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MPEJMCIIOBHE

[Mpennaraemass BHAMAHAIO YHTATENIs KHUra MpeIHasHaueHa s
yUalMXCA CTAPUIMX KJACCOB CPENHeH WIKOJB, AJS NOCTYNatoinX
B BY3Hl, 1Js yudTenell M CTYAEHTOB NEIUHCTUTYTOB M YHUBEp-
cuteroB. OHA CONEPKUT TEOPETHYECKHH Martepuas 1o HEKOTOPbIM
pasmesiaM 3JEMEHTapHOM MareMaTUKd W 8agaud. TeopeTuyeckuti
MaTepuad He OXBATHIBAET BCErO WIKOJBHOTO Kypca MaTeMaTHKH.
Mpl OrpaHuurInCh HMBNIOKEHWEM HEKOTOPHX PpasAenos, KOTOPHE
HEIOCTATOYHO TIOJHO H3JIOKEHB B yyeGHO suTeparype.

Hexorophie pasgessl KHUTH cOZepXaT TEOpEeTHUECKHd maTe-
puan, ¢GopMaNbHO BHXOAAMMH 3a paMKH HIKOJbHOH RPOrpaMMbl
no martemaruke. Tak, B ra. | pacckassiBaerca o MpoCTEHINNX
MOHATHAX MaTeMaTHyecKo# JOorumku, B rJ. Il HeckoabKo noJHee,
YeM 9TO TNpPHHATO B IIKOJBHMX YueOHHKAX, H3JIAraercs Teopus
IeHCTBUTENBLHOTO 4YHUCIY, a B I ‘VII, VIII ray6xe usyyaworcs
HEKOTOpPHE BOMPOCH TEOPUM 3AeMEHTapHHX ¢yuxuni. OguHako
B AEHCTBHTEJbHOCTH 3TH BONPOCH M3y YAl TCA B IUKOJIE (XOTS,
MOxeT OBITb, HE Tak rJay0OKO), W Ha DNPHEMHBIX 9K3aMeHaX
B Bysax Tpefyercd HMX scHoe NoHmmaHue. Hanpumep, yuammecsa”
00513aHBl 3HATh, YTO TAKOE YCJIOBHE M 3aK/OYEHUE TEOPEMBl, B YEM
CYUIHOCTb METOZA JOKA34aTeJbCTBA OT NMPOTHUBHOIO, JO/KHH YMETh
NpaBuJbHO (POPMYJIHPOBATE OOpaTHBIE M NPOTUBOIOJOXKHBEIE TEO-
pembl, yMeTb feJaTh MNpPaBUJbHBIE JOTHUYecKHe BHBOAH. Iloatomy
rin. 1, B KOTOpO# 9TH BOMPOCH HOAPOGHO paccMarpuBalorcd, dax-
THUYECKH TOJHOCTHIO COOTBETCTBYET LIKOJBHOH nporpamme. Bo Bes-
KOM cJyuae, MOCTYNAIOUINE B BY3bl C NOBHILIEHHBIMH MaTeMaTH-
yecKkuMu TpeOOBaHUsMA H IPETEHAYIOILHE HA OLEHKY <OTJHYHO»,
IOJ/KHBl XOpOIIO. pasbuparbcs B 3ToM. TO ke MOXHO CKasaTh U
MO NOBOAY OCTaJbHHIX IMaB Kuuru. Bmecte ¢ Tem teopernuecknit
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MaTepuasy KHHUCH H3JOKEH ROCTATOHO mNOApPoGHO, ¢ Goibluum
KOMMYEeCTBOM NpUMEPOB M notoMy Oyaer noctymeH Jwobomy
ycnepaomeMy N0 MaTeMaThKe CTapLieKJIacCHHKY.

KHura cOfpepiuT CBBIE THCAYR 3a4ay, 3HayuTeabHas 4acTh
KOTOPHX MpeAJaranach Ha NpUeMHHX sk3ameHax B8 MPTU; apy-
rag e 4acTb 3allay COCTaBJeHa aBTOPAMH NpPH HANHUCAHUH KHUTH.
B xoHue KHUrM npuseneHs OTBETH K 3afauaM, a TaKXkKe yKasa-
HAA WM pelieHns Aia4 Haubojee TPYAHBX H3 HHX.

Asmoput



_ FTNABA I ;
HEOBXOAHUMBIE U JOCTATOYHBIE YCJIOBUSA

§ 1. Brickassipanus

B maremMarnKe Mbl HMeeM #EJO C Pa3NHYHBIME BhCKa3ulBa-
Hus. BoT HEKOTOpblE NMpUMEPHL:

A= {uucno 100 gmemurcs Ha 4},

B={uuacno 17 memurcst Ha 8},

C = {rpu menpume narn},

D={uncno 2 naBAACTCA EAMHCTBEHHHM KODHEM YpaBHeHUs

x?—4=0}.

Cpasy ke BUIHO, YTO B HEKOTODBIX U3 3THX BbICKa3bIBaHuMH
YTBEePWAETCs HEUTO NPABH/BHOE; TAKHE BBICKA3blBaHUA HA3bIBa-
0TCA UCMUHHbLMU. B ADYrux ke W3 INPUBENEHHbIX BHIUE BBI-
CKasblBaHHH YTBEDKAETCS HEUTO HEBEPHOE; TaKHE BbICKAa3bIBAHNA
HASBIBAIOTCA A00CHELMI. B npusoauMolt Humxe Tabauie nocra-
Baena Gyksa I nox 0003HaYEHHEM WCTHHHBIX BBICKA3bIBaHUA U
Oyksa JI nox o603HaueHUEM JIOMXHBIX BHICKa3blBaHUM:

s,

BrickasuiBanue Al| B "C

Ero ucruugocts | 4 ./Il HJ

VYKasaunbie BbillE BBICKa3blBaHUA Mbl 0603Hauanu GoJabILUMH
aatuHckumu  OykBamu. Tak Mbel Gyzdem 0603Haqarb BBICKA3bl-
BaHus ¥ B Ja/jbHEHALIEM.

Besikoe BHICKA3BIBAHHE SIBJIACTCA NPEMJIOKEHHEM U MOXET
OuiTh BhIpaXeno cioBamu. OOHAKO TNpU 3alKUCH  BBICKA3bIBaHUH
MaTEMATUKN NOJb3YIOTCS HE TOAbKO OyKBamy, HO ¥ CREUNalbHbl-
MH MaTreMaTHuYeCKuMH - 3Hakamd. Kawaeifi sHak 3amenser coGo#
€080 (WM J2XE€ HECKOJbKO ca0B). Vcmoab3yoTca sHakn mas co-
KpauieHuss samucu. Hampumep, BeickaseiBanue C MOXHO € NO-
MO0 SHAKOB 3alHCaTh CaeLyowuM o6pasom: 3 < O.

Mb51 ye roBOpHJH, UTO BCAKOE BbICKA3bIBAHME ABJAELTCA Npel-
JoxkenpeM. OJHAKO JaNeKO HE KaXIOE NPEAJOKEHHE ABARETCA
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BHICKA3bIBAHUEM B MaTEMaTHYECKOM CMbIC/Ie. BOT HecKoabKO Tpen-
JIOXKEHHH, KOTOpble BHICKA3HIBAHMAMY HE SBJAAIOTCH:

1) yucao 0,00000001 ouens Mano,

2) cyuwiecTByer JH 4YHCIO, KBaApaT KOTOPOro pased 2P

3) x>2

4) x+5=12.

TlepBoe u3 2THX TpeNOKeHUR He SB/SETCA BBHICKA3bIBAHMEM
HOTOMY, YTO OHO HE HUMEET TOYHOrO CMHICJAA U MHl HE MOKEM
CKa3arh, HUCTHHHO OHO MM JOXHO. OuH CKakKer, 410 UHCIO0
5TO B CaMOM [€J€ OYeHb Majo, APYroil ke C 3TUM He COorJja-
cutcs. Bropoe mnpensoxenue BooOlle HMUEr0 He YTBEPIKAAET, a
COHEPHHUT BONPOC. BECCMBICAEHHO TOBOPUTb, HCTHHHO OHO HW
JIOXKHO. ‘

HaxoHen, Tperse u 4eTBepTOE NPEAIOKEHHS COoAepkar OyK-
By x. Ilpn opHux 3HaueHHsX X MOJAYyYaercd HCTHHHOE BBICKA3bl-
BAHME, NPH APYruX JOKHOE. 3HAUMT, B TaKOM BHAe (MOKa He
CKa3aHO, 4YeMy paBeH X) Mbl HE MOXKEM CKasaTb, WCTHHY WA
JIOXh BBIPAXKAIOT 3TH NPEAJONEHH.

3ameTHM, YTO HE O BCSKOM BRICKA3BIBAHHHM MOXKHO CpPasy e,
TOJIBKO YCJBILUAB €0, OTBETNTh, UCTHHHO OHO HJW JOXHO. Peusb
HAET O NPHHLUANHMAJAbHON BO3MOXKHOCTH DELUHTh BONPOC,
HCTHHHO MJIM JIOXHO JIaHHOE BBICKa3bIBAHNE, XOTS AJ OTBETa Ha 3TOT
BONPOC, MOXET OblTh, HALO CAENATh CTOJBKO NEHCTBHH, UTO H XKHU3-
HU YeJOBEYeCKOH He xBaruT. Bor asa npurMeEpPa BHICKa3bIBaHUN,
BOMpoC 06 HCTHHHOCTH KOTOPBIX MPHHIHUNNAILHO MOXeET OBIThb
pewieH, HO TpeGyeT OTPOMHOrO KOJHYECTBA BBIUMCJCHHUI:

E={uucio (12637 4 1515 876)387 4
(11133933 18QUS)14 4 4 ggagerca npocTHM),

G= {B sanucu uncaa V2 b pune Geckaneuno#t necataunol Apodu
V' 2=1,41421... na 1000000-m mecre mocre 3anaTofi
crout nugdpa 7}.

HQEZUIO)KGHHH E n G mm Takxe cumraem BbICKa3bIBaHUAMHU, [TOC~
KOJIbKY NPHUHIUNHAIBHO BO3MQOXHO OTBETUTh Ha BONPOC, UCTUH-
HBI OHM HJIM JOXHBI.

Besiwoe soickassiganue n8assemcss AubO UCHUHHBLM,
Au60 20)CHEIM (3AKOH UCKJAOUYEHHOFO TPETbHErO)

Huraroe swicka3viganue He mooicem Goims 00HOBpe-
MEHHO UCHUHHbLA I AOKHCHbM (3AKOH MPOTABOPEUHS).

IIpedaooicenne, 0 Komopom HEBOSMONCHO OOHOSHAUHO
pewiums BONPOC, UCHMUHHO OHO UAU AOJCHO, BbLCKA3bLBG-
Huem He A8ASEMCA.
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§ 2. Orpunanue

Ms BCAKOrO BHICKa3biBaHMs A MOXHO NOJAYYHTh HOBOE Bhl-
CKa3BiBaHUe, ompuyas €ro, T. €. YTBEPXAas, YTO BHICKa3bIBAHUE
A 1e umeeT MecTa, He BHNOJHAeTCa. Ompuyanie 8bCKA3618aHIA
A o6o3navaercst cumBosoM | A (umu cumsosom A). 3amuce A
. YUTaeTCs KaK «OTPHIAHHE BBICKA3biBaHNa A» Wid, Kopoue, «He As.

OTpHIaHHe BBHICKA3bIBAHUS MOMHO MOJYUHTh, CKa3aB: <yT-
pepumaeHue A Mecra He nMeeT» WM «A He BBINOJIHAETCS>.
OaHaKo B psAe C/AyYaeB OTPUUAHNE MOXHO MOJYUUTh €Ul MPOILE.
Ecnu, Hanpuvep, BHICKagbiBaine A BRIPAXAeTCsi IPOCTHM NPEAIONE-
HHEM C OJHUM CKa3yeMBIM, TO I/ [OJYUYEHHst ero OTpUIaHns
TA HyxHO b 100aBUTH K CKazyeMoMy uacTuuy <«He». Ilpm-
BeJCM MPHUMEDBl BHCKAa3bIBAHUH B WX OTpHLaHuil

1) A=={uncno 23 penurca Ha T},
TA={uucno 23 ne gmemurcs Ha T};
2) B={3>5} (r. e. 1pu GoJplue naru);
1B={rpu ne Gompuwe naru} (1. e. 3= 5);

JC={5+3#8}
4) D =130 (ects) npocroe uucio},

7D =130 ne (ectn) mpocroe 4ncio}.

Paccmortpum Tenepp Bompoc 00 MCTUHHOCTH BhICKashiBaHuil A
n 7| A. Eciu BoickaseiBaHue A ucmuuno (T. €. TO, YTO YTBEPK-
JAeTCss B 5TOM BBICKA3bIBaHUM, NEHCTBUTENBHO HMMEET MECTO), TO
BhICKasbiBaHne | A, yIBepxkiawniee, 4to A MeCra He HMeeT,
aoxcno. Urak, ecmm A ucrunno, 1o 71 A aoxHOo. Haobopor, ecau
A aooicno, 1o BrickasbiBaHue | A (Kak pas3 u yTBepxkjamollee, uro A
MecTa He uMeer) ucmunno. Vtak, ecim A n0xHO, 10 7] A HCTHHHO.

Mu BuguMm, uTO, Kaxoso Obr MU Obiao BbicKa3blBaHlle A, u3
dsyx sockassiganuli A, 1 A o0Ho sBAfemcs ucmuUHRbLM, a4 OpY-
20€ JNOMCHBIM.

Hanpumep, us BrickassiBaHu#, yKasaHHBIX Bhiue, | A, 75,
C, 71D wuctunnn, a A, B, 71C, D noxusl.

Camui#t npocrolt npueM o006pa3oBaHus OTPHUAHAA BaKJOYa-
€TCf, KaK Mbl OTMeYaad, B TOM, YTO K CKadyeMoMy xzoGasis-
eTca uvacTuua «He». Hanpumep:

A={11 pgenwntcs Ha 3},
TA= {11 ne meaurcs Ha 3}.
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Onnako 5T0T NpocTo# npreM GyaeT HeNpUMEHUM, eClll ¢aMO BHICKA-
3BIBaHUE yXKe ABJIETCA OTPHUATENbHHIM, T. €. YXK€ COAEPKHUT YacTHLy
<He» mepel CKagyeMbiM. PaccMoTpuM, HanpuMep, BbICKa3hIBaHUE

B={18 we pemurcs Ha 5}.

Ias ofpasoBanns OTpHUaHHUS | B M yke He MOxeM R00aBUTh
enle OAHO OTpUHAHME K CKadyeMoMy (T. €. He MOXeM CKasarh:
«18 ne ne menurca Ha 5»). ITosromy oTpuuanne npuxoautcs ¢$op-
MYJHpOBaThy TaK:

7 B == {Brcka3biBaHue «18 He genutca Ha B> MecTa He HMEeT}.

Ho uro 03nauaer 310 yrepxaenue? Ono 03Hauaer, uto 18 deaunics
Ha 5, T. e. oTpuuaHne | B MOMHO npomte chOpMyIHpOBaTH TaK:

1 B={18 memutcs Ha 5).

Takum 06pa3oMm, ecau 8 HeKomopoM 8vickazsisanu B neped
CKQ3YeMblM YHCe Cmounm OmpuyamessHas 4acmuya <He», mno
das obpasosanus ompuganus T|B docmamouno subpocums
yacmuyy <He. - ‘

[Tycty Tenepp A —rmpousBosbHOE BhICKassiBaunue. Ero orpu-
nanne ] A Takike AB/IAETCH BHICKa3piBaHHeM. 3HAUHT, MOXHO pac-
CMaTpuBaTh H €ro OTPHIaHHe, T. €. BhiCKasbisanue | ] A. OHo
HaselBaeTCs 080UHbLM ompuyaruesm srickasuBanust A. Ero mMoxHO
chopMYJIBPOBATh CJAOBAMH TaK: YMBEPIHCOEHUE O oM, 4Mo
sbicka3oisanite A He ssinoaxsemcs, mecma ne umeem. Ho s1o
N0 CMHICTY HUYEM He OTJHMYaeTcs OT YTBEPKAEHUS O CrpaBeilu-
BOCTH CaMOrO BBICKa3blBaHus A.

Bosee ToyHo, 0solfnoe ompuyanue 7|71 A ucmunno 8 mos
U MOALKO 8 MIOM CAY4Ae, ECAU UCTNUHKHO CAMO 8bicKa3bisaHue A
(1. e. ecim A uctunHo, TO0 1 7|7} A uCTUHHO, a ecmm A JOXHO,
10 0 7] A 70%HO).

OTo mpaBuW/IO HA3HIBAETC 3AKONOM OMPULAHUS OMPULAHUS.

§ 3. Heonpexenennblie BbICKA3LIBAHUS

Bynem o6o3Hauateh uepe3 N MHOKECTBO BCEX HaTypPadbHBIX
ynces. Hepes x ycnosumcs 0603HayaTh APOU3BOAbHOE HATYPAIb-
HOE YHCJO, T. €. IPOU3BOJBHEIH saeMeHT MHOXeCTBa N. PaccmoTpum
TENephb CAEAYIOULHE NpPENJIOHEHNsE:
A(x)= {uucno x neanrca Ha 5},
B(x)={x>10},
C (x) = {x—npocroe uncJo},
D(x)={(x—5)? < 10}.
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Mpenaoxenns A(x), B(x), C(x), D(x) pmcKasnBaHpsiuy He
aBAMOTCS. JleficTBuTE/BHO, 06 HCTUBHOCTHM, Hanpumep, ‘A (x) Mbr
‘HAYEro He MOXKEM CKa3aTh, MOKa HaM HEM3BECTHO YHUCIO X.
Onnako, noactasisia B A(X) BMECTO X pasiuuHble HaTypasibHhe
yucna, Ml GyaeM MOJAyuaTh BRICKA3HBAHHA O HaTypadbHBIX UHC-
Aax — HHOTAA WCTHHHBlE, uHoraa noxuse. Iloxcrasasa B A(x)
BMECTO X DA3JHUHBE HATYPaJbHble YHMCJAa, MBI TIOJyuaeM, HanpH-
Mep, CJAENYIOIHUE BHICKa3hiBAHHS:

A (5)={uncno 5 nenurcd Ha 5} — HUCTHHHOE BHICKA3HIBAHHME,
A(13)= {uncao 13 meantcs Ha 5}-—/0KHOE BHICKa3hIBaHHE

1 T. . MOXHO COCTaBHTb CJCAYIONYI0 MmabAlyy ucmuHHOCHmU
A% 3THUX BBICKA3BIBAHUMN: ’

A(l)A(Q)!A(g)A(zl) AGAGAM|AE® | A®©) |40

JdA a3 Ja | J H JI J JA J H

YKasaHnsle Bhinle npeaaoxenns A(x), B(x), C(x), D(x)
CO/IEDKAlINE NEPEMEHHOE X, MOXHO Ha3BaTb HEOHPe0eACHHbL MU
8bicra3bi8anAME (B MAaTeMaTHKE WX HashiBAlOT TaKke I p e 1 u-
Katamu). Kampaoe u3 HAX BHpaKaeT HEKOTOPOE (BolicH180
HatypasnbHoro umcia x. Hanpumep, C(x) Bulpaxaer CBOKCTBO
OniTh NPOCIBIM umcaoM, A (x)— CBOHCTBO mennThca Ha § ¥ T. IL
Ecan BMecto x noxcraButbh moGoe HATypadbHOE YHCAO, TO MHE
noayunM OOBIUHOE BLICKa3bIBaHUE.

HeoupeneaenHoe BricKaswBaHue ge
‘MoxxeT ObIThb 3aaHO Ha moboM
MHOXECTBE, 8 HE TOJNbKO Ha MHO-
’KeCTBe HaTypa/ibHHX uuceln. Ono
npeacrasaseT coOofl BhICKa3biBaHue
0. KaKOM-TO 3JeMeHTe X pac-
cmarpmBaeMoro  MHoxectBa. [las
OLHUX 3JIEMEHTOB 3T! BbICKa3bIBaHHs
UCTUHHBL, A48 APYTUX — JOKHHL.

Mpumep 1. Ha puc. 1 u306- Puc. 1.
paXeHB TOUKH, COEJMHEHHHIE He-
cKoJbKHMP oTpeskamu. Ha mHoxecrse M, cocrosuiem w3 TOdYek
a, b, ¢, d, e, , g 3a1aHO HEOUPE/ENEHHOE BLICKA3HBAHUE:

b e

S(x)={x Touxe x B paccMarpuBaeMO#l QUrype NPHUMBIKAOT
TpH OTpesKa}.

13



+

Bor tabauua UCTHHHOCTH BTOFO HEONPEACNEHHOr 0  BHICKA3bi-
BaHus, ¢

lS(a) S (b) ' s | s@) [‘S(e’) S () IS(g)
‘ J ’ J ] H i } H J lJT

Yacrto NPpUXOIUTCa paccMarpuBaTh HEONPENEJICHHBIC BhICKA-
3bIBaHUd, B KOTOpHIE BXOAUT HEe OJHO, a ABa WK Goapllee Ynucao
NEPEMEHHBIX. PaCCMOTpI/IM, Hampumep, caeayionine npeanoKeHud,
B KOTODBIX MOJA X K Y NOHUMAIOTCS NPONSBOJbHLIC HartypaJ/bHnie
qucaa;

Axy)={x<y),

B (%)= {x +y=10},
{
{

|

C(x,y)={x nmemnrca Ha y},
D{x,y)={x+y—npocroe uucio}.

Mur Hguero He MOMEM CKa3zaTh 006 HCTHHHOCTH HAW JMOKHOCTH
9THX YTBEDK/ACHHUH, MOKAa HaM HE YKA3aHO, KaKue 3HAueHHs Npu-
numalnT x u y. Ho ecau TOYHO yKasaHo, yeMy paBHel X 4 Y,
Kawkaoe 13 CPOpMYIHPOBAHHHIX YTBEPKACHUH TNpEBpaAUlaeTCH B
8bicKQ3bi8anue — JUIA ORHUX nap (X,y) WUCTUHHOE, AAA APYruX
noxnoe. BoT npuMepsl BRICKasbIBaHuB, TMOAYYAOULIAXCA M3 YKa-
3aHHBIX NpeJOKeHH# MpN KOHKPETHBIX 3HaUeHAdX X U Y.

‘A(1; 3)={1 << 3} —ucruHsoe BLICKA3HBAHUE,

A(2; 2)={2 <C 2} — 10KHOE BBHICKA3BIBAHMUE,

A (5; 4) = {5 <C 4} — I0XHOe BEICKA3LIBAHIE,

B(1; 3)={14 3=10} — n0ox%H0e BHICKA3LIBAHNE,

B(8; 2) = {84 2=10} —ucTanHOE BHICKA3HIBARHE
" 1. I

§ 4. 3Haku OGHIHOCTH M CYUIECTBOBAHUS

Orpunanne npeacrasiaser co6o#l ONepainio Halx BBICKa3biBa-
upaMy (MM HA4  HEOTpEeJeJeHHBIMR  BhiCKassBaHusmu). [Tpnm
noMOWK BTOH onepaunu u3 MOOOro, HAPUMED HEONPEALIEHHOT O,
BBICKa3bIBaHHA A (X) MOMXHO INOJAYUATH HOBOE HEONpPeIe/IeHHOE
BEICKa3bIBaHue | A(x)—ero orpunaHue.

Bonbuloe 3aTpyAHEHHE y YYaulMXCsi BBHIBBIBAET HAXOX/EHHE
npasuasHOH (DOPMYANPOBKA OTPHUAHRA | A B TOM Caydae, KOrja
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BHICKa3biBaHHE A CONEPKUT CIAOBA «BCE», «KAKABIH», «XOTd Obl
OIMH>, «HAWIETCH», «CYLIEeCTBYer» ¥ T. II.
[ycTs, Hanpumep, BhICKasblBanue A uMeeT BUJ

A= {Kaxa0e npOCTOE UUCIO HEUYETHO!.

Ha BOMNIPOC O TOM, KaKOBO 6}’!16'1‘ OTpuilaHue 3TOTO0 BBICKa3biBa-
HHys, MHOrme€ OTBEYAIOT, YTO OTpULAHHEM 6}7116'1‘ BBICKa3bIBAHNEC

B = {kaxn0e NpocToe 4NCA0 YETHO}.

Jlerko y6eguTbcst B TOM, 4TO 3AeCh OMNOKa, MOCKOABKY HH
OJHO W3 3THX BHICKashIBaHMfl He sBageTcs MCTHHHBIM. TlpaBuib-
HeIM Oyaer caeayiouuii oTBeT:

T A= {He xaxp0e npocroe uNCJIO HEYeTHO},

UHBIMP CI0OBaMH,
T A= {nalizerca (cyulecTByeT) npocToe 4ic/0, KOTOPOe YETHO},

niag eme
T A={xo1q OB OZHO NPOCTOE YHCIO UYETHO}.

- OTO  BHCK33LBAHMNE HCTHHHO! CyunlecTByer (TOJMBKO OAHO!)
YETHOE NPOCTOE UYHUCAO, @ UMEHHO 2.
CpaByuM JBa TOABKO YTO DPACCMOTPEHHBIX BBHICKa3bIBAHMS:

A= {raosicOoe TmpoCTOE UHUC/IO HEYETHO},
TA={xoms 6o, 00HO NPOCTOE YUCKO UETHO}.

Mbl BUANM, 9TO ecau OTOPOCUTH HauaJdbHHE C/10BA B QOpPMY.IH-
poBKax, To BhicKasmBaHune A Oyager umersb Bui {...NpOCTGE HHCIO
HeuetHO), a ero orpuuasne | A Oyzer mMmeTs BuZ {...n1pocroe
YHCJIO YETHO}, T. €. BTOPAs YaCTh BBICKA3WBAHUS IPOCTO 3aMEHUTCA ee
orputtanuem. Ho oueHb BaxHO 3aMeTUTD, UTO [IPH 3TOM NIEPBOE CJIOBO
«KaKAOE», CTOABLIEE B BhICKa3niBaHUN A, 3aMEHHTCA B BLICKA3H-
BaHUN | A c/a0BaMu «XOTs OBl OAHO» (1aH CJAOBOM <HAHAETCA» Uau
«cyulecTsyer»). I1oT (PakT ABAAETCH OOUIMM, ¥ €ro IMOHMMaHue
Moxer n36aBuTh OT MHOTHX HEOpUATHBIX owuGok. Wrak, ecau
BuICKA3bLBAHUE A HAUUHAEMCA CO CA08 <BCE>», <KANCOBLI>,
«awboll» u m. n., mo 048 noayueunus ompuyarnug | A Hado
Aubo, HIME20 HE MEHAS, NOCHLQABUME OMPUHAHIE <HEe»> neped
mumu caosamu, Aubo JHe Nocmasums OMPULAHIE <HE> NOCAE
IMUX €A08, HO M0O20Q IMU CAOBQA HENPEMEHHO HA00 3AMEHUMD
Ha «<xomm Ou o0uH», «walidemcs», «cywecmeyems u m. n.
Pasymeercs BepHo n OOpaTHOE: ec/ii B Hayale BBHICKA3HIBAHWA
CTOAT CJIOBA <XOTA Obl OQUHY», <HAWIETCA», «CYUIECTBYET», TO
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NpH NOCTaHOBKE OTPHILAHMS <«HE» MOC/Te 3THX CJOB OHH 3aMme-
HSIOTCA Ha <«BCE», «Kaxab», «mobGod». Euie pas nopuepkhew,
YTO 3TO NPOUCXOIMT NPH NOCTAHOBKE OTPHUAHHS «HE» NOCJe
yKasaHusix caoB. Ecau xe orpuuanue <«He» aoOasaserca (uau
BHIOpAcHBaETCs) 11 € P € 1 YKA3aHHBIMU BBILIE CJAOBAaMHU, TO HUKAKOH
3aMeHBl CJI0B HE NPPHCXOANT.
Hpumep 2.
A= {kaxaoe u3 uucen a, b, ¢ genurcs Ha T},
VA== {He Kaxpoe u3 uucen a, b, ¢ meaurca Ha 7},

UAH HHAuE:
T A=={xoma 6bl 0OIHO W3 uuCeT a, B, ¢ He geanicA Ha T}

IMMpumep 3.
A == {nukako#t pom6 He MOKeT OblTb BMUCAH B OKPYAKHOCTB}.

D10 BLICKA3bIBaHNE MOXHO CHOPMYAUPOBATH HHAYE:

A= {ue cywecrayer pom6a, KOTODPEI/ MOKET GbITH BIHCAH
B OKPYXHOCTb}.

HOCKOﬂbe 3€Cb «HE» CTOUT BHepead, OAd NOJAYYEeHus OrTpu-
LUaHusE MOXHO NPOCTO OT6pOCHTb 3TO «HE»!

A = {cymecrByer pomb, KOTOPHH MOxker ObiTb BIIHMCaH
B OKPYHHOCT},

Mpumep 4.

A={BO BCAKOM TpEYroAbHUKE TPH MEJHAHH HEPEeceKanTcs
: B OfHOH TOuKe},

1A= {He BO BCAKOM TPEYrOIbLHHKE TPH MEAMAHbl NEPECeKaTCa
B OQHOH ToOuKe},

ANyl UHaue:

7 A== {uafizercs TPeyroibHAK, B KOTOPOM TPH MeAMaHH He ne-
pecexaioTcs B OXHOH TOuKe}.

Wnorna wucnoapsylor cneuuanbusie suakan V, 3. Tlepsnii 3
HuX (3wax ofwnocmu V) 3aMEHAETCS B CAOBECHBIX (OpMYIH-
poBKax caoBamu scarull, Kaxncduil, awobol, sce. Bropoi suak 3 -
(3HaK cyuecmB08anisL) BAMEHSIETCS B CJOBECHHX (POPMYJIHPOB-
Kax CAOBaMH cywecmsyem, Halidemcsn, Kaxol-nHubyds, xoms
Obe  odun. Vimenno, ecim P (x)—HEKOTOPOe HeONpeae/eHHoe
BBICKa3biBaHHe, 3aJaHHOE Ha MHOXecTse M, TO 3anuchk

(Vx) P(x)
16



osHauaer: aas Jwoboro ajeveHta x (U3 MHoxecrtBa M) umeer
mecto P(x). Dra 3anuch yxe Npelcrasiser coOoit swcrkalsisa-
Hue (a He HeompeaeleHHOE BBHICKasbiBaHue). JTO BHICKA3bIBAHKE
ACTHHHO, Korjaa P (a) HCTHHHO MJIA K 3 A Ol 0 3JEeMeHTa @ MHO-
wecTBa M, W NOKHO B MNPOTHBHOM cJayuae. MuwiMu crosamay,
yTOOB YOENHTbCA B HCTUHHOCTH BhICKa3siBanus (Vx) P (), HyxHO
nepebparb B Ce 3MeMEHTH a, b, ¢,... MHOxecTBa M u y6emnThcs,
yro Bce Boickaseisauus P (a), P(b), P(c),... actunnn (a ecan
Mbl HE MOXEM uau He XOTUM nepebpalh BCE DJIEMEHTH MHO-
KecTBa M, 1O NOJKHB 10Ka3aTb C MOMOILbI0 HEKOTOPOro pac-
CYXKAEHHs, uTO A J1060r o siaeMeHTa a U3 M BEICKa3biBaHue
P (a) ucrunno). Oas Toro ke, 4robbl yOeAuTbCd B JIOKHOCTH
BhickaspiBanns (Vx) P (x), mocrarouno Halitu /b odus sJe-
MEHT @ MHOxecTsa M, ILJst KOTOPOFrO BHCKa3blBaHue P (@) J0KHO.
Wnaue rosops, mi1s toro utobb y6eautbCs B JIOKHOCTH HEKOTO-
poro ofuiero BbICKa3plBaHUs (T. €. BBRICKA3hIBAHWS, COLEPKAIIETO
sHak oGwHocTd V), HOCTaTOUHO HaHTH OAUH [POTHBOPEYALLHH
npuMep.

ITpumep 5. BosbMeMm creaywoiee HeolpeneneHHOE BHICKA-
3bIBAaHHE, 33aJaHHOE HAa MHOXecTBe N BCEX HATypaJbHHIX HuCemlr

C (x) = {uucao 202*) 4-1 —npocroe}.

IMpu x=1, 2, 3, 4 M mnoJyuyaeM CJEIYIOIME BbICKA3bIBaHMS

C (1)={uncmo 29 4 1 =5—mnpocroe},

C (2)= {uucro 203 -1 =17 —upocroe},

C (3)= {uucno 2 L | =257 —npocroe}, -
C (4) = {uucao 229 4 1=65537 — npocroe}.

Bce atu BbicKaseiBanua nucmurnnst. Ho MoxeMm au Ml u3 3TOrO
3aK/IOUUTh, YTO HUCTHHHO BhicKaswiBanue (VXx)C (x),.T. e. uTO
s 406020 HarypaabHOro n uuciao 2" 1 Gyaer npocrbiM?
Her, KOHeuyHO, 1/ TaKOro 3aKJIOYEHHS Y Hac HET OCHOBaHHIL
Bear mMBl ke He nepebpanm BCe HaTypaJibHbIE YMC/Ia, Jd W HE
MOXEeM 3TOFO CleJaTh, TaK KaK MHOXECTBO HaTypaJbHBIX Yucell
6ecxoneuno. MurepecHo, 4To wu3BECTHHHA (paHuyscKul Ma-
temaruk Ilbep Pepma Onin1 ybeucaeH B CIpaBeNyiHBOCTH BBICKa-
seBanig (Vx)C(x) u nbltajacs Haiftu ofuiee J0Ka3areabCTBO
storo axra. OpHako Jpyro#i usBecTHnl Maremartuk, Jleo-
Hapa Oiaep, nokasan, urto BeickasbiaHue C (5) JjoxHo (T. €.
yro uucao 2@ 4 1=2%{ 1 e sBaserca npocTHIM: QHO Je-
autcs Ha 641). Takum oGpasom, seickasbBanne (Vx)C (x),
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BOlIpeK: MHeHHo (epMa, 0Ka3ai0Ch JOKHBIM. DTOT NpUMEp MOKa-
3HBaET, YTO I[pOBEPKa HUCTMHHOCTH BEcKasmiBauna (Vx)P(x)
I3 OTAEJb Hb X 3HAUEHUH X HE MOXer 3aMeHuTh OOLIero
AOKasaTeabctsa. HanpoTws, OMH nNpPOTHBOpEYdUWIME TIPHMED,
HatigeHHpll DHaepoM, MOKAa3bBAET JOWHOCTb BHICKA3bIBAHUA.

Mpumep 6. Paccmorpum Boickaseanue (Vx)D(x), rae
D (x)— cnepyoniee HEONPeIEIEeHHOE BBICKA3biBaHue, 3agaHHOE
nHa mpoxecrse N BCEX HATYPaabHBIX HACEJ:

D (x)=={uncno x®-}5x nenurca Ha 6}.

Jlerko nposepnts, uro BbickaseBaHua D (1), D(2), D(3),
D (4), D(8) wucruuun. Tor ke pesyabrar OyAeT NOAyyarscd,
ecan mpl OyneMm npoaoaxarb NpoBepky mamsine. Ho Me yxe
3HaeM, UTO NPOBEPKOH I/ OTAEJbHHIX 3HAYEHHH X MBI He MO-
KEM YCTaHOBHTb HCTUHHOCTb BbicKaseisanus (Vx)D(x). Hawxe
ecn MBI MCMBITAEM MUJIJIMOH 3HAUEHWH X, BCErJa OCTaercs ornac-
HOCTb, UTO /I MHIJVIMOH TEPBOTO 3HaueHus x yreepxaeHue D (x)
OKaWeTCsd JIOKHBIM, JlOKa3aTeJbcTBO MCTHHHOCTH BBICKA3HIBAHUA
(Vx)D(x) MOXHO TNpOBECTH, HaNpUMEp, CJAEAYIOULUM OO6pasoM.
Mpbr mmeem

B bx=x—x+bx=x(x2—1)+bx=
=(x—1x(x+1)+6x.

Ho w3 tpex mnociemoBateabHuix uyncea x — 1, x, x4 1 oba3a-
T€JbHO OAHO JEJAuTCSs Ha 3. W OAHO HJAHM JABa JEJASTCS Ha 2.
CunenoBarensbHo, niponsseneHne nx aeauics Ha 6. Taxnm oBpasom,
n cymma (x—1)x(x-+1)4+6x=x3+5x npu mobom Hary-
panpHoM x pesaurcs Ha 6. Ho 310 M 03Hauaer MCTUHHOCTB BHI-
ckaspisannsa (V) D (x).

IMepefinem Tenepp K sHaky cyuiectBosadus 3. Ecau P (x) —
HEKOTOpOE HEOlPEeJeNCHHOE BBHICKA3bIBAHNE, TO 3alUCh

(3x) P (x)

03HAYAET: cyuiecmsyem 3ieMmeHm X MHoxecrBa M, das womo-
pozo umeem wmecmo P(x) (uan nuaue: Hakpercs xoTa 6Bl OXHH
3MEMEHT X, AJASl KOTOPOro uMeeT Mecto P (x)).

3anucs (Ax) P (x) He sBasercs HEOUPELENEHHB M BH-
CKasblBaHHEM, a INpeicTasiaseT cob60H BH CKasHBaHue ITO
BHICKA3bIBAHME HCTHHHO, €C/AM MOXHO B MuOXecrBe M Halitn
sJeMenT a, AAd xoroporo P (a) ucrmHuo. B nporusHoM cayuae
(1. e. ecim B M Her HH ONHOrO 3/JeMeHTa @, 5 KOTOPOTO BHI-
ckasbianne P (@) ucruHHO) BHCKasbiBapne (x) P (x) 10xkHO.
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ITpumep 7. Paccmorpum caepyioniee HeonpeneseHHOE B
CKa3bIBAHHE, 33JaHHOE Ha MHOkecTBe N BCEX HAaTypasibHBIX 4UCE:

C(xY={x®—14x2 4 49x— 1 < O}.

Iprn x=1, 2, 3, 4 Mbl TOAyYaeM C/IEAYIOILNE BHICKA3bIBAHYA:
C(H={13—14.12449.1—1<<0(r. e 35<C0)},
C(={22—14.22149.2—1 << 0(r. e 49<C0)},
C(3)={3%—14.324+49.3—1 <0 (1. e 47 <C0)},
CH={$—14.-424+49.4—1 <<0(r. e. 353<TO)}.

Bce stu BrickasmBanus aoxusl. Ho Mowem am Mbl 3 3TOrO
3aK/I0UHTh, YTO JOWHO BhickasbiBanne (Jx)C (x), T. e 4TO TaK
7 HE Halmercst HaTypa/ibHOrO 7, IS KOTOPOro Bhckasksaume C (1)
ucruHHO?  HleT, KoHeuHo, At TAKOro 3aKk/IOueHAs y HAc Her
ocuosaHni. Ckojbko 6bl MBI uncesn HU nepebpanu, BCeraa oCTa-
ercsl BO3MOXHOCTb, 4YTO TIE-TO AaJbllle HaWAeTcs Yucjao o, Aud
koroporo C (n) uCTHHHO, :

Ipogoaxum Hawy npols Ha/blue:

C(B)=15"—14.52449.5—1 < 0(r. e. 19<0)},
C(6)=163—14.62449.6 — 1 <O (1. e. 5<<0)},
C(={TP—14.724+49.7—1 <0 (1. e. — 1 < O)}.

Mpr BrouM, uro BoickasmBauua C(3) n C(6) nowus, a C(7)
ncTrHHO. Mrtak, Mbl Hawam Takoe n {(a uMenHo u==7), LJa% KOTO-
poro Brickageisanue C (1) ncrunno. Caenosarensno, (Jx) C (x) —
WCTHHHOE BBICKA3BIBAHUE.

Pasymeercs, meroa mnpo6 sBJASETCA [AJNEKO HE HAWAyYLiaM
JUIS IPOBEPKU MCTHHHOCTH BBICKaspiBanns (Jx) P (x) (rae P (x) —
HEKOTOPOE HEONpeJeneHHoe BhICKasbiBaHue). Benb «Biaaronpusr-
Hoe» 3HaueHme n (Mg Koroporo P (n) WCTHHHO) MOKET BCTpe-
THTbCA [JIe-TO OUYEHb JAJNEKO, W HaXOuJECHUE ITOTO N METOAOM
npo6 Oyzer MyuuTeabHoH paBoToi. A MONKEr CAyYHTbCH, YTO
BpicKaspiBaHne P (1) 7N0XHO A BCEX #, W TOrXa METOA Mpod
BooOwe HH K uyemy He npuseger. Ilostomy Gosee npeanoyTH-
TeJALHBIM sBJafercs obwee paccyxaenne. Hanpumep, B paccmar-
puBaeMOM C€JIy4Yae MOXHO ObIJIO PACCYXAATb TaK:

X3 —14x2 449y — 1 =x(x?—14x1-49) — l=x (x—7)2—1.

Orcioga BuAHO, UTO MPH X ==7 STOT MHOTOWIEH NPUHHMAET 3Hd-
yeHne — 1 (Tak Kak ciaraeMoe X (x—7)% obpamiaercs B HYyJb).
Wrak, soickasoisanne C(7) umeer Bufi — 1 <C0, T. e. HCTHHHO,
4 NMOTOMY WMCTMHHO M BhicKasbiBaHue (dx)C (x).
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Mpumep 8. PaceMorpum caeayromee  HeorpeneseHHoe
BHICKA3biBaHME, 3aJaHHOE HA MHOXeCTBE N BCeX HATYPajbHBIX
unces: .

B(x)= {uncno x®*+2x-+3 pmenurca Ha T}

C noMoILbI0 HEFO MK MOXEM COCTABHTL BrICKasmiBaHue (3x) B (x),
T. e. B MijoxecTBe N CyLIeCTBYeT Tako# s/eMeHT X, uto x? 4
- 2x 43 menurcs Ha 7. ITocMoTpuM, MCTHHHO /i 2TO BHICKa-
awBanue. C oTOH nenvlo paccmorpum BHCKaswisanua B (1), B(2),
- B(@3), B4y :

B(l)y={uucno 1242.14+3=6 nenurca na 7},
B(2)={uucno 224+2.243=11 nemurcs Ha 7},
B (3)=={uncno 32+42.3+43=18 nmeaurcs Ha 7},
B(4) = {uncio 42+2.443==27 penurca Ha 7}

Bce 5Tm BhICKA3biBaHWs JOKHH. JIErKO NPOBEPHTh TaKHUM ke
o6pa3zoM, uTo JMOWHHB M BeicKkasmiBaHus B (5), B(6), B(7), B(8),
B(9), B(10). Bosuukaer runoresa (T. . IpeaHooxenne), uro 5 (n)
AOKHO s mwoboro n, T. € 4TO BhICKaseiBahuwe (Ix)B(x)
a0xHo. O@Hako [OKa3arh 3TO METOZOM NPOO HEBO3MOXHO, 3TO
MOXKHO YCTaHOBHTb TOJNbKO C MOMOILBIO OOIET0 pacCy:KaeHus.
BoTt Kak MOXHO MpPOBECTH 3TO PacCykKACHHE.

Besikoe HaTypanbHOE YHC/AO 72 MOXHO 3aMHCaTh B BHAE N==
=T7k-}gq, rAe ¢ npuHuMaer ogHo u3 3Havenmit O, 1, 2, 3, 4,
5, 6. 3gech k& — uacTHOE OT Je]eHus uuciaa n Ha 7, a g — ocTa-
tok. Ilogcrasus 310 3snavenwe n B MHorounen x2--2x -3,
MBI MOJYUHM

- 2n43=(Th+gP +2(Tk+g) 3=
= (49k2 + 14kq - 14k) + (¢>+ 29+ 3)=
=T (T +2kg +2k) + g2+ 24 3.

Otcioga BMAHO, uTO uucao h2-}-2n-+ 3 HUMEET TOT K€ OCTAaToK
oT nenedus Ha 7, uto w uncao ¢%-42¢-4-3 (Tak Kak ux pas-
HOCTh mAeutcs Ha 7). 3dauwt, uucno n:-4+-2n+3 8 TOM W
TOJNBKO B TOM CJyuae AENHTCA Ha 7, €cAM Ha 7 AeNUTCHd Yucao
q®*+2q -3, rne g—~ocrarok or neneunss uucaa # na 7. Ho ¢
MOXET npunuMarh Juwe 7 3sHayemni: 0, 1, 2, 3, 4, 5, 6.
Brruncaas sunauenus muorousesa ¢2--2¢-+3 mnpu 3TEX 3Haye-
HUAX ¢, MB nmoayuaeM uucia 3, 6, 11, 18, 27, 38, 51. Hu omso
u3 9THX 4YuceJ He AeauTcs Ha 7. 3HauuT, HW NPu KakoMm HaTy-
pansHoM n uncao n®-+2n-43 He gmenutcd Ha 7, T. €. npm
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ao6oM HATYPANLHOM #- BhicKaseiBaHue B (n) aoxwxo. Tem caMbim
aoKkas3aHo, uto (Ix)B (x)— 0XkHOE BHCKA3BIBaHHE.

BepueMcs Tenepbs K BONPOCY, KOTOPHH MEI paccMaTpuBaln
s nauate § 4,—Bonpocy 06 OTpULAHAM ~BHICKa3kBaHuil, cozep-
HAUIMX CJA0BA <BCE», <KawAbf», «HaHAETCH», «CYLUIeCTBYET» H
1. a. CxasaHHOe TaM MOXHO Temeps CcOpMyAMpOBaTL CJAedy-
oM o0pasom.

I Ilycts A (x)— HEKOTOpOe HEONpeAesieHHOE BHICKAa3hIBaHME,
safanHoe Ha- MHoxectBe M. C noMoOuIbi0 Hero Mel MOxeM obpa-
30BaTh BBICKd3hIBAHHE

(V)4 (x),

T. € AJd moboro sneMenra x MHoxecrsa M uMeeT Mecto A (x).
OTpHllaHHE 3TOr0 BHICKA3BIBAHMA MOXHO 00pa3oBaTh ABYMS
crnocoGamu: .

1) MOXHO MOCTaBATb 3HAaK OTPHLAHUS Mepea BCeM BHCKa-

3bIBAHHEM:
TUVx)A(x)),

T. € He HMeeT MeCcTa YTBep:KIeHHe O TOM, YyTo ans moboro x’
sunonuaercs A (x);

2) MOXHO mnoOCTaBuTb 3HaK oTpuuanus nocae, Vx, HoO
Toraa sHak ofmuoctn V 0643aTesbHO HYXKHO 3aMEeHHTh 3HaKOM
CYLIECTBOBaHNS =X

(3x) (1A (%)),
T. e. nafizerca 8 MmHoxecTBe M (xoTs On OAMH) TaKO# BJEMEHT X,

473 KoToporo He BhainojHserca A (x).
I1. PaccmoTpum nanee BHICKa3hBAHHE

(F0)A(x), .

-

T. € Haligercs sJeMeHT x B MHOkecTBe M, ans KOTOpOro
umeer MecTo A (x). OTpHLAHHE 3TOTO BHICKA3hIBAHHS MOMHO
o0pazoBaTs ABYMR cnocobamm:

1) MOXHO MOCTaBHTh 3HAK OTPHLAHA4 Mep €1 BCEM BHICKA-
3L{BAHUEM:

T(ER)A ()

2) MOXHO MNOCTaBUThb 3HAK OTPUIAHHS MocCae X, HO
TOrJa 8HaK CYyUeCTBOBaHMA = 0043aTe/NbHO HYXKHO SaMEHHTh
aHakoM obuwnocTy V:

(Vx) (1A (%)).
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§ 5. Heo6xoxumMbie W AOCTATOUHBIE YCAOBHA

PaccmorpuM  Kakyio-an6o Teopemy. B Gosapmmncrse cay-
yaeB MOXHO B HEH BHJEJNTL YCJOBHE H 3aKAWUYeHue
Ipa srom u ycaoBHE K 33K/TIOUEHHE TEOPEMB ABAACTCA HEKOTO-
pbIMYE HEONPEIEACHHBIMA BBICKA3bIBAHASMA.

BosemeM, nanpamep, teopemy ITudaropa. Mel paccmarpuBaem
HEKOTOpPHIH NPSMOYroasHbil Tpeyroasuuk ABC; ¢ —runotenysa
TpeyronsHuKa, a n b-—ero katerel. Teopema yTBEpHIaer, uto
MMEeT MECTO cooTHolleHue ¢?=a?- b% YciaoBue TEOpEMH B4eCh
MOXHO 3aMucaTh B BUAE CJCAYIOUIErO HEONpPEJeJNEeHHOro BHICKa-
3BIBAHKS:

M={s rpeyrompuuke ABC yroa C—npsamoii}.

3akarouyeHue Teopemsl:
N={c2=a%+b?}.

ITpu TakoM oGO3HAUEHHH YCAOBHA 4 3aK/IOYEHHs TeopeMa
ITudaropa mMoxeT OBTb BBIPaXE€Ha KPAarTKOH 3ammuceio:

M— N.

dra 3anuch O3HauaeT, uro us M cneayer (mau Bhitekaer) N.
ViHpiME  C/10BaMH, ecnd A8 HEKOTOPOro TPEYroJbHHKA MCTHHHO
BhiCKasbiBanue M, To mcTuHHO B BHICKa3dsiBaume N. Pasymeercs,
BHICKaswBaHue A HE BCerma BCTUHHO — HE BCSIKMH TPeyroJbHuK
apasercst npsmoyronsueiM. Ho ecam Brickasmisanme M ncrunso,
€Clu WM3BECTHO, HaHO, UTO TPEYroabHHK ABC — npsiMoyrobibid
(a ero croponb 00603HAUEHH, KAK yKas3aHO BLILIE), TO BHICKa3hl-
Banue N TaKwe HCTHHHO. JTO W BhIpakaercs caoamu <u3z M
caenyer N».

Bonee uwerko ycaoBue m 3akjaoueHde teopembl ITucaropa
MOXHO OCMBICAHTh Tak. OOo3naumm uyepesd 7 MHOXECTBO BCEX
" TPEYTOJBHUKOB, TpUYeM Mbl OGYIEM CUUTaTh, YTO BEPIUKHBI KaiK-
JOro TpeyroJeHuka oGosHaueHst OyxBamu A, B, C, a nporusoJe-
Kalipe BM CTOPOHB 00O3HauyeHbl COOTBETCTBEHHO OyKBaMu gq, b,
c¢. Torna M u N npeacrasasioT co0oit xeonpedesexHble 8oicka-
3ot8antisl, 3aIaHHBE€ HAa MHOxecTBe 7, T. € AJA9 BCAKOro 3ie-
MeHta A, B3dTOro B MHOMECTBE 7 (MHBIMH CJAOBaMH, AJS BCAKOTO
TpeyroapHuka ABC), M u N MOryT BHIMOJHATLCA UK HE BHINO-
HATbCH:

my={sc=7}.
N(A)= {c®—a? + b2).
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Teopema Ilucparopa B8 ee HauGosee noaHo#l GOPMYIUPOBKE raa-
CUT: :

(YAY(M (D)~ N(A)),

1. e. aas ao6oro TpeyrosasHuka A, pas koroporo uctuHHo M (A),
uctaddo u N (A). .

B kayecTBe BTOPOro mnpuMepa paccMOTPUM TEOPEMY: AMAro-
pajau pomba B3auMHO neprneHauky. spHsl. IlonpoOyem BeLACAHTDH
YCJAOBUE M 33KJIOYEHHE TEOPEMBL. Y C/I0BHE 31€Ch: YETHIPEXYTOJb-
nuk ABCD ectb pom06. 3ak/ioueHue: ero AHaroHaayu B3aHMHO
nepneHaukyaspHet. [1as yno6crsa 0003HaunM TOT YETBIPEXYIOJb-
HUK, O KOTOpPOM HAET peub, yepes Q. Torma ycaorue u 3akio-
yeHHe TeOPEeMbl MOXHO OyZeT BBIPA3WTb CJASAYIOMUM 00pasoM:

Ycnosne: :

A (Q) = {uerppexyroabuuk Q — pou,
T. e. AB=BC=CD=DA]}.
3axoyenne:

B (Q)= {anaronanu uyersipexyroiasHuka Q
B3aUMHO meprenauxysipusl, 1. e. AC | BD},

Cama Teopema MOXET OBITh BhIpA:KE€HA 3aMuChio:
VQA(Q > B(Q)

T. e. Ans moboro uyersipexyroapHuka Q u3z A caeayer B.
WupiMa cioBamn, ecan aad Q uctuHHO BrickassiBaHne A(Q), 10
UCTHHHO # BbiCKasbibaHne B (Q). Pasymeercs, ne Bcerga BrICKa-
spiBaHue A (Q) MCTHHHO —He BCAKMH YETHIPEXYroAbHUK Q aBJs-
erca pomGoM. Ho ecam A(Q) wucruuHo, ecanm u3BECTHO, AAHO
uTo Q —poMb, TO HCTUHHO U BhicKashisanne B (Q).

Hepeako, oxuaxo, sanncy (VA), (VQ) u 1. a1 nepex ¢op-
MY/JIPOBKOH TEOPEMbI OMYyCKAOT M 3aNUCHIBAIOT TEOPEMY HPOCTO
B Buie A — 5.

Mrak, nyctb crpasennBa TeOpeMa, B KOTOPOH ycroBueM
aBaseTcd BhICKasbBaHue ) A, a sakaouenuem B. D1y TEopemy:

ecau umeem mecmo (M. e. UCHUHHO) BbicKa3blBaHLE A,
mo cnpagedaugo (ucmunno) u 8uickalviganue B,

KpaTKO BHPaXalT B Buie <«ecau A, to B» nam Opocro
nauyT A — B nau, B 6oaee nouHo# sanncy, (V.x) (A (x) — B (x)).

1) B panpHefilneM Mbl HHOTJIa BMECTO «HEOI pejesieHHOe BBHICKA3biBaHUe»
GyleM TOBODHTb IIPOCTO <«BBICKa3blBaHues, a BMmecto A (x), B (x) OynaeM
npocro nucath 4, B.
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Ho cywecrByioT u Apyrae 4acTo HCHO/AL3YEMEIE CHOCOBH
Bhpaxenus 3To#t TeopeMel. WmenHo, Teopemy ‘A — B npundaro
TdKKE BEIP2KaTh JOO0R H3 CACAYOUIUX [ABYX (POPMYAHPOBOK:

A’ asaserca docmamounsim Ycaodiem pas B,
B spaserca HeoOxolumsin ycaosues nis A.

B ynorpe6/enun 31X CJI0B «HeOOXOAMMOE YCAOBHE», <IOCTa-
TOYHOE YCJAOBHE» Ha NPHEMHBIX dK3aMEHaXx B BY3aX NpUXOAUTCH
CABILIATE OrPOMHOE UYHCAO OIHGOK.

Ilpusesem Tounnie onpenesenus. Ilycts A ——nexoropoe
(HeonpexneneHHOE) BHICKa3bIBaHME.

Bcakoe BbickasbiBaHue, U3 KOTOpPOro A caedyer, HasblBaeTcs
docmamounba yeaosuen pian A. Besxoe BhicKasbiBaHue, KOTO-
poe BoiTekaeT u3 A, HadwBaeTcs Heobxodumsli ycaosues nias A.

Huuero apyroro B.3THX TepMuHaX <HEOOGXOAMMOE YCIOBUEY,
«IOCTATOYHOE YCJOBHE» HET; HI B KAaKOM [IPYroM CMBIC/IE OHH
He ynorpebumitorcs. Ppaza «A ABAfETCA MOCTATOYHBIM YCAOBHEM
4a9 B» MOXET TaKiKe HECKOJbKO BHIOU3MEHATHCH, HaNpuMep:
st CIIpaBeAaMBOCTH BBICKa3biBaHHs B 10CTaTO4HO, YTOOB HUMEJO -
mecto A. Cmplca npu 3ToM ocraercs Tem xe: u3 A caexyer B.

Hrak, ecan cupasesansa Teopema A — B, TO MBl MOXEM CKa-
3ath, UT0 A saBAMErCs [LOCTATOUHBIM yc/aoBueM mis B (Beap u3
A caenpyer B). TouHo Tax ke Mbl MOXKEM CKasaTb, 4T0 B ABAAETCH
HeoGxomuMuiM  yeaosueM i A (nmockoabky B crepyer us A).

Haxonen, samernm, 4yT0 C10Ba «He0OXOANMOE YCJIOBUE» YACTO
3AMEHSIIOTCA CJOBAMH «TOJABKO B TOM CJAy4ae», <TOJAbKO TOraa»,
«Tpebyercar.

Taxkum obpasom, Teopemy A — B MOXHO BLIDa3uTh HE TOJLKO
caoBamu

B ssamemcs weobxodumum ycaosuesn 048 A,

HO TaKkxke ciegymoiiuMm oOpasom:
A modicem uMemb MeCmO MOAbKO 8 MOM CAyHae,
eca cnpagedaugo B,
uau

A soocem sinosHImMbC Mmoasko mozda, Kozda umeem
Mecmo B, :
nin
047 BainoaHenus A mpebyemcs cnpagedaugocms ycio-
sus B.
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Hpumep 9. PaccMoTpum BrICKa3slBaHUS:

A(x)={uncno x nenurca Ha 4},
B (x)={nocnenusn unppa uucia x YeTHa}.

B stoM cayuae umeeT Mecto TeopeMma A — B. CiregosatenbHo,
B aBaseTcs HeOOXOAMUMHM ycaoBueM aas A, nin, 0ojiee Mogpo6HO:

0as1 desumocmu wucaa x Ha 4 HeoGxodumo, 4molst
e2o0 nocaeduns yugpa Gviaa HemHol.

Huave:

YACAO X TOJBKO B TOM CJAyuYae MOXET OEANUTHCA Ha 4,
€CJau €ro MnocCJ/aeaHsIsa unc})pa——qemaﬂ,

nian CuLe:

oaa fpenumocts wucsaa Ha 4 tpebyercd, urolH ero no-
cnenHds undpa Oblna yeTHOH.

Taxkum o6pasomM, HeoGxoauMOe ycaosne B npencrasaser cob6oi
T0 TpeGoBaHue, KOTOPOE HenpeMeHHo LOKHO GbITh BHINOIHEHO
s CNpaBelauBOCTH BhicKasbiBanus A. OpHako B He rapadtu-
pyeT ChpaBedanBOCTH BHICKa3BIBaHHUA A, He ABIsfETCS AOCTATOU-
HBIM aas A: Bedp W3 UETHOCTH noc/aeaHefl undps He BHITEKaeT,
YTO 4HCAO X HENpPEeMEHHO JeanTcd Ha 4.

Hanee, 1a xe Tteopema A -— B osuauaer, uro A genagercd
docmamounuM ycaosuem ins B, uian, 6ojee nojapolHO:

04 wemnocmu nocaedweil yugps wucaa x docma-
mourno, umobst oHO Oeaunocs Ha 4.

Takum oOpasoM, ZOCTaTOYHOE ycClOBHE A COZEPKHT B HaH-
HOM cayuyae GoJbiue TpeOGOBaHMH, YeM HYXHO AJd COpaBeLn-
BOCTH BHICKa3biBaHus B (Hanmpumep, unciao 26 He menurca na 4,
HO TEM HE MeHee ero MOoCHeRHAs Hutpa— YETHas).

Npumep 10. PaccmMoTpuM HeompeneieHHble BRICKA3KIBAHAA:

A(a, by= {kaxnoe u3 ueamx uucen a, b penurca Ha 3},
B(a, by={cymma a+ b meaurca na 3}
3ech uUMeeT MecTo 3akaoueHne A-> B, T. e. A ecTh 10-

cratoyHoe ycaosme A B, a B ecTb HeoGxoammoe ycaoBue
s A. MauMmu cnosamp,

AAf DENMMOCTH CyMMBl a-+b Ha 3 noCTaTOuHO,
yTOoOH KayxJ0e N3 cJAaraeMeix a, b aesunocs Ha 3;

AN TOro 4TOOB Kam/0e W3 CAAaraeMelX NeMuI0Ch Ha 3,
HeoO6X0auMO, yTOOB CyMMa feaunack Ha 3.
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3ameTuM B 3aK.joueH#e, uTo onyckars sanuch (Vx) B dopmy-
nnposke TteopeMnl (Vx)(A(x)— B(x)) MOKHO TOJBKO B TOM
cayuae, ecam O CMHICAE U BaKHOCTH 3TOH OMyUIEHHOR 3amucu
#e saboBaioT. B camom jese, paccMoTpuM Tako#ft npumep: dua-
20HaA NAPANNEN02PAMMA NEPHEHOUKYASPHol. Kaxaplil CKaXer,
yro 5Ta TeopeMa HeBepHa Ho uro 310 3Haunr? 3anuiueM
cpopmynupoBanHylo Teopemy B Buie A — B, AAf 4€ro paccmor-
puM CAEAYIOWME HEONPEeAL/eHHBIE BhICKa3bBaHus:

A (Q) = {uernpexyroasuuk Q -~ napannesorpamm},
B(Q)= {amaronann uerpipexyrojbHuka Q nepneHauKyIspHH}.

Toraa cdhopmyauposatuast «reopema» npuaumaer ug A(Q)— B(Q).
B gelicTBuresnbHOCTH € 3TO BOBCE €UIE HE TEOpeMa, a JHHib
HEOMpPeAENeHHOe BBICKa3hBaHHe (HHOrAa BEpPHOE, HHOIAa— HET).
Ecnu mbl noGaBuM 3HaK OOLWIHOCTH HJHM CYLLECTBOBZHHMSA, MH I10-
JAYUHM BBICKa3bIBAHHE, O KOTOPOM yxe MO¥HO Oyler TOBOpHTH,
BepHO OHO WM HeT. Tak, 100aB/ifst 3HaK CyLleCTBOBaHUS, NOJY-
YyaeM BhICKa3blBaHue

AYA Q> B(Q)

(T. e. CcylecTByeT NapaineforpaMM C NepleHAuKyAspHHMH Iua-
FOHaJngMK). B UCTAHHOCTH 3TOrO BHICKA3BIBaHMS HUKTO HE YCOM-
HATCA — TAKUMH flapasiesiorpaMMaMi sBasioTcss pomOel. OpHako
38HAK OOLIHOCTH [aeT BHICKA3LIBAHNE

(YA (Q— B(Q) (M

ABAAIONLEECST J1OX HH M. MMeHHO B 5TOM CMbIC/€ Mbl TOBOpUM
O HEBEPHOCTH TEopeMbl «IHArOHAJIU MapajijiesorpamMma nepneHin-
KyaspHsl». MHBIME caoBaMu, BCTpeuanoTCst (CYLLECTBYIOT) Mapal-
JIeJIOrpaMMbl ¢ NepreHIuKyaapusiMuy  auaronaismu. Ho cdopmy-
JRPOBAHHYI0 TEOPEMY HEABHO BCE BOCHADUHHMAOT B (opMme: qua-
roHaan 710 60ro mnapaaieiorpaMMa NEPIEHAUKYJApHH, T. €. B
tdopme (1). Dra TeopeMa AeHCIBATEIBHO HeHepHa.

Ewme npumep: cymma ropHell npusedeHno20 KB8aOpamHo20
YpasHerust pasHa c80000HOMY HAeHY. DTa TEOPEMA HEBEpHa.
Ho HesepHa He B TOM CMBIC/E, 4TO 3TOr0 HHUKOrAa He GhiBaer:
Hanpumep, B ypaBHennn x2—8x -+ 8=0 310 HMeHHO Tak. He-
BepHAa TeopeMa O TOM, YTO CyMMa KOpHe# /06020 NpuBefeHHO-
ro KBaIpaTHOrO YypaBHeHns paBHa cBoGoaHoMmy ugeny. Taxum
o6pazom, numem MH nan He maweM (V.x) neped GopMyrapos-
KOH TeepeMHl, He ciaepyer 3a0bBaTh, UYTO 3Ta 3amuch B Gopmy-
JHPOBKE NPHCYTCTBYET (MJH NOAPa3yMeBaeTCA).
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‘CkasaHHOe, pa3yMeercs, HE OTHOCHICS K TaK Ha3plBaEMbIM
meopemar Cyuecmsosanis, 1. €. TaKUM Teopemam, rie yTBep-
KIAETCS CyWecTBoBaHue dero-iu6o. IIpuMepoM MOXKET CAYHKHTH
YTBEPKACHUE: CYUeCMBYIOM K8A0pamHusie YPABHEHUS, He Uie-
ouue Oellcmeumensublx ropreli. DT0 BbICKAa3bIBaHKUE, KOHEUHO,
ucrunno. Ho B Hem BOBCe He yrBepiaaercs, uro moboe KBagpar-
HOE YpaBHEHUE He HMEET ACHCTBUTENbHHX KOpHEH; UHBIMH CJO-
BaMH, Ta TEOpEMa He HMEeT BuJa

(Vx) (A (x) > B (x))-

§ 6. OGpaTHast U NPOTHBONONOKHAS TEOPEMbI

Pasymeercs, He BCAKO€ BHICKa3hIBAHME, 3aMUCAHHOE B BIIE
A—> B (umm, Gonee noxpobuo, (Vx)(A(x)— B(x)), ssasercs
HCTHHHBIM, T. €. BBIDAXAeT BEPHY IO TEOpeMy.

ITycrb A u B—HekoTophie nBa (HEONpPENEeHHBIX) BHICKA3H-
Baund. Teopemnl A— B u B—> A HasuBaOTCT 00pAmHbLMI APYT
npyry. HMueimm caosamu, uto0H u3 Teopemnt A — B noayuuib
0o0paTHy10, HYXHO TNOMEHSTb MECTaMH YCJIOBHE U 3aKJIOUeHHe
TEOpEMBL (T. €. TO, YTO <IAHO», U TO, UTO «TPedYeTcs A0Ka3aTby).
Pasymeercq, u3 ABYX B3auMuo oOparHbX TeopeM A — B, B— A
Ka¥as MOXET OKa3aTbCsl BEPHOH MM HeBepHOM.

Hepenxko oany u3 teopem A— B, B-> A, ckaweM Teopemy
A — B, HasbBaw0T <IpAMO# Teopemoity, a Teopemy B — A — «06-
paTtHOH». B 5TOH TepMHHOJIOrEM HET HHYETO NPEIOCYAUTENLHOTO,
OJHAKO CJELYeT sCHO NOHAMAThb, YTO N0 06 as U3 ABYX TEOPEM
A—> B, B— A Mvoxer ObTb TpUHATA 3a <OPAMYIO», U TOria
Jgpyras Oyzer ofparnoli K He .

ITpmmep 11. Paccmorpmm c/legyionlne HEONpPEAEACHHbIE
BBICKa3bIBaHNA:

A (Q)= {uernipexyroasHunk Q— poms},

B(Q)= {anaronamn yerbipexyroasHuka Q B3aUMHO NEPREHAHKY-
TSPHBI}.

Teopema (VQ) (A(Q)— B(Q)) nmeer caenyoumuil BAm

ecau wemeipexyzoasrur Q s8AsEMCA PosbOM, MO
€20 0UA20HAA B3QUMHO NEPHEHOUKYASIPHYL.

Ara Teopema Bepua. OOpatHas we Teopema (VQ) (B (Q)— A (Q)):

ecau 0uQzoHaAn 4emspexyz0abHuka Q 83aUMHO nep-
NeHOUKYASPHEL, MO OH ABASEHICA POMOOM,

HeBepHa.
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Mpamep 12. Paccmorpum c.uénylomue HeomnpeaeAeHHbIe
BLICKASHIBAHUS: * .

A (@)= {narypanpHoe uucio ¢ >9 genurcs Ha 4},

B (a)== {1By3HayHOE WYUCIO, BHIPAKEHHOE MOCAELHAMH JBYMS
uuppaMy yucaa @, xeautcs Ha 4}

Teopema (Va) (A (a)— B(a)) uMeer caeaymwomyio (pOPMYIPOBKY:

ecau HarypadbHOe yucao a>>9 nmemurcs Ha 4, TO ABY-
3HayHOE UMCJIO, BHIpAXeHHOe NOCACAHHMEH ABYMs uudpamu
yncaa a, Takxke HAenuTcs Ha 4.

Ona, ouesmano, sepna. OBparuas teopeMa (Va) (B (a)— A(a))
B 3TOM clyuae TaKKe CIpaBeiiHBa:

ecny ABY3HayHOE YUCAO, BHIPAKEHHOE MOCAEAHUMH ABY-
M uucppamn uncaa @ > 9, xeantca Ha 4, TO ¥ caMO 4HCIO
a peantcs Ha 4.

Takum o0pasom, WHOrZa u3 [IBYX B3aMMHO OOpaTHLIX TEopeM
CrpaBefjnBa TOMbKO OIHa (Kak B npumepe 11), nHoraa xe, Kak
B npumepe 12,—o6e. (ITpuenure caMu npumep, WMOCTPHPYIO-
IpHA TOT HewHTepeCHMH cayya#h, korma o 6e B3anMHO OOpaTHhE
Teopembl HesepHhl.) Ecau cnpasemmsel 06e Teopemsl A —» B,
B— A (1. e. u «npsmas» u «oOparHafg»), TO 3TOT (aKT BhIpa-
WAOT COKpauleHHOH 3anucbilo A2 B man ke sanuceio A <> B.
Mp1 Gynem nosib30BaThCs nociaenHell sanucslo.

Wrak, nycrs BHICKa3bBaHud A ¥ B TakoBH, YTO M3 KaXIOro
u3 HuX BhITeKaer apyroe: A <> B. B atom caydae rosopsar, urQ
Kaxaoe u3 BbicKasbiBauufi A, B aBjaderca Heobxodumvim u do-
cmamouHs M ycaoguem [is - apyroro. CyllecTBYIOT U Apyrue
TepMuHbl. BoT HauGosee ynortpedurenbHble (GOpMYJHPOBKU:

1) mas cnpaBeaaunBoctH A Heo06X0auMO M JOCTaTOYHO, YTOOH!
umeno Mecro B;

2) A umMeer MeCcTO B TOM # TOJBKO B TOM CJlyuae, ecid
BHITIOJIHAETCA B3

3) A cnpaBenanBO Torda M TOJABKO TOrJa, KOrAa cnpasen-
auso B. .

Bce aTm ¢opMyanpoBKH BBHIPAXAWT OXHH W TOT ke (aKT
A<> B, u B KaxI0#l U3 HUX BhICKaspiBauusg A u B MOXHO NoMe-
uATb Mectamu. Muwmimu -ciaoBamu, ecau A ectb Heo6xoaumoe u
IOCTaTOUHOE YycnoBue aas B, 10 u B ecrb HeoOxoaumoe u
© AOCTaTOYHOE ycaoBde aaa A.

ITpumepsl HEOGXOAMMBIX ¥ [JOCTAaTOYHBIX YCAOBHH MBI, 110 Cy-
uiecTBy, yxe uMenu Bhie. Hanpumep: :
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o geauMocT uucna a>>9 ua 4 Heo6xoaumo M Ho-
CTaTOUHO, YTOOH ZENAU/IOCh Ha 4 ABY3HAYHOE YKCJO, BbIpa-
EHHOE [OCAEIHUMH IBYMs uudpamu 4yucaa a.

3aMeTHM, uTO TEPMHH <«YyCJAOBHE» YacTO B3aMEHsiOT CJIOBOM
«npusHaKs». Tak, BMECTO TOro 4roOHl CKa3aTb <«JIOCTATOYHOE YC-
JIOBHE», MHOTAa TOBOPAT «IOCTaTOYHBIM TNpusHak» u T. 1. Ilpn
3TOM HEPEXKO BMECTO CJIOB <HEOGXOZMMBbIH NMpPH3HAK>, <XOCTa-
TOYHBI NpU3HAK», <HEOOXOAUMBIH ¥ NOCTAaTOYHBIH NpPUSHAK» ro-
BOPAT NPOCTO <NIPH3HAK», NOAPAsyMeBast, YTO JAOJKHO OHThb ICHO,
KAaKoH HMeHHO TIpW3HaK uMeercs B Buay. Tak, chopmynanposau-
HOE BHILIE YTBEPWAEHUE HA3bIBAETCHA [PUIHAKOM AEJHMOCTH Ha 4
(3TOT NpH3HaK SBASETCH, TAKUM OOGpPa3OM, HEOOXOAMMBIM H HOCTa-
TOYHBIM YCJIOBHEM).

[MpusHaku paBeHCTBA TPEYTOJNbHUKOB—3TO TOXE NPH3HAKH
B 9TOM CMBICJIE, TIDHUEM 3TH NPHUBHAKY TaKXKe ABAMOTCS HeoOXo-
OUMBIMH B jqocTaTounbiMu. Hampumep, BOsbMeM TpeTud 1pH3HaK.
To, uro A/ paBeHCTBAa OBYX TPEYroJLHAKOB HE OB XOLUMO
paBEHCTBO COOTBETCTBEHHLIX CTOPOH, SICHO U3 CaMOro omnpezeJe-
HUA TIOHATHS pPaBEHCTBAa TPEYroabHUKOB. [LOCTAaTOUYHOCTH
3TOTO VCAOBHS KaK pPa3 M [JOKAa3hlBaeTCsl B DPacCMaTpUBaeMoi
teopeme. MubiMU c10BaMy, TpeTUH MPHU3HAK MOKA3HIBAETCS B INKOJE
KaK JOCTaTOYHOE YCJOBHE DABEHCTBA TPEYTOJbHHKOB, HO He0O-
XOANMOCTb 3TOFO YCJIOBHA Takke oueBuaHa. Hrak, rperu#i mpu-
3HAK eCTb HeoBX0AUMOE B JOCTAaTOUYHOE YCJIOBHE PaBEHCTBA
TPEYroJIbHUKOB. '

Eciu B Hekoropo#l teopeme A — B 3aMeHHTb K YC/IOBHE
M 3aKJIOueHHe MX OTPHUAHUAMH, TO [MOJYYUTCA HOBas TEOpeMa
T A— "B, KOTOpas HasbiBaeICs NMPOTUBOTNOJNOMHOM -K uC-
XOAHOM.

[Tpumep 13. PaccmoTpum ciaenywuine BHICKasbiBaHUA:

A = {MHOroyro/bHuk Q SIBISETCA UETHIPEXYTOMBHUKOM},
B={cymma BHYTpEHHUX yrJOB MHOroyrosbHuka Q pasHa 2 w}.
Teopema A — B swurasaur ciegymomwum o6pasoM: ecai MHO20-
yeoasHur Q ABAREMCT HEMBPEXY20AbHUKOM, MO CYMMQA €20
8Hympennux Y2408 pasna 2w. IIpoTUBONOJOMHAs TeopeMa
T A—> " B: ecan mrozoyzoasHux Q He s8asemcs wemsipex-
Y204BHUKOM, MO CYMMA €20 BHYMPEHHUX Y2408 He pasHa 2 .
3zecy 06e TeopeMbl («IPAMAA> U IPOTHBONONOKHASA) CHIPABEIIHBEL

Mpumep 14,
A == {Q— verripexyroabuuk},
B = {cymmMa BHEWIHNX yr/OB MHOroyronbHAKa Q pasHa 2=}
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Teopema A —> B NMEET BRI ecAU MHO20Y20A5HUK Q s8Asemes
YeMbIpEeXY20N6HIKOM, MO CYMMA €20 BHEWHUX Y2408 PasHa
2 =, [TporusBononoxuas teopeMa A — 7| B: ecau MHO20Y2046-
Hur Q He SBASEMCST HEMbIPeXY2ONR6KUKOM, MO CYMMA €20
BHEWHUX Y2408 He pasHa 2w 31ech «npsMas» TE€OPEMa BEpHa,
a MPOTHBOMOJAONKHAST — HET,

Mpsr BumuM, yTo B Ccayyae MCTHHHOH TeopeMit A — B mporu-
BOMOJIOXKHaa TeopeMa | A— "] B Moxer OHIb KaK HCTHHHOH,
TaK ¥ JOXHOH. 3aMeuarenbHHM SBJAsSeTCs TOT (AKT, yTo meopema
1B — 14, npomugonososcHas 00pamuol, UCHMUHHA & MOM
I MOABKO. 8 MOM CAYLQe, ECAN UCHMUHHQ <NPAMASLY Meopema
A-— B. 10T (aKT CAyXKWUT OCHOBOH TaK HasHBAEMOro METOAA
JOKa3aTeJIsCTBA  «OT TNPOTUBHOrO»: BMECTO HYXHOH TeopeMsl
A — B nokasmgawr teopemy 15— 14, NpPOTHBONOJIOKHYIO
o0paTHOH.

Meroa nOKasaTeNbCTBA OT TPOTMBHOrO OOBIMHO TNPAMEHSIOT
B coexymouel GopMme: 1us JoKasaTenscrea TeopeMs A — B npel-
[OJAraloT WCTHHHBIM BbICKa3hBaHHE |3 W MBITAIOTCA BBHIBECTH
OTCIOa CNPaBeANUBOCTHL BhIcKasniBanus | A. Ecau 310 ynaercs
(r. e. ecam poKasaHa Teopema 7|5 — 7] A, NpOTUBONOAOKHAs
o6parHoit), T0 ucxoanas reopeMa A — B Taxxe cunTaercs JoKa-
sanHo#, [lpumeps! HOKa3aTeapcTBa OT RPOTHBHOrO B OOABIIOM
UpC/IC MMEIOTCH B LIKOJBHBIX y4eOHHKaX TeOoMeTpHuu.

§ 7. Konnronxuua ¥ AH3BIOHKIASA -

Mpl 1103HAKOMUMCS 37€Ch € [ABYMS ONCPAUMsIMA Hal BHICKa3bl-
BAHUAMM, KOTOpHE H3 [ABYX KaKuX-a1u0O BLICKA3HBaHUH 1103BO-
JAI0T TIOJNYYNTh HOBHE BHCKaswiBauus. Ileppag ms »3Tux IBYX
onepauntt 0603HaYaeTCA 3HAKOM \/ N Ha3blBaeTCa Ou3slOHKyueld
(MHOTIa €€ Ha3BIBAIOT «ONEpaLued wau»).

3amuce A \/ B 03HayaeT: uMeeT MeCTo XOTs 6bl OQHO U3 BhI-
ckasmBaunil A, B. BrickasmBanve A \/ B HasbiBaoT I3 BIOHKIMEH
BoickasmBann#t A, B. Wuorma sanuce A\/B uaTaor TaK:
<A nmn B».

Ecan A nctuHHO, TO ¥ BhcKaswiBanne A \/ B ucruuno (senp,
B CaMmoM JeJe, MMEET MeCTO XOTs Obl OJHO 13 BHCKasbiBaHuH
A, B — umenno BrickasmiBaHue A). TouyHo Tax xke, €CAM HCTHHHO
B, 10 UCTUHHO # BhicKaswiBaHue A \/ B. Ecas uctusus 06a Bh-
cxazeiBanns A, B, 10 A \/ B takxe sBisercs UCTHHHBIM (deHicTpu-
TeJNbHO, XOoTa OBl ONHO W3 BoIcKaskiBanuit A, B HCTHHHO — OHY
_ uncrunubnl paxe o6a). Haxowen, ecam o6a BricKaskiBanua A, B
JOKHEL, TO JIOKHO W BBICKasmpanue A \/ B.
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Wrak, BeickaswBanne A \/ B J0%HO TOJBKO B TOM CJyuae,
ecav JnoXHBT 006a BbickassiBaHua A, B. 3ameru, uTo onepauns
\/ He BIOJHE TOYHO ONHUCHIBACTCH CBASKOH «ujm», ynotpebJsio-
mekics B ob6muHOfl peun. B oObluHON peum CBfASKa «Wan» wHaume
BCErO HUMEET pa3ge/uTe/bHbIH OTTEHOK, T. e. ymorpebasercs
B CMBICTE <60 — 00>, BoabmeM, Hanpumep, pasy: «§ yesxaro,
HO 33 DYKONHCBIO 3aliIeT MO eHa MM CBIH». 34eCh CKOpee
BCErO MMEeTcsi B Bumy, uro 3satiaer nnbo xena, auboO CHIH, BO3-
MOXHOCTb, UTO OHH 3afiayT o0a BMecre, He NpEeLyCMaTpUBAETCH.
Tak obcrout neno B oObiuHOH peun. B maremaruueckoit smoruke,
HANpOTHR, orepanns \/ He MMEeT pPasAeaNTENbHOrO CMbICHE, T. €.
A\ B osuavaer, uro anGo umeer Mecto A (no He B), aubo
umeer mecro B (Ho e A), mmbo ke (4 B 3TOM OTJIHUKE) HMEIT
mecto A u B .BMecre. B yctHo#t peun onepaumio \/ syuine HashH-
Barb JHU3bLIOHKLNEH, HO MOXHO.TaKXe TOBODHTb <«HIH», IIOMHS,
O/HAKO, YTO 3TO JOTAYECKOE <«UAW» HE HMEET pa3AcAuTe]bHOTO
CMBICA.

IIpumep 15. PaccmorpuMm caeaytomue HeonpeneaeHHhe
BBICKA3LIBAHNA, ~ 3aJaHHEIE Ha MHOKecrBe N BCEX HATYPAalbHBIX
uucen:

A (x)=={x — cocraBHOe ymCJI0},
B (x)=={x — HeueTHOe 4HCIO}.

'C nOMOUIIO ANZBIOHKUEE MBI T0JyYaeM HEONPEAEJEHHOE BhICKa-
anBanne A (x) \/ B(x). Ecin a—uerupe uncio, Oosbluee ABYX,
10 BhicKasbiBanne A(a) \/ B(a) uctunHo (OCKO/IBKY @ — COCTaB-
HOE 4HCa0 u, 3Hauut, A (@) WCTUHHO); eCJad q— HEUeTHOE YuCio,
. To BhickasbiBaune A(a) \/ B (a) taxxe ucrtuuno. Haxonen, Buicka-
seiaHue A (2) \/ B(2) nowuo (2 He sBASETCS HUM COCTaBHBIM,
HE HeueTHBIM unciaom). Mrak, Brickassisanne A (x) \/ B(x) ucruHHo
IpU X =2 H JIOKHO NPH X =2, T. €. OHO DPAaBHOCHJbLHO BHICKa-
3BIBAHUIO:

C(x)={x = 2}.

IMpumep 16. Byaem paccMaTpuBaTh BCEBOIMOXK HBIE UETHIPEX-
yroapHuk# Q, mpuueM OYAEM CUHTarhb, YTO B KaX/JIOM YETHIPEX-
YroJbHUKe BeplnHbl 0003HaUeHB NOCAeJOBaTeNbHO OykBamu
A, B, C, D. Ha muoxectBe Bcex oGO3HAUEHHHIX TakuM oOpasoM
YETHIPEXYTOJIbHUKOB PACCMOTPUM CJIEIYIONINE [BA HEOIPEAEJIEHHBIX
BbICKa3BIBAHUA:

MQ)=1{4B || CD},
N(Q={AD | BC}.
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Torma soickaseisanue M (Q) \/ N(Q) osuauaer, uro xot1d 6n
O Ha napa NPOTHBONOIOXKHHX CTODOH MNapa/iiedbHa, T. € 3TO
BRICKA3KIBAHWE DABHOCHBHO CAEAYIOUIEMY: ‘

P (Q) = {uermpexyronsnuk Q — Tpaneuus}.

OrmernM, YTO RNOCKOABKY cBa3Ka «man»> (1. e. \/) He mmeer
B MaTeMaTWyecKo#l JIOrUKe pa3fenHTENbHOTO CMBIC/Ad, TO BBICKA-
smBanue M (Q) \/ N(Q) cuuraercs HCTHHHBIM ¥ B TOM CJy4ae,
ecan ucTUHHH 0 6 a Buickasuisanus M (Q), N (Q). Munmu crosamy,
RapaleorpaMM paccMaTpHBAETCA Kak 4YacTHhIH Cayuall Tpanewun.

[Tpumep 17. Paccmorpum caelymoiiee XOpOUIO H3BECTHOE
yIBEPXKAEHUE: ec/u npousseleHne ab paBHO HyJMoO, TO XoTa GOH
OONH U3 coMHOXmTeNe# a, b pasen Hymo. UroOw sanucath 3Ty
TEOPEMY JOTHYECKHMEA 3HaKaMu, PACCMOTPHUM CAEAYIOUIHE HEONpE-
JeNEHHbE BBICKA3HIBAHIS:

M(a)={a=0},
N(a, by={ab=0}.
Torga chopmynupoBaHHas TeopemMa MO:KET OHTh BHpakeHa cJe-
aytouinM o6pasom:
(Va, b)y(N(a, b)—> M(a) \| M(b)).

Mnaue rosops, 4as moOpX yucea a ¥ b U3 TOro, YTO HCTHHHO
srickassisanue N (a, b) (r. e. ab==0), BHTeKaeT, YTO CNPaBeLIHBO
xora Gl 0AHO u3 IBYX BhickasmBanuft M (a), M(b) (1. e. obpa-
uiaercs B HyJbp Xors Ol OgHO W3 yucen a, b).

PaccmoTpuM Tenepb €€ OAHY ONEPauMi0 Hal BHICKA3hiBa-~
HHsME, 0003HAaYaEMYI0 3HAKOM [\ B HashIBAEMYI KOHBIOHKHUEH
(unv, wunaue, <«onepaumed u»). 3anucs A A B (cnoBaMp uuTaloT:
«A n B») 03HayaeT, 4T0 OZHOBDEMEHHO uMEOT Mecto 1 A
u B. BoickagnBanmne A /\ B ucrnHHO, ecau ncTuHubl 06a BhHICKa-
3mBanns A, B, B JOXHO BO BCEX OCTa/JbHBIX CJYUasix.

Mpumep 18. Paccmorpum cHOBa HeomnpejesieHHBE BHICKa-
smBaang M (Q) v N(Q), yxasanusie B npumepe 16. Toruma sw-
ckaspiBanue M(Q) A\ N(Q) osHauaer, 4TO NPOTUBONOIONKHLIE
CTOPOHH HETHPEXYTOJbHUKa ( NONapHO MapasielbHHl, T. €. 370
BBICKA3bIBAHHE PABHOCH/IBHO CJELYIOULEMY:

L (Q)= {uernpexyronpuuk Q — napaanenorpamm}.

lpumep 19. PaccMOTpuM Cclenyiouie HEONPeASACHHHE
BHICK23biBaHHd O NPAMBIX JWHHAX B TPOCTPAHCTBE:

A(Z, m)== {npaMbie auHuR /, m JAekKaT B OIHOH nI0CKOCTRY,
B(l, m)={npamne [, m nyeor obwyw TOUKy}.
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Torna seickasmsanue A (4, m) A\ (] B(l, m)) o3nadder, 4ro nps-
MBe /, m JexaT B ONHOH IVIOCKOCTH M HE HMET OOUIMX TOUeK,
f. € 5TO BBICKA3bIBAHHE DABHOCHJBbHO CHEAYIOLIEMY:

C{, my={{|m}.

Uapmn caoamu, A A (7 B) ectb onpeneneHne napaiieNbHOCTH
npAMBIX B npocTpaHcise ).

Mpumep 20. Paccmorpum  caepymoiniue HeoNpeneseHHHE
- BHICKA3bIBAHNSI O MNpSMBIX JHHUSNX B MPOCTPAHCTBE:

C m={l|m},
D, my={npampie ! u m coenagaot}.

Torma sanuch
€U mACm m)y—~(C(¢ my\ D m)

BRIDAXAET CJGAYIOULYIO Teopemy: 08e npamse !, m, waxcdas u3
KOMOPBLX NAPAAICAbHA mpemsell npsimoll n, o napaiiessbHsl
Mexcdy coboli, aubo cosnadanm. Jra PopMyINPOBKA ABASETCS
Gosee ueTKOH, ueM T3, KOTO-

Py OOBIYHO MPUXOAKTCA CJBI- ¢
WaTh: iB€ NpsAMble, napaielib-
HbIe TpEeTbeH, TMapaNenbHsl

Mexay cobott. B camom nene, L L M m
ecan 0603HauuTL Yepe3 n -
ocHoBanue AB TpeyroabHuka

A B

ABC, uvepe3 L u M— cepenu-
HBl - ero OOKOBHIX CTOPOH, .
a uepes / 1 m—mnpaMble, Ta- Puc. 2.

paJiesibHBiE A U NPOXO/AsILKE

COOTBETCTBEHHO uepe3 Touku L u M (puc. 2), o mbi uneem /|,
m|n, 1. e. [ 1 m—pBe mnpsMmele, napajjesbHsie Tpersei. Ho,
KaK usBecTHO, !/ m m cosnadajpom (T. €. He ABAAIOTCA napaJ-
JENbHBIMA COTJIACHO TIPHHATOMY B LIKOJE Orpeae/neHHio).

§ 8. Hekoropnie npuems! mokasaTenbcTBa

My ywe oCTaHaBIHBaJANCh BBILE HA HEKOTOPHIX [pasuaax
paccyxieHus, 4acTO HCHOAbIYIONHNXCA KaK MPHEMBl AOKa3arelb-
CTBa Tex ®JH HHHX TeopeM. Tak Ha crp. 30 MBI OTMeuaau

1) Mm 3gech npuaepxHBaeMcA NPHHATOrO cefiyac B LIKOJE olpesee-
HHSl MapanjenbHOCTH, COMJIaCHO KOTOPOMY JBe COBNAJAloiHe NpAMble He
CUHTAIOTCH MapajiesbHBIMH.
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METOJM JA0Ka3aTeqabCTBa OT NPOTUBHOTO, 3aK/Moudioulnfica B paBHO-
CHJBHOCTH TEOpEM

(Vx)(AE)~>B(x) a (VX)((1Bx)— (1A

Ha c1p. 21 mp wmesn JIpyrue YTBEPKAEHNS O PaBHOCH/ILHOCTH
(3KBHUBAIEHTHOCTH) BHICKA3LIBAHMMA:

T({(Vx) A(x)) pasrocuasuo (Ax) (] A (X))
T((Fx) A(x)) passocnasuo (Vx) (7 A (x)).

Bot eiue Bawube npUMEPh SKBHBAJIEHTHOCTEH:

KakoBsl 6w Hu Oniin HEonpejgeseHHule BuicKasniBanusg M (x)
n N{(x), 3azaHHble Ha HEKOTOPOM MHOMKECTBE, HEONPEALJCHHhLIE
RBICKA3BIBaHAS

TMEVNE) o QM) A O N@) (2)
3KkBRBaJEHTHR. TOUHO TaK € SKBHBANCHTHH BHICKa3HBAHHA
M) ANE) w (OMx) V1N (%) 3

Hpuwmep 21. Ilycts M u N BMEIOT TOT Xe CMBICI, YTO H
B npumepe 16. Torma suickasmsanne M(Q) \/ N(Q) osnauaer,
uyro Q—rtpaneuns, a noromy BeickassiBaHue (M (Q) Y N(Q))
osHayaer, uto Q-—He tpaneuwus. Ho uro oznauaer «Q-—He Tpa-
neuwsi»? 3JTO 03HaudeT, YTO HA OZHO us BhicKaswiBanui M{Q),
N(Q) mecra He nmeer, T. €. CIPABENNUBB O 0 & BHICKA3HBAHUA
IM(Q) u TN(Q) 3nauur, CHOPaBEAAUBO U BHICKA3KIBAHHUE
M) A (IN(Q)). Takum o6pasoM, BHICKA3bIBAHUS

TMEQVN@Q) o (TM@Q) A CINQ)

03HaualoT ONHO M TO xe. DTO W JAeT WHIEPNpPEeTauuil0 SKBABA-
JNEHTHOCTH BHICKa3bBaun# (2). AHAJOTHYHO MOXHO NOJAYUNTDH
nHTepnperanuio aaa (3).

B sax/aioucHne yxaxeM OIMH MpueM [0Ka3aTedabCTRa3, YaCTO
oKasmwBalowpiica nosesubM. Mul cpopMmyanpyem ero B Buae cae-
Aywolefi TeOpeMBbL.

Teopewma. [Iyems Ay(x), Ay(x),..., A,(x) u Bj(x)
By (%), ..., Bp(x)—neonpedesernsie suicxa3sisaris, 3adaunnse
Ha Hekomopom mHodcecmge M u obaadauue caedyouumu
mpess csoficmeamu:

a) sce2da (m. e. 0an 4106020 saemenma x muoxcecmsa M)
umeem Mecmo xoms Ov 00HO u3 Buickaszsisannli A;(x)
Ag(x) ..., An(x)

6) cnpasedauss meopemer Ay{(xX)— B1(x), Ay(x)— By (x),...
vony Ap(x)— B, (x),
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B) sucicasvianun By(x) By(x), ..., B, (x) 83aumno ucirw-
yapm o0pye Opyza, m. e. (048 HpOU3BONLHO 839M020 3Ae-
MEHMa X) ecat O0HO U3 HUX UCHUHHO, MO 8C€ OCMAAbHbIE
0053ameAbHO AONCHYL.

To20a ece obpamnbe meopemo. By (x)—> A1 (x), By(x)—>
o> Ap(X), ...y Bp{x)—> A,(x) maroce cnpasedause.

B camoM mene, nycth BhicKasbiBaHue By (X) ucruHHO. BhIcKa-
snBaHue A, (X) npm 3TOM He MoxeT OBTh HCTHHHBIM, TaK KaK
pyHaue B cuay 6) Opi0 OBl CTHHHBIM B B, (x), a 310 B cuay
B) HEBO3MOXHO. Tak e MNOKa3hBaeTCd, UYTO HE MOryT OHTb
ACTHHHBIMH BbICKa3biBaHud  Ag(x), ..., A,(x). Ho ecan Bce
BBHICKA3bIBaHHA Ay (X), ..., A,(X) JOXKHB, TO B CHIAY a) HOMKHO
OhTH UCTUHHBIM BhICKasmBanue J4;(x). Wrak, ecaw wucrunzo
By(x), 1o wmcrurHo # A;(x), T. e. uMeeT MecTo Teopema
By (x)— A{(x). Tak xe NOKa3HBaeTCs U CIIPABEAAHUBOCTb TEO-
peM By (x)— Ay (x), ..., By(x)—> A,(x).

3ayeTum enle, UTO INPH YKa3aHHbLIX B TEOPEME YCJOBHAX
BCerjga mMMeeT MecTo Xors Ob OHHO H3 BbICKasmBaHmid Bj (X)),
By (%), ..., B,(x), a mbickasmBanug A;(x), Ay(x)..., 4,(x)
B3aUMHO HCKJIO4AIOT APYr Apyra.

IMpuBegem nBa npumepa INpHMEHEHUs 3TOH TeopeMbl.

IHNpumep 22. PaccmorpuM cJeAylouine HeolpeseleHHbe
BBICKa3biBaHUA (3aaHHble HA MHOieCTBE / BCEX TPEyro/bHUKOB):

yron A—ocrpmit},

A=

A, = {yron A—npanoi},
Ag=={yron A—rynoti},
By={a®*<<bh®+c?,
By={a®*=0b%+c?},
By={a®> b + 2.

Jlerko mposepuTb, 4TO yca0BHA a), 6), B), YKa3aHHEE B NpH-
BEJIEHHOH BhILIE TeopeMe, BHINOAHAIOTCA. ClAeA0BATeNbHO, KpOME
teopem Ay — By, A, B, Ay~ By cupasenausn  o6paTHble
TeopeMbl By — A}, By — A, Bg — Az Hanpumep, nepsas us
HUX [JacHT:

ecal Keadpam HEKOmOpoil CHMOPOHEL MPEY20NbHUKQ
MeHbUle CYMMBL KBaOpamos 08YX Opy2ux CmopoH, mo
Yyaoa, JAexcauiutl npomus 3noi cMopors, — OCmpsLil.

ITpumep 23. Paccmorpum KBagpaTHoe ypaBHeHue
ax®-bx-+t+c=0, a0, “
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¢ HeHCTBHTENBHBIMH KO2(uumentaMmn n obosHauum uepes D ero
nuckpumuHanT: D =b%—4qac. PaccmorpuM, panee, cienywouiue
Heomnpege/NeHHbIE BBICKASHIBAHHA (3afaHHbBiE HAa MHOKECIBE BCEX
ypaBueHn#t Bnjga (4)):

A={D>0},

A,={D <0},

A;={D=0},

B, = {xopun ypasHenns (4) NEHCTBUTEJbHBI W PA3AUUHBI],

B, = {ypanuenune (4) He uMeeT NEHCTBHTENbHBIX Kopueit},
Bg == {xopun ypasneuns (4) coenapaior}.
W specsh, Kak Jerxo BHAETb, BBHIIOJHAIOTCH YCAOBHUSA, YKa3aHHEIE
B NpRBeJeHHON Boliue TeopeMme. CreJoBaTeNbHO, BEPHH HE TOJLKO
npsivbie TeopeMnl A; — By, Ay~ B, A;-—> B HO u obpardsle:
By — A4, By—> A,, B;— A;. Hanpumep, nepsas us stux o6par-
HHIX TEOpEM IJIaCHT. eC/ KODHHM ypasHeHus (4) JedCTBUTE]bHBI
¥ pasmuudsl, 0 D > 0.

3anayu k raase I

1.1, Tlpuseguie npumeps BEICKASbIBRAHUH (MCTHHHBIX ¥ NOXK-
HHIX), KOTODHIE MOXHO 3anncaTh OJHHMY TOJLKO 3Hakamu, Oes
CJIOB.

1.2, Ilpusegure npumepsl BHICKA3bIBAHUH (HCTUHHBIX U JAOK-
HBIX), KOTOPHE OJHUMH TOJBKO H3BECTHHIMM BaM 3HaKaMy 3ali-
Carb HEBO3MOXKHO. :

1.3. Ilpourure CAOBaMM CIEAYIOULHE BHICKa3bIBAHMASA, 3allCaH-
HHlE 3HaKaMy; KaKKWE€ U3 5THX BHCKA3BIBAHWN WCTUHHM, a Kakue
JOKHHI?

5<2 11-43=18 2-14=10, 5*=125, 63 216.

1.4, Chopmynupytire oTprUaHAs CASAYIOWMX BHICKa3hIBaHUH:
M == {257 — yetnoe uncso},
Q= {qucno V§ paunoaanwo},
R={uncno 7 nonoxurenbuo},
§= {uucao 5 orpunaressHol.

1.5, Jns KaxAOro u3 BBICKa3bBaHUM, CHOPMYJIHDOBAHHBIX
B 3agaue 1.4, yKawkuTe, 4TO SIB/ISETCH UCTHHHBIM: CAMO BHICKA3bl-
BaHHe HJAU ero OTpHLaHue.
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1.6. PaccmoTpure cieaywoulMe ABa BBICKa3hIBAHUA

A= {CywlecTByIOT YeTHEIE NPOCThIE YHCHAa},
B == {CylecTByIOT HEYETHBIE MPOCTHE YHCaa}.

Onpegeanre HX HCTMHHOCTb. SIBJaseTCs Jm  BHICKa3biBaHwe B
orpuilahueM Brickassisanus A? CocrasbTe OTpHuUanus K oHoum

BBICKA3bIBAHUSIM.
1.7. OGpasylite OTpHLAHUS CJIEAYIONUX BHICKa3pBaHMMH:

C = {27 ne pemurcs Ha 2},
D == {ne cyulecTByeT UYeTHHIX MPOCTHX uuCes},
E=1{5.7+ 35}

Kakue m3 3TMX BHICKA3BIBAHHH M MX OTpuULAHUH KHCTHHHBI?

1.8. lng KawIOro u3 CJAEAYIOUIHX BBHICKa3HIBaHUH COCTaBbTe
oTpUilaHue, a 33T€M JABOHHOE OTpHLaHHe. YOeauTech, 4TO ABOMH-
HOE OTpHIlaHHE COBNAZAeT IO CMBICAY C MCXOAHBIM BBICKa3bIBa-
HHeM:

15 meanrca ma 3},

A=/{
B =={5—uuncn0 noaoxureapHoe},
c=/{

1.9. Ha muowecrse M, cocrosuiem u3 uucea 1, 2, 3, 4, 5,
6, 7, 3amaHO HeONpENEeJIeHHOe BHICKa3blBaHHE

A (x)= {x —neuerHoe uuc/io}.

3anonunTe TabJMly NCTHHHOCTH:

BrickaspiBanue Al , A@2)|A@B)|AM4) | AGB)| A6 ' A7)

Ero HCTHHHOCTB r ’

1.10. Ha muoxecrse M, cocrosuiem u3 uucea 1, 2,..., 10,
33[1aHO HEOINpENENEHHOE BHICKA3bIBaHUE

B(x)={x asnserca aeamrenem uucaa 60}

CocrasbTe TaGamitl HCTHHHOCTH HEONMpPENENEHHBIX BbICKashBaHHH
B(x)y u 1B(x).
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1.11. Ha mHoxectBe M, cocroaumeM us uucea 3, 4, 5, 6, 7,
8, 3aJaHbl JBAa HCOIPCAEJEHHBIX BLICKA3bIBAHUA:

K (x)= {x—npocroe uucio},
L (x)= {x —neuernoe uncio}.

Cocrarpre ux Tabauik nceruupocTn. CoBnamanT Jaum Heonpene-

nendele BoickaspiBatusg K(x) u L (x) na muoxecrse M? Cosna-

NAI0T JH OHM HAa MHOXKECTBE, cocrosnleM u3 uucea 2, 3, 4, 5,6, 7, 87
1.12, Ha muoxecrse M, cocTosuieM u3 yucea

1,2 3 4,5, 6,7,

3312HO HEONPEAENEHHOE BHICKa3bBaHNE
E (x, y)={x -}y npuuannexur muoxecrsy M}.

VYkamnre Bce naps (@, b) aaeMeHTOB MHOXecTBa M, 118 KOTO-
pHix BeickassiBanue E(a, b) ncrusqo.
1.13. Ha muowectBe N, cocrosieM U3 uucen

I, 2,..., 10,

33ZAaHO HEONpPENENCHHOE BHICKASHIBAHNE
F(x, y)={uucno x asnserca npeamrejem uucaa y}.

Yxkaxunte Bce naps (a, b) 31eMeHTOB MHOXeCTBa N, Aid KOTO-
peix BeicKaseisanne F(a, b) ncruuno. Hmelorcs am takme napw
(@, b), mns KOTOpHIX ORHO M3 BeiCKaswBaHu# F (a, b), F (b, a)
HCTHHHO, a Jpyroe JoxuHO? Mmeworcs am Ttaxue naps (a, b)
ans KOTOphX ofa BuicKasmBanns F{a, b), F(b, @) ucrunun?
Hmeworcst nm takme mapsl (a, ), ans KoTopeiX 00Ga BLICKa3biBa-
aas F(a, b), F (b, a) noxHu?

B 3adarax 1.14—1.18 nocmpoiime ompuyanus 8eicka3si-
BaHUl U YKadcume 8 Kajcoosm cAyuae, KQKoe U3 8bicKa3wi8a-
ruii A, 1A ucmunno.

1.14. A={npn kaxmoMm a >0 ypasuenue x%=a wuneer

HeHCcTBUTEeALHBIN KopeHb}.

1.15. A= {npn moGoMm HEHCTBHTEILHOM @ ypaBHEHHE X?==gq

uMeeT AeHCTBUTENbHBH KOpeHb).

1.16. A= {cymecTsyer KBaJparHOE ypaBHEHHE, HE UMEIlLEe

JEHCTBUTEJLHBIX KOpHef)}.

A= {xkaxgse [Ba TPEYroJbHUKa MOZOOGHB Mexay
coBoti}.

1.18. A={xora 6n O0ZHO B3 NPOM3BOJBHHIX ABYX YHCEN
@, b neawrcs wa 3}

1.17.
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1.19. [Tpuxymaiite HeomnpenencHHbe BEICKA3bIBaHYS, 103BOSIO-
e ¢ [oMoMbly 3HaKa 06IMHOCTH V 3anucars  CAeayouiae
BHICKA3bIBAHUA!

1. Bce npocreie 4yncia HeYeTHHL.

1
2. Oas moGoro wenoro X OnpeaeneHo yacTHOE e

3. Kawnoe Harypa/bHOE 4YHC/IO X YAOBAETBOPSeT HepaseH-
cTBY x* > x.

4. Kaxpoe HAeHCTBUTENBHOE YHCIIO Bblpa)KaEICﬂ KOHEUHOH
gecaTnysofl Apodsio.

YGeanrech, 4TO BCE 5TU BBICKA3LIBAHUA JOXHL, M BHIOH3ME-
HHTE HX TaK, 4I00bl MOJYUHTh UCTHHHBIE BBICKA3bIBAHHA.

1.20. 3amuwnrte ¢ noyoutpto 3HakoB VY, 3 caeayomiue BbICKA-
3bIBAHUS:

1. He Bcsiaa npocrast Apo0b BHIpaKaerca KOHevHOH mecd-
THYHOH ApOOkIO.

2. Kakoso 6b HM OBbIO HAaTYpalbHO® 4HCIO X, HaWIeTCa
TaKO€ HaTypa/JbHOE YHCAO Y, YTO X - Y —IPOCTOE 4YHCJIO.

3. Kakoso 651 Hu OBIIO Ha'rypanbﬂoe YHCIO X, MOKHO MOZO-
6paTh Takoe HarypaabHOe ¥, uto xZ-y?<100.

4. Kaxoso 0Opl Hu OBJIO HATypa/bHOE 4YUCJAO Y, CPeAM HaTy-
PANBHBIX YHCE HAMZETCS TaKOe YHCTIO X, UT0 X -y — UeTHOE YHCAO.

5. Kakosa 6b HH Obla TOYKA X Ha OPAMOR /, CymIeCTBYeT
Ha 2TOM mpAMON Takas TOUYKa Y, 4TO PACCTOSHHE MEKAY TOoY-
KaMl X M y DAaBHO TPEM EJWHHIAM.

1.21. 3anuiwnre 3HakaMu chaegywoune BreickassiBadug. Co-
craseTe (B JABYX ¢OpMax) OTpHULAHUSA STHX BRICKA3BIBAHUH H
NPOYTHTE MX CJOBAMHU:

1. J/lroGoe HaTypa/dsHOE uMCJHO AEAHTCHS Ha O.

2. CyluiecTByOT ueTHBIE MDPOCTHIE YHC/A.

3. Bce marypalbHble 4HCa UETHHL 4

4. CyuiecTByer TPEyroJbHUK C TpeMs NMpPAMBIMH Yr/aMu.

Budeaume ycaosue u 3axanyedue u 3anuwume 8 8ude
A— B caedyomue meopenms (1.22—1.24).

1.22, JlnaroHa/m mnapajiejorpaMma JAeJsTcs B TOuke nepe-
CeyeHus MOMoJaM.

1.23. las moOBIX MOJNOXKHTENBHBIX UHCET @, b ClpaBelnBo
COOTHOLIeHUE

lg (ab)=1g a--1gb.
1.24. Bcaxoe nemoe uucJo, OKaHYHBAIOLIEECA ABYMS HYJIiMH,
Aennrca Ha 4.
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B rancdon uz npumepos 1.26 —1.27 yxaxcume, xaxoe u3
08yx ymeepicoerull gsimeraent U3 0py2020, W pasHoMil CHOCO-
Oau cgbopuyaupyiinme cooniBentcmeN oy meopemy, ucnons-
3V A MePMUHbL <HEOGXO0UMOE YCA0BUE >, <QOCTHAMOLHOE Y CAOBUED.
1.25. A== {uucno x pasHO HymO},
B == {npoussetenne Xy pasHo Hy.Jw}.

1.26. A== {npsamsie /; 1 /, pacuoioxkeds B ORHOM MIOCKOCTH},
B = {npsmsie {; u /, napamienpubi}.

1.27. A={a®£0}, B={a>}.

B raocoonm u3z npunepos 1.28—1.30 cgpopuyaupyiime
meopemy A—B u obpamuyio K Hell meopemy;, yradume,
8 KAKUX CAYHASX OOPQMHQS IMEOPeMa BepHA.

1.28. A== {1peyroinsuk /\ — pasHoOenpeHnbi],
B=={ase MeAHaHH TPEYroJbHHKA /\ DaBHBI MEXKIY
coboit}.

1.29. A == {uernpexyroabHuK Q ssasercs pombom},

B == {quarosann 4ernpexyroJbHuka Q HEAT ero yrib
nononaam}.

1.80. A== {narypanpnoe uncio aq meautcs Ha 9},

B={cymma uudpp yucaa a geaurcs Ha 3}

1.31. Chopmyaapyfite n gokaxure reopemy, ofparsyio Teo-
peme IMudaropa.

Yoedumece 8 mom, 4mo 8 npusodUMHX HUMNCE CAYYAAKX
(1.32— 1.34) cnpagedauso coomuowenne A <> B, u cgopuyan-
pyiime coomsencmsyouie meopembl, UCHOAb3YA CA08Q <HEOD-
xXo0umMo u 0oCmamouHO» Ul «8 MOM U MOABKO 8 HIOM
caydae».

Coax-+b
1.32. A= {cbym{unﬂ cx:{i—_d nocrosHHa B 00nacTu CBOEro
onpeneneﬁnﬂ} ,
B=lad=bc}.
1.83. A== {u3 OTpe3KOB, IJNHH KOTOPHX paBHK a, b,
MOKHO COCIaBHTb TPEYIOJbHHK],
B = {nonoxurensHsie uncaa a, b, ¢ CBA3AHB HEPaBEH-
crBamu a-+b>c¢, b+c>a, a+c>b}.
1.34. A== {muorouaen P (x)=ayx" 4 a;x" 1 4...
voot@py X +a, zemurca Ha x—als
B={P ()=0}.
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1.35. JlokanuTe, 4TO CACAYIOUINE YTBEDKAEHUA PaBHOCHIbLHEL

{AByrpanHble YraB MPH OCHOBAHMHM THDAaMHIbl PaBHbI},
{BHICOTE GOKOBHIX IpaHEH MUpaMHUAbl PaBHBI},
{B ocHOBaHME NHpAMUAR MOXHO BINCAaTh OKPYMHOCTD, a

BBICOTA THPaMHABI [POXOMHT YePes3 LEHTP STOH OKpYK-
HoctH},

O
(1

D ={sricora nupamngs obpasyer paBHBE Yras ¢ GOKOBRIMH

rpaHaMu}.

1.36. Paccmotpure cJeldyioulne HEONpEaeNeHHbE BbICKa3bl-
BaHHAL

A=={Bce CTOpDOHH OCHOBaHHA NHPaMHAK P paBHH MEKIY
coboii},

B = {sce Gokossie peGpa nupamugsl P pasubi Mexay codofi},
C = {nupamuna P ssiseTcd NpasuibHOH}.

OnpeneanTe, BepHbl 11 TEOPEMbIL;
ANB—-C, C—>ANAB.

CopmyaupyHte TeopeMmy, NOJb3YACh TepMuHaMu «HeoOXoanMoe
YCAOBKUEY, «AOCTATOUHOE YCAOBHE> (1AU «TOTJA K TOALKO TOrAa»).

1.37. Tor xe Bonpoc (uro u B 3agaue 1.36) oTHOCHTENBHO
CAEAYIOUUX TPEX BLICKa3hBaHUA:

A= {GoxoBre rpasu nuEpaMuab P 0JWHAKOBO HAKJOHEHS!
K TJOCKOCTU OCHOBaHus},

B={sce njockue yrasl R OCHOBAaHHM NMupavMuas P paBHbl
Mexay codoti},

C = {nupamnna P saBasercd npasmbHOH}.

1.38. Ilokaxute, uTO nupamMujia fBJAsSETCH NPaBRALHOH B TOM
1 TOABKO B TOM CJayuae, €C/IH B OCHOBAHWM MHPAMEAbl JEKUT
NpPaBU/IbHBIA  MHOTOYrOJIbHUK, @ BBICOTA NHPAMUABl TMPOXOAHT
4epe3 UEHTP 3TOr0 MHOFOYTOJbHUKA.

1.39. Kaxkme us caemymouiux Teopem BepHh? Kaxwe u3 Hux
ABAAIOTCS MO OTHOIICHHIO APYT K ApYyry oOpaTHeIMH, NpPOTHBO-
TIOJIOKHBIMU ?

1. Ecan xaxnoe u3 cnaraemelx peantes Ha 11, To m cymma
Jdeautcs Ha 11

2. Ecan HH opHO W3 cJaaraeMblXx He jgeadrca Ha 11, 10 n
Cymma He geaurcd Ha 1.
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3. Ecam xorst O OJHO caaraemoe paeaurcs Ha 11, 1o o
cymma geamrca Ha 11,

4. Ecan cymMa zeaurcs Ha 11, 10 4 Kamwg0e CaaraeMoe Jeaurcs
Ha 11.

5. Ecom cymma He jgeantcs Ha 11, To HHM ozHO caaraemoe
He geantcs Ha 1L

6. Ecam cymma me gneantcs Ha 11, 10 X0Ta 6H 0IHO
ciaaraemoe He neawntes Ha 11

1.40. Paccmotpnre caenymiomwne HEolipeeleHHble BHCKa3h-
BaHuf, 33aIAHHLIE HA MHOKeCTBE N BCEX HATYpPaNbHBIX UHCEN:

A(x)={x neanrca Ha 3},

B (x)== {x — nHeuernoe uucno}.
VkamuTe CMHCI HeonpeseaeHHoro suickaswBanug | (A(x) V B(x)),
paccMatpuBas NociegHon uudpy uucia.

1.41. PaccmorpnTe cieayoline HeOTpeseeHHbIE BLICKA3H-
BAHHs, 3aJaHHble HAa MHOWecTse /N BCEX HATYPalbHBIX UHCe/T

A(x)=={x memurca na 2},
B(x)={x nemnrca Ha 3}.

KakoB cMbiCa HEONPENC/JICHHOIO BBICKa3hiBaHUA

AE)V QB)?



TJIABA 1
JENCTBUTEJIbHBIE YUCTA

B wKOoJIBHOM KypCe MaTeMaTdKH Teopus AelCTBHTENbHOTrO
YuCad CKOJbKO-HUGYAb [OAHO He udaaraerca. M o710 Heyansu-
TEJABHO, TaK KaK 10Ka3areabCTB3, BCTPEUaloHlUecs B 9TOH Teopuy,
B AAKE CaMO ONPeAC/CHHE NeHCTBUTEABLHOTO YHMC/IA BEChMA CHOK-
HEL ¥ HUCIOOJAL3YIOT Psia uieH, AaJeKux OT UWKOJABHOrO Kypca.
Meway TteM caMm TepMuH <«IEHCTBHTENBHOE HHCA0» HEu3OEmHO
NOABJAETCS Ha YPOKAaX MareMaTuky. B 4acrHOCTH, IUKOJb-
HHKaM TFOBOPAT O pAUMOHAJBHBIX W HPPALHOHAJIBLHBIX UHCJIaX
(akxyparHoe onpezenesne KOTOPHIX Takke He rpusoiurcs). Bee
3T0  TPHUBOAMT K TOMY, 4YTO Ha BCTYNHTENbHBX 3K3aMeHaX
B BY3aX NPUXOQUTICHA CJBIIATL MHOTO OLIHGOYHBIX BHICKA3bIBAHHUH,
CBfI3AHHBIX C JCHCTBUTEALHAIMUA 4YUCAAMHU.

B aro#i rnase cobpadsl (kak npasusio, Ge3 A0Ka3aTesNbCTB)
CBOHCTBA PALMOHAJLHBIX W JEHCTBHUTEJbHBIX YHCEJ. DTH CBOHCTBA
n jaloT (HeCcMOTpd Ha OTCYTCTBHE MOJHOH Teopun) 4€TKoe U Ma-
TEMAaTHYeCK! DPaBUbHOE fIPEACTaB/EHUE O MHOMNECTBE AeHCTBU-
TeABHBIX 4Hces.

§ 1. PauuonaneHele 4ucaa

K panuonaibHbM 4HCAAM MBI NPAXOANM, TOCTENEHHO 0600-
was noHAtHe uncaa. CaMbIMP TEPBHIMH  URCAAMEH, ¢ KOTOPHIMHA
MBI 3HAaKOMHUMCH €Il€ B MJAIIIHX KJ3CCaX INKOJB, SBJASIOTCA Ha-
TypajieHee umcaa: 1, 2, 3, ... MHomecrso N Bcex HaTypajabHBIX
yuces GeckoHeuno. B atom MHOwecrse N BCeria BBIIOJHUMBL JBE
onepaunu: cjAoKeHue n ymHowxenue. Ilpm artom cymma u mpousse-
AeHue MoOHX ABYX HAaTYpadbHBIX YHCEA CHOBA ABJAIOTCH HATy-
panpHsiMu  ducnamu. Yro ke xacaercs ofparusix gedcTBuil,
BRIYMTAHAS W JAEJEHHs, TO OHH BHIIOJAHAIOTCS B MHOMECTBE
HaTypaasHbIX uucesr He Bcerga. Hanpumep, paswocts 5 —9 n
yacTHoe 2:3 HEBO3MOXKHO BHYKC/AMTH, HE BBIXOAS 3a [PEAENb
MHoxectBa N Bcex HaTypasbHeIX uucet. Crpemienne cueqaTsb
9TW ONepaluy BCErAa BHITIOJHAMBIME [PUBOAUT K BBEIEHHIO
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HOBBH X 9uced, APOOHBIX H OTphUATeIbHBIX. B pesyabrare Mul
U NpUXOUM K MHOXECTBY R palMOHaJbHBIX UHCE.

O6nuno apoBuple ¥ OTPHLATEAbHBIE YNCAZ BBOAITCH HE OLHO-
BpeMeHHo. B xone cHauana BBOAATCH APOGHBIe uucaa (Tounee,
1 3 2 1 3 5
20 40 30100 20 ¥
¥ T. . ). B pesyaprare moGasienus THX HOBHIX 4HCEJT oOuepa-
wust deqenltss OJHOrO HATYPAJBHOrO UMCJA HA Apyroe (WM gaxe
OAHOro ApOGHOFO YKCJ/Ja HAa JAPYrO€) OKa3hiBAaeTCs BCErAa BHINOA-
HUMOH. 3aTeM BBOAATCH HYJb M OTPHUATEIbHBIE PAUKOHAIBHBIE
uncaa. B pesyabrate Mu U HoJydaeMm MHOXecTBO R Bcex pa-
LMOHAJABHBIX uHMCEN. B 5ToM MHOXECTBE BCErJa BHIIOJHHMHL ye-
THpE apAdMernyeckux gedcrsus (KpOMe [ENEHUs HA  HYJb).
WnbiMp cnoBamu, ecid @ u b — palyoHa/JbHBIE YMC/IA, TO Onpe-
aeaeHsl X cymma a--b, pasmocts a—b, npoussesenne ab, a
a
'F.

Bosmowen wu jpyroft myTe nOCTPOEHHS MHOXECTBA DalHo-
HaibHbix unucen K. Vivenno, cHayana K HaTypaibHBIM UKC/JaM

ﬂOJlO)KI/ITGJIbeIeﬂpO6HbIe qyurcaa:

ecan b=£0, TO onpeleseHO B YacTHOE

1, 2, 3, ... npucoenungior uucao 0 u ompuyamensusie yease
yucaa —1, -2, —3,... B pesyabrare Mbl MOAYHAEM MHOMECTBO Z
BCEX Heablx yucea: ... —3, —2, —1, 0, 1, 2, 3, ... B sToOM MHO-

KECTBE BCerla BHNOMHUMA onepauns ssvumanusg. OmHAKO He-
JIEHE BBINOJHUMO HE BCEra; Hanpumep, yactHoe (—2):3 HeBos-
MOXHO BBHIUMCAUTB, HE BHIXOJS 3a Npejensl MHOXECTBa Z BCex
neaux uncen. Yrobwl cpenarb ONEpaluio JeJeHHs BHITOJHUMOM,
n00aB/sIOT K LEABIM YdC/IaM APOOHbIE unciaa (Kak [OJOKUTeNb-
Hble, TaK M OTpULATENbHBE), B PE3yJAbTaTe 4ero Mb W MPHXO-
OAM K MHOKeCTBY R BCexX paunOHalbbix uncesn. Beskoe pauwo-

HaJbHOC 4UCJHO NPEACTaBJJAACTCA B BHUAE OTHOWICHUA ABYX UEJbIX
3

uncen (Hanpumep, ———2\:(-—— 2):3, ?=(~6):(—4), 0=
= 0:(—95)). ;
PasHuila MexIy 5TUMI ABYMS MYTSIMH [OCTPOEHHS MHOXECTBA R
COCTOMT B TOM, YTO B IEDPBOM CJyuae Mbl CHauala CTPEMHUMCS
cnenaTh BHIMOJKUMON onepawuio feneHud, a 1OTOM obpamiaemcs
K BHIUNTAHAIO, @ BO BTOPOM CJydYae MBl CHauaja noOuBaeMcs BhI-
TIONHUMOCTH BHIYMTAHUA U JHIIbL ToTOM ofpamiaeMea K AeJNeHHIo,
Kawaniit u3 aTux nytedl npuBORUT K TOMY, 4TO yuaimmecs ObICTpO
NpuoGpPeTAOT HABBIKM BHIMOMHEHHs AeHCTBUH C pallMOHAJBHBIMH
uncnama, lipn 31oM nag sonpocom «Ymo maroe paytionassnoe
41ca0?» OOBINHO He 3aAyMbIBAIOTCR. Koria e 3TOT BONpPOC 3a-
atoT (HanpuMep, Ha BCTYNHTEAbHHLIX SK3aMeHax B BY3e), yauie
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BCEr0 TNPUXOAMTCR CABINATH TAaKOH OTBET (OUEBMAHO, CBA3AHHBIA
€O BTOPHIM M3 HAMEUEHHBIX BBILE MyTell MOCTPOEHUS MHOKECTBA
PALHOHANLHBIX uuceN):

Payionarbneim HA3bi8AeMCS BCAKOE HUCAO, NPEOCABASIO-

weecss 8 8ude 4acmHozo

(ede b=0).

OO6nuHO TaKOM OTBET MPU3HACTCH NMPABAALHLIM (32 HEUMEHHEM
apyroro). OnHaKO OH CTpagaeT CYUIECTBEHHBIMH HEZOCTaTKaMH.
B camoMm gese, yTO oO3Hauaer «sCsikoe uucao»? Ilo-Bmammomy,
NpeanoaraeTcs M3BECTHHIM, UTO TaKOE <UHCAO» BOOOIIE, HPUYEM
yyuces MMEETCst MHOrO M CPEAM HUX 3THM ONPEICJECHUEM BhLIES-
OTCSl TE€ 4YUCJA3, KOTODHIE CUHTAOTCS panuOHaibHbMu. Ecam Tak
MOHHMaTh 3TO ONpeEJE/eHHE, TO, BHINMO, ECTECTBEHHEE BCEro CYH-
TaTh, 4TO PEUh WIET O BEIALIEHUYM DallMOHA/ILHBIX YUCEN U3 BCETO
MHOXECTBa AE€NACTBHUTEJNbHHX yucea. MHbME croBamy, yka-
3aHHOE Bbllle ONPENCseHue CJAeAYET MOHNMATh TaK: 8CAKOe Oelicri-

a
5 HeKOmOpbLX 08Yx yeasx wuces a, b

a
BUMEABHOE HUCAO, NPEACMABARIOUEECS 8 BUIE HACHIHO20 3

HeKomopux 08yX geavx uucea a, b (2de b =£0), ra3vsaemes
payuornassieis. B 9100 (HOPMYJIHPOBKE YETKO YKA3aHO, KAKHM
CBOHCTBOM BBLIEJNAIOTCS PallMOHAJbHBIE YHCJAA M3 MHOMKECTBA BCEX
JeHCTBUTE/IbHBIX UHCEJI, HO BCE XKe 33 ONpejeseHne Daluo-
HaJAbHBIX YHCEJ €€ NPHHATL HE/b3d. Bem; AEHCTBUTEABHOE YKUCI0
npejcrasiaser coboit 6oee CAOKHOE NOHATHE, YEM pallno-
HajJbHOE unca0. BBoastcs IeHCTBHTENRHBIE UYMC/IA TIOCAE TOrO,
K2K YWE CTaAW K3BCCTHRIMM pallyoHaibHHE uncia. ¥ notomy
NBITaTbCd  ONPEAENUTb DPANMOHAJbHBIE UuuCaA depe3 JeHCTBU-
TeAbHBIE — 3HAYUT COBEPIUNTH T[OPOUHBIA KPYF B  pPaccyx-
ZEHHUSX.

MoOXHO MOMBITaTbCA HCTOJKOBATh C(POPMYJHPOBAHHOE Bhillle
«ornpene/eHre» PalOHaJLHOrO YHCJa NHaue: HaM elle HEM3BECTHO,
YTO TaKoe paloHaabHOe (1 TeM OoJjiee ACHCTBHTENBHOE) YHCIIO; MBI
SHaeM AdWIb UENBIE UWCA3 W XOTHM ofpedefunts PauBOHaJIbHOE
YHCJIO KaK YaCTHOe ABYX uenanix uucesd. Ho u sra Touka speHus
HenocaegoBaredbHa. Beln ecim MB 3HaeM JMIUb LeJble 4MCJIa,
TO, HanpruMep, 4acTHoe 2:3 He CyUulecTBYET (B MHOXKECTBE Lie-
ABIX yHCceN); KaK JKe MOXHO CKasaTb, 4TO 370 (He cyulecTsymoiiee!)
YaCcTHOE Ha3s8aemcs PallOHaAbHBIM YHCJIOM?

Hrak, xotsi chopMyaupoBaHHOE BBILIE <ONpeeaenne» 06bUHO
CUUTACTCS [IPUEMJEMBIM, CJIEAYeT [PU3HATh, YTO Yy HAC B AeHCTBU-
TEJNLHOCTH Hef KOPPEKTHOFO MaTEMATHYECKOrO  OMpeAeseHns
PalMOHANBHLIX YHCEN.
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§ 2. CeoiicTBa MHOMECTRA PALMOHANLHBIX YHCEN

Kax ke BCe-TaKH MOXHO TOYHO MaTeMaTHueCKH ONHCaTh
MHOXecTBO R panuonanbHeix uncen? ITonoweHune Bemed 3aech
HECKOJbKO HANOMUHAET T0, KOTOpOe nMeeTcd B reomerpnu. B kypce
reoMeTPHH Mbhl TaKXKE HE HaXOAMM TOYHHIX ONpeae/]eHnil Takux
OCHOBHBIX NOHATHH, KaK, Hanpumep, mouxa nau npamasg. oso-
puTCsl, YTO Jyu CBETAa fJaeT NpeACTaBJAEHHE O NpAMOH mau-
HHH, HO 3TO, KOHEYHO, JHIUbL HArJIAHOE ONHCAHHE, 3 BOBCE HE
MareMatuueckoe onpefeseHue. Takum o0pazomM, CTPOro TOBODS,
NIOHATHUS «TOUKa» U «IpsMas» BBOAATCA 0e3 onpedesennii. Onnaxo
OCHOBHHE c8OHc/MBa 9TUX TIOHATHH YKa3blBAOTCH B aKCHOMAX
reomerpuy. TakoBel, Hanpumep, aKCHOMBL «Yepes JBe TOYKYH Npo-
XOJUT OJIHA K TOJBKO ONHA fpsaMas», «Yepes TOUKY, J€KaLLyio
BHE JaHHOH mpsMOf, NPoxXoanT (B NJOCKOCTH, Couepxauiedl 3Ty
TOUKY U TNpAMYIO) eIRHCTBEHHAd NPAMas, HE Iepecexarulascd ¢
nannoh npsmo#i> n ap. Tlpasja, NOAH KA CINCOK aKCHOM T€O-
METpWW B LIKOJBHOM KYpPCE€ HE YKassiBaercs, HO CyuleCTBd Aena
3TO He MEHSeT: NepBOHaya/bHble TNOHATHS (TOuKa, NpsMas # Ap.)
BBOAsTCA 0€3 ompeneleHul, 3aT0 B aKcHOMax Jgaercs Heo0Xold-
MR TIepeueHb HX CBOHMCTB (UTO, MO CyLIecTBY, NpeaCcTaB/sger co-
GOH «KOCBEHHOE ONpeAedeHne» Touek, npsmuix # 1. a.). C mo-
MOILBIO PTHX CBOHCTB, YKa3aHHHIX B aKCHOMaX, BHIBOASTCS BCe
AanbHedne 1pestoxeHusi (TEOpeMbl) reoMeTpum.

ITpumepno Tak xe oOCTOMT HEA0 C PalHMOHAaJbHHIME (Wn
ZedcTBUTEABHBIMK) yncaamu. Kak MBI BHjaedd, YeTKOro ornpefe-
JIEHUst DalMOHAAbLHBIX uHCeJ B IUKOJbHOM Kypce Her. OaHako
ocraercs ApYro#f (aKCHOMaTHYECKHH) MyTh MOCTPOEHUS MHOKECTBa
R pauuoHanrpHHX uucesa. B 3ToM caydae npennosaraeTcs nasect-
HHM, YTO TaKoe HAmypadsHoe 4ucio; nanee 6e3 onpepedae-
HU S BBOANTCS TEPMUH «PallHOHAJABLHOE YHCAO» B (HOPMYAUPYIOTC
c8olicrnga panMOHAIbHBIX uHcea (T. €. aKCHOMsl, [anofle, no
CYILLECTBY, <KOCBEHHOE Omnpeje/ieHne» MHOMECTBA PallMOHaJbHBIX
yucen). Huwe maercs mepeuyuciaeHne OCHOBHBIX CBOHCTB MHONce-
CTBA DAaNMOHAJIbHBIX YHCE.

MuosecrBo R BCex pauuoHalbHBIX yncesa o6aafder Claeayto-
IAMI 4eTHIPbMSi TPYNNaMu CBOHCTB.

a) g mo6pix ABYX pal@OHa/MbHBIX 4HCea @, b onpelieneHa
X cymma a-b. Onepauusi 83aTHS CYMMBl (CJOXKEHHE) KOMMY-
TaTUBHA ¥ ACCOLKATHBHAE, T, €. A4 JOObIX paldOHaIbHBIX YHCEN
a, b, ¢ cnpaBesuBH COOTHOLIEHUS

afb=b+ta, (a+b)+c=a+({+c)
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Mmeerca takoe uncno 0 (wy.s), uto
a+0=a

a1 Jao6oro pamuoHanbHOro vucaa a. Hakowseu, aas moOsIX IBYX
pAUMOHATbHBIX uucefd @, b HaRgercs, U OPUTOM TOJBKO  OHO,
pauOHAIbHOE YHCJIO, ABJAIOMEECS KOPHEM ypaBHEHUA

b+ x=a,

3TO UMCAO HA3BIBAETCA Pa3HOCHbI0 uucen a ¥ b u obo3Havaercs
uepes a—2b, a onepanun B3’ATHS PA3HOCTH Ha3blBaeTCs  8bluli-
manues. PazHocts 0 —a 0603HAYaIOT TakikKe NPOCTO 4epes —a.
6) B mHOxecrBe R panHOHaJbHBIX YMCEa COAEPKATCT BCE
HaTypanbHble uucaa. PaunuoHanbHble uucna, NPeACTaBIAIOULIRECH
B BHIE PasHOCTH ABYX HATypa/bHbIX 4nces, Ha3LBalOTCA ye.abl-
au yucaasu. (Huwe, na crp. 50, Oyzer A0KasaHo, 4TO LeJbIMH
apasgtorcs uncaa 0, 21, -2, 423, .. n TosbKO 2TH unCaa.)
B) Jlag moObX [ABYX PAallMOHAJABHBIX 4uCend a, b OlpeeeHo
ux npouzsedentie ab. Y.uuooenue (onepanus B3aTHA 1IPON3-
BE/ICHUS) KOMMYTAaTUBHO, acCOUNMaTHBHO M AUCTPROYTHBHO:

ab=ba,
(ab) c=a (bc),
ab+c)y=ab+ac

Ilas nw6oro palHoOHaNLHOrO 4uCAa @ CHPABEdaMBO COOTHO-
uwenue 1 -a=aq. Hakonen, paa /moOGHX ABYX palMOHAJbHBIX Y-
cea a, b, U3 KOTOPHX b OTAUYHO OT HYyAsd, HAalaeTCs, U OPATOM
TOJLKO OJHO, PallOHa/JAbHOE YHCJO, SBASIOULEECT PEHISHHWEM Ypa-
BHEHUS! bX =a; 3TO YHC/JIO Ha3bIBACTCA HACHMIHBLAM uuces a u b

B 0003HavaeTCs yepes a onepanud HaX0XKICHUd 4aCTHOro Ha-

a
~b‘r
3bIBAETCA OeaeHlert.

r) JhoGoe panHOHA/IbHOE YHCJO TNMPECTABALETCS B BHIOE YacT-
a
b

MowxHO noKa3ath (OOHAKO 3TO BHIXOAUT 3a PaMKM LIKOJbHOH
1IPOTPaMMBl), UTO  JMU qembuipe 2pYuns. C8oOUCME HOAHOCHIBI0
xapaxmepusyiom MHoxcecmso R 8cex paynonaasHolx 4ucea.
WHeIME ciosamu, BHIMIOAHEHUE STUX  CBOHCTB MOXHO NPUHATH
B KauecTBe ONpeneJeHuss MHOKecrBa R BCeX pallMOHaJIbHBIX
ynces (ecan CBOHCTBA HATYpaibHBIX YHCEN CUMTATH UBBECTHBIMHU).
Otciona, B uacTHOCTH, Creayer, uro mwGoe YTBEpXK/AEHHe, Kaca-
0ILeecs PalHOHAJMbHLIX duces, MOXKer Obith BHBE/JEHO U3
9TUX YETHIPCX TPYilll CBOHCTB.

HOTO HEKOTODBIX IBYX UeAbX uucesd a, b (roe b==0).
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Hrak, Ha BOMpPOC O TOM, KaKHE YHCAA HA3bIBAIOTCA paildo-
HaJbHBIMH, 1TDABHJIBHEE BCErO0 OTBETHTh, YTO PalBOHaJbHHIMY Hadhl-
BalOTC unchaa, 00Jajnanilne YKa3aHHbIMA BBILIE YETHPbMA TpyIl-
namu CBOMCTB.

Kak Buawute, orser, ofcyxmaswufica 8 § 1 (crp. 45), asaa-
€TCs HEMOJHBIM: B HEM YyuTeHa JuIllb [OCAelHsd W3 TepevucaeH-
HBIX uyeThlpex rpymn crofict, Tem He mMeHee takoi kpatkuil ot-
BET OOBIUHO TIPH3HAIOT NPABUJIBHBIM, €CJIH, KOHEYHO, OTBeua-
IWHH TIOHUMAET, YTO B MHOXKECTBE BCEX PpAlWOHAJbHBIX HYHCeN
BRUTIOIHAMB YeTHIpE apH(METHuecKnxX neHcrBus, ob6jajawiine
VKa3aHHBIMK  BBILIE CBOHCTBamMu a), 6), B).

Hakorien, HamoMH#M, 9TO BCE€ DAalHOHA/NBHBIE YUCJAd Dac-
1a7al0TCA Ha TPW THOA URCEN: NOJONKUTeabHHe uncia, uyucao 0
U oTpunaTesbHble dncna. [loaodxcumensHsiM HA3HIBALTCA Daiuo-
HAJbHOE YWCJIO0, KOTOPOE MOYKHO MPEACTAaBMTb B BUAE OTHOUICHHA
IBYX HATypanbHBX uncen. Yucno O He sBasercs noAOKMTE-
apubiM. Bce ocranbhbie yucaa (r. €. OTJAnYHHIE OT HYJAA W HE fB-
JAOUIHECT TOJOKATENbHBIMHA) HA3BIBAIOTCS  OMPUUQANENsHbIMIU.
YacTo BCTPEYAOTCAd TAKXKe TEPMUHB «HEOTPHUATEJbHOE UHCI0»,
<HETIOMOWKUTENHHOE YUCA0». UNCAO @ HA3BIBACTCS HEOMPUUQAMENs-
HotM, ecan oHO aubO paBHO Hyaw, a0 neaoXHTEaBHO. Heno-
A0HCUMEABHE M UUCA0 @ Oyler B TOM cayudae, eCiu OHO Jaubo
pPaBHO HYy/TI0, JHOO OTPHILATENBHO.

§ 8. llpumepsl npumeHeHUR CROWCTB pPAUHOHAJBHBIX YHCEN

IToxaxeM B KayecTBe NDHMEPOB, KaK HCIOJB3YIOTCS YKa3aHHbIE
BEIIE 4eThipe TPYNIb! CBOMCTB IJIf HOKA3aTeNbCTBa JAJbHEHIIMX CBOUCTS
palHoOHaAbHHIX YHCe.

Ttpumep 1. Hoxkasats, uyto 0-a=0 (mas mo6Goro panuoHalb-
HOro uyHcha a).

Pewewnune. Ipumensia cBoficTBa a) u B), MLI HaXOAHM

a=1.a=(1+0-a=1.a4+0.a=a-}+0-a.

Takum o6pasoM, uucio O-a sBasieTcss peuleHHEM YPaBHEHHS 0 =a--%.
Ho uncno 0 takixke sBJseTcs peUIGHHEM 3TOro ypaBHenus, Tak Kak 3To
ypaBHeHHe nMeeT efHHCTBeHHOe peleHue (cBoiicTo a)), To 0-a=0.
fIpumep 2. [okasaTb, 9TO €CAM IPOM3BELEHNE IBYX palloHadb-
HBIX YHCeJl PaBHO HYJIO, TO XOTsl Gbl OJHO M3 HHX PABHO HYJIO.
Pemenne. Ilycte ab=0. Ecnmu a5£0, To MBI MoXKeM paccMoTpeTh

1
uacTHOE —. {T. €. 9HC/O, SIBAIOUEECH KOPHEM ypaBHeHHS a-x=1 H,
1 \ -
CIeJloBaTe/IbHO, YA0BJIETBOPSIOWEE COOTHOIEHHIO a-zsl), Tak™ kak
1
ab=0, To, B culy pe3y.abTata mnpumepa l, ;—(ab):
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Ho Mbl uMeeM %(ab) = <% . a> b= <a . %) b=1.b=»b. Cnenosarens-
Ho, b=0.

IMpumep 3. Ioxasats, uTo a--(—a)=0.

Pewenmne. Ilo onpegenennio mMul uveeM —a=0—a, a 310 03Ha-
yaer, B CHiy ONpeje/eHHst ONepanus BbYHTAHHA, 4TO0 a- (—a)=0.

Npuwmep 4. Jokasate, uto (— 1)-(—1)=1.

Pemenune. Mo umeeM (—1)(1+(—1))=(—1)-0=0 (corsac-
Ho npumepam 1| ® 3). [lome3ysce RHCTPHOYTHBHOCTLIO yMHOMKEHHS,
MBI MOMEM MepenHcaTh 370 paBeHctBo B BHAe (—1)-1+-(—1) . (—1)=0
wid (— 1)+ (—1)-(—1)=0. 310 osnazaer, yro 4HcI0 (— l}-{(—1)
apJasiercd KopHem ypaBHeHHS (— 1)4-x==0. Ho uncio 1 rtakke sBis-
eTcsl KODHEM 3TOro YpaBHEHHS (Belb COIVIACHO TIpUMepy 3 Mbl HMeeM
1+4+(—1)=0, a notomy (— 1)-1=0). Tak kak 270 ypaBHeHHe HMeeT
€JIMHCTBEHHBIH KopeHb, To (— 1) (— 1)=1.

Npumep 5. Hoxasars cootnowenus: —a=(—1)-a, — (— a)=a.

Pemenune Mo uveeM (1-4-(—1))a=0.a=0, u noromy !-a -+
-+ (— Da=0, wan a+4-(— Na=0. 1o o3nauvaer, uro {(— 1)a ecTp KOpeHb
ypasHenusi a--x=0. Ho uHcio —a Takie sBiasercs KODHEM 3TOro
ypaBuenun (npumep 3). Cneposaresibio, —a=(— 1) a.

HNanee, —(—a)=(—D(—a)=(=N({(—Day=(—D(—1a=
=1.a=a (B cuny pesysrTata nmpumepa 4).

MMpumep 6. Jorazare, uto a—b=a--(—1b).

Peumenue. Mb nMeem

b (a+(—b) =b+(— b)+-0) = b+ (— b) +-a=0-+a=a,

T. €. yHcI0 a-}(—b) aBagercss pemleHueM ypaBHeHus b-+x=a. Ho
yncao g —b TakKe fBJAsiercs (1O OnpejeieHHIO) KOPHEM 3TOr0 ypaBHEHHS.
CregoBarenbno, a—b=a-(—b).

Tlpumep 7. Jlokaszath, 4t0 cyMma TpexX (uaH Oonbliero Yuc/a)
PaLllHOHAMBHBIX YHCEJ MoOXKeT ObITb BBIYHCJEHa B JOGOM nopsjike, Ha-

IpHMep:
(@at+b)y+c=b+(c+a)y=a+(+b) ur 1

Pemenne. DT0 BbTeKaeT M3 KOMMYTATHBHOCTH H acCONMATHBHOCTH
cnoxkenusi. Jlokaxkem, HanpuMep, paBeHcTBO (a-+b6)-tc=b-4(c+a).

Hmeem
(@+b)+e=(b+a)+c=b4(@--0)=b+(cFa).

3ameuanue. B cuay njoxasannoro MoXHO nucars npocto @ -+b--¢
Ge3 ykasaHHd NOPSAKA BEINOJHEHMsS CJIOXKEHHS, T. €. MBI MOJyyaeM BO3-
MOMHOCTb ONpeNeJHTb CYMMy 7Tpex (U Oosee) paunHOHANbHBLIX YHCEN.
Hanee, yuntbiBas pesysbraT npHMepa 6, MH MOXeM H B ajare6paHuyecKol
CyMMe NepecTaB/sTh YJeHbl B JIOGOM HOpsjKe, HampuMep:
(@—b)+e=(a+(—b)+e=at(—b)Ffc=cta+(—b)=

=(c+a)++(—b) = (c+a)—b.
IMostomy anreGpanueckyio CyMMY Takye MOMHO MHHCAaTh 0e3 yKa3aHHA
TOpsiIKa BLIHOJHEHHS CJOMKeHHs (T. e. 6e3 CKOGOK), HanpHMep:
a—b+4-c=c-4+a—bun1 1

Ilpumep 8  [okasare cooTHomweHus: — (@+b)=-—a-—>b,

—{(@—b)=b—aq.
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Pemenune. Hmeem

—(@+b)=(—1)(@+b)=(—Dat+(—1)b=(—a)+(—b)=
=(—a)—b=—a—0.
Hanee,

@B = (—1) (@— )= (— 1) (a+ (— b)) =
(= 1) @b (— D) b) = (— D) at(— 1) (— 1) b) =
(= D a (=)« (1) b= (— @)1 - b= (— @) -+ b= b+ (—a)=b—a.

3aMeuaHue. Tenepb MBI TIOJIYY3eM BO3MOXKHOCTHL 060CHOBATD npa-
BHJ& CJO2XKeHHST U BLIYHTAHHMST MHOTOYJIEHOB. HanpuMep,

(@a—b--0)+m—n+tq =(a+(—b+)+(mt(—n)+qg=
=a-+(—b)+c+mt(—n)+g=a—btct+m—n+gq,
(@—b-+¢)—(m—n-+q) =(@a—b+0)+(— (m—n-+q) =
={a—~b+)+(—m-tf-n—qg=a—b-+tc—m+n—q.

UneiMy CJ0BaMH, I/ CTOXKEHHST M BulUHTaHHsI MHOFOWIEHOB HYZKHO JHIUB
PAcKpLITE CKOGKH, HOJb3YHACh OGBLIUHLIM DIPABHJIOM 3JHAKOB.

NDpuwmep 9. Hokasats, yro a (b—c)=ab—ac.

Pewenne. Mmeem

ap—=a(b+(—d=ab+(—1)-0=
—ab+a((—1)o)=ab+ta(c(—1)=ab+(a) (—1)=
=qab+(— 1) {ac) =ab - (— (ac)) = ab —ac.

3ameuanue. Bwumecre ¢ paserctBoM a (b+-¢)=ab-}-ac (BHpaxaio-
WuM 34K0H AHCTPHOYTHBHOCTH) ROKA3aHHOE COOTHOUICHHE JaeT 1PaBUJIO
YMHOXeHHsI OAHOWIeHa Ha MBorouded. Hanpuwmep,

a(m—n-+p)y=am—an-}-ap.

IBaxipl npUMeHss 3TO NPABWAO, Mbl NOJYyuaeM U OGHIYHOE NpPaBHJIO
YMHOXKEHHsT MHOTOu/JeHa Ha MHorouded. OTciofia, B 4aCTHOCTH, BLITEKAIOT
BCce OPMYJMB COKDAIEHHOMO YMHOXKEHHS.

MMpumep 10. Jdoxasars, uTO BCAKO IeJNoe YHCJO, OTJIHYHOE OT
Hyad, RGO ABJSETCA HaTypajdbHBIM, JIUGO HMeeT BHL — A, Tle A— Ha-
TypasiisHOE YHCJIO.

Pewenue. INyerb a—uenoe uncio, oranusoe ot Hyas. Ilo onpe-
zeqennio a==4k—1I, rae k n ! —mnatypansupie uucaa (csoilctso 6)). Ilpu
aToM k=£ 1 (n60 a-£0). JIns ABYX pasiuuHbiX HATypaJdbHBIX uuce] &,
! uMeeT MeCTO ORHO U3 ABYX OOCTOATALCTB: k >/ uau k<< I (coilicraa
HATypa/NbHBIX UHCeN HaM u3BecTHl). Ecauw k> 1, 10 a=k—/ ecip Ha-
Typajbuoe uncao. Ilycrs Ttemeps k<C/. Torza —a=—(k—l)=I(—Fk
ecTh HATYPaJibHOE YHC/I0; 0GO3HAUHM ero uYepes #, Tak 4YTO — =11,
Teneps uMeeM a=-— (—a)=— 1.

ITpumep 11. Busecrn npasuiao caoxenus apoGeil.

a ¢
Pewerue. Ilycrp p=7 4 q= E——nﬁa panUoHaIbHbIX YUCTA.
3geck a, b, ¢, d—ueanle uHcna, npuueM b=£0, d=£0. 3anuces pz%

03HAyYaeT, IO ONpefelleHHIO, YTo a==bp; TouHO Taxk e c¢=dg. Ciuenopa-
Tenpno, ad=>bp -d=>bdp; nanee, be=0b-dg=0dq. Tenepb Mbl Haxoguy
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ad -bc=bdp-+bdg=0bd (p+q). Tax kax bd #0 (upaMep 2), TO #3
paBeHCTBa ad-+be=>bd (p-+ q) MBI HaxozHM

ad 1+ be
Pﬂ“Q—"”jir—n
Hunaue rosop4,
a ¢ _ad+tbe
b ' d bd

a 9T0 H eCTb NPABHJO CNOXKeHHT Apobed.

AHaMTOrHYHO YCTAHABAHBAIOTCS H NPABHJA YMHOXKEHHST U COKpALIeHHS
npooeii.

MMpuwmep 12. JokasaTh, yro CyMMa H Npou3BejeHHe IBYX MOJOKH-
TeJbHBIX Pal{HOHAJIBHBIX YHCEJ SBJSIOTCS MOJOKHTEAbHBIMH YHCJAMH,

Pemenune. Ilycrb p, ¢— nosoxHTeILHBE panHoHAJBHBIE YHCAA.

a c
Torga HX MOXHO NpEICTABUTL B BHIE P=7, 9= rae a, b, ¢, d—

d
HAaTypaabHEe yncaa. Mmeem

ad +-be
ptq=201%,

B yucauTesne W 3HaMeHartesle 3TOI IpO0H, OUEBHIHO, CTOAT HAMYypaAbHble
upcsa. 3HAUUT, YHCI0 p-- g, ABNd0nleecs OTHOUIEHHEM IBYX HATYPAABHEIX
upcesa, INOJOKHTEAbHO. AHAJOTHYHO [OKa3blBAaeTcf, UTO pg — MNOJIOKHU-
TEJNBHOE YHCIO.

PasoGpanHbie npuMepsl y0eAHTebHO 10Ka3bIBAIOT, YTO, B cCaMoOM JeJe,
BCe CBOKCTBA pAaLHOHA/BHBIX HHCeJ MOIYT ObiTh BLIBeJeHbl H3 YKA34AHHDLIX
BBIIIE YeTbIpeX rpynn cpoifcTs a), 6), B), T).

§ 4. Nlpuuune, 3acTaBasiomMe paciPUTh MHOKECTBO
palHOHANLHBIX YHCEJ

MuoxectBo R BceX palMOHAJBHBIX dKcen 00/MaJaerT OYeHb
yAauHbIMA CBOHCTBAMH U /st UeJeH apudMETUKN ABALETCH BIIOAHE
LOCTaTOUHBIM. BO3MOXKHOCTb BBINOJIHEHHA (B MHOXECTBE pallHOHa-
JBHBIX  YHCEJ) UeTHIPEX apudMEeTUYeCKux IeHCTBhi No3Boader
pewatp ypaBHEHUsSs M CHCTEMBl ypaBHEHuH nepaoifl crernenn u, cie-
JOBATeNbHO, TMO3BOJSET pelars GOJblIOe YHCIO 3amad.

K Bce-raku OZHEMH PaUMOHAJbHBIMY YHCAAMU OOOHTHCH He yna-
erca. Kpome HHX NpUXOIWTCH BBOAMTH €UIE HOBBIE UKCJA3, HE
SBJAAIOMAECH DALMOHANbHBIMUA U HA3LIBAEMBIE UPPAUUOHAALHBIMIUL.
Buecre paunona/bHble 1 BpPalOHAIbHBIE YHCAd OOBENHHAIOT Of-
HUM OOIMM Ha3BaHUEM: 0eficmBLmeAsHblE HUCAQ.

IIpexne yem Mpl mepeiiieM K ONuUCaHUIO BCEro MHoxecTBa D
NEHCTBUTENBHBIX 4HCE], HAMOMHUM Te ajare0panuecKue u reoMer-
PUYECKHE TMPUUYUHBL, KOTOPLIE 3aCTaB/]dl0T BBOAUTbL HOBHIE, Hppa-
HuoHaapHbie yuc/aa. OnHa U3 OCHOBHBIX aareOpaMuyecKux NPHUYHH
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3aKJIOUAETCA. B TOM, YTO KBajparTHhle YPaBHEHMA W ypaBHeHus
fosee BHICOKHX CTeleHell ¢ pauuoHaJbHHIMA (M JAaXe UEJbIMHA)
KO3(p(UIMEHTAMU HE BCETAA YAAETCA PEIIUTh, OCTaBasCh B MHOXeE-
CTBE PAUMOHAJBHHIX unces. Jlaxe Takue NMpOCThie ypasHEHus, Kak
x?=q, X*=au 1.1 (I1e a— N0JOKUTENbHOE PALLKOHANBHOE UKC-
110), TpeCGyIoT il CBOEro PELUeHHs BBEACHNUS HOBbIX, UPPAIlAOHANb-
HHIX UHMCEJI, TaK KaK HE U3 BCAKOT O 100K UTEILHOIMO PAlUOHAJIBHOTO
UHCJa YAAeTCs U3BJICKATh KODHHU (KBaApaTHHE, KyONuecKue u T. A.).
B mkoabHbIX yueOHMKax ajireGph HMeercs A0KasaTeabCTBO TOrO

¢akTa, UTO 4HUCAO 12 (1. e. nOAOKUTENBHBIH KOPEHb ypaBHE-
uusg  x?==2) MppAUHOHANBHO, MW, TOUHEE, UTO HE (CYHeCTBYer
PAlHOHANLHOrO YMC/E, KBaApar koToporo paseH 2. Takum obpa-
30M, yiKe usBiaeueHne Kopued (apudMeTdHueckux) Tpebyer BBeie-
HAS HMPPALMOHAJbHBIX UHCEJL

CkasaHHOE BHIIE [JaeT TOBOA K OAHOH BEcbMa pacnpocrpa-
HEHHOH OIIMOKE: HepelAKO Ha BCTYNUTENbHLIX 5K3aMEHAX B BY3aX
NOCTYNAOIIKE rOBOPST, UTO «APPALNOHANBHEIMU HA3BIBAKOTCS UNC/Ia

Biga }/n , The f— HATYpaJbHOE UYHCHO, HE ABJSIOLIEECT TOUHBIM
KBaxparoM» . B uem 3necr ommGxa? BepHo, uro ecam matypa-

/bHOE YHCJO A HE SBJSETCS TOYHBIM KBaLparoM, TO YHCJO Vn
nppauronassHo. Ho pmajsexo He BCe HMPPAaUMOHANBHBIE HACAA
AMEIT TaKod Buja (MM Jaxe #ABAIOTCA KOPHAMM aareOpauuec-
KUX ypaBHeHUu# ¢ paluoHaabHhIMA KO dunuentamu). [Lnd npasuiin-
HOTO OTBETa HAa YKa3aHHBHI{ BOMPOC HYXHO CHAva/la Jatb OMu-
caHpe MHowecrBa [ BCcex JeHCTBUTENBHBIX UMCEJN, NMOCJAE Yero
HPPaUUOHANbHBIE YHC/AA MOXHO OGYAET ONpeesutb  CAeAYIOUINM
o0pa3oM: MPpalHOHAJILHEIMA Ha3bIBAOTCS AEHCTBUTE/bHBIE UKUCIA,
He SBASIOULMECS PALMOHA/bHBIMH, T. €. HE TPEACTABUMBIE B BHIE
OTHOLIEHHst JBYX LEJBIX YKCenl.

Ho npexne wuem wMbl Jaaum onicaHue MHoxecrsa D Bcex
IeHCTBATEAbHBIX YHCEJ, MBI YKaXeM ellereoMeTpuuUeCKHE
NPUUUHBl BBEJEHUs HppauvoHanbpHbX unced. OfHa U3 OCHOBHBIX
reoMeTPHUYeCKUX NPHYMH 3aKJAOYAeTCa B TOM, UTO PAalUOHAJIBHBIX
yices He XBaTaeT AJs u3MepeHus orpeskos. Hamomuum, uro
pe3ynbTaT HM3MepeHus OTpe3Ka (1/KMHA OTPE3KA) OINUCHIBALTCS
CAefyOIHM  00OpazoM.

Ilycts B KauecTBe efuHWILI HM3MEDEHUS B3AT HEKOTOpPHIH
orpesok MN. Torpa kawxmoMmy orpesky AB MOXKHO NpHIHCATb
uncao | AB|—ero gauny. Ilpu sToM uMeT MecTo claemywouiue
cBOHCTBA:

1) nanna mo6Goro orpeska fBAAETCS MOJONKUTEABHBIM YHUC/IOM;

2) paBHHE OTPE3KK HMEIT DPABHBIE JJIMHEL,
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3) ecam touka C Jaexur Ha orpeske AB, T0 anuHa OTpes-
Ka AB pasHa cymme pauH orpeskos AC u BC;

4) nauna orpeska MN pasua 1.

Ilng HaxoxaeHust AauHBL gaHHOrO oOTpeska AB ucnoabsyercs
npoyecc usmepenusn. Hanomuum, B uem ou saxmouaercd. CHauana
Gyaem Ha oTpeske AB orKjaapiBaTh epuHuiy aauns MN (puc. 3).

M N
— ey

A
A 8

Puc. 3.

Ilycrs, wanpumep, oHa yioxunaace Ha AB TpH pasa, Moc/ae 4ero
ocrajica Ocrarok A(B, wempmm#t MN. Torma wmul Gepem
aecarymo uwacrb M;N; orpeska MN u 3T0T OTPe3OK Haud-
HaeM oTk/anmBath Ha A;B. CkaxkeM, 374 necaras 4acTb €IANMHUILBI
naMepeins ynokmrcss Ha ApB naBa pasa, nocae uero ocraercs
ocratok  A,B, wmewbum#t M;N, (puc. 4). Ha stom orpeske

M N
e = M, — N,

A e
A ' ' 8

Puc. 4.

AyB Mp1 GyneM OTKManbiBaTh COTYIO Y4aCTh CAAHUIE H3Mepe-
HUS — [yCTh, HanpuMep, OHa OTNOKUTCA & pas,—u T. I
Tenepr Mbl MoweM ckasars, 4T0 Ha oTpeske AB ynoKMIOCH
3 1e/bIX eIMHHLbI U3MEPeHNs, [1a eme 2 NeCATHIX €€ 4044, 13 elle
5 corblx, ... B atomM cayuae mnminy orpeska AB npumsto sanu-
CEIBaTh fecaTuyHO# npobeio 3,25... BooGuie rosops, sta meca-
TiyHas Ape6b Oyner GecKOHEYHOH, MOCKOAbKY MOCAE KAk AOro
OTKANaJBIBAHUA MOMET OCTABATHCA OCTATOK, W NPOLECC UIMEpeHUs
32 KOHE4YHOEe uuC/I0 IaroB He 3asepuurcs. Mrak, pimHa a or-
pesxa AB sanummerca B Bume GECKOHEUHOH NeCATHUHOH apO6H

a=3,25 e
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Benomuun Tenéph M3 Kypca apudMETHKH, IO BCAKOE MOJO-
KATEALHOE paluOHaJABHOE yncao (T. €. OTHOLIEHHE HBYX
HaTypaibHBIX uHCEJ) NpH 3anncy (WM, Kak rosopsr, «obpauie-
HUH €ro») B Bue necaTnydofl apobu gaet aubo KOHeuHyw, aubo
GECKOHEUHYIO NIEPHOLHYECKYIO JECATHUHYIO0 APO0b. 3HAaUuT, ecau Onl
AMHA JOGOTO OTPE3Ka BHIPAKENACh PAL U OHA b H b M UACIOM,
TO y Hac nonydanuck Obl B PE3yJbTaTe WSMEPEHHS TOJLKO KO-
HeuHble uiu GeCKOHEUHbE NePUOJNUEcKUe aecsTuunsle gpodn. Ha-
npuMep, ecin oTpesok AB paBeH ueTBEPTH EAMHRIBI H3MEPEHNd
MN, 1O ero nJuMHa BBIPAKAETCH KOHE4HOH mecsaTtHuHol ApoGbIO
0,25, a ecan orpesok AB paseH TpeTbel uyacTH EAUHHLB H3Me-
penust MN, 10 ero ajamHa Bhpaxaerca GECKOHEUHOH nepnoante-
cko#t gecarnyuo#i apo6eto 0,3333... Ho nerko nomsars, uto cy-
p IUECTBYIOT W TaKue OTPE3KH, AJHHA KOTOPHKIX

. He Bbpamaercsd KOHEUHOH mian OGeckoHeu-

HOIl epuoAMYECKOil AeCATRUHGH ApOoGhIO.
IycTs, Hanpumep, NP —runoreHysa paBHO-
GeApEHHOro  NpSMOYIOJBHOFO  TPEYroJbHRKA,
OJHAM M3 KaTeTOB KOTOPOro ABASETCH eAnHuLA
uasmepenuss MN (puc. 5). CoruacHo 7reopeme
M N Mudparopa, zauna orpesxa NP pasna )2,
Puc. 5. ¥, CJAEAOBATEJbHO, AJANHA 3TOrO OTPE3Ka He
BBIDAKACTCA PAUMOHANBHBEIM YHCJIOM. DTO 03Ha-
4aeT, YTO NpK H3MEpeHuH oTpeaka NP ML NOJAyYHM Aecsiuy-
Byl0 ApoGb, KOTopas He OYAET HH KOHEUHOH, Hu OeCKOHEuHOH
NepPUOJUYSCKOH, T. €. MBl MOJYUUM OECKOHEUHYIO Henepuool-
yeckyio Oecsmuunyr 0po6s. Mpl BuanM, 4TO [AJd TEOMETPH-
YecKMX uesel (aas u3MepeHns OTPEe3KOB) palluOHAJLHBIX YHCed
He XBaTaeT, W 9T0 TaKKe HABAICTCS OZHOH M3 NMPUYMH BBEIE-
Husl HOBBIX, HppannoHaAbHbIX unces. Eule oanum xopouio usse-
CTHBIM NPUMEPOM HPPAUUOHANBHOLO UKC/JA ABJAETCH YUCHO TT
(UppalMOHaILHOCTE 3TOrO YHC/IA JOKA3BIBACTCS HENpOCTO, U MBI

3I€Ch 3TOr0 AOKA34TeJbCTBA HE MPHBOINM).

CKa3aHHOE BhiIle BAAETCS NPUYHHON BOZHUKHOBEHUA XOPOILO
U3BECTHOIO «ONPEAEIeHU» HPPAlHOHAJIBHOTO HHCIa — Onpejeae-
Hisl, KOTOPOE BHELIHE KaXEeTCsd NPOCTHIM U NOHATHBIM, HO B ASHCT-
BHTEJbHOCTH MaTEMaTHYEeCKH KOPPEKTHBIM He sBasgercs. Mmenno,
MBI 3HaeM, YTO B(AKOE palOHAJbHOE YHCJIO 3aniChBAETCH B
Buie KOHEYHOH uan OCCKOHEUHOH NepHOAMUECKON mecsTudHOM
apoGu U, o0parHo, Kaxaad Takas ApoOb HN300pamaeT HEKOTOPOE
panuoHaisHoe uncao. ITostomy uucao 6ymer mppauvoHanbHHIM
B TOM M TOJLKO B TOM cJyuae, ec/lu OHO 3alUCHIBACTCH B BHUAE
OECKOHEYHOH HeNmepUOAUYECKOHN gecaTudyHoH mpodu. D1O
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cBOUCTBO OOLIYHO W NMPUHUMAIOT 33 <OINPENETCHHE> HPPAllMOHAMb-
HOTO 4HCJI3, T. €. FOBOPAT, YTO UPPAYUOHAALHLM HA3bL8AEINCS
HUCA0, 3aNUCHLEAOWEEC 8 U0 OeCKOHEUHOI HenepuodudecKoll
decamuiHoll dpoou.

B uem e HexoppeKTHOCTb Taxkoro onpexaeaenus? IIpexne
BCErO, B €r0 HEMOJHOTE, B TOM, UTO OHO YKa3siBaer Jullib dop-
My 3amucH AEHCTBHTEALHOrO 4Y#CJa, HO HHYEr0 He rOBOPHT O
nefcTBHIX Hag TaKUMd 4ucjaaMd. Benb Manao yKasarh, Kak
3aNUCHIBAIOTCA JAEHCTBUTE/JbHBIE UKMC/Id, HALO €Il ONpPeAe/IHThb
C/IOKEHNE U YMHOXKEHHe MAeHCTBUTENbHHIX HYHCEN, 4 C 3TUM B
IPHBEICHHOM <OTpeneNeHnn» AeJN0 OOCTOUT coBceM He 06.aro-
noayyHo. BcroMHuTe, KakuM TPYHOEMKHM SIBISEICA YMHOKEHHE
(«B cTOJOUK») ABYX MHOrO3HAUHKLIX UHCEJ, H BbI JECKO CMOKETE
cede MpedCTaBuTh, HACKOABKO CJOKHLIM OKAKETCH HepeMHONwe-
Hie ABYX 0eCK OHEeUHBI X (Ia enle HeNnepUoaNYecKux) AecsiTHy-
HLX  gapodOefi. Bo BCAKOM Cayuae, CIOKEHHE H YMHOKEHHE
JEHCTBUTENBHBIX YUCEN MOLKHB ObiTh YETKO OIpee/ennl, a 3T0ro
B rpuseaeHHoll Bolle (GopMynuposxe Her.

Hago ckasarp, 4ro npuHUUNHAANLHO B O 3 M O XK H O 1aTh Olpese-
JeHde JAeHCTBUTENBHOTO UYNCAA Kak OECKOHEYHOH ;ecATHYHOH
Ipobu, HO B TaKoe OlpeAe/eHue 00s513arebHO JO0MKHO BXOIUTH
omucaune Odedfcmsuil ¢ GeckoHeunpMn apofamu. Takoit nyrs 10-
CTpOeHud TeopHUH AeliCTBHTEBHOTO UNC/A3 OKa3HBAeTCs BOBCE HE
IpOCTHIM, W B LIKOJAE OH NOAPOOHO He paccmarpusaercd. Io-
9TOMY MBI TpUMEM IDYro# NyIb U3/I0KEHHA: MBI OMUIIEM MHO-
eCTBO JEHCTBUTENLHBIX YHUCET C [OMOUIBI0 €ro coHcTB (IO-
A06HO TOMY Kak 310 OBIIO CAEAANn0 [JA DaUHOHAJIbHBIX HHCEJ)
W JIHIIb TIOTOM BBISCHAM, UTO O3HauaeT 3arich AeHCTBUTEIbHOrO
yhcaa B Buage OeckoneuHolt mecsituuno# apobu.

B saxaouenne 3toro naparpaga pasbepem /Asa npuMmepa.

[Tpumep 13. Jlokasars, uro uucao 0,123456789101112...,,
B KOTOPOM MOC/¢ 3aiATOH BLHINCAHBI NOAPAL BCE HATYPaJbHbIE
YlCJd, HE ABAAETCS PalOHaAbHBIM (T. €. YTO 3Ta Apobh— Herle-
puoanyeckas).

Pemenune. JlonycruM, HalpoTus, uTo 3Ta Jpobb sBIASETCA
NepnoOaUUECcKoll, U NyCcTb ee HepPHOX COHEPKUT £ 3HAKOB, T. €,
HaymHas ¢ HEKOTOPOro Mecra, B 3Toil ApoOu BCe BpeMs NOBTO-
pserca oaHa W Ta ke MOCJAeA0BaTebHOCTh M3 & uudp. Iae-to
dajgpille Ham oGf3aTeJbHO BCTPETHTCS "noApan & Hysaed (Tak Kak
Cpein HaTypalbHLIX uucesn mMeioTcs umcaa 10% 10741, 10%2, ),
a IOTOMY M3 MePHOIMYHOCTH Apobu BbITEKano Obl, UTO ee NMepuoj
COCTOMT u3 OJHMX HYyJeH, T. e. 4yro 93Ta JecArudyHas Inpodsb
asgetcs  koHeuHo#. Ho 310 sBHO mporusopeunr cnocody
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ofpasosanus 3TOH ApoGu. IlonyueHnoe nporusopeune u ROKa-
sniBaer TpebyeMoe yTBEpPHACHHE.

Mpumep 14. Jlokasats, uro wucao V2413 Rppauno-
HaJbHO.

Pewenne. [lonycraM, Hanporus, 4TO V24V 3=r, rae
r —HEeKOTOpOe palliOHaTbHOE YHCAO. 3aMeTud, 4YTO HHCAO T,

oueBnano, He pasHo nymo. Torma }J/ 3~’=r-——]/_2_, OTKyla, BO3-
BOOA B KBaapar, HaxoauMm 3==r%*—2r ]/2+2, 7817

5 rr—1
Q=
V 2r
(nanomunM, 410 r=%£0). Ho crosmee B mnpaBo#t uactm uuciao
pauuoHaabHo (Tak Kak 7 PaUUOHa/IbHO), N Y HAC IMOJIYUYHJIOCH,

uto V2 — paunonanshoe uncio. Iloayuennoe nportasopeune u
JOKa3bIBAET Hallle yTBEDXKIACHHE.

§ 5. lIpenen moHOTOHHO! OrpaHU4YeHHOH
nocaef0BaTedbHOCTH

Hrax, Mpl TOKA enie He 1aJ1M OTACAHHST MHOXECTBA NEHCTBUTE b
HBIX 4nceld. M3 reomerpudeckux coobpameHnHl BBISCHMJIOCH, YTO
YiC/a, KOTOPBIE MBI XOTHAM ONpeeauth (T. e. AeHcTBATenbHBIE
4iCc/ia), HY'KHO YMeTh 3arTuChIBATh B BHAE GCKOHEYHBIX AECATHY-
HeIx ppofei. Takas ke 3anuce wucrnoab3yercs u B aaredpe.
Hanpumep, mbl nuniem

V2=141421...

Kako#t cmbica ummeer arta sanmuacb? YUro osHauaer OecKoHeuHOE
MiHOXecTBO uudp nocsae 3ansro#? Ha sror sonpoc orseuaer
HOCAE008AMEABHOCING HUCEA

a;=14; a,=141; az=1414

a,=1,4142; a,=1,41421; ..,
KOTOpHIE MBI TNOAYYMM, €CAM OyZeM COXpaHATh MOCJHE 3anAToH
1, 2 u 1. 1 undp. Bee sty uucaa ay, a, ay... pPayUoOHaAAbHBL

(oHn 3anuCHIBAOTC B BHAEC KOHEUHBIX JECATHUHEIX npobefl) u
06PasyioT HeYObL8alOWYI0 ROCAe008QMEABHOCHE ).

A <0y < Qg << Qg << Q5 =<,

1) Mul He MOXKeM CKasaTh, YTO 39Ta NOCAENOBATE/ILHOCTH SBJINETCH
BO3pacraiouleil (XoTs Ajs HepBbIX YJIEHOB HMEIOT MeCTO CTP OTr M e Hepa-
BEHCTBA: @y <C 0y << a3 << a;<C...). Beldb ecin Ha k-M MecTe Tiocse
3amgaToOd  HaM BCTPeTHTCH umiopa 0, To Mbl GyjeM HMeTb aj_; = ag(a
He @y << ap).
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Janee, 3Ta MNOCHEAOBATENLHOCTb 02PGHUYEHA: TAK Kak Kaxnoe
u3 uncen a, (n=1, 2, 3, ...) umeer nepen sanaTo# uidbpy 1, 10

1<<a,<<2 (ana moGoro n=1, 2, 3, ...).

Haxoneu, uyuciaa 3ToH NOCJAe40BAare/NbHOCTH BCe Gosee nmputny.

KAIOTCT K YHCAy V2 npu BO3pacTanuy 7. JT0 03HAYaeT, HTo,
Ha4HHad C HEKQTOPOro 1, KawA0e W3 uucen a, Oyaer OTanyathes

5 1
or V2 menee uem Ha 1000 (310, KaK Jerko nmowsrth, Gymer mas

BceX n>>3), a ecIM MH INPOJABHHEMCH Hasbliie, TO HalgeM
TaKOE 7, HauMHag C KOTOpOro a, Oyaer oramyarscs or }/ 2

1
MEHEE UeM Ha -rarsoen, B T. I Boo6ue, kakoe 6n nosowxu-
1 1
TEJBHOE YHCJAO € MBl Hi B3Sau <1_005’ 107006 000 14 /moGoe apy-

\
roe/}, HalJeTCA B NOCIEAOBATENLHOCTH @y, g, &y, ... TAKOE YHC/IO

n,» HAUMHAA C KOTOPOrO Kaw/oe ay,
6yner oramuathes or /2 menee
yeM Ha &

p
—e<<}) 2—a,<e nupn n>n,

(8 nannom ciyuae MOXHO Obiio Obl

paxe wamacate 0<<} 2 —a, << e).
910 0OCTOSNTENLCTBO  3alHCHLIBAIOT

TaK:
lim a,,::VQ,
n-»oo .~
n rosopar, uro }'2 ectp npedea Puc. 6.

NIOC/EAORATENBHOCTH {a,}.

Ipyro#i npumep BoapacTtaloule OrpaHdyYeHHOH r0C/Ien0BA-
TENBHOCTH MW3BECTEH M3 Kypca reomerpun. PaccMorpum okpyx-
Hocth paamyca 1 (puc. 6) u o0003HayuM uepes p, NEpuUMerp
BIHCAaHHOIO B Hee KBajgpala, ueped py— NEPHMETD BIMCAHHOLO
NPaBHJALHOIO BOCHMHYFOJBHHKE, ..., YEPE3 P, —MEPHMETD BIU-
CaHHOrO IPaBHALHOrO 2"-yroAbHHKAE, ... Mb [0Jay4aeM, TaKuM
00pa3oM, TNOCIeHOBATENLHOCTE Pgy Pgr +++s Prs «»+ » IPHYEM 3Ta
nocaea0BaTebHOCTh GyAeT BO3pacraroile u orpaHuyeHHOH:

PPyl eee < Pn<<.oues
0<<p,<<8

(nocnegHee HEPaBeHCTBO HMEET MECTO IOTOMY, YTO MEpUMETD
J06Oro BOUCAHHOTQ MHOrOYTO/JbHUKA HE MPEBOCXQAUT NepuMerpa
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onucanoro kpaapara, puc. 6). M B stom cayuae pacemarpusa-
eMas BO3DACTAlONlas OFPAaHHYEHHAs I10CAEA0BATCALHOCTh  {P,)
nMeer npepea. B AaHHOM Caydae Npere/ioMm 5y£l€T AJINHa OKPYXK-
HOCTH, T. €.

lim p,=2mx.

n-—co

MoHO nocTpouTh W NPHMEPH HEBO3PACTAONIUX OTDaHHYEH-
HEIX INoc/JeA0BaTeapHocTeit. Hanpuyep, paccMorpuM npulankeHus

qucaa V' 2 ¢ usbumuor:

by=1,5; by=1,42; by=1,415; b,=1,4143; b,=1,41422; ...

DTa nocaeI0BaTeTbHOCTD {b,l} ABJIAETCH Heﬂospacrafomeﬂ B orpa-
HUYEHHOMH:
byz=by=by=b,=b,=...,

1<<b, <2

/[:_
Ee npexenon gsasercs uucao 2
lim b,=1"2.

n—
B xauecrBe nocJe[Hero npuMepa pacCMOTPHM NOCAENOBATEb-
HOCTh HHUCC]I

=11; =101; ¢=1001; ¢,=1,0001; ...;
i
c,,::l—}—l—oﬁ;

SlcHo, YTO 3Ta MOCJAEAOBATENLHOCTh fAB/IAETICS yOHBatomef u ee
npeaen paeex L

lim ¢,=1.
n—aoo

Bo Bcex ueThHpex TpuMepax YHC/4, COCTABJSIONINE MOC/IeL0-
BATEJNLHOCTh, SBJAIOTCH PAUMOHANLHBIMK (OHB 3aNHCHIBAIOTCS B
BuAE KOHEYHBIX RECATHUHBX Apobei). Ho npexen nocaeno-
BATENLHOCTH B [NE€PBBIX TPeX Cay4asX OBl HPPALUOHAABHBIM
YHCJAOM, a B TOC/JEAHEM NpuMepe— paluoHa bHEIM, _

Y1o 661 MH CKa3add 00 3THX MNOCJAEI0BATEILHOCTHX, €CJH
OBl MbI OTPAHUYHJHCh PACCMOTPEHHEM TOJbK O DAUMOHAJILHHX
yucen (He 3Hag WJAM HE JKeJdas FOBOPHTb O CYUECTBOBaHMH
APpAaUUOHAABHBX Yicen)? Mbl BRHYKIEHB Oblau OBl CKa3aTh, 4TO
TNepBEE TPH W3 STUX MOCAENOBATENLHOCTEW He umenm npedeaa,
B TO BpeMd Kak uyeTBepTaa umeer npegen 1. B camom geae,
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paLHOHaJbHOLO 4ACAA, K KOTOPOMY NpHOMKAIHCh Obl
yucaa a; @y Qg ..., HE cyulecrByer (oHH nNpubIRKaOTCA K

uucay 12, HO OHO He ABAAETCA DAUMOHANBHBIM), T. €. B MHO-
®ecCTBe OAHHX TOJBKO DALMOHAJBHHIX UHCEs MepBast N0CIEA0Ba-
TEAbHOCTh HE HMEET Mpejesa.

Mpl BUZXM, YTO B MHOXECTBE PalMOHAJIbHLIX YWCEA HE B C f-
Kas MOHOTOHHad (T. €. HeBO3pacrawoulas nja HeyObiBatouLas)
orpaHUYeHHas TNOCACAOBATENbHOCTE HMeeT mpejen. Ecan Mbi
XOTUM, 4YTOOM .00as MOHOTOHHAs OrpaHUYEHHAs I10C/]CN0BaA-
TEJAbHOCTh HMEJNAa APEeNes], Mbl JOJKHHE [J00aBUTh K paLHOHAJb-
HbIM UKCJaM HOBHIC, HPPAalLHOHAJbHEIE.

Aro coobpaxenne U sBJSETCA TEM TOC/AEIHMM 3BEHOM, KO-
TOPOTO HaM HE€ XBaTaJ0 [AJS MOJHOTO ONHCaHUS BCEX OCHOBHBIX
CBOCTB MHOXECTBa AEHCTBHTEJbHBIX 4YHCE.

ITonuepkHeM BO usbexaHue HEJOpa3yMeHui, 4To 3TOT Napa-
rpa coaepxan Julb IOACHEHHS, HeoOXoauMbele AAf AajbHEH-
miero. PaccyxaeHus HOCUAM JMIUb HABOIAILMA Xapakrep, M uX
HUKOHM 00pa3oM HE/b3d pacCMaTpHBaTh Kak <«A0Ka3aTenbCTBO»
Toro akra, uro /modasg orpaHuveHHad MOHOTOHHAd NOCJIELOBa-
TEABHOCTh MMEET npefea (B MHOXECTBE NeHCTBUTEBHHIX uncen).

§ 6. CeoficTea MHOKecTBa AefiCTBUTENbHBIX YHCEJ

Teneps y Hac ecTb Bce HeoGxoauMoe, uro0b [aTh MOJHOE
OMUCaHHe MHOXEeCTBA AeHcTBUTENBHBIX umced. Kax um B cayuae
PAIMOHAABHBIX YHCENM, Mbl JAAMM <KOCBEHHOE ONpeaeteHue» MHO-
KecTBa JAeHCTBUTE/BHBIX UHUCEN, NEePEYUCANB €ro OCHOBHHIE CBOH-
crea (axcuomsl). I'py6o rosopq, ¢ aarebpanueckoid TOYKd 3pe-
Husl MHOXKeCTBO [) BCeX HEHCTBUTENbHBIX 4HCEA VCTPOEHO TaK
®e, Kak W MHOkecTBO R pauuonaispHmx umced. OAHaKO HeHCT-
BUTEJbHBIX uucen 6oJplle— HaCTOAbKO OoJblue, 4TO j0basi MO-
HOTOHHAs OrpaHHUEHHas MOCJAEeNOBATEABHOCTh uMeeT B [) npeae.
Bosee TouHo, MHOkecTBO [ BCEX NeACTBUTEABHBIX 4YKce]l 06aa-
ZaeT CACAYIOLLUMHI NATBIO TPynimaM# CBOHCTB.

A) Muowecrso [J COAEpKMT BCE pauuoHanbHHE umcha (a
BHAYMT, U BCE LEABIE 4YMUCJI3, B uactHocTh dncaa O u 1)

B) Ias moOwX 1BYyX aeHCTBHTENbHBIX uncesl a, b onpene-
JeHa ux cymma a-+b. Orepaunst B3srus CymMbl (CI0keHUe)
KOMMyTariuBHad M acCOUMATWUBHA, T. €. AJas J6GeX AeHCrBATENb-
HBIX uYucesa 4, b, ¢ CupaBeduBbl COOTHOIUEHHA

a-+b=>b+a,
(@+b)+c=a+@O+o).
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HNanee, a--0=a naa moGoro HEHCTBUIEABHOTO UHUCIA Q.
Haxonen, gan moGuX aBYX HeHCTBRTEJNBHLIX YHCEH &, b Hallzercs
(v TpATOM TOMBKO OAHO) HAEHCTBHUTENRHOE YHCHO, SABASIOLIEECH
‘peureHueM ypasHeHus b-}-X==g; 3TO 4YHCJIO Ha3bIBAETCs po3-
Hocmsl0 uyucen a u b n ofosnauaercs uepes a—»~, a onepa-
M B3ATHS DA3HOCTH HaskiBaeTca 8suumanies. Pasnocts 0 —a
0003HAYalT TaKXe MPOCTO yepes — 4.

B) as mobrhix ABYX HeHCTBHTENBHBIX UHCed a, b onpene-
AEHO UX Mpou3sedexue ab. Y muoscenue (Onepauust B3ATHA NPO-
U3BEJEHMS) KOMMYTaTHBHO, aCCOUHATHBHO U AUCTPUOYTUBHO:

ab=ba,
(ab) c =a (bc),
a(b-+c)=ab+ac.

IOas moGoro mefcrBUTENBHOrG 4YUCAa @ CUPaBedIUBO COOT-
pomenne 1.a=g. Haxkonen, niag modOmx HBYX AeHCTBHTENbHBIX
yucen a, b (rme b 74 0) Hatigercs (1 NPUTOM TOJBLKO OJHO) Aei-
CTBUTE/BHOE YHCJIO, ABJAAIOILEECH peLIeHHeM ypaBHeHud bx =a;
9TO UHC/AO HA3LIBACTCA HacmHsLiM dacea a a4 b u obosnada-

a
eTCaA 4epes B a onepanus HaxoKAcHHA 4aCTHOrO HaspBacrld de-

ACHUe M.

I') Kak # paumoHaipbHHE 4mcaa, BCE OTAUYHBIE OT HyJs Aei-
CTBUTE/bHBIE YAC/HA Pas3OUTEl HA HOAOXCUMEAsKbE U OHIpuya-
measnoie yncna. Ilpy aTOM CyMMa v NpPOU3BEIEHUE [OJIOKATE/b-
HBIX 4dCeJ CHOBA ABJAIOTCA NOAOKHTENbHBIMH HHCAaMH. DTO JAaeT
BOSMOXHOCTh BBECTH B MHOXecCTBe [) HEpaBeHCTBa: 1O ofpene-
jgennto @ >b (wm b<Caq), ecan YHCAO @—b NOJOKUTENBHO,
Hanee, ecin a OTPULATENBHEO, TO — @ NOJOXHUTENbHO. Hakouen,
oJag mobOro NOJOXHUTEABHOro JeHCTBUTEABHOrO uucjia a Hafi-
AeTCsi TaKoe MOJOXKHIENHHOE PALUOHAMBHOE YHC/IO F, 4TO r < 4.

J1) B muoxecrse D kaxaas orpaHuieHHas MOHOTOHHAS HOCTE-
HOBATeNBHOCTH UMEeT npexenl).

1) Eme pa3 mof4epKuBaeM, 4TO 37eCh GbLIO JAHO JUWb MepeyHc-
JeHHe CBOHCTB MHOXKecTBa JeHCTBUTeNbHBIX uynced. [Tpu BHIGpannoM
3eCh 2KCHOMATHYECKOM OIHCAHHM MHOXKeCTBA JeHCTBUTC/ABbHBIX uHCes
Obi10 Obi HEMPABHJILHO CTABHTH BONPOC O «IOKAa3aTenbCTBe» 3THX CBOKCTB
(B uyacTHOCTH, cBoiictBa [I), yTBepykjaiolmlero cyiliecTBoBamHe Npejesa
OFPAHHUEHHON MOHOTOHHON ROCJEAOBATeNLHOCTH), bBonee npaBuabHBIM
Obiio Gbf MOCTaBHTH BONPOC: CYWECTBYET JH MHOKECTRBO AeiCTBH-
TeALHLIX 4HCed, T. e. yHces, oOGJajaiolX BCeMH YKa3aHHBIMH CBOHCT-
BaMu? MartemaThKa jiaeT yTBepAMTENbHBLIH OTBET HAa 3TOT BOMPOC, HO 3TO
yiKe JaneKo BHIXOJHT 3a paMKM LIKOJLHOTO Kypca MaTeMaTHKY,
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DTUM W 33BEpIIACTCA OMHCaHUE CBOHCTB MHOMWECTRA AeHcrBu-
reJbHbIX unces. VIHWMEH cnoBamu, BeinoJHeHue csolicts A), B), B),
'), 1) MOXHO MPUHATE B KauecTBE OMpeA€JEeHHS MHOXECT-
pa D Bcex aedcrBuTensHEIX umces. Besikoe yteepxaenue, xacaro-
pleecs JAEHCTBATENbHBIX YHCEJ, MOXET OWTb BRIBEIEHO M3 3THX
nATA TPynnm CBOKCTB.

Tax, mn3 cBoficte B) u B) Buirekawr (Tak we Kak u B Cay-
yae PpallOHAJBHBIX uncesa — cMm. npumepn 1 —9 Ha crp. 48— 50)
oObluHBIE MpaBufa AeHCTBHH Hald AEHCTBUTEBHBIMH YHCJAME:
BO3MOXHOCTE B a/are0panyeckod CyMMe NEPecTaBasTb YJEHH B
ao00M  HOpAZKE, INPaBU/IA CHOXEHWS, BHIUMTAHAA, YMHOXEHNSA
MHOTOY/IEHOB, (POPMYJbl COKPAUIEHHOTO YMHOXKEHUR N Apyrue
npaBuJa TOXAECTBEHHHX IpeobpasoBanni. Bce st npasuna nul-
TEKAI0T TOJbKO U3 cBoficTs, copmyanposanusx B D) u B).

B martemaTHKe HNPHHATO HAa3BIBATb HUCAOBLIM NOAEM BCSKOE MHOMKe-
CTBO 4Hces, KoTopoe obhajaeT CBOHCTBAaMH, yKazanHbMH B D) u B).
TakuMm o6pasoM, MHOzKecTBO D BceX AelCTBHTEJIbHBIX YHCeJ SIBJSIETCS
nosteM. Ero Tax M Ha3uIBAOT: nose Jedcmgumenssty yuced. I pyruy npume-
pOM MOJS MOMKET CJAYXHTh MHOMXKECTBO BCeX DalMOHAJBHBIX YHCeT (CM.
cBoiicTBa a) ¥ B) HA CTp. 46—47). Ero HaswIBaIOT NOITOMY noAeM payuo-
HoAbHbIX dtices. Eiie OAMB NPRMED TOJSA — note KOMNAEKCHbIX quces — pac-
cMaTPHBAETCsl B 4eTBePToli ryase. Bo BCAKOM I0Je MOMXKHO TI0 OGBIYHBIM
npaBHJiaM NPOM3BOJAUTH TOXKJACCTBEHHEIe NpeoGpasoBarust (TakK Kak cnpa-
Be/HBOCTh 3THX NPaBHJ BbITEKAeT U3 aKCHOM — TakWX, Xax bB) u B), —
KOTOpbie HMEIOT MecTo, No OIpejeieHHIo, B JoGoM noJje). '

Teneps MBI MOXEM BepHyThCs K Bonpocy o6 usoOpamcenun
HDEHCTBUTENBHEIX UYHCET C MOMOUIbI0 GECKOHEUHBIX AECATHYHBIX
npoOedt. BossMeM Kaxkyo-1100 GECKOHEUHYI0 AECATHUHYIO IDPOGEH,
CKaxeM ApoOb

0,123456789101112...,

paccmoTpenHyo B npuMepe 13 Ha crp. 53. Ilonpobyem noHATS,
«n300paxaer» nu 3Ta ApPOoOb KaKoe-HHOyab OeHCTBHTEJIbHOE
uncno 1 Kakoe uMeHHo. C 5TOH 1EeNbI0 PaccMOTPMM NOCAEHOBa-
TENBHOCTD PAlMOHAJIBHBIX YNCEa '

1 =0,1; ¢,=0,12; g,=0,123;...; ¢i,==0,1234567891011;...,

KOTOpHIE MBI MOJYYHM, €C1n OyneM B HamucanHo# OecKoHeuHOH
Apobu coxpaHsatb nocae sanarod 1, 2 u 1. g nngp. Iru yncaa
00pasyloT, OYeBHAHO, OTPAHHYEHHYI0 HEySHBAOULYI0 NOCAELOBA-
reapHocts. CornacHo cBoficrsy [1) cymecrsyer mnpexen sTOH
NOC/IeA0BATE/IbHOCTH, KOTOPHH Mbl OGO03HAYUM Yepes o

a=1lim g,
n—0
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O6 »TOM JHeHCTBUTENLHOM 4YHCJAE O ¥ TOBOPAT, YTO OHO
u3o6pascaemcs B3Toh GecKOHeuHOH necsTHYHOR ApoGHIO.

To ke paccyxieHue npuMeHuMo u K mwoboit apyroi 6ecko-
HEYHOH JecaTHyHoH ApobH, T. e. awbasg GeckoHeynas Oecamity-
Has 0poOs usobpaxcaem Hewomopoe OelicmeumensHoe 4HUucAo.
(IIpu sTOM JmOGOE HEHCTBHTENLHOE YHCIO MOMET OBITh H300pa-
KeHO OeCKOHEeuHOH AecaTnuHofl ApoOhID.)

Teneph CTaHOBUTCS MOHATHHIM, 4TO, B CaMOM jmene, XeHCTBH-
TeNbHHX UHCEJ OKa3hiBaeTCs [JOCTaTOUHO 1J9 M3MepeHHs OTpes-
koB. Benmp, Kak Mel BHgenn Ha cTp. 53, B upolecce H3MEpPEeHUH
oTpeska Tmoayuaercs OGeckoHeyHas AecITHUHas ApoOGb, a KawAaas
TaKkasg ApOOb H300paxaeT HEKOTOpOe ACHCTBHTENLHOE UHCJIO.

ITpumep 15. Buuucanth HeCKOJBKO 3HAKOB GeCKOHEUHOH
JgecsTuuHOH apobu, usobpakawomel YncjIo %/3.

Pemwmenune. Tax Kaxk 13<23, a 22> 3, 10 1<%,f3< 2,
1. e. ¥/ 3=1,... Paccmorpnm Tereps uncaa

1,0, 1,1; 1,2, ...; L,9; 2,0
n OyzeM Bosoauth uX B KyG. ITyrem mpod Haxoaum, 4To
1,43=2,744 <3, 1,6%=3,3756>3.
Takuym ofpazom, )/ 3=1,4... Teneps uCrHTaeM uncIa
1,40; 1,41; 1,42;...; 1,49; 1,60.
Bossoaa B Ky, naxoaum
1,44%==2,085984 << 3, 1,45%=3,048625 > 3.

Takimm o6pasom, )3 =1,44... AHaZOrmyHO MOXKHO HAXOZHTH
nocaenytommne sHaku. (Brnpouem, cyuectsyior 3Hauntenasuo Gosee
COBepllIeHHBIe CNOCOGH BBHUNICHEHUs KOPHEH.)

[Tpumep 16. JokasaTh, YTO MexAy mMOOLIME OBYMA pas-
JUYHBIME  ZEeHCTBUTENLHBIME  UHCJAAMH  HMEETCs  PAllMOHAIbHOE
yuCNo.

Pewmwenue Ilycts o n f—nBa meficTBurensHslx uncaa,
a4 . Dyzem s onpeeneHHOCTH CYHTAThb, YTO uucaa & u fB
noJ0MuTeALHb, npuueN < § (apyrane caydan paccMaTpHBalOTCH

1
aHanoruuHo), T. e. >0, f—a > 0. Tak Kax uyucao o Mouo-
HHUTEABHO, TO (B cuay ceoicrsa I')) Hadzercs Takoe MmoJo#xH-

. 1
TEJAbHOE PaUMOHAALHOE HUCAO r', uTO r'<a. Touno Tak e
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HallZercs Takoe MOAOKHUTEMRHOE PANUOHANBHOE HHCAO I’, 41O

m
r’ << p—o. Mb MOmeEM Hanmcarsb r’=7, r”=%, rae m, n,

p, §—HaTypaJbHBIE 4uCaIa. Torna ,ng r', u noromy %<é,
1. 6. o< 17 (MBI 3jech MOJb3yeMcd OOBIUHBIMU CBOHCTBAMH He-
pABEHCTB; NMoAPoOHO O HEPABEHCTBAX CKA33aHO B IJase Tpernefi).
TouHo Tak xe %g r’, u noromy —;—<B——o¢. Paccvotpum  1e-
nepb uncaa 0, -(1]—, —?]—, ’%57:11. [Tepsoe u3 1UX unces MeHbLIe
o, nocaenHee Ooabwe o (1. e. 0<Ca, n>a) 3HauuT, Halgercy
TAKOE HATYypaabHOE £, uTO k—?—lgoc<;—e Uz s10r0 Ccrepyer,
410 %——u:\i’_—s——%l-:%<[3—oc, ¥ TIOTOMY %<ﬁ Urax,
o< —f;-<ﬁ, T. € - —HCKOMOE DANMOHATLHOE UHCIO, 3aKO-

ueHHOE MexIy o u P.

§ 7. AGcomoTHas BeJUdYHHa

Onpenenenune. Abcoaromuofl geaununoli {al| deticmau-
MeNBHO20 HUCAQ @ HO3bBAEMCA HICAO Q, ecAll a HOA0XCU-
meAsHO UM PABHO HYAW, W HUCAO — @, ecAl a ompuya-
mensHo.

Vnaue roeops,

la] a, ecim a=0,
a|—
—a, ecmi a <<0.

3aMeTUM, UTO €CJAN YHCAO @ TNOJONKHUTENLHO, TO (B CHay CBOH-

ctBa I')) uncno -—a orpuunarenabro, T. & —a << 0<Ca. Takum
obBpasoM, —a<Ca. B stom cayuae |a|{=a, 1. e. |a]| coBna-
JaeT ¢ OOJbLIMM M3 ABYX uiceJa a, —a. JIerko mnposeputh, uTo

¥ B C/Iyuae, KOIJad @ OTPHUATENbHO, UMCJO | a | coBnagaer ¢ 66.b-
myM u3 uucesa a, —a. Taxkum o0pa3oM, MOXKHO HaTh ¥ OPYToe
onpeaenenne abCoOOTHON BeNHUYNHEL

Abcoaromnoil seauuuHol OelicmsumensHozo wucaa o =0
Ha3slgaencs Coavulee u3 08yx yucea @, —aq.

M3 sToro BTOpOro omnpeneneHus HENOCPEACTBEHHO C/eayer,
40 |—a|=|a|. TouHo Tak Ke U3 3ITOrO ONpefejeHHs cje-
AyeT, uro Aas moOorc JeHCTBHTENBHOrO YHCIA @ CHpaBelJuBhI
HepaBEHCTBA

a<<|a), —a<lal
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VMHOMKAR BTOpPOE M3 STHX HepaBeHCTB Ha — | (mpM 3TOM 3HaK
HEPABEHCTBA M3MEHHTCH HA IMPOTHBOIOJIONKHEIN), MBI TOAyUHM
CAEAYIOUHE IBA HEPABEHCTBa:

a<lal, a=—|al

cnpasennuBbie Aan Jgwboro Ae#creurensHoro wicna a. O6vemu-
HAS 3TH [Ba HEPABEHCTBA B OAHY <LEMOUKY», MOJy4aeM

—la|<a=|al.

CymecrByer etlle Tperhe onpene/deHne abCcOMOTHON BeTHUNHBI
(pasyMeercs, SKBHUBAJIEHTHOE NpPEIbLAYIIHM), KOTOPOE B HEKOTO-
pHIX chayyasx ObpiBaer oueHbp ymoOHbIM. Mumenno, alcomoruyio
BEAUYMHY MOXHO Ompenennts (hopmy:ioi

al=Vat

rae B npaBolt uacTu Oeperca apudMeTHUYeCKUH KOpDEHD
(1. €. MOJOKATENLHOE 3HAUYEHHe KOPH:).

MMpumep 17. [okasars, uro HepaBeHCTBO |a|=<b sxsu-
BaJIEHTHO COOTHOLIEHHAM —b < a=Ib.

Pemenne. [onycra, uro uMeer MeCTO HEPaBeHCTBO |al<Id,
T. e |a] He npesocxoaut b Tak Kak |a|-—Haubouburee
U3 ABYX YHCeI @, — a, TO KakJA0e U3 HUX He [PeBOCXOMIT b, T. e.

a=<b, —a=Ibh.

YMHOXas BIOPOE U3 3TUX HEPaBEHCTB Ha — 1, noayuaem —bh<Ia.
OObeanHss TOJNYYEHHBIE HepaBeHCTBA —b=Ca, a="h B oxHy
«IIeNouKy», Mbl H TOJyuaeM —b < a < b.

OO6partHO, NYCTh UMEIOT MECTO HEpaBeHCITBA —b<Ca<Ih, 1.6
—b=ta n a=b. YMHONaA NEPBOE U3 STUX ABYX HEPABEHCTB HA
— 1, nepenumieM uxX B Buie —a=I b, a=Cb. Takum obpasom,
Ka}XJI0€ H3 uuCel @, —a HE MPEeBOCXOAUT b, a NMOTOMY W Hau-
GoJspiee W3 HUX HE MpeBoCXoaut b, 1. e. |a|=<b.

I[Tpumep 18 [okasate, uro ana moObHIX ABYX JeHCTBU-
TEJbHBIX YHCeJT a, b CIpaBeiNuBO HEPaBEHCTBO

_ tatbl<la|+|b]
Pemenne. 3anmumem ana uncen a m b HepaseHcTBa
—la|l<ta<<jal, —|b|<<b<|b|
CnoXuB 9TH HEpaBEHCTBA, MOJyYuM
—laf—lbl<atb=|a|+]b)
—(a|+lb)<atb<|a|||bl

niIn
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Taxkum o6pasoM, uncao c¢=|a|-}|b| yaosreTBopsier HepaBeHcr-
gaM —c=<<a-+b<<c, n moromy (B CHAY NPENBIYHIEro npw-
mepa) |a+b|=<<c, 1. e |a-+b|<<|a|+]|b]|, uto u Tpebo-
BANOChH. )
‘IIpumep 19. Pewnts ypaBuenne |x—1!=|x+31.
Pewenune. Hcnoasaya tperne onpesenenne aGconorHol
BEJMYHAHBL, MBI MOXEM MNepenucarb 3afaHHOE ypaBHEHHe B BHJE

V==V {xF 3% )
Bo3Bojis B KBaapar obe YacCTH, NOJyuaeM ypaBHEHHE
_ (x— 1P =(x+ 3 ‘ (2)
Packphitag CKOOKM K TNPUBOAA NOAOGHBIE W/GHK, MBI TOAyYaem
ypasHeHue 8x 4-8=0, u3 KOTOpPOro HaxoguMm X ==-—— l.

3aMeTuM Tenephb, uTO Tnepexon oT ypashemns (1) K ypasue-
o (2) coBepluancs Bo3BeJeHueM B KBaapaTr o0emx uecret
ypaBHeHus. Takoe npeob6pasoBaHue ypaBHEHUs HHKOrjIa HE MpPH-
BOOUT K TNOTepe KOpHeH, HO MOXKeT IPHBECTH K MOABJIEHUIO
NOCTOPOHHUX KopHel. IlosToMy caemyer mnposeputh, sBaAsETCA

I HafiieHHoe 3HaueHHe X == — 1 KOpHEM HCXOZHOTO ypaBHEHHsd.
IMposepka NOKAasHBAET, YTO X ==-— 1 YAOBJETBOPAET HCXOAHOMY
ypaBHEHHIO,

Wrak, npanHoe YpaBHEHHE ©MeeT eIHHCTBEHHBIH KOpEeHb
x=—1.

§ 8. Yucaoras ocs ¥ KOOpAHHATHI

Ilycte /—wnekotopas npsaMas. OTMETHM Ha Hell NpOHU3BO/b-
nyro Touky O, Koropyilo OyAeM Ha3biBaTh HA4QA0M OmMCHema
(unu npocro wawaaonm). Touxa O pazbusaer npaMyl [ Ha ABa
ayda. OguH u3 3Tux JAyue#t ycjaoBuM- p oy
CR CUUTaTh MOAQNHCUMEALHBIM, 3 BTO- —
poli — ompuyamensnoim. Ha ueprexe
OPUHATO NOJNOKUTE/bHBIA Jyu oTme-
yate cTpeako# (puc. 7). Mnb Oynewm, ?
KpoMe TOTO, NpeanoJararb, uT0 VKa- 0
8an orpesok AMN, npunuMaemhifi 3a Puc. 1.
CIMHALY W3MEDEHNsA HJUH. B

Urak, na npsmoii / ormeueHo Hawasno otcuera O M yKa3aHo,
KaKkodh mn3 ABYyX Jydye#d CYnTaercs NOJOKHUTENbHBIM; KPOME TOrO,
BhiOpana eannnua namepenns MN. Tlpn srux ycrosusx Kaxaoh
Touke A npamofi / CONOCTaBJSETCd HEKOTOPOE AEHCTBHTENLHOE
YHCJAO X, HazwBaeMoe koopouxamoid toukdn A. Jlenaercd 3T0
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crenytomum 06pasoM: eCad TOUKa A JAEKHT HA MONOKUTENHHOM
Ayde, TO 3a Xx npuHumaeMm AnuHy ortpeska OA (puc. 8); ecmu A
NEKAT Ha OTPHUATENLHOM JyYe, TO 32 X NPHHHUM3eM OTDHILA-
TEILHOE 4YHCAO, abCOMOTHas BEAMYHHA KOTODOTO paBHa AJKHE
orpeska OA (puc. 9). Haxonen, ecan Touka A ‘coenanaer ¢ O,
10 nojgaraem x==0. Kopoue, ’

|OA], ecin A nexuT Ha NOJOKHTEILHOM JYUe;
x=1{ —|0A)|, ectu A nexuT Ha OTPHHATEJBHOM JyHue;
0, ecim A cosnagaer ¢ O,

Wrak, xamaod Touxke npamMoli / comocTassercs AeHCTBUTENb-
HOE uuCaI0 — KOOpAMHaTa 9TOH Touku. Beckma cyulecTBEHHO, YTO

, M N
Mo N
=2 r=-3 )
0 A ' A 0
Puc. 8. Puc. 9.

KaXaA0€e JEHCTBHTE/NBHOE HHCAO SIBAAETCS KOODIMHATOR HEKO-
TOpOH (M NPHTOM TOJBKO OAHOH) TOUKM Ha NpsMOH /.

Btor dakt (B WKOJBHOM Kypce anreOphl He NOKa3biBaeMbii)
BHIPAKAOT CJACAYIOLIUME CJAOBAMU YCHMQHOBACHO 83QUMHO O0HO-
8HaUHOE COOmBemcmeue Mexcdy scemu mowxamu npsamol {u
- gcemu Qelicmeumensuoemi qucaami. BMecTo Toro uroGH CKa-
3aTb «Touxka A npaMolt /[ IMEET KOODAHHATY X», rOBOPAT TaK-
KE <«HHCI0 X u3zobpasxaemcs Toukol As. Ias coxpauenus
peus NpHHATO TOBOPHThL <TOYKA X» BMECTO «TOUKa, u306pamaro-
mas uyucao x». VIHBEIME CJ0BaMM, 4acTO HE DPas3nualoT YuCAO M
1300paxaoulyl ero TOYKY. -

Ilpswaa /, ma koTOpofi yKa3aHHHIM CMOCOGOM M306pakarcTCa
JEACTHNTENDUBE YNCAA, Ha3BIBACTCA 4i1cA080# ocvo. Iag naraan-
HOCTH YKa3hiBAlOT HA YNC/IOBOH OCW TOUKH, HMEWIIUE LEJIOUHC-
JeHHBIE KoopawHaTH ... —3, —2, —1, 0, 1, 2, 3, ..., u waz-
IIACHIBAIOT 9TH YHCAA OKOJO COOTBETCTBYIIIKX Touek (puc. 10).
B aToM cayyae msoOpawarb Ha ueprexe enuHULY uaMepeHus MN
He 00643are/IbHO (HalpuMep, OTPe30K C KOHUuaMu B Toukax O u 1
paseH eluHune msMepends). MHorfa ykaseiBaioT u Gosee MelKue
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neneHns (Hanpumep, yepes Kaxaylo HecaTyio 4aCTb eVHHUL W3-

MEpEHus). .

Yaue Bcero uMCAOBYIO  OCh n300paxaor ropnaomanbuo,
MpAYEM TIOJOKHTENbHBIM CUYATAIOT MpaBblil Jyy, a OTpHIATE/]b-
oM — JieBbift (kak Ha puc. 10). B stom cayyae wepaseHcTBa

JONYCKAlwT OUYCHb [IPOCTYIO TEOMETPUUCCKYK HHTEpHpETanuio.

Puc. 10.

VIMeHHO, HEPaBEHCTBO Xy > X, O3HAYaeT, YTO TOYKa Xj Dacno-
JOKEHAa NMpaBee TOUKH X, IIpocTyio reoMeTpuyeckyrw HHTEp-
nperauyio JONYCKaeT Takxke (PaKkT, HOKasaHHe B mpumepe 16
(ctp. 62). - ateacdy KaxcOsMil 08YMA MOYKAMU HUCA0B0L nps-
Moll natidemcs payuonassHas mourxa. Kopoue 3T0T (aKT BoIpa-
AT TaK: MHOKECTBO PALMOHAIbHBIX UHCET MAOTHO HAa UACIO-
.BOH NpsaMO#H.

B sakuouenue 3TOoro naparpada HarNoOMHHM  CJAEAYIOLLYIO
TEOPEMY, YaCTO HCHOMb3YEMYIO NP pEelueHud 3afau.

Teopema. flycme Ay u A,—08e npou3sossHsie MOUKU
Ha 4ucA080l ocu, Xy 0 x,— ux Koopduramst. To20a paccmos-
Hue aexcoy mouxamu Ay u A, (m. e. dauna ompe3ra AA,)
PAasHO | x;— Xy

IlokasareapCTBO 3TOM TeopeMbI csoauTCs K pasbopy pasnnu-
HBIX CJIyuaeB pacnonoxenus Touek A; u A, Ha 4HCIOBOR ocH.

0 A,

! " P,
t +

[

Puc. 11.

Hanpumep, ecnm Ttouxa Aj JEXMT Ha NOJOKHTEIBHOM JyUe,
a Touka A,—Ha orpuuaressoM (puc. 11), 10 Xxy= 0A4;],
Xo=—|0A,|, u noromy

| T . —

| A14y 1 =14,0| +| OA; | = X1 — %
Tak Kak uMCHO X;—X, B SIOM CIyYae MNOJNOKATELHO (M6O
x>0, x,<<0), 10 |X—X5|=x;—x, Taxkum oBpasonm,

| AyAy | =] x;—X,|, T. € B paccMaTpuBAaEMOM CJAyuae yTBEpHK-
IeHue TeopeMbl CnpaBelluBO.
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Ecim ke, ckaxeM, o6e  Toukm Aj, A, MexaT HA MOJOKU-
TEJBHOM Jyue, npuueM Touka A; pacnoaoxkeHa mexay O m A,
(puc. 12), 10 x1=|04;], x,=|04,|, u noromy '

| A1Ay | =104, | —|0A; |=xy — X1 =—(¥i — X)-
Tak Kak uYuca0 Xj—X, B 3TOM cJayuyae oTpunarensHo (ubo

X3 <7 Xg), TO | Xy— Xy |=— (x3— X,). Taxum 006pa3om, u B 3TOM
cayuae | A1 A, ="x;—x, |

0 A A

—
¥

Puc. 12.

AHanoruyHo paccMaTpUBAOTCH APYrHe BO3MOKHBIE CaAyYad
pacnosnoxenns touek A;, A, Ha uucaoBo# ocw.

B kauecTBe uamoCTpaumm MH pElHWM <TFeOMeTpUYecKH» ypaB-
HeHune mnpumepa 19. ) '

Mpumep 20. Pents ypasHenue | x—1|=|x+4 3}

Pewenne. Yucao |x—1|nmpeacraBaser cobo#i, B cuay
chOPMYIUPOBATIHOI BBILIE TEOPEMB, PACCTOSAHHE MeXLY TOUKaMU
x u 1, a wicao [x--3|—paccroaHue MexAy TOUKAMH X H
— 3. Takum oOpasom, HanucaHHOe YypaBHEHUE TEOMETPHYECKH

Puc. 13.

dopMyaupyercs caeAyiomiuM obpa3oM: TOYKa X HaXOAHTCA
Ha OAMHAKOBOM paccrosumu OTF Touek 1 u —3. Wuaue rosops,
' X—cepenuHa OTpe3Ka € KoHlamMu B Toukax 1 u—3, 1. e
x=—1 (puc. 13).

Mrak, uanucaHuoe ypaBHEHHUE HMEET eNNHCTBEHHHIH KOpEHb
Xx=—1

§ 9. Hexoroprie 4ucaoBbie MHOWKECTBA

Baxnyo poab B MaTeMaTHKE UTPAIOT PANHUHEIE MHONCECINBA,
Hanpumep, MOXHO TOBOpHTH O MHOXECTBE Bcex ¢uryp, nopo0-
HbHIX JaHHON, O MHOXECTBE BCEX PaUMOHAJLHBIX YHCET B T. .
Mbl 35ech GyHEM paccMATPUBAThL TONLKO MHOKECTBAE, COCTABJIECH-
Hele u3 unce] (UX HA3LIBAIOT #uCA08uMU MHONCecmsamu). ITpn-
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MepaMst MOTYT- CJAYKHTE MHOXECTBO BCEX LEJBIX YHCEN, MHOMNe-
CTBO BCEX palMOHAaJbHBIX YHCEJ, MHOXECTBO BCEeX KOpHeR naH-
HOTO YpaBHEHHs H Jp.

Ias toro yto6bl ykasaTh, UTO YHC/AO X NPHHAIL/IEKHT MHO-
xecTBy M (uan, KaK TOBODAT, ABASEMCS SALMEHMOM MHONE-
crea M), mumyr x e M. 3anuce ke x & M 03HAYaeT, 4TO
yuca0 X He npuHagaexur Muoxectsy M. Hampumep, ecan R
03HAYaeT MHOMKECTBO BCEX PALHOHAJIbHBIX YUCEJ, TO MH MOMEM
HaImcaTh

2R —f<R VI&R agR

MHOXECTBO BCEX MEHCTBUTEJBHBIX YMCeN X, YIOBJAETBOPAIOMIUX
HepaBeHCTBaM
asSx<b

(rae a, b— peiicTBuTeNbHBE WuCaa, npHYEM a < b), Ha3biBaercd

YUCAOBLLM OMPEIKOM, WA TPOCTO OTPE3KOM. DTO MHOKECTBO

obosHauaerca cuMBoJioM [a, b]. Hassanue «oTpe3ok» o8bacHAETCS
0 a b

—_— J— "

(a.b]
Puc. 14.

TeM, YTO Ha YHCJAOBOH OCH 5TO MHOXKECTBC B CaMOM fAefle u3o-
OpakaeTcs HEKOTODHIM OTDE3KOM (KWpHas JuHHS Ha puc. 14).
Yncna @, b (nnu uzobpaxaronine uX TOUKH) HA3HIBAIOTCA KOH-
yaumu ompesrxa [a, b], ocTanbHHIe TOYKH, NPHHALILKALLIHE STOMY
OTPE3Ky, Ha3bIBAIOTCH €ro BHYympeHHumu moyrxamu. Hanpumep,
2 ecTb BHYTpEHHAR TOYka orpeska [1, 6].

MHOxecTBO BCeX AeHCTBUTE/BHBIX UUCEN X, ynosnersopmo-
IUX HEPABEHCTBAM

a<<x<b

(rre a < b), raxe uz00pakKAeITCH HA YUCJAOBOA OCH OTPE3KOM,
K KOTOPOMY, OJHaKO, He NPUUUCAAITCH €ro KOHUEBhE TOUKHU.
OTO MHOMECTBO HA3HIBAETCA UHMEpPBAAOM U OOO3HAUAETCA CHM-
BoaoM (a, D).

Hepes [a, b) obosHayaeTcl MHOKECTBO BCEX ACHCTBUTEABHBIX
dpcen X, yAOsJACTBOPAIOLIMX HEPaBEHCTBaM a =< X < b, a uepes
(@ b]—mHO)ECTBO uncCeN, . YAOB/JETBOPSIOUIUX HEPaBEHCTBAM
a< x<ib. OTu MHOXECTBA HABBIBATCA MOAVUHINEPBAAAMU.
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Onu noaydaiorcs U3 uHTepsana gobas/eHueM JMINL OAHOH KOH-

1eBOH TOUKH. )
MHoxecTBO BCeX HeHCTBUTEABHLIX 4HCed X, YAOBJETBOPAiO-
HluX HEPaBEHCTBY o
: X >a,

ofosnavaeTcd cumBojoM (g, ©0). 3Hak 00 («BECKOHEUYHOCTH>)
. HE CAyWHuT IJja 0003HauéHus Kakoro-aubo uuciaa, a fABJAeTCH
Julib  YCJAOBHEIM CcuMBOMOM (OH Kak OBl CHMBOJM3UpYeT, UTO

J e

(2. oo)

Puc. 135,

S

TOUKY 3HTOF0 MHOXKECTBA MMPOCTUPAIOTCA BN PABO KaK YroaHO
adaneko, puc. 15). WHorpa Bmecro HepaBeHcrBa a <C X, ofpege-
JSIOHIEr0 MHOXECTBO (@, 00), NHyT

a< x < co.

713 3anuch TaKXKe JUIL yclIOBHA®; 0BGO3HayaeT OHAa B TOYHOCTH
TO € CaMoe, 4TO W 3anuch a << X.

Cumpoaavn [a, o0), (—o00, a), (— oo, a] obo3HavaOTCA
MHOXECTBA, OFpeJe/seMble COOTBETCTBEHHO HEPaBEHCTBAMH

Xx=a x<la X=s=a

MHoraa aTu HepaseHcTBa (ONpele/AIoLIne YKa3aHHbE MHOXKECTBA)
BarnucHiBaloT TaKKe B BHAE

S X<{00, —oo<Lx<<e —oo<{x=a

Muoxectso [) Bcex [edCTBUTENbHBIX unce] 0603HaYaercs
TAKXE CUMBOJIOM (— cO, o0). Ilo anasorum ¢ paccMOTPEHHBIMY
BILIE CAY4asMU WHOTAA FOBODAT, UTO 3TO MHOKECTBO OMHUCHI-
BAaETCAd «HEPaBEHCTBAMU» — OO < X < OO. ’

B zaknwoueHne ykameM TOHATHS 00BedUHEHUs W nepecedenus
mHowectB. Ilyctb M u N-—gapa Kakux-1u60 (4nCAOBHIX) MHO-
- aectBa. OOseduHenner 5TRX [BYX MHOXECTB Ha3hIBAETCH MHO-
WECTBO BCEX TOUEK, NPHHALMEKAWMUX XOTA Obl OJHOMY W3 MHO-
xecrs M, N. -OObenuHeHne MHOXKECTB M u N o6GosHauaercs
cumsosiom (J. Hanpumep,

, (2H9UB8=(2,5)
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(puc. 16). [anee, muoxecrso (1, 3]J[4,5] «cocrour> u3 asyx
OTAEJbHHX OTpeskos (puc. 17), a Muoxecrso [1, 3) | (3, 5] npen-
crasifeT coGo# oTpesok [1, 8], u3 Koroporo yaaieHa («BEHIKO-
nota») Touka 3. I[lonb3ysch 3HAKOM SKBHBAJIEHTHOCTH <>

0 2 4
(2.4)
0 3 5
{3,5)
0 2" 5
- (2.5)
Puc. 16.
0 3
T
0 | 4 5
- (45
0 1 io4 5
[1.3] U [4.5]
Puc. 17. '

u 3HakoM am3broHKnun \/ (ctp. 30), MBI MOWeM CAeAyoHIEM 06-
PasoM sanucartk omnpeneneHne OOBELHHEHUS MHOXECTB:

xeMUN)yexeM (x = N)

{lepecevenuem nByx MHOxecTB M u N Ha3uBaerca MHOKe-
CTBO BCEX TE€X TOYEK, KOTOpHE HpPUHALIEHAT OGO UM MHONKE-
cream M, N. Tlepeceuenne wmHokectB M u "N o0603savaercs
cumeosion M ) N. Hanpamep,

(L3IN[1L 3)=(1, 3),
©, 00N (— 1,3}=(0, 3}]..
C nomoiubio 3HaKa KOHBIOHKUAM /\ MOXHO CJefymouiM o6pasoM
Banucath ONpeNe/CHHE NEpeceyeHns MHOXKECTB:
xxeMNN)e(xe M A (x<=N).
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Moxuo paccmarpusath Takke obbenunense (uan mepecede-
Hue) Tpex u OGoJbluero uucaa MHoxects. Hanpumep, oGbenunxe-
Hue M|JNU P COCTOMT H3 BCEX TeX TOYEK, KOTOpHE MpUHaA-
JexaT xoTs O OXHOMY K3 MHO¥ectB M, N, P.

Mpumep 21. Haiite obnacts onpenenexus (pym(unu

_ 2x+5
Y=EFD -

Pemenne. Dra dyHKuus onpemeneHa BO BCEX TOUKAX, HE
SIBJSAIOUIAXC  KOPHsimMu 3Hamerarens. Hizade rosops, o6.acisio
onpeneseHnst 3TOH (DYHKIUU SBASETCS MHOKECTBO BCeX AeHCTRU-
TENBHBIX 4YHCET, KpoMe x=— 1 n x=3. dry obnactb Onpe-
IeneHnst MOXHO 3anucarlh B BHAE

(—o0, —HU(=1,3)U (3, 00).
Mpumep 22. Hafitu obnacts onpeaenenus QysKium
y=)2—x+lgx.

Pemeunne. Ilepsoe crnaraemoe B mpasoft yacTu mpencras-
ager coOol  (pyHKUMIO, OTNpeleleHHyo npu ycaosun 2—x =0,
1. e npn x =< 2. VueiMu cioBamy, 00a1acTbio OnpefeaeHust QPyHK-

mwan 2 —Xx sBasercs MHOXeCTBO (— oo, 2]. Bropoe caaraemoe

o 2
{_°°12] -
Z
(0, 00)
0 2 _
(0,2]
Puc. 18.

onpeneieHo npu x>0, 1. e. obnacrpio ompeneaeHus GyAKUnH
lg x ssaserca muoxecrso (0, co). Haxoueu, 3amaHHas HaM (yHK-

uust Y= ]/2—x+1gx onpeneaeHa AJf BCEX TEX X, LIS KOTO-
pHIX OnpefeNeHo U NepBOg, M BTODOE (CJaraeMoe, T. €. A Tex
X, KOTOpble NpMHagIexar Kak o06/1acTu ONpenenenus yHKILHA

V 2—x, tak n o6aacti onpenenenus ¢ydaxuun 1g x. MHomn
o - . :




cnoBaMp, 061acTh Onpene/aeHHs 3aJaHHOH (YHKLHMN NpExCcTaBaseT

coGo#t mepeceuenne obnacted onpenenenns pyuxumd 2 —x u
lg x. Takum o6pasom, ucKomas 06GNaCTh ONPENENECHHT UMEET BUJ
(— 0, 2] (0, c0)==(0, 2] (puc. 18).

3anaun x raase Il

2.1. BcnovHure npasmio oOpaileHns Mmepuoauyeckux Aecs-
THUHBIX -Ap0o0elt B OOBIKHOBEHHbIE U 3anuiiute Apobb 1, 333... =
= 1,(3) B BuJe OGBKHOBEHHOH npoGH.

2.2. Jokaxure, uTo ]/3 €CTh YHCJO HPpallUOHAIBHOE.

2.3. Tlokaxute, uro uncao /5 —)/ 2 uppaunonansHo.

2.4, O0aanaoT nu ONEepaHud BBHIYATAHHA U JEAEHHS CBOHCT-
BaMU KOMMYTaTHBHOCTH ¥ acCOLMATHBHOCTH?

2.5, Moxer mu cymMMa paunMOHaJLHOIO ¥ HPPALMOHAIBHOrO
ypces ObITh UYMCJAOM PAalUOHANbHLIM?P

2.6. Moxer 5nm cyMMa [ABYX uppalMOHadbHBIX UHCEa OHIThH
PalEoHaIbHBIM YICIOM? . :

2.7. Moxer am npon3BeAEeHNUE ABYX WPPAUHUOHABHBIX UHCEJ
ObITh PAIlMOHANBHBIM UYHCJIOM?

2.8. BoBennre npasuso obpauleHns GeCKOHEYHOH TEpuommnye-
CKOft . necaTRUHOH ApoOu B OOBIKHOBEHHYIO.

2.9. Jlokaxure, yro Jno0O€ PpalMOHAALHOE UYHCIAO MOXKET
ObITh NpPEACTaBJEHO B BUAE OECKOHEYHOH MEpuOAMYECKOH mecs-
THuHOH Apoba.

2.10. JIoKaxute, 4TO MHOXKECTBO NPPALMOHATBHEIX YUCE TJI0T-
HO Ha YHCJAOBOH TPAMOH, T. €. YTO MewAy JOOBME ABYMs Hepas-
HBIMH ZeHCTBHTEAbHBIMU HHCJIaMHA HMEeTCs MPPaHyOHATbHOE YNCJIO.

2.11. [lokaxmure, uro uncao 0,101001000100001... (8 Koro-
poM mocJe - 3ansToi 3anucanHsl moapsaa umcaa 10,100,1000,.. )
SBJISIETCS HPPALOHABHBIM.

2.12. Jokaxwure, uro uncao 0,1101000100000001... (8 ko-
TOPOM €eQUHMUBl crTosT Ha 1-v, 2-M, 4-M, 8-M, ..., 2%, ...
... MeCTax) MPpaIllOHAIBHO.

2.13. Ilycre n—mofoe ue0e 4YUCHAO, YAOBJETBOPSIOLLEE

n
HepasencrsaM 0 <<n<C73. 3anumem pauuoHaJbHOE UYUCIAO 73
B Buae OeckoHeuHOfl mecATnuHo# mpobu:

n
ﬁ=0, (o o2 7NN
Ilokaxnure, 4TO B TOH BamuCH HE COAEPKHUTCA MOCIE 3ars-
TOH [BYX PALOM CTOAIMX OJMHAKOBHIX Hupp.
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Haiidume (ne ucnoas3ys mabany) npubiudcerus ¢ mou-
Hocmew 00 0,1 caedywuux uppayuoraasusx wuces (2.14—2.17).

2.14. - '11/1“5' 2.15. V6. 216 /5. 217 V7.

2.18. Hatizute mnepssie Tpu LHQPPH HECATUYHOLO pasIOKe-
Hud 4ucia

0,1234...31
0,3130 ... 21

(rme B upcauTene CTOAT MNOCAE 3androfl  BHINMCaHHbIE TOADPAL
uncaa 1, 2, 3, ..., 31, a B snavenareae—uducaa 31, 30,..., 2, 1).
2.19. Buiuncaute 200 3uakos (nmocae 3amsitodl) AeCATHUHOrO
pa3noxeHus Hucaa
1
1,00...01

Namstn, ot
99 nudp

2.20. Bruncaute 100 sHaxoB (nocae 3anﬂroﬁ) BeCATHYHOTO
Pas3JIoMeHus unciaa
1/0,99...9.

Sttt s’
100 nudp

2.21. B uncae 0,1234567891011...30 BelY4epKHYTH MOCTE
sanatoli 47 umdp Tak, urode MoJydYeHHOE 4Yucao Ob0 Hail-
MEHbILIHM.

2.22. [lokaxuTe, 4TO HEPaBEeHCTBO |a|< b 3KBHUBAJACHTHO
cooTHOWEHUAM — b < a < b.

2.23. Jloxkaxure, 4t0o 144 100bX HEeHCTBUTE/IbHBIX uHcead a,
b cnpaBefMBO HEpPaBEHCTBO

lat+b=(la|—|b]]
2.24. Ilns Kakux AefiCTBUTENbHBIX X ChpaBed/nBa (popMyala
g x2=21g x?
2.25. Jlns Kakux HEHCTBUTENLHBIX X CHNpaBeliuBa Qopmyna
lg x*=21g| x|?
Ynpocmume caedywwue supaxcenus (2.26—2.29)
2.26. }/ (1 — cos & cos f)? —sin® o sin? f.

227. )V a+2Va—1+} a—2Va—11npn a=1.

14



2,98, (Vx2+1+1/x2—1
Vx2+1~—]/x2

1pH yCHOBUH, UTO X == R
pry ’ o 9ab

n‘ab>0

2.29, —;‘_—%ﬂ—_—npn ycaosny, uTo x———2- ]/ +V >
n ab>0.

Pewnme caedywunue ypagnenus (2.30—2.33):
230. |x]=x. 231 |2x—1|=3.
232 ||x|+3]=3. 233 |x+3|=/x—5]!

Pewnme caedyuue nepagsercmea (2.34 —2.37):
234. {x—1!>]x+3|. 235 |x|<L
2.36. |x—3|<<2. 237. |x—1|=3.



FJTABA 111
HEPABEHCTBA

§ 1. Onpenenenusn

Bce meficrsuresnbHble uucaa pasbUBAIOTCH Ha IOJOXKUTEIbHHE
YUCIa, OTpUIAreJbHble 4YHcAa U uYucaAo Hysab. JLas toro utolhl
yKasaTh, 40 YHCJIO @ MOJ0KATENRHO, HOAB3YIOTCA 3anuchio a >>0.

Hanmomuum  (cM. cBoficteo I') Ha crp. 60), uyro cymma
W NPOU3BENEHHE [ONOKUTEAbHBIX YHCEJ TaKkKe SIBISIOTCA MOJMO0-
MHUTEAbHBIMU unucHaMu. Ilanee, €C/AM UHCAO @ OTPULATENBHO, TO
UHCIO0 — @ moaoxureabHo (u Haobopor). Hakoweu, gas moboro
NOJOWKUTRJABHOrO UHCAa @ HaWZETCs TaKoe MOJOXHUTENbHOE pailio-
HaJbHOE UUCAO I, 4T0 r<<a. ITH (PaKThl U JIeKaT B OCHOBE
TEOPUH HEepPaBeHCTB.

[1o onpedeaeruto Hepasexcmso a>>b (ua, uwmo mo gice
canmoe, b<Za) umeem Mecmo 8 MOAM U MOABKO 8 MOM CAY-
yae, ecant a—b >0, m. e. ecan 4uca0 @ —b HOAOIHCUMEAbHO.

Paccmorpum, B uacrnocrd, HepaseHcTBo a << 0. Yro osua-
uaeT 3To HepaBeHCTBO? CorjacHO NPUBEJEHHOMY BHILIE OIpeae-
JeHuo OHO o3Hadyaer, yto 0 —a >0, 1. e. — @ >0 nam, nHaue,
YTO UHCI0 — @ M[0J0KuTeMbHO. Ho 2To umeer MecTOo B TOM
¥ TOJBKO B TOM CJ/ydae, ecau uucjIo a orpunareabHo. Mrak,
Hepagencmgo a <0 o3Hauaem, 4HIO HUCAO Q& OMPUUAHIEALHO.

Hacro wucro/p3yercs TakiKe 3anuch a==b (WM, 410 TO Ke
camoe, b= a). Sanuce a==b, no OAPEGEACHILID, O3HAUAEN, L0
aubo a > b, au6o a=>~. Ecnu paccmarpusaTh 3alich @ == b Kak
BhICKasbiBaHue, To B o6o3HaueHuax ra. I (cTp. 30) moxHO 3anu-
caTb

(e=b) < [(e>b)V (a=D)].

B cBasn ¢ ynorpeGaenueM 3HaKa = yualnecs HEPEAKo
aonyckamT caeayromyo owunbky. Jlas npasuibHOe 00BSICHEHHE
9TOr0 3HaKa, OHHM Ha Bompoc: «Bepusl nm HepasenctBa 5==0,
0>=0?» unoria orseuaior Tak: «Her, Tu HepaBencrsa Hamu-
CaHbl HEBEpHO, a BepHbIMU Oyayr cootHouieHus 5 >0, 0=0».
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Fue pas noayepkHeM, uTO TakOH OTBer sBastercs OWnGOUHBIM.
Hepasenctso a == 0, no onpegeneHunio, 03Hayaer, uyro anGo a >0
(1. €. a—uncao0 nonoxurensHoe), au6o a=0. B uactnocry,
cooTHolleHye S>>0 Hafo NOHUMATh TaK, YTO UMEET MECTO OIHO
3 asyx: awb6o 5>0, ambo 5=0. B pannom cayuae mnmeer
MECTO HepBas BO3MOXKHOCTH (5 = 0), 1. e. cooTHOoHIcHHE § =0 —
pepHoe. Aunasornuno obcyxpaercs saruch 0 ==0.

HepasencTsa Buga a > b, a << b Gyzem HasbiBaTh cmpo2umi,
a HepaBeHCTBA BHIA a ==b, a =< b—wecmpoeunu. Hepapenucrea
a>bu ¢c>d (umm a<lb n (,‘<d),'6y11€M Ha3HBaTh HEpaBeH-
CTBAMI OOUHAKOB020 CMbCAQ, 3 HEPaBeHCTBA @ <b u ¢ >d—
HEPABEHCTBAMU HPOMIBONOAONCHO20 cMbicaq. OTMETHM, UTO ITH
OBa TepMHHA (HEpaBeHCTBA ONUHAKOBOIO W NPOTHBONOJOIKHOTO
CMBIC/Ia) OTHOCATCA JMIIb K (GOpMEe 3aNHCH HEPABEHCTS,
a He K caMEM (paKkTaM, BRIPAXKAEMBIM 3THMH HEPaBEHCTaMH.
Tak, 110 OTHOWIEHHIO K HEPABEHCTBY a<C b uepaseHCTBO ¢ < d
SBJSETCS HEPABEHCTBOM TOrO JKe CMEICJ3, a B 3anmucn d>>c¢
(o3Hauatouiell TO Ke CaMOE)— HEPABEHCTBOM I[IPOTHBOIIOJIONKHOIO
CMBIC/IA.

Hapany ¢ Hepasencrsamu Buga a =b, a == b ynorpebadiorcs
TaK Ha3blBa€Mhie [ B O HBI € HEPaBeHCTBA, T.e. HEPABEHCTRA BNA
a<lc<<b a<r<<b, a<<c<<b, as< c=<b. Ilo onpenenenuio
3alHCh

a<<c<<b 1)
.osnaqaer, YTO HMEIT MecTo 0 G a HepaBeHCTRa:
a<lc n c¢<<b
AHa/MOrHUHBIE CMBIC/A MMEIOT HEPAaBEHCTBA a<w =< b, a<Cc<Th, -
a<lc=b.

Ilsofinoe Hepasenctso (1) B o6GosHaueHudx ra. | moxHo
B 3KBHBaNCHTHOH (opMe 3anmucare TakK:

(a<<c<<b)<(a<<c) A\ (c<<b)

4 IBOflHOE HEpaBEHCTBO g =X ¢ << b MOKHO 3amnncarb B CleLyIo-
emM Bujge:

esc<s<bella<gVie=alAllc<t) V(c=b)

Tlepefinem Temeph K M3MAONKEHAO OCHOBHEIX CBOHCTB ¥ NpPasmi
AeficTBUE HaJ HEPaBEHCTBAMH.
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§ 2. OcnosHbie cBOfCTBA HepaBeHCTB

Bcioay B atom naparpade Oyksml a, b, ¢ o6osHavator 1€ il-
CTBUTENbHBE UMCA3, @ N O03HAYaET HAaTypaabHOE
YHCIIo. :

1) Ecou a>b u b>>c¢, moa>c (TpaH3NTHBHOCTH).

Joxasareasbctso. Tak Kak no ycaosuio a >bun b>c,
TO uHucaa a—Db U b— ¢ NOJOKUTENbHBl, W, CJIEI0BATEILHO, UH-
¢10 a—c¢=(a—b)+4 (b—c¢), Kak cyMMa NOJOKHUTENbHBIX YHCEJ,
TaKKe ABJASeTCd MNOJAOWHTEABHMM. 2TO 03Hauaer, 0O onpeiele-
HHIO, 410 a > . :

2) Ecau a>0b, mo npnt aioGox ¢ umeen Mecmo HEpaseH-
cnmeo a-+c>b-c.

HoxasareabctBo. Tak kak a>b, 10 uncio a—>b
nogoxareasno. CaenosareapHo, yacao (a—+c)—{p+c)=a—b
TaKKe fABJSETCS NOJOXKUTEJNbHBIM, T. €. a-t+c>b-+c.

3) Ecau a-+b>c, mo a>>c—0b, m e awdoe crgzaemoe
MOJCHO neperecmu U3 O0HOU wacnu HepasexHcinga 8 O0py2yi,
H3MEHUB BHAK 3MO020 CAA2QACHO20 HA NPOMUEONONONCHBLL.

IokazarenpcTBO BoITEKAET N3 cBOficTBA 2) (I0CTATOUHO K 0Geum
YacTIM HEpaBeHCTBA a -+ b ¢ npnGaBuTh 4uciao — b).

4y Ecat a>b u ¢>d, mo at+c>b-+d, m. e npu cao-
JCEHI J8YX HEPABEHCNIB OOHO20 Ul 020 e CMbICAQ NOAY-
UQeMCS HEPABEHCHIBO MO20 e CMbLCAQ.

HokasareabcTso. B cumiy onpeaeseHus HepaBeHCTBA
[0CTaTOYHO NOKasaTh, UT0 pasHocts (@ - c¢)— (b -+ d) nonowu-
TeJbHa. DTy pasHOCTb MOXKHO 3aMHCaTh CJEAYIOHLUM 06pasoMm:

(@at+o)—0+dy=(a—b)+(c—d).

Tak Kak 10 ycHoBHIO uuciaa a—0b ¥ ¢-—d NONOKHTEIbHH, TO
(a+¢)—(b+d) Takke ecTb UHCAO MOJOKUTEALHOE.

Cnencrrue. M3 mpasur 2) u 4) sritekaer caeayiouiee
NPABUJIO BHIUMTAHUA HEPaBeHCTs: eca a > b, ¢ >d, mo a—d >
>>b—c¢ (on% [OOKa3aTeJabCTBA AOCTAaTOuHO K obeuM  uaciam
HepaBeHCTBA a ¢ > b+ d npudaBurh YuCI0 — ¢ —d).

5) Ecau a>>b, mo npuc >0 umees ac>bc, a npu ¢ << 0
umeem ac << be.

Hnuade 2080ps, npu ymuoxcennu obeux 4acmell Hepagen-
C/MBa HA TOAOJNCUIIEALHOE HUCAO 3HAK HEPABEHCHIBA COXPA-
naemca (m. e. ROAY1LAEMCA HEPABEHCHIBO NIO20 JiCE CMBICAQ),
Q NpU YMHONCEHI HA OMPULAMENEHOE HUCAO 3HQK HEpaseH-
cmea MEHAEMCS Ha NponuiBonoAodcHull (m. e. noayvwaemcs
HEPABEHCINBO NPOMUBCNOAOIHHOZ0 CMbICAQ).
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HNokasareabcrso. Ecan a>b, 10 a—=b ects uncao
nonoxutenbHoe. Cae0BAaTeIbHO, B3HAK DPA3HOCTH ac—be==
= ¢(a-—0b) coBnagaer Co B3HAKOM UMCJA C: €CHH ¢ — MOJIOXU-
TeABHOE UHCAC, TO U PA3HOCTb ac¢ — bc NONOAUTENbHE U TOTOMY
ac > bc, a ecmt ¢ <0, To 3Ta Pa3HOCTb OTPHLLATE/bHA U TIOTOMY
bc — ac noJOKUTENbHO, T. €. bc = ac.

6) Ecrt a>b6>0 u c>d>0, mo ac>bd, m. e ecau
gce UACHB 0BYX HEPABEHCME OOUHAKO0BO20 CMBCAQ NOAOIKIL-
MEABHEL, MO HPU HOYACHHOM YMHONCCHUN 3MUX HEPaBeHCHB
NOAYYQENCS HEPABEHCIIBO MO20 HCe CMbICAA.

Nokasareabcrpo. Hueem ac—bd=ac—bc+bc—
—bd=c(a—b)+b(c—d) Tak xak ¢>0, b >0, a—b>0,
c—d >0, 10 ac—bd >0, 1. e. ac>bd.

3ameuyaHue M3 mOKaszaTeabCTBZ BHAHO, UYTO YCJOBHE
d >0 B dopmyaupoBke cBoicTBa 6) HeCylnleCTBeHHO: 1as crpa-
BEITHUBOCTH STOTO CBOHCTBA A0OCTaro4YHO, 4TOOLl OBIIM BBIOJ-
HeHsl yciaoust @ >b >0, ¢ >d, ¢ >0. Eczam ke (pu BHIOJ-
HEHHH HEPaBeHCTB a >>b, ¢>d) uucaa a, b, ¢ He Oyayr Bce
IOJIOKUTEMBHBINY, TO HEPABEHCTBO ac =>bd MOKeT He BHIIOJ-
warbes. Hanpumep, npu a=2, b=1, c=—2, d=— 3 umeen
a>b, ¢>d, HO HepaBeHcTBO ac>bd (1. e. —4>—3)
He sBpmoaneno. Takum  ofpaszom, TpefoBanne  NOJOKUTE]b-
HOCTH uucen a, b,- ¢ B opMyauposke csofictBa 6) cyie-
CTBEHHO.

7) Ecau a=b>0u ¢>d>0, mo %>% (neaeHue
HepaBeHCTB)

Hokaszarean<tso. Hieen
__ac—bd

_b
¢ cd

ala

Yucautens apobn, crosiuefi 8 npasofl vacry, nojaoxurened (cu.
ceofictea B), 6)), sHaMeHareab Takike noJoxuresedH. Chaexora-

a b
TEJIbHO, 7'—7>O‘ DruM CBOHCTBO 7) AOKa3aHo.
3ameuanne OrveruM BawHbl yacTHBH cayuafi npasuaa
~ 1 1
7), noayuawowaics npu a=b=1: ecan ¢>d >0, mo <7

Takum 06pasoM, ecau YACHBl HEPABEHCTB [OJNOGKHTENABHB, TO
TIpu nepexode K OBPaTHBIM BeMMUYWHAM II0JyYaeM HEPaBeHCTBO
NPOTHBONOJNOKHOFO cMuicaa. [Ipennaraem yurareasm npo-
BEPUTB, 4TO 9TO NPaBHJIO COXPAHACTCT M B TOM Caydae, KOTAa
c<<0, d<C0. Takum oOpasom, ecan c¢>d u ¢d>0, 10
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j—

< Ecan we ¢>d, Ho ¢d <0 (r. e. ¢=>0, d<C0), 10
>

1

c
1

©

-

Mgpr n0Kas3and BhIMIE HECKOABKO CBOHCTB HEPaBEHCTB, 3aNu-
CaHHBIX ¢ MOMOLLbI0 3HaKa > (6oaswiue). OgHAKO BCE 3TH CBOI-
cTBa MOKHO Ob10 OBl (OPMY/INPOBATH C MOMOULBIO B3HAKa <<
(MeHbIne), TaK Kak HepaBeHCTBO b < a O3Hauaer, 1o onpemeie-
HHIO, TO K€ caMmoe, 4TO N HEPaBEHCTBO a >>b. Kpome Ttoro,
KaK 3»TO HeTPyJAHO NpOBepHUTh, [QOKa3aHHLIE Bbllle CBOHCTBA
coxpaHsiorcs W Aas wecTporux Hepapeucts. ‘Hanpumep, csoii-
ctB0 1) anf HeCTPOMWX HEPaBEHCIB OyAer NMeTb CAeAYouui
BUA, eChau a>=b u b=¢, 10 a=c.

Pasymeercs, cxasandplM BHUIE HE OrpaHuuusalotes obuiue
cBoficrsa HepaseHCTB. CyIIECTBYeT elle HEABIH psig HEPaBEHCTB
ofLlero Buaa, CB3aHHBIX C PACCMOTPEHHEM CTeleHHOH, MoKasa-
TeNbHOMH, JOrapu@MUUEcKOd U TPHUIOHOMETPHYECKHX (PYHKUUH.
O6mu# noaxon XA HAMMCAHHUS TAKOrO POJA HEPaBEHCTB 8aKJaio-
yaetrcss B CAedywoweM. Ecau uexomopas @Gyurgua Y ==f(x)
MOHOMOHHO Bo3pacmaenm Ha ompegke |a, b}, mo npu x; > x,
(20e X1 u Xy npuxaoaexcam INMOMY OMPE3IKY) - Mb. UMCEHM
f{x) > f(x,). Amanoruuno, ecau Pyuxuyusz y=jf(x) sono-
mouno yOoisaem na ompeske {a, b], mo npu x> x, (20e xj
1 X, npunadaescam ymony ompe3iy) smo naeet f(xy) << f{x,)
Pasyveercs, CKa3aHHOE HE OTIJIHUAETCS OT oOnNpenese HHUfA
MOHOTOHHOCTH, HO [/ 33aNOMHHAHWS W HANKCAHUs HEPABEHCTB
3TOT NpPHEM OYeHb YIOOEH. ’

Tak, Hanpusep, miad moBoro HaTypadbHOrO 71 (PYHKIAS Y =
= x" gBJIM€TCH MOHOTOHHO BO3pacratouiell Ha ayue [0, oo). Ilo-
3TOMY MBI MOXKEM CPOPMYJAHDOBATH CICAYIOULee obulee CBOHCTBO
HEPABEHCTB:

8 Ecamt a>bz=0, mo a">b" (2de n—Hamypaibroe
YUCA0).

Hanee, gynkuas y=x+1 ggunercs (npu moGoM HaTypais-
HOM 1) BogpacTawulefl Ha scell uncaosoli npsmoit. HMuade rosops,
Cnpase ANMBO CJAeAyIollee CBOHCTBO:

9) Ecau a>b, mo a®+1>p>+! (20 n— namypasstoe
quCcA0).

OtrmeruM OOMH 4YacTHHIl CAyyad 3TOrO CBOHCTBa, 4acTo Ipu-
MEHfeMBIl TpR 10Ka3aTesbCTBE HEpaBeHCTB (OH MOJYYACTCH NpH
n=1) ecau a>>b, mo a® > b3.

Hakownen, samernM, 410 ecam HeKOTOpas (MYHKUMA SBJAAETCA
BO3pacraioulel, 10 u obparHas el (PYHKIUS ABJIAETCH BO3PACI3Io-
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‘ure#t (noxpoGuee cM. HEmKe, cTp. 213). HoaTouy cpym(uuﬂ y= f

BO3pACTaeT Ha Jyue [0 ©0), a (pynxnus y— 1/)6 BO3pacraer
Ha Bcelt uyutjoBOH npaMoH. ITO MO3BOMAET CHOPMYIMPOBATH
cJeAylonHe CBOHCTBA HEPABEHCTH!

10) Ecaw a>b=0, mo f/5>'{/l7 (20e n-—namypairs-
Hoe 4lcA0).

11) Ecan a>b, mo 2n+11/5> 2n+11/1_7~ (20 n— namypae-
HOE Huc.o).

Cnencraue. Hepaseucmao a® > b usmeem secmo 8 moin
u MoAsLKO 8 moM cAaytae, ecau |a|>> b

B camom gene, ecan a?>> b2 TO MBI MOKEM Hamucath a2 >
> b2==0, n noToMy, B cuiy ceofictsa 10), nueen }/ a2 >1/b?
T. e. |a|>|b|. Obparno; ecmn |a|>|b}, 1. e. V@@>V b,
1o MB MOWeM Hanucath } a®>) bE=0, u TIOTOMY, B CHJIY
cpofictea 8), umeem (]/az)2>('l/b2)2, 1. €. a?> b2,

Eme pa3 noAuyepkHeM, 4TO pacCyXACHAS O MOHOTOHHOCTH
(ynKuuil, ¢ TOMOUIBI0O KOTOPHX MBI Hanucaauw 31eCh CBOCTBa
§)—11), me #ABAAOTCA [AOKa3aTeabCIBAMH 3THX CBOHCTB.
HaoGopoT, umb MocJae TOro, Kak csoficreo 8) Gynmer moxa-
3aHO, Mbl MOKEM TOBODHTb O MOHOTOHHOCTH (YHKUUH Y ==X"
na ayue [0, co) (1 aHajornuHo s ceo#icrea 9)). O nokasare.b-
ctse cpoiicrs 8)—11) mMbl Gyaem rosopurb s ra. VI npu pac-
cMOTpeHny CBONCTB cTeneHHofl QyHKnum.

[TogobuniM 0OpasoM MOXHO HanucaTb W psig APYTAX Hepa-
sedcrB. Tak, mMOCKOJbKY (hyHKIust ¥ ==c¢* spagercs upu ¢ > 1
BO3pacraiouled Ha Bcell 4ducaosofi np;moh 0 mpn c>1
u a>>b cnpagedauso nepasercmso ¢®=»c’. Ecan >i<e 0<<e<C
<C 1, 10 npu a >>0b cnpaBeaNTNBO HEPABEHCIRO ¢* <c? (r. e. npn
0<Ce<Cl dyukumusg y==c* spigercad yOssaiowed). OO0 artux
HepaBeHCTBaX Mbl Tak:xke Oyaem rosoputbh B ra. VIIL

-Bute oznn npumep. Tak xak ¢yHknua y=sinx sBaserca

T o® .
Ha OTPE3KE [-—5, 7J MOHOTOHHO BO3pacrawuel, To npu a >

>b, 20e a u b npumadaexcam ompesKy [-‘-—-%, %], cnpa-
8ed.ango Hepasercmso sina >>sinb.

B pgaapHefilie#t yacTy 9TOH ryaBbl Mbl TIPH PACCMOTPEHHH MpH-
MepoB He GyIeM T0Jb30BAThCS. MOKa3arTe/bHBIMH, JOrapudpmMuye-
CKHUMH M TPUTOHOMETPHYECKUMA HEepPaBeHCTBaM#, & OrpaHHuuMCH
ACHO/IB30BAHUEM [MEPEUACACHHLIX Bblle csocrs 1)—11). daa
ynoBcrBa TNpupedeM 31eCh CBOAKY 3THX CBOHCTB (3Hak A\
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3aMeHfeT COI03 <M», a 3HAK —> 3aMEHseT CJOBO «CJeiyer», Cp.
crp. 30 n 22):

D) [(@a=>b) A\ B>c)]—>(@a>c)

2) (@a=>b)—>(a+c>b4c)

3 (a+b>c)—>(a>c—b)

H [@=>0) \(c>d)]—>(a+c>b+dy

5) [(@>0) A (¢ >0)] — (ac > bo)

[(@>b) A\ (¢ < 0)] - (ac < be;
6) (a=>b=0) A (c>d>0)] - (ac > bd),
) le=b>0A>d>0]>(5>2);
8) (a>b=0)—(a" > V")
g) (a> b) > (a2n+l >~ b?n-;-l);

10) (@>b=0)— (1 a>Vb)
1) (@>b0)—{""Va>""Vb).

§ 3. Hexoropeie wacTo BCTpeualomuecs HepaBeHCTBA

1}y dan awbux Oedcmsumensnox 4ucea a u b ssnoa-
HSIEMCST HEPABEHC B0
a? - b* =2ab. 2)

JokasateancTBo. B cuiry onpesenenns uepaseHcTsa
N0CTaTOYHO T[OKaszaTh, YTO PAasHOCTb MEKAY JeBOod U npasof
yacTsiMy  HepaseHcTBa (2) ecTb HeOoTpullaTeAbHOE UHCI0. JTa
PasHOCTb paBHa ‘

a®—2ab -+ b*=(a—b)%

Tak kax kBagpaT J000ro AEHCTBHUTENBHOrO 4YHC/AAd €CTh UHCJAO
HeoTpuuareabtoe, 10 (@—>b)2 =0, u wvepasencrso (2) moxasaHo.
W3 nokasarenbcTBa BUHAHO, YTO PABEHCTBO B CooTHOWeHHn (2)
HMEeT MeCTO B TOM W TOJBKO B TOM CJayuae, ecau a==b.
3ameuanue. Cnpasemmso u 60jiee CHIbHOE HEPABEHCTBO

- a?4-b*=2|ab| ' 3
. Hepasenctso (3) BbITEKaeT U3 CJIEAVIOWEr0 HepaBeHCTBA:
(la|—{b])=0.

2) Ecau a n b— Oeficmsumeasnsie wucia o0HO20 3Haxa
(m. e. ab>0), mo i

b
%-l-‘a‘}?. , “4)
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flokasatenwbcéTso. YMnoxkus obe uacTu HepasercTsa (2)
1
Ha NOJOMUTENLHOE UUCAO -\
depaseHcTso (4). Kak u B mnpeanizyuiem npuMmepe, paBeHCTBO
B COOTHOWeHu (4) MMEET MECTO B TOM H - TOJBKO B TOM CJAY-
uae, ecau a==»>n.
3) Ecau a=0 u b=0, mo

noJayuuM, B cumay cBoiictBa 9),

210y ap, )
m. e. cpednee apumMemudecKoe 08YX HeompUGAMeNsHbX ‘Hil-
Cen He MEeHbUEe X CPeOHEe20 2e0MeHpPU1ecK020.

HoxazareabcTBo. [lepsnii cnoco6 (anrebpanyeckoe J0-
Ka3aTeJbCIBO). B cuay 1paBua YMHOWEHHs Ha MOJOXHTENhHOE
yncjao (csofictBo D)) HepameHCrBO (D) HMMEET MECTO B TOM U
TOJBKO B TOM CJyYae, Korja

ad+b—21 ab=0,
niu

(Va—=Vbp=o. | (6)

Tak xax B Jesol uvactu (6) crout KBaipar AEHCTBHTEALHOIO
yncaa, 1o HepaseHcTBO (6) crnpaBeaBO, & CJCLOBATENLHO, Clpa-
BEMLJIMBO 1 HepaBeHCTBO (D).

3aveuanue. M3 sToro mokasaresabcrsa BHIHO, YTO paBeH-
¢creo B (D) uMeeT MeCTo TOrJa M TOJBKO TOrAa, KOria OHO
sonoansercs 8 (6), T. e. Koraa
(Va—V'b)2=0, a 310 Bo3moKHO
JHIB 1IpH @ =D.

Bmopoit cnocod (reomerpuye-
CKOe JoKa3zareapctso). Ecan xo1s Osl
OJHO U3 uHCea a, b paBHO HYJHO, TO
Hepasencrso (5) ouesuino. ByaeM  pA~g;—F ——_}
No3TOMY MpeAilonarars, y1o a >0, -

b >0, Ilycts AB u BC — cmexHbe Pne. 19.

OTpe3KH [pIMOii, HMeloline IJUHDI

cooTtBercrBeHHo a u b (puc. 19). Ha orpeske AC aaununl a-}-b
KdK Ha AuaMeTpe NOCTPOUM OKPYKHOCTh; LEHTP 3TOH OKPYXKHOCTH
oGo3naaum uyepes O. Ecnu D—1ouka nepeceueHns OKPYKHOCTH
€ MEPHEeHAUKYIAPOM, BOCCTaBJeHHBM K mpsamo#t AC B touke B,

10 (N0 wasectHo#t Teopeme maanumerpun) BD =7V ab. [lanee,

OD=a_§b B, ouesngHo, BD=<O0D, 1. e Vﬂéa_;b. W3

b
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5TOro JA0KasaTelbCTBa TakKe BUAHO, 4TO PABEHCTBO HMEET MECTO
JHIIb npu a=Ab.
4) Hepasencmso
laj<b M

uMeem Mecmo moz20a U MoaAbKo moz2da, Ko20a BbINOAHAEMCA
caedyiouiee 080IIHOE HEPABEHCINBO:

—b<a<bh ®

JlokasateascTBO 3T0ro (hakra OBLIO npuseseHo Ha cIp. 64.
3nech MB ganidM  Apyroe gokasarteanctBo. Ilycrs mmeer MecTo
nepaseHcTBO (7). Eciim 2==0, 10 |al=a n Hepasencrso (7)
MOXHO 3anucarb Tak: O0=Ca<7b. Tak kKak 6 >0, a=0, 10
—~ b << 0=za. CregoBarensno, — b <Z a < b, 1. €. BBHIIOJHSACTCS
IBo#iHOE HepaBeHCTBO (8). AHa/JOrMUHO paccMaTpUBAETCH Cayual
a<<0.

OGpaTHOo, NyCcTh HMEET MeCcTO JBOHHOe HepaseHCIBO (8).

Ecom a=<0, 10 |a|=-—a wu Hepaseuctso (7), KotOpoe HaM
Hago [OKas3aTh, npuHuMaer sux — a << b. Ho wa (8) caenyer,
yro —b<Ca, OIKyZa n BeTeKaer TpebyeMoe HepaBeHCTBO
—a<b.

Cayuait @ >0 paccMaTpusaercs aHaJOrWUHO.

3ameuanne. Ilonydyennnit pesyabrar nerko OOGBACHUTH
reoverpuueckn. Ilycte nmeer mecro nBoiinoe uepaBeHcIBo (8).
Torna —b<b, 1. e. b>0. OrMeruM Ha YUCJAOBOH OCH TOUKU
b, —b un a (puc. 20). Tak kax b>0, 10 rToYKa b JeKUT Ha

t e ] b

Puc. 20.

TIOJICKNTENHHOM JIyYe, & TOYKA — b JI&KUT Ha OTPHUATENLHOM
-Jgyse. [lpolinoe HepaBeHCTBO — b < a < b 03HAuYaer, 4To TOYKa
a HAXOANTCA HA YMCJIOBOH ocu Mewx ay toukamu — b n b. Cae-
IOBATENbHO, PACCTOSHUE OT TOUKH a m0 Touku O (310 paccrod-
HHE, KaK M3BECTHO, PaBHO |a|) MeHbwe b, 1. e |al<Ch.
Taknm oGpasoM, u3 mBoHHOro Hepasencrsa (8) Beirexaer (7).
ABaTOruyHO MOXHO FeOMETpPHYECKH MOKasaTh, 4o u3 (7) BHTe-
Kaer (8).

8) Jan awbux Oeiicmsumensunsix #uces a u b ssinoq-
HAOMCS HepaseHcmsa:

a) la+bi<[a|4[b), )
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“m. e. ABCOANIMHAS BeauduHa cyMmb. 08yx Oelicmeumensrolx
qucen He Npesocxodum CcyMmst QOCONIOMHOLY BeMHUN IMUX
yuces,

6) le—b|=]la|—|b]. (10)

IoxasarteascTso. Hepasencrso (9) Gwlo ycraHos/I€HO
pauee (¢rp. 64).
Hoxaxkem HepaBencrso (10). Mmeem

le|=le—b)+b{<|a—b|+[]]

(8 cuny (9)), orkyna
la—b|=a|—|b]. (11)

AHaJIOTHYHO, U3 HEPaBEHCTBA
|b|=|¢—a)ta|<|b—alt|e]|=]a—b|+]|a]

HaXOAUM .
la—bl=[b|—|al (12

Mz (11) u (12) caenyer:
—la—bl<<la|—|b|<<|a—0],

OTKyZa ¥ BHTeKaeT HepaseHcrso (10).
3ameuanue MeromroM MaTeMaTHuecKoil HHAYKUNU HEpa-
BEHCTBO (9) MOXHO J[0KaszaTb AJag Mmo0Oro uucjaa ChaaraeMblx:

layta+.. . Fa, | <<|ay|+|a]+...F+ 2.

§ 4. Hpumepmn

B arom naparpade Mbl pPacCMOTPUM pELIEHHE HECKOMbKUX
TUTNAYHBIX 331aY4 HAa [JOKal3aTeJbCIBO HEPaBeHCTB. 3aMeruM, uTo
ofulero  MeTofa I0Ka3zaTeNbCrBAa  HEPABEHCTB He CYILECTBYET.
MHorna HyxHBIH pe3y/bTal MOXHO TOJYYATh, UCXOAS W3 Olpe-
ZeseHns, T. €. U3 pacCMOTPEHHst Pa3HOCTH MEXK/Iy JIEeBOH M npa-
BOH 4acTAMH HEPABEHCTBA; HHOIAA NOJE3HBIM OKa3BBaeTCs HCIHOJb-
30BaHNe HEKOTOPOro W3BECTHOTO HEPABEHCTBA MM OlEeHKa JeBOH
¥ NpaBoi uacre#l HepaseHCTBa.

OTMeTeM OJHY [OBOJBLHO DPaCHPOCTPAHEHHYIO OIMOKY, KOTO-
pywo JomyckaloT ydauiuecst (4 MOCTYMaolipe B BY3H) NpH pe-
INeHUH 3alay Ha J0Ka3aTeJbCTBO HepaBeHCTB. Yvamniicd nupmer
HEPaBEHCTBO, KOTOPOE HYKHO JAOKasaTh, 3aTEM HPON3BOANT PAf
npeoOpasoBaHuli 1 B KOHUE KOHHOB NPHUXOLUT K H3BECTHOMY He-
pasencrsy (ckaxem, —1<<0 wam o?=0); nocae Bcero srOroO
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yuamntica nesaer smBom: <«TpeByemoe HEPaBEHCTBO HOKa34dHOS.
10— rpybas soruueckas owudKa. )

Bor xax, Hanpumep, <AOKa3HBalOT» HEKOTOPHE Yyuauiuecs
. CIIpaBeL/IMBOCTD [ HEOTPHUATENbHEX YHCEJM a W b HepaBeHCTBa

H=Vab. - ®

a

«BospeneM ofe uactm uepasenctsa (5) B Ksazpar. Iloayunm

fa-Db\?

( 2 | = ab. Yvuoxus o00e 4aCTH MOJYYEHHOTO HEPaBEHCTBA
Ha 4, uatinem (a -+ b)? == 4ab. Teneps, nepeHocs BCE U/EHH B Je-
BYI0 uaCTh HepaseHcTBa, noayvuaeM (a—b)2==0. Tak xax nepa-
BeHCTBO (@—b)® == 0 sepHo, 10 BepHO u HepaseHCTRO (8)».

’ Paccyxkaenue, KOTOpoe npuses B-3TOM CJayyae yyauiuiics, cae-
AYyeT pacCmaipuBarn JAulib KdK MNONCK JHI0Ka3aTeabCrBa, Kak
NONLITKY HaliT¥ 1yTh AOKazarenncTsa. Ecan oBo3HauuTh Heolpe-
Je/IeHHOE BBICKA3blBAHME, BRIpaxaeMoe HepaseHcTBOM (B), uepes 4,

2 HepaBeHCTBa (\%;b\) =ab, (a-+b)?=4ab, (a —b)®> =0 o6o-

3HayuTb COOTBETCTBEHHO Kak BhicKaswBanus B, C, D, 1o pac-
CMOTPEHHOE BBILIE DAaCCYXJEHHE Yuaulerocs MOKHO BHIPA3NThH
B BHAE CIEAYIOILLETO COOTHOMIEHUS:

A—->B—->C—D.

CnpaBeannBOCTb 3THX 3aK/MOUSHAN BHITEKAET U3 CBOUCTB 8), 5) u 3)
HepaBeHCTB (cM. ctp. 82). Takum oOpazoM, ¢ mMOMOHBI MpH-
BEICHHOIO BHIILE DACCYyXKAEHHUS YCTaHOBJCHO, 410 A — [, T. e.
uTo N3 HepaseHcTsa (5) caepyer HepaseHCIBO (a—b): =0.

Yro0pl [JOKa3arh CAPaBeiIMBOCTh HepaBeHCTBa (B), HYKHO
OPOBECTH BCE paccyxaeHns B oOpaTHOM MOPAAKE, T. e. LOKa3aTh,
YTO CMPABEAJHBB CAEAYIOUINE 3aK/UCHUS:

D—C—B—> A

B paccvarpuBaeMoM mpumepe CpaBeLAUBOCTS ITHX SaKICUEHHH
HETPYAHO 060OCHOBATH € NOMOIULbIO cBOUCTB 3), 3) u 10) Hepasencrs.

3HauuT, NPOBEJS CBEJCHNE JOKa3pIBAEMOTO HEPABEHCTBA K He-
KOTODOMY H3BECTHOMY HEDAaBEHCTBY, HYKHO 3aTeM 00s3aTeNbHO
NPOBEPUTh, TIPOXOUAT A¥ BCE PACCYwAEHHS B O6parTHOM NOPSAKe.
Bripouem, ecam mnpu BHIOOJHEHHH Ka X XOCO npeobpasoBaHus
Mbl KaKIbifi pas yOexaannch, YTO BHOBb MOJYUYEHHOE HEPABEHCTBO
SKBUBAJIEHTHO MPEAbIAYUIEMY, T. €. BHIMOJHAETCA TOTJA U TOJLKO
TOrAa, KOrjd BHINOJHAETCH MNpeAblaylniee, TO NPOBOAUTL PacCyx-
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feHMA B OOGDATHOM NOPAAKE HE HYXHO. B manHoM npumepe 3To
06CTOATENBCTBO AEHCTBHTENBHO HMEET MECTO, T. €.

AeBeCe D,

OTKyJa CJAeAyeT, 4YTO HepaBeHCTBO (D) 1/ HeoTpHHATeNbHHIX
yuces @ U b BHIIOJNHSETCH B TOM WM TOJBKO B TOM CJAyyae, KOria
BHINOAHAETCA HepaseHCTBO (a— h)2 == 0. Tax xak (a—b)2=0-—
BEpHOE HEPABEHCTBO, TO HepaseHCTBO (5) MOKa3aHo.

Wrak, ecsin HepaseHCIBO, KOTOPOE HYKHO [0Ka3alh, Mbl 3aMe-
HAEM HOCJAEIOBATEAbLHO JPYTAMHU HepaseHcTBaMu, TO aub0 Ha
KaKIOM lIare HYXKHO [POBEPHATh, YTO HOJAYYAEMOE HEPABEHCTBO
3KBHBAaJEHTHO npeﬂbmymemy (T. e. HMQeT MECTO B TOM U TOJBKO
B TOM CJyyae, KOrja CHDaBEIJIHBO TNPEABAYHIEE HEPaBEHCTBO),
anfo K€, ecaH 3TO HE CACJIAHO, HYAHO 00a3aTeNbHO MPOBEPHUTH,
NPOXOJAT /i BCE paccymieHust B oBpaTHOM MOpsAKe.

ITpuvep 1. [oxasate, 4r0 [Aad JOGBX AEHCTBUTENBHBIX
yucen @ u b mMeer MeCcTo HepaBeHCTBO a*--btz= adh - abd.

Peumenue. PaszHocts MeXx Iy JeBO# M npasol yacraMu Hepa-
BEHCTBAa MOMMHO 3amucaTh TaK:

at 4 bt —(a% + ab®) = a®(a — b) — b¥(a —b) =
=(a —b)a®— b%) =(a—b)*(a® + ab + b?).

STa paSHOCTb HQOTpHuaTeJIbHa, TaK KaK
\ 2
(a—b) =0, a2+ab+b2=(a + 2 4 2=

IIpumep 2. Jdoxasarb, 4To 1pu A000M Hea0M 2 >> 1 BHII10J-
1 1

ittt Ty <?

Pewenne B paccmarpusaeMom npHyepe LOCTaTouHO rpyso

' OLLEHUTH JIEBY1O 4YacCth . HEPABEHCTBa. 3aMeTnM, uTo CyMMa ABYX
NOCJACAHUX CJ1araeMbix JeBoOH uyacty HEPABCHCTBA HE IIPEBOCXO-

HAETCA HEPAaBCHCTBO

BuT -~ TaK KaK

1

P

1 1 1 1
wtamrT <o ton=
Ka)t(ﬂoe U3 OCTaBIIHUXCA CJaaraeMbix JieBOo#l 4acTtu HepaBEHCTBa

1
MeHblle -, a YACAO STHX C/AraeMbiX PaBHO 2n—1. Crenosa-

TeJbHO,
1 1 1 Im—1 1 1 9
E—M+F—H+"‘+BT— +1<( )7 -
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MMpumep 3. dokasatb, uto JIJ5 /MOGHX ACHCTBATEAbHBIX
upcesn a, b, ¢ MUMEET MECTO HEPAaBEHCTBO

a? 4 b%* 4 ¢ = ab - bc - ac.

Pewenne. B cuny uepasenctsa (2) (ctp. 82) M MOXEM
HamucaTh CASAVIONINE HEepaBeHCTBa:
a? -+ b2=2ab,
b2 4 c? = 2bc,
¢?+4a? = 2ac.
Croxus 9TH HepaBeHCTBa, a 3areM paslesnB ofe yacTy roJIy-
YEHHOTO HEpaBeHCTBa Ha 2, MPHXOAUM K. HY/KHOMY HEDaBEHCTBY.

I[Ipunmep 4. Jokasars, 4T0o eciau @, b, ¢-— NOJOKUTEJAbHbIE
4yucaa, TO

be , ac , ab
e by,

Pemenne Ha ocHoBanum 0KXa3aHHOrO BHIIE HEpaBEHCTBA
IAst cpegHero apu@MEeTHyecKoro M CPEIHEr0 FeoMeTpPHYECKOro
ABYX TOJOXKWTENBHBIX uuced (HepaBeHCTBO (D) ma crp. 83) Ml

- MOXKEM HalucCarb

1 /be | ac) bc ac
PRI T E i
AHa/ornuHO
1 fac | ab
N
2 [\b ' C)Zd,
1 /bc | ab\ _
‘2“(7+—c'\5b°

Cxniafpipas 9TH HEPaBEHCTB3, MOJAyUaeM
bc , ac |, ab_

[Tpumep 5. Jlokasats, yto ecan a==0, b=0, ¢=0, 10
(a-+b) (b +c)(a+ c)== 8abe.

Pemwenue. CHOBa BOCHOMBL3YEMCA HEPABEHCTBOM [Jd Cped-
HEro apu(METHYECKOTO U CPEHHEro FEOMETPUYECKOro /[BYX Uu-
cea. Mul umeem

at+b=2)"ab,

b+c=2V e,

a—}—c}?]/zz?.
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flepeMHOXMB 3TH HepaBeHCTBa (CBOHCTBA 5) H 6)), MBI U MOAYYNM
TpeGyEMOE HEPABEHCTBO. .
IMpumep 6. Ioxkaszar, uTO ecmu a, b, ¢ — HEOTPHUHATE/Nb-
HHIE YUCHAd, TO
a3 -+ b3 4 ¢® == 3abe.

Pemenne. Hcnoabsys TokAECTBO
a®+ b3+t —3abe=(a-+b+c)(@®+ b2+ c®—ab—bc—ac)

¥ HEPaBEHCTBO MpHMEPa 3, MBI W MOJAYYAEM HYKHOE HEPaBEHCTBO.
IMpumep 7. Jlokasars, uTO M1 MOGBIX HEOTPHUATENbHBIX
UuCea a;, @y dg @, UMEET MECTO HEpaBEHCTBO

a1 +a+as-tay
4

R
=1V aa,a,0,

Pemenue. CHoBa Bocmoab3yemcs HepaBeHCTBOM (D)
(ctp. 83). Mmeem

014"02_}_02'1‘514
a+ataztay e
4

/

<

MZ‘ V aja,-V aga,= ]/ 01828504

§ 5. Jira 3ameuaTesNbHBIX HepaBeHCTBA

Hepasencrso nand cpeaHero apudmerunuye-
CKOro n CpejHero reoMeTPUYECKOTrO N HEOTpH-
nateabHHX dYnucea (Hepasencrso Kowmu) Ecau ay

Qg . ..s Qp— NI00blE HEOMPULAMENHBE HUCAQ, MO

a a. (227 n

Liii_ii =V s an (13)
Paserncmso umeem mecmo AuMs ApU Qi ==ay==...=qy.

HokaszarteabctBo. ITpy n=2 nepasencrBo (13) cmpapeinsso
(cM. mepamenctso (B) Ha crp. 83). Ilycte Hepapenctso (13) BepHO HpH
n=m; Toria oHo OyJeT BepHBHIM U npu n=—2um. JelCTBHTEJNbHO, -

a1+a2+a3+a4+ _I_azmul +2om

Gttty 2 2 - 2 -~
2m m =

m
a0y as+ay  QepiatGoy . My
l/ e e ="V aa,... amm
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(Mn ucrostb3oBasn mepasenctso (5).) Tak kak nepasenctso (13) umeer
MECTO NpH A =2, TO OHO OYIeT BHINOHATbCA A1 n =4, 8urT. A, T. €.,
BooGule, AJst BCsiKoro n=2° (p=1, 2, ..)).

ITycTh Tenepn 7 — NPOH3BOJMbLHOE HATypaJsbHoe gucac. Ectu n£ 2P,
TO HaiileM TaKoe HAaTypasibHOE WHCIO 8, 4To n--s=2F Torja an4 Jjio-
GbiIX HEOTPHIATEJNBHBIX WYHCEN @y, Q, ..., Opyg, COMMIACHO NOKA3aHHOMY,
CnpaBeIMBO HEPABEHCTBO

a1+02+-~+an+an+l+-‘-+an+s>”+
e

n-ts

s
Vaas...050541 ... 8nis

[Tonoxup B 3TOM HepaBeHCTBE

A1 =0pip==...=Qp =

aytay+...+a,
n

’

NONYy4HM
@ +at. ot an
n-4s

(as+as+t...F+an)s
T n

=

70, a5 . F s
n

=
n-+s
= 'l alag...an\ ),

aiFas+...+a .
OTKYna, 0603HauHB 1—_'_—2_";——{;—5’=An, Haligem
nts ,m—o—
S
Ap= mas...a, - A, ,

BosBons ofe yacTH 1ocJ/eHEro HePaBEHCTBA B CTeNeHb n-s (cBoicTso 8)),
Haiiiem
"
(An)™S = ayay ... a5 (A5)5,

OTKyZAa mocse yMmuoxeHHs Ha (A,)"S (cBoiicTBO 5)) moJayuum
(A" =aa5 ... a,.

Hakonew, u3pnexass KopeHb n-ii cremenn (cmoiicro 10)), mafizem

o Ayt agtetay  m—e
Ap=vy may ... an, nim —IJZTDIBV 10y ... Qp.

Takum 06pasonm, uepasenctso (13) mokasano nas mo6ore 7.
[Nokaxkem, uro B {13) paBeHCTBO HMeeT MeCTO B TOM H TOJbLKO B TOM"

ciyuae, eCiH 4y =0ay=...=d,. .

SlcHo, 4rO ecaM a;=a,=...=a,, TO cooTHoweHue (13) npespa-
maercsi B paBeHCTBO. J[[oKa)keM, UTO ecJqH XOTA ©Obl JABa K3 4HCeJ
ay, a3, ..., 0, HE PaBHBl MeXAy coboii, To B (13) Jesas u npaBad yacTH

He paBHbl Mexny coGoii. Ilycts, Hanpumep, a; 7= a,. Toraa

a+ay | a+a
ataytotay_ 7 7 tateta

n - n

=
n 7 \
(014 ap)\?
. : ‘ . 2]/\————2 >a3...a,,.
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a,+a ,
Ho TtaK Kak a; =% a,, 10 —l~;¥'> Vda, (cM. samesanue K HepapeH-

crtey (5), crp. 83). CaexoBaresbHO, €CAH BCE UUCJIA 3, ..., @p NOJOKH-
- TeJIbHbI, TO

P R E——
]//(\‘%f’_%/ Qg...0pn >y s n

H 1OTOMY

al_—l—a_z_—l—l.;_—}:&, =Y @ an (14)

Ecau ke xorq Obl OAHO H3 4YHCEO Q3...0ap paBHO HYJ/IIO, TO HepaseH-
ctBo {14) Takke, OYEBHJHO, CIPaBeIJIHBO.

Hepasencrso Kowun—byHaxkoBckoro. ag aw-
6blxX  QeHCmBUMEeABHbLX HUCeA (g, Qg ..es Ap By, by ..o, by
BbINOAHSIENICST HEPABEHC HLEO :

(albl + azbz + e + anbn)2 = )
<(@+ai+. .. Fa) i+ b+...4bn).  (15)
Pagencmsgo 8 (1d) umeem mecmo moz0a u moasko mo2da,

rKozda 4ucaa a, u b, nponopyuorassuel, m. e. Ko20a cyue-
cmayiom maxte qucae o u P, wmo o¥ P20 u das scex

k=1, 2,..., n 8snoinsemcs paBeHcmao
aak—{—ﬁbk::O.
HoxaszatreancTBo. Ecau gy =ay=...=a, =0, o B (15) umeer
MecTo paBeHcTBO. ITycTs Temepb XoTst Gkl OLHO M3 UMCEN dy, dy, ..., Oy

OTJHYHO OT Hyuisi, T. e. a]-+aj+...-}a; > 0. Paccmorpuy Bhipamernue
(ayx - 01)2 + (aex - 0,2 -+ .. (a,x -+ b,)2. 210 BhIpakKeHHe MOXKHO 3alli-
carb TaK:

(@t by (@t 0 @ax b =a - 2xFe, (16)

rae

a=a}+aj+...+aj, b=aiby+ayby-t...apby, c=b]-+b+...-+b;
(17)

Jlesas uacte pasencrsa (16) npu JmoGoM AefCTBHTE/NbHOM 3HAYeHHH X
HeoTpHLUAaTeadbHa, TaKk KaK OHAa NpeicTaBiseT codofi CyMMy KBaj-
partoB JAefiCTBUTENbHBIX uHceJa (YHCAR dy, Qs ..., A, by, by, ..., b, HO
VCJIOBHIO AeficTBUTe bHbl). ColeloBaTe/IbHO, H NIpaBad 4acTh paBeHcTsa (16)
HEOTpHLATeJIbHA NPH JIOOLIX JCHCTBHTENLHBIX 3HAYEHHSX X, T. €. KBal-
pateelfl Tpexusden ax2--26x-f¢ nNpUHBMaeT HeOTpULLATENbHOE 3HAUEHWE
npu ao6om x. M3 3rtoro BhiTekaer, YTO JAMCKPHMHHAHT TpexuseHa
ax?--2bx ¢ HenoJoxurtenen: 4b2-—4ac < 0, otkyja

,

b2 << ac. (18)
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Flogctaass B (18) Berpaxenuss aaq a, b, ¢ u3 (17), noayuaem
(a6, Fab, .. Fa b,y < (g} +a3+...+aF) ;b3 +... 4 b3).

Hepagencrso (15) mokasako.
BrisicHMM Temepb, B KakoM cayuae B (15) HMeeT MeCTO 3H4K paBeH-
crea. Ilycrs B (18) mmeer Mecto cayyafi paBeHCTBa, T. €.

b2==qc, : (19)
Ecin a=0, 1. &. ay=a3=...=0a,=0, 1o, nonoxusB ae=1, f=0 (rax
gro o2--f2>0), Mmer nmoayunm aap--f$6,=0 npu k=1 ,2, ..., n.

Mycrte Temeps a 0. Torga NHCKPHMHHAHT KBajpaTHOro TpexuJeHa
ax? -4 2bx--c¢ paBeH HyJI0, TaK 4YTO TOT TPeXU/JeH HMeeT [Ba COBNAZalw0-
WHX JEHCTBHTENBHBIX KOPHS: X ==X,. Msl HMeeM

(ayxy -+ b1 (azxy + bo)2 . - (@niy - by)? = axf -+ 2bx, +-¢ =0.

Ho 310 BO3MOKHO JIHIIB B TOM CJAyuae, ecJH BCE BHIPAXKEHHS, CTOSAILHE
B CKoGKaxX B JIeBOH uacTH, 00pallialoTcsi B HYJIb:

akxl—j—bk:() k=1, 2, ..., a).
TTosoXKuB o = Xy, B: I, Mbl cMoXeM 3anucaTb 3TH DaBEHCTBA B BUJE
ocak+[3bk=0 (k:l, 2, ven, ny). (20)

[pu stom B £0, Tak uto a?--P2>0.

Urak, ecmn B (15) MMeeT MeCTO 3HAK PaBEHCTBA, TO CYLIECTBYIOT
Takue 4Yucaa o ¥ P, XOTs Obl OJHO H3 KOTOPHX OTJHYHO OT HYJd, YTO
cnpaBefauBel paBeHcrsa (20). Jlerko nposepuTb, NPOBORA pacCyXACHUA
B O0paTHOM NOPSAKe, 4YTO NPH BHNOJHeHHH pabeHCTB (20) coorHoure-
Hue (15) npeBpalllaeTcsl B paBEHCTBO.

3agauu K raase III

3.1. Joxaxure CleAyOMIUE YTBEPKASHUS:

1. [(az==b) \ (0>c)]—(a>r0).
(a=b) A\ (=)~ (@az=0).
.(a=b)—>(a+t+ec=b+0).
le=b) N\ (c=d)]—~(a+ec=b+d).
[(@=5) A (¢>d)] - (a+c>b+d).
[(@a=b) \ (¢ =0)] > (ac = bc).

[(@a=b) N\ (c =< 0)] - (ac < bo).
He=b=0) A\ (¢ =d == 0)] > (ac = bd).

9. [(a=b>0) A (¢ >d=0)] > (ac > bd).
10. (az=b=0)—>(a"=0").
11. (a=b)— (ot = p2n-+1,
3.2. JlokaxuTe, 4TO ABOWHOE HEPABEHCIBO @ <% ¢ < b MOKHO
3annCarlb B BHIE

e<c<helle<)V@=0)] A (<b).

® NSO R w
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8.3. JlokaxuTe HepaBEeHCTBO =2 (rze a—npous-

V———— ==

 BOJIbHOE IEUCTBUTENBHOE UYHC/IO).

3.4. okaxkure, uto mns JOGHX HeHCTBUTENBHLIX YHUCEN @,
b, ¢ UMEIT MEeCTO HepaBeHCTBaI

1. @+ 4+ 1=ab4a--b.

2. ba?— 6ab - 5b%2 =0,

3. (a%+ b%) (a* + b%) = (a® -} b)2.
JNlokaxure, ut0 ecam a=sb<Cc<<d u b+c=a+d,
0 be == ad. ,

3.6. Jloxaxure, 4To ecan —2=CQ =<2, TO A48 JOOLIX
JeHCTBUTE/IBHBIX UHCEJd @ U b BBINOJMHAETCI HEPABEHCTBO
a®+aab+02=0

3.7. Tlycte @ m b— npONBBOABHBIE TIOOKHTEALHHE YHCAA.

CpeannM TapMOHUYECKHM DTHX YUCE1 HA3BIBAETCA YBCAO T
Faa

. Jokaxure cJae-

a5
da CpeJHuM KBaapaTniyeCcKuMm — 4ucao 5

IIyK)UJ,I/Ie HepaBeHCTBa, CBA3BIBAIOULUE CpeﬁHI/le BEJUYUHBI
2 — a 2 p2
=V < ngg]/“;‘ .

b

TTokaxure, 4TO MOXHO [aTh CJAEAYIOMIYI0 TEOMETPUUECKYIO
BAMIOCTPAUMI0 3TuX Hepaseucrs (puc. 21). IHycts ABCD—

Puc. 21.

Tpaneuus, ocHoBaHis koTopoht AD ==a, BC = b; O —T0uKa nepece-
yenus gnaromnanefl. Torga:

a+b
a) Cpennee apudmernieckoe ——'27— IBYX YHCEN @ U b PaBHO

aause cpenned anHmu Tpanenun KL.
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6) Cpennee reoMeTpuueckoe V ab stux unces paBHO AaHHE
orpeaka GH, KoTOpHH mnapainenen OCHOBaHUAM ¥ 00Jamaer TeM
cBo#tcreom, uto tpaneuun BCHG w GHDA noaoOHb.

B) Cpeanee rapmoHmueckoe pasHo aauHe oTpeska EF,

1 1
FRN
KOTOPH# NapajJeneH ocHoBaH#AM H npoxoint uepesd Touxky O.
r) Cpeanee KBaapaTAunoe pasHO AJnHe orpeska MN, KoTto-
pHl napanneneH OCHoBaHusaM K pasbusaer Tpanenmio ABCD na
B paBHOBEJIHKUE TpPAareilu.
3.8. oxawwnre, yro Aa9 MOOBIX TOJOXUTEALHBIX  YACET @

U b BHIIOJHAETCH HEepPaBeHCTBO

+y Boya+Va

3.9. [oxkaxure, 4TO A48 MOOBIX HEOTPULATENbHBIX UHCEHd @
N b BBIIOJHSIOTCA HEpaBEHCTRA:

1. a"+ 8" << (a-}-b)", roe n—HaTypaibHOE UYHCJIO.

a3 - b3 a-b\3
2. ' 2( j_ ) .
) 9
~ \8

3. (Va+Vb)°=64ab(at b

3.10. Ilycrs a n b— npON3BOJABHBEIE HEOTPHIUATENLHBIE YHCA,
#, k—~—wnarypaJbpHble YAcha, npudeM k=< n. JJokaxkute, 4TO HMeeT
MECTO HepaBeHCTBO a” -+ b" = a*b™* | bFa" ",

3.11. JlokaxuTe, uTo €cau a M b—HeorpnuaTeﬂmee YHCIIa,
n— HarypaapbHoe uucao, 10 (a+b)'<< 27— 1 (a" 4 b").

3.12. Jokaxwure, uro AJs Jn06mx HeHCTBUTENABHBIX YHCET &,
b, ¢ uMeeT MecTo HepaBeHCTIBO

VEFFFE<|a|+b]+]cl
3.13. [lokawure, uro Aas MOOBIX AeACTBHTENbHBIX UYHUCET @,
b cnpasennusbl HEpaBEHCTBa:
1 |a—b|=<|a|+|b]
2. lat+bl=l]a]—]|b]l
3.14. Ilycts X, ¥, 2 —NpOU3BOJAbHEIE NeRCTBUTENBHBIE YUCA.

Hokaxure, 4r0 4na unacen Oy=x-+y-+2z, Oy=xy-+x2z-+yz,
0y=Xy2z CIpaBeJNHBb HEPABEHCTBA:

\

1. 0{ = 30,
2. 05 == 30,03
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flokaxiite, panee, 4TO €CAH 4UCAA X, Y, Z MONOKHTEAbHEH, TO
cnpasennnsm HEpaBEeHCTRA '

3. 0,0, =90, 5. 03==270;.

4. 0{ =270, 6. 0} = 30,0,
TTokaxuTe, 4TO PaBEHCTBO B cOOTHomeHuax 1, 3—6 nmeer mecro
AU TPH X ==y ==2.

3.15. Joxaxute, 4ro aas MOGKKX ASHCTBHTEbHLIX UHCEN @,
b, ¢ UMET MECTO HEepPaBEHCTBA:

L. (a-+ b4 =<3 (a?+ b2+ c?).

2. (a+b—cP+b+c—a)+(atc~—bP? =ab-+bc+ac.

3.16. Hoxaxure, uro ans moOHX HEOTPULATEAbHBIX UUCEN
X,.Y, 2 BHINOJHSETCA HEPABEHCTBO

x-{-_;!—{—z>)/-xy7

3.17. Hoxaxure, 4T0 AJs JIOOBIX HEOTPHUATEBHHIX YHCEN &,

b, ¢, x, ¥, 2 cupaselJnBH CHEAYIOILAE HEPABEHCTBA:
.ab(a+b—2c)Fbec(b+c—2a)+ac(atc—2b)=0.

.ab{a-t+b)-Lbc(b+-¢)-+ac(a+c)==6abe. .
at+bdeP— (@314 =2(a+b)(0+c)(c+ ).
. (a+bc)(a®+ b2+ €?) = 9abc.
(x+y—2)+e—x)(z+x—y)=<xyz
0]—40,06,490;==0, rae o, =x-+y+t 2,
Oy=Xy4-x2-+yz, Og=xys.

3.18. Jloxaxure, uto A JIOOHIX MOJOKHTEAbHHX YHCET @,
b, ¢, x, y, 2 HMEIOT MEeCTO CJeAYIolihe HepaBeHCTBa:

1. — = -
+ + Vbc+Vca+]/ab
x3+y3+z3 t+y+-z
RV E
' /1 1 1
3. (a‘i‘b‘}‘c)»\-;'i-—b——l—?)ég

a b ¢
4. ’7-{-7—{—;43.

o Ot W —

2 2 2 9
5. b+tc +E?Jt-{"a—{—b>az+b—§—c'
6. -4 b ¢ >3

b+c+c+a+a+b/7' ,
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3.19. [lokakute, 4T0 ecau a, b, ¢ — NPOU3BOJBHEE HeoTpu-
LaTeTbHble YKUC/IA, TO BHINOJHAOTC HEPABEHCTBA:

I. 2(a® -+ 63+ ¢®) = ab(a+b)4-bc (b4 )+ ac (a+c).
2 (a3 4%+ ¢¥) = a? (b -+ ) +- b2 (c - @)+ ¢? (a -+ b).
3(a®+b3+ )= (a+b-4c)(ab+ acbo).
8(a®+ b+ cH=3(a-+b)(b+c)(c+a)
(@+b+ P <9 (a®+ 5+ o).

6. at b} ct=abc(a+b+-c).
- 8.20. Joxaxure, uro anst mo6HX HEOTPHUATEILHBIX YHCEN a,
b, ¢, d BHIMOJHACTCS HEPABEHCTBO

Vieto@+d=) ab+) cd.

3.21. oxkawxure, 4to aad MoObIX JeHCTBUTENbHBIX 4nCeN a,
b, ¢, d uMeer MeCIO HEpPaBEHCTBO

at+ b4t - d == dabed.

QL o

3.22. Jloxkawxure, uro ecan |al<<1, |B]<< 1, TO
la+b|<|1+abl.
|

393 Hoxaxure, 4T0 eciu {b{<—]—g—, TO

s <7

3.24, Jlokaxure, 4o ecau @, b, ¢ —NPOU3BOJLHEIE AeRCTBH-
TeNbHbIE UYMCAa, yaoBJerBopsouiue ycaosuo a-4-b-+c=0, To

ab-++bc+4ca=<<0.

3.25. Jlokaxwure, U4TO eCau AAg AEHCTBUTENbHBIX UuCea a, b

BhONHszEeTCs yeaosue a’-4+-b62=1, 1o |a+b|=s V.
3.26. [loxkaxute, UTO €C/iK AeHCTBATEBHBIE YUCAa 4, b, ¢ YHOB-
JETBOPSAIOT ycaoBuio a+-b-4c=6, 10

a?4b* %= 12,

1 1
3.27. Jloxaxure, ur0 eci az=-— 5, b=, c=—

2!
natbtcec=1, 10
V2aaF T4V +14+V i +1<4

rof —
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3.28. Mlokaxure, 4TO ecam JeHCTBUTENbHBIE uncaa @, b, ¢
YIOBJIETBOPHIOT YCJAOBUIO a-+bZ=¢, rae ¢ =0, To UMEIOT MECTO
HEPABEHCTBA:

La+er=C 2 attpr=

4
2 KN

3. a +b8/128

3.29. Jloxawxute, 4TO AJd moGoro HaTypaabHOro K Crpasen-
JNBO HEPaBEHCTBO

/ 1\n 1\2n
e dr<oe

3.30. lokaxuTe HEPaBEHCTBO

3,31 JHoxaxnTe HEpaBeHCTBO
’ 1
Sn= 2‘|"52+72"]’ v 1)2+(°n+1) <%

3.32. okaxwure, 4TO ecan 11>1—HaTypabeHoe 4YUCAO, TO
I. (14+a)*>1-}+an npu ycaosuy, uto @ >-—1;
2. (I+a)'>14+Ct-a" npun a>0 (k=1, 2, ..., n).

3.33. okaxure, uto Ajs M0BOro HaTypadbHOro n== 1 nMeer.
MECTO HEpaBEeHCTBO ~

1 1 1
TtatFa<2
3.34. loxkaxure, 4o a4 moBGOro HatypaJbHOTO 1> 2 chpa-
BEJ/IIBO HEPaBEHCIBO
. 1y
o142+ <3
\ n)
3.35. Ilycts nonoxuTebHBbIE YHCAd Ay, Qg ..., A, 00pasynT
apudmernyeckyio nporpeccuo. [LokaxnTe, uro
a;+-an
5

n
Vaa,<vVa a,... a0, <

— ny— n41
~Honyunte orciona. HepaBeHCTBa Vin<yn < ;'2_—— na ao6oro

HaTypaJasHOro n > 2.
3.36. Jlokawmure, 4TO AJ5 A0OOr0 HaTypaAbHOTO n > 2 ciipa-

BCOAJANBO HepaBeHCTBO
npq— n+1
Vn>"yn+1
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3.37. Hokaxure, uTo npu moGOM HaTypaibHOM 12 >> 2 HUMEIOT
MECTO HEpaBeHCTBa .

1<{‘/71<1+172;:,

3.38. Jlokaxure, uto AAs MOBGOTO IEJOro #==2 BHINOJHI-
I0TCSI HEpPaBEeHCTBa

' — 1 1
: 1 —— 1 =T — 2 n.
Vn <ttt +V <2Vn
3.39. llycts m w n—ueasie 4ncaa, npmeM Osn<m,
a>0. JoxaxuTe HepaBeHCTBO '

i 1
a4 =a+ .

3.40. Tlycto a >0, n—HatypaasHoe 4ucao. 1OKawuTe, 4To
n(ld-ay—a"=a?-1pa?n—24.. +a2+a.

3.41, Jlokaxure, uro

Va+a+ T _

rae A-—wuanMmeHbliee, 5B — Hau0oJ/bllee H3 YnCea

lah {aal oovs | @n]
342, Tlycts &y, b, ..., b,—noONOXKHTENBHBIC UHCAZ, aj)
Qg ..., Q,~—TPOU3BOJbBHBIE pedcrBuTesbHBIE ducia. OGosHaunM
a1 Qap Qan

HauGobuIyi0 13 apoleit 2 uepe3s M, a HauMeHb-
n

b7 byt D
myro——uepes nt. lloxaxmre, 4TO
ay+as+.. —f—a
= 2 “n
N

3.43. okakure, uto AJIA mo6mx-11eﬁcmmenbﬂmx upcen aj,
@y ... @p HMEET MECIO HEDABEHCTBO

(s 4as+.. +an)2<n(al+az+ ‘]‘an)

3.44, Hoxamme HepaBeHCTBa

1/'a1 a . a1+a2+'--+an<
—+ s +- "
n ’
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CBA3KLIBAIOLINE CPEIHEE FaDMOHHYECKOE, . CPEJHEE [€OMETPHYECKOE)
cpegHee apuMeTHUeCKOe M CpeIHeE KBaIApaTHYECKOe TNOJIOKHU-
TEJAbHBIX YHCEN @y, Qg « .y Qpe

3.45. Ilycte peltcTBUTENbHBIE UHCHA @y, Qg ..., @ CBSI33HHI
DaBEHCTBOM @y -+ ast. ..+ a,=0. Jlokaxure, 4TO

S=may,+ aa5+...4+a, ja,<<0

(8 S BXOAAT BCEBOBMOXKHBIE CJaraemble BuIa @;a; i ).
3.46. Jlokaxure, 4To a4 HpO[/ISBOJIbeIX JEHCTBUTEMBHBIX
yucen
@iy Qgo vovy Gy by, by oouy by

CIIPpaBeaJIUBbLI CJIEI[}’!OHH/IG HEpaBCHCTBaA:
LVa+a+...+a+VeE+b+.. . +oh =
>V(a1—!—b1)2+. oo (an+ba)*

2 [VaTat. Ta—VhEthii+.. .16 |<
<|aj—by|+|ay—by|+...+|a,—b,

3.47. HyCTb
100% )
2 + + + o7 rae k;:l, 2, 3, e

Hokaxnre, uto mj << MypMp 3.
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TJAABA IV
. KOMIIJEKCHbBIE UHCJIA

§ 1. Beenenne

Bo mropo#i raaBe roBODHJAOCh O JAeHCTBUTENBHBIX UKC/IAX.
B Muoxectse AeHCTBATEABLHBIX UYUCEN MOAHO pEMIaTh JHHEHHBIE
VpaBHEHUS!, KBaJAPaTHBIC YPABHEHUS C HEOTPHLATENBHBIM LHUCKpH-
MUHAHTOM, ypasueuns Buga x"==a npu a == 0 u apyrue. Cyue-
CTBYIOT, OJiHaKO, TaKkue aareOpanyeckue ypasHeHHs (n Aake ypas-
HeHust ¢ ueabMu KodddunresramMu), KOTOpbIE HE UMEIOT AeHCTBHI-
TeJbHBIX KopHe#l. TakoBw, HanpuMep, KBaApaTHBIE YDPaBHEHUs ¢
orpunarensHpM  guckpumnHantoM. [Ipocrefiniee u3 Hux — ypas-
nenve x24-1=0. EcTecTBeHHO, BO3HHMKAET MKEJaHWE TaK pac-
UIMPATE MHOWKECTBO ACHCTBHTENBHMX uuces, 100aBHB K HeMy
HOBBIE 4nC/a, YTOOB B 3TOM pPacLIMPEHHOM UYHUC/IOBOM MHOKECTBE
UMeJaH KOpHU KBaApaTHHIE YPaBHEHHs C OTPHIATEJbHBIM AUCKpH-
MHHaHTOM WM, B 4aCTHOCTH, ypasHenne x%-1=0. Takoil npuem
HaM YK€ 3HaKOM IO BTOPOH TI'JaBE: B CBY3H. C HEBOBMOKHOCTBIO
pellaTb B MHOMXECTBE  [OJONKHTEAbHBIX  UHCEN  HEKOTOpHIE
ypasHeHus- Bufa X -+b==a BBOAWIUCH OTPHHATEJAbHBIE UHCAL,
B CBA3M C HEBO3MOXKHOCTBIO pelllarb B HELX YWCAaX  He-
KOTOpble ypaBHeHHA Bhia bx==q BBOAMAHWCH [pOOHBIE uuCIa
U T. A ‘

Bgenem HoBoe uuca0 i, KOTOpoe OyleM CUHTaTb KOpHEM ypas-
nenus x% 4 1==0, 1. e. 6yaem cuuTarth, 4TO [Jjist YMCJAA { BHNOJHEHO
pasencrso i2-1=0. [lanee, nonsiTaeMcs pacCllUpPUTh MHONKECT-
BO . IEHCTBHTE/JABHLIX UHCE TaK, UTOOB B HOBOM UHCJAOBOM MHO-
KECTBE COAEPMKAMHCh BCe OeHCTBHTEALHBIE uMCIa M UHCAO [ M
uTOOB B HOBOM MHOXKECTBE OBLIM BHITIOJIHEMBI OMEPALMH CJOKE-
HAS B yMHOXKeHust. i 9TOro HYKHO HOTOBOPUTHCA, YTO MH
OyleM TnNOHuUMAath TMOA CYMMOH, MPOHM3BEIEHHEM U PABEHCTBOM
HOBHIX 4HCea. $ICHO, UTO B 3TO MHOMXECTBO HOBBIX YHCEN HYKHO
BKJIOYNThL TpousBeAeHue bi m cymmy a-F bi mas moOwix gelcrsn-
TeAbHBIX Uuced a u b. Buipawenus Bupa a-}-bi yciaosumcs Ha-
3bIBATh KOMNAEKCHOLMU HUCAQMU.
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3ameTuM, 4YTO MHl BOBCE. €l HE JajAM ONPEIeJEHHT KOM-
mIeKCHBIX uuced.  Mul juwms npexcrasuin cebe, Kakod BHI MoO-
FyT MMeTh HOBBIE uyucaa. ODTH pacCykJeHus MOKa HEeCTPOrH H
HE COJEpKaT €lle ONpeleseHHs MHOKECTBA KOMIVIEKCHBIX YHCEJ.
Tem He MeHee CKasaHHOe MAdeT TMOBOA MJIs ONHOH pacmpocTpa-
nendo#t ownGxu. M3 pasencrsa 24 1=0 genaior «BBHIBOLY, UTO
i=) =1, B cBazu ¢ uem Ha Bompoc: <UTo Takoe KOMIJIEKCHOE
YiCaI0?»  4acTO MOKHO YCABIIATh Takoh orseT: «KommuekcHoe
YUCJA0 —3TO  BBEIpaweHue a - bi, roe i==)/—1». Takoit oTser
gpasiercd  omuGounblM. B MHOmecTBe HEHCTBHTENBbHBIX UHCEa
cumBoa }/ ynorpebasercst aas ofosHaueHus apudmMeTHue-
CKOT O KODHS U3 NOA0HCUMEAbHO20 UUCTA U, 3HAUHT, BhIpaxe-
HUS ]/—1 HE HMUMEeT CMBCJa 3HaK «-F» B BBPaXeHUH
a-}-bi Taxike HE HMeeT NpPEeXHErQ CMBIC/Aa, O3HAYAIOIIEro Onepa-
MO CJAOXEHURA JeHCTBUTEABHBIX YWCEJ, TaK KaK UHCIO bI He sB-
JAETCA JeACTBUTENBHBIM.

I10 owuboUHOE ONpeleNeHUe MOKHO IONBITaThC <HUCIpa-
BUTHY cuaenyoimum obpasom: «Kommaekcupie uucia—310 Gop-
MaJbHbIe BhIpaXkeHus Buga a -+ bi, rae a u b— AcHCTBUTEIbHbIE
YuCaa, a [-—HEKOTOpbI# cuMBOJI». B TakoM BHAE OlNpeneseHue
KOMIIIEKCHOTO YHC/Aa fBJISETCs HEenoJHbiM. V3 HEro HeBO3MOMHO
BBIBECTH TpaBu/ia JAe#cTBuf HaZ KOMIVIEKCHBHIME UYHCJIAMH U UX
csolicTBa.

YroObt HOAYUHTh TOJHBIE OTBET Ha IOCTABJACHHEIA BOMPOC,
NpOJO/KMM HAlly HECTPOTHE pacCMOTPEHHs, CBA3aHHBIE C BBede-
HueM HOBBIX unces. ITocmorpum, Kak GpJIO OB XKeJaTeNbHO Onpe-
neauTs Aelictsugd Hag sTEMu uncaamu. [lonpoGyem onpene/nTsb
CNOKEHHE KOMIUIEKCHBIX uYuces TakuM o6pasoM, 4TOOB [/ HUX
BBIMOJIHAIACh BCE T 3aKOHBI HeHCTBHUH, O KOTOPHIX IOBOPHJIOCH
B ra. IL. Torza cuowenue uncen a--bi w ¢-4di Mp D0MKHBL
GyneM TNPOM3BOAHTE TaK: |

(@+b)+(+dy=a-+bitctdi=(at-c)+@&+d)L

AHa/OruyHO, BBIYUTAHHE MBI JO/KHBI BBHIIOJHATH CJAEAYIOUIAM
06pa3om:

(a+bi)—(c-di) =(a—c) + (b —d) i.

VMHOMEHHE TOXE MONpoGyeM BHIIOMHATL TaK, YTOOB COXpaii-
JUChb TaKWe€ e B3aKOnbl jaeHcTBul, Kak u aad AeHCTBUTENbHBIX
gucesa. Torga MH NOJAyYUM

(a+bi)(c -+ di)=ac+ (ad -+ be) i -+ bdi2.
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Bcromuus, yro 24 1=0, 1. e #=-—1 (MH Beap XOTHM CO-

" XpaHuTh Bce cBofictBa AeHcTBuM, a 3HaumT, ¥ npasuaa npeobpa-
30BaHUS PaBEHCTB), HAXOJMM, YTO YMHOXEHHE KOMIIJIEKCHBIX YH-
CeJNl HYXKHO Onpejennts ClaeayioliuM- o6pasom:

(@4 b)) (¢ +diy=(ac—bd)+(ad + be)l.

IloroBopuMcsi, HaKOHEl, KaKne KOMIIEKCHBIE 4YHCAa CJeXyeT
cuntath pasHeMp. HauHeM ¢ paBeHCTBa KOMIUIEKCHOTO 4HCIA
nymo. Vs pasencrsa a-bi=0 pomxno caexosare, uro b=0:

a . a . .

HWHAue OKa3aaocCh Onl, 4TO 7—{-1:0, i_—_——?, T. €. [ OKasaJaoch
Onl deHCTBUTEBHBIM UYHCJAOM, YTO HEBO3MOXHO, TaK KaK HUKAKOe
JIEACTBUTENBHOE UUCIO HE SIBMSETCA KOPHEM ypaBHeHus x% -1 =
= 0. Urax, ecaim a--bi=0, 10 b=0. Torpa bi=0, n noromy
a=0. Mo BugnM, uTo uncro a--bi caelyer cudraTb PaBHBIM
uymo auns npu @=>b=0. [lanee, ecin uncna- a-+bi u c+di
pasubl Mexay cobofi, To (a+b)—(c+di)=0, 1. e. (a—c)+
+(b-—~d)i=0. Ho torpa a—c¢=0 u b—d=0, 1. e. a=c
u b=d. Takum 06pa3oM, paBeHCTBO KOMIJIEKCHBIX YHCEJ HYKHO
onpeenuts Tak: a+bi=c--di, ecin a=c n b=d."

Hrak, B onpemesnenne KOMIJICKCHHX YHCET NO/DKHB BXOIUTh
M COrJIAUIEHNsT OTHOCUTEAbHO onepalutt Hax Humu. Mpl BBISICHUIH,
KaK 9TO MOMXHO CHelaTh, YTOOBI COXPAHUTh TAKHE KE Tpasiia
DefcTBMH, Kak W I8 AeHCTBUTENRHHX uncen. Eure pas nox-
YyepKHEM, YTO HaluH PACCYHAEHNs HE SBASIOTCA «IOKa3aTe bCTBOM»
npaBua JedcTBAf Hag KOMIVIEKCHHIMH YHCIaMH, —3TO TOJBKO
HaBoAdule CcOOOpaxeHus K BOMPOCY O TOM, KaK eCTeCTBEHHO
BBOAHTH MMOHATHE KOMIIEKCHOTO HHCAA. ‘

Tenepn nepe#ineM K akKypaTHOMY ONpeeNeHni0 KOMIIEKCHOr o
YHCIIA.

§ 2. Onpenenenne KOMIIEKCHOTO 4ucaa

Onpenenenne. KosmnieKcuoimu wuuciami "Ha3BBAOTCH
BeIpaxceHus Bupa a--bi (rae a u b— geficTBUTENBHBIE YKC/Ha,
@ {—HeKOTOpHA CHMBOJ), €cau I 3THX BhipaweHu#t ciepyo-
muM 0BpasoM onpemeNeHbl MOHATHE, PaBEHCTBAa M onepamnud CJo-
HEHHS U YMHOXKEHus:

1. Jlea xommaexCHMX uncaa a--bi m c-Fdi cunraworcs
Pasre M TOTIa H TOJBKO TOr4a, Korga a==c¢ u b=d.

2. Cymmoli ABYX KOMIVIEKCHBIX uucen a-+bi u ¢-+di nHa-
SKIBAETCH KOMIJIEKCHOe yucao (a-+c¢)-+(b}d)i.

3. Ilpousgedenuesn ABYX KOMIVIEKCHBIX uuces a--biwu ¢ di
HaBBIBAETCA KOMIVIEKCHOE yncao (ac —bd)—4-(ad +-be)i.
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TakoBo omnpeseneHne KOMIAEKCHOro uucna.

Komnnexcnoe - yncno mnpunsiro ofos3nauars opHo#t Oyksof#t
(uamie Bcero Oyksoli 2). PaBeHcTBO 2z=a-}-bi BHpaxaeT TOT
' (haKT, uTO' KOMIUIEKCHOoe uncao a-}bi oGosHaueno Oykso# 2. -
[ns obGosHauenus ~neficTBuil. Hajg KOMIVJIEKCHBIMH URACAAMY TIpH-
MEHAIOTCSt Te e 3HaKW, YTO W JJI 0003HaueHus AeHcTBUHt Hapj
JEHCTBHTENbHBIMA YHCHaME: 3anuch 2’ =2'’ o3Hauaer PaBEHCTBO
ABYX KOMIUIEKCHBX uncen 2’ m 2''; manee, cymma umcen 2; u 2
0003HauaeTcss uepes 2y -2, 4 WX NPOH3BENEHHE Zj-Z; W
212 Taxum o06pa3oM, omnpegefcHHe CAOWEHNUS N YMHOXEHAS
JABYX KOMIVIEKCHHIX uncei @bl u ¢ di MOXHO 3anucaTh Tak:

(@4 b)+(c+d)=(@+0)+ G +d)i,
(a+ bi) (¢ + di) = (ac — bd) + (ad + be) .

JelcTBuTensHOE UYHCAO a Ha3biBaercs delicmeumensroll
4acmesi0 KOMINIEKCHOrO uucia Z==a -+ bi nu o6o3Hayaercsi CuM-
BoJOM Re z. Takum 06pasoM, 1/ KOMIVIEKCHOTO Yucna 2 =a -+ bi
nuyT: Re z=a wm Re(a-bi)=a. Yucao b nasviBaercs MHuit-
MOl 4acmbio KOMIUIEKCHOTO unCHa 2==a -+ bl u o06o3HayaeTcH
cumposiom Imz. Taxum obpasom, Im(a + bi)=0>0. Cumsoa { Ha-
BBIBACTCS MHUMOU edunuyel. -

. 3amMernM, YTO B BBIpaWKEHHH a -} bl 3HaK <«-}-» [OKa YTO He
O3HauaeT [geHcTBHA CIOXEHHS, TaK xe Kak u 3anuch bi emte
- yucto QopmansHad. - Opnako 3anmuce a-+bi uHe cnyqaﬁﬂa. Ona
BBITEKAET M3 CJefyILIUX COrjaaueHuil.

PaccMorpuM KOMMJIEKCHbIE uuCaa BHAA a+0-i DopMyJH
CNOXEHHST M YMHOXEHMS [JiA_uucesa Takoro Buzaa (1o onpenene-
HHIO CJIOKEHHS ¥ YMHOXEHHS KOMILVIEKCHBIX UYHCe/) 3allUCHIBAIOTCS
CAEeAYOUINM 0BpasoM: '

(@140 )+ (2g+0- D= (ay+ap)+0-4
(a1 40D (ax+0-))=(aa,)+0-1.

TakuM 06pa3oM, npw CHOKEHUM 0 YMHOXeHuH yncen suga @+ 0.
CHOBA MOJY4YalOTCS uucCaAa TOro ke Buga. Ecam Ml ycaosumcs
nucate a-+0-i=a (1. € YyCIOBHMCA OTOWIECTBJATD HUC/IO
a+40-i ¢ peficTBATENBHBIM YHCAOM @), TO YBHAHM, YTO Onepa-
uup Hag vuyuciamd Buga a-} 0.7 mpoBONATCH TAK Ke, Kak Had
ACHCTBHTENLHEIMH UHCAaMH. DTO MO3BOJIAET CUMTATh, HTO KaWAOE
DefiCTBHTENPHOE UYHCAO @ CONEPKHUTCH B MHOXKECTBE KOMIJEKCHBIX
uncesd, a umenHo a=a-0-i. B uacruocry, yucmo 0=0-40.i
Mpl OyaeM, Kak OOBIYHO, Ha3hBATh HyJeM, a uyuciao 1=1 -
+ 0-i—edunuyei,
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“Yucna snga O+ bi nHaswiBaloTcd muumbiMn uucAomy (uia
wucmo MHUMBLMI) W OGO03HAYATC  CaeAyomuM  o0pasom:
-0 <4 bi=>bi. B uactrocty, uncao 0--1-.i obGosnauaerca TaK:
0 + 1.i=1i. 3ameTuM, UTO, COrIaCHO STOMY ONPEALJEHHNIO, YACJIO
0=0+40-i Takke caeayer CcuYuTaTb UYUCTO MHUMBIM. Yncao
0 —eJMHCTBEHHOE KOMIIIEKCHOE YHCJO, KOTOpOE ABJSETCS 1 AeH-
CTBUTEJ/JIBHBIM, U UYHCTO MHHAMBIM.

Crnepys stum 0003HaUeHHAM, KaXJIO€ KOMINVIEKCHOE UYHCJIO
MOXHO 3anucath B Buae @ +bi=(a+0-)-+@G+-0-H(O0+1-0).
3HauuT, MOXKHO CUNTaTh, YTO 3HAK <«-F» B ONpPEAEICHAN KOM-
MJIEKCHOTO uuCaa @ --bi o3Hauaer AeHCTBHE CJIOIKEHUS UHCeT @
B bi, a 3anuce bi o3Hauaer neHCTBHE YMHOXEHHs uwucea b u I

Yucao [ BHYNCAUM HENOCPEACTBEHHO, WCXOAd W3 Onpene-
JEHNSt YMHOXKEHUSI KOMIWIEKCHBIX YNCEJ:

Peiim (04104 1-H=—140-1=— 1.

Wrak, B mo6OM NpPOMEKYTOUHOM JeHCTBHM WAM B KOHEUHOM
pesyabraTe 4ucJaO 2 MOKHO 3aMeHsThb uncaoM ——1. Mimenno
PaBEHCTBO - 2=-1 MOCAYXKHNO MPUYMHOH TOrO, UYTO WHOIAA

numyT ==} -—1. Beile ywxe OTMEUaNOChb, UYTO 3Ta 8anuCh He-
KODpEeKTHa, TaK Kak CHMBOM |/ O3HayaeT apudMeTuuecKui
KODEeHb M3 NOJOKHTENbHOTO 4UC/Ia.

§ 3. CroiicTea meitcTeuil

Teneps, KOrAa MB MMEEM YeTKOE ONpejesdeHMe KOMIICKCHBIX
YUCEJN, -MOKHO H3yuaThb cCBoficTBa HeHCTBUE HaJ KOMIJIEKCHHIMA
uncaamil. EcTecTBeHHO OXUAATH, YTO JEHCTBUS CJAOKEHHE M YMHO-
WEeHHE KOMIICKCHBIX dpces OO0/IafaloT TakUMH KE CBOHCTBamy,
KaKuMu 00JAafaioT CAOCKEHHEe U YMHOXEHHE AeHCTBHTEIbHBIX Y-
ces,—BeAb HMEHHO TaK Mbl <«noabupadu» onpeleiseHue KoM-
NJAeKCHBX unces. boaee Toro, m cBoficTBa OOpaTHHIX Olepauuil
(BbiuMTaHUst W [eJEHHs) OKAa3bIBAIOTCA TAKUMU Ke, Kak H s
JefcTeUTeIBHBIX uyuced. Dosee TouHO, cnpaBenauBHE HIKecCHeny-
jomne teopeMsl 1 u 2.

Teopema 1. Caooicenue 8 MHOJNCECHBE KOMNACKCHOLX
yucen obaadaenm caedyrOwuUML c8olicmeamu:

L. 2y +2o=2,+2, 047 A006IX KOMRACKCHBIX HUCEA 21 U
2,(KOMMYTaTUBHBH 3aKOH CJOXEHNA).

2. (1t 29)F23=214 (25 23) 0457 A100BLX KOMNACKCHBLX
yucea zy, 29 23 (ACCOUMATUBHMHA 3aKOH CJAOKEHH).

3. z4+0=2 041 awbo20 KomniexkcrHo20 wucia 2.
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4. Jan rw06otx 08YX KOMRAGKCHOLX dUces 2y U 25 CYle-
cmsyem, U HPUMOM MOABKO O00HO, 4UCAO z, yoosaemsops-
ouee YpasHeruw z-4-z,=2y.

NokasareabctBo. Joxkaxem csoficteo 1. Ilycts

2i=0y b0, 25=a,-}b,l.

ITo ONpENCJHCHUI0 CJ0XKEHNA KOMIVIEKCHBIX 4YuCeJa MOXHO 3amu-

carb )
21+ 2,=0(a;+ay) 4 (b, +b,) 0,
25+ 21=(ay4-a) 4+ (b, +by) L.

M3 cBo#ctB AeHCTBHTENBHBIX 4HCEa CAEAYeT, 4TO
aytay=ay+a, by+by,=0b,-1by

T. € y uncen 2342, n 2,424 MeficTBITEABHBIE UACTH paBHBI
¥ MHHMBIE UaCTH PaBHBL. 3HauuT, U3 ONpele/eHHsT PaBEHCTBA KOM-
/IEKCHBIX  4uced cneayer, 410 zl+22_z2—}—~1, uTo 1 Tpedo-
BaJIOCh JIOKa3arh.

Cpoficta 2 w 3 J0Ka3BIBAIOTCA aHAJOTHYHO. Pe}(omeﬂﬂyercsi
B KaueCTBE YNpaxHEHHs [JOKa3aTh HMX CaMOCTOSTEIBHO. 3aMerny,
YTO TOJBLKO MOCJAE [JOKa3aTe/JbCTBA CBOHCIBA 2 HMEIOT CMBICH
BHIDAKEHNS 29+ 2o+ 25 2125+ 25+ 2, 1 ap.

Hokaxem cBofictBo 4. Ilycte 2y=0a, -} by, 2y=a,-} by,
z2==x-yi, rpe pefcTBUTE/NbHBIE YHCIA X O Y HEU3BECTHHI.
ITo onpenmeneHmo ca0xeHNs

z+2y=(xX+ay) + (¥ + by)i.

PaBeHcIBO 2 - 2,==2;, B CHJY ONpEeeHns DABEHCTBA KOMII-
JEKCHBIX UUCEJ, BBIIOJHNETCS TOrJa ¥ TOJAbKO TOrAa, KOraa

X-+ay=a; u y+b,=0,.
ITo npaBujaM JAeHCTBUH Hag AEACTBUTENLHBIMH YHCAAMM HAXOAUM
X=a;—ay, Yy=0by—b,

Takum 06pasoM, NOKas3aHO, UTO PABEHCIBO 2 -} 2,=2; BBIIOJHSA-
€TC TOTAA W TOJMBKO TOrJA3, Kormga ‘

z =(ay— ay) + (b —by)i.

ITuM 3aKaHYMBAeTCs JOKasare/abCTBO Teopemsl 1.
Paccvorpum pmefictBue BBHIUMTaHMS KOMIJIEKCHBIX . ynceld. Bei-
Yumanne onpeaeasercda Kak geficiBue, o6paTHOE CHOXKEHHIO. DTo
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3HAYMT, UTO PA3HOCMbI0 NBYX KOMILIEKCHBIX YHCeN 2 W Z, Ha-
3HIBAETCA TaKOE 4YUCJIO 2, KOTODOE YHOBJAETBODHET YDPABHEHHIO
2+ 2, ==2,; Pa3HOCTb KOMILIEKCHBIX YHCEN 27 H 25 O603HAYAETCH Ye-
. pe3 2z, —2, JlpyruMu CJAOBaMH, 3aNUCh 2 == 2Z; — 2 O3HAYaeT, .10
ONPENIENCHHIO, TO JKE CaMOe, YTO H 3amuch 2--2;=2;. W3 ceoft-
ctBa 4 Teopemnl 1 cjexyeT, uTO PasHOCTb KOMIUIEKCHBIX UMCET
ONPENENAETCS  OQHO3HAYHO C HOMOIMIBIO (popmy.vm

(a1 + b)) —(a; -+ byl) =(a; — a5) + (by — b,)i.

OTtMeTuM, YTO, Kak # [/ ACHCTBUTEABHBIX 4YuCe], PasHOCTH
0—2z (ansg moOOro KOMIJIEKCHOrO yucaa Z) 0003HauaeTcs uyepes
—2, 1. &. 0— 2= —2z Orcona cjrenyer, Y0 pasHOCTb 2y —2,
MOXHO 3aIUCaTbh B BUAE 21—y =21+ (—2p)

Teopema 2. Yunowcenne 8 MHOHCECHIBE KOMNACKCHBX
qucen obaadaem caedyrounm csolicmeamu:

1. 212,==2,2; 048 AWO0BLX KOMAACKCHBLX HUces Zy W Zy
(KOMMYTaTHBHHY 3aKOH YMHOQXEHH)

2. (2129)23=21(2925) 0421 AWOOBLX KOMHAECKCHOLX wticen
21 29 23 (ACCOLMATHUBHBE 3aKOH YMHOXEHHS)

3. 21(2y+ 25) =212, + 2125 04 A100bLX KOMNACKCHBLX 4U-
cea 2y, 7y 23 (AMCTPpHOYTUBHBH 3aKOH).

4. 1.z2=2 0uas 4100020 KOMNAEKCHO20 HUCAA 2,

5. Hast aw066x 08YX KOMAAEKCHBIX HUCEA Zy U 2g, 20€
2,70, cywecmsyem, u npumosm moasKo 00HO, 4lCAO Z, YOO8~
AeMBOPAOUECE YPABHEHNID 225==27.

HNoxkazarteabctso. Hdokaxem csoitctso . ITycrs

y=a;+ b, 2y=a,+ b, z=x4Yyi

Tae JeHCTBUTE/BHNE UiCA2 X B Y HEH3BECTHE. [To onpenenenno
YMHOIKEHS

22y ==(Xay — Yby) + (X6 + yay .

PaseHcTso 22,==2;, B Cuay Ofipese/eHds PABEHCTBA KOMIAEKC-
HbIX 4HMCeJ, BBIIOMHAETCA TOTQA ¥ TOALKO TOT/A, KOTAa

Xay—yby=a; n xby+ya,=b,.

MBl noanyuna JuHERHYIO CUCTEMY OTHOCHTEABHO X W Y, ompene-
2 . 2 ’

auresib KOTOpo# a3 83 3£ 0, Tak Kak 2, 3% 0. CaezomareinHo,

3Ta CHCTEMa UMeeT GAMHCTBEHHOE peLueHHE:

@15 -} b1by a2b1 —aib,
Tarhy 0 YT ey

e
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Taknam 0Opasom, 10Ka3aHo, 4TO YpaBHEHME 2Zy==2] AMd MOGHIX
KOMIIEKCHBIX HHCEN 2y=a; -+ byi, Zy==a,-F byl (rae 2z, % 0)
ONHOSHAYHO DASPELIAMO W WMMEET CJEAYIliee PelleHue:

_ @183+ biby +a2b1-—a1b2 i : 1)

ai+by U Taithy .
CaofictBo 5 jmoxaszaHo.

Croiictea 1—4 TeopeMsl 2 JerKO AOKa3HIBAIOTCA TaK Ke,
Kak U cpofictBa 1—3 Teopems 1. Pexkomenayercs B KauecTre
yOpawKHeHHs: 1OKasarh HX CaMOCTOSTEJLHO.

3aMeéruyM, 4YTO TOJBKO I0CJAe [OKa3aTeabCTBA. CBOHCTBa 2
TEOPEMBL 2 JMMEIOT CMBICJ BRIDAKEHUS 22525 2°=2z2Z W Ip.

. PaccMorpum gelicteie neneHus KOMIIEKCHLBIX yuces. JdeseHuem
Ha3hIBaeTCsl [elcTBue, OOpATHOE YMHOXKEHHI0. DTO 3HAyuT, UTO
HACMHBLM IBYX KOMIVIEKCHBIX UHCeN Z{ U 2y, [J€ 2, 7# 0, Hazsl-
BaeTCsd Takoe 4YMCIO 2, KOTOPOE YAOBJACTBODACT YPAaBHEHUIO
22y == 2y, YaCTHOE JBYX KOMIIJIEKCHHIX YHCEN 2{ U 2, 0003HAUAeTCH
4epes q:2, WM 2— Ilpymmm_ CJI0BaMH, 3allHCh z:% O3Ha-
YaeT, MO ONPEJCNCHHId, TO KE CaM0e, YTO W 3aIUCh 225==27.

Us cBolicTBa 5 rteopembl 2 caexyer, uto Aas MOGHX KOMIIEKC-
HBIX Uucen zy=ga;-bi, zy=a,- by (rae 2, % 0) uacTHoe.
OJHO3HAYHO ONPENEIEHO W HMEET CASAYIOWHH BHI: ’

L _ % +byé 4% +-byby + ashy—ayby i
B Gtbi @tk ath

Henenve Ha HyJb B MHOXE€CTBE KOMIJICKCHBIX YHCEeJ, KaK H
B MHOXECTBE JEHCTBHTE/JBHBIX 4HCeJ, He HUMeeT CMBICaAa, T. €.

2
HaCTHOC o HA TIpA KaKOM 2 HE ONpCACJICHO,

3ameuanne V3 onpeneneHus KOMIIEKCHOrO uucCjia CJje-
AyeT, 4To OPMYJBl CAOKEHHUS H YMHOXEHHS KOMIVIEKCHBIX 4HCe]
(OpMaAbHO HUMEIOT TaKOH e BHA, KaK U (QOPMYJAH CAOKEHHS
W yMHOXeHus anreGpaudeckux BlpaxeHmil Buia a --bl, npuuem
B mo0OM NPOMEXKYTOUHOM AeHCTBUM W/H B KOHEUHOM pe3yabTare
ypcao {2 MowHO 3aMensTh uncioM —1. B reopemax 1 m 2 no-
KasaHo, 4YTO CBOMCTBA fAelcTBUM CJAOXKEHHA W YMHOXEHHd
KOMILJIEKCHBIX 4uceJ # CBOHCTBAZ OOpaTHHX onepaunt (Bblud-
TaHUs W JeJeHus) TaKue JKe, Kak W Ad  AeHCTBHTENbHBIX
YKces.

324
MMpumep L. Hpencraamb KOMILJIEKCHOE YHCJIO 7——— B ajre-

T+i
Gpanyeckol ¢opme, T. €. B Buge a--bi.
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Pewenne. Ilo dopmyre neneHuss KOMINVIEKCHBIX uYmcesa Ha-
X0INM '

3—2% 3.14(—2-1 1.(—29—3-1, 1 5,
— l== g — o L.

= LR T IrE 2

Ormerum, uro B § 4 Oynaer ykasaH Apyro#t crnocol BHIMOJ/IHEHUS
Jiesenusl KOMIMJIEKCHBIX uHCelL.

IIpumep 2. HallTn 1eHCTBUTENBHYIO I MHUMYIO 4acCTH KO‘\m-
AekcHoro umcaa (24 1)

Pewenune. ITo dopuyne xyba cymmnl ABYX uucen HAXOAHM

Q4 ip=2343.22.i43.2. 2475
3amenas i2 yucrom — 1, noayuaem /

Q4P =8+121—6—i=2411L
Caenopatensno, Re(24-i=2, Im (2 4+ z')3‘= 11.

§ 4. Monyas xomnaekcHoro umcaa. Kommiaexcno
conpsixeHHble HdHcaAa

Onpenenenune. Modysesn |z| KOMIIGKCHOTO uHCAA
z=a -+ bi nazwiBaerca ynciao } a? 4 b%

lz|=|a+bi|=V a®F b2

Caenyer nomuurs, uro |2| Bcerga ectb gefCTBHTEb-
Hoe HeoTpuuartenbHoe uncao |2|==0, npuuem |z|=
= (0 Torga M TOJRKO TOrja, Korga 2z=0.

Ecan 2 — geficrButrenbHOe 4ucao0, TO |2 | ectb ero abcomor-
Has BE/JUUMHA; MO3TOMY MOAYJIb ¥ OOO3HAUaeTCs TaKk ke, KaK U
abcoaoTHaA BeJUYMHAE.

s omnpeneneHust MOLYIA KOMILIEKCHOrO 4uC/Ia HETPYAHO BBL-
BECTH, 4TO AJd JHO6le KOMIIVIEKCHBIX UHCeN 2, 23, %y CTpaBei-
JUBH COOTHOLHEHSs:

Lofzizg|=21] | 22},
z |z .
5:— =—-|—2:—fl, ecan 2z, # 0.
3. |2"|=|2|" man moGoro ueaoro umcia n (UpuueM mpwm

n<C 0 npeamonaraercs, uro z 7= 0).
IlpennaraeMm unraremo B KayecTBe YNpaXHEHUS [OKAa3aTh
cooTHOUIeHns 1—3.
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Onpeneaenune. KomniekcHoe uucao a-—bi HasbiBaeTCA
KOMNACKCHO CONPANCENHBM C WACAOM 2= a -} bi; 4HC/I0, KOMI-
JIEKCHO CONpPMKEHHOE ¢ 2z, 0603HauaeTca uepes 2

Z=aqa-Fbi=a—D>bi.
W3 sToro onpeneneHuss HETPYAHO BHIBECTH, YTO AMA JMOOHX
KOMIICKCHBIX UHCEN 2, Zq, 2y CHPAaBEIJIMBB COOTHOLIEHHS:
1. (31 2y) =2, Z,.
. (2125) =212y
lz1\ 2

(2—2“"——:'52, ecan <y ¢ 0.

N oo w N
N’;‘T
il
]

o= ecmd 2y £ 0.

B kauectse ynpakHenus npeanaraeM yuTaTeNio JOKa3aTh CO-
oTHouleHust 1—7. :
3ameyaHue Popmyay 7 MOKHO [AOKA3aTh CJACAYIOIUM

2
cnocoB6oM. YMHOXKHM UYHCAWTENh W 3HaMeHaTeab apobu zi Ha
- L9
e

2 2%,

UACAO Zpy MBI NIOMyunM =12, BOCnoap3oBaBlInCh TeMeph Co-
2 2<2
OTHOILEHHEM 2,2 ==|2, (%, HaXOomuM
z, | 7=
1_Ah @)
2 122 |2

C nomoutbio dopMyabl (2) yaoOHO BHNOJHATH JeJNEHHE KOMI-
JeKCHBIX uncesn. PemmM TakmM cnocoGom npumep 1 (crp. 107).

YMuoxas 4ucaAuTeML # BHaMCHATEMb llp061/1 Ha 4HCJ0

3—2i
T+
1+ i==1—}, noayuaem

3—2 _ (3—2)(1—i)_3—3i—2i422 3-5i—2 1 5
T+i — d-id—i) - N k42 T2 2

Yno6crBo ucrnosb3opaHus GopMyasl (2) nas HaxXOX/IEHH 4acT-
HOTO [IBYX KOMIUVIEKCHBIX UHCEJ B3aKJHO43eTCd B TOM, 4YTO MpH
3TOM HE HYXHO NOMHHTb popmyay (1) gencHus KOMMJIEKCHBIX yi-
cea (ctp. 107).
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Mpumep 3. JlokasaTs, 4T0 a5 MOGHX ABYX KOMIAEKCHBIX
Yucesn z, U 2, BHITIOJHSETCS COOTHOLIEHHE ' .
|2yt 2 P+ 2 —2 P=2]2 P +2] 2, 2

Pewenie. Ipuvenss caoficTBa 5 B 1 KOMIEKCHO COnps-
JKEHHBIX yYyuCeJ, TMoayvyacMm

212, PH{2i—2 =
——(21+2'2)(21"*22)’}“(31‘—22)(21—‘22)——
=21+ 22 C1+22) + (21— 29) (51— Z) =

_221 2142292, =2| 2 ]2+2[z2|

410 u TPpebOBAIOCH AOKa3aTh.

§ 5. TeomeTpudecKasi MHTepnpeTauns KOMIVIEKCHOIO YHCJIA

PaccMoTpuM TIpAMOYrOJIBHYIO CHCTEMY KOODAMHAT Ha NJO-
CKoCTH. ¥ CI0BUMCS KOMIJIEKCHOE Ync/io a -+ b uso6Gpaxcats TOUKOH
njaockocTs ¢ koopauHatamu (a, b) (puc. 22). Vlnaue rosops, Ha
ocu abcumcc OymeM OTKAAbIBAaTh HEHCTBUTE/NbHBIE UYACTH KOMI-

JEKCHBIX UMCeJd, @ Ha OCH OpPAH-

4 Hat — MuuMele. [Ipn atoM meficrsu-
| TenbHble Yncaa Oynyr u3obpamars-
) S 2 € TOYKaMu OCH abCluce, KOTOpYH

Ha3BlBalOT NO3TOMYy Oelicmaumens-
HoOll oOcbl, & YBCTO MHHUMBIE YH-
Clila— TOUKaMi OCM OpJMHAT, KOTO-
DYI0O Ha3HBAT MHUMOL 0CbI0.
.. OO6parno, Kaxaoh Toyke mnio-
> Z  CKOCTH ¢ KoopawHaramu (@, b) mo-

[ .

]
S

@2 CTaBJEHO B COOTBETCTBHE KOMIIEKC-
Hoe 4uca0 a-+bi. Takum o6pason,
Puc. 20 COOTBETCTBHE MENKAY MHOXKECTBOM

nuc. .

" BCEX KOMIVIEKCHBIX 4Hcesl M BCeX
TOYEK [JOCKOCTH B3aHMHO OJHO-
anaudoe. ITosToMy B AanbHediieM Mpl He GyaeM pas3iauyarh MOHS-
THA KOMIUVIEKCHOIO YHCJAA U TOYKH TVIOCKOCTH M OYJEM rOBODUTH,
HANPUMEpP, <«TOYKA 2==1-—I», <«TPEYrOJBHUK C BEPUIMHAMH B
TOUKAX 2y, Zg 23> B T. I :
3aMeTuM, 4YTO KaXAOH TOUKE TMJIOCKOCTH € KOOpAMHATaMu
(a, b) COOTBETCTBYET OAWH W TOJBKO OAHH BEKTOP C HAYAIOM
B 1ouke (0, 0) (Hauyano xoopauHaTr) n KOHUOM B TOuKe (a, b).
IMoaToMy ycaoBmMcs Takke H306paXaTb KOMILIEKCHOE YHCIO
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a-}-bi BekTOpOM C HaualoM B TOouke z==0 u KOH[IOM B TOYKE
z=a-bi (puc. 22).

Ws manHOM BhIIE reOMETPHUECKON nHTepnpeTauun KOMriJeKc-
HOFO YHC/A BHITEKAOT CJISAYIOHMUE CBOHCTBA:

L Ilnwna BekTopa z pabHa |z |.

S Toukn 2z n 2 CUMMETDUHbI OI‘HOCI/ITEJIBHO ,LleﬂCTBI/ITe.YIb-

HOH ocwu. >
3. Touku 2 w ~-— 2 CUMMETPHUYHB OTHOCHUTENBHO  TOU-
kn z=0. :

4. Yucno z; -+ 2, reoMETPUUECKH U30OPaKAETCH KaK BEKTOP,
MOCTPOEHHBIH 110 TPABUAY CJAOKEHUsS BEKTODOB 2y U 2, (puc. 23).
5. PaccrosHne MexJy TOUKaMU Z; U 2o PABHO |2y —2y ).

Puc. 23. Puc. 24,

TpennaraeM umTaTesl0 B KauecTBe Ynpa:xHeHus JOKa3aTh
cBofictea 1—4. -

JHoxaxem crotictBo 5. Iloctponm 'BeKTOp 23— 2, KaK CYMMY
BEeKTOPOR 2y M — 2z, (puc. 24). Ha pasencina tpeyrobHUKOB
¢ BepwinHamn B Toukax 0, zy, 29 u 0, 2y, 23— 2, caelyer, uro
AJMHA BEKTOPA &3—2, PaBHa DACCTOAHMIO MEKLY TOUKaMH 2]
B 2, YTO u TpeGoBajoCh AOKa3alb.

ITpumep 4. MHOKECTBO TOYEK 2, VAOBJETBOPAIOWIUX Yypas-
HEHUIO |2-—2|5=R, €CcTb OKPYKHOCTb C UEHTPOM B TOYKE 2
u pagnycom R, Tak KaK ypasHeHue |2 —2,|=R Bblpamaer TOT
(hakT, 4TO PacCroAHUE OT TOYKHW 2 IO TOUKH 2, paBHO R.

"Hpumep 5 MHOKECTBO TOUEK 2, YAOBAETBOPAIOULAX ypaB-
HEHUIO |2-—2y|==|2Z—2,]|, ecTb npamas, NepreHIMKyIapHas OT-
PE3KY, COCHHMHAIONIEMY TOUKH 2y U 2, W NDOBEIEHHAs uepes ero
cepenuHy. B camom Jene, ypaBHeHuw |z —z; |==|z—2z,| yzosae-
TBOPAIOT BCE TOUKM 2, PaBHOYLaJEeHHHE OT TOUEK 2; U 2y
(u ToABKO 2TH TOUKM).
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ITpumep 6. MHOXECTBO TOYEK 2, YIOBJIETBOPAOUIMX He-
pasedcTBsy Im 2 >0, npeacrasiaser co6o# BEPXHIOK MNOJYIIO-
CKOCTb (T. €. MHOXECTBO TOYEK, JEXAUIMX Bbllle AeHCTBHIEIbHOM
oci). D10 caemyer u3 TOro, UTO A9 TOUKH 7—x—{—zy Hepa-
pedcTBo Im 2 >0 umeer Bug y > 0.

©

§ 6. ApryMeHT KOMIJIEKCHOTO 4YucJa

Onpenenenue Ap2yitenmoit KOMIIEKCHOI0 uucaa 270
Ha3bIBAETCA Yroa Meway AeHCTBUTENbHOH OCbI0 W BEKTOPOM Z,
OTCUNTHLIBAEMBIH OT MOJIOKHTRIBHOTO HanpasJ/eHNs IeHCTBUTENBHON
ocu. ITpu 9TOM, KaK OGLIMHO, €CJM OTCUET BeIETCA HPOTUB YACOROH
CIPEJKY, TO BEJAMUMHA YIJI4 CUMTAETCS TOJAOKUTEADbHO i,
ecan Mo vacopofi—orpuumartenabHOoH.

Ilas oBosHaueHud TOro (PakTa, 4TO HHUCIO @ SBAKETCS apry-
MEHTOM KOMIIEKCHOTO YMCAa 2 =a - bi, mimyT @==arg z UIa
@ ==arg (a -+ bi).

Ilas uncna z =0 aprymenr He onpefensercd. ITosaToMy Bo BCex
HaJbHEHIIX pacCykAeHHAX, CBA3aHHBIX ¢ MOHATHEM apryMeHta,
OyAeM Cuutarp, uro z 3= 0.

3amerny, uTO A5l (PUKCHPOBAHHOTO uHcAa 2 7% 0 apryyest
onpeesseTcss He OIHO3HAUHO: eCJu  -— HEKOTOPbIH apryMeHt
yucna z, 10 yrael @ 2kn (=0, == 1, == 2,...) To)ke sBas-
0TCA  apryMeHtaMm Toro ke uncia 2z (cp. puc. 22). Takum
ofpaso, ANl KakAoro Ynucaa 2 uMeerTcsl 0eCKOHEUHOE MHOKECTBO
apryMeHTOB, Kaxk/ble 1Ba U3 KOTODPBIX OTJHUAIOTCA APyr O aApyra
Ha YHUCJI0, KpaTHoe 2.

M3 onpeseseHns TDHIOHOMETpHUCCKHX (YHKUMHA chaenyer
(cp. puc. 22), uro ecau @=arg (a-} bi), TO UMEWOT MECTO pa-
BEHCTBA

cos p =

3

, sing W

CrpaBefsquBo n 00paTHOE YTBEPKIEHUE: €CAH BLITONHAOTCS
o6a paseHctBa (3), 10 ¢ =arg (a -+ bi). Takum oBpazoy, Bce 3Ha-
YeHMA apryMEHTa MOMXHO HaxONWTb, pEeluas COBMECTHO YpaBHe-
Hus (3). Tlpu 310M mONE3HO UCTIOMB30BATH FEOMETPHUECKYIO HH-
TepRPETAlH0 KOMIVIEKCHOTO YHCaAa AJs OlpeiefeHns TOH uer-
BEpTH, B KOTOpOH Haxogurca touka z=a-} bi. Iloguepkuem:
AJs  OmpeleseHuss TOH ueTBepTH, B KOTOPOH Haxoaurcst TOYKa
z2=a-bi, HyxHO ucnosnzosate 00a coorHoweHus (3) (wian
UCHOMb30BATh  FEOMETPUYECKYIO HMHIEPNPETaUuIo KOMIJIEKCHOrO
yycaa), a MOCAe TOTO, KaK 3TO CAeJaHO, MOXHO I/ HaXOkJe-
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HuS APTyMEHTa BOCMNOJb30BAaTbCst OAHUM (MOOBIM) H3 ypaBHE-

‘Hu#i (3).
IMpumep 7. Halttu apryment yuacna z==1—1i.
Pemenne Tak kak Rez==1, Imz=—1, 10 TOUKa 2 =

= 1—i aexunr B IV uerseprn. IlosToMy mocraTouno Hafitu
TAKOE pEUIEHHE OJHOrO H3 YypabHeHnH (3), KoTopoe sBJjfeTcs
yraom B IV uersepru. Haxoaum

1
]//fé)

cos @ = g=""t 2%k (r=0, %1, =2, )

3anerum, uto ecau @=arg (a+bi), a5=0, To u3 (3) cae-
b
ayer, uro tg g = Ho o6patHoe yTBepwieHHe HeBeD HO:

b ) .

u3 paseHcTBa g (==—- HEJb3T 3aKMOUNTb, YTO (Q=arg (a -+ bi).
. T

Hanpusep, ans yucaa -—1—I7 3HaueHue @=-p ABAFETCS pelle-

b
HHeM ypaBHenua tg ¢=-—==1, HO He HBAIEICS apryMeHTOM

3T0r0 uucia. :
Ho ecan cHayala onpegeanTb, HCHOJb3Ys TEOMETPHUE CKYIO
HHTEPIIpeTalnio, B KaKOH UETBEPTH HaXOAMTCH TOUKa a-bi, u
. b
3aTeM HaHTH TaKoe pelleHue ypasHeHusa tg @ =, KOTOpOE AB-
JSETCA yrJaoM B 9TOH 4YETBEPTH, TO [OJYYMM apryMeHT uuc-
Aa a-+ bi.
IIpumep 8 Halttu aprymeur uncaa —1—1.
Pemenune Touka —1—i newur B Il yersepru. [Tostomy
, : b '
Hy:KHO HalTH TaKkoe pElUIEHAe YPaBHeHUs tg(p:--z, KoTopoe

aBasiercs yraonm B 1 uerseprn. Haxoznm

tgg=1 ¢="04 2 (k=0 %1, 2 )

§ 7. Tpuronomerpudeckas dopma 3anncu
KOMAOJEKCHOTO 4ucaa

Ilycte r—Monyab, a ¢ -—Kako#-1u6o u3 apryMeHToB KOMII-
aexcuoro umcaa a--bi, 1. e r=|a-+bil=) a?F b o=

-=arg (a4 bi). Torma us dopuya (3) caeayer, uto a==r cos @,
b=rsing, 1, 3Hauut, ‘

a-+bi=r (cos @ - isin ). . .
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Herpyano moxasarh u o6i)amoe yTBEDKACHUE: €CAM HMEEeT
MECTO -paBeHCIBO a-Fbi=r(cos ¢ 4-Iising), rme r>0, T0
=|a-bi|, p=arg (a-+bi).

Onpenenenne. 3anuch KOMIIEKCHOTO UHCAa Z B BUle

z=r (cos ¢ 4~ isin p),

rae r >0, HaswBaeTcs mpuoHoMempuieckoll ¢hopaoll KoM-
NJIEKCHOro 4HcJa.

M3 (Ka3aHHOrO BHIIE CJAEAYET, 4TO a000e KOMIIEKCHOE
yncio z==0 MOXKHO 3anucaTb B TPUTOHOMETPHUYECKOH (popme

z==r(cos ¢ 4ising), ~r >0,

Opu4eM 3TH COOTHOWEHMS HMEIOT MECTO B TOM W TOJBKO B
TOM ciayuae, ecan r=|z!, p=argza.

HeoGxoaHMO YCBOHTB, YTO He BCSKas 3aMdCh KOMIIEKC-
HOTO 4HCJa uepe3 TPHrOHOMETpUUecKye (PYHKIHH ABIAETCS TpH-
roHoMerpuueckoil qopmo#t storo uucaa. Hamnpumep, mjad uducaa
1 4-{ sanucb

1+i%V§<cos —:Z——l—isin %)

ecTb TPUIOHOMETpHUecKas (opma 3rtoro uucaa. Ho sannch B
BUJE

. Ve <cos %+isin§§-)
nian

o i=—12 {cos 2 1510 OF)

He fABJasercs TpuronoMerpuueckofl opmoit uncaa 144
HerpyaHo nokasatb, uto AI8 ABYX KOMIVIEKCHBIX HHCEJ

zy=ry(cos @y f-ising,y), zy=ry(cos ¢, + isin @,),

3amMHCaHHBIX B TPHTOHOMETPHUYECKOH (hOpMe, paBeHCIBO 2,==2,
BMEEeT MeCTO Torja M TOJLKO TOrja, KOrja Fy==r, 1 =@, -
- 2k7, rae k-—HEKOTOpOE Hesoe HucJo.
Teopema 3. [lycms @y=argz,, @y==argz, [lo20a
P1+ P = arg (2,2,)-
Hoka3aTenbcTBO. HpencmBMM URCaa 2y W Zy B TPH-
_ TOHOMETpUYEcKO#  dopme:  zy==r;(cos @; 4 ising,), 2z,=
= ry(cos @at-ising,y), rae ry==|2zy} ry=|2,| DBbuncaum
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Tériepb NMPOH3BENEHUE UUCeN 2] H 2y

2129 =="r1 (cos ¢y 4 it ;) 7y (cos @y -~ I sin @) =
=1l [COS (py COS Py —Sin Py Sin @y -
- - i(sinpy cos @, 4 cos @, sin @,)] =
=175 [c05 (p1 -+ @) + I sin (@1 + P)]-

Tak Kak 7r;7,>>0, TO 3TO ecrb TPHTOHOMETpHUECKas dopma
sallAcH Yucaa 2,2y CaenosarensHo, @, - @, ==arg (2;2,), 410 #
Tpe6oBasoCh [OKa3aThb.

3aMernM, JTO W3 [PHUBEJEHHOTO DAacCyXKAEHHS  BBITEKaeT
COOTHOIIEHUE | 212, |=riTy=|21||z5; 3T0 pmaer HOBOEe moOKa-
3aTeNLCTBO CBOHCTBA 1, copmysauposanHoro ua crp. 108. Takum
o0pasoyM, MOOYAb Npou3BEOeHusT O08YX KOMHAEKCHBLX HUCEA
pasern npoussedexno modyael comuoxcumeneil, a cyima apay-
MEHMOB  COMHONCUMENC ABALEHCA QPRYMEHMOM NHpolu3sede-
Hus. 3aMeTUM TaKke, uTo (hopmysaa

2129= r1 (cos @y ~-isin ;) ry (cos ¢, isingy)=
=117y (08 (@1 + Po) + I sin (@3 + ¢y)],

M0IyUeHHaa ApPW [0OKa3aTenbCTBE TEOPEMBl 3, 4aeT T PaBUJIO
YyMHOXKCHUS KOMIVIEKCHBIX 4HCEN, 3afUCaHHBIX B TPUFOHOMET-
puuecko#t gopme.

Hcnone3ys pesynsTaT TeopeMsl 3, HETPYIHO METOAOM MaTe-
MAaTUUYELKOH WHAYKHMA [OKa3aTh, YTO €CAR Pf Qg ..., Pp—
apryMmentTsl Hucena 2j, 29, ..., 2, COOTBETCTBEHHO, TO @+ Qo+ ...
ot pp=arg (212,...2,)

Teopema 4. Ecau @i==arg 2{ U @y ==2a1g 29, MO Pi— QPg=
= arg 22

Dra TeopeMa Jerko BoiTekaer u3 teopemb 3. V3 teopemn 4
caegyer, 4To. GOpMyJay HeJeHus JBYX KOMILIEKCHBIX YHCed Zj
U 2y (255£0), npencrasieHHBIX B TPHTOHOMETpPHYECKOH opme

zy=ry(cos @ +isiny), 2o=="ry(cos @y ising,),
MOXHO 3anucarb B BHAE -~

2y r1(cos @y i sin @)

2y 12 (COS Q3 i Sin @y)

Ipyrumu  caosamm, Modyas 4acmHO20 08YX KOMHACKCHbLX
Hlucen paseH 4acMHOMY ModyAeil 0eAMO20 U Deaumels, a pas-
HOCmbe ap2yMenmos O0eAuMo20 u OeAUMensT AANEMCS apay-
MEHMOM “aCMHO20.

=% [cos (@1~ @) + I sin (¢; — )]
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Teopema 5. opuyry gossedenus & geayio cmeneds i
(n=0, =1, 2, |.)) Komnaexcnozo uucaa z =0, npedcmas-
A6HHO20 8 mpuoxomempuieckol gopue z=r (cos Q- isin@),
MOJNCHO 3qniicame 8 sude

2" ={r (cos @ - isin @)]" = r" (cos ne -} i sin ngp).
B uacmrocmu, 045 4106020 yicia § 1 4100020 44020 4IcaQ 1
BLLNOAHSACMCA COONMHOUEHE
(cos @ - i sin @)" = cos nep -+ i sin ng

(popmyna Myaspa). ‘

Teopema 5 nerko [OKa3HBAETCH METONOM MaTeMaTHUeCKOH
VHAYKUMH (C HCTOAb30BaHNEM TeopeMsl 3 mpH n2>0 u teopeMnl
4 nmpun n<<0).

M3 ckazannoro BHIlE SICHO, YTO ¢ MOMOILBIO TPHUTOHOMETDH-
yeCKOH (JOPMHl KOMILIEKCHOrO uKcada yA0OHO BHIMOMHATE YMHO-
)KEHHe, JeJeHMEe KOMIJEKCHBIX YHCe U BO3BEAEHHE HX B LEAYIO
CTETIEHD. .

Mpumep 9. Ilpeacrasute KoumaekcHoe uucao (1 —i)P
8 aareGpanueckolt dopme, T. e. B Buae a-+ bi.

. ry
Pewenne. Monyas xomnaexcHoro uucaa 1—I pasen V' 2,
7n
a apryment pasen —-. CaenosatenbHo, Mo (OpMyZe BOBELEHNS

B LUEJYIO CTCICHb UMEeM
(1 —ip=(1/2)" (cos 14m + isin 14m)=16.

Tpnronomerpuueckyw PopMy KOMIJIEKCHOTO uucIa yao6HO
TaKyK€ HCMOJb30BATh MPH PEIICHAH ypaBHeHuit BHma 2" =2z,
II€ Zg—-33aJaHHOE KOMIUIEKCHOE YKCJO, H-— HAaTypa/ibHOE 4YHCa0.

I[Tpumep 10. Halitn BCe peluenns ypasHeHus 22==I.

Pemenne. [Ilpescrasum umciao [ B TPUrOHOMEYpHUYECKOH

thopxie: i= cos —231 - i sin gv Ilycts 2==r (cos @4 ising). Torna

ypaBHeHne 2%=={ npumMer Bum
2 . Ty .. T
r?(cos 2¢p -4 i sin 2¢) = cos —2——}—lsm 5

Orciopa Haxomum r=1, 2(P=%+2k”’ I e (P:'}_}'/m

(=0, I=1, =2, ..). Takny oGpazoM, BCe pelleHus ypagHe-
Hod 2%==] NpPEeACTaBAATICA B BUAE

2= cos (—Z—+kn>+isin (”—;-+kn> (F=0, =1, 2, ..).
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3amernM, 4TO A BCEX.4YeTHHIX £ 9Ta (opMyda AdeT Komrijeke-
HOE 4HUC/JI0

' o, o1 i
&1 == C08§ — 1SN —=—=— =
1 ’4 + 4 ]/-2+l/~21
a JJs BCEX HEYeTHBIX k—xomnnekwoe YUCJI0
L. Sn 1 {
4 :COS isin —_— =,
2 + V2 V2
WMrak, ypaBHeHue z2=1{ uMeeT 1Ba KOpHS:
1 i
21' 2=i <————+——:\,
V2 vy

B ofmem cayuae penieHue ypaBHeHus z":zo, roe. n—a-
TypalbHOE YHUCT0, ONUCHIBAETCA caeAylowuy obpasom. [lycrp 2g =
= rq(cos @, + i sin @y) —1pU-
roHOMeTpuYecKas popMa KOM-
MJIEKCHOTO 4Yucaa 2. Torxaa
BCE KODHH ypaBHeHusi 2" ==z,
jJatorcs popuyJaoi

_n @+ 2k
z=Vr, <cos B
. cp0+2kn>
-+ isin EEE—

rae k=0, 1, 2, ..., n—1.
M3 aroro HerpynHo BbIBECTH,
YTO TOUKH, n3oBpaxarouine
BCE KOPHHU ypasieHust 2" ==z, Puc. 25.

ABJASIOTCA  BEPIIMHAMHM  1pa-

BIJBHOIO /-yrOAbHUKA (puC. 25), BIHCAHHOTO B OKPYKHOCTBb

¢ LeHTpoM B rtouke 2==0 u paguycom ?/i z,|. JlokazaTenbCTBO
TUX yTBEpuIEHUH MBI NPEAOCTaB/AEM YHTATEO.

B wactuocrs, npu n=2 MH [0JyYaeM cJaelywoulee yrBep-
KAeHWe: ypaBHenue z2==z,, e 2o==r,(cos @y isin@,), umeer
Ipa KopHs:

:]/;—0<cos P4 jsin 99>

— / 4)
2o=V'ry <cos (‘%"—]-n>+isin @’ ))

OTu KOpHW CHMMETPHUHBI OTHOCHTE/bHO Hauaia KOOpAUHAT,
T. e. zy==--2; (puc. 26). 3ameTuM, uTO KOPHU 2z; U &,
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COBepILIeHHO PABHOIPABHL, T.€. ¥ HAC HET KaKAX-AH00 00 bEKTUBHHIX
NPUYNH CYUTATh OMAMH M3 3TUX KOPHEH «IepBHIM» WM <OCHOB-
" HeIM». Bemb Hapaly ¢ @, apryMeHTOM uYHCIa 2, SBJISETCA
TaKKE g+ 20T, a ecam BMECTO , MOACTaBHTb B Gopmynst (4)
@o+2n, T0 2; U 2, MTOMEHAWTCA MeCTaMu. ITO [OKa-
3BIBAET, UTO KOPHA 2] H 2
pasHonpasusl. ECiu MB yCJa0-
BuMcsa oaud (Kako#-HuOYIb)
2,22, n3 3TAX KopHeH 0003HauaTh

/ yepes ]/zo, TO BTOpON OyAmer
- : pasen — )/ z,. Cxasantoe nexaer
SCHBIM, 4TO cuMBoa )/ 2 HE HMeeT

9 B MHOXMECTBE KOMIIIEKCHBIX uH-
CeJl OJHO3Ha4YHOro CMbIC/A, T. €.
Puc. 26. - €CIm MBI XOTUM 3TOT CHMBOJ
NDUMEHATh, TO KaXAs  pa3s
HYKHO yKa3hBath, KaKOH M3 ABYX KOpHeH ypaBHeHus 2%2=2,
0003Ha4YeH uepes ]/z(,. B cBA3M ¢ 3TUM 3HaK KBajpaTHOrO KOpHS
B TNPUMEHEHUN K KOMIVIEKCHBIM 4YKC/IaM OOBIYHO HE HCTIO/b3YETCA.
OnHako eCTh OJHO WCKJIOYEHME: TPH pEeIUEHHE KBaApaTHHX
YPaBHEHUH € OTPHUATENbHBIM AMCKPUMUHAHTOM [MILIYT KBajapar-
HbHi KOpEeHb k3 OTpHUaTeJqbHOro 4ucaa. K aromy BOHDPOCY MBI
BepHEMCA B CJEAYWOLLEHN raase.

3azaun Kk raase 1V

4.1. Ilpencrasbte B agrebpanuyeckofi dopme, T. € B Buie
a -+ bi, KOMOJAEKCHbIE YHCJa:

1 (1 -k 20) (2 — i) 4+ (1 —20) (2 - d).
5 5 I—i |
et 3 Lot

T4 Ti—i
g UH0@+)  (—i@—i
‘ 29— 91 "

4.2, Hatizure geHCTBUTEJbHYI0 ¥ MHHMYIO YacTH KOMILJIEKC-
HBIX unces:

1. (3420 2. G—%\)s

3. @4 30P—(@—308 4 (2—ip.
B2 \2 (14ip

5. (L.{g_i_l) . 6. {55

s
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4.3. D.oxaxcme, yTO s Mo00r0 KOMILIEKCHOTO 4#C/IA 2 BHI-
[10JIHAOTCA COOTHOLUCHUA

24+Z=2Rez, 2z—Z2=2ilmz.

4.4. Noxaxure, uto eciau P (2)— MHOrOUJIECH C JAeHCTBHTE/b-
HbHIME Ko3dduumentamit, 1o P (2)=2P (3).

4.5. Jloxaxure, 4T0 1/ MOOBIX KOMIIEKCHBIX UHCEN 23 U 2,
BHIMOJIHAIOTCA COOTHOLUEHHUS: :

1 |22+ 1B |2y — 2y B=( 2y B D (22 B4 1),

2. |52 — 1P~z —2 =02 P—D(z 1)

3. ‘\21+22‘E2"(‘~1\+l‘2‘)2—2” 7125 | —Re (2,3
4otz P=(z—] 2P+ 2[[2:7 |+ Re(212)].
4.6. Kakofi reoMeTpHUecCKHH CMBICA HMEET COOTHOLUEHHE
- 21tz Pt ar— 2 =22 P+ 22,7

4.7. Beisicnute reoMeTpuyecKmi CMBICA MHOXECTBAa TOYEK
KOMIIJIEKCHOH TIJIOCKOCTH, YAOBJACTBOPAOUINX COOTHOLICHUAM:

1. Rez>0. 2. Imz=< 1.

3. 0=t Rez<1. 4. |Im 2| << 1.

5 |z|=1. 6 jz4-2i <4

7. |lz—i|>1. 8. I<<le—1|<C2.

, \ ~
9. |etil=tz—1]| 10.|14+2|<C|l—2z}
4.8. okxawure, uyro gas mo0oro KOMIUVIEKCHOrO 4uCAa 2
BHITIOJIHSIIOTCS HEPABEHCTBA

Rez=t|z|, Imz=<]z).

4.9. Jlokaxure (a1redpanyeckn M reoMerpHuYecku), 4ro MAJas
MOOBIX KOMIVIEKCHBIX UYHCEN 2y W Z, BBIINOJHSIICA HEPABEHCTBA

2=z ll<<latzl<<|z]+]2]

4,10, 3anumuTe B TPUTOHOMETPHYECKOH hOpME KOMMIeKc-
Hble yucaa:

-

i C2 —2,
—§+'z§’. 4 1
3. 71% 6. —cos—+ls1n—

(7..(—3—1—41')3. 8. (1+ir(1—i)'3)%
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4.11. Iloxkaxure paBEHCTBO

1-|-itgoc\n__l+itgna
l—itga “-—'1-itgnoc’

rae n—ueaoe 4ucao, o == o —{—/m, no = - +kn (=0,
+92, ...
4.12. Npeacrasasa  xommjiekcuoe uucao (cos & -+isina)?
B aareOpauueckoit ¢opme mo dopyyne KyBa CyMMbl ABYX UHCEN
u 1o dopmyse Myaspa, ZoKkakuTe paBeHCTBA
cos 30, = cos® o — 3 cos a sin a,
sin 3o = 3 cos? @ sin & —sin® a.
4.13. Pewure vpapHeHus:
1. z2%8=— . 2, 28=1.
3. 20=04. 4 27e=—1.
5. 28=11 6. 22=3 —4i.
4.14. lokaxuTe, UTO BCe peELIeHUs YypaBHeHus 2%>=a -} b,
rae a u b——ﬂeﬁchu‘reanue HKncada, MOXKHO 3anucatb B BHIUE

[ 'l/a‘l—i—b2+a ]fa2+b‘-'—a\
zi,zzi\]/__r_ju )/ V=),

ecan b=

o amt | ]/—1 +b~+a i]/V +b~-a)

ecan b<< O,

4.15. Tlycte 2y, 24y -v.» 2p_i— 1OCACIOBATEJNbHBIE BEPIIUHE
HpaspJAbHOrC  R-yroJbHHKA, BINICAHHOFO B OKPYXKHOCTb € HEHT-
pomM B TOUKE 220, npuyeMm HyMEpallnd BEpIIHH COOTBETCTBYGT
00X04y OKpYKHOCTM NPOTHB UYacoBOH cTpeaxn. Bupasure z,
yepes 2z, (k==1, 2, ..., n—1).

4.16. Hajiaure Bce KOpPHYU ypaBHeHui:

Z 4224 i==0.

17. Pemnre cucremsl ypaBHeHnit:

|z—2i|=]z], |t —2i]=4,
M\ je—t=]e—1) S~
2—1—i

S o w0 —
-
B
| .
N
™
+
&
I
o
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z2—1
4.18. Jloxaxure, 4TO YHUCJIO ST ABJASETCH NEHCTBHTEALHBIM
TOrga W TOABKO TOrHa, Koria z— AeHCTBATesbHOE 4HCTO,

z2£=—1

z—1
4.19. Jlokaxunre, 4To 4HCHAO T ABJASETCH 4YUCTO MHUMBIM

TOrA2 W TOJBKO TOTA3, Koraa |z/=1, zz=— 1.
4.20. [loxkaxcure, 4TO TPA pAa3JNUYHKIE TOYKH Zy, 25 U 23
TOrja M TOJBKO TOMJAa Jexar Ha OJHOH npsaMol, Koraa OTHO-
2y—2
22 2—1 ABJISETCS JCHCTBHTEJIBHBIM UHC/IOM.
37 _“1
4.21. Ilycrp |2 |=1 (k=1, 2, 3). Jloxaxure, 4I10 TOUKH 2y,
Zy %y TOPAd M TOABKO TOTAA ABJSHOTCA BEPILUMHAMH [PaBU/be
HOTQ TPeyroJbHuka, Koria

21+ 2yF 2,=0.

HeHue



r JI ABA V
KBAL[PATHbII‘/’l TPEX‘LHEH

§ 1. KpagpaTHuil TpexuneH H ero KOpHH

Ksadpamuoiy mpexuieHos OTHOCHTENbHO X HAa3HBAeTCA
BhIDaQXEHUE BHIAA '

ax®+bx -, (D

roe a, b, ¢—wHekoTophie uucaa, npuueM a 7= 0. YUncaa a, b, ¢
HA3BIBAIOTCH Koagghuyenmamu KBagpatHoro rpexdiena. B pans-
Helilwem OyaeMm mpeanosaratb, uro @, b, c—AEHCTBUTE Ab-
“HBIE YUCJHAa.

3HaueHus x, npH KOTOPHIX KBaaparTHuil Tpexuaen (1) obpa-
IMAETC? B HyJb, HABBIBAIOTCH KOpHAMU TpexuieHa. Takam o6pa-
30M, A% HAXOMAEHHs KOPHeH KBaAPATHOrO TPEXYaeHa HYKHO
PellinTh KBaApaTHOE ypaBHeHne

ax?+bx+c=0. 2

HanovmuuM, kakuM o00pa3soM HaxOASTCA KOPHH KBAaApaTHOIO

ypaBueHust (2); npM 3TOM Mhl HECKOJBKO YTOUHHM (haKThl,
0OBIUHO n3JIaraeMele B LIKOJABHOM Kypce. : ’

Ilas penleHus KBagparTHOro ypasHeHus (2) moJab3ylorcs npu-

€MOM BLIZleJIeHHA MOJHOTIO KBajapaTa B Tpexunene (1),
T. €. 3alUCHBalOT €ro B BuAE (HanoMHHM, yTO a = 0)

ax?+bx+c=a (x2+ix> +c=a<x‘3+'22%x>-|—c=
b2 ( b\2 b—Mdac

—-—a<x2—l—2—x—!—4a2>+ Tt x+2a) —;l—a-

Takum oOpasoM, ypasHeHue (2) MOXKHO 3amucaib B BHAE
b\2  b2—4ac
a<x+%> ——a =0,

nau (nepeHocst ApoOb B NPaBYIO- 4acTh ¥ MOAENNB Ha Q) B BHAe
b2 —4dac

RS T
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[Tpu sTOM ypasHeHue (3) paBHOCHJIbHO ypaBHenno (2), T. e.
puMeeT Te€ Xe KOPHH, uTo M ypaBHenue (2). B camom aeue,
ecsy HEKOTOPOE . U|CJIO X YMOBJETBOPAECT ypaBHeHuwo (2), 10,
KaKk TOKa3blBaOT TIPOBEJEHHHE BHKIAAKH, OHO YIOBJAETBOPSET-
w ypasHeHnro (3). Ho aTu BRIKJagKH MOXHO NMpOBecT B o6part-
HOM IOPsSIKE, T. €. ec/]d YnCJIO X YIOBJETBOPSET ypaBHeHuio (3),
TO OHO YJAOBJNETBOPSET W ypaBHCHHIO (2).

VinpiMa cj10BamMu, paBeHcTBO (2) npexacrasaser coGolt Heonpe-
neneHHOe BHICKa3biBaHKe, KOTOPOE IS OJHUX 3HayeHu# X (a MMeH-
HO I KOpHeH TpexwieHa) iBASETCH UCTUHHBIM, a [ IPYrUX —
noxHeiM. Touno Tak ke paBeHCTBO (3) ecTb HeomnpeaeNeHHOe
BHICKa3EIBaHHE. DKBHBAJICHTHOCTD ypaBHenn# (2) u (3) sak./ouaercs
B TOM, YTO 5TM JBa HEONpeIeNeHHLIX BBHICKA3HIBAHHS OJHOBpE-
MEHHO HMCTHHHBI WM JIOMKHBL

WTtak, ocraercs ‘peminte ypaBHeHne (3). OObUHO 4YHCIO
b?—4ac o6osnauaor uyepe3 [ W HA3MBAOT QUCKPUMUHQAHILOM
kBazpatHoro tpexuneHa (1). Takum oOpasoM, ypasHeHume (3)
MOXKHO 3anucath TaK:

/ b\2 D 2
5| =+, rae D=0b%*—4ac. 4
\x—{—ga agr TAe b a 4)
Tenepp NPeaCTaBJAOTCS TPH PABAUUHBIX CJAyYas—B 3aBUCH-
MOCTH OT TOI'O, KaKuM siBasercs uucao D.
a) Ecayw uncio D NOMOKHTENBHO, TO NOJOKUTENABHO H YUCAO

I%' ITosTomy cymecTByioT /ABa UKCJI3, KBaupaT Kawkaoro us
VD VD
. KOTOpBIX paBeH ;. 3TO 6yayT unciaa 55 1 T 5y (rae, Kak

Beerpa, |/ D — apudMeTnueckull  KODEHb U3  IOJOAKHTENLHOrO
b
uypcna D). Ho coraacuo (4) x+2—a KaK paz eCTb TaKoe UHucao,

KBaJpaT KOTOPOro paBeH 3HauuT, X YAOBJIETBOPAET ypaB-

4a?"
Hewuio (4) B ABYX cayuadax:
b D —~b+¥D
1) ecan: x+2—a=1%—) (H Torma x=————§%}—2>;
- 2) ecan x—}—2—l;=———1g7D (n Toraa x=—_—£2:a~@>.

Hrak, npu D >0 ypasHenue (4), a 3Hauur u ypasHeuue (2),
HMeeT 4Ba KOPHS: ‘

x==tEVD

—b—VD
2a 2a

?

rae D=5b%—4ac. (9)
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3aMeTnM, 4TO B 3TOM CJayuae 00a KODHA Xy, X, HEHCTBUTE/IbHEL
npuueM X;5=X, (T. €. ypaBHeHue B CcaMOM Jelde MMeeT [Ba
KOpH$). :

6) Ecau uucao D passo Hymo, TO ypaBueHue (4) npuHum-

Maer BuI
A

(x+-2%)2=0.

Ho xBampar umcia paseH HYMO -TOALKO B TOM CaAyyae, eCiH
CaMO UHC/JIO PaBHO HYA, it MOTOMY Mbl OTCIOAZ MOJy4aeM

b b
«‘C+§&:0, Uin x:—"‘Q’d.

" .
Wrak, npu D==0 ypasHeune (4), a sHauuT u ypasHeHue (2),

UMEET TOJNbKO ONUH KOPEHb X=—g7, T. e. cyuecmayem

b\
MmoasKo 00HO HUCAO |& UMEHHO ~—271\, YLOBJIETBOPSIONIEE 3TO-

My ypasnenuo. O@Hako B LeJfX eInHOOOpasus CUMTAIOT, UTO U
B 9TOM cJayuae ypasHeHue (2) uMeeT [ABa KOpHA, TOABKO OHH
ofa cosnagaioT. MubiyMg cioBamu, yCAOBHO CYHTAIOT, YIO U
npu D==0 ypasnenue (2) nveer nsa KOpHIL
xl'—=x2=*—§a.
3amMeTun, UT0- TO XKe moayyaercs u u3 gopmya (8), NOCKOAbKY
D==0. Takum oBpaszom, ecin MH ycaosumca npu D=0 cuu-
TaTb KOpPEHb x:——;d ABa pasa (WIM, Kak e€me TOBOPAT,
YC/ABAUBAGMCS CUMTATh €r0 08YIKPAMHbLY KOPHEM), TO QPOpPMYJIH
(8) a5t KOpHel COXPaHdwT CcuIy ¥ B 3TOM caydae. Mol ypu-
IBM, YTO M BO MHOIHX HaAbHEHIINX CJAyuyadx B3TO COraalieHye
(cumrate upn D=0 KopeHb ABYKpaTHLIM) OKa3LIBAETCS OYEHb
yoOOHBIM: UHAYE BO MHOYHX TEOpeMaxX MNPUXOAnI0ch Os Jenath
CriellHabHbIe OTOBOPKH, OTHOCAILHECH K ITOMY cayudaio. [loatomy
B MaleMaTHKe BCerAa MPHHATO CYdTaTh, uro npu D=0 ypas-
Henue (2) umeer aBa cosnafaouiux Kopus. OpHako dutarelb
Jo/KeH orpasaTh cede sCHBIH OTYer B TOM, 4TO 5TO Jullb
yeaogroe co2aawenue: fpu D=0 wu3 BCexX AEHCTBUTEIbHBIX
!

b
HHCENM TOABKO OAHO (& HMEHHO —§Zz> VIOOBACTBOPAET  ypaBHe-
Y i
Huo (2).
B) Ocranocs paccMmorpers caydatl, korga uucio D orpuia-
TEJBHO. B 3TOM Cayuae u 4uc/I0 5% OTPULATEIBHO. ‘A TaK Kax
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KBaApaT AeHCTBUTENBHOrO YHCAA HE MOKeT ObITh OTPHLATeNb-
HBIM, TO, 3HauuT, B 3TOM CJayyae ypasrewue (2) He umeem Oeii-
cmeumensrbx Kopreli. Kak Mbl 3HaeM, CyulecTByeT nsa K O M-
IJAEeKCHB X YHCIa, KBAAPAT KaxkJIOr0 W3 KOTOPHIX PaBEH OTpH-
nareapomMy uncay D (cm. crp. 117). Dr1u uncaa gsIsiOTCS YUCTO
MHEMBIME F TPUTOM CONPSKEHHBIMU. ECJAH MBI YCJAOBHMCH
0fHO u3 HUX (§e3pasinyHoO, Kakoe) oBo3Hauath uepes ' D, To

apyroe Oyger passo — V' D. Toraa usrcaamy, KBaApaT Kawaoro
D
113 KOTOPHIX PaBEH OTPHUATEJBHOMY YHCAY 5, OyLyT 4MACTO

VD ]D

MHUNMBIE UHCAA - i — 5 (a APYrHX TaKuX 4YHCeaT He Cyule-

creyer). Ho cornacuo (4) x+25 €CTb 4YHCJO, KBagpaT KOTO-

D
i Crne1oBaTenLHO, X VIOBJIETBOPSIET YDABHEHHUIO
(4), a sHaumT u ypasHeHmo (2), B IBYX Cay4asx:
Vo — b+ VD)
1) ecau x+ o \n TOTfla X ==——p- /
—b—VD
2a )

poro pameH

2) ecamn x—|—-2%:~—~— <n TOrId X =

Takum ofpasom, u B aTOM cayyae (T. e. npu D <C0) ypasue-
e (2) nmeer ABa KOpHA, BHUHCAAEMBIE 110 QopmyaaM (5) u
SIBJASIIOILUECS KOMIWIEKCHO  COTPSXEHHBIMH ducaamu. Eule pas
NOJUePKHEM, UYTO 3TO YTBEPKIAEHUE HMEeT JHlb Y CJIOBHEBIH

CMBICA—eCan M yCiaBaupaemcs uepes )/ D oGosuauate Ka-
Koe-Tu60 04HO H3 KOMIUIEKCHBIX YHCEJ, KBAApaT KOTOPOrO paBeH
orpullaTenbHOMY vucay D. D10, B caMoM Jefe, JHdlb YCAOBHOE
cornawenne, Tak Kak 3Hak /)  HCIOMB3yeTcs, MO OmpeleseHHIo,
Aas 0003HaueHUs apuPMETHUECKOTO KOpHA M3 TOJOKUTENBHOTO
IelCTBUTENBHOIO YHCA3, @ B KOMIVIEKCHOH 00sacté 3TOT 3HaK
OJLHO3HAYHOFO CMBIC/AZ HE HMeeT. TeM He MeHee YCJaBInBAlOTCH
IpW  pelieHHR KRaApaTHHIX ypaBHeHuHi € OTpUUATENBHBLIM [H-

CKPHMUHAHTOM BCErjJa cumTaTh, uto )/ D o6o03HayaeT oaHO us3
ABYX umcel, KBaapar Koroporo pasedH [. Toraa dopmyas (5)
s KopHeli coxpaHsoT cMbica u npu D < 0.

Wrak, npn ykasaHHBIX BHll€ coOraamlennsx (M TOAbKO IMpu
YCIAOBHM TMpUHATUS STHX COTJaauleHnfil) cnpaBeanuBa chepyollas
" Teopewma 1. Keadpamuuil mpexysen ax®-+bx - c ¢ deii-
CmBuUmers oML - KOSPGPUIeRmanit a, b, ¢, -20e a0, sceada
liteem 08a KOPHSy ONpedeasiemslx no opmyian (5). dmu KopHu
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a) deffcmeumensns. 1 pazauynel, ecau D> 0;

6) delicmeumensrsl u cognadarwm, ecan D==0;

B) He séasiomcs delicmeumensvHotmi (U 6_yaym KOMNACKCHO
conpsacennsimi) npu D < 0. )

Cnencrsue. Ckaadsgan u nepemtoo:ca;z KOpHU X{, X,
rKeadpamuozo mpexuaena (1) (cMm. Qopmyan (5)),  noaysaenm

b R ¢
x1+x2=“‘;1 XiXg==—r. (6)

®opmyas (6) HasmBaOTCH ghopmyramu Buema.
C nomowmpto ¢opyya Buera MOXHO 0OAYYHTH pa3JOKeHHE
KBaZpaTHOro TpexuiaeHa ax?--bx--c¢ Ha MHOWKHTENu:

ax2+b:f+c=a(x—x1) (x — Xx5). M

Boaee moapobHo, umeer MecTo caeAymooulas

Teopema 2. flycms x; 1 X,—KOpHU KB8adpamroz20
mpexunrena ax®+bx-c. To2da 041 2106020 BHaueHus X
cnpasedansa gpopmyaa (7).

Jiloxazateabcrro. Vs (popmyn (6) cnenyer, uTO

b=—a(x;+ xy) c=ax;x,.

ITosromy mns moGoro (AeHCTBUTENHLHOrO WM KOMILIEKCHOTO)
BHAUGHHA X Mbl HMeeM

ax?4-bx+c=ax®*—a(xi+ x,) X 4 ax;x, =
== QX (X — Xy ) — aX, (X — X)) =a (X — X;) (x — X,).

. Mpumep 1. Ilycte X w0 Xy —KOpHR KBaAp4aTHOrO ypaBHe-
Hust ax®-+bx4-¢=0, rae a 7% 0. He pewmas storo ypasueuus,
BBIPA3HTL Yepe3 ero KodduuueHTH cyMmy xj -+ xi.

Pemenne. Wueemx]—4 x3=_(x; + x,) (xji—x1 x5 + x3) =
= (X; + X) [(x¢7 F+ %) — 3xyx,]. Mcnoassys dopmyan Buera,
1101y 4aeM

b (b2 ¢ b (3ac — b2)
x4 X3 a ( at~ “a a3 )
Mpumep 2. lokasaTh, UTO KOPHH X; U X, KBaAP4ATHOrO

Tpexuneda x%-}px-4-¢ AeHCTBUTENbHEl B TIONOKUTENBHB TOT/IA

.M TOJBKO TOrZa, KOFJAa BBIIOJHAIOTCS YCJAOBHA

D=p?—4g=0, p<<0, g>0. (8)

HNoxasareancrso. Heo6xonumoctsh. Ilycte kopuu
TpeXu/eHa TNOJOXHTENbHEL

x>0, x,>0. , ®
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Moxkaxem, uro Bhinoansores ycaosus (8). Ms nepasencrs (9) cie-
ayer, u4t0 X3 +x, >0 n x; x, >0, u noromy, B cuny ¢opmya
Bueta (6), Mol nmeem p << 0, ¢ > 0. Kpome roro, D=p* —4g==0
(160 npu D <0 KopHu He Gblau OB AeHCTBUTENLHBIMH).
HocrarouHocTs. Ilycrs Bunoasenst nepasenctsa (8).
IMokaxem, 410 KOPHH TpPexuteHa x2 - px -} ¢ noJIoKHTeNbHH, T. €.
nmetor Mecto HepasenctBa (9). Tak xax D=0, 10 B cHIy T€0-
pems! 1. KopHu TpexuieHa aeficteutessHil. ITo dopmysam Buera

—p=x1F%>0 g=xx,>0. (10)

Ms Broporo uepasenciea (10) BrITeKaer, 4To AEHCTBHTEABHHIE
YuCJIa X; B X, UMEIOT OAMHAKOBHI 3HAK (T. e. aubo oba moJo-
KHTEJbHbI, JN00 00a OTPHUATE/IbHE), a U3 EPBOTO HEPABEHCTBA
(10) BBITEKaeT, 4TO 3TW uYHCJAd NONOXHTenabHH. Mrak,
%, >0, x,>0. ‘

3ameuanune TpeGopaune D=0 B yCAOBHM 3TOTO NpPH-
MEPA CYLIECTBEHHO: KODHH KBaAPATHOrO TpexwieHa x%—2x 42
.pasHbl x;=1-1i, xy,=1-—. Hepasencrsa (10) q19 HUX OMEIOT
MECTO, TOTAa Kak ycioBus (9) He BEIIOIHAIOTCH.

§ 2. 'paduk KBagpaTHOro TpexdwieHa

DyHKLHIO

y=ax?4bx-+og (11)

rae a, b, ¢— jeficTeutensHple unucaa, nupuuem a7= 0, Oyiaem
Ha3bIBaTh K8adpamuinoll pyHkuueti. Xorsa snaueHue y no hopmyie
(11) moxetr ObITb BBIUMCAEHO I8 JHOOBIX KOMIUIEKCHHX 3HaYeHHH
X, bl OyzeM B JaibHefilieM paccMalpuBarth 31y (DYHKIMIO Kb
LIS JeHCTBATENBHBIX 3HAaYeHNR aprymeHra x. B ¢opuyae (11) x
MOXET [puHnMath JAi0°0o0e€ neiicrBnrenasHoe 3nadenne. HMHRIME
cnoBaMu, 00/4aCcThL ONpEAEMEHH s KBaapaTnynoli GpyHKuny
(11) ects BCce MHOMECTBO AEHCTBUTENBHBIX YHCEJ.

Ina wuayuenns ¢yuxuua (11) u nocrpoenuss ee rpaduka
' CHOBAa MPHMEHHM K BBIDAXKEHUIO ax2—l—bx+c IPUEM BBLAEAEHIS
HOJHOrO -KBajpara:

: b2 D ;
y:anJr%) — . (12)
Has cokpauienns sanucé BBEAEM CJAEAYIOUINE OBGO3HAYEHNS:
‘ b’ D : :
”1-—-——'55, 12—"@- (13)
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Tormza dopmyna (12) npuver sua
y=alx—m)P2+1 : (14)

Hike Oyzer noxasano, kKak mnoJyunts rpadgux ¢ysxumud (11).
HMwmenno, MH cHauana paceMorpuM rpacduk Gosee npocToti GyHKuun

y=ax? ‘ (15)

a TOTOM MOKawmeM, uto rpadux ¢Qynxuun (11) mMoxer OwTL HO-
Jy4eH caBuroM rpaguka ¢yakuun (19).

I'paguk dyuxuuu y = x% Paccyorpum cHavara cpym\umo (15)
npu a==1, 1. e. QYHKUHKW ,

y=ux2 (16)

Jta (yHKIUA DM BCEX ACHCTBHTEJbHBIX 3HAYEHHAX X MpPHU-
HuMaeT HeorpuHatesbHbie 3Hauenng. ITpm x =0 oHa mmeer Han-
MeHblIee 3HAUEHVe, PaBHOE HY.JIO.

Kpome rtoro, npun x >0 ¢yHkunua y=x2 apiagercs sospac-
Taoneli (GoJblIEMy 3HAUEHUIO APryMEHTa X COOTBETCTBYET GOJib-
mee sHavenne QpyHkuan). B camom pene, ecan 0 <Cx; <X, 10
Xo— X7 >0, xy+2x; >0, u notomy uucio (xy— X)X+ Xq),
KaK TPOU3BEIEHNE MOJOKHTEJALHLIX YHCEH, [0/J0KUTICIBHO, T. €.
x;—x1>0, mm xi<<xj

Haronen, xamnaofi nape 3HaueHuH aprymeHra, paBHBIX HO
aGCoOMOTHON BeMHUUHE W NPOTHBOIOJOKHBIX 110 B3HAKY, COOT-
BETCTBYIOT PaBHEIE 3HAUeHHd (YHKILAU
y=ux% 1ak Kak (— x,)? = x{. HNuaue
rosops, pyaKuus y == x% sABgeTCT 4em-
HOU. D10 03Havaer, uro epaduk ee
CUMMEMPUYEH — ONMHOCUMEALHO  OCU
opduram. osromy nas nocrpoeHus
rpacuaka QyHKURM ¥ ==x? A0CTaTONHO
MOCTPOUTh TY 4acTth rpadHKa, KOTo-
pas  COOTBETCTBYET TNOJOKHTEALHRIM
SHAUEHWsIM X, a 3aT€M 3Ty YacTb Tpa-

Y

7 T (puKa CHMMETPUYHO OTpasuTh OTHOCH-
TEJLHO OCU OpAHHAT.
Puc. 217. Ha puc. 27 wusobpaxen rpaduk

pyHxkur y==x? (touka A’ cumMMer-
puuna touke A orHocurensHo ocu Oy). 210T rpaduK HOCHT
HasBaHue napaboas. OCh OPAUHAT SABJSETCH OCBLIO CULMMEMPIUN
napabonsl. Touka nepeceduenust napaGoibl ¢ ee OChI0 CUMMETDPUH
HasblBaeTca Bepuiunoii  mapabGonnl. Taxum oOpasom, Ttouka O
(Ha4a/10 KOOpAWHAaT)— BepiiuHa napabobl y =— x2.
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Ppadux dyniunn y=ax? Paccmorpum reneps cnocob no-
AyueHus rpadpKa (QyHKLEN y==ax? npu npousso/rHoM a % 0.
[Mpu 3TOM MEl OTAEJbHO uCCAepyeM caydau a>1, 0<la <,
a<<0.

a) Cayuat a>1. Ilpn onHoM u TOM e 3HaueHHR X 3HaA-
yeHne (YHKURE y=ax® B 4 pa3 GOJblle, YeM 3HayeHHe PyHK-
uin y=x2% CremosatenbHo, TOuKa rpaduka QysKIwmn y=ax*
[0/1y4aeTCq U3 COOTBETCTBYIOILEH TOUKH rpaduka GpyHKuny y = x*

L

y:ZIZ

Puc. 28,

pacTaXeHHEeM OpAHHATH B @ pa3 U, CJIe10BaTE/bHO, PACNON0-
MKEHa BBILIE, Y€M COOTBETCTBYIOILAsA TOuKa rpaduka yHKiuYN
y=x? TakuM oOpasoM, rpaguxk ¢gyHKuun y==ax? npu a>1
110/1y4aeTCs pacTAKEHHEM BCEX OPAMHAT rpaguka GyHKuan y = x?
B @ pa3 ¥ NOTOMY PAacNoOJOXKeH B bl Wl € rpaduka GyHKuuu y = x?
(aMed ¢ HUM €QMHCTBEHHYIO OOMlLYI0 TOUKY — HAYaJl0 KOOPAMHAT).
MoxHo ckasaTs, yto mapaGosa y==ax?® npu a>1 sBasercs
«Bonee yskofi», uem mnapaGoia y==x2? (cM. rpadux ¢yHKuan
y=2x% na puc. 28).

6) Cayuat 0<<a<Cl. B atoM cayyae toukd rpaduxa
hyHKIME Y =ax? 10AyyalOTCs U3 COOTBETCTBYIOU(MX TOUYEK rpa-

1
¢uka ¢yHkung y=x? okarueM OpAMHAT B - bpas. Tak xax
1
2 =1, 10 ToukH rpaguka ¢yskuud y=ax® npu 0<<a <<l
PacnosoneHbl H | K € COOTBETCTBYIOULHX TOYEK rpaduka pyHKuun
5 B. I. Bosrsmcxu#t u gp. 129



y=x2 TaK uro napabosa y=ax?npu 0 << a << 1 sBasercs «Bonee
WHPOKOH», ueM napabona y = x? (cm. rpaduk QynKun _11=2L.:c2

Ha pHC. 28). Ha puc. 28 usoGpamensl rpajuxn QyHKiuh
y=ux2 y=—;—x2 B y=2x%
IIpu stom (mns mobo Toukn M ocm aGcumcc)
MMy= o MM, MMy=2MM,

B) Cnyuait a<<0. B srom caywae —a >0, u noromy rpa-

dux  dydkumn y=— ax® Ml yke crpourb ymeem. CpasHusas
rpadukn  ¢ynkunl y=ax® u
Y Yy=—ax?® npu OIHOM U TOM

We 3HAYEHHH X, MBI BHAAM, 4TO
HX OpIMHATH pasHH 1no abco-
JIOTHOW BEJUYUHE U TNPOTUBO-
nonoxHsl 1o sHaky. Cheposa-
TEJIbHO, TPauK QYHKLHH ¥ = ax?
cumMerpuueH rpadumky Qyuxuun
y=-—ax?® OTHOCHTEJIBHO OCH
Ox (puc. 29). Ha pmc. 29
MMy=MM,; (ana moGoi Ttou-
ku M ocm abcumcc).
CpaBHuBass BCe pas3obpaH-
Hble ~ BBILIE CJy4Yad, MHl [ApH-
XOQUM K BHIBOAY, UTO 3HaK
Ko3(duLnenTa @ onpenenser Ha-
npasjeHue  BeTBeH  mapaboJbl
y=ax% npu a>0 sersu
napaboasl  y==ax? HanpasJe-
Hbl BBEpX, npu a<<0—sHus.
I'padbuk ¢yuxkuun y==a(x— m)> Iaa Goislrelt Harasd-
HOCTH paccMOTpuM cHauana mnpumep y==2(x-+ 2)%. CpaBuum
pyHkIHo - y=2(x+2)? ¢ dyukument y=2x% Ilpuy x=ux,
dyukups y=2x? npuHumaer 3xauenue 2xy. Takoe xe 3HaueHue
¢GyHkups y=2(x-+2)® npumMer npm Xx==x,— 2. 3Hauur, M
MOJyYeHHs OAMHAKOBHIX 3HaueHuH GyHKuuEk y=2x% u y =
= 2(x -+ 2)? HyxHO npuaars apryMeHty Qysxumun y=2 (x4 2)?
3HAaUEHHME Ha J[Be eIUHNIbL MEeHblIee, 4eM apryMeHTy (PYHKLuUHN
y==2x2 CnenosareinHo, rpadpux yuaxuun y=2 (x - 2)? moxuo
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N0Jy4uTh U3 rpaduka q)yHKIiuu y==2x2 cusuroM rpaguka ¢yHx-
uuy y==2x% Ha Ase eauHuns BJaeBo BEoab ocu Ox (puc. 30).
Bepminwa A, mapaboan y=2(x--2)? naxonurcs uHa ocu Ox u
umeer abcluccy, pasHyio —2.

Amnanorauno, rpagux ¢ydkuun y=2(x—2)?* nosnyuyaercd u3
rpaura ¢ynxuun y=2x? caBuroM BN paB o Ha ABE E€IUHHIH
(puc. 31), tax wuro BepwwuHa A, mnapaGoan y=2(x—2)*
uMeeT KoopauHatel A, (2, 0)

B o6Guwem cayuae pas no- g
cTpoeHuss  rpaguka  QyHKUUK
y=a(x-—m)® HyxHO nepe-
HecTH rpadmk (yHKUHH Y= ax?
BIOAbL OCH aGCHUCC BAPABO Ha
m efuHuLL, ecan m >0, u BIeBO
Ha |m| eaunuu, ecmun  m<<O0.
IIpu sToM pepumpHa A mnapa-
Goanl y = a(x— m)? nMeeT Ko-
opaunats A (m, 0).

I'padux  bpysxunu y=
=a(x—m)*41  Cpasuum Puc. 31
3HaueHUd yHKumi V=
=a(x—mp+!l u y=a(x—m?: Ecm (>0, T0 npu
OZHOM ® TOM Xe X 3HaueHue ¢yHkuun y=a(x—m)2-4+!
Ha [ epunmi GoJblie, ueM sHauyenne GyHKUUH V= a (X — m)2
Hpu [ << 0 ¢ynkups y=a (x—m)? -}/ npunuvMaer npu oaHoOM
M TOM ke X 3HauyeHue Ha |/| esuHul MeHbwee, ueM (YHKLNS
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y=a(x—m)?. CnexoBarenbHo, Ans NOJyueHuss rpaduxa ¢yHK-
wn y=a(x—m)® -+ /! HyKHO CHBUHYTb TpauK QyHKUHA
y==a(x—m)?> BOJAb OCH OpPOMHAaT Ha [ eJWHWL BBEpX NpA
/>0 uw wua |/| eaunun BHu3 npH
4 I < 0.
y—'Z(.Z’*/)g‘J Ha puc. 32 B xauecrse npumepa
npusefeHs rpagukyu HyHxuu#

y=2@c+ 12 y=2(x+ 1043
u y=2(x-+172-3 '
BepunHe cOOTBETCTBYIONIUX 11apaboa
y=2(z+1)°  MMEOT KOOPAMHATHI
A(—=1,0), Ay(—1,3), Ay(—1,—3)

Moasenem wuroru. Ha ocuose us-
JIOXKEHHOrO BBIIIE MOWHO YIBEpKIATh,

uTo
. 1) dyskuuio y=ax?{bx+c
MOXHO 3anucarh B BUIAC y=
y=2@~3 = a(x—mP+1 rpe
me b gt D,
= Tda T RT T i

2) nns nocrpoedus rpaduxa (yHk-
uwe y==a(x—m)?-+/ Hajo CABUHYThL
rpaguk  pyHruun y==ax? Baoib ocu
abcunce Ha OTPE3OK /7, @ 3aTeM CHBH-
HYTh BAOJMb OCH OpJMHAT ‘Ha OTpe-
30K/, caenoBatenbHO, TrpadukoM GyHKuMH y=ax?-}-bx-+c
aBafeTca Takad ke napaboJa, Kak y=:ax? HO CABHHyTa® Tak,

yro ee sepludHa Haxoawics B Touke A(m, {), rae m=—
D

{=— 47'—:

3) koapuument a pauser Ha Gopmy rpaduka y=ax* uem
Goaviie |al, Tem «yke» napaGoja; 3HaK uacaa a ONpenenser
Hanpasaenue Berseft napaboJbL.

Pesyavraret 210r0 mnaparpadga Mbel copmyaspyeM B Buie
caenytwoue Teopemsi.

55’

b D L,
— o —471/), 20e D=h*—4ac,

npunadaexncum 2pafury readpamurold @GyHryuu Yy =—ax*+
+ bx ¢, ona wnaswsaemca sepunnoil napaboas, cayicauiel
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2pagpuon amotlt Gywwyun. Yra3aunsil epagur nosyiaemcs
u3 epagpuxa gynxyuu y=ax* cosuzom sepuwuns O(0, 0)
8 mouxy A (m. e. cOsuecom zpagpuxa gymruyu y=ax® Ha
nm=—— ?% sdoas ocu abcyuce u wa ! =—% 8doas ocu opou-
nam). lpaman, npoxodawas uepes sepuwuny A napasisessto
ocu opdunam, A8ASEMCS OCBI0 CuMMempuu napaboas y=ax?+
-+ bx -+ ¢. Haxoney, ecan q — npamas, npoxodsauas sepe3 gep-
wuny A napaasessno ocu abcyuce, mo npu a >0 gecs zpa-
ghur  ynrguu y=ax®-+bx-+c (kpome sepunns) aexcum
suie npamoll q, a npu a << 0-—nuoce 3moili npAMol.

Ilas noayuenud rpapuka yHxkumn y==ax24-bx -4 ¢ MOKHO
[eHCTBOBATh N0 CJACAYIONIEMY I[LJaHY.

a) IpeofpasoBarts KBaxpaTAuHyw (QYHKUHO y=ax?4-bx+c
K Buay y=a(x—m)>++{ u nadru orcioga koopauHarsl (m, {)
sepiinibk A (dopmyan (13), 0 KOTOPHIM ONpeIENsIOTC KOOp-
AUHATH BEPIIMHLI A, 3aMOMUHATL HET HEOOXOIMMOCTH).

6) Hafitu ToUKN mnepeceyeHnst mapaGoJBl C KOOPAWHATHHIMH
ocsamu. SIcHo, yto napabona y==ax?-+ bx - ¢ nepecexaer ocw Oy
8 touke B(0, ¢). Ocy Ox mapabosa nepecekaer B TeX TOUKaX,
B KOTODHIX KBajpaTHei Tpexunen ax®-bx-+c¢ ofpaumaercs
B HYJb; 9TH TOUKM CYIMECTBYIOT Jullls B CJyyae, KOrId KOpHH
vpastenus ax®-+bx 4 c=0 HEHCTBUTEALHB, T. € TP BHINOJ-
nennn yeaosnd D = b2 —4ac == 0 (reopema 1). Utak, ecan D =0,
10, ONpeeNus KOPHH Xy U X, YpaBHeHR ax? + bx ¢ =0, natizem
mse  toukn A;(xyp 0) u A,(x, 0) nepeccuesns napaGosst
¢ ocbo Ox (npu D==0 3T TOUKH COBNAJAIOT).

B) 3uas sepwuny A (m, /) napaGoast y=ax?+bx4c n
TOYKH Mepeceyenns napaboabl ¢ OCSMH KOOPINHMHAT, 8 TaKKe ydu-
THIBAf, UTO 3HAK KO3(UUMEHTA a onpesenseT HanpasJeHUE BeET-
Belt (BBepx npu a>0, BHu3 npu a << 0), MOKHO HaPHCOBATH
ackus rpaduxa. Las 6oaee TouHOro u306pakeHus rpaduKa MOXKHO
HAMETHTh efile HEeCKOAbKO NPHHALIEKANIUX €MY TOUeK.

3ameuanue Koopaunatsl (m, /) BepumHsl A MOXHO HCKaTh
W NHave, HEe TNPHUBOAR KBaAPaTHHR TpexuleH ax?--bx-}c¢ K
Buay a(x—m)*+ 1. Vimenwo, cpasHuBas dopmyan (6) n (13),
X+ X

2
BEDUIUHBI HYXHO BBIUMC/AUTD KOPHU KBAAPAaTHOrO YDPaBHEHUS
ax?+bx -+ c¢=0, sareMm Hafitu abcuuccy BepnHB Napaboas 10

X1+ X%
2

MbI 3aMg¢yaeM, 4T1o m— . Taknm O6p330M, A1 HAXOXKAeHus

hopmyae m= M, HAKOHEl, Onpeleants opauHarty / sep-
IIMHB KaK 3HAYCHHME KBaApaTuyHo# ynxuma y-=ax®-t+bx-}c
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npn x==m. Takofl Merox uHOrZa sBjseTcs 6oJee NPeANOUTH-
TeNAbHBIM, MOCKOJBKY KO KBaAPaTHOro tpexuieHa ax?-4-bx ¢
noua,quﬂT(;ﬂ HE TOJBKO A/ HaXO0XAECHHA BEPDUIMHH, HO H JJA
onpezeseHnst TOUEK MepeceueHus rpaguka ¢ ockio abcuucc.
IMpuwmep 3. Ilocrpouts rpaguk Qynxunn y=2x2 4 4x 4 3.
Pemenue Vimeem y=2(x2+2x+ 1)+ 1=2(x 124 1.
Orciopa BuaHO, yTo BepmmHOH sBagercd rtouka A(—1,1). Tak
Kak @a=2>>0, TO BETBH HaNpaBJeHH BBEPX M, 3HAUUT, C OChIO

y y

y=2.r2+4z +3 A(2.4)
i
i
|

y=z(4-z)

8(0.3)

i
i
I
!
I
|
I
i
{
{
il
|
t
!
b

j 4V$

Puc. 33. Puc. 34.

abcuucc ' rpaduk nepecekarscs He Gyaer. [lasee, rouxa nepece-
yennss rpacmuka ¢ oceio Oy umeer Bug B (0, 3). 'paduk ¢yHk-
nun y==2x2-+4 4x -+ 3 uszobpaxed Ha puc. 33.
MMpumep 4. Ilocrponts rpaduk ¢ysknun y=x (4—x).
Pewenune. Kopuamu ypapnedns x(4—x)=0 saBasoTcs
yucaa x; =0, x,==4. IT0 JaeT TOUKH NepeceyeHus rpadika ¢ ochlo
abcuucce. Kpome Toro, aGcuucca BepuinHe (COTVIaCHO 3aMEYaHMI0 Ha
04-4
npenblAyillel CTpaHuLe) paBHa m == 2, OpznHara / BepIuuHbl
paBHa 3HaueHuI0 DYHKIHAN PN X = m = 2, T. €. 3Ta ODPJMHATA pPaBHa
[=2(4--2)=4. Bersn HanpaB/eHdbl BHH3, TaK KaK a =— 1 <C 0.
I'paduk dynxunu y=x (4 —x) nsoGpamen Ha puc. 34.

§ 3. Hccnenosanne xpanpaTtHOro TpexdieHa

TeomeTpuueckoe ucciegoBanne. lleas NPOBOAMMOrO Huke
ICCAENOBAHUS — BHISICHATb, KaK pacnoJaraercs napabosa y =
= ax?4bx+c orHocureabHo ocv abGCuucc B 3aBUCHMOCTH OT
3naKa AuckpuMuHanta D=>b%—4qc. (HanomHuM emie pa3: mu
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BCerna MpeAnonaraeM, uto a, b, ¢ — neficeutenbhnie uncna.) Pac-
CMOTpUM TPH BOSMOXHHX cayyas: D<C0, D=0, D> 0.

a) Cayuatt D<<O0. Tak Kax l=_%q, 10 npu D << 0 uncan-

Teab — [ NONOKHUTENEH, W NOTOMY SHAK OPIMHATH BepIIHHH
cosnanaer co sHakoM uuciaa a. Ilycts chavana a>0. Torma
(nockoaeky D < 0) />0, 1. . BeprumnHa napaGoJibl JEXKUT BB LIE
ocn a6cuuce. Ho npu a >> 0 Bersy napaGoJisl Hanpas/ieHH BBEPX.
3naunt, npu D<<0 u a>0 Bcg napaGona JeKHT Bblllle OCH
abcuucc. Touno Tak xe, ecimm D<<0 u a<C0, to napabosa
pacnonaraetcd HEAEKOM Hmke ocu abcumce. Mrak, ecim D <0,
10 napaGoia y=ax®-+4 bx-}-c¢ He nepecekaer ocu abCUUCC,
npuyeM npu @ >0 ona Jjexur Beule 31O ock (puc. 35), a npu
a << 0—mnnxe ee (puc. 36). '

6) Canyuatt D=0. B srom cayuae /=0, 1. e. BepmiuHa
napaboan y==ax?-+bx -4 ¢ nexur Ha ocu abcuucc. Pacnonoxe-
Hue napaGoiasl OTHOCHTEAbHO OCH aOCUUCC B 3aBHCHMOCTH OT
3HaKa uHCJa @ nokazaHo Ha puc. 37 u 38.

B) Cayua#t D>0. 3uak uncia l=-—-—% B 3TOM Cay4ae

NPOTHBONOJOXEH 3HaKy uucaa a. Ecm a>0, 10 /<0,
T. €. BepUIMHA paclo/IoXeHa H MK e ocu abCuuce, a BETBH napa-
6oJibl Hanpas/eHsl BBepX (Tak Kak a > 0). Takum o6pasom, ecau
D>0 u a>0, To napabosa nepeceueT och abCHHUCC B JBYX
Toukax A, u A, (puc. 39).

Chyuait a << 0 paccmarpuBaercs asajioruyuo (puc. 40).

3ameuanue. Ilpu D>0 ocblo cumMerpun napaGonl f8-
ASeTCA MpsAMas, MPOXOAAulas uepes cepeamny A, orpeska A4,
napaJuIeJbHO OCH OpJRHAT.

Anre6paudeckoe uccaexoBaHHe. PaccMoTpuM CHOBa TpH
cayuas: D <0, D=0, D>0.

Teopewma 4. Ecau D <0, mo npu scex Oelicmaumensnslx
3HQUERUAX X 3HAK K6A0pamHO20 mpexyreHa y=ax®--bx--c
cognadaem €O 3HAKOM 4ucaa a.

HokasatenncTso. Bocnomayemcs dopmymost (12):

o8 . b\ D
y=ax®-+bx -+ c_a(x—l-%) -

BuHocs B mpaBof wacTd nOC/HEIHEr0 paBEHCTBA YACAO 4 34
Ck00OKy, mnoJydyaem

ymatpbrfoma(r+ 2432 an
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y=az*br+e
D<la>0

y=az’bzc
D<0.a<0

Puc. 36.

Alm 0y

Puc. 37.
g

y=axbr+C
50,050

Alm 0y |0

y=aziebz-c
D-0,a<0

Puc. 38.

Aim.L)

U

T
———

\

Y=aT*+hz

D>0,0<0
Puc. 40.
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Boipaxenue, cronuiee B KBaapaTHbIX CkoOkax B ¢opmyne (17),
b\2
NONOKHTEAbHO Npy MoOOM 3HAYEHHHN X, TAK KaK (x+2—a =

>0, —D>0, a2>0. Cnenoéarenbno, npu D <0 3sHak kBag-
paTHOro TpexuJeHa cosmaiaaer (npu MoGoM X) CO 3HAKOM YUCHa @
(cp. puc. 35, 36).
- Teopewma 5. Ecau D=0, mo npu scex delicmgumensnox
. b
BHAMEHUAX X, KpOMe X==—i, 3HAK KBAOpAMHOZ0 mpex-
yaena y=ax®+bx-c cosnadaem co 3naxom wucaa a, npu
: b
X=—g5 MmpexuacH obpauiaemcs § HYAs.

IloxaszareanbctBo. Ecoim D=0, 10 (cm. dopmyay (17))
nojayuaem

b\2
y=a(x+z). (18)

/

Us dopmyan (18) caenyer, uro npu xz—% KBa/ﬂpaTHbm

2
TpexusneH obpattaercst B Hyab. Ecan x £ —%, TO (x—{——2%> >0,
. A

b
¥ NOTOMY MpH x;ﬁ——-% 3HaK TpexwieHa COBNafaeT CO 3HAKOM

uucia a (cp. puc. 37, 38).

Teopema 6. Ecau D>0, mo 3narx xsadpamuozo nipex-
yaena y=ax®-Fbx - c cosnadaem co 3naxom wucaa a 9an
8cex x, aescamux 8He ompeda {xy, Xyl 2de x| u x,— KopHu
ypasuenus ax®—4bx -+ c=0; dasee, 3nax Keadpamuozo mpex-
4AEHA NPOMUBONONONCEH SHAKY HUCAQ A A 8CEX X, AEAHCAUNX
sHympu amoeo ompe3xka (m. e. 048 8cex X, 3QAKAIOUEHHBIX
MENCOY KOPHAMU MPeXHACHQ. X; << X < X.), HaKoHel, npu
X=X U X=X, mpexuien obpaujaemcs 8 HyAs.

" Nloxkasateabcteo. Mcnomayem pasaoxenuwe (7) ksan-
pPaTHOrO TPEXWJeHa Ha MHOMHTENH:

y=ax?+bx - c=a(x—x)(x— %) 19)

Tak kak D >0, TO KOPHN X; N X, ACHCTBUTEALHBI W PAa3MUUHBI
(teopema 1). Ilycts ans onpeneneHHoCTH Xy <C X, Ecan x << x4,
TO NOMABHO X < X, M MOTOMYy X —x; << 0, x — x, << 0; caeno-
BaTesbHO, (X —X1)(x—x,)>0. W3 dopmyam (19) srrekaer
TOrJla, YTO NMpH X < X; SHaK TPEXuJeHa COBNaJlaeT €O 3HAKOM
YuCia a. AHaJOTMYHO YCTaHAaBAWBAETCH, UTO TPU X > X, 3HAK
TPexXu/ieHa TakKe COBMajAaeT Cco 3HaKoOM uncaa a. [lanee, ecam
Xy <X << Xy TO x—x3>0, a x—-—xg<0, OTKYN3 NOJY4aeM,
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410 (X —Xx;) (¥ —x,) << 0. CrenoBatenbHo, eciu Xj << X << Xy
TO 3HaK KBaJpaTHOrO TPEXWIEHa NMPOTHBOMNOJOXKEH 3HAKY 4ucJa a.
Hakonen, npu x==x; 1 X=x, umeem y==0,

PesynpraT HCCAENOBAHMA KBaJAPAaTHOTO TPEXUJAEHa MOXHO
c()OpMYIHpPOBATH B CJeAylolleM YROOHOM [/ 3aOMUHAHUS BRIE:
mpexiaer ax?®-+bx-+-c npu 8cex x coxpansiem 3HaK Ko3HPU-
yueHma @, 3a UCKAIOHUEHUEM AUWE CAYHAQA, K020a €20 KOpHI
X1 u Xy Oeticmeumensrss (D=0) u uncao x yaoa/zemsopﬂem
HEPABEHCMBAM X1 < X =< X,.

3ameuvanne. Ilycre D>0. OrmerdM na uncinoso#t ocu
KODHH X; M X, KBaJpaTHOrO TpexuJeHa (MyCcTh AJf OnNpemeseH-
HOCTH X < X,). JL1d Bcex x n3 6eCKOHEYHOro uHTepBana (—oo, X;)
(ormeueHHoro Ha puc. 41 nudpo#t /) pasHocth X —Xx; OTpH-
uarTesbHa, a AJAf BCeX X, OOJBINAX X;, 3T2 Pa3HOCTH NOJOXKH-
teapHa. Taxum 006pasoM, pasHOCTb X —.X; B TOUKE X; MEHsET
3HaK. TOYHO TaK ke pasHOCTh X - X, MEHSET 3HaK B TOYKE X,.

I I i
h'd N

Iy Xq
Puc. 41.

3HaunT, Npu JBMXKEHWW TO YHCIOBOK OCH C/ieBa Hanpaso — OT
MEHBIINX 3HaueHu#t K GOJMblINM — NpousBegeHne (X — xq) (X — X,)
MEHSIeT 3HaK B TOYKaX Xy U X, H TOJBKO B 3THX Toukax. Cie-
JOBaTeJNbHO, 3HaKW npoussefeHns (X —x;){(x--x,) Ha uHTep-
Banax [, II, Il (puc. 41) uepeayiorcs. Tak Kax KBagpaTHHIH
TPEXUJEH OTAMYAeTCs OT TMpou3BefieHus (X — xy) (X — Xx,) JAullb
NOCTOSHHLIM OTJMYHBIM OT Hyas muoxureaeM a (cm. (19)), 1o u
3HaKy, KOTOphlE NPUHUMAET TPEXUJIeH Ha OTMEYEHHbIX BHTEPBaAX,
yepeayloTcs. JJOCTaTOYHO MNOITOMY ONPEAEINTH 3HAK TpeXuJaeHa
Ha KakoM-1ubo oaHoM us untepsatos [, [, Il

[pumep 5. [doxasars, YTO KBaApaTHBIH TpexwieH Y =
= ax? 4 bx - ¢ NpUHUMaET MOJOXUTEJbHbIE 3HAYEHHd NPHU BCEX
NeHCTBUTENBHBIX 3HAUYEHUSIX X TOTAa M TOJBKO TOrja, Koraa [ <0
u a>0.

Hoxasareascrso. JLocTaTOUHOCTD cjeayeT U3 TeopeMsl 4.
B camom nene, eciu D <0, 10, no Teopeme 4, 3HaK KBaapar-
HOTO TPEXY/ieHa COBMAA4eT CO 3HAKOM UHC/A @, U, CEAOBATEbHO,
npu @ >0 Tpexu/JeH NMPHUHNAMAET NOJOXKHTEJNbHBE 3HAUECHUS TIPH
BCEX HNEHCTBUTENbHBIX BHAUYEHUAX X.

Jlokaxxem HeOOXOIMMOCTb, T. €. T[OKa}XeM, 4TO eC/Ad Tpex-
uIeH NpPUHUMaeT NpHU BCeX AEHCTBUTEJIBHBIX X TIOJ0KHUTE/IbHLIE
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suauenus, 10 D<C0 u a>0. [lonycram, uro ycaosue D <0
He Bhinoausercs, T. e. D =0. Torma, no teopeme 1, TpexuieH
UMEET JeHCTBUTENbHBIC KOPHH X; B X, (BO3MOXKHO, COBNaAaIOUKE)
U, CJACAOBATE]bHO, OOpailaercss B HYJAb NPH X=X; U X=X,
410 MPOTUBOPEUHT YCAOBHIO ero nojoxurensuoctd. Mrak, D << 0.
CorsacHo Teopeme 4 HaxoguM Terneps, uto a > (.

§ 4. KeanpaTHbie HepaBeHcTBa

HepaseHcTBo BHaa
ax?4+bx4-¢>0, (20)

rae a, b, ¢— neficreurenpHble uncaa, a 7 0, Gyaem HasHBaTh
KgadpamusiM HEPABEHCTBOM.

Ecan BmecTo x B jeBylo yactb Hepasencrsa (20) moacTaButh
HEKOTOPOE NEHCTBUTENBHOE HHCAO Xg TO MNOMYUHM UYACTIOBOE
HEPaBEeHCTBO axy-bx, -+ ¢ >0, KoTOpOE Npu OJHMX 3HAUEHUAX
X, MOKET OKa3arbCd BEpHHIM, a MPH APYTUX — HEBEPHBIM.

Mnaue rosops, nepasernctso (20) MOWHO paccMarpusaTh Kak
HeolpeneeHHOe BbICKa3bBaHUe, KOTOPOE s OMHMX 3HayeHui x
SIBJIACTCA HCTUHHBIM, 8 JJIs OPYFMX — JOXHBIM. Huca0o X, Ha30BeM
peutenuenm nepasencrsa (20), ecau npu NOACTAHOBKE BMECTO X
ypcla X MOJYYaeTcs BEepPHOE UYWCAOBOE HEPABEHCTBO aXg -t
+bxy4+¢>0, 1. . ecan kBagpaTHu# TpexuieH ax?-}-bx ¢
npH X ==X, NPUHHUMaeT MOJNOXKHUTEJ bHOE 3HAUECHHE.

Pewums nepasedcrso (20)—3Hauut HaliTu Bce pelleHus
3TOr0 HEPABEHCTBA. ,

Ecsm ucnosssoBate rpadux dyuxunn y=ax?--bx4-¢, 1O
pewienue HepaseHcTBa (20) cBOAMTCH K OTHICKAaHHIO BCEX Tex
3Ha4eHuH X, AN KOTOPHIX TOYKH rpaduka QyHkuan y=ax®--
-+ bx - ¢ newar Bele ocu abcupce.

Hapsagy c HepasescrBamm Buga (20) MOXHO paccMarpuBath,
HanpuMep, TaKue- HepaBEeHCTBa:

ax?+bx + ¢ <0, 2D
ax?4+-bx+c=0, (22)
ax?+-bx+4-c=<<0, (23)
a3 X2 - byx + ¢; > ayx?% 4 byx - ¢4 (24)

ITH HEpaBEHCTBA MBI Takke Oy/eM Has3hiBaTh KBaAPaTHHIMU (€C/d

B (24) a;=a, TO 3TO HEPaBEHCTBO CTAHOBUTCS JIHHEHHRIM).
Beenem cienyiomee onpeaeneHne, JIBa KBaIpaTHHX HEpaBeH-

cTBa OyeM HasbBaTb PABHOCUABHBIMU, €CJIH ITH HEPABEHCTBA
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HMelor ojihu i Te e peéweHus, T. €. eC/m BCAKoe peiueHne nep-
BOrO HEPAaBEHCTBA ABJIAETCH PEIUEHUEM BTOPOFO W, ofparHo,
BCAKOE pEWEHHe BTOPOTO HEPABEHCTBA  ABJNEICH PeLUeHHeM
nepsoro,

W3 sroro onpeneseHus CJAEAYET, 4TO

a) HepaBeHCTBO ax?-+bx - ¢ <0 paBHOCHIbHO HEPABEHCTBY
—ax?—phx—c >0, )

0) HepaseHCIBO a;x% byx 4 ¢y > a,x% - b,x + ¢, pasHoO-
CHJILHO HEPaBEHCTBY (@; — ap) X% 4 (by — by) X -+ ¢; — ¢y >0 (npu
MoBHX AeHCTBUTENbHBIX @, Ay by, by €1, C5)

Nokaxewm, Hanpumep, NepBOe U3 3TUX YTBEPXKIAEHWH.

[Tycty xy — pewenne HepaseHcIBa ax? -+ bx 4 ¢ << 0; roraa
axs+ bxy ¢ << 0 - BepHOe YHCJIOBOE HEPABEHCTBO. YMHONKHB
o6e 4acTu 3TOr0 HEPAaBEHCTBAa HA — 1, B CHJy CBOHCTB HEPABEHCTB
noayuaeM — axy— bx,—c >0, OTKyZa BHIHO, 4TO X, — peLile-
Hue HepaseHcTBa —ax?—bhx—c > 0.

OOGpartHo, ecan x;— pelleHne HepaBeHCTBa — ax?—bx —
—¢>0, 10— axj—bx;—c >0 — BepHOE YHCJIOBOE HepapeH-
CTBO, OTKYAa HaxomuMm axj-+bx;-4c¢<<0, . e. x; — peluenue
Hepasenctsa ax?--bx +c << 0. _

[epeiineM K HaxouAeHWI0 peLICHHH KBaApaTHHIX HEPABEHCTB.
Mp orpaHmunMCs pacCMOTPEHHEM Cmpo2uXx HepaBeucrs, T. €.
HEPABEHCIB, COAEPWAUlUX SHAKA > uau <<. Takumn asasworcd
vepaseHcrtsa (20), (21), (24). B orauyue ot Crporux HepaseH-
ctBa suaa (22), (23) nHaswiBaloT Hecmpo2uMU.

3ameTHM, UTO BCAKOE CTPOroe KBaZpaTHOE HEPABEHCTBO MOXHO
IPHBECTH K OAHOMY K3 CJCLYIOUIHX BHIOB:

a) ax®*+bx+c>0 npu a>0; (25)
0) ax®+bx-+c<<0 upn a>0. (26)

Hettcrsureasto, ecan a << 0, o HepaseHcTBO ax? + bx - ¢ >0,
110 OKa3aHHOMY BHILIE, PABHOCHABHO HEPABEHCTBY @,Xx*+ b x-}
+e<<0, roe ay=—a, by=—0>, ¢;=—c, npuavem aq; >0
(r. €. paBHOCW/BHO HepaseHCTBY Buaa (26)). Auajtoruuso, npu
a < 0 HepaseHcTBO ax®--bx-+c<<0 ymHOKeHmem Ha — |
CBOAMTCA K D3aBHOCHALHOMY HepaBeHCTBY Buaa (25).

WMrak, pacemorpum Hepasenctsa (25) u (26), B xoTopeix a > 0.

Ilposepennoe B § 3 uccAenoBaHUE KBaAPATHOLO TPEXUJEHA
[103BOJIRET yTBePXKAaTh, 4TO

1) ecau D <C 0, to HepaseHcTBO (25) uMeer MecTo mpu BCeX
DEHCTBATENBHMX X, a HepapeHCTBO (26) He uMeeT pelieHuH
(cM. puc. 35, 36);

140



2) ecim D=0, ro HepaseHcrso (25) uMeer Mecro npu scex
b
X, KPOME X==—5-, @ HEpaBeHCTBO (26) ue umeer pemwenu
(cm. puc. 37, 38);

3) eciu D>0, T1o HepaseHctBo (25) (cM. puc. 39) Bhi-
nosHAeTcss npu  x<<x; M X>Xx, (r. e BHe OTpesKa
[¥1, x,], roe Xx;<Xx,~KODHH TpexuJeHa), a HePaBEHCTBO
(26) Boinoanstercs npu  X; << X <X, (T. € Ha uHTepBale
(X1 Xy))-

Urak, npu a>0 uepasencrso ax®-f-bx-F¢>0 ghnon-
HAETCA BCeraa, Kpome cayuasd, korfa D=0 n x;=Cx=C X, a
nepaseHctso ax?+4bx-}¢ <0 npu a>0 umeer MeCTo MUl
Toraa, korga D >0 u x; <<x < x,.

ITpumep 6. Pemnts. HepaBenctBo x%2—bx -6 > 0.

Pewenne. Mveem D=52—6.4=1>0. Pewus ypasHe-
niue x?—>5x-}6=0, naxomuM ero Kopum: x;=2, x,=3. Tak
Kak a=1>>0, T0 HepaBeHCTBO nMeeT MecTo mpu X <2 u x > 3.

DTOT We pesyabTaT MOXK- y
HO TOJYUHTb, - UCIIONBL3YS 3a- |
meuaHue K Teopeme 6, us
pasnowenns x?—>5x+6 =
= (x—2) (x—3). 3

Hakonen, peuieHue Hepa-
BEHCTBA MOXHO HaliTu rpa-
¢nuecku: rpaux  HyHKIMK
y=x2—5x-+6 (puc. 42)
nepecekaer ocb Ox B TOU-
Kax xy=2 u X,=3 #u pac-
nonoxeH Beiwe ocu OX npw —0[
x<<2un x>3.

[Tpumep 7. Pewws Puc. 42,
HepaseHcreo  6x—9 < x%

Peurenne. HepaBencrso papHocuibHO cregywouieMy: x2 —
—6x+9>0 wan (x— 3)> > 0; OHO BHINOJHAETCS HPH BCEX X,
Kpome x=3. ’

Mpumep 8. Pemurs nepasencreo 2x%-F4x 3 <C0.

Pemenne., Tak kak D=16—24<<0 n a=2>0, 10
J2HHOE HEPAaBEHCTBO HE HMEET pelueHuil.

[Mpumep 9. Pewnts HepaseHcTBO X2 < 41— 4.

Pemenne. Hepasencrso paBrocmabHO caegyiomeMy: x2-—
—4x+4<<0 nm (x—2)2<C 0; oHO HMeeT MeCTO JAuuib NpH
x=2, '

t3
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§ 5. Hau6onemee ¥ HauMeHbIIee 3HAYEHWE KBAAPATHOTO

TpeX4ieHa
Teopema 7. Ecau a>0, mo ksadpamnsili mpexuier
b
y=ax2+bx+c IpU X =— 5. UMECH HAUMEHbULEE 3HAHEHUE,
pasroe — (eae D=0b?>—4ac). Ecau a<<0, mo wrsadpam-
. b
HbLl mpexwzeu umeem mpu xX=—z HauGonvuiee 3Hadenlie,

D
pasroe — .
JloKasaTeEAbCTHO. Hycrb cHavana @ > 0. Torpa B ¢op-
Myae (12) nepsoe ciaraemoe HEOTPULATEABHO, T. €. @ <x—!—2 > =0.

[TosToMy npm MmoOOM AEHCTBHTENBHOM X 3HAUEHME y HE MOXKET

D b
ObITb MEHBLIUM, YEM — i ITpu X=—rg ¢dynkung  (12) npu-
D
HUMA€T BHAYEHHE Ymin==—+7 , KOTOPOE SfBJAETCH HauMeHb-

UM CpeAM 3HaueHul, nanuMaewmx (pyHKumER Ha Bcel umcao-
BOW ocu.

I10T PaKT MONKHO TaKike OOBLACHHTb, HCMOJb3YS rpadrk
by y=ax%-}bx+c. Ilpu a>0 sersu napabosus Ha-
npaBJeHb BBEPX, CaMasg HHUXHAA TOUKa rpaguka—ee BeplliuHa
(puc. 35, 37, 39). OueBupHo, opa@HaTa BeplUUHH U €CTb Hau-

D
MEHbIIEE 3HAYEHHE KBAAPATHOrO TPEXUJIEHa, T. €. l::——[ﬁ =V min

b
M 5TO 3HAUCHHC TPEXUICH NMPHHUMACT MPH X =/ ==-—g-.
3ameTuM, yTo npy a >0 KBaApaTHBIH TpexuleH He HMeeT
HauOosbHIEro 3HaYyeHHd.
Hycrb renepp a < 0. Paccyxnas aHaJoruyHO, HalueM, 4To

npu @ << 0 KBaaparHHi Tpexy/ieH umeeT Hau GO N b1 € e 3Haue-

D
Hue ynla,{:l:—g ¥ 5TO 3HAYCHHE OH TPUHHMAET MNpU X =

b
:—-22 (pI/XC. 36, 38, 40).

I[Tpumep 10. [laHHOE noJoxurensHoe uucao M npencrasuts
B BUIE CYMMbI JBYX CHaraeMblX Tak, yTo0H HX TPOH3BEJEHHE
OB110 HauGOaBIL UM,

Pemenue. O603HaunM OHO U3 ClaraeMBlX Yepes X; TOrjaa
Apyroe cJaaraeMoe pasHo M —x.

Ham HyxHO HafitTh HanGOMbIUEe 3HAYEHHE [POU3BEACHAS
X (M—x). PaccMotpuM KBappaTHbldl TpexusneH y=—x (M—x)=
=—x24- Mx. Koapduunenr npu x? sroro TpexujseHa OTpHLa-
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teneH (paBeH — 1), CACMOBATENBHO, MPH X === o= == —= —p =
M 7 . :
= S TPeXWieH NpUHUMaeT Haubosblilee 3HaueHue (Teopema 7).

M M
Tak Kagk Xx=-, TO M—x=~2—. WUrak, npomsseseHue AByX

yypces, CyMMa KOTODBIX DaBHa MaHHOMY MOJOXUTENLHOMY HHCHY,
ABNSETCS HaunbOJIBUIMM, €CAR 3TH YUCAZ DaBHBH MexAy COOOH.

3agauy ¥ raase V

5.1. Ksagparumii tpexunes ax?-+bx-+c¢ npn x=1; 2; 3
NpUHAMaeT 3HaueHns, COOTBETCTBeHHO pasHble 0; 1; 4. Hakiaute
3HayeHHe TOro TpexuaeHa mpu x==11.

B 3adavax B5.2—b.4 rosgpcbuyuenmss p u q mozym Goimes
Kak Oelicmsumensrol M, MaK 1 KOMNAEKCHGL M.

5.2. Kopun xBagparHoro ypasueHus x?-+-px-+¢qg=0 ue ss-
JA0TCA ACUCTBUTENBHBIMA ¥ HE ABJASIOTCS KOMIUIEKCHO Comps-
XeHHBIMI. UYTO MOXHO CKas3aTh O KO3(duitueHTaXx 3TOro ypas-
HeHus? ,

5.3. Moxer au oguH u3 xopHeH ypasHeHus x%--px--g=0
ObITh JefCTBUTEAbLHBIM, a ADYrofi — He AelcTBUTEeIbHBIM (T. €. KOM-
TUIEKCHBIM YACJAOM C OTJIHYHOH OT HyAd MHHMOH 4acTbio)?

5.4. Omun u3 Kopuel ypasuenns x%-+px-4g=0 pasen
1 +4i. Y10 MOXKHO CKazaTh O APYroM KOpHE 5TOr0 ypaBHEeHHS?

5.5. Jlokaxure, YTO e€cau OOWH W3 KOpHEH KBaZpaTHOro
TpexuieHa (C ZeHCTBUTEAbHMMH KO3(uueHTaMu) aBageTcsd Aeh-
CTBUTEJIBHBIM YHC/JAOM, TO ¥ BTOPOH KOpEHb TpeXu/icHa AeHCTBU-
TEJeH W IpH ITOM BhiNoJaHsdercs Hepasencrso D ==0.

5.6. [loxaxure, 4TOo ecaum OOMH U3 KOpHEH KBaapaTHOro
Tpexunaena (C AeHCTBUTENbHBIMH KO3(pduIHEHTaMu) He sBJseTCs
NEHCTBUTEJBHBIM UYHCIOM, TO ¥ BTODOH KOpeHb He #BJsercd
JeHCcTBATENBHEIM B nipu 3ToM D < 0.

5.7. Moxer in ypasHeune x%-}px--¢g=0, rage p u q—
PalUOHANbHBIE YHCA3, HMETh CJEAYIOUIME KOpPHM:

Lox,=V3 xZZVLQ_?

2. x,=V24+1, x,=1—)2?

5:8. MssectHo, uto cyMma KopHefi KBajgpaTHOIO TpexuJeHa
ABASETCA AeHCTBHTEABHBIM 4UCAOM. MoxHO Jm orcioaa 3axiio-
YNTh, 4TO BCE KOP(DQHUUEHTH TPEXUNEeHA AeHCTBUTEJBHBI?
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5.9. Mssectno, uTo cyMMma u mpousBefeHue KopHeH KBaapar-
HOrO Tpexu/eHa SBAAITCA AeficTBuTeNbHRIMH YnCAaMH. MOxHO
AW OTCIONA 33KJIOUHTh, YTO BCe KO3(HUMEHTH TpexusieHa aei-
CTBUTEJBHBI?

5.10. M3zsectHo, uyTO CcymMMa KopHeH KBaapaTHOTO Tpeaneﬂa
U NpOHU3BEAEHHUE ero KopHeH aBasiorca AEHCTBUTEbHEIMY YHCIaMU
4, KpoMe TOro, oauH u3 Ko3(ppuumeHTOB TpexuyieHa nehcrBuTe-
JeH. Beitekaer sm orciona, 4ro u aea ApyruxX KoaddumuneHra
Tpexy/neHa AeHCTBATENbHBI?

6.11. [dokaxure, 4TO NEpBOE OCHOBHOE YTBEPXJAEHHE TEO-
peMbl 1 O KOpHAX KBaApaTHOIO TpeXu/JeHa MOXHO BHICKa3aTb
B Buge TeopeMsl A « B \/ C, rae A, B, C— caexpyouue Heolnpese-
nennsle BhicKasmBaHus: A= {ax?4-bx+c=0}, B={x=x},
C={x=ux,}, a uucna x;, x, onpenensorca dopmyramu (5).

5.12. Kophu ypasuenus x?—4rx<47r2=0 TtaKoBH, 4T0
x{ -+ x3=2. Haiigure r.

5.13. Ilycrth x; u x,—KopHu ypaBHeHus ax®--bx -+ c=0,
a=~0. He pewas 3Toro ypaBHEeHHs, BHIpa3uTe uepes a, b u ¢
caeyone CyMMBbL

1. x{4 x4

2. x{ 4 x8.

5.14. Tlycts x; u x,—xKopHu ypasHenas x2-4-px-tg==0.
Hatizute p u ¢, ecan ussectHo, 4to X;-+1 u X, 1 asasorcs
KopHsiMP ypaBHeHuss x2—p?x+-pg=0. -

5.15. He wnaxoms xopue#l Xy n X, ypasHeHus 3x%—D5x -
-+ 6=0, Boiuncaure cymmy xix3--xixi.

5.16. COCTaBbTe KB3aJIpaTHOE YpaBHEHUE, HMEIOLIEE KOPHH
X7* u x3% rde x, n x,—KopHn ypasHenni x%—8x -4 2=0.

5.17. Iloctpotite rpadukn cregyomux (yHKuni:

a) y=4—x% B) y=— x%4-2x—1;

6) y=x2—3x+2; 1) y=x2—2x42.

5.18. Onpenenure 3Haku uucea @, b, ¢, UCXOA% U3 Pacnono-
eHud napabosn y=ax?®+4 bx -4 ¢ OTHOCHTENBHO KOOPAUHATHHIX
ocefi B KaXIOM U3 CJayuaeB, NIOKa3aHHHIX Ha puc. 43.

5.19. lokawure, uro ecau @ >0, 10 PyHKkuna y=ax?-+

+-bx -+ c saBagerca Bo3pacraliiedl npu X >y Huaue

roBopd, JJas JoGhX X; H X, YAOBJAETBOPAIONINX YCJIOBHIO
<x1<x2, UMeeT MecTo HepaBeHchO ax1+bx1+c<

< axz + bxz -+,
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5.20. [lanw T1pu pasianuHeie Toukum A, B, C: nBe u3 HuX
AexaT Ha ocu abCuucC, TPeThsi—Ha OCH OPAMHAT, NPHUYEM HU
ofHa M3 TOUYEK HE COBRMAaZaeT ¢ HayaaoM KoopauHar. CyuiecTByer
Ad KBaApaTHHIH TpexuseH, rpaduk KOTOPOrO MNPOXOAHT UYepes
5TH TPpH Touku? ENUHCTBEHHHH /i TakoH TpEXuNeH MOXHO
nonobpats?

Pemnte 3agauy B C/IEAYIOUIMX CAyYasiK:

1. A(—1,0), B(20), C (0, —4).

2. A(3,0), B(1,0), C (0, 3).

3. A(—5,0), B(—1,0), C(0,—5).

K 4

\
/ TN

1) '7T ) P
+

=}

\/ z
) 2 -
Puc. 43.

5.21, Jlanw nse toukm A u B, npuuem orpe3ok AB ue
napajajeneH Hu oaHo#t u3 ocedt koopauHar. CyuiecTByer M KBaj-
paTHBIll TpexujeH, rpaduK KOTOPOro HWMEET BEPIUNHY B TOuke A
B NPOXOANT Yepe3 TOUKy B? EmuucrseHHH# Jn Takofl TpexuseH
MOXHO nomofpath? Peiure 3ajauy B CICAYIOUHX CaAY4asX:

1. A(0,1), B(1,3).
2. A3, 1), B(5,—3).
3. A(2,4), B(0,0).
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5.22, Pemute caeaywuine HepaBeHCTBA:
. x(4—x)<<0. ~ 4 2<<2x—1.

2. X< x—1. 5. 4x2 > 4x—1.
3 x2}3x—4<0.

5.23. Pemure cregyouiue HepaBeHCTBA:

4x —x2 -0 2 x—3x—|—4>0

L. -x+1/

5.24. Ilpu wxakmx r cymma KBaleaTOB KOpHEH ypaBHEHHA
x2—rx-}r—3==0 ssasercad HaHMeHbiUeH?

5.25, Ksampatumil TpexuneH y==ax?-4-bx-+c npu x=1
npuHuMaeT HauGoJblliee 3HaueHne, paBHOe 3, a nmpH X=-—1
o6paiaercs B Hyab. Kakoe sHaueHwe oH npumer npu x=>57

5.26. Ilycts a, b, ¢, d— neficTeurensusie unchaa, a?-4-c? 5£0.
Tpu xaxoM snaueHun x Qynxing y=(ax + b)® 4 (cx 4 d)?
npUHAMaeT HanMeHbliee sHauenne? Halaure 5TO HamMeHsliee
3HAYeHmHe.

5.27. ITpa xakux suauenwsx r ypasueuue x2-4(44+2r)x +
4+ 5+44r=0 wumeer: 1) pasHsie KOpHUP 2) KOPHH, paBHEE [0
a6conmoTHol BeauunHe, HO TNPOTUBOMOJIOKHEIE 110 3HAKY?

5.28. Hatinure Heo6xomumMoe W [OCTaTOUHOE YCJOBHE TOTO,
yTO KOpDHH KBajgpaTHoro tpexunesa ax?--bx-c¢ (a, b, ¢ neit-
CTBUTENbHB, @ == 0) nNelCTBUTENbHBH © . UMeloT: 1) OANHAKOBbIE
3HaKW; 2) NPOTHBONOJIOXHEIE 3HAKH.

5.29. Hafiaute BCce peficTBuTe/bHBIE 3HAYEHHA r, NPH KOTO-
pHX KOpHH ypasHeHus X?2—2(r—1)x-}-2r+1=0 pe#icren-
TEABbHBl, W HcCaenyiiTe ¥X 3HaKM B 3aBUCHMOCTH OT 1.

5.30. [okaxure, uto KBagpaTHHI TpexuieH ax®-bx+c
MMEET ONMH M TOT KE 3HAK Npu BCEX AEHCTBATE/BHBIX X TOrAa
M TOJBKO Toraa, Korjga D =b%?—4ac < 0.

5.31. Jokaxute, 4TO KBaApaTHHH TpexuneH ax?2-bx 4 c
oTpULATeeH Tpu BCeX MASHCTBUTENBLHHIX X B TOM- U TOJBKO
B TOM cJaydae, ecin D <0, a<CO.

5.32. Ha#taqure Bce 3HaYeuus [, NPU KOTOPHIX KBAAPaTHBIH
Tpexuied x%-+2rx - 1 noJoxuTeJeH Npu BCexX AEHCTBATENbHBIX
SHAYEHUsX X.

5.33. [lokaxure, 4TO KOPHM YypasHeHus x2+px+q=0
(p 1 g— meficTBUTENbHbIE YHCHA) AEHCTBATEIbHB U OTPHLATE/LHEI
TOrAa u TOJbKO TOTA3, Korja p?—4gz==0, p>0, ¢ >0.

5.34. Hattaute Bce 3HaueHus r, fpd KOTOPHX KOPHH ypas-
HeHna (r—1)x%2— 2rx4-r-+4-3=0 pgeHcTBUTEJLHH U MOJOKH-
TeJIbHBI.
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5.835. Haflaure Bce nelicrBuTeNbHBIEC 3HaueHus f, NPU KOTO-
pux dyukups y=(r>—1)x2+ 2 (r — 1) x 4+ 2 npuxumaer no/o-
KUTe/bHbBIE 3HAUEHHUA TpH BCeX HEHCTBUTENBHBIX X.

5.36. Hatinure Bce pnelicTBUTENbHBIE 3HAYEHUS. I, NPU KOTO-
pHX KBampartHbifl TpexuieH y=rx2+2(r+42)x+2r+4 nupu-
HUMAaeT OTPHLATe/bHhE B3HAYEHUS NpH BCEX AEHCTBATEJBHBIX X.

5.37. Haiigure Heo6XoauMOe H OCTaTOYHOE YCJAOBUE TOrO, UTO
KOPDHH X; U X, YypasHeHusi X%+ px-tg=0 neiicrBuresibHbl 1
Y/IOBJETBOPSHOT HEpaBeHCTBAM o < Xy << P, o < xy << .

5.38. Haiinure Bce metiCTBUTENbHHIC 3HAUEHMst 7, NPU KOTO-
pHiX KOopHu ypasueHus 2rx?—(r 4 1) x4 1=0 peticrsurenbHbl
u 00a no abco/MOTHOH BeJMYUHE MEeHbIle eIUHUILHL.

5.39. Ilycts koadduuneHtnl ypasHenu#t x24p,x+¢q,=0
B x24+pox+ q,=0 necrBUTENBHB W CBA3AHBI COOTHOLIEHHEM
PP =2(q; + ¢,). okaxwure, 4ro -1m0 Kpa#HeH wMepe 0ogHO u3
95THX YpaBHEHUH HMeeT AeHCTBUTEJIbHBIE KOPHMU.

5.40. Hainure HauGoibuiee M HauMeHblIee 3HaueHusd (PyHK-
i
y=;;£m, ecim —l=<Cx=<CL

5.41. Haitanre HanGoJ/ipluiee ¥ HanMeHbliee 3HadeHUs (YHK-
uuu

y=xt+3x2+2, ecm —2<Ix=<3.

5.42. Hatignre HauGoJbluee W HauMeHbliee 3HaueHHs QYHKIHH

y=sin?x+sinx+ 1.



FJAABA VI
MHOTOUYJIEHBI U AJNTEBPAMYECKHUE YPABHEHHS

§ 1. Muorousnen u ero 3HaveHud

Mrozo1aerHoM OT X Ha3BIBAETCH BHIPAKEHUE BHAA
X" 4 ax" Vx4 X b ayta, (1)

3necs ag ag, ..., @, — HEKOTOpHIE uKC/3, HazbiBaeMble Kosghgu-
yuenmamit MHOFOYJEH3, a X — CHMBOJ, BMECTO KOTOPOro Mhl
MOXEM TOACTaBUThL J000E 4iCJI0BOE 3HAYCHHE. :

MowHO paccMaTpUBaTh MHOTOYJEHK KaK C AeHCTBUTE/NLHBIMH,
TaK ¥ ¢ KOMIVIeKCHBIMU Koddduunenramu. Ho Mui B nasusHeiliuem
OyaeM paccMaTpusaTh T OJIbK O MHOTOWIEHH C AEHCTBHTE/bHBIMHU
Kos(duuuentamn (a Hauie Bcero koadduunentamn OyayT umease
WM panuoHasbHeie uucaa). Hanpotus, BMecTo x Mbl Oynem yacio
NOACTABASTL HE TOJBKO [IeHCTBUTE/bHBIE, HO W KOMILIEKCHBIE
UHC/IOBBIE 3HAYEHWS. .

[TycTh € — HEKOTOpPOE YHC/IO (HEHCTBHTEAbHOE HAR KOMILIEKC-
H0€). xa4enttems MHOTOUNEHA (1) MpU X == ¢ HAa3BIBALTCH YHCJO,
KoTopoe noJyuurcs, ecad B (1) BMECTO X MOACTaBHTH UUCIO ¢
% npoussectn ykasaHHnle aeHcreua. Hanmpusep, muorousen

x3 - 2x24-3x -5 2)
NPUHUMAET NpH X =2 3HAUCHHE
22—2.2243.2—-5=1;
snauenne MHOroudena (2) npu x=1—)/2 pasno
U—=V2p—201—-y2p+31—V2)—5=—1—-4V72
a ero sHaueHue npu X =2/ pasHo

@+ - 2@+ iP+3Q4i)—b=-— 3+ 6.
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Yacto Aaa coxpainenns Sanucu MCHoanayor dyHkidoHasb-
HYI0O CHMBOJUKY & o003HAaueHns MHOrOUWIEHOB. YcaosuMcs,
Hanpumep, oBo3davarb MHorowieH (1) cumsosom f(x):

f)=apx" 4+ a;x" ' .. H-a, X+ ap

Torza 3HaueHne 3TOrG MHOTOUZEHA Npu X =c 00603Ha4AETCs
yepes f(c) .
f@O)=ae*+a "' +...+a,cta,

Tak, ecim uepes ¢ (x) obozHaunte MHOrousex (2), 1. e ¢(x)=
=x3—2x%24+3x—35, 10

e@=1 (1—V2)=—1—4)V2, ¢@+)=—3+6L

Kosddunuenr a, B suipaxenun (1) HaswbiBaerca c¢80600HbIM
yaeHoM 31oro MHorodsena. Ouesupno, uro npu x=0 mHoro-
wied (1) npuHuMaer BHaueHuWe @, Takum oOpasoMm, 3Ha4eHue
NpoU3BOALHO20 MHOR04ACHA NP X == pagHO cBOGOOHOMY YAEHY
3M020 MHO2044EHA.

Hanee, npu x=1 wmnoroyren (1) npuHEUMaer 3HaucHHE
ag+ay+...+a, 1+ a, Takum o6pasowm, 3xanexntie npou3so. -
HO20 MHO20MAEHQ npu X==1 pagHo cymme 8cex Koaghghu-
YUEHMO8 3M020 MHO204AeHA.

D1y ABa NPOCTHE 3aMEYaHU YaCcTO HCHOJAL3YIOTCA TPH
peuleHuy 3aaau.

OOB5IUHO «MHOF OUJIEHAMU> Ha3bIBAIOT HE TOJbKO BLIPaKeHns
Buza (1), HO W BHpaWEHHd, PHBOIUMBIE K 3TOMY BHAY C
HOMOIILbIO TOXAECTBEHHBIX NpeolGpasoBaHuil: packpmiTus CKOOOK,
npuBeaeHusa NOROOHEIX YJEHOB, NEPECTAHOBKH CaaraeMulx. B uact-
HOCTH, ecau Kakofi-inbo u3 kospduuuentos 8 (1) obpama-
€TCa B HYJb, TO COOTBETCTBYIOULEE CJ/IaTaeMOE B 3alllCH MHOFO-
uneHa npocrto nponyckawot. Hanpumep, muorodaes

0. x*42x34+0.x24x+5
3AMMCHIBAIOT [POCTO B BUAE
2x34 x4 5. 3)

Nanee, B 3anuce MHOrouiaeHa (1) Bce caaraeMbie pacrnoNOXKeHs!
10 yOmBatowiuM creneHaM Oyksel X. OAHako, ecau cjaraemble
PacroJOXEHbl B MHOM TMOPSAKE, Mbl TOXE Ha3hiBaeM UX CyMMY
MHorousenom. Hanprmep,

x4 1—x3—xt )
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€CTh MHOTOUYJIEH: NepecTastsis c/aaraeMble, Mbi MOXeM Sanucath
310 BBIpaweHue B Buae (1) :

(=)t (=) 3+ 0. 524 1. x4+ 1.

Hakonen, B Ttex cayvasx, Korjga [njis npusefeHust K suiy (1)
HYHO B BBID2X(EHHH DacKpHIThb CKOOKH W NPOM3BECTH NpuUBene-
HUe NOMOOHBIX Y/CHOB, MBI TaKke Ha3biBa€M 5TO BBIpAKEHHE
«MHoOrouseHomM». Hanpumep, ’

I+ (@42 (x?—x+1) ®)

€CTb MHOTOWIEH: pacKphIBa CKOOKM M NPOM3BOIAA NpHUBENEHHE
MONOGHBIX UYJEHOB, Mbl JICFKO TNPHBEXEM €r0 K BHAY

x4 x84 3x2—2x 3.

Takum oOpa3zoM, HasbiBasi' Beipaxexus (3), (4), (6) u ama-
JOTMYHBIE KM «MHOTOUIEHAaMH», Mbl TOAPa3yMEBaeM, uTO uX
MOXHO, MOJIb3YSICh 3aKOHAaMH CJAOXKEHus U yMHOXKeHHs (crp. 46—
47), npusectn k Bray (1). Takoro paciu¥peHHOro MNOHUMaHuA
TEPMHHA <MHOrOuJeH» Mbl U OyZeM NpUAEPKUBATBCA B [aJjb-
HeliiemM. '

Ecau B MHOrouneHe, 3anucaHHom B Buge (1), koadduiuent
@, npn X" OTAMYEH OT HyJs, TO CJAaraeMoe a,Xx” HasblBaercs
CMapuumM 4AeHOM, KOIDDUUMEHT a . HABKIBAETCA CHLAPWMUM
Kos3ghghuyuenmon, a €aM MHOTOUIEH HA3HIBAETCS MHO204AEHOM
n-ii cmenenn. Ecin ke ag=0, 10 caaraeMoe aq,x" MOXHO
or6pocuTh, W MHOrOWIEH 3anuwercs B Buge a;x7 '+4...
...} ap-1x+ a,. Ecin teneps a; =% 0, TO paccMaTpuBaeMblli MHOTO-
ujeH wmeer creinlenb n— 1. Ecau e uw a; =0, 10 caaraemoe
a;x™ 1 Ttakke moxHo orb6pocuts ¥ T. a. Takum o6pazom, wmsr
BCErJa MOXEM C4MTaTh (OTOPOCUB CTOSILUE B Hauase HyJIeBhe
cnaraemble, €M OHM €CTh), uro B 3amucu (1) xosdduumenr a,
OTJIHYeH ‘0T HyJd. Vickmouenue cocraw/ser JMIIb Cayual, Korza
BCe KoadduuneHTs MHorouseHa (1) oOpaumaorcs B Hyab. B sTom
C/Iyuae MHOTOUJEH Ha3bIBACTCA HYAE8bLM MHO20UACHOM (W/H
HyJeMm) u ofosHauaercst cumsosom 0.

Hrak, Bcaxnil oTauudslli or HYJ/I51 MHOIOUYJIEH MOXHO 3anucarh
B suge (1), rme a;=0, a n—HEKOTOpPOE HEOTPHIATENBLHOE
uenoe uucio. Takyio 3anuCh HasbiBaIOT KaHOoHUECKOl 3anucsio )
MHOTOW/IEeHa n-H creneHu.

1) KaHoH — 3aKoH; MO3TOMY <KaHOHHUecKas 3allHCb» O3HAuaer: yaa-
KOHeHHas, OCUIENpHHATANA 3aMHCh.
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Mpumep 1. Hattu cymmy KoshdunueHToB MHOrOU/ICHE,
fIO/YYAIOMIErOCsT U3 MHOTOYJIeHa

14 (x2—6x45) (x5 3x4 —2x3 L x2—x — 7+
+(x2—3x4+ 1)¥ (B +5x47)

MPHUBEJICHUEM K KAaHOHHYECKOMY BHAY.

Pemenne. OO6osHaudm JaHHBI MHOTOWIeH dYepes f(x).
Ias Ttoro uroOw onpegeauTb CYMMY KO3()(UIMEHTOB 3TOrO
MHOTOY/IEH3, BOBCE HE HYKHO NPHBOMUTb €0 K KaHOHHYECKOMY
BUIY, T. €. DPacKpHBaTh CKOOKY, TPHUBOIUTH NMOROGHBIE UMECHBE N
CKJAaabIBaTh KO3(PUUREHTH NoIydaomerocs MHOrodlera. B camom
nene, uckomas cymma kosgduumenros pasna f(1). Ilonaras
X =1, Jerko HaxoJguM

F)y=140-(.)F(—1)%.13=1—13=— 12,

Taxnm obpasom, uckoMas cymma KoadduuneHToB pasHa — 12.

JlBa MHOroOY/JIEHa CUMTAIOTCA PABHLLMIL, CCNH WX KAaHOHHUECKas
8arMUCh OAMHAKOBA, T. €. KOA(MpAUMEHTH 3TUX MHOrOUJIEHOB COOT-
BETCTBEHHO paBHBL. MHBIME cjoBamy, ecin

P(x)=aux"+a X"t 4...+a,
Q) =box™ +byx™ 1 ...+ by,

— [IBa MHOTOWIEHa B KaHOHMUYECKOH 3anucw, TO, MO ONpenese-
HUO, paBeHCTBO P.(x)=Q(x) muMeer MeCro B TOM H TOJbKO
B TOM cJayyae, ecad m=pn " KOIDDHUUUEHTH MHOTOUJECHOB
COOTBETCTBEHHO PaBHBlL, T. €. ag="~, @;=>b; U T. O

Hs storo onpesgeseHus BuiTeKaet, uto ecau P(x) u Q(x) —
pasuvie MHo204AeHB (T. €. MHOTOUJIEHBl, UMEIOULINE OLHHAKOBYIO
KaHOHHYECKYIO 3aluch), M0 045 A00020 HUCAQ € 3ZHAHEHUS
3MUX MHO204AEHO8 Npu X =c cosnadapm.

Teopema, ofOpatHas 3Toi (a TaKike NPOTHBOINOJONKHAA TEO-
peMa u TeopeMa, NPOTUBONOJOXKHAA OOpPaTHOH), Takxe Clpasen-
auBa. Takum 0Opa3OM, WMEIOT MECTO CJACAYyIOUlHe YETHpE TEO-
pemsl:

Teopema 1. Ecau P(x)=0Q (x), mo dan awbo20 4ucaa
¢ cnpagedanso pasercmso P (c)y==Q(c).

Teopema 2. Ecau das awbozo qucaa ¢ cnpagedtuso
pasencmeo P (c)=Q(c), mo P (x)=Q(x).

Teopema 3. Ecau P(x)s£=Q(x), mo cyuecmsyem
maxoe wucao ¢, wmo P(c)= Q(¢).

Teopema 4. Ecau cywecmsyem maxoe Hucio ¢, 4mo
P ()= Q(e), mo P (x)# Q(x).
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Teopema 1 (a sHauut, B 3KBHBaJeHTHad efl Teopema 4) oue-
BHIHA €CJAd [BA MHOrOWJIeHa paBHB (T. €. TOXAECTBEHHBIMU
npeo0pasoBaHUAMH TPUBOJATCA K OJHOMY ¥ TOMY Xe KaHOHH-
YeCKoOMy BHAY), TO 0NOpDH TIOACTAHOBKE X==¢ OHH NPHHHMAIOT
OJMHAKOBHE YHCAOBHE 3HaueHns. Hanporus, Teopema 2 (u 9KBH-
BaJeHTHas eil TeopeMa 3) BOBCEe He OUEBHJHA: B HEH yTBEpXKIa-
ercd, 4ro ecnu asa MHorouwideHa P (x) w Q(x) npuHuMaOT npu
moboM ¢ odunakosvie 3nauesus (r. e. P(c)=Q(c)), 1o (npu
NpUBEJEHHH K KAaHOHHYECKOMY BHMIY) 3TH MHOrOY/JEHbl HMMEIOT
odunarxosne Koadhghunuenme,. [JoxazaTenscTBO TeopeMu 2 Gyaer
npHBEAEHO B KOHLE T/aBhl.

PaccmorpuM npumep. YdeHuK Tpou3Besn yYMHOXEHHEe MHOro-
YAEHOB M TMOJYYHI cnenyxomuh pe3ynbTaT:

(WP—xt+x—x4- D+ D)=x4+1.

Urobbl npOBEpUTh, NPaBUJBLHO JIH BBITOAHEHO YMHOXeHue, 0603-
HayuM MHOroufeH, crosuuu#t B JeBol uacru, ueped P(x), a
MHOTOYJIeH, CcTosuiu#l crpaBa, uepes Q(x) ¥ mnpumaauMm apry-
MEHTY X HEeCKOJbKO uuc/a0BhIX 3HaueHu#t. ITonmcrasmas x=0,
nerxo Haxomum P (0)=1, Q(0)=1, 1. e. P(0)=Q(0). Anano-
THYHBIH - Pe3yabTaT Ml moayyvaeM ® npu x=1: P(l)==2,
Q(NH=2, 1. e« P(1)=Q(1). MoxeMm Ju MB Ha OCHOBaHUH
9TOrO cHenaTh BHIBOA, 4YTO P (X)=Q(X), T. €. uTO yYMHOXeHue
BHUIONHEHO mpasuapuo? Hu oaHa n3 npusefeHHBIX BHIIIE YETH-
pex TeopeM He TO3BOJsSeT CaeaaTh Takoro BoiBoga. Haubonee
nogxonsiiel ABJasgeTcs BTO P aq U3 3Tux teopeM. OgHaKo, 4TOOH
ee NMPUMEeHHTh, Mbl HOKHH 3HATH, YTO paBeHCTBO P (¢)=Q(c)
UMeeT MecTo a4 JA06O0ro ¢, a HaM 3TO BOBCE HE HM3BECTHO.
Ho mpozomxuM Halmy npoBepKy Hajblle: ANOACTABUM X ==—- 1.
Mu serxo Haxogum P (—1)=0, Q(—1)=2, 1. e. P(—1)#
# Q(—1). Tenepp uerBeprTan Teopema MO3BOJRET HAM CAEAATH
BEIBOJ, UT0 P (X) 5% Q(x), 1. e. yMHOXEHHE BHITIOIHEHO HEBEPHO.

My Buzum, uro coBnajeHve 3HaveH®WH ABYX MHOTOUJIEHOB
P(x) v Q(x) B opHOH-ABYX TOUKAaX €IIE€ HE rapaHTRPYyeT
shnONHeHus: paeHcTBa P (x)=Q(x). Tem He meHee, cnenas
JOCTaroyHo 60/b1I0e YuCA0 Npol, MONKHO YCTAaHOBHTb DaBEHCTBO
IBYX MHOTOWJEHOB [0 COBNafEHWIO NX 3HaueHWH B OTAENBHBIX
Toukax. Mmenno, ctipaBesusa caenywouias teopema, CYULECTBEHHO
yCHUAMBAIOMAs YTBEPXKACHHE TeopeMmut 2.

Teopema 5. [lyems P(x) u Q(x)—0d8a mHoz04sena,
cmenens Kaoxwt0o20 03 rKomopwx He npegocxodum n Toz2da,
ecal 3uwavennss muoz2owseros Plx) n Q(x) cosnadarom g
n+1 mourax, mo P(x)=Q(x)
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Huaue rosops, ecan  Pe)=Q(c;), Pc)=Q(cy) ...
vevy Pep) =Q(Cny1) (rae ¢y, €g .ovy €p,g— Pa3iMYHbIE HACAA),
10 P(x)={ (%) $lcHO, 41O TeopeMa 2 BHITEKaeT U3 TeOpeMH 5.
JlokasateabCTBO TeopeMbl 5 Mbl NpUBeJEM HUXe (B KOHLE [JIaBh).

Cupict TeopeM 1, 2 ©w 5 MOXKHO NOACHUTH CJACAYIOMLUM
oGpa3zom. Kawnbi#i MHOrouneH P (x) MOXHO paccMaTpuBaTh Kak
¢yukuunwo aprymenra x. Teopema | yrBepazaer, 4ro ecnau
P(x) n Q(x) coBHajal0T Kax MHO204AeHb, (T. €. UMEIT NpH
NpUBEJEHUY K KaHOHHYECKOMY BHAY OIMHAKOBHE KO3(M(PHLHEHTHL),
TO OHHM COBHAAAT W Kaxk @ywxyuu (I. e. npm MoGOM 3HaueHuy
aprymMeHTa OHH NDHHEMAOT OJWHAKOBHE 3HaueHusi). Teopema 2
yrsepxjaer obpatHoe: ecau P(x) n Q(x) cosBnamawr Kax
yHKYUU, TO OHH COBNAAAIOT ¥ Kak MHoz2o4Aenb. Hakowen, -
TeOpeMa D YCHAMBAET TEOPEMY 2: e€Cau CTeneHb Kawioro n3
mHorouseHoB P(x), Q(x) He MpeBOCXONWT 7 K €CJIH 3HAUEHUs
gynryui P(x) n Q(x) cosnagaioT B n-4 1 71ouKax, 1o P(x)
1 Q(X) COBNAZAT KAK MHO204AEHBL.

[Tpumep 2. IlopoGpary uucna a, b n ¢ TakuM 06pasom,
4106 BBHITIOJHSNIOCH PaBEHCTBO

x+5 c
G0 r=9) —ai—1 52 1T7=3

[Tepsoe pewenne. Ilpusoms npobu B npaso#t uacru

K o6tileMy 3HaMeHaTelo, NepenuueM TpeGyemMoe paBeHCIBO B BHAE

x+5 (x—2)(x-—3)+b(x—1)(x—3)+c(x—l)(x—2)
G—NG—9E—3 (x—1D{x—2)(x—3)

Takum o6pasoM, 3amada 3ak/ouyaeTcss B ToM, yroOsl Mofodpats
uucaa a, b n ¢, 119 KOTODHIX BBIIOJHAETCS PABEHCIBO

X+ 5= a(x — 2)(x — 3) -+ b(w — 1)(x — 3) + c(x — 1)x —2). (6)

’ Pacprmaﬂ CKOOKM 1 fipusoad noao0GHble YIEHbI, NEpeIHLEeM 3TO
PaBeHCTBO B BHIE

X+ 5=(a+b+c)x®—(5a + 4b + 3c)x + (6a -+ 3b + 2).

Teneps, cornacHo onpeneneHno PABEHCTBA MHOTOY/IEHOB, CNpasa
DOJLKEH CTOATb MHOTOWIEH N ePBOH Crenenu ¢ TEMA Ke KOIp-
- (uuMeHTaMy, YTO B Y MHOrO4JeHa, croswero caesa. VHaue roso-
ps, AO/KHB BBHIIOJHITHCH COOTHOLUEHHH
a+b+4c=0
Sa+44b+3c= —1,
6a+4 36+ 2¢=5.
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PaccmatpuBas 5T COOTHOLIEHHA KAK CHCTeMYy ypaBHeHmn#
OTHOCHTENIBHO @, O ¥ ¢ ¥ peluas 5Ty CHCTEMY, HaXOAuM Tpe-
6yeMble 3HauyeHUA:

a=3, b=—17, c¢=A4.

Bropoe pemeHnne Kak n npu nepBoM peLieHud, Haxo-
JUM, YTO Bajaya B3aKJIoyaercs B OTHICKAHuUWM uucea a, b u c,
I/ KOTOpPHX BHITIOJMHAGTCS paBeHcTBo (6). Ho corsacno teo-
peme 1 (ctp. 151) n3 pasencrBa ABYX MHOFOW/JCHOB BBITEKAET
COBMajJeHune wX sHaueHu#t mas moboro x. MHeiMm cnosamm, e€Cam
On 3amaua Obia yxke pewnena (1. e. uucaa a, b, ¢ nopoGpanh),
10 B paseHcrso (6) mMpl mMoram Ob BMECTO X NOACTaBJATh Moboe
yucaosoe 3sHayexwe. [JoacTasuM B 3TO paBeHCTBO x==1, 3aTeMm
X ==2 n, HakoHew, x==3. Mb noJayuuy

6=20, 7=-—b 8=2c.

Takum o6pasoM, ecau paseHCTBO (6) BHINOJHAETCHA, TO UMCAA a,
b, ¢ BOMKHH WMETb CAEAYIOLUHE 3HaYeHUs: a=3, b=—17, c=4.
Ho ngelicTButenpHO 2 TpH STHX SHAYEHHSX &, b- ¥ ¢ uMEeT
mecTto paseHcTBO (6)? YTBepanreabHHIH OTBET Ha STOT BONPOC
BHITEKAET W3 TeopeMnt 5. B camom pene, Mbl nogoOpanu 3nayeHus
a, b n ¢ Tak, urobu npu xX=1, x==2 » x=3 nesas U npasas
yacth  coorHolueHus (6) INpUHAMANKW OJMHAKOBBIE 3HAYEHHA.
Ho Taxk kKak caepa ¥ cnpasa CTOST MHOTOUJECHH HE Buliuie 8MO-
poii cmenenu ¥ TaK KaK BHaueHHs 3TUX MHOTOUJEHOB COBMa-
JalT B mpex TOYKax, TO, MO TeopeMe 5, c/aeBa # . Crpasa
CTOST PpPaBHbIE MHOTOUYJEHHI.

-IMMpunmep 3 (sapava-mytka). Ilycte a, & 8 ¢ —7Tpu pas-
JMUHBIX yucaa. PaccMoTpum ypasHeHue

(f—a)(x—b) | (x—b)(x—0)
=2 =5 T @b

(x—c¢c)(x—a) -
+(b~c) (b-—a)=1' ™
Tak Kak B 3HaMeHaTesne KaxJaoH NpoGu CTOUT YU CNO, a B YUC-
JMTE/E — MHOFOUJIEH BTODOR CTEreHH, TO Mbl UMEEeM KBajapart-
Hoe ypasHenne. HemocpeiacrseHHas nposepka NOKasbBaer,
4T0 YUCA2 @, b ¥ ¢ YNOBIETBOPSIOT 3TOMY ypasHenuio. Taxkum
00pa3oM, HafWCaHHOE KBaJpaTHOE YypaBHEHHWE HMeeT TpHW pas-
JRYHBIX KOpHA. UeM 3T0 OObACHAETCA?

Pewenne. Cnesa u cnpasa B pasencrse (7) cTOAT MHOTO-
ulleHB He 8piuwe 8mopoll creneHu. Tak Kak 3HaueHns STHX MHO-
TOUJIEHOB COBMAAAIOT B TPEX TOYKAX, TO MHOTOYJIEHH, CTOALHE
cleBa M CnpaBa, paBHH (10 Teopeme 5). 3Hauut, Npa mpusefe-
HHH JIeBOM 4YacTH K KaHOHHYECKOMY BRIy noJyumrcs 1, T. e.
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ko3hduuuentsl npd x? U npu X o6paTATCA B HYJb, H MBI 110-
nyuyeM TOox AecTBo l=1, a He KBajpaTHoe ypasHenue. B aTom -
MOXHO YOeIuTbCSi W HENOCPEACTBEHHO (nponssezm CIOXEHNE
Jpobelt B neBo#t vactu).

3ameTuM, YTO 00 TOFO, KaK MHOTOUJEH MpHBEleH K KaHOHHU-
YeCKOMY BHIY, ONpENeauth €ro CTeNneHb WHOrAa ObBaeT TPYAHO.
Hanpumep, B MHOrounese

(8% 2800 2 1) (6= 1) — % 12— 1)

B TaKOH 3anucu HMeercs, HanpuMep, lsATas creneHb OYKBBHI X.
OpfHaKo, pacKpbiBas CKOOKH W TPUBOMAS TOJOOHBIE UJAEHBI, MBI
3anuiIeM 3TOT MHOTOYJAeH B Buie X2 —1, Tak uTO0 B AEHCTBU-
TEJBHOCTH 39TO — MHOFOYJIEH BTOPOH creneHu. To e Mbl BUAEaH
npu pelieHHH npuMepa 3: jesas 4acTh cooTHowenus (7) pasHa 1,
T. €. SIBAAETCH MHOTOWIEHOM HYJ€eB Ol CcTeneHs, XOTd 110 BHel-
HeMy BHAY OHA MOXOXKa HAa MHOFOUYJEH BTOPOH CTereHu.

§ 2. MeiicTBus Hal MHOrOYJeHaMH

Cyana, pagrocmes u npousgedeniie 08yX MHO2041eHO8 MAK-
oHee ABAAIOMCA MHO20HNCHAMIUL,

IT0 yTBEpKICHHE CNpPABEAANBO WUMEHHO B CHAY MPHHATOrO
B IpeAbAyUleM flaparpade paclIMpDEHHOTO MOHHMaHUsA TepMuHa
«MHOrouJeH». B camom pene, ecau

P(x)=aux"+ax" 1 4. . da,
Qx)=bgx™ - byx™ by

— IB4a MHOTOQOUYJEHA, TO BHIPAXEHUd

P(x)+ Q(x) =

= (apx" + ay X" T A an) - (boxX" by - b
P(x)—Q(x)= |

= (X" + X" @) — (bpx™ - b x™ T b)),
P(x) - Q(x)=

=(ayx" —|— ay X" ay) (B by L b))

Jerko npusogarcs K Bugy (1) (packpuituem cKoGOK H npusene-
HpeM 1NOZOGHBIX UJICHOB), T. €. SABJAIOTCS MHOIOYJEHAMH.
Caenyouine J1erko ROKa3biBAEMBIE TEOPEMBl YaCTO OKa3bl-
BAIOTCS MOJIE3HBIMA IIPYU pELIEHUH paga 3anad.
Teopema 6. [Tycms P(x) u Q(x)—dsa omauinsix om
Hyan muozo4aena. To20a cmenens muozouaena P (x)Q (x) pasna
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cymue cmeneneli muoz0uaenos P (x)u Q(x), a cmapuwui xosgh-
duguenm muozoyaena P (x) Q(x) pasen npoussedenutio cmapuiux
Koaghpuyuernmos mroz204aen08 P(x) u Q(x).

Teopema 7. Cmenens muozousena P (x)+ Q(x) (uau
P (xy— Q(x)) re npesocxodum naubGoasuiedl u3 cmenensii Muo-
2ounenos P(x), Q(x)

3ameruM, uTO CreneHb MuorodieHa P (x) = Q{(x) wMoxer
OKa3aThCsl MEHbIlEe CTeneHu KaKIOrTO0 u3 MHorouneHos P (x),
Q (x). Hanpumep, ecan

¢ P{x)=x%—x?+4+3x+5,

Qx)=—x*+x2—x—3,

TO CyMMa 3TUX ABYX MHOTOY/JICHOB Tperpelt cTeleHu 6y11€f MHO-
FO4Y/JACHOM nepuoﬁ CTeneHu;

P(x)4-Q(x)==2x12.

HanomuuM caeaywouide (POPMYJIbl YMHOKEHAH MHOIOUJICHOB,
yacro npuUMeHdeMble NPW pelleHuy 3anad (8 3Tux QopmMyaax m,
H — [IPON3BOJILHHIE HATypa/aLHbIE HHCIa):

(Hax" Vet b dt At a e e (x—a) =
: =x"t1 g1, (8)
(x:z:n —qxun -1 +a2x2*rr 2___ + a®n “'sz—am"lx—{—a?’") N
X (t+ a):x2m+l +a2f"+1. (9)
B uacrHoctd, nipu a==1 umeem

(X" X"V b D (=) =X (10)

(x¥m eyl pxtmt | Lxe o D) (e D) =x2 L

(an

JLoKa3aTeNbCTBO 3THX (POPMYJA HENOCPEACTBEHHO MOMYYAeTCH
pacKpBITHEM CKOOOK M TMDUBEAEHUEM MNOAOGHHX YJICHOB.

IMMpuwmep 4. JokasaTh, YyTo He CYHIeCTBYeT MHOTOUJEHa, KBajpar
KOTOpOTro Gbl Gbl paBeH MHOTOYJEHY

x1000 4 x99 L Loy,
Peuwenwue JlonycTHM, HanpoTHB, 4TO
X100 x990 L Ly} 1= [P(x)]2, (12)

rie P (x) —Bekotopwlit MHorouled. [lonaras x==1, Haxogum orciona
[P(l)]z— 1001, Tax uro cymma kosddHIMenToB MHOrousena P (x) pasua

Y1001 uan —VlOOl 3nauyur, cymMmma Ko3(pQHUNEHTOB MHOrouJeHa P (x)
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ABASETCA HPPAUHOHANLHBIM 4YHCJIOM, H MOTOMY cpeau ero Kospduuuen-
TOB HMeeTcsi XOTs Obl ONMH HppPalHOHAJbHbIA.
3annineM MHoroufted P (x) B KaHOHHYECKOM BHIE:

P(x)=apx"+ax" " 1+...+a, (rme a,7#0).

Toraa crapmuil unen Muorou/ena (P (x))2 = P(x) - P (x) paBeH @yx” « ayx” =
=aix?", ¥ [OTOMY NO/IKHO ObITb ajx2"=x1000, I3 sroro caepyer, 41O
n=500 n ai=1, T. e. gqy= + 1. Tak kak P (0)=a,=a;y, 10 H3 (12)
Mbl mosiyuaeM 1={asn)2, T. €. Qzp=12 |

Urak, crapuufi kosdduuueHr g, €CTh PpAIHOHAJbHOE YHCJIO, HO
CpelH NoCJeNyWUHX KOo3(pQHUHEHTOB 4y, ..., Q49 MHOToUNEHa P (x)
HMeeTcsl XoTsi Obf OAMH HppamHoHasabubid. OGO3HAUMM 4epe3 m HA K-
MeHb il ee HeJoe YHCJ0, AJS KoToporo Ko3pdHIHEHT @, HppalHoHaJeH
(3necs m << 500). Toraa mbl umeem

P (X) =aox50t .. - a, x50 0m-D g y500m L g e

= (@0 Gy 155007 D) (@ 00T ) =Q (4)F R(),

rae Q (x) =apx¥0 4. J-a, (¥8007M L mporouseH, Bce KO3bDHIIHEHTD!
KOTODOr0 pPalHOHAMBHEL, a R (x)=q,x300"7 . 4 g;,— MHOTOWIEH C
HpPPaUHOHAIbHEIM CTapwiuM KoadduunentoM. Bossons B KBaapar, Haxo1uM

[PAOP=1Q®W+R@®IE={Q(]*+2Q (¥ - R () + (R (x)]*

Muorouner {Q (x)]2 uMeer pau v oH anbHbHe Kospbuunenrsl. Crapuuii
wied mHorouneHa 2Q (x)- R (x) paBen 2agx500. ¢, x800~ M —9g,q,  x10007/M
Kosdxpuunent 2aqa,, 3toro ynesa wppaununos anen. Hakoreu, mHo-
rowted [R (x)]? umeer crenenn 1000—2m, T. e. cremennr MeHBW Y 10,
yeM 1000—m (u6o m > 0). [Tostomy MHorousred [R (x)]* Be comepxuT
xlooe —m

Takum oGpasom, Kosbguuuenr npu x1000- 7 g muoroysene [/ (x)]2
paBed b, -+ 2a4a,, rae b, — xosdduunent npu x100077 g MyorouseHe
[Q(x))2. Ho wmet Buaenu, uto b, - pauhoHaJbHCE UHCIO, a 2aya,, —
HPpPAUHOHANBHOR, TaK YTO CYMMa b, —+ 2440, TaxkKe spasercs Hppa-
UHOHAJbHBIM YHCJIOM.

Hrak, kospduuuenr npu x100¢~ 7 g muorousene [P (x)]2 ecth uppanuo-
HasbHOe yHcJo. Ho 3To mpotmsBopeyut pasencrsy (12), Tak kak B JeBoil
YacTH 3TOr0 PaBeHCTBA CTOUT MHOTOWJEH C paUHOHANbHLBMHA KO3p-
(unnenramu. .

[Mepefinem teneps K pPacCMOTPEHHWIO O0€AeHlsT MHOrOYJIEHOB.
Mycte f(x) u g(x)— aBa MHOroYJeHa, nNpuYeM MHOrDWIEH g(X)
ortianyeH or HyJad. Ecim cyuwlectsyer rakodl MHOrousieH ¢ (x),
uto f(x)=g(x) g (x), T0 rosopsT, YTO MHOrOUsIEH f(X) deantmea Ha
g(x) (umm uro g(x) sBastercs Odeaumeses MHOTOUREHA f(x)),
a MHOrouwieH ¢ (x)Ha3eBalOT gacmAbia OT feaenna f(x) Ha g(x).

Hanpumep, pasencrso (10) nokaswBaer, uto upu a060M
HaTypanbHOM % MHOrownen x*—1 nenutcs Ha x—1 (u uact-
Hoe paBHO x* "1 b x* 24 .  Fx-1)

[lpocreie npumMcpsl TOKa3kBalOT, YTO OJHH MHOrOWIeH ne-
AHTCS Ha Apyro#l He Bceraa. Hanpumep, muorounen x?-4-1 ne

157



geantcs Ha x—1. B camom nene, ecam Gm Muorounen x2-4-1
zeauicsi Ha x— 1, Ml mMean 60 (X2 1)=(x—1)q(x), roe
q (x) — nexoropsifi MHorouned. Ho npn x==1 nesas vactb npu-
HUMaeT, sHaueHme 2, a npapas— 3Hauenue 0. CaenosarenbHo,
HANMCaHHOE paBEHCTBO HE MOXET WMETh MeCTa HH NpH KaKoM
g (x) (reopema 4 na cTp. 152), T. e. X241 He neaurca Ha
x—1. : . T

Wrak, B MHOXECTBE MHOTOUJEHOB JNE/ICHHE OCYHIECTBHMO He
scerga. Opnako wumeercss Gosee oOuias oriepauud, HashiBaeMas
deneHlle s ¢ OCMAMKOM W OCYUIECTBAMAs B MHOXECTBE MHOTO-
YIEHOB BCEraa (3a HCKMOUEHHEM Cayuad, KOTAa [enuTens
pasen uyqaw). HanomuuM onpenenenne srTofi onepaumu.

IMycre f(x) m g(x)—ABa MHOTOY/IEHA, NPUYEM MHOrOYJEH
g(x) oranuen ot Hyas. Pasdeaums mrozouaen f(x) Ha mro-
2oynen g(x) ¢ ocmamrom o3HauaeT (N0 ONpEAEIEHUIO) 3amu-
caTb MHOrowieH f(x)B Bume

J(x)=g®) g (x)+r(x) (13)

rne g (x) n r(x)—HEKOTOPHIE' MHOTOUIEHB!, NpuyeM r (x) aubo
paseH HyJ 0, nub0 HWMEeeT M eHbIU Y0 CTeneHb, YeM MHOrouJeH
g(x). Muorouren ¢(x) Ha3wBaeTCH 4QCMHBLM, a MHOTOUJEH
r(x)—ocmamrom OT neneHus muorouneHa f(x) Ha g(x).

Craeaywomas TeopeMa NOKa3bBaeT, uTO JeJeHHe C OCTaTKOM
ABAAETCA ONHO3HAUHOH BCEria BHIMOJHUMOH ornepauneh.

Teopema 8. [Iycmsy f(x) u g(x)—08a npou3sossuex
MHO204AEHQ, npudem MHO204AeH g(X) omauded om HyAas.
Toeda cywecmayiem marue muro2ouens q(x) u r(x), umo
sunoaneno pasencmso (13) u muozousen r{(x) aubo pasew
HYA10, AUO0 uMeem MeHoULYI0 CMmeneHs, 4em MHO204AeH g(X).
Yraszannoimu ycaogusmu mHozousens q(x) u r(x) onpedess-
lomes 00HO3HAUHO. :

HokasareascrTno. Ilpexae Bcero ycTaHOBUM CyUlECTBO-
BaHne Tpebyembix MuorowreHos ¢(x) m r(x). Ecm f(x)=0,
T0 paseHcTBY (13) ynosaersopsior MHOroujeHn g (x)=0, r (x) =
=0, T. e. B 3TOM C7y4ae€ HCKOMbE MHOTOWIEHH g (X) n r(x)
cyutecrsytoT. Ilycrs reneps f(x) 7 0, u nycTb

f(x):a,oxn+ alxn—l +.o ot an
g(X)="box" + b X"~ 4. 4 by
— KaHOHWYeCKasi 3anuch MHOrouwseHoB f(x) u g(x), Tak uro

m 1 n—HeoTpULATENbHBE Heasle yucaa U ag 7 0, by £ 0. Ecan
n<m, 10 mMHOrousmensl ¢q(x)=0, r(x)=j(x) ynOBJETROpPSIOT
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ftocraBaeHHHIM ycaosuam. ITosTomy ocraerca pacemorpers cay- -

yall, Koraa n=m. PaccmMoTpuM MHOrouJieH (Z—"x"—'" -g(x).
0

' a -
Crapwuii WieH 2TOr0 MHOTOUYJEHa DaBeH b—“x” Mohyx™=aux™
0

(cM. Teopemy 6 ma ctp. 155), T. e. cosmagaer €O CT3PLIAM Yje-
Hom MmHoroudeHa f(x). ITosromy muOrousen f(x)——;ﬁ X"Mg(x)
0

(ecmd OH He DaBEH HYJIO) MMEET CTENeHb, MeHblUyio ueM n. M
MOXEM Teneph Hamucarb CJAELYIOUICE OUEBHAHOE TOXAECTBO:

FO=2 g+ (fo—f " "e®). (9

4
bo
moe 8 mpasBodt wactu pasencrsa (14) uepes f*(x); Torga paseH-
creo (14) nmepenuiuercs B BHIE

Fx)=q* (x) g(x)+ f* (%)

npuyeM MHorouieH f*(x) ambo pasen Hymo, auGO HMEET MEHb-
myio creneds, ueM f(x). Eciu wmaorounen f* (x) ‘pasen nysmo
WIH WMEET CTeneHb, MEHbWYI0 YeM 2, TO Hawa lieJb ZOCTHr-
HyTa: TpeOyeMBIM YCJIOBHAM YIOBJETBOPAIOT MHOTOWIEHH g (X) ==
= g% (x) u r(x)=f*%(x). Ecin xe f*(x) Bce emwe nmeer cre-
neHp, GOJBIUYIO WK PaBHYIO #2, TO Halua UeAb €le He AOCTHI-
Hyta. Ho Bce e MH HECKONBKO nHpuOIM3WINCh K LEJH, TaK
Kak MHOrouwieH f*(x) uMeeT MEeHbUI YO CTENeHs, deM f(x).
Mp1 MoxeM, panee, TOYHO TaK e MOCTYNHTh C MHOTOYIEHOM
S*(x), 1. e. 3anucath 3TOT MHOTOYJEH B BH/E

FF () =¢*"* (x) g (x) + /** (x),

roe f*¥*(x) umeer euwe MeHpIUy!O CTeleHb. Tenepb Mbl MOXeM
HalH#CaTh

F()=¢* (x)g(x)+(¢** (x) g () + f** (x)) =

=(g* (%) -+ ¢** (x) g () + ** (%)-
Ecau muorousnen f*#(x) paBeH HY/MIO uid MMeeT CTerieHb, MeHb-
IUYI0 Y4eM 7, TO Hamla Ueab AOCTHCHYTa: TPeGYeMbIM YCAOBHAM
YIOBJIETBOPAIOT MHOrOUIeHH ¢ (X)=¢q* (x)+g**(x) n r(x) =
= f**(x). Ecmu xe f** (x)BCce eme umeer creneHb, GOMBIIYIO HIH
pPaBHYIO m, TO MB TOYHO TaK Xe MOCTYIUM C MHOrOY/JIECHOM
S*¥(x), B pesyapTaTe Yero npuaeM K MHOTOYJEHY eie MeHb-
e creneHd, m T. A Tak Kak CTemneHu MHorouneHos f(x),
JE(x), [¥*(x), ... Bce BPEeMA YMEHBLIAIOTCA, TO N0CJAE KOHEYHOTO
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U4nead 1WAros Mu 0653aTENbHO MPUAEM K MHOFOWIEHy 1u60 pas-
HOMY HY/O, JHGO MMEIOIIEMY MEHBIUYIO CTerleHs, ueMm m. B pe--
3yJbTaTe MBI M [OJyuyuM Tpebyemble MHOrouleHs ¢ (x) u r(x).

Hrak, menenne ¢ ocrarkoM Bceraa ocymecrtsumo. Jloxaiem
Tenepp eguHcTBeHHOCTh. IlycTh MHOTOUNEH f(X) ABYMA crnoco-
6amu npeacrasaeH B Buge (13):

FO) =, (%) g(¥) + 11 () (15)
F () =2 (%) g(%)F ra (%), (16)

npuyeM MHOTOWeH r;(x) /u60 paBeH Hyumo, a0 uMEeT cre-
neHb, MEHBUIYIO u4eM m, U TO XKE CHpasBeiTHBO A1 MHOrou/eHa
ry(x). MuemMn caosamu, aByms crnocoGamu NPOU3BEIEHO JeJie-
HHE C OCTaTKOM MHorowieHa f(x) Ha g(x). okamem, uTO
pasencrtsa (15) u (16) conamaot (1. €. g3 (X)=¢qy(x) 1 r;(x) =
= ry(x)), yeM u Gyaer yCTaHOBJEHa €NMHCTBEHHOCTb. BblumTas
pasenctso (16) m3 (15), noayunm

(92 (¥) — g1 (%)) g(X) =71 (X) — 15 (%)-

CnpaBa CTOMT MHOroOu/IeH, MMeloululd crerneHb, MEHb W VIO YeM
m (uan paBHBHIH HYMO). 3HauuT, TeM xe CcBOHCTBOM oO6JamaeTr
M paBHB H €My MHOrou/eH, CTOAWANE B JEeBOH yaCTd PaBEHCTBA.
Ho ecnu 6bl MHOrouaeH ¢,(x)-——g;(x) OHJI OTINYEH OT HYJS,
10, no Tteopeme 6 (crp. 155);, nepas uacTb uMena Obl CTEMEHD,
He MeHblyto uem m (u60 CTeneHb MHOroujeHa g(x) paBHa
m), yero ObTh He Moxer. (CnegoBaTeNbHO, ¢4 (X)-—q;(x)=0
u notoMy ry(x)—ry(x)==0. Ho 310 u 03Hauaer, 4r0 ¢{x)=
= gy(x) u ry(x)=ry(x). UM 1 3aBepiHaeTCcq JAOKA3ATEALCTBO
Teopemsl 8.

IMposenensoe n0Ka3aTesibCTBO MO3BOJSET MOJAYUUTh MPOCTOH
crnoco® BRIIOJNHEHRS JEJICHUA C OCTAaTKOM, Ha3hBaeMbl#i CROCO-
OoM «neneHus B croaGuk». OH OCHOBaH Ha pAacCMOTPEHRH pa-
peHcrsa (14). VimeHno, MHOrousieHw, ydYacTBYIOIHE B PaBEHCTBE
(14), pacnomararorcs caenyiouum o6pazom: .

f(x) | 8(x)

ao a

bO g(x) b':O x”'”’
f*(x)

npuyeM, KaKk Mbl 3HaeM, MHOrouieH f* (x) =f(x)——‘—1b£ X" " g(x)
0

/60 paseH Hyamo, 6O ero CTeNeHb MeHbHie, 4eM CreneHb
mHorowieHa f(x). 3amerum eumle, 4TO CTOfuiee MOJ YrOJAKOM
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3 QN nom . NUU
(3HGKOM feJeHUS) BHPAKEHHE - X noayyaercs  AeNeHneM
0

crapuiero 4Y/ieHa MHorouneHa f(x) Ha crapmu# ujaeH MHOro-
ynena g(x). Ecau rteneps cremeHb MHorousmena f*(x) Bce euse
Gonplle MK DaBHA m, TO MHl TaK Xe MOCTYMaeM ¢ MHOrouJe-
HoM f*(x), npunuceiBas NOJ YrOJKOM €€ OAHO CJaraeMoe.
Hanpumep, ecan f*(X)=coxP 4, xP 71 4. . 4-c, (tne n>p=
== ), TO NPOLECC ACIEHHS NPOJODKACTCA CASAYIOUIHM 00pasom:

/) | 8(%)
a_b(:_)xn—mg(x) %(:)xn-m_l_%);xp—-m

_f*(x)

P16

Crenesp MHOrouneHa f**(x) (eciu OH He paBeH HYJIO) CTajd
eme MeHblre, u 7. A Ilpoumecc nenenus ¢ oCcrarkoM OKaHYu-
BAa€TCsl, KOTJA NOC/E OYepPeJHOrO BBIYHTAHUA Ml IOJYYaE€M MHO-
rouded Jau6o paBHBIA HY/MO, Aub0 uMewowuit CTerneHb, MEHBHIVIO
yeM m2. DTOT MHOTOUJEH W TNpencTaBjser coboi ocmamox oOr
neneHns f(x) Ha g(x), a NOA YroJKOM Mbl NOJAYYaeM H4acImHoe,
T. €. Mbl TIOJYYaEM B KOHLE KOHLOB CJACAYIOUIYIO 3aMHCh:

__f®) |8 (x)
‘;}—‘; X" g (x) q(x)
_S*x)
b X8 ()

Eule pa3 nOAUCPKHEM, UTO pE3YJAbTAT AEJCHHUA C OCTAaTKOM
3anuceiBaeTCa CACAYIOIUM 06p330MI

F)=q ) g(x)+r(x).

Ecan r(x)=0, 10 mHorounes f(x) desumcs Ha g(x) (uanm,
K3aK elle TOBOPHT, «JeMHTICs 0e3 OCTaTKa»); eCAd Ke OCTaTOK
r (x) orauueH or Hyad, 1o f(x) He geaurcs Ha g(x).
[Ipumep 5. IlpousBectu gesneHue ¢ OCTATKOM MHOFOU/EHA
x*—3x%4-2x*4x— 5 Ha X2} 2x—3.

6 B. I'. Boaramcku#t ® XAp. 161



Pewenne. .

X334 2x% 4+ x —5 | x?42x—3
T xt 4248 — 342 x*—5x+15
__ —5x34-b6x2 4 x —5
—bx3—10x2415x

15x2—14x—5
156x2430x—45
—44x 140

Msr BuanM, uTo vactHoe paBHO X% — Sx - 15, @ OCTaTOK paBeH
— 44x - 40. Takum o6pasom,
Xt —3x34-2x2 4+ x—5=
Heagmoe
=(x?F2x—3) (x®*—5x 4 15) ++(— 44x +40)

XeanTennb _dactaoe OCTAaTOK

B sakmoueHue OTMETHM CJeAyIOUIHE [ABE TEOPEMBl, HEPEAKO
OpiBalollye MONE3HBIMH NpPU peIleHuH 3aAad.

Teopema 9. Ecau f(x) u g(x)— mno20urenst ¢ yeasimu
Koaghghuyuenmamu, npugerm cmapuull rKoaguyguenm MHO20-
yaena g(x) pasen 1 wau —1, mo u wacmuoe q(x) u ocma-
mok 1 (x), noaysarnuuecs npu deaenuu f(x) na g(x), marosce
ABAAIOMCA MHO0MACHAMI ¢ UeAbMU Kodguyuernmani.

Teopewma 10. Ecau Jdeaumoe u deaumens — MHO204Ae=
Hbl ¢ DOUUOHAALHHIMU KOIPPHUUNERMAM, MO 4ACHIHOE U OC-
Mamox maxye ABASIONICH MHO204ACHAMU ¢ PAUUOHAAbHHMI
Koaghebuynenmamu.

B camom nene, ecim f(x) u g(x) umewr uenne Koadhdpu-
LUEHTH, npudyeM crapmull kos@duuueHT b, MHOrouseHa g(x)

a,
pased 1 nam —1, 10 crapwuit KosduiuneHT Eﬂqacmoro TaKxKe

0
ABJSETCA  LEASIM  UYHCJOM, 2 MHOrowieH Jf* (x)=/(x)—
-—~I;—°x"‘”‘g (x) (cm. (14)) umeer uease Ko3¢duuvents. Takum
(4]

#e 06pasoM MBI TOJYuYaeM, YTO CAeAYWHH KoshduuueHT Yact-
HOFO TaKXke SBJSETCH LEJbIM YUC/IOM, a MHOrouwiIeH f**(x) nmeer
uenanie Ko3(pQuuueHTH, ¥ T. A. M3 3TOr0 ¥ BHTEKaeTr crnpaBel-
AnBocTh TeopeMbl 9. Teopema 10 mOKa3BIBaeTcs aHaJIOHYHO.
7 Mpumep 6. Ilycrs x; ¥ X, —KOPHH KBaJpPaTHOIO ypas-
nenuss x2-tax+b6=0 c peamMu Ko3(duuueHTaMH " @ 4 b.
[Tycts, nanee, f(x)—npousBOAbLHBIE MHOrOWIEH C LEABIME KO3(-
¢umentamy. dokasate, uto f(x;) -+ f(x,) —nenoe uucao.
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Peunienne. Pasgenum wmuorounen f(x) Ha MHOrouleH
g(x¥)=x%+ax--b. Mu nonyunum

f)=(x*+ ax+5) q(x) L+ 1 (), -an

fpaYeM OCTaToK r(X) (ec/M OH HE DPaBeH HYMO) ABJASETCS MHO-
rouwIeHOM He Bolie nepsoit cremenn. CoraacHo Teopeme 9 u
yactHoe ¢ (X) W OCTaTOK r (x) ABJAIOTCA MHOTOWJIEHaMp C 1Le-
A6 M7 Ko3pdunpentamd. B uacrtHocTH, oTclOma caenyer, uTo

r{x)=cx+d,

rae ¢ 1 d—HEKOTOphE Lemble uuca.
[Moxcrasaas 8 (17) snauenue x == x; ¥ 3aMevas, 410 Xi -+ axj +
+ b=0, nonyuaem

fx)=0 ‘q(xl)—l—r(x1)=r(x1)=cx1+d.
Ananornuno f(x,)=cx, -} d. CnenosatensHo,
f(x) S () =(cxy+d)+ (cxy+d)=c (x; + x,) 4 2d.
Ho no ¢opmynam Buera xl—{—xg:;a, TaK uTo
' f () + f () =— ac - 2d.

Teneps scuo, uro f(xq) -+ f(x,)—uenoe wucio (tax Kax a, ¢
1 d—1eable yucaa).

§ 3. AureGpauueckoe ypasHeHwe M ero KOPHH

Yucno ¢ HasmBAaeTCS  KOpHEM MHOrouneHa f(x), ecau
f(c)=0. 3anauy <«raiimu gce Kopru dannoczo muozoysena f(x)»
NPUHATO TaKkKe QOpMY/INPOBATh CJACAYIOUIMM O00GDa3OM: «pewitis
ypasuenue f(x)=0». HMapima crosamu, xoraa wumer peun 06
ypasHeHuu [f(x)=0, TO Mp BOBCE HE XOTHM 3THUM CKa3arb,
yto samuch f(x)==0 o03HauaeT PABEHCTBO MHOTOUYNEHODB
(1. e. uto BCe KOa(puuueHTH MHOrouteHa f(x) pasBHbl HYJO).
Mp smme XOTUM CKa3atb, YTO PacCMaTPUBAETCSA 3afaya O Ha-
XOWAEHNH KopHell MHOrouneHa jf(x), T. €. TeX TOUEK, B KOTO-
DHIX 3madenue MHuoroudena f(x) pasHo mymo. Hanpumep, ro-
BODA O X8adpamHom YpagHeHuu

X4 px+q=0, (18)

MBI TE€M CaMbIM CTaBHM 3ajJauy HaiThk KOpHH KBaaparHoro
TpexuieHa x?-4-px-+¢, a BOBCE He XOTHM INOHHMATh COOTHO-
wenne (18) kak paBeHcTBO MHOrowieHos. OTMETHM ele, 4TO
KOpHU MHOrouwaeHa f(x) HaseBaIOTCA TAKKE KOPHAMH YpaBHEHUs
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f(x)=0. Ilosromy sazauy «pewurb ypassenue f(x)=0> ¢op-
MYJEPYIOT TaKikKe KaK 3afiayy «HaiTH KopHu yparreHus f(x)=0».
Eme pas nopuepkHeM, YTO p €U HT b YpPaBHEHHE — 3HAYUT HalTH
BCeE ero KOpHA. '

B mKo/BHOM KypCe PacCMaTpPUBAIOTCS DA3/UYHBIE YPABHEHAS:
UppalNOHANbHBIE, JOorapudMuyecKne, HOKa3aTeNbHHeE, TPUTOHO-
Merpuyeckue W Ap. Aszebpandeckus YpasHeruenm HasblBACTCH
ypasueHue f(x)=0, rae f(x)— nexoropsili mMHorounex. Eciu
f(x)— muorounex n-ii crenenw, 1O ypasHenue f(x)=0 Hasbl-
BACTCA QA2E0pauiecKuMm ypasrenues n-ii cmeneri.

Ipu pewenun anreBpandeckux ypaBHeHuH mnoJesHa caeny-
oulast Teopema (Ha3eiBaeMmast meopeatoli Besy).

Teopema 11. Ocmamor om Oescnus muo2odeHa f(X)
Ha Xx—a pasen [(a) (m. e. pasen 3HAQUEHUID 3MO20 MHO20-
YaeHa npu X = a).

B camoM nene, npousseieM AeeHHE C OCTaTKOM MHOTOY/EHa
f(x) Ha x—a

f(X)=(x—a)q(x)+r(x)

rIe OCTaToOK f (X), €C/iu OH He PAaBEH HYJIO, ABJASIETCS MHOTOYJIEHOM,
crefieHh KOTOPOro MeHpllue CTeNeHH neurTens X -—ga, T. €. paBHa |
nymo. Iloatomy r(x)=r aBasercd uncaom:

fx)=(x—a)g(x)+r.

UroGpt Haltty 4ucao r, NOJOMHUM B ITOM paBEHCTBE X =a. Mu
noayuunm f(a)=r, uro U JIOKa3hIBaeT TEOpEMY.

HenocpenctseHupiM CACACTBAEM 3TOH TEOPEMBI ABJIAETCA Cle-
AyIoNLee yIBep:KIeHUe:

Teopema 12. Ecau a— xopens muozousena f(x), mo
IMOM. MHOR0YAEH 0eAUNCST HA X —a.

3amernyM, uro B TeopeMax 11 u 12 unucio a u xoaddu-
UHEHTHl PacCMaTPHBAEMOrO MHOIOWIEHa MOryT OblTh Kak jefi-
CTBUTE/bHBIMY, TaK H KOMIJIEKCHBIMHU.

Ha crp. 48 wmbl ykasanm, 4TO NPOM3BEJIEHHE [BYX 4YHCE]
B TOM U TOJBKO B TOM Cayuyae OOpallaercs B HYab, €CIH PaBHO
Hyao Xortsi 6n omHO u3 aTUX uyncen. OTcioja HenocpencTBeHHO
BHITEKAET CIeAyIOIas TeopeMa, Hrpallias BawHYI pOJb NpH
peuieHun anrefpavyecKux ypaBHEHHH:

Teopema 13. [Tyems f(x) u g(x)—0dsa npoussossHslx
MHO204AeHa. Yucao @ 8 moM U MOALKO 8 MOM cAy4ae
asasiemesn Koprem ypasrerus f(x)g(x)=0, ecau ono ssas-
emcsi KopHem xoms 0w odnozo u3 ypaswenudi f(x)=0,
g(x)=0.
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WHpMu  cnoBaMi, 4TOOB MOJYYUTh BCE KODHH YpPaBHEHHS
f(x)g(x)=0, Hyxno B3arb KOpHH ypasueHus f(x)=0 u no-
6aBUTb K HHAM KOpHM ypaBHeHnd -g(x)=0.

WUs arTol 7TeopeMnl BhTEKaer BawHoe chaeacrsue. Ilycrs
f(x)=0- anre6pauyeckoe ypaBHeHHEe n-# cTenenu (T. e. f(x) —
MHOrouneH crenedy 7). IIpefnonokuM, UTO HaM H3BECTEH OMMH
KOpeHb X == 3TOro ypaeseHus. Torma, no reopeme 12, muoro-
uyped f(x) neaurcs Ha x—a, T. e f(x)=(x—a)g(x). Co-
raacHo Tteopeme 6 mHOrousneH g(x) umeer crenens n— 1. Ilpu-
MeHss Teopemy 13, MBI HaxXOOMM, YTO I8 NOMAYYEHHN BCEX
kopHeH ypaBHeHus f(x)==0 HyXKHO BSTh KOpHH ypaBHEHUS
x—a=0 u po6aBuTh K HUM KOpHH ypaBHenus g(x)=0. Ho
ypaBHeHne X —a==0 uMeeT eAMHCTBEHHHH KOpeHh X=ga, KO-
TOpbi#l HaM OBII M3BECTEH C CaMOr0 Havana. 3HauuT, AJg noJay-
uends BCeX KopHel ypabuennst f(x)=0 HyxkHO, KpoMe KOpHsS
X==0, B3fiTb BCE KOPHHU ypasHeHus g(x)=0..3aMeTuM Temneps,
yto ypasHehue g(x)=0 mp ol e UCXOZHOrO ypaBHeHHS B TOM
CMBICT®, YTO OHO HMeeT CTeneHp #— 1, T. e. MEeHbIIYI0 CTElleRb,
4yeM HCXOAHOE ypaBHeHHe. ’

WUtak, ecau Ham usgecrmer OOUH KOpeHy X=a aAs2elpau-
yecoz20 ypasrenus f(x)=0, mo f(x)=(x—a) g(x) u raxooic-
JeHIEe OCMAAbLHBLX KOPHEN 3mo20 YpasHeHUs c8odumcs K pe-
wernnp ypasuenus g(x)==0, umepuezo Ha eOUHULY MEHBEULYIO
cmenerns, wem ucxodroe ypasuenue. Kopoue, sHaHne OZHOTO
KOPHS MO3BOJAET CHUBUTH CTENEHb YPABHEHHA Ha EXMHHLLY.

B psage ciayuaes HaxoxmeHHe KOPHEH adreGpaHyeckuX ypas-
HeHuil obuaeruaercs caenywoulefl teopemoi:

Teopema 14. Ecan sce rosgpgpuyuenms. MHO204ACHA

F)=apx" 4+ ax" .. 4 a5 - an

SABASLIOMCS YEABMIL HUCAQMI, MO BCARIL Heablli Kopers 3m 020
MHO204NEHA ABASIEMCS Oeaunteqes cB80000H020 HACHA Q.
B camom peise, mycrb ¢—uenbif KOpeHb MHOrouaeHa f{(x),

T. €.
fley=ay" a1 4.4 a, jc+a,=0.
ay=—c(ayc" 1t ac" 4. e, )

Tak kax uymcao, crosiiee B CKOOGKax, ssasercs neanim (n6o Bce
KO3 PULIEHTH Qg Qg +..> An_y, TAK KE KK U YHCIAO ¢, — lie-
Jaele), TO a, JeJUTCH Ha .

Jloka3zaHHas TeopeMa 3HAUUTENBHO OGJeryaeT OTHICKaHHE iie-
JIBIX KOpHell MHOTOY/JEHOB ¢ LeabmMu koddduuuentamu. Yimenuo,
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HajO B3AThb CBOGOAHBIK YJEeH MHOrOY/JIeHa M BHINUCATh BCE €r0
aeautean (KaKk TMOJOXHTENbHbE, TaK M OTpuuarteibHuie). Ilocre
ATOr0 HAJAO INPOBEPUTh, KaKHe U3 HUX ABJAOTCA KOPHAMH JaH-
Horo MHorouieHa. Ecau ke OKaMeTcs, yTO HU ONUH JENUTEND -
cBOGOAHOr0 WIeHa He oOpamaer MHOIOWIEH B HyJAb, TO STOT
MHOT'OUJIEH IIeJHIX KOpHeH He umeeT.

Hpumep 7. Pemwnrs ypasHeHue x*—4x3—13x24-28x -
+ 12=0. ’

Pemenue. Bossmem croGoassit useH 12 u BHIIHLIEM €ro
JdeNuTeH:

1, —1; 2, —2; 3; —3; 4; —4; 6; —6; 12; —12.

Tenepn, NOZCTABAAR 9T 4HCAZ B MHOrOWneH f(x)=x*—4x% —
— 13x24-28x 4} 12, npoBepuM; HeT JU Cpely HHX KOpHEH aToro
MuorouseHa. Mbl Haxomum:

Sf(1)==24 (1. e. 1 He sBAseTCA KOpHEM);
f(—1)=—24 (1. e. —1 TaKxe He ABJAAETCST KOpHEM);
f(2)=0 (1. e. 2 ecTb Kopenb MHOrousnesa jf(x)).

Hrak, opun Kopenb Hafizen: x==2. [To Teopeme 12 muOrousen
f(x) neaurca na x—2. IlpousBons nenenue («B CTOAGHK>),

Haxoaum
£(x) = (x — 2) (x® — 2x2 — 17— 6).

Takum o006pa3oM, AJA% HAaXOXKJACHAA OCTANBHHIX KOpHeH HYXKHO
pewnth ypaseHue x2—2x2—17x — 6=0. Onsre BHNUCHIBAEM
Jenuteny cBoOOJHOTO 4dieHa 6:

1; —1; 2; —2; 3; —3; 6; —6.
Uncnra 1 u —1 He Moryr ObTh KODHAMH HaNuCaHHOTO KyO6u-
YeCKOr0 YypaBHeHus (Tak KaK MBI yXe BHJEJNH, YTO OHH HE AB-
JSI0TCA KOPHSMH KCXOZHOro ypasHewus)). McnbiTaeM manwHeRuine

Je/uTeNd, NMOACTaBAAA UX OAUH 34 APYTUM B MHOrouseH g(x) =
= x3—2x2—17x—6. Mn Haxoanm:

g(2)=—40 (1. e. 2 uHe ABJACTCA KOPHEM);
g(—2)=12 (1. e. —2 He ABJAAETICA KOpPHEM);
g(3)=—48 (1. e. 3 He ABAsETCT KOpHEM),

g(—3)=0 (1. e. —3 ecTb KopeHs MHOrou/ieHa g(x)).

Hrak, natimen eme omun kKopens: x=—3. Ilo Teopeme 12
MHOrouwieH g(x) neautca Ha x -} 3. Ilpoussona geneune, Haxoxum

x3—2x?—17Tx —6=(x43)(x2—5x—2).
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3HaunT, A1 HAXOKAEHHS OCTABINMXCH KOpHed HYKHO pPelinTh
KBaApaTHOE ypaBHeHue x?—bx—2=0. Aro naer eme pBa

5
KOpHS: 7+ 2]/33 Taxum oGpasom, ucxomHoe ypasHEHuWe ueT-
BEPTOH CTEMEHH HMEET YEThIpE KOPHA:

5 1 vy 5 1 a5
X=2 -Xy=—3 Xy=5+5V33 x4_—=-2———7]/33.

B sak/moueHne MBl pacCMOTPHM BONPOC O pasiOXEHHH MHO-
TOWIEHA Ha MHOXHTENM TEPBOH CTENEHH M CBA3aHHBI C HUM
BOLIPOC O YHC/Ae KOpHe# anreGpamueckoro ypasHeHus. OcHOBHOH
34€Ch ABJAETCA CJAENYIOILAst Teopema:

Teopewma 15. JIwboid muozouasen n-ii cmenexu

J(X)=ax"+a;x" 1+, . +a, (19)

(20 ay %0 u n>0) wmoowem Oums npedcmagaren 8 sude
npou3gederHus

F)=ag(x—c)(x—¢e5)...(x—cp)

3Smo passoicenne eOUHCIEEHHO ¢ MOYHOCHMBEI0 00 NOpsdKa
comuoxcumenel.

B oroit Teopeme koO3GhpHUHEHTH @y &y ..., @, ¥ UACAE
€1y Cp «vvs €p MOTYT OBITh KaK ASHCTBHTENbHBIMH, TaK H KOM-
TIJIEK CHBIMH.

JoxasateabcTso Teopemm 15 ocHoBaHO Ha caeaywowmeH Teo-
peMe, KOTOpyWw HashiBAlOT OCHOBHOH TeopeMO# aux-
re6p s

Teopema 16. Jwboit mnozouser f(x), cmenens Komo-
Po20 OomAu4Ka Om HYAS, UMeem no kpaiixell mepe OOUH
KOpeHs.

B ato#f Tteopemé Ko3a(pHIMEHTH MHOFOYJIEHA H €ro KOPHH
TaKKe MOFyT ObiTb JeHCTBUTE/NbHBIMH HJAM KOMIVIEKCHBIMH
YHCJIAMH.

Xora. no ceoeh dbopmyaumpoBKe Teopema 16 umeer
uncTo anrebpauueckuit XapakTep, MO METOAaM KOKasaTenb-
CTBa OHa ABJAETCA HeaqreGpauueckolt Teopemoft. Bce mssectHbie
JAOKasarenbCTBA OCHOBHOM TeopeMBl aareOpel HE3IEMEHTaPHBI
(3TH nOKasaTeAbCTBA MOKHO HalTH B yueGHMKAaX BHICLIEH ai-
rebper). ITosroMy mbi npumem spech Teopemy 16 6e3 mokxa-
8aTeNbCTB3, a Ha € OCHOBE NMPOBEJEM MOAHOE JOKasaTelb-
CTBO Teopemn 15.
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IHoxasareannbcTBo Teopemn 15. Mp npumenum meron
MareMaTuyeckoit wuHaykumu. JloGo#t MHOrouseH nepBoft creneHu

HMeeT BH[,
fx)=aw+ai (6 #0)
¥ TOTOMY

F=aq (x+2).

EAUHCTBEHHOCTb pA3JO0XEHUA B HTOM CJydae OueBmaHa. Takmm
o0pasoM, AJd MHOIOY/IEHOB MEpBOH cremeHud TeopeMa JAOKasaHa.

IlpeanmonoxuM Temepp, YTO 3Ta TeopeMa JOKa3aHa AAs Beex
MHOrQUJ/ICHOB, HMEIONIMX CTeleHb, MEHb W Y10 yeM 7. Bospmem
npousBoabHbl MHorouwre (19) crenenu n. CorsacHo reopeme 16
OH uMeeT Xorsi O OJuH KopeHb ¢y Ho rtorma, mo Tteopeme 12,
MHOrou/eH f(x) menurcs Ha X-—¢yp, T. €.

f)=(x—c)g )

rie  g(x)—wuexkoropu#i MHorouneH creneHu n— 1. CoraacHo
TeopeMe 6 crapumii wieH MHOroujseHa g(x) paseH a,x" % Ho
N0 NPEANOJ0KEHHI0 HHAYKUMH MHOTOYJEH g(X) MOXHO C/Aenyo-
muM 00pa3oM pasIoNKHTb Ha MHOXHTEJH:

g(x)=ayg(x—¢3)...(x—tn)

(roe ¢4 ..., €,—HEKOTOpHE UYHCA3, ACHCTBUTEABHEIE WM KOM-
naekcHbe). CregoBaTelbHo,

fX)=(x—c)g(x)=ao(x—c1) (X —¢g)...(x—Cn).

Mpbt mokasanm, uto MHOrouieH f(X) pasjgaraercs Ha MHOXHUTE/H

neppoft crenenu. Ocranoch JOKas3aTh, YTO 5TO pa3/okeHue

€IMHCTBEHHO (C TOYHOCTBIO O NMEePeCTaHOBKH MHOXKUTe/ei).
[Tpepnonoxum, 4TO

Gy (x—c) (x—cg) ... (x—cp)=by (x —dy) (x—dy)...(x—d,)
(20)

CpasHuBas xoa(p@uuuentst npu x" caesa u crpasa, yoexnaemcs,
4yto ag==>by. Jlanee, 3ameTuM, yToO NpU X==c; JeBasg 4acCTb pa-
BercTBa (20) oOpaumtaercs B Hysb. ClepoBarenpHO, A0MKHA 00-
paumiathCd B HyJb W NpaBas YacTb sToro paseHcrsa. Ho roraa
x0T OB omHO u3 uucena dy, d,, ..., d, MOMKHO OHITH PABHO ¢y
B NPOTHBHOM CJyyae B nNpasod uacT® Mbl HMead OB NpOu3Be-
JeHHe 1 OTJAMuHBIX OT HyJs pasHocredt ¢;—dy, ¢3—dy ...
ceny Cl——'d .

168



IMycrs, wanmpumep, d;=—cj. Torma pasencrso (20) MOXHO
nepenucatb B BHIE

ayg(Xx—c)(x—ey).. (X —cp)— '
—ag(x—c)(x—dy)...(x—dy)=0
Wik, HHAYe,

ap(x—c)[(x—cy) ... (x—c))—(x—dy)...(x—d,)]=0. (21)

Ecan 6pf MHOTOWIEH, CTosiiuil B KBaIpaTHHX CKOOKax, Obla
OTJMYEH OT HyJg, TO M Bca Jesas dacts B (21) Gbra O6b1 OT-
ANYHBIM OT Hy/As MHOrO4JecHOM (HanmpuMep, no Teopeme 6 crap-
win#t Koa(uiment B nepo#t yactu Obla Gbl OTJAUYEH OT HyJId).
Ho 3710 o03Hauato On, uro paBeHcTBO (21) Mecra He HMeer.
CreoBaTeNbHO, B KBAAPaTHHIX CKOOKAX CTOHT HYJNEBOH MHOTO-
uieH, T. €.

(x—0cy)...(x—c)=(x—dy)...(x—d,).

OGe uyacTW STOr0 pABEHCTBA SBJSIOTCS MHOTOWJEHAMH CTe-
neHn n— 1, 1 N0 NPENNONONKEHUI0 MHAYKLANA MHOXHTEMN repBod
CTEMEHN CJIEBA M CNpaBa MOTYT OTJHYATHCA JHIUb TOPIAKOM
cneposaHus. 3Hauut, u B paseHcrse (20) MHowuTEaM crnpasa
¥ CJAeBa MOTYT OTJMYaTbCs JHIIb MOPSIAKOM chaenoBanus. Teo-
pemMa JIOKasaHa.

Crenywouiee yTBEpXACHHE SIBASETCA MOYTH OYEBHAHBIM CJef-
CTBHEM TeopeMsl 15:

Teopema 17. [Iycme

F(R)=ag(x —c)(x—¢))...(x—¢cn) (22)
— Pa3ACIHCEHNE MHO204AeHQ N-Ii CMENeHn Ha MHONCUmMEAl
nepgoii cmenenn. To20a w4ucaa ¢j, Cy ..., C, ABATIONCH

KopHami Muoz2o4sena [ (x) u dpyeux ropwued 3mom MHO20-
YaNeH He umeem.

B camom pnene, ecin B (22) noacTaBuTh X =cy, (TO€ M — On-
HO W3 uncex 1, 2, ..., #), TO MBI, OYEBHAHO, moayuuM f(c,)==0,
T. € KaxIOe W3 UHUCEN ¢, SIBASETCS KOpHEM MHorouneHa f(x).
Ecau e BMecTo X MNOACTaBuTh JIOOOE YUCHO ¢, HE COBMAAaio-
ee Hu C OFNHUM H3 YUCeH €y, €y ..., €y TO HNA OJUH MHOMKH-
Tendp B npaBod uactw  (22) He oOpaTuTCcs B HYJB, T. €.
6yrer  fle)=£0.

Tenepsr MBI HMeeM BO3MOXHOCTb AaThb TOUHOE OMNpepeseHune
TePMHHA <«MHOXECTBO B C € X KopHeH muorouwireHa f(x)»: no
OnpeneneHNIo MOL MHOXKECTBOM BCEX KopHeﬁ. MBI ycCJasJu-
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BaeMcA MOHAMATh YHCAA €y, Cy ..., Cp, YYaCTBYIOILHE B pasio-
wenun (22). Ecau cpeau 3TuX uucea MMEIOTCS COBNAjJiolLue,
TO Mbl FOBOPHM, YTO Y MHOTOUJIEHAa €CTh Kpamusie KopHu. VimenHo,
eC/lu Cpeiu YHCeNd ¢y, Cp ..., C, BCTPEUACTCA R pa3 uucio ¢,
a BCE OCTaJbHblE M3 STHX YHCEA OTAMUHH OT €, TO ¢ Ha3HBa- -
ercst k-wpamubim wopresm wmuorounesa f(x). Takoe nonumaHue,
MpH KOTOPOM KaxIblfl- KOpEHb CYMTAeTCsd CTOMBKO pa3, KaKoBa
€ro KpaTHOCTh, MO3BOJAET YTBEPHJATh, YTO CHPABELIHBA CJAELY-
I0Ias TEOpeMa, SHAUYMTENbHO YTOYHSIONLAS OCHOBHYIO TEOpeMy
anredpsl:

Teopema 18. Kaodoe airzeOpautieckoe ypasnewue n-if
cmenenit umeem POBHO N KOPHel.

Hpumep 8. Ilokasats, YTO HE CYLLECTBYET MHOIOUJIEHA,
KBagpat KoToporo Oms Gnl paseH Muorounaeny x"--x71i--. .,
...+x-+1 (rae n-—HarypaabHOE UYHCTIO).

Pemenne. Honyctum, HanpoTus, uTO

X"xr L l=[P )
rae P (xX)—HEKOTOpH# MHOrOWIeH, B NyCTh
P(x)=ao(x—c;))(x—¢3)...(x—¢Cn)

~— PAa3JIOXEHHEe 2TOI0 MHOTOUJIEHa Ha MHOXHUTR/IH NIepBO# CTeneHu.
Torna

xX"xr i Ll =af(x— R (x— .. (X — )t

OTKy1a BUHO, YTO KaX b} KOpeHs MHOrouaeHa x* -+ x™* 14 . 1
aBaseTcd KpPaTHH M (T. €. MMeeT KPaTHOCTh, He MeHpylo 2).
Yuuoxus Tteneps MuorowneH x"-xnl L1 Ha x—1, Mpl
HalgeM, 4TO MHOrOWIeH

xl— = — D" x4 ]

MMEET KOpeHb X =1, a4 BCE OCTalbHHE €ro KOPHH ABASIOTCH
KpatHbeiMU. OJJHaKO 3TO HEBEpPHO: COTMIACHO CKa3aHHOMY Ha cTp. 177
KODHH MHOTOYJeHa Xx"'1—1 uMeioT BuA
2kn .. 2km
= 0§ —— — =1,2,...
Xp cosn_’_rl—zsmn_*_1 (& , 2, yn+1)

¥ BCE OTH KOPDHH Da3AUUYHBK (T. € KPATHBHIMH HE SBJSIOTCA).
ITonyuennoe npoTuBopeune W JOKA3hIBAET YTBEPXHEHHE 3afaud.

3amernM, yro npu n==1000 MB yxe paccMaTpuBanu 3Ty 3a-
navy Ha crp. 156 (npumep 4). IlpusegesHoe TaMm peiuenue npu-
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FOMHO JMHLIb HJIA TEX M, AN KOTOPHX n-+1 nHe apasercs TOUHBM
KBaapaTtoM. PeuieHne, u3/l0KEHHOE 3eCh, [PUTIOAHO 1Al JI0-
6uXx n

Mpumep 9. Halltu ocratok or geneHus MHorouaeHa xt°%—
—2x5% 41 ga x2—1.

PeweHnue. Ocrarok sBASeTCS: MHOTOYICHOM CTEleHH He
Bhille mepoi. MHaue rosops, Ae/eHue ¢ OCTaTKOM MHOTOUYJIEHa
X100 2x% 4 1 Ha x%— 1 NPUBOAMT K CIELYIOWEMY PEBYABLTATY:

;100——2x51—l—1=(x2—1)4(x)+(‘1x+b)’ (23)

rine g(x)—uactHoe, a r{(x)=ax--b—ocrarox. Hama 3anaua
3aKJIOUAETCA B TOM, 4ro0nl onpepenuts uuciaa g a b. [lpn x=1
Mbl H3 paseHcTsa (23) HaxomuM

0=a-5,
“a npn x=—1 noayuaem
4=—a-+t0b

Takum oGpa3oM, 1S ONpeReJeHHs YHCeT @ B b MH NOAyYH/IH
CHCTEMY YpaBHeHuH

b+a=0,
b—a=4.
Pemns ee, HaxoauM: b=2, a==— 2. (CJe10BaTEALHO, HCKOMEIH

OCTaTOK paseH — 2x -2

B 3akniouenne 3TOH rJaBhl MBl NPHUBEAEM [0KAa3aTeNbCTBO
Teopemsl 5, cpopMmyuposannolt Ha crp. 152. Hrak, nycte P (x)
v Q(x)—Isa MHOTOWIEHa, CTENEeHb KaXKIOrO M3 KOTOPHIX He
NPEBOCXOAHT H, U TYCTb BHIMNOJIHEHBl COOTHOLUEHHS

Pc)=Q(c1), Ple)=0Q(c) ..., P(c,,+1)=Q(c,,+1),

TAE €4y Cgrovvs Cp i—PABNUUYHBIC YHUCHA. Torpa MHorounex
F(X)=P(x)— Q(x) obpamaerca B Hyi» B n-1 Toukax cy,
Cp.vuy Cpypy T. €. MMEET HE MeHbIe 7141 KopHell. 3ameTum

TENepn, YTO CTeneHp MHOrouwaeHa f(x) He npeBocxoaur 7. Eciu Gnl
STOT MHOrO4JeH Obl OTJIHYEH OT HyJs W HMeJa CTeneHb A, TO
ypasnenne f(x)=0 uMmeno Osl poBHO & KopHed (cumras uX
KpatdocTh), T. e. uMejso Ol He Goabuwe 7z KopHeh. Ho sro
TIPOTHBOPEYHT CKa3aHHOMY pasee. (J/exoBaTeNbHO, MHOTrOYJIEH
f(x)=P(x)—Q(x) pasen ayaw, 1. e. P(x)=Q(x).
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3anauu x raase Vi

6.1. Hatpure cymmy kosdguiumentos MHorou/eHa
(1 4 200 — 4x2)248 (1 — T -}- Bx2)345,

6.2. ITycts f(x)—MHOrowieH ¢ uedsMu Ko3(pduuueHTamu.
Jloxkaxute, uto npn MoGHX weasx a u b uncio f(a —{—Vb)—{«
-{-f(a—]/b)—uenoe.

6.3. Jdeautcs anm mHorouteH x'% —3x-2 na x2—17?

6.4. Hexkoropniit mHoOrouned npu aeseHum Ha x—1 pgaer
ocraTok 3, a npu geneHuw Ha X —2 paer ocrarok 4. Yemy
paBeH OCTAaTOK OT [eJeHHs 3TOro MHOrousteHa Ha (x —1)(x —2)?

6.5. Hekoropnifl MHOrouneH npu jgeieHud Ha x4+ 1, x—2,
x-—3 npaer B ocrarke coorserciBendo 3, 1, — 1. Yemy pasen
OCTATOK OT [EJIeHHs 9TOro MHOrouseHa Ha (x + 1)(x — 2)(x — 3)?

6.6. Jlokaxure, urto MHOrouaeH x¥ -3 .4 x22.4 x4
aenntca Ha x*-4 x% -} x% 4 x -+ 1. Halinure vactnoe.

6.7. Hatinure a n b, ecan H3BECTHO, 4TO MHOrodnaeH ax?* -
+ bx3+4-1 mennrcs Ha (x—1)%

6.8. Yucao 1413 ssasercs KOpHEeM YypaBHEHUs

x4 4-ax3 4+ bx? 4+ 6x4-2=0.

Ha#igute ocranbHbie KOpHH 3TOr0 YpaBHEHHHA, €CJH U3BECTHO,
4TO0 a " b—paun0HaJImee 4yucaa.

6.9. Yncao 14 V§ SBJAETCS KODHEM YpaBHEHuS
x°4ax®+bx?+5x+2=0.

Hatiaute ocra/ibHBle KODHM 3TOrO ypaBHEHHS, €CJd U3BECTHO,
YyTo @ ¥ b— paluoOHaJbHbIE 4HCJa.
6.10. Hatiqure obuwme KopHH ypaBHEHHM::

X240 3242 4+ 1 =0,
x0— x5 4 24t — x3 4 3x2—2x4-2=0.
6.11. Hafaure obuine xopuu ypasueHui:
x84 2x5 4 3xt+ 2% 4342+ 2x - 2=0,
x4 3x% +6x2%4-6x44=0.

"6.12. Iokaxure, 4TO mnpH MOOBX LEJAHX HEOTPALATENh-
HHX M, A, p MHOrowieH x3m .- x3n%1 L x30%2 nenptcad  Ha
x¥4-x 4 1.
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6.13. Jlokaxute, 4TO0 eCAn X, X, Xz— KOpHH YypasHeHus
x34-ax?4-bx +c=0,
TO HMEIOT MECTO Caelyiouine GopMyJIbl:

X+ X+ Xg=—0a,
F XXy F X1 X5+ XpXxg =D,
x1x2x3:—' 4

(bopmyan Bumera ans KyOuueckoro ypasHeHus).
6.14. VYpasuenne 2x%+4mx®4nx+12=0 wumeer KopHn
x;=1, x,=—2. Haflgure Tpernit KopeHb 3TOr0 ypaBHEHH.

22 1
6.15. Brrupcanre cymmy x(';‘—'rﬁ_,, €C/U Xy— KOpPEHb ypaB-
[

nerust x24-x 4+ 1=0.

6.16. oxawure, yro npu a %= 0 muorouneH x" - a” meanrcs
Ha X-+a B TOM U TOJBKO B TOM CJyuyae, €CJIH 71— HEYETHOE
YHCJIO.

6.17. Tlycts x|, Xy X3—KOpHH ypaBHenus x3-+px-4g=0.
Tloxkawure, yto Xj - x5+ x5 =3x,x,x;.

6.18. Jlokaxure, uro npu b=z=0, ¢==0 wmHorousen x3-—
~— axX?—bx—c¢ HE MOXET HMETb [ABYX TIONOXKHUTEABHRIX KODHEH.

6.19. ITpu kaxoM ycaosuu ypasuenue x3--px-4-q=0 umeer
IB2 PaBHHX KOpHA?

6.20. Ilyctb Xy, Xy, ..., X,~—KODHH MHOTOUJIEHA

Pxy=ax"+ a1 x" 1. .+ a,_1x +ay,
roe ao#£ 0, a, # 0. Kakue KOpHH uUMEIOT MHOIOUJEHBI

A ()= ag¥" — 6" - @y — - (— 1) a,

BxX)=a,x" 4+ ap 1 X" ..+ ayx + ay?

6.21. Ilycts P(x)=A(x)B(x), npuuem MHorounen B (x)
naer npu JgeneHun Ha C(x) ocratok R (x). IDokaxnre, urto
OCTaTOK OT jedeHust MHorouieHa P (x) Ha A(x)C(x) pasen
A(x)R (x). .

6.22. Hatinure ocratok or peneHums wmHorouieHa x'97'—1
Ha (x2- 1) (x2+ x4 1)

6.23. oxaxure, 4T0 MHOIOUYJEH

f(x)=x"4 a;x" 1} a,x" 2., . 4a,
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B TOM M TOABKO B TOM Chayuyae feaurcs Ha (x-—b)?, ecad

b"+ ap" - aph" i a2, =0

nbr 14 ay (n—1) b2+ ay (n—2) b3+ .. .+ a,_ ;=0.

6.24. Iloxaxwure, uro npu a==0 M NpPOU3BOJNLHOM AEHCTBH-
teapHoM b ypasHenue x3-+ax-+b=0 nmeer 104bKO OIUH AeH-
CTBATENbHBIH KOPEHb.

6.25. Jlokaxute, 4To npm JIOOOM AeHCTBUTENBHOM ¢ ypaB-
neune x% — x2 -4 x 4 ¢=0 umMeer TONbKO OAMH HEHCTBUTEAbHHIN
KODPEHb.

6.26. [doxaxure, uTO €Cian X ==¢—UEAbH KOpPEHb MHOrO-
yjieHa

) =x"+ax" ... Fa,jx+a,

¢ ueabiMu Ko3dbunpedTamu, TO A J0COro UEAOro yuchia m
uncno f(m) menurcs Ha ¢—ne.

6.27. Tlyctb mHuorousen A(x) Moxer OwITh npeicrabJieH
8 BHJE CYMMBbl KBajparTOB ABYX MHOFOYJEHOB C JAEHCTBUTEIbHBIMU
Kos(duuuenTaMn u TeM Ke CBOHCTBOM 00JaaeT MHOroyJeH
B (x). HNokawxure, uto Torga w muorouien A(x) B (x) oGragaer
3TUM CBOWCTBOM.

6.28. JlokaxuTe, 4TO €C/IM MHOTOUIEH C [AEHCTBUTENbHBIMH
KO3(puLMeHTaMl HMEeT KOMIUIEKCHHI KopeHb a-f bi, 10 OH xe-
JUTC Ha MHOrodnen (x— a)?- b2

6.29. loxaxure, uTO BCSKUH MHOTOUNEH C AeHCTBUTEJNbHBIMH
ko3 PuiiueHTaMu 1eauTcsi Ha Kakod-au00 MHOrOWIeH nepBoi nau
BTOPOH CTENeHn ¢ JeHCTBHTENbHBIMH KO3((PHUNUEHTaMH.

6.30. Joxaxure, yTO BCEKUI MHOI'OYJEH HEYETHOH CTEeNneHy
C JOEHCTBUTEJbHBIMH KO3(pQuUHEHTaMH uMeeT XOTs Obl  OfuH
ACHCTBUTENBHBIH KOpEHB, '

6.31. IHokaxure, 4yro ecanm MHOrounen f(x) ¢ jpeHcrBUTENDb-
HBLIMKM KO3((UIMEHTaMH TPUHUMAET NPU BCeX ACHCTBUTEABHBIX X
MOJIOKUTENLHLIC 3HAYEHUS, TO OH NPEACTABJSETCA B BHAC CYMMBI
KBaaApaTOB [ABYX MHOIOYJIEHOB ¢ JelCTBATENbHMME KO3(D(pH-
LIMeHTAMHU. :

6.32. Bce xo3ad¢uuneHTs MHOrounena

X" axt b a, x4 a,

—deawe uucaa. Jokamure, uTo MOOOH pALUOHANBHEIE KODPEHb
3TOrO MHOTIOWIECHA SBJSETCH HEJABIM UHCJIOM.
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6.33. Jlokawure, uTO BCAKHH paliuOHaJbHBIH KODEHb MHOIO-
yjeHa n-# creneHu

QX" - ay x4, Loa,

¢ ueasiMg KodpdHUHEHTAMH Qg Qp ..., @, [PENCTaBIASETCH

B BUAE HECOKpaTUMO# jgpobu %, TIe p — HEKOTOPHIH Jenutesnb

cBOOOJHOTO 4JEHA Q, & ¢ — HEKOTOPHIH HENNTENb CTaplUero
KO3((pUIUEHTa a,.

6.34, Ilycrs Xy, X, X;—KOpHU KyGuuecKoro ypaBHeHHs
Bdax?Fbe+c=0 c ueamma xosdpduuuenramu a, b, c.
Mycrs, panee, f(x)-— npousBOJLHBIA MHOrOWIEH C HEIBIMU
Koapduunentamy. Joramnte, uro f{xy) + f(x,) -+ (x;) —nenoe
4yncJo.

6.35. Ilycrs ¢y, ¢y ..., €5 €n.j— NOHAPHO DA3IMYHBIE
ne#creutespHsie uncaa. CyniecTByeT JM MHOTOUJEH CTETEHH #,
UMEIIINY KODHH ¢y, €y ..., €, W HpuHuMaiomu#i sHavenne |
B TOUKE Cp,3?

6.36. Ilyctb ¢f, €y «vvy € Cpei M dy dy ooy Qn dyyj
— NEHCTBUTE/IBHBIE YHC/IA, TPHYEM UHCHAA C€p, Cg «+vs Cmy Cnyy

nonapuo pasinuHe. JlOkaxure, 4TO CymecCTByeT OJMH H TOJBKO
O/JINH MHOrOWIeH CTeNeHyu He Bl 71, MPUHUMAoIUA. B TOYKAX
Cp Cgro s Cpyj COOTBETCTBEHHO 3HaueHus dy, o, .., Aoy



FJIABA VII
®YHKIIMH U T'PAPHKH

§ 1. Onpenexenue dyHKIUU

ITonsTne (yHKUMA UacTO BCTPEYAEeTCd B IUIKOJIBHOM Kypce
MaTeMaTHKH ¥ XOPOWIO 3HAaKOMO yuaiuMca, Tem He meHee Ha
NPUEMHBIX 3K3aMEHaX B BY3aX NOCTYNMAaMoOUIME AOMyCKaloT MHOrQ
ownGOK MNpPH HCMOAL30BaHHK 2TOro NOHATHA. OODLACHSIETCA 3TO
pasMUHBIMK TNPHYAHAMH, HO B TMEPBYIO OUEpPEAb TEM, YTO CJOBO
«(YHKIHUS» HUCMOL3YETCS B MATEMATUKE B HECKOJBKUX CMBIC/IAX,
a B INKOJBHBIX Y4eOHUKAX 5TO OOCTOSITEJNBCTBO HE Pa3biICHEHO.
IlostoMy MBI mpexiae Bcero o0paTuMcd K ONpenesieHHIO
YHKOMY B OPYrUM OTHOCSIIUMCA CIOAa NMOHATHAM H MOAPOGHO
OCTaHOBHMCHl Ha TeX DPAa3INYHBIX MOHUMAHHAX CJI0BA «YHKIHS»,
KOTOpHIE BCTPEUAOTCS B IIKOJBHQM KYPCE .MaTeMaTHKH.

CampiM 06muM (4, 6€3yCI0BHO, OCHOBHBIM) SIBJISIETCS B MaTeMa-
TUKE CJefyollee onpeaeseHne MNoHATHA ¢yHxkunn. [osopam,
4mo onpedenena Hexomopas HYHKGUSA, ecall, B0-NEPBLLX,
300aHO HEKOMopoe MHONCECM80, HA3blBaemMoe o006Aac mb 10
onpedesenusn GyHKYuU, B0O-8MOPHX, 3A0AHO HEKOMOpPOE
MHOOCECMB0, Ha3bi8aemoe 06aacmbsi0 3HAYEHUE PYHK-
yuu, 1, 8-mpemslix, YKA3aHo ONpedeseHHOE NPABUAO, € HOMOULS 10
KOMOopo20 KaxcO0My IAeMERMY, 83MOMY U3 obaacmu onpede-
ACHILS, CMA8UMCSA 8 COOMBEMCNBUE HEKOMOPLLL e MEHM U3
ob6aacmu 3uavenud.

ITpusenem HECKONBKO MPHUMEPOB, WIIIOCTPHPYIOLIMX 3TO obuiee
orpeaeaeHune.

IMMpumep 1. O6o3naunm uepes A MHOXKECTBO BCEX Tpe-
YrO/IbHUKOB HA MJIOCKOCTH, a 4epe3d B — MHOXECTBO BCEX OKPYK-
HocTeH, B3ATHIX Ha 3TOH ke miockoctd. MuowectBo A Gynem
CYHTaTh OGJACTBIO OlNpEae/eHus, a MHO¥EeCTBO B — 00/1acThio
3HaueHui (TOM (pyHKUMH, KOTOpPYi0 MBI onpegeasem). Haxoneu,
KaxXIOMy TPEYroJbHUKY NOCTAaBHM B COOTBETCTBUE OKDYKHOCTD,
BIUCAHHYIO B 5TOT TPEYroAbHUK, DTO €CTh BIIOJHE OfNpeje-
JeHHoe TIPABHUAO, KOTOPOE KAKAOMY SJAEMEHTY, B3TOMY U3
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o6.acTy  onpedeneHns (T. €. TPEYroJAbHHKY), CTaBUT B COOTBET-
¢TBHE HEKOTODHIH 3JeMEeHT u3 006/acTH 3HAYeHHH (T.e. OKpPYXK-
HOCTD). :

ITpumep 2. Coxpanum Te ke cample MHOXeCTBa A u B,
yro ¥ B npuMepe 1, T. e. no-npexHeMy OyzneM cuutath 06JacCThiO
OnpeneeHiHs MHOXECTBO BCEX TPEYroJbHHKOB Ha ILIOCKOCTH,
a 00/1acThl0 3HAuEHHH — MHOXECTBO BCEX OKpyxHocTedl, Jlanee,
KaXJIOMy TPEYTOJbHUKY TOCTaBUM B COOTBETCTBHE €r0 O 1 H-
CaHHYI0 OKDYyXHOCTb. MBI mnojyuaeM OCYHKUHIO € TOM Ke
obaacTeio onpenenedus A u TOH xe obmacteio 3Hauenn#t B. Ho
9TO VXK€ Apyras ¢YHKIAS, TaK KaK OKPYKHOCTb COIOCTaB-
ASETCS TPEYTOJbHUKY € TOMOUIBIO APYTOro NpaBuJa. .

ITpumep 3. O6osuauuM uepes K MHONKECTBO BCEX KPYros
Ha IJIOCKOCTH, a uYepe3 [)—MHOKEeCTBO BCEX HeHCTBUTEAbHBIX
ypcen. Jlanee, BuOepeM €NMHHUIY HM3MEPeHuA IJIOWAseHd u Kax-
nomy siaementy muoxecTBa K (T. €. KPYry) MOCTaBHM B COOTBET-
CTBUE WHC/IO, PaBHOE MO aau 3Toro Kpyra. Mel noayuaem
¢yakuuio ¢ obsactsio onpegenaenus K u 06/1acTbio 3Hauenait .

Mpumep 4. Ob6osuaunm yepes N MHOKECTBO BCEX HATYyDPaJb-
HHIX uuces, a uepe3 [)-—MHOXKECTBO BCEX MAeHCTBUTENbHBIX
yncesa. [lanee, BmbGepeM JBa AeHCTBUTENBHBIX YHCA3 @y W I W
KaXJOMY HaTypaJbHOMY UHCAY # TIOCTaBEHM B COOTBETCIBUE
NEHCTBUTENLHOE YMCJIO, PABHOE A-My WIeHY apuMeTnyeckoli npo-
rpeccuy ¢ MepshiM WIEHOM @; M PasHOCTbIO 7 (T. €. HATypajibHOMY
qucay #n noCraBuM B COOTBETCTBUE ACHCTBUTEINBHOE YHUCAO
a;-+(—1)r). Mn noayyaem ¢ynkuuo ¢ o6JaacTbio onpese-
aeHus N u obaactbio 3Hauenud D,

ITpumep 5. Tenmeps mbl mpumMeM u B KauecTBe o6.jacTu
onpeneaeHus, 1 B Kauectse obaactu 3HaueHu# mMHoxecTso [) BCcex
nedcrBuTeNbHBIX uucea. Jlanee, BpibepeM Ba HEHCTBUTENbHBIX
yucaa @; U r U KaOKAOMY -ACHCTBUTENLHOMY YHCAY X [OCTaBHM
B COOTBETCTBHE UYHCAO @y -F(x—1)r. Mpl noayvaem ¢yHxuuio
¢ obnactelo onpegesennss D u oGnacrbio 3nauenuit D.

3ametuM, 4TO B npuMepax 4 n b onuHakosa 061acTh 3Hauenntt D
W OJMHAaKOBO MpPaBUJO COOTBETCTBUA: PopMyAn a;+(n—1)r u
ay+(x—1)r nokaswBamoT, 4r0o B OOOHX CJayyasXx Halo
Haj BHIOpDaHHBIM YUCJOM (7 WM X) IpOJeJaTh OMLHH W TE€ Xe
neficTBas, uToOBl y3HATH, KaKOE YUC/AO TIOCTABJAEHO EMY B COOTBET-
craue. OnHako o6aacTu onpeneneH s 9TUX ABYX (PyHKUUH
PasJuYHB, U NOTOMYy MBl HMeeM B npumepax 4 u 5 pasueie
tyuxupn. Takum o0pa3oM, 144 3agaHud (QYHKUME Mal0 yKa3aTh
NDAaBUAO COOTBETCTBHS, 4 HanoO eule 00653aTe/bHO YKasaTh 00./1acTh
onpenenenust n 061aCTh 3HaueHuH.
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s o6o3navenna ¢yHxkuu#t OOBHIYHO MOMB3YIOTCA OyKBaMH.
Onna Oyxsa (4auie BCETO X) HCNOAb3YyeTCs A8 00O3HAaYEHUs
NIPOUSBOJILHOTO 3JIeMEHTa, B3ATOr0 K3 00/acTH  OnpefeneHHs
¢pyskuua. Dta OykBa HasuiBaeTca apz2ymermons. Takum o6pasom,
£CJIM CKa3aHO, YTO X — apTYMEHT HeKOTOPOH (PYHKILHH, TO BMECTO X
MBI MOXEM NOICTaBUThH JM0GOH 3/IeMEHT, NPUHALIeKau i o6aacru
onpexenenns a3Tolt pyukuuu. [lanee, apyras 6ykpa (uamie Bcero y)
UCMO/b3yeTes s 0603HAYeHUs NPON3BOJLHOTO SJIEMEHTa, B3TOrO
w3 o6sacTi 3Hayennll, Dta OyKBa HaskBaeTcs goyrHryued (M 310 —
BTOpOE 3HaueHne cjoBa «dynxunmss). Haxosen, rtperns Gyksa
(uame Bcero  f) wucnoaw3yerca aas  oOO3HAYeHMs IpaBuaa
COOTBETCTBHA. DTO 3HAUNT, YTO €CJAH @ — IPOU3BOJBHOE 3HaYSHHE
aprymenra (T. €. IPOM3BOJIBHBIH 3JIEMEHT, B3ATHIH U3 obaacTu onpe-
nesiennst QyHKINN), TO 9JEMEHT, TOCTABMEHHBI! eMy B COOTBETCTBHE,
obosnavaercs uepes f(a). Daement y= f(a) HasbiBaeTCsl 3Hate-
HUeM paccMaTpHMBAeMOR (yHKuU¥M NpU X =a.

Bce tpm OykBbl X, y, f 00beauHsiOTcs OAHOH Banuchio:

y=r(x) M

(«urpek paseH 2¢ OT UKC»), KOTOPas n O3HAYAET, 4TO X — apry-
MeHt, ¥y — ¢ydkuns, a f—rmpasuao coorsercTsus. HMuorma
O6ykBy [ wuam BepaxeHue J(X) Takxke Ha3RIBAOT HYHKYyuel
(1 270 — yKe TpeTbe 3HAUEHUE .CA0Ba «(YHKLHA>).

[Tpumep 6. OGparuMcss CHOBa K (PYHKLMK, PAaCCMOTPEHHOH
B rnpumepe 4. AprymesrT o003HauuM u4eped #, (PYHKILHIO —
yepes y, a mnpaBuao coorBercrBus — uepes f. Takum oGpasom,
Mbl 3anuuweM 9ty ¢yHkumio B Buie y=f(n). BoT nHeckoapxo
3HaueHu#t 3TOR pyHKuUMU:

fY=aj [f@Q=ay=a,+}r, [f@B)=a3=0a,+2r n 1 1

MMpumep 7. Paccmorpum ¢yHKumio Y= (X), ¥ KOTOpPO#H
obnacTbio onpenefeHus d 00/aCThl0 3HauYCHUH ABAAETCH MHO-
kectBo D BCeX AeHCTBHTE]bHBIX UYWCEN, a NPAaBUJIO COOTBETCTBUA
nMeeT caenywowu# Bup

0, ecmn x<<0,
Y= x, ecam x>0.

Bor Heckoapko 3HauYeHuit 3TOH yHKUHH:
o(—5=0, o(—n)=0, ¢(—1)=0, ¢ (@)=0,
p()=1, Pp3)=3, pm=m @(100)=100, ..,
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Pasymeercst, Bmecro Oyks X, y, f MOKHO HCNOAb3OBATH
n apyrue Gykssl. Hanpumep, sannch s=q (f) 03Havaer, Y10 § €CTh
(yHKIMS aprymMenta f (4am Kopoue: S ecTb QyHkuut om t),
npuYEM MNPaBHJIO COOTBETCTBUS 0003Hauaerca OykBoH .

Caenyer NOJUEPKHYTb, 4YTO obAacms 3Ha4enull (yHKUAHU
npeacrasaser coOOH MHOXECTBO 3JIEMEHTOB (WM ducen), Cpefu
KOTOPHIX 0043aTe/bHO COAEPXKaTca B Ce 3HAYeHHs paccMarpu-
paeMot ¢yukunry. OfHaKo B 06/aCTH 3HaUEHNH MOTYT COMEPKATHCH
¥ <JHIIHAE» 3JEMEHTH, He ABJAILLRECH 3HAYEHUAMH (pyHRLLHH.
WdbiMn  caoBamu, MHOMCeCcmB0 3naderull QyHKUAM 0043aTEIbLHO
. COAEpKUTCR 8 o04acmu 3xa4venull, HO HE 0O0s33TENBHO COB-
nagaer ¢ He#t. Tak, B rnpumepe 3 3naueHusiMu  YHKIUH
SBJIIIOTCH  JIMIUD JI0A00CUMeAbHble HACHAY, TOrAa Kak obiacrhk
3HaYeHUH  eCTb MHOXECTRO BCeX [HeHCTBUTENbHBIX UYHMCE.
HecoBnagenue mHOxecTBa sHaueHmH (GyHKOIMM M 06JacTH 8Hade-
HAH MOXHO BHAETH TdKkKe B npumepax 4 m 7.

B 3aksmouenue paccmoTpuy emie oo (uerBeproe!) noHumanne
C10BO «(YHKIUA», ABJAsOLEecd AN LWIKOJALHOTO Kypca MaTema-
KK HauGonee BawHbM. Mmenno, gpyHKinell Ha3bIRAIOT IPON3BOJID-
HOE BBIDAXEHHE, COAEpKallee apPryMeHT X, a Takke 3HaKd
neficreuil v uncaa. Hanpumep, dynxkunamu (8 3T0M CMBICAE) 4B-

e y=x241, @
=*H, | ©

y=[x—1}, ' C))

y=%, (5)
y=Vitx (6)

Y=V —(x—2P(xF 17 (x+57 (@)

TTouemy ke Takne GOpPMYABl Ha3bIBAIOT <«(DYHKIUAME» H He
NPOTUBOPEYHT JH 3TO MOHUMaHHe (PYHKLUH CKA3aHHOMY Bhilue?
CBsi3b CO CKa3aHHBIM BBHILIE YCTAHABJANBAETCH CACAYIOUIUM COrJia-
lleHHeM, KOTOPOro Mhl BCIOAY B [HaiabHe#umiem Oynem npuaep-
KABATHCH:

Ecau ¢yskums sajaHa B BHAE pAaBEHCIBa, B JEBOH YacTH
KoToporo crout y (maum Apyras Oyksa, o6o3Hauaonias QyHKLUIO),
a4 B npaBoffi uYacTH CTONT HEKOTOPOE BBHIPAXEHHE, COAEPHKallee
ApryMEHT X, a TaKiKe 3Haku fAelicTBud W yucaa (nmpuuem 00/acTh
OnpegesneHus HE yKasaHa), TO NPHUHATO CUNTATh, YTO
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1) 3a ofnacts 3Hauemuli npunumaercs Bce MHOxectso D
NERCTBUATEABHBIX UUCEJ,

2) 3a o6aacrb ONpenefeHNs NPRHUMAETCS MHOXKECTBO BCeX
TeX AeHCTBUTEABHBIX Ynces, NpH MOACTAHOBKE KOTODHIX BMECTO X
BBINOJIHAMB (B MHOXXECTBE JeHCTBHTENbHBIX unces) Bce HLeHCTBHS,
yKasaHHble B NpaBol yacru;

3) ecan uhCaO @ NPUHALIEKUT 06AACTH ONpeie]eHHs, TO
3HaueHue QYHKLAK NIPH X == @ PABHO YHCJY, NOJYYaIOIEMYCs, eC/n
B MpaBYyK YacTh [OACTaBUTh X==a ¥ TNPOU3BECTH YKAa3aHHHE
nefcreus.

Mrak, saganue ¢yukuuun ¢opmynoit comepxur B cele u
yKkazaHue o0JjacTn OfnpeeseHud, H 3ajaHue npaBu/ia COOTBET-
CTBUA.

IMpumep 8. Hatitu obaacrs onpenenenns GpyHkiui (2) n (3);
Olpee/InTh, COBMNAAAOT Ji 3TH (HYHKUHA.

Pewenune. JelicTBud, yKazaHHble B TnpaBo# yacTH pa-
BEHCTBA (2), BEINOJIHUMBE [TpU M060M JEHCTBUTENHHOM 3HaUEHI X,
T. €. oOgacreio onpegeseHus (GYHKHUA (2) dBaseTcd  BCe
MHOXeCTBO D pgelcTBUTENbHBIX uucen (Wi, nHave, OeCKOHEYHHIH
uHTEpBal -—o0 < X < 00). Pynkuus (3) onpenencHa Aasg Beex
AeRCTBUTENBHBIX uHced X, Kpome x =0, 1. e. 061acTb onpeneeHys
5TOH (PyHKUMH noayyaercs- BeiOpachiBaHMEM (HJH, KAaK €le roso-
pAT, <«BBIKaJAbBaHHeM») w3 MHO¥ecrBa D touku x=0. Moxno
onucarb 006aacTb onpeneseHds ¢yHkuun (3) @ MHaue: OHa
npexcrasager coGo# ofbeiuHeHne ABYX OeCcKOHEUHBIX HHTEpBA-
a08 (— co, 0) u (0, co).

3amerum, yro npu moboMm x 5= 0 3HaveHus yHxunit (2) u (3)
coemagator. Tem He meHee (2) u (3) —pasauyHB e (yHKUMUY,
Tak Kak HX 00/acTH onpeneseHns He COBMAJaloT.

I[Tpumep 9.Haittn o6nactu onpegenenus ¢yukuni (5), (6), (7).

Pewenune Pynxkuns (5) onpegeneHa g4 BCexX 3HauyeHHil

apryMmenta, kpomMe x= — 2. Takum o6pasom, o6aacTb onpeie-
JleHna STOH (PYHKNMH MNOJYy4Yaercd BhIKaJbiBaHWMEM U3 YHCJAOBOH
0oCH TOYKM X =—2; unHaye rosops, 9Ta O0O6JaCTL oOnpese-

JeHUA ABAAETCA OO0DbeAMHeHUeM JBYX OECKOHEYHBIX HHTEDBaJion
{(—oo, —2) u (— 2, o0).

OO6sacTs onpeneneHuss GyHKuud (6) COCTOUT M3 BCEX TOUEK,
I KOTOPHIX MOAKOPEHHOE BHPANKEHHE HEOTPHUILATE/NbHO, T. €. 574
00JacTb onpegencHus 3ajaercd HepaBeHCTBOM 1+ x =0, win
x 2= — 1. Vnave rosops, ofaacts onpepenenns (yuxumn (6)
npeacrasaser cobo#t 6eckoHeunbldl noaynHTepsan {—- 1, 0o0). Kon-
nepas TOUKa x==-— 1 3TOro noayuHrepsania nanannemnT
o0sacTu ofipeneaeHus.
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Hakonen, o6aacts onpeaenenus dynxuun (7) cocront us sceX
gHaueHNH X, s KOTODHIX IOAKOPEHHOE BHIDAXEHHE B NPaBoi
yacti paseHcTBa (7) HeorpuuatesbHo. Ho ecanm sTo nomkopen-
HOe BBIpaXEHHe OTAMYHO OT HY/sl, TO OHO HEHNPEMEHHO OTpPH -
HateabHo. 3uayut, oO6JacTs onpegencuus ¢yukund (7)
COCTOMT JHIIb M8 TeX TOYeK X, Mg KOTODBIX HOAKODEHHOE
BHpAXEHHE olpawaemcst 8 Hyas. IJro Oymer npu x==-—9,
x=-—1 u x=2. Takum oOpa3om, o006JaacTp ofnpeaeeHus
¢yuxuun (7) cocromT Jmib 43 Tpex Touek: — 5, — 1 u 2.

[MIpumep 10. Ha#ltm oOaacte onpedeieHus (yHKUAN

y=f@+g@), e f="25L 0 gx)=1 35—,

Pewmenue. Ilepsoe caaraemoe f(x) onpeneneHo npu BHIO-
HEHNH JABYX YycJaosmil: 1) NOAKOpEHHOE BBIPAXEHHE HEOTPHLA-
TeNbHO, 2) 3HaMeHareas He oOpauiaercs B HyJb. Ilepsoe yciaosue

, > o Ubnacmp onpedenghun
01 2 pyrxiuL 1(z)

; ; o Ubnacms onpedenenun

-Vl5 0 V5 Pyrryun g(z)
} - - Ubnacms onpedenenus
0 1 2V5 pymaun 1(z)+g(z)
Puc. 44.

03Hayaer, 4To X == l; BTOpoe yC/A0BHe 03Hayaer, 4To X = 2. Takum
ofpasoM, o0aactp onpegeaeHus ¢yHKuHg f(x) npeacraBaser
coboit oObeauHenue noayuHrepsana [1, 2) u GeCKOHEUHOro
unTeppata (2, co). [asee, Bropoe caaraemoe g(x) OnpeaeseHo
npp 5—x2=0, . e. ipu — J/ 5 << x<}/5. Vnaue rosops,
00/1acTBIO  OnpeseneHust  YHKuHU  g(X) sBASEICS OTPE30K

Ho anaa toro, yrofsl nekoTOpas TOUKA X ==q NMpHHALJIEHANA
o0nactu onpeaeaeHus (GyHKuHE Y= f(x)-4 £(x), HeoGXomuMO
M H0CTaToyHO, 4TOOR NpH x=ga OblJa ONpeje/eHa u (yHKLRnA
f(x), u ¢ysxums g(x). Ynsimn caosamu, o6aacTs onpeneneHus
$ynkuun  y=f(x)--g(x) nupencrasaser cobot nepecevenue
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obaacteli onpefieserns dynxuut f(x) u g(x). CrenosareAbHo
(pmc. 44), obaacte onpegenennss GyHximn Y= f(x)+g(x)
npeacrasaser coGo#t obGbenuHeHue moaymHTepsatoB {1, 2) u

2 V5]

§ 2. 'paduk Gpynxuuu

Brifepem Ha MJIOCKOCTH NPAMOYTOJBHYIO CHCTEMY KOOPAMHAT
n OygeM OTKJAABBATH HAa OCKH abCLUCC 3HAYEHMS apLyMeHTa X,
a Ha OCH OpARHAT — 3HadeHns OyHKUMH y=f(X). [paguron
(hynxunu y'= f(x) Ha3bIBAETCSI MHOKECTBO BCEX TOUEK, ¥ KOTODHIX
abcuncchl NpuHagaexar o6-
nacry onpeneneHns (GyHKIuY,
a OpOMHATH PaBHBI COOTBET-
CTBYIOUIUM 3HAueHUsAM (PYHK-
uuu

y=J(x).

y=x*-2z

Puc. 45. Puc. 46.

HOpyrumu coaosamy, rpadguk ¢yskums y= f(x)— 310 MHOKe-
CTBO BCEX TOYEK MIOCKOCTH, KOOPAHHATH X, I KOTOPHIX yAOBIETBO-
PAIOT COOTHOLIEHHIO y==f(X).

Ha punc. 45 u 46 npuseseHn rpac}mxn ¢ynkunl y=2x-41
Hy=ux%—2x.

Crporo rosops, caeayer pasnuuars 2pagux @ywryuu (T04-
HOE MaTeMaTH4yecKoe ONpejeneHHe KOTOPOro GhLIO HaHO BHILIE)
W HayepueHHYI KDHBYIO, KOTOpasd BCerga maer Juuib GoJjee miau
MeHee TOUHHIM 3cKu3 2padburxa (na M T0, KaK NPaBUJIO, HE BCErO
rpamka, a Julb €0 KYCKa, Paclo/IOKEHHOrO B KOHEUHOH yacTy
n10cKoCcTH). B nanbHedieM, oaHako, Ml OGHYHO GYHEM FOBOPUTH
«rpaduK», a He <«5CKH3 rpagukas.
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C nomoumsio rpauka MOXKHO HAXOAATH SHAueHHe (YHKUUHU
B TOuKe. MIMEHHO, ec/u TOUKa X ==qa NpHHaLNEXUT 06JIaCTH Onlpe-
penenus QyHknnam y=f(x), TO A% HaxoxaeHus uncaa f{(a)
(1. e. sHayenns (YHKIMM B TOUKE X==@) CJelyeT NMOCTYNUTb
tak. HyxHo uepes Touky ¢ abcuuccoit x=—a nposectu npamyo,
napajane/ibHyi0 OCH ODAMHAT; 3Ta MpsaMas nepeceyer rpaduk GpyHx-
uan y=f(x) B OXHOK TOuKe; opAuWHATa 5TOH TouKA M Oymer,
B caay onpexesenus rpaduka, pasna f(a) (puc. 47). Hanpumep,
s dynkunu f(x)=x?—2x ¢ nomoupio rpaduxa (puc. 46)
HaxoquM f(—1)=3, f(0)=0, f()=—1, f(2)=0 u 1. A

i
\

y=1(z)

fla)gr----maamn-

|
I
3
1
|
|
'
«

7/ g] a
Puc. 47.

paduk GyHKnuu HarIsaHO MIMOCTPUPYET NOBEAEHHE # CBOMH-
ctBa ¢yHkumu. Hanpumep, u3 paccmorpenns puc. 46 ‘acHo, uto
byHKunsa Y =x?—2X NPHHAMAET MOJNOXKHUTEJbHbC 3HAYECHHA NPU
x<<0 u npu x>2, orpuuarensusle —npu 0 < x<<2; Hau-
Menblliee 3HaueHue GyHKuHuA Y= x?-—2x NpHHAMaeT npu x == 1.

Ilns nocrpoenus rpaduka ymkuuu f(X) HyxHO HafiTu B Ce
TOUKH IUIOCKOCTH, KOODAMHATH X, ¥ KOTODPBIX YIOBJIETBODAIOT
ypaBHenuo y=/f(x). B OGoavwmucrse cayuaer 3To caenaThb
HEBO3MOXHO, TaK Kak TaKuX Touek Geckoneuno Muoro. [Tostomy
rpaguk ¢yHKUEKH u300paxaT npubau3uTeabHo —C  GoJabluel
uwin MeHpllefl ToyHOCThO. CaMHM NPOETHM SABJASErCd MEeTOA
nocrpoeHns rpaduxa 00 HECKOAbKHUM ToukaM. OH COCTOUT B TOM,
YTO apryMeHTy X MPHAAIOT KOHEYHOE YHUC/IO 3HAUEHHH — CKameM,
Xy Xg «esp Xp—H COCTaBAAIOT Tabaully, B KOTOPYI BXOXAT -
BhiOpaHHBle 3HAYEHUS apryMeHTa M COOTBETCTBYIOUIME BHAUEHHs
¢ynxkuan. Tabanna BeICASZUT CHEAYIOWHUM 0GPa3OM:

S R R o

v |1 | Fe | o | e
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CocraBuB Takyw TabJHIly, Mbl MOXEM HaMETHTh HECKOJBKO TOYEK
rpaduka ¢ysxuuu y=Ff(x). 3arem, coemuHsss 3TH TOUKH NJIaB-
HOH JMHuMeH, MBI U moJayyaeM npubausuTenbHBIH BUJ rpaduxa
dyukupn Y= f(x).

Caenyer, 0IHAaKO, 3aMETHTh, UTO METOA MOCTPOEHUS rpacduka
10 HECKOJIBKHM TOUYKaM OYeHb HeHalewxeH. B camom nene, mose-
IeHue rpaduKa Mek Yy HaMeueHHHIMH TOYKaMu ¢ MOBEICHME
€ro BHe OTpPEe3Ka MEeX/Ay KpalHuMH W3 B3ATHIX TOUEK OCTaercd
HEHU3BECTHBIM.

Mpumep 11. Las nocrpoerus rpaduxa ¢pyukunn y=f(x)
HEKTO COCTaBua Talb/ully 3HaueHu# apryMeHTa ¥ YHKLUU: ’

x _21—1\0 112\

ly —1‘011 2[3,

CooTBeTcTBylOuMe NsATh TOYEK MOKasaHe Ha puc. 48. Ha ocmo-
BAHHW PACTIOJOKEHHST 3THUX TOYEK OH CleJaJ BHBOJL, YTO rpa-
(UK QYHKIUH NPencTaBiser co-

6ot mpAMYyI10 (MOKa3aHHYIO Ha ; & .

1
puc. 48 nynkrupowm). MoxHo /1u ; :
CUYNTATh TOT BHIBOJ HALEKHBIMP ! N

i

Y ! g} e
! Y
| i , !
/ i
/7 ! '
3t /~ ; ; !
Ve X !
2t /cr/ ; " !
s s L 18
1// 200 g o 7 o2 oz
Vi /:/ :
/ ! -7r i
. L, e 7 !
-2 7-1 a 1 2 7 ' 1
/ | |
A -1 : !
Puc. 48. Puc. 49.

Eciu HeT JOMOJHHTENbHHX COOOpa)eHHH, NOATBEPKAAOULNX DTOT
BBIBOJ, €FO BDSA JIM MOXHO cyuTarh HagexHwM. IlpocToit npwm-
Mep WAMOCTPUPYET cKa3zaHHOe. PaccMOTpuM (pyHKUHIO

_y=x3 ‘}-— 1—-—_‘5.

x3—x
x2
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Bhluucsenus 110Ka3biBaloT, YTO 3HauyeHust 3ToH yHKkuum B TOY-
kax —2, —1, 0, 1, 2 Kak pas OMHCHIBAIOTCA MPHUBEACHHOH
poiie Tabaunedt. Onnaxo rpaduk 3T0H. (PYHKUNM BOBCE HE ABALETCH
npaMoit auHue#t (oH nokasaH Ha puc. 49). Hpyrum npumepom
MOXET CAYKUTb QyHKUEA ¥ =x -1 - sinnx; ee sHaueHus rowe
OMHUCHLIBAIOTCA (PHUBEACHHON BhIe Talanueil.

10T NpHUMED TNOKa3bIBAET, YTO B <«YHCTOM» BHAE METOJ
[HOCTPOEHUA rpaduKra MO HECKOABKHM TOYKaMm HeHageweH. Ilo-
TOMYy [Jfl NOCTpOeHHs Tpaduka 3aLaHHOH (YHKumM, KaK mpa-
BWJIO, [OCTYyNalT caeaywomuM o6pasoM. Cravana usydaior
cBOHCTBa JaHHO#l (YHKUMH, C IOMOIUBIO KOTOPHIX MOXHO
MOCTPONTb 5CKM3 rpaduka. 3areM, BHUNUCAAS 3HAuYeHHS (PYHKIHM
B HECKOJIBKHX TOUYKaX (BHIOOD KOTODBIX 3dBHCHT OT YCTaHOBJEH-
HBIX CBOHCTB (PYHKUUH), HaXOAAT COOTBETCTBYIOMHE TOUYKH rpa-
¢nka. ¥, HakoHeU, yepes noCTPOEHHHBIE TOUKY NPOBOAAT KPHUBYIO,
HCHOMB3YS CBOMCTBA JNAHHOH (YHKIHU.

Hexoropeie (HauGosee npocTsie ¥ Hacro HCMNOJAb3YyeEMbIE)
CBOficTBa (pyHKHuMH, npuUMeHsEMble 1] HAaXOX/IEHHS 3CKu3a rpa-
¢huka, MB DAacCMOTpUM B chexymouleM naparpade, a cefiuac pas-
OcpeM HEKOTOpHE 4acTO MPUMEHseMbie CIOCOGH MOCTPOSHAs
rpagrKos.

I'paduk dynkuun y =] f (x)|. Hepeaxo npuxozutcs crpounts
rpapux  Qyuxuun y={jf(x)|, rae f(x)—sazanuas QyHKUHs.
Hanomunm, kak 310 gmenaercd. ITo onpezenenuio aGcomoTHOM
BEJUUMHBl YHC/Ia MOXHO Hanucarb

| TG eem 9=
y=17l= —f(x), ecu f(x)<<O.

D10 3uaunt, uTOo rpaduk QyHKuun y=|f(X)| MOKHO MOAYYHTH
¥3 rpaduxa QyHkunn y==f(x) caeaywounm o0pasoM: Bce TOUKH
rpaduka ¢yHKUHH y=7F(x), y KOTODHIX OpAWHATHl HEOTPHLA-
TeJbHH, CJefyeT oCTasuTh 0Oe3 W3MEeHEHHd; Jajee, BMECTO TOueK
rpaguka GYHKUMR Y ==f(X), UMEIOLIUX OTPHULATE/bHbE KOOPAR-
HaTthl, cJaegyeT MNOCTPOMTH COOTBETCTBYIOUIME TOYKA rpaduka
¢yukuun y= —f(x) (1. e. yacTh rpauxa ¢ynxkunn y =/, (x),
KOTOpasi JeWUT HIXKE OCH X, CJAEAYeT CUMMETPHYHO OTpasuThb
OTHOCHTEJIBHO OCH X).

MMpumep 12. IToctponts rpadpk dynknan y=|x|

Peumenune. Dbepem rpaduk ¢yskuny y=x (puc. 50, a) a
yacTb aToro rpaduka npu x << 0 (Jexaulywo noa ocbld Xx) cam-
METPHYHO OTPaKAEM OTHOCHTEIBHO ocH X. B peayabtate mMu o
noayuaeM rpagux ¢ysxkuaun y==|x| (pac. 80, 6).
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Mpumep 13. Ha puc. 51 nocrpoen rpaduk Qyuxupp =
=|x?—2x| ncxoms u3 rpaduka QyHkmmm y=x?—2x (cM.
puc. 46). Jlas sT0ro yacth rpaduxa QyHKuHn y=x%— 2x npm
0 <<x <C2 CHMMETpHYHO OTpaXEHa OTHOCHTEJBHO OCH X.

y y

Y= 4=/

= T £

) 6)
Puc. 50.

IFpaduk dyuxuun y=f, (x) 4 f, (x¥). Paccmorpam 3anauy
nocrpoenns rpadmka ¢yskiun y=f; (x)- f5(x), ecnu 3anans
rpadukn dyHKun y=1; (x) 1 y=/1, (x).

3ameruM, yTo 06/acTbIO OnpeaeseHns YHKUHK Y= f; (x) 5
+- f3(x) ABAserTcs MHOXECTBO BCEX TeX 3HaueHmH X, 414 KOTO-

y pHx onpeneaeHsl oGe ¢yHk-
.ooum y=f(x) v y=/1,(x), 1. e.
. 9Ta 00AacTb ONpERENEHUs Mpef-
crasaser coGo#t nepeceve-
Hue  ofbjacrelt onpefencHus
dynxunit fi(x) 1 [y (x).

Iycts TOUKE (X4 Y1) B (X0, V)
COOTBETCTBEHHO  TNIPHHAMJIENKAT
rpagpukaM  pyHkunff  y=7; (x)
B Y=/f(x) 1. e Yi=/f1(x,),
Ya==1y (x¢)- Torpa TOYKa
(Xep Vi+,) NpuHAMJEKHAT Tpa- .
Puc. 1. Ky QysKuan Y= fy (x)+ £, (%)

(60 f1 (%) +S2 (X0) =1 ¥o),
npuueM a0 6as Toyka Trpadpuxa OyHKkuMn y==F; (x)4 fo(x)
MOXET OnTb foAydYeHa TakuM oOpasdoM. (CremoBare/ibHO, Ipaduk
byHKIER Y= f; (x) 4 f5 (X) MOKHO NONYYUTH K3 FPa(PUKOB QYHKLHH
y=/f1(x) n y=1,(x) 3ameHolt KaxA0H TOUKH (Xg, ;) rpaguKa
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pynkuan y=1; (x) TOuKOH (X Y1+ ) The Yy=/y (%) T. €.
CABHATOM KawJoR Toukm (X ¥,) rpadmka ¢yskouu y=71; (x)
BAOJb OCH Y Ha BeNWUHHY Y,==f,(x,). [Ipu s1OM paccmarpu-
BAIOTCA TOJBKO TaKHe TOUKHM X, I KOTOPHX onpeiesneHsl ofe
Gyrknan y=F,(x) 1 y="1, (x).

Taxoii MeTox nocTpoenus rpaduka Gynkunn y==f; (x) - f» (x)
HasbIBACTCA CA0MG2HIeM 2pAPUK08 PYHKIUE Yy = f) (x) 1 ¥y =f, (X).-

’ 9

A

.z/=,z+sm$

Puc. 52.

IMpumep 14, Ha puc. 52 merosom chaoxeHus rpadukos
nocrpoeH rpadux ¢GyHxkuun

y=x-sinx.

(Tlpennonaraercs, 4To yuTaTeNb 3HAKOM CO CBOHCTBAMH TPUTOHOMET-
prueckux ¢yHkuu# sinx, cos x, tgx, ctgx u ¢ ux rpajuxamu.

§ 3. Orpaid4eHHOCTb, MOHOTOHHOCTh, YETHOCTb, HEYETHOCTD,
NepuoIHIHOCTD

1. Orpaunyennocts. PyHxuua f(X) HA3LIBACTCA 02PAHUYEH-
HOll CHU3Y, €CN CYUIECTBYET TaKOe YUC/IO @, 4UTo I J6oro
3Hauenust x (B3ATOro M3 00sacTH OnpeneneHus GYHKUHH) Crpa-
BEIJIMBO HepaBeHCTBO f(x) > a.
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dyuxums f(X) HasbIBAaETCA O2paHU4eHHON cBepXy, ecan Cy-
WecTsyer Takoe 4Yucao b, 410 Aas Jo6oro sSHaueHna x (B3f-
TOro u3 06nacTH onpeleseHus (PyHKIUH) CNpaBelNBO HepaBeH-
cTBO f(X) << b.

byukung f(x) HasHBAETCH O02PAHUYEHHON, el OHa OJHO-
BDEMEHHO fBJAETCS W OrpaHUYEHHOHM CHU3Y, M OrpaHHYEHHOH
CBEPXY.

OrpanuyeHHOCTs (QYHKUUH (CBEPXY WM CHH3Y) BECbMA CyIie-
CTBEHHO BJHMSeT Ha BHI H pacrnonowenne ee rpaduxa. Ecan

q

Puc. 53.

dyHknus  y=f(x) orpaHuyena cuusdy, 1. e. f(x)>a wis Jio-
6oro x u3 obaacre onpegeneHns (QYHKUHAH, TO BCE TOUKH [pa-
¢duKka pacrnosoxensl BsiIe npamodl y=a (puc. 53). Ecau
dynkuus y=j(x) orpauuyesa csepxy, T. e [f(x)<<b nman
aoboro x wus obaactu onpegenenns (HYHKIMH, TO BCE TOYKH

y

Puc. 54.

rpacmKa pacnonoxensl Huxe mnpaMod y===5b (puc. 54). Hako-
wei, ecnn Qyukuns y=,(x) orpaundena, T. e. a<f(x)<<b
s mo6oro”x n3 obnacTy onpeneneHus (QyHKIUH, TO BCE TOUKH
rpauka pacnojioXeHsl B IOJOCE MEXAY MPAMBIME Y=—=q #
y=0b (puc. 55).
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NMpumep 15. lloctponts rpaduk (yHKUEHA f(x)=_1—4%x7'
Pewenue. O6nacte onpenseneuus ¢yuxkuau f(x) cosna-
[aeT €O BCelt 4MCAOBOH -npAMOH — co < x < oo. Hasnee, TaK

Yy

Puc. 55.

KaK YUCcAuTeab M 3HaMeHaTe b APOGH NOJCKHTeAbHb (TpH Afo-
G6om Xx), 10 f(x)>0 naa moboro x. Takmm o0O6pa3oM, yHK-
uns f(x) orpanuveHa cumsy. Haxomen, 7tak xak 1-4-x2>=1,
10 f(%)=<1 ans moboro x, T. e. ¢yHkuus f(x) orpauu-
uvena cpepxy. Caenosarensno, rpaguk ¢yukunn y=f(x}
LEMTMKOM DaciloJIoKeH B moJjoce Meway npambiMu y=0 u y=1.

=7
-1 UI 1

Puc. 56.

1
Jlerko 3aMeTuTp €UIE€ OJHO CBONHCTBO PYHKLHMH f(x)=1—_m:
KOra X MNprHUMaeT GOJbINoe 1o aGCoMOTHOH BeNUYHHE 3Haue-
HuE (MOJIOXKWTENbHOE WM OTPHLATEJBHOE), COOTBETCTBYIOLLEE
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sHauenue . f(x) Oansxo k Hymo. Ynaue rosops, npu nepemetie-
HUM JaJeKo Bnpaso (WIn [aJEKO BJAECBO) rpaduk PyHKULum
y=f(x) «npuxumaercs» kK npamo#i y==0. ITosoxus x=0,
HaxonuM f(0)=1, Tak uyTOo rpaduK (YHKLIHH TPOXOAMT dYepes
Ttouky (0;1). YunrbiBas BCe CKa3aHHOE, JETKO NPHKHHYTb 3CKHU3

rpaduka (puc. 56). Haxoas 3areM eme HECKOJBKO TOUEK rpa-
1

(uxa (nonaras, cKawkem, x_iy, x=Fx1, x=12 x=-k3),

MBI CMOXEM BBIYEPTUTb 3T0T rpacuk OGonee TouHo (puc. 57).

¥

1

Mpumep 16. [oxasate, uro ¢yukuus f(x) =G=IF

He

ABASETCA OTPaHUUEHHOH CBepxy.
Pewenwne. Hyxuo noxasars, uto ans mwoboro uucia b

cyuiecTsyeT (xotq OH OAHO) 3HayeHHE X n3 obJacTm onpejeae-

Husg (yHKumy, aas Koroporo f(x)=b, 1. e —(}——_l—l)?;b.
O6nactp onpepneteHns QyHKUNUY (s npeacrasaser coboft

o0 beauHeHue NBYX OeCKOHeuHbIX MHTEpBasoB (— oo, 1) u (1, co).

Ouesnaro, uto ecan b<< 0, TO HepaBeHCTBO —(—‘—1—)2~>b BbI-

rtoJIHsAeTCs, Hanpemep, fApu x=0. Ecau we 6>0, 10 Hepa-

BEHCTBO E—_—m—‘ab B obaacru onpeneneﬂm thyukunn

DaBHOCHABHO HEPABEHCTBY ]x——l <<

(x—1)2
V_ KOTOPOE BBIIIOIHAETCH,

Hanpumep, npu xX=1-4~——=, uT0 1 TPeOOBaNOCH AOKA3aTh.

V‘)

3ameuanne. Onpegesenue orpaHaueHHON CBEpPXY (yHK-
uun (cM. crp. 188), mpumensis oGosHauenus ria. I, MoxHO 3anu-
caTb caefytomum o6pasom. OBosHauum uepes A (x, b) neonpe-
IEeNeHHOE BLICKA3bIBaHHe

A, By=1f(x)<b),
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3aflaHHOE Ha MHOXEeCIBE BCeX 3HaueHult x, KOTOpBIE BXOAAT
B 004acTb onpefeneHus QyHKuuu f(x), W BCEX AeHCTBHTENBHBIX
snauennfl b. Torga Heompeme/neHHOE BHICKa3biBaHUE

B(b)=(Vx)A(x, b)

3aJlaH0 Ha MHONECTBE BCEX [eHCTBUTENbHBIX 3HayeHu#t b. D10
Heomnpefie/eHHOe BbICKA3bIBAHHE YMTAETCA Tax: AJd J06oro x w3
obaactu onpejenedds (QyHKuEM Jf(X) BHITOJHEHO HEPAaBEHCTBO
f(x)<<b. OHo sBASIETC UMEHHO HEONPEAEeMEHHB M BbICKA-
3bIBaHMEM: IPH OAHHX 3HAYeHUsX D OHO, BO3BMOXHO, HCTHHHO,
pU APYrUX — JOKHO.

3anuce (3Ib) B(b) ywxe npencrasiser cobo#t BLICKA3hBaHue
(a He nHeonpenenacHHOE BhICKasbiBaHue). OO603HAUUM 3TO BHICKA-
3nBaHue uepes C:

C=3b) B (b)=(3b) (Vx) A(x, b),

L€, CyuecrByeT Takoe QeRCTBHTE/bHOE YHC/AO b, uTO AAs
mo6oro x us obnacrn onpenenends dyHkumn f(x) BHNOIHEHO
HepaseHcrBo f(x) << b. Teneps onpenenenne MoxHO choOpMyJiu-
poBath Tak: dyHkuus f(x) Ha3LBaeTCs OrpaHMYEHHOH CBEPXY,
ec/u BbICKasbiBaHue C HCTHHHO.

B nportuBHoM cayyae, T. e. ecau BeickaswiBauue C JIOKHO,
¢yuakuus f(x) He sBasercs orpanuyenHoft csepxy. Ho eciau
BoickassiBaHue C J10kHO, TO BhicKassiBanue | C (#e C) HCTHHHO.
Ilpumensa npaBuaa 'O paBHOCHJABLHOCTH BbICKasmBaHuH, cdopmy-
AHpOBaHHBE Ha CTp. 21, MOXKHO 3aMucarh:

1C=1(@E0) BO=(V6) (1B (0)=(V6) 1(V0) A(x, b)=
=(V6)(Ax) 14 (x, b).

Urak, dQynxuns f(x) He sBaseTcs OrpaHdyeHHOH CBEPXY, €C/H
Ans a0 60T 0 JAeflcTBUTENBHOrO unucaa b cyuecTByeT (X014
Obl ofHO) 3HayeHHe Xx n3 00/acTh onpejeseHns (YHKUUH, I,
Koroporo f(x)=b. Dro onpegeneHue © MpPUBEIEHO B Hauale
pewlenus npumepa 16,

2. MonotoHHOCTb. PyHKIHS Ha3HBaeTCi: 8o3pacmarouieil
Ha HEKOTOpOM uHTepBaje . (LeJHKOM coaepxauiemcs B obiactu
onpefeneHns 3TOH (YHKUUH), €C/HH NDH yBENMYEHAM aPryMeHTa
(Ha 3TOM HHTEpBa/E) YBEAUUMBAETCA 3HAuYeHUE (yHKUHM; (DYHK-
uUns Ha3olBaeTCad YOwsaroujelfl Ha HEKOTOPOM UHTEpBaJte, €C/d
NpU YyBEAMUEHUH apryMeHTa 3HaueHde (QYHKIMHA yMEHBUIAETCH.

Hpyrumu caosamm, ¢yHkuus y==jf(x) HaseBaerca go3pa-
cmanwell Ha vHTepBale a << x<b (UeNHKOM COAEpkKalLleMCA
B o0JsacTe onpejeseHHs 3To# QyHKuUuM), ecanm Aasd JMOOBIX X,
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Xy YHOBJIETBOPSIOUINX HEPABEHCTBAM d <C Xy < Xy <7 b, BBHINOJ-
HAETC HepaBeHCTBO f(X;) < f(x,); aHANOrMUHO, (DYHKUAS Y ==
= f(x) HaswmBaerca yOaBaiowjell Ha uHTEpBAalE a <X <b,
ecan I8 JHOOBIX Xy, X, YHOBJIETBODPSIONINX YCAOBHAM @ <C Xp <<
<C x, << b, Bumoansercs HepaseHCTBO f(x;) > f (%)

q
\

2y

//X\{S) 1

% |

5

i

l

)

|

1

| i

| |

& —d - T
0! a b
Puc. 58.

Ecin ¢ynknus y==f(x) asiseTcs Ha HHTepBaie a@ <X <b
BO3pacramuiei uan yOpBaouieHl, TO OHA HA3BIBACTCH MOHOMOH-
HOIl Ha 3TOM HHTEepBaJle, a CaM WHTepBan a < X <{b HasH-
BACTCSL UHMEPBAAOM MOHOMOHKOCHIL PyHKUEN Y= f(X).

¥

<|
S-S

Puc. 59,

Bospacranve ¢yHKuMr Ha HHTepBate a << X << b o3Hauaert,
4TO HA ITOM HHTEpBaje rpaduKk QYHKUYU TNOJHHMAETCs BBEPX
npu BospacTaHun x (puc. 53), a yObiBaHHMe O3HAUAET, UTO rpaduk
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OnyckaeTca BHM3 Ipu Bo3pacTanuu X (puc. 59). PyHkuug y =

=x3—3x, rpapuk Koropo#t nzoGpaxen ua puc. 60, e apasercs
HY BoO3pacTaioulefl, Hu yOpiBaolleldl Ha Bcel 4YuCIOBOH mpsmoft.
OpHako Toukamu X==—1 n X =1 BCA uncjiosas och pasdusaercs
Ha TpW uHTepBata: (— oo, — 1), (— 1, 1), (1, co), xawani n3
_KOTODHIX fABJAETCA WHTEPBAJIOM MOHOTOHHOCTH 3TOH (DYHKUHM.

Puc. 60.

Puc. 60 unnocrpupyer ToT (haxt, 4TO Ha UHTEepBatax (— co, — 1)
u (1, co) sta (yHxkuud Bo3pacraer, a Ha unrepsajse (— I, 1)
yOsiBaer. AHa/slornyHBIM CBOACTBOM 06/1a1310T BCE ()YHKLHU, BCTPE-
Yalonuecd B Kypce MateMaTuKH cpefHed wKoup: 06aacTk onpese-
J€HUST KaXAOH 1u3 HUX Moxer ObITh pa3bura Ha MHTEPBAJBl MOHO-
TOHHOCTH. R

IlTpumep 17. Pyukuua y=2x-+1 (puc. 45) sospacraer
Ha pHTepBane (— 00, ©O), T. €. Ha Bcelt ocw x. Pynkuna y =
=x?—2x (puc. 46) He sBifercs Bospacrawiled uian yoGsipato-
weH Ha BceH umcaoso#t ocu. Opnako Touka x =1 pasbusaer
YHCAOBYIO OChb Ha JBa mMHTepBaja {— 00, 1) m (1, ©0), Kaxgmh
M3 KOTODHIX SBJAETCA MHTEPBAJAOM MOHOTOHHOCTH 3TOH (yHK-
umm: Ha usrepsane (— oo, 1) ¢yuxuns y=—x2-—2x y6eiBaer,
a Ha uurepsane (1, oo) Bo3pacraer.

IMMpumep 18. Dokasars, uro QyHxuns f(x)= —l-_—ixx—z BO3-

pacraer, Ha wmurepsate (0, 1) m yOniBaer Ha uHTepBaJje
(1: OO)
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Pewenne. Cornacuo onpefeneHuwio HYXKHO KOKa3aTh, UTO:
1) npu 0<Tx;<<x, < 1 BMHOJIHH&TCH HEpaBEHCTBO flxp<
<f(x) T e
2x,
l—]—xf <Txa

n 2) npn 1<Cx;<CXx, BHIOJHAETCS HepaBeHCTBc; fxp)>
> f(x,), T. €

2)51 i 2x2
AT TR
PacemoTpum pasnocts
Jlx)—f (%)= )
2y 2% __2(atxiXi—xs—xixg) 2 (xp—x)(r1%p— 1)
T T T T (0 +x5) 0 (Ex)+x)

Orcioa BHIHO, UTO €CIH Xy > X;, TO 3HaK paznoctn f(x;)—
— f(x,) coBnanaer CO 3HAKOM BHIPAKEHHS X;Xp—

Ecmn 0 < x; << X%y < 1, 10 X%, << 1, x3%,— 1 << 0 u noromy
J(x)—f(x) << 0, T. e. f{x))<<F(xy) Ecam me 1< x;<C Xy,
T0 XXy > 1, 43X, —1>0 u notomy f(xy)—7(x5)>0, 1. e
S (1) > f(x,), uTo u TpeGOBaNOCH AOKA3ATh.

Npumep 19. Hokazats, uto ¢ydxunus f(x)=x*t—x® He
IBASCTCA MOHOTOHHO BoO3pacTaoiuef Ha murepBane (— 2, 2).

HoxaszareascTso. CornacHo ornpefeneHuo HyKHO JA0Ka-
3aTh, UYTO CYUIECTBYIOT X; W X, YJIOBJETBODAIOUINE YCAOBHUAM
=2 <X, <2 1 fx) =T (xp)

3ameuast, 4ro B Toukax X;==0 u X,==1 ¢yuruus f(x)=
= x*—x? ofpaulgercs B Hy/b, 110/]y4aeM DaBeHCTBO f(xy) =
= f(x,)=0, KoTOpOE W pHOKa3HBAET TpeGyeMOE yTBepKICHHE.

3. UerHocTb u 'HeuerHOCTH. PyHKuHs y==Ff(X) Ha3b-
Ba€TCcd 4emHoH, ecad oHA 00JajaeT CJACAYIOLWUMH ABYMA CBOH-
creamMu: 1) o6nactb - Onpefeesns 5ToH (DYHKIHKM CHMMETpHYHA
orHochTeabHO TOuKK O (T. €. eCim TOYKa @ NMPUHAAMEKHT 00aa-
| CTH ONpeAe/eHHs, TO TOUKa ——q TaKke NPUHAAIEKHT 00aacTH
onpenenenns);, 2) s moOOro 3HaueHWs X, NPHHAAIEAKAUIErO
o0sacTi OnpefeneHUs 9TOH (YHKLHUH, BBHIONHACTCA PAaBEHCTBO
F(x)=F(— ).

byukuua y==f(x) HasnBaerca xeuemrol, ecan: 1) o6aacTb
onpeje/eHns 310 (PYHKUHM CHMMETPHYHA OTHOCHTENBHO TOuKH U
'2) pas moboro sHaueHus X, NpHHamiemaulero ofaacTu onpesie-
NeHus 3TOH (PyHKUMH, BHIOHAETCA PaBeHCTBO f(x)=— f(— X).

Bes rtpynma nposepsercd, uro (QyHKUMsS y=|x| aBagercs
uetHO#. TouHo Tak ke ¢yHkuMs y=x" uerHa, a QyHKUHUS
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y=x"*! yevernd (npu moGom uerom 7). Bes tpysa npose-
psercd TakXKe, 4TO CYMMa, .pasHOCTb, NPOUSBEACHHE M YACTHOE
ABYX UETHHX (YHKUUM CHOBA SBJAOTCS YETHBIMH (DYHKIHASMH.
- Jlanee, cyMMa u pasHOCTh MIBYX HEYETHHIX (PYHKUuH SABIAOTCA
HegeTHBIMM (yHKuuaMi. HakoHel, npousseseHue u YacTHOe ABYX
HEUYETHHX (YHKUNA ABJASIOTCA HETHHIMM (DyHKUUSIMHM, @ TPON3BE-
JEHUE ¥ YacTHOE YETHOH M HeueTHOU (YHKUuH ABAAIOTCS HedeT-
HbeIMP yHKHMaMY. JIOKa3aTeNbCTBO BCEX 3THX YTBEPXKAeHHH MBI
NpefoCTaBAgEM YUTATEIIO.

W3 ckazanHoro caeayer, HalmpuMep, Y4TO MHOTOWIEH, ¥ KOTO-
poro BCe IOKasaTeau YETHbI, ABJAETCS 4eTHOH (yHKIHeH, a MHO-
TOU/EH, Y KOTOPOro BCE MOKa3are/n HEYETHB, ABJAETCA HEUer-

no#t ynkumet. Tak, pyuxuas y=x*-2x%—1 yerua, a Pyux-
unad x®—x° HeuerHa. B KauyecrBe APYr#x TNpPHMEPOB UYETHHIX
(PyHKIMHE MOXHO B3ATh C/EAYOUIHE:

1 x|t
Y=Frr YT

y=Vx*—Tx|(x®—2xt+3x2+5) u 1. m,
a B KauyeCTBE NMPUMEPOB HEYETHHIX (YHKIHH MOXHO B3ATh

=x5—92x% +Tx, =__£5_";3L
y=x—2x°+Tx, y FrETYONES

X
—_— = N T. I1

, ) Viel+x?

He crnemyer nymarh, uTO BCAKAA (DYHKUHS HENPEMEHHO 8-
ASeTCH WA YETHOH uAM HeueTHOHW: CYHIeCTBYIOT (PYHKUWY, HE
ABAAIOULAECA HU YETHBIMH, HH HEUeTHHIMH.

Mpumep 20. Jdoxasare, uro ¢yHknus f(x)=2x-1 ne
ABJASETCH HU YETHOH, HU HeyeTHOH. ;

Pemwenne O6aacteio onpenencHus 3Tofl GyHKUHE SBASETCS
BCA uMCAOBas OCh, T. €. yCJaOBHe 1) B ompeneseHnu YeTHOH u.
HeueTHOH (yHKUnH BBHIMOAHEHO. YroGn mOKasarb, UTO QyHK-
uus f(x) He ABAsercd YETHOH, MBI JOKHB MO3TOMY ROKa3aTb,
41O ycioBHe 2) B onpejgeseHud yeTHOH (YHKUUU He BBHITIOJHEHO,
T. €. YTO CyLWEeCTByeT (xoTd Obl GOHO) 3HAYEHHE X, O] KOTO-
poro f(x)# f(— x). Bosbmem x=1. Toraa f(1)=3, f(—1) =
=—1, 1. e. f(1)= f(—1). Takum o6pasoM, dyukuus f(x) He
apageTca uyerHoH. Auanormyso, Tak Kak f(l) % —f(—1), 1O
dyuxuus f(x)=2x--1 He aBasercs HeuerHOM.

3ameuaHue. PaszoGpaHHbft ipuMep NOKasbBaeT, UTO BEICKa-
SsmBaHne «(yHKIHS f(X)’ HEUETHAa» He ABJACICA OTpPHIlaHNEM
BhiCKa3uBaHu® «dyukung f(x) uerHa». VHaue rosops, BHICKa-
sbiBaHust «yHkuus f(x) nHedeTHa» u «¢pyHKuna f(x) He 8-
JASETCS YeTHOH» 03HaualoT He ONHO M TO XKe. HUTo6bl BHISICHUTBH
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JOTMYECKYIO CTPYKTYpPY STHX YTBEDXKASHHH, MPEXNOJOKAM, UTO
naHa HekoTopas ¢yHKuus f(X), ¥ pacCMOTPHM C/IeLyIOLI#e BEICKa-
3BIBAHHA:

A= {o6nacts onpepeneHns ¢yuxuum f(x) cuMMeTpuyHa
oTHOCHTeABHO TOuKH O};

BAO={ W=} CE=®=—F(—5)

(nepemennple BhicKasbianug B (x) n C(x) paccmMaTpuBawTCA 415
TeX X, I/ KOTOPHX 06€ TOYKM X, — X TIPUHAJNERAT 00NacTh
onpengenenns ¢yuxunn f(x)). Hanee, uepes P 0603HauUM BBICKA-
swisaHue {¢QyHkuna f(x) uetHa}, a uepes N — BHICKa3hIBaHUE
{¢ynknua f(x) Heuerna}. Torga onpesmenenus YeTHOCTH U HEUET-
HOCTH MOTYT OBITb 3alHCaHBl CAEAyOUM 00pasoM:

P=A A (Vx)B(x)),
N=A A (Vx) C(x)).

Brickaseisanue ] P = {¢pyHKuus f(x) He sBJAETCH UETHOH},
cornacHo npaBusaM Ha cTp. 34, Moxer OHTb BanuCaHO Cle-
ayioumuM obpasoM:

TIP=TAA(V)BEN)=0A4V 1(V)Bx)=
=14V {(3x)1Bx).

WUrak, BhicKasbiBaune «(yHKuusa f(x) He ABASETCS YETHOH»> O3Ha-
yaeT, 4yto0 AU 60 obaacTh onpemeneHus (yHKUHA f(x) HecuM-
MEeTpuuHa, 17U 60 Ke CYyWecTByer rakoe X, uro f(x) £ f(— x).
Mmenno »Ta ¢Qopma BbicKaseiBaHus | P u Oblja HCIOJAb30BaHa
g npumepe 20 npm JOKa3aTeabCTBe Toro, yro Gyukuua f(x) =
= 2x -4 1 He ABAFETCH ueTHOH.

YeTHOCTb WJIM HEYETHOCTh (YHKUUM BECbMA CYILECTBEHHO
ciasbiBaeTcd Ha dopme rpaduka sroi ¢yukuuyu, MmenHo, umeior
MECTO CJEAYIOUlME IBE TEOPEMbI:

Teopema 1. Tpagux uemmnoil hynxyuu cummempuyen
OMHOCUMEABHO OCU Y.

Hokasatenncrso. Ilycts ToOuKa (Xg; ¥o) NpuHALIEKUT
rpadmky ueTHoR dynkmun y=f(x), T. e yo=s(x,). Touxa,
CUMMETPHUYHAT C TOUKOH y=;(x) OTHOCHTEJBHO OCH ¥, HUMEET
xoopanHatel (—xg ¥,). Hano nokasats, uto TOYKa (— Xy V)
NpuHaiIeKuT rpaduky OYHKURR y==f(x), T. €.' JOKa3aTh, 4TO
Yo=S(— x,). Ho s10 caenyer ms onpeneaenus qemovl (yHK-
unn: fl— xo)=flxy) = yo
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B xauecrse ynpaxHEHHs NpeAnaraeTCs aHaJOTHYHBIMU PACCYK-
JICHASIMMA JIOKa3aTh CIEAYIOILYIO TEOPEMY. :

Teopema 2. [pagpux Hewemroll @GyHryuu cumMmempu4er,
omuocumenrsno raiase xoopounam (0; 0).

3amevanue. M3 atux reopeM cieAyer, yro AJAs HOCTpoOe-
unst rpaduka yeTHOW @YHKUMH [OCTaTOYHO INOCTPOHUTH YacTh
rpaduka 3ToM ¢yHkuumm Aas x>==0, a 3areM MNOCTPOCHHYIO
yacTh rpadika CHMMETPHUHO OTPAasuTh OTHOCHTEIBHO OCH Y,
T. € JJ8 Kawao# Touxkwu rpaduxa ¢ abcunccoit x > 0 nocrpouts
TOUKY, CHMMETPHYHYI0 €l OTHOCHTeMsbHO ocH . B vacTHOCTH,

Y
A
PSRN
L\
K 1 K
\
\
N -
2~ T
o
K"
Puc. 61.

TaKuM Crnoco6oM MOXHO NOCTPOUTH rpadmk dynxunn y=7f (| x|),
Tak Kak ¢yukung f(|x|) sBuaserca uernoit. Jasg nocrpoeHns
rpaduka HeueTHOH (PYHKUHMH HOCTATOYHO MOCTPOMUTb YacTh Ipa-
buka stoR QyskumM Ant x =0, a 3aTeM nOCTPOEHHYIO YaCTh
rpacuka CUMMETPUUHO OTpasuTh OoTHocureapHo Touku (0; 0), T. e
Ins KawJoH Toukm rpaduxa ¢ abcumccod x>0 mnocTpouts
TOUKY, CHMMETDHUHYI0 €H OTHOCHTeNbHO Hauaia KOODIHHAT.
(3amernyM, 4TO AJf OCYLIECTBJISHUS CHMMETDHA HEKOTOPOH Kpu-
BOH OTHOCHTEJBHO Hauasia KOOPAMHAT MOXKHO NOCTYNATH Cle-
Ay o6pason: CHauala AaHHYIo KpuByio K-CHMMETPUUYHO OTpa-
8UTh OTHOCHTE/BHO OCH OP/JUHAT, & 3aTEM TOLYHEHHYIO KDUBYIO
K’ cumMerpuyHo 0TpasuTh OTHOCHTEJBHO OCHM abcuuce, puc. 61.)

Mpumep 21 [ocrpours rpadux dyskuan y=x2—2| x|

Pemenne. 3aMerus, uro 9ra (yHKuus ueTHad, CHauajla
nocrpouM uacth ee rpaduxa npu x==0. Ilpu stux 3HaveHusnx
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X Mbl HMeeM Y=x?—2]|x|=x%—2Xx, 1 NOTOMY MCKOMas 4acTh
rpaduka —9T0 4acTh napaboas puc. 46 npum x==0. 3arem
NOCTPOEHHYIO YaCTh TrpauKka CHMMETPUYHO OTPAaWaAEM OTHOCH-
TEJBHO OCH Y (puc 62).

Puc, 62,

Mpumep 22. Iocrpours rpaduk yAKLun y=—lx-.

1
Pewenune ®Pynxuus y== obaagaer - CAeAyOLIUMH CBOH-
CTBAMHU: '

1
1. BripaxeHue ~ WUMEET CMhICA  A7A moboro x %0, 1. e

1 - .
061aCTbI0 OMpeAeneHus (YHKUHA Y==- SBJNETCH MHOKECTBO

BCEX NeHCTBMTEJBHHIX unced, Kpome Touku x==0, nan, uHaue
ropops, obbeluHeHue AByX OSCKOHEYHHIX HHTEPBalNoB (— 00; 0)
u (0; co).

2. Gynkuua y= 1— HeuetHa. [Toaromy Bce nanbﬂemune cBofi-
crsa Oynem paCC\lanPlBaTb TOABKO A X > 0.

3. Hpw moBom 3navernn x >0 ¢yHkuus y=% TIPHHUMAET
NOJNOKKTEAbHDIE 3HaueHns, T. €. 4acTh rpaduka GYHKUUM ¥ =
=‘% npu x>0 pacnosnoxeHa BHIUE OCH X. “

4. Ecmu 0 <C %y << X,, TO BHINONHAETCA HEPABEHCTBO xl>;l
1

T. e (QyHKuus y=7t— MOHOTOHHO yO6HIBaET Ha HHTEpBaJje
(0; +o0).
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5. Eciw 8HaueHHs apryMmeHtTa X HEOTPAaHMYEHHO YBeaHuH-
BAfOTCA, TO 3HAUEHHs (DYHKILHY . y;% BCe 6osee nMpuGAMKAIOTCA
k nymo. Ecin sHaueHns x mpuGanmkaoTcs K HyJO, TO 3Haye-
HA PYHKIUA y=% HEOTPaHUYEHHO YBEMUHBAIOTCH.

L
6. Briuucaas sHaueHns QyHKUAM y=-, nonyuaem Talanuy

il
3|2

1
ol 1| L L
y 3 5|3

Ha ocHopaHum 2TMX CBOHCTR CTpOHM YacTh rpaduka (yHK-
1 .
nin Y =-- npu x>0 (puc. 63, a), a 3aTeM NOCTPOECHHYIO 4aCTh

rpaduKa CHMMETPHYHO OTpaKaeM OTHOCHTENbHO Hauaka Koop-
puHat (puc. 63, 6).

g
#

aj
Puc. 63.

3amerum, uto csolictea 1—6 Henp3d BHIBOLHTH H3 pac-
cmotpenus rpaduxa (puc. 63, a), Tak Kak rpadmk CTpOMICH Ha
OCHOBaHMA 3TUX CBOHCTB. HOo M3 rpaduka MOXHO BBIBOAUTHL He-

KOTOphE €BOHCTBA (yHKUMH y=—)lc— ang x << 0. Hanpumep, u3
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: 1
pacemoTpenns rpacguka (puc. 63, 6) sicio, uro QyHKuUUs y==
MOHOTOHHO YyObiBaeT Ha uHTepBaie (— oo; 0); ‘manee, AcHO, 4TO

- 1
npr X <{0 ¢yHKuuA y=-- NpUHEMAET OTpUNATENbHBIC SHAUC-

HUA; J1erko o0o0maercs ajid sHaueuntt x<0 1 chopMyaHPOBAH-
HOE BBILE CBOHCTBO D.

4. Ilepnoamunocrts. Pyskuus y==f(x) HasbiBaerca nepuo-
Oudeckoil, ecanm cymecrsyer Taxkoe umcao T >0, uro aas
KaxX[AOTO 3HaueHus X u3 OO/JacTH oOmnpefejeHus 3ToN QyHKMA
sHaueHnst x + 71T u x—7 Takke npuHagiexar obaacrtu Onpene-
J€HUS W BHNOJHAETCH paBeHcTBO f(x+7T)=f(x). Ilpn srom
uncao 7 naswiaercd nepuodos Gyuxuumn y=f(x).

W3 aroro onpeneneHus caeiyer, 4ro

Fx+2D)=fl(x+ D)+ T]=Ff(x+T)=/f(x),
fx-F3T)=fl(x+2T)+ T]=f(x+2T)=f(x)
J&)=flx—=T)+T]=f(x—T)

# T. 1. Orciofa, uCHONb3ys MeToJ MaTeMaTHUecKOH WHAYKIHH,
noayuaem, 4ro mas Jgwboro n=0, 21, =2, ... Bro/HserCA
pasencrso f(x -+ nT)=f(x). Takum oOpasom, Kamaoe n3 yuces1
nl (n=1, 2, 3, ...) Takike sABJIAETCS HEepHOZOM QyHKuuu f(x).

Mp! npepgnosardeM, 4TO UHTaTedb XOPOIIO 3HAKOM C IEpHO-
juiuecknMu (yHKUuAMU sinx, cos x u tg x.

Mpumep 23. Ilokasars, 4To ¢hyHKIHSA f(x):=———l cosx

--sin x

JseTCs NepruojuuecKol ¢ nepuomom 2.

Pewmenne. O6/acTp onpegeneHus paccMarpuBaeMoi (yHK-
LyE ToJyvaercs BhIOpachiBaHMEM M3 UMUCAOBOH OCH TeX TOuek,
‘B KOTODHIX SHaMeHareJb OOpAUlaercs B HYyJb, T. € TOUYeK

o :
—5 -+ 2k (k—uenoe). OTc0ia BUAHO, YTO €CJM TOUKA X NpH-

HagaexuT obaacTu olpepenenns paccMaTpuBaemoit dyuxkiun f(x),
TO TOYKHM X - 27 ¥ X— 27 TaKke NpHHALIEKAT dTOH ObaacTh
onpeneierus. OCTaeTcs NPOBEPHTh, YTO BBIIOJHEHO paBeHCTBO
S (x4 2n)= f(x). Mu umeem
cos (x + 2m) cos X
-+ 2m) = ; = = .
J (x4 2m) I-4-sin (x-+2n) = 14-sinx f(x)

ITpumep 24. Joxasats, uro ¢yuxunsa f(x)==|sinx| aB-
afeTcs MepHOANYeCcKOH C MeprHoioM .

Pemenue. O6racreio onpenenenns dpysxuun f(X) asasercs
Bcd umcaosad ock. [loaTomy jnns no0oro X TOUKH X-F7 #
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\ .
X — 7 TNpHHajJIexat 310# obnactu onpexenenus. Ocraerca mpo-
BEPHTh, YTO BBIIOJHEHO DPaBEHCTBO f(X -4 m)= f(x). Mb umeem

f(x+n)=]sin (x4 n) |=|—sinx |=|sinx | = f(x).
IMMpumep 25. Hatity HauMeHblLId# Tiepuof (QYHKILUY
f(x)=3sinx -}sin 2x.

Pemwenune. Ilycte T —nepuon panHo# QyHkumm, 1. €. 419
BCEX X WMeeT MeCTO pPaBeHCTBO

3sin(x +T)4sin2 (x + T')=3sinx 4 sin 2x.
B ugacrHocTy, orcioga npu x==0 nmeem

3sinT +sin27 =0, wm sin7T (342 cos T)=0.

Tak kak 342 cos T 5= 0, 1o sin 7 = 0. Tarum o6pasom, nepuosom
HaHHOH (yukumnu Moxer OHTh TOJBKO Takoe uyucio 7, KOoTopoe
yaoBJIETBOpsieT ycaoBuo sin7 =0, T. e. MEPHOJ HYXKHO HCKATh
avib cpeau uucen T=km (k==1, 2, 3, ... .
Henocpencrsennoll nposepkolt yOexmpaeMcs, 4To ynuciIo 7 He

2
ABASETCS TNeproaoM HaHHOH ¢ynxkuwp. Hampumep, npu X=1

nMeeM
'f(x+ﬂ)=f( —i—ﬂ>—35m< >+sm?< —{—n>=—3
f(x)=f<g>—35m +sin2 % 3,

T. e. f(x+n)== f(x). Yncno 25 sBasercs NepuoioM AaH-
HOM (DYHKIuK, TaK Kak AJad Jwboro x umeeM

3 sin(x + 2m) +-sin 2 (x - 2m) = 3 sin x --sin 2x.
Wrtak, T = 27— HanMeHbLnH nepuoj, QyHKIUR
" f(x)=3sinx 4-sin 2x.

Hepeiko nocTynaiomue B BY3H [ONYCKAOT OWHOKH mpu
pelueHnM 3ajau BHAA: JOKa3aTh, YTO HEKOTOpas (QyHKUus He
ABJAAETCH Nepuoindeckold. B cBA3u ¢ a1uM nosesHo paszobpats
JOrUYECKYI0 CTIPYKTYpY onpeienaeHns nepuopuuHoctd. Ilycrs
naHa Hexoropas ¢yHxkuus f(x). O6aacth ee onpeenenns 060-
3HauuM uepes A. PaccMoTpuMm chaenywoniue HeonpeaeieHHble BH-
CKA3LIBAHUSA; B KOTOPHX X MOXKET NPUHUMAaTh #0060 sHaueHue,
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npurafinexauee MmHoxectrsy A, a T-—mnpoussoibHoe
NONOKHUTEALHOE YHCIAO: :

B(x, T)={rouka x4 T npunamiexur MHOXecTBy A},
C(x, Ty={rouka x—T npuHagjIexnT MHOXeCTBY A},
D(x TY={f(x+T)=F()}

CornacHo onpeneneHuo ¢yukmus f{(x) HasblBaercs Iepuonu-
YecKOH, ecid CYyHleCTBYET TaKoe Tosaoxuieapuoe uuciao 7,
yto Aas A 6oro x (u3 MHOxecrsa A) CrpaBelnuBB BHICKA-
awisaung B(x, T), C(x, T) u D(x, T). Minave rosops, BbIcKa-
3bIBaHHE

P == {¢yukuns f(x) sBaseTcs nepuoauyecKon}
MOKeT OBIThb 3alMCAHO B CJAEAYIOIWEM BHIE
P=@NNV)B(x TYANC(x, TY\ D(x, T)).

Kakum ke o6paszom yOeanthcst B TOM, yTo ¢ynkuus f(x) He
ABAAETCA TIEPHOAMYECKOH, T. €. uTO HCTHHHO BHICKa3biBauue | P?
Corsnacuo 1npaBu/iaM Ha cTp. 34 BBHICKaseiBaHme P MOXHO
3anucath caeaywuuM obpasom:

1P ="1@3T)(V¥)(B(5, TYAC TY A D(x T))=
=(VT)T(V)(B(x, TYAC(x TY A\ D(x, T)=
=(VN@x) 1B NDACK TYA D(x, T)=
=@ (1B THV(OC T)V (DX T).

Wuaue rosops, Ana TOoro uroBel yOemutbesd, 4ro QyHKuus f(X)
HE SBJAETCA IEPHOAMYECKOH, HYXKHO YCTaHOBHTH CJACLYIOULEE!
ans nwboro 7 >0 natinercsa takoe x (us obaactu oinpe-
nenenuss ¢yukunn f(x)), uto He GYHET BHNOIHECHO XOTa 6
ONHO U3 YyKasaHHMX Bowe ycaosu B(x, T), C(x, T)
D(x, T).

ITpamep 26. [okasats, uto dyHKmus f(x)=sin%» HE #iB-

JSeTCA NEePHOAUIECKOH.

Pemenne. O6nacth omnpejeneHus IOJYY3ETCa BHKaJbIBA-
aneM u3 uucaopodl ocm toukn x=0. Ilycte T — npounssosbHoe
noaoxuTeapHoe uncio. Tak Kak — T 5% 0, 10 TOUKa Xg=—T
npuHagnexut obsactu onpeneneHns ¢yHkuud. B to ke Bpems
Toyka Xg—+ T =(—T)+4 T=0 ne npunamnexnt objactu omnpe-
aenenns. Wrak, aas nw6oro T>0 cywecrByer Takoe x = X,
(n3 obaacTu onpenenenus Qyskuuun f(x)), 40 TOUKa X - T He
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nprHagIexuT obractu onpefeneHus. CrefoBaTeNbHO, (YHKLUA

~f(x)=sin—i— HE ABJA4ETCA TNMEPHOLHUUECKOHN.

Mpumep 27. lokasats, uto ¢yHkuma f(x)=x3 He aB-
NFETCS nepuoandeckott.

Pewenwe. O6GracTbio onpeneneHus ABASETCS BCA YHCAO-
Bag npsmaa. Ilostomy pas moGoro 7 toukw x—+7 w x—T
npuHaanexar o6JacTé onpeiesieHus. 3Hauut, y Hac ecTh euH-
CTBEHHasi BO3MOXHOCTb YCTaHOBHTh, uTO (pyHKuua f(X) He #B-
JM€TCS MEepUOJHYECKON; HYXHO [0Kas3aTh, uTo 1/ JAwoboro 7 >0
cyuaiecTsyer (xotss Ol 0AHO) 3HaueHHe X, A% KOTOpOro
Sx-+T)s= f(x). Jlerko BupeTh, YTO B Ka4e(TBe TaKOro X
MOXKHO B3Th, Hanpumep, x == 0. Torna f(x)=f(0)=0, f(x4+T)=
=f(T)=T*>0, 1. e. f(x+T)zf(x)

PaccMorpuy rteneps BOnpoc O nocTpoeHus rpaduka me-
puonuueckolt gyukund. Ilycrs dyHkuna y==f(x)—nepuomauue-
ckas ¢ nepuogom 7. Ecan TOuKa (X Vo) NpHHALJIEKUT Trpa-
¢uKy sTolt QyHKmuK, T. € Yo=f(X) 10 TOUKH (X9+nT; ¥,

)

a+T a+2T a+3T
Puc. 64.

a-T 0] a

n=-F1, =2, |.)) Takke NOpHHALIEKAT ITOMY TpaduKy, TaK
kKak f(xg+nT)=[f(xy) =y, 3uauur, A1d nocrpoeHas rpaduxa
nepuosuueckoll (yHKUMM JOCTaTOYHO MOCTPOMTb UacTbh €€ Ipa-
(¥Ka, PaCHONOKEHHYI0 Hal KaKHUM-HUOYAb OTPE3KOM @ =5 X <3

=<a~+7T, u Torfa Bech rpaduK MOAYYaeTCs CHBATOM IIOCTPOEH-
HOH uacTn BROJb OCcH X Ha orpesku —= 7T, =27, ... (puc. 64).

MMpumep 28. IMocrpouts rpaduk GyHKuuE \
y=Vigx

Pemenue. Paccmarpusaemast ¢yHruns onpeneseHa Ha Gec-

KOHEUHOM uuc/ie TMOJYHHTEPBANOB AN <l X < % +kn (k=0
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*1, &2, ..). Tlostomy, ecm X npuHamNexuT 06aacTH oOnpe-
HeNeHns, TO TOUKH X -7 a4 X—J TaKxKe mnprHaigiexar obnaa-
crm onpénenenus. [astee, Ans moBoro 3HaueHus X, NpHHamse-
Kaulero o6iactu onpejeneHns 3To# (QYHKUuM, BHINOJHAETCS CO-

otoumenne J tg(x+m)=] tgx. Takum o6pasom, dyHKuUUS

y=l/tg X ~—Tiepuonnueckas ¢ fnepuonoM m. Ilostomy Bce manis-
Hefluue cBO#CTBA JOCTaTOYHO PAcCMaTpUBATh TOJBKO HA MOJY-

JT
nHTepBate 0= x << 5
flcno, uto Qynxuna y="7,"tgx npu x=0 npunuvaer sHa-
yenne ) U MOHOTOHHO BO3pacCTaer Ha nonyuurepsane 0 =x<3.

)

|
y=vigz

-
It
N e

Puc. 65.

- o
[Tpu 2rom, ecau 3HaueHus X NPuUGIMKAOTCA K 5, OCTaBasch

MEHpLIE TO 3HaYeHus §yHKUUH y::]/tgx HEOr DaHUYEHHO

i
7:
YBeMUYMBAOTCH. BOCH0/b30BaBILUCE A/id GOJblUEH TOUHOCTH CJae-
Aytome#t rabauued:

I | | N
2 L - o

y 0%:{1"/37

Mbl TENepb JIEFKO MOXEM HayepTHTb 4YacTb TpaduKa (YHKIWH
y=1tg x Ha noaymurepsane 0<x<<5 (puc. 65). 3arem
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CABArOM BJONL OCH X Ha Am (k=zk1, 322, ..)) Ma nomyuum
BeCh rpamk paccMatpuBaeMoll (QyHKuMH.

Hrak, nns nocrpoeHus rpaduxa (QyHKIHHA pexomeﬂzxyeTCH,
110 BO3MOXHOCTH, M3YUUTh CAEAYIOIHE ee CBOKCTBA:

1) oGaactb onpeaeneHns;

2) MHOXECTBO 3HaueHuH (B YACTHOCTH, OrDaHHYEHHOCTD);

3) YEeTHOCTb WM HEUETHOCTb; ‘

4) nepuOANYHOCTD;

D) MOHOTOHHOCTb;

6) noeexenne QyHKUUH NpH NPHOMMKEHHH apryMEeHTa K rpa-
"HAYHBIM TOYKaM obJaacTu onpeneneHus (QyHKUUY;

7) MHTEPBAJB, Ha KOTODHX (YHKUMA [OJOXKHTEIbHA UM
OTpHLATENbHA.

Jlas Gonplue#d TOUHOCTH TOCTPOEHHS C/IefyeT BBIUHCIUTH 3Ha-
yeHNA (PYHKUMM B HECKOJIBKHX TOYKAX (MpU 9TOM WeJATENIBHO
HaliTw TOUKH nepeceueHds rpaduka ¢ OCSIMHM KOOPAUHAT).

Ilpu pemennn KOHKPETHHX 3agay [NPUBEJCHHEIH BHIUE pe-
HeNnT AJIs MOCTPOeHus rpaduka He BCErja SBJAAETCH CAMBIM pauuo-
. HaldbHBIM. B’ creayromux naparpadaX paccMarpusaioTcs HeKo-
TOpHE CJayvad, Korpa rpadux (PyHKIHH MOxeT ObThb NOCTPOEH
npeodpa3oBanueM paHee u3BeCTHOro rpadwka. Ilpu sTom Hepeako
YAAaeTCs BHIBOLUTb HEKOTOpBIE CBOHCTBA (DyHKLHHM US €€ rpaduxa.

§ 4 Komnosnuus ¢ynxuui

PaccvoTpum Hexotopylo ¢yskumio y= f(x), ob1actsio onpe-
JeJeHus Koropol sBasercs MuoxectBo A. Pasymeercs, BoBce
He obszareqbHO OGO3HAUATH ApryMeHT 3T0H (PYHKUHE HUMEHHO
OykBoll x, a camy ¢yHkuuio wuMenHo OykBo#l y. Hanpuwmep,
3anuch s=f(f) Oyaer 03HAuaTh, 4YTO PACCMATPHBAETCS Ta ¥H e
¢dyuxuns f (¢ toft ke obnacreio onpexeneHus A), HO TOJMBKO
€e .aprymMeHr oO0O3HauaeTcs OYKBOH f, a caMa (yHKuUMA— OYK-
Boft s. Hepeaxo mox sHax ¢yHKuun NOACTABARETCS BMECTO apry-
MEeHTa He TOJBKO Apyrad OYyKBa, HO Kakoe-au6o GoJjee CI0KHOoe
Brpaxenne. Hanmpumep, ecau 3amaHa Hexoropas QyHKUHS Y =

= f(x), 10 3amuch f( O3HayaeT, 4TO HAI0 TpojenaTh

t
PER
Te AEHCTBHA, KOTODHlE TNpPELyCMaTpPHBAIOTCA IIPABAJIOM COOTBET-
CTBUS f, HO TOJBKO 3TW HeHCTBHA HaA0 NpPOAEJaTh HE Hajx apry-

t ' .
t2-|-1'

ITpumep 29. Ilycts f(x)— ; HafiTm f<t_2_—trl_>

MEHTOM X, d& Han BHIDaXCHUEM
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Pewenne. Ham nyxuo B obe uactu paaeHCTBa f(x)=

xR
=TT BMECTO X [OJCTaBHTH Bb]paxceﬂne t2+l Mmu no:lyqaey
/ t \2 . 72
f t N\ \t2+1) _ @e41p
2417 t \~H i
24 1) 241

Tak Kak f2-+15£40, To MBI MOXEM YMHOXHTH YHCIHTENb M 3Ha-
MeHaTesb nocaennett apoGm Ha (£2-}-1)%, mocie wyero mouayumm
f< i 2
e+ @) e+

B pa3o6paHHOM TpmMepe 10N 3HaK (YHKuMM f BMECTO apry-
MeHTa x Obiia noxacTaBaeHa (PYHKIL K HOBOTO apryMmesra f,

4 UMEHHO X = B ofuwem cayyae Takyio NOACTAHOBKY

241"
MOXHO onucaTth caepyiomnM obpasom. Ilycts f u g — ase dyHk-
nna. TlogcraBnB mox 3Hak (QyHKUHH y=f(x) BMecro apry-
- MeHTa X OGYHKUHIO X ==g (), Mbl MNOJyYaeM HOBYIO (YHKIHIO
y=/f(g (t)), B KOoTOpOlt aprymeHTom sasadgercs f. ®PyHKuua y =
= f(g(t)) naseiBaerca Komnozuguell (a VHOTHA TaKKe cynepno-
suguell) pynkuuit fn g

ITpumep 30. OGvem KoHyca TOCTOSHHOH BBICOTH F
apageTCs (pyHKUMEH OT ILIONafW OCHOBAHMA KOHyca: Y= f(X) =

1
=§Hx. B cBowo ouepenr mniomlafib OCHOBaHUA KOHYCa €CTh

(byHKIES OT paaHyca OCHOBaHUA: X =g (f)==mf% 3Haunt, KOMIO-
sunus 9TUX QYHKUMH faef 3aBUCHMOCTh 061>e1\1a KOHyca OT paju-
yca OCHOBaHuf:

y=Fg )= nHe.

BecbMa BaxHBIM 9BJSETCS BONPOC O TOM, KaKoBa 0GJaETh
onpeneneHns QyHKuunm y==f(g(f)), sBasomwelcd KoOMNO3ulHeH
ABYX AaHHBIX (yHKuu# f u g. SlcHo, uTo eciu f HE NPUHAAIEKHT
o0JaacTn ONpefeneHus ¢gyskmud g, TO BHpaweHne f(g(f)) He
OnpefeseHo: Befb UYTOOB BHIYMC/AUTH 3TO BRIPAXEHHE, MBI 10JI-
KHBl CHauana Halitu g (f). OpHako, Raxe ecjan f NPHUHAAIEKHT
oGnacru onpenenenns ¢ynknun g(f), Bupaxedue f(g(f)) moxer
BCE K€ He HMeTb CMBICAa: 9TO OYIeT TOrja, KOrfa sHayeHue
x=g(f) He npuHaAnexnT 0oOJaCTH oOnpede]eHust (PYHK-
uan f(x). Wrak, 06.’13CTb onpejieneHna  (PyHKUUE Y= f(g(t))
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corepxurca B o6ractu onpemeienns dyaxkuuy g(f), HO
MOXET HE -COBMaaaTh C Hell.

Mpunep 3L Myers y=fx)=2E x=g@®=£+1.
Halitu Bug n obaacTh onpeneneHus Gynkuud y= f(g (tj).

Pemenue. O6xactsio onpenenenus pyuxuun g (¢) ssasercs
BCE MHOWeCTBO [ HeHCTBHUTENbHBIX uuced. Mb nveeMm

t)-|—1 _@®+D41_ et2 pL2
Y= f(g(t)) g(t T+ —2 fa—1" (—ni+1)

W3 3T0r0 BHIpakeHHs BUHO, YTO OGMACTb ONpedeneHus BYHKIHI
y=F(g(t)) nosyuaerca BHIKa/AKBaHWEM wn3 MHOXecTBa [) mIByX

Touek t=—1 u f=1. Takum oOpasom, obaacrTb onpeneseHus
¢bynxkunu f(g(¢)) He coBnamaer ¢ 06/acThiO OnMpeneneHns PyHK-
uun g (t).

Hepeako npp pemieHnu 3afad HCNOAB3YIOTCH  BRIPAXKEHUA
Takoro Buna: «B (QyHkumn f(x) saMeHmM X Ha g(X)» uau
«B ¢yngunn f(x) BMecro X uoncraBuM g(x)». Cuabca sTux
BHIPAKEHUH BaKJIIOYAETCA B TOM, YTO DPacCMarpusaercs (yHKilus
y=J(g(x)). HupiMu croBaMu, paCCMaTPUBAETCA KOMIO3UIUA
byurunit y=f(x) n x= g(t) T. e. dynxuus y=/(g()), v's
510# ¢yHKNUM aprymMeHT o0O3HauaeTCd HE yepe3 f, a CHOBA
yepes X, B pe3yabTaTe_ MBI H TOJAYYaeM HOBYI (DYHKIHIO
y=/F(g(x)). Ins coxpauwenns peuyn HE roBOPAT «PacCMOTPUM
¢ysxunio y=f(g({)) n oDo3HauuM ee aprymMeHT He uepes f, a
yepe3 X», a NPUMEHSIOT yKasdauHele Bbile 60Jee KOPOTKUE
¢pasel. Pasymeercs, npu paccMorpennu kommosuuy y = f(g (x))
HAaJZO BCErfa BHUMATENbHO CJAeAUTE 33 004acTblo ONpelesieHus
5TOH (PyHKUUH. :

Mpumep 32. B yuxuun f(x)=ij
. _
x—1°

PeumeHue Mpl J0mKHE paccMOTpPers (YHKIMIO f<x—_x—l>

2 ’
i BMECTO X I1I0ACTABUTH

HUnmeenm
x 19 3x—2
f( x—l :x—l .
x—l X 1 |
x—1 x—1

v

O6aacTh onpefeneHnst 5TOR (DYHKUMH [OJYYaeTCH U3 MHOWE-
crBa [ Bcex AGHCTBUTENbHBIX UYACEN BBIKAJILIBAHHEM TOUKH X = I,
T. e 3Ta ofsacth onpeneneHus fAsasercs OODEAUHEHUEM [BYX
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6eCKOHEYHHX MHTepBanoB (—oo, 1) u (1, o). Ecan x npunan-
aexutr 31o# obnactu omnpenesenus, T. €. X = I, 10 x—1:£0
¥ NOTOMY MOXHO YMHOXHATb YHCANTEIL M 3HaMeHaTedb APOGH
o Ha x—1:

3x—2
X x—1 3x—2
x—1 ’

Y :
Wrak, ¢pyHkuus f(x 1>He onpeneseHa B TOuke X = 1; BO BCeEX

OCTa/NLHRIX TOYKaX OHa COBNajaer ¢ “(pyHxuuel y=3x—2.
bonee KOpPOTKO 3TO MOXKHO 3amucarb opiyaol:

x (3x—2) (x— 1)
f(x-— 1 > x—1

Mpumep 33. Onpezemure Bug dymxumu  f(x), ecan
U3BECTHO, 4TO f<2ji"11 '>=x2+2x (mpr x £ 1).

2x4+1
Py =f{. Torﬂa

Pemwenne. ,O603HaunM (npr x £ 1)

2x-4-1=t(x—1) n noromy x:éi—l. CneposarenbHo, ecau

i—2
£ 1 :
t=£2, 1o, oNaras X=;—s MW TMPOBOIAS BHUUCJEHHT B oOpar-

t—2
HOM IOpSAKE, Mbl Haligem t:i_x_:.’ili

HaM paseHcTBE f 2;_—‘__11“'>=x2—1'- 2x apryMent X Ha

. 3aMeHdas Tenepb B HaHHOM

1
{—2

(uto

BO3MOXHO NpH JIOGOM £ 7= 2), MBI MOAYYHM
41 7t 32 —3
f(f)—<—+——> +2({ )“(7?2)? t #2)

OGoaHayas ¢ uyepes3 x, noayuaeMm

FO=tg  Gpn x£2), ®)

3ameuanne. IlocrarenHoe B CKOOKM yKa3aHme <mpu
x =~ 2» saBasercs B opmyae (8) cymiecTseHHBIM. B camom jene,
(yHKIms, crodulas B NpaBod uactu paseHcTBa (8), B Touke
x==2 He ompejeaeHa, T. €. ee 00/1acTh ONpPEeeeHNs NOIyJaeTcs
BHIKAJIBIBaHUeM TOYKH X ==2 n3 MHOxecTBa [. Yro xe xacaercs
¢yskuun f(Xx), TO O ee NoBegeHUH NPH X =2 MH HAYEro He
3HaeM. MBI nulb yCcraHoBWIM, YTO Mpu X == 2 ¢ynxkuma f(x)
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cosnagaeT ¢ npasod yacteio (8). OnpenenenHa au dyHkuns f(x)
npun x=2 (1 ecaum onpeneseHa, TO yeMy paBHa), YCJIOBHH 3a-
Jayd y3HATb He MO3BOJSIOT. HoaTomy Hanucarb NpocTo

FO) ==

(6e3 ykaszaHmsi <«npu X =~ 2») Y HaC HeT HuKaKUX OCHOBaHMH.
Pewenne mnpumepa 33 MOXHO H3JI0KHUTL M HHaue (XOTa JO
9TOr0 BTOPOTO pelleHus TpYyHAHee JMAorafarhcs). Beas B mnpuse-
-1
;:—2—"
KOHIle 3aMeHsnn { Ha X. 3HAYWT, MOXHO OBIJIO MPOCTO 3ame-

x-+1

HUTB X HA ——. Toraa pewenue O6yZeT BHIIAAETh CACAYIOUIAM

JEHHOM BBIIIE DPEIUCHUM Mbl 3aMEHSAJIN X Ha a 3arem B

obpasom.
x+1

3aMeHHM B JaHHOM paBeHCTBE X Ha P

x+1

Mu noayunm

+1\
I Y /x+1 x+1

___1 /

\ x—2
Ecian x =42, T0 4NCANTENb W 3HameHaredb ApobH, crosduleit mox
BHAKOM (PYHKIHH f, MONKHO YMHOXHMTb Ha X— 2, M Mbl IOAYYUM

[2(x+1)Fx—2\  [x-1\2 x41
f\ 1t4+1—(x—2) /’_\\x—-2> +2x—2 (npu x 7= 2).

O1ct01a HENOCPEACTBEHHO MOAYUYAETCs PaBEHCTBO (8).

§ 5. Odparnaa Pynxuus

ITycts f(x)—Hekoropas («yHKUHA, 3a4aHHad Ha OTPe3Ke
la, b). Ecau s1a dyHKUUA He ABJIAETCH MOHOTOHHOH, TO MOKET
CILy4UTBCS, UTO ABYM Das/HUHBIM 3HAYEHWsIM apryMeHTa COOTBEl-
CTBYET OJHO M TO ke 3Hauewne ¢yskumn. Puc. 66 maer rpadu-
YEeCKYIO RIIOCTPANUI0 5TOro yTRepiaeHus: f(xy)=f(x;)=y,.
Pasymeercq, nns c¢ynkumm, rpadgmk KOTOpOH wH3obpaweH Ha
puc. 66, Mb, Kak u pas moboit gpyrofl QyHxumm, MOXEM, 3Has
3HayeHHe APryMEHTa, OJHO3HAYHO ONPEAEL/HTh COOTBETCTBYIOLIEE
sHaueHne ¢yukuun. OnHako oOpaTHbl nepexox (OT. 3HaueHus
GYHKUHE K 3HAUEHUIO apryMeHTa) 34echb He fBJJEeTCd OJHO3Hay-
HuiM. Hanpumep, snauenue y, (yHKIHS NPUHUMAET B ABYX TOY-
Kax xp, X,

Hdus toro yrolsl oépan—mﬂ nepexoj (OT 3HayeHus (PYHKHUH
K COOTBETCTBYIOIIEMY 3HAUCHHIO apryMeHTa) ObLT - OZHOSHAUHBIM,
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Puc. 66.
Puc. 67.

fiz)

Lo
t
3
]
1
|
1
t
i
+
4
“
1
}
'

Puc. 68.



OFDAHUYMBAIOTCA P3acCMOTPEHUEM MOHOTOHHB X (yHKuUu.
- Iyctb, nanpumep, Ha orpeske [a, b] 3amaHa MOHOTOHHO BO3pa-
craomas ¢yuxuua f(x), npauem Korga x npoberaer reCh OTpe-
30K @ << X< b, sHauenuss yHkunn f(x) npoGeraior HEKOTODHIH
orpesok ¢=<<y<<d (puc. 67). B aToM ciyuae KakaomMy S3Haue-
“ HuIO (YHKLIMK, B3ATOMY ©3 OTpE3Ka ¢ << y<<d, COOTBETCTBYET
B TOYHOCFM OJHO 3HAUEHHE apryMeHra, T. €. oGpaTHHli mepexon
(oT sHayexusn ¢YHKUHU K CO- Y
OTBETCTBYIOIIEMY  3HAYCHHIO
apryMeHTa) ogHosHaueH. To ke
~camoe Oyzer, ecanm paccMmar-
puBaemad (QYHKUHS MOHOTOH-
HO yOwBaer (puc. 68) uiam
©CAM MOHOTOHHAs (PyHKLAA
33laHa He Ha OTpesKe, a Ha
nHTepBane (puc. 69), noay-
natepsate (puc. 70), ayue
(puc. 71) nan Ha BCel umcJo-
BOH mnpsamo# (puc. 72).
Paccmorperne o6paTHoro
nepexozaa (0T 3HaueHUa PyHK-
WM K COOTBETCTBYIOUIEMY
3HAYEHHIO apryMeHTa) M TO-
3BOJIIET NO HCXOAHOR (yHK-
un  y==f(x) TOCTPOUTH Puc. 69.
HEKOTODPYIO HOBYIO (DYHKLHIO,
HasbiBaeMyw ofpamuoil k ucxomHo#t dyskuuu. dasg onpemenes-
Hoct OyjeM MO-NpexHeMy CYdTaTh, YTO HCXOAHAd (BYHKIUSA
vy=f(x) Bo3spacraer, onpeje/ieHa Ha OTpe3Ke [a, b], a ee 3sHaue-
HHSMHU CaAy®Kar BCe TOUKH oTpeska ¢, d] (cum. puc. 67). [To onpe-
Jenenuto oOpaTHas (YHKUUA COMOCTAaBJSET KaWAOK TOUKE Y,
oTpe3Kka ¢ =Cy=id Ty TOYKY X, OTpe3Ka a =S x << b, B KoTOpOi
ucxoxHas dyukuus f(x) npuHEMaer 3HaueHue Y, Ecanm Mb
ycaosumces obpatuyo pyHkumio 0603HayaTbh uepe3 g, TO MQXKHO
ee onpenereHue CPOPMYAUPOBATh CAEAYIOIMM 0O0pA30M: paBeH-
CTBO Xo=g (y¢) 10 ONpeieJeHHIo, 03HAUYAET, YTO B TOUKE X,
HCXOfHas (PYHKLUHS [PUHHMAET 3HAaueHue - Yy T. € Yo==f(x):

{Xo=g (W)} < {yo=F(xo)}- )

MoxHo ckasath u uHaue: uepes g (y,) 0603HAYAETCs TA TOYKA X,

OTpeska a << x=<b, B KOTOpOH (ynkums f(x) npuHuMaeT 3Ha-
YeHue Y, T. €. _

g (¥,) ectb KopeHb ypasHeHus f(x)=y,. - (10)
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Puc. 71.

e ¥ h
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A MBl YXe 3HaeM, YTO A/ MOHOTOHHOH (YHKIUA 3TOT KOPEHb —
€NHCTBEHHBIH.

V3 CKa3aHHOrO BHITEKAIOT BCE OCHOBHBIE CBOHCTBA OGPATHBIX
(yHKIa# ¥ croco® uX OTHICKaHHS.

[Tpexae Bcero sametuM, uTo yrBepxaeHune (10) MOXHO 3anu-
caTh cjaepywomuM obpasom: ymobu walimu g (y,), Hado peuitims
ypagrerue f(xX)=y, omuocumessno X. 3aMEHHM 31eCh GYKBBL
BMECTO X TIOCTaBUM ¥, a 3aTeM BMECTO J, NOCTaBUM X (Belb
apryMeHT H (YHKUMIO MOXHO 0003HauaTh JMwoObmMa OyKkBamu).
Mpl nonyuum: 4mobs. Haiimu g(x), wnado pewums Yypaguerie
f(y)=x omruocumeassrno y. 10 U [aeT CNocod HAXOXKACHHA
ofpaTHOH (pyHKUME:

A. Ymobu Halimn @GyHry0, 00pAmMHYI0O MOHOHLOHHOU
ynrgun y=f(x), HYHHO nosMeHsms mecmanmi 6YK8b X 1Y,
m. e. nHanucams x=f(y), U U3 NOAY4EHHO20 PABEHCMEQ, KAK
u3 ypasrenusn, Haimu y. dmo u dacm obpamuyio @YHELUIO
y=g(x)-

Tenepp paccMOTpUM OCHOBHBIE =~ ¢BO#CTBA - OOpaTHHIX
(pyHxuui.

B. Ecau f(x)— monomonnas pynxyus, a g(x)— obpamuasn
ell Qyuxyus, mo BYHKYUL g(X) MaKce MOHOMOHHA, NPULeM
ecau f— 8o3pacmanusas GYHKLUS, MO U g— 803PACMALAS,
a ecan f—ybesaouwasn, mo u g— yousaouas GYHKYUS.

B camom nene, nycre f-—Bo3pacraomas (GpyHKIus, T. €. OpH
Xo << Xg uncna yYo=f(xo) 1 yo=f(x;) CBA3AHB HEPABEHCTBOM
Vo<V, Tax rak oOparubiff nepexo; OJHOSHAYEH, TO OTCIOAA
cienyer, 4To #, HaoBOpOT, ECIH Yo < Vg TO Xo << Xy [I0CKOABKY
Xo=g (Vo) %y =g (¥y) (om. (9)), mbi monyuaewm: ecan yo <<y,
10 @{(¥o) << g(yy) Takum oGpasoM, oGparHast (QYHKHUS g TAKKE
ABJSETCA BoO3pacTaowell. AHaJOrHuHO paCCManHBaeTCH cayuai
y6rBaomed GyHKuHY.

B. ITpu nepexode om (ynrguu x obpamuoil ell ghyrryuu
o6aacme ONpedeneHlss Il MHOMCECINBO 3HAHERUL MEHSIOMCS
Mecmami.

Hanpumep, ecan MoHOTOHHas ¢yuxuus f(x) onpegeneHa Ha
orpeske. [a, b], a 3HaueHuss 5Tof (YHKUMM SaNMOJHAIOT OTPEIOK
. [e, @], 10 obparnas ¢ysxuus g (x) onpenesneHa Ha oTpeske ¢, d]
M €e 3HaUECHUs 3aMOJHAIOT OTpesoK [a, b].

DTO HENOCPEHCTBEHHO BHITEKaeT H3 onpee/eHns obpatHo#
¢byHKun.

I'. I'pagpuixu es3aumno obpamusix yuxgui f(x) u g(x)
cummMempuins 0py2 0py2y OMHOCUMENSHO OUCCEKMPUCE HeEp-
8020 u mpemse20 Koopounamuux yaao8 (puc. 73).
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IleHCTBATENbHO, NYCTb TOYKA (Xg; Vo) NPRHARIEKUT rpaduky
yHkunn y=f(x), 1. e. yo=F(xo). Toraa xo=g (¥5) (cn. (9)
T. € KOrfla apryMeHT ADHUHAMAeT 3HayeHwe 3y, oOpaTHas (yHK-
uus g npuHEMaeT 3HaueHue X, Ho 310 osnavaer, yro TOYKa
(Vo; Xo) npmHamiexuT rpaguky oOpatHo# ¢yHKuan. 3amerum
TETNeph, UTO TOUKM (X4 Vo) B (Vo X,) CHMMETPUYHR OTHOCH-
TENbHO YKasaHHOM B (opmyampoBke GuccekTpuch (puc. 74).
Takum o6pasoM, ecam HEKO-
TOpas TOYKAa TNPHUHAJEKHT

rpagury ¢ynkunn y=f(x),

1
y=g9z)/
/ —
/
/ N
// 0 / z z

Puc. 73. Puc. 74.

TO CHMMEIDHYHAd €H Touka npHHAANEKNT rpaduky ob6paTHoH
dyHkimy  y=g(x). AHaJOruyHO [OKasmBaercs u obpaTHOE:
€CJH TOYKA NPUHAMJIEANT rpaduxky ¢yHkumy y=g(x), To cum-
METpHYHas el TOuKa NpHHAANeKWT rpaduky GyHKnun y= f(x).
< J. das awboz0 x, npunadaescauezo obaacmu onpedese-
Hus yuryuu f(x), cnpasedauso coomuouenne g(f(x)=x;
mouHo max oKe 048 awbo20 X, npunadiesxcau,ezo obaacmu
onpedenenus obpamuoli Qynxyun g(x), cnpasedinso coomro-
wenne f(g(x)=x

B camom aene, mycTs X,—TOuKa, NpAHamiekamas o006aacT
onpeneaeHus QYHKUuMH y==f(x), a Y, — COOTBETCTBYIOIIEE B3HA-
yenne (yHkuun, T. €. yo=f(x,). Torma x,=g(¥o) (cm. (9)).
IMoacraBus B II0CAEJHEE PpaBEHCTBO BMECTO Y, €r0 3HaueHue
J(xp), monyuaeM x,=g(yo)=g(f(%xo)). Taxum oO6pasom, a1
moboi TOUKHM X, U3 obaacTu onpedencHus ¢yHxumn f(x) cnpa-
BEI/IMBO DaBEHCTBO X,==g (f(xy)). AHanoruyHo A0Ka3blBAETCA
paseHcTBO f(g(X))=xX.

MMpumep 34. llJIH ¢ynxuaa y=3x-—5 Hafitu o6parnyio
(yHK1HIO.
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Pewenune. JladHas ¢ynkums f(x)=3x—>5 sBaseIcs BO3-
pacraoimefi n onpefeaeHa Ha Bce#h uucnaoBofi npsmoft. [las Ha-
XOxIeHHs oOpaTHO# (yHKHMM y==g(X) Hauo, COrJacHO A,
NOMEHSTh B paBeHCTBe y=3x—15 OYKBB X H Yy MeCTaMy, T.e€.
HAMHUCATh X==3y—>5, U pelnTb 3TO YpaBHEHHE OTHOCHTENbHO V.

x5
Pemas, nerko Haxomum y= —3{— . Takum -o6pasom, obparHOH
x+5
apasercad QyHknusa g(x)= _3*— .
Ha sTOM npuMepe JerKo NpOCACAUTh BHIOMHEHHE CBOHCTB
x+5
B—]I. Ob6patHas (yHKuus y== ;—

Kak u ucxomHas ¢yHkuus f(x) (cp. B). Cso#icteo B B nanHHOM

AIBJSETCH  BO3PAcCTaloLLeH,

q /
v
7
L
o
=73
yI_ -
//
/.5 p z
e
s/
/
v
s
/
’
Puc. 75.

Cayyae TpuBHaAbHO: 06e yHKuun f(X) w g(x) onpenereHn Ha
BCEH 4YMC/IOBOR NPAMOR W NPUHUMAKOT BCe HEHCTBUTEABHBIE 3HA-
yenust. Puc. 75 maer wnmoctpaumio csoiicrea I'. Hakoren, serxo
npogepsiercs u csoficrso I .

g(fxn=L ("” 5
x5

fg(x)=3-g(x)—5=3-5——5=ux.

IIpumep 35. Hatttu obpatnyio dynxumo am y==1) x.

"Pemenue Pynknns f(x):]/x (apudMernueckuil KopeHs)
onpeaeneta npu X ==0 ¥ NpPUHUMaeT HEOTpPHUILATE/bHBIE 3Haye-
HUA, T. €. U 06JacThio ee ONpeie/ICHHst H MHOXECTBOM 3HAYEHHH
ciywntr Oeckoneunsit noayuHrepsan [0, co). Ias HaxoxpeHus
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ofpatHO# (yHKuun y==g(x) Hago, COrnacHo A, NMOMEHATb B pa-

BeHCTBE V== x OYKBH X M y MECTaM#, T. €. HalHUCaTh x=V7y
¥ pelldTh 3TO. YpaBHeHune OTHOcHTENsHO Y. Pemras, Haxo-

Puc. 76.

IuM y=x> IIpH 9TOM CJle-
AyeT [OMHHTh, 4YTO (YHKUHIO
y=1x? MB JNOMKHH paccMar-
puBaTh Juiib  npu x =0,
TaK_KaK MHOX(CCTBOM 3HauCHHH
ucxomHol Qyukuun y=f(x)
611 noayusrepsan [0, co).
Wrak, obparHoit maa ¢yHk-
wn y=7 x asaserca ¢QyHx-
uns y==x?% paccMarpusaeMas
auwe npr x =0 (puc. 76).

INpumep 36. Pacemor-
puM TENeph PyHKUuMIO Y= x2
nprn x =< 0. Kakas ¢ynxuns
asisiercss obOpatHOH K He#?

Pemwenne.  Wcxonmnoi
apasercss  yuxunsa f(x)=x?

npn x =<0. Ee obnacTeio onpesesenns ssasercs OGeCKOHEUHbIH
noaynHtepean (— oo, 0], a MHOxecTBOM 3HaueHmit — 6eCKOHEY-
uelfl noxyunrepran [0, 00). 3nauuT, corsacHo ceolicrey B, obpar-

nas pyHxuus y=g(x) Oyner
OTIpEe/IEEHA Ha TONYUHTEPBAJE
[0, o) m OymeT npuHEMaTh
3HAUEHHT Ha IOJYHHTEpBaje
(— oo, 0]. Haftnem reneps ary
obpatnylo  dyukuwuio.  Jad
9TOro, COrJacHo A, Hago B
paBeHcTBe y==x? TOMEHATH
mectamu OYKBH X U J, T. €.
Hanucatb X==3% U pEWuTh
9TO YpaBHEHUE OTHOCHTE/b-
no y. Peias, Haxomum aBa
KopHs: y=_t V' x. Oumnaxo,
BCIIOMHHAS, 4TO  ofparHas
(yHKUMS JO/DKHA I[PUHHMATD
BHAUEGHHS Ha IOJYHHTEpBaje

Puc. 71. .

(—oo, 0], MBI IOMKHB OCTABATH JWIIL 3HaueHue y=— )/ x.

HWrax, o6paTnoft A7 paccMaTpuBaeMOH  (pyHKLMH
Pysxuns g(x)=— 1} x (puc. 77).
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dtoT W npeamiywnd OpPUMEPH BEChMA TNOYYHTENbHb: OHU
TNOKA3LIBAIOT, UTO MPU PaAccMOmperul o0pamubx HYHRKYUE Hado
sce20a nosuiums 00 obaacmu onpedesexils U MHONCecmee
3Hauenuii. Mbl eule BCTPETUMCH € 3THM HIKE, NPU pacCMOTpe-
HUM OOpaTHBIX TPHUTOHOMETPHUECKHX (yHKuui.

B saxsoueHue 3aMeTMM, YTO MOHOTOHHOCTDb HMCXONHOH
¢y y=f(x) B HeACTBUTENLHOCTH HE SIBJSETCS HeOoOXOHu-
MBIM YCJIOBHEM [/l BOBMOXHOCTH paccMOTpeHnst ofpaTHoi (ysK-
uun. Jlas BO3MOXKHOCTH OfNpemeteHus OOpaTHol (yHKuuH Heod-
XO4UMO M JOCTaTOUHO, yroGs oOpatHB mepexos (oT sHaueHui
(yHKIMY K 3HayeHHAM aprymenta) Obl1 OLHOSHAUYHBM, T. €.
yTOOBl KaXOMY BHAUEHMIO (PYHKLKMHU COOTBETCTBOBAJIO JiMIIb
OIHO B3HaueHme aprymenTa. MOHOTOHHOCTL SIBASETCS JoCMaMoy-
HbiM YCAOBUEM ]S 9TOrO, T. €. IJs MOHOTOHHOU (yHKUMH 0O6-
patHBIf mepexoax Bcerga oaHosHaveH. Ho cymecrsywor n mpy-
rue pyHkuuu (He ABASIOUMECS MOHOTOHHBIMH), /IS KOTOpbIX 06-
paTHH# 1epexoJ OJHO3HAYEH M JJ KOTODHIX, CJAEAOBATEJNLHO,
MOXHO HaltH oOparHy© (yHKHHIO.

MMpumep 37. Haitta oGparnyo ¢yHKumoO A7 y:;—_{—l.

Pewenune Wcxoauas ¢dysxuus f(x)zx_l_—xl HMeeT B Kaue-
crBe 00JaCTH OnpeneseHns MHOXecTBO [J ¢ BBHIKOJOTOH TOYKOH
x=—1, 1. e. oObeinHeHHe IBYX OeCKOHEYHHX HHTEPBAJIOR
(— oo, —1) u (—1, o0). Dra OyHKUES HE ABAIETCS MOHOTOHHOM.

Hanpumep, f(-2)>f<7— —%) (rak uro ¢yukums f He ABAsETCH

Bo3pacramme) U B 10 ke BpeMs f<——é— << f(1) (rak uro

dyukumst f He ssasercs u yosiBatomeit). OnHako o6parHeit nepe-
X0l sAech opHoszHauey. B camom pmene, ocsoBoxgasich B COOTHO-

UIeHUu Yy =— OT 3HaMeHareJd, Mbl NOJYYHUM ypaBHEHHUE 11 € p-

X
1
BOHK CTETNEeHH OTHOCHTENBHO X; B3HAauuT, g Joboro y
Halizercas He Oojnee ueM OJQHO COOTBEICTBYIOUleE 3HAue-
HEE X. :

s naxowpenus oOpardHo#t QyHkuuu y=g(x) Hamo, cor-
JaCHO A, TIOMEHATb B PaBEHCTBE y'=x—fﬁ OYKBBL X W J Mecramy,

T. €. Hamucarp X = U peIUTb 3TO YpaBHEHHE OTHOCU-

A
y-+1’
TeasHO Y. OcBO6OKAAACH OT 3HAMeHaTess, HaxoauM-x (y-+ 1)=y,
OTKyAa y=l—f-_—} . Mrak, ob6parno#t mas f(x) ssagercs ¢pyuxuus
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x .
g(x)::T—;. Ee ofnacts onpepenenns NOJIYYaeTCHd BLIKAMBIBA-
HHeM TOYKM Xx==1 wu3 wMHoxectBa [J. Ha puc. 78 nmnoxasan

Puc. 78.

rpaguk ¢dynkunn f(x) (cnromuas TuHEs) u OOpaTHOR (pyHK-
und g(x) (AyHKTup).

§ 6. O6parubie TPHIOHOMETPHYECKUe (HYHKIHH

Pacemorpam dynkumo y=sinx. dra (hyHKuHMs, paccMarpusa-
€Mas 'Ha BCEH uuMCAOBOH mnpamoi — 00 < X < 0O, HE ABJIFETCH
MOHOTOHHOH. IloaTomy, uToGHl roBOpuTH 06 obparHo# dyHKunY,
MBI TPEKAE BCErO MOIKHBI BHACAMTH YYaCTOK MOHOTOHHOCTH
$yukunn y=sinx. OZHuM H3 yYacTKOB MOHOTOHHOCTH 5TOH

. It 19
(GYHKUNH SBJASETCS OTPESOK —FSX<y. Ha srom orpeske

Mol B OyAeM paccMarpmBaTh (yHKLHIO y==sinx, 1. e. B Kaue-
CTBE HCXOIHOH QyHKUME Y == f(x) MHl BO3bMEM (PYHKLMIO ¥ =Sin X,

i i
pacCMaTpHBAEMYI0O Ha OTpe3Ke —-—7<x<,-2—, OGpatHas et
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¢yskuus o6o3Hauaercs yepes arcsin x. Takum o6pasoM, U3 A — ][]
_BHITEKAIOT CJAeAyiolue cBolictsa QyHKumuu arcsin Xx.
CoorHolenne o ==arcsin @ 03HauaeT, YTO BHIOJHEHH COOT-

n T,
HOIUEHHS — 5 <O <I -, Sina=a:

2 27

. n .
{a=arcsin a} « { o= ~2—} A {sina=a}.
dynxung -arcsinx onpegeneia Ha orpeske —l<Cx<I1 m
ABJSETCS MOHOTOHHO Bospacraxomen, €e 3HAUeHHs 3aroJHAOT

OTPE3OK ———<y< 5 - Ppadux ¢dynkuun y==arcsin x noxa-

san mna puc. 79. Hakouen, ans
A060ro X, NPUHAANENKAIErO OT-
pesky — lsgx=C1, cnpasenin-
BO coorHoulenne sin (arcsinx) =
= X, a Aaq moboro X, npuHauie-

TC T
KaILEro OTPE3KY — 7<x< R

CrpaBe/LINBo COOTHOMIEHHE
arcsin (sinx)=ux

D10 B HaeT NOJHHIA mepe-
YeHb OCHOBHEBIX CBOHCTB (DYHKUUH
arcsin x. Bce aru cBoiictBa BHI-
TeKaloT u3 obliero onpenejeHns
oBpartnol ¢yHKuHA (CM. CBOHCTBA Puc. 79.
A—]I Ha cTp. 213—214),

[Tpumep 38. Ha#irm snaueHuwe BuIpawenud . arcsin (sin 3).

Pewmwenue. Ilpu peniennn npaMepos nogoGHOrO THNa WIKOJIb-
HHKH U TOCTYNAIOHNe B BY3bl HEPEIKO JOMNYCKAT CTaHAAPTHYIO
omudky: nuwyrt arcsin(sin 3)=3. Tlpuunna 3T0# oOWNOKH —
UCIOJIb30BAHKE COOTHONIEHAA arcsin (sin x)—x 6e3 yqe'ra TOro

(aKTa, YTO OHO HMEET MeCTO JHUIb NpU —-2—<x<7 Tak

KaKk 4ucao 3 He TNpHUHAMJIEKUT YKa3aHHOMY OTPE3KY, TO SICHO,
4YTO OTBET OUINOOUEH.

‘Jlng npaBuAbLHOTO pellleHus HY:KHO, TOJB3YSICh cpopmynamn
npuBEAEHKsA, 3aMEHHTh sin 3 ctucow npyroro yria x, ymoBaer-

BOPSIOUIEFO HEPaBEHCTBAM — §<x< . Mbl umeem (Ha ocHo-

BaHuu hopmyasl sinor=sin (T —a))
sin 3 =sin (t—3)
.U noromy
arcsin (sin 3) == arcsin (sin (;w — 3)).
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1

B 1o e Bpems 4yucao m—3~-0,14 yoBiaeTBOpser HepaBen-

CTBaM —7<n-—3<§, TaK YTo

arcsin (sin(w — 3))=mn—3.
Takum oGpasowm,
arcsin (sin 3)=mx—3.

Mpumep 39. Halitu 3Hauenne BuipaweHus tg <arcs1‘n 3).

3
Pemenne. O6o3nayuM arcsin 5 =0 DTa 3anuch O3HAyaer,
b1 T 2 .
YTo —7< o é? n sin oa—g. Tak kak B yerBepToH uyer-

BepPTH CUHYC OTPULATENeH, TO O — YFOJ, 3aK/II0YEHHBIH B nep-
T
Boit uerseprn, T. & 0 <<a <+ . Tenepb nmeem
——— o4/ 72V VF
lcosa|=VT—sin’a =]/1 — <§> =-V3i,

a TdK Kak B IIepBOfl uyeTBepTH KOCHHYC NOJIOXKUTENEH, TO

Vs sina 2, V5 2

5 — : Ta-
3 cosa 3 V5

KuM 06pas3oM, OKOHYATENbHO

cos oL == . O1ciona HaxoanMm tgo=

2 2
tg (arcsm >~—tgo¢-———:_
Vs

AnanornydeiM 00pasoM OIpefesioTcs OCTaabHEIE OBpaTHHE
TpuroHoMerpuyeckne (yHxkuun. OYHKIUS y=CO0S X He SBJIAETCH
MOHOTOHHOK. OJIHEM N3 Y4YaCTKOB €e MOHOTOHHOCTH SIBJSETCS
orpesok 0<< x =< . TIpunumasn 32 ucxonuyw Qyskuuo y= f(x)
(YHKLHUIO COS X, PaCCMATPUBAEMYIO HA BTOM OTPE3KE, MBI CMOXEM
nocrpouts 0GpaTHyo K Heil ¢ynkunmio. dra obparHas (yHKIus
1 0603HauaeTcs Yepes arccos X. Ms ceoficts A — J1 (cTp. 213—214)
BBITEKAIOT CJAEAYIOMIHNE CBOHCTBA 3TOH (yHKuuH.

CooTHOlUeHRE O == arccos a 5KBUBAJIEHTHO CJACAYIOLINM IBYM
cootHoweHusaM: O=<Ca =<7, €oso=q, WIA B JPYro#l 3anucu:

{a=arccos a} = {0 <<a=<<a} A {cosa=a}.

dynxiBg arcCos X OnpeaesneHa Ha oTpeske — l<Cx=C1 un
ABJSETCS MOHOTOHHO YOHIBaMOILEH; ee BHayeHHs 3aMOJHAT OTpe-
30k O=Cy=Cq. Ipapuk OyHKHRM y=—=arccos.xX TOKa3aH Ha
puc. 80. Haxowmeu, mas ao60ro x, NpuHALIEKAErO OTPE3KY
— I=<Cx=C1, COpaBel/uBO COOTHOIUEHHE COS (Arccos .x)==.x,
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a aas moboro X, mpuHamsexaulero orpesky 0=< x <<, crpa-
BEIIIBO COOTHOLIEHHE arccos (Cos x)=wx. :

OrmeTnM eme ONHO COOTHOLIEHHE, CBA3HIBAIONICE (DYHKIUEA
arcsin.x u arccos x. Ilycts X —npoussoabHOE unciO, yAOBJET-
Bopslollee HepaBencTBaM — [ << x=C1, Tak uTO X mpuHai’e-
KUT. O00NaCTH ONpeleNeHns Kawao# us
¢pyukuntt arcsinx, arccosx. Ilonoxum

o==arcsiny, f==arccosx.

Torma BBITIOJIHEHH! COOTHOLIEHUA

1 T
T=%=7

O<<P=cm, sina=x cosPf=ux

4=arccos T

Ilepeoe n Tperbe H3 3TUX COOTHOLUE-

a . T

Hu#t osHauaT, uyro 0=C 5T <7 U
Tt .

cos <7——oc> =sina=ux. CienoBare/bHO, Puc. 80.
It I
5 O ==arccosx = B, . e.a+P = Wrak, mas swo6oro x,
YIOBJETBOPSAIONIEr0 HepaBeHCTBaM — 1 <Cx <1, crpasexnanso
COOTHOIIEHHE

. 1
arcsin x 4 arccos x = o
Hanee, dyuxuus y=tg x He ABJIAETCI MOHOTOHHOH. OmHum

JT It
U3 YUaCTKOB €€ MOHOTOHHOCTH AIBMAETCA HHTEPBAN — & <X <5 ..

Hpunumas 3a ucxoanyio ¢yHkumo y==f(X) ¢ynkumo tg x,
paccMaTpHBaeMyl0 Ha 5TOM HHTEPBAJIE, MBI CMOXEM IOCTPOUTDH
ofparny0 K He#t ¢ysknuwo. Sra obparHas ¢yukuns o603Ha-
yaercs yepes arctg .

CootHomenne o==arctg @ osnayaeT ciaenyomee: .

{a=arctga}<—>{f——g-<oa<%} A {tgax=al.

dynxuua arctg x onpexenena Ha Bcell YMCJIOBOH npsaMoH n
SBASETC MOHOTOHHO BO3pacTawllell; €€ 3HaueHus 3anoJHSIOT

T
UHTEpBaJ — §<y<%. I'padux  dynxknun y=arctg x noka-
san Ha puc. 81. Haxonen, ans moGoro . pmeficTBhTENLHOrO X
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cnpaBeIiBO - -coOTHOLleHne tg (arctg x)=1rx, a nas moboro .,
a k11

NpUHALIEKALETO0 WHTEpBAAy — —2~<x<-2—, ClipasesiuBo CO-

orHomerne arctg (tg x)=x.

y=arctgz

Puc. 81.

Taxomsl ocuosHule cBofictBa ¢ynkuun arctg x. Anajsorumuso
ornipeaensercs ¢ydxkuns y==arcctg x. Mmp Jaube OTMETEM, UTO
tynkuna arcctg x onpeneneHa Ha Bceft qucaoBof npsmo#l u
cBA3aHa ¢ ¢ynxkuued arctg X COOTHOIIEHHEM

arctg x - arcctg x = % .

§ 7. Jluneiinpie npeo6pa3oBanus rpaguxa

B stom naparpatde paccMaTpHBaeTICs BONPOC O HOCTPOEHAH
rpatuka yHKINE Y= Af(ax+b)+B ecAu u3BecTeH rpaduk
(bymmw y=f(x).

v y=f(x-¢). Paccmorpum samauy mnocrpoenns rpa-
(pm(a rpynxmm y=f(x-4c) ecan sanaH rpacduk  ysKuun

= f(x)-

IycTb Touka (xg; V) NpUHAAIEKAT Fpaduxy cpyHKum y=f(x),
1. e. yo=Ff(x,) Torza touka {(x,—e¢; ¥,) npuHainrexnrt rpa-
¢uky ¢yukimun y=f(x-c), neficrureasto, f[(x,—c)-+¢]=
= f(x¢)=Yyo OOpatno, ecaum TOUKA (Xo— C; Vo) NPUHAMAEWUT
rpauky ¢yHkumd y=jf(x-¢), T0 TOUKa (Xo; Vo) NpUHAAAEKHAT
rpaduky ysknuun y=f(x). Takum oGpasom, rpapux ¢yHxuun
y=f(x-¢) MoxHO nOAyunTb u3 rpaduxa pynxuun y= f(x)
caBaroM Kawao#h touxd (Xg ¥o) ApuHamiexatiel rpapuky QyHk-
win y==f(x), B TOUKY (Xy—¢; V) T. €. CIABUrOM BCEro rpa-
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‘¢uka dyuxunn y=f(x) Brom ocu X Ha (— ¢) exnunu. Casur
Ha (—C) eAnHEU O3HaYaeT: CABUF HA ¢ €IUHAL BJE€BO, ecan
¢>0, n cueur Ha |¢| BnpaBo, ecan ¢ << 0.

MMpumep 40. Ha puc. 82 nocrpoesnn rpagpuxy QyHxuni
y=|x—2| u y=|x--1| Onn noayuaworcs cIBaroM rpaduxa
dyuxkun y=|x| (cm. puc. 50, 6) BAOJb OCH X COOTBETCTBEHHO
Ha [BE ©JMHUIB BIPaBO U HA €NUHHUILY BJERO,

Puc. 82.

2°, y=f(ax). Paccmorpum 3amauy nocrpoeHns rpacduka
dyukuun ¥y == f(ax), rae a==0, ecin 3agaH rpapuxk QyHKUHR

Y=f(x).

[lyctb TOuKa (X, Y) npuHamiexaT rpaduky QyHKuAn
y=f(x), 1. e. yo=f(x,). Torza Touxa <2—°;y0 HPUHALTEKUT

rpaduxky yHKUMR Y= f(ax), HEHCTBUTENLHO, f[a <£‘3 >] =

a
= f(x,)=y, OOparHo, ecau TOuKa (%"; y0> NPUHAMIEKUT rpa-

duxy ¢yukuua y=f(ax), To TO4Ka (X, V,) UPHUHALIENKUT Tpa-
duky ¢ysruun y==f(x). Takum obpasom, rpaduxk QyHKUMH
Y= f(ax) MOXHO NOJYYuTh U3 rpauKa QyHKUuH y=f(x) sa-
MEHOH KawLoH TOuku (Xg; Vg)» NpHHAAJexkaued rpapuky Qysk-

X
wun Y= f(x), TOuKOH (—a"—;yo). Dra 3amena o3Havaer: 1) cxka-
THe rpaduka BAOJAb OCH X K OCH ¥ B a pas, ecau a > l; 2) pac-
1
TAKeHUe (TOXE BAOJL OCH X) B — bas, ecan 0<<a<<l; 3) cum-

METpUIO OTHOCHTEJILHO OCH Y, €cltu a==—1; 4) cuMmmerpuio
OTHOCHTE/IBHO OCH Y, CONPOBOXIAAEMYIO CxaTWeM B |a| pas,

ecmt a<<—1; 5) CHMMETPHIO OTHOCHTE/]BHO OCH Y, CONpPOBOX-
1
J3aeMyi0 pacTSIKEHHEM B TaT pas, ecn —1 <<a<0.
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INMpumep 41. I'padux dyuxing y= l/ x nonyqaercn u3

rpaguka ¢yukimn y=1) X cuMMerpue#t OTHOCHTENBHO OCH ¥
(puc. 83).

Puc. 83.

3amerum, 4YTO0 3 9TOI‘O rpa(pm\a MOXHO TIIOJYYUTh DAL

csoficte ynkumn y==1)— Xx: sTa QyHKHEA onpegesrena mpu

x =2 0, npuHuMaeT HEOTPHUATE/bHBIE SHAYECHHS U siBAfeTCH YOB-

Bawieil.

IIpusep 42. Ha puc. 84 ns rpaduka pyskuun y=arcsin x

(cm. puc. 79) nosydens: rpaduk Gysaxkaun y==arcsin 2x (cxarnem
rpaduka QpyHkuny y == arcsin x
BAOJb OCH X K OCH ¥ B [JBa
pasa) u rpadpuk QyHKUHH
y=narcsin “;“ (pacTsxenneM
rpadmka GyHKIUN Y == arcsin x
B 1Ba pasa).

T 3°. y=f(ax-} b). Pac-
CMOTPHM 3ajlayy ' NOCTpOEHHS
rpaduka (pyHKUY y=
=f(ax4b) (me a=0)
ecau 3afas rpaguk (QPyHKILHHN
y=f(x)

[ycts toura (xg; y,) npu-
Hagexur rvpapuKy yHKUuu
y=f(x), 1. e. yo=f(x,). Toraa rpadpuxy gynxuua y=f(ax-{-b)

PUHAAMEKHT TaKas TOUKa (Xy; Vo), A1 KOTOPOH ax; + b= x,, 1. €.

—b X b

=%=% % __ 2
2 an

O6paTHO, ecau TOYKA (Xy, V) NPHHAAJEKHT rpaduky OyHKUHH
y=f(ax-b) (rne x,; onpemenserca pasencreamu (11)), TO
TouKa (Xg; Vo) npunagiexur rpapuky dynxuun y= f(x). Pa-
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seHcrea (11) osHauatot, MTO TOUKA Xy MOXKeT OBITH MOJyUEHA. U3
TOUKH X, JOOMM M3 CIEAVIOWAX ABYX crocofos: 1) cHayanda

casur Ha (— b) eanHui, 3aTeM <«CxKaTHe» B a pag; 2) CHauaja
A\

b
«CXaTtue» B Q@ pas, a 3aTeM CABHUI Ha <—-a—> EAHHHULL.

Takum o6paszom, rpadur ¢yHKURR y = f(ax -+ b) MOKHO TO-
CTPOMTH M3 I'Dapura GyHKUuE y=f(x) moObiM N3 cIeayoLIHX
ABYX Crnoco6oB:

1) CHauana u3 rpaduka QyHKunn y=f(x) CABHrOM BIOJb
ock x Ha (— b) ennnul nonyyaeM rpaduk GyHKIud y=f{x4+b)=
= g(x), 3aTeM u3 NOJAyueHHOro rpaduxka QyHKuIn Y=g (X)
nodyuaem rpaduk Qgynkupn y=g(ax)=f(ax-b), xak B 2°

2) Cuauasra u3 rpaduxa QyHkunn y==f(x) noayuaem rpa-
GuK pyukupn y= f(ax) (cm. 2°), 3aTeM U3 NOJAYUEHHOrO rpadurKa

v

dhyukunn y= f(ax) nojsyuaeym rpadux QyHKIHA y:f[a (x+§\}}=

A

= f(ax -+ b) casurom rpaduka QyHrunu y = f(ax) BroaH ocH x
Ha (— %> exudmn (e, 1°).

Hna oupegeJeHHOCTH BCIOLY B JdaJbHefuieM [puMeHsercs
BTOpO# c¢nocod.

[MTpumep 43. Iloctponts rpadux ¢yukuun y=§2x‘—{—3l‘.

Pemenne Crauara nuz rpapuxka ¢yHkumn y=!'x| (cm.
puc. 50, 6) cxarwem B 1ABa pas3a BAOAL OCH X K OCH ¥ CIPOUM

Puc. 85. Puc. 86.

rpaduk yskuun y=|2x| (puc. 83). 3areM U3 NOIYUEHHOrO
rpaduka QyHkuun y==|2x| cABUroM BJIEBO BIOJb OCH X Ha

—g— noiyuyaem rpaduk  QyHKURH y=r2<x+—3—>'={2x—{—3(

(puc. 86). v
4°. y=f(x)-4 C. Paccmorpum 3agauy nocrpoenust rpaduka
dynknun y=f(x)4C, ecan 3anad rpaduk dyHruAu y==f(x).
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Iyers TOuKa (Xg; Vo) NPUHAANEKHUT rpaPUKy (DYHKUUH Y=<
= f(x), 1. e. ¥o=f(x,). Toraa touka (x, ¥,-+C) npusaiie-
KuT rpadpuky ¢yuxnun y=f(x)+C; meiicTuTensHo, f(x,)-+
+C =y, C. Obpatno, ecnn T0uKa (Xg; Vo-+C) npuHAANEKUT
rpaduky ¢yukuan y=f(x)-+C, 1O TOUKa (Xg V,) NpHHAMIE-
KHuT rpapuxy ¢yHkumn y = f(x). Takum ob6pazom, rpadux ¢QyHK-
wan y=f(x)-+-C moxHo noayunrh u3 rpaduka (QyHKINH Y=
=f(x) 3ameHO#l KawmoH TOUKH (X Vo) NpHUHamIeKaulei
rpaduky ¢yHkimy y= f(x), Touko# (xg ¥, C), T. e. caBurom
Bcero rpaduka ¢ynkunn y=f(x) sgoss ocu y na C eanHuiL
Cusur nHa C egwnuy osnayaer: casur Ha C eduHull BBEpX, €C/H
C>0, w caar wa |C| eaunnu
BHu3, ecaun C < 0.

[Mpumep 44. Ha puc. 87 us
rpaduka  ¢yuxkumn  y=|x| (cm.
puc. 50, 6) noayueHs: - rpadux
¢pyukunn  y=|x |4+ 1 (casurom
BAOJAb OCH ¥ Ha EAMHHLY BBEPX)
v rpadux PyHkuun oy = |x|{—2
(casurom Ha nBe eIMHULBE
BHU3).

5°. y==Af(x). Paccmorpnym
337ayy NOCTPOEHUs rpauxa QyHK-

-9 umn y=Af(x), rae As£0, ecan
3ajad rpadux Qyuxumu y==f(x).
Puc. 87. Iycts  1ouKa (xg V) UpH-

Haanewut rpaduKky QyHKUuR y =
= f(x), 1. e. yo=/1(x;). Toraa touka (x4 Ay,) NpUHAAISKUT
rpaduky ¢yskund y=Af(x), 1ak kak Af(x,)= Ay, OOparHo,
ecau  Touka (X, Ay,) npuHagiexut rpaduky GyHKOoum y =
= Af(x), to TOoUKa (X, V,) TNpUHaNIeKHT Tpaduky QYHKUHA
y==f(x). Takum oOpasom, rpaduk QyHxuun y=Af(x) MOKHO
noayunth W3 rpaduka QyHKuEn Y= f(x) B8ameHOH KawkIo#
TOUKHN (Xg; Vo) TpuHamiexawed rpaduxy ¢GyHxruun y=f(x),
TOUKOH (xg; AYe). ITa  3ameHa o3HauaeT: 1) pacTskKeHHe rpa-
¢uKa BROJL OCH Y OT ock X B A pas, ecain A>1; 2) cxarue

1
B — pas, ecam 0 <C A< 1; 3) cumMerpuio OTHOCHTENBHO OCH X,

ecau A==—1; 4) CHMMETPUIO OTHOCHTEABHO OCH X, COIPOBOXK-
JaeMywlo pactsokeHneM B |A| pas, ecim A<T—1; D) cummer-

1
pyrd OTHOCHUTE/JIBHO OCHA " X, CONPOBOXKAACMYIO CHKATHEM B rA—l'
pas, ecin — 1 << A<<O0. ’
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Mpumep 45. Ha puc. 88 us rpaduxa pyHxkuns y==cosx
noayuensl: rpaduk ¢ysknng y==3cosx (pacTsxeHueM rpadnka
(GYHKIMA y==C0OS X BIOAL OCH J OT OCH X B TpU pasa) U rpa-

I

¢puk  dyHKUUY y=—5Cosx (cuMMerpne# OTHOCHTEJNBHO OCH X
B CKaTHeM B [Ba pasa).

¥

3

y=3c08 %
J 1
4= C08T
//’——'.\\\ ///’-T\\\\ Z
- - S~ T ~~
Puc. 88.

6°. y= Af(x)+ B. I'papux dynxunu y=Af(x)- B, rae
A=£0, moxuno noayudts us rpaduka Qyukuun y=f(x) cae-
AyouM ofpasoM: cHauana w3 rpaduka QyHnuu y == f(x) mno-
ayuaeM rpapuk ¢ynkunn y=Af(x) (cm. 5°), a sarem u3 mno-
crpoennoro rpadwka Qynkuun y=Af(x) noayuaew rpapux
pynknun y=Af(x)+ B casurom rpaduxa dynkuuun y=Af(x)
BAOL Ocu ¥ Ha B emunun (cm. 4°).

ITpumep 46. Ilocrpours rpagux QyHKUAN

T 1 ,
Y =5 — - arcsin x.

Pemenne. Cnauata u3 rpagmnka «¢yukuun Y= arcsinx
(cM. puc. 79) cuMMeTpHEHd OTHOCHTE/ILHO OCH X CTPOUM rpaduk
¢pynkuan y= — arcsinx (puc. 89). 3aTeM u3 NOCTPOCHHOTO
rpajuka QyHKUHMK ¥ = ~— arcsin X CXaTueM BIOJb OCH J K OCH X

- 1 .
B IBAa pasza CrpouM rpapux (QyHKUHH y=— 7 arcsinx. Y, Ha-

1 ;
KOHell, cABuUroM rpacuxka QyHKUuH y=—garcsinx B1OM
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n |
OCH 3y BBEpX Ha - Noay4aeM rpauk QyHKINH Y = = — 5 arcsin.x

2 272
(puc. 90).
* Comocrasssas BCe CKa3aHHOE B STOM naparpade, MB Tpu-
XOZUM K chefywouleMy ofmweMy BuiBoxy. I'paduk dQyHKuMn

y

Saresing

oolsy
(-:
l\_)\,:\
L\) -

N

<7 S
S

A/’
\ 4‘%@‘ )

b

S35y

Puc. 90.

y=Af(ax+b)-+ B moxHo noayunte u3 rpaduka GyHKUUHA
¥y = f(x) ciepywowuy oOpasoM: cHauaga u3 rpaduKa QyHKUuu
y=f(x) nocrponts rpadux ¢pyukunn y=f(ax-+>b) (cm. 3°),
a sareM 3 noayueHHoro rpaduxa ¢yHxkumu y==f(ax--b) no-
crpouth rpaduk pyukimnn y=Af(ax - b)+B (cm. 6°). Omucan-
HH  BBIIE CNIOCOO  MOCTpoeHust “rpauka (QyHKUHU Y=
= Af(ax+-b)+ B u3 rpapuxka ¢ysHkuun y==f(x) HasbBaercs
AlUHElRbLM npeobpa3osanue rpaduka QyHKLN Y= f(x).

§ 8. Mpumenenue dyHkuui u rpadukos
K pelleHHI0 YpaBHEHHH W HepaBeHCTB

1°. PaccmoTpum Bonpoc o peieHnn ypasHeHus f (x)==fo(x)
¢ noMoubio rpadukos (yHkHud y= f](x) u y=f, (x)

Ecan x, — pelleHne 3TOro ypasHeHus, TO 3TO O3HAyderT,
MO OHPEAEIEHHIO, UTO TOUKA X, MNPUHALIEKHT 06Jgacty onpese-
aerns Kaw ot n3 ynkuni f;(x), f,(x) w BHINOJHEHO pa-
BEHCTBO fi () ==/, (x,). Obosnaunm unciao fy(x,) uepes v
TaK 4T0 Y,=f; (xg)==f3(x,). Tak kak y,=/f;(x,), TO TOuKa
(X Vo) npuHapnexur rpapuxy dynxunw y=f; (x). Tak kaxg,
KpPOME TOro, ¥o==f;(X¢), TO TOUKA.(Xq V,) IPHHALICHKNT TaKike
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rpadpuky oysxunn y=f, (x). Takum oGpasom, (x4 ¥,) €crTb
mouka nepecewenuss Tpapukos Gynkuui y=f; (x) u y=r, (x).

O6partnHo, nycrb rpaduku ¢ynknud y=f(x) u y=7r,(x)
NepecekanTcss B TOUYKe (X5 Vo) T. €

Yo=J1(x0)=f3 (xy)-
310 O3Ha4yaeT, 4TO 4UucJjio X, aBJIACTCH pelieHneM ypaBHeHm

fi(x)=/3 (%)

TakuM 006pasoM, 048 HAXOXCOeHUST pewlenuil ypasue-
wus  fi(x)=f,(x) HydsicHO ompedeaums alcylicchr Mmouer
nepecevenust epagpuros ynxyuld vy == f; (X} u y=f,(x). Taxoi
croco®  pelleHust YPaBHEHWH HashiBacrcs rpaduuecCKu M.
Kak npaBuno, OH HE Ja€T TOUHOrO peRIUeHus ypasHeHud (rno-
CKOMBbKY TIpaKTUUYeCKW MBI BCerga uMeeM felo He ¢ rpadwmkoM,
a Juib C 3CKH3OM rpaguka),
HO 4acTO TMO3BOJSET YCTaHO-
BUTb uuC/J10 pelieHnti 1aHHOTO
YpaBHEHN U OLLeHUTb NOrpeL-
HOCTb HaflAeHHHIX peleHnd,

[Ipumep 47. Us pac-
cMoTtpeHus puc. 91, Ha KoOTO-
pOM  NOCTPOEHH  TpatuKu
GyHkunt  y =7/ (x):?]/x
1 y=f(x)=x2—x—2,
SICHO, uTO ypasHenne 2 x =
= x?—x—2 umeer TOABKO
OllHH KOpeHb X~z 2,9.

3ameuanne. I'paduue- Puc. 91,

CKHM ClIOCOGOM MOXHO penlaTh .
Takxe ypasHeHme BHAa f(x)=0, KOTOpOe sBJASEICH YACTHBIM
ciaydaeM ypasHeHus fi(x)=f,(x) npu f,{(x)=0.

2°. B npumepax 48, 49 paccmarpusaercs pellieHue Hep a-
BEHCTB C TIOMOILIO rpadukos PpyHKIM.

MMpumep 48. Pewnrs vepasencrso

)

]

Jx]>x?—x.

Pemenwe. Iloctpomm rpaduxn ¢yskunt y=f; (x)=|x |
n y=/fy(x)=x*—x (puc. 92).

Pewenusmn  HepaBeHcTBa  f; (x) > f, (X) ssasiorca AeHcTBU-
TEILHBIE YHCAA X, a9 KOTopex rtpaduk ysxkuun y=f; (x)
pacnonoxeH Bbllle Tpaduka GyHKUuN Y= f, (x).
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Ws paccmorpenns - puc. 92 caeayer, 4TO pelIEHMAMU HEpPa-
BEHCTBA |X|>>X?—X #BJIAOTCY BCE UUCAa X U3 MHIEPBAJa
0<<x<<2.

Puc. 92

Hpu Me p 49. Pewmts HepaBeHCTBO
(?—2x—3)()/x—1—1)<0.

Pemeunune. Tloctpoum rpaduxs ¢yuxuni y==f;(x) =
=x2—2x—3 u y=/f,(x)=) x— 1—1 (puc. 93).

Puc. 93.

Pewennsimn  HepaBenctBa f; (x) /5 (x) << 0 ssasorca aeficr-
BUTENbHBIE YACHA X, LIS KOTOPBIX 3HaueHus GyHKuu# fi(x)

230



n fy(x) wnmeior pasubie 3Hakn (Wi fi(x)<<0 u fo(x¥) >0,
wim f1(x)>0 u f,(x)<<0). Dro o03Hayaer, UTO" HYKHO
HaliTW  TakWe 4uHuCaa X, [JI8 KOTODHX TOUKM rpaduxos
tyHkun y=71;(x) 1 y=/,,(x) pacrnosoxeHs Mo pasHble CTO-
pOHBl OT ocH x. M3 paccMoTpeHns  pHC. 93 caeayer, uro pe-
HIEHMSMH HEPABEHCTBA (xz—Qx—B) (Jx—1T— 1) < 0 spasioT-
¢S BCE uMCiaa X W3 HHTepBana 2 < x < 3.

3°. BrBatoT cayyam, Koraa Hukaxue anrefpanueckue npeobpa-
30BaHHs HE MOMOraloT PEIINTh ypaBHEHHE MIM HEePABeHCTBO (HJu
penieHne MOJyYaeTcss OYeHb FPOMOSBAKHM), a KJIOUOM K pelleHHo
CAy®uT u3ydeHne oOnmacTH onpegenesnus (QyHkuu,
BXOAAIINX B 9TO Yp4BHEHHE WJIW HEPABEHCTBO, WM HMX M H O-
KecrBa 3HaueHn#. Hmxe npuseseds nsa Takux mpuvepa.

MMpumep 50. Pewnrs nepasencrno ) 2 4+ x — x2> x3—0.

Pewenne. Ilepenucas HepaBeHCTBO B Buie

V—(x—=2x+0)>x—9,

MBI HaiigeM, uTo 004acTbi0  Ompexe’eHus (YHKUHH, CTOsLUlEH
B JIeBOli UaCTH 3TOTO HEPABEHCTBA, CAYKHT OTPE3OK ~— 1 =0 x=C2,
IpruyeM BO BCEX TOUKax cpoeil 06sacTH ONpeme/ieHus 31a (PyHK-
Hug HeoTpHIlaTeAbHa (Tak Kak Kaxgoe ee 3HaueHue npei-
crapiser cob6o# apmdMeTuUeCcKHH KODEeHp U3 HeoTpHua-
teabHOro uncaa). Ho npn — 1< x =<2 mnpasad yacth OTpHLa-
Te/NbHA, W TMOTOMY HalNMCdHHOE HEepaBeHCTBO HMEET MecTo TpH
BCeX Xx W3 oTpe3ka — 1= x=C 2. Takum ofpazoM, pelwreHusivu
HEpaBeHCTBA ABJIAIOTCA BCe uucnaa orpeska [— 1, 2]
[Ipumep 51. Pemnrs ypasHenne

X224 2=1—V B[ x|
Pemenune. Paccmorpum ¢yHKu#K

f)=xt—2x242, f,(x)=1—VF—|x]

TaKk UYTO [aHHOe YPaBHEHHE 3amHChIBaeTcsd B Buje fi (x)==f, (x).
Mbr umeeM f; (x)=x%—2x%-}2=(x2—1)®-} 1, orkyza Bui-
HO, uyto fi(x)==1 npwm Bcex x, npuueM 3Havenue 1 ¢yuxuus
fi(x) npmummaer aummp npun x="t 1. [us ¢ymcimn xe
Ja(x) umeer wmecro (npu mobGoMm X u3 06nacTd ee onpene-
JeHus) HepaBeHCTBO f,(X)=< 1, Tak KaKk 3HaueHue apudMeri-
YECKOro KBaAPaTHOro KOpHA Bcerza HeorpuuarensHo. Ciaexosa-
TEAbHO, PaBeHCTBO fi (X)=f,(x) BO3MOXHO auib npu f; (x)=
= f,(x¥)=1, 1. e. mub npu x=" 1. [Iposepkot yGewmaemcs,
YT0 Xx==-—1 KOpHEM HCXOJHOrO YpaBHEHHS He 'ABJAercH,
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a x=- 1 sBasercs xopuem. Takum o6pasom, HaHHOE ypaBHEHNE
UMEeeT JHHIb OAMH KOpeHb x==1,
4°. B sak/mouenne onumeM OAWH YacTO NPUMEHseMbH crocol
pEleHns] HepaBeHCTB, HA3BIBAEMBIN Memodom uxmepsasos.
Ilpewae scero 3ameruM, 410 ecAll MOHOMOHKAS PYHKUGUA
obpawaemes 8 HYAb Npu X==a, MO OHQ COXPAHSAEM NOCMO-
y AHHBIE  3HaK npu vx<a u
npo MUBONOACHCHBIEL 3HAK NP
x>a. bDoJjsee T1ouHO, ecan
BO3pacTatwomas PyHKUns
J(x) ofpamwaercs B HyIb
npu x=a, 10 f(x)<<0 npu
x<<an f(x)>0mpn x>a
(puc. 94), a ecsiu yOnBaio-
mas ¢yakuus f(x) obpa-
HiaeTcsi B HyJb 0pH X=4,
Y, 0 f(X¥)>0 npu x<<a u
F(x)<<0 npu x> a (puc. 95).
Puc. 94. Meron  umHTepBasos  Te-
flepe MOKHO ONHUCaTh CJASIYH-
muM obpasom. Ilycrs f; (x),
A s frx) omogix)
y=fiz) &(x), ..., g (x)—moHoTOH-
. Hue (PYHKLNH, ONpeleseHHEe
Ha BCell 4HCIOBOH npgaMo#t n

i = = £ ofpaumawpiiueci B HYJIb B
PasiaUUHBIX TOYKax. 3a-

( \ HYMEDYEM TOUKH, B KOTOPHIX
ot (QyHKuMu  obpauanTcd

Puc. 95. B HyJbL, B NOpfAJKe BO3pacTa-

HUA ap, Qg ..., Qpy (I- €

B K&XIOH U3 5TUX TOYEK ofHa u3 QyHkuad, f;(x) nau g;(x),
ofpaiwsaeTcs B HYJAb ¥ NPH 9TOM @3 <T @p<T...<< @y ) Irn
TOUKH DPasCUBAIOT UHCJAOBYH MnpsMylo Ha 2-4 /-4 1 mHrepsanos:

(—co, @) (ap ay) (ay agh ..., (@ry1 ) Qe )
Torza dyHKuUns

L h®fa(x) . fe(x)
Feo= g1 (x)ga (%) ... 8/ (%)

COXPaHfieT [MOCTOAHHBIH SHAK Ha KaX[OM M3 3THX WHTEpBAJOB,
a MpH Nepexofe OT KaXAOr0 MHTEPBada K CAeLYIOUIeMy MeHZeT
8HAK Ha MNPOTUBOMNOJOXKHHEH. DT0 yrBepxaeHue (cocTasidouiee
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OCHOBY ME€TOJa HHTEpBaNoB) Oe3 Tpyla HOKasblBAaeTCd M HACTO
NpHUMEHAEeTCH MDY PEIlEHHH HEPABEHCTB.

3ameyanue. HHorza npuxoautcs paccMarpuBate OoJee
CJOXHYI0 (YHKLHIO, UMEIOLLYIO BUJ

Fy(x)= (F (NP (F3 ()P ... (F (0)7k ’

(g1 ()7 (g2 (N7 ... (g1 (N2

TA€ Pi» Po +++s P Qv 9o +..» §y—HaTypanbuuie yncaa. HMceae-
NOBAaHHE 3HAKa TaKOH (YHKLEN TakxKe He NPeACTaBiseT TPyAa.
Wmenno, eciu uncao py 4eTHo, To dyHKuus (fi (x))Pr n1040%u-
TesbHa (BClOLY, KDOME TOUKH, TJe OHa o0pamiaercs B HyJb) H
HOTOMY MOXET He YUNTHIBATBCA TPHM ONPENe]eHuH 3HaKa (yHk-
uuu Fy(x). Ecau ke uucno p; HeuerHo, 1o ¢ynxuns (f; (x))P
uMeeT TOT e B8HaK, uTo W f;(x). AHajnoruuHoe 3ameuaHue
OTHOCUTCSL W K OCTaJbHBIM MHOXKUTE/NAM B YUCAUTENE U 3HAME-
Harese. [losToMy npu onpemenenn# sHaxka QyHKIUN Fy (X) HYyXKHO
VUMTHIBaTb JIMIB MHOXHTENM, HMEIOULMe HEUEeTHBIE NOKa3aTesi.

Ipumep D52, Pemurp HepasencrBo X%+ x*—5x3 -
4 3x?—4x—12>0.

Peuwrenne. Herocpencrsennoit inposepxo#t (cp. crp. 165)
HaXOAHM, 4YTO uucaa —3, — 1 u 2 ABJAAOTCA KOPHSIMH MHOO-
yieHa, Crosulero B JeBOH wacTH HepaBeHcTsa. (C/egoBarte/bHO
(cM. teopemy 12 Ha ctp. 164), MHOrOUJIEH 3TOT AeanTCs Ha X+ 3,
Ha x-+1 u Ha x—2. [lpoussens peneHue, Haflmem

X5 x4 —5x3 4+ 3x%—dx —12=
=(x+3)(x + 1) (x —2) (x*—x +2).
[TosToMy JHaHHOE HEpAaBEHCTBO MEPEIHUCHIBACICH B Bule
(X + 3) (x + 1) (x—2) (x2— X +2) > 0.
Ho xBagparusiti Tpexusied x2—x - 2 HOMOKUTENEH NPH BCEX X

(ero KopHu KommaeKcHsl). IlosToMy paccmarpuBaeMoe HepaseH-
CTBO PaBHOCH/BHO CJEAYIOILLEMY:

(x43)(x+1)(x—2)>0.

Kawnana us ¢yukuuft x+3, x4+ 1, x—2 MOHOTOHHA, U Mbl
MOXeM [PHMEHHTb METOX HMHTepBaNoB. ITn ¢yHKunu 06paniarot-
€4 B Hy/Jb COOTBEICTBEHHO B TOukax —3, —1, 2, koropsie
DEeJST 4uCAOBYIO NPSAMYK) Ha 4ETeIpe HMHTEpBata: (— co,-—3),
(—3,—1), (—1,2), (2,c0). Ha nocaennem (1erBeprom) u3 3THx
UHTEpPBaJAOB BCe TPH GYHKUMA X -3, x4 1, x —2 noaoxureln-
HBl, 1 NOTOMY (DYHKUHA

Fy=(x+3)(x+1)(x—2)

.
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Ha 3TOM HHTepsaje NoJoxurespHa. CrexoBaTeNbHO, Ha TPETHEM
UHTEpBaJe OHa OTpHIlaTe/]bHa, Ha BTODPOM MNOJOKHUTEJIBHA H Ha
nepsom onsath orpuuareasHa (puc. 96). Taxum oO6pasowm, Hepa-
pencTBo F(x)>0 uMeer Mecto Ha unrepsaie (—3, —1) a

7 {] ¥/ w
+
N , / ]
N N ) >
Puc. 96.

TaKKe Ha mHTepBane (2,00), T. €. pelieHnaMu HCXOMHOrO Hepa-
BEHCTBA CJYKAaT BCE UHCH3, YAOBJCTBOPSAIONINE HEPaBEHCTBAM
—3<Cx<C—1, a TaKkKe BCE YUCJA, YAOBIETBOPMOWIUE HEpa-
BEHCTBY X > 2. :

MMpumep 53. PewuTs HepaBeHCcTBO

P e+ -1
wrHG— =
Pemenue Mpl DODKHB UCCACLOBATh 3HAK (DYHKILUH

Fy () S DR (et 2 (=)

(x-45) (x—2)
[Ipu 5TOM MBI MOXEM He oOpamiaThb BHUMaHUS Ha MHOKHTEJb
(x - 4)?, umetomwuit YeTHEIH TOKasaTeab (MOMHA, OLHAKO, YTO MpH
Xx=— 4 5T0oT MHO¥HUTEe b OOpariaercss B HyJb). OCTaJbHbHIE MHO-
WNTEIN B YHCANTENE W 3HAMEHATeJe MpeicTaBisioT co00# MOHO-
TOHHHIE (PYHKIMHK, OOPALLAIOIMEC B HYJb COOTBETCTBEHHO B

7 y/4 v//§ v v
Lt + +
! r Il L \I \/ e
SN 0 2
Puc. 97.
TOuKax — 7, — 5, 1, 2. DTu Toukn pa3BuBaArOT UHCIOBYIO MPAMYIO

Ha 1Th HHTECPBAJIOB.
(-— OQ, =~ 7)’ ('— 7; - 5)) (_" 5’ l), (1, 2), (2, (oo} ),

npayeM Ha nocaegueM u3 HuX Fj(x) >0 (Bce MHOXWTENU B YHC-
AUTeNne UM 3HaMenaTese mnonoxkuteashn). IToaromy (puc. 97) Ha,
NIEPBOM, TPETbEM M HATOM U3 STHX uuTepBatoB F(x)>0, a Ha
BTOpOM u uerBeproMm Fq(x)<<0 (ronpKO Halo MNOMHHUTb, UTO
mpu x=—4 ¢yukuus F,(x) oOpawaerca B Hyab). Cienosa-
TEJbHO, pelleHHs CTPOT Or O HepaBeHCTBa Fy(x)<CO0 sanoa-
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nsfor asa murepsana: (— 7, —5) u (1, 2). Crona Hago K0GaBUTH

ee TOUKH, B KoTophX Fy(X%)==0, I. e. Toukn x=—17, x=—4,
x=1. Takum oOpasom, petie- y
HUSMH WMCXOJHOrO HEpPaBEeHCTBA
F;(x¥)=<0 sBmtoTCca BCE TOYKH /
y ‘ A
0 3
y=2z+/z/-J
y=z+2iz/*1
-4
1
-1 /}r 1

Puc. 98. ' Puc. 99.
nonyuurepsana [—7, —38), a Takwe BCE TOYKH NOJYRHTEp-
paja [1,2) u, Kpome TOro, Touka X =— 4.

IIpumep 54. PewuTh HepaBeHCTBO
(x+3) (2x+ [x][—9)
2 F 2 x D 0

Pemeunne @yuxuns x-+2|x|+4 1 noaoxurensua npu

Bcex x (ee rpaduk noxasaH Ha puc. 98), u TMOTOMY €€ MOXKHO
HE YuHTHIBaTb, T. € MBl AO/DKHB PEWUTb HEPABEHCTBO

F(x) — (x43) (ix__";x[—"g) = 0.

Gyukupn x+3 # X—2, OoueBumHO, MOHOTOHHB. PynKuns
2x -4 |x|—9 (rpaduk KoTOpo# moxasan Ha puc. 99) TaKKe

7 y/4 /4 v
+ +
—_—3 0 2~—~73
. Puc. 100.

MoHOoTOHHa. TakuM 00pasoM, B 4YHCAHTEIE W 3HaMeHarene Apoln
F(x) Mbl uMeeM TPH MOHOTOHHBIE -(yHKUHMH, OOpamanoninecs
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B HYJb COOTBETCTBEHHO B Toukax —3, 2, 3. DTtn Tpn TOUKM
pasGHBaOT YMCJAOBYIO NPSAMY0 Ha YETHIpE MHTEpBaJa:

(—oo, —3) (=32 (23) @3 co)

Ha noé:nenﬂem n3-korophx F (x) > 0. Caegoparensno (puc. 100),
HepaBeHCTBO F (x) = 0 umeeT Mecro nmpu — 3 < x <2, a TaKxe
npn 3 << x << co.

3apaun k raase VII

B 3aoatax 7.1—17.5 mpeGyemes waiinu obaacmu onpede-
" peHUsT 3a0QHHBIX  (DYHKGUE U BHHUCAUMYS 3HAYEHUS IMUX
PYHKGUE 8 YKAZQHHVIX MOUKAX.

s x—1
1. _— x,=0 =1, xy=—3.
7.1. f(x) PR P X 17=0, xo=1, X3 3

7.2. f(x)=V x%—4x; x;=—1, x,=2, x3=3.

Va2
7.3. f(x)=——~——-—; x1=0, x,=1, x3=—2.
2 -
O R
7.5. f(x)—cosm- X, =0, Xog=— 1, x3=100,

[Hocmpoiime epagouxu gyuryui (7.6—7.14):

7.6. yé3x—1.
77 y=x242x—1.
78, y;_[ 1, ecan x =<0,

\(x—1)2, ecmn x > 0.
7.9.)’:‘{ lxi, ecm |x|<<1,
2—x2 ecmu | x| > 1.
1, ecin — 1 << x <0,
X2 ecian O0=<x<Cl1.
1, ecip —2=<Cx=<—1,
711 y=! — x, ecmn — 1 <<x =<0,
1, ecan O<<x<Cl.
3, ecam —2=Cx=l—1,
—3x, ecan — 1 << x=<<0,
3x, ecan O<<x=C1,
3, ecmn . l<<x<<4.

7.10. yz{

7.12, y=
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718 y=|x+1|—]x—1]
714, y=|1—|x||—|x|+ 1.

7.15. Ioxaxure, uro ¢ysruus f(x) orpannuera (cM. onpene-
JeHue Ha c¢Tp. 187--188) Toraa u TOJLKO TOT A3, KOTAa CYIECTBYET
Takoe uucao >0, uto ang molGoro 3HayeHus X (B3Aroro M3
ob1acTy  onpenesieHns  (PyHKIBM) CNPaBEJIMBO HepaBEHCTBO
feol<e

7.16. Ilpuseaute npuMep (PyHKUHH, ONPEAEAEHHOH HA OTPE3KE
0= x=Z! u HeOrpaHuueHHOH HA 3TOM OTpE3KE.

7.17. Hycre ¢ynkunn fi (x), fo(x) u f3(x) onpeneneHs Ha
orpeske {a, b], npuuem dyukuun fi(x) n f,(x) orpanHuuens, a
¢dynkuust f3(x) ne orpanunuyeHa. YTo MOwHO cKazaTe 006 orpanu-

S A R AC B AC R A AT
A, B B

Haitoume uwmepganse mowomonrocmu gGyuxynid (7.18 —
7.28):

7.18. y=1—2x. 7.19, y=x3.
1
e Oy 2 —
720, y=3—2x—x* 7.21. V=577
7.22, y==1cos x. 7.23. y=tgx.

Haiigume Hauboasutee u Haniexswee 3navenus Byuxyul
(7.24—7.27y:
7.24. y=3sinx—4 cos x.

7.25. y=3sin® x -+ 4sin x - cos x + cos? x.
7.26. y==sin® x 4 cos’ x.
7.27. y=sintx - cost x.

Haiioume nauboasulee 3nauwenue gynryui (7.28—7.29).

X
7.28. V= m .
X
7.29. V= m .
7.30. Hafiaute HauMeHbliee 3HaueHne (byHKLMH
2
y::'lv—__i;_l—';?) X >_ 1 .
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Busacuume, sigasiemes At 3a0annas GyHEYUS 4emuoll uan
HewemHol WA He SABATEeMcs HU  HemHol, Hu HedemHoll
(7.31—7.36):

x2

7.31. y—_——xT_:‘l'
733 y=V x—1, 734 y=|x|-+ cosux.
7.35. y=x-J-tgx. 7.36. y=x2}sinx.

7.32. y=x®--2x.

7.37. llycte dynxuns f(xX)— uetHas, a PyuKuus g (x¥) — Heuer-
Has. lokaxure, uto dyukunn | f (X)L g nf(—x)+g( x ) —
yerHrle, a pynxuun g (— x), xf(x)-+x%g(x) n g(x|x|)—He-
yeTHEIE.

7.38. TIycrb oGracts onpenenenns Qpynxunn f(x) cuMMeTpauHa
oTHOCHTEAbHO Toukd x=0. Jlokaxnute, uto (PpyHKuns fi(x)=

1 1
= 5 [[(x)+ f(— %)]—vemnas, a f; (x)= 5 [f(x) — f (— X)] —
neuertas. Takum o6pasoy, dyskumo f(X) MONHO TNPEACTaBATH

B Buge [(x)=f;(x)+ fo(x), rae ¢ynxuns f;(x)—vuerHad, a

GyHruns fy (xX)— HeuerHast.

Hailioume naumenswuil nepuod raxc0oi u3 caredywounx
dyuxyui (7.39—7.44):

7.39. sin x -sin 3x. 7.40. sin x - sin 2.
. 9 sin ¥
7.41. sin® x. 7.42. Theosx
7.43. tg x +sin 2x. 7.44. 2tg 5 — 3 tg g

7.45. [oxaxwurte, yTo (yHKuMa sinx-sinsx He sBasercs
nepruoanyecKoH.

Onpedeaume, karxue u3 caedywounx @yHEyuUE A8AS0MCA
neprodusecxumu (71.46—7.48)

746, y=Vsinx. 747. y=sin} x. 7.48. y=|sin|x]||.

Tocmpoiime 2paghuxu ynxyuid (7.49—7.71):

7.49. y= x5 7.50. y=|x P

751, y=1x%—2x2% 752 y=x2—3| x|+ 2
1 2

753 y=r. 7.54. y:l—jj‘xg.

755, y—211] 7.56. y=—|sinx|.

T2
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7.57. y==sin|x]| 7.58. y= x—l—m
7.59. y=xJcos x. 7.60. y=x3—2x21 x.
2
—_— %5 —
761 y=—x54+2x3—x, 762 y= o &
763 y=Vx+1—Vx 764 y=VxF1-—-V]x}
7.65. =51 7.66. y="t1,
7.67. y=ir®t 768 Y= 0
Ol V=FTh 08 V=T
_ x%—dx--3 |
7.69. v R—or 7.70. y——w
__Ixd
7.71. y EESY
772 Tyers f(0)=V'% g(O)=7. Haitzure f(g(®)-
S —1
7.73. Tyens /() =22, a)__*___%g;in Hatnure
S(g @) ]
7.74. Tlycrhb f(x):';TI, Hatizure f( \,
T
7.75. Tlycers f(x)=) % —1. Haitnure f(]/x2+1).
7.76. Ilyctn f(x):%. Hatinure f(tg x).
7.77. Hycro f< - l—;\’ i+l upu X 3= — 2; 1. Hattanre f(x).
7.78. Ilycib f(l —{——;\/:xz——l npu x % 0. Haitoure f(x).
/
7.79. ycry f(x)=ax?®+ bx -+ ¢. Jlokakure, 4TO

Fe43)—3f (x4 2)+ 3/ (x + 1) — f(x)=0.

B szadauax 7.80-—7.86 mpebyemca Haimu gyurguu f(x)
u g(x), yoosaemsopsiouue 3a0aHHOL clcHeMe YPasHeHull.

7.80

7.81.

F@x+ D)+ glr—1)=x
F(2x +1)—2g (x— 1) =242
fRx+1)}28(2x + 1)=2x,
i
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Fe 1) g4 =22
7.82. {fﬁ] §+1>“"_1-
e { J@x+2)+2(Ax+ =2
f(x—1)+g(2x+1)—2x
. { F(4x+3)+ xg(Bx +4) =2,
FOx+1)+gBr+ ) =x+ 1.
fBx—1)+g(6x—1)=3x,
7.85. { FOo 1) 2% (25 + 3) = 24° 4 x.

e { J@v—D+g( - =t
Flm) + 28 () =3

B zadasax 7.87—7.90 mpedyemcst naiimu pyuxyun f(x),
Y0084emBOPANOWYI0 3A0QHHOMY YPABHEHILIO.

78T, F)+2f ()=
7.88. (x-—l)f(x)+f<—1-\=x_1.
7.89. f(x)—l—xf( ) 9.

\2x—1

13x;~4
7.90. Qf( 1/ 3f<2x+1>f;2x—3x2'

Haiidume thynruuu, o6pamnsie 1o OMHOUEHIIO K 3Q0QHHBLM
(7.91—7.94):
791 y=x' 782 y=14o.
ax-+b
cx—a

7.93. y=— 7.94. y=9x.

Junelinoemu npeobpasoganuamu 2paghuxa pyuryun y=|x|
(cm. puc. 80, 6) nocmpoiime epadbuxu  Gpyrryguii (71.95—7.97):

795. y=|x-44]. 796. y=2|x—1]|+1.
797, y=|3x41].
Jluneline.nn npeobpasosanusm 2paguxa gynxyuu y=x*
(cm. sapauy 7.49) nocmpoiime zpagpuru @yuryui (7.98, 7. 99)
798, y=(x—1). 799. y=1 —x3
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Juneiinosu npeobpaiosanuamu epagura ghyHKGua y = Vx
nocmpotime 2pagpuxu gyrxyui (7.100, 7.101):

7.100. y=)2x+3. 7101 y=1—2}x

Junellnsi il npeobpasosanuami 2paguKos mpuoHo Mempu-
yeckux @yuryul y=sinx u y=tgx nocmpoiime zpaghuru
gyuruui (7.102—7.104):

7102 y==sin(§—1}. 7.108. y=3sin2c—1.

7104 y—1—tgx,

Junelinsi il npecbpaso8aniuamu 2paghuros oOpamuex mpi-
20HoMemputeckux @Gynxyuli nocmpoilime epagpurn pyurwyul
(7.106—7.107):

7.105. y==arcsin(2x -+ 4).
1 n
7.106. Yy=-arccos X — .
7.107. y=2 arctg 2x.
Onpedeaume wucao Oeficmsumensruox peulerull yYpasHerui
(7.108—7.111)

7108, 1 +x—x2=|x 3  7.109. x (x4 1) (x+2)=001.
7.110. x=tg x. 7.111, x==100sinx.

Pewume ypasnenus (7.112—=7.114):
712, 44+ 3x—x2=|1+ x|

7.118. | x?—2x—3|=x+1.

7.114. 6x—1==2 cos mx.

Pewume npubauocenno (¢ owubkoli ne Goaswe 0,125)
ypasﬂemm (7.115, 7.116):

7.115. x?—x—2=2)"x. 7.16. x2—2x=)x.
Pewume nepasencmsa (7.116—7.120):
7117, x*—2|x{<<3. 7.118. 2—x2>ix}+2‘|x——1\.

x2—3x-42 Xy
7.119. m<0 7.120. o 2>O



FJIABA VIII

CTENEHHAY, MOKA3ATEJIbHASA
H JIOTAPUPMUYECKAS o YHKUUHU

§ 1. Crenenb c HaTYPaJbHbIM MOKa3aTeleM

IlepBoHaYanbHO CTENEHb ONPENENfeTCs A5 CIyuas, Korja
[I0KasaTenb SBJAETCS HATYPAaABHBIM 4nCAOM, OOJBHIMM €IHHKIb;
OCHOBZHHE CTENEHH MOXEeT B 3TOM cayuyae OblTh MoObIM jpeHcr-
BUTENBHBIM (MM JaXKe KOMIUIEKCHBIM) uucjaoMm. MmenHo, ecan
1 —HaTypaJlbHOE YXCJ0, BOJBIIEE eNUHULBL, ¥ @ — NPON3BOJbHOE
pefcTBuTenpoe (MM KOMIVIEKCHOE) YHCI0, TO NOX @" HOHHMAIOT
NPOU3BENEHUE 1 COMHOXKHTENEH, KakJbM u3 KOTOPHIX paBeH a:

a"=a-a...a. e

n pas

Cayuali, xorna n==1, noa 3T0 ONpele]cHHe He NOANAAer, TaK
KaK <«MpPOUSBENEHHE ONHOIrO COMHOKHTE/S» HE HMEET CMBIC.a.
VenaBanBaoOTCHd, OXHAKO, CHUMTaTh, uTO (mas Jwoboro a) uuciao at,
110 ONpENeNeHn0, PaBHO a. B pesyJbrare Mbl OJIyyaeM onpese-
JEHUE CMeNeHl ¢ HAMYpaAsHuA noxasamenem: uucio a’
CuUMTaeTCst pasHHM @ npu n=1 u onpezeaserca gopmyaol (1)
npu n> 1.

Ms sr1oro onpenenenns jierko BRIBOAUTCA UEAbH pag csoHcTB
crenenu. Mbl pa3oObeM 3T CBOHCTBA Ha JBE I'PYIILL

[. CoflcTBa, BHpaxXawuuecs paBeHCTBaMM:

a) a™- a" == ™" das 21106020 a 1 AKO6bLX HAMYPAALKELX M, 1,

6) (a™)*==a™" 0as 2106020 a U A0OObLX HAMYPANBHBLY M, N,

B) (ab)"=a"b" dan aw6ux a, b u 2106020 KaMyparsHozo 1,

an _ B
r) a.m_:a" ™ dan awbozo as=0 u aw0bux HamypaisHbx
m, n, YOOBACHBOPAIOWUX YCAOBUID 1> M,
a\r_ g
) <?> =147 oas awbozo a, awbozo b=%=0 u awbozo

HQMypaabHo2o 1,
e) 07=0, 1"==1 0as 41006020 HamyparsHO20 H; .
K) | @"|=|al|" dan awboz0 a u awGozo HamypaisHo2o .
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II. CholicTBa BHpaXalmuecs HEPaBEHCTBAM UL,

3) econ O<Ca<Ch, mo a"<<b* 0um awbo20 Ha-
mypaasHo20 1,

n) ecan a>1, mo a™>a" npu m>n,

K) ecat 0<<a<<1, mo a™ << a" npu m>un )

1) ecan a<<0, mo a">0 npu wemnom n u a"<<0 npu
HeHemnom n.

3amMeTuM, 4TO CBOHCTBA a)—IK), BHIPAKAIOUIUECH D aB € H-
CTBAaMH, UMEIOT MECTO A MOOHX KoMHACKCHbX uncel a, b;
CBOMCTBA Ke 3)—J), BHIPAMAOUINECS HEDABEHCTBAMU, CpaBEl-
JIABBL A1 JHOOKIX Oelicmsumienssnslx uncei a, b. B ganpHelimewm )
MBI BE3jie OFPAHHYMBAEMCA C/IyYaeM, KOT/a OCHOBaHAE CTENEHH —
JelCcCTBUTENRHOE YUCIO.

JloKk23aTe/NbCTBO [EPEYMCIEHHBIX BhIlE CBOMCTB HECA0XKHO.
Mp mpusesgem aas npumepa JAoKas3aTeJbCTBO CBoilcrea 3) (cp.
crp. 80).

Hay HyxHO m0Kasats, uro b”—a" > 0. CoriacHo ¢opmyJe
(8) na crp. 156 Mol umeem

b*"—a = —a) (" b 2a L b Ba2 -, Fba 2 -6,

Tak Kak b>>a, TO nepsag CKoGKa B npaBoH uyacr# 1O .J0 XK H-
TeJbH a. Bropas ckobka TakkKe 11010KuTeNbHa, NOCKOALKY a == 0,
b > 0. Takum oOpasom, npaBas yacrb MNOJOXUTEJbHa, ¥, CJeA0-
BarensHo, b —a” > 0.

MMpumep 1. Pewnrs ypasuenne sin'®x - cosilx=1.

b
Pewewnne Ilpexae Bcero sameruM, 4I0 eciu X==£K 5

rie k—uejoe uucao, TO oHa M3 (yHKuUHH sinx, cosx mpu-
HuMaer 3naueHne 0, a apyras-——sznavenne —E 1. Tlostomy Bce

kn
uncaa (rme k=0, £ 1, 422, ..) asamorcs KopHAMH 3ajaH-

HOTO ypaBHEHHS.
kn
Mycrs renepb X OTAUMHO OT HHCEN BUAA -5 . Torna kaxnas
W3 OyHkimi Sinx, COSX NPUHAMAET 3HAYEHWE, OTJNHYHOE OT
0 u =1, n potomy O<Tsin®x<C1, O<<cos’x<<1. B cuiy
cBoficTBa K) MBI HMeeM mo3roMy (sin’x)® << (sin%x)}, 1. e
coraacuo ceoficrey 0) sin'x << sin®x. Amnanoruuno cos'Ox <
<Z cos?y. Takum ofpazom, sintly -} cosl®x < sin%x 4 cosixy =1,
W, caegoBaTe’pHo, $inllx --coslx == 1. IT1o o3Hauaer, yTO X
HE SIBJAETCS KOPHEM B3afaHHOIO YPAaBHEHHS. :
kn
WraK, KOpHAMH BafaHHOIO YPABHEHUS HABJASIOTCA UHCJA 5
(rme k=0, =1, 4-2,...), u TOABKO ®TH unCIa
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Mpumep 2. HMokasars, uro ecmu 0<<a<< 1, T0, K4KOBO
Obl HE GBLIO TOJOWKHUTENLHOE UHCJO € HaHAETCA TAKOE HAaTypalb-
Hoe 1, yTo a" < e.

Pewenwne Bpbepem TaKOe HarypadbHOe 4YHCAO &, 4TO
1 1
5 <& (cem. csoiicteo ) na crp. 60). Torna E>—. Tpebye-
Moe HepaBeHCTBO @ <& GyAer yCTaHOBJIEHO, eC/d MBI IOKaKeM,

1 1
4To 5 > —-. 3xauut, eca M cyMeeM nogo0park TakKoe f1, 4To

1 1 1
‘ﬁ>k, TO MBI NOJYUHM Eﬁ>k>—e" uyto u Tpebyercsa. Taknm

1
06pa30M, AOCTAaTOYHO noaodparb Takoe #, YTOGH F>k' B cuay

17 1"
/

a® \a

\

1
CBOMCTB M) W €) MH HMeeM o= WMrak, sanava cee-

1N
Jach K HAXOXKIEHHWIO TaKoro 71, 4To (Z; >k
/
1 1
Tak xak 0 <<a<<1, 10 7;> 1, 1. e. yucno ~a——-—1 N0Ja0XKN-
Teapno. IlosroMmy Hafifiercs Takoe HaTypajJbHOE UHUCIO ¢, YTO

1 < LA 1, 1. e. %> 1+ % CornacHo CBOHCTBY 8) MH HMEEM

q a

an / 1\ ;
(;] > 14— . Ilostomy Ham A0CTaTOUHO noxoBGpaTsL Takoe #,
a

4T00b! < 1 —}—%)n > k. Ho (1 +-(17>n >1-+ % (3TO0 HepaBEHCTBO
0e3 TpyAa [OKa3blBaeTCsd METOAOM MareMaTHyecKo#l HHAYKLHM).
[TosToMy HaM poCTarouHo noaodpaTs Takoe #, YTOOH 1+§>k.
Ho 270 mocnessee HepaBeHCTBO DPaBHOCHALHO HEDABEHCTBY
—Z— >k—1, a 3HauuT, HepaBeHCTBY 1 >>gq (k—1). IlocraTouHo,

sHanpumep, B34aTb n=¢(k— 1)1, u M noayuaeMm Tpedyemoe
3HaueHHe 7.

§ 2. Crenennas QYHKUMS ¢ HATYPANLHLIM MOKa3aTelaeMm

Paccmorpunm renepb (yHKUHIO
y=x"

rae p-—Harypanbnoe upcao. CorlacHO CKa3aHHOMY B TNpedBIAY-
meM naparpage 004acTbio OfpefeaeHus 3TOH PYHKUUE ABAAETCA
BCA JeHCTBUTeNbHAs TpsMad, T. €. CTENeHb x” onpeneseHa npu
mobom aedicTBuTensHOM X. [lanmee, B cuy CBOHCTB €) U 3) (hyHK-
uag y==x" npuuumaer sHauveHwe 0 npm x =0, npuHAMaer 3Ha-
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yeHue 1 npm x=1 B MOHOTOHHO BO3pacTeT Ha JAyue x =0
(puc. 101).-Hakoneu, nosejgenune atoft ¢ysxunu npu x << 0 sasu-
CHT OT YETHOCTH HJAW HEYeTHOCTH uucaa n. Mmenno,

x" npu yeTHOM 1,
(—x>"=(——1-x)"=(-1)"x”={ P

[

— x" npu HEYEeTHOM 7.

CilepoBaTeNbHO, €CMM A HETHO, TO (YHKUMA y=x" sdBJageTca
YeTHOH; 3HauuT, ee rpapuK CHMMETpHUYEH OTHOCHTE/IbHO OCH
OpAMHAT, ¥ TOTOMy Ha Jayue x=<0 3Ta ¢yskuns- yOnbaer
(puc. 102). Ecau ke 7 HEYETHO, T0 (PyHKNHUS Y= X" ABASETCH
HeueTHOH; 3HayuT, ee rpaduK CHMMETpPUYEH OTHOCHTE/BHO

¥

-

i

Puc. 101.

HauaJa KOODAMHAT, M MOTOMY (PYHKUUA ABJISETCA BO3pacTaiouled
Ha Bcefl umcaoBoil npamont (puc. 103).

Teneps Mu chOpMyIUpYyeM W AOKAMEM €NE OJHO BaWHOE
CBOHCTBO (pyHKUMH ="

M) Dyuxyun y=ux", paccuampusaemas ra ayie x>0,
HpuHuMaem 6ce NOAOHUMEAbHbe 3HaueHuss. VIHBIMA cloBaMmy,
KakoBo Obl HH OHLIO MOJOXHTENBHOE UHCIO V Halinercs Takoe
yncno xy >0, uro (x,)'=y, (Or1a Teopema B UIKOJAbHBIX
yueOHUKaX He JOKa3biBaeTcs.)

HNoxasareancrtrso. [Ipu n=1 ceoficTBO M) OueBuaHO,
u Mbl OyxeM cumtaTh, 4to n>==2. OO003HauuM yepe3 ¢ Hesoe
yucso, Oosbliee ueM y,. Tax kak ¢ =1, 10 ¢" V=1 (8 cuay
cBolicts 3) u e)). IlepemHoNHB HepaBeHcrBa ¢" 1=1 u g >y,
noayuum ¢” > y,. Takum obpasom, 0" <<y, << g™

Coraacno cpoiicrsy 8) uMeeM

rLIr<T < <@ <"
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A Tak kaKk ¥, sekawoueHo Mexay 0" m ¢", TO HaHmeTcs Takoe

HEOTPHIATENbHOE UEJIOE UHCA0 & (MeHbuiee ¢), 4To A" < Yp=<<

< (E+1)" Dro uyucio k Mpl 0GO3HAUUM UEPE3 Qg a UUCIO

k-1 —uepes by HMrak, a? <<y, =< b?, npnuem by—a,=1.
Ilanee, coryacHO CBOHCTBY 3) MMeeM

all << <a0—|—%>n< (\ao—{— YQ(—)>"< e < <a0—}— %>"< (ap+ 1" =0b".

A Tax Kak a"<y0\ . T0 Hafigercs Taxoe uncao ' (=0, 1,..
1

voer 9), uTO (ao—i—m) <y0\<a9+
0603Ha‘{I/IM 4epes @z a  YuciIo

I
) . Yueno ag+ g5 b

y lI + 1
ay - —j5— — Uepes b;. Takum obpa-
s0M, a! < yo=< b}, mpuuem ap=<

Y=z

- < < —_—r, =
(n-nevemnoe) <o <by<<by m b—a G-
CoBeplIeHHO TaK Ke MB HaflleM
i takoe uncao (=0, 1,...,9), uro

(1105 <yo\(a1+’”+‘> :

Yucno a1+~1m o6o3HaunM yepes

”

l 1
______ -1 @y a 9uCHo al—}——%_o——-qepes by

Taxum o6pasoy, a?f << y, =< b?, npu-

UeM @y == @ =<C @y < by <K by << by
n b2 — Qg == Téf) .

IIponomkass  Takum  0o6pasom,

ME TIOAYYAM [BE T[0C/EL0BATE/b-

Puc. 103. HOCTH 4HUCET Qg Ay Qo Ay ... H

by by by bg, ..., upuuem s mo-

Goro HaTypaanoro £ BRINOJIHEHE COOTHOHIEHUS aZ < Yo << by

Q<o <. <aqp<bp<<bp1<<..<<by<<by u bp—

1

— Q= 1ok ,

3ameruM, uTO AAR JMOGHIX HaTypaabHHIX yucean 2 u ¢/ copa-
BEJ/IUBO HEPABEHCTRO ap << b, B camoM nese, ecn 7 — HaTypasis-
HOe uyncao, Goapluee Kaxjaoro u3 uyucea k, /, To MB uMeeM
Qp << Ay A <Dy, by<C b, OTKYyHAa U BHITEKAET, YTO Q< b,

Tak Kak NOCICHOBAaTeNbHOCTh &g, @y, Qg ... ABJAAETCH HEYOBHI-
Baolel (T. €. qp=C a;=<C ap=<C...<<ap=<.. ) u OrpaHHuYeHHOH
(nockosbKy ap<<bg npm moboM k), TO OHa HMEET npepen.
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DtoT npenen MH 0603HauNM uepe3 X, Tak Kak nocienoBaTelb-
HOCTb &g @, Qg ... ABJIAETCA HeyObBaOUIEH, TO Xy ==a, Opu
mobGom k. Jlajnee, Tak Kak KaXI0€ H3 UHCEN Qp Qp oo
Menplle b, 10 Xy=<b, (upn mobom /). Urak, a,<<x,<<bh,.
W3 sroro, B cuay cBoHCTBAa 3), BLHITEKaer, uTO ap << X< by
B uactnocty, @< x?<Cbi. A Tak Kak, KpOME TOTO, <<
< yo=<< by, 1o (nipun moGoM k) ChpaBei uBO HEpaBEHCIBO

| Yo— X7 | << bk — aj. 2

Tenepp yxe HETPyAHO [OKa3aTh, 4TO0 XxP==3y, Ionycrum
nporusHoe. Torga uucao a=|y,—x"| NOJOXKHTEALHO.

Jlanee, pasHOCTb by —qj MOXHO OIEHATH caeAy UM obpasom:

bk*‘ak’"(bk_ak)a)n—l b a4 +bkan—g+agdl)"‘

1 5 n—
=5 G T e T T <
nbn—l

— n—1 — o
<10k\bﬂ T BT ) =

n—3>

Takum o6pasoM, u3 (2) MBl mOJMyuyaeM HePaBeHCIBO

npf—!
0<O(’< 10" 1
CpaBeiInBoe Aas MoOOr0 HaTypadbHOro &, 1. €.
1\ ]
(%) > (k=12.)

Ho 310 npornBopeunt yTBepKIACHHIO, NOKA3aHHOMY B npmyepe 2
Ha cip. 244.

[TonyueHHoe DpOTHBOpEUHE HOKA3BIBACT, UTO XJ==Yq 1. €.
CBOHCTBO M) CHpaBenJuBoO.

§ 3. Apudmeruyeckuit KopeHb

Mrax, pynxums y=x", paccmarpusaemas Ha jayue 0= x <<
< 0o, sBaserca (npu mo60M HaTypaJbHOM M) BO3pacTalolLed,
IpuYeM MHOKECTBOM €e 3HaueHHi sBasercd, B cuiy cBolcrea M),
Bech Jyd [0, ©0). D10 mo3soJaser paccMarpusarhb 0BpaTHYIO
K Hel ¢yHxumo. Irta obpartHas (QyHKHuA 0003HAY3ETCHd CHMBO-

n - 124

oM y=1/X U HasLBAETCA QpPUPMeMULECKUM KODHEM N-li
: S
cmenernu. CornacHo cKa3aHdomy Ha CTp. 213 dynkuus y=1"x
247



onpenesieHa Ha BceM Jayue [0, 00) ‘U MHOWECTBOM ee 3HayeHuH
TAKXkKE sBJAAETCS BeCh 5TOT ayu (csofictBo B Ha crp. 213).

n - v s
Hanee, dyHxuusa y:y’x apJaseTcs Bospacraoumed (csofictso b

ua crp. 213). I'paduxy dyHKuwul y:rifx foKasaHel Ha puc. 104
’ (cp. cotictso I' Ha' crp. 213).
[TopuepkHem, uTO U3 JAMWO-
601 0 HEOTPULATEABHOTO YH-
cna Y, MOXKET ObITh H3BJEUEH
7 apnhmeTHyecKnii KopeHs n-ii

B

n
;. creneHu, V ¥, (1ak Kak 00-
,,,,,, 4=YZ pacreio  onpegeneHus yHK-
=t Y . n,—
- g=vz UM y==1" X CAVHKHT BECH
ayu 0=<C x < co). Ilanee, co-

z  OTHOIUeHHe xo.—_'f/"_y0 03Ha-
qaer (cornacHo CBOHCTBY A
Puc. 104. Ha cTp. 213), uro y,=0,

Xg==0 ¥ BHINOJHEHO COOT-

Hoiuenne y,=x7. Hakoneu, oTmernm, uro, B cmiy csoficrea [l
Ha crp. 214, a3 mo6Oro MoIOKHUTEALHOTO YHCAA @ ClIPABELJHBL

COOTHOLUIGHHNS G/a)”:a, Vai=a.

3ameuanne. Ilpy HeueTHOM 7 PyHKUUS y==x" aB713-
€TCsl, KaK Mbl BHIEH, Bo3pacraiollelt #a gced npsamoil (— oo, 00),
a me roapko Ha ayue [0, 00). MHOKECTBO 3HaueHul ITOH (PyHK-
UM TaKXKe COoBrajgaer co Bcell uucaoBoft mpsMoit (— co, oo
310 1n03BOJSIET paccMaTpuBaTe (P HEYETHOM A1) OOpaTHYIO

npe—
¢yHK1InO y=1/x Ha Bcel npamot —oo<Tx<{oo, a He

ToapKO Ha ayue [0, oo). -O6byHO 3Ta ¢yHKIHsS 06O3HaUaETCs
n,— 3, T 39—
Tem we cumponoM y x. Tak, nanpuvep, Y X, }/ X, } X MoxHO

paccmarpuBatb npy JAWOOM x (a BHe ToAbKO npn x ==0)

Ty
-

Dyuk1us Vx, onpeslesieHHas TIpW HEYETHOM £ Ha BCeH uncio-
BOH TpsiMo#l, cosmagaer npud x>==0 ¢ pPacCMOTPEHHBIM BbIlE
apuMETHUECKUM KOpHEM, a npH X << 0 npunuMaer orpuuarelb-
Hole 3Havenna., M3 rtoro, uro ¢ydkums y=x" ssaserca tpu

n o —
n=2k—1 HeueTHOH, BBHITEKAET, 4TO U (YHKLUA y:/x ABJ19-

erca HeuerHo#h, T. e. '{/ — =~—V x (npu HeyetHoM n).
Puc. 105 unmocrpupyer ckasannoe. B paJpHefituefl wactu sroi
FJaBbl Mbl, OAHAaKoO, OyaeM paccMaTpmBarbh Jdilib apupMeTH-
yecKue KopHu, T. € AQXKe Npu HeueTHOM n OyaeM paccMarpu-
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n ——
BaTbh (PYHKLUIO y=V x amws s x==0. [puunns 5TOrO
BhisfieHsATC B § O.
Mpumep 3. [lokazar, uro eciu 0<Ca<< !, 10, Kakoso
6nl Hr ORIO TNOJOXKUTENLHOE 4ucao €< |, uatigercd Taxkoe n;

410 "‘I/—E>1———8.

q
y: &E Tz 1
{n - neqemnog) i
|
_7' L -~
! { 1
x
]
————— -1
Puc. 105.

Il/-—
Pemwenne Tak xak ofa yucaa } a u | —¢& N0N0KATENLHHI,

—_— —\n
TO HEpPAaBEHCTBO Va >> 1 -—¢& paBHOCHJIBLHO HEPABEHCTRY Gfa> >
> (1—eg)" (rak Kax ¢yHkups y=—x"—BoO3pacraomas), T. €.
HepaseHctey a > (1 —e)". Mnaye rosops, HY:)HO [0Ka3aTb, 4TO
pafinercs HarypaisHoe n, aas kortoporo (1 —eg)* << a. Ho 310
HEMoOCpefCTBEHHO BHITEKAaeT W3 npuMepa 2 Ha crp. 244 (1ak Kak

0<<l—e<Cl)
§ 4. CremeHs ¢ umeJniM nOKasaTeneM

IMocne Toro kKak onpegeneHa CcTeneHb C HATYPAaJbHBIM T0-
KaszaresaeM, CASAYIOUIUM STaloM SBIAETCA PACNPOCTPAHEHUE MOHT-
THE CTefieHn Ha cay4ath moOmX e Ab X nokasaresedt. Muoimn
c/loBaMH, peus naer o0 onpegeseHun Bepawenud al a-b,
a2, ... llpuuem onpesesntb CMBICJA 3THX BHIPAKEHHH HYWKHO
Tak, 4roGe COXpaHuJUCh OCHOBHBIE CBOMCTBa crenenn. llpewnae
BCero norpebyem, uroOBl COXPAHHAOCH CBOHCTBO a), yKa3aH#doe
Ha cTp. 242. OxasblBaeTcd, 3TOrO yXKe JOCTATOYHO, 4TOGH Ornpe-
NeMUTh, KaKOB JOJKeH OBITh CMBICT Bmp;imeﬂnﬂ al, a1, a® n
T. . B camom nene, mycrs @ -— npou3BOJILHOE. OTJAMYHOE OT HyJId
aeficTBHTeAbHOE ducao. Torga, B CHIAYy CBOHCTBa a), Mbl HMeeM

m
M, 20 e qm 40— g™ 0% 1.
a"-a%=a"+%=4a" n notomy a’=_n=1;
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naJnee,
_ 1
o a"=al""=0a=1, n noromy a=—.
Wrak,

W—=1, ag"=L (npn a s 0). (3)

IMpusenennsie paccyxIeHus He sBJATICH, KOHEYHO, AOK a-
3aTeJabCTBOM PopMya (3), IOCKOJBKY MBI €lLe HEe ONpeAL/IuIHy,
yro ciaegyer noumMars nog @ m a™". OaHAaKo 3TH paccymAeHHa
JOKa3hBAIOT CJAEAYIOLUEE: €CAR Mbl XOTHUM ONpeAeiHTh CTeneH:n
C NpPOW3BOJIbHBIMH HEJBIMA [0Ka3aTeJsIMH TaK, 4molbl cOXPaHli-
40Ch c80IiCMBO a), TO ITO HensGexHO NPUBOANT K dopmyaanm (3).

[Mosromy dopmyar (3) npuHUMalOT 3a omnpejaeneHue
crenenel ¢ HYJEBBIM U OTpUlATEJbHBIMHA I10Ka34aTC/IAMU. bosee
TouHo, mpu a=0 cmenenu a® u a" (20e n— namypasnoe),
He onpedeasiomes, npu a0 3mu cmeneHu onpedeasiomcs
ghopatyrau (3).

ITppnsas »To onpenesteHue crereHell ¢ HyJAeBBIM H OTpHUA-
TeAbHBIMU TOKAa3aTe/JasIMu, Mbl MOXeM TECHNepb MOCTAaBUTL BOIIPOC
O TOM, COXPAHSIIOTCA /M MPH TAaKOM MOHHMAHHKU CTENEeHH YKa3aH-
Hble BHIE CBOHcTBA. OKA3BIBAETCSH, UTO BCE CBOHCTBA COXpaHs-
wrcs, Kpome csolictsa 0"==0, KoTOpOE AN HYy/NEBOTO U OTpH-
HareJbHEIX NOKazatesedl Tepser cmpic]. TakuM oOpasoM, creneHn
C yeAslmu TOKa3areaaMu 0O0MAAAI0T CJASAYOUIUMH CBOHCTBaMH,
B (IOPMYJIHPOBKE KOTOPHIX Be3Ae [pekmoJadraercsd, 4ro a # 0,
b#0.

[. CBoficTBa, BHpaxawunecs paBeHCTBaMM:

a) ™. a"=a™" dam awbux yeasx m, w

6) (a™*'=a™ 0an 4w006HX yesvx m, 1

B) (ab)"=a"b" dss awbo20 yerozo n;

n
a n-m

r) 77 =0 0451 100biX yeax m, 1,

n U
I) <%> =% 045 106020 yeaozo

e) 1"=1 odan wwbo20 gerozo n,

x) |a"|==|a|" dag awboz20 yesozo n.

II. CeoficTBa, Boipakawuuecs HEPABEHCTBAMM:

3) ecau 0 << a<<b, mo a” <<b" npu yesom n>0 u a” >b"
npu yeaon n<<0;

1) ecau a>>1, mo o™ >a" npu geanx m>n;

K) ecan 0 <<a<Cl, mo a™<Ca" npu geawx m>un,

) ecau a<<0, mo a®>0 npu wemnom n u " <<0 npu
HeYemHoM M. :
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Ilns npuMmepa HOKaxXeM CBOHCTBO a).

Ecain o6a ueiblx 4uc/aa m, # HNOJAOXKHUTEJIbHB, TO Mbl
IMeeM Jen0 ¢ HaTypaabHB MH [OKa3aTesaMy, 4158 KOTOPBIX,
KaK Mbl 3HaeM, CBOHCTBO a) CrpaseAuBo.

Ecan xorst Onl OonmH 13 nokasareaefl m, n paBeH HY H10—
ckaxeM, m=0,—T0 MH HMeeM

a™. d"=qa" ad"=1.a"=a =g tr=0""",
T. € CBOHCTBO a) CNpaBeLIuBo.

Ecan oba nokasarenst m, n OTpULATEAbHE, T. € M ==
=—%k, n=—/[, rle k£ u /—HaTypa/bHble UHCJZ, TO MBI HMEEM

= g Bt  g(R)+(=1) _ gmin

T. €. CBOHCTBO a) CNpaBeJ/InBO.

Ocraercs paccMOTperh Cayda#f, KOria OAWH H3 NOKasaTened
NIOJOKHUTENEH, a APYrofi — CKaweM, m -— OTpuliateneH, T. e. m ==
= -k, rie £ U n— HATYpaJbHBE YUCAd. 3AeCh MOTYT Mpeacra-
BUTbCS TpH CJaydas:

npn k<n umeem

- ! ar - _ .
g™ dt =gt gt =" . gt =2 =" =gl k)+ﬂ=am1-n.,
ak ak

npu k=n, T. &. m= —n, UMeeM ¢
m .n___ . -n an___i n___an__l__ 0 R ___ (—R)+R __  min,
" a"=a =ga'=_ =00==q""=q =a™"

npa k& >>n umeem

y 1 a a® 1
am an=a k-a”: anz—z———-———-z =
ak ak  gn.gk-n  gk-n

= g~ k=) — gy amin,

Wrak, BO BCex c/iyuasx CBOHCTBO a) mMmeeT MecTo. Tak Kax
paccyMOTpeHsl B €€ BO3MOXHOCTH, TO CBOHCTBO a) LOKa3aHO MJid
MoOBIX LeJBIX TOKasaTeJelt m, .

Ananoruyno (paccMOTpEHMEM BCEX BO3MOMHBIX C/Ay4aeB) Ho-
Ka3blBalOTC OCTaAbHble CBOHCTBA.

B sakaouenue sTOro naparpaa pacCMOTPHM KPaTKO CBOHCTBA
¢ynKIME y==x" ¢ ueapm nokasareseM #. [lpuuarypaasrHonm
n csofictBa 31oit (yHkuun Oblmm paccmorpens! B § 2. Ilpu n=0
noayyaem Qyuxuuio y=x°% Jra pyukuua onpeaenena npu x # 0
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u BCooAy B objacTd onpeneneHuss npuHnmaer 3Havenue 1. Ha-
KOHell, paccMoTpuM (yHKumio y=x" npu LEIOM OTpR1L a-
TEABHOM #, T. €. (YHKUHIO

y:}—kzik, 4)
b X

rge k—HatypanbHoe uncao. O64acTbio onpeaeseHns aTod (yHK-
UMK SBJASETCS 4YHCJA0BAas npsiMas ¢ BeIKOJOTOH Touxko# 0. Ilpu
x>0 ¢ynsuns (4) spasercs yOuipaoulefi (Tak Kak x° —Boa-
pacratouias  ¢yskuus npu x >0). Ilpn x<<0 dyuaxuns (4)
TaKKe MOHOTOHHa: OHa aBJaseTcd Ha Jayue (— oo, 0) Bospacra-
oued npu uveTHom k£ u yOmeBawouiei npu neueTHom (puc. 106,
107). B uenom xe (1. €. BO Bced coeff obaacTu ompeneeHns)
¢pyaxunst (4) HO npu KakoM HaTypanbHOM % MOHOTOHHOH He
ABJISETCA. '

§ 5. Crenenr c paudoHadbHBIM NOKa3aTeseM

IlanpHeHINM  5TanOM ABJASETCA PACHPOCTpAHEHHE [IOHATHA
cTeneHw Ha cayualt payuowmassruix noxazateneh. Kax u B § 4,
MBl JIOMKHE OTMPEREANTDb CMHCA CTeNeHH @’ npH PalHOHAIb-
HoM r. TlonpiTaemcs mpewxpe BCEro MOHATH, KaknM 06pasom 3Ta
cTeneHb Moxer ObiTh onpenesena. Ilpu stom, xak u'B § 4, Mul
OyjgeM HCXOAWTb U3 TOrO, YTO ANS LEJBIX IOKasarenel creneHs
yKe olpefeseHa, B rnonpodyem onpefenutb CMbBICA cTeneHu a”
€ paluOHa/JbHBIM TIOKa3aTeNeM TaK, UTOShl COXPaHMAOCH CBOHCTBO
6) (ctp. 242 wuan 250). Taknm 06pa3om, M PaccMOTpPUM Ha-
BOJfINE COOOpaXeHnsl, KOTOpHe NOMOryT HaM BBIGpaTh pasyMHoOe
onpeaeaeHne.

IMpesxcpe Bcero 3aMeruM, 4To 4ucao a’ AOMKHO GbITbL T O J O-
KNUTeabHB M B camom Zese, Tak KaK 4YUCJIO I DalllOHANLHO,

v .
TO & TaKE PAlMOHATLHO, W MK WMeeM, B Cudy CBOACTBa O),

OTKyAa BHIHO, 4YTQO YUCJIO a HEOTPpHULULATCJIBHO. Ilanee, Tak Kak
Yucao — r patldoHadbHO, TO AO/MKHA OhiTh onpeacaeHa n CTencHb
a”’. Tlpu stoMm

a’=a " {-1) :(ar)_l’

OTKyla BUIHO, ut0o & # 0. Mrak, ecsm MBI XoTUM, Y4TOGH YHCHO -
a” 6p10 onpepeneHo AJdg 10 60T O PallMOHANBLHOTO MOKA3aTeds
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r ¥ OpU STOM BHITIONHAIOCH CBOHCTBO 6), TO MOMKHO ObITh BHI-
TI0JHEHO Hepasescrso a” > 0.
HNajiee, ecaM pallHOHAaJbHOE UYHCAO 1 OTJAWYHO OT HYyAS, TO

1
ONPENE/eHO YUCI0 —- (tarxe sBJAsIOUlEecs panmnoHanbheM). Cor-
1
JIaCHO CKa3aHHOMY BBIUE YHCA0 @ TMONOKHTENBHO W uucao (a’)”
1 |

Takke monoxknrensHo. Ho Mm umeem (a’)’:ar' r=gal=g;
TaknMm 0o0pa3oM, YHCAO @ AOMKHO OBITH TNOJOXKHTENbHEIM. HTak,
ecan Mbl XOTuM, yToGhl uncsao a” 6rl10 onpenesieHo &l N6 or o
PaIHOHANLHOTO TIOKA3aTeNs r U MPU 3TOM BHINOJHAIOCH CBORCTBO
6), TO OCHOBaHWe CTerneHw a JomxkHo OHTh (npu r =% () moso-
KUTEALHBIM W CaMa CTeneHb 4’ Takke HO/KHA ObITh MOJ0MKH-
TEABHEIM 4uca0M. Ha OCHOBaHEN 3THX HABOAAIIMX COOGpaXNkKeHUH
MBl BCIOAY B HaJbHEHNIEM NpPUHAMaEM, YTO cmenexs a’ onpede-
AAEMCA MOABKO NPU  NOAOHCUMEALHOM OCHOBAHUI (U U CAMQ
cmenens o’ maKmce SIBASEMCA HOAOHUMEAbHBLM HUCAOM (TIPU
9TOM TIOKasaTesb I MOXET OBITh JIOOBIM parnoHaNbHbBIM ‘{I/ICJIOI\I).

CkasanHoe 3alaeT JUMb T€ OT PaH# Ue H U 1, KOTOphle 06s3a-
TEJbHO HYX¥HO BBECTH TNPH ONpPEAE]ISHNN CTeNeHH C PallMOHa bHbIM
noxkasateneM. Ho Kak moayuuTs camo onpejeneHue creneHu? He-
TPYAHO TIOHATh Ha OCHOBaHUM CBOHCTBA 0), KaKHM JOKHO OHITH
570 onpeneienue. ITycTe 7 —pousBo/ibHOE palHOHAILHOE HYHCIO;

m
ero MOKHO 3anucarb B BHAE F==-,
JI0€ UKCIIO, 8 K -~ HAaTYypaJbHOE 4nca0. Mt nMeeM (npu moboM 1010~
KHUTEJIBHOM @)

rae m —HEKOTOpOEe Ie-

meom
(a’)”:(a"> =a* =a™
Tak Kak o6a umcaa a, a™ TONOKHTENbHB, TO M3 COOTHOLIEHHS
(@")*=0a"™ BhTeKaeT (0 ONPENENEHHIO APHPMETHUECKOrO KOpHA

no
n-i crenenn), uro @"=7V a™. DTOT BHIBOL CHEJAH TOABKO Ha
ocnopaHun cpofictsa 0). Taxum oOpasoMm, crenewb @” ¢ pauuo-
HaJbHBIM TIOKa3aTeneM caeiyeT onpenenuts GopMyaoh

n m
’:—-1/a’” (roe r=-, npuiemM m —IUen0e YuCJIO0 W
n—HarypaabHoe). (5)

Wrak, ecau Mbl XOTUM, 4TOOB CTENeHb C PAllMOHAMbHBIM TO-
KasaTeneM yIOBJAETBOPs/Ia CBOHCTBY 0), TO Mbl HeusGeHO npu-
xonuMm k ¢opmyne (5). Ilostomy ¢opmyay (5) npuumMaior 3a
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onpeneneHxue ¢reneHed ¢ paunoHanbHbBIMA Nokaszateasmu. Eue
pas NoJYEepKHEM, YTO OCHOBAHME CTEMNEHH a BCErjAa NpeanoJjara-
€TC TOJOKUTENBHBIM.

Onsaxko mpunatoe onpepesenne (5) crpagaer OAHHM HeAO-

1
cTaTkoM. BosbMeM, HanpuMep, pauMoOHAJBHOE UUCIO r=-. St1o
PAllHOHAJIbHOE YHCJIO MOXHO GeCKOHEYHO MHOrmMu cnocoGamu

m
NpeacTaBuTb B BHANE " Hanpm\lep, MBI  MOXEM Hanucartb r =

_— 3 —_—
6 T
Banum Qopmyan (5) momer OblTh 3anncaHa OGECKOHEUYHO
MHOTHUMH crocobamu:
3 5
@ =a%=Ya%, d=d%=YyY 0 ur n

K cuactblo, 3TOT HeAOCTaTOK oupeneteHus (5) B feliCTBUTE/Ib-
HOCTU 4BAACTCA HECYILECTBCHHBIM. boJee TOUHO, ecAll payuoHaNb-

Hoe wucao r 08yMs cnocodamu npedcmagaeHo 8 sude dpobu

m
r=_= p (e0e m, p—uyeasie, a n, g— HaMypalsHble HUCAQ),

/ 1
n 1. 1. Ilostomy creneHs a’(\'r. e. a‘2> Ha OCHO-

mo zuzeem Mecino pasencmso 1/a 1/a" 210 DaBEHCIBO
" (koropoe MBI ceffuac JMOKAXKEM) [MOKA3BIBAET, YTO ONpPEAENeHUe
(D) MaTeMaTHUECKH KOPPEKTHO, T.e. papeHcraoM (3)3amaerca
OIHO 1 TO XK€, BNOJHE ONPEISICHHOE YHC/I0, HE3aBHCHMO OT TOrO,

m

KaK 3aN#caHo pauuoHafbHOE WUMCAO 7 B BHAC Apobu .
N 9,— m

Wrak, nokawem pasencrso 3/ am=1/a?. Tak Kax E—:E,

n
TO Mbl uMeeM mq=np. OB03HaUNM 4KCJIO Vv a™ uepes b, 1. e

"o
HanueM b:]/a”‘. Yucao b, no onpeaeneHno, noa0KHTEABHO;
uhc10 @ (OCHOBAHME CTENEHH) TaKXKe MOJOXKHTENbHO. PaseHcTso

b:Va’" 03HAY4ET, 110 ONpeneneHuid KopHs, yto b”=a™ Boa-
pels o0e uvactd 35TOr0 pPaBEHCTBA B CTENeHb ¢, Mbl IOJAYYHM
&M = (2™ wm b"?=a™. Ho mg=np, u noromy b"?=a".
DTO paBeHCTBO Ha OcHOBaHuW cBOficTBa O) (HIJg 1 €J bl X HOKa-
3aTenedl, KaK Mbl 3HaeM, OHO CNPABEAJWBO)} MOKHO TEPENncarh
B Bune (b?)"=(a”)". A tak Kak o06a uucaa b? m of nonoxu-
TENBHB, TO OTCloAa caepyer, uto b?=aP (uGo dyukuus x” npu
x>0 wMonoronua). Hakoueu, nockoseky b5 >0, MB MOXeM

9 = .
pasenctso b? = o” mepenucatb B sue b=1" a’. Takum 06pasom,
n o — q n o q

b=)"a™ b=y aP, otkysa n BmTeKaer, uro J a" =y a’.
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Tem cambiM KoppekTHOCTb ompefenesns (5) yCTaHOBIEHa.
Wrak, mMpl npunnmaem cooTtHouweHue (8) 3a onpedeaénue creneHn
¢ panuMoHaJbHAIM [IOKa3aTesaeM, MPHYEM OCHOBAaHHE CTENEHH 4
BCEra CUWTaeM MOJOKHUTE/LHEIM. Tenepb MBI MOXEM [OCTaBHTDH
BOMpPOC, COXPAaHsiOTC Jd MpH TaKOM NMOHHMaHUH CTENEHH pac-
cMatpuBasiunecs padee csoucrsa (ctp. 250). OkasmiBaercd, uToO
BCE CBOHCTRA, KPOME JI), COXPAHSAIOTCA; KDOME TOI'O, CBOHCTBO X)
CTAHOBHUTCS TpUBHaJbLHBIM. VlHaue rosops, crenenu ¢ payltoHass-
Hymu TIOKazareasmMd o0/3ZaieT CACAYOUWHMH  CBOHCTBaMH, B
opMyIMpOBKE KOTOPHIX BE3Ae Npexnoaaraercs, uto a >0, b>0,
‘a2 r B §$— IPOH3BOJIbHAIE PaLHOHAIbHBIE HUCA.

I. CeoficTBa, BHpaxaloimuecs paBeHCTBAMM

N af=a’" %
B) (a")S:arS;
B) (ab) =a'b";
I ;L’S:a"'s;
/a\r ar
o) =2 .
ﬂ') ‘\b) _br,
E) lr:], [10:],

Jlo6aBuM K 3TUM CBOICTBAM e€ie CAeAyioilee CBOHCTBO, He-
NOCPEACTBEHHO BHITEKAWIEe N3 (GOPMYMHPYEMBIX HyKe CBOHCTB
H), K) n uacto npuMeHseMOe MNpH PELIeHHH 3axay:

Ky ecau a"=a* u a1, mo r=s.

. CroficTtBa BHpaxaloUNnecs HEPAaBCHCTRAMIML

3) ecan a<<b, mo a"<<¥ mpur>0ua > npu r<0

Wy ecar a>1, mo " >a° npu r >s;,

K) ecan O <<a<< 1, mo a’'<<a® npu r >s.

p

m
Ilns npumepa nokawem csofictso A). Ilycts r==—, §="—,

rae m, p—1uenawe, a n, ¢—HaTypajbHeie uncaa. Uneno a” o6o-
3HaunM yepes b, a uucao a®—vuepes c. Takum ‘06pasom, b=a"=

= Va’", c=a5-—=%/(—17". OGa uucna b, ¢ nonoxwurenbhsl. Ilpu
3TOM, 10 onpenetenurd KopHs, " =a™, ¢? = a”. Bossegem nepsoe
U3 STHX PaBEHCTB B CIENEHb ¢, a BTOpOe—B cTenens 7. Mu
noayunm (") =(a™?, (¢9)"=(a")", wm, nHaue, H"?I=a™’,
" ==q"P. IlepeMHOXHB [Ba TNOCIEAHHX DABEHCTBA, [MOAyYaEM
" . " =q™ . ", Tlpumenss csoHcrea B) # a) (and eI X
noKasatesiell, Kak ‘Mbl 3HaeM, OHH CIPaBelUBH), NEPENULIEM BTO
pasencTeo B Buue (be) =™, Us sroro caepyer, no onpe-

NG po—e—ne
NeNEeHNI0 apudMETHIECKOrO KOPHS, 4T be = 1/ a™4+"P, Benomunas
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Tenepb onpeneienne (5) CTeneHd € pauMOHaJIbHLIM NOKasaTesieM,
MBI HAXOJMM OTCIOJa

mq+np mg , np
———— —Z + =
ng

m
be=a ™ =a™ n

L
=Q +l] =al‘+3.
Hakouew, oCTaercs BCHOMHHTB, YTO b==a’, c==a° u MH HOJY-
yaeM Tpebyemoe paBeHCTBO @ -a’=a""". !

B sakmiouenue 3TOro mnaparpaca Mbl pacCMOTpuM CBOHCTBa
crenedHo#t QyHKLAM

y=x> (x>0 (6

C MpOM3BOJBHEIM palMOHa/bHKM rnokaszarenem r. Coraacuo onpe-
jenennto  crenedn (cm. (B)) Srta ysKums 3agaHa npu x >0,
T. . ee obnacThio onpepeneuus cayxut ayu (0, co). Ira dynx-
uus obJgafaer CJEAYOLIAM CBCHCTBOM:

) Ipu r £ 0 dynxyus (6) npurnumaem 8ce NORONHCUMENL-
noe 3nasenus. Ona asagemcess 8o3pacmawuell npu r >0 u
yOuganwel npu r << 0 (pac. 108).

¥ g

2) b)
Puc. 108.
B camom jgene, MyCrb Jy——TNPON3BONLHOE TOJOKHTENLHOE

yncao. IloxkameM, 4To B HEKOTOpOHU TOouke X, ¢yukuus (6) npu-
HUMAET 3HAYEHHE Vg T. €. HaWAeTcss Takoe 4YuCJIOo x0>0, qTo

1 1\
— —
Xr= Yy, Mbl nMeeM yy=y;=y," = <y{> (1anomuuM, yto r £ 0).
i3 .

Ionyuennoe paseHCTBO \ Y. ) =y, 1IOKa3bIBaET, 4TO B KauyecTse

9 B. I'. Boaramckuft u Aap. . 257



HCKOMOI'O HHCId Xy MOXHO B3iTh Xy==y/, B Mb TOJAyuUuM
X0=Yo-

Tem cambiM joKazaHo, uro ¢ynxuns (6) npuHumMaer Bce no-
JoxuTenbHble 3HaueHus. V3 cofictBa 3) HenocpeacTBEHHO Bhi-
TEeKaeT, 4To 3Ta (YHKuMA sBJsercd Bospacraowed npu r >0 u
yOniBatowedl npu r < 0.

§ 6. Crenedn ¢ pelicTBUTENLHBIM NOKa3aTedeMm

Tenepp MB TNOAXOANM K 3aKJIOYHTENLHOMY 3Tamy ofobie-
HISi—K DAacCnpoOCTPaHEHUIO TIOHATHs CTeneHw Ha cayualt moOnx
JEeHCTBUTENBHBIX. NoKkasareiefl. Kak w B cayuae paunoHaIbHbIX
nokasaTesefl, MBl JOJ/KHBI OTPAHHUMTBCH CJydaeM, KOrjga OCHO-
BaHUe CTeneHd noqoxcumesyro. Mbl DOMAKHB TaK ONPEIGHTD
CTereHb C AEHCTBUTENbHBIM TIOKasareseM, 4ToObl B C/lydae pauuo-
Ha/bHBIX [IOKasaTenedl CTerneHb HMMENa TOT e CMBICA, Kak U B
§ 5, u uto6Bl A1 creneHedl ¢ AeHCTBUTENbHBIMH TOKA3aTessMH
COXpaHUJIHCh BCe CBOMCTBA, yKasaHHHE B NpEABAyUIEM fapa-
rpage. Ha 10T pas, uroOm NOHATH, KaK CJEAYET ONpEeACTHTb
CTeNeHb € JACHCTBUTE/JBHBIM [I0KA3aTe/EM, MBI BOCMOAB3YEMCH
ceoficreamu E), M), K).

ITycrb o —nponssosibHOe aelicTsuTebHOE uucao. Paccmor-
PUM  HEYOs8QI0ULYI0  TIOCENOBATEJIBHOCTE PALKOHATbHB X
uucen ry, g, g ..., HMEOILYIO YHCJAO O CBOHM NPEAENOM.
Taxnm o6pa3om,

N=r=r<..<aq (7

NPUYEM Pa3HOCTb QL — I, HEOT PAHHUEHHO YMEHBIHAETCH € POCTOM 4.
Hanpumep, B Kauectse ry, ry rg ... MOXKHO B35Tb NOCAELOBA-
TEJBHOCTh BCe GOJICE TOUHBIX ASCATHYHBIX NMPUO/IMKEHUH yucaa o
¢ negocratkom (cp. crp. 61). Ilpeanonoxum cHavana, uro a > 1.
Ecau MBl XOTHM, UTOGH CTENEHHW C AEHCTBATEALHBIME MOKasarte-
aamu obsaaganu ceoficteom M), to, B cuay (7), ZOMKHB Hanucarsb

ahv=Salts. . =< a”

Taknm o6pa3zoM, NOCJAENOBATEALHOCTh YUCEa a”i, a’:, a’s, .., AB-
aserca HeyObiBaouled. A Tak KaK UWUCJAA Iy, Ty Iy, ... BCE GOsee
npubAuKawTCs K YACAY O, TO €CTECTBEHHO MPEANOJIOKUTh, UTO
uncaa a’t, a’, a’s, ... Oynyt Bce 6ojee mpubamKaThCH K YHCAY a”,
T. €. 4T0 @* ecThb npeden NMOCAEAOBATENBHOCTH a’y, a’:, a’s, ...
(MoxHo 6bl10 6Bl JOKa3aTbh, YTO U3 BHIOJHEHUs CBOHCTBA M)
¢ HeoOXOIMMOCTbIO BBITEK3ET, UTO @° ecThb Npeiaesa 3TOH nocje-
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JOBATENbHOCTH, HO MBI 3TOTO LOKa3hBaTh He OyaeM, TaK Kak peub
MIET 3/1eCh O HABOMAUIUX COOOpaXeHUsX, KOTOPHIE TMO3BOJAT
HallTd onpenesNeHHe CTENEHU € ACHCTBUTE/NBHBIM TOKa3aTeseM.)
B cayuae, ecniu a<<1, u3' (7) BbITeKaeT Ha OCHOBaHMU CBOH-
crea K), uro

az=ar=at =...>=4a",

T. €. TOCJAEAOBATEAbHOCTb a’1, a’: a’s, ... ABJAA€TICA HeBo3pac-
Tapowell, ¥ CHOBA €CTECTBEHHO NPEANOJOKHUTh, YTO a* eCTh npe-
aen stoll nocnegosarensHocTd. Hakonen, npu a=1 kaxgoe u3
uuced a’t, a’e a’s, ... u @* pasHo 1 (csoilictso E)), u B sTOM
cayuae a® TaKxe ecTb npeaena MmocaAefoBaTeJbHOCTH @'y, a™, a’s, . ..
B pe3yanaTe MbI an/]XOlI[/IM K MBICJAU O TOM, 4YTO CTECIEHb a“
B Jwbom cayuae (@>1, a<<l, a=1) moxHO onpedeaumes
KaKk npelea MOCAef0BaTeAbHOCTH a1, @”s, a’3, ... JTo onpene-
JIeHue MBI U TIPUMEM.

MTak, nycrb o — npOW3BOJLHOE JAEHCTBUTENLHOE YHCJIO ©
ry re s ...—HeyGwiBaomas (MAd HEBO3pacTaionias) nocaeno-
BAaTE/IbHOCTh PALMOHANBHLIX 4YHCEd, HMMEoulas 4ucl0 o CBOUM

npenesom (r. e. lim r,=a). Torma, no onpeaeneHuto,
n— o0

a*=1lim a’n. (8)
n-— X

Yro6sl ybeantbCa 8 MaTEMaTduyeCKOH KOPPEKTHOCTH 3TOro onpe-
neneHus, Heo6xoauMo nposepnth ABa ¢axkra. Bo-nepsoix, Hago
ybeaurbcs, uto HeyOmBawoouias (uad HeBo3pacralouas) nocaeno-
BaTEABHOCTL uuces a’t, @’z a’™, ... 9BJASCTCA OTPAHHUEHHOHN
M, CJEAOBAaTEJAbLHO, MOXHO rOBOpPUTH O ee mnpeaese. Bo-Bropsix,
Hago ybeaurscd, 4To npeaga (8) He H3MEHUTCA, €C/AM MoCheno-
BATENbHOCTb Iy, fg Py ... 3aMEHHTb AP YT O} HeyGuBawulef
(van  Heso3pacTaioulel) NOCAEI0BATEALHOCTLIO PAUHOHANBHBIX
unuces, TaKkke wHMelouled yucao o csonm npegeaom. O6a akra
NOKA3LBAIOTCA CPABHUTEABHO HECJOXKHO, HO MBI 3[E€Ch 3TUX J0-
K33aTeabCTB He MPUBOJAUM, MOCKOJBKY B IIKOJBHOM Kypce 3TH
thakTol He [0Ka3beiBaoTcA (0 OOHMHO Aawe He (opMyJIupyloTcs).
Tem ne meHee oOcyxaeHue 3THX (DaKTOB HAM KayeICH BaXHBIM,
TaK KaK MOCTymamuiue B BY3n (0COOEHHO C MOBHILICHHBIME MaTe-
MarvyecKuMu TpebOoBaHUAMHU) NOJDKHBI SCHO INpeincTasisTs cebe,
Kakpe (aKTH JeKaT B OCHOBE ONPEIEJICHUs NOHATHA CTEMeHH,
Kakue H3 31X (PAKTOB [OKa3aHbhl B IIKOJBHOM Kypce, a Ka-

Kie — Her. ‘
Hrak, cdopmyna (8) nmaer onpedescwue crenenn ¢ jpeHcTsu-
TeabHBIM  fokasarteteM. Okas3biBaeTcd Ipd  9TOM, UTO  BCe
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CBOMCTBA cTeneHel, pacCMOTPEHHbIe B TIpebiaylileM naparpade ans
¢ayuas pallMOHa/JbHBIX IOKasaTeJel CTENeHW, COXPaHATCA U M
OeHCTBUTENbHBIX noKasatenel. MHaue rosops, Bce cBolcrsa
A)—K) (ctp. 256) ocrarorcs B cune npu a >0, 6>0 u awo-
Obix pefictBHTENbHBIX 1, §. Cso#icteo JI) (cTp. 257) Ttakke co-
xpansercsa. MupMu cnosamu, ¢yHkuus

y=x%
rie o—Ipou3BOJbHOE AeHCTBUTEJAbHOE 4YHC/]0, ONpeieneHa Ha
ayue (0, oo) u npu a 7% 0 npuHuMaea BCE MOJOXKHUTEJbHBIE 3HA-
yenus. OHa sBasercs Bospacraomed npu o >0 u yOwBamoulei
npn a << 0. B uactHocty, a* >0 npu moGom a >0 u moGom
neicTBuTe/bHOM o. JloxasarenbcTsa 9TUX CBOHCTB MBI HE NpH-
BOAKM.

§ 7. Nloxasareabnas u jgorapupmaueckan ¢yHKEUN

dyukuus y=a* HagbBaercs nowasameasHoli @yuxyuel.
Yucao a (ocHoBaHue) Beerga MPeAno/araercds MO QX HUTE I b-
not M. CoraacuHo onpegenetuo nountus creneHu (§ 6) nokasa-
' TenbHas GyHKuua y==a*
g=0[ (b)) y=a® (a>1) onpemenena na meed uuc-
Josolt  npamoft — oo <
< x<<oo. Ha ckasau-
HOTO B DpeABAyUleM na-
parpade  HENOCpenCTBEH-
HO BHITEKAIOT CJEAYIOlHe
CBOACTBA  I10Ka3aTesbHOM
¢yskuun  (CM.  cBOHCTBa
W) n K)).

[MokaszarenbHas  QyHK-
A y=a* npuHUMaer
TOJALKO  TIOJOKUTE/bHBIC

Puc. 109. aHauenus. Ilpy a>1

OHa SBJIIRTCA BO3pacTaio-

meﬂ a npu a <l —y6uBawcwet (puc. 109). Ilpn a=1 nmeem
a*

H\deeTCﬂ €lll€ 0/(HO BaXXHOE CBOHCTBO 1OKasaTeabHON (pyHKuvm

M) llpn a # 1 nokazamessnan @Gyuxyus y=a* npuri-
Maem 8ce nONOHCUMEAbHBE 3HAUEHUS, T. €. MHOXECTBO 3Hade-
uul 3TO#t byHKuUMH mpexcrasaser coboit ayu (0, co).

Jloka3aTteqbCTRO STOro CBOMCTBA OCHOBAHO NPHUMEPHO HA TeX
K€ HAesX, uTo¢ M JAOKasaTeAbCTBO cpoficTBa JI) Ha c1p. 257,
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OIHaKO 3TO 10KA3aTENbCTBO BHIXOAUT 3a PaMKM Kypca MaTeMa-
THKA CpeJHEH HIKO/MB, W MH €ro 3[4eCh HE NPUBOLUM.

HUrtak, nas mo6GOro MONOKHTENBHOTO YMCAA @, OTJIMYHOTO OT
eNuHuLb, (GyHKRHA y==a* onpegeneHa Ha Bcelt umca0BOH fps-
MOH — 00 <X < 00, MOHOTOHHa (Bo3pactaer npu a>1 u
yObiBaeT npu @ <C 1) u sHayeHus 9TOH (PYHKUMH 3an0MHAOT Gec-
KoHeuHb# unrepsan 0 <Cy<Cco. CnenosarenbHo, MOXHO pac-
CMaTpuBaTh 0OpaTHYIO K Hel ¢yukumio (cM. § 5 ra. VII), xotopas
0003HauaeTcss CUMBOJIOM Y =10g, X ¥ Ha3HIBAETCs L02apughiii-
weckoll gynryued. o nuepkuem eme pas, ut0 Pynkuns y=log, ¥
ornpeneaeHa Toapko npu a >0, a £ 1.

Us csoticts ofparHo#t (yHKumY, AOKasaHHHX B § 5 ra. VI,
BHITEKAIOT  CACAyIOLIHE CBOHCTBa JOrapupmuueckol QyHKuuAH.

1. ®yuxnmst y=1log, x (cornsacHo csoiicrey B Ha ctp. 213)
onpenenena Ha GeckoneyHoM uHTepBane 0 < X <00 (M TOJBKO
Ha 9TOM HHTEPBAJE), a MHOXKECTBOM 3HayeHHH 3TOH yHKIMM
ABJAETCA BCA UMC/IOBAf MpPAMasi — 00 < Y << 00,

2. dyuxkuus y=Ilog, x sBAsercs BoOspacraomed npu a > 1
u yOusarometl npn 0<a<C1 (csoitctBo B Ha crp. 213).

Puc. 110. Puc. 111,

3. I'pagux dynxunu y=1og, X CHUMMETPHUEH rpaduKy (yHK-
MR y==a" OTHOCHTEJbHO OHCCEKTPUCH NEPBOTO M TPEThEro
KoopauHatHeiX yraoe (cofictso I' ma crp. 213). T'padumku pas-
AUYHBIX (yHkuuf# y==log, ¥ nokasaHsl Ha puc. 110 u 111.

4. CootHoulenne x;==10g, Yy, O3HayaeT (COrNacHO CBOHCTBY

A Ha cTp. 213), 4T0 Yo => 0 u BHIIOJHAETCA COOTHOIIEHHE Vo=
== q¥;

{xo=1log, yo} < {¥o >0} A {y,=ax}. 9)
261



5. Tas moboro a>0, a7 1 (cornacHo csoficty [l Ha
crp. 214) BBHINOJMHAIOTCH COOTHOMWEHHEA

a'%%a* — x (x>0), (10)
log, a* = x. )

YKa3aHHbIE BhIlIE CBOHCTBAE, B 44CTHOCTH CBONCTRA, 3alaBaeMbie
dopmynamu  (9), (10), (11), saBAAIOTCH OCHOBHBIMH CBOHCTBAMU
Jorapu¢moB (cooTHoweHue (9) oOLIYHO NPHHUMAETCd 3a Onpe-
JeNeHue Jorapugma B Kypce MaTeMaTwku cpeaHelt mxosas). Ma
9TUX COOTHOIIEHMH BBHITEKaeT psj AajbHeHwmux csOHCTB worapud-
MOB, KOTOphI€ MBI DPacCMOTDHUM B CAEAyIoLieM Tnaparpade.

ITpumep 4. Ha#ttu logy 9, log, 4, log, 2.

Pewenne OGosnaunm log, 9 uepes x. CoorTHoweHne x==
= log, 9, cornacHo ceo#icTBy 4, DPABHOCHJABHO COOTHOLIEHHIO
3*==9, KOoTOpOE BHIIOMHAETCA NpPU X=2 U TOABKO IpPH ITOM
3HaueHu# X, Tak Kak ¢yukiusg 3* monoronna. CieposatenbHo,
log; 9=2 (nponssHOCHTCS: JIOrapu¢M AEBATH 1O OCHOBAHUIO TPH
paBeH JABYM).

AHAaNOrHYHO HaXOouM

log, 4==—2, TaKk KaxK (
2

1 L
10g42=§, TaK Kak 4° =2,

 HMpumep 5. Jlokasare, uro ans Jawo6oro a>0, a1,
BHIMOJIHSIOTCS COOTHOLLEHMS!

logpa==1, log,1=0.

Pemenne. YKasandble COOTHOIIEHUS MNOJYYalOTCs H3 CO-
orHowenus (11) npu x=1 1 x=0, tak kax pja Jgwbdoro a >0
umeeM %=1 (cM. dopmyany (3) ma crp. 250).

3ameuanne. M3 coornowenns log, 1 ==0 # MOHOTOHHOCTH
¢yukunu  y=1Ilog, x (cM. cBolcrBo 2, crp. 261) caeayer, uro
ecmm a>1, 10

log, x>0 npu x>1, log,x<C0 npu O<x<1,
a ecan a<<l1, to
7 logox <0 npu x>1, log,x>0 npn 0<<x <l
(cp. puc. 110, 111).
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DTH HEpABEHCTBA YaCTO WCMOAB3YIOTCA NpPH PEHIEHH 3adad.
Hix serxo sanoMHmTh caemyiomiuM o0pasoM: ecin 4uCla 4 4 X
JEHAT Ha UYUC/IOBOR NpPAMOH 10 ONHY CTOPOHY OT EIBHWMIBL, TO
logo x>0, a ectm uynucaa a m X J€KAr MO pasHeE CTOPOHH
oT eauuuitel, To log, x < 0.

§ 8. Ceoiicrea aorapugmos

1°. Jlozapughm npoussedexuss 08YX NoAONCUMENbHBLX HULCER
10 0QHHOMY OCHOBAHUIO PABEH CYMME A02APUPMO8 IHAX HUCEN
no moMy e OCHOBaHUIW, M. e. 048 A0O0x 4ucea a >0,
azl, x; >0, x,>0 goanoansenmcs coomuoulenue

log, (x1%5) =10g, X; -+ l0g, X,. (12)
Hokasareabctso. OO003HauuM Jorapudmsl log, x; H
log, x, uepes y; u yy
loge X1=yy, log, Xy=y,. (13)
Torpa cornacHo csolictsy 4 (crp. 261)
Xy=a’, xé = qY,
OTKyJIa noJjydaem (B cuay csofictBa A) Ha crp. 256)
XXy =01 ~@Yr=q¥1 T -,
INpumensis cuora csotictso 4 (crp. 261), naxomum oTcioaa
loga (X1X2) =1 + Vs (14)

Hs ¢opmyn (13) n (14) Buirekaer pasencrso (12).

2°. Jlozapughm wacmruozo 08yX MNOAOHCUMEASHBX HUCEN
1o 0QHHOMY OCHOBAHWIO pageH pasHocmiut poz2apughmos Oean-
MO20 U 0eAUMEAST NO HIOMY HCE OCHOBAHUID, M. €. 045 AI0ObLX
yucea a>0, a1, x>0, x,>0 sunoansemca coomno-
utenue

loga% = log, x; —log, x,. (15)

ATO CcBOKCTBO [0KaSHBAETCHA TaK Ke, KaK MpeABAyUlEe.
3° Hag awbwux wucea a>>0, a1, x>0 u aw06020
OelicmaumenbHo20 HUCAQ O BbINOAHACHICS COOMHOUIEHUE:

log, x*=ua log, x. - (16)

Hokasateanbctso. O0osHauum log, x uepes y:
' ‘ y==log, x. (17)
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Torpa cornacho csolictsy 4 (ctp. 261)
x=a.
Bossons ofe wactd 3TOrO paBeHCTBA B CTeneHb 0, HAXOAUM
(8 cuny csoitcrea B) Ha crp. 256)
x*=(’)"=a"¥.
Ilpumensis cHosa cBoficteo 4 (cTp. 261), HaxoguM OTCIOAA
log, x% == ay. (18)
Ma dopmyn (17) u (18) smrexaer pasencrso (16).

4°, dasm awbux wuces a>0, a1, b>0, b=£1, x>0
BHINOAHSAEMC COOMHOULERIIE

logaxzm- log, x. (19)
HoxasareanctBo. O6o3Hauum log,.x uepes y:
y=log, x. (20)

Cootroutenne (20) cornaco csoficrsy 4 (crp. 261) paBHOCHJIBLHO
COOTHOLIEHHIO
o’ =x,
U3 KOTOPOro MOJyyaeM
log,a” =log, x.

Ha ocuosanmum cBoHcTsa 3° 3T0 pAaBEHCTBO MOKHO 3aMUCaTh
B BHAE
ylog, a=1log, x. 21)

Wz dopmyn (20) n (21) noayuaem paserctro (19).
3ameuanue. [To dopmyne (19) MOXKHO HAXORUTH JAOTAPUPMBL
yucead 1o JMoOOMy OCHOB2HMIO @, €CJH H3BECTHBl JOrapHbMbl

yncesa MO HEKOTOPOMY B3aZaHHOMY OcHoBanmio b. Yucao Toga
- b

B thopmyne (19) HasnBaeTcs #odysem nepexoda OT norapugpmos
N0 OCHOBaHHIO @ K JjorapudMaM no OCHOBaHHO b. B uactHOCTH,
npu b=10 dopmyna (19) umeer Buz
ig x
1 ==
Ofa ¥ ==j5 7
ITo aroit GopMy e MOKHO HAXOAHTb AOrapudMsl YHcen 1o Jobomy
OCHOBaHHUIO C NOMOIILIO Talaull JECHATHYHHX JorapuhMos.
ChopmyaupyeM RaabHefimme CBOHCTBA JOrapudMos.
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8° Has awbex ducer a>0, a1, x>0, a#0 8u-
NOAHSEMCA COOMHOUEHIE

log s x = - log; x. (22)

6°. Mag awboix uuces a>0, a% 1, b>0, b~ 1 gunoas-
HIAEMCs COOmMHRoOULerue

log,b-logya=1. (23)

7°. Ecaut ocHoBanue u 4ucso, cmosuLee nod 3HAKOM A02a-
puhma, so3secmit 8 OOHY U my JCe CMENEeHs, OMAULHYIO OM
HYAsZ, mo ao2apughm He UIMEHUMCS, m. e. OAg AOObX Hucen
a>0, a2 1, x>0, a0 gunosnsemca coomuouerie

log,* x" ==log, x. 24)

JlokasaTenbCTBy CBOHCTB 5°—7° KOTOpHE JIErKO MOXHO
MONy4HTh KaK CaAeAcTBus cBoOHcTB 1°—4°, Mbl npepocrasiseM
4uTaTeNIo.

ITpumep 6. Jlokasars, yro pas mobGuX ducen a >0, a1,
a5~ 0 u moboro neHCTBHTENLHOrO uYucaa f  BHIMONHAETCH CO-
OTHOLIEHHE :

log,» (aﬁ)=75. (25)

Hoxasatenbctso. O6osnaunm logy. (a®) uepes y:
y=10gau (a’). (26)

Coornouwenne (26) corsuacho caoﬁcrsy 4 Ha crp. 261 pasHo-
CHJIbHO COOTHOILEHHIO

(@) =a". 27)
W3 cootnowenna (27) no csoficTBaM CTeNeHW HaxOAuM

@=d, ay=p y=1.

Haxonen, noacrasass HaliaeHHoe 3Hauenue 1iaa y B opmy.y (26),
MBI U MOJYYaEM COOTHoueHue (25).

3ameTnM, 4TO COOTHOUIeHHE (25) MOXHO NOAY4UTH H LPYLaM
crioco6oM, HanpuMep NMpHUMEHsss nocaefoBaTenbHo dopmyas (16),
(22) u pesynprar mpumepa 5.
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B aakmouenne npusezeM obuiyio CBOAKY ¢opmya Las Aelcr-
Buli Hal Jorapu¢Mamu, MOJYHEHHBIX B 3TOM maparpade:

1084 (x1:05) =108 %1 + 1084 s, (12)
log, 1 = log, x; —10ga £y (15)

log, x*=a log, X, (16)
logax::mdog,,x, (19)

logaa x:é» log, x, . (22)
log,b-log,a=1, (23)
log . x" =1og,x. (24)

OrmeTuM elle pas, YTO BCE 3TH COOTHOILEHUS BBIMOJIHAOTCA
TOrla @ TOJLKO TOTAA, KOI[a BCE BHIPAKEHHS, CTOAULAE B STHX
COOTHOILEHUAX, HMEIOT CMBICA, T. €. 1) OcHOBaHme Jjorapucma
LOHKHO OBITh MOJIOKHTEAbHBIM YHCJIOM, OTIMUHBIM OT ENUHHLBI,
2) BhipaKeHue, CTosliee MHOJ 3HAKOM aorapudma, AOMKHO ObTb
TNOJOKUTENBHHM YUCAOM. ‘ -

3anaun K raase VIII

8.1. Hafigure uncioBbie 3HAUEHHA BbIpaXKeHUH:

1. log, 4. 4. log5§15.

2. log 2. 5. log,; 9.
4

3. log % 6. logg 16.
3

8.2, Halizute uucioseie 3HaueHus BBIpaXkeHH# (cuuras, 4ro
a>0, a# 1)

1. loggs a. 3. log, a'.
a
1

2. logpad. 4. log},a V a.
8.3. Pemure ypaBHeuus:
1. 10g0_|x=-—-2. 3. Iogx7:—— 1.

2. logg X =T§a 4. logy; 8=3.
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-8.4. Hatinute uu¢nosme 3HaueHust BhipaskeHni:
log,3 log _2

1.4 7. 3.9 vy,
2. 270, 4. 4loge?l,

8.5. Hafinure uucnoBbie 3HaueHHs BbIpaweHaH (cumrasi, 4TO
a>0, az= 1)
log 2 log _1
l.a *. 3 () Ve,
log 4 4log 5
2.0 Va, 4. %

8.6. Buiacnute, Kakue u3 yKasaHHBIX Hm¥e JorapudMos noJo-
KUTECABbHBI, KaKHWe OTpHLATE/bHLI.

1. log, 5. 3. loge,z 0,8.
2. log, 2. 4. log V7.
5 :

8.7. BrisicHute, Kakoe n3 yKasaHHBIX 4uces OGOJblle APYroro.

1. logg4 wnanm log4—;~,
2. logo,1 V§ i  logeg 0,34
3. logs 2 logs
- logs w mmm logs .
3 3
1o, L
4. Qlogsd pap 32

8.8. Hokaxure, yTo mas Jobeix uucen a >0, a # 1, x; <0,
Xy << 0 BHINOJHAIOTCA COOTHOILEHNS

log, (x1%;5) =log, | Xy | +-loga | X, ),
log, % =log,| x| —1og,| x5 |
8.9. Jokaxnte, uro ang aobux uucen a>0, a7 1, x;, >0,
x>0, .., x, >0 BHNOJHSETCI COOTHOLICHHE
loge (X3x5 ... Xp)=1log, X3 +- 108, X5 +. ..+ l0g, x4.

8.10. doxaxure, uro aaa mobux yncen a >0, a1, x £ 0
n mo60oro 1e0ro YETHOro YWC/Ia # BHIMOJHAETCH COOTHOILEHHE

log, x"==nlog,| x|

8.11. Hatinute log,, 32, ecan log, 14 =a.
8.12. Hannnte log,; 49, ecan log; 9=a n log; 45=">.
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B 3adauax 8.13—8.17 mpebyemcsn Odoxasams pasencinsa,

npeonO/lazaﬂ, YMO YKA3AHHbIE BHIPANCEHUST UMEHM CMbICA.
8.13. lc?gax(bx)=1OLII.b:;_T]g(:;gf‘}E /
8.14. 1222 —log, b
8.15. {222 —jog,, x,
8.16. Eﬁ+5§%;;+---+éﬁ=g(ﬁg,2'
8.17. 10ga,0, .0, ¥ =" :

logal x

] 1
+loga2 x+"'+logak X

Mocmpotime epadburu ynryui (8.18 —8.32):

8.18.
8.20.
8.22.
8.24.
8.26.
8.28.
8.30.
8.32.

y=2’x[.
y=/|log, x/|.
y:?x—Qx.
y=|logy(x — 1)|.

y=|logy|x— 11|
y=2Ex,

y=lgtgx.

8.19, y==2-ixl,

8.21. y=|x%|+ 2%,
8.23. y==2logex,

8.25. y=1log, x2
8.27. y=log,|x—11|
8.29. yZQCOSu\"

8.31. y=Igsin.x.



FJIABA IX
YPABHEHUS

§ 1. PaBeHCcTBO, TOWAECTBO, YpaBHEHHE

3HaK paBEHCTBAa HCMOJIbL3YETCS B MaTe€MaTHKE OYEHb YacTo,
¥ CMBIC/I, KOTODHH NpPHAZETCSs STOMY 3HAKY, HAJEKO HE BCerja
omnH u TOT xe. Tak, YacTo Mbl COEAMHSEM 3HAKOM paBEHCTBA
Ba YHCJI3, HanpuMmep:

651 137
2w M
1236 =22.3.103, (2)
(V2 +1p=3+2V7, (3)
log, s <i2>= 10. (4)

Kaxcmas Takaq 3anuch npeacrasisger coGOf HEKOTOPOE BHICKA3bl-
BaHUE, KOTOPOE MOXKET ObITb MCTHHHBIM wuan a0xHeM. Cpenn
NPHBEJEHHBIX BBILIE YETHPeX BHICKasblBaHUR TaKOro poaa mepsbie
TPV SIBJSIIOTCA UCTUHHBIME, @ YETBEPTOE — JOKHHIM.

Jns Toro urobm y6eauThCA B MCTHHHOCTH (WM JONHOCTH)
TaKOPO BHICKa3bIBaHUH, HEPEAKO ORIBAET HYXHO NMPOH3BECTH Te
uau wHble AeficTBhs: C/IOxwenHue Apolefl, PasNokeHHe Ha MHONH-
TENH, BOSBELEHUE CYMMBl ABYX uucesa B KBaapar u T. . OmHako
CMblCA BHAKA DABEHCTBA BO BCEX 3THX CAyYasX OJMH U TOT e
UCTHHHOCTb TaKOFO BHICKA3hbiBaHWA O3HAYAET, UTO CJIEBA U CIPaBa
OT 8HaKa pPAaBEHCTBA CTOMT OO0HO U MmO oice unucao (TOJBKO,
MOXKeT OBITh, BaMHCAHHOE [0-Pa3HOMY).

BhickasbiBaHust TaKOTO BUAA MK OyJeM Ha3HBATb 4UCAO8BLMU
pagercmsamu. Ecim HEKOTOPOE YKHCJIOBOE PABEHCTRBO NPEACTABJISET
coGofl MCTHHHOE BBICKAasHBaHME, TO [Jf KPaTKOCTH TOBOPST:
«3T0—BEPHOE paBeHCTBO». Tak, pasencrso (1)—BepHoe.
Eciu ke HEKOTODOE YMC/IOBOE PAaBEHCTBO MpeACTaBaseT coboi
JIOXKHOE BBICKA3biBaHHE, TO JJS KPAaTkoCTH TFOBOPAT: <«3TO —H e-
BEDHOE paBeHCTBO». Tak, (4)-— HEBEpHOE DaBEHCTBO.
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B unom embicie npuMeHsieTes 3HAK ==, KOraa wHAeT peyb
o pasencmse hynxyuii. Hanomunm, yto ase ¢yuxunn f(x) u g(x)
CUYNTAIOTCH DaBHBIMH (T. €. COBNAZAIOIUMH), €CJIH, BO-NEPBHIX,
obnacTy onpefeneHus 5TUX ABYX (YHKUMH COBHAZaioT Y, BO-BTO-
pHX, Aad JOGOr0 4YHCAa Xg NpuHaaiexauiero obuie#t obaactu
onpesieNeHus 3TUX (QYHKUMH, 3HaueHHs (YHKUEH B TOUKe X
COBMAJAIOT, T. €. BEPHO YUCJAOBOE paBeHcTBO f(Xg)==g(x).
PasencTBO  dyHrumi  f(x) u g(x) 00bYNO BHPAKAIOT BaAMKCHIO
J(x)=g(x). Hanpumep, mpi numem

(x%4- 1P =x%43x*-+3x%2 1,

BHIpAXast 3TON 3aMKCBIO TOT )aKT, YTO CJAEBA U CIIPaBa OT 3HAKA =
CTOAT pPaBHHBE @OyHKuuH (T. € CJEBa © COpaBa CrOUT O0Ha
u ma gice (PYHKIHKA, TOABKO, MOXKET ObITh, 3aMMCAHHAsS T10-PA3HOMY).

B sanncu, BHpaxawomeidl pasenctBo (T. €. COBIAAEHHE) NBYX
(Gynxunll, BMECTO 3HaKa == 4aCTO UCMNOJb3YiOT 3HAK ==, Ha3blBae-
MBIHl 3HaKOM modicdecmgenHo20 pasercmsa. 3anuch f(x)= g(x)
03HauaeT cosmnageHue ¢yukuad f(x) m g(x). Banuce pasen-
crea 18yx ¢yHkum#d (1. e. cooTHolleHne f(x)=g(x) uau
J(x)=g(x)) naseBalOT Taxke mookdecmsom. ITloanepxuem
eIle pas: KOrja Mbl FOBOPMM, UT0 f(x)=g(X) €CThb TOXIECTBO,
TO 3TO O3HauaeT, YTo objactu onpeneneHus Qyuxufl f(x) n g(x)
COBNAJAIOT M MNPU ITOM MId A06OT 0 X, NPUHALIEKAULETO
510ff O0GAaCTH ONPEAeNeHHd, CHPaBefJUBO UNUCAOBOE PABEHCTBO
F(x9)=8(x,). Ilpumepamn TOKIECTE MOTYT CAYKHTH COOTHOLICHHA

(- 1P=x242x-41,
log, 2% =x,

1 Vx+1
Vil x—1

sinfx=1—cos?x

’

uoap.

Wuoraas 1pa paccMOTPEHMH TOWIECTB NPUXOONTCA OFpaHH-
yusars o6aacTu onpeaeneHus ¢yukuuil. MiMenso, Gyaem roBoputs,
uto pasexcmso f(x)==g(X) A8ALeMC A MOHNCOCMBOM HA MHO-
ocecmse M, ecau, BO-NepBBIX, MHOXeCTBO M comepxurcs 8 06/1acTu
onpeneaeHns Kaxkaol n3 Qyuxuuit f(x), g(x) u, BO-BTOPHX, 1Jd
MoBOro YHCAAd Xy NPUHAANENAUIETO MHOXECTBY M, cnpaselinBo
4nCa0BOE PaBEHCTBO f (X)) =g (x;). B atom cayuae numyrt:

f(x)=g(x) na muoxecrse M
nau .
J(x)y=g(x) mpp xe M.
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Mpumep 1. Pasenctso J/ x¥=x sBaseTca TOXIECTBOM
Ha MHOXECTBE HCOTDHIATE/IbHHIX YHCEN, T. €.

Vx*=x nmpn x==0.

3ameruM, 4yt0 00e (pyHKIUK sz ¥ X ONpeAeNeHb Ha MHO-
KECTBE BCEX JEHCTBUTEJBHHX YHMCEN, HO 3HAYCHUH WX COBIAAOT
JUIL HA MHOXECTBE Heorpnuarenbumx quceJ. Ha MHOXECTBE
B CeX ACHCTBUTEAbHHIX HuceN COoTHomeHne } xZ==X TOKLECT-
BOM HE SIBJSETCS.

[ITpumep 2. PaccMOTpUM paBEHCTBO

arcsin (sin x) =)/ 2

O6e ¢yHkuun (crosmue B JIEBOH U TPaBOH UACTAX PaBEHCTRA)
OnpeAeJEHB HA MHOKECIBE BCeX peficrBuTeNbHbIX unces. OaHako
HaTIMCaHHOE PAaBEHCTBO HABJAETCH TOMAECTBOM JHIIL HA OTPE3KE

49 . . -5 T
lO, 5}, 1. e. arcsin (sinx) =}/ x® npu O<=x=+.
Pasymeercs, 1pH HANUCAHHH TOXAECTB BOBCE He 0073aTE/bHO
o0o3nauath aprymedt ¢Qyskuui -Oyxsoft x. MowHo aprymesr

0003HAURTE OYKBOH 2z, OYKBOH# @ WAM MOOLIM APYFdM CHMBOJIOM.
Tax, cooTnoulenns

(z+1)P=z242z241,
(a— U{a*+ a4 1)=a’—1

SBASIOTCA  TOXAECTBAMM HA MHOMKECTBE BCEX AEHCTBHTEIBLHHX
yucen (UM JaKe HA MHOMECTBE BCEX KOMIVICKCHBIX 4uCeN).

MoxHo Takke paccMaTpuBaTh (PYHKUUH, 3aBHCAUIHE OT JABYX
unn  GOJbIIEr0  YWCJ2  apryMEeHTOB, M NUCaTh TOKAECTBA
aas rakux  @yuxiu#. Koneuno, m B 3TOM Ciayuae Hago yKasbi-
BaTh, IPU KaKUX 3HAaUEHUAX apryMEHTOB HAMMCAHHOE DABEHCTBO
ssasercd Toxaectsom. Hanpuwmep, paseHcrso

log, a’ =blog,a

ABJAAETCA TOXKAECTBOM npu a >0 u mobom nedcrBute/bHOM b
PaBeHCIBOo

t {
tg (x +y)= o8V ’f;l £

11 I R
BJMETCH TOXKAECTBOM [pH X &= 5 +kn, y=£ 5—{— nw, x-y5-
' ki
== —§+mn, rae k, n, m— moGbie ueable uucaa, U T. O
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Mbl paccmoTpesu lBa CJyyas HCIOJb3OBAHAA 3HAKA == B aJ-
rebpe: Hjs BSarHCH YHC/AOBBHIX DABEHCTB M [N/ SallHCH TOXIECTB
(8 mochemHeM caydae OH MHOrja 3ameHsercs sHakoM =). B co-
BEPLIEHHO HMHOM CMBICJE MCHOJb3YETCS 3HAK = TPU PaccMOT-
peHnst ypaBHeHUH. Ypaswenue ¢ OOHUM HEUIBECIIHBM X
B OOLIEM CJlyyae 3alUCBIBAETCA B BHJE

f(x)=g(x), (5)

rae f(x) m g(x)--npoussoabubie ¢ynxunu. Takum oOpasom,
0 BHEINHEMY BHAY YPaBHEHHE BHIMIAANT TaK Xe, KaK H TOWIE-
CTBO: ABe QYHKLHY, COCAHHEHHBIe 3HAKOM paBeHcTBa. Ho xorma mel
TOBOpHUM, 4TO cooTHoweHue (5) ecrb ypaBHeHHe TO 310
TIOKa3HIBAET Hallie OTHOLIEHWE K 3TOMY paBeHCTBY. MMenHo, Koraa
MBI FOBOPUM, 4TO (D) €CThb ypaBHeHWE, TO 3TO O3HAYaeT, 4TO
paBeHcTBO (B) paccMaTpuBaeTCsi KaK HeonpedeneHHoe BBHICKA3bi-
BaHUe (NPY OJHUX 3HAUCHUAX X UCTHHHOE, NPU OPYTUX — JOKHOE),
MBI HHTEDECYEeMCH Haxox[eHueM KOpHe# 3TOro ypabHeHus,
T. €. TAKHX 3HAaYeHUH X, NMPH NOJACTAHOBKE KOTOPBIX 5TO HEONpene-
JIEHHOE BLICKA3bIBAHNE CTaHOBUTCH HUCTHHHHIM. Bosee noapoGHo,
Kopuenm (WM pelLeHHEM) YPaBHEHUA HA3bIBAETCH BCAKOE UUCJO,
1P TOACTAHOBKE KOTOPOrO BMECTO HensdBeCTHOro B obe uacru
YypaBHEHNS NMOJYYaAEICs CNpaBeRauBoe (BEPHOE) UMCJOBOE paBeH-
c¢rBo. Ho uTo 3HAUNT «NOAYYaETCs CHPABEANMBOE UYMCJIOBOE
paBeHCTBO»? ITO O3HauaeT, BO-NEPBHIX, YTO INPH HOACTAHOBKE
3TOr0 4YWCJa BMECTO HEW3BECTHOro Bce neficraus, ofo3uaueHusle
B JicBOH ¥ NpaBofi YACTAX ypaBHEHWs, OKA3BIBAIOTCS BHITIOAHIMBIMU
#, BO-BTOPHIX, B PE3YJbTATE BRINOJHEHHS ITHX AcHCTBUM B JeBOi
¥ IpaBoH yYaCTAX TNOJYYaeTcs OXHO M TO ke umcao. HMaaue
rOBOpS, UYHCJIO @ HA3bIBaeTcd KOopHem ypasHenus (8), ecau, Bo-
NEPBHX, STO UYHUCAO NPUHALNEKHT KaK O00JacTH Onpeic/neHus
ynkunn  f(x), Tak u obnactu onpegeseHns GyHKnuu g(X) M,
BO-BTOPBIX, 3HAYEHHS 3TUX QYHKUMH B TOUKE a COBNAJAWT, T. €.
f@)=g(a)

Mrak, ecau CKasaHo, 4r0 PAaBEHCTBO (D) paccMarpusBaercd
KaK ypaBHeHue, TO 5TO O3HAYaeT, UTO Mbl HHTEPECYEMCH HAXOWAE-
HueM KOpHeH 5TOro ypasHeHus, T. €. TE€X 3HAueHHH X, KOTOphie
o0paiialoT cooTHoIenue (5) B BEPHOE UUCJIOBOE PABEHCTBO.

Npumep 3. Lag ypasuenns (x — 1)2==x?—2x-{- 1 moboe
KOMIIIEKCHOE  YHCAO ABJASETCY KOpPHeM, TaK Kak paseHCTBO
(xo— 1Y =x7—2xy+ 1 umeer mecTo 13 MOGOrO KOMIUIEK CHOTO
yucsIa Xy

Mpumep 4. Ecam pdccvatpuBath  ypaBHeHHe |x|=x
Ha MHOXECTBE BCEX NEHCTBUTENbHBIX HHCE, TO BCAKOE HEOTPUUA-
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TENBHOE WYHC/AO #BASETCS KOPHEM STOro YypasHenus (Apyrux
KOpHell HeT). ,

MIpumep 5. Ypasrenue lg x=1g (—x) He uMeeT pelueHny,
TaK KaKk JeBas 4acTb STOr0 yPABHEHHs ONpEeAe/aeHa MpH LIOMOKH-
TENbHHIX SHAYEHUAX X, a TNpaBas — NOPU OTPHUUATEILHHX, T. €.
obnacTi omnpejeseHds JEBOM # npaBol yacTel He uMmeioT obuUIUX
TOYEK.

Tpumep 6. VYpasreuue cosx=2 He umeer peweuuit
H3@ MHOXECTBE JeHCTBHTEJbHBIX UYHCEJ, TaK KaK |cos.xy|=I 1
s mo6oro JefCTBATENBHOrO YHCAA X

[Tpumep 7. VYpasHenue x*==—1 He uMeeT pelueHu#
Ha MHOXECTBE MAEHCTBHTEJbHBIX YuCEN K HMEET [Ba pELUCHHd,
X1=1I 0 Xy==-—I, Ha MHOXECTBE KOMILICKCHBIX YHCEJ.

Ecnu HalljeHa HEKOTOpas COBOKYMHOCTb 3HAUEHMH X, KaX/J0e
U3 KOTOPHIX ABJACTCA KODHEM YypasHeHus f(x)=g(x), t0 3T0
€l HE 3HAYUT, YTO Mbl PELINId ypaBHEHHE. '

Pewums ypasHenne — 3nauum Haliimu 8ce e20 pewexus
(uat Qorazame, 4mo ypasuentle He UMeem peuleHiil).

OtrmeTuM, 4TO GECCMBICAEHHO CTAaBUTh BOUPOC, <«ABJSETCH JH
paBeHCTBO f(X)=g(x) ToxmecTBoM uam YypaBhHenuem»>. Onno
1 TO Xe PaBeHCTBO f(x)==g(X) B pasiuyHBIX YCJOBHAX MOXET
paccMarpuBaThCsd M KakK TOXJECTBO, W KaK ypasueHue. Ecam Mbl
roBOpUM, YTO «f(x)==g(Xx)ecTtb TO¥ A€ CTBO», TO HENIPEMEHHO
HaJ0 YKaspiBaTh, H3a KaKOM MHOXECTBE 3TO PaBeHCTBO
aBaseTcs ToxIecTBOM. Ppasa «f(x)=g(x) ecTb TONKAECTBO
Ha MHOXxecTBe M» €eCThb HeKOTOpOE YTBEpWIAEHHE, HEKOTOpoe
BhickaspiBanne. Ecam ke MBI FOBODHM, UTO PpacCMarpwsaeM
ypasuneHne f(x)=g(x), 90 Mb, 1O CYUIECTBY, UMEEM NEJO
C BONMPOCHTEJbHB M MPEIJOKEHHEM: Mbl CTaBUM BONPOC,
KaKoBbl KODHH 3TOr0 YPaBHEHHMS, T. €. KAaKOBH T€ 3HAYEHMH X,
Kotopele  oOpamanT cooTHoweHue [f(x)==g(x) B BEpHOE
4uC/I0BOE PABEHCTBO.

Mpumep 8. Pasencrso V xt=x wmoxHo paccmatpuBars
W KaK TOWIECTBO, U KaK ypasHeHue. Ecan Mbl OTHOCHMCA K 5TOMY
pPaBEHCTBY Kak K TOXAECTBY, TO HanbGo/aee MOJAHOH hopmMyanpos-
Ko Gyner crenyomas: pasencrso ) xP=x sBASETCS TOKAECT-
BoM npd x ==0. Eciu ke Mb OTHOCHMCS K STOMY paBEHCTBY
KaK K YpaBHEHHIO, TO 23TO O03HAUaeT, YTO MBI PAcCMaTpUBaeM

3ajauy: pewnts ypasHenne )/ X2=x, T.e. CTaBuM BOUPOC O TOM,
KaKOBH KOpHE 3TOro ypasHeHusi. OTBeT OY/JeT TaKOB: KOpHAMHA
ypasuenus }/x®=x dBAAIOTCA BCE HEOTPHIATE/IbHHE 4MCAA M
TQJIbKO OHH.
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MMpumep 9. BeccMBICAEHHO CTaBUTh BOHPOC, ABJAETCHA MM
coornomenne 0-.x-45=5 ToxaectBoM uaM ypaBHeHueM. Mpl
MOXEM C(KasaTbh, YTO OHO ABJASETCH TOXKAECTBOM Ha MHOMXECTBE
BCeX AeHCTBUTEABHBIX yucesd. Ho Ml MOxeM Takwke paccMmarpu-
BaTh 3TO COOTHOUIEHME KaK ypaBHEHHE H TOrAa CKaxueM, 410
KODHAMH 9TOr0  ypaBHEHHs #BJAIOTCA BCe AeHCTBUTE/JbHBIE
ypcaa.

3ameuanne. KpoMe pacCMOTPEHHBIX BBIIE CYUaeB UCIOJb-
30BaHusi 3HaKa == B MaTeMaTWKe BCTpeuaworcs M apyrue. Tak,
BLIDAXEHWE BHA& <«paccMoTpuM  (yHKumo f(x)=x%—3x2 4
-+ Bx—7» uvacTo HCHONB3YETCA B KaueCcTBe ONMpeaeJeHH .
B sTOM cayvae 3Hax == HMeEET TOT CMHICJ, YTO BCIOAY B [IpOBO-
auMoM paccyxaeHun f({x) Gyner o003Ha4yaTb HMEHHO 3TY (DyHK-
nno. Berpeuatorcs ¥ mHBIE CyY4am WCNOJb30BAHUS 3HAKA =
B MaTeMaTHKe, Ha YeM Mbl, OJHaKO, HE OCTaHaB/MBAEMCH.

§ 2. Morteps kKopHeit W NosABJNeHMEe NMOCTOPOHHHX KOpHeil
npu npeoOpa3oBaHud ypasHeHnil. PaBHOCHALHbIE YpaBHEHH.
YpaeHeHue, siBAsOMEeCH CHEACTBHEM RaHHOTO.
JH3bIOHKI A YpaBHEHHH

B npouecce peuieHust ypaBHeHus Mbl OOBIUHO NPOU3BOANM
HekOTOphle H[peoGpasoBaHus, T. €. MOCJAEN0BATEJNbHO 3aMeHseM
[IlAHHO® YpaBHEHWE JPYruMH ypaBHEHHAME, BCe OOJICE NPOCTHIMH,
IOKa HaKOHell He TI0JYYHM YpaBHEHHE, KOTOpOE Mbl yMeeM
pewats. TpyaHo nepeuncauTh Bce BUAH 11peobpasoBaHull, KOTOpHE
MBI BBINIOJIHAEM TNpU pELIeHHW ypaBHEHuil: UX O4YEHb MHOTO.
Ewme 7Tpyanee pare nOAHBH COHCOK DEKOMEHAanM#, B Kakux
cayuasx CcJAegyeT BHINOJHATh Te uay uHble npeo6pasosanms. Ho
€CTb OIHO HETIPEeJNOXKHOE NPAaBHUI0, KOTOPOE HHKOraa He cJeayer
3a6biBaTh: HEJb3% BHINOJHATL NPeoOGpPa30BaHus, KOTOPhIE MOFYT
fpuBeCcTd K 1otepe xopHed. Bens Mur rosopunu yxe, uro pemuts
ypaBHEHHE — 3HAYUT HalTW BCE€ €ro KODHH, TaK 4YTO MOTepH
KOpHeft B Tpouecce pelleHns Heponycruma.

Ecte u jpyras oOnacHOCTb, KOTOpas MOXeET [OACTEperaTh
HaC nNpy pelleHud ypaBHEHuH, MpaBia, ONACHOCTh, 3HAUNTEJLHO
MEHbLUAs, YeM MOTeps KOpHeH. 3aK/I0uaeTcs OHA B TOM, 4TO MpH
HEKOTODHIX Npeo0pa3oBaHUAX MOryT MOABHTLCA HOBBIE KODHHY,
T. € MOXET OKa3arbCd, YTO HOBOE ypaBHeHHe (K KOTODOMY Ml
‘UpUXOAMM B DE3y/bTare Npeobpa3oBaHus) nmeeT GoJbllie KOpHEH,
yeM TepBOHavaJbHOE. MHBIMH C/OBaMH, B HOBOM ypaBHEHHH, KpOME
KOpHe#l nepBOHaYaJbHOrO YPAaBHEHHs, MOrYT NOSIBUTbCS JHLIHHE,
nocropondne KopHu. C 3TuM 06CTOATENBLCTBOM (BA3aHA HEOOXQ-
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aumMocth nposepku Kopueh. Vmenwo, ecam xorb omuH pas
B IpoHecce pellieHust NPUMeHAIoCh npeoGpa3oBaHue, KOTOpPOE
MOXKET NPUBECTH K NOABJEHHIO NMOCTOPOHHUX KOpHeH, TO Inocae
OKOHYaHH# Tpouecca penleHuss 06S3aTeAbHO HYXKHO IPOBEPHTD,
Kakne Hu3 HaWOEHHHIX KOpHeH  YIOBJETBOPSIOT  HMCXORHOMY
YPaBHEHMIO, a KaKkue €My He YAOBJAETBOPSIOT, T. €. SABJAIOTCH
TIOCTODOHHUMM ¥, CJEI0BAaTeNbHO, JO/KHB OBITL OTOPOWIEHH.
ITposepKky MOXKHO He NpPOUSBOAUTL TOJLKO B TOM CJyuyae, €CJiH
HA OIHO U3 TIPUMEHEHHBIX mfpeoOpa3oBaHu#i He NPUBOART
K MOfIBJEHUI0 NMOCTOPOHHHX KOpHeH.

YTOUHBM CMBICT TEPMUHOB <[OTEPA KOpPHEW», «HOCTOPOHHUH
KOpeHb>.

IMycts  f(x)=g(x)—3aganHoe ypaBHenne, a fy(x)=
= gy (¥)—HekoTopoe HOBOe ypaBHEHHe, KOTOpPOe MKl XOTHM
paccMaTpuBaTh BMECTO IEPBOHAYANBHOTO ypaBHeHus (HanpuMep,
ypaBHEHHe, MNOJYYEHHOE B pe3yanTare «lpeoOpasoBanus»). Mul
roBOpHM, YTO Npu Nepexoge or ypasueHusa f(x)=g(x) K ypas-
HeHno  f; (x)=g;(X) npoucxoaur nomeps KopHeld, eciu
CYWeCTBYeT dHUCJI0 X, (x0Tt OB OAHO), SBJAIOILEECS KOPHEM
ypasHenusi f(x)=g(x) u He sBasouleecs KOPHEM YpaBHEHHS
fi(x)=g; (x). Ilanee, uncno x; Ha3bIBACTCH NOCHMOPOHHUM KOD-
HeM, MOJydaloIUMCS TNpU Nepexone oT ypasueHus f{(x)=g(x)
K ypaBHeHHIO f;(x)==g;(X), €Cim 9TO YACIO ABJSETCSI KOPHEM
ypasrenust Jf; (X)==g{(X) ¥ He sBJAETCS KODHEM NEPBOHAYAJD-
HOro ypaBHeHusi f(x)==g(x).

3aMeTuM, UTO [pW BHIOJHEHAW TaKUX npeolpasoBaHuil,
KaK MpUBEJCHHE B ypaBHEHHH MOLOOHBIX UJMEHOB, COKpALIEHHE
ofGeux uvacTeli ypaBHenuss Ha oOwmuH MHOXuUTeMb, 0T6paceBaHue
o6uiero MHOXHTEIs YACAUTENd M 3HaMeHateass 1poOW, MoryT
OBITHL TOTEPAHHl KOPHH MJIM NOSBATCS IIOCTOPOHHHE KOpPHHU.
PaccmoTpuM HeCKONBKO OPOCTHIX HPUMEPOB.

ITpumep 10. Ecin B ypaBHeHuu

1 1
B =t

TPHBECTH MOAOGHBIE WIEHB, TO MOJYYHTCH ypaBHeHue x?—Sx |-

-+ 6 =0, umeroumee KOpHH Xy==2, xy=23. OAHAKO UHCIO X; =2

He BXOmuT B 00JacTb oONpenefeHus JAeBO# u mNpaBo# uacrted

HCXOAHOTO YpaBHEHHS W HE SABJAETCS €ro KOpHeM, TaK Kak
1

BHIPAXEHHE ——5 TEPAET CMBICA IpA x==2. llpneesenne 10106-

HBIX WIEHOB B PacCMaTPHUBAaEMOM INpPUMEPE NPUBEJIO K PACIUHPEHHIO
ofnactu onpemencHus QYHKUMH, CTOAWIUX B JEBOH u npaso#
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HacTAX HCXOHHOrO YpaBHeHud, M K TOSBAECHHIO KOpHA X==2,
KOTODHI# 115 MCXOQHOTO YDaBHEHHS SBJSETCS MOCTOPOHHUM.
IMpumep 11. Ecau pasaennte o6e 4acTH ypaBHEHHs X% ==x
Ha X, TO MOJAyuMM ypaBHeHue x2==1, uMeiomee KOpHH X;=1,
Xy==—1, B TO BpeMf KaK HCXOJHOE YpaBHeHHE X3=X, KpoMe
KopHeR x;=1, xy=-—1, umeer Kopenb x=0. 3HauuT, COKpa-
uas o0e yacTu YpaBHEHHS Ha X, Mbl NOTepsau Kopedp X ==0.
Mpumep 12. PaccmorpuM ypasHenue
sin x - sin 2x
sinx

=0.

Ecau pasmennTh unuciauTesb B 3HAMEHaTeNb JeBOH wacTu ypas-
HEHUsl Ha sinx, TO NOAyuuTcs ypaBHeHue sin2x =0, umemouiee

KODHH x:%E (n=0,=%1,==2,...). OnHaKo HCXOIHOMY ypaBHe-

HUI0 YAOBJETBOPAIOT TOJbBKO T€ KOPHH ypaBHeHHs sin 2x==0,
KOTOpbIE YIOBJETBOPRIOT YCAOBHIO Sin x 7% 0 (x#mnk, k— uenoe).
Taxum o0Opa3om, COKpaiieHHe UHCAMTENs W 3HAMEHATe/s JIeBOH
(unn npaBof) uacTW ypaBHeHHs Ha oOmui MHOXUTEJb- MOKET
NPHBECTH XK MOSBJEHUIO MOCTOPOHHUX KOpHEH.

ITpumep 13. PaccmoTpum ypasueHue

cosx  Cos3x

sinx sinx °

O16paceiBasi 3HaMeHateau JpoOel, NPUXOANUM K YDaBHEHHIO
C0S X =CO0S 3xX uau
2sinx-sin 2x=0. (6)

Tak kak KoOpHU ypaBHeHHS sin X =10 yIOBJIECTBOPSIOT YPaBHEHHUIO
sin 2x=0, 10 ypasuenue (6) umeer Te K€ KOpDHH, UTO ¥ ypas-
Henue sin2x =0, T. e.

an
X=r5 (n—uenoe). (7)
O/HaKO UCXOAHOMY YPaBHEHHUIO YAOBJIETBOPSAIOT JHHUIb 3HAUEHUS X,

noayuaeMble u3 GopMyZinl (7) NPy HEYETHOM I, T. & X==
:52‘- (2k 1), = —neuoe.

Ecan xe B (7) n—uernoe (n==2k), 10 x=7mk, sinx=0;
HO. TaKne X He BXoasiT B 00JacTb OfpeneseHus JEBOH w NpaBok
yacrelt ypaHeHns. TakuMm o06pa3oM, 0TOpachiBaHNE 3HAMEHATE]H
npobu npuBeso K MOSBJECHHIO NMOCTOPOHHUX KOpHef.

Pazo6Gpannbie npumeps yOexmaloT B HeoGXOAMMOCTH pac-
cMmoTpenns ofuiedl Teopud ypaBHEHHUH, YSCHEHHS BAUAHAS TeX
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wau  uHblX npeoGpasoBanni Ha ypasuenus. Ham norpeGyercs -
BBECTH [/l yPaBHEHUH TOHATHS PpABHOCH/BHOCTH, CJIEICTBUA,
JUSBIORKIHH.

OnpeneneHnue. Jlsa ypasHenus

f(x)=g(x) ®
Si(x)=g (%) ©

HA3BLBRIOMCA PABHOCUNS H b MU (SKEUBQACHMHBMU) HA He-
Komopoxm MHONMCecmee M, ecau oHu umemwm 8 3mMOM MHO-
gecmse 00 HU U me oce peuileruss, m. e. KaxyCosil KopeHs
ypasrenus (8), npunadaexcawuii mroxwecmsy M, ssasemcs
Koprem ypasuenus (9) u, HaoGopom, KaxCOuili Kopens ypas-
nenusn (9), npunadaescaumuii muoocecmsy M, seasemca Kop-
Hexm ypasHerus (8).

Jas coxpamieHms 3amucH paBHOCHJbHBIE ypasHeHus Oyaem
COCNUHATh 8HAKOM <». HMHaue roBops, 3anuchk

f0)=gx)} o i (x)=g ()}
(8) < (9)

Oyzer o03Hayath, uT0 ypasHeHus (8) u (9) paBHOCH/BHBL

3amedvanme B nanpHelinieM, eciu HE OrOBOPEHO MPOTHB-
HOe, MOA MHOKeCTBOM M Mbl OyZEM NOHWMAaTh MHOXECTBO BCEX
OeRCTBUTENBHEIX YHUCE] M BMECTO CJOB «ypaBHEHUs PaBHOCHJBHH
Ha MHOXeCTBe JeHCTBUTEJBHBIX yucea» OyxeM ynorpebasith CJA0Ba
«ypaBHeHHs pABHOCHJLHBI», T. €. yKasaHne Ha MHOMuecTBo M
OyaeM ONyCKathb. )

PaccMoTpuM HeCKOJBKO NPOCTHIX MPUMEPOB, HATIOCTPHPYIO-
UIUX ONpene/ieHHe PaBHOCHUIBHOCTH.

IMMpumep 14. {x4+4=3x} < [x—2=0}.

Mpumep 15. :

{2 cos?x=1- cos 2x} & {42 —2x=(x—1)2—1}.

JIioboe nmeficrBuTe/ibHOE 4YHUCJAO SABJASCTCA KODHEM KamXIOro

U3 3TUX YpaBHEHUi.

Mpumep 16. {ng=1g(—x)}<—>{2——x—[—

24

g

1
x -1

=1+

}. OGa ypaBHeHHs He uMET KOpHel (MHOXeCTBO KOp-

+x—l
Hell KaOOro ©3 3STUX YpasHeHuH sBASETCS nyCTHIM MHOME-
CTBOM).
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Hpumep 17. {x+ 1=0} & {(x 4+ 1)*=0}.

Hucno x==— 1 aBasercs KopHeM (NPOCTLIM) NEPBOrO ypan-
HEHUsl 1 KOPHEM KPAaTHOCTH 3 BTOPOro ypasHeHus (OrpeaefeHue
KpaTHOCTH KOpHA pmaHo Ha crp. 170). OgHako nouarue Kpar-
HOCTH KODHAl ONpeAetseTcs Julb A aireGpanueckux ypasHe-
Huil, a ana ypaBHeHwH oOuiero Buja, paccmarpuBaeMbx B 3TOH
raase, oHo He onpemeasercs. Ilostomy Bciogy B 3TOH raase
KpaTHOCTb KOpHA HE YUHTHIBAETCA M J[Ba ypaBHEHHsd, MMEWUIHE
OlHM B Te M€ KOpHH (0e3 yuyera KPaTHOCTH), CUATAIOTCS DPas-
HOCHJIBHBIMU.

I[Tpumep 18. Ypasuenus x2=—x n x_2_;}—_1:;_c_x—|—_l HE paB-
HOCHABHEL uHCA0 X=0 SBJJETCS KOpDHEM MEepBOroc ypasHeHud,
HO HE YHOBJCTBOpSET BTOPOMY YpaBHEHHIO, Tax Kak npu x==0
JeBad M Npapas YaCcTH BTOPOrO YpaBHEHUs HE ONpeAeseHHI.

IIpumep 19. VpaBHenus x=0 u x(x2-+1)=0 pasuo-
CHJbHBl Ha MHOXeCTBE AeHCTBUTENbHHX uncen (00a UMET eauH-
cTBEHHBIH Kopewb Xx=0) u He paBHOCHJbHH Ha MHOXKECTBE
KOMILIEKCHBIX 4YHceJ, Tle BTOpOe ypaBHEHHE, KpoMe KOpHs x; =0,
MMEET elle [ABa KOPHA! Xg=—=/, Xg=—I.

3ameTuM, YTO eC/aH TIpH pelleHHd HEKOTOPOro YpaBHEHHS Mbl
3aMEHsIeM ero JpyrdM, DaBHOCHJABHBLIM YPABHEHWEM, TO, HaXOHs
KOpHH BTODOIO YDaBHEHHH, Mbl TEM CaMbiM HalAeM KOpDHH nep-
BOHAUaJIbHOIO YDaBHEHHUS.

OnHako JalleKo He BCeraa yAaeTcs 3aMEeHuTh JaHHOE ypas-
HEHUE PABHOCHUJ/bLHLIM. ﬂOBOJ[bHO 4aCTO, MNOpUMEHAA K HaHHOMY
ypaBHEHHIO HEKOTOpoe npeobpa3oBaHue, MHl MOJYYaeM HOBOE
ypaBHEHUe, KOPHSMH KOTOPOro SBJSIOTCS BCE KOPHM JaHHOTO
ypaBHeHus ¥, ObiThb MOXET, HEKOTOPHIE APYrHe uucha, He SBA%I0-
upecs KOpHAMK JaHHOro ypasHenus. MHeiMu ciosamp, peub
naeT O npeoOpasoBAHUSX, NPH KOTOPHX HE MPOHCKOAUT moTepw
KOpHEH; B TaKuX C/Aydasx OT MOCTOPOHHUX KOPHEH MOXKHO u3-
0aBHTbCH C NOMOILBIO TPOBEPKH.

Onpeneanenune. [lycms 0ano Hekomopoe YpasreHue

F(x)=g(x) Y]
Ji(x)=g (x) €9))

nasbisaemes caedcmeuenm ypasuenus (10), ecau npu nepe-
xode om ypasuenus (10) k ypasuenuio (11) we npoucxodum
nomepu Kopuel, m. e. ecau gce wopuu ypasuernus (10) s849-
fomes wopuamu ypagrenus (11).
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Mnorpa Bmecto ¢ppasnl «ypasBHenme (l1) saBaserca caen-
crereM ypasHenus (10)» ucrnoab3yioT BhipaxeHue «ypabnenue (11)
.SIBJSIETCA BHIBOJHBIM u3 ypasHeHus (10)».

M3 npuBegeHHOro onpeae/]eHus Clenyer, 4ro ypasHeHus (10)
# (11) paBHOCHABHE B TOM H TOJBKO B TOM CAyYae, KOraa
KaXI0e U3 ITUX YpaBHEHuH sBJSETCH caexcTsmeM apyroro. Hs
onpejeNeHnst BHITEKAeT Takxke, uro ypasHeHue (1), ssuasiouieeca
caencrsueM ypasHenns (10), moxer umers GoJjee MIEPOKOE MHO-
KECTBO pelleHnH, yeM MHOXKECTBO peleHuft ypasnenus (10).

B umensx cokpamennst 3anucu OyAeM HCNOAbL30BAaThb 3HAK —»
Jis 0003HayeHus Toro (pakra, YTO BTOpOe ypapHeHwe (3anucad-
HOe ClipaBa OT 3TOFO 3HAKAa) ABJASETCH CASNACTBHEM 11€psoro. Muaue
roBops, 3amuch ‘

f)=g)} - {/i (x)—_fgl (%)}

(10)y —>(11)

nian

03HauaeT, 4To ypasuenue (11) ecrp caencrue ypasHeHus (10).

Hpumep 20. {x=1} > {x2=1}. Yucno x=1 sasasercs
€JIMHCTBEHHBLIM KOPHEM {IeDBOrO ypaBHeHus, U BMeCTe C TeM 310
YUCIA0 ABJAETCH KODHEM BTOPOrO YPaBHEHUS.

ITpumep 21. {3x=2x+4 1} — {sin 3x ==sin(2x + 1)}. Bro-
poe ypaBHeHue ABJseTCs caeacTBueM nepsoro (o0partoe HesepHO,
T. €. BTOpoe ypasHeHue umMeeT O0o/ee WHPOKOE MHOKECTBO
pewieHuit).

B saksiouenue storo maparpacga paccMoTpuM NOHATUE 0u35-
OHKYu ypaBHeHui.

OnpepneneHue bydem 2080pumes, 4mo ypasreHue

f(x)=g(x) (12)
pasHocuasHo 03B 0 KK UL YpagHeHull
i) =gi(x) fo(X)=8(x) ..., [r(x)=g.(x) (13)

€CAll BHINOAHEHBL CALOYIOULUE YCAOBUST:

1) raxcooil wopens ypasnenus (12) sigasemcs koprem no
‘Kpalinedl mepe odnozo u3 ypasuerull (13),

2) awb6oil wopens awbo20 u3 ypasuenuii (13) ssasemcs
KopHem ypasHerus (12).

Ma srtoro omnpegeneHns ciaeayer, 4ro ecau ypasHenne (12)
PABHOCHIBHO AM3BIOHKUMM ypasHenu#t (13) u eciu M — mHo-
#ecTBO Kopued ypasnenun (12), a My, M,, ..., M, — mHOMecTBa
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KOpHEH COOTBETCTBEHHO ypasHeHu#t fi(xX)=g; (x), f3(x)==
= & (x)’ ey fﬂ (x)=gn (x)’ TO
M=MUMU...UMp.

Muaue roBops, B 3TOM CJayyae BMECTO TOro, 4ro6s pelarb
ypaBHenne (12), MOXHO pemuTs Kaxaoe u3 ypasHenuit (13)
M MHOXKECTBa KOpHeH BCeX B3THX ypaBHEHHH OGBEeAMHHTb, ITO
obvenunenne u OyneT NPEACTaBAATh COOGOH MHOMECTBO BCeX
KopHel ypasHenus (12).

Tor ¢axr, uyro ypasuenne (12) pPaBHOCUIBHO U BIOHKUUHA
ypasHeHn#t (13), Oysem 3anuchBaTh CjAeLyOmUM 00pazoM:

V) =gx)} < '
>{li)=8 OV (D)= V...V [fa(x)=g @]}

(BupoueM, MoxkHO OBl/IO OBl YCAOBHTLCS OMYCKaTh B 3TOH 3arucu
(burypHsle U KBaApaTHbE CKOOKU.)
Mpumep 22. {x2—5x46=0} <
‘ o {[x—2=0] \ [x—3=0]}.
IIpumep 23. {sin x=cos* x} —
<« {[sin x=cos? x] |/ [sin x 4 cos2 x=0]}.
ITepexox 0T JaHHOTO YpaBHEHHS K [Au3BOHKIME Goaee
NPOCTHIX ypaBHeHuHi HINPOKO NPHUMEHSCTCS NPU PeELIEHHH Ypas-
Hennl. Kak npaBuio, npolecc peleHns ypaBHEHUA 3aKAOYaeTcs
B caenyromeM. Mmes ypasuenne f(x)=g(x), Mo (opuH wunu
HECKOJIBKO pa3) NpUMEHSeM [epexol K HOBOMY YpPaBHEHWIO HJIH
IWM3'bIOHKLIUM YpaBHEHUH, T. €. KaXIbH [epexoi MMeeT Bui

{f()=gx)} <
< {i@) =WV f,(X)=8 V... V [/n(x)=4g: (0)]}.

ITpu 3TOM 0O093aTeNbHBIM fIBJSETCd COOJIJEHHE CIELYIOWHK
NpaBuI:

1) Tlpm yxasaHHOM TIEPEXOAE HE NMPOUCXOAUT TMOTEPH KOp-
Hel, T. €. €C/qU YHCAO X, €CTb KOpEeHb ypaBHeHus f(x)=g(x)
TO UYHCAO X, AO/NKHO HBJIATHCA KOpPHEM XOTs Obl OLHOrO M3
ypasHeHul

fi()=8 (%) FHLX)=8(X) ..., fa(¥)=gu(x)

2) lns peweHus UCXOJHOrO ypasHeHHs f(x)==g(x) HyXHO
peuwruth  BCe  ypaBHeHus fi(X)=g (x), [fo(x)=g,(¥),
coor Ju(xX)=g,(x) n B3Tb OObENHHEHHE MHOXECTBA KOPHEH
MIEPBOrO W3 3ITUX YPaBHEHUH, MHOXECTBA KOpHEH BTOPOro H3
9TUX ypasBHEHu#h u T. 1.
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3) Ecam Her yBEpEHHOCTH B TOM, YTO HE MOABHAOCH MOCTO-
POHHNX KOpHeH, TO KaXJ0€ UHCJO, BXOASUIEE B 5TO OGbeAUHEeH-
HOE MHOXECTBO, AOJKHO GHITH MPOBEPEHO — ABJAACTCA OHO KOp-
HEM KHCXOJHOTO YpAaBHEHWS WJIH HET. ‘

B pesyabrate MB ¥ TOJyyYaeM MHOKECTBO BCEX KOpHef
ypasaenus [ (x)=g(x). Eciu Kakoe-n1u60 u3 ypasHeHu#t fp (X)=
=g (x) (k=1, 2, ..., n) He pelwaercs HEMOCPELCTBEHHO, TO
K Hemy npaMmessercs TOT e npueM. Ilourn Bce nanpueiiinee
COfepKaHue raaBel (M paccMarpuBaeMble HHUKE MPAMEPH) AaeT
HWJIIOCTPALAIO 9TOT0 NPaBH/a PEIICHHS YDaBHEHHH,

§ 8. HauGosnee BawHble npuemsl NpeoGpa3oBaHUs
H METOAbl pelieHHst ypaBHeHuil

1°. [leperoc caazaemsrx u3 O00HOU Hacmll YPaABHEHIST
8 O0pyeyw, m. e. nepexod om YpasHEHUA

() =g (x)+2(x) : (14)
K YpasHexruio

f(X)— ¢ (x) =g (x). (15)

Ykasauneif nepexomx BCerma MPHBOAWUT K PABHOCH/IBHOMY
YPaBHEHHIO, T. €., KaKOBH Obl Hu Oblau ¢ynxuan f(x), @ (x)
g(x), mp nmeem (14) <> (15). B camom gene, nycTh x,— KOpeHh
ypasueHus (14), 1. e. cooTHouleHune

T (xp) = (xp) + g (xp) (16)

npe/cTaBaseT COG0H BEpPHOE YHCJIOBOE DABEHCTBO. DTO O3HAUAET,
4to 1) Touka X, NPHHAIJMEKAT OONACTU OINpeleNeHns Kaxaoh
u3z Qyaxuait f(x) @(x), g(x), 1. e onpezesenst uucaa f{x,),
@(xy), 8(xg), ¥ 2) aTm umcaa ceaA3aHH cooTHowenunem (16).
IMpuGasnsa k obeum yactam paseHcTsa (16) uucao— @ (xy),
noxyuaem

F (X — @ (x0) = @ (x0) — @ (x5) + £ (%)
f(xo)"“(P(xo):g(xo) (17)

(mockosbKy mis M060ro YHCJaAa @, B YaCTHOCTH AAf a==Q (X;),
mbl umeeM a—a==0). Takum oGpasom, (17} ecTb BepHOE uyucAO-
soe pasencrso. Ho 310 o3Hauaer, 4T0 X, €CTb KOpEHb ypaB-
Henust (15). Mrak, kaxaslh KopeHb ypasHenus (14) sasasercs
Takxke Kopuem ypasueuus (15), T. e. (14)— (15). ‘A”anoruuno
JIOKa3biBaeTcs, uto (18) — (14).
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Urak, mbl noKasanm, 4to TpU nepesoce nobOro ¢Jaraemoro
U3 ONHOH 4acTw ypaBHEHHst B APYryi0 C NPOTHBONOJOKHBIM
3HaKOM I10JIy4aeTCs PaBHOCHJbHOE yDaBHEHHE.

B uactHOCTH, Mbl MOMKEM, €C/U HYNKHO, HEPEHECTH BCe Cla-
raeMple B OmHy 4acTh ypasHeHns. MHaue rosops,

=90} < {f(¥)—e)=0}

4TO ABJSETCSl YaCTHBIM CayyaeM 3KBuBajgeHTHOCTH (14) <> (15)
npu g(x)=0). Mu Buaum, yro M0 60€ ypaBHEHWE C OZHAM
HEU3BECTHHIM MOXET ObITh 3aMEHEHO SKBHBAJIEHTHBIM ypaBHEHHEM
Buia h(x)=0, T. €. ypaBHEHHEM, B JE€BOH YacTy KOTOPOrO CTOMUT
HeKoTOpas (PyHKIM#, a Npasad yacTb paBHa HYyJO.

Yxaszannoe npeobpasosanue (NepEHOC YJACHOB M3 OIHOH uacTy
yDaBHEHHst B Jpyryio) INpHMeHSeTcd HNpH pelleHHH ypaBHeHu#
upesphualiHo uyacro. Hampumep, npu pelueHH# HppalUOHaNbHEIX
YDaBHEHUH TIPUMEHSETCA <«VeJUHEHHWEe pajuKastay, T. €. NMepeHoC

BCEX UJIEHOB, KDOME ORHOTO, UMEIOUIEr0 BUL 1”/ Sf({x), B mpyryo
4acTh ypaBHEHUS.

[TonuepkHeM, uTO B 5TOM HYHKTE LIJa PeYs TO A bK O O Nepe-
HECeHMH WJEHOB K3 OAHOHM uacTW ypaBHEHHs B jpyryio Oes
NOCAEAYOMErO NPABeIEHUA NOJOOHBIX uJeHOB (€C/M TaKOBHE
umetorcs). IpuseneHue NOAOGHHX YJEHOB SBJASETCA HOBHIM IIpe-
obpasoBanueM (KOTOpOe, Kak mokasnBaer npumep 10, Moxer
BBI3BaTb TOfBJEHHE MOCTOPOHHUX KopHeH). K paccMmorpenuio
9TOro INpeo6pasoBaHud MBl H TEPEXOLHM.

2°. [pugedenue nodOGHHX HACHOS, M. €. nepexod on
ypagHenus

f(x)+ o x)—g(x)=g(x) (18)
K ypasHeHUu

Hx)y=g(x). (19)

Ipexne ueM paccMaTpusaTh nepexoi OT ypaBHeHus (18)
K ypasHenmwo (19), caenaem caenywuiee 3ameuanue. CoraacHo
CKd3aHHOMY B MpeiblayunleM nyskre ypasHeHue (18) pasHo-
CHJAibHO yPABHEHUIO

)+ ox)=gx)+ o (x) (20)

Mostomy nepexon ot ypashenus (18) k ypasneHuio (19) osua-
yaeT TO Ke CaMoe, 4TO U TNEepexox oT ypasHeHus (20) K ypas-
nennio (19), T. e. BO Bcex paccywaeHusx ypasHeHue (18) moxHO
3aMEHsTb PaBHOCHJBHHM eMy ypaBHeHueM (20). Takxum oGpasowm,
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CKa3aHHOE B 3TOM NyHKTe OyAeT OTHOCHTBCH HE TOJBKO K NpH-
BEIEHUIO NOLOGHHX WIEHOB B ONHOM YacTH YpDaBHEHHS, HO M K
BBIUEPKUBaHUIO (B3aUMHOMY YHHUTOXEHHIO) OJMHAKOBHIX CJjara-
eMBIX B JIeBOH M 1npaBOH dYacTsX. )

Ilpexxge uem copMyaupoBaTe oOlIee YTREPMIAEHAE, OTHO-
camweecss K nepexoay or ypasHennd (18) K ypasuenuto (19) nag,
yTO TO XKe caMmoe, oT ypaBHeHus (20) x ypasnenuio (19), pac-
CMOTPHUM CJAEAYIOILIHE TIPUMEPHL.

IMpumep 24 {x¥'—x+2=x2—x 42} & {xt=x2}.

Ilpu BruepkuBanun B 0Oenx 4YacTax ypaBHeHust Xt —x 4 2=
=x?-—Xx-+2 craraemoro @(x)=x—2 T10Jyuaercs paBHO-
CuabHOE ypaBHeHue xt=x2

Mpumep 25. (¥ lgx=x-+Igx}—> {x*=x}.

YpasHeHue x?=x uMeeT jBa KopHd x;=1, x,==0, Toraa
KaK ypaBHeHwe x*+lgx==x-1gx uUMeeT eIMHCTBEHHHIH
Kopedb Xx=1 (uucto x=0 He sBAACTCH KODHEM YypaBHEHHs
x*4lgx=x+1gx, Tak npn x==0 nesas u mnpaBag YacTH
5T0r0 YPaBHEHHS HE OnpefeJeHbl).

Takum o6pasoM, ypasHeHne Xx2==x He PaBHOCUIBLHO ypaBHe-
o x?4lgx=x-4lgx, a naumb gBAgETCH CAEACTBHEM BSTOrO
ypaBHeHns.

[Tossnenue mnocropounero kopHs x==0 npu nepexoie or
ypapHeHns x?-4-1g x=x-+1g x¥ K ypaBHeHunio Xx* =X CBf3aHO
C TeM, 4TO OpH 3TOM NEPEXoAe paCIIMPSIOTCH MHOMKECTBA, Ha
KOTODBIX OblIM ONpEeAeJeHsl (PyHKUUH, CTOAUME B JIEBOH U Tpa-
BOH H4acTAX NEPBOro ypaBHERHA: B ypasHeHud X% 4 lgx=x -
+lg x nesas u mnpasas,_ uvacTw omnpeiaesensl npu x>0, a B
ypaBHeHMH X2==x-—1pH BCEX X.

OueBugHo, oO6paTHHil nepexod, T. €. MEPexXox OT ypas-
Henuss x?=x K ypasBmenno x2-lg x= x -+ lgx HegonycTum,
TaK Kak 3TOT Mepexoj Beger K norepe xopua x=0.

Teneps mbl chopmyaupyeM oliee yTeepixacuue. Kaxossl Gbt
Hit Ooan oyrryut f(x), g(x), @ (x), ypasuenue (19) agasemes
caedcmeuen ypaguenus (18) (umau uHade: ypasnenue (19)
sBasercss caepcrsueM ypasHenus (20)). Taxum o6pazom, npu
nepexoge ot ypaenenus (18) k ypassenumio (19) (uam or ypas-
nenns (20) k ypasuenno (19)) norepu KopHeH He NPOHCXOIUT,
HO, Kak rmoxaseBaloT npumepsl 10 u 25, MOryr HOSBHIBCH
NMOCTOPOHHUE KOpHHU. JloKasaTenbCTBO 3TOro YTBEPWAEHUS aHAJO-
THYHO DAacCyxAEHHI0 Ha crp. 281; MBl npejsaraeM YHTarelio
NpPOBECTH 3TO JA0Ka3aTeJbCTBO.

V3 ckasaHHOro fcHO, YTO NpW MNPHMEHEHHH paccMaTpHBae-
mMoro npeoOpasosanus (mepexoga or ypasneHus (18) uam (20)
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K ypasHeHuto (19)) neofxopmMO nocae peIIEHds NPOU3BOAUTH
NpOBEPKY KOPHEH, TaKk KaK MOryT MOABJAATbCA MOCTOPOHHHE
KODHH.

EcrecTBeHHO BO3HHKaeT BOMNPOC: B KaKUX CJAyuadx paccMarpu-
saemoe npeoGpa3oBaHuEe NPUBOJUT K PABHOCH IbHOMY Yypas-
wenuio (Kak 3TO OblMO B mpuMepe 24) m, C/I€H0BaTENbHO, NPH-
MeHeHue 3TOro npeobpasoBaHust He Tpebyer nocaexyiouiel npo-
Bepku KopHe#? OTBeT Ha 3TOT BONPOC JaeT clefyoniee
yieepxaenve ). O6o3natun wepes M mHoxicecmeo, Ha KOMOPOM
onpedeaens pynryuu f(X) u g(x), cmoswue 8 aesoli u npa-
goii wacmnax ypasuenun (19) (m. e. nepecevernue obaac-
meil onpedenenus gyuxyui f(x) u g(x)). Toada, ecau MHo-
aecmeo M codepocumca 8 obaacmu. onpedeseHus
@dyurgu @ (X), mo ypasuenue (18) pasnocussrno ypas-
nenuro (19) (u maroce ypasuerue (20) pasrocuasro ypasre-
Huw (19)).

B camom gene, ecnu x,— KopeHb ypasHeHns (19), To Touka x,
[pUHALIEKUT O0JMacTH onpexeieHns Kawaoh us dynkuui f(x),
g(x) (r. e. npuHagnexxuT MHOxectBy M) W HHCIOBOE paBeH-
ctBO0  f(x,)=g(x,)—BepHoe. Ho Tak Kak x; npuHagaeRurT
MHOKECTBY M, TO, 110 NPEANOIOKEHNIO, X TPUHALIEKUT 1 06120TH
onpeneneHns GyHkunu @ (x), T. € ONpEIeNIeHO UHCIAO ¢ (Xy).
[IpuGasasia Kk ofeuMm uacTaMm paseHCTBA f(X,)=g(Xx,) 4HCIO
¢ (X,), HONYUaEM BEpHOEe UHCAOBOE paBeHCTBO f(Xy) 4 @(x,) =
=g (x,) + ¢ (x,), NoKazpBALILES, YTO X, €CThb KOPEHbL ypasHe-
uust (20). Takum o6pasom, (19) — (20). O6patHoe (1. €. (20) — (19)),
KaK Mbl 3HaeM, uMeer mecto scerza. CiemoBarenbHo, (19) « (20)
(a noromy u (18) < (19)).

Mrak, MH npumig K cjelylommM BHBOJAM:

1) (18)— (19);

2) ecau nepeceuenne obiacrefl onpegenenust GyHkuui f(x)
ug(x) cogepxutcsa B obaactu onpeaeneHud PyHKIUR ¢ (X),
10 (18) <> (19);

3) ecim  HeT yBEPEHHOCTH B  DPAaBHOCHJIbHOCTH  ypaBHe-
Hu#t (18) u (19), to nepexox or ypasnenus (19) K ypasueHuio
(18) HeponmycTuM: OH MOXKET HpHBECTH K TNoTepe KOpHei.

B arux yrBepxkieHusx ypasHenue (18) Be3me MOxHO 3ame-
HuTbL ypasuenuem (20).

1) 3ameTnM, uTO 3TO yTBEPKJEHNE JAeT JHUb 1 OCTATOYHOE YCJo-
BHe paBHOCHJbHOCTH ypaBHeHu# (18) u (19). HMuaue roeops, gaxe ecau
3TO YCJIOBHE HE BLINOJIHEHO, TO B HEKOTOPLIX CJIy4asiX MOXKET OKas3arhCH, YTO
(18) = (19). Ipumep: {x*—bx+6-1gx—Igx=0} <« {x2—5x+46 =0}.
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3°. Yamuoocenue obeux wacmell ypasrewus Ha 00Ho u mo
Jice supacenue, m. e. nepexod Om YPasHeHIls

f(x)=g(x) (21

K YpasHeHuio )
F (%) @ (x)=g(x) 9 (x)- (22)
ITo oBoAy 3TOro nepexoaa MOXKHO BbICKa3aTh CAeAylonLue

YTBEPKACHHA:

1) Ecau B Kaxio# Touke, rie onpeaenacHs ode q)yHKumu
f(x) g{x), onpeneneHa Takxe u (pyHxumsa ¢ (x) (nHave rosops,
ecin mepeceuenue obnacrell onpeneneHns GyHkum# f(x) u
g(x) conepxurcs B8 o6gactu onpefeneHus dyaxkuun @ (x)), 1O
ypaBHeHue (22) ssasercs cheacTsueM ypaswenus (21), 1. e.
(21) —(22).
~ 2) Ecau npu BHONHEHHH ycaoBud 1) dyHkiua ¢ (x) oTauyHa
OT Hy/s Ha nepeceueHnn obnacTeit onpepenenns dynkuu# f(x)
n g(x), 1o ypasHenus (21) u (22) paBHOCuABHB, T. €. (21) < (22).

Hoxasatenscrso yreepxaenutt 1) m 2) mpenocrasaseM wunra-
TeM0. 3aMeTHM, 4TO B OOLIEM CJAy4ae NEpPEeXOM OT YDPABHEHHA
(22) x ypasuenno (21) MOXET MPHUBECTH KaK K HOABICHAIO TO-
CTODOHHHX KOpHe#l, Tak M K mnoTepe KopHefl.

ITpumep 26. Paccmorpum ypasHeHue

x2—x=0.
{
YMHO)KuB 00€ 4acTH TOFO ypaBHEHMs Ha v M [OAyYuM

ypaBHeHue
X2 —x
X

=0,

KOTOpOE HE aABJIETCd CJIEACTBUEM HUCXOMHOrOo.
B camom pese, HCXOAHOE YpaBHeHHe uMeeT KOpHU x; =0,

¥ = 0— auwe KopeHb x == 1. Iloreps

X2 -
Xy=1, a ypasneHnue

l ~
KOpHsi CBAsaHa C TeM, uTO )yHKUMA — He OMpejeneHa fpw
x=0, a Kak pa3 5TO 3HayeHUe X SHBJICTCS KOPHEM 3aHaHHOTO

ypaBHEHuS.
4°. [epexod om ypasmenus
F1(X) f3 (). .. fn (x)=0 (23)
K Ou3sioHkynu ypasnenud
L0)=0, f,(x)=0,..., /s (x)=0. (29)
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Tako#i nepexoi NpUMEHAETCA JOBOJLHO YacTO NPH PELIEHUH
ypasuenuil. EcTecTseHHO, BOSHHKaeT BONPOC: MOXHO JH YTBep-
K[aTh, YTO ypaBHeHue (23) paBHOCH/IBPHO AN3BICHKIHH YypaBHe-
il (24)? VubiMp croBaMm, MOXHO /M HOJYYATh MHOXKECTBO
scex KopHell ypaBHenusi (23), pemnB Bce ypasHenus (24) wu
o6beauHuB ux KopHu? OTBET Ha 3TOT BONPOC AAET CJAEAYIOLLAs
TeopeMa.

Teopema 1. Ecan sce dyuryuu fi(x), fo(x), ..., fu(%)
onpeCenens, Ha MHodNcecmse M (m. e. ecau muoscecmso M
codepocumen 8 obaacmu onpedenenus Kaojcdold u3 gynrxyui
fi(x), fa(x), oo, Ju(X)) mo na amom muodcecmse ypasHerue
(23) pasrocuasrno Jussionxyun ypasuernui (24).

Hoxasateasctso. Ilycts x5, € M, u nycrs x=x,—
KOpeHb OfHOFO u3 ypasHeHu#t (24). He tepss oOumnocry, Oy-
JeM CUMTaTh, YTO X ==X,— KOpPEHb ypasHeHus f, (x)=0. Torxaa
¢dyuruua f; (x) onpenenera npu x=x, # f, (x,)=0. Tax kax
x, € M, 1o dyHKRuEY [y (%), ..., fr(X) Takke onpeaeneHsl npu

X=X, U
Jilxg) folxg). . fulxy)=0

(nepBbif MHOXMTEAb B JEBOH uaCTH paBEH HYO).
Hrak, mobott (comepwawutica 8 MaOKecTBe M) KOpeHb Kax-
JOro n3 ypasHeHni .

[1(x)=0, f,(0)=0,...,fn(x)=0

sABJiSieTCd KOpHEM ypasHeHus (23).

OG6partHo, nycrb x=a—Tako#l KopeHb ypasueHust (23), urto
a¢ M. Torma Bce dyukuun f,(x), fo(x), ..., f.(x) onpene-
JEHBl PH X=a "

fi(a) f2(@). .. fn(a)=0.
Ma sr1oro caexyer, 4ro paBHO Hy/I0 XOTS 6B OAHO u3 uuced

H@) fy(@).... fa(a)

A 2TO 03Hauaer, UTO X==q ABJKETCA KOPHEM 1O KpakHeh Mepe
OJHOrO U3 ypaBHeHuf

[1(0)=0, f(x)=0,...,/(x)=0.

Hoxkaszannas TEopeEMa JIeKUT B OCHOBE 4YaCTO NPUMEHAEMOro
ME€TOAa pasNOXKEHHSA YPDABHCHHAA Ha MHOXKATEIH,
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: Mpumep 27. Nerko nposéputs, 4To x84 3x° — xt — 3x3 =
=x3(x2—1)(x+3), nosromy ypasHenge x®- 3x%—x*—
— 3x%3 =0 paBHOCH/IBHO AM3DBIOHKIKH ypaBHEHHH

x3=0, x?—1=0, x-43=0

#1 MMeeT caeaywouine Kopuu 1) x; =0, x,=1, xy=— 1, x,=— 3
Cnenytouuél npumep MOKa3sIBaeT, 4T0 B o0UleM CaAydae ypas-

HeHue
fi@) fe(x).. . Jfn(x)=0
HEe PABHOCHJbHO IU3BIOHKUHA YDaBHEHHH
f1(x)=0, f3(x)==0,...,fn(x)=0.
Mpumep 28. Iycrs fi(x)=x2~l,f2(x)=—;_l_—l—. Torna

ypaBuenue f,(x)=0 He umeer kopHel, ypasuenue fi(x)=0
AMeeT [Ba KOpHA X; =1, x,=— 1, a ypasnenne f; (x) f, (x)=0
HMeeT TOJbKO OJMH KOpeHb X;==-— 1, TaKk Kak npu x=1 Je-
Bas uaCThb 3TOTO YPAaBHEHHS He ONpele/eHa.

Teopema 2. Kaowowil wopens ypaguenus (23) agagemcs
Kopuem o00no20 u3 ypasuenuii (24).

Wnaue rosops, 0ussionxyus ypaguenni (24) ecmsy caedcmsue
ypasrerus (23):.

{fl(x)fz(x)...f,,(x):()}»
> {[i(x) =01V [fo(x)=0] V...V [fa (x)=0]}.
HoxasatenbcTBo npenocrasiaseM ywratetio. M3 atofi Teopemsl
BBITEKAET, 4TO ec/H Mbl HafiieM Bce KOpHH ypaBHeHu# (24), To
cpean 3THX KOpHeHd OyAyT colep:xaTbCid BCEe KODHH ypaBHeHus
(23) n, GHITH MOXET, HEKOTOPBIE UUC/I3, HE ABJALINECT KOPHA-
mu ypasHenns (23). IlocToponHumu aas ypasHeHus (23) Oyayrt
Te 3HAUeH¥sl X, NOJyYeHHBe NpH pellenny ypasHeHndl (24), aas
KOTOpHX xO0Ta O ofHa u3 QyHRWHA f (x), fo(X), ..., fa(X)
He OfpeneseHa.
3amevyaunne. Bouue OnI0 OTMEUEHO, YTO MEPEXOH OF

ypaBHeHHs
F(x) ¢ (x)=g(x) 9 (x) (25)
fF(x)=gx)

B ofmeM ciayyae HEZOHYCTHM.

K ypasHeHuio

1) Eme pa3 HanoMuHaeM, 4TO KpaTHOCTs KOpHeH Mbl B 3Toff ryiaBe
HE YUYMTBIBaeM.
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Alpu pewenny ypasnenus (25) o6buH0 nocrynatoT Tak. Bmecro
ypasHeHus (25) paccMaTpmBaloT ypaBHeHHE

[f(x)—g®)] 9 (x)=0, (26)

KOTOPOE SKBHBAJNEHTHO ypaBHeHnio (25). B cBOK0 ouepesb AU bIOH-
Kuust ypaBHeHuiH : -

fx)—g(¥)=0, ¢(x)=0 @

ABJsIeTCA CJIeACTBHEM ypasHeHus (26).

TaxuM o6pasoM, ecan Mbl pelinM ypasHenus (27), o6venn-
HUM KX KOpHH, a 3aTeM NpOBEpKOH (NOACTaHOBKOH B ypasHeHue
(25)) orceem JMIHUE KOPHH, TO TEM CaMbBIM MBI Haliiem Bce
KOpHH ypaBHenus (295).

I[Tpumep 29. Pewnts ypasHeHue

sin x - ctg 2x - arcsin(x —1)-1g ()é— 1)=0.

Peweunne, Paccmorpum ypassenus sinx=0, ctg2x=0,
arcsin (¥ — 1)==0, 1g(x—1)=0. OHn uMeWwT COOTBETCTBEEHO
KOpHH

x=mn, x=7+% (n=0, 1, *2 ) x=1, xr=2

Te w3 3TUX KOpHEH, KOTOpHE NpuHaexar obnactu onpeiene-
HUS NIEBOM YaCTH MCXOIHOTO ypaBHEHUs|, SBJSIOTCI KODHAMH HC-
XOAHOTO ypPAaBHEHHUS. '

OGosHauuMm 3Ty ofnracTh onpepeaends vepes M. MuoxecTso
M cocToMT 43 BCeX TEX 3HAaueHMH X, NPHU KOTOPHIX ONpejeseHa
Kaxaaa u3 ¢yukuui sinx, ctg 2x, arcsin(x—1), Ig(x—1). Ho
¢dyHKUMS Sin.x onpejeneHa npu BceX X, a 00JacTH onpene/eHus
OCTaJbHHX TPEX (yHKUMK 3a73aI0TCH COOTBETCTBEHHO CAEAyIOULU-
MH YC/IOBUSAME:

x# D (=0, 1, %2 ) 0<x<2  x>L

Taxum o6GpasoM, MHOMeCTBO M COCTOMT M3 TeX 3HayeHufl Xx,
KOTODHIE YJAOBJIETBOPAIOT HEPABEHCTBY 1 < X < 2 H yCJOBHIO

nk
x;é? (=0, =1, 2, ..),
n
T. €. 9TO MHOXECTBO TOJayyYaercs BHGPACHIBAHHEM TOUKH 3 W3 no-
ayuHtepBana 1 <x=C2. Huena x=nn(n=0, =1, +2,..)
SBJSIONLHECH KOPHAMH ypasHeHus sin x =0, He npuHafIexaT MHO-

KECTBY M U ABAAIOTCA JUIS UCXOJHOTO yDaBHEHHS NMOCTOPOHHUMHU.
Yucao x=1, apaswoueecs KOpHeM ypaBHenus arcsin(x—1)==0,
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Taikoke He Hpniainexut MHoxecrsy M m sBasercs HocropoH-
nam KopHeM.. Ilanee, uucio x =2, spisouieeca KOpHEM ypaBHe-

g 1g (x—1)=0, npunagnexnt mHowecrsy M wu sapasercs

KOpHEM MCXOQHOTO YpaBHEHHS.

HakoHel, Hu# ofHO W3 ukCeJT BHAA x—z—{— (n—O, +1,

-+ 2, ...), YIOBJETBOPAIOUIUX ypaBHeHuwo clg Qx 0, ne ynos-
Jle]BOpﬂeT HepaBeHCTBY | <CX<C2 u NOTOMY HE NMPHHAAJEKAT
mHONKecTsy M.

Takum o006pasoM, KOpPHEM HCXOZHOTO VYpaBHEHUs SBJSETCA
TOABKO OJHO UYHUCIO X;=2.

5°. Hepexod om ypasrenus f(x)=g(xX) Kk ypasreHuO
[f()]"=[g(x)]". Takoil mnepexom HEPEIKO HCMNOJL3YETCS [PH
pelieHHy ypasHeHul, oCOGEHHO IpH peleHNH HpPpaLlHOHaJIbHbIX
ypaBHeHu#.

Iycts ¢yuxuun f(x) u g(x) onpepeneHsl Ha MHoxecrse M
(r. e. mHOkecTBO M copepkuTCca B 06JacTél ONpeeneHus Kax-
Jo#l u3 ¢yHkuu# f(x), g(x))u n— NPOU3BOJBLHOE HATypaslbHOR
ugcao. Dypem npeanoJararb, 4to M — HEKOTOpPOE MHOXKECTBO
JAeHCTBUTENBHBIX YUCET M YTO Ha 3TOM MHOXKecTBe (pyHKuud f(X)
1 g(X) NpHUHHMAOT AeHCTBUTEIbHbIE 3HAUEHH.

Mbl MOXEM YTBEDHKAATH CJEILYIOULEE:

1) npn mo0OM HATypaJbHOM 1 ypasHEeHue

[f))"=[gx)]* (28)
ABJdEeTCd CJJAEACTBUEM ypaBHEHlflﬂ
fo)=2g(x) (29)

2) ecnu n— HeueTHOE 4ucaO (n=2k - 1), T0 ypasueHne (28)
pasHOCHIBHO ypasHeHuoo (29) Ha mHOxectBe M;

3) ecnm n—uyeTHoe 4uCJIOo, TO ypaBHeHme (28) paBHOCHILHO
Ha MHOxecTBe M ypaBHEHHIO

| /()| =18 (=), (30)
KOTOpOE B CBOIO OuYepelb PABHOCHIBHO NH3BIOHKUAH ypaBHEHHH
f(x)=gx) n f(x)=—2g(x)

Ha MHOxectse M. Eciaw npu 3TOM OKamercd, uro BTOPOE U3
9TUX YpaBHEHWH He uMeeT pelleHuil (Hanpumep, ecan o6e PyHKUNE
J(x), g(x) npuHumaioT Ha M TOJIBKO NOJONKATEJbHBIE 3HAYEHHS),
TO ypaBHeHue (28) oxa3biBaeTcd PaBHOCHJAbLHEIM ypasHeduio (29).
B ofuweM ke cayuae nepexofl or ypaBHeHusd (28) K ypaBHeHHIO
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(29) npu uyeTHOM # HEMONYCTUM, TaK KaK TaKoOH Hepexos MOxer
npUBECTH K NOTEpe KopHet. .

ITpumep 30. Pemwuty ypaBHerue

Voxt+5x—3=x-+1. (31)

Pemenwue. Bospoms ofe uvacru ypasnenus (31) B kBadpar,

noJyunM ypaBHEHne
2x?4-bx—3=x2+2x41,
spasonleecs ciaencrsuem ypassenns (31). ITonyueHHoe ypasHeHue
PABHOCHJABHO YPaBHEHHIO
X2+ 3x—4=0,

KODHAME KOTOPOro SABIATCHE uncla X; ==-—4, x,==1. [Iposep-
Ka [IOKa3blBaer, 4To KOpeHb X;== — 4 $BJAETCS NOCTOPOHHKM
paa ypapHeuus (31), .a kopeHb X,==1 YIOBJIETBODAET ypas-
HeHno (31).

Takum o6GpasoM, ypasHeHue (31) UMeeT €AHMHCTBEHHBIH KO-
pens x=1.

Bosee oOwuM, ueM paccMOTpeHHBIH B 5°, ABASEICS NEpexof
OT ypaBHeHns '

fl)=g(x) (32)

K YpaBHEHHIO
: el/D=0¢lg)} (33)

rie ¢ (f)—mnHexkoropas 3azaHHas (QyHKUUM.

3ameruM cpasy, 410 B o0uleM CJIyuae TaKoM Nepexoi Hemo-
nycruM. B camom gene, nycts £; u Ey— MHOXECTBa 3HaueHniH
coorBercTBeHHo QyHxuuft f(x) v g(x) u £—obwas uacts (r. e.
nepeceuenue) MHoxecrs E; n E,. Ecan ¢ynxuusa ¢ (£) ve onpe-
geneHa Ha MHOxecTBe £, TO ypasHenue (33) He uMeeT pelueHuf,
B TO BpeMs KaK HCXOAHOE ypasHeHuHe (32) MOrJo uMETb pelue-
uua. Ecan ke mHoxecrBo E coaepxurca B 06aacru onpe-
nenenus GyHkuumm @ (£), TO, Kak Jerko [4oKasarth, (32) — (33).
Ecau xe, kKpome Toro, (yHxuus @ (f) MOHOTOHH3, TO (32) « (33).

Ilpumep 31. Ypasnenne — x?==— x* nmeet KopHn Xy ==0,
xs=1, x3=—1, a ypasnenune 1g(— x*)=I1g (— x*) He umeer
pewenuit. {Iponsowno sto noromy, uro obe ¢yHkuun f(x)=
=-—x% g(x)=-— x* OpUHUMAIOT 3HAYEHHd, NPUHALJIENKALLHEC

MHOXECTBY E=(— oo, 0], a Ha 3T0M MHOxecTBe pyHKuUnd Ig X
HE OnpeeseHa. -

Mbi paccMoTpean JAuIlb HEKOTOpHE nNpeoOpa3osaHus -ypas-
nenufl. Pasymeercs, aTuMu npeoOpa3oBaHUAME He HCUEDIIBIBAIOTCA
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pce Te pasdHooOpasHeie npeoGpa3oBaHus, KOTOPHIE NPUXOLUTCS:
NpYMEHATh NPH pelleHud ypaBHeHnd. B uactHocTH, MB mOKa He
paccMaTpuBaid 1peoGpasoBanus, CBA3aHHBIE CO. CBOHCTBaMH JIO-
rapudmuyeckoll n nokasatenbHol ynkimi. Ho o6 atom Oymer
ckazano Buxe (cM. § 5). Mu 3akoHuuM sTOT mNaparpad pac-
CMOTPEHHEM OJHOrO BAXHOI'O MeTOHa pelieHus ypaBHEHHH.

6°. Memo0 sasentt Heuszsecmuozo. MeTon 3aMeHB HEH3BECT-
HHOr0 MPUMEHSETCH OPH pelleHHd YpaBHeHu# Bnja

f(g(x)=0. (34)

On OCHOBHBARTCH Ha CJAELYWOUEeH TeopeMe.
Teopema 3. Paccmompun ypasuenue

f(#)=0, (3%)

20e t—8crnoMo2amensroe Helzsecmuoe, U nYcms Ly, Ly ...
.., tp—8ce Koputt ypasrenus (35). Toz20a 041 peutenus ypas-
wenttn  (34) docmamouro Halimu 8ce KOPHU Kax0020 U3
ypagHerul

) =tn  (m—=1,2..., k) (36)

U o0Be0uUHUMb MHONECMBA KOpHel amux ypaguenuii. Muave
2080p4,

gx) =0} = {[g(x)=4]VI[g () =1]V...V[g(x)=14]}-

Hokasareabcrso. Ilycte f{=¢, —oaun u3 KopHei
ypaBHeHns (35), a x =x, — KopeHb ypasHeHus g(x)=t%,. Torma
f(tn)=0, g(x,)=t,, n noromy f(g(x,))=0, 1. e. X, —-KOpeHs
ypasuennss (34). OOparHO, nycTb X =x,— KODEHb YpaBHe-
nus (34), 1. e. f(g(x,))=0. Toraa sicno, uto X, MPHHALJIEKHT
obnactu onpenenennd yHkuun g(x). Ionoxnm g(xg)=t, Hs
pasenctsa f(g(x,)=0 wmp Ttenmepy noayuaeM f({,)=0, 1. €.
t,—- onuH U3 KopHe#l ypasHeHus (35), ckawem f,="{,. Teneps
SICHO, YTO X, -— KOPEHb YpaBHEHUs g(X)=1,.

JloxaszaHHast TeOpeMa TO3BOJISET CBECTH pELICHHE YDaBHEHUs
Buna (34) X PpEIICHUIO HECKOAbKUX Oojee NpPOCTHX ypaBHeHui#l
(35), (36).

OO6b1yHO 9Ta TEOPEMa NpHUMeHsieTcst caeayouium obpasom. [laHo
HekoTtopoe ypaBHenne F(x)==0. 3agaua 3ak/a0YaeTCs B TOM,
uro6n yMen0 Mopo6paTh (yHKHHIO g(X), NO3BOJAOMWYIO
BBECTH HOBOE HEM3BECTHOE f==g(X), U 3aTeM BhI PA3 U Tb (PyHK-
unio F (x) uepes f, T. e. IpeacraButh ee B Buge F (x)=f(g(x)).
B pesyabrare nannoe ypasnenue sanumiercs B puge (34), u ans
€ro peweHnss MOXHO OyAeT NPHUMEHHUTb JOKA3aHAYID TeopeMmy.
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Tako#i npueM pelleHns ypaBHEHWH U HA3BLIBACTIC Memodom 3a-
MeHbl Hen3secmuo20 (MOCKOJbKY BHAuaje pellaeTcsl ypasHeHue
(35), B KOTODOM HEM3BECTHOE X 3AMEHEHO HOBLIM, BCIIOMO-
Pare/bHBIM HEHIBECTHHIM t).

‘Mipumep 32. Pewurs ypaBHeHue

x? i——x~—~~—{—4

2
Pemeunne. Beegem HOBOE Hen3BeCTHOE t=x—;. Torna
3a1aHHOC ypaBHeHHe prme'r BULX

$2—t=0.

Vpasnenne $2—f=0 wumeer xopun t;=0, f,=1. Cnenosa-
TENBHO,

L e

2 2
Pemnp Teneps ypaBHeHus x—-)—c—=0 u x—;:l, Hailiem Bce
KODHU HCXOIHOIO YpaBHEHUS:
x1=V2, y=—V2 x,=2 x,——L

§ 4. llpocreitmue uppannoHaJpHble ypaBHEHHA

MeToak pelieHns BPPaLMOHANBHBIX YPaBHEHHH, KaK TpaBuso,
OCHOBaHbl Ha BO3MOXHOCTH 3aMeHHl (C MNOMOUIBID HEKOTOPHX
11peo0pa30BaHuil) MPPANUOHANBHOIO YpPaBHEHNd PALEOHAIbHLIM
ypABHEHHEM, KOTOPOE JAn00 3KBHBAJICHTHO HCXOAHOMY HPPaIliO-
HaJbHOMY ypaBHeHUl0, aub0o daBAserca ero cjiencTsumem. Yaie
pcero o0e 4acTH YPaBHEHWs BO3BOAAT B OXHY ¥ TY XKE€ CTENEHD.
IMpu sroM (OJyYaeTCs YpaBHEHWE, SBJSIOUICECH . CACACTBHEM
UCXOIHOTO.

ITpn pewenus wppauNOHANbHHX YPaBHEHHH HEOOXOAUMO
VUUTHIBATD CJCAYIOULEE:

1) ecan noKasaTels PajiuKand — YETHOE YHCJO, TO NOAKCDEH-
HOE BHIPAKEHNE AOMKHO ObITh HEOTPULATENbHO; IPU 9TOM 3Haue-
HUE pajuKaia TaKie SBASETCS HeOoTpMuaTeasHBIM (Cp. CTp. 248);

2) ecan nokasare/b pajauKaga — HEYETHOE YUCJA0, TO NOIKO-
pPEHHOE BHIDAKEHHE MOXeT OBTb JMoOHM JEHCTBHTEJLHBIM YH-_
CJIOM; B DTOM CaAy4ae 3HAK PajuKaja COBMNAjaeT CO BHAKOM MOL-
KOPEHHOrO BHIPaKEHKA.
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[Tpumep 33. Pewnurs ypasHenne

Vx+54+V20—x —7

Pemenue. Bossemem o6e uwactu ypasHeHus B KBaJpat
(. 5° § 3) u nponssenem npuseaeHne MOROGHHX uneHOB (1. 2°§ 3),
NepeHoc CAaraeMblX M3 OJHOH yacTu paBeHcha B APYrywo

(n. 1° § 3) u ymnoxenne obenx uacred Ha 3 (n. 3°§ 3). B pe-
3y/bTaTe Mbl NOJYYUM YDaBHEHHE

Vx+5-V20—x =12, 37
gpasonleecs caeacrsueM ucxoanoro. CHosa Bo3pegeM 00e 4acTH
ypasHeHusi B KBappat. Iloayuum ypasuenue

(x+9) (20 — x)= 144,
xoTopoe (B caay CKasandHoro B na. 1° uw 2° § 3) npysoaurcs
K BuuLy

x2—15x -+ 44=0

310 ypasHeHue (TaK¥e ABASIOLICECT CASACTBUEM HCXOIHOrO)
umeer Kopun Xx;=4%, x,==11. O6a kopHa, KaK TNOKaabBaeT
NPOBEPKa, YIOBJETBOPAIOT UCXOAHOMY YPABHEHMIO.

Oms. x;=4, x,=11.

<ITpumep 34. Pewnrs ypaBHeuue

V2x+14+Yx—3=4.
Pewenne. Bossoaum obe uactu ypasBHEHHs B KBaapar:
2x 4+ 14+x—34+2Y2x+1.) x—3=16,

OTKYlla NIEPEHOCOM CJaaraeMblX B JIPDYTryiO 4aCTb PaBCHCTBA U NpH-
BeoeHUeM TOA0OHBIX YJEHOB noJay4aeM YpaBHCHUE

2V 2x+ 1.1/ x—3=3(6—x). (38)

CHoBa BO3BOAMM OO YaCTH NOJYYMBIUErOCS YPaBHEHHS B KBai-
par:

8x%—20x — 12=324— 108x - 9x?,

H 1OC/AEe MpUBENCHHA NOJAOOHBIX YJEHOB NPUXOMUM K YDaBHEHUIO
—88x+336=0.

910" ypasHenme sABJIAETCA CACACTBAEM HCXOZHOIO H  HMEET

Kophn x; =4, x,=284. Kopenb x;=4 yROBJETBOPAET HCXOL-
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HOMY YDaBHEHRIO, 3 KODeHb X,==84 aBasercs Aad HCXOJHOTO
ypaBHeHHS MOCTOPOHHUM.

Oms. x=4.

3ameuvanne. Ilpy possemeHun ypaBHeHu# B KBaapar yua-
mpecs HepeAKo B ypasHeHusx Ttuna (37), (38) npoussoasaT nepe-
MHOXEHHE TIOJKOPEHHHX BBIPDAXKECHUH, T. €. BMECTO 3THX ypaBHe--
HUH NUIIYT YpaBHCHUS

V(x+5)(20—x)=12, 37)
2 2x+ 1) (x—3)=3 (6 — x). (38"

DT0 He NMPUBOAMT K OMMOKaM, NOCKOJbKY ypasHenus (377), (38"
ABJSIOTCA CAEACTBHAMU ypasHenutt (37), (38):

(37)— (37), (38) — (38)).

Crenyer, OZHAKO, MMeTb B BHAY, 4YTO B oOuleM C/iyyae TaKoe
NePEMHOMXEHNE TIOJKOPEHHBIX BBHIpAXEHNH naeT HePaBHOCH/bHBIE
ypasHeHus. DTO MOXKHO BUEETH Ha NpHMEpPe ypaBHeHuH
Vy=1.Vx—4=2nV{x—D(x—4)=2 uncio x=0
ABAAETCS KOPHEM BTOPOrO YpPaBHEHHS H HE SBJASETCA KOpPHEM
nepsoro ypasuenns. OOuin#t paxT MOXHO copmyauposare cae-
aywouuM o6pasom:

(VF@ -V ED=a~ (VT =al.

31ech UMEHHO OAHOCTODOHHAs CTpenka (2 HE pPasHOCWJIBHOCTD),
7. €. 0GpaTHHH nepexon oT ypaswenns )/ f(x)g(X)=a x ypas-

HEHRIO ]/f(x) ]/g(x)—a HENONyCTUM: OH MOXET MpPHBECTH K
norepe KopHed. IlpaBunbHEIN nepexod OCYuecTBAASTCA TaK:

Vigw=ao
< AVTOVg@=a]VIV=T@V —=g(x)=al}.

B paccMOTpeHHHX BblE TPAMEPaX MOXHO OHlJIO CHavana me-
peHeCTH OAWH M3 PaauKalOB B NPaBYIO vacTb ypaBHeHusa. Toraa
B /1€BOH YaCTH YDaBHEHHS OCTaHETC OAMH DPauKal H TOCse
BO3BeneHnst 06enxX yacTelt ypaBHEHHS B KBajapaT B JeBOH uacTu
ypaBHeH!s MOJYYHTCA DAaUWOHa/bHad (YHKIUA.

Taxo# npuem (yeanHeHue paankana) HOBOJBHO UYacTO MpuMe-
HAETCA NpU PEILCHHK MPPALHOHANLHBIX YDaBHEHUH.

[Tpumep 35. Pewuts ypasuenne

Vx245x+2—~Y x2—3x+3

=3.
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Peluel{ne.YenanB nemeﬁ paguKaJj, noaydyaeM ypaBHEHHE
V3 +bx+2=Vx*—3x+3+3,

paBHOCHAbHOE HCXOAHOMY (m. 1° § 3).
Bo3soast 00e 4acT{ STOr0 YPaBHEHHS B KBajgpaT, MOAYYIEM
'ypaBHEHUE

X2+5x+2=9+4+x2—3x+3+4+6) x*—3x+3,
PaBHOCHJIBHOE YPaBHEHHIO
4x—5=3)x*—3x+3. (39)

Ypastende (39) sBageTcss CICACTBUEM HCXOAHOro ypasHeHus. Bos-
Boag 06e uacTu ypasHeHus (39) B KBagpar, NPUXOIAM K Y[ aBHEHHIO

16x2—40x 4 25=9(x?—3x+}3),

P]ﬁld
7x% — 13x —2=0.

D10 ypaBHeHHe fABJIETCA caencTBueM ypasnenus (39) (a 3HAUMT,
W MCXOJHOTrO YDAaBHEHHH) U HMEET KOpHH

x1=2, x2= —;'.
IMepphit KOpPEeHs YAOBAECTBOPSET HCXOAHOMY YPAaBHEHHIO, a BIO-
po#t — He yIOBJIETBOPAET.

Oms. x=2.

3amerum, 410 €c/id Obl MBI CPasy, He yeQuHUB OUH U3 DPajd-
'KaJnoB, BO3BOAMAW 00e HacTH HUCXOJHOTO YPaBHEHHS B KBAApar,
TO HaM MPUILIOCH OBl BHINOJHATH FPOMO3AKHE NpeoOpasoBanms.

Ipu pewenny uUppPaUMOHAIBHBIX  ypaBHEHHH, KpoMe Meronad
YeAUHEHHs] PajuKanad, NPUMEHSIOTCA, C YYETOM BHAA YDPAaBHEHHT,
¥ apyrae MeToib. PaccMOTPUM MHpUMEP HCINOJAb30BaHWA METOxa
3aMEHbl HEM3BECTHOTO [P PEIUECHHH HPPALUOHAIBHOIO YPABHEHNS,

MMpumep 36. Pewurs ypasHenue

3 3 /7
] /12--2x x—1 5
x—1 4-]/f12——2x==§"
Pewenune [Tonoxnm
]3/ 12—=2

=y,

x—1
Torpa ypasnense npumer Bz

1
u+;=

4

N
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O0TKYynd noayuaem cCaepcrsue!
u?—bu+4-2=0.

Pewag 310 KBaJIpaTHOC YypPAdBHEHHUE, HAXOIAUM JABA KOPH4:
1
u1=2, uzzi‘“.

SaAaqa CBOONTCA Tenepb K pemeﬂmo cneﬂy}oumx ,llByx ypaB-
HeHuH: .
5 e
12—2x __
]/ o =2, (40)

3/7129—2x 1
1/7:1—'—_‘5‘ (1)

Bospoas o6e uwactm ypasHenus (40) B xy0, moayuaem

12—2x
x—1

=8,

OTKyHda Xi=2.
97

Ananoruudo, pewms (41), Haxogum Xy=7=.

O6a HalileHHBIX XOpHA YAOBJAETBOPSIOT UCXOIHOMY YpaBHe-
HHIO, TaK KaK B NpONECCe pEelIeHHs MBl HCNOJb30BaMH (Kpome
3aMeHBl HEM3BECTHOro) TOJAbKO TpPeoBpazoBaHue BUAA

[f()=g = {[f () P=[gx) P},
a Npu TakoM npeobGpaszosBaHny, Kak GbIJI0 OTMEYEHO Bhillie (CTP. 289),
NOJYUYaeTCs PaBHOCH/IbHOE YpaBHEHHE.
Oms. x;=2, Ky = 17+
§ 5. Jlorapupmuueckue U moxkasaTeJbHble YpasHeHUd

PaccmorpuM  npeo6GpasoBaHns, KOTOpHIE yaule BCEro mpuMe-
HAIOTCA PU PELIEHHN JOrapuMUYECKUX W TOKa3aresbHbIX ypas-
HeHnuil.

1°. [Momenyuposanrse. Taxk HasmBactca npeobpasoBaHue, 3a-
KJI0Y3I0HIEECH B Tiepexoae OT yDaBHEHus

log o(x) f(x)=log e(x) g(x) ) (42)
f(x)=g(x). : (43)

K YpaBHEHHIO
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Kak BHAHO, B3A€Chb paccmarpusaercs OOWMK cJayuall, korga He-
43BECTHOE X BXOAUT M B OCHOBaHME JOrapudmos, ¥ B BHpaXe-
pud, CTOsWUE Nnojg 3HakoM Jaorapudma. [lorenuuposanue asasercs
AOMNyCTAMOH ollepannetl, T. €. NpH 3TOM 1peobpasoBaHHy NMOTEpH
KopHei He npoucxoanT. OnHaKo MOFyT NOABUTLCH NMOCTOPOH-
pue KopHu. B camom nene, ecam HeKOTOpOE YHCJIO X, ABJASETCH
KopHeM ypasHeHus (42), TO (Ha OCHOBAHHH CBOHCTB JOrapud-
MOB) 3TO O03HAYaeT, YTO BHIMOJHSAIOTCA CASAYIOUIHE YCA0BUS:

1) @ (x,) —NONOKHUTENLHOE YUCAO, OTAMYHOE OT I;

2) ofa uncaa f(x,) v g(x;) NONOKUTEIbHDI

3) f(x0)=8 ()

Ho nocaennee kak pas3 03Hauaer, 4ro X, €CTh KOPEHb ypaB-
nerns (43). Hrax, kaxiasiit KopeHn ypasuenns (42) asaserca u
xopHeM ypasuenns (43), 1. €. ypasuenne (43) spasercs ¢ A€ 1-
crBuem ypasHenus (42), u notepu KopHefl He NPOKUCXOAHUT.
B Tto we BRpeMa ypasHeune (43) MOxeT UMerb TAKUE KOPHH,
1% KOTODHIX NEPBOE WJIM BTOPOE YCJIOBHE HE HMEET MECTA, T. €.
MOKET UMEThb KODHH, HE VIOBJETBOpAIOILKE ypaBHeHuwo (42).

ITpumep 37. Pewnts ypasHeHue

log,x =log, (6 — x?).
Pewenue. [loreHunpys, noayuaeMm ypaBHeHHE
x=6—x%,

UMeollee KOPHU X; =2 U X, = —3.

[Iposepka noOKasblBaeT, YTO KOPEHb X;=2 yIOBJETBODsET
WCXOMHOMY ypaBeexuto (IpHU NOACTAHOBKE mnoJayuaeM log,2=
=log,2, 1. e. 1=1). Bropoil e KOpeHb $IBISETCS NOCTOPOH-
HAM: TP TIOACTAHOBKE €r0 B HCXOJHOE YPABHEHHE M0/ 3HAKOM
aorapudma noaygaercs orpuuareapHoe uucao. Mrak, mcxoanoe
ypaBHEHUE UMEET TOJbLKO OIMH KOPEeHb X == 2; YHCJO Ke X = — 3
KOpHEM HUCXOAHOTO YPAasHEHHUs HE ABJACTCA. Kak BUIUM, B pe-
3yAbTaTe TIOTEHIUPOBAHUA TOSBUJICS IOCTOPOHHMH KOPEHb, TaK
4T0 mnposepka Onlna HeoOXoauMa..

2°. Jlozapugh mupoganite. JlorapudmMupoBaHue ¥ TNOTEHUHPO-
BaHUE — B3aUMHO oOpaTHbie npeoGpas3oBanyus, T. €. €CJU OTEeHILU-
pOBaHME 3aKJIOYAJOCH B NEPeXOoAe oT ypasHeuus (42) x ypas-
HeHuo (43), TO, HANPOTHB, JOTAPUPMHPOBAHHE O3HAYAET HEPEXOI
or ypaBHenus (43) k ypasnenuo (42). HMueiMu caoBamu, Mbi
Gepem or obGeux uacredl ypasuenms (43) sorapudmsl npu ocCHO-
BaHuu @ (x). Cpasy e fCHO, 4TO JOrapuMUpOBaHUE ABJSETCS,
BOOOwie rosops, HemonycTumo#i onepauwued. Bemb ecan npu
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nepexone oOT ypasHeHus (42) k ypasHeHuro (43) Moryr nos-
BUTHCS MOCTOPOHHHE KOPHH, TO STO O3HAYaeT, YTO 0P Tnepe-
xome OT ypasHeHus (43) k ypasHeHHIO (42) uaCTb KOpHeH
ypasHeHus (43) mMoxer ObTp yTepsHa.

"IIpumep 38. Pemwnurh ypaBHenue

(14 x) Ve (1 L 42 24V,

Ecau B3sTh oT 00edx uactedl sorapudm npu ocHoBauun 1 - x%
TO MBI MOJIy4UM - YPaBHEHUE

1+Vx=2+ V%

He uMeloiee KOpHeH. Mexay TeM MCXOZHOE ypaBHEHHe, Kak
JIETKO TIPOBEPHUTh, UMEJIO0 KOopeHb X=0.

Taxkum 06pasom, B pesyabraTe JOrapudMupoOBaHid NPOU30LLIA
noteps KopHe#i. 3Hauut, JorapudmupoBanune OHJIO B IaHHOM
clyyae HeAONYCTHMBIM MNPE0GPa30BAHHEM.

B Kakpx e CIyuasx BCE e MOXHO NDHMEHSTh Jorapud-
mupoBaHue? Ha 5ToT BOMPOC JIErKO OTBETHTh, BCMOMHMB CKa-
3aHHOE panee.

Ecau x, sBasieTcsd KOpHeM ypasueHus (43), T. e. 1 Hero
AMeeT MeCTO TPETb€ Hu3 YNOMUHABIUKXCA BBILIE YCJA0BuH, TO
YHCA0 X, Oy#eT KopHeM ypasHenud (42) Jauuis TOrAa, KoOrjaa
BBITIOJIHEHHl ¥ MEpPBHE 1Ba ycJ0BHA. MHBIME CJI0Bamu, nepexon
oT ypasHeHus (43) K ypasHenmio (42) monycTuM JuLb B TOM
cydyae, €cqu MBl YBEPEHBl, YTO JJIS KaXAOr0 H3 KOpHeH ypas-
HeHust (43) BHIMOJHEHH nNepBhie ABa ycaosus. Hampumep, ecin
x0T Obl oaHa w3 QyHkuu#l f(x), g(x) npuHUMaeT JUWDb NOJO-
KUTE/bHbIE 3HAUeHus, a QyHKuUUA ¢ (X) — JAUlIb NOJOXKHTEAbHBIE
¥ OTJWYHbe OT 1 3Hayenus, TO JjorapudmuposaHue (1. €. nepe-
X0, OT ypaBHeHus (43) x ypasHeHuto (42)) AONyCTUMO, Npuuem
npu 3TUX ycaosuax (43) <> (42).

B uacrsOCTH, €ciiu @ — NMOJOXHUTEAbHOE UYUCJI0, OTJIHYHOE OT
1, u xord Obl oAHa u3 dyukunt f(x), g(x) UpUHEMaeT Jullb
NOJIOHTEAbHBIE 3HAUCHHS, TO OT ypaBHeHns (43) MOXHO mne-
peiiTH K ypaBHEHUIO > ‘

log, f(x)=1og, g (x), (44)

npUueM B AAHHOM CJy4ae He NPOUCXOIWUT HI TNOTEPU KOpHeH,
HU TIOABJEHHUs HOBHIX KOpPHEH, T. e. ypaBHeHue (44) paBHOCHJIBHO
ypasHenuwo (43). Flanpumep, ypasueHune

@/ ®) — g8, (45)

‘
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rae @ — NONOKHUTENbHOE YUCHO, OTAMYHOE OT 1, PaBHOCHIbHO

ypaBHEHHIO"
Y F)=g(x).

ITpumep 39. Pewnts ypasHenue
|

2x=—-3x:_
T
Pewmenne. OO0e 4acTH 3TOro YpaBHEHHS NOJOKUTEAbHE!
npn BCEX X.
Beps oT o0eux yacrefl Jorapugm npu OCHOBaHHH 2, NOJNYUAEM
X2 —3x=—2,

OTKY/ld HAXOUM KODHH X; =1, x,==2, IIpoBepKy MOxkHO He fpo-
u3BoANTb. MicXomHOE ypaBHeHHE uMeeT 1Ba KOPHS: xy==1, x,=2.
3°. lpusenenne ocHO8HO20 A02apupMULECK020 MOJXCOEC MBQA.
9710 1peoOpa30BaHHE 3AKAOUAETCS B NEPEXOAe OT YPaBHEHHA

@ ()" =h ()

f)=h(x).
Takoe npeoGpasoBaHue BCErga AONYCTHMO, T. € MOTEPH KOpHEH
npu TOM npeolGpagoBaHuK He npoucxoxuT. Ho moryr nossurncs
NIOCTOPOHHHE KOpHH (110 TeM e MPHUYMHAM, YTO H MPH MOTEHLHU-
pOBaHUM).

[Tpumep 40. Pemurs ypasHeHue

log; (x2 48) _ 4

K yPaBHEHHIO

X

ITpumensts ocHOBHOE JsOrapuMHUYecKoe TOKIECTBO, MOJYUaeM
ypasHeHne x2-+3 =4, oTkyaa serko HaxomuM xX;=1, x,= —1.
Ho un ogno m3 uucen 1 u —1.He sABisieTcst KOPHEM HCXOLHOTO
YpaBHeHns, Tak Kak Hu 1, HU — 1 He MOXeT CayXKHTb OCHOBaHHEM
Jorapugma. _

Taxknm 06pasoM, NMPHUMEHEHUE OCHOBHOrO JOTapU(MHUECKOro
TOXK/AECTBA NPUBENO K MOSBJEHHIO MOCTOPOHHHX KOpHeH. 3uaugwr,
IpY NPUMEHEHHH 3TOro npeo0pasoBaHWst MPOBepKa HeoOxoguMa,

4°, [lepexod K nosomy ocHoBanuio sc2apugsos. Paccmor-
puM ypaBHEHUe

IOg:p (%) f(x) = lng (x) g(x). (46)
Ecsn B ypasuenun (46) nepelitn K sorapudmam 0o 0CHOBaHuw A(X),
TO MOJAYYHUTCA ypaBHEHHE '

logpi f(X) __10gp18 (%)
10gp0:® (%) logp P (%) S
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ITycts xy—xopenb ypasherns (46). D10 osauaer, 4To BHITOA-
HAIOTCA CJeayloulie yCaoBus:

1) pyuxuun @ (x), f(x), p(x), g(x) ompeseneHst mpu X ==X;

2) @ (%), f (x0), P (X0), (X9) — NONOKUTEABHBIE HUCAIA, TPHYEM
P (xg)#£ 1, plxg#];

3) 10g, (s F (%)== 108 (x0)8 (%0)-

Ecan dynkuns h(x) onpemenena npu X=X, B YIOBJETBO-
pser  ycaosusMm h(x)) >0 u h(xg)£1, 1O  BBIpaKeHus
108 (o) f (X0)  108h(xg) P (Xo)  108n(xe) (o) 1 10s(ayP (X0)
MMEIOT CMBICJ, TPUUEM 4 :

10g(xq) @ (x0) £ 0, 108 n1xy P (x0) 7~ 0.
B 3TOM cayuae nmeet Mecto paBéHCTBo (cm. cTp. 264)

logp x) £ (%) — logp xg) £ (%)
10gncxer @ (%) 108 xg), P(¥)’

T. € YUCAO X, ABJAAETCS KOPHeM ypasHeHus (47).

Takum obpasom, ecan ¢yuxums h(x) onpeneneHa u npuHA-
MaeT MOJOWUTENbHEE 3HAUueHnd, OTJAMYHBIE OT I, B TOuKax, rae
onpeneneHs JeBas W npasas 4acTH ypasHenust (46), TO npu
nepexone K JjorapuadMaM 10 OCHOBaHHIO f(X) notepu KOpHel
HE NpONCXOANT. SICHO, UTO B 3TOM CJAYYae Hepexojs OT ypaBHe-
s (47) x ypasHenuto (46) Takxe He NpPUBEZET K TMOTEpe
KOpHefl, T. e.ypasHenua (46) u (47) paBHOCUJABHBHL

OaHako, ecim nepexoa K HOBOMY OcHosaHwio h(x) cosep-
waercs ¢opmaibuo, 6e3 yuera rpeGoBanusi 0 TOM, utobH [ (X)
6blna NOMONKUTEALHOH (DYHKUMEH U HE TUPUHHMAJ A 3HaueHue |,
MOKHO NOTepsitb KOPHH.

MMpumep 41. Ecim B ypasuenuu log,, x=log . x ne-

)
&

peurn K AOFapH(bMaM 0 OCHOBAHHIO X, TO NOJYYHUTCA YpPaBHECHUE

logyx _ logyx
log, 2x x’
€x long

neas W Mpasas yactTH Koroporo npu x==1 He onpeuesenn. Ho
uncao x==1-—kopeHb ucxogHoro ypasHeuus. Taxum oGpasow,
(opManbHLHIA MEpeXol K HOBOMY OCHOBAHMIO TIpUBEN K TOTepe
KOpHs. Uro6nl n3bexarb norepu KOpHs X ==, HAZO yKa&3aTh, uto
HOBOE OCHOBaHHE JOMKHO OHTh  NOJOXKHUTEABHBIM  HUCJIOM,
OT/AMYHKM OT €AHNHHLBL, B PACCMOTPETH OTAEBHO CJayyal x == 1.
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5°. [Mpumenentie cgoticms no2apighmos. OCTAHOBUNCA JULib
pa mpUMEHeHuH GopMyJbl Jorapudma TpousseseHus. ITO npe-
06pa3oBaHue 3aKJIYACTCS ‘B NEPEXOfie OT YypPaBHeHus

log, sy () + log () g(x) =1 (x) (48)
K yDPaBHEHUIO
log (o [/(x) g(x) |=h (x). (49)

D10 npeobGpazosanue JOMYCTUMO, T. € He MPUBOANT K TNOTEPE
xopHe#t. OZHAKO OHO MOXET MPUBECIN K NOSBJIEHHWIO IMOCTOPOH-
Hux KopHefi. B camom jese, ecam HEKOTOpOE 4MCIO X, 9B-
JAeTcd KopHem ypasheHus (48), TO 3T0 03Hayaer, YTO BHINOJ-
HAIOTCS  CJAELYIOULHE YCJ/IOBHS:

1) @ (x,)— NOJOKATEIBHOE UUCJIO, OTJAUYHOE OT I;

2) o6a uucaa f(xg), g(xy) NOMOKUTENBHDI,

3) unca0 X, yA0B/IETBOPSET ypasHeHuwo (48).

Orciona Ha OCHOBaHUM CBOHCTB JOrapud)MOB BHITEKAET, 4TO

IOgaf:'(xo) S (o) + ]qu(xo) glxo)= logcp(xo) [/ (x0) g (x0) ],

TaK YTO X, yAOBJAETBOpser u ypasHeHuto (49). Hrak, xawmabih
KopeHb ypaBHeHusd (48) daBssercas W KOpHeM ypasuenus (49),
1. e. ypasHenue (49) sasaserca cjaepcTsueM ypasHeHus (48),
¥ norepn KopHell He mpoucxoaur. B ro ke Bpems ypasHeHue
(49) mMOXeT uMeThb TaKWe KOPHM, AJA KOTODHIX yC/JOBHEe 2) He
BHIIONHAETCSA (XOT mo-mpexueMy f(x,) g(x,)>0), 1. e KopHuuy,
[/ KOTOPHIX BBINOJHEHO YCJOBHE:

2') o6a uncia f(xg), g(x,) OrpuLaTEIBHBL

ITuM U OOBSICHAETCS BO3MOXKHOCTb TOABJEHHS MOCTOPOHHAX
KOpHeH npu nepexoje or ypasHeHus (48) K ypasHeHnwo (49).

ITpumep 42. Pewurs ypasHeHue

logg (x — 1) -+ logg (5x +3)=2.

Pewenue. Ilpumenss ykazannoe npeofpa3oBaHue, Mbl fpu-
XOIUM K YPaBHEHHIO

logs (x — 1) (5 +3)=2,
2 OT Hero ([IOTEHUMPOBAHMEM)-—K YPaBHEHHIO
(x—1)(6x - 3)= 36,

«

: 13
uMeloleMy ABa KOpHsi: Xy==3, Xy=—-—=. Ilposepka noxass-

BaeT, 4ro X;-—KOpPCHb HCXOJHOr0 YpaBHCHUA, a Xo ABJACTCA
NOCTOPOHHNM KOpHEM. 3amemM, 4TO NOABJACHUEC NOCTOPOHHETO

301



KOpHA [POM30OLIA0 UMEHHO B pesyabTaté NpuMeHenus (opMylinl
norapudmMa NPOW3BENEHNs, 4 HE B PE3YAbTaTe MOTEHUHPOBaHUS
(Tak Kak X, sIBJAETCH KOPHEM IIPOMEXKYTOUYHOIO YPaBHEHHS).
- Chrenyer samerursb, uro oOpaTHoe npeoGpasopanue (T. €. ne-
pexox oT ypaeHeHus (49) k ypasueHuwo (48)) sBasercd, Boobue
rosopst, HeZOMyCTUMOH omnepauuedi, T. e. NpU nepexoge OT ypaB-
nenus (49) x ypasuenmo (48) MoxeT npousoHTH mnOTEps Kop-
Hefl. UTOObl 3TOr0 He NPOU3OMIIO, HYKHO B Clyuae HeoOXoau-
MOCTH TNEpPeXOAuTb OT ypasHeHus (49) He K ogHOMY ypasHe-
Huio (48), a K IUIDIOHKUAM IBYX YDaBHeHUil:

log,(x) [ () 4108y g () = h (x), (50)
l0g,(x) [— (%) ]+ 10ge [ — 8 (%) | = h (x). (1)

Takoe npeoGpazoBanne He NPHBEIET HU K IOTEpE KODHEH,
HW K TMOSIBJEHRIO TOCTOPOHHEX KOPHeH, T. e. (49) <> {(50) \/ (BI) }.
MHaue rosops, o0beguHss BMecTe Bce KopHu ypasaenu#t (50), (51),
Mbl HOJYUHM BCE KOpHE ypasneHus (49).

B 3akumouenne naparpada paccMOTPUM HEKOTOPHIE THNB NPO-
CTEHIINX TOKa3aTeJbHBIX U JOrapu(MUUECKUX ypaBHeHuil.

A. Iloxkazareasune ypasHedns L. Ilycts  nano
ypaBHeHHEe BHIA

v

aP¥i=p, (52)
rae a>0, a1, 6>0, P(x)—3anauusii muorounen (¢ neii-
CTBHTENBHBIME KO3 (ULHEHTAMH).

Tak kak Jaesas u mnpasas yacTH ypasHeHus (52) noaoxu-
TeAbHbl, TO, Jorapupmupys obe uacTn ypaBHeHus (52) o ocHo-
ganuio a (@ >0, a 7% 1), nonyyum ypasHeHue

_ P(x)=loggb,

pasHocuabHoe (cM. 2°) ypasuenmo (52).

3ameruM, uto npu <0 (@>0, a# 1) ypasuenue (52)
pellleHUH He umeer.

ITpumep 43. Pemnts ypasueHue

4x2+0.~:,x —8
Pewenne. Hueem {47+ =81 s [x240,5x=1log, 8},
OTKyda Haxoamm: x;==1, xXy= —1,5.
2. AHaJOrnyHo pewaiTcs ypasHeHusi Gosee ofuwero suma:
afrt®) el | gPn*) =p, (53)
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rae @, dg ..., A, b—3aNaHHBE TONOXMTEAbHHE uYucaa, P;(X),
Py (X),.. 55 P,(x)—3anannsie MHOrouneHsl. Jlorapnpmupys oGe
yacTH ypasHeHns (83) no Hekoropomy ocHoBanuo a (a >0,
a =~ 1), moay4yuM ypasneHue

P;(x)logaa; + Py (x) logaas +- ... + P, () logea, =log.b,

paBHOCHAbHOE ypasHenuio (53).
MMpumep 44. Peuurs ypaBueune

2%3715%2 =4,

Pewenue Jlorapndmupys pnaHHOE ypaBHEHHE MO OCHO-
BAHWIO 2, TOJAYUaeM DaBHOCW/BHOE YDaBHEHHe

x -+ (x— 1) logy 3+ (x4 2) log,5=2,

__ 2-4Tloge3—2logyb
T 14-loge3 -Flogsh

OTKYa
x

3. Paccmorpnm nokasaTenbHOe ypaBHEHUE BHIA
P (@*)=0, (54)

rie @— 3aJaHHOE MOJOWKHUTEeIbHOE Yucio, -a # 1, P (f)— 3anan-
HBIf MHOTOYJIEH.
3amenus HeuspecTHOe M0 (hopmyne

N

t=a*,
[OJIYYUM YpaBHeHHe A :
) P(t)=0. (55)
Mycts ty, g, ..., t,— BCE TOJNONKUTEAbHBIE KOPHA ypaBHeHus (55).

Tak kax ypasHeHue
at=b (@>0,a#1l

MMEeET pellieHre B TOM M TOAbKO B TOM chiyuae, Korza b >0,

TO KODHAMH HCXOAHOTO ypaBHEHHa OyAyT BCe KODHU ypasHe-

Hult Buga a@*="~,, 1. e uucia x=10g,t, (m=1,..., n)
[Tpumep 45. Pewwurh ypasHeHue

81" —2-9¥—3=0.
Pewenue Ilonaras {=9"% nonyvaem ypasuenne
2—2¢t—3=0,
MMeloulee eIMHCTBEHHHIH TOJOKNTEbHEH Kopens f;=3.
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1
Pewus ypasnenne 9%=3, maxoguMm x= g - Caenosarens-

1
HO, NaHHOE YpPaBHEHWE UMEET €IMHCTBEHHBIH KOpeHb X=-.

IIposepka He HyxHa.
b. Jlorapudmuuyecxkne ypasHenns l. ITycts naHo

ypaBHeHue BHIA
logoP (x)=b, (56)

rae a, b—sagannne uncag, a >0, a1, P(x)— 3ananupi
MHOI'OUJICH.

YpasneHne (56) Kak 6na10 ormeueHo shimte (c1p. 302), pas-
HOCHJ/IBHO, YPaBHEHHIO

P(x)=a" ; (57

Bce wopun ypapneuns (D7) ¥ TOJIBKO OHH SABJASIOTCS KODHAMH
ypasuerus (56).
ITpumep 46. Pemnrs ypabuenue
log, 2x®—2x —1)= —

9

1 .
5

Pemwenune Vpasuenne 2x%2—2x—1= <J) o2 , DasHo-

9
CHJIBHOE 3auanuomy ypaBHeHmo, UMECET JaBad I(OpHH: x1= -—_ 1,
Xp=2. :
Ome. x3= — 1, x,==2.

2. Paccmorpum ypasueune Gosiee ofiiero BHaa:
g log_aP1 ()t nylogaPy (x)+ ... 4-nplogePr(x)=0>0, (68)

rne a u b-——3apauneie uncay, @ >0, a £ 1 ny, Ry ey, Hp—
gagauHsle ueasle 9nucaa; Py(x), Py(x), ..., Pp(x)—sananssie
MHOTrO4JI€HHL, '

ITorenumposannem nepeitaem ot ypasueuus (58) Kk ypaBHeHHio

[P1(x)]™ [Py (x)[™ ... [Pr (%) ] =0a". (59)

Ypasuenne (59), kak ObIO OTMEUEHO Ha crp. 296—297 u 301,
ABJASETCA CAeACTBHEM ypaBHeHus (58).

Pewennsmn ypasnenns (58) OyayT Te m TOJBKO Te KOpHH
ypasnenust (59), mas KOTOPHX KaxAbi# w3 MHOrouneHos P (x),

Py (x), ..., Pp(x) npuHnMaeT NOMOXKHUTENBHOE 3HAUEHHUE.
IMIpumep 47. Pewnts ypasHenwe
2 log, (x — 2)— logy ' x2 — 4x +29§) —a (60)
' \
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Pewenue IloreHuuposannem ypasHenus (60) noayuaem
paBHEHHE :
y (x — 2)2 o 9

uMeloiee KopHa x; =1, x,=3. .
Kopuamn ypasnenus (G0) Oyayr Te H3 HaiiAeHHHX KOpHeH,
A KOTODBIX OJHOBDEMEHHO BbITIOJMHATCA HEPaBEHCTBA

x—2>0,
5 28
x —4x-|——9>0.

Uz uucen x,=1, x,=23 nepaseucrsam (62) ynosaersopser
TOJBKO UMCJIO Xy = 3.

Oms. x==3.

3. PaCCMOTpHM ypasHEHHE

logpyy N=mn, (63)

rae N —3ajaHHOE NOJOXKHTENBHOE YHC/O, 11— 3alaHHOE Lenoe
unuca10, P (X)—3amaHHBIl MHOTOUJIEH.

Crexgyer oTMeTnTh, 4to JieBas 4acrth ypasueHns (63) mmeer
CMBICA TOMBKO [ TaK¥X SHAYEHHH X, TpH KOTOpBIX P (x) >0
u P(x) 7 1. IloreHuuposannem nepexogum OT YypaBHeHmst (63)
K YPaBHEHHIO

(62)

[Px)]"=N, (64)

KOTOpOE fBJIAETCA CJACACTBHEM ypaBHeHus (63).

Kopusimu ypashenust (63) Oyayr Te # TONBKO TE KOPHH
ypaBHeHm (64), koropiie ymosaersopsior ycaosuam P (x) >0

P(x) # 1.

Mpumep 48. Pewnts ypasuenue logx L 9=2.

Pewenne Pewas ypasuenune (x— 1)2=09, naxogum x; =4,
Xo= —2. VYcaosuam x—1 >0, x—1%1 ynosiersopser
TOABKO KOpeHp Xx,==4%.

Oms. x==4.

3anaud K raase IX

9.1. MoxHO /n yTBEp¥AaTh, YTO BEPHOE 4KMC/IOBOE paseH-
CTBO NEPeXOAWT. B BEDHOE PaBEHCTBO, €CJU MPHMEHAIOTCS  CJe-
Aytonpe npeotpasoBaHus:

a) npuOaBJICHRE OJHOFO ¥ TOTO K€ uucaa K 00enM uactam
paBeHCTBa;

6) ymHO}xeHue o0eux uacTell paBeHCTBA HA OAHO B TO ke
4ACI0;
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-B) BosBenende ofenx uacrefl DaBEHCTBA ‘B OJHY W Ty Xe
crenewb n (n — HaTypaabHOE 4HCAO0)?

9.2. MoXHO Jin yTBEpkJaTh, UYTO INpH TNPUMEHEHHH MNpPeos-
pa3oBaHuii, YKa3aHHHIX B NpeAblAyuled 8agaye, HEBEPHHIE UYHCJIO-
BHIC DABEHCTBA MEepPeXOAiT B HEBepHHE?

9.3. MowHO au yTBEPWKAaTh, 4TO ecan a=h? — uesepuoe
pABEHCTBO, TO @==b TaKKe fABJSETCA HEBEPHHIM DABEHCTBOM?

9.4. TTokaxute, 4TO . TOHATHE PABHOCH/IBHOCTH YypaBHeHui
06a13agaeT CBOHCTBOM TPAHSWTHBHOCTH: ecau ypasnenne A pae-
HOCHALHO ypaBHeHnio B, a ypasnenue B pasHOCH/IBHO YypaBHe-
nao C, 10 A u C — paBHOCU/TbHEIE ypaBHEHUS, T.. €. €cay
A< B, B-C, 10 A<C.

9.5, [TokaxuTe, YTO BBEIEHHOE [/ YpaBHEHuH mnOHATHE
caeAcTBus o6nanaeT CBOHCTBOM TPAH3UTUBHOCTH: €CJW JJS YpaB-
neuust A, B n C umewr Mecro coorHomenns A4 - B, B—C,
10 A— C.

9.6. [Mokaxure, uto ecav ans ypasuenu#t A, B u C umeior
mecto coornowenns A« B, B—C, to A —C.

9.7. IMoxaxure, uTO HA MHOXECTBE BCEX MACHCTBATENbHHIX
yncea ypasHeHus x?=2x — 1 n x?(x*+1)=2x — 1) (x*+ 1)
PaBHOCHJIbHEI.

9.8. Ilycte dynkunn f(x), g(x) f1 (%) g (x) u @ (x) onpe-
Jenens Ha MHOXecTBe M neitcTBuTenbHbIX uucen. Ilposepore,
PaBHOCH/BHBL JIM- HA STOM MHOXECTBE YKa3aHHBIE HUXKe Maph
ypasHeHut. Kakoe u3 aByx ypaBHeHuH KawaoH mape siBAseTcH
CNENCTBUEM JPYroro?

1 1
D fD=8) " =g

Vix)=V gy

6) f(x)=g(x) n
B) f()=g(x) u sinf(x)=sing(x)
‘r) f(x)=g(x) n arcsin f(x)==arcsin g(x);

n LA_LE w s e =h08c)

&) Vi)V gx) =0 n Vix)gx)=q )

9.9. Ilycte dyskunn f(x) 1 g(X) onpeesensl Ha MHOKECTRe
M peHcTBUTENBHBIX 4HCE] ¥ NPAHUMAOT Ha 3TOM MHOXECTBe
HefiCTBUTENbHBE 3H3UeHWsl OJHOTO 3HaKa. JLOKawWTE, uTO Ha MHO-
wectse M { f(x)=g(x)} < {[ FPE=[g(x)P}.

_9.10. Tlokawute, uto ypasHehne | f(x)2=[g(x)]> Moxer
AMETh KODHH, OTJIMYHBIE OT KOpHe# ypasuenus f(x)=g(x),
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# UTG 5TH KOpHH, €C/MH OHH eC¢Tb, YAOBJETBOPHAIOT YPABHEHHIO
- f(x)+8(x)=0.

' 9.11. Ilycrs ¢ynxkmun f(x) u g(x) onpene/eH Ha MHO-
xecree M, u nycrb E; n E,—MHOMXecTBa 3HaueHHH COOTBETCT-
_ seHHo dyHknu# f(x) u g(x). IlokaxuTe, uto ecau yHKUUSA
cp(t) onpefeseHa Ha MHoxecrBe E==F; (| E, TOo Ha MHOX€CTBE
M ypashenne @[ f(x)]= [g(x)j IBJIAETCA  C/ICACTBHEM YpaB-

dHenna f(x)=g(x).
9.12. HMcnoassys METOZ 3aMeHbl HEH3BECTHOIO, PELINTE ypas-

© HeHus:
a) (x2—2xP—2x%44x—3=0;
6) (x4 1)(x+2)(x+ 3)x +4)=3.

Pewume uppayuonarsnse ypasuenus (9.13 — 9.22):
9.13. VxF7+Vx—2=90.914.) x+17—V x—T=4.
9.15. Vo2x— 15—V x+16=—
9.16. /' 2x24+3x+2—) 2x2 4 3x—5=1.
9.17. 2)/ P —2x+4—) x¥—2x+ 9=1.
34x 3—x
9.18. _*—11;31:1];3_;5“2
9.19. y 5 L x —2y 5—x———1/25 X2,
9.20. 7V x+V x+14+7 xF2=0.
921, )/ x4 6—4V xd 24V 11 +x— 6V =1
922, V78 f x4+ 250 —x=7.

Pewume noxadameasrvie ypasnenus (9.23 —9.41):
9,23, 39+t1—=08x=1 994, 4+7-x+1=8%

1 ‘1
9.25. 2 (23+VF)2Vx =16V *—1-
9.26. 2.3+t3 1. 7.3%"2=493,
9.27. 5225‘1—5*:100. 0.28. 33 .2%~1__4x+1 2,
929, 3. 4514 1 051 — .92 L. 30,
9.30. 22x-9x-—2 SG8F -1 4201, 34 -2 (),
9.31, 28x.3%._285-1.3x+1 1 988 0,
9.32. 3.442.9%=5.6%
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9.33.

9.34.
9.35.

9.36.
9.37.
9.38.

9.39.
9.40.

9.41.

b L La
5% _7.10% +2.4 % —0.
4.9/81 —129/36 49316 =0.

(V3—v8)+ ‘/3+V8> —&.

52¥ 3% 15.25% 4 15.3%—0.

5%+ |- 53 (1= 4 15 (5% - 51~ %) = 216.

8514 8. (0,5)2% 43 . 258 — 125 — 24 . (0,5)%

[

n—s ’]‘/;

Vit =x (n—mHatypanpHOE 4HC/I0).
n —

=Y % (7 — HatypanbHOE Yucao).

N oa—
(x%)*=xV* (n—mnarypanbHoe ducro).

Peuume ao2apugpmusecrue ypagrenus (9.42—9.47).

9.42.

9.43.

9.44,
9.45.

9.46.

9.47.
9.48,

log, (logs (log, X)| =5
1g (x2 4 19) —Ig (x— 8)=2.
V'5log, (— x) = log, |/ x%.
log, 3-logx 34log, 3=0.
3 8T
10gjx ¥* +log » V x=2.
2

loga(ax)-lgx(ax)zlogaz?l;, a>0, a1

lg (kx)

m: 2 nMeeT

[Tpu xakux 3HaueHuAxX 2 ypaBHEHue

DPOBHO OJMH KODEHb?

9.49.

g x 9

[Tpn xakux YEHUAX BHEHHE —— 5%
pa KaK 3HAUEHUSIX @ ypaBHeH )

nmeeT xoTa Obl ogHO pemlenue? Haimure BCE pEIUEHHS.

Pewume ypasnenus (9.50—9.55):

9.50.
9.51.
9.52.
9.53.

9.54.
9.55.

1g (x2—x—6)+ x=1g (x+2)+ 4.
25 —1g(B*¥ - x —2)=1g 4",

log, (4-3"— )=2x 1.

logy (274 1) logy (257! 42) =2.

10; e
L> £x 3 log,. 2

90. 3'gx* _ =8l .

0,1.xlgx—1—10.



FNABA X
CHUCTEMB! YPABHEHMIA

§ 1. PaBHOCHIbHEIE CHCTEMBbl YpaBHeHH.
Cucrema, sipJsiomAascs cJaejicTBHeM XaHHOH

B 3To#t raase MH s nMPOCTOTH W3NOkeHus Oygem pac-
CMATPUBATb CHCTEMBl YpDABHEHHH € ABYMs HeusBecTHhIMH. QJHAKO
BCE OCHOBHBIE pEe3YJbTaTHl OCTAIOTCA B CWI€ U A CHCTEM C
OO/bIHUM YHCAOM HEHW3BECTHBIX.

Cucremy nByX ypaBHeHnH ¢ AByMs HeusBecTHbIMU Oyaem sanu-
CLIBaTh B CJAEAYIOUIEM BHIE:

{ Silx, V)=gi(x ¥)

1
S y)y=gi(x ¥). (1)

Pewenuen cucmemss (1) nazsisaenics napa wuces (Xgp Yo)
npu nOOCMAHOBKE KOMOPbLX COOMBENMCHIBEHHO BMECMO X U Y
rKaocdoe ypasuenue cucmemol (1) cmanosumest sepHoLM HlC-
AOBbLM DABEHCHIBOM, M. €.

Filxe Yo)=g(Xe Yoh SalXo Yo)=8u(xyp Vo)

Pelnth cucreMy —3HauuT HaliTu BCe ee peleHus.
3ameTuM, uTO GurypHad CKOOKa B 3aMHCH CHCTEMBl ypaBHe-
Ha#t (cM. (1)) sameHsier coGoft 3warx Kowswomrkguu. B camom
nelje, 1ph  pelleHUH CHCTeMBl Mbl HIleM TaKue Maphl 4ucel
(xp VYg) NpU MOACTEBHOBKE KOTODHIX B CHUCTEMY « NEpPBOE W BTO-
poe ypaBHEHMA MNpPEBPAILAIOTCA B BEPHLIC UKCJAOBLIE paBEHCTBA.
Hse cucmemor ypasrenui

{ Sl ¥)=g(x% ¥) @
ol ¥)=gy(x ¥)
u
{ 56, y)=gs(x, ¥), 3
‘ Ja(x, ¥)=g4(x, )
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hasvigalomen padroctidbHulmu (3K 8UEa e KT H bl M),
eCcAll OHIL UMEIom O0HIL U Me Jie peulenuss, m. e. 8CAKoe pe-
wenue cucmenmsl (2) ssagemcs peuteruesm. cucmems (3)
naobopom, gcakoe peusenue cucmenmv (3) sgasemcs peue-
Huen cucmems (2).

[NousaTne paBHOCHABHOCTH CHCTEM 3aBUCAT OT TOrO, Hd KaKOM
MHOXeCTBEe MBI nuieM pemesus. Tak, cucrema

(x2—l—y + D(x4-3)=0,
: Xx—y=0

PaBHOCHJ/bHA CHACTEME

- x+y=0,
x—y=0,

ec/l¥ MBI HUIEM TOJBKO JeHCTBUTE/bHbIE pelleHHs, U He PaBHO-
CHJILHA, €C/IA JIONYCKAOTC KOMILIEKCHBIE pELIeHHd.

M3 onpenesnenus paBHOCH/IBHOCTH CUCTEM BBITEKAET, YTO 11106!:16
ABE CUCTEMH, HE HMEIOUHE peweHutl (Kecogmecmmusie CHCTEMBI),
PaBHOCHJAbHBEI.

M3 onpeaenennss paBHOCHABHOCTH CHCTEM CJEAYeT TaKke, uTo
ecaM B CUCTEME YpaBHEHHH 3aMeHUTh Mo0oe€ n3 ypaBHeHHH pas-
HOCHJIbHBIM €MY YPaBHEHHEM, TO MOJYYHM CHCTEMY, paBHOCH/b-
Hyl0 ncxoiHo#. B uactHocty, cucrema (1) pasHOCH/IbHA CAEAYIO-
et cucreme:

{ Silx, ¥)—gi(x, ¥)=0,
fz(x, y)_gz(x: ,V)=O

Taxum oGpasom, mofas cucreMa ABYX ypaBHEHHH C ABYMsl Heu3-
BECTHRIMM MOKE€T ObITh 3amucaHa B BUAE

; { Fy# ¥)=0
Fo(x, ¥)=0
Cucremy ypaBHeHu#
{ [ V)=gy(x, ),
Jolx, V)=2g4(x, ¥)

HaszoBeM caedcmeuenm CUCTEMHB (1), ecau Kaxk[IOe DEIleHHE CHC-
rembl (1) aBaserca peweHueM cucremsl (4). AHaIOrHYHO, ypaBHEHHe

Fx, $)=G(x, ¥) G

“)
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ecTh CaeAcTBHME CHCTeMB (1), €C/M Kakaoe peLIeHHE CHCTEMBI
(1) yaosaersopser ypasHeHuio (5).

W3 ompeneneHuss paBHOCHJIBHOCTH M CAENCTBUS HEMOCPEACT-
' BEHHO BBITEKAET, UTO. K CUCmeMe MONCHO npucoedurums awoboe
ypasrenue, ABAANUECEC €€ CAe0CmEuem, U Npu IMOM MHO-
scecmgo peuwtennil cucmemsl He uamenumcsi. Vaoimu caoeamm,
ecan ypasHenne (8) ecTs ~ caencTBue cucremsl (1), TO cucrema
(1) pasHocmabHa cucTeme T pex ypasHeHu#t (1), (5).

MMpumep 1. Halitu pmelicrBuTenbHBE pellleHHs CHCTEME
ypaBHeHHH

xyf24="2
y

_9

xy—6 ==

Pemenne. IlepemHowkas ypaBHeHns, nosyuyaem

(xy -+ 24)(xy — 6) = x%?,
OTKYJa HaXOIuM
xy=3_. (6)

YpaBHeHne (6) sBasercs CJAeACTBHUEM HCXOIHON CUCTEMBHL.
IlosTomy, npucoeAMHMB K HCXORHOH cucreme ypasHenue (6),
NOJYUYNM CHCTEMY

xy=38,
xy-}-24__"yi
xy—6= _Jy;,

KOTOpas paBHOCHJbHA HCXoAgHo# cucreMme. Mcnomssys nepsoe
ypaBHEHHE ITOH CHUCTEMbl, Mbl JIETKO YNPOCTHUM BTOPOE W TpeTbe
ypaBHeHus N NpWAEM K CUCTEME

xy==_,
» 39,
y

¥

X

Eciu Temepb NOYIEHHO MEPEMHOXHUTHL MNEPBOE W BTOpOE
YpaBHeHHs  3TOH  CUCTEMB, TO MH TOJYMHM  ypaBHeHue
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x* = 8-32 =28, quasiouieeca CJCACTBUEM 3TOH cucremsl. TouHo
TaK ke, NMEePEeMHOXHB IEPBOE M TpPeTbe YpABHEHHA, MBl MOJYyUYHM
ypasHeHne y*= 16 = 24. Takum 06pasoM, Mbl IPUXOAAM K CUCTEME

{ x4=—98
yh=124,
ABAdOULENCcs CAEACTBUEM MAHHOH CUCTEMBI.
Tak Kak Mbl HMILEM [JeHCTBUTE/BHBIE pELICHHS, TO U3 ITOH

CHCTEMBI HaX0JuM
x==14, y=-42,

Wcnoansys ypasheHne (6), moayuaem nBa AeHCTBHTENBHBIX pelle-
must: (—4; —2) u (4 2). Ilposepka mnokasmiBaer, 4To 0062 -
peuieHas yAOBJETBOPSIOT HCXOAHOH CHCTEME.

§ 2. OcHoBHble NpHeMbl M METOAB! pelleHHsl CHCTeM

pu peniennn cucrem ypaBHeHHH TNPUMEHSIOTCS pasaUuHbIe
IPUEMBI ¥ METOJBL METOX JIHHEHHOro NpeodpasOBaHUs CHCTEMB,
MEeroj IpHBENEHHSt CHCTEMBl K AN3BIOHKUMH GoJee MPOCTHX
CHCTEM, METOA TOACTAHOBKH, METOA HCKJIOUEHHUT HEU3BECTHHIX,
METOJ 3aMEHbl HEW3BECTHHIX H T. M.

[Mpumensss aTm MeToAH (Npu ONpeJe/NeHHbIX YCAOBHAX), MBI
BaMEHsieM HMCXOIHYI0 CHCTeMY DaBHOCUJBHOH el Gojee mpocroi
CHCTEMOM, .a 3aTeM pelaeM 3Ty Gojee MPOCTYI CcHCTeMy (uau
COBOKYMHOCTb 60J/iee TPOCTHIX CACTEM).

Ilepedinem K WMBIOXKEHUIO NEPEUYHCEHHBIX BHIIE METOLOB pe-
LIeHns CUCTEM YypaBHEHUM.

1°. Metox JaunefiHoro npeoGpazoBanus cuctemsl. Ilycts
JlaHa CHCTeMa YpaBHEHMH

f1(x )=0,
{fz (x, ¥)=0. ¢
Bysem rosopurb, uro cucreMa ypaBHeHHH
{ a1 f1 (% ¥)+asfy (%, y)=0, ®)
bifi (% Y)+byfa (x, y)=0 :

noayuena u3 cucremsl (7) ¢ momomwplo suxelinoz2o npeodpalo-
sanusi (ay, @y by, by—3amaHHBIE ymCaa), @ YUCJIO

a; a,

A= 2
by by

- a1b2 - a2b1
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GyneM HaswiBaTh onpedeaumenes >Toro auHefiHoro npeoBpa-
30BaHU.

Taxne npeoGpazoBanust npumeHmoTcsl IOBOJBHO 4YaCTO TIpH
peweHun cucteM. PaccMoTpuM B KauecTBe mpuMepa CHCTEMY
ypaBHEHHH

{fl(x’ N +Sa(x ¥)=0
J1(x ¥)—Jo(x, y)=0

nosnyueHHyw us cucremsl (7) CIOXEHUEM M BHUMTAHHEM Ypas-
nenuit cucremnt (7). Herpymuo mnposepuTs, 4to 3Ta cucrema
paBHOcuAbHa cucreme (7).

EcTecTBeHHO BHIICHMTH BONPOC: B KAaKOM cJayyae cucrema (8),
noayuawouwascs u3 cacreml (7) JuHeHHHM fpeoGpasoBaHUEM,
PaBHOCHABHA CHCTEME (7)? Otser Ha 5TOT BONPOC Jaer clelyio-
1iasg Teopema.

Teopema I. Ecau

@ Qg

A:
by by

# 0, ®

mo cucmena (8) pasnocunsna cucmene (7).
NoxasarteanbctBo. Ilycre (xg ¥,)— pelueHne CucTeMsl
(7). Torga uMEIOT MECTO YHCIOBHIE pAaBEHCTBA

fl (xO" yﬂ)zo’ f2 (xoy y0)=0

Orcioga ciaeayer, yTo npu JoOBX ay, @, by by cHpaBennBH
UKCJIOBBIE DABEHCTBA
ayf1(x0 Vo) -+ asfe (xp ¥9)=0
bifi (X0 ¥) +bofe (X0 Y0)=0,
T. e. (Xy; ¥,)— peluenue cucremst (8).
IlokaxeM Temeps, YTO €C/U BHINOJHEHO ycaoshe (9), TO BCH-
Koe peuieHne cucrTeMsl (8) sBasercst pelicHHeM W A8 CHCTEMBI

(7). Myctp (xy; y;)— pewteHue cucremnl (8). Torga uMeoT MecTo
YUCJIOBBIE PABEHCTRA

{ arfi(xy y)+asfy (61 y)=0,
bif1 (X y0) +bof2 (%1 ¥)=0

Has COKpallleHud 3anucy BBEIAEM o6o3HaueHns

. t=fi(xh ), te=fa(xy, Y)

(10)
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Torma cucrema pasencrs (10) npamer Buft

a1t1+azt2=0, (11)
bty + byt,=0.

IoxaxeM, uro ecan A % 0, To u3 (11) BHTEKalOT paBeHCTBA

t=/f1(xp y0=0, ty=,o(xp y)=0. (12)
PaccMoTpum cucreMy nByxX ypasueHu#

a4 a,9 =0, 13
{blu—l—bzv:O (13

C ABYMsl HEM3BECTHBIMH N ¥ U. 3aMeTdM, uTO, B CHIY DPaBEHCTB
(11), napa uuncexn (f;, £,) ob6pasyer pemenue cucremsl (13). [Tapa
uucea (0, 0) rakxe, OUEBHIHO, ABAAETCHA PELUCHUEM STOH CUCTEMBI.
Ho tak xak onpepmenurens A=ab, — bja, cucremn (13) oriu-
ueH oT Hyaa (ycaosue (9)), 10 cucremMa (13) uMeer TOABKO OAHO
peutenne. 3Haunt, £, =0, {,=0.

‘Mrak, mbl pokasanu cnpaseainBocTh pasencts (12). Caeno-
BAaTEJIBHO, (X;; V;)— pewenue cucremsl (7).

Teopema 1 poxazana.

2°, MeTon npuBeneHus CHCTeMbl X JAH3BIOHKNHH GoJee
OpocThiX CHCTeM. Byjaem rosopurs, 4T0 cucmema ypasHewuil

fi(x »)=0, (14)
Jfa (% ¥)=0

pagHocuAbHa OQU3BIOHKYUL clcmen
&1 (x7 y)ZO’ (15)
8 (%, ¥)=0

u
P1 (x’ y)=o’ (16)
@ (% ¥)=0,

ecnw Kaxjoe peleHune cucrembl (14) sBagercs pelleHHEM XOTH
601 oaHo#t u3 cucrem (15), (16) u BCsKkoe pelueHue Kaxno# us
cucreM (15), (16) saBasierca peleHueMm cucTemsl (14).

Bumecro cnoB «cuctema (14) paBHOCW/IBHA AM3BIOHKUAH CH-
crem (15) m (16)» ymorpebasioT Takxke caoBa «cucrema (14)
pacnadaemes Ha gse cucteMnl (15) u (16)» wim «cucrema (14)
pasHocuabHa COBOKynHoCcTH cucreM (18) m (16)».
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PasymeeTcss, MOXHO rOBOPHTb O DAaBHOCHJABHOCTH CHCTEMBI
ypasHenn#i (14) nusbOHKLIUMM TpeX U Gosee CHCTEM YpaBHEHuH.
INNpumep 2. Cucrema ypasuenuit

X2 —y2—0,
xy—1=0
paBHOCH/IbHA HH3BIOHKLHN CHCTEM

x¥—y=0, x+y=0,
u
xy—1=0 xy—1=0.
Teopema 2. Ecau coynrguu fy (x, ¥) fo (6, ¥), ..o, fr (%, 9),

g(x, y) onpedeaens. Ha Hexomopom muoxcecmse M, mo Ha
SMOM MHONCECIBE CUCMEMA YD ABHEHUIL

{ FiGe N fa(x 3) o fr(x ¥)=0,
. (17)
g(x% 9)=0 '
paBHOCIl/lea 6?136/01-”61;11& cucmem
{f1(x:J7)=0» {fz(x,y)zo» I fk(x:y)=0, (18)
g(x, =0, | g(x »=0""T"1 gly»=0 " "

HNloxasarteabctBo. Ilyers (xg yo)&=M » nycrs
(x; yo)—peumenne cuctemnl (17). Torpa Bce dyHKUHH, cTOsUIHE
B JEBBIX uacTsX cuctembl (17), onpeieseHb Npu X=Xg V=1,
U CHpaBel/IMBHL UUCJOBBIE pPABEHCTBA

{ Ji(%p ) fo (X o) <. [ (X0 Y9) =0, (19)

g (xp y9)=0. (20)

Uz (19) caenyer, uto xora Obl ogHO w3 uncen f,(xq ¥o)
(r=1, 2, ..., %) pasno Hymo. Ilycts, Hanpumep,

Ji(xg ¥y)==0. (2D

M3 (20) u (21) caenyer, . uto (xg J,)— pEIlleHHE OJHOH u3
cucrem (18), a UMEHHO CHCTEMH

{ Ji(x =0,
g(x, y)=0
(npuuem (xy o) € M). ObparHo, nycTh (Xy; Vo) — PEIUEHHE CH-
CTEMBI. :
{fp (%, y) =0,
g(x y)=0
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(31ece p—opHo u3 uucen 1, 2, ..., k), npuueM (x, 1) = M.
Torpa fp(xp yo)==0, g(xp ¥9)=0, npuuem B TOUKE (X¢ Y0)
Bce ¢yukumu f; (X, ¥), ..., fr(x, ¥) oupeneneHs, oTkyaa cie-
Ayer, 4TO Mapa umcen (X, Vo) yaosaersopser u cucteme (17).
Teopema gokasana.

3ameuanune. Beskoe pewenue cuctemnl (17) ects pete-
nue omuo m3 cucrems (18). O6paTnoe, BoOOOmIE roBopsd, He-
BEpHO: ITO CBSIBAHO C TeM, yTO ojaHa u3 cucreM (18) (manpu-
mep, cucrema fi(x, y)=0, g(x, y)=0) moxer uMeTb Taxoe
peuienne (Xg; J,), KOTOpPOE He BXOAMT B 001aCTh OIpEAe/IeHHs
Kakoi-ubo u3 ¢yuxuui fo(x, ¥), ..., fp(% ¥), a 3Hayur, HE
apasierca peuleHneM cucremsl (17).

ITostomy o6buHO npu pewmenun cucreMm Bmaa (17) nocry-
nator Tak. Haxomst Bce pewenms scex cucrem (18), a sarem
NOACTaHOBKOH B cucremy (17) orcemBaioT Te 13 HalaeHHBIX
pelleHufl, KOTOpble He YAOBAEeTBOpsitoT cucreMe (17) (He BXOBAT
B 06s1aCTh Onpeje/cHus Jeso 4acTu nepsoro ypasaenus (17)).

[Ipenocrasisem uuTaTemo HOKasarh, UYTO HMEET MECTO cJje-
Aywomas Gosee ofmwas TeopeMa.

Teopema 3. Ecau dpynrguu [ (%, y)u g (6, ) (p=1, ...
s Ry m=1, ..., n) onpedesens na mruodcecmse M, mo Ha
amosm MHONCECHBE clUCMmeMa YpasHeHUL

{ Ji(e, M fa(x y) oo fr (% 9)=0,
81(% ¥)82 (%6 Y) ... 8a(x, ¥)=0

PaBHOCHA/IbHA AH3BLIOHKIHUH kn cuctem

x, y)=0, -
{g,’:,((fc,ﬁ:o, (p=12 ...,k m=1,2, ..., n.

3°. Mertoa noacTaHoOBKH. DIOT METOHL 1103B0JAET CBOLMTH
%eme}me CHCTEMBl ypaBHeHMH ¢ JABYMA HEH3BECTHBRIMU K pelie-
HUI0 OQHOTO ypaBHEHHs1 ¢ OoAHuM HeudsecTHhM. O6OCHOBAHUEM
METOJa NOACTAHOBKH CIYKHT CJAENyiollas TeopeMa.

Teopema 4. Cucmenma ypasuenui

[ x=¢(y) 22)
\ Fe =0
PasHoOCUAbHA clcmene Ypasrennil
Lo @)
Fle(y), y]=0.
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okaszarteabcTBO. [lycth (x4 — pelIeHHe CUCTEMBL
y 0 Yo
(22). Torpa cnpaBeA/MBE YHCIOBHIE DaBEHCTBA

Xo= ¢ (Vo), (24)
F(xp yo)=0. (25)

s (24) u (25) caenyer, uro ,
F @ (5lo) ¥5]=0. @8

Paseucrsa (24) u (206) HOKagHBAIOT, UTO (xo, Vy) — pelenue
cucreMbr (23).

O6parno, . nycth (x4 ) — pemenne cuctemsl (23). Torpa
cripaBeuIuBEL uncaoBHEe pasencrsa (24) u (26), orkysa crenyer
pasencrso (25). Ms pasencrs (24) u (25) sakmoyaeM, 4TO
(x¢; ¥o)— pewmenne cuctemn (22). Teopema nokasaua.

Ipumep 3. Pemnts cucremy ypasHeHni

{ x:yZ_'_],
xy =y 35

Pemwenne HcxogHas cucrema, corsiacHo teopeme 4, pas-
HOCHJIbHA CHCTECME ypaBHeHMH

{ x=y41, { =3,
T. €.
WE+Dy=y> 43 =y
ITocneanss cuctema pacnmajgaercs Ha ABE CHCTEMBI
x=y%*+1, x=y*4}1,
u
Oms. (1; 0), (2; 1). '
4°. MeToA ucKJOYeHUs Heu3BecTHOTO. Ilycrh nana cucrema
ypaBneHun# -
{ Fl (x, y)=0,

v 27
Fz(x» y):O’ ( )

W NycTb OAHO M3 ypaBHEHu# STOH CHUCTEMBl, HANPUMED NEPBOE,
MOXHO paspelmnTb OTHOCHTeAbHO X (mim ). Tounee, mnycTb
ypasneune. F,(x, y)=0 pasrOCH/IbHO YypaBHEHHW X =@ (V).
Torma, B cuay teopemn 4, cucrtema (27) paBHOCH/IbHA CHCTEME

{x=@wl (28)
Falo (), yl=0, 29
T. e. cnpaseaaunsa CJACAYyOIlas TeopeMa.
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Teopema 5. Ecau ypasuenue F,(x, y)=0 pasrocursro
ypasrenuro x=q(¥), mo cicmema ypasuenui (27)' pagHo-
cuasna cucmene (28) — (29).

3ameruM, uto pewenne cucteMs (28) — (29) csomurcs K Ha-
XOXIeHno Kophell ypasheuns Fy[@(y), y]=0. Takum oGpa3om,
MBI HMCKJIOYHJAM HEHMSBECTHOE X W3 CHUCTEMBl M BMECTO CHCTEMH
JOMKHBl peliaTh YPaBHEHHe C OJHuM HeussecTHeIM. IToaTomy
TAaKOH TpWeM peUICHHs W HAa3BIBACTCS MeMmOo0OM UCKAIOHEHILT
Helzsecmuo2o.

Ecnu ™Mbl yMeeM HaXOAUTb BCE€ KOPHU i, Vo, ..., Vm YDaB-
neuuss (29), TO MOXHO Cpa3y HalHCaTb BCE pemeﬂm CHCTEMBL
(27). D1 peureHus TaKOBBI:

(@) ¥ (@) Yo ooy (@ (V) ym)

IMpumep 4. Halitm pedcrsutenbHble pELIEHUS CUCTEMBI
ypasHeHuH

x4 4=y
x2—y8=8.

3 nepsoro ypaBHeHus HaxogmM x==3%-—4 u, noacCTaBIAN
BO BTOpOE, mnoJjyuaeM y8=—

Vpasuenne y3=1 umeer oamH [elCTBATEAbHHH KOpeHDb
y= 1.
Oms. (— 3; 1).

5° Meron 3ameHbl HeW3BECTHBIX (BBeIeHUE HOBBIX HEH3-
pecTHBbIX). [losicHuM BHauane MeToa 3aMeHbl HEHMSBECTHHIX Ha
CAEYIOWEM MIPUMEDE.

IIpumep 5. Peumte cucremy ypasueHnit

1 1 5

[4+3-+
115

l 2 2T 36

1 1
Pewenwne DBsenem HoBbE HeHsBecTHbIE =, V=1
Torpa cucreMa mpuUMeT Buj

5

zz-}-v_F,
5
2__ 2. 9

l W — =
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Dra CUCTEMA YDaBHEHUH PABHOCHIBHA CHCTEME

5
utv= R
1
u—v=,
1 1
UMEIOIIEH EAMHCTBEHHOE PEIIEHNE U= 5, V=", CaenosarenpHo,
HCXOJHas CHCTEMA HMEET OAHO peuweHue (2; 3).

Omas. (2; 3).

B o6uieMm c/yyae METOL 3aMEHbl HEH3BECTHHX (A CHCTEMBI
JABYX YDaBHEHMH# C [ByMs HEH3BECTHHIMH) COCTOMT B CJELYIOLIEM.

Ilycts paHa cuctema ypaBHeHufl

. { Fy (% y)=0,

30
Fy (6, y)=0, e

¥ nycrb ¢yskunn F;(x, ¥) v Fy(x, y) MOXHO MNpeicraBHTb
B BHJE

{ Fy (x5, =/i19:1(% ¥) 92 (6 y)) 31)
Fo(x, )= Falou(x ) @2 (x, )]
[Tonoxum » ‘ '
P10 V)=1u @(x, y)="0. (32)
Torga B cuay (31) cucrema (30) npeoGpasyercs K BUALY
f'1 (n, v)=0, (33)
JSo (, v)=0.

TipeanonoxuM, uTo MB yMeeM peliatb cucreMmy (33), ¥ nycrb
(g; ve) (=1, 2, ..., B)—sce pewenns cucremsl (33). Torua,
pelus 1 cucreM ypasHeHul -

@1 (%, y):ukv E=—1, 2 ‘ 34
{tpz(x,y)=vk (k=12 ) (%)

M o0benuHuB pemleHus cuctem (34), Mol HaflgeM Bce pelueHus
cacremnl (30).

#* #*
#

Bce paccMmoTpeHHble MeTOAH UMEIOT OaHy ofulyl ocoGen-
HOCTb: OHHM MO3BOJAIOT 3aMEHUTHL JAHHYIO CUCTEMY APYroft cucTeMon
(wma COBOKYNHOCTBIO CHCTEM), PaBHOCH/JBHOH [aHHOH cucreme.
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§ 3. Onnoponunie cHcreMbl NBYX ypaBHeHMil
BTOPO# CTENEHH C IBYMSI HeW3BECTHLIMH

O0HopodrbLMt CHCTEMaMH [BYX ypaBHeHuM BTopolt creneHu
C ABYMA HEU3BECTHBIMU 6y11eM Ha3bIBaTh CHUCTEMbI BHUIA

ayx-bixy + e yi=dy, (35)
Ay X% +boxy -+ cy Y2 =d,. (36)

[Mpennosoxum cHadyana, 4TO HU ONHO U3 yncen dy, d, HE PaBHO
Hynmo. YmHowas ypaBHenue (35) na d, a ypasaedne (36) Ha
—d, 1 CKJaAbBas TOJYUEHHBIE YDABHEHUs, MBI TPUIEM K ypas-
HEHHIO BHA4d

Ax?+ Bxy -+ Cy? =0, (37)

ABJAIONIEMYCS  CaeAcTBHEM cucTeMbl (35) —(36). M3 Teopemsr 1
(ctp. 313) caemyer, uro ucxonxHas cucrema (35)—(36) pasHo-
cunbpHa cucteme (35), (37). Taxum o6pasoM, OmucaHHLIH Meron
«YHHUTONKEHUSI» CBOOOMHHIX U/IEHOB T[103BOJIAET CBECTH CUCTEMY
(35)—(36) C oTAMYHBIMK OT HYJf INpPaBBIME 4YaCTAMH K CHCTEME
TOr0 Xe BHAA, ¥ KOTOPOH, OAHAKO, 0AHO u3 uncen dy, d, paBHO
HYJIIO.

Hrak, nycte Mb nmeem cuctemy (35), (37) (rze BO3MOMHBI
oba cayvas: dy # 0, dy=0). PaccMOTpBUM HAXOXAEHHE TEX
pelieHu#t 3T0H cucTeMsl, i KOTOpuiX ¥ 7% O (oThickaHue peite-
HuH, mad KOoropHx y==0, ecin OHU eCTh, HE I[peACTaBJser
tpyaa). Ilpu y 7 0 ypassenue (37) paBHOCHJbHO YpPaBHEHHIO

A<§>2+B <%>+C=O. | (38)

Iaa peuwienns cucrembl (35), (38) HyxHO pewnth ypaBHeHne (38)
x .
KAk KBAIPATHOE OTHOCHTEBHO —-. Iocae aToro, nopcrasJss Ha-

X
JEHHBIE 3HAa4YeHusi — B ypasBHeHue (3D), Mb HaligeM pelleHus cu-
cremsl (35), (38).
INpumep 6. Pewuts cucremy ypasueHuit
x24-3xy 4+ 292 =3, (39)
S5x%—2xy —y?=>"5. (40)
~ Pewenue. YMHOWas [epBoe ypasHeHde Ha 5 a BTOpOE
Ha 3, MOJyuYaéMm NOCJA€ BBRYNTAHUA .
13y 4216y —10x2=0. 41
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Takum oOpasom, Mbl 0/MkHB peiunth cucremy (39), (41), pas-
HocwibHy0 ucxomHolt. Ilpn y=0 mm u3s (41) nonyuaem x =0,
a napa (0; 0) ve ynosaersopsier ypasunenmo (39). Cienosarenbso,
y = 0, u noromy ypaphenne (41) MOXHO 3aMeHHTh YpaBHEHUEM

of -0 3)-11-0
0(£f—21(3)—13=0 (“42)
n3 KOTOPOro nojayuqaem )
X1 (x\_13
<y>1“ X <y/2“‘5' (43)

Takum ofpasom, cucteMa (39), (42), pasHOCHABHAA UCXOIHOM,
paBHOCHJbHA B cuAy (43) DUSDLIOHKUHA CISAYOLIUX ABYX CHCTEM
(pacmapaercd Ha ABE CHCTEMBI):

x243xy -1 2y2=3,
y# —2x

x24+3xy+4212=3,
5
y=p"
Petus 3T; cucTeMbl, HaflaeM ueTHIDE DEIUEHWS WCXOAHOR CHC-
TEMBI:

13 5 13 5
1 —2), (=1 2) (,—/ﬁ_é T (v — 7).
MoaoGubiit €roco6 npuMeHdAM M AMS PEUIEHUS CHCTEM BHAA
{ f(x 3)=0, (44)
g(x, ¥)=0, (45)

rae xors O ofHa u3 yHxuuit f(x, y) umm g(x, y), HanpuMep
J(x, ¥), aBAseTcs OZHODOLHHEM MHOTOY/JEHOM OTHOCH-
TEJBHO X U Y, T. €.

flo y)=ax"+ax" 4.+ a, 1xy" 1+ ay” (46)

Kak u aas cucremnt (35), (37), npu paccMoTpennu cucteMul (44),
(45) (rze d¢yuxuua f(x, y) umeer Bun (46)) oraeasHO HILyTCS
peweHuns, a9 Korophx y==0, n pewenuns, A1 KoTophx y 7 0.

Pewenns, aas koropex y=0 (ecau OHH CYIECTBYIOT), HaXxoO-
ngres caeaywomum obpasom. Ecan ag £ 0, 1o u3 (44), (46) Haxo-
amm npu y=0, uto a,x"=0, 1. e. x=0, u ocraerca npose-
puts, ynosnersopser au mnapa (0; 0) ypassenuwo (45). Ecanu
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=0, 1o npun y=_0 ypasuenne (44) ynosaersopserca (8 cuay
"(46)) npu nw60OM X, H NOTOMY OCTAaeTCA HAHTU KODHH YypaBHe-
waa  g(x, 0)=0 (1. e. ypaBHenus, noayuaiouwerocs u3 (45)

npn y=0). ‘

Ipu nHaxoxpeHuu peleHndt, nas Koropmx y # 0, moxHO
pa3gesantb 00e 4acTH ypaaneuuﬂ (44) ua y*. Mpl noayuaM ypas-
HeHue

a (2 o (27 o ana (2] 4 an=0,

JeBasi 4acTh KOTOpOro npeaCTaBJmer coboft mMHorouJeH OTHOCH-
X
TeABHO f= ", Ecm t,, £, ..., f,— KOpPHU STOr0 MHOrouJeH3,

TO 3aaada CBOIMTCA K AW3DBIOHKIKH CUCTEM

: X

*_:tk;

{ y (k:l, 2, .., N,
8(x, y)=0 :

T. €. K DacCMOTPEHHIO 1 YpaBHeHui (C OmHEM HEH3BECTHHIM )
Buga
gltwy, =0 (k=1,2, .., n.

Mpumep 7. Peuurs cucremy ypaBHeHuf

X34 2x%y — xy?— 298 =0,
X2t yr=
Pewenne. HMs nepsoro ypasuenus npu y=0 nosxyuaem
x=0, Ho mapa uncen (0; 0) He ynoBJIETBOpSET BTOPOMY Ypas-

HEHUIO, T. €. He 4BJAeTCH pelleHueM CHCTEMB. J3HauuT, AJ%
aoboro peuetns Mu OymeM umers y = 0. Pasneaum nepsoe

x .
ypaBHeHHe Ha Y3 K TOJIOKHM ~y—-=t. Tloayuum ypassenne 13 |-

+ 22—t —2=0, umewoimee Kopuu {;==1, ty=—1, f3=—2.
Tenepb 3amaua. CBOAMTCA K HAXOXKAEGHWIO DEIUEHNH CleAyomuX
TPEX CHCTEM:

x=y, X= Y, X==—2y,
{ x? 4yt = { x4 yt= { xP4y2=38.
Oms. (2; 2), (—2, —2), (—2; '2), 2 —2),
(2, 2v2) (412, 213)
Vs’ V5/ Vs V5.
322



§ 4.-Cuc'reMb|\cmmerpnqecxnx anrebpanyecKux ypaBHeHHH

1°. CuMmeTpHuYeCKHe CHCTEMBl C JBYMS HEH3BECTHBIMH.

- IMycte cucTeMa
{ fl (6, =0,
fo(x, »)=0

TaKoBa, uT0 f1(X, ¥) ¥ fo(x, V) ABAAIOTCA cumMMempudecKumu
MHO204ACHAMIL OT X U ¥, T. & fi (%, y) u f,(x, ¥) He MeHsmoTCA
npu 3aMEHe X Ha Y, a Yy Ha X.

IMpocredimedl cucTeMOd YKa3aHHOrO THIA SABJAETCHA cncrewa
ypasHeHHI

X+y=a, “7)
{ xy=>h, (48)

NpUeM pelleHns KOTOpPOH OINNCHIBAeTCA CJaeaylollel Teopemofi.
Teopema 6. Cucmera ypasnenutt (47), (48) u rsadpam-
Hoe ypagHeHue :

2—at 4 b=0 (49)

c8n3ans caredyouun obpasom: ecau t; u ty,—Kopun read-
pamnozo ypagrenus (49), mo cucmema (47), (48) umeem
dsa pewenus: (ty; t,) w (ty; ty)—u ne umeem opyaux peuwe-
nuli. O6pamnuo, ecau (xg, yo)— pewenue cucmess. (47), (48),
mo qucaa Xo U Yo ABATIOMCS KOPHAMU YpasHerus (49).

HokaszareabctBo. Ilycrs ¢, {,—KkopHu ypasHeHus (49).
Mo ¢opmyaam Buera umeem

tit+ty=a,
t1t2 == b,

T. & mnape uncen (fy; fy) n (fy; f;) ABAAOTCA PELIEHHAMH CH-
crembl (47), (48).

IMokaxeM, 4TO Apyrux pemennﬁ cucrema (47), (48) wue
umeer. ITycTh (Xg; ¥o) — Kakoe-nnb6o peureHne cucteMmnl (47), (48).
Torga x,+Vo=a XyVy=>0, u noroMy mHorouieH t?—at--b
MOXHO 3anucarb CAexyouumMm obpasom:

£—at +b="1"—(xX,+¥,) ttXoyo=(t — %) (( —0)-

Orciona mbl 3aKkaouaeM, 4ro uucaAa X, U Y, SBJAAIOTCS KOp-
HAMH KkBagpatHOro ypasHeums (49). Teopema 6. pokasana.
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fTpumep 8. Pewnrs cucremy ypasHeHu#t

x+y=1
xXy=—2.
Pewenve. Ypasuenue (49) an9 maHHOR CUCTEMB! UMEET BHX
t2—t—2=0. Ero kopHH f{;=2, f,= —1. CnenoparenbHo,
JaHHas cucreMa umeer pewexus (2; —1) u (—1; 2).

B teopeme 6 6bliu HCNOAB30BAHBI MPOCTEHIUNE CHMMETpHYE-
CKHe MHOrOYJeHB OT [ABYX MHepeMeHHBIX:

x-+y u Xy
BpeseM A4a 3TMX MHOTOUJEHOB CjeAyoouiHe o003HayeHHs:
X4y=05 Xy==0,5 (50)

MoxHO noKa3ars, 4TO 1000 # CHMMETPHUYECKAH MHOTOW/IeH
f(x, ¥) moxer OHTb BHpakKeH uepe3 CHUMMETDPHYECKUE MHOro-
YAEHB O;=X-}J U Oy=XxJ.

[Tostomy npu pelieHuu CHMMETPHYECKUX CUCTeM aiareGpauye-
CKHX YpaBHEHHY DEKOMeHJYeTCs BBOIHWTbh HOBbIE HEH3BECTHHIE Oy,
0, no d¢opmyaam (50). Buroga Tako#i 3aMeHbl HEU3BECTHBIX
3aKJIO4aeTcsi B TOM, YTO CTeNeHH MHOIOUJIEHOB B pe3yibTare
3aMeHB, KaK NPaBHJIO, YMEHbIIAIOTCS U CHCTEMa CBOAMTCA K GoJee
npocroi. ’

IMpumep 9. Hafitn geficrBuTeabHble peilieHAs CHCTEMBI
ypapHeHu#

xy(x+9)=6,
x84-y3=0.

Pewenne. Mo umeem

Xy (£ +3) =010z
Lt P =+ (P—xy+ )=
= (¥ +N(x+ P —3xy] =0, (0] — 30y),
W NnoToMy B peayabrare samens (50) cucrema npumer Buj
030,=0,
0} —30,09=09.
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Ofciona HaXomM o} =30,0,+9==27. Tak KaK MH HieM
TOJNBKO [EHCTBHTENbHBIE pEHieHds, TO Op;==3, U TOria O,=2.

Pewns cucremy
x+y=3,
xy==2,

pailem nBa pewenus: (1;2) u (2;1).
Oms. (1;2), (2;1).
B ofwem cayuae peuleHse CHMMETPHUUYECKOH CHCTEMBI

{ f1(% 3)=0,

Sfa(x y)=0

MOXHO TNpOBOAMTL TO ciepytomedt cxeme. HyxHo BBecTH HOBbIE
HEW3BECTHEE O}, O, (MOXHO uX 06O3HauaTb uepes u, ¥ HJu
Kak-m60 uHaue) no ¢opmyaam (50). Me noayunM HOBYIO CH-
CTEMY OTHOCHTEIBHO HEM3BECTHHIX Oy, O, llpeanonoxunm, uro
5Ty HOBYIO CUCTEMY MBI CYMEau peluTth, U MyCTb

(ag; @), (B by), -.., (U )
—BCe ee pellenus. Torga ucxonHas CUMMETpPHYECKas CUCTEMa
paBHOCH/IbHA RU3BIOHKLIHKM CHCTEM

x+y=ay; X+ y=by, x+y=1I,
Xy==a,, xy=b,, xy=="_.

ITpy ucnoAb30BAHUM 3TOrO NMpueMa MPHUXOANTCH BHIPAKATL CHM-
METPHUYECKHE MHOTOYJAECHb OT X, y uepes d; u O, Ha npaxruxe
HOCTaTOUHO YMETb BBIPAXKATh 4epe3 Oy, Oy CUMMETPHUECKHE MHO-
I'OYJIeHH BHIA . :
Snzxn"l‘yn’
Ha3bIBAEMBIE CHMENeHHLIMU CYMMAMIL

Crenennsie cymmnl Sy, S, S5 S, S5 BHpaxaorca uepes
O;=x--y U G,=Xy CiaedyiowuM o6pasomM:

Sy=x+y=0y - 6Gh
S, =x?++ Y= (x4 ¥y —2xy =0} — 20, (52)
Sy=a+ =+ ) [+ 9P —3uyl =0} —30,0,  (59)

Sy==xt -yt = (x> +y?) —2x%° = (0] — 20,)’ ~ 20} =
=07 —4070,+ 203 (54)
Sp= 0+ 30 = (7 + %) (x* + %) — %P (¥ 4 y) =
= 8383 — 0103 =(0] — 20) (6] — 30,0,) —~ 0,03 =
=0} — 500, -}- 50,03. (55)
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2°, PemenHe HEKOTOPHIX HpPallMOHAJLHLIX YypaBHeHUH
NyTeM CBeleHHs K PemIeHHI0 CACTeM CHMMETPHYeCKMX ypaB-
HeHuil. PaccMoTpnM ypaBHeHue BHAA

Va—7F@+Votiim=c (56

s ero pelieHns BBEAEM BCIIOMOrare/bHbiE HEUSBECCTHRBIC U U U,

noJsaras
Va—f(x)=u Vb+ fx)=u0. 67

W3 (56) u (57) nna ompefeseHns ¥ v v NOJAyYaeM CHMMeTpHye-
CKyIO cucTeMy aare6panyeckux ypasHeHut

 utov=c
W+ v*=a--b.

IMycty x = x,— peureHue ypasHenus (56). Torma napa uucen
(ug; vo) rHE

(58)

”0=Va_f(x0)’ "’0=Vb + f(xo)

gBaseTcss pemieHueM cuctembl (38), npuueM oba uncaa 4y v,
neorpuuaresapin. O6paTtHo, mycts (i ‘U)-——ﬂpOMSBOJIbHOG He-
oTpunarenbHoe pewienue cucremsr (88) (1. e. wy=0, v, =0).
JlokaxeM, uTO BCAKOE pELIeHHe ypaBHEHHd

o=V a—7(x) (59)

(e ‘ypaBueHns "00=l/b—|—f(x))  YIOBJIETBOPAET  ypaBHe-
auo (56).
B camom pgene, ecam Xx=x;—KOpeHb ypasHeHus (59), To

ug=V a—f (xy).
Torza u3 cucremsl (58) naxonum
vn=(a+b)—ug="b- f(x1),

u Tak Kak v, =0, 10 v,=1] b+ f(x;). Ilepsoe ypaBHeHue cH-
crembl (D8) naer renepb

V=T G+ Ve —c

T. €. X==Xj—KOpeHb ypaBHenus (56).
- Taxkmm o6pasoM, A9 peuieHus ypasHeHas (56) HY}HO npexne
Bcero peuurs cuctemy (58). Ecmn (uy, vy), (4 v,)— pewmenns
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cacremn (58), 10 ypasHeHne (56) paBHOCHJBHO JU3BIOHKLHH
ypasHeru#t (cu. (59)):

Va—Fo=uwlV[Va=FG)=m)
MMpumep 10. Pewnrs ypasueHue _
ViFo+V0—x="7.

Pemenne. Cucrema (58) nag paHHOro ypamrHeHus umeer

BHI
n-+tov="7,
{ u? 4 v? =25,
Dra cucreMa wuMeer jasa peuwenus: (3;4) u (4; 3). Eciu n=3,
10 u3 ypasuenns )/ x +- 5= 3 (u1m u3 yparnenns J 20 — x —4)
HaxoauM x==4. AsajoruyHo, npn u=—4 noayyaexm x=11.

Oms. x;=4, x,=11
3dveuvanue Ilpun pewenun ypasHenuit Buaa

Vatf@+Vo+7ix)=c (c0)
yno6uo, noaokus u="7, a4 f(x), v=) b+ f(x), nepeditu x

cucreme
I u-tv=yc

| u®—v2=a—0b,

_KOTOpas, KaKk JEerKo BHUETh, 0NpH ¢ 7= (0 5KBUBAJEHTHA CHCTEME

u-+4-v=rc,

a—b
H—V=—,
c

3°. CuMMeTpHYECKHE CHCTEeMbI C TPeMs HEH3BECTHBIMH.
OGparuMcs Tenepp K cucreMaM Tpex ypaBHeHu#l (¢ rpems Heus-
BECTHBIMH), JIEBBIE YAaCTH KOTOPHIX CHMMETPHYHO 3aBHCAT OT HEns-
BECTHBIX X, J, 2.

Ilycts cucrema

file 3 2)=0,
fa(x ¥ 2)=0,
f3(x7 » Z)=0

TaKoBa, 410 fy, fo f; ABJSIOTCS MHOFOWIEHAMH, CHMMETPHYHBIMU
- OTHOCHTENBHO = X, ), 2, T. € KaxAh# H3 3TUX MHOrOY/IEHOB
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He MEHseTCs, ec/i NOMEHsTh MecTaMu Mo0yio mapy U3 Tpex ui-
cen x, y, 2.
B arom ciyyae yZoGHO BBECTH HOBHIE HEH3BECTHHIE

x+y+4z=un xy+xztyz=v xyz=w.

Takas 3aMeHa, Kax 0pPaBuJIO, BEAET K YIPOLILEHHIO HCXONHOH CHCTEMBL.
ITpocrefiei cncreMoll paccMaTpuBaeMOro THMA ABJASETCA CJe-
adylolas cucremMa:

X+y+z=aq (60)
xy+yztzx=b, 61)
xXyz =¢, (62)

NpUeM pelleHus KOTOpOH onuchiBaercsd chAeAyloiiest Teopemofi.
Teopema 7. Cucmena ypasnenuii (60)—(62) u wyduuec-
Koe ypasuenue
3 —at? bt — =0 (63)

c8a3ans Opye ¢ Opyzom caedymuium obpasonm. Ecau ty, ty, ty—
ropru ypasrenus (63), mo cucmema ypasneruii (60) — (62) uameem
caedywuue uecms pewennil: (ty; ty; t3), (f; tgs o) (En ty; Lo)
(ts ty t)y (I tg B), (t5 ty ty) (smu pewenus noaytawmes
BCEBO3MOJNCHbIMIL  NEPpeCMAHOsKaMil mpex ulicea ty; 1y 1)
u He umeem Opyaux pewenuii. O6pamuo, ecau ( Xy Vo5 24) —
pewenue cucmenms (60)—(62), mo wuucaa x4 Yy 29— KOpHU
Ypasrenus (63). .

Hokasateanctso. Ilyers ¢, £, f; — KOpHM ypaBHe-
Hus (63). Bocronnsyemcs ¢opmyaamu Buera nna kopHedl kyGu-
4eCKOr0  YpPaBHEHHUS:

t -ty 4t,=a,
tyty - tols 41yt =b,
ity ty=c.

DT paBeHCTBa TNOKAa3bIBalOT, UTO HabGop umucen (fy; ¢y %) obpa-
syer peiueHue cucremsl (60)—(62). dpyrue narb pemweHuit no-
JYualoTCsl NepecTaHOBKaMu uucen fy, f,, f,. Ilokaxem, uTo 3THME
IIECThIO PEIIEHUIMH HCUYEPTHIBAIOTCH BCE PEIUEHHA '~ CHCTEMH
(60) —(62). Tlyctb (Xg; Yo, 20) — KaKoe-HUGYAb pelIeHNe CHCTEMH
(60) —(62). Toraa cnpaBef uBE 4YHUCJIOBHE PaBEHCIBA

Xo+ Yo+ 20=2a,
XoYo+ Yoo+ 20X0 =D,
xayozo =C.
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CneOBaTe/bHO, MHOTOUAEH 13— qf? 4 bf—¢ MOKHO 3anucarb
caenyouLuM 00pasoMm: .
B3—afr4-bt—c—=
=13 — (%o + Yo + 20) 2+ (X Yo + Vo2 + 20%0) £ — X Yo20=
= (t — %) (t — Yo) (t — 2).
M3 nocienHero paBeHCTBA 3aK/MOUaEM, 4TO YHCAA Xo Yo Zg

ABIAIOTCA KOpHAMYU ypasHeHus (63). Teopema 7 nokasaHa.
Ipumep 11. Pewnts cucremy ypasHenuft

x+y+z=2
Xy yz+4 zx=—1,
Xyz=-—2.

Pewenune Cocrasisem KySuueckoe ypaBHeHHE

82121 2=0.

Haxonmm xopuu storo ypaswenus: f;=:1, t,=—1, {;=2. Co-
rjiacHo TeopeMe 7 IaHHas CHCIEMa uMeeT CJACAYIOMHe pelleHus:
(1, —1,2), (—1L, ,2), (—1;2;1), (2,—1;1), (2; 1, —1),(1; 2, —1).

3ameuanne. K cucreme Buma (60)—(62) cBomarcsa ciae-
LYIOUIHE CHCTEMbL:

Xx+y+z=a X2yt 2=a,
x4 y2 2t =, xy+xz4+yz=0,
T xyz=uc, Xyz=0¢
x+y+z=a X2+ - 2t=aq,
Xt 4?4 22 =, xy+xz+ yz=0b,
B+ +B=c B4y 4=

Tlpu ceepenun atux cucrem K cucreMe (60) — (62) MoxHO ucnoab-
30BaTh C/AEAYWOILVE TOWASCTBa:
B P P =ty 2P —2 (ey + 2+ x2),
(x+y+2pP=
=x3 4 P42+ 3 (x+y+ 2) (xy +yz 4 x2)—3xyz,
eyt Py —xy —xz—y2)=
=x9+ 3+ 28— 3xyz.
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3amauu x raase X

10.1.  Jlokaxure, u4TO cuctemMa ypasHewu# f(x, ¥)=0,
Jf3(x, ¥)=0 paBHOCHJbHA KaXAOH M3 C/IEAYIOUIMX CHCTEM:

a) { fi(x 3)=0;
fi(6 )+ ol 9)=0;
Q{ﬂmwza
fiGo ) —fo (6 9)=0
{ fl (x’ ,V) =0,
ofy (6 )4 Bfs (56 1)=0 (B 5= 0, oe— moboe).
10.2. JlokaxuTe, 4TO cuUCTEMA ypaBHeHUH ' \
B —yP=a(x—),
B4y =b(x+)
PABHOCH/IbHA IU3BIOHKUNH CAEAYIOLINX YETHIPEX CHCTEM:
—y=0, 2 =0,
ol y 6l * +y
X2fxy+ 3yt —a=0
) x—y=0, ) { X+ xy+ Yy —a=0
B r
xX2—xy+y?—b=0; 22— xy+y2—b=0
10.3. PaccmoTpuM cucreMy ypasHeHnt

Jilx, y)=a,
{ Ja (%6 y)=0, (64

rae ab = 0.
a) Jokaxmte, 4TO cucremMa ypasHeHuh

hny) a
lalx,y) b

ABAACTCA CAEACTBUEM cucTeMbl (64).
6) Ilokawure, 4ro npu ab=%=0 -cucrema (64) pasHocuIbHa
cucreme

{ fi(x ) [y (x, y)=ab,

il (xs y)zi
{ fg(X, y) b
\ Q.

hHx y)=
330 '



-10.4. Hoxaxure, 4TO CHCTEMa ypaBHEHnH -

{ [£1 o )P =1 (% )%
Jo (6, 3)=0

ABJAAETCA CJACACTBHEM CHUCTEMBL

{ L) =g(x )
Ja (%, y)=0.
10.5. Jlokaxure, uto ecam ¢yHxuus ¢ (x, y) onpenenexa

npm  BCEX '3HAYEHHUAX HEU3BECTHBIX, MJs KOTODBIX ONPECACAEHN
JEBLIC Hacrn CHCTEMbI

[ i(x9)=0,

AESIE ©o

TO CuCTeMa
{ L6 9) 9% 9) - 1o (%, 9)=0,
Ja(x, y)=0
paBHOCHIBHA cucreme (63).
10.6. Ilycts dyukuan  fr (X, ¥), g (6 V) (k=1, 2} onpene-

AeHnl Ha MHOxecTBe M. JlOKaxuTe, 4O HAa ITOM MHOWKECTBE
a) KawJ0e U3 ypaBHeHuH

figi=18y Ni&=r&

€CTh CACACTBHE CHUCTEMBI

{ f1=f2’ (66)

81=8»
0) Kakpmas M3 cuHCTeM
{ f1=f2’ { fi=Vy
J181= J8e f18:=1&
paBHocu/bHA cucreme (66) Ha MHOKECTBE M, ecan xoTa OHI
oxHa u3 (yHKumH# f;, f, He oOpautaeTcs B HYJIb Ha MHOXeCTBE M.
10.7. JlokaxuTe, 4TO CHUCTEMa ypaBHEHniH
Si(x, 2)=0,
f‘: (%, z)=0’
. Js (%, 3, 2)=0
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PaBHOCHABHA KawAOH W3 CHEAYIOIIMX CUCTeM (HEM3BECTHHE [Aad
KPaTKOCTH 3aliCH OMYULEHH):

a) 1=0, fi+h=0 AfA+fit+f=0
6) =0, f;=0, fi—f,=0;

B) 1=0, fi-+/a=0 fo—/f;=0;

1) A+A=0 fh+=0 ft+f=0

- n) Lo+t f—fA=0 fi—f+hH=0 A+fHi—F=0

e) =0, f;=0, fit+afe4+Pfs=0 (o P — moGue

YHCaa).

pas
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10.8. [loxaxute, uto ecan abc %0, To cucTeMa ypaBHeHUH

hHile » 2)=a
Jalx, 3, 2)=D,
Sslx 3, 2)=c

HOCHJbHA CUCTEME ypaBHeHuH

(" ilx, y, 2)=q,

fZ(x, Y, 2) — 2
filx, 9,20~ a’
f3(xy Y, 2) — _C_
fl (xv Y, 2) a

Pewunme cucmems ypaswenuir (10.9-—10.17):

2 2:5 { —— Y =
109. | ¥V w10, [ V=3
x+y=>5. x?+y?=5.
2 213, 2__y2__3
a1, [ ¥ 1012, 1 * 7
xy ==6. X2t xy+yi=
2| 3xy=>54, 3 210,
10.13. { xj *y 14, { x3+xy
4y +xy=115. 3+ x2y=35.
10.15. { x4y xy=5, 16. { (x—»(y—1=3
x2F Yy xy=T. (x+2)(y+2)=24
2 1) (2 1)=3,
1017, { (@ 2+ 1D (2 y+1)=3
(1—x)(1—y)=6.



Pewume cunmempudecxue cucmens (10.18, 10,19) ¢ no-
MOULBIO 3aMerb. Heu3secmubix no gopmyasanm (50):

x+y=1, x4 A =82,
x3+_y3=19. xy=3.

10.20. Pemute ypasHenue

VxF3+y 4 —x=5

METOAOM CBEAEHHS K CHCTeME CHMMETpHYecKHX ypaBHeHuf.
10.21. Jloxaxute copmyas (0003HaueHna cM. Ha cTp. 325):

]) Sp= UISILI —'028 ~2 (n> 2);
2) §s= 0} — 60,0, -} 90j0; — 20;.

10.18.. { 10.19, {

Pewnme cucmener ypasnenuit (10.22—10.29):

343+ 298 =26,

10.22.
{ xy=2.

10.23. { oy 6

10.24. { B—y=61(x—y),

e+ D+ D=12
10.25. { Lyt =11,

xy+x-+y=>0.

_I_J_Z__g

N 2 [ x+y=3
10.26. l 1,1 10.27. | o g5 — 33

x y 2"
1028, { x4 =17 (x+ )%

xy=2(x+y)

¥+ yr=x+y,

10.29. {

=g (P

10.30. Haiante neficTBuTenbHblE pEUIEHHS CHCTEMHI YpaB-
HEHHH

{~ (x4 %) (x—3)=13,
xy(x—y)="~6.
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- Pewnme cucmens. ypasnenuii (10.31—1037): .

(1 +y 4y +y%)=160,

x2(1 y+y2—y3)=¥— 80. -

(x+ ) (x— 3 =125,

(x =P (x+y)=25.

x%=3x 44y,
2=4x-3y.

{

{ 22
{2xy——3y—l—5xy 6—0,
{

{

10.31. {

10.32.

»¥=10x+y,

10.33. 5 x4 10y,

10.34. {

1035, { goe 4ot ay_9_o.

3x? 4 x2—3xy—T7=0,
10x2y? 4 3x2—20xy —3=0.
4 (x84 y3)=9 x2y?,
4(x*+y%)=9xy? — 8xy.

10.36.

1 0.37.

10.38. Hafizute pmefictRureabHble pelleHus CHCTEMBl ypas-

HeHui
{ (x—N(xr—yH)=T,
(x4 3) (¥ + ) =175.

Pewume cucmenmwvr ypasuenuti (10.39, 10.40):
.10
Xy xp =75 (x+ P
2
Xy 4 xyt =3 (4P

@+
2 2
10.40 [ oy

10.39.

b

y{(x2—1)
) x2+yz

SN cn]w

Haligume Odelicmeumensnsie pewlenuss cucmen ypasHeruil
(1041, 10.42):

X34 4y=y3I 16x,
10.41 {

1+
o=
x3 x%y 4- xy® =35,
1042, | + 33+ X%y 4 xy \
X492 4 x2yt= 20, : 4
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“~ Pemume cucmems ypasxenuii (10.43, 10.44):
Xy _l_‘f;"g’.:z '

x-+2y xy
1043. { g o
y + X y =4
x—2y xy
i !
Rtxy+ 4 P—x—5y=2,
10.44.

1 .
Ty Yy —x=3
10.45. Halinure neficTBate/bHbie 3HayeHHA @, NMPH KOTOPHIX
CHCTEMA YDaBHeHu#
X2— =1,
{ y=ax+b

npu MmoGOM NEHCTBRTENLHOM 3HaueHuM b uMeeT NEHCTBUTEbHEBIE
peLieHus. .

Haiioume Oeiicmeumensnsie pewenus cucmenm Ypasrexudl
(m, n—yeare noaoxcumensrnse) (10.46, 10.47)

X221,
10.46. { am {—)2}
x4 yr=1,
10.47. 1 " 1
R e =yl perE= g

Pewnme cucmemv, ypasHewull ¢ mpems Heu3secmusimu
(10.48—-10.64):

L2
xy=6, ‘ \_},.:———-3—)5,
1048. | yz=3, 1049. 1 .. _ 3
zx=2. 2
xy==062.
x3=="(1§y2,

=27,
e (x(y+2)
1050. { V’=%2x 1051 | y(x+2)=32

l Z (% +y)=235.

23’= g Xy,
385_



10.52.

10.53.

10.54.

10.55.

10.57.

10.58.

10.59.

10.60.

10.61.
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x(x+y+2)=T,
Y(x+y+2)=14,
2(x+y+2)=28.
E+Nx+y+2)=18,
Y +2)(x+y+2)=30,
(x+2)(x+y+2)=24
x4 xyfxz—x=2
VXY +yz—y=—2
22+ x2-Fyz—z=6.

1
X —-—~::1,
Y2 =Tx5 ’ Ty
1 3
Y+2z—3x=0, 1056, y v+ =—7
Z—Xx=y—2 1 g9
11 1 5
x+y=1z
yrz=—2x
C i i =15,
Q'x(Z + !/>
[z £\
x y\__ e

3x2z-—4xy+~z3—=0,
3xz—yz=1
(x+yP—2t=4
(y+2P—xt=2,
(z+x)P—y2=3.
xty
Xy +yztzx=—4.
x84y 4-28=1,

z=1,



x+y+tz=2
10.62. § x*4y*+22=6,
x34-y3428=8.
x+y+z=4
10.63. X2+yP42t=14,
Xy -+ xz—yz=2=.
By =6 (x+)
10.64. { Syz=2(y+2),
dzx=3 (-} x)
10.65. Hatinure nedcTsuTeabHble pelIeHHs CHCTEMBI

xy+xz-tye=11,
x24y2 4 22=14,
xXyz=06.

10.66. Ilpn kakux 3HayeHUAX @ CHCTeMa ypasHeHnH

Aty =Y I T oy

X X2 Z
Y 2

uMeeT XoTd Obl oxHO pelieHne? Haiiaute 2TH pewenus.

Peuwume cucmemst yptZBHEHllﬁ ¢ mpems HEU3BCCMHBIMU
(10.67—10.71):

xy+xt+y=T,
10.67. { yz+y-+z2=—3,
2x+ 24+ x=—35.

24 (x +y—2)=x32,
1068, § 2(y+2—x)=xyz,
8(x+2z2—y)=uxy2.

x4y 7
xyz 12
y+z_ 5
10.69. 1 e 1
' z4x 1
we —

- 837



x?45y? L4220+ 4xy - 4yz =125,
10.70. | x*+43y*—42%+ 4xy—4yz =75,

x+y+z=8 -
x—2y+3z=09, ’
10.71. { x*+4y2+922=189,
3xz =4y

10.72. Hatinute Bce AeficTBUTE/IbHBIE PELIEHUS CHCTEMbl ypaB-
HEHU#

X2+ 4wy 4 6y2=3, g
Xt —4dxz4-12:2=2,
32 4 Byz 4 222 ==0.
, Pewume cucmems YpasHeruli ¢ mpemsi Heu3secMHuMU
(10.73—10.75):
Xx+y—z=1,
10.73. | X2+ —2P=—3,
X3y 28 20,
X+y+z=0,
10.74. | x?+y*—2%=20,
x4 - yt— 24=560.
1 1 6

5

3
10-75- A + == .4.-'
‘ 2

E)

10.76. Haianre neficTBHTE bHbE PELIEHAs CUCTRMBL ypaBHEHUH
3(x+y)=2
3 (x4 yP) =5z
(k3 =7z,
10.77. Hafinure BCe pelueHus cucTeMsl ypaBHeHMui
x+y=z,
Y2+ 2% =13x2,
2 (%% + 28)="Ty3,
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‘Pewume ‘cucmens Ypasrenuii ¢ mpemm Heu3BeCMHHLMU
(10.78—10.82): '

| N EF)=x,
10.78. { (y+2)(y+x)=y 10.79.
Z+x)(z+y)==2

: xXy=x-+y—2z,

'10.80. { xz2=2(x—y-2), 10.81.
yz=3(y-- x+2).

(x+2y)(x+22)=x,
+2x)(y+22)=y
(z+2x)(z+ 2y ==
x+N(x-+2)=x,
O+ y+x0)=2y
(24 %) (2 +y)=3z.

xXyz +x22=2,
10.82. § xy+2xz=—2,
X2yz==—15.

10.83. Hafimute BCe AeHCTBATENHHEIC PEILEHHS CHCTEMB
ypaBHEHHH
Xt xy+dxz—422=0,
V2t xy +4yz — 82 =0,
xyz=38.

10.84. Ilycte (x5 y; 2)— peieHne cucrembl ypaBHeHHH
xF—a)(y—a)(z—a)=d,
(x—b(y—b)(z—b)=d,
x—eo)(y—c)(z—c)=d,
NpuyYeM ¥3BECTHO, UTO Cpedd uucen a, b, ¢ HeT PaBHHIX.
Haipure x3 -4 38 23

Pewume cucmems ypasnenuli ¢ mpems HeU3BECIMHbLMU
(10.85—10.90): )

_ 26ty =yz,
10.85. { 10.(¥?+22)=29xy2,
S (22 +x%)=13xyz.

{
3y (k242 ="5x2, I }
62 (230 =5xy. 1087 ] 45 E=3y,

6x (F +2%)=13yz,
10.86. {



2 (x%y? 4 y%2% + 22x%) + Oxyz =0,
"10.88. 2y (x*—22)4-3xz =0,
2z (x* —3y?) 4+ 3xy=0.

{x2+J2—22 _3 x Y z 3
| —w Tz yttr=—%
N . 3
g S E U
I Pox—p 2l ey +ye 4 20— —3.

§ Xz y

10.91. Hafiante Bce peficraurenbhbie pemeHna CUCTEMHBl ypas-
HeHun#

X328 Yz = —4,
X3 —33 - 28— xyz =38,
—x3 4 y3f 2t —xyr == —2,

10.92. Pewnte cucremy ypasHeHui

23+ Y2422 =0+yz,
X2+ 2y - 22=6 4 vz,
X242 222 =3+ xy.

10.93. Hafinute neifcTBHTE/bHBIE pEleHUs CHCTEMB! YDPaBHEHUH

x24 2yz=—1,
V2 22x=2,
22 2xy=1.

Peuitume cticmemst ypaeneml& ¢ mpems HEU3BCCMHbL MU
(10.94—10.96) :

x%- yz=42, xt—yz==3,
10.94. { y*-}xz=—42, 10.95. { y*— xz==5,
224 xy=>50. 2 xy=—1,

C Xty =T,
10.96. VP4 yz+22=3,
224 xzx=1.
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Pewume cucmemsi YpasHeHUll ¢ 4emupoms Heu3sec mHs Ml

(10.97, 10.98):

x+y=1, xy -+ xz+yz=27,
xz 4 yt=2, yz+ty+tz=0,

1097 1 ol opg 10984 ot tv—o,
X234 yt3=14, xy+tx+ty=0.

10.99. Pewmte cuctemy ypasHeHuit
x2+x3+- ot Xpg Tt xe= L
X1+ Xyt ot Xy X =2,

...............

XpF X+ X5t A K =n.
10.100. Hatizute Bce pemieHns cucreMsl ypasHeHaH
XXy =x; + X, + 2,
X Xg=xX, x5+ 2,

............

an-lxn =Xn_1 + Xn —I— 2,
t 3%y = Xp -+ Xy + 2.
Pewinime cucmentst ypagﬂemzﬁ (10.101—10.144):

10.101. { x4y
x3+y =65.
2 2xy =2V 2,
10102, { VEEy+V 2xy =212,
Vx-H/,v:?.
x+y 5
10.103. { +1 =2
X2 y2 = 226.
’ff—QV'I-E—l+y2=3,
10.104. 5 43y,
(x—y)+V — 3!
{ y2+21/x2+1+,v
10.105.
* i T
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V5= xﬂ—]/25-_y 1/8
VB—2+ VB 3=V 161 (x+ )"

10.106. {
: Lorp, 3% __ 9% 65,
10.107. { 10.108. { ‘,

3L 9rey ], a2
32 9% =5,

272% | 27% =19,
27" =313,

XY =9,

10.109. S
0.10 7/ 323 =6x.

10.110. {

VxFTy=3
(2x + 14y) 28 =T72.

10.111,

X% L 16=3yx’ + 22,
10.1121).{ + S

x¥=443x.
8
Y g2 xF=y?,
’ 2
10.113. {y"“’ — 18, 10.114 e,
QV -—]—2 1/y =9z.

X987 4 2. 37 = 8. 372y,
L3RR L 9y B2emytl 72 Q¥

10.115. {3
{x VI Y By 92xty = 9,
2

10.116. Ly 43y g

1g2 x 4+ 1g2 y=15,
lgx—lgy=1.
Ig(x*+y)=1+21g2
lglx+y)—lgx—y)=lg2
101+1gx+3 =925,
Vxty+2V@d—yE=442.

10117,

10.118,

10.119. {

1) B s10M mnpuMepe (H TOCJERYIOMIMX) Mbl NPHIEPKUBAEMCS CJAELYIO-
Wero COMJIAMENUS: eCIM B YPABHEHHH CONEPIKHTCS BhPaKeHue, mpei-
cTapJ/smollee coGOR cTelleHb, B OCHOBaHHE M TIOKa3aTeJb KOTOPOH BXOAAT
HeH3BeCTHhle, TO HILYTCH JHIIL TAKKWE pellleHs, NPH IOXCTAHOBKE KOTO-
pPEIX OCHOBAHHME CTElleHH NoOJOXHTenabHo. HanpuMep, Tak Kak
B cucreMe 11.112 copepxuTtcsi Bhipaxkenne x¥, 1o Gepyrcs JMiib Te pe-
[IEHUS CHCTeMbl, A KOTOpHX x> 0.
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S—logs(x—y)
9 2 =81,

log, (x +y) +log, (x —y)=3.
(x2—y?)log: (¥ —¥) =8,
(x + y)log: (5°—y?) — 64,
(x __y)lg(x+1v5) =02,
(O’I)Ig(x—)’) =2x 3.

10.120.

10.121.

10.122.

yxz——Sx—-4= ” 32log (4y2—) . 1,
10.123. , 10.124. x—y  x—y
log, x=y. 277 2 F =9
21 L2,
343 33 Y
10125 ] * Y TEY =3,
2logg x +logy y=3.
2 4
10.126. x3 493 =13,

e, P s T S —

logg X +-2logg y ==3.
log, (xy)-+ 2 log, (x —y) = ? —log, 32,
x2 +y2=20-
X,
'y“+7—— 12,

10.127,

10.128. 1
Q—1ogy X + 5log5 V= l_

5
92l0g, x 4 32logsy — 8§,
1020, { TELT Rl
2 2 _.l_3 3 = =,
‘ 2
, 1
10.130, 082 ¥ 1108 5 =3,
x?_l,_16y2=17-
logz (logs x)+log (logi ¥\ =1,
10.131. B S \
x2yA= 16.

3|0g3x _ 2108'4.3’ =177
3logs Vx 420y — 11,

log, v Vy =1,

3logg X Iog2 =4

10.132,

10.133.

: ) e, o e | e,
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i
{
1
oo |
{
{
|

10.140.

10.141.

10.143. {

10.144. {

0gy (¥ — x) =log, (3y — 5x),
x4 yP=3
5 (logy x +log, y) =26,
xy=64.
5
logyx+log,y=-,

logy, (x*+y¥)=1.
xXy? -+ 2x —x2—2xy =O,

2log,y-+logyx
20 xtoty -7 ymgﬂ—SI; '3,
xy=979.
log, x - log, (x — 3y) =2,

5
x-yBsY — y2-
3log,a+logey=2,

logVa __y4
a>0, a=l
log, x - logy vy =1log, b, a>0,
‘Ogazﬁ’ V}) >0,
log, x-tlogey=1, a>0,
BT e 9g b>0,
log, x4 logey=¢,
—log,y a>0,
x4a @ =20,
(ax)i82 =(by)eb, a>0,

bg(ax) — qlg by, >0,

a1,
b= 1.
a1,

b == 1.
as=1.

a1,
b= 1.

3amaun Ha cocTaBieHHe YypaBHeHuiil)

10.145. Kycox marepun crour 35 pyGaeit. Eciu 66 B KycKe
6b10 Ha 4 a Marepuu OoJablie, a Kawablid
1 pyOap peweBse, TO CTOMMOCTb KyCKa MaTepH# ocranach Ou

METp Ccroua Ha

npexuelt. CKOJIBKO MeTpoB Marepiu OBLIO B Kycke?

1) HEKOTOpre H3 [peAsaraeMbiX 3aJad MOXKHO peldTh Henocpel-

CTBEHHO, He COCTaBJsgsl ypaBHeHHH,
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10.146. BacceliH MOXET HarOJHATLCS BOAOH U3 ABYX KpaHoOs.
Ecan nepeoit Kpan Gygmer OTkpHT B teuenne 10 mun, a BTO-
- poit — B TeyeHue 20 mun, tO Oaccelin Gymer HanoaHed. Ecim
nepBedl KpaH OyAeT OTKpPHIT B TeueHue 5 aun, a BTOpO# — B Te-

.3
yenne 15 yun, TO 3a00MHUTCA 5 Gaccettna. Onpegenuts, CKOJbKO

BPEMEHH HYXHO U1l HanOJNHEHHs GaccefiHa KaxAbIM KpPaHOM
B OTHEJBHOCTH.

10.147, Jloaxa pomxHa TpOIIBIT TO. peKe u3 nynkra A
B nyHktr B n oGparHo. Paccrosune wmeway A u B pasHo g
CKODOCTh TeyeHus pekn pasHa v. Kakoma pgomkHa OHTb CKO-
pocTh JOAKH, YTOGH BpeMs ABMKEHHS OO MeHblue P

10.148. M3 nynkra A, pacrnosoXeHHOro Ha KOJbLUEBOH J0O-
pOre, BBHIEJKAT OJHOBDEMEHHO B OJHOM M TOM e HanpaB/EHUn
pejocunequct w  morouuxaucr. Iloxka Benocunemuct npotuen
OAWH KpYT, MOTOIHMKJHCT IpOLIes HECKOALKO Ooblie Tpex
NOJHBIX KDYTOB H OKa3aJC B TOM NyHKTe B, rae oH B nepBhii
pa3 ofOrHa; BEJOCHNEANCTa. BO CKOABKO pas CKOPOCTh MOTO-
UYKAUCTAa GOJIBLIE CKOPOCTH BEJIOCHIEAHCTa?

10.149. ITaccaxnpckutt noean obrousier TOBAapHLHH, uAyWui MO
napaJ/iensHoMy nyTd. MuMo MalluHICTA TOBApHOLO noesxa nacca-
®upckull npoxoaut 3a 10 cex, a MAMO MaWIHMHUCTZ NACCAKHP-
ckoro mnoessxa ToBapHHi npoxomut 3a 40 cex. Ecim On 3Th
NOE3Aa JABHUTAJUCh C TEMH XK€ CKOPOCTSMH HAaBCTPEUY ADYr LPYTY,
TO MOJHOE BpEMS BCTPEYH (OT BCTPEYH JIOKOMOTHBOB JIO DPaccTana-
HUA XBOCTOBHIX BaroHOB) OblaI0 Gbl paBHO 16 2/; cex. Bo ckoabko
Pa3 CKOPOCTb NACCaXWPCKOTo noesia Goablle CKOPOCTH TOBAp-
HOrO?

10.150. Ilnosen nabiser TPOTHB TEYEHHs pEKM U BCTpe-
Y3eT MO NYTH NJABIBYHLYI0 NO TEUEHHI0 mycTyio Joaky. OH npo-
ZOMKAeT NJBITh elle 72 MUK TOCJAE€ MOMEHTa BCTpeul npoTus
TeYeHUd, a 3aT€M MOBOPAYMBAET HA33J W JIOTOHAET JOAKY B S M
OT Mecra Bcrpeuu. Haiita ckopocTb TeueHmss pekd.

10.151. JIsa senocumeaucra BHEXadd OAHOBPEMEHHO: OAWH
u3 A B B, a npyro#t us B B A. Kaxasit exan ¢ nocrosHHol
CKOpOCTbI0 W, MPHEXaB B KOHEUHHIH MYHKT, TYT Ke MOBOpaun-
Ban obpatHo. Ilepsrit pa3 oHm BCTpeTHauck B p Ka 0T B,
2 BTOpPOH pas — mnocje TOro Kak 0063 MNOoBEpHYJn OOpaTHO —
B g ku or A. Hailtu paccrosnue AB.

10.152. M3 nyskra A B nyektr B OfHOBPEMEHHO OTHIpaB-
JRCTCA newmiexox u Beaocuneguct. loexas go B, serocuneguct
NoBopaunaer OGPaTHO U BCTpeyaer mnemwexoga uepes 1 uac
nocse erieana us nydkra A. [Tocse scTpeun newexox npogomxaer
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“uatTk B B, a Benocuneancr NOBOPAaUUBAET M TOXE €fIeT B B.
" Jloexas mo B, Benocunexnnct cHOBa TOBOpayuBaeT OOGPAaTHO M
BCTPeyaer mnemwexoga uepes 40 mux nocne nepsol BCTpeun.
‘Onpeneants, 33 Kakoe BpeMA TellexoJ NPOHAET paccTOsHHe
or A no B.

10.163. Oaun BKJIaguBK NOJOXNA B COEpKaccy HeKOTOPYIO
CyMMy [O€Her, a BTOpOH BKJaAuYMK — BIBOE OOJBIIYIO CyMMY.
CyMMa nepBOoro BKJagunKka uyepes m Jer crara p pybned,
a cyMMa BTOpOrO uepes n{n % m) aer crana g pyGaesr. Onpe-
JeMUTh, KAKOBA TNEPBOHAUAAbHAA CyMMa JA€Her Kaxaoro BKJal-
YuKa ¥ CKOJBKO TPOLEHTOB (B TroA) BhIAAUnBaeT cbepracca.

10.154. lapoxoa ornpaasercs u3 nyHKTa A BHU3 1O Te-
yeHH!0 peKkd. Yepe3 uac 3a HUM OTNpPaBJseTCs Katep U AOro-
nser mnapoxos B 60 xu o1 A Ecam 6m ¢ Momenra ornpeasie-
HUS KaTepa TNapOXOX YBEJuuwsl CKOPOCTh HA D Kat/4ac, TO Ka-
Tep, ABUrasCh C TpexHed CKOpPOCTbIO, AOTHaA O 11apoxon
8 120 xwu or A. Onpesenurb, Ha CKOJbKO KM/4AC CKOPOCTH
Karepa GoJsiblle CKOPOCTH Tapoxona.

10.155. Katep ¢ nocrosnHo#t ckopocrtbio, B £ pas Ooablueii
CKOPOCTH NapoX0Aa, OTHPaBASETCs OAHOBPEMEHHO C MapOXOOM
U3 OAHOFO IYHKTAa BHU3 10 TEUEHHW peku. Hepes CKOJBKO Bpe-
MeHp TocJe OTHpasJeHust NapOXOA3a OHHM BCTPETATCS, €CJAH ue-
pe3 t amun Karep NOBEDHYJ Has3al U YMEHbIUUJA CKODOCTb B 1Ba
pasa?

10.156. M3 oaHoro nyukra B OZHOM HallpaBJIEHUH 4Yepes -
KaX¥(able T0JYaca Bbie3waerT BenocunegucT. IlepBmit  emer co
ckopocteio 10 wa/uac, BTOpOH —CO CKOPOCTBIO 8 KM/4ac.
Ha#ttu ckopocTbh Tperbero Benocueaucra, ecay M3BeCTHO, YTO OH
o060orHaJa nepBoro BeJOCHIEAHCTa Ha 4 uyaca MO3¥ke, YeM BTOPOro.

10.157. bpuraza paOounx cTpouT MoctT 3a 14 aHedt. Ecin
651 B Opurage 66110 Ha 4 4esoseka GoJblile W Kax bl paboran 66
Ha O4uH 4ac B aeHb OoJblie, TO Ta we pabora Guiaa GbH BeNOJ-
Hena B 10 gneit. Ilpu yBeanuenun we Opuraasl eime Ha 6 we-
JoBeK u pabouero AHA eule Ha OAMH uac Bcad pabora Opia Ol
shinosHeHa B 7 nHedr. Ckoanko uenoek Oblao B Gpurage u
CKOJIBKO 4acoB B JeHp OHM paboTamu?

10.1568. 13 cocyna ¢ xucroroft otamad 1 4 KHCAOTH W 10-
Gapuid 1 2 Bomwp, 3arem orauaud 1 2 cmecn u golasmm 1 4
BOAB W T. I. 1 a3, NOCJAe Yero OTHOUeHHe OObeMa KHUCAOTH
K o0beMy BONB B CMeCH OKasajsoch pasHbiM 2. CKOJABKO Kuc-
JIOTH NEepPBOHAYaJdbHO OBIIO B cocyde?

10.159. Paccrosune mexay ropomamu A u B pasho 60 ra.
Iisa moe3za BHIXOJAAT -OAHOBPEMEHHO: oauH u3 A B B, apyro#
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e

as B8 A. Iloess, waymu#t us A 8 B, npohias 20 xu, crodr
‘fon4aca, 3aTreM OTNPaBIAETCA JHanaplie W uepe3 4 Mun BCIpe-
yaer moesn, uayniu#t u3 BB A. Oba noesga npuGHBAIOT K MeCTy
yasHaueHnd onHoBpeMeHHo. OnpeaeauTb CKOPOCTH TOE3[0B.

© 10.160. s nyskra A B nyHkr ‘B otnpasasercs astobyc,
a u3 nyHkra B B nyukr A—moesa. Ecan noesxy ornpasurcs
‘ga 3 #aca mnoaxke aBTObyCa, TO OHH BCTPETATCS Ha CepelvHe
nyte. A ecam moesn - otnpasutcs Ha 1 #ac 12 mux nosxe
aBTO6YyCa, TO 10 UX BCTpeun aBTOOyC ycneer mpoitta 2/5 scero
paccrosinug ot A no B. Onpenenntb, uyepes Kakoe BpeMs OHH
BCTPETATCH, €C/iu OTNPaBATCAd OAHOBPEMEHHO.

10.161. U3z nyskra A B nyHkT B 1pOTHB TEUEHHs peEKHU
ornpasasiercs napoxoid. OaHospemenHo w3 B B A ornpasasercs
noaka W, mpohias 1/3 paccrosHus ot B a0 A, BCTpeuaeT mnapo-
xon. B nysxkte B napoxon cpa3y e noBopaunBaeT o0paTHo,
obrousieT JOAKy ¥ npubGniBaeT B A B MOMEHT, KOrJa J0JKa
Haxoaurcss Ha paccroauun 20 xm or A. Ecau Ob cKopocTs
ACJKH OTHOCHTEJNbHO Boan Opiia B TpU pasa Gosplue, TO nep-
Bas BCTpeva npowmsomia 6bl Ha cepeauHe nyru Mexay A u 5.
Onpenenutb paccTOSHHE MEXAY nyHkTamu A u B.

10.162. Vs nynkta A B nynkT B NPOTHB TEYEHHs DEKH
ornpasasercs napoxoa. OxxHoBpemeHHo u3 B B A ornpasasercs
aoaka v, npoitaa 3/8 Bcero pacctosHus or B mo A, BCTpeuaercs
¢ napoxoxoM. B nyukte B mnapoxoa cpasy e NoBOpauuBaer
o6parHo ¥ TpuOGhiBaeT B A OJHOBpeMeHHO ¢ Joako#. Ecam Owl
CKOPOCTb JIOIAKH OTHOCHTENLHO BOb Ohina B asa pasa Gouabule,
10 B nyHkT A oHa npubsia 6w Ha 1 xzac 10 mun panbuie
napoxoga. Onpenenuts, uepe3 KaKoe BPEMs IIOC]E OTNpaBieHus
Napoxoj BO3BPATHJACT B NYHKT A..

10.163. Tpu Benocunesncra Bul€Xajd OAHOBPEMEHHO: nep-
‘BB W BTOPOH B3 NyHKTa A, OBUrasch C PasinuHBIME CKOPOC-
TAMH, a TPETui —HaBCTpeyy UM H3 nyuxra B. Yepes 1,5 4aca
nocje Havyala OBUKEHUs TEpPBBIH BeJOCHNEeAUCT OB HA PaBHOM
paccTosHuy OF ABYX JPYTruX, a uepes 2 #@ca nocie Havyaaa asu-
XEHUA TPETHH BeaOCHNeAUCT OB HAa PABHOM pPACCTOSHHH OT
nepeoro # Broporo. Yepes CKOJBLKO YacoB MOCJAE Hauana OBH-
KEHUA BTOPOH BENOCHIICAUCT HAXOAWJCH HA DaBHOM PacCTOAHHU
OT NEepBOrO U TPETHETO? ,

10.164. Ha Gepery peku no. ee TeueHHIO PacMoJONKEHbl 1Ba
Tyukta A ¥ B, a Ha TNOANYTH MEKAY HUMH B PeKy Blagaer
NpUTOK, B yCrbe KoToporo Haxomurcs nynkr C. Jlogka wa
nyts us B 8 A sarpauusaer 3,5 waca, a Ha oOparHblfi nyTh —
1 4ac 25 mun. Myts ua B 8 € u 3ateM BBepX 0O NPHTOKY
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Ha TaKoe ke paccrosHue no nyHkra D ona npoxoaut 3a 4 4aca.
3a kakoe Bpems JopnKa npomisiser u3 D B B, ecau 3TOT nyTh
B crosiueil soxe 3aHaa On y Hee 2 waca? (CKopoctb TeueHus
peKu Mocje BIameHus MPUTOKa YMEHbINAETCs.)

10.165. Pycjo pekn pasBeTBJs€ICAs HA JBa MOTOKA € pas-
HBIMH CKOpOCTAMH TeueHus. Ha pas3suike pacnosoxeH nyHkr 4.
Jlogka Ha myTh 10 NMEPBOMY HOTOKY u3 mnyHKra A B nyskr B
saTpauusaer Ha 2] mun MeHplle, YeM Ha NyTb IO BTOPOMY
notoky u3 uyskra A B uyuktr C. Wassecrso, wro paccrosmme
or A no B paeno paccrosuuio or A go C. Ha o6paruuii
nyte u3 B B A nomka sarpaumsaer Ha 1 yac 10 mun Goablie,
yem Ha nyrs u3 C B A. Ecan OB CKOpPOCTb JOAKH B CTOSUEH
Boje Owina B 2 pasa Goubuie, TO Ha nyrh u3 B B A oHa sarpa-
taa Oul Ha 12 amum Goasime, yem Ha nyts u3 C 8 A. 3a ka-
KO€ BpeMs JIOAKa MpOoHAer B CTOAYEH BOJE TyTh, PaBHHH pac-
crosuuio or A no B?

10.166. MoropHas Joaxa OTHPaBUJaCh BHH3 M0 TEUEHHIO
pekn u3 nyukra A B nyukr B. Korza ona npowa 3/, nyrm,
KOHYMJIOCH TOpIOYee, W OCTaBWIANCA MyThb OPWUIJIOCE WMATH Ha
secaax. Bece nyte w3 4 8 B 3ansn 1 4ac 50 mun. Ecin 6
FOpIOYEro XBaTHJIO JHUIb Ha Y/, MyTH U OCTaBIMUHCA NYTb Hago
OblI0 UATH HA BECJax, TO Becb MyThb 3aHsi Obnl 3,5 #aca. 3a
KaKoe BpeMs JOJKa Wpoxomur nyth u3 B B A Ha Becsax,
ecan nyts w3 A B B w oGparHo ¢ BKRJIOMEHHBIM MOTODOM 3a-
HuMaer 2 zaca D muu?

10.167. M3 nyskta A B nyHKT B BooJab Oepera pekn 1o
ee Teuedmio unet Tpona. OxorHuxk Beimea n3z A ua 3/7 waca
nosxe peibaka, ornpasuslierocs us A B B Ha noake. B nysxr
B ouu npuGHJN OJHOBPEMEHHO, a CNYCTs 4 4aca MHMO HuX
nporaena BeTKa, OpollieHHas OXOTHHKOM B PEKy HDH BHXOIE
u3 A. B ofparHbii nyTh OXOTHMK BHIea Ha 2 #aca 20 Mun
no3xe pwbaxka, OAHAKO HOTHA! €ro JOoAKY B nyHkre A, 3a
Kaxkoe BpeMmsa poiOak BepHyiacs u3 B B A?

10.168. Katep u nmapoxosa, OTIPaBAsisACh ONHOBPEMEHHO U3
nyHkTa A B MyHKT B 1m0 HAanpaBJ/IeHUIO TeYeHus PEKH, OCyLLecT-
BJAIOT 0e30CTaHOBOYHOE [BHKEHHe Mexay A u B. 3a opwmn
pabounii geH» Karep faenaer S peficoB, a napoxox—9 peiicos
(pefic— nsmxenne o1 A B B u obGparHo). Yepes 20 sun nocae
Hayaja OBMKEHUs, KOTZa Katep npomea 5/6 Bcero paccrosHms
oTr A go B, npoucxoant wux nepsas BcTpeya. Onpepesnuts mnpo-
HO/DKATENbHOCTE Paboyero us. ‘



FTABA XI

TPUI'OHOMETPHYECKHE YPABHEHUY U CHCTEMBI
YPABHEHH

§ 1. Hpocrefimue TpUroHomeTpuyeckye ypaBHEHHS

B sroff rnaBe MBI paccMOTpUM HEKOTOPHIE BULBI YpaBHEHHH
B CHCTEM, B KOTOPHIX HEU3BECTHBIE CONEPHATCAd [O0J 3HAKOM
TpuroHoMeTpuueckux (pyHkuni, Takue ypaBHenus OyneM Hasbl-
BaTh MPUSOHOMEMPULECKIMIL YPABHEHUS M.

Pewenne TpuroHoMeTpUYECKHX YpaBHEHu# CBOZHTCH B KOHEY-
HOM uTOre (C MOMOIMIBIO PasAMYHBIX npeodpasoBannil) K pelle-
HUIO NMPpOCTEH I uX TPUrOHOMETPUUECKUX YpaBHEHUM:

sinx=a, cosx=ga, tgx=a, clgr=a. )]

TMosToMy MBI npeXcie BCero HamoOMHUM, HNpH KaKUX 3HAUEHUAX a
ypaBHeHus Bula (1) paspemnmbl (uMeioT pelleHus) U Kak Ipa-
BHJBLHO HAaXOAHTh BCE DEILEHUS TaKUX YpaBHEHHH.

1°. ¥YpasHeHne

sin x=a. 2)

Tak kak 3sHauenns (yHKUUM y==sin X 3aNOJHAIOT OTPE3OK
{=-1, 1], To ypaBHeHue (2) paspeliuMO B TOM W TOJLKO B TOM
ciyyae, KOria :

la|<1. 3)

Ecau ycaoeue (3) BEINOJHEHO, TO BCE pellieHus ypaBHeHns (2),
KaKk H3BECTHO, COAepkarca B (opMyae

x=(— 1)"arcsin a 4 in, (4)

Tle 7 npHHUMAaeT INPOH3BOJBHBIE LEJHE 3HaueHud, T. e n==_0,
=1, =2, ... (no noBony CMbICAaZ 3anucu arcsina cm. crp. 219).

Eci xe yciosue (3) He BHINOJHSAEICH, T. e [a|>1, 10
YpasHenue (2) He umeeT (HeHCTBUTENBbHBIX) pelueHn. D10 nociel-
Hee 0OCTOATENBCTBO CJAELYeT XOpOLIO NOMHHUTh, TaK Kak, 8abbl-
Basi 00 3T0M, yHaULHECa ¥ NOCTYTIAIOUIHE B BY3bl HEPEUKO JONYCKAIOT
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Vs

ownGku. Hanpuvep, npn peliennn ypasHeHus sin x =5~ HeKoTo-
' 5
pble y‘lamHECﬂ, HE 06paulaﬂ BHUMaHUs Ha TO, UTO’ V— Bbl-
Vs

nECHBAIOT  €OTBET>  X=(— 1)"arcsin - + nn, KOTopbm He
HMeeT HUKaKOro CMBICAa, TaK KaK (byHKIuA arcsinx He omnpe-

aeJeHa B TOUKE .X«'"“—‘ (T €. 3Ta TOYKA HE MNPRHALJICKHUT

006s1aCTH OnpeeeHNs cpym{mm aresin x).

3ameuaHue Bcoay B pansHefilueM npu pelieHHd TPUro-
HOMETPUUECKUX YPaBHEHUH# M CUCTEM MBI JJS COKpAUleHHs 3anu-
cH He 6y11eM nucath B OTBETAX, uro n, k, m=90, &1, 42,
(xors 330bBaTL 00 3TOM HEMb3A).

Mpumep 1. Pewnts ypaBHeHue sin x = 9

1 by

Pemenue x=(— 1)”arcsm—2-+mz=(—~ 1)"~+nn.

/o
MMpumep 2. Pewntp ypaBHeHue sinx=— !29

Pemenue. x=(—1)" arcsin(-— Y;’)—}—nn:(—- 1)"5(-%)-{-
dnn=(— 1)*? <g>—[—nn.

ITpumep 3. Peuwiure ypaBHeHHe sinx——~l/—l—0§—":'--l .
Pemwenue. 310 ypasuex—me He HMeeT pelleHuH, Tak Kak
V1-6>3 H, SHAYWUT, ~——p— VIO >1
2°. ¥Ypanuenue
cos x =a. )]

OT0 ypaBHEHnME TaKXKE HMEer pelleHds TOTHa U TOJbKO
TOrja, Korja )

lal<1. | ®)

Ecau ycaosue (6) BbInOJHEHO, TO BCe pelleHus ypaBHeHHs (5)
3anucHBaoTCa GopMynoh

x =1z arccos a - 27n. ' )

Ecan |a|>1, 1o ypaBHeHue (5) He uMmeer pelueHuH.

Mpumep 4. Pewurs ypasueHue cos x=%,
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Pewenne. x=iarccos%+2nn=i%+2nn.
Mpumep 5. Pewuth ypaBHeHHe COS X = — —V;.

Pewenune x=:+ arccos(—?)-}—?nn:i%n-!—?nn.
A

IIpumep 6. Pewnth ypasuenwe cosx=1—1}/5.
Pemenne ODTo ypasHeHHe He UMEET DelUeHuH, TaK Kak

I—15<—1.
3°. ¥YpasHenue
tg x=a. 3

D10 ypaBHeHWe paspewnMo fpm JMoboMm a. Bee pewenus
ypasHeHus (8) cogep:arcad B dopMye
x==arctg a-} nn. 9)

"INpumep 7. Pemnts ypasuenne tg x=7"3.
Pewenune. x=arcth§—i~—mz=%-{—rm.
[MTpumep 8. Pewurs ypasHeume tg x==— 1.
Pewenne x==arctg(— 1)+mz=—-——%+nn.
4°, YpaeHeuue
ctgx=a. (10)
310 ypasHende paspeiiumo npu JmoboMm a. Bce peuwenns
ypasHedns (10) comepxkarca B (opmyane
' x=arcctg a + nn. ‘ (11
NMpumep 9. Pemnts ypasuenue ctgx=}'3.
Pewenne x=arcctg )/ 3 + mn= g-—}—rm‘

IMMTpumep 10. Pemnts ypasHenue ctg x:——-V%,
Pemem&e. x=arcctg<—~%>+ﬂn=2§+nn.

B sakmoueHde BHIIMIUEM peIleHHs AJF HEKOTOPHIX 4Yacro
BCTPEYAIOINXCSA YACTHHX CYy4aes NPOCTERIIAX TPUrOHOMETPHYEC-
KX ypaBHeHul: '

a) sinx =0, X = JU,
6) sinx =1, 'x=%+2nn;
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8) sinx=— I, x=—g+2nn;

kg4
r) cos x=0, X=-+an

o) cosx=1, » X =2nmn,
e) cosx=—1, x=n2n-++1)

§ 2. YpaeHenus euma sinf(x)=a, f(sinx)=0
U AHAJIOTHYHBIE WM

B stom maparpade MB pacCMOTPHM pelleHne ypaBHEHUH Buia
sin f(x)==a, cos f(x)=a, tgf(x)==0a, ctgf(x)=a, (12)

a TakKxe ypaBHeHu#i BHuja
fGinx)=0, f(cosx)=0, f(tgx)=0, f(ctgx)=0. (13)
Bce atn ypaBHeH;x;i METKO CBOAATCA K MPOCTEHUIMM TPHrOHOME-

TPHYECKHM YpaBHEHHAM, PacCMOTDEHHHIM B MPEABAYILEM MNapa-
rpade.

Ypasuenus (12) seeieHueM BCHOMOraTEAbHOrO HEH3BECTHOTO
t=f(x) cBOASTCA K NPOCTEHLUINM TPUrOHOMETPHYECKUM YpaBHe-
HUAM B ypaBHeHusM Bupa f(x)==b., Tak, ypasHeHue sin f(x)=a
YKa3aHHOH 3aMeHOH MPHUBOLUTCS K CHCTEMe

{f(x):t,

sinf=a.

Bropoe ypasHeHne mveer (npu |a|=<1) peuexne
t=(— 1)"arcsin a + min,
MOACTaBAAA KOTOPOE B IepBOe ypaBHEHHe, MOJydYaeM ypaBHeHHe
f(x)=(— 1)arcsin a -+ nn, (14)

KOTOpPOE TpOlle HCXOAHONO YpaBHeHHs (M PpaBHOCHIBHO eMmy).
Ilpu |a|>1 ucxonuoe ypasHeHue sin f(x)=a He umeer peiue-
Hult. AHajornuHo, ypasHerne cos f(x)==a npn |a|=<1 pasHo-
CHJBHO YPaBHEHHIO

f(x)=:arccos a + 2an. - (19)
Taxkum e NpUEMOM DEWIAOTCA U TIOC/eHue ABa ypasHeHus (12).
IMIpunmep 11. Pewnts ypaBHeHue

1

sin(3x — )=+
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Pemenue, Maunoe ypastenue pastocuanto (cm. (14)) ypas-

. .o
HEHUI0 3x-—1=(—1)”arcsm—5~—|—nn, U3 KOTOpPOro HaxoJuM

1 1 Aycnn an
X=z+5(1 arcsin &~ ——.

ITpumep 12. Hatitn nedcTBuTeNbHHIE pelleHHS ypaBHEHUA
cos (x2—2)=%.
Pemenune. Jannoe ypasuenue pasHocuibHo (cm. (15)) ypas-

n
HEHNIO x2~2:i—3— +2mp, T. e. DaBHOCHUJABLHO YpaBHEHHIO
Tt
x2=2 _1*3 -+ 2an.
Tax Kaxk 3naueHus x JOMAHB ObITh ACHCTBHTEALHBIMH, TO

- 3T
BOMKHO  BHITIOJHATBCS yCIOBHE Qi»g 4+ 2mn=0; nostomMy 1

MOXEeT NPUHUMATH TOMBKO 3HayeHnsa U, 1, 2, ...
T
Ome. x————*_‘]/Q:*:-3~+2mz, rne n=0, 1, 2, ...

3ameuadnne Hepeaxo npu peizennn ypasnennii suna (12)
yuammpecs u MOCTYNAIUe B BY3h AONYCKAKOT OAHY THIMYHYIO
OmwuOKy, CBY3aHHYIO C HENPABUJALHBIM HCTOJIKOBAHHEM HepHOAHu-
HOCTH TpuroHomerpuuecknx Qynkunit. Hanpnmep, npu peenun

1
yparHeHust cos 2x = — & HEKOTOpHIE Yyauuecs paccykaalor rax:

«Hatimem xakoe-HuOyub 3HaueHHE Xy YLOBJETBOPSIOUIEE YPAB-

1
HEHWIO; HANIDUMED, MOXKHO B3ATb X;= Torma Bce peweHnsd

?.
It
MOXHO 3anucarb TaK: x:i?+2ﬂn». Ownbka 31eChb 3aKJI0-

YaeTCst B TOM, YTO GhYHKIMA cos 2X UMeer mnepuon 7, a ne 27,
YTO B 3TOM DELUIeHHH HEe YUYTeHo. [ag NpaBuiabHOro pelieHins
crefyer BOCTOJb30BaThes (opmysoil (15), coraacHo kKoropofi

2x= ig; -+ 2nn, otkyna x = X 4+ qn. Bor APYTofi npumep.

Hafite nefictearesbusie peuieHus ypasueHus cos (x? - 4)=1.
Ilpu peutennn 310ro ypasHeHus HEKOTOPHIE YHallUeCs PaCcCym AT
Tak: «QueBnano, uro x=_2 YyIOBJAETBOPAIOT YpPaBHEHHIO;
NMOTOMY BCE peLIEHHs MOXKHO 3anucalb Tak: x =t 2- 2mn».
3uecy monyniena eme Gosnee rpyGas owmbra: Beab (yHKUHS
cos (x%—4) ue asaserca nepuoauueckoh. IlpasuisHoe peweHune
9TOr0  ypasHeHus [0JyvaeTcsd Ha OCHoBe ypasHenus (19):
X®—4=2np, orkyma Haxomum x=1t1"442mn (n=0, 1,
2, ..)). Takum o0O0pa3aoM, HCIOJIb3OBAHAE YKa3aHHOTO  BhILIE

12 B. TI. Boartamckufi # xp. . 353



cnocoba peweHus (OcHoBaHHOrO Ha Qopmyaax (14), (18)) rapantu-
pyer or ouuboK.

Tepeitnem Teneps Kk paccmorpenmio ypasuenuit (13). Tlpu
pEIEHHH 3TUX ypaBHEHu{ BBeleHHE BCIIOMOTATEJBHOIO HEH3BECT-
Horo f no c¢opMmynie t==sinx (#JM COOTBETCTBEHHO I==C(OS X,
t=tgx, f=ctgx) npupogur k ypasuenmo f({)=0, peuns
KOTOpOE ‘MB TNPUXOAHM K PACCMOTDEHHIO TPOCTEHIIUX TPHUTOHO-
MeTpuueckux ypasHeHufl. PasGepem Oosee noapoGHO nepsoe
U3 YKa2aHHBIX ypaBHeHu#: f(sinx)=0. 3ameHa HEN3BECTHOTO
t==sin x NPUBOANT HAC K CUCTEME YpaBHEHHH ’

{ t =sin x,
JF(@®)=0.
Ecnn BTOpOE ypaBHEHHE STOH CHCTEMBI UMEET KOPHHU fy, Lo .. Ipy

TO HCXOJHOEe ypaBHeHue f(sinx)==0 paBHOCWJBHO M3 BLIOHKIMH
OPOCTERIINX TPUTOHOMETPHYECKUX ypaBHEHUH

sinx==1;, sinx=t, ..., sinx={,
BosbMeM B KauecTBe npuMepa ypaBHEHuE Bula
asin? x +bsinx-+c=0, a0 (16)

910 ypasHenue umeer BuA f(sinx)==0. Iloaoxum sinx=ft.
Torpa ypashenume (16) npumer BHJI

fO)=aft+ bt +c =0, a7
OTKy/a
_ —b+ Vb —dac
=, (18)
—b—V b —dar
t2=———’;1~—ic. 19)

ChenosatrensHo, ypasHeHne (16) paBHOCHIBHO AWSBIOHKUHA YPas-
HeHnH

sinx==t, sinx={,

Orciona BhiTexaer, uto ypastenne (16) mmeer penieHus B TOM
¥ TOJBKO B TOM CJyuYag, KOrjia KOpHu t; u f, ypasHenus (17)
neitcTutenbHel (1. 6. D=b%2—4ac>=>0) n no xpaiue#t mepe
OoMH K3 9TUX KOpHeR no abco/oTHOM BeMYMHE He NpPEeBOCXO-
JMT €AVHUILEL '
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Mpu stom: 1) ecan |&|>1, |£|>1, 1O \ypaBHeHu'e (16)
He uMeeT pewmenafl; 2) ecan |4 |=<<1, |¢{,|>1, 10 ypaBHeHue
‘UMEET OJHY CEpHI0 pelleHmit: .

x=(—1)" arcsin ¢, -} nn, (20).

rae f, ompemeanerca QJopmy)xoﬁ (18) (amanoruuno mpu |4, ]| << 1,
[ty |>1); 3) ecim [t |<<1, |£,! =<1, T0 ypasuenne (16) umeer,
kpome cepur (20), eile ofHy cepuio perieHuil:

x=(—1)" arcsin ty -+ mn,

rae t, onpegeasercs cgopmyaon (19).

MMpumep 13. Pemnts ypaenenue sin® x-+3sinx-+5=0.

Pemenne. Tax xak ypasuenue £2+43f-4-5=0 ne umeer
AeficreutenbHbX pemennt (D= 3%—5.4<<0), 10 ucxoaHoe ypas-
HEHuE HE WMEEeT pelleHul. ‘

Npumep 14. Pewurs ypasuenne 2sin®x-+sinx —1=0.

Pemenue VpapHeune 2f2-f—1=0 umeer KOpHU

1 .
ty=—1, t2=—2—.

CregoBareibHO, HCXOJHOE YPaBHEHHE HMEET JBE cebpm pelueHnt:
. T n
X =— 5+ 2an, x=(—1)" %+ an
Mpumep 15. Pewnrs ypasuenue 3sin® x—5sinx—2=0.

Pewenne. Ypasuenune 32— 5f—2=0 umeer KopHu
1

=, ty=2,

1

HMcxonuoe ypaBHeHne HMeeT OIHY CEpPUI0 PEILSHMH:
.1
x=(—1)""1 arcsin 5 +an

K ypasHenmo Buaa (16) nerko Csomurcs ypasHeHue
Acos®’ x4 Bsinx 4+ C=0. @n

B cavom nene, cos?x==1—sin®x, u nosromy ypasuenne (21)
mOoxHo 3anucath B Buie A(l—sin?x)-}-Bsinx+C=0, niu
(— A)sin? x + Bsinx 4 (C+ 4)=0.
Mpumep 16. Pewnrs ypasuenue cos? x—sinx—1=0.
Pewenne Jannoe ypasseHue nepenuiuem 8 sume sin? x--
+sinx=0, wm sinx@GGinx-+1)=0. Orcioga BHAHO, 4TO

12+ . 355



HCXOJHOE YpaBHEHWE pABHOCH/bHO JU3DBIOHKUUM  YypaBHEHRH
sin x =0, sinx =—1.

7
Oms. x==mnn, x=—~2—+2nn.
Bosaee o6uium, uem (16), sBasiercs ypasHeHwe

agsin” x 4-a;sin*lx+...4q, sinx-+a,=0. 22)
3ameHofl f==Sin.X OHO CBOAUTCA K axreGpaddyeckoMy YpasHEHHIO

gt - aytr -, b a, ot a,=0. (23)

CorsnacHO CKa3aHHOMY Bbllle ypasHeHue (22) paBHOCH/IBHO JH3DL-
IOHKUNE ypaBHeHui

sinx=t;, sinx=ft, ..., sinx=f,

roe ty, ty ..., I,—KopHn ypasnenus (23). Uz sroro crenyer,
uyTO ypasHeHue (22) wuMeeT peleHHs B TOM U TOJBKO B TOM
ciyvae, ecad ypasHenue (23) nmeer AeHCTBUTEJbHBIE KOpPHH H
110 KpalfiHell Mepe OIMH M3 9TUX KOpHei no abcoioTHOH Beau-
YRHE HE TNPEeBOCXOANT eINHHHULHL

Vpasneune Buma a,sin 2"l x 4 g, cos?® x -+ a,sin?lx -
+agcos x4 H4-aysinx 4+ ay, ;=0 Takke  cBOAHTCHA
K ajarebpaudecKoMy ypasHEHHIO OTHOCHTENBHO f==sinx, TaK Kak

cos?* x == (1 —sin? x)* = (1 —2)~.

Bce, uro 6bl10 cka3aHo 06 ypaBHEHHAX, CBOLAIIUXCS K aared-
panuyeCKuM OTHOCHTEJIBHO t:sinx, OUYEeBHUAHBIM 06pa30M rnepe-
HOCHUTCA Ha YpasHeHud, Coaeprkaulie TOJAbKO COS .X.

B HaCTHOCTH, ypasHEHHUE

acos’x-J-bcosx - c=0 (24)

3aMEHOH {==C0SX NpUBOAHTCA K KBAAPaTHOMY YpaBHEHHIO
at? -+ bt -}- ¢ =0.
K ypasuenuo Bria (24) npuBoauTCcs ypaBHEHHE

asin?x-+bcosx-+c=90,

ecau 3aMenurs sin®x Ha 1 —cos?x.

ITpenocras/aseMm uMTaTeMO CaMOCTOATENBHO CHOPMYyaMpOBaTh
HEOOXOAUMBIE ¥ JOCTaTOUHBIE YCJOBHA PaspelluMOCTH YpaBHeE-
Hust (24) W pewwTh BONPOC O TOM, B KAKUX CJAy4asXx 570 ypas-
HEHHWE HMEET ABE CEepHuM pEIUEHHull, OJAHy CepuIo pelucHudt i He
UMEeEeT peiuneHni.
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PaccMoTpuM ypaBHeHus:, CBOAAILNEC K aire6panyeckuM ypas-
HEHMAM OTHOCHTeNbHO (GiyHKkuM# tgx m ctg x:

agtg*x+a tgttx+...4a, s tgx+a,=0, (25)
boctg" x4-byctgr x4 . b, yctgx+b,=0. (26)

Vpasnenune (25) noacraHosko# tgx =1 csogurca k anrebpanue-
CKOMY ypPaBHEHHUIO

agt" 4 agt™ 1. & @yt -+ a,=0. (27)

CorniacHO CcKasaHHOMY BbullE ypaBHeHue (25) paBHOCHABHO
JUSDIOHKUUA yDaBHEHIH

tgx=1t,, tgx=ft, ..., tgx=1,

roe ty, fy ..., t,—KOpHN ypasHeuus (27). Ms srtoro caexyer,
4TO ypaBHeHue (25) paspellyMc B TOM H TOJABKO B TOM CJYYae,
Korja mno KpafiHeH Mepe oOJuH U3 KOpHell ypasHenus (27) 8-
JAETCS NEeHCTBATEABHBIM. AHANOrHIYHO 00CYXKAAETCH BONPOC O pas-
pewuMoctn ypasHenus (26).

ITpumep 17. Pewnre ypasHeune tgd x4-2tg2x+ 3tgx=0.
« Pewewnne Ilonaras tg x =", noayuaem ypasueune 3-4-2£2-
-+ 3t=0, nma ¢ (#*-}2¢ + 3)=0. D10 ypasuenue nmeer TOJLKO
OJIMH JeHCTBUTENBHBINH KopeHb f==0. C/eposaTelbHO, HCXOLHOE
ypaBHeHHE DaBHOCUJABHO ypasHennwo tg x=0.

Oms. x=unn.

I[Tpumep 18. Vpasuenue ctg?x -+ 3 ctg x-I-5=0 He umeer
peureHuit, Tak Kak ypasHenue 2?4 3u+5=0 He nmeer ne#cr-
BUTEJbHBIX KOpHEH. ,

§ 3. YpaBHeHHs, ONHOPOAHbIE OTHOCHTEJLHO SinXx # Cos X
PaccmoTpuy vpasHenne Buga

agsin® x + aj sin” 1 x cos x -+ a,sin” 2 xcostx +...
coota, ysinxcos™lx4-a,co8" x=0, (28)

rie ap @ ..., Q,— JefcTBUTeAbHbIE uuCaa. B kawioMm caarae-
MOM JeBOH uactu ypasHeHus (28) cymMMa cTeneHeH cuHyca 4 Ko-
CHHYCa OJHa U Ta Ke W paBHa n. Takoe ypasHEHHE Has3bIBAETCA
00HOPOOHbLM OTHOCUTENLHO SilX M COS X, a UMCJIO 72 HA3bIBAETCS
noxazameaem 00HOPOOHOCHIL.

ficno, uTo ecanm ay=0, TO Bce KOpHHW ypasHeHusi cos x=70

(T. €. uncha % —}—nn/‘u YAOBJAETBOPAIOT ypasHeHnio (28). Ecnu xe
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a,=%=0, TO 3Tu uucaAa He SBJAIOTCA KOPHAMH ypaBHeHns (28).
He#icTBUTEABHO, TIPY x:%—]— T MBI uMeeM cos x =0, sinx =1,
U [I0TOMY JeBast 4acTb ypasHeHus (28) npuuumaer 3HaueHue
+a,5 0. Hrak, sonpoc o TOM, SBJAIOTCA /14 uucJa %—[—Im

KOpHAME ypaBsHenns (28), peliaercs HernocpescTsBeHHo.
Byaem Tenepp HCKaTb KOpHE ypaBHeHus (28); oT/iuuHble OT

11
3TUX YHCEI, T. €. [pH x;&~2— 4 ma. Iag 9TuX 3HaueHuid X Mbl

umeeM cos x =0, u noromy ofe uacti ypasnenus (28) MoxHO
paspeantb na cos” x. B pesayabTate Mbl MOJyumM ypaBHEHUE

aptg"x+atg"tx . ta,tgx+a,=0, (29
KOTOpOe Mbl YK€ yMeeM pewars (cM. ypasHenue (25)). 3ameruy,
yto npu ayg=0 ypaBHeHue (29) paBHOCHJIBHO YypasHe-
Huo (28).

Usyuum 6Goaee nonpo6Ho ONHODOJAHLIE YDaBHEHHS € INOKasa-
teaamu opHopoaHocth 1 u 2. Ilpn n=1 nMeem ypaBHeHue

asinx b cos x=0.
Ecan a 50, To 3T0 ypasHenne paBHOCHJLHO YpaBHeHUIo a tg x--
+b6=0, wmu tgx=— —Z— , OTKylda x=— arcig % -+ nn.

IMMpumep 19. Pewmutp ypasHenne 2sinx—3 cos x==0.
P weHune JlanHoe ypasBHeHHE PaBHOCHJILHO MpOCTeReMy

TpnrOHoweTpnqecxomy ypasHenuo tg X =

Oms. x=arctg ‘7 -- an.
Ilpu n==2 umeeM OZHOPOAHOE ypaBHEHUe BUAA
asin?x - bsinx cos x + ¢ cos? x==0. BO)
Ecmu a0, 1o ypasnenue (30) paBHOCHJIBHO YpaBHEHUIO
atg?x--btgx+c=0. ' 31

Ypasnenue (31) noacraHosko# tg x =1 cBoANTCA K KBagparHOMY
YPaBHEeHHIO

af? 4+ bt 4 ¢ =0. (32)

Ecan b2 —4ac=0, ro ypaBHeH#e (32) umeer meficTBUTENbHBIE
KOpHH
; — b+ V8 dac 4 b=V —dac
1= 2a T T T e T
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B, caenosarenbHo, ypasHenue (31) umeer nse cepud peileHufl:
x=arctgt, 4 nn, x==arctgt,-+nn

Ecin b2 —4ac <0, to ypasHeHue (31) He umeer pelueHuit.
ITpumep 20. Pewnrs ypasHenue 2sin®.x--3sinx cos x-+
+ cos? x=0. ‘
Penienne. JlaHHOE YypaBHEHWE pPABHOCHILHO YDPaBHEHHIO
2tg®x 43 tg x-+ 1=0, koropoe mnoacraHoBkoli tgx==f cBoO-
IATCSE K KBagpaTHOMY ypasHermio 2¢% 4 3¢ 4 1=0. Kopsu xBaj-

1 .
paTHOTO YpaBHEHus: fy=—1, fy=— 5 Otrciona HaxopuM e

cepuu peineHnH HCXOLHOrO ypaBHEHUA,
T |
Ome. x=-— i +an,  x=—arctg &+ on.

. IHpuwmep 21. Pewnrts ypasuenwe sin?.x - 5sinx cos x--
-+ 8 cos?x=0.
Pewenue JanHoe ypapHeHue pABHOCU/IBHO YDABHEHHIO

tg? x -} 5tg x4 8=0.

Tax kak cooTBercTByIOUIEE KBaApaTHOE ypaBHeHue 245/ 8 =0
HE uMeeT AeHCTBHTEALHEIX KODHeH, TO 33aJaHHOC ypaBHEHuE He
uMeeT peuieHul. '

K ypasnennio Buma (28) cBozurcs ypaBHeHue

a,8in%" x -+ a; sin®* 1 x cos x 4-. ..
oot Qg Sin X €082 X 4 gy, cOS22 x=4q.

a9 3TOro AOCTaTOYHO BOCHOMNbIOBATHCS TOXAECTBOM
q =g (sin® x + cos? x)".
B uacrnoctn, ypasHenue
asin? x-+bsinx cos x4-c cos?x=d (33)
cromnTCA TakuM cmocoCoM K ypasrennwo Bupa (30). Heticrsu-
TeAbHO, TaK Kak d ==d (sin® x 4- c0s? x), 10 ypasuenue (33) pas-
HOCHJIBHO YPaBHEHHIO
(a—d)sin® x +bsinx cos x4 (c—d) cos? x=0.
[Tpnmep 22. Pemuts ypasuenue 2sin x cos x+5 cos? x=4.
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Pewenue
4sin? x — 2 sin xcosx — cos? x =0,
4tg? x—2tgx—1=0,

2—2f—1=0,
1+-V5 _1—V5
=S g 1VE
o
Oms. x==arctg ilﬁ-Jrzm, x==— arctg! l5 *—!—mz

Has coeaénus ypasHenua (33) K ypaBueHH©O (3()) M HCUOJdb-
30BaJH OCHOBHOE TPHUIOHOMETPHUECKOE TOXKAECTBO:

sin? x -+ cos2 x=1. (34
IT0 TOXKIAECTBO HE TOJBKO NO3BOJAET CBOJAHTH HEKOTOPHIE ypas-
HEeHUA K YypasHeHuaMm Buia (28), HO ¥ B HEKOTOPHIX CJIyyasx
1aeT BOSMOAKHOCThL HaliTu 0onxee TPOCTHIE PEIIeHnd TaKHX ypas-

Henuil. ag 9TOH 1EAM HCMOJL3YIOTCA HEKOTOPHIE TOKAECTBA,
noayvaeMble ¢ IMOMOIMBI0 cooTnolienus (34). Mur umeem

1 ==(sin? x -+ cos? x)2 =sint x -} 2 sin® x cos® x -+ cost x,
OTKYdd HaxXO0JanM
sin*x 4 costxr=1 ——;‘751112 2x. (35)
Hauee,
sin x -+ cos® x==(sin x - cos? x) (sin* x - cost x —sin? x cos?x)=
=1 é—sirﬁ 2x——% sin? 2x.
Urak,
sinf x4-cosbx=1— —iisin2 2x. (36)
Ipeo6pasyem reneps cymmy sin® x - cos® x, ucnonesysa ¢op-
Myay {(35). Mur umeem
sin® x -}~ cos® x = (sin* x + cos® x)2 —2sint x cost x =

{ 1 o 2 I
=l ——=sin?2x| — —fsin42x:
V2 /

=1—sin?2x + sm“ 2x— % sin? 2.x.
Orcona Haxopum

sin® x -+ cos® x = cos? 2x - ;— sint 2. 37
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dopmyJibl (35)—(37) HepenKo HCNOAL3YITC [PU DEILEHHH TPU-
rOHOMETPHYECKNX ypasHEeHNH.
MMpumep 23 Pemnrs ypasHenue

: |
sint x -} cos?t x = 5 sin? 2.x.

Pemenune. Mokno Ouiio On npeacrasuts npasyio 4acTh
B BHIE 2sin%xcos®x m 3aTeM peEUINTh NOJYUEHHOE ypaBHElne
Kak OJHODOHHOE OTHOCHTEALHO SilX U coS.X (I. € KaKk ypas-
penue Buga (28)). Mut npusenem Apvroe pewenue.

Hcnonbayd dopuyay (33), npeobpasyem ypaBHEHHE K BRiy
sin?2x =1, wmm cos?>2x==0. Ocraercs pewaTh ypaBHEHHE
cos 2x=0.

Oms. x== 7} - q? .

<

INpumep 24. Peumntp ypasHenne
- . 1
sin® x - cos X=.

Pemenne. lanHoe ypasHenue takwe mMomer OHTb CHeIaHo
OJHOPOMHEIM OTIOCHTEALHO SiNX U COS X! HYKHO YMHOKHTB
npaByw dHacte Ha (sin®x 4+ cos?x)?. Ho pemenne ¢ noyoubw
(popmyanr (36) npoue. B cuay dopuyas (36) noayvaem mnoc.e-
LOBATEIbHO:

1 3 ., . g ¢
=1 i sin? 2x, sin?2x=1, cos®2x=0.
I n
Oms. x= Y + 5 -

IMMpumep 25. Pewnts ypasuenne
sin® x -+ cos® x = cos? 2x.

Pemwenne W 310 ypashenne Jerko upmnoanTcs K BHUAY
(28), mad uero HYXKHO TpPEICTaBUTh NpPaByw UaClb B BHUE
(cos? x —sin® x)?, a 3areM YMHOXKHUTD ee Ha (cos? x +-sin? x)2. Ilpo-
Ie1aB 3TO W INPOH3BEIs YIPOUIEHNS, Mbl IPHBEAECM AAHHOE ypas-
Henue K Buay 2sint x costx =0, nan sin* 2x=0. Ho euie npowe
NOJYyYUTh 3TO ypaBHEHHE C MOMOLBbIO (opmyasl (37).

an

Oms. x= .

2
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§ 4. Beenenue BcnomoraTeanHoro yraa

B 's1oM naparpade MB paccMOTDHM peICHHE YPaBHEHU# BHa
acos x +bsinx=c. (38)

Hau6onee npocroft criocof pemenus ypasHenus (38) ocHOBaH Ha
BBEJIEHHI BCHOMO2AMEAbHOR0 Y244.

3amernm, uto ecau ¢= 0, To ypaBHeHue (38) asnaserca ogHO-
ponubiM (cm. § 3).

ITyete ¢ 5= 0 u, kpome TOr0, a*-+ 62 7 0, T. e. no KpafiHe#
Mepe OfHO M3 yHCead @, b ¥e paBHO HYJIIO (€CIM OIHO M3 YHCEN
a, b pasHo uymo, Hanpumep, a=0, #O b# 0, TO noayuaeM
npocTefiiee  TPHYOHOMETPHUECKOE YpapHeHMe bsinx=c, uim

si -—-C->
nx==-.

Paszenus ofe uacTu ypasHenus (38) Ha V @ B2, noayuaen
ypaBHeHue

a b . ¢
mcos X+ Va_ﬂ:b_zsm X = Va5

paBHOCHIbHOE YypasHeHHto (38).
Taxk Kak’

(s +aem) =

TO CyunlecrByeT TaKo# yroa ¢, 4to
b
Va‘—H:’ sin g, Vearn— cos Q. (39)

Orciona cjleiyer, Yto ypasHeHue (38) MOXHO lepenucarb B BUIE

: s c -
COs X §1n Sin X COS P == ———
¢+ =y
nimn

sin{x + (p) (40)

|/a‘3 -+ b2

YpasHernune (40), a BMecte ¢ HUM ¥ ypasHeHune (38), paspeninMo
B TOM U TOJBKO B TOM CJydyae, €Cau

c

V_—Lﬂ—?-b_z =<1, wmm ?<<a®4 b4 (41)
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Ecnm sTO ycnoBue BHINOJHEHO, TO ypasienue (38) mmeer cae-
AYIOLAE pelenns:

x=— @+ (—1)* arcsin——=—== 4 an,

Vars

rae ¢ ompexenserca u3 gopmya (39).
Ecmu ycnosne (41) He BHINOJHEHO, T. €.

€|
—— > 1, ua ¢ > q?-+b?
Vars, =@+
To ypaBHenne (38) He umeer peweHuil.
IMpusep 26. Pewurs ypasHeune 3 sin.x + 4 cosx==>5.

3 ., 4
P e uienne 3anuiuen ypagHeuue o BUACE- Sin .y - 5 08 X = 1

3 4
1 BBEACM BCMOMOrATeNbHbIH YO/ - ==C0S @, - —sin .
Tak xax sin¢ >0, cosp >0, 10 8 Rarlecrse p MOKHO B3ATH

yroa q)marcsmi [Toayuaem yparredne
sin(x -¢)=1.

. 4 ki
Oms. x== —arcsin 3‘{‘ T -+ 2mun.

Mpumep 27. Pemurs ypasuenne 2sin x4 3cosx=4.
Pemenne Tak xaxk 224 32<C42, 10 ngaHHOE ypaBHEHHE
pelieHnit He MMeer.

§ 5. Merox 3ameHBl HEHIBECTHOrO

B ra. IX Mb paccmorpenu Merof 3aMeHh HEH3BECTHOrO NpH
peiieHn  ypasHeHn#t (cm. ctp. 291). 3gmece M OTMETHM TpH
HauOoJsee ynorpebure/NbHHIX NpHEMa BBEAEHAS HOBOTO HeussecT-
HOrO NpH pELIEHAH TPUIOMETDHUYECKUX YpaBuEHHH.

1°. 3amena t=sin x - cos x. Ilycrb naHo nekoropoe Tpn-
roHomerpuueckoe ypasuenune F(x)==0. OB6o3nauum uepe3 g(x)
(YHKIMIO Sin X - COSX U BBEIEM HOBOE HeusBeCTHOE f—=g(Xx)=
=sinx-cosx. Ecin Ham ynmacres BeIpasuth (yHxumio F (X)
uepes f, T.e. npeacraBuTh €e 8 Bule F (x)=f (g (x)), T0 peluenne
ypasHenuss F(x)=0 Oyaer cBeAEHO K pEIUEHUIO YypaBHEHAS
F(#)=0 (cm. teopemy 3 na crp. 291). Pasymeercs, He Bceria
Aesylo dacTe F(X) ylaeTcst AOCTATOYHO HPOCTO BBHIPA3UTh yepes
t=sinx4cosx. Mb paccmMoTpuM oOmuH cayyadl, Koraa 310
yAaercd npocro CAenars.

363



HMrak, BeeneM (B8 HEKOTOPOM TPUrOHOMETPUYECKOM YPaBHEHHH)
HOBOe HeusmecrHoe f=sinx-cosx. Ilpumenss TOXaECTBO
(sinx -+ cos xX)2=1-sin2x, naxomum sin2x=12—1.

$IcHO 1MO3TOMY, YTO eCad Jewasd 4acTb TPHIOHOMETPUYECKOro
ypasuenns F(x)==0 Brlpaxaercs yepe3 sin x--cosx u sin2x,
T. & F(x)=¢ (sinx +cosx, sin2x), TO Mbl JErKO MOXEM Bbl-
pa3ntb F(x) uepes f. Wrak, ecan aesas wacms mpuzonote-
mpuueckozo ypasrenus [F(x)=0 .atosxcem Obms BblpaANCHA
yepe3 Sinx -+ cosx u sin2x, mo yeaecoolpasnHo npuMeHums
3aMeHny Heu38ecmHo20 no Popmyram

sin x - cos x=1{,
sin2x=12—1.

PaccmoTpny, Hanpumep, ypasHeHue Buaa
a(sinx 4-cos x)4bsin 2x 4 c=0 (42)

N TUPOW3BEAEM B HeM YKasaHHyio 3aMeHy HeumssectHoro. Torna
ypasuenue (42) cBeIercs X KBaIPAaTHOMY YDaBHEHHIO OTHOCHTE/b-
HO f: =

at+b({?—1)+4c=0,
waIn

b2 4 at +(c—b)=0. (43)

Econ #; w f,—xopH;m 3TOro KsagparHOro ypaBHEHus, TO, CO-
riaacHo rteopeme 3 Ha crp. 291, ypasHenue (42) paBHOCWILHO
JU3BIOHKIUN ypasHeHni

sinx--cosx=1f, sinx-cosx="t,

(KoTOpHE RPHHALIEKAT K THIY, PACCMOTPEHHOMY B IPELbIAYILEM

naparpade).

ITpuwvep 28. Pewnrs ypashenue 2 (Sin x -} cos x) -+ sin 2x-
+ 1=0.
’ Pewenune Ilonaras sinx--cosx=1{ nosyuaem xpazpar-
noe ypasuenue 26+ (2—1)41=0, nan £2-2¢=0. Orcrona
sHaxoauMm t;=0, f,==—2, TaK 410 JaHHOe YypPaBHEHHE DPaBHO-
CAALHO  AW3DBIOHKUMK ypasueHuél sinx-fcosx=0 u sinx -+
-+ cos x = —2. ITlepsoe u3 rux ypasuenuit paBHOCHIBHO ypas-

Tt
Henmio tg x= —1 n wumeer petueHus x=—-~4——{—nn. Bropoe
ypasHeHue pelieHHl He uMeer.
ki
Ome. x= ——Z»—{-Jm.
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3amevyanue. VYpasuenne (42) umeer peuweHns B TOM o
TOJBKO B TOM CJIyYae, KOFia JUCKPUMHMHAaHT ypasHeHus (43)
HEOTpHHATEJeH M 10 Kpalne# Mepe oawH ©3 KopHel ypas-

P
Heuna (43) ynomnersopsier  ycaosmo  [¢#|<< )V 2, Tak Kak
. ( Y . oA ey

Isin x - cosx;=V2[sm<x+T/l kgl/ 2,

AHalOrMyHO pemamTcd ypasHEHUs BHia

a(sinx—cosx)+bsin2x+c=0

3axech yaoOHO IOMOKBTh f==sinx-—cosx (1 Torma sin2x =
= 1—12).

2°. 3ameHa f==cos2x. [Ips rakofi 3ameHe uepes f Jerko
BRIpAXAIOTCA Sin? ¥ n cos? X

1—cos2x 7/ 1—¢

/

NP b -

S ® X = ——2 5
1—)—cos2x 14-¢

2 2

’
cos’x =

Takuy ofpaszoM, ecan ae8as Hacms MPUROHOMEINPULECK 020
ypasrenuss F{(x)=0 ssipascaemcs 4epes cos 2x, sin® x 1 cos® x,
Mo yeaecoolBpPasHO NPUMEHUNLs 3QMEHY HEeU3BECHIHO20 N0 (Hop-
MYAAM

cos 2x =1,

it ¢ L1

n ———2 , (44)
coszx—:l—_;—!.

PaccmoTpnM, HanpuMep, ypaBHeHue
acos2x 4-2b cost x —c. (45)

310 ypasieune UPHUBOAUTCS K OJHOPOAHOMY OTHOCHTEABHO Sin
u cosx (cm. § 3). OpHaxko mnpolile ero peuuth C INOMOWbIO 3a-
Menb cos2x==f{ (€ rnoMompio 3Tol 3amenn ypasuedue (45)

CBOAMTCA K YyPaBHEHHUIO at—]—?b-i*c, wm (@4 b)t=c—>.

Huave rosops, ypasHenue (45) coaurtcd K CJAeLYIOUIEMY ypas-
HEHUIO OTHOCHTEIBHO COS 2.X:

(a4bycos2x=c—>b
' <ero, BIPOYEM, MOKHO TOJIYUHTb HENOCPEACTBEHHO, 3aMEHUB B
: -+ cos 2x *
(45) cos? x uepes %——) .
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AHAaJOTHUHO MOXKHO DEWATh ypasHehns BUAA
acos 2x 4 2bsin x =c.
I[Tpnmep 29. Pents ypaBHeHue
‘ c0s 2.x - 4 sin® x = 8 cos® x.

Pemenue [Tpuwenss zameny (44), nomydaem ypaBHEHHE
(1 —D2=(141® r1e 34+2#4+4=0, wm, HakoHeL,
{(t*4-2¢ -+ 4)=0. D10 ypaBHEHHE HMeeT eINHCTBEHHBIH 1eliCTRU-
TeabHbiH KOpeHb § = 0, ¥ NOTOMY HCXOAHOE YPaBHEHNE PABHOCHIBHO
ypasHeHuo €os 2x=_.

7t Jin
Oms. x-—4~+72,
- 1
HDpumep 30. Peuints ypasHeHue 31nﬁx—}—cos‘3x=4 .
PemeHnune Mp yxe paccmaTpusany 910 ypasHeHue (CM. npu-
mep 24). 3aech Mhl ero pelluM ¢ [OMOILbIO 3aMeHBl (44).
ITpuvensis 3Ty 3aMeHy, CBeleM AaHHOE ypapHeHHE K CAELylo-
LEeMY:
1=\ | /14138
—_ JulL i
= ) =
wi, 1nocae ynpouxennﬁ =0, 1. e cos?2x=0.
Ome, x— I—I— -5.

TakuM ke 1pueMoM MOker GBIThL PEIIEHO W ypaBHEHWe Ipa-
mepa 25.

PaccmaTpuBaemass B 3TOM nyHKTe 3ameHa (44) ocHoBaHa Ha
-¢hopmyaax '
I —cos 2x

1+ cos2x
2 ! :

2 4
COS°x = )

sin%x = (46)
Muorna OniBaeT ymoGHee NHPHMEHATh HENOCPENCTBEHHO ¢op-
myan (46), a ne sameny (44) (M 310 BuAeNM OpPH paccMOTpe-
Hun ypasHenus (45)). Tax, ¢ nomowwio Qopmyn (46) ypasuenus
B/

asin 2x + 2b sin?x =,

asin2x 4 2bcos’x=c¢
NPHUBOAATCA K ypaBHenusM Buja A sin 2x - B cos 2x==C, usyuen-
oM 8 § 4.

Paccmorpum  ele Hecx<0m>’1<0 NpUMEPOB, B. KOTOPHIX MOJ€3-
HEIMU OKa3HBaloTcs opmyan (46).
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Npamep 31. Pewurs ypaBHeHue
2c0s? 4x +sin 10x=1.

Pewmenne Tak kak 2cos?4x - 1=cos8x, 10 ypasnenne
MOXHO 3alcaTh TaK:

sin 10x -+ cos 8x =0, uan sin 10.x +sin (; —8x> =0.
O1cioaa HaxoauM

2sin (x + zi> cos <9x - %) =,

—_ T R, Nk
Oms. x = T X=pt+g
fTpumep 32. Pemnts ypasHenne
sin®x -}- cos? 2x =sin? 3x - cos? 4x.
Pemenne Hcronsays dopmyan (46), noayuaem

1 —cos 2%
2 + 2 2

14cosdx 1 —cosby , 1-cos8x
== + 2 3

unu
cosdx —cos 2x =cos 8x — cos bx.

[Tpeo6pasys pa3HOCTH KOCHHYCOB, HaxXOJAHM

) 2 sin x sin 3x =2 sin 7x sin x,
sinx (sin 7x — sin 3x) =0, sinxsin2x cos Hx=0.
k
Oms. x=%’—l, x:%—f—%— (kB #bl-+2).
Popmyas (46) MOKHO TaKwe HCMOJB30BaTh [PH PEIUEHHH
YpaBHeHn# C/ACAYIOIEro BHIA:

c0s? ax -+ cos? bx =cos? cx 4 cos? dx,
sin? ax - sin? bx ==sin® cx 4 sin® d x,
ecan uucna a, b, ¢, d YLOBJIETBOPAIOT OZHOMY M3 YCJOBHi:
at+b=c-d a—b=c—d.
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X . .
3°. 3amena t=tgs. llpu TaKoil 3avene uepes ! HECIOWKHO
BHIpaXalorca siny u cos.x:

. X X X
i 251112 coS 5 21g2~ By
- P AN
sin® 2—}—c0522 1-+tg2,
cos?t - sin? 1—1g2”
"52“’2‘ Ty p
oS X'= x x ¥ 1t
2% 1 cos Lte2 '
51r12‘co>2 1-}—rg2

Takuy 00pasoM, Mbl NOJyUACM CAGLYIOULYIO 3aMEHY:

X
th =
I5)
sin X = 1-11—{5' 7
1—
COS X = —F.

3ameHa (47), B uacrHoctd, Moker ObITb IpHUMEHEIa, €CaH pac-
CMaTpUBAETCsS TpUIOHOMETpHUecKoe ypaBHenuwe F(x)==0, nepas
UacTb KOTOPOro SIBJASETCH PAUNOHAABHOW (ByHruyueld OT silx M

COS X, T. € MpeICTaBAAeTCs B BUIL roe P u Q — Hexorophie

Q’ 3
MHOTOUYneHH OT sinx n cosx. IlpuMepamu MOryT CAyKuTb
ypasHEHuA
sin? x-+-2cosx_ 1
3cos2 x - sin x =
sin Bx -4-cos x 0

oS 3x - sitl 2%

(sTOPOE VpaBIEHHEe ABATETCH PALHOHAMBHLIM OTHOCHTELHO Sin X 1

COS X, Tak Kax sinbx, cos3x, sin2x — MHOrouleHH OT Sinx ©

cosx) Ecmum K ypaBHEHHIO DPaccMaTpPHBAEMOro THIA NPHMEHHTDH

sameny (47), 10, Kak ’IQH\O NOHATh, MBI 110ay4naM (Mocae ynpo-
¢

LIEHHS) YpaBHeHne Bria by ()) =0, rne M u N — HeKkoTOpbIE MHO-

FOWIEHH, T. €. no.nquq anre6panueckoe ypapaemne M(1)=0

OTHOCHTENBHO t:’[g o - Caenyer, 0MHAKO, OTMETHTb, UTO HUCIOAb-
X
30BaHUE MMOACTAHOBKU tg 3 =1 1Ipu pEeUIeHHH TPUrOHOMETpHUEC-
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KHX ypaBHEHH# HEPeAKO NPHBOAUT K TPYAHOH 3amauec HAXOXIe-
ung KopHeit muorousneda. IlosToMy 3Ty noxcraHoBky, Kak mnpa-
BUJIO, NPHMEHSIOT NPH DEIUEHHH TPUIOHOMETPHYECKHX YPaBHEHHH
JUIIb B TOM C/yude, KOrja HET OPYIHX nyTef peleHns.
3amevanune dopmyan (47) tepsor cMBICH, eciH

cosgzO, T. e ecad x=mn{2n-4 1)

H09TOMy pn perieHun ypaBHeHnﬁ C MOMOILKLIO TIOJCTAHOBKN
X
‘[gQ:t HYXKHO TMPOBEPUTH, HE ABJAAIOTCA Jd  3HAYCHUA X =

=5 (2n -+ 1) KOpHAMH HCXOIHOIO YPaBHEHHS.
IIpumep 33. Pewmnts ypasHeune

sin x—{—ctg; =2,

Peumenne 3averum, 4To sHauenus x == (21 - 1) ue asag-
10TCS KOPHSIMH UCXOANOrO YPABHEHUS U MOTOMY MOKHO TPHMe-

nvuTh 3aveny (47). Torma ypasHenwe npuMer BUI {]‘IOCKOJ]]:K}'
x 1y
etg o=y
Aol o opap—opo
et =% ree ’

2B — 3£ -2t — 1=0,
2(f8— %) — (1) 4 (t— =0,
(t— 1) (28 — {4 1)=0.

Tax kak ypasnuchne 2f2-—i-4-1=0 ue nveer AeHCTBATENH-
HBIX KOpIEH, TO HCXOTHOC YpaBHeNne CBOANTCH K ypasHenuo = 1,

X
il tgg =1, oTKysa

.

xxg + 2nn.

T
Oms. x=5 - 2.
PaCCMOTpHM ClIC ABa NpuMepa NPHMEHEHUsT MNeT0oJa 3aMeHhl
HEN3BECTHOrO.

ITpumep 34. Pewurs ypasueHue '

1

. . 1 7
2 4 - =sin x — —_1 -
St v+sm2x »s X Gnr T A
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!
Pewenne. Ionoxnm sin x — —— =1, torna £#= sin? x -+
1

m——? v [JaHHOE ypaBHeHue MOXKHO 3anlucarh Tak: f2-}-2=

+_
7 1\2 1 .
=t+4~, uian t—-g =0, oTKyIa t=35. Hrak, noayuaem
sin x — —1——=1~, 2sin? x —sinx — 2=0, sinx:g—l—/——lj-
sinx 2 4
21%211 + 7.

ITpumep 35. Pemuts ypasHeHue

Ome. x ={(— 1)Y""arcsin

qm( —}—x\ =2 sin (2 — g)

4 X . 3n
Pewenne. [Tloaoxum 55 =={. Torna 5 + x =
/7t X
=2 — ~~—\=n———2t M ypaBHeHHe  TNIpHMeT  BHJ

\5 2
sin(m— 9f)=2sin¢, nam 2sinf=2sinf, 2sinf(cost— 1)=0.
Mot npumna K An3bIOHKUNE YpaBHeHu# sinf=0, cosf=1. Ho 1ax
Kak npn cost==1 HenpemeHHo Gyner sinf{=0, To AOCTaTOuHO
paccMOTpPETh TOABKO OAHO ypasHeHue sint==0. Hrak, t=amn,

na = t=umn
5 2 "

Oms. x= %‘TF (1 —-3n).

§ 6. Merton pasioxeHHS HA MHOMHTENH

Omnum w3 Hanbosee ynorpebuTe bHBHIX METOJOB pEIUeHHs
TPUTOHOMETPHYECKNX YDAaBHEHHH #BJIJETCS METOJ DasJoKeHns
Ha MHOMKUTENN.

Ofuine BONPOCH, KacalwouUIHecs 3TOT0 MeToHa, pacCMOTPEHH
B i IX, § 3, n. 4° (crp. 2853).

31ech MBI OPaHUUMMCA peLIieHHeM HECKOJBbKHX IIPOCTHIX TpH-
FOHOMETPUUYECKUX YPaBHEHUH METOLOM PasJOxeHns Ha MHOXKHTEIN.

ITpumep 36. Pelunrs ypasueHne

2sinxcos2x — 1 +2cos2x —sinx=0.

Pemenue. DBrnocs ofwufi mMHOXHTEb NEPBOr0 W Tpelb-
ero cJaraeMulX, 3alljlieM yDaBHeHHe B TaKoM Buie:

2cos2x (sinx+1)—(sinx - 1)=0
WJIH
(2cos2x — 1) (sinx 4 1)==0

379



Tak kak seBas 4acThb 3TOr0 ypasHeHns Orpefencia npu
BCEX X, TO HCXOJHOE YDaBHEHHE paCHafaeTcd Ha Caéayoliue
ABa YpaBHEHUS:

2cos2x — 1 =0, (48)

sinx+1=0 (49)

(um: UCXOJAHOE YDABHEHUE PABHOCWILHO JAWIBIOHKIHN ypaBHe-
it (48) u (49)).
Ypasuenus (48) u (49) uMetoT CIAYIOLINE DELICHU:
. ,
x=_r & -+ mn,

a

B stux Qopmyaax comepxarcs Bce pPELICHHR HCXOZHOTO ypas-
HeHnsl.
Dpunep 37. Pewrnts ypasuenue

cos 3x cos bx
sin 2x ~ sin 2x°

cos 3x —cos 5x
sin 2x
W, MCTOAB3YA (POpMYJY T4 PAa3HOCTH KOCHHYCOB, B BHIE

’

Peuren ne. YpasucHne MOKHO 3amucaTh TaK:

2 sin 4x sin x
——— g O,
sin 2x

3amaua cBeJach K HaXOWIEHWIO KOpHEW ypaBHeHHH

sin 4x =20, (50)

sin x =0. : B

Mcxonnomy ypasHeHHO - 6VAYT VAOBJETBOPSTH T€ KOpPHH
ypasuennti (530) u (31), a1s koropeix sin2x 7 0. Ho ecau sin x =
=0, to sin2x=0, n nosromy KopHu ypasHenus (51) He sv.is-
10TCH KOpPHAMH MCXOJHOro ypasHeHus. Ecan sin 4x =0, ro aubo

cos2x =0, ymbo sin2x==0. Takum 00pasoM, HCXOAHOE ypaB-
HEHHEe PasBHOCHABHO ypasHeHuw cos2x=0.

Oms. x:%—l— %’E.
MMpumep 38. Pemnrs-ypaenenue
cos3x -} sindx = cos 2x.
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Pemenne WcxomHoe ypasuenue npeobpasyerca K suiy
(cos x -+sin x) (cos? x — cos x sin x + sin x) = cos? x —sin? x,
win
(cos x-sin x) {1 —cos x sin x — (cos x —sin x)] =0,
1 IOTOMY paclafaercs Ha /B3 ypaBHEHHUA:
cos X 4 sinx =0,

1 —(cos x —sin x) —cos x sin x = 0.

Tleproe ypaBHeHHE HMEET pELICHHe X == — f——}—am Bropoe 3a-
. . 1—f2 0
MEHOH# cosx-—sinx=={ (TaKx uro cosxsin x== 5 ) CBO-
I—2
IATCs K ypasHeHHw | —f—-——= —5—==0, nm 2—2f4+1=0. Or-

coaa HaxoauMm f=1,umm cos x —sin xml, T.€. COS (x+—~r—

4/
1 C ] L 4T
:V—Q,_ -M@NOBATENBHO, X o=k ¢ + 2mn.
Oms. x= ——Z-i— nn, x=2mnn, x= —g -+ 2nn.

N\e'ronom pas3JOAKCHAA Ha MHOXATCJHM MOXHO peliarth ypas-
HEHUA CACAYIOIINX BHIOB!:

1) sin(ax - o)==sin (bx 4 B), (52)
2) cos(ax -+ a)=cos(bx -+ ), (53)
3) sin(ax-t+a)=cos{(bx-}p) - (54)

npn moOHX 3HaueHusxX a, b, a, P.
Paccsorpny, Hanpumep, ypasnenue (52). ITo dopmyne pas-
HOCIH CHHYCOB 3TO YPaBHEHHE MOKHO 3alucarth B BUJIE

(a—b)x+a—p @t+bdyx+atp (55)
2 2

2 sin cos
Byagem npeanosnarars, uro @ % b n a 32 —b. Toraa uz (55) ua-
X04uM

a—b a—p

5 x+T:nn, X=—

(@+b)x+ofp
2

a—p , 2nn
a—b " a—b°
@)~ (@t f)
a-tb

s
—2——i—nn, X =
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AnaJoruuHo MOXMHO HalTu pelueHue ypasHenus (53). Ypas-
genne (54) commrca K ypasHeHuo Buma (H2), Tak Kak

cos (bx - B)=sin @ ~bx——-[3).
ITpumep 39. Pewurs ypaBHeHue

€os 3x -}sin 5x == 0.

Pewenne.

cos 3x - cos <g — 5x> =0,

I Tt
cos <;{ —x> cos <4x- 4»> =0,
31 3 T

—_ J—— g
X="r-an x 16”_’_4'

* VHoraa, mpexkie ueM NpUMEeHATb METOX Pas/OoXKeHus Ha MHO-
KATENM, TPUXOJUTCH WCNOAB30BATL APYrHe npeo0pasoBaHus, Ha-
npuMep npeoGpazoBanne NPOU3BEICHHST TPHUTOHOMETPHYECKMX
(yHKLIud B CymMMy.

ITpumep 40. Pewnre ypasueHue

sin x cos Bx =sin 9.x cos 3x. (56)

Pewenune. IlpeoOpazys npou3pegeHue TPHIOHOMETPHUEC-
Knx YHKURH B CyMMy, 3afulieM YpaBHEHHE B BHIE
\

%( sin 6x —sin 4x)=%— (sin 12x 4-sin 6x>.

Orcrona moayuaeM

sin 12x 4sin4x=0.
Tereps MOWKHO NPUMEHHTH METOA pPASJOWEHHsT HA MHOKATENN:

2sin 8x cos 4x =0.

an

Oms. X="g.
Ham ypanocs serko pewnts ypasHenue (56) ¢ 1OMOILbIO
npueMa, OCHOBAHHOIG Ha TMepPEeXCAe OT IPOUBBEAEHHA TPUI'OHO-
METPUYECKUX (YHKIMI K CyMMe, mOTOMy, uro nocsae npeofpa-

30BaHUs B JIEBOM W MPaBOH 4acTaX yDasHEHUsl OKa3a/luch OLUHa-
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KOBblE UJICHH (;— sin 6x>. DM ke cnocoboM MOWHO péiath
ypaBHeHus Buja
' sin ax cos bx ==sin cx cos dx;,
sin ax sin bx ==cos cx cos dx,
sin ax sinbx =sincx sindx,

COS X COS bx =Cos cx cos dx,

ecJH, HANPHUMED, BBHINOJHEHO YyCaOBHE a—b=c—d.

§ 7. Ouernka Jsepofl U npapoil uacTeil ypaBHeHHd

IIpeasapurenbHas onenka Jaesoft uau npaso# uacreft ypas-
HEHMS WHOFAZ NOMOraer pPeUTb ypaBHeHWe wan YOeInThes
B TOM, UTO YpaBHEHHe He wuMeeT peuteHu#l. Paccmorpum He-
CKOJIBKO TNPHMEPOB.

ITpumep 41. Pewnrs ypasHenue

2sin® x 4- 3cos® x=5.

Pewenne B nanHom ciyuae gocratouHo rpyGoft oueHku
JgeBol wacrn ypasuenus. Tak xak jsinx} =<1, |cosx|=<l, 10
[ 2sin® x 4 3cos® x | =< 2 |sin® x| 4- Beos® v < 5,
mpuYeM STO HEPAaBEHCIBO MOM0 Obl CTarh DaBeHCTBOM JWIlL
B caydae, Koraa sinx==1 u |cosxi=1, uro neposmoxHo (TaK
kak sin? x +4-cos? x=1). CrenoBare/bHo, [AaHHOE ypaBHEHHE He

MMEET pelieHni.
Mpumep 42. llokaszats, uTo ypasHeHue sin*x - cos® x=a
He umeeT peulenn#t npm a > 1.

HoxaszateabcrTso. 3aech rpybas ouenxa [sinx|=<l,
jcosx =<1 ne npoxoawnt. Bocrnosbayemcs HepaseHCTBAaMH

sint x =<Csinfx, cost x=Ccos?x.
Cnoxus 9TH HEPABEHCTBA, HOAYYaEM
sint x - cos® o < sin? x - cos? x = 1.
WUrak, sin* x4 cos® << 1. Orciona cienyer, uto WexoaHoe ypas-

Henne npn @ > 1 de umeer peueHni.
[ITpumep 43. Pewnrs ypasueHue

sin 2x - sin 3x 4- sin 4x==3.
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Pemenune. JleBag uacrp YDaBnHCHUSA MOMKET PaBHATBCH TPEM
Aulib B 3TOM CJydae, KOFAa OJHOBPEMEHHO WMET MECTO TpH
paBeHCTBa:

sin2x=1, sin3x=1, sindx=1.

Hoecau sin2x==1, TO x.—4 -+ s u sin 3x_.<m< +3nn)

# 1. CnenosareabHo, ypaBHEHHE HE WMEET pelIeHuH.
MMpumep 44. Pewnts ypasuenue

(cos 2x —cos 4x)2 =4 4 cos? 3x.

Pemenne Hneem

|cos 26 —cos 4x | << 2, (57)

[pHYeM B DTOM HEPABeHCTBE 3HAK DPABEHCTBA MMEET MeCTo /UMb
B CIENYIOIIHX ABYX CJAyYasx:

a) cos2x=1 u cosdx= —1; (58)
6) cos2x==—1 u cosdx==1 (59)

N3 (57) caexyer, uTo sesas 4aclb ypasHEHUS HE UPEBOCXO-
anT 4 u pasna 4 aMWb B CJIyuae, KOTJId OJHOBPEMEHHO BHINOJ-
paorca gubo pasedcrsa (58), anbo paseucrsa (59).

Jlas npaBoil yacru ypaBHenus uveeM 4 - cos*3x =4, npu-
yeM PaBeHCTBO 3JeCh KMMeeT MeCTo JuHib B ciAyuae, Koraa
cos 3x=0.

Taknuv ofpasom, HCXO0AHOE YpaBHEHHE MOXKET HWMETh peuie-
_HuA B ABYX cayuasx (npu OAHOBPEMEHHOM BBIIOJIHEHHH Tpex
PaBEHCTB):

a) cos2x =1, cosdx=-—1, cos3x=0;
6) cos 2x= —1, cosdx=1, cos3x=0.
PaccvoTrpuym neppuifi cayuati.

ITycts cos2x==1, takx uro x==nk Ho rorza cos4x=
=cos4nk=1. CiaegoBate/qbHO, B NMEPBOM cnyqae pewreHnit Her.

Ifycte Temeps cos2x= —1; Torza x=amx \k—{— ! \\ J1a 3Ha-

YeHust X ynosnemopmor KaxaoMy —u3 ypaBHeHuﬂ cosdx==1,
CoS 3x 0.

Oms. x= n(k+r )
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Ec/iu TpuronoMelpaueckoe yPaBHEHUE WMEET BUX
fi@e) + i)+ +fa(x)=0 (60)

uin npusogurcs K suay (60), ro pewenuns ypasHenns (60),
eC/AM OHH CYHIECTBYIOT, MOTYT OBITH HaljeHB! Kak pelueHus
CHCTEMBl ypaBHeHnH

f1(0)=0, fo(x)=0,..., f,(x)=0 (61)

C OJHUM HEH3BECTHHIM.
B camom gmene, Tak Kak ¢ynxumu f(x) (=1, 2,..., 7)
NPeAroIaralnTcs AeHCTBHIEABHHME, TO 1IPU KaxaoM X (u3 ob-
Jacrn  oupejeneHas Jaesoll uacrn ypasuenns (60)) aepas vacts
ypapnedust (60) neorpuumaresbita # NpPUHEMAET 3HAYEINE HY.b
AUl B CAyuae, Korga Jf(x)==0 g wcex k=1, 2,..., n
Taxum ofpaszom, ypashenne (60) paBHOCHIBHO CHCTEME YDaB-
Hennil (61).
Hpurvep 45. Peninrs ypaBHeHue
sin? 2x -+ 1 =cos? 3.
Pewenwne Vpasuenne MOXKHO 3anucarb B BRie
sin? 2x 4 sin? 3x == 0.

Orciona ‘caeayer, 4ro HCXOAHOMY ypaBHeHuo GYAYT yaIOBJIETBO-
pPATh T€ U TOJBKO T€ 3HAYEHMS X, KOTOPHE ABJISIOTCH KOPHAMH
Ka#Aoro n3 ypasreHuft sin2x==0, sin3x=0. VYpasHeHne
sin 2x==0 uMeer jpe cepnu pelleHni:

7 1
X =Nk, X =g+ qun

Yucaa x=mk aBagiorcad pemieHusMu  ypaBtenna  sin 3.x =0,
T .
a 3HAUeHNs X =, - 7t He yIOBJAETBOPAIOT ypasHeHmwo sin 3x =0,

Omg. x=nk.
MMpumep 46. Pemwuts ypasHedue

1 . . .
cos® 2x -1 i sin? 4x - 1 =sin 4.x cos 2.x -} sin? x.
Pemenne. JlavHoe ypaBHeHHe 3arullieM B BHAE

1 .
cos? 2x —sin 4x cos 2x -+ i sin? 4x -+ cos? x =0,

Hiau

<cos 2x -l§ sin 4x>2 +cos? x=0.
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[Tocneanee ypasHeHue DABHOCHABLHO CUCTEME

-
Cos 2x = 5 sin 4x,

cos x==0.

n ~
Vpasuenue cos x=0 mnmeer pelueHus x:Q——}—mz, ONHAKO 3TH

|
HaueHns X He YIOBJIETBOPAIOT yPABHEHHIO COS2X=g sin4x.

Takum 06pasom, NCXOAHOE ypaBHEHHE HE HMEET pelleHui.

§ 8. CuctemMbl TPUTOHOMETPUUECKHX ypaBHeHHH

Mpb orpaHmuuMcs pacCMOTpPEHHEM TPHTOHOMETPUUECKHX CH-
CTEM JIHLIb HEMHOFHX TUMOB i yKaweMm HaubGonaee yrnorpebureab-
HEIE METOJB HX DelueHus, OCHOBHIBAACh Ha oOued reopuu Ccu-
creM ypasHennfi (cm. ra. X).

1°. Cuctemp BHAA

(62)

sinxsiny=a,
COS x oS y=>b.

CkianiBas § BBIUNTAA YypaBHeHus cucteMbl (62), mosaydaew
PaBHOCHJLHYIO CHCTEMY

J cos (X —y)=a-+Db,
| cos(x+y)=b—a.

Cucrema (63), a snHaunr u cucreMa (62), nMmeer pelieHue B
TOM ¥ TOJBKO B TOM C/yuae€, KOT/Ja BHIIOJHAKOTCSH yCJAOBHA

(63)

tat+-b(=<<1, |b—a|=C1.
Ecau 31 ycaoBas BHINOJHEHEH, TO
x—y ="t arccos (a | b) -+ 2n&, 64
X+ y="arccos (b —a)-+ 2Znn. (64)

B dopmyaax (64) & u n—mobble neasle 4ucia, a 3HaKNH
BhIOHpaioTCs 1pousBo/bHo. Takum opasom, gopmyast (64) onpe-
neasior B obweM cayuae uern pe cepun peutennit. ITonaras

arccos(a+b)=a, arccos(b—a)=0,
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noayuaeMm u3 (64)

X—y=o - 2nk,
{ x+y=p-F2an,
X—y=—a- 27k,
Lo
x—y=0-}2nk,
{ x+y=-—p-2nn
) X—y=— o 2nk,
{ X+ y=—B+2nn,

OTKYAa HAaXOOWM UYETHIpe Cepuil DelieHui:

=5 @+ Falk+n),
— 5 (B—a)+a(—F)
x=5 (B - o)k +n),
=5 @+B)+a(n—k)
x=g@—P)+nle+n),
— 5 @+B)+ 7 —F)

w=— 5 (@+B)+ak+n),
y=y (@—B)+n(1—A).

AHaNOrNYHO MOKHO TIOJYUYNTh pElICHUE CUCTEMBI BHIA

sinx cosy=aq,
{ (65)

cos xsin y=>5.

ITpumep 47. PemwinTs cucreMy ypasBHeHHH

. 1
COS X sin y== 5.

{ sin x cos y= — —12—,
2
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Pemwenne. Cucrema

sin X €os y - cos x sin y ==sin (x + y) =0,
Cos X siny —sin x cos y =sin(y — x) =1

paBHOCAAbHA MCxoanoH cucreme. OTCwAa noJayuaew

X+ y=umn,
y—x=g+2nk.

/n 1 ‘n 1
Oms. x=mn|; —k— =n{5 =1
mas iy k i) y=n &2 + k- i
3amevanne Cregyer ofparuth BHUMaHUE upTaTeqeH Ha
OIHY THIMYHYI OLIMOKY, KOTOPYIO YacTO AOMYCKaloT yuauiuecs

Lt L
| T
V/'
L/
i ‘I/q —_
| L7
REkE R
1 % ' o
| ‘ ak ' -
Lo L’ | [ |
2l | |
| L7 i [
/1
.- /f i f |
T T
Puc. 112

(1 nocrynaiooiiue B BY3B) MpU PEMIEHHH TPUTOHOMETPHUECKUX
cucreM. PaccMoTpuM [iis pOCTOTH HBAOKEHNS CUCTEMY YDaBHEHMH

sintx =0,

{ sinwy==0. (66)
OueHp 4acCTO 3aMUCHIBAIOT pELIEHHE B TaKOM BHAE:
X=n, y=n rie n==0, =1, *=2, (67)
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Jlerko noustk, uro B Qopmyaax (67) COJep:KaTca HE BCE pele-
Hus cucremsr (66).

Iaa Goapuiefl HarAsgHOCTH KaxIOH Hape udmced (Xg Vo)
obpasyrouletl pewenue cucremn (66), mocraBuM B COOTBETCTBHE
rouky M (xy; v,) mrockocrn xOy. Toraa B dopmynax (67) co-
Aepiarcs Auib Takue peuteHus cucreMmsl {66), koTophIM €OOT-
Bercisytor toukm (0, 0), (1, 1), (—1, —1) w 1. O, T. e
TOUKHM € WeABIMH KOODIMHATaMM, JeXaulpe Ha MpAMOH y=Xx
(puc. 112). OpHako uCXOQHOH CHCTEME YAOBJAETBOPSIOT B C -
BO3MOMNKHB € Mappl UeJbX YHCET, KOTOPHE COOTBETCIBYIOT
TOUKAM NEPEeCeUeHUs KOOpPAMHATHHX JuHuE x=0, x=1, x=
=-—1...8 y=0, y=1, y=—1,.

Taxnm oOpasom, peuleHue cncrenm (66) caegyer samucel-
Barb TaK:

X==pn, Y=k re n=0, &1, £2,. .., k=0 X1, 2.,

T. e. 7 # R «npoGeraior» (He3aBUCHMO IPYT OT Ipyra) BCe ue-
Jble 3HAUYCHUAI.
Cucremsl Buaa

[ sin xsiny=aq,
\ tgxtgy=>0  ab#0,

a TaKXKe CUCTeMb! Buia

(68)

sin x sin y=a,
ctgxctgy=>b ab=0,

csoasrca K cucteMaym vuga (62). Hanpunep, cucrema (68), B cuay
ycaosus ab =0, paBHOCH/IbHA cHCTEMe

sin x sin y=a,

COS X COS y = % , ab==0.

K cucremam Bupa (65) cBoastcd cucreMmsl
sinxcos y=a,
{ tgxctgy=>b, ab==0.
2°. CucreMbl BHuza
sinx -} sin y=a,
{ sin? x—]_-}—sinzj/}=b ®)
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CBOSATCSl 3aMEHOH HEU3BECTHHIX u=sinx, v==siny K aarebpan-
yecKo# cucreme

utv=a,

- ) { w4 v2=a. (79

Cucrema (70) pasHOCHJbHA cuCreMe
utv=a,

a—b
2

ny =

n nMeer pewenns (fq, fy), (5 f;), rae

/o —V2—
tl:‘_H'_lg_b__f, 12:‘1__]_?’__93_ (71

Tak Kak u=sinx, v==siny, 10 cucrema (69) uveer peuieHus
B TOM © TOJbBKO B TOM (Jaydde, €C/AHM BBINOAHAIOTCA YCJAOBHS:

6) 4=, [fl=<1.
Ecan 3Tr ycniosusi BBINOJHEHB, TO peteHuto (f;, t,) CH-
cremMbl  (70) coOTBETCTBYIOT ypasHeuns sinxs==f;, siny=f,,

OTKyza
x=(—1)" arcsin t; }- nn, } (72)

y=(—1)*arcsint, + nk,

roe f; u ¢, onpexgensiorcs dopmynamn (71).
Anasornuno, pewenuio (fy t;) cncremsr (70) coorsercrayer
caejylomas cepns pellenuil ucxouHofi cucremst (69):

x=(—1)"arcsin t, -} nn, } (73)

y ==(—1)*arcsin t; -+ nk
(ecan t,=1t, u |{|=<1l, 1. e a®=2bh u |a|=<2, 10 Cepuu
pewenuntt (72) u (73) cosnaparot).
K cucremam Bupa (69) csonsrcs cucrTems
sinx 4 siny=a,
cos? x +cos? y=0b.
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JleficTBATENIbHO, €C/IM BO BTOPOM YPAaBHEHWH 3aMEHUTb COS? X
u cos?y cooTsercTBeHHO HA | —sin? x u 1—sin®y, T0 noayuum
PaBHOCHJBHYIO CHCTEMY

sinx 4-siny=a,
sin?x +sin? y=2—».
AHanoryuHO MOXHO NOJYYHTh peILeHUd CJAELYIOHIUX CHCTEM:

{ cos x 4 cos y=a, { cos X +cos y=a,

cos? x 4 cos? y==D, sin? x + sin® y = b.
!
Eule npouie HafiTH peuieHus CHCTeM Buaa

sin x -+sin y=a,
si? x —sin? y =5

1 apyrux nonobumix cucreM. [leHicTBurennHo, ecad as£0, 10
* 3Ta CUCTEMa PaBHOCH/bHA CHCTEME

sinx 4-siny=a,

g . b

Sinx —siny = —,
U3 KOTOpOI#i Jierko Halith sinx u siny.

Cucrema Buza
aytgx+btgy=cy
a,ctg x+ b, ctg y=c,

cBoauTCs K anare6panueckoll cucreme

au -+ bv=cj,

ag

_+_———

==
u ‘v 2

3amenofl w==1gx, v=tgy.
3°. Cuctembl BHAA
sinx 4siny=a,
X+ y=o0.

Hcronbzyss Gopmyay A8 CyMMBl CHHYCOB, SalHILEM NEPBOE
ypasHesue cuctemn (74) s Buae

QSinf—tJCOs 5 —Y_

(74)

a.
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Tak KaK x - y==0, TO HCXOJHAA CHCTEMA PAaBHOCHIbHA CH-
creme

in% cos® ¥
2 sin 5 COS~5 a, (75)

Xx+y=a.
PaccMorpum 1Ba BO3MOXKHBIX CJAydast:
oo
a) sin 5
Torpa y==2mtm—x (m—HEKOTOPOE MEJ0e 4YWCIo), W N3
Nepeoro ypaeHeHus cucreMhbl (74) nosayuaem

-=0 (1. e. a==2nm).

sinx—sinx=a, 1. &. a=0.

Virak, ecan sin %:0, TO CHCTeMa paspeinMa Jaawb npu a=0
M CBOJMTCA K OJHOMY YpaBHEHHIO X -+ y==a.
4
6) sin —2—#:0.
Torpa cuctema (75) paBHOCUAbLHA CHCTEME
cos¥i ¥4
2 9 sin -
2 (76)
X+ y=0.
Ecam BHNOJHEHO YyC/iOBHE
a
2 sin 5

o u3 (76) nomyunm

x—y=="= 2arccos & = + 4nn,
2 sin —-
2
X4 y=a,
OTKYyZa
02 -+ a
X == Farccos o 4 27n,
2 sin
{ 2
o a \
Y= Farccos [———|— 2nn.
. 2 sin =
2
Ecaw ycnosue (77) He BhINOJHAETCH, T. €. i => 1, 10
cuctema (74) pellewnfi He mMeer. Zsing
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AHanoruuHo pelanTes CUCTEMbl BHAA
sin x —sin y=a, cos x 7~ cos y=a,
{ xty=aq { xXty=a.
K cucreme Bnaa (74) csoantcs cucrema
sinx +-cos y=a,
{ X+y=a.

a
HeficTBurenbHO, mojnaras o —y={, MOay4aeM CHCTEMY

sinx +sinf=a,
7
— et
X oy .
AHanOTHYHO MOKHO pelaTh CUCTEMBI BHAA
sinx £ cosy=a,
xty=a.
MMpuvep 48. Pemnrs cucreMy ypasHeHuit
. i
sm2x+cos‘3y:~2—,
Jt
) o—
X+ T
Peuweunne Cucrema paBHOCHIbHA KAKAOH W3 CAEAYIOULUX

CHCTEM:
l—cos2x | l14-cos2y 1

9 + 9 — 5
xty=7,
cos 2y—cos 2x =1,
x+y=7,
2sin (x 4 y) sin (x — y)=—1,
x_l_y:'g_,
: 1
Sm(x—y)————ﬁ,
x+y =—2—.
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OT1clola HaxXOAUM

x—y=(—1p+ S pan

T

X+y=7,

7 TOTOMY
=g+ =4+, y=F+E-F
4°, CucrteMms! BHAA

sin x siny=a,
{ (78)

X+y=a.
DTy cHCTeMy 3aMeHHM c/aefyouleidl pasHOCHIBHOH CcHCTeMOti:

cos (x —y)—cos (x 4+ y)=2a,
X+y=a,
uan
cos(x —y)=2a 4+ cosa,

{ (x—3) + 79)
X4 y=a.
Ecnu | 2a+-cosa| =<1, To cucrema (79), a Bmecte c Heft n cu-
crema (78), uMeeT pelueHHs, ApHUEM

X= %- =+ —é arccos (2a 4 cos a) 4 nn,
o 1
y == 37 5 arccos (2a + cos o) —mn.

AHaNOrMuYHO MOXHO HaHTH pelleHud CHCTEM

cos xsiny=a, COS X COS Y ==a,
xty=aqa, xty=a.
MMpumep 49. Pemnts cucremy ypasHeHuii

1

cosxsiny =——,
y Tk
3
X+y=7m N

i3 B. I. Boatsscknfi u Ap. ) 385



Pemenne Wcxonnas cucTeMa paBHOCHABHA KamoH M3 cie-
AYIOLINX CHCTEM:

sin (x + ) —sin (x—y)=V'2,
x‘f"y‘——_‘—-‘z‘ﬂ,

sin (y — x) == V2~’

3
X _KL.V = ? JT,
OTKyHa
y—x=(—1)"F4an,

‘2

y+x—“ T,

an 3'(!2

[3 (==, ¥ I3+(—~1)"]

Paccmorpennniii B 1. 4° METoq MOWHO WMCHOJB30BATh U MpH
PCIIEHMI CHCTEM CJAEIYIOULUX THIIOB!

textgy=an, fctgxtctg_\/:
xdy=a, | xt+y=aq,

tgextgy=a, ctgxctgy=a,
xty=a, xty=a.

PaccyorpuM, manpumep, cucremy

tgxt-tgy=a
{ x4+y=a
Umeem
2 sin (x-}+y) . 2sina

tgx-l—tgy:cos (x-+y)d-cos(x—y) cosa-cos (x——y)::a’

OTKyla MOXHO Hahtn cos(x-—y), a 3atem x—y. (Ilommoro
UCCAENOBAHUS CHCTEMbl Mbl HE MNPOBOLHM.) :
Ilpu peuwennu cuctem BuAa
tgxtgy=a,
x+ty=a
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MOXKHO HCHO0/Ib30BaTh CJEIYIOILYIO (opMyay:

€0s (X — y) —cos (x -+ y)
cos (X §) o5 (x—15)*

tgxtgy=
5° Cucremb BuAa

{ sinxcosy=a,

(80)
cosxcosy=>~, b=£0. )

Pasnenus nepsoe ypasHenue cuctemst (80) Ha BTOpOE, mMoay-
yaeMm i

tgx=". (81)

Ypasuenne (81) Byecte co BTOpPHIM (HJIM 1EPBBHIM) YpaBHEHHeM
cucrenmsl (80) o6pa3yloT cHCreMy, PABHOCHJABHYIO HCXOLHOM.

a
Ri ad 3 ] -
M3 (81) Haxomum x=arctg 5 - 11, u, NOACTaBasd BO BTO
poe ypasuenue cucreMst (80), noayuaem )
b

cos <arctg _ab_ -+ mz)

cos y=

O6osnaunm arctg —Z—: . Tax kak — % <Lp< %, TOCOS >
> 0. Ilycrs masm oupemenennoctn b>0. Torpa cosg =

= oS <arctg %\ b n cosy==(—1)"} a?+ 8. Ecmu

a Va2 Fo2
a?4+02<<1, 10 y="1karccos [(—1)"V a®+ b2+ 2nk. Urax,
ecin b=£0 n a®-b*=<< 1, to cucrema (80) umeer caenywouue
pewenna (b > 0):

x=arctg % 4 nin,
3 = arccos|(—1)* ) @ F 5] 4 2nik.

Meron pemenus cucremn (80) MOMHO NpUMEHHTh H K CH-
CTeMe BHIa

sin x cos y =a,
sin x sin y =2.
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K cucremam suaa (80) cromsarTcsa CAeAyIOIHE CHCTEMBL

{ sinx 4-siny=a,

(82)
cos x ~}-cos y =2,
sin x —siny=a,
cos xtcosy=p,
sin x 4-cos y=a,
{ Feosy (83)
cos x +siny=2.

Byxewm npennosaararte, uro ab 5= 0.

Paccvorpum cucremy (82). Dr1a cucrema pasHOCHJBHA CJe-
Lytoutei

2

Xty KXy
2COS2——

sin)—c—_zﬂcosx“y—

cos

ol o O &

[Tonaras x_;yzu, %_—y_—:v, noayunM cuctemy suga (80):

Sinu cos v=—

COS I COS U ==+,

a
2
b
5 -
Ananoruuno paccmarpusaercst cucrema (83).
ITpumep 50. Pewure cucreMy ypasHeHu
. - 1

sinx—siny=

=
cosx—{—cosy=—VQ—._
Pemenune. Hueen

. 1
sinvcosu=-,

3
COSZlCOS'U———VT,
rae .
_*+y __x~—y
U= P U== D) .
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Orcloia HaxoouM

tgo= fu=%+nn,

L
V3T"
sinv=(— 1)” ,  cosu=(— l)”.l,
u==t arccos [( ]—l—?nk

Paccmorpum ABa cayuas: a) n-— ueTHoe, O) 71— HEUeTHOe.

x~—y___n‘
5 _6+2nm,
a) i
xj”:i“g+2nk,

=%(1 += 24 2a/, y:%(_ 1+=2)4+2mp  (84)

(/, p — pOU3BOJILHEIE UEJBIE YHC/IA).

el ——+n(2m+1),
6)

-{—an
x=%(1i4)—[—:rr(2l+1),

=%(——1i4)+n(2p+1).

(89)

Herpyano nposeputs, YTO COBOKYIHOCTb pelleHui, onpeie-
agemnx Qopmyaamu (85), cosnamaer ¢ HaGopom peueduft (84).

Omes. x=%+2;c[, y=%+2np;

= %—I—in, Y= %—{—23‘5,0

6°. Cucremsl BHIa

{ aysinx b, siny=cy,

(86)
@y COS X + b, COS y=1¢,

apasoTca 6onee obuinmu, dyeM cucremnl (82). Manoxennsi B n. 5°
Meton pewenns cucreM (82) HempuroAeH B ofweM caydae s
pewenuns cucrem (86).
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3aMeTHM CHauaJa, YTO CUCTEMA JIETKO PEMIAETCH, €C/H KaKOe-/TH-
6o u3 uucen ay, by, a, b, pasHo uymo. IlycTs, Hanpumep,
a;=0. Torga w3 nepBOro ypasHeHHs HAXOMUM

siny-——;-l,
1

a 3aTeM u3 BTODOrO ONpenenseM Cos X.

IMycte  Teneps aybjah, 7 0. Cucremy (86) ecrecrsenno
pemiaTh METOAOM WCKJIOYEHM OAHOTO U3 HEN3BECTHHIX, HanpH-
mep x. C srofi nensio samenuM cuctemy (86) caenywoulet pas-
HOCUJIBHOH CHCTEMOI:

. . (4] b‘ .
siny == -1 —-Lsiny,
4 4

87)
COS X = G_ % cos
TTay,  a I

Bossoaa ypasHenus cuctemb (87) B KBagpar M CKJafiwiBas, 110-
JyYaeM yDaBHEHUE BuJa

acosy—+-bsi1jy+csin2y=d. (88)

Ypasuenne (88) noncraHoBKoO# tg%:t CBOINTCS K VPaBHEHHUIO

BrUaa
oot + a3 4 ot -+ oyt 4 oy =0.

Takum oOpasoM, B o0uleM CcJlyuyae HaXOXIEHHE pellieHaH
cuctembl (86), HECMOTPS Ha KaXYUIYIOCH NPOCTOTY 3TOR CHCTEMBI,
SIBJSETCA BecbMa TPYAHOH 3amayefi.

Ecap xe 0AHO U3 4ucea ¢y, €, PaBHO HYJAO, TO B ypaBHe-
uun (88) mubo a=0, mbo b=0, n, ciegOBaTeNbHO, YpaBHEHUE
(88) cBomuTcs K KBaipaTHOMY OTHOCHTEJBHO Siny uanm cos .

Haxoas siny (wnm ¢0s y) u HOACTasJ/sis HalIeHHOE 3HAUECHUE
B cucremy (87), MH onpeieauM u3 3TOH CUCTEMB! SiNX Wil
COS X. .
3ameruym, yTo ypasHeHue (88) BmecTe ¢ oxHuM M3 ypasHeHuH
cucrems (87) 00pasyioT CHCTEMY, SBJSIOULYIOCS CACACTBHEM HC-
xogHolt cuctembl. [103TOMY BOBMOMHO 1OSIB/IEHHE TNOCTOPOHHUX
KOpHell, KOTOpBhIE BBIABJAIOTCA NPOBEPKOR (MMOACTaHOBKOH B wC-
xoxuyo cucremy (86)).

INpumep 51. Pewnts cucremy ypasHeHud

siny==9sinx, - 89)
3cosx -+ cosy=2. (90)



Pewenne. Hckmounm us cucremst y. C aro#f uesnio BrO-
poe ypaBHEHHE 3allMIIEM B BHIE

cos y=2-—3 cos x, 1

a sateM, BO3Bels ypasuenus (89) m (91) B xBagpar ¥ CKJaadH-
Bafl, MoJyyaeM

1=25sintx-}4—12 cos x 4 9 cos? x,
16 cos? x4 12 cos x —28=0, 92)

OTKyAd cos x =1, x=2mnn; cos Xx=— Z (wer kopneﬁ). Ha (90)

HaxomuM cos y=—1, y=(2k 4 1)m. Hrax, cucrema (90), (92),
ABJAIONLAACH CAEACTBREM HCXOAHOH CHUCTEMB, MMEET Cleiyloiine
pelueHns:

x=2nn y=x2k-1).

DTH pelleHus YAOBIETBOPAOT W WUCXOAHOH cucteme (89), (90).
Oms. x=2nn, y=um(2k+ 1).

3anayn k raase XI
Peuwnme ypasuenuss (11.1=—=11.30):
11.1. 2sinx 4 3 cos x==0.
112 sin® 2x=1.
11.3. sin? 3x=cos? 3x.

11.4. sin ;— + cos x=1.

11.5. 2 cos gzl -+ cos x.
11.6. 2sin?2x=3 cos 2x.

sin 3x cos x
11.7. o =0. 11.8. w0

. 7 ol =
11.9. 25sin <x+z}—>=35m<x——§>.

11,10, sin <x+g> + cos (x—{—g\, “+cosx=1.
11.11. sin 2x - cos bx=0.

11.12, cos2.x—sinx 4 2=0.

11.13. 3sintx-+4cos?x="7.

11.14. 8 cos$bx —3sinx -+ 4=0.
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11.15. 2 sin x —sin® x=0.

11.16. sin 2 sin 3x - cos by =0.

11.17. cos x=cos 3xcos 2x.

11.18. sin® x -+ 2sin? 2xcos? x=1.
11,19, sin? x -+ sin? 2x 4 sin% 3x=0.
11.20. 3sinx—4 cos x=>5.

11.21. 2sin7x-+7 3 cos 3x +sin 3x=0.
11.22, 3sinx-+4cosx -+ 5sin3x==0.
11.23. cos5 2x -+ 2sin? x=1.

11.24. 2sin® x - Qlf cos® 2x=1.

11.26. 1 —sin10x=2sin?18 x.
11.26. 2 cos? 3x +sinbx=1.
11.27. (sin7x +cos 7x)2=2sin®11.x.

11.28. tgx="01g® .

11.29. sin2x—5sinx-+5cosx - 5=0.
11.30. sinx cos x =6 (sinx —cosx—1).

11.31. Hafiante HanMeHbUINH MOJMOKNUTENbHEH KOpEHB ypas-
HeHus
sec ¥ = 10sin x — 8 cos x.

Pewnume ypagnenus (11.32 —11.52):

11.32. cos?4x—4cos?2x-4-2=0.

11.33. 3 Vicos 2et3sin2e 4 cos X ~——1-.
V 3cos x4 sin x cos x

11.34. sin x+cos x=17/2sin7 x.

11.35. sinx +sin2x +sin3x=0.

11.36. sin x—sin 3 =sin4x —sin 2x.

11.37. siné x cos x -} cos® x sin x ==sin 2x.

11.38. sin? x cos? x —cos? x sin® x =cos 2x.

11.39. sin® x —cos® x —cos 2x=0.

11.40. sin4x=06cos®2x —4.

11.41. (sin 3x -} sin 5x)%==(cos 3x -}- cos Hx)2

11.42, cos? x 4 cos? 2x - cos? 3x = % .

11.43. cos 7x +sin? 2x =cos? 2x —cos x.
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HE

TO

He

11.44.
11.45.
11.46,
11.47.
11.48.
11.49.
11.50.

1151,

11.52.
11.53.

cos? x4 cos? 2x =cos? 3x |- cos? 4x.

c0s? 2x 4 cos? 3x -} cos? 4.x 4 cos? Hx =2.
sin® x 4 sin? 2x ==sin® 3.x -} sin? 4.x.

2sin? 2x — 4 cos 4x =sin 4.x.

sin 2.¢ cos 4.x ==sin 6.¢ cos 8.x.

cos 7x cos 13 x ==cos x cos 19x.

sin xsin dx =sin 2x sin 4.x.

1
COS X COS 3x=§.

. . 1
sin x sin 3x == 5
JlokaxuTe, uTO ypaBHeHHe

sinbxsin7x =1

UMEET pelueHni.

11.54.

ol
II.OK&)KI/ITC, UTO €CAH - €CTh YKC/IO UPpPAIlMOHAJIBHOE,

B

ypaBsHeHue

sinaxsinPr=1

uMeeT peleHnt.

Pewume ypasuenus (11.55 —11,112):

11.55.
11.56.
11.67.
11.58.

11.59.
11.60.
11.61.

11.62.

11.63.
11.64.

11.65.
11.66.

2(sin 2x 4-cos 2x) =tg x +ctg x.

(14 ctg x)sin? x =sin x 4 cos x.

(1 —ctg x)(1 +sin 2x)=1 4-ctg x.

sin® x (1 -+ ctg x) -} cos® x (1 4 tg x)=cos 2x.

l+igx__< 02 —
3-]__tgx~_2cosx 1.
ka4 s
tg <x--z~>=: 1 —sin 2x.
mh 1
sin{x -+~ ) = —= (1 —sin x cos x).
(*+F) 75 )
I . cos2x
Slﬂ}v—{—COS.X,»——'l—_—SmT.

tg? x +cos dx=0.
tg? x -+ 8 cos 2x ctg 2x =ctg? x.
tg x4 ctgx:sin(x—i——}).
ctgx—2cos2x=1.
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11.67.
11.68.

11.69.

11.70.
11.71.
11.72.
11.73.
11.74.
11.75.

11.76.

11.77.

11.78.
11.79.
11.80.

11.81.
11.82.

11.83.
11.84.

11.85.

11.86.
11.87.
11.88.
11.89.
11.90.
11.91.

11.92.
11.93.

11.94.

11.95.
11.96.

11.97.

0.

Il

. 11
sin® x <} cos® x 4 sin <x+ T)
€08 2x ==cos3 x —sind x.

3 !
in? X~ sin X4 5
(tgx) = 2 7—1.

cos x (tg x 4 tg 3x)=4 sin 3x sin 4x.
tg 3x—tg 2x —tg x=0.

24 ctg 4x=ctg 2x.

3tg 3x—ctg2x=41tgx.

ctg x -} ctg 3x=1g 2x.

tg x —ctg 3x - ctg 4x=0.

| —cos? x

1 —sind x°

sin 2x —cos 2x =272 cos? <x -—%) +V3i-Ve

sin x 4 sin 2x 4 sin 3x 4-sin 4x +-sin Sx =0.
sin x - sin 2x - sin 3x == 1 - cos x -} cos 2x.
sin 3x 41 =cos 2x +sin x.

2sin 3x -+ 2sin2x +sinx =0.

sin 3x -+ sin® x =sin 2.x.

sin 4x —sin 3x — 2 sin 2x -+ 3 sin x =0.

sind x 4 sin* x =cos?® X - cos* x.

tg? x =

| . ’ .
7 (sin? x - cos? x) ==sin® x cos® X }sin x cos x,

4cosx—2cos2x—cosdx=1.

244 cosdx=tg x4 ctg x.

2 4-cos 4x=>5 cos 2x - 8sind x.

44 cos2x 4 3cosdx=8cost x.

35 4+ 3 cos 4x —12sin? 2x — 32 cos? x = 32 sin’ x.
sin® x -+ cos® x =sin 2x.

sin? X cos x — cos? x sin x ==sin 4.x.

tg 3x=tgx tg <~g——l—x>.
14-tgx-f-ctgx ctg x 1

sectx--tg x cosec? x - tg2 x —ctg2 x =
tg x—tg 3xttgxtg2xtg 3x=0.
4tg 4x —4tg 3x —tg 2x=1g 20 tg 3x tg 4.

tg x =tg? <x——}> tg? <x + —z—> + 2ctgx —2 ctg 24,



11.98. tg x =tg? (x——-i‘—) tg? (x-{—%)—l—ctg x—2 tg 2x.

11.99.

11.100.
11.101.
11.102.
11.103.

11.104.

11.105.
11.106.

11.107.
11.108.

11.109.
11.110.
11.111.

11112,

11.113.

sin25x  cos? 5x

=8 cos 2x.

sin? x cos x

sin x 4 sin? x -} sin® x =cos x 4 cos? x - cos? x
142 cos x (1 +sin 2x)=sin 2x —cos 2x.

4 sin x c0s? X = cosec x — sin x —Cos X.

5 cos 3x -+ 3 cos x=3sin 4.x.

sin® x -+ cos® x |- ]/1’2*
=cos x -} sin 3x.

sin 2x -+ sin 6. =sin 4x 4 cos 4x - 2 sin x

sin 2xsin <x -+ —2—\; =

2 cos? <x~——w—{—cos 4x -}-sin 6x =cos 2x -}-sin 4x.

sin x -F sin 2x - 2 sin x sin 2x =2 cos x | cos 2x.
2sinx-+3cos x-4-2cos x sin2x=2 -+ c0s2x+ 3sin2x.

tg x—{-—-—c gX+—==

sin x sin 5x

ctg2x43tg3x=21tg x I

sm 4x

FL A
1 fsin2x 212 cosBxsm +—4~) =

= QSm x-+2cos3x -+ cos2x,

sin 4x 72+ ctg x - ctg (T——x) ‘:
7 =2 VQA/(I +-sin 2x 4 cos 2x).
Onpejenurte BCe 3HaYeHus a, IpU KOTOPHIX ypaBHEHHe

(a®4-2)sin? x-}-4asinxcosx =a%+3

nMeer pewenns. Habigure stu pewenns.

11.114,

Onpenenute BCE 3HaueHNs 2, PN KOTOPHX ypaBHEHWE

cos?t+6sint=4a%2-—2

UMEET pEeHICHHUA. Hatigure atn pelueHus.

11.115.

Onpepnesute Bce 8HaUeHUs B, Ipu KOTOPHX ypaBHEHHE

sin2x—2B Y 2(sin x 4-cos x) + 1 — 682 =0

umeer pewedns. Halipure st pemennd.
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11,116. [Ilpu xaxkux 3xaueHmsx 5 ypasHeHue
sin2x +2B) 2 (sinx—cos x)+ | —4B=0

uveer pemieHns? Halinute stu pewedus.
11.117. Tlpn kakux 3HaueHUs X @ ypaBHEHue

sint x+costx=a

uMeeT pewrenns? Hailante sty peuleHds.
11.118. Tlpu xakux 3HaueHusix 5 ypasHeHue

cos? x cos 2x -+ B (cost x —sint x) = (28 + 1)?

umeeT pellenna? Halinure 3Tu peluenns.
11.119. Onpeaennte, nNpu KaKUX SHAYCHUAX @ YPaBHEHNE

2a (sin* x —cost x)=1 -} cos? 2x

paspemiuMo, # PEIIUTe 3TO ypaBHEHHE.
11.120. TIToxaxure, yro ecau a, b, ¢ pEHCTBUTEIBHH U
a®4+b%=£0, 1O nO KpaliHe#i Mepe OAHO W3 ABYX ypaBHEHHH

asinx--bcosx 4 c=0,
atgx+betgx+2c=0

AMeeT pellieHHs.
11.121. Peumre ypasnenue

tg (x -+ &) tg (x 4 20) tg (x -+~ 30y = 1.

- CKOMBKO pelleHult nMeeT 3T0 ypaBHEHHE 8 3aBUCUMOCTH OT o

Pewume ypasuenusn (11.122—11,133):
11,122, sin 2x 4-ctg x=2.

11.128, cos? 2x—[—€5$—2;=cos 2x —

11.124. sin® <.x - %) =12 sin x.

1
cos 2%

+4

11.125. cos x =cos? g—x.

. (3x @ . x
11126, sin <‘2‘+16>:3S“’ <w—7>-
1

1 1.71 27. cos % cos s cos if =
: 5 5] 5

11,128, sin 3. sin® x -} cos 3x cos® x —

’
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11.129. sin <%—x> sin <~§—— 2x> sin <%— 3x> -+

—|—sin( —{—x>8m —}—2x>s1n<3+3x>=0.
11.130. 2tg 6x+4tg 12x 4 8 ctg 24x +tg 3x=1g 2x.

11.131. cos? Sx—}—»}}— cos? x ==cos 3x cos? x.

11132, sin2 4x 4 cos? x == 2 sin 4x cost x.

11.133. sin® x4 cosdx - 3 sin <x+iz~>= 0.

11.134. Pewwnre ypaBueuue

sin®™

x4cos? x=1
(m, n—maTypaabHbie uyncaa, XOTs OBl OAHO U3 KOTOPHIX GOJbILE
€ANHHLLE).

11.135. Pemmnre ypaBHeHMe

[

sin?? ' g e —cos? e

cos“”” Lx sm2m+1 x
(m, n—uenne MOJOKUTEAbHBIE).

Pewmme cucments ypasuenui (11.136 —11.143):

( smxcosy——%, [ Sinxsiny:—f—,
11.136. 1 11.137. 5
Sm)/COS)C'—‘Q* COSXCOS)}:—”lT.
sin x sin y = -
11.138. { y=1
tgxtgy=3.
_1+ve
11.139. {cosxcosy 7
ctg xctg y=3-+42)2.
sin? x =08 xcos y,
11.140. 0 . ]
cos? x =sin x sin y.
“H‘x-i—San/wg*. cosx—}—cosv—é-,
11.141. V3 11.142. 7
COS X €08 Y ="5-. sin® x +sin? y =
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sin y=3sin X,

11.143. { 2cosx4-cosy=1.

11.144. Pemnte cucreMy ypasHenuf
{ X+y=a,

sinx cos y=a.

Ilpn kakux ycaoBUSIX CHCTEMA HMeeT DeLIeHust?
11.145. Pewnre cucreMy ypasueuuil

tgx-tctgy=a,
ctgx4-tg y=2.

IMpn xakmx @ 3agaya uMeer peleHus?
11.146. Peunte cucremy ypasHeHuft
cos® x +cos? y=a,
X+y=a.
Hatizure ycnoBue paspeliiMOCTH CUCTEMBL.

11.147. Haiaure Bce 3HaueHus a, 1puU KOTOPHIX CHCTeMa
ypasreHui -

sin 2x cos y=a? - 1,
cos 2x sin y==">3a

UMEET pelleHud, ¥ peliure s1y CHCTEMYy.

Pewume cucmenst ypasuenui (11.148 — 11,166):

cos? y - 3sin xsin y=0,
11.148, ]
21 cos 2x—cos 2y =10.
cos(x—y)=2cos(x+y),
11.149. { 3
cosxcosy_—4—
11w0[ = 2
COS ¥ oSy = 7.
tgx‘rgy_-l
11.151. smxcosy—{—ctgxtgy_.~



sin x -+ sin y==sind x -}-sind y,
11.152. {51112x+51n2 =sin* x 4-sinty.
sin® x =sin y, '875%%72%:
11.153. {COS4 X =08 3. 11.154. cosy 3
sin (x+y) ~ 4°
[cosx+35mx 2 cos y,
11.165. 1 cos ¥ 4 3 sin y==2 cos x.
ctg x - sin 2y =sin 2x,
11.156. { 2 sin y sin (x ++y)=cos x.
4tg 3x=31tg 2y,
11.157. {251nxcos(x —y)=siny.
4cosxtg y—2cos2x—secty=1,
11.158. { %tgx—{—ctgy)@smx—{—tgy):l
[ cos? y-+cosxsin2y=1,
11.159. \ (tg x+-ctg y) (2sinx —tg y)J-cos2x=0. .
(sm xX-+a cosy——V——(1+a)
11.160.
cosx—i—asiny:T/.—Q—,(l—[—a).
acos (2x -+ y)==cos y,
11.161. { acos (x4 2y)=cos x, rae a>1.
4sin (3x -} 2y) +-sin x =0,
11.162. {4sin(2x+3y)—}—siny=0.
[3cos2x~{—4sin(x+y)+3coszy=——1,
11.163. \ sin x +sin y 42 (cos x -+ cos y) = 1.
: I4six12x—35in(x—}—y)—{—4sin2y=1,
1'164'1 3 (sin x -+ sin ¥) —cos x — o8 y = 2.
~ [cosxcos2y4-sinycos2x+2cosx=1, _
“'165'{ cos 2x -3 cos 2y - 8 sin y == 8 +-4 sinxcosy.
sin x cos 2y +siny cos 2x +siny=1,
“'166'{ 2cos2x+8cosxcos y-+ 7=4siny.
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IFJIABA XII
3AJAYY 110 NJAHUMETPHH

§ L. IlpsmoyroapHeiii TpeyroabHUK

12.1, CymMma KaTeToB NPSMOYIOJBHOIO TPEYroJbHEKA paBHa /,
a BHICOTa, ONYIIEHHAS U3 BEpUIMHB IPAMOro yria, paBHa /.
Ha#iti niomiagb 3TOr0 TPEYroJbHHKA.

12,2, BeicoTa TPAMOYTOABHOrO TPEYIOAbHIKA, ONYILEHHAR
U3 BEpIINHBl 1PAMOrO yrJa, paBHa /i, PasHOCTb MEKAY IPOeK-
HHAMH KATETOB Ha CHMOTEHY3y Takxke pasHa f. Haltu rumortenysy
9TOT0 TPEyro/JbHHKA.

12.3. Beicota npsMOYroJbHOro TPEYrOJbHHUKA, OIYLLEHHasd
M3 BEDIUIMHB HPAMOro Y3, paBHAa /i, PasHOCTH MEKAY MPOEK-
UMM KaTeTOB Ha THNoTeHy3y pasua /. Halttu niomane srtoro
TPeYyT O/IbHUKA.

12.4. B upsavoyroseHoM TpeyroapHike ABC u3 BepluuHH
npamoro yraa C omywena Boicota CD. Ilpoekuns orpeska BD
Ha Kkarer BC pasHa /, a mpoexunus orpeska AD Ha karer AC
paBHa m. Haittu piauny runorenysst AZ5.

12.5. Karersl mnpsMOyroJLHOTO TPEYyroabHHKa paBHH b U c.
Haidtn amuny GucceKTpHCH npsMOro yraa 3TOro TPeyroJbHHKA.

12.6. OouH B3 KareToB NpPAMOYFOJbHOIO TPEyroJAbHUKA pa-
BEH b, a pajuyC ONMUCAHHOH OKOJIO ITOr0 TPEYFOJbHUKA OKPYK-
Hocti pasen R. Halitm aauny OucCeKTpUCH yriaa, 3aKAOUEHHOIO
MeX/1y [aHHBIM KaTeTOM M TUNOTEHY30H.

12.7. B npsMoyroabHoM TpeyroJbHHKE THIOTEHY3a paBHa ¢,

[
a OuccekTpuca OZHOTO M3 OCIPHIX YIrJI0B paBHa ———. Haiita

V3

KaTeThl 3TOro TPEyroJibHUKA.

12.8. B npamMoyro/bHOM TpeyroabHUKe H3BECTHE orpeatm aub,
Ha KOTOpHE TOYKA KacaHus BIHMCAHHOIO B TPEYFOJbHMK Kpyra
Jenut runoTenysy. Hablru nuouwiaas 3TOro TpeyroJsHUKA.

12.9. Jlokasatb, UTO B IPSIMOYrOJBHOM TPEYIOJbHHKE CYMMa
KareTos paBHa CyMMe JAHaMETPOB BIUCAHHOR © ONHCaHHOH
OKPYKHOCTER.
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12.10. U3 Bepmnnbpl npamoro yraa C npaMOyrodbHOTO Tpe-
yroastuka ASBC onywena seicora CD. okasate, uto miuHa CD
paBHa CYMME pafuyCOB OKDYXKHOCTeH, BMNUCAHHBIX B TPEYTO/b-
nukn ABC, ACD w BCD.

12.11. B npamoyroabHoM Tpeyro/bHuke ABC w3 BepUIHHS
npamoro yraa C nposexena Baicota CD. MssectHo, uto pamuych
oKkpyikHOctell, Bnucanuex B rpeyroieunkn ACD u BCD, pasun
p u .r. Haiity pamumyc OKpY#KHOCTH, BIHMCaHHOE B TpEYroJb-
uuk  ABC. ‘ ‘

12.12. LlenTp OKpYKHOCTH, BIHMCAHHOH B NPAMOYIOJBHEIA

Tpeyro/bHUK, HAXOAMTCA Ha paccrosunu /5 cat u V10 ca
OT KOHUOB runoTenyspl. Hafitu KareTel 2T0ro TpeyrosbHHKA.
12.13. Hafitn ocTpble yribl NIPSMOYTOIbHOTO TPeyroJbHUKaE,
€C/H H3BECTHO, YTO OTHOIMISHHE Paauyca ONuCaHHON OKO0J0 3TOro
TPEyroJbHUKA OKPYXHOCTH K DPaiAHyCy BIUCAaHHOH B HEro
oxpysuoctu pasuo 1+}/3. .

12.14. Haiitu xaTeTsl upsMOYro/bHOTO TpPeyrodbHHKaE, €C/u
H3BECTHO, YTO pallyC OIIMCAHHOW OKOJO 3TOro IPeyro/eHuKa
OKPYMHHOCTH paBed R, a paauyC BOHCAHHOW B HEro OKpYKHO-
CTH DaBeH r. '

12.15. B npsaMOYroJpHOM TpPEYroJbHHKE OJHH H3 OCTPhIX
yrJ0B paBeH o, runoTeHysa pasHa c. Hatiru paccrosnme Mexny
LEHTpaMH BIMCAHHOH W ONHCAHHOH OKpPYKHOCTEH.

12.16. B upsaMOyroapHOM TpEyroJabHUKE BHICOTA, OMYULEHHAS
U3 BeplUUHL TPSAMOrO yrjaa, paBHa /1, a M[POEKLUS OXHOIo
U3 KareToOB Ha ruforeHysy pasHa /. Hafity panmyc okpyxHocri,
Kacaroulefics KaTeToB, €CJAM HEHTP 2TOH OKPYXKHOCTH JEKUT
Ha THIOTEHY3¢E.

12.17. B opsvoyronsHom  TpeyroasHuke ABC runoreHysa
AB=¢, /£ A=a. Hailtu paanyc OKpyKHOCTH, Kacawiiencs
katera AC, runortedysst A8 U OKDY:KHOCTH, ONHCaHHOH OKOJIO
Tpeyroashuka ABC.

12.18. IlpsMoyroapHblil  TPEYroAbHUK € OCTPBIM  YIJIOM O
pacrosioeH BHYTPH OKPYKHOCTH paguyca R Tak, 4TO FUIOTEHY3a
TPEYroJbHUKa ABJAFETCA XOPIOH OKPYXHOCTH, a BEPLIMHA NPIAMOLO
yrja TPEYroJbHUKA JeKUT Ha JnaMerpe, Napaj/iesbHOM Fumnore-
Hyse. Ha#itu nuouniaap 3TOro TpeyroJbHHUKA.

12.19. Ocrpbift yroa npsMOyrosbHOTO TPEYroAbHUKA PaBeH C,
a paguyc OKpPY:KHOCTH, KacawIueHca runoTeHyss M IPOAO/IKEHHH
AByX kateros, pased R. Hailta rumorenysy sroro TpeyrosapHuka.

2.
12.20. ITnowangs npsaMOyroJLHOIO TPEYronbHHKa paBHa grz,

TA€ r — pajuyc OKPYKHOCTH, Kacalulefica OZHOro Karera u
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npojpo/mkeHut APYroro Karera W runoTeHyasl. Hafitu ctopous
9TOr0 TPeyro/bHUKa.

12.21. B octpsle yriab  npSAMOYroJsHOrO TPEyroJbHHKA
BM#CaHbl [BA PAaBHBIX KacalomMuxcst Apyr apyra kpyra. Cymma
naowagel 3TUX KPYros pasHa NAOCIMALM  KpPYra, BIHCAHHOTO
B TpeyroabHuk. Haltru ocrpeie yribl 3TOro Tpeyro/ibHHKA.

12.22, Ha cropoHax npsAMOYro/apHOro TpeyroJbHHKA € Kare-
TaMH @ W b 1OCTPOEHB KBAJPathl, NEKAIHE BHE TPEYrOMbHAKA.
Halitn noomanp TpeyroJbHuKa € BepLIUHAME B LEHTpaxX KBaf-
paros.

12.23. Karersl mpaMOyroJLHOTO TpEYroJbHHKA pasHbBl 6 ca
B 8 ca. Ha Bcex ero cropoHax Kak Ha IuaMeTpax MOCTPOEHH
NIOAYOKPY:KHOCTH, Jexaliue BHe TpeyroJeHnka. Haiitu panuyc
OKDYHOCTH, KacalouleHcs [OCTPOEHHBIX IOJAYOKPYHHOCTeH.

12.24. B npavoyroasHom TpeyroanHuke ABC kater AB==3 cu,
kater AC==6 cu. Uenrpsl okpyxHocrell paguycosB 1 ci, 2 cn
U 3 cH HaXOMATCH COOTBETCTBEHHO B Toukax A, B n C. Ha#rn
paanyc OKpYXKHOCTH, Kacaionledcs KakAo# u3 Tpex JMaHHHIX
OKpPyKHOCTEH BHEWHHM 06pasom. ’

§ 2. lpaguabHblil TPeyroabHUK

12.25. Ha cropone BC npasuapHOro tpeyrodstika ABC
pacnoaoxena touka D; yroa CAD pasen o Hailtu orHomeHne
naonlagd  tpeyroabunka ACD k niomiagu Tpeyronphuka ABC

12.26. B npasnisHoM 71peyroisunke ABC co cropoHo# a
nposefeHa cpeausas uHud MN napaanemsuo AC. Yepes Touky A
¥ cepeauHy MN rnposegeda npsiMan  HO MepeceueHus ¢ 5BC
B Ttouke D. Hatitn pnuny AD.

12.27. B npasnasuom tpeyroabHuke ABC cropoHa paBHa a.
Ha cropone BC aexur touka D, a Ha cropone AB — t1ouka E

TaK, 4To BD:—g—, AE=DE. Haitta pauny CE.

12.28. Bce BepuuHbl NPaBHJILHOTO TPEYroJbHUKA  JekKar
Ha CTOPOHAaX MNpPAMOYTOJBHOTO TpeyroabHuKa. OfHa u3 CTOPOH
IPaBUJAbHOIO TPEYroJbHUKa TNapaiebHa TUNOTeHy3e, W IJdHa
€e B TpH pasa MeHbUle JUIMHB THIOTeHy3bl. Hatitu yras
NPIMOYTOJIHOrO TPeyroJbHuKa.

12.29. lnaMeTp OKDYXHOCTM paAnyca r sBJSCTCH OCHOBA-
HUEM TIpasuAbHOrO TpeyrodbHuka. Haittu miowazs To# uactu
TpeyronsHUKa, KOTOpas JEXKHT BHE KpyTa.

12.30. Ha BpIcOTE NPaBUJALHOFO TPEYrOJbHUKA, AJMHA CTOPO- -
Hbl KOTODOIO paBHa b, KaK Ha AuaMeTpe NOCTPOeHa OKPYXKHOCTE.
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Hatitn nnomame TOH 4YaCTH TPEYroAbHEKA, KOTOpas JEWHT
BHYTPH OKPYXHOCTH.

12.31. BepuruHbl - IpaBUNBHOTO TPEYIrOJbHHUKA PACIONOKEHD
Ha TpeX NapajJeabHBX NpaMbiX. PaccrosHus ot cpeamedt npsiMoi
10 ABYX Kpafinux pasHsl a u b. Halttu cropony tpeyroapHuka.

12.32. lanpl [Beé KOHLEHTPUUYCCKHE OKDYKHOCTH pajuy-
coB r 1 R, npuuem r < R. Onpene/auts CTOPOHY NpPaBU/IBHOIO
TPEYroJbHUKA, Y KOTOPOrO OJHA BepUiMHA JEXKHUT Ha OKPYK-
HOCTHW pajdyca r, a JBe APYrue — Ha OKPY:KHOCTH paiuyca R.

12.33. OkpyxuocTn pamuycos r u R kacaiorcd apyr apyra
BHYTpEeHHuUM oOpa3oM. Hafiti CTOpOHY NpaBH/ILHOIO TPeyrob-
HHKA, y KOTOPOro OJHa BepIUMHA HAXOXUTCH B TOUKE KaCaHHH
[IaHHBIX  OKpY/XKHOCTEH, a JaBe Jpyrue JexaT Ha pasHBIX
JAaHHBIX OKPYKHOCTSX. »

§ 3. PaBnoGenpeHHblil TpeyroanHuk

12.34. B pasHoOeapeHHoM rtpeyroasHuke ABC  6GokoBas
CTOpOHa paBHa b, a yroa Mexxay OOKOBHMH CropoHamu AB n
AC pasen o. Yepes Bepuiuny B o UeHTp OKPYHHOCTH, OMHCAH-
HOM oKoJo rpeyrossuuka ABC, nposeneHa npsiMas 10 Tiepece-
yenua co ctoponoit AC B rouxe [). Hafiru pmuny BD.

12.35. Onpeaeants naomans pasHOGEIPEHHOrO TPeyro/bHIKa,
ecay JAJMHA ero OCHOBaHMS paBHAa b, a BBICOTa, OMYlIEHHAs
Ha OOKOBYIO CrOpOHy, paBsHa /.

12.36. B pasHoOGenpenHoM TpeyroabHRKe OGOKOBag CTOPOHA
pasHa 20 c¢a, a ocHoBanme paBHO 24 ca. Halltm paccrosiHue
MEXIY TOUKOH repeceueHus MeAMaH U TOUKOH mepeceyeHus
OHCCEKTPHUC 3TOrO TPEYroJbHUKE.

12.37. B paBHoOeApeHHOM TPeyroabHIKe BHICOTE, ONYILEHHAS Ha
OCHOBAHUE, paBHa A, a PAANYC BIUCAHHOH OKPYXKHOCTH DaBeH T.
Halitn paguyc OKpPYKHOCTH, ONUCAHHOR OKOMO 3TOr0 TPEYroJbHUKA.

12.38. B pasHoOenpeHHOM TpeyroJbHAKE YrOoJ [Py OCHOBAHHH
paBeH o, a PasHOCTb MEXKAY PafNyCaMid OMMCAHHOW OKPYKHOCTH
¥ BIUCAaHHOW OKpyxHOCTH pasHa b. Hafttu pamny ocwo-
BaHHUS 3TOr0 TPEYroJIbHUKA. .

12.39. B pasHoGenpenHoM tpeyroasHuke ABC yroa Mexay

1
GokosbivMu croponamu AB u BC pasen a, rie @<z Ha npo-
#OMKeHnH BHCOTH BD pacronoxena Touka M Tak, uTO
npsvas MC xacaeTcs OKPYKHOCTH, OMICaHHOH OKOJIO TPEyroJb-

nuka ABC. Haitru otHoweHue muouiagu rtpeyronsHuka CDM
K mroulagm TtpeyroabHuka ABC.
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12.40. PasHoGenpenuslfi TpeyroJbHUK pacceyeH GuccexTpucoi
yraa [pu OCHOBAHUM Ha fABA TPEYrO/NbHHKA; IMIOMLLb TMEPBOrO

72
#3 HUX (MPUWIEKAUEro K OCHOBAHMIO) DPaBHA {7 cM2, oAb

BTOPOTO — %mﬂ. Onpepenuts CTOPOHB PaBHOOGEAPEHHOIO Tpe-

YrOJbHHKA.
- 12.41. B paBHOGeApEHHOM TPEYTOJbHAKE LMHA GOKOBOH CTO-
pOHBl paBHa g, JUINHA OCHOBaHMs paBHa b. BnucanHaa B 3TOT
TPEYTOJbHUK OKPYWHOCTh KacaeTcs ero CropoH B Toukax M, N
n K. Onpegenurs mioumiaas tpeyrossiunxka MNK.

12.42. B pasnoGenpensom rpeyroasiuke ASC yroJs npu ocHO-
Bannn AC paseH o. OKpPYWHOCTB, BIUCAHHAS B 3TOT TPEYT OJIBHUK,
Kacaerca ero cropoH B touxkax M, N u K. Hafitu ornowenue
mromann rpeyroisHuka MNK x niowagn tpeyroasHnxa ABC.

12.43. B pasnoGenpennom tpeyroisHuke ABC, y xoToporo
AB=BC un yron B pasen %, onyuied mnepnenmukyasp AD
Ha cropony BC. B 1peyromsuukn ABD u ACD BnucaHsl mosay-
Kpyru 1aK, 4TO uX AUaMeTpH JiewaT CooTBeTCTBeHHO Ha B0 u AD.
Onpenenuts OTHOWIEHHE MJIOMIAJEH MOCTPOCHHBIX TOAYKPYTOB.

12.44, Ha ocHoranuu AC  paBHOGEXPEHHOrO  TpeyroJb-
nuka ABC pacnoaoxena Ttouka D rak, 4ro AD=a, CO=0.
OxpyxHocTr, BOUCaHHBE B tpeyroibHuxu ABD w BCD, xa-
catorca npsmoit BD coorsercreenHo B rtoukax M u N. Hadtu
oy MN.

12.45. B pasHoGeapenHom tpeyrosisHuke ABC napanienbHo
ocrosanno AC nposea¢sa cpemuss munus MN. Pagmyc okpyx-

Vs
=
paludyca OKDYXKHOCTH, ONucaHHO# OKoJjo tpeyroabHuka ABC.
Haiitu yrast tpeyroisuuka ABC.

12.46. Yrox npu OCHOBaHWH PaBHOOEAPEHHOFO TPEYrOABHUKA
pasen 2 arcctg 2. BHyTpu Tpeyro/ibHUKa PaciloNoKeHbl TP OKPYK-
HOCTYM TaK, YTO KaX[Aasd M3 HUX Kacaercs ABYX ADPYTHX OKPYK-
HOCTEH M JBYX CTOPOH TpeyroJabHuka. Hatitu oTHoulenne papuy-
COB 3THX OKpYHOCTell.

12.47. B pasuoGenpenHom TpeyroabHuxe ¢ yraom 120° pa-
A1yC BNUCAaHHOH OKpy:xHOCTH paseH R. Buyrpu rtpeyrosbHuka
JeKaT [Ba PaBHBIX KacaloWuxcd APYr Apyra Kpyra, Kakuislh
U3 KOTOPBIX KAacaeTcd OAHOH OOKOBOH CTOPOHB TPEYTOJbHHKA
M BOUCAHHOH B TPEYrOJBHHUK OKPYXHOCTH. OIpefennTb paiuychl
.- 3TUX KpYIOB.
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12.48. Onpeneants yran paBHOGEIPEHHOrO TPEYrOABHUKA,
3Has, YTO TOYKA flEPECEeYeHHsi ero BHICOT JEXKAT Ha BIHCAHHOHN
OKPYKHOCTH.

12.49. Ha OGoxkoBrix croponax AB u BC pasHoGefipeHHOT0
tpeyroabanka ABC pacriosoweHsl COOTBETCTBEHHO Toukd M n N

M CN
=M, ——=n. [lpavas AMN nepecekaeT BHI-
BM » By =N paMa epe
cory BD p touke O. Hafitn oruoisenune

TaK, 4TO
DO
BO"
§ 4. llpouseoabHbId TPeyrodbLHUK

12.50. rpeyroisHeke ABC yroa npn sepmnne A B aBa
pasa 60’]bLLl€ yraa npu BepmuHe B, AB==¢, AC=b. Onpe-
neauts BC.

12.51. B rpeyronsunre ABC pano: BC=a, AC=0, AB=c.
Ha BC piGpana touka D TakuM o0pa3oM, 4TO OKDYKHOCTH, BIIU-
cannnle B rpeyroabruxu ABD u ACD, xacawoTcs apyr apyra.
Hatirtn BD. )

12,52, B rpeyrompauke ABC yroa A pasen 20, AB=cg,
AC==»5. Haittu nmany Ouccextpucsl yria A.

12.,53. Ilse cTOpOHB Tpeyro/bHUKA pPABHB COOTBETCTBEHHO
6 cx u 8 cau. MeanaHsl, NpOBeAEHHBIE K CEPeAHAM THX CTOPOH,
nepeceKkanTcs: MOA NpaAMBIM  yraoMm. Haltu Tpersio  CTOpOHY
9TOFO TPEYrO/BHHKA.

12.54. B tpeyroasuuke ABC yron A pasen 60° AB:AC =
= 3:2. Ha croponax AB u AC pacnosoxeds COOTBETCTBEHHO
toukn M u N 713k, uto BM=MN=NC. Halitu orHoueHne
niomann tpeyroisHuka AMN K miouasn rpeyromsiuxka ABC.

12.,55. OcHoBanue TPEYrosbHHUKA paBHO b, a BHICOTA, OMNY-
IeHHas Ha OCHOBaHue, pasHa f. B Tpeyroasuuk BMucaH KRapart,
OiHA M3 CTOPOH KOTOPOTO JIEKHT HA OCHOBAHHUE TPEYrOJNbHHUKE,
a JBe BepilHHbBl —Ha OOKOBRIX cTOpoHax. HaliTn oTHoiuenue
IJIONaAN KBaApaTa K TUJIOUIALH TPEYFOJbHUKaA.

12.,566. B TpeyronpHuKe M3BECTHB OTPE3KH M U M, HA KOTO-
phle TOUKa KacaHWsl BMUCAHHOH OKPYKHOCTH ASJUT OAHY U3 CTO-
POH TPeyro/bHuKa, a MPOTUBOJENKAUIUH 3TOH CTOPOHE yroJa pa-
sed 60°. Halltu niouiapb TpeyrosbHuka.
© 12.57. B rtpeyroannuxe ABC mano: AC=p, AB=rc, a Guc-
cextpuca yraa A passa /. Hatitu BC.

12.58. B rpeyroasuuke ABC pano: AB==2 cu, AC=15 cu,
BC=6 ¢m. Hatitn paccrosnue or sepmudnl B 10 TOYKU Tepe-
ceueHust BBICOT TpeyroasHuka ABC.
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12.59. B 1peyronsunke ABC nposemensn Guccexktpucht AM
n CN. WassectHo, uto AC=6 cM, AN=2 cu, CM=3 cn.
Hantn anuny MN.

12.60. B tpeyrosbuuke ABC Ounccektpuca AD penur cToO-.
pouy BC 8 otuouennn BD:CD=2:1. B kakoM oTHOlIEHHH
mennana CE nesmt 5Ty GuccekTpucy?

12.61. Ha croponax AC u BC rtpeyroapHuka ABC pacno-

AN
JIO¥EHB CooTBeTcTBeHHO Toukn N u M Tak, uTo ="

BM:m. Ipaveie AM u BN nepecekawrcs B touke O. Haitu

cM
A0 BO
oM ON "

12.62. Buccektpucst AM w BN 71peyroasnuka ABC nepe-
cexatorcs B touke O. Mssectuo, uto AO=) 3-MO, NO =

=(}/3—1)- BO. Haiitn yram tpeyroasunxa ABC.

12.63. Hafltu miowaas TtpeyroibHAKa, MenuaHbl KOTOPOro
pasusl 12, 15 u 21 ca

12.64. B yraer B u C rtpeyroseHuka ABC BNucaHbl OKPYX-
HOCTH paguycoB 2 cm u 3 ¢, Kacawoulefica OHCCEKTPHCH
yria A, Haitn pauny stoft OHCCEKTPUCH, ec/au  paccrosiHue
MEXAY TOUKaM#d, B KOTOPHX OKpywHocTa Kacawtcs BC,
pasHo 7 ca.

12.65. B OCTPOYrOJLHOM TPEYFO/NbHUKE IBE BHICOTHI DaBHHI

COOTBETCTBEHHO 3 ¢t 1 2]/ 2 CAM, a UX TOYKa MepeceveHns jne-
JUT TPETBIO BBHICOTY B OTHOUIEHHH &:1, cumTtas OT BepILUHBI
TpeyronbHuka. Haite nuiomans TpeyrosbHuka. <
1 12.66. Oxono okpyxHocT onucad Tpeyro/ibauk ABC, u
B 5Ty X€ OKDYXKHOCTb BnucaH Tpeyroasuuk A,5,C;, 10106HbIH
rpeyroashuky ABC. OTHoLIeHREe NIOAAEN TPEYrOMbHUKOR PABHO
4(1 + V2 Hatirn yribl STHX TPEYTOAbHUKOB, €CAU Yyrojl BAC
paeen 60°.

12.67. B tpeyrosnsunke ABC nposemensl Meauana AD, Guc-
cexrpuca AE u shicora AF. Ilioutans tpeyronsHuka AED pasHa

1
< iowanu tpeyroaphuka ABC, a nromans tpeyroasuuka AFD
7 : \
pasHa =5 NJOUIANA TPEYTOAbHUKE ABC. Hatitu yrasl Tpeyrofn-
Huka ABC.
12.68. B oxpyxHoCTb BnucaH TpeyroasHnk ABC. Paccrosnus
or rouek A u C 10 npsAMOH, Kacawiuehcs OKPYHKHOCTH B TOuKe B,
COOTBETCTBEHHO paBHBl @ # ¢. Hafite BblicOTY Tpeyro/bHuKa
ABC, npoBeneHHyl0 W3 BepuuHbl B.
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§ 5. Mapanxenorpamm

12.69. OxpyxHoctb paamyca R kacaerca cropoy AB m AD
keaapata ABCD, nepecexaer cropony BC B touke M u nmpo-
xoaut depes Touky C. Haittu nnmny orpeska BM.

12.70. Buytpu okpyxHOocTH ¢ HeHTpoM: B Touke O paauyca R
pacnonoxen kpagpar ABCD tak, uto sepumuusl B n C nxexar
Ha OKpYXHOCTH, a cropoHa AD npoxoaut uepes Ttouky O.
Haitu pamuyc OKpPYXKHOCTH, BIUCaHHOH B TpeyroasHuk BOC.

12.71. B napaanenorpamme ABCD oxma amaroHans 8 /3
pas Gouabuie apyro#, a nepumerp pasen 4 cau. WMspectno, uro
TOuKa Ay, cuMMerpuunas ¢ Touko# A ortHocuresbHo TOoukm C,
CUMMETPHYHA C TOUKOH B ortHocuteabno upsmofi CD. Haitu
maowans napamienorpamma ABCD.

12.72. Opgua wn3 pguaroHanell mapaJjienorpamma . pasua b,
a apyras o6pasyeT O CMEKHbIMH CTOPOHAaMH MNapaIegorpaMma
yrast, paBueie o 1 f. Haitru cropons mapaasenorpamma.

12.73. Hadte naontass napajiaesorpamsa, €cam ero 060Jb-
Hlasi AHaroHaMb PaBHAa D €A, a BBICOTH—2 CHM U 3 CA.

12.74. CropoHsl napaizejorpaMMma paBHbel @ B b, a OCTpHIH
yroa Mexay AunaroHaaamu paser o. Haltrw nsomams napasane-
JorpaMma.

12.75. Croponsl napaaszenorpamMma pasusl 3 ¢t u 2 cu,

Is]
a yroa MKy HUMH paBeH arccos ys. [lse nepreHauKyasphHsie

npaMple OesT NapadJIe/]orpaMM Ha HeThiPe PaBHOBENMKHE YaCTH.
HalT DdHB OTPE3KOB, Ha KOTODBIE 3TH NpSMblE HEJST CTO-
POHBI TapasiejaorpamMma.

12.76. B napamiesorpamMMe OTHOLIEHHE CTOPOH U OTHOILLE-
Hue JuaroHajedl OXMHAKOBBL W pasBHel 2. M3 sepmuHB Tynoro
yraa A onyumeHa shicora AE na 66avryio cropony CD. Hatiru
oTHOlIeHue IauHB oTpeska DE k aanHe orpeaka CE.

12.77. Paguyc oxkpysHOCTH, BHucanHol B pom6 ABCD,
pasen 7, yroa ABC pasen . Ha croponax AB u BC pac-
NOJIOKEHBl COOTBETCTBEHHO TOUKHM E u I rtak, uyro npsMas EF
Kacaercs oxpyzlcuocm, srnncanHoll B pom6. Haitu npoussenenne
AE.CF.

§ 6. Tpanenus
12.78. Ocnosanns Tpaneuun pasuel 10 cu u 24 cu, a Go-
KoBble cTOpoHBl — 13 ¢u u 15 ca. Halltn naowags Tpanenus.

12.79. B rtpaneuun ocHoBaHus pasuel 84 cu u 42 cu,
a Goxosele CTOPOHEl ~— 39 ¢t 1 45 cu. Yepes Touky nepeceueHus

407



IHaroHasell napaaieNbHO OCHOBaHUAM npoBemeHa npamas. Omn-
peleauTs JOUIAAM HOJAYUMBLIMXCS Tpamenui.

12.80. OcHosaHnst paBHOOOUHOH Tpaneunu pasHsl a u b, 60Ko-
Bas cropona [. Ha#iTu paamyc OKDYKHOCTH, ONWCAHHOH OKOJIO
3TOH Tpaneuun.

12.81. Oxono OKPYKHOCTH OlMCaHa Tparneuuss ¢ OOKOBBIMH
CTOpOHAMH, PaBHBIMHM a n b. Hafitu cyMMy KBaaparos paccrof-
Hiil OT LIEHIPA OKPYKHOCIW 10 BEDLIKMH Tparewnuy.

12.82. Okoao oxpyxHocTH paanyca R onucaHa pasHOOOUHAs
Tparieuus, nuaomaab Koropoit pasHa S. Haiitu ocHosanus sTo#
Tparnemun.

12.83. Okoiso OKpPY:KHOCTHM OHMCAHAa PaBHOOOYHASA Tpalewud,
y KOTOpo# OQHO OCHOBaHue B TpH pasa OoJblie gpyroro. Hafitu
OTHOIIEHHE PAZNYCd OKPYKHOCTH, OMNHCAHHOH OKOJO Tpaneuuy,
K paguycy. OKPY:KHOCTH, BIUCAHHOH B TpaleuHio.

12.84. CymMa BpCOTH M CpeaHell JaHuM paBHOOOUHOM
Tpanenun paBHA ¢, a IJoWaAb Tpaneunu pasHa S. Ha#itu yrox
MEXKIY [MUaTOHAIAMU TPAMeILUH. )

12.85. Ocuosatns paBHoOOYHOH Tpaneuun pasHul @ u b, npu-
yem a > b. Ilpamble, coequusioulne cepeanHy ©O0JblIEFr0 OCHO-
BaHHs C KOHIAMH MEHbIIErO OCHOBAHHS, TNEPEecexanT aAua-
rouann Tpameunms B Toukax M u N, Ha#fitnm aamny otpes-
ka MN.

12.86. PasnoBouHas Tpaneuus, y KOTOPOH yroa npu OCHOBa-

HHH paBeH —'6}, omnucaHa OKOJO OKPYKHOCTH. B KakoM oTHowie-

HUH TpsiMasl, COEAMHAIONIAA TOUKHM KACAHHS OKPYKHOCTH C OOKO-
BRIMU CTODOHAMH, HEJHT [JOUaAb Tpanelnnun?

12.87. B rtpaneunu cpeanss JuHUA pasBHa 7 ¢4, BHCOTA —
158
7

sed 120° Hatitu anaronanw 31oft Tpanenunu,

12.88. Ilaunsl ocHoBanufl Tpanenu# pasusl @ u b. Touku M
u N nexar Ha OOKOBHIX CTODOHAX TaK, 4ro npsaMas MN muapan-
Je/bHAa OCHOBAHUSAM M JEJNT Tpallelio. Ha JBE paBHOBE/HKHE
yactd. Haiitn zauay orpeska MN.

12.89. B Tpameuunm ocHOBaHWs PABHMI @ W b, [OHArOHAM
NEPHIEHARKYIAPHB, @ Yroa MeXay GOKOBBIMH CTOPOHAMH DaBeH o.
Ha#itn nsomaze tpaneuun.

12.90. B pasuoGouno#t tpaneunn ABCD ocHosanus AD wu

BC cBsizaHsl PaBEHCTBOM AD::(l—I—]/-TB)BC. OKpyXKHOCTB
¢ nenrpom B Touke C pazamyca %—BC BLICEKAET HAa OCHOBAHUHU

CcM, a YroJq MCKAYy JAHaroHaadaMu [poTHs OCHOBaHUA pa-
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AD xopay EF pnmus 4 BC. B xakoM oOTHOLIEHUH 3Ta

OKPYXKHOCTb neautr cropony CD?

12.91. OcHoBauus paBHOGOUHOH TpaNELAW OTHOCATCH, Kak
3:2. Ha GosbiueM OcHOBaHMM KaK Ha AnaMeTpe MOCTPOEHa OKPY K-
HOCTb, BHICEKAIOMad HAa BEDXHEM OCHOBAHWM OTPE30K, DPaBHBIH
[OJIOBHHE BEPXHEro OCHOBaHus. B KakoM oOTHOWEHHW 3Ta
OKPYKHOCTb /€MHT GOKOBBIE CTODOHBI Tparienun?

12,92, Okos0 OKpPYKHOCTH OTHCaHa paBHOOOYHAs Tpaneuns.
[Tromags ueTHPEXyroAbHHKAa € BeplilMHaMA B TOUYKAX KacaHud

3
COCTaBJAET & TIONLANN TPAMENHH. Haittu oTHOlIEHHE OCHOBaHRM
Tpaneuuu.

12.93. Oxono oxpymHocm ONnCaHa paBHOOOYHAs Tpamemus.
Paanyc 310# OKPYXHOCTH B V6 pa3 MeHbLIE paguyca OKpYk-
HOCTH, onucaHHofi oxoao Tpaneunu. Hafitn yron npu Gosabluew

OCHOBaH{KN TPaNCLMH.

§ 7. NpouseoapHbIii YeTHIPEXYTONLHUK ¥ MHOTOYIOJbHUK

12.94. B okpy:KHOCTb BHOHCAH UYETHIPEXYTOJBHUK, TPH MOCHAE-
JOBaTEAbHBIE CTOPOHEL KOTOPOrO PasHH cootsercraenno 2 5 e,
2]/5 ca, 6 cm, a ueTBepras CTOPOHa ABJAETCA JHAMETPOM
okpyxHocTu. Halitn paguyc okpyxHocTn.

12.95. Man wuermpexyroaviuk ABCD. Vssectuo, uro
AB% + CD?=AC? 4+ BD® Hatitu  yroa Meway CropoHamu
AD n BC.

12.96. Haiitn oTHOMIEHHs CTOPOH BHINYKJOIO YETHIPEXYT OMb-

b8
HHKa, UMEIOINEro yron FE €CJal 3TOT UYCTHPEXYroabHUK OlHCaH

OKO0JIO OKDYXHOCTH 1 HMEET paBHBIE H B3aNMHO NEpHeHIUKYIapHbIe
JuaroHany.

12.97. B OKpyxHOCTb BIHMCAHB TPH NPABHIBHHIX MHOIOYI'OJIb-
HUKa TaKuX, YTO YHCJAO CTOPOH KXKAOrO TMOC/EAYIOILEro BIBOE
Goablue, yeM y mpeasayuiero. Iliomagu mepehX ABYX MHOTO-
YrOJBHHKOB COOTRETCTBEHHO pasubl §; # S, Habitu naowans
TPETHETO.

12.98. lsa npdBuibHBIX MHOIOYTOJbHUKA C HEPUMETPAMU
a n b ONuuCaHH OKOJO OKDPY:KHOCTH, a TpeTuil MpaBU/bHEIH
MHOTOYFO/MIBHHK BHHCAH B BTy OKpPYyXHOCTh. Bropo#t m Tperutt
MHOFOYTO/MBHUKH WMEIT BABoe O0Jblue CTOPOH, 4eM INepBhIf.
Halitu nepumerp Tperbero MHOTOYTOJbHUKA,
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§ 8. OxpyxHoCTb

12.99. Kpyr Bnumcan B KDPYroBoH CceKTop € yrioMm 2e.
Haltn oTHOwedne nuoumlaay CEKTOPa K TNJOUIAAH Kpyra.

12.100. Oxpyxuoctn paguycoB r u R <r<; R) AMetoT

' BHyTpeHHee KacaHue B Touxe A. Yepes uenrp GoubiueH OKpyx-
HOCTH TIpoBeleH Jamamerp BC, Kacawwmuics MeHbIUeH OKpYK-
Hocti. Haitte niowaas tpeyroasHuxka ABC.

12.101. [lBe paBHbie OKpyXHOCTH paauyca R Kacalorcs
Ipyr apyra BHeliHuM oOpaszom. Ha#itm paanyc okpyxHocry,
Kacaromieics AByX NaHHBIX OKPyXHOCTeH M nx ofumiell BHeuiHeH
KacareJabHOH.

12.102. [IBe OKPYXHOCTH PaIuycoB 7 M 3r KacaloTcsl BHEL-
HuM o6pasom. Haditm naomiage ¢urypsl, 3aK/TIOUCHHOH MEKAY
OKDYKHOCTAMIH 1 uX ofulefl BHeMHEH KacarelbHOH.

12.108. B oxpyxnocru paguyca R upoBegeHa xXopia.
CyvMma ee AJAMHBL ¥ DPACCTOSHHS OT LEHTPa Kpyra A0 XOPIBI
pasHa a. Ha#itu amusy xopasl. Hpn KaKHX yCaoBHAX 3ajaya
HMeeT pelleHne?

12.104. [nuna BHeluHelt KacaTebHOH OKPYXHOCTEH paau-
ycoB r 1 R B nBa pasa Oonblile AJMHB BHYTPEHHEH KacaTelb-
Ho#i. Halltu paccrosHue Mewxiy HEHTpPaMU STUX OKPYXKHOCTefl.

12.105. Jlre OKpPYXKHOCTH pPafUyCOB 7r; H F, KacawoTCs
OKPYKHOCTH pagumyca R BHewHuM o8GpasoM B TOUKax, paccrof-
Hue MexAy KOTopeiMH paBHo a. Haiitu mauny oOuefi BHewiHet
KacaTeJbHOH K NEpPBHIM ABYM OKPYKHOCTHM.

12.106. Yron mMexiy BHEWHHMH KacaTeNbHBIMH JABYX Herie-
PECEKAIOIIUXCA OKPYXKHOCTEH paBeH o, a YroJl Mex Ay MX BHYTPEH-
HUMB KacaTeJbHuMM paseH P (B oBomx ciyuasx paccMarpuBaior-
Cst Yrasl, AN KOTOPHIX JIMHUS LEHTPOB sIBJAEICS OUCCEKTPHCOH).
Halitn ocTpeiit yron Mewjay KacaTe/NbHBIMH, I[POBEAEHHBIMH U3
LeHTPa OOJIbIIEH OKPYXHOCTH KO BTODOH OKDYXHOCTH.

12.107. Ha otpeske aaunn 2R Kak Ha AuaMerpe noCTpoeHa
NOMYOKPYXHOCTb, B nmonyuusiiyiocs ¢urypy BONCaHa OKPYKHOCTb

paauyca 5; Hafitu paguyc OKpyXHOCTH, KacawouieHcs nocTpoeH-

HBIX »OKPYXHOCTY, MOAYOKPYKHOCTH M A3HHOTO OTDPE3Ka.
12.108. Ha orpeske maunn 2R Kak Ha aAnaMerpe NOCTPOEHA
NONYOKPYXHOCTh. B nosyuuBliyiocs Gurypy BhNuCaHa OKPYKHOCTH

R
pamuyca . Halttu paguyc OKpyKHOCTH, Kacaiouiedcs NOCTPOEH-
HBIX OKDYXHOCTH, TIOJAYOKDYAHOCTH M [JaHHOTO OTPESKa.
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12.109. OxpyxHoctu pamuycoB R uw r (R >r) kacaworca
puyTpennum ofpasom. Ha#itu paguyc Ttperbe# oxpywHOCTH,
Kacaloulelcs MepBHIX OBYX U WX JHHUH IEHTPOB.

12.110. Haiitn paamyc OKPYXHOCTH, BHYTPH KOTOpPO# pac-
TMOJOKEHB IBE OKPYXKHOCTH PadWyca r W OAHZ OKDYXKHOCTH
paguyca R Tak, YTO Kawias OKPYKHOCTb Kacaercs Tpex APYTHX.

12.111. Ha orpeske AB u aByx ero uactax AC m BC
KaKk Ha NUaMeTpPax MNOCTPOEHBI IOJYOKPYKHOCTH, JSKAalUlHe IO
OlHY CTOPOHY oT orTpeska. Haltn pammyc oKpykHOCTH, Kacaio-
mefcad TPexX NOCTPOCHHHIX MOJAYOKpYx Hocted, ecan AC =2aq,
BC=2b.

12.112. Buyrpn uerBepin kKpyra AOB paanyca R newur

OKPYIKHOCTB paauyca —SR, Kacaowasica ayru AB w oTpeska

OB. Hatitn pagmyc oxpyxkHOCTR, Kacawmeiicsi BHEIIHUM 00pasom
JaHHOH oKpyxHoctd, nyrn AB n orpeaka AO.

12.113. Ha oxpyxnoctn pacnoaoxensl Toukn A, B n M.
Paccrosuus or Touknm M g0 NPAMBIX, KAaCalOUINXC OKPYKHOCTH
B Toukax A o B, coorBeTCTBEeHHO paBHbl @ u b. Haittu pac-
crosHue oT Toukn M o upamoit AB,



FrJTABA XIII
3AJAYH MO CTEPEOMETPHHU

§ 1. Npasunbubii TeTpasap

18.1. Pefipo npasuapHOro terpasapa pasHo . Hatitu pamayc
chephl, Kacaomeficss GOKOBBIX TpaHeft TeTpasgpa, ecau LEHTP
5TON cdiepsl JIEWAT HAa OCHOBAHHM TETPA3APA.

18.2. Pe6po npasuasHoro terpasgpa ABCD pasxo b. Hatitu
pagnyc 1apa, BINUCAHHOFO B TPEeXIpaHHBI} yroJ, oGpa3oBaHHBIH
rpaHsaMu TETPa’apa C BEPINHHOK B TOuKe A, M Kacawouierocs
IJIOCKOCTH, NPOBEICHHO! uepes cepenunsl pebep AB, AD u BC.

13.3. Buyrpu npasuiasHoro terpasiapa ¢ peSpoM a Jexar
yeThipe PAaBHBIX WIApa TaK, YTO KAXABIH Iap KacaeTcs TPex ApY-
rux WapoB @ Tpex rpaHedl terpasapa. Onpenenuts paguyc aTux
11apoB.

13.4. YHepes cepeauny pebpa AD npasnapbHOro TETpazapa
ABCD napaaneasso pebpy BC mposeneHna INIOCKOCTD, lepece-

7
Kawoinas rpaib ABC 1nox yriaom G Hadtn miaowiage ceyeHus,

ecan pebpo TeTpasipa pasHO a.

13.5. [lnamerp liapa sBasercd BBICOTOH 11PaBHALHONO TeTpa-
sapa ¢ pedpom a. Haliry mioulasp HOBEPXHOCTH TETPAdAPa,
Jexaued sBHyTpHu 1uapa.

13.6. B rpexrpanusifi yroa, o6paszoBaHHB{l rpaHAMU TIPaBHIlb-
HOrO Terpasiapa C BepulnHO# B Touke A, BOMCad ap paanyca
R. Ha#itm paccrosnne oT Toukm A [0 HEHTPa wapa.

13.7. PeGpo npasuasuoro terpasapa ABCD pasHo a. Ha
pebpe AB Kaxk Ha AuvameTpe nocrpoed wap. Ha#itu paguyc uiapa,
BIACAHHIOIO B TPEXTPaHHBI Yroa Terpasipa C BepIUHHOH B TOYKE
A B Kacawolerocs rnepeoro uapa.

13.8. BuyTtpn mnpasaabuoro rerpasapa ABCD pacnosoxeHsl
IBa mapa pazauycos 2R w 3R, xacawlnuecs Apyr npyra BHeul-
HUM 00pasoM, NpUYEM OAMH IIap BHHMCAH B TPEXrPaHHBIH yrod
TeTPa’apa ¢ BepumiuHOH B Touke A, a ApPYrofl — B TPeXrpaHHbi
yroJa ¢ BepiiinHoi B Touke B. Haérn gmmny pebpa sroro rerpasipa.
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13.9. PeGpo npaBuabHoro terpasapa ABCD pasHo a. Ha
pebpe BD pacnonoxena touka M Ttak, uto 3DM=a. lpavot
KpYroBO#t KOHYC pacloOJIOKEH TaK, YTO ero BepliuHA HAXOANTCH
nHa cepeane pebpa AC, a OKPYXHOCTH OCHOBaHHS HPOXOIHUT
yepe3 Touky M u nepecexkaer pebpa AB u BC. Ha#ttu pamuyc
OCHOBaHMsl 3TOr0 KOHYCa.

13.10. Pe6po npasunsHoro terpasapa SABC pasuo a. Hepes

BeplinHy A napanienbHo pebpy BC npoBeleHa MIOCKOCTh TakK,

n
yTo yroa mexiay npamo#t AB u 310 IAOCKOCTBIO paBeH -

Hality niomane ceueHus.

13.11. Pe6po npasuiabHOro Terpasapa pasHo a. Ha#rm pac-
CTOSIHUE MeXy CKpPEeLLUBAIOUIUMUCH BHICOTAMH I'paHeil TeTpa’apa.
(Haiitu Bce pemenns.)

13.12. [launl ase xOHUeHTpuueckue cdepbl paauycos r u R,
npuueM r < R. Tpu BepmuHB OCHOBANNS NPaBUJIBHOrO TETpa-
pApa Jexar Ha cdepe OCoasllero pafmyca, a OOKOBBIE IpaHu
Kacaworcd chepsl MeHbulero paguyca. Onpegeantb peSpo 9Toro
TerTpasapa.

§ 2. llpaguabHas TpeyroanHas nupamuia .

13.13. B npapuabHOR TpeyroasHOH NupaMuie BHICOTE, OINY-
ll€HHast Ha OCHOBAHME, paBHAa h, a pPacCTOsSHHE OT LEHTpa OCHO-
BaHus 10 OOKOBO# rpaHu paBHO b. Onpelenntb pagnyc BIHCAH-
HOTO B MUPAaMUAY Luapa.

13.14. B npasuabHO#l TpeyroneHOH nupamuie mioniaas GOKO-
BOfl moBepxHOCTH pasHa S, a Yrost mexay GOKOBOH rpaHbio U OC-
uoBanueM paseH o. Halitw BricoTy mupammpgrl, onyinesuyio Ha
OCHOBaHue. ’

13.15. Iloanas noBepXHOCTh NpaBu/bHOH TPeyroJaLHOH nupa-
Mujapl pasHa S8, a yroa Mexay OOKOBBIMM pebGpaMu paBeH d.
Hafity BpiCOTY nupaMuasl, ONyULEHHYIO Ha OCHOBAHUE.

13.16. B npaBuabHOB TpeyroJpHOH NHpaMHUAE BBICOTE, ONY-
IeHHasd Ha OCHOBaHWE, PaBHA ki, a yroa Mexay OOKOBbIMU pedpanmu
paeen a. Hafitu paccrosiHue o1 1leHTpa OCHOBaHuA 10 GOKOBOM rpaHu.

13.17. B npaBuibHO# TpEyrospHOH NMUpaMuLe CTOPOHA OCHO-
BaHU# paBHA @, a ABYTPaHHBIA YroJa Memay GOKOBHMH TI'paHiMH
paseH «. Ha#iTw BbICOTY THMpaMuAB, ONYUIEHHYW Ha OCHOBaHUE.

13.18. B npaBusbHoOll Tpeyro/bHOH NUpaMuige CTOPOHa OCHO-
BaHusi paBHa @, a JABYTPaHHEIH Yroa Mewiy OOKOBBIMH I'DaHSAMH
pased o. Bouncauts o6beM u GOKOBYW MOBEPXHOCTh ITOH mupa-
MUJBL
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13.19. B npaeunbHOH TpeyronbHOR mupaMujie CTOPOHA OCHO-
paHus pasHa b, a GokoBoe peGpo pasuo 2b. Uepes cepenuny
6oxoBoro pedpa MepneHANKy/IIpHO K HeMY NPOBEIEHa MJIOCKOCTh.
Haittn njomans ceyenus.

13.20. B npasuabHOH TpeyrosbHOK nupaMujie BHICOT, ONY-
IeHHas HAa OCHOBAHHE, paBHAa A, a CTOpPOHA OCHOBAaHUA paBHa a.
Yepes oJHY 3 BeplIiH OCHOBAHUS Napa/lJiesbHO MPOTHBOIIOI0KHON
CTOpOHE OCHOBAHMA MpPOBENEHA IIOCKOCTH TaK, YTO Yroa Mexnay
3TOH TMJIOCKOCTBIO M TJAOCKOCTBIO OCHOBauHs paBeH . Haiitu
JIOWaAb CEYeHHUs.

13.21. B npasuibHO#i TpeyronpHOR MupaMuAe BHICOTA, ONY-
IleHH4st Ha OCHOBAHME, paBHA h, a pacCTOSHUE OT HeHTPa OCHOBa-
Husi g0 OokoBoro pebpa pasHO bH. OnpeiennuTb paiuyc BAHCAH-
HOFO B TNHpaMuiy wiapa.

- 13.22, Pagmyc mapa, ONHCaHHOIO OKOJIO [NpaBUAbHOH Tpe-
yroabHOH nmpaMujbl, paseH R, a AByrpanHbifi yroa meway Goko-
BHIMHM TpaHAMu paseH o. HaliTu cTOpOoHY ocHOBauust 3TOH mnupa-
MUABI.

13.23. B npasuabHOH Tpeyro/bHOW mNUpaMuAE ABYrpaHHBIH

T .
yroJ MEXIy OCHOBaHWEM U OOKOBOM rpaHbio paBeH —-. Hatrru

OTHOLIEHHE  painyca ONUCAHHOTO OKOJO MNHpaMuAb  1iapa
K paguycy BIHCAHHOrO B Hee luapa.

13.24. B npasnabHOH# TpeyroAbHOW NMUpaMuie pacCTOnHUA OT
cepenuHbl BBICOTHI, OMYLIECHHOH Ha OCHOBaHue, 0 GOKoBOro pebpa
U 10 GOKOBOH rpaHu COOTBETCTBEHHO pasHBl ki u b. Hailtu o6bem
fIUpaMUIHL.

13.25. Haiitu aByrpaHHblfi yroJ MexIAy OCHOBaHuEM u GOKO-
BOH rpaHbIO TpPaBAJIbHOH TPEYrOJAbHOH NUPAMUABL, €CJINH JBYlpaH-
HbIi yroJ MexLy OOKOBBIMK TpaHSMH 3TOH NUPAMUABI PABEH OL.

13.26. B npaBuabHOR TpeyrosibHOH mupaMmie yron Meway

7
GokoBHM pebpoOM W OCHOBaHHEM paBeH . B nupamnny sruicad

NpsMOH KpyroBo# LUMJIMHAD TaK, YTO OJHO OCHOBaHWE UIIMHIpPA
JIEKUT Ha OCHOBAHMM NHPAMUAB, a OKPYXKHOCIb APYrOro OCHO-
BaHUSl Kacaercss OOKOBHIX rpadell mupammasl. Beicota wuanHmpa
paBHa Anamerpy ero ocHosaHus. Halitn ornowenne o6pema nupa-
Mudel K 00'beMY HHJARHIpA.

13.27. Cropona ocHOBaHHf TpPaBUJIbHOM TPEYLOJbHOH mHpa-
MUAB paBHAa a, a Ookosoe pebpo pasuo /. Haiitu paguyc wapa,
Kacamollerocss Bcex pebep nupaMuisl. ,

13.28. B npasusbHO# TpeyroasHo# nupamuge SABC cropoHa
ocuosanus ABC pasHa a, GokoBoe peGpo paBHO b, npuueM a < b.
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Hattti panuyc cdepsl, Kacawometics pebpa BS n niockocta ABC
B TOuke A
13.29. B npasunbHo#t TpeyroJpHo#t nupamuge SABC cropoHa

OCHOBaHWS PaBHa @, BHCOTa nupamups pasHa a )/ 3. Touxm M,
N u K sBasioTca CepeaHaMM COOTBETCTBEHHO GOKOBHIX pebep
AS, BS u CS. Haittu papuyc 1uapa, Kacawilerocs OCHOBaHus
nupaMuas 0 npamex AK, CN n BM.

§ 3. IlpouseoabHast TpeyroJbHas NupamHxa

13.30. B tpeyrospno# nupamuae Bce Goxoshie peGpa u JBe
CTOPOHBl OCHOBAHUS DaBHHI b. Yros MewAy PaBHBIMH CTOPOHAMU
OCHOBaHHS paBeH o. Bruncinrs obbem mupamusl

13.31. [loxasatp, uro ecam B TPEYyroabHOH THpaMujie Bce
rpaHid UMEIT PaBHLIE [EPUMETPHL, TO BCE TPaHU DPABHEL

13.32. TpeyroJsbHas nupaMuAa pacceyeHa IJIOCKOCTBIO HAa 1Ba
MHororpanHuka. Hafitn orHouieHue 0GbBEeMOB 3TUX MHOFOFpaH-
HUKOB, €CJY M3BECTHO, UTO CEeKYIiasd IMJIOCKOCTh AeJAT TpH GOKO-
Bhie pebpa, cxoaduidecs B OLHOH BepuiHHe, B OTHOlIeHMAX 1:2,
1:2 u 2:1, cuurad OT 3TOH BepIUUHHL

13.33. B rTpeyrosabHo#i nupaMuie TpHU rpaHu B3aUMHO NEPNEH-
IAKYJAAPHB M WX IOWaau pasHel Sy, S, # S, Hafitn nromams
yerseproit rpaHu.

13.34. B rtpeyroaeHoit nupamunge Ookosblie pelpa, paBHblE a,
b, ¢, B3auUMHO NePNEHARKYJAADHH. BbICOTE, OfNyuleHHAas Ha OCHO-
BaHue, paBHa A. JloxasaTs, uro

1 1 1 1
meEE TR T

13.35. Bce niuockue yrasl npu BepuinHe S TPeyroJsHOH nupa-
muanl SABC upsambie; AS=a, BS=b, CS==c. Halltu paanyc
cepsl, ONUCAHHOH OKOJO 3TOH NUpaMujbl

13.36. B ocuoBaHuu TpeyroasHOH NMUpaMUIABl JEKHT NPAMO-
Vro/bHBIA TPEeyroJbHUK, I'uroTeHysa KoToporo pasHa b. Kawmoe
6okoBoe pedpo mnupammasl 06pa3yeT C IJIOCKOCTbIO OCHOBAHHS
yroa B. Haditn papuyc ceprl, ONuCaHHON OKOMO 5TOH NMUpaMMABL

13.37. B ocHOoBaHMU TPEYTONBLHOH NHpaMUAb JEXKHUT IPSAMO-
YroJbHHI TPEYTOJBHIEK, OCTPHIH yroa Kortoporo paseH o. Kax-
npoe Gokosoe pebpo nupaMuAbl 0o6pasyer € MJIOCKOCTBI OCHO-
Banua yroa P. Hailtu orHolleHHe oGbeMa fupaMuabl K 06beMy
OTIMCAHHOIO OKOJO MUPAMUA luapa.

13.38. B rpeyrosbHO#t nupamune GokoBble peOpa paBHbL, a B
OCHOBAHHH JEKUT NPAMOYTOJBHBIH TPEYr OJIbHHK, BHICOTa KOTOPOFO,
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ONyilleHHast W3 BEpIHINHBH NPAMOrO Yyriaa, pasHa l. IlByrpanHmpe
yrasl, 00pasyeMmble TPaHAMH MHPAMHUALL, MEPECEKAIOMEMUCT TI0
KaTeraM OCHOBaHHd, pasubl o u f. Hafitn o6vem nupamuns.

13.39. B ocHOBaHuu TPEYrOABHON rmpawmm SABC newwnr
npsMOyro/eHblit  Tpeyrosiuk ABC, pebpo 'SB nepnenuky-
AspHO maockocTH ocHoBanus, [lano: AB = BC == q, SB=h. Haitn
paauyc BIMCAHHOrO B NMHpaMuAy apa.

13.40. B TpeyroibHOi nupaMujge MepUMETDP OCHOBAHUA paBeH
2p, pamuyc BOucaHHoro wapa pased K, a Goxossle rpaHm oOpa-
3YIOT € OCHOBaHueM pasHnle yr/sl o. Haiitn oGbem nupamumsL

13.41. B rpeyrosbnoit nupamune SABC pebpo BC pasHo g,
AB=AC, pe6po SA nepnenankyaspHo ocHoBaHuio ABC, nsy-
rpaHHbli yrox npu peOpe SA pasen ¢, a nmpu pebpe BC paseH .
Hafitn paguyc wmiapa, OMUCAHHOrO OKOJAO MHPAMHABL

13.42. B rtpeyroasuoit nupavuze SABC rpans SBC nepreH-
ILH}\VJIHpHa rpasn ABC, Bce miocKkpe yribl npu BepUIMHE SpaBHbI

3, SB=-8C=1 cx. Haitn o6bem aroli nupaMuisL.

13.43. B ocHOBaHUM TPeyronbHON MUpPaMHIbl JEKHUT PaBHO-
GeapeHHBI NpAMOYTO/IBHBIA TPEYTOMbHUK, THIIOTEHY3a KOTOPOro
pasna /. DoxoBble rpaHi oO0pasyloT ¢ MJIOCKOCTBIO OCHOBAHHSA
ABYTDaHHBIE YIJbl, COOTBETCTBEHHO paBHHE o, P u Y (Y €OOT-
BeTCTBYET runoteHyse). Halitu paamyc uiapa, BOMCaHHOrO B 3Ty
nupaMugy.

13.44. B tpeyroasHoil nupamuge ABCD pebpo AB pasHO
6 ca, CD=8 ci, ocraibupie peGpa pasupl /74 ca. Hatitn
pazuyc uIapa, OMHCAHHOIO OKOJIO TOH MHPAMUIEL

13.45. B tpeyroasuo#t nupamuge SABC sricota SK pasHa h,
AB==AC, SB=8C, BC=a, nByrpasHsii yron Mexiy rpa-

b 4
asMn ABC u SBC pasen I Haittn paguyc iuapa, OMUCaHHOrO

OKO0JIO 3TOM NupaMuabl, €C/AU HU3BECTHO, UTO HEHTP 1uapa JAEHHUT
B naockoctu ABC.

13.46. B rtpeyroasHo#t nupamuze SABC Bce mJIOCKHE YIJbI
npu Beptne S npsimble, AC= BC, pe6po SC HaKkJIOHEHO K /10C-

kocta ABC nog ymom%. Ha pe6pe AB kak Ha AuaMeTpe no-

crpoeHa cdepa paguyca R, Halitn pagnyc cdepsl, BuucaHHOH
B TpexrpanHslil yroa npm BepumHe C n Kacawouleics  JaHHOH
cdepnr. (Hatttn Bce peirenns.)

13.47. B tpeyronsuoit nupamnze ABCD pebpo AB pasHoO a,
soicota CE rpanu ABC pasHa b (touka E nexut mexay A n B),
Beicotd DF mnupamugbl paBHa ¢ (Touka F JIeKWUT BHYTpPH Tpe-
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yronsuuka ABC). B napamuny snucan ky6 PQMNP,Q,MN; Tak,
. uro rpab PQMN xy6a nexur ua rpaum ABC, pebpo P;Q,
nexAT Ha rpaun ABD, a sepmuast M; u N; Jexar Ha rpaHax
ACD w: BCD cootserctBenno. Haiitn peGpo ky6a.

13.48. B  tpeyroabnott nupamuge ABCD peGpa AB n CD
B33UMHO MEPREHAUKYJAAPHB M’ COOTBETCTBEHHO pasHH a M b,
O6mn# mnepneHapkynsp K 3TUM peGpam mepecekaer peGpo AB
B touke M u pebpo .CD B Touke N, MN==c¢. B nupamuay
BNHCaH KYO Tak, yro uerThpe pebpa Kyba napaasensHsr MN u Ha
Kaw/JIO# IDaHn NHPaMHAB! JIEXKAT POBHO ABe BepliuHb kKyGa. Hatitu
pebpo KkybGa.

§ 4. lIpaBuasHas veTsipexyroJbHas NHpamMuia

13.49. B npasuabHON YeTHpPeXyroJpHOH nNupamuie ABYTDaH-
. a
HE - yTOA- MekAy OCHOBAaHMEM M GOKOBOH TIpaHBIO paBeH = .

Haittu otHomeHue oGbeMa nupaMugsl K OGBEMY BNHCAHHOTO
B Hee 1apa.

13.50. B npapuapHOH ueThIpexyroasHON TApaMuie CTOpoHa
OCHOBaHM$ paBHAa b, a JABYTDaHHBIH yroJd MexAy OCHOBAHHEM M
60K0BOH rpanbio paseH o. OnpenenuTs Paauyc OMUCAHHOIO OKOJO
NUpaMuabl L1apa.

13.51. CropoHa ocHOBaHusi nPaBUABHON YETH PeXyroJ/bHON
n@paMuiel paBHa @, a JABYTPAHHBIE YroJ MexAy OCHOBaHHEM H
OoKoBO#i rpanbio paseH o. Ha#itm paccrosiune Mexay HeHTpOM
11apa, BMUCAHHOIO B TNHPaMUAY, W UEHTPOM Iapa, ONUCaHHOro
OKOJIO THPaMUIBL.

13.562. CropoHa OCHOBaHHs IIPAaBAUJLHOH YETHIPEXYrOJbHOM
nupaMuIbl paBHA @, BHICOTa nmpamuasl pasHa h. Yepes cropony
OCHOB3HUA NUPaMUAB U CEPEiMHY CKpeluBaomerocs ¢ veit Goko-
BOro pebpa nposeleHO ceyeHue. HalTm paccrosHue OT BeplUUHSI
nupamMujibl, NPOTHBOJEKAULEH OCHOBAHHIO, A0 MJOCKOCTH CEYEHHS.

13.63. PaccrosHue OT UEHTPa OCHOBaHWS [PABU/JLHOH YeThHl-
pexyroapHOH nmupamuabl A0 60KoBOro pebpa pasHO /i, a no OOKO-
BOH# rpanu pasuo b. Hailtu o6vem nupamumsl.

13.54. Yron mexay coceanumu GOKOBbIMU DPeOpaMu NpaBulb-
HOH 4YEeTBIPEXYro/bHO NHPaMuAB PaBeH 0O, PaAuyC ONUCAHHOH
okoso nupamunbl chepw pased R. Hahitu annny Gokosoro peGpa
NUpaMUABL.

13.66. Haiitu naubospuiyro BeanynHy GOKOBOH MOBEPXHOCTA
NpaBuibHOH YETHPEXYrOJbHOM nupaMuAb, BHHCAHHON B Wap
pamuyca R. o
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13.566. B npaBuibHyn ueTHpPeXyroabHYH NUPaMuAy BhNHCaH
Ky0 Tak, 4To ofZHO pefpo KyOa JexuT Ha CpemHel JiHHK OCHO-
BAHWUSl TNHPAMUIL, BEDWIMHH Ky0a, He NpUHAAJeKalue STOMY
pebpy, sexar Ha GOKOBOH MOBEPXHOCTH NHUpaMBAB, LEHTP Kyba
JAexuT Ha Beicore nmpamuas, Hadte oTHomrenme o6vema mupa-
MHABL K 06beMy Ky0a.

13.57. Llentp 1apa, OMHCaHHOTO OKOJO TPABUILHOH YeTHl-
pexyroJpHO# nUpaMuAbl, HAXOAWTCS HAa pacCTosHMM a oT Goko-
.BOlf rpaHu W Ha paccTosHun b or 6okosoro peGpa. Haitu pannyc
mapa.

13.68. LlenTp wIapa, BOHCAaHHOTO B MPaBUJbHYI0 YETHIpPeX-
JrOJBHYIO THPAMHAY, HAXOAMTCR Ha paccTosHun )/ 2 ¢x ot Goko-

Boro pebpa u Ha paccrosHus }/5 cH OT CTOPOHH OCHOBAHUS.
Hat#itu paamyc wapa.

13.69. ITnockocts nepecexaer GokoBuie pebpa SA, 8B, SC
1 SD npasunpHOH uerhpexyroapHoit nmupamuabl SABCD coor-
BETCTBEHHO B Toukax M, N, K u L tak, urto

AM BN _ CK __
ST IW T Sk TF

DL
Ha#itu orHowenue =" ,

13.60. B npasuibHO# 4eTHPEXyroapHoit nupamuge anopema
pPaBHA CTOpPOHE OCHOBaHus. BHyTpm mmpamuasl pacno/osxeHhl jsa
ulapa: map pajaMyca 7 KacaeTcsd Bcex OOKOBHIX rpasefi, 1iap
paauyca 2r KacaerCsi OCHOBAHMS H JABYX CMeWHbIX OGOKOBBIX Fpa-
HeHl, 06a Hiapa KacaoTca Apyr gpyra BHewHaM oOpasom. Haitrw
anogeMy 35TOH NUPaMHUIH.

13.61. B npasuisnoli uerbipexyroassoll nupamuge SABCD
cTopoHa ocuosamus ABCD pasua a, smcora SO pasna 2} 2a.
Yepes BepuiuHy A nmapaisie/sHO [HaroHaaM OCHOBAHWS MHPAMUIL!
BD nposegena MJIOCKOCTb TaK, YTO YroJa Mexay npsmofi AB u

0 ‘
3TOH MJIOCKOCTBIO pPaBeH 5 Hatite naomasnb ceuenus.

13.62. B npasuabuott uernipexyroisHoti nupamugze SABCD

CTODOHAZ OCHOBaHHA paBHa b, yron Mexny OOKOBLIM peGpoM u

2
[INOCKOCTBIO OCHOBAHUA paBeH arccos g ITnockocTn, HapaJj-

nenbHast auaroHainm ochosauus AC wn Gokoeomy pe6py BS,
nepeceKkaeT MUPAaMUAY TaK, YTO B CEYEHWE MOXHO BIMCATh
okpyxHocts. Onpelennts paguyc 3T0H OKpyxHocrd.. (Hatita
BCE pelleHns.) '
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18.63. B npasuabhol uerpipexyroasmo#t nupamuge SABCD
BRHCOTA paBHa muaroHand ocHosanus ABCD. Yepes sepmuny A
napaasenbHo upsMo# BD npoBeleHa NAOCKOCTb, Kacaiomlascs
BIHCAaHHOTrO B NUpaMupy wapa. Halitm oTHOWeHue niomanyu ce-
YEHHs K TUIOMAJAH OCHOBAHUS MHPaMUIbL

§ 5. MpoussoabHas uYeThipexyroJbHas nupammaa
U MHOTOYTOJbHAA NMHpPamMHIa

13.64. B ocHOBaHMH UETBIPEXYTrOJbHOH MHPAMUIB  JIEKHUT
KBaIpPaT CO CTOPOHOH a, 0JHO GoxOBOE pebpo mepHEeHAUKYASPHO
TVIOCKOCTH OCHOBaHus, a OGoJbliiee GoKOBOE peGpo HaK/JIOHEHO
K TJIOCKOCTH oOCHOBanus nox yrjaom P. Halitm pamuyc wapa,
BIIUCAHHOTO B 3TY MHpaMUAY.

13.65. B ocnoBaunu qelmpexyronbuoﬁ nupamugs SABCD
aexkut ksagpar ABCD co croponoit a. Pebpo SD ==h nepneu-
OUKYASPHO MJOCKOCTH OCHOBaHus. BHyTpu mupaMumsl pacrofo-
KEH NPAMOH KpYroBo# IMIMHAD TAK, 4TO OKPYKHOCTH OAHOIO
€ro ocHosanust BnHcaHa B TpeyroasHuk SCD, a OKpy:KHOCTH APY-
roro ocHosaumsi xacaercs rpann SAB. Haiitu BbicOTY UniuHApa.

13.66. B ocHoBaunm uerbipexyroasHolt nupavugst SABCD
NeXMT KBagpar co croposolt a. Pebpo SA nepneHauxyaspHo
MJAOCKOCTH OCHOBaHust u pasHo A. UYepes Bepumny A napan-
JeNbHO AMaroHalu ocHosaHus BD 1iposeseHO ceueHue, KOTOpOE
neaut pebpo SC B ornomenan 2:1, cuurads OT BEpLIHHH S.
Hatitu naowans cededus.

13.67. OcHoBanueMm werbipexyroisHo#t nupamuast SABCD
apagercs pom6 ¢ gmarouaasmMu AC=a, BD =b. Bokosoe
pebpo SA nepreHAUKYJAPHO IJOCKOCTH OCHOBAaHUA H pasHO h.
Yepes rouky A un cepennny peGpa SC nposesena 1JI0CKOCT,
napajaneabHas AparoHaiau ocxHosanus BD. Halitu nnouags ce-
YeHust. _

13.68. B npaBuabHOH MECTHYrOJAbHOW MHpaMUAe 4Yepes HeHTp
OCHOBaHHS TPOBENEHO CeyeHue mapan/ienbHo GOKOBOH rpand.
Hatitn oTHolienne Iviomain ceyeHns K Maomain GOKOBOH rpaHu.

13.69. [Isa OokoBpix pefGpa nupamuis, IJIAHB KOTODHIX

7 7
paBHel @ u b, oOpasywT Yyroa T Yroa mexay npOSKLUAMH

2n
atux pebep Ha MJIOCKOCTb OCHOBAHHS PaBEH -5 . Ha#itu BBICOTY

NHPAMUAHL.
18.70. B nupamune SABC .K mnpoexuuss sepmuum S Ha

ocuosanne aexur BHyrpu yraa ABC, yron ABC pasen —g,
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yeast SAB u SCB npsubie, AB=a, BC b, SC=/. Halitu
BBHICOTY 3TOH MUPaMHIBL, .

13.71. B npaBmibHOH 1IECTHYTOJbHOH nNHpaMuige BNUCAHHaA
cdepa mpoxoaHT yepes LeHTpP onucaHHo#. Bo ckoasko pas pa-
AUyC OnHCcaHHOH cdepsl Goablie paauyca Bnucam{oﬁ? (Ha#rn
BCE pElIeHHs.)

§ 6. YceuenHas nmupamuna

13.72. Okono umiapa onmcasa NpaBuAbHas TPEYrojbHas yce-
yeHHasi nupammnna, GOKOBas rpaHb_ KOTOpOH HaKJAOHEHa K IuIoC-
KOCTH OCHOBaHusi nmox yriaom o. Ha#itu otHomenne o6bema wapa
K O0bEMY yceueHHOH mupaMuibl.

13.73. B npasuasHo# TpeyroiabHOH yceueHHo# nupammae
ABCAByC; cropona Goasiuero ocHosauwust ABC pasua b. Pac-
crosune ot Touku A o miaockoctd tpeyrodsHiuka A;BC; pasHo
m, a paccrosHue or Toukd By m0 TO#H e MIOCKOCTH PaBHO 7.
Hafitn BhICOTY 5TOH yCedyeHHOH NUPaMUIBL

13.74. B 1npaBuabHyl0 TPEYrOJBHYIO YCEUEHHYIO MUPaMULy
¢ GoKOBBIM pebpoM [ MOWHO MOMECTHTH LIAp, KAacawouluics BCeX
rpaHedl, u Iwap, Kacawomuiica Bcex peGep nupamuasl. Hattru
CTOPOHBI OCHOBAHMR THpaMULbl.

13.75. B npaBuibHOH yerbpEXYroJbHOH yCEUEHHOR nupaMuie
ABCDAB,C,D, uposeaeno gsa ceuenns: AA,C,C n ABC\D,.
IlepBoe ceueHne uMeer mIoOMafAk S;, BTOpPOe — IIOWAAL S
Haiitn naomanb ceyeHns, NPOXOASUIETO YEPE3 CEPEAUHY BHICOTHI
NVPaMKUIb NIAPaiiebHO OCHOBAHWSM.

13.76. B npasujbHO# uYeTHIPEXyroJbHOH YyceueHHOH mnHpa-
MUJE TPOBENEHO CeueHue uepes [uaroHaju OCHOB3HWH W ceve-
HHE, MPOXOJSUIEE 4epe3 CTOPOHY HIXKHErOo OCHOBAaHWA M MPOTH-
BOJICXALLYIO CTOPOHY BepxHero ocHoBanus. OCTpHIE yroa mexay
3TUMU  CEeKYUIAMH [VIOCKOCTAMU PpaBCH Q. Ha#fitu orHowenue
nionaael ceueHui.

18.77. Pasuocts nepuMerpoB HUKHErO U BEPXHErO OCHOBa-
HHA  NPaBUJABHOH  UYETLIPEXYTOJbHONH  yCEUYEHHOH  nupamMuian
paBHa 4a, BbicoTa nupamuasl pasua K. PaccrosHue or uedtpa
OMUCAHHOIO OKOJO NHUpaMubl Hapa A0 TJIOCKOCTH OOKOBO#H
rpaHn B }/ 2 pas meHbuue paguyca storo mapa, Hairu cropoun
OCHOBAaHMH TNHpaMUILL.

13.78. CropoHbl OCHOBaHMH NMPaBUJBHOH ECTHYTOMBHOR yce-
yeHHOH mnupamuasl pasHel @ U 3a. Yepes mBa napanjenbHBX
pebpa nupaMmuel, JeXauux Ha PasHBX OCHOBAHUAX W DPAaSHBIX .
GOKOBBIX FPaHAX, NPOBEJEHO CEYEHHe. Yo MEeXAy CeueHHeM H
OCHOBaHueM mupamuib pased o. Halite naomans ceueHns.
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§ 7. Mapanaenenunen

13.79. PeGpo kyGa pasHo a. Hatitn pamuyc chepw, mnpoxo-
AAIIEd uYepe3 BEPIUWHK HIDKHETO OCHOBAaHMA KyGa u Kacawo-
melcs pebep BEPXHErO OCHOBAHHSL

13.80. Pe6po xy6a pasuo b. Haittu of6bem nps-
MOrO  KPYroBOFO KOHYC3, BEpLIMHA KOTOPOrC  COBIAXAET
¢ BepitmHOA KyGa A, a OKPYKHOCTb OCHOBAHHS MPOXOJUT
yepes UEHTPH rpaHell KyGa, He [POXOASIIHX UYEPE3 BEp-
winHy A.

13.81. Pe6po xyba pasHo a. “epes nmaronaas AC rpaun
ABCD nuposesieHa MIAOCKOCTh TaK, YTO B CEYEHHH MOAY4HJIACh

1

— Hatitu
Vio
paccTosHHe OT BepIiNHB 5 10 CeKyilleH NIOCKOCTH.

13.82. B ocHoBaHuM TpPSIMOYTOJBHOrO IapaJdjeienunega Je-
HHT KBagpar €O CTOPOHOH b, a BHCOTa Napaliefenunena

Tpaneuus, OCTPHH yros Koropo# paBeH arccos

paBHa -5—3« Haitn paguyc cdepsl, npoxopnsiueit uepes KOHilbI

CTOpOHBI OcHOBaHusd AB u Kacaouiefica rpadeft napaJmeJIem/r-
nega, napanienbHsix AB.

13.83. Pe6po ky6a ABCDA,B,C\D, paBHO a. Hattta pamuyc
cephr, npoxoastiell yepes cepepuHsl pedep AA;, BB, u uepes
sepuunsl A u Cr.

13.84. B nmpavoyroasnom napamaenenunexe ABCDA,B,CD;
pebpa AB, AD n AA; coorsercrseHHo pasHn ¢, b u ¢. Halttu
yroa mexapy miockoctamu ABiDy u AC\D.

13.85. Ha peGpe BB, rky6a ABCDA,B:1C\D, pacnonioxena

touka M Tak, urO BM=%BBl. Yepes Toukn A, M u ueHrp

KyGa mnposeieHa M40CKoCTb. Hafitu yroa wmewnay artoffi no-
CKOCTBIO U MIOCKOCTBIO rpanu ABCD.

13.86. B ocHOBaHUM nNPSMOYTOJBHOIO MNapaielenurena
ABCDAB,C\D; naewutr xBagpar co cropoHoid 5 cau. Bricora
napanjenenunena pasHa 4 cm. B Tpexrpamuuble yrae npm
sepmmHax A u C; BOHCaHB DaBHblE Kacalollhecs APYr Jpy-
ra wapel. Tpernmdl [ap Kacaercst AByX NepBHX Wapos u 60-
kosoro peGpa BBy B ero cepeamse. Haittu pammyc Tperbero
1apa.

13.87. B ocHoBaHuE nNpPAMOYroJIbHOrO Mapasjesenunena
ABCDABiC\D, nexur xsaapat ABCD co cropouoit a. Yepes
nuaronans AC rpanu ABCD npoepeHa MIOCKOCTE, NEpeceKao-
mas rpaib A(BiCiDy. B rpexrpanubie yrasi B n Dy Bnncaust
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Hiapsl, Kacamwtuiuecs 3TOH MJIOCKOCTH K UMEIOLLNE paauychi, COOT-

a a
BETCTBEHHO DABHBIE o U 7. Hatitn BricoTy mapannenenunesa.

13.88. B npamoyroJasnoM napanaenenunege ABCDA;BCiDy
peépa AB, AD u AA; COOTBETCTBEHHO paBHHl 3 ¢, 2 cM U
1 cu. Hailtu paguyc wapa, BIMCAHHOIO B TPEXTPaHHbI# yroa
npu sepminne A u Kacawouerocs auaroHasn BD,.

§ 8. Ilpuama

13.89. Bce pebpa npasuabHOM TPEYTOJBHOH TPH3MBI PaBHH 4.
Hality naomwans ceyeHus, NPOBEAEHHOrO uYepe3 CTOPOHY OCHO-

/ 7
Bauus nox yriaom f (\[3>—3—j K IJIOCKOCTH OCHOBaHHUSA.

13.90. B wap pamnyca R BnucaHa npasu/ibHas TPEYroJbHas
npusma, IJIOMaAb OOKOBOH rpaHM KOTOpOH paBHa S. Haiiru
pebpa npusMb.

13.91. B ocHoBaunu npsMoi rpeyrom)Hoﬁ npuamst ABCA,B,C;
nexwuT pasHoOeApeHHbi TpeyroabHuk (AB = BC), sticotra Korto-

poro, onyuienHas u3 sepuuns B, pasna }/3 ca. Ha peGpe BB,
. It
pacnonoxena Touka P rak, uro yroa A PC pasen 5 AP =

=2V 2cnun PC =15 ca. Haiiru 06bem npusmbL.

13.92. CropoHa OCHOBaHUS NPaBUAbHOH TPEYFOLHOR NPUBMBI
ABCA;B,C; pasHa b, a Beicota npusmsl pasHa h. Yepes sep-
wiunel A, By n touky P Ha pe6pe CC; nposeieHo ceueHne Tak,

2n
uyro yron APB; pasen ;. Halitu niomans 51oro cevenns.

13.93. B ocHoBaHuMM NpAMOH TPEYroJAbHOH NHDPUBMBI JIEHUT
NPAMOYTrO/bHBIA TPEYrOAbHUK, KAaTEThl KOTOPOrO pasHbl @ u b.
Hekoropast m/0CKOCTb nepecekaer BCe OOKOBHIE pedpa HpU3Mbl
TaK, 4TO B CEUEHUM TIOJYYaeTcs NpaBu/bHBI TpeyroasHuk. Onpe-
HEeMUTh CTOPOHY BTOr0 TPeyroJbHHKA.

13.94. B ocHOBaHWY TPEYrOJLHOH TpU3MBI JIEKUT TNPaBU/Ib-
HBI TPeyroJbHuK co cropoHolt q. Ilpsvas, coequHsomas oaHy
U3 BEPIUMH BEPXHEI0 OCHOBAHUA C LEHTPOM HIDKHETO0 OCHOBa-
HUSl, TEPNEHAUKYJIApPHA IWIOCKOCTAM ocHoBauud. MssectHo, uro
BHYTPb 3TOH TPH3MBI MOXHO NOMECTHTb ILAp, KaCaoIUACT BCeX
rpauefi npusmbl. Halitn Goxosoe pebpo mpuaMmsl.

13.95. B 1peyromsHoii npusme ABCA4{B,C, Gokoeoe pebpo
pasHo /. B ocHOBaHum TpU3MBI JIEKHT 1IPABU/IBHBIH TPEYrO/JbHUK
co CTOpoHOH b, a mnpsMad, npoxozsauas uepes BepluuHy By
- u uedrp ocuosauus ABC, nepneHgukyispHa ocHoanusim. Hatitu
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MI0ILafb CEeueHns, NPOXOAAIErD uepes pe6po BC n cepemmy
pebpa AA:.

13.96. B ocHoBanuu npsAMOH TPEYroAbHOH NpU3MBI JIEXKHT
paBHOOEAPEHHEIHA NPAMOYTOJbHBIR TPEYTONbHAK, THIOTEHY3a KOTO-
poro pasHa ¢. Hepes runoreHysy HaXHEro OCHOBaHUA OPOBEnE-
Ha IIOCKOCTh TaK, 4TO B CEYEHHH MPHU3Mbl NOJYUYHICT NPaBUAbHBIY
TpeyroabHuk. K3secTHo, uro MOXHO BnncaTh WIap, Kacaouluhcs
GOKOBHIX TpaHe#f MpH3Mbl, BEPXHEr0 OCHOBaHHA H cedenus. Haidrn
06bEM TIPHU3MBL.

13.97. B rpeyroasuoit npusme ABCA;B,C: npoeesenn aBa
ceuenns. Tlepsoe ceuenne npoxoanr uepes pefpo AB u cepeamn-
"y pebpa A,C;, a sropoe—uepes pebpo A;B; u cepenuny
pedpa CC,. Hailtu oTHOwWEHMe MJTHHBEL 33K/AOYEHHOrO B NpH3ME
OTPe3Ka JHUHUM [epecedeHust 3TUX ceueHnit K anune pebpa AB.

13.98. CtopoHa OCHOBaHHS TPaBUJIBHOH TPEYroOJbHOH MPH3MBI

ABCA,B,C; pasua b, a BecoTa npusMmsl pasia b)/ 2. Yepes
pepiinnbl A, By u cepeauny pebpa CC; nposeseHO ceueHue.
Bropoe ceuenne npoeeieHo uepes BepluuHy 5, cepenudy pelpa
AC n cepenuny pebpa B,C;. Hailtn pamHy oTpeska, Nno KOTo-
pOMY IepEeCeKaloTCsd 9TH CeUeHHUSsI.

§ 9. Konyc

13.99. IIpsmo#t kpyroeo#t Kouyc Bnucad B wap. Hatitn orHo-
meHue ofbeMa KOHyca K 00beMy 1apa, ecan obpasyiouias KoOHyca
HAKJIOHEHA K €r0 OCHOBAaHHIO MOJ YIIOM .

13.100. B mpsavofi Kpyrosod KOHYC BNOHCAHBI ABA lUapa:
NepBHit 1ap kacaercd OOKOBOU MOBEPXHOCTH KOHYCa ¥ €ro
OCHOBaHus, BTOPON — GOKOBOH MOBEPXHOCTH KOHyCa H MepBOro
wapa. OtHowenne o0bEMOB 3THX 1apos pasHo 27. Hattth yroa
npu BeplUNHE KOHyca.

13.101. Ha#itu oO0bem Tesa, MOJYYEHHOrO BpAlIEHHEM paBHO-
OeApPEHHOTO TPEYTONBHUKA OKOJIO OCH, JeXaILeH B ero mAoCKocTH
U 1poXojdulell Yepes BepHiMHy yraa Mpu OCHOBAHHMY Iapa/lie/IbHO
npoTHBONOAOKHOH Gokomol cropone. MssectHo, .yro GoKoBas
CTOpPOHA TPEYTOJLHIKE PaBHA @, a YTOJ NPH OCHOBAHHAHU PaBeH .

13.102. Ha ocnoeannu nionyceps! pagnyca R nocrpoen mps-
“MO#f KpYyroBsoil KOHYC, OOKOBaf TMOBEPXHOCTH KOTOPOro nepece-
Kaer aTy noaycdepy B TOUKaX, OTCTOSLIUX OT OCHOBaHHS Ha

PaccrosiHug, paBHOM 5 BHCOTH KoOHyca. Haftru ofnem kouyca.

13.103. B cdepy pamuyca R BnucaHsl ABa NpAMBX KPYrOBHIX
Konyca ¢ ofmum ocHosadueM. OGbeM OAHOrO U3 HUX B uUeTHIpe
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pasa npesocxoauT o6bem Apyroro. Halty G0KOBY0 noBepXHOCTb
KaXAO0r0 U3 KOHYCOB.

13.104. Bricora npaMoro Kpyrosoro KOHYyca, pasHas A, agas-
eTCH AuaMeTpoM cgeps, Koropasd Aeautr OOKOBYI MOBEPXHOCTDH
KOHyca B OTHoweHu# m:n. HallTn paguyc ocHoBaHus KOHyca.

13.105. B npsmo# Kpyroso#i KoHyc ¢ BHCOTOH A n paauycoM
ocuosanust 2k Buucan mwap. Hatith niomtags ceueHus 3Toro 1apa
INIOCKOCTBIO, TIPOXOAAIIEH yepe3 BeplUMHY KOHyca NOJ Yr/oM

e
a K €ro ocu.

13.106. B npamo#t kpyrosoii koHyc BnucaHa cdepa. B a1y
cdepy BHHCaH NpaMOH KpyrosoH KoHyC, 00beM KOTOpOro B @
pas MeHblie o0veMa NEPBOrO KOHyCa, a YroJq NpH BEpUIRHE
paBeH yrjay npd BeplidHe neproro konyca. Hakitw aTor yroa

13.107. Idan npsMoft Kpyropoii KOHYC C paauycoM OCHO-
BaHust R u Beicoroit H. Onpeneants paguyc OCHOBAaHHUSA U BHICOTY
LWINHAPA, BIOUCAHHOTO B 3TOT KOHYC, €A OOKOBas MOBEPXHOCTH
LAIUAAPa UMeeT HauboJbliee 3HAUCHHE.

13.108. OrHollenne paguyca OCHOBaHHS NPSMOrO KPYrOBOro
KOHYCa K palnyCy BIHCAaHHOTO B KOHyC wapa pasHo b. Haitru
oTHotueHne 06beMa KOHyca K ofbeMy miapa.

13.109. [ap pagmyca R snucaH B npaMoit Kpyrosod KOHyC.
Buyrpu koHyca pgad map pammyca r, Kacawouluics G0KOBOH mio-
BEPXHOCTH KOHycCa u nepsoro mapa. Hatitn o6bem koHyca u rioxa-
3aTh, YTO OH HE MeHbllE, yeM YABOEHHBIH 00beM mepsoro iuapa.

13.110. BuyTpu npsMoro KPYyrosoro KOHyca pacHOJOMEH
Ky6 Tak, uTo omHO pebpo ky6a JexkHT Ha AMAMETPEe OCHOBAaHUA
KOHycCa, a BepwmuHel Ky0a, He MNpUHaAjAexamue 31oMy pebpy,
JexaT Ha OOKosofl mnoeepxHoCT# KoHyca. Haiitn oTHOweHue
o6bema KoHyca K obbeMy Ky6a.

13.111. Oxono npAMOro KPYroBOro KOHYCa C BbICOTOH 2 ¢t
onucaHa IIpaBW/bHAg TPEYroJbHasd MMpPaMUAa, CTOPOHA OCHOBa-

Husg KOTOpOM paBHa 3V 3 cx. Haiirn paauyc 1uapa, BIIHCaHHOrO
B TPEXTPaHHBI yroJ Npu OCHOBAHUM NUPAMUIAB U Kacawulerocs
60KOBOH MOBEPXHOCTH KOHYCa BHEIIHAM 00pasoM.

§ 10. YceyeHHH#l KOHYC, WHJIMHAP WM map

13.112. OGpasymomas npaMoro KpyroBoro yceueHHOro KoHyca,
& 4
pasHas r}/ 2, Hak/OHEeHa K IIOCKOCTH OCHOBAHMS MO YIJAOM -,

a paamyc BEPXHEro OcCHoBaHus paseH r. Halitm pamwmyc mapa,
OTUCAHHOTO OKOJIO 3TOTO KOHYyCa.
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13.113. Oxkoao wapa onucad npsMofi KPyroso# yCeucHHbIR
konyc. OTHoluieHne 00beMa YCEYEHHOro KOHyca K o6beMy iiapa

13
paBHO . Hatitn yroa mexay ofpasywouie#t KOHyca U ero OCHOBa-

HHEM. .
13.114. Ilpsmot prroaoﬁ yCeUeHHbIi KOHYC ONMHUCAH OKOJIO

wapa. Paanyc storo wapa B ]/30 pa3 MeHbIUe paguyca cephl,
ONKCAHHOM OKOMO YyceueHHoro Kouyca. Hafitu yroa wmewxay
ofpasyiollel KOHYCa U ero OCHOBZHUEM. o

13.115. BHyTpm npsMOoro Kpyrosoro HHJAMHIAPA J€xKaT ZBa

Wapa pamuyca r W ONMH Wap Paguyca s I TaK, 4TO Kamabil 1wap

KacaeTcd ABYX APYIHX, OMHOTO U TOFO KE OCHOBAHUS HUIWHAPA
n- ero Ookosoli nosepxuocTy.. Haditu paamyc ocHopanus uu-
JIUHAPA.

13.116. BuyTpr npsMOro KpyroBoro LHJIMHADA, BHICOTA KOTO-
poro paBHa 3f, J&KaT TPW paBHBIX lapa Pajuyca r TaK, 4ro
KawAhll [map Kacaercs ABYX Apyrux wapos # OOKOBO# T1O-
BEPXHOCTH LMJAMHIpA, NpHUYEM /ABa LUapa KacCaloTCs HMMIKHEro
OCHOBAHHA WHJIKHAPA, a TPeTuH ap KacaeTCs BEPXHEro OCHO-
BaHus umiauugpa. Hafitn pamuyc ocHoBaHus HMJAMHApa.

13.117. [Isa wapa paguyca r © J[Ba OIAWHAKOBBIX Luapa
HEM3BECTHOTO paAdyca paclloNiOKeHsl TaK, HT0 KawAbiil wap
Kacaercsi Tpex HAPYrux # JAaHuHo# mnaockoctd. HaiTtn paguycs
IBYX TIOC/CAHMX IIApOB.

13.118. B noaycdepy paguyca R BnucaHb Tpu paBHHX w1apa
TaK, UTO Kaw/blH WIAD KacaeTcs ABYX APYTHX WApos, roaycdeps
n ee ocHoBauus. Hafitu paguyc stux 1wapos.

13.119. B nmByrpansmeii yroa o BOWCaHBl [Ba [Uapa pald-
yca r, Kacaownecs Apyr Apyra. Hafita pagmyc wapa, KacawoLue-
rocs rpadedl yria u JaHHBIX 1Uapos.



OTBETBI

OTBETbI K 3AJAYAM [JIABbDI |

1.3. BrickaseiBanust {2-+4=c10}, {53=125} uCTUHHB, a BHICKa-
apiBanna {5 << 2}, {11-+-3=18}, {63216} noxuu.
1.4. TM= {257~H8‘JETHO€ ugcao},
7Q= {uncio V2 me sirasercs pauHCHAAbHBIM},
1 R = {uncsio 7 HeMoMOXKHUTEILHO},
7} S = {uncio 5 neorpuLaTesNbHO}.

1.5. UVcrunss seickasumBanng | M, 7Q, R, 7S.
1.6. O6a BeickazmBayust A, B ucTuHHbl. BhicKasniBanue B He SBJNATCS
OTpHIIAaHHEM BHICKa3uBanHa A.

7 A= {Bce yerHwle 4HCIa COCTABHBIE},
7] B= {Bce HeueTHble yMCJa cOCTaBHbie}.

1.7. 71 C == {27 nenutcs na 2},
7 D = {cywectByer (x0T Obl OJHO) YeTHO® MPOCTOE WYHCJIO},
TE={5.-7=35}. '
Wcrunne! BHICKaswiBanug C, | D, T E.
1.8. 1A= {15 ne nenurca Ha 3},
7 B = {5 —uucro HenoJoxHTENbHOE},
G1C={3=T1}.

1.9. BuckasmBanns A (1), A (3), A(5), A (7) ucTuHHH, a BEICKa3bl-
paunst A (2), A (4), A (6) JoxKubI.

1.10. HctuuubiMi sBasioTes BhickaseiBanus B (1), B (2), B (3), B (4),
B®), B(6), 1B, 188, 1B, B(10); ocrarbHbe BHCKa3biBaHUs
JIOAHBI.

1.11. Buckaswsanus K (3), L (3), K (%), L (5), K (7), L (7) ucrusnum,
a sbickaswmBauua K (4), L (4), K (6), L (6), K (8), L (8) moxHul; Heompe-
IejieHHble BhICKasuiBanus K (x) u L (x) coBnajaioT Ha MHOXKecTBe M, HO He
COBNAJAIOT HA MHOMXECTBe, cocrosileM M3 uyucen 2, 3, 4, 5, 6, 7, 8.

Li12. (L1, (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3),
(2,4), 2,9), (3,1, (3,2,(3,3,3,4, (4 1), 4,2, 43, 6,1, 6,2,
6, 1).

1.13. HctruHbIME siBAsiIOTCS BBICKasbiBanus F(a, b), roe a=1, b —
Jofoe unCaI0 M3 MHOXKecTBa N; TakKe HCTHHHBI BLICKa3blBaHus F (a, b),
ecin a=»5, H, KpoMme TOro, MCTHHHBI BHICKasmBanus F (2,4), F (2, 6),
F(2,8), F2,10), F(3,6), F(3,9), F4,8) u F(5,10). INaput (a, b), aas
KOTOpHIX OJIHO M3 BbiCKasweiBanul F (a, b), F (b, a) ucTHHHO, a Apyroe JoX-
HO, UMEIOTCS]; HanpHMep, BeicKasbiBagne F (1, 2) HCTHHHO, @ BBICKA3LIBAHUE
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F (2, 1) noxuo. BrckaswBanusg .F{(a,b) n F (b, a) asagiorcs ogHoBpe-
MEHHO HCTHHHBIMH TOTJA3 H TONbKO TOrAa, Korja a==»>. BeickasnBaHud
F(2,5) u F(5,2) noxun.

1.14, 7| A = {cymectsyer (xors1 6B 01HO) a > 0, TpH KOTOPOM ypaB-
HeHHe x2==q He uMeeT JeHCTBHTeJbHHIX KOpHeidi}; A wucruuno, | A
JIOKHO,

1.15. 7] A = {cymectByer AeficTBHTENbHOE YHUCJIO @, AIS KOTOPOrO
ypaBHEHUWe x2=@ He HMeeT JeliCTBHTeNbHHIX Kopueft}; A Jaoxuo, ] A
HCTHHHO.

1.16. ] A= {KopHH J1I000ro KBaApaTHOTO YPAaBHEHNS JefCTBUTEbHEL };
A uctusHo, 7] A JIOXKHO.

1.17. "k A = {cymecTBYIOT ABa TpeyroJabHHKa, KOTOpHIE He ABASIOTCA
nO'IOﬁHbIMH Mem;ly coboit}; A moxHo, | A HCTHHHO.

1.18. = {cyllecTBYIOT /IBa uucJ/a @, b, HH OJHO H3 KOTOPLIX He
JeJHTCS Ha 3}; A noxHo, | A HCTHHHO.

1.19. 1. Ecau na mMuoxecTse M, cocrosiem M3 BCeX IPOCTBIX dHcel,
3a/]ato HeompejleJeHHOe BbiCKasbiBaHUe A, (x) = {uucio X HcueTHO}, TO
(Vx) A, (x) = {BCe npocThie UHCJA HEUeTHHI}.

2. Ecan Ha MHOKecTBe K, cocTOfIleM H3 BCEX LEJBIX 4HCeJ, 3ajaHO

1
HeoMpejieIeHHOe BLICKasbBahne A, (¥) E{qncno ¥ onpe:xeneﬂo}, TO

1
(Vx) Ay (x) = {zmﬂ J1000T0 11eJIOT0 X ONpefesieHo 4acTHOe —;'{_

3. Ecan na muoxecrse N, cocrdilem H3 BCEX HATYPAJbHBIX YHCeN,
3a1alo HeONpeleettoe BHCKAsLIBaHe As()={x2>x}, to (Vx) 45 (x)=
= {KamJl0e HATypaJbHOE 4HCJO X YIO0BJAETBOPAET HEPABEHCTBY X2 > x}.
4. Ecau Ha mHokectBe D, cocrosllleM H3 BCeX JI€HCTBUTENbHBIX
uHCes, 3ajaHO HEONpPeje/eHHoe BhiCKasbiBanue A, {x) == {uncio x BLIpa-
Kaercsl KOHeYHOH JecATHUnod apobeio}, T0 (V) A, (%) = {Kaxnoe
ZefiCTBHTENbHOR UHCJIO BLIPAXKAETCS KOHEUHOH JecATHUHOH Apobbio}.
BrickaswiBauus (Vx) A, (¥) (n=1, 2, 3, 4) n0XKHbI, a BLICKa3bIBAHUS
T ((Vx) A W=39 (A, (®) (n=1, 2, 3, 4) uCTUHHHI.

1.20. 1. Ecau ma muoxecrse, cocTofllleM H3 BCeX HpPOCTHIX Apodeii,
3aaHo Heonpeaenermoe BbICKa3biBaHUE B (X) == {uuc/I0 X Bhipaxaercs
KOHEeUHOfl [eCATHYHOH JpoObio}, TO BhickasbiBaHue | ((Vx) By(x)) =
= (3x) ("] By (x)) o3nauaer: He Bcsikasg Mpocrast IpoSb BbIPamKaeTcst Ko-
HEYHOH AECATHYHOH ﬂpof)blo, T.e. CyllecTByeT mpocras jpolb, KoTropas
He BbIpakaercss KOHEYHOH AECSTHYHON ApOGHIO.

2—4. Ilycte ua MHOXKecTBe N, cocrofileM H3 BceX HATY PafdbHBEIX
qices, 3ajaHbl ClefyloliHe HeonmpejeseHHble BHICKA3bIBAHHS:

E, (x, y) = {x-+y — npocroe uHcjI0},
Eg (x, y) = {#®4-y* < 100},
E, (x, y) = {x+y—ueTnoe uucio}.
Torpa BbICKA3LIBAHHA 2 —4 MOXKHO 3aIlHCATh B BHJE:
2. (V) (Fy) Ex (x, v),
3. (YX) (3y) Es (v, ),
4. (Vo) (3x) E4(x, 9).

5. Eciu Ha MHOXecTBe, cOCTOSANIEM M3 BCEX TOYEK NpAMOil I, 3afaHo
HeoMNpeJe/IeHHOe BbICKa3biBaHHe

Ejg (x, y) == {paccTodnne MeXK1y TOUKaMH X W y PaBHO TpeM eaunumam},
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10 BbickaszbBanue (VY x) (Ay) E; (x, y) o3nauser: kakoBa G6nl uH OGbI1a
. TOYKa X Ha NpsMoH [, CylecTByer Ha 3ToH NpAMOH Takasg ToYKa y, 4TO
pacCTosHHe MEKIY TOYKAMH X H y DaBHO TPEM elHHHuaM.

1.21. 1. Ecau nHa mMHOXecTBe N, COCTOALIEM M3 BCeX HaTypaJbHBIX
uyces, 3aJaHO HeOompeleseHHOe BiCKa3viBanue Ay (x) == {uucao x genntcs
Ha 5}, 10 (Vx) A (¥) == {mofoe HaTypajbHOe WHCJO AeNHTCS Ha B}, BHI-
cxaspiBanne | ((Vx) A; () ==(3x) (7] A (x)) o3Hayaer: He Jo6oe HaTypaib-
HOE YHCJIO HeJMTCS Ha 5, T. €. CYMEcTBYeT HaTypaJbHOe UHC/IO X, KOTO-
poe He jeauTcss Ha b.

2. Ecin Ha MHOXKeCTBE, COCTOSIIEM M3 BCEX YETHLIX YHCEJ, 3aJaHO
Heolpe/c/eHHOe  BBICKashiBaHMe A, (X) = {x-—mnpocroe uucao}, TO
(3x) A, (x) = {cyllecTBYIOT UeTHble MpPOCTbIE YHCJIA}; BhEICKa3biBaHnue
F((3x) Az (%)) = (Vx) (] A5 (x)) 03HAuaeT: He CYINECTBYET YETHLIX [IPO-
CTBIX YHCEJ, T. €. BCe HEeTHble YHCJA COCTABHBIE.

3. Ecau Ha mHoxectBe N, cocTosilleM H3 BCeX HATypaJbHBX uyHces,
33 aHO - Heompeje/edHoe BhlCKasmiBaHue Aj(X) = {uncio x deTHoe},
To (Vx) Ap(x)= {Bce HaTypaibubie UYHCcNa YeTHbl}; BbICKa3biBaHHE
T{Vx) Ag (x)) = (3x) (7] A3 €x)) ozmauaer: He Bce HATYpaJbHBE uHcIa
YETHDbI, T. €. CYIUIECTBYET HEeYeTHOe HarypasbHOE UYUCJIO.

4. Ecan Ha MHOKECTBe, COCTOSIEM H3 BCeX TPeyroJbHHKOB, 3aJaHO
HeonpejeeHHoe BhicKasniBaHne Aj (x) = {y TpeyroJbHHKAa X TPH NMpPAMbBIX
yraa}l, 1o (dx) Ay (x) = {cymecrByer TpeyroJbHHK C TpeMs NpSIMBIMH
yraamu}; BoickaseiBande | ((3x) A4 () = (Vx) (7] 44 (x)) o3Hauaer: He
CYLIeCTBYeT TpeyroJdbHHKa C Tpems NPAMBIMA VIVIaMH, T. €. B KaXJoM
TpeyroJibHHKe XOoTA Obl OAHH YTOJ He NpSIMOil.

1.22. A (x) = {uerHIPeXyroJdbHUK X— NapasienorpamMm},

B (x) = {anaronanu METHIPEXYTOJLHHKA X B TOUKe Mepecede-
HHSE JleJISTCS MonoJjam}.

1.23. A(x, y) = {uHcaa x ¥ y [OJIOKHTE/bHBI},
B (x, y) = {5 uncen x 4 y cnpaBeTHBO coomomeﬂue 1g (xy) =
= lgx+1gy}.
1.24. A (x) = {uenoe wuHc/I0 X OKaHUMBAercsd JABYMS HyJAMH},

B (x) = {uesoe yuci0 X LeAMTCA HA 4}.

1.25. A — B. ([Ina toro 4T0oGh nmpou3BefeHHe xy ObLIO PABHO HYJIO,
LOCTAaTOYHO, YTOOH uucao X Obio paBHO Hy/mo. Mnauve: 1asd toro uto6bl
yucs1o x OblI0 PaBHO Hy.mo, HeOoGXOAHMO, UTOOL MPOM3BEJEHHE Xy GHLIO
paBHO HYJIO.)

1.26. B— A. ([Ins napannenpHOCTH NpsAMbIX [, M [, Heo6xoauMo,
uyroGsl OHH Jie:KalH B OAHOH ITockocTH. MHawe: ans Toro 4ro6h mps-
Mble [y U I, Obliit pacnosioeHsl B OJHOH IJIOCKOCTH, AOCTAaTOYHO, YTOOHI
oud GbWIH MapanniesbHbl.)

1.27. B— A. {(Inas Buinofinenust cooTHoweHndHd a2=%0 jpocratouno,
yTobbl Oblio @ >>0. Muauwe:’ mna cnpapemiuBocTH HepaBeHcTBa a >0
HeoGx0auMo, uTO6Hl GbUIO BLINOJAHEHO ycJoBue a?=£0.)

1.28. (A — B)={B paBHOGEAPEHHOM TPEYTOJbHUKE JBE MeHaHbl
paBHbl MexaAy coGofi}; (B — A)=={ecau 1Be Me1HaHBl TPEYroJIbHHKA
paBubl MexAy cobofi, TO 3TOT TPeyroJbHHK paBHOOeApeHHBIH}; o6paTHAs
TeopeMa BepHa, T. €. BhICKasbiBanHe (B — A) HCTHHHO.

1.29. (A — B) == {imaronanun poMba jeAsiT ero YrJel NonoJtam};
(B A)=={ecan 1uaroHaJu YeTbIpexyroJibHHKa JeJAT €ro Yras [mo-
rioJlaM, TO 3TOT YeTHIPeXYTOAbHHK sIBJAsercss poMGoM}; obpaTHas Tteopema
BepHa, T. €. BhiCKa3blBanue (B - A) HCTHHHO.
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1.30. (A — B)= {ecan wuarypanpHoé uncho a jaenuTcHi Ha 9, To
cymMma uupp uMcaa a jgeautca Ha 3}; (B - A)= {ecan cymma uudp
HaTy paibHOrO 4YHC/a @ ZeAMTCH Ha 3, To uHcho g geawrcd Ha 3}; oGpar-
Has TeopeMa HeBepHa, T. €. BhICKasbiBaHue (B — A) J0xKHO.

ax--b

1.32. dyuxuua T d MOCTOSIHHA B TOM W TOABLKO B TOM Clyuae,
ax-+b
cx4+d
XoTa OBl OJHO M3 YHCea ¢, d OTJHYHO OT HyAs).

1.33. Ina Toro uroGbl H3 OTPE3KOB, JJIHHLI KOTOPHIX DaBHH a, b, ¢,
MOXHO OBUIO COCT@BHTH TPEYrOJbHHK, HEOGXOIMMO M JOCTATOYHO, YTOObE
yhucna a, b, ¢ ObIH  CBA3aHBl HepaBencTBaMH a--b>c¢, btc>a,
a-Lc>b.

1.34. Muorounen P (x) =gy x*+a;x* 4., . +a, x+a, Toraa H
TOJIbKO TOTJA JEJHTCA Ha X —a, Korga P (o)=0.

1.36. O6e Teopembl BepHbl, T. €. BepHa TeopeMa: IS TOFO UYTOGHI
nupamuia P Oblla NpPaBHJbHOH, HeOGXOZHMO M  JOCTaTOYHO, YTOOLL
BCE CTODOHH OCHOBAHHS 3TON NHUpDAMHIBl OBIIM  paBHBl MeEXAy CO-
6oii M Bce OGoxoBeie pe6pa 3TOH NHPaMMARl OblIM PaBHB  MEXKALY
cobofi. .

1.37. Bepua teopema A A B—C, r. e. nupamuza P ssasercs
npaBUIbHON TOrAa ¥ TOMLKO TOrAA, KOCAZ BCE TJOCKHE YIisl B OCHOBA-
HBHH THpaMH/Ibl paBHbl M Bce OOKOBBIE I'PAHH OJHHAKOBO HaKJOHEHH K
TWIOCKOCTH OCHOBAHHA 3TOIl IHpPaMUIEL.

1.39. Teopembi | u 6 Bepnbl, a Teopempi 2, 3, 4 u 5 nesepust. Teo-
pema 1 4 4 odpatun Apyr Apyry, Teopemer 2 B 5 06partHB ApYr ApYry.
Teopesbl 2 ¥ 3 NpOTHBOMOJIOKHBEI APYr ApYry, Teopembl 4 u 6 npo-
THBOTIOJIOXKHE APYT APYTY. ‘

1.40. TAR)V Bx)=(T1AxX) A (7] B (x) = {nocaeguas uudpa
YHC/A X YeTHA H OTJIMYHA OT HVJifA}.

L4 (TA )V (1 B (X)) = (A (x) A\ B (x))={x ne neantcs Ha 6},

ecu ad==bc (npeanonaaraercsi, uTO (PYyHKUHS HMEeT CMBICJL, T. €.

OTBETbl K QAAAHAM [JIABDBI 11

24. Her. 25. Her. 26. Ha. Hanpumep, ¥'34(5—~13)=5.

2.7. J1a. Hanpuumep, ()V'2) (' 8)=4. 2.14. 7,9 (c uséurtkom). 2.15. 15,7
S: nsbpiTkoM). 2.16. 1,7 (c mHemocratkom). 2.17. 1,5 (c u36bITKOM).
.18, 0,394, 2.19. 0,99 ... 900 ...0 ... 220, 0,99 ... 9 ... 221, 0,0010.

R T P p—
100 gudp 100 nudp 100 undp
224, x> 0. 225, x5£0. 2.26, |cosa—cos P |.

297. Va+2Va—1+Va=2Va—-I= ,
{2 eemt l<sca<?,
- { 2Va—1, ecan a>2.

9

) 2
2.28. 35, conn [a|=[b; 2—2 ec {a|<|b].
b—

2 ecnu{q};}b};.Q

—b a
2.20. 55 , €CAn ja | << |b].

230. x==0. 231, x=2, x=—1. 232, x=0. 233. x=1.
234, x << —1. 235, —1 <x<<1.236. 1 <mx<<H. 237 x<< —2, x=4.
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OTBETbH! K 3AJAHYAM TJIABb! 1V

Y14,
41,1. 8 2. 3—i. 30 4. =i
5

42.1.5,12. 2.0,1. 3.0,24. 4.2, —11. —2, % 6. 2, 0.

4,6. Cymma KBajJpaToB fHaronasell mapaanejorpaMma paBHa CyMMe
KBagpaToB BCeX ero CTOPOH.

4,7. 1. MHoKecTBO BCeX TOUEK, JEeKAHMHUX MpaBee MHHMOH OCH,

2. MHO:KeCTBO BCeX TOuEK, JeXKallHX Ha npamoil y=1 u HHXKe ee.

3. MuoxkecTBO BCeX TOUeK, JeXKaHX Ha OpaMbx x=0, x=11n
MeRAY STHMY TIPSIMBIMH.

4. MHOXKeCTBO BCeX TOUEK, JeKalHX MeXAy NPAMBIMH Y=—1 H

=1.

5. Kpyr ¢ nenTpoM B Touke 0 paauyca 1, Briiouast TOUKH OKPYRKHOCTH.

6. Kpyr c nearpom B Touke —2i pagnyca 4, HCKIiouasi TOUKH
OKDYKHOCTH.

7. MHOXKeCTBO BCEX TOueK, JexKallMX BHE OKPYKHOCTH C UEHTPOM
B Touke i paguyca 1.

8. Konbllo MeKAy AByMst OKPyXKHOCTSMH, pagHycoB 1 m 2, ¢ ofumum
IIEHTPOM B TOUKe 1, HCKJIOUAs TOYKH OKDPyKHOCTEH.

9. INpamas, neprneHAHKY/sPHAA OTPe3KY, COeNHHAIOMEMY TOUKH —i
u 1, npoxoxamas uepes €ro Cepeiuy.

10. MHOxeCTBO BCeX TOYEK, JeXKallhX JeBee MHHMOH OCH.

4.10. 1. cos:;i—}-isin X 2 2(osut-isinm). 8. cosg—“l+ising;;.

5 LR 3n 8n 8n
4. V2 (cos-4-+rs1n 7 5. cos—-+zsm-2— 6. cos———-i—rsm g

7. 125 (cos 3p i sin 3¢), rae ¢ = — arctg -3—, 8. 1024 (cosO04-isin ().

1 {
4.13. l- 2=t | e o —— .
(V2 V?)

2. z-cosQi-{—z sin2~§-IE (=0, 1, 2).

3, z2=2 (cos——-i—zsm ZE;) (k=0, 1, ..., B).

4 2= (2k+1’“+ sn BEEDT 0,1 0.

1875 (8k+1)ﬂ . . (8k+l)ﬂ
5, 2="y2 [cos g +isin 3
k=0, 1, ..., 7).

6. 2=+ 2—1).
4,15, zk=zo<cosz—-+ s'ngﬁ> k=1, 2, ..., n—1).
4.16. 1. 2;=0, 253=11, 245==%1i. & =—g—-2i. 8. 2= 11,

—i. 5. z2=(1~V2)i. .

4, z=1—
417, 1. 2=1+4i. 2. z=% (1 —i).
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OTBETbI K 3AJIAYAM TJIABB! V

5.1, 100.

5.2. [lo kpalisell Mepe OZHO M3 uuces p, ¢ He fABJIAETCA JAeHCTBH-
TeJIbHBIM,

5.3. Moxer. Ilpumep: x2—ix=0. Ecaum ke H3BECTHO, YTO p U ¢
JefiCTBHTE/IbHE!, TO 3T0 HEBO3MOMKHO.

5.4. Eciu p u g—neficTBHTeNIbHBIE YHCAa, TO APYTOil KOpeHb paBeH
1 —i; ecam ke He TpebGoBaTb, 4ToObl p H ¢ OGbiIH JAEHCTBUTEbHBIMH,
TO APYroil KOpeHb MOXKeT GhITh JOGHIM.

57. 1. Her. 2. Hda. 5.8. Her.

5.9. Her. Ilpumep: ix2—3ix--2i. Ecau ke H3BECTHO, 4TO KO3(-
dunuedt npu x? pjeficrBuresleH, TO (NIPH BHINOJHEHHH YCJOBUS 3aJauH)
H IBa APYrHX Ko3hdUUHEHTa NellCTBUTEIbHBI.

5.10. Her. Ilpnmep: ix24-0x-—i. Ecau xe nefiCTBUTeNbHBI KO3)-
¢$HUMHEHT OTJAHUeH OT HYJAs, To (NPH BBINOJNHEHHH YC/OBHE 3ajaud) H
IBa Apyruxgodpduunenta aelicTBUTEAbHBI.

512, ri=1, ry=—1.

5.13. 1. %(b4—4ab2c+2a2cz).
2. éa(bz—?ac) (b — dab% +axc?).

100

514, p=—2, g=—1; p=1, ¢—moGoe.  5.15. — 35

5.16. x2-—58x—1—%—_—_0.
5.17. Cum. puc. 113.

5.18. a) a<<0, b6<<0, ¢>0
6) a>0, b<<0, ¢>0
B) a>0, b>0, ¢c=0;
r) a<<0, >0, c¢<0.

5.20. B ycrioBuaAx 3ajaunm Bcerja CylleCcTBYeT, M NPHTOM €IHH-
CTBEHHBI{l, KBaJIpaTHbH Tpexu/leH, rpaduk KoToporo MPOXOAHT uepe3
Toukn A, B, C.

IMpu ykasanublX B 3ajgaue naGopax Touek A, B, C HaxomuMm: 1. y =
==2x2—2x—4, 2, y=x2—4x43. 3. y=—x2—6x—>.

5.21. B ycaoBHsIX 3ajauM Bcerja cyulecrsyer, M TIPHTOM €IHH-
CTBEHHBIH, KBajpaTHBIA TpexwieH, rpagUK KOTODOrO HMEeT BeplIHHYy
B TOuKe A H NPOXOJUT yepe3 Toury B.

Jlng ykasauHBIX B 3ajade toueK A, B HaxomuM: 1. y==2x2-41.
2 y=-—x2+6x—8. 3. y=—x2-14x.

522, 1. x<<0 n x>4. 2. Her pewennil. 3. —4<yx<<l. 4. x=1.

5oxe. 5 L 0<y<4 2 —l<y<l 52 r=L
5.25. — 9. , .
_ ab+tcd _ (ad—be)?
526 x=—m Yan= mya
527. L. r=l,r=—1. 2. r=-—2,

5.28. 1. D=b%—4ac =0, ac>0.
2. D=0, ac <.
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5.29. O6a KopHA NOJOXKHTeNbHH NpH r==4;.06a KOpHA OTpHUA-

TedbHbl NPU — 7< r=0; KOPDHH HMEIOT NPOTHBOIIOJOXKHEIE 3HAKH NTPH

9

AD.4)

V= —

Alt1)

3 - T
I
§) 3
Puc. 113.
r<—%; ONUH M3 KopHefl paBeH HyJIO, a apyroit orpunaTeJed mpH
i .
5

432

532, - 1l<r<ll. 8.4 r<—3ul=<<r=

e



535. r<—3ur=1. 536, r<<—2.
5.37. pP—49=0, —28 <p < —2a, a4op-+q>0, f24-fp+

4+¢>0. 588 r<—-ur=34+2/2

3
4
5.40, HauGousbwee 3Hauenue QYHKIHH PaBHO T (nocmraerca npu
1 o
x=——7>, HaHMeHblllee 3HAUEHHE PABHO - (nocturaerca npu x=1).

5.41, HauGonbmee 3nauenwe ynkuun passo 110 (zocturaer-
csi npu x=3J3), HauMeHblllee 3HaueHHe paBHO 2 (NOCTHIaeTCs NpH
x=0).
5.42. HawnGosnwee . 3HayeHnHe paBHO 3, HaHMeHbllee 3HAYEHHE DaB-

Ko =
.4

OTBETBHI K 3AJAYAM TJIABbI VI

6.1. —1. 6.3. Her. 6.4. x{2. 6.5. ——%‘x‘z_,—gx—l—B.
6.6. X090 - 539 1 x5 34 L 430 x38 | y25_ k231 x20__ 17 L y15__
—x12+x10'—x6—}—x5—-x-{—1.
6.7. a=3, b=—4. 6.8. x;=1—V3, xa=1+V2, x,=1—-)2
6.9. x,=1=-V2 x3=1, 5= —1, x3=—2.
1+i V)3 1—i V'3
=Ty o RTT
6.1, xy=—1Fi, x,=—1—10. 6.14. x3=3. 6.15. —1.
- 6.19, 4p3 + 27¢2=0. ]
6.20. Kopusamu Mmuorounena A(x) sBJstOTCS yucjaa ——xl,~1—x2,...

6.10. x;

vees =Xy, @ KOPHAMH MHOrousesHa B(x) —uncaa o
1

'x—z' ey :‘(_,;‘
6.22. x8—1. 6.35. CymectByer.

OTBETHl K 3AJAYAM FJIABBI VII

7.1. O6Gnacte onpegeneHus: (—oo, —2) Y (—2, — U (1, +o0),

T. €. x'_—,é-l nXx£E—2 ;‘(O)=——%, F()y=0, f(—3)=—2.

7.2. O6Gaacts onpegeaedus; [—2,01U[2, 4+o0), T. e. —2=<<x=<0
wim x=2 f(—D=V3 [@=0, [@)=VT15.

7.3. O6nacre onpegenenus. |—3, — U(—1,3], . e [x]=<3 u
xFE—1 [0)=3, f)=V2, f(—2=—V5.

7.4, -OGnacte onpejeaenus: xz£kn (k=0,

(5]

7.5. O6aacte onpeneneHud: x;ﬁ—%——l—k k=0, x1, =2, .'..);
(0 =0, f(—1)==1, f(100)=100.

1, +2,..);
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7.7, g

Puc. 114, Puc. 115,
7.8. 4
1
o[ z
Puc. 116. Puc. 117.
7.10. p
1

-1 0]

Puc. 118, Puc. 119.
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7.12. Y
— 3f
o -
Puc. 120.
7.13. 4 7.14,
A y.
2" “
2
s ‘ T
-1 g 1
, > 7
-2} )
Pue. 121. Pue. 122.

|
7.16. y:{ L ecmn 0 <<x<l,

1, ecin x==0,

7.17. ®yurunu f; () +folx) 7 fy (%) fo () orpanmuens, ¢GyHKuHS

f1 (x) -k I3 (x) He orpanmueHa, a npo yHKUUA [y (x) f3 (), L) H L)
f2 () fa (x)

HHUEro onpele/ieHHOTO CKa3aTh HeJb3d.

7.18. YouiBaer Ha BCel ocH X.

7.19. Bo3pacraer na Bceit ocu x. :

7.20. Bospacraer Ha uHrepmaje (— oo, — 1), y6siBaeT Ha HHTEpBaje
1, +oo.

7.21. Yo6umaer na nHtepsanax (—oo, —1) 1 (—.1, 4-o0).

7.22. Bospacraer Ha yHTepBajax (n+2kn 2n+2kn), yObIBaeT Ha
nureppanax (2kn, n-2kn) (=0, x1,

7.23. BoapacraeT na HHTepBajiax (—»-g«—]-kn, —g+kn> (=0,
*1, =22, ...

7.24. HauGoasiuee 35agenue paBHo 5 <nocmrae'rcsx npH x = arctg ‘;, +
-+ v————f-2nk (k=0, 21, 2, ..)|, HauMeHolllee 3HayeHHe PaBHO —5

<nocmrae7ca npu x = arctg —;— —g—--;—an k=0, =1, =2 ))
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7.25. HauGonbmee snavenue pasno 2415 (nocmraerc;i npH x =
= —;-arctg —é——}-—i—:—-i-nk (=0, £1, =2, ..))), HauMeHblice 3Haue-
e pasno 2— V5 <)IOCTHl‘aeTCﬂ npH x== -;‘arctg %———g——l—nk *&=0,

+1, x 2, )>

nik
7.26. HauGosbiiee 3HayeHne pasHoO | <uocmraerca IpH x=—3

(=0, =1, = 2, ...)>, HaMMeHblllee 3HAuEHHe DaBHO e (aocmraeTcs;
npH x=%+—ﬂ—2k—- (k=0, +1, +2 ))

7.27. HauGosbiiee 3Hauenwe paBHO 1 (nocmrae'rcsx npu x=—n§k—-
(=0, =1, =2, ...)E,  HanMeHblliee 3HAUEHHE DaBHO -5~ (nocm-

raercs Inpu x=-§—+—%k—— (=0, =1, 2, ;»1.)),
7.28. HanGosbmee 3HayeHyue paBHO 5 (nocturaercsa npu x=1).

7.29. HaunGosbiiee 3nayenHe paBHO %: (mocruraercs npu x=1).

7.30. Haumenburee sHauenue papHo 2 (focTHraercs mpu x=1).

7.31; Uernas. 7.32. Heuernasn. 7.33. He sBaserca HH ueTHOH, HH
HeyeTHOH.

7.34. Yernasn. 7.835. Heuernan. 7.36. He sasaserca um wernoil, Hu
HeweTHOH. 7.39. m. 7.40. 2n. 7.41. m. 7.42. 2n. 7.43. m. 7.44. 6a.
7.46. Tlepuoguueckasi c nepuofom 2x. 7.47. He spiasiercss neprogu-
deckol. 7.48. Ilepuoauyeckass ¢ mepHOZOM It.

7.49. 4

7.50.

Puc. 123, ’ Puc. 124.
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7.51.

' Y
\z\/f]f\fz =

Puc. 125. Puc. 126.
7.53. ¥
)
jh
S G z
Puc. 127
7.54,
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7.55.

7.56. 4
\/w\/\/
-2 - 0]’ p > -
Puc. 130.
7.57. y
/%
e I
- ” y MZ”
N—"
Puc. 131.
7.569. y
7.58,
¥
2
/
B . s
-1 0 1 r 7 ;
A
Puc. 132,

Pue. 133,
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7.60.

7.62.

7.65.

z

Puc. 134.

7.61.

Puc. 135.

Puc. 137.

Puc. 136.

7.64.
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7.66.

7.67.

Y

Puc. 141,

Puc. 140,

7.68.

e

Puc. 142,

7.69.
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7.70.

7.72.

7.74.

7.77.

7.78.

7.80.
7.81.
7.82.
7.83.

7.84.

7.85.
7.86.

7.87.
7.88.
7.89.
7.90.

7.91.
7.98.

¥
7.71.
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i
i
I
N =
|
g le z i -3 T
Puc. 144. Puc. 145.
J2] 82—t
e M gEer (P
1 —x2 sin®x
T—_F')'C—z—, x¢0. 7.75. fx{. 7.76. —'-Eag-x—l—,
4
f(x)==3'\;c+ npux¢%, 3
fx)= Qx-—f-)g npu x # 1.
f(x)=——(x2—l), g(x)=-—~l—(2x2+3x+l),
f(x)~—-—4:_%ﬂ, g(x)——’i:—g-xi'—1 i# 1
fo=—2 g=-2% x1,2
F)= o (5+12), g(x)=———;—(3x+7).
—2x—19 2(x

f(x)———m—, x#£T, gx)=

fxy=x—1, x5£0, 2, g(x)=2, x¢l,
fX)=x xz£1, gx)=1+4+x, x#£0

9 x2
[ () =57 nph x5£0.

f(x)=—l- npn x3£0, 1.
45— 2

o)== npu x—+‘
1

f(x)"___—;i— npx x#'—_?v O» —3‘.

y=7. 7.92. y__-x_i_l_
_ax+4b
T x—a’

794, y=x! npn x=0,

, *#10,
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7.97. ¥
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o1 F Ay z
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Puc. 147. Puc. 148.
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Puc. 153.
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Puc. 154,

7.104.

155.

7.105.

7.106.

Puc. 157.

Puc. 156.
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7.107.

4 'l »-T

7.108. Oea.
7.109.
7.110.
7.111.
7.112.

7.113.

7.115.
7.117.
7.119.
7.120.

8.1.

8.2.

8.3.

8.4.
8.5,
8.6.

8.7.

1.

1.

Tpu.

YpaBHenHe HMeeT GECKOHEYHO MHOTO peilleHHH.
[HlecTbaecar TpH.

x=—1, x,=3.

x1='—'1, x2=2, x3=4. 7.114. x=’%‘_
x == 2,875, 7.116. x;=0, xy==2,625.
—3<x<<3.  7.18 0<x<l.
1<x<2u3<x<4

r<—2 —l<x<<0ux>1

OTBETHI K 3AJAYAM TJIABBHI VIl

2 .

. . 4
3.% 4 —% 5 3 6 .

o —

2; 2, —

1 1 , 2
55 2 -7 45
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1. 100; 2.9, 3. w; 4 4

1.
1. N
1. logy 53> 0; 2. logs 2>>0; 3. log,,;0,8 >0; 4. log, V7<0.

1.

7 3
9, 2.2V % 3.16; 4.9
2; 2.16, 3. 1; 4.25.

5

logs 4 > logr;—; 2, logo,lV’Q <108, 0,34; 3. logs —25~ >
y

4, 2835 15 3 o

5 4
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8.19.
Y
1
T
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Puc. 159. Puc. 160,
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Puc. 161.
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Puc. 164, Puc. 165.
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8.30.

t
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1
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Puc. 171.
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8.81.

Puc. 172.

8.32,

Pue. 173.
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OTBETHI K 3AJJAYAM IJIABBI 1X

9.1. Ha.

9.2, a) Ha.

6) Ilpr yMHOXeHHH 06eux ‘yacreit HEBEDHOro - paBeHCTBAa Ha
YHCJO, OTJIMYHOE OT HYyJs, NoJydaercsi HeBepHOe paBeHCTBO. Ecan Xe
ofe yaCTH HeBEPHOI'O pPAaBEHCTBA YMHOXHUTb Ha HYJb; -TO NOAYYHTCH
BEpHOE DaBEHCTBO.

B) Ecaw n-—HeueTHOe uuC/I0, TO OpH BO3BejeHuH ofeux uacreit
HEBePHOro paBeHCTBA B CTENeHb N MOJYYUTCS HEBEPHOE pPAaBEHCTBO.
Ecnu n —vuyeTHOe 4MCJIO, TO M3 HEBEPHOIO paBeHCTBa BHA3Z a=—— q (THe
a=£0) moayyaercs BepHOEe PaBeHCTBO, a H3 JOGOro APyroro HeBEepHOrO
paBeHCTBA [OJyuaeTcss CHoBa HepepHOe papeHcTBo. ([Ipegnosiaraercs,
410 B 00eHX yacTAX paBeHCTBAa CTOAT JeficTBHTENbHbE YHcJa.)

9.3. Ha.

{ 1
9.8. a) YpasHenus f(x)=g(x) n mzax—)

HEDABHOCHJIbHEI, TepBOe YypaBHeHHe eCTh CJeACTBHE Broporo. Ecau xo-
Ta Obl ofHa W3 GyHKuME [ (x), g(x) oT/MHuHA OT HyJAst Ha MHOXecTBe M,
TO Ha 3TOM MHOMKECTBE ypaBHeHnﬂ paBHOCHJIbel

6) ¥YpaBhenus f(x)=g Viix —Vg(x) B oflleM cJayuyae
HEePaBHOCHJILHLI, HepBoe ypaBHeHue ABJIgeTcA ¢JeicTBueM Broporo. Ecan
xoTs 6bl ofHa u3 ¢yHkuui f(x), g(x) npuHEMaer HeoTpHIaTedbHEE
3HAYEHMA Ha MHoXectBe M, TO Ha 3TOM MHOMXKECTBe YpaBHEHHS DaBHO-
CHUJIbHEL,

B) YpasueHus f(x)=g(x) 4 sinf{(x)=sing(x) HepaBHOCH/bHBH,
BTOpPOE YypaBHeHue eCTh CJAEACTBHE MEPBOrO.

r) YpasHenus f(x)=g(x) u arcsinf (x)=arcsing (x}) nepasHO-
CHJbHBI, TIEPBOE YDAaBHEHHE €CTh C/eICTBHe BToporo. Ecam XoTa 6bl ofHa
u3 prHKI.!HH [ (x) v g (x) TakoBa, uTO BCe ee 3HAUEHHA Ha MHOxecTBe M
npuHaglexar oTpe3Ky [——1 1],. To Ha MHOMXecTBe M ypaBHeHHS DaBHO-

CHJIBHbL: -

f) _ h)

ot & fWex)=Fh(x)g(x) B obueu
e @™ ¢
cjllydae HepaBHOCHJIbHBI, BTOpOE YpaBHeHHE ecCTh CJEICTBHE INepsoro.
Ecin na Mpoxkectse M dynKuuu g(x) ¥ g;(x) OTIMYHBL OT HyAs, TO
Ha 3TOM MHOXECTBE YpABHEeHHS! PaBHOCHJbLHbI.

e) Ypasuenus V f (x) Vax=¢ u Vixg (x) =@ (x) B obuem
cJlyuyae HepaBHOCHJBHbI, BTOPOE ypaBHeRHe SIBJSETCH CJeACTBHEM NEPBOro.
Ecan dynkuun f(x) u g (X) NpHHEMAIOT HeOoTpHIATeJbHble 3HAaYeHHS Ha
MHOXeCTBe M, To Ha 3TOM MHOMXKECTBE YpaBHEHHS DPABHOCHJIBHBI.

B ofleM cJaydae

1) YpaBHeuus

9.12. a) x;=1, x,=3, x=—1. 0) x1=_—_-—5—i2-—@, g =

— 5y T3 —54iV3 __ —5—iV3
= ) y X37= 5 , X4= 5 .

9.13. x=18 9.14. x=8. 9.15. x=20. 9.16. x; =2, XQ=*“27—_
9.17, x, =0, x,=2. 9.18, x:l;. 9.19. x= (133 9.20. x=—1.
9.21. 2=tx=T7. 9.22. %, =23, xp,=178. 9.23. x= —1.
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%_ 9.25. x=9. 9.26. x=2. 9.27. x=2. 9.28. x; =2,
Xy=—23. 9.29. x=—é—, 9.30. x=1. 9.81. x=2. 9.32. x;=0, x,=1.

9.33. x=—1. 0.34. x=2. 9.35. x;=3, x,=-—3. 9.36. x=0.
9.37. x; =0, x,=1. 9.38. x;=1, xg=—
o

9-24- x1=2, Xg==

9.39. x;=1, x,=n""! mpu n>1; x—moboe mNoOKNTENBHOE
yuesao npu n=1,

9.40. ¥, =1, x,=n'"" 1mpn n>1; r—u060e NOIOKHUTEILHOE
qHCHO npH n=1.
n

9.41. x;=1, xzznm npy n>1; x-—mw0boe MNOJ0KHUTEILHOE
YHCI0 NIpH n=1,
9.42, x=512. 9.43. x; =9, x,=91.

9.44. x,—=— 1, xy=—32. 9.45. x,=9, x2=%_
9.46. x;=4, ;=414
1 1
9.47. Xy== Ez y X2=;2.
9.48. k==4, a raxxe Joboe k < 0.
9.49. IIpu a=0 u a=—1 ypaBHeHue me umeer pewennii. [Ipu

a<<—1 ogno pewenne: ¥x==a?, npu a >0 ofHo pewmenne: x==(a+4 1)2,

NpH  @=-— - OJHO DpeIleHHE! X= npH —1<a<0,a;é—§

2
IOBa pewieHus:: xq==a2 u Xy=(a- 1)2.
9.50. x=4. 9.51. x=2. 9.52, x;,=0, xy=—1.
9.53. x=0. 9.54. x=2. 9.55. x; =100, x,=0,1.

4

OTBETHI K 3AJAYAM IJIABBI X

10.9. (3; 2). 10.10. (2; — 1), (1; —2).
10.11. (% 3), (3; 2), (—2; —3), (— 3;—2).

' 5 4\ (5 4
.1z, i 1), (—~2; —1), 2
10.12. (2 1), (—2 —1) < V3’V3/’<V3' V3>.'
10.13. (3; 5), (—3;—5), <36; _22_3> < % 222\
10.14. (% 1),(—1+i1/:§; :li;ﬁ’)( iy l—zVs\
10.15. (1; 2), &y, (—2+iV5; —9 VS)»

(—2—iV5 —24iV5)

10.16. (4; 2), (2; 4).

10.17. 7 (—1;, —2), (—2 —=1), (—=14+iV% —1—iy?2)
(—1—iV2 —14+iV?2).

10.18. (— 2; 3), (3; —2).
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10.19. (1; 3) (—1; =3), @—30), (—i 3i), (3 1), (—3; —1),
3, —i), (=34 40).
10.20. x; =13, x,=78.

10.22. (2; 1) <—1+iV3' ll:i@) <—l—iV§'_1+ng>

W V3 /3 )
G/g(_l_zw) V3 wiva).

; 11793

10.23. (2 3), (3 —2), <1+; Va3, sS4l 23>,
1—iy23, ——1—in§>
P 2 .

10.24.  (—4; —5), (=5 —4), (=142V3 —1+2V3),

(—1—2V73; m1—21/3) (A+V13 4—V13), (4—)13; 4+ T3).

10.25. (2 1), (1; 2, (1+iVZ 1—iV2), (1—iV?2 1-iV2).

11 11

— 14 i —1— il

10.26. (2 1), (; 2, ( 21/3; 2]/3),

oty

— /3
10.27. (1: 2), (% 1), K3+l] 193 121/19>y ‘3 iY19 3+r21 19)

10.28. (0; 0), (6; 3), (3; 6), (—2; 1), (1; —2),

10.29. (0; 0), (1; 1).

10.80. (3; 2), (—2; —3).

10.31. (2; 3), (—2; 3).

10.32. [3<c052_+zsin2};ﬂ>, 2< an—{—zsm “\] (k==0, 1, 2,
3, 4).

10.33. (0; 0), (7; 7),
<—~1-5V‘1§, —14+iV15

2 ’ 2 :

10.34. (0; 0), (/1L V1D, (=VIL V1), (3 —3),
(=33,  02+V3 V2-v3), (=V24+V3 —V2-V3)
WV2=V3 VZ+V3), (=V2~V3 —V2+V3).

. _ -5 . _
10.35. (1; 2), (—1; —2), (VG . V&7 > ( ]/E7>.

—1+iY15.  —1—iV15
» 2 ' 2 ’

Ver’
9i 9
.a0. H N —l;—— B ;s — — - ) ——— .
10.36. (1; 2), ( 2) (1 V559 ng)) ( i1/509 V209>
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10.37. (©; 0), (5 2), @ 1), <—3%;iV15. =3tV

(-3_1' 15 —3+i1/ﬁ> °
6 ' 6 : ‘
10.38. (4; 3), (3;/4%. 10.39. (0; 0), (2; 1), (—2 —1), (1;2), (—1;—2).
10.40. (3; 1), (g; ~l). 10.41. (0; 2), (0; —2), (1; —3), (— 1; 3).
1042, (2; —1), (—1; 2).

10.43. <2+2V3; [ ) (2 2V/3; 1_i/—3>,

€
14 8 2 14 6 8 6 2
o (5 —), <3"“5‘>’ (5 5) (-5 3)-

10.45. — 1 <<a <.

10.46. an m=n=1 pemleBNs HMEIOT BHI X==COS @, Y= sinl &, rae
o — mofoe RefCTBUTENbHOE YHCI0. B OCTAabHBIX Clydasix 4eThipe pelle-
wus: (1; 0), 0; 1), (—1; Q), (O; —1).

1

041 (752 73} (=3 ~3)

1048, (2; 3 1), (—2; —3; —1).

10.49. (0; 0; 0), (3; L (=3 —=21), (3 =2, —1), (—=3;2; —1).

10.50. (0;0;0), (1: 3; 2), (1, —3;,—2), (I, 3i~2i), (1;—3i;24),
(6 3, —2i), (5 3i;—2), (L rd 2i), (i; =31 2), (—1;3;—2), (—1; 3i; 20),
(—l —3;2), (—1 —3i;—2i), (—z,u,2t) (—1;35;2), (—i;—3;—2i0),
(—l,—3t —2).

10.51. (3;4;5), (—3—4;,—5). 10.52. (1;2;4), (—1; —2; —4).

10'53 (I: H )’ ('—'17_2y_3)

10.54. (1; — 1; 3), <..%; % 2>

1055, 05—, G459, (3; 55 2).
5 1
10.56. %: T ), & =14 1057, (—2 31).
1058, (3;2; 1), (—3 —21); (3, —2, —1), (—3; 2, —1).
5. 15 37 37 12

1 4
s, (355 gs) ([~ — T

7.8 7., _5
10.60. <—6—’]’ —6_> (”‘g,—l, ——6—>.

( 210261]) 2 -2, &25L—2, (=252, (5L—-22), & —21),
10.62. (2, —1), (L—12), (=L 152, (L2, @ 1; —1),
(2_1‘1)( ) ( ) ( b ( ) ( )

10.63. (3; 2 —1), (% —1; 2), (1; 3+;/'1_7; 3_;/T7>

2 ]
(1' 3—V17 3+VT7
i) 2 s 2 .

10.64. (0; 0; 0), (3; 2 1).
10.65. (1;2;3), (213) (52, G20, (132, @30,
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10.66. Tlpu a=0m azé cHCTeMa He UMeeT pelleHUH, a npH

NPOYHX 3HAYEHHHX @ HMeeT €JUWHCTBEHHOE pelleHHe (

10.67. (—5; —3; 0), 3; 1; —2).
10.68. (0; 0; 0), (25 3; 4), (—2; —3; —4).
10.69. 3; 4 1), (—3;, —4 — ).

2a2
. 902 903
5 1,i.’a,?a),

21
3 3 73

7 32 31 23
10.70. (4; 3; 1), > <-3— L r >,
52 a1 13
3 3 :
1071 (5 3 4), (12, % 1.
P i S R VRS
wd 4. \ 3 6/’ s 6/’ \: ’ 5/

<— {HEH —i\.
2
10.73. (2; 3; 4), (3;2; 4).
10.74. (2, —5;3), (—2;5;, —3), (6 —2; —3), (—5;2; 3).
10.75. (1;2; 3). 10.76. (0;0;0), (2, —1;3), (—1;2;3).
10.77. (a; 2a; 3a), rie a - JroGoe 1uco.

10.78. (0; 0; 0), (0; 0; 1), (1;0; 0), (0; 1;0), <4, }1, l)

10.79. (0; 0; 0), (0;0; 1), (0; 1;0), (1;0;0), 9, 9’ >
_5._5, 4) _E.i._i> 4. _5,_5
( 9'—§v§'< 9’97 < 9’~_)
10.80. (0;0;0), (2;2;0), (40;4), (0;6;6), <-§- R
10.81. (0;0;0), (0;0;3), (0;2;0), (1;0;0), @i 24' %)
10.82. (— '——%; 1),(~3;%:'1)7<"7}“ - 125‘/2;21/5)’
5 1272 5
< 375 “21/2)'

10.83. (—2; —4; 1), % VS ;%%/‘6; ;%/’@).

10.84. 3d-+a¥4-b3 - (3.

10.85. (0; 0; 0), (1;2;5), (1;—2; —5B), (—1;2; —5), { — 1;—2; B).

10.86. 1. (a 0; O) 0;6;0), (0;0;¢), rae a, b, c — mobule uucaa.

. 2 1: _. L 1: — 1: _i _.._1_\
. ,2; 3/ —,"2,3, * 9 3/1

H e (S = 2a-0),
i, 2(1+i),), <1~;;‘ 1——1; 2(:'_1)).

1. (a; 0; 0), (0; b; 0), (O 0;¢c), rae a, b, ¢ —moGue uncaa.
2.2 5=, &G-4L1, (=351, (=2 =1 —1)




10.89. (1;3; 1), (—1;—3;1), (—1;3;— 1), (};—3;—1).
10.90. (1; [; —2), (=1 =52, (I; =1, (=12 =1,
(—2 LY, @& - — )

3rE. 8 1 9 3,3
1091. (23 ,/9)\/2, 1/2’ 2>
10.92. (2 150), (—2—1:0). e Lo
1093, (130;1), (—150—1), 3 5 3 (=3 =5 —3)
10.94. (7; 7, —1), (=7 —7 1), BVE 3V 4V9),
(—=3V2;—3V 32, —4V?2),
<]/46-|—]/_ V46 V30 VE/’<V46-2—V30;V4572LV30; V‘E),
< ]/46-}—1/30 ~1/46_1/%_ —VT>

H

3
VRV _{

]f46 Vso, V46+V30. —V46).

1085, (1 2 —1), (1 —2 1)

1096, (1, 2 —1), (—1; —2 1), \/—3— 5. _—1:),

(...i-...i._l_)
V—y V—,]—, V7-— .
i 11
1097, (2, i b 3), (7,7,3, 1>,\
10.98. (3' 3; 3; —i>, <_ 3 —3 —3 i)_

2 2
n(n—l—l)
. —k (k=1 2, ..., n).

10.99. xy=g—yy (=1, 2 n) -

10.100. Ecan n— HeYeTHOE, TO Xj=X,=...=X,= L i3V7 .

Ecnn n-—ueTHoR, TO X)=Xz==...=X,_j1==0, Xy==Xj==...==X,==
= 2t2 rge a— nwboe UHCIO, HE PABHOE —- ‘
=i ™ »HED 3°

10.101. (& 1), (1; 8.  10.102. (1; 1).
10.103. (15 1), (—15; — 1), (— 15a; 16a), (l5a; — 16a), rxme

_]/276
=V mr
10.104. <§ 9+6V_>, <§ 9= V—> 10.105. (0; — 1).

10.106. (— 2V 2 +V'3 — 2V 2—V3), @V 2—V3;2V/24V3),
<5_1_/g 7V2> < 5V2 1V2
2 ]

9 ; 2
. ) L1y /11
10.107. (0; 1). 10.108. (4; 2). 10.109. <—3—, 6),1 <6, 3>.
10.110. (3; 2). 10.111. (2; 1). 10.112. (2; 2 —: — 8.
) @ 1) (@ 2, <'/2 )
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3.
8;

2—

Ipu

{
B ab£~ 1 uMeercs eIUHCTBEHHOE pElIEHHE v ?)_

454

10.113. (1; 1), (9 3). 10.114. (1; 1 i>, <256; 16; i)_

9 3
. 11
10.115. (% 1). 10.116. (I; —1). 10.117. (100; 10), (Ié; m),
10.118. (6; 2). 10.119. (% -1). 10.120. (3; 1). 10.121. (3; 1),
1

8

7 17 7 32 _ )
10.122. <_2_, 3>, <_«5, —€>, 10.123.1(2, 1, (42

N 215 [o7. L
10.124. (3; -—11 T T ,_10.125. 2% 27),
10.126. (8; V27); (7; V8). _
10.127. (4 2), (—2 —4), 24+176; —24V86),
Ve;, —2—V6).

!
10.128. (6; 6). 10.129. (2; 2). 10.130. f\4; %) 10.131. (64; %)
10.132. (81; 16). 10.133. (2; 4), ()" 2; 16).
10.134. (1, 2), (V5 0), (—=; —=]|.
1 2, (~VE 0 <V2 7

10.135. (2 32), (32 2). 10.136. (3; V' 3), (V'3; 3).
10.137. (2, 2). 10.138. (% 77 9), (3/9; 9). 10.139. (16; 4).

10.140. (a2; a), (a% a8). 10.141. (b; b), (% %) 10.142. (' a; a).

c

10.143. <a2; ac)
10.144. Tlpu a=>b pemenre nmeetr Bua (¢, ), rie ¢ > 0— awboe.

ab=1 pewenue uMeer BUA |C; o ¢ > 0—umoboe. Ilpu a£b

Y

10.145. 10 m. 10.146. 50/3 mun u 50 mun.

2 {22 _
10.147. x>ﬂﬁ‘7ﬂ, 10.148. B 2+)Z pasa.

10.149. B 2 pasa. 10.150. - m/Mun.

2m
10.151. 3p—gq. 10.152. 3 uaca.

. m m 1
10.153. p(gg—)”"”’ u 2p<%?>""”; 100[(2”%—"—1]%.
/

3kt
10.154. Ha 10 xmjuac. 10.155. R

10.156. 12 xm/uac. 10.157. 20 uenosex; 6 uacos B Ieub.

n 7 1
10.158. <1— ]/m) AUMPO8.

10.159. 60 xm/uac, 40 km/uac. 10.160. YUepes 4 uwaca.
10.161. 120 &u. 10.162. 3 « 10 mun.

MUH.




10.163. Tpu pewenns: 3 waca, % qQCQ ==

10.164. 11/8 yaca. 10.165. 7 aacos. 10.166. 6,5 uaca.
10.167. 10/3 uaca. 10.168. 6 «acos.

11.1.

it.2.

11.4.
11.5,
11.6.
11.8.

11.9.

11.10,

11.11.

11.12.
11.13.
11.14.

11.15.
11.17.
11.18.
11.20.
11.21.
11.22.
11.23.
11.25.
11.26.

11.27.

11.28.

OTBETHI K 3AJJAYAM I'JIABBI XI
3
X=— arctg——}—nn.

K=

12+ 2 11.3. x=%+%
x=2mn, x:(——l)k%—}—an,
x=(211—}—1)n x==Ank.

x—-i-—{—rm 11.7. x:%’z, n =£3m.
ypasneﬂne HE HMEeT pPemeHHH.
3;/3+2V2 .

3—2V2

1
X =k arccos ~————--2nn.

V341
a 2 3 2
x=’-6—+§ﬂ/n, x:izﬂ—’—-?—ﬂk
YpasHenne He HMeeT peleHHI.

x==arctg

Y paBHeHHe He HMeeT pelleHHH.
YpaBHenne He HMeeT peureHuii. .
, no,oan o nk
x=nn. 11.16. x—-4~+—2—, X=5 + 3
T2 YT 3
no, Tk
x=§ -+nn, x= 8'+Z" 11,19, x=mnn
x=arctg A% + ;[ +2nn
no,oan no, nk
=Rt R T
S I —arctg &
Xe=— 5 x=2 —i—nk, @ =arctg 7.
x:%}i. 11.24. x~—--—|—ﬂﬂ
x ~§2+ﬁ’ "Zgﬁ‘fs‘-
2nk
_—; 2
X - Z2an, x= ?2—)— T
7 an
r=ft T mnt T

x=2nn, x=+ 2arctg V§<+2ﬂk, X== ~g—+2nm. :

| wac 48 mun n 1 uae.
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11.29.
11.30.
11.31.
11.33.
11.34.
11.35.
11.36.
11.38.
11.40.
11.41.
11.42.
11.43.
11.44.
11.45.
11.46.
11.47.
11.48.

11.49.

11.51.
11.52.
11.55.
11.56.

11.57.

x=x(2n+1), x=—g(4k+l)_

X=1 <2n+ %), x=a(2k+1).

kL n nn
x—':l—. 11.32. x=-§+.—4—_.
x==nun, x=%+nk.
mo, an 3n , mk
x=gpt3, *TpT g
nn 20
x‘?, x=i—3——l—2kn_
a2 nn
X="nn, x'—‘—5‘+—5—ﬂk 11.37 X:-—Q—.
5T nn i 4 n
= g PR e
X 4+2. 11.39. x T
1 nn n o, nk
r= arctg 7—1-?, x=__.8_+_2__
4 no nR
x=-2~+zm, x:l__I__S_.
no, an i
=g+, ¥=k o+ 7k
nonn 13 2
X g'{ 4 x"'—‘i‘g—-l-—é—ﬂk
Rt TR
==, *=% k
no, nn T, T
x—ﬁ—i—_’]_) x=z‘+—é’.
e TR
=5, ¥*=%. .
T n nk
x=-§+~2—, x=——k—2'arctg-§+——2—,
nn o, T
x=—4—’ x=.26+ﬁ
mn an
=75 11.50 _"_—'73,‘-
x=:r,é—ax‘ccosvl'l‘;l + ik
T mn A
x=7+—2~, x=_t-6-+nk
n nn n Tk
x=—z+——2—, x=-§+_2_
2 g
x=-—-4—+nn, x=§+23k
1 T
x=.-—-—4~+a'm, x=§.+nk



11.58. x_——~+nn 11.50. x=_4i+mz.
11.60. x=—j;~+zm, x=<k-|-i>n

7 2

11.61. x=2mn, x=g+2nk.

11.62. xz—%—]—nn, X =27k, x=——~2ﬁ+2nm.

1 V5 —1 o an
11.63. x_iyarccos 5 -} nik, x=T+7'

ki 7 Ttk
11.64. 'Z‘+ 2 , x=—§—|— ——2—~.

11.65. ¥ paBHeHHe He UMeeT peuieHHH,
T . T, nk
11.66. x—._—~~—4-—|—;r[n, x__g_l___z_

11.67. x=——}+nn,
Tt 7
11.68. sz—Hm’ x=§—{—2nk, X =2nm.

11.69. x=%‘+nn, x=g+2nk.

1.70, x="7, x=(—-1)k3%+336’i
an
11.71_. x=—3—,
11.72. x é— arctg (2 + V3)+Jm
11.73. x= % arcmn%——f—nn
) S 1) 1 1
11.74. x=€+7, X= 5 arccos <—-~:—3—>+nm.
n, mk no, T
11.75. =, x=€+~3—, nZ 14-3m.
11.76. x=2mn, x=1+ak,
x__——-[-(-— 1ym arcsin(l-————>—|—nm
11.77. x==+ élgk-fwm.
nn 2k
11.78. x=~§', x-—~—5—,
11.79. x= 12%1—[—23111, X = 5 ~+ nk, x == (— l)mg_+nm
no, 2
11.80. x=nn, x=7+§ Tun.
11.81. x=nn, x=+ arccos — fVB‘ -+ 2nk.
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11.105.

458

11.82.

nn 2
A=, x=z arccos§—|—2nk.

11.83. x=unmn, x=+ %—{—Q:rck.
1.84. x=7 +an, x=_g+2nk, x=g @m-1).
1 V5 —1 nn
o n__. 3 —
11.85, x==(—1) 5 arcsin — + 5 -
11.86. x:(2n+1)g_, X == 2mk.
T nn
11.87. x=1—2~+—3'
T, mn o
11.88. x=—4"‘+*§" x=2 +T[k
no omk
11.89. x=nn, x:I—l__Q"‘
no, oan by’
11.90. x=z~ 5 X= t“g“’-ﬂk
1 2  an
Y S n__. in — g
1191, x=(—1) 5 arcsin 3 -+ 5 -
mn
11.92. X=T.
11.93. x=nn, xsnk-—ﬁ,x:%—[—nm.
11.94. YpaBHenue He HMeeT pPelLeHHI. 11.95. x=nmn.
11.96.

11.97.
11.98.

11.99.

11.101.

11.102.

11.103.

11.104.

11.106.

x=nn, x= = arctg ——-nk.
g % -
¥ paBneHue He HMeeT pelUeHMH.
1 nn
X=—y arctg 4 I

T, nn o Tk byt
x:'1+'§’ x~_~~g—i—~z—. 11.100. x:-z—l—:m.
ng——{—nn, x=m (2k41).

iy m T, wm
x=7—|—nn, x:—-—z——knk, x=—8—+»—2~_

_z e
x_2—|—:m, x=(—1) 6+nk,
Xx={— 1)m+larcsin ~§-~+nm.

n , nk
X=7:n, x-—z‘-i——j“-

—+ (e R, TR @ am
x_iﬁ—l—mz, x={(—1) 12+ 5 x__4+ 5 -

LT L = (— 1 T T
X-4+21x—i6+ﬂ’k” )C———( l)*12+2-



11.107. )c:%-{-—a_7 x=+" 1 onp,

3
11.108. x=2nn, ,\_—+J—[—2nk Xx={— l)m_-{—nm
11.109. x + 3 , xr9 —]—%— (2k+1£9m).
1 ;o1
11.110. x=-+ - arccos !—~v—\—[—nn.
2 o4y
7 o 3n ,
. . X= f = e - 25 EECpg 7 P - L
11111, x=2nn, x 2-;«2'[1@, X 4+nm, x=o+ 5.

m s a

11.112, .,_§—+rm, x:——4—+nk, x=—8—+nm. '

11.113. Ecau |a|==1, 10 ypaBHeHHe HMeeT CJeAyIOUlHE pellleHHs:
x=arctg (2a + V' 3a® S)—l—ﬂm Ecnu |a| <1, 10 petneruil Her.

11.114. Ecnm |al=< V2, 10 ypaBHenne wumeer cne}lymume pellie-
uust: x=(—1)" arcsin ('3——2|/3-a2) --an. Ecmm la] >V2, TO ypaB-
HeHMe He HMeeT pelleHHI.

11.115. Ecom |B|>1, 10 ypaBHenne me nmeer pemenuil. Ecan
|Bl=<1, T0 ypapnenune nmeer pewenud. [Ipu sroM, ecan | B | =t 3

TO ypaBHeHHe HMeeT CJelyioilide ABe CepuH peme}mﬁ:

X=- %—(—1)" arcsin B --an, x:—{%—{—(~1)k arcsin 3B 4 mk.

1 .
Ecnn ke ~<;B’<1 TO HMeeTcq OJHAa cepus pelleHHH x =

k! .
=—g— (—1)* arcsin B +-nn.
11.116. YpaBseHne IpH mooux 3HaYeHHAX B uMeeT CepHIO pelme-
HHH BHJA

x=%»n—f—2ﬂn. (%)

Ecom 0= B=<1, 10, KpOME cepuH pellleHHi (%), yDaBHEHHe HMeeT
elle OIHY CEpHIO perleHHi

x= ﬂf‘:+(—1)k arcsin (28 — 1) L k.

11.117. Y paBHeHHe DaspeiluMo BTOM H TOJMLKO B TOM CJAyuae, KOrja

1 1 nn
?gaél, U MMeeT pellieHua BUAA X = & ~ arceos (4a—~3)—{——é—
11.118. YpaBHen#e HMeeT peLIeHHS TOrJa M TOJLKO TOTAa, KOrjia

la]=<1,rpe a=2B-1, 1. e. npn —1 << B =< 0. Ilpn sT0M, ecan |a | <<

1 N
<5, Te— 42—1— =< B=— j »TC YPaBHeHHe HveeT B¢ CepHU erienH:
i 1
X= x g arccosa-+mnn u  x= - arccos (— 2a)+nk. Ecam Ke
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%<|a[<l, T. €. —1<B<—% HJH —71*-<Bs0, TO HMeeTcst

. 1
OHa CepHsl pelleHHH X = k- arccos a -Lnn.

11.119. YpasHenne paspeliuMo TOrJa H TOJBKO TOTAa, Korua ja|=1.
Ipn a=1 paccmaTpHBaeMoe ypaBHeHHe MMeeT CepHIO pellleHHH BHAa

=i-;-arccos(——a—i—l/a2—l)—[—nn, a TpH g==—1—cepuio peliennii

BHAA X = + % arccos (—a— VaZ—1)-+nk.

11.121. Tipn moOBIX JeACTBHTEJNBHBLIX 3HAYeHHIX o, KpoOMe o ==

o, ol o
== T-;_“?, ypaBHERHe pa3pelinMO H HMEET CepHIo pelleHuil BHZA
n
=—2a+ 5 +an (%)
.
Ecou {cosa | <~? T. €. eCd MpH HEeKOTOPOM WeJIOM m BBINOJHATCS

i 3
HepaBeHCTBa I—{—nm <a <~4—:rc—|—nm> , TO, KpoMe cepuu (%), ypas-

o 1 .
HeHHe HMeeT ellle OQHY CepHIO PelleHni: X = —- (-—1)"’+l arcsin (2 cos? o) +

-\—“1}3——-205 Ecin a=-- i -|-J;l, TO ypaBHeHHe He HMeeT pellieHHH.
1122 x=7 T L an.
11.123, x= —;-arccos (1—=V2)+an, x=i—;— arccos V52—1 +
-+ nk.
11.124. x=ﬂ+nn 11.125. x=4an, x=+ %—}—ka.
11.126. x-———i—2:rm
11.127. x——l-q;ﬂ (n =~ Tk, k—nenoe),

x=—9~:rc—|—-9~nm(m_—,é91—|-4, 1 —uemnoe).
11.128. xzi%—l—nn.
11.129. x=’—}+%’—‘, =+ +nk

nn
11.130. x= 0+ 5 11.131. x=—2——|—9‘m.

11.132. x=7—|—nn. 11.133. x————-—[—:rm .
11.134. x=f-‘§’3. 11135 x=%+:rm.
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11.136. x=n< +7+?>’ y=n<n__,2 +_>_

11.137. x=n<—2‘+n—|—§> , y=n(

\
11.138. x=n <k—{—n—]— % y=n (k__n_!_._é.);
)
/

3
11.139. x= T k—'—n\ =1 L k—n
139, x=m 24+ en, Y= 24+_ :
1 7
x=n<2—4——[—k—]—n>, y=n<§4——}—k—n>,
1 7
x=n<—§4—+k—|—n , y=mu <—24 -|—k—n>;

no, mn T,
11.140. x=—4~—§--§-, y=?"‘7+2ﬂk~
11.141. x:%-}—?nk, y= %—}—Qnm;
)
x“‘é"'T'Qﬂ‘k) y= 2 +2ﬂm
1 / 1
11.142. x==n Qnig, y:n\k—}——- :

11.143. x==2nn, y=mn(2k-+1).
11.144. Cuctema paspemuMa B TOM M TOJBKO B TOM cJlydae, KOrja
|2a—sino | <1, n uMeer caepyiome perieHu:
o

_ 1 " . . nn
x= g+ (—1)*arcsin (2a—sin @)+,

o i n+1 ; i nn
y_7+ 5 (— )™ arcsin (2a — sin ) — 5

11.145. Cucrema paspewmnma, ecin a<<0 wax a==2, H nMeeT CJje-
AyIOLHE peLIeHus:

+-nk, y=arctg +- .

2
X= arctg E_i—]/aj__?_a_

a+xVai=2a
a
11.146. Ecm} coso=0 <a=;+ mmj, TO cHcTeMa paspenmMa
JIHWb NPH g=1 H UMeeT pellleHHs BHJa Xx=0, y=a—>b, rae b— moboe
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zefictBuTensroe uwHeno. Ecomm cosas£0, To cHeTema paspemuma TOTAa

» —1
M TOJbHO TOTA3, KOTjia =1, u uMeer cjelywolnne JBe CepHH

peliteHHA:

x—g—i——l arc s +n

Ty Ty Ao ’

21 arccos — JTk;

=53 ‘
o 1 a—1

X =5 — - arccos o + nk,
o

1 a—1
——2-+~2» areeos ———
11.147. Cucrema paspemnma Juills 1pu a==0 # HMeeT DelleHHA

k ‘
= + +" y=(Fk—n)m.
11.148. x=(—1)" %—[—ﬂn, y=(— 1)kt %—}-nk;

.X=(—])k+1 -+ ntk, y::(-—-l)"%-{—nn.

11.149. x:%—}—n(k—}—n), y= g'—f—n(k——n);
x=—fhalktn),  y=—F+tale—n).

11150, x= 542 y=z %—i—?nk;

x=~-2+2ﬂn, y= = %+2“k-

T, Tn b mn
11.151. x"—:—4‘ —I"—§", yﬁ—a'——?—!—?.‘lk.

b
sz x=T1, y="T-.

11.153. x =nn, y =2k, ng—}—ﬂm, y=g—|—2nl.
11.154. x=(—1)"11 arcsm }—Jm y={(—1)" arccmw—f—n(n—}—Qm)

11.155. x:if—+n(n+2k), y=—~74——|—rm;

. 1 1
X == arcsin ——— 41l 4+ 25, = aresin ———4-1l.
V1o +al+ Yy Vo -+
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11.156.

11.157.
11.158.

11.159.

11.169.

11.161.

11.162.

11.163.

14 an
s=Stme =T

=5+ y=—Ffam
=—~+nk =-5—+rm;

x=nn, y=nmk.
x=nn, y=(—1)"arcig2--nk.

x= %-}—nn, y=(—1)7 arctg VT + nky
X =mm, y=(—1)™ arctg 2-4-nl.

Ipu a=0 x=%—{—2nn, y — JII0GOe;
npu a=—1 y:%—x—i—an, x — moboe}

npy a£0u az£—I1 x=%+2nm, y:%—}—?nl.

g m
= 27—|-J'm, y=5 + mk;

1 a1 1 a1 .
X= 5 arccos — +nm, y= 5 arccos 5 - mul;
_ 1 a+1 R a1
x= — 47 arccos — - +nam, y= —5 arccos o5 + .
x= 1, y=nk;
X= 1 arcco<1 -+ nn, = 1 arcco L k;
=2 y= g arccosgtak;
X == L arccos < >+JU‘I - | ar 3 ks
= g b Y= g arccos <— 4»>+n ;
X= — L arccos - -fnn, y= 1 arccos I ks
=—5 cos s y-——Q i —+ mtk;
i 3 1 3
%= — g arccos <—~ I> +nn,y= — g arccos (— ;)-{—nk.

=%T—[+2nn, y = 2mk;

13
x= (— 1)™ arcsin l?)—,—nm, y=(— 1)™M*1 arccos 1—15 +2nl;
X =211, y:%—L—{—?ﬂk,‘

1
X ==(— 1)™M+1 arccos f5+2nl’ y==(— 1) arcsin -—+ nm.

463



11.164. x=2nn, y=§+2nk:

x-_—+2nm, y=2mnl;
_(— 1)* arccos (— —>+2nk y==(—1)"arcsin -+ nn;
x = (— 1)™ arcsin 55 —;—nm, Y= (——l‘)marccos<~ ;—O> +2nl.
11.165. x=g—|—2nn, y=—-g—|-2nk;
I I
X= -?7-'—2.71)1, Y= g—}-?nk.
11.166. x=(—1)mg+nm, g=(— 1)m+1g+n(21+1)+nm.
OTBETbI K 3AJJAYAM IJIABB] XII
12.1. g—(lfh2+l2—h), 12.2. &Y5. 12.3. g—l/l2+4h2_

7 2 2)% _ WBYR _
b V2 c cV3
12.4. \m3 4177 12, S 126 yiaRe 27 5w T

12.8. ab. 1241 VprErE 1212 3 cm u 4 cm. 12,18, Tyl

6 3
12.14. r+R + YV RE—r2—%R. 12.15. g—V3-.2(cosa+sino¢),
AN g( @ R®sin%
12.16. ——7[_'_—[—— 12.17. ¢ tg2 1—-tg2> 12.18. m_
2R 4 5 T (a--b)*
12-]9. m 12.20. r, 3 ru 3 r. 12,21, 21—*. 12.22. -———4—,
1208, 4 1 12,24, 8VTI=19 12,25 —SN% 906 aVT
23 7 ) n 3
sm<a+~3>
1227. 19 1908 V5 T 12,29 12 V* ~2). 12.30. 2 (2n-3 13)
15 oS gl 6 §) =3 '
12.31. Vﬂ Vaifab+62, 12.32. %(V4R'2"—‘__rsir1/é).
b2h
1233, —RVE_ 1530 050%  pg5 — 2 15362 o
ViE—rR+ R smgg WHEZR 3
2
 (h—r)? 9b sin 20 1 « ]
12.37. 75 12.38. .12.39. slgatey. 12.40. Ocio

1 —sin2a tgg
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Banue paBHO 6 cat, GokoBast cTopoHa §ea. 12.41. 16 5 (2a—0b W 4a? e,

inz & 2 370 lb—q Ta
12.42. 2sin 2005&. 12.43. ctg 6 12.44. 5. 12.45. o 1

12.46. %(3—{—]/5)- 12.47. %R u < 2V2>R 12.48. Vrox npu OCHOBa-

HUH paBeH arccos g 12.49. %(m—l—n}. 12.50. Vb2 be. 12.51. 5 (a-b—i—c).

3
2bc cos a = 4 2bh
52, =0 2.53. 2V'5 cn. 54 — 55—
12.5 Rt 12.53. 2)'5 cu 12.54 25. 12.55 G
12.56. mi V3. 12.57. (b-l—c)]/ l . 12.58. V_m 12.59.]/?%
. A0 1\ BO "1
12.60. 3:1. 12.61. For= /1+m‘, o= <1+ﬁ>, 12.62. L A=,
Z B_2— i C=IY. 12.63. 48 V6 cm2. 12.64. 16 ca. 12.65. 6 ca2.
T 7u .3 .4 —_
12.66. 15 ¥ 5. 12.67. 2 , arcsmg H ¥arcsm 5- 12.68. Vac .
12.69. R 1~L, 12.70. M. 12.71. V3 cme,
Vo) 10 - 2

1
12.72. b sin @ [sin? @ - sin2 B — 2 sin o sin B cos (@ + B)] *
1

" bsmﬁ[smza+Sin2f3—2$inocsinﬁcos(oc+,3‘)]“'

12.73. %(3 V3T —8) caz. 12.74. %faz—bzltg o. 12.75. 2cm u 1 cnm,

2 4 r \2
5 cHM H 3 cM. 12.76. 3:5. 12.77. ( Bl 12.78. 204 cm2,
COS —-
_—.————~—2
f 2+-ab
12.79. 588 cu2 u 1680 cm2. 12.80. l]/ m 12.81. a2-4-52,
1 S 21/7 + V2 4SS
12.82. (S + V' ST—16R%). 12.83. . 12.84. QarctgtE L 00
on{ V ) g Y i
_ 28 ab .
= I arctg W‘;_Z__’_——Zg . 12.85. a—{—Qb . 12.86. 5;27.
2 2
12.87. 6 cu u 10 ca. 12.88. ]/‘i—gi 12.89. ‘-’ﬁlfﬂ tga
12.90. 1:2. 1201, 1:2. 12.92. 3. 12.93. 345.
12.94. B5cm.  12.95. % 12.06. 1:1:V 2—V3:V 2—V3.
28, ]/ a a (1 -+ sin )2
12,97, S, “STSZ' 1208. 0 )/ 5. 1299 T,
12.100. R'Rr 12.101. =, 12.102. ( 3*”—”>r2
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12.103. 3anaua uMeeT peleHHe, €CH R<a<R V5, npuueMm npu
R<a< 2R u npu a=R V5 ecTs om0 pemenue: ——(2a—l/5R2—a2)

a npy 2R=<a<RV5H — asa pemenus: ? (22 + VBR? —43),

10 I P

/ 2 2 Y 1 2
12,104/ Rfrif2Rr. 12.105. al/<l—l—R)<1—i—R>,
RN A ., R R R
12.106. 2aycsm [2 <sm 5 —sin 5/:]. 12.107. T 12.108. 5 U5

12.109. ﬁ’(RR(_—i;zﬁ. 12.110. 4RR_r (r+2R-+2VR2F2rR); pewenue

CYIeCTBYeT Jullb NMpHu r << 4R.

ab (a+b) 22~2V§T

12.111. R. 12.113. Vab.

OTBETb! K 3AJAYAM TJIABbI XHI

VI /3 _ a
Bl V2 132 20320 33 —
313 4V2 2(14)6)
2 / 2q? — a _
13.4. 2 (1+}_2), 13.5. — (2n+31'3). 18.6. 3R. 13.7. — (V6 = 1).
63 27 8
. Yo
13.8. (516 +V22)R. 13.9. 6;%. 13.10. 2V2 2
a aVz - s bh
1341, —— . 1312 rVE+VREITEA 1313, -2,
VIO V35 b--h
13.14. sin a]/——é——. 13.15. ]/S ctgoc——l— )
3 l/3 cos o 3 VB
) a adcos X
13-]6. — tg -‘-, 13.17 ———e e 13-18. —_—————— H
]/ ]/thz%——B 12/ T—2cos &
3a2 a0, 2b~]/11' 13.20, 38% (& cosa;asino:)
4VT=2cos 49 (asino 424 )3 cosa)?
bn i o 1 7
13.21, ———— & — 2 ® s
VT 1322 2Rl 5 ‘/1 ctg? 5. 18.28. o
13.24. ———Igﬁ—hi———— 13.25. arcsin (—: cosg>, 13.26. §_K?i
h2—b2) Y 46— h2 NVE n
13.27. ——"-(—212?—“_2_ 18.08, —2@=0 399 2
2V3E—a? 2]/,)2_%(12 2V'3
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13.30. %sin%Vl—]—Qcosa- 13.32. §2~ 13.33. V' Si+S:iS3.

([ p— b 1
~ 2 1p2 L (2, . 37. — i in3 28.
13.35. 5 Va For . 13.36. Tan2p 13.87. 4 sin2o g p sin® 2P
13.38. 2 ctoactg B (te? at-te2 B)Z. 3 1339, @
1 a-onV e+ 22
o a -
13.40. L pRtgactg ™ 13.41. ]/ 28 cost &
3 & 2 2 sin o I-+1g?p cos 2 -
13.42. omB. 13.43. !

8 2ctg )y wtg ——,—ctg g\

13.44. 5 cxn. 13.45. glﬁ'l/a4—i—64h4- 13.46. A(a ]f2+1+]/10+6} "2)

o — -1
" 5(31/2 —1+V10—6)72). 13.47. (}_+ ; 4+ (1? .

13.48. ( 4 + ) . 13.49. % 13.50. z(tga-}—thga).
2ah
13.51. 2ctga -2t ———tgoc!. 18.52. ——
’ e ]/4/1~—f—9aﬂ'
343
1.3, — 2P 1354 opycosa. 13.55. 4R, 13.56. 90 2 1

3(h2—b2)) 22 —i2

ab 5
13.57. Ve 13.58. KQECM 13.59. m—n+-p. 13.60. = (8] 34V 37)-
3Ve ) bV2 _b12 1
13.61. —— a% 1362 O<r=—p Hor=—tS . 13.63. o
13.64. %(1,+V2‘ tgp—) T+21gEp).  13.65. %(]&;2+hz—a).
13.66. 2—“]/ 1602 942 13.67. %]/a2+112. 13.68. -i—
/ 2 D2 /2.*_47 2 __gb b2
13.69. V3I 4ab— a2 —b?. 13.70. y B (a2 —~ab--b%) .

o 141/ L. 1872 R ST ¥ WA G L0
3 3V3 3+4ctgra) ) 962 —12n?

18.74. 1 <1 + ]/%) 13.75. 1/3;_.;__;_5;‘ 13.76.  2cosa.
h 1 a 11y3 ay 4l

13.77. ~ ]/21;2 Ay —r 2 £ .
a + 2 2 2cosa

. 13.81. %. 13.82. io’—b, 13.83. a]/l.
3 4 8

2 o2 /5 25
b__]_/_a__'_c_' 13.85. arctg%S_.‘ 13.86. W_M oM

3a 3 a?
13.87. —. 13. 88 — ) em. 13.89, —— [ ] — ——ct
14 < % > o Sinp ( V ¢ B)

13.78. a®  13.79.

13.80.

91/‘

13.84. 2 arctg
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13.90. Cropona OCHOBaHHMS DaBHa 1715: V/ 3R2 + Y 9RT—332, Goxo-

Bog pe6po paBHO V%V3R21V9R4—332- 1391, 33 cmd.-

13.92. 4—]—1/5 (20 VB 4RE — b%). 13.93. ]/ %(az +02 -V T —aE).

— S — 3 - —
13.94.]7%——(1/5—1). 13.95.%V15b2-|—412- 13.96.%(1-}-]/6—]/3).

13.97. —3~ 13.98. 3bV_lll. 13.99. 2 sin4ca cos2 o. 13.100. i.
5 35 3
13101, 2 g8 sin® 2., 13.102. - qR2 /7. 13.108. 2 Re 1 5T pe,
3 3 V 515
e 2
13.104. 4 ]/2—1. 13.105, —
m ‘ 2(94+4V5)
1 i 2 1 1
13.106. 2 arcsin [—<1 + ]/1~—_>], 13.107. r=5R, h=4 H.
| 2 val ' 2
bt 2nRs . n] 2
13.108. 5= 13.109. TR 13.110. (63—7V3).
1 = 7 121r
13,111, on. 13.112. r V5 18.113. . 18014 arcetg 2. 13.115. =
13.116. ?’L;_]%_@r. 13.117. @=V3)r. 13118, %(Vﬁ—w.

13.119. T (3— - _ 3o ).
3.119 1_)[_COSO('(?; coser + ' 7T—8cosa + costar)



PEUMIEHUS U YKA3AHH4

PEIHEHHA H YKA3AHHUSA K 3AJAYAM I'JIABBI 11

2.4. Hekoropast omepauust asb cunTaeTcs KOMMYTaTHBHOH, €CJIH
Ins N0 6B X uHCeNd @, b BBIIOJHEHO COOTHOWIEHHE @ ¥ h=05 % ¢. B uacr-
HOCTH, KOMMYTaTHBHOCTb BBIUHTAHMS O3Hayala Gbl COOTHOWIeHHe @—b =
= b—a (nosyuamouleecs 3aMeHO 3HaxKa s 3HakoM —). Ho mna a0 656 X
uyicenl a, b 3T0 HeBepuo (NpH a=£ b yKa3aHHOe PaBeHCTBO He BHINOJ-
HseTCsA). AHANOTHYHO pasbupaercs cjydail jedeHus.

AccouuaTHBHOCTb HEKOTOPOH omepaHuM g *b o3Hauaer, 4TO A
N6 B X uHcell a, b, ¢ cnpaBedIUBO cooTHOUEHHe (a % b) # c=a = (b = ¢).
B uacrHOCTH, acCOUMATHBHOCTL AeJeHHs O3HAayasna Obl, uTo (@:b):c ==
=a:(b:c). Ho ana nw6ex a, b, ¢ 310 HeBepHO. AHAJIOIHYHO pas-
GupaeTcsl cayuaii BbUHTAHUSL.

2.9. CHayana JoKaxHTe PaBeHCTBO

0,00...01=0,00...00999 ...

\-—\/—“/ N s .
k uyne# k41 uyaeh

2.10. Mycts @ 1 f—ysa neilicTeuTesIbHBIX uHcaa, o << . BroiGepem
TaKoe pallOHalbHOE M0 @, 4T0 a<a<<f (cMm. mpuvep 16 Ha crp. 62).
3atem BbiGepeM TaKoe palpoHaldbHOe uyuca0 b, uto a << b << fB. Iloxa-

b—a

Ve
HEPaBeHCTBY . << ¢ << B.
2.11 n 2.12. Jloxa3aTeldbCTBO aHAJOTHUHO pPacCyxKIeHHAM, [pHBe-
JeHHBbIM IIPH pewleHHH npumepa 13 Ha crp. 55.
2.13. CHayana JoKaxHTe, UTO Qg £ Oly. HTOOBI 10Ka3aTh, YTO Olp, &

KHTe Jasee, YTO YHCIO c=a - HPPALHOHANLHO U YIOBJETBODSET

Zdpe (=1, 2, ...), YMHOXKLTE DABEHCTBO %:0,0610;2053 ... Ha 10%

M 3allHIINTE Pe3yJabTaT B BHJIE

n-10k—73 . 040y ... &
73 =2 B =0,0110042 o

2.19. Bocmosib3yfiTech paBeHCTBOM

1 _ 1 _ 1 ] 1
1,00 ... 01 1+ 1 ’“1—'10100 =+ 10200 — (800 + ...
99 uugp 10100

469



Ilpyroe pemenne:

1 1 100 nubp
1 -1 T 0,999 ...9
1,00 ... 01 14} T, 1 0,9%9..9
99 nugp 1000 10200 200 nudp
100 100
nHpp nugp 100 100
o e uupp  ungp
_0,99 .. 900 ... 0 -0 @d‘\géo—/\ﬁo _
== T .9 .. 00 0=
St
200 undp
100
nudpp 100 100 100 ..,
e et et . e ottt
=0,99 ... 900 ... 099 ... 900 ... 09 ...

2.20. Tlokawxure, uto ecmt 0 << a << 1, To
a<Va <1

2.27. Bocnosapaoparsest caegymoluM rnpeodpa3oBaHAEM:

Va+2Va=1=V @—1)+2Va—1+1 =
=V VamlF P=Vasi4+1=Va=T+1

(¥ aHaJIOrM4YHO AL BTOPOrO KOPHS),

PEUIEHHSA U YKA3AHHSA K SAIIALIAM I'JIABBI 111

IIlpeasapurennbHoe 3ameuanne, [lycts Ttpebyerca po-
Kaszarh, 4TO [J8 JOOOTro NOJIOMXKHTE/NbHOTO UHCAA ¢ BHINOJHAETCS Hepa-
BEHCTBO

at =2, )

HepasenetBo (%), B cany yeiosnsg a >0 n npaBua jgeficTBHi ¢ HepaBeH-
CTBAMH, HMEeT MeCTO TOrja H TOoJIbKO TOTAA, KOrja BHITIOJHAETCSH Hepa-
BenctBo (a—1)2==0. Ecau nepaseHcTBo (=) o6o3HaUHTL 6yKBOH A, TO
MOMHO 3amHcaTh, -UTO

A—[la—12=0].

YciioBuMcsT 0 TOM, 4TO 3alHCh
A [B]

O3HauvaeT, YTO paccmMaTpuUBaeMoe B 3ajia4e HepaBeHCTBO A BHIIOJHASTCA
B TOM M TOJIBKO B TOM cJy4ae, Korja HMeeT Mecto nepabeHcTtso B. Ta-
KHe s3anucH Mbt GyjAeM ynoTpe6asTe B NaHHofl IraBe B KawecTBe yKasa-
HUA K pelIeHHsIM 3ajad.
34. 1. A~>[la—bpR+(a—12+(b—112=0].
- 3 ,\2 16
2. oa2——6ab—}—5b2=5<a—- .5—b +T b2,
3. A< [a2b? (a—D)2=0].
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3.5. bc—ad=bc—actac—ad=c(b—a)—a(d—c)=
=(b—a) (c—a).

3.6. A«——[(a—}—%— b>2+<l _%2) b‘z;o].
38. A[(Va—V6)}(Va+Vb)=0]

3.9. 1. Pasnoxuts (a4-b)* mo dopuyne GHHOMA (HAH NpPUMEHHTE
MeTO]l MaTeMaTH4yecKof HHJIYKLHH).

2. a3_2|_b3_ (a—;bf: % (e b) (a—b)".
3. A—[(a+b-+2)ab)* =8V ab (a+b)]
— [(a+b)2+4V ab (a+-b) --4ab =8V ab (a-+ b)]
« [(a+b—2) ab)® =0].
3.10. Pasmocts Mex1y JieBOi H MpaBof 4acTsiMU HepaBeHCTBA paBHA
(a® —b*) (@""k —b""k), paccMoTpeTh IIBa BO3MOKHEHIX cCaydas: a==b,

a>b.
3.11. Ucnoab3oBaTh HepaBeHCTBa 3ajaud 3.10 npu k=0,1,....n u

n

n
dopmyay 2 Cﬁz? .
k=0

3.12. Bosmectu B xBagpar.

314, 1. A—[(x—yR4(y—2)24(2—x)2==0l; cM. HepPaBEeHCTBO
npumepa 3, crp. 88.

2. 3ajaua cBOAWTCH K Npelbliyliell, ecai MOJOXKHTH

XY =2y, XZ==ly, Y2==Xq.
3. [lepeMHOXKUTb HepaBeHCTBA

0{==30;, 0]=30,03

(cM. 3axauu 3.14, 1 u 2).

4. TlepemHoxuTh HepaBeHCTBa 07 ==30, (3azaua 3.14,1) u 0,0, ==
==903 (3anaua 3.14,3).

5. IlepemHOXHTbL HepaBeHCTBAa ©F == 3003 (3adaua 3.14,2) u 0,05=
=903 (3azaua 3.14,3).

6. YMHOXKHTb 06e YaCTH HepaBeHCTBa O} == 30, (cM. 3.14,1) na 0, =0.

3.15.1 u 2. A—[(a—02+4(b—c)2+(c—a)®=0].

3.16. -1 cmoco6. Ofo3naunth x =03, y=>503, z=c3 1 HCNOJIB30BaATh
HepaBeHCTBO ad-+ b8 4¢3 == 3abc (cm. npumep 6, crp. 89).

2-it cnocod. CM. nepapenctBo Komm (13) mpu n=3 (cTp. 89).

3.17.1. A<~ [(a+b-tc) (ab—+bc+ac) == 9abc] (cm. 3amauy 3.14,3).

2. 1-i cunocod. A<—Ja(b—c)2+b(c—a)P2cla—br=0].

2-ff cmoco6. Packpblth CKOGKH B J€BOH uyacTH HepaBeHCTBa H
TPHK/ABl HCIIONL30BATH HEPABEHCTBO BHAA X2y -}-22y==y-2x2, y =0, Ko-
TOpoe C/IeIyeT W3 HepaBeHCTBa (2) cTp. 82.

3-fi cnoco6. [Ilpumep 3.17,2 —yuws pgpyras 3anuce  0pu-
mepa 3.17,1.

3. (@Fb4cP— (@453 =3 (a+b) (b-+¢) (c+a).

4. A~—[la+b-FcpP=2(a+b--c)(ab+bc-t-ca)+9abc}; caoxurb
HepaBeHCTBa, JOKasaHHble B 3ajavax 3.14,6 u 3.
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5. I-B ¢noco6. Tlomoxkurs

ytz—x_  xtz—y_, ytr—z_
B T g —=¢

u s cryvas a =0, b =0, ¢==0 ucno.b30BaTb HepaBEHCTBO NpHMepa 5

(ctp. 88).

Ecau xota 6l OfHO H3 uucea @, b, ¢ OTpHEaTe]bHO, HaNpHMep,
a<<0, T0 x>2z-}y, OoTKyla X==2, X==yY, 4 Nostomy b=0, ¢=0.
Ho torga abc =<0 u sepasescTBo xyz ==8abc oueBuiso.

2-i cmoco®. MokHo cunTaTh, yTo uncaa a, b, ¢ (cM. l-if cnocod)
HEOTPHIATENBHH, TaK KaK B TIPOTHBHOM. CJyyae, KaK IOKa3aHo BHIle,
HepaBeHCTBO Bhinosnsercs. i jokasateabctBa B caydae a =0, =0,
¢==0 JOCTaTOYHO MEepEeMHOXKHTb OUEBHJHEE HePaBEHCTBA o

AZR—(—2, PEP-E—Yh 2=2—(r—yp

a 3aTeM H3BJE€Ub KOpeHb H3 00eHX uacTell HepaBeHCTBaA.
6. 3anucaTb HEpaBEHCTBO, IOKa3aHHoe B 3ajaue 3.17,5, B caelylolieM
BuIe: 03 ==(0;—2x)(0,—2y) (0y— 22), uau
03 = 0% — 0} (2x + 2y -+ 22) 4 0y (4xy - 4x2 4 4yz) — 8xyz,

HT. I
1

1 1
a y Y Vb ] Z—VL‘
HepaBeHCTBO x2-|-y24-22 == xy--x2+yz (cM. npumep 3, crp. 88).
2. 1-i cnoco6. A<[20}—70,0,-903=0];
I/ TNOJy4YeHHH HepaBeHCTBa, YKAa3aHHOTO B CKoOKaX, HCHNOJb30BATh
TOXKAECTBA

Bt yPB4-28=0}— 30,04 30;, *?-4y2-|22=07—20;.

2-i cnoco 6, Tpuxab HCNOIB30BaTh HEPaBEHCTBO BU/a
a3 - b3 = a?b }-ab? @=0, b=0)

3.18. 1. Tonoxurse x= H HCI0Jb30BATh

(cM. 3azauy 3.10).
3. 1-it cnoco6. Ilpumenuts HepaBeHCTBO

X+y-+z s,
——3—2,/xyz.
/ b b
2-f cmnoco®6, AH[K%—{_F)+<7+%>+<E€+2‘1—)*>’6]’
cM. (4), crp. 82. 2 ‘
3

-t cnoco6. HcnonbsoBath nepasencrso Kouwu — ByHusakoBCKoro
(ctp. 91):
— = — 1 1 1
a=Va, aa=Vb, as=Vc, b = bymm—— | bg==—e,
1 2 3 1 l/a 2 V'b sy “3 VC
4. Hcnoab3oBaTh HepaBeHCTBO 3afaud 3.16.
5. OGo3HauuTh

b—l—b a--c a-t-b
g =g, aTTy
U HCMOJIb30BaTh HEPaBeHCTBO 3aljaun 3.18,3.
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6. 1-it cnocob.
A [(@b) (@—b)2+ (b +0) (b —cP2+(c+a) c—a) =0].

2-f cnoco6. Jlepylo yacTh HEpaBEHCTBa MOXKHO 3anucaTh TaK:

1 1 1
(a+b+o) <a—|-b +b+c + c—l—a>_3=

i 1 1 1
5 o+ + e+ a)+ @+ (25 + oy ) =3

Janee ucnonb3oBaTk HepaBeHCTBO 3ajaud 3.18,3.

3.19. 1. A « [(a® — a?b — ab? - b3) - (a3 — a%c — ac? 4~ 3) + (b3 — b2e—
~ b2+ ) 2= 0]« [([@—b)? (@+b) - (a— 0)? (@ -+ )+ (b — )2 (b4 ) =0].

3. Cioxurh HepaBeHCTBo 3azauu 3.19,1 ¢ HepaBeHCTBOM Npumepa 6
Ha ctp. 89.

4. CnoXuTh yTPOEHHOe HepaBeHCTBO 3azaud 3.19,1 ¢ yJABOGHHEIM He-
paseHcTBoM npuMepa 6 Ha crtp. 89.

5. 3agaua cBOZHTCS K IIpeAblpylueil.

6. i cmoco®.

al 4 bt = 2a2b2,
b4t = 2622,
¢t +-at = 2a%?,
3aTeM HCMOAH30BATh HepaBeHCTBa Buia (2), ctp. 82.
2-fi cnoco®.
A «>[6}— 4030, + 203+ 30,05 = 0],
K HepaBeHcTBY 3ajaud 3.17, 6, yMHOXKeHHoMy Ha Oy, NpubGaBuTh 205 =
= 60,05 (cM. 3azauy 3.14, 2).
3.20. BosBecTd B KBafpaT; A« [bc+-ad =2 V abed]; ganee ncrods-
aoBathk (5), cTp. 83.
3.21. at--bt==2a2b2, co*-diz=2c%d?2;, panee Hcmoab3oBath  (5),
crp. 83. MoxkHO TakxKe HCNOJB30BaTh HepaseHcTBo (13), crp. 89.
. 3.22. BosBecTH B KBajpart;

A [laz—1) (1—b2) < 0].

3.24. A~ [ab—(a=+b)2 <0}« [a2+ab+ b2 =0].
3.25. 1-ii cnoco6. Homoxute a=cos @, b=sinp; Torga

N at+b=V?2 sin((p—l—%).
2-fi cnoco®.

lat+b|=V@a+bE=VZ@+)—@—bR=V2@+)=V2.

3.26. VcnosibaosaTh HepaBeHCTBO a? - b2+ ¢2 = %(a +b4-¢)2 (cM. 3a-

gauy 3.15, 1).
3.27. Tlonoxuthb Via+i=u, V2b—|—l=v, V241=w; Toraa
u?4-v24w?=>5; janee HCMO/NL30BaTh HepaBeHCTBO 3ajaun 3.15, 1.
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1

1
5 @HOR o @R L (@t b

(@ by = c2.

3.28. 1. a2 b2—

1
2. IlpuMeHHTP K HEpaBeHCTBY a2—]—b22§c2 OpHEM, YKasaHHHR
B pemreHuH 3ajgaun 3.28, 1.

3. Cu. 3.28, 1 n 2.
3.29. BosBecTH B CTCMEHb 7 HEepaBEHCTBO

1\2 1
(1445 =147

3.30. IlepeMHOXKHTL HepaBeHCTBA
1 2 3 4 99 100
T3 45 100 (0
1 o
MOMYUuM @ << {77, [A€ @ —TpOHsBelenHe, CTOAUlee B JIEBOH uacTH
JOKA3EIBAEMOTO HEPaBeHCTBA; OTCI01a
Q< =< L
yior 10’

3.31. CnoXHTb HepaBeHCTBa BHJIA

1 1 1 /1 1
(2k+1)2<2k(2k+2) =7 (2‘1@*51@+2) (k=1,2,.... n).

Torga
171 11 1 1 11 1
5 e L
W<y g TTTTI 5t Toms T e T ag
/1 1

1
=9\ T

\\
i/ < K

3.32. 1, IlpumenuTs MeTOJZ MaTeMaTHUYECKOH HHAYKIHH,
Ecau umeer mecto Hepasenctso (14-a)® > l-f-ak, 10, yMHOKUB 3T0 He-
paBeHcTBo Ha 1-}a >0, noayuynm

(14aft > (14ak) (I +a)=t+(E+Datk a>14a(k41).

2. B pasnoxennn 6raoMa (l1--a)® Bce craraeMbie NOJOKHTENBHEL,
ecan g > 0.

1,11 1 1,1 1
1 \ 1
<1+—2"+§E-+..‘+27+...=2.
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3.34. Ilo dopmyse GuHoma HbloToHa
nin—1)(n—2) 1

1\" n—1) 1
<1+7> =1t Lt 'E
n{n—1)...(n—k}1) 1 n(n~l) l__
- 1-2...k Tkt 2..‘n AT

1 Y E—1,
=2+r§<1—*—‘!++mt\l———;>...<l— ’i—l-'...

L S
R S R R b R

/ n
Orcioga ‘\1+%> > 2 H, KpoMe Toro,

LS WEE VR NI AR gy
) <ttty et <
(eM. 3anauy 3.33).
3.35. B cuay mepaBencrea Kown (13), crp. 89,

V/ Uylg - Gp = a1 t+a+...4a, =al+an }

Ilanee, aply po =0, (A k=1, 2, ..., n) (cM. 3agauy 3.5). IToatomy

(13 .+ 00)2=(a10,) (A205 1) .- (@) = (@104)",

HIH 1 Tty ... an =V aa,.
3.36.

n+41 (n+1 7 nin+1) 7]
1/ Ti nw /(n—’fH]l) _ n ‘/<l+i\ ‘
05 g )

npu n==3 (cM. 3anauy 3.33).
3.37. Tlpn n==2 nmeen y/ >3/ T =1 (cooitcteo 10, cip. 8l).

P
Hepasenctso 1/ 1 << l—l—l: CBOJUTCA K CACAYIOEeMY ;
n

<l—|—~2:>n>n.
n

2
UcrionbsoBars 3.32,2: a=-——, k=2; uMeeM
n

/ n{n—1)

(1+i>">1+“—%—‘"”-%>1+ 0.2,

Vn

3.38 npu k=1, 2, ..., n—1, orcioga

NP
VE Vﬁ’ 1
V‘+ +V nep=
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"Tposeputs, uTO
—1=<2Vk“—21/k—1 k=2, 3,..., n).
VE
3.39.
—_pmn
am +a_1”i _qn_(;lﬁ:an (am 7 —1) _I,l____‘f____ =

am
(amn—1) (am+n__ 3]
== am ;

paccMmoTpeTs fBa cayuass: ¢=1un 0<<a<<l.
3.40. ' '

A«»[n<a”—|—al—"> 22—]—(11”’1-}—“,1_1) -+ {/a -

loed)sfosd])

Jaslee HCIIOJb30BATh HEPABEHCTBO NMpenblAyLIeH 3amaud.
3.41. A2<<a}<<B? (k=1,2,..., n).

3.42, m<b =M (k=1,2,..., n), otkyza (b, >0)
&

n
mby<ap<Mbp, m Y bp<< 3 ap<M 3] by
. k=1

3.43. 1-ii cnmoco 6. BocnoabsoBaTbesl HepaBeHcrBoM Komn — By-
HstKoBckoro {ctp. 91).

2-i cnmoco6. PaccmoTpers HepaBeHCTBO —;— Z (@p—a;)2=0

k
(cymMMHpOBaHHe INpOU3BOXMTCSl To BceM k u [ or 1 Jo n M TakuM, uTO
k= 1). ClI0KHTb 3TO HEPABEHCTBO C PABEHCTBOM

<2n] \ Z aj+ Z axa.

k=1 | k=l
3.44. Jlepoe HepaBeHCTBO NOKa3blBAeTCH C TNOMOLILIO HepaBeHCTBA
Komu (ctp. 89) anas uucen
11 1
al’ azy"')anr

cpelHee HepaBeHCTBO NoKasano (dopmynaa (13), crp. 89); npasoe MoKHO
JOKa3aTb Ha OCHOBe HePaBeHCTBA NpeNbIAyINel 3ajaud,.
3.45. PaccmoTpeTe TOXIECTBO

n \2 n
<Z ak\ = 2 a;,+ E apa;.
=1 | K= Py’

3.46. 1. Bospenenuem B KBaJpaT CBeCTH K HepaseHcTBY Kouwn — By-
uskosckoro ((15), crp. 91). .
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2. BoapenienneM B KBajpar CBECTH K HEPaBEHCTBY

n n n
) S 5in= 3 as

k=1

Koropoe,BbeeKaeT u3 HepaBeHcTBa Komn— ByHaKoBCKOTO (ecan |a | ==
=|b!, 10 |a|>b).
3. 47. IToxasarb, 4TO BHIpaKeHHE

M1 X2 — 2mpx - my,_g

NPHHHMAET HEOTPHIATEAbHbIC 3HAYCHHS NMPH BCeX JIeACTBUTEIBHLIX 3HA-
YEHHAX X.-

PEHHEHUA W YKA3AHUSA K 3AJAYAM IJIABBI V

5.20. Ecnua A (x4, 0), B (x5, 0), C (0, yo) — 3aganuble TOYKH, TO TPpex-
yjeH JOJKEH HMeThb BUX @ (X— ¥p) (X — Xy). Ilockoeky rpaduk jposnken
NpoXOnuTh uepe3d C, HMeeM QXiXo=1Y,. Koadp@muneﬂm ACKOMOI'0 Tpex-
uieHa ax?--bx-¢ onpegensiorest GopMyTaMu
Yo p= Y0 (*14x9)
X1Xp' X1 X

5.21. Ecam A (x4, y1), B (xs, Y2) —3ananHble TOUKH (%37 ¥;), TO
HCKOMBIfl Tpexu/leH JO/KEeH HMETb BHJ

ax?+bxt-c=a(x—x)2+yy-
Tak kax rpaduk NoMKed NPOXOIUTh yepe3 TOUKY B, To a (¥;— x3)? 4
-+ Y1="Y2 OTKyIA

a= , C=Yp

Yo—1 2% (Y2 — Y1) *f (Y2— 1)
0 — ————— b:———-—— C—= ————e |
o= e CThT R The

BameruM, ut0 20, Tak Kak y; £ Ys.

5.34. Cv. npumep 2 Ha crp. 126.

5.37. [10oAOKHTD Yy = X1 — &, Ya==Xy— O, H HCIIOJB30BATH npnMep 2
Ha c1p. 126; monoxuTh Zy=1x,—f, Z3=2x,—p ¥ HCNOJIB30BaTb 3ajauy

5.38. Cit. 3agauy 5.37.
5.39. IIpeAnosoxenne o NPOTHBHOM HNPHBOAUT K NMPOTHBOPEUHBOMY
HEpaBeHCTBY (p1— Pg)? << 0.

PEINEHHS U YKABAHHUY K 3AJAYAM IJIABbI VI

6.2. 1-ii cnoco®6. Cnomompio 6Guuoma HeloTona HiM MeTOJOM MaTe-

MaTHYeCKO WHIAYKLUMH JOKa3aTh, UTO €CJHU 4 H b— uedble umciaa, TO AMAA
T\ i\ .
aoboro n=0, 1, 2,... uncao (a+V8) +(a— V6 )" — nenoe.

2% cnoco6. Unena a+-Vb ma—V b seiasmorcs KopHSIMH KBak-
patnoro ypasHeHust ¥2—2ax-(a2—b)=0 ¢ nHeasMH KO3hPUUHEHTAMH.
Janee npuMeHHTH pe3ysbraT npuMepa 6 Ha crp. 162.

6.3. Jokasath, uTO eCqH MHOTOWwJNeH f(x) menurcs (Ge3 ocrarka)
Ha muoroumeH A(x), TO KOpPHH MHOrouwieHa A(X) sBJsIOTCA KOPHSIMH
MHOrouJieHa f(x).
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6.4. CM. mpumep 9 ma crp. 171.

6.8. Cuauana jokasaTh, uTo uncio 1 —}/3 aBnserca KopHeM xaH-
HOT'O ypaBHeHHSA.

6.9. CuayaJsia j0Kasarb, YTO YHCAO 1 —VZ SIBJISIETCS KODHEM JaH-
HOTO yPaBHEHHUS.

6.10. Ilycte npu nenenun MHOrouseHa f(x) Ha MHOrOY/IEH @ (X) MeHb~
wel cTeneHH noJyuaercd uacTHoe Ay (x) W ocratok Ry (x), T. e.

f(R)=A41 (%) @ (+R, (%)

s stofl hopmyabl CleyeT, uTO ecJaH V MHOFOYIEHOB f (X} u @ (X) ectb
oyl KopeHb, TO OH SBJASIETCS KOPHeM MHOrowsieHa R (x), cTeneHb Ko-
TOPOro MeHblie CTelleHI MHOTOWIeHa ¢ (X).

Tlozenus @ (x) Ha Ry (x), moayuaem

@ () =45 (x) Ry () + R (x),

TIe CcTenenb MHotoudena R, (%) MeHblue CTefleHW MHorouseHa Rj (x), npu-
ueM o0WMH KOpeHb MHOTOWICHOB ¢ (X) H R; (x) (a 3Hawut, u f (X)) sB-
J9eTCH KOpHEM MHorouneHa R (x). [1pozomxas Takofl mpouece, noay4um
B JaHHOM 3ajaue MHorousien Ry (x) Bropoll crenenu. OTBICKAB KOPHH MHOTIO-
unena Ry (x), HYKHO NPOBepHTb, KaKHE M3 HHX SABJIAIOTCA OOLHMH KOp-
HAMH MHOrOWIEeHOB f(x) H @ (x).

6.11. Cm. ykasaHue K 3aaaue 6.10.

6.12. 1-fi cmoco6. ITokasaTe, uTO ecjau X;— KOpeHb MHOIOYJEHa
x4+ x--1, 0o xj=1.

2-f-cmocob.  x3M o gL p q8PY2 o w3 ] Loy (k37 — 1) -
- x2 (x32 — [)+ x2-}- x4 1. Tanee Bocniosibayiitech TeM, 410 3% —1 (B —
HaTypaJabHOE) Aeautcss Ha x3—1 (a 3Ha4uT, ¥ Ha x24-x--1).

6.15. CM. mepBoe ykasaHue K 3aiade 6.12.

6.17. Hokaxure CHauasna, 4TO0 X, X34 x3=0, ¥ BocnoJb3yiiTech
TeM, 4T0 a3+ b3} 8 —3abc penurca wa a-+b--c.

6.18. TlycTb X, X;—— JBa NONOKHTEJIBHEIX KOPHS, Xz-— TPETHII KOpeHb,
Torna (x—x) (x—xg) (x — ¥3) =x3—ax*—bx—c, OTKYId C==X1X,X3, H
notomy x;==0. Ho torna b=— (x1x,+ X3x3+ £,x3) << 0, ur0o npoTuso-
peuYHT YCJIOBHIO.

6.25. Tax xax f(c)=0, 10

fimy=f(m)—f ()= (m"—c")tay ("1 —c" )+ f-ap_y (m—0).

Jlanee Bocnosb3yiitech TeM, uto Hesoe uyucao md—cd penwTcs Ha lesoe
YHCJIO M- ¢ TNPH JI0G0M HATYPaJbHOM ¢.
6.27. Bocrnonb3oBaThesl paBeHCTBOM

(@2 + ) (2 + d?) = (ac + bd)? +- (ad — be)?.

6.31. Hcnonb3yst pesyabrar 3ajadu 6.28, mokaxuTe, YTO MHOrOYJeH
f (%) MOXHO npeacTaBuTb B BHjE

F(x)=ap [(r—ay)2 4 B3] [(x— )24 B3] ... [(x — an)2 4 b3,

Ocraetcsl NPHMEHUTb pPe3yJbTaT 3ajauu 6.27. .
6.34.MeTosoM MaTeMaTHUECKOH HHAYK LMK JOKa3aTh, UTO ] + x § + 1}
— [es0e M0 Aas Jawboro n=1, 2, 3,...
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6.35. Ecau cy,0y, ..., 0p — TONAPHO pas/uubble KOPHH MHOrouseHa
f(x) crenenu n, TO f(x) zag (X —¢q) (£ — ) ... (x —¢p). U3 ycnosua
f (cn41) = 1 Baxommm

1
(cns1 —€1) {epy — o) - (Cpyy —Cn) °

Qy =

6.36. 1-fi cnmoco6. 3aMeTuM, 4TO €CaH MHorouwleH P (x) cremeHH
n— 1 NpHHUMAeT B TOUKAX Cp, (g, ...,Cpy; COOTBETCTBEHHO 3HAYCHMSA
dy —dy ds— dy dpyi —
Cp—¢ '3 ,.“,Ciu—l—cl
VAOBJIETBOPSET yCJA0BHAM 3ajaud. C NOMOIIBIO 3TOTO 3aMeYaHHA METOJ0M
MaTeMaTH4eCKOH WHAYKUMM Jerko joKas3aTb CyIIecTBOBAaHHE MHOrou/eHa,
YIOBJIETBOPSIOINET0 YCAOBHAM 3ajaut. EXHHCTBEHHOCTD CAEAYET H3 TEOPEMbI
5 na crp. 152.

2-i cnoco6. Ilyere Pp(x) (rme k— moGoe u3 uncea 1, 2, ...
.., N -1) — MHOrOuJIeH cTeneH# 7, NPUHHMAOWIUE BO BCeX TOUKax
¢y, Cgy -+., Cp, KpoMe cp, 3Hadenue 0, a B TOUKe ¢p — 3HaueHme 1 (oM.
3agauy 6.35). Toraa dy Py (x) 4 doPy (x) 4 ... +dy 1P rys (¥) — uCKOMBEIH
MHOTrO4JIeH.

, To MHOTOuMeH f (*) == d; + (¥ — ¢q) P(x)

PEIHEHU YA U YKA3AHUS K 3AJAYAM TJIABBI VII
7.13. JlanHyw OYHKUMIO NPeJCTaBHTH B BHjE

2¢, ectn —1<<x=l,

— 2, ecam x= — I,
y:
2, ecnuw x> 1.

7.14. [daunyio QyHKUHIO NMPEACTABHUTE B BHAE

242, ecan — 1 << x=<0,
y=4 —2x-}2, ecnn 0 <x=<1,
0, ecam |x|>1.

7.81. [Ilonaras B mnepBoM ybaBHeHHH 2x--1=¢, nonyuaem f (¢) -+
+-2g ()=t —1, 1. e

f(x)+2g (x)=x— 1 (1)

H3 Broporo ypaBHeHHS 3aMeHOH P f_ [ =7 Toayuaem f@+e@= l’
z2£1, 1.0

F0)+g (=" npn x£L @

Pemas cucremy ypasuennit (1) — (2), Haxoaum

4x—|— X2 —3x4-1

e e
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7.83. T[lostarass B nepBoM ypaBHEHHH 2x—|—2-t-—1

_t—3
2

y dx+T7=2{+1,

pe—ntogern="52 1,

flx=1)

nosyuaem

Pewas coBMmecTHO 3TO ypaBledHe €O BTOPBIM ypaBHEHHEM HCXOZIHOﬁ CH-

CTE€MBbI, HaXOLHM

f (%) :15 (Tx+12), g(x)= _}f Bx-+1).

7.84. B mepBoM ypaBHeHuH CjeJaTh 3aMeHy

4x4-3=2(-F1.
7.85. B nepeoM ypaBHenuu cpenarh 3ameHy

3x—1=¢L1.
7.86. Bo BTOpOM ypaBHeHHH CAeJaTh 3aMEHY

X
P =2¢— 1.
1

7.87. Moaaras X=7 TpH x#£0, nonyyaem

Pentas coBMecTHO 3TO ypaBHeHHe C MCXOJAHbLIM YpaBHEHHEM, Haxo-

— x2
23xx npa x=£0.

7.88. CiuenaTe 3aMeHy X ==—

K f (x) =
1
7
7.89. Cpenath 3aMeHy Q—f—zt.

—2
7.90. Crenate 3ameﬂyg P %

PEMIEHUS K YKA3AHHS K 3AJAYAM TJIABBI IX

9.16. BsecTu HoBOe HeusBecTHoe { = 2x2-4 3x.

9.17. BBecTu HOBOE HEM3BeCTHOe f==x2 — 2x-+4.

[ e —
9.19. 3ameHuB neuspecTHoe 1O dopmyne f= ]/

ypaBHeHHe { — 3= 1.
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9.20. 3anucats ypasHeHHe B Caeayioliem Buze: v % -+ Vifl=
= — 3/ X--2, 3aTeM BO3BecTH 00€ YACTH NONYUEHHOTO yPaBHEHHS B KYO.

Monyuntess ypapHenne % (X—F 1) (xF2) =x-1, sABagomeecs cref-
CTBHEM 3a/aHHOrO.
9.21. 3anucaTh ypaBHeHHE B BHJE

|2— VET2|+13—V3T3|=1.

9.22. 3aMeHHTb ypaBHEHHe CHCTeMOH C JByMA HEHM3BECTHEIMH
u=§/78—}—x, v=%/259—-—x (cp. ctp. 326 — 327). Toayunurca cucrema

{ u-to=17,

ut4- vt =337.

Ipu peleHHH CHCTEMbl BBECTH HEH3BeCTHHe W=u--v, {=uv H
BOCTO/IbL30BATLCH PaBeHCTBOM uf -+ vt =wt — 42/ - 242,

9.35. HcnoassoBats paBencrso 3 — )8 RENNY
9.37. 3anucate ypaBHenue B Buje (5%--517¥P3 =63,

Ehg
9.38. 3anucarb ypaBHeHHE B BHJC (2x+2‘x)3=(g)

9.50, 1-t cnoco6. 3ajamHoe ypaBHeHHe PaBHOCHJALHO YpaBHe-
Huio 104"¥=yx — 3. Tlocnegtee HMeeT eJuHCTBEHHOE pelleHue X =4, TaK
Kak NpH X>> 4 BLIOMHSIOTCA HepaBeHctBa W ¥ <<l <<x—3, a npm
x<C4 — nepaBenctBa 1047 * >1>x—3.

2-ff cnocod. 3aMeHoll z==x— 3 ypaBHeHHe NpPUBOJUTCS K BHAY
z-4-1gz=1. Tak xak ofe ¢yuxuuu 2, 1g z (a 3HauuT, ¥ UX cymMma) sBAS-
10TCH BO3DACTAIOKMH, TO 5T0 ypaBHEHHe MOXET HMeTb He 6osiee OJHOTO
KopHA. OueBugHO, YTO TUM KOpHeM sBJjsieTcs z=1, T. e. x=4.

:

PEUMIEHHA K YKA3AHUS K 3AJAYAM TIJVIABB! X

10.24. Hcxonuas cucremMa pacnajaeTcss Ha [BE CHCTEMbL:
{ ¥—y=0, { x4 2+ xy =61,
+De+n=12 +D+1)=12

10.25. BBectn cnHavana Heu3BeCTHBle U ==X}y, U=xy, a 3aTeM
HeH3BeCTHble U + U =w, uv=1_. .

10.27. BBecTH HeM3BeCTHBIE X |y == U, XY = U H HCIOJb30BaTbL HOP-
Myay x8 -1 5 == ub— Budv - buv? (em. c1p. 325, dopmydaa (55)).
| 10.28. BBecTi HeusBecTHbE U =— X -y, U ==Xy H, HCKJOYHB 0, MO-

nyyuts ypapueHue yf — 8ud — 9u? = 0.

10.29. 141 cnoco6. BosBonsas B XBagpar nepBoe ypaBHeHHE H BbI-
yuTast (M3 I0JyYeHHOro ypaBHEHHs) YABOEGHHOe BTOpOE YypaBHeHMe, MPH-
X0/[MM K ypaBHeHHIO (X2 — y2)2 == (. 3T0 ypaBHeHue SBJSETCH CAeACTBHEM
HCXOJHOWM CHCTeMBI, H3 HEro nojydaeMm, 4to Jubo x =y, au6o x = — y.

2-it cnoco6. BsejeM HOBLle HEH3BECTHBHE XYy =1u, Xy=70.
Torga cucreMa mpumer Buj

w2 — 2 = u{ ' 1
ut — 4uv - 02 = 3 uz. 2

16 B. I'. BoarsHcryh u Ap. . i 481



Bossoga ypasnenue (1) B xBagpar u HCHOJB3YS (2) NpUXOLHM K YypaB-
HeHuto u? == 402, oTKyla # ==+ 20, H T. A.

10.32. ITosioKHTb X + y=u, x— y=0v, a3areM NOYICHHO PA3JCJHTbL
ypaBHeHHA (HJIH H3 NIepBOrO YpaBHEHHS BHIYECTh BTOPOE, YMHOKEHHOE
na 5). Torna monyunm u=>50 n vd = 1. )

10.33. Y3 nepsoro ypaBHEHHS BbluecTb BTOpO€; B pe3yJbTaTe IO-
Jgyvaercsl ypaBHeHHe (X — y) (x+y -+ 1) =0.

10.34. CknaznpiBasg W BhYUTAst YPABHEHHS CUCTEMbl, MOJYUYHTh CHCTEMY

{(x—y)(x“+x!/+y2—9)=0.
(49} (#* — 2y |- 42 — 11) =0,

PaBHOCHJILHYIO HCXOLHOH.

10.35. 13 naHHOM CHCTeMBl HCKJIOYHTH WIEHHl, cojepKaiuipe 42,
a 3atem pewnth ypasuenue (xy)? — llxy 4+ 18 =0.

10.37. TlosoxuTs X 4y =u, Xy =v. Bropoe ypapHenne npeoGpa-
syetcst K Bupy 4u? =902

10.38. [Tooxuts (X — y)2=u, x -+ y==v U UCK/IOUHTb ¢ W3 CHCTEMEI.
Tonyuurcs ypasHenuwe v3 = 73

10.39. [Toaoxuth 4 == x —f—y, v == xy. Torja CHCTeMAa 3aNMHULIETCH B BHAE

v(uz-——20)=‘l—gu2, (1)
up (4 — B0) = ?,— £ @

Eean w =0, 1o u3 (1) nonyuaem v=0. Ecin ke uz£0, To, BHl-
yuras H3 ypaBHerng (l) ypaBHenue (2), nojeseHHoe HA u, TNoJydaeM

02:§u2, U T. I

10.40. Bo3o1g o6a ypaBHeHMHA B KBajpaTl M CKJalbiBas, NOTYY9HM
nocae ynpouwesnit (x2 — 1) (y2 — 1)==0. Ho x25£1 B cuiy BTOpOro u3
JaHHBIX ypaBHeHuit. [Tostomy y2=1, u T. 1.

10.41. 3anumeM cHcTeMy B BHIE

{x (x2—16)=y (y2 —14), (1)
Bx? = y2— 4. 2)

Boamoxusl gBa caydas: x7%0 1 x =0. a) Ecan x40, 10, pasge-

auB (1) Ha (2), nonyuaem
— 16
y=tg ' ©)

[Noacrasus y u3 (3) B (2), npuxoiuM K ypasHeHHo 31x 4 33x2 — 64 =0,
OTRyma X2 =1, 2 = — 3 (B 3TOM Cayuae HCXOAHAS CHCTEM2 HE HMeEeT

JNeHCTBUTENBHBIX pemeﬂuu) 6) Eciu x =0, 1o y2 =4.
10.42. BBecTu HOBHE HEH3BeCTHble U ==X Y, U==xy H npeolpa-
30BaTh CUCTEMY K BHIY
u (u? — 2v) =5,
v2 (42 — 20) = 20,

OTKy/Ja NOJAYYHTb COOTHOLICHHE
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10.43. BpecTH HOBble HEH3BeCTHble
x4 2 x =2
%, =2,
xy xy
. 1 2
a 3areM peIIUTh JIBe JiHHefiHble OTHOCHTENLHO 7 u— CHCTEME,
10.44. Beectd HOBLIE HEH3BECTHRIE

x—{—%:u, ;——y=v.

INonyunrcss cucrema
{ w2 —uy—2=0,

vt — 20 —3=0.
10.45. Tlopcrasasiss y=ax-+b B ypaBHeHne x2 — y2=1, no-
JyuaeM
: x2 (1 — a?) — 2abx — (1 4 2) =0. ()

Vcxopuas cucrema GyneT uMeTb npu JioGoM IeHCTBUTENBHOM 3HAYCHUH b
nefiCTBHTe/ILHBIE PEUIeHHsT B TOM H TOJIBKO B TOM CJydae, Korja ypas-
wenne (1) 6yaeT uMeTh JefiCTBHTeAbHLIE KOPHH (Tak Kak ypaBHeHHe (1)
BMecTe CO BTOPHIM M3 JAHHBIX ypaBHEHHH 00pasyeT CHCTeMYy, PaBHOCH/b-
Hylo ncxojaHofl). Juck pumunanT ypaBaeHus (1) D ==1 4 b2 — a2,

Ecnmu —l<<a<<l, 0 D =02+ (1 —a?) > b2==0, u noToMy ypas-
Henue (1) umeer neficTBHTeNpHBIE KOPHH INpu J0G0OM AefiCTBHTENBHOM b.
Ecan [a] =1, 1o npu b =0 ypaBHenne (1) He uMeeT peLIcHUH.

» Ecau |a|>1, 70 npu b =0 umeem D << 0. [lostomy B cay-
vyae |a|==1 Hafizerca b (umenuo b =0), a1 KOTOPOro HCXOAHAS CH-
cTeMa He uMeeT eHCTBHTENBHBIX Kopuefl.

10.46. Ouepnano, napel uucea (I; 0), (0; 1), (~1; 0), (O; — 1)
00pasyloT pelleHus NAHHOH CHCTeMbl ypaBHEHHH.

ITokaxeM, 49TO eciH XOTs Gbl OXHO U3 HATYPaJbHBIX YHCEJ M, N
OTVIHYHO OT €IMHHIbI, TO ADYI'HX JelCTBHTE/NbHBIX pelieHH#l CHCTEMa He
HMeeT.

Ilycte (%o Yo) — NEHCTBUTENLHOE peIUEHHE CHCTEMBI, OTJAHUHOE OT
yKa3aHHbIX Bblle YeToipex pemweHnd. Torga 0 <<|xo | <1, 0 <<|yg|<<lm

| %0 124-1%0 I2=x3+y§:1. ()

Vicnosbays cBOMCTBa CTENEHH C HATYpasbHBIM [OKa3aTesaeM (CM. cTp. 242),
MOXKeM 3alucartb, 4TOo

Fxo (2= 2 == x0™, @
lyo B=y2 =127, %)

npuyeM Xorsl Obl B OJHOM CJyuae HeDaBeHCTBO ~— cTporoe. CKiambl-
Bas (2) u (3) u yuurnBas (1), noayyaem

2m 21

L N )
Ho panmHas napa umcen (Xp, Yp), MO NPEINONOKEHHIO, 00pa3yer pemie-
HHE CHCTeMbl H, C/IeJ0BATENBHO, NOJAKHA  YIOBJCTBODATL BTOPOMY ypaB-

HEHHIO CHCTEeMEI, T. €.
2, n __
xmp gz =1, )

4TO npoTUBOPEHHT ycgaoBuio (4).
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[MonyyernHoe npoTHBOpeuHe H JOKa3biBaeT, YTO JaHHA{ CHCTEMa He
HUMEeeT HMKaKHUX HefCTBUTe/NbHBIX peureHuii, kpome pewenuii (1;0), (0; 1),
(—1,0), (0, —1).

10.47. PaccmoTpuM IBa caydas: x==y U x*y. B mnepBoM cayuae
CHCTEMa HMeET CJeAyollHe 1Ba pelleHHUs:

1 1 1 1

V2’ V2 Ve V2
TMokaxeM, wro ecoim ¥ £y, TO pewenuil HeT.
M3 BTroporo ypaBHEeHHS CHCTeMbl 3aKJOYaeM, 4To

x#£0, y#£0, (1)
a u3 mepBoTo ypasHewus, B cuay (1), Haxomum
x| <1, |yl<L. @

Tak kak umeer mecro (1) (xy=£0), To qmbo xy <0 (x u y umeer pas-
Hble 3HaKH), au6o xy >0 (x 1 y — yucaa ofHOTO 3HAKa).

a) Ilpeanosoxum cuavana, uro xy << 0. Torga muGo x>0, y <0,
aubo x << 0, y > 0. Ilycrs, nanpumep,

x>0, y<0. - @)
3anucaB BTOpoe ypaBHEHHE CHCTEMEl B BHJE
| — gamintl) | L gaminin
L2 =T ’ O

B cuay (2) u (3) moayuaeMm, 9TO JeBas 4acte (4) MOJOKHTENTBHA,
a npasad — OTpHlLlATe]bHA U, CJEJOBATe1bHO, BTOPOE YypaBHeHHE He
YIOB/ETBOPsieTcsl. AHaJOTHUHO paccMaTpusaercst ciyuali x << 0, y > 0.

6) Ilycrs Teneps .
xy >0 _ (5

Yenosue (B) ¢ yueToM TOTO, UTO X 7~ Yy, MONKET BHITOJIHATHCS TOJNBKO
B CJeIylOUUX CIydasx:

x<<y<<O, , (6)
y<x<0, )
0<x<y, ®
O<y<x ©
Iycte uMeer Mecto (6). Torna »
xantt < y2n+1 (10)
H

1 1

JI < g - (1D

Caoxus (10) u (11), nonyuaem
i 1
K o y2m+1,<y2n+1 ‘ prrsg)

T. . BTOPOG ypaBHeHHe CHCTeMbl He VOBJIETBOPSETCH.
AHanorHYHO MOKHO M0Ka3arTh, uyTo H B cayuasx (7), (8), (9) Bropoe
ypaBHEHHE He YJOBJIETBNPSHETCH.
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10.48. TlepeMuoxurth ypaBHEHHS.
10.51. CioxuTh ypaBHEHUS M HalTH Xy, ¥2, y2.
10.54. CiioxXHTs YypaBHeHHs M Hafiti X-+y-+=2 M3 ypaBHenus

-y 422 — (x4 y+2) =6

.10.55. Boipa3uTe H3 BTOPOrO M TpPEThETO YpDaBHEHUH y M 2 yepes
X W TIOLNCTaBUTh B TIEpBOE.

10.56. M3 nepBelX ABYX YypaBHeHHH BLIPa3UTb X H 2z Uepe3 Y U
NOJCTaBHTh B TPETbe ypDaBHEHHE. '

10.57. Y3 BTOpOrO M TpEThEro ypaBHEeHHH BHIPA3UTh X M ¥ HYepes z
¥ TOJACTaBHTb B IlepBOE YpaBHEHHE.

10.58. 3anucarb cHCTeMY B CJAeLyIleM BHJe:

o %z 15
z Y 2
vz 2y _ 20
x+z_3’
xz2  yz 13
TTET%

Xy xz yz
" pemma ee KaKk JKMHEHHYI0 OTHOCHUTENbHO FRARE
10.59. IlepBoe u rperbe ypaBHEHHS! CHCTeMbl 3alHIUIEM B TAKOM BHIE:
Xi
(3x—y) (9x2+-3xy+-y2) =13 ;y

1
3x— =z—, ) (1)
Orcioga HaxoguMm 9x2— 10xy-4-y2=0 wu, cJjeIoBaTe’sHo, %:1 HJIH
Ecmu x=y, to u3 (1) cregyer, uto

=5 =4 @

?.

[ToacraBnsig BEIpaxeHHs A8 X H y yepe3 Z u3 (2) BC BTOpOE ypaBHe-
HHe HMCXOAHOH CHCTeMBI, MOJyuaeMm z=ﬁ, Aganoruyno paccmartpuBaercs
cayuait y="9x.

10.60. Pasnaras JieBbie 4YacTH ypaBHeHHH HA MHOXHTENH, a 3aTeM
CKJajbiBasl, HaXomuM (x--y-2)2=9, u T. 1.

10.61. 13 Toxnecrsa

(g2 =34 g3+ 843 (x+y +2) (v + 52+ 92) — 3xyz
HaiiTH xyz=—4, 3arem pewnurb XyGHYeckoe ypaBhene B—f2—4f |
- 4=0 (cM. 3aMeuanue Ha crp. 329).

10.63. ITosoxurs y+2=u, y2==v, a sareM HCKJIIOUHTD U3 CHCTEMEI X,
[Nonyuurcsa cucrema

——4u—U—|—-l= ,
—4ut+v4+5=0,
H3 Kotopofl HaXoiuM v=—2, a 3ateM u;=1, uz=3.



10.64. Ecsm ozHO u3 HEH3BECTHHIX PAaBHO HYJIO, TO PAaBHLl HYJO

M JBa Apyrux HeMsBecTHuX. Ecim xy2 40, To cucreMa pPaBHOCHJIbHA
caepyiollell cucreme:

1 1

Ty

3

5 1 1 1 4
=% ytz=9 Tt

=3,

x| =

HT. I
10.65. BBeneM HOBLle HeH3BeCTHHIE

xtyte=u, xyt+x2tyz=v, xy2z=uw.

Torja Mbl MONYYHM CHCTEMY OTHOCHTEJBHO 4, U, W, HMEIOULYIo Caejyio-
mue jgBa pewerus: (6; 11; 6) u (— 6; 11; 6). Takum oBpasoM, HcxogHast
cucTeMa pacrnajaeTcss Ha B CHCTEMBI:

x+-y-+42=F6, x+y+z2=—6,
{xy—]—xz—}-yz:ll, {xy—[—xz—}—yz_—_ll, (1)
xyz =6, xyz =6.
B cuay teopembt 7 Ha crp. 328 nepBas M3 HHX HMeeT IIECTb pelieHHuil:
G2y, 1332, @GLY, &GN, &KL, G20

Jlns pemenusi BTOPOfl HY:KHO, COIJIaCHO TOH JKe TeopeMe, pacCcMOTperhb
KyGuueckoe ypaBHeHue #3--6{24-11{—6=0. Iloxaxem, uro sro ypas-
HEHHE JMeeT TOJBKO OJHH JeiCTBUTENbHBIH KOpenb H MOTOMY BTOpas
cucrema (1) He UMeer feficTBHTeNbHbIX pemwenuii, B camom gese, kBaj-
paTHBIH Tpexuner 246/ 11 mnosnoxkuTenen npu BceX f, W MOTOMY IIpH
t<<0 umeem 3-+6f24-11f—6=¢(24-6/-+11)—6 < 0. Ha mnonynps-
moft ke ¢==0 ¢ynxuus #3-6¢/2-411f—06, oueBH]HO, MOHOTOHHO BO3pa-
cTaeT M, HOTOMY MHorouieH ¢3--6¢2--11f—6 uMeeT pDOBHO OxMH nefi-
CTBHTENBHBIH KOpeHb. JIerko NpOBepUTh, YTO 3TOT KOPEHb He SBJIAETCS
KpPaTHBIM (TaK YTO IBA JIPYTHX KODHA He JelCTBHTEJbHB).

10.66. Jlerko npoBepHTb, uto NpH @ =0 CHCTeMa HE HMEET peleHHI.

ITycte a=£0, Toraa xyz %0, U NO3TOMY HCXOLHYIO CHCTEMY MOXKHO
3anHcarb Tak: :

1 1 1
YTy T @
1 1 1
ERRE
1,1 1
vtz
15! i wl=2=l ..
3 3TOH CHCTEMBl HAXOIU g -——'—-Qa—z, B N

10.67. [1puGaBuTh K 0GeMM YacTAM KaXROro U3 ypaBHeHWH no efu-
Huue. Jlanee cHCTeMy 3amucaTh B CJCLYIOWEM BHje:

(x+1) (4 1)=38,
{w+n@+n=~z
C+HDx+1)=—4
a 3aTeM NEPEMHOKHTb yPaBHEHHI.
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10.68. [lpupastunas sesuie wactn ypapuenuii, BLHpPasuib y u 2 uepes
x. IlopcraBnas z=2x, Y=g X B NepBoe ypaBHEHHe, MOJYWHTb YpaB-
HeHHne 4x=x3,

10.69. 3anucarth CHCTEMy B BHJe

1 1 7
'y_z—FE*-E,
1 1 5
% g T 1
r.1_1
Lxy g2 3

" 1
W Hafity orciofa —, —, —,
Xy
10.70. Cucrema
(x-+2y)2 =100,
o | +2)32=25
i+y+z=8,
nepsble 1Ba YPAaBHEHHA KOTOPOH TIONydeHBl CJIOMKEHHeM H BEIUHTAHHEM
HepBLIX JBYX YypaBHeHWH HCXOAHOH CHCTEMBI, DaBHOCHJIbHA HWCXOJHOM
cucreMe. JTa CHCTeMa pACNajaeTcsl Ha YeThipe JHHEMHbIX CHCTeMBbI.

10.71. Bo3sBoia mepsoe ypaBHeHHe B KBajparT H BBENMHTAS NOJIYUYEH-
HOe YpaBHEHWe U3 BTOPOFO YPABHEHHA, HAXOLUM

2xy — 3xz 4- 6yz = 54,

OTKYZa, B CHJy TPeThbero ypaBHeHHs,
xy —2y2 4 3yz =217. ()

YMHOXKHUB Jajlee NepBoe ypasHeHHe Ha Y M BBIYHTAs TOJYUEHHLI pe3yilbe
Tar u3 ypasuenusa (1), nHaxogum 27—9y==0, y==3. Ocraercs pewuTb
CHCTEMY S :
y=3, x—2y-+32=9, 3xz=4y2,

KOTOpas sIBJISETCS CJIe/ICTBHEM HCXOLHOM CUCTEMBI, U IPOH3BECTH I POBEPKY.
10.72. Pewass Tperpe ypaBHeHHe Kak KBaJpAaTHOE OTHOCHTEJIBLHO Y,
HAXOJUM Yy==—2 M Yy=—22, H T. J.
10.73. TonomuM x+y=u, xy==0. Torga CHCTEMy MOKHO 3aMKCATbH
B CJIeIyIOmEM BHJE: :
u—l=z, (1)

u?—2vu-4-3=22, 2
" ud = duv 429 =23, 3)
Hs (1) n (2) naxogum (4 —1)2=u?—204-3, OoTKyza nojyuaeM
' o—u + 1. 4
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Vickmounm u3 cucremur 2. Jlag™ storo ymuoxum (1) Ha (2) u, yuntusas
(3), momyunm
(u—1) (u2—2043) = u3—3uv}+29. )

Hs (5), B cuny (4), naxogum u=>5. Ocraercs pemlHTh CHCTEMY
x-y=5 xy=06.
10.74. BBecTH HeH3BeCTHHE X 4§ ==y, xy=v. VICKJ0Yas 2 U3 CHCTeMB
ut2=0, ur—20—-22=220, ut—4u -} 22— 2z4==560,

HaliTH M3 5Tofl cucTeMsl v=— 10, a 3areM #; =3 WK Yy=—23, 1 T. X
10.75. 3anumeM cucTeMy B clepymoouieM Buje (xyz £ 0):

[wre=2ryta M
4

{ Y tye = (x+y-2), @
zx+zy=3<x+y+z)- &)
Ck/1aJpBas ypaBHEHHS (l) H (2) H BhlupTas (3), nonyqaeM 7
Tetyta. @

AHaJOrHUHO HaXOAUM .
yZ—H—y-{—z )
zr= g (shy+2). - (©)

Pasgeans (4) n (6) Ha (5), nonyuaem
z2=23x, y=2x )

Ocraerca nojcraBMTb z H Yy u3 (7) B ORHO M3 YDABHEHHE HCXOJHOM
CHCTEMEI.

10.76. Tlonarag x--y==u, xy="0 U HCKJIOYAA 2 H3 CHCTeMHi, NONy-
qaeM

u=—51.; (12 — 2v), 1)
u:% (ud — 3uv). 2
3 (2) caexyer, uto JuGo u=0 (n Torga v==0), aubo
2
' v="2 . Ly _®
[Moacrasasa (3) B (1), nonyuaeM ypaBHeHue '
u?=—15u-+14=0,

HT N
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10.77. Ecau (%g, Yo, 29) — pelueHHe RAHHOM CHCTEMB!, TO NpPH J0GOM £
Habop uucen (fxg, Yo, £Zp;) Taxke obpasyer pelleHHe 3TOf CHCTEMHL.
IMTycte x=0; Ttorga Hu3 cucremsl Haxoaum, 4ro y=2z=0. Ecan x3£0,

4 o o
T0, NOJOXKUB -i—:u, -;:U, H3 nepBoro U BTOPOro ypaBHEHHH HaHJEM,

uro | +u=0, u?4v2=13, orkyia

Uy =2, vy =3, )
Up=—3, vy=—2, 2

M3 Ttpervero ypaereHHs cjeayeT, 4To
2(14v3)=Tus. (3)

Ocraercs JHIIG 3aMeTHTb, YTo HaGop uucea (1) yroBaerBopser ypaBHe-

HUlo (3), a nabop uucen (2) He yXOBJNETBOPAET 3TOMY ypaBHEHHUIO.
10.78. PacxkpeiBasg ckoOKM B JeBbIX UacTAX ypaBHeHHHd M BpluuTas

K3 TIepBOrO ypaBHeHHs CHayaja BTOPOe, a 3aTeM TperTve, MoJyuaeM

{ (x—y (x+y—1)=0, O]
(x—2) (x+2z—1)=0. (2)

Ypasuenust (1), (2) BMecte ¢ JoGBHIM M3 ypPaBHEHHH HCXOIHOH CHCTeMbI
00pasyoT cuCTeMy, PaBHOCHJBHYIO HCXOAHOIl cHcteme. Mexoanas cucrema
pacnajaercs Ha c/elyiOlilHe YETHIpe CHCTEeMbl:

) ( x—y=0, 2) ( x—y==0,
{ x—z=0, { x-z—1=0,
(t+9) (x+2)=x (x+y) (x42)=x
3) [ x4+y—1=0; 4) ( x+y—1=0,
{ x—2z=0, ‘ {x—l—z——l:(),
(x+9) (x+2)=x (x+y) (x+2)=x

10.79. PackpeiBasi CKOOKH B JIeBHIX YacTAX ypaBHeHHH H BhIUMTas
43 [epBOr0 ypaBHeHHA BTOpOE, & 3aTeM H3 BTOPOrO TpeThe, NOoJaydaeM

{(x—y) (x-+y—22—1)=0, (1)
y—2) (y+2—2x—1)=0. ®)

Cucrema (1)—(2) BMecte c nepBbiM ypaBHEHHEM HCXOLHOH CHCTeMBEl o6pa- .
3yer CHCTEMY, PABHOCHJIbBHYIO HCXOLHOM.
10.80. 3anuuweM CHCTeMy B clejyiouleM BHIE:

[ wy=x-ty—z,

R M
"’g :y—,\:_—}—z.
CJI0XHB BCe ypaBHEHHS, NOJyuaeM
X+y+z=xy+f; +—y§-. 2
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Mogcrasaasa (2) B cucremy (1), naxoaum

xz Yz
=gty

1

- yz
{ y=xy+-%, ®)
Xz
Q=uxy-+-45.
2
Cuctemy (3), paBHOCH/BbHYIO HCXOJHOH CHCTEME, MOXHO 3amucaTh TakK:
{ X,y
2|5 +5 -2
g T3
K
/
z \
xly-t+—- —2)
(v+g—2)
10.81. Pacemorpum npa cayuas: xyz=0, xyz~0. B nepsom cay-
yae XoTs1 Okl OJHO M3 HHCeJ X, Y, Z PaBHO HYJIO.
M3 cucrembl csegyer, uTo €CAHM OZHO H3 UHCeN] X, Y, Z PABHO HYJIO,
TO TI0 KpalHeil Mepe OIHO H3 OCTABIUMXCA yuceJ TAKXKEe PABHO HYJO.
Ecmn x=y=0, 10 22=3z, ecsiu x=2z=0, TO y2=2y; HAKOHEN, ecJH
y=z2=0, T0 ¥2=x,
ITycre Tenmepn xyz 7~ 0. W3 cucreMmbl BHIHO, 4TO HH OJHO H3. uKcea
x4y, x-+2, y-+z He papHo wuymo. Pasfenus cHauajJa BTOpOe ypaBHe-
Y z

HH€ Ha DepBoe, a 3aTeM TpeThe Ha IIepBoe # MNOJOXKHUB —x—=u, 7 =,

0,

I

0, “

I

0.

I

10Ty YHM
=2u, uto =3v,

! T+u

7 1 1
OTKYAZ HAXOIMM U=-g 0, 3 BaTeM U=, Us=—x. IMogcrapass
. X x
HaliJeRHble SHAUEHHS y==~- & H Z=-—— B MePBOE ypaBHEHHE UCXO]-
HoH cucTeMbl, Hafijem X, a 3aTeM y H z.
10.82. YMHOMasd BTOpPOe YypdBHEHHE Ha Z M BblUMTasg U3 IOJYYeH-

HOro MepBOe ypaBHEHME, HAXORUM X2%==-— 2 —22%, OTKyJa
2422
X == — 7z ° (1)
VI3 TpeTbero ypaBHEHHS HMeeM
15
Yy=— : @

a u3 BTOPOro ypaBHeHHs, B cuay (2), Haxogum
15
_ 22 = 3
xz—|—2xz z 3)
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[MoncraBasia x us (1) B (3), nocse npeo6pa3oBaHKit MONYUdeM YPABHEHYR
—9z2--8=0. Haxomum KopHH s5TOro ypaBHeHHs, a 3areM H3 (I)
# (2) ompezensieMm x 4 Y.
10.83. YMHOXKasl NepBoe YypapHeHHe HA Y, BTOpoe HAa X U BLIUHTAs
MONyyeHHble YPaBHEHUS, HAXONHUM

822x — 422y =0. (§))]
Tak kak B cuny Tperbero ypasmenust z=%0, To u3 (1) caenyer, uro
y=2x. | @

Hexmouast ¢ moMomsio (2) ¥ H 2 W3 MEpBOTO H TPETbEro ypaBHeHHH,
HOJIYIHM YpaBHEHHE

“3x8 4 1643 — 64 =0. (3)

YpaBuenue (3) MmeeT ZBa JefCTBHTENBHBIX KOPHS: X;=—2 H Xp==

Z%/'S" Ocraetcst HalTH COOTBETCTBYIOU(He 3HAUEHUS & U 2 U3 ypaBHeHHH
10.84. OGoanauum
u=x-+y-+z, v=xy-txz4-yz, w=uxyz.
Torpga pamnyio cucTeMy ypaBHeHHI MOXKHO 3amucath B CJelyIOIEM BHUIE:

y=2x, xyz==_8.

?u—aut+w—ad=d, (1)
bu—bv-tw—0=d, 2)
cu—cvtw—cd=d. 3)

Ecan bl Haiifiem u, v, @ u3 cdcrembl (1)—(3), To HCKOMYyIO CyMMy
MOKHO BBIYHCJHTb, HCNOJB3YS PaBeHCTBO

1813 28 = 3w -} i (42— 3v). ‘ 4

Peuinm cucremy (1)—(3) ornocutesnpHo #, v, w. Bbluutas u3 ypaBHenHs
(1) ypasuenue (2), a 3arem u3 ypasueHus (1) ypaBHenue (3), nonyuaem
(nocsie COKpAllEeHHS HA OTJAHYHBIE OT HYJS MHOXKHTENH b—a, ¢—a)

v—{a-+b)u+ta2-tab+-b2=0, (5)
{ v—(a+c)u-ta2+ac-tc?=0. 6)

3 (5)—(6) maxomum
u=a-b-tc¢, v=ab-}bc-tac. )

IToacrasasAs Haljenusle 3Hagenns ¢ U v u3 (7) B (1), monyuaem w =d -+
-+ abc, a satem u3 (4) odpegensieM x3-1-y3-1-23,
10.85. 3anuiweM CHCTeMy B CJEAYIOWIEM BHJE:

[ﬁ+w=iwa
2

2 y2+z2——wz

! z2+x2=—xyz
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CknazpiBast nepBble ABa YPaBHEHHS U BbluHTast Tpetse, MofydaeM

2 .
2 <
=gz (1)
AHanOrHYHO HaXoAuM
P= % xyz, (2)
x‘2 = L xyz . (3)
10777

INepemuoxkus (1)—(3), Haxoaum
’ 1
(xy2)? =5 (xy2),

otkyna xyz=0 nan xyz=10, u T. n.

10.86. Paccmorpum nBa cayuas: xyz=0 u xyz=£0.

B nepsom cayuae Xora 6bl ORHO H3 4HCeJ X, y, 2 PaBHO HYJIO.
Iycts, Hanpumep, x==0. Toraa u3 cucrembl caeayer, uto yz=0, 7. e.
XoTs1 Gbl OQHO W3 uHces y, z pasHo Hymo. Ecau x=y=0, 10 chcrema
VIOBJETBOpsieTcsl Hpd Jso6oM z. HTak, cHcTeMa wuMeeT pelleHHe BHJA
0; 0;¢), roe c—uuoGoe umcao. TouHO TaK Ke YCTAaHOBHM, YTO TPOHKH
yucen (a; 0;0), (0;5;0), rae @, b— mobble yucsaa, o6pasyloT pelueHnne
CHCTEMBI.

ITyers xyz =4 0. Toraa, yMHOXKasi nepeoe ypaBHeHHe Ha X, BTOpOe
Ha y W TpeThe HA 2z, 3aMeHHM HCXOJHYIO CHCTeMy cJjenyiolled paBHo-
CHJILHOH CHCTeMOIl:

(

X2y2 -} x222 = % xyz,

KRty = —g- xyz,

5
252 PP% S
l X222 A = 5 vz

CkaanbiBasd nepBbie 1BA ypaBHEHHS H BbIUUTAA TpeThe, MNOJAydaeM

x2y2=% xyz. )
AHa/IOrHYHO HaX0JUM

X% = % xye, 2)

Y22 = _fl';' xyz. 3)

Iepemuoxus Bce ypasuedns (1)—(3), HaxXoauMm xyz, U T. 1.
10.87. M3 paccmoTpeHusl CHCTeMbl caefyeT, uto xyz = 0. yMHO}KaS{
nepBoe ypapHeHMe Ha xy%2%, a Bropoe Ha yx222 W BHIUMTZA OAHO H3

RPYTOro, MoJyuIM
4z (x—y)=0. : 1)

Tax kak z:£0, 10 u3 (1) creayer, uto y==x, K T. A.
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10.88. VYMHoXHM BTOpOe ypaBHeHHe Ha y, TpeTbe Ha 2, MepBOQ
OCTaBHM B 'HPE}KHGM BH]e, a 3aTeM peIIHM MNOJYyYEHHYIO CHCTEMY OTHO-
cHTeNBHO X242, y222, 22x2. Byaem umeTh cuCTemy

y222 —_ ..1_ xyz,

2 1)
22x2 = — 2xyz, (
X2y = — 2xyz.

Ora cncreMa ABASETCH  CJeACTBHEM HCXoAHof cueteMbl. Ilepemuoxas
ypaBHeHHs cucTeMs! (1), nonyuaem xyz==0 uau xyz==—2, u T. &

10.89. M3 Buja cucTembl 3ak/0uaeM, 4To xyz 5~ 0. Hanuwewm cucTemy
B CJelyiolleM BHJE:

{ . 3X
x2+y2-——2~=—2g,
) 3yz

R (1)
22+x2_y2=_2_b.c_z_

Y

CJ0XHB TepBOe H BTOPOE YpapHeHMs cucTembl (1), 3aTeM mepsoe H
TpeTbe H, HAaKOHEl, BTOpPOe M TpeThe, HOJAYUHM CHCTEMY

3xy  3yz

2= 2% 4 VI°

2y 2 x ! .
‘2x2—_—3%y———-—21;z, @
222 — .3!'/__2_.?_1.&

\ X Y

Sra cucTeMa paBHOCHJIBHA HcxoAHOH cucreMe. CHereMa (2) npHBOAMTCH
K ClefyolleMy BHAY:
2xyz = 3x2 - 322,
2xyz = 3y? — 2122, (3)
2xyz = 3y2 — 21x2.

Cucrema (3) pasnochibHAa cHcteMe (2), ecan xyz=-£0. Hs Broporo u
TPEThEer0 ypaBHEHH{ cHCTeMBbl (3) HAaX0AHUM

2=x2 4)

a 3aTeM, HCOOAB3ys (4), M3 NepBHX IBYX ypaBHEHHEH cHcTeMms! (3) roJay-
gyaeM
y2 = 9x?,
u T. A
10.90. V3 cucreMel BHAHO, uTo yyz £ 0. YMHOXKas NepBoe ypasHe-

HHe Ha X, BTOpOe Ha y U BEIUHTAd OJHO H3 JAPYroro, nojydaem

¥ 2 3 (x

y x 2 y)v
OTKyJa :

5
(x—uy) <x2+7 xy—l—y2)=0.
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x
Yy=—5, HT L

10.91. TlepeHocst Bo Bcex ypaBHeHWsX Xyz B IIPaBYIO 4acTh H pewras
CHCTEMY OTHOCHTEJNBHO X3, 3, 23, moayuaem

WUs storo ypasuenusi naxoamM, urto Janbo y=x, aubo y=— 2x, ando

B=xyz1-2,
¥ =xyz—3, 1)
B=xyz-3.

Tlepemnoxas ypasHenus cuctemsl (1) n mnosnaras xyz=~{, HaXOIUM
B=@F+2)(f—3)(¢t43), nwm 22—9 —18=0, otkyna f, =6, tg'z'—g,
Hanee u3 (1) naxogum x, y, 2.

10.92. BrluuTas H3 11epBOro ypaBHeHHs BTOPOE, a 3areM H3 BTOPOro
ypaBHeHUs] TpeTbe, MOJydaeM

(x—y) (x+y+2)=3,
(y—2) (x+y+2)=3,
OTKyJla ClefyeT, uTo ¥=2y—z, U T. .

10.93. Boluntad u3 népBOro ypaBHeHHS 3aJaHHOH CHCTEMBI TpeThe
ypaBHeHHe, moJaydaeM x2—z2=2y(x—2), oTKyza

x=2, (l)
HJIH
xt2—2=0. @
Croxus BCe YPaBHEeHUSA HCXOD,HOI?i CHCTEeMbI, HaXoAUM
(x4-y+22=4

Hcxoauaa cucrema pacnanaeTcs Ha CJIeAYIOUue YyeThlpe CUCTEMbI:

X=2 X =2,
{x+y+2:2v {x+y+z=_2r

x2-42y2 =1, X2 2yz=1, ,
£42—2y=0, xJ-2—2y =0,

X4y-t+z=2, x+ty-tz=—2,

X2 2yz=1, x2+4-2yz=1.

10.94. Briumrtas u3 nepsoro ypaBHeHHUs] CHCTMEI BTOpPOe ypaBHeHue,
nojydaem
(x—y) (x+y—2)=0.

HCXOQHEH CHCTEMa pacrnajaercsa Ha [Be CUCTEMBI:

Y2+ xz =42, Y2 xz=42,
224-xy=>50, (1) 2% xy=>50, 2
x=y, 2=x-+Yy.
OGparnMcsa K cHcreMme (1), 3Ta cucreMa paBHOCHJIbHAZ CHCTeMe
yE+yz =42, 3)
22} y2 =50, 4)
S x=y,
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Pemasi cucremy (3)—(4) KaK OQHOPOAHYI, HAXONHM y=%z W Yy =

=—72z, a 3aTem u3 (3) ompegensiem z;—4V2, 22=—‘4V2, 25=1,
23=—1, 1 1. N

10.95. ¥YMHOXas ypaBHEHHs 3aJaHHOH cHCTeMbl COOTBETCTBEHHO Ha
Y, 2, X U CKJajpBad, NOJydaem

3y + 5z —x=0. (1)
Ecau yMHOXHM YPaBHEHWs MCXOAHOM CHCTEMbI COOTBETCTBEHHO HA 2, X,
Y M CJOXKHM, TO HalijzeM
3z24+B5x—y=0. 2)
Cucrema (1)—(2) naer
y=—22, x=—2z. 3
IMoacraBnsis y u x u3 (3) B 04HO H3 ypaBHEHHI MCXONHOH CHCTEMEI,

nosyyaem z22=1, ¥ T. A
10.96. YwmHoXast ypaBHeHHS 3aJaHHOI CHCTEMB! COOTBETCTBEHHO HA
(x—y), (y—=2), (z—x) u cknanbBasg, 10JydaeM
z2=3x—2y. (1)

Ypasuenne (1) siBasercst caencTBueM ucxoaHof cucremsl. Iloacrasass (1)
B HCXOLHYIO CHCTEMY, MOJydYaeM OFHOPOJHYIO CHCTEMY
{ o xBbxyyr=7,
3x2—3xy-+yt=1,
T L
10.97. 3ameTuMm, 410 2 f, TaKk Kak B TNPOTHBHOM CJyuae Mhl
umenu 6ol
2 5 14

l=F=%=% (t£0),

4TO HEBO3MOXKHO.
YuuThIBaA, YTO 234 f, BLIDA3UM M3 NEPBLIX JABYX ypaBHEHHH X U y

gyepes z U £
2—t¢ 2—z2

= YT t—z’

a 3areM I0JCTaBHM HaliieHHble 3HAaYeHHs] X H y B TpeTbe M UeTBepTOe
ypasuenust. Ilocie cokpallleHus Ha z—£, ToJdydYaeM CHCTeMY
{ 2(z+1)—2t =5, W
2(2F-2t 12—zt (2-8)=14.
Iosaras B cucreme (1) z2--f=v, 2t=w u pemass CHCTeMy, HAXOAHMM
v=4, w=3.

Hanee u3 cucTembl z-+f{=4, 2t=3 onpeieaseM 2z;=1, £4=3;
22:—3, tz’:l, H T. 1.

10.98. Cocrapisisi pasHOCTH BTOPOTOQ H TPETbEro ypaBHEHHUH, a TakmxKe
BTOPOFO H 4eiBEPTOro, HaXOIHM

(—) +=0,
(Z—'X) (y+t)=0t
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10.99. CknajpiBas BCe ypaBHeHUH, NMOJydaeMm

1
(1= 1) (a ot rab o) =1 4 2 =D
OTKy 1a
_n(nt1)
x1+x2+--~+xn—m. 8
INopcrasass (1) B k-e ypaBHenHe HcXoaHoit cucrembl (k=1, 2,..., #),
noJIy4yaem
PRIER I

Z(n—1)
10.100. BriuuTtast M3 NMepBOro ypasHeHHsT BTOpOe, NOJydaeM

3xy (¥ — x5) = x4 — X3,
o1 p
OTKYAd Clle1yeT, uTo JHGO Xp=z-, MHGO X, =¥
1 7
IlycTe Xy =, TOTA M3 MEPBOTO yPABHEHUT HAXOMMM x1=xl+—§,
4TO HEBO3MOXHO. MrTak, x;=x;.
ApasornuHo, paccmaTpHBasi BTOpPOe M TpeTbe ypaBHEHH:, HAXOMHM
Xo=1Xy, U T. I.
Hrax, ecam cucTeMa HMeeT peINEHHs, TO JOJKHBL BLINOJIHSATHCS

yCJIOBH A
X =Xg=Xp=Xy=..., (1)
Xo=Xy=Xg=Xg=... 2
Boyntas u3 mpeAriocaefHero ypaBHeHHs focJeffdee, MOMIYYaeM

X1=%p_1. (3

PaceMoTpuM B2 BO3MOMHBIX c/ydas:
1) n—mneuertHoe wuncao. B asrtom caysae u3 (1), (2) u (3) Haxoaum

Xp=Xg=Xg=...= X, ==X. (4)

B3as Jofoe H3 ypaBHeHUI cHCYeMH ¥ Hcnodb3ys (4), OyjeM HUMeThb
3x2=2x-2, oTKyna
1+ l/7
3 -

X =

2) n-—vyerHoe yucno. B 3sTOM Ccayyae mmeeM
Xy=Xz3=...=Xp =X,
Xg=Xy=...=X, =Y.
VcxonHast cucreMa CBOAMTCHA K OJHOMY ypaBHEHHIO
dxy=x-+y+42
¥ UMeeT GECKOHEYHO MHOro peimneHni.
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Ecay x=a, 10

Y=3a—1 <a:;é—é—>,

10.101. Monoxats 3/ X=u, 3/ y=uv. Tonyuurcs cacreMa u +v=3,
ub-v6=65. [IpH pelueHHE CHCTEMbl NOJOKHTD (U=, uv-—t i BoC-
N10/1b30BATHLCST PABEHCTBOM

ub - 08 = wb — Gwif - w2 — 263,
10.102. 3anuca neppoe ypaBHeHNWe B Buje

Vit a=2V2—V 2y

110CJI€ BO3BEAEHHS B KBaaparT NoJydaeM

4y =8—8 ) xy+2xy. M
C npyroii cTOpOHHI,
' x4y = (2 y)2 — 2xy. (%)
BosBons BTOpOE ypaBHeHHE HCXOI.{HOfI CHCTEMBI B KBajpaT, HaXOJUM
¥+y=4—2Vxy
¥ TOCJAE BO3BeJEHHS B KBaApaT IOoJgydaeMm
(x4y)2=16—16V xy+4xy. &)

Hs (1), (D u (3) crenyer, uto Vxy=1, s 1. 1.

10.103. [Tonoxuth
JRe—
’l/x+y=t;
Y

TOrja nepsoe ¥3 JNAaHHHIX YPaBHEHUH NPHBOJUTCS K BHLY
22— 54 2=0.

10.104. 3anucap 3agaHHyIO CUCTEMY B C/elylolleM BHJe:
X \2 -
(__{/_ +y) —Q(sz— 1 —I—x)=3,
3(L4y)—20/F=T+2)=3

{ uz—yp=3,
3u—v=3,

u—_—.yx.+y, v=2(V "1 +x)

H DEWIHB CHCTEMY
e

noJlyunm
ul-——O, UI=_3; u2=3, 02=6.
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Ecan v=—3, 10, npeobpa3ys ypaBHeHHE

2(F—=14+x)=—3

K BHJY
2V x2—1=—2x-—-3, 1)
! 13
a 3areM BO3BOJA o0e yactu (1) B KBagpar, HaXOJHM X ==— =, DTOT KO-

12°
PeHb ABJSeTCS NMOCTOPOHHHM 1/1a ypaseeHus (1).
5

Ecmn v=6, 10 u3 ypaBHeHHs J/ x2—=3—Xx nonyyaem X=-,

5
a 3aTeM, pellMB YpaBHeHHe @+y=3, HaxonuM

_94-Voi _9—-V721
G 76

-
10.105. 3anucare CHCTEMY B CJAefyIOWEeM BHIe:

(Zu) +20/mFT—0 =5,

Y1 y Yo

x o
(£ +4)+(/#FFT—=0.
10.106. BosBoas ypaBHEHHMS CHCTeMBl B KBajpar U CKJajhiBad, 10-
JyyaeM
6—2 (x*+yH) = (x-Fy)% 0

[MepeMHOXast ypaBHEHHS] HCXOXHOH CHCTEMbI, HaAXOAHM
p— =V BI6F G+
OTKYZa 10CJ€ BO3BEJEHHA B KBaﬂpaT éyueM HMETh
(x—1)? (¢ +9)*=8 [ 16 (x+y)2]. ©

Cucrema (1)—(2) aBjisiercsl clIeICTBUEM HCXOAHOI CHCTEMBI.
[Tonaras (x+y)2=u, (x—y2=v, 3anuwem cucreMy (1), (2) B cae-

IyoleM BHEE:
{ 76=2u-tv,

uv =8 (16 4-u). ©

Cucrema (3) umeer gBa peileHHs:
=32, v;=12; Uy=2, uy=72.

3agaua cBogMTCS K peuleHuio cHcreM BHAA (¥x-Ly)l=a, (x—y)2=b u
npoBepke HalJeHHLIX DeleHHi.

10.115. BolyyTas M3 nepBoro ypaBHeHHs BTOpOe, YMHOXEHHOE HA
37173%, paxogum x=3y—1. llogcTaBiss 370 3HayeHHe IJIs X B nepBoe
ypaBHeHHe, moJyuaeM YypasHenne 8.3 Y=11y—3, Koropoe HMeeT
TOMILKO OIMH KopeHb y=1, Tak Kak QyHKuus z=_8 . 317Y — yOGrIBaionias,
a ¢yHkuusa 2=11y—3— Bo3pacraoimas.

10.116. Pewenune anajoru4Ho pelneduro s3agaun 10.115.
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10.161. ITyctb vy, Uy, U — COOTBETCTBEHHO CKGPOCTH RApPOXOJa, JNOXKH,
TeYeHus peKH (B KM/4ac), s— paccrosHue Mexay nysktamn A u B
(B &m).

YenoBust 3ajaui NOSBOJIAIOT HANMHCATh CJENYIOWYIO CHCTEMY Ypas-
HEHH: :

{ 2s _ s
| 30i—9) 3 @t9
s s s—20
{ v1—0 +vl+v Tty
s s

20 —0)  2(Bvg+0)

U3 nepBoro ypasHeHHs HaXoguM vy =20, 3v, a M3 TPETbEro noJayuaem
vy =230,-+ 20, OTKYJa Uy=0, vy==5v. [loncraBasas HaiijesHule BoIpaKe-
HHA 1Js Uy H Uy BO BTOpOe ypaBHeHHe, onpefeiseM s=120 xu.

10.163. Ilyctb vy, vs, U3-— COOTBETCTBEHHO CKOpOCTH 1-ro, 2-ro U 3-ro
BeJIOCHIIEAUCTOB (B KM[4ac), s-— paccrosnue oT A jo B (B kM), {— HCKO-
Moe Bpemd.

ITepsoe ycnoBue 3afaun MOXKeT OBITh BHIIOJHEHO B JBYX c/ydasx:
a) BTOpOH M TpeTHH BeJOCHNeJHUCTHl HaXOAATCA Yepe3 IOJTOpa daca o
pasHble CTODOHBI OT MepBOro BeJOcHMeAMcra; 6) depe3 moJTopa yaca BTO-
poil M TpeTHH BEJOCHIEIHCTEl BCTPETHJIHCh. IJTHM CJYYasM COOTBETCT-
BYIOT CJefylol[Me YpaBHEHHS:

3 3
301=‘2*v2+5—703, (1a)

3 3
"2—-02 +—2— Ug=38§. (16)

Bropoe yc/I0BHe 3ajaud JaeT ypaBHeHHe
§—2v3=01-}-05. @

TpefosaHne 3ajaud BLINOJNHSETCS TaKke B ABYX CJyuasXx: a) BTODOM
BEeJIOCHMIEACT uepe3 ! 4acos OKAa3aJcst MeXAy MEPBLIM H TPeTbUM; 6) uepes
¢ yacos mepBelif U TpeTuHl BeJOCHIEIUCTHl BCTPETHJHCh. ITHM CIydasim
COOTBETCTBYIOT CJERYIOIHE YpaBHEHHS:

v, =s—tvg4tvy, - (3a)

fo, + tog=s. (36)

CucreMa (la), (2), (3a) naer pewenue f{=3 (4aca). Cucrema (la),
(2), (36) naer peuieHue t=—59— (vaca). Cucrema (16), (2), (3a) maer pe-

menue ¢=1 (vac). Hakoneu, cucrema (16), (2), (36) cmosa paer petue-
Hue (=23 (uaca).

10.164. Ilyctb vy, v, Us— CKOPOCTH TEYEHHS DEKH COOTBETCTBEH-
Ho Ha yuactkax CB, AC, DC, u—cxopocra JIOKH B crofdell Boje,
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s—paccrosnne or A 10 C. Mcnonssys yenoBHs 3ajaud, cOCTaBAAEM CH-
CTEMY YpaBHeHHH (s=u):

u u 7
u—vy " u—uv, 2°

u u 17
{ u—v; + uto, 12’ M
u u

=4,

Uu—v, ' U—U3
13 a10fl cHCTEMBI HYKHO ONpelesHTh BeJUYHHY

u u

Tutuvs D outo
O60o3Hayum
[ Ug Us
=y ==y, == Xg.
u 1 P 2 u 3

Toraa cucrema (1) npumer Bug

[ 1 17
l L—xy T l—xy, 27
1 1 17
1 1+x,+1+x2:ﬁ’ @
I i 1
t 1—x1+1—x3_4'
[epBoie nBa ypaBHeHHs] CHCTeMBl (2) MOXKHO 3anKcaTh Tak:
7
2“'()‘1"{"‘2):7 [1— (x14 x2) 4 x1x3],
3

17
2-[—(x1+x2)=ﬁ [T (g 4 x2) 4 x125].

Pewasi cacremy (3) KakK JHHEHHYIO OTHOCHTEJNBHO 2y ==X; -+ Xy H 23 == XXy,
HaxouM :

X1 Xg==

’

@

o~ oo

Xy Xg==

Tak Rak N0 ycnoOBHIO Uy <C Uy, TO X; << Xp. YuuThiBag 3T0, u3 (4) noxy-

1
aeM Xy =, Xy 5

3
XOLHM Xg== =,
CrenoBaTesbHO,

a 3aTeM H3 TPeThEro ypaBHEHHsd cHCTeMsl (2) Ha-

x——l——--{————]———-——l—l 4aca
Tt 14 8 ’
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-10.165. ITyers u—ckopocTs soaks B cTosuell Boxe, Uy H Uy— CKO-
pOCTH TeyeHHS COOTBETCTBEHHO B l-M H 2-M NpOTOKe (B KM/MUM), § —
pacctosnue (B k) ot A 0 B.

Toraa
l uj—vg u—f—vl=2l’
| ufvl—-u_svfmy = M
‘l 2u—uv, 2u102=12'
B sajaue TpeSyerca HaiiTi %— Nonaras %:x, %l=y, %‘lzz,
3annmeM cHereMmy (1) B Buge
=g
! —{‘:3— l—-x——=70, @
| fx;—y — g =12

s

OcBoGoxkaadach OT 3HaMeHaTesed B cucreMe (2), noqaydaeMm

x(y—2) =21 (1 +y+z-1y2),
x(Yy—2)=10(—y—z+y2), ’ )]
x(y—z)=12 (4—2y—2z+yz).

U3 cucremsl (3) nosayuaem

{ 21 [1 4@ +2) 452l =70 [1 — (g +2+ 2],
21 [1 4+ (g +2) +pe] = 12 [4—2 (v +2) + 2],

Pemas cucreMy (4) Kak JHHeiHYI0 OTHOCHTEJBHO y--2 u y2, mosnyuaem

*

OTKyla CJaenyeT, 4To

Haxonen, u3 (3) HaxoauMm

%)

. x=—=1120 mun="1 4qacos.

I

10.166. [lycte s—paccToanue or A no B, v—ckopocTk TeueHHd,
U; —COGCTBEHHAA CKOPOCTh JIOAKH C MOTOPOM (B cTosueii BOJe), Uy — CKO-
poCTh JBHXKEHHA Ha Becjax (B cTosuedl Boje).
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Torpa

( 3s + s _n
| T6+9 T imTy 6
) 3s 7
i 4 (v, F0) + T (o) 2 (1)
s s 25
l vl+v+vl——v—T§'
Tpebyetcs HaliTh
s
Vg—0
O6o3naunm
! Y2, T
s o ST =
Torga cucrema (1) npumer Buf
1 11
l 4<x+z> TS @
3 7
: { 4(v+ IR @
I 1 25
{ x-]—z x—z 12° @
. 1 1
Pemas cucremy (2)—(3) Kak JHHeHHYIO OTHOCHTEJIBHO P H y_—i—z’
noJiydaem
1 1 1 13
x+2z= 7 y+z 3¢
OTKYJa
xtz=1, ©)
3
Yy+2z=1yz. (]
TMoxcrapass (5) B (4), HaxoauM
L1
x—z 127
OTKyza
12
x—z={z. )
5 1
M3 cucremnl (5)—(7) ornpesensem y—~6 z=§é, a 3aTeM HaXOJUM HCKO-
MYIO BEJHUHHY:
' s 1 13

Up— U Y2

= —2—=61/2 (waca) .
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10.167. IlycTb v-—CKOpOCTh TeyeHHs, U; — CKODOCTh JIOJKH B CTO-
siyefl BOJe, Uy — CKOPOCTb OXOTHUKa, s—— paccroadue ot A o B.
[lo ycnoBHAM 3afayd cOCTaBjseM CHCTeMY YpaBHEHHH:

s _s_3
| vitfv v 7!
s s
| s _s_7
{v,—uv v, 3°
B sajaue TpeGyerca naiitu ” i [yers «sv—zx, E)i=y, %2————2
—
Toraa cucrema (1) npumer Bua
1 13
x+y z 1
1 1
T o7 =4 @
LI N
y—x 2z 3°
Vickmounm u3 cuctemsl (2) x 1 y. C 3Toll uenbio 3andwmeM cuctemy (2)
B BHje
) - Tz
*HY=7T35 @
2
=Tra @
3z
it =% 7 ©
Boiuntas u3 ypaBHeHus (3) ypaBHeHue (5), HaxoIuM
7z 3z
B=7 % T35 ©
Uz (4) u (6).caenyer, yto ' ]
72 3z 2z
0]

713z 3F7z 144"

VpasHenue (7) MOXHO NmpeoGpa3oBaThb K BHIY
' 5922 — 382 — 21 =0,

L 19240
B9

OTKy ja

Tak kKak 2>0, 10 z=1, u Toraa u3 (5) uojayuaeM ywxn-%‘ Hcko-

s 10 .
Masi BeJHYHHA = = & (uaca).
u—v Yy—x 3
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10.168. Ilycte v, —cKopocTs napoxXona B CTogyed BOIe, Uy CKO-
pOCTh Karepa, U—CKOPOCTb TeYeHHS peKH, S— paccTofHue oT A 1o B,
{ — IPOJOIKHTENbHOCTL paGoyero aus.

O6o3nauuM |
s
U~ =X ) 1))
S
U! + 14} = y' (2)
§
T 6)]
S
DRNT @
Toraa
t=9 (x+y)=5(z+u). ®
Mo ycaoBusiM 3aiayu
1
1t =7 ®
5 1 S
5473 )
Ms 5, (6) n (1) naxomms u=",
t
x+y=—, ®)
x+-6y=2, (9)
2 f
t+5=%- (10)

Mol nonyuuan cucremy Tpex ypasHeHufi (8)—(10) ¢ yeThippMs Heus-
BeCTHBIMH X, {4, 2, {. He XBaTaeT euie oaHoro ypaBHeHHs. DTO ypaBhe
Hue Mbl moayyum u3 (1)—(4). [eso B ToM, uTO HeusBecTHHE X, Y, 2, 4
He sBAAIOTCS He3aBHcHMuIMH. OHu cBasadbi B cuay (l1)—(4) ypaBuenuem

r_r_1_1
y x u z'
2\
HIya <ec.7m y‘lECTb, YyTo u=—5-/
1 1 5 1
TTET T an

Hckmouaa u3 cucremst (8)—(11) x, y, 2, noayudaem

45 15 5 5

18—7  2(—3) 2 i{—2 (12)
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OTKYJa

VYpasuense (12) MoxHO npeo6pa3oBaTh K BHAY

8—412—12t=0,
t; =0, fy=—2 {;=86.

Tak kak ¢ >0, To ¢="06.

PEMIEHHA H YKA3AHHSA K 3AJAYAM TJIABBI X1

11.33. YpapHeHHe NPHBOJQHTCS K BHAY

2 sin3 x+2)3 sin ® ¥ cos x — 3 sin x=0.
11.37, sin x cos x (sin® x4-cosd x —2) =0.
Ypasueune sind x-cosd x=2 He uMeeT peleHHH.
11.38. —é— sin3 2x (— cos 2x) =cos 2x.

11.39. cos 2x (cost x -+ sind x4-1) =0

11.40. 2tg22x-tg2x—1=0.

- 1141, cos? x cos 8x=0.

11.42. cos 2x - cos 6x -+ cos 4x=0.

11.47. (sin 2x —cos 2x) (3 sin 2x -2 cos 2x) =0.
11.51. cos4x-tcos2x=1, 2cos? 2x4cos 2x — 2=0.
11.55. sin 2x cos 2x =cos? 2x.

11.58. (cos x-+ sin x) (cos x — sin x — 1) =0, x:#n—;—.

11.61. sin xf-cosx=¢, £2-+2/—3=0.
11.63. cos2x =1, £3-+12—f=0.
11.64. cos 2x (sin 4x—1) ==0.

11.65. sin 2x sin x—l-— =2,

11.66. (cos x — sin x) (cos 2x—sin 2x)—

11.67. (sin x4-cosx)|sin'2x—2 {14+ —=\|=0.
( ) +V2

11.68. (cos x~— sin x) [1 4 sin x cos x — (sin x+cos x)] =0.

11.69. [pa cayuas: a)tgx=1; 6)tg x>0, sinzx-g—sin x+%=0

11.70. sin 4x (2 sin 6x— 1) =0.
11.73. 3 (tg 3x }-ctg 2x) =4 (tg x +cig 2x),

3 4
Cosdx  Cosx’

cosx(sm x—i>—0, cos x 7 0.

4 (cos 3x —cos x) -cos x =0,

16
cos3x sin2x cosx . cos3x
174 =g e o
§in 3x  cos2x sinx sin x cos 2x’

a) cos3x=0;

6) sin 3x--sin xcos 2x=0, sin x (3 —4 sin2 x4 1 —2 sin? x) =

. 2 1
2 = — e —
sin? x= =, €os 2x 7

01
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) : . ;
sin x sinx = sinxcosdxcos3xr
cosx sindxsin4x ' cosxsin 3x sin 4x
l—cosx/1-cosx 1-}cosx-}cos2x
1].76. T " et T n =O,
1—sin x\l-fsinx 1 sinx-+sin2x

(cos x— 1) (sin x—cos x) (sin x-}cos x -1 sin x cos x) =0.

11.77. sin 2x —cos2¢=}'9 cos <2x—%> +V'3,

11.75.

J3

sin 2x — cos 2x=cos Qe+ sin 2x+V'3, cos Yy =—

11.78. VYMHOXKHUTh yPaBHeHHe HA sin% H npeoGpasoBaTh INPOH3Be-

ZeHNs CHHYCOB B anre6panHdyecKkyio CyMMY.
11.79. sin 2x (1+4-2 cos x) =cos x (142 cos x).
11.80. 1—cos 2x==sin x—sin 3x, 2 sin2 x~-2 sin x cos 2x=0.
11.81. Bepasute sin 3x u sin 2x uepes sin x u €oS X.
11.82. Henoassosars dopmyay sin 3x=3 cos® x sin x— sin? x.
11.83. Mcnosb3oBaTth (opMysl

sin 4x==2 sin 2x (1 — 2 sin? x),

sin 3 x==3 sin x—4 sin3 x.
11.84. (sin x —cos x) (14~ sin x cos x -} sin x-cos x) =0.

: 2
11.85. sin 2x =¢{, sin4x—|—cos4x=1—t§, 24t —1=0.
11.86. 2cos x==cos 2x (1 4cos 2x), cos x (cos x cos 2x — 1} ==0.
02 9y o A0y o _

11.87. 214 (1 —2 sin? 2x) Sin2x,35m2x 4sin32x=1, sin 6x=1.

11.88. ITonoxkute cos 2x==f. Torna cos 4x=2¢2—1, sin® x=<l2;t> ,

18— 122 =0,
11.89. cos2x=1¢, 13— 3/21-2(=0.
11.90. cos2x=t, 434 62— 4/ =0.
11.91. [Tonoxurs sin 2x=¢ # HCHOABL30BaTL HOPMYyAy

sin® x4-cosb x =1— 72’» sin2 2x (cM. cTp. 360).

11,93. Hcnonb3osate Qopmyay
tg3r=tg x g <%"‘> tg (%+x>.

1+4-cos x sin x

cosxsinx

11.94. 1--1g x-clg x—

1-}-cos x sin x
cos? x ’

— 2 25 e 2 5=
sec? x g x= cosec? x -}-tg 2x —cig K=

11.95. Hcnoawsosars popuyiy
g xtg2x—1g 3x=—tg x tg 2x tg 3x.



11.96. Ucnonssys gopmyny tg 4x —1tg 3x=1g x (1 | 1g 3x tg 4x), npu-
BECTH YDaBHEHHe K BHIY

(1+1g 3x tg 4x) (4 tg x— tg 2%) =0.

11.97. Hcnonssosate dopmyay tg ( x—{-%‘) =— cig (x—%) <mwero-

myka Mecto npH x;é%—likn ; BbIpasutk ctg x n ctg 2x uepes g x.
11.98. Hcnonb3osate Qopmy.ay

g <x—%> tge <x+%>=1 (x;ﬁy:l-_—%—}—nk)

¥ TPUBECTH ypaBHeHue K Bupy tgdx=-—4.
11.99. w=8c052x, cos 2x (20 bx 1\)=0.
sin? 2x sin2x

11.100. (sin x —cos x) (2-} sin x -+ cos x - sin x cos x) =0,
11.101. cos x(cos x —sin x -2 sin xcos x| 1) =0.
11.102. (sin 2x—cos 2x) (cos 2x-}-sin 2x4-1)=0.
11.103. Hcmonb3ys dopmyJisl

cos 3x =4 cos® x — 3 cos x =cos x (1 —4 sin? x),

sin 4x=4 sin x cos x (1 —2 sin2 x),

IIPHBECTH YpaBHEHHE K BHIY cos X (sin x— 1) (6 sin® x--sin x—2)=0.
11.104. Mcnoub3oBaTs HOpMY.JIbE

sind x - cos? x =(sin x—cos x) (1 — sin x cos x),

1
—= sin 2x sin (x_l_g_) = sin x cos x (sin x-}-cos x).

V2
11.105. 2sin 4x cos 2x — sin 4x =2 cos? 2x —cos 2x,
cos 2x (2 cos 2x—1) (2 sin 2x— 1) =0.

11.106. - sin 2x - sin 6x-}- 1 -}- cos 4x =cos 2x -} sin 4x, -
2 sin 4x cos 2x - 2 cos? 2x = cos 2x -} sin 4x,
cos 2x (2 cos 2x — 1) (1 4-2 sin 2x) =0.

11.107. sin x-+ 2 sin x cos x—]—4 sin2 x cos x = 2 cos X -}- cos? x — sin?2 x,
(2cosx-1) (2 sin2 x4-sin x—1)=0.
11.108. 4 sinxcos? x+2 sin x-+3 cos x=1-2 cos? x--6 sin x cos x,
2 sin x (142 cos? x—3cos x) =142 cos2 x— 3 cos x. '

cos X cos 2x — sin x sin 2x _ sin bx—sin x

- 11.109. sin x cos 2x " sinxsin5x

cos 3x 2 sin 2x cos 3x
cos 2x sin 5x ’

<€0s 3x (sin 5x — sin 4x) =0;

npu npoBepKe yyecTb, 4TO cos 2x £ 0, sin 5x=£0.
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11.110. Hcnons3sys dopmy.s

2 2tg x
= g 2t ctg2r, te2v=r=—pry,

_ 3—tg2x
tg 3x—tgx WC’

NPHBECTH YPaBHEHHE K BHAY
tgx(3tgt x—21g2 x—5)=0.
11.111. 1 —cos 2x -+ sin 2x 2 cos 3x (sin x4-cos x) —2 sin x—
—2cos 3x=0,
sin2 x |- sin x cos x — sin x-- cos 3x (cos x4~ sin x— 1) =0,
(cos x4 sin x— 1) (cos 3x+-sin x)=0.

; sin%
11.112. Vseen cig x-clg {\:—}-—xB=~—————-—-=

/ . , <n \
sinp x sin { - — x
4 / ]
2

== 7
V2 cos !\Qx——

F1 A ’

i)~!
1--sin 2x--cos 2¢ =1+3'2 cos <2x_23> .
ypasaeﬁue npuMeT BHA

2 sin 4x [H—

~ L — =27 [V-f cos(ZX—%B + 1] ,
V2 cos <2x—z)—1 | /
sin 4x cos <2x—%> =2 cos? <2x—%> — 1 ==cos <4x—-%> =sin 4x,

: T )4 i

sin 4x[cos (215——‘}—)——1]_0, cos <2x—71->¢172,_

11.113. tg x=¢, 2 —4dat+a?243=0.
11.114. Tloaaras sin x=/{, nojyyaeM ypasHeHHe {2~ 6f-}-4a2? —3=0,
HMelollee KOPHH

t,=3-2V3=a, =3+2)3—a.

Eca |a|<c V'3, 10 kopun neficreuTensusl, npuueM f,> 1. Hcxoguoe
ypapHeHHEe HMeeT pelleHHd, ecad |f|<<1, 1. e

 —l=s3-2)ime <1
11.115. Tlonoxkue  sin x - cos x = ¢, HOYYHM ypaBHeHHe
2—2BYV2{—6B*=0, omkyrsa #=3BV2, #=—BV2, 1 e
'sin <x -+~ %) =3B, sin <x -+ %> =—B.
11.116. [loaoxurb sin x—cos x=*¢,
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11.117. l—% sin?2x=a, cos4x=4a—3.

11.118. cos2x={, 24+ (2B+1)t—2 (2B--1)2 =0.

11.119. cos2x={, 2 2at+41=0Q.

11,120. VYpasHeHue acosXx--bsin x~-c=0 umeer pelenus, ecyay
2 << a2+ b?%; ypapuenne atgx--bctg x4 2c=0 umeer pelenns, ecau
a=0, a takxke eciu a %0 u KBagpatHoe ypaBHeHue af2--2cf--b6=0
- Meer NeHCTBHTE/bHLIE pewmieHus, T. e. eClu c2 ==ab.

Ec/in mepsoe M3 paccMaTpHBAeMsIX B 3ajade ypPaBHEHHH He HMeeT
peluenuii, To %> a?--b62. Ho Torma 3aBejloMO BHITOJHSIETCA YCJIOBUE
c?> ab (rak kaxk a2+ b2=ab), OTKyHa CJefyeT, 4TO BTOpOE ypaBHeHKE
HMeeT peLIeHHs.

11.121. TIlpeoGpazosaTe  npousBelenus  sin (x+a) sin (x -+ 3a),
cos (x+-o) cos (x4 3a) B cymmy. [loayunrcs ypapHeHHe

[sin (x +2a}) —cos (x+2¢)] cos 2at = .
=[sin (x4 2c) - cos (x - 2a)] cos (2x - 4ex).

Henonwaysa ¢opmyay cos (2x -+ 4a) = cos? (x -} 20) — sin? (x4 2a), 3anu-
caTh 3TO ypaBHEHHE B BHJE

[sin (x-}2a) —cos (x +2a)] [cos 200 + 1 -+ sin (2x+4o)] =0.
11.122. 1- cnoco6. 1—sin2x=cigx—]1, '
cos X -— SiIT x

sin x

2- cnoco6. Brpasute sin2x u ctgx uepes tgx. INoayunrcs
ypaBheHue 21gx—31g2x|-2tgx—1=0, umeoumee xoperb igx=1.

=t 2—t—2=0.

(cos x— sin x)2 == , (cos x — sin x) (cos x sin x—sin2 x— 1)==0.

11.123. TlosoxuTh €OS 2X —

cos 2x

11.124. Tlonaras x—i—% ={, monyuaem
sin3f=sin¢z—cos#, sinfcos?¢—cosf=0.

11.125. Bripasuts cos x u cos? %x yepes

t=cosy, 48—4f—3t+3=0,
@£ —3) (t—1)=0.

3n «x . 3x & .
11.126. Ilycts Jo— 5 =Y Torza y=m ——K—2—+1——0—>, sin(n—3y)=

= 3 sin y. Janee ucnosb3oBaTh. bopMyay sin 3y =3 sin y—4 sind .

X

11.127, YMuoxuB ofe 4acTH ypasHeHua HA 8 sin -, nojyuaeM
sin 8« sin =
5 5"

HcexonHomy ypasHeHHio GyLyT YHOBTETBODATL Te M TOJBKO T€ KOPHH

Lox
STOr0 YpaBHEHHs, KOTOphe He SBJSIOTCS KOPHIMH ypaBHeHHA sin gz().
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11.128. Mcnose3oBats GopMyabl

3 sin x — sin 3x cos 3x-+3cos x
_— o =m——

sind x =
4 ? 4

[onyuutcs ypaBHerHe 3 cos 2x-}-cos 6x= % ,

. : 1
canHoll Bbie (OPMYJE! A5 €os? 2¢, CBOAMTCH K ypPaBHEHHIO COs3 2X = 5

KOTOpOe, B CHJY HAnu-

3 3
sin (% + x> sin <% -+ 3x> B CyMMBl, 3amuimieM ypaBHeHHe B BHJE

11.129. TIlpeoGpasysa HpoOH3BEIEHHS sin (E — x> sin <£—3x> 7

sin <%— 2x> [cos 2% ~— o8 <2§ - 4x>] -+
- sin <£ -+ 2x\ [cos 2x—cos gﬂ: -+ 4x> =
3 T 3
. (@ 2n
Bblpamaﬂ, Janee, NPOHM3BElEHHS sin \§~ 2x | cos <? — 4x> u
sin \/ — - 2x> cos < T —l—4x> yepes CyMMbl, noJydaeM YpaBHeHHe
/
cos 2x[sin K% .‘Zx/—i—sm <:3t —}—2x>] = v
= —é [sin <2x—%> --sin (m— 6x) [+
+ —;- [sin <— 2x—%> -+ sin (7 +6x)],

Tak KaR sin <%-— 2x> -} sin <—g— + 2x> =2 sin % cos 2x=}'3 cos 2x,
sin (1t 4 6x) -} sin (m — 6x) =0,
sin <2x-—-;£> +sin <—~ 25— g) =— )3 cos 2,
To ypaBHeHHE MOKHO TPEICTABHTH B BHIE

cos 2x <cos 2% + %) =0.

11.130. IIpumensis dgopmyny 2ctg 2a4-{g o =ctg & <oc #?—), HMeeM
8ctg24x{-4tg 12 x=4 ctg 12x,
4ctg 12x+21g 6x =2 ctg bx,
2 ctg 6x -}-tg 3x=ctg 3x.
Takum 06pa3oM, MPUXOIHUM K ypaBHenuio ctg 3x=1g2x, uuu
cosbx
sin 3xcos 2x
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11.131. Pewast nanHoe ypaBHeHue KaK KBajgpaTHOE OTHOCHTENbHO
cos 3x, Haxo4uM
cost x & J/ cos® x — cos® x
5 .

Ecan cos x=0, o u3 (1) noayyaeM cos 3x=0. Ecam |cosx|=1, T0 n3

M

cos 3x =

(1) nonyuaem cos 3x=7, 4TO, OJHAKO, IPOTHBOPEUAT  paBEHCTBY
[ cosx|=1. Haxonen, ecau 0 < [cosx|<<1, 10 cos8 x<Zcos®x m ypas-
Henne (1) He mMmeeT pemreHui.

TakuM o6paszoM, peileHnss HCXOAHOTO ypaBHeHHA 00s3aHbl YIOBJETBO-

n
PSTh CpPasy ABYM ypaBHenusm: co8 x =0, cos3x=0, oTKyja x:Q——{—mz.

T
ITpoBeprka moKa3biBaeT, 4YTO 3HAYEHUS X=+7an YIOBIETBOPAIOT

HCXOJHOMY YpaBHEHHIO.
11.132. 3ajaua aHasOTHYHA npem;mymen
11.133. ¥YpapHeHHe MOXKHO 3alllcaTh B Buie

'

*(sin x - cos x) [sin4 x— sind x cos x - sin? x cos* x—

. 3
— sin x cos® x -} cost x |- Ve | = 0.
Boipaxenue, crosiiiee B KBajJpaTHBIX CKOGKaX, PaBHO

. . . 3
(sin® x4~ cos® x)® — sin® x cos® x — sin x cos ¥ 4~ —— =

V2
= 1—sin? x cos? x —sin x cos XL ——

vE
. 1
Tak xak |sin xcosx§g7, TO
in2 2 - 3 3
| sin® x cos? x - sin x cos x| << 7< 14—,

Ve
CiienoBaTesIbHO, BEIpaKeHHe B ‘KBajJpaTHBIX CKOOKaX HH NPH KaKOM X
B HyJab He o6pautaetcs. Ilo3TOMY HCXOZHOE YypaBHEHHE pPaBHOCHJBHO

ypaBHEHHIO
sin x4 cos x=0.

11.134. O6osuaunm sin® x =u, cos2x=v. Torga 3ajgaua o HaxoKie-
HUH pelleHull ypaBHeHH:

sin?™ x 4-cos?? x =1
CBOZAMTCA K 3ajlaye O HAXOKJEHHH JeHCTBUTEABHBIX DELIEHHH CHCTEMbI
ypaBHeHHH
ut-vt=
u..m +v2n l

Taxkast - cucrema '(cM. sapauy 10.46) nmeer JefiCTBHTeJIbHEIE pelleHHs
©, 1), 0, —1), (1, 0), (=1, 0). CrezoBatenbHO, HCXOIHOE YpaBHeHHe
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YAOBJIETBOPSeTC JIHIIL B TOM Clysae, Korja Jugo |sinx|=1, an6o
mn
fcosx|=1, T. e. X==5.
11.135. OGosHauuB sinx==1, COSX==v, MOAyYaeM CHCTEMy ypaB-
HeHH{

W=,
1 1
2+ —— 12N+l
u + vImTL v + uimyl e

Ora cucreMa (cM. 3anauy 10.47) uMeeT jxBa AefiCTBHTE/BHBIX DeMICHHA:

1
U=U= e == ——
2

X iy
Urax, noayuvaem sin x==cosx, x =7 + nn.

11.147. Tax kaK |[sin2xcosy =21, To cuCTeMa MOXKeT HMeThb petue-
Hus auwb npu a=0.
cos’y .
- siny 0
s g S0y 70,
Tax KaK ‘B HNPOTHBHOM cjy4ae siny=cosy=~0) H, NOACTaBJAg BO BTOpOE
ypaBHeHHe, noc/e npeoGpasoBaHufl noayuaeM 2 cos® 2y 25 cos 2y — 13 =

11.148. U3 nepBoro ypaBHeHHA HaXoiuMm sin X =—

=Q, on{yxa €os 2y = oR Torma u3 BToporo ypaBHeHuW# moOAydaeM
€08 2x = % . Cucrema
cos 2y = % R
1
cos 2x = 5

ABJISAETCA CJIEJICTBHEM HCXOAHON CHCTEMBI.
11.149. TlpeoGpasosaTh NpoH3BejieHHe COS X COSY B CyMMY.
11.150. CrcteMa paBHOCH/IBHA CaAenyiOMIed:

cosx4-cosy=1,

cosxcosy:%.

11.151. V3 nepBoro ypaBHeHHS HaXOJHM

cos (x+y) =0, x+y=—32£+nk; u T R

11.152. Bropoe ypaBHeHHe mpeoOpa3dyeTcsi K BHAY

sin® 2x -~ sin? 2y =0,
OTKYAA
_nk _an .
X——2—- y y—_2— . ( )

Besikast nmapa uucen x, y BHAa (*) yAoB/leTBOpsAeT MepBOMY YDaBHEHHIO.
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11.153. Bossoga ypasHeHus B KBajgpaT # CKk/AajpBas, fojyuaeM
ypaBHeHHe
sint xcosB x =1,

fBJdloileecd CAeJCTBHEM HCXOAHON cHCTeMbl H HMelOUlee pereHHns
an

2

(eM. 3azauy 11.134).
Ecnn x=1k, T0 U3 HCXOAHON cHCTeMbl nonyuaeM siny=0, cosy=1,
OTKyna Yy = 27m.

Ecomu x—:%—{—.nk, T0 cosy =0, siny=1, oTKyAa

y=-g~—{~2:rm,

11.154. Paspenus nepmoe ypasHeHHe Ha BTOPOe, HAXOIHM
cos x=2c0s y. 1))

TNoncrasasa (1) B mepBoe ypapHeHue, TOJAYYAeM [OCAe COKpailleHHS Ha
cos y =~ 0 crenyiolilee ypaBHeHHe:

3sin xL-6siny=4. 2)

Cuctema (1) —(2), paBHOCHIbHasi HCXOJHO[I CHCTeMe, aHANOTHUHA pace
CMOTpPeHHOU B NpHMepe Ha CTp. 390.

11.155. CaoxuB ypaBHeHUs # Npeo6pa3oBaB CyMMbl CHHYCOB H KO-
CHHYCOB B IPOH3BejeHuf, NoJyqaeM ypaBHeHHE

A=y (o ¥ty xby
5 (33m 5 cos — /-0. Q)

cos
VYpasuenue (1) BmecTe ¢ NePBHIM ypaBHEHUEM HCXOJIHOH CHCTeMbl oGpasyeT
CHCTEMY, PABHOCHJABHVIO HCXOIHOI.

¥Ypaenesue (1) pacmajaeTcd Ha QBA yDaBHEHHS:

a) cosx_gyzo, Xx—y=a k1) ~ @

OctaeTcs BHIpasuTh H3 (2) u (3) y uwepes x, NOACTABHTH B epBoe
ypaBHeHUe HCXOJHOH CHCTeMBl, a 3aTeM pelIHTh YpaBHeHHS BHIAA

a sin x-}-b cos x =0,
11.156. BTopoe ypaBHeHHe MOYKHO 3amhCaTh B BHIe

€os X — 08 (x -+ 2y) ==cos x, uan cos (x4 24) =0,
oTKYyIa

=5 —2+an, M
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[logctannsis x u3 (1) B NepBoe ypaBHEHHe CHCTEMEl, HAXONHM
tg 2y -+ sin 2y = sin 4y, )
sin 2y (1 4+ cos 2y — 2 cos® 2¢y) =0,

H T I )
11.157. Bropoe ypaBHeHHe MOXKHO 3amHCaThb TaK:

sin (2x—y)-+-sin y =sin y,

i sin (2x—y) =0, oTkyaa i ]
y=2x—nk. ‘ 8]
[Moacrasass y u3 (1) B mepBoe ypaBHeHHE CHCTeMBI, NMOJIYYMM YypaBHEHHE

41g3x=31g4x.
Bupasus tg3xu tg4x uepes tgx, nocie npeoGpasoBaHUil MPHXOIANM
K ypaBHEHHIO

tgd x (gt x -+ 7)=0,

oTkyla tg x=0, x=umn.
11.158. TlepBoe ypaBHeHHE 3anucaTb B BH[E

(2 cos x—tg y)? =0,
a 3areM NoJCTaBHTh {gy=2C0Osx BO BTOpOe ypaBHEHHE.
TTocie npeoGpa3oBaHuil NOAYUHTCA ypaBHeHUe
sin x (sin x-}-cos x--1)=0.
11.159. [lepBoe ypaBHeHHe 3anuiieM B BHAE
2 cos x sin y cos y=sin® y. 1))
W3 BToporo ypaBHeHHs cjaeayer, uto siny cosy 7% 0. INosromy ypasHe-
Hue (1) MOXHO 3anmucath Tak:
tgy=2cos x. 2)
TMogctaBasis (2) Bo BTOpOe ypaBHeHHME HCXOJHOH CHCTEMBI, M0JyUYaeM
nocse npeo6pa3oBaHuH

(sin x — cos x) (2 sin x-} 1 — sin x cos x — cos? x) =0,
nau
(sin x — cos x) sin x (sin x—cos x+2) =0,
HT A
11.160. BosBens ypaBHeHHS JaHHOH CHCTeMbl B KBaipaT H CKJalbl-
Basl, MoJyyaeM ypaBHEeHHE
2a sin (x--y) =2a, (1)

ABJIsIOlleecs CJeJCTBHEM HCXOJHOH CHCTEMEI
Bosmoxnbl aBa caydas: a==0, az£0.
Ecau a=0, To ncxoznasi CHCTeMa NPHMET BHJ

; | 1
Sl ¥X=——_ C(COSX=—r—
V2 ’ V2 ’
ax
OTKY 1A x=T+2nk, a y MoXkeT NpHHHMMaTh Jlobble 3HaueHust. Ecan

a=£0, To u3 (1) monyyaem sin (x—|—y)=‘1, OTKyAa
y=f2‘-+2nk—x. @
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Hopacrasasa y u3 (2) B HCXOAHYIO CHCTEMY, HaXOlIPIM

a
(1+4-a) sin x-%, (l+a)cosx- V_ (3)
Us (3) BHIHO, Y4TO HYMXHO OTAeJbHO paccMoTpeTh cayuall a=— 1. Ilpu
a=- 1 UCXoIHa7 CHCTeMa WMeeT BHJ
{ sin x=cos y,
cos X =sin y,

OTKyZa CJAeAyer, uTo x—}—y:%—{—an.
Ecmu az£—1, 10 u3 (3) nonyuaem x:%—{—&mm, a sateM u3 (2)

onpenesaeM y——-ZJ,—an. Toayuenurle pelleHus YAOBAETBOPAIOT HCXOH-

HOH CHCTeMe.
11.161. Ypasuenue

a cos (2x - y) cos x = a cos (x+2y) cos y,

NONYUYeHHOE nepe\mox&eﬁuem ypaBHeHym uCxoaHoU CHCTeMbl, SBAACTCA
CJIe/ICTBHEM HCXOJHOH CHCTEMBHI. 1o YpaBHEHHWe 3alldieM B BHjE

2 [cos (3x-4-5) +cos (¥ +4)] =2 [cos (x+3y) - cos (x+ )],

Hiy
cos (3£ --y) = cos (x--3y),
oTkyaa JH6o :
x—y=nk, 8
anbo .
xy=". )

Ecan umeer Mecto (I), To U3 mepBoro ypaBHeHHA CHCTEMbl HaXOJHM
a cos 3y =CosYy, OTKYJAa, HCNOJAb3ys PopMyay

cos 3y =4 cos3y—3 cosy,

ToTyyaeM
cos ¢ (3a+1—4acos? y) =0,
HJH
cosy (@a-+1—2acos2y)=0.
CJaeloBaTebHO,
R fad
a) y==5 -+an, (3)
1 l
6) y=x arccos & ~+mum. 4

Ecau umeer Mecto paBeHCTBO (2), TO H3 NEPBOTO YDABHEHHA NOJYUYAEM
cosy =0.
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Jlerko mnpoBepuTh, YTO Kaxiad napa uucea (X, y), onpejensemas
kak ¢opmynam (1), (3), Tag u dopmynamu (1), (4), yrosaersopser u
BTOPOMY yPaBHEHHIO HCXOJHOH CHCTEMBI.

11,162, 3amuwen cucteMy B BHie

{ 4 sin (3% -+ 2y) == — sin x, (1
sin y = — 4 sin (2x 4+ 3y)
H, NepeMHOKHB ypaBHeI-;HH cuctemul (1), moayuuM ypabHeHHe
sin (3x - 2y) sin y = sin (2x4- 3y) sin x, 2)

ABasiolleecs C/J1eACTBHEM HCXOAHOH CHCTEMBI.
IpeodpasoBas npoussenenist TPUIOHOMETPHUECKNX (PYHKIMI B JIeBOH
U npasoil yacTAX ypasHeHHd (2) B CymMy, DOJIYVUMM ypaBHeHHe
cos (3x 4~ y) =cos (x + 3y),
X—y=mn 3

2% -+ 2y = qk. (4

OTKY /18

au60

Ecau umeer Mecto (3), 70 H3 NEPBOTO YPaBHEHHUS HCXOIHOH CHCTEMEI
noayHaeM IOCJAe MPoCTHIX NpeolpasoBaHuil

sin y (16 cos? 2y + 8 cos 2y -~ 3) =

Ecaw smmnoansercs pasenctso (4), 1o siny=0.
11.163. 3anuweM cucrteMy B CjeiyiolleM Bule:

{ (sini x -+ 2 cos y)2 + (sin y 4 2 cos xP2 =
(sin x + 2 cos y) + (sin y+2€05x)=1.
Torna ¥cXofHa® cucTesa pacilaldeTcsl Ha JiBe CHCTeMEl
f sinx +2cosy=1, { sin x 4 2 cos y =0,
\ siny 4 2cos x =0, siny |+ 2cosx=1.
Kamknast u3 s1uX CcHcTeM dBasiercs CHCTEMOI TOFO e BHa, YTO B CH-

CTeMd, PaccMOTpeHHast B npuMepe Ha crp.-390.
11.164. [Ipencrasutb cucreMy B BHie

{ (3 sin x —cos y)2 4 (3 sin y —cos x)2 =4,
(3 sin x—cosy) - (3 siny—cos x) = 2.
11.165. Pewas BTOpoe ypaBHeHue Kak KBdeaI‘HOE OTHOCHTEJbHO
sin x, noJaydaeM
sin x==—cosy + V' — (1—2 sin y)° n
[Monkopennoe prpaxense B (1) HeOTpHUATEIbHO AHWD NPy | — 2 sin y =0,
T. €. mpH
1

sin Y =4. @
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Hs (1) rorga Haxozum
sin x = — cos y. (3)
Hs (2) u (3) caenyer, uto
1

cos2y=%, €05 28 = — 5. 4

Hcenmonbayst paBencTBa (4), U3 HepBOrO ypaBHEHHH HCXOLHOH CHCTEMEI
HoJy4aeM

1
COS X = Ok
OTKYJa
i
X=*+ 3 +2ﬂk,
a u3 (2) HaxouuM
n g

y=(—1) '(T*'rml;

yuuThipasl elle COOTHoleHUe (3), moaydaem

x=i%+2ﬂk, y=i% +;+27m

11.166. 3anaua aHajoruwuna npeaeuiymed. Hs Broporo ypashenus

HaxoauM

cos x==— cosy 2. o ¥ T (T=2smgP,

OTKYyAa
. 1 1 oo 1
siny=-5, COSX=—COSY, COS2Y=-, COS2X=—5.
2 2 2
Torja #3 epBOrO ypaBHeHHH UMeeM
sin x= !
=

3anMeTHM, 4YTO K 3TOMY € pe3y/bTaly MOXKHO MPHHTH HECKOJILKO
uHEIM nyteM. [IpeicraBUM BTOpQe ypaBHEHHe B Bule

4 (cos x-}-cos y)2 (2 siny — 1)2 =0,
OTKYIa

cos x4-cosy=0, Z2siny—1=0,
a7 L

PEWEHUA W YKA3AHHWSI K 3AJAYAM TIJIABBI XII

B npuBoiuMbX HHKe YyKa3aHHSIX H KPaTKHX pelueHusx yacto ¢op-
MyJupyioTcsi (e3 OOOCHOBaHMSI T€ HJH HHble yTBEPMHKIEHHS (HampuMmep,
NoLo0He TPEeYTOJbHHKOB, NaPalieqbHOCTL NPAMbIX, OTOpachiBaHHe H3 Teo-
MeT[?;d‘-lecan €oo0pax<eHHH OJHOTO H3 KOpHeil KBaJpaTHOTO YDaBHEHHS H
1. 1.). ClellyeT HMeTh B BHAY, YTO A/ NOJYYeHHT HOJHOT O PELICHHA
TaKHE YTBEPIKAEHHS JO/KHB OblTh 0GOCHOBaHLI.
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12.21. Ilycte O;, O;—nueHTpH paBHHIX Kacaloliuxcsl IPyr Ipyra
KPYTOB, BIHMCAHHLIX B OCTphle YIVIbl NPAMOYTOJILHOIO TpeyrosnbHHKa ABC
(puc. 174), E, F—ToukH KacaHHusl 3THX KpPYyroB C runotenysoii AB, O —
LEeHTp BIIUCAHHOI'O B TPEYrONbHHK
Kpyra, K —TouKa KacCaHusl 3TOFO
Kpyra ¢ THNOTeHY30H.

Beejiem caepyiomue o6o3Ha-
uenusi: BC=a, AC=b, AB=c,
0K=r, 01E=02F=X.

IMo ycnoBuio 3agaun sir2=
= 2nx2, T. €. r=x]/2.

M3 nopoGust TpeyroJbHHKOB
0AB u 00,0, naxogum

Puc. 174. c r re= c(V2 —1)
wr—x ' 2 :
a-f-b—c a+b

5 nosyuyaeM ¢=——, Cuegosa-

Ve
(a—b2=0, a=b.

Orcrofa W 43 GopMyanl r=

(a-+b)
2 *

TeJbHO, ¢2=0a2-- b2 =

. Tt
3HauuT, KakIbl M3 OCTPHIX YIVIOB TPeyTroJbHHKa paBeH T

Puc. 175. . Puc. 176.

12.22. Tlycte M, N, K —ueHTpe KBaapaTOB, NOCTPOEHHEIX Ha CTO-
poHaX NpAMoyrossHOro Ttpeyroanauka ABC (puc. 175), O—cepeluna
runoteny3nt  AB, AB=c, 4 BAC=o. Torna L KON=mn—q,

LMON=7, LKOM="%+a,
' 1 b b
SMNK;SKON“}‘SKOM‘I‘SMW-—j 2 aj; a+ a_; cos -
b
+3 () —Faro+g @0+ 1@ +b)2—(“+ V.
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12.28. IMycte M, N, K — cepeaunbl CTOPOH AaHHOTO TPAMOYLOABHORO
TpeyronbHuka ABC (puc. 176), O—UeHTD OKpYMKHOCTH, -Kacaiolleiicst
JAHUBIX TOJYyOKpyXKHOCTell, R-—ee paguyc. [lposesem OF | MN u
OF 1 KM. O6o3Haunm OFE =x, OF =y. Torga OK=R —3, ON=R —4,
OM=R—5, NE=3—y, KF=4—x.

Hs npsamoyrosbnbix tpeyroipHukoB OEN, OEM u OFK nonydaem

(R—4p2=x2+(3—y)
{ (R—5)2 =2+ 2,
(R—3)2=y>+ (4—x)%

. 144
Peltag 3Ty cucreMy ypaBHEHufl, HaxOIuM R=—2;3 CHM.

12.24. Tlycrs O—neHTpP OKPYKHOCTH, Kacaloilefics Tpex JMaHHBIX
OKpyiKHOCTell, x—ee paanyc, Z OAC=c (puc. 177). Toraa

AO0=x-+1, BO=x+42, CO=x-3.
Hs rpeyroasuukos AOC u AOB 1no Teopeme KOCHHYCOB HOJyHaeM
{ (x-F3)2=(x4-12-+36—12 (x+ I) cos c,
(x+22=(x-12+9—6 (x4 1) sin c.
Pemmas 3ty cucreMy ypaBHeHHH, HaXOJUM

x=8————————V1;~ 19 (cm).

8
Puc. 177. Puc. 178.

12.31. Uepes sepuinny B npasuabHoro tpeyronsHuka ABC (puc. 178)
TpoBefieM NeplleHaukyAap BE K JaHHBIM NapasiesnbHbM npsmsiM. Ilycts
AB=AC=BC=x, L CBD=o. /38 npsMOyrosbHHX TPeyroJbHHKOB
BCD u ABE nonyuaem

BD=b=xcosa, BE=a--b=xcos <';1_ )

Pewas 3Ty cucTemMy ypaBsenuil, HaXORuM

x—_—-]—/QSTVaLi—ab—]—b?.
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12.32. l-e pemenne. BoamoxkHB [Ba Ciydast, yKa3aHHBlE Ha
puc. 179. Ilycre O—U@HTD JaHHBIX OKpYIKHOCTe(l,
AB=AC=BC=zx,
ABI=AC1=BIC1=_I/.

M3 npamoyroasHeIX TpeyI‘OTIbHHKOB COD un C,OF noayuaem

]/3 —9 x2
i
yV3 30_2 y?
A

Pemmag »T# ypaBHeHHS, HAXORUM

x=~1-(]/4R2——r2+r V3)
y———(l/4R° —rl'3)

2-e pemenne. 3avernd, uto AF=r} 3, kax croposa mpamuIs-
r

HOTO TPEYrOMBHMKA, BIHCAHHOTO B OKPYXKHOCTH pafuyca ri 06 = =,

CB, =206 — 2]/1%" -4_.V4R2—r~ ABlzé—(CBI—AF):

=”2~(V4R2"r2"_f1/ 3)) ACZCBl"‘AB]':‘%‘(‘/‘le—‘IZ+f‘/.3-).

Puc. 179. Pnc. 180.

12.33. Ilycts O; u Op—UeHTPH! JaHHHEIX OKpywKHOcTefl, A — Touka
KacaHus, AD —puamerp Gosbiuefi okpymxuoctd, ABC — npaBu/ibHuIA
Tpeyroasuuk (puc. 180). OGoznauum

AB=AC=BC=x, ( BAD=q.
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3 npsamoyroabHoro tpeyrosibHuKa ABD U paBHOGeAPEHHOTO TpPeyroJb-
Huka AO,C mosayuaeM

\

) x==2R cos «, x=2rcos<g-——oc>,

‘Pelnasn 3Ty CHCTeMy ypaBHEHHI, HaXOZuM
RV
X = ———
VrE—rR+R?
12.45. Tlycte AB=BC=1, L BAC=a, R—pailuayc OKPYyKHOCTH,

onucannoil oxoJao TpeyroapbHuka ABC, OM = 0C =r — pajuyc OKpy#HO-
CTH, OMHCaHHOH oKojo Tpameuny ACMN (puc. 181).

J
Puc. 181.

Hs tpeyrosbauka ABC 1o TeopeMe CHHYCOB HaXOAHM

. !
T 2sina ”

R

ITposegem OL | BC. Toraa BL:—%L Us tpeyroasnnkos BOL u OML
[OJTY YaeM

OL=BL-1g £ OBC:%Ctga,

resOM =} OLZ—l—MLz_—:% V TFodga.

5
Tlo ycsioBuio 3ajaun r::—V—Q—-R, T. €.

Vs

[ —
T1/1+9ctg~c4_4Sl.m.

i
Pewasn 310 ypaBHeH#e, HaXoJuM a=7.
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12.46. Iycte Oy, O,, O;—ueHTph AaHHBIX KpyroB (puc. 182),
OM=r 1 OyN =0,E =0,L =R — paguycs s1ux Kpyros, O;K [MN.

Puc. 182.

Tak kak BO,— Guccektpuca yraa ABC, 1o
BN =BL =R ctg (arcctg 2) =2R.
Hs npamoyrosbHoro tpeyroabunka BCD maxoium

BD 3R . 2ctg(arcctg2)

b= ctg (2 arcctg 2) T (arcctg2)—1

= 4R,

BC=V BD?}CD?=5R.
U3 tpeyroabnuka 0;0,K unmeem
MN=0,K =V {RFr2—(R—r2=2VRr.

U3 tpeyronshnka CO;M naxoanm

r 4r

CM = ctg @ arcctg?) 3 °

U3 cootrowennst BC = BN + MN 4 CM nonyuaen 5R =2R-+2 V' Rr +% r.

Orcoza
3—-.2]/R 4 o, l/§=—é—(lil/5)-

Tak kak ]/5>0 TO 7:—(3-|—l/5)

12.47. Bo3moxHul ABa cayuas. [lepBrifi cayuail: paBHbIe Kacalouigecs
Ipyr Apyra Kpyrd (c HeHTpaMu 8 ToukaX O; H O,) KacaioTcsi BHYTPeHHUM
06pa3oM OKpPYXHOCTH, BIHCAHHOH B faHHHH TpeyrojbHHK ABC (puc. 183).
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B sroM cayuae Tpeyronniuk 00,0, —npauabiud. O6osuauum OM =
= O,N =x. Toria 00; =R —x, 0,0,==2x. Orctiofa R —x=2x, x =--:1,’— R.

Puc. 183.

Bropoii cayuafi: paBHBle KPYPH KacaloTCs BHEIIHHM 06pa3oM OKpYK-
HOCTH, BnHcaHHOH B Tpeyroabuuk ABC (puc. 184). Bregem ofosnauenus

J

/

/7 s
Puc. 184.

ON = 0,E=y. Torsa ua paccmotpenus Tpeyronbﬁnxos AOE, OOE
i AOM HaXojuMm JJHHBI Tpex OTpe3KOB AL, OF, AO

AE=04F ctg > __y]/3,

OE=V00;~’~EO';’=VR2+2Ry,
A0 = OMR 2R
sin—§ V3
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W3 coornomenns AQ = AE -+OF nonyuaem
2R /& BT 5T
==yV3+VRL2Ry.
V3 yV3-+V R*+-2Ry
( 22 2\

Peinas 3To ypaBHeHHe, HaXxouM y= R. Tak Kak y<<R,

0 y=| (1 —-4—-—> R.

12. 48 Tlycrs r— paiuyC OKDYKHOCTH, BIHCAHHON B JAHHHIL Tpe-
yroapiuk ABC (puc. 185), AB=BC=1{, L ACB=a, AD | BC. Torza

BE-AC  [sinocosa ME——?r—lsmm
AC+2AB~ 14cosa * 7 7 T I-cosa”

W3 tpeyroasnuxkos ABD n BDM naxoanm

BD=AB-cos £ ABC=1cos (n —20) = — [ cos 20,

BD __lcos?oc
cos £ MBD sinet °

V==

BM =

113 coortnomenus BE =DBM -+ ME nonyuaeM
[ sin 20, __dcos 20
[ +coso sin o

’ 2 2
Pemaa st10 ypapHeHpe, HaxoJuM COS QL = -, OL==arcecos —3‘

lsinq =

37

Puc. 183. Puc. 186.

12.49, OBosnaunm yroa ABD uepez o (puc. 186). M3 coornomenss
Seun=SpomT Spox nOAYHAEM

»;—BM BN - sin 2a=%8M ~BO~sinoc+—;—BN-BOv 6in .

Orcioga
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~ Tenmeps Haxopum

DO _BD—BO _BC.cse | BC(1 . 1\ _ _
‘B0 Bo — Bo "3 lEmTtay '~
_ 1 /AM+BM | CN+BN, 1
=9 BM T v, Tl=gmEn

12.61. TposeneM MK || BN (puc. 187). M3 nojobus TpeyronuHHKOB
BCN u CKM wuaxonsm

_pu CM cM L, 1
CK=CN % ~C‘V'CM+BM =CA T+m-
Orcioga
S , m

KN=CN—CK=CN {,1 ———— i =CN ——
\ 1-+m; l4-m

W3 nopobusa tpeyroasHukos AON 1 AMK mnoaynaem

A0 AN AN 1+m o
oM KV CN Tm T m M.
AHaJIOrHURO HaXOAHUM

BO _m

Puc. 187. Pne. 188.

12.62. O6oswaunM AB =yx, BC =y, AC =2z. M3 TpeyroibHHKOD
ABM n ABN (pnc. 188) no CBOHCTBy OHCCEKTPHCH BHYTpDEHHEro yrJa
TPEYTOMbHHKA NOJAYYaeM ‘

.
BM OM AN _ OV s
ABT A0 V3> AB T BO

Orcioga



U3 tpeyronshnra ABC nMeeM

AN AB BM  AB

CN —BC®' CTM ™ AC’

T. €
[ x(V3 =1 X

z—x(V3 —-1). y’

x x

=Z

— x
V3 [y—-2=)
V3,
Uz o10f cHcTeMbl ypabrennfi maxomum y=x '3, z=2x. Orcioga ce-
JAYET, 4TO x‘2+/2—22 u Io Teopeme, obpatHoll TeopeMe [lmncdaropa,
L ABC = =, Cie0BaTeqabHO,

LBAC = arcsin r‘l-/A g, LACB = E

O‘J

12.63. 1-ii cnoco6. Ilpexae Bcero HaJo JOKAa3aTh, YTO B TPEYTOJb-
HHKe CO CTOpOHaMH a, b, ¢ MeguaHa m,, NPOBejeHHAsl K CTOPOHe ¢, onpe-
Jesigerca opmytoh

Qa4 b2 = ¢ | (2m.)2.
Iycrte Teneps X, Y, z — LAHHEL CTOPOH JAaHHOrO TpeyrosasHuka. Torza

20 Oy = 22 - 242,
22 4 222 = x2 4 502,
2x2 - 222 = y2 | 422,

Pewasn »1y cucreMy ypasHenuil, HaxoguM x==2 V105, y=2 V33,
2=2)132, S, =48V/6 (cu?).

2-ft cnoco®. Tlyers O —- Touka nepeceueHus MegHaH JaHHOIO Tpe-
yronbiuka ABC. Ilpogomxknm wMegnany BN Ha otpesok NK = ON.
Torna ANAON = ANCK, n noromy SAOCK=SAAOC=§SAABC' Ho
cTopOHbl TpeyronbHika OCK paBHBI ABYM TPeTSIM COOTBETCTBYIOLIHX Me-
anan tpeyroabiuxa ABC, 1. e. AGCK umeer cropoust 8, 10 u 14 (cm).
Crefosatennlio, S,0Ck = 16 V6 (cn2), SpaBc =48 V6 (cn?).

12.64. Ilycts Oy u O, — ueHTPH JaHHBIX OKpyxKHOcrel, AD — 6uc-
cekrpuca yraa BAC (puc. 189). IMo ycaosnio 3agawn OM = O\F =2,
O,N =0, =3, EF=7

M3 nogodus tpeyroasHukos 0;AM n O,AN noayuaem

AN:%AM. M

Orcona BhiTEKaeT, 4TO TOuka N Haxogurtcs GuHke K Touke D, ueM Tou-
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kKa M, 1. ee DN<<DM. Ho DM = DF w DN = DE. CaeioBare/ibHo,
DM + DN =DE +DF =EF=1. )

Samerum, uto O;D | 0,D, Kaxk 6uccekrpucht yraos ADB u ADC,
cocraBasiomux B cymMe . Caegosateasho, yram O,DM u DO,N

Puc. 189.

PaBHEL, KakK YIJbl C COOTBETCTBEHHO MEPNEHIUKYJAAPHLIMU CTOPOHAMH, U
npsiMoyrodbueie Tpeyrodasunky O;DM u 0,DN nogo6un.. Ortciofa

DN -DM = 6. %)

Pemrass cucremy ypasneuuit (2), (3) u yuuteisas, yto DN << DM,
Haxoaum DN =1, DM =6. MN =

=DM — DN = 5. 8
M3 coornowenus (1) noayuaem
3

AM + MN = 9 AM, AM =10.

Tenepr  Haxogmm  AD =AM +
-+ DM =16 (cn).

12.65. I'lo ycoosuto 3agayu BD =
=3cm, AF=2V2 cem, CO:OF =
=5:1 (puc. 190).

O6osnauum OF =x, OF =y,
OD =2. Torpa OC == 5x.

M3 nmnogobusi  TpeyroJLHHKOB Puc. 190.
AOD wu BFO # TpeyroJjbHIKOB
OCD u BOE noayyaeM OD -OB = A0 -0OF =0C-OFE, 1. e

2@—2)=yQV72 —y)=>5x2 ()

[Mnowags tpeyroavHuka ABC 3anyileM B BHE

sABczsx.AszVé“-Bc_§ AC =] o (6" AB+y-BC+-2- AC).
Orcroga ‘
’ 3x

BC=-"""-AB, AC=2x-AB,

Ve
6x - AB=x-AB+y- V' “AB+2z-2x- AB.
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Pasgeans o6e yactd 3T0ro paseHcrBa Ha X AB, nodyuaeMm
y+2V2z=5V2. 2)
Pewas cuctemy ypasueuuil (1)—(2), Haxoium
Ve ~
x == —:, _— 2 3 Z = 1,
v ! 14

a 3aTeM 3 npaMoyroaeuukos AOD u COD mnoayuaem AD =1, CD=3.
Cuie 108aTeaEHO,

- Sapc= % <AC - BD =6 (ca?).
12.66. [Tyers O —uentp aannoil okpyxuocTy, r —ee paaunye, OD | BC,
L OBC=x, LOCB=y (puc. 191). Toraa us rtpeyroasanka ABC Haxo-
UM x—{—y:%_ M3 rtpeyroabuuka
A;B,C; 1o feopeme CHHYCOB HaX0JuM
ByCy =2r sin £ BAC=r}3.

Taxk xak oTHowerWe MIoOHIAAeH O-
J100HBIX TPeyrOIbHHKOB PaBHO KBAApary
OTHOLIEHHST CXQJACTBEHHBEIX CTOPOH, TO

BC=2(14+12) B =
=2rV3(1+V2).

W3 nipsAMOYroJbHHEX TPeYroibHUKOB
BOD u COD nomyuaem

BC = BD +CD =r(ctgx4-ctgy) =
=2/ 3(14+V72).

C

Orciona
sin (x4 y) ___
cos (x—y)— cos (x+y)
=VIQ+V2)
Moacrapasin B 370 ypaBHeHHe

5
Xy :%- , HAX0oauM

cos (x —y ——-—l—- X y~£
V"2:“7 4 $]
Puc. 191. z ABC:?x:{%E, LACB:Qy:%‘

12.67. O6oznaunm BC=a, AC=0b, AB=c (puc. 192). Tak kax

i 7
Sarp=13Sasc0 Sarp=g5Sasc
H BBICOTH] 3THX TPEYIrOJbHHKOB PdBHbI, TO

¢ fp=1%

b= 50

[y
2
@



Orcona
4a 3a 16a

: | DE — 238 opl p_28 —
BE=BD+DE==, CE=%, CF=CD—FD=g, BF=<5e.

Tlo cpoiicTBY GlcceKTPHCHI BHYTPEHHEro yrJa TpeyroJibHiKa noayuaeM
AC CE b 3

ABTBE’ T (“
s tpeyronbunkos ACF u ABF nonyuaem
AF2 b2 ('3\‘2 gt m a1 @
\23) \25)

C F-E£ D 8
Puc. 192. .
Hs cucremu ypapresnd (1)—(2) waxoaum
3 4 ,
== =_ 2= h2 g2
b g4 c=ga a b2 2,
iy 3 .4
AA_—Q-, AB—arc51n§, LC=arcsm~5-,

12.68. TTposenem AM u CN nepnenvky.1spro npamoii, xacawollelics
okpyxHoctd B Touke B, u BD 1 AC (puc. 193). ITo ycuosuio 3apaus
AM=a, CN=c. 3aMeTum, uTQ yIJbl
ACB u ABM paBHbl, KaK yr/bl, H3Me- M 8 - N
psioLiHecs] NMOJOBHHOH OAHOH M Tofl Ke AN
ayrd AB. ChnegoBare/ibHO, MPsSMOYTOJb- : \
Hble TpeyroabHukn BCD w ABM a,
i

N

1oL06Hb It AMBC »
M.

= A !

Bp=2 20 ) :

Anasornyno 43 nojoGHs TPEyrodib-
sukoB ABD u BCN noayuaem

CN-AB -
BD=—pc—- @ Piic. 193.
Tepemuokas coorsowersus (1) u (2), naxoxum .

BD?=AM CN =ac, BD=V ac
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12.71. Hoka3zatbk, yt0o AC=BC=AB.
12.72. O6Go3Hauas CTOpPOHEI TNapaJJesorpaMMa 4epes X W Yy, moJay-
YHTb CHCTEMY ypaBHEHHH

X __ ¥
sine  sinf ’
b%= x2 -y — 2xy cos (et 4 P).

12.73. Tlycts x M y—cTopoHsl mnapaajesorpaMma. Torza nJoliajs
napaJiJieJorpamMMa

S=2x=23y. (1)

Ilo Teopeme © KBajpaTe CTOPOHbI, Jexailed NPOTUB TYNOTO yriaa
TPEyroJbHHKA, NOAyYaeM

B=x+y2+20) y2—4. @

Pemasi cucreMy ypasrenuit (1)—(2), maiita S.
12.74. Hycte a>b, 2% w 2y— muaroHamy napaJaenorpamma. Ilo
TeopeMe KOCHHYCOB HMeeM

a?=x2-} y24 2xy cos o,

b2 = x2-} y2— 2xy cos .

Orciona _ .
S gt

a2—b2=4xycos o, xy=4COSOC'

Tenepb HaxoJuM nJiomaab mapaJsiiefiorpamma:

S=2xysino= é (a2 — b2) tg o,

12.75. Bceskas npsvas, geidulas napajnesorpaMM Ha JiBe paBHO-
BeJ/lMKHE YAaCTH, DPOXOJHMT Yepes HEHTP CHMMETPHH mapaJiiesorpamma.

Puc. 194.

Tlosromy pnannbie npamble MK u NL nepecekarmorcs B LEHTpe CHMMeT-
pun napaanenorpamma ABCD (puc. 194). Yernipexyroabauk MNKL —
pOM6, TaKk KaK ero JHaroHaly B3aHMHO NepHeHAHKYJADHE M B TOUKe
nepeceyeHns JensTcs monoJam.

530



[lo ycaosuio 3agaun AB=3, AD==2, £ A=arccos —15_6 H RJOoWAanH

ueThipexyronpiikoB AMOL w OKDL pasubi. Tpeyronsuuku OML u
OKL pasnbl, tak kak MNKL —pom6. 3naunr,

Sam=Skpr*
O6osnaunm AM =x, AL=y. Torna
1 .
KD=3—x, DL=2-—y, SAML_—.?xy sin 2 A,
1 . 1 .
SKDL=—2—(3~x) (2—y) sin 41D=§(3—-x) 2—psin £ A.

Orcrona
(B—x) (2—y)=xy. ()

HMs tpeyroabunkos AML n KDL no TeopeMe KOCHHYCOB HaXOJUM
5
2= 2 Qxy —
MLE=x2y2—2xy 6
5
KEP=@—0+Q—yP+2B8—0 2~y 3.
Ipupasrusaa ML2 u KL?, nonyuzaem

5 5

By — 2y =B+ QT BN 2=y @)

Pewag cucremy ypasrennii (1) — (2), naxogum
AM=x=2 (cm), BM=1 (cnm),

AL:y:% (cm), DL=§~ (cm).

12.76. Tlo ycaosmio 3ajaun B JaHHOM mnapaaneiorpamme ABCD
(puc. 195) AB=2AD, BD=2AC. Tax Kak B napa/Jenorpamme cymma

A B

| 0,

L
[3
Puc, 195.

KBajpaToB, AMaroHasell paBHAa CyMMe KBajpartoB BCEX €ro CTOPOH, TO
5-AC2=10.AD2, AC=V'2 -AD.
Y3 rtpeyroasunka ACD no Teopeme © KBajpaTe CTOPOHBHI, Jekalleii mnpo-
THB OCTPOro yrja, HMeeM .
AC?=AD?+CD*—2CD - DE,
2AD?*=AD?-{-4AD?—4AD - DE.
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Orciona
3 3 5 DE 3
DE=TAD, EC—CD—DE_QAD——?AD=-—4~ AD,‘ CE=TF"
12.77. Nycrs O—mpentp poméa, OM | BC, ON | AB, OK 1 EF A
(puc. 196). 3aMeTHM, 4TO U3 PABEHCTBA COOTBETCTBYIOMLHX TPEyrOJbHHKOB
BbITEKaeT paBeHCTBO yrJoB, 000-
SHauyeHHBIX Ha puc. 196 onunako-
BbiMH  OykBamd.  CieloBaTelbHO,

o g’——{-'v:l; 5§

8

2 00f=a+.g=g_ v= ¢ NEO.

Kpome rvoro, « OCF= £ OAE.
[Toarony tpeyronsuuku COF u AOE
noR0GHsl, OTKYAa HaXOLHM

i ro\2
AE~CF=AO-CO=/———B—> .
cos
\eos
12.81. [loka3ars, 4To ¥roa
MeKIY  APAMBIMH,  COSLHHAIOUINAHK
IEHTP OKPYIKHOCTH € KOHHAMH (OKO-

Puc. 196. . a
‘ BOii CTOpOHL!, paBeH —-.
12.86. [lonogaunTs Tpaneuuio A0 TPeVrONbHHKA, MPOAOMKHB BOKO-
Bble CTOPOHLL.
12.87. Tlo ycnosuto 3aqaqu B JaHHOK Tpaneiuy ABCD (puc. 197)

AB-+CD =14, L AOB——?, BBICOTA H-—15;

Puc. 197.

Yepes pepmuny C npopefeM npsMylo, NapaliensHyo InaroHanan BD,
10 nepecedyeHus ¢ npo;[onx\eﬂnem cropornl AB B Touke M. Torjaa AM =

= AB4-CD=14, £ 4CM-T Ot6osHaunm  AC=x, CM=BD=y.
Ha tpeyroasinka ACM no Teopeme KOCHHYCOB HoaydaeMm
142 = x2+ 2+ xy. )
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[Mnowans tpeyroasiuka ACM pasua

—~21 AM-H= 21 AC-CM s 3J
. _— . . 8N —=— .
Orcioaa

01T = 5y )3 @)

Peiuaga cuctemy ypasrennii (1) —(2), nmaxoanm
x=10 (cm), y==6 (ca).

12.88. Tlycts MN =x, h;—pbicota Tpaneuun ABNM, h,— nricoTa
tpaneunss MNCD (puc. 198). [lo ycaosuio zanaun AB=a, CD=b.
Tlnomane Tpaneunn ABCD pasna

%m+mmmwg=m+wm=w+ﬂ%

]72
=y, noayuaem
/11 “

(@+b)y (A +y)=2(@+x=20b+ny.
Pemaa 3ty cucteMy ypaBHeHHIT, HaXoauM:

Otciona, ofoanauas

A 8 - A M A
Pnc. 198. Puc. 199,

12.89. B nanmoii Ttpanennn ABCD nposegem DM [| BC (puc. 199)
Torna AM=la—b|, £ ADM =a. lycte H — Bricota Tpanenun, AD = x,
DM =BC=y. Tak Kak N0 VCIOBHIO 3ajauil AuaroHand TpaNelun nep-
NeHAMKYJASAPHEL, TO

x2+y2=A024- DO?+ BO2 1 CO% == a2 - b2.
W3 tpeyroasHnka ADM no Teopeme KOCHHYCOB MOJyuaeM
(@—bR=x2+y2—2xy cosa =a%-}+b2—2xy cos a,
OTKYyJa

oy o ab
Y =Cosa"
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[nomage tpeyroashuxka ADM pasta

1 1 1
,—2—H~|a—b]=?xy sin o = 5 ab tg a.

2
Orcroga
_abtga
T la—b]’
T _ab(atb)tga
Sapcp=7 H@+b)=—57—F—.

- 12.90. IlyeTes L —Touka nepeceueHus JaHHOH OKPYIKHOCTH CO CTO-
ponoit CD (puc. 200), CM 1 AD, BC =b. Tlo ycaoBum 3ajauu AD =

=(14+V'15)b,

rr 2 1l VT
CE=CF=CL =3 b, MF_—QaEF—T b
s npamoyroasnoro tpeyrosbuuka CMF Haxojum
CM =) CFE—MF= g
Tak Kak Tpanmeuus paBHOGOYHA, TO
1 _bVI5
DM._~2— (AD—BC)E—-Q———.

Vi3 npamoyronbHoro tpeyroasRuka CMD Haxoinm

CD=VCM2E-DM2=2b.

Orciona DL=CD—CL=% b, CL:LD=1:2.

Puc. 200.

12.91. Ilycte O — cepennna croponnl AB, AB=3u (puc. 201). Ilpo-
Begem OK, LF 1 CN nepnenpukynsipao AB. Torma

a 1 a
CD=2aq, OF=KL—§, BN = 5 (AQ—CD):-i,
Cnepobatenbho, OBCL — pasHoGounasi Tpareunus, oTKyAa
BC=0L=B0=22

2
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Io ceoiicrBy cexymux CL -CE=CM - BC, 1. e. ;- e CM . 5, otkyza

CM=%, BM=BC—CM=a.

CnegoBaTesnibHo, HCKOMoe oTHOUlenne CM : BM=1:2.

Puc. 201. Puc. 202.

12.92. IycTb O — HeHTP OKPYKHOCTH, BMUCAHHON B AaHHYIO Tpaneluuio
ABCD (puc. 202), M, N, K, L-—7ouku xacauus. Obo3nauum OM =
= ON=0K=R, £ MBO=o. Torja

2
BM=Rctga, KC=Riga, SABCD=%KM(AB+CD)= iR

sin 2a.°

3ametum, uto yraot NOE u ABC paBHBl, KdK YIVIEL C COOTBETCTBEHHO
NeprneHIUKYJASAPHLIME CTOpOHamH, T. e. £ NOE=2a. H3 tpeyrosbHuKa
NOE uwaxopum EN =R sin 200, Ortcoaa

Suner 1 3 3
=ﬁ 2 — — qin? ——— —_
SunkL 5 KM -« LN =2R2 sin 2a, Sipep 2 sin2 2a g o ,
§3_2Rctga _3
CD7 2Rtga

12.93. TlycTs O —nenTp OKPYXHOCTH, BONCAHHON B RaHHYIO Tpame-
uuto ABCD (puc. 203), M — ueHTp OKPY2KHOCTH, OIUCAHHOH OKOJIO 3TOH
rpaneuud. ObosHauuM OK =OL=r, L BAD =a. U3 TpeyroabHuKoB

AOK w DOL Haxomum AK=r ctg%E DL:rtgE

Mo yenosuio sazaun CM=BM=r}6. Ha tpeyroabuuxos CML
B BKM raxomum

IM=r l/ﬁ*tg‘l 2 KM=r ]/G—ctgz —;‘-

Hs coorrouennss KL=LM =+ KM noanyuaem

2=V6—tg2%i ]/ 6—ctgz o

535



(sHaK 1J10C COOTBETCTBYET CaAyYalo, Korja Touka M Jemut BHYTpH Tpa-
TeWHd, MHHYC—Korja touka M Bue Tpaneuuu). Bosseas ode wactu 3toro
ypaBHEHUs B KBalpaT M 3aMevasi, uTo

g & , & _l—cosa | l+cosa =~ 4
gy +ctgty = 14cosa T s~ snta

nocsie ynpolleHull nosydaem
2 24
e §s ot 49 — ———,
sin? ¢ sin? «
n

' n
Pewan 370 ypaBHeHHEe H yuutHBas, uto 0 << cc<—2——, HaXOMM & =—F.

Puc. 203.

12.94. Tlokasarb, 4To B JaHHYIO OKPYMKHOCTb MOMKHO BIIHCATh PaBHO-
Ooyuyio Tpanemuo, y KoTtopoll 00okoBas cropoHa pasuHa 2} 5 ca, 01HO
OCHOBaHHE PaBHO 6 Ci, a APYroe OCHOBAHHE SBJSIETCS IHAMETPOM OKPYIK-
HOCTH H HAlTH paiuyC OKPYXXHOCTH, OIHCAHHOH OKOJO 3TOM Tpaneuui.

Puc. 204.

12.95. Tpononxum croposst AD n BC no ux nepeceyenus B toyke M
(puc. 204). ObosuauuM AD =@, BC=0b, DM=x, CM =y, L AMB=a.
s tpeyrosbuukos ABM, CDM, ACM u BDM no TeopeMe KOCHHYCOB

HaXOIHM
AB*= (a2 (b+yP—2 (a+x) (b +y) cos a,
CD? = x24-y2—2xy cos o,
ACi=(a+x)*+y*—2(a+x) y cos a,
BD¥=x24- (b2 —2x (b+y) cos .

536



nOJICTaBJIHH Haﬁl’leHHble BLIDAWKEHHS B 3aJlaHHOE COOTHOIIeHHE
AB2-4-CD?= AC2+ BD?,

nocse yrpoillenu#l mnoiydaeM abcosa=0. Tak Kak a0, bz£0, To
k7
cos o =0, =5
12.96. Ilycts B 1anHoM yeTsipexyroashnke ABCD (puc. 205) AB=a,
BC=b, CD=x, AD=y. Tak KaK 4eTbIpeXyroJbHHK OMHCAH OKOJIO
OKDYXHOCTH H €F0 JHAMOHA/IH B3AHMHO NEPHeHIHKYAAPHH, TO

xfa=y-+b,
x2-fa2=y21 02
Uz sroft cucrembl monavuaeM: HAM x=bh, y=a, uam x=y, a=~h,
He Ttepsiq obmmpocTd, OGyjaeM cuuraTh, uto x==b, y=a. Toria Tpeyro.is-

HHK BCD — paBroGenpentstit 1 BM =DM.
ITo ycnoBuio 3ajaun OIHH M3 YIJIOB I
o a
yeTHipeXyrosbHHKa pased — . [okakew,
3 D o 5
. T
uyro yron ABC He MOXeT OBITh paBeH T

Obosnaunm  LABM =a, £ CBM =[3

Torza
. AM | CM
tgottgp=prrt+57=2
nee, Tak Kak ifgoat ﬁ—w<l Y
nanee, gatgf =—pm , P

TO
tg ot Puc. 205,
tg (o + B)ng:tg—a% =2.

a
Orciona o - = arctg 2 > T CrenoBatenbHo, He Tepsis 06IMHOCTH, MOKHO

a
cuutath, 4ro yron BAD pasen -, Torpa rtpeyroasHuk ABD — mpa-

3
puabHpil 1 AB=BD=AC. V3 paBnoGeapenHoro tpeyroisiika ABC,
y KOTOporo £ BAC="" waxommm

6 ’
BC . e
Z—B=251nl-é——]/2-—]/3 )
OxkoHuaTenbHO

BA:AD:CD:CB=1:1:V2—V3:V 2-V3.

12.103. JauHa Xopisl X onpeleifercd U3 ypaBHeHHS
o
R2=~4—+(a—-x)2,

DphBeM JOMKHB! BHINOJHATHCA HepaBeHcTBa 0 << x<<a.
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12.105. OGosHauas yroi MexAy [pAMBIMH, COeAHHSIOWIHMY UEHTD
OKPYIKHOCTH paauyca R ¢ UEHTpaMH JBYX APYTHX OKDYMKHOCTei, uyepe3
O, PacCTOSIHHE MeXKAY LeHTPaMH OKPYKHOCTEH DajuyCOB ry H ry uepe3 Y .
H HCKOMYIO JJIMHY BHEUIHEH KacaTeJpHOH dYepes3 X, IOJYUUTb CHCTEMY
ypasHenni

a?=2R2-—2R%cos o, .
{y2= (R+r1)2 - (R+rg)2—2 (R4-r1) (R+-rp) cos @,
Kr=y2— (ry—ry)%

12.106. OGosHauasi paccTOsIHHe MeXKAY MLEeHTpaMH AaHHBIX OKPYKHO-
cTelt wepes {, a uCKOMBIH yros wepe3s X, TOJYYHTH COOTHOIIEHUS

R—r @& Rr p X r
=Sy, Tpo=sng, smy=-,
OTKYy1a
ox 1/ B o
Sy =g Sy — 7)

12.107. IlycTe x— HCKOMBIH paauyc OKpy»KHOCTH, 4 — TOYKa KacaHHs
5TOH OKPYXKHOCTH C JaHHBIM oTpe3KoM, O — cepeiHHa JAHHOTO OTpe3kKa.
Toraa x HaXoMUTCS M3 YpaBHEHHs

A0e= (R oV Ve R—xp—
=(y+r) =g =¥ =R—yi—n

C A 0 /)
@ 6
Puc. 206.
12.108. dano CD =2R, AM_—— (puc. 206). OGoznauuM BN uepes

x. Umeem

‘R 2 R 2
AB=MN2— (BN —AM)2 = K—4—+x> — <T — x>

1

Peiuag 3T0 ypaBHEHHe, HAaXOIUM X =
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12.109. Hano
- OD=R, AD=r

(puc. 207). OGosnaunm BC uepes x. Mmeem
AB?=(r+ x)2== BC2 4~ AC2 = ‘
=22+(A0 = VBOP—BC* P =22 + [R—r = VIR= =%

- Pewasn st0 YpaBHenue, HaxoAuMm

__4rR(R—r)
TR
12.110. Hano
AD=R, BC=r

(puc. 207). O6o3nauast OD uepe3 x, Tak XKe Kak ¥ B 3ajaue 12,109, mo-
JIyyaeM ypaBHeHHe

R rp=r4lx—R=V x—rfF—=rif

Pewas 310 ypaBHeHHe, HaX0IUM

=u;i,O+QR+2VRL*”RL

Puc. 207. Puc. 208.

12.111. HJavo AM=a, BN =5 (puc. 208). OGo3uauum
' KL=x, /NMK=aq.
Brpamasa KN? u3 Tpeyronenika MNK u OK?2 u3 Tpeyl‘OJleHKa OMK
10 TeopeMe KOCHHYCOB, IOJIydaem
G4-x@=(a-t+x2+{a+b2—2(a+x)(at-b)cosa,
{ (@4+b—xp=(a+4x)2+4+b2—2(a+x) b cos a.
Pewas sty cucTeMy ypaBHeHulH, HaXoium
__ab(a-}b)
T a2tabtb2c
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12.112. Hano OB =R, NE:% R (puc. 209). U3 Tpeyroasuuka ONE
HaXOAUM '

3 2% /3 ., R
oE=1/ [rR—-2 >— SRI=%,
R—g R (5 R =5
Obo3nauynM FM uepes x. Torga

KN=0E—FM =% %,

OF =V OM—FM2=V}'(R—x)2 %,
KM =OF — NE—]fRz 2Rt—~~R
M3 coorrowenus MN2=KN2+KM-2 noJiyuaem
3 1 ¢ ___ :"lR 3 3 2
(St By [y - S ]

Pewasn 3rto ypaBHeHHde, HAXO0AHM

[¢s]

22221
== X
12.113. Tposezem MC u MD neprieHIuKyJsIpHO TPsMBIM, Kacato-
IWUMCs OKpyKHOCTH B ToukaXx A n B coorsBercrBenno, u ME 1 AB
A (puc. 210). Tlo ycaoBuio 3azaul

MC=a, MD=5. 3ameruM, 4TO
yriast ABM u CAM  pasasbl,
KaK Yrabl, H3MepSIOIUecs [0J0-

Puc. 209. . Puc. 210.

BuHoR onuo#t u Tofi ke ayru AM. CrejoBaTtenbHO, HPSMOYTO.BHEE
TpeyroabHuky BME u ACM no;o6ubl u

MC - BM

ME ===, : )
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Ayanornuso us mnojoGus TpeyroisHukos AME u BDM nonydaeM
) DM . .
DM -Am @
BM
Ilepemnoxan coornomenus (1) u (2), maxomnm
ME2=MC DM=ab, ME=Y ab.

ME

PEWIEHHS U YKA3AHHS K 3AJJAYAM TJIABLI XIII

B npuBOiuMbIX HIIKE VKa3aHUSIX ¥ KPATKUX PeuleHuaX 4acro GopMmy-
Jgupviotcss Ge3 oOOCHOBAHHS Te MM HHble YTBepKIeHHs (HarpuMep,
napaaleabHOCTh WM NepreHAnKYJ/SPHOCTb NPAMBIX U IVIOCKOCTEH, KacaHue
wapa ¢ mpsAMol WAM IVIOCKOCTbio U T. 1.). Cienyer umerh B BHAY, UYTO
Ads1 HOJAydYeHuss T[OJHOTO pelieHdst Takie YTBeDKJACHHS JIOKHBI
ObiTb OOOCHOBAHLI. .

13.2. Mckomerit wmap kxacaerca Tpex miockocrefi: ABC, ACD wu
I4HHOH CeKylleH IUIOCKOCTH, KOTopble 00pasyloT OGOKOBYIO I[OBepX-
HOCTb TpeyroJbHOi npusMmel. Ilo-
3TOMy  0oJibliass  OKPY KHOCTb
wiapa BIicCaHa B HepHneHAHKYJasp-
Hoe ceyeHue 37off npusmel. Cie-
loBaTebHO, Pajuyc r liapa pa-
BeH paiuycy OKpYZHOCTH, BIH-
cannolt B  TpeyroabHUK MNK
(puc. 2i1), rze M — cepeauna
pedpa AC. HMmeem

MN:KM:E%/—Z;, KN:%.

CriezoBarednbHo,

L 2Sunk b3 =1)
KN4-2MN 4V

13.3. Ilycte M, N, K, L —
LEHTPH JaHHbIX LIAPOB pajiuyca x. Puc. 211.
Jlerko Buaers, wro MNKL—
npaBuJbHLIl  TETPa31p, Y KoToporo pedpo paBHO 2X, a rpadd napas-
JesibHbI FpaHsM Aaunnoro rerpasiapa ABCD.

Ogdosnauum 4epes O UeHTD wapa, BOucaHHOro B Terpasap ABCD.

a 2
Paauyc aroro wapa r=2—,6:_ 3amerum, uto TouKa O yiajgeHa or rpaxeil

terpasapa MNKL ma paccrosinue, paBHoe #— X, H, CJeI0OBATE/IbHO, fIB-
JsieTcs NEHTPOM 1lapa, BRHcanuoro B Terpasip MNKL. Pamuyc atoro
wapa paget

X

r— X s=—-,
V6
Ve a

T14+VE 2004+V6)

Orcioaa
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13.4. Iycte DO —Bricora Terpasapa ABCD, L OAD=a, MNK — »
naunoe ceuemue (puc. 212), Tax xak npsimass BC napaiesbHa ILIOCKOCTH
MNK, 1o amuusi nepeceuenus miockocreit ABC u MNK napannenpua

Puc. 212.

BC, 1. e. MN || BC. ITo ycnosuto 3asaun KA =§, ya ALK:—Z—L— (kaK

JUHEHHBIH yros ABYTPaHHOTO yrja Mexny miockoctamu KMN u ABC).
M3 tpeyroaenuka AOD Haxopum

cosa~ﬂ9—l— sinoc—]/z
AD V3 3°

Hs tpeyronvunka AKL mo TeopeMe CHHYCOB MOJydYaeM

kLKA sne @
sin£ 3
4
AK sm/oc —{—£>
\ 4 a | T LT
AL=—-—————=-7:(sm occosz—l—cosocmn—-):
PEREN s

_a(14772)
. 2vs
U3 nogobusi TpeyrosmbuukoB AMN u ABC Haxoaum

BC-AL _a(14V?2)
MN=—gp—=—3
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CrnenoBatensHo,
SMNK=‘1‘ MN - KL = ﬂﬂ—f—).
2 6V3
13.5. Buyrpu mapa Jexnt uacts rpaid ACD (puc. 213), koTopas
3aKmmoueHa Mexay orpeskamu DK, DM u xyroit MNK oxkpymHOCTH C

Puc. 213.

ueHTpoM B Touke O; pammyca r=0,D=0M=0.N, rze O—uenrp
mapa, 00y 1. DE. Takum obpasoM, HCKOMasi IJoliajb

S§=6(So,up+ So,mn)-

W3z nogodust Tpeyronbuukos Q0D u DEF naxoaum

,=01D=OD-DF _ 2a~'
DE 3V3
Tax Kak Tpeyroabuk O;MD  pasHoGespennnit (O;M=0.D) u
Z 0:DM =%— , T0 LMOD = gg— u L MON ::—g-: CilejoBaTeNbHO,

1 . 21 1 2q2 =
—_ 2 e — 2V 57
S__6<2 r2 sin 3 -+ 6 :rtr>- 97 (2n—[—8V3).

13.6. IlpoBeneM K 1apy XacaTeNbHYIO MJIOCKOCTb, [APaMIEILHYIO
tpann BCD rterpasapa (npuueM TakK, 9roful wap u Touka A pacmojara-
JIMCh TIO OJAHY CTOPOHY OT 3TOH INIOCKOCTH). 3Ta MJIOCKOCTb OTCedeT OT
TPeXrpaHHOTO yr/ia ¢ BepuiHHOH A TNpaBHJBHBIA TeTpasap, MM KOTOPOro
pazuyc Bnucanroro mapa pasen K. PaccTosnwe or menrpa O wapa jo
ToykH A paBHO pajuycy wapa, ONHCAHHOTL O OKOJO MOJYYeHHOrO
Terpasjpa, T. e. paBHO 3R.
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3aMmeuanne. Onycrum #3 Touku O nepmenaukyaspe OK u OL
Ha nuockocTe ABC u npsamylo AC (puc. 214). Torza u3 cooTHoweHuil
OK =R, OA =3R nerko nonyuaeM

AK=2R}2, KL=RVY, OL=RY}3, AL=R})6.
Sm COOTHOHICHH }';105}{0 BCNOAbh30RATH _npn pemeHm{ cne:zy}oumx 3anad.

Puc. 215.

13.7. IMycTs O-—~1eHTD HCKOMOro imapa, N —ero npoekinsl Ha rpaHb
ABC, OM J_ AB, L—cepenuna AB (puc. 215). OGosnauum ON uepes

r. Torga (cM. sameuanyue K peuleHuio 3ajaaun 13.6) MN=rV2, AM=
— — a _
=7V'6, OM=r)3. Ouesngno, uto ML=| AL—AM |=|5 —1)/6

’
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a
OL=§ * r, TIe 3HaK INIIOC COOTBETCTBYET BHEWIHEMY KaCaHHIO IapoB,
SHaK MHHYC— BHyTpeHHeMY. Ho OL?2=0M2-4ML?, 1. e,

(-% + r)2=3r2+ (% —rVB_)z.

Pewas 310 ypaBHEHHe, HAXOAHM r=%(V—6i 1).

13.8. Ilyets Oy, O,~—neurpsl HaHHBIX mapoB, Oy, Oy —HX NpoeK-
unn Ha rpams ABC, OM I_AB, O,N 1 AB (puc. 216). Toraa

b

Puc. 216.

AM=2RYV 6, BN=3RV 6, OsM=2RV 2, O;N =3R V' Z (cM. 3ameua-
HHe K pemeHlo 3afaun 13.6).
W3 rpaneunit 0,0,0,03 ¥ Os0,NM naxopum

050} = (3R +2R)2 — (3R —2R)2 =24R?,
MN =V 0,0 —(O:N — OsM)z= R} 22.

CaenoBartesnibHO,
AB=AM++MN+BN=(5V6+V2)R.

13.9. Ilycte S-—cepeanna AC, SK=SM == SN —o6pasyiotuye
koHyca (puc. 217). Paguyc oCHOBaHHS KOHYyCa SIBJISIETCH PANHyCOM OKPYXK-
HOCTH, OnncaHHOK oKkono TpeyroavHuka MNK. Halisem croponmt artoro
TpeyroJibHHKa. :

Hs pasnoGegpenroro Tpeyronbnuka BDS (BS=DS) naxopum

BD 1

cos £ BDS=2T)§=W,

18 B. I'. Boarauckufi' u Ap. 545



Hs rpeyroastiuka DSM no TeopeMe KOCHHYCOB HaXOXHM

1902

“36 °

Tax kak SK=SN, to KN || AC u, 3naunr, Tpeyroabhuk BKN —mpa-
BHJBHBIH. C.ne;nosa'renmo

SM2=8D2+4+DM2—2SD - DM -cos £ BDS =~

BE=V'3 NE, SE=‘”2/3 —V3NE,
Hs tpeyronvuuka SNE monyuaem SN2=NE2-|-SE2 T. e,

122 =NE> <“ V3 _ys NE>

Pemas 310 ypaBHenue, HaxoguMm NE == %ﬂ Ho NE <—— 3Ha-

4ur, NE = —1—2— , KN =BN=%—. (3ameTHM, 4TO 3HAK NJIOC COOTBETCTBYET

Puc. 217.

KOHYCY, HepecekamouieMy He caMmu pebpa AB, BC, a uX npojo/XKeHus
sa touku A, C.) Hs tpeyronpauka BAMN no Teopeme KOCHHYCOB Haxo-

JNM
2
MN2=BM2+ BN2—2BM - BN - cos%:%g—,

T. e. MN=KM=a1213 .

Paguyc r. oKpyxKHOCTH, oONHMCAHHOH OKOJIO TpeyroipHuka MNK,
HAXOQUM no QGopmyJe
MN _MN*_ 13a

= Zsin Z MKN ~ 2ME ~ Y%
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13.10. Tak xak npsaMasi BC napannienbHa ceKymel mio¢KocTd U npu-
HaJJIeXHUT MIOCKOCTH rpann BCS, To /MuHHS NepeceueHHs ceKyluel mJo-
CKOCTH M IIOCKOCTH rpaHu BCS napaanensna BC. Orcioga chaepyer,
YyTo B CedyeHHH IOJYUHTCH paBHOGeApeHHbIH TpeyrojsHuk AMN, rae
MN || BC, AN =AM (puc. 218). Ilycre D —cepenuna BC, DO nu
BE — nepneHAUKYJIsIpbl HAa CEKYILYIO IIOCKOCTE. Tax Kak npsamaa BC

Puc. 218.
napasjelsHa cekyiled naockoctd, T0 DO=BE. ¥Yroa BAE sasnserca
yriaoM mexpy npamoii AB u cekyuwell IVIOCKOCTBIO, T. €. Z BAE:%_

W3 npsamoyroaesoro TpeyrosbHuka BAE Haxogum

a
DO=BE=?,

Jina onpemenenus njowmanu tTpeyronsHnka AMN nadinem AK u MN.
O6osnauum L KAD =c, £ KDA= {5 s tpeyroabunka AKD mo Teo-
peMe CHHYCOB MoJIydaeM

AK = ADsinf AD
T sin(a—+p) sinecigfcosa
W3 npamoyroasHoro TpeyroasHuka AOD HaxoguM

dna=20_1 —-]/?
==y =) 3
U3 paBHoGejpennoro tpeyroasuuka ASD Haxogum ctg Bzé_]lf_f Cie-

V2
5

nosarensso, AK =

. U3 tpeyromsuuka AKD no Teopeme Kocu-

HYCOB TOJIyYaeM

KD=V AK*+AD*—2AK - ADcosat =

V3
0
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W3 nogo6us tpeyroinknkoB SMN u SBC cnenyer, uto

BC-SK _a(SD—KD) _2a
- -

MN =—55 SD

OKoHYaTeNbHO

1 3V2 a2
SAMNZ—Q“AK'MN: o8 .

3ameyanne. [lpu pewennu 510l 327aun Ha BCTYNHTENBHBIX 3K3a-
meHax B MOPTH nekoTopbie aGHTypHEHTHl IONyCKaAH OWMOKH MPH NOCTpoe-
HOH ToukH E. 3ameruM, uto TOYKA E JIEKHT Ha IEpeceyeHHH OPAMBIX
BE u OE, rpe BE|| DO u OE || BC.

13.11. Bo3amoxkHBl JBa pa3iuMuHbX cayuad: 1) Halitd paccrosinue
mexAy Boicotoli SD rpanu SBC u Bricotolf BK rpasu SAB (puc. 219);

Puc. 219.

2) naiite paccrogune wmexay Beicoroi SD rpaun SBC wu BhicoTofi AN
rpaun SAB (puc. 220).

Mepsumit cayuai. IlpoBegem KM || SD (cm. puc. 219). Tak
Kak npsimas SD napanienbHa naockoctu BMK,To McKoMmoe pacCTosinue ¥
paBHo BbicoTe nupamuant BDKM, nposesenHofi u3 BepmuHbl D.

Bynem HaXoAHTL X U3 ypaBHEHHSA

1 1
V=g 2Spxm="5 "Spps

rae V —o6vem nupamugel BDKM, h——pacﬁomme or Toukd K J0 nJjo-

crkoctd BDM. Tak kak K —cepeguna AS, T0 h=—% H, rge H-—Bb-
cota Terpasupa SABC, 1. e.

a 7
h= ]/3‘_
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Hanee, tak kak KM (| SD, 10 M —cepenuna AD, u, ciefosaTe/bHo,
1 2V3
S'BDM="2— BD -DM = 6

AN HaXOMIEHHS NJIOWARM TpeyrodbHHKa BKMN BHYHCIAM JJHHEL

aV'y 1 aV'3 .
. KM=y sD="V2 BM=

ero cTopoH. Hmeem: BK =

=7V BDeF DM =2 ]4/7 . Tlo dopmyne Tepona naxogum
s a2V5
BKM=""1g -
CaejoBaresnbHo,

=hSBDM __a
SpKM Vio’

Bropoi cayuai Iposegem NL || SD (eM. puc. 220). Tax Kak
npsamass SD napaniesba miaockocth ANL, TO HCKomoe pacCTosuue y
paBHo BuicoTe mHpamuasl ADNL, nmposeleHHO# H3 BepuuHsi D,

S

Puc. 220.
Bynem HaXOAHTb Y H3 ypaBHEHHS
1 1
VI:? YS Ay =3 "S app»
rae Vy—o6bem mapamuasl ADNL,
a ¥ 1 a2 Vs
=3V 5 Saw=gAD-DL=Set

(L —cepeanna BD, Tak kak NL | SD). -
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JAs HaxoXISHMA TJOWIAJH TpeyrodbHuka ANL BBUUCAUM IJIHHL

ay3 NL=%SD=aV3 AL=

ero cropoH. Hmeem: AN=

2 4
=)V AD?*}DL? = E—]g. ITo dopmyse Tepona Haxomum
s a? V§5
ANL=""85 -
ClieloBaTeJIbHO,
_ hS apy _a V2
Save. V35

13.12. Tlycrs O-—uenrp nannbix cdep. Tax xax Touka O paBHo-
yaanena or sepwud A, B, C Terpasapa SABC (puc. 221), 10 ona pac-
noJioxena Ha Bbicote SK Terpasipa uJaM Ha ee npojo/iKeHuu. M3 Touku O

Pnc. 221.

omycTHM nepneHIuKyaap OM mua rpans SAB. IJTOT nepneHAHKYAsp
JIEKHT B IJIOCKOCTH Tpeyroabuuka SCD, rpe D —cepeguna AB. Jlauo:
OM=r, OC=R.
VI3 nogo6ust IpsAMOYrosibHLIX TpeyrodsHHKoB SOM u SKD c obutum
octpeiM yraom KSD Haxolum
SO __SD _
MO~ KD~

z
O6osnaunm AB uepes x. Torza KC=]7xé_—, SK=x]/-, KO==
xl/%———.’ir

. Ho KO®+KC2=0C?, . e.
T P x N\,
(xl/§——3r> +\V§> = R2,

3, 1. e. SO=3r.

—|SK—50|=

550



Pewas 310 ypaBHeHHe, HAXOANM
x=rV6 + VYV RE=3r M

Tenepb HyXHO OnpeesluTb, KaKOH 3HaK cCJeRyeT BHIGUpaTh B ¢op-
- MyJe (1) B 3aBHCHMOCTH OT COOTHOWeHHS MeXAy R u r. Bo-nepssix,
BeipaxeHue (1) JOMKHO ObITh HefiCTBHUTEJBHBIM. 3HAUKT, AOMKHO BHINOJI-
HATLCS HEPaBeHCTBO

R2—3r2=0, T.e. R=rV 3

Jlanee, samernM, 4TO TNO YeNOBHIO 3ajaud cdepa paluyca r JOJKHA
KacaTbCsl GOKOBLIX IpaHefl TeTpasipa, T. €. NOKHO BEIMOJHATHECSH Hepa-

Bencrso SM = SD. Ho Sp==%
SOM crenyer, uro SM=2rV 2.

Takum 06pasoM, HOMKHO BBITOJHATE-
Csl HEPaBEHCTBO

Vﬂ( V6xVRE=3) =2V 2

, @ H3 TPAMOYFOMBHOIO TPEYroMbHIKA

T. €.

VSVR2 3r2>]7’?. @

3uauur, B dopmyse (1) cieayer Bbl-
6path 3Hak mmoc. Urax,

x=rV 6+ RE=3r

13.24. TIlyete K —cepenuna
BECOTH SO TNPaBHJBHOH TPEyrofb- -
Hofi mmpamuas SABC (puc. 222),

KM 1 AS, KN _LDS. Jauo Pne. 222.
KM=h, KN=b. 0O6o3nauum
OD=x, 0S=y. W3 nogobus tpeyrompunkoB SNK u SOD nonyuaem

1
) go—pom (1)

U3 nopobus tpeyroneHukoB SMK u SAO umeem

2x ]/711— Yr—ht=hy. &)
Peinast cucreMy ypasuenuit (1) —(2), naxozum
e bhYV'3 y— 2hV3
VHEZp' Vir—ii2’

CaefoBartesibHO,

1 5 185343
Vsasc =5 ¥Sapc ="y V3 =

(12 —p2) Y 4b2— 2
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13.25. Tlycte AB=a-—CTODOHA OCHOBAHUS nupamuasl SABC
(puc. 223), SO—Bbicota nupamugs, milockocTe ACM NepneHgUKyNApHa -
pebpy BS, £ BDS=zx. Torna £ AMC=uq,

AM = a a a

, OD=—2_  Sp=-—2%
2 sin & 2)3 2V'3 cosx
2

a? a?
AS= I/T + Towy

Inomans Tpeyrospruka ABS pasra

1 1
+ AM-BS=5 AC. SD,

1 1 2
o 1+ 3costx 13 :
sn® V'3 cosx
2
. 2 o
Pemass 310 ypaBHeHHe, HaXOJZUM S X==->— COS —, CJELOBATEJbHO,
i V'3 1
. 2 o
X = arcsin | —= cos — |,

Vs 2

Puc. 223.

13.26. Okpy:xHOCTL BepXHETO OCHOBAHWA LUMJAHHJpA BIHCAHA B Tpe-
yroneHuK A.B{C;, KOTOPHIl MOJNYYaeTCsl B CEYEHHH JAHHOH NHPaAMHABI
SABC nnockocThio BepXHero OCHOBaHuA wuauuapa (puc. 224). Ilycts
SO —BbicoTa nupamupsl, AB=a, 0\D;=r. Toraa

00,=2r, S0=C0=—~

Vs’
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Ho SO =S80, -+0,0=C,0,+0,0==14r. TlostoMy a=4 ¥V 3r. Caegosa-

TebHg, Vy=2mr3, V,=1613r3, %ﬂ 8 KS .
. u

Puc. 224. Puc. 225.

13.27. Tlycre SK —puicota naunoii nupamupst SABC (pue. 225),
O —uentp mapa, OM | BS, OM=0D=r.

3ametuM, yt0o BM = BD._—2—, KaK JiBeé KacareJbHble K Iuapy,
npoBejenHble H3 ToukH B. U3 nogobua TpeyronibEukoB SOM u SBK
HaXOtHM

(—%)5
SM . BK V3 _ a(2l—a)
SK V P az 2V312_a2 :

r=0M=

13.28. ITycte O —uentp mapa, OD | BS, OA=0D=r, DE n SK —
nepneHAHKyYAsprl maockocty A BC (puc. 226). 3ameruM, yro BD=AB =
== @, KaK JBe KacaTesbHLle K chepe, npoBefeHHble H3 TouKn B. U3 mojo-
6usi TpeyrojbHukoB BDE u BSK Haxomum

DE— BD SK ]/bz-—az

BK BD a?
TBS b]/;?'

M3 tpeyronvruka ABE no teopeMe KOCHHYCOB IO/yuaeM

BE = —55—

2 — AB2? 2 . x_ 2_52 9_4_
AE?=AB?-{-BE?—2AB BE cos z=a 7 T3
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B rpaneunn AODE yruwt npu seputiHaXx A u E npamuie. CrefoBaTenbHo,
OD?=AE2+-(AO—DE),

92 B @ a b2 122
r=a—gtmpt|{r—7 —3%)

Puc. 226.

Pemsas 210 ypaBHeHHe, HaXolHM
a (2b—a)

Ql/bz_ ,é_a2

13.29. Jlerko noxasaTth, yTo ueHTp tiapa O Jiexkur Ha BhicoTe SD
nupamuasl SABC (puc. 227). Ilpoesxem OL | BM. OGosuauum OL =

=0D=r. 3ameruM, 4TO BL=BD=%, KaK /iBe KacaTe/bHbIE K 13-
py, nposefenuble u3 Touki B. Memmany BM HafineM H3 cooTHOlueHus
2BMR--AS2=2AB2|-2BS2.

Hs npaMoyroabHoro tpeyronbhvka ASD HaXoaum
as=2V10

e
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Toraa
BM =24 f,g, ML=BM~—BL=—"_
W3 npsaMoyronsHOTO Tpeyroabnska MOL naxomum
M02=r2+% a2,
W3 tpeyromsuuka MOS no TeopeMe KOCHHYCOB MOJTydaeM

MO2=MS524-0852— S
—2MS - 0S8 -cos £ MSO.

Ho SO=8D—0D=a ) 3—r, a u3
Tpeyroabuuxa ASD Haxojaum

cos £ MSO=—DS 3

ASTY
Ciie10BaTeNBHO,

A=t (0 B —

aVlo =\ 3
' (V r)lflo

Pemas ato YpaBHEHHe, HaXOIHUM

r=

a
23"

13.34. Noxasats, uto abc = 2kS,
rae

S= -;— V a2b® - afct - b33

— mJiot{ajp OCHOBAHHS JAHHOH nupa-
Muibl (cM. pesyabrar 3anaud 18.33).

13.35. Ilokasatb, urto cdepa, Puc. 227.
onucaHHasl OKOJO JaHHOH HHpaMH bl
ONHCaHa OKOJIO TNpPSIMOYTOJBHOIO MapaJ/esenulesa C pe6paMH AS,
BS u CS.

13.36. Ilycte ABS —GokoBas rpanb gaHHOI NHpaMufsl, rae AB —
rHnoTeHysa ocHoBaHus. Jlokasath, uto /£ SAB=/SBA=p H uro
pammyc cdeprl, ONHCAHHOH OKOJNO NaHHOH NUpaMHIbl, paBeH paiuycy
OKPYKHOCTH, ONHCAHHOH OKOJIO TpeyrosbHuka ABS.

13.37. Bocno/ibzoBaThc pe3yJsbTaToM 3agaud 13.836 ¥ JOKa3zatk,
49TO B JAaHHOH TMMpaMHJe BBICOTA, OMyIIeHHAst HA OCHOBAHHWe, COBIAjaer
¢ BeIcOTOH SD TpeyroJabHHKa ABS (cM. yKazaHue K 3afaue 1. 36).

13.38. Moxasarh, yT0 B JaHHOH Nupamuge GOKOBLIE pPe6pa 06pasyioT
C OCHOBAHHeM paBHble YIVIb, H BOCHO/IE30BaThCH YKa3aHHEM K 3a-
naue 13.37. :
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13.41, JlokasaTh, uYTO LEHTP IApa, OMHCAHHOIO OKOJO HN4aHHOH nu-
paMub, JeXHT B TOUKe IepecedeHHs IMJOCKOCTH, NEePUEHIHKYAAPHOH
K pe6py SA, mnposeleHHCH dYepe3d ero cepelHHY, M HepIeHZUKYJspa K
IJIOCKOCTH ABC NIPOBEJICHHOr0 4epe3 IIEHTD OKPYKHOCTH, OMHCAHHOMH
OKoJIO TpeyrojisHuKa ABC.

13.42. Ilycte D — cepeguna BC. Torpa AD—BBICOTa Z[aHHOH m[pa-

mugel. OGosnmauum AD wuepes x. VMeem BD=7, SD=—2—,AS=

= -‘/xz —}—%. W3 tpeyronvunkos ABD n ABS (no Teopeme KOCHHY-

COB) INoJiyuaeM

A32=x2+711-=1+<x‘3 +§~>—]/x% +%.
ve
Vo

1 Ve
Vsapc™= g5 *Spcs="g— ().

Peiiast 370 ypaBHeHHe, HAXOQUM X = CrneoBaTe1bHO,

13.43. Ilycte O—uenTp Wwapa, BIHCAHHOIO B JaHHYIO MHPAMHIY
ABCD (puc. 228), OK =r—ero paguyc, AB—runorenys3a OCHOBaHHs
ABC, OL | AB, OM 1 BC, ON 1 AC.

D

Puc. 228.

Tax XaK HeHTp lIapa, BOHCAHHOrO B NHPAMHIY, JIEXKHT Ha Mepece-
YeHHH GHCCEKTODHBIX  IIOCKOCTeH nByrpaHHbe yraos, 06pasoBaHHBIX
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rpafaMl MHPaMHJL, TO AOMK-—-— , .{_ONK=%, AOLK=% . Cue-
JIOBaTENbHO, )
KM=rctg%, KN::r'ctg%, KL—:—_rctg%.

Inowags Tpeyronouuka ABC paBua

—}1—12=%(BC-KM+AC-KN+AB-KL)—

<V2_I rotg 2 +V—_zrctgf’+zrctg§>

I
2 ctg_—}ﬂ/z_(ctg%-yctg %)

OTKYNa

r=

13.44, Iyets CM 1 AB, MN | CD (puc. 229), K —UeHTp OKPYXK-
HOCTH, ONHCaHHO} OKoo Tpeyronbauka ABC, KO L CM. Jlerko

Puc. 229.

-~ o
BHJIeTb, uTO Touka O —IeHTp mapa, ONMUCAHHOrO OKOJIO AaHHOH MHpaMH-
ael, OC — paguyc storo mapa. Hmeem

DM=CM=VY AC:— AMZ=Y)'65,

MN=VCMZ=CNZ=7.

Io Myae R—~— HaxonuM KC-——-—.—,-, OTKYAA -
Gopary. 1S Ve YA
‘MK =CM—KC=-2_
65
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U3 nonobus tpeyroavuukos MOK w MCN noayuaem
CN-MK 16
MN ]/ 65

OC=Y OK*++KC2=5 (cm).

13.45. lycte D — cepeputia BC, O — ueHtp wapa, ONKCAHHOTO OKOJIO
JaHHON THpaMiAbl (JIEFKO [OKA3IBaeTCd, YTO OH JISKNT Ha mpamoil AD)

OK =

CrieoBatedsHo,

Puc. 230. k

0A =0C —ero paguyc, OM 1_DS (puc. 230). Torza M — meutp OKpy*-
HOCTH, ONHCAHHOH OKOJIO Tpeyronbuuka BCS. M3 tpeyroswrnkos KDS

<no ycaoBui0 3ajaun yroa KDS pasen %) u SCD naxopgum

SD=hVE, SC= 1/2h2+711~a2.

U3 tpeyronbhika MCS noaydaem

SC SC2  g24-8h2
M = == —1 =
2cos £ DSC 28D 8 V'2
OTKYIa o
DM=SD—sM=3E—%
812
U3 tpeyrosbuuka OMD Haxonum
N -
OD=DMVZ = T

CrefoBaTebHO,

OC=V0D2—{—CD2=8171Va4+64h4-
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13.46. Tlycte D—cepemnna AB (puc. 231). U3 ycaosu#t s3agatin
caenyet, yto SCD — paBHOGEAPEHHBIH IPSMOYTOJIbHEIH TPEyroabHuK, SD =
= AD=R, SCD-—6uccekTopHasi MJIOCKOCTb JBYyrpanHoro yria SC,
uentp O chepel, BOHCAHHOH B TpeXrpaHHbIH yros C, JIeXHT B JOCKO-
ctn SCD.

Iposerem OK | CD, OF | SD, FM 1 AS, KL 1. CS. OGosnauum

OK=FM=x. Viveem LE=SF=FM V2 =xV2, EK=]‘/_~2¢ OK =

X 3x
Ryl LK=LE E =y, = 9 = “=
Vs + EK vz CK LKV =3x, CD=SDV?2

=R V2. Ouesugno, uto DK =|CD—CK|=|RYT —3x| (rouka K
MOMKET JiekaTh Ha Inpogosxenud CD), OD=|R & x|, rge 3HaK LJIOC

C

Pnc. 231.

COOTBETCTBYeT BHEMHeMy KacaHHIO cdep, 3HaK MHHYC-— BHyTPeHHeMY.
W3 npaMoyroabuoro TpeyrosibHuka KOD noaydaem OD?=O0K3*+-KD?,

T. e. (R & x)2==x21(RV2 —3x)% Pemwas 70 ypaBHeHue, HAXOLUM

x=—193(31/'2‘+1i1/10+61/2_) 1 x=§ BVZ—1£V10—612).

. 13.47. Ilposeiem cevenue A;B,C; nupamugst ABCD nJI0OCKOCTBIO
PQM,N{ (puc. 232). 310 ceuenne napannesaso rpakn ABC. Tlpose-
aeM CiEy 1 AyB,. O6o3Haunm pe6po Kyba uepe3 x. Torga BeicoTa mupa-
mugbl A(B;C{D, npoBeneHHas u3 Bepmuubl D, paBHa c—x. [lo Teopeme
0 Mapa/iesIbHBIX CeYeHHAX NMUPaMHIBl NOJydaeM

AIBI__C]_EI__C-—-X
AB  CE — ¢ ¢
a(c—¥x) bc—x)

Orcioga HaxoguM A;B;= 2 s CIEII'—C—- U3  nopobusa
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AiB, _ CiEy

Tpeyr = =1f1
peyronbHrkoB A.B,C; u MN,C; noayuaem WMV, = CE—% T. €.
afc—xy__ b(c—2x) Pewt

ag 310 yDaBHeHue, HaXOJuM

ex b(e—x)—cx”
1 1 1\1
‘ =(arsre)
13.48. TIpexxpe Bcero cseyer foKasaTh, 4TO 4YeTspe pe6pa KyGa
napannenbisl AB n uernlpe pefpa Kyba napaienpHn CD (puc. 233).

Puc. 233.

O603uaunM yepe3 K u L Touku nepeceyeuus npamoit MN ¢ niockocrsivu
rpanelt ky6a, KL=x, KM=y, NL=2. Torga x-+y-}2==c. Ilnockocts
ABN napaniespHa HeKoTopol rpaHH KyGa, Tak kak MN u AB napan-
JIeJIbHElL  HEKOTOpuIM peGpam Kyba. CnejoBatenbho, npsamble AN u BN
nei!_aecexaxo'r pebpa KyGa COOTBETCTBEHHO B TaKuX Toukax E  F, uTO
EF=x u EF || AB. U3 nonotus tpeyroasuukos EFN u ABN HaXofuM

EF _LN X _z ¢
ABTMN® T a ¢’ -
AHanorduHbIMH PacCYKIEHUAMH H3 TpeyronbHuka CDM (o Ha puCyHKe
cx

HE yKasaH) HAXOWHM §=—r. TMoacraBass naligenuble BolpaeHHs L1 Y

M Z B ypaBHEHHE X--Yy-}z==c, TOJdyYaeMm x+€;+%=c, OTKYyza
i 1 1\1
x -—(‘a‘ + b + *CT> .

13.56. Ilycts O—uentp Ky6a, a—pebpo Kyba, SC=h—phicoTa
mHpaMulbl, X—CTOPOHAa OCHOBaHMA NupaMuast (puc. 234). Tak kxax no
YCJIOBHIO 3aJlaud HiKHee pebpo Ky6a Jiexut Ha CD, a nentp Ky6a — Ha
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BRICOTE MHpaMuibl, TO BepXHee pebpo KyGa napamrensio CD u ne-
T B Iockoctn SCD. Tlpa »ToM BepXnee pe6po KyGa nepecekaercs C Bhl-
cotoii nupamuasl SC B Touke M, KOTOpasi SIBJIAETCs: CepefHHOHM BepXHETO
pebpa Kyba. Mmeem :

MN 1 a, CM=a)Vg,

2
SM=h—a)'2, BO=0C=
a a
= ——, SO—':/l—-——t.
Ve V2

M3 nopodus TPEyroabHUKOB
SBO n SAC noayuaem

BO _ SO
AC — sC
T. e.
aVe? nV2—a M
x nye Pnc. 234.
H3 noxodua tpeyroaprHuxos SMN u SCD noaydaem %%] =%, T.e.

h—a)'2

h .
Us cicrembl ypapuenuii (1)—(2) Haxoanmm ssavenns x=a (2} 2—~1),
Ve x2n 19 V"Z-_“ L

a _
h=—2‘ (2--3V'2). Caenosatensuo, V=i = 6

a
%= {2)

. Puc. 235,

18.57. Tlycte O—muEHTP 1apa, ONMCAHHOTO OKOJIO MHPAMHIN
SABCD (pnc. 235), 0S==0A=R-—pagnyc sroro mapa, SK — BhicoTa

19 B. I. BoarsHcku#i u Zp. 561



nvgpavr\mz(bx. Iposegem SE | BC, OM 1. SE, ON | AS. Tlo ycaosuw
sanaunl OM =aqa, ON ==b. H3 nogo6us COOTBETCTBYIOILHX TPeyroAbHUKOB

nofiyuaem 4 _KE b ___/_‘K__]/QKE c
yiae VE—z SK'yR—p SK 3K - CaenosatelbHo,
b a2 ab
= , OTKyIa Re==—c———,
VRE=p: VRE 2 y Vom

13.58, Ilyctn O-—unentp wmapa, Bnucanworo B mupamuny SABCD
(em. puc. 235), SK — Bricota nupamuast. Hposegem SE | BC, OAl 1 SE,

ON | AS. llo yenosuio 3agaun ON =)' 2, OF =}'5. Oosnaunn OM ==

=0K=r, OS=1x. Toraa KE=V5—r2, AK =V§ V5 —72 Us nogo-
6usd Tpeyroibnuxos SOM n SKE noayuaaew

X4r R

Vi—r2 r '

M

U3 nmogoGusa Tpeyroasuukos SON n SAK nonyuaem

X1 ETTS
Vifﬁ—) Py} . ©

3anaua csenach K pereniio cuctemsl (1) —(2). Va ypasHenna (1) Bosse-
LeHHeM B KBajpal HaXoauM

X2 (5 — 2r2) —2xr3 —5r2 =0,

r2 & (r?—5)
X=r ——-a—
5—2r2
r
Tar kax x>0, 10 K=, Bruntas 93 ypasHenns (1) ypaBneHue
9 , .
(2), nonyuaem r } x8—2=}x¥—72, orkyia x=VTT' CnepoBarefb-
S
5 i /5

Ho, - Pemas 310 ypaBHeHHe, HAXOAHM r=l (cm).

——— e e
5—2r7 ] )

13.59. [pekne Bcero OTMETHM, YTO TOUKa MepeceueHus AHarosasefl
gethipexyroiprtika KLMN nexut B naockoctd SBD # B NJ0CKOCTH
SAC, 1. e. Jexkut Ha Boicote SO nupavuinl. K3 paBHoSenpenHsnX Tpey-
roaprER0B SAC w SBD (puc. 236}, npuvenss pesyastar 3ajaun 12.49,

noJjyyaem

op_ L(AM  CR\_ 1 (BN , DL
SP™. 2 (szw +§R/‘ T2 \SN + SL)'
OTKyAa

DL

§Z=m—-n-}-p

13.60. IlycTs Oy n Op,——1LeATps AaHHEBLIX wapos (puc. 237). Tax
KaK MHpaMuja NpaBufibHad, To TodkH Oy H O, JeXaT B ILIOCKOCTH Tpe-
yronsiika SAC, npuueM Touka (y JIEKHT Ha Buicote SK mHpaMAibL,
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a TouKa O,—3B OHCCEKTOpHON NMOCKOCTH AByrpauHoro yras AB. Ipo-
serem SD 1 -BC, O, 1 SD, O,LAC, O.M 1 AC, O,N L AB. Toraa
no TeopeMe O Tpex nepnesaukyaspax MN L AB u yroa O;NM pasen

Puc. 236.
[0JIOBUHE IBYFPaHHOrO VIVIa MeXKLy OcHOBaHHeM M GOKOBOJ rpasbio
1
napanmiel, T. €. £ OZNM::—Q— 4 KDS.

Puc. 237.

O6osnaunm SD uepes x. Ms ycaoeua 3zgaus caegyer, uto KD =
x u Z KDS=%. 3daunt, £ 02NM=%, W3 rtpeyronbHHKa

2o -

03N M nodayyaeM
g4
6
19# ) 563

MN =0gM ctg - = 2r V3,



.

a u3 tpeyroabunka AMN nmeem

AM=MNV3=2 V.
CnefoBaTtenbHO,

02L=MK=AK—~AM=]7x§—-2rVB.

U3z rpeyroasuuxa SOE /\L OISE=~2—> HaXOAHM

0,8 =20,E =2r.
CJieoBaTeNBHO,
.1/ 2
0,L = SK —S0; —KL =”’2 3

Ho 0,03=0,124-0,L2, 1. e.

—4r.

N2

—ar) —[—/—————Zr 1/6) .

Or2 =

/xVB
\\
Pewaa 310 ypaBHeHHE, NOJyyaeM

=2 V32 V5.
o xcaosmo 3ajgaud (uapbl Jexar BHYTPH NEpaMHibl. 3HAYHT, ACJIKHO
x}'3

B =
HBIX 3HAYeHUd Aasa X 3TOMY HEPaBEeHCTBY YAOBJETBOPAET TOJILKO

=T &V3+V ).

BLINOJAHATLCS HepaBeHcTBO SK 2= SO;-Fr, T. e == 3r. U3 naiizen-

13.61. B ceueHuH naHHOH NHpaMHAbl NOJAYYAETCSt YeTHIPeXYroJdbHHK
AMKN (puc. 238), auarosanu KoToporo neprnesHankysasipiel. Ero nJo-
Walb paBHa

Sceq:_é' AK - MN.

OnycruM nepnexpukyasap BP Ha miockocTs cedenuda. Torga yron
BAP sasasercs yriom Mem;xy npsaMoit AB u naockocTeio ceuenus. Ilo

1 1
yCA0BHIO 3ajauH £ BAP = —6— 3nayur, BP—— = AB = 5 a 3 uentpa
OCHOBAHUS MTHPAMUJIB ONYCTHM HepHeH AHKYAAD OL Ha CeKYLLYIO IJIOCKOCTb.

Tak xaxk npnmaﬂ BD napanneabna cexyutefi mjockoctH, To OL =

= BP = 2 I/Is NpAMOYTrOJBHOrO TpeyroisHuka AOL Haxopum

LO 1 mn
SlnLLAO—AO _l/é, LLAO:;}"
OTKYyja
EO=40="2., SE=S0—E0=3%,
V2 ‘/
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Ha nogobusa tpeyroapuukos SMN n SBD naxonum
_BD-SE _ 3a)2
S0 T4
OGosnauny yroa ACK uepes e&. Tak kak yron KAC pasen T 1o

b

MN

u3 TpeyrojeHHka AKC 1o Teopeme CHHYCOB HOJyHdaeMm
AC sin o V2 AC

AK =

sima,+“3> I+clga
\ 4
oCc 1
Hs -tpeyrospunka SOC naxogum ctga:;@:I_ CaepoBaTennHo,
8a 3V2
AK=, 5o ‘5 2. s

13.62. 1) Paccmorpum cay-
vafi, Korjga CeuyeHHe MPOXOJHT
yepe3 AHATOHA/bL OcHOBaHHs AC
(puc. 239). B stom cnyyae B ce-
YEHHH NOAYYAETCR paBBOGEApeH-
nbli Tpeyroaeuk ALC. Haiigem
pPamMyc ry OKPYXKHOCTH, BIHCAH-
HOH B 9TOT TpeyroJbHuK. M3 npa-
MOYTOJIbHOTO TPeyroJibHuKa SPB,
rie P —ueHTp OCHOBAHH S [IHPaMH-
JIbl, HaXOLHM

N

“cos L SBP

___PB 3
Ccos <arccos —§—> 2 V2

Tak kak PL|BS, 10 PL—cpex:
HAS JUHKA B Tpeyroabuuke SBD.
CJle10BaTeNBHO,

BS

1 3b
AL:]/AP2+PL2=—§£—,
42’
foACPL _py3 A
AC--2AL 6 Puc. 238.

2) Eciu cekymnasi NJAOCKOCTb IepeceKaeT RMaroHane OCHOBaHHS BD
B TOuKe, Jexamel Mexjpy Toukamy P u D, 10 B ceueHHEH NOJYUHTCS
TpeyroAbHHK, NOZOOHBIA TpeyroabHuKy. ALC, npuueM CTOPOHH 3TOrO
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TPeyroJibHUKa COOTBETCTBEHHO MeHbIle CTOpoH Tpeyronbhuka ALC. Paguyc
OKPV?KHOCTH, BNHCAHHONH B TakoH TPeyYroJbHHK, MEHbIUE 7y U MOXKET GbiTh
JO0BIM  UMCJIOM MEXAY HyJdem U ry. Takum o6pasoM, JK0GOe UHCIO 7,
YJOBJATBOpPSiiOLLEE HEPABeHCTBY

b2

0<f$_*6—,

ABJISETCS pelUeRHeM 3alayH.

3) Paccsvorpum cayuail, KOrja Cexyuwias MJIOCKOCTh Nepecekaer AHa-
rodadb BD B Touke @, nexaiuell mexay Toukamu B v P, Torza s ceue-
HHH DOAyuuTCsl Takoil nsituvroduHHk EFMNK, uTo B HEro MOXKHO BIIU-
carb OKpPyxKHOCTh. ITycTe O-—ueHTp IT0il OKPYKHOCTH, r—ee pajuyc.

Puc. 239.

Horamenm, wro MN=0ON. [posegem OG L MN u OH I MF.
psanoyronvabie 1peyroasiukn OMG u OMH ¢ ofmelt runotenysoit OM
paBHbl, TaK Kak OG=OH ==r. 3gaunr, L MOH = £ MOG. orkyaa

£ NOM= £ NOH— £ MOH =5 — L MOG.
A H3 OPAMOYIOULHOIO TPEYroMbHUKA OMG caepyer, uto
£ OMG =15 — £ MOG = £ NOM,

1. e. TpeyroarHuk OMN pasuoSeapenuuldl ¥ MN =ON.
W3 nmogoGia Tpeyroabuukos DNQ u BDS, yuurhisas, wto BQ =
= QF ==r, HaxoiUM

BS.-DQ 3 ;
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OTKyaa
ON =QN —0Q = % (36 2—171).

Ua nogobus tpeyromshnkos MNK u ALC HaxofuM (cM. cilydali 1))

, CL-KM 5
MN=—3c= =7’
, by'2
W3 pasencrsa MN =ON noayuaem Temepn r=-z-

Puc. 240,

13.63. OGosuaunm BelicoTy SF nupammgel uepes A (puc. 240).

1

Toraa AB=-—
. V3 h,

i 1
S = ha, F = -
ocH =g ' Q 2 VQ h
(Q—cepeanna BC),
s 3
SQ=VSELFQi=—"_p.
} + 513

Papnyc mapa, BAHCAHHOTO B JAHHYI0O NHPAMHAY, HB/JAAETCA pAagHy-
COM OKPYXHOCTH, BOHCAHHOA B Tpeyroashuk SPQ, rge P -—cepeanna
AD (sToT TpeyroJbHMK Ha PHCYHKE He yKasaH), T. e.

,— PQ.SF 1/;
PQH4-28Q 4™

B nckomoM cedeHHN NAHHOH NHMpPAMHABI NMOJYH4E€TCA HETHIPEXYIOJs.
HAK AMNK, gwaropaln KOTODOrO TNepreHZuryJfApas., Ero miomams
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paBna

1
Seex=5KM- AN.

Ilycte O—menrp wapa, snucantoro B gaunyio nupamugy, OF | AN.
[Tpsmoyroasuble Tpeyrodbuukn AOE u AOF pamHbl, TaK KaK OHH MMEIOT

ofwyto rumnortedysy AOQO u OE=0F=r=%h. 3uaunt, £ OAE =

= £ OAF. O6oznauny £ NAC=a, £ ACN=§. Torga £ OAF= _“2,
M3 tpeyroasnuka AOF Haxopum

or 1 thg 4 4 3
tg = = tg o= — =, SinQ==-, COSO =R,
AF =2 WPTR 5 5

U3 tpeyroarnuxa ALF nonyuaex
LF=AFtg oc:-g— h;
3HAYNT,

SL=SF—LF_—.%h.

W3 noxobus rpeyroavsnxkos SKM u SBD naxoaum

BD - SL 1

VI3 Tpeyrosbrnka ACN 1o Teopeme CHHYCOB [OJIydaeM

AC sin § I3
sin (& ﬁ) smactg f-+cosa”

M3 tpeyroasuuka SFC naxogum cig B_)-g[—c_: 1 . CrexosatesinHo,

AN =

I I, Seew_ |
AN=h, Sce.{——2 KM - AN 6h’ 5.3

13.65. U3 ycjoBus 3ajiaud cjeiyeT, yTo. LMJAMHAP KacaeTcs rpaHu
SAD mno ofpazywowmeit EF, rge E-~Touka Kacanus pe6pa SD ¢ ORpyx-
HOCTBIO OCHoBaHMsl nuauHapa (puc. 241). IlnockocTs Apyroro oCHOBaHHH
upAuynipa nepecexaer rpani SAD u SAB no npameim MN n MK coot-
BeTCTBEHHO. JTa IJIOCKOCTh napanienbHa npambiM SD u AB. Caenosa-
TeJIbHO,

MN | SD, MK| AB u MN=2r,

Tae r-—pajuyc OKDYKHOCTH OCHOBAHUA UHJAUHAPE.
568 )



H3 npayoyroabroro Tpeyroabiuka SCD Haxouum

r=%(a+h-—-]/a7——}j—h_2)-

OBosnaugm EF =DN =x. U3 nogotua Ttpeyroabuukos AMN u ASD

TIOJyuaem
r _a—x
h a ?
OTKV/a
[ 2r} a TS
¥=a Kl i iy Va2 —a)

Puc. '241.

13.66. B ceuennn famHOH mUpaMuiel MOJYYaeTCsl YeThIPeXyroJbHHK

AMNK (puc. 242), nuomanb KOTOpOro S:—;~MK~AN. [poseiem

NE | AC. Tax xak SN:NC=2:1, To u3 noaofusi TPeyroibHIKOB

CNE u CAS naxonum
NE=

h, AE=-§» AC=

o3| —

3
Cile10BaTebLHO,

2} 2a

AN=V A2} NE? :’% V 2T 842

IMposeaem OL || AN. Tax xak O—cepemnna AC, 1o L —cepeauna CN,

OTKy,"la
| |
NL=— NC=-% SC,
SN'SL—~£SC-(~2—-SC Lsc)=1:
. — 3 . 3 _I—F >'—' . .

569



Hs nopobus tpeyroasHukoB SPN u SOL nonydaem SP:SO==SN:SL=
=415, a u3 nojgobus TpeyrojbHuKoB SMK u SBD HaxoiuMm )

.4 4V 2a
Mf\———BABD~ 5

CiieloBaTenbHO,

_ l . ,__2(1.’/-——-—2*———2
S=g MK - AN =10V Tow 7 28

13.67. Peuwenue 510l 347144y aHAAOCHUHO pelleHuIO 3azaud 13.66.
13.68. [Iycrb - CTOpOH4 OCHOBAHHS JAHHOH NupaMuibf, /t— ao-
tema nupampasl. [lokasate, 4Yto B cedeHHMM mnoaydaetcst paBHoGoYHAS

. 1
Tpaneuus, y KOTOPOH OCHOBaHHS PaBHbl 20 § - @, a BHICOTA paBHa —-h.

2 2
Toraa naoutans GOKOBOH Ipanu S=é~ ah, WioWailb CeYeHHS
5 S 5
81—-——8~' ah, —g——~z'

13.69. Ilycrs SO — Bricota nupamuael, AS g BS — nannsie Goroshie
pebpa, SO=x. Toraa A0=V a®—x% BO=V b —x2. Us TpeyroJbHH-
koB ABS u ABO 1o TeopeMe KOCHHYCOB HOJy4YaeM

AB2 = a2 b2 — ab == (@ — x?) -+ (02— x2) - V (@@ — %) (B2 — 43).

Peiwuas 310 YpasHeHHe, HaXO0IHM
1

V3

18.70. ITycte SO--BhICOTa AanHOH mupamuabl. M3 ycuoBua sajaun
10 TeOpeMe O TpeX NepHeHAHKYJsApaXx caedyer, uro yrasl OAB u OCB
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npsabe, a ‘

SO =1 BS*— BOE=) I*— BO:.

Paccyotpim  wernipexyromsuuk ~ ABCO  (puc. 243).  Ilposenen
AM 1 BC, ON | AM. Vxeew ’

Blw:ABcost:La

3T
NO:‘—MCz—-BC—BM:b—-—é—a,
NO  9—q

AV =—"= a0
sin »‘,;i )3

BOY= AB -+ A0 =2 (st —ab 443,

CaenoBaTesbHO,

S0=)/ B—g (@—abtty.

Puc. 243. Puc. 244.

13.71. 1) Paccmorpus cayuali, Korjia medtp onucannoill cdepsl (tou-
ka O;) JexXdT B HeHTpe OCHOBaHHS nupamuabl (puc. 244). Ilyers O —
nentp cdepsl, Brucansofl B nmpamuay. Ilpopeiem anodeMbl nupamibt
SM, SN u OK 1 SM. Ob6osnaunm O S=0B=R, 00;=0K=r.
W3 npaBuasHoro Tpeyronbunka ABQO; Haxouum

Ve 77
/WOI =}§‘ BO]Z%R.
V3 tpeyronbuuka SMO; naxommm BN
—_— /Z
MS=VHo7T50;=L"R
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Inomage Tpeyrossanka SMN pasHa

5 MV - SOy =+ r (MN-2M5),

RV 3=r(RV34+RV).

e

2) Paccmorpum cayuafi, KOrja WeHTP oNMCaHHOH cdepsl JEXKHT
B Touke Oy Ha BbICOTE MHPaMHIbl

B, ) S0y, Tak uT0 00; =00,, 1j1e 0 —

UeHTp BhucauHoi cdepwl. OGo3Ha-

UM 0,8 =0,B =R, 00, =0K =

=r. W3 Ttpeyronvuuka B0O;0,

/ vaxoaum  BO; =V BO:— 0,03=

Orcrofa

N
=} R2—472. Torna
M01~L* VR
8 0 K D 13 rpeyroasuuka SKO HaxonuM
Prc. 245.

, SK =V SO*—KO?=) R*+ 2R
W3 nojobusa tpeyroabuukos SOK u SMO, noaydaem

MO, _ SO,
KO = 8K’

VIVRE=4®  R+9r _VR<2
2r l R LR 'V‘R'

Coxpallas 9To ypashenue Ha } R--2r, nmocae BO3BeleHHst B KBajgpar u
VIPOIWEHUH noayuaem

/R R R .. +v/7
3\7/\ —6-—14=0, 744.]/3,

R R 7
B TaK Kak 7>0, TO 7___1+]/§_

13.73. PaccmoTpuM ceueHne JaHHOH YCeYeHHOR NHpaMHAbl TJIOCKO-
CThi0, npoxomsefl yepes pe6po BBy m toukn D u Dy, KoTOphle AB-
asiotest cepesuHamu  peGep AC w  A,C; coorBercTBenHo (puc. 245).
MMycts O u Oy—uentpul ocHoBanufl mupamugsl, DM | BDy, ByN 1 BDy
u DK 1 BD. Ilo ycaoBuo 3azauu

BD ng DM=m, BiN=n.
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W3 monoGus npAMOYrosbubx T KOTOPHIX
v D A R HLIX TDeyroubHHKOB B,D\N w BDM, y KOTOD
y 1Y PABHLL, KaK HakpeCT Jiexaliue npH NapajjelbHbIX
npaMsix BD u ByD;, Haxopum

BD - BN __bny'3

BibDv=—pm—=——.
Tak kak BO=%—BD', 01D1=%31D1, TO
_by n\
BK_BO—H)lDl_rg (\1 +% _

O6osnaunm 00; uepes H. Ilmowans Tpeyroasnuka BDD; paua

1 BD DK :,% BD'l DM,

2
OTKYJa
_BHYV3
BDy= 2m
Ho BDI=DK2+ BK?, T. e.
3b2H2 b2/ n\2
Lo g2 O i
e AL
Orcioza
b (n+4-2m)

=)o 1o

Puc. 246.

13.74. TlycTs O u O — ueHTpb OCHOBaHMI AaHHOl yceueHHO mupa-
muabl, DDy —ee anopema (puc. 246). Obosznauum AB=x, A;B=y- 13
tpaneunn AAD1D naxonum

DD}= A4~ (AD— AiD\f =B — | (x )"
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llap, snucauHbft B MHpaMHIY, KacaeTcsi OCHOBAHMH MHPAMHIM. B TOYKaX
0, 0, n KacaeTcs1 anodemst DD,. CrejoBaTensHo,

Xty
DD,=D0+4- D0, =
1=D0+Di0 =274,
Orciona

o 1 .. 1 '
l.,,_z_(x._y;2zi—2‘(_x+!f)2. (1)

Tpaus BB,C,C nepecekaer 1wap, Kacawiyuiica Bcex pelep nupa-
- MEJB!, TaK, 4TO B CeYeHHH MOJYyYaeTcs OKPYIKHOCTb, BNHCAHHAT B Tpa-
neunio BB,C,C. 3uaunr,

BC - B\Cy= BB, +CCy, x-y=2l. ©

Pemas cuctemy ypasrennfi {1)—(2), Haxoaum

“¢+V%'WA_V%.

13.75. Jlycts h—BLICOTA JaHHOI ycequHoﬁ'nnpamunbl, /—cpegHag
nuHAa 6okoBofl rpanu. I'lokazartb, uyro 8
S, . 1
B 21 Sy==l ) B FRE = 1 4= 83,
e 2

Toraa uckomag naomianis

bnc. 247,

13.76. Jannbie cekymue naockoern AA,C,C u BA;D,C nepece-
gatorca ‘no npamoii A,C (puc. 247). Tlycts O ~—1uesTp ocHOBaHMS nHpa-
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Muzel. Tak Kak mupaMmuiga npaBuibHas, T0 BO — neprneHa#kyJasp K mjo-
ckocrd A4,C,C. TTpoeezem OK 1 A;C. Torza mo Teopeme o Tpex mep-
nedukyaspax BK L A,C, 1. e. yron OK B paBeH yray Mex1y CeKyWHMU
IJIOCKOCTAMH, H 10 YCJaoBHio 3anaud L OKB=o. W3 npamoyroanHoro
TpeyroibHika OK B nonyuaeM OK = BK -cosc. Ilposezem AM 1 A(C.
Tax xak O—cepeauna AC, To OK sBaseTcs CpeiHeii JMHuefl TPeyrosin-
HHka AMC, 1. e. AM =20K =2BK cos a. Orciona.

Saac=5MC - AM=A4,C-BK -cosa=35 p¢*2C05 %

AHaJOl’H‘leIMH paccyXKiecHUsAMH J0Ka3blBaeTcd, 4TO

Sacc, SSA,CD, - 208 ¢,
Caefobateanto,

Saac,c=Sapcp 2,
T. e. OTHOWEHHE maollalell ZaHHBIX ceyeHHil paBHO 2cOS &.

13.77. Tlyers 'K # K;—uentpel ocHoBaHnil ycedeHHOH ITHpaMMIbl
ABCDAB\C\D;, O—ueutp onucannoro mapa (puc. 248). Tak kak

Puc. 248.

NHPaMHAA NpaBH/bHAafA, TO Touka (O JexuT Ha npsamolt KKy Ilycrs
Touka O HaxXoautcs BHe nupaMuznbl. OGosnaunm AB=x, A,B;=y (x>V),
0A=0A;=R. Onycrum nepnesauxyasp OP na naockocTs ABBA,.
Jlerko BuieTb, 4TO Touka P ABJSETCH LEHTPOM OKPYHKHOCTH, ONHCAHHON
okoqo tpaneuun ABBA,, 0 aexur ua npamoil EE;, coeldHsAOWel cepe-
auHel AB u A;B;. o ycaoBuio sagauu

x—y=a, KKy=h OP=-— 04
V2 y2
Cneiosatensno, 4P =AP = E: (43 DPEMOYrOJBHOTO  TPEYIOJIbHH-

14

Ka OAP).
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Tax kak AK _}— 5 AlKl:;—Q’ OA=0A;=R, T0 H3 DaBeHCTBa
OK;—OK = KK noayuaeMm

]/Rz___;_y2~]/ RZ—%xzzh. 0]

U3 tpaneunn KEE;K; Haxoxum

4 (X ——y)2
551:]/ p— =]/h‘3+
A /

Ws pasencrsa E;P-|- PE==FEE, nonyuaem

]/ R g l—]/ R2— M"V 2 g @

(mpeanosiaraeTcst, urto To4Ka P HaxoauTca Buyrpm rpaneuus ABB;A,).
Ymuoxus (1) ma (2), noay-
K, L qaeM

7, ST
g —y~~—2/1]/ 2h-+—~a .3
Peuian CHCTe\I} s LOCTOHHJ.} 10 U3

I

|

p ypaBHeHust (3) H  VpaBHeHHS
£ X—Yy=q, HaX0AUM

_h / 1 1
x—;]/ 2 +-at + 5,

hq/ ., 1 1
=V op2d g2 .
- l ‘ 272 5 a ) a.

3aMmeuanue. Ecau npen-
M0J0KHUTh, 4T0 ToYKa O HaXOuT-
¢l BHYTPH TNHPaMHAL, TO B Je-
Boil wactH ypaBrenus (1) noay-
YUTCSL CyMMa KOpHefl BMecro
pasHocTH, H TOFILa u3s (1) u (2)

h= l/ 2h~—-— a?, 4TO HeBO3-

|
!
'
|
'
!
i
1
'
I
t

2
B8 MOXKHO. AHaJNOriuHO TOKa3biBa-
Puc. 249. eTCs, YTo Toyka P He MOXET Ha-
XOAHTLCS BHe Tpamenun ABB{A,.
13.78. B ceuenun aaHHOH YyceueHHOH nNHpaMuibl MNOJYYaeTCs Lue-
cruyroasunk BCMLQN (puc. 249), niomais kotoporo S==8;--S,, rge
S, —momaie Tpaneuun BCMN, a S,—muowam tpanetun MLQN.
Iycrs Pu Py— 1eHTpL OcHOBaHK{I nupamuabl, K 0 Ky — cepellibl CTOpOH
BC u QL. Tak xax nEpamuia NPABHIBHAA, TO [PAMbIe MN, PP, u
K K, nepecekaioTcsi B OJHOI Touke Q.
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Mo ycaoswio sazaun L OKP = 2 OK{Py=a, QL=a, BC=3a.

av 3 3a)3 _3a)3 _
Caenosartenvro, PK;= PK ="5—, OK_Qcos . 0K, =
aV'3
=3 clos s U3 nozo6us tpeyroasuukos OKP u OK(P; noiyyaem

OP, _PiKy 1
OP  PK — 3°
Mposeten D) F | AD. OGo3nauum udepe3 £ TOUKY TNepeceuyeHus INpsMbiX
MN u DyF. 12 nogotus Tpeyroasuukos D(EM u DD noaydaem

EM _DE 0P, 1

FD T~ D,F ~ 0P, FoP~T &
Ho FD = PD — P,D;=:2q. CHEﬂOBaTeTII:HO,

B 3 _ y 9(12 y
MN=3a=BC, S$,=0K: -BC= T Hlmsa’
1 V3
52=§. OKy (MN QL) =?.‘§k&"
_8 s, V3
S”SI+82__2cosoc a
CI
N
,\
Ff
/a N
1 L \
b, P Y
1 i \ 4
[ \Kf/
! | X
I ! s :\\
v 07 L
T VA SN
e
¢ 7/ N \
147 N
Fﬁ,‘ ________ =
, AN
/
A
yij
Puc. 250,

13.83. Tak kak cdepa npoxoAuT uepes cepenunsl pebep AA; u BBy,
TO UeHTp 3TOH cdepbl (touka O) JeKUT B IockocTH EE,FiF, nepneniu-
KyasipHoil pebpy AB u npoxopsinell uepes ero cepeauny (puc. 250).
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Kpome Toro, Toyka O JieXHT B IMIOCKOCTH P, NepneHAMKYAAPHOH oOT-
pesky AC; u npoxojsmeit uepe3 ero cepeaury K (miockocTe P Ha
pHCYHKe He yKa3aHa). 3aMeTHM, 4To Touxkd £y um F npuHamiexar mio-
ckocTM P, TakK KakK KakIas M3 3THX TOueK paBHOyJa/ileHa OT KOHIOB
orpeska AC;. CnenoBateibho, npsiMas E;F spiasiercad JuHHell mnepeceye-
Husl naockoctd P ¢ muockocTeio EE(FF u touka O mPHHAAEKUT Ips-
moit E;F. M HakoHen, Tak Kak cdepa NpoxoiuT uepes Touky A u cepe-
anny peGpa BB;, 1o touka O Haxoautcs Ha npsimolt MN, nposejerHoil

B miockoctn EEFF tak, uro MN ||EF n ME*—zi—a. Toraa NO =

= NF=ME =~411—a. TposeneM KL 1 MN. Hmeem

i 1
[{L=—4—a, OL::KL=TG,

OTKYy 34
-
/2
0 =]/—~ a.
K 4
Pagnyc cdepbi AO HaxoauM H3 nOPAMOYroapHOTO Tpevrodsnuka AOK
30
! AK::—‘%— a/:

AO:V0W+AK%:£¥E.

13.84. Ilnockocts ABDy u A,C,D nepecexaiorcsi no upsaMoii MY,
rae M — uentp rpasa ADD, A, a N —uentp rpaun 4;B,C,D; (puc. 251).

B /

Puc. 251.

13 cepeaunnt K pedpa A;D; nposesem KL 1 MN. Jlerko Buzers, uTo
yron A;LD; #Basietcss JuHeHHBIM VIJIOM MCKOMOFO ABYI'PAHHOTO Yivia
U £ ALDy=2 £ KLD,. ViveeM

KN=2

c ‘ b
g K=g, KDi=y.
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M3 npsmoyroantoro tpeyronntinka KMN Haxonum
KM-KN ac
MN 2Va 2’

MN =5 V&ETE, KL=

CnejoBarteibao,
_KD,_bvVa@ELe
tg L KLDy= KL = p ,
b l a~ —c
a’

L ALD;=2arctg —

13.85. Myvers O—uentp kyda. I[Tpogodsum mpamyio OM 10 ne-
pecedenns ¢ NpojoTKenueM mmaronatn DB B Touke N. Tak Kak TOUK
A u N npusagiexar cexylleil niockKocTH  aaockocrd ABCD (puc. 252),

C , 8,

A
—

I
!
|
|
|
|
:
|

C
AN

Pue. 252,

10 npaMas AN sBaserTcs JuHuefl mepeceueHnst THX maockocTeil. TIpose-
aeM OL 1 AN u OK | BD. Torna no teopeMe 0 Tpex MeprnedIHKyaspax
KL + Az\’ T. e..yron OLK simaseTcst JAmHefiRBIM  YIVIOM HCKOMOFO JBY-
FPaHHOTO \rqa

OBozraunyM peGpo kyGa uepes a. Myeem

a

OK =g, BM=1 ..
12

BK =

) s

Uz nojgobug tpeyroisiukos BMN u KON nonyuaem
BN  BN-+BK
BMT T OR
OTKy 14
3a
VE

=VAK* KN =a V5. .

BN=a}"2, KN=BK -+ BN =
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s nopoGust tpeyronsuukoB KLN u AKN naxoaum

KL=AKKN_ 3a
AN 2V 5
CaefioBatessHo,
_ OK _ Vs
£ OLK = arctg KL= arctg 3

13.86. Ilycts Oy, Oy u Og—1eHTpH I[1apOB, r—PaAUyYC IePBHIX
IByX wapoB, R—paauyc Tpersero wwapa (puc. 253). Touku O u O,

Puc. 233.

aexat B miaockoctd  AA;C,C, tak kak ABCD —xBanpar. [Iposerem
OM 1 AC, O,N | AC, ME | AB. Toraa
MO, =ME =vr,

AM=CN=rV2, ON=4—r, 0,0,=2r,

MN =V 0,03—(0,N —OM)? =4V r—1.
[Noacrasasa nafizennble snavenus Beanuun AM, MN, CN B cooTHoLIe-
sue AC =AM+ MN - CN, nonyuaem 52 =2r V' 2 4-4 }'r—1, otkyza
r:%—(7l4). Taxk kak O M << AA;, 1. e. r<Z4, 10 r=-.
s ycnosmit 3agaun BhiTeKaeT, uTo Touka Oy JIeKHT HA OEpPIEHIHKY-

Jsipe K npsimoit BBy, mnpoBeieHHoM B mJIockocTH BB;D;D uepes cepe-
muny K otpeska BB;. Tlposenem OsL | BD. Torna

BL=03K =R, 03L=%331=2, 0,03=R + r
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(sHaK maoc’ COOTBETCTBYeT BHelIHeMYy KACaHHIO IIapoB, MHHYC-— BHYT-
penteMy). U3 tpaneuun MO;0sl HaxoaHM
2 1
ML2 = 0,03 — (OsL — O, M >~—<R+ 35 T

a H3 Tpeyroabuuka MFL <MF = MN = V2>

ML =MF*4-LF?=2 <T_R>
V2
Orcioza
2 2
(Rae3V_L_ o5 _p)
\ 4 \] 9 /

=—— (M)
2 (512 x3)
13.87. Pachwforpm« naockocts BByD1D  (puc. 254). Dta maockocTh
nepeceKkaeTcs ¢ JaHHOH cekyliell miockocThio mo mpavoil KL, rie K —
cepeauna BD. Lllentpsl ganubix wmapoB 0p u O, Jekar B INIOCKOCTH

Puc. 254.
BBD\D tak, uto O,E=OM ——% BE =1 V2 . OF=0N =7,
//-7’
D,F:‘l 142 . Obosnaunm £ LKB=/ KLD;=a. Torga 4L O,LF =

1
= L OIKE-——? o. M3 tpeyronbuuka KOE Haxoaum

w®_ OE V2

S =BK—BE 3
th‘q‘

tga= S 17/
1-tg“~%2
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W3 tpeyronsnuka FLO, noayuaem

FO, 3a .
A==
L)
OTKYRa
Dyl =DyF4FL—=—2_ K, =D)L —DK ——_
112 172

(Ky—cepeanaa B,D,). Us Tpeyroapunka KLK; Haxoium
- 3a
KKy=K,L tga#ﬁ_

13.88. ITycrs O-—uenTp wapa, r —ero paguyc (puc. 255). [porenex
OK nepneninkyaspro niockocts ABD, OF | BD,y, OF || KD, KM | AB,
Ky L AD,\ Toraa

KM=KN=0K =0F =r,
BD*=AB?-AD* =13,
BD; =V BD* DD} =1"14.
Us tpeyroasHukos BKAM 1w KDN uaxoanm
BK® = KM? - BM2 = r* - (3—r)3,
DR*=KN?*--DN?=r*-+-(2—r)"

i

3ameTnm, uto BE = BK =} 7r7 - (3 — r}?, KaK ABe KacaTejkHbie K [apy,

Puc. 233.

nposeteHHrie n3 oxHoll Touku -B. M3 rpeyroawuukos FOD, u EOD,
HAXOTHM

OD}=DK? -+ (DD —DF)? =r* 4+ (2—r)* - (1 - 1)?,
DIE=VODi—OF =)V 2=+ {1 —r)

Toacrapnas HafijieHHble BHpaXeHus B cootHoineHue BD;=BE-1-DE,
nosiyuaeM

VId=Vr+@—=rF +VE—rF+{—r)
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Pewrasn 310 ypassenue, Haxomum

3 3
re=—d e
2T VI

Halinennbie sHaveHus 18 7 YIOB/AeTBOPSIOT BCEM YCJOBHAM 3anau.
fTpu sToM 3Ha® MHHYC COOTBETCTBYeT caydyalo, Koria Touka K JISKHT
BHYTPU rtpeyronbiuka ABD, a 3Hak mioc —ciayyalo, Korja Todga K —
BHe TpeyroaeHuka ABD.

13.91. Jas waxomiennas BC=x u AA;=y noayuurb cucremy
ypaBHeRui

{ y=V5=F LVE=F,
yi=13—4 (¥*—3).

13.92. ns Haxomzenus AP=x u B P=y noayuuTs CHCTEMY
ypaeHeRyl

XA y? 4 xy = b* 12,
{sz—b2+l/y2~b2==h-

13.93. Iycre CMN —npaBusibHell TPeyroJpHHK, mnoJaydaomiuics
B CedeHHH JaHHo{i npusMmet (puc. 256), ABC —cevenue, napalielbHoe
OCHOBaHHIO NPH3MEL, Tae yroa ACB nps-
Mo, AC=qa, BC =b. Obo3naunm CT0po-
Hy TpeyroiapHuka CMN uepes x. Toraa

AM=V "4 BN=)Xx—_p.
s tpanenua AMNB noayvaem
MN?*=AB*4 (BN — AM)?,
T. €.
Pt 0+ (T~ T
1.
(npednogaaraercd, yro Toukdn M u N’

JEKAT TIO OJHY CIOPOHY OT ILTOCKOCTH
ABC). Pewasn ypasuentie (1), Haxogum

X =
= 'l//—% (a:’_{_bz_i_}faﬂl_l_b;_azbz) .
3amevanue Toukn M u N He MOTYT JekaTs no pasHbie CTo-
poubl oT naockoeTH ABC, Tak kax Toraa BMecro ypasuennsa (1) noay-
yuJoch Obl ypaBHEHHe, KOTOPOe He MMeeT pelieHHH. DTo scHO H reoMert-
puuecku: Toraa 6po Ol MN > NA > NC (1ak kak AB > BC), 1. e.
MN £ NC, uto NpOTUBOPEUHT YCJIOBHIO.
13.94. Tlycre O —UGHTD OCHOBaHHs upu3Mbl (puc. 257), R — paiuyc
wapa, BmucanHoro B npusMy, AA;=wx. W3 ycaoBnii 3ajaud coaeiyer,
yro A,0=2R. OfbeMm NpuU3Mbl PaBeH

Puc. 236.

-

RS,

A0-Sapc=73
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rie S —moJiHas TNOBepPXHOCTb npuaMel, loACTaBasst B 9T0 BulpaXkeHHe
A0O=2R, nosyuaem COOTHOWEHHE

S=6S 4p¢.

(1
MMokaxem, uro BB{C,C —npsamoyroneuuk. B maockoctu ABC npo-
seteM AM L AO. Toraa no Teopeme o Tpex nepredaukyaspax A4 | AM.

A

C
1

7

Puc. 257.

Ho BC || AM u BB; || AA,. CueioBateisHo, BB1 1 BC. ViMeeM

I/3
Sgpc,c=0% Sppc=-—7¢.

[posezem OD | AB. Toraa mo

TeopeMe O Tpex NepreHuKyJaapax
AD | AB. Orciona

AD=VAAI—AD*= V x--—«cr

)

Sanpu=AB-AD=a ]/x"—’——% a.

IMojcrasasiss HadileHible Bulpaxeuust B cootHowenue (i), momyuaem
) s 3V3
ax—}-——ll2 ata Vi —at= 5

2

Pewas ato ypaBHeHHE, HAXOLMM

X=V§(V§- 1).

13.95. Tlycre O—uenrp ocHoBanuss ABC, M —ecepeauna AA,
(puc. 258). U3 ycrosuit sagayn caepyer, uro AA,C;C —~npaMoyrofsHux
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(cM. pewenne 3anaun 13.94). CregopatestHo,
CM =Y ACT T AM® = }/bu_%./s ,

O6osnauum yron BAM wuepes a. U3 Tpeyronsnuka BAM no Teopeme
KOCHHYCOB [OJ:yYaeM

BM‘-’:bﬂ-i—% 12— bl cos a.

Ilporegem OD | BC. Torga no TeopeMe O Tpex NePeHANKYAApax

Puc. 238.

ByD | BC. Us tpeyronsuuka BDB; Haxonum

B b
cos;ABBlzcos4DBBlzcos(n—-a)=—~—cosoc=Fg-l=—«2~i,
"1, 3 .,
BM:V T E .

[To TpeM CTOpoHaM HaxoJuM ITOWafb TpeyrodnHHKa BCM:

b TELT 1 A2
SBCM=*§V‘5‘7'+‘“°

18.96. Iycte O —mnentp wapa (puc. 259), r—ero paguyc, AB —
runoTeHysa Tpeyroiieunka ABC, M —cepeauna AB, N —cepenuna A,By,
AB=AD ==BD.

Vs ycaopuil 3ajauu cnefyer, yto Toyka O HaXOAWTCA B MUIOCKOCTH
CCiNM. Tlposegem OK | MN, OE { C;N, OL | DM. Toraa OL =
= OK ==0E =r. Tak Kak npusma npsmasi 4 wap KacaeTcs Bcex GOKO-
BHIX rpaHed, TO PajHyC mapa paBeH pajHyCy OKpPYKHOCTH, BIIHCaHHOH
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B Tpeyrossuux ABC. Orcroga
C ——
=2 (VI —1).
2'(l 2-1)

OGosnaunm yron KML uepes o. H3 Tpeyronbunka CDM rnoayuaem

cos £ CMD =cos | & —~oc\ = sin a=M—g= !

2 ) pM V3’

Ve o TH+cosa iR
cos @ = V3 g o —]/m—l 3+V2.

A N B,

7.,

Puc. 259.
Hs tpeyronseuxa KMO naxonnm
KM=O0K ctg % =r (V3 +V7),
OTKYAa

MN=KM+KN=r (+V2+V3) =5 (1 +VE—V3),
V=—;»AB-CM -MN:% (1+V6e—~V3).

13.97. Ilycere K —cepenuna  A,C,, D —cepeinna CCy (puc. 260).
Tak xak ocHOBaHfsi OPU3MbI NapajatedbHE, TO NepBOe CeyeHHe fepece-
RaeT naockocTt A4,B,C, no npaMo#t KL, napanreasHoii npasoit AB. Cre-
J0BATEAbHO, [ePBOe ceyeHune spasercs Tpaneuued ABLK. Bropoe
ceuenme sBAseTCH Tpeyrodbuyukom A BD, MN — qunHa nepeceyenus
npanselx  ceuennfl. Ilposegem DE || BC. Torga

EF= % B,L =-‘1}- ByCy,
3 3
DF; Blcl—'EF - T 3101 =7 Bll_u
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Ws nogoGust tpeyroasuuxos BLN n DFN Haxoium

DF ., .. 3
OTKy Aa
DN 34
BD ™ 5

ITpsiMast AB eXUT B [IOCKOCTH TIEPBOrQ CeueHHa Il fapadieibha npaMoil
A B, aexaileil B 1JI0CKOCTH BTOoporo ceuenist. CiaeloBaTedanbHo, JHHHS
nepecevenus MN  s1ux nuockocTell napadanensda A;By. W3 nogodus
Tpeyroabinkos DMN u A(BD naxoaum

MN DN 3

A5 BD 5"

Puc. 260, Puc. 261,

13.98. Iycte K —cepeansa CCy, E —cepeamna B,C, u L — cepe-
maHa AC (puc. 261). B ceweHuH naHHOH npuU3Mbl NepBofl MJIOCKOCTEIO
noayyaeTcs TpeyroasHuk AB.K. Bropas nuockocrs nepecexaer ocuona-
une nipuambl A1B,C; no npamofi EF, napaaneasuoil npsvoit BL, TdK Kak
IIOCKOCTH OCHOBaHHH 1PH3MBL napasiednsHel. CueloBatebHO, B CEUEHMH
IpH3Mbl BTOPOM MJIOCKOCTBIO TOJIYYaeTCs Tpaneuuss BEF[. Mlandbie ceve-
HUsl fepecekaoTcs 1o otpesky MN, AAMHY KOTOPOro Hy:KHO HaiTH.

3 npaMoyroabubix Tpeyroabunkos ABB; u ACK naxoaum

ABj==3b", BK® = AK: =i§. B,

OTKyla

AB} = BK*+AK?®,
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Hanee, no teopeme, obparnoii Teopeme Ilndaropa, crexyeT, yro yrog
AK By npsawoii. 3nauur, MN =V KM*FKN? . Haiizem KM u KN.
HposeneM KD || BC. Torpa PD-—*f»l— BlE-———l—b KP=KD—PD=

3
=7 b= ~2w B1E. U3 nopobus tpeyroivuukos MKP u BiEM nosayuaem
Kp
KM=E1—EMB,_7(BLK KM) = \b]/———KM/, OTKYIa

V6

KM= o

W3 nopobust TpeyronvunkoB EFCy u BCL ¢ COOTBETCTBEHHO Napai-
JIeBHEIMH CTOPOHAMH HaXOJHM _
CL-CyE b

BC T4

FCy =

[Mposegem KH || AC. Toraa
1 3

W3 nogoGus tpeyroavuukos NKH u ANL noayuyaem

K‘N~§HAN_~ (AK —KN) = 3/ ‘/——-KN)
12
36 V11T

orkyra KN 7]/217 u MN=VKM2LKN =

13.110. Ilpexae Bcero caelyeT LOKasaTb, YTO LEHTD Kyba JeKHT
Ha Bricote Konyca. ITycts O —ueHtp ky6a, SK — Bnicora Konyca, A B—

S

a) )
Puc. 262.

pebpo Kyfa, Jexalliee Ha OCHOBaHMH KoHyca. IlpoBezeM miockocTs uepes
Touky O u npamyio AB (puc. 262, @) u NJOCKOCTb uyepe3 TOuky O
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napaJJes]bHO OCHOBaHHIO KOHyca (pHc. 262, 6). OGosnaunm AB=a,
SK=h, KM=r—paguyc ocHoBanus KoHyca. Torza

2

Ve’

a3
T

BK:OE:%a, CE = DE =

ON=0D=VOEI - DE =

U3 nogodusa tpeyronpuukos KSM, BCM u ECN moayuaem

KM _ B _EN
KS ~BC  <CE-

T. €
L1, aV3 a
r 2% T2 T
ko aye a_
Ve
Otcona

= 1 \ a .
r=al|V3—= h=—nu{(5-1+V3
Vi3], h=gimG+Va),
Viow _ athr* _ a V2
Viys T 3e® 48
13.111. Ilycte npsmass MN napajsienpHa CTOpOHe OCHOBaWHS MH-
pamugel ABCD u Kacaercst OKpPYXKHOCTH OCHOBAHHSI KOHycCa B Touke K

(33—7V'3).

(puc. 263). Torga uckoMmbli wap BrNUCaH B TPEYTOJbHYIO NHPAMHUAY
MNBD. Paguyc storo mapa r OyjeM HaXofuTh mo (opmyJe r=-v,
rae V u S--o0veM ¥ noAnas nosepxnocTs Nnpamuan MNBD.

o yeqosuio 3agaun DO=2, AB=3}3. 3uauur,

MN=—%—AB=V§=BN=BM,

AB 3
BK=0K=5__23
K 2vVy 22
DK =V DO* L ORF = g )

589



Boicotra TpeyrosbHuka BDM, mposejennas u3 Bepuiuael D, asaserca
anogemoli MHpaMuinl M oBpa3sylomeii Konyca, T. e. pasna DK. Cieposa-

TeJIbHO,
9V3 _.Do , Vs 1
S=8Spyuy+Spuv=""5—-, V=7 V3 MNpE=5=, =73 ).

13.114. PaccmotpeTb oCeBee CeveHHe J3HHOIO YCEHEHHOIo KOHYCa
(cM. pemenue 3ajaun 12.93).

Puc. 264. Puc. 2063,

13.115. Tlycte O, 0y Os—ueHTpbl AaHHBIX wapo, 4, B, C—
COUTBETCTBEHHO MX NPOCKIMH HA OCHOBaHHe UHAWHAPa, O -—UEHTP OCHO-
BaHMs UHJAHHIpa (pHc. 264). M3 tpaneuun BCO,0, (ona Ha pHCYHKe He
YKasaHa) HaxoguMm

BC? = 0,0: e (B L2750
2= 0y0;— (CO3— B0 = | 5 r+r; — |5 r—r| =10r2,
A i

j Ly

¢

U3 tpeyroavuuka BCD maxonum CD =} BC2 = BDI=3r. QGoszuauum

PajHyC OCHOBaHUf UHJHHAPA yepes X. Torzna

OC%x—g'r, OB=x—r, OD=VEF—EDi=V F—2%-

Ua cootnowennss CD=CO- 0D ioayyaem

xe

3r=x—% r-+Vx® 0%,

121
yPewass ato ypaBHeHHe, HAXOIHM X= gyt
13.116. Ilycrs Oy, O,, O3 — uentpsl Aausblx wmapos, 4, B, C— coor-
BETCTBEHHO MX NPOEKUHH Hd HHXHEe OCHOBaHWE UHJIWHAPE, O — LEHTP
ocHOBaHus UnJHHApa (puc. 265). Tak kak BhICOTA WMJAHHAPA PaBHA 3r H
TpeTHH wap KacaeTcs BepXHero OCHOBaHMsI HuJjuuapa, 10 CO3=2r. Us
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Tpanennn ~BCO40, (0Ha HA PHCYHKe HE YKA3aHA) HaXOHM
BC? = 0303 — (03C — 0,B)% = (2r)2 — (2r —r)2 =32,
M3 tpeyroabunka BCD waxomum CD =} BC:— BDE=r }'7.

OfosnaunyM paguyc OCHOBAHHMA NUAHHAPA uyepes x. Toraa

OC=x—r, OB=x—r, OD=VOB*=FED?=}x2— 0xs.

U3 coorHomenus CD=CO4-0D noayuaeM r V2= X7V 2=2xr.
Pemas »10 ypapHenue,
HAXOHM .

/ N
x:f/l—}- 3,__\;r.
L2122y

13.117. Tyers A

" B-—Inpoexunn UeHT-
pOB apoB panuyca r
Ha JaHHYIO ILIOCKOCTb,
a M u N--npoexuuu
LEHTPOB [HAPOB HCKO-
MOTO  pagmvca X Ha
Ty Ke  IJIOCKOCTb
(puc. 266). Torpa
OA=AK=r, OM= Prc. 266,

=MK =x, 00, ==r-x.

3 rpaneunn AOOM noayuaem AM?2=00}— (A0 —0O;M)2=4rx, a H3
Tpeyroabiuka AMK nmeem AM2=r2-| x2. (‘3«1egosaTeano,

rRfxt=dry, x=(2-)3)r.

13.118. ITycte O —nentp gamnoil noaychepw, A, B; C-—1npoekunu
IEHTPOB [UAPOB HCKOMOrO pajuyca X HA OCHOBaHMe IHoJAycheph,

wd

a &)
Puc. 267, -

O, — uenTp ofHoro H3 mapos paauyca x (puc. 267, a u 6). Torza
ABC — mipaBHAbHEIL  TPEYrONLHHK €O CTOpOHOR 2%, O—LeHTp 3TOrO
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TpeyronbHuKa,
OK =0M =R, A0, =x, ™~
00,=R—x, AO0O=V 00! —AQi=} R2—2Rx .
M3 tpeyroasnuka ABC uMeem
_ 2 ABYV3I %

3 2 V ;

CrtefoBaTENbHO,

12);*' R9R%, x=2(/3T—3).

13.119. Tlyers Op v Oy—UenTPsl AauHbIX WApOB paguyea r, O —
LeHTp wapa ucKoMoro pamuyca x, OB, 0,4 u OC — nepnesguxyis-
pel HA pebGpo JaHHOrO ABYTPaHHOrO yrIia,

B K —rtouxka mepecegenust npsawmeix 0,0, u
I oc (puc. 268). Tak kak wapsl BuHCaHbI

B ABYIPaHHBI yroJ, TO LeHIpbl Wapos Je-
Kar B OHCCEKTOPHOH  IJIOCKOCTH  3TOTO

c 0 p IBYTPAHHOrO yrja (3Ta MJIOCKOCTh yKasaHa
Ha puc. 268) n  OB=0,d =1
V sin 5
A g, oC= xm . Vi3 TpeyroasHuka 00,K
Puc. 268. sty
) noayuaeM OK2=(x-l-r)2—r2=x2--2xr. C
IpYyroifl CTOPOHH, OK:fCK«CO(:lL——_;.‘ (rouka O MOMKeT Jexarh
Sin -
2
Ha nponomkenun orpeska CK). CnegoBaresbHo,
x2+2xr:_(£.:'_‘c)i
in2 —
sin®

Pemag 310 ypaBHeHHe, HaXOIHM

3—cosa + V' 7—8 cos o f-cos? &
T T Cosa —i cos QL ( + ) ’
rjie 3HaK ILIOC COOTBETCTBYET Cayyawo, Korja touka O JIeXKHT Ha Ipo-
noskeuun orpeska CK, a MuHyC— CIydar, Korga Touka O JeKHT MeRLY
toukamn C u K.





