2’ z ¢
OTcroza 7Ierko HalTH g, & € HUM U X, ¥, 2; HO MUHYs 3TO, MOXHO, CJIOXHB 3TH pa-
BCHCTBA, NPEABAPATEIILHO YMHOXKEHHBIE HA /, /M, 1, HOJYYUTh YDABHEHHE
2q? m2b? n2c?

+ =0,
@—-r2 b2y ot 2

X=—p

—_— .
a2—r? 22

OTKYAa HENOCPEJCTBEHHO U ONpPE/E/AIOTCS MHTePeCyIOMME HAC ABA SKCTPeMATbHELIE
3HaveHus r2,
Tak Kak CyINECTBOBaHWE 3THX OIKCTPEMATBHBIX 3HAUYECHUN HAUEPE] W3BECTHO, TO
30€ch, TaKUM 00pa3oM, HOMyYaeTcs MOJNHOE PEILEHHe BOIpOCA.
5) Haxonen, npennoxmnM cebe HaliTh HaAMEHbIIEe B HAROONbINGE 3HAUCHUS KBAaDa~
THIHOK hopMb
n

flxys X5 oy X0)= 1k2—’ | CHxik (@i =ag)
OpH YCIOBUH
Py, Xy oony Xn)y= X3 FX54 o xh = 1%%), 14)
CocraBuM dyrxmwo Jlarpanxa
F(x;, Xo, eevy Xn)=fC1, Xas o5 X0) = AT+ + ... +x3).
Hcxmoyas xy, Xy, ..., Xn U3 YCIOBHH
1 oF . .
— ——={ay — A Xyt @y Xt oo Fapexn =0,
2 9x,
1 9F
= s sa Xt an— At ot aynexn=0, L (15
2 dx,
1F ......
—_ *——Ednl'xl+an:'X2+ e '+’(a/1n'“ /»)'Xn=0,
2 3Xn

*) Cm. 3amevyanme B 212.
*¥) Bmech MOXHO CAENATH 3aMeUaHUe, AaHANOTHYHOE CHOCKE Ha CTp. 474.
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OpUJeM K YPaBHEHHIO n-# CTENeHH

ay—Aay ... oan '
Gy Geg— i ve. Qo -0 16)
Qny  Qaa ann— 2

OTHOCHTENBHO 4. ECnit 4 eCTh OIMH M3 ero KopHeit, To cucteme (15) mumeitasix ypaBHE-
HEHX MOXHO YHAOBJIETBODUTH 3HAYCHUAMH X;, Xo, + .., Xn, HE CIUIOME PaBHBIMU HYIIIO;
YMHOXHUB MX Ha HaIUIEKAIUMHA MHOXKWTENb, MOXHO JOOHMTLCH ¥ BGLINONHEHHAS YCHOBHS
(14). Opnako ompeneNeRye TMX 3HaUCHMil He IPENCTaBlseT AJs Hac MHTEpeca, ubo,
KaK YBUIOMM, BOOPOC O HANMEHEIZEM M HAmOONbHIEM 3HaveHUAX GYyHKUUM f peinaeTcs
u 6e3 Hux.

Helicrearensyo, ymuoxas papencTBa (15), COOTBETCTBEHHO, HA Xp, Xa, .., X H
[IOYNEHHO CKIIaJbIBASL, IPHOEM K PABEHCTBY

f(xx s Xoy o oey xﬂ)‘)‘(x§+x§“!’“ see +Xﬁ)=0
nm, B cuny (14),
S(xps Xy o ey Xp) = A

Taxum obpasom, ecnm A ymosneTBopser ypaphennto (16), TO 3HaueHne (GyHKIUM fB
COOTBETCTBYIOUIEH TOYKE (X;, Xg, «++, Xn) U PABHO CAMOMY 4.

MBI npuxoAMM K HM3SLIHOMY Pe3YJIbTaTy: MCKOMOE HauMeHbUlee M HAuGOJbImee
3HaveHust GYHKIWA f, Opu cobmonenny yenosus (14), COBIajaoT ¢ HAMMEHSIINM U Bau-
GonbmmM U3 (BEILECTBEHHBIX) KOPHeit *) ypasuenus (16).

21S. Tonarue nesasucavocti dynxumii. PaccMoTprm cucremy dyHKimit

Y1 =fi(x1’ Xgy o5 Xp),
Ya =f2(x1’ Xoy ooy Xp),
(a7
Ym zfm(xls Xoy ouvs xn)9
ONPENENICHHBIX U HCHPEPHIBHBIX, BMECTE CO CBOMMU Y4CTHBIMH TIPOM3BO/-
HBIMU, B HEKOTOPOU n-MEPHOH OTKPBITOH 00JacTd &)).
PaccMoTpyM ciy4al, Xorga 3HAYeHHE ORHOM M3 HUX, HAIPUMED, Vi»

OAHO3HAYHO ONPCHACIICTCA COBOKYIHOCTBIO TEX 3HAUYCHHI, KOTOPLBIE
IPAHAMAIOT OCTAJIBHEIC Q)YHKHHH

s cees Viers Vigas - - s Ym)e

Tounee rosops, ecmu §, €CTb MHOXECTBO Takux (i — 1)-MepHBIX TOYeK,
OTBEYAIOIUX BCEBO3MOMKHBIM TOUKAM (X, ..., X,) B &), TO IpeHIToNa-
raercs, 4To B §, OymeT uMeTh MecTo (YHKUHOHANLHAS 3aBHCAMOCTD

yj=¢(y19"’:yj—layj+1a "'7,Vm), (18)

NPHYEM 3TO PABEHCTBO OKA3BIBAECTCA TOXAECTBOM OTHOCHTEIBLHO
X B ¢), ecnm BMeCTO BceX y; moxcraButh Gyaxuud (17) **). Torna

*) BopoueM, MOXHO JOKa3aTh, YTO BC€ KOPHH 3TOTO yPaBHEHHs OymyT Belie-
CTBEHHBIMU,
**) CymecTBeHHO, YTO (QYHKUHMS @ B 9HCIE CBOMX HENMOCPEACTBE HHBIX
APTYMEHTOB HE COHEPXHT X.
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TOBOPAT, 4T0 B o0yacTH & GYHKIUUSA y; 3aBUCHT OT OC-
TanbHH X. BropoueMm, mis TOro, YTOOE MMETH BOZMOXHOCTh IPUMEHSTH
IuddepeHInANTBEHOEe UCIUCIIEHHe, MBIl BKIIIOYMM B OIIPeZENICHUE eIle Tpe-
GoBanue, uTOOH yHKIMs @ Oblna OmpesesieHa W HelpephIBHA CO CBOUMU
YACTHBIMH IPOHM3BONHBIMH B HEKOTOPOH OTKpHITOM obmactu § (m-—1)-
MEPHOrO MPOCTPAHCTBA, COAEPXKAIIEeH MHOXECTBO &,

Ecmm, B wactHocTH, ofHa M3 ¢ynkimit (17), y;, CBOOATCA K MOCTOAH-
HOM, TO OHAa ABHO OYHET 3aBHCETh OT OCTAIBHBIX: 37IeCh MOXHO HPOCTO
TOJIOKHUTD @ =const. OYHKUMA Yy, Va, - .., Y HA3BBAIOTCA BooOOLIE 3 a-
BHCHUMBIMH B o0IaACTH &), €CIIM OJIHA U3 HUX (BCE PABHO Kakad) 3aBUCUT
OT OCTaJIbHBIX.

IIpumeps. 1) Ecmi monoxurb
Y =X1t+Xo+ ...+ Xn,
=2 x2 2
Vo= x1+ +---+x,,,
Y3=X1Xo+X1Xg+XoXz+ o« - +Xn_1Xn,
TO HETPYAHO MPOBEPHTb, YTO BO BCEM /-MEPHOM HPOCTPAHCTBE OYIET BLIMONHATLCSA

TOXZECTBO
Ya=yi—2ys
2) Amanormyno, ms GysExnmi
Jy1=x1xz_xs:
X1X3+ X2,

[ Vo= i+ 1) (+x2) — (o — Doxyeg — %, (% — xp)?

MMEEM TOXIECTBEHHO (B TPEXMEPHOM HPOCTPAHCTEE)
Ys=¥i-ny.tYi.

Bce ato — 3aBHECH MBI OyHKIMA.

Ecnu Hu B 006J1acTH &), HH B KaKOW-JIHOO YaCTHUYHOM, B HEH CoJiepxKa-
weicsa, obsacrd He mMeeT MecTto ToxzaectBo Buaa (18), To dymkmum
V1> Vo «--s Y HA3BIBAIOT HE3ABHCUME MH B 00JacTH &).

OTBeT HA BOIPOC O HE3aBHCEMOCTH (YHKIHI JaeT pacCMOTPEHHE TaK
HasbBaeMOoX MaTpHIH S Ko6H, COCTaBICHHONH U3 YACTHHIX IIPO-
H3BOMHBIX 3TUX (QYHKIHEHE HO BCEM HE32BHCHMBIM IICPEMEHHBIM:

3)’1 3.71 ?;}’_1_
Bx; sz U 9xn
Y2 8Ys 9y
9% 9%, " dxn (19)

WmYm  m
%y 0x, 7 Oxn

Ilpemmonaras n=m, HpexIe BCEr0 KMEEM Takylo TEOPEMY:

Teopema 1. Ecau xomb 00un onpedeiumesb m-20 NOPAOKA, COCMAs-
AeHHvlil uz ssemermos mampuyvt (19), omauuen om mnyas e obaacmu &),
mo 6 amoii obaacmu PYHKYUU Yy, Vas - . -5 Ym HE3AGUCUMDL.



216) § 3. HEKOTOPBIE ITPMJIOXEHUS TEOPUU HESIBHLIX OYHKLIUT 479

Hoxazatenncrtso. Iycts

mon  on

9%y 0xs """ Yxpy

I (20)
|09m dym  Oym

10x, dx, """ 9xm

Ecnv Obr me paBubiM Hyato GbUI HEe 3TOT, a Kakod-HuOyap Apyroi
OLPENCINTENE, TO, M3MCHUB HYMEPAUMIO NCPEMEHHBIX, MOXHO OBIIO Ob
CBECTH BOIpOC k ciryyaro (20).

Hoxa3arenscTBo TeopeMsl GyHeM BeCTH OT HPOTHBHOTO. Ilpeniono-
KAM, MTO OfHA U3 (PYHKUUH, HAIPUMED ¥y, , BBIPAKAETCS HEPE3 OCTATILHBIE,
T4K YTO

V=91 Vas -« s V1) (21

XoTsl OBl B HEKOTOPOH 4acTH &), obmactu 3.
Iponuddepentmpoas 310 TOXACCTBO 1O Kaxmoil u3 TlepEeMEHHBIX

x; (i=1, ..., m), MBI IOJY4uM PAT TOKICCTB (B &),) BHAA
m_ 0¥m O | 0¥ dys + _m_ 0¥m—y
0x; O 9xi vy dxg T dymy Ox;

(=1,2,..., m).

Mbr BumuM, 4TO 37eMEHTHI HoCHemHeldl CTPOKH oupenenutens (20)

TOy4aroTCs MyTeM CIOKEHUS COOTBETCTBEHHBIX JJIEMEHTOB HEPBHIX M1 — 1
0.

CTPOK, YMHOXCHHLIX IPEIBAPHTENILHO HAa MHOXHTEIM %%, cees -(Wy«"l— .

1 m—1
Takoif ompememitens, kak M3BECTHO, PaBeH HYMO. DTO NPOTUBOPEYUT
ycnoBHiO TeopeMbl. IlonmyseHnoe mpoTHBOpedHE NOKA3BIBAET HEBOZMOXK-
HOCTb pasercTBa (21).

216. Pamr marpuner Sxo6m. ITepexons x obiemy Ciy4aro, BBeIeM
cnenyromee onpenesyicane. HasopeM paunrom marpumsr SIko 6 u 19
(B o6macTu &) HauBBICHIHH M3 TIOPAAKOB OLpenennteNnei, obpaszo-
BAHHBIX M3 JJICMCHTOB 3TOH MATPHUBI M HE OOPALIAIOMIEXCS B HYJIb T O-
KACCTBEHHO B §). MoXeT, KOHCUHO, CIIyYMThCS, YTO BCE BJIEMEHTHI
MaTpuubl (19) ToXnecTBeHHO O6palnaroTcs B HYJb, TOraa TOBOPST, YTO
PaHI' MaTPUUBI €CTh 0; HO 3TOT Ciyvail He IIPEACTAaBIAET MHTepeca, W60
30€Cb HONPOCTY BCE (QYHKUMH Vi, Yy, ...,V CBOEATCI K IOCTOSHHBIM
[183]. Ecmu paur MaTpuust (19) ectb u=1, To CYIIECTBYET XOTH OBI OOUH
OHPEACITHTENb (i-TO MOPANKA, COCTABICHHBIH U3 9EMEHTOB MATPHUIE! (31O,
KOHEYHO, IPCAIOJIAraeT M=y U n={) U HE PABHLIL B &) TOXICCTBEHHO
HYJIIO, B TO BPEMs KaK BCE ONpPEAEIMTENH NOPSAKA BhILIE g (CCIIH TAKOBEL
UMEIOTCS)) TOXKAECTBEHHO PaBHBI HYI0. I'oBOpSAT, uTo PaEr 4 g ocTu-
FaeTCs B HEKOTOPOH TouKe OGNACTH, €CNHM, yHOMSHYTHIA OIpeaemH-
TeJIb 4-TO HOPSAAKA HMCHHO B 3TOH TOYKE OTIHYEH OT HYJIA.
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Teopema II. ITycmv panz mampuyer Ak o6u 6 obiacmu &) ecmo
p=1 u docmuzaemcs on 6 mouxe

Mo(x(l)’ Xg3 ey xn)

amoii ob6aacmu. Toz0a 6 Hexomopoii okpecmuocmu &), HA36AHHOI MOYKU
W PyHryuti us wucaa Hawux m (UMEHHO me, NPOU3BOOHbIE KOMOPLIX 6X00AM
8 onpedeaumens u-20 NOPAOKA, He pasHvlii Hymo 6 mouxe My) 6yoym nesa-
8UCUMBI, @ OCMAAbHBIE O HUX 3G8UCAM.

HdoxaszaTtenscTBo. Be3ymanenus oOIIHOCTH MOXHO IIPeaIOJIO-
KATH, YTO B TOYKE M, OTIIHYEH OT HYJIL HMCHHO ONPEICIUTEIH

oy an| |9AOfi O

Oxy 0%y T Bx,| |8x Oxy T 9x,
oy | |0h0h O
_l—)_(i’l’ 1--,__}’L)= 17)—); ax2 o e ax” - ﬁ—;axz “ e 3x'u ] (22)

Dy, «v ey xy)

s e s ae s e e 0 . “ e e e vs et

Yy OV OVu fu Sy A
%, 9%, A

BBuny HempepbIBHOCTH YaCTHBIX IIPOU3BORHEIX, TO Xe¢ OyIeT W B He-
KOTOpPO# OXPEeCTHOCTH YHOMSHYTOH TOYKH, M, CJIEAOBaTENbHO, IO TEO-
peme I, dymxuud yy, ¥,, ..., ¥, 6y7.[y'r B 3TOId OKPECTHOCTH HE3aBUCHMBEL.

O603H3.‘IPM Teneps uepe3 )Y, )3, ..., Y% 3Hauemus orux Qymxmui B
Touke M,. Ha ocuosanuu teopemsl IV n° 208 B nexotopoM (1 + (4)-MepHOM
napaiieNenanene

oMy =(x3— 8y, X3+ 8y5 .. .5 X3 =B, X9+ On;
WA, W+4; . =4, 0+4) (23)

nepBble p U3 ypaBHeHui (17)

fi(xla '-')x x+15 D] xn)_yl'_"o’
(X5 oo s X3 Xpypas o e s Xn) = Yp=0 24)
JLXys ooy X5 Xy -v s Xn) = Y,=0
OHpENENSIIOT X1, Xy, ..., X, KaK OJHO3HAYHBIC (QYHKIMH OT OCTAJbHBIX
HEPEMEHHEIX Vy, - - ., y,,, 1> -+ s Xn, (UTYDHDYIOIUIEX B OTHX YpaBHe-
HAAX
X=@1(V1s - s Vs Xyg1s =+ s Xn)s
x2=(p2(ylv -»-,y,‘; x,u+1: ey xn)’ (25)

xﬂz(p/l(yIY ---,J’,,, 7SS ERLRE] x,,).
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B ynoMaHyToH obnacTu cucTteMb ypasrnenui (24) u
(25) 0ka3bIBaIOTCH BIOJNHE PABHOCHIBHB MU, T. €. YIO-
BJIETBOPAIOTCS OJTHUMH M TEMM XKE 3HAUCHMSIMI TIEPEMEHHBIX Xp, ..., X,,
4 Yy, ¥ss -+ -5 Yn. VI3 CaMOil TEOPEMEI, Ha KOTOPYEO MBI ONUPATIHCE, CIEIYET,
4TO, €CIH BMECTO X, X, ..., X, MOJACTABHTL B (24) dyuxmun (25), T0
IONYYaTCd TOXTECTBA  OTHOCHTEHBHO 1, ...y Vs Xpgs - - o5 X
Ho nnst nac ceifyac BaxkHo ¥ Opyroe: ecau emecmo y,, ..., y,, nodcmasumo
6 (25) dymcyuu f,, fs, ..., f,, mo noayuames mooncdecmea omuocu-
TNeAbIO NEPeMENHbIX Xy, Xg, ..., X, — IO KpailHeil Mepe B HEKOTODO
oxpecTHOCTH Touki My(x?, x§, ..., x9). Mmenno, mocratouuo ssIOpathb
3Ty OKPECTHOCTH

— (0 4 0 ‘., 0 ’ 0 N .
=(x9 - 07, x}+ 0875 x3-05, x3+65; .. .3 x0—6p, x24+00)
TakK, 4To0bl OBUIO
0<d;=b;, O0=<dy3=<by ...,0<b,<b,

H, KPOME TOTO, YTOGBI JIS €€ TOUEK 3HAUCHHUS V1, Vo, - - 5 Vs onpep;emeMLIe
u3 (24), T. e. 3Havenud f1, fy, .. ., f,, oTamyammck ot )9,9, ..., ¥3, coor-
BETCTBEHHO, Memblue, weM Ha A;, Ay, ..., 4,%). [eiicTButensno, Torna
TouKa (X, Xy, ..., Xn3 V1» Va» - - -» Vn) TONRAAET B &y, H OJTHOBPEMCHHO
¢ pasencTsamu (24) TOKHBI BLITOIHATECS H paBeHcTBa (25).

BospmeM Teneps (ecimi m>p) m00yr0 M3 ocTAmbHBIX Qynxumui (17),
HATIPUMED ¥,.1, M JOKaXKeM, YTO OHA 3aBHCHT OT IIEPBHIX u (GYHKUMH yi,
Yo - «-s ¥, ECIUL B PaBEHCTBO Y, 41 =f,11(X1, - .., X,) BMECTO X, ..., X,

MO/ICTABUTH PYHKIUHK (25), TO ¥,y UPEACTABATCA B BUJIE (CHOKHOM ) GYHKIMH
OT Vi « vy Vyus Xppgs - o0 Xngt

Vet =L@ (s o s V5 Xpgs oo Xn)y o
s PAV L s Vs X oo X Xppds v ey Xp) =

= ﬁ;ﬁ-l(yl’ R y/l; x,;H, R xn)- (26)

Ha ocHOBaHMM CHENIAHHOTO BBIILE 3aMEYaHHs, €CIIM B 3TO PABEHCTBO
BMECTO Y1, Vo, -+ +» Vs Vyy1 HOACTABUTH, COOTBETCTBEHHO, OGYHKIMM f),
Jos « s fusSfuya>, TO OHO YIOBJIETBOPHTCA TOX NECTBEHHO OTHOCH-
TENbHO X-0B B 00JaCTH &P,

Hiia toro, YToOBl yOemUTECA B 32 BUCHMOCTH QYHKIMH Y,,; OT
ynxuuit y,, ¥y, ..., y,, OCTAETCA JAIL NOKa3aTh, 4To PyHryua F,,
6 (27) na Oene apeymenmog Xx,.q, ..., Xp He codepycum. C 310l UENbIO
JIOCTATOYHO YCTAHOBUTD, UTO — TOXIECTBEHHO OTHOCHTENBHO ¥, - . ., V,;
X, 41> +-» Xp — OymeT:

oF, 11 3Fﬂ+l aF,u-i-l._.O
=0, "1=0, ..., S,
axlx-l—l dxl,t+'_' dxn
1) Bro MOKHO OCYHIECTBUTH BBH,Ily HENpEepbIBHOCTH dYRKUAH fi, fo) - . ., f,, OPUBU=
MaoIKNX B TOUKe M, 3HaYeHns »{, ¥3, ..., Vi

31 I'. M. ®axrearons, 1T, I
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[cp. n° 183). OcranoBumMcs s IprMepa Ha IEPBOM DPaBEHCTBE, OCTaJib-
HBIE JOKa3bIBaIOTCH aHAJIOTHIHO.

IMpomudbdepenmupyem mo X,41 YpaBueHus (24), cumras x, ..., X,
bysxmmamu (25) ot yy, ..., Yus Xpuy1s « -5 Xn; MBI TIONMYYHM PpaABEHCTBA:
N dpy N o0Pu oh
vl el S S LS =0,
%1 9%,47 9%y DXptr | DXty
oy ¢y ofr dpu . 8f
S b T L T )
0xy 8%y %Xy xpqy OXpy s

.

‘lf_/i I, + _'_3_1'& 0Py + fu

%1 Oxuyx T 9%y IXuqq OXuyq
. d 3
JIMHCHUHEBIC OTHOCUTEJIBHO BEIUYUH —¢1— s ey Pu .
3x;&+1 3xll+1

H3 smux p auneiinolx pagencms, kKax caedcmeue, ewmexaem
(u + 1)-e auneitnoe pasercmeo

3fu+1 P, fut1 P, 3f/4+1__0 7%
dx, 3x,‘+1+ et dx, 3xﬂ+,+3xﬂ+1 > @7%)

IIOTOMY 9TO oONpeAeanTeNb (14 +1)-T0 MOpsANKA, COCTABIEHHBI U3 KO3(-
(uMenTOB IpK YIOMSHYTHIX BEMMYHHAX W W3 CBOGOMHEIX WIEHOB BO BCEX
p+1 paBenctsax (27) u (27%), T. e. onpenenuTeND:

o6 o _af

R T
oh o ok
Ix; " 0x,  9x,4,

W o O

x1 T Oxy X
1 a1 s
ox; T dx,  0xu44

TOXIOCECTBEHHO PaBEeH HyJ o (BeAb panr marpunsl (19) ects
). Ho nesas wacts pasencrsa (27%), mo caMoMy omnpezneneHuto (26) gpyHx-
mad F,,;, MPeNcTaBiseT HPOH3BOIHYIO ?TF#’F . Takum o6pasoM, BBHIY

X+1
(27%), aTa mpousBoaHAst NEHCTBHTEILHO PABHA HYJIO.

Hrak, B wa F ., a €HTBL X,.4, ..., X; MOIYT OBITH OIY-
w1 1+l
HICHBL J, 1, 3aBHCHT JIMIIb OT Yy, ..., J,, 9. K TP. 1.

B npumepe 1), 215, marpuna Ik o064 umeer BULI

1 1 1
2x; 2x, 2xn
XotXgt oot Xn Xp+Xgt oo txn o0 XX o Xy
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Ecnu K 97leMeHTaMH Tpetbeil CTPOKM NpHOaBHTb, COOTBETCTBEHHO, 3IEMEHTHI BTOPOIA,
1
YMHOXEHHBIC Ha 3 TO NOJYYMTICS CTpOKa, cocrosimias (HONoOHO IepBO#) W3 paBHBIX

aneMenToB. OTCIOHa SACHO yXKe, YTO BCE ONpefenuTeNl TPeThero NOPSAKA — HYJIH.
Panr mMarpuubl paBeB O BY M, H JNEHCTBUTENBHO — JIB e (yEKHHH M3 TpeX He3aBM-
CAMBI, a TPEThA 3ABACUT OT 3THX JIBYX.

AHQTOrMYHO CKa3aHHOE NMPHMEHSEICS M K npumMepy 2), 215.

B 3axipoyenue 3aMETHM, YTO BO3MOXKHBI C/Iy4idH, KOTZa B OAHON 4acTH paccMarpu-
BaeMOM OONacTH 1IMeeT MECTO OJHA 3aBHCHMMOCTh MeXay OYHKuMAMH, a B ApYroi
OCYIIECTBIISIETCS JPYTast 3aBHCHMOCTb, MJIH XK€ (QYHKUMM OXA3BIBAIOTCH HE3aBHCUMBIMH
U T. I

3) Ilycre, HanpuMep, GYyHKUMH y; U Y, OT JIBYX HE3ABHCHMBIX II€PEMEHHBIX X, X»
ONPENENAIOTCA HA TINIOCKOCTH X,;X, CACAYIOLNIMMYU PaBEeHCTBAMM:

= x3x3, ecnu x,=0, py= x3x3, ecmu x,==0,
t 0, ecmu x;=<0, 2 0, ecmu x,<0.

Jlerxo upoBepUTh, YTO 3T (QYHKIUM HEOPEPHIBHB! BMECTE CO CBOMMH NPOM3BOJHBIMA
Ha BCeif MIOCKOCTH.

B nanrom cnyvyae parr MaTpuipbl SIKO G HE pased ABYM IS MEPBOTO KOOPIH-
HATHOFO YTJIa, € IMHU 1€ — JJIsi BTOPOro M Y€TBCPTOTO YIJIOB W, HAKOHEL, HY N 10 ~
LI TpeThero. JINmb B NCpBOM KOOPAMHATHOM YIiie (hyHKUIMYK HE3aBHCHMEL.

§ 4. 3amena mepeMeRHBIX

217. Oynxuun oxHoli nepemennoii. I{ensy sToro maparpada — marp npeacTaBicHHE
0 GopMalIBHOM npoumecce 3aMeHsl nmepeMeHHbIX. IJo3TomMy MBl He Oymem
3/1eCh OTBJIEKATh BHIMAHHE BBISICHEHHEM BCEX YCIIOBHH, IIPH KOTOPBIX NPOU3BOAMMEBIEC
MAHANYIAUKEY 3aKOHHBI (4TO K TOMY K€ M He NPeACTaBlsieT HUKaKuX TPyZHOCTel).

3naunTenbHas YacTh COAEPXaHnus HacTosuuero maparpada morna 6sl 6bITh W3MO-
JKeHa M paHbllle; OJHAKO HAM Ka3aJlock 1e1eco00pa3HbIM COCPENOTOYUTh BeCh MaTe-
pHai, CBI3aHHBIA C 32MEHOI NEPEMEHHbBIX, B ONHOM MECTE.

Ilycte maHO HEKOTOPOE BHIPAKCHHE

W= F(x, y, y}’:? y;c”, . ‘),

coleprkamee He3aBUCUMYIO NEPEMEHHYIO X, (QYHKUMIO OT Hee y M PAX IPOUSBOJHBIX
OT y IO X IO HEKOTOpOro mopsnaka. VIHoit pa3 Tpebyercsa nepeiiTy B nogoO0HOM BBIpa-
JKEHWH K H O BBl M IEPEMEHHHIM — He3aBUCHMOM ¢ ¥ GYHKUVH OT HEe U, C KOTOPHIMU
CTaphsle NEPEMEHHBIC X M ¥ CBA3AHB! ONPEHEICHHBIMY COOTHOLICHAAMM (HOCSLIMMU
Ha3BaHue gopmya npeobpazoeanun). Tounee rosops, Tpedyercs npeacraBatb W B dynk-
NUY OT ¢, 4 ¥ OPOU3BOIHBIX OT « IO £.

Taxasd 3aMeHa DepeMEHHB X OOBYHO MOTHBUDYETCS ubO OCOOBIM HHTE-
pecoM, KOTODBI NPEINCTaBISIOT B PacCMAaTPUBAEMOM BOIPOCE MEPEMEHHBIE I U U,
b0 TeM YIpoUIeHHEM, KOTOpoe 3Ta 3aMeHa BHOCHT B CaMo BhIpaxenue W.

OcraHoBUMCSA CHAvalla Ha Cliyyae, XKOTHAa 3aMEHSeTCd JIMIUb He3aBUCHUMasl Iiepe-
MeHHas W JaHa ¢opMysa npeobpa3oBaHus, HENOCPEACTBEHHO CBA3bIBAoOmMasn X ¢ HOBOM
HE3ABUCHMMON NEPEMEHHOM 7.

MpenuonoxuM, 4To 312 HopMmyna npeoOpPa3oBaHMs Pa3pPEIieHa OTHOCHTENBHO X!

x =g(t). )
Ecnu y ecTb QyHKIMS OT X, TO uYepe3 HOCPEICTBO X OHA sIBiAeTCA W PyHKUMEH OT f.

3+
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Mpe1 mmemi yxe B 121 GopMyIbl, BbIpaXaromie TPOHM3BOAHEIE OT ¥ MO X Yepe3 IPoH3-
BOJHEIE OT X B y IO £:

, i L, XVE— Xyt
Yx=—, Yxr= Py s
y N )
sy XECAPE = XBy D) = 3xECeyE— xpiyh) ’
yxs = ™ 3 s
Xt

.77,

Tak Kak xj7, X, X}, ... MOXHO CYUMTATDH M3BECTHLIMU bynxusMu ot ¢ [oHu noy-
Harorcst w3 (1) nuddepernuposanruem], TO OCTAETCS AMMb TNOACTABUTL B W BMecTO

Vx> <&, + .. OTH BBIPD@XEHUS HX Yepe3 1, Vi, VB, -
Ecnn ¢opmyna npeoGpaszopanus mana B HEePa3pemIeHHOM OTHOCHTENLHO X BHIE:
D(x, 1)=0, 3)

TO 3371a4a GO CYIUECTBY PEMACTCH TaK XK€, JVINb OPOA3BOMHLIE X}, X/, . .. BEMUCIAIOTCS
1O fpasunaM AAQHCPEHHPOBAHAS HEABREX (BYHKIA *).

ITepexoma k obmemMy Ciiyyaro, KOTAa 3aMeRsIOTCH 06e MEPEMEHHEBIE, OPENIONIONKHM,
4T0 GOPMYITBI NMPeoGpasoBaHyus pa3peIleHsl OTHOCHTEIHLHO CTaphIX INEPeMEHHBIX:

x=(p(t, u)’ J’:’I’(t, ll). (4)

Ecm y cBa3aHO (QyHKUMOHANLHOM 3aBHCHMOCTBIO C X, TO oTcroaa u Oyner cBs3aHO
3ABHCHAMOCTBIS C f, & TOTHA B cany (4) x M y OKaXyTCS CIOKHBIMM (GYHKOMSMH OT .
ITo npasuny muddepeHIMpPOBAHUS CIIOKHBIX dyHxumHi GyaeM uMers

Xp=@itoqui,  yi=yi-tyluf;

XE =@ 20 g i, vE=pE Lyl ..

OGpaitaeM BHMMAHWE YHTATENST HA TO, YTO Yepe3 X{, ¥} ®# T. . MBI 0603HayaeM
IOJHEIEY IPOU3BOIHEIE OT X M y IO £, T. €. C YUCTOM M 3aBECHMOCTH i OT ¢} HA0GOPOT,
®#s ¥t, + - O3HATAIOT MPOHSBOAHKIE TIO ¢ JIUITE HOCTONBKY, OCKONBKY ! BXOOHT B QYHK-
UWH @, 9, ... B KAYeCTBE O AHOT O H3 ABYX apryMEHTOB.

TloacTaBUB 3TH BBIDAXKERAUS B (GOPMYIHI (2), HaitneM BBIPLKEHMS HPOM3BONHBIX
OT y N0 X 9epe3 7, # M IPOU3BOAHBIEC OT ¥ TO £, H T. A.

Ecmu dhopmyns! mpeobpazosanust Ke paspeleHsl OTHOCUTENBHO X U ¥

Dx, 3, t, =0, ¥(x,y, ¢t u)=0, &)
TO NPOW3BORHEIC X7, ¥f, Xft, Vi, .. BBEIMHCIAIOTCA OTCIONA IO MPaBAJIAM nuddepennu-

POBaHHs! HeABRBIX QyHkumit. Hanpumep, nuddepernumpys (5) mo ¢ (IpH4eM He TONBKO
X Uy, HO H ¥ CUMTAeTC QYHKUMEH OT ), HONy9uM ypaBHEHWS

Dxi+ Dyyi+ Dj+ Dluf =0, Wixt+ Yyoyi+Pi+¥lui=0,
U3 KOTOPHIX HalinyTcs Xy, v}, U T. A.
B ToM uactHOM ciyuae, xorma $opmynel UpeoGpazoBaHMs pa3pelneHs! OTHOCH-

TE€IbHO HOBBIX NEPSMEHHDLIX:

t=alx, y), u=px, y), ©)

*) Bopouem, npu 3TOM MOXKET OKA3aThCS, YTO B OKOHUATENHHOM BhIpaxkeHun W
CLIE OCTAHETCA X; ero NPHASTCA HCKIoYaTh Npu nomomu (3).
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MOXHO, OPEXIE BCCrO, MOJIb30BATHCS M3IOXEHHBIM TOILKO 4YTO OOIIMM METOA0M.
Hanpumep, nuddepenmupys dopMynbt (6) 1o ¢ (IpuyYeM X, y, 1 CYATAEM (yHKHUAMU
OT 1), DOJYYHM

=alxil oyl up= B Bive,
OTKyJa L
, ,
“ B —ojui y oqur— Py
= =
iy —aipL’ iy g
M, HaKOHELl,
’
o oup— B
N T T
By —asut

ITponie, oanaxo, B 3TOM cly¥ae MOCTYOMTH TaK, Kak cciu Obl mpojeiibiBanu o 6-
PAaTHBIH DepexX o OT NEPEeMEHHEIX /, U K NEPEMEHHbIM x, y. IIponuddepeHuupo-
BaB hopmMysl (6) o x (cuntas y GyHKIHEH OT X), HOJYYHM

x=oitadyi,  uk=Pi+ g,
TaK 410
_ux Pt vk
ro ogtagyl’

™

OTKYyZA@ I yx NOMYy4aeTcsl TO € BbIpaKeHHe, YTO M BBIUIE,

W 3pech MBI pa3nnyaeM NPOMBBOUHBIC [f, Uy, &%, fx: HEpPBbIC O3HAYAIOT (IIOIHBIEN
HPOU3BOAHBIC IO X, C YYETOM H 3aBHCUMOCTH ¥ OT X, d BTODPLIC CYMTAIOTCS C X JIUMIb
KAK C O AHMM M3 JIBYX apryMeHroB ¢Qyuxugui o, f.

3aMeTuM, 4TO HEPEXOA OT fIEPEMEHHLIX N, ¥ K lepeMeHHbIM 7, 4 mo dopMynam
(6) MoxeT ObITh MCTONKOBAH IEOMETPHYECKH KAK HEKOTOpOE TO4Y€uYHOe npe-
oO6pa3oBaHue NIAOCKOCTH (MIM ee YacTH). €ClId X, Y PacCMaTpUBaTh Kak
KOOPAMHATLI HEKOTOpOU TOYKHM M IUIOCKOCTH, 4 f, ¥ — KaK KOOPAWHATBH! HEKOTOPOM
TOYKH P, TO npeobpasoBaHue nepeBoaUT TOUKY M B Touky P. Bo3bMeM 3aTeM Kakyro-

6o xpusylo S Ha IWIOCKOCTH, C ypaBHeHMEM y = f(x); 3ToH (YBKIMOHATLHON 3aBACH-
MOCTH MEXAY X M ¥ OTBEYaeT HEKOTOpas 3aBHUCHMOCTHb MeXNY ? H u: u=g(t), kotopas
TAaKKe ONpedeseT HAa INIOCKOCTH HEKOTopyio kpueylo $. MITak, B paccMarpMBaeMoM
npeobpa3oBaHuM KpEBas o mepexomuT B kxpusyio xe . Ecmu B To4ke M mepBoil KpuBoi
[IPOBECTH KACATENBHYIO C YIVIOBBIM KO3 HUIHEHTOM y}, TO B COOTBETCTBYIOUIEH TOoYke
P Bropas xpusas OyZeT MMEThb KacaTeNbHYIO C YriIoBbIM KOPGHIHERTOM 4}, KOTOPbIX
onpenenserca 1o ¢opmyste (7). Takum o6pa3om, 110 KOOPAWHATAM TOYKH M Ha KpHBOK
H u yrnosomy xoabbdurmenTy kacaTenbHOM B M OJHO3HAYHO ONPENENsIOTCS
KaK KOODIAMHATH COOTBETCIBYyIomel# Touku P Ha mpeoGpasosanHoit kpusoi €, Tax
U YriaoBoi ko3 duuuent xacatenpHoit B P. ITosToMy, eciu yepe3 TOUKY M npoBECTH
BE KPHBBIC, KacalollHecs B 3TOH TOYKE, TO MpeoOpa3oBaHHbIC KpuBBHIE OynyT Takke
KacaTbCsi B COOTBETCTBYIOmEH Touke P. PaccMarpusaemoe moueunoe npeoGpasosanue
naockocmu coxpannaen xacanue [Cp. HwKke mpumep 5)].

218. Ilpumepnl. 1) Iycts paHo ypaBHeHue Xxyia-+xyi+y=0; npeobpazopaTh €ro,
nojaras x = et,

Mo gopmynam (2) umeeMm

yi=e"byj,  yid=emH(yiE-yD),
M ypaBHEHWE npEMeT 00JIee IPOCTON BHA:
Yty =0.
2) Ipeobpa3oBaTh BLIpAXEHHE
V= Y1+ yr

a2
Honaras x=1—y. A+pep
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Iox obuyro cxemy 3T0 DpeoOpa3oBaHHC TONOMOET, €C/IM HANHMCATh X =7f— i, ¥ =U.
o dopmynam (2)
’7 Javs 7 A
Xy = xpyi—y (xt+ y1)?
(xt+yp®

C npyroit croponst, Gopmyna npeobpa3oBanust maer xj= |- yj; DOACTaBIAA, HaiifeM
OKOHYATENBbHO W =yj— yi.

3) lepecTaHOBKA pPONEeRl mepeMeHHEB X. IIpeanoONOXUM, 4TO He3a-
BHCHAMas NepeMeHHasi X M (yHKIHS OT Hee y OOMEHMBAIOTCS POJIAMH;, IIOH OOmMyIo
CXeMy 3TO mpeobpa3oBaHmE MOOOUNET, €CIIM HOJIOXKHTh X=u, y=t. IlocraBuMm cebe
3ajavelf BBIPa3uTh OPOM3BOJHEIC OT y IO X ¥epe3 OPOU3BOAHEIE OT X 1o y. CHoBa IpH-

Geraem x dopmynam (2), 3amenss ¢ gyepe3 y. Ecim yuects, 910 yy=1 (yji=yj¥ = ... =0),
TO Cpasy MOIYYHM
y/
g , 1 ., x4
Jx*x—),,, Y= —;;5,

3xja?— xjx3é

»y8

Y4
3 3 v

7y

Hanpumep, Buipakenue W= yLiyys
—3y44?, eCclM OpUMEHWTh K HEMY 3TO
Xys

npeobpa3oBanue, monyyurt Bug W= —

x5
4) Ylepexoxm XK NONAPDHEM
Puc. 114. KoopanuHaTaMm. Ecm x, vy paccMar-
pHBATh KaK OPSMOYIOJIGHBIE KOODIUHATH
TOYKH, TO YpaBHEHHE y = f(X) BLIDA3HT KPH-
Bylo. YacTo GbiBacT NOJIE3HO NEPETH K HONAPHHM KOoOpAaHHATaM r, 0,
BbIpaXas KPHBYIO €€ HOJIAPHBM ypaBsHeHnHueM r=g(b). Toraa, ecrectBenHo,
OPEACTABIACTCA HEOOXOMMMOCTb, MCXOHS W3 BBIPAXKCHHI PA3IMYHBIX TE€OMETPHYECKAX
3JIEMERTOB KPHBOM Yepe3 X, ¥, ¥%, V52, ..., TONYYUTb COOTBETCTBYIOWMIME BHIPAXKECHHS
ux uepes 0, r, rj, rgs, ...
®opMyTEI TpeoGpa3oBaHus B 3TOM Cllydae, KaK M3BECTHO, MMEIOT BHA X =r COS 6,
y=rsin 0. Muddepenuupys ux no @ (IpuyeM yuuTHIBaEM, YTO r ecTb QyHKuEs OT 6),
nony4uM
Xxj =rjcosB—rsin@, yi=rjsinbB+rcosh;
Xgi=r{zcos 8 —2rgsin 8 —rcos 6,

Y§ =rfsin0+2r cosf~-rsin, ...
Otcroma, no dopmynam (2), naiineMm (noncrasiisis § BMeCTO t):
, tisin@4rcosh P24 2rfs— rrf

7

y e

Yx= " Yxr= -
rjcosf—rsin8’ (r§ cos 8 — rsin 8)3
Taxum 06pa3oM, HanpuMep, yriioBoi ko3dduuueHT KacaTenbHol Oyner

, Thsinf+rcos
tga=yg=—o————————
rycos B —rsin @

TaHICHC yriia w, 00pa30BaHHOTO KACATEIbHOH C MPOAODKEHHBIM PajWyCOM-BEKTOPOM
(pmc. 114),
tgoa—-tg8 xyi-y

tgw=tg(x—-0)= = ,
go=tg(x-0) 1+tga-tg 8 x+yyk
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Tenephb BBIPA3UTCS HPOCTOH HOPMYIIoi

r
tgw= >
g
B CBA3U C Y€M IPH HDOJBSIPHOM 3aHAaHMHM KPHBOM IOJIOXEHHE KAaCaTEIbHOHA npearoYuTaIloT
oupeneiiTb UMEHHO YITIOM w.
PaccMoTpuM eilie BEIpaXkeHHe

3
(A +yp)?
Y

OPEACTaBIAIOIEe, KaK YBUIMM HuxKe [B n° 251], BaxKHLII reOMETPUYECKHH ITEMEHT
KpuBOH (spamuyc kpusn3ubl). ECIM DOACTaBMTL Clofa HaliieHHbIE BBINIE BBIPAKCHUS
I yy U Y54, TO 0OCIe YIPOMEHHW HOTyYuM

R

3
(P24 Fla)
PR 20f—rrfh

5) Ilpeo6pasosanue Jlexauapa. I[lOCTaBICHHYIO B IpEALIAYLIEM
n° 3agady 3aMEHBI MEPEMEHHBIX MOXHO OGOOLMTH, HONYCTHB MOPUCYTCTBHE II P O-
H3BOOHEBIX yXe B popMynax npeoOpasoBanus. Mbl OrpaHuIuMC OIHUM IPHEMEPOM
3TOr0 poxa:
t=yx, H=X-yi—Y;

3TO mpeoGpa3oBanne Ha3bIBAETCA MpeobpasoBanueM JlexaHapa.
TIponuddepenuupyem BTOpyIo GopMyny npeobpa3osanust Mo X, PaccMaTpHUBast
CreBa u Xak OYHKIHIO OT X 4epe3 HOCPEeNCTBO f (3aBECMMOCTb ¢ OT X JACTCH NepBOi
dopmytoif):
U y53 = yit Xy —yi=x-pit.

Otcroaa (8 npeanosioxenud, Yto y3=0) u wj=v. TakuM 0Opa3oM, ecnu y4ecTh
U 06e GopMyisl IpeoGpazoBaHus, UMEEM

X = Uj, y==t-uj—u,

YeM BBIABJISICTCA B3 aMMHOCTHh NpeoOpazoBanus: 7, u, vj BLIPAKAIOTCS Yepes3 X,
¥, Y% COBEPIICHHO TAK K€, KaK ITH NOCIENHME BEJMMMHBI BEIPAKAIOTCS ¥EPe3 UepBble.
Huddeperuupyst nof0GHBIM ke 06pa3oM 1o x (hopMyny uf = X, HONYYAM

1
ui-ye=1, ortkyma y= —.
up

Haneneiimee nuddepeHnnposatne gaeT
1

Uys
Uy ui oy =0, 1aK w0 Y = - —-,
up®
H T. I

3ameTHM, 4TO eciu mpeobpasopanue JleXaHApa MCTONKOBATH I[€OMETpPH-
YECKU KaK npeobpa3oBaHKe ILTOCKOCTH, TO OHO OTHIONb He GyneT TOYEedIHB M mpe-
obpazopanueM. st ONpeLescHust KOOPAMHAT f, u TOYKA P HEJOCTATOYHO 3HATh KO-
OPIMHATH! X, ¥ TOYKA M, HO HyXeH K YIJIOBOIl K03(dHImeHT y; KacaTeNbHOH B 3TOH
TOYKE K DaccMaTpuBacMoOl kpuBoit y=f(x). TeM He Meuee, kpuBas Hpeobpazyercs
3/1Ch CHOB2 B KPUBYIO, H KaCaHHE COXPAHAETCH™).

*) TlomoGubie mpeobpa3oBaHus, COXPAHAIOIIME KACAHHE, WIPAIOT BAXHYIO POJIb
B DasJuYHBIX OGJACTAX reoMeTpuu M aHanusa. OHM HOCAT Ha3BaHHE KacCaTeJlb-
HBIX Npeo6pas3soBaHUy, HWIM NpeobGpPa3OBaHMNA HNPUKOCHOBE-
Hu . Toyeuusie npeobpazopanusa U npeobpazosanns JIexaHApa SBIAOTCS NULIb
YACTHBIMH OPHUMEPAMH HUX,



488 V1. VI. ®VHKIIMOHAJILHBIE OTIPEOEJIMTENU; UX INPUJIOXEHRUS {219

219, OYHKINHM HECKOJMLKHX NEPEMEHHbIX. 3aMeHa He3aBMCHMBIX nepemenmbIx. ITepeii-
JeM Tenepb K 3azade 0 npeobpa3oBanmy BEIPAKEHUS

( 9z 0z %z 0%z )
W FIX, Py ooy Zy =y ==y eany ——=y ————  su.
ox  dy ox* " 9x oy

COIEPXKALUETO, KPOME HE3ABHCUMbIX NEPEMEHHBIX X, ¥, . ., U (YHKIMH OT HHX Z, TAKXe
YaCTHEIE IPOM3BOAHBIE Zz IO €€ APrYMEHTaM, IO ONPEAEIICHHOTO HOPAOKa.

Tlo Tem e MOTHBAM, YTO ¥ B IPOCTCHINEM CIIyYae, PACCMOTPEHHOM BBIIIE, M 3AECH
MOXET INOHAZOOUTLCA HEPEiTH X H O BEBIM HEPEMEHHEIM, KOTOPHE CO CTAPHIMH
CBSI3aHBI C HOMOLILIO hopmya npeobpazosanus. Ecmi 0003HAYNTH HOBBIE HE3ABUCHMELE
mepeMEHHbIE Yepes £, U, - .., 4 (QYHKUMIO OT HHX — Yepe3 v, TO 3a[a4a COCTOUT B TOM,
4TOGHI BHIpasuth W uepes ¢, 4, ..., ¥ ¥ Yepe3 NPOM3BOAHBIE OT ¥ IO €6 apPryMEHTaM.
OueBHAHO, JOCTATOYHO HAYUHTHCS NENATHh 3TO MO OTHOIICHHIO K CTADB M HpOH3-

9z 9z %z 9%
BOOHBIM — vy, —=—— «++ JJIS IPOCTOTHI MACEMA MEI Oy/IeM IPeanoiaraTh,

ax’ 9y’ axt’ 9x 9y
YTO HE3aBUCHMBIX IIEPCMCEHHEBIX BCErO JBC: CTAPhI€ X U Y, @ HOBBIC tau.

Haunem u 30€Ch C TOro Cjiydas, KOrma 3aMCHsIOTCS JIMINb HE3aBHUCHMBIC IIEPCMCH-
Hbie, B QOPMYJIBl HPeoBGpPa3OBAHNS HEMOCPEICTBEHHO CBA3BIBAIOT CTADEIEC HEPEMEHHBIC
X, ¥ C HOBBIMH 1, u.

Tlpenmonosxum, 4To $GOPMyIbl IPeOGPA30BAHNS Pa3pEmeHsl OTHOCHTENBHO CTaphiX
OCPEMCHHDIX:

x=@(t,u), y=y{, u). 3

PaccMaTpubast z KaK CIOKHYIO GYHKIHIO OT £ U # 4epe3 HOCPSACTBO X H y, N0 NPaBUITY
mddepeHIMpPOBaRKs CIIOXHEIX QyHKUMNA HOIyYuM:

_85_ c‘ﬁc 3z+3y 0z 0z _0x 3z+8y 9z ©
at at dx 9t 9y’ Bu ou Ix oudy’

9z 0z

TaxuM 06pasom, /IS ONpEAENeHNs CTAPBIX NPOU3BOIHBIX % u P MEL EMEEM CHCTEMY
X y

JUHEHHBIX YPaBHEHMIi; OTCIOMA CTaphie IPOM3BO/HLIE JIMHEHHO BHIPA3ATCS 4epe3 HOBHIE

9z 9z 0z 9z 9z 8z (10)
ax "ot ou ay ot ou

IIpn 3TOM BaXXHO OTMETUTH, YTO K03(dmmeHTsl 4, B, C, D COCTABIAIOTCS U3 MPOU3-
BOAHBIX (yHKIM @, v, duryprpyromux B dopMynax (8), HO BOBCE He 3aBHCHAT
oT 2z 9z 0z

D10 3aMeyaHHE MO3BQIIET HPUMEHHTH (bopmymﬂ (10) K npPOU3BOAHBIM P (;)—-
Y

2z
(emecto z). TakuM uyreM, HampuMmep, I d—; NOJYYUTCS] BBIPAXCHNC
B%

Pz (82) /] (32) a (oz
—=— | = |4 == |+B=
ax® 9x\dx ot \9x ou (3x)
2 > A B 2 2 A B
A(?_z &z 4_2_?f+"_3_2)+3(,4 &z +B"’Z 94 0z "’_22),
or® atdu 9t ot 9t ou at du uot ouou

TIpumenss (10) x IpoU3BOAHBIM BTOPOrO HOPAAKa (BMECTO z), MOXHO IIOJIYYHTH BEIpa-
XEHHS IJIA OPOU3EOAHBIX TPETHETO MOPsIKa, ¥ T. JI.
Ecma dopmynsl npeo6pa3oBanys pa3penIEHBl OTHOCMTENBHO HOBBIX TEPEMCHHEBIX:

t=alx, }’)g usﬁ(x, y):
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10 ypobuec npuberHyrb K oOpaTHOMY MeEeTOMAY, T. € DPACCMaTPUBATDL Z KaK
CIIOXKHYIO (QYHKUMIO OT X, ¥ Yepe3 NOCPEACTBO £, #, U AuddepeHnpoBarh €€ N0 CTapbiM
nepeMedHsIM. DTO cpa3y npuBeleT Hac X dopmynam tuna (10):

dz Ot 9z oOu oz 0z 0Ot 9z Qu 0z
= =, —=— =t —. (11)
ox 9x ot dx9u dy 9y ot 0Oy ou

Ha stoT pa3 koaddunueHTs
t du ot 0
400, g2 el pl
ox ax ay a9y
Oynyr GyHKnMAMU OT X, ¥y, HO Ta@KXe HC 3aBHCAT OT 2z
Ipumenss nosropHo ¢opmMynsr (11), MOXHO M 3[€Ch NONYYUTH BHIPAKEHUS1 AAJb-
HEMIIMX Npou3BojiHbIX. Hanpumep,
0% 0 0z 0zy 040z 0Bz 9 [0z o (9z
O e e

Ix? dx

- ot ow) ox ot oxou ax\ar) ax\gu

Tox ot 9x ou ot ot du (57173144- ou?

A 9z OB 0z &Pz 0% 0%z 9%z
- 4 (A . B ) B(A B z) *)
Haxonen, B 001eM ciyyae, UpY NPOU3BOJbHLIX GopMyliax mpeobpa3zoBaHusi
(])(x, y, I, Il) = Or ![/(,\‘, Vs 1y u)1 0’ (12)

MOMHO NOJIb303ATbLCH KaK OPAMbIM, TaK U 06paTHLIM METOAOM, BbIUUCIIAA YACTHBIC
NPOH3BOIHLIC

ox  ox  Jdy Oy B at gt du  Qu
e, T, o, MM oo, =, o,
ot du Ot ou ox  dy ox &y

no npaswiaM auddepeHuUMpPOBaHUT HesBHbIX (QyHKLMi.

220. Merox spiunciaenns mupdepeHusanos. YKaxeM Ternepbk M APYroil MeToa s
BBIPAKEHMA CTapBIX NPOM3BOMHBIX Yepe3 HOPBbIC, 0cOBeHHO yRoOHbH, ecnu B W pxeadar
HE OTHAEJbHBIE NNPOM3BOLHBIE, HO BCE MPOK3BOAHBIE NAHHOTO NOPAAKa. DTO — METOX
BEHIYUCIEHHUS NONHBX aAuddepenuunanon OH Takke MOXeT ObITH
npeiacTaBlicH B ABYX (opMax, B 3aBUCHMOCTH OT TOTO, CYMTAXOICA JH { M & WIA X U Y
HE3aBHCUMBIMHU EPEMEHHLIMH.

TlycTh cHavana He3aBHCHMBIMH OymyT ¢ U u, Bce nuddepeBuuansl 6epyTcs UMEHHO
no 3TUM nepeMeHEsM (T p AM o # Mmeron). Huddepenimpys nonssM obpasom ¢dop-
MyJel npeobpazopanus (12), MOKHO BEIPA3UTh dx ¥ dy MTHHEHHO vepes df u du:

dx=odt+fdu,  dy=ydt-+0dy 13

3aTeM, muddepeHnupys 3TH GOPMYJBI, NPEACTABUM d2x M d?y B BHJAC OJHOPOJHBIX
MHOT'OYJIEHOB BTOPOM CTENEHM OTHOCHTENILHO df U du:

dix=¢dt*={ dt dutn du?, d?y =@ di?-+ ¢ dtf du+ x du?, 14)

u 1. 1. Koshduumedrts! a, £, ..., t, % CyTh U3BECTHbie GYHKLUM OT X, y, ¢ ¥ .

*} 3mech YMECTHO CIENATh 3aMeYaHue, aHaJoruyHoe 3amedanuio Ha cTp. 484. Tax
KaK BBIPAXEHUS CTApbIX NPOU3BOAHLIX Ye€Pe3 HOBHIE COUEPXAT X, ¥, TO I[IOCIIE IOACTA-
HOBKHM 3THX BBIpAXKEHMI B W MOXET OKasaThCsd HEOOXOAMMEIM eile MCKIIOYathb X, ¥
¢ nomowbo dopMyn mpeobpasoBahud. UuTaTenb NETKO 3aMETHT ¥ B JanbHueHilieM
CIIy4ay, CXOJHBIC ¢ ITHM,
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TipeacraBeM Tenepb dz ABOAKO (LOJB3YsSCh MHBAPHAHTHOCTBIO Gopmel muddepen-
nHana):
9z 0z 9z, 9z
dz=— dx+— dy+— dt+— du. 15
" oy 8t u 13

Ecmz BMecTO dx u dy mOncTraBdTh UX BeIpaxenus (13) m npupaBHEATE KO3)dUIIHEHTH!
npH dt ¥ du B 06enX 4acTAX PABCHCTBA *), TO HONYIATCH JIHACHHbIC YDABHERHA

9z 9z 9z oz 32 0z

e Put? a_y"a_

9z 0z
M3 KOTOPHIX ONpPEAEIATCS IPOR3BOJHEIE . " ot
X 'y
AHATOTMYIHO, MOXHO NPEACTABATE ABOSKO d?z (IOMHS O TOM, YTO BEe3ABHCHMEIMH
TepEMEHHBIMHE SBIIIOTCS HE X M Y, @ 1 U U):

0% 0% %z 9z 9z

d2z=—dx®+2 dx d —d” —d2 —-d2 =

74 o Ix3+ Fyarm X y+3y3 y+ +3 ‘y =
_ 0z 0%z 0%z a6
ot? at du ou?

IMoncrasue BMecTO dx, dy, d*x U d?y ux peipaxenus (13) u (14), mpupaeaseM Kodpda-

IHEEHTH! npH dt2, dt du 1 du® B 00EHX 9acCTsX PRBEHCTBA **). DTO HaeT HaM CHCTEMY TPeX
9%z 3’2 3*2 ( az

NMHEHHbIX YpaBHEHMH )11 ONpPENe/ICHAS nponanommx Ti

9z oxt’ 9x 9y° ot

a—}-) yXKe W3BECTHHI | ; ¥ T. A.

AK KaK —

ax’

Bonee OpoCTHIM B OCYLIECTBJICHUHA sIBISETCS OO paTHEHI K MeTO O, NPH KOTO-
POM HE32BHCHMBIMH LEPEMEHHEIMH CHYMTAIOTCA X H y, TaK 4T0 Bee IudepeHrmans
OepyTca Ha 3TOT pa3 mo 3THM NEePEMEHHBIM.

ITocnenopatensEEIM muddepenupoBanneM u3 dopmyn npeobpasosamma (12) Mer
MOJIy9aeM 3/1eCh

dt=adx+bdy, du=cdx+9dy: an
dt=edi+ fdxdy+g &P, du=hdx?+idedy+jdyt | as)

H T. 8. Y 3peck xo3ddummentst a, b, ..., i, j CyTb U3BeCTHBIC QYHKINM OT X, ¥, I H u.

Ecym B (15) BMecTO dt u du noacrasaTs BX Beipaxenus (17) ¥ npupaBHATHE K03hdH-.
IUEHTH! OpH dx K dy B 00enX 4acTsiX paBeHCTBa, TO HENOCPEACTBEHHO MO-
TygEM

é_)i_aaz+caz 32_ 9z 0z
ax 9t ou’

y at ou’
Bsamen (16) B BacrosmeM ciayyae OyjeM mMeTh
Pz 0%z 0%z 0%z 9’z az 0z

d?z=—dx?+2 ——dxdy+— a2+ — du.
? o ax oy Pl 8:’ ot ou g Tar

*) HanomuuM, 4TO paBeHCTBO Adt+ Bdu=A’dt+ B'du MoxeT ¥MMETb MeCTO ISk
OPOUM3BONbHKX df ¥ du IAIbL B TOM Cliydae, ecmu A=A"u B=B'. i

**) PasencrBo Adt®+ Bdt du+Cdu?=A'dt*+ B'dt du+ C'du® MOXeT MMETh MeC‘m
I 1POHU3BONbBHEX df u duimmmp upu 4=4", B=B, C=C",
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TMoacranoska Beipaxenuit (17), (18) u npupaBuuBanue xo3dduuuenTos npu dx2, dx dy
U dy? B 00CHX YacTfAX PaBEHCTBA HCNOCPEACTBEHHO NOPHBEAYT K BEIMUCIICHUIO
%z 9% 9%
OpOU3BOJHBIX —, ——, —; H T. I,
ax2’ dx 9y’ 9yt

221. O0mmii caywail 3amMenn! nepeMenbix. OOpaTHMCH, HAKOHEI, K 00IIEeMY Clly4alo,
KOTrJa 3aMEHSIOTCS M He3aBHCHMBIe NMepeMeHHble, B ¢yukums. Ilycrs dopmynsl mpe-
00pazoBaHUA pa3pelneHbl OTHOCHTENBHO CTaphIX HEPEeMEHHBIX:

x=@(t, u,v), y=pt,uv), z=x u o). a9

Ecma z ects dyHKkumsa oT x ¥ y: z=f(x, ¥), TO NOACTABIAA CIOOR BMECTO X, ¥ U Z HX
BHIPAXCHAA Yepe3 ¢, 4, ¥, TONYyYAM 33BUCHMOCTh MEXAY HOCIEIHHMH HEePEMEHHBIMHU,
Tak 4TO v OyneTr QyHKIMEH OT £ ¥ U.
CuuTast HE3aBHCHMBLIMM IEPEMEHHBIMA f A ¥ (IPAMO#¥ MeTON), a z — (yHK-
OEell OT HHX Yepe3 MOCPEACTBO X M y, KaK U BEHIIE, NOJyYrM paBeHCTBA (9), a U3 HHX
ox 0z
(10). Ho 3pmecr mon 5— veey 5— pa3syMEIOTCS ¢IOJHBICY YACTHEIE NPOA3BOAHEBIC OT
t u
X, y, z 00 ¢t Win u, noiy4aemMsle u3 (19) ¢ yueToM TOro OoOGCTOATENBCTBA, YTO ¥ CaMma
3aBHCHUT OT [ ¥ u:

ox 3qp 3'1731) oz 3,{+3,( v

o ot AFTIEYARLALY Wil Wil wl P

dv v

Koadduimentsr A, B, C, D cogepkaT He TOJNBKO £, 4, v, HO ¥ TIPOU3BOJHEIC E . 3_
u

NOCIEHAE BXOOAT PAaUMOHANBHBEIM 0O0pa3soM. IlocnegoBarenbHOS MpHMeE-
gerne Gopmyit (10) u 31ech TPHBEAET K BBIPAXEHHAM JULL BTOPHIX MPOU3BOAHBIX, U T. A.
Ecmu dopmynel npeobpa3oBaHusl pa3peleHsl OTHOCHTENLHO HOBBIX NEPEMEHHEIX:

t=a(x,y,2), u=px 2, o=y, 2), 20

TO 00pIMHO npuberatloT K OO pPaTHOMY METONY, T. €. CIHTAIOT HE3ABUCHMBIMH
NEPEMEHHBIMHE X U y. iMeem

v Qvdt wIu  Jv vt Jvu

+
ax at ox 3u ax’ oy ot oy ou 3y

at v
Bmecto a—— R CIONA HYXKHO IIOANCTaBUTH MX BBIPAXXEHHH, MOJIydaemble quddepeH-
X y
LMPOBAHHEM 1O X B 0O y hopmyin (20), ¢ yIeTOM TOro, YTO z €CTh GYHKIHSA OT X U V:

ot du dxdz ov By 3}’ 9z

AU A
9x 9x 9zax' 7 By «')y oz dy°
N dz 0z
TakuM MyTeM MOINTy4AFOTCS JIMHEUHEIE OTHOCHTEILHO 9% u %5 ypaBHEHHMs, U3 KOTO-
X Y
ov v
— " —.
ot ou
BeiuniciieHne nanbHEHHINX NPOM3BOMHBIX IPOINE BCErO BBIMONHUTH Tak: Aubde-

PBIX 3TH HIPOM3BOAHEBIE JIETKO BBIPAXAIOTCA YEPE3 X, Y, 2,

0z 0z

PEHIMPYEM MNONYYECHHOE NI — | WiIH 3—) BHIpa)kKeHHE CHOBA IO X (110 ¥), paccMaTpHBas
v I X Y.

NPON3BOHbBIE ¢9_t M — Kak (pyHKIMH OT X B y 4yepe3 MOCPEACTBO ¢ H #, B T. [I.

ou
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B cnyuae dopmyn npeobpazosanms obniero Buaa

A, ¥,z 1, u,)=0,  B(x, z, 1, u, 1)=0, }

2n
F(X, y’ z, t, fl, ”)=0

MOKHO HOJb30BATHCA JIIOOBIM U3 3THX METOHOB C IPMMEHCHVEM npaBul juddepeH-
LHUPOBaHMS HEABHBLIX (QyHKIMI.

s pemienms paccMaTpuBacMOM OO 3afavy 3aMEHBI NMEPEMEHHBIX NPHMEHHM
H METOJ BBIYMCIECHHMSA HNONHBEX AudPepeHunmanos. Mu orpamu-
YHMCsI BM3I0XKCHHEM TOH ero (opMbl, KOTOpas CBf3aHA C IPEAHOJIONEHHEM, YTO He3a-
BHCHMBIMH SIBILIIOTCS CTaphle NepeMeHHble x ¥ ¥ (06 paTHEBIM Me T O ), TaK 4TO
IO 3TMM NEPEMEHHBIM U Oepyrcs Bce MudbepeHIpaeL.

TTocnenopaTensEbM fuddepernnpoBanreM, ucxons u3 dopmyi (21), MOXKHO HalTH
BbIpaXEHHS

dt =a; dx+a,dy+a, dz,

=bydx+bydy+b;dz, (22)
dv=cydx+c,dy+ ¢, dz;

d?’t =9, dx®+ 9y dx dy+ 05 dy*+ 9, dx dz+
+ 05 dy dz+ 9 d22+ a, d’z,

d2u=el dx2+. coteg d22+b3 dEZ, (23)
d?v=fidx2+ ... +fydt ey d’z; ...
Eciu B paBescTBO
ov v
dv=—dt+— 4 du
at ou
HNOACTaBUTL BMECTO @, du U dv uX BeIpaxeHAs (22), TO MOJYYHM
oo v
adx+te,dy+c;dz= 5 (aydx-+a, dy+a, d2)+3_ (by dx+b, dy+ by dz),
u
OTKyna
dz=Adx-+Bdy, (24)

ov 31)
ric A, B panvuoHanNsHHM 00pa3oM COACPKAT MPOU3BOAHBIC — W —

du
Conocrasias 310 ¢ dopmynoit

I/)
dz= %z dx-}—?—z dy,
ox

ay
BHJIMM, MTO
P )
2z, g
ox oy

Bo3pMeM Teneph paBeHCTBO (f M # HE€ SABIAIOTCS HE3ABHCHMBIMH IIepeMeH-
HBIMHY)

o o P v ov
dvo="—drr+2 2" dt dut o die+ o A2+ 2
o aron T M Ty T

¥ HOJCTAaBAM CloJa BMECTO df, du, d*t, d%u, d*v ux Bhipaxenus (22) u (23), a 3ateM M dz,
3aMCHHUM €T0 BhIpakeHHEM (24). M3 mosy4eHHOro paBeHCTBA OUPEHEIuTCs d2z:

d?2=Cdx®*+2D dx dy+ E dy?,
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. ‘ v v
rne C, D, E pauldHOHAJNBbHEIM 0OOpPa3oM COOEPKAT MPOU3BOAHBIE — , — ,
M 9w 9w ot du
—, oo, — , ComocTaBisis ¢ GopMyIIoi

or: ot du  out

0% 0% 0%z
d?z=——dx2+42 dx dy+ dy?,
ox* ax dy ay* 7
OPHXOAM K Pe3yibTaty
9z ¥z _ o 2,
oxt T axdy T r

uT. I

3agave npeoGpazoBaHdst MEPEMEHHBIX M 3716Ch MOXHO IPHAATH I€OMETPHYCCKHl
comeicn. Ecnm nepemenssie (x, y, z) u (f, u, ¥) paccCMaTpMBaTh KaK KOOPAMHATHEI TOYEK
M u P npocrpancTea, To hopmynst npeobpasosanns, Hatipumep, B dopme (20), otHOCAT
Kaxao#M Touke M HEXOTOPYFO TOYKY P, T. €. XapakTepu3yloT TOYE€4YHOE Impeo O-
pa3oBaHHE ONPOCTPAaHCTBA (MU ero 4acTh). 3aBHCAMOCTH MEXAY X, ¥ H Z
OTBEYAET 3aBHCHMOCTL MEXNY #, 4 ¥ v, TAK 4TO Kakaas NOBEPXHOCTL & npeobpasyercs

NpH 5TOM B HEKOTODYIO HOBEPXHOCTE .
9z oz
MBI BEAETH, YTO 3HAYCHUSIMA X, V, Z, Y b P OHHO3HAYHO OHPEACTISAIOTCS 3Have-
v v x y
Hud ¢, u, v, é? n 5— . Bcomumas ypapHeHMe KacaTenbHO nnockoctu [180 (6)]:
u
0z

ax

0z
Z-z=—(X~0)+= (Y-,
ay

OTCIOZA JIErKO 3aKNIOYHTh, YTO JBYM KACAIOUIMMCHA B Touke M TOBEPXHOCTAM S, H
S, OTBEYAIOT B PACCMATPHBAEMOM IPEOGPA3OBAHAH 1BE HOBEPXHOCTH &y M 3 5, TAXKE

Kacaromyecs B Touke P. Toueunoe npeofpazosanue npocmpancmea coxpansem Kacawue
[cp. rmxe npamep 7)).

222, Ilpumepnt, 1) Ylepexox K MOTAPHBIM KoopauuaTrtam. Ilycts
zecrb GQYHKOUA TOYKY Ha IIockocT: z=f(M). OGHIKHOBEHHO NOJNOXKCHNC
TOYKM OUPESACIISIETCS € IPSIMOYTONBHBIMA KOOPIAHATAMA (X, ¥), TaK YTO 2z SBILIETCS
dyBximeit 0T DepeMeHHbIX X ¥ y. YacTo, 0xHAKO, OKa3bIBaeTCs Golee YHOOHBIM Xapak-
TEPU30BATH MOJIOXEHWEC TOYKH IONSPHBIMA KOODAMHATAMH F, 8, W TOrma BO3HHKAECT
HEeOOX0ANMOCTh TpeoOpa3oBamust K HOBBIM TepeMeRHbIM. [IpomemaeM 3TOT mepexop,
Pa3mM4HBEIMHE METOAaMH.

IIpsMoit MeTOa: HE3ABUCHMBIMH HEPEeMEHHBIMHA cuyuTarorcs r, 6. Mcxoas
3 hopMyit mpeodpasoBaHs

x=rcosf, y=rsin 0,

o obpasuy dopmyn (10) umeem

oz oz . 0z z . 0z 2z
—=c0s$ 0 — +sin 8 —, —=—psinf —+rcosf —,
ar dx oy a9 ox 1134
OTKYOa
7 sin 8 z z cosB 9z
V2 _ s gz Sm00z 0z g0z, @5)

ox ar  r 98’ oy 57 r 55’
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sinf | cosf
TaK 4TO BBIpaxceHus cos 0, —-——, sin §, —— wrparoT 34ech poib Ko3(hdHIEEHTOB
r r
A, B, C, D. 3ateMm,
0%z ] ( dz sin 6 9z\ sin b 9 ( 9z sin 0 9z
——=c080 — [cos b —~ —~)— —|cosl ————— — =
Ix2 r ar r 98 r a6 ar r 08
9%z 2sinBcosB 92z sin%26 92z 2sinfcosB 9z sin26 9z
=cos? 0 — — + — — e —
or? r ar 96 2 962 r? L} roar
AHAQJIOTHYHO HAXOOUM
9z . 9%z 2sin@cosf 9%z costl 9% 2sinbcosBgz cos?b 9z
——=sin?f — -+ + —- —+ —
Iy? or? r orob 2§02 r2 98 r or

T, O
O6GpaTHHY METO/: HE3ABHCHMLIMYA IICDEMEHHBIMA CUHTarOTCs X, y. Jms

TOro 4robhl BOCHONBL30BaThCS ¢opMmynmamu (11), HyXHO 3HATh OPOM3BOIHBIC ;—)1,
a6 o9r 096 x
ox’ 9y’ oy

IHe CTaphie HEPEMEHHEIC ¢ HOBBIMH, OTHOCHTENBHO mociemnnX. HO MOXHO BOCHOJNb-
30BaTBCS MeTozaMu AudbepeHnupoBanns HesBELIX GYEKIWiA, He pa3pemas ypaBHCHHI.
Ecmu npoxwddepeEnaposaTs GopMyITH Tpeobpa3oBands N0 X M IO y, cquTas r ¥ 6
$YHKIUSAME OT X ¥ Y, TO HOAYIUM

X MOXHO HAliTH, pa3speHIMB [PeJBapHTEILHO YPABHEHHMS, CBA3BIBAIO-

a0

ar L . .or
1=cos8——-rsinf—, O0=sin@ —+rcosf —
ax x 0x ax
"
00 ¥ a0
Orcosﬂg—rsino——, 1=sin6(—?—+rc050—.
Iy oy dy oy
Otcrona
ar a0 sin 0 ar 98 cos @
—=cosf8, —=-— , —=sinf, —=
Ix % r oy oy r

u no Gopmynam (11) ~ MBI BO3BpAIaeMCsi K BEIPXKCHUIO (25), ¥ T. A.

MeTton BHuHciuerus aunbdbdepernuanos. Ilycrs, xak ¥ TONBKO
4TO, HE3aBHCHMBIMM LEPEeMEHHLIME OYAyT X, Y.

JubdepenmupyeM monHEBM 06pa3omM ¢dopMymsl npeobpasopaHus

dx=c0s 0 dr—rsin 8 df, dy=sin 0 dr+rcos0df;

OTCrooa

—sin 8 dx+cos 6 d)
dr=cos 0 dutsin 0 dy, df—_—m- XTSI
r

TaK 4YTO

in 6 :
dz=2 ar+ 2 ao - (cos g dz_sn iz) dx+ (sin g2, 90 3—2) d,
or L] or r 06 or r 90

4YTO CHOBA NMPHBOIMT K BbIpaxeHUsM (25).
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Bropuumoe nuddepernuposarme opMyn nus dr u df paet:

. sin% 8 dx2 -2 sin 6 cos 0 dx dy+cos? 6 dy?
d?r= ~sin 0 d6 dx+cos 8 db dy = s
r
~ r(cos 8 dx+sin 8 dy) d8 — (cos 8 dy —sin 0 dx) dr
rz -
2sin 6 cos 8 dx?— 2(cos? 8 —sin2 8) dx dy — 2 sin 6 cos 8 dy?
= E .

426 -

Torma ans d?z 6yneM UMETL:

0%z 0%z d%z 0z 9z
d?z=—dr24+2 drdb+ —do2+— d?r+—d?0 =
art or 98 90" ar a8
2 g 9%z 2sinfcosf 9% +sin2 8 (922_i_sin2 60z
= | cos’ - ZZ ol
or? r or 99 r: 902 r or
2sin 6 cos 6
S T O T ke 2(.. Ydxdy+ (.. )y
r2 a0
%
OTKy[a AJIA BTOPBIX MPOH3BOMHBIX ForRlEl HOJIYYATCs Te e BRIPAKEHHS, YTO M BHIIIE.

PaccMoTpaM, 1S OpUMepa, BHIPAXKSHUSL

9z\%* (9z\* 9%z 0%

oG el

ax ay ox*  9y?

C DOMOUIBIO HANIEHHBIX GOPMYJT OHM PEe0oOPa3yIoTCs Tak:

az\2 1 (9z)\? 0%z 1 9%z 1 9z
Wi=|—| +={=|, Wi=—t=—t+——.
! (3r) r? ({‘)9) 2ot 2 ooz r or

2) MMepexon kx chepmIecCKuM KoopHAEHAaTaM B npocTpaHcrse
pPOJIb, AHANOTWYHYIO MOJIAPHBIM KOOPAMHATAM HA IUIOCKOCTH, MIPAlOT TaK Ha3bIBae-
Mele chepHYECKHEe KOOPIAHHATEH @, ¢, 6, C XKOTOPHIMA OPIMOYIOJBHBIC
KOODAMHATSI X, ¥, Z CBA3AHE! C HOMOIIEIO GOPMYIT

x=psinpcosB, y=psingsin, Z=pCOSQP.
IIyctb Tpebyercs npeoGpa30oBaTh K HEPEMEHHBIM @, ¢, § BLIpaXeHus
N2 (ou\®: (Qu)\® ou o o
o RCRCIES -t
x oy dz Ixt 9yt 92°
rae u ecTh HeKoTopas (HYHKUHS TOYKH B HPOCTPAHCTBE.
Ecmu npeo6pasoBaHde IPOM3BECTH B [ABad IIpHEMa, NONAras CHayanga x=rcos 6,
y=rsin 6 (E OcTaBiIAs z HCW3IMEHHBIM), a 3aTeM Z=Q COS, r=gsing (ocTasnsas § He-

M3MEHHKIM), TO MOXHO GyHeT BOCHONB3OBAaTBCA De3yIbTATAMM LpPAMEpA 1).
HanpuMep, A7 BTOPOro BEIPaXXeHHST AMEEM

u O % 1 9% 19u
b — —,

xz gyt ar: r:9o% ror
Pu Fuy 10°m 1ou
W,=|— ===
B (822 * 8r2) r? 392+ ror




496 1. VI. ®VHKIVWOHAJIBHBIE OIIPEAEJINUTEIN; X HNPUJIOXEHUA [222

Brpaxenne B CKOOKax, HA OCHOBRHHM TOrO K€ IpuMepa 1), Iepemmmercd Tak:
u 1% 1 ou

-
00> Q09 o 9¢
HaKOHER,

u ., Ou cosg 3u
—=sinp —+

ar 30 0 3¢p
TloncTaBnss Bce 3TO, OKOHYATENBHO HalgeM

Pu 1 9% 1 32u 1 0u ctgo ou

2= —t—= —_—

96 @ ogt gismtp 90 g dp @ 09

ou\? 1 om\2 1 (ou\?
Wi={—| +—— | =} +={—1}| -
de] @*sin’@laf) @*\de
3) Ioxa3ars, urTo BeIpaxeHus W, m W, COXpaHSIOT CBOIO G OpMYy IpH MOGOM
npeobpa3oBaHUH MPSIMOYTONBHBIX KOOPAWHAT B HPSIMOYTOJIBHBIC XK€

AHaIOTHYHO,

X' =ax+by+tez, Y =ax+bytec,z, 2z’ =azx+byy+cyz,
roe x03hduImenTsI a, b, ¢ yIOBICTBOPSIOT M3BECTHHIM COOTHOILICHASIM

1 opu i=j,

aiaj+bibj+CiCj={0 pu i, (26)

MeTton Beiuucnesuns nubdepennnanosn. Cuuras x, y, z HE3ABUCH-
MBIMH TEPEMEHHBIMHA, HMEEM

dx'=ay dx+by dy+c, dz, dxx’' =0,

dy' =a,dx+bydy-+c, dz, d?y’=0,
dz'=aydx+bydy+c, dz, d%z’=0.
Tornoa
3
du= — (a1 dx+b,dy+c, dz) dx+bydy+ca dz)+—- (ay dx+by dy+c; dz),
OTKyZHa

3u du KL ou ia ou i)_u_b ou b ou 3u
ax Tox  “ay oz 8y tox oy
ou (‘)u ou u

il trew PR I

9z 3' '3 3',

BO3BOJS B KBaAPAT M CKJIaApIBas, B CAIY (26), NOAyduM
ou oul2 (ou )2
W= + +{—1.
(o) + o) + e

32
die-by dy ey d2P42 ’(f),(aldx+b1dy+c1dz)(azdx+b2dy+c2dz)+...
X 0y

3ateM,

d*u=

Bripaxenne W, ecTh cymma ko3dduumentos npu dx?, dy* u dz% ¢ momomsio (26) He-
TPYAHO YCTQHOBHTB, YTO
®u '  u

=t —
Toox? 9yt 9z
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4) IpeoGpazoBaTh ypaBHCHHS
?*w  Pw o*w 32w Pw aw
x2—+y? 5 2 + St XY =
oxt T 9y* “oy a ozox 7 oxay
K HOBBIM IIEPEMEHHEIM 7, U, ¥ 10 d)opmynaM X=uv, y=0t, z=1U.
Hpamo# MmeToa Cuaras HE3ABACUMBIMHE NEPEMEHHBIMY 7, I, ¥, 6yaeM UMeTh
ow ow  aw Iw ow  ow aw 8w ow
7 Fil

— — — — — - !

ot 9y dz T du 9x 9z v Bx dy

Orcrona
3w 1 9w 1 9w 1 ow
=—=t—t—-—Uu—F-0—,
3A 2 ot 2 gu 2 9o
ow 1 ow 1 ow 1 aw
v 29t 2ou 2 90’
Z)w 1 ow 1 aw 1 ow
9z 2 0 2% 290
Harnee,
»Fw /] ow 3( 1. ow 1 9w 1 9w
X2—— =X — X ——W|=X— | ——f— 4= —o——w|=
ax? (’)x( ox ) ox\ 2 dt 2 9u 2 v )

10w 1 3w I L, 1 ’w

o T T 0 T2 duge”
1 2w lt 2w 3t3w 1 Bw 1 ow

u +— -,
2 dvot 2 gtou 4 ot 4 3u 4 Hv

Fw 3( owy 3(1 3w_1 ow i 3w)
yz(‘)y(')zﬂz{)z yay) oz

= —t =
2 9t 2 ou 2 v
1 32w 1 ow 1 9*w 1 3w 1 3w 1 9w 1 ow

48t243u2431)223u81)43t4(‘)u431;

1 T. A. Cl1oxuB Bce MOOOHBIE BHIpAXEeHMs (M OTOPOCHB YHCIIOBOM MHOKHATEIE), TIOIYYAM
npeo0pa30BaHAOE YPABHEHHE B BHAE

OO B
912 3u2 0

Jlo CEX mop 3aMEHSNMCh NHINE HE3aBHCHMEIE IIEPEMEHHbIE; NPUBENEM MpPUMEDEI,
rAe 3aMeHe moABepraercs H GyHKuus.

0z 9z
5) IIpeoOpasoBars ypaBHeHue x? 8—+ ¥? a—= 22, mojaras
X 'y

t t
x=t, =— z=-——,
Y’ 1+t

IIpamMoit MmeTon HesaBucuMmble nepeMeHHbIC: f, u. JuddepernippyeM TpeTbio
u3 GopMyn npeoOpa3oBaHAs HO ¢ | IO ¥, PACCMATPHUBask MEPEMEHHBIE Z K ¥ XKaK (yHKIMHM
OT #, u (IepByI0 — depe3 INOCPEACTBO X, y):

ov
1-72—
32 z 1 ot 9z —12 12 ov

Yoy W Wy G G o

32 I'. M. duxtesronsy, 1. I
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Orcroma

9z 1 (1 tav I oz (1+m) 9o
ot 3uJ 9y (+r) gu’

ax  (1+1o)
IIpeoGpa3oBaHHOE YpaBHEHHE HOCHE COKpAINeHHs GyJeT MMETh BUI:
o
=0.
at

PemuM Ty xe 3amady WHAYE.
O6GpaTHH U MeTOJ . BripasaMm u3 gopMys npeobpa3oBaHus HOBLIE NEPEMEH-
HBIC Yepe3 CTaphie:
1 1 1 1
t=x, U=—-—-—, V=———
y x z X
¥ OyZieM CIATATh HE3aBHCHMBIMM IIEPEMEHHBIMH X, y. Juddepenpys Tpetsio GopMyity
0o x ¥ HO y (v 3aBHCUT OT HHUX Yepe3 IOCPEACTBO 7, i), Halem:

1 9z 1 _B'v v 1 1 8z_ v 1
22 9x x* 9t ou x® zzay— 5;y2
HIY 9z ( 1 92 1 9o 9z z2 v
—= = — —=—-— HT. L
9x xz 9t x* 3u) ay ¥ ou
6) Bripaxenwne B 9%z P 0%z 0%

ox2 8x3y 3y2
zZ

y
mpeo6Gpa3oBaTh K MEPEMEHBEIM f=X+y, U=—, ¥=—.
x x

MeTton Briuucnenus nubdepernnano s He3asucuMble mepeMeHHEIC:
x, y. daddepermmpyemM dopmysr npeobpazoBanms:

1 1
di=dx+dy, du=—>dct—dy, dv=—— dx+—dz.
x2 x x32 x

Ecnu v paccMaTpuBaTth, Kax QYHKIMIO OT X, y Yepe3 NOCPEACTRO 7, u, TO aubdeperinan
dv HanWImeTCsa Tak:
v v

1
dv-——dt+——du——(dx+dy)+— (—-y— dx+— dy) .
ot ou x2 x

ComnocTaBinss ABa BhIpaXCHUS NI dv, HAXOAXM
z ov v y
dz=—dx+x —(@x+dy)+—| ——dx+dy|.
x ot du x
CoctaBuM Teneph BTOpPHIe audidepeRmyant! OT HOBEIX HEPEMEHHBIX:
2 2
d=0, du="ar-= dxdy,
x3 x2
2 2z 1
d*v= — —dx dz+— dx*+—d?.
x2 x3 x
C Apyroif CTOpOHSI,
o v o v v
dPv=—dt?+2 —dtd +—du2+ dit+—du=
ot at 3 ou at ou
% 1
=——d dyy+2 —— (dx+d ———-d —d
Py (@x+dyy+ Py au( x+ y)( F ot y)+

o y 1 2 3U
— | == dx+—d d. 2—-— dx d;
+3u2 ( o x+x y) on ( X X y)
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IIpupasnuBasi 00a BbIpaxeHUA I d2¢ ¥ 3aMEHSAA dz HONYYEHHBIM BBIIIE €r0 BhIpa-
KEHFEM, IPUAEM K PaBeHCTBY, W3 KOTOPOro onpeneurcs dz:

d 2
d2z=2 & [—z— dx+x@-(dx+dy)+?ﬁ (—ldx—i—dy ]——Z- dx?+
x lx ot u x x2

2.

azv(d+d)”+°3v(d+d)( ydlld)+
I i 2pn O 0 Yl
J”\[32‘2 T ot ou Y x? * x Y

0% ) 1 )2 o9v (2 2 )
322 (ui dxt = dy) +22 (—Z(M-——— dx dy“ .
ou? X% x du \x3 X2

0%z 0%z 0%
axt’ axdy’ a9y
wueHTsl npu dx?, 2dx dy, dy:. Ho Hy)XHBIA HAM De3yNbETAT MOXHO IIOJNYYWTh IIPOUIE,
3aMeTuB, 4YT0 d°z nepexoauT B W, ecnu B3ATh dx=1, dy= — 1. TakuM nyTeM HaAXOMUM :
W (x+3% 0% (Q+uwB o

x3  ou? t o’

OTCI01a MOXHO OUDPEAENUTbh POU3BOJIHBIE Kax ko3ddu-

7) IIpeobGpaszoranue Jlexamapa. Hanomobue 5), 218 mMul U 31€CH
fnpuseneM Inpeobpasopanne JiexaHapa Kak npuMmep Ooniee obmero mpeobpa-
30BaHUS, KOTAA YXKe (OPMYIIb, CBA3LIBAIOINE CTAPHIE U HOBbIE IEPEMEHHLIE, COAEPKAT
1poussoaubie. Ilonoxum

Pa3zymest 1O z HEKOTOPYIO ONPEAETIeHHYI0 QYHKIHIO OT X U y: z= f(x, y), Oynem
OpEeANONaraTh €e Takoil, YTo
D(t,u) 0%z 9% %z \?
J= = | ] = 0.
D(x,y) oxt 9y* \9xdy

Huddepennupys Tpethio n3 hopmMyn npeobGpa3oBanus Mo x 4 0o y (UpPUYEM ¥ pac-
cMaTpuBaeM KaK GYHKIHIO OT X, Y 4epe3 MOCPEACTBO f, i), NONYIHM

ov 9%z Qv 7322 0’z ”322

o 0% ou axoy ax ) axay’
v 9%z  dv 9% 0%z 9z

@n

ot 9xdy ou 9y* 0x3y ~ 9y*
OTKyzAa
¥ B ¢
x=?}—l;, y=%‘v—, TaKk 4TO H z=t£—+u3—z—v, (28)

T. €. Hpeo0pa30BaHAe HMEET B3 aHM M HEI M Xapakrep.
JAuddepeHuupys nepBrie KBe N3 DOMyYeHHBIX dhopMyi (28) cHasana OO X, a 3aTeEM
o0 y, OPAAEM K YPaBHEHUAM
v 9z w9z 0 0 9% o o%2

O 9% 9tow axdy’ . 9t om ox | 9w oxdy

gL e A O v Pz 9 9
2 9xdy 9t du 9y’ ot du dxdy ouE 9y’

32*
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Tak xak [203 (4)]

atz 3142

- =0,
Dt u J

9% v (7320 )2_ D(x,y) 1
ot du

TO U3 3THX ypaBHEHMI

azv 32,, 327)
0%z B o 9z ~ ot Ju 0%z 3 :“)l"‘
oxt 1~ 9xdy I a1

Ecn x, y, z U t, 4, ¥ TPAKTOBATh KaK KOOPAHHATHL HEKOTOPBIX TOYEK NPOCTPAHCTBA,
To npeoGpazoBanne JlexXaHAPa MOXHO DPacCMAaTpuBaTh Kax npeoGpa3oBaHye
npocTpancTsa (HO He TO Y e¥HO¢€). IIOBepXHOCTh, XapaKTepu3yeMas 3aBUCHMOCTLIO
MEXAy z M X, ¥, IEPEXOQUT IPA 3TOM B IOBEPXHOCTD, ONPENEIIEMYIO 3aBHCHMOCTBIO
Mexnay o M ¢, u. Tak xak ¢, u, v, ——, 93 3aBHCAT TOJBKO OT X, ¥, 2, éz— , —aj , TO Tipe-
’ ot ou ox 9y
obpazopanne JlexaHmapa CoxpaHsaeT KacaHme?®), i
8) Jlerko 0606ummrs mpeobpasoBanue JlexaHIpa Ha CIyyail HpOCTPAaHCTBA
mo6oro qucia n3meperni., ITycTs, ckaxeM, z ecTh QYHKUHUS OT Xy, Xg, » -+« Xn- TTomoxm

ti=.a_z. Gi=12, ... n u
ox;

37MeCh ¥ €CTh HO B a s (QYHKIMA OT H O BBl X MEPEMCHHBIX 1y, Iy, - .., In.
ByzeM mpeuoiiarath M 3[ech ONpenesuTeNb

0%z 8%z 9%z

E Xy 09Xz o 03 0Xn
0%z 0%z 9%z

J= 0% 90Xy ﬁg 9%, d%n
m; 3Xn 3.)(2 T 5,\’—,2,

OTNMYHBLIM OT HYJS.
HpomnddeperuupyeM GopMyIly, ONPEASTSIONYIO ¥, HO Xg (paccMarpuBast TpU
3TOM » KaK (QYHKIUIO OT X;, « .., Xn 1€pE3 HOCPEACTBO fy, .-, th):

k=1, ..., n).

Xi

5L ov 0% < &z
=1 0t; dxidxy i=1 'ax,-axk

Beuay J=0, oTcroma crnenyer
ov
—=x; (=1, ..., .

ot i
TakuMm oOpasoMm, u

n a,v
Z= 2 ti——
= Iati 14

Tax uTo B OOIIEM Ciy4ae Mpeobpa3oBaHME Takke MMEET B3 aMMHBIH XapakTep.

*) Croa Takke OTHOCHTCS CHOCKA Ha CTP. 487.
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9) HaxoHel, pacCMOTPHM €llle OAUH NPUMEP Opeobpa3oBaHus, NPEACTABIIAMOMLIAN
HEKOTOpoe cBoeobpasue. Ilycrh

@y, «ovy Uns Xyy oo ey Xn)

6yner dyHKUMS OT 27 NEPEMEHHBIX, OAHOPOAHA SN 2+ CTENEeHH OTHOCH-

TCEIBHO NEPEMCECHHBX X1y v Xno Hpe;monaraﬂ onpeacnnTeiib

o%p g o

AxXF  9xy 9%, 9xy dxn
oty o*p 2*p

H= 77— = e —

0x, 0%,  OX3 0x; Oxn
’p &*p e
Oxn 3%y Oxn dxy  OxE

OTJMYHBIM OT HYJIsl, [TOJIOXKUM
dp
ti=——
3x,-

H BBCIEM Iy, ..., In B KaY€CTBE HOBBIX HE3aBACHMBIX [IEPEMEHHBIX BMECTO X,, ..., Xn.
Torpa dyHK1mMA ¢ npeobpasyercss B HEKOTOPYIO (DYHKIHIO

Wy, veey Uny by oony )
Joka3aTth, 4TO

ay

@ ——=x,
ot; ¢
Iy ap .

©® —=-— (i=1,...,n).
ou; du; ’

Ruddepenunpys @ =y 0o xi, paccMaTpuBas y Kak GYHKIMIO OT X1, «+ey Xp HEPE3

HOCPEHACTBO #y, .+, In:

o0 Sow o
Ixy =19ty Ix;9xy

k=1, ..., n).

oy N .
C Ipyroif CropoHbI, NPOU3BOJHAS 5— OyneT onHOPOLHOM GyHKUMEH mep-

X
BOH CTEMNEHH OTHOCHIEIbHO NEPEMEHHBIX X1, ..., Xn. Torma mo ¢opmyie 2 i-
nepa [188]
dp & 9%

99 k=1, ..., n).
oxy i=13xk3xixl ( "

. 90

Conocrasnsis NONyYCHHBIC [ABA DPa3jIOKCHUA ISt 5——, BBupy H=0, 3aximrovyaeM o
X1

COpPABCIJINBOCTY COOTHOLICHUH ().
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Juddepermppys ke 0o u; DOIyYHEM
dp dy Iy O

dui du  i=19ty xxdu;

ap

Hog—, OYEBUTHO, OAHOpOAHAaA GQYHKLHS BTOPDOH CTEHEHHU OTHO-
U

CHTEJNIBHO Xy, ..., Xn. CHOBa npuMensisi hopMyrny D e pa, BAOUM, YTO HOCICHHSS

CyMMa pdaeT Ham

k=10xg

Xp=2—".
ou;

&L a (390) o9
du;

Orcrona u citenyrot cooTromenus (6).



TJIABA CEABMAA

NPWIOXKEHUSA JTUOOEPEHIINAJIBHOIO VICYHCJIEHUS
K TEOMETPUU

§ 1. AmamuTiyeckoe NpefCTaBJeHHe KPUBLIX M NOBEPXHOCTEH

223. Kpusrle Ha miaockocrH (B IPSMOYIOJILHBIX KoopamHaTax). B ma-
CTOSMICH IJIaBe MBI OCTAHOBHEMCS Ha HEKOTODHIX NPHJIOKEHHAX H3YYeH-
HBIX NOHATHM, (aKTOB H MeTOIOB IubdepeHNHaTBLHOr0 HCIACICHUS K
reoMeTpud. [C HEMHOIHMH W3 HHMX MBI CTAJIKHBAJIHCH YXe Bhume n° 91,
141, 143, 145, 148, 180.]

Mb1 cuuTaeM II0JI€3HBIM IPEBAPATENHHO HANOMEMThH YHTATENIO Pas-
JITIHBIE CHOCOGBI aHATUTHICCKOTO NPENCTABICHUS KPHBHIX H NOBEPXHO-
cTeit; aTomy mocesuien § 1. OrosoprM Hamepes, 9To (PYHKIHH, O KOTO-
poIx GyneT HATH peds B 3TOH IUiaBe, KK IPAaBUIIO, NPENIOIATAIOTCS H e-
OPECPHBHEIMUA H MMECIOIMMMHE HEIPEPHIBHEE Xe€ HOPoO-
H3BOJHBIC IO CBOMM apryMeHTaM; B CiIydae HamoOHOCTH, MEI GyaeM
TpeGOBaTH CYIECTBOBAHNS M HENPEPHIBHOCTH H JAIbHEHIIIX IPON3BOIHBIX.

HadneM ¢ MIOCKHX KPHBEIX, IPHYEM B OCHOBY IIOJIOKHM HEKO-
TOPYIO HPSIMOYIOJIbHYIO CHCTEMY KoopaueaT Oxy.

Boimie MEI HE pa3 paccMaTpUBaiK ypaBHEHHE BHIA

y=f(x) wmwm x=g() M
H H3y49aJIH COOTBETCTBYIOLIYIO eMy kpuByio [47, 91, 146 u cmen.]. Takoro
poda 3ajaHMe XpHBOM, KOrZa oJHA M3 TEKYIUHX KOODIHHAT €e TOYKH
HpPEACTABISICTCsT B BHAC (OMHO3HAYHOM) S BHOU OyHEKOMM OT Apyroit
KOOpIMHATHL, MBI OyleM Ha3hBaTh sSIBHBIM 3aJaHdeM (WUIH IIPeCTaB-
nenueM) kpuBod. OHO 06GNamaer mpocTOTOM M HALISIHOCTBIO; KaK YBH-
IAM, 6CAKOe Opy20e 3a0aHue — B HEKOTOPOM CMBICJIE — Modcem
bv1mb céedeHo K Imomy.

B cBs3u ¢ Teopumelt HesBHBIX (QYHKUEH HaM IPUXOIMIOCH TaKkKe Io-
BOPHTb O HEeSBHOM 3aJaHAH KPHBOM, T. €. O IPEACTABJICHHN KPHBOM
YPaBHCHHEM BWIA

F(x, J’)=O, (2)

HEPa3pEINEHHBIM HU OTHOCHTEIIBHO X, HA OTHOCUTEIbHO y [205 u cnen.].
Taxoe ypasrerume HOCHT Ha3BaHWe HEABHOT O YDaBHCHHS KPHBOIL



504 I'J1. VIL. NIPUJIOXEHUA NUPO®EPEHIIMAJNIBHOIO NCYUCIIEHU A [223

U3 TteopeM o cyuiectBoBaHuu HesBHOH ymkmuu [205, 206] cnexnyer,
4TO €CJIM B TOYKe (X, J,) KPUBO BEIIOJIHEHO YCIOBHE

F(xe, 79)=0  wma  Fy(x,, y,) =0,

TO, HO KpaliHed Mepe, B HEKOTOPOH OKPECTHOCTH 3TOM TOYKH KpHUBas
MOXeT OBITh HPCICTAaBIICHA SBHBIM ypaBHenmeM (1) TOro HIM ApPYyroro
Buza (mpugeM ¢urypupyronias B HeM GYHKIMA f MM ¢ HENPEPEIBAA BMECTE
CO CBOEH NPOM3BOJHOMN).

Taxum 00pa3oM, TONBKO TOUKH (X,, V,) KpPUBOH, IUIT KOTOPEIX Bbi-
HOJHAIOTCS ¢pa3y oba yciaoBus

F:,c(x09 y()) = Oa F_;‘(xos yo) = 0’ (3)

MOI'YT MMETh TY 0COOGE€HH OCTbh, YTO B MX OKPECTHOCTH KpHBas HE
Ope/CTABUMA SBHEIM ypaBHeHHeM (HH TOro, HM Apyroro Buaa). Toukm
KPHUBOIH, YIOBJIETBOPSOLIUe YpaBHeHAIM (3), M HA3EBAIOT 0CO O BIMIL

Huxe [236] MBI 3aiiMeMcs BOIPOCOM O NOBeJeHUH KpuBoil (2) BOmu3M .
ocoboii Toukn. Ho, Kak mpaBuiio, 0coObie TOYKH OYyIyT HCKIIOYATHCH U3
pacCcMOTpeHus, ¥ Mpl OyOeM W3ydaThb KPHBYIO JHIIb B OKPECTHOCTH €€
o6GbikHOBeHHOIM (T.e. HEOCOOOH) TOUKH.

HaxoHel, B IpeabIOyLUIEM HW3JIOXKECHHA HE pa3 YHOMUHAJIOCh O ToMm,
4TO ypaBHEHHS BHIA

x=p(t), y=9(), €Y

YCTAHABJIUBAIOLINE 3aBUCHMOCTH TEKYIMX KOODIHHAT TOYKH OT HEKOTO-
poro mapaMeTpa f, TAKKe ONPEJEITIOT KPMBYIO Ha IUIOCKOCTH [cM.,
manpuMep, 106]. ITomoOHble ypaBHEHHS HA3HBAIOT NapaMeEeTpHTe-
CKHUMHM, OHA JAOT NapaMeTpPHUUECKOe IPEeICTaBICHAE KPHUBOH.

PaccMoTprM TOUKY (Xg, V), ONIPEHENIIEMYyIO 3HAYCHHEM !={, mapa-
MeTpa, B IPEANOIOKHUM, YTO IpH ¢ =1, OyneT ¢'(fy) =0. Torma m B6mu3M
3TOro 3HAYCHWA ¢ IPOH3BOJHAA X;=¢'(f) — IO HempepsIBHOCTH — Oyner
COXPaHATH TOT Xe€ 3HaK; Qynxuus x=@(f) OKa3blBaeTCsi MOHOTO H-
Ho it [132]. TIpu 5THX yciaoBAsX, B crny 83 1 94, MOXHO ¢ pacCMaTpUBAaTh
KaK ONHO3HAYHYIO (QYHKHHIO OT Xx: #=0(x), HENPEpHIBHYIO U HMEIOIIYIO
HEIPEPHIBAYIO e mpom3Boauyro. ITonacTaBuB 3Ty (QYHKIMIO BMECTO f B
BLIPAXCHHE JUIA Y, YCTAHOBHM HEMOCPEICTBCHHYIO 3aBUCHMOCTB Y OT X

¥ =9(0(x)) =f(»),

rae — cHoBa — (yHKIHA f HENpephIBHA BMECTE CO CBOCKO IIPOM3BOJHOM;
TaxuM o0pa3oM, MBI BEIpDa3sAM 5 BH B M YpPaBHEHHEM, IO KpailiHed Mepe,
y4aCTOK KPHBOM, IPHAMBIKAIOMMA K B3ATOH TOYKE. AHAJIOTHYHOE 3aKJIIO-
YeHMEe MOXHO CHeTaTh, ecnu jaaxe ¢'(4,) =0, Ho 9'(t)=0, ¢ Toi emun-
CTBeHHOW pa3HUNeHd, 9TO IOJNYYHTCA SBHOE YPABHEHUE IOPYroro BHAa:
x=g(»).

JImiup B TOM Cliyda€, Korga Oq4HOBPEMCHHO

Xi=¢'(t)=0 u  y=v'(t)=0, )
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KpHBas B OKPECTHOCTH PAacCMAaTPHBAEMOM TOYKM MOXKET OKa3aThCi HE
IpEeNCTaBHMOA S BHEBIM YpaBHEHMEM; TaKyl0 TOYKYy OymeM Ha3BIBATH
ocoboi.

B 237 MBI ocTaHOBUMCS BKpaTIle Ha BUAE KpUBoii (4) BOIU3K oc 0 6 0 i
TOYKH, HO, KaK IPaBHWIO, U 3JX€Ch MBI Oy/leM M3y4aTh JHIlb O O B K H O-
BEHHBI € TOYKH.

BaxHo Temeph OrOBOPHTBCS, YTO BCE CKa3aHHOE BBINIE 00 OOLIKHO-
BEHHOH Touke (X,, V), T. €. Takoif, Ui KOTOPOi HE BBIIOJHAIOTCS YCIIO-
BuA (5), IpenuoJiaraeT €Iie, 970 3Ta TOYKA MOJIYyY4ae€TCA TOJBKO
OpP¥M ONHOM 3Ha4YeHHH apamMeTpa t=£, (T. €., K&k FOBOPAT,
ABJIAETCS I P O CTo# Toukoi). Eciu 681, HaobopoT, Touxa (x,, y,) Obiia
KPaTHO# U oTBeyasia, HAIPUMED, IBYM Pa3IHYHBEIM 3HAYCHHAM Hapa-
MeTpa t=%, U t=t;, TO B HeH, BoOOIe roBops, Iepecekayuch ObI IBa
yYaCTKa KPHUBOMH: OJMH, ONpEACIACMBbIi 3HAYeHHMsMY f, ONM3KEMM K 7,
a Ipyrod — 3HAYCHHSMH f, OJM3KHAME K 7. B 3TOM ciyyae BCIO KPHBYIO
B OKPECTHOCTH HAHHON TOUYKH ONSTH-TAKM HEJNB3S ObUIo OBl MPEICTaBHTH
SBHBIM ypaBHEHHEM. TaxuM oOpa3oM, K paTHBI€ TOYKH TakXke IO Cy-
LIECTBY CJeIyeT OTHOCHTB K O C 0 O BI M ¥).

IlomsemeM wmroru ckazanHHoMy. MBI He TBITANKCH AaTh TEOMETpHYE-
CKYIO XapaKTepUCTHKY ITOHATUS KPUBOM: JUIS HAC KpuGas eciv 2eomempu-
yeckoe Mecmo mouex, Y008AeMEOPAIOWUX AHAAUMUYECKOMY COOMHOWEHUIO
euda (1), (2) uau (4), — B IPENNOTOKEHUN HEMPEPEIBHOCTH BCTPEYAIOMIHX-~
cs1 B HuX QyHKIUME U HX npomsBomubX. IIpaBna, reomeTpuyeckue oOpassl,
oIlpeliesisieEMBIe 3TUMU Pa3JIMYHBIME CIIoco0aMu, B 1€ JIOM MOTYT 3Ha-
YUTENILHO PAa3sHUTHCA HO CBOEMY OOJIMKY, HO B M aJi O M, B OKPECTHOCTH
OO XHOBEeHHOH (a B ciuydae mapaMeTPUYECKOrO 3aaHMA M I P O-
CT O M) TOYKHM, BCE OHM YIOHOOJSIOTCS TeM HmpocredummM obpa3aM, KOTo-
pHIe 3amaroTcs ypaBHeHHs MU Brna (1).

224. Tpumepsl. CenaeM 0030p HamvaLle BCTPEYAIOIIMXCH KPABEIX (MHOTHE M3 HHX,
BHOPOYEM, YK€ 3HAKOMBI YHTATEIIO W3 AHAIMTHYECKOW r€OMETPHA).
1) Hennasa nuaus (puc. 41). Ee ypanuenne

a2 X x
=—\e%+e ")=a ch—.
2 a

Ilo Takoff NMHHE YCTaHABNHBACTCA B DABHOBECHUM IMOKasi M HEPACTSKHMAs TAKeas
HHTBH (Llenb, IPOBOX M T. II.), IOABEIICHEAs 32 06a KOHIA.

®opma kprBO#i BOMM3M Bepmmubl A (CM. puc. 41) manommBaeT mapabony, HO npu
YOAJICHVH OT BEPIIMHEI KpHBas Kpy4e ycTpemusiercss B OeckoHeyHOCTh. OTpe3ok OA=a
onpeznesseT ToyHee ee GopMy — ueM g MeHbINe, TeM KpuBas Kpyde. To pacnonoxenue
KPHBOH, KOTOpOe H300pakeHO HA 4YepTexe, BOBCe HEOOM3aTebHO, HO OHO NO3BOJAECT
NPUAATh YPABHEHUIO KPHBOI HauboJiee MPOCTOM BH/I.

*) EcTb, BOPOYEM, OAMH CiIy4al, KOTAa TOYKY, HOJYyHSaIOIIYEOCH ABAX/EI BCe XKe HE
CYMTAIOT KPaTHOM: 3T0 GyneT Toraa, KOraa TOYKa OTBEYAET OBYM KPDAa M HHM 3HAUe-
HHSM DapaMeTpa M B Hell KpuBas 3aMBlKa e TC . B nopumepe OKPYKHOCTHA

x=a-cos @, y=a-sinl (0=<0=<2n)

310 OyneT Touka, onpeaenaeMas 3HayeHusMHa 9 =0 u 0 =27,
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2) DN NHNC, OTHECEHHBIH K OCAM CUMMETDHM, AMCET YPABHEHUE

xz y2
A
a2

b2

x Yy
HOCKOJIBKY CyMMa KBaJpaToOB BEJIMYUH — H ; JAOJDKHA PABHATHECA CHHUHUIIE, €CTECT-
a

BEHHO NPHHATH WX, COOTBETCTBEHHO, 32 KOCHHYC H CHHYC HEKOTOPOTO yria f. DTo mpH-
BOJUT K OOBIYHOMY NapaMeTPHYeCKOMY NpEICTABICHHIO 3JUIAICA,

x=acost, y=bsint;

OpY U3MEHEHUH ! 0T 0 N0 27 SILIAIC OMUCHIBAETCH OPOTHB YACOBOM CTPENKH HauMHAS
ot xoua A {(a, 0) Gonpmoii ocu.

MoxHO GBUIO OBI, Pa3yMeeTcs, HCIONB30BATh H KAKUE-THOO IPYTHE BBHIPAKCHHS,
CyMMa KB2JpaTOB KOTOPHIX PAaBHA CAWHMIE, M NOJIOXHTH, HAIPAMED,

4 1-u? 2u
=a —, y=b —-,
1+u 14 u?
IO€ 4 U3MEHSETCA OT —oo IO -+, TaK Kak OPE U~ + oo
HMEEM X~ —a, y-0, TO MOXHO CYMTATh YCIOBHO, YTO
oy Toyka A" (—a, 0) noayyaercs npy u= + .
4 AHAJOrMYHO I Cliydast TH e p 6 O I bl
x2 y?.
& ph
BCOOMMHAST M3BECTHOE COOTHOILICHNE, CBA3HLIBAIONICE T H-
nNepbOONHEICCKHE KOCHHYC M CHHYC, MOXHO IIOJIO-
KHTh
/_]g z x=acht, y=bsht (—e<f<+e).
JIpyroe mpencrapiieHHe TOM XK€ KpPHBOM:
142 2u
—g y=b e
1-2’ 1-n2
(—ee<u~<o; u»tl)
UuraTero PEKOMEHAYETCS BO BCEX Ciydasx naTh cebe
OTYET B NEPEABIXCHAH TOYKM IO KPUBOK IpH HM3MEHE-
HHHW Hapamerpa.
3) Honyxyb6urueckas mnapaboma (puc. 115)
y2—-cex?=0 (c=>0)
3neck oco6Goit  TOuKOM ciyxur Havamo (0, O0).
p 115 Ecmz pemuTh ypaBHEHWE OTHOCHTEILHO Yy, TO HOMYYIHM
HC. .

ABHBIE YPAaBHCHHUS OBYX CUMMETPHYHEIX BETBEH KpHEBOM
8
y=1 Jex3= # Vex?.

Tak kak y"=0 npa x=0 ans obewx BeTseif, TO B HaYale OHH OO€ XacAlOTCA OCH X, U

HaIMIO OCTpPpHe [Touka Bo3msparTa, cm. 236].
4) Actpoupga (puc. 116)

2 2z 2
x¥+32=a® (a>0).
910 ypaBHEHME, COGCTBEHHO I'OBOpS, HE MOXOOUT IOA TOT THIl, KOTOPHIM MBI

YCIIOBUIIACH OTPAHMYNTBLCA: B KaxA0K u3 ToueK (a4, 0) u (0, +a) ogHa H3 4ACTHHIX
OPOHU3BOANBIX JICBOM YACTU YPABHEHUA OOpaliaercss B . BmpouyeM HeTpyamO, 0cBOGO-
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IUB YPABHCHWE KPHBOK OT MPPAUMOHAILHOCTCH, NPEACTABUTH €r0 B BHIE
((x%+y2) — a?)3+ 27a%x%2 = 0.

IIpu 3TOM IIpeACTaBICHAN yKa3aHHBIC TOYKH KaK pa3 u OyayT oco 6 bl M 1.

W3 ypaBBeHUsT KPHBOM BHAHO, 9TO KPHBasl JISKUT B Kpyre x2+ y2= g2 ¥ CHMMETPHUYHA
OTHOCHTENNBHO 00erx oOced; OrpaHWYMMCs HO3TOMY MNEPBRIM KBaapaHTOM. Paspemias
YPDABHEHHE OTHOCHTENIBHO ).

: 2\
y=(a3—x")2

v nuddepeHnupys:

2 2\1 1
y=-\a*—x3)2.x 8,

BAAMM, 4TO Npd x=0 XacaTenbHas BepTUKAJILHA,
a mpu x=a — ropusoHTansHa. OTCIONa CHEAYET,
YTO BO BCEX YETHIPEX OCOOBIX TOUKaX OYAYyT O C TP ¥ 5
(Toyxu BO3BparTa).

Kenast monyuwts HapaMerpHYEcKoe INpeACTa-
BJICHHE ACTPOMIBI, HCHONB3YEM TO, YTO — B CHWIY
YDPaBHEHMs KPHBOM — CyMMa KBagpaTOB BBIDAXCHUM Prc. 116.

1 1

x 8 3
(—) u (—) IOJDKHA PaBHATHCA enunulie. IT0/10KUB HX PABHEIMH COS ¢ U Sin f, IPHAEM
a a

K TAKHM [apaMeTPHYECKHM YyDaBHEHUSIM:
x=acos3t, y=asin®t (O=<t=<2m).

Tak Kak OpOU3BOJHEBIC ‘
xt=—3acos®tsint, y;=3asin®tcost

obe obpamarorcs B 0 npu =0 (27),

z 3z
—, m, -—, TO 3TUM 3HAUEHUAM TMapa-
2 s > 2 ’

MeTpa OTBEYai0T OCOD B € TOUKA —
TE K€, YTO W BHIMIE.
5) Hexapros nucrt {puc. 117)

XB+y3i-3axy=0% (a>0).

Oco06oi# TOYKOM CIYXHUT HAYAIO
xoopmuuar (0, 0): B HeM kpuBast cama
Puc. 117. ce0s1 nepecekaer. Kpwsasg mMeeT acHMIl-
T0TY X+y+a=0 xak Onpu x— +, TakK
¥ OPH X -~ — co,
YroOnl yOSHOUTICA B 3TOM, Pa3/jciluM ypaBHEHWE HOWICHHO Ha Xx3:

3 1
(1) =302 -1,
X

Or1crona, Npexae BCero, MOXHO 3aKIFOYUTh, YTO, CKaXeM, opd |x| > 3a,

Yy
—| ocTtaerca
X

3_ 3
*) Cm. mpumep 2), 210. Touxa A(aVZ, aVZ), OTBEYAIomas MakCuUMyMy ¥ Kak dyHK-
HUH OT X, OTMEYCHA HA dePTeKeE.
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Yy "
OTPaHMYEHHEIM, & TOTAR YK€ ACHO, YTO NPH X —+ + « OTHOweHne —— —1, C gpyroit

CTOPOHLI, YPAaBHEHUE OaeT HaM

3a.1
3axy X
y+x=x2_xy+y2= 2?
Ef
X x

TaK YTO OpU X ~ t o= Oymer y+x—~ —a. DTEM HaOIe yTBEPXKICHHE H onpasgaHo [148].
Yy o
BBOAs B KaYecTBE IapaMeTpa OTHOIICHUE /= — W MOACTABIIAA B yPaBHEHWE KPWBOM

X

Y =1x, JIETKO NOJIYYHTH OapaMeTPUYeCKOe NIPEACTaBIICHUE:

3at 3at2

X = - Y=

3417 13+1

Ilpu £ +  obe KoOpaMBATHI CTpeMsATCH K 0; MOXKHO CUMTATh, YTO HAYAILHAS TOYKA

(0, 0) monyyaercs kak npu =0, Tak U OpU = + co, TIpu M3MEHEHHH ¢ OT — fo —1,

TOYKA (X, ¥), BCXON U3 HAyana, BOJL OPABOil BETBY YHAIAECTCH B OECKOHEYHOCTD. Ilpu

U3MEHEHMH £ OT — 1 110 0 Hama Touka U3 GECKOHEUHOCTH BIIONE JICBOi BETBH BO3BPAILAET~

s K Hayany. Haxownen, npu BospacTanun 7 o1 0 0 e TOuKA OMHCHIBAET (UPOTHB
4ACOBOH CTPEJIKA) HETIIIO.

225. KpHBble MEXaHHYECKOTO MPOMCXOM/ICHHS. IIpononxas mepeucHb MPHMEPOB,
DacCMOTPUM €IIE HEKOTOPBIE KPUBLIE MEXAaHHYCCKOTO MPOUCXOKICHUS, MOJYYSHHBIC
INyTeM KA Y €HU sl OAHAX KPUBBIX 1O IPYIrAM.

(meo<t<te, t-1)

Puc. 118.

6) Huknouma. Boobpasum, ¥to mo mpamoit Ox (puc. 118) ciepa Hampaso
KaTUTca 6e3 CKONBIXKEHH S KDYr DaguMyca @ C LCHTPOM B A. Kpusas, ommcei-
BaeMasi IIPH 3TOM Jro60H TOYKON OKPYXHOCTH, M HA3BIBAETCS I{ MK JIO M [ O H. ITpo-
CJICAM, HaOpuMep, OyTh TOUXH O 3a BpeMs OXHOTO 000poTa Kpyra.

PacCMOTPEM XaTAIMUHECA KPYr B HOBOM IIOJIOXCHEWM. TOYKOM KacaHus CIY>KUT
yXke ipyras To4ka N; TakuM o0pa3oM, OO NIPAMOM TOYKA KACAHUSA IEPEMECTIIIACH HA
paccrosizue ON. B 71O xe Bpems Touka O NEPEMECTWIACH B IOJIOXKEHHE M, mpoiiaa
10 OKPYXKHOCTH Kpyra yTe NM. Tak Kak KaueHue NPOUCXOANT 0 €3 CKONbXKEeHH 4,
TO OTH IIyTH PaBHEBL ~
NM=ON.

Ecmu BribpaTs Temeps B KayecTse napamerpa, ONPEAENISIOMEro HONONKEHHE TOYKM,
yrox t=<{NDM Ha KOTODBHIil yCIie)I IOBEPHYTELCS PAIPyC, MMEBINMK B HAYANE KAUCHHS
BEPTHKAJIbHOE MONOKeHHe 40, TO KOOPAHHATE! X H ¥ TOYKE M BHIPAa3ATCH CICAYIOMMM
obpazom:

x=OF=ON-FN=NM-MG~-at—asint,
y=FM=NG=ND—-GD=a—acost.
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Wrax napaMeTpuyeckie ypaBHEHHS IMKIOMAB! UMEIOT BUI
x=a(t-sint), y=a(l-cost) (O=<t<2n).

Ilpu m3MeHeHMH f OT ~ O +oco MOMYYHTCA KPUBAS, COCTOAW@AA M3 GECIMCIICHHOTO
MHOXECTBA TakUX BETBEH, xakas m3o0paxeHa Ha puc. 118.
Tax xax npoussonHBle

xi=a{l—cost), yj=asint

OnHOBpPeMeHHO obpamatorcss BOnpu t=kn (k=0, £1, +2, ...), TO 3TUM 3HAYCHUAM
oTBeYaroT ocobnie Toukn Kpueoi. Ho [106, (10)]
, Yt sin ¢ t

= —clg—,
Ix x; l-cost g2

TaK 9T0, Haupumep, Hpu 7~ + 0 (unu upu x ~ +0) npomsBonHas y; GymeT cTpeMuTbCs
K & oo; SICHO, 4TO B HAYAILHOM TOUKe (DPABHO KaK H B IPYTHX OCOOLIX TOYKaX) KACATE/b-
Has BepTHKAJIBHA: 3/1eCh HAMIO OCTpue [Touka BossparTa, 237].

7) Onu- W rADOUMKIOMT2 Ecid omun Kpyr 663 CKONBKEHHS KaTHTCA
M3 BHE HO APYrOMY KDYIY, TO KDHBAsl, ONMUCHIBACMAS NPOM3BOIBHON TOYKOK OKDYXK-
HOCTH HOABHKHOTO KPYyra, HashlBACTCA 3MHUMHUKIOHU Ao il. B ¢lydae e KayeHWs
H3HYTPH MBI HEMEEM J€T0 C THII O Il 4 K-
om0 H. OCTaHOBHMCS HA BBIBOJE YPaBHEHHH Y
HEPBOM U3 3THX KPHABHIX. '

Bo3pMeM Hauajo KOOpmuHAT B IeHTpe O
HCIOJBHXHOIO KPYTa, a OChb X IIPOBENEM Hepe3
TO HOJIOXCHAE A4 PHTEPECYIONIEH HAC TOUKH,

B KOTODOM OHA HBIHETCS TOYKOM KaCaHHS

oboux kpyros (pumc. 119). Korna nHOmBIDKEBII

Kpyr mepedfeT B HOBOE MOJIOXEHHE, YKa3aHHOE -
Ha YepTexe, Touka A nepeiiner B M. I'eoMmeTpu- S
YECKOe MECTO TOoYeK M HaM W HAIUIEKHT Olpe- /
JI€TATE.

OO0o03HauUM wepe3 g paauyc HEHOABHK-
HOTO Kpyra, a 4epe3 ma — PpPanayc KaTAImerocs \
kpyra. BribepeM 3a mapamerp 31eCh yroi f= \
= < MCB mexay paguycoM CM, COeOUHSIOIEM AN
LIEHTP KATAIIErOCH Kpyra C HHTEPECYIOLICH Hac R
TOYKOH Ha €ro OKpPYXHOCTH, M pammycoMm CB,

IPOBEACHHBIM B TOYKY Kacanws. B Hauane OBU- Puc. 119.
JKEHHA IyCTh 3TOT yroi paseH 0.
Ipexnme Bcero, HOCMOTPAM, B YeM 3A€Ch MPOSBIAETCE OTCYTCTBHE CKO NI b-
SN’

kKenusa Jlyra AB, mnpolineHHas TOYKOM KACAaHHs MO HENMOABWXKHON OKDYXHOCTH,
Ne”

IOJDKHA PaBHATBECS nyre MB, mpoiiieHHO# TOYKOW KacaHus M0 KaTADIEHCS OKpYX-
HOCTH:

R Ry

a-JAOB=ma.-JMCB=mat, orkyga <JAOB=mt.
BripazaM Tenepb KOOPAWHATHI X U ¥ TOUKH M vepes f. iMeem

x=0G= OE+ FM = (a+ ma) cos mt +masin < FCM
HO

JGFCM=4BCM - 4 OCE n qocs%_m,,

TaK 4TO
JFCM=(1 +m)t—f2- ¥ sin 4 FCM = —cos (1+ m.
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OxoHYATENBHO
x = af[(14+m) cos mt — m cos (1 +m)t].

ITono6ueIM e 06pasom HalineMm
v=a[(1+m)sin mt —msin (1 +m)t].

DTH ypaBHEHWS! IAIOT HAPAMETPHYECKOE MNPEACTABICHHE 5 I M I ¥ K JI1 O M /I Bl.

Koraa xaTsmuiicsi Xpyr CHOBa IIPAIET B CODPHKOCHOBEHNE C HEMOBHKHEIM KPYTOM
B TOH# Xe CBOEH TOUKe, 9TO ¥ B HaJaje NBHXEHHs (T. €. IpH ! = 27), Touka M 3aKOHHYHT
OmHy BeTBb KpuBOH. Ilpm pameHeiimem kaueHmu oHa GyHET ONMCHIBATL CIIEAYIOUIYIO
BETBb, ONOOHYIO IEPBOM, M T. I.

Ipon3poanrie
xt= —m(m+ Dalsin mt —sin (14- m)t],
yi= m(m+1afcos mt —cos (1+m)t]
obpanarorcst opguospemMenHo B 0 npu f=2kn (tme k=0, +1, +2, ...), T. e. BCsKmit

pa3, Korzia paccMaTpusaeMas Ha HOABHXHOM KPYT€ TOYKA CTAHOBUTCH TOYKOH KaCaHHS.
CoO0TBETCTBYIOIINE TOYKK KPHBOHK Gyayr oco 6B MM (TOYKM BO3Bpara).

kot

Kapivnidn

JunoyLknoudes
Puc. 120.

B ciydae THOOUHMKIOMNAL OONOOHBIM e 0O0pa3sOM NOJIYy4YdrOTCS TaKHe
OapaMETPHYECKAE YPABHEHUS:

x=al(1 -m) cos mt+mcos (1-m)t],
y=a[— (1 —m)sin mt+msin (1 - m)tl.
3neck m Takke O3HAYAET OTHOIICHME DAJUyCa KaTALIEroCcd Kpyra K paguyCy HeIo-

IBUKHOTO. JIETKO 3aMETHTH, YTO 3TH YPAaBHEHHS HOJIYYAKOTCH U3 YPABHEHHHA SITALMKIONIBI
3aMEHOH m HA — m.
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1
Ha puc. 120 n306paxens! SMUUMKIORIL], COOTBETCTBYIOLIHE 1= 1, 2, —5 , I THNO-

1 1
UUKIIOMBI, COOTBETCTBYIOLIHE M= —3— u Z . B pocnemHe#t umratesh y3HAeT acC TP O-

nay*).

8) OBonsBenTa kxpyra. Ilpescrasum cebe, u4To Ha KpYyr, ONUCAHHDLIHK
u3 peHrpa O pagAycoM a, HasepHyTa
N0 YacOBOM CTpPENKe HHUTH, IIYCTH KOHEIT \!/
HUTH TNpEXOIUTCA B TOouke A. Crarem
HATH Dpa3BepTbBaTh (OPOTHB 9acCOBOI
CTPENKK), CMAThIBasi C KPYra M BCe BpeMsi
HaTsArueasg ee 3a Komeu. Kpwusas, omnu-
ChIBaeMast NMpH 3TOM KOHLIOM HHUTH, Ha3bl-
BaeTcs 3BOJNBBEHTON kKpyra [cp.
Huxe 254, 246].

Bo3pMeM Havano KOODAHHAT B IEHT-
pe O (puc. 121) m nposeneM oCh X uepes
Touky A. Korma Oymer cmotama vacTh
AB HuTH, OHa 3aiiMeT mONOXeHWe BM,
pacmosnarasch IO KacaTeNbHOH K Kpyry,

N’
a Touka A4 mepeiiner B M. Utax, AB=BM.
B xagecrse mapamerpa BBeJeM Yron t=
= <JAOB Mexny pammycamu OA m OB.
Koopnunatel X, y Touku M BEIpa3aTcs
ClemyromuM ofpa3om:

x=DC—-DO=BF-DO-=
=BM sin {BMC— OB cos <{DOB,;

Puc. 121.

N’
HO BM=AB=at, a yoint < BMC wn < DOB paBHbl 7m-—f, TaK 9TO

x=atsin(sz—t)~acos(mw—t)=a(tsin t+cos?).
Hanee,

y=CM=CF+FM=DB+ FM= OBsin {DOB-+BM cos {BMC=a(sin t - t cos t).

Taxum o6pa3oM, Hama KpuBas IpeACTABIIETCT CTIeAYIOIEMHU TapaMeTPRYECKBEMH
YpaBHCHUSIMH:
x=a(tsint+cost), y=a(sint—1cost).

EnuncTBeEHass 0co06as TOUKAa OTBEYAET 3HAYECHMIO t=0, nmpu xoTopom oOpa-
marorcs B 0 06e npomssonmbie

Xf=atcost, yj=atsint.

Ilpennaraem wutatemo yGenuThess B TOM, YTO Ta e KPHBAS HOIYYMTCH, €CiH
KaTATE OpsMYI0 (6 €3 CKO 1B K € HHU ) IO KPYTy ¥ PACCMOTPETh TPASKTOPHIO KaKOH-
nmb0 TOUKA NPSIMOM.

226. Kpusbie Ha mwiockocTH (B NOJAPHBIX KOOPIHHATAX). IIpamepn1.
Bo MHOruX ciy4asx okasbIBaeTCs IPOLNE MPEACTABIATH KPHBBIE WX II O-
JAPHBIMYU YPABHEHHSIMMY, YCTAHABIMBAIOMMNMY 3aBHCHMOCTD

1
*) EciM B ypaBHEHMSX THHOLMKJIOMIE! HOJIOKUTE m=Z U 3aMEHATH ! Ha -4,

TO ¥ OOJIYYaTCd YPABHEHHS, IIPUBEIEHHEIE B 4).
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MesKIy TEKyUIMMH IOJISPHBIMU KOOpAUHATAMH r, §' Toyek kpusoii. Ilomsp-
HBIH yroi 0 Mbl OTCYATEIBAEM OT IOJSAPHOU OCH, CUATAas €ro HOJOXKHATEIb-
HBEIM IIPOTHB 4acoBoM crpesikd. IToNgpHELI pammyc-BeKTOD r MBI OyneM
6paTh Kak IOJOXUTEIbHBIM, TaK KM OTPHIATENLHEIM; B IEPBOM Ciydae
€ro OTKJIAJBIBAIOT B HANIPABIICHUH, OIIPEIeJIIEMOM YIIIOM §, 2 BO BTOPOM ~—
B IPOTHBOIOJIOKHOM HAIIPABIICHAH.

Kax B cily4ae IpIMOYTOJIbHBIX KOOPIHHAT, K 34€Ch 3aBUCUMOCTD MEXTY
r 1 0 MoxeT ObITh 3a7laHa B IBHOM, HEIBHOM HMJIM TapaMeTpHYecKoi Gpopme.
MBI OrpaHAYUMCs, IPSHMYILECTBEHHO, MPOCTEHINAM CIIYYaeM, Koraa KpH-
Bas MPENCTaBISETCS sIBHBIM ypaBHeHHeM Brna r= f(6).

Eciu mepeifTé K IPSMOYrOJIbHBIM KOODAMHATAM, B34B, Kak OOLIYHO,
MOJIIOC 32 HAYalo, a MOJIAPHYIO OCh — 3a OCh X, TO YPABHEHUS

x=rcosf=f(0)cosh, y=rsinbf=f(0)sinl

JagyT HapaMeTpHYECKOe IIPeACTABICHHE HAIICH KPUBOHM, mpu-
yeM poJib IapaMerpa 37ech OyIeT HrpaTeh MoJApHbId yrou 6. [[losyvennble

Puc. 122.

3neck (GyHKIEU OT 0O, BMecTe C f, HEIIPEPHIBHBI M HMEIOT HENPEPHIBHBIC
HPOU3BONHEIC.]

Popmysl
7 ’ .
X;=rycos 0 —rsin 0,

Ye=rosin 6 +rcosf

MOKa3b[BAIOT, 4T0 oco6as Touka (B cMbicae n° 223) MOXKET BCTpe-
THTHCS JIMIIb B TOM Ciydae, eciu r=r,=0.
ObpataMcsi K TpUMeEpaM.

1) Apxumenosa conupanb r=ab (puc. 122).

KpHBY’o MOXHO DPacCMaTpHBaTh KaK TPAEKTODHIO TOYKH, PAaBHOMEDHO MNBIXKY-
Igiicst IO JIydy, HCXOMAIIEMY U3 IIOJIIOCa, B TO BPeMs KakK 3TOT JIyY pPABHOMEPHO BpamIaeTCs
BOKpPYT HOJNIOCA.
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. JAns mocTtpoeEmsi pspa Touek A, B, C, D,... XpuBOH OTIOXAM IO BEPTHKAIHA

0A=a-% , a 3aTeM Bo3bMeM OB=204, OC=30A4, OD=404 u 1. 1., 60 EM OTBe-

T T T
YaroT YIUIEI 2 E , 3 —2—- N 4—2- u 1. 1. Uamenss yroa 6 or 0 5o -, moiydaM OecKOHEIHOE

MHOXECTBO BHTKOB KpuBoit OABCD, DEFGH,...; paccTOsHHUS COCCHHMX BHTKOB,
c4uTas Ho JIy4y, PaBHEI 27a.

Moxso yriiy 8 nprAaBaTh B OTPHIATENBHBIC 3HaYeHUA, OoT 0 go — <. Torpa nony-
YUTCH BTOpas vacTh kpuBolt OAB’CD’..., HaMeYeHHAs OyHKTUPOM; OHA CHMMETPUIHA
¢ IEpBOi.

3amMeTHM, 4TO ypapHeHME r=af-+b TakXe BHIPAXACT apXHMEAOBY CHH-

b

P alib: eCd HOBEPHYTh MOJSPHYIO OCh HA YION &= —— , TO 5TO YPABHEHME IPHBEACTCH
K BHOY r=af. a

a
2) Tunepbonmueckas COHUpamnkb: r=3 (puc. 123).

IIpu Bo3pactammm yrina 6 1o GeCKOHEYHOCTH PANHYC-BEKTOP CTPEMUTICA K HYIIO,
a TOYKa KpHBOM CTPEMMTCS XK COBIALCHWIO C HONIOCOM (EHMKOrZa €ro He HOCTHTas);

B 3THX YCJIOBHSX NOJIOC Ha3biBaeICi A CHMIOTOTHYECKON TOUYKOH KpPHBOM.
Kpusas 6ecuHCIEHHOS MHOXECTEO pa3 3aBOPAYMBACTCS BOKPYT HOIIOCA.

7 a 1
Ecim Ha nyye 6 =-Z OTJIONKHATHL OTPEe30K OA=— ¥ B3ATH AB=50A, ocC =E OB,
T

OD= 0} O¢C, ..., 10 Touku 4, B, C, D, ..., OYEBHIHO, JIEXKAT Ha KPUBOIL,

Vron 6 MoxXer NpAHEMATh H OTpHUATENbHLIE 3HAauenms. Ilpm m3menenvu 6 ot O
0 —e, Kak H B CIIy4ac apXHEMEAOBOH CIMpPaJHf, MOJYyYaeTcsi BTOpAas 4acTh KPUBOH

A'BC'D’ ..., cuMMeTpUYHAS C IEPBOI; OHa H 3[4ECh HAMEYEHA IYBKTHPOM.
Jlis yrouHeRms GOpMBI KpHBOH B OECKOHEYHOCTH PACCMOTPHEM  BEPTHUKAILHOE
sin @

paccrosiHEe TOYKE XPHBOM IO HOJAPHONK OCH y=rsin 6= a—e—— .Hpu r—++ e wmm —

910 TO %€ — mpH 6~ +0 mMmeeM lim y=a. Taxum oOpa3oM, npsmas, OpPOBEHCHHAA
MapajIesIbHO NOJIAPHON OCH Ha PACCTOSIHAM a OT Hee, CIYXUT JUIs KpuBOoM acH M m-
TOTOHWH.

33 I'. M. ®uxrtedroasu, T. I
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3) JJorapedMuueckas cuapans r=aemd (prc. 124).
Ecnu yron 8 Bospacraer (wm y6siBaer) B apudgMeTHYECKOH MPOrPECcCHH, TO F BO3-

pacTaer (yGbiBaeT) B reoMeTpayeckoit mporpeccuu. OTIOKAM HA HOISIPHOM OCH OTpe-
k3

m?
30k 04 =a, a Ha BepTHKAH K Hell — OTpe3ok OB=ae ?; 06e ToukE A, B npuBamje-
*ar mameli KpEBod. ECIM mOCTpOMTH Temeps OpSAMOYTONBHYIO JoMaHylo ABCDE.. .

Prc. 124.

TO U3 NOf00HsA TPEYroBHEKOB HETPYAHO 3aKIOYUTh, YTO OTpeskd OA, OB, OC, OD,

kg
m-—

OE, ... o0pa3syroT TreoMEeTPHYECKYIO HPOTPECCHIO CO 3HAMEHATENEM ¢ 2; Tak Kak

T T T
COOTBETCTBYIOINHE YIJBI CYTh 0, > 2-—5, 3-5 H T. X., TO, OYEBHUAHO, BCe Touku C,

D, E, ... TakKe JieXaT Ha PacCCMATPHBAEMOH CIMpAIIH.

Korpa yron 8 pacrer oT 0 g0 + <, TOUKA JEAET GECUMCIIEHHOE MHOXKECTBO 00O-
POTOB BOKpPYT HOJKOCA, OBICTPO YAAIIACH OT HETO B GECKOHEUHOCTh; PACCTOSHHUS
MEXAy BUTKaMH yXe HE PABHEL. YTONI § MOXKET OPHHMMATH B OTPUIATE/LHbIC 3HAYCHUS,
Korza 0 CTpeMETCS K — <, TO pafHyc-BeKTOp r crpemutcs k 0. Kpmsas Geckomeunoe
MHOXECTBO pa3 3aBOPaYMBAETCS BOKPYI HOJIOCA, GE3rpaHWMHO K HEMY IpHOIDKAsAChH
(20 HEKOTmA He Aoctmras, cM. yacth AB'C'D’E’... Ha puc. 124); nomoc sBusercs
ACHMIOTOTHYE€CKOH TOYKOM KpDUBOM.

OTmernM, HakoHeN, 9TO, IOBOpAYMBAasi MOJISPHYEIO OCh BOKDYI MOJIOCA, MOXHO
NOGHTECS YEEYTOXEHHS MHOXHUTE/S! @ M UPUBECTH YDaBHEHHE JIOTAPHE(GMIUeCKOl Cr-
paM K OpocTeiimeMy Buay: r=emf,

4) Vanmtku: r=acos0+b (puc. 125).

IIpoucxoxnenme 3THX KPHBHIX MOXHO cebe IPENCTABHTH Tak. Bo3bMeM OKDYX-
HOCTB Jramerpa a. Eciu BHIGpaTh momoc O gexamuM Ha camoil OKPYKHOCTH, a HOJISp-
HYIO OCb NpOBEeCTH uepe3 neutp C, 10 Ansd moboit Touka M OKpyKHOCTH, OYEBHIHO,
Oyner r=acos 6. D10 H eCTh NONAPHOE YPABHEHHE OKPYXHOCTA. ECI M3MeHsTh 37ech
yron 6 ot 0 mo 27, TO mepeMeHHasl TOYKa A B A XK1 bl ONMIIET OKPYKHOCTD (mpoTus
9aCOBOM CTpENKH),

Ecne ynnimBATE TeNeph BCE PANAYyCHI-BEKTOPHI OM’ OKDYXHOCTH HA HOCTOSHHBIA
0Tpe30k M'M = b (b>0), TO B3 OCTPOEHHBIX TAKMM IYTEM TO4YeK M COCTABHTICS HOBast
KpHBas, KOTOpasi u HOCHT O0Ilee Ha3BaHWE Y TH TK H. Ee mONsApHOE ypaBHEHHE, OUe-
BUZIHO, Oyner r=acos 8-+b.

Ilpome Bcero obcromT AENO, ecnd b>a, W60 TOraa PajHyc-BEKTOP BCEIAA IOIO-
JKATEJICH M KpHBasi OKPYXKaeT IOJIOC CO BCeX CTopoH (puc. 125a). Ilpu b<a xpuBas
HIPOXOAWT 4Yepe3 MONIOC H, cama cebs mepecekass, o6pa3yeT BHYTPEHHIOIO METIIIO, KaK
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Ha puc. 125 6. s ompenenends yrioB 6, OpH KOTOPhIX HEPEMEHHAS TOYKA IMPOXOAUT
Yepe3 moimoc, nojaraeM r=0 B ypaBHeHHH KpuBOoil. MBI Imojiy4aeM ypaBHeHHWE COS 8 =

b
= ——, KOTOPO€ HMCET PECIICHNC HMEHHO NOTOMY, 4TO b<a.
a

Oco6erH0 MHTEpeceH MPOMEXYTOYHBIM THI KPUBOU, OTBEYAIOIIHMH CiIydaro, KOraa
b=a. 3mech TMONIOC JIEKHT Ha KpHBOH (§ =7), HO NMET/IIH HET;, KpHBas H300paxeHa Ha
puc. 125 6. Cpa3sy Opocaercs B Iia3a TOXIECTBO 3TOM XPHBOH C Kap A HOH 40 i,
PACCMOTPEHHOH BBlIle, KAK YACTHBIA Clydaf snuumukaou e (puc. 120). Mpex-
CTaBJISIEM YATATEIIO YOSOUTHECA B 3TOM.

M,/‘f:17>[l M"/V=b=ﬂ

MM=b<z
Puc. 125.

5) Jlemuauckata Bepaynuam r2=2a?cos20 (puc. 126).

DTy KpUBYIO MOXHO OHpPEHeNNTh Kak I€OMETPHYECKOE MECTO TOodeKk M, Ajig KOTO-
pHIX OpOM3BeICHUE MX paccrosiHmit o= FM u o' = F’M po nByx nasHBIX Touek F u F7,
OTCTOSNIAX OAHA OT APYroil Ha pacCTOsSHHWE 2a, €CTh HOCTOSHHAN BSJIMIAHA g° *).

*) Ilpz yka3aHHOM COOTHOIICHHH MEXIY paccTosHueM FI' U IOCTOSHHOMN BEIHYH-
HOM mpom3BeNerys o', OYEBUAHO, cepenmHa O orpeska FF’ NpUHAINIEKAT KPEBOH
(o= o’ = a). Inave obcromT neno, ecmu pp’ = b%, roe b+ a, TOrAa NONYJAIOTCH TaK HA3bl-
BaeMble oBanb Kaccuum.

33*
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Hpu obo3nauenusx puc. 126 u3 TpeyronsHukoE OMF u OMF’ mveeM
0*=r’+a?+2arcos 6, o%=r*+a2—2arcos?,
TaK 4TO, IO ONPEAENIEHHIO,
%% = (r?+a%?—4a?r? cos? 6 = a*,
OTKyJa Noche 3JIEMEHTAPHBIX Mpeobpa3oBannll HoIyIuM
r2=2q2 cos 26.

3TO U €CTh NOJLIPHOE yPABHEHWE JIEMHACKATEL
Tak kax nepas, a ¢ Helf ¥ OpaBasi YaCTh 3TOTO YPABHEHHS HE MOXET NPHHUMATD
OTPUIATENBHBIX 3HAYCHEH, TO YIOJI § MOXET H3MEHATECH JIMINb B TAKAX HPOMEXYTKAX,

Parc. 126.

JUISL XOTOPBIX ¢€0s 20=0. D10 OyayT OPOMEXYTKH

E] 3z S5n T
0:")’ (—y_ H (—’277)-
( 4 4’4 4

Bca xpEBas pacmoONOXKWTICA B OBYX BEPTHKANBHBIX YIJIAX MEXAY OpAMBIME SS
n  3n
u I'T, NpOBENECHHEIMHE IIOZ YIJIaMH 2 b4 vy K HONSIpHO# ocH (cM. pucyHok). Omna cama

n 3 Sz Tn
cebs1 ImepecekaeT B MOJIIOCE, KOTOPOMY OTBEYAlOT 8 = R

Ecimi oOBMEBIM 06pa3oM HEepeTH K OPAMOYTOJbHLIM KOODAMHATAM, TO JIETKO;
OOJNIyYMTE Takoe (HESBHOE) ypaBHEHHE JIEMHHCKATEL:

X2+ y%)% = 2a%(x2 - y?).

227. IloBepxHOCTH M KpuBBIE B HpoCTpaHcTBe. MBI HE Ipeamosaraem
371eCh YIIyOsATECA B IpHiIoxeHus quddepennnaabHoro HCIUCIEHAS K Ieo-
METPHH B IIPOCTPAHCTBE, OCTABIISASA 3TH BONPOCH JUIA CHEIHATBHOTO Kypca
naddepermuanbroit reomerpui. I109TOMY B OTHOLICHUA HPOCTPAHCTBEH-
HBIX 06pa3oB MBI OTPAaHAYMMCS JIMIIL TEM, YTO HEOOXOMMMO s Hajib-
HEHIIMX YacTeil caMOro Kypca aHayin3a.

Kak u Bpine (HaOMHHM 5TO elfe pa3), Bce paccMaTpHBaeMble (yHK-
uuE OyneM IpeanonaraTh HENPEePHBHBMHA H AMEHO NI UMH He-
IpEePHIBHBIE MPOHU3BOIHBE IO CBOUM apryMeHTaM.
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ByneM uCXoOuTh U3 NPAMOYFOJNLHOH CHCTEMBI KOOPIAWHATHEIX OCeH
Oxyz. HaMm IpHXOJUIIOCh yX€ FOBOPHTH O TOM, 4TO NMOBEPXHOCTH B IIpO-
CTPAaHCTBE MOXET OBITH BBHIPAKCHA YPABHEHHEM MEXY TEKYIAMH KOOp-

MUHATAMH BHOA
z=f(x,y) (6)

oM., manpumep, 160]. Takoe ypaBHEHHE, PaBHO KaK M QHAJIOTHYHBIC €My
x=g(y, 2) 1 y=h(z, x), Mp1 OyneM Ha3bBaTh 51 BHEIM YDaBHCHHUEM IO-
BEPXHOCTH.

K smomy npocmeituiemy cayuaio, 8 U36eCHHOM cmyicae, C600AMCA U Opy-
2ue cnocobvl 3a0aHUA NOBEPXHOCMIU.

YacTo CiIy4aeTcd, YTO HOBEPXHOCTH BBIPAXXAETCS YPAaBHCHHEM BHAA

F(x’ Vs Z) =0, (7)

HE pa3pellieHHHM OTHOCHTEJIFHO TOM WM HHOU KOOpIMHATEL (HEABHO €
samanpe). Ecam B Touke (X, Yy, Zp), €My YAOBIETBOPSIIOIIEH, XOTh OIHA
M3 YaCTHBIX NMPOM3BOMHBIX Fy(X,, Vo, Zo), Fy(Xos Yo Zo)» Fi(Xg» Yo» Z0) OT-
am4Ea oT 0, TO B OKPECTHOCTH 3TOM TOYKH IOBEPXHOCTD HPEINCTABUMA 5 B-
HBH M YPaBHEHHEM TOrO WJIM MHOTO THHA. JIeHCTBHTENBHO, €CIH, HANPH-
Mep Fl(x,, Vo> Z)#0, To o Teopeme 11T n° 208, no xpajineii mMepe B OK-
PECTHOCTH PacCMAaTpUBaeMON TOYKH, YPaBHEHHE ONpENEINAET Z, KaK OIHO-
3HAYAYI0 (QYHKOMIO OT X U . z=f(X,y) (4 IPHTOM — HENPEPLIBHYIO
BMECTE CO CBOMMIH NPOU3BONHBIMU 10 OOOMM apryMeHTaM).

Taxum 00pasoM, HCKIFOUCHAE MOXET NPEICTABUTHCS JIMILIL B O C O-
6 0 TOYKEe NMOBEPXHOCTH, YIOBJIECTBOPSIONIEH Cpa3y TpeM YCIOBHAM:

F,=0, F,=0, F,=0.

F(x, Y ) =0, (8)

HE COIEpKallee BOBCE OJHOM H3 KOODAMHAT, TakKe MOXeT OBITh MCTON-
KOBaHO KaK YpaBHEHHWE M OBEPXHOCTH. VIMeHHO, HA ILUIOCKOCTH XY
OHO BHIpaXaeT KPP M BYIO; €CIA HAa HEH, KaKk HA HAIPABJIAIOHICH, mo-
CTpOMTh HUIHHIPpHYECKYIO IOBESPXHOCTH C OOpa3yroIHMHM, Na-
PAIIIEEHBIMIE OCH Z, TO BCE TOYKH 3TOM IOBEPXHOCTH, H TOJBKO OHH, OyIyT
VIOBJIETBOPSITH PACCMATPHBAEMOMY YPAaBHEHHIO (TOCKOJBKY Z B HErO HE
BXOJHT W HAYEM HE CTECHEHO).

AHATOTMYHO MCTONKOBEIBAIOTCS ypaBHenus Buma G(y,z)=0 mm
H(z, x)=0.

OGpaTumMcs Telleps K KPHBEIM B IpocTpaHCTBeE. IIpocreii-
M CIocOo60M 3aMaHus KPUBOIA B IPOCTPAHCTBE ABJSIETCSA TOT, XOrJi2 B €
TeKyloue KOODPJAMHATHI, HAPHAMED, ¥ M Z, 3aJaloTCs B BHe QYHKIHH OT

TPETbEH, X:
y=f(x), z=8(). ®

HMonoOueii cmoco6 ecTh eCTECTBEHHBIH aHAJor SBHOT O 3aJaHHd KpH-
BOM HA TUIOCKOCTH. W 31eCh ypaBHEHHS YKa3aHHOTO THIA MOXHO ObLIO
Ob! Ha3bIBaTh ABHBIMU YPaBHCHHAMHU KPHBOI.

Vpasrenue
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Kak u B ciyyae niocKkoil KpUBOi, K A6HOMY 3Q0AHUI0 6 OCHOBHOM, C80-
oameca U Opyaue QHAAUMUYECKUE NPeOCMABACHUA  HPOCHPAHCMEEHHOI
Kpugoil.

Kaxzoe u3 ypasHenuit (9) MoXeT OBITh MCTOJKOBaHO JIMOO KaK ypas-
HCHHC TPOEKNUM Halllel KpUBOU HAa KOOPAMHATHYIO ILUIOCKOCTH, COOTBET-
CTBEHHO, Xy WM Xz, J100 Kak ypaBHEHWE O POECKTUPYIOINET O W H-
aunaapa [eMm. (8)] c obpasyromumu, TapajiebHEIME, COOTBETCTBEHHO,
OCH Z WJIH OCH Y.

Bonee obmuit cmoco6 3amaHMs MPOCTPAHCTBEHHON KPUBOM COCTOHT
B TOM, 4TOOBI paccMaTpHBATH €¢ KaK MEpecedeHHe ABYX IIOBEPXHOCTEH
BooOmIe. Ecii 3T IOBEPXHOCTH BHIPAXAIOTCA KaXIas ONHMM M3 HEKe-
CIEAYIOLINX YPaBHEHUIT

F(xa Y, Z) = Oa G(x; ) Z) = 0’ (10)

TO COBOKYIHOCTh OOOHX YpaBHEHHIU JaeT aHaIMTHYeCKoe INpeACTaBICHHE
KpuBo# mepeceuenus. YpaBrenus (10) HasbBaroT HESIBHBI MU Yypas-
HEHUSIMH KpHBOH.

CocTaBuM MaTpHIly M3 YaCTHBIX HPOU3BOJHBIX OT QyHkuud F u G

F, F, F,
( = B By an
G, G, G,

Ilycte xaxoii-uuby/p W3 ompeAeauTeNed 3TOM MAaTpPUOBI, HAPHMED,
F, F
’ 7
G, G,
oTanyeH oT 0 B paccMaTpuBaeMoil Touke. Toraa Ha OCHOBAHHMU TEOPEMBI
IV n° 208 B oxpecTHOCTH 3T0i ToukM ypaBHerus (10) mMoryT GBITH 3ame-
HEHBL ypaBHeHMsAMHM Tuma (9) (upmdyeM Gurypupymoomme B JTUX YpaBHe-
HHAX (YHKOUH CHOB2 OKa3bIBAIOTCS HEMPEPHLIBHHIMEM BMECTE CO CBOHMH
IIPOU3BOIHBIMA).

TaxuMm 06pa3soM, BO3MOXHOCTH CBEJEHHS K IIPOCTEHIEMY CIOCOOY
3a/1aHMs IIEPECTAET OBITh 0OECIEUSHHOM JIMID B OKPECTHOCTH TaKOU TOUKH
KpHBOH# (€¢ Ha3BIBaIOT O C 0 6 0 i), Iie BCe TPH ONPEHCIATENS MATPHUIEI
(11) omHOBpeMeHHO O0pAILAIOTCH B HYJIb.

228. Tlapamerpuueckoe mpeicraBiense. IlepeiiieM, HAKOHEN, K Ha-
PaMeTPHYECKOMY 3aJJaHUIO ITIOBEPXHOCTEH M KPUBHIX B MPOCTPAHCTBE, IIPH-
9eM Ha 9TOT Pa3 HayHeM ¢ KpHBH X. Ilogo6HO ToMy Kak MBI 3TO
Jienand Ha IUIOCKOCTH, KOOpPAWHATHL MEPEMEHHOM TOYKH HPOCTD a H-
CTBEHHOMW XKPHBOIH MOXHO 331aTh B QYHKIHH OT HEKOTOPOH BCIIO-
MOTaTe/IbHOM NEPEMEHHOH —~ mapaMeTpa — £

x=@(t), y=y(t), z=30), 12)
C TeM 4ToOBI MpH M3MEHEHWH MapamMeTpa ! TOUKa, KOOPAHHATHL KOTOPOH
JAloTCs OSTHAMH YPaBHCHHSIMH, OIMCHBAJIA PACCMATPHBAEMYIO KPHBYIO
(s cayyae sBHOTO 3ananus (9) posib mapaMerpa WIpajlo caMo X).
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Ecmi uist B34TOM TOUKM KPHBOM XOTh OJHA M3 IPOW3BOJHBIX X, Vi, Zi
ominyHa oT 0, TO — Kak H B CIyyae IJIOCKOH XpHBOM — JIETKO B OKpECT-
HOCTH 3TOH TOYKM HEPeHTH OT HapaMeTpPHIeCKOro X SBHOMY 3ala-
Huro. JInmre B OKpecTHOCTH 0C 060 TOYKM, Tle BCE 3TH HPOH3BOA-
HBIC — HYJH, HEIb3s rapaHTHPOBATh TaKyI0 BO3MOXHOCTE.

Kax u B ciyvae miIockoil KpHBOH, kK 9HCIIy O0CO O BIX cCleayer OT-
HECTH M TaK Ha3bIBAEMble KPATHBI € TOUKH, T. €. TOUYKH, HOJIy4aeMBbIe
OpH IBYX Wi OoJbIIeM 4HCIie 3HAYCHWH Iapamerpa ¥).

Obparumcs XK NapaMETPHYECKOMY IpPEACTABICHAIO I O-
BEPXHOCTEIL

Ha sToT pa3s onpenesicHre HOJOXEHWUS TOYKH HA NOBEPXHOCTH IOTpE-
6yeT nBYyX mapaMerpoB (B ClIydae ABHOTO 3afaHud (6) posb 3THX mapa-
METpPOB WIpalH [Be H3 KoopawHAT: X U y). IlycTh uMeeM ypaBHEHUS

X =(P(u’ U), y =1/"(u’ ’U), zZ= x(u: U): (13)
rae (u, v) m3Mmedsiercss B 3aMKHyTo#H o0sacte 4. CoCTaBHM MAaTPHILY
(qu; v, x;) 4
Ps Yo Ao

1 IPEANOJIOKAM, 9TO IS U =1ty ¥ ¥ =10, OTIH4IeH 0T 0 XOTh OJIUH U3 OIpe-
JenuTesied 3TOH MATPHIBL; HApHUMED, ITYCTh
’ ’
Pu Pu
’ ’
Po Yo
‘Torpa, nepenwcaB meppble nBa u3 ypasuenmii (13) B Bune
?’(u, U) —X= 09 w(ua U) -y= 0’

Ha ocHOBaHMH TeopeMbl IV n° 208 MoxeM yTBepXHaThb, YTO 3TOM CHCTeE-
MOM IBYX YPaBHEHHH C 4eTHIPDEMS IEPEMEHHBIMH u, ¥, X, ¥ (eciu orpa-
HAYMTHCA 3HAYCHUSAMHE HX, OJM3KAMH K WHTEPECYIOUIMM HAC) NepeMEHHBIE
4, v OHNPEACNIIOTCSA, KaK OJHO3HAYHBIE (DYHKIMH OT X, J:

u=g(x,y), v=hx,y),

HENpPEepPBLIBHBLIE CO CBOMMH NPOU3BOAHEIME. HaxoHell, TOACTABIAA 3TH BHI-
pPaXeHHd ¥ H © B TpeThe M3 ypasmenwmit (13), mpumeM x oObMEOMY Ipel-
CTABJICHMIO NOBEPXHOCTH SBHHIM YPABHEHHEM

z=x(g(x, y): h(x’ y)) =f(x’ y)’

rae u QyHKIUA f HENpepHIBHA M WMEET HENpPEPHIBHBEIE IPOM3BOIHBIE.
JImme B ToM clydae, eci Bce TPH onpemenuTens Marpuisl (14) omso-

BpeMeHHO oOpamarotcs B 0 (COOTBETCTBYIOIIAS TOUKA MOBEPXHOCTH OymeT

0co6o01), Takoe IPEICTABICHAE MOXET OKa3aThCs HEOCYILIECTBHMEIM,

=0,

*) Cwm. crocky Ha ¢Tp. 505,



520 TJL VIL IIPHJIOXEHUA JUOOEPEHIIMAIILHOIO UCYVUCIEHUSL [229

YuTatemo fCHO, YTO B CBA3M C MAPAMETPHUECKEM MPEACTABICHAEM
TIOBEPXHOCTH TaK € MOXET OBITh YCTAHOBJICHO IIOHATHE O I PO CT O it
M KPAaTHOM TOYKAX NOBEPXHOCTH: MEPBasi HOJYYAETCS JMINb IpH
OJTHOH CHCTeME 3HavYeHHH (¥, ¥) IapaMeTpoB, a BTOpas, IO MEHBIIEH
Mepe, — NpH IBYX *).

Bosspamasce k mapamerpuueckum ypasmemuam (13) moBepxHOCTH,
¢ukcapyeM B HEX 3HAYEHHE OJHOTO M3 IAPAMETPOB, HALNPHMEDP, LOJIO-
XEM u=u,. Torna mojyJarcs, oueBUIHO, YPABHEHHS HEKOTOPOH KPHBO

x=(}>(u0, ID)’ J"=?P(uo: 'U)’ zZ= x(uoa ’U),
BCEMHM TOYKAMH JICKALIEH HAa IIOBEPXHOCTH. VI3MEHAA 3HAUCHUE Y, MOJTy-
MM LE0¢ CeMEeHCTBO TaKHX «KPUBBHIX (#)>. AHAJIOTHYHO, (QUKCHPYS
3HAYCHAC V=1, MOJYYHM TAKKe KPHBYIO Ha HAlleH TOBEPXHOCTH
x=@, v y=yp(u, vy, z=3, vy);
U3 TaKUX <KPUBEIX (U)» TAaKXXe COCTaBIETCSA LENOoe ceMeifcTBo.

Tax xak 3HaYeHNs ¥ K ¥ MOXHO PACCMATPHBATEL KAK KOO PAHHA T bl
TOYCK Ha IOBEPXHOCTH, TO 3TH JIFHUM HARLIBAIOT KOO P AHHATHEBIM I
THHHSIMHU NoBepxHocTH. Ecnu Touka moBepXHOCTH HpocTas, T. €. HO-
Jy4aeTcs UMb IPH OTHOM CHCTEME 3HAYEHHH (¥, ¥) MapaMeTpoB, TO Yepe3
Hee NPOXOIUT IO OMHOH KOODJAMHATHON JIMHMH M3 KAXIOro ceMeiicTsa.

OGo3peBas pasamyuble CHCCOOH AHATHTHYECKOrO NPEACTABICHUS IO~
BepxHocredl [cM. (6), (7) u (13)] u npoctparcTBenHBX KpuBhX [(9), (10)

1 (12)], MBI Morim OB IOBTO-
Z PHUTBH CKa3aHHOE B KOHIE n° 223.
B oxpecTHOCTH 0 6 BIK H O B € B-
Ho# (M mpocTo#) TOUKH
IIeJI0 CBOOMTCH K HATISIHOMY
CIIy4ar0 SIBHOT O 3aJaHusl.

229. Ilpumepnl. 1) Kpusas
Busmauwn. Tak HaspiBacTcs KpH-
Basg OEpeccUeHust HOBepXHOCTeH cde-
DBl ¥ NPSMOro IMIMHApA, ARSI KOTO-
pOro HAUOPABIAIOINEH CIYXAT OK-
DPYXHOCTb, IIOCTPOSHHAss Ha  pa-
nmyce cdepsl, Kak Ha JuamMerpe

Puc. 127. (prc. 127). Ilycte pammyc cdepsl
ecTh R; eCcld PacmoONOXATH OCH, Kak
yKa3aHO HA PHCYHKE, TO YpaBHeHHS cdepsl M IHIMHADPA, COOTBETCTBEHHO, OynyT

x¥+y2+22=R?,
x2+)y2  =Rx.
COBOXYIHOCTb HX H OHpE/IENsieT HAINY KPHBYIO.

*)} OT™MersM, YTO B Cllydaé 3aMKHYTOM TIOBEpXHOCTH (T. €. IIOBEpXHOCTH,
HE MMEIOIIeH KOHTYpa, Hanpumep, chepadeckoi), ee TOIKH 3aBEAOMO HE MOIYT OmITh
NOCTaBNeHbl B B3aMMHO ONHO3HAYHOE COOTBETCTBHE TOYKAM IUIOCKo# obmactm 4 Ha
IUIOCKOCTH #v. B 3TOM Ciiyyae HaJIH4YHE KPATHBIX TOYCK HEW3QCXKHO NPH TO0OM mapa-
METPHYIECKOM 33aJaHUH,



229} § 1. AHAJIMTUYECKOE IIPEACTABJEHUE KPUBBIX 521

KpuBaa mMeer BUI H30THYTOH BOCbMepkH; B Touke (R, 0, 0) ona cama cebs nepe-
CEeKaeT, Tak 4TO 3Ta TOYKa — HaBEpHOE O C O 6 ad. DTO MOATBEPXKIAETCS M BbIYUCIIE-
HEeM. Marpuna

( 2x 2y 22)

2x—-R 2y O

HMEET ONpeRenuTENH
2y 2z 2z 2x 2x 2
¢ = —dyz, =4xz- 2Rz, Y- 2Ry,
2y O 0 2x—-R 2x—R 2y

KOTOpEIE BCe BMecTe o0panarorcs B 0 AIMEHHO B 3TOH TOMKE.
KpuByro BUBHAHH MOXHO NPEOCTABHTL M IAPAMETPHYECKH, HAIPHUMED, TaK:

x=Rsin%¢, y=Rsintcos?, z=Rcost.

JIeHCTBUTEILHO, HETPYNHO IIPOBEPHTH, 9TO STH BBIPAXKEHMs TOXIECTBEHHO YIOBIET-
BODSIIOT HESIBHBIM YDaBHEGHWSIM KPHUBOM WM 4TO IIPH H3MEHCHMH NapaMerpa f, CKaxeMm,
oT 0 10 277, HONHOCTRIO OMUCHIBAETCA BCSI KPUBAS. 2
Touka (R, 0, 0) mosyyaercs ABaxnsl — NPH

.1 3n .

=5- 14 t=—2—, T. ¢ fBAAETCA KpPAaTHOI,
KaK ¥ CIICI0BAJIO OXHUAATH.

2) Ectp ciyyam, KOrza mnapaMeTpHy¥ecKoe
TIpEeOCTaB/IEHHE €CTECTBEHHO BBITEKAeT M3 Ca-
MOTO HpPOUCXOXNOEHUs KpuBoil. PaccMmorpum,
B BHJIE IPEUMEP3, BUH T O BY 10 1 N H H 10. IIpo-
HCXOKIOCHAE €€ MOXHO cebe MpeICTaBUThH Clie-
ayrommEM obpaszoM. ITycTs HEKOTOpast Touka M,
HaXOUBIIANACS IepBoHA4YanbpHO B A (pmc, 128),
BpammiaeTcsi paBHOMEPHO BOKPYr OCH z (CKa-
K€M, OO 49acOBOW CTpeNKe) U OIHOBPEMCHHO
y4acTByeT B DPAaBHOMEPHOM XK€ NOCTymaTelb-
HOM [BIDKCHUM TapaJuUieabHO 3Toit ocH (momy-
CTHM, B MOJIOXKUTEIHLHOM Hamnpaeileuun). Tpa-
eKTopusi TOYKM M ¥ Ha3bpIBa€TCI BHHT O-
BOM JNHHHeH 3a mapaMerp, ONOpeHCIIsO-
@i HOMOXEHWE TOYKM M, MOXHO IPHHATH
yron f, COCTaBFIEMBIA C OCBIO X HNPOEKLHEH
OP otpeska OM. KoopOomHaTel X U y TOUKHU
M OymyT Te Xe, 4TO M y TOYKM P, TaKk 4TO
X=acostwu y=asin i, i a €CTb paguyc OIMICHI-
BaeMoii TOUKO# P OkpyXHOCTH. YUTO Xe KacaeTcs BEpPTHKAIBHOTO NEPEMEINEHN Z, TO
OHO pacTeT IIPONOPLHEOHAIBLHO Yrily IOBopoTa ¢ (100 MoCTymaTensHOEe M BpamiaTelIbHOC
IBYKEHUS 00a IPOMCXOMAT PABHOMEPHO), T. €. z = c¢f. OKOHYaTEeIFHO HapaMeTPUYECKHe
ypaBHEHHS! BUHTOBOU joarMM OymyT

x=acost, y=asint, z=cl. 1s)

Parc. 128.

Tlony4yeHHass BUHTOBAs JIMHWSA Ha3bIBAETCH JI€ B O H; @OpH HNpaBod CHCTEME KOOpP-
OUHATHBIX OCEH Te )K€ YpaBHEHHWs BbIpaxkaly Ob mp a By IO BHHTOBYIO JIHHMIO.

Jlerxo mcxmowaTh W3 ypaBHeHWH (15) mapamerp / B mepeliTH K SIBHOMY 33JIaHHUIO;
HampAMep, Halas f U3 HOCIENHErO YDaBHEHWS W MOACTABUB €0 BBIPAXEHHE B IIEPBBHIC
IBa, TONyYHM

z .z
x=acos—, y=asin—.
c c

3) PaccMorpuM chpepH IeCK Y IO MOBEPXHOCTh pagudyca R ¢ LGHTPOM B HAYamne
(puc. 129). Ee HeaBHOe ypaBHeHHe OyneT, KaK M3BECTHO,

X2+ yP4z%= R,
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XKenas nonyunTe ee OOBMHOE MapaMETPHYECKOE NPEACTABICHHE, IPO-
BE/IEM «3KBATOPHANIBbHOE» cedenne AKA’, a yepe3 «momocel» P, P' U paccMaTpuBaeMyIO
Touky M — «mepuguan» PMKP’. Ilonoxerne TOYKA M Ha chepe MOXKET OBITH oOmpe-
neneHo yrnamu ¢ = {POM u 0= SAOK. VimeeM z=NM = R cosp. 3ateM ON= Rsing,
a yepe3 ON xoopnmHATHL X U y (Te Xke A M, 4yto ¥ mist N) BeIpasarcs Tak: x = ON cosf,
y=ONsin 6. Cobupas Bce 3TH pe3yilb-
TaThl, OKOHYATEJIbHO IIapaMeTPHYCCKHUE
YDaBHEHHs OBEPXHOCTH Cdephl MoNyduM
B BUAE:

x=Rsing cos 9,
y=Rsingsin 8,
z=Rcosg,

OpHYEM Yrojl ¢ HOCTaTOYHO M3MEHATH OT
0 mom,ayrond — ot 0 mo 2.

OnHaKko, COOTBETCTBHE MEXIY TO4Y-
KaMu chepriecKOl MOBEPXHOCTH ¥ TOY-
xamMu mnpsmMoyromeEuka [0, s; 0, 2z] mHa
IUIOCKOCTH @8 He Oymer B3auMHO OIHO-
3HavHbIM *): 3pavenus 0 =0 u 6 =27z opu-
BOIAT K OJIHUM H TEM XK€ TOYKaM MOBEPX~-
HOCTH H, kpome Toro, mpu ¢=0 (p=m)
KaXKoBO 65l HM OBIJIO 3HAYEHHE O, NONyYaeTCHd ONHA JIMINb TOYKA — IOIIOC
P(P).

7T 7 k4
Ecnu ¢ 3aMeHdTH yriiom Z=E—(p, M3MEHSTFOILUMCS OT 5 o 3> a 0 MeHATH

MEXIY —7 ¥ 7, TO MBI IPUAEM K OOBMHBEIM reorpad®mMY4e€CcKuM KOODJIHHa-
TaM: IOWPOTE H JOITOTe.
JInst MaTpHLbI YaCTHHIX MPOU3BOJHBIX

Rcosgcos® Rcospsin 8 —Rsintp)
—Rsingsin 8 Rsingcos 6 0
BCE OOpeHeuTeln
Rsin?pcos @, Risin?gsinf, Risingcosgp

obpamarorcs BMecTe B Hylb npu ¢ =0 u ¢ =7z, OmHAKO OYEBHAHO, 9TO 00a «IMOMIOCa»
NIPENCTaBIISIOT OCOOEHHOCTH TOJLKO NMPHMEHATENBHO K 3 TOMY AHAIATHYSCKOMY
npencTaBleHo Chephl.

Jlerxo BHAETH, YTO OMHO CEMEHCTBO KOODAMHATHHIX JIMHUU Ha cdepe COCTABHTCA
3 MepuaumaHoB (6=const), a Apyroe — U3 DapajjlelbHBX KPYyros
(@ =const).

4) MoXxHO 0000muUTh NpeaBIIynHi TpaMep CitenyromumM obpasom. Iycrs B miIocko-
CTH Xz 3ajaHa KpHBas (0Opasyionias)) CBOMMHE IapaMeTPHYECKUME yPaBHEHHIMA

x=p@), z=yp@), (16)

opuyeM @(u)=0. CTtaEeM Bpamarth ee, KaK TBEPOOE TeI0, BOKPYT ocH z (puc. 130). Ecmu
gepe3 v 0O03HAYMTHL YroJl IMOBOPOTA, TO YPABHEHHS NONY4aeMOM HOBEPXHOCTH
BpaUleHH s HANWIOYTCA B BHAEC

x=p)cosv, y=p)sinv, z=yp@) O=v=2n).
Ecimu B IIOCKOCTH XZ B3STh HONYOKPYXHOCTB
x=Rsinu, z=Rcosu

*) Cp. cHOCKY Ha cTp. 520,
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M ee BpamlaTh BOKPYT OCH z, TO IIaPaMETPHYECKOe DpPeaCcTaBiIecHMe OOpasyeMoil Takum
HyTeM chepHUECKOH TOBEPXHOCTH MEI IOJIyYHM (C TOYHOCTBIO 10 0603HA4CHHI) B HPEK-
HEM BHIE.

TIpenocTaBisieM YHTATENIO YOSOUTECS B TOM, YTO OCOOBIMH TOYKAMM IS HOBEpPX-
HOCTH BpAINCHHS MOTYT OBITH JIMIIL TOYKA Ha OCH BpalieHWs, JIMOO ke TOYKH, IOJY-
YeHHbIE NIPY BpAIICHMH H3 OCOOBIX TOuek obpa-
3YIOIICH.

KoopauHATHRIMM JIMHUSAMH M 3[0€Ch ClIyXaT 2
pasiuYHBIe MOJNOXeHHs obpasyromell (MepHaAaHb)

M NapaulelIbHbIC KPYyTH.

5) Ecom K BpammaTeldbHOMY JABIXCHUIO
xpuBoii (16) mprcoenMHENUTE €I¢ NOCTYyHaTe I b-

HO€& — TNAapalUleIbEO OCH BpamieHus, To (mpen-
oonaras o00a IBYKEHHs IPOMCXOASAINWMHA DPaBHO-
MEpPHO) NOJiyduM OOmy o BHHTOBYIO HO-
BEPXHOCTH

x=@()cosv, y=@(u)sinv,
z=yp(w)+cv.
Bo3nMeM, B YacTHOCTH, B KadecTBe oOpa3yro-
HIeH MONOXUTENBHYEO YacTbh OCH X!
x=u, z=0 (u=0).

IlomBeprHyB e€e BHHTOBOMY JBHJKCHMIO, IDHIEM X z
OOGHIKHOBEHHOH BHHTOBOH mOBEpX- Prc. 130.
HOCTH

xX=ucosv, y=usinv, z=cwo.

Jns oOmrelf BAHTOBOH HOBEPXHOCTH OIHO CEMEHCTBO KOODAWHATHBIX JIMHMHM CO-
CTOMT W3 pa3NIMYHBIX LIOJOXEHH oOpasyromel (v=const), a pyroe — W3 BHHTOBBIX
muaHnE (4 =const).

§ 2. KacareiabHas M KacateibHafl INIOCKOCTH

230. KacareasHasi K IUIOCKOH KpPHBO B MPAMOYIOJILHBEIX KOOPAMHATAX.
INonsiTHe XacaTeNbHOH HAM yXKe BCTPEeYaioCh HE pa3 [cM. Hampu-
Mep, 91]. Kpusas, 3ananHas SBHEIM YPaBHEHUEM

y=f(x),
roe f — HempepbiBHAS (YHKIUSA C HEIPEPHIBHOW HPOM3BOIHOM, B Kaxmoi
cBOeH TouKe (X, y) UMeeT KacaTeJbHYIO, YIJIoBoil koahdumment koTopoit
tg o BeIpaxxaercs dopmyioit
4
tgx=y,=f"(x).
TaxuM o0pa3oM, ypaBHEHHE KacaTeJbHOH HMeeT BUI
7
Y-y=y X -x). )
3nech (kxak u HEXKE) X, Y 03HaYaroT TEKyI[He KOOPAMHATHL, a2 X, Yy — KOOp-
OWHATHL TOYKM KaCaHWA.

JIerko MOJYYATH W YypaBHEHHS HOPpMa M, T. €. IOpsIMoH, IpoXoxns-
el Yepe3 TOUKY KAacaHWs MEPHeHIUKYISAPHO K KacaTelbHOM:

Y—yzmé(X—x) W X—x+y Y-y)=0, (2
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B cBsi3u ¢ xacaTenbHOM M HOPMAJIBIO PACCMATPHBAIOT HEKOTOPBIE OT-
PE3KM — HMMCHHO OTpe3ku TM u MN u ux npoekuun 7P u PN Ha OCbh X
(puc. 131). ITocmequue HA3LIBAOTCS, COOTBETCTBEHHO, T O LK & C A T € JI b-
HOM M NOXHOPMAaNbI ¥ 0603HAYAIOTCA HUepes sht (subtangens)
H sbn (subnormal). Ilonaras B ypasremusx (1) u (2) Y =0, Jierko BMH-
CJIATH, 4TO

sbt=TP=J~f’,—, sbn=PN=yy;. 3)
X
Torma u3 Tpeyronsuukos MPT v MPN onpeneiaTcs W IIdHBL O T pes-
KOB KaCaTeJbHOH U HOpPMAJH

, n=MN=|yyi+y2|.
B ciyuae HesBHOTO 3aJaHWS KpHMBOiX

Hx, y) =0

B OKDECTHOCTH €¢ 0GB KHOBCHHON TOuKH M(X, y) MOKHO npen-
CTaBUTH Cebe KPHBYIO BEIDRXCHHOMH SBHBIM ypaBHeHMeM. ECIH B TOUKe M,

Hampumep, Fy(x,y)=0, To xpu-
4 \ Bas BBIPA3HTCS YPAaBHEHHMEM BHIA
y=f(x), roe dyuxuus f mempe-
DBIBHA M MMEET HEIPEPHIBHYIO IIPO-
u3BomHyro. OTcrona sicHO, 4TO JIS
KpUBOH CyIIECTBYET B Touke M
KacaTeJbHAsI, U €€ YPABHEHME MO-
\ KeT OBITH mpeAcTaBiieHo B dopme

z=TM='yl,V1+y3 0

(1). Ho mur 3maem [209 (15)], uro
B 3TOM Ciyyae

N\
/\17 A s Fx, » .
x Fy(x, y)°

Ny e

k*d
¥
Puc. 131.
TOACTABIAS, IOCHE IPOCTHIX IIpe-
00pa3oBaHmil MOIYyIMM BIIOJIHE CHMMCETPHYHOE OTHOCHTENILHO X U ¥ ypas-
HEHHE KacaTeJIbHOM

Fx, )X~ x) + F,é(x, WY -y)=0. )

K ToMy xe pesynbraTy mpumeM u'B ciayuae, ecia Fy=0 B Touke M,
HO Fi»0. Jlumb B 0co060# Touke 5T0 ypaBHeHHE TEpSIeT CMBICH, H
OTHOCHTEJIbHO KacCaTeNbHOH, (€3 MONMONHATENbHOro ucciaemoBanus [236],
31ECh HUYETO CKa3aTh HEIbL3S.

YpaBHeRWE HOPMAJIH JUIS PACCMATPHBAEMOTO ciry4yas, o4eBUOHO, OymeT
TakoBO:

Fy(x, (X - x) - F)(x, y)(¥Y - y) =0.
HaKOHB]I, HPEJIHOJ'IO)I(I/M, TO KpHBas 3aJaHa HapaMCTpI/I‘IeCKI/I:
x=¢(t), y=y(t).
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Msr Bugenn, uro ecimu ¢'(t)s=0, KacareibHas K KpHBOH CyIIECTBYET H
HMEET YIIoBO#H kosddunuedt

Yi
tg [+4 ——;‘ . (6)
[106 (11)]. VpaBuenne kacaTeNnbHOM MOXET OBITH HANHCAHO TaK:
—y=Yx_ X-x Y-y
ny;( X) WM AR

B nocnenueit GopMe ypaBHEeHHE TOIOUTCA WM /i Ciydas, Korma Xx;=0,
HO ¥;=0%). Jlmub B oco6Goit Touke, rme u x;=0 u y,=0, ypaBue-
HUE TEPSET CMBICI, H BONPOC O KACATENBbHON OCTaeTCd OTKPHITHIM [237).

Wnorna ynobuo, yMaEOXHB
oba 3HaMeHATENS HA MHOXKH-
Tenb df, THCATh YpaBHEHUE
KacaTeJpHOU B BUJIE

X-x Y-y
0

231. Yipameprns. 1) ITapa-
6oma: y*=2px. Hubdeperm-
pys 3TO paBeHcTBO (cymTas y
GbyHEKIHER OT Xx), ONMyYHM yys=p.
Taxom obpasom [cM. (3)], n o o-
HopManb napabons ecTh
NOCTOSSHHAA BEeJMYMHA.
Otciona BBITEKae€T POCTOM Cro-
cob nocrpoenns HOopManmu (a C
Hel W KacaTelnbHO#H) K mapa-
Gone. Ilo dopmyne (4), mist oTpe3ka HOpMandm K mapaGoie MMeeM BbIpaXKeHHE

n= V7P,

xz 2
2) Onnunc: a—2+';%=1 (puc. 132). Mo dopMmyne (5) uMeeM Takoe ypaBHEHHE

Xacare/iaLHOR:

x y
E (X— x)—l-ﬁ(Y—y) =0.

Vunteisas camo ypaBHEHHME DILTHIICR, MOXHO HOCIEQHEe ypaBHEHME MEPEHHCATH
B OoJiee IpOCTOM BHAE
xX yY

b2

*) Ilpu 3TOM, Kak BCerJa YCNABJMBAIOTCA B AHATHTHYECKON T€OMETDHH, €CIH B
MTPONIOPHAH
X -x Y y

a b

OJIMH M3 NOCIEAYIONIHX WIEHOB eCTh 0, TO 3TO O3HAYaeT NpocTo, YTO paBeH 0 u cooTBeT-
CTBYIOIIMI NPEABIAYIHA YJIeH.
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az
Ilonaras 3pece Y=0, maiineMm X=-— . Taxum ofpasom, Touka 7T IepeceycHHs
X

KacaTeJIbHOM C OCBIO X HE 3aBMCHT HM OT Y, HE OT b. KacaTempHble K PA3NHYHBI M
9JUIMIICAM, OTBEYAIOIIMM DPa3IMYHBIM 3HAYEHHsSM b, B HX TOYKAX, MMEIONMX abcuuccy
X, BCe IPOXOMAT Y€PE3 OIHY M Ty e Touky 7" Ha ocu x. Tak kak npu b=a nonydaercs
OKPYXHOCTb, ISl KOTOPOM KacaTenbHAsi CTPOUTCA MPOCTC, TO Touka T cpa3sy onpeneis-
€TCsl, ¥ 3TO NIPHBOAMT K MPOCTOMY CHOCOOY NOCTPOSHHSI KACATENBHOM K SMIINMNCY, SCHOMY
3 puc. 132 %),

Jlerxo ompenenmuTh JIMHY OTpe3Ka HOPMAJH il 3JUIMICA:

bix2 4+ aAyé
a? )
x2 yZ
Taxoe e BbIpa)eHHE MONYIACTCT W B Clly4ae runep 6o nsl - _I;; =1.
a
2 2z
3) Actpomzga: x®+)%=a% (puc. 116). VpaBreHHe KacaTeNbHOM

1 1
x 2X-x)+y 3(¥-»=0
¢ DOMOUIBIO CaMOI0 YPaBHEHHsI KPHBOH MOXeT OBITh MpeoGpa3oBaHO K BUAY

X v = X Y
—+—=a® wm =1.
1 1 1 2 1

as x3 a3 y3

X3 »8

TIocnennee ypapHEHHE €CTh «yPAaBHEHHC B OTpe3kax». CIIeHOBAaTENbHO, KacaTE/IbHAS
2 1 2 1
OTCeKaeT Ha OCAX OTPe3kH a®x® m a®)y®. QICIOAa JErKo MONMYYHTH OJHO HMHTEPECHOE

CBOMCTBO acTpounel. O003HAYMB Yepe3 7 AIHHY OTPE3KA KACATENBHOM MeX 4y O C A-
M H, HMeeM

T=a=const.

TakuMm oOpazoM, OCH CHMMETPDHHE ACTPOHUAB Ha BCEX KacaTelb-
HBX OTCEKAT PABHBE OTPE3 KU
4) Lluxnowunmga:
x=a(t—sint), y=a(l—cost)
(puc. 118).

t
Mur umenu yxe [B 225, 6)] paBeHCTBO yx = Ctg 3 T. €.

‘ " t ¢ (n t
= —_— —_———],
g g2 & 2 2

Tt
H MOXHO IPHAHATHL & = —2- ——.

2

*) 310 CBOMCTBO KacaTeNbHBIX K SJUIMIICY HENOCPEACTBEHHO CBA3AHO C TeM (axKTOM,
4TO 3JUIMIC MOXET ObITh pacCMaTpHUBaeM Kak OPTOrOHANbHAsA NPOEKUMs HEKOSro Kpyra
(papuyca ag), Jexaniero B HaKJIOHHOM IIOCKOCTH.



231] § 2. KACATEJIBHAS M KACATEJIBHAS TIJIOCKOCTh 527

t
BenomunM (puc. 118), uto t= S MDN, Tak uro <{MEN = Ecim nponokuTh

Tt
npsmyro EM no mepecedernus B T C OCBIO X, TO <1ETx=—2-——2—=oc. CrnenoBaTenbHO,

npsamas ME, coepuAstomasl TOYKY MMKJIOUABI C BBICHICH TOYKOM KaTsmerocs Kpyra
(B COOTBETCTBYIOIIEM IIOJIOKEHMH), M OymeT kacaTenbHO#. OTCIOAa SICHO, YTO NpsAMas
MN GypmeT HOPMAaILIO.

BroocreacTeum HaM mosie3Ho OYAET BEIpaXeHHE IUIT OTPE3Ka 1 HOPMailM, KOTOpoe
JIETKO MOJYYATh U3 IPSMOYrOJIBHOTO TPeyroipHuka A MEN. Vimenno,

t
n=MN=2asin—2-,

5) OQoauuknoumma:

x=a[(1+m) cos mt—m cos (1+ m)t],

y=a[(1+m)sin mt —msin (1+m)t}]
(puc. 119).
Hanwcas BeIpa’keHHs I NPOHE3BOAHBIX X/ B y§ B BUJE

t 1
x3=2am(1+m) sin 7 [ (m+z) f,

t 1
yi=2am(1+m)sin 3 sin (m+ E) f,

HaiimeM, 4TO

¢ 1
tga=&=tg (m+—) 1.
x4 2

1
OTcioma o= m+§- t.

Ecmu coemumnth (puc. 119) Touky D ¢ M, To 3Ta mpsiMast COCTABHT C OCBIO X Kak
pa3 Taxoil yroiu:

t
IxTD=<DOT+ < ODT= mt-l——i- .

CnenosatensHo, DT ecTs KacatensHas B TOUKe M, a MB Oyaer HOpMaJIbIo.
6) DBONXIBBEHTA Kpyra:

x=a(tsint+cost), y=a(sint—tcost)

(puc. 121).
3nech

yl
tg oc=—f- =tgf, OTKyma oa=¢{.
Xt

TaxuM ob6pasoM, kacatenbEas MT mapamiensHa paguycy OB, 1 BM ec1b HOpMaihb
X Haieil KpHUBOM.

3aMeuanne. Pesysbratel mpumepoB 4), 5), 6) MOXHO OBUIO OBl IIONYYHTH
6e3 BCAKHX BBIKJIQHOK, HCXOAS M3 KMHEMAaTHYeCKHX cooOpaxenuil. IIpu kxaue-
HYH OOHOX KPHBOM MO APYrod TOYKA KaCaHUS CIYXKHT BCAKHHA Pa3 MIHOBCHHBIM LIEHTPOM
Ui mprmKymelicss Gurypel, Tak YTO HOPMaJib K TPaeKTOpHH JII0OOH ee TOYKM MPOXOIHT
yepes 3Ty TOYXY KacaHuUs.
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232. KacarenbHas B NOJAPHBIX Koopamharax. Ecim kpuBast 3ajmaHa
HOJIAPHEIM ypaBHeHUeM 7 = f(0), To, mepexozst o6LMEBIM 06pa30M K OpsMO-
YIONBHBIM KOODHAHMHATAM, HOJIy9aeM IapaMeTPHYeCKOE IpPeICTaBIeHHe
KpHBO#t B BHHE

x=rcos 0=1(0) cos b,
y=rsin 6=4(0)sin 6,

IOpPUYEM DOJIb MapaMeTpa 31ech urpaeT 0.
B Ttakom ciyyae, no obmeii dopmyrae (6),
vy risinB+rcos@

tga="F=g——————.
g xj rgcos@—rsin@

Onunaxo, eclig XpuBas HCCIENYeTCs B HOJSIPHBIX KOOPAMHATAX, OOBIMHO
TIOJIOKEHHE KAacaTeAbHOM ONpeNeNIaloT He VIJIOM « C IOJAPHOH OChIo,
a YriioM @ C IPOJCTDKCHABIM pa-
nuycoM-BekTopoM (puc. 114 m 133).
Mot umenu yxe [218, 4)] mpocrtyro

bopmyy
r

\ \ tgow=1s ®

TouHo Tak e BMECTO OTpe3-
KOB ¢, n, sbt, sbn, 0 KOTOpHIX OpLIa
peus B 230, 31eCh paccMaTpPHUBAlOT
npyrue otpesku. Ilposenst yepes
nojoc O oCh, NEPHEHAUKYISIPHYIO
K pamuycy-BekTopy (3Ta och Bpa-
1jaeTcs NP HEepPEeMEICHNMU TOYKH),
MPOJIOJIKAIOT KAaCATeJBbHYIO M HOD-
Majb IO IEpEeCeueHus ¢ Hel, cooT-
BETCTBEHHO, B Toukax T u N. Torna
orpesku TM u MN wHa3BIBaIOTCA
7 MONAPHBEIMH OTpe3kaMH Kka-
caTeJbHOH M HOPMAJM, a MX Hpo-
ek 70 © ON Ha YHOMSHYTYIO
OCb — WOJNAPHBIMU IIONKa-
caTeNbHOM M WoaHopManbio. O603HawaTh HX OymeM, XaK M Ipexie, HO
noMeniast BHU3Y B BUIE 3Ha4YKa OykBy p. Jlerko mosy4mTn, HCIOaB3ys (op-

Mmyay (8):

Puc. 133.

sbtp=T0=rtgco=7rg, sbn,=ON=rctgow=r,,

a OoTCroaa yxe

tpzTM=r—,|v 2+r;2 .
[

~

n,=MN=Yr2+r?

i
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233. TIpumepnl. 1) ApxuMepxgosa cuupanb r=ab (puc. 122).

Taxk Xak rj=a, T0 shny=a=const. 3T0 NO3BOJSET CPa3y YCTAHABIMBATE MOJIOXCHHS
TOoukn N, a ¢ Heii — HOPMaJM H KacaTeIbHOH.

3ameTrM, 4YTO tgw=0, Tak 9TO TIPHA 6~ H tgw—>e, T. €. Yrod @ CTPEMUICH
K HpAMOMY.

2) Tunmepbonuyeckas COHHPANB: =—;£(puc.123).

a
Ha sroT pas r)= — el sbtp = —a=const, 4TO Takxe obneryaet OYEBUIHBIM oGpa-

30M IOCTPOEHHE KACATENBHOI.
3) Jorapudmuueckas cnupanb r=aem (puc. 134).

1
MmeeM rf=maem, Tax 910 tg w=—=const, n caM yroa w=const. Taxum o6pa-
m

30M, JIOTApHpMEYECKas: crnrpanb o6GlafaeT TeM 3aMe¥aTelbHEIM CBONCTBOM, 9TO Yroi
MEXAY PaJHyCOM-BEKTOPOM M KaCaTENILHOM COXPaHSET NOCTONHHYIO BEMIMHy. VIRBIMM
clioBaMH, NorapEdMEYecKasi COHPANlb HDepecekKaeT BCE CBOW
PAIHYCH-BEKTOpPH NOJ NOCTOSHHBM YrioM. OTEM CBOHCTBOM

Puc. 134. Puc. 135.

OHA HAMOMMHAET OKPYXHOCTb, KOTOPas TAKKe NEPECceKacT PaJuyChl-BEKTOPBI, HCXOZd-
[Ige U3 IeHTpa, OO NOCTOSHHLIM (MMEHHO HOX HpsMBIM) YTiIoM. [BopodueMm, W OKpyx-
HOCTb MOXXHO PaCCMAaTpHBaTh KaK 9aCTHHIA Ciydail JiorapupMEYeCKOH COMPaid, OTBE-
qaromait m=0.]

4) VauuTtkum r=acosf+b (pec. 135).

Or™ernM, 9T0 sbnp= rj= —asin @ okaspiBaercsi He 3aBEcsmiei or b. Takum obpa-
30M, €CJIH B3ATH JICKALIEE HA OJQHOM Jyue (A3 IOJIOCa) TOYKM Pas3/IMYHBIX YIJIATOK,
OTBEYAIONIAX Pa3NHIHbIM 3HAYCHUSIM b, TO I BCEX 3THX TOYEK HOJIIPHAS MOJHOpMAnb
6ynmer obmas, T. €. Touka N — omHa u Ta Xe. Ho npu b=0 nonyyaercd OKpYXKHOCTB,
IUIS KOTOPO#H NMOCTPOSHAe HOPMAIM OYCBHAHO; TOIZA JTETKO HOCTPOHThL HOPMAlb H It
nmo6oit B3 ymatok (pmc. 135). V3 TpeyronmpEmka AMON BBMUCHSETCA HOJAPHAN
HOpMAJIb:

np=Ya+2ab cos 6+ b2

34 T. M. ®uxrenronby, 1. I
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Ocobenno mpocTO BHIpaXKEHHE HOJSAPHOM HOPMAIM A KapaAHOoHM AH *) (b=a):
[/
np=2a cos-2- .

5) demuuckaTa: ri=2g2cos20 (puc. 126).
JnddepesumpyeM 310 paBencTBo, cumTas r QyRKLMEH OT 0; NomyumM
rrg= —2a*sin 26.

Pasnenus mowieHHO 3TH ABa PaBeHCTBa, BBUAY (8), HalimeMm

tgw=—=—ctg 20,

| =

T
OTKyAa m=29+5 . O6o3navas 4epe3s « M S Yrisl HAKIOHA KACATENBLHON M HOPMAIM,
HMEEM

ﬂ=a—z, rx=w—|—6:39+—7—z-,
2 2

CIeNOBATENBHO, f=30: yron HAaKkJIOHA HOPMAIJIM K JIEMHHCKATE pa-
BEH YTPOCHHOMY HOJNSAPHOMY YIJY TOYKA KacaHus. 3TO HaeT IPOCTOMH
OPHEM TIOCTPOCHUS! HOPMAJIH.

234. Kacarenpuas K npocTpancTBennoii kpupoii. Kacarenanuas nnockocrn
K moBepxHocTr. 1° B ciiyuae IpOCTPaHCTBEHHON KpHBOM, ompeneiaeHue
KacaTeJIbHOR ocTaeTcsi GYKBAJIBHO TO XK€, UTO W IS IUIOCKOM KpmBoii [91].
OrpaHuTAMCS 376Ch NPEAIONOKEHAEM, UTO KprABas 3afaHa fapaMe T p U~
YeCK U

x=@(t), y=y(), z=y().

Bo3spMeM ompeneneHnoe 3uaueHue ! W, TEM CAMEIM, ONpPEACHCHHYIO
Touky M(x,y,z) Ha XpHUBOii; IycTh 3TO OyneT OO B KHOBEHHAasd H
npocTtas Touka [223]. Ilpummamum ¢ mpupamenue Af, Torma Hapa-
IIEHHOMY 3HaueHHIO ¢+t mapamerpa Oymer oTBeYaTh ApYras TOUYKa
M (x+ Ax, y+ Ay, z+ Az). Vpasuenus cexymeir MM, OynyT mMeTh BUL

X-x Y-y Z-z
Ax — dy A4z
roe X, Y, Z - Ttexymme KoOOpHMHATHL, I'€OMETPHYESCKHMX CMBICI 3THX
YPaBHEHUI He H3MEHHWTCH, eCid MBI BCE 3HAMEHATENX pas3leluM Ha Af
X-x Y-y Z-z
Ax Ay T Az
At At At

Ecnu 3TH ypaBHeHHS B mpepene, npu Af—0, COXpaHsioT ompenelicH-
HBIA CMBICH, TO 3THMM OyHeT YCTAHOBIEHC CYNIECTBOBAHHE IIP € 1€ Jb-

*) VIMeHHO 3TOT 4YacTHBLIMA CiTyuait W m306pasken Ha pHC. 135.
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HOTO MOJOXEHUSA CEeKyuei, T. e. xacaTteabHoii. Ho B mpe-
Ziene MBI TOoJIydacM
e ©)
Xt Yt 7

U 3TH ypaBHEHUS, NECHCTBATEILHO, BBIPAXKAIOT IPAMYIO, IIOCKOJILKY HE BCE
3HaMeHaTem — Hyad. Taxum obpa3oM, B Kaxjolf o OBIKHOBEHHO i
TOYKE KpUBOM KacaTelbHAas CYIIECTBYeT M BBIPAXkAeTCs ITHMHU YpaBHE-
HusME. g oco 60 TOYKM BOIPOC O KACATEIBHOMI OCTAETCA OTKPHI-
THIM.

3aMeuaHre. Mpl mepexoiuId K IpEACIy B YPaBHCHHSIX CeKyileil
npu At -~0; moKaxeM, YTO 3T0 PABHOCHI b H O IPeAHOIOKEHUIO, YTO
MM, ~0. Beugy wenpepbBHOCTH OyHKIHMit ¢, v, ¥, n3 A¢-~0 crenyer,
9T0 H

MM, =Y Ax>+ Ay*+ Az2 0.

I[JISI JOKa3aTeJIbCTBA Oﬁpa.THOI‘O 3aKJIIOYCHUA 3a0a/IHMCA HPOHU3BOJIBPHBIM

qrciioM ¢ >0. Tak xak MM1 €CTh HenpephBHAd (ysrumsa ot Af, To mpu
|At|=¢ sTa GyHKUMA MMeeT HaWMEHbINEe 3HAYEHHE 0, OYEBHIHO, IIOJIO-
KATENbHOE (TAK KaK B3ATaf TOYKA OPEINOIONKEHA MPOCTOM, T. €. He
MIOJIy4aeTCs HE IPM KaKoM 3HAYEHMH IapaMerpa, OTJHYHOM OT 7). B Ta-
KOM Cllyyae

npr MM, <4 wmeobxomamo |At|<e, w. m Tp. A

Wnorga ypasneuus (9) ymoOHo mucaTh B BHIE

X—nyZz

& dy | dz

KOTODBIM moiydaercs u3 (9) yMHOXKEHHEM BCeX 3HAMCHATENCH Ha df.

Ecma uepes «, §, y 0603HadaTh YIJIBI, COCTaBJICHHBIE KacaTelbHOH C
OCSMH KOOD/MHAT, TO HANPABISIOIIME KOCHHYCHI COS @, COSf3, COS7y BBI-
pasarcs Tax:

Xt ¥t

COS o= et COS =t
+ VxP+yp+zf + VxP+y2+z2
zi
cosy=

+ xP+yp+zp

BriGop ompemeseHHOro 3HAKA mEpeHd PAIdKaioM OTBEYAET BLIOOpY ompe-
JIeJICHHOT0 HAUPAaBJICHUS KacaTeIbHOMH.

Bompoc 0 xacaTelbHOI K KpUBOM, 3aJaBHOH HEABHEIMH YPaBHEHUSIMHU
F(x, y,z)=0 u G(x,y, z)=0, Mbl paccMOTpHUM HEXE, B 3°.

2° IlycThb IOBEPXHOCTh 33/laHa SIBHBIM YpaBHCHHEM z =f(x, y).
Mu B 180 pmamm ompenmesenne KacaTeNbHOMW NIOCKOCTH H,

34*
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B IIPEIIOJIOXKEHAN }J;mi)(bepennﬂpyel‘»{ocru byuxoum f(x, y) *), gawwm ypas-
HeHue 3Toi miIockocrm [180 (6)]:

Z-z=f(x, )X ~ x) + 1 (x, YWY - p).
OOBIKHOBEHHO 0003HAYAIOT
=fn =p, E=rix n=q
M THIIYT YpaBHEHWE KACATENBHOM IIOCKOCTH TaK:
Z-z=p(X-x)+q(¥Y-y). (10)
Eciuz cos 4, cos i, COS P CyTh HANPABIAIONIME KOCHHYCHL HO PMa JI M

K IIOBCPXHOCTH (Ta.K HA3bIBAKT NEPUHCHIAHAKYIAD K KacaTeJbHOM IJIOCKO-
CTH B TOYKC Kacanmx), TO IUId HAX MMCEM BEIDAKCHHSA

~P -q
CoSs l=———-—:__., CoOS U =—ro—
+ YT+ g’ - Virprtgd’
1
CoOSV=—r-o— 11
+Vi+p+¢? (1)

IBOMHOH 3HAK Hepel PaifKaJIOM OTBEYAET JBYM IPOTHBOIONOXKHEIM Ha-
NPaBIICHASIM HOPMAJIH.

.IIpoBeneM Temeph IO NMOBEPXHOCTH 4YepPe3 PAcCMATPHBACMYIO TOYKY
IIPOU3BOJIbHYIO KPHBYIO

x=¢(1), y=9(t), z= (1),
TaK 49TO TOXAECTBCHHO OTHOCHTEJIBHO ¢ OyIeT
20 =S{g@), v(@)).
HuddepennmpyeM 3T0 TOXHECTBO ﬁo ¢t [181]:
2 (@) =pg'(t)+qy'(2).

Bo3spMeM kacaTeNbHYIO K KPHBOH B pacCMaTpuBaeMoil Heocoboit Tou-
ke B ¢dopme (9). Ecim, HakoHEN, B TPeOBIIYLIEM PABEHCTBE 3aMCHHTD
OPOH3BOAHEIE ¢, ¥', ¥’ MPONOPIHOHAIBHBIMA UM, B CHIly (9), pasHOCTSMH
X-x, Y-y, Z-2z, To npunem k (10). TaxuMm oGpasoM, kacarenpras (9)
BCEMH TOYKAMH JIEKHUT B KacaTelnbHOH 1miockoctr (10). Mer MoxeM, cie-
ZIOBATEIBHO, TEHNEPh onpedeaums KACAMeAbHYI0 RAOCKOCHb K NOGEPXHOCMU
6 3a0anHOll Ha Hell MmouKe, KAK MAKYI0 NAOCKOCMb, 8 KOmopoil Aexcam Ka-
camenvHble KO 6CeM KPUBbiM, NPOBEOEHHbIM NO NOBEPXHOCMYU Yepe3 3my
mouky **).

Ecir moBepXHOCTH 3aJaEa HESIBHB M ypasHermem F(x, y, z)=0,
TO, mpeamonaras F,;=0 B paccMaTpUBaeMoW TOYKE, B OKPECTHOCTH €€

*) M=l 3pech OpPEAHoONaraeM CyINeCTBOBAHWE H HEOPEPHIBHOCTb YACTHEIX HPOH3-
BOJHBIX, ClIeIOBaTeNbHO, MAddepermEpyeMocTh Hammmo [179].
**) Yactayeo 06 3TOM yxe 6buIa peur B 180.
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MOHO BBIPa3UTh MOBEPXHOCTh M A BHBIM YpaBHEHHEM Z=f(X, J), Tak
YTO CYIHIECTBOBaHUE KAacaTeJIbHOM IUTOCKOCTH obecmeueno. Tak xak B 3ToM
ciyvae

9z Fy 9z F

"R THT TR

TO, MOACTABJAA 3TH 3HAYEHHs p U ¢ B ypaBueuue (10), yerko mpeobpa-
3yeM ero K BHAOY

F;(xs Y, Z)(X_x) + F}:(x’ s Z)(Y'_y) + le(xs Ys Z)(Z —Z) =0. (12)

OueBHIHO, B TAKOM K€ BHIC IPEACTaBUTCI YpAaBHEHUE KacaTesbHOH ILIO-
CKOCTH ¥ B ciIyvae, ecii F, =0, HO Xakas-HuOyap M3 ABYX APYTHX IIPOU3-
Bonubx Fy, Fy ommmuna or 0. Jlume B 0co G oM TOUKe 3TO ypas-
HEHHE TepsAeT CMBICH (M BONPOC O KacaTeNbHON IUIOCKOCTH OCTaeTcs
OTKPEITBIM).

3° Tenepp Jerko cooOpasuTh, Kak HAWTH KacaTeJbHYIO K KpUBOH, 3a-
JAHHOM HBYMS HESBHBIMH YPaBHECHHSIMHM:

Hx’y’ 2)20’ G(xa Ys Z)=0,

T. €. IPEACTaBIAIOUIEH IEepeceueHHe ABYX COOTBETCTBYIOIIMX IOBEPXHO-
creii. Ecnim paccmaTprBaeMasi Ha KpUBOM TOYKa — OOBLIKHOBEHHAS, TO B €€
OKDECTHOCTH KpHBasi MOXET OBITh BHIDaXEHA U SIBHBIMU YPaBHEHHSIMH
[227], Tax 9TO CYIIECTBOBAHHE KacaTeJIbHOM o0eclmedeHo. DTa KacaTelb-
Hasl, OYEBUIHO, JIEXKAT B NEPECEUSHAH KACATEIBHBIX IJIOCKOCTEH K YyIOMS-
HYTBIM JIBYM IIOBEPXHOCTSIM H, CIIEIOBATEJIbHO, BBIPAXKALCTCS YPABHCHUAMH

F(X-x)+F(Y-y)+ F(Z-2)=0, } (13)
GUX-x)+ G (Y -»)+G(Z -z)=0.

[Tak xak B OOBIKHOBEHHO! TOYKE Il MAaTpUubl Ko3(hpHIMEHTOB XOTh
OJMH U3 ompeneymreneit oryimieH oT 0, TO STHMM ypaBHEHUAMH, OEHCTBH-
TEABHO, OIPENEIUTCH TPSIMas.]

4° BosBpamasch K HOBEPXHOCTH, IiepeiiieM, HaKOHell, K CIyyYaro, Koraa
OHA BBHIPaXAaeTCHd NapaMeTPUYCCKUMH YPABHCHUSIMU:

x=<p(u, ’U), y=1p(u, U)’ Z= X(u’ ’U).

CHoBa orpapuunBaeMca OO BIKHOBEHHO#N (M mp o CTOIMH) TOUKOMH;
Tak Kak [228] B ee OKpeCTHOCTH HDOBEPXHOCTH MOXET OBITh BHIpaXKeHa M
SBHBM YPaBHEHHEM, TO CYLIECTBOBaHME KacATEIbHOMW INIOCKOCTH 0be-
CMeYeHO. YPaBHEHHE €¢ MOXET OBITh HalHCaHO B BHJE

AX -x)+BY -p)+ (Z -z)=0, (14)
rae xoapduiuentsr 4, B, C eule HOUIEKAT OIPEACICHALO.

Ecnu B YPaBHCHUAX NOBCPXHOCTH 3aKpCIUTH 3a ¥ 3HAYCHHUC, OTBCYA-
Io11Iee BLIGpaHHOﬁ TOYKC, TO NOJYyYaTCsd YPaBHCHUIA KOOPJIHH&THOﬁ JIMHUHU
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[«kpuBoii (v)»], mpoxoasiel depes 3Ty Touky. KacaTenbnas X 5Toi KpHBOI
B YKa3aHHOH# TOYKe BBHIpA3HTCA ypaBHeHHAME [cM. (9)]
X-x Y-y Z-z

A 7 s
Xy Yu Zu

ApanorayHo, QUKCHPYS #, MOJMYYMM KOODAMHATHYIO JIUHMIO IPYLOro ce-
MeHCTBA, IPOXOSUIYIO Yepe3 JAHHYIO TOUKY [«KpHBYIO (4)»] M HMEIOLLYIO
B Hell KacaTeNbHYIO

X x Y ¥ Z-z

—=
xv Yo Zy

Tak xak o0e 3TH KacaTeNbHBIE MOJKHBI JIEXATh B KACATENbHOM ILIO-
ckocTH (14), TO BBHITOMHSIOTCH YCIOBHS

Ax,+ By, +Cz,=0,
Axy+ By, + Cz,=0.
B takom ciydae xoapdunmentst 4, B, C IoIKHBI GBITH MPOIOPIHOHATBHE!
OIIPENENUTENAM MAaTPHIIELL
(x; Ve ) |
Xp Yo Zn

OGBIKHOBEHHO MOJATafoT HX PABHBIMH 3TUM ONDEIEIHUTENSAM:

s ’

y 1 zll

’

4
Z u xll

’ ’
Xu Yu

’ ’
Yo Vo

A= , B= , C= (15)

’ ’
Yo Zy
Tenepb YPaBHEHUE KacCaATEJIbHOK INIOCKOCTH npone BCCro HanucaTh € IIo-
MOIIBXO ONpeacIuTeis:

’

’
Zv x')

X-x Y-y Z-:z
’ ’ .
X, Ve zy |=0; (16)
4 4 ’
1 x‘ll y v Z'D
B OOBIKHOBEHHOH TOUYKE OHO, NEHCTBUTENHHO BBHIPAXKAET IIOCKOCTH.
Hanpasisronue KOCHH}’CLI HOopMaJi|a GymyT

B
COS A= cos =
+ym+m+a ¢ L VA B CE an
C
cos V=

o
235. Ilpuvepnt. 1) PaccmorpsM BHHTOBYIO NHHHKIO (puc. 128)
xX=acost, y=asint, z=ct.
B atoM ciyyae

’

Xt= —asint, yj=acost, zi=
H YPaBHEHMS KAcaTeNbHOM HMEIOT BHI
X—x Y-y Z—z

—asmt a»ost [4
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Hanpasnaronie KOCHHYChI KacaTelbHoi

asin t acost
CosO= ————, CO§ff=————, COS$Y=———,
Ja?+c? Va2 +c Va2 +c?

OTMeTHM, 4TO COS)Y=const, clenoBaTeNbHO, W Y =const. Ecim npepcraButh cebe
BHHTOBYIO JIAHMIO HAaBEPHYTOH HA HOpPAMOH KpYyIjibli HHIMHAD, TO MOXHO CKa3aTb,
YTO BHHTOBas JHHHKSI HEPECEKacT Bce oOpasyrolide 3TOTO IEIMHApPa IOA DOCTOSHHBIM
yrioMm ¥).

2) 2 .2 +y2 +z2 1

) Oanuncoux: FteEta"t

Kacarensaast IUIOCKOCTE HoTy4aeTcs mo ¢opmyie (12), ¢ y4eToM caMoro ypaBHEHUA
UIMCOUA:

xX+yY+ZZ—1
@ B &
2 2 22
3 K c oporo mopsgka)y —+—-——=0.
) Konyc (sTop panKa; o=
KacaTemsHas mIIOCKOCTh:
xX Yy zZ

B sepmmre (0, 0, 0) komyca, KoTopast sBIsIeTcI 0C 00 0¥ TOUKOH, 3T O YPAaBHCHHC
TepSeT CMBICII, ¥ KaCaTeIbHOM IVIOCKOCTH HET.
4) Kpusas Busmauu (puc. 127):

x2+y2+_22=R2, x2+y2=Rx'
KacarenrHsas BbIpaxaercs ypasaeHmsME [cM. (13)]
xX+yY+zZ=R?, (2x—R)X+2yY=Rx.

OTE ypaBHEHUS [IEPECTAIOT BBIPAKATb NPAMYIO JIHIB B 0060l Touke (R, 0, 0).
5) BUHTOBAaSsI HOBEPXHOCTH:

X=ucosv, y=usinwv, z=cv.
TTo dopmyne (16) ypaBHEHHE KacaTENbHOM MIIOCKOCTH OyneT
X-x Y-y Z-z
Ccos v sinv 0 |=0.
—usine ucosw c

C y4eToM yPaBHEHHIA MOBEPXHOCTH 3TO YPABHEHHE MOKET OLITH YIPOINEHO TaK:

} u
sinv-X—cosv-Y+—Z=uv.
c

236. Ocolble TOUKH MIOCKHX KPUBbIX. 3/1€Ch MBI OCTAHOBUMCH HOApO6-
HE¢ HA MOBEICHMHA KPHMBOM, 3aJaHHOM HESBHBIM YPaBHEHHEM

Hx, y)=0,

BOAU3M ¢ 0Cc00 0 Touku (x,,y,). He uMes B BUIy HCUSPHATH ITOT
BOIIPOC, MBI XOTHM JIHIIb HO3HAKOMHTL YHTATEIS C IJIABHBIMHA THIIAMHU

*) Ecmu IOBEpXHOCT, IWIMHAPA paspe3arh OO o0pasymomed # pasBepHYTh, TO
BHHTOBAs JIMHMSI NIPEBPATUTCH B MPAMYIO, KOTOpask BCE BEPTHKAIH, €CTSCTBEHHO, Hepe-
CeXaeT NOJ OHHMM M TEM XK€ YIJIOM. DTO COOCpaKeHHe AenaeT NPEeRSIAYIH pe3yibTaT
COBEPIIEHHO OYEBHIHBIM.
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ocobpix Togek. IIpu 3ToM ¢yHKIMIO F MBI HpeamonaracM HeIpepEIBHON
M MMCEIOIEH HeNpEepHIBHBIE NPOH3BOIHBIC ICPBHIX IBYX MOPSAKOB. be3
yMaJIeHHs] OOLIHOCTH, MOXHO CYMTaTh X,=0, y,=0; 3TO 0TBE4aeT MPOCTO
IIEPEHOCY Havajla KOOPAUHAT B HUCHBITYEMYIO TOuKy. MTak, mMeeM

F0,0)=0, F;0,0)=0, F;©0,0)=0.
BeeneM o00o3HaYeHHS
a;,=Fz0,0), a,=Fy(0,0), ay=Fy0,0).

Ipennosaras, 94TO U3 YHCEI 4;;, )5, Gge XOTh OKHO — HE HYJIb, MBI CTAHEM
KJIaCCU(HUIMPOBATh NPEICTABISIONNECT BO3ZMOXHOCTH B 3aBHCHAMOCTH OT
3HAKA BBEIPAXEHUS 0y 0y —dly. M CCNENOBAHHSN HAaCTOALET O
n° TecHedmuM oO0pa3oM ONPUMBIKAIOT K HCCIAECTAOBa-
HEAM n° 197

1° ay,a5 - afy > 0.

B sTtoM ciyyae, kak MbI 3HaeM, QyHKIMA F(X, y) UMEET B HAYaJILHOM
TOYKE 3KCTPeMyM. 3HAYHUT, B JOCTATOYHO MajoH OKPECTHOCTH 3TOM TOYKH
F>0 wm F<0 (ucximoyas caMyi0 HAYaJbHYIO TOUKY, IZle (GyHKuEs ob-
pamaercst B 0). Muave roBops, B YHIOMSAHYTOMN OKPECTHOCTH
HET HY OJAHOH TOYKU HameH KPHUBOMN KpoMEe HAYAILHOM:
3Ta IOCHEHHAS OKa3bIBACICs U304UPOSAHKHOI MOuKoli KPUBOM.

ITpumepsl, HUIIOCTPUPYIOUIME pacCMaTPUBAECMBI Cirydaii:

x24+12=0 wmwm (+y)(x+y-1)=0.
HavanpHas To4YKka MPHHAMIECKUT 0OCHM KPHBBIM M Ul OOEHX SBJISETCS
uzonupoBanuoid Ho, B To BpeMsa Kak mepBas BCSA COCTOUT M3
OOHOM TOYKH, BTOpDas, KpOME Hee, COOCPXKHUT ellie MPAMYIO X + y 1, e
IPOXOIALIYIO qepea Hayajo.

2° apay, - ajy<0.

Kak u B 197, B OKpECTHOCTH HAYaJILHOM TOYKM MOXHO HPEIACTABHTDH
K(x, y) B crienyromemM BHIE:

F(x, y)= % (@1 %% + 2a15Xp + Appy® + 003y X2 + 2015 XY + %%},

rae
Bce o—-0 mpu x-0, y-0,

WY, €CJIM BBCCTH NOJIAPHBIC KQOPAUHATHL 0, @

o? . .o
Fx,y)= 5 {a;; cos? @ + 2a,, cos @ sin @ -+ ay, sin® g -+
+0ty3 €08 @ + 201, COS @ SI0 @ + gy SINZ ).

B paccmarpEBacMoM ciIydae, eCid IIPEAIHOJNOXKHTL €IS dyp =0, Tpex-
WIEH @y, + 20;5t + Gpet > UMECT PABMYHEIC BELIICCTBCHHBIC KOPHH 1y, £, (8, <1p)
M DPa3laraeTcsi HA MHOXHUTENH au(t—t)(t—1,). IlomoxwmM, ¢, =arctgr,,
@, =arctg t,, Tak 41O t; =tg@,, l,=tgp,. Tenepsr Jerko mpeobpasoBaTh
NEPBHIA TpeXWIeH B ckobkax {...} x BHAY

ay; COS2 @ + 2a;, COS P SINQ -+ oo SIN? P = Aoy COS Pt ¢ — tg ) (igp — tg p,). (18)
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OTcroa CTaHOBMUTCS fCHBIM, YTO HpPSMBIE, IIPOBEICHHLIC Yepe3 HAYAIO
OO YIilaMH @, U @, K OCH X, — GyHeM A KPaTKOCTH HA3BIBATH UX Hpsi-
MbMH (@y) B (@,) — HEIAT IUIOCKOCTb Ha JABE YIJIOBBIX 00yacTd, B omHOM
U3 KOTOPBIX YIOMSHYTBI TPEXWIEH COXPAHSET 3HAK ILIIOC, 4 B IPyroi
3HaK MmHYC *) (pmc. 136).

3axmounM Temeps mpsamble (¢;) # (@,) BHYTPh IJBYX CKOJIb YILOMAHO
Y3KUX YTJIOBBIX OONacTedf — IBYX Hap BEPTHKAJIbHLIX YIJIOB, COJEpXKa-
IIAXCH, COOTBETCTBCHHO, MEXAY IPAMEIMH (p; —¢&) U (@ +&) mu (@, —¢)
U (p,+&) (3T yramr Ha puc. 132
3alITPHXOBaHBI). B3sB Kpyr aocra-
TOYHO MAQJIOIO pajuyca r, BOKPYT
Havajia, MOXHO YTBEPXKIATh, YTO —
II0 BBIOCJICHAH YHOMAHYTBHIX YI-
JIOB — OH pa300beTcs Ha JBe YIJo-
BBIX OOJIACTH, B KaXJoH M3 KOTO-
prix yxe cama ¢ynxmus F(x, y) co-
XpaHd€eT ONpEIENICHHBI 3HaK: B OJ-
HOM ILIFOC, a B Jpyroil MMHYyC (CM.
puc.). JledcTBUTEIbHO, TAK KaK IIpU
U3MEHEHHH YIJ& BHE IPOMEKYTKOB
(p1—¢, @, +¢) u (P —&, @p+e) TPex-
wied (18) me obpamaerca B 0, TO . Puc. 136.

OH OCTaeTcsA Ho abCOMOTHOM BeM-

quHe OONBUIEM HEKOTOPOro MOJOXHTENIbHOro uucia m,. C apyroi cro-
POHBI, IPA JOCTATOYHO MAJIOM @ BHIPAKEHHUE &y; COS% + 2a;5 COS @ Sin @ +
+ oty SN2 @ o aGcomoTHOM BesmuMHe OyaeT Mewbine m,. OTcloma U cie-
IyeT Haiie yTBepxaeHue (cp. paccyxiuesue B 197, 1°).

PaccMoTpuM Teneph B2 3aINTPHXOBAHHBIX BEPTHKAILHO PACIOJIONKEH~
HBIX CEKTOpa Kpyra, HAmpuMep, Te€, KOTOpHIE OIPAHMYCHHI IPAMBIMU
(p,—¢) u (¢, +¢). Tak Xak Ha THX OPAMBIX QYHKIHA MMeeT NPOTHBOHO-
JIOXKHBIC 3HAKH, TO HAa KaXOO#H BEPTHKANM, HepecCeKalo-
me yYUOMAHYTHE CEKTOPH, HANZETCA TOYKA, B KOToO-
poi Fx,y) o6pamaeTrcsa B 0, T. e. Touka Hameii kpusoil. D10
ClIeyeT M3 M3BECTHOI'O CBOMCTBA HempepbiBHOM (yHxmum [80], ecym mpu-
MEHUTH ero K ¢yaxmua F(x, y) or y (upn GUKCHPOBAHHOM X) **¥),

TakuM 00pa3oM, BHYTPH KaXHoH maphl 3aIlITPHXOBAHHBIX CEKTOPOB
PacmosioXeHa BeTBb KPWBOM, MpOXOAsIIas 4epe3 Hadaylo, B TO Bpems Kak
BHE MX, B IIpeile]lax Kpyra, TOYeK KpHBO#l HET. BBHOY HPOM3BOJBHOCTH
& ACHO, YTO B HA4aJie 3TH BETBH KACAIOTCSA, COOTBETCTBCHHO, HPAMBIX ()
u (py)-

TIpaBna, ocrasncs OTKPHITBIM €INE BONPOC, €AMHCTBEHHA JIM T2 TOYKA
Ha YIOMSHYTOU BEPTHKaiH, B KoTopoit F(x, y)=0. Ecimz 6Bl HX Hamiocsk

¥) OTAM MBI HECKOJIBLKO yriTyGnsem ckasammoe B 197, 2°: TaM HaM JOCTaTOYHO
OBUIO KOHCTATHPOBATH HANMYME ABYX NPSMBIX, HA KOTOPHIX TPEXWIEH MMeEeT Da3Hble
3HaKH.

*¥) Cp. noka3atensCTBO TeopeMsel I n° 206 O CymecTBOBAHHM HEABHON (GyHKIMH,
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Ape, To, 1o Teopeme P onma [111], MeXIy HEMU Ha TOMf e BEPTHKANU
HAILIach OBl TOYKa, B KOTOPOH OBIIO OBI Fy(x, y)=0. Urax, eNuHCTBEH-
HOCTb OYyZET YCTaHOBIEHA, €CNIM MBI JOKaXeM, 4TO, MO KpaiiHell Mepe,
B JIOCTATOYHOM OJHM30CTH K HAYANy TAKOE PAaBEHCTBO HEBO3MOXKHO.
Homyctum mpotusnoe. Torma 6yaeM uUMeTh Fy(Xn, yn)=0 mna mexo-

TOPOH MOCIENOBATENBHOCTA TO4eK {(X,, y,)}, e x,~0 u JJ%"——» tgp=t,.
n

Ipamennm x Gyskmun F(x, y) dbopmyny xomeunbix mpuparmenmii [183,
(10)]:
0=F)ll(xn’ yn) _F}I'(O9 0)=

= F;c;'(onxns enyn) *Xn+ F},/;(ann B enyn) *Vn (0< en = 1)

HITHA

F;';'(enxna onyn) + F':(enxm 6n.yn) 2 0.

xn—

Ilepexons 3mech K mUpenedy, HONYYAM OKOHYATENIBHO o+ dool; =0 WM
Q0

t=— f’ 4TO HEBEPHO: TAKOE 3HAYEHME f; MOTJIO OBl HMETH JIHHIb B TOM
22

ciyyae, eciH OBl KOPHM TPEXWICHA dy; + 2dp,! + dpt? GBUM P 2 B H B M H.

W3 cxa3anHoro HOMYTHO BEITEKAET, YTO, B AOCTATOYHON OGIM30CTH K
HAYaJy, HX ONHA TOYKA YHOMAHYTHIX ABYX BETBEH, KpoMe camoii Havallb-
HOH, yXe He OyxeT ocoOoil.

ABAIOTHMHO HCYEPNBIBACTCA M CIy9Yail, KOFAa dp=0, HO @y =0 wm
@3 =05=0, HO @},#0; OTMETHM, JUIlb, YTO B HOCIEOHEM CIyYae PoJb
npsaMeIX (@,) u (p,) UTPAIOT OCH KOOPIMHAT.

WTak, mpu cOeJaHHOM IIPEOIONIONKCHUH a0 —alp<0 Touka (0, 0)
OKa3HIBAETCA 060iHON MOuKOl KPUBOW: B Hell MEPEeCeKaroTCsd IBe BETBH
KPHUBOH, KaXZas U3 KOTOPEIX B 3TOM TOYKE MMEET CBOIO KaCATEIbHYIO.
VriioBble Ko3(p(UIMEHTEl 3THX KacaTeJbHBIX ONMpEIeSSIOTCA BCEr/ia M3
YPABHEHHS @y + 24551 + yot?=0; JUIIb €CIH Gy =0, CHECOYET CUUTATH, UTO,
KpoMe KOHEYHOI0 KOpHSA, OHO HMEET KOPHEM H OeCKOHEYHOCTE.

IIpuMepaMHi MOTYT CIYXHTH YXe 3HAKOMBIE HaM KPHBEHIE

(x2+322+2a%()?—x?)=0 [memuuckarTa, puc. 126],
¥+3*-3axy=0 [mexapTos nmcT, puc. 117],
IUId KOTOPBIX Hayajo M OymeT nBoitHoH Toukoit. B mepBoM cirydae mmeeM
ap = —4a®, a,,=0, ay=4a? t,=1, t,= —1, Tax 4T0 XacaTeJLHHIMH B Ha-

HaJie CIyXAT GHCCEKTPHCHI KOOPANEATHBIX YTI0B. BO BTOPOM: @y =gy =0,
@=—3a, t;,=0, t,=c, U KaCATEILHBIMH CIYXAT OCH KOODJHHAT.
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3° a8y, —ajs=0.

JomycTuM M 31eCh, UTO dyy=0. KBampaTHBIl TpeXwiieH aj, - 2a;f+
+dyt? B OTOM Cilydae MMeST O BOHHOM KOpeHb #) = —ap[a,. Ilo-
jaras, Kak d BbIUe, @, =arctg?, IPOBEAEM Ycpe3 HAYaIo OPAMYIO IOJ
3TUM YIJIOM @ K OCH X. 3aKJIIOYAM
€€ B YIJIOBYIO 00NacTe MeXAy Hps-
MpMH (@, —¢) 4 (p; +¢&) (ma puc. 137
ona 3amTpuxosana). C noMoeio co-
oOpaxeHuil, CXOOHBIX C NPHMCHCHHBI-
MH BBIIIC, MOJKHO YCTaHOBHTE, YTO BHC
3alITPUXOBaHHOR 06sacTH, HO B HO-
CTaTOYHOM OJM30CTH K Havany, (QyHK-
st F(x,y) coxpaHsieT oI peJe-
JJEHHBH 3HaK, OJZHH M TOT XK€
¢ o0eHux CTOpPOH: JUIIOC WM MHHYC,
B 3aBHCHMOCTH OT TOro, Oynmer nu
4y >0 wnad a,<0. Temepp Ha mps-
MBIX (; &) yHKUMS HMeeT o O U H a-
KO BB € 3HakW, H NPHMEHATH Teope-
My Kowmu memsss.

M5 Be OyneMm yraybasTecs B Mc-
ClemoBaHUEe 3TOro cCiydas, Tpebyio-
mero OoJiee CIIOKHBIX PACCYXKICHUH, C IMPHUBICYCHUEM BLICINUX IPOU3BOI-
HeIX. OrpaHuYuMCs yKa3aHHEM HA OCHOBHBIC BO3MOXHOCTH, KOTOPHIC 371€Ch
IPeACTABIISIOTCS.

a) BOnu3u magaypbHOM TOYKH, KpoMe Hee CaMoif, HET TOYeK KpUBOI:
uzoaupoeannas mouka (Xak B ciydae 1°).

IIpumepsr

Puc. 137.

Xt 4+y2=0 wm  (x*+)y%)(x+y-1)=0.

i 00eHX «KpUBBIX» HAYAJIO SBJIAETCS W3 O0OJHUPOBAHHOMN TOYKOM.
6) B 00oux 3alITpMXOBAHHBIX BEPTHKAIBLHBIX yrjax (B JOCTATOMHON
OIM30CTH K Havally) Ha KaxIoil BEPTHKAJH JIEKAT IO JIB € TOUKH Hawle
KpHBOH, Yepe3 HAYaJo MPOXOIST IBe BETBH XPHBOH, mMeromue B Hell 00-
LIyro XKacaTelbHYIO (p,): dgolinas mouxa (kax u B ciydae 2°).
IDpumep:
xt-y2=0, T. e y=£x

JBe 1mapaboJiel, B HAYAJILHOM TOUYKE KACAIOLIMECS OCH X.

B) B omHOM H3 3alUTPHXOBAHHBIX YIJIOB BOBCE HET TOUEK KpiBOil, a
B ADYTOM — JBe BETBH, KOTOphIe KaKk OBl 3aKaHYHBAIOTCH B HAYAJILHOI
TOUKE, UMed B Hel oOIyro kacaTtennHylo (p;). 34eCh MBI HMEEM JENO C
HOBBIM THIIOM 0CO0O# TOYKH — C moukoi gosgpama (MM mMOuKoii 3a-
ocmpenus). B 3aBUCHUMOCTH OT Toro, JIeXaT Ju obe BCTpedaroluecs B Heit
BETBHU IIO Pa3HBIE CTOPOHLI OT 06mIeit KacaTeIbHON MM IO OJHY CTOPOHY,
Pa3jdyaloT TOYKH BO3BpATa MEPBOTrO H BTOPOTLO poja.
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TIpumepom kpuBoii, nMeroLeit B HAYATE TOUKY BO3BPATA EPBOLO PoJa,
MOXET CIyXHTb KpHUBas

-x*=0
(monyxy6Guueckas mapabGouma, puc. 115).

Bornee penxmii ciayvaif TOYKH BO3BpaTa BTOPOTO POJAA IMPOHILIIOCTPUPYEM
TAKUM TIPUMEPOM:

X = (y - ¥92=0
HIu

y=x2+xYx (x=0).

OGe BeTBH B HAYaJIBHOM TOYKE KACAIOTCH OCH X, PACHONArasch (MO Kpait-
Hell Mepe, BOIM3W Hauama) Han Herwo (puc. 138).

Ecnu gy, =a,=a,,=0, To nmpuxommrcs paccMa-
TPHUBATh IPOU3BOJIHBIE BBICHIMX IOPAIKOB. B aTom
ciayvae BO3SMOXHBI M Gojiee CIIOXKHBIE THIBI 0COOBIX
ToueK (mpoiinbie Wy, BooOOLIe, H-KpamHble TOYKH,
" T. II).

q

237. Ciaywaii umapaMeTpi4ecKoro 3aJaHAs KpH-
Boil. CxaxeM ellle HECKOILKO CJI0B 00 0COOBIX TOYKAX
IJIOCKUX KpHBBIX, 3aJlaHHBIX HapaMeTpHUecC-
KHMHU YpaBHEHUAMU

x=0(), y=y().

Hycre mpu t=t, umeeM

|

Xo=¢'(t)=0 m y6=w'(to) =0,

HO M3 MPOH3BOLHEIX BTOPOTO MOPsIKa xo H Yy mycTh

XOThb OJfHA, HANPUMEP Xy, OTJIHYHA OT HYJIA.
TIpoBeneM cekyLuyro Hepes TOUKH (X, ¥,) ¥ (X, ¥) KpUBOii, OTBeUAIONIE
3HAYCHMSAM #, H ! mapaMeTpa. Ee ypaBHenre MoXeT GHITh HAIECAHO TaK:

Pac. 138.

X-xo_Y-y,
X=Xy V=Y

Ho 1o dopmyne Teiinmopa [c HONONHUTEILHLIM 4iicHOM B (opme
IMeano, 124 (10a)], Tax xax x;=y,=0, uMeceM

(x +a)(t - 1)

1, .,
y=Yo=5 (yo 1 Bt —1,)%,



237] § 2. KACATEJIBHAS ¥ KACATEJIBHAA IJIOCKOCTh 541

rae o u  crpemsarcs kx O npH ¢-1,. IloncraBiss, mepemrIeM YpaBHEHHE
CeKylleH, mocie cokpameHus o6oux 3HaMeHaTeleil Ha 1(t—to)2, B Cie-
IyIOINeM BUIE: 2

X-x . Y-y,

xg to yg' B

31ech MOXHO HEpEeHTH K Ipedeny IpH ¢ -1, ¥), H TakuM myTeMm mony-
yaeTci YypaBHEHHE KacaTeJNbHOM:

X-x_Y-% oy Y- yo =25 (X - %,). (19
(4]

’7
Xo Yo

Mb! IpeRnoNoNUTH Xg #0; mycTh, Hampumep, x, >0. Torma QyHk-
nust x=@(t) opu t=1, umeeT (coOcTeerHbli) MuHU MYM [137], T. e.
X >X, OpA 3HAYCHUAX f, OMH3KAX X 7, (Kak MpH ?<1,, TaK H IPHU I=>1)).
TakuM 00pa3oM, B TOUKE (X,, Yp) CMBIKAFOTCSI IBE BCTBH KPHBOIf, OTBe-
qaroime f<fy M t>1,; OHH UMEIOT
obmyro (HaKJIOHHYIO WJIH TOpH- g o
30HTAJBHYIO) KacaTeJbHYI0 H 00e g, —
PacHoJIOXEHI BIPaBO OT Bep-
THKAMH X=X,. VHBLIMA CJIOBaMH, t=t, >,
HaNMNo mouxa eo3spama (puc. 139). !

DTo ~— OCHOBHOM ciydail ocoboit !
TOYKY IS KPUBOM, 3aJaHHOM mapa- i
METPHYECKH. ; Zz

Jlerko moATH HECKOJIBKO Jajlblle 7 o Prc. 13
B 3TOM HCCJIENOBaHUM, YTOOH ycTa- c. 139.
HOBHTB, Xakoro p o ma OynmeT 3Ta
Touka Bo3Bpara. C 3TOH IEJbIO IPHBIICYEM TPETHH NIPOM3BOIHBIC, H IIPU-
paleHnst X —X, H ¥ — ), HAOHIIEM B BHJIE

1 17 1 172 il <
x = Xo=75%q (1 — 1o +¢ (o  + @)t ~ 1),

1 77 1 127 bos
Y=Yo=3Yo (t—1)? +g(y0 +P)( 1),

rac « u  cHoBa crpemsTca K O mpH f-7,.
Brrancnmm, monb3ysck ypasreameM (19), opamHaty Y Toukm K ac a-
TenbHOMN C abcmuccoi x; ™Mbl MOIYIHM

y” | 1 y" rrr o~
Y"J’o"'x—zf(x"xo)=§J’o’(t_to)2+g';27(xo +a)(t—1p)°.

*) Cm. 3amevanre B 234, KOTOpOe NPHIOKHMO H 3/€Ch, €CIH PacCMaTPHBAEMYIO
TOYKY CYHTAaTh M P OCTO .
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CocTaBuM, HAKOHEI, Pa3sHOCTh OpAMHAT Y M y, OTBEYAIOLIMX OMHOHU U
Toil xe abcumucce x:
l xl/lyaf_ x&/y:)ll ~
e

6 xy

IIe depes ¥ 0003HAYCHA CHOBA HEKOTOPas GECKOHEUHO MAJasl TIpH f-1,.

Temeps ecim TONBKO Xg Vo —Xg Ve #0 (4TO OGHBIKHOBEHHO W BBUIOJI-
HSIETCA), 5ICHO, YTO Pa3HOCTh Y —y OyleT pa3HBIX 3HAKOB IpU I<1,
U t>1,, T. €. JUIT TeX IBYX BETBeH KPHBOi, KOTOPHIE BCTPEYAIOTCI B TOYKE
(xg» ¥o) (B IPEAIONOKEHUHN, KOHETHO, YTO MBI OTPAHUIABACMCS 3HAYCHUSIMA
¢, IOCTATOYHO OJIM3KEMH K ). BeTBU pacmonararorcs Mo passbie CTOPOHEL
OT KacaTeNpHOM, ¥ MBI YCTAHABIMBAEM TOYKY BO3Bpara HEPBOTO
poxma.

IlpuMepsl MONOOHBIX OCOOCHHOCTEH BCTPEYaNHUCh HAM YXC HE pas:
HUKIIOWAA, SMH- WM THIONUKIIOWNA, JBOJBBEHTA KPyra — BCE FMMEIOT
Takme TOYKHu Bo3Bparta (pmc. 118 —121).

MoxeT 0oKa3aTeCs, B MCKJIFOUATENHLHOM CIIyYae, 4TO Xg Vo — Xo Vo =0;
TOTHa pasjoXeHne Y —y IO CTEmeHsM ! — 1, HAYHETCS C YESTBEPTOM WK
BoJtee BBICOKOII CTeTeHM 5Toro IOBywieHa. Ecnu cremens 3Ta YeTHA 4,
TO paccMaTpuBaeMasi ocobast Touka OymeT TOYKOM BO3BpaTa BTOPOT O

poxa.

§ 3. Kacanue KpuBBIX Mexay cofoii

238. OrnGaromasn cemelicTBa xkpusbix. ECiin [Be KpuBbic HMEIOT OGLIyIO
TouKy M, m — B 3TOilf Touke — OOUIYI0 KacaTeNbHYIO, TO FOBOPAT, 4TO
KpuUBHE kKacaloTcd B Touke M, Hacrosmmii naparpadp mno-
CBSIIIEH HEKOTOPBIM BOIIPOCaM, CBSI3AHHBIM C KACAHHEM IUIOCKHX KpH-
BBIX. ,

IIpucrynag x paccMoTpeHnio orubarmeit ceMeiicTBa Kpu-
BBIX, OCTAHOBHEMCS CHAYajla HA CAMOM IIOHATHA CEME W CTBa KPHUBBIX.
Ham yxe He pa3 HpHXOAMIIOCH BCTPEYATHCS C YPABHEHWSMH KPHBBIX, B
KOTOPBIE, XpOME TEKYIIMX KOOPAMHAT X W Y NEPEMCHHON TOYKH, BXOIUT
ene OAWH WJIA HECKOJIbKO IMapaMeTpoB. B ciysae omHoro mapa-
METPA, CKaXeM 4, YPABHEHHE HMeEET BU

Fx, y, a)=0. 0

Jlesas 4acTh sBisieTcsi GyHKIMel Tpex IEpeMeHHBIX, U3 KOTOPHIX Hepe-
MEHHYIO @ MBI MHaYe Ha3bIBAEM JIHMILG IIOTOMY, YTO OHA HIpaeT 0COOYIO
poJib: I HOJIy4eHUs KOHKPETHOH KpHBOM 3HAYeHHWE TapamMeTpa a JoJ-
XHO OBITH ¢HKcHpoBaHO. IIpH M3MEHEHHH ATOTO 3HAYCHHT, OOBIMHO B
npeaesiax HeKOTOpOro IpOMEXYyTKa, OyOyT mojdydathes, BooOlme roBops,
paszmuyuable (10 GopMe WIH PACHOJIOKECHKIO) KPHUBBIC.

CoOBOKYIIHOCTh BCEX OSTHX KpPHBBIX M HAa3bBAOT CEeMEHCTBOM
KPHUBHE X C OJHMM IHApaMeTpoM, a ypaBHenue (1) — ypaBHEHHEM
ceMeilicTBa.
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Wnorpa ciyyaercs, 9To IS NOJOOHOTO CeMEICTBa KPUBBIX CYIIIECTBYET
Kpusas, Komopas Kacaemca Kaxcooil Kpueoil cemeiicmeéa 8 0OHOU uau He-
CKOBKUX MOYKAX U NPUIMOM 6CA COCIOUM U3 3MUX MoueK Kacanus (puc.
140). Takas XpuBasg HOCHT Ha3BaHue OoTruOalomeil JaHHOrO CeMeii-
cTBa. MBI IOKaXeM ceifuac, Kak YCTaHOBHTb, CYIIECTBYET JIA OrHOaromias,
U Kak HaliTH ee B CiyYae CYIIECTBOBAHWS.

C 3Toif HeNnpl0 JOMYCTHM CHaYald, YTO Oribaromas CymecTByerT.

Puc. 140.

JJ1s OpOCTOTHL HPEIIONOKAM, 4T0 peyb uueT o6 orubaroreit (Tod-
HCe — BETBH ormbarolneit), koTopas KaxJI0il KpHBOH ceMelicTBa KacaeTcsa B
OOHOH Touke. Torna KOOpAHHATHL 3TOH TOUKH KACAHHUA OJHO3ZHAYHO
OHPENEISTIOTCH yKa3aHueM KpHBOM ceMelcTBa, T. €. 3HAYCHHWEM Iapa-
MeTpa a:

x=¢(a@), y=y(a) @
ITockonpKy orubaromiasi BCS COCTOMT U3 TOYEK KACAHMA, 3TH YDABHCHHS
H AT mapaMeTpuyeckoe NpefcTaBlIeHuE ormOaromei.

Mu1 mpemonaraeM Cyu[eCTBOBaHHNE M HENPEPHBHOCTH
YaCTHBIX HPOM3BOAHBIX QyHKHHM F M mpoU3BOAHBIX (QYHKIMIL @ H .

Touka (2) nexnr ma xpusoit (1), ompenmenseMoit TeM Xe 3HAYEHUEM
mapaMerpa @, Tak 49TO HMMEET MECTO Takoe TO XK I E€CTBO OTHOCH-

TENIbHO a:
F(p(@), y(@), a)=0. €))
pomuddepernuposas ero nonasM obpaszom o @, moayaumM [181, 185]%)
Fodx+ Fydy+ Fyda=0, Y]

MpAYeM NPOU3BOIHEBIE BEIYHCICHBI IPH YKa3aHHbIX B (3) 3HaveHMsX apry-
MEHTOB, a dx U dy o3nadaror mubdepennnansr Qpynxumii (2).

Temeps mocTapacMcs aHAIMTAYECKH BHIPA3WTH TOT (akT, 4To oruba-
omas kacaerca B Touke (2) xpumoit (1). Kacarenpnas x xpusoit (1)
fem. 230, (5)]

F(X-x)+ F(Y~-y)=0 &)
7 k xpusoil (2) [230 (7)]
X=x Y-y ©)
dx dy

*) 3meCh, MeXAY MPOYMM, MBI HCIONb3YEM W HEOPEPHIBHOCTL YACTHBIX IPOH3BOJ-
BBIX yEKUME F.
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IIOJDKHBI COBHIACTB. YCIIOBHE COBIIAJICHHS 3THX NPSAMBIX MOXHO HANUCATh
B BUIE

Fdx+ Fydy=0. Q)

Ipu 3roM, Xax u BeliLie, IIOJ X ¥ ¥ MBL pa3yMeeM ux 3Ha4yeHus (2), a 1moj
dx v dy — mapdepenmmanst dyaxmuit (2).

3ameTuM, 4TO ypaBHenus (5) M (6) IDEHCTBUTENBbHO BBIPAXAIOT Kaca-
TeJIbHBIE K KPYMBBIM JIMIb B IPEIMTOJIOKEHHH, YTO PacCMAaTpUBaeMas TOYKA
He OymeT s Hux ocoGoii. Tem He Menee, paBeHcTBO (7)) MMeeT
MECTO Jgaxe B TOM Cclydae, eClIM 3Ta Touka G6Gynaer
ocobo¥ AxA To# MNu Apyroit xpusoil

Comnocrasnsas (7) ¢ (4) u y4aTHIBasA, YTO da — IPOU3BOIBLHOE YHUCIIO,
HaimeMm, uro F,=0 Wi B pa3BepHyTOM BHIIE:

F;((p(a), "P(a)’ a) =0. (8)

Toxpmectsa (3) u (8) mokasnBayoT, 4ro GQYHKIMHU (2), HAM HEU3BECT-
HBIe, JOJDKHBI TOXJICCTBEHHO OTHOCHTENBHO @ YHOBIETBODPATH CHCTEME
YPaBHCHHUIT

F(xa Ys a)=0’ F;(xa Vs a)=0' (9)

Wrax, ecnu orubaromas CyIIeCTBYeT, €€ IapaMeTpUUYCCKHE YPaBHE-
HEs (2) MONYYArOTCS KaK DEIUEHHs] OTHOCHTEIHHO X M ¥ CHCTEMSBI (9).

B ToM ciyyae, Kora 9Ta CHCTEMA IIpH IEPEMEHHOM a BooOIe He Jo-
mycKaeT penleHwid B BuAe QYHKIHHA OT @, MOJIOKECHHE BEHIEH SCHO; OT HU-
6aromeil BoBce HeT. [IpeamosoxkuM XKe Tenepb, YTO B PE3YIbTATe
pelrenust cucreMsl (9) mojydeHs! ypaBueHus (2), BBRIDRXKAIOIIME KPHBYIO
6e3 ocobuIX Touek *). Byner mu sTa kpmBas ormbaromieil Hamero cemeii-
CTBa KpHUBBIX?

Tak kak ¢ysxnum (2) yOOBJNETBOPSIOT ypaBHeHHSM (9), TO BBIIOJ-
marorca Toxaectea (3) m (8). uddepennupys nepBoe U3 HHX, HOIYIAM
(4), a comoctasnas 310 ¢ (8), mpumeM k pasencty (7). Ecma Touka (2)
(g4 mpu oxHOM @) He Oynmer ocoboli Ha CooTBeTCTBYIOWIEH KpmBOi (1),
TaK 9T0 ypaBHenue (5) AeHCTBHTENPHO BHIpAXaeT KAacaTeJIbHYIO K Ha3BaH-
HOM KpHBOM, To paBeHCTBO (7) 00ycnoBIMBacT COBNAJCHHE 3TOM Kaca-
TeJIbHOM ¢ KacaTenbHOM (6) K kpuBo# (2). B aTom cinyuae xpuBas (2)
Ha caMoM Oene OynmeT orubarmmeif cemMmeicTBaA,

B 4acTHOCTH, 3TO MOXHO TapaHTHpPOBaTb, €CJIH, HAIIPEMEP, KPUBEIC
JAHHOTO CeMeiCTBa BOBCE JIMINEHBI OCOOBIX TOYEK.

HaoGoport, eciu Takue 0COOBIe TOYKM WMEIOTCS M HpU M3MCHCHHMH 4
reOMETPHYECKOe MeCTO HX 00pasyeT KpmBYyIO (2), TO COOTBETCTBYIOIIHE
eil dyHKIME @ H v HEOOXOOUMO YHOBJIETBODPSIOT cucreMe (9)**), XoTa B
3TOM Ciiyda¢ KpHBAas MOXeET He OBTh ormbaromei.

*) Ilpz Hanwuuu OTACIBHBIX OCOOBIX TOYEK OTPAaHMYMMCS IPOMEKYTKOM H3MEHe-
HHS DapaMeTpa, He COOEPXamiMM KPHTHYECKHX €ro 3HAYCHM.
**) JIns HEX BhmomHserca (3), sgaunt 1 (4). 3atem, mMeer Mecto (7) KaK BHIIE
YIOMHHANOCEH B TEKCTE; conocTasnsd ¢ (4), npuxomuM k (8).
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WTak, upyu paamyad oCoObIX Touek kpuBad (2), MOJIyYeHHAS B pe3yib-
TaTe peuieHusl CUCTeMEI (9), HOUIEXHT ele NpoBepKe: OHA MOXeT OBITh
orubaromeii, MoXeT OBITh TEOMETPUIECKHM MECTOM OCOOBIX TOYEK HA KPH-
BBIX CeMeiCTBA WM, HAKOHEN, JacThI0O — Orubaromieif, 4acTelo Xe — Ta-
KAM Te€OMETPHYECCKHM MECTOM.

OOBIKHOBEHHO IIPH pa3bICKaHUH OTHOArOIIEii He OCTAHABIMBAIOTCA HA
cucteme ypaBHenui (9), Ho WAYT Hajpmie — HCKJAIOYAI0T H3 HAX 4.
HNariMu cioBaMH, MOJYYAIOT COOTHONICHHWE BHIA

Q(x& y)=0’ (10)

yXe HE CoAepxallee @ W IpelcTaBisiioniee coboit ycmoBue, HeoOxonu-
MO€ ¥ JIOCTATOYHOE IS TOTO, YTOOBI JUIS MapHI 3HAYCHU X, Y HAIIIOCh
TaKoe 3HAYECHHC ¢, KOTOPOE COBMECTHO C HHEMH YHOBJETBOPSIO OOOHM
ypasueausiM (9).

Bce Touxm xpmBoit (2), moxydenHoll pemenreM cucTeMsl (9), MOJKHEL
yaosJyieTBopATh ypaBreHuio (10). IoaToMy, ecid 3TO mociieanee ypaBHe-
HYEe HE BHIPAXKaeT HUKAKO# KpUBOM, TO Cpaly SCHO, YTO OrmOaromieii HeT.
Ecmu xe ypaererue (10) BelpaxkaeT KpUBYIO (ee Ha3BBAlOT I H CK P U-
MHHAHTHOM® KpHBOIH ceMelicTBa), TO OHA KaK BBOIE IIOIIEKHT
mpoBepke. B ee cocTaBe MoJpKHA OKasaThCs ormbaromas (ecim oHa cymie-
CTBYET), HO JOJDKHO OBITh M IeOMETPHYECKOE MECTO OCOOBIX TOYeK (ecim
TakoBbIe Haumlo). Kpome Toro, 3aeck ecTh elle OIHA HENPHUATHAS BO3-
MOXHOCTb, KOTOPYIO CJIeIyeT HCKJIIOYHTH IPOBEpKOI: MMEHHO, B COCTaB
JUCKPHIMHIHAHTHON KPHBO¥ MOXET MONPOCTY BXOTUTh ONHA HIIH HECKOJIBKO
YacTHBIX KpHBBIX ceMeiicTBa. Tak Oymer B ToM ciiydae, koraa 6 eck o-
HEYHOMY MHOXECTBY TOYSK JACKPIMUHAHTHOI KPHBOH OTBEYAET
O HO M TO XK€ 3HAYCHHE g, COBMECTHO C HUMHU YHOBIIETBOPSIOIIEE ypaB-
permsM (9) *).

Bce ckazanHOe BCEro Jydille BHISCHATCS HA TIPHMEpax.

239. IIpamepsl. 1) Haiitu ormbaromiyro mis ceMeiicTBa OKPYXHOCTEH

(x—a)?+yt=rz (r=const)
(puc. 141).
Hubdepermmpyem mo a: —2(x—a)=0. Uckmovas g, moaydsM y2—r2=0 mwm
y=*r. ABe ODpSAMBIE, NAPAVIENLHBIE OCH X, KOTOPHIE, OYEBHAHO, COCTABISIOT
ormbaronryo **),

*) Ecn¥ OHNepHpPOBATh HEMOCPEACTBEHHO ypaBHEHMsSMH (9), TO Takas BOZMOXHOCTH
VCKIIIOYACTCsA, IOTOMY 9TO YPaBHEHHS MBITAIOTCH PEIIATEH MPH 3aBEIOMO IIEPEMEHHOM d.
**) Ecnig ypaBHCHHE CeMEUCTBA B3STh B BHAE

x—-at Vrz—yz=0,

TO pe3yabTar aupdepeHumpoBaErs mo a O6yaer —1=0; H3 HEBO3MOXHOCTH 3TOr0
pPaBeHCTBa, Ka3ajlock OBI, BhITEKaeT 3aKkmiouenne o0 orcyrcrBmm ormbaromeit. Taxoe
3aK/IIOYCHNE, ONHAKO, OBLIO GBI HEBEPHO, TAK KaK BCS M3JIOXKEHHAS TEOPHs NPEANOJIaraet
CYIIECTBOBAHKME U HEMPEPHIBHOCTh YACTHBIX MPOHM3BOAHBIX OT JIEBOI YacTW ypaBHEHHS
CeMelcTBa, a 37iech (AMEHHO NIPH y = : r) KOHEYHO# TIPOM3BOAHOK HO y HET.

35 I'. M. ®uxrerronpn, T. 1
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2) Haiite ormGaromyro pasiHYHBIX [OJIOKEHEN MPAMON, CKONB3AMIEH NByMS TOY-
KaMy, HaXOMSIIMMACS JPYr OT Apyra Ha IOCTOSHHOM PACCTOSHMM @, IO OCSM KOODAM-
Hat (puc. 142).

Prc. 141. Puc. 142,

B3sB 3a napameTp yroi 6, COCTaBlICHHBIH NEPIEHAMKYIIAPOM K JBHKYIICHCS mMPSMOi
C OChIO X, YPaBHCHHE MPAMOIl MOXHO HaMCATh B BHIE

X y

sin® cos#@

HMuddepenmmpyem no 0

y
cos 0+ sin8=0 mwm ——= .
sin? 6 cos26- sin38 cos®0

Muaye 370 MOXHO HAOKCATh TakK:

X y X ¥y

sin® cos® sin® cosb
sin? @ cos?0 sin?O+cost0

a,

OTKyZma x=asin3 0, y=acosd#.
YnTaTesb y3HAET B 9TUX YPABHEHAAX NAPAMETPHYECKOE IPENCTABJIEHHE 4 C T P O H-

4
hi§3i [224, 4): t= E— 8] , KOTOpast B JAHHOM CJIy9ae M ABJISETCA OrHOaroInei.

C 5THM CBOUCTBOM acTPOHIEI MBI YK€ ONHAXIBI CTANKEBAIHCH [231, 3)].
3) Bo MHOrEx ciuyyasix orm6aromas Kak O6b orpaEmuEBacT («ormbaer») 4acTh
TIOCKOCTH, 3aHATYIO KPHBBIMA ceMelicTBa. UTO 3TO HEe BCEra Tak, HOKA3LIBAET IPHMED:

y=(x-ap®
(p=c. 143).
3nech ormbaromeif CIyXHT OCh X, HepPECEeKaloN[a s BCe KPHBHIC CeMeicTBa.
ABanormasoe 06CTOATEILCTBO HPOSBIAETCS | B ClEAYIomeM, 6omee CIIOKHOM HpAMEPE.
4) Haittr ormbaromyio cemeiictsa y=a¥(x—a)? (map a6 o nw).
ConocTapiss 3T0 YPaBHECHHE C ypaBHEHAEM

2a(x—a)®—2a%x—-a)=2a(x—a) (x—2a)=0,

noiayyrM mbo x=a (y=0), mbo x=2a (y=a?), TaKk 4TO MACKPHMHMHAHTHAS KPHBAS
COCTOHT u3 HpsAMoH y =0 m kpusolt 16y = x4, IlepBas KacaeTcs Bcex mapaGon B BepmA-
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Hax. BTopas uMeeT c Kaxaod napaGoiof TpM o6mHEe TOUKM: KacaeTcsa ee

npu x=2a ¥ OepecekaeT OpH x=—2a+2a}/2.
5) PaccMOTpEM 3TN H O C

X2

— +£2 =1.

a® b2
CrageM wcKaTh, OTHOAOMYyIo  CceMeiicTBa
OKDYXHOCTEH, OCTPOEHHBIX, KaK HA OUAMET-
pax, Ha XOpHAax UIMNCA, MapalIeIbHEbIX OCH
y (puc. 144),

Puc. 143. Puc. 144.

IIpunss 32 napamerp abcHECCy f NEHTpPA OKPYXXHOCTH, HANMINOM YPaBHEHHE TOTO
CEMEHCTBA B BHIE:

F(x’ Y t)=(x—t)2+y2—Z—: (az__tZ):O,

MpHuYeM { H3MCHACTCA B IPOMEXyTKe [ —a, a]. Umeem
a®

2b2
Fj=-2(x-t)+—1t=0, otkyma t=-———x.
! ( )+ a? e a?+ b2

Iloacrasme 5T0 3HaueHwWe ! B ypapHeHHe F=0, MBI NONyYMM ypaBHEHHE Ormbaromeit

B CIIGOYIOIIEM BUJE:
a?x \? b2 atx?
x-———|+1»-—fa2———|=0
@1b " @+

HIIH, TOCHe IpeoOpa3oBaHmii:
x2 yz

@B B

MEI DpHILIK K 3JUTMICY C TEMH X€ OCSIMH CHAMMETDHHM, 9TO M JAHHEIH,

JIro6ONmEITHO OTMETHTH, YTO 3ITOT JUIMIC KACAETCHA HE BCEX OKPYXHOCTEH
CeMeiicTBa. DTO 00CTOATENBCTBO JIETKO YCMOTPETD, €CIIH HE HCKIFO4ATh [ M3 YPABHCHMK
F=0mu F{=0, a BBIpa3uATh U3 HEX X ¥ y Yepe3 £:

x=az+bz L ye :t-li Va‘_—m
a* a
JleliCTBHTENbHO, OTCIONA CPa3y BHAHO, YTO BHIPAXEHWE IS Y MOXeT ObIThb BEIIECTBEH-
HbIM JIMIOb 1OpH | ¢ IsTazl—; . 3HAYHT, TOJIBKO A JIA 4YaCTH CeMeliCTBAa OKPYXHO-
+

CTEeH, COOTBETCTBYIOIIEH YKa3aHHBIM 3HAYCHHAM f, CYLLIECTBYET orunbaromasi.

35#
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OTOT HOYYHMTENLHBIN NpUMEP NOKA3hIBAe€T, YTO MapaMeTpHYeCKoe 3ajaHue ormba-
Iome#f MOXeT OKa3aThes Ooliee BRITOAHBIM, LOTOMY 4YTO H3 HEro JIer4e€ YCMOTPETh,
JJIs KaKO# 4acTH NAHHOTO CeMeEHCTBa OrmbaroInasi JCUCTBUTENILHO CYIIECTBYET.

6) s ceMeiCTBa KOHOEHTPHAYECKHX OKPDYXHOCTEH

x2+y*=a (a=0)
orubaromeit Her: AubdepeHIMpPoBaHEe HO @ Cpa3y NPHUBOAUT K HEBO3MONKHOMY DaBEH-

crey 0=1.
7) PaccMOTpEM [Ba CeMelCTBAa MONYKYOH4YeCcKHX mapabon

@ -ar-x3=0

©) y*~(x-a®=0
(puc. 145). JuckpuMHHAHTHAA Kpusas Oyaer

@ x=0, (6) y=0,

H B O0OHX CiIy¥asx sIBIIIETCS HOCHTENBEHIEH 0CoOBIX Touck. Ho B ciyuae (6) oHa Bce
ke OXHOBpeMeHHO Oyner ormbaromeii; B ciryuae (a) ormbaromeii Her.
8) Bosee CIOXHBIA MPEMEP TAKOTO X€ THIA HAeT APYroe CeMeliCTBO MonyKyOu-
yeckmx mapabon:
(y-ap-(x-a)*=0

(puc. 146). 3nmece mUCKpUMUHAHTHAs KPHMBAsAd PAcHagaeTcs Ha ABE OPAMEE: y=X H

"

4

(y-a)?=(z-a7
y

Puc. 145. Puc. 146.

4
y=x—os. IlepBas SBNSIETCS JMIIb TEOMETPUYECKAM MECTOM OCOOGEIX TOYEK, 4 BTOpas

Oymer ormbaromeit.
9) HaxkoHenl, pacCCMOTPHEM CEMEHCTBO MPSAMBIX

41+ Dx=12y.

Ecnu npoauddepernmpopats 10 #: 4x=2fy ¥ UCKIIOUATEL ¢ B3 OOOHX ypaBHEHHIf,
TO MOJNyYUM, KaK PE3yJIBTAT ACKIIOYCHHS:

x(x+y)=0.
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310 ypaBHEHUE NpPEACTABIsAET JBe OpsaMele: x=0 ¥ y= —X, KOTOpbIe BXOASAT B COCTaB
nmamHoro myuxa (opu ¢=0 u t= —2). Hz onHa U3 HEX HC SBISICTCS HU orrbaromieit, Hu
HOCHTeNbHuIEH 0cOOBIX Todex. Ormbaroineli B 3TOM Cllydae HET.

DTOT ODpuUMEp WUNOCTPHPYET YKA3aHHYIO HAMHM DaHee BO3MOXHOCTB TOIO, 4TO
ypasgeerze (10) IpeACTaBUT He OTHGAIOIIYIO, 4 ONHY MM HECKOJILKO KPHBLIX CEMCHCTBA.
Ecim GBI MBI, HE HCKJIIOYas £, IOMBITAMCH BEIPA3ATh X H Yy Y€pe3 f I pH HDEepPpeMe H-
HOM 1, TO 3TO OKa3aj0oCh 05l HEBO3MOXHEIM.

240. XapakrepucTHueckne ToukH. C HOHATHEM OTHOaOIIEH TECHO
CBA3aHO IPYroe MHTEPECHOE I'E€OMETPHIECKOE IIOHATHE — XaPpaKTep u-
CTHYECKHUX TOYEK.

Bo3sMeM OJHY W3 KpHUBBIX ceMeHcTBA

F(xa ) a)=0,

olpelesieMylo 3HAUYCHAEM a mapamerpa. IlpuganmMm a HEKOTOPOE HpH-
pamenne Aag; 3mavenuio a+ Ada mapamMerpa GyJeT 0TBEUATh JIpyras KpUBas
ceMeicTBa
Hx’ Vs a+Aa)=0a
«bmm3kas» K TEpBOi.
MOXKeT CIIyYHTBCS, 9TO IpH HocTaTouHo MaloM Ja o6e XpuBHe mepe-
CEKAIOTCS B OJHON WM B HECKOMBLKHX Toukax. IIpu crpemutennu da X HyJro

(@)

Pmc. 147.

3TH TOYKH IiepecedeBrs OyayT KakKuM-To 00pa3oM IEpeMeEIaThCs IO mep-
Boii kpuBoii. Ecim mpm 3TOM Kakas-mu6o M3 TOYEK INEPECEYCHMS CTpe-
MHATCS K OHPEACICHHOMY IPEIENEHOMY ITOJIOKEHHIO, TO 3Ty NPEACIIbHYIO
TOYKY Ha3pBalOT XapaKTEepPHCTHYECKOH TOUYKOM HA HCXOA-
Hoit kpuBo# (puc. 147). [O6painacM BHAUMaHHE YHTATEN HA TO, YTO Xa-
paKTepHCTHYECKAasd TOYKA CBA3aHA HE TOJIBKO ¢ TOH KPHBOH, Ha KOTOPOK
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JIEXHT, HO U CO BCEM CeMeHCTBOM. I'0BOPHTH 0 XapaKTepHCTHUECKOH TOUKe
AT OTAENbHO 3aJaHHOW KpHBOM OBLTO GBI JIMINEHO CMEBICHA.]

Touka mepecedeHMs YIOMSHYTHIX BBILE KPHBBIX JOJDKHA YIOBJIETBO-
PATH CUCTEME YpaBHEHMI

Fx, y, a)=0, Fx, y, a+4a)=0

WIA PaBHOCHJIBHOM €H cucTeMe

F(x, ¥, a):o’ F(x, y, a+ja)—F(xa ¥, @) =0. (1 1)
a

Verpemus 3aeck da K HYJHO, MBI DPUAEM K yXe 3HAKOMOH HaM CHCTe-
me (9):

F(x’ Vs a):O: Flll(x, Y, a):()’

KOTOpO#, TakuM 00pa3oM, IIpU 3aJaHHOM @, W JOJIKHBEL YOOBJIETBOPATDH
KOOPAMHATHL XapaKTePUCTHUECKOH TOUKH.

Tounee roBops, eciii COXPaHUTH 33 X W ¥ 3HAYEHUS KOOPAMHAT TOYKH
nepece4enus, To BMecTo (11) (mpumensis dopmyay Jl ar p a H X a) MOXKXHO
HaIlACATh:

F(x, y, @)=0, Fyx, y, a+04a)=0 (0<0<1).

Ecnu npu da—0 KOOpOMHATHI X, Yy MMEIOT COOTBETCTBEHHO IPEEIIb
X, ¥, TO, IEPEXOAs B HANMCAHHBIX PABEHCTBAX K IIPEHEIy, BBHAY HEIpe-
peiBHOCTH Gynknuit F u F,, 1erko yOequTbcs B TOM, YTO KOODPIHHATBI
X, ¥ XapaKTepHCTHICCKOW TOYKH, AEHCTBUTENILHO, Y/IOBIETBOPAIOT CUCTEME
ypaBHenuit (9).

HonycTuM Temepb, YTo XapaKTepHCTHYECKHE TOYKH CYHIECTBYIOT HA
KaXIoH KpuBO#l cemeiicTBa. Torga MOXHO IOCTABHTHL BOONPOC O T € O-
METPHYECKOM MECTEC XAaPAKTEPHCTHUYECKHX TOUYEK.
Ecnu sTo Mecto mpencrasiseT coboit kpuByio Buza (2), To dysxiwu ¢(a),
y(a), burypupyiouye B €¢ YpaBHEHHSIX, JOJKHEI yIOBIETBOPATh CHCTEME
(9), a 3HAYAT — WONYYATHCSA B YHMCIIE PEUICHAN 3TOM CHCTEMEBI OTHOCUTEb-
HO X, y. ToYyHO Tak ke BCS TOUKH YIIOMSHYTOI'O FE€OMETPHIECKOTO MECTa
YIOOBIETBOPAOT U ypaBHenmio (10), T. e. 3T0 MecTo HEOOXOAUMMO BXOIUT
B COCTaAB NHCKPDHMMHHAHTHON KPHUBOW

M3 cka3aHHOTO SICHO, YTO FEOMETPHYECKOE MECTO XapaKTePHCTHYCCKHUX
TOYEK, €CJIH CYIIECTBYET, IIPEICTABIAET CO00# (II0JTHOCTHIO MM IO JaCTIM)
6o orubaromnyro, 1M60 HOCHTENBHHLY OCOOBIX TOYEK.

Jlerko ybemutbea B TOM, 9To B mpumepax 1), 2), 4), 5) mpempiayInero
n° reOMeTPHYECKOE MECTO XapaKTePHCTHYECKAX TOYEK COBNANAET C OTH-
Garomeif. 3To B HEKOTOPOM CMEICTE, — obmuii cayvait. Ho BOT B mpaMepe
7) (a) 3TO reoMeTpAIECKOe MECTO CIYXKHT JIMIIb HOCHUTEJIBHHIEH 0COGBIX
TOYeK, a B puMepax 3) u 7) (6) BoBCe HET IEpece eHH MeX/Ay KPHBBHIMH
(xoTs orubarouias CylecTByer).
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241. Tlopsaxox Kacanus ABYX KpHBbIX. PaccMOTpHEM aBe KpHBEIE, Kacaro-
ngecst B Touxe M.

Ecinu XpuBbic 32aHBl IBHBIMH ypaBHeHAIMHA y=f(X) u Y =g(x),
1 M, umeer abcmuccy X,, TO COBIAACHHE OPAHHAT M YIJIOBBIX Koaddm-
LHEHTOB KACATEJIbHBIX MOXET OBITH 3aMHCAHO TaK:

o) =g(xp),  f'(xp) =g"(x)-

Jis XxapakTepHCTHKA OJIM30CTH pacCMAaTPUBAEMBIX KPHBBEIX B OKPECT-
HOCTH TOYKH M, BO3BMEM TO4-
KA M W m Ha 3THX KpUBBIX
(puc. 148) c¢ abcmmccoit x u
YCTAHOBMM HOPANOK GECKOHETHO
MaJIOr0 OTpe3ka

mM =Y -y=g(x) - f(x)=p(x)

OTHOCHTEJIBHO OCHOBHOM
6eCKOHEYHO MaJOH X—X,
Ecau smom nopadox pasen n+ 1 Puc. 148.
(uau 6oavwe, vem n+1), mo
2060pam, umo Kpuevie 8 mouke M, umerom nopadok Kacanus n (uu
evliie, yem n).

MBH BHENH, YTO MIPH HAIHIAK KaCaHWs BCETAa

P(%0) =8(x0) —f (%) =0,  @'(x0) =8 (x%0) —f" (%) = 0.

ITycte B TOuke X, Mt yHKuuid f(x) ¥ g(X) CymECTBYIOT IPOH3BO/HBIC
BCEX TOPSAKOB 10 (n+ 1)-ro BKIIOYHTENHLHO, MPHIEM

() =g"(xg), - ., [ (xp) =g (xy),

TaK 4YTO

P (%) =8 (%6) ~f"(%0) =0, . . ., () =gHxp) — () =0.

O BemmyuHe HPOM3BOAHBIX f("+1(x)) ® gl"+1(x,) mOKa HHKAKAX IIpel-
moJioKeHAR He menaeM. Ilpmmvenss x Gynxumu ¢(x) dopmyny Telinopa
¢ JONOJHATENHHbIM WieHoM B opme ITeaw o [124 (10a)]:
P+ D(xg) +a
mM=Y—y=(p(x)=—-m;—!-—~ (x'—xo)n+1, (12)
BUIMM, 9TO

mM _ ‘P(n'l'l)(xo) & (n+ 1)(xo) -f ("'H)(xo)

lm = D = @+

XX

Taxum obpasoM, ecmu f+1(x,) = g"+1)(x,), To KpHBBIE HMEIOT Kaca-
HHE n-TO TopAnka, ecnd xe [ +1(xy)=gnt(x,), TO MOPAOOK KacaHHs
Oynet Benue n. OTcrona (B NPeANONIOXCHHH CYIIECTBOBAHASL BCEX YIOMH-
HAEMBIX HPOH3BOAHBIX) CIIEIyeT:
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Has mozo umober 6 mouke ¢ abeyuccoii x, kpugvie y=f(x) u Y =g(x)
UMeau Kacanue n-20 nOpAOKa, HeoOX00UMO U 0OCMAMOYHO, YMOoGbL GbINOAHA-
AUCL YCA0BUA

S =8(x0)s ['(x0) =8'(xp); - - -, P (ox0) =g (xp), (13)
JED(x0) = g+ x,p). (14)

[Ecimu mocienaee HEPaBEHCTBO HE YCTAHOBJIEHO, TO MOXHO JIMIIb yTBED-
XKJ2Tb, 4TO MOPSANIOK KACAHUT HE HAX e 7.]

[ns ciydasi, KOra MOPsAAOK KacaHHs TOYHO DaBeH n, W3 (12) mermo-
CPEICTBEHHO BHITEKAET, YTO NPH 7 YETHOM KPHBHIE, KACAACH
B TOYKe M,, B3aMMHO HepeCekKaloT OJHA JPYyryio,
NPH 7 X€ HEYECETHOM 3TOrO HET.

3aMeyanHue. B cBere BHIBENCHHBIX YCIOBHH MBI BEPHEMCS BHOBb
KCaMOMy ONpe e e H MO IMOPIIKa KacaHus. DTO OHPENEICHHE Kaxy-
muEMes o0pa3soM CBS3aHO ¢ BHIGOPOM KOOpAMHATHOH cucTeMbl. Ha mere
XKe nopAOOK Kacawnus 08YX Kpusvlx om 3mozo evlbopa He 3asucum (JIWIIb
OBl TOJBLKO OCh y He ObLIa mapajulenbHa oblIelt KacaTeNbHOM), TaK 4TO
YCTAHOBJICHHOE IIOHATHE SBJIACTCA [ICHCTBUTEALHO reOoOMETpH 4 e-
CKHM.

Ec/in moBepHYTh KOOPAYHATHYIO CHCTEMY HA NPOM3BOJBHEIA Yroia «,
TO HOBHIE KOODAHHATHI X, y BBIPA3ATCA 4epe3 CTApHE X, ¥ C MOMOINBLIO
H3BECTHBIX GopMyT TipeoGpazoBanus:

X=xcosa+ysine, y=-—xsinw+y cosa.

ITycTs B cTapoit cucTeMe KOOpAMHAT faHa KpuBas y = f(x); €CllH B Ipeani-
OyIIUX YPRBHEHMSX HOJ ¥ Pa3yMeTh HMEHHO 3TY (QYHKIMIO, TO OHH HAIyT
mapaMeTpHY€ECKOE INpEICTaBIEeHHE KpHBOdl B HOBOI' cHCTEME, C X
Bpomd mapamMeTpa. OuYeBHIHO, IPOU3BOIHEIE

dx dy . dy . dy
—~=C - sin —~= —§in & +-- COS &
Zi=Cosatosina, = sin & +—~
omHoBpeMeHHO B 0 0oOpaTHTBCS HE MOTYT, TaK 4TO B HOBOM IIPENCTa-
BJICHAM HY OJHA TO4YKa He OymeT oco 60, a Torma sICHO, UTO TepBad
M3 3THX Hpou3BOAHEIX — He 0 B mHTepecyromeif Hac Touke (H60 HMHAYE
KacaTelbHAas K KpHBOH B 3TOH Touke Opina Ol mapaiesnsra och ). Cie-
OBATEIbHO, B €¢ OKPECTHOCTH KpWBas BLIPA3WTCA M B HOBOM cHCTeMe
ABHBIM YpaBHEHHEM Y = f(X).
Teneps nerxo BumeTs, uto [cp. 121]
d%y

e +dy
—Sin — COSx e
dx dzy dx?

&l

dy . > dx? ( dy . )3’
cosa+4—sin « cosa+—sin a
[x dx )
¥ BoOQIIE
d'y dy dzy dky
dik Rk dxz ..y 2}? Py
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rae Ry ecTh 3HAaK paloHANbHOMN (yHKIHH. OTCIOAA SCHO, YTO KaK TOJIBKO
Uil OBYX (QyHKOHR y OT X BEHIONHAIOTCS paBenctsa (13), To mis meyx
COOTBETCTBYIOMHUX (QYHKIMIA ¥ OT X BHINOJHAIOTCA aHAJIOTHYHBIC
pasercrBa. Toyno Tak xe — npwm Haymmaud (13) — w3 mepasenctsa (14)
BBITEKAET TAKOE K¢ HEPABEHCTBO U HOBBIX QYHKIHIA, K60 — B IPOTHBHOM
cnydae — obpaTHoe IpeoOpa3oBanHiMe NMPHUBEJO GBI HAC, B3aMEH HEPaBEH-
ctBa (14), ToXe K paBEHCTBY.
OTHM H 3aBEPIIACTCS JI0Ka3aTeIbCTBO BEHICKA38HHOTO YTBEPK/ICHHUS.

242, Cywaii HesIBHOTO 3a/1aHHH OJHOH M3 KPHBHIX. PacCMOTpHM Temeph
Cliyuai, Korma BTopas KpuBas 3aJjaHa HEABHH M YpaBHEHHEM

G(x, y)=0. (15)

IMycte paccmarpuBaeMas Touka M(X,, V,) He SBISETCS /A 3TOH KpHBOM
ocoboi, a mMeHEO mycTh Gy(X,, V) =0. Torma B OKpeCTHOCTH 3Toi
TOYK4 ypasHeHME (15) ompenenseT omHo3HAYHY0 GyHKIMIO ¥y =g(X), U Ui
YCTAHOBJICHVS OPAIKA KAaCaHHUA MOIYT OBITH WCIOJIE30BAHHEL YXKE H3BECT-
mele ycrnosus (13) [u (14)].

Ho Tak xax sBHOTO BBIpaxeHWS (yHKIHH g(X) B 3TOM Clyuae MBI HE
nMeeM, To Obuto Obl ymoOHee BEIDa3WTh 3TH YCIOBHA B Taxkoll (opMe,
KOTopas UCHOIb30BaJIa OBl JIMITF HaHHY 0 ¢(ykmmo G.

C 9T0# UENBI0 BCOOMMHAEM, YTO 3HA4YeHHS byHKuMM g(X) U e Ipou3-
BomHBIX g'(x), g"(x), ..., g")(x) mocienoBaTeNEHO M HPHTOM O I H O-
3HaYHO OIpEAesIroTCsa ypaBHeHHeM (15) U TemMH ypaBHEHHAMH, KOTO-
PBIC MOJIy4aI0TCA M3 Hero JupdepeHnupoBaHHEeM IO X, €CIH IOJ ¥ pasy-
MeThb g(x) [209]:

G(x, g(x)=0, Gix, g(x)+Gy(x, g(x)g'(x)=0,
Gy +2G7%,8'(0) + Glg (0P + Gyg'(x) =O0.

GR+ ... +Gg(x)=0%),
Ilostomy, ecnu (apu x=X,) B 3THX PaBEHCTBAX Be3le BMecTo g(X,),

g'(%); - - -, g (x,) MOACTABUTE, COOTBETCTBERRO, f(%y), f(Xy), - - ., [ M(x,),
TO TOJIy9aTCs YCIOBASL

G(xy, fG))=0,  Gxxp, F(xp)) + Gy, f (X)) f"(x0) =0,
Gt 267, 1" (xg) + GHLL G + Gf ") =0,
e g o,

KOTOpHIE COBEPIICHHO PAaBHOCHUJIBHBK yciuoBusMm (13).

*) B xaxaoM ypaBHEHMM HOMYEPKHYTA Ta HWMEHHO BEJIHMYMHA, KOTOpAas M3 HEro
ONXHO3HAYHO ONPEACIACTCA, €CIM yXe OUPEAEICHB MPEMNECTBYIOMNE ¢ BENH-
YHHBL. DTO OTHOCHTCHA ¥ K NPHBOAMMON HEXE CHCTEME YPABHEHUI,
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s Toro 4ro6sl mpeAcTaBATh UX B Oosice 0603puMoii Gopme, BBEIEM

o6o3HaveHne
D(x)=G(x, f(x)). (16)
Torma ycloBHS 3TH MEPEMMIIYTCA Tak:
D(x9)=0, D'(x)=0, ..., D(x,)=0. a7

Wrax, npu cobawdenuu ycaosuii (17) (6 mouke ¢ abcyuccoii x,) kpueas
(15) 6yoem umemn c kpusoii y = f(x) xacanue nopaoka ne nuxce n. HeTpymao
COO0Pa3UTh, YTO 3TOT NOPAOOK M OUH O N, eCAll C6EPX MO20

PBr+1)(x,) 0. (18)

243. Conpmxacaomascs kpuBad. I[IpeiosoXuM Teleph, 9TO BMECTO
kpuBoii (15) Ham mamo ceMe#CTBO KPUBH X C n+ 1 mapamerpamu

n+1 )
G(x, y, a, b, ..., )=0. (19)

Temeph €CTECTBEHHO IOCTaBUTh BOIPOC, MOXHO JIM, PacIopsbKasich 3Ha-
9eHUSMM HapaMeTpoB, BHIOpaTh M3 3TOr0 CeMeicTBa TaKyl0 KpHBYIO,
KoTopas C pJaHAod kpmBo y=f(x) B oIpeneleHHOX ee ToUKe
M(xy, f(%)) wMmena 6ol WaWBBHICIIHN BO3MOXHBIL (IS JAHHOTO
CeMeiCTBa) MOPAIOK KacaHusl.

ITomoOnast KpHBasi ¥ HOCHT Ha3BaHHe CONpHKacalomeicsda k
JaHHOH KpHBoi B Touke M, . [Tounee Oblno OBI cKka3aTh: CONMPHKACa-
omeidicas KpuBOd M3 TaKOoro-To ceMeicTBa, mbo mia
OTAENBHO B34TOM KpHBO# (15) 3TOT TEpMIH HE HMEET CMBICIIA.]

Jns pasbiCkamMsi COIpPHKAacaloLIeicss KpuBoii BBeaeM o0003HadYcHHE,
anayormyaoe (16):

D(x, a, b,..., )=G(x, f(x), a, b, ..., ]),
Y HamuilieM psia ycioBwid, Bpoae (17):
D(x,, a, b, ..., )=0, DAx,, a, b,..., =0, ...
vy Dx,, a, b, ..., )=0. }

Mbr uMeeM 30eck cucTeMy M3 n+l ypaBHeHHUH cn+l He-
H3BECTHHMH a, b, ..., . O0bMHO 3Ta CHCTEMa OJHO3HAYHO OIpEHC-
JIAET CHCTEMy 3HAYCHHH HAapaMeTpPOB, M TAaKHM I[yTeM HAXOAWTICA C o-
NprKacalUascsgs KpHBas, HNMEIOMAas NOPANOK KacaHHd HE
HIXKE A.

IIpu 5TOM OGBIMHO OKAa3BIBAETCS, YTO

DEED(x,, a, b, ..., )50,
TaK YTO MOPANOK T O Y H O paBeH n. Taxoe mojoxenwe sewei (mpu n+ 1
HapaMeTpax) CYHTACTCH HOPMATLHEIM.

B Tex Xe MCKIFOIATENBHBIX TOYKAX, TA¢ NOIOJNHATELHO BBIIOJIHAETCS
M PaBEHCTBO

(20)

OEI(x,, @, b, ..., )=0, (1)
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TOBODPAT O MEPECONMPUKACAHUU OTH TOYKM MOXHO HAWTH, €CIH
paserctBa (20) u (21) BMecTe paccMaTpUBaTh KaK CHCTEMY U3 n+2
YyPaBHEHHN Cn+2 HEHW3BECTHHMH Xy, 4, b, ..., 1L

Opumeprn. 1) Conpuxacaiowasca npamas. CeMEUCTBO IPAMBIX BBEIPAXacTcs
YpaBHEHAEM
y=ax+b

¢ ABYMs napaMerpamu. I103ToMy HanGONBIM NOPANOK KaCaHHs, KOTOPEIH yAaeTcs
YCTAaHOBATL B o6 meM cnydae, Oymer mepBH H.
3neck mMeeM:
- —(D(x’ a, b)=y_ax"b, (D;C(x: a, b)‘:y’_a:
@;cﬁ(x’ a, b)=y”’
€CJIE HOX y pasyMmeTh f(x). OTMeyas HynuKaMu 3HadeHus y, ', y'/, OTBEYAIONIHE BBI-
GpaHHOMY 3HAYEHHIO X = X,, JUIS ONpENENIeHus MapaMeTpoB g B b NOIyIuM YPaBHCHUS
Yo—axo—b=0, y;—a=0.

Otciona a=y B b=y,— ysX,. TloACTaBNAA 5TH 3HAUCHHS B YPABHEHHE NPAMOU, HpU-
JeM K YPaBHCHHIO
¥=Yo+yo(x = Xo),

B KOTODOM 4YHMTATebL 0e3 TPYAa y3HAeT ypaBHEHUE KacaTeIbHOM.

Urax, conpHKacapeics OpAMO# ABIAETCH KacaTeabHAA.

ITopsnox kacamms, BOOOIE TrOBOps, KaK YKa3biBaioch, Oymer mepBH . On
ITOBHIIIAETCS B TeX OTHEIBHBIX TOYKAX, IAC BHINOIHACTCA JOMOJIHHTENLHOE YCHOBHE
¥¢! =0 (mampuMep, B TOUKax meperuba).

2) Conpuxacarowuiica kpyz *). CemelCTBO OKDYXXHOCTEH BBIDAXKACTCH YPAaBHCHHEM

x—EP+-n)t=Re

¢ TpeMs mapamerpamu &, 7 B R. Hamseicmuit mopsAnok kacamms Bo o 6 me Oyner
BTOpO#.
Tak Kak 3[¢ech, €CITH CHOBa TOX y pasymerb f(x),

D(x, & n, B=(x-&E*+(-n)°-R%

1
E'q):’\’(x, E’ s R)=x—§+(y"'7)}",

1
5 P&, & m B=1+y*+ (- ny”,

TO [IApaMETPhI ONPEHEIIIOTC U3 YPAaBHCHHH
(e —E2+ (o — 7= R%,
xo—E+(0o=mr0=0,
1+y52+(o—mys =0.
U3 gByx mocnenHEx (B OPEALONIOKEHAH, 9T0 Yo # 0) HAXOMEM KOOPIMHATEL NEHTPA:

1+yg 1+ye®
E=Xo— Vo) N=Yot—> 22)
Yo Yo

*) B 5TOM KOHTEKCTE CJIOBO K Py I' NPABEIYHBIM 0Gpa3oM YIOTPEOIACTCA B CMBICIIE
OKPYXHOCTB.
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a TOrAa m3 NepBOro MOJIYYHTCS Paiuyc

A+’
R=Tﬁ. 23)

Ilo 5TUM 37IEMEHTaM H YCTAHABIIMBACTCHY CONPHKACAIMUNACT KPYT.

Io cxazammomy B n° 241, XaKx NPaBIIO, KaCATENbHAS He NEPECEKACT KPHBOH, a co-
OPHUKACAFOINMIACS KPYyT, Ha060pOT, mepecekaer ee. VICKIIOUEHWE MOXET HPEeCTaBHTHCS
b B TOYKAX, I HOPSAOK KACaHWsi HOBH I 2 €T C s OPOTHB HOPMAJBLHOTO.

244. Tpyroii noaxo Kk conpukacaomuMcs KpusbiM, [1yCTs JaHEI KpUBast
y=f(x) u cemelictBo kpuBbix (19) ¢ n+1 mapamerpamu. BospMeM Ha
KPHBOM IPOH3BOJILHBIE 72+ 1 TOUEK C aOCHHCCAME Xy, Xo, ..., Xpp1. JoId
TOro 94TOOBI KpHBas CeMeHCTBa 4epe3 3TH TOYKH IPOXOMIA, JOJDKHBI
BBIIOHATECA 72+ 1 yCIoBwHii:

D(x,, a, b, ..., =0, D(xy, a, b, ..., D=0, ...
eves Dxpp1, a, b, ..., D=0.

OOGBIMHO OTCIO[A 3HAYEHHS NAPAMETPOB ONMPEIEISIFOTCS OJHO3HAYHO; 060-
3HAYWIM MX 4epe3 a, b, ..., L

Hpenmosnoxmm Temepb, YTo KOTJa B3ATHE A+ 1 TOYEK IO MPOU3BOIB~
HOMY 3aKOHY CTPeMSATCS K HEKOTOPOH OHpeNENICHHON TOYKe KpHBOM C
abemaccoit X, TO M 3HAYCHWS DAPAMETPOB a, b, . .., [ crpeMaTcs K ompe-
JeJICHHBIM XIpefenaM a, b, . . ., I. MOXHO CHMTaTh, YTO MPOXOAAIIAs uepes
YIOMSHYTEIE TOYKH KpHBas CEMEHCTBA, MePEMEIAsch WiIH aeGopMHIpYyACh,
CIPEMHATCA K NpPEeHCJbHONA KPHBO M.

s Toro 4ToOBI ee HAMTH, CTaHEM paccyknaTh Tak. DYHKOHA OT X

D(x, a, b,..., D)

obpamtaercs B 0 mua n+ 1 3paveHuii x: X{<Xy<...<Xpp1. ToOrma, 1o
Teopeme Pons {111], nepsast npousBomuas o6patutcs B 0 AJis # 3HAYCHMI
X|<Xp=<...<Xp, BTOpas — sl n— | 3HAYEHHH: X <X§—<...<Xr g, ...

ey (m=1)-2 — nmna mByx smavenmit: x{*~D<x{®D u, makomenm, n-s1 -
AJsl HEKOTOPOTO 3HAuYeHWs X{; IpU 3TOM BCe YIOMAHYTHIC 3HAYCHHS
JIeXKAT MEXIY Xy U Xpy1.

Taxum obpazomM, uMeeT MecTo 72+ 1 paBeHCTB:
D(x,, a, b, ..., D=0, PUxi, a, b, ..., =0,

e rr Y7 e ~ 7 T

w(fs a, b, ..., D=0,..., DKW, a, b, ..., )=0.
Ecnnzeuepb ONHOBPEMEHHO X; > Xy, Xo > Xg, - . ., Xnt1->Xg, TOd ~a,b b, ...
.«.y I>1 W, oveBHOHO, TAKKE X]->X,, X=Xy, ..., xM —x,. Iepexons
K IOpefely B HANMCAHHBIX BBHIMIC PABEHCTBAX, MBI BEDHEMCH K YXKE€ 3HAKO-
Mol HaM cucteme (20), onpesenaABluell CONPUKACAIOLIYIOCA KPHBYIO,
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Urak, ecau cywecmeyem npedebHoe NOAONCEHUe OAA Kpugoil cemeii-
cmea, npoxodaueii yepes n+ 1 mouex 0anHot Kpueoii, mo sma npeoe A b-
HaaAa kpusaa u 6ydem conpuracarnwyetcaA.

B cBs3u ¢ 3TMM HHOTHA TOBOPAT (HE CIMIIKOM CTPOro, Ho obpasHo),
9TO CONPHMKACAIOMAsiCs KpuBas — M3 CeMeHCTBa ¢ n+ 1 mapamMeTpamu —
€CTh <KpHBast, MPoXoJsias yepe3 n+ 1 GeckoHeYHO OIM3KHMX TOYEK» HaH~
HOM KpHBO#. B 4acTHOCTH, KacaTeJIbHAS TIPOXOJIUT Yepe3 1 B € OeCKOHEUHO
OJIu3KHMe TOYKM KPHBOI, 4 COTPUKACAIOUHIICA Kpyr — 4Yepe3 T p H.

§ 4. Inuna naockoii kpusoii *)

245, JlemMbl. PaccMOTpHM (HE3aMKHYTYIO WM 3aMKHYTYIO) ILTOCKYIO
~~
KpUBYIO AB, 3a[aHHYyI0 MAPAMETPHYECKH YPABHEHMSIMI:

x=@(t), =), (M
(tyt=<T)

rae GYHKIWE ¢ M9 37IeCh I 0 K 2 MPEJHoaraloTcs JIMs HEM P € P B B-
HeMHU. IIycTh XpaTHBI X TOYeK HA KPHBOM HET, TaK YTO KaxIas
TOYKA MOJIyIaeTCH JIUIIb IPH OJHOM 3HAYCHMM mapaMmeTpa ¢ (3a UCKIIFoYe-
HHEM — €CJIH KpHBas 3aMKHyTa — COBHAJAIONIMX KOHIOB KPHBOIL) *¥).
Ilpr 5TEX NpPeANoJIOKEHUSX KpUBYIO OyIeM HA3BIBATH HeNpepuvieHol npo-
cmoii Kpugoii.

Wwmes B BUAy yCTAHOBUTH ISl TAKO¥W KPUBOU MOHATHE [ JI U HBI, MBI
HaUYHEM C HEKOTOPHIX BCIOMOTATENbHBIX Hpemnoxenuil. IIycTe fy=<t'<
<t"<T, ¥ 3HaYCHHSIM HapameTpa ¢’ W ¢’ oTBeqaroT Toukd M’ u M'.

Jemma 1. HQasn mobozo 6=>0 naiidemca maxoe 1=>0, umo npu
U’ —t'<n dauna xopdert M'M" < 9.

JelcTBUTENIbHO, BBUAY (PaBHOMEPHOI) HENpPEepHIBHOCTH (YHKIMH ¢
1y u3 (1), mo 6 maiinercs takoe >0, uto npu | ¢t —t’ |<n GymeTr onmHo-
BPEMEHHO
é

(™) — (2] <v%’ 93] =<5

a TEM CaMbIM

M'M" =Vp(t") -t P+ [p(") -yt )P <.
WmeeT MeCTO Takxke
Jlemma 2. B cayuae HezamKrkHuymoii Kpugoil 042 awbozo €>0
cywecmeyem maxoe 6>0, umo auws moavko Oauma xopdet M'M'" <9,

momuac e pasHocmv t'' —t' 3HaueHuil napamempa, COOMBEMCMEYIOUWUX
ee xonyam, bydem =<e.

*) XoT4 3TOT BONPOC MO CYIIECTBY OTHOCHTCA K HHTETPAIbHOMY HCUHC-
JICHHIO, HO MBI B HEKOTOPOH YacTH HAaYWHAEM €ro M3JIOXKEHHe YXKe 3[eCh, TaK KakK B Clie-
AyrouieMm § HaM MOHAROOGATCS ¥ NOHSNTHE JUIMHBI OyT¥ KPHBOK M €ro cmolicrsa. Camoe
BHIYHMCJEHYE€ ANMHBI JYIH KPABOA Mbl OTKIIALBIBAEM 0 BTOPOrO TOMa.

**) Cm. cHOCKY Ha cTp. 505.



558 T'J1. VII. IPAIOXEHNS IUSOEPEHIIVANIBHOIO UCHUCTEHUS [246

HomycTim npoTHBHOE; TOrma Nis HEKOTOPOTr o &>0, IpH JI ro-
6om 6=>0, maiinyTcs Takue mBe Touku M'(t') m M''(t"), yro M'M" <&
H B TO Xe BpeMs ¢ —t'=¢. B3gB mocneqoBaTeIbHOCT {,}, CXomsmIyIocs
x 0, u monaras moouepenro 6=96, (n=1, 2, 3, ...), npuaeM x IBYM Io-
crefoBaTeNsHOCTAM Touek {M,(t,)} u {M,/(t;)}, nns KoToprIx

MM <8, H0 1)/ ~t/=¢ (n=1,2,3,...).

ITo nemme Bonrnano — Befiepmrpacca [41], 6e3s ymanenns
O6IIHOCTH, MOXHO NPEINOJIOKATE, YTO OPH 3TOM

S A M

(sToro Jylerko NOGHTBCAH, MEPEXOAd — B CIyYae HAJOOHOCTH — K 4aCTHY-
HBIM IIOCJIEOBaTEIbHOCTAM). OUeBUIIHO,

1¥* — =g,

TaK 4To t* = **, B To Xe BpeMs I COOTBETCTBYIONIMX TO9eK M* u M**

aMeeM M*M** =0, T. e. 5TH TOYKHE JOJDKHBL COBIACTh, 9TO HEBO3MOXHO,
Tak Kak KpyBasg HE MMEET KPATHBIX TOYEK M HE 3aMKHyTa. IlosydeHHOE
MPOTHBOPEYHE 3aBEPINAET TOKA3ATEIBCTBO.

Ans 3aMKHYTOH KpWBOH yTBEpXKIEHHE JEMMBI OKA3BIBAETCH HE-
BEPHBIM: xopZa M’'M"' MoxeT GbITh CKOJIb YTOJHO MAJIOi H HPH JOCTATOY-
HOH Omm3octu ¢’ K £y, at” x T.

246. Hanpasienne Ha kpuBoil. BymeMm cumraTh, 9TO0 TOYKa A OTBe-
4aeT 3HAYCHUIO mapaMeTpa t=#,, a Touka B — 3mavenmio =7, ¥ Ha3b
BaTh A HaAaYadbHOMU, a B — KOHEUYHOH TOUKOMH kxpusoii. BooOie,
PacmoJOXHM TOUYKM M KpHBOH IO BO3DACTAHHIO HAPAMETPA f, T. €.
U3 JIBYX OTJIMYHBIX OT 4 U B Tovuek Ty 6yneM CUATATH CIEAYIOLIEH, KoTopasd
oTBevaeT GoibIeMy 3HAYCHMIO mapamerpa. TakuM o6pasoM ompemens-
€TCI <HANMpaBJICHHUE HA KpuBoi». OmHaKo, HOPMATBLHO 3TO ompe/e-
JICHHE IIOCTaBJICHO B 3aBHCHMOCTh OT YaCTHOT O NIapaMeTPHYECKOIO
npexcrasienus (1). ITokaxeM, 4To Ha JieJle MOHATHE HANMPABICHUS
Ha KPUBOX HE 3aBHUCHMT OT KOHKPETHOIO CIOCO02 3a/1aHMs KPUBOM.

HawmeM ¢ Gosiee mpocTOro ciydasi He3aMKHY T O H KpHBOIL.

A

Ecau nesamxnymas xpusas AB, napady ¢ npedcmasgaenuem (1), umeem
u npedcmag.aenue (makce 6e3 Kpamuslx moyex)

x=p*w), y=y*(), (1%
(uy=<u=<U)

20e dynxyuu ¢* u p* no-npeswcrnemy Henpepwignvl, U 3HAUEHUIO u=u, omse-
yaem mouka A, a 3Hauenuro u=U — mouxka B, mo oba npedcmasienus
onpedeaaom Ha Kpueoil 00HO U Mo Jice HanpaseHue.
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KaxnoMy 3HAa4YeHHIO f OTBEYAeT HEKOTOpAas TOYKA KPUBOM, KoTopas
B CBOIO OYe€pEab OJHO3HAYHO OLPENEIIACT 3HAUYCHHUE U; 0OPATHO, KAXKIOMY
% OTBEYAET OLHO ONpeJesIeHHOe 3HayeHue f. TakuM obpa3oM, u OKa3bI-
BAeTCA ONHO3HAYHOH (QyEKIUeH OT 1 wu=0w(f), KOTOpas K TOMY
K€ IOPH H3MEHCHHH ¢ MeXAy f, ¥ 7 — DPHHHMAaeEeT KaxXJgoe
CBOe 3HAaYeHHE JHIMb ONHAXIH. B wactrocTH, w(f)=1y,
1 o(T)=U.

ITo memme 1, ABYM HOCTaTOYHO OJM3KHM 3HAYEHHSAM ¢ OTBEYAIOT
CKOJIb YyrofHo OJIM3KHE TOYKH KPHBOM, a TOrja — IO JieMMe 2 — UM
OTBEYAIOT H CKOJIb YrofHo OJM3KHe 3HAYCHWA ¥, T. €. QyHKOHA u#=((f)
OKa3BIBaeTCsI HENpPEPEHI BHO M.

OTcrozia MOXHO 3aKJIIOUATD, YTO 3Ta (PyHEKIUI 6yaeT MOHOTOHH O
Bo3pacTarmmeil (B y3xoM cMsicae). [JelCTBUTENbHO, €Cli OBl mpu
ty<t'<t" mvenn u' =o(t)>u" =w(t")>uy=w(t,), To — MO0 H3BECTHOMY
CBoHMCTBY HenpepbiBHOX Qymkmuu [82] — Mexny 4, u ¢ mamuioce Oul
3Hauenue ¢, maa koToporo (t"’)=u'’, Tax 4TO 3HAvYeHWE u'’ IpPUHMMA-
nock Ob1 Qymkmmedt u=w(f) ABax bl (UpH t=t" u t=t""), Bonpexn
TOMY, 4TO OBLIO OKAa32HO BHIIIIE,

Temepp, pa3 ycramoBieno, 4To u=w(t) BO3pacTaeT BMECTE C f,
yXe SICHO, YTO PacHOJOXKECHHE TOYeK HO BO3PaCTAaHMIO NapaMeTpa
! COBCPUICHHO PAaBHOCHJIBHO DAaCHOJIOXEHMIO HX IO BO3PACTAHUIO
napameTpa u.

OTo HamnpapieHHE, KOTOpoe MOXHO OButo OBl HA3BATH HANpAGAEHUEM
Ha kpugoii om mouku A Kk mouke B, OXa3bIBaeTCs, TAKEM 0Gpa3oM, BIIOJIHE
TEOMETPHYECKHUM IOHATHEM.

AMaJIOTHIHO, 3aMCEHSA, CKaXeM, ! HAa —¢' H pacmojiaras TOYKM IIO
BO3PACTaHUIO IAPAMETpPa ¢', YCTAHOBHM HOHSATHE O HANPASACHUU HA KPUBOTi
om mouku B k mouke A; €ro 04eBATHO, MOXHO HOIYIATh TAKXKE, PACHOIa~
ras TOYKH 0 y 6 BB 2 H M Fo mapameTpa f. KoHeYHO, M 9T0 HAlpaBJIcHAE
HE 3aBUCUT OT YACTHOTO BHIOOpA MPENCTABICHHS KPUBOM.

O6paTunmcs, HaKoHeN, K BOIPOCY O HANPABICHHH HA 3aMKHYTOH KpH-
Boil, BozpMeM Ha Hell mo mpou3sBoiy aBe (oTimuHBIE OT A) Toukwm C H
D, u mycts MM COOTBETCTBYIOT 3HAYCHHS Hapamerpa f=1t U t=If,>1,
TaK 49TO B TOM PAaCIOJIOXKECHHH, KOTOpOe OBUIO BHILE YCTAHOBIIEHO C IIO-
MoIIpI0 mapaMeTpa f, Touka D ciaenyeT 3a C. MoXHO OKa3aTh,
4TO BCAKOC HANpPABJICHHE HA KPHBOH, ompeneleHHOe JFOOHIM IapaMeTpu-
YEeCKMM MPEICTABJICHHEM, HO COXPAHSIOMEe 3TOT Mopanok Todex C u D,
COBIA/IACT C NPEXHUM. JIeHCTBHTENBHO, €CIM 3HAYCHHIM (=18 ® t=T%,
rae fy<if<th u t,<T*<T, oTBeUalOT TOYKH A* u B*, 1o mus (we3zam-
KHYTOH) myru A*B* momoOHOE 3aKIIOYEHHE BHITEKAET M3 NPEBUIYIIETO;
HO TaK KakK fg' MOXET OBITh B34TO CKOJIb YTOXHO Oim3ko K f), a T* — x T,
TO OHO CHPaBEIJIMBO U IS BCEH KPHBOM.

Taxum 06pa3oM, MOXHO TOBOPHTE O Hanpasdenuu om A uepes C u D
K A, XaKk He 3aBHCAINEM OT BHIOOpa HMAPaMETPHYECKOIO IPEICTABJICHHS
KpHBOH. AHAJIOTHYHO YCTaHABIWBACTCA MOHATHE O Hanpasienuu om A
uepes3 D u C k A.
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247. Jinmsa KpuBOH. AJNUTHBHOCTH JJIMHBI AYrd. ByaeM MCXOIUTH

N
n3 npencrasiedus (1) kpuBoit 4B K HApaBJIEHNS HAa HEH, ONpereIseMoro
BO3pacTaHWEM napameTpa f. Bo3bMeM Ha KpUBOH psZl TOYCK

A=My, My, My, ..., M;, My1, ..., M,=B, )

TaK,YTOOBl OHM HIJIHM B YKAa3aHHOM HampaBJeHU U, OTBeYas
BO3PACTAONIUM 3HAYCHHSM IapamMeTpa

I{)<tl<t2<"°<ti<ti+1<"‘<tn' (3)

Coenunsist 3TH TOYKM IOCIEHOBATENILHO IPSIMOJIMHEHHBEIMH OTpe3KaMu
(puc. 149), Mer osyssiM aomaunyt MM, ... M,_1M,, enucan-
N

Hy o 6 kpusyio AB. HanmoMuEnM, 9TO B IpeIBIOyleM n° BHIICHEHA He3a-

BHCHMOCTbH IOHATHS HANIPABIICHUS, 4 C HAM W HOHATHA BN HCAaHHOH’

JJOMAaHOMW — OT yacTHOoro BeIGopa mapamerpumueckoro 3azamus (1).
A

Haunoii kpusoii AB nasvieaemcea mou-
HaA 8epXHAA 2panuya S O0AA MHOMCECmea
nepumempog8 p 6CE603MONCHbIX 6NUCAH-
HBIX 8 KPUBYIO AOMAHBIX:

S=sup {p}.

r  Ecau smo wuwucao S KOHeuHO, MO
Kpueas  Hasvledemcsa  CHPAMAAe-
Mo ).
W3 oupeneneHdAs INMHBI KPHBOU Cie-
IyeT, 4YTO Hepumemp 060U 6NUCAHHOL
8 Kpueyro AB AOMAHOTL He npeeocxoaum Oaunbl S Kpugoil: B YaCTHOCTH,

3TO OTHOCHTCS H K JJIMHE XOP/L AB, CoeMUHSIONIeil HAYANLHYIO H KOHEY-
HYIO TOYKH KpHBOML.

Puc. 149.

BosbMeM Temeps Ha KpHBOM AB Touky C Mexny A u B, Tak uro
OHa OTBEYaeT 3HAYCHUIO t=1, HPOMEXYTOYHOMY MeXAy f, U T : t0<t< T.

Ec./tu Kpugas AB CHpAMAAECMA, MO CHPAMAAEMbL NOPO3HL U OY2U AC
u CB 06pamuo U3 CHPAMAACMOCIIY SMUX 0ya seimexaem CHDAMAAEMOCTTL

eceii Kkpugoii AB. O6osnauas dauns oy2 AB AC u CB COOMBEMCMBEHHO,
yepe3 S, S’ u S, 6yoem umems npu smom

S=S8"+S8". )
Ui moka3aTelibCTBa, IPEIIOJIOKAM CHAYANA CIPAMIISEMOCTh KPHBOM

A
AB v BOMIIEM NPOM3BONDbHE € JIOMAHBIE, C TIepuMeTpaMu p’ u p"/,

*) OOpaiaeM BHHMaHHE YUTATEIS HA BAXKHOCTH YTOYHEHHsI TNOHATHI HaNpaB-
JJEHWS Ha KPUBOM ¥ BHHUCAaHHOM NoMaHO#U. Ecmu Ob Touku M; MOXHO
66110 OpaTh rAHe nonano, To rpanMna S Bcer ga Osuia Obl + oo,
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N N’
cooTBeTcTBeHHO B Ayru AC m CB. W3 3THX JIOMAaHbBIX, B3ATHIX BMECTE,
COCTaBUTCH JIOMaHas, C HEPAMETPOM

p'+p"=p,
N’
BIHCcaHHas B kpuByto AB. Tak kak p=<S, T. e.

pl +pII€S’ (5)
TO, OYCBHAHO, U IMMOPO3HL

pP<S u p'<S.
Taxum o6pasoM, MHoxecTBa {p'} U {p”’} OrpaHHYEeHB CBEPXY
N Neaa?

(S — xomeuno!), u gyru AC, CB cupsmiisieMbr, 100 MIMEIOT KOHE YHEI €
JUTHHEL
S'=sup {p’}, S”=sup{p"}.
ITo cBOHCTBY T O Y HBIX Bepxuux rpanuy [11] mepumetpst p’ u p”’ -~
HE3aBHCHMO OIHH OT IPYrOro — MOTYT OBITh B3ATHI CKOJIb YIOJHO OJH3-

KuMH K cBouM rpasnnaM S’ 1 S”. Ilostomy u3 (5) ¢ moMolIpio npenesb-
HOTO IepexoZia NoJIyJaeM:

S'+8"<S. (6) ¢

IIycrs Teleph JNaHO, 4TO CHPAM-
JISIEMBL OyTH ACHCB BommeMm 1 p o-
K3BOJNBHY JIOMaHylo, C Ile- B

N

paMeTpoM p, B KpuByro AB. Ecim A
Touka C BXOJUT B COCTaB BepUIHH
JIOMaHOH, TO HOCHeHHsAd Hemocpen-

CTBCHHO pACHAjacTCs Ha IBe JIOMa-
HEIE, C IIepuMeTpaMu p’ U p”’, BIHCAH-

HBIC, COOTBETCTBCHHO, B IyTH AC H CB Ecimu xe C me oxasaiach Bep-
IIAHOH B3ATOM JIOMAHOM, TO MBI JOHOJHHTEJNBbHO BBEIEM 3Ty

TOUKY B COCTAB BEPIUWH, OT Y€ro MEPAMETD JIOMAHOH MOXET JIAIIb Y B €-
auyuThca (puc. 150); HoBad yoMamasi, Kak yKa3aHO, pacnajercs Ha

aBe. Bo BcakoM ciydae, mMeeM
p=<p'+p’'<S+5".
. MHO)KCCTBO {p) orpaEudeHO cCBepxy (S H S KOHEUHBI), H KpH-
Basg AB cIpsMiIfeMa, IPAYEM €€ IJIMHA

S=sup {p}=<S'+S".
Haxomen, ¥3 COIOCTABJICHMS 3TOrO0 HEpaBeHCTBA ¢ (6), MPHXOIEM K
TpebyeMoMy paBeHCTBY (4).
Taxum o06pa3oM, eeedennoe sviuue nonamue Oaunvt dyzu Kpusoii obaa-
Oaem ceoiicmgom adodumuenocmu [cp. 21, 3)].

JoKa3aHHOE NPENJIOKEHHAE JIETKO pPACHPOCTPAHSETCA HA CIyYail Jo-
60ro 4ucia YaCTHYHBIX IYT.

Puc. 150.

36 I'. M. ®axrearomsn, T. I
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248. JlocraTounble yciaoBus copamiaseMoctd. JIuddepemman myrm.
Ho cux mop MsI paccMaTpHBaId o O I U i Cirydail HempephIBHOM MPOCTOH
kpuBoit (1). JKenasg mate ynoOHble HOCTATOYHBIE YCIOBHSA €€
COPAMIISEMOCTH ¥) B U3YUATH HaJIbHeline CBORCTBA IMHEL YT, MEL BE-
HEMCs K OOBIMHBIM B 9TOM IJJaBe MPEMIOJIOKEHASIM O CYI[E€CTB OB a-
HHHE HENPEPHIBHBIX NPOH3BOXHEX ¢'() m y'(¢). Hokaxem,
4TO npu coesannvix npednoaoxcenuax xpusasn (1) cnpamanema.

PaccMOTpHM JIOMaHY¥O C BEpIIMHAMH B To4Ykax (2), onpemensieMbix
apaveHnaMu mapamerpa (3). Koopmuratamu Touku M; Oymyt

xi=q)(li) u yiz/'P(ti) (i=01 1’ 2’ ey n)-
Tor, Ja OepUMETD p JIOMAHOH 3aIMINETCA TakK:

n—1
p=2 Vxirr— %)+ Gisr — 32
Ho no ¢opmyne xoneunsx npupamenuii [112]
X421 =X =@(tir1) —@(t) =9'(z) (tir1 - 1),
Virr = Yi=p(tis) =98 =y'(z) (tir1- 1),
(<7, Ti<ti+1)
TaK 4TO, OKOHYATENbHO,
n—-1
p= go Vo' @E+ @R« (tigr— 1). O

Ecnu uepe3 L u L 0603HAHTH, COOTBETCTBEHHO, HAUG O TbII M e 3HA-
uenus Gyuxmuit |@'(#)| u |y'(f)| B mpomexyTke [1,, T], T0 u3 (7) BETPYAHO
TOJNYIATH OLEHKY:

p<VI2+12.(T-1). (3

MEBoXecTBO {p} OKa3BBAaeTCS OIPAHMYCHHBIM CBEPXY, 3HAYHMT, KpHBas
UMeeT KOHEUHYIO IUIMHY S, T. €. CIPAMIIIeMa, 9TO K TpeGoBaloCh 10Ka3aTh.

Tak kax S=sup {p}, To u3 (8) momyTHO HOJNy4aecM H OLEHKY IiuA S
CBEPXY:

S<VI2+I2.(T-1) ©

KOTOpas HAM ceifyac moHanoOuTCa. BiupodeM, HaM HyxkHA OyIeT U OILEHKA

CHM3Y, €C/Id BBECTH HAHMEHBb I M e 3uauenusd / u I bynxumit l¢'(5)]
u |y'(t)| B mpomexytxe [t,, T], To u3 (7), ananormino (8), HaiineM, 41O

p=V 2+ 2. (T-1p),

S=Vri2.(T-1). )

a Toraa TeM bouee

*) Cameple o0mue ycnoBua COpamiseMocTd (HeoGXoauMEIe B AOCTATOYHBlE!) uHTa-
TeNlb HAWAET B TPETHEM TOME,
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Eciu u3MeHnTs £, a C HAIM BMeCTe H II0JI0XKeHHe Toukd M(t) Ha KpUBOii,

S’
TO IAJMHA NEepEeMEeHHOM ayru AM okaxercs GyHKIDHEH oOT
mapamMeTpa f; MBI OymeM o6o-
3HaYaTh €e Jepe3

S'=s(t).

ITpuganuM mepeMeHHOM ¢ I O JI O X H-
TEeJbHOE npupamenue At Touka
M mepemecTHTCS BIOOJIb 10 KpHBOIA,
110 HANpPAaBJICHUIO K B, B MOJIOXCHHE
M’ (puc. 151). Bemmuuma S moiy-
YHT HDOJOXHUTEJIBHOE XK€ IpH-

e
pamenwme As, pasHoe mmue nyra MM’
(I0 aXAHETUBHOCTH JUIMHB AYrd, NOKA3aHHONW B MpeIBIAYLIEM n°).
Takum oOpasoM, GyHEKIHA $(f) OKa3BBAETCH BO3PACTAIOIICH.
PaccMoTpum  Temepk, BMECTO IpOMEXYTKa [f,, 7], HPOMEXYTOK
e

[ty, f,+At] 1 npumennM x ayre MM, paast As, ouenxu (9) m (9%):
V4. At<dAs<V L2+ 12- 41,

HO 3meck mox / u L (I @ L) MEI BupaBe pasyMeTh HaWMeHbINEE U HAW-
Gompmee 3uavenns Qpyskuun | ¢'(¢) | (| v'(¢) |) yxe B mpomexytke [t, 1+ At).
Orcrona

Puc. 151.

V12 +12 sg-;sVLz +12

W, TaK KaK — II0 HENPEPBIBHOCTH IPOM3BOIHBIX — mnpu Af—0 ob6a uncia

Iw L~|¢'(t)|, a 06a wncna I u L—|y/(¢)], To 062 KOpHS B IIpeAIIECTBYIO-
MEeM HEPaBEHCTBE CTPEMSATCS K obLIeMy Hpeerty

Vig®F+ [y ()P
CremoBaTenbHO, K TOMY Xe Ipelely CTPEMHTCS W OTHOIUCHHE %f ;
JIETKO BHOETh, 3TO cupasemnmBo M Wit At<0. Wtak, uMeeM OKOHYA-
TENbHO: OAUHA nepemenHol Oyeu S=s(t) oxasvieaemca Oud depen-
yupyemoi Pyuxyueii om napamempa t; ee NpPpouU360OHAA NO

napamempy 6uipaxcaemcs Popmynoii:

s () =lim Z=pOP+ [ O

Kax

uau, xopoue,
si=Vxg+y¢. (10)

Ecnu Bo3BeCTH 3TO paBEeHCTBO B KBAAPAaT W YMHOXHTH HOWICHHO HA
dt?, To TOJYYMM 3aMeYATENBHYIO IO MPOCTOTE (GOopMyYITy

ds?=dx?+dy?, (11)

36#
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KOTopas K ToMy e obJjafiaeT reoMeTpuyeckoil HarispHocTeio. Ha puc.

152 B (XpHBOJMHEHHOM) IPSAMOYTOJBLHOM Tpeyroibauke MNM,, <kaTe-

TaMU» CHyXAT IPHUPANICHHS KOOPEMHAT TOIKH M: MN=Ax, NM,=Ay,
e

4 («THMOTeHY30M» — ayra MM, =As,
KOTOpas ABJIAETCA MPHPAICHAEM YA

e’
AM =s. Oka3bpBaercsi, 4YTO €CIU HE
ISt CaMUX IpUpAHIeHui, TO IUIA HMX
rJIABHBIX 9acTeidl — mupepenuaion —
HMEET MeCTo cBoeoOpa3mass «Teo-
pema ITudbaropar

Iome3no OTMETHTH YacTHBHIE CIHy-
yau Baxknoit popmyinsr (10), orBeyaro-
1He Pa3IMIHbIM YacTHBHIM THUIAM 3a-
Jands KpmBoii. Tak, eca:m kpuBas
3aJaHa S BHBIM YpaBHCHHEM B JIEKapTOBHIX KoopAuHATaX y= f(x), To
B POJI «apaMeTpa» OKa3bIBAETCH X, Iyra § 3aBHCHUT OT X: §=5(x), i dop-

mysa (10) npuHAMaeT BT
se=Y1+y2 (10a)

Ecnu ke kpuBas 3aJaHa MOJSPHBIM ypasHemueM r=g(0), To 3To, Kak
MBI 3Hae€M, PABHOCHJILHO 3aJIaHUI0O €€ MapaMETPHUUYECKHMH ypas-
HEHUSIMHU

x=rcosl, y=rsinb,

rae nmapamerpom 6yner 0; myra ma 3toT pas O6yzer dynxuueit ot 0: 5= s(0).
Tak kak, oyeBUIHO,
Xg="rgcos B —rsin 0,

yg=rssin 6+ rcos b,
TO
X+ Y =rg+ 12,

a1 hopmyna (10) mpeobpasyercs Tak:
so=Vre+re. (106)

Yacto npeAcTaBiisieTCs YHOOHBIM B3ATh B KadeCTBE HAa9aJbHOM
TOYKHE A AJjisg oTcYeTa AYTI HE OAUH H3 KOHIOB AYIH, & KaKylo-
nub0 BHYTPEHHIOIO TOUKY €¢. B 3TOM ciydae eCTeCTBEHHO AYIH, OTKJa-
IObIBaeMbIe OT Hee B HANpPABICHAW BO3PACTaHHA NAapaMeTpa, CIATATb
OOJIOKHATELHBIMA, 2 B OPYIOM — OTPHIATENbHBIME H, COOTBETCTBEHHO
3TOMY, JUIAHY AYTH B IEPBOM CiIyJae CHaOXaTh 3HAKOM ILIIOC, & BO BTO-
POM — 3HaKOM MHHYC. BoT 3Ty BeJIHYHMHY § AYyIH CO 3HAKOM
MBI [UIss KpaTKOCTH OyIieM HasbIBaTh Impocto Ay roif. Popmyns (10),
(11), (10a), (106) nMer0T MeCTO BO BCEX CIydasix.

[3amMeTrM, 4TO €CIM MOJIOXKHTENIRHOE HANMpaBJIECHHE AN OTCYETA HYT
BHIOEpAaTh HE B CTOPOHY BO3pAacTaHWS HEPUMETPA, KaK 3TO JENaeTcs
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oObIYHO, @ B CTOPOHY ero yGmiBamus, To B (opmynax (10), (10a), (106)
IpHILIOCHh GBI Mepe/] PajuKaoM IIOCTaBUThL 3HAK MUHYC.]

249. Jlyra B posm napamerpa. Ilo/10xkHTe/IbHOE HANPABJICHHE KACATEIbHOM.
Tak Kak IepeMeHHas ayra §=s(f) sSBISETCA HENPEPHBHOM MOHOTOHHO
BO3pacTalomeil (QyHKU¥ed OT mapaMeTpa f, TO 4 HOCICHHAH, B CBOIO
ovuepe/ib, MOXET OBITh PacCMATPHBAEM KaK OLHO3HAYHAS M HENMPEPHIBHAS
dyukmus ot s: t=w(s), rae s u3Menserca ot 0 jpo mummbl S Beeit pac-
cMaTpuBaeMoit kpuBoii [83]. IToacTasiss 3TO BBIPRXCHHE ! B YPABHECHUA
(1), MBI IONy4MM TEKYLIMEe KOOPAUHATHL X H Y BHIPAKCHHBIMU B QYHKIHH

OT St
x=p(w(s)) =D(s),
y=p(o(s)) = P(s)-

HecOMHEHHO, Iyra s, Hrparolas poib «KPUBOJIMHEHHOM abCIUCCH TOYKH
M, sBISETCS CaMBIM €CTECTBEHHBIM HApaMETPOM JUIA ONpeneNICHHS ee
MOJIOXEHHA.
3aMeTHM, 4YTO HAyaJpHas Touka A JUis OTCYeTa Iyr MoxeT ObiTh

B3fATA M HE HA OJHOM H3 KOHIOB pacCMaTpUBaeMOM Iy KpHBOM; TOTAA,
KaK 3TO Pa3biCHEHO BHINIE, Ayra § MOXET NPMHHMATH KaK HOJIOKHTENb-
HBIe, TaK W OTPHIATEIbHBIC 3HAYCHU.

~ ITycte Touxka M KpHBO#l — B IIPE/ICTABIICHHH (1) - 6ymer 06 HIKHO-
BeHHOH, Tak 4ro [em. (10)]

si=Vxi+y¢=>0;
toraa [94] U COOTBETCTBYIOINEro 3HAYeHus s (M BOMM3M HEro) Cyle-
CTBYET M HEMpPEPHIBHAS NPON3BOIHAS
1
in’+yiz’

a CJIeoBaTeIbHO, CYLISCCTBYIOT M HEMPCPBIBHBIC IPOU3BOIHLIC

x;=0(s), ys=P'().

ti=0'(s)=

W3 ocrosHo# ¢opmyst (11), cuuras, uro Bee AuddepeHIUaNb B3ATH,
HANPHMep, 1O S, HOIYIAM,
. dx\® | [dy\* _
(3;) +(3§) ~1. (12)

TaxuM o6pasom, eciu Touka M ObUta OOBIKHOBEHHOM B IPEXHEM Ipel-
crasienud (1) XpuBOH, TO OHA HasepHoe OyHdeT OOBIKHOBEHHOH W IpH
nepexone k mapamerpy s. Popmyna (12), manee, Mo3BOJAET YCTAaHOBHTH
CJIEAYIOMmEe MOJIE3HOE YTBEPKACHHAE:

Iyemb M — o6bikHOGeHHa A mouka Kpueoil. Ecau uepes M,
0603HaUUMb NepeMeHHYI0 MOUKY Mol dice Kpugoil, mo npu cmpemaeHuy
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S’
M, k M omnowenue oaunvt x op 0 vt MM, x daune 0y 2u MM, 6yoem
cmpemumpbca K eoutuye *):

MM,

lim 2oy, (13)
7,0 MM,

IIpumeM nyry 3a mapameTp, H HyCTb TOYKa M OTBeYaeT 3HAYCHHIO
s #yrd, a Touka M, — 3padeHmio s+ s. IX XoopAuHATH NycTs OyOyT,
COOTBETCTBEHHO, X, ¥y U X+ Ax, y+ Ay. Torma

MM, =|4s|, a MM,=YAx*+ Ay,
TaK 4YTO

MM, _ VA#T 4y _ V (4")”+ (ﬂy_)z.

M, |4s] As As

Ilepexons cmpasa k mupeneny npu As—-0, B cuny (12), momydaem TpeGye-
MBIii pe3yibTart.

o cux mop MBI OHpEeleNsN IOJOXCHHE KacaTeIbHOH K KpuBOil B
(oGrIKHOBEHHOM) Touke M — ee YyITIOBHM kod>bdunuentom
tg «, He pa3nmHyas ABYX NPOTHBONOJIOXHBIX HANpPaBJICHUN HA CaMOM Kaca-
TenpHOU: tgo Mg OOOMX OIMH M
TOT Xe. B HEKOTOpBIX HcCcreoBa-
HUSX, OJJHAKO, IIPEACTaBJISCTCS HE-
obxonuMeM (pHEKCHPOBATH O X H O
U3 5TUX HAIpaBIICHMIA.

IIpencrasum cebe, 9T0 Ha KpH-
BOHM BBIOpaHB! HayaJbHAasA TOYKA H
ONpeneJiecHHOe HAIPABICHAEC IS
OTCYETa AYT; BO3bMEM HMEHHO OYIY
3a mapaMeTp, ONpeleOIdit 1o-
7 = -7 JIOXCHHE TOYKH HA KPHBOIL.

IIycts Touke M, o0 KoTOpOii GBI

Puc. 153. peus, oTBevyaeT myra s. Ecnm mpm-

JaTh § TMOJOXHTENBHOE

npupaiienue As, To Ayra s+ s onpeneauT HOBYIO TOUKY M), JIEXAUIYIO OT

M3B cTopony Bo3dpactanuga myr. Cekyuryro HanmpaBuMm oT M K

M, B yroj, COCTaBICHHbIA MMEHHO JTHM HANPABJICHAEM CeKyIleH ¢ mo-

JIOXHTENBHEIM HAIpaBlIeHHEeM ocu X, oGo3mauuMm uepes B. Ilpoexrmpys

oTpe3ok MM, Ha ocu koopaumaT (puc. 153), mo u3BecTHOU TeopeMe H3
TEOPUH HPOEKUUH, MOMYIAM

np. MM, =Ax= MM, cos f,
np., MM, =Ay = MM, sin §,

¥

4y
My

S
*) Hns npocroTsl Mbl mumeM MM, — BMeCTO eniAEA OTpeska MM, © MM, —
e’
BMCCTO «JUIMHA Oyru MM,».
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OTKya
Ax . Ay
cosﬁ—m, sin ﬂ—m.
N’
Tax xax MM, = s, To 3TH PaBEHCTBA MOXHO IIEPEIHCATh TAK:

Ay MM,

Y 1

As MM, * (14)
bydem mHazvieamb nosodNcumMeNbHBIM MO HanpaseHue Kaca-

meavHoll, KOmopoe udem 6 CMOPOHY 603pacmaHnus 0yz, Tod-

HEE IroBOpS, OHO ONpENENSeTCS Kak IpelebHOe HOJoXenue Ipu As -0

Uit nyda MM,, HaOpaBIEHHOIO TaK, KaK 3TO pa3biACHEHO Bhmme. Ecim

YIOJI HOJOXHUTEJI D HOT O HANPABIICHAS KACATEJILHOM C HOJIOKATEIh-

HBIM HANPaBJIEHHEM OCH X 0603HAYMTD Yepe3 «, To u3 (14) momydnM B mpe-

nene, ¢ ygetom (13),

sin B=

_dx . _dy
cosa=z-, sina=—r. (15)

Ot GOPMYTBI OTPENENIOT YLOl & yXKe C TOYHOCTHIO mo 2km (k —
IeNI0e), CNeOBATENBHO, NEHCTBUTENLHO (HKCHPYIOT OO HO H3 HBYX
BO3MOXHBIX HANPABJICHUHA KACATENLHOW, MMEHHO — NMOJNOXKHT € JI b-
HoOe.

3ameuanue. Bee ckasamnoe B nn° 245—249 1o MOBOAY ILTOCKHX
KPUBBIX HEPEHOCHTCs 63 CYyIIeCTBEHHBIX M3MEHEHAH HA Cilydaif Ipo-
CTPAHCTBEHHOM KpHBOIi:

x=¢(0), y=9®), z=x0. O

(ty<t=<T).
ITonsiTHe MMM HE KPHB O YCTAHABIMBAETCA B TEX Ke TEPMHHAX, 9TO
u B n° 247. Ilpn Bammaun y GyRKOui @, 9, § HENPEPHIBHBIX OPOH3BOI-
HBEIX — JJIAHA KOHCYHA, M KpHBasg CIpsAMIgseMa. [muHa mepemeHHOM
Ayra (OT HAYAJIBHON TOUKM KPHBOM 10 MEPEMEHHOM TOYKH, OTBEYAromIeit
mapamerTpy ?)
s=s(t)

mabdepennEpyeMa mo ¢, IpHIEM ee IPOU3BOIHAS WO ! BHIPaXaeTcs (op-

MyJIoi
sp=Vx2+y2+z2 (10%)

Orcrozna nomyqaerca popmyna mis muddepennnana myru:

ds?=dx?+dy*+ dz2. (11%
B ciyuae oTcyTcTBHA 0COGBIX TOYeK [228], MOXHO TeEpEHTH K TAKOMY
NapaMeTPUIECKOMY NPEICTABICHAIO KPUBOH, B KOTOPOM DOJIb IIAPAMETPA
urpaer cama nyra s. Hakomen, ycTanaBIMBaeTCA HOHATHE HOJOXKHUTEIb-
HOTO HANpaBJICHWs KacaTeJbHOH, HANPABIIONIAE KOCHHYCHI KOTOPOIO
naroTcs hOopMysIaMH:

_dx _dy _dz %
cos a=—, cosﬂ—ﬁ, cos y=—. (15%)
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§ 5. KpuBuzna mIocKoii KpHBoii

250. Tlousitwe xpuBm3HBL IlycTh CHOBa JaHa mpocTas KpHUBad

x=@(t), y=y9@t) (H=t<TD), 0

rjae Ha 3TOT pa3 GYHKOHH @ M ¢ NPEANOJNAraloTcs HePEPLIBHEIME BMECTE
CO CBOHMMH IPOH3BOJHBIME HE€PBOroO U BTOPOTO mopsaxa. Pac-
CMOTpHM Iyry 3To# kpuBoH, 6e3 0cOOBIX TO4YEK.

Ecmm B KaXI0# ee TOYKE IPOBECTH KACATEJBLHYIO (CKaXeM, B MOJIO-
KUTEILHOM HAIIPABJICHHH), TO BCIEICTBHE «HCKPUBICHHOCTH® KPHBOM 3Ta
KacaTelbHAsA C IEPEMEUICHWEM TOYKH KacaHWs OYNeT BpamiaThCid; 3THM
KPHBas CYIECTBEHHO OTIMYAETCA OT N PAM O, AIA KOTOpOii Kaca-
TenbHAsA (COBIANAIOMAA C HEH)
COXpaHAET OJHO M TO X€ Ha-
IIpaBJIeHAE JUIS BCEX TOYEK.

BaxxHBIM 3JIEMEETOM, Xapax-
TEPU3YIOLIUM TEYCHUE KPHBOWH,
SIBJIICTCS <CTCNEHb WCKPHBJICH-
HOCTH» WJIH <KpHBH3HA» €€ B
PasIHYHBIX TOYKAX; 3Ty KpH-
Puc. 154, BH3HY MOXHO BBIPa3UTh YHCIIOM.

A
Ilycte MM, (puc. 154) ecthb
Ayra KpHWBOH; paccMOTpMM Ka-
catenvable MT u M,T;, mpoBefeHuble (B IOJIOXHTEILHOM HAIIPABICHUH)
B KOHEYHBIX TOYKax 3TOM OYyrH.
EcTecTBEeHHO KPHBH3HY KpHMBOM XapaKTepH30BaTh YIJIOM IOBOPOTa
KacaTeJIbHOM, PACCYMTAHHBIM HA €AWHUIY IJTHHBL OYTH, T. €. OTHOINCHHEM

—, TIC YIOJI W U3MEPACTCSI B paiiaHax, a Ijintna ¢ — B BI:I6paHHI>IX Cox-

HANAX IJIMHBL MO OMmHOUleHue Hazvligarom cpeodHeli KPUBU3HO
oyau Kpugoii.

Ha pasmmuebIX y9acTkax KpHBO# cpenmss KpHBH3HA e 6yzeT, BooOmie
roBops, paszmmunoii. CymecTByeT BmpodyeM (eIMHCTBEHHAS) KpHBas, IUIA
KOTOPO# cpenHssi KpHBH3HA BE3¢ OJMHAKOBA: 9T0 OKPYXKHOCTBH ¥).

HelicTBuTeNnsHO, M Hee uMeeM (pac. 155)

o w 1

o R, R’
0 Kaxoif ObI oyre OKPYXXHOCTH HM ILJIa PeUb.
OT noHATHA CpenHEeHd KPHBH3HB IyIH MM1 mepeinieM K mo-
HATHIO KPUBH3HB B TOYKE.
Kpueusnoii xpusoii ¢ mouke M Haszvieaemca npedes, K KOMOpoMmy

N
cmpemumca cpednas kpueusHa Oyzu MM, xoz0a mouka M, edoas no
Kpusoit cmpemumca k M.

*) He cumras, pasymeercs, O pAMO#, OIA KOTOPOH KPHBH3HA BCETAd HYJb.
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O603HaYMB KPUBH3HY KPHBOI B JAHHOH Touke OykBoif k, GyneM MMeTh

)
k=lim—.
o0 g

1
JJia OKpYXHOCTH, OYEBHAHO, k=§, T. €. KPUGU3HA OKPYICHOCMU eCcmib
6eAUYUHA, 0OPAMHAA PAdUyCy OKPYHCHOCU.

\¢+Aac

Puc. 155. Prc. 156.

Samevanue. Ilonarns cpemueii KpHBH3HEL B KPHBH3HEI B TaHHOM
TOYKE COBEPLICHHO AaHAJOTHYHLI IOHATHSM CPEOHEX CKOPOCTH M CKOpO-
CTH B JaHHBIH MOMEHT JJIs1 ABAKyIIelcs Toki. MoXHO CKa3aTh, YTO Cpel-
Hss KPUBH3HA XapaKTepHU3YeT CPEJHIOI0 CKOPOCTh H3MEHEHWsS Hampasiie-
HHSA XacaTeNLHOI Ha HEKOTOPO# Iyre, a KPUBH3HA B TOYKE — MCTHHHYIO
CKOPOCTh H3MEHEHHS 3TOT'0 HANPABIECHAS, HPEYPOUYCHHYIO K JIAHHOM TOYKE.

Ob6patuMcsa Temeph X BEIBOLY AHAJMTHYECKOrO BHIPAXCHHA HJII KpH-
BH3HBI, 0 KOTOPOMY €€ MOXKHO ObUIO GBI BEIYHCIIATH MCXONS M3 mapa-
METPHICCKOTO 3aaHNs KPHBOH.

IlpemnonoxuM cHaYana, 9TO B PONHA IapaMeTpa GUIypHpyeT Hyra.
Kax mpt 3saeM [249], Takoe mpencTaBieHue BCerAa OCYMICCTBAMO, €CHH
OTPAaHWYUTECA IYrofi KpWBO#M, rie HET 0COOBIX TOUYEK.

Bo3bMéEM Ha 3TOM yIaCTKe KpHBOW TouKy M (3aBemoMo He 0cobylo),
U OyCTh €H OTBeYacT 3HaYcHWe § IyrH. IIpHaas s IpOHM3BOJILHOE IPHpa-
meHre As, moxytuM npyryoo Todky M,(s-+A4s) (puc. 156). Ipupamenne
Ae yria HaKJIOHA KacaTeNbHOM mpu mepexone or M x M, 1acT yroia o
MeXIy obenMH KacaTeNnbHBIME: © = Aa.

Ao
E .
e’

VYerpemuas MM, = As k HymO, 1719 KPHBH3HH KPHBOM B Toyke M moiy-

YAM BBIpaXeHHE

Tax Kax ¢ =4s, To cpennsis kpuBu3Ha Gyner pasHa

k =Tlim 2% =% Q@

ss-04s  ds
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BaxHO OTMETHTB, BHPOYEM, YTO 3T2 GopMysa BepHA JHIIL C T O Y-
HOCTHIO N O 3HaKa, Tak KaK KPHBU3HA, MO HAILIEMY OIpEIEIICHUIO,
€CTh THCIIO HEOTPULATEIBHOE, & CPABA MOXET IIOJIYHAThC H OTPANATE b~
HBIA pe3yJIbTarT.

Heno B ToM, uTo Kak Ax, Tak u As MOTYT 6BITH OTPHIATEILELIMY,
Tak 4TO, CTPOrO TOBOPA, CiefoBasio Obl mucare: w=|dx|, o=|4s| u,
HaKoHeT,
doc

k=%

3T0 3aMedanue ciiefyeT UMeTh B BHLY W BIpPEZb.

st Toro 4ro6sl npunars Gopmyse (2) Bun, yOoGHBIA 1 HeMocpe-
CTBEHHOTO BEITACJICHHS (2 BMECTE C TEM YCTAHOBHTH CAMOE CYIIECIBOBA-
HUe KPHBH3HEL), 0OpaTHMC K NPOA3BOJLHOMY IapaMETPHUISCKOMY 3ama-
HAIO KpuBoi (1).

Tax xak paccMaTpuBaeMas To4ka M(¢) He sABisieTcs 0coboit, u X2+ Y2 >
>0, To Ge3 ymazneEMs OOIIHOCTH, MOXHO CYMTATh, YTO MMEHHO X;=
=@'(t)=0.

Ilepenuniem teneps dopmyy (2) mnade:

do
dac_;_af
k—a—t-—a;—'gg. (3)
dt

Y —arcte ¥t
tgoc-x; H amtgxi’
TO
o1 xpyf—xfiyl _ xiyi—xpyt 4
“t“l+(y_; T X XAy " @
Xt

Honcrasms B (3) 3HaYeHus §; W o HPEAEM K OKOHYATENLHOM (opMyie:

x/ 12 x” /
k= 34 l‘};i . (5)
OF+y?
Orta (opMyna BIOJHE IPUTOAHA IJIA BEMYMCIIEHHd, HGO Bce (QHIypHpY-
Iole B HEH NPOH3BOMHBIC JIETKO BBEIMUCIIOTCA HO HapaMETPUYECKHAM
YPaBHEHHSM KPHUBOH.
Ecii xpuBas 3ajaHa ABHEIM YpaBHEHHEM Y= f(x), To 31a (dopmyia
IpUHAMAET BHI

k=—y°'°‘—a_ . (52)
(14527
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HaxoHell, €CJIi JaHO IOJAIPHOE ypaBHeHHEe KpuBoil: r=g(f), To, Kak
OBGBIMHO, MOXHO HEPEHTH K IapaMeTpUYeCKOMY NpeICTABJICHWIO B Ips-
MOYTOJILHBIX KOODAHHATAX, IPHHUMad 3a Hapametp §. Torna ¢ moMompro
(5) momyumm
r2+2rit - rrit
k=—"7F——. (56)

2+

251. Kpyr KpHBH3HLI H paauyc KpHMBH3HLL. BO MHOrHX HCCIeOOBAaHHAX
MPEICTABIAETCS YHOOHBIM IPHOMMKCHHO 3aMEHATh KPUBYIO BOJIM3M pac-
CMATPHBAEMOI TOYKM — OKPYXKHOCTBIO, HMEIOIIEH Ty ke KPHBH3HY, 4TO
U XpHBas B 3TOH TOYKe.

Mpo1 6ydem naszvigame Kpy 2o m¥*) K p u-
U3 KBl Kpugoii 6 OamHOli Ha Hell mouke
M — xpyz, komopulit

1) xacaemcs xpusoii 6 mouke M,

2) Hanpasaer GbINYKAOCMbIO 80AU3YU IMOTL
MOuKU € my Jice CMOPOHY, Wmo U Kpueas,

3) umeem my dice KpUBU3HY, 4mo U Kpu-
san ¢ mouke M (puc. 157).

Hentp C Xxpyra KpHBU3HBI HA3BIBACTCS
OpocT0 IEeHTPOM KPHBH3HB, 4a
pagdyc 3TOro Kpyra — PpaZHYCOM
KpuBHU3HB (KpUBOHl B IOaHHOW TOUKE).

W3 ompeneneHuss Kpyra KpUBH3HBL SIB-
CTBYET, YTO NEHTP KPHUBU3HBI BCETAA JCKUT -
Ha HOPMAJHM K KpUBOil B paccMaTpuBaeMoit Prc. 157.

TOYKE CO CTOPOHBI BorayTocTH (T. €. CO

CTOPOHEI, 06paTHO#N TOM, KyJa HampaBleHa BHITYKJIOCTh KpuBoi). Ecim
KPUBH3HY KPHBOM B JaHHOM TOUKe 0003HAYUTH Yepe3 K, TO, BCIOMHHAS
[250], uTo maA OKPYXHOCTA MMeENH (HopMyIIy:

Temeph A paguyca KPUBHK3HBL, 0YeBHIHO, OyAeM UMETh

—t

R=7.

ITo/B3ysCh Pa3iMYHBIME BBIPAXKEHNSIMHU, BBEOCHHBIMHE B IPEIBIAYINEM
1n° IS KpUBH3HBL, MBI MOXEM cCpa3y Xe Hamucath psa Qopmyn mis

*) Croga Takke OTHOCHTCA 3aMeYaHHe, CHENIAaHHOe B CHOCKe Ha CcTp. 555.
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panuyca KpHBU3HEL
ds

R= d_d > (6)
2
(PR
xpyE-xiyy’ @
3
R-GE2T (7a)

3
2+ rp)?
R= rE+2r@@—rri’ (76)
KOTOPBIC U IIPUMEHAIOTCS B COOTBETCTBEHHBIX CIydYasx.

W3 Bcex GopMys pamuyc KpUBH3HBI MOJIY4aETCA CO 3HAKOM, Kak
4 BBOIE — KpuBHM3HA. OOHAKO 3]leCh MBI 3HaKa HE CTAHEM OTOPACHIBATSD,
a ToCTapaeMcsl YCTAHOBUTL €r0 FeOMETPHICCKUM CMBICI.

C 9Toii 1eabIo BBEAEM IOHSTHE O IOJIOKATEILHOM HAIPABJICHHH HOP-
Many K KpuBoil. MBI pasbicHHIH yxe B 249, 4TO Ha KacaTeJbHOH MOJI0-
KHTEJIPHBIM CYMTAETC HANpaBJICHAC B CIOPOHY Bo3pacTamms nyr. Ha
HOPMAJIM JK¢ MBI 3& II0JIOKHTEILHOE BHIOEPEM TaKOe HANPaBJICHUE, YTOOB
OHO OTHOCHTENBHO (IIOJIOKHTENBHO HANPABICHHOH) KacaTeNLHOW ObLIO
Tak XK€ OPHCHTHPOBAaHO, KaK OChb ¥ OTHOCHTENbHO ocH Xx. Hampuwmep, npu
OGBIMHOM DPacIOJIOKEHNH 3THX OCeil HOPMaJb JOJDKHA COCTaBNATh C Kaca-

s T ~
TEJIbHOH YT OJI +§ IPOTHUB YaCOBOH CTPECJIKH.

~Temepb, paccMaTpuBas pauuyc XpuBu3HEl R=MC Kak HanpaBJeHHBII
OTpE30K, JICKAIUH HA HOPMAJH, €CTECTBEHHO NPHMIKCHIBATL €MY 3HAK
IUTIOC, €CIIM OH OTKJIaIbIBacTCA
0 HOPMAJIA B IOJIOKHATEIb-
HOM HANpaBJICHUH, W 3HAK MH-
7 Hyc B mpoTmBHOM ciyuae. Tak,
Ha puc. 158 B cayvae xpmsoii (I)
panmuyc KpHBU3HBL OyHeT MMETh
3HaK IUIKOC, & B CiydYae KpuBoOi
(1) 3mak MumHyc.

Msr yTBepX)HaeM, YTO 3HAK
panuyca KpHBH3HEL, MOJIyYaeMBII
1o Jo6oif u3 BHIBEHEHHBIX BhHI-

2 wmwe ¢opMys, B TOYHOCTH COOT-

Pmc. 158. BETCTBYET TOJBKO YTO NAHHOMY

onpenenenuto. IIpu 3ToM, omHa-

KO, BaXXHO HOQYCPKHYTh, YTO BO BCEX CIYYasAX IOJIOXHTEILHOE HAIPABIIE-

HHUE OTCYETA NYT HPEQIOJIATAeTCsA COOTBETCTBYIONIMM BO3pACTAHUIO Napa-
Metpa (1, x Wi 0).

g V4
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V6enurbesi B CKa3aHHOM IIPOINE JUIA CIydas SBHOTO 3alaHés KpUBOi:
3pech (puc. 158) xacarenbHas HampaBjiecHA HAaM P aB O, CAEHOBATENLHO,
HOpMans ~ BBepXx. Ecm yia>0 (xak B paccMaTpuUBaeMoii Touke,
TaKk H — @O HEOPEPHIBHOCTH — BOJHM3M HeEE), TO KpUBAsA 3/eCh BHIIYKIA
BEN3 [143], 1 paguyc KpUBH3HEI R MOJIOXKHATENCH; TAKAM OH M IOJIy4aeTCs
no dopmye (7a). Hao6opoT, npu ya<0 KpHBasi BBIIYKJIA BBEPX, PamuycC
R oTpHunaTeneH, 4To B B 3TOM CJIy4ae BIIOJHE COOTBETCTBYET popmye (7a).

To xe MOXHO MoKa3aTe ¥ g ApyTux GopMy.

252, Tlpumepnt. 1) Henumas nanusa: (puc. 41)
h
y=ach-.

B 3romM cayyae [cp. 99, 28)]

S x y
Vi+yE=ch===;
a a
C ApPYro# CTOPOHEL,
X
Vih=—chZ=2.
a a a
Tostomy [cM. (7a)]
)
a 2
R="2L_Y
y a
a

Tak kak TO ke BripaXeHHe, Kak HeTPYAHO BHJIETH, IMEET M OTPE30K HopMaiu n= MN,
TO NPHXOAMM K TakOMy cmocoOy HOCTPOSHHS HEHTpa KpHBH3HEI C: OTPE30K HOPMAJH
MN (cM. puc.) HyXKHO OTJIOXKHTL IO HODMaj# ke, HO B OOpaTHYIO (TOJIOXHATENLHYIO)
CTOPORHY.
2) Actpougna: (puc. 116)
2z 2z 2
x¥+y% =qat,
TIpousBomHabIe yx H y5i MOXKHO HAliTH, HE pa3peimas ypaBHeHusl, 0o MeTony nudde-
pEeHIpPOBaHAs HEABHBIX (QyHKImii:

I Lo
x 84y 33y=0 mm x®y+)®=0,

OTKyZa
1
==
y==171;:
X,
3aTeM:
2 1
—x_;y'+ly-; y'+x;y”=
3 3 ’
OTKyZHa
2 2
e rr’ ax 7’ aa
y == y= .
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Ioncrapnsas 3uayewus ¥’ Uy’ B dopmyny (7a), HOIyyIM

1
R=3(axy)?.
3) Huknoupa:

x=a(t—sint), y=a(l-cost)
(puc. 118).

Tak kak {231, 4)] a=7—2[~% , TO doe= —% dt; ¢ Opyroil ’xe CTOPOHBI, KaK JIETKO BbI-
YUCIINTE,
xi=a(l —cost), yy=asint, x24-yf?=4a®sin? IE ,
TaK 4TO

T 7% .y Lt
st=Yx¢+yP=2asin 3+ T e ds=2asin 5
B TaxoM cryuae A BEIMHCIEHHS R MOXHO BOCIOAB30BATECSA OCHOBHOM GopMyrioii (6):

t
2asin-dt
2 ot
R=—=— = —4agsin-.
2
—=—dt
2

Ecnu BCIOMHUTD BBIBEICHHOE HaMu B 231, 4) BplpajxeHHe IS OTpe3ka HOPMaiu H,
TO OKaXeTCsl, YTO
R= —2n.

Otcrona ~ mocTpoeHue UeHTpa KpuBu3HBI C, ACHOE U3 vepTexa.
4) DBOonNBBEeHTA Kpyra:

x=a(cost4tsint), y=a(sint—tcost)
(puc. 121).
3nech a=1¢ [231, 6)], Tak uTO dor=dt. C Apyroit CropoHEI,

xXj=atcost, yj=atsint, xpP+y=al?
oTcIona
si=at, ds=atdt.

ITosToMy Taxxe IOIy9aeM OPOCTO
ds
=—=aqaft=MB.
do

Taxam 06pa3omM, Touka kacaausa B (TOYKA CX0Ia HUTH C Kpyra) ® OyAeT IeHTpOM Kpu-
BH3HBI A1 TPaeKTopuH KoHIA M muTH. FeOMEéTpHYEeCKMM MECTOM i€ H-
TPOB KPUBH3HE Hamel KPABOK OKa3hlBaeTCd ACXOLHBI M KPYT.

[Boece MBI CTajKMBaeMCsi C JacTHBIM OCYIIECTBIICHMEM OZHOro (axra, XOTOpHUA
B o6meM Brae OyaeT pacCMOTpPEH Hamu Huke, B 255.]

5) JJorapudMudeckas cOupaab: r=aem (puc. 134).

UmeeM ry=mr, rii=m?r. Iloncraenss 510 B dopmyiy (76), maiinem:

3
2+ m2r?)?
r2-4-2m2r2— m2r?

=r)1+m2
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Ho m=ctg w [233, 3)], Tak 4TO BHIpakeHHE 1% R MOXHO HAamMCaTh B BAAC
r

sinw’
a TOrga HemOCPEINCTBEHHO U3 YePTena SCHO, YTO MOJIPHELA OTPE30K HOpManH np =NM.
CrnenosaTensHO, IEHTPOM KPHBH3HBI OyneT Todka N; 3TO Jaer yerkuii croco6 mocrpoe-
HAA NEHTPa KPUBH3HBI IS JOrapapMHAYecKoil COHMpad.
6) Kapamonpga: r=a(l+cosb) (puc. 135).
3nmeck rj= —asin 8, rii= —acos 8. Jlerko NOACIATATh, 9TO

/]
r24-r{®=4a? cos? 5 3
OCTacCTCsI elle BhIMUCIIMTE
;]
ré2— rrgi=a®(1 +cos 8) = 2a? cos? 7

a Toraa, mo dopmyne (76), cpasy noiyyaeMm

4 0
R=—agcos—.
3 2

Becoomumasn [233, 4)] BoipaxkeHne [OJISIPHOIO OTPE3Ka HOPMAIM JJS KapAuOUJEI,
BHIAM, YTO

R 2
=—np.
3 p
7) JlemMEHCKaTa: r2=2q?%cos?20 (puc. 126).
T
Msr Bunemm B 233, 5), 4T0 B 3TOM Citydae o =38 +E’ TaK 4To da=3d6. Ho torma

no ¢opmyne (6) cpasy momyyaem
ds 1 1 1 2q?
R=—=—s{=—r+r=—np=—.
de 37° 3 Vrdrd=snp=3
Tax KaK HOpPMalb K JIEMHACKATé MBI CTPOHTh YMEEM, TO OTCIOAA HONyYaeTCd H
€Hoco0 IOCTPOCHMS NEHTPa KPUBU3HBL
8) Napa6Goma: y2=2px.
Ilone3ysice 3mech Meronamu muGGEpeHNEPOBAHWA HEABHBRIX ¢yBKumii, HalizeM
HOCNCAOBATEILHO ,
Y¥x=p, YyEt+yd=0, otkyma yYHi=-ph

Teneps, o dopmyne (7a),
38

3 8 L
A+yd*  D*+0yT _ 0+

R = - 77 ()’ = 0).
yi Yoy ~p?
Bcoommuas [231, 1)], 9T0 OTPE30K HOpPMaH B = Vy2+ p?, moJydaeM
nd
= _p_2 .
. x2 yZ
9 Onnunoc m rumepboma: —+t—=1.
a® b
JuddepernmpyeM 310 paBeHCTBO ABAXKMIBL
X yyx , b%x
S+=2=0, omym Wi=F—;
a* b a

Janee,

b? BA(xt %) b
yyd=Foyd, wm yyds - (a—,ib—z) pry
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Kax u Tompko 4710, OTCIOAAa

8
(bﬁﬁ+aﬁﬁy
Re-—f— 00

Mer umenn yxe [231, 2)] nus 5TOro ciy4as BIpaXX€HHE OTpe3Ka HOPMalu

Vbﬁ§+aﬁﬂ
n=—
a2
TaK 4TO
a2
R=~—nd
bt

H3BecTHO, YTO KaK Ast SjumMIca, Tak M O nmepGonm OONynapamMeTp p BbIpa)Xxaer-
b2

Cd TakK: p=—. HOBTOM)’ ¥ 37ech 0 R TOJIYy4a€TCA TO XK€ OKOHYATCIIbHOE BBIPDAXCHHE,
a

YTO M 2151 napaGolisl.

JAIss BCeX TpexXx KOHHYECKHMX CeUYeHHH pagumyc KPpPHUBHIHE
OKa3BpiBaeTCd NPONOPHUOHAJEH Ky0y oTpe3Ka HOpMaAIHW.

10) B 3axmioyeHHe CKaXX€eM HECKONBKO CIIOB 00 OIHOM IPAKTHYECKOM BONpPOCE,
B KOTOPOM Kak pa3 H HCIONB3YeTCH CYMIECTBEHHO M3 MEHEHH € KDHBH3HHI BIOJL
KpHBO}i: peyh HIOET O TaK HAa3HBAEMEIX NE€PEXOMHEX KPHMBH X, NPEMEHAEMEIX
OpH pa3bmBke XKeNe3HONOPOXKHBIX 3aKPYTJIeHHIA.

Kax ycramaBimBaeTcs B MeXaHHKE, NPH IBIKEHAH MATEPHAILHON TOYKH DO KpH-
BOM pa3BHBAeTC LEHTPOOECXKHAsA CHNIA, BEIMYMHA KOTOPOH ompenensercd ¢Gopmynoi

my?
=%
rAe m — Macca TOUKH, ¥ — €€ CKOPOCTh, 2 R — Pajiuyc KpMBU3HEI KDHBOM B PACCMATPH-
BaeMoOH ee TOuke.
Ecnm 651 npsMonuHEHHAA 4acTh XKEJNE3HOMOPOXHOIO MyTH HEINOCPEACTBEHHO HpH-
MBIKaJia K 3aKpyrjleHHio, pa3buToMy mo nyre xpyra (pmc. 159a), To mpH mepexoze Ha
3TO 3aKpyriicHHe LEHTPOOEXHas CHIa BO3HUKAaNa OBl MIHOBEHHO, CO3JaBas PE3KHU

q V4
V4] 4
I
R
\\
\,
\\\\
Sso = TSI
7 7 z
Puc. 159.

U CHILHEII TONYOK, BPeMHBIA Ul NOABHXHOLO COCTaBA H JUIA BEPXHEIO CTPOCHHSA
noyTd. Jns w30exaEmsA STOTO NPAMOJMEEHHYIO 9acTh OyTH CONDSTAIOT C KPYroBOH
C MOMOMIBIO HEKOCH NMepeXOAHO# KkpHBOHX (pmc. 159 6). Bnoms Hee panuyc Kpu-
BH3HEI NOCTENMEHHO YObBaeT OT GeCKOHEUHOro 3HAYECHHS — B TOUYKE CTHIKA C
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NpSMOJIMHEAHON YaCThIO — M0 BEJIMYHHBI PAIHyca Kpyra — B TOYKE CTHIKA C KPYrosoi
Iyroli, ¥ COOTBETCTEEHHO 3TOMy HOCTE€OEHHO HapacTaeT LEHTPOOCKHAs CHIIA.
B kavecTBe MePEXOAHOM KPHBOM dHame BCEro WMCHONB3YETCA KyOHdYecKas

x3
mapaGoma y=-g- . B 3TOM Chyuae, OYEBAIHO, AMEEM
q

TaK 4TO A PaaHyca KPHBH3HBLI NOJIYYaeTCsl BRIDAXKEHHE
)

q x*
R=—|14+—].

x 44?2
IIpm x=0 umeeM y' =0 U R= -, Hama Kp¥Bas B HaYaje KOOPAMHAT Kacaercs OCH X M
HMeET HyJIEBYXO KPUBU3HY *).

HBoraa B poNM IEPeXOMHOI KpHBOH NPHMEHSICTCS N JIEMEHCKATa.

253. Koopaunarsl ienTpa KpuBH3HbL BroBeneM Temepb GopMyssl mis
KOOPOMHAT IIEHTPa KpUBH3HBL BymeM o603HaYaTh KOOPAMHATHEL pac-
CMATpHBaeMoOU TOUYKM M KpHBOH 4epe3 X M ), a KOOPOMHATHEI OTBEYAIO-
miero eif nearpa xpueu3esl C — vepe3 & 1 7).

Pamuyc xpuBm3ubl R=MC (pmc. 158) mexuT HA OCH — MMEHHO Ha

- 14
HaIPABJICHHOK HOPMAJIH, KOTOpas C OCBIO X COCTABJLACT YroJa OC-I-E.

ITpoexTupys otpe3ok MC moouepeJHO HA OCh X B Ha OChb ¥, IO OCHOBHOI
TeopeMe TeOpHH IIPOoeKmuil, OyIeM HMeTh

E~-x=R cos(oc+%)= ~Rsina,

n—y=Rsin (m+%) =R cos a.

OTcrofa Ui KOOPANHAT LEHTPA KPUBH3HAL IOTyYaeM:
E=x-Rsina,
} ®
n=y+Rcosa.
WM cnons3ys BoBeeHEBIe HaMH pasbire GopMmyist [251 (6); 249 (15)]

ds dx . dy
R—d—a, cosa=_, sino=—72,

TOJIBPKO YTO IOJIYYCHHBIC BBIPAXCHHUS MOXHO IEPECIINCATDh B BHIC!

e D
E_x"ﬁ’ 9
_ dx ()
nN=y+z -

*) Meronamn pmuddepemmansaoro mcuucinenus [134, 135] nerxo ycraHOBHTD,

4TO BEIpaxedue s R yOriBaeT JMmb 0 X = 0,946V¢Z IJie OHO UMEET MEHEMYM 1,390]/(;.
ToMBKO 3TA YaCTH KPHBOM W MCIONB3YETCA HA IPAaKTHKS.

37 I'. M. ®uxrearoasy, T. I
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Ecnu xpuBas 3amana napaMeTpuuecKuMe ypaBaenusmu (1), To, BCIOM-

HUB BHIpaxenne (4) mis «;, Jerko npeobpasosath Gopmyisr (9) ciexy-
OIUM 0Gpa3om:

xE+yE

E3 il S A S
* = 7,

e

10
P (10)

M=V SR

Kak BumuMm, & 1 7 31ech BBIpakeHBI B (QYyHKUOMH OT TOTO K€ OHapaMerpa
t, 9TO U X, Y.

B ciyuae XpuBOH, 3aJaHHON ABHBIM ypaBHeHHEM Yy =f(x), GOpMysI
(10) mpuHUMAIOT JACTHBIA BU:

1+ 1+
E=x— J’x yx’ y

(10a)

®opmyst (10) MOXHO TPUMEHUTE U B TOM CIIydae, €CJIM KpHBad 3aJaHa
DOIAPHEIM ypaBHeHueM r=g(f), BoiOupas, kax oOBMMHO, 3a HapaMeTp
yrox 0.

Ecnu comocTaBuTh TOJBKO 4TO mojyuenmsie dopmyrsl (10a) ¢ dop-
MYyJIaMH [T TOTPAHAIHON TOYKH HA HOPMAJIH, HAWEHHBIMA IPH PEINECHIH
zagaud n° 137 (puc. 62), To ybemuMmcss B TOM, YTO YHOMSAHyTad morpa-
HU4YHAs] TOYKA COBNANAET C EHTPOM KPHBH3HEL.

Euie 6oJsice BaXHBIA pe3ybTaT IOJYYHTCS, €CIM COHNOCTABHTB (op-
myast (10a) u (7a) ¢ popmynama (22) u (23) n° 243: xpy2 KpueusHvl Kpueoi
6 OaHHOIl MouKe echb He umo unoe, KaK conpuxacarwuiica kpy2. VIHLIME
cnosamu [244], Kpyz KpususHel npedcmagisem co6oii npedeavroe NOAO-
JHCeHue Kpyea, nPOX00Awe20 uepes mpu moyuku Kpueoil, Komopuie CIpemamca
K cO8nAa0eHuo ¢ OaHHO.

DTOT pe3yabTaT, KOHEYHO, MOXHO OBLJIO NpelBUIETH: B CIyYac Kaca-
HUA BTOPOT 0 HOPSAKA MEXAY HAHHOU KPHWBOH M OKPYKHOCTBIO, OPOM-
HaTA y 4 ABE €€ IMPOU3BOLHBIE J; M Va UMEIOT B JAHHOH TOYKE OHHU
H TC Xe 3HA4YCHMA JIA obenX KpWBBIX, TaK YTO AJIS HUX COBOAAAIOT B
ITOM TOUKC HANIPABIEH UL BEINMYKJIOCTH M BSINYAHBI KDHBU3HEL,
3aBHUCAIINE TOJHKO OT YIOMSHYTBIX MPOHU3BOIHbIX.

254. Onpepnenenne 3BOMIOTHI M 3BOJILBEHTBI; PAa3bICKAHHME 3BOJIOTHI.
Ecnmz touxka M(x, y) mepeMeluaercd BIOJb JAaHHOU KpHUBOH, TO COOT-
BETCTBYIOLUMIA e IeHTp XpuBu3ubl C(&, 1), BooOuIe roBops, TakXKe OMUCHI-
BaeT HEKOTOPYIO KpuByro. Ieomempuueckoe Mecmo YEHMPOE KPUGU3HbL
OanHoii Kpugoii Haszvieaemca ee 360 alomoti. OO6paTHO, UCxX00HAA

Kpueas no OMmMHOWIEHUI0 K C80€ll 360410Me HA3bIBAemca e¢ 36 0 1b6 e H-
moil.
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®opmyisr (10) wmm (102) mpensIAynero n°, BRIpaXaoLHe KOOpAMHA-
ToI &, 1 nenTpa XpuBH3EH C 9epe3 mapaMeTp ¢ (WIH X), MOXHO paccMaT-
pHBAaTh KaK yXe TOTOBHIC HapaMEeTpHUYECKHME YPABHEHHI
3BO N0 TH. HHOrmA NpPeACTABIICTCS BHITOJHBIM HCKIIOUATH M3 HEX
OapaMeTp M BLIPa3HUTh 3BOJIFOTY HESIBHBIM YPaBHECHHEM

FE, n)=0.

Hpumeps. 1) Haiity 3Bomory map a6 o sl y2=2px. Ilone3ysace nomydeRHpIMH
Boime {252, 8)] pesyneratamu:

yyx=p, Y= —ph

o ¢opmynam (10a) HaxomuM KOOPAWHATEI HEHTPA KPHBH3HBL

PHO¥P P
=x+

4 3x+ 3y2+
=X~y =~ =3x+p=——+p,
* P 2p
y+Oy)? y .. ¥®
Nty =y =S 0P = -

Fx* D P

WTtak, napaMeTpHYeCKUe YPABHEHEHS 3BOJIOTHI mapabonsr (rae y — B poimi mapa-
MeTpa) OymyT

Hckmiouas 3 3THX ypaBHEHM y, TIONYYHM

. 2p
W=z E-p,  P=-r,
OTKYLR2, HAKOREIl,

8
7= 7 (&-pp.

Mpt BuamM, YTO 3BOMIOTON napaboiel sABASETCS MONyKyOmdeckas mapalosa
(pmc. 160).

2) Haiityt 3BOMIIOTY 3ANMHANCA X=acost, y=>bsint.

Himeem

xj=—asint, xf=-—acost, yj=bcost, ypE=-bsint.

Ioxncrasiisa oo B dopmyny (10), momywmv

b cos t(a?sin® t+-b% cos?t) a?-- b2

cos3 ¢,
ab

E=acost—

az—- b2

7= - sind ¢.

TaxoB0 mapaMeTpruecKoe OPeACTABICHHE IBOIOTH! AmuiIca. VICKIIOYUB £, OTYIUM
YPaBHCHHE 3TOd KPHWBOIl B HESBHOM BHAE:

2 2
(@t3+bnp=c3 (rme c2=a?-b2).
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Kprpas HanmoMuHaeT coO0lf aCTPOUMAY ¥ HONYyYaeTCs U3 Hee OyTEM BHITSTMBAHES
IO BEPTHKAIHLHOMY HamnpasjicHuro (puc. 161).

4

BN

Prc. 160. Puc. 161.

AHanorayEo, HO JIHINb C IHOMOINBIO runepGonmueckux GyHKImH (BMECTO TPHTOHO-

X2
METPHYECKHX), H JUTsl FAepGoms: — _B—z=1 HONYYAETCs BONICTA
a
S 2 ¢
@R - (bnP=c® (rme c®=a®+b?).

2 2 2
3) HaiiTi 9BOIIOTY aCTPOH OBl Xx3+33=g8.
M= mvermn yxe B n° 252, 2):
1

1
y‘3 a2 3

r_ 17 ’r
Yx= (x) s Yx2 (3x4y) .

IToncrases 310 B dropmynst (10a), nocie ynpouleHri mOAyYUM

12 21
E=x+43x38,  7m=y+3x3)8.

M3 sTux ypaBEEHHMI, COBMECTHO C YPABHEHMEM CaMOIl aCTPOMILI, CICAYIONIMM 00pa3oM
MOXHO HCKJIIOYATE X H Y.

(;_ 1)3 (_1_ 1)3
SHn=\x3+33/, §-n=\x3-3/,

2 2 (g 3) 2
CHnP+H(E-nP=2\x3+y%) =22

Ecnu moBEpHYTH OCH KOOpAHHAT Ha 45°, TO HOBblE KOODAMHATH &;, 7, BEIPA3ATCA
yepe3 crapeie &, 7 mo dopmynam
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TaK 4YTO B HOBOH KOOPAHHATHOM CHCTEME YPABHCHHE MCKOMON JBONIOTHI HONYYHT BUI

2 2 2
-+ 0t =(2a)3.

MLl y3HaeM B 3TOM CHOBA ypaBHeHde acTpOM A bl. TakuM o00pasoM, 3BOJIOTOM
acTPOMME! CIIYKHT acTpOMAA X¢ BHBOe OGOJNBIINX Pa3sMEpOB, C OCAMH, MOBCPHYTBIMH
IO CPaBHEHHIO C MpexHEM Ha 45° (puc. 162).
4) Haiitm 2BOIOTY LU XJIOHXKK x=a(l— N £,
—sin t), y=a(l —cos ). 4
Takx xak Mb 3Haem [231, 4)], dTO mIs IMK-
JIOMABL

[ 2] 1
Il dae-—ar
2 =73

TO yaoGuee BOCnoOab30BaThes (popmynamu (9). Ioa-
CTaBUB B HHX 3TO 3HAYCHHC do, IOIYYHM

E=x-+2y;, n=y-2x}

f=a(r+sing),  n=-a(l-cost). Prc. 162.

TlonoxHB £= 1 —x, NOJYYEHHBIE TApaAMETPHYECKHE YDaBHCHUSA MNEpEeNHiUeEM B BUAE
&= —ma+a(r—sin 1), = —2a+a(l —cos 7).

Orcrona SCHO, YTO IBOJHOTA HMKIOHMABI €CTh LIUKIIOMIA, KOHIPYEHTHas ¢ AaHHOM’,
HO CMEIUCHHAs! HA OTPE3OK 7@ BICBO (Napa/UIC/IbHO OCH X, B OTPHUATENLHOM HanpaB-
JIeHUH) M Ha OTpe3ok 2a BHU3 (NAPAJUIENIbHO OCH y, TOXKE B OTPHIATEIIEHOM HAHpPAaB-
JICHHMK),

Ilpencrasisem YUTATENO YOSOUTHCA B TOM, YTO DBOMIOTA 3ili- WIM FUMOMHEKIOMIBL
TaKKe¢ KOHIPYEHTHA ¢ HCXOMHOM KPHBOM M TIOyYaeIcs M3 Hee MPOCTHIM HOBOPOTOM.

5) Haiit 2BomoTy JOTapHPMHUYECKONR COUDpAITH r=agemhd,

I'eomerpudeckoe NOCTPOEHHE UEHTPA KPUBM3HBI, yKa3zaHHOE B 252, 5) mo3BOJAET
C JIEFKOCTBIO YCTAHOBHTH €rO MONSPHBIC KOOPAMHATH 1y H 8. WMenHo (cm. puc. 134)

T
ri=np=rctgw=nmr, 01=0+5.

Uckmouas r u § 05 3TUX YP2BHCHUH U ypaBHEHUs CAMOM CIIMpAIy, HOJIYYNM ypasiie-
HEE 3BOJIOTLI

7T
m 9——)
(1 2 ™
=g

r, = mae L,

TIoBepHYE NONSPHYIO OCh HA HAANEKAAMN YroJ, MOXXHO OTOXAECTBUTH 3TO ypaB-
HEHWE C MCXOAHBIM; TakuM 00pa3oM, 3BOMIOTA JIOrapudMIYecKoRi CIMPAJA €CTh TaKas
KC CIAPAJIB, NOJIYYArOIIASACA U3 HCXOAHOH HOBOPOTOM BOKPYr NOJIKOCA.

K DOCTPOEHHMIO 3BONBBEHT OISl 3aJJaHHOM KpWBOH MBI BEPHEMCSI HOCTIE
TOro, KaK M3y4YUM HCKOTOPBIE CBONCTBA JBOJIOT M 3BOJILBEHT.

255. CaoiicTBa 3BOIOT H 3BOJLBEHT. MBI HMeNW mapaMeTpPUYECKOe
HPEICTaBIICHUE 3BOJIIOTHL B BHJIE

§=x—-Rsina, 1=y+Rcosz, 8)
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cuMtas x, y, R, o QyHKIMAMH oT napamerpa. IIpeamonioXuM Tenepb
CYINECTBOBaHHE (HCOPEPHIBHEIX) TP € Th U X NPOU3BOJHEIX OT X M Y MO
napaMeTpy *); Torza Beipaxenne (8) MoxHo npoauddepesUpoBaTh:

df=dx— R cos o dx—dR sin «,
dn=dy— Rsina du+dR cos «.

HPHHHM&SI BO BHHMAHHUEC, 4YTO

Rcosa dcx——idx du=dx,
Rsina dx——-—— de=dy,
OKOHYATEJIbHO ITOJIYYHM
df= —sin« dR, dn=cos « dR. (1n

OrpaByuuMca Temeph PACCMOTPEHHEM TaKoro y4YacTka KpHBOHl, Ha
KoTopoM R He obpalnaeTcs HH B HYJb, HH B OECKOHEYHOCTh H, KpoMe
TOro, dR He obpamaeTcs B HyJIb. DTHM HCKIIOYEHa BO3SMOXHOCTh 0COOBIX
TOYeX Kak Ha JaHHOM KpHBOH, Tak ¥ Ha ee sBomore. Tak xak dR=0, To
pandyc KpUBU3HBI R H3MEHACICA MOHOTOHHO: JIMGO BO3pacraeT, Jubo
yOniBaer.

Hens onuy Ha mpyryro dopmyist (11), Haitgem:

an I S
3‘2——“0th! T d_y’
dx

TaK 9TO YIJIOBbIE KO3DGDHIUEHTHI KACATENLHBIX K 9BOJIOTE U K 3BOJIbBEHTE
oOpaTHBI NO BejNHYMHE M IO 3HAKY, a CaM{ KacaTelbHbIE — B3AHMHO
nepneHnuKyaspasl. Arax:

1° Hopmaas k 360avéenme cayycum (8 yenmpe KpugusHul) KACAMEAbHOL
K 3goaiome.

Bo3bpMeM ceMeiicTBO HOpMaJielf K 3BOJIBBEHTE; OHO 3aBHCUT OT OAHOTO
mapaMerpa (HalpuMep, OT TOTO, KOTOPHIM OHpEACHSeTCS IOJOXCHHUE
TOYKH Ha JAaHHOU KpuBoif). Y3 OKA3aHHOIO SICHO, UTO 360110MA AGAAEMCA
ozubarwet 011 3mo20 cemeiicmea HOpmane.

Jns yupaXHeHNS peiaraeM YMTaTes YOeOUTbCI B 9TOM Xe JPyTUM
IyTeM: HCXOJId U3 YDPaBHEHUS HOpMAaJIEit

(X~ x)x;+ (Y - y)yi=

(rme mapaMmeTp ¢ COEEPXHTICH B X, ¥, Xj, ¥i), MeTomamu n° 238 HalfTh oru-
Garouyio ¥ yCTaHOBUTB €e coBmajieHne ¢ 9BoyoToH (10). MoxHO Joka3aTh
TAKKE, YTO YEeHMP KPUSUIHbI €CMb XAPAKMEPUCIIUYECKAR MOUKA HA HOPMAIU,

“) Hanommw YTO B R YK€ BXOAAT BT O P El€ OPOH3BOIHBLIC.
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T. €. HpeHeIbHOE IOJIOKCHHE TOYKU IEpecedyeHUs IAHHOH HOPMAJIH C
OecxoHeuHo OU3KOoM K HEH. ,

IlepeiimeM Temepb K PACCMOTPEHHIO OYTM 6 HA 3BOJIIOTe. Bo3Bons
pasencrsa (11) B KBagpaT M cKianbBadg, HalgeM — ¢ yueToM (OpPMyJb
(11) 248 s nuddepennyana oyra —

do?=d&+ dn? = dR?,
OTKYZa
do= +dR (12)
uan (Benp dR=0)

do
d—iz il.

Tak kax 5TO OTHOIIEHWE €CTh HempepH BHAa S (yEknus oT mapa-
MeTpa, KOTopas He MOXEeT MepecKaKHBATh OT 3HaYeHusd — 1 K 3Ha-
yeHuro + 1 (He IPoXols MPOMEXKYTOYHBIX 3HAYCHMIT), TO OHA HA BCEM
y4acTKeE paBHa OJHOMY W3 3THX umcel. MHBIMHU ciioBamy, B npaBoii
qacty paBencTBa (12) Ha BceM ydyacTKe QUIypHpPYeT OJMH H TOT
ke 3HAK, IUTFOC YUIH MUHYC.

3HaK 3TOT 3aBHCUT OT BBIOOpa HampaBJIEHHUS U OTCYeTa AYT
Ha sBomiore. Eciu BHIGpaTh ero Tak, 4yToOBI Ayra ¢ BO3pacTaiia BMECTE
¢ pamuycoM KpusH3HBI R, To B (opmyne (12) HyXHO B3STh IUIIOC; €CIH
Ke Jyra ¢ BO3pacTacT B TOM HaNpaBJICHHHW, KOTOPOMY OTBE4aeT VObIBa-
Hue R, To OyaeTr MuHYC.

CrenaeM mepBoe U3 3THX JONMYILSHHH; TOraa

dR=do, otxyna R—o=c=const, (13)

H MBI HOIyYacM, YTO

2° paduye Kpusu3sHbl pasHUMCA 0m Oy2u 380AH0MbI HA EAUUUHY NOCHOAH~
HYI0.

Takum 06pazoM, pasHOCTs PalyCoB KPHBH3HBL B {BYX TOYK&X 3BOJb-
BEHTHI PAaBHA IYI¢ SBOJIOTEL MEXIY COOTBETCTBYIOLIMMH LICHTPAMH KDH-
Bu3HHL. OTCIOa, MEXAY NPOYMM, BEITEKACT JIHOOONBITHEIA cmoco0 CIpsM-
JICHUS. OYTH Ha 9BOJIOTE.

JoxazarHOE CBOWCTBO 3BOJIOTHI JOMYCKACT H3SUIHOEC MCEXAHHYECKOE
ucronkoBamme. i TOro, 4To0Bl OOJETYMTh €ro H3JITOXKEHHE, TONYCTHM,
9TO pagdyC KpuBM3HH R, xoTopbli (He oOpamiasice B 0) coxpaHsieT Ha
BCEM PACCMATPUBAEMOM yJacTKe OIMH M TOT XK€ 3HaK, OyIeT Be3le HOJIo-
KUTEIbHBIM; 3TOI0 MOXHO IOOMTHCA BHIOOPOM HAIJIEXKAINEro Hampas-
JIeHHS JUL1 OTCYETa AYT Ha 3BOJbBEeHTE. Jlailee, OTCYATHIBAA YTy HA 3BOJIb-
BEHTE OT TO# TOYKH P, KOTOpPOH 0TBEYIACT HAMMCHBIINI PagAyC KPUBHU3HEL,
OyneM uMeTh ¥ 0>0. B 3THX yCIOBMSX M NOCTOSHHAS ¢, QUTypUpyromas
B paBeHCTBe (13), Tak:ke MOJIOKUTENIBHA.



584 [JL VIL IIPHJIOXEHUA OU®GEPEHLIVAJLHOIO UCYUCIEHWSL {255

Ilpencrasum cebe Temeps, YTO HA JBOJIOTY HaBepHyTa ruOKas Hepa-
CTsDKMMast HETh, OT Kouna Q (puc. 163) xk Hagany P; oHA CXOOWUT
C 9BOJIIOTHl B HAYaJIBHOW TOuKE P

Y O KacaTeNbHOH M OOpHIBaeTCA Ha

paccrosaud ¢ OT P B COOTBET-

M CTBYIOIIEH Todke A 3BOJBBEHTEHL
CrageM HUTHL pa3BepTHIBATH, CMa-
ThIBas C 3BOJIOTHI, HO COXpaHsi €e
B HaTaHyTOM cocTosEmu. IIycth
ONM 6ynmer npou3BOJIbHOE €e I10-
Y c JoXeHue;, Tak Xak NM Oomblie
PA=c xak pa3 HA [UIMHY OyIH

R
PN=o, To NM wn ectb paguyc
KpuBu3EbBI R, T. €. Touyka M
JEXHUT HAaIBOJNBBEHTE,
Wrax: sso1veenma moxcem Goimo
ONUCAHA NYMeM  pa3eopayusanusl
HUumuU, npedsapumessHo HAGePHYmoll
E Ha s6omomy *). WHave MOXKHO CKa-
Puc. 163. q 34Th, YTO 2604bGEHMA €CMb MpPUeK-
mopus mouku A npamoii AP, onucui-
saeman e, K020a npAMas Kamumcs Ho 3604iome 6e3 CKOAbICEeHUs.
B 3axmouenue, BeBemeM eme GopMylly Il PagByca KPHBHS3-
HB 0 9B0JIOTH. O6o3mauns depe3  Yroll, COCTABJICHHBIN KacaTelb-
HOM K 3BOJIIOTE C OCBIO X, IM€EM, OYEBUIHO:

f= oci—z-, Tak uro dfi=da. (14)

Tloatomy [cm. (13) u (14)]

_do_dR_dsdR _,dR
T da docds ds ’ (1s)

HyxHs0 HOMHHTB, YTO 3Ta cpopmyna OPEAoJIaracT, 4To G PpacTeT
BMecTe ¢ R; B IPOTHBHOM CiIy4ae CiIetoBajio OBl B IPaBOil YacTH HOCTa-
BUTHh MHUHYC.

Ecnn xe c4uTaTh, 4TO 0 PACTET BMECTE C §, TO GOpMysIy MOXKHO HalH-
caTh B BHAE

, (16)

obbeuuss, TakuM 00pa3oM, ciydait g—>0 (R Bo3pactaeT BMECTE C S)

H cirydait d—<0 (R yOBIBaeT C BO3PACTAHMEM ).

*) Orciona, coGCTBEHHO, BEAYT CBOE HPOHCXOXKIEHHE M CaMble TEPMUHBI 3 B Q-
NTIOTAa H 3BOJNbBCHTA, O3HAYAIONINE «Pa3BEPTKAs U ¢PA3BECPTHIBAIOIIASN.
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256. Pa3pickanse 3B0JbBENT. MBI BHOUM, YTO Ka X O a f 3BOJbBEHTA
MOXeET OLITH BOCCTAHOBJIEHA IO CBOEIT 3BOIIIOTE C IIOMOIIBIO PA3BOPAYMBA-
HES HABEPHYTOM HA 3BOJIIOTY HUTH HJIX — 4TO IO CYILECTBY TO XK€ — IIyTeM
KadeHU IpsAMoit o 3BoJroTe (€3 CKOJbXKEHM).

JlokaxeM Temeph OOpaTHOE YTBEPXACHUE: ecAU NPAMAA KAMUmMcA
(be3 croavocenus) no Oannoli Kpusot, mo mpaexmopus a1060ii ee MoOuUKu

" cayscum 048 Oamnoil Kpugoi 360av8enmoil. |Taxmm obpa3oM, Kaxkmas
KpABas HMeeT GECIHCICHHOE MHOXECTBO 3BOJIBBEHT. ]

Prc. 164.

Itycte xpusas PN (puc. 164) 3anaHa napaMeTpHYecKd YpaBHEHHSIMU
E=p(t), n=y(),

OPHYEM @ U % UMCIOT HenPEePLIBELIE MPOU3BOJHEIE 0 BT O P O T O HOPAA-
Ka; TOMyCTHM TaKXe, YTO Ha PACCMATPHBAEMOM YYacCTKe KPHBOM HET KpaT-
HEIX H BooOme ocobbIX Todek. [yry o KpuBoi#i GymeM OTCYHTHIBATH OT
TOYKH P.

Ha xacatenpuoif B Touke P, HAIPaBIECHHON B CTOPOHY BO3PACTAHUS
Ayr, BO3LMEM IIPOU3BOJIBHYIO TOYKY A4, PAacCTOSHAE KOTopoit oT P (¢ yde-
TOM 3HaKa) 0003HAIMM 4Yepe3 ¢, M NPOCIENUM ee TPAaeKTOPHIO IPH Kave-
HuK TIpsiMoit PA (Ge3 ckombkenus) Do HaHHOW KprBoit. [IpH HOBOM IOJIO-
KEeHHU MPsAMOM, Korga TOYKOM kacamusa crapeT N, Touka P nepenneT
B S,ad — B M; oueBUIHO,

N’
SN=PN=o0, 1aKk 410 NM =¢ -0,
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Ecmu xoopausaTsl Touek N 1 M 00603HauuTh, COOTBETCTBEHHO, 4epes (£, %)
u (x, y), a yron Mexay npsmoii SN u ocklo X — depe3 5, TO, IPOEKTHPYA
oTpe3ok NM Ha OCH, HETPYIHO NONYYHUTh:

x=E£+(c-0)cosf, y=nm+{c—-0)sinf. a7

OTu ypaBHEHMS W JAIOT MapaMeTPH4eCKOe IMPEACTABIICHHE HCKOMON Tpa-
eKTOPHH.
Hupdepenupys ux, Hailnem

dx=dE~cosff do—(c—0)sin 3 dp,
dy=dn—sin 8 do +(c o) cos B dp.
Tak xak [cM. 249 (15)]
¢

cosf=2%,  sinp=21, (18)

TO 3TH PE3YJNLTATHL YIPOIUAOTCS:
dx= ~(c—-0)sinf§ df, dy=(c-0)cosf dp.

UckorounMm ciyya, korga dff =0 wm o =c*); Toraa, pa3aeiMB HOWICHHO
3TH QopMy:IBI, HOXYIHM

d;
tga:d—‘;: —ctgf = —711;.
dé
O1cioza yxe fCHO, YTO KacaTeJbHble K 00eMM KpHBBIM B3aHMHO IEp-
NEHAUKYJISPHBL, TaK YTO JaHHASA KpHBas NEHCTBHTENBHO SBIISETCA orubaro-
el g ceMelcTBa HOpMaJed K IOCTPOCHHOM KPHBOM, T. €. €€ 3IBOJIO-
Tolt. 3HAYAT, IOCTPOEHHAA KpUBas CAYXKAT Uil JAHHOM 3BOJLBEHTOH,
9. ¥ Tp. 1.
IIpuMepoM MOMYydeHHA DBOJIGBEHTHI YKa3aHHBIM IYTEM MOXET
CIIyXUThb Y€ PACCMOTPEHHAS BHILUE 3BOJMbBEHTA Kpyra [225, 8);
cp. 252, 4)].

*) M otBewaroT O0c o GBI e TOUKH HA IOCTPOSHHON KpUBOi.



HAOIIOJNHEHWUE
3AJJAYA PACIIPOCTPAHEHHS ®YHKIUN

257. Cayuaii ¢yuxiuma ommoii nepemensoii. PaccMorpmM ¢yHKnmIo
f(x), onpemenennyo B HEKOTOPOM (KOHEYHOM WM OECKOHEYHOM) IpoMe-
xyTke & umx — Gonee oOme — B obmacte X, cocTosmed 3 KOHEYHOTO
YpcIa OTOENBHBIX TakKUX HpoMexyTkoB. Ecau gyuxyusa f(x) nenpepuvisna
¢ & u umeem & samoii obaacmu HenpepbigHble JHce NPOU3EOOHble 00 N-20
nopaoka exmouumensto (n=1), mo z060pam, umo ona é obaacmu X np u-
Hadaewmum Kaaccy @

OTMeTEM IpY 3TOM, YTO €CH¥ KOHEH KaKoro-inbo M3 IpOMEXYTKOB
BKJIFOYEH B €r0 COCTaB, TO IO OTHOILUEHHMIO K 3TOH TOUKE UMEIOTCS B BUIY
OLHOCTOPOHHMUE HPOU3BOXHECE¥).

Iycte ke Qymxuus f(x) B HEKoTOpoi obiactu X, HE OXBATHIBAO-
uieif Bcel 4MCIIOBOH OCH, MPHHAIJICKHT Kiaccy @ (n=1,2, 3, ...). Ilpex-
HOJNIOXKAM, 9TO B Kakoi-nmubo obmactm &X'*, manerawmeii wa 7,
cymecTByeT GyHKmms f*(x), Toxe ximacca ©7, xoTropas B oOmeH wactu
obmacteit ¥ m X'* cosmamaer ¢ f(x); Torga sta Qymxmms f* ocymecT-
BIISIET pacnpocmpanerue Pyuryuu fral* ¢ coxpanenuem xaacca.

Beerna T BO3MOXKHO TaKoe pacmpocrpadenue (yHkouii Ha Oolee
mupokyro obnacth? Ha 3TOT BOIpoC OTBEYaeT CIEHYrOmasd

Teopema. Jlwbyo gyuxyuio f(x) kaacca @ (n=1,2,3, .. D e zam-
KHYmou**) obracmu &' MOJICHO DACAPOCMPAHUMb HA 6CIO YUCAOEYIO OCb
X*=(—w, +) c coxpanenuem Kaacca.

IokaxeM, 9T0 34eCh PACHPOCTPAHEHNE OCYIIECTBISETCS IPOCTO € Io-
MOLbI0O HENEBX MHGOTrouYdenoB. C 3Toif memplo chenaeM Ipef-
BAPHTENIBHO CIEAYIONINE 3aMEYaHuUs.

Kax Moul Bugeny B 123, MHOrOwiIeH n-# CTENEHU

- 2! ¢ 2 Cn
p(x)—c0+l—!(x—a)+ﬁ(x—oc) +...+E(x—oc)" )
B TOYKE X =0, BMECTC CO CBOMMM # NPOH3BOAHLEIMY, INPHHHUMACT, COOT-
BETCTBEHHO, UMCHHO 3HAYCHHUSA Cj, Cy, Cgy - . -5 Cn-
*) nu — 4TO B JAHHEIX YCJIOBHAX O3HAYAET TO XK€ CaMOe — HpenelbHBbIe

3HAYCHHsd A UPOH3BOLHBIX, OPpH npﬂﬁmcm K Ha3BaHHOMY KOHLY CO CTO-
POHBI CaMOrc MpoOMEXYTKa.

¥*¥) To eCcTh COCTOSIMICH U3 OAHOIO MM HECKOJIBKEX 338 M KH Y T bl X IPOMEXYTKOB
BHIQ [ar b]y [ay +°°)’ (_W: b]'
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Iycte, nanee, TpebyeTcs HOCTPOUTH Takoi MHOT'OWIEH, KOTOPHIH,
YHAOBJICTBODSSL HMO-TIPEKHEMY YCIOBHSM, OTHOCAIIMMCH K TOYKE X =2z,
KpOME TOro, IpHHEMAJ Obl, BMECTE CO CBOMMH 7 IIPOM3BOIHBIME, B HEKO-

TOPOM NpYroii Touke x ={ Hamepes 3a[aHHbIC 3HAUCHMS dy,di,dy, ..., d,.
BosbMeM HCKOMEI MHOTOUIEH B BuIE
p(x) + (x — )™ g(x), #))

rae p(x) ectb Muorowien (1), a MHOTOWIEH n-if CTemeHH q(x) eure mon-
JeKUT onpenenennto. Kak Gvt vu BoIOupaTs ¢(X), MHOTOWIEH (2) B TOuke
X=a BO BCIKOM Clly4ae YIOBJIETBOPSET MOCTABJICHHEIM yCIoBESM. IIpo-
naddepermupyeM Muorowien (2) IOCIeNOBATENBHO N pas ¥ IONCTaBHM .
B 3TOT MHOTOWICH U €ro NPOH3BOIHBIE X=[3; IPUPABHAB NOJYYCHHbIE
BLIDAXECHHS, COOTBETCTBEHHO, dy, dy, d,, ..., d,, MBI IpAIEM K cacTeMe
JMHCHHBIX ypasrenuit otocutensro ¢(fB), ¢'(B), ¢(B), ..., 4(B), u3 xo-
TOPBIX 3TH 3HAYCHHS IIOC/IEAOBATENBHO H ONpeaesrcs. Ilo HuM xe, moib-
3ysick opMmyitolt, amanormunoi (1), yXke HETPYAHO BOCCTAHOBHTD q(x).
{Cp. 130.]

ObpartuMmest Temeph K JOKa3aTebCTBY BEICKA3AHHOTO YTBEPKICH.
ITycte, B oOwWweM ciydae, o6nacTe & COCTOMT M3 3AMKHYTHIX TIPOMEXYT-
xoB Xy (k=1,2, ..., m), NepeHyMepoBaHHBIX ClieBa Hanpaso. [lomaras
B OTHX MPOMEXYTKaX (YHKIMIO f*=f, NONOJNHEM ee OUpele/ieHHE Clie-
nyromuM obpazom. Ecid neBwlii komelr a; mpoMexyTka A, ecth KOHEU-
HOC YHCJIO, TO VISl X <@; TIONIOXHM f* paBHO# Muorowieny Buna (1), npu

ow=fla), a=f"a), ..., cy= S(ay).

ABaJIOrHIHO pacnpocTpansiercs Qynkmus f u Hampaso ot X 'm > €CJIA TOJb=
KO HpaBylii KOHEH b, 3TOro MPOMeEXyTKa ecTh KOHeYHoe uncio. Hakomer,
o mpoMexytka (b, axy) (k=1,2,...,m—1), oTaensiomero Z, or
X'+1, OTOKICCTBUM f* C TAKHM MHOTOWICHOM, KOTOPBIH BMeCTE CO CBO-
HMH 7 IPOM3BOINHEIMH B OOCMX TOYKaX X=by, M X =a;,, IPHHAMAET Te
K€ 3HAYEHMA, 9T0 M QyuKuusa f M ee mpomsBommble. HeTpyno BHIETS,
4TO ONpeneseHHas Tak QyHKkums f* u ocymecTBiseT TpeGyeMoe pacipo-
CTP2aHEHHE HA BCIO 00JacTh XL*=(— o, + ).

258. Ilocranoska 3amauu st AByMmepHoro ciy4as. Ilonoxenue semeit
Cpasy YCIIOXHAETCA IPH Iepexole K QYHKIMIM HECKOJIBKHX HEpeMEHHbIX.
Mbsl orpaEMdMMCs B HabHEHIIEM ClydaeM (YHKOHH JBYX DepPEMEHHBIX.
PesynbTaTel, KOTOpble M 3TOro ciydas GYIyT YCTAHOBIIEHEL, IIepeHo-
cATCA W Ha obumit ciyyaif ;mo6oro 4mcia mepeMeHHBIX.

Mui 6yneM paccMaTpuBath 0 6tacTH o B IBYMEPHOM IPOCTPaH-
CTBE, pasyMes HOXA 3THM JHOO OTKPHEI Tyl o6nacte, nubo xe oOT-
KPHITYIO C MPUCOSIVHCHUEM K HEH 4acTH €€ TPAHULBI Z WK Xe BCeil rpa-
HULBL (B TIOCTENHEM Ciyyae 06nacTs GyoeT 3aMKH y T O #).

Ilpr pacmpocTpaHeHHH Ha PacCMATPHBAECMBIA ClIydail onpeaeeHAS
Gynxumit xmacca @ (n=1) MBI cTaJKUBaeMca C CBO€OOPa3HBIM 3aTPY -
HenueM. [leno B ToM, 4YTO B TouKe, Jexameil Ha rpagune < o6iacTy,
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MOXET OKa3aThCi HNPOCTO HENMPHIOXKMUMBIM CaMOE ONpE/ICICHUE
YaCTHOI HpPOM3BOAHOM Toro wim unoro Tuua. Hanpumep, ecmu obmacts
o# ecTb 3aMKHYTBII Kpyr x2+)%<1, To B Toukax (0, +1) HemB3s roBo-
pUTH O YacCTHOM HpPOU3BOMHOM MO X, MO0 mpm y= *1 3mavenuio x=0
HEJb3s NPHAAThL HMKAKOTO HpPHUPAIIeHHs, YTOOBI Cpa3y JKe HE BHIATH 33
mpenenbl 06aacTy, TAe 3ajana QYHKIHS; aHAJOrMYHO, B Toukax (+£1,0)
HE MMEET CMEICIIa YacTHAsd HPOU3BOAHAS MO J.

ToBOpSL O YACTHOM IPOM3BOAHON (OIpENeNeHHOro MOpsAAKa W THIA),
HeOpepHBHON B obmacTu o#, Mbl YCAOBUMCA 6 2PAHUYHOU MOUKe
M, obaacmu pasymemd nod 5moil npou3sooHoi®) auwis npedenvioe
3HaAueHUe, K KOMOPOMY CHPeMUMCA OOHOUMEHHAA NPOU3800HAA, 6bl-
yucnennan 6o enympenneii mouxe M, npu cmpemaenuu M x M, — Besa-
BUCHMO OT TOTo, OyJAeT N OHO Ha JeJie Urpath poJib IIPOM3BOJHOM
AR HET.

W3 painsHEHNIEro M3I0XKeHus BIIOCIIEACTBUM BBISICHHTCSH, YTO YIIOMSHY-
Toe HpelneNbHOEe 3HAYECHHE — B IMEPOKOM KJIACCE CIY4acB —
OyIeT BMECTE C TEM M HACTOSILEH NPOU3BOIHOM, €CIIH TONBKO IIOJIOXKEHHE
TOYKH M, OTHOCHTEIIHO OOJIACTH HO3-
BOJIAET BOOOIIE TOBOPUTH O IPOU3BO- 4 M,
HOM paccMaTpuBaeMoro Tuma. Bmopo- % /////%/‘//J///
4eM, U MPOCTEHIIETo coydass I p - 44—+ o7
MOYTONbHOW o061MacCTH MK
3TOoT (QaKkT YCTAHOBHM YXe ceiuac.

Hrax, nycre dymxnus f(x, y) me-

e

IpephBHA BMECTE CO BCEMH CBOHMH 77 T z
“g J

OpOM3BOAHEIME, 10 n-ro (n=1) mo-

PfAAKa BKIIOYHTENHHO, B HEKOTOPOM Puc. 165.

HpAMoyToJibAAKe o4 , 1 Touka My(x, Vo)
JeXAT Ha OTpPE3Ke IpAMOl y=y,, CIyXKalieM IPaHUIed ITOro HpsMo-
yroibuuka (puc. 165) M BXOAAIIeM B €r0 COCTaB.

HauneMm ¢ mpou3BoIHOM £, I KOTOPOH BONPOC ACYEPHBIBACTCA IPO-
cro. ITo dopmyne Jlarpamxa [112] oTHomeHNe MpHpPAINCHAIH

, Yot B) = f(x, ,
TG y°+,)c fC0 2 _ iy, 3+ 0k)  (0<0<1),

u upu k-0 crpeMuTCi MMEHHO K HPEHXECJIbHOMY 3HAUYECHHIO
S(xg5 Vo), KOTOPOE TakuM o0pa3soM OKa3BIBAETCS H IpoM3BOJHOA B COO-
cTBeHHOM cMBIcTe [cp. 113]. UTo xe kacaeTcst NPOU3BOMHOM fx, TO COOT-
BETCTBYIOIIEE €if OTHOIIEHME IPUPALICHAN CAMO MOXET GHITH PaCCMOTPEHO
Kax mpeneln '

f(xot+h, yo) = f(xo5 Y0 =limf(x"+h’ Yo+ k)= [(Xos Yot+Ko)
h h :

k-0

*) Coxpassisi OpH 3TOM Uit Hee OObIuHOE 0003HAYECHHE.



590 JONOJHEHUE [259

Ho nociennee BrIpaXkeHne, CHOBa IO ¢bopmyne Jlarpamxa, npeoOpa-
3yeTcsd K BHIY

th Yot B)= fo, Yo tB) _
LCath 2ot B2 JC 2048yt s 00, 3y )

(0<6<1).

Ilpn £-0, k-0 ouno crpemurcs x NPpenNeNbHOMY 3HAYEHMUIO
Sx(%q5 o). TIo Teopeme xe n° 168, BBHJY CYIIECTBOBAHUS NMPOCTOT O
npezxena Opu k-0, 3TOT ABOMHO Npenen CIYXAT B TO Xe BpeMst
H HOBTODPHBM HPEHEIIOM:

=f(xo+h, Yo+ k)~ f(x, J’o"‘ko)____

f)’c(x!) > y()) = lim lim h
h-0 k>0
=lim SGot+h, yo)—- S(xes ¥o)
h H

h-0

TaK 4TO M 3[€Ch HHCIO f(Xy, V), ONPENEICHHOE JMIIb KaK TIPEAEBHOE
SHAYCHHE IPOM3BONHOM, SIBISETCA HACTOSLIEH NpPOM3BOINHON. CKa3an-
HOE IIOCACHOBATENPHO NEPEHOCHTCA W HA IPOM3BOJHBIE BHICIIMX IO-
PANKOB.

Wtax, 3aKim09eHHOE BHINE YCIOBHE MO3BOJISET TEleph TOBOPDHUTH O HE~
IPCPEIBHBIX NPOM3BOMHBIX B JIFOGOH obnactw e/, xax 6bl HE GLIA pac-
TT0JIOKEHBI MO OTHOLICHHIO K 3TOH OONACTH ee IPAHHYHBIE TOYKH (BKIIO-
YeHHBIE B ee coctas). Pyuxyusa f(X,y) npunadaexcum raaccy O (n=1)
8 OsymepHoil obaacmucH, ecau ona é e# Henpepviena u umeem He-
npepulénble dce NPOU3BOOHbIE 6CeX MUNOE U 8CeX NOPAOKO8 00 n-20
éKmouumensHo. Ilycts obnacte o# He OXBaTHIBAET BCell MIIOCKOCTH; eCITH
B KaKoit-mnbo obnactneZ*, naneraromeit Ha ok, CyILIECTBYET QyHK-
st f*, Toxke Kiacca @7, KoTopas B o0mmeil 4acTn obnacteii o u oA * COB-
IAfIaeT ¢ f, TO Mbl OyZeM TOBOPHTS, YTO OHA [AET PACApOCMpaNeHie Pynx-
yuu f nae#*, ¢ coxpanenuem Ksacca FEcTecTBeHHO H 37eCh
HOCTaBHTh BONPOC: BCETZia JIM BO3MOXHO TaKOe PacipocTpaHeHHe Ha 6o-
Jiee MHPOKYIO 06acTh, B YaCTHOCTH, HA BCIO INTOCKOCTH? Kak Mbr mo-
KaxeM, Ha 3TOT BOUPOC [ 3aMKHYTON obnacta e# MOXHO
OTBETHTH YTBEPAMTENBHO, €CHH TOJBKO €e KOHTYD YIOBAETBOPACT He-
KOTOpHIM HPOCTHIM YyCJIOBHAM. BropoueMm, mus obOJyiervdenma H3IoXeHHS
Mel OyneM Bcerza mnpeamonarate obsacte e# or PaHHYEHHOI,
XOTA OKOHYATEJLHOC YTBEPKICHHE BEPHO M UL HEOTPAHMYCHHOMN
obnacru.

M3naraeMble pesylbTaTHL B OCHOBHOM HpHHRUIEXAT Y ¥ TH e O
(H. Whitney) m Xecturcy (M. R. Hestenes).

259. Bceunomoratesnbhble mpemioxkenns. Jlis  obnerdemus JOoKaza-
TCIBCTBA OCHOBHOH TEOPEMBI YCTAHOBHM HNPEIBAPHTENHHO HEKOTODHIS
JIEMMBL.
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JTemma I Iycmo gynxyus o(u, v) 6ydem raacca O (n=1) ¢ obaa-
cmu §, onpedeasiemoil Hepasencmeamu *)
a<u<b, 0=sv<4.

Toz0a cyuecmeyem pacnpocmparenue ¢¥ GyHKyuu ¢, ¢ coxpanenuem xKiacea,
HA 6eCb NPAMOY20AbHUK

§*=(a, b, —4, 4).
Onpepenum n+ 1 uucen Ay, Ay, ..., Apyq B3 CIHEAYIOMIEH CHCTEMBE 72+ 1
JIAHEHHBIX YpABHCHMIA:
1)k 1 \k
(—1)k11+(—5) 22+...+(-m) Appr=1 3)

(k=0,1,2, ..., n).

BomosHUTE 3TO MOXHO, TaK KaK ONPENCIIMTCIEM CHCTCMBI SABJIACTCA TaK

Ha3BIBAEMBIA ONpeNeNnuTe]lb BaHOepMOHIA IS HEPABHBIX MEXIY
1

coboro umcenr —1, —3s o TRTEL?

KOTOpLIfI, Kax H3BECTHO, OTJIHYCH

ot 0.
OnpenemaM Teneps B §* pymxnuio p*(u, v), nomaras ¢*(u, v) =gy, v)
Lt v=0 u

1 1
o*(u, v) =4, —v)+ 4 (u, —iv) +.o o+ ne (u, -7 T 'v) @
s ¢<0. Ecim 4, ecTh IpoW3BOJIbHOS 3HAYCHHE # M3 (g, b), To mpexne

BCETO
lim ¢*, v)=(A + A+ ... + 1)@y, 0) =04y, 0),

B CHJIy nepBoro u3 yciouil (3), oTBevyaromero k=0. OTuM ycraHoBieHa
HEOPEPHBHOCTH (YHKOUH @* B TeX TOYKAX NPSIMOYroJbHHKa §F*,
KOTOpBIe JiexkaT Ha NpsiMoil ¢ =0; HEIpephIBHOCTH €€ B OCTAJIBHBIX TOY-
Kax §* oueBunua. OOGpaTHMCS Temeph K BOIPOCY O CYIIECTBOBAHMM H HE-
MPEePLIBHOCTH HPOM3BOINHBIX (yHKIMM @* B §*¥; U 34eCh PacCMOTPEHHs
TpeOyIoT Jub ToukH IpaMo# v=0. I Bcex IPOH3BOIHBIX

I +ke* (u, v) ,
MBI YyCTaHOBUM INPEACIIBHOC PABECHCTBO

— 3“‘“"‘?"’(& V) _3i+k¢7("o »0) (6)
T ulgvk T Qul gok :

u-~uy
V>0

*) IIpomexyTok (@, b) MoxkeT OpiTh B GECKOHEUHBIM; TOYHO TaK XK€ W NOJOXKHATEIb-
HOE 9ACIO A MOXET PDAaBHATHCA oo,
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C aroit menbio npomubdepenmupyem pasencTso (4) i pas mo u, a 3ateM
k pas mo v (v<0):

ai thp(y, v) =(_ ])kll 8l tkp(u, —v)

dul vk dut gok -+

. 1
3! +k¢ (u, — ~2— Q))
47 ( _E) ).2 "'"“_357{57-‘7 + v

1
i+k [
4_(_ 1 )h 2 ‘p("’ n+1”)

7
n+l) ¥l dul Jok

M TIepeiiieM K Ipefieny npu u-—u, ¥ v —0. B pesynsrarte, B cuiy pa-
BencTBa (3), MeI M monmydumM (6).

Takum obpa3oM, cyiecTBoBaHMe eMMHOTO MpPpeneJdbHOT O 3 Ha-
YeHU S A moboi nmpomsBomuoil (5) kak co cTopomHl v>0, Tax # co
cToporbl v<0 - obecneveno. Bonbllle TOro, eCiu 3a 3HAYEHHE MPOM3-
BoJHON (5) B Toukax mpsiMoil ¥=0 NPHHATHL 3TO ee IpeleTbHOE 3HAUEC-
HHE, TO MOJYYMTCS HEMpephiBHAA BO BCeM §* dymkmua. Ho Touka (i, 0)
ABJIACTC Al §* BHYTPpEeHHEH TOUKOM, H 3[eCh HAM HYKHA ObLIA
GBI Tpou3BoaHAsA B COOCTBEHHOM CMEICIE. B 3TOM OTHOLICHHMM MBI HMEEM
BO3MOXHOCTh COCHATHCS HA JIOKA3aHHOE B IPEABIAYINEM N° YIOMSHY-
TOE NpPEeNEIbHOC 3HAYEHHE OY/IET B TO JKE BPEMs ¥ HACTOSIIEH IIPOM3BOJI-
HOH.

OyHKIUs ¢* H OCYIIECTBIACT UCKOMOE PAaCIPOCTPAHEHHE (GYHKIHH ¢
Ha §*.

Jemma II. Ilycmv gynxyus f(x,y) 6ydem xaacca @ 6 Hexomopoii
O2panuyenHol omKpeimoil obaacmu e/ *). Ecau Kaxcoyro mouxy zpanuybl
& Imoil 0baacmU MONCHO OKPYHCUMb OKPECHHOCHbIO, & npedeiax KOomo-
Poii donycmumo pacnpocmparenue @ynkyuu f ¢ coxpanenuem Kaacca, mo
makoe pacnpocmpaneHue 803MONCHO U HA 6CI0 NAOCKOCMb &.

Has moboit Toukn M 3aMKHYTo# ob6nactu e# =e# + & uaii-
AeTcs **) mabo OKpecTHOCTh, B KOTOPOi (yHKIHA f oIpeleNeHa W Hpu-
HAJUIEXUT Kiaccy ©", qubo ke OKPECTHOCTH, HA KOTOPYIO f MOXET GHIThH
PacopocTpaneHa ¢ COXPaHEHHEM KIacca. DTY OKPECTHOCTE MOXHO B3ATh,
HaupuMeEp, B BANE OTKPHEITOro kpyra ¢ =g{ (M, 3r) ¢ meatpoM M wm pa-
maycoM 3r. Taxum o6pazoM, BcI 3aMKHYTas o61acT e# HOKpHI-
BAaeTCH HE TOJBKO CHCTEMOH D, COCTOSIIEH U3 3THX KPYroB, 0, HO M CH-
creMoli Y, cocTosmelt u3 Kpyros o= g{ (M, r) ¢ BTpoe MEeHbIINMH Da-
JIHyCaMH.

*) MeI He IpennoNaraeM 3Toif 06NACTH nae CBA3HOM M IOKA HHYETO HE rOBOPHM
O BHIE €€ TPaHMILI.
*¥) B 3aBHMCEMOCTH OT TOTO, NPHHANIEXKHUT T M OTKPBHITOM 00nacTy o/ iy ee

rpaduue &.
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Tax xak o6nacTe e#, a ¢ HeIO U o# OrpPaHUYECHEI, TO K JAHHOMY CIy-

Halo npAMeRrMa ieMMa B opena [175], meA mokpoercs KOHE Y H O §
CHCTEMOH

2m={0y, 63, ..., Om)»
H3BJIeYeHHOH W3 . 3mech
o=HM;, r) (=12,...,m);
OTHOBpEMEHHO OyIneM paccCMaTpHBaTh U KPYrH
o[ = (M;,2r), o = (M;, 3r).

Jlerko mocrpouth Qynkimio h{M)=h(x,y) xnacca @ B §, Takyo,
yTo
h(M)=0 B 0; m h(M)=1 B §~0{ (i=1,2,...,m).

MoxHo, HampuMep, ONpeleIMTs — MeTomaMu n° 257 — dymxmuio A7)
kyacca (O BO BCEM NPOMEXKYTKE — e <f=< + e TaK, ITOOBI OBLIO

h()=0 mns t<1 u h(t)=1 mna t=2,
a 3aTeM HOJIOXKATH L
C nmomMowsio QyHKIEE /; COCTaBUM (QyHKIAM
H =H(M)=1-h,
H=HM)=h hy ... h_,(1-h) ((<i=m)

OHM TakXke IpHHAIIEKAT Kiaccy O B §. OueBHAHO,

H;=0 B o; (ana Bcex j>i, )
Hi=0 B §-o, ®
6o B 0; obpamaercs B HyJIb MHOXHTENb /;, @ B §—~0{ — MHOXHTEIb

li-h;. Tak xax
H+Hy+. .. +H=(1-h)+h(1-hy)+...
coothbhy o R (1-B)=1-hh, ... h,
TO
I{1+H2+..-+Hi=1 B O'i, (9)
IIOTOMY 4YTO TaM oOpamaercs B HYJb MHOXHUTEIb ;. ‘
ITyctb Temeps ¢; B 0} coBmanaet ¢ dymkumeit f A ¢ ee pacmpocTpa-
HEHHEM, O KOTOPOM YIIOMHMHAJIOCh BBIINE, 2 BHE 0 WYCTh@;=f B TOYKax
e# u =0 B npounx Touxax. Pymkuma g;Hy obpamaercs B HYJb B §— 0]
[eM. (8)] u, oueBmumuoO, BO BCEH{ JUTOCKOCTH § MPHHAMJIEKHAT Knaccy v
IlonoxumM, HakoHeN, BO BCEX TodYkax § ’

f*=§¢jaj.

38 I'. M. ®uxrenronsy, T. 1
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OTHM paBeHCTBOM QyHKWHS f* OmpenenseTcs Bo BCel IUIOCKOCTH H NPH-
TOM oKa3biBaeTcs ¢ymkOueidl kmacca ",

BozpmeM m00yr0 Touky M w3 e/; OHA HPUHAIJIEKHUT HEKOTOPOMY
Kpyry o;. Tax xak Bce ¢;(M)=f(M) n, xpoMe Toro, B 3To} Touke [BBHIY
O 20

H +Hy+...+H;=1, a H;=0 gmna j=i,

o f*(M)=f(M). TakuMm obGpasom, dysxKuHa f* H ecTh HMCKOMAI.

260. Ocnoenas TeopemMa o pacmpocTpasenuu. Temepb MBI B COCTOSHHH
AokaszaTh M JUIA Ciydas QYHKUMH IBYX HNEPEMEHHBIX TEODEMY O pPacmpo-
CTPaHCHHH, HO Hajlaras orpasM4eHHs HA KOHTYp 00jacTH.

VcnoBaMCsl HA3BIBATD 24a0K0l Kpusoti kaacca @ (n=1) mpocTyro KpH-
BYIO 06e3 OCOOBIX TOYEK, BBHIPAXAEMYIO YPaBHCHHAMH

x=¢(t), y=y(), (10

rae t U3MEHAeTCd B HEKOTOPOM IPOMEXYTKE §, B NPEINOIOKEHAH, YTO
GbyEKDMHE @, y OpHHANJIEXAT B 3TOM NPOMEXYTKe Kiaccy O

Teopema I. Ecau ¢ynkyus f(x,y) npunadsexcum xaaccy @ (n=1)
6 ozpaHuuenHoil 3amkHymoii obaacmu e#, Kowmyp xomopoii £ cocmoum
U3 00HOU uAu HecKOAbKUX (HEnepecexaOWuUxca) 2AG0KUX KpPUGLLX, modice
kaacca %, mo ama PynKkyus moxcem 6viMb PacCNPOCMPAHERA HA 6CI0 NAO-
cKOCMb § € COXpaHeHuem Kaacca. :

Iycte M(X,,y,) €CTh NPOM3BOJIbHAS TOYKA KOHTYpa <£; INs Hpo-
cToTEl OyAeM CUHTaTh X,=Y,=0. DTa Touka JeXHT Ha ONHOM H3 KpH-
BBIX, BXOJASIIMX B COCTaB £, W ABNAETCI OOGHIKHOBEHHOM e€e TOY-
Koit. B TakoM ciyuyae, 6e3 ymanenns oOIIHOCTH, MOXHO HONYCTHTh, YTO
B OKPECTHOCTH TOYKM M, KpHBas BHIPaXKaeTcs SIBHBIM YypaBHEHHWEM

v
(b

Puc. 166.

y=g(x), rne g — Takxke kjgacca ©", U 4TO 00JACTh o/ JIEKAT BBE P X

OT Hee, T. €. (BOMM3M M) oIpemesieTCA HEPABEHCTBOM y=g(x)
(puc. 166, a).

IIpousseneM npeoGpa3oBaHHe IIEPEMEHHBIX, HOJIaras
: Cx=u, y=g(u)+o.
Oynxuus f(x, y) Ipd 3TOM HEpeideT B (HYHKIUIO
o, v) = f(u, g(u) +v),
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KoTopas OKa3mBaeTcs kjacca @' BOMMBEH Toukd #=v=0, HEMeHHO, s
v=0 (puc. 166, 6). Torma, mo ntemme I, GyHKIHMIO @ MOXHO pacmpocrpa-
HHATh C COXpaHEHMEM Kiacca M Ha 3Havenud v<O0 (Bce BpeMs orpaHwdH-
BajaCh TOYKAMH, JOCTATOYHO OJHM3KAME K HavanbHOi). Ecim sTo pac-
OpOCTPAaHEHNEe OCYINeCcTBIsAeTCAd bymEkmmed ¢* (u,v), To, BO3BpAINasich K
CTapBIM IEPEMEHHEBIM, JIETKO BHIETH, 9TO (PYHKIEA

¥, ) =¢*(x, y —g(x))

JaeT pacupocTpaHenne GYyHKUAM f HA HEKOTOPYIO OKPECTHOCTh TOUKA M.

Ha ocroBanuu jieMMbl I1 MBI MOXeM 3aKIIOYMTh Temeph, 9To (PyHK-
1y f, IeACTBHTEIIBHO, TOMYCKAaeT PacipoCTPaHEHHE, C COXpaHEeHHEM Kiracea,
Ha BCIO IUIOCKOCTH &. ‘

261. OGoomenne. OmHAKO IOJNYYEHHBIH Pe3yibTaT IS HPaKTHIECKAX
HagoOHOCTEH BCe JXe HEJOCTATOYEH, IOCKONBKY YaCTO MPUXOIUTICS HMETh
Jesio ¢ oONacCTIMM, KOHTYpPHI KOTOPBIX HMEIOT (YIJIOBEIE TOUKMY. YCIO-
BHMCSl HA3BIBATb KYCOUHO-24a0K0U Kpueoil xaacca " — XpHBYIO, COCTO-
SIYI0 W3 HECKOJBKMX INIANKHX Ayr kiacca ©°, MPAMBIKAIONINX OOHA K
Ipyroif mox yriamu (Ee paBEbiME HH 0, HE 7!).

Teopema II. 3axaouenue meopemwr 1 coxpansemes, ecau kowmyp <
obaacmu o# cocmoum u3 00HOU UAU HECKOALKUX HENepeceKarowuxca K y-
COYHO-24a0KUX Kpuewvx KaAdc-
ca @ Z=hy)

MB!I yXe BHACIH, YTO JIFOOYIO TOYKY KOH-
Typa &, HE ABJISIOIIYIOCA YIJIOBOM, MOXHO
OKPYXATh OKPECTHOCTBHIO, B IIpeliesiax KoTo-
poii momycTHMO pacmpocTpaHeHHe (QyHKIHM

z
Jf ¢ coxparenueM Kiacca. JloxaxeM Tenepb TO I
K€ OTHOCHTEJILHO YIJIOBOM TOUKH My(x,, Vo).

W 3pmech CHOBA MOXHO IIPHHATH Xo= Puc. 167.

=),=0; MoXHO, HE Hapymas OODIHOCTH,

IPeIOIOXATh TAKXKE, YTO CMBIKAIOIIKECH B HaYajle OYTM HMEIOT B 3TOH
TOUKE KacaTeJIbHBEIe, M3 KOTOPHIX OJHA COBHANAeT C MOJIOXKHTENBHON da-
CTBIO OCH X, a JIpyras mAeT K Heil mox yritom (puc. 167). B Taxom cirydae
B JOCTAaTOYHOM OIM30CTH K HAYaJy 5TH AYTH BBIPAXKAIOTCS, COOTBETCT-
BEHHO, YPaBHEHUAME

y=g(x) m x=h),

npuieM g'(0)=0; dbysxomu ¢ u A mpumamnexar obe xaccy @7
IIpuberneMm k 3aMeHe NEPEMEHHBIX

x=u+h(®), y=gu+v. (11)
Tax kxak sxoOmaH 3THX (QyHKIHA
1 K (v)
gw 1

=1=g'(u)h'(v)

38*



596 JIOTIONTHEHUE [261

B Touke u=v=0 obpamaercsa B 1, To cucrema (11) B OKPECTHOCTH HyJIe-
BBIX 3HAYECHWH BCEX apryMCEHTOB JONMYCKaeT ONHO3HAYHOE oOpalcHme:

uzl(x, y)a v=y(x, y)a (12)

npuueM GYHKIEY A, p TakKe OKa3BBAIOTCA kiacca ©° [209].
IIpr =0 u u=0 u3 (11) monayyaeM y=g(x) ¥ x=0, Tak 4To HOJO-
XATEIbHON YaCTH OCH 1 OTBEUAET IIepBas M3 HA3BAHHBIX NYT; AaHAJOTMYHO
yoexmaeMcss B TOM, 9TO HOJO-

v _ v JKUTEbHOX YAaCTH OCH ¢ OTBeE-
/ @ % 4 YaeT BTOpas M3 JyT.
OvueBugHO, OpH 53TOM Ipe-
. o0pazoBannn IBe YIJIOBHE O6-
“ ; JIacTH, Ha KOTOpbHIE 3THMH Jy-
raMH JENUTCA OKPECTHOCTb Ha-
/// YabHOH TOYKH HA IUIOCKOCTH XY,
4 OTBEYAIOT TEM IBYM — <¢BXOIs-
Pmc. 168. IIEMY?» U <BBIXOLSAILEMY» — IIps-
MBIM yIJIaM, HA KOTOpBIE MOJO-
KHTEILHBIMA 9aCTSMH OCeH ¥ B ¥ JEJIUTCS Ha IUIOCKOCTH 4 OKPECTHOCTD
HavagbHOU TOoukH (puc. 168, a u 6).
IHoacrasnssa B byskmuro f Beipaxenns (11), mosnydam mpeobpaszoBan-
HYIO (QYHKIHUIO

o(u, v)=fu+h(v), gw)+v),

OIIpEZICTICHHYIO M MIPHHAMJIEKAIIYIO Kjaccy ©* B TOM HIH APYIOM — CMO-
Tpsd OO CIy4al0 — H3 YIOMSHYTBIX TOJBKO UTO NPSMEIX YIJIOB.

Ecma pedyb uaeT o «BeIxonsiiem» yrie (puc. 168, a), To, mo yemme I,
cHagaJia QYHKOMIO @ pacnpocTpaHsioT Ha IV KoopAuHATHBIA yroi, a 3a-
TeM HOJY4YeHHYIO (QYHKOHIO (MEHSSA POJH ¥ M ¥) PaCIpOCTPAHSIOT YXKE
Ha II u III yruel, T. €. HA MOJIHYIO OKPECTHOCTH HAYAJia.

Crnoxnaee o0OCTOMT Iedo, eClHd pedb HIOET O <BXOLSIIEM» Yrie
(puc. 168, 6). B aToM ciydae mocTynaroT Tak. Ilpexie BCero, onupasich
Ha Aemmy I (BO MEHAH 3HAK u), PACHPOCTPAHAIOT GYHKIMIO ¢ ¢ JNeB o i
HOJYIUIOCKOCTH HA I P a BY 10 ¥) U MOJy4aroT, TakuM o6paszoM, GyEEIMIO
@, — B IOJHOH OKPECTHOCTH Hadajiad. 3aTeM pacCMATPHBAIOT (YHKIAIO
Y=@—@; B HAXHEH NOJNYIUIOCKOCTH H, NOAb3YACL YKA3AHHLIM Kpu 00-
Kasameavbcmee Aemmyt I memodom, pacpOCTPaHAIOT €€ HA B &P XHIO IO
IOJIYIIOCKOCTh, 4TO naeT QyEKIEIO 9; — YXe B HOJHOM GerCTHOCTH
Havana. Ho B III yrne v, =p=¢ —¢, =0, a Torma, mo caMoMy XapakTepy
YOOMSHYTOro MeTona, scHOy 4To ¥, =0 u Bo II yrme. Ecin monoxurs
Temepb B OKPECTHOCTH Hadana ¢* =y, +¢;, To Bo II u IlI yrmax 1p1=0
U @, =@, TaK 4T0 U ¢* =@, u B IV yrire y,=y=9p-¢,, n OHSITb-TaKH(p

*) Bce BpeMst IMed B BAAY JIWIbL TOYKH, ONI3NEKailne K HAUamy.
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=(¢—¢,) +¢,=¢. Takum 06pa3oM, mocTpoeHHas QGyHKuus ¢* naer pac-
IPOCTpaBEHME (¢ HA IOJHYIO OKPECTHOCTh HAadala.

C momonpio obpaTHoro npeoGpasoBanus (12) k cTapbM nepeMeHHLIM
HOJIy4aeTCd W PacHpOCTPAaHCHHE

I¥(x, »)=9*(A(x, y), u(x, )

byuximu f. Jloka3aTebCTBO 3aBeplIAETCs, Kak H B TeopeMe I, ccpuikoit
Ha nmemmy 1L

262. 3axkmounTesbHbIe 3ameuanns. JJoka3aHHas TeopeMa O pacmpo-
crpanenur (GYHKOUMI HMeeT MHOrooOpasHble HmpHoXeHMsA. MEI orpanm-
quMcs 3/1eCh YKa3aHMeM Ha 000OLIeHNe C ee MOMOIIBIO PA/ia JIO K a JI b-
HBI X, T. €. CBS3aHHBIX C OKPECTHOCTBHIO ONPEISNCHHOHM TO4YKH, (popmMyn
H TEopeM aHallM3a — Ha Ciiydaill, KOra YmOMsHYTas TovYka JEXKAT Ha
rpaHuIle paccMaTpuBacMOH o0nacTH, a H€ BHYTPH Hee, KaK
O0BIMHO HpeIoIaracTcs.

TycTs, HaIpHUMEp, B 3aMKHYTOH o6nactd e/, OrpaHHYECHHON KOHTY-
poM &£ (paccMOTpeHHOTO Bblllle THNA), ompenenera Gymkmua z=f(x, y),
HellpepHIBHAS BMECTE CO CBOMMH IPOM3BOMHBIME [ H f;. Torma, ecnu
TONBKO TO4YKa (X)), AE€XHT BHYTPH ¥, UMeeT MECTO M3~
BectHasi [178] dopMyia Ijis HMONMHOrO HpHpameHds QyHKIun:

Az= f(xy+ A%, yo+Ay) = f(xo, Vo) =
= (%o, Yo) Ax + [ (%5 Yo) Ay +a dx + B Ay, (13)

rae « B  crpeMarcs X HyJmo BMecte ¢ Ax u Ay. Paccyxnenns, mpube-
JeHHEIE IUIS JOKa3aTelibeTBa 3Toil GopMysisl, BooOle HEHPHIIOKAMBI,
Korjma Touka (X,,y,) OKasbBaeTCA JeXamedl Ha KOHType. A MeXIy TeM
bopMysna BepHa M IJS 3TOro CIydas, €CId TOJBKO CBi-
3ate Ax m Ay ycnoBreM, uToGEL Touka (x,+Ax, y,+dy) He BEIXOIHIA
3a mpenelsl e#. B aToM Jierko yGenwThCs, €CIM HANKMCATHL CHadaaa ¢op-
MyJry ot QYHKOEH f*, maromedl pacmpocTpaHeHHE f Ha BCIO ILIOCKOCTD,
a 3aTeM — OrpPAHWYKMBAACh, KaK YKa3aHO, TOUKamu obnactu e#, — Bep-
HYThCA K yvicxonHo¥ (ymkmun f.

Bo Bcex Ciydasix, KOra B OCHOBE YMO3aKJIOueHHil Jiexana Gopmyia
(13), MBI ToJIy4aeM Temephb CYLICCTBEHHOE MOIOJHEHME K IPEXHHM pe-
3yAbTATaM.

Tak, OpH CHENAHHBIX OTHOCUTENbHO GYHKUHH f DPeANOJIOKEHHIX OHA
okaspBaercd nu b Ppepennupyemoii [179] He TONBKO BO BHYTPCH-
HHEX TOYKax o0OJacTH e/, HO U B TOYKAX ee rpaHambl. s MOBEPXHOCTH,
BBIpAXaeMOil YpaBHEHHEM Zz = f(X, y), MbI IOJyYacM BO3MOXKHOCTH I'OBO-
pHTh 0 XacaTenbHOH maockoctTu [180] maxe B Toukax ee
KOHTYpa.

Ha paccMoTpennoii ¢opmMyiie, Kax MbI 3HA€M, OCHOBAHO TaKXe Ipa-
B0 nuddepeHnMpoBaHKHd CHOXHOMK byuxnun [181]
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Ecia (GhyHKIHS
x=@@t), y=v{t) (t,=<t<T) - (14

HMEIOT NMPOM3BOJAHBIC, W TOYKH (@(f), (1)) sexar Bce BHYTpH obia-
CTH e/, To [ cnoXHOH ynkmmn z=f(g(1), p(t)) MBI uMenn Gopmyay

’ 4 ’ 4 ’
Zp=fxxe+ fyyl-
Tenepp oHa pacmpocTpamsieTcs M Ha CIydaif, Koraa «kpusas» (14) mon-

XOJWT BILUIOTHYXO K KOHTYpY obnactu e# W T. 4., H T. IL

He Bxons B moopoGHOCTH, YKaxeM €IIIe OTMH BasKHELA upumep. Iycts
HMeeM cucTeMy (yskmuii

x=¢(u, v), y=y(u, v), (15)

HCTIPEPHIBHEIX BMECTC CO CBOMMHE NPOM3BOIHBIMU B HEKOTOPOH 3aMKHY-
Toif 061acTH § HA IWIOCKOCTH 4V, C KOHTYPOM J{, H IyCTb B HEKOTOPOH
TOUKe (4, Uy) 9ToH obnactu skoGuan

_D(@, )
J= D(u, v)

ormmyeH OT 0. Ecnum Touka (4,?) AeXUT BHYTPH §, TO IO

Teopeme IV n° 208 cucrema ¢ymxmmit (15) momyckaer oG pamenne,
TaK 9TO B OKPECTHOCTH TOYKH (X, ¥,), TAIE

Xo=0(t, ¥),
y0 =’l[)(u0 ] vo),

NEPEMEHHbIC %, ¥ BEIPAXAIOTCA ONHO3HAYHBIMA (DYHKIMAME OT HEPEMEH-
HBIX X, J:

u=Mx,y), v=ux,y), (15%)

HEIPEPLIBHEIMA BMECTE CO CBOMMM IPOH3BOAHBIMH B YIIOMSAHYTOM OKpECT-
HOCTH. TakuM 06pasoM, OrpaHMYMBAsCh 3HAYEHMSIMH #, ¥, X, J, JNOCTa-
TOYHO GIM3KUMH, COOTBETCTBEHHO, K Uy, ¥y, Xgs Vo, MOXKHO CKA3aTh, 9TO
cooTHomer¥s (15) m (15*) coBepUICHHO PaBHOCHJIBLHBL. DTHM MBI IIOJIb-
30BAIACh, HANPHUMED, NPH JOKA3aTEIbCTBE YTBEPXKAEHHS, YTO IIOBEPX-
HOCTh

X =(P(ll, U);

y ="p(u’ ’l)),

z=%(u, v),
rae (4, v) usMensseTcs B obaacTu §, B6IM3H ce OGHKHOBEHHO it
TOYKH M, (oTBeqarome# u=1u,, v="v,) MOXKET GHITh BEIDAXEHA S B H bI M
ypaBHeHueM [228]. Ho k ToYKaM KOHTYpa HOBEPXHOCTH HANIH PAcCyXe-

HES OBUIM HENPWIOKMMEL, MO0 B IUIOCKOCTH u¥ TOYKA (uy, v,) HE MOIITA
JieXaTh Ha KoHType J{ obnactu .
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Temepsb e, BOCIOJNB3OBABIINCH PACHPOCTPAHCHUAMH @* H p* Qynk-
Uit ¢ | 9, MBI MOXeM 00OGHIMTH pe3yibTaT, OTHOCHLIUICA K obpauie-
HUFO CHCTeMBI (pyHKIUit, ¥ HA CIydaii, Korma To4ka (4, v,) JIEKUT HA KOH-
Type §{. IIpmmbkaromeii x Touke (y,,?,) 4acTH obiacTu § OTBEYacT HA
IJIOCKOCTH Xy HEKOTODAasi HpUMBIKAIOUIas K Touke (X,, ¥,) 006aacTs, B mpe-
JieJIaX KOTOpoil Bce K¢ o0 palleHHEe AOMyCTAMO.

CoOTBETCTBEHHBIM 00pa30M IOMOJIHACTCS M YHOMSHYTHIA I'€OMETpPH-
YeCKUH pe3yJIbTarT.

ITpuBeneHHBIX HPHMEPOB JOCTATOYHO MJIA TOTO, YTOOBL UATATENb ysC-
HAJT ceOe BaXHOCTh HOKA3aHHBIX TEOPEM KakK Ui CAMOI0 MaTeMaTHie-
CKOrO aHajm3a, Tak M JJI1 €ro upuijioxeHwid. [{pyrue mpuMepsl NpAMEHE-
HUS TEOPEM O pACIpPOCTpaHeHMH (YHKIWH YHATATeNb HAWNET B HOCIEHY-
FOIIMX TOMax.
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— omnpeneyienns Gyskuur 95, 341

— otkpriTas 350

— cps3Han 352

O6partnas ¢ysxmmsa 108

— —, HEOpepHBHOCTH 172

— —, mpom3BoxHasA 196

— —, cymecTBoBaHue 172

O6paTtasie TpUTOHOMETpUYeckue (GyHKUIUM
110

— — —, HempepsBHOCTL 156, 174

— — —, mpoum3sogabie 197

OOGBIKHOBEeHHAS TOYKa (KpMBOM WM mO-
BepxaocTH) 504, 505, 520

Osaner Kaccuam 515

Orubaronias ceMeiictBa KpuBBIX 543

OrpaswueHEas BapmaHTa 53

OrpaEmyeEHOE  MHOXECTBO
352

— — ymcnoBoe 26

OrpaEMYeHHOCTh HENPEpPHIBHOM (yHKIHMH,
Teopemul 175, 183, 369, 373

OpHo3HauHas QyHKES 96, 341

Opsopopnas ¢yaxmas 399

OIHOCTOPOHHEE HENMpEPEIBHOCTL W Das-
peiBH GyBkumm 150

OnHOCTOPOHHAA KacaTtenbHas 209

— npom3BoaHas 209

— — BHICIIETO mopspka 232

OkpecTHOCTD TOYXH 115

— — n-mepHas 348, 349

Onpegemmrens, npon3BoxHas 388

— ¢yskoEoBANLHED (SIk06H) 441

Ocobas Toyka (KpABOYM WA MOBEPXHOCTH)
504, 505, 517, 518, 519, 531, 533, 535,
537

-— — u3onmpoBaHHAs 536

— — pBoiiHasa 538

— — xpatHasa 505, 519, 538, 540

Ocrporpaackmit 442

Otkprrrast obnacts 350

— cdepa 349, 350

OTKphITHI DPOMEXYTOK 93

— mapasutenemmnes 348, 350

-— cmMmuiexc 349, 350

OtHocuTenbHass morpemmocts 140, 218,
397

NPOCTPAHCTBE

TOYCYHOC

AJIQABATHLIVI YKABATEb

OTHOCUTENBHBI 3KCTpeMyM 467
OTtpe3ok, usmeperne 40

— KacaTenbHOH, HOpMai 524
— —, — OONSPHBIA 528
Onesxa porpemsocreit 220, 396

Ilapa6ona 64, 103, 525, 546, 575, 579

TlapabGononn Bpamennst 344

TMapannenenanen n-Mepueii 348

ITapamerp 217, 504

Hapamemmecxoe
243

— npeacTaBieEne Kpusoi 217, 504, 512

— — — B DpocrpaHcTBe 518

— — nosepxaocTa 519

Tleano ¢opMa HONOTHATENBHOTO “WIEHA
249

Ilepermba Touka 303

Ilepemernnas 43, 93

-— He3aBHAcHMasn 94, 341, 352

Iepemernsx 3amenHa 483

TlepeMecTHTENLAECE CBOMCTBO CIIOXKEHHS,
ymuoxerns 12, 14, 29, 32

Ilepecranoska muddepenrmposanuii 405,
407

— mOpeAeNbHBIX nepexonos 361, 406

Tlepexonmuble KpuBbie 576

Ilepuoanueckas necstAHAs npobb 24

TlosepxHocTh 343, 517, 519

— Bpamesnns 522

IToBTopHEIL npeaen GyHKIMU HECKOILKUX
mepeMeHHBIX 360

Ionxacarensras 207, 524

— monspRas 528

Homaopmamns 524

— monspHas 528

TlomnocnenoBaTenbEOCTL 85

Tlorpammunas Touka 351

TlorpemuocTts abCcoNMOTHAs, OTHOCHTEHb-
Has 139, 140, 218, 221, 397

Ilokazarenenas dbyakmms 103

— —, HenpepsBHOCTH 149, 155

— —, Opou3BojHas 194

— —, byHKIEOHAJILHAS XapPaKTEPUCTHKA
158

TMonroe npmpaierne ¢ysxknma 378

Tomanii maddepenmman 381, 396

— — phbicmero mopsaka 410, 413

— —, TEOMeTpHYCCKask HHTEPIPETALUA

nmb(bepemmponanne

— —, MHBAapHAHTHOCTH (OopMEI 394

— —, OPEMEHEHHsA K TPHOIMKEeHHBIM BhI-
yucyierwsM 396

Ilonyxy6udeckas napaGona 506, 540, 548,
579
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ITonyOTKpPBITEIA HPOMEXYTOK 93

Hc;gsépﬂax ioAxacaTeNbHas, NOJHOPMAIb

Tlonsproe ypasnenne kxpmsoit 511

Honsipesie xoopmuuater 493, 495, 512

IlomsApHBNA OTpPE30K KacaTenbHOM, HOp-
Mamma 528

Topsanok 6eckoreano GOMBIDOH BETHIHHEL
145

— — Manoii BenwuwHbl 137

— nuddepenumana 241

— KacaHus KpHBBIX 551

-— npou3BomHOH 231

IMocnenosarensHocTs 44

ITocrosucTBa dyHkumE ycnosue 268

IIpaBuio, cM. COOTBETCTBYIOILEGE Ha3Ba-
HHE

Ilpenen Bapuaunth! 46, 48

— — OecKOoHeuHBI 55

-— —, €OMHCTBEHHOCTDh 54

~— — MOHOTOHHO# 71

— — HaHGONbmMHil, HauMeHbImMil 89
— — YacTHYHBIN 86

— OTHOMIEHUs 59

—— OPOH3BeAeHHA 59

— NPOH3BOOHON 228

— pa3sHocTa 59

— cymMme 59

— dysxmun 115, 117

— — MOHOTOHHO# 139

—— — HauOonpiIui, HauMeBbImHHK 135
— — HECKOJIBKHX NepeMeHHbIX 354, 357
— —— — — IIOBTOpHBIN 360

— — YacTU4HbIt 135

Ipenensueii mepexon B paBeHche B He-
paBeHsCcTBE 56

IIpeobpazosarne Jlexannpa 487 499,
500

— TOYe4YHOE (IJIOCKOCTH, HPOCTPAHCTBA)
485, 493

IlprGnuxeHAOe pemeHde ypapHEHuA 324

IIpubnmkeHusle BLIYHCICHHS, NOPEMEHE-
mre aaddepenumana 218, 220, 396 .

Ilpubimxernsie GpopMmynsr 140, 143,: 218,
257—263

Ilpupamenme mepemenHoit 147

-~ GyHEnmA, dopmyna 199

— ‘— HECKOJIbKMX MEPEMEHHBIX MOJHOE,
dbopmyna 379

— — — — yacrHoe 375

l'lpupamennn ' KOHEYHLIX (bopmyna 2217,
390

IIpoussenerne Bapuaut, npenen 59 61

-— ysxuu#, npenen 129, 130

— —, HEOPEPBIBHOCTH 148 364

—_— npomnouﬂaﬂunmb«hepeﬂ‘uuan 200,
216 236, 241, 395

ITpoussenenne uncen 14, 31
ITpomssomuaa 189, cM. Takke Ha3BaHue

VHKLIHA

— ©OeckoHeuyHas 209

— BEICIIEro mopsaka 231

— — —, CBA3b C KOHEIHEIMH PA3HOCTAMHU
245

—, T€OMETPHYECKOE HMCTOJIKOBaHMe 190

—, HecymecTBoBauue 211

— OAHOCTOPOHH:AS 209

— 1O 3afaHHOMY HampapiieHuio 391

—, IpaBWwia BhIYHCIEHNsA 199

—, paspbis 211

— vacrHas 375

— — BBIcOIero nopsigxa 402

ITpomexyTox 82

— 3aMKHYTBIM, HONYOTKPBITHIHA, OTKPbI-
Thlf, KOHEYHbIH, OeCKOHECYHBIX 93—
94

Hpomexyrouyrnoe 3muavenue, TeopeMa 171

IIponopioHanbHBIX YacTel, NOpPaBUIIO
325

IIpocrasi Touka (KpHBOW WM IIOBEPXHO-
crtu) 505, 520

M

IlpoctpaHCTBeHHEBI  rpadux  QYHXHHH
343

ITpocTtparcTBO n-MepHOE (apudMerHye-
ckoe) 345

IIpamas B n-MepHOM mnpocTpaHCTBe 347

Panuomepnan HEIPEePHIBHOCTh  (yHKIHHU
178, 370

Panukan, apudMerndeckoe 3HageHHe 36,
103

Panuyc xpuBu3HbI 571

Pasgocte BapmaaT u T. O, ¢cM. Cymma

— yucen 13, 31

Pa3peis npoussogHoi 211

— ¢yaxompu 146

— — MOHOTOHHOH 154

— —, OOBIKHOBeHHEIN, 1-T0 M 2-rO poja,
151

— — HECKONBKEX MEPEMEHHBIX 362

Panr matpemer 468, 471, 479

PackphITHe - HeOnpeneIeHHOCTEH 62, 314

Pacnipenenutensaoe CBOHCTBO YMBOXEHUS!
15, 34

Pacnpocrpasenue bysknuii 587

PaccrosHue Mexay TOYKaMH B H-MEPHOM
nPOCTPaHCTBe 345

Pauvonanpuas ¢ynkums 102

~— -—, HEOpPEepHIBHOCTL 148

— —— HECKOJIbKAX NEPEMEHHBIX 353

—";— — —*, HenpepnIBEOCTH 358, 563

Pauuonam:m;xe 4yucia, BeIYUTAHEE 13
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PanuoraneHbie ymcna pencHue 15

— —, ONOTHOCTE 12

— —, cloxenme 12

— —, ymMHOXeHHe 14

— —, ynopsaovenne 12

Puman 154

Poms teopema 225

Poma u Hliemunbxa ¢opma gomomHH-
TENBHOTO 4neHa 257

Chazu ypaBHeHust 467

Cas3pas obmacts 352

Crymerns Toyka 115, 116, 117, 351

Cexanc 103

CemeiicTBO KpusbIX 542

Ceuenme B wyHCIOBOM Obnacru 17, 24

Cureym (byexnms) 29

Cmna Toka 192

Cummseectp 423

CuMIUTEKC n-MepHEIH 349, 351

Curyc 103

— rumep6ormveckuit 107

—, OpeIeN OTHOIEHHA K ayre 122

Cunycouga 106, 304

CxopocTh nBmxerds TOIKH 186

— B JaHHBIA MoMeHT 187, 190

— cpenasa 186

Cnoxaas ¢yaxmms 115, 353

— —, HEIpPepHIBHOCTEL 156, 365

— —, NPOH3BOAHBIC U AupdepeHImans
202, 216, 242, 386, 395, 413, 414

CMmemasnbe POU3BOIHEIE, Teopema 404

Conpuxacarolnascs Kpusasi 554

— npsmvas 555

Conpukacaromyuiics kpyr 555, 571

CoueraTesbHOE  CBOMCTBO  CJIOXKCHMS,
ymHOXenus 13, 14, 29, 32

CpapHeHMe 0eCKOHeYHO Majeix 136

Cpennee apadMeTHKO-rapMOHAYECKOE
74

— — <TeOMeTpuIecKoe 74

— apudmernaeckoe 275, 430

-~ rapmoHmYeckoe 74, 303

— reomerpmueckoe 74, 275, 303, 430

— 3HaYeHne, TeopeMa 227

— —, obobmennas teopema 230

Cpennasisi xpuea3HA 568

-— CKopocTh 186, 190

Cranmonapras Touka 277, 418

Crenenras ¢ysxumsa 103

— —-, HeIpepLIBHOCTL 156

— —, Opou3BogHas 194

—l«——, ¢dbyEKOIEOHANBHAA XapAKTEPHCTHKA
58

Crenersro-nokasarensHas dbyaxoms (mByx
nepeMeRnsIx) 353

AJI®PABUTHBIN YKA3ATEJb

Crenenso-nmoka3zarenbEas (QYHKUUA Ope-
nen 358, 359

-— = — —, HEIOPEPHIBHOCTH 363

— = — —, maddepenmmpoBasue 376

CreneHR0-IOKa3aTeHHOE BBIpaXXEHME,
npeaen 165
— =« — —, mpon3Boanas 206, 388

CreneHp C BEMECTBEHHBIM IIOKA3aTelIEM
37

Cymma BapmasT, npegei 59, 62

— dyukmmif, npegen 129, 130

— (yBKIMit, HEOPEPEIBHOCTL 148,
364

— ~—, npoumsBomEast H auddepeHiman
200, 216, 233, 395

— vmcen 12, 28

Cynepnosmmus bysxumii 114, 353, 364

Codepa 344

— n-MepHasa 349, 350

Cdeprueckue xoopausaTtel 495

Cxopamocta npurnvo 84, 134

Tabmmamei  cnoco6 3aaHusa  (HYHKIIU
97

Tanmrenc 103

— runepbonmyeckmit 107

Teno reomerpmueckoe 345

Tennoemrocts 191

Touka, cM. COOTBETCTByIOHmiEE HA3BAHHE

Toukn ¢yakmau 352

Tovnas rpapuna (BepxHas, HUWKHAN) 26

TpuronomMerpuyeckue Gynkumn 103

— —, HEIPEPHIBHOCTL 149

— —, XpOU3BOAHBIE 195

Tpoiinas Togka 540

Tpoitroi npepen 360

Teitmopa dopmymna 246, 249, 257 u 415

YGLIBaIO]IIaSI BapmanTa 70

— ¢ysxmas 133

Vraosas Touxa 209

V3nel HHTEpHONHPOBaHHsS 263

— — KpaTHBIe 266

Vutaeir 590

Vmutka 514, 529

Vpassenne xpmBoit 100, 230, 503, 511,
518

— moBepxeOCTH 343, 517, 519

—, npubnmxenHoe pemenue 170, 324

—, CyIlecTBOBaHMe KopHeit 170

Vckoperme 191, 231

(I)epma Teopema 223
®dopma kBanpatHunas 423
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dopmysia 97, 98, cM. TakKe COOTBeT-
CTByIOIEE Ha3BaHUE

DyHKIUOBANBHAS 3aBHCEMOCTL 94, 340

— Marprana 444, 478

dyHkiuoHANLHOe ypapHeme 157, 158,
160

DyHKIHOBANBHEIA onpelemuTes 441

@yrKkUa 95, CM. Takke Ha3BaHWe (QYHK-
EA

—, ®ccieqosanue 268

— HECKONBKMX mepeMeHHbIX 341, 352

— ot ¢ysxmum (wmu oT Gyskumi) 115,
353

Xapaxrepncmqecxax TOYKa HA XpUBOH
539

XectrHC 590

Xon usmeHenwst pyHxmum 268

Xopx METOX NPUOGITIMKEHHOTO pemieHns
ypapHeHu# 325

I_lenaﬂ pammonansHas dyrkmus 102

— — —, HEOpEepLIBHOCTH 149

— — — HECKOJIKO IepeMeHHBIX 353
————— , HenpephiBHOCTH 358, 363
— yacTte 4mcna [E (p)] 48

Hentp xpupuspsr 571, 577

Ilemnas mmuma 207, 505, 573

Iluknonga 508, 526, 574, 581

Lwmaeap DpoeKTEpyommi 518

Yacruamas OCEeNOBATENLHOCT 85

YacTryebl Opeesl BapuaHTH! 86

— — ¢yskaa 135

Yacrras npoussomras 375

— — Bricmero mopsaaka 402

YacTtHOE BapHAHT, mpexen 59, 60

—— 3paveHne yHKMA 96

— mpmpamenue 375

— ¢ymxmmit, npenen 129, 130

— —, HeNpepHBHOCTEL 148, 364

— —, mpomBsopHas u muddeperuman
201, 216, 395

— ggcen 15

607

Yacrasii auddepemman 378, 411

Yebrunéea dopmyna 262

Yucna, cM. Paumonamnueie, Mppanmo-
HanbHBIC, BemecTBeHHbIE YnCa

YncnoBas ock 42

— IIOCJIEROBATENBLHOCTD 44

mnapn 407

MInemunexa u Poma cdopma IOOmonHu-
TeMbHOro ujeHa 257

Mronsma Teopema 67

sonbeenta 578, 582—583, 585

— xpyra 511, 527, 574

Dpomora 579, 582—583, 585

Diinep 78

Biepa dopmyna 401

DKBHBAJICHTHBIE GECKOHEYHO MaJbie BEJIM-
guEel (3HaK ~) 139

DKcTpeMyM  (MaKCEMYM,
277

—, mpaBuna oTeickamms 277, 278, 284,
287

— cobGcrBenHbId, HecoOCTBEHRBLE 277

— GYHKUIMM HECKOJIBKEX NEPEMEHHBIX
417

~— — — — abcomoTHBIA 469

— — — —— OTHOCHTEIbHbIH 467

DnekTpruccKas cerb 436, 474

Dnemenrapubie dysxumm 102

— —, HempepHIBEOCTH 155

— —, mpou3soansie 193, 197, 233

MWHAMYM)

Dmummc 448, 506, 525, 547, 575,
579

Ommncorn 535

DpMETA HHETEPOOISLUORHAs  dopMmyna

266
— — —, NOTOJHATENLHBIA wWieH 267
Omampraonna 509, 527

Hxo6u 376
— MaTpuma 444, 478
— omnpepemTeNb (sAKOCHAH) 441
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