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I—qgism. Analitik geometriva va oliy algebra
i—Bob. Tekislikda analitik geometriya.
§1. Analitik geometrivaning sodda masalalari.

Abtsissalar o'qidagi  A(x,) va B(x,) nuqtalar
orasidagi masofa
IABl =|x, - x|
formula yordamida topiladi. AB kesmadagi
IACI:ICBI = A shartni ganoatlantiruvchi C nuqtaning
keordinatasi
: +A-x .
= 2
1+4 :
formula yordamida topiladi. Xususan, 4 =1
bo'lganda, AB Kkesma markazi koordinatasi
X +x
x=T%
ko'rinishda topiladi.
Tekislikdagi ikki A(x;y,) va B(x,y,)
nugtalar orasidagi masofa
[4B] = (= x)* + (3, = 00
koordinatalar boshidan 4{(x;;y,) nuqtagacha
bho'lgan masofa

|04] = =7 + 3/

formuladan topiladi, AB kesmani
IACI :ICBl =/ nisbatda bo'luvchi C(x,y} nuqta
koordinatalari

colrAm  nthoy
1+2 1+4
formulalardan, o'rtasining koordinatalari esa
xle"‘le KNty
"2 2

formulalardan topiladi.



Uchlari 4(x;3).  B(x;y,), Clx5;¥3)
nugqtalarda bo’lgan uchburchak yuzi

1
= Elxl()h = ¥3)+%,(p, _Iy|)+x3(y1 “.V2)I

formula yordamida topiladi, og'irlik markaz,
ya'ni medianalar kesishish nuqtasi koordifiatalari

1 1
x=§(x1+x2 +x;3), Y“E(J’l"'%"'}%) dan
topiladi.
1.1. A(3) va B(—5) orasidagi masofani toping.
1.2. C(2) nuqtaga nisbatan A(-3) nuqtaga simmetrik
bo’lgan nuqtani toping.
1.3. ABkesma ikki nuqta yordamida teng uch gismga
bo’lingan. A(-1), B(5) bo'lsa, bo'linish nuqtalari
koordinatalarini toping.
14 A(38 va B(-5;14) nugtalar orasidagi
masofani toping.
15 Uchlari A(=3; -2), B(0; - 1), C(=2; 5)
nuqgtalarda bo'lgan uchburchak to'g'ri burchakli
ekanligini isbotlang.
1.6. Ordinatalar o'qida A(4; —~1) nuqtadan 5 birlik
uzoglikdagi nuqtani toping.
1.7. Uchlari A(Z; 0), B(S; 3), C(2; 6)nugtalarda
bo'lgan uchburchak yuzini toping.
1.8. Uchlai A(3; 1), B(4; 6),C(6;3), D(5; - 2)
nuqtalarda bo'lgan to'rtburchak yuzini toping.
1.9. A(l; 2) va B(4; 4) nugqtalar berilgan, Abtsissalar
o'gida shunday S nugta topingki., ABC uchburchak

yuzi 5 kv.b. ga teng bo'lsin.
1.16.  Kvadratning ikki vyonma-—yon  uchlari

A(3; - 7), B(~1; 4) nuqtalarda bo'lsa, uning yuzini
toping. .

1.11. E(3; 5) va F(1; —3)nuqtalar kvadrat qarama—
garshi uchlari bo'lsa, uning yuzini toping.



1.12.  A(-3;2) va B(l; 6) nuqtalar muntazam
uchburchak uchlari bo'lsa, bu uchburchak perimetri
va yuzini toping.

1.13. ABCD parallelogramm  uchta uchi
A(3;—7), B(5; - 7), C(-2; 5) nuqtalarda. Dnuqta B
ga qarama—garshi uchi bo'lsa, bu parallelogramm
dicganallari uzunligini teping.

1.14. Agar  A(3; 0), C(—4; 1)nuqtalar kvadrat
garama-—garshi uchlari bo'lsa, qolgan ikki wuchini
toping.

1.15. Uchta wuchi A4(-2; 3), B(4,-5), C(-3; 1)
nuqtalarda bo'lgan parallelogramm yuzini hisoblang.
1.16. Yuzi 3 ga teng, ikki uchi A(3; 1), B(l; -3)
nuqgtalarda, uchinchi uchi ¢y o'qida yotuvchi
uchburchak berilgan. Uchinchi uchi koordinatalarini
toping.

1.17. Parallelogramm ikki uchi
A(-1; 3), B(-2; 4)nuqgtalarda, yuzi 12 kv.b. bo'lsa,
va dioganallari abtsissalar o'qida kesishsa, golgan ikki
uchini toping.

§2. To'g"ri chiziq tenglamalari.

a,b,c —o'zgarmas sonlar, a* +6° # @ shart
bajarilganda ax +8y+c =} tenglama to'g'ri
chizigning umumiy tenglamasi deyiladi.

1) s=0, a=0,B20 bolsa ax+ey =0
xo'rinishga kelib, koordinatalar boshidan
o'tuvchi to'g'ri chiziglar hosil bo'ladi.

2) a=0, ¢=0, ¢ #0 bo'lsa, tenglama

5
¥y =—— ko'rinish olib, OX o'giga parallel

é
to’g'ri chizigni ifodalaydi.



3) g=0, az0, c#0 bo'lsa,

¢
tenglama x = —— ko'rinish oladi va OY

a
o'qiga parallel to'g'ri chiziqni ifodalaydi.

4) e=c=0, a#0bo'lsa, ax=0 yoki
x=0 ko'rinish oladi va”™ Ou o'gini
ifodalaydi.

5) a=c¢=0,8#0 bo'lsa, 6v=0 yoki
y=0 ko'rinish oladi va Oxo'qgini
anglatadi.

To'g'ri chizig Ox o'qi musbat yo'nalishi bilan o

burchak hosil qilsa va fga =k deyilsa,

y=kx+b tenglama to'g'ri chizigning burchak
koeffitsientli tenglamasi deyiladi. Bunda b—soni
to'g'ri chizigning Oyo’'qi bilan kesishish nuqtasi
ordinatasi. Umumiy tenglama tomonlari b ga bo'linib,
y topilsa, burchak koeffitsientli tenglama hosil bo'ladi.
Agar to'g'ri chizigq Ox o'qini a —abtsissali, Oy o'qini
b —ordinatali nuqtalarda kesib o'tsa, to'g'ri chizig
tenglamasi

i + Z =1

a &
chizigning kesmalar bo'yicha tenglamasi deyiladi.

To'g'ri  chizigga koordinatalar boshidan

tushirilgan perpendikulyar uzunligi p bo'lib, bu
perpendikulyar Ox o'qgining musbat yo'nalishi bilan
o burchak hosil qilsa, to'g'ri chiziq tenglamasi

xcosa +ysina—p=0
ko'rinishda yoziladi va to'g'ri chizigning normal
tenglamasi deyiladi. Bu tenglamani umumiy tenglama

ko'rinishda yoziladi va to'g'r

tomonlarini g =1 ga ko'paytirib hosil
a’+b

gilish mumkin.



2.1. Quyidagi to'g'ri chiziglarni yasang: 1) 2y+7=0
2} 5x-2=0 3 4x~3y=04 x~-3y~3=0

2.2. Koordinata boshidan o‘tuvchi va Ox o'qi musbat
yo'nalishi bilan 1) 45° 2) 60° 3) 90° 4) 120° burchak
hosil qiluvchi to'g'ri chiziq tenglamasini yozing.

2.3. To'g'ri chiziq y =kx+b A(2 3) nuqtadan o'tadi
va Ox o'qi musbat yo'nalishi bilan 45° burchak hosil
qiladi. k va b ni aniqlang.

24. To'g'ri chiziq urnumiy tenglamasi
12x-5y—65=0. Bu to'g'ri chizigning 1) burchak
koeffitsientli; 2)kesmalar bo'yicha; 3)normal
tenglamalarini yozing.

25. 2x-5y =0 to'g'ri chiziqning kesmalar bo'yicha
tenglamasini yozish mumkinmi?

26. Agar to'g'ri chizig A(Z;S) nuqtadan o'tsa va
ordinatalar o'qidan &=7 kesma ajratsa, uning
tenglamasini yozing.

2.7. To'g'n chizig son o'qlaridan bir xil kesma ajratadi,
son o'qlari orasidagi kesmasining uzunligi 51/5
bo'lsa, tenglamasini yozing.

2.8. B(— 4; 6) nuqtadan o'tib, son o'qlari bilan yuzasi 6
kv.b. uchburchak hosil giluvchi to'g’'ri  chizig
tenglamasini toping.

2.9. Rombning dioganallari 10 va 6 sm bo'lib, mos
ravishda Ox va Oy o'qlarida joylashsa, tomonlari
tenglamalarini yozing.

$3. To'g'ri chiziqqa doir masalalar,
y=kx+b va y=lkx+ b, to'g'ri

' k,—k
chiziqlar orasidagi o'tkir burchak tgp = |-+ 1 l

1+ &k,

10



formuladan topiladi. Ikki to'g’ri chizigning
parallellik sharti %, = k,, perpendikulyarlik sharti esa
k= _1 ko'rinishda bo'ladi.

k,

Agar to'g'ni  chiziglar aex+by+c=0,
a,x+ b,y +c, = 0 umumiy tenglamalar bilan berilsa

b -
gy = |ab, =y ko'rinish oladi. Parallellik,

,alaz +bb,
. \ . . a _ g
perpendikulyarlik shartlari mos ravishda —_—=—
: a 6

va a,a, +6,8, =0 bo'ladi

k—burchak koeffitsientli, 4{x,, y, ) puqtadan
o'tuvchi to’g'ri chiziq tenglamasi
Y=Y, =k(x~ X, ) ko'rinishida bo'ladi.

A(xg, 3, ), B(x,, 3, )nuqtalardan o'tuvehi
to'g'r chiziq tenglamasi

TN _YTX ko'rinishda
=X K=Y
bo'ladi.
A(x,,¥,)  nuqtadan xcosa + ysina — p = 0
to'g'ri chiziggacha bo'lgan masofa
d = |x,cosa + y, sinar - p| formuladan,

ax+by+c=0 to'g'n chiziggacha masofa esa
g |ax, + by, +¢|

formula yordamida topiladi.
Na? +b* _

31 y=-3x+4 va y=2x-1 togi
chiziqlar orasidagi o'tkir burchakni aniqlang.

11



3.2 Ix—-2y+7=0, 6x—-4y-9=0,
6x+4y—5=0, 2x+3y-6 =0 to'g'ri chiziglardan
o'zaro parallellari va perpendikulyarlarini ko'rsating.

33 A(2-1),B(43),C(12;-3)  nugtalar
uchburchak wuchlari bo'lsa, uning tomonlari
tenglamalarini yozing.

3.4. A(O; 7),3(6; —6),0(0; 0) uchlarga ega
uchburchak tomonlari tenglamalarini va ichki
burchaklarini toping.

3.5. A ( -2; 1) nuqtadan o'tuvchi,
3x+4y—-1=0 to'g'ri chizigda parallel va
perpendikulyar to'g'ri chiziqlar tenglamalarini yozing.

36. Uchburchak tomonlari tenglamalari
berilgan: x+2y=0, xX+4y-6=0,
x =4y —6=0. Ichki burchaklarini aniqglang.

3.7 A(3;l) nuqtadan o'tib, x-3y+i=0
to'g'ri chizig bilan 45° 1i burchak hosil giluvehi to'g'ri
chiziq tenglamasini toping.

38.  Uchlari  4(—42),B(2;-5),C(5;0)
nuqtalarda bo'lgan uchburchak medinalari va
balandliklari kesishadigan nuqgtalarni toping.

3.9. Normalining uzunligi 5 bo'lib, Oxo'qi
musbat yo'nalishi bilan 45° burchak hosil qiluvchi
to’'g'ri chiziq tenglamasini yozing.

3.10. Koordinata boshidan 12x-5y+39=0
to’g'ri chiziggacha bo'lgan masofani toping.

3.11. A (5; 2) ,B (1; 2) nugtalardan
x-2y—1=0 to'g'ri chizigqacha masofani hisoblang.

312,  O'zaro  parallel 2x+y-7=0,
2x+y+1=0 to'g'ri chiziqlar orasidagi masofani
toping.

12



313. Agar y=kx+5 to'gri chizigdan
koordinata boshigacha masofa \E bo'lsa k ni
aniqglang.

314. x+y-5=0, Tx-y-19=0 to'ghi

chiziqlar orasidagi burchaklar bissektrisalari
tenglamalarini yozing. "

§4. 1kKkinchi tartibli chiziglar
Ikkinchi tartibli chiziqlar
Ax* +2Bxy + Cy* +2Dx + 2Ey + F = 0 umumiy

tenglama bilan beriladi. Bu paragrafda aylana, ellips,
gipetbola, parabolalar, ularning xossalariga doir
masalalar o'rganiladi.

1. Markazi C(a,b) nugtada, radiusi R bo'lgan
aylana tenglamasi

(x—a) +(y~b)* = R%.

Koordinata boshi O(O; 0) nuqgtada bo'lsa,
aylana tenglamasi

P4y =R
ko'rinish oladi

2. Tekislikda fokuslar deb ataluvchi F, va F,
nuqtalargacha bo'lgan masofalar yig'indisi 2-4 songa

teng bo'lgan nugtalaming geometrik o'mi ellips
deyiladi.

Fokuslar orasidagi masofani 2¢, a* —c¢* = 4°
desak, ellips

2 2
X Y
A AR
a® b

c
kanonik tenglamaga ega bo'ladi e=— <1 migdor
a

ellips ekstsentrisiteti deyiladi.

13



Ellips A(x, y) nuqtasidan fokuslargacha

masofa ({fokal radiuslari) F=aq-—ex, r=g+ex
formulalardan topiladi.

3. Tekislikda fokuslar deb ataluvchi Fiva Fp
nuqtalargacha bo'lgan masofalar ayirmasi 2gq songa
teng bo'lgan nuqtalar geometrik o'mi giperbola
deyiladi.

Fokuslar orasidagi masofa 2¢, ¢ —a? =}?
bo'lsa, giperbola

2 2
=L
a b

kanonik ko'rinishiga keladi.

c
=—>1 nisbat giperbola
a
ekstsentrisitetetidir.

Giperbola A(x,y) nuqtasidan fokuslargacha masofa
(fokal radiuslari)

n=lex-al , n Zlex+a'

formulatardan topiladi.
4. Tekislikda fokus deb ataluvchi

F(-‘;—) ;0) nugtadan va direktrisa deb ataluvchi x = —~§

to'g'ri  chizigdan bir xil uzoglashgan nugtalar
geometrik o'mi parabola deyib,

¥ =2px
kanonik tenglamaga ega bo'ladi.

Parabola A (x, y) nuqtasidan fokusgacha

masofa ¥ =x +§ formuladan topiladi

14



4.1. A(1;2),B(0;1),C(-3; 0) nugtalardan
o'tuvchi aylana tenglamasini yozing.

4.2. A(—4;8) nuqta berilgan Diametri OA
be'lgan aylana tenglamasini yozing.

43. Aylanalar markazleri wva radiuslarini
toping.

1) x>+ —6x+4y-23=0

2) XX +y*+5x-7y+2,5=0

3) x*+y"+T7y=0 r

44, x*+y'-8x—4y+16=0 aylapaga
koordinata boshidan o'tkazilgan urinmalar
tenglamalarini yozing.

45 x'+4y* =16 ellips fokusi va
akstsentrisitetini toping

4.6. Er shari biror fokusda Quyosh joylashgan
ellips bo'yicha harakatlanadi. Yerdan quyoshgacha
ang qisqa masofa 147,95 minkm, eng uzun masofa
152,5 min.km bo’lsa, Yer orbitasi katta yarim o'qgini va
ekstsentrisitetini toping.

47, x*+y’ =36aylana ordinatalari ikki
marta gisqartirilsa qanday chizig hosil bo'ladi?

4.8, A 1/5 ;‘\[2- J nuqtadan o'tuvchi,

ekstsentrisiteti \5 ga teng bo'lgan giperbola
tenglamasini yozing.

x2 2

Y . , .
49, — —=— =1 giperbolaning chap shoxida
64 36 J
shunday nuqta topingki, o'ng fokal radiusi 18 ga teng
bo'lsin.

410. x> +4x+y* =0 aylanadan va M(Z; 0)

nugtadan bir xil masofada vyotuvchi nugtalar
tenglamasini yozing.

15



4.11, Fokus 4x—3y—-4=0 to'g'ri chiziq va
OX o'qi kesishgan nuqtada bo'lyan parabola
tenglamasini yozing.

4.12. y* = 2x parabola koordinatalar boshidan

3
o'tuvchi * to'g'ri chizigdan z uzunlikdagi vatar

ajratadi. To'g'ri chiziq tenglamasini toping.

§5. Koordinatalarni almashtirish.

Qutbh koordinatalar boshidan qutb o'qi OX
o'qi musbat yo'nalishi bilan ustma—ust go'yilsa,
tekislikdagi nugta quib va dekart koordinatalari
quyidagiga bog'lanadi:

X =rcose
y = rsing
F= \sz +_y2
tgp="2

x

XOY koordinatalar sistemasidan koordinata
boshi Ol(a,b) bo'lgan x'Oy' koordinatalariga

o'tish— parallel ko'chirishda tekislikning biror A
nuqtasi eski va yangi koordinatalari quyidagicha
beg'lanadi.

{x=x’+a {x=x’—a
y=y+e y=y-6

Agar koordinata o'qlari musbat & burchakka
burilsa nuqtaning eski X,y koordinatalari va yangi

-x',y koordinatalari qo'yidagicha bog'lanadi:

16



x=x'cosa - y'sinax
{y = x'sina — y'cosa
x' = xcosa+ ysing
{y’ = -xsina + ycosqa .

‘Agar  ikkinchi tartibli chizig  ({ITCh)
Ax’ +Cy’ +2Dx+2Ey+ F =0
ko'rinishida berilsa, parallel ko'chirish yordamida

kanonik ko'rinish oladi.
Agar ITCh

Ax* +2Bxy+Cy* +2Dx+2Ey+F =0 tenglama
bilan aniqlansa, koordinata o'qlarini

A-C
Ctg2ax = ——
2B
shart bajarilganda & —burchakka burish yordamida

oldingi holga keltirish mumkin, bunda xy had
yo'qoladi.

51, A(V3:2), B(6,-3), C(-44),
D(\/E;— 2 ) nugqtalar qutb koordinatalarini toping.
52. A(IO;EJ, B[z; -53) c[o i ] D[l - —]
2 4 10 4
nugqtalar dekart koordinatalarini toping.
53. A(6;— E) va B(S;EJ, C[4; E] va
4 4 6

D(4;-’25). E[S;%) va F(12;7) nugtalar orasidagi

masofalami toping.
5.4. Agar parallel ko'chirishda O_(O; 0) nugta

0 (3;—4) nugtaga o'tsa, A(5;6) nugta ganday
nugtaga o'tadi?

17



5.5. Agar parallel ko'chirishda A(4;3) nugqta

4, (—3; —-4) nuqtaga o'tsa, koordinata boshi ganday
nugtaga o'tadi?
i1

5.6. Koordinatalar sistemasi a= :

burchakka burilsa,
A (\6 :3)  nugqtaning koordinatalari ~ qanday
o'zgaradi? _

57. Dastlab koordinatalar boshi 0 (3:4)
nuqtaga ko'chirildi, so'ngra bu sistema son o'glari

a= -7-;— ga burildi bunda A(Z;l) nuqta

koordinatalari ganday o'zgaradi?
5.8 Parallel ko'chirish yordamida

y=Ax* +Bx+C ko'rinishidagi  parabolani
y = Ax” ko'rinishga keltiring:
a) y=9x* -6x+2

b) y=4x—2x°
5.9, parallel ko'chirish yordamida y= hox +1
px+q
ko'rinishidagi giperbolani y'= E; ko'rinishda
o
yozing.
a) y= 4x+5
2x-1
2x
b) y=
Y= a1

510. Ax* +Cy* + 2/ +2Ey+ F =0
ko'rinishdagi ITCh kanonik ko'rinishga keltirilsin.

a) 4x* +9y* ~8x-36y+4=0

b) x! ~9y +2x+36y—-44=0
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>.11. Kanonik ko'rinishga keltiring.

v} 16x +25y* —32x+50y~359~0
g) x* +4y* ~4x -8y +8=0

d) x>~y ~6x+10=0

e) XX +2x+5=0

a) 5% +4xy+8)% +8x+14y+5=0
b) x> ~2xy+ 3 ~10x -6y +25=0
V) 4xy +43y% +16x +12y ~36 =0

3.12. Quyidagi chiziqlarni yasang:

a}r = ag (arximed spirali)
b) ¥ = a(l —cos @) (kardoida)

v) r* = a’cos2p (lemniskataj

gl r= 4 (Giperbolik spiral}
@

d} r = asin3gp {uch yaprogli gulj

e) r = asin2p (to'rt yaprogli gul

5.13. Qutb koordinatalar sistemasiga o'tkazing:

a) x* ~ yt = g?
by x* +y* =g’

v) (xz +y2)2 ==a:2(.7c2 -yz)
gl y=x

5.14. Dekart koordinatalar sistemasiga o'tkazing.

aj reosp=a
b) r’sin2p =24°

v) rsin{p + %) =ay2
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g) r =a(l+cosp)

5.15. Kanonik tenglamasini yozing.

9 3
a)r_5—4cosga %) lP—l#coar.g:o
a) |»'=—-——1

2-3sing

Bobga doir misollar echish namunalari
1.Kesma bir uchi 4(=7), o'rtasi C(2) bo'lsa ikkinchi
uchi koordinatasini toping.

Ikkinchi uchi B(x,) nugtada bo'lsa,
—T+x,

2= kelib chigadi. Bundan B(11) ekanligini

topamiz.
2. Uchlari A(-4;2), B(0;—1), C(3;3) nuqtalarda

bo'lgan uchburchak yuzi, perimetri va ichki
burchaklarini toping.

S=%|—4(-—I—3)+0(3—2)+3(2+1)|=%-[l6+9|=12,5
|4B| = J(0+4) +(-1-2) =V4 +3* =5,
|BC| = JB—07 +(3+1 =3 +4* =5,

|4C] = JB+H +(3-2) =T +1* = J50 =542
Demak, P =5+5+ 52 =5(2++2).

Kosinuslar teoremasidan

cos< A= \Aclz ""AB\Z ‘\qu _50+25-25 1

2-{AC|-|4B| 22455 2
yani <A=45"  ekanligi kelib  chiqadi
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Uchburchakning teng yonli ekanligidan
<C=45", <B=90".

Bu uchburchak  to'g'ri burchakli ekanligi
|4B|" +|BCf* =|ACY’ tenglikdan kelib chigadi
3. Uchburchakning ikkita uchi A(3;8), B(10; 2)
nuqtalarda  bo'lib, medianalari  O(1; 1) nigtada
kesishsa, uchi C(x, y) koordinatalarini toping.

A pugtadan chiggan mediana AD bo'lsa,
medianalar xossasidan lAO| p |OD1 =2:1=21 bo'lib,
D nugta koordinatalarixy, y; uchun quyidagi
tengliklar o'rinli:

l=3+2'xl' 1_8+2'-y1
, 1+2 1+2

Bundan D{0; -2,5) O’z navbatida, bu nuqta CB
kesma markazi ekanligidan

x+10 y+2
={; =—2’5
2 2

ya'ni C(~10; —7) kelib chiqadi.
4 Agar O(0;0), E(3;0), F(0; 4) uchburchak
tomonlari o'rialari bo'lsa, bu uchburchak yuzini
toping.
|0E| =3 |Oli1 =4 ‘Eﬂ =5 kesmalar berilgan
uwchburchak o'rta chiziqltari. ekanligidan, uning
tomonlari 6, 8, 10 uzunlikka egaligi kelib chiqadi.
Pifagor teoremasi o'rinliligidan bu uchburchak to'g'ri
burchakli va

= 9-2—8 _24 (vb)
5. Uchlari - O(0;0), A(8;0), B(0; 6) nugtalarda
bo'lgan uchburchakda OS— mediana, oD -~
bissektrisa. OF — balandiik uzunliklarini hisoblang.
a=|OA |=8, b=|0B|=6, c=][AB =10
ekanligidan, uchburchak to'g'ni burchakli.
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joc=48.

1
a+b

L, =|OD|= Jab(a+b+c)a+b-c)

formuladan h = |0E| =48,
6. 2x -3y —12 =0 to'g'r chizigning son o'glari bilan
kesishish nuqtalarini aniqtang.

To'g'i chizif Ox o'qi bilan kesishish
nugtasida y = O bo’ladi. Demak, 2x —12 = (. Bundan
x =6, ya'ni to'g'ri chizig Ox o'gini (6; 0) nuqtada
kesib o'tadi.

- Aksincha, x =0 bo'lsa, ¥ = —4 kelib chiqadi.
To'g'ri chiziq Ou o'qini {0; —4) nuqtada kesib o'tadi.
7 A(0;4) nuqtadan o'tuvchi va Ox o'qi musbat

27
yo'nalishi bilan a = T burchak hosil giluvchi to'g'ri

chiziq tenglamasini yozing.
2z
rg—3—— =-3 ekanligidan & = —/3. Demak,

to'g'n  chiziq burchak koeffitsientli tenglamasi

y= ~3x+4 bo'ladi.

8. To'g'ri chizig koordinata o'glarida teng musbat
kesmalar ajratadi. Bu to’g‘ri chiziq va son o'qlari bilan
chegaralangan uchburchak yuzi 8 kvb. bo'lsa, to'q'ri
chiziq tenglamasini yozing. :

Bu uchburchak to'g'ri burchaklidir. Agar
uning katetlarini a, b deb belgilasak, ulaming
tengligi va @’ =16, =4 ekanligi kelib chiqadi.
Demak, to'g'ri chizigning kesmalar ho'yicha
tenglamasi
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+-ii =1 ko'rinishda bo'ladi.

i (x+:«/§) +y—2\/§

X
4

9. To'g'ri chi =0 tenglama
bilan berilgan. Bu to'g'ri chizigning umugiy, burchak
koeffitsientli, @ kesmalar bo'yicha +va  normal
tenglamalarini yozing.

_ 1) Berilgan tenglamani umumiy maxrajga
keltiramiz:

x+2d5+2(y-245)=0

Bundan x + 2y~ 2\/3 ={) umumiy tenglamasi
kelib chigadi.
2) Umumiy tenglamani y ga nisbatan echamiz:

2y =—x+ 25 yami y= —%x+ Js

burchak koeffitsientli tenglamasidir.

3) Umumiy tenglama tomonlarini 245 ga
bo'lamiz:

XY
W5 5
Kesmalar bo'yicha tenglama hosil bo'ldi.
4) Umumiy tenglama tomonlarini
1 1 1
== =+ yani U=-= ga
vai+b? AP +2 V5

ko'paytiramiz.

1 2
—=x+—=y~2=0 bu to'g'ri chizigning
N

. 2 1
normal tenglamasi bo'lib, sing = T. COSQX = =,
5 v5

p=2.

23



10. Ixtiyoriy nuqtasidan x = -3 to'g'ri chiziggacha
masofa Ox o'gigacha bo'lgan masofadan ikki marta
kichik bo'ladigan chizig tenglamasini toping.

Bu chizigning ixtiyoriy M (x, y) nugtasini
olamiz. Bu nuqtadan x =-3 to'g’'ri chiziggacha
masofa |x+ 3| ga, Ox o'gigacha masofa esa u ga teng.

Shartga ko'ra, y =2 [x +3| yoki y =32(x+3).

11. y=-2x va y=3x+4 to'gn chiziglar
orasidagi o'tkir burchakni toping. &k, =-2; k,=3
ekanligidan

3+2 5
1gp = =i—1=1. Demak: p=45".
i 1-3-2 I—SI ¢

12. A (—2; 0) ,B (2; 6) va C(l; 2) nugqtalar
uchburchak uchlart bo'lsa, uchburchak AS tomoni,

BE medinasi, BD —balandligi tenglamalarini yozing.
A va 5 mugtalardan o'tuvchi to'g'ri chizig

x~-{(-2) y-0
4-(-2) 2-0
E nuqta A va S nugtalami tutashtirrvchi kesma o'rtasi,
demak uning koordinatalari

x 2
tenglamasi yoki y = -3— + 5 dir.

_—2+4 | ve 0+2

r 2 )
ekanligi kelib chigadi. Mediana #va E nuqtaiardan

x-1 -1
o'tganligi uchun uning tenglamasi ——= P .

2-1 6-1

ya'ni ¥ =5x—~4 ko'rinishda bo'ladi.

BD balandlik AC tomonga
perpendikulyarligidan, tenglamasi y==3x+b

ko'rinishda bo'ladi. Uning B (2;6) nuqtadan

o'tishidan foydalanib 6=-3-2+b, va'ni b=12
ekanligini topamiz.
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Demak, BD balandliik y=-~3x+12 tenglama bilan
aniqlanadi.

13. m va n ning qganday diymatlarida
mx+8y+n=0va 2x+my—~1=0 to'g'd chiziglar
1) parallel 2) ustma—ust 3} perpendikulyar bo'ladi?

m_ 8 r
1) bu to'g'ri chiziglar E = — shart bajarilsa,
m

ya'ni m =+4 bo'lsa parallel bo'ladi.
2)VUlar ustma —ust tushishi uchun

8 n
=—=— shartlar bajarilishi zarur. Bundan
m

m
2 -
m=34; n=F2 kelib chiqadi.

3)Perpendikulyarlik shartidan 2m+8m =0,
ya'ni m =0 kelib chigadi.
14. Ikki to'g'ri chiziq x+3y =0 va
x—2y +3 =0 larning kesishish nugtasini toping.

Noparallel bu to'g'ri  chizigqlar kesishish

nugtasini  topish uchun, wlaming tenglamasini
birgalikda echish kerak.

x
y= '_-3T x x+3 9 3
o=l D= y= -
_x+3 3 2 5 5
2
. . 9 3
Demak, bu to'g'ri chiziglar A(——g ;—--:_—’)
nutada kesishadi.
15. A(—l;l) nuqtadan o'tib y = X to'g’ri chizig

bilen 45° burchak hosil qiluvchi to'g'ri chiziglar
tenglamasini yozing.
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2
Berilgan to'g'ri chiziq burchak keeffitsienti k, = -3

qidirilayoigan to'g'ri chiziqlardan birinikini k2 deb
olamiz.

=1. dan I3k2 + 2| = |3—~2k2i. ya'ni

3k, +2 = +(3~2k,). Bundan %, = % yoki k, =-5

kelib chigadi. - Qidiralayotgan to'g'ri  chiziglar
y~1=-3x+1) ko'rinishdadir.  Soddalashtirib

y= 3 +-§ va y=-5x—4 tenglamalarga ega
bo'lamiz.
16, A4{3;0),B(5;-3) nugtalerdan 2x-3y-6=0

to’g'ri chirziggacha bo'lgan masofani toping.
A nugqtadan to'g'ri chiziggacha masofa

4 < [2-3-3-0-6| -0
23

Demak, bu nuqta chiziqgda yotadi B
nugtadan bu to'g'ri chiziggacha bo'lgan masofa

2:5-3.5-6 13
=253 8 1B,

22 4(-3° 13
17. TIkki parallel 2x~3y~6=0 va 4x—-6y-25=0
to'g'ri chiziglar orasidagi masofani toping.

Birinchi to'g'ri chizigdan biror nugta tanlab
olamiz, buning uchun y =0 desak, x =3 chiqadi.
A(3; 0) nugta birinchi chiziqda yotadi. Shu nuqtadan
ikkinchi to'g'ri chiziggacha masofa
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_[43-6-0-25 _ J1—3
& +(=6)? J_ -T'

bo'lib, bu izlanayotgan masofadir. '
18. 2x+3y =10 va 3x+2y=10 to'g'ri chiziglar
orasidagi burchaklar bissektrisalari tenglamalarini
yozing.

ax+by+c=0 va ax+by+c =0 to'gi
chiziglar orasidagi burchaklar bissektrisalari

ax-l-by-i—c : a1x+b,y+cl

Jat + b J al +b}
formula yordamida topiladi. Bundan
2x+3y—10 3x+2y -10
V2?43 V3?2 422

y=xvay=4-x.
19. Parallelogramm ikki tomoni tenglamalari
y=x—2 va 5y =x+6 bo'lib, dioganallari
koordinata boshida kesishsa, golgan ikki tomon va
dioganallar tenglamalarini yozing.

Berilgan ikki tomon Kkesishish nugtasini
topamiz:

ya'ni

4
x-2=x 6,ya'ni x=4, y=2.
Parallelogramm A{4:2) uchiga qarama-—qaishi
2
uchini C(x,y) desak, 4;x =0, ;y 0

ekanligidan C(~4;-2) bo'ladi.
C (-4;-'2) dan o'tib, berilgan tomonlarga

parallel bo'lgan to'g'ri chiziqlar izlanayotgan tomonlar
bo'ladi:
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y+2=1-(x+4) va y+2=%-(x+4) dan

y=x+2, y= 25‘——--2 kelib chigadi.

Bu tomonlarning berilgan tomonlar bilan
kesishadigan nugtalari

y=x+2 y=x-2
x + 6 va x & sistemalar
77575 YT5Ts
echimlari, ya'ni B(—l;l),D(l; —l) dir.
x—4 y—-2 x
AC dioganal = dan y=—
M a4 22 VT3
va
x+1  y-1
BD dioganal ——=—— dan y=-Xx
o9 1+1  —1-1 4
ekanligi kelib chigadi.
20. x*+6x+y' -8y +21=0 aylana markazi

koordinatalari va radiusini toping.
(Jr+3)2 ---9+(y---4)2 —16+21 =0 Kko'rinishda to'la
kvadratlar ajratsak,
(x+3) +(y-4) =2°
Aylana markazi A{—3:4) nuqtada va radius R =2
21. A(5;0), B(1;4) nuqtalardan o‘tuvchi, markazi
y=—-x+3 to'g'i chiziqda yotuvchi aylana
tenglamasini tuzing.

AB kesma o'rtasining koordinatalari

5+1 0+4 .
x=——=3 =—=2 C(3;2
2 y 2 (32)

AB chiziq tenglamasi
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=]

-

x-5
1-5 4-0°
Aylana markazi C(3;2) dan o'tuvehi,

ya'ni y=x+35.

y=-x+5ga

perpendikulyar to'g'ri chiziqda yotadi, ya'ni
y-2=1(x-3). y=x-1 N

Demak, aylana markazi y=—-x+3 va y=x-1

to'g'ri chiziglar kesishish nuqgtasi O, (2;1) dir
Aylana radiusi esa.

R=|04]=+/(5-2)" + 0~ 12=+10
Demak,
(x=2) +(y-1)" =10
2 2

22, EE+% =] ellipsda fokal radiuslari ayirmasi

6,4 ga teng bo'lgan nuqtani aniqlang.
a =5, b =13 ekanligidan s=v5 =32 = 4.

4
Demak, £ = -5-

6,4=|r,—#|=2ex dan x=14. |
Topilgan x ni  ellips tenglamasiga

qo'yib y = %1,8.

Demak: (4,18 {4—18; (—418), (—4—-18

nuqtalar shartni qanoatlantiradi.
2 2

23. Ig—-}é— =1 giperbola o'ng shoxida shunday
nuqta topingki, undan o'ng fokusgacha masofa chap
fokusgacha bo'lgan masofadan ikki marta qisga
bo'lsin.
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3
x+a=2(zx—a) shatdan X == kelib
£

chiqadi.
Y 3_2_\-‘02+32_\)16+9__5_
' a a 4 4
ekanligidan x = 9,6 demak,
y= i-:i\fxz ~16 =1 31/6@)2 -16 =i34119.
4 4Y 5 4
Shartni 4(9,6;%,}119) va

A,(9,6; —-i—x/ 119 ) nuqtalari qanoatlantirar ekan.

24. y* =8x parabolada direktrisadan 4 birlik
uzoqglikdagi nugtani toping.
Bunday nuqtadan direktrisagacha masofa

d =-§-+x ga teng demak, -—‘g—-&-x =4

P =4 ekanligini hisobga olsak, x = 2kelib chigadi.

Uni tenglamaga qo'yib y =314 ekanligini topamiz.

Demak, 4 (2;4), A4 (2 —4) izlanayotgan nuqtalardir.
2 2

X
_+L =1 elips va y*=24x parabola

100 225
kesishish nugtalarini toping.
2
X B ) den 3x%+32x-300=0
100 25-9 .
50

tenglamaga ega bo’lamiz. Bundan x, = 3 x, =6

kelib chiqgib, x = 6 shartni qanoatlantiradi, y* =144 .
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Demak, 4, (6;12), 4, (6,—12).
26. M, J§) ) nuqgtaning qutb koordinatalarini

I1
A(2; %) nugta dekart koordinatalarini toping.

r=y12 + (37 =2 tgcp=$ dan ep:-’;i
Demak, M(Z;%))
X = 2cc»35—‘;E = 2cos(7r+%) = -Zws—j— =2

. 5z . id i
=2sin— =2sin(7 + —) = -2sin— = —J2
y=2sin 2 sin(x 4') si 4 <
Demak, A(-—-\JZ;-—\\‘Z)}

27. E(E’v;—;f-)] va F (4;—3%) nuqtalar orasidagi

masofani toping

LEOF = _Z_T
4 4 2

Kosinuslar (xususan, Pifagor) teoremasidan foydalanib:
z

|EF| =3 +4* ~2-3-4-cos>, yani |EF|=5

53. x¥*+)y*=ax ni qutb koordinatalarida,
r =2asing  ni dekart koordinatalarda yozing.
ax’+y*=r',x=rcos@, y=rsing ekanligidan
r’ = arcos, ya'ni r=qcosg,
Jxi+y?

X +y'=2ay yoki X’ +(y-a)’ =a’.

b) x*+y* =2a-
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28. a) 2x°+5y* ~12x+10y +13 =0 tenglamani
kanonik ko'rinishga keltiring.
2x% =12x+5y2 +10¥+13=0  tenglamada to'la
kvadratlar ajratamiz: '
2[x? —6x+9-9]+ 5y +2y+1]+8=0. Bundan,
2(x~3)? -18+5(y-1)? =5+13=0, ya'ni
20x-3*+5(y-D* =10
yoki x' =x-3, Yy =y+l parallel
ko'chirish natijasida

r2 ‘2
2x?+5y2 =10  yoki is-+yT =1

Eilips tenglamasiga ega bo'lamiz.
b) Sx’-4dxy+2y?-24=0

20, 8) 26" + 643y — ay* + 200+ 10y + 8385 _
kanonik tenglamasini yozing.
2+4 1 .
cig2a =—=-= dan 2a = 60°, ya'ni
N R -1

=309

x =¥ c0s30° — y'sin30" = :ﬁx;_—x

y =x'sin30° + y'cos30° = %@

almashtirish yordamida tenglama quyidagi
ko'rinishga keladi:

5{:‘+2(J§+1)]‘ —4(3 +1)° }—7{[)"—?(\/5— 1)} —'7?99(43—1)2}+

L 3804385
7

0
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X =x+(3+1)
¥=y-26B-

almashtirishdan  so'ng 5x"-7y"* =135
ko'rinishga keladi, ya'ni .
n2 w2
x
Y
7 5
giperbola tenglamasiga ega bo'lamiz.
b) r= 1 dekart kordinatalari
2- 33 cosgp
sistemasiga o'tkazing va kanonik ko'rinishga keltiring.
[ 1 dan
4y ————
2-+3-

20+ y —f3x =1 yoki  4(x* +y?) =1+ 243x + 3

kelib  chiqadi. Xt~ 2Ix+4y* =1 da
(x-3)-3+4y* =1 uchun  x'=x-43; =y
deb almashtirsak:

x?+4y%* =4 ellips tenglamasiga ega bo'lamiz.

I-bob bo'yicha uy vazifalari.

1.Tekislikda uchta
A(x, ), B(x,,3,), C(%;,y;) nuqtalar berilgan.
Quyidagilar topilsin.

1°. ABC uchburchak perimetri;

20, ABC uchburchak medinalari kesishishi
nuqtasi;

30, ABC uchburchak yuzi;

49 Conuqgtadan o'tuvchi to'g'ri chiziglar
dastasi;
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1.
2).
3).
4).
5).
6).
7).
8).
9).

10).
11).
i2).
13).
14).
15).

50 Ava B nugtalardan o'tuvchi to'g’ri chizig
4 xil tenglamasi;
69. C nuqgtadan o'tib, AR chiziqqa parallel va
perpendikuiyar

bo'lgan to'g'ri chiziqlar;
7. C nugtadan AB to'g'ri chiziggacha
bo'lgan masofa;
8%, ABC uchburchak ichki burchaklari.

9. C nuqtadan o'tkazilgan mediana va
bessektrisa
tenglamalari.

A(-4;2),B{(-1;4},C(12)
A(-50),8(4),C(14)
A(1;4),B(3;-1),C(4;3)
A{—4;1),B(1;4),C(4,-1)
A(-2,-2),B(1;1),C(+2;6)
A(—4;-3), B(-1;-2),C(1;0)
A(-1,-1), B(1;4),C(4-2)

A(-3;2),B(0;-4),C(2;4)

A(-2;3), B(-1;4),C(1;-3)
A{-1;,-4),B(1;2),C(4;-2)
A(5:1), B{(-2:;1),C(0;5)
A(3;4),8(0;-3),C(-2;4)
A(0;3), B(1,1),C(31)
A(-2;4),B(1,-4),C(3;5)
A(L:1),B(53),C(2;-3)
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2.Quyida berlladigan sharini gqanoatlantirnvchi
M (x, y) nuqialar tenglamasini tuzing va grafigini
chizing.

1) Koordinatalar boshigacha va A(S; 0)
nuqtagacha masofalar 2:1nisbatda;

2) A(-—l; 0) gacha masofa x = -4 ,.gacha
mascfadan ikki marta kichik:

3 A(Z;O) gacha va Sx+8=0gacha
masofalar 5:4 nisbatda

4) B(I;O) gacha masofa A(4;0) gacha
masofadan 2 marta kichik;

5) A(?.;O) gacha va 2x+5=0gacha
masofalar 4:5 nisbatda;

6} A(3;0) gacha masofa B (26; 0) gacha
masofadan 2 marta kichik;

7} A(O;Z) nugtadan va y—4=0 to'gr
chizigdan bir xil uzoglikda;

8) Ordipataler o'gidan va x° +y° =4x
aylanadan bir xil uzoqlikda;

9j A(2;6) nugtadan va y+2=0tog’r
chizigdan bir xil uzoqlikds;

10} A(-4;0) gacha masofaO(0;0) gacha
masofadan 3 marta katta;

11) A(—4;2) nugtadan va x=1 to'g'ri
chizigdan bir xil uzoqlikda;

12} B(2;0)gacha masofa A(6;0) gacha
masofadan 3 marta kichik;

13) A(4;0) gacha va x+3=0gacha
masofalar 2:3 nisbatda;
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14) A(2‘,2) gacha masofa 3(16;0) gacha

masofadan 3 marta katta;

15} A(;1) dan va B(6;4) dan bir xil

uzoqlikda;

3.Qutb koordinatalar sistemasida (r = r(p)

tenglama bilan chiziq berilgan.

a) ¢ ga [G2n] oraligdagi qiymatlarni berib,

nuqtalar bo'yicha chizigni yasang.

b} Dekart koordinatalariga o'tkazing va

ganday chizigligini aniglang
v}jKanonik Ko'rinishiga keltiring.

V= rems) 2 G
5)r=(2—+2lco—w) 6)r=m
7)r=z-2—+!c—-—-iw) su:m
9) r=m 10)r=-(3-;—35m-—m
11)r=(—5—_—£&;€5 lzlrzm
13}r=m mr:m
15) r=m
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- 4.1kkinchi tartibli chiziq
Ax* 4+ 2Bxy* + Cy* +2Dx +2Ey + F = O tenglama

bilan berilgan. Kanonik ko'rinishga keltiring va
dastlabki koordinatalar sistemasida chizing.

) 2 =2xy+ Y +6x-14y+29=0

2) x2—2xy+y2—12x+12y—-14;0

3) 3x* =2xy+ 3yt —4x-4y-12=0

4 X -6xp+y —4x-4y+12=0

5 x'—xp+y* ~2x-2y-2=0

6) 3x% +10xy+3)° —12x~12y+4=0

7) xt ~2xp+3y —10x-6y+25=0

8) X*+2xy+y’ ~4y+3=0

9 2x2+6xf§xy~—4y2-9=0

10} x> =3y +16x+12y-36=0

11) dxy +3y" +16x+12y-36=0

12) 25x° +10xy +y* ~1=0 '

13} 8x* —18xy+9y* +2x-1=0

14) 14x* +24xy + 21" —~4x+18y-139=0
15} 9x* —24xy +16x* ~20x+110y~50=0
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I1-boh. Oliy algebra elementlari,
§ 6.Determinantlar, xossalari. Kramer goidasi.

nxn ta elementdan tuzlgan, quyidagicha

ay a; a; . . . 4,
Ay Gy @y - . o Gy,
anl anl an3 * * M _ann

yoziluvchi son n-tartibli determinant deyiladi. Bunda
d; —son [~yo'l (satr), j— ustunda turadi.

I—y0o'l, j—ustun o'chirilishidan hosil bo'tadigan (p—
1) —tartibli determinant @, —element minori deyiladi

va M ko'rinishda belgilanadi.
4, =(-—1)M. M, esa a, element algebraik

to'ldiruvchisi deyiladi.
Ikkinchi tartibill determinant.

GG | a.a a.a

= Bt Ty
a3,
tenglik yordamida aniqlanadi.

Agar n—tartibli determinant A —songa teng
bo'lsa,

A=ay A, +a,4, +...+a,4,
A=a;4); +a,;4, +..+a,4,

tengtiklar o'rinli, ya'ni determinant istalgan satri {yoki
ustuni] elementlari bilan shu elementlar algebraik
to'ldiravchilari ko'paytmalarining yig'indisiga teng {bu
determinant hiscblashning asosiy teoremasidir}
Determinantlar quyidagi xossalarga ega:
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19, Mos yo'l va ustunlar o'rinlarini almashtirilsa,
va'ni transponirlansa, determinant giymati
o'zgarmaydi.

20, 1kki yo'l {ustun) o'rinlari almashtirilsa,
determinant ishorasi o'zgaradi.

3%, 1kki yo'li. (ustuni) bir xil bo'lgan determinant
nolga teng. "

4% Ixtiyoriy yo'l (ustun) umumiy elementini
determinant belgisidan tashqariga chiqarish mumkin.

59, Biror yo'l (ustun) elementlariga boshga yo'l
{ustun) ning bir xil ko'paytuvchiga ko'paytirilgan
mos elementlarini go'shishdan determinant
o'zgarmaydi.

Gy +apX, +...tayX, =6

a4y X +aynx, +...ta,x, =6,

a.x ta,x, +...+a,x, =6,
chizigli tenglamalar sistemasi berilgan bo'lsin.
Noma'lumlar oldidagi  koeffitsientlardan  tuzilgan
determinant A asosiy determinant deyiladi. Bu

determinantda I—ustundagi a, elementlar o'miga '
b, —elementlar  qo'yilishidan ~ hosil  bo'lgan
determinant j—yordamchi determinant deyiladi va A;
tarzida belgilanadi.

Bunday sistema echimlari quyidagi Kramer
qoidasi yordamida topiladi:

6.1.1kkinchi tartibli determinantlamni hisoblang:
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:”5 2| 2 1 j 3102 ae‘ 4}n+l n
7 3 3 as & n  n-|
5}a2+ae+ez a’ —ae+é’
ate a-—-e
6 s.ina cosa 7 c.osa sing
sinf8 cosf snf cosf
8 sina +sinf cosf +cosa
cos f—cosa sina-sinf

6.2.Uchburchak qoidasi yordamida quyidagi

uchinchi tartibli

determinantlarni hisoblang:

2 1 3 4 -3 5
nis 3 2 213 -2 8
ll 4 3 I -7 -5
3 2 -4 3 4 -5
4 1 -2 418 7 =2
5 2 -3 2 -1 8
6.3.Qulay qator ho'yicha yoyib hisoblang:
5 6 3 2 0 3
1[0 1 217 1 6
7 4 5 6 0 5
I ¢ 1 a -@
310 ¢ O 4j-a 0 ¢
¢ 0 - e —-c O
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6.4.Determinant xossalaridan foydalanib
hisoblang:

a ~a a a a l
g a -a 2le? 6 1
a -a -a ¢ ¢ 1
a e c a x x )
36 ¢ a 4) x 6
c a 8 X x ¢
a+x x x l1+cosa 1+sina 1
5[ x 6+x x 6)|l-sinad l+cosa 1
x X Cc+x 1 1
. 1 -2 3 4
s?na cosa 1 5 1 -4 3
4 3 2 -1

-1 -1 -1 -1
1 -2 -4 -8
-1 -3 -9 -27
-1 -4 —-16 -6
t+a i 1 i
1 1-a 1 1
11 1456 1
1 1 1 1-h

6.5.Tenglamalar sisternasini ajKramer
formulasi yordamida, b)Gauss usulida eching.
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(2x—y~-z=4 X+y+2z=-1

1)33x+4e—-2z=11 2)32x—e+2z=-4 ,
k3x-2y+4z=11, dx+e+dz=-2
» +y,+2z4+3t =1
Ix4+2y4+z=5 RARG
Ix—y-~z-2t=-4
2x+3y+z=1
3}4 4 {2x+3y~z~t=-6
2x+y+3z=11
X+2y+3z-t=—4
(x+2y+3z+4t=5 (y~3z+4t=-5
s 2x+y+2z243t=1 8 x=2z4+3=—4
< E.
) 3x+2y+z+2t=1 3x+2y-5t=12
| 4x +3y+2z+t=-5 4x+3y-5z=35
fx=3y+5z-Tt =12 (x+2y=5
3x-5y+7z~t=0 2 3y+4z=18
Sx~-7y+z-3it=4 ) 7n+8v =68
7x-y+32-5t=16 Ov+10x =55

66.  A(x;3), B(x;;»,)  nuqtelardan
o'tuvchi to'g'ti chiziq tenglamasini 33— tartibli
determinant yordamida yozing.

6.7.Uchlari 4(x,¥), B(x,3), C(x,y;)
nugtalarda bo'lgan uchburchak ozi formulasini 3—
tartibli determinant vordamida yozing.

6.8. Tenglamalarni eching:

xX 4 9 X 3 2 K
nix 2 34=0 2lx -1 1i=90
1 11 0 1 4
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Yugqori tartibli determinantlarni hisoblash

Yuqgori tartibli determinantlar, asosan, Xossalar
yordamida dioganalning bir tomonidagi elementlarni
nolga aylantirish yordamida hisoblanadi.

d, "

d, *

=dd,..d,=[]4,
k=]

Misol.

1 A=j. . . - .=
I a a, a,+b,
I a gq e a "
1 4 a S B4 n
1 4 a I a b
q= i 2 n + 1 2 L]
1 a a, . . a1l q o . . b,

! —determipant nolga teng, chunki 2,n+1

ustunlardan g, (i = l,n) ko'paytuvchilar determinant
‘belgisidan  tashqariga chiqgarilsa, hosil bo'lgan
determinat barcha elementlari bir xil bolib goladi.
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2 —determinat 1-—-yo'lini (—1} ga ko'paytirib golgan
barcha yo'llariga qo'shsak, u quyidagi ko'rinishga
keladi.

1 aq a4 . 4
0 b-—q 0 . 0
o 0 by-a, . 0
6 0 0 . b, —a,

Demak, ﬁ(bk —a,).
k=1

Ba'zi hollarda determinat bir echim bir necha
o'zgaruvchi ko'phadi deb garalib, bu ko'phad chiziqli
bo'luvchilarini topish mumkin bo'ladi. Chiziqti
bo'luvchilar ko'paytmasi tartibi ko'phad tartibiga teng
bo'lsa, ular ishorasi farqli bo'lishi mumkin, xolos.

1 2 3 .. n
1 x+1 3

Misol 1) f{x)=01 2 x+1 . . »n
1 2 3 .. x+1

Agar x o'mniga mos ravishda 12,....,n—1 go'yilsa
determinant nolga teng bo'ladi, ya'ni

f(x)=t{x—1)x—-2).{r-n+1) bo'lishi mumkin.

Determinat yoyilmasida x"? had +1 koeffitsient
bilan gatnashishini hisocbga olsak,

fx)=(x- 1)x-2)(x~n+ 1)= 1:::!(3: —k) bo'lishi

kelib chigadi.



I x x
1 x x
1
2) XX
I x x
I x5 x
Echish.
1 % x
0 x—x 0
0 0 x-x
0 0 0

=[1G-x)

k=1

"{ = 0 tenglamani eching.

X, r

0 = (e x)e-x)e-n)=

ﬁ(x —x,})=0 tenglama echimlari  X,X,,..X,
k=1

bo'ladi.

1. Determinantiar Xossalaridan foydalanib

hisoblang:
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2

2
Hl2 2 3

2

n

-2 0

-1

-2 -3

-1

v) |-b

= e ND
de.f
— o v ) e |
[ - B an...v..wo_v
[ T e T
S R
N = e e e = = B = B @
2 = © s Oy
e vo T
— - = -y W &
—_ - - -8 o % aOJ,JJn_s
e B - n D
nua LS~ |
L1
o) = = - [ B T o M)

e)
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0 1 1 1 1 1 1
1 o1 . .1 1~ 1 .. 1
gt 1 0 . .1 il 1 » . . 1
1 1 i O 111 .. n
1200 . . O
320 . .0
Z70 1 3 2 . . §

0 000003

2. Chiziqli ko'paytuvchilarni ajratish yordamida
hisoblang.

1 ..
xl x2 xﬂ—l xn —-x a ¢
1 x x, . . X, X
it ox x X x| b) @ ~* b
a N
1 n-1 n b ¢ —x
' b a =~x
I x x Xpy X
1 1 2 3
1 2-x* 2 3
i)
2 1 5
2 1 9-x7

3. f(x,cf,...) = {) tenglamani eching.
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x a a a,, |
g X 4 @ Y
a a x a,_

a) f(x)= 1 2 1 1|
a a, a x 1
a a, a, a, 1
1 x x x5
L x x x”

b )= xR
1 x, x xt

§7.Matritsalar. Chizigli tenglamalar sistemasini
teskari matritsa yordamida echish.

Turli tabiatli @, (i=1,m, j=1, n) sonlardan
tuzilgan

4 ™,
a, a4, & . . . 4,
Ay Gy Gy - . - Gy
aul anz au3 amj

\ A

jadval n x m o'lchamli matritsa deyiladi,

n=m bo'lgan holda matritsa kvadrat matritsa deyiladi.
Kvadrat matritsa elementlari noliardan iborat

bo'lsa, nol matritsa, i=j da 1, j=1 da 0 bo'lsa,
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birlik matritsa deyiladi. Agar kvadrat matritsa
elementlari a, = +ta, shartni qanoatlantirsa, matritsa
simmetrik, a, =—a, shart o'rinti bo'lsa,
kososimmetrik deyiladi.

A= (a&. ),B = (by ) kvadrat matritsalar N ustida

quyidagicha amallar kiritish mumkin:

A+ B=(q, ib,.), A-A=(Aa,)

2] ]
Z ay; ﬂ’Z a8, Z aljbjn

A =t =]

L]
2 ayby D auby, .Y, a,b,,
\J=t = J
Nol matritsa 0, birlik matritsa E harflari bilan
belgilanadi, ya'ni A+0=A4; A-E=FE-A4A=A4.
A-B=B-A=FE shartni qanoatlantiruvchi v
matritsa A matritsaga teskari deyiladi, A~! tarzida
belgilanadi va quyidagicha topiladi:

4y Ay ... 4,

4 _1 Ay Ay .. 4,
4 '

An Ay - - . 4,

Bunda |A[— matritsa determinanti.
L]
ap X + X, ot a,x,= b
ayx, +a,ux, +...+a,x, =b,
tenglamalar

aaXx +a,x, +...+a, x =bn
sistemasini matritsalar yordamida.
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) (b))
a, a, a
1] 1 In xz bz
a;, apn ap _
a, a a ’
nl n2 nn
\xn Vi kbn Vi

yani A-X=8B
ko'rinishda yozish mumkin. Demak, X = A7 -B.

( 1
2 a=(0 1], s=(! 2], C=[ 2]
2 3 3 4 0 1

bo'lsa, A*+ 28— 5C ni hisoblang.

1 O 1 1
42 A= ] B=[ ] bo'lsa, A*—B* ni
0 4 01

hisoblang.

cosq —sina
7.3, [ ) ni hisoblang.
1
2
3

sina cosa

2 1 1

1 . B=|-4 2 0 bo'lsa,
2 1 2 1

74 A=

e o

A-B— B A nihisoblang.
7.5. Berilgan matritsalarga teskari matritsalami toping.

(1 2 a e
1) A= R 2} A= )
\2 5 ¢ d
(1 2 -3 2 2 3
3 A=|0 1 2 494 A=|1 -1 0O},
o 0 1 -1 2 3
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5) A=

o o o =
(= i
It

7.6. Noma'lum matritsani toping

o3 3G )
2'(1 3 Xz[z _léj

e

01 .1
1t 011

1 110

7.7. Quyidagi sistemalarni matritsaviy usulda

3 -1 5 6\ 14 1
3) X 6
5 - 7 8) {9
1 2 -3 (1 -3
A3 2 —4[-X=[10 2

2 -1 0 10 7
eching.

3Ix+4y =11
D Sy+6z=28, 2)

x +2z=7

x+3y+5z+7z=12
3Ix+5y+T7z+t=0
Sx+7y+z+3=4

Tx+y+3z+5t=16
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(x+2z=0
y+2n=0
INx+y+v=0

z—n=2

n+v=-1

§ 8.Kompleks sonlar, formalari. Muavr formulalari.

Haqiqiy X,y sonlar yordamida tuzilgan

z=x+iyson kompleks son i=+-1 esa mavhum

birlik deyiladi. Bunda x kompleks sonning hagqgiqiy
qismi, ¥ esa mavhum qismi deyiladi.

z=X+ Iy yomav kompleks sonning algebraik

formasi deyiladi, amallar bu formada gquyidagicha
kirititadi:

z xz, = (xl 'H:Vl)i(xz +iy2)= (xl ix2)+(yl iyz)i

22 = (x, +iy)(x, +iy,) =(x|x2 ‘"le"z)"'i(x]yz +J’|x2)

z, X, +iy, x'2+iy’ x%2 +y%

Zy ity Xy, +ixzy1*x1J’z

z=x+iy uchun x-—iyson go'shma kompleks son
deyiladi va z tamzida belgilanadi.  z=x+iy
songa tekislikdagi A(x,y) pugtani mos qo'yish

mumkin, IOAl =r= J x*+y" kompleks son moduli,
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OX o'qi bilan hosil qilgan @ burchagi kompleks son

argumenti deyiladi va 1gy = 4 ko'rinishda yoziladi.
X

x=rcosp, y=rsing ekanligidan
z=x+yi=r(cosp+ising) kelib chiqadi. Oxirgi
yozuv kompleks son trigonometrik formasi deyiladi,
amallar guyidagicha kiritiladi:

Z,-Z, =r(cosg, +sing,)-r,(cosp, +ising,) =
=rnnlcos(p, +@,) +isin(p, +¢,)l,

[ o . x

1= [cos(@, — ¢, ) +isin(p, — 9, )],

Z, n

Z" =[r{cosp +ising)])" = r"(cosng +isinnge),

Yricosp +ismp) = Ur(cos 2E 2R L 1in @ 2KTy 4 Sia 1
n

"

Oxirgi ikkita formula Muavr formulalari deyiladi.

e =cosp+ising  tenglik o'rinli bo'lib Eyler
formulasi deyiladi.

8.1. Amallarni bajaring.

1) (2+3i)3 -2, 2) (a+biY(a - bi),
3) (3-2i) 4 (1+i),
1+i 2i
5 ——., 6) ———
1-i 1+i
8.2. Tenglamalarni eching.
1) x2+4=0, 2) x}=2x+5=0,
3) x?+4x+13=0 4 x*-1=0,
5 x*+1=0, 6) x*+1=0

8.3. Berilgan kompleks sonni trigonometrik formada
tasvirlang.

1) z=3, 2) z=2,
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3 z=2~2, 4 z=~3+i
5)z=—f3~i, 6z =2 -2,

7) z =sina +i(l —cose)

8.4. Muavr formulasidan foydalanmay, hisoblang:
-i’-1 , A+ [N
1 . 2 ) 3) V2i, 4 J1-iv3 .
'y Yy A

8.5. Muavr formulalari bo'yicha hiscblang.

20
1) (1+9)%, 2) (Hlﬁ] , 3 ¥i,
H

1-

4 3221, 5 4-27, 6 1
1-¢

1+i3

7) §

§9. 10gori darajali tenglamalar.
Algebraning asosiy teoremasi.

ax"+a_x""+..+ax+a,=0 tenglama
n—darajali tenglama deyiladi.
f(X=ax"+a,_x"+. . +ax+a,

ko'phadni (x--a) ga bo'lganda hosil be'ladigan
goldiq berilgan ko'phadpning x =a dagi qiymati
f(a)ga teng bo'ladi.

Teorema (Bezu): 4 son f(x) ko'phadning
ildizi bo'lishi uchun f(x)ning (¥ —a) ga bo'linishi
zarur va etarli. .

Teorema (algebraning asosiy teoremasi): Darajasi
birdan kichik bo'lmagan ixtiyoriy ko'phad kamida
bitta ildizga ega. '

Natija: ixtiyoriy n—darajali (# 2 1) ko'phad n
ta ildizga ega va
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(x - )!’ '(x"'az)fz---—(x*'am)f" (x+ px+q)

(X% + ppx+4,)"..(x* + p,x +g,)"
ko'rinishda yoziladi, bunda
Al 4o+l +2n+n+..+5) =k

a
X +ax’ +ax+a, =0 tenglama x=z —?'

almashtirishda
Z+pr+qg=0 kornish oladi, fidizlari esa
Kardano formulasidan topiladi:

2 3
z:wv:s\/_iﬂ/fﬁf_ﬁ/..z* ‘.
2 4 27 2 4 3

3

=

‘t:

|

2
a=4_,
4

[

diskriminant deyiladi.  u, = Reu,v, = Rey.

1} A>(} bo'lsa,
wtv  w—-v
2y = U+ V), 2y, = — 12 1 ii_z_l.,,/i
3 z
2) A=0 bo'lsa, Z, = —q,;z2 =2z, = i 5
P 2

3) A<0 bo'lsa, z = 2#-—2 cosg,
3 3
_al- @ )
Zyy = 21’_ cos(—+120°), bunda
’ 3 3
g, |-p
cos@ > 37



Agar f(a) va f(b) turhi ishorali bo'lsa (a,b)

intervalda f(x) =0
Tenglamaning kamida bitta ildizi bor.
9.1.Biror ildizni tanlab tenglamani eching:

a) X ~4x*+x+6=0
b) x’'—4x* ~4x-5=0
v} x4+’ +2x-4=0

g) 4 ~4x’ +x-1=0
9.2 Kardano fermulasi be'yicha eching:

a) 22 —6z-9=0
b) z° -12z~8=0
v) 22 -6z-7=0

gl X +9x° +18x+9=0

9.3. lldizlari berilgan sonlar bo'lgan tenglamani tuzing:
a2 1, —-2 3

b) —t uch karrali, | va  2+i

9.4. Ko'paytuvchilarga ajrating:

aj x* -1
b x° +1
v x~1
g x*'+4

Yuogori tartibli tenglamalar ratsional ildizlari.

1. Agar gisqarmas d —ratsicanl son (p €eZ,ge N)
q

n n-1 "2 -
A X" +ax" tax" "+ +a,_x+a, =0
tenglama ildizi bo'lsa, g€ N soni @, ning, peZ
soni esa 4, ning bo'luvchilari bo'ladi. Chunki
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ap"+aplqg+a,p g +. +a, pg"" +a,q" =0
dan -

{aop” = —glap™ +a,p" g +..+a, ,pq"? +a,q"")
a,q" =—pla,p™ +ap g+ a,p" g + ..+ a, q"")

n=2

tengliklar kelib chiqgib, yuqoridagilami tasdiglaydi.

Misollar: 1) x4+ 2x% -~13x* —38x-24=0
tenglamada ay, =1,a, = ~24 Demak, g=1:
p=3112:43;44; +6;48;+12;324 bo'lishi mumkin.
O'miga go'yib tekshirishlar

X =-kx, ==2;x,=-3;x,=4  ekanligini, ya'ni
tenglama (x +1)(x + 2Yx +3)x~4)=0

Ko'rinishda yozilishi mumkinligini ko‘rsatadi.

2)  24x® +10x°* ~x*~19x’ - 5x+6=0 tenglama
uchun  p=x; 24346, g = 1;2;3;4;6;8;12;24
bo'lishi mumkin.

q 2
Qolgan ikki ildiz irratsional yoki kompleks ekanligi
kelib chiqdi. Berilgan tenglama chap tomonidagi

ko'phadni [x - %](x + %][x - %) ga (qisqgartirib

{(bo'lib}, bo’linma ko'phadni nolga tenglab golgan ikki
ildizi topiladi.
1. Yuqori darajali tenglamalar uchun Viet
teoremasi.

{E} = {l ;-%;%} ekanligini topish mumkin, xolos.

Keltirilgan x” + px+¢ =0 tenglama uchun x,,x,

ildizlar be'lsa, Xx+x,=—p, XX, =¢ (Viet
tecremasij
kelib chigishi elementar matematikadan ma'lum,

x*+ a‘:,)c2 +ax+a, =0 tenglama ildizlari x,x,,x,
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bo'lsa, tenglama (x—x, Xx —x, fx - x3) =0 qa
ekvivalent bo'ladi va
5 —(x, +x, + 2, 0 +(x,%, + 5%, + 2,7, - x,x,%, = 0
kubik tenglama uchun Viet tengliklari
X%z + XXy + XXy = 4,
XiXpX; = =,
ko'rinishda bo'lishi kelib chiqadi.
x*+ax’ +ax’ +ax+a, =0
Tenglama uchun Viet tengiiklari
ay = ~(x, +x, + %, +x,)
& = X Xy F X5+ XX XX+ XX+ XX,
&= —(x,xsx‘ T XXXy + XXX, +xrxzx4)
@y = X XpXsXy
ko'rinishda bo'ladi.
Misollar:
1. Agar x’+px+q =0 tenglama ildizlar x,,x,,%,
X X
bolsa, 2+224% 30,5 A 4y hisoblang.
Xy Xy X K X X
X, +x,+x,=0 ekanligi ma'lum, undan
X, + X, ==X, deyish mumkin. U holda
X X.
ﬁ+_2.|.£3_+~i+.)f3_+~x'_ =
X; xz &K X X

= [x,x3+x2x‘+x2x3 +x2x3+x|x3+xlxz]—
x,x2x3 .

2 2
' [x‘l (3, + 2, + X, (x5 + x5+ x, (x5 + x32 )] =
X XpXy
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1 i
. [- X =X + x(xl + xf)]= -—[— X — %%, +x3 + xf]:
XXy X Xy Xy

1 1 1 .
= _[xl XXt xs] = —[x, + X% - 3x2] =—(- 3x,)=-3
X X X2

2 X 4axt +ax+ a, =0 tenglama ildizlari x,,%,,x,
bo'llsa,  ildizlari X +X,, X, + X, X, +1  bo‘lgan
tengiama tuzing.

3. ©+2x-3=0 uchun X+ X, X, XX, 0 X, va

2 2 2 P P
X +Xx; +x; larni toping.

Bob bo'yicha misollar echish namunalari

a+e a-=g cosa sina
. va . larni
a—8 a+e sing@  cosa
hiscblang
a+b a-~b
a) aeb a+b—(a+b)(a+b)—(a—b)(a—b)-

=(a+b) ~(a-b)y =(a+b+a—b)(a+b—a+b)=

=2a2b=4ab

bj

cCoOs & sing . . 5 . 5
. SCOSOCOS —smasing =CosS a-sm-a
sina cosa
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&y 124

2.A =la,,a,,@,,| determinantni hisoblang.

LML

Tecremaga ko'ra A=a, 4, +a,4, +a 4, =
1+l 1+2 1+3
=a,(~1)" M, +a, (=) M, +a,(-1) " M, =

dy )
+a, =
a5, 0y,

= Q) 0y 0y, + 4,05,y + Q33,85 —

_ |9 Gu| 1209
=a, 12

@y Gy dy

=38y, 8y — 85,633,855 — Q1385 3y;

Oxirgi oltita qo'shiluvchilar uchburchak goidasi
deb ataluvchi quyidagi chiziglardan topiladi:

X

3. Determinant xossalaridan foydalanib hisoblang.

1 1 1 1
A= 2 3 4 35

4 9 16 25

8 27 64 125

i—vyo'lni 2 ga ko'paytirib (i+1) —yo'ldan ayiramiz:
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1 1 1 1 11 1 1
A=23 4 5=012 3=
4 9 16 25/ |0 3 8 15
8 27 64 125 |0 9 32 75 -
1 2 3
3 8 15
9 32 75
i~yo'lni 3 ga ko'paytirib (i+1)—-yo'ldan
ayiramiz:
1 2 3 > 6
0 2 6=l J=60-48=12
0 8 3 83
x+2y+37Z =14
. y+2z+3t=20
Ix+Z+2t=14
2x+3y+1=12

tenglamalar sistemasini Kramer gqoidasi wva
Gaussning noma'lumlami ketma— ket yo'qotish
usuli yordamida eching.
a) Asosiy determinant va yordamchi determinantlar
quyidagicha ko'rinishda bo'ladi:

123 14 2 3 14 3
612 20 1 2 3,
A= 'Ax=0 3 A L0 2002 3.
301 2 14 0 1 3 14
2 30 1 12 3 0 1 2 12 0 1
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12 1a 123 14
01 2 20

a0 12003 A= ;
30 14 30 1 14
2 3 12 1 2 30 12

Determinant xossalaridan foydalanib A=96, Ax=96
A, =192,A, = 288,A, = 384 ekanligini topamiz,

Demak, x=Ly=2;t=4

b) tenglamalar sistemasi koeffitsientlaridan tuzilgan
quyidagi jadvalni tuzamiz:

1 2 3 014

01 2 3|20

301 2114

23 0 1112

Tenglamalar sistemasidagi biror tenglamani
songa ko'paytirib, boshqga tenglamaga go'shsak,
ekvivalent tenglama hosil bo'ladi, Demak, 1-—
tenglamani mos ravishda {-3) va {—2) ga ko'paytirib,
3— va 4— tenglamalarga go'shamiz.

1 2 3 0f 14

0 1 2 32
0 -6 -8 2(-28
0 -1 -6 1|-16

Endi 3—va 4—tenglamalami mos ravishda 6
va ! ga ko'paytirilgan 2 - tenglamaga go'shamiz:

1 2 3 0)14
01 2 3120
00 4 20192

0 0 -4 4 )4
Oxirgi terglamalarni go'shib quyidagi natijaga
kelamiz:
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0 (14
3120
20192

0 249
Oxirgi jadvalga mos sistema quyidagi "
ko'rinishda bo'ladi:
x+2y+3z=14
y+2z+3t=20
4z + 201 =92

24t =96

o o o
[~
U 5

Bundan {=4,z=3,y=2,x=1 ekanligini
ketma — ket topishimiz qiyin emas.

Qarab chigilgan usul Gaussning
noma’lumlarni ketma-—ket yo'qotish usuli bo'lib,
talabalarga o'rta maktab kursidan tanish.

5A—21 B—12 bo'lsa, A* —2B ni
AT 3P T3 4 osa A - m

hisoblang.

LG HEY -

2 4
2'B=(6 8] ekanligidan,

305\ (2 4) (1 1
A*-2B = - = -
[-5 8) [6 8} [41 0] kelb
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2 3 2
6. A=|1 2 -3 ga teskari A—! matritsani -
3 4 1
toping.
2 3 2
4= 2 -3=-6
3 4 1
2 -3 3 2
A = =14 A = e =5
"4 1| 44 1\
3 2 1 -3
2 2 2 2
= =—4, A == =0,
Ay 3 lt £y 1 _3, 8
1 2 2 3
1"13"3 J=_2r A23=‘3 41'7‘1'
2 3
AH-"1 2I=1
Demak:
14 5 -13
A"zlﬁl-— -10 —4 8
2 1 i

3x4+2y+2z=13
7. 4x+3y+z=10
Sx+3y+4z=23
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tenglamalar sistemasini matritsaviy usulda eching.

Sistemani A-X = B ko'rinishda yozib olamiz,
bunda

3 2 2 x 13
A=[1 3 1} X=lyl B={10|~
5 3 4 z 23
A matritsa determinanti va elementlar
to'ldiruvchilarini hiseblaymiz:
3 2 2
l4=1 3 1=27+2~24=5,
5 3 4
31 2 2
4, = 2 2 -
< T |
11 3 2
= e = 1’ = = 2’
AT 4 A ls 4‘
3 2 1 3
=- = -], = =12,
3 2 3 2
= e = I, = =
T A LRI
9 -2 -4
Démak. A_.1 = —- 1 2 ~1
-12 1 7
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9 2 —4)(13
X=A"-B=% 1 2 -1]{10]=
-2 1 7|23

5 1)
=%- 10]|=|2
15 3)

Ya'ni x=1, y=2,z=3.

8..Amallarni bajaring:

a) B-i)+(@+2)=(@+3)+Q-1)i=7+i

b) 3-i)-(4+2)=(2+2)+i6-4)=14+2i
- 3~¢ _ 3-i 2-i _7- 51‘_0,7_0,51.
2(2+:) 202+i) (2-i) 2-5

1) i =(l )”-t=(—l)s° ==

3-4i ni hisoblang.

J3-4i =+ fi chiqadi deb faraz gilamiz,
demak,

(a+fiy =a’ - B +2afi=3-4i

a’-p*=3 : . :
Bundan: sistema hosil bo'lib,
2af = -4
(2;-1). (~2;1) echimlar ekanligini topish mumkin.
2-2i
Demak: v3—4i =
-2+2i
10. (1+)" ni hisoblang.
r:.JZ Zg@z)—):-]-.—_']’ Ya'ni ¢'=£
x 1 4

ekanligidan foydalanib:
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1 ] 10= w.( 0£ f o .£J-_-
(1+i) (ﬁ) cos10 4+zsmlO 2

=2’ (cosi’f— +isin éz) =
2 2

=32{ cos| 27 +Z +fsin(2x+-’-’-) =
2 2

=32(0+4)=32

11. =242/ ni hisoblang.

=J4+4=2/2; rggo=iz=—1, ¢;=3T”

bo’lgani uchun

.~3£+2k 3—7£+2k7r

¥-2+2i =2V2{ cos-2—— 3 +isin—14——-3————.
zo=3\’\/2_3[cos%+isin%) J_(I+ %}—l+i;

zZ, = COS——+isin— | = - ¢oS— +isin—
] \/5 11z . 11z \E /3 . 7
12 12 12

12

\F[cos—ﬂ inl?-«’z]=\E(Hsosiz—isini]£
12 12 12

12

12. Biror x =g, iMdizini tanlab topib, so'ngra
golgan ildizlarini toping.
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ax’ —x*-16x+16=0 s
tenglama  ildizi,

Xy =1

shuning uchun (x - 1) ni ajratamiz:
x(x-)-16(x-1)=0 yoki
(x - +4)(x-2)(x+2) = 0.

bundan ildizlar L12:42; ekanligi kelib
chigadi. :

b) x'+x*+2x-28=0; x =2

x*=2x% +3x* -6x? +6x% ~12x+14x-28=0
X (x-2)+3x* (x-2)+6x(x—2)+14(x-2) =0
(x=2)(x* +3x2 +6x+14)=0

Ikkinchi qavsda x=z-1 almashtirish
bajaramiz va

2°+3z+410=0  ko'rinishga kelamiz
Demak, A>0 ekanligidan, Kardano formulasiga
ko'ra:

X, = Af—54+425+1 +>4-5-+26
Vva X3, ¥¢ ni ham topish mumkin.
13. Ko'phad ildizlari berilgan: ikki karrali 1, 2, 3

va [+1.
Bu ko'phadni yozing:

(1—i) ham ko'phad ildizi bo'ladi, chunki 1+

x* -2x+2=0 ning idizlardir. Demak, izlangan
ko'phad quyidagicha bo'ladi;

(x=1)" (x-2)(x-3)(x* -2x+2)
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11=-Bob bo'yicha uy vazifalari.
ax+by+cz=d _
1. {bx—cy+az=e tenglamalar sistemasi
cxt+ay—bz=f

berilgan. Uch usulda eching: aj Kramer qoidasi, b
Gauss usuli, vjMatritsaviy.

1} a=Lb=2c=3d=14e=-1f =-1.
2} a=2%b=Lc=4d=35e=-2;f=10.
3 a=3b=2c=-2;d=%e=7f=-2

4 a=2%b=-lc=lid=-lLe=~5,f=—4
5 a=Lb=3c=0d=17e=18;f=-5
6) a=Lb=0c=2;d=8,e=-3; f=5
7} a=2b=-l¢=3,d=15e=9f=8
8 a=3b=-2c=-1d=14f=2; f =-11
9 a=%b=-2c=3d=%e=-31=9
10) a=&b=lLc=lid=4e=-6;f =4

1) a=5b=Le=~id=12e=-2;f =4
12 a=5b=-Lc=12;d =12;e=26; f =10
13y a=2 b=-Lc=1d=5e=-17,f =24
14) a=4b=lc=2d=5e=-7 =24
15 a=8b=2%c=3%d=-le=-22 f=9.

a
2l z= 5 berilgan.

+ci
ajAlgebraik formada yozing va 2% qi hisoblang.

b)Trigonometrik formada yozing va z?, %/; larni
hisoblang.

1j a=1;b=«/§;c=—J2—.
2) a=2;b=ﬁ;c=\5.
3) a=3;b=1;c=\/§.
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4) a=4;b=1;c=-\/?_y.
5) a=5;b=«f3—;c=1‘

6) a=-—1;b=—\/§;c=l.
Ha=-2;b=~l,c=1.

8) a=-3;b=3c=13.
9 a=-4b=lc=-1.
10) a=—-5;b=—3;c=\/§-
11} a=1;b=\/§;c=-—3‘
12) a=2;b==l;c=—x/§‘
13 a=3b=Lc=43.
14) a=4;b=—\/§;c=l.

15)

3.
1)
2)
3}
4)
3)
6)
7)
8)
9)
10}
11)
12)
13)

a=5b=2c=23.

x'+ax’ +bx+c=0 tenglamani eching.
a=2b=-3¢=0.
a=—4b=2:c=1.
a=3b=-5¢=2.
a=Lb=-2;c=-5.
a=2b=3c=-1.
a=4b=1c=2.
a=3b=2,¢c=3.
a=2b=4;c=1.
a=-2;b=2,c=-4.
a=10;b=-10;c=1.
a=-3b=2;,c=-6.
a=lb=-1c=2.
a=-4b=3c=2.
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14 a=4b=-T,¢=2.
15 a=3b=2;c=6.

-

3-bob. FAZODA ANALITIK GEOMETRIYA.
$10.Vektorlar nazariyasi va tatbiglari.

Fazoda M puqta berilib, to'g'ri burchakli

dekart koordinatalar sistemasi OXYZ aniqlansa,
nugta uchta koordinata x (abtsissa) y (ordinata), z

{applikata) ga ega bo'ladi va M (x, y,z)tarzida
yoziladi.
0(0;0;0) dan M (x,y,z) gacha masofa

[OM|=qx2 +y2+zz’ A(xy, ¥152,) va

B(x,,¥,:2,) nugqtalar orasidagi masofa esa
|AB| = \/(xz "'xl)z_"' 0= 9) +(z,—2)
formula yordamida topiladi.
AB  kesmani |AB| :|C'.B| =A  nisbatda bo'luvchi

C(x,y,z) nugta koordinatalari tekislikdagiga
o'xshash topiladi, ya'ni
x__xl+ix2_ *y,+)l.y2.z_z,+ﬂzz

3

1+4 1+ 4 1+ 4

Yo'naltirilgan kesma vektor bo'lib, OXYZ

——

koordinatalari fazosida o'qlardagi birdik #,7,k
vektorlar - ortlar orqali quyidagicha yoyiladi: .

—— *

a =xi+y}+zk.
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Bu holda @ wvektor x,),Z ~ koordinatalarga
ega bo'ladi va

a(x, y,z) tarzida yoziladi. Bu vektor uzunligi

a| = \/xz + y2 +z° formuladan topiladi.

a vektorning ox,0y,0z o'qlari bilan

hosil qilgan burchaklari mos ravishda «,f3,¥
bo'lsa, bu burchaklar kosinuslari

x z
coSa =1, cosﬂz%—, COS Y ==
Tl 4

yo'naltiruvchi  kosinuslar deyiladi. Ular o'zaro
quyidagicha bog'langan: cos’a +cos® f+cos’y =1

koordinatalari bilan berilgan g(xl, Yz E(xz, V2 33)
vektorlar ustida amallar quyidagicha aniglanadi:
bte =(x tx,;¥ 1ty 1z2,)
Ab=(Ax;Ay,;A2,)
Boshi A(%X,,¥,,2,) oxiri B(x,¥,2)

—_—

niqtada bo'lgan AB vektor koordinatalari

AB(xl —Xgs Yy~ Vs gy _Zo) tarzida
aniqlanadi.
1.Skalyar ko'paytma xossalari.

Ikki a va ¢ vektorlar skalyar ko'paytmasi
deb ular uzunliklari va ular orasidagi burchak kosinusi

ko'paytmasiga aytiladi, aee¢ yoki (a,8) tarzida
belgilanadi.

aoe=(a

.{;

- COS @
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a-b -~ = .
cos@ = ——— formuladan @, & vektorlar
|“Hb
z
parallellik sharti ~L = 2 =, .
X, Y2 % -

perpendikulyarlik sharti x, - x, +y, - y; +2, -2, =0.
quyidagi xossalar o'rinli:
1V a-a= ]a‘2
2) are=04>q Ll yoki g, 6 lardan kamida bittasi
nol vektor.
Y ae=6-a 4 a(e+c)=ae+ac
vl -2 -3 . e s
i =j =k =1, ij=ik=jk=0

Koordinatalari bilan berilgan
a(X, Y,z b(x,, ¥,,2,) vektorlar  skalyar
ko'paytmasi quyidagicha topiladi:
A 8=Xy X, Y Yy +2 02,
Ikki vektor orasidagi burchak esa
XXy WY, +242,

inz +y +z ‘\[xzz +y, +z,
formuladan topiladi.

cos @ =

2 Vektor ko'paytma.
Ikki a va & vektorlar vektor ko'paytmasi deb
shunday c vektorga aytiladiki:
K] c vektori ¢ va 8 vektorlarga perpendikulyar;

-

2) ¢ vektor uzunligi ¢ va 8 vektorlarga qurilgan
parallelogramm yuziga teng, ya'ni
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el i sne _,

3) c vektor uchidan dgaralganda, a dan 6 ga
yo'nalish soat mili yo'nalishiga teskari ho'lishi kerak.

Vektor ko'paytma axb yoki [a,¢] tarzida
belgilanadi,
Quyldagi xossalar o'rinli:

1) axb = —bxa
2) a=0 yoki €=0 dan tashqari @/ @ bo'lsa ham
axb =0

%) (kayxb = ax{kh )= klaxd)

4 ax\b+cl=axb+axc

- . - - - = - e -

S) ixi= jxj=kxk=0, u:_;=-—_;x1 k,
Jxk=~kxj=i, kxi=—ixk=j]
Koordinatalari bilan beriigan  a(x,,3,,2,).

E (x2 »Va: 2, ) vektorlar vektor ko'paytamasi
quyidagicha topiladi:
ik
axb=|x y v &
X, Yo 2

— -

Deinak, a va g vektorlarga qurilgan
parallelogramm va uchburchak yuzi uchun quyidagi
formulalar o'rinli:

S =[asd, s, =%(be'

3.Aralash ko'paytma.
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Uchta a.b, c vektorlar aralash ko' paytmasi

deb, axhb  vektor ko' paytmaning ¢ vektor bilan

skalyar ko'paytmasiga teng songa aytiladi va a b ¢
ko'rinishda belgilanadi.

Bu ko'paytma moduli benlga.n vektorlarga
qurilgan parallelopiped hajmiga teng, ya'ni

-p---.l

V. _=labe

nap

Yasovchilari @,6,¢ bo'lgan piramida hajmi
58

Vo o=— EEZ-|
6

nap

Aralash ko'paytma quyidagi xossalarga ega:
lJKo'paytuvchilardan kamida bittasi nol

vektor, kamida ikkitasi parallel, uchalasi bir tekislikda

yotadigan hollarda a.ralash ko'paytma nolga teng.

2) (axb) c=a- (b c)
Koordinatalari bilan berilgan .a(xl » Yis zl),

b(xz s Y222, ) ' C(xa,J’B 32 )
vektorlar aralash ko'paytmasi

o h 5
(axb)c abc = x5y, 2
™ Y5 %
formula yordamida topiladi.
10.1. Oxo'gida A(2; —4; 5) va B(-3; 2; 7)
nuqgtalardan bir xil uzoglikda joylashgan
nugtani toping.

102, Uchlari 4(2;3;4), B(3;1;2), C(4;-1;3)
nugtalarda bo’lgan uchburchak og'irlik
markazi koordinatalarini toping.
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10.3. XOY tekislikda
A(1;—%5), B(3;4;4), C(4;6;1) nuqtalardan
bir xil uzoqlikda jeylashgan nugtani toping.

104.  a(4;-12; z) vektor berilgan. ’al =13 bo'lsa,

Z ni toping.

10.5. A(3;-1;2), B(~1;2;1) bo'lsa, AB va BA
vektorlar koordinatalarini toping.

10.6. Vektor OX va OZ o'qlari bilan o =120°, g =45°
burchaklar hosil gilsa, QY o'qgi bilan
ganday burchak hosil giladi? '

10.7. |E|:13, Il;lxlg va |£+B| =24 bo'lsa, lg_ﬁ‘
ni hisoblang.

10.8. H =11, ISI =23 va |; _El =130 bo'lsa, la + b} ni
hisoblang.

10.9. a va b vektorlar ¢ =120° burchak hosil giladi.
FI=3’ lﬁ]:s bo'lsa, I;+b|, !a—b' larni
hisoblang.

10.10. a(-2; 3; B), b(a;—6;2) vektonlar a,f laming
qanday giymatlarida kollinear bo'ladi?

10.11, ;(a; 25, g(a;—2;3) vektorlar & ning qanday
giymatlarida perpendikulyar bo’ladi?

10.12. ABC uchburchak uchlari
A(2; -1;3), B(L; 1; 1), C(0; 0; 5) nugqtalarda
bo'lsa, bu uchburchak ichki burchaklarini
aniglang.

10.13. Qavslarni aching:
(i - )+ ~2k)-k+ (- 2k

1014,  (a+b)’ +(a-b)* =2(a* +b*)  tenglikni
isbotlang, geometrik ma’nosini
tushuntiring.
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10.15. Oldingi masala yordamida medianalar xossasini
isbotlang. .

10.16, |5,=3, IB|=26, F;xq=72 bo'lsa, b ni
hisoblang.
10.17. Uchlari A(;2; 0), B(3;0;-3), C(5; 2; 6)

nugtalarda bo'lgan uchburchak rynzini
hisoblang.

10.18. a(2 -3, 1), (-3 1;2), &(L; 2; 3) bo'lsa, (axb)xc
va ax(bxc) larni hisoblang.

10.19. ava b vektorlar orasidagi burchak 30°,

|E;|=6, H::‘,. Bu vektorlarga perpendikuiyar

c 4:3. (axb)-c ni

¢ vektor berilgan va

hisoblang.

10.20. a(l; -1 3), 5(=2; 2 1), o(3:-2; 5) bo'lsa
(2xb)-¢ ni hisoblang.

10.21. A(L;2;-1), B(0;1;5), C(-1; 2, 1), D(2;,1;3)
nugtalarning bitta tekislikda yotishini isbotlang.
10.22. Uchtari A(2;-1;1),B(5;54).
C(3;2;—1), D(4;1;3) nuqtalarda bo'lgan tetraedr
hajmini hisoblang.

§11 Fazoda tekislik tenglamalari.
N {4,B,C} vektorga perpendikulyar,
F (xo +Vos Zg ) nuqgtadan o'tuvchi tekislik tenglamasi
Ax—x)+B{y—y,)+Clz—2,)=0 ko'rinishda

bo’lib,undan Ax+By+Cz+ D=0 umumiy
tenglamasini keltirib chigarish mumkin,
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1. D=0 bo'lsa, Ax+By+Cz=0 tekislik

koordinatalar boshidan o'tadi.

1. C=0 bo'lsa, Ax+By+ D=0 tenglama Oz o'qiga

parallel ho'ladi.

m. C=D=0 bo'lsa Ax+ By =0 tekislik Oz o'qidan

o'tadi.

IV. B=C=0 bo'lsa Ax+D=0 tekislik YOZL

tekisligiga parallel.

V. Koordinata tekisliklari tenglamalari:

x=0,y=0,z=90

Tekislikning o'glardagi kesmalar bo'yicha

tenglf.umasi:i-&---"i+E =]
a b ¢

ko'rinishda bo'ladi

Ax+By+Cz+D =0 va Ax+B,y+C,z+D,=0

tekisliklar orasidagi burchak
NN, A4, + BB, +CC,

_lNhNI JA + B +C* A} + B! + C}

formuladan topiladi.

COSQ =

Bu tekisliklar parallel bo'lsa ﬁL = i = ﬂ.

4 B G
perpendikulyar bo'lsa AA,+BB,+CC,=0
shartlar bajariladi. M (X,, ¥o,2,) nugtadan

Ax+ By+Cz + D=0 1tekislikkacha masofa
|Ax + By, +Cz, + D]
VA& + B+ C?
formuladan topiladi.

Agar koordinata boshidan tekislikka uzunligi P
bo'lgan perpendikulyar o'tkazilib, u son o'qlari bilan
@, f,y burchaklar hosil gilsa,tekislik tenglamasi

- xcosa+ycosfB+zcosy~p=0  ko'rinishda
bo'ladi va normal tenglama deyiladi. Bu holda
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d =|xu COSQ + Y, c08 B + 2, cosy—p]

A(xg, y0:20)  Blx, 31,2} C(xy,2,7,)
nugtalardan o'tuvchi tekislik tenglamasi

X=X Y=o Z—Z

X, ~X, W ~VYo % —2Z,=0 ko'rinishda bo'ladi. *

Xy — Xy y2—y0 Zy "2y

11.1 E(2;-1;]) nuqta koordinatalar boshidan tekislikka
tushirilgan perpendikulyar asosi bo'lsa, tekislik
tenglamasini yozing.

11.2 F(3;4,-5) nuqtadan o'tib
a 1 3;1;-1),a 2 (1;—2;1) vektorlarga parallel tekislik
tenglamasini tuzing

11.3 Koordinata boshidan o'tib, Sx—3y+2z-3=0
tekislikka parallel bo'lgan tekkislik tenglamasini
toping

11.4 ¥x—2y+3z-5=0 tekislikka perpendikulyar va
E(1;-1,-2), F(3;1;1) nuqtalardan o'tuvchi tekislik
tenglamasini tuzing

115  5x-6y+3z+120=0 tekislik va koordinata
tekisliklari bilan chegaralangan piramida hajmini
toping

11.6 x=2y=2z-12=0 ¢a x=-2y-2z-6=0
tekisliklar orasidagi masofani toping

11.7 X¥+2z-6=0 ¢a x+2y~-4=0 tekisliklar
orasidagi burchakni toping.

§12.Fazoda to'g'ri chiziq.

Af(a,b,c) nuqtadan o'tib, P(m,n,p)
vektorga parallel to'g'ri chiziq tenglamasi
x—-a_y-b z-c
m n P
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ko'rinishda bo'lib, uni kanonik tenglama deyiladi.
Kanonik tenglamani t ga tenglab to'g'ri
chizigning parametrik tenglamalarini olish mumkin:

x=mt+a
y=nt+bh
z=pi+c

A%y, ¥0-20), Bl(x,,¥,,2,) nugtalardan o‘tuvchi
to'g'ri chizig tenglamasi
X=X _ V™"V _27%
X=X M~V 472
ko'rinishda bo'ladi.
Yo'naltirilgan vektorlari

ﬂP(mt,n,,p,), a(mz,nz,pz) bo'lgan ikki to'g'd
chiziq orasidagi burchak

P-q mm, +nn, +
cosgD:_;_’, ‘_{ 2 2 zplpz
| g .Jm1+n,+p, \F +n2+p2
n
formuladan topilib, parallellik sharti ——'=—l=£‘-,
m, n, D
peripendikulyarlik sharti esa

mm, +mn, + p,p, =0 dir.
A(a,b,c) va A (a, ,bl,cl) nuqtalardan
o'tuvchi lo'g‘ri chiziglarning komplanarlik sharti
a-a, b-b c-¢
my n, p |=0
m, B, P2

—

bo'lib, p, wva p, parallel bo'lmasa, bu to'g'ri
chiziglar kesishuvchiligi sharti ham bo'ladi.
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Normal vektori N(4,B,C ) bo'lgan tekislik va.

yo'naltiruvchi vektori P(m n, p) bo' Igan to'g'ri chizigq
orasidagi burchak

— e

N-p m-A+n-B+p-C"
IN]- |p| \/32 + B+ C - \(m? +n* + p?
formuladan topiladi.
Bunda parallellik sharti mA+nB+ pC=0,
perpendikulyarlik sharti esa
m n p

-— =.— =-— ko'rinish oladi.
A B C

sin @ =

to'g'r chiziq kanonik

21 x=2y+3z-4=0
T 3x+2y-5z-4=0
fenglamasini yozing,
2x+3y~z~4=0
Ix-Sy+2z+1=0
tenglamasini yozing.
- xX+yv-z=0

12.3. x+2=y—l=iva Yoz

3 -2 1 x—y—-5-8=0
chiziqlar parallelligini ko'rsating.

124 x=2t+1, y=3t-2, z=-6{+1 va
2x+y—~4z+2=0
4x—y-5z+4=0

perpendikulyarligini isbotlang.

: x-1 y+1 =z
125, —— = "——=—va

1 -2 6
2x + 3y + z —1 = O kesishish nuqtasi topilsin.

to'g'ri chiziq parametrik

to'g'ri

to'g'ri chizigiarning
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126, S nd dav civmatid 3x-2y+z+3=0
8. an atida
ning qanday diym 4x~-3y+4z+1=90

to’g'ni chiziq va 2x — y+cz~2 =0 tekislik o’zaro
parallel bo'ladi?
x+3 y+2 z-8

3 2 -2
to'g'ri chizigqacha masofani toping.

{2x+2y-z—10= 0 x+7 y-5 z-9
28. va = =
x=-y-z-22=0 3 -1 4

to'g'ri chiziglar parallelligini isbotlang va ular
orasidagi masofani toping.

12.7. R(1; —1;—2) nugtadan

$13. Ikkinchi tartibli sirtlar.
Fazoda
Ax® + Byt + C2 + 2Dyz + 2Exz + 2Fxy +2Gx + 2My +2Kz + L. =0
(1) tenglamani ganoatlantiruvchi nuqtalar to'plami
ikkinchi tartibli sirt (ITS) deyiladi.
ITS lar koordinata o’qlarini burish, parallel
ko’chirish yordamida quyidagi 15 holga keltiriladi:
e y2 22
1) Edlipsoid: —+=—=+—=1l. a=b=c¢
) pso a »

bo'lsa sfera tenglamasi hosil bo'ladi.

' o Xy 2
2) Bir pailali giperboloid: — + <5 ——- =1
a” b ¢
3} Ikki pallali giperboloid;
PO _zz B
a v
2 2
4) Konus: ~— +°>5 ~~5=0
a & c
2 2
. S
5) Elliptik paraboloid: — +—5 = 2z
a b
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. oy
6) Giperbolik paraboloid: — — 3:_;- =2z

a
S ¥ yz
#) Elliptik silindr: —+<5 = 1
a b
. N S & .
8) Giperbolik silindr: —2—? =
a

9} Parabolik silindr: y* =2px.

10) Ikki kesishuvchi tekislik: y° ~k’x* =0,
11) Ikki parallel tekislik: y* —&* =0.

12) Tekislik: y* =0.

13} To'g'ri chiziq: x>+ y?=0.

14} Nugta: x> +y* +2% =0.

15) Bo'sh to'plam: x° =—1

Fazodagi P(x, y,z) nugtaning o'mini uning
XOY  tekislikka proektsiyasi P (x, y,o) qutb

koordinatalari va P nuqta applikatasi z yordamida
aniglash mumkin:

@ =<XOP', r=0P, z=PP.

r,,z Kkattaliklar silindrik koordinatalar
deyiladi. R nuqta dekart va silindrik koordinatalari
quyidagicha bog'langan: x=rcos@, y=rsing.
Applikata  o'zgarmaydi: P(r, @, z)‘ Aksincha,

r=yx’+y?, ge=2.
X

Misol. P(2;—2;—3) ning silindrik koordinatalarini
toping:
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r=y2+(2) =242, ¢=ar‘—"3:§%=3§
ekanligidan P[Zﬁ;éf-;ﬁ).

2)  Q4c0s25°,4sin15°1)  ning silindrik
koordinatalarini toping.

r=J16cos?15° +16sin>15° = 4,

-4sin15° r 2 )
= arctg —————— = —— . Demak, 4,——:11.
¢ & 4cos15® 12
3) xt 4 y2 +z2 =1 tenglamani silindrik

koordinatalarda yozing.

r? =x® +y* ekanligidan »> 42" =1 Xelib
chiqadi.

Fazodagi P(x, A z) nuqta va uning OXY
tekislikka proektsiyasi P'(x,y,0) berilgan bo'lsin.
OP=p, <ZOP=0, < XOP'=¢p kattatiklar
nuqtaning sferik koordinatlari deyiladi va P(p,@,q‘.’)
tarzida vyeziladi. Dekart va sferik koordinatalar
sistemalari o'zaro quyidagicha bog‘langan:

x = pcosesing, y= psingsingd, z= pcosé
. Aksincha,

P2 =xt 4yt 42, COSQP =~ SiNQP = e
k] 2
x2+y2 {x2+y2
x>+ y?

cosf = i, sinf=—"—.
P f 24
Misollar: 1} P(l;l;l) ning sferik
koordinatalarini yozing.
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p=VP+12+1% =3,
cos -, sin *Llardan =Z
¢ = sing = P=7

1 ]
cosfd = — dan & = arccos——,
NE)

V3
1 =
Demak, P| /3;arccos—=:— |.
P[ 3 4]

2) Qlcos77°,5in77°,0)
p =eos? 77° +sin? 77° + 0% =1,

cos77°

dan ¢ =77°%

cosQ =

0059=%=0 dan @ =90°.

"27180

3 x* +(y— 1)2 +z'=1 tenglamani sferik
koordinatalarda yozing.

*+y?+z' -2y +1=1 tenglikdan

Demak, Q[l' zZ, 77”] .

P> —2y=0 yoki p’ =2y gaegamiz.

p’ =2-sinpsing, p=2sin@sing.
3. Silindrik va sferik koordinatalarini toping.
. Buning uchun dastlab, sen  o'qlarini
ko'paytmalarni yo'gotadigan Eyler burchaklari deb
ataluvchi @,8, burchaklarga quyidagi tartibda

shart

buritadi. (Ular ITCh dagiday cfg2a =

yordamida aniqlanadi).
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(x, = xcosg — ysing

{ = xsing + ycosg

2 =2

Bu almashtirishda x-y had yo'qoladi. So'ngra
[x, = x,

<y, = y,co88 —z, sinf

(2, = y,sinf + z, cosd
almashtirishlar ¥ -z hadni yo'gotadi.
(%"= X, COSY — z, siny/

1V'=y,

[2'= X, siny + z, cosy

almashtirishlarda x-2 had yo'qoladi.
Natijada (1} —tenglama

A'x*+B y? +C' 27 2ax'+2by'+2c2'+d = 0

2)
ko'rinishga keladi. Bu tenglama parallel

ko'chirish yordamida kanonik ko'rinish oladi.

13.1

13.2

13.3
13.4

M (4;-—1;-—3) va N (0; 3;-—-1) steraning biror
diametri uchlari bo'lsa, bu sfera tenglamasini
yozing.

x? +y* —22* = 0 konus va y=2 tekislik
ganday chizig bo'yicha kesishadi?

= yz tenglama ganday sirtni aniqlaydi?
Kanonik ko'rinishga keitiring:

1) x> =xp—~xz+yz=0
2) X’ +2° ~4x~4z+4=0
3) X2 +2y 420 =2xy-2yz=0

4)

X4y -zt =2y +22=0
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5) X +2y° +27° 4y +4z+4=0

6) 4x* +3y* - 22 - 2yx -4y +2z+35=0
Hx+y —6x+6y-4z+18=0

8) 9x* -2z ~18x—18y~62z=0

Bobga doir misollar echish namunalari
1. A(2; —4; 5) va B(—3; 2;7) nugtalar orasidagi
masofani toping.

|4B| = J(-3=2) +(2+4) +(7-5) =5 +6* +2* =

=J25+36+4 = /65
2, A(-1;5,7), B(3;3;3) nuqtalar berilgan,

l4c]:[cB) = -;-
shartni ganoatlantiravchi C(x, y,2) nugqtani toping.

i
A= 3 ekanligidan foydalanib,

—l+—1— 3 5+1-3 9 7+1 3
re—3 0 ya3ld sadoog
[+~ 14— 2 1+—

3 3 3

ekanligini topamiz, ya'ni C [0;%;6).

3. ABC uchburchak ABtomoni EF nugtalar
yordamida teng wuch gismga ajratiladi. Agar

CA=a, CB=¢ bo'lsa, CE vektorni toping.

87



AB=g¢—a ekanligidan AE = %(; —;) Demak,
EE:EZ+E=5+%+(§—E)=%(2&+E).

4 AQ23), B(4;56)  bo'lsa, a=AB vektor
koordinatalarini toping.
x=4-1=3; y=5-2=3,2=6-3=3 ekanligidan

5('3;3;3).

5. a(21;,0),5(~12:1), ¢(0;51) bo'isa,

d=2a- b+4c ni toping.

22a =(4;2;0), 36 = (-3;6;3), 4c =(0;4;4)

" ekanligidan

d =(42;0)-(~3;6;3)+(0;44) = (7:0;1),  yami
d(7;0,1)
6.a=i- 2} — 2% vektor uzunligini, yo'naltiruvchi
kosinuslarini toping.

[ =T+ )7 =T+ a4 =40 =3

cosa-l‘ cosﬂ-i' cos -2
3’ 3’ r=7

7. a(L2%1), 5(0;4,2) bolsa, as va axb ni
toping.
a-b=1-0+2-4+(-1)-2=8-2=6
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b S
l
i
|
.

S I -
+k= =8i-2j+4k, yani

o o-si-Te
c(8;-2;4).

8. 3(1; 2 —2) , 3(0; 6;8) vektorlar  orasidagi
burchakni, wularga qurilgan parallelogramm yuzini
toping.

1-0+2-6+(-2)-8 _12-16 _
JE 42 4(2) o648 310
4.2
30 15

Q= arccos(—Z-J
15

cosQ =

—

ik
2 -2=28i-8j+6k dan
6 8

i
xb =|1
0

§ =|axt| = 28 +(-8)" +6* = [2* (14 +4 +3°) =
=24/221 (kv.b) '

o a(23%-1),5(1-23), ¢(3-11) vektorlar
berilgan. Shunday
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E vektor topingki, u a4 va ; vektorlarga
perpendikulyar, 3 . E:-—B bo'lsin.
d(x,y,z)desak, shartlardan:
a-d=2x+43y-z=0
5-2=x—2y+3z =0
c-d=2x—y+z=—6 kelib chiqadi. Hosil bo'lgan

sistemani echib x=-3,y=3 z=3 ekanligini
topamiz, ya'ni
d{-33;3).
10. H =10, |¢=2, ae=12  bo'lsa, |axe ni
hisoblang.
cosgp 12 3 ekanligidan "thi
= me—= -0 r
10-2 5 ?

burchak va sing = %
laxd| =] [B|-sing = 10-2-% =16.

11. Uchburchakli piramida wuchlari A(2;2; 2) .
B(4; 3;3) , C(4;5;4) va D(4; 4;7) nugtalarda
bo'lsa, uning hajmini toping.

a=AB=(21;1),6 = AC =(2:3;2),¢ = 4D = (2,2;5)

vektorlar piramida yasovchilaridir.

211
(@bk=2 3 2=2-6+(2)-14
225
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12 F (l; 2;3) nugtadan o'tuvchi va

N =27 +3j+2k vektorga perpendikulyar tekislik
tenglamasini yozing.
2x~-DN+3y-2)+2Az-3)=0 ya'ni 2x+3y+2z-14=0
13, E(Z;—I;Z) nuqtadan o'tib  x+y-3z+4=0
tekislikka parallel bo'lgan tekislik tenglamasini
yozing. Izlanayotgan tekislik normal vektori

N(L;1;-3) bo'lishini hisobga olib
Kx~2)+1(y+1)-3(z~2)=0 ya'ni x+y-3z+5=0
ekanligini topamiz.
14. 2x+3y+6z-12=0 tekislikni chizing.

Buning uchun tekislikni kesmalar bo'yicha
tenglamasini yozamiz:

d + b4 + z =1

>
Endi N  nuqtalardan o'tuvchi tekislikni chizish
mumkin
15. A(2;3;-5) nuqtadan = 4x-2y+57-12=0
tekislikka tushirilgan perpendikulyar uvzunligini
toping.

Nugtadan tekislikkacha bo'lgan eng gisqa masofa
izlanayotgan perpendikulyar uzunligi bo'ladi.
Demak,

_|4-2-2:3+5(-5)-12) B-6-25-12] 35

pl=d= =

I V4 + (2 +5 Jas Va5
16. x-2y+2z-8=0¢6a x+z~6=0 tekisliklar
orasidagi burchakni toping.

N 1(5=2;2), N »{1;0;1) ekanidan:
cosp= 1-14+(=2)-0+2-1 =_L

JE+ 22 P 2
ya'ni ¢ =45°
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17, X+3y+52-4=06a x~y-2z4+7=0
tekisliklar kesishish chizig'i va A(L,G1) nuqtadan
o'tuvchi tekislik tenglamnasini toping.

Berilgan tekisliklar kesishish chizig'idan o’tuvchi
tekisliklar bog‘lami tenglamasi
X+3y+52-4+Ax-y-22+7)=0 éxu
1+A)x+CB-A)y+(5-24)z+71-4=0
ko'rinishda bo’ladi uning A(0))  nugtadan
o'ishidan  foydalanib 1+5-1-4+A(1-2+7) =0,

2 i
ya'ni A ='—-g = -3 ekanliginj topamiz.
Demak:

2 10 17 19

5x-p---:,;-y+—3-—z——3—=0, AvHu 2x+10y +17z-19=0

1
Demak, V, = r 14 =-§ (kub.b)

18. Ikki tekislik
2x~y+32-1=0,5x+4y—2—-7 =0 kesishishidan
hosii bo'lgan to'g’r chiziq kanonik tenglamasini
yozing.
Dastlab 1 —tenglamani 4 ga ko'paytirb, 2~
tenglamaga qo’'yamiz;
Bx+11z-11=0
2--tenglamani 3 ga ko'paytirib 1 —tenglikka go'yamiz:
17x+11y-22=0
Bulardan x ni topamiz:
1(y-2) 11(z-1)
x = =
-17 -13
X _y=2 z-1
-11 17 13
19. A(l;—2;l),B(3; 1;-1) nuqtalardan o'tuvchi to'g‘ri
chizig kanonik tenglamasini yozing.

¢ ya'ni
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p=AB=(230) desak, x; = y;-2 =220 e
chiqadi.
20. B(Z;—l;3)nuqtadan x;—l = y:2 = z;l to'g'ri

[

chiziqgacha bo’lgan masofani toping.
Yo'naitiruvchi vektor p (3;4;5) va

A{-1,-2;1) to'g'ri chiziqdagi nuqta ekanligidan:

|4B)= 2 +1) + (142> +(@3-1)? =32+ +27 =14

A_)B=(3;1;2) va p(3;4;5) orasidagi burchak

cosp = 9+4+10 -

VOr1+4-J9+16+25 i4-542
. V117163 |
smqp=—m——~

d:|ABlsin¢=«/l_4—-—l-%E=0,3-m

x+1 y+1 z-3
2 -1
2x+ y~—z =0 tekislik orasidagi burchakni toping.

- -

P (2,—1:3), N (2:1;—1) ekanligidan
sing = 2:241-(-)+(-1)-3
N2+ 43 2 P41
Berilgan to'g'ri chizig va tekislik o’'zaro parallel ekan.
22. x’+y*+2?-4x+2y-4=0 sfera markazi va
radiusini toping.

(Jr—4x)+(y2 +2y)+z2 -4=0

21.

to'g'ri chizig va

=0, ya‘'ni ¢=0
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(x-2Y -4+(p+1) -1+ -4=0

(-1 +(y+1) +2* =3
Demak, sfera markazi O(t; —1,0) nuqtada,
radiusi 3 ga teng.
23. x* - y* ~4x+8y -2z =0 sirt kanonik
ko'rinishga keltirilsin.

(< 4= )2z

(x--2)2 -(y-—élr)2 =2(z-6) dan

x'=x-2, v'=y—4, z'=z—6parallel ko'chirish
yordamida x?-y?=2z' ga ega bo’lamiz. Bu

giperbolik paraboladir.
24.

a) x*44y*+92° 412z +6xz+4xy—-4x—-8y-122+23=0
tenglama ganday sirtni ifedalaydi?

Bu tenglamani
(x+2y+32)’ ~4(x+2y+3z)+3 =0 ko'rinishda
yozib x+2y+3z=1 va x+2y+3z =3 parallel
tekisliklarni olamiz.

b). xy+ ¥z +xz =1 tenglama kanonik
ko'rinishga keltirilsin.

A-B z
clg2a ==—— =0, bundan ¢ =—.
8= D 4

Parallel ko'chirish yordamida quyidagi ko'rinishga ega
bo'lamiz:

x=Loy)
{y= -?-(x‘+y') )
z=2"

N

ITS ko'rinishi: x?—y?424/2x"2'=2
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A-C

ctg29 =2 =
& 2F 242

2D burchakni 0° va 90° orasida, yoki 28 to'g’ri
burchakli uchburchakning o'tkir burchagi deb

hisoblaymiz. 20 burchak garshisida yotgan katet 2+/2
teng bo'lsa, u holda boshga katet | ga teng,
gipotenuza esa 3.

Demak, gin20 = —2;5 , C0s20 = %

Bundan, sing = I;CO__S@. 2_1_, cosB =.J§
2 3 3

va x'=x"\/§--z"l
3 3
=y
z‘=z"—l—+\[gz"
V3 V3

IT% }Iuy1da91 ko'rinishda bo'ladi:

xu2 2"[—xnzu+32nz yu2+

3 3
s
+22 X 'J_i +2X"Z"—"1—X"Z"—:*/-_-2—Z"2 -
3 3 3 3
Demak: 2x' 12 y' 2 -z 227 yoki
||2
X"2 y +_ =—1
2 2

3-bobga doir uy vazifalari .

1. ABCD piramida uchlart koordinatalari
berilgan. Quyidagilarni toping:
1) AB qirra uzunligini;
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2) AB va AD qirra orasidagi burchak;
~ 3) ABC tekislik tenglamasi;

4) AD qirra va ABC yoq orasidagi burchak;

5) ABC yoq yuzi;

6) Piramida hajmi;

7} AB chiziq tenglamasi;

8) Duchidan tushirilgan balandlik tenglamasi
va uzunligi.

9} D uchidan tushirilgan balandlik va asosining
kesishish nuqtasini toping.

10} AD va BC to'qg'ri chiziqlar orasidagi
masofani toping.

Koordinatalar sistemasida tasvirlang.

1) 4(4,2;5), B(0;7;2), C(0;2,7), IX1;5 0).
2) A(4; 4,10), B(4;10; 2), C(2; & 4), D(9; 6; 4).

3) A4; 6;5), B(6;9 4), C(2;10;,10), D(7; 5 9).
4 A(3;54), BB 7, 4), C5;10; 4), D(4; 7; 8).
5| A(10; 6;6), B(-2;8;2), C(6;8 9), D(7;10; 3).
6) 4(1; 8;2), B(5 2;6), C(5 7;4), D(4;10; 9).
7 A(6; 6;5), B(4;9;5), C(4; 6;11), D(6; 9; 3).
8) A7,2,2), BG5S T, 7, CG31), D23 7).
9) A(S8; 6;4), B(10; 5 5), C(5; 6; ®), D(8; 10; 7).
100 A(7;7;3), B(6; 5 8), C3; 5 8), D(8; 4;1).
1) AL LD, B(;3;4), C(2;0;2), D(6;8;10).
12) A(0; 1; 1), B(1; 6; 1), C(2; 3; 0), D(6; 4; 3).
13)  A4(1; 2;3), B(-1;3;,2), C(7;-3,5), D(6;,10; 17).
14) A(l; 4;3), B(6;8;5), C(3; 1; 4), D(21;18; 33).
15 AT 2 1), B{4;3;5), C(3; 4 ~2), D(2; —5-13).

2. Berilgan tenglamani kanonik ko'rinishga keltiring
va ikkinchi tartibli sirt turini aniqlang.
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) x*-y’+2"-2y-2z=0

2} xy+yz+xz=0

3 22 -xp+4x—-4y=12

4 x*+y’+22-4x+6y-1=0

5 X -dxy+y*-z'=0

6) x2+4y2+4zz-—-—2x+4y—82=0
7) xz—xy+xz+yz=0

8 zl-xy+3y*=10

9 Y -x'+z2'-2x=0

10) x*+y* -dxz+4yz=0

1) x*—4xy—4xz—4yz=0

12) 2x° +y* ~182-3z+y +14=0

13) 3x°-4y*-24z-x42y-2=0
14) 9x* +4y° =2 —9x+6y-22-27=0
15) x* +3y* +42° +2x -3y +42z-10=0
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II-gism. MATEMATIK ANALIZ
4—bob. To'plam. Funktgiya. Limit va uzluksizlik.
§14. To'plam. Amallar. To'plam turlari.

Biror xususiyatiga ko'ra jamlangan predmetlar
majmuasi to'plam deb garalishi mumkin. To'plamiar
A B, .XY,.. harflar bilan, ularni tashkil giluvchi
predmetlar— elementlari  ab,..xy.. hairflar
yordamida belgilanadi. a element A to'plamga
tegishliligi @ € 4, tegishli emasligi ¢ @ A tarzida
belgilanadi.

Agar A to'plam elementlari B to'plamga ham
element hisoblansa, A to'plam V to'plamning gismi

deyiladi va 4 C Btarzida yoziladi Ac B, B C Abir
paytda bajarilsa, 4 = B kelib chigadi.

A va Btoplamlar barcha elementlaridan
tuzilgan to'plam ulaming vyig'indisi deyiladi va
A B ko'rinishda belgilanadi. Ularning faqatgina
umumiy elementlaridan tuzilgan to'plam kesishma
deyilib, A B tarzida belgilanadi. Fagatgina A ga
tegishli elementga (A ga xos elementlar) to'plami A
dan B ni ayrilgani deyiladi, 4\ B tarzida belgilanadi.
A va B xo0s elementlaridan tuzilgan 1o'plam ulaming
to'g'ri ko'paytmasi deyilib, AAB tarzida yoziladi.
Demak, AAB =(A\B)U(B\ 4).

a € A, be B elementlar olinib hosil gilingan
barcha {a@,b) ko'rinishidagi juftliklar dekart
ko'paytma deyiladi va AxB kabi belgilanadi.

Birorta ham elementi bo'lmagan to'plam bo’sh
io'plam deyilib, & ko'rinishda yoziladi.

Qaralayotgan A, B to'plamlar biror E to'plam
gismiari bo'lsa, E\ A to'plam A ning E ga qadar
to'ldiruvchisi deyiladi va CpA4 yoki SA ko'rinishda
yoziladi.

Quyidagi jkkilanganlik printsipi deb ataluvchi
tengliklar o'rindi:
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E\J4, =(E\4,), E\(4,={JE\4,).

Agar A to'plamning har bir elementiga B

to'plamning bitta elementini, B ning har bir
elementiga A ning bitta elementi mos go'yilsa, A va

B to’plamlar o’zaro bir giymatli moslikda deyiladi.

Bunday to'plamlar o'zaro ekvivalent deyilib, A” B
tarzida yoziladi.

To'plamlar elementlari soniga garab

solishtiriladi:

1) elementlari soni chekligi bo'lgan to'plam
chekli to'plam deyiladi;

2) elementlarini sapash mumkin bo'lgan,
ya'ni natural sonlar to'plamiga ekvivalent
to'plamlar sanoqli to'plamlar deyiladi.

3) Elementlarini sapash mumkin bo'lmagan
cheksiz elementli to'plamlar sanogsiz
to'plamlar (yoki S—kontinuum quvvatli),
deyiladi.

14.1. Isbotlang.

1} (AVB)UC =4V (BU();

2} {AVBINC=(AnCYy(BNC);

3) AN(BAC) = (AN B)A(ANC);

4) (A\BYU (B \A)=(AUuB)\(AN B);

5 C{A\BY=CAV B,

6) (Aw B)xC = (AxC)u (BxC);

7) Ax(BC) = (4AxB) N (4xC);

8)

(AU B)\(A B) = (4N CB)U(BNCA).

14.2. Soddalashtiring: C[C(C4w BYL (4w CB).

14.3. Haqiqiy sonlar to'plami R va imratsional sonlar
to'plami {R\() orasida o'zaro bir giymatli moslik
o’rnating.
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14.4. {0;1] kesmadagi sonlami o’'nli kasrga yoyganda
9 ragami qatnashmaydigan sonlar to'plami bilan [0;1] .
kesma orasida o'zaro bir giymatli moslik o'rnating.
14.5. ‘Tekislikda uchlari koordinatalari raisional
bo’lgan uchburchaklar to'plami quvvatini toping.

14.6. Tekislikda o'zaro Kkesishmaydigan T harflari -
to'plami quvvatini toping.

§15. Funktsiya tushunchasi. Elementar
funktsiyalar.
Ketma—ketliklar.
Agar X to'plamdan olingan har bir songa

biror f gqoidaga yoki qonunga ko'ra Y to'plamning
bitta y soni mos qo'yilgan bo'lsa, u holda
X to'plamda funktsiya aniglangan deyiladi.

Bu moslik y= f{x) tarzida yoziladi X
to'plam funktsiya aniglanish sohasi, ¥ —o‘zgarish
sohasi deyiladi, X —argument, y —funktsiya deyiladi.

Aniqlanish sohasi natural sonlardan iborat
funktsiya ketma-~ketlik deyiladi, y = f(n) o'miga
Y, yoki a, kabi belgilanadi.

Funktsiya  juft (toq) deyiladi, agar
f(=x) = f(x} Lf(=x) =—f(x]] bajarilsa

Ixtiyoiy x€X da m< f(xX)SM shart

bajarilsa, funktsiya quyidan m soni, yuqoridan M
sohi bilan chegaralangan deyiladi.

Agar xning X to'plamdagi X, va X,
giymatlari uchun X, <X, shartdan
F) < £(%,) [f(x) > £(x,)}) kelib chigsa, f(x)
bu to'plamda o'suvchi (kamayuvchi) deyiladi.

Agar shunday T son mavjud bo'lib, ixtiyoriy
xelX da

1) x+TelX, D fx+T)=f(x)
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bo'lsa, bu funkisiva davriy, bu shartga
bo'ysunuvchi eng kichik T soni davr deyiladi.

y= f{x) funktsiyada x va y larning
o'rinlarini almashtirishdan hosil bo’ladigan funktsiya
teskari funkisiya deyiladi va x= f'(y) tarzida
belgilanadi.

Ketma—ketlik uchun chegaralandantik,
o'suvchilik yoki kamayuvchilikni aniqlash mumkin.

15.1. Berilgan funkisiyalar aniqlanish sohasini
toping.

) y=—— 2 y=y3x-x’

1-x

3 y=log(x*~4) 4 y=+sinJx

5 y=log,log, x 6y y= «,/lg igx

7) y = +/sin2x ++/sindx, x €[0; 27).

152. 1) f{x+D=x*-3x+2 bo'lsa, f(x)
ni toping.

2) f(l) =x++41+x* bo'lsa, JS(x) ni toping

x

(x>0).

15.3. Berilgan funktsiyalarga teskari

funktsiyalami toping.
1) y=2x+3

2) y=x*, 0<x<+ow
I-x

3 =

)y 1+x

4) y=w}1~x2, 0<x <.

x, =—-w<x<l

, x#—1

5p y=4x%, 1<sx<4
2%, 4<x<+w
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15.4. Juft —togligini tekshiring.
1) y=3x-x%

2 y=§‘\ﬁl—x)2 +3 (1+x)2;
3 y=a*+a"

4) y=In(x+vi+x?).

15.5. 1} y = kx grafigini £k =0, 1, —1 hollarda
chizing.

2) y=x+b grafigini 5=0, 1, —1 bo'lganda
chizing. '

3) y=ax’, y=(x—a), y=x’+a
grafiklarini ¢ =0, a=11, a =32 bho'lgan hollarda
chizing.

15.6. Quyidagi funktsiyalar grafiklarini chizing.

x,xz20
Y y=|xl= -x,x<0

L, x>0
2) yv=sgnx=40, x=0
-1, x<0
3) y=[x]={x ning butun gismi}
4} y = {x} = {x ning kasr gismi}
5 y=sin’x
6) y=sinx-sin3x
7)) y=cthx
8) y=1[x]-jsinx|
9) y=l+x+¢e"
10) y =sin* x+cos’ x
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1) y=t—x+{1+x
12} y=xsinx
13) y=In(sinx)
14) y=Incosx

16) y=ckx=f—i2§——
17) y =Igx;

18) y = x-sgn(sin x)

19) y =cosx sgn(sinx)
200 y=x+sinx

21} y=!l—x!—|1+x|

§16. Ketma—ketlik va funktsiya limiti.
Uzluksizlik. Ajoyib limitlar.

Agar a nuqtaning ixtiyorty {(a-—&,a+¢g)
atrofi (& > Q) olinganda ham {x,} ketma—Kketlikning
biror hadidan boshlab, keyingi barcha hadlari shu
atrofga tegishli bo'lsa, @ son {x,} ketma—ketlikning
limiti deyiladi va

limx, =a

-0

tarzda belgilanadi.

Ketma —ketlik chekli songa intilsa
yaginlashuvchi, aks holda uzoglashuvchi deyiladi.

Agar X to‘'plamning nuqtalaridan tuzilgan, &
ga yaginlashuvchi har qganday {x,} ketma—ketlik
olinganda ham, funkisiya qgiymatlaridan iborat
{f{x,)} ketma —ketlik yagona & limitga intilsa, shu
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b ga f(x) ning a nuqtadagi (x ning a
intilgandagi) limiti deyiladi va limx, =b kabi

H—pa0
yoziladi. Bunda, agar {x,} ketma—Kketlik a4 dan faqat
katta {kichik) bo'lib a ga intilsa, o’'ng (chap) limit
deyiladi va
lim f(x)=F(a+0)=b (him f(x)=f(a-0)=b)
n—a+0 na-0
tarzida yozitadi.
Limitlar quyidagi xcossalarga ega:
1) O'zgarmas son limiti o'ziga teng.
2) lim(u +v)=limu + limv.
3) lim(u-v)=limu-limv
. u_ limu
4) lim—=—
v limy

Agar P_glo J(x)=f(x,) orini bo'lsa

J(x) x=x, nuqtada uzluksiz deyiladi. Funktsiya x,
nuqtada uziuksiz bo'lishi uchun
lim f(x)=f(x)= lim f(x)
X—x,—0 X—rxy+0
tengliklar bir paytda bajarilishi zarur va etarli.
Birorta tenglik bajarilmasa, f(x) funktsiya x,
nugtada uzilishga ega deyiladi.
lim f(x)~ lim f(x)=A#0 bo'lsa I—
I-4xy+0 x=x-0

tur uzilishga ega, A esa funkisiyaning x, nuqtadagi
sakrashi deyiladi. Boshga turdagi uzilishlar barchasi
II—tur uzilishlar deyiladi.

Limitlami hisoblashda quyidagi ko'p
uchraydigan «ajoyib limitlarrdan foydalaniladi:
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) lim 32X g,
=0 x
1

2) lim(1 + 1)" =lim(1 + x)* =e.
R} n X~

Mo
3) lim-;_(_!_tf,)_,__l:ﬂ
1= X

4} hmm:tit_) =1
x>0 X
.oat -1
5) lim =Ina
x=0 X

16.1. Limitlar hisoblansin.

2
5 tim2 L 2 lim 2 _tn
nae 4+ 3 #ae 1—n
(~2)" +3" .12 n-1
3) im——o gHlim(—+—+..+
] Hbs (_2)n+l +3n+1 ],,_m(nz n2 2 )

. o 8 » . N2n® +1
5) llm(ﬁ-ﬁ-ﬁ---ﬁ 6) hm—-—l—

no 2p ~

1+2+3+...+n gy iy 113+ 5+ + (20~ 1)

7) lim
s Jont +1 }ul—!»E 1+2+43+..+n
. -10" . -107
9) lim L IOt 10) l1m—§-—-—;-;l—
a4 | 4 1O n=-o 7 +1¢
1) ﬁm(l_‘““_"--ti_ﬁ) 12) lim(1+3)"'
#—yem n+2 2 Lt n
m 2n
13) lim 1—§J 14) lim[3n_2]
2yl n no\ 3 4]

16.2 Limitlar hisoblansin.

105



2—
1) lim>—2
n=2 x...z
. 2 _
3) K x"—5x+6

7 hm

X
H°Jl+3x—1
n—»l,J_ 1

2
2) lim—>—2
3yt —2x-3
2 20
4 lim—& —*=2)

2 (X —12x +16)"

{2 )
il ] — x 1—x
. Yl+mx ~1

8) lim——m——

n—=0 X

10) lim(\hucjl +3x - x)
i ]

1) timf/o" +x+1 -V - )

. sinSx
13) lim
X=w x

. Igx—sinx
=0 gin” x

17 lim

I~ XxX—-a

sinx —sina

12} lim#;_l
A1 :{/;_1

14) llmig-x-
=0y

. sinSx-—sin3x
16} lim —
x~0 Sin x

Igx—1tga

19) HmJl+tgx~J1+sinx

- x’

x
21) lim[x+2)
Kot zx_l

23) li'[’l.}‘-\jl -2x
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25) lim —_% 26) lim[}—i'fé-«z——)x

I=a X - x—0 1+x.3x
o B
. e —e
27 lim——mMm ——
*=0 sinax — sin fx -

1
28) ]im[ﬂif_} ¢
x40 3

163  Uzluksizlikka tekshiring va uzilish xarakterini

aniglang.
11
N v= 2 p=X x+1
D= ey O
x-1 x
3) y =sgn(sin x) 4) y=x-[x]
1
5) y=x-[x] 6 y=¢ *
X, Ix|$1
7 flx)=
1, lxl>l

(0,5x2, <2
8) f(x)=425 , =2
3, |x]>2
(2, x=06a x=%2
9% f{x)=44-x> , O<lx<2
k4 \ |x‘>2
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Bobga doir migollar echish namunalari
1. (ANBYu(AnNCBYyU(CANB) ifodani
scddalashtiring.
(ANBYU(ANCBYUCANBY=(ANBYyu(a\BYU(B\ )=
=(4AN By (AAB) = AUB.
2. Ixtiyoriy A, B, S to'plamlar uchun
Ax(BU C) = (AxBYw (AxC) tenglik o'rinli
ekanligini isbotlang.
a) {x,y)e Ax(BUC) bolkin xed, yeBUC,
yeni xe A4, yeB yoki xed, ye(C. Demak,
(x,y)e AxB  yoki (x,y)e AxC.  Buiardan,
(%, y) € (AxB)u (AxC).
b) (x,y)e(AxB)(AxC). Demak, (x,y)e€ AxB
yoki (x,y)e AxC. Undan xe€Ad, yeB yoki
xeAd yeC kelib chigb, xed4, yeBuC(.
Nihoyat, (x,y) e Ax(B\w ).

a) va b) munosabatlar tenglik o'rinliligini
bildiradi.
3. A=(0;1)va B =(0;1] to'plamlar orasida o'zaro bir

giymatli moslik o'rnating.
A va v to’'plamiarda
i 1 1
X Ty Xy ==, say X, =, nuqtalar
{ 1 2 2 3 L] 3 n +1 } q

to'plamini ajratamiz.

B dagi 1 ga A dagi x; ni, x, ga X,,, nimos
go'yamiz. B dagi qolgan x € (0;1) nuqtalarga A dagi
mos x € (0;1) nugtalarni qo'yamiz.

4. Ratsional sonlar to'plami (Jning sanogliligini
isbotlang.
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Har bhir ratsional sen (isgarmas £

q
{peZ,geN) kasr Ko'rinishda yoziladi. |p| +q

yig'indi L ratsional son balandligi deyiladi.
g q 9 -

Ratsional sonlarni balandligi o'sish tartibida
joylashiiramiz:

01 -11 -1
1’17 1

2 3 3

1 -1 E —_2 l -1 3 -3

1’ 17173371177
Bunda har bir ratsional son biror nomer oladi va 0 N
ekanligi kelib chiqadi.

5. [0;1] segment nuqialari to'plami sanogsizligini
isbotlang. :

Ular sanab chigilgan: @;,d,,....&,,... va cheksiz o'nli
kasrga yoyilgan deylik:

a =0,a, a4, ;...

a, = 0,0y ay ay ...

.......

Lekin, sanalmay qolib ketgan elementlarni
topish mumkin. Masalan,

a,=bbb... (b#a,b=#a,. )
sanalmagan.

Demak, [a,b), [a,b), (a,b), (a,b) nugtalar
to'plamlari sanoqsiz ekan.

i+ .
6 a)y=(x=-2) 1= aniglanish sohasini toping.
- X

109



1+x

1-x
intervallar metodidan

D(y) ={~1;1) kelib chiqadi.
b} y =Igsinx aniqglanish sohasini toping.

Logarifmik funktsiya sinx >0 qiymatlarda
aniqlangan, xolos, ya'ni
sinx>02kn<x<m+2kn, keN.

7. a) f=x* g=2% bolsa, f(g(x))—murakkab
funktsiyani tuzing.

fgG) =27y =2" =4~
b) f(x) = Jl_:? bo'lsa, f,(x) = f(f(...gf(x)...]

ni toping.

20 o'rinli bo'lishi shart, demak,

X
JUay=—x X X
1 x }2 Jlext+x7 V14212
+
V1+x?

SFSE) = —J-H—x_h— At =T§iu__?'

1-
8. f(x)= 11'1-1—_;_—)£ funktsiyani  juft—togligini
X
tekshiring.

f-x)=lnz 1+x 1[""]1=—1n-‘—i=—f()

1+x 1+
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9. Quyidagi ifodalar qiymatini toping:

20?1 5 1
2 _ T T -—
T el WS T A SN . LA D}
—e pt 4y X :3__+_H_ *m +l 1
nt  n? n
1 1 111
2) — et —J=lim[l - —~—+
L By e 37273

10. Hodalar qiymatini toping.

2_
1) lim> Sx+6 _ (x DHx-3) = lim(x - 3) = -1
x> x_2 1»2 x— 32
. x4+ X2+ +x"—n
2) lim =
x—1 x_.l
— 2_ ”.—.
=lim(x D+{x"-D+..+{x l)=
-+l x_..l
~lim -Dl+x+D+ (" +x+ D+ + " + x4+ +D]
x=3l (xﬂl)
=1+2+3+...+n=n+1-n

3)
Ji-x-3 J=x-3 ix+3 @-2 i’

lim = lim

=8 24y = 2+ fi-x+3 (4- 2J;+’J_)
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(O k) G LRk ) W Ry 208 Ll
= (B4 x) V1~ x +3) =8 fl-x+3

=—Z=-2

e

. Sinmx ., sinmx nx m m
4) lim— =lim P— ‘

»Ogmux 0 mx s » on o
5)

1 1
lirn| 118% sinx _ Jim| L 8i0x +1gx —sinx sinx
=0 1+sinx x>0 1+sinx

_ sl sgr-sing 1
=1 1+tgx-‘sinx sinx =1 1+tgx—'sinx tpr-sinx lesinx sinr -
x0 l+sinx 30 l+sinx

sin x| 1

]_im__._mx_l) i . ]{lpmx
e-t-w l+sinx  gnx - e tns (1+2im x) =eo =1.
x b b x~b
. a’-a . a{a -1
6) lim =11m———(—-———)=a”' ‘Ina.

x—b x - b e X - b
7) lim[sinln(x+1)-sinlnx]} =

- fim 2sin 1n(x+1)—lnxcosln(x+1)+lnx -

F4a 2 2
23inlln(1+l)-cosln Vxl4+x
= lim —2—% =0
—X
x

8) y=2*" funktsiyani x =2 da uzluksizlikka
tekshiring.

x=2 da funktsiya aniglanmagan.
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1 1
b = lim 252 =400; lim 2%2 =0
x-lglo f(x) xl—lbrlr-l!ﬂz e
II — tur uzulishga ega.
2

x°, 0<xx1
9 f(x)= funktsiyani

2-x, 1<x5£2

uzluksizlikka tekshiring. -
i =i 2 =] i = 1 _ =i
,\'I—I»III}O f(x) - ,(l-!b?—lox l, xl—l>l{l}0 f(x) xl-lvl;lzﬂ(z x) i’

f)=1=1

Funktsiya x =1 nuqtada uzluksiz ekan.

4—-bohga doir uy vazifalari

1. Funktsiya aniqlanish sohasini toping.

x2—4x+3 xt-9
) p= 22202 N y= f.______
Y x -4 )y x2-Tx+6

2 _ _ - 2 _
£ oaxos o fG-oDET-16)

x*+x-2 x* —10x + 16
2 2
x”~16 x*-36
5 = | 6 =
) YT 7nne ) ¥ T s,
x-1 x* -4
)y gx.1'+3 )y 9__x2
x? —4x _ _
%) y=lg—5—— 10) y=lgsin2x
R P -l
11) y=lgcos3x 12) y=4ltg2x
13) y=Ig(1-2cosx) 14) y =lg(+/3 — cigx)

15) y=4/lgtgx
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2. Berilgan funktsiyaga teskari funktsivani toping.

1) y=4x-1 2) y=2x+3
3 y=1-4x 4) y=3-2x
5 y=5x+1 6) y=2-5x
7)) y=1-x 8) y=4+3x
9) y=4-5x 10) y=5x-4
11) y=x~10 12} y=1+x
I=-x
2x-1 3x -1
13 = 14) y=
) ¥ 1+2x )y 1+3x
15 = .
) Y 4x -1
3. Quyidagi funktsiyalar grafigini chizing:
1) y=sin*x 2) y=sin’ x
3) y=[sinx] 4) y="Finx}
5 y=sgn(cosx) 6 y=[x?]
7l y=x+e® 8) y=x+sinx
9) y=sin* x +cos’ x 10) y =|x + 3| +|x - 3]
11) y=x-c08x 12) y=l-e™
13) y=[x]-]cos | 14) y = cos x sgn(sin x)

15) y=x +arctgx

4. Limitlarni hisohlang

‘ — —
D @) im 222 g i XV
nsw ] —2n #=0 3x
6) liml—cene*;le 2 lim (x+3)
X0 S5x A=l oy — 7
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x +1 A2+ x-3
im—_——:

2 6) 1 4
}a)l‘-mZx +1 )x—*? x-7
. arcsin3x ' 2x-1Y
im ————; 1 .
8) x“-)lg 5x 3) xI—‘»ra{zx+1J
3, .2 _ -
3 a) lim 2212, 6) lim =%,
o xt 4 x—2 w0t xt—x
. Jl~-cos2x C {ax 1Y
g) lim—————; 2) 1 .
x=0 X - 4x
Ix'+x' -6
4) fim ———— 6 hm
) v 2xt mx w2’ ) -Jl+3x 1
&) lim—2—; 2) tim(1 + 2x)"'*.
x-warctgx x—=0 )
S a) lim 2x" +6x-5 6) lim 1-v1-%*
zao 5xt—x-1" - xr ]
_ 3
6) =222 %5 2) limflnGx +1) ~In ).
X=p! x =
. 3+x+5x N1+ 3% «}l-—2x
6) a) llm7# 6) lim
T1aeel T s
6) lim X.C18X. 2) im(2 + Din(x +3) - In x).
x—-}ﬂsm3x X=t
. x—2x*+5x* ‘dl+3x l
w2430 +x 0 ex
1-cosbx
&) lim——————

¥9]-cos2x’
2) lim(x - 5)[In(x - 3) - In x].
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2 — — —
8} a) limé:_z_:"_‘x_"'l_; 6) lim——-——-———M;
v 3% 4 x =5 ) W -3

2 X
gt
o) lim—2;  2) Hm(7-6x)*">*>.
x =
— 3 —
0)a) lim E 25+ 2, gy g V¥ 32 “V2x 46
e x" 43 x0 x°—5x
1-cos4x 2
m——- 3 - B =4
s)!‘-ﬂ’ 2xtg2x 2 m(sx 3
8x° ~3x2+9 x-2
10 lim —————— lim
) )x-mx +2x*+5° x«*zﬁ!zx 2
8) ll_rg Sxctg3x; 2) li_rg(Sx - 8);'_3.
2 -_
1) ) lim2 %%, 6) lim Y213,
= 5x2—6 =3 x* =9
. 1—cos8x ) R
6) lim~——s—; 2) lim(l + sin x)*.
=0 g x x—al)
— 2 —
12) a) 1im1_2.:+_3x; 6) lim > +* 2.
o xt 41 =1 x4l
. v1—cos4 L
8) llm-——TCM-; 2) lim(4 - 3x)*t.
x—) sinx x—l
13) ) im ———-——i’-‘-ﬂ 6) lim —‘63;
= x? —3x 410’ =3 x -9
. COSX—COS X _
¢) im———; im(5 - 2x) .
)H‘? sin® 4x 2) lim(5 ~2x)
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3
. x —4x+1 z
14 a)lim——"— 6) tim—221;

xo ] 2x 4 2x° > fx+3-2
g’ ; 2
g} lim 3 2) im(l + 6x)*.
) =0 sin? 2x ) 1—*0( )
1_ Mx 42 -
15 a) lim—‘ifi;; 6) lim-#w-%;
x>0+ 4x + 5x w2 x" -4
i  (x+1Y
¢) limm; 2) lim ad .
-0 2x =0l 4

5. Berilgan funkisiyalarmi uzluksizlikka tekshiring,
grafigini chizing.

x+4, x<-]
N ry=4x*+2 , —1<x<l

2x , x=z1

x+2, x=-1

p—m—————

2 fay={x+1 ,-l<xsl
-x+3 , x>1
—x x<0

3 flx)=4-(x-D*0<x<2
L—li , x=22

cosx, x<0

x2+1, 0<x<l

Af(x)=

e,

x , x=1

117



-x x=0
5 f(x)=4¢x* , 0<xs2
x+1 , x>2

-x x50
6) f(x)=4sinx,0<x<7
x=2 ,x>r
-{x+1) x=-1
A (D) ={(x+)* ,-1<x<0
x , x>0

~-x* x<0

8) f(x)=<tgx,0<xs-§~

2 ,x>E
| 4

-2x x=50
9 f(x)=<x*+1,0<x=1

2, x>1
[—Zx x<0
10) f(x)=Jvx ,0<x<4
1, x=24

“

(-1 x<-2

1) f(x)=4]x, |{<2

2, x>2
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(x* x<0
12) f(x)={x~1,0<x<1
L%le

jx x <0
1&ﬂﬂ=x%h@l

x+4 , x>1

~x%, x<0

t4) f(x)={1 , 0<x<l
(x~D¥+1,x21
-x x50

15) f(x)=qsinx , O<x<rx
X4+mT, x>nm
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5—bob. Hesila va differentsial.
Differentsial hisob teoremalari.

$17. Hosila. Geometrik va fizik ma'nolari.
Hosila hisoblash goidalari.

¥ = f(x) funktsiyaning x nuqtadagi hosilasi deb
Ay _ tim f(x +Ax) - f(x)

lim
Ax—0 Ay Ax—0 Ax
limitga aytiladi va y'(x), I '(x), %, —d{}:)

tarzida belgilanadi. Agar hosila chekli bo'lsa, f(x)
funktsiya x nuqtada differentsiallanuvchi deyiladi.
Agar X=X, X+Ax=x, bolsa f(x)
funktsiyaning x, nuqtadagi hosilasi

. Xy )= J X

iim f(x)= f(x) ko'rinishda bo'ladi. Limitlardagiga
uOX X, =X,
o'xshash, chap va o'ng hosila tushunchasini kiritish
mumkin. Hosila y= f (x) funktsiyaga X, nugtada
o'‘tkazilgan urinmaning burchak koeffitsientidin:

Y (&) =tga

Urunma to'g'ri chizigning tenglamasi
Y=y, =y(x,)*{(x-x,), unga perpendikulyar

(x,;»,) nuqgtadan o'tuvchi normal to'g'ri chiziq
tenglamasi:

Y-y, =- (x—x,) ko'rinishida bo'ladi.

L
y'(x)
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Moddiy nuqta 5=8 {t} qonun bo'yvicha harakat qilsa,

uning

. AS
tezligi V= gn})-A—t—, tezlanishi esa
i

. AV
a = lim — formulalar yordamida topiladi.
A0 Ag

Hosilasi mavjud bo'lgan u(x),v(x) funktsiyalar
uchun quyidagi qoidalar o'rinli:

1.
2.
3

(C-uy=C-u';
(ClutC,vy=Cu'+C,v";
w-vy=u'v+w';
u, u'v-w
&=
v v
y= f(x) va X =g(y) o'zarc teskari

funktsiyalar bo'lsa, y'(x)= —;
x'(y)

| y= f’(“), u= g(x). bo'lsa, u holda

y=f (g (x)) murakkab funktsiya hosilasi
y'=f '(u)- g'(x) formula yordamida olinadi.

y=u" KkoTinishdagi funktsiya daraja—

ko'rsatkichli deyilib, hosilasi quyidagi Bernulli
u'v

formulasidan topiladi: y'=u" -[v'—lnu + -—-——:|
u

Y ga nisbatan echilmagan tenglama bilan

berilgan  funktsiya  hosilasi,  murakkab
funktsiva kabi olinadi, hosii bo'lgan
tenglamadan y' topiladi.
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{x=x(t . .
sistema yordamida parametrik
y =)

¢

berilgan funktsiya hosilasi y, =2t formula
X

1

yordamida topiladi.
Hesilalar jadvali:
1. (CY=0; 2. (x*)=p-x*";
3. (Sinx)'= Cosx; 4, (Cosx) = ~Sinx;
i 1
5. (tgx)'= ; 6. (ctgx)=———;
(t22) Cos’x (ctgx) Sin*x
7. (a“): a* Ina; 8. (e')=¢e";
9. {(arcsinx)'= L ;
1-x?
, 1
10. (arccosx)'=~ ;
I—x?
. 1
11. (areigx)'=——;
1+ x
12. (arccigx)'= - L =5
I+ x
1
13. (log, x)'= ; 14, (Inx)=—;
(log, %) x-Lna (nxy X
15. (shx)'= chx; 16. (chx)'= chx;
1 1
17. (thx)'= ; 18. (Cthx)'= ———;
(thee) ch’x (Cihx) shx

17.1. Ta'rif yordamida hosilasini toping.
1y y=x°; 2) y=x%; 3]y=\/;;
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1 1 1
4) y=—; Sly=—; 6) y=—;
by o }y \/; } ¥y 3

X
7 y=+1+x%; 8)y=tgx
9 f(x)=x(x~1x~2)....{x ~100) bo'isa, f*(0)

ni hisoblang. "

17.2. Hosila hisoblash qoidalari va jadvalidan
foydalanib toping.

1) y-£—£+4x° 2) —l+...1...+ 1
4 2 ’ Y x xX x
3) y=4{/;~*34\/;; 4) y=x~sinx
5 y=x"-clgx 6) y=x"-ctgx
2x _cosx
1—x x?
\f— x*-1
9 =+fXx-co8x 10 =
)y _ )y x*+1

11) f(:uc)=’%/_2 bo'lsa, f'(~8) topilsin.

12) f(x)= 5= vo'lsa, £(0), 2} f(-2)
topilsin.
13) y =sh’x 14) y = thx +cthx
15} y=x-~cthx
17.3. Murakkab funktsiyalar hosilasini oling:
1) y =sinSx; 2) y=(1—2x)3;

3) y=+1-x%; 4) y = Jcosdx;
5) y=+/2x—sin2x; 6) y=sin’x;

7) y =sin’ x +cos® x; 8) y = sin~/x;
9) y = 3%, ©10) y=In5x;
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Iz x
i) y=e"; 12}y=lntg-2—;

COSX sinx - xcosx
13 y= ; 14 y=——
cosx+ xsinx

2sin® x

15)y = tgx—%tg3x+%tg5x; 16)y=1g’ x;

| . ' 1—sinx
17) y=—ctg"x+Insinx; 18) y=In -
)y 2 & ) ¥ 1+sinx
19) y = arccos - 20)y = arcrgﬁi
V2 a
21) y = arcsin(sin x);
2
2%y = %-Jaz —x? +%arcsin£;
a
23) y = arccos(sinx” —cosx’); 24) y=4x;
25) y=x%; 26) y = x*;
27]y=xx,; 28) x2+y2=a2;
x2 2
29) ?+£—2=1 30) y* =2px;
3 Jx+y =va; 32 Vx? +3y? =Va?;
33) x =y +arcctgy; M) e’ e +xy=0
35} y = In[chx]; 36) y = arcsin|thx];
s 2
x=sin“f
37) y=+1+sh*4x. 38) { \
y=cos‘t
x = alt - sinz) x=e" -cos’t
39} 40)
y=a(1—-cost) y=e* .sin’t
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17.4. 1) y=(x+1D¥3-x funktsiyaga
A(-1;0), B(2;3), C(3;0) nuqtalarda o'tkazilgan
urinma va normal tenglamalarini yozing.

2} Qanday nuqtalarda y=2+x-x" chiziqqa
o'tkazilgan urinma

a) Ox o'giga parallel b) y = x ga parallel bo'ladf?

3) y=sinx va y=cosx chiziglar qanday burchak

ostida kesishadi?

17.5. ITCh (aylana, ellips, giperbola, parabola) larga
urinma tenglamasini chiqaring.

17,6, Berilgan funktsiyalar uchun chap va o'ng
hosilalarni hisoblang.

1 y#-%/x_z; X, =0 2 y=|nx, x,=1
3) y=+sin’x; x,=0 4 y=|x-2} %, =2
127. 1) Jism harakat gonuni S(t)=%r’+3t4-_2

formula bilan berilgan 4s da jism ganday yo'l bosib
o'tgan? Shu vagqt momentida harakat tezligi qanday? -

2) S(t)=6t>~F qonun bilan harakatlanayotgan
jismning eng katta tezligi gancha?

§18. Funktsiyva differentsiali.
Yugori tartibli hosila va differentsial.

Funktsiyaning {(n—1) tartibli hosilasidan olingan

hosila 71— tartibli hosila deyiladi va »' orqali
belgilanadi:

v = (Y
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(ax}ﬂ) =a* In" a; (ex)(n) =ex;
(sin x)™ = sin(x+52£);
(cosx)"™ = cos(x+-’12—”); (x™)" =

=mim-1)---(m—-n+1)x"";

o _ (_ l)”-‘ ‘(ﬂ""‘l)!
(nx)" =r—~—o—. -

formulalami isbotlash mumkin.

Funktsiya orttirmasini Ay = y"Ax+ 0(Ax) ko'rinishda
yozish mumkin. Ay ning bosh gismi y“Ax funktsiya
differentsiali deyiladi va dy tarzida belgilanadi.

dy = y'dx, chunki dx=1-Ax.

Hosila yordamida differentsiallash goidalari
quyidagicha ko'rinish oladi:

d(utv)=du+dv,
d(u-v) = vdu +udv,
d(g) — vdu — udy

2
v v

Yugqori tartibli differentsial d"y = y™dx" formuladan
topiladi.
dy = Ay dan f(x+Ax) = f(x)+ f'(x) - Ax taqribiy

hisoblash formulasini keitirib chigarish mumkin.
18.1. 2 —tartibli hosilalarini toping.

1) y=sin’x 2) y=tgx
3 y=+1l+x* 4 y=x-sinx

18.2. n—tartibli hosilalarini toping.
1) y=e* 2) y=Inx

126



3) y=vx 4 y=x"
1+x

5} =
7 vl-x

18.3. Leybnits formulasidan foydalanib,
funkisiyalarning 2,3 — tartibli hosilalarini yozing

6) y=xshx 7 y=x-lnx

t) y=e"-cosx 2) y=XxC08X
3 y=x*-& 4 y=x'-lnx
—_* (n) .
184.1) f{x)= uchun 0) ni
f(x) N S70)
hisoblang.
2} f(x)=x" uchun e
. ' te (n}
) +& .,.__f__.g)_.,. +& =2" ekanligini
! 2! nt
ko'rsating.
18.5. Tagqribiy qiymatini toping.
1) V24 2) V65 3) sin31® 4 Igll

§19. Differentsial hisob asosiy teoremalari,

Teorema (Ferma). Agar f(x) funktsiya
ce(a,b) nuqtada o'zining eng katta (kichik)
giymatiga erishsa, bu nugtada chekli hosilaga ega
bo'lsa, f'(c)=0 bo'ladi.

Teorema {RolF). Agar f(x) funkisiya [a,b]
segmentda uzluksiz, f(a)= f(b) va (a,b) da chekli
hosilaga ega bo'isa, u holda kamida bitta ¢ € (a,b)
nuqta topiladiki, f'(c)=0 bo'ladi.
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Teorema (Koshi): f, g funtsiyalar [a,b] da
uzluksiz, (a,b) da chekli hosilalarga ega, g(x)#0
bo'lsa, shunday ¢ < (a,b) topiladiki:
f®)~£@) _ 1)
gb)-gla) g'()

Teorema (Lagranj): f(x) funkisiya Koshi

teoremasi shartlarini qanocatlantirsa, u holda shunday
¢ € (a, b) topiladiki:

S - fl@
b-a
19.1. f(x)=(x-1)(x~-2)(x~3) funktsiya uchun

Roll' teoremasi o'rinliligini tekshiring.
192, f(x)=1~ ;\/x_z funktsiyaga [~1; 1] oralig‘ida

Roll' teoremasini tatbigq etib bo'ladimi? Chizmada
tushuntiring.

bo'ladi.

= f'(¢) o'rinli.

19.3. Qaysi nugtada y = x? ga o'tkazilgan urinma
A(-L 1), B(3; 9) nuqtalarni tutashtiruvchi vektorga
parallel bo'ladi?

19.4. f(x)=x* uchun [a,b] da Lagranj formulasini
yozing va ¢ ni toping.

19.5. f(x)=arctgx uchun [(;1] da Lagranj
formulasini yozing va c ni toping.

196. f (x)-—- Inx uchun [1;2] da Lagranj formulasini
yozing va c ni toping.

. T
19.7. sinx va cosx uchun [0;-5] da Koshi

formulasini yozing va c ni toping.

198. x* va x uchun {l;4] da Koshi formulasini
yozing va c ni toping.

19.9. x> va x* uchun [-1;1] kesmada nega Koshi
formulasi o'rinli emasligini tushuntiring.
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19.10. Isbotlang:
1) fsinx ~sin y| <jx — y|

a—bdng<a-—b’ O<h<a.
a b b

2)

[ 4

Bobga doir misollar echish namuanalari

1. Ta'rif yordamida hosilasini oling.

1} p=-pr
X
L
J'=tim x + Ax J— —(Jx-:- J_)
a0 Ax = Y I
"\E[ 1+5—Af——1
. X
— -
x+Ax - Nxo—-x
X
1
(1+i‘3‘-)5—1 -
= lim i = —
&0y Jx+Ax Bel é-_x_ 2 x\/-x-
X
2). y=(x~Dx-2) (x-3)° uchun

»'(1), ¥'(2), ¥'(3) qiymatiarini hisoblang.
(r+ Ax=D(x+ bx - 2 (x+Ax—3)° -~
—(x-I(x-2)’(x-3)

y'=lim =
uchun

Y(l) = ETO(H Ax~2)*(1+Ax-3)’, ya'ni
YO =17 (-2°=-8
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Shunga o'xshash, y'(2) = ¥'(3) = 0 topiladi.
2. Hosila hisoblash qoidasi va jadvalidan foydalanib
toping:

1). y = sin{cos? x)-cos(sin’ x)
»'=[sin(cos? x) ] - cos(sin? x) +sinfeos® x)- cos(sin® x)] =
= cos(cos’ x)- 2cosx - (—sin x) - cos(sin’ x) +
+sin(cos’ x) - - sin(sin® x)- 2sin x-cosx | =
= ~sin 2;r|:.::.{:us(m:asz x) - cos(sin® x} + sin{sin® x} - sin(cos? x)] =

= —sin 2x - cos(cos’ x —sin® x) = —sin 2x - cos(cos 2x);

2). y=In(x+vx* +1);

\ 1 1 1 Vxi+l+x 1
y'= .(1+ 2xy= . = H
x+dxt 4+l 2Mat 4l il Pl xtel

3). y=sinx™"

. . ) COSX - COSX
y'=sinx*** -[— sinx-Ilnsinx + —-———]

sin x
2 y’_
R
2x 2y-y bk
—?———];T‘-=0 dan y= o
a a -y

3. ). y= 53— funktsiyaga x=-1 nuqtada

o'tkazilgan urinma va normal tenglamasini yozing.

1 2
=1 === -y .
y(-1) 3 y

y'(~1) = (~1)* =1 ekanligidan urinma y +% = x+l;
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1 .
normal esa y +§ = -=x+1 tenglama bilan aniqlanadi.

2. y= x*va x= y2 funktsiyalar gandan burchak
ostida kesishadilar?
Bu funktsiyalar kesishish nuqtasini topamiz: .y = y*
dan y, =0; y, =1. Demak. (0;0), (1;1) nugtalarda
kesishar ekan. Masalan, (0;0) nuqtada berilgan
funktsiyalar urinmalari orasidagi burchakni topamiz.
y=x uchun y =2-x; ¥y (0)=0; y(0)=0, yani
y=0

1. )
y= +Jx uchun y =—==; ¥ (0) da aniglanmagan,
x . .

lekin urinmasi x =0 desak, ular 90° burchak ostida
kesishishi kelib chiqadi.
(1; 1) nuqtada y—1=2(x-1):

y=1= :t%(x —1) urinmalarga ega bo'lamiz:

k =2, k, =—--;— uchun @ =90% & =2; k2=.;.
1 3
2-—- =
uchun esa tg(o=———-2—=;=2 dan ¢=arcrg-?:
j42.L 2.4 4

kelib chigadi.
4.y =|x| ning X=0 nugtada hosilasi mavjud
emasligini isbotlang.

-x, x<0 .
yz|x|= v x>0 ekanligidan
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P+ 84—} Aﬂ ~j \x|+|Ax\ b

ekanligidan y (0) mavjud emas.

y'.= llm = ilm

e

2
5. Moddiy nugta Ox o'qi bo'ylab x =?— 2% +3¢

gonun bo'yicha harakatlanayapti. Uning tezligi va
tezlanishini aniqlang. Nugta gaysi koordinatalarda
yo'nalishini o"zgartiradi?

=’ —4+3=V(r)

Bundan ¢ =1, ¢, =3 da yo'nalishini o'zgartirishi kelib
chiqadi.
al®)=V'({#)=2t-4 air

6. (u-v) uchun Leybnits formulasini yozing.

(u-vy=u'v+u-v
(u-vY'=u"v+u'viu'viiu - vVi= 1" 20"
(- v)'"'= """ 3u" V' 3utv Y
Demak:
(- =4 4 poy —v‘+—-—-———-—-n(n2‘_ D w2 D
7.y= : I > uchun ¥ (0) ni hisoblang.

y= 12=-%( 1 . ) 1[(1+) +(1-x)"]

ooooo

i+x 1-x
ekanligidan:

y':%[~1(1+x)wz +(1-2)7]

y'= ";-[(*1)(—2) (1+2)7 =2(1-x)7"]
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yi= -;-[(—1)(-2)(—3)(1 +x)7 =2 (-3)t-x)7]

Y = L@ 2 D 2y =
- 0By~ =)

w _ |nt, agar n=2m
Demak: yq, =
0, agar n=2m+1
8. Taqribiy qiymatini toping.

1) Jﬁ=4.16+ & ! -1+Ji-=l+4=4l=4,125.
2416 8 8

2) e =M el +e2-01=11-¢’
9, f(x)=x>~4x+3 ildizlari orasida hosilaning ildizi
mavjud. Sababini tushuntiring.
f)=x"—4x+3=(x-1)(x-3)
ekanligidan f(1) = f(3) =0. Funktsiya [l,3]da
. uzluksiz, chekli hosilaga ega. Demak, Roll' teoremasi
shartlari bajarilayapti. Shunday cé€(l;3) nugta
mavjudki f'(c)=0 bo'ladi.
Rostdan ham f'(x)=2x-4=0,x=2 ya'ni
¢ =2 ekanligini ko'rish mumkin.
10. f(x)= Jx uchun [1;4) kesmada Lagranj
formulasini yozing va ¢ ni toping.

Funktsiya Lagranj teoremasi shartlarini
qganoatlantiradi, demak,

[O-/O (42:{ W - ) orm
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Y- 1

ekanligidan J_—i ami ¢ =2
4-1 24 o 27 e

1. f(x)=x" va g(x)=x" funktsiyalar uchun Koshi
formulasini yozing va ¢ ni toping.
Koshi tecremasi shartlari bajariladi, shuning uchun
' -a’ 3¢’
B -a® 2c
3_ 3 2 2
2(b°~-a’y _ 2(b"+ab+a”)
3(b* —a*) b+a)

Bundan c¢=

S—hobga doir uy vazifalari.

L Berilgan funktsiyaning 1} ta'rif bo'yicha hosilasi;
2)~6) jadval bo'yicha hosilasi; 7) n—tartibli hosilasi
topilsin.

LD y=x"-3x 2).y=2J4x+3-

xt+x

3). y=(c*+1)* 4). y=Insin2x
5). y=x"* 6). tg(y/x)=5x 7). y=sin10x
2.1, y=x*-1 2). y=x'vl-x*

3), y=sinx/cos’x  4). y=arctge” 5). y=x'""

6). x~y+arctgy=0 7). y=cosllx

3.

1 1-x i
1) y=— 2. y= ) y=
)y 1-x )y 1+ x? >y g’ 2x
4). y = arcsinv1-3x 5). y=(sinx)”

6). ysinx = cos(x —y) 7. y=In2x
4.
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1).y=-i2- 2). y=x*cosx 3). y=sinx-xcos
x

4). y=x"Inx 5).y=x* 6).2 = arctg =
x y
1 E
N y=
)y T
5,

- X sin®*
Dy=sindy 2) y=——— N y=—r
W >y a® - x? > 2+3cos’ x

x—
1
6). (" ~De’--1=0 7). y=
)- ( X ) )y T
1
6. 1) y=4x 2 y= +5Yx +1
Vit +1

3 y=1g’ (P +1) g y=3"%
5) y =(arctgx)" 6) yix=e"'*

x
7) y=
Y Ji-x
1 1+ x?
7.1) )’“',J—;“ 2) J’=31_xz

1
3) y=-—2—tg x+Incosx

x
4 y=arclg———=—=
1+v1-5"

5]_y=(x+x2)3r 6) X’ +y ~3axy=0
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ny= x(x+3)

&1]y=b&ﬂ+x)2]y=3+ﬁ+ifn%

1-sinx

3 y=In
)y 1+sinx

5) y=(sinx)"~
7} y =In(l+x%).

1G.
Dy=x-x

3y =%tg3x-tgx+x

5}y = (cos Jl:)“rz
7) y =sin10x.

4) y = arctg(ig’x)

6) x—y+asiny=0

2)y=55’x2+x+l 3)y=2xe-x
X

S)y = (COS.X)" 6)Il'ly = arcrgi
y

2y =+x +1+Vx +1

4)y = arcig -;';
x —

6)x—y+e’arctgx =0
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11.

2-
Dy=3-x% 2) y =22 1+su'r.:sinl;
x x
1-cosx 1g’x '
3y=in ; 4) y= +Incosx;
1+cosx 2

-

1
5Yy=(1+x); 6)x*+2xy+y*-5x=0; 7)y:ez"+l.
X

12.
1 sin x + cos x
D y==; 2)y=tg]f-f———-—-—;
x Sinx—cosx
3) y=e* .sinx Hy= arese,

v1-x* ’

5)y=(nx)™ 6)In(x+y)=2xp-y> 7)y=xsinx

13.

2 1—x
D) y= 2)y=1
) Y= Tiax =y
Dy=t1g?@x+1) 4) y = arccos v/1 + 4x
1
5)y=x" &) y+y=inZ Nys—r——
)y )y+y 5 )y D 3)

14.
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1) y=chx 2)y:xm

3) y=ig’ 2 Hy= ln3sin1t+cox
| 2 2 2 ’

5y=x° x> +y* =a® 7y=sin’x

o1 2}y=4%/ctg2x+{/;tgsx

3y =vx+1-mnfl+x+1)

1)y = arccos(sin® x — cos® x)
(ln x)’

151) y=

Sjy= 6}(x+y)2=x-y

7y =cos’x

11, Berilgan funkisiyalar uchun {a,v] oralig'da
Koshi formulasini yozing va ¢ ni toping.

Dx* va Jx, {1;4]
2) x> va 3-x?, [1;\5]

4) sinx va cosx, [0;‘275'1

5)tgx va cosx, [0;%]

6) 1+x° va ¥x, [0;4]
Ninx va x%, 1531

8) cosx va x+4, [0;%]

9 x? val-x’,10:2]
10) x* va 1~x7?,[0;3]
11) x+3 va J;, [L4]
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AT
12) crgx va x, [—;—
2. 5 51

13) x* va Yx, [1.4)
14) x* —1va 1-x, [0;4)

15) sinx va crgx, [%;“3{]
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6—bob. Hosila tatbiqlari.
§20 Tevylor formulasi.

1(x) funktsiya x, € R nuqtaning biror atrofida
U@, £ hosilalarga ega va 7 hosila
X, nuqtada uzluksiz bo'lsin.

U holda

1) = S o)+ L 4 Lo

(n)
X
AT (f ) (x~x )" +0(x—x,)"
n!
tenglik o'rinli va bu yoyilma yagona bo'lib Teylor
formulasi deyiladi.
Xususan x = (da Makloren formulasini olamiz.

+ 1" {n}
f()= f(0)+f(0) f2(0) f (0) ¥ +0(x")

Makloren formulas:dan quyidagi yoyﬂmalaml olish
mumkiun,

2 n
L & =l+x+;x—+....+£—+0(x")
2! n!

3 2n—1
L SinX = X — = +.. A e—— X
i (Zn-1!
xz 2n
I cosx = x—;+....+(—-l)" ) +0(x*™)

(2n)!

2!

m(m D.(m—n+l) "
n!

+0(x*")

VL

A+x)" =l+mx+

+0(x")

x* x"
V. In(l+x)=x—-"—+....+(~1)"" =+ 0(x")
21! n!
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20.1  Quyidagi funkisiyalarni x ning darajalari
bo'yicha yoying

1) sin®x 20 e  ni x* gacha

3) Incosx ni x°* gacha '

202 1) f(x)=x"-3x ni (x-1) da:ajalarr
bo'yicha yoying. '

2) f(x)=sin3x ni (x +-;5) darajalari
bo'yicha yoying.

3) f()=¥x ni (x+1) darajalari

bo'yicha yoying.
20.3 Teylor formulasi yordamida taqtibiy hisoblang

D3B0 2)3250 3) Ve L2  5)sinlg

20.4  Yoyilmalardan foydalanib limitni toping

. 2
1 li};lgexSll'l)i:—3-13(1+-7f) 2)1il_33x3(-' ’x+l+~fx—l-2\/;]
X X X

3) lim g-a’-2

x=0 xz

(@>0) 4)11m[1~——l-)

X Smx

§21 Lopital qoidalazi.
Agar  lim f(x)=limg(x)=0 (yoki ©) bo'lib,
WAE

xa g'(x)

mavjud bo'lsa, u holda
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]

lim £ i LX) o'rinlidir. Bu  qoida 9-

e g(x) e g'(x) 0
ko'rinishdagi aniqmasliklarni echishda Lopitalning I
(1) goidasi deyiladi.

0-0,0-%,1%,0" tipidagi aniqmasliklar algebraik

> a4
=]

almashtirishlar yordamida yuqoridagi ikki holga

keltiriladi.

21.1 Limitlarni hisoblang

) lim30% gy DA gy, BXX
=0 x x>0 sin bx x>0 x -sinx
#)lim 3.rg4x - thgx 5) lim ig3x
x=0 3sin4x —12sinx =0 fox
6) lim R{c084%) 7 limx*
0 In(cos bx} x>0
L .
8) lin} x> - 9) ling(ctgx)“"‘
. a*—xlnas . a-x
10) im{———-)~ 11y 1
I b [
12) lim (@t x), 4
x4 X

§ 22 Funktsiyani te'liq tekshirish.

l)Agar (ab) intervalda f'(x)z0 ('x)=<0)
bo'lsa funktsiya bu oraligda o'suvchi {(kamayuvchi)
bo'ladi.

2)Hosilasi nol'ga teng bo'ladigan nugtalar kritik
nugqtalar deyiladi.

Agar kritik nuqtada funktsiya hosilasi o'z ishorasini +
dan — ga (— dan + ga) o'zgartirsa, bu kritik nuqta
maksimum (minimum) nuqtadir,
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Funktsiya kritik nugtada ishorasini o'zgartirmasa, bu

nugtada ekstremum mavjud emas.
Bu goida ekstremum topishning I — goidasidir.
3)Agar (ab) intervalda  f"(x)20 (f(x)) <0
bo'lsa, funktsiya grafigi botiq (gavarig) bo'ladi.
) ] ]

Demak krtik nugtada  f(x)>0 (f'(x,)) <0
bo'lsa, X=X, nugta minimum {maksimum)
nugtasidir.

Bu qoida ekstremum topishning II — qoidasidir.

Ikkinchi tartibli hosila ishora o'zgartiradigan nuqtalar
egilish nuqtalan deyiladi.

Agar f(x) funktsiya @€ R nuqtaning biror
atrofida aniqlanib,

lim f(x), lim f(x) .

x—ea+ x—+a—0

lardan biri yoki ikkalasi cheksiz bo'lsa, x=a
to'g'n chiziq f(x) funktsiya grafigiga vertikal
asimptota deyiladi.

im[f(x)-(kx+b)]=0 bo'lsa, y=hx+b

X—»m

to'g'ri chizig f (x) funktsiya grafigiga og'ma (k=0
da gorizontal) asimptota deyiladi.

Bunda k= lim-f-lﬂ ,  b=lm f(x)—kx)}
K=y X L L] .
Funktsiya son o'glarini kesib o'tadigan
nuqtalar funktsiyaning nollari deyiiadi.
Funktsiyani to'lig tekshirish uchun
navbatma—navbat quyidagi ishlar amalga oshiniladi.
1) Funktsiyani aniqlanish wva o'zgarish
sohalarini topish;
2] Funktsiyani uzluksizlikka  tekshirish;
uzilish nugtalarini topish;
3) Funktsiya juft —toqligi, davriyligini
tekshirish;
4) Funktsiyani monotonlikka tekshirish;
5) Funktsivani ekstremumga tekshirish;
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6] Funktsiyani botiqlik, gavariglikka
tekshirish;

7] Funktsiya grafigi asimptotalarini topish;

8) Funktsiya nollarini topish;

9) Funktsiya grafigini chizish,

Funktsiya ekstremumlarini topishni masalalar
echishga ham tatbig etish mumkin.

22.1 Quyidagi funktsiyalar grafigini chizing.
3

Dy=3x—x° 2)y=35§-+x2'
. (x=1)"

3 = 4 =

)y x—2 )y 2 +1

5)y=x"+6x"+9x 6)y = 2x-3x*

Ny=xe ? | y=x=-2Inx
Ny=2x+ctgx, xe(Oy7)

1M)y= sinx+%sin3x; 11) y =cosxcos3x

12)y = 13)x+e™

. i
14) y = = 15)y = (x + 2)e*

1+x
i
16)y = x* 1yy=x*
18)y=x+2"x  19)y=arcsin—
1+x

20) y = arccos—

1-2x

222 1) 120 sm li simni yuzasi eng katta bo'ladigan
to'g'ri to'rtburchak shaklida bukilgan. Bu to'g'ri
to'rtburchak o'lchamlarini toping.
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2) 10 sonini shunday ikki qo'shiluvchiga
ajratingki, bu go'shiluvchilar ko'paytmasi eng
katta bo'lsin.

3) Berilgan R radiusli doiraga ichki chizilgan
uchburchakiardan yuzi eng katta bo'lganini toping.

4) Trapetsiyva kichik asosi va vyon
tomonlari 10 sm dan. Katta asosi qancha bo'lganda
trapetsiya yuzi eng katta bo'ladi?

5 Shar hajmi unga ichki chizilgan eng
katta hajmli tsilindr hajmidan necha marta katta?

6) R radiusli sharga ichki chizilgan, to'la
sirti eng katta bo'lgan tsilindr o'lchamlarini toping.

7} M{p,p) nuqtadan y* =2px gacha eng
gisga masofani toping.

8) A(2,0) nuqtadan x’ +y® =1 aylanagacha
bo'lgan eng qgisqa va eng katta masofalarni toping.

9) Kengligi @ metr daryoga perpendikulyar
ravishda kengligi b metrli kanai qazildi. Maksimal
uzunligi qanday bo'lgan kemalar bu kamalga o'ta
oladi?

10} Yasovchisi R bo'lgan konuslar ichidan eng
katta hajmlisini toping.

Bobga doir misollar echish namunalari

1. f(x)=xe"ni x darajalari bo'yicha qatorga yoying.

2 " 3
FR) =x€ =Ml 5+ bt e b O(x")] = 5422+ b
2! n! 2!

L

X

+0(xn+l)

wr
n!

2. f(x)=In
yoying:

1+x o
" ni x darajalari bo'yicha gatorga
—-Xx
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2 n
(00 =10 tE = e x)—In-x) = x - () 2
1-x 2 n
2 n i 5
—x=X o CE o+ i)
2 n

3. x* ni (x + 1) darajalari bo'yicha qatorga yoying.
fED=(D' =1 fi-)=-4 f(-N=12

PN =-24 fT(-1)=24

fl(x)= 4x3, f"(x)-—- 12x2’ fll!(‘x)= 24):’ fﬂv’ =24

Demak, Teylor formulasidan:

12 24 24
x* =1—4(x+1)+a x+l)2 —--:-;—!—(.!|:+1)2 +—£!~(x+l)3

4. In2 ni hiscblang.

mF% 12 dan

1-x
li-i=2:>l-1-;|c=2—2x=>:|:=1 '
1-x 3

142

n2=ln—3 =211l

1-2 3 373
3

5. Yoyilmalardan foydalanib hisoblang.

X
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x sin x

a' —-a . a*lna—-a"" Inacosx _

6. lim 3 = lim
X—=0 X x—0 3x2
—jim e & —a*  cosx _
0 3 x2
i h:la_d'hla—'a"'"hwcoszx-k-a"“smx: .
x50 3 2x

[@ I’ a~a™ In’ acos’ x+a™ Ina2sinxcos X+
i Ina +a™" Inasinxoos x+asinxoosx) -
x4} 3 2

=%1.-§(]n2 a—Ir’ a+1) =t_1:’»ha

7.

i DGinay) _ _g_igax'cosax'a_ﬁmasinbxcosax_

=0 In(sinbx) =0 1 ccoshe.p *Cbsinaxcosbx
sinbx

a.. bcosbxcosax—asinbxsinax

=—=lim =1.

b = gcosaxcosbx ~ bsinaxsin bx
8. lin}(tgx)" 2. 4 = (tgx)e™ bo'lsa,

X
4

In 4= In(tgx)ig2x = 208 e,

L
1g2x
1 1
2
lin;lnA:]in;l ln(‘;gx)=1i,2 igx cos'x  _
= P -t _22x2
’ ) 1g2x ‘e cos’ 2x
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1
_ —llim sinxcosx _
2,2 1
4
sin” 2x

2
. sin“2x ..
= =lim — =~limsin2x=-1; Ind->-1;
=% sin 2x X—)%

Demak 4 —>e';
2

9. y= funktsiyani to'liq tekshiring.

x-1
1) D(y) = (-0; U (L +0), E(y)=(—0;+0)
2} x =1 uzilish nuqtasi bo'lib,
lim f (x) =—0, lim f( x) = +00 ekanligidan,

x=1-0 X~+1+0
funktsiya bu nugtada II-—tur uzilishga egaligi kelib
chigadi.

3) y(—x) # £y(x) ekanligidan, funkisiya juft ham,

toq ham emas.
Funktsiya davriy emas.

_x(x-2)
(x=1y
x, = 0;x, =2 ekanligini topamiz.

Monotonlik oraliqlari, ekstremumlarni topish uchun
quyidagi jadvalni to'ldiramiz.

4,5y’ dan  kritik  nugtalari

(=o0;0) | O [ O1) (L2} |2 ] (2;400)
y' + 0 —_— — 0 +
" 2 - . )
6) y =( 1)3 ekanligidan, egilish nugtalari yo'g,
x-—

lekin uzilish nuqtasi bu hosila ishorasini o'zgartiradi.
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X (—oo31) (1; +<0)
y" — +
y ~ W]

7} x =1 vertikal asimptota ekanligini bilamiz, og ma
asimptotani gidiramiz:

k—hmf(x)-hm X =
e x—nox(x_.l)
2
b=lim| -2~ — x| = lim—* =1
x=ol y—] =0 y —]

demak ¥ =x+1 og'ma asimptota ekan.
8) x=0 dan y=0; y=0 dan x=0 kelib
chigadi, Demak, grafik koordinata boshida. son
o'glarini kesadi, holos.
Funktsiya grafigini chizamiz

10. R radiusli sharga ichki chizilgan eng katta hajmli
tsilindr o'lchamlarini toping.

Silindr asosi radiusini 1, balandligini H desak,

Pifagor teoremasiga ko'ra:

(2?")2 =(2R)2 _H‘II yabni r=% ’4R2_H2

v, (H) =%(4R2 ~HY.H =—E~(4R2H-H3)
VH)=Z (4R —3H?) oan H=-2R
4 V3

kritik nuqgta ekanligi kelib chiqadi.

H 2 2 2
0;—=R) | =R —R;2R
( 7 ) 75 (\/5 )
V' + 0 -
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v ar
_R"' \
/ 3.3
max
2 4 :
Vo (—=R)=—2=R*. O'Ichamlari
(Ji ) 33

2
r=.—R,H= i-R bo'lgan silindr eng katta
e V3 -
hajmga eqa bo'ladi.

6 bobga doir uy vazifalari
L f(x)=¢" funktsivaga Teylor formulasini go'llab

¢"gqiymatni, a ning bor gqiymatida taqribiy
hisoblang.

1) a=0.49 2) 0.33 3) 0.75 4) 0.63 5) 0.21
6) 0.55 7) 0.37 8) 0.83 9) 0.13 10} 0.59 11}
0.95 12) 0.27 13) 0.47 14) 0.18 15) 0.72

II. Berilgan [ (x) funktsiyaning [a,b] oraliqdagi
eng katta va eng kichik qivmatlarini toping.

D f(x)=x" -12x; [0;3] 2) f(x) =% —%f 3 [0:2)

2)f(x)=§x+cosx; {0;%] 4) f(x)=3x" -16x* +2; [-:.
5)f(x)=x"-3x+1; [0.52] 6)f(x)=x"+4x [-2;2]

7)f(x)=§x—sinx; {0%] 8)f(x) = 8lx—x*; [-1;4]

9) f(x)=3-2x*; [-L;3] - 10) f(x)=x-sinx; [ﬂx;aj
11} f(x)=2% [-1;5] 12) f(x) = x* —4x+6; [~
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13) f(x) =|x* =3x] [1;4] 19) f(x) =[1-%*| [0;2]

15) f(x) = In}(x~4)| [0;5]

II1. Funktsivani to'la tekshiring, grafigini chizing.

4x % -1 oo
1 = 2 =
)y 4+ x° )y 2+l
x +1 x?
Ny=——7 1 G
x* x
5 = 6 =
)y x> +1 )y x -1
-5 x*
7 = 8 = -
)y x-3 )y P |
4x* 2—-4x°
Ny= 10)y=
)y xg_l )y l_xz
ll)yzl—lj% 12)y =xe™
13)y =&~ 14)y =xe™
15} y=x*-2hx

IV. Funktsiya ekstremumlarini topish goidalari

vordamida masalani eching.

1)Tomont a ga teng kvadrat shaklidagi tunuka
burchaklaridan teng kvadratlar gqirgilib, ochig
quticha yasaldi. Qanday qilib eng katta sig'imli quti
yasash mumkin?

2)Diametri d ga teng doiraviy kesiml xoda, kesimi
to'g'ri to'rtburchak bo'lgan to'singa tilindi. To'g'ri
to'rtburchak asosi b, balandligi h desak, to'sin eng
katta mahkamlikka erishishi uchun b va h gqanday
o'Ichamlarga ega bo'lishi kerak ¢

Ko'rsatma: Mahkamlik bh? ko'paytmaga
proportsional. : :
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3]R radiusli sharga eng katta sirtli tsilindr ({ichki
chizilgan) toping.

4)R radiusli doiradan eng katta hajmli konus vasash -
uchun ganday sektorni girqib olish kerak?

$) V hajmli silindrik banka ganday o'ichamlarda eng
kichik to'la sirtga ega bo'ladi?

6)R radiusli sharga tashqgi chizilgan eng kichik hajmli
konus o'lchamlarini toping.

#)R  radiusli sferaga ichki chizilgan barcha
uchburchakli muntazam prizmalar orasidan hajmi
eng kattasini toping. '

8}Asosining radiust R, balandligi H bolgan konusga
ichki chizilgan tsilindrlar orasidan hajmi eng
kattasini toping.

9)O’'q kesimi perimetri r ga teng bo'lgan barcha
tsilindrlar crasidan hajmi eng kattasini toping.

10) To'g'ri prizmaning asosi teng yonli to'g'n
burchakli uchburchakdan iborat, uning katta yon
yog'ining perimetri 24 sm. Prizma hajmi eng katta
bo'lishi uchun, uning asosi tomonlari ganday
uzunliklarga ega bo'lishi kerak?

11)  k ning ganday giymatida y=x’+2x va

y =kx+1 lar bilan chegaralangan figura yuzi eng
kichik bo'ladi?

xl 2

12) 7 + e =1 ellipsning M(x,y) nugtasidan

shunday urinma o'tkazingki, son o'qlari va urinma
bilan chegaralangan uchburchak yuzi eng Kkichik
bo'lsin.

2 yz
13) -3 +})T =] (0< b<a) elipsda B(0;-b)
a
nugtasidan o'tuvchi eng katta vatarni toping.
14) Yuk avtomobili ochiq kuzovi sirtining yuzi 25
bo'lgan to'g’ri  burchakli paralleliped shaklida.
Kuzovning hajmi eng katta, bo'yining eniga nisbati

5
esa 5 bo'lishi uchun uning bo'yi va eni ganday

bo'lishi kerak?
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15} Eni bir xil uchta taxtadan nov yasalmoqda.
Nov yon devorlarining asosga og'ish burchaklari
ganday bo'lganda nov ko'ndalang kesimining yuzi
eng katta bo'ladi?

7-bob. Anigmas integrat
§ 23. Anigmas integral. Jadval yordamida
integrallash.

Biror (a,b) intervalda F'(x)= f(x) bo'lsa,
F(x) funktsiya f(x) ning boshlang'ich funktsiyasi
deyiladi.

F(x)boshlang'ich funktsiya bo'lsa, F{x)+C
ham boshlang'ich funktsiya bo'ladi. Ixtiyoriy
boshlang'ich funktsiya f(x) ning (a,b) intervaldagi
aniqmas integrali deyiladi va I f()dx=F(x)+C
tarzida yoziladi.

Anigmas integrai quyidagi xossalarga ega
I‘dj‘udx=udx 1L Idu=u+C

L [(du + Bv)ds = A fuds + B [vx
Anigmas integral jadvali

prl dt
) fxrd=2 Z et
) fxrdx p+1+C 2) J'x |q4+C
x — ax x _
3) _[a dx—lna+c 4) _[edx—e’+C

5) Icosxdx=sinx+C

6) [sinxdx=—-cosx+c¢

1
7 j0052 ~=1gr+C
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1
3) jsin’ —= ~ctgx+C

9 - =aresinx + C = —arccosx+ C
dx
10) - =arctgx +C =—arccigx +C
X
1)) fshude = chx+C 12) [chxdy =shx +C

dx dx
= —cthx + C 14) }——=thx+C
2y J' ch’x
23.1  Integrallarni toping.

) fe? +4x+-—r)dx 2) I(E—ill-;—{)ttr

3 I( 2{/—+1

Yx 4 I(Z—x’)zdx

5) j(———+— +—*)dx 6) _[(1 —zly)wjx\/;dx

a","
8) {a*(l+—=
et g
_ 2
Q}J"zabc2 10)32c;rgxdx
sin® xcos? x cos’ x
11) J'(sini-;--i-cos2 x]dx
4
12) j(tgzx +otgix+2)dx 13 —dx

I+x
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§24. Bevosita va vangi o'zgaruvchi kiritib
integrallash
x=¢(u), de=p'(u)du  bo'lsa

[f(nax = [flow)lp'@w)du  ko'rinish olib, bunday
integrallash vyangi o'zgaruvchi Kkiritib integrallash
deyiladi. 4

[ f(@(x)d(u(x)) = F(u(x)) +C ko'rinishdan
foydalanish bevosita integrallash hisoblanadi, masalan,

[f(ax+b)dx =L {f(ax + Byd(ax + b= = Fiax +B)+C
a a
24.1 Bevosita integrallang:

2x-5
2
Y '[x —5x+7 ) x? +1
3) Itgxdx 4) Ism xcos xdx
5) Icoijsinxdx 6 IM
14+3cosx

2 sin xdx 8 J-co'sirdx

cos’ x sin® x
9) fsmxcosxdx 10} _[e'”‘" sin xdx
11) J‘e" dx 12) fe xdx
13) |Vx® +lxdx 14) |/x* —8x%dx

fri 10 f—=~

xIn xIn(In(x)) a +x)\/_

17) _[sin 1ax
xx
24.2 Yangi o'zgaruvchi kiritib integrallang:
X
1} joos3xdx 2} |sin—dx
J Jein3
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3 j e dx

>

4)

cos’ 5x

Jax —1dx 6) j(a-zx)‘dx
7 Isin(a-—bx)dx

24.3.Integrallang:
1) I smx+cosx 2 ¢ dx
Ysinx - cosx J (arcsin XV~ 22
X +1
3 g [———
x* +1 sin® x¥/cigx
dx
5 6
'IlSJit:l2 x+2cos’ x ) sinx
7 Isinz xdx 8) Icosz xdx
g9
) cos* x

Yangi o'zgaruvchi kiritish, bevosita integrallash
yordamida quyidagilarni ishotlash mumkin

IL

02—x

I

IVIJ__
N

Iaz+x a

2—-larcrg£+C
a
--—l-—l a+xl . o
2¢ |a-a

=i—»111|a2 ix2|+C
-arcsm XiC

=111|Ju:+\fx2 +a?

+C
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xdx =+Jat+x* +C

VI
S

2
ViI. |Va? -x? =-2x—~.}a2 -x’ +£2—arcsin;r-+c

a

2
VIIL j\fxz 1 =X+ 2 ia—'ércsin-x—+C
2 2 a

24.4  Integrallarni toping
& xzt-;xg 217
dx

= e

% 2x;:5 o 4;;;3

s

9 ix+i 10) x4
x+1 x+2

1] Jx_+ 12) ﬂdx

13) I;’+Z__x:? 14) I;—;—;—%Ez

15) Im 16) ———————m

17) I_.....__.i‘_x____
\(l 2x x:

19)
x* +2

dx
9 ‘(\)4,1c-—3r2
20) J‘Jle::?
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¢ dx
21} J ) N 2
3sin“ x~8sinxcosx +5cos” x

$25. Bo'laklab integrallash
Ko'paytmaning differentsiali  d(u,v}=udv+vdu
formulasidan quyidagi bo'laklab integrallash formulasi
kelib chiqadi:

Iudv =uv— Ivdu
Bu formula yordamida
Ix" In™ xdx; Ix* sin bxdx; Ix" cosbxdx; Ix"e"“dx
ea |e™ sinbxdx ko'rinishdagi integrallarni topish

mumkin,
25.1 Bo'laklab integrallang

1) lenxdx 2) J.lenxdx
3) Iarctgxdx 4) Ix" cos xdx
5) [arcsin xdx 6) Isi’:fx

7 Iln:zdx 8) Icos(ln x)dx

9) Isinxln(tgx)dx 10) Ix’e"‘dx

xcos xdx

11) 12) _[e‘“ sin bxdx

sin® x

§26 Ratsional algebraik funktsiyalarni integrallash
P(x),0,(x) —~mos darajali ko'phadlar

P
bo'lganda jQL(x))-dx ifoda quyidagicha integrallanadi:
(X
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1) n2m  bo'lsa, -PL(x—)dt noto'g'rl kasr
Q,(x)

deyilib, suratni mahrajga bo'lish yordamida butun

gismi ajratiladi va integrallanadi:

P(x) l( (x)+ A( ))dx bunda R-—butun

gism, -a —to'g’ni kasrdir.

2) n<m bo'lsa, Q (x)ko'phad algebra asosiy
teoremasi natijasiga ko'ra

x-a) (x-a,) ---(x—a%)"' (P Hpx+g) ...

2
A"+ p, x+q, )"
ko'rinishda yoziladi, bunda

kzl, +2k2 Yy =m.

i=1 =1
Kasmi quyidagicha sodda kasrlar yig'indisi sifatida
yozish mumkin:

PX)_ A4 . A . . CxtD |

0.0 x-a (x-a) ¥ +pr+q
C,x+D, C.x+D,
- =+ ...t e
(x‘+px+q) (x2+px+q)

Koeffitsientlar esa anigmas koeffitsientlar
metodi yordamida topiladi.
26.1 Integrallamni toping.

dx

2)

1)
x-2 2 +a’
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3
] X -a )I(x 2)(x 3)
2x+7 3xr +2x-3
=27 & X T dx
J..1\: +x~2 8 I x-x
(x+1) X'
8 {————dx
J.x —x ) Ix2+x 2
x+1
g
) J Sx +6 }j(x+1) H(x— 1)
dx
1) f——m—— 12
} (x+1}(x’+1} ' Xt ~1
xdx
19 |5 _1 14) j -
15
) x‘+4 10 x* +1
17) | dx
a1+ )1+ 2°)
18) |- &

I x4+ ~ 2 x—1

26.2 Anigmas koiffitsientlar metodini
toping:

] ‘.. dx 2) J‘_ix._.._.
x(x+a) (x+a)(x+6)
dx
3 4
) x' =2 ] I(x’ -3)x* +2)
5
j x* =Xt Ix’ +4x

160



§ 27 Irratsional ifodalamni integrailash

+b ax+b
1°. {R(x, @ poony
I ( cx+d r::c-l-d)djr
ko'rinishdagi ifoda
EKUK (A,...4)=m bo'lsa,
l‘,,,__ax+b
cx+d

almashtirish yordamida ratsionallashadi.

2°. IR(x,Ja+b+cx")dx ko'rinishdagi ifoda
quyidagi Eyler almashtirishlari  yordamida
ratsionallashadi.

a} D=5b*-4ac>0 bo'lsa,

a+bx+cx’ = Clx-a)Yx—pB) dan t=1’%@ _

almashtirish o'tkaziladi.

b) D<0 bo'lsa Va+bx+ex? =tTFxie

almashtirish o'tkaziladi.
30 Ix”’(a-i-bx" JPdx  differentsial binom quyidagi

uch helda elementar funktsiyalarda integrailanadi.
1) R—butan bo'lsa, yoyish yordamida.

m+1
2) butun son bo'lsa, a +bx" = ¢’ bunda S soni

n
P ning maxraji,

m+l
3) ——+ pbutun son bo'lsa,
n

ax" + b = ¢’ yordamida ifodalanadi.
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4. [R(x,Va® ~x?)dx

ko'rinishdagi integral

x=asint almashtirish yvordamida,
a
[R(xVa* - x*)dx esa x=—"— almashtirishda,
. cost

IR(JC, Va’ —x*)dx esa x=atgl yordamida

integrallanadi.

27.1 Integrallarni toping.

) Ilfx\/—

) 2,
x+¥2+x

5) IH_J':JY
Vx+1+4/x-1

27.2 Integrallamni toping.

dx
1}
'[ xV2x* +2x+1
3 Ix—\}x +3x+2
x+x +3x+

5 jx x? = 2x+2dx

273 Integrallami toping.

) 41-|-Jc

3 [—dx

x¥1+x°
5) I\}Bx—x dx

Y I

" j‘_dx__
(+H)lx
6) J.x\/a—xdx

2 |

4)}'

x+\/x +x+1
dx

1+vV1-2x-x%

j(1+~/_)
e

4)
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27.4 Integrallami toping.

1) Ix a® —x*dx

2) jx’d4—x’dx
4) V3+2x-xtdx

6) I_____;x’x—a’ '

dx

§28 Trigonometrik ifodalarni integrallash.

Isin"’ x-cos” xdx  m,n € Z ko'rinishdagi
integrallar trigonometrik almashtirishlar, daraja '
pasaytirish, ko'paytmani yig'indiga aylantirish, yangi
o'zgaruvchi kiritish yordamida topiladi.

28.1 Integrallami toping.

1) fsin’ 3xdx
3) Icos’ xdx

5 Isin3 xcos® xdx

7)
cosXx
9) Ictg’xdx
1) Icos xdx
sin’ x

2) Icos‘xdx
4 _[sin“ xdx

6 |-
sin 2x

8) I 1g° xdx

sin® xdx
cos® x

10)

12) fsin 3xsin xdx

. T
13 Sx ——)cos(x +—)dx
) Isin{5x 4)cc:> (x 4)

dx

14) [ e
sin® x +cos* x



28.2. Bo'laklab integrallash formulasidan foydalanib
Icos" xdx uchun “Daraja pasaytirish " formulasini

keltirib chigaring va Icos xdx, I larni
cos’ x
hisoblang.
. 6 dx _
28.3. Ism xdx va I - larni hisoblang.

sin” x
Bobga doir misollar echish namunalari
1. Jadval yordamida integraini toping

6 1
D {2+1g2x+5x + 25 + = +—
J@rigxrsit+ 2 X i
1

: 2
+5x* +2x° +6x7 +x ¥)dx =

)ix =

= j(1+

COS X

fudx + J'cosz - fs_[x“dx+2_[x§dx+

4

2 5 3 -2
= Sy = Ko e X
+6 [xPdx+ [x Sdx = x+1gx+5 5 +2i‘: +6-—+
3
1
3
—1—+C x+tgx+x’ 42 X\/—“—*—+3J;+C

l 2x1‘l *qul xi
2) I e T
| J1-x2 10 T+x

=I 1 +2(1T__1_(1)‘+1+x’-1 _
| V1-22 5] 52 1+ x?
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1 [1) 1[1)* 14 X2 1
= +2| =] —=| =[] +—~ =
1 x? 5] 502} 1+x* 14x

=arcsinx+2(l] —1——1(1] -L+ x—arctgx +C
5 1
"3

cos2x 1 X.3
) | —5——5—+(sin——cos— =
) J‘[cmz xsin’ x ( 2 2) ]dx

coslx-sin®x . ,x .. x x  ,x
= || —5————+sin" - —2sin—cos—+cos" — x =
cos” x-sin‘ x 2 2 2 2

+1-sinxldx =

j sin’x cos’x
=—clgx—tgx+x+cosx+C
2. Bevosita integrallang.

0SX ;. d (sinx)
D I clgrdx = Izmx sinx

d(x+a

bj j( ) Mh+d+c
x+ta xX+a

3. Yangi o'zgaruvchilar kmnb integrailang.

l)ll
b [(x+D)dx = {14t = +c (Ca) e
) fee+1y f T -

=ln|sinxl+C

x+1=1¢, x=t-1 dx=dt

4

2 Rh—6xac= [ (—ud:)—--jrsdx_--th-é 1-6x)' +C
3
1-6x=¢, 6x=1-¢, x:--1~1+.1-’ dx:—--l-dt
6 6 6
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4. Bo'laklab integrallash
1} Ilnxdx=x1nx— Idx =xhx-x+C

=lnx dv=dxdu=ldx v=x
X

2) Ix’ cos xdx = Jx’d(sin x)=x*sinx+
+2{xcosx— Icosxdx} =
=x*sinx+2xcosx ~2sinx+C

31 = fe= cosbxdx = 1 jcos bxd(e™) =

l[e cosbx+b Ie sinbxdx]

o—-a

ax

=—g cosbx+—-jsmbxd(e )'-—l—e coshx +
a

o R

+—fe” sinbx—b Ie‘” cosbxdx] =

a!
1 . b . . 2

=—e” cosbx +—e" sinbx - —- I
a a a

X

Demak, [ = ——zg-—z-(bsin bx + a coshx);
a +b

4
X" +3x
5. I dx ni toping.

x*+1

x" +3x d(x? +1)
Ix+ dx = Izdx Idx Ix+1 -[.xz-lfl-
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x3

=?—x+ 2ll'l(Juc + 1} +arctgx+C, chunki

43, 3x+1
=x° =+ ——.
x?+1 x“+1

j-2x +x+2

6. dx ni toping.

2x* +x+2 A+Bx+c
x(x*+2) x x*+2
2 +x+2=A(x" +2)+Bx* +Cx  kelib chiqadi.
Bundan A+B=2, C=l1; 2A=2, yani A=B=C=]
J‘Zx +x+2 "'_[( x+1

X +2x x x+2

dan

) =

=ln|x|+ 1ln(x +2)+—1——arctg—+C

x+1=15%; t=\/x+1 dx = 6dt almashtirishlar
yordamida integral quyidagi ko'rinishga keladi.

1 «Ix-i-
‘[l+i/xT ‘[l+t 6¢°dt =

-1*+ 7 6 L 4 32 -1
=6 dt=6{1(t"+t +t" - -1+l +—)di =
I 1+¢ -[( r‘+1)

=6-——+—+——— -i-t+-;-]n(t2 +1)-arctgt]+C =

— _le ¥ 16 5 13 z _
= 6[ 7\/(x+l) +5J(x+1) +4J(x+1)
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—%Jx+ —%J’ x+1++¥ x+1+%ln(\/’ x+1+1)-
~arctgdx+11+C

dx
8. j' ni toping.
x+vx? +3x+2
XX +3x+2=(x+1D)(x+2) dan (x+1)t* =x+2
ko'rinishda yangi o'zgaruvchi kiritamiz. Undan

2-¢8 g 20

RS V2R
Demak, berilgan integral quyidagi ko'rinishda bo'ladi:
2t
j' (t —1)2 - J' t die
- - 2r.
22 t "“(21 r? +1) @-D(+1)"(r-2)
t —1 t —1 :
j[ 1 1 2 1 1t =
-1 9t+1 3(t+1) 9(:—2)
=2[1n|1—t|+—1n|z+1|———1—-+§1n|r-2|]+c=
9 3t+t 9
=2Infi - x+21 4 b (221 1
x+1f 9 x+1y 3 Xx+2
1+, [—=)
x+1
+Eln JC+2—2+C’
9 x+1

9. {Vx'+x*dx  irmatsionallikni yo'qoting:
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2 1
IJJ:’ +xdx = _[x3(l+x)’-dx dan -{n—-"—l-i-p=3
n

ya'ni x ' +1=¢
almashtirish zararligi kelib chiqadi.
1 -2t

xX= dt

Natijada, berilgan integral quyidagi ko'rinishga
keladi:

2
-2 I_:___dt
(¢ -n'

10. J‘sinzx-coszxdx da

. 2 ) 1—co2x 1+co2x 1 2
sin” x-cos” x = . =—(l1-cos" 2x) =
2 2 4( )
=lsin22x=l-l—c°S4x
4 4 2
dan

Isin2 x-cos? xdx =
sin4x
4
11. Isinz x-cos® xdx = Ising x-(1-sin® x)d(sin x) =

“1ia-e Y .
-sj(l cosdx)dr = lx 1+C

sin’ x sin®x
5

= j[sinz x—sin® x)d(sinx) = +C

12,
Jsin mxsin nxdx = % j[cos(m —n)x —cos(m +n)xldx =

L
2 m-—n m+n

sin(m—n)x  sin(m + n)x

1+C

169



13, Isin" xdx integral uchun «daraja pasaytirish»

formulasini chigaring. Bo'laklab integrallash
formulasidan

I =- Isin"“ xd(cosx) = —cosxsin™™ x +
+ Icos x(n —1)sin"? xcosxdx =~cosxsin"" x +
(n-1) J-(l —sin® x)sin"? xdx = —cos xsin"™ x +

+Hn-1) _[sin"'2 xdx—(n-1I,,

yami n-f, = —~cosxsin"" x +{(n—1) J-sin"'2 xdx
kelib chiqadi.
n

1 - 1.
Demak, [, =——=cosxsin"" x+ Ism" 2 xdx.
n n

7—bobga doir uy vazifalari.
Aniqmas integrallarni toping.

1y e tsin2ade 2 farctgxdx

dx dx
3 N\ 4 |
} Ix’+27 ) J.2+{/x+1

5 J' xcx
Jx* +4x~5

mon [25 2 fxinGerar

2x% —1 dx
3 -[x3 +1 & 4 ISinx-&-tgx
I dx
A+ x(1+x))?

170



Ill 1 —_— V] . -‘xdx
] jJu:(]ru:-i-4 } Ix ¢
3x-7
3
) jx“" +4x* +4x+16
1+x dx
4) 5
I Yl+x )Iﬁn’x
v o1 ( J-xarcsmx
Jsinzx(4crgr+3) ,}1 —x?
3 | dx " 1+x
Jx2+x2+2x+2) 3:?14_1
dx
5
)Icosx
1) cost ) J‘ 2. e dx
1+sm3x
c xdx cosxdx
J.3 2 4 I
X +2x+x"+2 F+cosx
5]_‘. x“dx
V1= x®
Vi cosxdx

2) Ix arcsin —l-dx
Jsintx X
x+3 Yx+1
3 [ 4

dx
X +xt-2x ](J;+4){/;’7

5)}——51—_
a+bcosx
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VIt 1) -’EJ;“’—“g"dx 2) - In(x* +1)dx

3 x*-3
4522 +6

I Jx+5 5 sin® x
[+3x+5 cos® x

X + arcsin x .
VIII }) [—=—dX 2} xsinx-cosdx

J‘_

dx

x* -81 3cosx +4sinx
dx

5| —r
U2 +24x

3)

sin xdx 2) I x? -sin 4xdx

X 1
]IJ3+2 COSX
3 J' x —x+l
P +2x? -

4 I(J;_—_;{)ngdx 5) j &

eBx __ex
3
X 1) jﬂmxdx 2) fxin’xdx
x
3]_[ 4 [ dx
x* +6x +8 J2sinx +cosx +2

5] J-(1 +x 1 -x?
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r_au 2) j'x-shxdx

3 _[ xdx
(x+1{x+4)(x-3)

+2 sin® x
9 ——i——~—dx )
2 J1-x? t+sin®x

5
XII 1) x—dx 2) Ix"-lnxdx
x+1

2dx
Ve T

I sm XCOSX
sinx + COsx

XII 1) I de 2) Ixz sin 2xdx
x+1

Y I (xF -4 + S)dx

2 len(l+d1+x2)dx 5).[ dx
Ji+x2 C0Sx + COsSe
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x*+1

XIV 1) ——-*——dx 2) |x*arccosxdx
-
}j 3x+1 4 J'1+Jl X ;

x(x* +3)

1-v1-x7
5) I_....___
smx sina

2) |Vx-In’ xdx

XV 1)
1—cosx
3 jx +5x+4
x50 +4
4 J'xz X 5) j%
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8—bob. Aniq integral va tadbiglari.
§29.Aniq integral ta'rifi. N'yuton —Leybnits
formulasi.

[a,b] oraligda f (x) funktsiya aniglangan va ,.
uzluksiz bo’lsin. Bu oraligni bo'laklarga bo'lamiz:
A=Xy <X <Xy <. <X <X,y <o <X, =b.

i+1

Ax, =x,,—x; i=0,n-1 ayirmalaridan eng

kattasini A deb belgilaymiz. Har bir [x,x,,]

oraliglardan ixtiyoriy ravishda biror x = é‘} nugta olib

n-1

o= Zf (‘fi)'bx.‘
im0
yig'indini tuzamiz. Agar bu yig'indining A0 dagi
chekli limiti maviud bo’lsa, u holda bu limit
f (x) ning a dan b gacha oraliqdagi anig integrali
deyiladi va quyidagicha belgilanadi:

[ s =tim> 7(&,)-2

Agar [x,x.,] oraliqdagi & o'miga, shu
oraliqdagi f' (x) ning aniq quyi va yugori chegaralari
m,, M, olinsa,

=i 1=|

S=kaAxk. S=ZM,,‘Axk

k=0 k=0

Darbuning quyi va yuqori integral yig'indilari
hosil bo'tadi.

Aniq integral mavjud bo'lishi uchun
Ein;(S -5)=0 :

o'rinli bo'lishi zanir va etarlidir.
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Agar [a,b] oraligda f(x) ning biror
boshlang'ich funktsiyasi F(x) bo'lsa, quyidagi
N'yuton — Leybnits formulasi o'rinlidir:

b

[7(0)dx = F(b) - F(@) = F()

Aniq integralda ham yangi o'zgaruvchi kiritish
mumkin, lekin, chegaralari yangi o'zgaruvchi
chegaralari bilan almashtiriladi, bo‘laklab integrallash
formulasi esa quyidagi ko' rinishda bho'ladi:

Iudv u- v Iva'u

26.1 Integral yig mch yordamida hlsoblang‘

x . *

F) 2 hdx 2
1) {sinxdx 2 Ixzab: 3) .["T 4) [cos xdx
~l a x 1}

1]

5} |xdx 6) Ie’dx
0 ]
29.2 Hisoblang:

3
1) [xdx 2 zf(x2+i4)dx 3) [Vxdx
1 X
lrw'.’_a

1
g dx T3
4 5 6 dx
)6[\/4—x2 ) a a’ +x° lﬁlle
o dx % ' dx
7 IJFT 8) a{sm4xdx ll

4
10}]”'3"41: 1y fo®

(l+tgx) 5{1+\}2x+1
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1) (X% g3 142’
}I\/4_x_ ];e*+l ]I

0

15) Ismxcos’xdx 16} Im(x+1)dx
& o
J- Ix

17) Ixarctgxdx 18) j',g.cosx@

s 7
19) jmsin,fi_dx 20) 7, = fsin” xd
: 1+x .

?
2) I, = Icos" xdx
o

§30.Yuza va yoy uzunligini hisoblash.

n(x). 2 (. (025 (x))
funkisiyalar vax=a: x=5 (a{b) to'g'ri chiziqlar
bilan chegaralangan egri chizigli trapetsiya yuzi

b
S= I[ ¥, (x)—% ¥ (x)]dx formuladan, qutb

koordinatalarda -

r=rp) p=a, p=8 (a <,8) lar bilan
chegaralangan sektor yuzi

S= %i’wrz (p)dep

formula yordamida topiladi.
y=y(x)chiziq [a,5] oralig'idagi  yoyi
uzunligi '
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b
I= [J1+y? (x)dx

qutb koordinatalardagi » = r(q;) chizigning [a, B ]
oraliqdagi yoyi uzunligi esa

= jJrz (9)+r” (p)dx

formulalar yordamida topiladi. _
30.1 Quyidagi chiziglar bilan chegaralangan soha
yuzini toping.

1) y=d-x y=0 2) y*=2px, x=h
xl yz
YAy

Hxy=4 x=lLx=4; y=0
2

5 y=3-2x—-x°, y=0 6 y=lInx, x=1;

y=0
7 y=x'; y =4x 8 Y =x. y=8
x=0

9]4y=x2. y2 =4x 100 xy=1, xy=4,v=ux,
y=4x
1) r*=a*-cos2¢p 12) r=3+2cosp
13) r=a-cos3p 14) r=ﬂ'(l+Siﬂ22¢)), r=a
30.2 Egri chiziglar yoy uzunligini hisoblang.
2 2 2

3
3) y=x3(05x54) 4y =2px (OSxSxO)

2

5y y=aln (05x5b<a)

2
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6}y =Inx, %5;5_152. 7 r=ap, 0ol

8 r=al™(m=0) 0<r<a 9]r=asin3§

10) r:ath% (0<os27)

§31. Aylanish figuralari hajmi, sirti. Momentlar va
og'irlik markazi koordinatalarini topish.

Tekislikda a<x<bh, 0<y= y(x) egri
chiziqli trapetsivaning Oxo'qi {Oy o'qi) atrofida
aylanishidan hosil bo'lgan jism hajmi

V. =x- f[yzdx, [Vy = Zx?x- y(x)dx]

agas<h, y(x)syzy,(x) egri chizigli
trapetsiyaning Ox o'qi (Oy o'qi) atrofida
aylanishidan hosil bo’lgan xalqa hajmi esa

V= 21r&j‘[yi (x)- v} () [V = Zx]‘x [, (x)- 5, (x)}dr]

formula yordamida topiladi.
Aylanish jismi ¥ ning sirti -

b
S$=2x Iy-d] + y"” dx formuladan topiladi.
Tekislikda O0Sas@<fsz, 0srsrip)

sillig figuraning qutb o'gi atrofida aylanishidan heosil
be'lgan jism hajmi
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8
27
V= —3— I ) -sin@de formuladan topiladi.
X

Zichligi p(x) yuzi § bo'lgan figura massasi

b . b
M= Ip(x)dx. statistik momentlari M, K = jxydy;

¥

b
M, = [xpdx
a
og'irlik markazi koordinatalari esa

x=lM
£

¥yr

formuladan topiladi.

31.1 1) Silindr hajmi formulasini chiqaring.

2} Konus hajmi formulasini chigaring .

3j) Shar hajmi formulasini chiqaring.

4 y*=2px va x=~h bilan chegaralangan
sohaning Ox o'qi atrofida aylanishidan hosil
bo'lgan jism hajmini toping.

5 y =(x+4), x=0 chiziglar bilan
chegaralangan sohaning
Qy o'qi  atrofida aylanishidan hosil bo'lgan jism
hajmini toping.

2 2
x
6) —5- y—z =1;y=1¢ chiziglar bilan
a s
chegaralangan sochaning Ox o'qi atrofida

aylanishidan hosil bo'lgan jism hajmini toping.

31.2 Quyidagi chiziglar aylanishidan hosil bo'lgan
jism sirtini toping.

1) x** +¥* =R* ning Ox o'qi atrofida.
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2) 4x> +y* =4 ning Oy o'qi atrofida .

3) x* +(y—a)® =a’ ning Ox 0'qi atrofida.

31.3 Qutb o'qi atrofida aylanishdan hosil bo'lgan
jism sirtini toping .

1} r=a(1+cos¢) "

Ar’=a’cos2p.

31.4 Quyidagi chizigqlar bilan chegaralangan

sohalar inertsiva momentlari, og'itlik markazi
koordinatalarini toping .

1) bx+ay=ab, x=0,y=0
2) y=x',x=2y=0
3) x* ~}-y2 =az;y20_‘

§32 Xosmas integrallar
A
Agar Lim I S(x)dx mavjud va chekli bo'lsa, uni
—p 00
[a;+oo)oraliqdagi xosmas integral deyiladi va

[f()dx tarzida yoziladi

+0 a0
Shunga o'hshesh  [f(x)dx, [f(x) tami bam
a —o
kiritiladi.
[a,b] oraligning S nuqtadan boshqa nugtalarida
uzluksiz, 5 nugtada —tur uzilishga ega funktsiya
b (x) dan [a,b] da olingan xosmas integral deb

c=v ]
lim ;[ f(x)dx + lim | f(x)dx yigindiga aytitadi.

Ly
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Xosmas integrallar chekli chigsa yaqginlashuvchi,
aks xolda uzoqlashuvchi deyiladi.
32.1. Yaginlashishini tekshiring.

1) _[—-—dx 2 J'_—dx
s V1+x? s¥x* -1

* dx
4 |—
;Inx
P © x
§f—r— 8=
o sIn” x-cos’ x sl —x*t
32.2. Xisoblang.
1 40
dx
1) |Inxdx 2) {—
) Oj ) I =

dx dx
3]!(2—xNI—x 4],‘! 1—x?

5) I 6) Ie“‘“ - Cos xdx
= x +x+ l a
E
7) Iln(sin x )dx
b
1 ) .
323.1) y= " > va uning asimtotasi orasidagi
+Xx
yuzani hisoblang .

2) x>0 da y=e™" chizig Ox o'qi atrofida
aylanishidan hosil bulgan jism hajmini toping.
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Integrallarni taqribiy hisoblash
b
J. f(x)dx eaniq integralni hisoblashda f(x)

funktsiyaning boshlang'ich funktsiyasi F(x) ma'lum
bo'lganda, N'yuton—Leybnits formulasi yordamida
oson hisoblanadi. F (x) —boshlang’ich funktsiyani
topish mumkin bo'lmasa, anig integralni tagribiy
hisoblashga to'g'ri keladi, buning wuchun f (x)

funktsiya soddarog funktsiyalar bilan almashtiriladi.
2. To'gri to'rtburchakiar formulasi.

[a;b] kesmani teng n ta  bo'lakka

x, =a+ k —_— (k 0,,..n) nuqtalar yordamida
bo'lamiz va quyldagl

y b—a & (x +x,,
ek~ 2203 {20 )

taqribiy tenglikka ega bo'lamiz. Uni aniq integralni
fo'g'ri to'rtburchaklar formulasi yordamida hisoblash
formulasi deyiladi.

2. Trapetsivalar formulasi.

[a b] kesmani teng # ta bolakka bo'lganda
= {my)eRix,, < Sx<x, 0<y< f(x)} yuzani
taqriban X=X _ s X=X,y=0,
y= f(xk—l)+[f(xk)_f(xk—l)] to'g'nt  chiziglar
chegaralangan trapetsiya bilan almashtirish quyidagi
e = 222 ) 211 21 27 1)

trapetsiyalar formulasi deb ataluvchi taqribiy tenglikni
olib keladi.
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3. Simpson [parabolik) formulasi:
Agar S, yuza x=x,_,x=x,y=0, va wuchi

I(M] nugtada, (., (%)) (o S5 )

2

nuqatalardan o'tuvchi parabola bilan chegaralangan
egri chizigli trapetsiya bilan almashtirilsa, parabolik
formula deb ataluvchi quyidagi Simpson formulasi
hosil bo'ladi.

L] b _ ’
s = Eﬁi{(y" +y,)+2(y, +.,.+y,,_,)+4[y£ oty
] . *

Bu holda oraliq 2n gismga bo'linadi.

rdx

1. Trapetsiyalar formulasiga kora In2= j‘w—
X
1

hisoblangin.

g To'g'ri to'rtburchaklar formulasiga ko'ra
2x
[xsinxdx nisoblansin va aniq qiymati bilan
¢]

solishtirilsin (7 =12).

] dx

Simpson formulasiga ko'ra 7 =0 |~=———
3 ——
0 l—xz

faqribiy giymati hisoblansin.
4. p =10 da Katalon doimiysi deb ataluvchi
1

arctex
G= _[ £ dx hisoblansin.
X
a

'
5. je"zdx ni 0,001 gacha aniglikda hisoblang.
o

6. Yarim o'qlari a¢=10,b=6 bo'lgan ellips
uzunligini taqriban hisoblang.
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7. j‘e'xldx ni 0,001 gacha aniglikda hisoblang.
°

Integrallash sohasini teng 20 gismga bo'lib, Simpson
formulasi yordamida hisoblang.

3 7

1) _[ X+ 16dx 2 ij’+32a'x
N o

3) j % +8dx 4 _Hx’+4dx
-2 a
9 [i

5) J'Jx3+11dx 6) ij3+1de
-1 1
8 )

7t VX’ +14dx g8) [vx® +1dx
-2 -
9 3

9) {x® +5dx 10} [vx® +11dx
" N

11) j‘x3+13dx 12} j x* +15dx
-12 -1
[/ 8

13} |Vx® +9dx 14) [Vx* +22dx
-4 -2 )
9

15) _[Jx3+?dx
-

Bob bo'vicha misollar echish namunalari
1. Integral yig'indi yordamida integralni hisoblang:

]
_[x*“dx
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[a.b] oraliqni g, = JE yordamida
a

a,aq,aq’,....,aq" = b bo'laklarga bo'lamiz: Har bir
bo'lakdagi eng kichik sonni £, sifatida olamiz:
(p=-1)

=1

0,=2,(a-¢"Y lag"" ~ag']=a"" (g~ 1) Z(q*’“)

G-

+ . . -1
=0 g =)L =0 )

Demak,

_ g+l _ _pl
Ix”dx limo, = (b*"a*)lim—LL 2@
wl g’ -1 p+l

P =~1 bo'lgan holda

o, =n(g, -—1)=n("-—z?——1) dan

I—-—--hmo' —hmn(n?—- D=nb-Ina
a

H—p A=

kelib Chlqadl

2. N'yuton — Leybnits formulasi yordamida hisoblang.
1)

3

_=~[\/_ gy ]—-—-[16 1]=_.__1125
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2)

ﬂl e = j(l x)dx+I(x D)dx = (x——‘) —x)[ =
~I-%+2—2—2 (-—1)_1 .

a
3) Ixz Nat —xPdx
.3
X = asint almashtirish o'tkazamiz. x =0 da ¢ =0;
4
x=¢a da esa = E ekanligini topamiz.

dx = gcosidt ni hisobga olib:

a®-sin’f-vJa® -a’sin’¢-acosedt =

D M A

4

x "

) a 7
=at. Isinzr-cosz tdt=—-—j sin® 2¢dt =
] 4 ]

nat

16

4

a 2 a’ sm4t]
= |l ~cosdtldt = — 21—
8 ;![ ]d 8 4

1
4) Iarccos xdx = X - arccos x|,

1
f"‘“r—"*

LA
2 =
o
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3. y=2x—-x" va x+y=0 chiziglar bilan
chegaralangan soha yuzini toping.

Dastlab bu chiziglar kesishish nuqtalarini
topamiz:

—x'=—x23x-x"=0 x3-x)=0
5=0 x,=3

y =3+ 2x = = 2| = (e~ 1f 1] = ~(x -1
[0:3] oraliqda 2x - x* = —x ekanligidan

S= ;[[2::-352 +x}it= ;[[3x—x2:|dx=(3*-§-‘i;i}

=13,5-9=4.5 (kv.b)

,_ 217
] 2 3

4. r=g-sin3p (uch yaprocjli gul) bilan chegaralangan
soXa yuzini toping.

1
[0;1{] oraligda uch yaproqli gulning -6- gismi
6
joylashadi. Demak

—GIa -sin’ 3pde = 3a Il cos 69

3¢ sinsqa]?
T2 (‘D 6

0

2

7a _3a o)
2

4

3. y=lucosx [0 <x< a(%) chiziq yoyl uzunligini

toping.

y' =—.(csinx)=—sgr ekanligidan
Cosx
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a|
o}

4 “ 1 % dx x
l= 14tg’xd = dx = =Inlr [._+_
;! &% (;Ncoszx ;,[cosx 82 4]
a 7 z a
.t B z 1ol —+ =
'g(2+4] g(°+4j 6{2 4}

6. r = a{l + cosp) (kardoida) yoyi uzunligini toping. =
fo,x] da bu chizig yoyi yarmi joylashgantigidan

=In +In =I-n

I= 2!Ja’ 1+ COS¢))2 +a* -sin’ pdo =
]

=2a IJI +2cos@+cos’ @ +sin’ pdo =

¢
x p % sing
2 = -— " r—
2«/5-06[1‘2005 Ed@-4a!cos5d¢-4a T
2

7. Kesik konus hajmi formulasini keltirib chigaring.
Kesik konus asoslari radiuslari r,R, balandligi H
bo'lsin. Uni [0; H] kesmada A(O;r) va B(H ;R)
nuqtalardan o'tuvchi to'g'ri chiziq
x=0x=H, y=0 lar bilan chegaralangan
trapetsiyani Ox o'qi atrofida aylantirib hosil gilish
mumkin.

;=8

AB: y=r+R_r-x
H

l@zf:j[r+R_r-x]2dr;—- nH [r+R r-x]3|,‘f=
3 3(R-—r) H
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H (o
EEDIE

==-‘E,;—I--[RI +7R +r2]=£;—[S+~JS-s +5);

8 x? +(y_b)2 =a’ (b > a) ning Ox o'qi atrofida
hosil bo'lgan xalqa sirtini toping.

y=bt+a®’ —x* bo'lgani uchun [-a, a] da

h

dx 47m(b—2- + aJ,

S, = 47:[(b+da -x? 1+
S, =4m(-z-,—27—r—a] lardan

S = 4r? - ab kelib chigadi.

9, I—;dx yaqginlashishini tekshiring.
x

o0 A =g+

| —dx=lim [—dr=lim | =

i X A—-)mlx A-pem _p+1 |
=P 1 11— P<1
TP TP +00 p>1

P =1 hoida alohida tekshiramiz:

a-4o0

"edx
I—; = lim ln[x| = hm ln|xﬂ = 440,

Demak, r> 1ta vaqinlashuvchi; r<1 da uzoqlashuvchi,
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yaqinlashishga tekshirilsin

dx
1o ;[(b—-x)"

b b-v - —p+l v
a [—%— = tim j B i) O
o0 e T pel |

—a\?
e

=l i P
P P 00; agar p>1.
r=1 da
b b-v
J-dx =1 J‘d(b x)
b—x vt 4 h-x "o

— H - — = 400

lim[ tnfv] - In|b ~ ]
Demak, bu xosmas integral p<1 da yaginlashuvchi,
P 21 da uzoglashuvchi ekan.
11. Xisoblang.

T odx . % dx . 4

I = lim = lim arctgx

145 4= )14x® A= !

T n
~—hm arctgd —arctgl] = Z-Z =7
narctgd —areigl] =5 =5 =7
12. Son uklari va x>0 da y=e¢* chizik bilan
chegaralangan soha yuzini toping.

u'.-—-

+ A -2.!.' A
S= fede=lim e dc=lim| =& | =0+L=
2 2

A Ay
5 —wo | 0
(

kv.b}
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8-bobga doir uy vazifalari.
Quyidagi chiziglar bilan chegaralangan figura
yuzini hisoblang:
D y=3x*+1va y=3x+7
2) y=x; y=x+sin’x @<sx<I)
3} r=3(1-cos¢)
4 r= P2 0L L)
1+gcose

5 y=x;y=x+2;, y=3;, y=4
Yoy uzualigiot hisoblang. _
6) y=+(x—2) A4(2;0) dan B(6;8)gacha
1T, 1
A x=—py-—=1 l€y=<e
) a1 (Isys<e)
3

2 X

8 y = (OS.xsga)

" 2a-x
9 5 +{y! =V
10) y=achZ, A(0;a) dan B(bh) gacha
a

Quylidagi chiziqlar bilan chegaralangan figura
aylanishidan hosil bo'lgan jism hajmini
toping
i)y xy=4, x=Lx=4,y=0 Ox o'qgi
atrofida; '

12) y*=(x+4) va x=0 OY o'qi
atrofida;

13y y= x> va y= \/; Ox o'qi atrofida;

14) y=1+2x2 va y=\/x_2 Ou o'qi

atrofida;
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Xosmas integralni hisoblang
uzodlashishini hisoblang.

ey -3
2 xdx
1 Fdx 2) |——
] G[xe }_£(Jﬁ+l)2
3 T dx 4 b x?dx
x? +x+1 J 1=
) [ ]
J(x-1)? a(x+3)?
4ot 3
7 [ 8 | &
3 xfnx s (x-2)
T dx T &
9 |—/—— 10 —_
) J;/(x_g,)i }“£x2+4x+l
Ytarctgx T odx
11 dx 12
] ;[ x? } Jx% +2x
g e ™"
13) | —r=o= 14 dx
! !x\/x2~l } 1'["
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9—bob. Ko'p o'zgaruvchili funktsiyalar. Qatorlar.
§33. 1kki o"zgaruvchili funktsiyalar. Limit,
Uzluksizlik,

Ikkix,y o'zgaruvchilarning x,y juftligiga

biror qonun yordamida Z ning yagona giymati mos
go'yilgan bo'lsa, bu qonun ikki X,V o'zgaruvchili

funktsiya deyiladi va Z=f(x,y) ko'rinishida
yoziladi.
lim f(x,y)=A4 bolsa, A soni f(x,y)
e
funktsiyaning P(x, y) nugta Py(x,,v,) nugtaga
intilgandagi limiti deyiladi.
Sf(x,y) funktsiya Py(x,,y,) nugtada uzluksiz
deyiladi, agar :
}li{l; f(P)= f(P) tenglik o'rinli bulsa.
[

33.1. Aniqlanish sohalarini toping va tasvirlang.
1) z=x+J; 2]z:\/1--x2 +\/y2-1
3z =+Ja’ b’ ~bx’ -y’

1 Pyt —x

§) 2= 5 z=
J¥ v -1 2x -2~y
x
6) z=arccos
x+y
7) z = yfsin(x* + y?) 8z =Inxy
9z =In(-x-y)
33.2 Takroriy limitlarni xisoblang:
1, .2 ¥
. .oXT+ . . X
1) lim hm—Ty7 2) Iim< lim
xmj yoaw y© x-3e0 |yt | 4 ¥
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N U | xy . 4.
3) {glg{}gg > tngy} 4) y_lgtlgglogx(ﬂy)}

33.3. Karrali limitlarni hisoblang.

) lim— XY g Sy .
amX —xy+y ™ox
xz
2 3 1im[,_2i3’.._2)
A= X +y
Yri

2 2 y
4 lim{x* +y2J7" 5 lim 1“(: e 2)
;::g : P VX 4y

334  Quyidagi funktsiyalar uzilish nuqtalarini

toping.
1) z= ! 2) z=
x?+y? X+y
3} z= !
X-y-z
1
4 z=In

\f(x—a)2 +(y-b)? +(z—c)?

§34.Xususiy hosilalar. To'la diferentsial,
z=f (x, y) funktsiyada v ni o'zgarmas sen
deb faraz qilib, x bo'yicha olingan hosila, {yoki
aksincha)  xususiy  hosila deyiladi va mos
. Oz oz C . , .
ravishda —, — yoki Z,+ 2, tarzida belgilanadi.
ox dy

Ulardan olingan xususiy xosilalar ikkinchi
tartibli xususiy xosilalax deyiladi va
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2 2 2 2 " "
65'55162162 yoki Zyg, Zyy,
ox* oyt oxdy Oydx

ar "

Zy, Zp

ko'rinishda belgilanadi. SHunga o'xshash yuqori
tartibli xususiy hosilatarni ham kiritiladi.
Agar funktsiya orttitmasini
oz
Az = %Axd-gy—-ay+0(\mx’ +Ay?)
14
ko'rinishda yozish mumkin bo'lsa, funktsiva

diferentsiailanuvchi deyiladi.
Orttirmaning chizigli bosh qismi funktsiya

to'la diferentsiali deyiladi:
oz 0z
dz = —Ax+—A
ox oy 7

z=xvadi=Ax, Z=y va dy=Ay
ekanligidan

oz oz
dz = —dx + —dy.
Ox Oy
34.1. Funktsiyalar xususiy hosilalarini toping.
1. z=x"+3x’y-y? 2 y=In(x*+y?)
3‘2-._.-—y— 4.z = arctg L
X x
X - -
5, z = —_2_ 6. z2=x-e »
X -y :
x +
1.z = arcig rrr
X

8 z = aresin | ——————
NI

9 z=x'
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34.2. Quyidagi funktsiyalar uchun ZJ,:)t = z;,, tenglikni
tekshiring:

2
1.z =x* —2xp -3y 2.z=x"

’x
3. z = arccos  _f—.
y

34.3 To'la diferentsialini toping;

%

LLz=x"-y" 2z=e? 3 z=2
y
4 z= 5" +)° 5.z=In\x* + 5
6. z=x-Iny
34.4. Ko'rsatilgan xususiy hosilalamni toping.
1. z=xIn{xy} bo'lsa z= &z
. , ooy
2
2. z=g? bo'lsa , 0z
Oy
X+y "z
dz= bo'lsa , .
x-y ox"ay”
9z

4z=xy-e"'bolsa, ——.
O + oy

$35. Ikki o'zgaruvchili funktsiya ekstremumlari.

z=f(x,y) funktsiya z, =0, z;, =0 yoki

df =0 shartlar bajariladigan kritikk nuqtalardagina
ekstremumyga erishishi mumkin,
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P(xy,y,) kritik nuqta uchun A= FAENSAT
B= f;(zq,,yo), C= fw(lg,,){,) belgilashlar kiritamiz;

Axy)y) nuqta
i. Minimum nuqta, agar 4AC — B2>0, A>0
(C > 0) bo'lsa,
2. Maksimum nuqta, agar 4C ~ B? > 0,
A<0 (C < 0)bolsa,
3. Ekstremum mavjud emas, agar

AC - B? < 0 bo'isa

Agar AC — B? =0 bo'lsa, bu nuqtada
ekstremum bo'lishi ham, bo'lmasligi ham mumkin.

z= f(x;y) funktsivaning @ (x,y) = 0
shart ostidagi ekstremumni topish uchun
yordamchi

L(x, y,4) = f(x, ) + A9(x,y)
Lagranj funktsivasining ekstremumini topish kifoya.
35.1. Funktsivalar ekstremumlarini toping.

1) z=%x? ~xy+y> +9x-6y+20
2} z=x2+{y-1)

3) z=x"+y’ -3xy

) z=yVx -y? ~x +6y
5)z=e* 7 -(5-2x+y)

35.2. Funktsiyalar shartli ekstrernumlarini toping.

1 1
LzZ=—~+—, x+y=2
x Yy
x° oyt 2
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3Z2=Xx-y, 2 +yr=2
pz=2+2 x* +y? =1

a b
5.z=x2+12xy +2y7, 4x? +y? =25

353. z=x" - 9xy +10 funktsiyaning

D= {x 20,yz0, x+y< 2} sohadagi eng katta va
eng kichik giymatini toping.

§36 Tkki karrali integral yordamida yuzani
hisoblash,

10, Agar {S) soha
asxZb, y{x)< y<y,(x) tengsizlik bilan
aniglangan bo‘lsa, shu soha yuzasi
»i(x)
= lim 3"y Axay = j’ jdxdy j'dx | dy formua

ﬁy—bo a nlx)
yordamida hisoblanadi.
20, Agar (S) soha

hsy<l, x(y)<xsx,(y) tengsizlik bilan
aniqlangan bo'lsa, shu soha yuzasi

1 aiy) '
S = j fdrdy = [dy [ dx

L x{r}
30, Aga.r {S} soha qutb koordinatasida
0, S @< @y, r(9)Sr<rn(p) tengsizlik bilan
aniqlangan bo'lsa, shu soha yuzasi

n(e)

5= Hrdd(o jdqp j rdr.

o nlpd
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Agar S soha x = x(u;v) va y= y(u; v) almashtirish
yordamida sodda sohaga o'tkazilishi mumkin bo'lsa, u
holda yuza ﬂlJ Idudv yordamida ani¢lanadi, bu erda

Ox
_{ou

Ox

ox _
36.1 Ikki karrali integral ko'rinishida yozing va
chiziglar bilan chegaralangan yuzani hisoblang.
Lxy=4, y=x,x=4
2. y=x",4y=x*,y=4
3. y=x’,4y=x",x=42

2

a 3 x
4. =—,xy=2a",y=—,y=2x
xy 2 Xy y 5 Yy

J

e Pl

Egri chizigli integrallar. Grin formulasi. Yuzalarni
hisoblash.
10. Egri chizigli integralning aniqlanishi. Silliq

AB yoyda P(x, ¥ z) uzluksiz funkisiya aniglangan
bo'lsin. AB  yoyni A(xy;veiz) M,(x;:¥32,).. .
Mn—l (xn—l;yn-l ) zn—l) B(xn ;y,, ;Zn) nuqtala‘r
yordamida gismlarga bo'lamiz, bunda x; —x, ; = Ax,.

alxigaoéP(xj,yf,z, )Ax, integral yig'indi limiti

AB yoy bo'yicha olingan egri chiziqli integral deb

ataladiva  [P(x,y,2)dx tarzida yoziladi.
AR
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[0l y,2)dy. [R(x,y,2)dz,

I(de+Qdy+Rdz) egri chizighi integrallar ham
AB
yugoridagiga o'hshash aniglanadi.
Quyidagi ko'rinishdagi egri chizighi integrallar

ham uchrab turadi:
fP(x, y,z2)ds = g:glo i P(x,,y,,z,As,, bu erda
A8 AT

As, =M M, .

20, Agar AB yoy x= f(t), y=go(l), z =y/(t)
tenglamalar bilan aniqlansa, ¢ parametr esa M (t)

nuqta AB yoy bo'yicha bir yo'nalish bo'yicha
harakatlanganda monoton o'zgarsa, u hoilda

[Plr, o) = [PLAE b Ol e

Yopiq L kontur bo'yicha olingan ikkinchi tur
eqgri chizigi integralni wva shu kontur bilan

chegaralangan [} soha bo'yicha olingan ikki karrali
integraini bog'lovehi formula Grin formulasi deb

80 &P
ataladi: qPdx+Qdy = || —~—
fracror=ll5-5
Bu formuladagi P (x, y), Q(x, y) funktsivalar va
ularning birinchi tartibli hususiy hosilalari ) schada

va L konturda uzluksiz bo'lishi kerak. Egri chizigli

integralda L kontur bo'yicha integrallash musbat
yo'nalishda olinadi. Ikkinchi tur egri chizigli integral
orqali oddiy bolakli— silliq kontur bilan
chegaralangan § yuzani hisoblash mumkin:

s =c;xdy=w<iydx=—;—4xdy—ydx
L L L
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Misollar:
1. Grin formulasi bo'yicha

J= <3.'2(.7c2 +? ):it +(x+y)dy integralni
L
‘hisoblansin, bu erda L — ABC uchburchak konturi:
A(LY), B(2:2;),C(13).
Ecish: Ab,BC, C4 to'g'ri chiziglar tenglamasini

x.—— -

L _YHh tenglama yordamida topamiz: AB
X=X Vi W
da y=x.

BC da y=-x+4, AC da x=1. ABC

uchburchak konturi bilan chegaralangan D soha
x=1l, x=2,y=x,y=4-x to'g'ri chiziqlar
orasidadir. Bu ma'lumotlar ikki karrali integralni
hisoblash uchun kerak. Endi

P=2(x’+y"),@=(x+p) lami  topib, Grin

formulasiga go'yamiz va
4-x

J = H(2x+2y—4y)dxdy22}dx j(x—y)dy=

= —:ll(x ~y) i dx = -—:3'(2‘1—-4)2 dx = —g—

2. cj.(e" +2xcos y)dx + (e"” -x"sin y}iy integraini L
L

kontur bilan chegaralangan D soha bo'yicha olingan
ikki karmrali integralga keiltiring.
Echish: Misolni echish uchun Grin formulasidan

foydalamiz. Berilgan P (x, y) =e” +2xc08 y,

202



o0

O(x,y)=¢” —x*siny uchun = ye® —2xsin y,

g-}i:xe"” —2x-siny.

oy
4de +Qdy = H[(ye“” —2xsiny)~
L . D

~{x-e” —2xsin y)]dxdy = _U( y—x)e”dxdy natijani
D

hosil gilamiz.
36. 2. 4(2;2;), B(2;0) nuqtalar berilgan. I(x + y)dx
(©)

2
x
integral 1) OA to'g'ri chizig bo'yicha; 2) y = 7

parabolaning OA voyi bo'yicha; 3) OBA sinig chizig
bo'yicha hisoblansin.

36.3. 1). d{i— x> Jix + 2{1+ »* by inteqrat L kontur
L

x* +y* = R? aylana bo'yicha a) Grin formulasi orqali
va b) bevosita hisoblansin.
2). q‘(xy +x+ y)dx + (xy +x- y)dy integral a) Grin
L
bo'yichava b} bevosita hisoblansin.
2 2

X
t—hol. L kontur — + '};T =1 ellips;
a

2—hol. L kontur x* +y* = ax aylana.
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§37 Sonli gatorlar va ularning yaqinlashish

alomatlari.
DI Tl R Thas TR S S qator
n=t
yaginlashuvchi deyiladi,
agar $+~ @ tat et a, qismiy yigindilarining

limiti hmS, =5 mavjud va chekli son bo’lsa, aks

holda kator uzoqlashuvchi deyiladi.
] . o im g =0
Qator yaqinlashuvchi bulishi wchun - """
bo'lishi zarur.
Yaginlashuvchilikning etarli shartlarini quyidagi
alomatlar bera oladi.

e 2.b,
I. 19 Zan (1) va = (2) qatorlar uchun biror
-1
nzn, nomerdan boshlab 0<gq, <p shart bajarilsa,
(2) —gator yaginlashishidan (1) —gator yaqinlashishi,
(1} - qator uzoklashishidan (2} —qatorning uzoglashishi
kelib chiqgadi.

1 ]
20 Agar a, = O*(~—p). bo'lsa, Z a, qator
n n=l
p>1 da yaginlashuvchi, p=<1 da uzoglashuvchi
ho'ladi.
Musbat hadli _a,, qator berilgan bo'lsin.
11. 1%, Dalamber alomati.

. @
D=lim—2% =q bo'lib, q<1l bo'lsa,

N—po an

yaginlashuvchi, q > 1 bo'lsa uzoglashuvchidir.
2% Koshi alomati.
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K =lim3fa, =q bo'libb gq<1 Tbo'lsa, qator

yaqginlashuvchi, q > 1 bo'lsa uzoqlashuvchidir.
3%, Koshining integral alomati. Agar f{(x) funkisiya

x 21 da manfiymas o'smaydigan uzluksiz funktsiya
bo'lsa,

-

S0 v [

]

!
bir paytda yaginlashadilar yoki uzoqlashadilar.

o0
111, Ishorasi almashinuvchi qator Z(-—I)Hlan

n=l

yaqgintashuvchi be'ladi,
agar a4, > a, >..va lima =0  bajarilsa
an qator
o=l -t

absolyut yaginlashuvchi deyiladi.

Agar Zlbnl uzoglashsa va Zb“

yaqinlashsa, u holda Zb“ shartli yaqinlashuvchi

deyiladi.
37.4. Yaginlashuvchiligini isbotlang va yig'indilarni
toping.

) og)eted)
2 3 2° 3 2" ¥

2)—+-—1-—+...+——-1'——+
1.2 2-3 n(n+1)
1 1 1

3) e e

ere P ———e—
14 4.7 n(n+1)
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37.2 Alomatlar yordamida yaqinlashishinj tekshiring.

o () & 22 = ]
1]2 2}Z n 3,2 2

n=} 2” n=J n =1 1+ﬂ
4 —_— 5 6
),,z,l: Jn ),,z.; n? -1 IE 1+ n?
w i ) (Hl)2
7 e 8
}é inn ]§ 2"

36.3 Absolyut va shartli yaginlashishni tekshiring.

§38 Funktsional va darajali qatorlar.

19 X to'plamda aniglangan f,{x), £,(x).....,£, (x},....
funktsiyaiar ketma— ketligi uchun

a) limf, (x)=f(x), b)
=5
Him Suplf, (x) ~ f(x){ =0
= xeX
shartlar bajarilsa, bu ketma~ketlik X to'plamda f(x)
funktsivaga tekis yaqinlashadi deyiladi va f = f
tarzda yoziladi.
203" u, (%) = 0, (X) U, (2) +o U, (X) +..,

n=t .
funktsional gator yaginlashadigan X nugqtalar to'plami
bu qatorning yaqinlashish sohasi deyiladi.

S(X) = lim S, (x) funktsiya funktsional gator
n-se0
yigindisi,
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R,(x)=S(x)—S,(x) esa qator goldig'i deyiladi.

Z u,(x) qator [a,b]kesmada tekis
n=]
yaqginlashuvchi deyiladi, agar ixtiyoriy €>0 uchun
shunday N nomer topilsaki, n>N va ixtiyoriy x€ [a.b]
R,(x)}< Sl tengsizlik o'rinli bo'lsa, -

3% Veyershtrass alomati Agar shunday Z <,

n=1

yaginlashuvi sonli qator mavjud bo'lib, |U u (x)l <C,,

larda

x€[abl, neN shart bajarilsa, Z u,(x)
n=l

funktsionalqator {ab] kesmada absolyut va tekis

yaqinlashuvchi bo'ladi.

40,

Y =ax"=a,+a+ax*+..+a,x"+.. darajali

n=0
qator uchun

R=1ir§j ht)

a1'|+[

soni yakinlashish radiusi deyiladi:

Qator |x| <R da yaqinlashuvchi, lxl >R da esa
uzoglashuvchi bo'ladi.

(-R,R) yagqinlashish intervali ichida gator
absolyut va tekis yaginlashuvchi buladi.
59 Berilgan sohada tekis yaginlashuvchi funktsional,
darajali qatorlarni hadma-—had differentsiallash va
integrallash mumkin.
38.1. Tekis yakinlashishini tekshiring.

a) f{x)=x", 0sx<1
b} f,(x)=x"-x" 0<x<1

207



4 L= 05 x <

1

g j;,(x)=n( xt=—=4x), 0<x<+w
n

38.2. Tekis yaqiniashishini tekshiring.

a) ,,Z..:x+2“ , —2<Xx <4
c X

b} Em, 0<x <4w

WS <o

=1 +n’x

g) icoj’fx . [x] <400,
n=[

38.3. Yaqinlashish intervalini toping.

a) g(n—&]nzx“ b) gﬁgﬂ(xﬂ)“

oo an L X n
V) 9) -
,,Z=,: 2" ,,Z=.: [ sinn )
38.4. Qator vig'indisini toping.
3 5

X
Q) X = o
3 5
x x° x
b) e A e b .
1-2 23 3.4

l 1'3 2 1‘3‘5 3
viIl+—x+ X+ X"+
2 2-4 2-4-6

g) x+2x7 +3x% + ...

d) 1-:2x—2-3x* +3-4x° —...
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Bob bo'yicha misollar echish namunalari
i Z=J(x* +y7 ~14d—x* —y?

funktsiyaning aniglanish sohasini toping.

(P +y -Dd-x*-yH=2 o shartidan
quyidagilarga egamiz;

x*+y*-20
yoki
4-x*—y* 20
x2+yP 150
4-x*~y?<0
X +yt>l _
Bulardan yoki
x*+y* <4
xt+y? <l .
s , kelib chigadi.
X +y 24

ikkinchi sistema echimga ega bo'la olmaydi
Demak, berilgan funktsiya 1<x? +y? €4 xalqada

aniqglangan ekan.

r

2 lim(1+2)* =

X=3ad X

1, Xt hm_l; I“_,‘},_l}"
. 1 xr—* ;::l"‘— ;-ml*—*
im(l+=) ¢ = *=¢ *=¢=e
y-»a X
X=pa

3. z=In{1—x* - y?) uzilish nuqtasini toping.
Funktsiya 1—x? —y? >0 da uzluksiz, x° +y_2 =1
da esa, ya'ni birlik aylana har bir nuqtasida uzilishga

ega.
4. Birinchi va ikkinchi tartibli xususiy hesilalarni

toping.
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z=y* +x* —4x?y?;
z, =4x —8x-y%; 2z} =4y’ —8x%y ;
2
z, =12x*-8y% z, =12y%-8x .
z, =—16xy =2z, |
m+i

5 z=(x?+y*) - ¢*** uchun

ni toping.
ox"ay"

z, =&™ [x2 +y' & 2x]

z =" [x2 +y +2x+2x+2] = e“y[xz +3 +4x 4+

z, =& |:J|c2 +3? +4x+2+2x+4:|=e'”” I:Jr2 +y" +6

6(4)2 — 5ty 2 2 8 12

pw = e [x +y" +8x+ ]
_ Yugoridagilardan ;

"z 5 2
— =mm-1D)+2mx+x" +y le”

o =[mm=D ¥

m +1

-6%—_;—;;-: [2y+ m{m-1)+ 2mx + x* + y’]e
n =[n(n—1)+m(m—l)+2(mx+ny)+x2 +y2]e‘
o™ dx”
6. z=In\x* +y* ning to'lig differentsialini toping.

. 1 1 x

z, = . 2x =———F va

Jeiayr 2x% 47 x"+y
N Y
Zy = 52 +y2
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x
ekanligidan dz=———dx+— Y > dy.
X +y x*+y
X

7. z=e?(x+ Yy )ekstremumini toping.

x 2 , x
z, =e2(—§+y7+1)=0 : 2, =2y =0 danx = -2;
y=0
kelib chiqadi. P(—2,0) kritik nuqta.
« 1 alx ¥y ol
, == e —+=—-+21; z,, =yes;
#=3 {2 2 } » =)

gz
" = 1
z,=¢e*(2+y) lardan A=—; B=0; C:-z-
Y 2e e
ekanligi kelib chiqgadi.

1 1

AB-C? =—>0; A= % >0 po'lganligi uchun
e &

funktsiva P(-2,0) nuqtada minimum qiymatiga

erishadi:

e (~2,0)= -2,
e

x
8. z=x" +y2 parabolaning — + —Jg— =1 shartdagi
a
ekstremumlarini toping.
Lagranj funktsiyasi

Lix,y,A)=x>+y" + A(—“f +-';i —1) ko'rinishida
a
bo'ladi.
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L =2x+-;£=0. L =2y+-:1-=0 va
a b

Z+Z1=0
a
24° - b° ab’
shartlaridan 1:—-—-—-; X=—-";
a® + b a’ +b°
ba’
y="2 + bz kelib chiqgadi.
(74
ab ? a’b N
P(32 + b2 ;az " bz)kntlk nugta ekan.

L:,:Z; L"xyzo; ﬂ;,:l lardan A=2, B=0,
C=2 ekanligi AC-B?=4>0, A=2>0

lardan esa

b a’h

a’b’+a’b’ _

a’l

2

Crin = (aﬁam2 Pl ) = (a3’ +17)°
9. z=x? —xy+y” +1 funktsiyaning
D= gx) +,y] < 1} sohadagi eng katta va eng kichik
giymatlarini toping.
z, =2x-y=0, Z; =—X+ 2y dan kritik nugta
P(0;0) ekantigi kelib chiqadi.
A=z, =2 B=2_=-1, C=z =2 va
D =AC-~B? --—'2-2—(-~1l)z =3 # 0 ekanligidan
7. (0:0) = 1 kelib chigadi.

Bundan tashqari D soha chegaralar,
masalan, X+y=1 da z=3x’-3x+2 ko'rinish
oladi va 252 bo'ladi.

212

a’ +



2{1;0)=z(0;1) = (- 1;0) = z(0;~1)= 2 ekanligidan
esa z,,, (L0)=2, z,.,(0,0)=1 kelib chigadi.

1 1 1 (—1)"_1
10. I—-"-+-—-——+...+-—-*—‘—... qator
2 4 8 2"
yaginlashishini ishotlang va vig'indisining toping. .
1 1 1 1 1
S=(+—+—+..)-(=+—+—+..)=
¢ 4 16 ) (2 & 32 )

Berilgan gator yig'indisi chekli son bo'lganligi uchun,
ta'rifga :
ko'ra yaginlashuvchidir,

i1. ”ZIOD:)
n=i +

yagintashishga tekshirilsin:

n
Dalamber alomatiga ko'ra;
1000!!4—1
D=tim 83D i 1990 6
e 1000 re=n+)
n

Qator yaginlashuvchi.

o n—1

2) Z (—l)“(“-” yaginlashishga tekshirilsin.
n=2 +

Koshi alomatiga ko'ra

{n—1} nel o, 2
. -1 X 2 ey
K =limy =hm(l-—e) 2w 2
oY1 me gl
3 ;rm”__l 1
=g r-ym gl _e"2=__2_<1
€

Qator yaginlashuvchi.
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- 1
3) Z-— yaqiniashishga tekshirilsin.
~n-ln’n

Koshining integral alomatiga ko'ra p#1 da:

o A
I dx = lim J‘d(]nx) - Yim Inx -
sxInfx  4w=d Infx A —p+]

. |In'"?4 In'*F2
= lim -
Aveel 1=p  1-p

_fp>1 " da yaginlashuvchi
" \p<1 da uzoglashuvchi

p=1

+e dx A

=l 1 =i A
da zj = lim i[d( a(lax)) = lim In(x)| 3 =+
Demak berilgan qator ham  p < lda uzogiashuvchi,

p 2 1da yaqiniashuvchidir.

o h x Y
12, ——] absolyut yaginlashishga
Sn+1\2x+1

tekshirilsin.
Koshi alomatiga ko'ra:

K = lim o [ X )
n-ree In+1 2x +1

<] da, yani x<~1 va x> -—% bo'lganda

x_|
2x +1]

2x +1
berilgan gator absolyut yaqinlashuvchi.
13. Tekis yaqginlashishga tekshiring.

1. £, (x)= x2+iz; —00 < X <+
n
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a) lim f, (x) = lim x2+—1;=\/x_2=|x|
=pt M0 n

b)

limSup}.Jx LI BT S — 1—‘; =
BT yaR I'I. "'““n £11:1
1‘ *5 +|x*

1=
n-1 .
Z'_L— qator [0,1] kesmada tekis

n=]
yaqginlashishini  ko'rsating. n ning ganday
qiymatlarida ixtiyoriy X uchun an(x] <01
bo'ladi?
Ishora almashinuvchi gatorlarda har bir
hadlari o'zidan keyingi hadlar vig'indisidan katta
bo'ladi, ya'ni

n+l
<L co

+1 n+l1

Demak, n+1210 yoki n29 dan boshlab qoldik
0,1 dan kichik bo'ladi. Bu natija qator tekis
yaqinlashishinj ta'minlaydi.

Z ) —w0 <X <+ gatomi tekis
il X + n
yakinlashishga tekshiring.
1 1
5 < ekanligidan Veyershtrass
x‘+n° n

alomatiga ko'ra

2=

n’ +x?
yakinlashuvchidir.

1
tekis yaginlashuvchi, chunki z—; -
n
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@ 2
14. Z(n!) x" yaqinlashish intervalini

ko'rsating.
@) RN |Gnetfon+2)
L (Y P R e

va'ni yaginlashish intervali (—4.4) dir, x=14 da
gator uzoglashuvchi, masalan, X=-—4 bo'lsa,
uzoglashuvchi gator.

3 EVE 22 5 i

kelib chigadi.

15. Zm(“ gator yig'indisini toping.
n=l
. n
R =lim~——=1 ekanligidan (—1,1} intervalda

aoony +1]
gator yig'indisi chekliligi kelib chikadi.

S(x)= Zn x"

n=1
(x)=.m"" qatomi hadma—had
1
integrallaymiz:

Is.‘ (xdx) = IZ nx"\dx = anx"dx Zx

n=]

1

Demak, s,(x)=[1jx]' -
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9--bobga doir wy vazifalari
I. z= f(x,y) funktsiyaning yopig D sohadagi eng
katta va eng kichik giymatlarini toping.

1) z=x*+y"-9xy+27; D={0<x<3, 0<y<3}.
2} z=3-2x"~xy~y; D={xsLyz0;y<x).

3) z=x"+2y'+1, D={x20,y20, x+ys3}.
4)

z=x"+3y"+x-y; D={x=1,y2-1; x+y<l}.

5 z=x"++2xy+2y%; D={]x|$1; 0<y<2).
6) z=5x"-3xy+y +4 D={x>2-1, y2-1, x+ysl.
) z=10+2y—-x*; D={0<y<4-x°}.

8) z=x"+2xy-y +4; D={x<0; y<0, x+y+220}.
9 z=x"+xy~2; D={x"-4<y=<0).

10) z=x"+x3; D={x<], 0<y<3}.

1) z=x"+3" —12x+16y; D= {x* + y* < 25).
12) z=x"—xy+y’; D={x+|y|<1.

13) z=x"-4xy+4y"; D={x20y20x+y<2}.

14) z=x"+4xy-4y"; D={x2-Ly2-L x+ys1}.
15) z=x"4+4xy; D={x<2, y<2;y2>x}.

11 Za" sonli qatorni yaqinlashishini tekshiring:

n=i

n+3 e

lia = 2 =
la, 72 )a, J;t
i "
3) a“-_:..—2 4]a" == ——
@r+1y -1 2!
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3
n
5 a,=—

n

1

6) a,= 3
(n+Dlin(n+1)]
2n+1
7 a, =
Vn.2
g) an =.._._...L.....__
(n+Din(n+1)
!
11} a, -—-('i,‘)
n—1
13) a, = —(—
) & n' +1
15) a S S
" nlanin(inn)

2

8 a

"= @)l
r+l
10) a =
" (n+1)!
1
12 = ————————
o Br+1)? -2
nz
14} a, =—
=

IIL Za,, - x" darajali gator yaginlashish intervalini

n=l

toping.

1) an = _'(n-‘-l)

n!

1

3) a, = (2':) :

n

Sa,=—1—
3 (n+1)

7 a, =(1+—1-)
n

"

2)a, = —
n(n+1)
3" .n!
4 a, =
(n+1)"
6) a, =
n
8 a n+l1

" T3 (n+2)



3" n+2

9 a, = o= 10) a, =
J2"Gr-1) nin+1)
i1)a, =(1+—1-) 12) a, N
H n
" —~1)" T
13} a, C.LN 14)a, <D (3]
(Zn+ DN n! \e
!
15) @, = —

3u2

IV. Hadma—had differentsiallash, integrallash
yordamida qator yig'indisini toping.

x? xIJ x!9
Px—r—do— =t
7 13 19
2} X2 4+2x° +3x* +. .

2 3
X
3]x+-——+-——x +...
2 3

3 4
P Sl A
2 3
Sx=2x" +3x° ~...

X xz x’

1.2 2.3 3.4
x ¥ %

e ——.,
1.2 2-3 3.4
8) x—4x? +9x" —16x" + ...
2 4

X x
g l+—+—4....
2 4

100 1-2x-2-3.-x* +3-4.x* -, ..

6}

?)
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4 xs

- +X 4.
4 8

x x  xt

] —_— —_——

2
1.2 2.3 3.4
13} x+4x +9x° +16x" +. ..

xS 5
14) x+=—d—+....
3 5

15) x+3x° +5° +...
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I-gism.
Differentsial tenglamalar.

Noma'lum funktsiva hosila yoki differentsial
belgisi ostida gatnashgan tenglamalar differentsial
tenglamalar deyiladi. Hosilaning eng yuqori tartibi
differentsial tenglama tartibi dgyiladi. n-—tartibli
differentsial tenglama

Fx, 3,9y sy)=0
tenglama bilan berilishi mumkin.

Bu tenglamani ayniyatga aylantiruvchi
y=@(x} funktsiya differentsial tenglama echimi
deyiladi. Tarkibida n ta o'zgarmas gatnashuvchi
D(x,1,€,,Cy 300005, ) =0 funktsiyalar oilasi
differentsial tenglamani ganoatlantirsa, umumiy echim
deyiladi. O'zgarmaslarning ma'lum bir giymatida
xususiy echimlar yuzaga keladi. Ma'lumn shartlarda
echimni topish Koshi masalasi deyiladi.

10--bob, Birinchi tartibli differentsial
tenglamalar,
§39. Birinchi tartibli spdda differentsial
tenglamalar.
Birinchi tartibli differentsial tenglamalar

F{x, y‘fiz‘i)=0 ko'rinishge ega. Bu tenglamani ko'p
dx
hollarda % ga nisbatan uchib %.___ f(x,)

dx
ko'rinishga keltiriladi.

% _fax)  korinishdagi  tenglamani

dx
dy = f(x)dx ko'rinishda yozib, tomonlarni
integrallasak y= I f(x)dx+c¢ wmumiy echim kelib
chiqadi.
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Shunga o'xshash ib’_ =g(y) ‘tenglama

umumiy echimi 4 . % dan ). J‘_,,, ¢ Yoki
&)

I.__ =x +¢ ko'rinishda bo'ladi.

g(y)
39.1. Quyidagi umumiy echimlarga mos
differentsial tenglamalarni tuzing.

1]y=e°'. 2} y:(x--e)3
3 y=cx’ 4) y=sin(x+C)
§) y +Cr=x 6} y=C(x-C)’
7 Cy=smCx

39.2. Quyidagi differentsial tenglamalar
echilsin.
1) y'=3x? 2) y'=cosx 3) y'=3e*

4 y'=y 5 y'=siny 6) y'=e’
39.3 Koshi masalasi echimini toping.
y'=sinx, 0y =1

§40. O'zgaruvchilari ajraladigan differentsial
tenglamalar,

y'=f(x)-2(») ' yoki
M{x) - N(y)de+ P(x}-Q(y)dx=0 ko'rinishda
yoziladigan differentsial tenglamalar o‘zgaruvchilari
ajraladigan differentsial tenglamalar deyiladi. Bunday
tenglamalarni echish uchun ikkala tomonni shunday
ifodalarga bo'lish (ko'paytirish} kerakki, natijada
tenglamaning bir tomonida fagat ) ga, ikkinchi
tomonida fagat x ga bog'liq ifodalar hosil bo'lsin.

d f(x)dx Yokl Q(y) y_ M(x)dx ~

m N(») P(x)

So'ngra ikkala tomonni integratlab umumiy
echim hosil gilinadi.
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Ikkala tomon X,V gqatnashgan ifodalarga
bo'linganda, bu ifodalamni nolga aylantiradigan
xususiy echimlar yo'qolishi mumkin.

y'= flax+by+¢) ko'rinishdagi  differentsiai
tenglamalar '

z=ax+by+c yangi o'zgaruvchi kiritish
yordamida o'zgaruvchilari ajraladigan differehtsial
tenglamalarga keltiritadi.

40.1. Quyidagi differentsial tenglamalarni
eching.

Loxy'-y=0 2 o'+y=0
3 w+x =0 4 y'=y
5 x*y+y=0 6.

x+xy+y(y+xy)=0
7. Jy* +1de= mdy 8. 2x%yy'+y’ = 0
9. yxy’ =2xy 10. y'=e™

40.2.  Berilgan  boshlang'ich  shartni
qanoatlantiruvchi xususiy echimlarmi toping.

L2yx =y y(@)=1. |

2. =2y +ergx; wEy= 1
_ 42

3. x4y =0; y(-1)=1

4 y'= 2,];111.1'; we)=1.

5 (-2 =0, wO)=1.

6. 'ty =y’ y(1)=%'

40.3. Yangi o'zgaruvchi kiritib o'zgaruvchilari
ajraladigan differentsial tenglamaga keltiring
va eching.

1. J”':W'

2. y'=cos(y -1}

3 {x+2y)y'=1 y(0)=-1.
4. 2x—-y+1)y'=1;
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§41. Bir jinsli differentsial tenglamalar.

M(x,v)dx + N(x,y)dx =0 tenglamada

M{Ax,Ay). N(ix,y) almashtirishlarda tenglama
ko'rinishi o’zgarmasa, bunday tenglama bir jinsli
deyiladi. Bunday tenglamalar

_‘Q:,p(l) ko'rinishga keladi va Loy yoki
x x

dx
y=ux yanrgi o'zgaruvchi kiritish yordamida
o‘zgaruvchilari ajraladigan differentsial tenglamaga
keltiriladi.
o fax+bys c.] ko'rinishdagi ~differentsial

q ax+by+c

tenglamalar koorinatalar boshini g x+by+¢, =0 va
ax+by+c=0 to'g'ri chiziqlar kesishish nuqgtasiga
parallel ko'chirish yordamida bir jinsliga keltiriladi.
Agar bu to'g'ri chiziqlar kesishmasa,
a,x +bly =k(ax +by} bﬁ}al'ﬂlb. Z=ax+ by almashtirish
yordamida o'zgaruvchilari ajraladigan differentsial
tenglamaga keladi.

Ba'zi tenglamalarda y=2z" almashtirish
yordamida bir jinsliga keltirib olinadi. Buning uchun
m soni differentsial tengiama bir jinsli bo'ladigan qilib
tanlab olinadi. Bunday m soni mavjud bo’'lmasa, bu
usul bilan tenglamani bir jinsliga keltitib bo'lmaydi.

41.1. Bir jinsli ekanligini tekshiring va eching.

1. yw'=2y—-x 2 x*+y* =209'=0
&y x 4l =y
de x y
5 {x—-yydx+(x+y)dy=0 6.
(O ~2xp)dx + x'dy =0 .
r
7. xy':y-—x-e’ B. xy'=chSLn-}-,-
x

41.2. Parallel ko'chirish yordamida bir jinsliga
keltiring va eching.
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L 2x+y+Ddx—-dx+2y-Ndy=0
2. (x+4y)y'=2x+3y-5
3. (p+2)dx=(2x+ y-4)dy

r4
. x+2
4.y=2( J -
x+y—-1
5 (yehm It E o YHY
o+ x+3 x+3

41.3. Yangi o'zgaruvchi kiritib bir jinsliga keltiring
va eching. ' _

L 2x%y'= y’ +xy 2.
2xdy + (x*y* + Dydx =0

3. ydx+x(2xy +Ddp=0 4 2yYx= 4,[;

2
5. y‘: yl _;5_ 6.

2y +(x* -y +Dy'=0

$42, Birinchi tartibli chizigli tenglamalar.

Noma'lum funktsiya va uning hosilalari
birinchi darajada gatnashgan differentsial tenglamafar
chizigli deyiladi. Birinchi tartibli chizigli
tenglama y+P(x)y = O{x} ko'rinishda bo'ladi.
Bunday tenglamani y =y -v almashtirish yordamida
ikikita o'zgaruvchilari ajraladigan differentsial
tenglamaga keitirish mumkin. O'zgarmas sonni
variatsiyalash deb ataluvchi ikkinchi usulda bunday
tenglamani echish uchun dastlab y'+P(x)y =0
tenglama umumiy echimi olinadi, undagi o'zgarmas S
soni S{x} funktsiya bilan o'zgartiritadi, berilgan
tenglamaga qo'yiladi va S(x) funktsiya topiladi.

Bu xususiy echim va bir jinsli tenglama
umumiy echimi yig'indisi berilgan tenglama echimi
hisoblanadi.
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y+P(x)y =Q(x)- y" {n#1)  ko'rinishdagi
tenglama  Bermulli  tenglamasi  deyiladi.  Bu

tenglamaning ikkala tomoni »" ga bo'linib

] _, almashtirish o'tkazilsa, chizigli

w1
tenglamaga ega bo'lamiz.
y'+P(x)y +(x)-y* = R(x) ko'rinishdagi
tenglama Rikkati tenglamasi deyiladi. Bunday
tenglamaning biror xususiy ¥,(x) echimi ma‘lum
bo'lsagina, y=y,{x)+z almashtirish yordamida

Bernulli tenglamasiga keltirish mumkin.
42.1. Chiziqli tenglamalarni eching.

3
1y-Fay 2. Qx+1)y'=4x+2y
X
3 papgr=—ie A (e )dr—xdp=0
CosXx

5 2x(x*+y)dx=dy 6. X y+(x+Dy=3t.e”

42.2. Izlanayotgan funktsiya va bog’'ligsiz
o'zgaruvchi «rollarini» almashtiring, hosil bo'lgan
tenglamarni eching.

L y=@2x+y)y .2
(x+ y*)dy = ydx
328 —xp'=1 4,

(sin’® y + xetgy)- y'=1

42.3. Bernulli tenglamalarini eching:

1 x*y-ay =y 2 yoxp=-ye”

3 yx+y=—xy 4. xydy =(y* + x)dx

5. xp2y+x’y’ e =06. y'x*siny=x'-2y.

42.4. Xususiy echimi berilgan Rikkati
tenglamalarini eching. '

1 Pyeay+xiy’ =4 y°=3
X
2 34y 4 2=0 ol

X x
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3 x-(2x+)y+y’ =—x% y,=x
4. yr2ye* -y’ =e¥ +e*, y <o

$43. To'la differentsial tenglamalaf
- Plx, y)dx + Q(x, y¥dy=0  tenglama chap

tomoni biror F{(x, y) funktsiyaning to'la differentsiali
bo'lsa, bu tenglama to'la differentsial tenglama
deyiladi.

Masalan, xdy + ydx =1,

Xy~ydx . tenglamalar chap tomoni mos

xZ
ravishda F(x,y)=x-y, F(x,y)=2 funkisiyalar to'la
x

differentsiali bo'lib, umumiy echimlari x.y=C,

2 — € ko'rinishda bo'ladi.
x
P(x, y)ydx + ((x, y)dy=0 tenglama chap tomont

to'la differentsial bo'lishi uwchun 2P _80 ghant
y &
bajarilishi Zarur. Bu shart bajarilsa,

dF = Fidx+ Fdy= Pdt+Qdy=0 dan F =P, F, =0
kelib chiqadi.
F= IP(x, yldx + o(y) desak, (o'zgarmas son

o'miga @(y) olamiz.)

F, ={JPy)as) +0,) =00y dan @(y),
ya'ni F(x,y) topiladi.

Agar %;—% bo'lsa, ba'zi hollarda shunday
MPdx + pdy =0  tenglama to'la  differentsial

tenglama bo'ladi. Bu ko'paytuvchi integrallovchi
ko'payluvchi deyilib, quyidagi hollarda oson topiladi:
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1) %g*_ = ¢(x) bo'lsa, m = Iqé(x)dx‘

0, -F

2) =¢(») bo'lsa lnp= J¢,(y)dy.

Dastlabki paragraflardan differentsial
tenglamalaming har biri to’la yoki to'la differentsial
tenglamaga  biror  integrallovchi  ko'paytuvchi
yordamida keltirituvchi tenglamalardir.. Masalan,
v'+a(x)y = b(x) chiziqli tenglama uchun integraliovchi
ko'paytuvchi

ax .
2(x)= &) ** . rrinishda bo'iadi.

43.1. To'la differentsialga keltirib eching.
1. x2dy + xydy =dx

2. yixdy~ y'd=xdy

- ydx+(x-y*)dy=0

- yde = (x=y*)dy=0

2y +1+ 2 y'=0

xdy — ydx = x*dx

. ]a;'.‘.tgy = __2.1__
cosy

8. Wy-e2+)=x-y
43.2. To'la differentsial tenglama ekanligini
tekshiring va eching.

2
2
' (4-~£;)dx+-%@=0

(]

- BTN

-

A de+(x’ -e” -Ddy=0

. eVdx+(I-xe )y =0

. 2xc08? ydx +(2y - x*sin2y)dy =0 -
3%y~ dxy*ydx +(x° —4x y +12y°)dy =0

. (xc0s82y + Ddx — x? sin 2ydy =0

[PU

=2 A T
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3
7. 320+ In y)dx =2y - )y
¥y

8. 2x(1 +4fx* — p)dx ~Jx* - ydy =0.

43.3. Integrallovchi ko'paytuvchini toping va
eching.

1. (x* ~y)dx +xdy=0 2 -
xzgvex +(x* — 2sin y)dy =
3. (™ ~ y )+ pdy=0 4

(sinx + ¢’ }dr + cos xdy =0

5. (1+ 3% - sin y)dx - xcrgydy =0 6.
x(Iny + 2nx — Ddy = 2ydx

7o - yde+x(y +dy=0 8
»* (ydx ~ 2xdy) = x* (xdy ~ 2ydx)

§44. Hosilaga nisbatan echilmagan 1—
tartibli differentsial tenglamalar. Lagranj va Klero
tenglamalari.

Hosilaga nisbatan echilmagan F(x,y,y')=0
tenglama asosan y-=%= p Dparametr kiritish usuli

bilan echiladi. Tenglamani y= f(x,p) ko'rinishda
yozib, ikkala tomondan to'liq differentsial olamiz.

dy = pdx ekanligidan
M{(x, pYdx+ N(x, p)dp=0 ko'rinishdagi tenglamani
hosil gilamiz. Bu tenglama echimi X =@(p) bo'lse,
berilgan tenglama echimi y = f{(@(p), p) bo'ladi,

Differentsial tenglama x = f(y,y') ko'rinishga
keisa ham, shu vsulda umumiy echimdan tashgari
maxsus echimlamni  F(x,y,p)=0. F,(x,p,p)=0
tenglamalarda p ni yo'qotib topish mumkin.
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v =xf(y')+¢()') tenglama Lagranj tenglamasi
deyilib, y'= p almashtirishdan quyidagi

p=1)+i(p) +¢'(p)}%

X ga nisbatan chizigli tenglamani hosil
gilamiz.

y=px+@(p) tenglama Klero nomi bilan
yuritilib, Lagranj tenglamasi xususiy holidir. Bunday
tenglamalar maxsus echimga ham egadir.

44.1. Tenglamalar barcha echimlarini toping.

1) -y’ =0 2) 8y’ =27y
3) (yn+l)3 =27(x+y)2 4) yz(yl2+1)=1
5) 34y =0 6) »y=y

442, y' ga nisbatan echib, so’'ngra umumiy
echimlarini toping.

1) ' ('+¥)=2y* 2} ' -2p'+x=0

3 0%=yQy-1) 4 y4x=2y

5) y?-2x'=8x" & (xy43y)’ =7x
44.3. Yangi paramefr kiritib eching.

1) x=y’+y 2) x(y?-1)=2y"
3) y!4 __yp?. = yl 4) y|2 _y|3 = yZ

5) Sy+yi=xx+y) 6 y=2xy"y"
44.4. Lagranj va Klere tenglamalarini eching.

Dy=x2+y"2,. 2xy'+%
y

2
3 2y= 20 4 y=xy-y'
2y o) y Y y
o y=xy'-ayl+ y? 6 y=xy'+~———-»12 ’
2y
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Bobga doir misollar echish namunalari

1. Echimi x?+c¢y’=2y bo'lgan differentsial
tenglamani tuzing.

Fkala tornondan hosila olamiz:

2x+2c-y-y'=2y

Bundan, c=_«‘_’i:{. Berilgan tenglamaga qo'yib

»' -
x? y— -y? =2y ni hosil gilamiz.
w

Soddalashtirib x*y'-xy =)' tenglamani hosil
qilamiz.
2. y=Cx’ funktsiya 3y -xy'=0 differenisial tenglama
echimi ekanligini tekshiring va R{(1;1] nugtadan
o'tuvchi xususiy echimini toping.

y'=3Cx* ni differentsial tenglamaga qo'ysak,
3Cx’ -x-3Cx* =0 ayniyat hosil bo'ladi. Demak,
y=Cx* umumiy echim, x=y=1 ekanligidan C=1,

ya'ni y=x3 funktsiya R(1:1) nugtadan o'tuvchi
xususiy echimdir.
3 &__1

dx 1+x*’

y(I)=m shartga bo'ysinuvchi xususiy echimini
toping.

x& R tenglama umumiy echimi,

dy= & _ dan y = arefgx + ¢ umumiy echim.
1+x?
x=1 da y=x -eckanligidan m=arcegl+e. ya'ni

I

gz

Koshi masalasi echimi y = gresgx + 37 air,
4

4. xydx +(x +1)dy = 0 tenglamani eching.
(x+1)dy=—xydx ko'rinishda yozib olib, ikkala
tomonni y-(x+1) ga bo'lamiz. Bunda tenglamani
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ganoatlantiravchi y=0, x=-1 echimlar borligini
yodda tutamiz.
Tenglama & _ % _ax ko'rinishga keladi.

¥y x+1
Ikkala tomonni integraliaymiz:
LA
¥ x+1

inyj=-x+imx+§+inC VAN y=C.(x+1)-e”
umumiy echimdir,
5. y'cigx+y=2 tenglamaning pZy=0 shartni
3
ganoatlantiruvchi echimini toping.

%.agx =2-y ko'rinishda yozib, tomonlarni

_é_‘?L = tgrdx ko'rinishga keltiramiz. Tkkala tomonni
=y
integrallab - ]niz - y’ = 1.4.;05 x] -lC yoki
-2+y=C-cosx
Demak, y =2+ C-cosx umumiy echimdir.
Endi boshlang'ich shartni ganoatlantiruvchi

echimni toi:namiz. y(%) =p dal =24 C-cos % , ya'ni

0=2+C--§- dan C=-4.

Izlanayotgan echim y =2 —4Cosx bo'ladi.
6. y'= y+ 2x -3 tenglamani o'zgaruvchilari ajraladigan
differentsial tenglamaga keliring va eching.

z=y+2x—3 ko'rinishda yangi o'zgaruvchi
kiritamiz.

y=z—-2x+3 dan y'=2'-2

z'-2=2z ko'rinishdagi tenglamaga ega
bo'lamiz.

dz
z42
]n\z+2‘=x+lnc yokiz+2=C-e‘

= dx dan
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Eski o'zgaruvchilarga qaytib y=C.¢* -2x+1
ekanligini topamiz.
7. (x+ 2y)dx—~ xdy = ¢ tenglamani eching.
A#0 uchun  (Ax + 24y)dy ~ Axdy = 0
tenglama berilgan tenglamaning aynan o'z,
demak, tenglama bir jinsi y=y.x almashtirish
o'tkazamiz.
y'=u'x+u, dy = xdu + udx
ekanllgldan (x + 2 - ux)dx — x + (xdu + udx) =
x- [0+ 2u)dx - (xdu+udx)j=0  da  x=0
xususiy echim bo'ladi. Qavs ichini ixchamlab
{1+ u)dx = xdu

Il+u_-[_

1n|1+u'-—lnx+lnC

i+u=C-x

=Cx-1 dan y=x-(Cx-1} umumiy

X
echimdir.

[ o

8. (2x-4y+6ydx+({x+y—3)dy=0 tenglamani bir
jinsliga keltiring va eching.
2x—-4y+6=0 va x+y-3=0 to'g'ri chiziglar
kesishish nuqtasi R(1;2)dir. Demak, X =x-1,
—2 almashtirishlar o'tkazamiz.
[2(x + D -4 + D+ 6l +{(X +1+ ¥ +2-Hly =

(2X -4Y)dX + (X +Y)dY =0

hosil bo'lgan tenglama bir jinslidir,

QCx—4-u- X)X +(X +u- X)udX + Xdu]=0
X =90, ya'ni x—1=0 xususiy echim
bo'lishi mumkin.

(2~ 4u)dX + (1 +u)(udX + xdu) =0
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1+u _ dx
(u-l)(u 2) X

_ (-2
Su-1
—2inju-1+3lnju -2/ =-In X +InC

3inju -2+ X =2Inju~1|+InC
(-2 X=Clu-1
w=t =222 ekanligini hisobga olsak,

X x-1

3 2
2] (x-1)= 1—%— J
(y + Zx)3 C(y x -1)* umumiy echimdir.
9. x*(y'-x) = y* tenglamani bir jinsliga keltiring.

du+ o 2 =—I~—

M

y=z", y'=me"™" .z* almashtirish o'tkazamiz.
x! (mzll!‘-l . 21__x) = z!m
Bu tenglama bir jinsli bo'lishi uchun
3+m~-1=4=2m tengliklar bajarilishi m=2
bo'lishi zarur.
Unda tenglama x'{2.z-z'-x)=2z* ko'rinishdagi
bir jinsli differentsial tenglamaga aylanadi,
10. y'—z- y= 2x* chizigli differentsial tenglamani
x

eching.

yr_..z_. y=0 tenglamaning umumiy echimi
X

y= Cx?.
y= C(x) cxt deb olamiz va berilga.n
tenglamaga qo'yamiz: -
C'(x) x> +2x-C(x)— 2 -C(x)x? =2x°
X
Soddalashtirib C'(x) = 2x, ya'mi  C(x)=x’

ekanligini topamiz. Xususiy echim y=J¢"f ekan.
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Berilgan tenglamaning umumiy echimi y=Cx? +x*
ko'rinishda bo'ladi.

1

11, y-—y= Z_ Bernulli tenglamasini eching.

n=-2 ekanligidan » - lz ; =‘yi
Pz

1
L 2
almashtirish o'tkazamiz. y=1z%; -,

z*.Z

3 |

1 5 1 4 x
ekanligidan ;z LN (Sl | =55
3

x z
z
2

Tomonlami 3z° ga ko'paytirsak:

23 7 = 3x chizigli tenglama hosil bo'ladi,
x

-2 7= ¢ ning umumiy echimi z=C.x’.
X

z=C(x)-x> deb tenglamaga qo'yamiz; ('= %.

X
dan ((x) =—§. Xususiy echim z=-3x* ko'rinishda,
x

umumiy echim esa z=C.x*-3x?dir  Eski
o'zgaruvchiga qaytib y* = Cx* - 3x?
Bernulli tenglamasi echimi ekanligini topamiz.
12, y'=2xy+y? =5-x* Rikkati tenglamasining xususiy
echimi y, =x+2 malum bo'lsa, vmumiy echimini
toping.
y=x+2+z y'=1+ 2z almashtirish bajaramiz:
1+ 2 2x(x+2+2)+(x+2+2) =5-x*.
Soddalashtirib

Z'v4z = -z’ ‘Bernulli tenglamasiga ega
bo'lamiz.
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_1_=r- z=-1«; z'= —l-l" almashtirish
27 t £
yordamida r—dt =1 chizigli tenglamaga kelamiz.

4t = 0 tenglama echimi ¢=C-.e¢*,

4£x
-4t =1 tenglama echimi esa ;:ﬂ_c_e.,.;l
4
ekanligini topish mumkin.
Mos Bernulli tenglamasini echimi

22— Ko'rinishda, Rikkati tenglamasi umumiy

4Ce* -1
echimi esa y=x4+2+ _':- ko'rinishda bo'ladi.
4Ce™ -1
13.  yCosxdx +sinxdy=cos2xdy tenglamani

to'la differentsialga keltirib eching.
Tenglama chap tomonini ¢(ysin x),

O'ng tomonini d(sin 2") deyish mumkin.

2

sin 2x
2 y=0.

Umumiy echim ysinx-sinxcosx=C yoki
ko'rinishda bo'ladi.

Bundan d(ysinx—

y=cosx+

sin x
4. 24t (y’ +inx)dy=0 to'la  differentsial
X

tenglama ekanligini tekshiring va eching.

_ 3 . 1
p=2. O=y’+Inx uchun B=g, ==

X
Demak. berilgan tenglama to'la differentsial
tenglamadir,

F, =2, FJ: =3 +Inx.
X

. Flxy)= J‘%dxrﬂ- Pp(y)=yhhx+o(y)
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Fy(x,y)=Inx+@,(y)=y’+lnx  tenglikdan
. 4
ﬁpy()’): y3, ya'ni q,(y)=%_. Demak, urqumiy echim

4
quyidagi yinx+ :vz. = ko'rinishda bo'ladi.

15.(x-siny + y)dc +(x* -cosy + xInx)dy = 0
tenglama uchun integrallovchi ko'paytuvchi toping va
eching.

P =xcosy+1; O, =2xcosy+Inx+1.

P, -0, _ —xcosy—Inx 1

O _xzcosy+x]nx x
Inp= [(-D)dr=—tnx dan y(y=2.
x X

Demak, (sin y + L)dx + (xcos y + In x)dy =0

X
tenglama to'la differentsial bo'ladi. Hagiqatan, hosil
' | I
bo'lgan tenglama uchun Pl =cosy+ Pl Q

F =siny+2i F, =xcosy+lnx.
X

F(x,y}= J‘(siny+l)dr=xsiny+ylnx+¢(y)
x

F;:(x’J’)=1005)‘+1ﬂx+q0;(y)=xcosy+lnx
Bundan. ¢, (y)=0, ¢ =C.

Demak, umumiy echim Xxsiny+ylnx=C
ko'rinishda bo'ladi.
16. yy?+x =1 tenglamani eching.
¥' ga nisbatan echamiz y'= .. x-l
¥
C'zgaruvchilari ajraladigan differentsial
tenglama hosil bo'ldi. Uning umumiy echimi

] 4
¥+ (x-1)3 = %C ko'rinishda bo'ladi.
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17. y+xy=y' +x tenglamani ) ga
nisbatan eching, so’'ngra umumiy echimini toping.

y?—xy'+xy — p* = 0 tenglama )' ga nisbatan
kvadrat tenglamadir.

xtfx? =4y - %) _ETO =20 4.0

(J")n,z = ) 2

8) y'=x-y (chiziqli}

b) y'= y {o'zgaruvchilari ajraladigan)

Bu tenglamalar mos ravishda
y=C-e*+x-1, y=Ce" umumiy echimlarga
egadir.

18. y = y'*+2y" tenglamani parametr
kiritib eching.

y'=p  belgilash kiritsak, y=p? +2p°
dan p= 2p-p'+6p3 -p' Tomonlami p# 0 ga
gisqartirsak 1=2p'+6pp' yoki x'=2+6p. Bunda

x'= -{x- Demak, x=2p+3p>+C, y=p?+2p°
dp
p=0 bo'lgan holda ¥'=0, ya'ni y=C
lardan y =0 maxsus echim bo'ladi.
19. y = xp'=y"* Klero tenglamasini eching.
y'=p belgilash kiritib,
p=x-p+p-2pp' ga  egamiz Undan
p'(x-2p)=0 kelib chiqadi. Agar p'=0 bo'lsa
Y'=C yoki y=Cx+C,, x-2p=0 dan - %
yoki 4y =x* +4¢ ga ega bo'lamiz.
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10~bobga doir uy vazifalari,
L Bir jinsi yoki wunga keltiriluvchi
differentsial tenglama umumiy echimlarini toping.

1) (x*-y*y'=2xy 2 xy'= yinZ
X

y
3 xy‘+xe; -y=0
4 xy'-y = m 5) xy'+y= \}xz +y?
6) iy'vy=x
7 y-xy'=2x+yy")
Bxy'tny-Im=y 9 yVx=yy-x+x
10)x%y'=y(x+y) 1) x+y)? y'=ay
12) xyy'=x? -2
13) 2x-y)y'=y-x-1
14) 2y4x =4J§
15 (x-y+Dy'=y—-x+3

L

il. Birinchi tartibli, chizigli yoki chizigliga
keltiriluvchi differentsial tenglama umumiy echimini
toping. :

1} y+y= xy3 2) yy'+ yzctgx =CO8X
3 Q+xHy-2xy=(+x%? 4 x?.y-2xy+y* =0

5 xy'+y= 1 5) xy'+y =(x+ l)}(2

7 (1-x2)y'—xy = 2x* 8 3y’y'+y® =x -1

% 2x+)y'+y= X
y

10) y'+y—y? =1-x-x2, yg =x+1
11) yuxyy? =-2x~3, yo = X +2
12) y'+dxy -4y2 =12x-5; yg=x~3
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13) 3,:'-~3xzy+xy2 =1-2x>; Yo=X
14) y'—xy+4y2 = 5x2 -1, yo=-—x
15) xy-y+y’ =x%; yp=x

II. Quyidagi to'la yoki {o'laga keltiriluvchi
differentsial tengiamalarni eching.

1) 2xydx + (x> -y*)dy =0
2) (2-9xy?)xdx + (4y2 - 6x>)ydy =0
3) e Vdx-Q2y+xe V)dy=0

49 Xy +(y° +Inx)dy =0
y

5) (1+ y2 sin2x)dx — 2y cos? xdy =0
3
8 3x?(1+1ny)dx = 2y ~ 2)dy
y

7 (l—xz)dy—xydx-:O

8} 3dy+ydx =0

9 2x+1)dy+ydx =0

10) cosxdy = (y +1)sin xdx
11} (3+2xy)dx —x2dy =0
12) (x +1-y)dx = xdy

13) Qy-x)dy—ydx=0
14) dy + yetgxdx =0

15} xdy - ydx =0
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IV. Hosilaga nisbatan echilma

gan quyidagi
differentsial tenglamani eching.
1) y= y12+yr3 2)
2
y=2y'x+3~c—+y'2 3) y=y'x+—1~
2 X
Dy =xy'+y+y? )
5) y'2+4xy'—y2 —2x2y = x? -4y 2 6j y= xy|+y.2
N y=4/y-xy 8)
y = 2xy'-4y”
N y=xy'-2+y")
0)y3=30y-y) 1) y=xy2-2y?
12)2xy"~y = Iny" 13) xy-y=lny"

1) xy'(y+2) =y
19) 2y (y-xy') =1
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11~Bob.

Yuqori tartibli differentsial tenglama va sistemalar.
§45. Tartibi pasayadigan yuqgori tartibli differentsial
tenglamalar

¥y = £(x) ko'rinishdagi differentsial
tenglama ketma—ket n —marta integrallash
yordamida umumiy echimi topiladi. Har bir

integrallashda bittadan o'zgarmas go'shiladi, natijada,
umumiy echimda n ta o'zgarmas qatnashadi.

F(x,y(“,y(““,...., y(n}) =0 ko'rinishidagi,
noma’'lum  funktsiyaning o'zi  gatnashmaydigan
differentsial tenglamalar ym = z yangi o'zgaruvchi
kiritish yordamida tartibi pasayadi.

Erkin o'zgaruvchi X gatnashmagan
F(x,9, 0" s 7)) =0 ko'rinishdagi differentsial
tenglamalar y=p(»), ¥'=pp almaghtirishlar

yordamida tartibi pasayadi.
Agar tenglama funktsiya va uning hosilalariga

nisbatan bir jinsli bo'lsa  (y,y',y",..,y") lar

(9,5, ",...Jy™) lar  bilan  almashtirganda
tenglama o'zgammasa), y'=yz vyangi o'zgaruvchi
kiritish yordamida tartibi pasayishi mumkin.

Agar tenglama tomonlari to'la differenisiallar
bo'lsa, integrallash yordamida tartibi pasayadi.

45.1. Tenglamalarni eching.

1) y"= dcos2x 2) yh= 1

cos’ x
3) = ! - 4t yextoy=1
T+x
5) w'+y¥=0 6) y'+y'igx =sin2x  ~
Dy +2y-y*=0 8 y'xinx =y
8) y'xlnx =y 10)2yy''= y?
1)2yy"'=1+ 37 12) y'"'1gx = y'+1
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13) xy"*y'= ex _xl

452, Tenglama tomonlarini to'la hosilaga
keltirib eching.

1) g3y =0 2)
w'=y(r+1) 3) preyt=1 4%
Y'=x'+y+l 5 xytey'= 2yt 6)
y-y=ate

453  Bir jinsliligidan foydalanib eching:
i) w''= y'2+15y2-\/; 2)

(& + DO - =)
3) nytent =2y 4 = (y-n)
5 'y ey =0 6) xp"'=y'(y + ")

7‘ xl(yul _ZW") = y2

§46. O'zgarmas koeffitsientli, chiziqli, bir jinsli
differentsial tenglamalar

¥ +ay® .. +a,y=0 (1) tenglamada

y = P almashtirish yordamida
E* +a k™ +......+a, =0 (2) xarakteristik tenglamaga
ega bo'lamiz.

1) Agar {2) tenglema o'zaro tengmas ki kj
o Kp— haqiqiy ildizlarga ega bo'lsa,
e, €%, .. €™ funkisiyalar (1) ning xususiy,

3 =G* +Ge* +... 4G esa umumiy echim bo'ladi,

2) Agar (2) tenglama
k=k,=..=k,, k.. ..k —haqgiqiy ildizlarga ega
bo'lsa, yanmi k;-—m kamali ildiz bo'lsa, u holda
das_tlabki m ta ildizga mos xususiy eichmlar

kx kex m-1 _kx
»

e, xe X" e™ | ularga mos umumiy

echim esa
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¥, =(G +Cx+CP +.. 4CX )™ ko'rinishda
bo'ladi.

3) Har bir qo'shma kompleks o + ff ildizlarga
(C, cos px + C,sin fx)e™ echim, -agar bu ildizlar
m —Kkarrali bo'lsalar,

Yo =G +Cr+. +C X Ycose +(C + G ...+ ™ )singh]

echim mos Keladi. _\
46.1. Tenglamalar umumiy echimlarini toping.

1. y"-4y'=0 2.y"4y'+dy =0

3. y"-4y'+13y =0 4. y"-4y'=0

5.y "4y =0 6. y"+4y'=0
7.9"+3y'-4y =0 8. y"2ay'+a’y =0
9. Y —5y"™8y'~4y =0 10. y'"'-3y"+dy =0
11. y"3ay"+3a’y+a’y =0 12, y" +4y =0

13. 4y"™ -3y'"-y=0 14. y"* -3y"4y=0

15. y” +8y"+16y =0

§47. O'zgarmas koefitsientli, chiziqli, bir jinsli
be'lmagan differentsial tenglamalar.

Yy +ay® M+ . +ay=f(x) (1} va
Y 4gy* V4. +ay=0 (2 tenglamalami
qaraymiz.
Agar y, (1) tenglama xususiy echimi, ), esa
{2) tenglama umumiy echimi bo'lsa, {i) tenglama
umumiy echimi y = y, + y, ko'rinishda bo'ladi.
{1) tenglamaning xususiy echimi ikki xil:
usulda topilishi mumkin:;
1. Anigmas koeffitsientlar metodi. ,
(1) —tenglama xususiy echimi, bu metod yordamlda
quyidagi hollarda topiladi:
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1) f(x) = P(x)e™ —ko'phad

2) f(x) =e™{acosnx +bsinnx)
3) Funktsiya vyuqoridagilaming vig'indisi yoki
ko'paytmasti.

Bu  hollarda ), —xususiv echim ham
noma'lum koeffitsientli f(x) funktsiva korinishida
izlanadi.

Agar 1) holda k=m, 2) holda k=mztni
xarakteristik tenglamaning r—karrali ildizlari bo'lsa,
izlanayotgan noma'lumn koeffitsientli funktsiya 1. f{x)
ko'rinishda bo'ladi.

Ko'p hollarda f(x) tarkibida sinus va
kosinus gatnashganda Eylerning

1 1
cosﬁx:;(e""-;-e-"'), sinﬂx=;(e""—»e"’“’)
!

formulalari yordamida yuqoridagi hollarga keltiriladi.
11. Lagranjning o'zgarmasni variatsiyalash
usuli.
Agar Yo=Cp+ Gy, +.t C.y, bir jinshi (2)
tenglama umumiy echimi bo'lsa, {ij— tenglama
umumiy  echimi 3, = C (x)y, + C(¥)y, + ...+ C,(x)y,

ko'rinishda izlanadi. Noma'lum C,x funktsiyalar
Cly, +eentCy, =0
C'y, 4ot Clyl =0

GV 4t CHD =0
Cy* Y+ +CH" D = fx)
sistemadan topiladi.
47.1. Tenglamalarni eching.
1) yn2y'+y =e2* 2) y'—4y =38x>
3) y"'+3y'+2y = gin 2X + 2¢08 2X
4) yry=x+2e8 5 y'+3y'=9x
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6) y'+4y'+5y = 5x> —32x +5

7) y-3y+2y=e* 8} y"-2y=x.e7"

9) y2y'=x?-x 10} y"eSyluby =e ™™ +¢~2%
11} yryyr=gx+e*  12) yIV _ g1y =276

13) y"+8y =e™*  14) yNV _3yiay = 3sinx
15) y''-3y"+3y'-y =e’.

47.2. O'zgarmasni variatsiyalash yordamida eching:
1 2x

. 2 yray'-5y =
sin2x COsX

1] yn+4y:

3) y-2y'+y = x2.e*4) Y'Yy = igx

-2x
5] y||+y|= 6} .y||+4y|+4 = e 3
1+e* X
7 ydy'rdy =e X .Inx 8 ypy= 1
COSJI X
e* :
9} yu l__2yt+y _— 10} Y"+‘4Y = >
4-%x2 sin” x

§48. O'zgarmas koeffitsientli, chiziglf differentsial
tenglamalar sistemalari.

Noma'lumlarni ketma—ket yo'qotish
yordamida murakkab bo'lmagan sistemalarni echish
mumkin.

48.1. Bir jinsli sistemani eching:
.:: =x— ;r+ x—8y=0
1) g 2} g

a

y=y-—4x ;f—x-y-—'O
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3) +

5) |

(o
X=x4z-—y

) <sy=x+y—z

;=2x-—y

48.2, Bir jinsli bo'lmagan sistemani eching:

1) <

3 4

x=y+2¢
Ly=x+t2

k;=x+2y

-

x=4x+y—e™
4

1.

y:

_;=y-2x

;=3x+2y+4f‘
4)

°= ~5cost
m‘x y=5¢0

k;/=2x+y

;:=2x—4y+4e'2‘
F,

k;=2x—2y

Bobga doir misollar echish namunalari

6
¥y =?
2, y=1 y'=1

echimini toping.

tenglamaning x=1

da

shartlarga bo'ysunuvchi
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Ketma—ket integrallab quyidagilarni topamiz:
3 2

Y'=—atC, yv=§+c,x+c,, y=31nx+C%+C,x+C,
X

x=1 da o'zgarmaslarni topish uchun
quyidagi sistemaga ega bo'lamiz:

1=~-3+C

1=3+C+C

2=£-|-C,+C2
2

Bundan esa (=4; C,=-6 C,=6. Xususiy
echim y =3inx+2x*-6x+6
2. x* . y"'= y"? tenglamani eching.

Yy'=z, y'=2'  almashtirish  yordamida

xt.z'=2® o'zgaruvchilari ajraladigan differentsial
tenglamaga ega bo'lamiz. Uning echimi quyidagi

ko'rinishda bo'ladi: ;.0 1.1 ¢ cum Lol e
L] z x » y' I
Blmda.n y|= N _ar Cy Clx + lIIIl CXI C
umumiy echimni topamiz. Agar z=0 bo'lsa,
¥y =0 y=C.
3. 2py"-1= p*tenglamani eching.
y'=p, y'=pp' almashtirishlardan

2ypp'-1= pt, Zfdp =9:z va ln|p2+1J=lny+lnC.
pr+l y
Bundan p’ +1=C-y, yoki y'=1./Cy-1.
Bundan, 4(Cy-1)=C*(x+(,) umumiy echimni
" olamiz.
" 4. y"y"'=2y"tenglama tomonlarini ito’la hosilalar
ko'rinishida keltirib eching.
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Tomonlarni y'y" ga bo'lib, I::Z—}:: yoki
it yl
(Iny"y=@Iny'y dan y"'=C"y" ga ega bo'lamiz. Bu
tenglamani ham Y _.cy  yoki (Iny')=(C-y)
y!
ko'rinishda yozish mumkin. Demak, Iny'=Cy+LnC,

yoki y'=Ce? lardan —% @ =Cx+C, yoki

y= —%In]CCz —CCA kelib chigadi.
5. Bir jinsliligidan foydalanib tarkibini pasaytiring va
eching: xpy'~xy" = '

L Y=y Y=Yy =yt 4y
almashtirishlar o'tkazamiz:
xy{ﬂz +yz')._.xy2 .zz =y yz. y2 20 deb tomontarni
gisqartirsak, xz? +xz'-xz> =z yoki xz'=z tenglama
hosil bo'ladi. Bundan z=Cx yoki »'=C-yx. Bu

lcy*

tenglama echimi esa y=C,-e? ko'rinishda
bo'ladi.
6. y"-4y43y =0 tenglama umumiy echimini toping.

Xarakteristik tenglama x*-44+3=0 bo'lib,
k =1, k, =3 dir. Demak, ¥, = Cie" +C,e™

452, y"-3y'43y'-y=0 lenglama umumiy
echimini toping.

E-34k+3k-1=0 tenglama (k-1 =0 ga ekvivalent
tenglamadir. Demak, kija=1 va
¥, =(G+Cx +Ca)e".

7. y"-2y+5=0tenglamaning umumiy echimini
toping.
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k' -2k+5=0 xarakteristik tenglama %, =[+2i
ildizlarga ega. Umumiy echim esa
(C,cos2x+ C, sinx)e” ko'rinishda bo'ladi.

8. y” +8y"+16=0 tenglamaning umumiy echimini
toping.

Xarakteristik tenglama k*+8%*+16=(A*+4)*=0
ko'rinishda bo'lib, &, =2, &, ,=-2i ildizlardir.

¥, =€ +C,0) €025 +(C, +C,x)sin2x}™ bo'ladi.

9. Berilgan differentsial tenglama xarakteristik
tenglamasi

=2 k=3 k= kg =—1358 kg0 =270
ildizlarga ega. Umumiy echim ko'rinishini yozing.
Ildizlar barcha xususiy hollarni o'z ichiga oladi
Umumiy echim esa

Vo = C** + C,e” +(C, + C,x)e* +(C;cos5x+ CgsinSx)e™ +
+[(C, + Cx)cosTx +(C, + C,ox)sin Tx)e™

10. y"'-3y'"+3y'-y=e* +x tenglamani anigmas
koeffitsientlar metodi bilan yozing.
Bir jinsli tenglama xarakteristik tenglamasi ildizlari

ki3 =1 ekanligidan y, =(C; +Cyx +Cx?)e™.

a) y'"'-3y'+3y-y = e® xususiy echim y = Ax’e”
ko'rinishda izlanadi.

y; = Al3x%e* + x%e* 1= A(3x? +x)e*.

y; = A[6x+3x% +3x% +x°)e* = A[6x +6x% +x"Je*.

y = A[6+12x +3x% +6x+6x° +x°Je" = A[6+18x+9x% +x°J¢".
Topilganlarni o'miga go'yib: .
A6+ 1Bx+9x% + x* —18x—18x = 3x’ +9x? 4+ 3x7 - 3x’ —x'Je* =&,

Yalni A[6—3xz]=| dan A :l B3 ¥ =ﬁ‘ex bo'ladt.
6 6

250



b} y''--3y' '+3y‘—y =X xususty echimi V= AxB
tarzida izlanadi. Y2 =A; y; =0 Bundan:
3A—Ax-B=x, Yani A=-];B=-3 pa y, = —x-3.

3
. Umumiy echim esa y= (CI 3 sz+Cr2 +%)ex —-x—X
ko'rinishda bo'ladi. -
1. y-3y'+2y = e tenglamani o'zgarmasni

1+e2
“variatsiyalash yordamida eching.

kz -3k + 2 =0 echimlari k; =1, k, =2 ekanligidan
tenglama xususiy echimlari ¢* va e2* dir. Bundan
yp =Cie* +C ™ Va
C -e" +C,e”* =0
x

Cle* +2C.e* =%
! ? 1+e*
sistemaga ega bo'lamiz. C'l = —C'zex ni ikkinchi
3x
tenglamaga go'yib Clzezx = , ya'ni
1+e2%
eX
CI2 2= .. ga ega bo'lamiz. Bundan
1+
C, = arctge™.
2x _ 1
cl=-f i ldan =]y —p va
1+e2 1+e”*

C. = ~Inv1+e?*.

1
Pemak, urnumiy echim

y=Cie* +Cre?* —Invi+e® -e* + e arctge®.
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12. [x=2x+y sistemani eching, bunda

y=3x+4y
o dx o-dy
& YT &

Birinchi tenglamadan y=x—2x  ekanligidan, uni
ikkinchi tenglamaga qo'yvib x-2x =3x + 4(x~2x) Yoki

x—6x+5x = 0 tenglamaga ega bo'lamiz. Xarakteristik
tenglama ildizlari ki =1, ky =5 ekanligidan

x=Cyet +Cye™t. x=Cje! +5C,e™ bo'lganligi
1 2 ] 2
uchun
y=Cre' +5C,e% —2C;e" ~2C,6%t = —Cef +3C,e™
kelib chigadi.
Demak, x = Cje' +C,e™
y=-Ciet +3C,e™.

o

13, [x=x-y+38t bir jinsli bo'lmagan sistemani

y=3x-y
eching.

Ikkinchi tenglamadan , _Y _ Y ; =2 .Y lami
5 5 55

topib birinchi tenglamaga qo'yamiz.

Z+Z=Z+2~y+&

5 5 5 5

y+4y =40t tenglama hosil bo'ladi.
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kK2+4=0 dan ky, =%2i ya'ni
Yo =C,cos2t+C,sin2¢ y, = At+ B ko'rinishda izlanadi.

44t +4B =40t dan A=10;B=0.
Demak, -
¥ =Cco82t+C,sin2t +10¢,

X = -;-(— 2C, sin 2t + 2C, cos 2t + C cos 2t + C, sin 2¢ +10¢)

11-bobga doir uy vazifalari
1. Tartibini pasaytiring va yeching.

i) 2x' Y=yt 2 2) Y +py''=10
)y 3= ytay Y=y

5) y"'=2y"Sktgx 6) ¥ =xy"=6)
N y+yi=Te”? g yP=y"+8

9 y'-xy"'+y"i=0 100 y' -y =10
1) ' 2y+x)=11  12) (I-xz)y"i-xy':lz
13) (y+13p)y"= y° 14 'yt =4y
15) xy"'= y‘+x(y‘71 +x1)

I1. Bir jinsli bo’lmagan tenglamalarni yeching.

1) v'"+4y'-12y = 8sin 2x

2) Y'-61'+9y =x* - x+3

3) y'+4y'= e

4) Y"'-2y'+5y = xe**

5) y"'+5y'+6y = cos2x

6) V'-5y'+6y = (12x - 7)&:”r

D Y'-4y'+13y =26x+5 |
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8) y''-2y'+y =16e"

9 y'4y'=6x’ +1]

10) y"+6y'+9y =10
i y"dy'=e +x

1) y'-3y=x"+5

13) y'ry'+y=e”

14) y"'+2y'+dy = ™
15) y''~4y = e**

HI. Sistemant yeching:

x=4x+6 r=—Sx—4
ni Y 53" Y
y=4x+2y y=-2x-3y
;:3x+ °=6x+3
R d 4)415 Y
y=8x+y y=-8x-5y
X=—x+5 x=3x-2
514 ’ 6) 1 4
[y =x+3y Wy =2x+5y
x=—dx—6y J;c:5x—8
T)L ? 81 d
(y=-4x-2y (¥ =-3x-3y
t=-x-5 x=-Tx+5
9) x Y 104" Y
1y=-?x-3y y=4x-8y



v =2x- ¢ =2x—4
TR 12) { ¥ T

< 3

y=x4+2 Y=x-3y+3e

'.;‘: +2 ;=2x— '
13) 5 rrey 14) 5 Y

Y =x-S5sinst y=y-2x+18t

¢ =5x—3y 4 2%
15)x x-3y

o

y=x+y+Se”
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