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SO‘ZBOSHI

Respublikamizda kadrlar tayvorlash Milliy dasturining birinchi (1997-
2001 yillar) va ikkinchi bosgichlari (2001-2005-yitlar) yakunlandi. O‘tgan
vaqt mobaynida Respublika Oliy ta’limi tizimida katta o‘zgarishlar bo‘ldi,
xususan, yangi Davlat ta'lim standartlari ishlab chiqildi va tasdiglandi. lim-
fan jadal taraqqiy etayotgan, zamonaviy axborot-kommunikatsiya tizimlari
vositalari keng joriy etilgan jamiyatda turli fan sohalarida bilimlaming tez
vangilanib borishi, ta'lim oluvchilar oldiga ularni jadal egallash bilan bir
qatorda, muntazam va mustaqil ravishda bilim olish vazifasini qo‘ymoqda.

Qabul qilingan vangi Davlat ta’lim standartlarida ilg‘or chet el oliy
ta’lim muassasalarida keng qo‘llaniladigan va yaxshi samara beradigan mus-
tagil 1a’'lim olish usuliga asosiy e’tibor qaratildi, Talabalarda o‘quv ada-
biyotini mustaqil o‘rganish va undan foydalana bilish malakalarini hosil
qilish, mantiqiy fikrlashni o‘stirish va matematikaviy madaniyathing umu-
miy savivasini ko‘tarish, tatbiqiy masalalarni matematikaviy tomondan tek-
shirish malakalarini hosil gilish va bu masalalarni matematikaviy tilda ifo-
dalashga o‘rgatish magsadida o‘quv dasturlariga matematik analiz fanidan
mustagil ishlar kiritildi va o‘quv rejasida ularga mos soatlar ajratildi.

Ushbu go‘llanma matematik analiz fani chuqur o‘rganiladigan univer-
sitetlarning talabalari tomonidan mustaqil ishlarni bajarishga mo‘ljallangan
bo‘lib, u bakalavriatning «Matematika», «Tatbiqiy matematika va informati-
ka» va «Mexanika» yo‘nalishlari -Davlat ta'lim standartlariga mos keladi.

Qo‘llanma to‘qqiz paragrafdan iborat bo‘lib, 1-§ da matematik analiz fa-
nidan mustaqil ishlarni bajarish jarayonida kerak bo‘ladigan asosiy formula va
quidalar keltirifgan. Qolgan paragraflarda e¢sa «Ketma-ketlik va funksiya limi-
ti», «Funksiva hosilasi va differensiali, ularning tatbiglari», «Anigmas va anig
integraliar, ularning tatbiglari», «Ko'p o‘zgaruvchili funksivalar», «Sonli qator-
lar», «Funksional ketma-ketliklar va gatorlar», «Xosmas va parametrga bog‘liq
integrallar» va «Karrali va egri chiziqli integrallar, Sirt integrallari va maydon-
lar nazariyasi elementlari, Furye qatorlari» mavzulari bo‘yvicha 8 ta mustagqil
ish tavsiva etilgan. Har bir mustaqil ishni berishdan avval shu mustaqil ishni
muvaffaqiyatli bajarish uchun lozim bo‘ladigan asosiy tushuncha va tasdigliar
keltirilgan (A bo‘lim). B bo‘limda talaba bajarishi va keyin topshirshi lozim
bo‘lgan 21 ta variantdan iborat mustaqil ish vazifalari tavsiva qilingan. D
bo‘limda esa talabaning mustaqil ishni bajarishint va undagi materialni
o‘zlashtirishini yengillashtirish magsadida | ta variantdagi (2I-variant) barcha
ntsol va masalalar to'lig yechib ko‘rsatilgan.

Qo‘llanmani tayvorlashda mualliflar tomonidan mavzularning oddiy va
sodda tilda, tushunarli va ravon bavon etilishiga, fagat zarur, lekin fanni
malakali tushunish uchun vetarli ma’lumotiami berishga, Mirzo Ulug'bek
nemidagi O‘zbekiston Milliy universiteti Mexanika-matematika fakultetida
matematik analiz fanining o‘qitilishi jarayonida yig'ilgan tajribalardan imkon
darajasida to‘liq foydalanishga harakat qilindi. Shu munosabat bilan muallif-
lair o'quv qofllanma talabalarda bilim olishga intilish hissi, mustaqil fikrlash
malakalanining shakilanishiga xizmat qiladi, deb umid bildiradilar.



1-§. ASOSIY FORMULA VA QOIDALAR
1°. Qisqa ko‘paytirish formulalari va Nyuton binomi
(at b): =a° +2ab+ b,
(azb) =a’ £3a%b+3ab? £ 5.
c(axb) =a*+4a°b+6a%h* £ 4ab® 1p*.
=(a-b){(a+b).

=(aib)(a: ?ab+b2)

6. (a+b)' = Zc“ nokpt = Zc*a"b" L

k=0

nhoR W N

bu verda C:=+> nl=1-2-_..-n va ol=|.
n=1

. a' —h = H b)zan— —kbk (L‘I b)zakbu-l-j -

A=}

={a~b)(@ +a"b+a"H +...+ab" +b"") bu yerda neN, n>1.
8. a" +b =(a+b)(¢"" ~a" b +a"’b —a" b +...+ 5"}, bu yer-

da »-1 dan katta bo‘lgan ixtiyoriy toq natural son.
2%, Daraja va ildizning xossalari. Logarifmlar

1
Y =a®, (a-b) =a*-b", a"=—

d
2. o —an> Yab=Ya-5b =%’ (’*”/‘_’)*”“*’

,kf %=i{, .km’am :_.k\[l;
2 i 1 » 2 f ¢
3, A | =) A0 D T e, agar 020 bo'lsy
|-, agar a<0 bo'lsa,
%Yo <%b, agar 0<a<b bo'lsa
4. Ixtiyoriy x uchun ; .q;

L@=t, & a'=a, Loa, (@
ﬂ!’

a =g o>x=y.
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x>y, agar a>1 bo‘ls
S. @ ra’ & ¥ a8 %
x<y, agar O0<a<l bo‘lsa

6. (x>0, a>0, y>0, 5>0). p=g"%* log, x=1, log t=0>

x . m
log, (xy) =log, x+log, ¥, log,—=log, x~log, ¥, log, x =—j~,:11:3gJl x,
y

Iﬂgh a . [Dgu b= :
og, a’ log, a
3% Trigonometrik funksiyalar va trigonometriya formulalari

1. Trigonometrik funksivalarning ishoralari

log, x =

SN X COs X te x oty x
T + + + +
Decxc—
T + - = -
— XL T
P
In - - + +
TN —
2
3T - + - -
T*’-L'I <2

2. Trigonometrik funksiyalarning ba’zi bir burchaklardagi

giymatlari
Radianlar{ 0 z x L4 z x 3r Ix
6 4 3 2 2
Graduslar | ¢’ 30" 45" | 60" { 90" 180" | 270" | 360"
sinx 1 NE BN E) ] 0 -1 0
Z 2 2
€O5.x ! 3 10 0 -1 ¢ 1
2 2 2
tgx o | BB - 0 - | o
3
ctgy - NE) 1 J3 0 - 0 -
3




3. Asosiy trigonometrik ayniyatlar

) sinx T
1. sin®x+cos’x=1, 2, tgx= i (x:--+1rnj_
COSX 2
c n
3, ctgx= ?Sx, (x=7n). 4. tax-ctgx=1, (.r:x:ﬂ--]‘
sinx 2
. ]
Nl+tgx= —, [x:f--!-:m} ﬁl+ctg2x= — ,(x:;m), (HEZ).
cos“ x 2 sin" x
4, Keltirish formulalari
y = %ix Ttx %ix 2rtx
sin v COS X Fsinx ~COS X tsinx
cosy Fsiny —COos X tsinx cCOs X
tgy Fetgx Ttgx ctg x ttgx
ctg y Figx tetgx g x tetgx

5. Burchak yig‘indisi va ayirmasi uchun formulalar

tgxt+tgy
. et . ] . t xi -
1. sin(x*y)=sinx-cosy+cosx-siny. 3. 18 y) 1T tgx-tay"
. . ctgx-ctgyt|
. - . . ct x‘l- =
2. cus(xa‘:y) cosx-cosyFsinx-siny 4, g(xty) ctoytotgr °

6. Ikkilangan va karrali burchak uchun formulalar

2tgx
l+tg*x

1. sinZx=2sinx-cosx=

1—tg’ x

7. cCos2x=cos” x—sin’ x=2cos” x—1=1-2sin" x= —
l+tg”x

2gx 2 _ctgix-1_ ctgx—tgx

tg2x = — = ctg2x =
3. % 1—-tg™ x ctgx—tgx'4’ 5 2ctgx 2

8. sin3x=3sinx—4sin’ x. 6. cos3x=4cos’ x—3cosy-



, tg3x=3tgx—tg3x g ctg3x=ctg3x—3ctgx
' ' . 3etg’ x~1

7. Yarim burchak uchun formulalar

sm——+ {]—EUSI l-—cusx__ sinx _ l-cosx
L. - l+cosx 1l+cosx  sinx

2. COS—:j: 1+¢0$x 4. ctg——+ I+cosx  sinx  l+cosx
2 “Vl-cosx l-cosx sinx
- . . . x )
fzoh: Tengliklardagi “ +” yoki “—” ishora 5 burchakning qay-

si chorakda joylashganligiga qarab tanlanadi.
8. Trigonometrik funksiyalarning darajalari uchun formulalar

1. Sinzle—coﬂx. 2. 0052x=l+c052x
2 2
. 3 3sinx—sin3x ;s 3cosx+cos3x
3, sin"x= 4, cos’x=
4 4
9. Trigonometrik funksiyalarning yig‘indi va ayirmalari uchun
formulalar
1. sin.x+siny=25mx+y+msx_y 2, sinx~siny= Zsmx; msx+y
p 2 2 2
3. msx+msy=2cnsx;y~cosx;y. 4, cosx—msy=—25inx;y~sinx_y.
. (o T
5. cosxismx=ﬁsu{zix]=ﬁms(z$x)
6. 4.-cosx_+Bsinx=vA + B sin(x+y},
d 2 sin y = A Cos y 5
bu yerda = I -
verda A1+ 520, SN Ny
sm(x+ sin(xi y)
7. gxtigy= : 8. ctgxtetgy=———""
COSX - COS Y sinx-siny
cos(x— - cos(x+
9, fgx+ctgy= ( _y)‘ 140. Ctgx—tg}’=.—“(“*—y—).
COsX-Sin y sin x-cos y



10. Trigonometrik funksiyalarning ko‘paytmalari uchun formulaiar
1. sinx-siny= %[cos(x —y)-cos{x + y)] .
2, COSX-COSY = %[cos(x — y)+cos(x+ y)].
3, sinx-cosy =%[sin(x— y)+sin(x+ y):f :

4. cosx-siny =%[Sin(x+y) —sin{x —y)].

fox +cf
5‘ rgx.tﬂzm. 6. c{g.c{ﬂzm'
ctgx + ctgy igx +igy

7. sin(x+ y)-sin{x—y)=cos” y—cos” x.

8. cos(x—y)-cos(x+y)=cos’ y—sin’x.
Izoh: Yuqorida keltirilgan aynivatlar va formulalar tenglikning
har ikkala tomoni ma’noga ega bo‘lgan giymatlarida o‘rinli bo‘ladi.

4%, Teskari trigonometrik funksiyalar
I. y=arcsinx.

D(y)=[-1; 1], E(,v)=[—§;§], 7 (=x)=—f ().
2. y=arccosx.
D) =[~1: t], E(»)=[0;x], arccos(—x)=n—arccosx.
3. y=arctgx.
D(y)=(-eiter), B0)=( -T2, £(-0)=-7 (2)
4, y=arccigx.
D(y)=(-o+0), E(y)=(0;x), arcctg(—x)=n—arcctgx. .

5%, Trigonometrik tenglamalar

la|>1=>xeQ
1. sinx=a= .
lo| <1=>x=(-1) arcsina + =k,

9



i3 . 7
bu verda (=7 va -Eﬂarcsmas—_

2. cosx=a= {|a|>|:>xe®

bu yerda 0=<arccosa <.
(ol € 1= x = tarccos a + 27k, '

T
J. tgx=a=>x=arctga+ 7k, bu verda ﬂfﬂgﬂE(“E;EJ V& geR.

4. ctgx=a=> x=arcctga+k, bu yerda arcctgae(0;7) va geR.

6°. Eng sodda trigonometrik tenglamalar yechimlari jadvali (% € Z)

d sinx=a cosSx=d
0 x=rxk i3
x=—+7k
2
1 x=2rk
x=%+2ﬂrk Aad
.| =
x=-%+2n'k X=r+2rk
Ll x=(~1) 2+ 7k x=to+ 27k
2 6 3
1 kel AT 2n
- x={-1 —+ 7k x=t—+27k
2 ( ) 6 3
¥3 x=(-1) Z+xk x=+2+2rk
2 3 6
ﬂ.ﬁ I=(-—i)k”£+ﬁrk x=iSj+ZRk
2 3 6
lf__l’_ xz(—l)k£+;rk x=:t£+21rk
2 4 4
_l'?_ x=(—1)k+'?—r~ k x:i%+2zk




T tgx=a ctgx=a
0 x =k .1'=£+Jr£'
2
| x=2 41k x=2 vk
4 4
- :c=—£+m’r x=i£+1rk
4 4
V3 x=Z 4k x=Z vk
3 6
ERE x=-Z 4k x=§?£+:rk
3 6
ﬂ x=£+rrk x=£+rrk
3 6 3
Hﬁ x=-£+;rk x=£{£+}rk
3 6 3
7%, Giperbolik funksiyalar
1. shx:=e‘ —¢ ) 2. f.thjrr:=lEl Te
2
3 thx*-*th*ex_e-: 4 cthyo SBE_€ te”
) " chx & +et ’ " shx & -
5. ch’x-sh’x=1. 6. sh’x=2shx-chx.
7. chix=ch’®x+sh’x, 8. thx-cthx=1,

8°. Arifmetik progressiya

{a,}:a,4a,,...q,,... — arifmetik progressiva < VvneN uchun
a,, =a,+d (d—ayirma).
- a, +a
1. aﬂ‘-l'l - a" + d L] 2- a” = _n% (” } l) -

3. a,=a,+{n—-1)d. 4, a,=a +d-(n-k) (1sk<n-1).
Il




an-i + an+i

5 a,= > , Isk<n-1). 6.9,+q,=q +a,  agar
n+m=k+p bo'lsa,
2a, +d(in-1
7. S, =ava,tova,=tt, 2exdll)

2 2
9, Geometrik progressiya
{b,}: b.b,....b,,... (b =0) — geometrik progressiya < VneN
uchun &,,, =5,-q (g —maxraj). .
I' bJH-I = bﬂ - 2' buz :"bn-l 'bu-rl’ n }l )

3. b, =b-q"". 4. b =b -¢g"" (1sk<n-1).
5. b,=b,,-9", (1sksn-1). 6 b

n+k

=bjr'qk'

1. bjzbn_* ‘B (lsk ﬂn—l). 8. b,+b,=b, b, agar n+m=k+p bo'lsa.

b, 1-g ='E!;"*"q“‘.\'&’I , g#=1
9, S, =b+b+...b = t-g ¢-1

b n g=1
10. S='l§_r3r1_.5;=f-_";, agar 0<|ql<l ho‘lsa.

10°. Tenglamalar
1. Chiziqli tenglama ax=b5:

a) agar a=0 bo‘lsa, yagona ¥=— yechimga ega;
&1

b) agar a=0, b= 0 bo‘lsa, yechimga ega emas;

d) agar a=b=90 bo‘lsa, cheksiz ko‘p yechimga e¢ga. Bu holda
IXtivoriy x tenglamaning yechimi bo‘ladi.

2. Chiziqli tenglamalar sistemasi

ax+by=c
{a:,x +by=c,
Avavlik, A=ab, —a.b, Ax=bc, —bc, va Ay=ac, —a,c, bo'lsin.
Ax Ay

a) agar A =0 bo‘lsa, yagena Xm=s, yE—C yechimga ega;

b) agar A=0 bo'lib, Ax va Ay lardan birortasi 0 dan fargli
bo‘lsa, yechimga ega emas;

12



d) agar A=Ax=Ay=0 bo‘lsa, cheksiz ko'p yechimga ega.

e) Geometrik talgini: ax+ by =c tenglama tekislikda to‘g‘ri chi-
zigqni aniglaydi. A =0 shart ikkita to‘g'ri chizigning kesishishini va
ularning yagona umumiy nuqtaga ega bo‘lishini bildiradi. b) dagi
shart ikkita to‘g‘ri chiziglarning parallel bo‘lib, ularning vmumiy
nuqtaga ega bo‘lmasligini anglatadi. Va nihoyat, A = Ax=Ay=0 shart
ikkita to‘g'ri chizigning ustma-ust tushishini va ularning cheksiz
umumiy nugtaga ega bo‘lishini bildiradi.

3. Kvadrat tenglama ax’ +bx+c=0: D=§"—4ac bo‘lsin.

a) a=0 bo‘lsa kvadratr tenglama yuqgorida ko‘rilgan chiziqli teng-
lamaga aylanadi; =0 bo'lib,

b
b) D=0 bo‘lsa, vagona I=—;{; yechimga ega;

B

~b+~D
‘d) D=0 bo'lsa, ikkita xu:—TJ— vechimga ega;

¢} D<(0 bo'lsa, yechimga ega emas.

4. Viyet teoremasi: .
a) agar x, va x, lar x”+pv+¢g=0 tenglamaning yechimi bo'lsa, unda

{xl +X,=—p
XX, =
bo‘ladi; A
b) agar x, x, va x, lar x° + pv’ + gr+ =0 tenglamaning yechi-
mi bo‘lsa, unda
X +X, +x=—p,
X, Xy XX XX, =g
X Xyt X, =k
bo‘ladi.
5. a'=b, a>0 tenglama
a} h>0 bo'lganda x=log, b yechimga ega;
b) b« bo'lganda vechimga ega emas.
6. log x=0 tenglama ,>( bolganda -, yechimga ega.
7. Trigonemetrik tenglamalar:
s—iXtiyoriy butun son bo‘lsin.
a) sinx=a tenglama |a|<1 bo‘lganda x=(-1)"arcsing+nx
yechimga ega, la|>1 bo‘lganda esa yechimga ega emas;
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b) cosx=qg tenglama |a|<1 bo‘lganda x=tarccosa+2nz
vechimga ega, |q|>1 bo‘lganda esa yechimga ega emas;

d) tgx=a tenglamaning yvechimi x=arctga+nr bo‘ladi.

e) ctgx=g tenglamaning yechimi x=arcctga+nxr bo‘ladi.

11*. Tengsizliklar
1. Tengsizliklarning xossalari:

a) azb o ixtiyoriy ¢ uchun g+cz2b+c;

b) azb va c2d = a+czb+d;

d) a=b Va ¢>0 = aczbe

e) azb va ¢c<0) = acgbe.

2. Chizigli tengsizlik 41> 5!

a) a=0 va bp>0 bo‘lsa, yechimga ega emas;
b) =0 va b<0 bo‘lsa, xe(—o0;+0) bo‘ladi;

b b
d) a>0 bo'lsa, -"E(EQWJ va ag<( bo‘lsa, IE(-OG;—)

a
bo‘ladi.

3. ax<b tengsizlik (—1) ga ko‘paytirilish yordamida —gx > -6
tengsizlikka keltiriladi.

4. Kvadrat tengsizlik ax’+bx+c>0: D=5%-4dac bo'lsin.

a) q=0 bo‘lsa kvadrat tengsizlik chizigh tengsizlikka aylanadi;

b) 4«0 bo'lib, D<0 bo‘lsa yechimga ega emas;

-b+«/-I_). -5-/D

»

2a 2a

d) <0 be‘lib, p>0 bo'lsa, xe{ J bo‘ladi;

€) a>0 bo'lib, D>0 bo'sa,

WS NN,

g a ;""mJ bo‘ladi;

f) a>0 va D>0 boflsa, xe{—o;+») bo‘ladi.
5. ax’ +bx+c <0 kvadrat tengsizlik (—!1) ga ko‘paytirilish yor-
damida —ax? -px-—c>0 tengsizlikka keltiriladi.
6. ) o>1 bo‘lganda &' 5 g™ tengsizlik f(x)>g(x) teng-
sizlikka teng kuchli; '
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b) 0<a<l bo'lganda /) . ,k» tengsizlik f(x)<g(x) teng-
sizlikka teng kuchli.

7. a) &>1 bo‘lganda log, f(x)>log, g(x) tengsizlik
F(x)>g(x)>0 tengsizlikka ekvivalent;

b) 0<b<i bo‘lganda log, f(x}>log, g(x) tengsizlik
0< f(x)<g(x) tengsizlikka ekvivalent.

8. Ratsional fengsizliklar intervallar uwsuli yordamida yechiladi:
ratsional kasr surat va maxrajining barcha ildizlari butun sonlar
o‘gini intervallarga ajratadi. Har bir intervalda ratsional kasr o‘z
ishorasini o‘zgartirmaydi. Kerakli intervallar tekshirish yordamida
topiladi.

9. Trigonometrik tengsizliklar:

a) sinx>a tengsizlik:

1) @21 bo‘lsa, vechimga ega emas;

2) a<-1 bo'lsa, xe(—w; +e0) bo‘ladi

3) -1<a<1 bo‘lganda, xe(arcsina+2mr; fr—arcsina+2mr)
bo‘ladi.

b) sinx<a tengsizlik:

1) 2<-1 bo‘lganda yechimga ega emas;

2} a>1 bo'lsa, xe(-oo; +m) bo‘ladi;

3) —l<a<gl boflsa, xe(—fr-—arcsina+2mr; arcsina+2mr)
bo‘ladi.

d) cosx>a tengsizhk:

1) 221 bo‘lganda yechimga ega emas;

2) a<-1 bo'lsa, xe(-o; +e0) bo‘ladi;

3) -1<a<]l bo‘lganda; xe(—arccasa+2mr; arccosa + 2nfr)
bo‘ladi.

¢) cosx<g tengsizlik:

1) a2<-1 bo‘lganda yechimga ega emas;

2) a>1 bo'lsa, xe(—w; +w) bo'ladi;

3) -1<a<t bo'lsa, xe(arccosa+2mr; 27~ arcmsa+2mr)
bo‘ladi.

r
f) rgx>a tengsizlik *€ [ﬂ’?‘ ciga + nr, ) +nr ) yechimga ega.

a
g) igx<a tengsizlik X€ [*3 +nx, arciga+ ”ﬁ) yechimga ega.
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h) crgx>a tengsizlik xe(nz; arciga+nz) yechimga ega.

i) citgx<a tengsizlik xe(arcctga+mr; :r+mr) yechimga ega.

10. Modul gatnashgan tenglama va tengsizlikni yechish uchun
modul ostida qgatnashgan funksivalarning barcha nollari topiladi,

ular yordamida sonlar o‘qi oraliglarga ajratiladi va har bir oraligda
moduldan gutulinadi.

12°. Ajoyib va muhim limitlar

] . 2”
11 E'EE.ET_O- 2- 1'_'}3_;-‘04
n* a’
3. lim—=0 (a>1), 4. lim—=0 (va>0).
A= 1y rax gl
5. limng"=0, |q|<I, | 6. lim%a=1 (a>0).
7. im %l o (4n), 8. limin=1,
ft=—p ¥ n =7
9. fim—m=0 10 Iim[l+l}n—e~2?18’?8
] n*w{/;;i ) * He=p ot 1 * = .
sinx . ige . she .t . Sinax _
1L fip——=lip==etm==cln-"=1, 12, In——=a (acR).
1 o Aa(t+x
13. lim(1+x)x =e, 14, l:m*—(—u——)=l.
x=+) X x
et -1 a -
15, lim< =1, 16. im< I=lna (a}O),
x—20 X X=3} X
I+ x) -1
17. lim( ) =a (ac€R).
x =l X

la_jﬂlox hx=limx?lnx=limx‘e" =0 (a}O)_

=i X—¥ 4

13°. Differensiallashning umumiy qoidalari
1, y=c=const, y'=0. 2. y=c-u {c=const), y'=c-u'.
3. v=utv, y'=u'ty', 4, y=u-v, y'=u"v+u-v'.
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5. y=

- )&=

(v(x):t{}), y'=M.

6.

y=f(u) (uzu(x)), y=f o

, |
T y= () x=S0) VT 8 yeu, yea s vy

14%. Asosiy elementar funksiyalarning hosilalari

l. (x")r=ﬂlﬂ-1,
3. (sinx)'=cosx.
i
tgx)'=
5. (tgx) cos” x
7 (lnx)':—

11, (aresinx) ':\ﬁl—?'
—~x

1
|+ x

13. ( arctgx)' =

.

1S. (shx)'=chx,
1

Y .
ch x

17. {thx)=

|
2+l
i

I—x

19. (al‘csh x)’ =

21. (arcthx)'=

2 -

2,
4.

6.

8.

10.

12

14,

16

18.

20

22

(x")'=x"'(l+ Inx),

(cosx)‘ =-3inx.

(ctgx) =-

sin’x

]

xina

(fog, x}'= (¢>0, a=l),

(a*)'=a‘ Ina (a>0),

1

. (arceos)' = -
N =g

1
tgx) =~
(arcetg x) b+

. (chx)'=shx.
|
shx'
J

. {arcchx)'=
.

1
1-x"°

(cth x)':—

. {arccth x)'=~

15°. Integrallashning umumiy qoidalari

1. d[ff(x)dx] = f{x)dx.
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3. Ic'f (x}de=c f f(x}dx (c=const#0).

4, _ﬂ:f(x) + g(x)]dr = If(x)dx + Ig(x)dx .
16°. Anigmas integrallar jadvali

1. _.U'd”=ff. 2. |dv=x+c,
. xa+l. . dx |
. = +¢ (a#-1, aeR). 4. —=2\E+c.
b= gare leebach) 4 T
5. -£=—l+c, 6. 'ﬂzln|x|+c_
Y x” x I x
7. i =lln1ax+b|+c (G#O), 8. .e"'a!\::gx +c,
‘x+bh a X
‘ a ,
9. _[a dx=—+c (a>0, azl). 10, jsmxdx=—cosx+c,
Ina
ii. :’.:ﬂsxdxzsinx+c. 12. x =—cigx+¢,
’ ‘sin” x
r dx .
13. s—=Igr+C, 14, |shxdx=chx+c,
YOS X .
. < dx
15, lchxdyx=shx+¢, 16. - =—cthx+c,
’ “sh®x
e dx o dx
. |=—=thx+c {——=tin+c, ] =arclgx + ¢ .
17 Jehx J.fh‘x 18 1+ x° gy e

dx )
19, ,dr,=lm*ctg£+c (a#0). 20. j == arcsinxX +¢

a+x o o |
de X o | |x-a
21. Iﬁﬁarcsm;-w (a>0) 22 IF:]Z...:zm;E

dx | + X
23, 5=/

a“—x 2a

+¢ {a=0), limz =g¢

a-—x
18



I+\JIZ+G

t+c (a#ﬁ)_

24 I & =1In
" x+a

dx 3
25, Iﬁzida*ixz +C

26. '*Jﬂz*x:dX=g~\/az-x"'+%-arcsin£+c (a>0).
) a
27. .N‘x:iﬂzdx=§\/x:iaz iig—ln|.r+ X +at|+c

dx X [x ﬂ-J
28. t——=lInfig—|+¢ 29, |——=Injfg| =+~ ll+c¢
sin x cosXx 2 4
dx
— = Inlsin x| + _=—I +
30. -[tgx “’5'“ "f| ¢ 31. pro n|cosxf ¢

17°. Aniq integralning tatbiqlari
1. Aniq integral yordamida tekis shaklning yuzasini hisoblash.
a) Dekart koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash.

Agar f(x)eCla,b], f.(x)eC[ab] bolib,
' D_{aixﬂb,
A=) sy hi(x)

bo‘lsa, u holda

$= 409~ £
bo‘ladi. ’

b) Qutb koordinatalar sistemasida berilgan shaklmning yuzasini
hisoblash.

Agar
{ai‘iwﬁﬁ,

) 0<rsr(ep)
bo'lib, r{p)sCla,B] bo'lsa,
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§= Ir: (p)dp

1
2(-'(
bo‘ladi.
2. Aniq integral yordamida yoy uzunligini hisoblash,
a) Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
AB: {(x,f(x)):xE[a,b]} bolib, f'(x}eCla,b] bo'lsa, unda

4B egri chizig uzunligi / ushbu
b -
= e[ (x)] o
formula yordamida hisoblanadi.

b) Parametrik ko‘rinishda berilgan egri chiziq yoyining uzun-
ligini hisoblash.

x=p{t),
y=y(1)
w'(t)eCla, B] bo'lsa,

= (o O +[v' ()T
bo*ladi. "

d) Qutbh koordinatalar sistemasida berilgan egri chiziq yoyining
uzunligini hisoblash.
asp<p,
Agar 4B\, _ (o) bo'lib, r'(¢)eC|a,B] bo'lsa, unda

I= ?Jr‘z (4;1?) + I:r '(rp)T de

o]

Agar AB: { as<t<f bo'lib, ¢'(r)eCla,f] va

bo‘ladi.

3. Aylanma sirtning yuzasi.

AE:{(x,f(x)):xE[a,b]} bo'lib, f(x)20 va ['(x)eC[a,b]
bolsin. 45 yoyni QX o'qi atrofida aylantirish natijasida hosil
bo‘lgan aylanma sirtning yuzasi ushbu

&
§=2x If (x)\jl + [f‘(x)]zdx
formula yordamida hisoblanadi.
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4. Aylanma jismning hajmi.

asx<h,
Ushbu £= 0<y< f(:c) egri chizigli trapetsivani QY o'qi

atrofida aylantirishdan hosil bo‘lgan aylanma jismning hajmi

V=Jr:ﬂ: F()T d

formula yordamida hisoblanadi.

5. O‘zgaruvchi kuchning bajargam ishi.

OX o'qida shu o‘q bo‘ylab biror jism F=F{(x) kuch ta’sirida
harakat qilayotgan bo‘lsin. Agar F(x)eCla,b] bo'lsa, F=F(x)
kuch ta'sirida jismni ¢ nugtadan p nuqgtaga o‘tkazishda bajarilgan
ish ushbu

A= }F(x)dx

formula yordamida hisoblanadi.

6. Statik moment. Og'irlik markazi.

Egri chizigung QY va ©Y o‘qlariga nisbatan statik moment-
lari A4 va M, lar

M, = [yl v M, = frct
0 0

formulalar yordamida hisoblanadi. Bu yerda dl=\[(dx):+(ajz)z—

yoy differensiali, / esa berilgan egri chiziq uzunligi.
Berilgan egni chizig og'irlik markazining koordinatalari esa ushbu

Xy =
/
formulalar yordamida hisoblanadi.

7. Geometrig figuralarning statik momentlari va og‘irlik markazi.
Agar geometrik figura

{aﬂxﬂb

0<y<sf (.x)
egri chizigli trapetsiyadan iborat bo‘lsa, unda
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1% I
Mx=5jy2d’f, M.,:E!l?dx va (-’fo;yn)z[

Mv M.r
] S’ S

]
bo‘ladi. Bu yerda = Iy(.x)dx —trapetsivaning vyuzi.

18°, Matematik belgilar

Formula, ta’rif va tasdiglarni yozishda quyidagi matematik belgi-
lardan foydalanish qulay bo‘lib, vozuvni ancha ixchamlashtiradi:

e —tegishli,

g —tegishli emas,

« —qism,

v —ixtiyoriy,

J—mavjud,

Jr—mavjud va vagona,

— —kelib chigadi, “...bo‘lsa, ...bo‘ladi”,

«s —teng kuchli,

»=~ta’rifga ko‘ra teng,

:—shunday,

A TVa,

v —Yyoki,

4 —isbotning boshlanishi,

e —isbotning oxiri.
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2-§. 1-MUSTAQIL 1ISH

Ketma-Kketlik va funksiya limiti

Sonli ketma-ketlik va uning limiti.

Cheksiz kichik va cheksiz katta ketma-ketliklar.
Monoton ketma-ketliklar va ularning limiti.
Fundamental ketma-ketliklar.

Ketma-ketlikning yngori va quyi limitlari.
Funksiyaning limiti.

Funksiyaning nzluksizligi va wzilish nuqtalari.
Funksiyaning tekis uzluksizligi.

—_— A_
Asosiy toshuncha va teoremalar
1%, Sonli ketma-ketlik va ening limiti
1-ta’vif. Agar har bir ne N natural songa biror qonun yoki goi-

daga ko'ra bitta x, hagigiy son mos go yilgan bo'lsa, x, x,,..., x,,.
sonli kefma-ketlik beru'gan deyiladi va u { } kabi be{gf!anad:

x, (n=1,2,...) miqdorlar {x,} ketma-ketlikning hadlari deyiladi.
{x,} va {y,} ketma-ketliklar berilgan bo‘lsa,
{xn + Y, = {x] X X "“}’:s-“}s
{‘xn _.Vn} :{‘xi — YV X _}’:sm}a
(vt =15y ey ds

yjf .yl3 yl, (yniﬂr =5 ,”‘)

ketma-ketliklarga mos ravishda {x,} va {y,] ketma-ketliklarning
yig‘indisi, ayirmasi, ko‘paytmasi va nisbati deyiladi.

2-ta’rif. Agar 37 (3m) son mavjud bo'lsaki, Yne N uchun
x,sM (x,2m) tengsizlik orinli bo'lsa, {x,} ketma-ketlik yugori-
dan (quyidan) chegaralangan deyiladi. Aks holda esa, ya'ni
VM {Vm) son olinganda ham 3Ine N son mavjud bosaki, x, >M
(x, <m) bolsa, {x,} ketma-ketlik yugoridan (quyidan) chegaralan-
magan deyiladi.
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3-ta’rif. Agar 3IM >0 son maviud bolsaki, Yne N uchun
|x.\<M botsa, {x,} ketma-ketlik chegaralangan deyiladi. Aks hol-
da esa, ya'ni YM >0 son olinganda ham 3Ine N son topilsaki
]x“| >M boisa, {x,,} chegaralanmagan ketma-kethik deyiladi.

d-ta’rif. Berilgan {x,} ketma-ketlik uchun shunday a son topilib,
Ye>0 son olinganda ham 3n,=n,(s.a)e N son mavjud boTsaki,
n>n, fengsizlikni ganoatlantiruvchi barcha natural sonlar uchun
|x,—a| <& tengsizlik ovinli bolsa, a son {x,} ketma-ketlikning limiti
deyiladi va WX, =a kovinishda belgilanadi. |

Agar 4-ta’'rifdagi shartni ganoatlantiruvchi g son mavjud
bo‘lmasa, {x,} ketma-ketlik limitga ega emas deyiladi.

5-ta’rif (4-ta’rifning inkori). Agar Yn,eN son olinganda ham
3 >0, In>n, son topilsaki, |x,-alze bo'lsa, a son {x,} kema-
ketfikning limiti emas deyiladi va M X, =a koinishda belgilanad.

6-ta’rif. Agar {x,} ketma-ketlik chekli limitga ega bo‘lsa, bu
ketma-ketlik yaginlashuvchi deyiladi. Aks holda bu ketma-ketlik wzoq-

lashuvehi deyiladi.
2%, Cheksiz kichik va cheksiz katta ketma-ketliklar
LI-ta’rif. Agar {x,} ketma-ketlikning limiti nolga teng (limx, =0)

bolsa, {x,} ketma-ketlik cheksiz kichik ketma-ketlik deyiladi

2-ta’vif. Agar M >0 son ofinganda ham 3n,c N son maviud
bo fsaki, Yn > n, natural sonlar uchun |x,|> M tengsizlik o'vinli bolsa,
{x,} ketma-ketlik cheksiz katta ketma-ketlik deyiladi

Agar {x,} cheksiz katta ketma-ketlik bo‘lsa, hmx, =
ko‘rinishda yoziladi. Agar {x,} cheksiz katta ketma-ketlik bo‘lib,
biror nomerdan boshlab barcha hadlari musbat (manfiy} bo‘lsa,
limx, =+e0 (limx, =—c0) ko‘rinishda yoziladi.

Har qanday cheksiz katta ketma-ketlik chegaralanmagan bo‘ladi,

lekin bu tasdigning teskarisi har doim ham o'rinli bo‘lavermaydi.
1-teorema. Chekli sondagi cheksiz kichik ketma-ketlikiar yig indisi

cheksiz kichik ketma-ketlik boladi.
2-teorema. Chegaralongan ketma-keflik bilan cheksiz kichik ket-
ma-ketlik ko'paytmasi cheksiz kichik ketma-ketlik bo‘ladi.
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3-teorema. Agar Vne N uchun x,+0 botib, {x,} — cheksiz

1
katta (cheksiz kichik) ketma-ketlik bolsa, u holda {;} cheksiz

kichik (cheksiz katta) kefma-ketlik bo‘ladi. n
4-teorema. 'MX,=a poishi uchun {a,}={x,-a} ketma-ketlik-
ning cheksiz kichik kefma-ketlik bo'lishi zarur va yetarlidir.

3%, Yaqinlashuvchi ketma-kefliklarning xossalari

1-teorema. Agar {x"} ketma-ketlik yaginlashuvchi bo'lsa, uning
limiti yagona bo‘ladi.

2-teorema. Agar {x} ketma-ketlik yaginlashuvchi bofsa, u che-
garalangan boladi.

3-teorema. Agar {x,} va {y,} ketma-ketliklar yaginlashuvchi
bo'lsa, u holda {x, 2y}, {x, .} ketma-ketliklar ham yaginlashu-
vehi bo'ladi va

lim(x, £y, }=limx, tlimy

H oy
Ne=% 7. H—%.F. H—=F1

lim(x,-y,)=limx, -limy,

H—x = L

formulalar o‘rinli bo‘ladi.
4-teorema. Agar {x,} va {y,} ketma-ketliklar yaginlashuvchi

: xn
bolib, \yrne N uchun y #0 va i[{“ Y. %0 poYsa, {;‘} kefma-

ketlik ham yaginlashuvchi bo ladi va
y limx,

[ 2t = 2
e y" lim y"
=7
formula o'rinli bo‘ladi.
S-teorema. Agar Nimx, =a bo%ib, biror nomerdan boshlab x, >c

(x,<c) bolsa, u holda axc {asc) bofadi.

6-teorema. (“Ikki mirshab hagidagi teorema®). Agar lﬂﬁ X, =d,
limy, =a po'lib, biror nomerdan boshiab x, <z <y, fengsizlik o'rinli
bolsa, u holda Mz, =a boadi
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. . . xu 0
Agar limx, =0 limy, =0 po'lsa, BM— o5 — ¥o'rinishdagi

=k Her ot P op=x yn 0

QD
anigmaslik deyiladi. o> 0.0, w—o va boshga ko‘rinishdagi
anigmaslikiar ham shu kabi ta'riflanadi.

4°. Monoton ketma-ketliklar va ularning limiti
I-ta’rif. Agar {x"} ketma-ketlikning hadlari Yne N uchun

r+

x,<x,,, (x,2x,,) tengsizlikni ganoatlantirsa {x,} o‘suvchi (kama-

yvuvchi) keima-ketlik deyiladi.

2-ta’rif. OSuvchi va kamayuvchi ketma-ketliklar monoton kef-
ma-ketliklar deb araladi.

1-teorema. Agar {x,} ketma-ketlik o‘suvchi bo'lib, yuqoridan

"

chegaralangan bo‘'lsa, u holda u yaginlashuvehi bo ‘ladi.
2-teorema. Agar {x,} ketma-ketlik kamayuvchi boib, quyidan
chegaralangan bo‘lsa, u holda u yaginfashuvehi bo‘ladi.

3%, Fundamental ketma-ketliklar
1-ta’rif. Agar we>0 son olinganda ham 3n,=n,(c)eN son
mavjud bo'lsaki, Yn>n, va pe N sonlar uchun Ixm » —x"fﬂis reng-
sizlik bajarilsa, {x,} fundamental ketma-ketlik deyiladi. |
2-ta’rif. ([-1arifning inkori). ¥n,e N son olinganda ham shun-
X, 2 E fengsig-

day n>n,, peN, >0 sonlar mavjud bo'lib, |*,., - X,

lik o'rinli bo'lsa, {x,} ketma-ketlik fundamental emas deyilali.
Teorema (Koshi). Ketma-ketlikning yaginlashuvchi bo‘lishi uchun
uning fundamenral bolishi zarur va yetarlidir.

6'., Qismiy ketma-ketliklar. Ketma-ketlikning yuqori
va quyi limitlari
{x,} ketma-ketlik berilgan bo‘lib, k,k,,....k,,... (k, 2#)
o'suvchi natural sonlar ketma-ketligi bo‘lsin. {x,} ketma-ketlikning
k.k,,....k ... nomerli hadlaridan x,,% ,...,% ,... ketma-ketlikni
tuzamiz. Hosil bo‘lgan {x*n} sonli ketma-ketlik {x,} ketma-ketli-
kning gqismiy ketma-ketligi deb ataladi.
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1-lcorema. Agar 1Exn =a bolsa, u holda uning har ganday
gismiy ketma-ketligining fimiti ham a ga teng bo‘ladi.

2-teorema. (Bolsano-Veyershtrass). Agar {x,} ketma-ketlik che-
garalangan bo‘lsa, u holda bu ketma-ketiikdan yaginlashuvchi bo‘lgan
gismiy ketma-ketlik ajratish mumkin.

1-ta’rif. {x,} ketma-ketlikning qismiy ketma-ketligi limiti {x}
keima-ketlikning qismiy lmiti deb ataladi,

2-ta’rif. Yugoridan (quyidan) chegaralangan ketma-ketlik qismiy
limitlarining eng katfasi (eng kichigi} berilgan ketma-ketlikning yugori

(quyd) limiti deyiladi va Exﬂ' (l@ xn) ko rinishda belgilanadi.

H=pc

3-teorema. ELmr X, =a holishi uchun |Tj x,=lmx =a po,qcni

M=

zarur va yetarli.

7°. Funksiya toshunchasi. Funksiya limiti

Bizga biror X < R to‘plam berilgan bo‘lib, X o‘zgaruvchi mig-
dor X to‘plamdan olingan bo‘lsin. Agar har bir xe X songa biror
gonun yvoki goidaga ko‘ra bitta y son mos qo'vilsa, u holda X
to‘plamda funksiya aniqlangan deyiladi va y= f(x) kabi belgilana-
di, x o‘zgaruvchiga erkli o‘zgaruvchi (voki funksiyaning argumen-
ti), X to‘plam f(x) funksiyaning amiglanish sohasi, x soniga
mos keluvchi ¥ soniga esa funksiyaning x nuqtadagi xususiy qi-
ymati deb ataladi. [ (1:) funksivaning barcha xususiy qivmatiar
to‘plami ¥ ga f(x) funksiyaning giymatlar to‘plami (yoki o‘zgarish
sohasi) deyiladi. Shunday qilib,

}’:{yER: y=f{x), xEX}.

Agar a (aeX & aeX ) nuqtaning ixtiyoriy atrofida x
to‘plamning a dan fargli kamida bitta nuqtasi bo‘lsa, u holda ¢
nugta X to‘plamning limit nuqtasi deyiladi,

Bundan keyin butun paragraf davomida y — f(x) funksiyaning
aniqlanish schasi, ¢ nugta Y to‘plamning limit nugtasi deb tus-
huniladi.
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1-ta’rif. (Koshi). Agar ve>0 uchun 36 =05(¢,a}>0 topilsaki,
O<(x—a|<8 tengsizlikni qanoatlantiruvchi YxeX uchun
| f (x)—bl <& tengsizlik bajarilsa, u holda p soni f(x) funksivaning
a nugtadagi limiti deyiladi va limf (x)=% kabi belgilanadi.

2-ta’ril. (Geyne). Agar X toplamning nuqtalaridan tuzilgan, a
ga intiluvchi ¥{x,} (x,#a, n=1,2,..) keima-ketlik uchun {f (r)}
ketma-ketlik hamma vaqgt yagona b soniga intilsa, shu b soni [(x)
funksivaning o nuqtadagi limiti deb atalad;.

Keltirilgan ta’riflardan ko‘rinib turibdiki, funksivaning & nug-
tadagi limiti mavjud bo‘lishi uchun funksiva & nugtada aniqlangan
bo'lishi, ya’'ni ge x bo‘lishi, mutlago shart emas (¢ nuqtaning
X to'plam uchun limit nuqgta bo‘lishi vetarli, ya’ni, umuman
olganda, ge¢ X ).

Endi 1- va 2-ta’riflarga teskari ta’riflarni keltiramiz.

1-ta’rifning inkori. Agar 3¢>0 topilsaki, w§>(0 uchun
Gf:[x-a|-=::5 tengsizlikni ganoatlantiruvchi 3Ixe X maviud bolib,
|f (x)—blas tengsizlik bajarilsa, p soni f(x) funksiyaning a nu-
gtadagi limiti emas deyiladi |lim f(x)= b{.

2-ta’rifning inkori. Agar & nugrtaga intiluvchi  3x,}
{(x,€ X, x,#a, n=1,2,..) ketma-ketlik topilsaki, unga mos
{ f{x, ]} ketma-ketlik b ga intilmasa, u holda p son f(x) funksi-
yaning a nuqtadagi limiti emas deyiladi.

1-teorema. Funksiya limitining I- va 2-ta’riflari ekvivalentdir.

Biz 1-teoremadan quyidagi xulosani chigaramiz: funksiyaning
limitini hisoblayotganda qaysi ta’rif bo‘yicha hisoblash oson va qulay
bo‘lsa, shu ta’rifdan foydalanish kerak.

Ba’zi bir hollarda f (x) funksivaning ¢ nugtadagi limiti mavjud
bo‘lmaydi. Ana shunday hollarda funksiyvaning nuqgtadagi bir to-
monli (o‘ng va chap) limitlari to‘g‘risida gap yuritiladi.

3-ta’rif (Koshi). v ¢>0 wuchun 35=06{a,g)>0 topilsaki,
a<x<a+d (a—8<x<a) tengsizlikni ganoatlantiruvchi vxe X
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uchun |f(x)-b|l<& tengsizlik bajarilsa, b son f{(x) funksiyaning
a nugtadagi o‘ng (chap) limiti deb araladi va

lim £(x)=f(a+0)=b (lim f(x)=7(a-0)=b)

X =a+{)
kabi belgilanadi.
4-ta’rif (Geyme). a nugtaga intiluvchi Vix,}, x,€X, x, >a

(x, <a) ketma-ketlik olinganda ham unga mos {f(x,)} ketma-ket-

lik b sonmiga intilsa, b soni f(x) funksiyaning a nuqtadagi o‘ng
(chap) limiti deyiladi.

2-teorema. lim f{x)=b boTishi uchun f(a+0)=f{a-0)=b

tenglikning bajarilishi zarur va yetarli.

Endi funksiyaning x —+o dagi limiti ta’rifini beramiz. 7(x)
funksiva (c,+a::) cheksiz oraligda aniglangan bo‘lsin.

5-ta’rif. (Koshi). ve >0 uchun 34>0 {A=c) topilsaki, x> A
uchun |f{x)-b|<e tengsizlik bajarilsa, b son f(x) funksiyaning
x—> +c0 dagi limiti deyiladi va ﬂﬂlf (x)=b kabi belgilanadi.

6-ta’rif. (Geyne). +oo ga infiluvchi Vix,} (x,>c} ketma-ketlik
uchun unga mos { f (x,,)} ketma-ketlik p soniga intilsa, b soni f(x)
funksivaning x — +oo dagi limiti deb ataladi.

3- va 4-ta'riflar hamda 5- va 6-ta’riflar bir-biriga ekvivalent.
lim f {x)=b ning ta’rifi ham yuqoridagiga o‘xshash aniglanadi. Agar
Tim F(x)=lim f{x)=& bo‘lsa, u holda lim £ (x)=5 deb yoziladi.

X0 X

7-tarif. Agar limf{x)=00 (lim f(x}=0) bo'sa, f{x) funksiya

a nuqgtada cheksiz katta (cheksiz kichik) funksiya deyiladi.

Cheksiz katta va cheksiz kichik funksiyalar ham cheksiz katta
va cheksiz kichik ketma-ketliklar uchun 2% punktda keltirilgan
xossalarga ega.

8¢, Limitga ega bo‘lgan funksiyalarning xossalari
1-ta’rif. Ushbu Us{a)={xeR: 0<|x-a|<8} tolam a nugta-
ning o*yilgan 5 atrofi deb ataladi.
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1-teorema. f(x) va g(x) funksivalar a nugtaning biror oYyilgan
arrofida aniglangan bo%ib, im f (x)=6 va lim g (x)=c bo'sin. U holda
1) Iim[f(a)ig(x):}:: lim f(x)tlimg(x)=b*c,

2) lim{ /(a)-g(x)]=lim / (x)-limg (x) =b-c,
lim f{x) ,

3) agar ¢=#0 bofsa, Im f(x) = £24 =— boadi.
e g{x) timg(x) ¢

Xk

2-teorema. («Ikki mirshab haqidagi teorema»). Agar f(x}, g(x)
va h(x) funksivalar a nuqtaning biror oYyilgan atrofida aniglongan
bo'lib, shu atrofda f(x)<g(x)<h(x) tengsiclikni ganoatlantirsa va
lea fx)= ll_fgf?(x Y=b tenglik bajarilsa, u holda lm g (x)=b poiadi.

Funksiya limitini hisoblashda quyidagi ajoyib limitlar katta ahami-
yatga ega.

Birinchi ajoyib limit:

sinx_

hm——=1 (1)
Ikkinchi ajoyib limit:
I X
Iimil+—1 =e
i1+ @

9°, Funksiya limiti uchun Koshi teoremasi
f(x) funksiya X to‘plamda berilgan bo‘lib, a nuqta X

to'plamning limit nuqtasi bo‘lsin.

Ta’rif. Agar ve>0 wchun 35>0 topilsaki, argument x ning
0<|x'~d| <, O<|x"-aj<d  tengsizlikni  ganoatiantiruvchi
vx', x" (x'eX,x"e€X) giymatlarida |f(x")-f(x")|<& tengsizlik
o'rinli bo'lsa, f(x) funksiva uchun a nuqtada Koshi sharti bajarila-
di deyiladi,

Ta’rifping inkori. Agar 3¢ > ¢ son topilsaki, ¥S§>0 son uchun,
0< Ix'— a] <&, 0< ]x"- a} <&  tengsizlikni qanoatiantiruvchi
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f(x7)-f(x")z ¢ tengsizlik bajarilsa,
f{x) funksiva uchun a nuqtada Koshi sharti bajarilmaydi deyiladi.

Teorema. (Koshi). f(x} funksiva a nugtada chekli limiwga ega

bo lishi uchun bu funksiyaning a nugtada Koshi shartini bajarishi
zarur va yetarlidir.

vx', x"e X lar mavjud bo'lib,

10*, Funksiyvaning uzluksizligi va uzilishi
F(x) funksiya @ nuqtaning biror to‘liq atrofida aniglangan bo'isin.
1-ta’rif. Agar

lim f(x) = /() (3)

=y

bo‘lsa, f(x) funksiva « nuqtada wzluksiz deyiladi.

Funksiva uzluksizligi ta'rifini Koshi va Geyne ta’riflari yordamida
ham berish mumkin. Biz ularga to‘xtalib o‘tirmaymiz.

Endi f(x) funksiya @ nuqtaning biror o‘ng (chap) vyarim
atrofida, ya'ni [a,a+0‘) (mos ravishda, (a-4, a]) yarim in-
tervalda aniglangan bo‘lsin.

2-ta’rif. Agar

lim f{x)=f(a) [ lim f(x)=f(a)

X =141} (-‘i‘—ﬂf'-ﬂ‘ )
bo‘lsa, f(x} funksiva « nuqtada o‘ngdan (chapdan) uzluksiz de-
yiladi.
Teorema. [ [x) Junksiyaning a nugtada uzluksiz bolishi uchun

uning shu nugtada o‘ngdgn va chapdan uzluksiz bo'lishi zarur va
yetarlidir.,

Faraz qilaylik, f(x) funksiva a nuqtada uzluksiz bo‘lsin. U
holda lijj:f(x)=f(ﬂ) bo‘ladi. if’_ﬂﬂﬂ[f(x)“f(ﬂ)]=0, Agar
Ar=x-q — argument orttirmasi va Ay:=Af (a)=F(x)- f(a) —
funksivaning « nuqtadagi orttirmasi belgilashlarini kiritsak,

x=a+Ax va Ay=Af(a)=f(a+Ax)~ f(a) bo'ladi. Natijada, biz
tim [ /()7 (a)]= im (e + )~ £ (@)= lim =

ekanligini hosil gilamiz. Shunday gilib,
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lim Ay =0 4)

A=
tenglik bajarilsa, f(x} funksiya e nuqtada uzluksiz bo‘ladi.
3-ta’rif. f{x) funksiya (c.d) intervalning har bir nuqtasida
uzluksiz bo‘lsa, funksiva (c,a’] intervalda uzluksiz deyiladi.
f{x) funksiva (c,d) da uzluksiz bo‘lib, s nugtada o‘ngdan, d
nugtada chapdan uzluksiz bo‘lsa, unda u [c,d] kesmada uzluksiz
deyiladi.

X to‘plamda uzluksiz funksiyalar sinfi C{X} kabi belgilanadi.
4-ta’rif. Agar

lim f(x)=8= f(a) (1—=hol)
lim f(x)-3 (2—hol)
lim £ (x) =0 (3—hol)

E o 41

bo‘lsa, unda f{x) funksiva o nugtada wilishga ega deyiladi.
Funksiyaning o nugtada uzilishga ega bo‘ladigan hollarini alo-
hida-alohida ko‘rib chiqgaylik.

a) limf(x}=b= f(a) bo'lsin,

Bu holda lim f(x)=/f(a+0) va lim f(x)=/f(a-0)
mavjud bo‘lib, f(a+0)=f(a-0)= f(a) bo'ladi. Bunday nugqta

bartaraf qilish mumkin bo‘lgan uzilish nuqtasi deb ataladi.
Misollar.

x", agarx 20 bo‘lsa,
Fx)={70 |
I, agar x=0 bo‘lsa

funksiya uchun x=0 nuqgta bartaraf qilish mumkin bo‘lgan uzilish
nugtasi bo‘ladi, chunki

lim f(x)-lunf(x) 0 va f(0)=1.

X=—vr+{)

Agar f (0)=0 deb qabul gilsak, funksiva uzluksiz bo‘lib goladi.
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.
| - xsin-—,agarx # ( bo'lsa,
X

3. f(x)=
2, agar x=0 bo'lsa
funksiva uchun ham x=0 nuqta bartaraf qilish mumkin bo‘lgan
uzilish nugtasi bo‘ladi, chunki

lim 7 (x)=lim £ (x)=1 va f(0)=2.

X=waF 0

b) lim f(x)-2 bo‘lsin.

k=3 +l

Bunda quyidagi uchta hol bo‘lishi mumkin.

D lim f(x)=f(a~0) va lim f{x)=f(a+0) lar 3 va

x—ir=10 r=+a+0

Fa—-0)= f{a+0).

Funksiyaning bunday nuqtadagi uzilishi birinchi tur uzilish va
|f(a+0)-r(a-0) ayirmaga funksiyaning o nuqtadagi sakrashi
deyiladi.

Masalan,

1 —, agarx# 0 bo‘lsa,
F(®)=314 2=
0, agar x=0 bo'lsa
funksiya uchun x=0 npuqgta 1-tur uvzilish nugtasi bo‘ladi va funk-
sivaning bu nuqtadagi sakrashi 1 ga teng:
|£{a+0)- f(a-0)=|(+0)- £ (-0)|=lo-1=1;

2) x—>a da f(x) funksiyaning o‘ng va chap limitlaridan hech

bo'lmaganda biri 3. Funksiyaning « nuqtadagi bunday wuzilishi

ikkinchi tur uzilish deyiladi.
Misollar.

|
sin—, agar x>0 bo‘lsa,
L f)=1
X, agar x <0 bo‘lsa
funksiva x=0 nugtada ikkinchi tur uzilishga ega, chunki
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lim 7 (x)= lim (~x)=0= /(). Iekin lim /(x)=limsin—-3.

x=={ x=xi) X

2. D(x)-{

funksiva vge R nuqtada ikkinchi tur uzilishga ega, chunki x— «
da D(x) funksiyaning o‘ng limiti ham, chap limiti ham 3.

0, agar x — irratsional bo‘lsa,
1, agar x —ratsional bo‘lsa

3). x—a da f(x) funksiyaning o‘ng va chap limitlaridan biri

cheksiz yoki o‘ng va chap limitlar turli ishorali cheksiz. Funksiya-
ning a nuqtadagi bunday uzilishi ham ikkinchi tur uzilish deyiladi.

d) limf(x}=w bolsa, f(x) funksiya x=go nugtada ikkinchi

Xrpd

tur uzilishga ega deyiladi.

11¢. Uzluksiz funksiyalarning xossalari
1-teorema. Agar f{(x) va g(x) funksivalar x — R toplamda
aniglangan bo lib, ularming har biri g c X nugtada uzluksiz bo'tsa, u holda

D F{x)xg(x),
2) f(x)-g(x)

Jix
3) ggx; (vxe X uchun g(x)=0)

funksiyalar ham shu nugtada uzluksiz bo‘ladi.
Izoh: 1-teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.

Masalan, f(x)=x va

.
sin—, agar x#0 bo‘lsa,
glx)=1"x
0, agar x=0 bo‘lsa
. .
funksiyalar ko‘paytmasi [ (x)-g(x)=x-sm—:; funksiva R da uzluk-
siz, lekin g(x} funksiya x=0 nuqtada uiilishga ega.
Aytaylik, y=f(x) funksiya x to‘plamda, z=g¢(y) funksiya
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AN }’={y=f(x):xeX} to‘plamda aniqlangan bo‘lib, ular
yordamida Y to‘plamda aniglangan z=¢r[ v (x)] murakkab
fiunksiva tuzilgan bo‘lsin.

2-teorema. Agar y=f(x) funksiya aeXx nugtada, z=¢(y)

funksiya esa, unga mos y,=f(a) nuqtada uzluksiz bo‘isa,

z=p| f (x)] murakkab funksiva a nugtada uzhiksiz bo‘ladi.

Bu teorema limit hisoblashda juda muhim rol o‘ynaydi va
uning yordamida 1—§ ning 9° —punktidagi muhim limitlar Keltirib
chiqariladi.

3-teorema. Agar limf(x)=b (5>0) va lim g(x)=c bo'sa,

X~

lim[ ()] =¢ bo%adi

[/ (x)]" ko‘rinishdagi funksiyaga darajali-ko‘rsatkichli funk-
siya deb ataladi.
129. Funksiyaning tekis uzluksizligi
Biror y= f(x) funksiya X to‘plamda berilgan bo‘lsin.
Ta’rif. Agar ve>0 son uchun 35=5(s)>0 son topilsaki, X

fo ‘plamning ]x“-—x*| <& ftengsitlikni gqanoatianfiruvchi wx' va x"

(x',x"e X) nugtalarida | F{x")-f (x‘)l-::a tengsizlik bajarilsa, f(x)
funksiva x to‘plamda tekis urluksiz deb ataladi.
Ta’rifning inkori. 3> 0 son topilsaki, v&>0 son olinganda

ham |x"— x‘|-=:5 tengsizlikni ganoatlantiruvchi shunday vx'x"e X
nugtalar maviud bo‘lib ' F(x)-f (x')lzs tengsizlik bajarilsa, f(x)
funksiya Yy to‘plamda tekis uzluksiz emas deyiladi.

Kantor teoremasi. Agar f(x) funksiva [a.b] kesmada aniglangan
va uzluksiz bofsa, u shu kesmada tekis uzluksiz bo‘ladi.
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I1.
12.

NAZORAT  SAVOLLARI

Sonli ketma-ketlik tushunchasi.

Ketma-ketlik limitining ta’rifi va uning inkori.

Yaqinlashuvchi va uzoglashuvchi ketma-ketliklarning ta’riflari.

Cheksiz kichik ketma-ketliklar va ularning xossalari.

Cheksiz katta ketma-ketliklar va ulaming xossalari.

Cheksiz kichik va cheksiz katta ketma-ketliklar orasidagi bog‘lanish.
Yaqinlashuvchi ketma-ketliklarning xossalari.

Monoton ketma-ketlikning ta’rifi.

. Monoton ketma-ketliklar haqidagi Veyershtrass teoremasi.
Fundamental ketma-ketliklar va Koshi teoremasi.

Qismiy ketma-ketliklar. Ketma-ketlikning yuqori va quyi limitlari.
Funksiva tushunchasi. Funksivaning aniqlanish sohasi va giymatlar

to‘plami.

13.
i4.
15.
16.
7.
18.
19.
20.
21.
22.
23,
24,
25.
26.
27.
28,

Funksiva limitining Koshi ta’rifi va uning inkori.

Funksiyz limitining Geyne ta’rifi va uning inkort.
Funksiva limiti Koshi va Geyne ta’riflarining ekvivalentligi.
Funksiyaning bir tomonli limitlari,

Limitga ega bo‘lgan funksiyalarning xossalari.

Ikki mirshab haqidagi teorema.

Birinchi ajoyib limit.

Ikkinchi ajoyib limit.

Funksiva limiti haqgidagi Koshi tcoremasi.

Funksiyaning nuqtadagi va to‘plamdagi uzluksizligi ta’riflari.
Bir tomonlama uzluksizlik.

Bantaraf qilish mumkin bo‘lgan uzilish nuqgtasi.

Birinchi tur uzilish nugtasi.

Ikkinchi tur uzilish nuqtasi.

Uzluksiz funksiyalarning xossalari.

Funksivaning tekis vzluksizligi va Kantor teoremasi.
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_B_
Mustaqil yechish uwchun misol va masalalar

1-masala. limx, =a ekanligi ta’rif yordamida ko‘rsatilsin

(7, (£)-?).

3n-2 3 4411
. = . =— R iy = . =2
1.1 x, Y a > 1.2 x ot a
4n* +1 4 0~y |
1-3 = 3 =—- » "".-_-_’ E--o
"o3nt 42 “ 3 14 x 1+28° “ 2
1-2n° 1 Sn
. = o~ h =T, . u=_ E =-5'
1.5 x, S 4T3 1.6 x —. a
n+1 1 2n+1 2
1-7 "_1_2"3' a_ 20 ]¢8 xn_3n_5? a_go
L9 » -2t L1 x 3*2 3
2 g7 ‘ T T a0 T 4
4+ 2n 2 Sn+15
- = * =-_'—+ L] = ] =-5¢.
1.11 x, T3, 9773 1.12 x, rapai
13 -2’ ] 2n—1 2
1.13 =x, T ﬂ—-E. 1.14 x"_2—3n’ =3
3n-1 3 Sn+1 1
1. = . =— . X = . T -
15 % =507 975 L16 %, =T0n_3" 973
1;17 xn=1+3nj ﬂ:—-}‘ 1-18 X :2n+3, =2_
62 n+5
2 a2
1.19 x,,='r;:+?, ﬂ=%. 1.20 x,,=i+§n2, -**%
- n
1.21 x,,-nf’iz, a=2
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2-masala. o soni {x,} ketma-ketlikning limiti emasligi ta’rif

yordamida ko‘rsatilsin.

2.1 xﬂ:(—l)"+l, a=0.
. AR |
2.3 x,,—sm?, a—z,
2.5 xﬁ:gf"r", a=0-
2,7 ,ruz(-—l)", a=-1.

1
X
an
4 ¥, =cos—, a=-1.
2.4 x cusmﬂ a
2.6 x,=n-{1+(-1)"], a=0.

2.8 x =(—])"H, a=1.

22 x, =cusf§"-, a=

2'9 xn=2HmSﬂ'"3 a=3t 2-10 xuz(lJ » a=l-
2+cosan 2
2-11 xn=nts_]! a=1t 2-12 x"=2n:‘3! a=2-
n n
| | . N
» = =_'l- [ = n_'! = r
2.13 x, el 5 2.14 x, =sI > a
-1y 7
2.15 xﬂ=u, a=-1. 2.16 x,,=5m7n, a=0.
1
n+1 | "
2‘&17 .x"=3_.2”2, a:-E- 2;18 x"=(_1) F, ﬂ=—1.
219 x =n"", a=0. 2.20 x, == L
7+

221 x =vn+l-n a=1.
3-masala.
Yaginlashuvchi ketma-ketlikning chegaralanganligi haqidagi teo-
remadan foydalanib {x,} ketma-ketlikning uzoqlashuvchi ekanligi
ko“rsatilsin.

=y

3.1 x,=n 3.2 x,=n° sin% 33 x,= «Ecos—?

34 x, =(-1V'lan 3.5 x, =(-1)" ln%

Cheksiz kichik ketma-ketlikning chegaralangan ketma-ketlikka
ko‘paytmasi hagidagi teoremadan foydalanib {x,} ketma-ketlikning
yaqinlashuvchi ekanligi ko‘rsatilsin.

_sgntgn) - 1 X, S—— ! _
= H . 3.8 Xy H(S-FSEHH) . 3.9 nl_[2+(__1)”:|.
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3.7 x,



cosSaN
3.10 =X, ZT' 3.1

313 x =(0,5)"".
3.15 =, =[2 -!—(-1)”]n .

«Jkki mirshab haqgidagi teorema» dan

-——A4  312x,=

. AR
S —-

| X

1)

n
2

n n{n+1)
Qismiy ketma-ketlikning limiti haqidagi teoremadan foydalanib
{x,} ketma-Ketlikning vzoqlashuvchi ekanligi ko‘rsatilsin.

304 5 =t

. R
3.16 x, =sin 5002

ketlikning yaqinlashuvchiligi ko‘rsatilsin.

5 "
s (3

n
2:?
3-19 x" - (2")! .

3.21 x,,=[2nj J
n

n+10Y
3:18 x.u _[2"_]] .
3.20 xn=—1+§/i+smn‘

foydalanib {x,} ketma-

4-masala. Koshi kriteriyasi, monoton ketma-ketlikning limiti ha-
qidagi teorema yoki limitlar ustidagi amallar haqidagi teoremalardan
foydalanib {x ] ketma-ketlik yaqginlashishga tekshirilsin.

4.1 x,
n
nwon
4-3 *x" _n_nj ’
. [ 7n
n+sm(—i—)
4.5 X, = : .
n

-, Senlien)

" on ln(n+l)‘

E_H
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n+1
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-
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siNg strx SINJIX
= +
49 x, 3 > >
1
411 >, =3+ 5+ -+."1
’ 2?3 (n+1) -
'
413 x,=—.
7]
cos?2 COsH
22 ¥ n
4.17 x,,=-‘—"
4.19 In=0:73¥7.

4.21 x, —l+-—l-—+ +_],
21 at’

4.10 ,sml, ,51112, Jr,sinn',
. 4., 3 = et
4.12 xn=]+l+..,+l_
7
414 x =(l+1) |
"
] ]
X, =l+—=+..+—
4.16 Nz Nk
2"
4.18 x, =—.
n! L
420 X .l__._,’_ +(—1)
' 12 23 n(n+l)'

5-masala. Sonli ketma-ketlikning limiti hisoblansin (!ﬁﬂ X, “?).

51 x, =n[Jn(n—2) Y _3]‘

53 x, __,J(”z +I)(n3 -4) —Jn -9,
55 x, =Jn*-3n+2-n-

57 x,=fa(n v D) N 273
P B

5.1 x = +3n-2-Vn*-3.

513 x,=[n(n+3)-

J(u +[)(n +3] Jﬂ nr +2)

5.15 x

(]

2Jn
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5.2 x,=(n-3w =5 )ndn.

5.4 xn=\fnj.—8-n,’n(ﬂz+5)'
n

5.6 x,,=n+«!34—n3.

58 x, =J(n+2)(n+l) —J(.'?—I)(n+3) :
5.10 »x, znz(\f"' 5+H3. — 3+n3)_
512 x, :\/f_i(\/n+2 ,,\/”_3)’

5.14 x,,=Jn-*+8(Jn‘+2—Jn‘—;),

316 x, =n- J;(:—_I).




5.17 x,,=n’[3/n3(n6+4)—%/ﬁ] 5.18 ¥, = [ I - 3fa(n =T} .

5.19 x,=vn+2(Vn+3-Jn-4). 520 x,,=n(Jn‘+3-\/;r4—2).

521 x, =n(3 5+8n° -2n)*

6-masala limx, =7

N—X

12 3 =1 (20 + 1)1+ {20 + 2)!
L AP X, =
6.1 %, R 6.2 (25 + 3)!
[+3+5+..4(2n-1) 2n+] 2™ +3m
;= ~ 64 x, =——
6.3 X, n+l 3 64 n 2u+3u
I+2+..+n I+3+4+5+..+(2n—1
6.5 'x": K| * 6*6 xn= ( )
Non +1 +2434+...+n
- I+4+7+..+(3n-2
67 x"=l+3+5+'"+(2" l)_n. 68 X = : ( )‘
H+3 JSn + i+

(1 +4) = (1 + 2)!

Y y
69 X, = = : 6.10 y - Gn=DHGn+D!
(n+ 3 ool
1+—1'+ —l-—+ +_]_
2" __5::4-1 6 12 ¢ = 3 33 3”
AX X = e 12 Y |
6 11 o 2"1-! + 57+ L 1_+L1+"'+_.IT
5 v :}’
U +5 3 42 3 g
X = v = |
6.13 x, 1+3+5+. +Cn-1)" 6.14 x, ERY
n+2 2 3 13 3" +2”
A5 x, = -= A6 x, =2+t
6.13 1+2+34...+1 3 6.16 6 36 P
6.17 «x = 2—544-T7+. . +2u-{2n+3) 6.18 *, = (23r+l)!+ [2u+2)!
. e T i+ 3 E . i (2]]"‘3)!"(2”"‘2)! .
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x =
6.1 A T 2. v 53y
3 5 9 1+2
621 X, =—+—+—+...+
"4 16 64 4"
7-masala.
A A o
T L3 20—
1Y
3 x,=
7.3 (n+3)
n+3\"
X =
1.5 % [2n+lJ
S ="n2—3n+6 2
R . T
(6.\"1—? Jag2
7.9 x”‘\6n+4)
111 ¥ = wenel)
* S LN
| v
o a2
n+\
f3n+1T"”
. X, = .
7.15 Fnol
717 x =r"£:__3jn+d
* irl i\‘n+S L]
on-3Y"
7-19 xﬂ_([ﬁﬂ—]) .
‘- 22 42 =7Y""
7.21 % 2n* +18n+9

no+n -

6.20 ,r“=2+4+"'+2"—n,
n+3
limx, -7
2y 5 22 "
T 207 4
7.4 X —(”2_1 "
- 7] 'k Hj
- /] 1 - .
H"“lﬂ' In+k
+* xn=
7.8 (n+l)
210 x o ZEtAn=1YT"
' A3t +2n+7
. (20* +5047Y
712 % (2n° +5n+3 ) °
714 (5 +3n-1Y
' "o 43043
716 x _(2H3+7H—l -
- "o\2n+3n-1)
718 ) nf}13+1 2u—-p
. o ,,\Hj—l .
2 x _'( W =5n )"
720 % 3 -5n+7)




8-masala. {x,} ketma-ketlikning yuqori va quyi limitlari topilsin

8 l N =(BDSE]H+I
. " 2 .
8.3 x =(-n)"2.

[1-(-4)"]-2" +1

2"+3

8.5 x =

8.7 x, = 2{_“"";1 .

89 x =2+ 7 _cosZ
i+l
8.11 x"=”—_lcosmr,
n+1
In-2 . xn
8.13 x, = Sitl ]
R 2

n?sinl 41
8.15 2

X

N

n+l

27

.
no—-n+l
= COS
3

8.17 x, = 5

8.19 x,
n

8.21

x, =sinn’.

(2 v

(limx,, -7, lmx, —?),

H=h3

43

I+ -.l l‘l”
82 5 -t
n
8.4 x,,=l+sinx—n.
i

x, =(=1)""f 14+ =
8.8 , ) ( n+lJ'
no . .TH
. X, = ~———sin~ —,
8.10 i+l 4
n+l,  7n
8.12 x, = sin” —,
n ~1 2
8;14 xn=[]15 ms?) .
aln+l) ﬂz +3H—l
8.16 x, ={(-1) : ———
) oo
4’ +3n-2 . [ﬂ' 2?17:]
8.18 Xy = ' oS —+—— 4,
2—n+n 3
8.20 xn=”+25in?m,
n+l 3



9-masala. y=f(x} funksiyaning aniglanish sobasi topilsin
(D()-7).

9.1 y=ln[1-lg(f-5x+16)]_

9.3 y=log,, (x*~3x+2).

Mx+ 35

9.5 J’=M,

9.7 y= 133“' X

9.9 y=Ig(16-x

)+m‘g:r,
9.11 y=x*-|x-2.

9.13 y=3-5x-2x%.

tgx
cos2x

9.15 y=
9.17 y=arccos{0,5x-1).
9.19 y=arctg—f—9,

(0 S5x ~ l)

x> =3x+1]

9.21 J’*

4 .
92 y=log, ln‘go,s[g_z IJ.

Vx* -4

94 ¥= Iﬂgz(:w:2 +2x—2) ‘

2x—3

9.6 y= Jlﬂga

\H lgcusx

9.10 =8 2,1‘.1‘

9.12 Y 4
9.14 y 1/

SinXx +Ccosx
9.16 y=‘j - .
SINX =-COSX

9.18 y=arccosx —arcsin(3-x).

Y
-
—

9.20 y=arcsin
x

10-masala. Quyidagi tengliklar ta’rif yordamida isbotlansin
(5(&) —topilsin).

2 —
10.1 umb‘ +5x 3=—?.

x==3 X+ 3

102 lim 5x° —d4x—1 _¢.

el x_]
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10.3

10.5
10.7

10.9

10.13
10.15

10.17

10.19

10.21

o2+ 13x+21 1
lim =-—

2 ——
|in}6x+—";l=5‘

2 I—g

2x* —=21x-11 _
x—11
x2 -9

lim—
=3 x° —3x

lim

x=+1 1

23,

=2

2x+7 2
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10.4

10.6

10.8

10.12

10.14

10.16

10.18

10.20

x—3

4x2-l4x+6_
x—3

10,

2
10x° +9x =7 TS

lim
N 7

! X+ -
5

2x2-9x+10 1
m =

2x =3 2

li
.l'—l':

lim 6x” —?5);:—39 =-81‘

Sl X+ —

2

. Sx*-24x-5
lim

r—5

=26,
x5



11-masala. Limitlar hisoblansin.

X _1
t1.1 1M e
S NPT
. VI+2x -5
11.3 lim—-
: x -4
.‘af —
11'5|i I—M
x=-2 x4 2
11.7 Im\/:,;_1
= x* —~)
. 4 +X - —Jl~x
1.9 lim
1 Hﬂ{J'I+x N-x
11.11 lim Y27+ x - 27 -x
) =0 x4 2. \/_
11.13 m% 1-2x+2° —(L+x).
. Yx-2
11.15 lim 4
L1 Im\/x+]3,h2‘/x+],
1 x'_g
11.19 fim Y12* =3
* N —k=f 2+\/_
11.21 “nd9+21—5
* =8 _3\'/;,_,2 ’
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11.2

11.4

11.6

11.8

11.10 lim

11.12

11.14

11.16

11.18

11.20.

Hx -1
JN+x -2

Y8+3x+x> =2

X+ x°

NO+2x -5
Yx-2 -

Hx-6+2
X +8
lim Jx -1
T carg
JI+2x -3
Jx-2

=l

tm

y—

lim

=8

lim

x—=-2

lim

=4



12.1

12.3

12.5

12.7

12.9

12.11

12.13

12.15

12.17

12.19

12.21

12-masala.

-1

lim
=l ln X

. l+cos3x
|I]'I'l—";,,— .
=z gin~ 7x

. l+cosax
lim————
x=1 fg"jrx

sin® x —fg°x

lim -
XL (x - ;;)

COSSx —Ccos3x

oy sin® x

X -

lim—
I SiniXx

. 2'-16
fim —
=4 SINAX

. Int
lim &%
H% cos2x-

4=x"
1-27"

lim

x=2 E(E*\E’)x: —Sx+ 2) ’

EJT _ex

Jim— - )
=rginSx—-sin3y
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12.2

12.4

12.6

12.8

12.10

12.12

12.14

12.16

12.18

12.20

Limitlar hisoblansin.

Nt —=x+1-1
m .

- Inx

1-sin2x

II'I'I—'—""“""—2
—;% (?r_4x) *

tg3x

lim—=——
x—)% gx -

m\if—x+1—l

> fgrx

. sin7x-~sin3x
Hm T
=2 ot L'

N -3x+3-1
lim .

x-3l Sin X

35.1:—-3- - 32.1'1
lim

x—l tg X

In2x-Inx

T
=

. DX
2 SIN——COsX °
2

lim ln(? -2x7) *
=2 gin2xx

. 1=2cosx
lim———
j'v-}% 3_3): '



13.1

13.3 i

13.5

13.7

13.9

13.11

13.13

13.15

13.17

13.19

13.21

13-masala. Limitlar hisoblansin.

. 1 3xsin 2
lim (cos x)‘" e
=2

F 4
lim(3 - 2x)*>
Ne=3]
6 x Ig%
!im[ J
=3 3
x
lim{2e" -1)*
P
KA
lim (2e™" — 1) .
b=
N . IEsinoxd ¢
lim (sinx) Hniene
P
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13.2 um(s‘" ‘J .

X=ruf Sin 2

e
13.4 um[m“)"”.
=2 C'DSZ

. I.fcﬂsf3:?‘f4-x}
hmi(¢
1(1g7)

r—3—

13.6

13.8 |im(z-i] -

e 24 Fir s

150 2.5

13.10 lim (cosx)

e

)rrgx fsindx

13.12 lim {cosx

N-rd 2

SrpSysthlx

13.14 lim (cosx)

x=wd¥

. . G-t 3x
lim (sm x)
r-4
Ly

13.16

X

. X \e-2
13.18 hng[fga} 2,

F——=
2

. B X
lim (1 + cos3x) '

==

2

13.20



14-masala. Limitlar hisoblansin,

1.1 lims =5 142 tim=—S=
. . . im
1~ 2x ~ gretg3 x x>0 Zarcsin x — sinx
6.,. 7-2-1’ ESI —EJI
14.3 lim—M— 14.4 lim—
3 x=05in 3x — 2x 4 s=08in2x ~sinx
hm 3_ 1 hm sz _eﬁx
14.5 Xl arctgx + x 14.6 r=0 arcigx — x
35.\' i 21 84'\‘ -'e-:x
-~ lim
14.7 Llﬂ —snox’ 14.8 =0 Jaretgx — smx
2% =53+ LE A
14,9 lim—o—> . 14.10 lim=——-.
£30 2arcsin X — x -0 ginx —2x
. 3.‘71 _ 2?.\' esx — e't
14.11 lim—— . 14.12 lim
x=+0 aresin 2x — x *~0 ar¢sin x + x°
lim 4 -2 lim ¢ ¢
14.13 s fglx‘— ¥ * 14.14 x—+f fg2x Slﬂ.l'
' IU:‘ _ ?—x 32.1' _e.f
14.15 lim . 14.16 lim .
x>0 2tgx — arclgx >0 5in3x —sin5x
hm 71;: . 32.1: llm E‘H .._eq:r
14'17 =30 !gx + x * 14.18 x—+0 2ng Sln x
321 _ ?x . EEI —E-ir
1 . im . . llm - .
a0 arcsin 3x — Sx W20 S 2sine— igx
‘ g.r _ 23.1:
14.21 lim

x=0 qrerg2x — 7% '
15-masala. y=f(x) funksiyaning x=x, nuqtadagi o‘ng va

chap limitlari topilsin (f(x, +0)-7 f{(x-0)-7).

1
» xuzl. 15.2 f(.I')= L? xﬂ:o.

]
15.1 X)) =arct
) “T-x 1 +e”
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x—]x]

153 f(x)= . % =0, 154 f(x)=arccos{x—1), x, =
2
155 f(x)=2", x,=0. 15.6 f(x)—;: ;T’I': ;:

15.7 f(x)=sign(cosx),x, =izr*. 15.8 f(x)=arctg{tgx),x, =

' i
fx - 1
159 /() s %= 15.10 f(¥)=~ T
2 x"
1511 f(¥)=x+[¥ % =10, 15142 f(x)=lim-——, x =1

" - Sl
15.13 f(x)=rll133 .::,,_1,33 xg=1- 15.14 f(x):g 3-',x0={]_
sinx
15.15 S{x)=——, x,=0, 15.1 Fx )— =
P -1 ) 2
15.17 f(x)zl_ 1:x-::-zl 15.18 f("‘) s X =2
|J’_( 14+ 22>
f . COSX .
15.19 f(x)= ! ;052'1, =0, 15.20 f(x)= - » %, =0
x+1, x=2,
15.21 f{x)—{_zﬂl, g% =2,

16-masala. y= f(x) funksiya x=x, nuqtada uwzluksiz e¢kanligi
ta’rilf yordamida isbotlansin (5(3) —topilsin).

16.1 f{x)=5x"-1, x,=6. 16.2 f(x)=4x"-2, x,=5.
16.3 f(x)=3x*~3, x,=4. 164 f(x)=2x"-4, x,=3.
16.5 f(x}=-2x"-5, x,=2. 16.6 f(x)=-3x"-6, x,=I.
16.7 f(x)=-4x"-7, x, =1. 16.8 f(x)=—5x"-8, x,=2.

16.9 f(x)=—5.r2-9, X, =3. 16.10 f(x}=—4x2+9, x,=4.
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160.11 /(x)=-3x"+8, x,=5. 1612 f(x}=-2x"+7, x,=6.

16,13 f{x}=2x"+6, x,=7. 16.14 f(x}=3x"+5, x,=8.
16.15 f(x)=4x+4, x,=9. 16.16 f(x)=5x"+3, x,=8.
16.17 f{x})=5x"+1, x, =7, 16.18 f{(x)=4x"-1, x,=6.

16.19 f(x)=3x"-2, x,=5. 16.20 f(x)=2x"-3, x,=4.
16.21 f{x)=-2x" -4, x, =3,

17-masala.
Quyidagi funksiyalar ¢ ning qanday qiymatlarida +uzluksiz
bo‘lishi aniqlansin.

T a
_jxetg2x, x#0, [x|<:-—, _ ax”+1, x>0,
17.1 y= 27 172 Y3, (<o
a, x=0
cosy, ¥<0, _ x*+a, x>0,
17.3 ¥v= alx=1), x>0 17.4 ¥ |—x* x<0
(7+ lt)tgx,-;r{.r{%, J.':t—-g-,
u(x—l) rr-:G 17.6 y- i3
a Xx=—
2
¢ =1
(arcsinx)}ergy, x =0, a , x#0,
17.7 V= 178 Y=y *
9, x=0 a, x=0, ¢>0,
e x 2 0 -5
1?9 = 1[1(]‘&‘21‘) 17’10 y= E"J,xiﬂ,
a, x=0 a, x=0

Quyidagi funksiyalar uzluksizlikka tekshirilsin va grafiklari chizilsin.

o ]n(l+n_f-,"‘“r
x" =1 .
2 lim
17.11 f(x)= lim e 17.12 Hm In(1+e‘) .
1 - cionf cos !
17.13 f(x)=lim-—or. 17.14 f (x)—srgﬂ(wsx).

51



17.15 f(x)=limcos™ x, 1716 f(x)=[x]sinzx.

MY

X+e

17.17 f(x)=lim

a4 xe™ 17.18 f(x) =li_122d¢05:"x+sin3" X,

17.19 f(x)"llm-J]+x 17.20 f(x)=x1-—[x2:|.

. H-—Ff

X

_ ] .
17.21 f(x) - "I“El‘|+(25m x)*"

18-masala.
Quyldagl funksiyalar berilgan oraliqda tekis uwzluksizlikka
tekshirilsin

18.1 f(x)=7—7, -1<x<l. 182 f(x)=lnx 0<x<l.

1
18.3 f(x )"%—-, O<x<r, 18.4 f(x)=e‘cns;, Dex<l.
18.5 f(x}=arctgy, —w<x<+ewo. 18.6 f{x}=xsinx,0<x<+00.

1-¥, —l<x<0, x+1, x 20,

18.7 f(%) ={

T+x, 0<x<l —1£x<]

18.8 f(x)= {

Lxe0, —wex<4w

y=f{(x) funksiya X to‘plamda tekis uziuksiz emasligi ishotiansin.

]
18.9 f(x)=ms;, X=(0,1). 18.10 _f(x)%, X=(0,1).
18.11 f(x)=sinx’, x=Rg. 18.12 f(x)=sin-:;, X =(0, ).

18.13 f(x)=x, X=R. 18.14 f(x)=—. X=(2,3).

y=f(x) funksiya X to‘plamda tekis uzluksiz ekanligi ta’rif
yordamida ko‘rsatilsin (5=5(e) topilsin).

18.15 f{x)=-x+1, XY=(-q+0). 18.16 f(x)=¥x, X=[0; 2].
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, I .
8.7 /(x)=— X=[o5 1]. 1818 f(x)=2¢+5 X=[-17].
1819 f{x)=x-2x-1, X=[-25]. 18.20 f(x)=x"+1, X =[-2;3].
18.21 f(x)=2sinx—cosx, X =R.
_D_
Namunaviy variant yechimi

Namunaviy variant sifatida 21-variantni olib, shu variantdagi
misol va masalalarning yechimlarini keltiramiz.

1.21-masala. limx, =a ekanligi ta’rif yordamida ko‘rsatilsin

(r{e) -7).

N 2
=
"o =2

a (limx, =a) o (VE}U In, =n,(£)eN: Vn > n, lx,,-+a|<£).

=33

a=2

20 -2 +6

n -3

2n’
nw =3

— — i 6 —
B et -3l
-3

-2

|x, —aj=

) 6 6 6
(n-—i@)(nz +%/§n+i/3_:){??2 +3/§H+{/§{ fan <

6 6 [6]
{*{EZD'?T}—..:?H{J: —_
H £ £

6
Demak, ¥e>0 son olinganda ham =max{2, [EJ} deb ol-

sak, ¥n>mn, vchun |x, —d/<s bo'ladi. = limx,=a

2.21-masala. o soni {x,} ketma-ketlikning limiti emasligi ta’rif
yordamida ko‘rsatilsin,

x"=\-‘nz+1-n, a=1
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.;ﬁ (limx, #a) = (VF{,EN 3e>0, I>n: |xn-—428 |Jg,-—a|=|(ﬁ- )-+=

Vo 1’ P al—ue1p)_ | +i-nt=2n-
’ " (n+) n +l+n+l| A+ l4n+l Jn +l+n+l

2n an_2n_
V' +3n" +ntn “2m+2n 4n 2

1
Demak, E=E deb olsak, vne N uchun |x, ~alz2¢ tengsizlik

bajarilar ekan. Bu esa limx, #a ekanligini anglatadi.
3.21-masala. “Ikki mirshab hagidagi teorema”dan foydalanib
{x,} ketma-ketlikning yaginlashuvchiligi ko‘rsatilsin. o

S

L (_-2:1-1-3,]"
M E T
2, -t |
{2 +3ar ELEL o8 o,
',___q,.n_" n’nz’m"wbﬂm’_

.;ﬁr[

2n+3 2+3 5 1
2 bo‘lsa.
"1 "1 | "2 20 aga:l' .?IZ?U

] 1
Agar Y, =z va %, =o¢ deb belgilasak, unda v »2>10

uchun y <x <z qo'sh tengsizlik bajariladi. ,{mey» =limz, =0 v,
“ikki mirshab haqidagi teorema” ga ko‘ra limx, =0 bo‘ladi. »

1 * 1
4.21-masala. x, “—'1+E+--~+-’; ketma-ketlik Koshi kriteriyasi,

monoton ketma-keflikning limiti hagidagi teorema yoki limitlar
ustidagi amallar haqidagi teoremalardan foydalanib, yaginlashishga
tekshirilsin.

« Monoton ketma-ketlikning limiti haqidagi teoremadan foy-
dalanib, berilgan {x,} ketma-ketlikning yaqinlashuvchi ekanligini
ko‘rsatamiz,

|
+(H+1)!>x,,:>{x"}1‘.
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Endi bu ketma-ketlikning yugoridan chegaralanganligini
ko'rsatamiz:
I 1 1 1 1 1 1 1
Y, lt—t—t— =<ttt <
21 3t 41  n! 2 22 2 2
1 1 1 1 1

2 22 2P 2‘2"'"1

<

Shunday qilib, {x.} 1 va Vne N uchun
x,€2 = limx,-3 = {x,} ~yaqinlashuvchi » |

e

5.21-masala. Sonli ketma-ketlikning linnli hisoblansin
( Hmx, -7) o

o ]

x, =n( i+&!’ Zn)

o lmx= ﬁm(&_"' -m)ﬂ,l,tg_;;

Tﬁ B W J:;+4]'° "

6.21-masala, limx -7

3 5§ 9O 1+2°
X, =ttt
" 4 16 64 4" |
3.5.9 1+27 1+2 1+2° 1+2 1+ 2"
+..+ = ot —+..+ =
4 16 64 4" 4 4* 4 4
[1 | 1] (1 | IJ
=| =ttt — |+ =+t +... =y, +z,=
\4 & 4" 2 2t 22 2" )

-;"l-l' -;H‘
1 1
4 2 _1 4
=limx, =lim(y, +z,)=limy, +limz =2+ —=— =~y ]=—p
= nax T H=p =y I—l 1_1 3 3
4 2
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7.21-masala, limx, -7

n

o +2m=7)
20 + 18149

20 +18n+9

21 +18n+9+3n—16 )
u” +187+9

_ [2!?3 +21ln- ?T"H

 limx, =lim

= =2

=(l*)= lim

M=t

: 3n-16 Y™ _ L ‘
= !:I-I»I;I: I+ 7" +1871 49 _ = LHE(! +a:)a =€ tenglikdan foy-
dalanamiz. —16Y 2

o 3n-16 tim Gt K 2121)

Bizning hoida &= ="t I HBd

2n° + 181 +9

ulLﬁn-E}{Z-t—!—]
I. n H
Tl n’[2+1§+—9~] _5_:
") —e? =g b

—

&
8.21-masala. {x,} ketma-ketlikning yuqori va kuyi limitlari
topilsin ('u_mxﬂw?, 1i_m_x,,-?).

x, =sinn°
< Berilgan ketma-ketlikning qiymailari to‘plamida
0, +sinl®, +sin2%..., +sin89%, +1

sonlari cheksiz ko‘p uchraydi, chunki vre N vaVpe N uchun
keltirish ~ formulasiga ko‘ra  sinn®=sin(360°p+n’}  va
$in (130" in“) =¥Fsinn’. Demak, yuqgoridagi sonlarning har biri ber-
ilgan ketma-ketlikning qismiy limiti bo‘ladi. Shu bilan birgalikda
{x,,} ketma-ketlikning vuqorida ko‘rsatilgan 181 ta sondan boshqa
qismiy limiti yo‘q. = liix, =1 yq limx =-1 p

a0 HF .

9.21-masala. y=f (.x) funksiyaning aniglanish sohasi topilsin
(D()-7).
_aresin(0,5x—1)

’ at -3x+1
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0<0,5x<2
~-1<£0,5x-151

A D(f): {xzr3;+l>0 = {x—?’;‘;@—][xw3+£J>0 =

2

= 22[23-—2\/3]U[3+2J' } D(/)= [ 3- ZI]U[3+2J§;4J' N

10.21-masala. Quyidagi

x*-9

=2

lim
X3 x —_ 3x

tenglik ta’rif yordamida isbotlansin (&{c) topilsin).
a (limf(:c)=b) = (#5}0 35(£)>0: O<|x-g|<d = |f(x)—b|<£).

f(x) funksiyani x=3 nugtaning biror atrofida, masalan (2; 4)
intervalda, qaraymiz. ,
Ve>0 son olamiz va | f (x)—2| ayirmani x=z3 da quyidagi

ko‘rinishga keltiramiz
7()-2=|5

chunki xe(2; 4) edi.
Oxirgi tengsizlikdan ko'rinib turibdiki, agar §=2¢ deb olsak,
0<|r-3|<& tengsizlikni ganoatlantiruvchi Vxe(2; 4} uchun

‘ [|x3|52£
2 2

"

X+3
x

_x|_le=3 -3
L

3x X |_ |x| 2

—2‘ -3}

bo‘ladi. Bu verdan ta’rifea ko‘ra |imx; =2 ekanligini hosil

¥=3 x% —3x
qilamiz &
. N9+2x-5
11.21-masala Ix -2 hisoblansin.
lim et ( J lim (9+2x)- SQWM =
<1 ot ,?{/;__,2 0 x=8 .T-"23 m+5
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| 2(*“3)(3‘-":2*’2'3‘”“‘"4] | Ix* +2-Yx+4 4
=lim =2-lim— =2,
gl (I—S)(J9+2x+5) . J9+2x+5

e’ -

12.21-masala, lim— . hisoblansin.
=7 81N Sx —sin 3x
l e” —¢" 0 x =x +¢ almashtirish bajaramiz
m =l —1= =
q sorsinSx—sin3x |0 XxXo>r=>t—>0
. "o ™ . 1-¢' f_
= lim - - =¢" [im—— - =¢&" hm il
o sin(5r+5¢)-sin(3x+3r) 0 —sinSt+sin3 o0 gin5f—sinds
¢ —1 e -1
) p im—— =} |
=€ﬂ Ilm - 5 - 3 = r-r0 I 3 H—: e_' [
20 SOl . S i SN 5-3 2
5t 3'! a0 oy -
18sinx

13.21-masala. EEE— (sinx) ew hisoblansin.

oz
LEginy x=—+f
tim (sin x) e =(1*)= _
{] _:'.T_ H L ) a
2 x— 3 = ¢+ = 0 almashtirish bajaramiz

'

I1&coss 1 §coss
-hm(cost) ~ =lim| | +{coss-1) ] ® _[(llm I+.:x)a =¢ dan foydalanamiz

-0 u-+)
Y,
c0s® £-sin’ = 1

i 18¢os o

LEcoss . MBeosty . gt L

= ~lim {cost-1) L L) !LT! 5 !ﬂ sin

g Tt = @i sint - 25in—wogs COs— o
'E - - ] e - — e Al 1

14.21-masala. Ushbu limit hisoblansin.

. 93’_231
him
=0 qrefg2x —Tx
¥-1_, 2% —1
X Ix —Jr
lim— 2 ={EJ=lim X Jx
9 xooaretg2y-Tx \0) o , arctg2x
2x

58

—

)



f
. a -1 . .. arctat
[(Ilm =lna aa lim £ =ID=
=0 i—+0 !

in9-3In2 1 _9
e In-.
2-7 5 8
15.21-masala. y=f(x) funksiyaning x=x, nuqtadagi o‘ng va
chap limitlari topilsin (f(x,+0)-? f(x,—-0)-?)

1)1

a J(x+0)=7(2+0)= lim f(x)= lim {-2x+1)=-3

x+1, x<2,
X, =2
—2x+1, x>2,

=240 X240
f{x, —0) =f(2 —0):xﬁlg1_ﬂf(x) =xlﬂi}|2130(x+ 1)= 3. b

16.21-masala. y= f(x) funksiya x=x, nuqtada uzluksiz ekan-
ligi ta’rif yordamida ishotlansin (5(¢) topilsin).
f(x)=-2x"-4, x =3
« f(x) funksiyani x,=3 nuqtaning biror atrofida, masalan,
(2; 4) intervalda qaraymiz. VYg>0 son olamiz va

|7 (x) - 7 (x )[ =|f(x)-£(3)| ayirmani baholaymiz:
17 (x)-£(3)}= |-2x: ~4~(-22)|= I-Zf +18]= ZIJ:3 -9|=
=2|x +3|-|x -3 <14:|x-3]|.

Bu tenglikdan ko‘rinib turibdiki, agar 5=134 deb olsak,
lx~3|<& tengsizlikni qanoatfantiruvchi Vxe(2; 4) uchun
‘f(x)—f(3)|¢:l4[x—3|{I45=14-1%=£‘ bo‘ladi. = f(x)=-2x"-4

funksiya x, =3 nuqgtada uzluksiz.

17.21-masala, / {¥)=]in

n— | +(2 sin x):u funksiya uzluksizlikka tek-

shirilsin va grafigi chizilsin.
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;

s x
x, ~—+rak<x<—+nrk,
(x, [2sinx| <1, 6 6
g T=:|:£+:rk
a f(x)=hm"""""""'-x—--"|£_ [2sina]=1, =27~ 6 '
== |4 (2sinx)” |2 . 5
0. |2sinx|>1 0, E+rrk{.t{?+m1:. kelZ.

Bu tenglikdan ko‘rinib  turibdiki  f(x) funksiya
i s T Sz
(‘“"g‘!"ﬁk; E'I'ﬂ'k} va [*g-l*ﬂ'k; ?4'}‘1';{], kel Oraﬁ’qiarda

i
uzluksiz hamda x—+-g+frk keZ nugtalar funksiyvaning 1-tur

uzilish nuqtalari bo‘ladi. Yuqoridagi ma’lumotlardan fc:ydﬂlamb funk-
sivaning grafigimi chizish qiyin emas. o

18.21-masala. y=f(x) funksiya x to‘plamda tekis uz]uksiz

ekanligi ta’rif yordamida ko‘rsatilsin (5=3(¢) topilsin).
f(x}=2sinx—cosx, ¥ =g
a (f(x) funksiya X to‘plamda tekis vuzluksiz) o
(W: >0 35=6(£)>0, Vx'\,x"e X: [x"-x|<6 = |f(:r“)—f(:r')| < 5)
vg}[} son olib [f(x")-f(x")| ni baholaymiz:
|F(x") -1 (a |(251nx —cosx")—(2sinx'—cosx )]
- o+

=[2(sinx —sinx"}—(cosx —cos.t)i= (51na-51n,8=25m > -COS va

2.

cos& —cos f=-2sin ¢ ; p sin < ; A formulalardan foydalanamiz } =

. ox"—x' x"+ x' Lox"—-xt L x4
=14s5in 5 - COS 5 + 2sin +8in

E r

x"+x
sin =

x+x1 |
Cos + |51
2
- ’

Js

Bu tenglikdan ko‘rinib turibdiki 5=§ deb olsak, }x“—x'l-::ﬁ

tengsizlikni ganoatlantiruvchi vx\x"eR uchun [/ (x")-f(x')<s
bolladi. = f(x) funksiva g da tekis uzluksiz.

=2

2-c05x -;x + Sif ﬂISZ Ix ZTI (2

<hxe"-xy

Lox=x'
sin .
2
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3-§. 2-MUSTAQIL ISH

Funksiya hosilasi va differensiali. Ularning tatbiqlari.
Funksiva hosilasi va differensialining ta’riflari.
Hosilaning geometrik va mexanik ma’nolari.

Turli usulda berilgan funksiyalarning hosilalari.
Yugqori tartibli hosila va differensiallar.

Differensial hisobning asosiy teoremalari.

Lopital qoidasi.

O-simvolika.

Teylor formulasi.

Funksiyani to‘liq tekshirish.

~A-
Asosiy tushuncha va teoremalar
1°. Hosila va differensial ta’riflari. Hosilaning geometrik va
mexanik ma’nolari
y=f(x) funksiva (@b} oraligda aniglangan bo‘lib, x&(a,b)
bo‘lsin. Bu x nuqtaga shunday Ax orttirma beraylikki,
x+Ax €{(a,b) bo'lsin.

) , . A . Sflx+Ax)-fix .
1-ta’rif. f (I) .'=£Togy=ﬂ_% ( ﬁ_x): ( } (I) —funkﬂya-
ning x nuqtadagi hosilasi.
: , Ay L S+ Ax)-fx (
2-ta’rif. f (x+0):=;}£}uazaﬁ}u ( &2 ) - o'ng
. A \ +Ax) -
hosila.  f '(x—ﬁ):=£ft_l;l}ﬂ £y= &lrl_t)n_o A 133 ) - chap hosila.

1 va 2-ta’riflardan quyidagilar chigib keladi:

1)Agar y=f(x) funksiya. x nuqtada s’(x) hosilaga ega bo'lsa,
u holda  f'(x+0) va  f{x-0) lar maviud va
S(x+0) = f'(x=0) = £'(x) bo'ladi.

2)Agar  f'{x+0) va f'(x-0) lar mavjud bo‘lib,
f{x+0) = f'(x-0) bo'lsa, unda f'(x) ham mavjud va
F(x)af(x+0) = f'(x—0) bo'ladi.
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1-teorema. Agar x, nugtada f'(x,) mavjud bo'lsa, u holda
y=f{(x} funksiva grafigining (x,,/(x,)) nuqtasiga urinma o ‘tkazish
mumkin va bu urinmaning burchak koeffitsienti f'(x,) ga teng boladi.

y=f(x)+ /(%) (x-x)-(2) - urinma tenglamasi.

1
y=7(x)- I %) {x =) -(3) - normal tenglamasi.

Agar S=f (f) moddiy nuqtaning sonlar o‘qidagi t vaqgtga mos
keluvchi o‘mnini bildirsa, unda Af = f(r+As}- f(r) - nuqtaning

fle+80- £(2)
At

At vaqt oralig‘idagi ko‘chishi, - u‘rtacha tezlik,

S'(¢} esa t momentdagi oniy fezlik bo‘ladi.

3-ta’rif. Agar Ay ni ushbu

Ay = f(x+Ax)- f(x) = A{x) - Ax + a(x,Ax)- Ax, ()
bu yerda Ax-» 0 da a(x,Ax)— 0 ko‘rinishda ifodalash mumkin bo‘lsa,
unda y=f(x) funksiva x nuqtada differensiallanuvchi deyiladi.

A(x)-Ax ifoda funksiya orttirmasining chizigli bosh gismi yoki
funksiva differensiali deb ataladi va dy kabi belgilanadi.

a(x,.r}.x) ifoda funksiyva orttirmasining goldig hadi deb ataladi.
Agar 0-simvolikadan foydalansak, Ax-»0 da Ay=4A-Ax+i(Ax)
tenglikni xosil gilamiz.

2-teorema. y= f(x) funksiva x nuqtada differensiallanuvchi bo lishi
uchun shu nuqgtada chekli f'(x) mavjud bolishi zarur va yetarli.

3-teorema. Differensiallanuvchi funksiva uzhiksiz boadi.

Agar 2-teorema shartlari bajarilsa df (x)= f'(x)-Ax= f'(x)-dx
bo‘ladi. Differensiallashning asosiy qoidalari va elementar funksiyalar
uchun hosilalar jadvali 1-§ ning j3* va j14° punktlarida keltirilgan.

2%, Turli ko‘rinishda berilgan funksiyalarning hosilalari
a) Murakkab funksiyaning hosilasi
Aytaylik, y = f(u)} va w=j(x} funksiyalar berilgan bo‘lib, ular
vordamida y=f[j(x)] murakkab funksiya tuzilgan bo‘lsin. Agar
u=j(x) funksiya x nuqtada va y= f(u) funksiya x nuqtaga mos
keluvchi  # nugtada hosilaga ega bo‘lsa, unda
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y!.\' =y'n‘utx (5)
tenglik o‘rinli bo‘ladi.
b) Teskari funksiyaning hosilasi
Agar y=f(x) funksiya x nugtada f'(x)=0 hosilaga ega bo‘lsa,
bu funksiyaga teskari x=f"'(y) funksiya x nuqtaga mos
bo'lgan ¢ nuqtada hosilaga ega va

, |
X, =-—
Ty 6)
bo*ladi.
d) Parameftrik ko‘rinishda berilgan funksiyaning hosilasi
Faraz qilaylik, y=y(x) funksiya parametrik ko‘rinishda.

{x=¢ﬁ)

yop() @S<B Y

sistema yordamida aniglangan bo‘lsin. Agar qp(t) va .',u(f) funksi-
valar differensiatlanuvchi bo'lib, ¢'(r)#0 bo‘lsa, unda (7)-sistema

differensiallanuvchi y=w[¢?’1 (r):l funksiyani aniglaydi va

.y y()
y_r x: @)r (t) (8)

tenglik o‘rinli bo'ladi.

e) Oshkormas funksiyaning hosilasi

Agar biror oraliqda differensiallanuvehi bo‘lgan y=y(x} fun-
ksiyva F (.x:, y)=0 tenglik yordamida aniglansa, unda oshkormas
ko*rinishda berilgan funksiyaning ' = y'(x) hosilasini ushbu

%F (x.7)=0 ©®)

tenglikdan topish mumkin.
Masalan, ushbu y°+3y’ +y-x=0 tenglik yordamida oshkormas
ko‘tinishda berilgan y=y{x) funksiyaning y' hosilasini topaylik.
4 (9)-tenglikka ko‘ra

( V+y +y-x) =05y +3p" 3y +y-1=0= 3

4 2 B
5" +3y" +1
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3%, Differensialning tagribiy hisoblashga tatbigi
Ma'lumki, y=f (x) funksiya x, nugtada differensiallanuvchi
bo‘lsa, unda

Af (x,)=df (x,)+ o(Ax)
tenglik o'rinli bo‘ladi. Agar df(x,}#0 bo'lsa, bu tenglikdan yetar-
licha kichik Ax lar uchun

ﬁf(xﬂ) =df (x,)
yoKi

Fx +Ax) = £(x,)+ F/(x,)-Ax (10)

taqribiy hisoblash formulasini hosil gilamiz.

4%, Yuqgori tartibli hosila va differensiallar

a) y= f(x} funksiyaning yuqori tartibli hosila va differensial-
lari ushbu

70 (x) = { 7 I)}' (n=2,3,.}

ary=d(d7y)  (1=23.)
tengliklar yordamida aniqlanadi.

b) Asosiy formulalar

]) (a,t')" =a_-r . lnu a (3.)'0); (e.r){’*) =E.t

. {n) _ . !E
2) (sinx) —sm(x+ >

(o) _ nx
3y {cosx) -cos(x+ -

4) (x" )["] =a(a-1)..{a-n+1)x"", aeR
6 (g U1

X7

d) Leybais formulasi
Agar u=u(x) va v=v(x} funksiyalar n-tartibli hosilalarga ega
bo‘lsa, unda y=u{x)-v(x} funksiya ham n-tartibli hosilaga

ega bo‘ladi va

A = Zc*u“]v‘"““ m

o4



!
Kt {n—k)t"

(11)-formulaga n-tartibli hosilani hisoblash uchun Leybnis for-
mulasi deyiladi.

u(x)-v(x) funksiyaning n-tartibli differensiali &"(x-v) uchun
ham Leybnis formulasi o‘rinli.

tenglik o'rinli bo‘ladi. Bu yerda % =5, =y va C, =

5° Differensial hisobning asosiy teoremalari

Aytaylik y=f(x) funksiya [a,b] oraligda aniglangan bo‘lsin.

1-teorema. (Ferma teoremasi). Agar

1) f(.x)EC[a,b] .

2) Vxe(a,b) uchun chekli f'(x}-3,

3)ichki ce(a,b) nuqtada f(x) funksiya eng katta (yoki eng
kichik) qiymatga erishsa, unda f’(c)=0 bo‘ladi.

2-teorema. (Roll teoremasi). Agar

1) f(x)eC[a,8],

2) Vxe(a,b) uchun chekli f'(x)-3,

3) £(a)=£(0)
bo'lsa, 3x,e(a,b) nugta topiladiki, f'(x,)=0 boladi.

3-teorema. (Lagranj teoremasi). Agar

1) f(;r)EC‘[a b]

2) Vxe(a,b) uchun chekli f' (1:) 3
bo'lsa 3x,&{a,b) nuqta topiladiki

£(0)-7{a)=£'(x)-(6-a)
bo‘ladi.

1-natija. Agar VYxe(a,b) uchun f'(x)}=0 bo'lsa, unda {a,b)da
f(x)=const boadi.

2-natija. Acar f(x) funksiva (a,b) intervalda chegaralangan f'(x)
hosilaga ega bo'sa, u holda f(x} (a,b) da tekis uzhiksiz bo ‘ladi.

Lagranj teoremasini ba’zi bir tengsizliklarni isbotlashda qo‘llash
mumkin. Masalan, (1+x}" 21+ax Bermulli tengsizligi vx>_) va
a 2] da o'rinli ekanligi isbotlansin.
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al-hol. x>0 bo'lsin. Unda f(u)=(1+u)", we]0,x] funksiya
uchun Lagranj teoremasiga ko‘ra 3x, €(0,x} nuqta topiladiki
F(x)=7(0)=(1+x) —1=a-(1+x)" -x>ax bolladi = (1+x)">1+ax
2-hol.-I<x<® bo'lsin. Unda f(u)=(1+v)", ue[x,0] funksiya
uchun  Lagranj teoremasini qo‘llaymiz. =3x,e(x;0)
FO)- F()=1-(L+x) =a-(1+25,)7 -(0~x)=((1+x, <)) c—ax > (I+x)" > poarx.
3-hol x=0 bo‘lsin. Unda (1+x)° =1+ax=1 bo‘ladi. Endi 3 ta
holni umumlashtirsak, isbot gilishimiz kerak bo‘lgan Bernulli teng-
sizligimi hosil gilamiz. >
4-teorema_(Koshi teoremasi). Agar
1) f{x),g(x)eCla.b],
2) Vxe(a,b) uchun chekli f'(x)va g'(x})-3 hamda g'(x)#0
bo‘lsa, unda 3x,e(a,b) nugta topiladiki,
f(8)-sf(a) _Sf'(x)
g(b)-g(a) g'(x)

tenglik o‘rinlt bo‘ladi.

6%, Aniqmasliklarni ochish. Lopital qoidalari

0
2-§ da ko‘rganimizdek funksiya limitini hisoblashda biz o’ 2,

0.0, co—00, 1°, % va shu kabi anigmasliklarga duch keldik. Bu
anigmasliklarni ochishda [opital qoidalari katta yordam beradi.
Teorema. f{x) va gix) funksivalar uchun quyidagi shartiar
o‘rinli bo'lsin.
1) f(x)va g(x) funksiyalar 2 nugtaning biror atrofida aniqlan-
gan va chekli hosilaga ega, i

) lim f(x)=limg(x)=0,

3) ;};;uqtanmxg%shu atrofida [ f "(Jc)]1 + [ g'(x):l2 =0,

t

4|'mf(x hekli yoki cheks
)Hag(x)-r:ttlyolce:z
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L} holda
fx)_p. (%)

X =il g(x) I g (x)
tenglik o‘rinli bo‘ladi.
Izoh: Agar bu teoremaning shartlari a4 nuqtaning chap (yoki
f(x)

o'ng) yarim atrofida bajarilsa, unda teorema g(x) ning a nuqgta-

dagi chap (yoki o‘ng) limitiga nisbatan o‘rinli bo‘ladi.

Yuqoridagi 0 ko‘rinishidagi aniqmasliklar uchun keltirilgan

m . n

l.opital teoremasi = ko‘rinishidagi anigmasliklar uchun ham o‘rinli
o

ho‘ladi. Boshga ko‘rinishdagi anigmasliklar esa — va —

g . . o 0 o0
ko'rinishidag: anigmasliklarga keltiriladi.

7. O-simvolika

F'unksiya limitini hisoblashda va funksivaning asimptotik xarak-
terini o'mganishda «o-kichik» va «O-katta» tushunchalari muhtm
ahamiyatga cga. Biz ¢ nugta deganda chekli son yoki « ni tushu-
namiz. a chekli bo‘lgan holda nuqtaning atrofi deganda quyidagi
to'plamlardan biri tushuniladi: (a-8;a), (@a+8), (a-38:a+5),
bu yerda §>0. Agar g=o bo‘lsa, u holda g nugtaning atrofi
deganda quyidagi to‘plamlardan biri nazarda tutiladi: (-o0;-A},
(A,+0} yoki (—oo;-A)u(A,+), bu yerda A > 0. Aytaylik, berilgan
funksiyalar a nuqtaning biror atrofida aniglangan bo'lsin.

1-ta’rif. Agar shunday o‘zgarmas x son topilsaki, & nugta-
ning biror atrofida

()< K- (=)
tengsizlik bajarilsa, u holda shu atrofda ¢(x) funksiya w{x) ga
nisbatan @ -kutta deyiladi va qo(x)=0(@(:c); kabi belgilanadi.
2-ta’rif. Agar g nuqtaning biror atrofida ¢(x)=a{x)-w(x)
tenglik o‘rinli bo‘lib, E_{Eﬂ(?ﬂ)=0 bo‘lsa, unda x— o da o{x)
funksiva g{x) ga nisbatan o -kichik deyiladi va @(x)=o(w(x))
kabi belgilanadi.
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o(x
1-ta’rifdan ko‘rinadiki, agar y(x)=0 bo‘lsa, unda lim (x) =0

>0 (%)

bo‘lganda ¢(x)=o(w(x)) bo‘ladi

Izoh. Quyidagi tengliklar o‘rinli;

1) o(f(.x)) +o(f(x)) = o(f(x)),

2 Ko(f(x)=e(7(x),

) o) o/ ()=l 1),

& o{f(3)-0( () =olr ().

5 x>0 da X" =o(x”)<::-m>n

6) x> da x" *—-ﬂ(x")-f::»m{n_

3-ta'rif. Agar x—>a da o(x)-w(x)=o{y(x)} bo‘lsa, unda
x—a da ¢(x) va w(x) funksiyalar ekvivalent deyiladi hamda

@{x)~w{x} kabi belgilanadi. ()
X
Bu ta’rifdan ko‘rinadiki, agar y({x}=0 bo‘lsa, unda l'_?}w (x) =1
bo‘lganda ¢(x)~w(x) bo‘ladi.

I-teorema. Agar ushbu

m 2 ole() L e()
=y (ro(p () Y ()
limitlardan birortasi mavjud bo‘lsa, unda

- w(t)w(@(x)) i 202)
Iimn
tenglik o‘rinli bo‘ladi.
l-teoremadan foydalanish samaradorligi Teylor formulasi yor-
damida vanada oshadi.
2-teorema. Agar f(x) funksiva a« nuqtada f'(a),
£"(@),..., f(a) hosilalarga ega bo‘lsa, u holda a nugtaning bi-

ror atrofida ushbu

W a ;
F(x)=7(a)+ ( )( —a)+.. A C)) ( )(,1 ~a) +o((1+a) )
Peano ko nnlshldagl qoldiq hadli Teylur formulasi o°rinli bo'ladi.
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Natija. x— 0 da quyidagi tengliklar o‘rinli bo‘ladi.

1. (1+x)" =1 -i-nu‘+—m(m_1)x2 +m+m(m-—-l)...(m—n-—i—])x" +a(x”)
21 n!
. xi P .
2. ¢ —1+x+a+...+m+o(x)
X a1 X" "
3. ln(1+x)=x—?+...+(—]) -;+o(x)
: x w x i
4. 5|nx=x—~-§?+...+(—l) -(2”_])!+o(x2)
5 c05x=l—;—;+...+(—l)"'(;)!+a(x2“']
4
6. lgx=x+-§x3+a(x")
7. arctgx=x—-;-x’+o(x‘)
. Mcosx+x?
Misol, lim hisoblansin.

=0 sinx-fgx

In(l—ll‘2+ﬂ(l2)]+x2
. Incosx+x* .. 2
lim = lim

x=0  sinx /gy ¥=0 (x+ﬂ(f))(x+ﬂ(x1))

(—%xz +a(x2)]+o[-—%x3 +o(x3)]+x2 )

- lim -
¥ x° +o(x')
] 1
-—.xz +a(x2)+x2 Exz l
= lim 3 - = lim : - b
x=0 X+ D(Il ) x=0 x 2

Izoh. Limitni hisoblash jarayonida biz natijada keltirilgan 5, 4,
6, 3 tengliklardan va l-teoremadan foydalandik.
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8%, Funksiyalarni tekshirish

a) Funksiyaning monotonligi

Faraz gilaylik , y=f(x) funksiva (a,b) oraliqda berilgan bo‘lsin.

1-ta’rif. x, >x, fengsiziikni qanoatiantiruvchi Vx,,x, e{a,b) uchun
F()2 1(x) (F(x)s 7 (%)) botsa, f(x) funksiva (ab) oralig-
da o‘suvchi T (kamayuvchi 1) deyiladi.

Agar funksiya o‘suvchi yoki kamayuvchi bo‘lsa, bunday funksi-
vaga monofon funksiya deyiladi.

I-teorema. f{x) funksiva (a.b) intervalda chekli f'(x) hosilaga
ega bo'lsin. Bu funksiya shu intervalda o'suvchi (kamayuvchi) bo lishi
uchun (a,b) da f'(x)z0 (f'(x)<0) botishi zarur va yetarii.

b) Funksiyaning ekstremumlari

y = f(x)funksiya (a,b) intervalda berilgan bo‘lib, x; €{a,b) bo‘lsin.

2-ta’rif. Agar x, nugtaning 3 U 5(,1:0) atrofi mavjud bo saki,
vxe | J, (%) uchun |

Jsflx)  (F¥)21(x)
tengsizlik o‘rinli bo‘lsa, f (x) funksiya x, nuqtada maksimuomga
(minimumga) erishadi deyiladi. f(x,) qiymat f{x) ning maksi-
mum (minimum) giymati deyiladi va

f(xﬁ)=agfiﬁ.){f(ﬂ} [f(xu):r%lia}{f(x)}]

kabt belgilanadi.
Funksivani maksimum va minimumi umumiy nom bilan uning

ekstremumi deyiladi.
2-teorema.(Ekstremumning zaruriy sharti). Agar f (_1) Junksiya
x, nugtada { x,e(a,b) ) chekli f'(x,) hosilaga ega bo'lib, bu nug-
tada f(x) funksiya ekstremumga erishsa, u holda f'(x,)=0 bo'ladi.
Endi funksiva ekstremumga erishishining yetarli shartlarini kel-
tiramiz. .
Faraz qilaylik, y=f(x) funksiya x,nuqtada uzliksiz bo‘lib,
U (x)g*{x,} da chekli f'{x) hosilaga ega boisin.
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3-teorema. Agar f'(x )} hosila x, nugtadan o‘tishda o7 isho-
rasini mushatdan (manfiydan) manfiydan (musbatdan) o ‘7gartirsa, unda
f (x) funksiya x, nuqtada maksimumga (minimumi} erishadi. Agar
Sf'(x) ishorasini o‘gartirmasa, u holda f(x)funksiva x,nugtada
ekstremumga erishmaydi.

4-teorema. f (x) Sunksiva x, nuqtada f' f'..f ) hosilalarga
ega boib,

L% = (%)== fO N (x,)=0, f(x)=0

bo‘lsin. Unda

1)agar n juft son bo‘lib,

7 (x) <0 (£ (x)>0)
bo‘lsa, f(x) funksiya x, nuqtada maksimumga (minimumga) erishadi.
2)agar n togq son bo‘lsa, f(x) funksiya x, nuqtada ekstrem-
umga erishmaydi.

Funksiyaning hosilasi nolga aylanadigan yoki hosilasi mavjud
bo‘lmagan nugqtalariga uning kritik nuqtalari deyiladi.

Izoh: Funksiva hosilasi mavjud bo‘lmagan nugtalarda ham fun-
ksiva ekstremumga erishishi mumkin. Masalan, f(x)=|x funksiya
uchun f'(0)- mavjud emas, lekin funksiya x=0 nuqtada mini-
mumga erishadi.

[a,b] kesmada uzluksiz bo‘lgan f(x} funksiya o‘zining shu
kesmadagi eng katta {eng kichik) giymatiga kritik nuqtada yoki
kesmaning chegaraviy nugtasida erishadi.

d) Funksiyaning qavarigligi, egilish nugtalari

3-ta’rif. Agar (a,b) oraligda berilgan y= f(x) funksiya grafigi
V[x.x, = (a,b) kesmaning chetki nuqgtalarini tutashtiruvchi vatardan
yugorida (pastda) yotsa, unda y= f(x) funksiya [a,b] oraligda
gavariq (botig) dcb aialadi.

5-teorema  y=f(x) funksiva (a.b) intervalda aniglangan va
bu intervalda chekli f'(x) hosilaga ega bosin. f(x) funksiyaning
(w.b) da gavarig ~(botigis) boTishi uchun f'(x)ning (a,b)da
kamayuvchi (o‘swvehi) bolishi zavur va yetarli,

6-tcorema. y= f(x) funksiya (a,b) intervalda aniglangan va
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bu intervalda ikkinchi tartibli f"(x) hosilaga ega bolsin. f(x) ning
a,b) intervalda (V) bolishi uchun shu intervalde f"(x)<0
i f '81:)20) tengsizlikning bajarilishi zarur va yelarli.

4-ta’rif. Agar x=a nugtadan oftishda y= f(x) funksivaning
grafigi govarigligi yoki boftigligini o‘zgartirsa, u holda x=a nugta
funksiva grafigining egilish nugrasi deyilodi.

e) Funksiya grafigining asimptotalari

5-ta’rif. Agar lim f(x)=o0 bo'sa, x=a to'g¥i chizig y=f(x)

he d i)

funksiva grafigining vertikal asimptotasi deyiladi.

6-ta’rif. Agar limf(x)=b botsa, y=b to'g’i chizig y= f(x)
funksiya gj''-.fz'_;r‘E,g:]n'.fn‘g‘,r gorizanral asimptotasi deyiladi,

7-ta’rif. Agar lim[ f(x)—(ax+b)]|=0 botsa, y=ax+b tog¥i

K=

chizig y=f(x) funksiya grafigining og‘ma asimptotasi deyiladi.

7-teorema. y = f(x) funksiya grafigi x—>+onda y=ax+b og'ma
asimptofaga ega bo'lishi uchun

lim M= a, lim [f(x)wax:|= b

X x Y47
bo‘lishi zarur va yetarhidir.
Bu teorema x— —oo da ham o‘rinlidir.

9%, Funksiyalarni to‘liq tekshirish va grafiklarini chizish

Funksiyani tola tekshirish va grafigini yasash quyidagilarni anig-
lash yordamida amalga oshiriladi.

1) Funksiyani aniglanish sohasini topish.

2) Aniglanish schasining chegaraviy nuqgtalaridagi xarakterini aniglash.

3) Funksivaning juft yoki toqligini va, agar imkon bo‘lsa, boshga
markaz va simmetriva o‘qlarini aniqlash.

4) Davrivlikka tekshirish.

5) Uzilish nuqtalarini topish va ularning turini aniqlash (2-punkt-
ni to‘ldiradi).

6) Koordinata o‘qlari bilan kesishish nugtalarini topish.

7) Funksiyaning ishorasi o‘zgarmaydigan oraliglarni aniglash.

8) Monotonlik va ekstremumga tekshirish.

9} Egilish nuqtalari, qavariglik va botiqlik oraliglarini topish.
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10} Asimptotalarni aniglash

11) Tekshirish natijalarini yollari x, y, f(x), f'(x), f"(x) larga
mos bo‘lgan jadval ko‘rinishida ifodalash {oxirgi yo‘lda fagat isho-
ra aniqlanadi).

12) Jadvaldagi nuqgtalarni tekislikda ifodalash.

13) Asimptotalarni yasash.

14) Yugoridagi tekshirish natijalarini hisobga olgan holda tekis-
likdagi nuqtalarni chiziq yordamida tutashtirish.

Izoh: Agar funksiya parametrik ko‘rinishda yoki qutb koordina-
talar sistemasida berilgan bo‘lsa ham u yuqoridagi sxema yordam-
ida tekshiriladi.

Al R R ol o

bt Pt B b b b B B
O L L O e

g
-

29

14,

etk ke et e et — j—
xoch\m-hg.umr-c:

Nazorat savollari
Funksiva hosilasining ta'rifi.
Bir tomonli hosilalar.
Hosilaning geometrik ma'nosi.
Urinma tenglamasi.

Noirmal tenglamasi.

Hosilaning mexanik ma’nosi.

Funksiya differensialining ta’rifi.

Differensiallanuvchi va uzluksiz funksiyalar orasidagi bog‘lanish.
Murakkab funksiyaning hosilasi.

. Teskari funksiyaning hosilasi.

Parametrik ko‘rinishda berilgan funksiyaning hosilasi.

. Oshkormas ko‘rinishda berilgan funksiyvaning hosilasi.

Differensial yordamida taqribiy hisoblash,

. Yugori tartibli hosila va differensiallar.

. Leybnis formulasi.

. Ferma teoremasi.

. Roll teoremasi,

. Lagranj teoremasi.

. Lagranj teoremasining natijalari.

. Koshi teoremasi.

. Lopitalning birinchi goidasi.

. Lopitalning 1kkinchi qotidasi.

. -simvolika.

. Tevlor formulasi.

. Funksiyaning monotonligi.

. Birinchi tartibli hosila yordamida funksivaning ekstremumini topish.
. Yuqori tartibii hosilalar yordamida funksiyaning ekstremumini topish.

Funksivaning qavarigligi va egilish nuqtalari.
Funksiya grafigining asimptotalari.
Funksiyani to‘la tekshirish va grafigini yasash.
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~B~
Mustaqil yechish uchun misol va masalalar

1-masala. Hosila ta’rifidan foydalanib f '(0) topilsin {agar u
mavjud bo‘lsa).

. 3
xsin— |, x#0,
X

32 1 sin(
11 f(x)== rg(:c +x smx} x=0 12 f(x)-—-

0’ x=0. 0, x=0.
b ol
_ |aresin| x"cos— 1+ =x,x 20, _ 2
1.3/ ("‘)‘L e %7 3 1.4 / () Jt+ln(l+fsin—i-] ~1,x 0.

¥

1 2oy
arcfg(xcos—*}x:t 0, sin[:a" -1J+x,x¢£l,
15 f0)= 2 16 /)=
0, x=0. 0, x=0.

' ] 1
[n) E—sin| ¥ si —)] 0,
7 f(x)= ]: sm[ smx X# L8 f(x)= . s
0, x=0 3x

3
T 2 2 11
-, |arcig] X' ~x?sin— |,x=0, x"-cos"—,x# 0,
1.9 /(%)= g{ g '“3xe 1.10 F(¥)= x

0, x=0 0, x=0
I
sthx-cos~—,x 240, _]exT+xTcos—, x#F U,
L f(x)={ x" 1127 9= x
0, x=0. 0, x=0.

.8 Incosx
X+ arcsinf X sin— x#0,

o R G L

1.13 f{x}=
0’ x=0. 0, x=0.
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Tem 1
tg(Z" " —l+x],x¢0, _j6x+x5m-—,x#&0
115 /(x)= 116 S (x)= x

0, x=0. 0,x=0
arctgx sinjr x#0 [ sins
_ . —, » e.\f-&ll} A _]3 _r;t 0.‘
117 (%)= x 1.18 f(x}=1
0, x=0. 0. x=0.

] I T, _.':

F(x)=2x" +x’cos—, x=0, N Eiars ,

{19 ( Ox 1.20 f(,x)= 3 [+2x, x=0,
0, x=0. G, x=0.

0, x=0,
121 f(x)=9¢" _cosx

X

X 20,

2-masala. Funksiya grafigining abssissasi x, be‘lgan nuqtasiga

o‘tkazilgan normal (2.1-2.12 variantlarda) yoki urinma (2.13-2.21
variantlarda) tenglamasi topilsin.

4x—x*
2.1 v= 3 &xﬂ.=2- 2.2 y=2x2+3x—1,xﬂ=—2-
23 y=x-x,x=-1. 24 y=x"+8Jx-32,x,=4.
2.5 y:x-}-ﬁij,x‘]:]. 2.6 y:%f;;-_gogxﬂz_g.
[+/x
2.7 yzl__"ﬁa-rc;:z!’. 2.8 y:g#_‘m?ﬁ,x{}:[ﬁ.
) ¥ =3x+6
29 y=2x"-3x+1x,=1. 2.10 J?:T,xu=3.
. X +3
2.11 J’=\/;_3stxa=64' 2.12 y:x3~*2,xa=2'
, X +6
213 y=2x+3x, =~1. 214 y="3- %=l



2.15 y=2x+-1-,-x;;. =],
X

3-masala. Diflerensial yordamida ifodaning taqribiy qiymati hisob-

x*+1]

2.17 y=x4+1,xa=l.

2.19 y=3(i"/;—2x/;),x.;,=l.

221 y= zx X =2,
X+

lansin.

3.1 y=¥Yx,x=776.

3.3 y=x+ ;ﬂxd ,x=0,98,

35 y=3Yx*+2x+5,x=0,97.
3-7 y =.1'“,.I =l,02] .

3.9 y:%/;,x=l,03-
311 y=4x-1,x=2,56.

]
13 Y= m——
3.13 2x* +x+1

I
3.15 y=7;,x=4,16.

3.17 y=x",x=2,002.

319 y=ydax-3,xr=178.

321 =¥ +7x,x=1,012-

,x=1,016

3.2 y=¥r,x=2754.

3.4 y=arcsinx,x=0,08.

36 y=vx*+x+3,x=197-
3.8 y=x",x=0,998.

310 y=x°,x=2,01.

312 3=, x=1,03.

3.14 y=1l+x+sinx,x=0,01.

3.16 y=33x+cosx,x=0,01.

3.18 y'—‘{zZI—sin%{,x"—-l,OZ .

320 y=x*+5,x=1,97.
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3x+w/3_r

41 V=

43 y=

¥ +2

{(x+3)42x -1

4.5 V=

4.7 y=

2x+7

X +2

xJx+1

2 -x*

2 L
X +x+1

x+7

L] y: == L]
4.9 6vVxt+2x+7

w1l y=13, x+12
. (x"“l] +

Y +x+1

x+1

4.13 y=

1
y:
415 Yy s
Nx—1-(3x+2)
4x* |

4.17 y=

4,19 V=

4.21 V=

3.

]+ x*

2.01+222°

X+x -2

l-x

3

4-masala. Hosila hisoblansin.

’1-\/;
4'2 =2- -
Y i+\/;

(2x +1)Vx* —x .

xl

44 y=

x—1 _

46 Vs
(23:2 +3)-x)'x1 -3

9x’

, |
— —_— 2 L] 3 b

N2x+3 -(x-2)

X

48 y=

4,12 y=

x® +8x° —-128

3

4.14 V=

B—x

t16 , W)

3x
2 iy
s18 - _2)"34” .
24x
A3
4.20 x-3(2+x3)“
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5-masala. Hosila hisoblansin,

|
=Tnarciy x

5.1 y=(arctgx)>
53 y=(sinx)™ .

5.5 yv= (]nx):ﬂ .

57 y= (ctg3x)2°ﬁ :

59 y= (rgx)‘w .

511 p=(asinx)™",
513 y= i,

¥
515 V= si11x)2 i

5.17 y= 9"'9*3(?”{__1".
5.19 y=|sin«x
521 y=x"-5

6-masala. Funksiya grafigining abssissasi x, = x(¢,} bo‘lgan nunq-

52 y= (sin \/;)In.ﬁn& .
5.4 y=(arcsin x)‘; ‘
5.6 p=xver,

5.8 y= .

5.10 y={cos SJ::)'EI .
512 y=(x"+4)".
514 y=(x*+5)".

516 y=(x"+1) .
5.18 y=x.2".
520 p=x".

tasiga o‘tkazilgan urinma va normal tenglamalari topilsin.

x = /3 cosf
6.1

. ¥4
y-_-Slﬂf,fo ‘—"5

x=2-1
6.3 y=3t-0,, =]

x=2sin ¢
6.5

= 3,0 =8
y=2cos L1, = 3

x =3(¢ —sins)

6.7 y=3(1-cos¢),¢, :%

x=r(rcost—2sint)
6.2

ﬂ Jat
x= -
1+¢°
6&4 3ﬁf2

=— 1, =2
_y 1+£27°

(x=2In{ctgs)+1
6.6

a
y=tglroghl, =2

(x = at cost

A , Vg
6.8 y=atsint,t, = Y

L
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(x =sin?¢ : Fx=ﬂ
) !
69 1) ccosiry, =2 610 ¢
s 6 y=T,fﬂ=—l
X = arcsin )
J1+r =In{l1+F£
6.111 6.12 |7 n(1+£)
y= arccnsF = |y =1t-arctgr,f, =1
[ 1+Ins
613 4x_ E 614 x=r-(l—sinf)
) 3+2Ins : y=r-cost,t, =0
= f, =1
{
| +¢ [ 1+
A= B X = m
. P
e1s | 3 2 6.16 [
YEsp b M
(x=asint x =3cost
Fy
6.17 y=aco53!,ro=i;- 6.18 y=45int,to=%
(x=a(tsint +cost
) ( ) x=t-t
. 3
6'19 ky:a(SIHI—fCDSt),roz.E’. 6420 y=r2_t3,tﬂ:l
(x=1-¢
¥,
624 |y s =2

7-masala. Parametrik ko‘rinishda berilgan funksiyvaning ikkinchi
tartibli hosilasi hisoblansin.

x =co0s2t y=drf-1 - x=v1-¢
7.1 7.2

y=2sec” ¢t y = lnt
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”

x=e¢' cost X =cos’/
1.5 7

y=¢'sins y=tg’
1yl
.r t+sins X=+1-3 !
77 =2—cost- 7.8 y=In(r-2) 7.9 y=_.1_..
1+7
x=+t
X =sin¢ [ fx:f sin¢
10 |y ctn(oos) 711 yeom TR, 0
=gt
’ 1 { =sin¢ {xzcosr J gl
13 {7 714 715 1, _
Y =sect y=n(sins) y Sinor
X=+f~]
X =COst+#sint p x=¢
7.16 { =sint—rcoss 1+17 J?=—';-]— 718 {y-:arcsinf
x=2( -sin¢) X=f+sin¢
7.19 20 y =4(2+cost) 7.21 y=2+cost

8-masala. n-tartib)j hosila hisoblansin.

81 y= sm2x+cos(x+l) 82 -,
dx +7 \

8.3 }’—2x+3. 8.4 y=lg(5x+2).
- x

8.5 y=2i, 8.6 J’=5(—3';_—25,

_ 2x+5
87 = 5GerT)- 8.8 y=qv,
8.9 y=sin(x+l)+cns2x. 8.10 , _ Y21,
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8.11 y= Tl 8.12 y=Ilg(3x+1}.
o x

3-13 y=?s't. 8.14 y*9(4x+9).

4 __ Sx+l
8.15 J’=;. 8-16 y 13(2.1'4'3)'
8.17 y=5%*. 8.18 y=sin{3x+1}+cos5x.

1{+12x

8.19 ;= . 820 y=——".

8.21 y=Ig(2x+7).

9-masala. Quyidagi tengsizliklar isbotlansin,

x
9.1 ln(l-t-x))m,x}o. 9.2 In{l+x)<xx>0.

8.3 & >1+x,xeR. 9.4 D>ex,x>).
9.5 ¥'-d'>n{b-a)d”,0<a<hneN, 9.6 (a+b)’ <a” +b°,0< p<l.

2

]
9.7 cnsx>1—%,x>0. 9.8 2\/;::»3—;,1}1_

X’ X
9.9 sinx'}x—?,x)ﬂ. 9.10 arctgx > x — ?:O(ISI.

2 3

Ll

X
9.11 e"El+x+-';—t-+...+x—'-,xl_>0,neﬁ-f.9.12 arcfgx«(x-?,i}(xg],
: n

X 3 s
9.13 In(]+x)£x-%+-‘%~,x20. 9.14 e"21+x+%,x2{].
Ca
9.15 ]n% {E;—b,{}(b(a. 9.16 e‘£l+x+£§-—,x20.

-

0.17 -y sp (x—y), 0< p<x p>1. 9,18 In(l+ I)Ex—%,x >0,
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9.19 [arctga-—arctgb[:;]a—-b,.
9.21 6"“-a"<::*(b—a)ﬁ"",0<a(b,nEN.

9.20 lnf—>5§£,0<b<a.

10-masala, Limit hisoblansin.-

10.1 lim —

10.3 fim<_..

10.5 Lm&s.

10.7 lim xm(o 01)

¥ x2 +smx
r-wﬂe’+cosx
. X +Inx
10.11 lim = .
4 x? L COSX
2 x
. X +g
10.13 lim - o
T siny + @
4
. X +cosx
10.15 lim

x40 0¥ Loiny

10.17 lim{x? -crg’x),

10.19 lim ( ‘5"J

X} X

. ;
10.21 lim (r.:«:ns*.‘:«:)fim .

x—0

82

10.2 x!illl}o In (l—x)fctgfrx .

. mry
10.4 lim(2-2x)""
2 |

e ,__1a_,g J"‘J[fgx (l smx) ]

10.8 l:m f l:nz

10.10 hm x"'“

10.12 tim{(x-1)" - In" x].

=l

10.14 llm(x —sin” .1)

Xyl

10.16 lim x™=_

X340

10.18 g@ﬂ[(e*-I)" —x“].

g2y

10,29 lim(rg)
4



11-masala. Quyidagi masalalar yechilsin,

- 11,1 Yiglindisi o‘zgarmas a soniga teng bo‘lgan 2 ta musbat
onning m va n darajalari (m>0,n>0) ko‘paytmasining eng katta
qlymati topilsin.
«  11.2 Ko‘paytmasi o‘zgarmas a soniga teng bo‘lgan 2 ta musbat
fonning m va n darajalari (m>0,n>0) vig‘indisining eng kichik
glymati topilsin. .

11.3 Yuzasi Sga teng bo‘lgan barcha to‘g‘ri to‘rtburchaktar
ichidan perimetri eng kichik bo‘lganim' aniqlang.

11.4 Kateti va gipotenuzasi yig‘indisi o‘zgarmas bo‘lgan to‘g‘ri
burchakli uchburchaklar ichida yuzasi eng katta bo‘lganini aniglang.

ll 5V hqjmli yopiq silindrik bankamng o‘lchamlari qanday

ll.. R radiusli sharga shunday ichki silindr chizingki, uning
hOJI'nI eng katta bo‘lsin.

11.9 R radiusli sharga shunday ichki silindr chizingki, uning
to'la sirti eng katta bo‘lsin.

11.10 R radiusli sharga shunday tashqi konus chizingki, uning
hajmi eng kichik bo‘lsin.

11.11 Yasovchisi / ga teng bo‘lgan eng katta hajmli konusning
hajmini toping.

11.12 M(p,p) nugta va y* =2py parabola umsndagl eng qisqa
masofani toping.

11.13 A(2,0) nuqta va x*+3* =1 aylana orasidagi eng qisqa va
eng uzun mascfalar topilsin.

2z 2

11.14 : -;:2 =1 (0<p<a) ellipsning B(0:-b) nugtasidan

o‘tuvchi eng katta vatarini toping.
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»

11.15 §+{—;-=l ellipsda shunday M({x,y) nuqtani topingki,

shu nuqtadan ellipsga o‘tkazilgan urinma va koordinata o‘qlari yor-

damida hosil bo‘igan uchburchakning yuzasi eng kichik bo‘lsin.
11.16 R radiusli doiraga shunday ichki to'g‘ri to‘rtburchak chiz-

ingki, uning perimetri eng katta bo‘lsin.
11.17 A();2) nugtadan shunday to'g'ri chiziq o‘tkazingki, shu

to‘gri chiziq va musbat yarim o‘glar yordamida hosil bo‘lgan uch-
burchakning yuzasi eng kichik bo‘lsin.

11.18 2 musbat sonni shunday 2ta musbat qo‘shifuvchiga ajrat-
ingki, ular kublarining vig‘indisi eng kichik bo‘lsin.

11.19 Uzunligi / ga teng bo‘lgan setka bilan bir tomoni devor
bilan to‘silgan shunday to‘g‘ri to‘rtburchak shaklidagi yer uchast-
kasini o‘rash kerakki, uning vuzasi eng katta bo‘lsin.

11.20 Teng yoqli uchburchakni 2 ta teng yuzali uchburchakka
ajratuvchi eng kichik kesmaning uzunligi topilsin.

11.21 Derazaning perimetri P ga teng, vuqori qismi yarim
doiradan iborat bo‘lgan to‘g‘ri to‘rtburchak shaklga ega. Deraza-
ning o‘lchamlari ganday bo‘lganda undan eng ko‘p vorug‘lik o‘tadi?

12-masala. Birinchi tartibli hosiladan foydalanib funksiyaning
grafigini chizing.
¥ -9x°

121 y=x*(x-2). 122 y= +6x~9.
12.3 y=2-3x"-x'. 124 y=(x+1) (x~1).
12.5 y=24"-3x"-4. 12.6 y=3x"-2-x".

2 2 _ X' +3x°
12.7 y=(x-1)(x-3). 12.8 y= y -5,
129 y=6x-8x. 12.10 y=16x-(x-1)".
1211 y=2x"+3x*-5. 12.12 y=2-12x% -8x’.
12.13 y==(2x+l)2-(2x—i):. 12.14 y=2x"+9x" +12x.
12.15 p=12x" -8x° -2. 12.16 y=(2x-1)"-(2x-3).
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27{x' - x* x-{12 -
12,17 y= (4 )-x. 12,18 y= ( )
2
x -4
2 _42
1221 y=Z (;"6 )
13-masala. Funksiyaning asimptotalarini toping va grafigini yasang.
' —2x° -3x+2 2x* ~9
131 y= lx__;x . 13.2 y= ek
x? -1l 2%’ -3x" - 2x+1
133 y=7—. 134 y=""s
ZIE—I 21—'.1?2
5 Y= 6 y= :
N 136 y=Trve
X +3x7-2x-2 x*+16
. = 8 V= =
13.7 » 33 13.8 Ox =8
3x* -7 X -6x+4.
B e 1y y=—i]
) NOx* -4 ' 4x* -3’
17 - x* 4x° +9
13.13 y—4x_5 . 13.14 y= Axi8
x —4x x* -3
. = . . y= .
13.15 y=15_, 13.16 V===
Ax* +3x% —8x =" Iy 2% — 3y —
13.17 y=—= +2i3fx 13.18 y=== +2 "4x:3"‘ L
2x* -6 X ~5x
13.19 y="—"-. 13.20 y=1—.
4x° -3
13.21 y= :xz_lx.
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14-masala. Funksiyani {o‘liq tekshiring va grafigini yasang.

X +4 41
141 y="22, 142 y=3-
2 i2x
14.5 J)'_:a:2+2:r:' 144 y_,9 ©
2
- 4-
145 y=22%%3 1.6 y=2-X
x—1 X
2_4 i
147 y=XHt 148 y=22F
X1 x°
2
_(x_l)z y= L .
14+9 y—- x: . 14.19 (x_l)z
Y 12-3x
. = I+_‘ * 44
14.11 » [ I) 14.12 T
9+ 6x —3x* 8x
14.13 52— 1414 y=-——
_13 4 ]
14.15 y=(5-——). 14.16 y="27%
x+1
y= 4x S(I l)
14.17 (x+ ])3 14.18 (x+l]
4 X +2x-7
14.19 Y Y v 2x 3 14.20 Y a3
- ]
14.21 y=2"%7
x-1]
-D-

Namunaviy variant yechimi
1.21-masala. Hosila ta’rifidan foydalanib, s'(0) topilsin.

Ex: —CO05X

f(x)z ,x:t(];
Ox=0
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& —cosAv

———0 : A —1+{1-cos Ax)
O+Ac}—f(0 - ¢
P A G ? AL I RN ... Em( ) : =
Al it A=l A A=l A gl Ax
: 2sin® & sin & 2
= lim M'"l+l' ]_msm.—lﬂ'm = =}+—1lim "2 —l+l-——3-b-
“.m!l.lu m-l a-!Tn Mz - a;—m Mz - J ax—en E - 2 -*?_'
2

2.21-masala. Funksiya grafigining abssissasi x, bo‘lgan nugtasiga

o‘tkazilgan urinma tenglamasi topiisin.
. X 2 .
YEFe  mE
< Ma’lumki, urinma tenglamasi

y=f(x{,)+f'(xu)°(l'~x0)

ko‘rinishga ega. f(x,}=f{2)=—F—=~=
+

- '_x’-(x:ﬂ)—x-(f-i-l) X H1-2x
/)= ['+1Jm (" +1) C(Fel)

3
(.1‘2+1) == f(x%)=1"(- )“E;'_Egi
2

DSys———— (r+2)=> Urinma tenglamasi: 3x+25y+16=0 p

3.21-masala. Differensiat yordamida ifodaning taqnbiy gqiymati
hisoblansin.
y=3U¥+Tx, x=1,012
a Taqribiy givmat
S (xo+ Ax)= £ (x)+ f/(x,)- O (1)

formula vordamida hisoblanadi.
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Bizda
F)=Y+7x . =1, Ax=0,012= f(x}= (Jr +?x) =|:x’+?x)
_1 (.r +7x) ( 3+7,1')F=——-§£—-—F—-?—-——=>f(xu)=\f"l+?= \

3 3 {‘(x +?x)

Topilgan ifodalarni (1} tenglikka olib borib qo‘yamiz:

30,012 +7-1,012 zz+%-0,012=2+5-0,002=2,01n>

4.21-masala. Hosila hisoblansin.

x*+x* -2

r= s.fl:-.ﬂr2

-dy’_[l +x_2)' (¢ +x -2) A= (x4 2 -2) (M)
=)

/

—— b

N

—
—_—

5 : 5 —2x
(673N AP D) (a1 x40 -2)

X
- ) (1-2%)-V1-+°

x(Sx" 62 42X ~3x+ 2)

(x> -1)-1-

5.21-masala. Hosila hisoblansin.

o

.
y=x"".5".
[

'A'-‘.l_]-"' =(Ilt _sx], =[€h[x:~5'}:| =eln{ﬁr.5*} 'I:I“ (xl'r .Sr)]r — 1_2.\‘ LB¥ '[2IIDI+I' In 5]III —

=x2"'-5"‘-[21nx+2+ln5]=x2”-5”-(2+!n5x3].t=-
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6.21-masala. Funksiya grafigining abssissasi x, =x(z,) bo‘lgan
nuqtasiga o‘tkazilgan urinma va normal tenglamalari topilsin,

x=1-t,
y=t-£,,=2.
a Biz y—f(xﬂ)-;—f'(xu)-(x—xo)-(l) (urinma tenglamasi),

y= f(-ru)_f( 3

b Y
va ¥v T -4 {parametrik ko‘rinishda berilgan funksiyaning hosilasi)

{x-x,)-(3) (normal tenglamasi),

formulalardan foydalanamiz:
x,=1=28==3 f(x,)=2-2"=-6;

' 1-3-4 11
:f(xﬁ 7——-.4—'='T4—.

=(i‘!‘-i‘s) =1—3f2

Ay =2
(-7)
Topilgan qiymatlarni (2)va(3)-tengliklarga olib borib go‘yib urin-
ma va nm:mal tenglamalarni topamiz:

11
J’=—6+-'(I+3): 4y —1Ix -9 =0—wurinma
4x +11ly+78=0—-normal ¢

y-—6—~—-(x+3)

7.21-masala, Param;.tnk ko‘rinishda berilgan funksiyaning ik-
kinchi tartibli hosilasi hisoblansin.

x=f+smt
y=2+cost
< Bu masalani (4)-formuladan ikki marta foydalanish yordam-
ida yechamiz.

y, _ (2 -!-COSF) —COoS ¢
) I: (f+sult) T+ cost
f
, —cost
" (%), U+cost _sins- (1+cosr)—cosrsint  sin¢
X 1+ cost (1+cost)’ (I reost)
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8.21-masala. n-tartibli hosila hisoblansin.

y=In(2x+7).
ln(2x+?) | -
a y=lg(2x+7)= o "0 In(2x+7)
1 1 2 !
= , (2x+7) = .
Y ini0 2x+7 ( x+7) In10 2x+7

r2 I ' 2 1
T=(y'} = | -~ {2x+7) =~ ' 3

. e 2 21
y' =) '1n10'(2x+?)""

Bu jarayonni davom ettirish natijasida wne N uchun

(= _ H~ 2'" (H - l)T
»=(- ) ) ln]ﬂ‘(2x+?)" tenglikni hosil qgilamiz.

.9.21-masala, Quyidagi
b g <n-(b-a) b 0<a<bneN
tengsizlik isbotlansin.
< Bu tengsizlikni Lagranj teoremasidan foydalanib, isbotlaymiz.

f(x)=x" funktsiya uchun [a,b] kesmada Lagranj teoremasini
ao‘llaymiz:

F(B)~fla)= f'(x,)(b-a),

% e(@b)=b" —a" =n-x" (b—a)<n-(b-a)-b"".>

10.21-masala. Limit hisoblansin.

1
lim{cosx)dn

x=0
] o In{cosx) (E]
<lim (cos x)sins =(1*“)=g=-ﬂ- snx = o\% — ({Lopital teoremasidan
x=0
. [in[cus.’t)}' -sinx cinix
i - . CLCOsY R
nydﬂl&namlz )) = e = sine) E'ER rosY — E_\'ﬂcoszx O
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11.21-masala. Derazaning perimetri P ga
teng, yuqori gismi yarim doiradan iborat bo‘lgan
to‘g‘ri to‘rtburchak shaklga cga. Derazaning
o‘lchamlari ganday bo‘lganda undan eng ko‘p
) | yorug‘lik o‘tadi?
4 Masala shartiga ko‘ra deraza 1-chiz-
y y mada ko‘rsatilgan shakiga ega. Chizmadan
ko‘rinadiki,

R=§. Unda
X

P=x+2y+JrR=x+2y+£J—E:>
I-chizma. 2

P x =

Endi derazaning yuzasini topamiz:
aR° Px xX° #mxt oxxt Px X nx’
S=x v =_"__ + =222 L2 5
TYTTSTT T Ty T T2 2 )

Derazadan eng ko‘p vorug'lik o'tishi uchun derazaning vyuzasi
eng katta bo‘lishi kerak. Buning uchun {(5)-funksiyaga maksimum
givmatni beruvchi x ni topishimiz lozim.

P
Y i X arfn r \ P _ 7

S'{x =S A= §'(x)=0=>x (E+1]_23xﬂﬁf stat-

—+1

7 4
sionar nugta. Bu nugtada S"(I[.)=-1-E<0=>max. Demak, de-
2P

razadan yorug‘lik eng ko‘p o‘tishi uchun uning asosi x by

bo‘lishi kerak ekan. Balandligi esa
P x ax_ P I’ aP Plm+4~2-7) P
2 2 4 2 m+4 2(Jr+4)_ 2(7+4) Cr+4
bo‘lar ekan. o
12.21-masala. Birinchi tartibli hosiladan foydalanib
Iz*(x—4)2
16

y=
funksiyaning grafigini chizing.
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<4 Berilgan funksivaning hosiiasini hisoblaymiz:
1 2 _2xc{x=d) (x4 {24 _x(x-2)(x-4)
e S e e e

Intervallar vsulidan foydalanib, bu ifodaning ishorasi saglanadigan
oraliglarni topamiz va quyvidagi jadvalni tuzamiz.

X (=5;0) 0 (0:2) 2 (2:4) 4 {4:+0)
¥ ' - 0 + O - U +
Y e min / max N min /

Jadvaldagi ma’lumotlardan foydalanib, berilgan funksivaning grafi-
gini chizamiz (2-chizma).
4

¥

2-chizma,

4x* -3x

A ] funksiyaning asimptotalarini toping

13.21-masala v=

va grafigini yasang.

GY. B
R
< 4x7 —| (2x+1)(2x—l) (I"'%}(x_lJ >

1
a) Vertikal asimptota: ¥=-- va ¥=2 to‘g'ri chiziglar ver-

tikal asimptota bo‘ladi, chunki E_iﬂf(x)=w va 1i_’;f'Lf(-")=°°'

- -~
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Funksiyaning shu nuqtadagi o‘ng va chap limitlarini ham hisob-
laymiz:
lim f(x)=-c0 lim f(x)=+o0

x—h-E-H'.I ) x—n-E—ﬂ
lim f(x)=-0 lim f(x)=+0
x—réw x—i%-ﬂ

. : : .4y’ -3x )
b) Gorizontal asimptota: ch'_ﬂ_f (I)=11l" =00 => gorizon-

= 4yt ]

tal asimptota yo'q.

. f(x) . 4x-3x
‘ : « a=Iim = im ————c =1,
d) Og‘ma asimptota fom x| xoem x(4 e 1)

—3x oA =dx—drx . 2x
b=lim| f{xj—cv J=him ~x |=hm =lim =0=y=x _—
rl—r-c[f( ) ) ':.'—.w:[ 4x2 _l ] T 4x2 _| YT 4_1*2 _1 y

og‘ma asimptota.
Bu asimtotalardan foydalanib, funksiya grafigini chizamiz

{3-chizma). o

B3
M b v i B ke o g

I-chizma.
x° -x+1] o .
14.21-masala. y=T funksiyani to‘lig tekshiring va grafi-

gini chizing.
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4 Funksiyani paragrafning A bo‘limi 9-punktida taklif gilingan
sxema asosida to‘lig tekshiramiz.

Funksiyaning aniglanish sohasi: I {y)={x=1}

Funksiya juft ham, toq ham, davriy ham emas.

x=1 nuqta funksiyaning 2-tur uzilish nuqtasi, chunki
Jim (x)==-o0 va lim f {x)=+0 QY o‘qi bilan kesishish nugtasi:
y= f(O) =-1.

OX o‘qi bilan kesishish nugtasi: y=0=>x’-x+1=0=>x€0=

OX o'qi bilan kesishishmaydi.
Funksivaning ishorasi o‘zgarmaydigan oraliglar:

X (—c0;1) (1;+0)
Y

— +

Endi funksiyani monotfonlik va ekstremumga tekshiramiz:

F

v'=[x1 __\-.;.]J ={2x—l}-(x—l)—[f —:r+|)-|_2,r3 v+ l=x +x~] =;c3—?,x___x-(x—2)
A (x-1y (x-1f -1y (-

Intervallar usulidan foydalanib, bu ifodaning ishorasi saglanadi-
gan oraliglarni topamiz va quyidagi jadvalni tuzamiz:

X

(—»;0) 0 (0;1) | 1 (,2) 2 {2:+0)
y’ + 0 — pi - { +

/ max \ il \ m3i n /

Qavarigltkka tekshirish uchun " ni hisoblaymiz:

4 rJr '-2_2" I 2
y :(y): i : =1- 3| = 7=>X<1ga Ya x>10av .
(x-T) | (x=1)"] (x-1)

Funksiya asimptotalarini topamiz:
a) Vertikal asimptota: =] -vertikal asimptota,

e
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2
-x+1
b) Gorizontal asimptota: llm f (x) = lim il = = gorizon-

X x—1
tal asimptota vo'q.

f(x) . X -x+l

a=lim =lim —————=1
d) Og‘ma asimptota: e x e xo(x—1)

=P x_l A=k I—l MJ‘_!

b= Iun[f —m']—hm[ x+1—x}=limr_x+1—r+x=lim—-l——=0::>y=x

og‘ma asimptota.
Endi topilgan ma’lumetlardan l'uydalamh funkisiya grafigini
chizamiz (4-chizma). -

4'C.I‘, fz.mﬂ¢
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4-§. 3-MUSTAQIL ISH
Aniqmas va aniq integrallar, ularning tatbiglari

Boshlang‘ich funksiya.

Anigmas integral,

Aniqgmas integralni hisoblash usullari.

Ratsional funksiyalarni integrallash.

Ba’zi irratsional ko‘rinishdagi funksiyalarni integrallash.
Binomial differensial va trigonometrik fenksiyalarni integrallash.
Aniq integral va uming tatbiglari.

Elliptik integrailar.

A
Asosiy tushuncha va teoremalar
1°. Anigmas integral va uni hisoblash usullari

f(x) funksiya biror (a.,b) intervalda aniglangan bo‘lsin. Quy-
idagi masalani garaymiz: 37 (x) funksiyani topish kerakki Vxe(a,b)
uchun F'(x)= f(x} bo'lsin.

1-ta’rif. Agar Vxe(a,b) wuchun F'(x)=f(x) bo¥sa u holda
F(x) funksiya (a,b) intervalda f(x) funksiyaning boshlang‘ich
funktsivasi deyifadi.

Ma'lumki F(x) funksiya boshlang‘ich funksiya bo‘lsa F(x)}+c
ham boshiang’ich funksiya bo‘ladi.

2-ta’rif. (a,b) intervalda berilgan f{x) funksiya boshlang‘ich
funksiyalarining umumiy ifodasi F(x)+c¢ shu f(x} funksiyaning
aniqmas integrali deb atajadi va

If (.r)dr

kabi belgilanadi.

Demak,

[f(x)ax=F(x)+c (1)

Integrallashning umumiy goidalan va anigmas integrallar jadva-
i 1-§ ning (2% va 13" punktlarida keltirilgan. Biz ularga to‘xtalmay
anigmas integraini hisoblash usullarini keltiramiz.

1-teorema.(O'zgarovchilarni almashtirish). Agar

If(r)dr:F(f)+c (2)
bo'lsa unda
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[#le(x)]e (x)ds=Flo(x)]+c &

bo‘fadi ((3)-tenglikda f(¢),9(x).¢'(x) funksiyalar uzluksiz deb faraz
qilinadi).

2-teorema. Agar w=u(x) va v=v(x) funksiyalar (a,b} inter-
valda uzluksiz «'(x} va V'(x} hosilalariga ega bo‘lsa unda shu
intervalda ushbu

jzf(x)dv(x)zu(r)v(x)— fv(x)du(x) 4
bo‘laklab integrallash formulasi o‘rinli bo‘ladi,

Amaliyot shuni ko'rsatadiki bo‘laklab integrallash usulini go‘lab
hisoblanadigan integrallarni asosan, wch guruhga ajratish mumkin.

Birinchi guruhga ko‘paytuvchining biri ma’lum funktsiyaning
hosilasi bo‘lgan ikkinchisi esa ushbu

3 )
In(x),arcsinx, arccosx, arcigx, (arcigx ), (arccosx), Ing(x), ...
funksivalardan biriga teng bo‘lgan funksivalarning integrailari Kiriti-
ladi. Bu holda ::(:r) deb shu funksiyvalar belgilanadi.

Ikkinchi guruhga J‘(.r:'a':q:+1'})ﬂr cos(cx }dy, I(ax+b)" -sin{ex)dx va
J(m:-t—b)" ¢”dx ko‘rinishidagi integrailar kiritiladi. Bu holda
u{x)=(ax+b) deb olinib bo‘laklab integrallash formulasi n marta
go‘llaniladi.

Uchinchi  guruhga fe"" cos bdx, Ie‘“ sin bxdx, Isin (Inx)dx,

_[EDS(Inx)d":,... ko‘rinishidagi integrallar kiritiladi. Bunda integralni

1 deb belgilab bo'laklab integrallash formulasini ikki marna qo'llasak,
{ ga nisbatan chizigli tenglamaga kelamiz.

Bu uchta guruhga kirmagan ba’zi bir integrallarni ham bo‘laklab
integrallash usuli bilan hisoblash mumkin. Masalan

= [——Z— (neN)
(xz +a’

integral yugonidagi uchta guruhga kKirmaydi lekin bu integralni ham
bo‘laklab integrallash usuli bilan rekkurent formulaga keltirish yor-
damida hisoblash mumkin:

1 X 2n-1 1
J.';un-;-] = b ) - PR + '_-:?"Iﬂ (5)
2na ( x+ ) Zn  a
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dx 1
| Ix P aﬂfﬂ‘g ¢ Agar {(5)-tenglikda n=1 desak

‘“I 2 21‘ 3 ! arcrg-—+c ekanini topamiz.
(T +a X +a Za
Izoh: Ma’lumkl, elementar funksivaning hosilasi yana elementar
funksiva bo‘lar edi, lekin integral olish uchun bu tasdiq o‘rinli bo‘lishi
shart emas, ya'ni ba’zi bir elementar funksiyalaming integrallari el-
ementar funksiva bo‘lmay qolishi mumkin. Masalan, ushbu

1. fe dr; 2, [cosx?dx:
. . dx

3. {sinx’dx; 4. (x20,x=1):
- . ln:.

s [oOSX (x=0): . -smxdr ‘

x T X
integrallarning har biri elementar funksivalar yordamida ifodalan-
maydi. Bu funksiyalar amaliyotda ko‘p uchraganligi sababli ular-
ning qiymatlarini hisoblash uchun alohida jadvaliar tuzilgan va ular-
ning grafiklari vasalgan. Shu yo'l bilan elementar funksivalarda in-
tegrallanmavydigan funksiyalar ham to‘la o‘rganilgan.

2%, Ratsional funksiyalarni integrallash
J-ta’rif. Agar R(x) funksiyani ikkita ko‘phadning nisbati
ko ‘rinishida yozish mumkin bo'lsa, u holda R(.x) raisional funksiy-
alar (yoki ratsional kasr) deyiladi, ya'ni

R(x)= % (6)

P {x)}—n-tartibli, Q,(x)—m-tartibli ko‘phad.

Agar n2m bo‘lsa kasr noto‘g‘ri kasr; »<m bo‘lsa to‘g‘ri kasr
deyiladi.

Ixtivoriv noto‘g‘ri kasr berilgan bo‘lsa, ko‘phadni ko‘phadga
bo‘lish yordamida har doim uni ko‘phad va to’g’ri kasrming yig‘indisi
shaklida ifodalash mumkin. Ixtivoriy to’g‘ri kasrni quyidagi 4ta
ko‘rinishdagi sodda kasrlarning yigindisi kabi ifodalash mumkin,
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A
boed (x_a)
Mx+ N My+ N

N Fpmrg NV (Frpra)

(k=2,3,4,.);

k

—(n=2,3,.)

2

[t va IV da x*+px+¢=0, ya'ni q—-%->0.

| va 1] ko'rinishidagi sodda kasrlar to‘g‘ridan to'g'ri integralia-
naddi. 111 va IV ko‘rinishidagi sodda kasrlarni integrallash uchun

" - - - - *
| x+-‘%-=t almashtirish bajarish lozim.

3%, Ba’zi irratsional ko‘rinishidagi funksiyalarni integrallash.
Eyler almashtirishlari.

R(x.v) deganda x va y o‘zgaruvchiga nisbatan ratsional bo‘lgan
funksivand teshunamiz,

| o —
Rl A P . b e -
") I [ Jm, C ol Y integralni hisoblashda { o almash

Hrish Im:linrilsu ratsional funksiyani integrallashga kelinadi.

h) JR( ax’ +bx+6)ci‘f integralni hisoblashda quyidagi 3ta hol
garaladi.

I-hol. «x’ +bx+c kvadrad uchhad har xil x, va x, hagiqiy
ildizlarga ega bo‘lsin. = ax* + bx+c¢ =a(x-x,)(x—x, ). Bunda

Ja(x—x)(x-x ) =t{x-x) N

almashtirish bajaramiz.
2-hol. ¢ >0 bo'lsin. Unda

\/a.\‘"+bx+c:r—\/Ex(YDki\/;x:+bx+czr+\f5x) (8)

almashiirish bajaramiz.
3-hol. ¢>¢ bo'lsin. U holda

-,/ar3+bx+c=!x+x/5(yoki Ja.r2+bx+c=!x—v,;) (9}
09



almashtirishni bajarish yordamida hisoblanishi kerak bo‘lgan inte-
gral ratsional funksiyani integrallashga keltiriladi.
(7)-(9) almashtirishlarga Eyler almashtirishlari deb ataladi.

4%, Binomial differcnsiallarni va trigonometrik funksiyalarni -
integrallash.

a) d-ta’rif. Ushbu x" (a+bx” )P dx ko 'rinishidagi ifodaga binomi-

al differensial deb ataladi. Bu yerda m, n, p, -lar ratsional sonlar.

I=fx"(a+bx") dx (10)
integral quyidagi 3 ta holda ratsional funksiyaning integraliga kelar ekan.

1-hol. p-butun somn. x=;" almashtirish bajariladi. Bu yerda N
soni m va n ratsional sonlar (va’ni kasrlar) maxrajlarning eng kichik
umumiy karralisi.

m+1 . )
~butun son. Bu holda a+bx"=Z" N~ p ratsional

2-hol.

sonning maxaraji, almashtirish bajarish kerak.

m+1 a ;
3-hol. T+P—hutun son. Bunda ;;+b=2“,N*P ning

maxraji, almashtirish bajarish vetarli.
by f= J'R(sin x,c0sx ) dx;
integral berilgan bo‘lsin. Bu integralni ushbu
Ig%=f - <x<ux;

universal almashtirish yordamida har doim ratsional funksiyani in-
tegrailashga keltirish mumkin:

: 2t 1-£ 2t
sinx=——, COsX= dx =—— |
1+7° 1+7° 1+2°
d) Avtaylik,
I= Isin" x-cos” xdx, (n,m el )

integral berilgan bo‘lsin. Bu integralni hisoblash uchun quyidagi
hollar qaraladi.
1-hol. n-toq, m-juft = cosx=¢ almashtirish bajariladi.
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1-hol. n-juft, m-tog —sinx=r almashtirish bajariladi
Y-hol. n va m-toq. Bunda cosx=t,sinx=r yoki tgx=t al-
msshitirishlardan birt bajariladi.
4-hol. n va m-juft. Bu holda
sin2x=2sinx-cosx Y& cos2x=cos’ Y—sin" x
formulalardan foydalanib, tartib pasaytiriladi va yuqoridagi hollardan
birign keltiriladi.

5%, Aniq integral va uning tatbiqlari.

Aniq integral tushunchasi va uni hisoblash usullari maktab kur-
sida gisman va ma’ruzalarda batafsil o‘tilishini hisobga olib, biz
nniq integralni hisoblash usullariga qisman to‘xtalamiz hamda asosiy
¢’tiborinmizni uning tatbiglariga garatamiz.

1. Nyuston-Leybnis formulsi. Agar f(x) funksiya [a,6] kesma-
dn uzluksiz bo'lsa va #'(x)= f(x) tenglik bajarilsa, u holda

rj.,f'(l')u'x = F(b)- F(a)=F(x)

formiln o'rinli bo*ladi.
l‘ormulaning isbotida uzluksiz f(x) funksiya uchun ham ba-

jnriladigan }ff;[jf(;)dr}=f(x)

&
i

tenglikdan foydalaniladi.
2. Bo‘laklab integrallash formulasi. Agar f(x} va g(x) funk-
siyalar [a.5] kesmada uzluksiz differensiallanuvchi bo‘isa, u holda

A £
[7(x)g'(x)ds = 7(x) 2 (x)]. - [ (x)2(x)es
bo'ladi. ’
3. O‘zgaruvchini almashtirish. Agar (7} funksiya [o, ] kesma-
da uzluksiz differcnsiallanuvchi va (1) ¢ [, B] F a=p(a)} F b=9(p)
bo'lib F f(x) funksiya [a,6] kesmada uzluksiz bo‘lsa, unda

:ff (x}dr =jf [o(0) o' (1)ds;

bo‘ladi.
1



4. O‘rta qgiymat haqidagi birinchi teorema.

Agar f(x) va g(x} funksiyalar [a,b] kesmada chegaralangan va
integrallanuvchi bo‘lib, g(x} funksiya (@,b) da ishorasini o‘zgar-
tirmasa, shunday pefm, M] [f"=[i2£[f (x)}, M =?ﬁ£{f (x)}J nuqta

topiladiki,
h b
If(x)g(x)a!r =g Ig (x)dx;

tenglik bajariladi.

a) Aniq integral yordamida tekis shaklning yuzasini hisoblash,

1) Dekart koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash,

f(x)eCla,b] bo'lib Vxela,b] uchun f(x)20 tengsizlik ba-
jarilsin va D soha quyidagicha aniglansin:

asx<bh
D= {0 <sy< f( x) -egri chiziqli trapetsiva.
Unda \
§ = [£(x)ds ()
tenglik o‘rinli. )
Agar f(x)eCla.b], f.(x)eC[a.b] bolib,

_{aﬂxﬂb
DA <y< Al

bo‘lsa, u holda ,
§= [ £(x)- £ (x) e (12)

bo‘ladi. ¢
2) Qutb koordinatalar sistemasida berilgan shaklning yuzasini

hisoblash.
Agar D soha qutb koordinatalar sistemasida

_|a<eps B
D~ 0<r<r(p)
ko‘rinishida berilgan bolib, r{¢)eC[a,p] bo‘lsa,
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1% .
§=2 aIr' (p)dyp (13)

formula o‘rinli bo‘ladi.
b) Aniq integral yordamida yoy uzunligini hisoblash.
1) Dekart koordinatalar sistemnasida berilgan yoy wzmtligini hisoblash.
f(x) funksiya [a,b] kesmada aniglangan bo‘lsin. Uning grafigi

quyidagi
{(x,f(x)) ‘%€ [a,b]}

nuqtalar to‘plamidagi iborat. Shu grafikdagi A(a,f(a)) va
B(h.f(b)) nugtalar orasidagi ;p egri chiziq yoyi uzunligi I ni
topish talab gilinsin. Agar f’(xﬁis Cla.b] bo‘lsa, unda

I= bN' L7 (] s (14)

ho'ladi.

Agar (14) da b=x desak, I(x)= ffi+[/"(x)Tdx bolib,

2 O] == @] .

Bu ifodaga yoy differensiali deb ataladi.

2) Parametrik ko‘rinishda berilgan egri chiziq yoyining uzunligi
hisoblash.

Agar

AB:
y=y(1),

v {:r =gp(t)

astsf;
bolib, ¢'(r}eCla,B] va y'(¢)eCla, ] bo'lsa,

1= ﬂN@’(f)z +[w'(1)] (15)

bo‘ladi.
3) Qutb koordinatalar sistemasida berilgan egri chiziq yoyining

uwzunligi hisoblash.
Agar
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" ax=Pp=h,
AB: p<h
r=r(¢))

bo‘lib, »'(¢)eCla,] bo'lsa, unda

!= j\/rf(;a)+ [()] do (16)

formula o‘rinli bo‘ladi.

d) Aylanma sirtning yuzasi.

Aytaylik, f(x}eC[a,b] bo‘lib, f(x}20 bo'lsin. pyoyni OX
o‘qi atrofida aylantiramiz va aylamma sirtni hosil qilamiz. Agar
F'(x)eC[a,b] bo'lsa, unda shu aylanma sirtning yuzasi ushbu

S=22 [7(x) L+ [/ () [ v (17)

formula yordamida hisoblanadi.

e) Aniq integral yordamida hajm hisoblash.

Faraz qilaylik, bizga biror T jism berilgan bo‘lib, uning QY
o‘giga parallel bo‘lgan kesimlarining yuzasi ma’lum bo‘lsin. Bu
vuza x o‘zgaruvchining funksiyasi bo‘ladi, uni S=S(x) deb belgi-
laylik. Agar S(x)eC[a,b] bo‘lsa, unda T jismning hajmi V ushbu

h

V= [S(x)dr (18)

formuia yordamida hisoblanadi.
Natija. (Aylanma jismning hajmi). Ushbu

asx<h

D=
0<y< f{x)
egri chizigli trapetsivani OX o'qi atrofida aylantirishdan hosil bo‘lgan
aylanma jismning hajmi

v=x[[f(x)] dr (19)

formuta yordamida hisoblanadi.

) O‘zgaruvchi kuchning bajargan ishi.

OX o'gida shu o°q bo'ylab biror jism F=F(x) kuch ta'sirida har-
akat qilayotgan bo‘lsin. Agar F(x)eCla,b} bo'lsa, F=F(x) kuch
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ta’sirida jismni a nugtadan b nuqgtaga o‘tkazishda bajarilgan ish ushbu

A= IF (x)dx (20)

formula yordamida hisoblanadi.

¢) Statik moment. Og‘irlik markazi.

Aytaylik, m massaga ega bo‘lgan M(x,y)-materiai nugta berilgan
bo‘lsin. my va mx ko‘paytmalarga mos ravishda berilgan nuqgtaning
OX va OV o‘qlarga nisbatan statik momentlari deb ataladi.

Egri chizigning OX va OV o‘gqlarga nisbatan stafik momentlari
M, va M, lar ham shu kabi aniglanadi hamda

!
M,=]ydf’ M, = def 1)
0 ¢

formulalar yordamida hisoblanadi. Bu yerda dfz\f(dr):+(dy)z -yoy

differensiali, / esa berilgan egri chiziq uzunligi.
Berilgan egri chizig og'irlik markazining koordinatalari esa ushbu

N MJ-' N "'14-.1:
X =7 y= ; (22)
formulalar yordamida hisoblanadi.
h) Geometrik figuralarning statik momentiari va og‘irlik markazi.

Agar geometrik figura
gsx<b
D =

0<y< f(x)
egri chizigli trapetsiyadan iborat bo'lsa, unda

h

]
M, =%Jy?dx, M =—;~ xydx (23)

W

i1

- - Mr ‘h{r
e =

h
bo'ladi. Bu yerda &= J.J’(x)d“ -trapetsivaning yuzi.

vd
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6°. Elliptik integrallar.
5-ta’rif. Ushbu

k
:39) ‘[Jl k*sin® x @)
E(k,(o)= TJ] —k” sin® xdx (26)
1]

ko‘rinishdagi integrallar 1 va Il tipdagi elliptik integrallarning Lejandr
formasi deb ataladi.

(25) va (26)-integral ostidagi funksiyalarning boshlang‘ich funk-
sivalari elementar funksiyalar yordamida ifodalanmaydi. Shuning
uchun ham ularning qiymatiarini hisoblash uchun maxsus jadvallar
yaratilgan.

T

Agar (25) va (26)-integrallarda =-2-* bo‘lsa, u holda bunday

integrallar to‘liq elliptik integrallar deb ataladi va ular F(k),E(k)

kabi belgilanadi.
Demak,

2
Flk)= (27)
( 6“ l—k sin” x

E(k)= J’Jl — i sin’dx (28)

To‘lig elliptik integrallarning qiymatlari ham maxsus jadvallar
yordamida hisoblanadi.

T

Ik
Misol. Ushbu ;—5+-ﬁ—3=~'| ellips yoyining uzunligi hisoblansin.
x=asint

y=bsint, 0152y Kabi ifo-

Eilipsni parametrik ko‘rinishida {

dalab olamiz.

T

Unda /=4/ = I\/['l (r)] +|:y (r)] dr —-4'{\/.9 cos® 1+ b sin tdr =
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=4

a

Jaz (I -sin” r) + b sin’tdl = MTJI —Cf _,,bz sin’ mi'=4q£[ a;—b’ ]=4aE(£]
a

=] W— ) L

2 2

o _b . ¥ . *
bu yerda &=-———-¢llipsning ekssentrisiteti.
a

Nazorat savollari

Boshlang‘ich funksiya tushunchasi.
Anigmas integral va uning xossaiart.
Anigmas integralda o‘zgaruvchini almashtirish.
Anigmas integralda bo‘lakiab integrallash formulasi.
Ratsional funksiyalarni integrallash.
Ba’zi irratsional ko‘rinishdagi funktsiyalarni integrallash.
Eyler almashtirishlari.
Binomial differensiallarni integrallash.
. Trigonometrik funksiyalarni integraiiash.
10. Aniq integral tushunchasi.
I1. Nyuton-Leybnis formulasi.
12. Aniq integralda bo'laklab integrallash formulasi.
13. Aniq integralda o‘zgaruvchini almashtirish,
14. O‘rta giymat haqidagi birinchi teorema.
15. Dekart koordinatalar sistemasida berilgan shaklning yuzasini hisob-
lash.
16. Qutb koordinatalar sistemasida berilgan shaklning yuzasini hisob-
lash.
17. Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash,
18. Parametrik ko‘rinishda berilgan egri chizig yoyining uzunligini
hisoblash.
19. Qutb koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
20. Aylanma sirtning yuzasini hisoblash,
21. Aniq integral vordamida hajm hisoblash.
22. Ofzgaruvchi kuchning bajargan ishi.
23. Egzri chizigning koordinata o'qlariga nisbatan statik momentlarini
topish.
24. Egri chizig og'irlik markazining koordinatalarini topish.
25. Geometrik figuralarning statik momentlari.
26. Geometrik figura og‘irlik markazining koordinatalarini topish.

27. Elliptik integrallar.

1000 N Ot B 1
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1.1
1.3
1.5
1.7
1.9
1.11
1.13
1.15
1.17
1.19
1.21

2.3 |

2.5 |

2.7

2.9.

~-B-

Mustagil yechish uchun misol va masalalar
I-masala. Anigmas integral topilsin. |

. Xy

Jsin®x”
J(/2 - 8x)sin3dr,

{4x +3)sinSxdx,
-(x +5)sin3xdx

'(2.:{'— 5)cosdxdx .,

_‘(SJH‘- 6}cos2xdx
"arctgmﬁ{r .
[ (2-9x)ax .
.‘ln (4x* +1)dx.

.’(4:1' ~2)cos2xdx,

:(x 2 —3)c052xa’x ]

1.2 Ixsin’xdx.
xdx
1.4 Jcoszx'

1.6 f{?x —10)sindxdx .

1.8 1(2-3x)sin2xdx,
1.10 f(8-3x)cos5xdy.
1.12 _'(4.1: +7)cos3xdx.
1.14  [(3x-2)cossxdx.
1.16 _*arcrgm& )
1.18 _'e'z" (4x~3}dx,

.20 [(2- 4x)sin2xdx.

2-masala. Aniqmas integral hisoblansin.

:rgx ‘In{cosx)dx,

e

I +Iny

2.2 dx,
‘x
2 2
2.4 X +inx -
- X
3
» .(arcnt:c:n_s..Jr)1 = ldx ‘
- #1_:*'-

tg(x+1)

2.8. Icosz(x+l)dx'
I—cosx

dx

2.10 I(x—sinx)z y
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2.11.

2.13

2.15.

2.17

2.19

2.21

3.1

3.3

3.5

3.7

3.9

3.11

3.13

SiNX—COsSX
j = _dx
{cosx +sinx)

dx,

Ix3+x
xt 1

J‘ xdx

. (x +l)dx
'(x3+3x+1)5'

c dx
Ix*+4°
e 2cosXx+3sinx

Y (2sin x~3cosx)’

ddx

2.12

2.14

2.16

2.18

2.20

Ixcnsx + Si:l xm
(xsin x)' -

'[I+In(x—l)dr

x—1

rlarcrgxz— X ‘
1+ x

X+COsX
[roosx g

x? +2sinx

3-masala. Anigmas infegral hisoblansin,

X’ +1

'IZ—I

dx .

3
3:\; +11 -
» x —

J‘ x =17

> dr .
x*—4x+3

- 2X° 45

.,—dx_
IxT—x-=-2

- 220 -1

z—a"x.
2 +x-6

. ?x3+25 dx
X +3x+2

X +2x7+3

Hx—1){x-2)(x- 3)

3.2

34

X =3x 12

P )

c X =3x =12

(x-4)(x-3)x

dx

4x + x* +2

3.6 -[x(.r TR

3.8

3.10

3.12

3.14
109

Ix =2

©—-x

dx,

jx3~3x2—12 iy
(x-4)(x-2)x *

¥ = +l’x

I—I

j‘x +3x° -idx,

x+x



3 +2x¢0 +1

x+ 2)(.1' 2)(x-1)

(x~ l)(x+ D{x+ 2)

LS 3
3.19 X -:251‘ +]dx,
! x° +5x

3.15

3.17

_2 .SH k]
321 [ 2,
v x=-2x

vi

3.16 3x® —12x° _?dt.
. x4+ 2x

v X0 =5x% +5x+23

3.18 .(x_l)(x+|)(x—5)dt'

.S 3
320 [EE2E A
x* +3x

4-masala. Anigmas infegral hiseblansin.

X +4x*+3x+2
4.1 I

(x+l)2-(x2+l)

dx

22 + T+ Tx -1

4.3 I(I+2)2 ~(.nur2 +x+l)dt*

J 2% +4x7 +2x 1
{x+ I)z -(x: +2x+ 2)

X +6x+9x+6

a
4.7 ’[(TH] x +2x+2) it

thJ+llx +16x+10
4.9 (x+2) -(x* +2x+3)

3x° +6x" +5x—1
d
4.11 I(x+|)z_(xz+2) *.

X407 +21x+21

4.13 I(x+3):.(f+3) dr,

jf +6x* +8x+8 .
4.15 {x+ 22)1 *(xz +4]

=3x° +13x* =13x+1

(;r:-—~2)2 -(Jt:2 —x+'l)

dx

X 4+ 2x? +10x
4.4 I(x+ 1)‘1 -(x: —x+]]dx'

J4x3 +24x% +20x-28 y

(x+3):*(x:+2x+2) §

©rx+1

dx _

48 f(f+x+i)(xz+u)“"*-
j 2x% +4xT +2x+ 2
4.10 1 +x+])(x +x+2)
4x* +3x+4
412]‘ T; +I){x:+x+l)dr'
2xt —x+1
4.14 '{(x:—x+l)(f+1)d"
x4l
a6 e
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X’ +5x° + 12x+ 4
4.17 . (x+2)" (5" +4)

o 23X —4x* ~16x-12

4.19 . (.Jf—l)2 ~(x2 +4x+5)

X +dxt +4x+2

o
4.21 'l'(.):+1)2 -(.rz + X+ l) o

¢ X +2x7 +x+1
4.18 | (xz +x+l)-(x2+l)

» 2% + 2% +2x +1
4.20 . (xj +x+1)(x2 + I)

‘ﬁ:i

S-masala. Aniqmas integral hisoblansin.

51 «Jl+\/-
e

Lz,
me

5.3
5.5

r’T

5.9
2
5.11 B(HBI) dx .
¥ q 5
(l+\f—
5.13 j\’ dx+
5.15 IB(H\G);&.
x4x’

(wﬁ )
4(1+f

5.2

5.8 [3“?/"—3.«,:';:.
o]

x - x
5(]+\/;)4
o

xl
-y

1+
zt

dx+

5.10 J’

5.12 j dx.

5.16 dx,
x*¥x
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5.17 I\H-I;j[_x?dx. \3,‘1+\{_

_ 518 |3 e
\/1713 ;
5.19 [ <20 Ia(n{/?)
)
Yt

6-masala. Anig integral hisoblansin.

a1 LoD, (" + 1)

oL 6.2 f(

dx +

5.21 J'

A

e} x—1 0 J'C:"+3J:+|)3 ’
‘cdaretgy — X 2 B
6.3
En[ L+ 6.4 Jxt+4
“t x+cosx 3 :
0.5 de‘l_ 6.6 TZCDSI+3SII‘II3{ .
‘ 5(2sinx—3cosx)
i
*8x — agretg2x e xddx
6.7 .
ﬂj | +4x° 6.3 !Iu,;
I
S X+— 3
gy + .
6.9 j g 6.10 wa
JE x2+l 0 1+I
Ni] I3
x —{arcigx)
: i —d
6.116[ e & 6.12 Ly chx
o fll'CSiﬂI)z-i-l Y 1-x
chx
6.13 j e 6.14 .I«E-(xH) :
N
dx +inx
6.15 |—F=—. A6 ]/,
,JJ'_;I' .I-'l'] 616 I X
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X’ 4+ Inx’ ¥
6.17 de‘ 6.18 Jrgx-ln (cosx)dx,
)

|
X dx

6.19 0(.\72-1-1)2' 6.20 J’ l—cosx _dx

7 (x—sin x)

xelx
6.21 f= .
0 3,‘4 +x°+1
7-masala. Aniq integral hisoblansin.
o, .. 0
7.1 | (x' +5x+ 6)c052xdx , 79 (:r’ - 4)c053xdr .
=2 _"2
L]
73 (x:" +4x+ 3)cosxdx )

=]
0

75 :(xz +7x+ 12) cosxdx

H

74 [(x+ 2)2 cos3xdx

r

¢
r

-t
7.7 I'(9x3 +9x+11)cos3xdx ,

0

T
79 I(3x2+5)c032xa&‘ 7.10 -T(ZIZ_IS)CGﬂxdx'
Z:r °
7.11 5(3 1x )cnsZAdx 112 2?(1—8x:)cos4xcfx.
o o
3 3
7.13 :l(‘c )5“13.1‘&!::. 714 Ix2—3x)SiI12Hi’l'_
< | d %
7.15 %(" )smx v, 716 (1 —5x+6)sm3m!x
+.17 (x +6x+9)sm2xdx_ 'V
7.18 .(1 5x° )sinxdr,
LE]

et
3
3x — %7 )sin 2xdy 2
D *;{( ) ' 7.20 [xIn* xdv
3 i

7.21 I(x )" in? (x = 1)
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78 '(Sf +16x+ l?) cosdxdx



% cos xdx

81 |
H

'] cos xdx

{1 +cosx—sinx.

8.3

cos xdx
8.5

5 1+cosx+sinx’

l1+cosx+sinx

dar

cos xdx

l1+sinx—cosx*

8.9

2x
]
27 ? sin xdx
li]
%
%

8.11 /jM
s S+4cosx
Jam‘g%

dx
8.13

(I+cosx+sinx)

_,M%sinx*(l——sinx)'

T
COSX —Ssinx
dx
8.15 J(i+51:11') )

2aroigd

dx
8.17 -[ in’

2

Jarcrrl

_[ adx
8.19 5 sin” x-(1—cosx) *

/“; sin xdx
.;. 1 + smx)

7 sin®x-(1+cosx}.

8-masala. Aniq integral hisoblansin.

-arcig —

2.2 I (1-sinx)dx

3 cosx(l+cosx)’

cos xdx

3 (1+cosx=sinx) -

84

|_;|h'_‘g

2arerg b
% cos xdx

3:6 5,[ {(1+cosx)(I-sinx)’

5.8 zm‘fl’ L+sinx
' (l-sinx): '

% (1 +cos.x)dx
8.10 e |
g 1+cosx +sinx

25/ _
$.12 f 1+smx‘ e
o 1+cosx+sinx
% dx
8.14 2ﬂ,,,,:,ﬂyz(l+sinJur:——ir:acrs.wc): '
2arciy3 dx
8.16 Zm'!gz cosx-(1-cosx)
7* cos xdx
8.18

2 (1 —cos x)

VG
cos xdx
8.20 j2+cusx )
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9.7

9.9

9.11

9.13

9.19

9-masala. Aniq integral hisoblansin.

|

e
Jﬁtl'l“—d‘l‘.
1} 4
k]

j 2° sin® xdx

T
o X x
_[2‘sm"—*cns:—-dt+
2 2

I

j'sin4 x+cos’ xdx
(

| I | 4
JZ sin” x-cos xdx

5 X
sin’ -
a A
'- v

2" ccos" e
' 2

_[ 2" sin® xdlx

B

in
Isin“ xex
n

g
_[23 sin® xcos? xdx

x

, X
CO8" —dx |
4

PR |
JE" .sin” x-cos® xdx
9.21 :

9.2

9.4

9.6

9.8

9.10

92.12

9.14

9.16

9.18

9.20

10-masala. Aniq integral
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10.2

2

L eX  aX
sin® =-cos® =dx _
4 4

=1

2*sin® xcos’ xdx

Isinz xcos® xdx |

i H
J'Z" sin® x-cos® xdx

2

2
x
Icus’ “dx
; 4

‘.‘23 sin® xcos” xdx |
2x

- -
J‘smﬁ xcos™ xdx
0

F
IZ“ sin” xcos® xdr _
H)

ot
[sin*3xcos® 3xdx,
]

hisoblansin.

“Vxt -9
T4

dx .



10.3

10.5

10.7

10.11

10.13

10.15

10.17

10.19

10.21

2

9 +x3)% :

(4 +x:')m‘

: dx
10.4 ) Jio—y

3
10.6 [¥-V9-x'dx,

!
T

4'1‘-—;?31
FN
o

[ —— Y ch iy [ )

=

X
1048 4 dxv
X

10.10 [*°V25-xdx,

b

10.12 16— x"dx

10.14

Crt__‘td =
L& ]
B

ﬁq_‘&h
*

10.16

"2
=
i
|
—_—

10.18 —dx

2

=] —— -
e,

b

n

+

5-:”
o a‘

| -

Lh

+ i

-t

[

10.20




ll-masala. Quyidagi chiziqlar bilan chegaralangan shaklning
yuzasi hisoblansin.

11.1 y=(x—2)3;y=4x-8.
1.} y=4-x%y=x"-2x

115 y=xV4-x;p=0,(0<x<2).

I 3

= y=0x=Lx=¢

.77 x/1+Inx Y )
11.9 y=arccosx;y=0;x=0.

ILI1 y=xy36-x*;y=0,{0<x<6).
11.13 y=xarctge;y=0,x = 3.

II.IS X = \J(f'r -l;_t = {};Jl = |n2 .

N
1117 v iy ==l
bt \ﬁ

X
’ -.-"_"T J-’ = O: 'T = I

(x" + I)*

1821 p=(x-1);5y* =x-1.

11.19 ¥

112 y=x/9-x%;y=0,(0<x<3).
114 y=J4_32y=0x=0;x=1.
1.6 y=Je' —1;y=0;x=In2.
118 y=(x+1);y =x+1.

11.10
11.12 x=arccosy;x=0;y =0,

y=2x—-x"+3,y=x"—4x+3.

11.14 y=st-f;y=o;(ngxszJ§),
11.16 y=xv4—x";y=0;(0sx<2).
11.18 x=(y-—-2)3;x=4y-8.

11.20 x=4-)*x=y’ -2y.

12-masala. Tenglamalari qutb koordinatalar sistemasida berilgan
chiziglar bilan chegarlangan shaklning yuzasi hisoblansin.

12.1
12.3
12.5
12.7

r=3sing;r =5sme.
r=2cosbp.
F=cos@+sing.
r=sinbg.

12,9

1211 »=1+2sing.
12.13 r=%+cus:;a.

po= g’-cos-;o'r = -S-s:osga
2 T2 '

12.2
12.4
12.6
12.8 r=2cosp;r=3cos¢.
12.10 r =4cosdgp.

r=2sing; r=4sing.
r=cos@-—sing.

r=2sindg.

5. 3.
12.12 r—gsm(&,r—ism@,

12.14 r=cosg;r=2c0s¢p.
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12.15 r=sing,r=2sing. 12.16 r=6cos3p;r=3(r23).
12.17 r=-§-+sin¢9, 12.18 r=6sin3p;r =3(r23).
12.19 r=cos3p. 12,20, »=3sin3p.

12.21 r=4cos3g;r=2.(r22).

13-masala, Parametrik ko‘rinishda berilgan egri chizig
yoyvining wzunligi hisoblansin.

13.1 xzs(f-sinr);y-—-ﬁ(l-—cusf);ﬁﬂrgfr.

13.2 x=3(2cost—cos2t);y=3(2sint —sin2t};0<¢ <2,
13.3 x=4(c05!+rsinf);y=4(cusr~rsint);Ugrc_:z.

13.4x =(r2 - 2]sinr+2rmsr;y= (2 —F)cosr+ 2sint.0<t<x,
13.5 x=IOcns3r;y=]05in3t;0£r£-§-_

13.6 x=¢'(coss+sint);y=e'(cost—sint);05¢ <7,
13.7 x=3(¢~sint);y=3(1-cost);mrst<2x.

13.8 x—lmsr-icusﬂ y-é—smt—-%sm% E{!{%E

13.9 x=3(c05t+fsint);y=3(sinr-—rcnst);05r5-—3—_

13.10 x=(t:—z)sinr+2rcbsf:y=(2—r:)cos:+2rsinr;0$t£%_
13.11 x=6cnsgr;y=6sin31;0535%.

13.12 x=e’(cnsf-i-sin:);y:e’(cnst-sin:);gsrgfr.

13.13 x=2,5(:—sin:);y=2,5(1-—msr);§-5:--_:;r_

13.14 x=3,5(2cns!—-cnﬂr);y=3,5(25inr—sin2r);0.*_1!5%_
13.15 x=6(coss +rsint); ¥y =6(sint —¢sint);0<r<x.

13.16 x=(fz—Z)Sint+2n:nsr;y=(2-—r3)cust+2r5inr;0£t£-§,
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13.17 x=8cos #;y=8sin’ t;{}srg-‘g-,

1318 x=¢'{cost +sint);y =¢ (cosr—sint); 05 <27,

13.19 x=4(r—sins);y=4(1- cosf);g- <t 5-2-;-[ :

13.20 x=2(2cost—cos2t);y =2(2sins—sin2);0s¢< g— .

13.21 x=8(cos? +rsint); y =8(sins —rcos?);0<¢ S% :

14-masala.Quyidagi sirtlar bilan chegaralangan
jismning hajmi topilsin.

4.1 S+ =lz=y:=0(y20) 142

i z=x2+4y;z=2.
9 2 2 2
. , Xy oz
S 144 —+—-—=-Lz=12,
14.3 x—+y——2'=l;z=ﬂ;z=3. 4 9 4
9 4
2 2 2 2 2 e — gyt —
s EiX o E im0, 146 x*+)y*=9%z=yz=0(y20).
6 9 4 &
. 148 —+y  —z'=Lz=0;2=3.
14.7 z=x"+9%9y;z=3, 4 d
v oy 7 14.10 x—:+y—:+—:—lz—2 z=90
149 —+=>-——=-Lz=16, . TE T esT
5 16 64 t6 ; 16
14.11 z=2x* +8y%z=4. 14,12 §+-§§—z"—l,z=0,z=2
. . s ¥ yz .
X — — —_— = "= ol
14.13 #+2’___.z_=_|;£=12. 14.14 4 + 5 +36 L,z=0;-=3
4 9 36 \ )
14.15 z=x"+5y°,z=5. 14.16 %+}’T-zz=t;z=0;z=4,
x: yZ z'! » - -
1417 —+———=-1:2=20, N AT T P
9 25 100 14.ISE+?+E&~—L¢~4,2—0_
. — Ay 2 _
14.19 z=4x +9y s — 0D 14.20 z=2x2+]3y:,z=6.

1421 —+Z+.=1;
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15-masala. Quyidagi chiziglar bilan chegaralangan shaklni
I-16 variantlarda Ox o*qi atrofida, 17-21 variantlarda esa OY
o‘qi atrofida aylantirishdan hosil bo‘lgan jismning hajmi topilsin.

15.1 y=-x"+5x-6;p=0. 15.2 2x~-2" —y=0:2x" —dx+ y=0.
15.3 y=3sinx;y=sinx;0<x<7. 154 y=5cosx;y=cosx;x=0x20.
15.5 J?=sin2x,x=%,y=0, 15.6 xzm,xﬂ,y:l.

157 y=xe*,y=0,x=1. 15.8 y=2x—x";y=—x+2x=0.
159 y=2x-x";y=—x+2. 1510 y=e* p=0,x=0,x=1.
15.11 y=x*)* ~x=0. 1512 »*+(y-2)" =1.

1513 y=1-x'x=y-2,x=1. 1514 y=x%y=1x=2.

15.15 y=x*, y=+/x. 15.16 y=5in£_}£,y=x3‘

15.17 y=x",x=2,y=0. 15.13y=(x—l):,y=].

15.1 =1 s =2! =V 2
9 y=lhxx=2y=0 1520 y=x'-2x+1,x=2,y=0.

1521 y=x’+lL,y=x,x=0,x=1.

16-masala.
Quyidagi chiziglarni aylantirishdan hoesil bo‘lgan aylanma
sirtlarning yuzalari hisoblansin,

-

16.1 y=x7 (0<y<1,5) OY o‘qi atrofida.
16.2 y”=4+x (x<2) OX o'qi atrofida.
16.3 3x* +4y° =12 ellipisni OY o’qi atrofida.

| I
16.4 x=z}’2—51ﬂ}’ (<y<e) OX o‘qi atrofida.

16.5 y*+4x=2Iny (1<y<2) OY o‘gi atrofida.
16.6 y=x> (0<x<l) OX o‘qi atrofida.

' T
16.7 x=¢'sint;y=e' cost (0 Sts EJ OX o‘qi atrofida.
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16.8 x=2cosf—cos2f,y=2sint—sin2f ni CX o‘qi atrofida.

16.9 ﬁx;+i—2=l ellipsning OX o‘gidan yugorida joylashgan
hn‘lngiginigg koordinata o‘qglariga nisbatan statik momentlari topilsin.
16.10 x+y=1,x=0,v=0 chiziglar bilan chegaralangan uchbur-
¢chakning OX va QY o‘glarga nisbatan statik momentlari topilsin.

16.11 y3=2x,(y>0._05:r£2) parabola voyining OX va OY
o‘glarga nisbatan statik momentlari topilsin.

i 7
16.12 }’=003x(—5 "‘—:-’555) egri chizig yoyvining OX o‘giga nis-

batan statik momenti topilsin.

X )y et i s . ) . -

16.13 _:+Z:| to*g‘ri chizigning koordinata o‘qlari orasida joy-
{

lashgan kesmasining koordinata o°qlariga nisbatan statik moment-

i topilsin,
2
16.14 ¥~ L Yy chiziglari bilan chegaralangan shakl-
ning OX o'giga nisbatan statik momenti topilsin.
16.15 x*+y =« .vz0-yarim aylananing og‘irlik markazi
Lopilsin,
LY L] 1,!' . . . i* *
16.16 x?{-‘-p-yﬁ':ad_’xz[],y:_rﬂ ~ astroida yoyining og‘iriik
ntarkazi topilsin.

16.17 %+%2-£1(x20,y20) ning og‘irlik markazi topilsin.
| .. . . :
16.18 ng ¥y --rz—ln y (I<y<2) chiziq yoyining og‘irlik markazi
topilsin.

Quyidagi chiziqlar bilan chegaralangan tekis shaklning og‘irlik
markazi topilsin.

16.19 ax=y*, ap=x" (x>0).
2 ‘ _
16.20 y—;x, y=sinx (x 20).

16.28 x* +4y—-16=0;,y=0.
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-D -
Namunaviy variant yechimi.
1.21-masala. [(4x-2)cos2xdx aniqmas integral hisoblansin.
<4 Bu integralni bo‘laklab integrallash usulidan foydalanib, hisob-
laymiz:

[(4x - 2)cos 2xax ={ (

w=4x-2 4x—2

=2 Esin2x-2 sin 2oy =

chi = delx
=, |
dr=cos2xdy v=—sin2x

=(2x~1)sin2x +cos2x +cp

2cosx+3sinx

2.21-masala, I anigmas integral hisoblansin.

(2sinx -3cosx)

<« Bu integralni o‘zgaruvchilarni almashtirish usulidan foydalanib,
- hisoblaymiz:

I 2¢cosx+3sinx
(

) o = ((ZSiI‘I x—3cosx=¢ deb belgilaymiz =
2sinx—3cosx) ’

::»(25inx—3c05x} dx =t'-dt yoki (2cosx +3sin x)dx=dt)]=

-

Feli _ f ] l
= |r= Pt —to=——to=— +CPk

r -2 2 2(2sinx—3cosx)’

x> —-8x +2
X -2x
q Biz bu integralni ratsional funksiyani integrallash usulidan
foydalanib hisoblaymiz. Avval noto‘g‘ri kasrni to‘g‘ri kasrga kelti-
ramiz, so‘ngra uni sodda kasrlarga yoyamiz:

2 -8y 42 . . 2 X .
"“) = > =23 +4x" + =23 +4x +
T —-2x ,\‘(,T - 2) x=2 x

A A A J
= [j 2x" +dx? + 1 dr=L+£f—+In|x—2[-ln]x|+c=1—+4“'
¥—-2 x LA 23

3.21-masala. I

dx aniqmas integral hisoblansin.

r"_ 3 ~
R( I:IEJ 3.1' +J=

——

-2y

+ln|‘T_2I+cb

&

X447+ 4x42
4.21-masala. I(x+ 1)'-* -(x'“' +x+l) X anigmas integral hisob-

lansin.
< Bu integral ostida ham ratsional funksiyva turibdi. Bu funksi-
vani sodda kasrlarga yoyamiz.
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X +4x" +4x+2 A B Cx+D

= 2 - = + 2 + - '
(x+l)' *(x‘ +x+1) x+] (x+1) X +x+1

Bu tenglikning o‘ng tomonidagi noma’lum A, B, C va D larni
noma’lum koeffitsientlar usulidan foydalanib topamiz. Buning uchun
tenglikning o‘ng tomonini umumiy maxrajga keltiramiz va berilgan
kasr hamda hosil bo‘lgan kasrlarning suratlarini bir-biriga tenglaymiz:
A(x+[)+B(x1+x+l)+(Cx+D)~(x+l)z =¥ +4x* +4x+2

(A+C)x* +(24+B+2C+D)x* +(24+ B+C+2D)x+{ A+ B+ D) =x +4x" +4x+2

U

(A+C =1

2A+B+2C+D=4

YA+ B+C+2D=4 Bu sistemani vechib 4=0 va B=C=p=1

A+ B+ D=2

R(x)

1 N x+1
(x+1)° **+x+1

ckanligini topamiz. Demak, R(I)= ekan.

I x+1
R(x)de= [ _ de=I +1,
:I () I(x+l)'+'[x*+x+l ANV

he fo i fon a0

el

| hd
X+—={ ;+l r+

ffz.[‘,:“-l ds | I:: Sd\: 2 [ =I2 {dr=flf "
(I+—2~) +-’£ J‘=.'—E::'dr=df ! .|.E 5 ———r-—[_\EJ:_

|
=5In(x2 +x+1) +Larc!g Zx +1

“—c,.
V3 B
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I, va I, ning qiymatlarini (*) tenglikka olib borib qo‘yib, ush-
bu natijaga kelamiz.

j X +Ax" +4x+2 =———l—+lln(t:+x+l)+Larcr 24 e b
(x+l)2-(x3+x+l) x+1 2% NG 8 N]

fi

5.21-masala. J' 0 dr aniqmas infegral hisoblansin.
¥ 5y

<alntegraini differensial binomni integrallashdan foydalanib hisob-
faymiz:

3
3 1
T

2 4 12 4 3
I=j x"‘-{/? d1=Jx 5-(I+x5}dx=>a-b-lm—---§~ =-5- P=j1"—'>
——l—%-;-l
m+1 5 307 3 i ) .
e p= +=——+=-1=—+l=2"—aimashtirish
n T4 4 44 %
5

9
bajarish lozim :>,x=(z"'-])'m=> dx=-52°- (- -1) idz Bularni g

ga olib borib go‘yib topamiz:

o s YO+

I=- sj*dz-—-TH_

+cr
7 i
'J xabe . S
6.21-masala. N anig integral hisoblansin.

s |
X r-=tx=0¢=
xelv j- )

J jj
‘Jr + X" +[ M [ 3 d"“'ld _ - h
PR xadx=—dt, x=l=>i=— 3 PLa
\/[ 2} 4 2 2 4

-

({(1-§ ning 16°-punktidagi 24-formuladan foydalanamiz))

-% 4 3
:+,’r1+f- -1 In] =+ ’94-'} -In l-5-] =—1 i-ll 3+JJ§-F’
4 2l 12 V4 4 2 2 2 3

= -

G b | —

NI—

=—in
3

[
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3
7.21-masala. j(x—l)3 -In*(x-1)dx aniq integral hisoblansin,

2
<1 Bu integralni bo‘laklab integrailash vsulidan foydalanib, hisob-
laymiz:

g

_ :—1)
w=1n*(x~1) d”—_x—l dx
do=(x=1de (1)
1-(1—) x o _G
\ 4 /

3
I(I - l)" In” (x - l)dx =

3

(x~1)°

In’(x-1)

| 3
2 5!{1’-1) In(x—1)dx =

w=1p(x-1) “"*"'ﬁd"
. =
dy=(x-1yde __(x-D
\ 4 J

3
=4In*2 - %5[(\——»1) In” ('c 1)d*r

" | (x—l)J 1 ]‘3 3 o 1 1 4 3
=4Iy 2—5 7 In(x—1) [z-—zsl.(x-l] dr]=4ln 2—5[41112—-1;(1:—1) Iz}=

=4In:2—2]n2+—1—-(16—I)=4ln:"2-—2ln2+£.b
32 32

% sin xdx

8.21-masala. I 1+ = aniq integral hisoblansin.
0

sinx)’

«Bu integralni hisoblash uchun fg-;-=f universal almashtirish ba-

T 2dr . 2t
jaramiz. Unda x=0=¢=0;x=—=r=l.va dr=—-; :
2 1+ l+t“

Almashtirishdan so* ng berilgan integral quyidagi ko‘rinishga keladi:
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% sinxde o 2 N Ydt ¢ dar
J - [ dr=2| | -
(1+sinxy  S(r+1) (:+1) gi+] o(r+1)

11
1 1 ¢
=2[‘“f=‘+1”0+;‘|‘0 =2[ln2+%-l:|=21n2-»ll>
A0

Cd-t

F 4

IZS -sin® x-cos® xdx
ala. ;

N

9.21-mas anig integral hisoblansin.
alintegralni  sin2a =2sina-cosa, cos’a =_licgs___2£ va
. 2 1-cos52c _ : : .
sin a=+——-—2-— formulalaridan fovdalanib, hisoblaymiz:

-3

I= fZ‘:;m x-cos® xdfy =2° I(Zsmz cosr) -cos’ xdvy=2* Ism 2x- (I+cos’?x) dy =
4
F]

,— -

2 2

=2 ﬂ:sm 2x+ 2sin’ 2% -cos 2x + sin” 2x - gos 2\}1 =2 I{I cosdx)dx + 2 Ismhd(smlxh

T 1 1

H

+2“fsm Axdx =2 {r-—lsmdﬂr] [z +2% smﬂh‘ ) (1-cos8x)dx =
4 2 3

reid

| NERT]

=4fr+2(x-%sin8.r} E =57.b>

2

[ 1%

dx
10.21-masala. J ( N x:) [1:,: aniq integral hisoblansin.

<4 Bu integralni hisoblashda uchun 2-hol uchun Eyler almashti-

rishini bajaramiz, ya'ni /x> + 4 =;+ almashtirish bajaramiz.

4-r° Ped dx T dudr ¥ d{r+d)
S Lol SPOVNIY L P . S =2 .
> % “':;‘..I(‘1+~:]J4+x2 :[ﬁj_.,(.-fw)‘ 3{5.!..}(1%4)‘

_L |2 _ I
PE :{JE-]}_‘;JE'
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11.21-masala. Quyidagi y=(x-1)",y* =x~1 chiziglar bilan che-
garalangan shaklning yuzasi hisoblansin.
2
{ y= (x - 1)

yex—l sistemani yechib, bu chiziglarning kesishish nug-

lalarini topamiz: M,(10) va M,(2;1) Bu chiziglar bilan chegara-

langan soha 35-chizmada tasvirlangan.

F
y

\

4

nl\z X

S-chizma.

S= ][\/_ (x=1) Jax _[—Fi.—(‘ l)}

12.21-masala. Tenglamalari qutb koordinatalari sistemasida ber-
ilgan chiziglar bilan chegaralangan shakilning yuzasi hisoblansin.
r=4cosdp;, r=2,(r22)
< Birinchi navbatda bu funksiyaning aniglanish sohasini topamiz
va uning chizmasini chizamiz.

»
|

I

e
A
N




Aln® Ei{ Tn 3rx WY
D(’)*[O’ﬁ]u[z’ 6 ]U[ 62 JU{ 6 ’2”]

Yuzasini hisoblashimiz kerak bo‘lgan soha 6-chizmada shtrixlab

r=4cos3
ko‘rsatilgan.Integrallash chegarasini topishimiz uchun { ) ¢
¥ =

sistemasidan ¢ ni topamiz

! 7 3
:cns_aqa——:»an*?-_—:anqu-é-:)

1 7 %
S=6S =6 -j[(4c053;a) —2 [16 Jcas‘ Spdp -4 Id(p =
0 5 h
% 2 4x
I(l 4+ COS 6‘@){?‘@9 4@‘) 1“ = [3[ —5111 G;QJ 9 _._..5..:]__

.l'}
-3[8: imz—ﬁ—‘l—n] 3{4ﬁ+“f:|=4f+2\/§.b

3 3 9 O 3

13.21-masala. Parametrik ko‘rinishda berilgan egri chizig yoyi-
ning uzunligi hisoblansin.
¥id

a x=8(coss+rsing); y=8(sinr—rcost); Octcz

} = J(x’(r)]: + (_w'(r]l)3 =8 [f=

2'(1)=8(-sins+sins +rcosr =8¢ cost)

y'(t)= 8{cosz —cost+rsint)=8sinf

Y _, o .
t= (O] +[v (T de= [8uae=4r |3 -Z v
0 ¢

7+ ¥
-»—

14.21-masala. Quyidagi -'53-+%}~_;+é—__7:1 sirt bilan chegaralan-

gan jismning hajmi topilsin.
< Hajimni (18)-formulaga ko'‘ra
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X
V= |85(x)dx
h §

formula yordamida hisoblaymiz. 'Buning uchun S(x} ni topish lo-
Zim.

O‘zgaruvchi x ni fiksirlasak, ellipsoid kesimida.
yE N 22

2 2 2 7Y 2 Y
Jb"_2+z_2=l_‘r: yoki [b l-—%—] [c h_x_j] ellips hosil
c a a ar

) zZ
bo‘ladi. Bizga ma’lumki, ﬁ;+;;=i ellipsning yuzasi zmn ga teng

edi. =
S(x)=7-bf1- 2. Jl-“": _abe-[ 1= | =¥ = [5(x)dx =
{(x)== \{ = ¢ ~ n'c( a:]: _:[ (x)d
a 2 3
= xbc I(]-x—z]dr=ﬂbc[x— x,] i =2 waber
O a 3ac ) ™ 3

Natija. Agar g=b=c=R bo‘lsa ellipsoid sharga aylanadi va
shar hajmini hisoblash ucun
4

V""—‘ER'RJ;
formulani hosil gilamiz.
15.21-masala. Quyidagi
y=x'+1, y=x,x=0, x=1 .
chiziqlar bilan chegaralangan shaklni y
OY o‘qi atrofida aylantirishdan hosil
bo‘lgan jismning hajmi topilsin. o> A b,
qAvval OY o‘qgi atrofida aylanti- 2
rish kerak bo‘lgan D sohani chizib P
olamiz (7-chizma). - ’]
D‘
0 ] x?
J-chizma.
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D=DUD, =V =V +V, =”'[]—"1“'}’+?}(1~(J’-—l))ab»]=

i 2

¥ o 7Y e ! 3} |7
= — 2 — = _.-+3—...- = —,
”[3 L'*(y 2)"] ;‘{3 2)" 76 "

16.21-masala. Quyidagi
¥’ +4y-16=0,y=0
chiziglar bilan chegaralangan shakilning og‘irlik markazi topilsin.

aMasala shartidan ko‘rinadiki, berilgan chiziglar bilan chega-
ralangan D sohani ushbu

—4<xs4

D= xl

ko‘rinishda ifodalash mumkin. Bu shaklning og'irlik markazining
koordinatalarini (23) va (24)-formulalardan foydalanib, topamiz.

wu)

=

P

o

o

=
—
3-¢|
Y|
—

Il
—N
c.o'i
o | &
——

il
——n,
&=
o
—
3
=,
o
=,
y—

o

=

&

=,

N

174
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5-§. 4-MUSTAQIL ISH
Ko‘p o‘zgaruvchili funksiyalar

R” fazo

R* fazoda ketma-ketlik va uning limiti.

Ko‘p o‘zgaruvchili funksiyaning limiti va nzluksizligi.
Ko‘p o‘zgaruvchili funksiyaning hosila va differensiallari.
Yo‘nalish bo‘yicha hosila.

Ko'p o‘zgaruvchili funksiyalarning ekstremumlari.
Shartli ekstremum.

O*zgaruvchilarni almashtirish.

~A-
Asosiy tushuncha va teoremalar

10. R" [lazoda ketma-ketlik va uning limiti
Ushbu

v -

R™ Rx Rx.. R={(x% X000, ) X, € R =1,m)

LN (T

to'plamgn m o'lchovli Yevklid fazosi deyiladi.
Ixtiyoriy x={x...x,)eR" va yp={y,.y,)€R" nugtalarni
olaylik. Quyidagi

plx.y)= \/(_v, ~.‘c,): +..+(y, -xm): = i(yk nxt): (N

k=)
migdor x va y nuqtalar orasidagi masofa deb ataladi.
U quyidagi xossalarga ega:
1) p(x,2)20 va (p(x.y)=0x=y);
2) p(x.y)=p(v.x);
3) p(x,2) < p(x,y)+ p(p.2); (uchburchak tengsizligi).
Natural sorlar to‘plami N va R"™ fazo berilgan bo‘lib, f har bir

ne N ga R™ fazoning biror .x{’”=(xl*"},...,:rm{"})eR”’ nuqtasini mos

qo‘yuvchi akslantirish bo‘lsin:
(=)

H

f:N-R" yoki n—>x
131



f:N-»R" akslantirish obrazlaridan tuzilgan
e I (2)
to‘plam ketma-ketlik deb ataladi va u {x‘”} kabi- belgilanadi.

Demak, (2)-ketma-ketlikning hadlari g” fazo nuqtalaridan iborat.
{3} ketma-Ketlikning mos koordinatalaridan tuzilgan {x"},....{x{"}
Jar sonli ketma-ketlik bo‘lib, {x"’} ketma-ketiikni shu m ta ketma-
ketlikning birgalikda qaralishi deb hisoblash mumkin.

Aytaylik R” fazoda {x*'} ketma-ketlik va a=(a,,..q,)eR"
nuqgta berilgan bo‘lsin.

I-ta’rif, Ye¢>03n,{(c)e N :¥Yn>an,= p(x{"),a){ ¢, unda a nu-
qta {=’} ketma-ketlikning limiti deb ataladi va limx*’ =g Kabi
belgilanadi.

Limitga quyidagicha ham ta’rif berish mumkin.

2-ta’rif. Agar ¢ nuqgtaning VUJ(H)={xER"’ : p(x,a){a‘} atrofi
olinganda ham 3In,(c)e N:Vn>n,=x, el (a), unda a nuqgta
{x{"}} ketma-ketlikning limiti deb ataladi.

Teorema. R" fazoda {x{"}}‘—'{(xl{"l,---,x,,,{"] )} ketma-ketlikning
a=(a,...a,}€R" nuqtaga yaqinlashishi uchun » — o da bir yo‘la
X a3 > a, bolishi zarur va yetarli.

R" fazodagi ketma-ketlik uchun ham sonli ketma-ketlik uchun
o‘rinli bo'lgan xossalar o‘rinli. Biz ularga to‘xtalmaymiz.

2%, Ko‘p o‘zgaruvchili funksiya limiti va uning uzluksizligi

Ko‘p o‘zgaruvchili funksiyva, funksivaning aniglanish sohasi va
qiymatlar to‘plami, ko‘p o‘zgaruvchili murakkab funksiya ta’riflari
bir o‘zgaruvchili funksivadagi mos ta’riflar kabi kiritiladi.

M c R™ to‘plam berilgan bo‘lib, g nugia M to‘plamning limit
nugtasi va y=f(x)=7{x,...,x,) funksiya M to‘plamda aniglangan
bo‘lsin.

I-ta’rif. Agar VYe>0 uchun 38=68(s,a)>0 ushbu
0<p(x,a)<8 tengsizlikni ganoatlantiruvehi vxeM uchun
] f (x)—b]-r:z-: tengsizlik bajarilsa, unda b soni f{x) funksiyaning a
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nuqiadagi limiti (yoki karrali Hmiti) deyiladi va

lim f(x)=b yoki [lim f(x}=b;

kabi belgilanadi.

Agar g=w yoki h=c bo‘lsa , unda ham shu kabi ta’riflarni
berish mumkin, Ko'p o‘zgaruvchili funksiyalar uchun boshga for-
madagi [imit tushunchasini ham kiritish mumkin. Masalan, bunda
avval bir o‘zgaruvchi bo‘vicha limitga o‘tilib, qolgan ;-1 ta
o'zgaruvchini fiksirlangan deb faraz qilinadi. Keyin, golgan m -1
ta o‘zgaruvchining biri bo‘yicha limitga o'tilib, m-2 ta
o'zgaruvchini fiksirlangan deb faraz qilinadi. Bu jarayonnt m marta
qaytarish natijasida hosil qilingan limitga [ (.r],...,xm) funksiyaning
takroriy limiti deyiladi. m o‘zgaruvchili funksivaning jami m! ta
takroriy himutini garash mumkin, Masalan, ikki o‘zgaruvchili

f(v.v,) funksiya uchun 2 ta  lim lim f(x.x,) va

Ny =iy Xy —rely

lim tim /(%) (akroriy limitni ko‘rish mumkin.

I* .'li II llll

Misol. Ushbu

.1
x+ ysin—,x #0,
J{xy)= x
0,x=0
funksiyaning (0,0) nuqtadagi takroriy va karrali limitlari hisoblansin.
alimbim f(x,p} = !{I_LI%.I= 0-3,

x= =0

limlim £ (x,y) = Iin&[y[im sinlJ— 3, fekin
= X

=0 x>0 x={

i f(x.3)-3
a0

va ={. Darhagiqat,

: 1 ) . N
{}511(.1,))—01- X+ psin— £|x|+|y|(,1¢0):>Ilrr|_[+1§f(1,y)—0t>
Tabiiy savol tug'iladi: Qanday shartlar bajﬁrilganda karrali va
iakroriy limitlar bir-biriga teng bo‘ladi?
Bu savolga quyidagi teoremalar javob beradi.
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Aytaylik, f(x,y) funksiya ‘
M={(x,y)ER2 e —x,| <a, |y= v -r::a:}
to‘plamda aniglangan bo‘lsin.
I-teorema. Agar

l) _!ngf(x:y):.b_aa
¥=*)n

2) Har bir fiksirlangan x da _,,lﬂ}‘ F(xy)=¢(x}-3 bo‘lsa, u
holda lim lim f(x,y) takroriy limit 3 bo‘lib, lim lim f(x,¥)=b

Er, Py Xod Xy V=1
bo‘ladi.

2-teorema. Agar

) lim f(x,y}=56-3

Xy
Lt

2) Har bir fiksirlangan y da lim f (%y)=o(y)-3 bo‘lsa, unda

rY=rx,

!LT.,EL"&f (%) _3 va p ga teng boladi.

Natija. Agar bir vagtning o‘zida | va 2-teoremalarning shartiari
bajarilsa, unda ‘

im f(x,y)= lim lim f(xy) - JI_Ln;r lim £{X%) bo‘ladi.

=y s Wiaad Iy X=Xy
Y-k

Endi funksivaning uziuksizligi ta’rifini beramiz.

M c R” to‘plamda f(x)=f(x,...x,) funksiya berilgan bo‘lib,
a=(a,,...,a'm)EM nuqta M to‘plamning limit nugtasi bo‘lsin. Quy-
idagi belgilashlarni kiritamiz:

Af(a)= f(a +Ax,,...,a, + Ax, )} - f(a,,...a,) funksiyaning a nug-
tadagi to‘liq orttirmasi;

Ax f(a)= f (&, 18 + A0 y50ena, ) = f(@.nna ) — funksi-
yaning @ nuqtadagi x, o‘zgaruwchi bo‘yicha xususiy orttirmasi (4 =1,m).

2-ta’rif. Agar lﬂf(x) = f(a) yoki A!L'?TG &f (a)=90 bo‘lsa,
ax, =0

unda f(x) funksiya a nuqtada wzluksiz deb ataladi.
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J-ta’rif. Agar lim A, f (a)=0 bo'lsa, f(x,...x,) funksiya
a=(cr[,...,rr,,,) mn:u;zt'.:l:cjli x, o‘zgaruvchi bo‘yicha uzluksiz deb atala-
¢li. Odatda funksiyaning bunday uzluksizligi uning hususiy uzluk-
slzligi deb ataladi. |

3-teorema. Agar f(x,...x,)funksiya geps nugtada uzluksiz
ho'lsa, funksiva shu nugtada har bir o‘zgaruvchisi bo‘yicha ham

hususiy uzluksiz bo‘ladi.
Izoh: Teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan,

2xy r 2
— Xty 20
f(xy)={x+y
0,x* +y* =0

[unksiva (0,0) nuqtada har bir o‘zgaruvchi bo‘yicha xususiy uzluk-
siz, lekin shu nugtada bir yo‘la uzluksiz emas, bu nugtada hatto
limitga €ga emas.

d-ta’rif. Agar fmf(x)~2 yoki =co, yoki limf(x)=b=f{a)
bo'lsa, u holda f(x) funksiva a nuqtada uzilishga ega deyiladi.

5-ta’rif. Agar Y e>0 uchun 35=58(g}>0 M to'plamning
o{¥,x") <& tengsizlikni ganoatlantiruvehi vwx' va x* nugtalarida
| (")~ (=)< tengsiziik bajarilsa, f(x) funkisiva M to‘plamda
tekis uzluksiz funksiva deb ataladi.

4-teorema. (Kantor teoremasi). Agar f(x) funksiva chegara-
langan vopig M c R™ to'plamda uzluksiz bo‘lsa, u holda funksiya
shu to‘plamda rekis uzluksiz bo’ladi.

3° Ko‘p o‘zgaruvchili funksiyaning hosila va differensiallari.
I-ta’rif. Ushbu
A X" _—

lim

Axy i) ﬂxk
limitga f(x)=f(%,..x,) funksivaning x° nugtadagi x, o‘zgaruychi
of {x°
boyicha xususiy hosilasi deyiladi va u Pw kabi belgilanadi.
vk
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Xususiy hosilaning geometrik ma’nosini bilish uchun A c R?
to‘plamda aniqlangan z=f(x,y) funksiyani qaraymiz. Aytaylik

X0
(x:Y5) €M bo'lib, bu nugtada q% va Q)L%‘&l lar 3

bo'lsin. z= f{x,y) funksiya grafigi g3 da biror sirtni aniqlaydi.—
z=f{x,5,) ning grafigi sirt bilan y=y, tekislikning kesishishida
hosil bo‘lgan I', chiziq bo‘ladi. z= f(x,,y)ning grafigi [, chiziq
bo‘ladi. Agar [, va I, chiziglarning (xu,yﬂ, £{x, yﬂ)) nuqtasiga
o‘tkazilgan urinmaning Oxy tekisligi bilan hosil qilgan burchak-
larini mos ravishda o va f deb belgilasak, unda

maf(x”’y°)=xga va ——*af(';i:yﬂ)=fgﬁ*

x
bo‘ladi. Bundan z=f(x,y) sirtning (x,.),.2,} nuqtasiga o‘tkazilgan
urinma tekislik tenglamasi ushbu

O (Xo5 Vo
z_zﬂ=i(;;’_m.(3-_xu)+;f(—;-;—}:l-(y—ya) 3

ko‘rinishda bo‘lishi hosil gilamiz.
1-teorema. Agar f(x) funksiva ® nugtada chekli

(=), —

—-a—x-—,(k = 1_-,?") xususiy hosilaga ega bo‘lsa, unda f(x) funksiya
k

shu nugtada mos x, o'zgaruvchi bo'yicha xususiy uzluksiz bo‘ladi.
2-ta’rif. Agar f(x) funksiya x? nugtadagi Af (x") oritirmasini

AF(x°) = 4, -Ax, +..+ A, -Ax, + 0, -Ax +..+a, -Ax, @
ko‘rinishda ifodalash mumkin bo‘lsa, f(x} funksiya »° nuqtada diffe-

rensiallanuvchi deyiladi. Bu A4,,...,4, lar Ax,..,Ax_, ga bogiiq bo’l-

lim a, =0,{k=1m)
magan o‘zgarmaslar va 247
Ax,, 40
{(4)-tenglik ushbu
Af(xﬂ)z,t]?'Ax,+...+Am-ﬂIm+0(P) (S)
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tenglikka ekvivalent. Bu yerda p=1(Av,Y +..+(ax,) .

2-teorema. Agar f(x) funksiya x° nuqtada differensiallanuvchi
bolsa, u holda bu funksiva shu nugtada uzluksiz bo'ladi.

3-teorema. Agar f(x) funksiva ° nugtada differensiallanuvchi
bolsa, unda bu funksivaning shu nugtadagi barcha hususiy hosilalari

o (»°) of (x°)

va —o - =

oy eam
Ox, Ox

"

Izoh: Teoremaning aksi har doim ham ofrinli be‘lavermaydi,

ya’ni barcha xususiy hosilalari 3 bo‘lgan funksiya differensiallanuvchi
bo‘lishi shart emas.

= A, (tengliklar o‘rinli bo‘ladi.

W

—, (2, v}=#{0,0

Masalan, f{(x,y)=74 J+ P (3.5)=(0.0)
0.(x.¥)=(0,0)
funksivaning (0,0) nuqgtada hususiy hosilalari 3, lekin u bu nug-
tada differensiallanuvchi emas.

Demak, xususiy hosilalari 3 bo'lishi funksiyaning differensial-
lanuvchi bo‘lishi uchun zaruriy shart ekan,

4-teorema. (Yetarli shart). Agar f (x) funksiva ° nugtaning
biror atrofida barcha o‘zgaruvchilari bo'vicha xususiy hosilalarga ega
bofib, bu xususiy hosilalar ,° nugtada uzluksiz bo'lsa, unda f (r)

funksiva shu ° nugtada differensiallanuvchi bo ‘ladi.
Ushbu

' a'f(x“) = afa(xx )dx, +ont 3]{'5'(,1: )dxm va
] X,
dt‘.f(x[}) = afagx ) dx, ,(k = m)

ifodalarga mos ravishda f (r) funksivaning ,* nuqtadagi differen-
siali (to‘liq differensiali) va x, o‘zgaruvchi bo‘yicha xususiy diffe-
rensiali deyiladi. .
Agar f (x) funksiva 4* nuqtada differensiallanuvchi bo‘lib,
r.ff(-ru)vfﬂ bo'isa
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¥ (@)= (F)+ol) va tim—rms M) ) botladi a7 (x°) = (+)

=)
yoki ( )

f(xf' + AXy s X0 + Axﬂ)ﬁf(xf',...*x:)+ dff ) iﬁ%&fw (6)

| "
bo‘ladi (6)-formulaga taqribiy hisoblash formulasi deyiladi.

Endi yo‘nalish bo‘yicha hosila tushunchasini kiritamiz.

IKki o‘zgaruvchili z= f(x,y) funksiva ochig pf~ g* to‘plamda
berilgan bo‘lsin. V4, (x,,5,)e M nugta olib, bu nuqgtadan biror ¢
to‘g‘ri chiziq o‘tkazaylik. Bu to‘g‘ri chizigning OX va OY koordi-
nata o‘qlari bilan hosil qilgan burchaklari o va B bolsin.

3-1a’rif. Agar A nugta ¢ to'g'ri chiziq boylab A, nugiaga intil-
ganda ushbu

L (4)-1(4)

=4 p(A,A) ’
limit mavjud bo'lsa, uning giymatiga f(x,y)=f(A) funksiyaning
A, ={x,,5,) nugtadagi ¢ yo'nalish boyicha hosilasi deyiladi va

Q’N(Ao) Qf( m}’o)

¢ o¢
Demak,

Ax, 4.+

kabi belgilanadi,

op =~ A4 P(AQ,A) (7)
5-Teorema. Agar f(x,y) funksiva 4,={(x,.y,) nugtada differ-

ensiallanuvchi bo'lsa, u holda shu funksiyva A, nugiada ¢ yo‘nalish

bo'vicha hosilagae ega va

¥ (4,) -  (x%0- ) af(xnvyv)cﬂsﬁ
' ox Oy

cosS +
ot

(8)

tenglik o‘rinli.
Izoh: Funksiya biror nuqtada differensiallanuvchi bo'imasa ham u
shu nugtada biror yo‘nalish bo‘yicha hosilaga ega bo'lishi mumkin.

Agar differensiallanuvchi  w= f(x,y.z} va x=¢p(uv}),
y=y(uv), z=x{nv) funksiyalar berilgan bo‘lib, ular yorda-
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mida w=f]p(u,v),w(u,v), x(u,v)}=F(u,v}) murakkab funksiya
aniglangan bo‘lsa, unda murakkab funksiyva ham differensiallanuv-
chi bo‘ladi va

(Dw ow Ox Bw ay ow oz

4511 ox 3:1 dy 3u oz ou’ ©)
Sw_ow 6x+6w6§y &w oz

| O " v oy v B v

tengliklar o‘rinli bo‘ladl
Ko‘p o‘zgaruvchili funksivaning ikkinchi tartibli xususiy hosila-
lari quyidagi tenglik yordamida aniqlanadi:

y _Of 8y N
= = ., \Lk=1m
fon = 5t om (8.::,.] ( ) (10)
& f
Agar =k bolsa, axké;k = 8xf =f;g kabi voziladi.
o' f

Agar ;jzk bo'lsa xdx, " aralash hosila deb ataladi.

Yugori tartibli xususiy hosilalar ham shu kabi aniglanadi.

M to‘plamda 1,2,3,..., k-tartibli uzluksiz xususiy hosilalarga ega
bo‘lgan funksiyalar sinfi C¥¢M;R) yoki C*P¢M) kabi belgilanadi.

4-1a’rif. Agar f(x) funksiyaning x nugqtadagi barcha ikkinchi
tartibli xususiy hosilalari mavjud bo‘lsa, unda funksiyaning ikkinchi
tartibli differensiali quyidagi tenglik yordamida aniqlanadi:

df(x)= ia:f( )d dx, {-;——dxl +-£—~dxm]-f(x)

i kal ox, ark 1 -
Xuddi shunga o‘xshash
a a 1]
d"f=d{d" fl=| —dx, +..+ —dx
f=d(d"'f) (Bxl et ,,.)f (11)

bo‘ladi.

6-teorema, (Teylor formulasi). Agar x va x+# nuqgtalarning o‘zi
va ularni tutashtiruvchi kesma M to‘plamga tegishli bo‘lib,
F(x)eC®” (M) bo‘lsa, u holda ushbu Peano ko‘rinishidagi gqoldig
hadli Teylor formulasi o‘rinli bo‘ladi:
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F(x + b, x, +1,)— (X%, )=

:il{h]i-k..ﬁhm-‘a—fv-] f(x)+o(h").

Sl o ;
4", Ko‘p o‘zgaruvchili funksiyaning ekstremumlari
f{x)=f(x,..x,) funksiya ochiq M = R*® to‘plamda berilgan
bo‘lib, ¥,=(x’-..x)eM bo'lsin.
S-ta’rif. Agar x® nuqtaning Mﬁ[x“)r:M atroft topilsaki,

VIEUH(IG) uchun f(.x)sf(x“) { f(x)l‘_-"f(x'}) )
bo‘lsa, f (t) funksiva x* nuqtada min (max) ga ega deyiladi. f (x“)
qiymat esa f (t) funksiyaning lokal (max) min giymati deyiladi va

70)= g (0} C7()= min, (G0} )

_ sel ), (+°)
kabi belgilanadi.
Funksiyaning max va min giymatlari uning ekstremumlari deb
ataladi.

xY nugtaning U ﬁ(xﬂ) atrofida
A= f(x)-f(x°) (12)

ayirmani ko‘raylik.
Agar bu avirma Uﬁ(x”)da 0‘z tshorasini sagiasa ya'ni har doim

Az0(A<0) bo'lsa, f{x) funksiya x* nuqtada min (max) ga
erishadi. Agar A ayirma ,° nugtaning v atrofida ham o'z isho-
rasini saqlamasa, unda f(x) funksiya x° nuqtada ekstremumga
ega bo‘la olmaydi.

I-teorema. (Zaruriy shart) [ (rz funksiva +° nugtada eks-
tremumga erishsa va shu nugtada f (%) 1\, (xn xususiy hosila-
far 3 bo'lsa, unda

folxo) == fi (x°}=0 (13)
bo‘ladi.




I-izoh. Teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masala, f(x,y}=x-y funksiya uchun £7(0,0)=/;{0,0)=0, lekin
funksiya (0,0) nugtada ekstremumga erishmaydi, chunki u (0,0)
nuqtaning v atrofida har hil ishorali qiymatlarni qabul qiladi.

2-izoh. Agar f(x) funksiya x° nuqtada differensiallanuvchi
bo‘lsa, u holda funksivaning ekstremumga erishishining zaruriy
shartini df (x°)=0 ko‘rinishda yozish mumkKin.

2-teorema. (Yetarli shart.) f{x) funksiva )° nuqtaning biror
Uﬁ(xﬂ) atrofida berilgan bolib quyidagi shartlarni bajarsin:

D f(x) funksiya U J(x“) da ugluksiz birinchi va ikkinchi tart-

ibli xususiy hosilalarga ega;
2) X nugta f (x) Junksivaning statsionar nugtasi;

3) koeffisientlari a, = f,, (.1:“), (f,k=l,_n1) bolgan.

0(&,...8,) =Y a,&& (14).

ikl
kvadratik forma musbat (manfiy) aniglangan.

U holda f{(x) funksiya x° nuqtada min (max) ga erishadi.
Agar kvadratik forma noaniq bo‘lsa, unda f(x} funksiya x° nu-
gtada ekstremumga erishmaydi.

Bu teoremani ;=2 bo‘lgan holda alohida ko‘ramiz:

A A G R G

G 4y = 2 3
N ax; Y Bxdx, ox;

AT

=4y, —a)> bo‘lsin, Unda

ﬂ: I HZZ’

1) A>0,ag,>0 bo‘lsa, min;

2) A>0,a, <0 bo‘lsa, max;

3) A< bo‘lsa, ekstremum mavjud emas.

4) A=0 bo‘lsa, shubhali hol bo‘ladi.

Biz shu vaqtgacha hech ganday shart berilmaganda
y=f(x.%,..,x,) funksiya ekstremumini topish masalasi bilan
shug‘ullandik. Lekin matematikaning ko‘p tatbiglarida funksivaning
argumentlari ba’zi bir shartlarni ganocatlantirgandagi ekstremumlarini
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topish talab gilinadi. Biz shunday masalani eng sodda hol uchun
keltiramiz.
Aytaylik,
u=f(xy) (15)

F(x,y}=0 (16)
shartni qanoatlantiruvchi ekstremumini topish talab gilinsin. Bun-
day ekstremumga shartli ekstremum deyiladi.

Agar (16)-tenglamadan y=gp(x) funksiyani topish mumkin
bo‘lsa, u holda shartli ekstremumni topish masalasi

u=fxp(x)]=@(x) (17)
funksiyaning oddiy ekstremumini topish masalasiga keladi. Lekin har
doim ham y=g(x) funksiyani topish imkoni yo‘q. Shuning uchun
{(16)-tenglamani yechmay turib shartli ekstremumni topishni

o‘rganamiz. Bunda Lagranj usuli yaxshi natijaga olib keladi.
Ushbu

funksiyaning

O(x,y)=f{x.y)+AF(x.y) (18)
Lagranj funksiyasini olamiiz. (18) dagi 1 hozircha noma’lum
o‘zgarmas ko‘paytuvchi.
f:Dgr, y) funksiyaning oddiy ekstremumi f(x,y) funksiyaning
F(x,y)=0 tenglamani qanoatlantiruvchi shartli ekstremumi bilan
ustma-ust tushadi. ©{x,y) funksiyaning statsionar nuqtasi va
noma’lum koeffitsient 1 quyidagi

=0 (19

shartlardan topiladi. Faraz qilaylik, M,(x,.»,) nugta ®(x,y) funk-

siyaning statsionar nuqtasi bo‘lsin. Agar &°® |M“ >0 bo‘lsa min va

- ¢ %) )
4D |Mf.':"0 bo‘lsa max bo‘ladi. Bu yerda d'¢*=(adx+a@J i
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Ofzgaruvchilari soni ko‘p bo‘lgan funksiyalar qaralganda shartli
ckstremum shu kabi aniqlanadi va Lagranj funksiyasi yordamida
topiladi.

5. O‘zgaruvchilarni almashtirish

a) Oddiy hosilani o‘zida saqlovchi ifedalarda o‘zgaruvchilarni
almashtirish

Aytaylik, y=y(x) funksiya va

A=O(x, 3, ¥\, Vers) (20)
differensial ifoda berilgan bo‘lib,
x=f(tu), y=g(tu) (21)

va u=u(r) bo'lsin. Differensial ifodada yangi t o‘zgaruvchiga o‘tish
talab qilinsin. Unda (21) ga ko‘ra

' ?g"!'%'ﬂ:
y.r :_Ji“ o Gu
' JC: f+g* !l
ot Ou

ekanligini topamiz. Shunga o‘xshash yuqori tartibli ... hosilalar
ham topiladi va (20) ga olib borib go‘yib, yangi

A=, (f,u,u:,u;,...)
differensial ifoda hosil qilinadi.

b) Xususiy hosilani o‘zida saqlovchi ifodalarda o‘zgaruvchilami
almashtirish.

Faraz qitaylik, z=2z(x,y) funksiya va

B=Flx oz 62 &z Fz &z
Yz ’&r @} ax-&atay ay-u: {(22)
differensial ifoda berilgan bo‘lib,
x=f(uv) y=g(uv) (23)

bo‘lsin. Bu verda u va v lar yangi erkli o‘zgaruvchilar. Unda

dz dz
dr dy - hususiy hosilalar ushbu
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tengliklardan topiladi va ular (22) ga olib borib qo‘yib, yangi
& 3 ¥z Fz &z
aﬂja}‘,aﬂz :auavjavz EREL

differensial ifoda hosil qilinadi.
Umumiy holda (22) ifodada ushbu

B= F][u,v,z,

x= fuv.w), y=g(u,v,w,), z=h(uvw) (24)
almashtirish bajarilgan bo‘lib, u,v lar vangi erkli o‘zgaruvchilar va
oz oz

w=w(n,v) yangi funksiya bo‘lsin. Unda o ‘gy‘ - Xususiy hosila-

larni topish uchun
G:(of O ow) d2(dg dg aw] Oh  oh ow
Sx\Ou Ow Ou) O\O6u Ow oOu) Ou 611»' du
o f@f+ of ow) & F!c';{g;'_i_ Og ‘é‘u—) Oh  oh dw

— +
x\ov ow ov) ay\ov ow av) ov ow v

tenglamalar hosil Qilinadi. Bu tenglamalar yordamida xususiy hosila-
lar topiladi va (22) ga olib borib qgo‘yib, vangi

ow ow o'w Sw Fw

Ou’dv’ ow oudv &'

differensial ifoda hosil gilinadi.

B=F, [u, v, W,

Nazorat savollari
R” fazo.
R" fazoda metrika.
R"™ fazoda ketma-ketlik tushunchasi va uning limiti.
Ko'p o‘zgaruvchili funksiya (k. o‘. f) tushunchast.
K.o'.f. ning karrali limiti tushunchasi.
K.o'.f. ning takroriv limiti tushunchasi.
Karrali va takroriy limitlar orasidagi bog‘lanish.
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8. Karrali va takroriy limitlarning tengligi hagidagi teorema.

9. K.o'.f. ning uzluksizligi.

10. K.o*.f. ning tekis uzluksizligi va Kantor teoremasi.

1i. K.o'.f. ning xususiy hosilasi ta’rifi.

12. Urinma tekislik tenglamasi.

13. K.0o'.f. ning differensiallanuvchiligi.

14. K.o'.f. differensiallanuvchi va uzluksiz funksiyalar orasidagi

bog*lanish.

15. Tagribiy hisoblash formulasi.

16. Yo'nalish bo‘yicha hosila.

17. K.o'.f. uchun Tevlor formulasi.

18. K.o'.f. ning ekstremumiari.

19. Shartli ekstremum, Lagranj usuli,

20. Oddiy hosilani o‘zida saqlovchi ifodalarda ofzgaruvchilarni almashtirish.
21. Xususiy hosilani o‘zida saglovchi ifodalarda o‘zgaruchilarni almash-

tirish.

-B-
Mustaqil yechish uchun misol va masalalar
I-masala.

R® fazoda quyidagi ketma-ketliklarning limiti a(a< R*)
ekanligi ta’rif yordamida isbotlansin.

13=n? 2n-—1 | I +2 20 [3 )
_——z 8 , ;al =32
1.1 {l+2]] 5 3]_.} a( 9’ 3) 1.2 x[]=[4;rl-l n =2 4 *
1-2n° 442n 5n+15 2
al-2:-3 ) = ; al =—:i-5
L3 ¥ [ +3 2- n) ( ). 14 [l 3n’ 6- n] ( 3 J
4"+l d=n _a[i__l) } 1-2#° _ 5n 'a(--l-‘—:'i)
L5 & w2 3v20 SO\ 2 VO =\ T P T
(1 2 3In-2 4n-1 3
a _ | —;=comnn |; a(0,0 8 . _ ; : —:2)
1.7 M = T Hcoﬂn J a( ) 13 —(2.-?'-1 2u+l) H(Z 2
{ 2n I+n] 2 1 msnnl)
. _ 2,1 - R i 0,0
1.9 4 “\3n+1 1-2n (3 2] 110 - o+l a(0.9).
1 5) (2 _n_ )
1.1 xtn]=[?';)’a(0’0)' L12 < ur’n+l)’ a(0.1).
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1.13. @ =[
1.14 x‘"‘:(
1.15.

1.16.

L17.

1.18,

1.19

1.20

1.21

2.1, u=arccos

R? fazoda quyidagi ketma-ketliklarning limiti topilsin.

o

£ = {

( .
n® +5-3n" +2 {rf +l]2 '!J

= L\1+3+5+...+(2n—l)’

NEINL IR ) n(d’ 5+8n3—2n)]_

o

2 n=1{27+2)
-—.,+-—2-+...+ 3 ; .
n n 2n° +1 .

L]

(2n+l)!+(2n+2)!_(n—l]Mz].

(2n+3)! n+3

(2n+l+3n+l' n!_l "
2"+3" A .

rl+2+...+ﬂ{2ﬂ+3]"”}

L V9r't +1 ’
(1+4+7+...+(3n—2)»(n+1J"]

2n+1

n—I

J5nt +n+id ’

n+5

(n+a)t-(n+ 2)!.[??_'_3)“4} |

(n+3)!

(3

\

n -1

16 64 g’

—--+-—1-+...+ 1 242822
-2 2.3 n(n+1) '

2-masala. Quyidagi funksiyalarning aniqlanish sohalari

topilsin va chizmada ko‘rsatilsin.

2.2, u=In(nz).
Y

X+ y
2.3, u=In(~-x-y). 2.4. u=arcsin—,

x
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2.5 u= Jsin(x: + yz) . 2.6, u =J1 —(x2 +y)2 .

- 2
X +yv —-x

2.1 H=J2x_x2_y= . 2.8. 1£=\Kx3+y3—!)-(4“x2—y2).

- - _ x3+2x+y2
2.9. u:ﬁ—x‘+\/y'—]. 2.10. HH\/IE—ZI+_}?: .

z
2.11, HTACCOS—====>x " 9 12, ﬂﬂ?’ﬂ_"“ 9y2+“-":+y’—9.
2

X"+ y X+
2

1{41‘-1!2
- u=ln{x 4 }

2.14. o 4

U=
2.13. 5 4

_in(Iu-fﬂy’)'

X—y ~
.18, 4 areg PP 2.16. u=l+\,—(x— y) -
217 0 v -y 2.18. u=Jysinx.

= ”
< -

X +Y

2.19. n=frcosy. 2.20, u=arccos 5
X .
2.21. ¥ =aresin—y +arcsin (1-»).

-

3-masala. Karrali limitlar hisoblansin.

. sinxy . X4y
3-1 Eﬂ 2 2 o« 3-2 EI—I;E- 2 — + 1 L)
_-'L'—PE" "t-' + y- J_yx,x x ')":V y
x ”
. 1o . xy
3.3 l'm(]"‘_ . 3.4 limi—=—=—1
M= x P b I- + y
r—+3 J=rha A
lim x +,}«‘2 lim{ x* +y2 <
3-5 -, 4 4, 3-6 —}Cl( ) .
}j‘c r + y :“*U
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11

3.7 lim(l+3}ﬁ_ 3.8 Jim (¥ +y?)et

yaon ¥ o

' in(x+e") ‘ sin(x‘yz)

117 E —4 l
3.9 :'_Em . 3.0 _;'.g?:(x;_'_y;)z.

1
) E_x‘+,v‘ . 2 - _

ALy 3.12 ;_':,}"é(“” y

] P 3f 4.2
3,13 fm(1+x+)" )57 40, 'iﬂg—*—":xy:.
puet AR

=

. 2 * ]- . o] -
3.15 .!E]}(f"'y')smf+y2f 3.16 ,!'_I,E(xz"'y—)m(lﬂmf-il-ﬁ}.

Far Y
lim (x + y)e-{ﬁrz) lim X4y
3'1? .;:; . 3-18 _»:::; |I|3 +[yl3 N
2 oM ~ 1-cos{x*)*
3.19 m(x+y)" 3.20 lim— (_ :).
yarQ F—0 (.x +y )
In®(x+y)

m————
L N vk

4-masala, [im [im f(x.y) ya lim lim £{x,p) takroriy limitlar

ainde P and Y rp X=X,
hisoblansin.
. X ; =x3+xy+y2_ o
41 SEy)=sin o =myy =0 42 S(%) Ty 050,

2x+y
sin{x+y)
4'3 et * —_— = . . =-—.u-|l-—.|-|-|———; — —
S(xy)=log,(x+y);%=Ly,=0. 4.4 f(xy) i, oY 0,

COSX ~00S Y : .
4.5 /%) Py eTRERL 46 flny) == sz I,M;"i]=.1’u={}.
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sin3x—1g2y
6x+3y

4.1 S{xp)=

o
4.9 f(x,y)—l—x—,,xu =43, =40,

x+} ¥ 0.0
4-11 f(.l',y)—4x +’«]r ( J"') ( }

x-p+X+y xoey

X% =0,=0,

0, ("f _}J) {D'ﬂ)"‘.ﬂ =), =0

I
4.8 f(x=y)=xz+i4 *o

=Yoo =0,

Xy "_‘09.]";; =0,

1
410 f(xy)=rmi

r

(l +—1-J X+y#0
x+y

4.12 f(xy)=

L+ y=0x, =3, =0

sinx-+siny
4.13 f(x,y)z“" X+y 4.14 f(xy):ﬂ;;—:xo=yﬂﬂﬁ.
Ox=—p, =), =0
I —
Visin T 4w |.1” 'yl |I|-‘#|J-’|
4.15 s(vv)- A e y=0. 416 f(x,y)=
Ty 0¥ =iy], %, =y, = 0
lt‘l(t‘i"t )
= Tn=|$.}’u=ﬂ, 5"\‘]25—&}’. . oy —
4.17 /(~x»): J\‘=+=;= 4.18 f(x,y)=—"3y—;-‘9*}'u—0
77 _ In{x+y
4,19 f(,r,y)=‘ﬁ;'+}};1;xn=y.,=0. 420 f(xy)= ( );xn=l,y.3=0.
| . x{x+y)
— sin "Xy = Py =00
4.21 f(x,y)=* Tx+ 3y X =Y .
S-masala.

'!-

.1 /=5

bo‘lishi isbotlansiri.

funksiva ©(0,0) nuqtada cheksiz kichik

5.2 f(x,y)=s(x+y)In (f + yz) funksiya O(0,0) nuqtada chek-

siz kichik bo‘lishi isbotlansin.

Xy
53 fxr)=35 57
botlansin.

funksiva quyidagi hossalarga ega ekanligi is-
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a) M(x,y) nugta O{0,0) nuqtaga shu 0(0,0) nugtadan o‘tuvchi
v to‘g'ri chiziq bo‘ylab intilganda ham funksiya limiti ¢ ga teng.
b) 0(0,0) nugtada funksiya limiti mavjud emas. (x,,y,) nuqtada
F(x,y) funksiyaning karrali va takroriy limitlari mavjudmi?

2

% =¥=0. 5.5 flxy)=log (x+y)ix,=1y,=0.

54 f(xy)—

I+y

. sinx-+siny _ X-y
5.6 f(xy)= _:_"”fﬂ =0 57 f(x,y)=';:;:-"~u-J/n-0.

£y

.11
5.8 f(x,y) = x‘tyzi-(x—y}: s X, =¥, =0 5.9 If(_r,y] =(x+y]3m;-$m;;.:q, =y, =0,

2
5.10 f(xjy):‘x_z__?);{;xu =y,=0,

(3 .|
X +
x4+Jy): ,(x,y)#(ﬁ,ﬂ)

0,(x.y}=(0,0). x,=y,=0

I X+
[l+ ] X+ y#0
3 X+

Lx+y=0x=y,=00

5.11 f{x, y)--1

512 f(x,y)=

Quyidagi funksiyalarni berilgan nuqtalarda har bir o‘zgaruvchi
bo‘yicha xususiy va ikkala o‘zgaruvchi bo‘yicha birgalikda unzluksi-
zlikka tekshiring.

2.2
-f}’ _,,x"fi-y4¢0,
5143 flxp)=1*" ") 0(0,0) va A(1;2).
0,x*+y*=0

-lfs,}"‘1 4 4
X +)y #0,
514 f(xy)=1" 77 0{0,0) va A(10710).

0,x* +y* =0
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x4yt
X +y =0,
5.15  f(xy)=)* "7 0{0,0) va 4(-1-1).
Ox +y =0

x:__yz 2, .2
—S 3 X TY = 0,
5.16 f(xy)=1" "7 0(0,0) va 4(0;1).

Lxt+y? =0

mnx+mny

x*+yt =0,

T
517 f{x.v)= Ty 0{0,0) va A["';“").
(x.7) x4y =0 (0,0) 3773

Lnsx -COS Y
xo-y =0,

J’l' b/ 4
818 f(v)}-) ° -y 0{0,0) va A( J
/1 - O, x-y=0 (0:0) 44

[

i (5)* (00)

0.(x,»)=(0,0).

k-

519 f(xp)= 0(0,0) va A4(40).

f-y 2,x2+y= #0,
520 f(xy)=1" 1" 0(0,0) va A(10).
0,x° +y° =0

521 f(xy)=) . 0(0,0) va A4(11).

6-masala.
f(x,y) fonksiyani M to‘plamda chegaralanganlikka tekshiring.

6.1 f(x,y):f —y*, M:{(x,y)f—:Rz,xz-i—yzEES},
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62 f(xy)=x-y, M={(xy)eR x +y >25}.

2x* +3y°
6.3 f(x,y)=?_|"__y:“', M:{(x,y)ER2,x2+},2 ;e{]-}.

cos(x +y)~cos(x-y)
XY
sinfx + y)—si -
(x+y)—sin{x y)’M
Xy

nx-Iny .
6.6 f(x,y)= '_;Ts M:{(.x,y)e R',x#y} .

Quyidagi funksiyalarning ko‘rsatilgan to‘plamda chegaralangan-
ligini ishotlang, uning aniq chegaralarini toping va funksiya shu
giymatlarga erishish-erishmasligini aniglang.

x* =y
—_— o~ 202 2
6.7 f(.r,y)= ity M-F{(x,y)eR X4y #0} .
Xy 22,
6,8 f(x‘y]=x2+y2’ M={(I,}’)ER,U{X +y Eg}.

6.4 f(xy)= M={(xy)e R xy =0},

6.5 f(xy)= ={(I,y)ER2,.lj.?:¢0},

6.9 f(l,y) y“ M= {(x,y)eRﬁx‘%y“;tO},
6.10 f(x,y)=xye, M={(xy)eR x20y20},

4(.1'3 + y3)+ 27°

6.11 f(x.y.z}= M={(x,y,z)ER3,xz + +z¢0},

X +y 427

S(x,y} funksiyaning M to‘plamda tekis wzluksiz bo‘lishi
ta’rif yordamida isbotlansin(5 =5(s)-?).

6.12 f(x,y)=2x+3y+5, =R,

6.13 f(x,y) = xz -|-.y1 M ={(.1',}’)E Rz,xz +y: '-'14} .

6.14 f(.l‘,y) = . fx? +y2 M=R

6.15 f(x,y)=x-2y+3, r=R?.
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Quyidagi funksiyalarni ko‘rsatilgan to‘plamda tekis
uzluksizlikka tekshiring.

x:+y2 2 " 2
6.16 f(xy)= iy M={(x,y)ER“,0<x' +y? -::I} i

1H ti s *
6.17 f(x,y)= ;_!_; ,M={(x,y)ER',O«=:x'£l}.

.1
6.18 f(x,y):x-sm;M:{(x,y)eﬂz,O{x{:l,{]q‘yﬁzl}.

oo ,
6.19 f(x,y)=~’*y5'";~M={(x,y)ER,O{x-e::l,[){y-r:l},

6.20 .f(.'t'd’):J“CﬂS-]-, M={(xy)e R, 0<x<l, 0<p<l]
X

6.21 f{x2) x' ¥ funksiyaning M={(r,y)eR3,1£x 52,D£y£1}
to'plamdn (ekis uzluksiz ckanligi ta’rif yordamida isbotlansin.

7-masala. Quyidagi funksiya (0(0,0) nuqtada xususiy
hosilalarga cgami va bu nuqtada differensiallanuvchimi?

",“’ Jd+]A =0
7.1 “(I}J")=1,‘12+y3 . 7.2 H(x,y}— onrllyll |
0, ¥ +|¥=

7.3 w(x,y)=3xp. 7.4 u(x,y)=fxy-sinx.
7.5 u(x,y)= m . 7.6 u(x,y)= {/ﬁ-!gx.
7.7 u{x,y)=Yxsiny. 7.8 u(x,y)= ¥+ .
7.9 u(xy)= " +y". 710 u(xy)= J2x* 35" .

AL A
e x+y' 20

7.11 N(X,.V) =Jxt+yt. 7.12 u(x,y) =
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713 u(x,y)=fx*)*. 7.14 u(x,y)= ,/.x + )

—- FE H"’"*""*“

715 u(x,y)=4§x" +y*. 7.16 u(x,y)—ﬁ | r "
0, [x]+[y]=

i

117 ulxy)= a, ;‘;*”" 7.18 u(x,¥)=3x »* -sinx.
- X +)y =0

7.19 u(x,y)= J; -tgx . 7.20 u{x.y}=Yx y sinx.

x +y,,x +y # 0,
7.21 u{x,y)= X'y’

0,x°+y° =0

8-masala.
Sirtga ko‘rsatilgan nuqtada o‘tkazilgan urinma
tekislik tenglamasi topilsin.

8.1 z=xy; A(L 0, 0). 8.2 z=sin(xy) A{l’%’g]’
8.3 _r+y1, 4(0, 1, 1). 8.4 z=¢ A(L11).
8.5 z=x'+)"; 4(L-1, 0). 8.6 z=x"+y" A(}, 2, 5).

b/ 4
8.7 X' +)y'+2°=169; 4(3, 4, 12). 8.8 z=arcrg-ii, A(L 5, EJ'
8.9 z=y+In=; A(LL1).

:=0 tekislik ((0,0,0,) nuqtada quyidagi sirtga urinma tekislik
bo‘ladimi?

8.10 z=x’+*;-aylanma paraboloid.

8.11 z=/x"+y° -konus,

8.12 z =xy; -giperbolik paraboloid.
Quyidagi miqdorlarning taqribiy qiymatlarini hisoblang.
8.13. 1,002.2,003%-3,004°. 8.14 sin29°./g46".
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1,03
] sinid, (7
81 151 3"0,98,4 I, 053 - 8+16 2,67 -

8.17 [1,02° +1,97° . 8.18 sinl,59-1g3,09.

8.19 z=x*-3x"p+3xp*+1 funksiva M(3; 1) nugtada shu nu-
gtadan (6; 5) nugtaga garab yo‘nalgan yo‘nalish bo‘yicha hosilasi
lopilsin.

8.20 z=arctg(xy) funksiyaning M(1;1) nuqtada birinchi chorakn-
ing bissektrissasi yo‘nalishi bo‘yicha hosilasi hisoblansin.

8.21 :=x"y’ —x’-3y—1 funksivaning M(2;l) nugtada shu nu-
quadan koordinata boshiga qarab yo‘nalgan yo‘nalish bo‘yicha hosilasi
hisoblansin.

9-masala.
Quyidagi murakkab funksiyalarning xususiy hosilalarini toping
(f va g-differcnsiallanuvchi).

9.1 u=f(\/f+y:,\/y"+z",x/z?+f). 9.2 u=f(x-y"y-x,x).
0.3 u=[f(x=y)I"". 9.4 u=f(x—yx).

9.5 u=f(xy) g(»2). 9.6 f(x+yx*+y).

o7 u=1(22],

Agar f-ixtiyoriy differensiallanuvchi funksiya bo‘lsa, u(x, y) funk-
siya mos tenglamani qanoatlantirishini tekshiring,

L 2 ra_u_xa_n.z
9.8 u—f(x +y),}ax ay
" y ou du
9 u=x"-fl=| x—=-2y—=nu
79 f{x)’ » o

9.10 u=yf(x2_y2] y:a_u+xy@=xn
. A ay .
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ou s
9.11 u=-};+f(xy), * g‘lﬁl’gﬂ’ =0,

3x
i y 2 a_” Ot au_
912 u=x f{x_"’x_ﬂ , Iax+ﬂy'a;+ﬁz~a—z-—-nu_
=¥ rZz LA S N> 4
.13 ¥ z lnx+xf[z,x], xé‘x yay zaz “ z "
Funksiya differensialini ko‘rsatilgan nuqtalarda toping.
yz

9.14 u= M(x,y,z) va M,(1,2,3).

T
9.15 u=cos(xy+xz), M(x,y,z) va Mu(lagsg}

9.16 y=x" M(x,y,] va Mﬂ(2,3).

3

9.17 u=xIn(xy), M(x,»,}) va M,(-1,-1).

Fo) ou
au va 5 xususiy hosilalarni hisoblash va f va g fuksiyalar-

ning hosilalarini (f va g-differensiallanuvchi funksiyalar) yo‘qotish
yoli bilan shunday tenglama tuzingki, u(x,y) funksiya uni qanoat-
lantirsin.

=rx2
9.18 u—f[y,z}. 9.19 u=f(x-y,y-z).
X
9.20 ”=-Tf(y:]. 9.21 u=x+f(xy).

10-masala. Ko‘rsatilgan tartibdagi xususiy hosilalar va differ-
ensiallar hisoblansin.

x + y i aﬂl"""‘u aﬂﬂ""u
10.2 u=x"y", Fogr -

10.1 = r_y’axmayu .

v ey, Ou - 0w
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0"u
1.5 #=sinx-cos2y; x'°

'%u
10.7 u=(.r2 +y)mI 8% S o 3

10.9 4 =1/.x2 +y*-e” Ju-

10.11

10.13
10.15
16.17

u=x" du.

= f(xv) g(x2); du-
= f(x+ y,zz): du -

u f(2x=-3y+4z); gy

&u

10.6 u=x'cosy+)’sinx; oy

Fu Fu

10.8 u=sinxy; a0y va & oy -

¥ z
10.10 H=[;) ;d2u4

10.12 u=f(x+y,x2 +y:); 4% -

10.14 u= f(sinx+cosy); d%.
10.16 u=7{xp,5* +y'): 4%.
10.18 u=f(2x,3y,2z); d"u.

o2 oz

z=z(x,y) bo‘lss, > Y2 5 lar topilsin.

10.19
16.21

F(xp,yz,2x)=0.

10.20 F(xyz,x+y)=0.

F(y~zxt,x~zy,z-xy}=0.

11-masala. Quyidagi funksiyalar ekstremumga tekshirilsin.

11.1 u=x2+xy+y2+l+l-.
x oy
L3 u=x"+y' -3axy.

1.5 u=x"+y" -2x" +4xy-2)7.

11.7 u=eh-(x+y2+2y),
11.9 u=xy+yz+2x, .
L1 w=4—(x+y7)".

11.13 u=2F+y +2 =2y+dz-x.

1LI5S w=1-\x*+)y*.

1117 u=2x"+ y* - x* = 2)°.

11.2

11.4
11.6

u=-x*—xy—y*+x+y.
u=x"+y*-36xy.
u=x"-2xy" +y' —y°.

11.8 #=3x"y+y’ —18x-30v.
1110 u=(x+y?)et™

1112 y=x' +2)7 +2° -2x+4y—6z+1.
TR14 y=x'+xp+)7 —22c+ 27 +3p~1.
1136 w=(x-y+1).

11.18 u=x"y’ -(6-x-y).
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1119 w=x"+y'-2" -2xy-3". 1120 w=x*-(y-1).
1121 y=x"~2xy+4y" +62° +6)z—62.

12-masala.
Berilgan funksiyaning ko‘rsatilgan to‘plamdagi eng katta va eng
kichik giymatlari topilsin.

-

12.1 u=fw—x:y—%, 0<x<,0<y<2,

12.2 u=x"+3y"-x+18y-4 0<x<1,0syx1.

123 u=x"+3y" -3xy, 0<x<2,05y<]1,
D IX W r0y204Lst,
2 6 8 3 4

12.5 u=x"+y"-3x"+6xy-3)y°, 0<sysx=<2,

124 u=

12.6 w=cosx-cosy-cos(x+y), 0<x<m0<y<r.

12,7 ﬂ=(x—y2)-$/(l—x):, y <x<2,

12.8 u=x’+3"-9xp+27,0<x<6,0<sy<6.

129 y=x*+y'~2x% +4xp-2y",, 0<sx<2,0<y<2,
1210 wu=xy+yz+zxv, x" 437 +22<9.

12.11 u=x+y+z, x4y <z<]1.

12.12 u=2sinx+2siny+sin(x+y}, Uﬂxignﬁiyﬁg.

Oshkormas ko‘rinishda berilgan y=y(x) funksiyaning ekstrem-
umlari topilsin.

12.13 y*-2p-sinx=0,0sx<2r. 12.14 (y-x) +x+6=0.
1215 (y-x') =x*x*+y 20, 1216 x*+)y* +xy=27.
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Oshkormas ko‘rinishda berilgan z=z(x,y) funksiyaning
ekstremumlari topilsin.

12,17 2% +2)y° +2° +8yz—z+8=0.

12.18 x'1+y“+z“=2(x2+y3+zz).

12.19 5x° +5y* +52° - 2xy—-2xz-2yz-72=0.
1220 22 +xyz—xy" - % =0,

12.21 52° +4zp+y* -2y +3x° —6x+4=0.

13-masala.

13.1 a tomoni va uning qarshisidagi A burchagiga ko‘ra ber-
ilgan uchburchakning eng katta yuzini toping.

13.2 Uchburchakning a,v tomonlri va ular orasidagi S burchak
ma'lum. Bu uchburchakning a va v tomonlaridan shunday kesma
bilan teng ikkiga (yuzaga nisbatan) bo‘lingki, natijada kesma uzun-
ligi eng kichik bo‘lsin.

13.3 y=° parabola va x-y-2=0 to‘g'ri chiziq orasidagi eng
kichik masofani toping.

13.4 (x5, ¥,,2,) nuqta bilan Ax+By+Cz+D tekislik orasidagi
eng kichik masofani toping.

x>y 7 -

13.5 ?+b_3+c_3=1 ellipsoidga ichki chizilgan eng katta hajmli
to‘g*ri burchakli paralepepipedning o‘lchamlarini toping.

13.6 O‘lchamlari ganday bo‘lganda ko‘ndalang kesimi yarim
doira, sirtining yuzasi 3rm? bo‘lgan ochiq silindrik vanna eng katta
hajmga ega bo‘ladi?

13.7 Oflchamiari qanday bo‘lganda usti ochiq, hajmi 32 sm’
bo‘lgan to‘g‘ri burchakli banka eng kichik sirtga ega bo‘ladi?

3.8 Hajmi 54n bo‘igan silindrik banka, asos diametri ¢ va
balandligi h ning ganday qiymatlarida eng kichik sirtga ega bo‘ladi.

13.9 Musbat ¢ sonini 5 ta shunday musbat sonlarning vig‘indisi
ko‘rinishida ifodalangki ularning ko‘paytmasi eng katta bo‘lsin.

13.10 Qirralari uzunliklarining yig‘indisi a ga teng bo‘lgan to‘g‘ri
burchakli parallelepipedning o‘lchamlari qanday bo‘lganda uning
hajmi eng katta bo‘ladi?
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13.11 Hajmi V ga teng bo‘lgan to‘g‘ri burchakli parallelepipedn-
ing o‘lchamlari ganday bo‘lganda uning to‘la sirti eng kichik bo‘ladi?

Lagranj usulidan foydalanib u#=u(x,y) (yoki »=u(x,y,z))
funksiyaning berilgan shartni qanoatlantiruvchi ekstremumlari
topilsin.

1312 u=xz, x*+y’+z° =3,
2 2 2
13.13 H=%+ ';; +i—2, X+y e =1 (axb>e>0).

13.14 u=x-2y+z x +y°~z7=1.

13.15 u:,lyzzj, X +2y +3z =6 (x}O,y}O,z}O).
13,16 u=x’+y' -z +5, x+y-z=0.
13.17 u=x*+y" 422 x-y+z=l.

13.18 u=xy x4y =1.

13.19 u=x+y, =T+t ==7.

x* v a
X
13.20 u=x' 4y, =+ 7=l

13.21 u=x-2y+2z, X’ +y* + 2" =1.

14-masala. u va v larni yangi erkli o‘zgaruvchi sifatida gabul
qilib, quyidagi tenglamalarda o‘zgaruvchilarni almashtiring.

Oz Oz

Iz—_x _=23 = :.x
14.1 o y Py H=xy, v o

5 oz _Taz_4 . 1
14,2 =¥ at""e _ay_ Y& u=y'+et, v=y'-e".
4 yaz+xaz+xy_0 y .

=V, = — .

4.3 75 T ~ov=g



4+v

0z oz
14.4 2y g+'a;+2y=0, y=v, X=

2
dz 0z
14.5 y5+45_;_;= X, x=v? y=(u-v).
dz oz _y+z
14.6 (x+2)*a;+(y+2)@—0, u=x V=__—.

14.7 x—+y§£=z y=x V=
Tt ox ’

*w

® |~

0z o 2
148 Vo —X =)V¢€ y:j H=x2+y29 V=Y.

& oy
o & y
14.9 (x+y)—~—(x-y)—=0, u=InJx? +)?, v=arcg—,
ox oy X
4.10 ["‘@T*Pf-gﬂzz =lnx, v=In
14, oy ay y w=1nX, y.
Oz oz
14.11 Jf‘g_;*x5=0, u=x v=x>+y,
oz 0z _ _g y
1412 X5 YV =E, u=dx-Ty, v
&z 8z
14.13 'é;f“'a?= y USX—), V=X+Y,
&z Hz 1é

414 Gtz =0 (v>0). u=x v=2y

&z , 0z 0z & 1 1
14.15 zaxz'—zaxay +Say2 —é-x'=0’ u=§(x-y), v=5(2x+y)_

0z Oz s
14.16 -1"53;"*‘}’5:0, X =uCosy, y=usmv,
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14.17 75 ~%¥30=0, x=ucosv, y=usinv.
ozY (&Y x
14.18 (5] —('a'y‘J =0, x=ucosv, y=usinv.

&z 9’z
14.19 P "'5;'0, X=ucosv, y=usinv.

&z 0z 4y =
14.20 '&_:i"ka'f'" z-[l’ x:e“-cusm y=e‘-sinv.

14.21 xzazz_yzazzzo y= v=£
. axz @2 » 'xy! y-

_D_
Namunaviy variant yechimi
1.21-masala. p> fazoda ushbu

X = —l-+-l—++—-—l-—\/§{5¥/53\'/§
-2 23 7 n-(n+)

ketma-Kketlikning limiti topilsin.
_ 1 | l
< P2 TR e W 2 =VE0 K de
belgilasak.

limy, = lim[l——-+—-—-—+...+———1~—)= lim(l-—-—l——-J=l va
! n+l

=i x> /e

limsz, = lm22 T T F g5 Lo bolib, fimx® =(52) ekanligini
hosil gilamiz.

2.21-masala. Quyidagi u=ﬂr¢Sin—J€2-+arcSiﬂ(1—y) funksiyaning
aniglanish sohasi topilsin va chizmada ko‘rsatilsin.
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| x

‘}51 -yzﬁxﬂyz 2 * 3

= - = = N R O0<ys2, -y <x%

o D)=ty {O{yﬂ {(x.y)e ys2,-y* <xsy’}
ly-1|<1

Bu soha 8-chizmada tasvirlangan. P

3.21-masala. Ushbu

. In*{x+ y}
lim — ¢ Yerce T .
) \/xz + 3 —2x+1 karrali limit hisoblansin.

Ii;nM=((ln(x+y)=In[l+(x—l+y)]~x-—l+y))=

Daot Xy = 2x+1
, ~1+y) {x—l=rcus¢p x-—}l} J]
= ,x-—-l):+y: {( y=rsing y—0

R
o (cosqp + sin g})
=lim
r—( r

=(cosg +sing)limr=0p

4.21-masala. im lim 7(x,y) ya lim lim /(x,¥) takroriy limit-

L=bXy F=+Jy Fr)y ¥
Jar hisoblansii.
f(x )—Siﬂx(ﬂy)'x =y, =
4 2.?1:+3y"£| 0
o o Lwlxry) w3
lim | = lim lim sin———= = limsin—=—
o Jim Jim £ () = lim limsin=> =5, Hmsing =7 va
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. . + ..
lim lim f(x,»)= lim lim sinf—(-f—y) = limsinZ= =1 5
Y X=Xy, YD X 2x + 3y Y

5.21-masala. Quyidagi funksiyani berilgan nuqtalarda har bir
o‘zgaruvchi bo‘yicha xususiy va ikkala o°zgaruvchi bo‘yicha birga-
likda uzluksizlikka tekshiring.
2y

f(.x,y): x* + y?

0,x° +y* =0

2 2
0
YD 0(0,0) va(L)

<] Ma’lumlﬁ, agar
1) liﬂlf(xayo)=f(xﬂ=yﬂ)!

X=X,

2y im £ (3, 9) = £ (%, 30,

i B
3) ;l:?? f(xﬂy)=f(x0!.]”o)s
bo‘lsa, unda f(x,y) funksiya (x,,y,) nugtada
1) x o‘zgaruvchi bo‘yicha xususiy,
2) y o‘zgaruvchi bo‘yicha xususiy
3) x va y o‘zgaruvchilar bo‘yicha birgalikda uzluksiz bo‘ladi.
Shular asosida masalani yechamiz.
a) 0(0,0) nuqtada tekshiramiz. Shartga ko‘ra f(0,0})=0

f(x0)=f(0,y)=0=lim f(x,0)=lim £(0,y)= F(8,0)=  jkkala

o‘zgaruvchi bo‘yicha xususiy uziuksiz.

=F 2,si
lim f(x!yl}):ﬁm 2xy =([I EEUS@]J=IimLM=5in2Q)—H:}

ey tn x? +y* |\ y=rsing )] 0 r

y=¥y Yy
birgalikda uzluksiz emas.

b) A(l,1) nuqtada tekshiramiz. Shartga ko‘ra f(l, 1)=1 funk-
siya bu nugtada ham xususiy, ham birgalikda uzluksiz ekanligini
ko‘rish giyin emas.

6.21-masala. f(xy)=x'-y funksiya M={(xy)eR:1<x2,0<y<l
to‘plamda tekis wzluksiz ekanligi ta’rif yordamida ishotlansin,

a Ve >0 olib, quyidagi ayirmani baholaymiz:

If(xzayz) ‘f(xjs.}’:)l =|x; _y: "("f _y3)| =|(x2) _xls)_(y; -yl})| $]J:; "-rf|+l_}’§ -'y'3| =
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=, —:-:,]-ng +X, - X, +xf|+|}’z 'J’ll'l}’g + Vi "'J’lzl{‘f'"(llez +|le'|xl|+|x1|z)+

+5(IJ’:|1+ AL yl|+|y,|z)£5-(4+2‘2+4)+§(1+]+l)=15§=g:>5=%_
Demak, vg>0 uchun & =-I% deb olsak , M to‘plamning ushbu

|x, —x]<& va |y, ~y|<5 tengsizlikiamni qanoatlantiruvchi Y{x,0)

va (x,7,) nuqtalari uchun |f{x,,5,)- f(%.»)j<#& tengsizlik bajar-

iladi = f(xy) funksiya M to‘plamda tekis uzluksiz. ©
7.21-masala. Quyidagi

4 4

*+y
u(x,y)={x +y"
0, x4y’ =0
funksiya O(0,0) nugtada xususiy hosilalarga egami va bu nuqtada
differensiallanuvchimi?

ou(0,0) _ . u(Ax,0)-u(0,0) Ax* +0

x2+y2:¢0

= ll = lim = 209
ox Ax—s) Ax M"“(ﬂx' + U)M
a‘u(o’ 0) == lim H(G,ﬂy) _H(O’B) = lim ﬂy = 0, Dﬂmﬂk, XUSUSiy
By=w0 ay dy—

hosilalar 3. Endi differensiallanuvchilikka tekshiramiz. Diffe-
rensiallanuvchi bo‘lishi uchun

&u(0,0)=§u—$l-ﬁx+ﬂli%l*ﬁy+0(p)

yoki

Ax* + Ay e
___....__2_;0( ax'+ay2) bo‘lishi kerak. =

At + Ay

=02 fim 2 {0.0) fim Ax? + Ay* _[(&x = rcosgvD _
= e + - N -
s P e (.-‘_‘kx: + ﬂyz)-1/ﬂx' + Ay’ Ay =rsing

= (cus“ @+sin* @)lﬂr =0=

differensiallanuvchi. o
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8.21-masala. z=xy* ~x’ -3y~ funksiyaning M(2;1) nuqta-
da shu nuqtadan koordinata boshiga qarab yo‘nmalgan yo‘nalish
bo‘yicha hosilasi hisoblansin.

< Yo‘nalish bo‘yicha hosilani

M} of(M M
Qféf ]= fé.; )-msa+“—aféy )fcnSﬁ
formula yordamida hisoblaymiz. M(2;1) nuqta va koordinata boshini
tutashtirib ¢ to‘g‘ri chiziqli hosil gilamiz (9-chizma).
&

L

N M

I o e g

S-chizma.

|OM|=V2* +* =5 9-chizmadan cosa =cos(7+p)=—cosp= -%

T |
cnsﬁ=cus[—+¢?]=—sin = —— igini iz.
2 P 5 ekanligini topamiz
& (M) N &f (M)
R SV Ry [ VN ver =3 LT 23y 3P —3)=-
o ( Xy J’) |J-*"‘|2 3; o (2x y -3xy 3) |
Topilgan giymatlarni yugoridagi formulaga olib borib qo‘yamiz:

F(M) [ 2 J 1
=3- S I 5
B ) B
Bu Ou
9.21-masala, W B B‘:vh xususiy hosilalarni hisoblash va f va

g funksiyalarning hosilalarini yo‘gotish yo‘li bilan shunday tengla-
ma tuzingki, #(x,y) funksiya uni qanoatlantirsin.
u=x+f (xy)
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oz
10.21-masala. z=z(xy) bolsa = va 5= lar topilsin.

F(y-zx,x-2y,z2=xy)=0
ab=y-zx, n=x-zy, {=z—-xy deb _be]gilab, berilgan teng-
lamani differensiallash yordamids topamiz:

i & oz , (&2 )
’- —_— ——— 1“ l—- — +F¢ —— =0,
F:: ( I—-X )'i'F,;, ( yi ] I \a ¥

) r
Ry F
(=xF - YR+ F)=z-F -4y & xF+yF-F
T |a_f-zR-xE
[ xFryF-F

—4

.(..._,,;.;'_yp;+p¢:)=-F;+z-F;;+x-E;.

EEEIE)

11.21-masala. u=x*-2xy+4y* +62> +6yz-6z funksiya eks-
tremumga tekshirilsin.

[ Bu ( Su

LA T iy
Po o
Ou ou
—_—=-2x4+8 +623 {d—={}
< | d oy
Ot - ou
e 12z+6y %

sistemani yechib, M,(-1,-1, 1) nuqta statsionar nuqta ekanligini
topamiz. Endi ikkinchi tartibli xususiy hosilalarni hisoblab, 4"z },,
ning ishorasini aniglaymiz.

Py Pu  Fu Fu  n

Ay =4y, = = _—2, g, =4 =0,

Nz Ozox




“ -9.2_5-3 &u _ _ _d%u
23_@3_" %3=%==aﬂt_aﬁw - S_EEE
all'ali = 2’_2 =12}0.
‘I":Z:} 3 azlan 2,8 ’
4, & 4, 2 -20 1 -1 0
&) Gy ay|l=|-2 8 6 [=24]-1 4 3 (=
d @y an| |0 6 12 0 1 2
=48>0 d% |, >0=>u,, =u(-L-} 1)=-3.»

12.21-masala. Oshkormas ko‘rinishda berilgan z=2z(x,y) funkt-

siyaning ekstremumlari topilsin.

<4 Birinchi

][loz.z;+4p;+6x—6=o

1(].'».'-;_:,+4:=:+4:z_:,-y+2y—2=0=:H

3-3x
52+2y

2 =(21). =[

!
z;_ =(z;)y =(

)

3—
5z+2y ,

Zy

2y

52 +4zp+3F -2y +3x2 —6x+4=0.
navbatda oshkormas funksiyaning xususiy hosila-
larini va ular yordamida statsionar nuqtalarni topamiz:

[ 3-3x
T 5z42 y
_l=y-2z

S5z42y

z,
z, =
sistema va berilgan tenglamani x, y z o‘zgaruvchilarga nisbatan
yechib M, (1; ; 0) va M,(1; 9 —4) statsionar nuqtalarini topamiz.
Funksiyaning bu nuqtalarida ekstremumga erishishini tekshirish
uchun ikkinchi tartibli xususiy hosilalarni hisoblaymiz;

_ —=3-(5z+2y)~5z,-(3-3x)

0
0

3x

,=(3_

(5z+2y)’
3x)-(5z, +2)

(Sz + Zy)2

.(52 +2y)—(-—l—y—23)-(53;_+2}

Z:J =(z;_) ¥ =( Sz+2y

¥

I-y-zz]' _(-1-23)

(5z+ 23.))2

a} M,(1; 1; 0) nuqgtada ekstremumga tekshiramiz,

3

y » L l'
=2 |M.="_; “2 =2, L«,“U 9 =2, 'M. i

2
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=>Mu“n"af:=% Demak a,<0 va A>0=>max =z, =z{1, 1)=0

b) M, (1;9;-4) nuqtada ekstremumga tekshiramiz.
3

—_ - — R — e
au"le I.ui_ 2 M,"ﬁ azz_zy:' |M, 2*:’

3
:ﬁallazz'afz:E- Demak q,>0 va A>0=>min=>z, =z2(l, 9)=-4

|

- P
» =2, |

Shunday qilib z,, =z(l, 1)=0 va z,, =z(l, 9)=-4 »

13.21-masala, Lagranj usulidan foydalanib u=x-2y+2z funk-
siyaning x°+ 3y’ +z°=1 shartni qanoatlantiruvchi ekstremumiari
topilsin.
a @(x,y,2) =.:r:---2y+2.?:+/1(:»:2 +y +2° -—l)

Lagranj funksiyasini olamiz va bu funksiyaning ekstremumlarini
qidiramiz:

X 1e24x,
ox )
oD 1+2Ax=0 ( 1 1 i
1% P oo jasay=0 PTG
2 =
X 2421 +24z=0 A, =t
&z P +yresf-1=0 U7 2
X4y 22 -1=0
3 ) 1 2 2
ﬂ) /1-—-'2"' bo‘lsin ::"x[=""3"; y[=§:- le"a‘
T Fo_,, ¥ .
— =24, Ei_— 5;2-*-:2,1 va aralash hosilalar noiga teng.

= d*D = M[(dac)2 +(dy)’ +(d2)2 ] >0 = min =

[ 12 ZJ
Upin =U| =—y—y—— | = =3
373" 3

3 1 2 2
A=== bo'lsi ==y Yo =——3 I, =—,
b) > bo‘lsin = x, 3 Vs 3 zZ, 3 Bu holda
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d*@ <0=>max=u,, = (; —-i—%) 3.b

14.21-masala. n va v larni yangi erkli o‘zgaruvchi sifatida qabul
qilib, quyidagi tenglamalardan o‘zgaruvchilarni almashtiring.

oz , &z _ _x
vl B )
& & 1& & & x O
az=z(x,y) s z=z(0,v)=> 5 =V 5 * P Sl Tl e
@LQ[ x,1 .@1] ( Pz L &
o aPou yov) Y\ y dud)
+—I{£_z_ 6_’2_1.]= 2 832_'_2' &z + 1 &z
y\oudv = & y o " utv Yy
¥a

f"’_z.=.fi[x.5?i__x_.§{]=x( .132_,_1__6’_2_)_
AN A oy Budy

i(ﬁ x__"..ffz_) 2 o _

‘yi Sy yz ot y3 By

— — s —

LBz X Pz Pz 2 o
=X - ---2 .

62
Topilgan gxzf va @)z ifodalarning qiymatlarini berilgan teng-

lamaga olib borib go‘yamiz.

Demak, berilgan tenglama almashtirishdan so‘ng ushbu
" &z _a
oudv  Ov

ko‘rinishga kelar ekan.
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6-§. 5-MUSTAQIL ISH
Sonli qatorlar

Sonli qatorlar va ularning yaqinlashishi.

Musbat hadli qatorlar va ularning yaginlashish alomatlari.
Ishorasi o‘zgaruvchi qatorlar va ularning yaqinlashish alumatlan
Cheksiz ko‘paytmalar.

~A-
Asosiy tushuncha va teoremalar
1%, Yaqintashuvchi qatorlar va ularning xossalari.

Ushbu

a| sa—u *9 "1

haqiqiy sonlar ketma-ketligi berilgan bo* lsm.
I-ta’rif. Quyidagi
a+a,+..+a, +.. (1)

ifodaga qator (sonli qator) deyiladi va u Zﬂ‘u kabi belgilanadi.
=]
Shunday qilib,

Za ma ot ta . )
ekan. {a,,} kctma-kczﬁknmg a,,ay,....q,,... elementlari qatorning had-
lari deviladi, 2, esa qatorning umumiy hadi deb ataladi. Ushbu

S, Zak n=12,. 3)
vig‘indilar esa (2)-qatorning qlsmly yig‘indilari deyiladi.
2-ta’rif. Agar {S,}ketme-ketlik chekli limitga ega, ya’ni

lim.§, S

bo‘lsa, unda qator yaqinlashuvchi deylladl va bu limitning giymati
S (2)-qatorning yig‘indisi deb ataladi hamda u

Ll
S=a,+a,+..+a,+..= Y a,;
i

kabi yoziladi.
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Agar {S,} ketma-ketlik yaginlashuvchi bo‘lmasa, u holda uzog-
lashuvchi deyiladi.
J-ta’rif, Ushbu

S @y =,y b @)

=1
qator (2)-qatorning (m-hadidan keyingi) qoldig‘i deyiladi.
I-teorema. Agar (2)-qator yaginlashuvchi bo‘lsa, uning istalgan
(4)-qoldig't ham vyaginlashuvchi bo‘ladi va aksincha, (4)-goldig-
ning yaginlashuvchi bo‘lishidan berilgan (2)-gatorning yaqinlashuv-
chi bo‘lishi kelib chigadi.
I-natija. Agar (2)-qator yaginiashuvchi bo‘isa, uning qoldig‘i

r,=a. +a,..+..
m-»oo da nolga intiladi.

2-teorema. Agar (2)-qator yaqinlashuvchi bo‘lib, uning yig‘indisi
S bo‘lsa, u holda ann qator ham yaginlashuvchi bo‘lib, uning

rre=d

yig'indisi .5 bofladi, ya’ni

ican =¢-) a,

arx] =)

tenglik bajariladi.
3-teorema. Agar Zan va Zb qatorlar yaqinlashuvchi bo‘lsa,

n=l fi=]

unda Z(an +8,) gator ham yagintashuvchi bo‘lib,

ral w0

D (a,+5,) Za + Zb
bo‘ladi, " "
2 va 3-tenremalardan quyidagi natija kelib chiqadi.
2-natija. Agar zan va an gatorlar yaqinlashuvchi bo‘lsa,

mr=f

Z(Cﬂ +db,) {c,d —const) qator ham yaqinlashuvchi bo‘lib,

H=]

Z(ea +d-b,)=c Za +d- Zb

sl n=l
bo‘ladi.
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d-teorema. (Qator yaqinlashishining zarurljr sharti).
Agar (2)-gator yaginlashuvchi bo‘lsa, u holda
lima, =0 (%

bo‘ladi.
Izoh. 4-teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan, Z; uchun llma =lim—=0, lekin bu qator yaginlashu-

prm) n—=t B

vchi emas.

5-teorema. (Koshi kriteriyasi) (2)-qaforning yaginlashuvchi bo ishi
uchun quyidagi shartning bajarilishi zarur va yetarli: ¥e>( son
uchun 3nm,(€)yeN:Vnzn, va vy butun p=0 son uchun

f]

n+l

<& (6)

H+p
tengsizlik bajariladi,
2%, Musbat hadli qatorlar va ularning yagqinlashishi
Aytaylik,

*

da,=a+a,+..+a,+.. 7

Ha=|
gator berilgan bo‘lsin. Agar ¥Yne N uchun a, >0 bo'lsa, unda (7)-
gatorga musbat hadli qator yoki gisqacha musbat qator deb ataladi.
Bu punktda biz musbat hadli qatorlar uchun yaginlashish alo-
matlarini keltiramiz.

1-teorema. (Veyershtrass kriteriyasi) (7)-gafor yaginlashuvchi
bolishi uchun uning qismiy yig‘indilari ketma-ketligi {S,} yugoridan
" chegaralangan bo lishi zarur va yetarlidir.
Misol. Ushbu

l |
Z— l+—+—+ =+ (8)

n=l H 3 H

umumilashgan garmonik gatorning o »1 da yaqinlashuvchi ekanligi
isbotlansin.

1

=14 — - =5 + ={s}T
< S ; 1+2 +.. +H“ va n+l o H+Ia { } .

Endi uning yuqoridan chegaralanganligini ko‘rsatamiz:
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( 1 1 J ( 1 1 J 1 1
=l+|—+—|+| =+— |+..+ -+ —~ | <
2% 37 4% 5% (2n)"  (2n+1)

( 1 1 ) ( 1 1) ] ]
I+| =+ =+ —+— [+..+ —+ — =
2% 2 4 4% (2n)"  (2nm)

a1
=35 <« 2

T (n=12,..)=>{S,} ketma-ketlik yuqoridan che-

o)

garalangan. 1-teoremaga ko‘ra Zn_" umumlashgan garmonik qga-

p=]

tor @ >1 da yaqginlashadi.p
Faraz qilaylik, (7)-gator va ushbu

ib,, =b+b +.+b, +.. (9)
r=]

qatorlar berilgan bo‘lsin. Unda quyidagi taqqoslash teoremalari o‘rinli
bo‘ladi.

2-teorema. (Birinchi raggoslash alomati). Agar n ning biror
ny(n, 21} giymatidan boshlab barcha nzu#, lar uchun

a, <b,

tengsizlik o‘rinli bo‘lsa, unda (9)-qatorning yaqinlashuvchi bo‘lishidan
(7) qatorning yaqinlashuvchi bo‘lishi va (7)-qatorning uzoglashu-
vchi bo‘lishidan (9)-qatorning uzoqlashuvchi bo‘lishi kelib chigadi.

J-feorema. Agar

,l,i_',]l%'=k (Dikgoo)
bo‘lsa,

a) k<o bolganda, (9)-qatorning yaginlashuvchi bo‘lishidan
(7)-qatorning yaginlashuvchi bo‘lishi;

b) k>0 bo‘lganda, (9)-gatomning uzoglashuvchi bo'lishidan (7)-
qatorning uzoglashuvchi bo‘lishi kelib chigadi.
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Natija. Agar n—> o da g, =0‘(bn) bo‘lsa (y'm'. 0<k <o bollsa)
unda (7)-qatorning yaginlashishi (9)-qatorning yaginlashishiga ek-
vivalent bo‘ladi.

4-teorema. (Ikkinchi taqquslash alomati). Agar n ning biror
ny(n, 21) giymatidan boshlab barcha nzn, lar uchun

i < b
a, b

tengsizlik bajarilsa, unda
1) (9)-qator yaginlashuvchi bo‘lsa, (7)-gqator yaqm!ashuvck:,
2)(7)-qator uzoglashuvchi boUsa, (9)-qator uzoglashuvehi boladi.
Endi musbat hadli (7)-qator uchun yaqinlashish alomatiarini
keltiramiz.

S-teorema. (Dalamber alnmatl) Agar (7)-qator uckun
llm n-I-l - d

R=—pa a
bo 1ib,
1) d<1 bosa, gator yaginlashuvchi;
2) d>1 bo'lsa, gator uzoglashuvchi bo ladi.

6-teorema. (Koshi alomati). Agar (7)-gator uchun

fim \[_ q

bo lib,
1) g<1 bo'sa, qafor yaginlashuvchi;
3) g>1 bo'lsa, qator uzoglashuvchi bo ladi.

Izoh. 5 va 6-teoremalardagi d va g=1 bo‘lsa, gator uzoq-
lashuvchi ham, yaqinlashuvchi ham bo‘lishi mumkin. Masalan, z—

n-l

garmonik qator uchun d=g=1 va gator uzoglashuvchi; Z“"

H=1

umumlashgan garmenik qator uchun ham d=g=1, lekin gqator
vaginlashuvchi.

7-teorema. (Raabe alomati). Agar (7)-gator uchun

: . .,
bolib,



I) p>1 bo'lsa, qator yaginlashuvchi;
2) p<1 bosa, gator uzoglashuvchi bo‘ladi.

8-teorema. (Gauss alomati). Agar (7)-gator uchun
aﬂ‘

ad

p+l

9#
=1+§+;.';: (12)

1B,|<c va >0 boib

D A>1 bo'sa, gator yaginlashuvehi,

2 A=1 va u>\ bolsa, qator yaginlashuvchi,
3)a=1 va pus<l bolsa, gator uzoglashuvehi
4) A <1 bolsa, qator uzoglashuvchi bo ladi.

9-teorema. (Koshining integral alomati). Faraz gilaylik, f(x)

funksiya [l;+) orofligda aniglangan bo'lib, f(x)>0 va monoton
kamayuvchi bo‘lsin. U holda

Zf(ﬂ)

gatorning yaginlashuvchi bo lishi uchun
I I (x)dr
1

integraining yaginlashuvchi bolishi zarur va yerarl.
3% Ixtiyoriy hadli qatorlar va ularning yagqinlashishi
Bizga biror

2. (13)

LT

gator berilgan bosin. Agar bu qatorning hadlari v ishorani gabul
gilishi mumbkin bo‘lsa, bunday qaforga ixtiyoriy hadli qator (yoki
ixtiyoriy qator) deyiladi.

I-ta’rif. Agar

>a,| (14)

| ,
qator yaginlashuvchi bo‘lsa, u holda (13)-gator absolut yaginlashuvchi
gartor deyiladi.
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1-teorema. Agar (14)-gator yaginlashuvchi bo‘sa, unda (13)-
gator ham yagqiniashadi, ya'ni absolut yaginlashuvchi qator oddiy
ma’noda ham yaginlashuvchi bo‘ladi.

2-ta’rif. Agar (13)-gavor yaginlashuvchi bo‘lib, (14)-qator uio-
glashsa, una'_a (13)-qator shartli yaginlashuvchi qgator deyiladi.

a, yoki 2.(-1)" 4, ko‘rinishda bo'lib,
=]

Agar sonli gator ZI:(“‘I)M
a,>0 bo'lsa, u holda bunday qatorga hadlarining ishoralari al-
mashinid keluvchi gator deyiladi.

2-teorema. {Leybnis alomati). Agar

S(-1)"q, | (15)

qator berilgan bo‘lib, "
D {a}d, yani a,2a, >0 (n=12..),
2) limag, =0

=

bo‘lsa, u holda (15)-qator yaginlashuvchi bo‘ladi.
(_l)nﬂ 1 1 l

Y PP

Misol.
; 2 3 4

gator Leybnis alomatiga ko‘ra yaginlashuvchi bo‘ladi va uning shartli
vaginlashuvchi ekanligini ko‘rish qiyin emas.

3-teorema. (Dirixle alomati). Agar
2. a.b, (16)

=l

gator berilgan bolib,
Dia,} ketma-ketlik monoton bolib nolga intilsa;

2 B, =§,b¢ (n=1,2,3)K..., chegaralangan boisa, u holda (16)-
qator yaginlashuvchi boladi.

4-teorema. (Abel alomati}. Agar (16)-qator berilgan bo lib,

D {a,} ketma-ketlik monoton va chegaralangan,

2) B, =be gator yaginlashuvchi

k=l
boIsa, unda (16)-qator yaginlashuvchi bo‘ladi.
177




Bizga v hadli (13)-qator berilgan bo‘lsin. Bu qator hadlarini

guruhlab quyidagi gatorni tuzamiz:
(g +a+..+a,)+ (A0 + 8oz + ot @)+ an

bu yerda n <n,<... ¥va f>w da n 5w

5-teorema. Agar (13)-gator yaginlashuvchi bo Uib, yig‘indisi S so-
niga teng bosa, unda (17)-qaior ham yaginlashuvchi va uning
yig indisi ham S soniga teng bo‘ladi.

Izoh. 5-teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan,

S =1-1+1=1+..

na|

gator uzoglashuvchi, lekin bu qatorni guruhlash natijasida hosil
bo‘lgan
A-D+(1-)+(1-1)+...=0+0+...+0+...
qator yaqinlashuvchi.
Endi

o0

Za,,r =g +dy+..+a +.. (18)
nel

yordamida {13)-gator hadlarining o‘rinlarini almashtirishdan hosil
bo‘lgan yangi gatorni belgilaymiz.

6-teorema. Agar (13)-qgaitor absolut yaginlashuvchi bo 1ib, yig indisi
S soniga teng bolsa, u holda (18)-qator ham yaginlashuvchi va uning
yigindisi ham S soniga teng boadi.

Lok, 6-teoremadagi (13)-qatorning absolut yaginlashishi sharti
muhim shartdir. Aks holda teoremaning o‘rinli bo‘lishi shart emas.

4 Masalan,

( 1)"“ 1 el l
-1-—+—-—+ 1)y -
> 2*377 0D
qator shartli yaqmlashuvchl vai $=In2. Darhaqtqat,‘

2 3 4
X

n(l+x)=x-T+ Tt () T (3), x> (19)

yoyilmada x=1 desak,
1 1 1 nel 1
= ——t... - 1 -
th2=1-2+2=atet ()7 =+n (=5, +5(1) va
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-::—-l—— bo‘ladi, = S=1limS§, =In2
n+l Heber

Shunday qilib

]
-I) =Iln2.

Z

ekan.—> Bu gatorning qismiy yig mdilari

1
] = S =),
5 E(Zk—l 2&-) 2mH S'"+2n+1

chekli S limitga ega:

limS,, =limS, ,=S=n2

b Ly Ll b

Endi berilgan qatorda hadlarining o‘rinlarini almashtirish yor-
damida quyidagi
1 1 l 1 1 I 1 i
e ————— + ...t — -
2 4 3 6 8 2n-1 4n-2 4H+ (20)

qatorni hosil gilamiz. (20)-qatorning vig‘indisini hisoblaymiz.

Si' — . 1 1 1 , - . g _ .
3,,*; 2k-l_4k—-2d4k qismiy vig‘indini olamiz.

1 L1 1 1t - 1y
2%—1 k-2 4k_2(2k—l 2kJ::l='ﬂS’" llﬁ'—Z(Zk 1 2kJ"

.1 ) 1 .
=E£EES:H ='£S::’ th]nH -hm[sjn 2”"‘1}:55‘ va ’EL“;S;HZ =

il st o] 1)1, | o
= St T ama2) 20— (20)-qatorning  yig‘indisi

1

S'==8 =Eln2 ekan. -

1
2

7-teorems. (Riman teoremasi). Agar Zﬂn gator shartli yagin-

2]

lashuvchi bolsa, u holda w4 (chekli yoki cheksiz) son olinganda
ham berilgan gator hadlarining o'rinlarini shunday almashtirish mum-
kinki, hosil bo‘lgan qatorning yigindisi xuddi shu A ga teng bo‘ladi,
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4%, Cheksiz ko‘paytmalar
Bizga
pl '!'p: yreny p" seer
sonlar ketma-ketligi berilgan bo‘lsin. Ulardan tuzilgan

P Proe By =[] 20 1)
ftm]
simvolga cheksiz ko‘paytma deyiladi. Ushbu

L

P, = 1-_:3’& (H = 1,2,...)

A=l
ko‘paytmalarga xususiy ko‘paytmalar deb ataladi.
Ta’rif. Agar P, xususiy ko'paytmalar n— « da chekli yoki chek-
siz P limitga ega bo'lsa

lim P =P,

H=fx

bu limitmi (21)-ko ‘paytmaning giymari deb ataladi va
P =[]e.
n=l

kabi yoziladi. Agar P20 va chekli bo'lsa, u holda ko‘paytma ya-

ginlashuvchi, aks holda uzoglashuvchi deyiladi,
Bundan buyon cheksiz ko‘paytmalarni tekshirayotganimizda

p,#0 deb faraz qilamiz.
Cheksiz ko‘paytmalarning birinchi m ta hadini tashlab yuborib

Fm= || 20 = Pyt Prsa o (22)
=g+l
qoldiq ko‘paytmani hosil gilamiz.
1-teorema. Agar (21)-ko paytma vaginlashsa, (22)-ko ‘paytma ya-
ginlashadi va aksincha, (22)-ko‘paytmaning yaginlashidan (21)-
ko ‘paytmaning yaginlashishi kelib chigadi.
2-teorema. Agar (21)-cheksiz ko'payima yaginlashuvchi bosa, unda

Iimr_ =1
mp M

bo fadi.
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3-teorema. (Cheksiz ko‘paytma yaginlashishining zaruriy sharti).
Agar (21)-ko‘paytma yaginlashuvchi bo‘lsa u holda

anp, =1
bo ‘ladi.
Yagqinlashuvchi cheksiz ko‘paytmalar uchun 3-teoremaga ko‘ra
lim p, =1 -, Biror nomerdan boshlab hamma p, lar >0 bo‘ladi.

Demak, vmumiylikka ziyon keltirmasdan, barcha p_ lar uchun

p, >0 deb faraz qilishimiz mumkin.
4-teorema. (21)-cheksiz ko ‘paytma yaginlashuvchi boTishi uchun

flhlp,, (23)

gatorning yaginlashuvchi bo‘lishi zarur va yetarlidir. Agar bu shart
bajarilsa va (23)-qatorning yig'indisi § bo¥sa, unda

' P:ES
bo ladi.

Agar p =1+a, boflsa, unda HP,.= H(l"'ﬂu) bo‘lib, 4-teore-

=] #=]

maga ko‘ra (21)-ko‘paytmaning yaqinlashuvclii bo‘lishi uchun ush-

bu Z'“ (l+ﬂu) qatorning yaginlashuvchi bo‘lishi zarur va yetarli

K=l

ekanligini hosil qilamiz.
5-teorema. Agar biror n,e N nomerdan boshlab, barcha n>n,

lar uchun a >0 (yoki a,<0) bosa, (21)-cheksiz kopaytmaning
yaginlashuvchi boJishi uchun

iﬂu (24)

Hal

gatorning yaginlashuvchi bo'lishi zarur va yetarlidir.

Umumiy holda, ya’ni g lar ishorani saglamagan va (24)-qator
yaqinlashgan holda, (21)-cheksiz ko‘paytmaning yaginlashuvchi
bo‘lishi uchun
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2. 25)

qatorning vaqinlashuvchi bo‘lishi zarur va yetarlidir.

Agar (23)-qator absolut yoki shartli yaqinlashsa, unda (21)-chek-
siz ko‘paytma absolut yoki shartli yaginlashuvchi deyiladi. = (21)-
ko‘paytmaning absolut yaginlashuvchi bo‘lishi uchun (24)-gatorn-
ing absolut yaginlashuvchi bo‘lishi zarur va yetarli.

RN UN A LN -

Nazorat savollari

Sonli gator tushunchasi.

Sonli qator vaqinlashishining ta’rifi.

Qator yaginlashishining zaruriy sharti.
Qator yaginlashishi uchun Koshi kriteriyasi.
Musbat qatorlar uchun Veyershtrass kriteriyasi.
Birinchi tagqoslash alomati.

Ikkinchi taggoslash alomati.

Dalamber alomati.

Koshi alomati.

. .Raabe alomati.

. Gauss alomati.

Koshining integral alomati,
Ixtivoriy hadli qaterlar va ulaming yaqinlashishi.
Leybnis alomati.

. Dirixle alomati.
. Abel alomati.

Absolut yaginlashuvchi qatorlarning xossalari.
Shartli yaginlashuvchi qatorlar,

. Riman teoremasi.

Cheksiz ko‘paytmalar va ularning yaqinlashishi.

. Cheksiz ko'paytma yaqginlashishining zaruriy sharti.
. Cheksiz ko‘paytma yaqinlashishining zaruriy va yetarli shartlari.
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-B-
Maustaqil yechish uchun misol va masalalar

l-masala. Qator yig‘indisini toping.

1.1 ZS‘H +!2n 5 1.2 29"2"21;”'5.
13 2% +66,, 3 14 :Zlgnuzln—s'
1.5 ir#n +23n+3 1.6 249?12 '1;3"‘45'
1.7 ggnz +33,,_2~ 1.3 249:;1 —?7::-12'
19 2;:{“:5 1.10 anz -—l:rtn-éls'
L1 Zaﬁnz -624n-s‘ 1.12 249;»:2—-1:4”-13'
1.13 24"2 +44"_3‘ 114 249112 +735n—-6‘
115 Zs}nugn—zo' 1.16 glﬁn"—ssﬂ-”'
117 :2,49,,:_;1,,_10* L18 gﬂlnf—?'

1.19 ; 297 _;sn_ﬁ' 1.20 Z%nz +1122n—35‘

3
12 25y

2-masala. Qator yig‘indisini toping.

o 3n+8 c
2.1 Zn(n+l)(n+2)' 2.2 Zn(n+l)(n+2]

fna]
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2.3 E(n+3)(ﬂ+1)n 2.4 ;,n(n+l)(n+2)
w0 4 =
2.5 En(n-l)(ﬂ-z)‘ 2.6 én(n l)(n -2)
31 +1 o on+9
27 2 TGl 28 Ziar)(ned)
2 4—n = 8n-10
2.9 Eion(n+l)(n+2)' 2.10 z(n D(n+)(n-2)
2.11 EH( ) 2.2 Eni}_li)'
© 2 In+2
2.13 ;H(u+l)(ﬂ+3)‘ 2.14 ;n(n+l)(n+2)'
* nib i n+5
215 £ (n+l)(n+2)' 2.16 i (n 4 2)(n 1)
2 n+2
2.17 Z(H l)n(n +l) 2.18 ;n(,, Mr-2)
Sy 3n+4
2.19 fv;‘;n(n+l)(n+2)' 2.20 Z(H'Fz)("*l) ‘"

Hul

2 Sn-~2
2.21 Z(n—l)n(n +2)

3-masala. Qatorning gismiy yig‘indisi § va yigtindisi S ni

toping.
3.1 glsnz-sn—a 3.2 gzsn=:sn-ﬁ'
3.3 i:mn’-z:m-s 3.4 g4gn1+l}'n-—1z'
3.5 ,;2:4H2+4H—3‘ 3.6 ,,,Z:[ﬁnz-ltin-IS'
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3.7 ;361*: +12n 35

39 2

= (2n-1)- (2n #1)

3.11 Z(M-—zm—n Jn).

n(n+1) ]

3.15 sin—-cos—?’-—.

3.13 Z'ﬂ[l—

A=l

3.17 D arctg—.

e 321

3,21 _sin 2?;[ sin>Z.

3.18

3.20

4-masala,

= 1
In|1-—
2on{1-7)
= -1
In
é n +1
iln l
= nt(n+2)
> PR |
Y
g( ) 2;:--[
i
H-lzu

Koshi kriteriyasidan foydalanib wmumiy hadi o ga teng
bo‘lgan Zﬂu qatorning yaginlashuvchi ekanligini ishotlang.
=

CoSnQ
4.1 =
aﬂ 311‘
1
4.3 a, =n_2'
45 a = cosne - cos(n + l)a'
n
sitt o
4.7 =
aﬂ‘ 2H

o = sinna
4.2 n(n+1)
cosa”
4.4 a,=—;
rn

_3 .0 5,
4.6 a,=b, 5 +...+E +..([B,| < 10).

48 4=
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sin’ ne
(n+1)(n+3)




2
a — .
4.9 L H: . ‘J;;

1 . o
411 o, =—sin—.
H /]

Koshi kl:l;teﬁyasidan foydalanib, umumiy hadi «,  ga teng bo‘lgan

4.10 a, =21
n +

1

bl = gy

2.9, qatomning uzoglashuvchi ekanligini isbotiang.

A=}

]

A3 a = ‘

4.13 4, 2n+1
n+l1

» a|'|:= »

4.15 n+4

4.17 a"=]n(l+l}

n
4.19 a =...l...
» [} ‘Jr_:'

a = =
4.21 m

n—-1
41 o=

arcgn

4.16 a,=

1
a, = .
4.18 ﬁ
1
3n+2

420 a,=

S5-masala. Qatorning yaginlashishga tekshiring.

5.1 isu;\l;_\/_

+ N
o0 CO8™ —

3.3 Zn(n + 1)(121+ 2)

n=|

2, 2+(-1)"

55 )

sl "hlnn

= n(2+cosnr)
5.7 Z] e

5.2 insin 2+( l)

=)

5.4 Z:}E

Hal

- arelg E—L:-l)-ﬂ n

>6 Z n’+§

=

- arcsin-——
58 Y2

o=l : H3 _3H
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59 z Slﬂ n

5.11

5.13

5.15

3.17

5.19

5.21

6.1 Zs,..l

n+l

o Arccos

(-1 om

el

< nln
o ninn.

et =

Zfsm

.. mn
< 1+ 8In—

>

h=] n

n
v 2+s8in—

Z 4

f=|

.,., (2+ oos?—rzﬂ)\/;

n+l
2 " +2

, 2+(—1)

; J“::’ +5

© 1n ’ 2
nal n —-n

% 1. COS
512 3 ",

=i n3 + 5

i n +3
314 0 '(2+sin E].
2

2 In
5.16 2 ——

mhn +n+l

s Th
« COS “"‘3—
5.18 z T2

<, Inn

5.20 ;T; =

6-masala. Yaqinlashishga tekshiring.

+n-1
=t +5
in
6.3 Zl: n +4
6.5 > ——arclg

o 3 2
67 >+ ——

Lty 4 5in2"

6.2 Z- rgJ--

=] n

- 1 .1
6.4 ~=S5ln—,

66 S ( +3)

et 40t

6.8 f:2”+cusn
* n’] 3‘n+5inn‘
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= l
6.9 En—cﬂszﬁn' 6.10 stm\{_

6-11 ZJ“ T dn 4J‘ .12 an -linn'
6.13 ;m-sm—l—— 6.14 ,,Z:{("Iq-zmwgfi%'
6.15 ZM(EKG_I)' 6.16 Zl"n*n::iz'
6.17 E\F arcfg—- 6.18 ;]nn —.
"

6.19 D nig’Z. —
z W 6.20 §Sm "
6.21 Z[l—cus-{r-].
n

7-masala. Yaqinlashishga tekshmng.

- n+1 |
7.1 EZ"-(H—l)!' 7.2 Z(;ng
he=l
2, 2™ (7 +1) 10" - 2n!
7.3 <
) (n+1)! 7.4 Z, (2n)!
(2n+2)t 4 Sn+5 . 2
7.5 Z In+s 2 7.6 L msingy
5
7 7 iarctg; i nn
- #rml n! 7.8 sim] 31"”!'

7.10 Z(n+2)'

h=l

7.12 Z(Zn 1).

n=|
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= [-3-5....(2n-1)

713 2 3"-(n+1)!

A=

7.15 i (H!):

(3 +1)-(2m)t

na| n"

7.17

o 3"
7.19 Z(n+2)!_4n'

= nl 1
7.21 D T

n=|

Ll

7.14 Z",,_.

n=t

“ 16 Zn!- sin-;—:-
Al

P s
7.18 Z(n+1)!'

nw=]

2.3.5.7 .. -(2n+1)

7.0 22-5-3.....(3:»:-1)‘

Huf

8-masala. YaqinlashiShga tekshiring.

o f 1 o 1
8.1 >, 1+—] '

mal \ n

)
= (ot +1)
n-]l\n2+1 '

o " 2” ]"‘
8.5 D n [3n+5 :
® r’2n+l}":

8.7 ;JH—Z

x

89 > -”-3-1] 2.

PR

3 H+l

8.11 . —

=]

8.13 2.1 sin” =
=l

2n

M

In+1

o _ ‘\"1
8.4 2(4" 2.

=l 5”"'4)

X 2
8.6 Enarcsin” —,
rt=l 4n

2 ne2 Y
8.8 Z(;n__l) .

n=|

- a) 3”
8.10 Z d

n-l

8.12 22"“‘ e,

nel

2 In—1Y"
8.14 Zn-[4n+2] :

nw=]

189



%

= n

(ln ) 8-16 ;(2"2_}_1)% .’

x n » = H+1 i l

8.17 g.(h—-i) : 8.18 ;(T) ETE
8.19 in"mrg"i-. 8.20 in‘-amfg’"%.

u] Am]

221 S i.[_"_J'”z
&3 \nsl)

9-masala. Yagqinlashishga tekshiring.

= 1 2 1
2.1 ;nm2(3n+l)‘ 3.2 gnm2(2n+l)'
9.3 ,,Z_,:(Zn+3)ln2(2n+l) 9.4 Z(3n 5)]112(4:1—-?)
| | 1
9.5 ,Z_,:(3n+4)ln2(5n+2) 9.6 §(2n+l)lnz(n 5+2)‘

1

9.7 ;(n«ﬁﬂ)lnz(n 3+2)' 2.8 Z(n 2)1n (n-3)

=5

9.9 ,,Z_.,:(Zn-])lln (2n) 9.10 Z(H"'I)l“ (2n)

9.11 ;(31»: 1);,1,, ‘ 9.12 E(zn—l)iiw (n+1)

9.13 Z(Zn 3)1i (3n+1) 9-14 ;(n+2)m n

9.15 E(nw)lmzzn' 9.16 ;(2n+3)ln2(n+l)
; 1

5.17 Enln (]n—l)' 9.18 Ezﬂ'm‘
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S = 1
9.19 gs(n -2)- 1if]n(ir.' 3 9.20 ;(Bn-l)-m'

o

9.21 ,,Z_z(n+5)ln2(n+l)

10-masala. Quyidagi tengliklarni isbotlang. Ko‘rsatma. Qator
yaqinlashishining zaruriy shartidan foydalaning,

] 3njt
10.1 lim 20, 10.2 gﬂ(zf,) =0,
n’ ., n"
10.3 imes=0. 10.4 1'_'3;(”,)3%
" , !
10.5 1m0 0.6 lim 2o
o " n
107 im0 10.8 lim—"7" -
' n-rm(zn_])! . *® e (2n— 1N
. A . {(2n+1)
10,9 lim—==0 10.10 lim (”—”)-=o.
(n!) = o Hn
2n )11 4n)!
10.11 Iﬂ(sf,) -0, 10.12 gg(zfz) =0,
n lim—"
10-13 lﬂ; U 1“.14 M—Lw[(n+1)!:|2
! t
1015 im0, 10.16 mn%:iL
=y o
lim Tt — =0 lim —"—— =
3n 2 )
10.19 gyﬂ(z(n )), . 10.20 timZ )
— M=ol "
- 1Y
1021 im0,
R H
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11-masala. Zan qator o ning qanday giymatlarida yaqginlash-

rm|

n

11.1 a, =(1-—n5inl) .

- 11.3 4q, -—-[arcrgl—h)(n
n

I}

LI | 1 <
11.7 a,,=(9" "*-l——} .

n

3 |-

"

11.5 4, =(€

|
a, = cos—=—
11.9 [ 7

n

11.11 &, =»nsin® (i — arcfgs-).

_i__ a
11.13 aﬁ(ﬂ”’ —cns-l-} ,

i

11.15 an=h1n+ln(sin—l-J )
F/4
11.17 a =m" 2|
n-1 n—l]

ishini aniqlang,

ik

n

[+

22,

11.2 a,=n"[In(#* +1)-2Inn].

11.10

11.12

11.14

11.16

11.18

192
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_Unte1-Yn* -1

n




an

.1 1 Y P “
11.19 a,,-{nsm;-—cosm] . 11.20 a, -(m-m52n+2) .

11.21 a,=(\/m_\/;)“‘]n2n+1'

2n-1

12-masala. Yaginlashishga tekshiring.

12.1 Z('I)M f&ill)* 12.2 ,,Z_.;(‘l)m (2n+1Jn
12.3 21&11) 12.4 ??f,,,,(l.f;'?,).m-
12.5 ;Sl_)nzfl 12.6 i ("51;);]1

12.7 én-l(n-(lrz:-l)' 128 Zﬁ%ﬁ

12.9 il(;])g;—l—jfj 12.10 n}?(i -)"*CUS'EI;-
12.11 Zn(lnl()h) 12.12 "Z_lj( 1y ‘3—

12.13 Z(n(:gn;, 12.14 sz%::)anmn'
12.15 z(,,:;)é) 12.16 Z( 1) 2""1-
12.17 g( ,3(,,(:)3)- 12.18 i(2n+-1;)"22“2
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- n+l
-1
12.19 ?;,( ) T—
w(“ 'ng
1221 Y. 4Jn
; Jsn-1

1220 3(-1)- Si"("f) _

13-masala. Quyidagi qatorlarning absolut
yaqinlashuvchi ekanligini isbotlang.

n+l cOsS2n
13.1 Z )

1 3n’ +3n+4

13.3 Zm(;)ﬂ) (1 —cos J,‘,)

2 arcig( -n)’
13.5 3 pmme.

l)n‘+| . I_[]l "

13.7 3 C =

13.9 st n- arcrg

=t n+2

13.11 Z((;’;;.

n=l

13.13 z(‘ “n (H+l)

nel nmin+1

G n{n+l) 2"""??2
-1 .
1315 2077 G5

F

sinp

132 Sw 1o ™22

. 3
" sm[2n+—J
13.4 Z 4 ‘

) ﬂ‘3H+2

an
0 COs—

13.6 E(MZ)W,

(=) oz
13.8 ; o ansin

—J

13.10 > #sinn-e

n=]

31 Z( 1 -(an)t

nal (n+ l)

ah 1 1
13.14 2 Tt Baadtits

#=ll p.sin—
n

13.16 Z(—i)"(mwg-—\;-: —an:sin#].
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o

-1Y" -sin3n
13.17 ( )

m]ﬂ'ln(nq.]),]nz(n_'_z)- 13.18 Z(_ )

Ct,
A=l 'J- « g
sinn sin sinn Sy ¥
13.19 Z],[ T [ﬁn 13.20 Z:,n cosne™ V.
m+3 (--~l)Nr
13.21 Z A In[l+ - ]
14-masala. Quyldagi gatorlarni yaqinlashishga tekshiring
* n{n—l}
14.1 Z(_l) smn
n=l
N cos2n x cosSn
14.3 21 I 14.4 le T
ZSIH 2n = COS[H+%]
14.5 14.6 .
- 2 W 1)
i( 0y cos® 2n Siﬂﬁﬂ
14.7 £ N 14.8 ;(—l) F
Z( ])n[n—l} [ ] Z
14. z . .
9 Jr;-_l 14.10 J:
(_. "*‘ (——l) -Infn(n +2)
14.11 ; 14.12 ; In{n+1)
= (=1)'-m 1
14,13 ;l(”+2) JF 14.14 §005(4+znj sm;.
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1415 S(-1) [1 GOS:/:J 14.16 g(—l)""'rnij.

#rm]

I |

41 (-1 J—ﬂrﬂg J— 14.18 ZSTG"'

=] rml

S sinn = 3
14.19 Z__n+sinn' 14.20 Esm(n n +l).‘

{t.

Z sin2n -cnsj-
W21 Zign(e2) on

tya=f

15-masala. Quyidagi qatorlar o ning qanday giymatlarida
a) absolut yaginlashuvchi,
b) shartli yaqinlashuvchi bo‘lishini aniqlang.

15.1 i(-l)n :inz“a' (5. 2(__1),,-: 2”-3:-;"{1
2.sin2nr-In’n N (-I)H
wiEm IRy
155 31y (2n-1)ut |’ . )3 (-1)" )
e~ @y | PO R [ (]

2 a-la—Wa~-2-...-| a—{n- = -1
15.72( AR G I)J. (58 2 D)

n P el [nlnn+(-—l)"]a .
sin > & 2+(-1)"
15.9 2 1510 2. (-1) ————.
:A:‘nln“(n+1) E( ) n-n®(n+1)
n-.'l .
15.11 Z(' ="

=l rm!
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16.3

16.5

16.7

3 -y

15.14 = , (—i)
H

za-{a-1)a-2)-..
15.16 2 G2

15.18 Z(_l)n[\{n’ *1-1'1--1-1'-,;-\(;2 -—n+l]"

s Y
Z o’
a=2 [M2 lnn+ (_.1)"]

~(a-2n).

15.20

16-masala.
Tengliklar isbotlansin.

r 2 2 2

EETE'W'J_T—E el

(Vallis
4n® —1 formulasi)

h‘ v
-
[N

o

3
-1
162 [15 3

n=d 1 +1

= 2 1
16.4 g[l—n-(n+l)]_§.
16.6 [ [(1+x™)= 1—};-031 <1).

Hu)

=( 3n 3n Y 27
16.8 1,,1[3;:-1 3n+l) 303

16.10 H{‘“ ="}'

ual (2 + 1)

frhx

h—=
16.12 Hc 5=
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Quyidagi cheksiz ko‘paytmalarning yaginlashuvchiligini isbotlang
va ularning qiymatlarini toping.

© = (2n+1){(2n+7)
16.13 EHE-I' 16.14 11 (2n+3)(2n+5)
X 1 . ﬂ"
16.15 E[‘Umu)]‘ 16.16 Hz "

Quyidagi cheksiz ko‘paytmalarni absolnt va shartli
yaginlashishga tekshiring.

& (_ )"H - B (_l)n-H
P I 2o |,
16.17 H{ - 16.18 H e
B 1} J; © |- (_ )ﬂ'
* 4 a—L ]
. _] e+l
16.21 1;1[“(,,.2 J
-D-
Namunaviy variant yechimi
1.21-masala. Ushbn
i 3
| 9”2 “'3?1""2
gator yig‘indisini foping.
g3 3 - 3 I R H
4" 0pP-3n-2 9("+l)(”‘2") (3n+1)-3n-2) 3n-2 3n+l

n L | 1 1 11 1 1 | l |
:Su = a, = - sle—t e — - =1- .
Z ¢ z(:ﬂr—z 3!‘:+l) 4 4 T+? |{]+ +3n—2 n+l l 3n+1

=] i=]

Lo =

Demak, S:=1imS"=lim[1—- ! ]:1_;-,
=0 3n+l
2.21-masala. Ushbu

- 5n-2
E(n— Dn{n+2)°
gator yig‘indisini toping. |
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< Birinchi navbatda bu gatorning umumiy hadini noma’lum
koeffitsientlar usulidan foydalanib, sodda kasrlarga yoyamiz:

a, = on -2 = ! +l— 2 =[ ! -1J+2*(-l---—-l-*—J=b +C,.
" (n=Un(n+2) n-1 n n+2 \n-1 n n n+2

5,=3a-= Z(b +e)=3 b+, = Z[ﬁ"i’)”i[%';l—z)‘

k=2 L7 k=l k=2 k=2

AN E 111111111111)
oot e [ e e b — | =
S A N n]+ (z 47375737675 7 T h ez

{
l—-l]+2[-l—+l- l ! ):E—l- 2 2 =>8= llmS =8 23.1}
. M 2 3 n+l ne2 3 n n+l n+2 3 3

3.21-masala. Quyidagi
a . 3o
. sma;;l--sm-i—;,-

qatorning gismiy yigtindisi S, va yig'indisi S ni toping.
< Bu masalani vechishda
sin x-sin y =%[cns(x-y)—cus(x+y)] ;
formuladan fuydalanamiz

sin 1&
S, = zsmzhl 2.t+1 —-Z[cos;—-cus-a—)

&= 2 e 21 -

l o o o o & a o
CO$— ~COSQ + COS—3 =~ COS— + COS — ~ COS—+ ... + COS == COS — - [ =
2 2 22 2 2* 22 2 2

=y

;[cos—g-—cosa)::S-llmS ———-(l cosa ) =sin’ %p

4.21-masala. Koshi kntenyasid?n foydalanib, umumiy hadi

W= :in(n + 1)

bo‘lgan Zlﬂn gatorning uvzoglashuvchi ekanligini isbetlang,

4 Ma’lumki, 3¢£>0 son topilsaki ,¥n,e N olinganda ham
dnzn, va butun pz0 sontar mavjud bo‘lib,
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Lo
i"t

Armn

tengsizlik bajarilsa, unda Zﬂ, qator uzoglashuvchi bo‘ladi.

Agar g=] va p=nr deb olsak, unda Vn,e N olinganda ham
dn>n, topiladiki va

i
iaﬁ i;;k (k+1) Jn (n+l ,J n+l) (n+2 :?(n+p)(n+p+l) g

kmn
p p_ " _n _1_.

>:;(n+p)(n+p+l) >n+p+la2n+p “2n+n 3 bo'ladi =‘-§a" qa-

tor uzoglashuvchi.p

[2+ms-n£)x/;
i '__2
el \l'"' HT +5

=&

5.21-masala. qatorni yaqinlashishga tek-

shiring.
2+ ﬂ}/—
( 2 n{(zﬂ)_"/’_’ 3._1, bolib, 3, 32——

da = =
" -m Yn n'4 - =

5
qator yaqinlashuvchi, chunki 1 >1. Unda taqqoslash alomatiga ko‘ra
berilgan qator ham yaqinlashuvchi.

< 6.21-masala. Z(l—ﬁﬂsx) qatorni yaginlashishga tekshiring.

=]

_ LI 1 _ 1 e
a,=1—-cos~=2-sin - Aar b,,—nz desak, x, da a,=0"(4,)

n
bo‘ladi. Darhagiqat, M (M < R)
o o l
25‘,. En; -yaginiashuvchi = taqqoslash alomatiga ko‘ra
aml =]

E -
Z“n = Z(l"cm;) gator ham yaginlashuvcht.
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1
7.21-masala. Z(zﬂ). = qatori yaginlashishga tekshiring,

=]

« Dalamber alomatidan foydalanib, tekshiramiz.
n! i

a"=(2n)!135";
|
0 (n+ 1) " nt{n+1) :+|=>
' {2n+2) 5"” ~ ()t (2n +1)- [2n+2] &3
1
8 ot
1 A+l | 1
= lim Bt i - I =0<I
g =2 (el L 10meZadl
5

Berilgan qator yaginlashuvchi.
8.21-masala. |f(x)~ f,(x)| <& qatorni yaqinlashishga tekshiring.
4Koshi alomatidan foydalanib, tekshiramiz:

. 1., { n Y .. (n+l) 1, 1Y e
=lim?r =] —_— = =] =—lim|l+—| =—<1=>
7=0V% 3»me(n+1) 3.,L‘E.I( n ) 3,..,..,[ .HJ 3

Berilgan qator yaginlashuvchi. p

1
9.21-masala. Z(n + S)Inz (n +I) qatorni yaginlashishga tek-

H=2
shiring.
4Bu gatorni yaqinlachishga tagqoslash va Koshining integral
alomatlaridan fuyd:ilanib tel-:shiramiir !

a"-(n+5)lnz(n+1) (n+1)ln’ {n+l) n-kn*n =b,n22.

+7

dx
.[ Intx F(x)} bo‘lgani uchun Koshining integral alomatiga

ko‘ra Zbu qator yaqinlashuvchi va taqqoslash alomatiga ko‘ra

=2

beriigan qator ham yaqinlashuvchi.
10.21-masala. Quyidagi

—1 M
T G L

=y n
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ﬁnﬂgalnlkni qator yaqinlashishining zaruriy shartidan foydalanib, is-
g

. \ 2n~1)N -
<aUmumiy hadi a, =( "nn ) bo‘lgan 2% qatorni yaqinlash-

nial

ishga tekshiramiz. Bunda Dalamber alomatidan foydalanamiz:

. {2n+1 ] 2 =
= [ 1)" e 1= 2
I+~
- " .
yaqinlashuvchi = Qator yaqinlashishining zaruriy sharti, ya’ni
. (2::-1)!!
Ima, =lim

=30 Hemioty H"

d = lim %4t = gipy | (200 l)l;!* "
H = ol a‘n LT (n+l)u+ (2”"1)”

=0 tenglik bajariladi. p

11.21-masala, Zﬂu qator o ming qanday giymatlarida yagqin-

nal

lashishini aniqlang,
a, =(«Jn+l —«fr_:)u ‘In 2"“.

2n-1
*ul'ﬂ'l'l-"-\{_: n+l-n 2-—-—-—1—-—=0.['LJ
A 3n+l+\/; Jn+l+n Jn) 7

2n+1i 2 of 1 o 1

]n =I = —_ = *

29 —1 n(HZn-lJ ﬂ[n]:’a" 0{ n+£]
N

= o
Agar b =*—la- deb belgilasak, Zf’n qator I+E:>L yani g0

I+ A=

1

bo‘lganda yaginlashadi. = ) _a, qator ham ne N da yaqinlashadi.p.

H=[

w (._])"fg-._fr_
12.21-masala. 3 4n

, B "9‘5” "-1
< Bu qator ishorasi almashinuvchi qator bo‘lib, uning yaqin-
lashishini Leybnis alomatidan foydalanib, ko‘rsatish mumkin.
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g —
_—An geb belgilasak
" Jin -1

) Yne N uchun g, 2a,, >0 , ya'ni Z“u(x)

H=|

fS‘—'
4\/_ ]
li =H = =0,
R N N T
4~Jn

bo‘ladi = Leybnis alomatiga ko‘ra berilgan qator yaqginlashuvchi. -

13.21-masala. Quyidagi
Z H +3 |: + (—l} ]
=l H +4 n n
gatorning absolut yaqinlashuvchi ekanligini isbotlang.

_ w43 nl1 (-1 "’
a ST, T deb belgilaymiz. Unda quyidagi

munosabatlar o‘rinli bo‘ladi.
n+ 3 1 n+3nt 1 2
|a ] (1 )f:

—_==}
Zb Z qatur yaqginlashuvchi = taqqgoslash alomatiga ko‘ra

q 2 "

n n n n

H+H

prml n=l 3
x, € X yaginlashuvchi, ya’ni berilgan Zﬂu gator absolut yaginlashu-
=l
vchi. b

14.21-masala. Quyidagi

Z sin2#n cosl
il ln ]ﬂ (H + 2)

gatorni yaqinlashishga tekshiring.
«Bu qatorning yaginlashishini Abel alomati yordamida ani-
1 sin2n

glaymiz: 4, =cos; va 05= Inln(u + 2) deb belgilab, Abe] teore-

masining shartlari bajarilishini tekshiramiz:
203




1) x, ken}‘la-kct]ik monoton (monoton o‘suvchi) va chegaralan-
gan 0« COS;{I :

= b = Z,  sin2n
2) Z n ‘Z Intn(z +2) qator Dirixle alomatiga ko‘ra yaqinlashu-

1] Ani

vchi bo‘ladi. Darhaqiqat, agarl

a =Inln(n+2) va b =sin2n

deb belgilasak,
a) }‘L va VX, eM

L sin{n+1)-si
b) B, Zb —ZSIHZk— ( sin)l Sl chegaralangan bo‘ladi
k] kml

1 o
(IB |‘:“—"‘):’ Dirixle alomatiga ko‘ra ;f*’u (*) qator yaginlashuvchi.

sinl
Shunday qilib, beri]gan qator uchun Abel teoremasining shart-

lari bajarilar ekan ::»Z a,b, -—Z sin 27 sl qator yaqinla-

shuvchi, ;> w1 = Inin(n+ )
Izoh. Bu misolni yechishda elementar matematika kursidan
ma’lnm bo‘lgan unshbu

Sin (n+ > .sin 2

S(x)=Zsinfnc= ¢ 2—, x#£2mx, meZ
k= sin =
2

formuladan foydalanildi.
15.21-masala. Ushbn

icosn
il
qator ¢ ning ganday gqiymatlarida o
a) absolut yaqinlashuvchi,
b) shartli yaginlashuvchi bo‘lishini aniglang.
< Birinchi navbatda berilgan gator o ning ganday qiymatlar-
ida yaginlashuvchi bo‘lishini aniglaymiz. Bunda Dirixle alomatidan
foydalanamiz. Agar

1
a, =n_"‘ va b =cosn deb belgilasak

1) @>0 bo'iganda {a,} va lima, *llmi—ﬂ,

N A= n‘"
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i" J— S n

S COSn

alomatiga ko‘ra Zﬂ qator >0 bo‘lganda yaginlasha-

Cad N0
n=l n=l

di. @<0 bo‘lganda esa bu qator uzoqlashadi, chunki <0
bo‘lganda qator yaqinlashishining zaruriy sharti bajarilmaydi.

. cosnf |
Endi gatorni absolut yaqinlashishga tekshiramiz. e }ﬁ = va

ZT umumlashgan garmonik qatorning « >1 da yaqinlashuvchi

Hwl o IWEH . . e . \

bo‘lishidan a>1 da Z pr qatorning yaqginlashishini hosil qil-
. =]

amiz.

Endi 0<ea <1 bo‘lganda berilgan qatorning absolut yaginlashu-
cnsn|

vchi emasligini, ya’ni Z gatorning uzoglashishini ko‘rsatamiz.

|cnsn|}cosn l+cos2n _ 1 cos2n
o 2n” 2n"  2n°

COS 2n

tengsizlik hamda Z

Arm=i
lashuvchi bo‘lishi va x, qatnrnjng uzoqglashuvchi ekanligidan {S, (x)}:
qatorning ham uzoglashuvchi ekanligini, taqqoslash alomatiga ko‘ra

S, (x) qatorning uzuqlashuvchlllgml hosil gilamiz.
2, cosH

qatorning Dirixle alomatiga ko‘ra yaqm-

a) a>1 da absolut yaqinlashuvchi,
b) 0<a<1 da shartli yaginlashuvchi bo‘lar ekan.

16.21-masala. Quyidagi

o

A=l
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cheksiz ko‘paytmani absolut va shartli yaqinlashishga tekshiring.

n+l =+ .
P =]+(_l;)= =l+a, >a _#_‘ 4° punktga ko‘ra berilgan
n n
cheksiz ko‘paytma absolut yaqinlashuvchi bolishi uchun Z qa-
Hal
torning absolut yaqinlashuvchi bo‘lishi zarur va yetarli.

. = (_ 1)’”] _ i 1 | yaginiashuvchi, p>1,
Zla",_ ,.,Z.,: | Sp? uzoglashuvchi, pxl|,
Cheksm ko‘paytmani shartli yaginlashishga tekshirishda 4° —
punktdagi S-teoremadan foydalanamiz.
Unga ko‘ra cheksiz ko‘paytma yaqmlashuvchl bo‘lishi uchun

Zan qator yaqginlashuvchi bo‘lgan holda Zﬂ gatorning yaqin-

n=l n=j

lashuvchi bo llsh1 zamr va yetarli edi.

>a, -E

A=l |

yaqginiashadi.

qator p>0 bo’lganda Leybnis alomatiga ko‘ra

a 20 qgator esa p}— da yaqinlashadi, Z" (5‘) da esa uzoq-

fashadi.
Shunday qilib, berilgan

145,

n=l h
cheksiz ko‘paytma
a) p>1 da absolut va

l u
b) 5 <P=l da shartli yaqinlashadi.o .
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7-§. 6-MUSTAQIL ISH
Funksional ketma-ketliklar va qatorlar

Funksional ketma-ketlik tushunchasi.

Funksional ketma-ketliklarning vaqiniashishi va tekis
yaginlashishi.

Funksional qator tushunchasi.

Funksional qatorlarning yagqinlashishi va tekis yaqinlashishi.
Funksional gqator yig‘indisi va funksional ketma-ketlik
limitining xossalari.

Darajali qatorlar.

Teylor qatori. Elementar funksiyalarni Teylor qatoriga yoyish.
Darajali qatorlarning tathiglari,

-A-
Asosiy tushuncha va teoremalar
1°. Funksional ketma-ketliklar, ularning yaqinlashishi
va tekis yaginlashishi.

XY < R to‘plam berilgan bofib, unda
F N Ly (3, £y ()
funksiyalar aniglangan bo‘lsin. Ana shu funksiyalardan tuzilgan ket-
ma-ketlikka X to‘plamda berilgan funksional ketma-ketlik deyiladi
va u {£,(x)} kabi belgilanadi:
{jf,(x)} A (xS (2o £ (5)sene ()

7.(x) ga funksional ketma-ketlikning umumiy hadi deyiladi.

Ixtiyoriy x, € X nuqta olib, ushbu

| TACY I ERACANACN BNy A ey ¥)
sonli ketma-ketlikni garaymiz. Agar bu sonli ketma-ketlik yaqin-
lashuvchi (uzoqlashuvchi) bo‘lsa, {f,(x)} funksional ketma-ketlik
x, nuqtada yaqinlashuvchi (uzoglashuvchi) deyiladi, x, nuqta esa
funksional ketma-Ketlikning yaqinlashish (uzogqlashish) nuqtasi deb
ataladi.

{ S (x)} funksional ketma-ketlikning barcha yaqinlashish nuqta-
laridan iborat M (M < R) to‘plam {f,(x)} funksional ketma-ket-
likning yaqinlashish sohasi deyiladi. — vxeAf uchun ushbu
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lim £, (*)-3 bo‘ladi. Agar vxeM uchun unga mos keluvchi
limf,(x) ni mos go‘ysak, ya’ni
f x> lim £, (x)
bo‘lsa, unda M to‘plamda aniglangan f(x) funksiya hosil bo‘ladi.
Bu f(x) funksiva {f,(x)}ketma-ketlikning limit fanksiyasi deyila-
di. Demak,
fm £ (x)= £ () (xe) @

Ta’rif. Agar Ve >0 son olinganda ham 3n, =n,(c}e N:Vn>n,

va VYxe M uchun
() -4 (x)] <& 4)

tengsizlik bajarilsa, {f,(x)} funksional ketma-ketlik M to‘plamda
f(x) limit funksiyaga tekis yaginlashadi deyiladi va f,(x) = f (x)
(x€ M) kabi belgilandi. Aks holda, ya’ni 3¢,>0 WneN olingan-
da ham > p va 3x, € M lar mavjud bo‘lsaki

|f(xn)'f;(xo}l;—'£o _
tengsizlik bajarilsa, {f,(x)} funksional ketma-ketlik M to‘plamda
f(x) limit funksiyaga tekis yaginlashmaydi yoki notekis yagin-
lashadi deyiladi,
I-teorema. {f,(x)} funksional ketma-ketlikning M toplamda
S (x) ga tekis yaginlashishi uchun |
lim Sup| f (x)- £, (x)| =0 5)

tenglikning bajarilishi zarur va yetarli.

2-teorema. (Koshi kriteriyasi). {f,(x)} funksional ketma-keflik-
ning M to‘plamda f(x) ga tekis yaginlashishi uchun quyidagi
shartning bajarilishi zarur va vetarlidi: ve>¢ uchun
3ny=n,(€)eN:¥Yn>n, va y butun p=0 sonlari hamda barcha
x e M lar uchun

oy ()= £ (%)< € (6)

tengsizlik bajariladi.
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3-teorema. (Veyershtrass alomati). Agar 3{a,} sonlar ketma-
ketligi mavjud bo‘lib,
1) YneN uchun g, 20va lima, =0;

2) ¥xeM va barcha ne N lar uchun

PN ERAC) B
bo‘lsa, unda M to‘plamda f, 2 f(x) bo‘ladi.

2%, Funksional gatorlarning yaqinlashishi va tekis yaqinlashishi.
Biror X c R to‘plamda {u,(x)} funksional ketma-ketlik be-

rilgan bolsin. Quyidagi

u (x)+u, (x)+...+u, (3:) + o

ifodaga funksional gator deyiladi va u ZHH (x) kabi belgilanadi.
=l

iun (%)= (¥} + 1w, (X)+ 1, (x) + .. D

]
,(x),4, (x),...,u,(x),... larga funksional gatorning hadlari, u,(x)
ga esa funksional qatorning umumiy hadi deyiladi.
Ixtiyoriy x, e X nugta olib, ushbu

212 (X) = (3) + 20, (%) o 2, (o) + ®
sonli qatorni garaymiz. Agar bu sonli gator yaginlashuvchi (uzoq-
lashuvchi} bo‘lsa, Z”u (—1') funksional gator x, nugtada yaginla-

Hwl

shuvchi (uzeqlashuvchi) deyiladi, x, nugta esa funksional gatorn-
ing yaqinlashish (uzeqlashish) pugtasi deb ataladi.

Z”n (x) funksional gatorning barcha yaginlashish nugtalaridan

=]

iborat M (M c::R) to‘plam bu funksional gatorning yaginlashish
sohasi deyiladi. =+ ¥x, e M nuqta olib, > u,(%) sonli gatorni
H=1

ko‘rsak, u yaginlashuvchi bo‘ladi. Uning yig‘indisini S(x,) deb
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belgitaymiz. Xuddi shunga o‘xshash wxeps olib, unga 2.%.(*)

=]
qatorning yig‘indisini mos go‘ysak, u holda M to‘plamda aniglan-
gan S{x) funksiya hosil bo‘ladi. Bu S (x) funksiya (7)-funksional
qatorning yigindisi deyiladi:

S()= 2 (%)= 1y (3) 41 () 2, (3)

Ushbu

S.(x)= Z”ﬁ(x) n=12,.

yig'indilarga (7)-funksional qatnmmg gismiy yig‘indilar deyiladi.
Shunday qilib, (7)-qatorga mos keluvchi

{5, (2 : 5,(2),8, (%), 5, (), %)

funksional ketma-ketlikni hosil qildik va aksincha, (9)-gismiy
yig'indilari ketma-ketligi berilgan holda har doim hadlari (7)-funk-
sional gatorning hadlariga teng bo‘lgan quyidagi

S, (x)+ |:S2 (x)~S5, (x)] Fot [S,, (x)-5,, (x)] +...
funksional gatorni hosil qilish mumkin. = Agar (9)-ketma-ketlik
x, nugtada yaginlashuvchi (uzoqlashuvchi) bo‘lsa, u holda (7)-gator
ham x, nuqtada yaqginlashuvchi (uzoglashuvchi) bo‘ladi va
S(x)=lims, (x)

tenglik bajariladi.
Demak, funksional qator yoki funksional ketma-Ketlikdan bir-
ining xossalarini batafsil o‘rganish yetarlidir.

Ta’rif. Agar (7)-funksional qatorning gismiy vig ‘indilaridan tuz-
ilgan {S,(x)} funksional ketma-ketlik M to‘plamda qatorning
yig‘indisi S(x) ga tekis yaqinlashsa, unda (7)-funksional gator M
to‘plamda tekis yaqinlashadi deyiladi.

r,(x)=8(x)-S,(x)= Z ,(x) deb belgilaymiz.

k=z=n+)

I-teorema. (7)-funksional qatorning M to‘plamda tekis yagin-
lashuvchi bo‘lishi uchun
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lim Suplr, (+)] =0 (10)

tenglikning bajarilishi zayur va yetarli.

2-teorema. (Koshi kriteriyasi). (7)-funksional qatorning M
to‘piamda tekis yaginlashuvchi bolishi uchun quyidagi shartning
bajarilishi zorur va yetarli: Ye>0 uchun In,=n,(g}e N:Vnzn,
va v butun p=20 hamda barcha xe M lar uchun

?fug (x)|<e (11)
boladi.

Natija. (Funksional gator yaginlashishining zaruriy sharti). Agar
(7)-funksional gator M to‘plamda tekis yaqiniashsa, u holda shu
to‘plamda «,(x) 3 0 bo‘ladi.

3-teorema. (Veyershirass alomati). Bizga Ziﬁ. (x) Sunksional va

=]

24, a,20 12)
-]

sonli qator berilgan bolsin. Agar ¥x e M uchun
u,(x)<a, n=12,.

tengsizlik bajarilsa va (12)-sonli qator yaginlashsa, unda E”n (-"' )

=]

funksional qator M to‘plamda absolut va tekis yaginiashadi.
Aytaylik, ushbu

Zan(x)'bn (x) (13)

funksional qator berilgan bo‘lsin.

4-teorema. (Dirixle alomati). Agar

1)} har bir xe M uchun {a,, (x)} monoton va M to‘plomda a,(x)
0 ga iekis yaqginloshsa,;

2) B, (I) = th (x) gismiy yigindilar M to'plamda birgalikda che-

A=l

garalangan ya'mi 3K VYxeM |B, (x)lﬁff bo%sa, u holda (13)-

qator M 1o ‘plamda tekis yaginlashadi.
S-teorema. (Abe]l alomati). Agar
1) har bir xeM uchun {a,(x)} monoton va {a,(x)} ketma-
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ketlik 114; to ‘plamda chegaralangan;

2) be (%) Junksional gator M io'plamda tekis yaginlashuvchi
bo Isa, unda (13)-gator M to‘plamda tekis yaginlashadi.

3, Tekis yaginlashuvchi funksional ketma-ketlik
va qatorlarning xossalari
Funksional qgatorlarda (ketma-ketliklarda) shuni ta’kidlash lozimki,
ularning har bir hadi uzluksiz bo‘lgan taqdirda ham gatorning yig‘indisi
(ketma-ketlikning limit funksiyasi) uzluksiz bo‘lishi shart emas,
0 IZ
Misol. ;m funksional gator berilgan bo‘lsin. Bu funk-

.1'2

(1+7)

sional gatorda . (x)= - € C(-o,+) Berilgan gatorning

yigindisi topamiz:
1
hY |4+ ——+..+
(%)= é(nx ) [ T (1+x*)”
Bu tenglikdan ko‘rinadiki ﬁ;ﬂﬂﬂj}}g(f +1)=1 va
S{0)=0=S(x) funksiya x=0 nuqtada uzluksiz emas. Berilgan
qator uchun ushbu

0.x={},

]:ﬂﬂﬂﬂ&@ﬁ{z

2 alxr0

i 31, (<) 3. lim, ()
munosabat o‘rinli. >

Tabily savol tug‘iladi: ganday shartlar bajanlganda funksional
gatorlarda hadlab limitga o‘tish, ularni hadlab differensiallash va
integrallash mumkin?

Bu savollarga quyidagi teoremalar javob beradi.

Bizga M to plamda yaginlashuvchi (7)-funksional gator bcnlgan
bo‘lib, bu qatorning yig‘indisi S(x) bo'lsin.

I-teorema. Agar Vne N uchun w (x)eC(M) bo'lib, (7)-qator
M to‘plamda tekis yaginlashsa, S(I)EC (M) bo‘ladi, ya'ni
Yx, € M uchun

lim §(x) ——limi u,(x) thu (x)= Zu (%) =5(x)

X=X, X=X, par x—u;} rim]
tenglik bajariladi.
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Agar M to‘plamda yaginlashuvchi (1)-funksional ketma-ketlik
berifgan bo‘lib, f(x) funksiya uning limit funksiyasi bo‘lsa, unda
quyidagi teorema o‘rinli bo‘ladi,

2-teorema. Agar f,(x)eC(M), n=12,.bo%lib, M toplamda
L(x)> f(x) boTsa, f(x)eC(M) boladi.

3-teorema. Agar (7)-funksional qator M to‘plamda tekis yagin-
lashuvchi va x, nuqta M to’plamning limis nuqtasi bo 1ib,

limu,(x)=c,(n=12,.)

X=Xy

bolsa, u holda

[-1]
Dy =0 +CFutC, + o
el

qator ham yaginlashuvchi, uning yig'indisi C esa S(x) ning x—»x,
dagi limitiga teng bo‘ladi: |

lim S(x)= ]imi u,,(x)=ilimu,,(x)=ic,=€

=% % =l n=l 5 na!
Faraz qilaylik, [a,b] kesmada yaqinlashuvchi (7)-funksional gator
berilgan bo‘lib, uning yig'indisi S(x} bo‘lsin,
4-teorema. Agar (7)-qator [a,b] kesmada tekis yaginlashuvchi
bo'lib, u,(x)eCla,b] (n=1,2,.) bo'lsa, u holda quyidagi

:‘u, (x)dx+ :[uz (x)dx +...+ f]u,, (x)dx

gator ham yaginlashuvchi va uning yig‘indisi _[S (x)dx ga teng
bo'ladi: “

b AT = b
fsde= | S to) =3 (e
ot alLn= nml 5
Foh. 4-teoremadagi (7)-qatorning tekis yaginlashuvchanligi sharti
yetarli shart bu'lib, u zaruriy shart emas, ya’ni ba’zan tekis yaqin-
lashmaydigau gatorlarni ham hadlab integrailash mumkin.

wf( 1 1
Misol. Z[f"” "x'"*]] (0<x<1) funksional qator berilgan

A=]
bo‘lsin.
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=1 A% l---:nr,,t]-a::»:Sl:>
S,(x) [0.]] da S(x) ga tekis yaqinlashmaydi, lekin

o f A L - _
Sn (,I) =Z[xln‘+l —x-l J = —x 4 yin+i - S(I) = limSn (x) = {O,I = 0,

a |

;fS(x)dr=;[(l-x)dx=% va 3, fu,(x)dx=

#wl

= L L _'_ ll‘- ] 1.1:. l [ l " ]_ ]_ ;
= il el ffe [ = - _——— a2 L -
;M ] J 25 n(n+1) Zn..[n n+1] Z'I'ﬂ;[k k+l)

Demak, ;[S (x)dx = i ]J'un (x)dx = -;I.T , lekin iun (x) qator [0,1]

=l G A
kesmada tekis yaqinlashmaydi.
S-teorema. Agar (7)-funksional qatorning har bir u,(x) hadi
[a.b] kesmada uzluksiz u, (x) hosilaga ega boib,
Dou, (x)=u, (x)+u, (x)+...+u;(x)+... (14)

n=l

funksional qator [a,b] da tekis yaginlashuvchi bolsa, u holda berilgan
(7)-gatorning yig'indisi S(x) shu [a,b] da 8'(x) hosilaga ega va

JONH (x)]' =3 ()

A=]
tenglik orinli boladi. :
Izoh. Bu teoremada ham (14)-funksional gatorning tekis yaqin-
lashuvchantik sharti yetarli shart bo‘lib, zaruriy shart emas.

4°. Darajali qatorlar
I-ta’rif. Quyidagi -
e (x—x) (15)

rm(}

ko rinishdagi funksional qatorga darajali gator deyiladi. Bu yer-
da qg,a,,..,a,..,%, lar o‘zgarmas haqiqiy soniar.
Agar (15) da £=x-x, deb belgilash Kkiritsak,
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2.as" (16)
al)
darajali gatorga kelamiz. Demak (16)-ko‘rinishdagi darajali qator-
larni o‘rganish kifoyadir.
1-teorema. (Abelning birinchi teoremasi). Agar

a0
Za,,x” =g, +ax+ax’ o +ax’ +.. amn

()

daragjali qator x=x,#0 nugtada yaginlgshsa, u holda qator x ning
Ix| <|x,| rengsizlikni qanoatlantiruvchi barcha giymatiarida absolut ya-
ginlashuvchi boladi.

Natija. Agar (17)-qator x=x, nuqtada uzoqlashuvchi bo‘lsa, u
holda bu qator {]xl::-|x0]} da ham uzoglashuvchi bo‘ladi.

2-ta’rif. Agar Zﬂnf dargjali qator {|x| -::R} da yaginlashib,

o=l

{|x|>R} da uzoglashsa, u holda shu R=0 soniga darajali gatorning
yaginlashish radinsi, (-R, R} oraligga esa yaginlashish intervali
deyiladi.

2-teorema. Ixtiyoriy darajali qatorning yaginlashish radiusi R
mavjud bolib, bu gator {|x|<, R} da absolut va ¥r < Ruchun {[.x|z:r}
da tekis yaginlashadi.

Izoh. Darajali gator yaginlashish oralig‘ining chegaraviy x=%R
nuqtalarida vaginlashishi ham, uzoqlashishi ham mumkin. Darajali
gatorni bu nuqtalarda alohida tekshirish lozim.

Darajali qatorning yaqinlashish radiusini quyidagi teoremalardan
foydalanib, topish mumkin.

. | a,
3-teorema. (Dalamber). Agar 0~ mavjud bosa, u holda
H+l
R=lim|-Z (18)
rryee am»l

bo ‘ladi.
4-tcorema. (Koshi). Agar gi_ﬂ{’/iﬂ,J mavjud bo‘lsa, u holda
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i

Re——
timzfla,| (19)
boladi.
5-teorema. (Koshi-Adamar) Agar R soni (17)-darajali qatorning

yaginlashish radiusi bo9sa, u holda

Rz o)
] on

formula (Koshi-Adamar formulasi) o‘rinli bo‘ladi. j
Darajali qatoriar quyidagi xossalarga ega. ,.J

6-teorema. Dargjali qatorning yigindisi S(x) yaginlashish f
oraligiga tegishli bo'lgan vy nugtada uzluksiz bo ‘!ad:

7-teorema. (Abelning ikkinchi teoremasi).’ Agar (17)-qator |
x=R (x=-~R) nuqtada yaginlashsa, unda bu gator [O;R] ([-R;0])
kesmada tekis yaginlashuvchi bo ‘ladi.

Natija. Agar (17)-gqator x=R (x=-R) nuqtada yaginlashsa, u

holda S(x) yigindi [GR] ([-R:0]) kesmada uzluksiz bo‘ladi.

Endi 2.4.(x—%)" ko‘rinishidagi darajali gatorni ko‘ramiz. Bu

=0

gatorning yaqinlashish radiusi Ea"x " gatorning yaqinlashish radi-

usini hisoblash formulalari yordamida topiladi, faqat bu yerda ya-

ginlashish oralig‘i {|x~x|<R}=(x,~R,x,+R) interval bo‘ladi.
8-teorema. Agar R0 soni quyidagi

F(x)=a,(x-x) Q1)

i}

darajali gatorning yaginiashish radiusi bo‘lsa, u holda

1) f(x) funksiva (x,—R, x,+R) intervalda ixtiyoriy tartibli
hosilalarga ega bo'ladi va u hosilalar (21)-darajali gatorni hadlab
differensiallash yordamida topiladi;

2) bu qatorni Y[a,b}c (x,—R, x,+R) oraligda hadlab integrai-
lash mumkin.
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3) (21)-darajali qatorni hadilab differensiallash yoki integrallash-
dan hosil bo‘lgan yangi qatorlarning yaginlashish radiustari ham (21}-
gatornning yaginlashish radiusi R ga teng bo‘adi.

Izoh. Agar f(x) funksiya (21)-tenglik yordamida ifodalanib,
R>0 bo‘lsa, u holda f(x) funksiya x, nuqtada (aniqrogii, x,
nuqtaning atrofida) analitik funksiva deyiladi. 8-teoremadan anali-
tik funksivaning cheksiz differensiallanuvchi ekanligi kelib chiqgadi.
Lekin, ixtiyoriy cheksiz differensiallanuvchi funksiya analitik bo‘lishi

1
shart emas. Bunga misol tarigasida J ({)=EKP(—X—2J funksiyani

olish mumkin.
9-teorema. Agar f(x) funksiva x, nugiada analitik bolsa, ya'ni

f(x)=2a,(x-x)
r=0
tenglik x, nuqtaning biror armf{‘ ida o%vinli bo'lsa, u holda
"}
f n=0,1.2,..

nl

d

M

bo ladi, ya'ni

7(=F L2 (s,

Hm()

tenglik ham x, nuqgtaning o‘sha atrofida o rinli boadi.

5%, Teylor qatori. Klementar funksiyalarni
Teylor qatoriga yoyish

Ta’rif. Faraz qilaylik, f(x) funksiva x, nugtaning biror atrofida
aniglangan va shu nugtada ixtivoriy tartibdagi hosilalarga ega bo Isin.
U holda quyidagi

o (m)
> L (5 x,) 22)

H
qatorga f(x) funkswamng x, nuqtadagi Teylor qatori deyiladi.
Izoh. (22)-qatorning yig‘indisi har doim ham f(x) bilan ust-
ma-ust tushavermaydi.

1
Masalan, / (x)=¢xp[-;?J funksiya uchun barcha hosilalar
F®(0)=0 va (22) qgatorning yig‘indisi 0= f{x)
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Lekin ba’zi bir shartlar bajarilsa ular orasida tenglik o‘rnatish
mumkin.

Teorema. (Teylor). Faraz gilaylik (x, ~h,x, + k) intervalda f (x)
funksiyaning oz va barcha tartibdagi hosilalari birgalikda chegara-
langan bo'lsin, ya'ni 3IM > 0:Vxe (%, ~hx, +h) uchun

] £ (x)| <M, n=0,1,2,3,.
tengsizlik bajarilsin. U holda (x, -4, x,+4) oraligda f (x) funksi-
ya Teylor qatoriga yoyiladi, ya'ni

a (n)
I(x)=2 ! !xu (=% ) Jx— x| <k, (23)

h=0} n
tenglik o‘rinli bo‘ladi.
Agar Teylor qgatorida x,=0 bo‘lsa, u holda hesil bo‘lgan ga-
targa Makloren qatori deyiladi.
-+ Endi asosiy elementar funksiyalarning Makloren qatoriga yoyil-
malarini keltiramiz.

@ f 2 k)
' B x X
L' =) ==ltxt -+t 4. (<o<x<+o).
n-ﬂn. 2! 3!
2n+l 5 x'zn-l-l

= X b
7. Shr—z(zn+1)!=x+a+§+...+(2n+l)!+--- (—qu-::+0c-).

=)

2 4 2u

z x" ¥ x X
3 chx=§—~—(2}1)!=l+—2—!+z+...+(2H)!+... (0 < x <+o0).

. _ - (.....])” x2n+i _ xg, xj (__l)"‘ x2n+l
4. sinx -gm _x+-*3-!-+g-i~+...+———(2n+])! o (~0 < x < 400).

7‘ (I‘l‘I)ﬂ =l+ia'(a—l)'“.'
rrm]
+¢z'(a—2(a—2)x3 +m+a(a—l)'.;;;(cx-n+l)x"




6'. Darajali gatorlarning tatbiglari

a) Darajali qatoriar yordamida differensial tenglamalarni yechish.

Aytaylik,
Y+ p(x)y +a(x}y= f(x) 24
differensial tenglamaning ushbu
(xu) =Yo, ¥ (xu) =N, (23)

boshlang‘ich shartlarni ganoatlantiruvchi yechimini topish talab qi-
linsin.

Agar p(x), q(x), f(x) funksiyalami x, nuqtaning biror atrof-
ida shu funksivalarga yaginlashuvchi

Zc (x—x)

ko‘rinishida ifodalash mumkm bo‘lsa, unda yuqoridagi Koshi ma-
salasi yagona yechimga ega bo‘lib, uni

y(x)= 2, (v x) @9

ifodalash mumkin, (26)-qatordagi noma’lum g, koeffitsientlarni

topish uchun (24)-tenglamadagi y, ', ", p, ¢, f lar o‘rniga ul-
arning yoyilmalari olib borib qo‘yiladi va noma’lum koeffitsientlar

usulidan foydaniladi.
Misol.
¥ -xy=0 @7

y(0)=1, »'(0)=0 (28)
boshlang‘ich shartlarni ganoatlantiruvchi yechimini toping.
a (27)-tenglamaning yechimini

};==:E;¢§gr" (25;)
ko‘rinishda gidiramiz. Unda

-Zn(n ~1)a,x"" =2a,+ Z(n+ 2)(n+1)a,,.x",

nml

xy=x- Zax —Zax —Za,,_,x
n=0 |

bo'lib, (27)-tenglama quyidagi ko nmshga keladi:
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2a2+2(n+1)(n+2) a,.x" =ia x

=]

Bu tenglikdagi x mng mos darajalari oldidagi mos koeﬂ‘:ment-
larni tenglash yordamida
a,=0, (n+)(n+2)a,,=a,,, neN (30)
rekkurent fonnulam hosil qilamiz. a4, =0 bo‘lganligi sababli bu
rekkurent formuladan g,=0, q,=0 va umuman
a,,., =0, neN
ekanligini topamiz. Shu fnrmuladan yana

“ = 29)(56) [(3n 1)3n]’

T = (3-4)-(6-7)-.. [3n (3n+l)]
tengliklar o‘rinli bo‘lishi kelib chigadi. (28)-shartlar va (29Y)-teng-
likdan =a,=1,q =0,
Demak, (27)-tenglamaning (28)-shartlarni ganoatlantiruvchi
yechimi quyidagi ko‘rinishga ega ekan:

¥ x® i

y=1+ + +...+ — = +

2:3 (2:3)(5:6) " (2:3)-(5-6)-...[(3n-1)-3n]
b) Darajali qaterlar yordamida integrallarni hisoblash,
Integrallarni hisoblashda ham integral ostidagi funksiyani dara-

jali gatorga yoyish ko‘p hollarda yaxshi natija beradi.
Misol. Ushbu

t
In
7= I I + I
integral hisoblansin. ’
< Avvalgi punktdagi in(1+ x)ning Makioren qatoriga yoyilmasi-
dan foydalanamiz;

I {;[ln(l‘i'l)‘ﬁ_ I_[z( l)rH-I.I ]d . z( I):ﬁ]'.T i(_l)am i[i;dr=

nu| ol e=l =l ]




Izoh. Sonli gatorlarning yig‘ind'ilarini hisoblashda ko‘p hollarda
quyidagi tengliklar katta yordam beradi.

S, (31)

== 32
F=7 (32)

= 1 A
Z(Zn—i]z 3 (33)

b/
; m-1 4 (34)

Yuqoridagi misolni yechishda (33) va (32)-tengtiklardan foy-
dalanildi.

b e BN o ol Al
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Nazorat savollari

Funksional ketma-ketlik tushunchasi.

Eunksional ketma-ketlikning limit funksiyasi tushunchasi.
Funksional ketma-ketlikning tekis vaqinlashishi ta’rifi.

Funksional ketma-ketlik tekis vaginlashishining zarurly va yetarli sharti.
Funksional gator tushunchasi.

Funksional gatorning yaqinlashishi tushunchasi.

Funksional qator tekis yaqinlashishining ta'rifi.

Funksional gator tekis yaqinlashishining zarurly va yetarli sharti.
Funksional qator tekis yaginlashishining zaruriy sharti.

. Funksional gatoming tekis yaqginlashishi haqgidagi Veyershtrass alomati.
. Dirixle alomati.

. Abel alomati.

_ Funksional ketma-ketlik limit funksiyasining uzluksizligi.

. Funksional qator yig'indisining uzluksizligi.

. Funksional gatorlarni hadlab integrallash.

. Funksional qatorlarni hadlab differensiallash.

. Darajali gator tushunchasi.

. Abelning birinchi teorzmasi.

. Darajati gatorning vaqinlashish radiusi va yaqinlashish oralig’i.

. Darajali gator vaqinlashish radiusini topish uchun Dalamber formulasi.
. Darajali qator yaginlashish formulasini topish uchun Koshi formulasi.
. Koshi-Adamar formulasi.

. Teylor qatori va Teylor teoremasi.

. Elementar funksivalarni Teylor gatoriga yoyish.

. Darajali gatorlar yordamida differensial tenglamalarni yechish.

. Darajali qatorlar yordamida integrallarni hisoblash.
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-B-
Mustagqil yechish uchun misol va masalalar

t-masala. {f,(r)} fumksional ketma-ketlikning M to‘plamdagi
limit funksiyasini toping.
L1 f,(x)=x"-3x"%+2x"°, M =[0;1].

M =[0;+0)

1.2 f(x)—

x+3n+2

|
Xj= |x"+=-—=, M=R
1.3 f,(x)=|x T

14 f,(x)=(x-1)arctgx", M =(0;+].
1.5 A (x):ﬂ]+x", M=[O;2].

l 6 f(x)- ij:R.

L7 f,(x)=sin"x,M=[0x]

In*n+x?
2Inn+x* +xlnn

L9 f.(x)= Yxsinx, M = 0;5-].

1.8 f (x)= , M =(0;+w).

1.10 f, (x)= Veosx,M= —E;E]*

22
L11 £, (x)=#w'x*-e™ M =[0;+x0).

4 h
1
1.12 f£,(x)= ”Jlf *‘;“-"J=M=(0;+°°)-

£ L )
1.13 f (x)=n x" —IJ,M= 1;3].
\

114 [, (x) = narctgnx’, M = (0;+0).
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ui_

1.15 f.(x)= n[x"-*x

M = 0+m)

116 f,(x)= {1+ +[""’7 M =[0;40).

sinnx
117 £,(9)=Ta(u+1) In(n+1)’

n
1.18 £, {x)= g

M =[0,+0).

arcigne, M ={0; +w0).

1.19 f,(x)= I“[1+ er:x;J M =[0; +w).

1.20 £, (x]-

2 x

xee M= [0; +00).

e
1.21 f;l (x)__. h(3+m],M=[ﬂ,4ﬂ0)

2-masala. Berilgan funksional ketma-ketlikni ko‘rsatilgan
oraliqda tekis yaginlashishga tekshiring.

21 f,(x)="ln>50<x<l.

2.3 fn(x)= e'{x_")z;—lix-{l.
2.5 f,{x)= e N 0<x<l,
2.7 £, (x)= xarctgrx,0 < x <+,

2.9 f.(x)= arcignx,0<x<+om.

. X
it '-'-; +mr
2.11 j:,(.r) Sll’lﬁr —00 < X <

ax
M L L ol e 4]

2.13 f,(¥)=

1
22 f(x)= x";OSxEI.

24 f(x)=x" —x";0<x3].
2.6 f(x)=x"0<x<l.

2.8 f(x)—x"—xz";{]*_ixﬂl.
2.10 £ (x)=

0 < x <+,

xX+n

2,12 £ (x)= 0<xsl.

l+n+x

]

2.14 f,',(x)=1—_'|_-{-x;;0£x£l—a,£>0.
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2.15 L(X)*—"U“%‘J;}“*hﬂﬂ 2.16 £()=—

217 £(x)= x2+.£?,_

d—e2xsl+E6,6>0,

"

2.19 f(x)- 2,l<x{+oo 2.20 f(.x)— zxz,ﬂs;:sl.

R+ X
2.21 f,,(x)—ﬁﬂ\/__ a)0<x<+0,b)0<x< 1,

3-masala. Veyershtrass alomatidan foydalanib, berilgan
funksional gatorlarni ko‘rsatilgan oraliglarda tekis
yaqinlashishini ko‘rsating.

3.1 Zﬂ?‘ffg 22 e ;1] < oo, 3.2 ixze"“;ﬂs.r{-f-oo‘
]

33 Z'ﬂ[“ JH{; 2 in

="l

;[ < +o0.

COS X
3.5 Z [ < +eo. 3.6 Z %[—4—-— ;|3 < oo,

sl H
= x" = 7, oy
3.7 ,,Z‘[H!’III{2‘ 3.8 ;T;T(I + X ),E-ﬁxﬂl
3.9 i—i-;xlﬁw. 3.10 Z ——:0 < x < o0,
= RN n,..l+n ?
3.1 i(—-!-li'—2{x<+m 3.12 i : 300 < X < 400,
e s A ' T A et

__I)n—] ™

0 _I n=l
3.13 Z( ) 3;05x-::+m, 3.14 Z( \/__. 0<x<l.

nw) X+ ] P
o (_l)ri'-! x:"‘ " l .
3.15 E——;—w,—l{x-ﬂ. 3.16 §[1+2n-1)+{x+2n+i)’0£x{m
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roc?
3.17 ZsmTarcrg 22"” =< x<+0 318 ZIn(l+2+an2]—m{x-:+m

(x-1) =, nin(l+ nx)
1< x<3. , _
3.19 ;{311-&1) T X< 3.20 ; - 2 < x < +0

3.21 ZIHI:1+ 2 ];05::-52.

per n-in® (n+1)

4-masala. Berilgan funksional gatorning ko‘rsatilgan oraliqda
tekis yoki notekis yagqinlashuvchiligini aniglang.

4.1 ;(i+x)(l+2x) (1+nr) 0sx<l.

1< x < 400,

4.2 Z(l+x)(l+2x) (i+nx)

o

;0 .
4.3 E(ﬂn)(ﬂnn) CrET

4.4 z_(n 1)Ifl](nx+1) 0 <x<en

> § ml Ll
X X '
X —1<x<]. l-x)x";0<x <.
4.5 ,,Zl:\n n+1) 4.6 ;( ) *
4.7 ZI—; 0 < x < 4. 4.8 Z-— “l<x<l.
a=0 12 n-]
sinmx L 3z = sin nx
r<g ., ;08 x <27,
4.9 Z. S SxsT 410 2~

I _
2" -sin—;0 < x < +¢0. . 0 '
4.11 Z. - 4.12 ;HH < X< +0

o _l"
4,13 z—(—);ﬁﬂxSZﬂ‘. 4.14 Z 3 1—O0 < X < 60,

nm2 14 Sin X s ,‘nz + xz




4.15 Ze'“’*",ﬁ{xdg.

Ji=]

4,16 Zlﬂz(l+l xz ,J;Oix-::m.

=l +Mx

4.17 2( ),,( +)1 SX <t 4132 nx 30 < x < 400,

n=l

L ol

4.19 Z—i-?{—i-,lﬂx{+w.

e l+n X

na=f l+n

o

4.20 Z )4, 0<x <+w,

n-:l

1€ x < oo,

) 2
21 20 + 4xY)... () + 2m0)

n=l

S5-masala. Berilgan funksional gatorning yaginlashish sohasini

&)
5.1 g(x+n) }/

¥

1

it
5.3 2. )

wn+l (35 14x+2)"

I
5.5 Ei_x,,.
Qo
5.7 §1+x2"‘
= 1 1+xY
59 §n+3(l-x) |

i !

5.11 < ({/r?+\/}_r+1)h+h

5.13 Z{ ”_'"x+n
sas 33"

=] n

toping.

>2 ;g:)l [1+xJ ;

= n+1

o 3;:

= n+3 ]
5.6 Z '

wm n+l (21»:1 + 12x+2)"‘

2 n.2" l
>3 "Zﬂ;”*'l (”‘x3+3x+6)"‘

(x —6x+12)

>10 Z 4. (n" +1)

=l

. (1
512 E(Hn)"

@ x2—5x+11)"

5.14 Z(

n=l 5"'(ﬂz+5) |

{x° -4x+6)

e
5.16 >

mn(n+x)

226




$17 >

519

5.21

. (1)

=] (I + H)z

i +1
;.x*n"'

*

(2527 +1)".

22”-(?“)

n=

5.18 Z

ﬂ'-l

aml H

1+x

‘\/;; v

6-masala. Berilgan funksional gatorning yaqinlashish sohasini

toping.
- gn
-sin(x+7n).
A=l ¥
* 3"
N + .
2 cos(x+zn)

x* -sin(3x + 7n).

n=!

a 5]

nwl

m=l n

—X

6.2 iif" sin{2x - zn).

P o -cos(x— :rm).

Jn

6.6 Z-w-x -sin{5x - zn).

6.7 HZ_E;"—IEH‘WS(I"'W”)- 6.8 nzﬂ:z;xz"-sin(fix—rrn).
6.9 ;2" 5'“; 6.10 232"*x"-sin§%.

= 3n 2x _— 3x
6.11 HZ.I:ZS Slﬂ—n' 6.12 ;3 st_.

. 3x .

6.13 213 X g —. 6.14 ;3 ¥ -tgm.
6.15 "Z::f".;g%_ 6.16 ;:2“-x3”-arcsin3i”.
6.17 ZIG" f"-arcsing: 6.18 232"-15 'arcsinj'}.

= 2x o 3n x
6.19 ;2"-x"-arc!gm 6.20 ,,Z.-.:2 X -arcrgz_(n_!-:;).
6.21 22’?"'4'3" arctg n':l.
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7-masala. Berilgan funksional qatornming
yaqinlashish sohasini toping.

w

7.0 3252 ¢ ¢

ne

7‘3 2(14_2} ,5-{.'r+|J1 .

| ‘R

7‘5 ZEH{I-IJ;) )

] 1. Ji'z'l-]

?.7 ZS-H 50 " ‘

=]

L2 . X
5. .

y=]

= 11 Z[l-:— ) 3

[

747 " | l)'
e

|
7.19 Z( ) :

=l €

7.21 Z( 1y"-3

|

- 1u(1+-]

4 injdx—l e

n=1

A 1 " __n
7.6 Z(1+;J -3,
n=l
o l

7.8 Z]nn (x—l)'

n=]

= 1
7.10 Z In” (x + 2)'

K|

&
112 Zirrrey

11|

7.14 i(—l)”*I ‘@ o5F

l nEl
7.16 Z( ,“)H

jym] ft

Hlnn

7.18 ZS'H

na|

IH

x: -nzamrg——!-
7.20 Y.(-1)"-5 M

Jrm|
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8-masala. Berilgan funksional qatorning
yaqinlashish sohasini toping.

= 1
8.15 2

n=1 N 'gn (.1‘-1)2” -

b2 $ELGY

fmi (H'I‘I)"Sn

d 2n+3

sm) (H+ 1)5 ‘Izﬂ ‘

8.4

88 L+

1n_

z x-ﬂ?)
8.10 Z(Zn —5:1) 4"

=1

2 3n-(x- 2)3"

3.12 0,

ral (5?? - 3)3

8.14 Zsm Jn (r 2)".

nal

8.16 23" -x"

=]

8.18 Z(,H A

=]

d (x-S)
8.20 Z:(M+4)- tn(n+4)

nxl

P

o (x+2
g7 302

=] R

= (3n-2)-(x~3)"
8.19 uz-l: (n+])2-2"*'

: 1
8.21 2

= (n+2)- In{n+2) (x-3)"
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9-masala Ta’rifdan foydalanib, berilgan funksional gatorning [0:1]
kesmada tekis yaqinlashishini isbotlang 7,(s)-?. n ning qanday
gqiymatlarida qatorning qoldig‘i vx<[0, 1] uchun 0,1 dan katta

bo‘lmaydi?

< 9.2 E( s
9.3 .,Z.,:( : 9.4 Z( 1y W—_-
9.5 ,.Z..:( 9.6 §(~1) o
07 25 es Z(I)J—2
9.9 g( )6n —. 9.10 Z. -1y \1/,_—-
9.11 ;( — 9.12 ;(-)
9.13 ;H) i/B—I 9,14 le( ) 5
9.15 21:( )T 9.16 2
9.17 g( 9.18 ;( 1y ﬁn_w-
9.19 "Z_;‘(-I)" 4n"7 9.20 "Z_':( ) ——.

9.21 Z(—l) Tn— 13

1]
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10-masala.Berilgan qator uchun uni majorirlovchi qatorni toping
va ko‘rsatilgan oraligda tekis yaqinlashishini isbotlang.

x+l - COSNX

10.1 ; T ;[0.2] 10.2
10.3 Zf‘-?,,—, [-2,2] 10.4
Hm)
0.5 X", [—1,3-]* 10.6
) r=xl 2 2 )
(x-3)
12,4
10.7 E( ) 2n+1)-Jn_-Tf[ }lﬂ.S
1y
10.9 ;(xn 92 , [-13]) 10.10
= . n+l' (I“'z)zﬂ 1.3
10.11 2.(-1) G (D) [1.3] 10.12
0.3 270 |TRR 10.14
5 g2
0as S a3 1016
- n -4
(1)"' ’ [l.‘_]
10.17 Z S5 1018
@ _ _l (x 2)-" 3 E:|
10.19 E.( 1) — [2,2. 10.20
o (x-2)
. [13]
10.21 ;(2;:—1)'2" [1.3]
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[ 3.3
]
Z n (xY 3 3
FT[E] ['5"2']’
$E g
Z(rr x)-cos® nx . [0,5]
n=0 '\,,‘ +
S 51
Z,% [-3,3]
,,Z::n-;n-]lnn’ [_2’2]
SE [
= (ned) o [ 11
Zﬂ: M+l ["5’5}
i(x+5)n, [—6,-—4}

n

n=]



11-masala. Berilgan funksiyani Makloren qatoriga yoying.

1.1 f(x})=(1+x)-e™". 11.2  f(x}=sin®x-cos® x.
_ x*=3x+1 _ f—x
11.3 f(x)_x2—5x+6' 11.4 f(x)-arcfgl_l_x.
1+ x . X
= T = .
11.5 f(x) arctg ~—— 11.6 f{(x) msm\/f+_x2
11,7 f(x);arccns(l—z.tz). 11.8 f(x)=cos’x.
{1
1.9 f(x)=sin’x. 11.10 f(x)=lxx.
1
f X]|= 3. = x .
i S3)=a—s 11 f(x)=7==
_ 14+ x _ X
11.13 f(x)=1In 1-x 11.14 f(x)-l+x—2x"
1 X
11.15 f(x)-(x1+2)z. 11.16 f(x)—9+xz.
_ 3x-=35 - y
11.17 f(x)_x’—4x+3' 1118 f(x)=e&™ +2¢7".
x 12-5x
x)= . _
11.19 f(*) (—)([=%) 1120 f(x)= "2

11.21 f(x)=In(x*+3x+2).

12-masala. Berilgan funksiyani ko‘rsatilgan nugta atrofida Teylor
qatoriga yoying va bu qatorning yaqinlashish sohasini toping.

12.1 f(:c)=~/;;xﬂ=4. 12.2 f(x)=e";x,=-2.
12.3 f(x)zcusx;xu%:-. 12.4 f(x)z%;xﬁz-—z.
! 1
Fx)=pm——ix, =2, = 'x, =1,
125 f(x) NPT 12.6 f(x) T e
12.7 f(x)=cus‘x;xu=-5;—. 12.8 f(x)=sin‘x;x0=§.
1
12.9 f(x)=x_[;ro=3- 12.10 f{x}=e*;x,=-1.
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12.11
12.13

1215 S

12.17

12.19

12.21

13.1

13.3

13.11

S(x)=sinx;x, = %-.

f(x)=sin’ x;%, =

f(x)=— 5x+6

f(x)=sin’ x;x, =

f(x l sXg =

I

4
-1.

f(x)=cos* x;x,=—

——

-1.

1212 f(x)=+x;x,=3.

12.14 f(x)=cos xix, =2

12.16 f(x)=xix, =

12.18 f(x)=cos’x;x, = ij:

1
12.20 f(x) = m;xﬂ

13-masala. Quyidagi qatorning yig‘indisini toping.

Z( 1)"
z:(3w+ l)x

=0 n!

in-(nﬂ)x ’

n=]

. ()

13.13 2 21y

13.15

13.17

i x..i'H'l.
o 2n +1
xz::

Z (2n)!

=i}

13.2 Z(2n+l)x".

Hml}

- H

X
134 200

n=l

e

13.6 Z sin o

|
1i=| .

a

13.8 Z(zﬂ).

aul)

=2,

3.0 (-1 (n-1)x,

nej
@ A3

X
1312 2

= 2n-1
13.14 2, o
. 0|

"‘n+l

13.16 Z( 1)

=0 H +1

1318 x_4x?+9x° —16x" +...
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13.19 1-2x+2-3x* +3-4x +....  13.20 + + +
123 2.3.4 3.4.5

J 1 ] 1
- + - +
1.2 2.3 34 4.5
14-masala. Berilgan qatorning yig‘indisini tupiug.
I

Y U2 X ey

13.21

n=l L, L
". H+ rr’l ] 4 ("l)n- 'xin-l
_1 ! L u+-'
14.3 2.(-1)7| n+2]x 14.4 Z.: @3
21+ (-1 -l
14.5 2; 2£+3 ¥, 14.6 ;( 1) ( ]
(-1)"" %" z1+(-1)" .,
14.7 Z 1) 14.8 Zﬂ—ﬁ-]—_x !
i xﬂ "’ 2n+1
M9 Sy 14.10 Ew (2n+1)
2;1+2
it Sy M BOT (g
JH-] -y
1 a=1 X 2 &
14.13 Z( ) ) 14.14 Z —.
x x'.‘_"_] - , 1
14.15 ;2”_(2,1__])- 14.16 Z.[( )" + ]
S G . = (1)
PSS A
14.17 Z{ ; 1418 2, R
= (1) X © sin” x
14.19 ,,.Zu(n+1) n+2) 14.20 ;n-(n—l)'

2n+l

= X
14.21 Z 2n-(2n + l)'

A=l
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15-masala. Quyidagi qatorning yig‘indisini toping.

15.1 g(w +9n + 5, 15.2 2(3;& + T+ )",
15.3 Z(“z I, 15.4 gﬂ(znf 4+ 3p,
15.5 g(n2 +5n+3)". 15.6 ;(zﬂ,: e 5+ 3
15.7 2(3”2 +8+ S, 15.8 iﬂ(zf + 8 S,
15.9 g(zf +Tn+ S, 15.10 2(3,1: +Tn+ 5K
15.11 gﬂ“(%-l)x'”z- 15.12 ;(ff —n+ .
15.13 ;(an —n -1, (5.14 g(gnz £ Sm e AW,
15.15 gﬂ,(n2 + T+ 4)". 15.16 Z(gﬂz —n- 2,
15.17 g(w 2+ 1", 15.18 g(”z Fon— e,
15.19 Z:}(Hz #2n+ 2, 15.20 g(nz +an 3,
15.21 g(ﬁ2 +5n+4pm2,

16-masala.

Integral ostidagi funksiyani qatorga yoyish yordamida berilgan
integralni hisoblang.

1 l L
16.1 I]ﬂ:dx. 16.2 Ilnx-ln(l—x)dx_
a o
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o % xdv
16.3 Jezﬂ_ldr‘ 16.4 6'.4;.;.1'

[ In(x+m)

16.5 j

0 X

Darajali qatorlar yordamida quyidagi di i i
. ) yidagi differensial tenglamaning
berilgan boshlang‘ich shartlarni qanoatiantiruvchi yechimini toping,

16.6 »'-y=0, »(0)=1. 16.7 (1+x*)y'-1=0, y(0}=0.
16.8 y'+ 2%y =0, y(0)=1, y(0)=1. 16.9 y'—xy=0, ¥{0)=1, y(0)=0.
16.10 (1-x°)y"~x'=0, y(0)=0, y'(0)=1.

16.11 (1-x*)y"-50/ =4y =0, y(0)=1, y'(0)=0.

1612 y"—xp =0, y(O)::{), y{0)=1.
Integra! ostidagi funksiyani darajali qatorga yoyish usulj
yordamida berilgan integraini 0,001 aniqglikda hisoblang.

dx.

[
sinx

[
16.13 onx' 16.14 F’/;casxdx.
0
'f e
16.15 [sinx’dx. 16.16 —.
0 ) E.f 1+ x*
4 i
v A
16.17 [e’"dx. 16.18 |2 4.
2 ;X
2 Otn(1+x2)
16.19 . —_—_—
!%/]—_? 16.20 ! o dx.

16.21 IIE*‘Idr-
0
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-D-
Namunaviy variant yechimi

"2€x

1.21-masala. Ushbu ﬁ.(x)=in[3+n4+ehJ funksional ketma-

ketlikning M =[0;+«) to‘plamdagi limit funksiyasini’ toping.
. n2ex . nzex
of (x)= Iimf;,(x)=‘ltﬂln(3+ pr +e“J= ln3+lmln[l+ 3.(,{‘ +e“)] =

=z

In| 1+ n'e’
3(:?‘ +e“) nle®
=In3+ lim — Aim ——————==In3+1-0=In3p.
tt = o ne = 3(” +e-x)
3(n4+e”)
H+Xx

2.21-masala. J.{¥)= 7 funksional ketma-ketlikni a)

n+x+
0<x<+m D) 0<x<i oraliglarda tekis yaqinlashishga tekshiring.

a Ikkala oraligda ham f,(x) ketma-ketlik yaginlashuvchi bo‘lib,
n+x b+ _{
f(x)=lim £, (x) = lim —————=lim ——F—==1;
H =¥ = f7] + x + Hx H=+0 X x
1+ —+ J—-
i n

bo‘ladi. Endi tekis yaqinlashishga tekshirish uchun o -punktdagi
1-teoremadan foydalanamiz.
I

ﬁ,(x)=‘f(x)~f;(x)|= nre Y

Hx
|-—272 =
n+x+nx| n+x+dnx

deb belgilasak, 1-teoremaga ko'ra {f,(x)} ketma-ketlik M to‘plamda
tekis yaginlashishi uchun ushbu

lim S =0;
im :ﬁ?r" (x) ;

| x
munosabatning bajarilishi zarur va vyetarli.
a) 0<x<+w bo'lsin.

r' x)= s/;-(n—x) = r{xy=ri{n)=
"( ) 2«/;-(n+x+ nx) xﬁzil "( )_ "( )_
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Vi n 1 1 . 1
- =o-=_=lim § =— %0 L.
n+n+non 3n 3:}:.1—;'1;“[;%)’3(-‘) 37 = f,(x)=

b) 0<x<1 bo'lsin. Bu oraliqgda ;-:(x)z 0 bo‘lgani uchun
N ﬁ
T Supr (x)= I}= s . =1 =
(T = “Szjgr“(t} A (1) n+1+vn = !T}iig}"(x) Pﬂn+l+ " 0=

= f,(x)} funksional ketma-ketlik 1 ga tekis yaginlashmaydi.
Demak, berilgan funksional ketma-ketlik < x <40 to‘plamda
notekis, 0'<x<] to‘plamda esa tekis yaqinlashar ekan.b

3.21-masala. Veyershirass  alomatidan foydalanib,

= by
Z In [I + e ( 1+ ])} funksional gatorning 0<x<?2 oraligda tekis
yaginlashishini ko‘rsating.

X
s )= In[] T {(n+ l)] Berilgan 0<x<2 omnligda qu-

yidagi tengsizliklar o‘rinli.
X
= Inj 1+ :
H”(l)l n[ H-In'(n+l)]

2
Agar 4, =H'In2 (n+ l) deb belgilasak, Koshining integral alo-

; 2
=In} 1+ ,T < ad < .
[ n-ln*(n+l)] nein®(n=1}  n-In*(n+1)

=3 L l
matiga Ko‘ra Za'*:Zn,lnz(” +0) sonli qator yaqinlashuvchi

=) n=|

bo'ladi. Unda Veyershtras alomatiga ko‘ra berilgan funksional qa-
tor 0<x<?2 oraligda tekis yaqginlashuvchi.
4.21-masala. Berilgan ushbu

L

Fi
;(l+2x:)-(l+4xj)-...-(l+2nx2);
funksional qatorning |<x«<+w oraligda tekis yoki notekis yagin-
lashuvchiligini aniqlang.
< Bu gatorning tekis yaqinlashishini tekshirish uchun 2°-punki-
dagi 1-teoremadan, ya’ni (10)-tenglikdan foydalanamiz.
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H

“(x)= (1+257)- (14457 )-...- (1 + 2%

e

| i _ |
25 [(H 267 )- {1+ 42 )1 +2(n-1)x*} (14 2x')(l+4:rl)-.i,+(l+2m:J

va

] 1 o) = [ !
q(x)=2x2-(1 I+NJ35:.(X)=§"*(J{]_2€LI (l+2f)-(l+4f’)-...-(l='21n;)]::>

. ]
= Vxe[l,+0) uchun 3 (x)= lim§, (-17) =32 YR (x)=S{x)-$,(x)=

. =23

]
— Si
(+22) (13 40).. (l+2nr):>rﬁlltf‘| Rt ey (oo e (v R

= lim Supl (x)]=0=> Berilgan qator [I,+ocr) oraliqda tekis va-

H—HI}IE[[ +:r}

qiniashadi. - " .

5.21-masala. Zzn (H +l) (25x3+1) funksional qatorning ya-

ginlashish sohasini toping.
a Yagqinlashish sohasini Koshi alomatidan foydalanib, topamiz:

: : n_25x7 +1
lim ¢ u"(x)|=,111_l’11i/2”'(1:?1+l)-(25x2+1) = '12 <l

1 ] i
bo‘lsa, yaginlashadi. =5 {E |-’f| <z 5 =X E( g da qator ya-

1
5
! ] n .
qinlashadi. Chegaraviy x= +§ nuqtada esa ¥,| ¢ 5753 bolib,

1y .. nt
limu, | +— {=lim—5—=1%0
o=y n R +1

qator vaginlashishining zaruriy sharti bajarilmaydi =% yagqginlashish
1 1
sohasi (—g g) interval ekan.p
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6.21-masala. Ushbu
D27 X arctg
] 2n+3
funksional gatorning yaginlashish sohasini toping.
< Bu qatorning yaginlashish sohasini Dalamber alomatidan foy-
dalanib, topamiz;

ty, {x)
u, (%),

-

2?'"*-' . x3n+3 . £ 32X
( T

3]-’-\‘-1 2n+3 3
=27\x| -lim . -
|I| "L*[2n+5 3|« J 27 <1;

=lim

=

lim

L

3x
27 %" arct
Son+3

1 1.1
bo‘lsa yaqinlashadi. = |x|-=-i§ yoki X€ ("3* 5) da yaqinlashadi.

Chegaraviy nugqtalarda tekshiramiz.

1 l i o 1 =
=_ Jein = H.|—|=arct =0
) x 3 bo’lsin "(3J S n+3 [2n+3] va ;21‘”3

I
uzoglashuvchi — berilgan gator *=—- nugtada uzoglashadi.

3
I 1 n+l
= — 1c1 — ——[={-1
2) x 3 bo‘lsin "n( 3J (-1) ‘?’ngzn_l_S va
Z:( 1)er ﬂfffg +3 Qator Lebnis alomatiga ko‘ra yaqinlashuvchi
. l
=> berilgan gator X=-—- nuqtada yaqinlashuvchi.

3
Demak, berilgan funksional gatorning yaqinlashish sohasi

11
['555) yarim interval. p

7.21-masala. Berilgan

el N T
$ys ),
=]

qatorning yaginlashish sohasini toping.

< Koshi alomatiga ko‘ra

i G =™ <o
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bo'lsa, ya'ni x>0 bo‘lganda berilgan _qator vaqginlashadi. Chegaraviy

x=0 nugtada « (0)= (-1)" bo’lib, Z("]) gator uzoqlashadi.

Demak, berilgan gatorning }raqmlashlsh sohasi (0,+x) oraliqda
iborat ekan.
22 l
8.21-masala. HZ-I(H+2) In{r+2)-(x- 3)

yaqinlashish sohasini toping.
4 Qo'yilgan masalani Dalamber alomatidan foydalanib, ye-

chamiz. Agar

- funksional qatorning

ta () _ o (4 2)in(mr2) (x=3)" 4

0, e 3)n(ne3)-(x-3)"" (x-3)

bo‘lsa, wunda berilgan funksional qator vyaqinlashadi
=(x-3) > 1= |x-3> 1= xe(~0;2)U(4;+0) to‘plamda berilgan
qator yaqinlashadi. Chegaraviy x=2 va x=4 nuqgtalarda

1

, ()= (r+2)In(n+2)"

lim

M=p X

bo‘lib, Z(" +2)In (n+2) sonli qator Koshining integral alomatiga

=)
Xo‘ra uzoglashadi =» Berilgan funksional qatorning yaginlashish
sohasi (-w;2)U(4;+w) to‘plamdan iborat. >
9.21-masala. Ta’rifdan fnydalamb

> (-1

(1)

funksional qatorning [0; 1] kesmada telus yaqinlashishini isbotlang
(7 ( (¢)~7}. n ning qanday giymatlrida qatorning qoldig"i vxe[0, 1]

uchun 0,1 dan katta bo‘imaydi?
< Bu masalani yechish uchun vg>0 olinganda ham

n, =n,(€)eN topishimiz kerakki, Vn>n, va barcha xe[0,1]

uchun Jn(x)= Z”.e (x)<¢l tengsizlik bajarilishi lozim. ve>0 son
A=
olamiz va quyidagi baholashlaml amalga oshiramiz:
- - | - el -Twl I B 1 e .).’m: _
lﬁ*{x}{hgu“ E ':u: E i el Tyt M3 |
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=N-1}". L I _ 1 ) 1 i |
_‘( 1) -""[?n-—li’r [?{n+l}—13 ?{n+2}—l3] (?{n+3)-l3 ?{n+4)_|3]--..jﬂ{

L

Ry 1 1 (1
=13 Tne3 e T n 7{; 3}::-?‘.«:;0,

olinganda ham ”u(5)=[-'—[-£l—+13}] deb olsak, Vn>n, va Vxefo,]

.tzuk (x)i<e tengsizlik bajariladi. Bu esa Z( 1y Tn—13
L. !

funksional qator [0,i] kesmada tekis yaqiniashishini anglatadi.
Masalaning ikkinchi qismini yechish uchun g£=0,1 deyish ki-
]

o = 2(0)=[3(3

H‘

lar uchun

23 -3
l+13 El = barcha >3 lar uchun

I, (x)|<0,1 bo'ladi. >
x-2)"
10.21-masala. 2(2 Z1)-2" funksional gator wchun uni [I;3]

|

kesmada majorirlovchi qatorni toping va ko‘rsatilgan oraligda tekis
vaqinlashishini ishotlang.
[ -2f" !
« ‘o’xe[l 3] uchun |u(,1){ (2H 1) BT (2”‘_1)_2,. bo‘lib,

1
a, = (anl)_ > desak, Z Z(zn_l)_zn sonli gator berilgan

pm| n=!
gator uchun uni majorirlovchi qator bo‘ladi. Zan gator yagin-
a=t
lashuvchi bo‘lgani uchun Veyershtrass alomatiga ko‘ra berilgan

x—2
z(;:(” l)) 5= qatorning {1, 3] kesmada tekis yaginlashuvchi ekan-

ligini hosil gilamiz.
11.21-masala. f(x)=In(x*+3x+2). funksiyani Makloren qa-
toriga yoying.
< Bu masalani yechish uchun

f£(x)=tn(x* +3x+2).=In[(x+1)(x+2)]=

=In(l +.r)+ln(2+x)=In(l+x)+ln2+ln(1+§-) ;
deb olib, 5%punktda keltirilgan
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In{1+x) Z( 1)"*“'"— xe(-1, 1J;

teng]ikdﬂﬂ foydalanamiz n=l
l!’l(_:):z +3x+ 2),: In2+ h‘l(l +x)+ IH[I-{--;-J:

—In2+3 (- 1)'“” Z( i ( Jn..

__1n2+z( m[ 2]1‘".!}

pra}

12.21-masala. f(x)=cos’x funksiyani x, :%:- nuqta atrofida Teylor
gatoriga yoying va bu t%atoming yaginlashish sohasini toping.
a Awalo cos’x= 5—(1 +¢082x) ekanini e’tiborga olib,
f{x)=cos’x= (CDSE .1')2 = %(l +2¢0s2x + cos” 2:r) =

= %[l +2¢082x+ ——-—--—1+ CD54x) 3.1

=~ 4 =COS2X + lcos 4x
2 8 2 8

. i . . . . .
bo‘lishini topamiz. So‘ngra l‘“—"f+:i- almashtirishini bajaramiz:
T 3 1 T 1 3 1. { :
= flet+— |s—~+=c08| 2f +— |+ —=cos{dt + ¥ )= ———sin 2t = ~c0os 44,
f("‘)f( 4)82[ 2)8( 7)=373 8

Endi sinx hamda cosx laming 5° punktda keltirilgan yoyilma-
laridan foydalanib, ushbu

]) 2;'»1-1
2! -— ( 2u+|
sin ; (2n+ 1)‘ ’

1) ¥ S,
cosdt =

g.n: (2n)!
tengliklarga eza bo‘lamiz. Natijada

0338 G 3 B (1) -

H=i) ﬂnﬂ
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1 - (_l)"_zlu ( ;T]:}H.I - (“[)1124,,_3 . 2n
=—— )y Aty — X——
4 = (2n+1)! 4 pr (2::)! 4J
qatorni hoesil gilamiz. Bu qatorning yaginlashish sohasi (—0, +e0)
ekanligini ko‘rish qgiyin emas.
13.21-masala. Quyidagi
L1 . 11 .
1.2 2.3 3.4 4.5 7
gatorning yig‘indisini toping,
. -1 | '*l ] .
(=) 0] =°(‘I']’*"

< i =
Berilgan - (nel) qator uchun n(n+1)| n(n+l) \of
taqqoslash amlomatiga ko‘ra u absolut yaginlshuvchi = Chekli
yig'indiga ega. ( 1),”,

=l H(H‘FI) ;

deb belgilaymiz.
Ushbu

]

SW=2orm (1)

n=|

yordamchi qatorni kiritamiz. Bu qator |x]<1 da absolut va tekis
yaqinlashadi. Abelning 2-teoremasiga ko‘ra (5° punktdagi 7-teore-
ma va uning natijasiga garang)
S = _ljl'{'lﬂS (x):
bo‘ladi. S{x) funksiyani topish uchun (1)-tenglikni 2 mana diffe-
rensiallaymiz.
Sr ( I) = Z.—:‘E—?
nri

S"(x)=i.r"" =l+x+x" +x° +...=1—1-,
fr=l - X

xl<l=

, !
= S(x)=1"'|*_—x+¢‘: va §'(0)=0=>
=¢=0=>5(x)=(1-x) n(1-x)+x+c, va §(0)=0=¢, =0;
Demak, S(x)=(1-x)-In{l-x}+x ekan =S= lim S(x)=2Ih2-1.>

J-3=1+0

2+l

= ) o
14.21-masala. ZZH_(ZH +1 ) qatorning yig‘indisini toping.

=]
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4 Bu qatorning yaginlashish sohasi [-1; 1} kesmadan iborat
bo‘lib, bu kesmaning ichki nuqtalarida qatorni hadlab, differensial-
lash mumkin:

o it

I & xlu » - c n=l _ 3 1 - X
-_-:-S(x)=2-i—=:-s {x)-z.r =X+X +X +...—l_ =
wal N nul X

X
V=2 Sty

nx]

ce(-LI) S'(x)=_[lj;zafx+c,=—-:lzln(l—x2}+c', va §(0)=0=¢ =0=>

S(x)= [§'(x)d+c, = —% fin(1-*)dx+c, =((bo'laklab  integral-
I, 1~
lash usulidan foydalanamiz)) = *%lﬂ (l —x* ) +x+ Elﬂ ﬁ +¢, va
§(0)=0=> ¢, =0.

o xim—] 1 -y x 5
Demak, z’Zn-(Zn-&-l)=x+51n-——_*51n(lﬂx ) ekan. Teng-

n-l l+x

lik {(~L I} intervalda o‘rinli.

15.21-masala. 2.(7° +5n+4)"™°. qatorning yigindisini toping.

rral)
a Berilgan qator (-t 1) intervalda absolut va tekis yaqin-
Jashadi va shu intervaldagi vy oraligda bu gatorni hadlab integral-
lash mumkin:

S(A‘)=i(n: +5m+4)x"™? = Z(n+l)(n+ 42" = x- F(x)= i(ﬂ+ N{n+4)x™ >

nali i

= j’x-S(x]rLr=i(n+l)x”**' +¢, =x‘i{m+l]x"+¢| =x"-8,(x}+e
x=0 da S${0)=§,(0)=0=¢ =0

Demak, ,

Ix-S(x)dx=x4-.S‘l (x) va § (x)=2 (n+1)x" = .I‘Sl (x)dx =

nai)

_N 1 _ 7.3 X
=Y XM =x+r 4 +=——+¢, x=0 da 5,{0)=0=>¢, =0.
=l I—I
!

]
S (Ve -Fmms § () =] % }= : .
f |(x) * - x (%) ( (-x) Bu tenglik va

1-x
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Ix- S(x) dx=x". S, (x) dan

:>x-S(x)=(x*-S.(x))'=[ 2 ]=4x’-(l—x}'+2x4.(1_x)=

(1-x)’ (1-x)
_2.1'3-(2——1:):} . _2x (2 .1,)
Ty Ty
Shunday qilib,
- 72 +5n tm-z_zxﬁ'(z'_x) xel- [>
Zé( Sn+4)x? = oy (-5 1)

16.21-masala. Integral ostidagi funksiyani darajali qatorga yoyish
|

usuli yordamida f*-?_fdx integralni 0,001 aniglikda hisoblang.
< Agar Sﬁ-purolktda ¢* uchun keltirilgan yoyilmadan foydalansak,

o z( 1) xjn

ekanligini, bu yerdan esa

X

.[Erx:dx='J{i(  : z"}ﬂ ZI( l) rﬁdx Z nl(2n+l Zn (2n+l)'

0 1| H=Ir =il |y el

bo‘lishini topamiz. Bu hosil bo‘lgan qator Leybnis qatun bo‘lib,
uning m-hadidan keyingi qoldig‘i

i(l)

n=pm+l H (2” + l
uchun

1
< :
£ (m+1)(2m+3)
bo‘lishi bizga ma’lum. |r,|<0,001 bajarilishi uchun oxirgi tengsiz-
likdan >4 bo'lishi kifoyaligini aniqlaymiz. Demak,

j “aent-te oL 07470

; 35 42 216
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8-§. 7-MUSTAQIL ISH
Xosmas va parametrga bog‘liq integrallar

1-tur xosmas integrallar va ularning yaginlashishi.

2-tur xosmas integrallar va ularning yaginlashishi.

Xosmas integralning Koshi ma’nosidagi bosh qgiymati,
Parametrga bog‘lig bo‘lgan xos integraliar va ularning funk-

sional xossalari.
Parametrga bog‘lig bo‘lgan xosmas integrallar va ularning tekis

yaqinlashishi.
Parametrga bog‘liq bo‘lgan xosmas integrallar va ularning funk-

sional xossalari.
Eyler integrallari.

-A-
Asosiy tushuncha va teoremalar

Biz 1-kursda If (x)dx aniq integralni o‘rganish jarayonida unga

2 ta shart qo‘ydiﬂ:
1) a va b lar chekli sonlar,
2) [a,b] da berilgan f(x) funksiya shu kesmada chegaralangan.

Endi biz aniq integralni quyidagi umumiyroq hollarda
o‘rganamiz.

1-hol. Oraliq cheksiz, lekin funksiya chegaralangan,

2-hol. Oraliq chekii, lekin funksiva chegaralanmagan.

{-holda hosil bo‘lgan integralga I-tur xosmas integral, 2-holda

hosil bo‘lgan integralga esa Il-tur xosmas integral deyiladi.
Birinchi va ikkinchi tur xosmas integrallar va ularning xossala-
rini alohida-alohida va batafsilrog o‘rganamiz.

1°, Chegaralari cheksiz xosmas integrallar
(I-tur xosmas integrallar)

Integrallash oralig’i cheksiz bo‘lgan holni ko‘raylik. Bunda 3 ta

vaziyat yuz berishi mumkin:
1} a < x < 4o0;
) ~0<x<h;

3) w00 < x <400,
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Aniqlik uchun l-vaziyatni to‘lig ko‘rib chiqaylik. |
Faraz qilaylik, f(x) funksiya {a,+w) nurda aniglangan bo‘iib, :

A
VA2 g soni uchun If (x}dr mavjud bo‘sin.

F(A)=jf (x)dx; (1)

deb belgilaymiz.
1-ta’rif. Agar ushbu

A
fim F(4)= fm [7(x)a

limit mavjud va chekli bo‘lsa, uni f(x) funksivaning [a,+x) ora-
ligdagi I-tur xosmas imtegrali deyiladi va u

[ £(x)ax, | 2)
kabi belgilanadi hamda (2)-xosmas integral vaginlashuvchi, aks hol-
da esa uzoglashuvchi deb ataladi.
Shunday qilib,
o A
If(x)dx = fim If(x)dt

A=,

Qolgan 2 ta vaziyatda ham I-tur xosmas integral shunga o‘xshash

ta’riflanadi: , \

J£(x)dx:= lim {5 (x)a,
m f(x)dx= lim _}(x)dx,

Agar If (x)dx va If (x)dx xosmas integraflar yaqginlashsa, u

holda J'f (x)dx xosmas integral ham yaginlashadi va

Tregae= [r(mas Jrar.
bo‘ladi. ” ”ﬂ ’
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i
dx
Misol. I';_.T (a>0 va A — ¥ hagigiy son) xosmas integraini

yaqfn!ashish&a tekshiring.
a V Ad>a olamiz
AL |-‘ A"A gt
“dx =
F(A)=I;i-= -4, 1-4
‘ hx|’=n4-lna,A=1.
(-4

A>1 bolsa }1_% F(4)= 2 bo'lib, integral yaginlashadi. A <1

A-1

bolsa lim F (A)=c potib, integral uzoglashadi.
Shunday qilib,

* dx {yaqinlashadi, agar A>1 bo'lsa,b

A
X

uzoglashadi, agar A <1 bo'lsa.

1-teorema. (Koshi kriteriyasi). (2)-xosmas integralning yaqin-
lashuvchi bo lishi uchun quyidagi shartning bajarilishi zarur va yetar-
lidir: Ye>0 uchun AB>a:¥A >B va A, >B lar uchun

Ajf (x)dx

A

<&,

bo Tadi.
Ko‘p holiarda Koshi shartini tekshirish qiyin bo‘ladi. Shuning
uchun tekshirish oson bo lgan alomatlarni keltiramiz.

A
Bundan buyon biz har doim V4>2a uchun Jf (x)}dx mavijud

deb faraz qilamiz.
2-teorema. (Umumiy tagqoslash alomati). Faraz gilaylik, [a,+)
nurda -

[F(x)} = g(x)

bo ib, Ig(x)dx xosmas integral yaginlashsin. Unda I S(x)dx  xos-

mas :’nr;grai ham yaginlashadi.

3-teorema. (Xususiy taqgoslash alomati). Faraz gqilaylik
[
O<as<x<+o Hurda |f(x)|5;r« e, A—const ya A1 bo'sin. U
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holda If (x)dr  xosmas integral yaginlashadi. Agar 3c>¢:
ez,

bo'fib, 2<1 bosa, I S (x)‘i’f xosmas infegral uzoglashadi.

2-ta’rif. Agar ”f(x)[afx yaginlashuvchi bo‘lsa, u holda

If («‘-‘)dx xosmas integral absolut yaginlashuvchi dJde viladi.

2-teoremaga ko‘ra absolut yaginlashuvchi integral oddiy ma’neda
ham yaqiniashuvchi bo‘ladi.

3-ta’rif. Agar _[ S (x)ax yaginlashib _”f (x)|dx uzoglashsa,

If (x)ﬂ{f xosmas integral shartli yaginlashuvchi deyiladi,

" 4-teorema. f(x) va g(x) funksivalar [a,4+0) oraligda anig-
langan bo%ib, f(x)20 va g(x)20 posin.
Agar x>+ da

f(x)=0"(g(x));

bo‘lsa, I.f (x}dx va Ig(x)dx Xosmas integrailar yoki bir vaqtda

yaqiniashadi yoki uzoglashadi.
S-teorema. f(x) va g(x) funksiyalar [a,+0) oraligda anig-
langan bo'lib, ular quyidagi shartiarni bajarsin;

(Abel atomat) @) [S(V yagintashuveni

b) g(x) funksiva [a,+0) da monoton
va chegaralangan;

A

If (x)dx( <K,

1]

b) g(x) funksiva [a,+0) da monoton
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va Hm (.1') 0

Xdtw

U holda If (x)dx xosmas integral yaginlashuvchi bo‘ladi.

Misollar. 1) Ismx dx xosmas integral yaqginlashishga tck-
shirilsin.

Ismx dx = _[xsmx -—l-dx deb olib, f(x)=xsinx’, g(x)___
deb belgllaymlz va Dirixie alﬂmatmmg shartlarini tekshiramiz:

1
1) F(x)=xsinx’® eC[l,+0) va F (x)=——2-cnsx' — chegaralangan;

2) g(x)——i va Ilmg(x) 0,

X=a4v;

ot

J' f (x)g (x)d"’ = ISi“ xtdx — vaginlashuvchi. p
1

smx
Imdf xosmas integralning shartli yaqinlashuvchi ekanki-

gi ko rsatllsm.

i
a Agar f(x)=sinx va g(x)=; desak, Dirixle alomatiga ko'‘ra

yaginlashuvchi ekanligini hosil gilamiz,
Endi

|
xosmas integralning umqlashuvcm ekanhglru ko‘rsatamiz.
1 —cos2x

2

Sl]'l .1'

IISIH .I'l

lsin x| 2 sin’ x =

Unda w41 uchun

I‘Slnxld" Ifffﬂ_ cosz.r

Teos2x T cos2x

bo‘ladi. Ma’lumki,

dv

. haat PO it lim
AILTT.[ _{ uzoqlashuvchi va M x x

1 |
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Dirixle alomatiga ko‘ra yaginlashuvchi. Shularga asosan oXirga teng-

sin x . _
Ty Xosmas integralning

-+
sizlikda 45400 da limitga o'tib, |
I

uzoglashuvchiligini topamiz. = dx integral shartli yaqin-

‘Tsinx
TR
lashuvehi. p

Eslatma: Birinchi tur xosmas integrallarda ham ma’lum shart-
lar bajarilganda aniq integrallarni hisoblashda qo‘llaniladigan
o‘zgaruvchilarni almashtirish, Nyuton-Leybnis, bo‘laklab integral-
lash va shu kabi boshqa formulalar o‘rinli bo‘ladi. Ularning shart-
larida va ifodalanishida printsipial farg bo‘lmaganligi sababli biz

ularga to‘xtalmaymiz.

2°. Chegaralanmagan funksiyaning xosmas integrali
(I1-tur xosmas integral)

Faraz gilaylik, f(x) funksiva [a,b) yarim segmentda berilgan
bolsin. Agar o >0 soni wchun F (x} funksiva [a,b-cr)c:[a,b)
da chegaralangan bo i, [a.b) da chegaralanmagan bo‘fsa,” u holda
b nugta f(x) funksiva uchun maxsus nugta deyiladi.

Aytaylik » nugta [a,6) oraligda berilgan f (x) funksiya uchun
maxsus nugta bo'lib, f(x) funksiya [a, b-a] kesmada integral-
lanuvchi bo‘lsin.

b—gy

Fla)= [ 7 (x)ds;
deb belgilaymiz. Bu funksiya (O,bﬂ— a] yarim segmentda aniglan-
gan.
Ta’rif. Agar ushbu
hgy
tim F{a)= lim If(x)dx;

=40 o—++3

limit mavjud va chekli bo Isa, uning q;iymarfga f (x) Sfunksiyaning
(a.b) dagi IT tur xosmas integrali deyiladi va

ﬁIf (x)dx; (3)

kabi belgilanadi hamda (3)-x33mas integral yaginlashuvchi |, aks holda
esa uzoglashuvchi deb ataladi,
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Shunday qilib,

b-a

Tf(x)dr: lim If(x)dx;

o+
Xuddi yugoridagidek, a nugta f(x) funksiyaning maxsus nugqtasi
bo‘lganda (a,b] oraliq bo‘yicha xosmas integral, ¢ va & nuqtalar funk-
siyaning maxsus nuqtalari bo‘landa (a,b) oralig bo‘yicha ‘xosmas in-
tegrallar quyidagi tengliklar yordamida aniqlanadi:

}]f(x)dx = al(l_{l}“ !] f(x)dx;

o=+
ﬂ—;&-ﬁﬂ'ﬂx

& b=
jf(x)dx:= lim jf(x)dx_
) 1 ’
Misol. J"('b__';i'dx (2>0) xosmas iutegral 1<j bo‘lganda

yaqinlashadi va 11 bo‘lganda uzoglashadi.

ikkinchi tur xosmas integralfar uchun ham birinchi tur xosmas in-
tegrallarda o'rinii bo‘igan ularni hisoblash usullari va yagqinlashish alo-
matlari o‘rinli. Ularming hammasiga to‘xtalmay, asosiylarini keltiramiz.

1-teorema. (Koshi kriteriyasi). (3)-xosmas integralning yagin-
lashuvchi bodishi uchun quyidagi shartning bajarilishi zarur va yetar-
lidir Ye>Q uchun 35>0: O<a’<a' <8 tengsizlikni ganoatiantiru-
vehi v o va " lar uchun

u-—a"

J f(x)dx

gz’

<&
’

tengsizlik bajariladi.
2-teorema. f(x) va g(x) funksivalar [a,b) da berilgan bo'lib,
b shu funksiyalarning maxsus nugtasi bo‘lsin. Agar Vxe [a,b) da

0< f(x)=sg(x);
h b
bo'lsa, u holda Ig (x)dx integralning yaginlashuvchiligidan If (I)dx

b
ning yaginlashuvchiligi; Jf (-’f)d’f integralning uzoglashuvchiligidan

h
I g(x}dx ning uzoglashuvchiligi kelib chigadi.
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Natija. Agar |7(x)[<c-(b—x)" bo'lib, 4<i bo'lsa (3)-xosmas

c
integral yaqinlashadi. Agar f (I)EET)’“ c>0,bo'lib, A>1

bo‘lsa, u holda (3)-xosmas integral uzoglashadi .
3-teorema. Agar x—p_0 da f (x)=0'(g(x)) bolsa, unda

& L)
_[f (x)dx g Ig (x}dx integrallar bir vagtda yaginiashadi yoki uzog-
fashadi. ¢

d-teorema. f(x) va g(x) funksivalar
utar quyidagi shartlarni bajarsin:

[a,b) da berilgan bo¥ib,

&
(Abel alomati) a) _ff (x)dx integral yaginlashuvchi,

b) g(x) funksiva [a,b) da monoton va chegaralangan;

b=
(Dirixle alomati) o) yix vsso || f(¥)d|<K,

b) g(x) funksiya [a, b) da monoton va
lim g{x)=0_

x=xH=01

&
U holda _[f (¥)e% xosmas integral yaginlashuvchi boladi.

3% Xosmas integralning bosh giymati
1-ta’rif. Aviaylik, f (x) Junksiya o < x <+ fog' chizigda anig-
langan bolib, undagi v kesmada integraflanuvchi bo lsin. Agar ushbu

lim J]f(x)aft;

A= o

imit maviud va chekli bo‘fsa, ! f(x) funksiya (—0,4+») oraligda
Koshi ma’nosida integrallanuvchi deyiladi. Bu limitning qivmatiga
esqa f (t) Junksiva xosmas integralining Koshi ma’nosidagi bosh gi-
ymati deb ataladi va

V.pr(x)dx;

kabi delgilanadi.
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- Demak,
L A A
v.p [ £(x)ds= lim [ 7(x)ds;
- -4

Teorema. Agar f(x) funksiva tog bosa, u holda u Koshi
ma nosida integrallanuvchi va uning bosh giymati 0 ga teng boladi.
Agar f(x) funksiya juft bo’lsa, u Koshi ma nosida integrallanuvchi
bo lishi uchun

[f(x)dx;
0
xosmas integralning yaginlashuvchi botishi zarur va yerarli.

2-ta’rif. Faraz gilaylik, f(x) funksiva [a,b] kesmaning s

Ea <ec<b) nugtasidan fashqari hamma nuqtalarida aniglangan bolib,

a,c) va (c.b) ga gism bolgan ¢ kesmada integralanuvchi bo‘Isin.
U holda, agar

i T rteyace [

ot

limit mavjud va chekli bo‘lsa, f{(x) funksiya [a,b) kesmada Koshi
ma’nosida integrallanuvchi deyiladi va bu limitning qgiymatiga infe-
gralning Koshi ma’nosidagi bosh giymati deb ataladi hamda u

h
V.p J f(x)dx .
kabi belgilanadi. ’

1
Misol. f{x)= T3 funksiya [t 5] kesmada xosmas ma’noda

integrallanuvchi emas, lekin Koshi ma nosida integrallanuvchi ekanli-
gi ko'rsatilsin.

a Xosmas ma’noda integrallanuvchi emasligi ravshan. Koshi
ma’nosida integrallanuvchi bo‘lishini ko‘rsatamiz.

oy [ S, d . -
V.p‘[x_2=$ﬂ1gu{ ;‘x-ﬁl-l_:ixﬂ-Zi\:!ﬂ[lnlx_zL +lﬂ1.\‘—2‘i+a]:=

|
= lim (In¢x+ln3ulna)= in3.e

o=+
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4%, Parametrga bog‘lig xos integrallar va ularning funksional
xossalari

f(xy) funksiya R®> fazodagi biror D={(x,y)eR’:asx5b,
ye Ec R} aniqlangan va v fiksirlangan ye £ uchun f(x,y)
funktsiya x o‘zgaruvchining funksiyasi sifatida [a,5] oraligda inte-
grallanuvchi bo‘lsin.

Quyidagi

®(y)= ?f (% y)dx; 4)

integralga paramctrga boglig in’gegral, u o‘zgaruvchi esa parametr
deyiladi,

Parametrga bog‘liq integrallarda ®(y} funksiyaning bir qator xos-
salari (limiti, uzluksizligi, differensiallanuvchiligi, integrallanuvchiligi
va hokazo) o‘rganiladi. Bu xossalarni o‘rganishda f(x,y) funksiya-
ning u bo‘yicha limiti va unga intilish xarakteri muhim rol o‘naydi.

F{(x,»)} funksiya D to‘plamda berilgan, y, esa E to‘plamning
limit nugtasi bo‘lsin.

1-ta’rif. Agar ve>0 olinganda ham (Vxela,b] uchun) shun-
day §=75(s,x)>0 topilsaki, |v—y,|<& tengsizlikni qanoatlantiru-
vehi Yve E uchun

[/ (xy)-e(x) <& x<lab];
bo'lsa, u holda ¢(x) funksiva f(x,y) funksivaning y—y, dagi
limit funksiyasi deyiladi.

fx,y) funksiva p to'plamda berilgan bolib, « nugta Ye
fo plamning fimit nugiasi bolsin.

2-ta’rif. Agar vse>0 olinganda ham (vxe[a,b] uchun)
3&=ﬂ(£,x)>0 topilsaki, [_v]:ﬂi tengsizlikni ganoatlantiravchi
Vvel uchun

'f(x,y)~q9(x)| <£, xela,b];
bo'lsa, u holda ¢(x) funksiva f(x.y) funksiyaning v — o dagi
limit funksivasi deviladi. |
Limit tunksiya ta’rifidagi &=8(g,x)>0 ning faqat ¢>0 gagi-
na bog'liq gilib tanlanishi mumkin bo‘lgan hol muhimdir.
3-ta’vif. D io'plamda berilgan f{x,y) funksiyaning y — y, dagi
limit funksiyasi @(x) bo‘lsin. Agar Ve >0 uchun 36 =5(g)>0 topil-
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saki, |y—y,|<& tengsiziikni qanoctlantiruvchi ¥y e E sa Vxe[a,b]
far uchun
]f(x,y)-—g)(x)] <g,
bolsa, f(xy) funksiva o limit funksiyasi @(x) ga [a,b] da tekis
yaginlashadi deyiladi.
4-ta’ril. D to‘plamda berilgan f(x,y) funksivaning y -y, dagi

limit funksiyasi p(x) bo‘lsin. Agar 35,>0, ¥5>0 olinganda ham

3, €[ab] va ly~y|<8 tengsizlikni qonoatlantiruvchi y, e E topil-
saki, ushbu

!f(xﬂryt)'q’(xu)lzgm

tengsizlik o'rinli bo'lsa, u holda f(x,y) funksiva ¢(x) ga notekis
vaginlashadi deyiladi,

1-teorema. (Koshi kriteriyasi) f(x,y) funksiva y-sy, da lim-
it funksiva ¢(x) ga ega bo'lib, unga tekis yaginlashishi uchun guy-
idagi shartning bajarilishi zarur va yetarlidir: xwg>0 uchun
5=5(e)>0 rtopiladiki, |y -y|<8, V' —y|<6 tengsizliklarni
qanoatlantiruvchi Nv',y" € E hamda Vxe[a,b] uchun

|£ (3"~ /(5.5 <&,
tengsizlik bajariladi.
Endi parametrga bog'liq integrallarning funksional xossalarini
keltiramiz.
2-teorema. Agar
D fiksirlangan yeE uchun f(x,y)eCla,b],
Dy-~>y, da f(x,y) funksiya @(x) ga tekis yaginlashsa,

u holda ; .
lim [f (x.y)ke= [p(x)dx 5)

¥*rs
boladi.
3-teorema. Agar f(x.y) funksiva

D={(x.y)e R :xelab], ye[ed]}
fo ‘plamda uzluksiz bo'lsa, u holda
&
®(y)= [/ (xy)

funksiya [c,d]| kesmada uzluksiz bo%adi,
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4-teorema. A ytaylik f ( X, y) Junksiya
D= {(x,y) eR' :xefab], ye [c,d]}

to plamda aniglangan va
I)v fiksirlangan y< E uchun f(x,y)eC|a, b}

2) £, (%»y)-3 va eC(D)
boUsin. U holda [c,d] kesmada ®'(y) mavjud va ushbu

()= [ (5 ©

tenglik orinli bo'ladi.
S-teorema. Agar f(x,y) funksiva 3-teorema shartlarini ganoat-

o
lantirsa, unda jd’ (¥)  integral maviud va

]{If(x y)dr]o‘y If(x,y)éﬁ’]df D

munosabat oriniidir.
Endi umumiy ko‘rinishda berilgan parametrga bog‘lig integral-
larni keltiramiz.
Faraz qilaylik, x=¢(y),x=w(y) funksiyalar [c,d] da aniglan-
gan bo‘lib, Vyelc,d] uchun
aso(y)sy(y)<b; ®)

munosabat bajarilsin.
6-teorema. f(x,y) funksiya ushbu

= {(x,y) € R’ :xelab], ye [c,d]}
fo ‘plamda aniglangan bo 1ib,

D f(x,y)eC(D);
2 o(»), w(y)eCle.d) bolisin. U holda
&(y)= ﬁf}f (x,)dx 9)

funksiya ham [c,d| oraligda uzluksiz boladi.
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7-teorema. (Leybnis formulasi). Agar
D f{xy)eC(D),
2) £,(xy)eC(D),
3 ¢'(y) va v'(y)eCle.d]
boTsa, u holda ®(y) funksiya ham [c,d] oraligda hosilaga ega va

wiy}
& (y)= J}ﬂ(x,y)dx+w'(y)-f[w(y),y]-ﬂ"(}’)'f[?(y)*y] (10)

munosabat o ‘rinlidir.

6-teorema shartlari bajarilgan holda &(y) funksiyaning [c,d]
oraligda integrallanuvchi ekanligi kelib chigadi va (9)-funksiya uchun
ham (7)-tenglik kabi tenglik o‘rinli bo‘ladi.

5°. Parametrga bog‘liq xosmas integrallar va ularning
tekis yaqinlashishi
f{(x,y) funksiya
D={(x,y)e R*:x¢[a,+x0), ye ECR}
to‘plamda berilgan bo‘lib, v fiksirlangan yeE uchun
[£(xy)ax (yeE)

mavjud va chekli bo‘lsin. Bu integral u ning giymatiga bog Tigdir.

I{y)= [f(xy)a (11)
(11)-integralga parametrga bog‘ﬁq I-tur xosmas integral deyiladi.
Xuddi shu kabi
J(xy)ax va [r(xy)de

parametrga bog‘liq bo‘Ean I-tur xosmas-mintcgm]]anﬂng ta’rifini berish
mumkin.

Endi f(x,y) funksiya
D, ={(.7c,y)e!€z :xe[a,b), yEEcR}
to‘plamda berilgan bo‘lib, vy fiksirlangan yeE da x=»h nugta
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f(%y) funksiyaning maxsus nugtasi bo‘lsin va bu funksiya [a,5]
oraligda integrallanuvchi, ya’ni

b
JrenE (yer)
xosmas integral mavjud I;o‘]sin. Unda
&

L(y)= {7 (xy)a (12)

integralga parametrga bog‘liq bo‘lgan II-tur xosmas integral deyiladi.

Xuddi shunga o‘xshash x=g nuqta maxsus nuqta bo‘igan para-
metrga bog‘liq bo‘lgan Il-tur xosmas integralga ta’rif berish mumkin.

Umumiy holda, parametrga bog‘liq chegaralanmagan funksiya-
ning chegarasi cheksiz xosmas integrali tushunchasi ham yugqori-
dagidek kiritiladi.

Biz asosan, (11)-xosmas integralning xossalarini o‘rganish bilan
shug‘ullanamiz.

Aytaylik, f(x,y) funksiya D to‘plamda aniglangan bo‘lib, v
fiksirlangan ye £ uchun _

[f(xy)ac-3
bo'Isin. = V[a,r] <[a,+00) d;
F(t.y)= |f(xy)a (13)

integral mavjud va

I(y): If(%ﬂaﬁwﬂ:gF(t,y). (14)
(14)-tenglikdan ko‘rindiki f(y) funksiya F{(t,y) funksiyaning

t > +oo dagi limit funksiyasi bo‘ladi.
1-ta’rif. Agar >+ da F(1,y) funksivya E to'plamda o7 limit
funksiyasi 1(y) ga tekis yaginlashsa u holda (11)-integral E to plamda
tekis yaginlashuvchi, notekis yaginlashganda esa notekis yaginla-
shuvchi deyiladi, '

Shunday qilib, I f(xy)de integraining Ye to'plamda rtekis ya-
ginlashuvchi bolishi quyidagini anglatadi: '
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1) ¥yeE uchun If (I,y)dl‘ xosmas integral yaginlashuvchi;
2) Ve>0 uchun 38=5(g)>0:Vi>4 va VyeE uchun

e

tengsizlik bajariladi.
I f{xy)dx integraining E fo ‘plamda notekis yaqinlashuvchi ekan-
ligi esa quyidagini anglatadi:

1) Yye £ uchun If (I,}’)dx xosmas integral yaqinlashuvchi;
2)3¢,>0, v5>0 olinganda ham 3y,eE va 3J1,>4,

1, €[a,+w) topiladiki,
\ If(xs}’u)‘ﬁi = :

Misol. I(¥}= I.W'#dx parametrga bog‘liq integral a)
0

bo‘ladi.

E=(0,+») va b) E =[2,+w)cE oraliglarda tekis yaginlashishga
tekshirilsin.
<3) F(t,y)= IJ’E'”dr = -Ie""d(—xy) . P 4
¢ 0

(0 <f< -HJO) > VVye (0,+00) uchun f(y) =I]_i’[+an(!,y) =£ﬂ(l—£‘ﬂ’)=

I=1=>1(y)= IJ’E-'?-’* — vyaginlashuvchi.
0
Endi berilgan integralni tekis yaginlashuvchanlikka tekshiramiz.

1 1
ye E=(0,4+®) bo‘lsin. Agar v&>0 uchun gﬂ=§,fﬂ >8 va Yo =
deb olsak, u hoida
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i 4 1 1
. e 3

boladi. = integral E=(0,+w) da notekis yaginlashadi.
b) Endi integralni E =[2,4+0)cE to‘plamda tekis yaginlashu-
vchanlikka tekshiramiz. wg>( olamiz.

1

0 ) . ) ] | l
’;{ye“"drlf!—e ’J"L =Ew=?=((y}2,f}5)){eﬁ =ga§=_2_ln;

deb olsak, tekis yaqinlashish ta’rifidagi shartlar bajarilar ekan.
= I(y)= Iye“""dr integral E =[2,40} oraliqda tekis yaginlashadi.
v
2-ta’rif., Agar ve>0Q uchun 36 =8(€)>0: £>68, ">8 ni
qanoatlantiruvchi vy',t" va VyeE uchun
I fxy)dx<e.
;

tengsizlik bajarilsa, unda (11)-xosmas integral Ye to‘plamda funda-
mental integral deyiladi,

1-teorema (Koshi). /(»)= If (x.y)dx integralning Ye to ‘plamda

tekis yaginlashuvchi bolishi uc;mn uning Ye to'plamda fundamental
bolishi zarur va yetarlidir.

Bu teorema nazariy ahamivaiga ega bo¥ib, undan amalivotda
foydalanish ancha givin.

2-teorema (Veyershtrass). dgar 3¢(x)20 (x<[a,+0)) finksi-
ya topilsaki

DVxe[a,+o) va YyeE uchun ]f (I,y)lﬁﬁ’(x),

2) I o(x)ax yaginlashuvchi

bosa, unda 1(y)= _[f (%.¥)dx integral Ye to‘plamda tekis yagin-
lashuvchi boladi,
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3-teorema (Abel alomati). f(x,y) va g(x.y) funksiyalar

D={(x,y)ER2:xE[a, + 00}, yEE};
fo ‘plamda berilgan bolib,
Dv fiksirlangan y€E uchun g(x,y) funksiva [a,+®) da x
o ‘zgaruvchi bo yicha monoton va u D toplamda chegaralangan,

2) _[f (Isy)iﬁ integral Ye da tekis vaginlashuvchi bolsa, u holda

Tf (x,5) g(x y)dx,

integral Ye to‘plamda tekis yaginlashuvchi bo‘ladi.

4-teorema (Dirixle alomati). f(x,y) va g(x,y) funksiyalar D
to ‘plamda berilgan bo 1ib,

D viza va VyeE uchun

ljf(xs.}’)dx‘ S¢ (c=const),

2) v fiksirlangan ye E uchun g(x,y) funksiya [a,+x) da x
o ‘zgaruvchi boyicha monoton va x— +o da g(x,y) funksiya 0 ga
tekis yaginlashsa, u holda

[7(xy)-g(xy)drx,
integral E io‘plamda tekis yaginlashuvehi bo‘ladi.

6°. Parametrga bog‘liq xosmas integrallarning
funksional xossalari

f(x.y) funksiya D={(x,y)eR2:xE[a, +®), yEE} to‘plamda
berilgan bo‘lib, y, nuqta Ye to‘plamning limit nuqtasi bo‘lsin.

- 1-teorema. Agar

1) v fiksirlangan ye E uchun f(x,y)eC[a,+w),

2 yoy, da V[at] (a<t<+w) kesmada f(x,y) funksiye
o(x) ga tekic yaginlashsa,

3 I{(y)= If (x.y)dx integral Ye to‘plamda tekis yaginlashuvchi

bosa, u holda y->y, da I(y) funksiya limitga ega va
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lim /(y) = lim I f(xy)ax= | [}1{}1 F(5.3) = To(x)ar
bo ladi. ‘
2-teorema. Agar f(x.y) funksiya
D= {(.r,y) € R :xefa,+), ye [e.d]}
to plamda berilgan bo Ub,

D) f(xy)eC(D),

21(y)= If (%¥)&  integral (c.d] da tekis yaginlashuvchi

bo'lsa, u holda I(y)eCle,d] botadi.

3-teorema. Agar f(x,y) funksiva
D:{(x,y)e R*:xefa,+), ye[c,d]}
1o ‘plamda berilgan bofib,
D f(xy)eC(D), f;(xy}eC(D)},

2) v fiksirlangan y<lc,d] uchun 1(y)= ff (x.y)dx yaginlashuvehi,

3) If (x,y)dx integral [c,d]| da tekis yaginlashuvchi bo'sa, u

kolda 1(y) funksiva [c,d] oraligda I'(y) hosilaga ega boladi va
()= 502,

tenglik bajariladi.

4-teorema. Agar f(x,y) ﬁmks:ya

D= {(.w::,,y)en‘(’2 xefa,+w), yeled]}

to ‘plamda berilgan bolib,

D f{xy)eC(D),

2) I(y)= I Sf(x.y)de integral [c,d] da tekis yaqinlashuvchi
bo‘lsa, u holda I(y) funksiya [c,d] da integrallanuvchi va
d 4]+ 7 +ao[ o
[1(p)ay= j{ [ F(xy)dx ly= I[If (x,y)dy]dft
boladi. T
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79, Eyler integrallari
(Beta va Gamma funksiyalar)
a) Beta funksiya (1-tur Eyler integrali) va uning xossalari
1-ta’rif. Quyidagi

B(p.q)= [ -(1-%)"" ax (15)

integralga Beta funksiva yoki GI-rur Eyler integrali deyiladi.

Beta funksiva quyidagi xossalarga ega.

1) (15)-integral M={(p.)eR*: pe(0, +w), ge(0, +e)}
to‘plamda yaqinlashuvchi, (p, >0,g, >0) to‘plamda esa tekis yaqin-
lashuvchi bo‘ladi.

2) B(p.q)e C(M).

3 B(p.q)=3(s.p).

e
4) B(p.q)= I rn :)*’*"
Natija. Agar g=1-p (G{pe:l) bo‘lsa,

¥ x
B(P&l_p)': I =

5 1+¢ "~ sin pr
tenglik o‘rinli bo‘ladi.
(16) dan = g[.i.,,;.]= LI

. T ?
sin —

(16)

5) Vp>0 va g>1 uchun
q

B(p.q)=
(p.a)=-

— B(p.q-1) 17)
tenglik ofrinli.

Natija. (= 1)t (m - 1)t
N (m +n- 1)!
b) Gamma funksiya (2-tur Eyler integrali) va uning xossalari.
2-ta’rif. Quyidagi

r(p)= Jx""e"atx (18)

integralga Gamma funksiya yoki 2-tur Eyler integrali deyiladi.
Gamma funksiya quyidagi xossalarga ega.

265



) r(iy=r(2)=1

2) (18)-integral (0,+0) oraligda yaqinlashuvchi, V][a,6] < (0,+w)
(0<a<b<+o) kesmada esa tekis Yaqinlashuvchi boladi.
3) I'(p)eC(0,+0) va ¥n=12_. uchun

r (p)= jx""e" (Inx) dxe C(0,+x)

4) T(p+1)= Prp) (19)

Natija. I'(n+1)=n!

Beta va Gamma funksiyalar orasidagi bog‘lanishni quyidagi te-
orema ifodalaydi,

Teorema. Vp>0, g>0 uchun

B(p,q)z F(p)~f(q)

T(p+q) (20)
tenglik o rinlj,
Natija. Vpe(0, 1) uchun
r(p)-r{i-p)=
(P)-I(1-p)=— o 21)
tenglik o‘rinli bo‘lad;,

Agar (21)-tenglikda p=~217 desak

r[ 5'.] - 22)
bo‘ladi.
Eyler integrallari yord
lash ancha osonlashadi.
Misollar.

b o]

D) {= [e* dx - Eyler-Puasson integrali hisoblansin.
0

q!=Te"‘Jdr= [ j
L]

amida ko‘pgina xosmas integrallami hisob-

x‘=r:~x=\/f
17 -1 1% L 1 ]J Jr
- == |4 1g~f = -~ II ot =_F —|=—
de=—td ] 2.! ¢ 2! “a=3 (2 2
=30 e
-.d.r . ‘ ‘
2 I= _f lx 7 XOsSmas integral hisoblansin.
dl+x
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Nazorat savollari

1-tur xosmas integral tushunchasi.
l-tur xosmas integralning yaqinlashishi.
Koshi kriteriyasi,

Umumiy tagqoslash alomati.

Xususiy tagqoslash alomati. ) _
Absolut va shartli yaqinlashuvchi l-tur xosmas integrallar.

1-tur xosmas integrallar uchun Abel alomati.
1-tur xosmas integrallar uchun Dirixle alomati.
2-tur xosmas integral tushunchasi.

. 2-tur xosmas integraliting yaqinlashishi.
. 2-tur Xosmas integral uchun
. 2-tur xosmas integral taqqoslash alomatlari.

. 2-tur xosmas integral Abel alomati.

. 2-tur xosmas integral Dirixle alomati. ) )

. Xosmas integralning Koshi ma’nosidagi bosh giymati.

. Parametrga bog'lig xos integratlar. . ' o

. Parametrga bog‘liq xos integrallarning tekis yaqinlashishi.

. Tekis yaginlashishning inkori.

. Koshi kriteriyasi, ) o

. Parametrga bog‘liq xos integralning uzluksizligi.

. Parametrga bog'liq xos integrallarni differensiallash.

. Parametrga bog‘liq xos integrallarni integrallash,

. Parametrga bog'liq xosmas ntegrallar. _ . o
. Parametrga bog‘liq xosmas integraliarning tekis yaqinlashishi.
. Koshi kriteriyasi.

. Veyershtrass alomati.

. Abel alomati.

. Dirixle alomati. . D

. Parametrga bog‘liq xosmas integrallarning uziuksizligi.

. Parametrga bog‘liq xosmas integrallarni differensiailash.

. Parametr ; _
. Beta funksiya (1-tur Eyler integrali) va uning xossalari.
. Gamma funksiya (2-tur Eyler integrali) va uning xossalari.
. Beta va Gamma funksiyalari orasidagi bog‘lanish.

. Eyler-Puasson integrali va uni hisoblash.

oshi kriteriyast.

bog‘liq xosmas integrallarni integrailash,
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-B-
Mustaqil yechish uchun miso! va masalalar
1-masala, Quyidagi xosmas integrallar hisoblansin.

1.1 I & : 12T o \
xdx® -1 ) ue’+3e’
"t xdx x4+

1.3 !:c’-—l' 1‘4;[x‘+ldr’
=20 . dx M*J;

L5 6[(x3+9) ¥ +9 1.6 Je .
T A T dx

Yl er) e el P g
J==— Foo

19 (T ez) L0 J(ar Ve
T2 w0

1.11 !(L:l)zdr- 1.12 !e“”*sinszdx.

T dx
: » - 1.14 A(I-l) ?xz_z"

T dx % Inx
L15 !(21-1)\&2_-1’ 1.16 Jl+x2it'
T dx % xlnx
—_— dx.
L.17 !(4:2-1) -1 1.18 J(m::)2
arcfg(l-—x)dx +ar 2y
9 ey il et
i
1.21 .{ 3

Lo T -]



2-masala. Quyidagi II-tur xosmas integrallar hisoblansin.

% .
2.1 i(lncosx)-cu‘sandx,nEN. 2.2 Ix-(lnsinx)dx.
Q

L

Y | 1+x  dx
2.3 jlncosxofx. 2.4 :1 1.11 — JlTx_’
Jx arcsmx 2(xsinf-—£c‘.us-£)dx
2.5 ﬁ 2.6 Jxsinlg = eossy Jax
%
2.7 J )arccosx 2.8 iJExdx.
4
2.9 Iﬁxdx 2.10 Ix 1}-—-—0!1'!:::—:1
{4

% dx

2t Jgimaosze an [

dx
2.13 _-(lﬁ_xz).ﬂ' 2.14 I—“T

2.15 I W 2.16 jlnsmxdr
|
d
2.17 J[—Tsx W 2.18 J—T=(2-x)- —
|
3
2.19 I}-ji? 2.20 Jx]n xdx.
b

2.21 !\/——#—=(I_a)(b =) b>a

3-masala. Quyidagi II-tur xosmas integrallarni yaginlashishga

tekshiring,
o143 Isn( ] i
1 -
3.‘1 !:}wsinﬁdr' 3.2 cosx ) fx
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1in o de
3.3 I‘—xa—xldn 3.4
0

_-,ln(l+x)+
5‘ dx e Jxdx
 F 3.6 Py

L]

; inx l_ ‘#
37 |7 & L oY p—
H 0
z (x-—Z)afr * Inx
3.9 .Ix’ Sg 310 [==d
"Insinx o
d. .
3 R o

dx.

3.13

"’~1—cosxdx' 314 xie“"“"—dl+2msx
;X BRI Jeos® x
e 4 x? — g™ ‘-[n(1+2x)-xe"‘dx

315 | 36 " cos
0.51“1! lx L

3.17 (/) 3.8 [ (1-x)" Inxax
; 180x )
l 1

319 o L 320 fr-(1-x)f
) x j

3.21 jsin“ x-cos? xdx.
1)

4-masala. Quyidagi xosmas integrallarni yaginlashishga tekshiring.

Tfnxdfr T dx

doxt 4.2 dx - inx
43 T dr +-"."‘ eﬂ.\‘dr
Y dx-ln®x 4.4 3 (x=1)"-Inx

marcrgZxdx‘ | +’°In 1+x7 )
5 J @ 4.6 IWT
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5.masala. Quyidagi xosmas integrallar absolut
va shartli yaqinlashishga tekshirilsin.

T dx
4.7 J1+x"sin’x
= dax
—{a >0
4.9 Jarcrg —(a>9)
*"Eln(x“+e”)
411 [——=—=—=dx(a>0)
o x/x +x (
T x%dx
P20
Tesin x
415 [—5—a
5 x
ol d'
417 I i
4 w-—l—arctg * dx.
.19 17z 2t dr
2 oodx
4.21 ixﬂr‘h‘ﬁx'
Yol -1
dx,
st 5
"’cns’(lnx
>3 J xlnx

L
5.5 !(l — x)a sin—l-’:r-;dx.

o/
5.2 jsin( ,l ) df: .
5 sinx ) sin” x

lj‘sin1+x- dx
5.4 1~x (l—x’)“.




5.7 -[x +]sm;dx 3.8 ; x? ax

50 Jcos(—i_;-l};ﬁa. 510 J(;ii)a dx
5.11 oj(ﬁ)a-cnsx—lzdr. 5.12 ;[Q::—)asinitﬁ:
5.13 Ti'lxdr- 5.14 "‘r;i_";"dx.
5.15 ?(“f:mch- 5.16 j;o ixli
5.17 ";‘fsm(lnx) -sin xdx. 518 J';Dsﬁ;

5.19 j‘”l S e 520, 5.20 !x*-sinxﬁdx.

5.21 jsin( 1 J &
I U0=x ) 1-x

6-masala. Quyidagi xosmas integrallarning Koshi ma’nosidagi
bosh giymati topilsin.

" Y
6.1 V.p. sin xdXx. 2 V.p -
V.p o ‘
6.3 lenx 6.4 Vp_;[cﬂsxa‘fx
6.5 V.p Iarcfgxdx. “ 6.6 V.p.fxfgxdx.
- 0
% -
dx | B 4
. . V.p. - |dx.
6.7 ijS—Ssinx 6.8 pi(m*cfgx+l+x2 2]
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4
6.13 V.p. f =

6.15 V.p‘]g-——ﬂ-—.
0

6.17 V.p. |

6#19 V'.p o

v.p. | :
6.21 *-7 dx*=3x+2

6.10 V.p. I—

6.12 V-p. J';,———-

%
dx
6.14 V.p. _i

6.16 V.p. [—.

618 Vor [z

°
620 V7] &

7-masala. Quyidagi fonksiyalarning berilgan to‘plamda limit
funksiyalarini toping va tekis yaginlashishga tekshiring.

X
. - L2 —-—-;Dz
7.1 S(xy)=r S'Hy\/;

{(:r,y)ERI X € R,Gﬁy{w}, Yo = +%.

7.2 f(.r,n)= x";D= {(x,y)e R*:0< xs%,n € N}, ny, =,

7.3 f(x:") =""'?_1—x;;—;;.D

nx

2 2
14 f(x ")__n_;:— st;'

={(x,n)eR2:l£x{+m, ”EN}v n

={(x,n)eRz :15x<:+co,nEN}, n, = 0,

7.5 f(x,ﬂ)=5in(ng*“);}_) = {(x,n)e Ri:1€x<+wo,ne N},no = o,

2773

f
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7.6 f(-h"):l—:x%;ﬂ={(x,n)éﬁz 1S x<+o,ne N},n, =,

L]

n

1.7 f(x,n)=n%[l—ms );D-—-{(x,n)eR"':Oﬂx-::-loo, neN}, n=co.

7.8 f(xsy)=%s"°“5%;ﬂ={(x’y)el?z:O{x{l,ﬁ-:ycm}, Yo =
7.9 f(x,y)=(I-l)wff§r";ﬂ={(x,y}ef:O{x{-locs,o-e:y-::m}, Y, =40,
7.10 f(x,y)= Iz+-\lﬁ';9={(x,y)ERz:xER,0<y-=:+co}, Y, = 0.

7.11 f(xy)=x"D={(x,y)e R*:0<x<1,0 --:.:ygl},_',,;:I =90,

cos+/nx
7.12 f(x=”)=m;

7.13 f(x,n)--*\/" l+).‘";D={(I,H)ER: 0€xg Z,HEN},nﬁ = 00,

:'.'.'lf={(Jnr,,ar.-]lfej’i’2 :Dchm,nEN},nu = 400,

7.14 f(x.n)= ﬂﬂfﬂfg#;ﬂ= {(x,n)e R :0<x<+on,ne N}, =,

1.15 f(.r,n):n’xze"’";ﬂ={(x,n)eRz:OSxﬁm,neN},nn = o,
.X .
7.16 f(x,ﬂ)=\/?;51ﬂ:l7—£;ﬂ={(x,ﬂ)ER':ﬂsx{m,nEN},nu=m.

1.17 f(x,n)=ln(l+ — J;D={(I,H)ER2 0<x <+oo,ne N},nc,:m.

n+x

7.18 f(x,y)=l—ff;?29={(x,y)e R*:0<x<lyeR},y, =

¥/ 2

7.19 f(x,y)=xsiny;D={(x,y)eRz:05x53,yER},yu=§.

7.20 f(xy)= sini;D= {(x,y)e R*:xeRO<y {+00},yu = 0.

T

7.21 f(I,}’)=x25iﬂy;D={(x,y)ER=:Oisz,Ody{fr},yu=?.
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8-masala. Quyidagi funksiyalarning hosilalarini toping.

st r@- e 82 r(@e R a
’\iﬂﬂ 0
Mesinax a

8.3 Fla)= | ———d 8.4 F(a)= [f(x+a,x-a)dx.
akix 0

8.5 F(ﬂ);zfﬁﬂfsin(ﬁf-az)@ 8.6 F(a)= [(x+ 1)/ ().

8.7 F(a)= ]'(x+ »)f(»)d, f(¥) - differensiallanuvchi funksiya;
F'(x)-?
8.8 Fla)= jf(y) k- ydy, a<b sa f(y)eClab]:F'(x)-?

89 F(a)= [7()-(x=3)"d, FO(x)-7 8.10 F(a)- Je gy
811 F(a)= Jea. 8.1z F (y)=mjre"""_"’ d.

F(y)= I]n(l+xy)

8.15 F(y)= j‘ L 8.16 F(y)= j:z'f‘fd.x.

8.17 F(y)=!(x siny+—y-)dx. 8.18 Fly If(.v) (v—y) &,F" ()2

2

8.19 F(y)=Ef(y)~lx—y|dy.f(y)eC[i,z} F(x)-?

820 F(y)= ](x +y)f(¥)dy, F'(x)-2, f(y)- differensiallanuvchi

funksiya,;
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N |
8.21 F(x»)= [(x-32)f(2)de, F5 (%)= f(2)- differensialia-
nuvchi funksiyay

9-masala. Quyidagi integrallarni ko‘rsatilgan oraliqgda tekis
yaqinlashishga tekshiring.
9.1 J.E_“ sinxdx, 1<a <40, 9.2 I.x"e"dx; 2<a <3,
* 0

0

L cosax e dx
dy; ~o <@ < 4. 0SS <40.
23 .£1+x2 94 J(x-a)zﬂ
"esinx _ = 10f x
5 |—e¥d 0sa <+, . dx; 0< p<I10,
9 9.6 iTr - p

9.7 [ Zdr; 0sa<+o. gg [Vaeds 0sa<+w.

1 x ]

9.9 Ie'("“fdx; 2<a <3, 9.10 :e'("'“fdx; 0 <a <+,
9.11 _[E-f(“ﬂﬂﬂx@ —w<x <0, ¢.12 e"“ msxdﬁr s 0€a <+,

0 x

+;'fsimc2 dv p>0 !
%.13 I p=2U 9.14 e

foin L & 'I,——“ o<

~£. 0 sla] <—.
1915 Ism = <p<2, 9.16 ] x 1)(x > 2
's sinax

dx, 0saxl.

9.17 J‘JE'E”“"?#; O<a<+o. 918 ‘/——

-#{1+5?)
e

cosydy; xe R 9.20 j‘x*"“ ‘In —I—dx, p>0.
; x

_ax COSX

9.21 |e , 2 > O~ fiksirlangan.

» |
I
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10-masala,

integral

CH

10.1 Agar f(x)eC(0,+«) va v4>0 uchun
mavjud bo‘lsa, unda ushbu

Tf(m);f(bx)‘ﬁ:f(g).m% {a>0, 5>0).

Frullani formulasini isbotlang.

102 @)= [ E";ﬁdx (220) integraldan foydalanib, ushbu
LI

= Bx =% signp.
;X 2
Dirixle formulasini isbotlang.
Quyidagi integrallarni hisoblang.

0 ol h e _
10.3 mmxm de (a>05>0).  10.4 jm'g""xmth (a>0,b>0).
o

me-ax’ - wg gmon _ g-Pe
10.5 I . dr(a:»ﬁ,ﬁ:—ﬂ). 10.6 I . cosmxdx {a>0,£>0).
1 o
' ln(l—azx") 1 ]n(l—azx )
—_— 1). <1
10.7 !Iz~ - (lalﬂ ) 10.8 &[ -\/—_ lal )
3 1“(“2 +Xx° ) 2 arcrgax - arcig fx
10.9 ! g 10.10 J = d.
+o o 2,2, 2,2 2L
10.11 | (sa’s L‘"(Hﬁ )t 1012 j { ]dx(a::-(l).
Q

v —ar® g +
10.13 I xf dr(a>0,8>0). 10,14 je‘“‘z cos bxdx(a > 0).
0
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10.15 jxa‘”’ sinbxds(a > 0).

e -cosﬁx

10.17 I

10.19 '[“““"‘] dr.

101 |-2reEex
) P x?edxt -1

dx.

10.16 W[Si““”)z dx.

10.18

10.20

11-masala. Quyidagi integrallarni hisoblang.

X,

11.1 ihl(azsin’x+b’cnszx)dr. 11.2 ]ln(l—-Zacosx+a’)dr.
i)

i

‘earctgx | dx

11.3 I Uiﬂ-j:?

11.5
b

(1]
- 4

S r.zx-sm X
J' '8 dx.
D

‘ 12 -2
11.4 J'ms(ha;) ——dna>05>0,

CJDS(‘II

116 j'l”2

0

e cosax

11.8 I(1+ Y g

gin” x .
11.9 !1+x*dx' 11.10 im(mz+bx+c)cﬁ(a¢0),
11.11 .'sinxzdmszm. 1.12 _'cosxz-cnﬂaxdx.
*T cos *2 xsin ik
1113 [ 114 [S—>dx.
5 a —x 6 a _x
42 a1 bt =
11.15 x—-‘“—dl'(ﬂﬁ'ﬁ 63"0) 11.16 E“m"-sin(asinx)ﬂ.
1-x s x

0
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(L.17 TE‘ cosbx —& ™™ -coshxdx (a.c>0).

1]

T e . al
11.18 J'Ex’ GDS———dr 11.19 IE «sm—;_;-dx.

0 0

% l+a¢ns.x dx
11.20 fln (la] <1)-

l-acosx cosx

a

X 1Y} 2 —x°
11.21 Is:n In— |- dx,a>0,b>0,
5 X Inx
Ko‘rsatma. 10 va 1i-masalalarni yechishda xosmas integrallarni
parametr bo‘yicha differensiallash yoki integrallash hamda Frullani
va Dirixle integrallaridan foydalanish yaxshi natija beradi.

12-masala. Eyler integrallaridan foydalanib, quyidagi
integrallarni hisoblang.

“x? ' nx byl (1 x)ﬂ-l
0. 3>0).
12.1 J e dx. 12.2 | )mﬂ d{a>0,8>0)
I_ff-t X’ dx(0<a<l) T
123 ;5 1-x - 24 0 1+x)
| x2n--l ]I anx
125 frpa(0<a<y) 126 i (-v)
w4y g
dx. ———=,
12.7 5 (1+x) 12.8 E.[ (1+x3)2
12.9 /isinﬁx-cos“xdx. 12,10 | ,-—ﬁdx (n>1).
6 5 A I_x"
2 =i
12,11 _[xz"e'”’ dx(n~butun son) 12.12 lix dx(n>0).
0
m—l e x“cbc
12.13 f Ja+xy dx. 12.14 J (as t,m,,,)p(a‘*‘*‘-lb:'~’-0»i'1'—‘-"0)-
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10.15 Txe

re ™ —cos fBx
&.
10.17 e

10.19

arctgax

A

10.21 I

-ax’ sin bxdx(a > 0).

11-masala. Quyidagi integrallarni hisoblang.

v
11.1

L1

'arctg:r dx
s ==
115 *2sin’ ax ~sin' Bx .

> x

e xsinax

dx.

1.7 Jl+x

*2sin’ X 5
ws T2

o
11.11 Isin x2 - cos 2axdyx.

113 [

O

4
Y
Hb-

11.15

];ln(a::t2 sin’ x + &° cos? x)dx. 11.2 ]'ln(l -2ac08x + @ )dx.
L]

! 1Yo —x°
11.4 !m(ln;-) —dv,a>0,5>0.

.
1.6 0?:? db.

11.8 5' (fT;';z dx.

11.10 ?Sin(m'z +bx+c)dt(a¢0).
11.12 T:cosx’-cosm.
11.14 Tzf S
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+22

dr(a>0,b>0). 11.16 Ie"“’““ -sin{asin x)ii-r-
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20

re” ™ cosbx —e ™ -cosixdx
11.17 dx (a,c>0).
: x
11.18 Hie"’ -cnsg—z-dx. 11.19 Te"’ «sin—a-idx,
. o xz - : xz

l+acosx dx (Ial {1).

0

%
11.20 Iln

§ l—acosx cosx

L b
11.21 Isin(lnl}x ad dx,a>0,b>0.
s x/ Inx
Ko‘rsatma. 10 va 11-masalalami yechishda xosmas integrallarni
parametr bo‘yicha differensiallash yoki integrallash hamda Frullani
va Dirixle integrallaridan foydalanish yaxshi natija beradi.

12-masala. Eyler integrallaridan foydalanib, quyidagi
integrallarni hisoblang.

Tx nx bt (1-x)""
dx L B>0).
12'1 ﬁ[ 1+ x dx‘ 12-2 ﬁ[ (x+a)a+ﬂ {aboﬁ} )
1 xﬂ-i_x—n N d_'x
ps P aeas) na J
L "‘- {*"dx
12.5 !l_l_xz a(0<a<i). 126 J T (-)
+0 {/; o dx
dx. T
12.7 .5[ (L+x) 12.8 6[ (l+x3)2
L Ny
12. in® x-cos* xdx. 12.10 n>1).
9 !sm x-cosx 6‘{/1_-—_):"( )
o +°E m=-|
12.11 [x¥"e™ dx(n-butun son) 12,12 X —dx(n>0).
0 s L+ x
T X T Wde
. 0,b>0,n>0}.
12.13 .;,(1+x)"dx 12.14 6(a+hx")‘”(a} >0,n>0)
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12.16 |e ™ dx(n>0).
1]

ik
tih
B Sy, — .
|
) '&
E
p—
3
v
=
S

[y
™~

[ ]

sin™ x - cos” xdx. 12.18 IJ""E'”' dx

0

] l P
12.20 j‘(lﬂ;] dx
0
(x-2) -Siz;zx) dr (0<a<b, c>0).
(x+¢)
-D-

Namunaviy variant yechimi
1.21-masala. Quyidagi
T dx
-a(xz +Xx +].)3 .
xosmas integral hisoblansin.

12.17

¥

12.19

—_— "h—n.r\“\.\

B i,

12.21

£ ¢ 1 3
X4-—=f
2

I dxz T= almashtirish | |= I
+—=| += ajaramiz ¢ +
[” z] 4 4

\
Bu integralni hisoblash uchun xus;nas integralél;i bo‘laklab inte-
grallash usulidan foydalanib, quyidagi ishlarni bajaramiz.

*{(x +x+l)

1 =2tdt
- = : 3:-du= IV
'T‘”"“gv’r Bl v [
v=dl,v=f
L.dr. e dt 3% ar dr 3°'% dt
= +2 ~dt=2 - | ——— - =ty
Ia + j( ] -if.{_g 2-2[ Iz+_§':' ? 7; 2-:[(‘,24'2)1
~o '3 4 4 4
=*]'i dt =4ﬂ'
-'w(tl '3_)3 m‘
4
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= ! == dr 3
4z ¢ dt 3Y 3Y |5+ ¢ I
= = ’2 "] Pyl = -
3.! +3= (+4 [f+4) p 3y +4_£z 3"*
i) amdrer (3] )

Shunday qilib, berilgan integral 1 ga nisbatan ushbu
4z 167
3 33 T
tenglamaga keldik. Bu tenglamadan

T 4z
I — - [ - + .
_;[ ( 2 +x+l)3 33 ekanligini hosil gilamiz. o

2.21-masala. Quyidagi

!]. & b>a
| 26—
I-tur xosmas integral hisoblansin.
a4 x=a vax=5h nugtalar integral ostidagi funksiyaning maxsus
nuqtalari bo‘ladi. Agar integralda
x =acos’ { + bsin’¢;
almashtirish bajarsak, berilgan xosmas integral oddiy xos aniq inte-
gralga kelib goladi. Darhagiqgat,

x=a=1=0 {x-a={b-a)sin2f
v

(1 ﬁ'dl’=2 - . )
b—x ='(b-a)cosz.f (b a)sin¢costdt

Tz
=h=t=—
* 2

Bu ifodalarni berilgan integrallarga olib borib go‘yib topamiz:

%
2 jdt=:r.|>.
a

S S
a5
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3-21*1]1&8813. Qllﬁdagi
%
fsin'Ilr x-cos? xdx.
o
integralni yaqinlashishga tekshiring.
alntegral ostidagi funksiva uchun g <0 bo‘lganda x-=¢ nug-
ta, B<0 bo'lganda esa x=2 nugta maxsus nilgia bo‘ladi. Shu

2
sababli integrallash oralig‘ini ikkiga ajratamiz:

! v
I= fsin“r-cus“’xdx= J
] 0

%
- H “ .3 —
sin® x - cos” xdx + fsm X-¢05” xdx =1 +1,.

|

x—>0 da sin"'x-cos‘ﬂx=0'(sin“ x)=0*(x“), x—)% da

g % %
sin® x-cos” x =0 (cos‘” x)=0’ [(%—xJ ] bo‘lganligi va jx“ = I‘?E
0 H

integral o> —1 da E(E—xJ-ﬁ integral #>-1 da
4

yaginlashishini ¢’tiborga olsak, tagqoslash alomatiga ko‘ra I, inte-
gral @>~-1,8-V va [, integral B>-I, o~V bo‘lganda yaqin-
lashishini hosil gilamiz = Berilgan integral o >-~1, 8>-1 da ya-
qinlashadi.

4.21-masala. Quyidagi

*‘T dx
3 X° ‘In? x
integraini yaqinlashishga tekshiring,
<1} Faraz gilaylik a>1 bo‘lsin. =&=a~1 deb belgilasak,
>0 boladi. Unda
! 1 ]

flx)= .
() Py ¥ nfx 2l x P
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l 1
uchun AR bo'ladi

0 7 In” x

1 ‘
=vxz2d4d da f(x)s< wy @(x) bo‘ladi

T dx dx & _
i[f [n"x- x% in’ x -Ir-""'ln"’r i+l
A
desak, I, = I "I * integral oddiy uzluksiz funksiyaning integrali

bo‘lgani uchun yaginlashuvchi.

T dx
f,= !m integral esa tagqoslash alomatiga ko‘ra yaqin-

5

T x
lashuvchi, chunki I (x)dr = I e yaginlashuvchi.
A

4 X

Shunday qilib, | integral o>t bolganda VA uchun

§ x“in’ x
yaqinlashuvchi.
2) Endi a=1 bo‘lsin.

*]i e R *’“d(lnx)_“{yaqinlashadi, B>l

$ % infx “xln’x § Wfx  |uzoqlashadi, f<1

3) a<l bo'lsin. Bunda ¢=1-a deb belgilab, I)-holda bajar-
gan ishlarni bajarsak, berilgan integralning uzoqlashuvchi ekanligi-
ga ishonch hosii gilamiz.

Demak, berilgan integral o>1 bo‘lganda V S va g=1
bo‘lganda, F>1 lar uchun yaginlashadi. Qolgan barcha hollarda

esa uzoqlashadi.
5.21-masala. Quyidagi
'J-. ( 1 ) dx
Sin . .
: 1-x/ l-x

integral absolut va shartli yaginlashishga tekshirilsin,
« Berilgan integralning yaqginlashishini Dirixle alomatidan foy-

283




dalanib, ko‘rsatamiz,

165 ge1x

deb belgilaymiz va Dirixle alomatining shartlarini tekshiramiz:
Df(x)eClo)) va f (x} ning boshlang‘ich funksiyasi

1
F (x) = -ms(i:_x-) -chegaralangan;

2) g(x)=1-x funksiya [0,1) da | va lim g(x)=0.

3 g(x)=-1e Clo,1).
Dirixle alomatining shartlari bajarilayapti —

=>;'.f(x)~g(x)dx=]sin[ 1Y &

l1-x J ‘ l-x
Berilgan integral absolut yaqginlashuvchi emas. Bu tasdiq

1 .sin ! 2 1 -sinz—!—-

I-x i-x 1-x . 1-x°

}. 2( 1 J dx

sin - -

; l—x/ 1-x*

int;g}alnmg uzoglashishidan kelib chiqdi. Oxirgi integralning uzoglash-

ishini {%punktda keltirilgan 2)-misoldan foydalanib, ko‘rsatish qivin

emas. Shunday qilib, berilgan integral shartli yaginlashuvchi. p
6.21-masala. Xosmas integralning Koshi ma’nesidagi bosh qiy-

mati topilsin:

yaqinlashuvchi,

tengsizlikdan va

- dx
V.o {——,
p!x’-3x+2

+x e - dx
@ Vo f;i__'g‘;;‘g=”'f’!(x-z)(x—z)J"”J(x-l)(x-'?f

+V, | 2 +M dx = lim T ax +
Vp,_'!(x—l)(x—2) !(x—])(x-Z) j*”[!(x—l)(x-—Z)
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¥ t_ax |
*h[(x 1)(x- 2)};:“;{ : (x-l)(x—z)*zi(x-l)(x-z)]

A

+ lim

dx
& emy e
Agar I(x-i;i;x-Z) - 1[112 *Iil]dx=hl|x-—2l-lnlx—l| ekan-

ligidan foydalanib, yuqoridagi limitlarni hisoblasak,

T &
V. =—ll'12 . . . . *
PE!‘ 2 3x+2 tenglikni hosil qilamiz.

7.21-masala. D={(x,y)eR*:0<x%5 O<y<z}, to‘plamda

berilgan f(x, y)=x’siny funksiyaning ¥, =% nuqtadagi limit funk-
siyasini toping va tekis yaqinlashishga tekshiring.
q .;p(x)u lim f (>, ¥) = lim x* sin y=—§x - limit funksiya.

=7
f(xy) funksiya @(x) ga tekis yaqinlashuvchi ekanligini 4°-punkt-
dagi 3-ta’rifdan foydalanib, ko‘rsatamiz. ¥g >0 va quyidagi ayir-

mani olamiz.
- 4 x
1 1 2 ,{
2

=x*

= x? Zsm

x=+siny-—--§x
2

[f (x¥)-o(x)|=

sin y = sin =

<Iz*2*l-{:%-l{x1-6£255=3=5=f—
2 25

]

F. o
Demak, Vg>0 olinganda ham 5—% deb olsak, |y——é—q

tengsizlikni ganoatlantiruvchi Vye(0,z) va Vxe[0,5] lar uchun

| (x.¥)-0(x)| <& tengsiziik bajaciladi. Bu esa ¥ da f(x)
funksiva ¢(x) ga tekis yaginlashuvchi ekanligini anglatadi.
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8.21-masala. Agar
F(xy)= [(:-2)7(2)2 botm, 7(z)-difterensishanuvebi funk-

¥
siya bo‘lsa, F,, (xy) ni toping.

< Bu masalani 4°-punktdagi 7-teorema va {10)-tenglikdan foy-
dalanib, yechamiz. Teoremaning shartlari bajarilishi ko‘rinib turib-
di. (10)-formuladan ikki marta foydalanish natijasida talab qilingan
hosilani topamiz:

e e tormston ey 5)-

¥

=jf (2)dz +(xy~27)- f (w);

F, (xsy)=:j:0‘dz+x‘f(ly)“['f;]f(%]+(x—3xv:)f(xy)+

+(w-0) 1()x=x(2- 3y3)f(ln’)+}"%f[f;]+fy(l-J’z)f’(xy)-b
9.21-masala. Quyidagi

vt cosXx
Ie"” dx;

| Ip

mtegralsi 0<a <+, p>0-fiksirlangan bo‘lganda tekis yaginlash-
ishga tckshiring,

< Berilgan integralning tekis yaginlashishini Abel! alomatidan
( 5° -punktdagi 3-teorema) foydalanib, ko*rsatamiz. f (x,a)=e‘”“' va

‘ COS X .
gx,a)= o deb beigilab, Abel alomatining shartlarini tekshiramiz.

) f(x,@)=e funksiya har bir fiksirlangan & €[0,+) uchun
moaoton va D={(x=ﬂf)ER:=IE[L+°0),0:E[0,+00)} , to‘plamda che-
garalangan {f (x.a)<1.
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&

*tcosx
2) I—xrd" ~integral Dirixle alomatiga ko‘ra (0<a<+w

to‘plan;da tekis yaginlashuvchi. Abel teoremasining shartlari bajaril-
di. = berilgan intengral 0<a <+ to‘plamda tekis yaginlashadi. o
10.21-masala. Quyidagi
‘T arcigax
|

—_—.

integral hisoblang.

2 arctgax
4 I(@)= Jﬁ\/—_-__ldx' deb belgilab olib, bu integralni para-

metr bo‘yicha differensiallash amalidan foydalanib, hisoblaymiz. Bun-
ing uchun avval xosmas integrallarda parametr bo‘yicha differen-
siallash mumkinligi haqgidagi 6°-punktda keltirilgan 3-teoremaning
shartlari bajarilishini ko‘rsatamiz.
arcigax .
f(x,a)=;:% va D={(x,a)ER':l-=:xq+oo,—oue:a<:+m}
deb belgilaymiz.
|arctgax] .
f(xa)="T—F——S
l ( )I xodxt =1 2xtafx? -1
1

' _ ‘[ ‘
o (x,a)| - x(l +a2x2)\fx2 -1 : fo -1’

tengsiziiklar va T'——?@:—_‘ﬁ‘ 3 T_l‘““"‘dx integrallar yagqin-
{2x3x? -1 ! xx? —1

lashuvchi ekanligidan Veyershtrass alomatiga ko‘ra If (x,@)dx va
) 1

ija (Iaﬂ)dx integrallarning —w<a <+ to‘plamda tekis yaqgin-

lashishini hosit qilamiz. Demak, berilgan integraldan parametr o
bo‘yicha xosila olish mumkin:
* dx

I'(a)= :I A(Trars’) N 1 Bu integralda x=ch almashirish
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, a
bajarib, { (ﬂ)-“-%[l*JlJT——Itz—z] bo’lishini topamiz. Bu tenglikdan
I{(@) ni topamiz. ¢ >0 bo‘lganda
I{er)= j-—(]-ﬁ]da+c=%(a-Jl+a‘)+c,a20
I(0)=0=>¢= -2-=:-I(a) '—(1+a*-~Jl+a )azo.

Xuddi shu kabi @<0 bo‘lganda I(cr)=--’-;—(1-a—\h+a2)
¢kanligini  topamiz. Ikkala javobni umumlashtirsak,

I(a)= (1+|al—\ll+ o Jsgna, |o]<w tenglikni hosit qilamiz. »
11.2}-masala. Quyidagi

o)

integralni hisoblang.

.Tb -x° b
< Bu integralni ushbu nr Ixy & tenglik va parametrga

bog'liq integrallarni parametr bo* ylcha integrallash haqidagi teore-
madan foydalanib, hisoblaymiz:

Jsin[ln-i:) = "[sm jx-*afy]dx— !{ " sin In-— ]dxn

Ik v ( 1] x=e¢ Ddv=—e"dr
= I.r' -smf In— [dv @y = .
al o X x=0=>f'—*+m;x=]::>f=0 -
E{ +x
=J1: .[ g 'Sintdr};y=
alL O

=([f = I e sindy integralda ikki marta bolakiab integraila-
(1]
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sak, 1 ga nisbatan chizigli tenglama hosil gilamiz va

ekanligini topamiz ]]= ]1+(:‘: l)z =arctg(y+ l)lz = arctg(b+1)-

=(y+l):+1
b—a >
l+(a+l)'(b+l)'

-arctg{a+1)=arcig

12.21-masala. Eyler integrallaridan foydalanib, quyidagi

b »m n
I= j-(x-a) 'E;:) dx(0<a<b,c>0);
s (x+c)
integralni hisoblang.

« Berilgan integraini Eyler integraliga keltirish uchun shunday
almashtirish bajarishimiz kerakki, natijada [a,b] kesma [0,1] kes-
x—-a_b-a
x+¢ b+c

maga o‘tsin. Buning uchun
kifoya.
Agar berilgan integralda shu almashtirishni bajarsak,

x—-aYy {b-aY b-xY [(b-aY ;
= — N =] —— | -{1—

(x+c] (b+c] & [x+c] (a+cJ (1-4)" va

dx _ b-a
(x+c)2 (b-!*(?)'(ﬂ-‘l"{?)
bo‘lib, v quyidagi ko‘rinishga keladi va oson hisoblanadi:
b A\, A . Ml i

I=j(x a) -(b-x) e (b—a)

_[t”-(l-r)" dt =

J (I + C)m+n+2 - (b + c)ml . (ﬂ + C)HH h

‘¢ almashtirish bajarish

at

_ ( b - a)m-l-ﬂvlrl
(b+c)™ -(a+ c)ﬂ'

Natija. Agzr berilgan integrallarda m va n lar natural sonlar
bo‘lsa, unda

B(m+1,n+1).

I -a)"™" mtn! Qadi
(b + c)ﬂﬂ .(a‘ + c)ﬂl (m + n+ i)! bo‘ladi.
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9-§. 8-MUSTAQIL ISH

Karrali va egri chizigli integrallar. Sirt integrallari va
maydonlar nazariyasi elementlari. Furye qatorlari

Ikki karrali integrallar va ularning asosiy xossalari.
Tkki karrali integrallarni hisoblash,

Ikki karrali integrallarda o‘zgaruvchilarni almashtirish.
Silindrik va sferik koordinatalar.

Ikki karrali integrallarning ba’zi tatbiqlari.

1-tur egri chiziqli integral va wni hisoblash.

2-tur egri chizigli integral va uni hisoblash.

Grin formulasi va uning tatbiglari.

I-tur sirt integrali va uni hisoblash.

2-tur sirt integrali va uni hisoblash.

Stoks va Gauss-Ostrogradskiy formulalari.
Maydonlar nazariyasi elementlari.

Furye qatorlari.

-A-
Asosiy tushunsha va teoremalar
1% Tkki karrali integralning ta’rifi va uming asosiy xossalari

Rimanning karrali integrallar nazariyasi R” fazodagi Jordan
o‘lchoviga asoslangan. Jordan bo‘yicha o‘lchovli to‘plamlarning asosiy
xossalaridan biri, uning chegaralangan bo‘lishidir. To‘plam chegara-
sining Jordan o'lchovi 0 ga teng bo‘lishi zarur va etarlidir. R? (RY)
fazoda Jordan bo‘yicha o‘lchovga ega bo‘lgan to‘plamga kvadrai-
lanuvchi (kublanuvchi) soha deyiladi. n>3 bo‘iganda karrali inte-
grallar nazariyasi ikki karrali integrallar nazariyasidan prinsipial ji-
hatdan farq qilmaganligi va ikki karrali integrallarni tasavvur qilish
osonroq bo‘iganligi sababli biz asosan ikki karrali integrallar nazari-
yasini keltirish bilan kifoyalanamiz. Butun paragraf davomida biz
qaralayotgan sohani kvadratlanuvchi deb faraz gilamiz.

Aytaylik Dc R® sohada f(x,y) funksiya aniglangan bo‘lsin.
D sohani ¥ egri chiziglar to‘ri yordamida » ta D.,D,,..,.D, soha-
chalarga bo‘lamiz.

D, sohada V(¢,.7,) nuqgta olib, f(£,7,) ni hisoblaymiz ham-
da quyidagi
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a=if(s‘.,m)-3» - (1)

Aml

f(x,y) funksiyaning D soha uchun integral yig‘indisini tuzamiz.
Bu yerda S, ~ D_ sohaning yuzasi.

Ta’rif. Agar (1-integral yig'indining A =Eig§diam D 0 ga in-

tilpandag limiti mavjud bolib, u chekli songa teng bolsa hamda uning
givmati sohaning bolinish usuliga va (£.,1,) nugtalaming tanlanishiga
bog fig bolmasa, u holda osha son f(x,y) fimksiyaning D soha boYyicha
ikki karrali integrali (Riman ma nosidagi integrali) deyiladi va u

I= £Jf (x.y)ds yoki I= £If (x,y)dxdy ;

kabi belgilanadi. f(x,y) funksiva D sohada integrallamuvchi deyi-
ladi. Aks holda f(x,y) funksiva D sohada integrallanuvchi emas,
deyiladi,

Shunday qilib,

1= ffr (= )m'y-hme(f:pm) 5, 2

Izoh. Karrali mtcgrallar uchun mtegrallanuvchl funksiya chega-
ralangan bo‘lishi shart emas. Lekin, biz tasdiglarning sodda bo‘lishi
uchun paragraf davomida integrallanuvchi funksiyalardan ularning
chegaralangan bo‘lishini talab gilamiz.

IKki karrali integralni ham bir o‘zgaruvchili funksiyaning aniq in-
tegralidagi kabi Darbu yig'indilari yordamida ham aniglash mumkin.

Aytaylik, M,=Sp{f(xy):(xy)eD} va m, =inf{f(x,y):(x»)eD,}
bo‘lib, @, =M, —m, - f(x,y) funksiyaning D, sohadagi tebranishi
bo‘lsin.

1-teorema. f(x,y) funksiya p sohada integrallanuvchi bo‘lishi
uchun
lime,S =0 3)

A—=0

tenglikning bajarilishi zarur va etarhdlr

2-ta’rif. Agar V&>0 uchun EcCR* to jalamm yuzalarining
vigindisi ¢ dan kichik bo‘lgan sanogli sondagi to‘g’ri tortburchaklar
bilan qoplash mumkin boIsa, u holda E to‘plamning Lebeg o Ichovi 0
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ga teng deyiladi, Agar E to‘plamni yuzalarining yigindisi etarlicha
kichik boTgan chekli sondagi to'gri to‘riburchakiar bilan qoplash mum-
kin bo'lsa, unda E to‘plamning Jordan o‘lchovi 0 ga teng deyiladi.

Ta’rifdan Ko‘rinadiki, Jordan o‘lchovi O ga teng to‘plamning Lebeg
olchovi ham 0 ga teng bo‘ladi. Teskarisi o°‘rinli emas lekin Lebeg
o‘lchovi 0 ga teng kompakt to‘plamning Jordan o‘lchovi ham 0 ga
teng bo‘ladi. Jordan oflchovi 0 ga teng bo‘lgan toplamlaming chek-
li sondagi yigindisining Jordan oflchovi, Lebeg o‘lchovi 0 ga teng
bo‘lgan to‘plamlarning sanogli sondagi yig‘indisining Lebeg o‘Ichovi
0 ga teng bo‘ladi.

2-teorema. (Lebeg teoremasi). Agar f(x,y) funksiva ochovga
ega bo‘lgan yopig D sohada chegaralangan va bu sohadagi Lebeg
olchovi 0 ga teng bo‘lgan E sohada uZilishga ega bo'lib, qolgan
barcha nugqtalarda uzluksiz bo‘lsa, u holda f (x, y) Junksiva D so-
hada integrallanuvchi boladi.

Natija. Agar f(x,y} funksiya o‘ichovga ega bo‘lgan chegara-
langan yopiq D sohada uzluksiz bo‘lsa, u holda f(x,y) funksiya
D sohada integrallanuvchi bo‘ladi.

Ikki karrali integrallar ham oddiy bir o‘zgaruvchili funksiyaning
aniq integrali uchun o‘rinti bo‘lgan qator xossalarga ega. Biz ul-
arning barchasini takrorlamay, o‘rta giymat haqidagi teoremalarga
to‘xtalamiz, xolos.

f(x,y) funksiya D sohada aniqlangan bo‘lib, shu sohada che-
garalangan bo‘lsin, ya'ni 3m va M sonlar: V(x,y)e D uchun

m< f{xy)sM;

bo‘ladi.
3-teorema. f(x,y) funksiya D sohada integrallanuvchi bosa, u
holda 3 o%garmas p (msusM) son mavjudki,

1= [{1(xy)dsdy=ps-S’

bo‘ladi. Bu yerda § — D sohaning yuzasi.
Natija. Agar f(x,y)eC(D) bo‘lib, D yopiq bo‘lsa, unda
3(a,b)e D nuqta topiladiki

I= [[£(xy)dsdy = f(a,b)-S;
boladi. ’
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4-teorema. Agar g(x,y) funksiva D sohada integrallanuvchi
bo'lib, u shu sohada o ishorasini o‘gartirmasa va f(x,y)eC(D)
bo'sa, u holda 3(a,b)e D nugta topiladiki,

[§7(x.)g(x.y)dsay = £(a,b)- ([g(xy)dray;
bo ladi. 7
2°, Ikki karrali integrallarni hisoblash

Ikki karrali integrallar amaliyotda takroriy integralga keltirish
yordamida hisoblanadi. Biz D soha to‘g‘ri to‘rtburchakii va egri
chizigli trapetsiva bo‘lgan 2 ta holda ikki karrali integralni takroriy
integralga keltirish haqidagi teoremalarni keltiramiz,

1-teorema. f(x,y) funksiya D={(x, y)eR:asx<h, ¢s yﬁd}
sohada berilgan va integrallanuvchi bo Isin. Agar har bir fiksirlangan
xela,b] da
o
I(x)= If(-rsy)@;

integral mavjud bo'lsa, u holda u?hbu

j jf (xsy)dy]d’;

takroriy integral mavjud bo'lib,

J1 Gr )y = f:][jf(xs y)dy]dr; 4)

tengiik o‘rindi boladi.
2-teorema. f(x,y) funkswa D sohada integrallanuvchi bo‘lib,

v fiksirlangan _ye[c,d] da
I(x)=[f(x)d;

[[If(x,y)dx}d

integral ham mavjud bo‘ladi va
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ﬂf @y)tﬁdy = df[bff (x,y)dt]ﬂ'v . (5)

tenglik bajariladi.
Endi soha

D=={(x,y)e R*:a<x<h, ¢ (x)ﬂysqu(x]}
egri chiziqli trapesiya ko‘rinishida berilgan bo‘lib, ¢ (x) va
@, (x)eC[a,b] bo‘lsin.
3-teorema. f(x,y) furksiva D sohada berilgan va integralla-
nuvchi bo‘lsin. Agar v fiksirlangan xe[a,b] uchun
#: ()

I(x)= ([ 1 (xy)dy

integral mavjud bo‘lsa, u holda

'}r{f)f(x,y)aw]dx

al alx)

mavjud bo‘ladi va

ijf(x,}’)tfwj’ = ]{ﬁffif(x,y)ay]dt . (6)

tfenglik bajariladi. "
Agar D soha
D ={(x,y)ER2 1y, (y)Sxﬁl,{!z(y), cf‘.yﬂd}
ko‘rinishda bo‘lib, w,(y) va w,(y)eClec,d] bo‘lsa, unda quyidagi
teorema o‘rinli bo‘ladi.
4-teorema. f(x,y) funksiya D sohada integrallanuvchi bo‘lib,
v fiksirlangan ye[c,d] uchun :

¥ [}’]

I(y)= [ f(xy)de

wi(¥)

jr{f}f (xsy)dr]aﬁz

el vy}

mavjud bo‘lsa, unda

mavjud va
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f17 o y)aety - T

C

v {y)
[ [ (x,y)dx}dy N

Vl{.?}

bo‘ladi.

3*. 1kki karrali integrallarda o‘zgaruvchilarni almashtirish.
Silindrik va sferik koordinatalar sistemasi

Dc R® soha berilgan bolib, f(x,y) funksiya D da integral-
lanuvchi bo‘lsin. = [ (x,y)drdy -3
D

deb belgilaymiz. Bizdan (7) ni hisoblash talab qilinsin. Ravshanki,
f(x,y) funksiya hamda D soha murakkab bo‘lsa, (7)-integralni
hisoblash qiyin bo‘ladi.

Ko‘p hollarda x va u o‘zgaruvchilarni boshga o‘zgaruvchilaiga
almashtirish natijasida funksiya ham, soha ham soddalashib, ikki
karrali integralni hisoblash osonlashadi.

Aytaylik, 2 ta x0u va u0v tekisliklar berilgan bo‘lsin. x0u tek-
isligida chegaralangan, chegarasi @D sodda, bo‘lakli silliq chiz-
igdan iborat bo‘lgan D scohani qaraylik. Ikkinchi uov tekisligida
ham xuddi shunga o‘xshash A sohani olamiz.

o(u,v) va y(u,v) funksiyalar A da berilgan shunday funksiy-
alar bo‘lsinki, ular A sohadagi V(#,v) nuqtani D sohadagi (x,y)
nugtaga akslantirsin, ya’ni

{x=¢)(u,v)
y =g (u,v)
funksiyalar A sohani D sohaga akslantiradi.

Faraz gilaylik, bu akslantirish quyidagi shartlarni ganoatlantirsin:

1) (8)-akslantirish o‘zaro bir qiymatli,

2) o(x,y),w{x,y)eC(D) bo'lib, bu funksiyalarga teskari bo‘lgan
funksiyalar ¢, (#,v),y,(u,v)eC(A) va ulaming barcha birinchi tar-
tibli xususiy hosilalari 3 bo‘lib, ular ham mos sohalarda uzluksiz bo‘lsin,

3) (8)-sistemadagi funksiyalarning xususiy hosilalaridan tuzilgan
determinant (yakobian) uchun

3)
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(x,7) _ o o

- Dx,y ou ov

I{u,v)=—"L D(u‘v) » o #0 ©)
ou ov

shart bajarilsin.

Teorema. Faraz gilaylik, (8)-sistema yordamida aniglangan funk-
siyalar A sohani D sohaga akslantirsin va yugoridagi 1)-3)-shartlar-
ni ganoatlantirsin, U holda

1= [|#Go )y = [[ o (ur) () (w)es - o)

bo adi.

(10)-formulaga ikki karrali integrallarda o‘zgaruvchilarni almash-
tirish formmlasi deyiladi.

Uch karrali integrallarda o‘zgaruvchilarni almashtirish formula-
lari ham shu kabi bo‘ladi. Masalan,

x=@(u,v,w)
y =y (u,v,w)

z= gz{u,v,w)
funksiyalar Ac R® sohani Dc R’ sohaga akslantirib, yugoridagi
1)-3) shartlarni qanoatlantirsin. Agar D sohada integrallanuvchi
Sf(x,y,z) funksiya berilgan bo‘lsa, u holda

J'Hf(x,y,z)m = IH[?(ﬂ,V,H’),W(u,v,w),z(u,v,w)]-]I(u,v,w)l-dudvdw
tenglik o‘rinli bo‘ladi. Bu yerda

x a &
u v ow
f(ﬂ’v,w)=M= _QV_ .@ Q -
D(uv,w) {8u & ow
x & o
du v Ow

berilgan akslantirishning yakobiani.

Ikki karrali integrallarni hisoblashda qutb koordinatalar siste-
masiga o‘tish (x=rcos@, yp=rsing, I=r), uch Kamrali integral-
Iarni hisoblashda esa silindrik yoki sferik koordinatalar sistemasiga
o‘tish ko‘p hollarda vaxshi natija beradi.
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Silindrik koordinatalar sistemasida WM e R® nuqta M(g,r,2)
kabi beriladi (10-chizma).

Y s, |

Ty

\}
| <

L]

10-chizma.

Silindrik koordinatalar sistemasini Dekart koordinatalar siste-
masi bilan bog‘lovchi formulalar (11) va (12) tengliklarda keltirilgan.
X=Fcosyp _ (11)
{y=rsing
Z=12Z, 0sps2n, 0=sr<+®

r= ’x2+yz

4 Q:arcfg:]i (12)
X
r=2
.,
(11)-sistema uchun yakobian
D(x,y,2)
I sy =l—
A o
Sterik koordinatalar sistemasida M e R° mugta M(e, p,y) kabi
&

a2k .
pLIANAS

=



beriladi (11-chizma). Sferik koordinatalar sistemasini Dekart koordi-
- hatalar sisternasi bilan bog‘lovchi formulalar (13)-tenglikda keltirilgan.

X =pcose-siny
Y=PSINp-sing o b<ax, 0sp<io, Osy<x (13)
z=pcosy
(13)-sistema uchun yakobian
Dix,y,z
]f(w,p,w)l-‘ (rs)|_,

= =" +sin
|D(p.00)| v
4°. Ikki karrali integrallarning ba’zi bir tatbiqlari

a) Jismning bajmi. £° fazoda yuqoridan 7= J{xy) sirt bilan,
yon tomonlaridan yasovchilari 0Z o‘qiga parallel bo‘lgan silindrik
sirt hamda pastdan QXY tekisligidagi D soha bilan chegaralangan
(V) jismning hajmi ¥ ushbu

V= |[£(xy)dxdy

formula yordamida hisoblanadi.
Misol. Ushbu

(14)

.rf + f—+ 5,— <1
a b
ellipsoidning hajmi topilsin. -
4 Agar {z20} yarim fazodagi ellipsoid bo‘lagining hajmini 14
desak, unda

V=2V =2cjjJ1-§-£¢r@;
I

x? yl
D:{;&--‘-?ﬂl}

bo‘ladi. Bu yerda

{x:arcusg:

almashtirish bajaramiz, unda D soha
y=>brsing
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A= {(r,@) 0<r<,0S@s 2:1'} to‘g'ri to‘rtburchakka akslanadi va ya-
kobian

Ox o
or Op acos@,—arsing
f—— — = b ]
I(r9) dy oy bsing,brcosyp o
or B¢

bo‘ladi. Unda
1 1z 1
V= 21:*]]«.31—1'1 -gbrdrde = 2abc ‘{Nl-—r’ Idtp}ir = 4xabe Irdl—r’dr= %abc.b
a 1) o 1]

b) Yassi shakining yuzasi. _ ‘
Ikki karrali integralning ta’rifiga ko‘ra, D sohaning yuzasi

§ = g“"‘dy (15)

formula yordamida hisoblanadi.
Xususan, soha D={(x,y)e R*:a<x<h, ﬁﬂyﬂf(x)} egri chiz-
iqli trapetsiya bo‘lsa, u holda
£

S= Hdraj:r-h ujatv =Tf(x)a&;

bizga ma’lum bo‘lgan formulaga kelamiz.
d) Sirtning yuzasi. Aytaylik, z=f(xy)€C'(D) bo'lib, bu funk-
sivaning grafigi R® fazoda (5) sirtdan iborat bo‘lsin. U holda bu

sirt yuzasi

S = HJI +[ £ (x,y)]z +[f; (Jt,y)]2 dxdy (16)

formula yordamida hisoblanadi.

¢) Ikki karrali integrallar yordamida mexanikaga oid masala-
larni yechish.

Aytaylik, D — xOu tekisligida berilgan zichligi p(x, y) ga teng
bo‘lgan bir jinsli plastinka bo‘lsin. Unda quyidagi formulalar o‘rinli
bo‘ladi. -
M= gp(x,y)dtdy an

(17)-plastinkaning massasi.
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M. = [y -p(x,y)dxdy,

M= [fx-o(x.y)asty 1%
(18)-plastinkanjng 0X va 0Y o‘qlariga nisbatan statik momentlari.
M}‘
M
_M, (19)
yn""ﬂ‘?

(19)-plastinka og‘irlik markazining koordinatalari.
L = [[y* p(x,y)dxay;
D

Iy=1 +1, = H(f +y2)-p(x,y)dmlv (21)

Fo)

(21)-plastinkaning koordinata boshiga nisbatan inersiva momenti.

Eslatma. Ikki karrali integral oddiy bir o‘zgaruvchili funksiya aniq
integralining qanday umumlashmasi bo‘lsa, uch karrali integral ham
ikki karrali integralning shunday umumiashmasi bo‘ladi va prinsipial
jihatdan undan farq qilmaydi. Shu munosabat bilan uch karralj in-
tegralning ta’rifi, uni hisoblash usullari va ularning tatbiglarini o‘qib,
0‘rganib olishnij o'quvchining o‘ziga havola gilamiz.

5% Birinchi tur egri chizigli integrallar va ularni hisoblash

Ushbu x=¢(r), y=y(r) funksiyalar [@.8] kesmada aniglan-
gan va uzluksiz bo‘lib, ular ¢ ning turli qiymatlariga 22 da turlj
nuqtalarni mos go‘ysin. Bu holda [@.8] kesmaning

{x =o(r)
y=w(r)
funksiyalar yordamida R* da hosil bo‘ladigan aksi ¥ ga sodda
egri chiziq deyiladj:
r={(x,y)e R? :x=¢(r),y=w(t),fe[a,ﬁ]} :
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A=y(a) ga egri chizigning boshlang‘ich nuqtasi B=y(f5) nug-
taga esa egri chizigning oxirgi nuqtasi deb ataladi. Biz qaralayot-
gan egri chiziq to‘g‘rilanuvchi, va’ni chekli uzunlikka ega bo‘lsin
deb faraz qilamiz.

Aytaylik, xOy tekisligida biror sodda 48 egri chiziq yoyi va bu
yoyda f(x,y) funksiya berilgan bo‘lsin. 4B egri chiziqni A dan V
ga qarab A4 =A, A, A, ..,A, =B nuqtalar yordamida n ta 4, 4,
(k=0,n—1) YOYga ajratamiz. A4, 4, , Yoyning uzunligini AS, va
A=max AS; deb belgilaymiz. Endi V(.7 )€ 44, (k=0n-1)

nuqialar olamiz va quyidagi

n=I
J=;f(5h’?t)'-’5sx ’
yig‘indini tuzamiz.

Ta’rif. Agar Ilma' 3 bofib, u chekli I soniga teng bolsa va 1
ning qiymati AB nmg bo Tinish usuliga hamda (;’*,m) nugtalarning
tanlanishiza bogliq bolmasa, u holda shu I soniga f (x, y) Junksi-
yaning AB egri chizig bo'yicha birinchi wur egri chizigli integrali
deb ataladi va u

I ¥i (x, y)ds
kabi belgilanadi. “
Shunday qilib,
If (xy)ds =limo = hme(:t,m) -AS, 22)

ekan.
Birinchi tur egri chiziqli integraliar quyidagi xossalarga ega.

) éf(x,y)¢=3£f(x,y)¢.

2) 3§=ﬁéuc"§:¢j];f(xsy)df=2£f(rsy)d’+ﬁif(x:J’)df-
3) ;!cf(x, y)ds =c-}£ f{(x,5)ds(c=const).

4) ;,J,;[f (x.y) 2 g(xy)]ds =;Igf (x,y)dst EJ; g(x,y)ds.
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5) Agar V(x,y)e4B da S{x,¥)20 bo‘lsa, u holda
Jf(x,y)dszo.
AB

6)

;,i S(x,y)ds gjgf(x,y)fds.

7y Hepe,)e AB nugta topiladiki, If (-’-‘J’)dﬁ =f(ce) S
A5

bo‘ladi. .
Izoh. Yuqoridagi xossalarning hammasida f (x, y)eC' (AB) deb
faraz qilinadi. |

Teorema. Agar i§={(x,y)eﬂz:x=¢(r),y=w(f),=‘6[a,ﬁ]}
sodda egri chiziq va f(x, y)EC(EE’) bo‘lsa,

Jreoa=[rOrOl 0T oOTa o

bo‘ladi. ]
Bu teoremadan g'l-l}'idagi muhim natijalar kelib chiqadi.
1-natija. Agar AB={(xp)eR:y=y(x),c<x<b} (y(a)=4y(b)=B)
bo'lib, y'(x)EC[a,ﬁ] bo‘lsa, u holda

;i f(xy)ds = :if [x.9(x)] 1+ [y'(x) T o (24)

bo‘ladi. -
2-natija. Agar AB= {(r,qa) r=r{g).g <@< 4;92} bo‘lib,
¥{9)eClp,,0,] bo'lsa, u holda

i 2
_[f(x,y)ds = ff(rcaw,rsin o) ‘jrz +[r' ()] do (25)

bo‘ladi.
Eslatma. Agar I-tur egri chizigli integralda f(x,y)}=1 desak,

n=k

[ds=1im> AS, =¢ podadi, yarni
AB k=0
{= I ds (26)- 4B yoyning uzunligini hisoblash formulasi.
5
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6°. Ikkinchi tur egri chizigli integrallar va ularni hisoblash

Tekislikda biror yopig bo‘lmagan sodda 4B egri chizig beril-
gan bo'lib, f(x,y) funksiya shu chiziqda anigfangan bo‘lsin. 43
egri chizigni 4, (k=0,n) nuqtalar yordamida n» ta
13,‘_.;1'! ral (k:ﬁ,n-—l) boflakka ajratamiz va V({',qt)eA*Am nugqtalar
olib, quyidagi yig‘indini tuzamiz:

=l
J=;f(§t*??k)'ﬂxr
Bu yerda Ax, =x,, -x - 44, Yoyning 0X o‘gidagi proek-
siyasi, A= max AS;, AS, -4 4, ning uzunligi, deb belgilaymiz.

k=0, n-1
Ta’rif. Agar VMO =1 mayud va chekli bo'lib, I ning qiymati
4B ning boTinish usuliga va (&,,n,) nugtalarming tanlanishiga bogiq
bo‘masa, u holda I soniga f(x,y) funksivadan 43 egri chizig boYyicha
olingan ikkinchi tur egri chizight integral deb ataladi hamda u

I= [f(xy)ds.

kabi belgilanadi.
Shunday gqilib, |
I= _[f(x,y)tf“ﬁme(é,m)ﬁxx (27)
ik =L}

A=D
ekan.
Xuddi shunga o‘xshash f(&,,7,) lami Ax,ga emas, Ay, larga
ko‘paytirib, |
r= If(x’}')‘b’= EiﬂZf(‘fum)ﬁyt (28)
15

A K mi}
ni hosil gilamiz.
2-tur egri chizigli integral ta’rifidan quyidagi xossalar kelib chigadi.

1) j];f(x,y)dxhﬂj;f(x,y)cfr va i}[f(x,y)d;;:-m[f(xjy)ay‘

2) Agar 45 voy 0X o‘qgiga (0Y o‘qiga) perpendikular bo‘lgan
to‘g‘ri chiziq kesmasidan iborat bo‘lsa, u holda

A_if(x,y)dmﬁ [AJ;f(x,y)dy = 0)

bo‘ladi. :
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Endi faraz qilaylik, 4B egri chizigda 2 ta p (%.y) va O(x, )
funksiyalar berilgan bo‘lib,

J2(x,p)dx va fQ(x,y)ahf;
Ak Al
2-tur egri chiziqli integraliar mavjud bo‘lsin. Ushby
[P(x.y)dx+ fo(s, y)ay .
AB 45

yig‘indilz-tur egri chizigli integralning umumiy ko‘rinishi dep ata-
ladi va

] P(x,y)dx+Q(x,y)ay .

L]

kabi yoziladi, Demak, *

A_!P(x, ¥)dx + Q(x, y)dy= A}! P(x,y)dx+ A! 2(x, y)dy 29)

Aytaylik, 45 egri chiziq, sodda yopiq egri chizig bo‘lsin, ya’ni
A va V nuqtalar ustma-ust tushsin. Bu yopiq chizigni ¥ deb beigi-
laymiz, By Yopiq chiziqda ikkita yo‘nalish bo‘ladj. Ularning birini
musbat (soat strelkasiga garama-qarshi yo'nalganinj), ikkinchisinj
manfiy yo‘nalish deb gabul Qilamiz.

Faraz qilaytik, ¥ da f(xy) funksiya berilgan bo‘lsin. By ¥
chizigda 2 ta VA4 =B nuqtalar olamiz. Natijada » yopiq chiziq 2
'8 4B va piy egri chiziglarga ajralad; (12-chizma).

Agar _f S (> y)dx + _[ F(xy)dx integral mavjud bo‘lsa, y
Al BbA
f(xy) funksiyaning » yopiq chiziq bo‘yicha 2-tur egri chizigli
integrali deb atalagj va 07 (x.»)dx kabi belgilanadi.
¥

B

I2-chizma.
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| ﬂP (x.y)dx+ [ﬁQ(an’)afV bo‘lgan umumiy hol ham xuddi shun-
it o‘xshash ta‘riflanadi.

Agar 3p egri chiziq fazoviy chiziq bo‘lib, f(x,y.z) funksiya
shu chizigda aniglangan bo‘lsa, u holda

Jf(x,y,z)dx, Jf(-fa}’,z)dy, .If(x,y,z)dz, lar va
jP(I,y,z)dx-l- Q(x,y,z)dy+R(x,y,z)dz =

= J'P(x,y,z)aim _[Q(x,yjz}a’er jR(x,y,Z)dz
A AB AR

lar ham yuqoridagidek anigianadi.
Endi ikkinchi tur egri chizigli integrallarni hisoblashni
o‘TZanamniiz.

Faraz qilaylik, fiB2{(x,y):x=¢?(r),y:w(r)jre[a,ﬂ]} bolib,
o(t)w(t)eCla.fl(p(a).y (@) =4, (0(B)w(B))=B  bo'lsin,
hamda t parametr ¢« dan B ga garab o‘zgarganda
(xsy)':(@(f )W(f)] nugta A dan V ga qarab o‘zgarsin.“

Y-teorema. Agar ¢'(1)eCla,B| botib, [ (x, y)eC(.dB) bo sa,
u holda

B
[ ()= [lo()w () (D (30)
boladi. ’"‘ ’ ]
2-teorema. Agar y'(f}eCja,p| botib, f (x,y)eC (AB) bo ‘lsa,
u holda p
[y = [flo()w () (e G1)
boladi. A *

I-natija. Asar ¢'(r),¢'(1)eCla,B] bo'lib,
P(x.y),0(x.y)eC(4B) bo'sa, u holda
jP(x,y)dr+Q(x.y)aﬁf=jj[P(qo(f),w(r)}w’(r)+Q(m(f),w(f));ff’(f}]]df (32)

bo‘ladi.
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2-natija. Agar AB={(xy):y=p(x).,asxsb}, y(x)eC[ab]
bo‘lib, P(x,y),0(x, y)EC( 4B} bo‘lsa, u holda

I P(x,y)dx+Q(x,y)dy = I[P(-f* (N +2(xp(x)-y(x) Hr. 33

bo ladi.

Misol. Agar (4 egri chiziq O(0,0) va 4(1,1) nuqtalarni tut-
ashtiruvchi

a) to‘g‘ri chizig kesmasi.

b) ORA siniq chizig, P=(1,0) nuqta;

d) OQA siniq chizig, ¢=(0,1) nugta bo‘lsa,

1=£(x—y2)dx+2m3;;
hisoblansin.

a4 a) OA:y=x0<x<1=1= j[ x=x%)+2x ]a-,:__

b) i= j(x-y }dbe + 2xpdy = j -yz)dr+2.1;vdy+ {(r=y*Yebr + 22pay =

..-I

OP:y=005x21=>dy=0 ! " 3
= = e+ |2 =—,
{[PA*x=L0£y<l=:~dx-0D J oy

d) I= I(x y )d\'+2xycbf fx— a§r+2xydy+ J'(x-y )‘if+21:1)@"
XA

_((0Q:x=0,0sys1=dx=0)) ! o
_([QA:y=l,05xSl=>afy=uJ]‘!ﬂ@"'!(x ev=-—.>

Izoh. Bu misoldan ko‘rinib turibdiki, 2-tur egri chizigli inte-
gralning giymati umuman olganda, 4 va V nuqtalami tutashtiruv-
chi integrallash yo‘liga bog‘liq ekan.

Qanday shartlar bajarilganda uning qiymati integrallash yo‘liga
bog‘liq bo‘lmaydi, degan savolga keyingi punktda javob beramiz.

7°. Grin formulasi va uning ba’zi bir tatbiqlari

a) Grin formulasi.
I-teorema. (Grin). D c R® soha berilgan bolib, uning chegarasi

8D bo‘lakli-silliq chizigdan iborat bosin. Agar P(x,y) va O(x,y)
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Munkslyalar D da berilgan va P(.x, y) , Q(I, )’) ’

BP(&-:,J’)’BQE;’}’) = C(ﬁ) bo ‘fsa, N hﬂ!da

jP(x,y)dr +0O(x,y)dy = H[QQ -ﬁi] dxdy (34)

S
renglik orinli boladi. -
(34)-formulaga Grin formulasi deyiladi.
Grin formulasidan D sohaning yuzasini hisoblash uchun ushbu

S =—[lydx,
it (35)
§= [Qxd}m va (36)
5= facy -y, (37)

formulalar kelib chigadi.

2-teorema. Agar F(x,y) va Q(x.y) funksiyalar D sohada Grin
teoremasining shartlarini bajarsa, unda quyidagi 4 ta shart bir-biriga
ekvivalent bo‘ladi.

1) D da %%Q- (38) tenglik bajariladi.

2) D sohadagi v yopig kontur 7 uchun [ﬁPﬁff +Qdy =0
F
3) V4,Be D nuqtalar va bu nuqitalarni tutashtiruvchi jp yoy

uchun
J Pdx+Qdy ;
AB

integralning giymati integrallash yo‘liga bog‘liq emas,;

4) P(x,yVdx+ O(x,y)dy ifoda to‘liq differensial bo‘ladi, ya'ni
D sohada shunday w(x,y) fimksiya topiladiki du = Pdx+Qdy teng-
lik bajariladi va unda

_jfmc+Qa5»=u(B)-u(A) bo‘ladi.
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Agar du=Pdx+Qdy bo'lsa, unda u(x,y) funksiya ushbu
u(x,y)= IP(.x, y)dx + I O{x,, y)dy +¢ (39)

X L
formula yordamida topiladi. Bu yerda (.)€ D -ixtiyoriy nuqta.
Misol. Agar 7 chiziq koordinata boshidan o‘tmaydigan va
yo‘nalishi musbat bo‘lgan v yopigq chiziq bo‘lsa,
;ﬂM.

2 T
},x+_}?

integralni hisoblang.
4 ¥ chiziq bilan chegaralangan sohani D deb belgilaymiz.
I1-hol. 02D bo‘lsin.
y _x P o0 y-x -

P=agy _0=—F o —=-F=-2
x1+y2Q x+yt O Ox (.:»:“+y’)2

Grin formulasiga ko‘ra =0,
2-hol. 0D bo‘lsin. Bu holda Grin formulasidan foydalana

olmaymiz, chunki, P(x,y) va Ox,») funksiyalar 0{0,0) nugtada
aniqlanmagan.

13-chizma.

D sohaning ichida yotuvchi V 7, ={(J|:‘,+y):.!|r2 +y'=r’} aylana
olamiz, Endi G soha sifatida y va y, chiziglari bilan chegaralangan

oP
sohani olamiz. G da a=%g va 0eG. Unda Grin formulasiga ko‘ra

[ Px+ Qv =0=> 6 =(f Pdx + Oddy + ]| Pdbx + Oy = [ Pebx + Oy~ [} Petx + Ocly >
G v ¥, Y Y.
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-— — pot 2x
f=[ixa§:r-ydr 2[(.1: reost,0<t<2x,dx= rsmfdt)]: jdf b
Q

> xtay y =rsint,dy = rcostdt

8%. Birinchi tur sirt integrallari va ularni hisoblash

Birinchi tur egri chizigli integrallar oddiy aniq integrallarning
ganday umumlashtirilishi bo‘lsa, birinchi tur sirt integrallari ham
ikki karrali integrallarining shunday tabiiy umumiashtirilishidir,

Bizga bo‘lakli sillig kontur bilan chegaralangan ikki tomonli
silig (yoki bo‘lakli silliq) (S)c R® sint berilgan bolib, f(x,».2)
funksiva shu sirtda aniglangan bo‘lsin, (8) sirtni vy tarzda o‘tkaziigan
egri chiziglar to'ri yordamida (S,).(S,),...(S,) qismlarga ajratamiz.
() ning yuzasini S, deb belgilaymiz (£ =1, #). Har bir (S,) da
v{(&,.1,,¢:) nugta olib

o =if(§t”?k!;1)gk;

&=l

integral yig'indini tuzamiz va 4=max diﬂm(sk) deb belgilaymiz.

=l

Ta’rif. Agar imo=! mayjud va chekli bo'lib, 1 ning giymati
(S) sirtning bo’linish usuli hamda {(&,,7,,¢,) nugtalarming tanian-
ishiga bog'liq bo‘imasa, u holda 1 ga f(x.,y,z) funksiyadan (8)

sirt bo‘yicha olingan I-tur sirt integrali deyiladi va
Hf(x,y,z)ds;
(5)
kabi belgilanadi.
Teorema. Agar sirt ushbu (S)={{x.5.z)e R :z=z(x»),(x )€ D}

ko ‘rinishda beriigan bo‘lib, z(x,y),z.(x.y).z,(xy)eC(D) va
f{(x.y.2)eCL(S)] botsa, u holda

[[£(xz)ds = [[r[xrz (e W[z )] +[2 ()T dedy (a0)

(%) i

bo ladi.
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99, Ikkinchi tur sirt integrallari va ularni hisoblash

Bizga ikki tomonli silliq (yoki bo‘lakli silliq) (S)< R’ sirt ber-
iigan bo‘lib, f(x,y,z) funksiya shu sirtda aniglangan bo‘lsin. (S)
sirtni y tarzda o‘tkazilgan egri chiziqlar to‘ri yordamida
(8,).(S:)---(S,) qismlarga ajratamiz. (S,) (k—l n) ning OXY
tekislikdagi proeksnyasml D‘., D, ning yuzasini esa S, deb belgi-
laymiz. Har bir (S,) da (‘fk,m,g‘.}) nuqta olib quyidagi

J'_‘Zf(‘fts’ha':k)s :

kx|
yig‘indini tuzamiz va 1=m@‘dfa"’(3 ) deb belgilaymiz

Ta'if. Agar limo =1 mavjud va chekli bolib, I ning giymati (S)
sirting bo finish m‘uﬂga hamda (&,.1,,C,) nugtalaming tanlanishiga
bog tig bolmasa, u holda I ga f{x,y,z) funksivadan (S) sirtning tan-
langan tomoni bo'vicha olingan ikkinchi tur sirt integrali deyiladi va

[17 (%32,
(s)
kabi belgilanadi.
Shunday qilib,

f= 7 Gma)dd = tim3 (60,608, )

Shuni aytib o‘tish kerakki, funksiyadan (S) sirtning bir tomoni
bo‘vicha olingan ikkinchi tur sirt integrali, funksivadan shu sirtning
ikkinchi tomoni bo‘yicha olingan ikkinchi tur sirt integralidan fagat
ishorasi bilangina farq qiladi.

Ushbu (_!,}I.f (-"»J’sz)dydz va (_[){f (I,y,z)dzﬂﬁr ikkinchi tur sirt in-
y LY
tegraflari ham yuqoridagidek ta’riflanadi.

Ikkinchi tur sirt integralining umumiy ‘kd‘rinishini keltiramiz.
Faraz qilaylik, (S) sirtda P(x,y,z), Q(x, 5.z} v& R(x,y,z) funksi-
yalar berilgan bo‘lib,

Ushbu

{IJP(x y,z)dmfl’ HQ(:: y,z)afvdz {‘gﬂ( %,,2)d= .
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integrallar mavjud bo‘lsa, v holda ularning yig‘indisi 2-tur sirt in-
tegralining umumiy ko‘rinishi deb ataladi va

HP(x,y, z)dxdy + o(x,y, z)dydz + R(x,y,z)dzdx
{5) .
kabi belgilanadi.

Endi R’ fazoda biror (V) jism berilgan bo‘lsin. Bu jismni o‘rab
turgan yopiq sirt silliq sirt bo‘lib, uni (5) deylik. f (x,y,z) funksiya
(S) da berilgan bo‘lsin. OXY tekislikka parallel bo‘lgan tekislik bilan
(V) ni 2 gismga ajratamiz: (V)=(¥,)(¥,). Natijada, uni o‘rab tur-
gan (S) sirt {S,) va (S,) sirtlarga ajraladi. Ushbu

[[r(xy.2)ddy+ [[f(xy.z)dy @)
(5) . {5:)

integral (agar u mavjud bo‘lsa) f(x.y,z) funksiyaning yopiq sirt
bo‘yicha 2-tur sirt integrali deb ataladi va

{j'l‘f(x:y!z)dxay;
(5) ‘
kabi belgilanadi. Bu yerda (42)-munosabatdagi birinchi integral (S,)
sirtning ustki tomoni, ikkinchi integral esa (S,) sirtning pastki
tomoni bo'yicha olingan. Xuddi shunga o‘xshash
Eﬁjf(x,y,z)a)’dz [jjf(x,y,z)dzdx;
(5) S &
hamda umumiy holda
[ﬁIP(x, v, 2)dxdy + Q(x,v,z)dydz + R(x,y,z)dzdx ;
(3}
integrallar aniglanadi.
Teorema. Agar sirt ushbu

(8)= {(.x, y,2)e R :z=z(xy)(xy)e D}
ko‘rinishda berilgan bolib, z{(x,y), z.(xy), z,(x,y)eC(D) va
f(x,3.2)eC[(8)] bo'sa, u holda
[[f (e pn2)dxdy = [[ [ x9,2(x, ») | dxdy (43)
bo tadi. ® ’
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Izoh. Agar (S) sirtning pastki tomoni qaralsa, unda barcha S, lar
manfiy bo'lib,

Hf(xs ¥,z )dxdy = —Hf[x,y,z(x,y)]dxdy :
{5} ) ’
bo‘ladi.
Natija. Agar (S) sirt yasovchilari OZ o‘giga parallel bo‘lgan
silindrik sirt bo‘lsa, unda

Hf(x,y,z]dxdy: 0;
(5}
bo‘ladi.
Demak ikkinchi tur sirt integrallari ikki karrali Riman integral-
lariga keltirilib hisoblanar ekan.
Agar (5)-ikki tomonli silliq sirt bo'lib, P(x,3,z), O{x,».2)
{3 (lyf)EC[(q)] bo‘lsa va (S) sirt normalining yo‘naltiruvchi ko-
sinusilarini cosa, cosfB, cosy desak, u holda | va 2-tur sirt inte-
grallari orasida quyidagi munosabat orinli.
| IP(x,y,z)dydz +O(x, y,z)dzdx + R(x,y,z)dxdy =
)

§

{
- ‘[[P(x,y,z)cnsa +0(x,3,z)cos B+ R(x,y,:)cosy]ds (44)

(%)
Izoh, Agar (S) sirt z=z(x,y) tenglama yordamida berilgan

bolsa, sirtning (x,,¥,,%,) nuqtadagi normalining OX, OY, 0Z
o‘qlarining musbat yo‘nalishlari bilan tashkil qilgan burchaklarini
mos ravishda «, B, y orqali belgilasak,

| '

-z
oS =

4 H

qcos 7=

COSY = — e
h iJI +(z; ] +(zyr)'

bo‘la.di va ular normalning yo‘naltiruvchi kosinustari deyiladi.
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Tidiz oldida ma’lum bir ishorani tanlab olish bilan biz sirtning aniq
bir tomonini tanlab olgan bo‘lamiz. Masalan, ildiz uchun musbat ishora-
ni olsak, cosy >0, ya'ni normal OZ o‘qi bilan y o‘tkir burchak tashkil
ctadi va bu holda (8) sirtning “yugori” tomonini tanlab olgan bo‘lamiz.

10°. Stoks va Gauss-Ostrogradskiy formulalari

(3)={(x.y,z)en3:z=z(x,y),(x,y)en} bolib, (S)~bolakli sil-
lig egri chiziq va 3(S) - ning OXY tekisligiga proyeksiyasi 0D bo'lsin.

Faraz qilaylik, (5) sirtda uziuksiz P(x,y,2), Q(x v,z) R(x. Y,Z)
funksiyalar aniglangan bolib, bu funksiyalarning barcha birinchi
tartibli xususiy hosilalari (S) sirtda uzluksiz bo'lsin.

{-teorema. (Stoks). Agar yuqgoridagi shartlar bajarilsa, u holda ushbu

[ P{x,y. 2 )0+ O(x.3,2)dy + R(x, y,z)dz = ﬂF}—Q——- éf-j\dxdy +
() {¥) ox oy

oP OR

+L6y az-‘\dydz+l:az ax]d.,dx. (46)
Stoks formulasi o'rinli bo Tadi.

Shunday qilib, Stoks formulasi (S) sirt bo‘yicha olingan 2-tur
sirt integrali bilan shu sirtning chegarasi bo‘yicha olingan egri chizigli
integralni bog'lovchi formuladir.

Endi Ostrogradskiy formulasini keltiramiz. R® fazoda pastdan
z=g (x,y) tenglama bilan aniglangan silliq (S,) sirt bilan, yu-
goridan z=g,(x,y) tenglama yordamida aniglangan (S,) sirt bi-
lan, yon tomondan esa yasovchilari OZ o'qiga parallel bolgan sil-
indrik (S,) sirt bilan chegaralangan (V) jismni garaylik. Bu jis-
mning OXY tekisligidagi proeksiyasint p deb belgilaymiz. Faraz
gilaylik, (¥} da uzluksiz P(x, ¥2), O(x.y.2), R{x,y,z} funksiya-

oP 90 OR
lar berilgan bo‘lib, 5.~ ag * Bz EC[(V)] shartlar bajarilsin.

2-teorema. (Ostrogradskiy). Agar yuqgoridagi shartlar bajarilsa,
i holda ushbu .

op 80 BR}
OF Y 0 | dvdydz =T\ Pdydz + Qdzdx + Rdxdy
i]}][ ox oy & Eﬂ “7)
Gauss-Ostrogradskiy formulasi o'rinli bo ‘ludi.
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11°. Maydonlar nazariyasi elementlari

[V N P

Uch o‘lchovli Yevklid fazosi g’ ni olib, undagi nuqtalarni

(x, », z), koordinata o'qlari bo‘ylab yo‘nalgan birtik vektorlarni esa
&, ¢, ¢ kabi belgilaymiz. Aytaylik, Dc R sohadagi har bir
(x, ¥, z) nugtaga A(x, y, z} vektor mos go‘yilgan bo‘lib, tanlan-
gan koordinatalar sistemasida u A4 (x, y, z), 4,(x, y, z),
4,(x, ¥, z) ko'rinishga ega bo'lsin. U holda D sohada vektor funk-
siya aniqlangan yoki D da vektorlar maydoni berilgan deyiladi. Agar
harbir 4, (x, y, z), k=1, 2, 3, funksiya uzluksiz, differensiallanuvchi
va hakozo bo‘lsa, unda 4 vektor maydon uzluksiz, differensialla-
nuvchi va hokazo deb ataladi. Agar D sohada U(x, y, z} funksiya
aniglangan bo‘lsa, u holda D da {7 skalyar maydon berilgan deyiladi.
Tanlangan koordinatalar sistemasida garalayotgan skalyar va vektorlar
maydoni kerakli darajada silliq bo‘lsin deb faraz qilamiz.

Ushbu
dl/ = s =¢ +e +e NI
& [ax 5 %) Yo ta " a

operatorni (gradiyent) aniglaymiz. U bilan bir gatorda A vektorni
U7 skalvar maydonga akslantiruvchi

aA‘+aA2+a'43:A—}U

o By oz
operatorni {(divergensiya) qaraymiz. Vektor maydon vektor may-
donga quyidagi

U 8U BU] U U BU

€ & 6
g @ 0
4= — — —|[:A—> 8
rof. o o &2 -
A4 A A

formula yordamida aniglanadigan refor operatori yordamida akslanadi.
' Agar simvolik nabla differensial operatorini (Gamilton operatori)

& 7,
V= 315'1-325;4-635;;
tenglik yordamida aniglasak, u holda
gradll =V,
rofd=Vx A,
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divd=V A

bo‘ladi.

Kiritilgan operatorlardan foydalanib, quyidagi tengliklaming o°rinli
bo‘lishini ko‘rsatish giyin emas:

) rotgradU=VxVU=0,

2) divrotd=V-(Vx 4)=0,

3) graddivA=V (V- 4),

4) rotrotd =V x{V x 4),

(44)-formuladan foydalangan holda Stoks formulasini quyidagi
ko‘rinishda yozish mumkin:

j P(x,y,z)dx +Q{x,y,z)a5: +R(x,y,2)=
&S)

cosg cosfB cosy

= f % 2 Ea' ds.
® & oz
P Q R
Agar bu tenglikdagi P, ¢, R funksiyalar o‘miga 4 vektor
maydonning komponentalarini olsak va dS=(dx,dy,dz) deb belgi-
lasak, tenglikning chap tomonidagi integralostidagi funksiyani 4-dS
deb yozish mumkin. Agar » =(cose, cospB, cos y)-birlik normal
vektor bo‘lsa, tenglikning o'ng tomonidagi integral ostidagi funksi-
yani rotd.n deb yozish rumkin bo‘lib, Stoks formulasining vektor
ko‘rinishi quyidagicha bo‘ladi:
A-dS = ||n-rotddS
. o=l @
(48)-tenglik maydonlar nazariyasi tilida quyidagicha aytiladi: 4
vektor maydonnning sirining chegarasi bo‘yicha olingan sirkulyat-
siyasi rot4 maydomming (S) sirt bo‘yicha olingan oqimiga teng.
(44) formuladan foydalanib, Gauss-Ostrogradskiy formulasi vektor
ko‘rinishida quyidagicha yoziladi:

a[IA .ndS = gjdvadV , 9)

bu yerda dV =dxdydz hajm elementi.
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(48) va (49) formulalar vektorlar maydonidagi rotor va divergensi-
ya operatorlarining invariant ekanligini ko‘rsatish imkonivatini beradi.

1-ta’rif. Agar A vektor maydon uchun shunday skalyar {7 may-
don topilib, gradU=A tenglik bajarilsa, unda A vektor maydon
potensial maydon deyiladi. [/ funksiya esa A maydonning skalyar
potensiali deb aialadi. |

2-ta’ril. Agar A vektor maydon uchun shunday B vekror maydon ropilib,
rotB = A tenglik bajarila, u holda A maydon solenoidal maydon deyiladi.
V vektor maydon esa A maydonning vektor potensiali deb ataladi,

Punktning oxirigacha biz maydonlar uch o‘lchovii fazoda qara-
layapti, deb faraz gilamiz,

I-teorema. A maydon potensial maydon bolishi uchun yorq =y
boishi zarur va yetarii

2-teorema. A maydon solenoidal boYishi uchun divA=0 bo ishi
zarur va yetarli,

(48)-Stoks formulasidan va 1-teoremadan quyidagi tasdiq kelib
chigadi: Agar A potensial maydon bo‘lsa, u holda maydonning yopiq
egri chizig bo‘yicha olingan sirkulyatsiyasi 0 ga teng bo‘ladi.

(49)-Gauss-Ostrogradskiy va 2-teoremadan quyidagi tasdiq kelib
chigadi: agar A solenoidal maydon bo‘lsa, u holda maydonning biror
jismni orovchi yopiq sirt bo‘yicha olingan ogimi 0 ga teng ho‘ladi.

Shuni ta’kidlash lozimki, ixtiyoriy vektor maydonni potensiai va
solenoidal maydonlarning yig‘indisi ko‘rinishida ifodalash mumkin.

11°, Furye qatorlari

I-ta’rif. f(x)} funksiya [~7:7] kesmada absolut integrallanuveni
bo Isin. Koeffisientlari

1 xr
= — = 0’ 1, ,i.-l-
a, = h!f(x) cosnxdx, n 2

b, =$ If(x)sinnxdx, n=1, 2,...
Jormulalar yordamida an_i?:;fangan ushbu
a 2 .
f(x)~—é‘?-+§(a"cosm+bnsmnr) (50)

rigonometrik gator f (x) fun;cs:yanfng Furye qatori, a,, b sonlar
esa-Furye koeffisientlari deyiladi.
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Absolut integrallanuvchi funksiyaning Furye koeffisientlari n > w0
da 0 ga intiladi. Agar funksiya juft bo‘lsa, Furye qatori fagat kosi-
nuslarni, toq bo‘lsa faqat sinuslarni oz ichida saqlaydi.

1-teorema. (Rimanning lokallashtirish prinsipi). f(x) funksiya
Furyve gatorining x, nugtada yaginlashishi, ixtiyoriy kichik >0 soni
uchun f(x) funksiyaning [x, - 8;x, + 38| kesmadagi giymatlarigagina
boglig bo'lib, bu kesmadan tashqaridagi giymatlariga boglig emas.

2-teorema. Agar f(x) funksiya [-z;7] kesmada bo‘lakli-uzluk-
siz bo‘lib, har x nuqtada chekli bir tomonii

f(x+ax)-f(x+0)
£.(3)= 6

ﬂ.:—>+l}

flx+A&x)—- f{x=-0
)= i HE I,
hosilalarga ega bo‘lsa, u holda f(x) funksiyaning Furye gatori har

F(x+0)- £ (x-0)

ga teng bo‘ladi. Xususan, funksiya uzluksiz bo‘lgan nuqtgda Furye
gatori funksiyaning shu nuqtadagi giymatiga yaqinlashadi.
Yaqginlashuvchi Furye qatorining vig'indisi davri 27 ga teng
bo‘lgan davriy funksiya bo‘ladi.
3-teorema. Agar f(x) funksiya [-m;x]| kesmada kvadrafi bilan
integrallanuvchi ﬁmksiya bo‘lsa, u holda quyidagi Bessel tengsidigi o'rinli:

——+Z(a +b' 5-— J‘fz(x)dx 51

Agar funksiva [—JI, :rr] da uzluksrz va f(-7)=f(x) bo'a, unda
ushbu Parseval tengligi o rinii:

bir » nuqtada vaqginlashadi va uning vig'indisi

% +Z(a +b2)= If (x)av. (52)

Agar f(x) ﬁmks:ya {a, b] kesmada berilgan bo 7ib, mafum
shartlarni qanoatlantirsa, unda uni umumiyrog ko 'rinishdagi tri-

&
gonomeltrik gatorga yoyish mumkin. Buning uchun {=-7 +2”_E

akslantirish yordamida [a, b] kesmani [-z; x| kesmaga akslanti-
ramiz, Natijada,
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f(x)H¢[r)=f(a+H#(b a))
bo'lib, ¢(¢) funksiva [-#; 7] kesmada emiglangan, @(r) funksiya .
[~#; #] kesmada Furye qatoriga yoyiladi va ¢ o‘zgaruvchidan x
o‘zgaruvchiga qaytsak, f(x) funksiyaning {a, 5] kesmadagi Furye .
qatorini hosil qilamiz. Masalan, f(x) funksiya [-/; /] kesmada
2-teoremaning shartlarini qanoatlantirsa va u shu kesmada uzluksiz
bo‘lsa, u holda |

7(0)=%+ 3,082 45,512,
2 - l L
tenglik o‘rinli bO‘lib

If() 5-—--dx n=0, 1, 2,..,

b,,.-.}-h! f(x) snn-T-dx, n=1,2,.,
bo‘ladi.

Agar f(x) funksiya [0; 2/] oraligda berilgan holda ham yu-
qoridagi tengliklar o‘rinli bo‘ladi, faqat koeffitsientiarmi hisoblashda

integrailarni [0; 2/] oraliq bo‘yicha olish kerak.
Nazorat savollari

Ikki karrali integralning ta'rifi.

Darbuning yuqori va quyi yig‘indilari hamda ularning xossalari.
Lebeg teoremasi.

Ikki karrali integralning asosiy xossalari.

QO‘rta giymat hagidagi teoremalar,

Ikki karrali integrallarni hisoblash.

Ikki karrali integrallarda o‘zgaruvchilarni aimashtirish.
Silindrik koordinatalar sistemasi,

Sferik koordinatalar sistemasi.

. Ikki karrali integral yordamlda hajm hisoblash,

. Tekis shakining yuzasini hisoblash.

. Sitr yuzasini hisoblash,

. Ikki karrali integrallarning mexanika masalalariga tatbiglari.
. 1-tur egri chiziqli integral teshunchasi,

. l-tur egri chizigli integrallarning xossalari.

. 1-tur egri chizigli integrallarni hisoblash.
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17.
18.
19.
20.
21
22,
- 23,
24,
25.
26.
27.
28.
29.
30.
3l
32.
33.

2-tur egri chizigli integral tushunchasi.
2-tur egri chizigli integrallarning xossalari.
2-tur egr chizigli integrallarni hisoblash.
Grin formulasi.

Grin formulasining tatbiglari.

1-tur sirt integrali tushunchasi.

1-tur sirt integralini hisoblash.

2-tur sirt integrali tushunchasi.

2-tur sirt integralini hisoblash.

Stoks formulasi.

Gauss-Ostrogradskiy formulasi.
Maydonlar nazariyasi elementlari.

Furve qatorining ta’rifi.

Rimanning lokallashtirish prinsipi.

Furye qatorining yaginiashishi.

Bessel tengsizligi.

Parseval tengligi.

-B-
Mustaqil echish uchun misol va masd:;g;n D sohy

1-masala. Berilgan egri chiziglar bilan chegaral

. jplegralga
uchun Qf (x,7)drdy ki karrali integral takroriy sl
108 .
keltirilsin va integrallash chegaralari ikki xil tal'ﬂl"i
N e
1.1 y=0, y=3, y=Xx, y=x-6. 1L2y=l, 2y=x, 2¥
1.3 y=x,y=x+3,y=2xy=2x-3. 1.4 y=x7, x-—y*gf
X
L5 X+ 224%, ¥ +y <2ax. 1.6 y=2x-x’, y?
| ?,}’56'
1.7 y=x"-4x, y=x 1.8 xy=4, yz37*
24 y<8
1.9 y<9-x%, y22x’ L10 y=x y=4% ?

111 y=x, y=4x, xy24, y<6.

1.12 _y=\.‘2ax, x2+y222ax, x=0, x=12a, y=0.

1.13 y=x—-4x, 2x—-y=35.

1 ﬁ+ fxg],
114 y=5%" 7 >

319



LIS xy=9, x+y=10, 1<y<3.

117 yzx® 14y, y=x+4.
L1 y* 23x=4, y* +4x=11.
121 yex*+2x, y=x+2.

2-masala. Integrallash

31 !’ay ;ﬁLfdr+Idy fix.

1y VI P
2.3 fatv [fciw jdy j fax.

25 ;!:dr JLfdy+ Idx_[fdy

2.7 mjla’y f J+ (j‘dy [ s

-t JE:;? 0 x*
2.9 JIdx [ sy [ax | ra.
2 G -1 o

2.11 Idx I Fdy + ]dx ]j .

sin y T cosy
2.13 de ffdi\'-!— Idj) Ifd:r

g
2.15 fdy Ifdr+ [y dex

| In p

d

2.17 J‘i"_ffd“ Idy | s

-2yt

116 3’ +8x=16, y* —24x=48.
118 y’>x"—4x, y<x, x21.
1.20 y?<6+3x, y258—4x, ]yl:;«fi._‘.

tartibini n‘zgartiring

22 o [ fo [
L
-
2.4 Iaﬁ» Ide fdy I Jikx.
Vg e

26 % Ifd“ fa Ifdx
Vi

> 8 jajy J“ fobx + j a’y“ j fix.

0

-3 0 0
2.10 Jd*JLf@*' J
2 it - DT,

| .
t 2 -y
2.12 Idy Ifa’x+ Idy Ifdx.

~{2+x}

2.16 f‘fy ffdx*rj@

-5 .=

2.18 ]jaaz [t + jj@ -ffdn
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2.19 I&J‘_ﬁ[_zfd}’”[drﬁﬁ]__faﬁ' 2.20 Idy If“‘“ I@Jﬁh

2+ »)

Vi

2.21 jdxjﬁm fdx jfay

3.masala. Ko‘rsatilgan D soha uchun H f (x, y)dxdy integralda

quth koordinatalariga (x=rcosg, y=rs?n @) o‘tib, integrallash
chegaralari ikki xil tartibda go‘yilsin.
3.1 D={(x,y):x2 +)* sZy}.
3.2 D={(x,y):a’sx=+y:sb2,a>0,b:=-0}.
3.3 D=[(x.y)=(x2 +p) =a* (" -yz),xf_i{}}.
3.4 D soha x=0, y=0, y=1-x chiziglar bilan chegaralangan.
3.5 D soha x*=ay, y=a (a>0) chiziglar bilan chegaralangan.
3.6 D={(x,y):0$x$l,x2£ysx}.
3.7 D—{(x,y):ﬂgysz,yﬁxﬁﬁy}.
3.8 D= {(x,y):OSxSZ,OSyﬁJEx}.
3.9 D={(r. @):r22cus¢),r54cos¢;}.
3.10 D={(x,}’):3¢2 +y 54,x+y22}.

3.11 D={x,y):x2+y223,x2+y2£4x}.

3.12 D={ :4:,}*):3:2 +y3218,x2+y256y}.

3.3 D={(xy):8 + )} +4x20,8 + ) +8x<0}.
3.14 D={x,y):x2y,x+y£6, yzﬁ}.

3,15 D= {(Jn::,,,].r)'.llc2 +y’ <4x,)y< |x|}

316 D= {(r @):r 2 2sing,r <5sinp,0<p<— 2}
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3.17 D= {(.ty) ¥+y°<16,x° +y 24.1:}

3.18 D={(r,@):r<2cos3p,r21(I va IV chorakdagi qismi),}.

{(x,y) ¥*+y zxxt+y $2x}
3.20 D={(x,p):x* +)* <dxx’+y* 22y}
{x,y) 0Sx<1,2x<y<3x).

4-masala. Hisoblang.
4.1 ﬂ(lny3+16x3y3)abcay; Dix=l, y=x*, y=-Jx.

4.2 H(x‘yz+48x’y)dtajr D:x=1y=.x, y=—x".

4.3 ﬁ(Sﬁxy 96x’y)dxajz D:x=1, y=¥x, y=—x’.

4.4 .U(lsx +32x )draj’: D.x-l,y_x’,y_..{/_,

45 jj(z*rfﬁwsfﬁ)a&ajg D:x=ly=x*,y=-x.

-h.
ﬂ'\
==

(182°y* +32¢°y* )axdy; D.x=1,p=y, y=—vx.

&
-1
_—C e

-
o0

(

49 If(4y+3xy)axdy; D:x=1, y=x>, y=—/x.

.10 JJ(120+98y )axdy, D:ix=ly=\fx. y=-s".
I

4.11 II(3x3.'+9xzy2)dtdy; D:x=l,y=%/§, y=-x

412 H(24—w+13w dudy; Dix=l, y=¥, y=—Vx

5 Ly, 1y

4.13 J].(”’U’"‘”x Y )ddy; Dix=l, y=x2, y=—4x.
F
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(13x2y=+32x’y3)dxajz; D:x=1, y:%/_ y:—xz.

21x°y* + 485y’ Jdwdy, Dix=1, y=, y==x"
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4.14 ”(Bxy+13x=y’)dx¢r D:x=1, y=¥x, y=-x".
4.15 ﬂ[ xy+—x’y]dw)*‘ D:x=1, y=x, y=-x.
4.16 IJ( xy+9x’y)c&a5r Dix=1, y=ifx, y=—.
417 DI24xy 485y )dxdy; D:x=l, y=¥, y=—Ix.
4.18 £1(6W+24-"’J”)W Dix=1, y=yF y=-
4.19 y(‘hyﬂﬁx"y’)m; D:x=1, y=3x, y=-*.
4.20 II(4xy+16x’y’)my; D:x=ly=x,y=-x.
4.21 ﬂxy —4x'y*)drdy; Dix=1, y=x', y=—x.

S-masala. Hisoblang.
5.1 J‘J‘yezdrdy D:y=ln2, y=I3, x=2, x=4.
5.2 _UJ” smly‘dl‘dy D:x=0, y-J— y_-z-
5.3 Iymx}dta)r D= y—;, y=nx, x=1 x=2,
L
5.4 Hyze "dutv; D:x=90, }’=2: y=x.
I
5.5 Iysi“"'y‘f‘“:"; D:y=-’2£, y=x, x=1, x=2,
D
5.6 |J12ysin2ndidy D:y%‘, y=§s x=2, x=3.
D
2 xy . 4 X
57 [[eosZady; pix=o, =\/__., _x,
DI < =R V=N IR
58 || cosoddy, pix=0, y=r, y=x
D
59 .[4}'83#‘*‘“34 D:y=h3, y=In4, x=-;-, x=1.
D
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5.10 Hyeﬂw D:y=In2, y=In3, x=4, x=8
511 ﬂ‘ly sinxydedy; D:x=0, y= J; y=x
5,12 ﬂ“y sin2xydrdy; D:x=0, y=27, y=2x
5.13 !fymﬂx:ma)’; D:y=§, y=x, x=%, x=1.
5.14 .IUZJ’C‘;SZW":V; D:x=§-, y=-';—-, x=1, x=2.
5.15 yyz-ei%ay; D:x=0, y=2, y==.

»
5.16 !}Iy*-e'?c&aﬁf; D:x=0, y=+3, y=x.
5.17 !}fysin.tydxdy; D:y=r, y=2n, x=~%, x=1.
5.18 ﬂy;’ms.‘!x}dmj:; D:x=0, y=\/§, y=§.
5.19 Hﬂw""’dmﬁn D:y=In3, y=In4, x=.&‘., ¥,
5.20 _[_[3}’ Sln—-dxaj’ D:ix=0, y= |—, y=§x.

5.21 Hymmﬂﬁ’; D:y=:r,y=3;r,x=5,x=l.
D

t..n

6-masala. Hisoblang.

3

sy of i
6.1 m[ iJ'sJ x=0,y=0,z=0.
6.2 {j}j}ls(y3+z=)a&aydz; (V)={

Z=X+P,x+y=1;

x=0y=0,z=0.

=y, y=0,x=1;
6.3 IH(3x+4y)drdydz (V) {j 5(; +y:),z=0.



6.4 .m 27x+54y )dxa)dz ¥): {y-x,y =0,x=1;

¥)
( x.y z)" (¥): 16+3+§‘1' |
16 8 3 x=0,y=0,z=0.

6.5 ﬁ-'
6.6 Hj(3x= -i-y2 dxdydz; (V):{I =10y, x+ y=1,
) x=0,y=0,z=0.

6.7 JJI(]SI"‘?’”Z)&IM (V) {z = x? +3y z=0,
y=xy=0x=1.

6.8 ﬂ 4+Sz dmy& v )JJ’ xy=0,x=1;
Z2=xp,2=0.

(y=36x,y=0,x=1;

z='\/512=0.

6.10 mz‘mf"m (v): {J’ =x,y=0,x=2;
z=xy,z=0.

6.9 .’;III+2X drdydz; (V)5

(¥}

6.11 .m( * .y +*)es (V):{f%+%+§=l;

6.12 ‘[H(ﬁﬂy+9ﬂz)dr@dz; (V):{y=x,y=ﬁ,x=l;
(v} z=x2+y2’z=0.

y=9%,y=0,x=1;

ois 5o OTET

(+}

6.14 Hﬁ?ﬂ&)m ( ){ J_
220
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[ fxyz
6.15 {v;(1+_+ +J (7):42 46

6.16 (J;‘;I(SJ"*HZ)&M (V):1 y;"x'y=0-.-x=1;
~2—3x2+2y

6.17 {IJ;I(“J’Z)W ¥): {y ;;J’=0,x=l;

flf—=2=

6.18 m(n-x W2 )’” (V):46 4 16
. 6 4 16 x=0,y=0,z=0,

6.19 [[[y'advds (). {’" 10035 +3),x+y=1,

%) x=0,y=0,z= =0.
y=xy=0,x=1;
6.2 J{5x+ J 174 {
0 ) > (7): =x* +15)%,z=0.
X y. z
; —-+ + =1;
6.21 (J;'g( £ z)"' (V){
8 3 5 Oy 0,z=0.

7-masala. Quyidagi chiziqlar bilan chegaralangan shaklning
yuzasi hisoblansin,

3 :
7.1 y=;’ y=4£‘ s )”-3, y=4, 7.2 I=1/36—y2, x=6— /36-_}'2.

7.3 ¥*+y' =72, 6y=—a? (¥0).74 x=8-)°, x==2y.

3 N 1
7.5 = =8€:s =3s =8§. . =—:£ o =
J’x}’ y y 7.6 y 2~’y 2_":,.11:16.
2
1T x=5-y* x=-4y. 7.8 y=—;, y=>5¢", y=2, y=5,
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19 x*+y*=12, -J6y=x* (y<0). 7.10 X+ =36, W2y=+ (y20).

3 3 3
= — . = — =9, =3 a == =4,
7.11y2JIy2x,x9 712 ¥ Jnyx

25 2 5
7.13 y=sinx, y=cosx, x=0 (x20). 7.14 J’=—4'-x', J’=-T"E-
2 x
7.15 y=20-x% y=-8x 1716 y==, y=7¢", y=2, y=T.
x
7.17 y=32-—x2, y = —4x. 718 x=|72-), éx=y, y=0 (yz0).

7.19 y=sinx, y=cosx, x=0 (x<0). 7.20 y=8-x%, y=-2x.
7.21 y=1}6-x2, y:ﬁ-q}ﬁ_xl.

8-masala. Quyidagi chiziglar bilan chegaralangan
shaklning yuzasi topilsin.

g1 Y -2py+x=0 Y -dy+x’ =0, y=:va y=+3x.
3

82 x—2v+y =0 ¥ -10x+y =0 y=0, y=ix

g3 ¥ —4x+y =0 ¥ -8x+y’'=0; y=0, y=—j§.

8.4 y3-62y+x2-—-0; yz-l[]yq-f:{}; y=2X, x=10.
8.5 yz-—6y+xz=0; y2—8y+x2=0; y=-}5, y=\/§x,

8.6 2%+ =0; ¥ =dx+y =0 y=7~/§, y=-3x.

87 ¥ -2x+y =0, ¥ —dx+y’ =0, y=0, y=x.
88 v -2y+x’ =0 Yy -dy+x° =0 y=3x, x=0.

2 _8y+x*=0, Y -10y+x" =0, y= X, y=3x.
310 -2y =0 ¥ -6yt =0 y= g y =
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8.11 x* -4x+)? =0 X —8x+p* =0, y=ﬂ, y=ux
8.12 ' —d4y+x*=0; )P —6y+22 =0 y=-3x, x=0.
8.13 y’-4y+x=0; V' -6y+x’=0; y=x, x=0.

8.14 xz-2x+y’=0; x2~3x+y2=l}; y=y . y=J§x‘
3
8.15 ¥’ -2y+x*=0; y*—6y+1*=0; y=y , x=0.
V3
2
8.16 X ~2x+y* =0 x2~6x+y’=o- y=0 y=y
] | Jir
8.17 xz-zx'l'yz:{}; -1'2'-"4I+y2=0' y=0 y=y
¥ » J3-0
8.18 y2‘4y+x2=0; y’—lﬂy+x2=0; y=%/?—’, }’=\EX-

8.19 V' -2y+x*=0; 3 -10y+x* =0, y=%j§. y=+f3x.

820 x*-2x+)'=0; ¥ —6x+p° =0; y=0, y=x
8.21 y'-2y+x*=0; YV -4y+x*=0; y=x, x=0.
9-masala. Z.ichligi p= p(x,y) bo‘igan va quyidagi tengsizliklar
yordamida berilgan p plastinkaning massasi topilsin.

2
9.1 D:x’+i4-s[; =),

2

. - 5_’ L L]

9.2 D: 7 +Y <L x20; y20, p=6x .y
x* 2

9.3 D:ls—+=—<2: y>0 e p=r
o 4 2; y—'ﬂs .V53J—'s p"é‘

2
9.4 D:ls-i—+y3£25; x20; y2

M=

ip-- x
s HF T T
Y
x! y_"!
95 D: T+E§£I; y20;, p=x*.y.

328



2
9.6 D:%+%sl; p=x*y.

Y
g D:—+=—x<l; y20; p=—r

» 7x?
18

9.8 D:%H’il; x20; y20; p=5xy".

9.9 4|’.I!:IS-J—::-+_V2 54;}'20;_}’2%,}:_,0:8%3,

9.10

9.11

9.12

9.13

9.14

9.15

9.16

9.17

9.18

9.19

9.20

9.21

D:{—+y251; x20 y20;, p=30xy".

D:sz+y2£l; x20; p=Tx".
xi y2 ' 2 y
D.1£—9-+-—4—S3,y20;y£§x.p-—é.

Jn‘.):ﬂ"?%ﬁv2 <l p=4y".
2

D:x +22’—5-£1;}’309=7x43’*

x )y
D21£—+—S4; EO; >3x/2. = X/,
g Fg =ty x/2.p A

2

D:x’+%—£l;y20;p=35x‘y3.

o

2 2

X y !
:15—'—'+'—-$4; 20; =xl2.0= ]
Dilsse+r=5xen) x/2:p A

s 2
x ¥y 2
D:—+—=5L.p=x".
i e

2
D:-'f-+-y—$l;x20;y20.p=x3y.
4 9
2, Y o y>0ycdnp=,
" { o - —
D:1<x +16£ y2Qysdxp=-/ .

2 2

D:l$£-+%,—$25;x20;y22x;p=i.
4 16 ¥
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10-masala.
) |
10.1 -§-+—:-z—=l, y20. chiziglar bilan chegaralangan plastinka-

ning og‘irlik markazi topilsin (p=1).

10.2 ;2 =a° cos2p (o'ng yaproq) egri chiziq bilan chegaralan-
gan plastinkaning og'irlik markazi topilsin. (p=1).

103 #+)y’ =g x50, y20 tengsizliklar bilan aniqlangan plas-
tinka uchun 1,7, inersiya momentlari topilsin (p=1).

104 y*=4x+4 va ¥ =-2x+4 chiziglar bilan chegaralangan
plastinkaning og‘irlik markazi topilsin (p=1).

2 2

10.5 ;’%+-§e=1 egri chiziq bilan chegaralangan plastinka uchun

I.1, inersiva momentlar topilsin (p =1).

10.6 §+—2‘K=l , §+§=l, ¥=0 chiziglar bilan chegaralangan
plastinka uchun 1,1, lar topilsin (p=1).

10.7 x*+)° <16, x2 243 tengsizliklar bilan aniglangan plas-
tinkaning og‘irlik markazi topilsin (p=1).

10.8 xy=1,x =2 y=2x,x=2y chiziglar bilan chegaralangan
plastinka uchun 1,,7, inersiya momentlari topilsin (o =1).

10.9 Agar 1<% + y*<4 doiraviy halganing har bir nuqtasidagi
massa zichligi p=x*)* formula bilan aniglansa, uning massasi
topilsin.

10.10 Agar = 2 —4x; y=x chiziglar bilan chegaralangan plas-
tinkaning har bir nuqtasidagi massa zichligi #=x+y formula bilan
aniglangan bo‘lsa, shu plastinka og‘irlik markazi topilsin,

} 1
10.11 xy =4, y=5-x2, y=6 (yZEIEJ chiziglar bilan chegara-

langan plastinkaning og‘irlik markazi topilsin (p=5x+3).
.12 y* =3x+4 va y?14x=11 (y20) chiziglar bilan chega-
ralangan plastinka massasi topilsin (p=y).
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10.13 Ikkita ¢=0 va @=x nurlar hamda r=agp (0sps7)
Arximed spirali yoyi bilan chegaralangan plastinkaning og’irlik
markazi topilsin (p=1).

10.14 y=2*, x+y=2, x=0 chiziglar bilan chegaralangan plas-
tinkaning og‘irflik markazi topilsin (p=1).

Quyidagi 10.15-10.19 misollarda plastinkaning chegarasini aniq-
lovshi chiziglar berilgan. Har bir plastinkaning og‘irlik markazi
tOpilSill ( p= 1) .

10.15 x=a(¢-sinf), y=a(l-cost); 0s¢<27, y=0.

2 2
10.16 ¥ +) =a’; %2-+-5;-2-=1; x=0, x20; y20.

10.17 r=a(l+sing).
10.18 r =asin2e, 05@55.

2
10.19 r=+2, r=2sing, %595%.

10.20 ay=2ax-x*, y=0 chiziglar bilan chegaralangan pias-
tinkaning I,, I, inersiya momentlari topilsin (p=1}.

10.21 r=a(l+cosg) kardioda bilan chegaralangan plastinka-
ning Ox va Ou o‘glariga nisbatan I, I, inersiya momentlari topilsin

(p=1).

11-masala. Quyida ko‘rsatilgan sirtlarning yazalari topilsin.

1.1 y*+7° =% sitning »* -yt =g —silindr va y=xb- te-
kisliklar bilan ajratilgan gismi.

11.2 22 =4x sirtning y® =4x—silindr va x=1- tekisliklar bilan
ajratilgan qismi.

11.3 (:»:2 +y2)% + z=] sirtning z=0 tekislik bilan ajratilgan gismi.

114 ¥ +)* =+ax silindrlarning ¥+ +2 =4 shar ichidagi gismi.

1.5 (x+ yy +27° =2d" silindrik sirtning 1-oktandagi gismi
(xaﬁ, yz0, 220, x° +y +2° -730).
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11.6 (x+y)1z=x+y Sittning 1<x* +y* <4,x> 0,y >0 sohadagi gismi,

1.7 az=xy giperbolik paraboloid sirtning (¥* +)*) =2a*xy
siindr ichidagi qismi.

11.8 z*=2xy konus sirtning E+J;‘—y:¢l, xz0, y20, z=0,
¥ +y 20 a>0,b>0 sohadagi qismi.

11.9 3z=2(xVx+yJy) sirtning x=0,y=0,x+y=1 tekislikiar
orasidagi joylashgan qismi.

11.10 = Jf +y* konus sirtining x +y® =2x silindr ichida
joylashgan gismi.

11.11 x*+)’ =24z paraboloid sirtining (x+y) =2a’xy(a>0)
silindrik sirt ichida joylashgan gqismi.

11.12 az=xy giperbolik paraboloid sirtning x* +)° =a’(a>0)
silindr ichida joylashgan qismi.

2
2z -
11.13 (i-+£-) +-f-=1 sitning x=0,y=0,z=0 koordinata tek-

isliklari orasida joylashgan gismi.

11.14 z*=2xy konus sirtning x+y=1x=0,y=0 tekisliklar
orasida joylashgan qismi.

|

11.15  z=5(x"~»") giperbolik paraboloid sirtining
(x’ + y’)z =x’ -y* silindr ichida joylashgan gismi.

11.16 z={x’+3»* va x+2z=a sirtlar bilan chegaralangan jism-
ning to‘la sirti (a>0)

X Z

11.17 ;+-;—'+;=l(a,b,c:=-0) sirtning 1-oktantdagi gismi.

1118 x*+y*+22 =R sfera sintining (x*+y*) =R (¥ -)?)
silindr ichidagi gqismi.

11.19 x*+y® =6z sirtning (Jr2 + )2 =9-(x= - yz) silindr ichi-
dagi qismi.

11.20 21 =4x sirtning yi =4x,x=1 sirtlar bilan ajrati]gan QiSlTli

11.21 y*+2* =x" sirtning x* =gy sint bilan ajratilgan qismi.
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12-masala. Quyidagi sirtlar bilan chegaralangan jismning
hajmi hisoblansin.

jx’+y’=2y;
121,05/ 2, ;=0

(X +y? =7x, ¥ +)* =10x, y=0 (y<0);
4

12.2 2= fxz_i_yz, z=0.
Fry=y, X +y =4y,

12.3 z=x*+)?, z=0.

I2+_}’2=3J§y;
12.4 z=x"+y’ 64, z=0 (z20).

Ixz +3* =8J2x;

12.5 hz=x2+y2-64-.- z=0 (220),

12.6 143 2 L0,

(X% +y* +4x =0;
12.7 _ _
z=8-y°, z=0.
.xz+yz___3y’ x2+y2=6y’

4
128 0 o ey, 2=0.

(X +3y =6x, ¥ +y*=9x y=0 (y<0);

12-9 ‘_z= ’x2+y2,z=0.

x* + 97 =642x;

z=x*+y"~36, z=0 (z220).
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12.11 °

12.12 7

12.13

12.15

12.16

12.17

12.18 1

12.19

12.21

(X% + y* =62y,
z=x"+)"-36,2=0 (220).

(¥ +y* =22y,

z=x"+y* -4, 2=0 (z20).

-IZ +y2=2'}?; x2+y2=4x

L 5
~2=2-Iz, z=0. 12.14 {z=12-y2, z=0,

rxz+yz=2j?, x1+y2=5yl
~z=1fx’+y3, z=0.
%%+ 2 =8x, x* +)* =1lx, y=0 (y=<0);

2= +)7, z=0.

jx2+yz+2ﬁy=0;
LI=I2+y2—4, z=0 {z20).

(¥ + y* = 4nf2,

z=x*+y*-16, z=0 (z20).
jx3+y2=4x, ¥+ 3 =4y,
z=10-)°, z=0, z=4-x° z=0,

+
LZ=1fx2+y2, z=0.

13-masala. Quyidagi sirtlar bilan chegaralangan jismning

13.1 {

hajmi hisoblansin.
z=2-12(x" + %), 2=24(x" + y*)+1,
z=24x+2, 13.2 z=48x +1.

334



'z=10[(x-l)z +y3]+l,

'z=2-18|:(x—1)2+y2],

13.3 134 ]
hz=21-20x. hz=—36x-34,
r:»:=3(Jur’-t-yl)+3,, rz=-16(x*+y2)-l,
13.3 Li:=16.a:+3. | 13.6 z=-32x-1:

1 L
13.7 z=—40x-38. 138
rz=4ﬂl—l~4(.1|:2 +y2),
139 |, . 34-28x 13.10
2= 28.[(x+1) + 1243,
13.11 2= 562459, 13.12
Fz=32(x2+y2)+3,
13.03 |, 3 o4 13.14
E =4-—6[(x— 1y +yz],
13.15 | 13.16
z=12x-8.
2 =2—4(x2 +y3)+3,
13.17 12=3x+2. 13.18
r=22.[(x-1) +2*]+3,
4
B9 {4 Caae 13.20
2 =2--18(::|::2 +y2),
13.21 z=2-36).

2=2-20[(x+1)" +57],

335

z=30[(x+1)" 37 | +1,
z=-60x-61.

(2=26(x* +y*)-2,
Z=-32x-2.

'z=-2[(x-1)’ + yI]-l,

|z=4x-35.

fz=-2(x +y')-1,
z=4y-1.

2=26 (x-1)’ ; ¥]-2
2=50-52x ‘

2 =3li}(.1m:1 +y1)+l,
2 =60y+1 '

(2= —lﬁ[(x +1)° +y2]—l,
|z=-32x-33.




14-masala. Quyidagi sirtlar bilan chegaralangan jismning
hajmini uch karrali integral yordamida hisoblang.

4.1 (x*+ yz)3 t=anz. 142 (F+¥ +z.")3 =d (¥ + y"')';I .

143 (¥ +y)) +2' =0 (x~y). 14.4 (:22+-;’2} +; =.;";.

e [+ =L, 4y 42206, s 9\2
* ' : . - - l, =l"'20 .
14.5 {z==x=+y2(xao,yau,zao) 14.6 z=10(x*+y*) +1.z y
xZ _}"2 x! yI - 4
M7 g =a22= T4 2 14.82=24(F + ) +1z=48x 41,

149 ¥ +y*=3z,x+y=6.  14.10 :=2-20{x’+y*)’,z=2-40y.

ML 2o o7 emtomrtvy, 112 Erf2e Eotimoymtzn

14.13 ;= \/64 — x> _yz 2= sz + yz =60 (silindr taskqarfsfda).

»

14.14 2z=2x +Z§:,4x2 +y3-=l,z=0.

14.15 =% x* -i-yz,z=%!--.x1 -2

14.16 y2+;2 =a’,y* +2° =x’,x=b{0<a<b).

16 , .
14.17 2=J—9--x'—-y*,22=x2+y‘.
x!

LLEY (2.2
14.18 JANTIC N B e el

a c a
2, _2)?
14.19 z=4-14(x"+)*) ,z=4-28x.
14.20 X+y+tz=a,x+y+z=2a,x+y=z,x+y=2z,y=x,y=3x.

14.21 x>+ )% + 2% =24z, x* +y =2, + ) =§zz.
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15-masala. Egri chizigli integrallar hisoblansin.

15.1 ISiJlM+Shlxd)’, y:A(0,7) vaB(x,0) nugtalarni tutash-

[ ] - 'r
tiruvchi kesma.

15.2 &y A(1, 0), B(0; 1), C(-L 0), D(0; 1).

ABCDA lxl + |J’|

x+y)de—(x—y)dy 2
15.3 Eﬁ( )x2+§;2 ) ; ?,:}{z +y*=a’.
¥

15.4 I(Za—y)dr+xdy; y:x=a(t-sin?), y=a(l-cost), 0<r<2x.
¥y

2 ]
y
15.5 Eﬁ(“?)dH(I y)dy, v: ;:+‘b-z'-

15.6 [(x*+y*)dn+(x =y )y, riy=1-Jt-a, 0sxs<2.
¥

15.7 f(x’—2xy)dx+(y2~2xy)aﬁf, y:y=x", -1sxsl

r

-

e xddx + ydy oy
158 |————, yi—5+ 7=
y 1+ 5 + 5 a

[ ydx - x= *t, y=asin’t (05:53}
15.9 Jydx—xdy, yix=acos't, y >

¥

yab: xdy ( ﬂ‘)
f, t |01~
15.10 I , y:x=acos’t, y=asin’ 5

I+y

15.11 mycusxdx-i-sinxcb?,}’:ucmﬂri (5 0), (6 2}, va (2 0)

nugtalarda bo‘lgan uchburchak konturi.
15.12 [fj2xdx—(x+2y)dy,7: uchlari (=1 0), (0; 2), va (2 0)

nuqtatarda bo‘lgan uchburchak konturi.
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15.13 I(x*+y2)dr +xpdy, y:y=¢" chiziqning (0; 1) va (1; ¢)
nuqtalari drasidagi yoyi.
KoY
15.14 Imj” ¥ ‘;+3"1 to'g’ni chiziqning (a; 0) va (0; b)
¥
nuqtalar orasidagi kesmasi.

15.15 Jrids, 7: (xz"'y:)z=”1(x2+y3)-lcmniskata yoyi.

) A

15.16 — astroida.

(x +y)ds, y:p’ =4’ cos2p

15.17 . - lemniskata,

¥

15.18 .

r
15.19 vds 72 V' =2%_ y: parabolaning (0; 0) va (1;2)
nugtalari u;asidagi yoy.

15.20 \/x +y +4

tiruvchi to'g‘ri chiziq kesmasi.
1521 [wds, y:3xf+4]y|=12, y20.
¥

16-masala. Hisoblang.
{2:3) (2:23)

ds, y:x*+y =a°, x20.

e 5 }’?(0?« 0) va (1; 2) nuqtalarni tutash-

16.1 | xdy+yds, 162 | (x+y)dv+(x-y)dy.
{-1:2) {0;3)
02y — xdy xdy
163 [
{=:1)
"7 yds —xdy s . .
16.4 I‘““—"‘“—' -0y o‘qini kesmaydigan chiziglar bo‘ylab.

@y X
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{1:3}
165 | (4xy—15x"y)x + (24" —52° +7)dy.

(0:2)

(5:8)
Xdlx +
16.6 I T 2 . koordinata boshini kesib o‘tmaydigan chiz-
Jr+y

(1.0}
iglar bo‘vlab.
(1)
167 | (x-»)-(dc~ay).
(-1}
(0.0}
168 | (' +407)ds+(65°y ~5y")ab.
(-2;-1)
(3:-4)
16.9 | xdx+ydy.
{(0:1)
(1:0)
xdy — ydx

16.10 z
o (=)

=Y =X togri chizigni kesmaydigan chiziglar

bo ‘ylab.
{o:h)
16.11 [ F(x+»)-(de+dy). S (¥) - uzluksiz funksiya.
{0:0)
{er.h}

16.12 I e* (cos ydx —sin ydy)
{0:0)

16.13-16.21 misollardagi ifodalarning biror F(x,y) funksiya-
ning to‘lig differensiali bo‘lishi yoki bo‘lmasligini aniglang, Agar u
to‘lig differensial bo‘lsa, F(x,y) funksiyani toping.

16.13 (xz +2x—y2)dr+(f' -ny—yg)dy.

16.14 [l?xzy +}]?)dx+ {41:3 —%’f—-]aﬁv.
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X +1}x + ¥y
1615 TZey x*+ 3 ﬁ:

(x +2xp+ 5y v +(x* - 2xp + 57 )aj)

16.16 Gy
16.17 3x'3?i;xiy:-

16.18 ex'[e"(x—y+2)+y]dr+£*-[e"’*(x——y)+l]ctv.
16.19 —xfa"’fff?

16.20 2(3:—5!;?,;;:)“”"*“11: .

16.21 [ﬁ+y]dx+[\/x2},7yz +x}dx.

17-masala. Quyidagi I-tur sirt integrallari hisoblansin.

17.1 f[¥x* +y'ds, (S)-— —--—-'-0 0<z<b konusning yon sirti

(%)

17.2 [.[.}[ x* +y ‘#’ ($) - ushbn J¥t+y? <z<1 jismni chega-

ralovchi sirt.
17.3 H("y+xz+yz)dﬂ (S)‘ z=x*+3*  konus sirtining

(%)

x? 4+ y? = gx sirt bilan ajratilgan qismi.

17.4 _U(Jc2 + y’)zds, (Y- +y* +z'=a®, z>0.
)

17.5 szs, (5) - birinchi oktantdagi x+ y+z=1 tekislik bilan

(5
ajratilgan tetraedrning to‘liq sirti.
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17.6 J‘I(f + yz)ds, ()= +y' +2' =a°
)
17.7 H(x+ y+z)ds, (S)-ushbu 0<x<q0sy<q0<zs<a
(5}
kubning to‘liq sirti.
17.8 H(ﬁx +4y+3z)ds, (§)-x+2y+3z=6 tekislikning I-
(5)
oktantdagi gismi.

17.9 ﬂzds, (S) — 2= J]ﬁ -x -—y: Sirl:ning x20,yz0,x+y< 4
($)
sohadagi qismi.
17.10 _U(f + 3+ zl)ds, (S)-x" +y° +4x=0, 2<z<4 silindr-
($)
ning to‘liq sirti

17.11 ffzds, (S)}-z=x sinning x*+y* =4 silindr ichidagi gismi.
{5)
17.12 'Iyds, (S)—x= 2y +1(y>0) sirtning x=)" +2%,x=2x=3

(5}
sirtlar orasidagi qismi.

1713 [Jy* ~x'ds, (S)-x"+¥"=2" konus sirtining »* + y* = a*
()

silindr bilan ajratilgan qismi

e 2 2

17.14 ﬁj\[ +—+—d’.s, {S) - £+~g—2~+;—l {a>b>c>0).

(%) ¢

¢ls

17.15 [j]j = (5') - x+y+z=Zi, x20, y20, z=20

o {x+y+1y
tetraedrning chegarasi.

17.16 Eﬂj(my+y:+zx)ds, (S)-z=yx"+3", ¥ +y* <2ax.
(%)
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17.17 Eﬁj(x3+}’z)df, (S) - Jx*+y*<z<1 jism chegarasi.

()
17.18 !jj[x2+y:+z-é~)ds, (S) - 2z=2-x"-y*, z20 pa-
()

raboloid gismi
17.19 [jl'(hz +5y% +32% - Z)a‘ls, (S)-y=+x*+2z" konusning
y=0 va y S;; tekisliklar orasidagi gismi.

17.20 szds, (S) — z*=2xy, 220 konusning x*+y’=a’
(%)
silindr ichidagi qismi.
1721 [flozlds, (S)—2z="+)", sirtning ;=1 tekislik bilan
ajratilgan q(isgmi.



-D-
Namunaviy variant yechimi

1.21-masala. Ushbn yzx’ +2x,y=x+2 chmqlar bilan chegara-

langan D soha uchun Hf (x.¥)ddy ikki karrali integral takroriy in-
tegralga keltirilsin va mtegrallash chegaralari ikki xi] tartibda go‘yilsin,

< Birinchi navbatda y2x2+2x=(x+1)2—1 va y=x+2 chiz-
iglarning kesishish nuqtalari M, (-2;0), M,(13) larni topamiz va
sohani chizmada tasvirlaymiz (I14-chizma).

Y\

-"-u-I-I

HM-chizma.

14-chizmadan ko‘rinadiki, D schani tengsizliklar yordamida qu-
yidagicha ifodalash mumkin:

D={(.T,}=]:-2£x£i, xz+2.1‘£}'SI+2}={(I,}’):—]—\/_V+I Sxs-1+ y+l;—l£_v£0]u
u{(.:r,y):y—lﬂx5-1+ﬁfy+l;{}5:y53}_

Bu verdan 2°-punktdagi 3 va 4-ieoremalarga ko‘ra quyidagi
tengiklarni hosil gilamiz:

ﬂf(x y)dxdx = I[ j flx v)fﬁ’}l‘f—J[Flr]‘ f(x,y)dr]nv I{qiifﬂf(x.,y)dx:lr{vp.

2.21-masala. Integrallash tartibini o‘zgartiring.

! x 2 J;F
j.:i.»:jfd;:-a- fdx [ fay

aMasala shartiga kc:“m

={(xy):05xs1 0sysfolny)isxs B, 0sys 2=}

D soha 15-chizmada tasvirlangan.
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I5-chizma,

15-chizmada ko‘rinadiki, D sohani quyidagicha ham ifodalash
mumkin:

| NN S L -7
D={(::,;»):J_?ms,/2—y1, 05y£l}=b]dxjﬂﬁr+ [as J‘fay=j@J[ fax.v

3.21-masala. D={(x,y): 0<x<l, 2x<y<3x} soha uchun
.Uf (. y)dxdy integralda qutb, koordinatalariga x=rcosp,y=rsing

D
o‘tib, integrallash chegaralari ikki xil tartibda qo‘yilsin.

« Integraliash chegarasini qo‘yish uchun avval D sohani chiz-
mada tasvirlab olamiz (16-chizma).
Ly |
3 b

Yu3In

2.'

%=
16-chizma,
Ikki karrali integralda o‘zgaruvchilari almashtirish uchun bir-
inchi navbatda akslantirish yakobianini hisoblaymiz.

&
I=D(x,y)= or d¢ _joosg -rsinqozr
D(rg) | & & | [sing rcose
or g
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Undan so‘ng D sohani qutb Kkoordinatalar sistemasida ifoda-
laymiz, ya'ni D sohaning akslantirish natijasidagi obrazi A ni
topamiz va (10)-formuladan foydalanamiz.

< AOC = arctg), <BOC =arctg3. OA=~I"+2 =5, OB=I +3 =10; x=1=
:"C‘i’s@:!=>f'="L'=’D={(-"‘,¢’)?ﬂf‘ﬂgZEt;oﬂarcrgS_. 0<rs—— }=
cos @ P,

=DwD,= {(r,;v):arcth <p= arcth,OSrﬂJg} L

u{(r,qa): arcrg% <p<arcigl, J5<r< JI_O} =

arcne 3 X Ji oroigd
Jf (x.y)aray = { dp [rf (reosg.rsing)dr = Jdr | rf(reosp.rsing)dp+
i arcigl 0 1] arcre
JI0 aroigd
+ {dr I rf {rcosg,rsing)do -
5 g

4.21-masala. Hisoblang.
I=H(1y—-4x3y3)dxajf, D:x=1, y=x°, y=—Jx.
D
a D sohaning shaklini chizib olamiz (17-chizma) va karrali

integraini takroriy integralga keltirib, uning giymatini hisoblaymiz:
¥i

17-chizma.
| L

i= H(U —4x’ y’)dm{v = ((D: {(r, ¥):0gxsl - Jrsysy })) = |ex j' (xy ~dx J.i) dv =
i =

: 2 J LT 1 s oo v ey
= [ x-2=—x7y dt=f(£--—x"—f——+x’ de=| XX L5 =00,
SRS R 3 616 6 6),

Y
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5.21-masala. Hisoblang,
I=Hyms;\;vdxajs; D:y=x, y=3n, x=%, x =1,

4 Masala shartiga ko‘ra D= {(x, y): -é—sxgl s yEBﬂ'}
soha to‘g‘ri to‘rtburchakdan iborat. Unda

I= Hycuswm = ;[ct:iyms;ayajr = Taj» }ycus;mtr = Si[ yr isinxy*}: dy =
B4 1 1 x x | x E

Ix

ir
=I(siny-sin-;-’)dy=(—cusy+2cos-§) =0.b

6.21-masala, Hisoblang.

I= [[I}f( » ;)6; {335

!
*33" x=0,y=0,z=0.

< Masala shartidan ko‘rinadiki (V) jism uchburchakli piram-
ida bo‘ladi va uming shakli 18-chizmada tasvirlangan. (V) jismni
tengsizliklar yordamida quyidagicha yozish mumkin:

(V): {(x,y,z): D<x<8, ﬂ£y£3[l—--§), 05:55[ —%—2]}.

3

18-chizma.
Berilgan uch karrali integralni takroriy integralga keltirish yo‘li
bilan hisoblaymiz:
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-+

3
6 0 T2z} o L 4
D+s+3+sj (""s“‘s*s]o
et - i
5 " % )
= fav | 1 -3'2.@:]- 3 _3-‘; dx =
o [I+-‘F—+=E] 0 4(l+£+l)
i 8 3 1 i 8§ 3 Jo

1

] 2
=‘|.,._.§___.3..(l_.£}+___3__? dy = _.}_x-i x_.'l — 2 3 =
o 64 320 8 [ x) 64 32 16 [ x)
41 1+ |

3 3 3 3 2
=————=(8-4)-Z+2=-"1--2 +2=1.p
( ) 8§ 8 8
Izoh. Agar 6.21-misolda o zgaruvchilarni almashtirsak, ya’ni
x=8u, y=3v, z=>5w almashtirish bajarsak, integralni hisoblash an-

cha yengillashadi.

D(x.y,v) _

Bunda yakobian p{y y.w) =120 potlib,

L
o e O
o o

(V) jism ushbu (8)={(x, v, w): Osu<l, 0gvsl-u, OSwWSi-u-v)
jismga akslanadi va o‘zgaruvchilarni almashtirish formulasiga ko‘ra
quyidagilarga ega bo‘lamiz.

{= ]20' a’uinfdvi-’:r dw

3 (l+u+v+ w)6 '
Bu integraini hisoblab, ;=i ekanllglm tekshirish giyin emas.

7.21-masala. Quyidagi

6-x", y=w"g—\.l'6—x2;
chiziglar bilan chegaralangan shakluiug yuzasi topilsin.
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y=6-x
- 's.t - - T | - -
< y=vE- J6- = Sistemanl echamiz va bu chiziglarni kes
ishish nuqtalarini topamiz.

6—x° =\/€_\-'6—Iz':.> =— 3 . =i.
' TTERTR
Berilgan chiziqlar bilan chegaralangan sohaning shaklini

chizamiz (19-chizma) va by sohaning yuzasini (15)-formula yor-
damida hisoblaymiz,

19-chizma,
XE -x% j‘.‘? Jo-rt y
S = [[dvay = _fair 6 dy=2- [ ﬁJ‘ dy=2 f(z,fs_f_\[é)du
n -5‘.7 B 0 fofort 0

2

[( f\fa’ ~xdr=2\J o +-§-arcsin£+c, formuladan foydalanamizn
')

i
i 3 JE V3
=2:| = [~ +6arcsin 2~ 3.3 | =
u (ﬁ z 2

343

= Z(xv'G—-x: +6&rcsin—\'-/x_g-— Jﬁ—x)

8.21-masala. Quyidagi

YV =2y+x°=0, P -4y+x’=0, poy x=0,
chiziglar bilan chegaralangan shaklning yuzasi topilsin,
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Y -2y+x'=0 = X +(y-1) =1

T P dy+xt=0 = X +(y—2)2 =4,
Bu tengliklardan foydalanib, berilgan chiziqlar bilan chegara-
langan D sohaning chizmasini osongina chizamiz (20-chizma).

20-chizma.

D sohani tengsizliklar yordamida yozib olamiz:

D={(x,y]: J2y-y Sxsy; lﬂyEZ}u{(x,y): 0sx<Jdy-yh 2£y£4].

Bu munosabatdan foydalanib, D sohaning yuzasini hisoblaymiz:

S=([day= [ty | dos[dy | e (y=2y=5 )y« [Jay-yrar=

N -

2 4 K 2

¥ s oy=1 1.
[r-V1-Cr- )M144_(,_,_2)1@=[J’?—1’—2—J1—(.v—1)* ‘5“’-‘“‘”"'] )
| 2 1
+(y;2 Ja-@-z)‘ +2arcsinf-;—2]|§=(2-%arcsinl]—%+2arcsin l=%+%arcsinl =

3(2
=3(1+£)= (2+7) kv, birlik.

2 4

X
9.21-masala. Zichligi P=; ho‘lgan

2

X
D:{(x,y): 15T+f_6£5; xz0; yEZx};
plastinkaning massasi topilsin.
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< Plastinkaning massasini (17)-formula, ya'nj - [[o(.y)axdy

formuladan foydalanib, topamiz. Bu integralni hisoblas

hni yengil-
lashtirish uchun umumlashgan qutb koordinatalar sistemasiga o‘tamiz:

=2 D _ :
X rct:)s;a:::l‘:': (x,y)= Zcf:nsq; 2rsing ~gr;
y=4rsing D(r,¢) | 4sing 4rcosp
2x) _ (4rsingp=4 o=2
y=2x rsing=4rcosgp =
4 . ..
x=0 }.:{Zrmp = . = Bajarilgan almashtirishdan
o=7/

so‘ng berilgan D plastinkaga ushbuy ﬂ={(n¢):%5{ﬂ$%; lf’arSS}

plastinka akslanadi — pf = {[p(x.y)dsay =
D

Yoos A X 8
= JISrp(Zrcusqa:, drsinp)drdp =8 Id@jr- 2rcf:rs¢>dr=4 inJS;IJ.L
A x h 41“'5]11@ I/,smqg 2!
F) 4
=48In [sin @];/3 = 48(111 sin g- —Insin %} = 43(

P

do=

I
-ln— =48-ln\5= 24In2.t-
JEJ

10.21-masala. r=af] +cosg) kardioda bilan chegaralangan plas-
tinkaning 0x va Oy o‘qlariga nishbatan I, va I,
Iari topilsin. (p=1)

« Berilgan plastinkaning 0x va
momentlari (20)-fonnulaiarga ko‘ra

I = _UP - Vidxdy = H}’zd“a)’ va I, = H ox‘didy = .U.:-:zd.xa’y teng-
f 0 b h

liklar yordamida topiladi.

Bu formulalar qutb koordinatalar sistemasida quyidagi ko‘rinishga
keladi:

inersiya moment-

Uy o‘qlariga nisbatan inersiya

I = ‘Ur] sin® pdrdp yq I = Hrs cos’ pdrdp,
it a

bu yerda A ={(P,¢’): "-3255@5 7 0<r<afl +EDS~;0)} (21-chizma).
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21-chizma.

a{1+cosi)

_ 4L, ain? =x-: 3 0. Ar*zj?_’_ mﬂd___
Ix—gr sin” pdrdy _{sm ody rdr=32a 6[5111 5 CoS 5 @

({ . @ , 2dz P
sinl=-= p=2arcsinz=dp=
n2 4 T=l-zl | y
=1|p=0=2=0 =64a‘I:3+(l-zz)’ 7 =
p=a=z=] ¢

AN 'y

| -+ e L > i 1
= (z2=r=>dz=ar =afr] =32a‘j'r?--(1—:):dt=32a*-j}= {i-1): di=
0 0

3 11
rl2|.rl =—
3 11 s [2) (2) 2iza’
1. —.—i=132 . = 3
2 B[Z ] ¢ r(7) 32

o{l+cos¢)

I_F = ﬁr’ cos® pdrdg = Hrsdrdr,o -1 = ]d;p I rdr-1 =
A 3 -x a

| 9
F[E)F(E) _J = 49ra’

n 2 s @ _ _[ =8a*
= 8a Jcosz de—-1. =8a 1_(5) . =

Demak, f,t=-§—;ﬁﬂ4, I_,F%fra".b
11.21-masala. Quyida ko‘rsatilgan sirtning yuzasi topilsin.
(8): y*+7° =x° sirtning x? =gy sirt bilan ajratilgan gismi.
« Yuzasini topishimiz kerak bo‘lgan sirtning Oxy tekisligidagi
proyeksiyasi 37-chizmada tasvirlangan.
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22-chiyma.
Sirtning yuzasini (16)-formuladan foydalanib, hisoblaymiz. Agar

D={(xy): 0sy<a ysx<Ja} desak, unda 5=4- le+(z;)’+(z;]2cﬁ@
i

bo‘ladi, chunki, )*+z%=x* konus sirtning Oxy tekislikka nisbatan
simmetrik joylashgan z>0 va z<( tengsizliklar bilan tasvirlanadi-
gan gismiari bor, ham D soha (S) sirtning Oxy tekislikdagi proyek-
sivasining yarim bo‘lagi.

T = fxt - .= = Ji+(z) +(z J2x =
s o) = 7==== T=' (@) +(5) Ty

8= 4J_fdvj‘J_-4J51\/x3—yz[j'_’;dy=4\/z‘]}/@-—yzdv=

Jf—‘* 2 D ey
42 J'J———(yw—)dv 42| —2 @:—y2+-%-arcsin 2| 22

Shunday qilib, §="_ J— kv. birl.
12.21-masala. Quyidagi

X eyi=4y, X437 =Ty, z=y¥¥ +y°, z=0;
sirtlar bilan chegaralangan jismning hajmi hisoblansin.
< Jismning hajmini ikki karrali integral yordamida (14)-for-
muladan foydalanib, hisoblaymiz:

V= Hf(x, y)dxdy = H«,fx: + y* dxdy,
B D
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¥ bu yerda D soha x*+y*=4y va
x* +y* =7y aylanalar bilan chegaralan-
gan (23-chizma).
Hisoblashni yengillashtirish uchun
. qutb koordinatalar sistemasiga o‘tamiz:
X=rcosQ, y=rsing.
23-chizma. Unda D soha ushbu
A={(r,p): O<p<x, dsinp<r<Tsing}
sohaga akslanadi va hajm osongina

&

hisoblanadi.
a  Tsing Y2 Ting _’/rj Taing A
v« [[Padp=fao | a2 [ao | rar=2 51" dp=186 [’ g -
' b dsn 5 3 4 0
& ¢ d5in g v R,
cos’ ¢ % 2

—cosqp} = 186+5= 124.

d

=186](c052¢—l)d(msqm)=!86{
1]
Demak, ¥ =124 kub. birlik. o

13.21-masala. Quyidagi z=2—l3(x2+y2) va z=2-36y sirt-
lar bilan chegaralangan jismning hajmi hisoblansin.

a Bu jismning hajmini ham (14)-formuladan foydalanib, hisob-
laymiz. Avval jismning Oxy tekisligidagi proyeksiyasi D ni topamiz:

{::2—'18(11 +y:)=2-18(x2 ‘l_y2)=2__36y=>x2 +y3 —2}’:0:}1‘2 +(y—1)2 (=
z=2-36y
D={(x.y):5 +(y-1) =1}.
Demak,
"= !;“'_2—13(.13 +y*)-(2-36y)}m= 18 ij(_e +)? —Zy)fém}':-lsmx" #(y-1) _I]M-=

_ x__.rmswﬁ;,'ﬂ:r__ ﬁ:{{r.gﬂ):OSQEZE, -Osrgl}]J:—]szIdw]r(r’-I)dr=
y—1=rsing pon

YOI t I8 _ L
=-1s‘[(-&--—2—ld¢—I 27 =97 kub. birlik.
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14.21-masala. Quyidagi

x‘+y? 2% =20z, ¥ +y =27 4P =-!-zz
sirtlar bilan chegaralan
Yordamida hisoblang.

< Izlangan hajmni topish uchun avval (13)-formulalardan foy-
dalamb

gan jismming hajmini uch karrali integral

X = p0Cos@ - siny,
y=psing-siny,

Z= pcosy.
akslantirish yordamida sferik koordinatalar sistemasiga o‘tamiz.
Bunda yakobian
D{x.y,z)
=p" -siny.
D{p,p.v)

bo‘lib, (¥) jism (A) jismga akslanadi. Izlangan hajmni hisoblash uchun

V= Iﬂdrajzdz mp -sind pdpdy .
g {4)

formuladan foydalanamiz.
Berilgan sirtlarning tenglanalarinj sferik koordinatalarida YOZAMIZ.

{x +y’ +2° -uzaz}—:»{p =2acosy},

{x2 +y* = zz} ~ {fgzq/ = I} :;{ -_-E},

{xz +_y2 = -;:zz} ~» {rgzg.«/ = %} — «{g; = %},

Demak, (¥) jism quyidagicha bo‘lad;

(‘3)={(P=@W):0{(9‘”F ‘g‘:w{— 0< p<2acosy

Shunday qilib, izlangan hajmm osongina hisoblaymiz:

Lt Jocosy

=I ;ojsmy/dw Ipd Iﬁrra

n

Ims v -sinpdy ‘%"m (kub.birl) > ,

& E
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15.21-masala. Egri chizigli integral hisoblansin.
[xpds, 7:3]+4]yl=12, y=0.
Y

a ¥ voy Oxy tekislikda ABS sinig chizigni beradi. (24-chizma).

Ay
cl3
/\‘l
-4 [/ % X
24-chizma.
3
AC:3x+4y=12,08x <4 AC:y=—Zx+3,0£x£4.

e
BC:-*3x+4y=12,—45x£0; BC:y=%x+3,-45x5;0.

Birinchi tur egri chizigli integraining qiymatini (24)-formula-
dan foydalanib, hisoblaymiz:

4 3 3 3 i 3 3\2
xyds= | xyds+ |xpds= x-[--—x+3)+ I+(——) dr + x[-»xi-SJ- I+[— ey =
A£ j:;[‘ 91[ r':ll 4 4 J: 4 4,
4 -~ ¢ - - ! 4 3 2 Y
4 4 4 4 4\ 2 4 o 4

=§(z4-15)+§.(1e-24)=0p

=

i

-

16.21-masala. Ushbu

X y
——— b Y |dx | =——tx |d).
{wa* y] ’ [\/x’wz x] g
ifodaning biror F(x,y) funksiyaning to‘liq differensiali bo‘lishi yoki
bo‘lmasligini aniglang. Agar w to‘liq differcnsiali bo‘lsa, F(xy)
funksiyani toping.
X

q Plxy)= =+Y va Ofx,y =_.__y_.|.x’
R et
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deb belgilasak, Pdx+ Qdy ifodaning to‘liq differensiali bo‘lishi uchun
(3B)-tenglik, ya'ni

or _oQ
oy o
munosabat bajarilishi kerak. Shuni tekshiramiz:
ap_[r____x +y]~ 2 1=2 o periean ifod
i B s = F T erilgan ifoda
ay X +y ( ’xl_l_y?.) 3x

biror F(x,y) funksiyaning to'liq differensiali. F(x,y) funksiyani
tnpish uchun (39)-formuladan foydalanamiz. Soddalik uchun
=0, yﬂ--l deb olamiz.

F(I 1") IP(.I,}')d!C+IQ(G _}’)ﬂf]/’ I[ﬁ=+y]d‘f+'[dy+c=,p‘x +Jv’ +xp+e.
4y
Demﬂk: F{x,p)=+x" +)* +xp+c>

17.21-masala. Quyidagi I-tur sirt integrali hisoblansin.

[lozlds, (S)-z=2*+y*, (8): z=x*4+)7 sinning z=1 tekis-

(%)
lik bilan ajratilgan qismi.

«a z=x*+y* paraboloid aylanma sirtdir, unda z20,
Demak, integral ostidagi funksiya
S(x3.2)=hyzf=z-]o

ko‘rinishda yozilishi mumkin. To‘rtta oktantda olingan
M {x.».2), M,(-x,y,2), M;(-x,-y,z}, M,(x,—y,z) nugtalarda bu
funksiyaning giymati o‘zaro teng.

Shuning uchun integraliashni I-oktantda (unda 1 (x, y,z)=xyz)
olib boramiz va natijani 4 ga ko‘paytiramiz.

I=4.1 =4- H xyzds = 4- ijz J1+( )1 (z;_,)zdxdy,
{3)
bu yerda (S,) sirt (S) sirtning I-oktantdagi qismi, D esa (S,} ning

Oxu tekisligidagi proyeksiyasi (25-chizma).
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oD
|

- 1 -:I
25-chizma.

x=rcosg = 0=srxl
‘ -"_. _ . 1 '1 4 2 -
z =2x, 7, =2y =>f~4g:g(x“+y) 1+4x* + 43  dedy yarsing = MM%

7 x L
=4'_[ A1+4rdr Ismga:r cospdp=2- }'r I+ 47 +5in1‘p‘:dr=zjr,,m _

-

-"=1=>-"=~f§, rdr=i-fdf

L1
[ l+4r) =¢, desak, r=0=1=l, r""?}[(:’-l) 5
( (1 —1)} r—:dr

=_15.I (7 -1) 0(125\/3-1).p
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Tel: 236-55-79; faks: 239-88-61.

Nashr uchun mas’ul M. Tursunova
Muharrir f. Karimov
Texnik muharrir 4. Berdiyeva
Musahhih H. Zokirova
Sahifalovchi Z. Bolrayev

350



Bosishga ruxsat etildi: 10.05.2008. «Tayms» garniturasi. Ofset usulida chop etildi.

Qog‘oz bichimi 60x84 '/ - Shartli bosma tobog‘i 23,0. Nashr

bosma tobog'i 22.5.
Adadi 500 nusxa. Buyurtrna No32.

*AVTO-NASHR» bosmaxonasida chop etildi.
Manzil: Toshkent sh., 8-mart ko‘chasi, 57-uy,
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