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Preface

The recent European Programme Specifications have forced a reassessment of the
structure and syllabi of the entire system of Italian higher education, and an
ensuing rethinking of the teaching material.

Nowadays many lecture courses, especially rudimentary ones, demand that stu-
dents master a large amount of theoretical and practical knowledge in a span of
just few weeks, in order to gain a small number of credits. As a result, instructors
face the dilemma of how to present the subject matter. They must make appro-
priate choices about lecture content, the comprehension level required from the
recipients, and which kind of language to use.

This textbook is meant to help students acquire the basics of Calculus in cur-
ricula where mathematical tools play a crucial part (so Engineering, Physics, Com-
puter Science and the like). The fundamental concepts and methods of Differential
and Integral Calculus for functions of one real variable are presented with the pri-
mary purpose of letting students assimilate their effective employment, but with
critical awareness. The general philosophy inspiring our approach has been to sim-
plify the system of notions available prior to the university reform; at the same
time we wished to maintain the rigorous exposition and avoid the trap of compiling
a mere formulary of ready-to-use prescriptions.

From this point of view, the treatise is ‘stratified’ in three layers, each corre-
sponding to increasingly deeper engagement by the user. The intermediate level
corresponds to the unabridged text. Notions are first presented in a naive manner,
and only later defined precisely. Their features are discussed, and computational
techniques related to them are exhaustively explained. Besides this, the fundamen-
tal theorems and properties are followed by proofs, which are easily recognisable
by the font’s colour.

At the elementary level the proofs and the various remarks should be skipped.
For the reader’s sake, essential formulas, and also those judged important, have
been highlighted in blue, and gray, respectively. Some tables, placed both through-
out and at the end of the book, collect the most useful formulas. It was not our
desire to create a hierachy-of-sorts for theorems, instead to leave the instructor
free to make up his or her own mind in this respect.



VI Preface

The deepest-reaching level relates to an internet website, and enables the
strongly motivated reader to explore further into the subject. We believe that
the general objectives of the Programme Specifications are in line with the fact
that willing and able pupils will build a solid knowledge, in the tradition of Italy’s
academic education. The book contains several links to a webpage where the reader
will find complements to, and insight in various topics. In this fashion every result
that is stated possesses a corresponding proof.

To make the approach to the subject less harsh, and all the more gratifying,
we have chosen a casual presentation in the first two chapters, where relevant
definitions and properties are typically part of the text. From the third chapter
onwards they are highlighted by the layout more discernibly. Some definitions and
theorems are intentionally not stated in the most general form, so to privilege
a brisk understanding. For this reason a wealth of examples are routinely added
along the way right after statements, and the same is true for computational
techniques. Several remarks enhance the presentation by underlining, in particular,
special cases and exceptions. Each chapter ends with a large number of exercises
that allow one to test on the spot how solid one’s knowledge is. Exercises are
grouped according to the chapter’s major themes and presented in increasing order
of difficulty. All problems are solved, and at least half of them chaperone the reader
to the solution.

We have adopted the following graphical conventions for the constituent build-
ing blocks: definitions appear on a gray background, theorems’ statements on blue,
a vertical coloured line marks examples, and boxed exercises, like , indicate
that the complete solution is provided.

An Italian version of this book has circulated for a number of years in Italy,
and has been extensively tested at the Politecnico in Turin. We wish to dedicate
this volume to Professor Guido Weiss of Washington University in St. Louis, a
master in the art of teaching. Generations of students worldwide have benefited
from Guido’s own work as a mathematician; we hope that his own clarity is at
least partly reflected in this textbook.

We are thankful to the many colleagues and students whose advice, suggestions
and observations have allowed us to improve the exposition. Special thanks are due
to Dr. Simon Chiossi, for the careful and effective work of translation.

Torino, June 2008 Claudio Canuto, Anita Tabacco



Online additional material

At the address

http://calvino.polito.it/canuto-tabacco/analysis_1

further material and complementary theory are available. These online notes are
organised under the following headings:

Principle of Mathematical Induction
The number e
Elementary functions
Limits

Continuous functions
Sequences

Numerical series
Derivatives

De I'Hopital’s Theorem
Convex functions
Taylor expansions

e @ & & @® @ & @& @ o @ @

Cauchy integral

Riemann integral
e Improper integrals

and provides, in particular, rigorous proofs for the statements that are not shown
in the text. The reader is encouraged to refer to the relevant section whenever the
symbol ~» appears throughout the treatise, as in ~» The number e.
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1

Basic notions

In this introductory chapter some mathematical notions are presented rapidly,
which lie at the heart of the study of Mathematical Analysis. Most should already
be known to the reader, perhaps in a more thorough form than in the following
presentation. Other concepts may be completely new, instead. The treatise aims
at fixing much of the notation and mathematical symbols frequently used in the
sequel.

1.1 Sets

We shall denote sets mainly by upper case letters X, Y ..., while for the members
or elements of a set lower case letters z,y, ... will be used. When an element x is
in the set X one writes £ € X (‘z is an element of X’, or ‘the element z belongs
to the set X’), otherwise the symbol z ¢ X is used.

The majority of sets we shall consider are built starting from sets of numbers.
Due to their importance, the main sets of numbers deserve special symbols, namely:

N = set of natural numbers
7, = set of integer numbers
@ = set of rational numbers
R = set of real numbers

C = set of complex numbers.

The definition and main properties of these sets, apart from the last one, will
be briefly recalled in Sect.1.3. Complex numbers will be dealt with separately in
Sect. 8.3.

Let us fix a non-empty set X, considered as ambient set. A subset A of X
is a set all of whose elements belong to X; one writes A C X (‘A is contained,
or included, in X’) if the subset A is allowed to possibly coincide with X, and
A C X (‘A is properly contained in X’) in case A is a proper subset of X, that
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CA

A

Figure 1.1. Venn diagrams (left) and complement (right)

is, if it does not exhaust the whole X. From the intuitive point of view it may
be useful to represent subsets as bounded regions in the plane using the so-called
Venn diagrams (see Fig. 1.1, left).

A subset can be described by listing the elements of X which belong to it

A:{x?y?,..,z}:

the order in which elements appear is not essential. This clearly restricts the use
of such notation to subsets with few elements. More often the notation

A={z e X | p(x)} or A={ze X : p(x)}

will be used (read ‘A is the subset of elements z of X such that the condition p(x)
holds’); p(z) denotes the characteristic property of the elements of the subset, i.e.,
the condition that is valid for the elements of the subset only, and not for other
elements. For example, the subset A of natural numbers smaller or equal than 4
may be denoted

A=1{0,1,2,3,4} or A={zeN|z <4}

The expression p(z) =‘z < 4’ is an example of predicate, which we will return to
in the following section.

The collection of -all subsets of a given set X forms the power set of X, and
is denoted by P(X). Obviously X € P(X). Among the subsets of X there is the
empty set, the set containing no elements. It is usually denoted by the symbol
B, s0 @ € P(X). All other subsets of X are proper and non-empty.

Consider for instance X = {1,2,3} as ambient set. Then

P(X) = {@’ {1}7 {2}7 {3}5 {la 2}a {173}7 {2’3}3X}'

Note that X contains 3 elements (it has cardinality 3), while P(X) has 8 = 23
elements, hence has cardinality 8. In general if a finite set (a set with a finite
number of elements) has cardinality n, the power set of X has cardinality 2.
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Starting from one or more subsets of X, one can define new subsets by means
of set-theoretical operations. The simplest operation consists in taking the com-
plement: if A is a subset of X, one defines the complement of A (in X) to be the
subset

CA={z e X |z ¢&A}

made of all elements of X not belonging to A (Fig. 1.1, right).

Sometimes, in order to underline that complements are taken with respect to
the ambient space X, one uses the more precise notation Cx A. The following
properties are immediate:

CX=0, C0=X, C(CA) =A.

For example, if X = N and A is the subset of even numbers (multiples of 2), then
CA is the subset of odd numbers.

Given two subsets A and B of X, one defines intersection of A and B the
subset

ANB={z€ X |z € Aand z € B}

containing the elements of X that belong to both A and B, and union of A and
B the subset

AUB={zeX|zcAorzec B}

made of the elements that are either in 4 or in B (this is meant non-exclusively,
so it includes elements of AN B), see Fig. 1.2.

We recall some properties of these operations.

i) Boolean properties:

ANCA =0, AUCA = X;

AUB AUB

ANB
B AUB B

Figure 1.2. Intersection and union of sets
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i) commutative, associative and distributive properties:

ANB=BnNA, AUB=BUA
(ANB)NC=An(BnNC), (AuUB)UC =AU (BUCQ),
(ANB)UC =(AUC)N(BUC), (AUB)NC=(ANC)U(BNC);

1) De Morgan laws:
C(ANB)=CAUCB, C(AUuB)=CANCB.

Notice that the condition A C B is equivalent to ANB = A, or AUB = B.

There are another couple of useful operations. The first is the difference be-
tween a subset A and a subset B, sometimes called relative complement of B
in A

A\B={zeA|z¢B}=ANCB

(read ‘A minus B’), which selects the elements of A that do not belong to B. The
second operation is the symmetric difference of the subsets A and B

AAB=(A\B)U(B\A)=(AUB)\(ANB),

which picks out the elements belonging either to A or B, but not both (Fig. 1.3).

For example, let X = N, A be the set of even numbers and B={n e N|n <
10} the set of natural numbers smaller or equal than 10. Then B\ A = {1, 3,5,7,9}
is the set of odd numbers smaller than 10, A\ B is the set of even numbers larger
than 10, and AAB is the union of the latter two.

AAB
A\ B AAB

Figure 1.3. The difference A \ B (left) and the symmetric difference A A B (right) of
two sets
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1.2 Elements of mathematical logic

In Mathematical Logic a formula is a declarative sentence, or statement, the truth
or falsehood of which can be established. Thus within a certain context a formula
carries a truth value: Truc or False. The truth value can be variously represented,
for instance using the binary value of a memory bit (1 or ), or by the state of
an electric circuit (open or close). Examples of formulas are: ‘7 is an odd number’
(True), ‘3 > /12’ (False), ‘Venus is a star’ (False), ‘This text is written in english’
(True). ct cetera. The statement ‘Milan is far from Rome’ is not a formula, at least
without further specifications on the notion of distance; in this respect ‘Milan is
farther from Rome than Turin’ is a formula. We shall indicate formulas by lower
case letters p.og,r, .. ..

1.2.1 Connectives

New formulas can be built from old ones using logic operations expressed by certain
formal symbols, called connectives.

The simplest operation is called negation: by the symbol —p (spoken ‘not p’)
one indicates the formula whose truth value is True if p is False, and False if p
is True. For example if p="7 is a rational number’, then —p =7 is an irrational
number’.

The conjunction of two formulas p and g is the formula p A ¢ (‘p and ¢'),
which is true if both p and ¢ are true, false otherwise. The disjunction of p and
q is the formula p V g (‘p or ¢’}); the disjunction is false if p and g are both false,
true in all other cases. Let for example p ='7 is a rational number’ and ¢ = ‘7 is
an even number’; the formula p A ¢ = *7 is an even rational number’ is false since
q is false, and p vV ¢ = ‘7 is rational or even’ is true because p is true.

Many statements in Mathematics are of the kind ‘If p is true, then g is true’,
also read as ‘sufficient condition for ¢ to be true is that p be true’, or ‘necessary
condition for p to be true is that ¢ be true’. Such statements are different ways
of expressing the same formula p = ¢ (‘p implies ¢', or ‘if p, then ¢’), called
implication, where p is the ‘hypothesis’ or ‘assumption’, g the ‘consequence’
or ‘conclusion’. By definition, the formula p = ¢ is false if p is true and ¢ false,
otherwise it is always true. In other words the implication does not allow to deduce
a false conclusion from a true assumption, yet does not exclude a true conclusion
being implied by a false hypothesis. Thus the statement ‘if it rains, I'll take the
umbrella’ prevents me from going out without umnbrella when it rains, but will not
interfere with my decision if the sky is clear.

Using p and q it is easy to check that the formula p = ¢ has the same truth
value of —pV ¢. Therefore the connective = can be expressed in terms of the basic
connectives — and V.

Other frequent statements are structured as follows: ‘the conclusion ¢ is true
if and ounly if the assumption p is true’, or ‘necessary and sufficient condition for a
true g is a true p’. Statements of this kind correspond to the formula p < g (‘p is
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(logically) equivalent to ¢’), called logic equivalence. A logic equivalence is true
if p and ¢ are simultaneously true or simultaneously false, and false if the truth
values of p and ¢ differ. An example is the statement ‘a natural number is odd if
and only if its square is odd’. The formula p < ¢ is the conjuction of p = ¢ and
g = p, in other words p & ¢ and (p = ¢) A (¢ = p) have the same truth value.
Thus the connective < can be expressed by means of the basic connectives -, V
and A.

The formula p = ¢ (a statement like ‘if p, then ¢’) can be expressed in various
other forms, all logically equivalent. These represent rules of inference to attain
the truth of the implication. For example, p = ¢ is logically equivalent to the
formula —¢ = —p, called contrapositive formula; symbolically

(p=4q <= (~¢=p).

This is an easy check: p = ¢ is by definition false only when p is true and ¢ false,
i.e., when g is true and —p false. But this corresponds precisely to the falsehood
of -¢ = —p. Therefore we have established the following inference rule: in order
to prove that the truth of p implies the truth of ¢, one may assume that the
conclusion g is false and deduce from it the falsehood of the assumption p. To
prove for instance the implication ‘if a natural number is odd, then 10 does not
divide it’, we may suppose that the given number is a multiple of 10 and (easily)
deduce that the number must be even.

A second inference rule is the so-called proof by contradiction, which we will
sometimes use in the textbook. This is expressed by

(=49 <= (PA-g=-p).

In order to prove the implication p = ¢ one can proceed as follows: suppose p is
true and the conclusion g is false, and try to prove the initial hypothesis p false.
Since p is also true, we obtain a self-contradictory statement.

A more general form of the proof by contradiction is given by the formula

(p=4q) <= (PA-g=>rA-T),

where r is an additional formula: the implication p = ¢ is equivalent to assuming
p true and q false, then deducing a simultaneously true and false statement r (note
that the formula r A —r is always false, whichever the truth value of r).

1.2.2 Predicates

Let us now introduce a central concept. A predicate is an assertion or property
p(x,...) that depends upon one or more variables x, . .. belonging to suitable sets,
and which becomes a formula (hence true or false) whenever the variables are
fixed. Let us consider an example. If x is an element of the set of natural numbers,
the assertion p(x) = ‘o is an odd number’ is a predicate: p(7) is true, p(10) false
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et c. If z and y denote students of the Polytechnic of Turin, the statement p(z,y)
= ‘z and y follow the same lectures’ is a predicate.

Observe that the aforementioned logic operations can be applied to predicates
as well, and give rise to new predicates (e.g., —p(z), p(z) V ¢(x) and so on). This
fact, by the way, establishes a precise relation among the essential connectives
-, A,V and the set-theoretical operations of taking complements, intersection and
union. In fact, recalling the definition A = {& € X | p(z)} of subset of a given
set X, the ‘characteristic property’ p(z) of the elements of A is nothing else but
a predicate, which is true precisely for the elements of A. The complement CA is
thus obtained by negating the characteristic property

CA={zeX | pla),

while the intersection and union of A with another subset B = {z € X | ¢(z)} are
described respectively by the conjuction and the disjunction of the corresponding
characteristic properties:

ANB={zx e X | plx) Ag(z)}, AUB={re X | plz)Vq(x)}.

The properties of the set-theoretical operations recalled in the previous section
translate into similar properties enjoyed by the logic operations, which the reader
can easily write down.

1.2.3 Quantifiers

Given a predicate p(z), with the variable x belonging to a certain set X, one is
naturally lead to ask whether p(z) is true for all elements z, or if there exists at
least one element = making p(x) true. When posing such questions we are actually
considering the formulas

Vo, p(x) (read ‘for all x, p(x) holds’)

and

dz, p(z) (read ‘there exists at least one x, such that p(x) holds’).

If indicating the set to which z belongs becomes necessary, one writes ‘Vr €
X, p(x) and ‘dx € X, p(x)’. The symbol ¥ (‘for all’) is called universal quan-
tifier, and the symbol 3 (‘there exists at least’) is said existential quantifier.
(Sometimes a third quantifier is used, 3!, which means ‘there exists one and only
one element’ or ‘there exists a unique’.)

We wish to stress that putting a quantifier in front of a predicate transforms
the latter in a formula, whose truth value may be then determined. The predicate
p(x) = ‘z is strictly less than 7’ for example, yields the false formula ‘Vz € N, p(z)’
(since p(8) is false, for example), while ‘Iz € N, p(x)’ is true (e.g., * = 6 satisfies
the assertion).
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The effect of negation on a quantified predicate must be handled with attention.
Suppose for instance x indicates the generic student of the Polytechnic, and let p(x)
= ‘z is an Italian citizen’. The formula ‘vz, p(z)’ (‘every student of the Polytechnic
has Ttalian citizenship’) is false. Therefore its negation ‘~(Vx, p(x))’ is true, but
beware: the latter does not state that all students are foreign, rather that ‘there
is at least one student who is not Italian’. Thus the negation of ‘Vr, p(z)’ is
‘Iz, —p(x)’. We can symbolically write

S(Vaip(e))l = = 3z, Sp(T).

Similarly, it is not hard to convince oneself of the logic equivalence

—~Ezrap(a)) =— Nz iop(x).

If a predicate depends upon two or more arguments, each of them may be
quantified. Yet the order in which the quantifiers are written can be essential.
Namely, two quantifiers of the same type (either universal or existential) can be
swapped without modifying the truth value of the formula; in other terms

Ve Vy, p(z,y) < WYyVz, p(x,y),
dz 3y, plz,y) < Jy3Iz, p(z,y).

On the contrary, exchanging the places of different quantifiers usually leads to
different formulas, so one should be very careful when ordering quantifiers.

As an example, consider the predicate p(z, y) = ‘@ > ¢, with z, y varying in the
set of natural numbers. The formula ‘Yz Vy, p(z,y)’ means ‘given any two natural
numbers, each one is greater or equal than the other’, clearly a false statement.
The formula ‘Vz 3y, p(x,y)’, meaning ‘given any natural number z, there is a
natural number y smaller or equal than x’, is true, just take y = x for instance.
The formula ‘3z Vy, p(z,y) means ‘there is a natural number z greater or equal
than each natural number’, and is false: each natural number x admits a successor
x + 1 which is strictly bigger than xz. Eventually, ‘32z 3y, p(x,y)’ (‘there are at
least two natural numbers such that one is bigger or equal than the other’) holds
trivially.

1.3 Sets of numbers

Let us briefly examine the main sets of numbers used in the book. The discussion
is on purpose not exhaustive, since the main properties of these sets should already
be known to the reader.

The set I of natural numbers. This set has the numbers 0,1, 2, ... as elements.
The operations of sum and product are defined on N and enjoy the well-known



1.3 Sets of numbers 9

commutative, associative and distributive properties. We shall indicate by N the
set of natural numbers different from 0

N, =N\ {0}.

A natural number n is usually represented in base 10 by the expansion n = ¢, 10% +
k110571 + ... 4+ ¢,10 + ¢y, where the ¢;’s are natural numbers from 0 to 9 called
decimal digits; the expression is unique if one assumes ¢y # 0 when n # 0. We
shall write n = (crck—1 . .. c1¢0)10, OF more easily n = cxck_1 ... c1¢o. Any natural
number > 2 may be taken as base, instead of 10; a rather common alternative is
2, known as binary base.

Natural numbers can also be represented geometrically as points on a straight
line. For this it is sufficient to fix a first point O on the line, called origin, and
associate it to the number 0, and then choose another point P different from
O, associated to the number 1. The direction of the line going from O to P is
called positive direction, while the length of the segment OP is taken as unit for
measurements. By marking multiples of OP on the line in the positive direction
we obtain the points associated to the natural numbers (see Fig. 1.4).

The set 7Z of integer numbers. This set contains the numbers 0,+1, —1,
+2,-2,... (called integers). The set N can be identified with the subset of Z
consisting of 0, +1,+2,... The numbers +1,+2,... (—1,—2,...) are said positive
integers (resp. negative integers). Sum and product are defined in Z, together with
the difference, which is the inverse operation to the sum.

An integer can be represented in decimal base z = +cpcgp—1 ... c1¢y. The geo-
metric picture of negative integers extends that of the natural numbers to the left
of the origin (Fig.1.4).

The set () of rational numbers. A rational number is the quotient, or ratio,
of two integers, the second of which (denominator) is non-zero. Without loss of
generality one can assuine that the denominator is positive, whence each rational
number, or rational for simplicity, is given by

z
= —, with z € Z and n € N,
n

Moreover, one may also suppose the fraction is reduced, that is, z and n have no
common divisors. In this way the set Z is identified with the subset of rationals
whose denominator is 1. Besides sum, product and difference, the operation of
division between two rationals is defined on @, so long as the second rational is
other than 0. This is the inverse to the product.

—2 —1 0 | 2

(0] P

Figure 1.4. Geometric representation of numbers
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A rational number admits a representation in base 10 of the kind r =
+epcg—1 - - c1¢0.di1ds - - -, corresponding to

r=4(ckl0F + 1110571 4 £ 110 + o+ d1 107 + dp1072 4 - ).

The sequence of digits dy, ds, ... written after the dot satisfies one and only one of
the following properties: i) all digits are 0 from a certain subscript ¢ > 1 onwards (in
which case one has a finite decimal expansion; usually the zeroes are not written),
or ii) starting from a certain point, a finite sequence of numbers not all zero —
called period — repeats itself over and over (infinite periodic decimal expansion;
the period is written once with a line drawn on top). For example the following
expressions are decimal expansions of rational numbers

35163 11579 _

T 351.6300--- = —371.63 and 95 = 12.51783783 - - - = 12.51783.
The expansion of certain rationals is not unique. If a rational number has a finite
expansion in fact, then it also has a never-ending periodic one obtained from the
former by reducing the right-most non-zero decimal digit by one unit, and adding
the period 9. The expansions 1.0 and 0.9 define the same rational number 1;
similarly, 8.357 and 8.3569 are equivalent representations of %.

The geometric representation of a rational r = +™* is obtained by subdividing
the segment OP in n equal parts and copying the subsegment m times in the

positive or negative direction, according to the sign of r (see again Fig. 1.4).

The set R of real numbers. Not every point on the line corresponds to a rational
number in the above picture. This means that not all segments can be measured
by multiples and sub-multiples of the unit of length, irrespective of the choice of
this unit.

It has been known since the ancient times that the diagonal of a square is not
commensurable with the side, meaning that the length d of the diagonal is not a
rational multiple of the side’s length ¢. To convince ourselves about this fact recall
Pythagoras’s Theorem. It considers any of the two triangles in which the diagonal
splits the square (Fig. 1.5), and states that

> =042, ie., d? = 202,

d

Figure 1.5. Square with side £ and its diagonal
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Calling p the ratio between the lengths of diagonal and side, we square d = pf and
substitute in the last relation to obtain p? = 2. The number p is called the square
root of 2 and it is indicated by the symbol v/2.

Property 1.1 If the number p satisfies p*> = 2, it must be non-rational.

Proof. By contradiction: suppose there exist two integers m and n, necessarily
non-zero, such that p = Assume m, n are relatively prime. Taking
squares we obtain % = 2, hence m? = 2n?%. Thus m? is even, which is to
say that m is even. For a suitable natural number k then, m = 2k. Using
this in the previous relation yields 4k* = 2n?, i.e., n® = 2k*. Then n?,
whence also n, is even. But this contradicts the fact that m and n have no

common factor, which comes from the assumption that p is rational.

Another relevant example of incommensurable lengths, known for centuries,
pertains to the length of a circle measured with respect to the diameter. In this
case as well, one can prove that the lengths of circumference and diameter are
not commensurable because the proportionality factor, known by the symbol m,
cannot be a rational number.

The set of real numbers is an extension of the rationals and provides a math-
ematical model of the straight line, in the sense that each real number z can be
associated to a point P on the line uniquely, and vice versa. The former is called
the coordinate of P. There are several equivalent ways of constructing such exten-
sion. Without going into details, we merely recall that real numbers give rise to any
possible decimal expansion. Real numbers that are not rational, called irrational,
are characterised by having a non-periodic infinite decimal expansion, like

V2 = 1.4142135623731 - - - and m = 3.1415926535897 - - -

Rather than the actual construction of the set R, what is more interesting to us
are the properties of real numbers, which allow one to work with the reals. Among
these properties, we recall some of the most important ones.

i) The arithmetic operations defined on the rationals extend to the reals with
similar properties.
ii) The order relation x < y of the rationals extends to the reals, again with similar
features. We shall discuss this matter more deeply in the following Sect. 1.3.1.
iil) Rational numbers are dense in the set of real numbers. This means there are
infinitely many rationals sitting between any two real numbers. It also implies
that each real number can be approximated by a rational number as well
as we please. If for example r = cxcp 1 ---c1cp.dydg - - - did;41 - - - has a non-
periodic infinite decimal expansion, we can approximate it by the rational
G; = CkCk—1---C1Cp-d1dz - - - d; obtained by ignoring all decimal digits past the
ith one; as 7 increases, the approximation of r will get better and better.
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iv) The set of real numbers is complete. Geometrically speaking, this is equivalent
to asking that each point on the line is associated to a unique real number, as
already mentioned. Completeness guarantees for instance the existence of the
square root of 2, i.e., the solvability in R of the equation 22 = 2, as well as of
infinitely many other equations, algebraic or not. We shall return to this point
in Sect. 1.3.2.

1.3.1 The ordering of real numbers

Non-zero real numbers are either positive or negative. Positive reals form the
subset R, negative reals the subset R_. We are thus in presence of a partition
R =R_ U {0} UR,. The set

R, ={0}UR,

of non-negative reals will also be needed. Positive numbers correspond to points
on the line lying at the right — with respect to the positive direction — of the origin.

Instead of z € Ry, one simply writes £ > 0 (‘z is bigger, or larger, than
0); similarly, z € R, will be expressed by > 0 (‘z is bigger or equal than 0’).
Therefore an order relation is defined by

<y = y—x>0.

This is a total ordering, i.e., given any two distinct reals  and y, one (and only
one) of the following holds: either z < y or y < z. From the geometrical point of
view the relation z < y tells that the point with coordinate z is placed at the left
of the point with coordinate y. Let us also define

<y = ST () P T

Clearly, £ < y implies & < y. For example the relations 3 < 7 and 7 < 7 are true,
whereas 3 < 2 is not.

The order relation < (or <) interacts with the algebraic operations of sum and
product as follows:

if + <y and z is any real number, then z + 2 <y + 2

(adding the same real number to both sides of an inequality leaves the latter
unchanged);

2z =0, then x: Yz,

; o vz <
if z <y and if
2 <0, then zz>y

(multiplying by a non-negative number both sides of an inequality does not alter it,
while if the number is negative it inverts the inequality). Example: multiplying by
—1 the inequality —3 < 2 gives —2 < 3. The latter property implies the well-known
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sign rule: the product of two numbers with alike signs is positive, the product of
two numbers of different sign is negative.

Absolute value. Let us introduce now a simple yet important notion. Given a
real number x, one calls absolute value of x the real number

|z| = {-‘I? if >0,
- =1 i)

Thus |x] > 0 for any 2 in R. For instance |5 = 5, |0] = 0, | — 5| = 5. Geometrically,
|z| represents the distance from the origin of the point with coordinate z; thus,
|z — y| = |y — x| is the distance between the two points of coordinates = and y.

The following relations, easy to prove, will be useful

[z +y| < lz| + yl, for all z,y € R (1.1)

(called triangle inequality) and

|lzy| = |z|lyl, for all z,y € R.

Throughout the text we shall solve equations and inequalities involving abso-
lute values. Let us see the simplest ones. According to the definition,

lz[ =0
has the unique solution 2 = 0. If ¢ is any number > 0, the equation
|z = a

has two solutions x = a¢ and z = —a, so

il = e T = *a, Va > 0.

In order to solve
|z] < a, where a > 0,

consider first the solutions z > 0, for which |z| = «, so that now the inequality
reads z < a; then consider x < 0, in which case x| = —x, and solve —x < q, or
—a < x. To summarise, the solutions are real numbers x satisfying 0 < z < a or
—a < x < 0, which may be written in a shorter way as

lz] < a = —a<z<a. (1.2)
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Similarly, it is easy to see that if b > 0,

|z| > b = < —b or x>0 (1.3)

The slightly more general inequality
|z — 20| < a,

where zg € R is fixed and a > 0, is equivalent to —a < z — 2z < a; adding zg gives

|z — x| < a — o —a <z <3+ a. (1.4)

In all examples we can replace the symbol < by < and the conclusions hold.

Intervals. The previous discussion shows that Mathematical Analysis often deals
with subsets of R whose elements lie between two fixed numbers. They are called
intervals.

Definition 1.2 Let a and b be real numbers such that a < b. The closed
interval with end-points a, b is the set

[@,) ={z €R | a <z <b}.
If a < b, one defines open interval with end-points a, b the set
(a,0) ={zeR|a<z<b}

An equivalent notation is |a, b[,

If one includes only one end-point, then the interval with end-points a, b

[@,b)={zeR|a<z<b}

is called half-open on the right, while

(a,0] ={z€eR|a<z<b}

is half-open on the left.

— —_— -

a b a b

Figure 1.6. Geometric representation of the closed interval [a,b] (left) and of the open
interval (a,b) (right)
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Example 1.3
Describe the set A of elements € R such that

2 < |z| < 5.
Because of (1.2) and (1.3), we easily have
A= (=5,-2]U[2,5). O

Intervals defined by a single inequality are useful, too. Define

[a,40) ={x e R | a < 2}, (a,+c0) ={z € R | a < z},

and

(—o0,b] ={z €R | 2 < b}, (—oo,b) ={z €R | z < b}.

The symbols —oo and +00 do not indicate real numbers; they allow to extend
the ordering of the reals with the convention that —oc < z and z < +oo for all
z € R. Otherwise said, the condition a¢ < x is the same as a < z < +00, so the
notation [a, +00) is consistent with the one used for real end-points. Sometimes it
is convenient to set

(—oc,+00) =R.

In general one says that an interval [ is closed if it contains its end-points, open
if the end-points are not included. All points of an interval, apart from the end-
points, are called interior points.

Bounded sets. Let us now discuss the notion of boundedness of a set.

Definition 1.4 A subset A of R is called bounded from above if there
exists a real number b such that

x <b, for all z € A.

Any b with this property is called an upper bound of A.
The set A is bounded from below if there is a real number a with

=T for allz € A.

Every a satisfying this relation is said a lower bound of A.
At last, one calls A bounded if it is bounded from above and below.

In terms of intervals, a set is bounded from above if it is contained in an interval
of the sort (—oo,b] with b € R, and bounded if it is contained in an interval [a, b]
for some a,b € R. It is not difficult to show that A is bounded if and only if there
exists a real ¢ > 0 such that

lz] < e, for all z € A.
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Examples 1.5

i) The set N is bounded from below (each number a < 0 is a lower bound), but
not from above: in fact, the so-called Archimedean property holds: for any
real b > 0, there exists a natural number n with

n > b. (1.5)

ii) The interval (—oo,1] is bounded from above, not from below. The interval
(=5, 12) is bounded.

iii) The set
n 123
A= Nb={0,= 22 1.
{Zimenf={o324 } (16)

is bounded, in fact 0 < o < 1 for any n € N.
n+1

iv) The set B = {x € Q | 2% < 2} is bounded. Taking z such that |z| > % for

example, then 22 > 2 > 2, s0o ¢ ¢ B. Thus B C [-3,4]. i

Definition 1.6 A set A C R admits a maximum if an element x;; € A
exists such that
T < T, for any x € A.

The element xpr (necessarily unique) is the maximum of the set A and
one denotes it by xp; = max A.

The minimum of a set A, denoted by x,, = min A, is defined in a similar
way.

A set admitting a maximum must be bounded from above: the maximum is an
upper bound for the set, actually the smallest of all possible upper bounds, as we
shall prove. The opposite is not true: a set can be bounded from above but not
admit a maximum, like the set A of (1.6). We know already that 1 is an upper
bound for A. Among all upper bounds, 1 is privileged, being the smallest upper
bound. To convince ourselves of this fact, let us show that each real number r < 1
is not an upper bound, i.e., there is a natural number n such that

n
n+1

> T,

1 1—-r

1 1 1 1
The inequality is equivalent to r < —,hence 1 + — < -, 0or — < . This
7 n o n

,
is to say n > 1#, and the existence of such n follows from property (1.5). So,
r

1 is the smallest upper bound of A, yet not the maximum, for 1 € A: there is no
natural number n such that

1= 1. One calls 1 the supremum, or least upper

bound, of A and writes 1 = sup A.
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Analogously, 2 is the smallest of upper bounds of the interval I = (0,2), but
it does not belong to 7. Thus 2 is the supremum, or least upper bound, of I,
=sup/.

Definition 1.7 Let A C R be bounded from above. The supremum or least
upper bound of A is the smallest of all upper bounds of A, denoted by sup A.
If A ¢ R is bounded from below, one calls infimum or greatest lower
bound of A the largest of all lower bounds of A. This is denoted by inf A.

The number s = sup A is characterised by two conditions:

i) x<s foralxecA;
i1) for any real v < s, there is an x € A with x > r.

(1.7)

While 7) tells that s is an upper bound for A, according to i) each number smaller
than s s not an upper bound for A, rendering s the smallest among all upper
bounds.

The two conditions (1.7) must be fulfilled in order to show that a given number
is the supremum of a set. That is precisely what we did to claim that 1 was the
supremum of (1.6).

The notion of supremum generalises that of maximum of a set. It is immediate
to see that if a set admits a maximum, this maximum must be the supremum
as well.

If a set A is not bounded from above, one says that its supremum is +oc, i.e.,
one defines
sup A = +oc.

Similarly, inf A = —co for a set A not bounded from below.

1.3.2 Completeness of R

The property of completeness of R may be formalised in several equivalent ways.
The reader should have already come across {Dedekind’s) separability aziom: de-
composing R into the union of two disjoint subsets C; and Cy (the pair (C,Cy)
is called a cut) so that each element of Cq is smaller or equal than every element
in Cy, there exists a (unique) separating element s € R:

1 <8< 19, Vr, € C1, Vag € Cy.

An alternative formulation of completeness involves the notion of supremum of
a set: every bounded set from above admits a supremum in R, i.e., there is a real
number smaller or equal than all upper bounds of the set.

With the help of this property one can prove, for example, the existence in
R of the square root of 2, hence of a number p (> 0) such that p? = 2. Going
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back to Example 1.5 iv), the completeness of the reals ensures that the bounded
set B = {z € Q | 2? < 2} has a supremum, say p. Using the properties of R it
is possible to show that p? < 2 cannot occur, otherwise p would not be an upper
bound for B, and neither p? > 2 holds, for p would not be the least of all upper
bounds. Thus necessarily p? = 2. Note that B, albeit contained in Q, is not allowed
to have a rational upper bound, because p? = 2 prevents p from being rational
(Property 1.1).

This example explains why the completeness of R lies at the core of the pos-
sibility to solve in R many remarkable equations. We are thinking in particular
about the family of algebraic equations

" =a, (1.8)

where n € N1 and a € R, for which it is worth recalling the following known fact.

Property 1.8 i) Let n € Ny be odd. Then for any a € R equation (1.8) has
ezactly one solution in R, denoted by x = {/a or x = a*/™ and called the nth
root of a.

i) Let n € Ny be even. For any a > 0 equation (1.8) has two real solutions
with the same absolute value but opposite signs; when a = 0 there is one
solution x = 0 only; for a < 0 there are no solutions in R. The non-negative
solution is indicated by x = {/a orx = a'/™, and called the nth (arithmetic)
root of a.

1.4 Factorials and binomial coefficients

We introduce now some noteworthy integers that play a role in many areas of
Mathematics.

Given a natural number n > 1, the product of all natural numbers between
1 and n goes under the name of factorial of n and is indicated by n! (read ‘n
factorial’). Out of conveniency one sets 0! = 1. Thus

0l =1, 11 =1, nl=1-2-...-n=(n—-1)!n for n>2. (1.9)

Factorials grow extremely rapidly as n increases; for instance 5! = 120, 10! =
3628800 and 100! > 1057,

Example 1.9

Suppose we have n > 2 balls of different colours in a box. In how many ways
can we extract the balls from the box?
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When taking the first ball we are making a choice among the n balls in the box;
the second ball will be chosen among the n — 1 balls left, the third one among
n — 2 and so on. Altogether we have n(n — 1) -...- 2.1 = n! different ways to
extract the balls: n! represents the number of arrangements of n distinct objects
in a sequence, called permutations of n ordered objects.

If we stop after k extractions, 0 < k < n, we end up with n(n—1)...(n—k+1)
possible outcomes. The latter expression, also written as (nL!k)" is the number
of possible permutations of n distinct objects in sequences of k objects.
If we allow repeated colours, for instance by reintroducing in the box a ball of
the same colour as the one just extracted, each time we choose among n. After
k > 0 choices there are then n* possible sequences of colours: n* is the number
of permutations of n objects in sequences of k, with repetitions (i.e.,
allowing an object to be chosen more than once).

Given two natural numbers n and k such that 0 < k < n, one calls binomial
coefficient the number
n n!
S A e 1.10
(k‘) kl(n — k)! (1.10)

(the symbol (}) is usually read ‘n choose k’). Notice that if 0 < k <n

nt=1...n=1...-(n—k)n-k+1)-...-(n—1)n = (n—K){{n—k+1)-...-(n—1)n,

so simplifying and rearranging the order of factors at the numerator, (1.10) be-

comes
(,“) 2 nn—1)-...-(n—k+1) (1 11)
LlE k! ; ‘

another common expression for the binomial coefficient. From definition (1.10) it

follows directly that
ny n
k) \n-—k

G- ()-61)=n

Moreover, it is easy to prove that for any n > 1 and any k with 0 <k <n

<Z> - <Z: 1) - (n 5 1)’ (1.12)

which provides a convenient means for computing binomial coefficients recursively;
the coefficients relative to n objects are easily determined once those involving
n — 1 objects are computed. The same formula suggests to write down binomial

and
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coefficients in a triangular pattern, known as Pascal’s triangle' (Fig.1.7): each
coefficient of a given row, except for the 1’s on the boundary, is the sum of the two
numbers that lie above it in the preceding row, precisely as (1.12) prescribes. The
construction of Pascal’s triangle shows that the binomial coeflicients are natural
numbers.

Figure 1.7. Pascal’s triangle

The term ‘binomial coefficient’ originates from the power expansion of the
polynomial a + b in terms of powers of ¢ and b. The reader will remember the
important identities

(a+ b)% = a® + 2ab + b* and (a+b) = a® + 3a%b + 3ab® + b°.

The coefficients showing up are precisely the binomial coefficients for n = 2 and
n = 3. In general, for any n > 0, the formula

; 5 e\ e _ S
(a+b)" =a"+na" 'b+...+ (!‘)rr” PR e T A

- (1.13)
e (”)“H—kbk
k=0

holds, known as (Newton’s) binomial expansion. This formula is proven with
(1.12) using a proof by induction ~» Principle of Mathematical Induction.

Example 1.9 (continuation)

Given n balls of different colours, let us fix £ with 0 < k < n. How many different
sets of k balls can we form?
Extracting one ball at a time for k times, we already know that there are
n(n—1)...(n—k+1) outcomes. On the other hand the same k balls, extracted
in a different order, will yield the same set. Since the possible orderings of &
elements are k!, we see that the number of distinct sets of k balls chosen from n
nn—1)-...-(n—k+1)
i k!
combinations of n objects taken k at a time. Equivalently, the number of
subsets of k elements of a set of cardinality n.

= <Z> This coefficient represents the number of

! Sometimes the denomination Tartaglia’s triangle appears.



1.5 Cartesian product 21

Formula (1.13) with a = b = 1 shows that the sum of all binomial coefficients
with n fixed equals 2", non-incidentally also the total number of subsets of a set
with n elements. O

1.5 Cartesian product

Let X, Y be non-empty sets. Given elements z in X and ¥ in Y, we counstruct the
ordered pair of numbers

(z,y),

whose first component is x and second component is y. An ordered pair is concep-
tually other than a set of two elements. As the name says, in an ordered pair the
order of the components is paramount. This is not the case for a set. If = # y the
ordered pairs (x,y) and (y,z) are distinct, while {z,y} and {y, z} coincide as sets.

The set of all ordered pairs (z,y) when x varies in X and y varies in Y is the
Cartesian product of X and Y, which is indicated by X x Y. Mathematically,

XxY={zy|zeX, yeY}

The Cartesian product is represented using a rectangle, whose basis corre-
sponds to the set X and whose height is Y (as in Fig. 1.8).

If the sets X, Y are different, the product X x Y will not be equal to Y x X,
in other words the Cartesian product is not commutative.
But if Y = X, it is customary to put X x X = X? for brevity. In this case the
subset of X?
A={(z,y) € X* |z =y}

of pairs with equal components is called the diagonal of the Cartesian product.

RS

(z,y)

T X

Figure 1.8. Cartesian product of sets
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The most significant example of Cartesian product stems from X = Y = R. The
set R? consists of ordered pairs of real numbers. Just as the set R mathematically
represents a straight line, so R? is a model of the plane (Fig. 1.9, left). In order
to define this correspondence, choose a straight line in the plane and fix on it an
origin O, a positive direction and a length unit. This shall be the z-azis. Rotating
this line counter-clockwise around the origin by 90° generates the y-azis. In this
way we have now an orthonormal frame (we only mention that it is sometimes
useful to consider frames whose axes are not orthogonal, and/or the units on the
axes are different).

Given any point P on the plane, let us draw the straight lines parallel to the
axes passing through the point. Denote by x the real number corresponding to the
intersection of the z-axis with the parallel to the y-axis, and by y the real number
corresponding to the intersection of the y-axis with the parallel to the z-axis. An
ordered pair (z,y) € R? is thus associated to each point P on the plane, and vice
versa. The components of the pair are called (Cartesian) coordinates of P in the
chosen frame.

The notion of Cartesian product can be generalised to the product of more

sets. Given n non-empty sets X1, Xs,..., X, one considers ordered n—tuples
(5171,1'2, s 7'7:77.)
where, for every i = 1,2,... n, each component z; lives in the set X;. The Carte-
sian product X; x X2 x ... x X, is then the set of all such n—tuples.
When X; = X5 =... = X,, = X one simply writes X X X x ... x X = X™.

In particular, R® is the set of triples (z,y, z) of real numbers, and represents a
mathematical model of three-dimensional space (Fig. 1.9, right).

(z,9) .
Y | (z,y,2)

Figure 1.9. Models of the plane (left) and of space (right)
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1.6 Relations in the plane

We call Cartesian plane a plane equipped with an orthonormal Cartesian frame
built as above, which we saw can be identified with the product R?.

Every non-empty subset R of R? defines a relation between real numbers;
precisely, one says z is R-related to y, or x is related to y by R, if the ordered
pair (z,y) belongs to R. The graph of the relation is the set of points in the plane
whose coordinates belong to R.

A relation is commonly defined by one or more (in)equalities involving the
variables x and y. The subset R is then defined as the set of pairs (x,y) such that
z and y satisfy the constraints. Finding R often means determining its graph in
the plane. Let us see some examples.

Examples 1.10
i) An equation like
azx + by = ¢,
with a, b constant and not both vanishing, defines a straight line. If b = 0, the line

is parallel to the y-axis, whereas a = 0 yields a parallel to the z-axis. Assuming
b # 0 we can write the equation as
y=mz+gq,

where m = —% and ¢ = §. The number m is called slope of the line. The line
can be plotted by finding the coordinates of two points that belong to it, hence
two distinet pairs (x,y) solving the equation. In particular ¢ = 0 (or ¢ = 0) if
and only if the origin belongs to the line. The equation z — y = 0 for example
defines the bisectrix of the first and third quadrants of the plane.

ii) Replacing the ‘=" sign by ‘<’ above, consider the inequality

ar + by < c.
It defines one of the half-planes in which the straight line of equation ax+by = ¢
divides the plane (Fig. 1.10). If b > 0 for instance, the half-plane below the line
is obtained. This set is open, i.e., it does not contain the straight line, since the

inequality is strict. The inequality az + by < ¢ defines instead a closed set, i.e.,
including the line.

'}
T+ 2y =2

Figure 1.10. Graph of the relation of Example 1.10 ii)
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iij) The system

y >0,

r—Yy Z 03
defines the intersection between the open half-plane above the z-axis and the
closed half-plane lying below the bisectrix of the first and third quadrants. Thus
the system describes (Fig. 1.11, left) the wedge between the positive z-axis and
the bisectrix (the points on the z-axis are excluded).
iv) The inequality

lz —yl <2
is equivalent, recall (1.2), to
—2<zr—-—y<2

The inequality on the left is in turn equivalent to y < z+2, so it defines the open
half-plane below the line y = = + 2; similarly, the inequality on the right is the
same as y > = — 2 and defines the open half-plane above the line y = z — 2. What

we get is therefore the strip between the two lines, these excluded (Fig.1.11,
right).
v) By Pythagoras’s Theorem, the equation
224yt =1
defines the set of points P in the plane with distance 1 from the origin of the

axes, that is, the circle centred at the origin with radius 1 (in trigonometry it
goes under the name of unit circle). The inequality

?+y* <1
then defines the disc bounded by the unit circle (Fig. 1.12, left).
vi) The equation

y =

vields the parabola with vertical axis, vertex at the origin and passing through
the point P of coordinates (1,1).

z—y=0
y=x+2

i y=0

Figure 1.11. Graphs of the relations of Examples 1.10 iii) (left) and 1.10 iv) (right)
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Figure 1.12. Graphs of the relations in Examples 1.10 v) (left) and 1.10 vi) (right)

Thus the inequalities
?<y<l1

define the region enclosed by the parabola and by the straight line given by y = 1
(Fig. 1.12, right). ]

1.7 Exercises

1. Solve the following inequalities:
1 2z —1 1—-"7z

[& >0 b >0
Sl e ) s
fy]z-1_ 2z-3 Y Iz r+1
£w72> r—3 -(}-x*1>2x—1

2z + 3 z+1

2
e) 745 S| £y Ve —6z>z+2
[ z+3
lo) |z —3 < V2?2 - 22 hy ——— >0
Bl ) (z+1)2v22 -3~
- 7_4
) | a2 =4 —2 >0 0 xx|2x_41‘1>0

2. Describe the following subsets of R:
d) A={reR:2?+42+13<0}N{z€R:32%2+5> 0}

b) B:{xER:(m+2)(x—1)(m—5)<0}ﬂ{x6R:?j;20}
_(_)I C={zeR: #<O}U{xeﬂ% Viz+1+2z =17}

d) D={zeR:iz—4>vi?—-6z+5lU{zeR:z2+2>Vzx -1}
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Determine and draw a picture of the following subsets of R?:
a)| A={(z,9) €R?*: 2y >0} b) B={(z,y) €R?:2? —y* > 0}

i(}l C={($,y)€R2:|y—x2]§1} d) D:{(a;,y)ERzzxz%—Z—zZl}

_(3)! E={(z,y) €eR?®:1+2y>0} f) F={(z,y) €R?:2—y+#0}

Tell whether the following subsets of R are bounded from above and/or below,
specifying upper and lower bounds, plus maximum and minimum (if existent):

— 1
a) | A:{xeR:a;:norm:m—,nEN\{O}}
b) B={zeR:-1<z<1orz=20}
j C:{zeR:0§z<lor$:2n—13

d) D={zeR:z=zywithz,yeR, -1<2<2 -3<y< -1}

,n €N\ {0, 1}}

1.7.1 Solutions

L. Inequalities:

a) This is a fractional inequality. A fraction is positive if and only if numerator

and denominator have the same sign. As N(z) =2z —1>0if z > 1/2, and
D(x) =z —3 > 0 for « > 3, the inequality holds when x < 1/2 or z > 3.

) —S<z< i
') Shift all terms to the left and simplify:

z—1 2x—3>0 o —:z2+3av—3>0
-2 T-—3 ’ o (z —2)(z —3) ’

The roots of the numerator are not real, so N(z) < 0 always. The inequality
thus holds when D(z) < 0, hence 2 < z < 3.

) Moving terms to one side and simplifying yields:

|z| z+1 . lz](2z — 1) =22 + 1
— >0, .e., >0.
z—1 2z0-1 he (z—1)(2z - 1)

Since |z] = z for z > 0 and |z| = —z for z < 0, we study the two cases
separately.
When z > 0 the inequality reads

22 —zx—2?+1 2—-z+1

>0, or —— > 0.

(z—-1)(2z-1) (z—-1)(2z-1)
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The numerator has no real roots, hence 2 — z + 1 > 0 for all z. Therefore
the inequality is satisfied if the denominator is positive. Taking the constrain
z > 0 into account, this means 0 <z < 1/2 or z > 1.

When z < 0 we have

2 +r—x%+41 . 32441

G-DE-n 0 M GIDge-n "

N(z) is annihilated by z; = % and zo = H—gﬁ, so N(z)>0forz <z <
y (notice that z; < 0 and z € (3,1)). As above the denominator is positive
when z < 1/2 and = > 1. Keeping = < 0 in mind, we have z; < z < 0.

The initial inequality is therefore satisfied by any z € (z1, ) U (1, +00).

0) B<z< -2 -i<z<l1l<a< YT, flz < L.

o) First of all observe that the right-hand side is always > 0 where defined, hence
when 22 — 2z > 0, i.e., <0 or z > 2. The inequality is certainly true if the
left-hand side x — 3 is < 0, so for z < 3.

If z — 3 > 0, we take squares to obtain

22 —6z+9<z?-2z, le., 4r > 9, whence T >

Al =)

Gathering all information we conclude that the starting inequality holds wher-
ever it is defined, that is for z < 0 and z > 2.

€ [-3,—V3) U (V3, +o0).
i) As |22 — 4] > 0, /|22 — 4| is well defined. Let us write the inequality in the

form
Vg2 -4 >z.

If # < 0 the inequality is always true, for the left-hand side is positive. If z > 0
we square:

|z% — 4| > 2.

Note that
9 z? -4 ifr<—-2o0rz>2,
|z — 4] =
—z2+4 f-2<zx<?2.

Consider the case x > 2 first; the inequality becomes z? — 4 > z?, which is
never true.
Let now 0 < < 2; then —z% 4+ 4 > 22, hence £ — 2 < 0. Thus 0 < z < v/2
must hold.
In conclusion, the inequality holds for z < /2.

/) z € (-2,—v2) U (2, +00).
2. Subsets of R:

a) Because z? + 4z + 13 = 0 cannot be solved over the reals, the condition
2% + 4z + 13 < 0 is never satisfied and the first set is empty. On the other
hand, 322 + 5 > 0 holds for every z € R, therefore the second set is the whole
R. Thus A=0NR = 0.
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1) B = (—o00, —2) U (2, 5).

d

il

b)

)

¢) We can write

2 —5z+4 (z—4)(z-1)
2—-9  (z-3)(z+3)’
whence the first set is (—3,1) U (3,4).
To find the second set, let us solve the irrational equation 7z + 1+ z = 17,
which we write as v/ 7z + 1 = 17—x. The radicand must necessarily be positive,

hence z > —%. Moreover, a square root is always > 0, so we must impose
17—z >0, ie., < 17. Thus for —% < x < 17, squaring yields

Te+1=(17-2z)%, 2%-41z+288=0.

The latter equation has two solutions z; = 9, 23 = 32 (which fails the con-
straint & < 17, and as such cannot be considered). The second set then contains
only z = 9.

Therefore C = (—3,1) U (3,4) U {9}.

D =11,400).

3. Subsets of R?:

The condition holds if z and y have equal signs, thus in the first and third
quadrants including the axes (Fig.1.13, left).

See Fig.1.13, right.

We have
o [y—a? ify>a?,
ly—z=1", . )
¢ —y ify<z”.
Demanding y > x? means looking at the region in the plane bounded from
below by the parabola y = 2. There, we must have

y—-z? <1, ie., y<z®+1,

Figure 1.13. The sets A and B of Exercise 3
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Figure 1.14. The sets C and D of Exercise 3

thatisx2§y<x2+1.
Vice versa if y < 22,

P —y<1, ie., y>at—1,

hence 22 — 1 <y < 2.
Eventually, the required region is confined by (though does not include) the
parabolas y = 22 — 1 and y = 22 + 1 (Fig. 1.14, left).

i See Fig. 1.14, right.

For x > 0 the condition 1+ zy > 0 is the same as y > —%. Thus we consider
all points of the first and third quadrants above the hyperbola y = —%.
For x < 0,1+ 2y > 0 means y < -%, satisfied by the points in the second and
fourth quadrants this time, lying below the hyperbola y = —%.

At last, if x =0, 1 + 2y > 0 holds for any y, implying that the y-axis belongs
to the set E.

Therefore: the region lies between the two branches of the hyperbola (these

are not part of E) y = —%, including the y-axis (Fig.1.15, left).

f) See Fig.1.15, right.

Figure 1.15. The sets F and F' of Exercise 3
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I. Bounded and unbounded sets:

a)

5}

d)

We have A = {1,2,3,...,%,5,7,-..}. Since N\ {0} C A, the set A is not
bounded from above, hence sup A = 400 and there is no maximum.

In addition, the fact that every element of A is positive makes A bounded from
below. We claim that 0 is the greatest lower bound of A. In fact, if > 0 were
a lower bound of A, then # > r for any non-zero n € N. This is the same as
n? < -i—, hence n < \/i; But the last inequality is absurd since natural numbers
are not bounded from above. Finally 0 ¢ A, so we conclude inf A = 0 and A4
has no minimum.

inf B = —1, sup B = max B = 20, and min B does not exist.

) C=10,1u{2, 8,7 2 ..} C0,2); then C is bounded, and inf C = minC =

34> 50
- 1
13 =2- 7 it is not hard to show that sup C' = 2, although
n—

0. Since

there is no maximum in C.

inf C = minC = —6, sup B = max B = 3.
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Functions

Functions crop up regularly in everyday life (for instance: each student of the
Polytechnic of Turin has a unique identification number), in physics (to each point
of a region in space occupied by a fluid we may associate the velocity of the particle
passing through that point at a given moment), in economy {each working day at
Milan’s stock exchange is tagged with the Mibtel index), and so on.

The mathematical notion of a function subsumes all these situations.

2.1 Definitions and first examples

Let X and Y be two sets. A function f defined on X with values in Y is
a correspondence associating to each element x € X at most one element y € Y.
This is often shortened to ‘a function from X to Y’. A synonym for function is
map. The set of x € X to which f associates an element in Y is the domain of
f; the domain is a subset of X, indicated by dom f. One writes

fidomfC X =Y.

If dom f = X, one says that f is defined on X and writes simply f: X — Y.
The element y € Y associated to an element z € dom f is called the image of
x by or under f and denoted y = f(z). Sometimes one writes

o fa).

The set of images y = f(z) of all points in the domain constitutes the range of
f, a subset of Y indicated by im f.

The graph of f is the subset I'(f) of the Cartesian product X x Y made of
pairs (z, f(z)) when z varies in the domain of f, ie.,

F(f}:{(:r:,f(x))EXxY : :J:Gdomf}. (2.1)
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dom f

%

Figure 2.1. Naive representation of a function using Venn diagrams

In the sequel we shall consider maps between sets of numbers most of the time.
If Y = R, the function f is said real or real-valued. If X = R, the function is
of one real variable. Therefore the graph of a real function is a subset of the
Cartesian plane R2.

A remarkable special case of map arises when X = N and the domain contains
a set of the type {n € N : n > ny} for a certain natural number ny > 0. Such a
function is called sequence. Usually, indicating by a the sequence, it is preferable
to denote the image of the natural number n by the symbol a, rather than a(n);
thus we shall write a : n — a,. A common way to denote sequences is {an }rn>ng
(ignoring possible terms with n < ng) or even {a,}.

Examples 2.1

Let us consider examples of real functions of real variable.

1) f:R—R, f(z) =ax+b (a,b real coeflicients), whose graph is a straight line
(Fig. 2.2, top left).

i) f:R— R, f(z) =22, whose graph is a parabola (Fig. 2.2, top right).

i) f : R\{0} CR = R, f(z) = 2, has a rectangular hyperbola in the coordinate
system of its asymptotes as graph (Fig. 2.2, bottom left).

iv) A real function of a real variable can be defined by multiple expressions on
different intervals, in which case is it called a piecewise function. An example
is given by f:[0,3] = R
3z fo<z <1,
fley=<R 44—z ifl<z<2, (2.2)
z—1 if2<zx <3,

drawn in Fig. 2.2, bottom right.
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; 44
0o /1
| |
-9 1!
-2 -1 0 1 2
'l
3
_.I..l_..__..._ — - 2
1
| 0 1 2 3

Figure 2.2. Graphs of the maps f(z) = 2z—2 (top left), f(z) = = (top right), f(z) = 1
x

(bottom left) and of the piecewise function (2.2) (bottom right)

Among piecewise functions, the following are particularly important:

v) the absolute value (Fig. 2.3, top left)

T ifz >0,

fiR=R f@)=lel={

—z ifz <0
vi) the sign (Fig. 2.3, top right)
+1 ifx >0,
f:R—>Z, f(z)=sign(z)=4q 0 ifz=0,
-1 ifz<0;

vii) the integer part (Fig.2.3, bottom left), also known as floor function,

f:R—=1Z, f(z)=][z]= the greatest integer <z

(for example, [4] = 4, [V2] =1, [-1] = =1, [-3] = —2); notice that

[z] <z <[z]+1, Ve eR;
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[ S A S A AT,

2 10/ 1 2 3 2 10 1 2 3

|
Figure 2.3. Clockwise from top left: graphs of the functions: absolute value, sign, man-

tissa and integer part

viii) the mantissa (Fig. 2.3, bottom right)

fR-R, f(z)=M(z)=2z-[z]

(the property of the floor function implies 0 < M(z) < 1).

Let us give some examples of sequences now.

ix) The sequence

n
n j— 2-3
n =] (2.3)
is defined for all n > 0. The first few terms read
1 2 — 3
ag =0, a1=§=0.5, a2:§=0.6, a3:Z:0.75.
Its graph is shown in Fig. 2.4 (top left).
x) The sequence
1 n
n=11+= 2.4
a ( + n) ( )

is defined for n > 1. The first terms are
9 64 _ 625
a1 =2, az= 1= 225, az= 77 = 2.37037, a4= %56 = 2.44140625 .

Fig. 2.4 (top right) shows the graph of such sequence.
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3

2

1|

ol 1 2 3 4 5 6 ol 1 2 3 4 5 6
120 | ?

11

T s eSS

24| -1

Figure 2.4. Clockwise: graphs of the sequences (2.3}, (2.4), (2.6), (2.5)

xi) The sequence
an = n! (2.5)
associates to each natural number its factorial, defined in (1.9). The graph of
this sequence is shown in Fig.2.4 (bottom left); as the values of the sequence
grow rapidly as n increases, we used different scalings on the coordinate axes.
xii) The sequence
. +1 if nis even, )
= —_ = > .
an = (=1 {—1 if n is odd, (n 2 0) (2:6)
has alternating values +1 and —1, according to the parity of n. The graph of the
sequence is shown in Fig. 2.4 (bottom right).

At last, here are two maps defined on R? (functions of two real variables).

FiRPS R, flz,y) = Va2 + 42

maps a generic point P of the plane with coordinates (x,y) to its distance from
the origin.

xiii) The function

xiv) The map

[ RS R f(z,y) = (y2)
associates to a point P the point P’ symmetric to P with respect to the bisectrix
of the first and third quadrants. a
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Consider a map from X to Y. One should take care in noting that the symbol
for an element of X (to which one refers as the independent variable) and the
symbol for an element in Y (dependent variable), are completely arbitary. What
really determines the function is the way of associating each element of the domain
to its corresponding image. For example, if z,y, 2,t are symbols for real numbers,
the expressions y = f(x) = 3z, = f(y) = 3y, or z = f(t) = 3t denote the same
function, namely the one mapping each real number to its triple.

2.2 Range and pre-image
- (=

Let A be a subset of X. The image of A under f is the set

f(A)={f(z) : xe A} Cimf

of all the images of elements of A. Notice that f(A) is empty if and only if A
contains no elements of the domain of f. The image f(X) of the whole set X is
the range of f, already denoted by im f.

Let y be any element of Y'; the pre-image of y by f is the set

fml(.ff) & {.‘I.‘ e€dom f : JI!(I) = ',U}

of elements in X whose image is y. This set is empty precisely when y does not
belong to the range of f. If B is a subset of Y, the pre-image of B under f is
defined as the set

f'B)y={zedomf : f(z) € B},

union of all pre-images of elements of B.

It is easy to check that A C f~!(f(A)) for any subset A of dom f, and
f(f~Y(B)) = Bnim f C B for any subset B of Y.

Example 2.2

Let f: R — R, f(z) = z2. The image under f of the interval A = [1,2] is the
interval B = [1,4]. Yet the pre-image of B under f is the union of the intervals
[-2,~1] and [1, 2], namely, the set

fT'(B)={zeR : 1< (2| <2}
(see Fig. 2.5).

The notions of infimum, supremum, maximum and minimum, introduced in
Sect. 1.3.1, specialise in the case of images of functions.
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y = f(z) y = f(z)

B 211 172
0 ~N /
f1(B)

Figure 2.5. Image (left) and pre-image (right) of an interval relative to the function

flw) = o

Definition 2.3 Let f be a real map and A a subset of dom f. One calls
supremum of f on A (orin A) the supremum of the image of A under f

sup f(z) = sup f(A) =sup{f(z) | © € A}.
z€A

Then f is bounded from above on A if the set f(A) is bounded from above,
or equivalently, if sup f(z) < +oo.

TEA
If Hll]) f(x) is fm?f{’ and belongs to f(A), then it is the mazimum of this sel.

Hr.i'.b ?.'.u.m.be? is the maximum value (or simply, the maximum) of [ on
A and is denoted by max f(z).
TE L

The concepts of infimum and of minimum of f on A are defined similarly.
Eventually, f is said bounded on A if the set f(A) is bounded.

At times, the shorthand notations sup 4 f, max4 f, et c. are used.

The maximum value M = max4 f of f on the set A is characterised by the
conditions:

i) M is a value assumed by the function on A, i.e.,
there exists 23 € A such that f(xp) = M;
ii] M is greater or equal than any other value of the map on A, so
for any x € A, f(z) < M.
Example 2.4
Consider the function f(z) defined in (2.2). One verifies easily
max f(z)=3, min f(z)=0, max f(x)=3, inf f(z)=

z€[0,2] T oz€0,2] z€[1,3] z€(1,3]
The map does not assume the value 1 anywhere in the interval [1, 3], so there is
no minimum on that set. O
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2.3 Surjective and injective functions; inverse function

A map with values in Y is called onto if im f = Y. This means that each y € Y
is the image of one element z € X at least. The term surjective (on Y) has the
same meaning. For instance, f : R — R, f(z) = ax + b with a # 0 is surjective
on R, or onto: the real number ¥ is the image of z = yT‘b. On the contrary, the
function f : R — R, f(z) = z? is not onto, because its range coincides with the
interval [0, +00).

A function f is called one-to-one (or 1-1) if every y € im f is the image of a
unique element ¢ € dom f. Otherwise put, if y = f(z;) = f(z2) for some elements
Z1,Z2 in the domain of f, then necessarily x1; = 9. This, in turn, is equivalent to

T #F T2 > f(71) # f(22)

for all 21,z € dom f (see Fig.2.6). Again, the term injective may be used. If a
map f is one-to-one, we can associate to each element y in the range the unique z
in the domain with f(z) = y. Such correspondence determines a function defined
on Y and with values in X, called inverse function of f and denoted by the
symbol f~. Thus
z=f"y) <= y=[(x)

(the notation mixes up deliberately the pre-image of y under f with the unique
element this set contains). The inverse function f~' has the image of f as its
domain, and the domain of f as range:

dom f~! =im f, im f~! = dom f.

dom f o1

Figure 2.6. Representation of a one-to-one function and its inverse
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A one-to-one map is therefore invertible; the two notions (injectivity and invert-
ibility) coincide.

What is the link between the graphs of f, defined in (2.1), and of the inverse
function f=!? One has

(Y ={@f W) eY=xX : yedomf}
={{(f(z),z) €Y x X : z € dom f}.

Therefore, the graph of the inverse map may be obtained from the graph of f by
swapping the components in each pair. For real functions of one real variable, this
corresponds to a reflection in the Cartesian plane with respect to the bisectrix
y =z (see Fig. 2.7 a) is reflected into b)). On the other hand, finding the explicit
expression z = f~1(y) of the inverse function could be hard, if possible at all.
Provided that the inverse map in the form z = f~!(y) can be determined, often
one prefers to denote the independent variable (of f~!) by z, and the dependent
variable by y, thus obtaining the expression y = f~!(z). This is merely a change
of notation (see the remark at the end of Sect.2.1). The procedure allows to draw

the graph of the inverse function in the same frame system of f (see Fig. 2.7, from
b) to c)).

Y Yy =1 r = ,»’M](U)
Y=
— f(2)
y = (@ dom f
im [
a) dom f T b) im f y
i
v y=[f""(z)
y=2
im !
c) dom f~! r

Figure 2.7. From the graph of a function to the graph of its inverse
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Examples 2.5

i) The function f : R — R, f(z) = az + b is one-to-one for all a # 0 (in fact,
flz1) = f(z2) = azy =azy = z; = x3). Its inverse is x = f1(y) = yT‘b, or
y=["He) = 22

ii) The map f:R — R, f(z) = z? is not one-to-one because f(z) = f(~z) for
any real x. Yet if we consider only values > 0 for the independent variable, i.e.,
if we restrict f to the interval [0, +00), then the function becomes 1-1 (in fact,
flz1) = flz2) = 2% — a3 = (1 —z2)(x1 +T2) =0 = x1 = x2). The inverse
function z = f~'(y) = /¥ is also defined on [0, +00). Conventionally one says
that the ‘squaring’ map y = z? has the function ‘square root’ y = /z for inverse
(on [0, +00)). Notice that the restriction of f to the interval (—oo, 0] is 1-1, too;
the inverse in this case is y = —y/z.

iii) The map f : R — R, f(z) = 23 is one-to-one. In fact f(z1) = f(z2) =
z3 — 13 = (1 — 22)(2? + 1172 + 73) = 0 = 1z = T2 since z? + T1T9 + 75 =
tlz? + 23 + (x1 + 72)%] > 0 for any z1 # x2. The inverse function is the ‘cubic

root’ y = ¥z, defined on all R.

As in Example ii) above, if a function f is not injective over the whole domain,
it might be so on a subset A C dom f. The restriction of f to A is the function

fia A=Y such that fialz) = f(z), Vze€A,
and is therefore invertible.

Let f be defined on X with values Y. If f is one-to-one and onto, it is called
a bijection (or bijective function) from X to Y. If so, the inverse map f~! is
defined on Y, and is one-to-one and onto (on X); thus, f~* is a bijection from Y’
to X.

For example, the functions f(z) = ax + b (a # 0) and f(z) = z? are bijections
from R to itself. The function f(z) = z? is a bijection on [0,+oc) (i.e., from
[0, +00) to [0, +00)).

If f is a bijection between X and Y, the sets X and Y are in bijective cor-
rispondence through f: each element of X is assigned to one and only one element
of Y, and vice versa. The reader should notice that two finite sets (i.e., containing
a finite number of elements) are in bijective correspondence if and only if they
have the same number of elements. On the contrary, an infinite set can correspond
bijectively to a proper subset; the function (sequence} f: N — N, f(n} = 2n, for
example, establishes a bijection between N and the subset of even numbers.

To conclude the section, we would like to mention a significant interpretation
of the notions of 1-1, onto, and bijective maps just introduced. Both in pure Math-
ematics and in applications one is frequently interested in solving a problem, or
an equation, of the form

flz)=1y,
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where f is a suitable function between two sets X and Y. The quantity y represents
the datum of the problem, while z stands for the solution to the problem, or the
unknown of the equation. For instance, given the real number y, find the real
number z solution of the algebraic equation

3+ a2? — Y=y

Well, to say that f is an onto function on Y is the same as saying that the problem
or equation of concern admits at least one solution for each given y in Y'; asking f
to be 1-1 is equivalent to saying the solution, if it exists at all, is unique. Eventually,
f bijection from X to Y means that for any given y in Y there is one, and only
one, solution r € X.

2.4 Monotone functions

Let f be a real map of one real variable, and I the domain of f or an interval
contained in the domain. We would like to describe precisely the situation in which
the dependent variable increases or decreases as the independent variable grows.
Examples are the increase in the pressure of a gas inside a sealed container as
we raise its temperature, or the decrease of the level of fuel in the tank as a car
proceeds on a highway. We have the following definition.

Definition 2.6 The function f is increasing on [ if, given elements x,, T
in I with z, < x9, one has f(xz1) < f(x2); in symbols

Vzi,z0 €1, =1 — Jilzp) = filxo): (2.7)
The function f is strictly increasing on I if

Vo, 20 € 1, Ty <y = Tz =< o) (2.8)

Figure 2.8. Strictly increasing (left) and decreasing (right) functions on an interval I
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If a map is strictly increasing then it is increasing as well, hence condition (2.8} is
stronger than (2.7).

The definitions of decreasing and strictly decreasing functions on I are
obtained from the previous definitions by reverting the inequality between f(x;)
and f(z2).

The function f is (strictly) monotone on [ if it is either (strictly) increasing
or (strictly) decreasing on I. An interval I where f is monotone is said interval
of monotonicity of f.

Examples 2.7

i) The map f : R — R, f(z) = az + b, is strictly increasing on R for a > 0,
constant on R for a = 0 (hence increasing as well as decreasing), and strictly
decreasing on R when a < 0.

ii) The map f:R — R, f(z) = ? is strictly increasing on I = [0, 4+-c0). Taking
in fact two arbitrary numbers z;,z2 > 0 with z; < 2, we have :vf <z1x9 < :v%
Similarly, f is strictly decreasing on (—o0,0]. It is not difficult to check that
all functions of the type y = z™, with n > 4 even, have the same monotonic
behaviour as f (Fig.2.9, left).

iii) The function f : R — R, f(z) = z* strictly increases on R. All functions like
y = z" with n odd have analogous behaviour (Fig. 2.9, right).

iv) Referring to Examples 2.1, the maps y = [z] and y = sign(z) are increasing
(though not strictly increasing) on R.

The mantissa y = M (z) of z, instead, is not monotone on R; but it is nevertheless
strictly increasing on each interval [n,n + 1), n € Z.

Figure 2.9. Graphs of some functions y = 2™ with n even (left) and n odd (right)



2.5 Composition of functions 43

Now to a simple yet crucial result.

Proposition 2.8 If [ is strictly monotone on its domain, then f is one-to-
one.

Proof. To fix ideas, let us suppose f is strictly increasing. Given x;, x> € dom f
with z; # z9, then either z; < x2 or 3 < z1. In the former case, using
(2.8) we obtain f(z;) < f(x2), hence f(x1) # f(z2). In the latter case the

same conclusion holds by swapping the roles of z; and z5. O

Under the assumption of the above proposition, there exists the inverse function
f~! then; one can comfortably check that f~! is also strictly monotone, and in the
same way as f (both are strictly increasing or strictly decreasing). For instance,
the strictly increasing function f : [0, +0c0) — [0,+00), f(z) = z? has, as inverse,
the strictly increasing function f~! : [0, +00) — [0, +00), f~1(z) = /.

The logic implication
f is strictly monotone on its domain = f is one-to-one

cannot be reversed. In other words, a map f may be one-to-one without increasing
strictly on its domain. For instance f : R — R defined by

1

— fzx#0,
f@)=1 7
0 ifx=0,

is one-to-one, actually bijective on R, but it is not strictly increasing, nor strictly
decreasing or R. We shall return to this issue in Sect. 4.3.

A useful remark is the following. The sum of functions that are similarly mono-
tone (i.e., all increasing or all decreasing) is still a monotone function of the same
kind, and turns out to be strictly monotone if one at least of the summands is.
The map f(z) = z° + =, for instance, is strictly increasing on R, being the sum
of two functions with the same property. According to Proposition 2.8 f is then
invertible; note however that the relation f(z) = y cannot be made explicit in the
form z = f~1(y).

2.5 Composition of functions

Let X,Y, Z be sets. Suppose f is a function from X to Y, and g a function from
Y to Z. We can manifacture a new function A from X to Z by setting

h(z) = g(f(z)). (2.9)

The function A is called composition of f and g, sometimes composite map,
and is indicated by the symbol A = go f (read ‘g composed (with) f’).
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Example 2.9

Consider the two real maps y = f(z) =z — 3 and z = g(y) = ¥ + 1 of one real
variable. The composition of f and g reads z = h(z) = go f(z) = (x—3)?+1. O

Bearing in mind definition (2.9), the domain of the composition g o f is deter-
mined as follows: in order for = to belong to the domain of g o f, f(z) must be
defined, so z must be in the domain of f; moreover, f(z) has to be a element of
the domain of g. Thus

xz €domgo f = z€domf and f(z)€ domg.

The domain of g o f is then a subset of the domain of f (see Fig. 2.10).

Examples 2.10

i) The domain of f(z) = !a: i il is R\ {1}, while g(y) = /7 is defined on the
Tz —
interval {0, +00). The domain of g o f(z) = lx—+3| consists of the x # 1 such
T —
that | s 2} > 0; hence, domgo f = [-2,400) \ {1}.
a‘: —

ii] Sometimes the composition g o f has an empty domain. This happens for

1
22 (notice f(z) < 1) and g{y) = v/y — b (whose domain

is [5, +00)). C

instance for f(z) =

‘1/
y = f(z')
im f y’
dom \ \
T im g
' \ 2" #= g(y")
dom f \
T . —-
gof z=go f(z)
domgo f i
x imgo f P

Figure 2.10. Representation of a composite function via Venn diagrams.



2.5 Composition of functions 45

The operation of composition is not commutative: if go f and f o g are both
defined (for instance, when X =Y = Z), the two composites do not coincide in
x

1+2x

?

1 1

general. Take for example f(z) = — and g(z) = T2 for which go f(z) =
x x

but fog(z) =1+=z.

If f and g are both one-to-one (or both onto, or both bijective), it is not difficult
to verify that go f has the same property. In the first case in particular, the formula

(gof)y ' =flog!
holds.

Moreover, if f and g are real monotone functions of real variable, g o f too will
be monotone, or better: g o f is increasing if both f and g are either increasing
or decreasing, and decreasing otherwise. Let us prove only one of these properties.
Let for example f increase and ¢ decrease; if 1 < xo are elements in domg o f,
the monotone behaviour of f implies f(z1) < f(z2); now the monotonicity of g
yields g(f(z1)) > g(f(x2)), so go f is decreasing.

We observe finally that if f is a one-to-one function (and as such it admits
inverse f~1), then

flofla)y=f"flx))==, Vzecdomf,
fof My =f(f"w) =y, Vyeimf

Calling identity map on a set X the function idy : X — X such that idx(z) = =
for all x € X, we have f~'o f = idgom s and fo ft= idim f-

2.5.1 Translations, rescalings, reflections
Let f be a real map of one real variable (for instance, the function of Fig.2.11).

Fix a real number ¢ # 0, and denote by t. : R — R the function t.(z) = = + c.
Composing f with ¢, results in a translation of the graph of f: precisely, the

y = f(x)

Figure 2.11. Graph of a function f(z)
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graph of the function fot.(z) = f(z+c) is shifted horizontally with respect to the
graph of f: towards the left if ¢ > 0, to the right if ¢ < 0. Similarly, the graph of
teo f(z) = f(z) + ¢ is translated vertically with respect to the graph of f, towards
the top for ¢ > 0, towards the bottom if ¢ < 0. Fig. 2.12 provides examples of these
situations.

Fix a real number ¢ > 0 and denote by s. : R — R the map s.(z) = cz. The
composition of f with s, has the effect of rescaling the graph of f. Precisely,
if ¢ > 1 the graph of the function f o s.(z) = f(cz) is ‘compressed’ horizontally
towards the y-axis, with respect to the graph of f; if 0 < ¢ < 1 instead, the
graph ‘stretches’ away from the y-axis. The analogue effect, though in the vertical
direction, is seen for the function s, o f(z) = cf(x): here ¢ > 1 ‘spreads out’ the
graph away from the z-axis, while 0 < ¢ < 1 ‘squeezes’ it towards the axis, see
Fig.2.13.

Notice also that the graph of f(—z) is obtained by reflecting the graph of f(z)
along the y-axis, like in front of a mirror. The graph of f(]z|) instead coincides
with that of f for x > 0, and for z < 0 it is the mirror image of the latter with
respect to the vertical axis. At last, the graph of |f(z}| is the same as the graph of
f when f(z) > 0, and is given by reflecting the latter where f(z) < 0, see Fig. 2.14.

y=flr+e), c>0 y=f(r+c), e<0

y=flz)+c, c>0

y=flz)+e <0

Figure 2.12. Graphs of the functions f(z +¢) (¢ > 0: top left, ¢ < 0: top right), and
f(z) + ¢ (c < 0: bottom left, ¢ > 0: bottom right), where f(z) is the map of Fig. 2.11
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} N

: y= flex), e>1 y= flex), e <1

f/
/ ' /

T VA4 - | e———

i /

? ' |

I y=cf(z), e>1 i

lli
! /
:

Figure 2.13. Graph of f(cz) with ¢ > 1 (top left), 0 < ¢ < 1 {top right), and of ¢f(z)
with ¢ > 1 (bottom left), 0 < ¢ < 1 (bottom right)

2.6 Elementary functions and properties

We start with a few useful definitions.

Definition 2.11 Let f : dom f CR — R be a map with a symmetric domain
with respect to the origin, hence such that © € dom f forces —x € dom [ as
well. The function f is said even if f(—x) = f(z) for all x € dom f, odd if
f(=z) = —f(z) for all z € dom f.

The graph of an even function is symmetric with respect to the y-axis, and that
of an odd map symmetric with respect to the origin. If f is odd and defined in the
origin, necessarily it must vanish at the origin, for f(0) = - f(0).

Definition 2.12 A function f : dom f C R — R is said periodic of period
p (with p > 0 real) if dom f is invariant under translations by +p (i.e., if
xz+p € dom f for all x € dom f) and if f(z + p) = f(x) holds for any
z € dom f.
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y=f(—=x) y = f(|z|)

y=|f(|z])

Figure 2.14. Clockwise: graph of the functions f(—x), f(|z|), |f(|z])], |f(z)|

One easily sees that an f periodic of period p is also periodic of any multiple
mp (m € N\ {0}) of p. If the smallest period exists, it goes under the name
of minimum period of the function. A constant map is clearly periodic of any
period p > 0 and thus has no minimum period.

Let us review now the main elementary functions.

2.6.1 Powers

These are functions of the form y = . The case a = 0 is trivial, giving rise to the
constant function y = z° = 1. Suppose then o > 0. For @ = n € N\ {0}, we find
the monomial functions y = z™ defined on R, already considered in Example 2.7 ii)
and iii). When n is odd, the maps are odd, strictly increasing on R and with range
R (recall Property 1.8). When n is even, the functions are even, strictly decreasing
on {—00,0] and strictly increasing on [0, +00); their range is the interval [0, +00).

Consider now the case a > 0 rational. If @ = L where m € N\ {0}, we define a
function, called mth root of = and denoted y = /™ = %/, inverting y = «™. It
has domain R if m is odd, [0, +00) if m is even. The mth root is strictly increasing
and ranges over R or [0, 400}, according to whether m is even or odd respectively.

In general, for « = ~ € Q, n,m € N\ {0} with no common divisors, the

function y = z™/™ is defined as y = (z™)*/™ = T/z". As such, it has domain R
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4 [ 4

Figure 2.15. Graphs of the functions y = 2°/® (left), y = *® (middle) and y = 2°/2
(right)

if m is odd, [0,400) if m is even. It is strictly increasing on [0, +00) for any n,
m, while if m is odd it strictly increases or decreases on (—o0,0] according to the
parity of n.

Let us consider some examples (Fig.2.15). The map y = z°/°, defined on R,
is strictly increasing and has range R. The map y = %/ is defined on R, strictly
decreases on (—oc, 0] and strictly increases on [0, +00), which is also its range. To
conclude, y = 2%/2 is defined only on [0, +00), where it is strictly increasing and
has [0, +00) as range.

Let us introduce now the generic function y = z with irrational « > 0. To this
end, note that if a is a non-negative real number we can define the power a® with
a € Ry\Q, starting from powers with rational exponent and exploiting the density
of rationals inside R. If ¢ > 1, we can in fact define a® = sup{a™/™ | Z < a},
while for 0 < a < 1 we set a® = inf{a"/™ | £ < a}. Thus the map y = z* with
a € Ry \Q is defined on [0, +oc), and one proves it is there strictly increasing and
its range is [0, +00).

Summarising, we have defined y = % for every value a > 0. They are all
defined a least on [0, +0¢), interval on which they are strictly increasing; moreover,
they satisfy (0) = 0, y(1) = 1. It will turn out useful to remark that if o < 3,

0<zP <2 <1, for O<z <1, 1<z* <P, for z>1 (2.10)

(see Fig. 2.16).

0 I
Figure 2.16. Graphs of y = 2%, £ > 0 for some o > 0
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Figure 2.17. Graphs of y = 2% for a two values a < 0

1
At last, consider the case of @ < 0. Set y = z™ = — by definition. Its
poo

domain coincides with the domain of y = ™% minus the origin. All maps are
strictly decreasing on (0, +00), while on (—00,0) the behaviour is as follows: writing
a = — with m odd, the map is strictly increasing if n is even, strictly decreasing
if n is odd, as shown in Fig.2.17. In conclusion, we observe that for every « # 0,
the inverse function of y = 2, where defined, is y = z'/°.

2.6.2 Polynomial and rational functions

A polynomial function, or simply, a polynomial, is a map of the form P(z) =
anz"™ + - - -+ a1z + ag with a, # 0; n is the degree of the polynomial. Such a map
is defined over all R; it is even (resp. odd) if and only if all coefficients indexed by
even (odd) subscripts vanish (recall that 0 is an even number).

P
A rational function is of the kind R(z) = #, where P and () are poly-
x
nomials. If these have no common factor, the domain of the rational function will
be R without the zeroes of the denominator.

2.6.3 Exponential and logarithmic functions

Let a be a positive real number. According to what we have discussed previously,
the exponential function y = a” is defined for any real number z; it satisfies
y(0) =a® = 1.

If @ > 1, the exponential is strictly increasing; if a = 1, this is the constant
map 1, while if a < 1, the function is strictly decreasing. When a # 1, the range
is (0,4o00) (Fig. 2.18). Recalling a few properties of powers is useful at this point:
for any z,y € R

a®tv = a®aY aiel— = (a7 k=gl
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' 'y

ol 1 2 3 o
Figure 2.18. Graphs of the exponential functions y = 2% (left) and y = (5)° (right)

When a # 1, the exponential function is strictly monotone on R, hence invertible.
The inverse y = log,, z is called logarithm, is defined on (0, +00) and ranges over
R; it satisfies y(1) = log, 1 = 0. The logarithm is strictly increasing if ¢ > 1,
strictly decreasing if ¢ < 1 (Fig.2.19). The previous properties translate into the
following:

log,(zy) = log, = +log,y, Vz,y>0,
log,, S log, z —log,y, Vz,y>0,
Y

log,(z¥) = ylog,x, Vz >0, Vy eR.

Figure 2.19. Graphs of y = log, = (left) and y = log, ,, = (right)

2.6.4 Trigonometric functions and inverses

Denote here by X,Y the coordinates on the Cartesian plane R?, and consider the
unit circle, i.e., the circle of unit radius centred at the origin O = (0,0), whose
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equation reads X2 + Y2 = 1. Starting from the point A = (1,0), intersection
of the circle with the positive z-axis, we go around the circle. More precisely,
given any real z we denote by P(x) the point on the circle reached by turning
counter-clockwise along an arc of length z if x > 0, or clockwise by an arc of
length —z if z < 0. The point P(z) determines an angle in the plane with vertex
O and delimited by the outbound rays from O through the points A and P(x)
respectively (Fig.2.20). The number x represents the measure of the angle in
radians. The one-radian angle is determined by an arc of length 1. This angle
measures % = 57.2957795 - -+ degrees. Table 2.1 provides the correspondence
between degrees and radians for important angles. Henceforth all angles shall be
expressed in radians without further mention.

degrees | 0 [ 30 | 45| 60 | 90 | 120 | 135 | 150 | 180 | 270 | 360

G A R IS B R L P
312

radians || O 3 1 6 5

Tz
6 | 4

Table 2.1. Degrees versus radians

Increasing or decreasing by 27 the length x has the effect of going around the
circle once, counter-clockwise or clockwise respectively, and returning to the initial
point P(zx). In other words, there is a periodicity

Pz £+ 27) = P(x), Vr e R. (2.11)

Denote by cosz (‘cosine of z’) and sinz (‘sine of x’) the X- and Y-coordinates,
respectively, of the point P(z). Thus P(z) = (cosz,sin z). Hence the cosine func-
tion y = cosx and the sine function y = sinx are defined on R and assume all

sin

UI COST A

Figure 2.20. The unit circle
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Figure 2.21. Graph of the map y = sinz

values of the interval {—1,1]; by (2.11), they are periodic maps of minimum period
2m. They satisfy the crucial trigonometric relation

cos’z +sin’z =1, Yz € R. (2.12)

It is rather evident from the geometric interpretation that the sine function
is odd, while the cosine function is even. Their graphs are represented in Figures
2.21 and 2.22.

Important values of these maps are listed in the following table (where k is any
integer):

simx =0 for ©=%kn cosxi= 0 fon 5= % + km
SinE— 1 fore iy — g + 2k cose =1 fori o =2km,
sinz = —1 for :r=—g+2k7r cosz=—1 for # =7+ 2km.
A
o S N ] PR AR
R = kud P 3
2 2 . 2 " 24 _

Figure 2.22. Graph of the map y = cosx
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Concerning monotonicity, one has

y=sinz is

strictly increasing on [— T + 2km, T + Qkﬂ]

2 2

3
strictly decreasing on [E + 2k, ?ﬂ- + 2k7r} ,

2

strictly decreasing on [2kw, 7w + 2kn]
y=cosr is

strictly increasing on [m + 2k, 27 + 2kn].

The addition and subtraction formulas are relevant

sin(a &+ ) = sinacos 8 % cosasin 4

cos(a £ ) = cosaxcos 3 F sinasin 3.

Suitable choices of the arguments allow to infer from these the duplication formulas

sin2x = 2sinx cos x,

cos2z = 2cos’x — 1,

rather than

T—y S$+y

sinz — siny = 2si 08 ,
sinz —siny sin ——= cos —
COST — COSY = ——ZSinxﬂysinx‘{_y,
2 2
or the following
sin(z + 7) = —sinz, cos(z + m) = —cos x,
: m T !
sin(z + §) — o5 cos(z + -2-) = —sinz.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

In the light of Sect.2.5.1, the first of (2.17) tells that the graph of the cosine is
obtained by left-translating the sine’s graph by 7/2 (compare Figures 2.21 and

2.22).

The tangent function y = tanz (sometimes y = tgz) and the cotangent
function y = cotanz (also y = ctgx) are defined by

COS T
cotanzx =

sinz

Because of (2.16), these maps are periodic of minimum period 7, and not 2x. The
tangent function is defined on R\ {5 +km : k € Z}, it is strictly increasing on the
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A It

ISE]
[ME]

Figure 2.23. Graphs of the functions y = tanz (left) and y = cotanz (right)

intervals (— % +km, 5 + k) where it assumes every real number as value. Similarly,
the cotangent function is defined on R\ {kw : k € Z}, is strictly decreasing on
the intervals (kw, 7 + k), on which it assumes every real value. Both maps are
odd. Their respective graphs are found in Fig. 2.23.

Recall that tan z expresses geometrically the Y-coordinate of the intersection
point Q(z) between the ray from the origin through P(z) and the vertical line
containing A (Fig. 2.20).

The trigonometric functions, being periodic, cannot be invertible on their whole
domains. In order to invert them, one has to restrict to a maximal interval of strict

monotonicity; in each case one such interval is chosen.
The map y = sinz is strictly increasing on [~7, Z]. The inverse function on

this particular interval is called inverse sine or arcsine and denoted y = arcsinz

3

[%1E]

Figure 2.24. Graphs of y = arcsinz (left) and y = arccosz (right)
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or y = asinz; it is defined on [—1, 1], everywhere strictly increasing and ranging
over the interval [—7, Z]. This function is odd (Fig. 2.24, left).

Similarly, the function y = cos z is strictly decreasing on the interval [0, 7]. By
restricting it to this interval one can define the inverse cosine, or arccosine,
y = arccosz or y = acosx on [—1, 1], which is everywhere strictly decreasing and
has [0, 7] for range (Fig. 2.24, right).

The function y = tanz is strictly increasing on (—7,%). There, the inverse
is called inverse tangent, or arctangent, and denoted y = arctanx or y =
atanz (also arctgz). It is strictly increasing on its entire domain R, and has range
(=%, %). Also this is an odd map (Fig. 2.25, left).

In the analogous way the inverse cotangent, or arccotangent, y = arccotan
is the inverse of the cotangent on (0, 7) (Fig. 2.25, right).

[SIE]
i

T
[ME]

0

(ME

Figure 2.25. Graphs of y = arctanz (left) and y = arccotanz (right)

2.7 Exercises

1. Determine the domains of the following functions:

- Va2 -3z —4
2) fla) = DIFGERE

- ifx>0,
c) f(z)=log(z? — z) d) flz)=4¢ 2z+1 =
eVetl  ifz <0

2. Determine the range of the following functions:
R 1 -
a) f(z) = 55— b) flz)=vz+2-1
z?+1 L
log z ifx>1,

x265z+3 xT) =
c) flx) d) f(z) {—21‘—5 ifr <1

3. Find domain and range for the map f(x) = /cosxz — 1 and plot its graph.
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4. Let f(z) = —log(xz — 1); determine f~ ([0, +00)) and f~1((—o0,—1]).

5. Sketch the graph of the following functions indicating the possible symmetries
and/or periodicity:
a) flz)=+1- |z b) f(z) =1+ cos2zx

{x2—x—1 ifx <1,

—x fz>1

¢) f(z) = tan (x—f—g) d) flz) =

6. Using the map f(z) in Fig. 2.26, draw the graphs of
fl@) =1, flz+3), flz-1), —flz), f(==z), |f(2)

7.| Check that the function f : R — R defined by f(z) = 2% — 2z + 5 is not
invertible. Determine suitable invertible restrictions of f and write down the
inverses explicitly.

. Determine the largest interval I where the map

f@) = Ve =2[ - |z| +2

is invertible, and plot a graph. Write the expression of the inverse function of
f restricted to I.

oo

9. Verify that f(z) = (1 + 32)(2z — |x — 1|), defined on [0, +00), is one-to-one.
Determine its range and inverse function.

10. Let f and g be the functions below. Write the expressions for go f, f o g, and
determine the composites’ domains.

)| flz)= z? -3 and g(z)=log(l +z)

by  flz) = Tz and g{z)=+v2-—=x

r+1

Figure 2.26. Graph of the function f in Exercise 6
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2e” +1
e?e 4-2

11. Write h(z) =

function.

as composition of the map f(z) = e* with some other

12. Given f(z) =22 -3z +2 and g(z) =% — 5z + 6, find the expressions
and graphs of

h(z) = min(f(z), g(z)) and k(z) = max(h(z),0).

2.7.1 Solutions

1. Domains:

al dOIIlf = R\ {‘—3,2}

b) The conditions z? — 3z —4 > 0 and £ + 5 # 0 are necessary. The first is

tantamount to (x + 1)(z — 4) > 0, hence z € (—oo, —1] U [4, +00); the second
to x # —5. The domain of f is then

dom f = (—00,—5) U (—5,—-1] U |4, +00).

dom f = (—00,0) U (1, 400).

In order to study the domain of this piecewise function, we treat the cases
z > 0, z < 0 separately.

For z > 0, we must impose 2z+1 # 0, i.e., x # —%. Since —% < 0, the function
is well defined on z > 0.

For z < 0, we must have x +1 > 0, or £ > —1. For negative « then, the
function is defined on [—1,0).

All in all, dom f = [~1, 400).

2. Ranges:
o) The map y = z? has range [0, +00); therefore the range of y = 22 + 1 is
[1,4+00). Passing to reciprocals, the given function ranges over (0,1].

) The map is obtained by translating the elementary function y = /z (whose
range is [0, +00)) to the left by —2 (yielding ¥ = vz + 2) and then downwards
by 1 (which gives ¥ = v/z + 2 — 1). The graph is visualised in Fig. 2.27, and
clearly im f = [—1, +00).

Alternatively, one can observe that 0 < v/ + 2 < 400 implies —1 < Vz 4+ 2—
1 < +o0, whence im f = [~1,+00).

im f

-2
ar

Figure 2.27. Graphof y = vz +2 -1
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¢) im f = (0, 400); d)im f = (=7, +00).
3. Imposing cosz — 1 > 0 tells that cosz > 1. Such constraint is true only for

x = 2kmw, k € Z, where the cosine equals 1; thusdom f = {r e R: x = 2k, k € Z}
and im f = {0}. Fig. 2.28 provides the graph.

—6r  —4n 27 0} 2 4w 6w
Figure 2.28. Graph of y = +v/cosz — 1

L f7(]0,400)) = (1,2] and f~1((—oc, —1]) = [e + 1, +00).

. ( flnl'r'.'ll‘:'li.l." fl |'f||- “_‘l.l‘l‘.I ”i(".r ."I:lf S ..Ill:lf'.".|lf |ff_"f'."|'_'\'.'.>

a) The function is even, not periodic and its graph is shown in Fig. 2.29 (top left).
b) The map is even and periodic of period 7, with graph in Fig. 2.29 (top right).
c¢] This function is odd and periodic with period , see Fig. 2.29 (bottom left).

d} The function has no symmetries nor a periodic behaviour, as shown in Fig. 2.29
(bottom right).

7

Figure 2.29. Graphs relative to Exercises 5.a) (top left), 5.b) (top right), 5.c) (bottom
left) and 5.d) (bottom right)
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t flz) -1 | flz+3) t t flz-1)

Figure 2.30. Graphs of Exercise 6

6. See Fig. 2.30.

7. The function represents a parabola with vertex (1,4), and as such it is not
invertible on R, not being one-to-one (e.g., f(0) = f(2) = 5). But restricted to the
intervals (—o0, 1} and [1, +00) separately, it becomes invertible. Setting

fi = flcooy 1 (=00, 1] = [4,400) s f2 = fiin400) 1 [1,400) — [4,+00),
we can compute
STl 400) = (=00, 1], fyh 1[4, 400) = [1, 400)
explicitly. In fact, from z2 — 22 + 5 — y = 0 we obtain
r=1+y—4

With the ranges of f; ! and f5! in mind, swapping the variables z, y yields

ffa)=1-Vvz—4, fiY(z)=1+Vz—4.

8. Since
2 ifx <0,
flz)=< v4d—2z if0<z<2,
0 ifx>2,

the required interval I is [0, 2}, and the graph of f is shown in Fig. 2.31.
In addition f([0,2]) = [0,2], so f~! : [0,2] — [0,2]. By putting y = v4 — 2z we
obtain ¢ = 4—_2L2, which implies f~(z) = 2 — 2.
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Figure 2.31. Graph of y = /|z — 2| — |z| + 2
9. We have

922 — 1 fo<a<1,
flz) = . .
3t +4x+1 fz>1

and the graph of f is in Fig. 2.32.
The range of f is [—1, +oc). To determine f~! we discuss the cases 0 < z < 1 and
x > 1 separately. For 0 < 2 <1, we have —1 <y < 8 and

y=92° -1 = =4 —.
For z > 1, we have y > 8 and

243y +1
y=32"+4z +1 — wzi—'—gy—’— .

Figure 2.32. Graph of y = (1 4 32)(2xz — |z — 1])
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Thus
zt1 if-1<z<8
@) i
—24+V3z+1
fz>8.
3

10. Composite functions:
) As go f(z) = g(f(z)) = g(¢® — 3) = log(1 + 2% — 3) = log(x® — 2), it follows

domgof={reR:z?—-2>0}=(-00,—v2)U(V?2,+00).

We have fog(z) = f(g(z)) = f(log(1+ z)) = (log(1 + z))*> — 3, so

domfog={zeR:1+2z>0}=(-1,+00).

2 _
$+51I and domgo f = (-1, %];

fo _ W2-z
9(z) = vV2—x+1

h) goflz)=

and dom f o g = (—o00,2].

1. g(z) = iﬁ—i—% and h(z) = g o f(z).

12. After drawing the parabolic graphs f(z) and g(z) (Fig. 2.33), one sees that
hz) = {z2—3$+2 ifr<2,

22 -5x+6 ifz>2,

Figure 2.33. Graphs of the parabolas f(z) = 2° — 3z + 2 and g(z) = 2°> — 52+ 6



1 3

Figure 2.34. Graphs of the maps h (left) and k (right) relative to Exercise 12

and the graph of h is that of Fig. 2.34, left.
Proceeding as above,

22 —3z+2 ifx<1,
k() =<0 ifl<z<3,
22 -5z +6 ifzx>3,

and k has a graph as in Fig. 2.34, right.

2.7 Exercises

63



Limits and continuity I

This chapter tackles the limit behaviour of a real sequence or a function of one
real variable, and studies the continuity of such a function.

3.1 Neighbourhoods

The process of defining limits and continuity leads to consider real numbers which
are ‘close’ to a certain real number. In equivalent geometrical jargon, one considers
points on the real line ‘in the proximity’ of a given point. Let us begin by making
mathematical sense of the notion of neighbourhood of a point.

Definition 3.1 Let 2o € R be a point on the real line, and r > 0 a real
number. We call neighbourhood of z, of radius r the open and bounded
interval

I(zp) = (zo—r2z0+7r)={z€R : |z— x| <r}.

Hence, the neighbourhood of 2 of radius 107, denoted I;y-1(2), is the set of real
numbers lying between 1.9 and 2.1, these excluded. By understanding the quantity
|z — x| as the Fuclidean distance between the points xg and x, we can then say
that I.(zp) consists of the points on the real line whose distance from xg is less
than 7. If we interpret |z — x| as the tolerance in the approximation of zq by
x, then I,.(xg) becomes the set of real numbers approximating zo with a better
margin of precision than r.

g —T Io To+ T

Figure 3.1. Neighbourhood of zy of radius r
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Varying r in the set of positive real numbers, while mantaining zo in R fixed,
we obtain a family of neighbourhoods of zy. Each neighbourhood is a proper
subset of any other in the family that has bigger radius, and in turn it contains
all neighbourhoods of lesser radius.

Remark 3.2 The notion of neighbourhood of a point 2o € R is nothing but a
particular case of the analogue for a point in the Cartesian product R? (hence the
plane if d = 2, space if d = 3), presented in Definition 8.11.

The upcoming definitions of limit and continuity, based on the idea of neigh-
bourhood, can be stated directly for functions on R?, by considering functions of
one real variable as subcases for d = 1. We prefer to follow a more gradual ap-
proach, so we shall examine first the one-dimensional case. Sect. 8.5 will be devoted
to explaining how all this generalises to several dimensions.

It is also convenient to include the case where zq is one of the points +o00 or —ooc.

Definition 3.3 For any real a > 0, we call neighbourhood of +co with
end-point a the open, unbounded interval

I,(+0) = (a,+0).
Similarly, a neighbourhood of —oc with end-point —a will be defined as

I,(—x) = (—o0, —a).

e -

—00 —a 0 a +00

Figure 3.2. Neighbourhoods of —oco (left) and +oco (right)

The following convention will be useful in the sequel. We shall say that the
property P(x) holds ‘in a neighbourhood’ of a point ¢ (¢ being a real number z or
+00, —00) if there is a certain neighbourhood of ¢ such that for each of its points
z, P(z) holds. Colloquially, one also says ‘P(z) holds around ¢, especially when
the neighbourhood needs not to be specified. For example, the map f(z) = 2z —1
is positive in a neighbourhood of zo = 1; in fact, f(z) > 0 for any z € I, /5(1).

2 Limit of a sequence

Consider a real sequence a : n — a,,. We are interested in studying the behaviour of
the values a,, as n increases, and we do so by looking first at a couple of examples.



3.2 Limit of a sequence 67

Examples 3.4

i| Let ap, = i T The first terms of this sequence are presented in Table 3.1. We
n

see that the values approach 1 as n increases. More precisely, the real number 1
can be approximated as well as we like by a,, for n sufficiently large. This clause
is to be understood in the following sense: however small we fix £ > 0, from a
certain point n. onwards all values a,, approximate 1 with a margin smaller that
E.

1 1
The condition |a, — 1] < ¢, in fact, is tantamount to 1 <eg le,n+1>-—;
3

1
thus defining n. = {—} and taking any natural number n > n., we have n+1 >
€

1 1
{—} +1 > —, hence |a, — 1| < €. In other words, for every € > 0, there exists an
£ €

n. such that
n > Ne = lan — 1] < e.
Looking at the graph of the sequence (Fig.3.3), one can say that for all n > n,

the points (n,a,) of the graph lie between the horizontal lines y = 1 — € and
y=1+e.

an

0.00000000000000
0.50000000000000
0.66666666666667
0.75000000000000
0.80000000000000
0.83333333333333
0.85714285714286
0.87500000000000
0.88888888888889
0.90000000000000

10 0.90909090909090
100 0.99009900990099
1000 0.99900099900100
10000 | 0.99990000999900
100000 | 0.99999000010000
1000000 | 0.99999900000100
10000000 | 0.99999990000001
100000000 0.99999999000000

an

2.0000000000000
2.2500000000000
2.3703703703704
2.4414062500000
2.4883200000000
2.5216263717421
2.5464996970407
2.5657845139503
2.5811747917132

10 2.5937424601000
100 2.7048138294215
1000 2.7169239322355
10000 | 2.7181459268244
100000 | 2.7182682371975
1000000 | 2.7182804691564
10000000 | 2.7182816939804
100000000} 2.7182817863958

Nelie JEN B IS, I NUN R =1 )
O 0~ O W =3

Table 3.1. Values, estimated to the 14th digit, of the sequences a, = ;%5 (left) and
an = (1+ %)" (right)
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e

Figure 3.3. Convergence of the sequence an = 25

1 e
i) The first values of the sequence a,, = (1 + —) are shown in Table 3.1. One
n

could imagine, even expect, that as n increases the values a,, get closer to a
certain real number, whose decimal expansion starts as 2.718 ... This is actually
the case, and we shall return to this important example later. i

We introduce the notion of converging sequence. For simplicity we shall assume
the sequence is defined on the set {n € N : n > ng} for a suitable ng > 0.

Definition 3.5 A sequence a : n — a,, converges to the limit £ € R (or
converges to { or has limit /), in symbols

m s =

n—oc

if for any real number € > 0 there exists an integer n. such that

Vn > ng, m>n. = iila e

Using the language of neighbourhoods, the condition n > n. can be written n €
I,,_(+00), while |a, — ¢| < ¢ becomes a, € I.(f). Therefore, the definition of
convergence to a limit is equivalent to: for any neighbourhood I.(¢) of ¢, there
exists a neighbourhood I,,, (+0c) of +00 such that

Vn > ng, nel, (+oc) = an€ L(f).

Examples 3.6
i) Referring to Example 3.4 i), we can say

=1.
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ii] Let us check that

) 3n
S T
Given £ > 0, we must show
3n R
3t onz| = °
for all n greater than a suitable natural number n.. Observing that for n > 1
3n 3n 3n 3
2+5n2| 2+ 5n? < 502 5n’
we have
3 < ‘ 3n
5n 2+ 5n?
But
o<e e >

3
80 we can set n, = =
O€

Let us examine now a different be-
haviour as n increases. Consider for n n
instance the sequence 0 0
a:n— a, =n. 1 1
2 4
Its first few values are written in Ta- 3 9
ble 3.2. Not only the values seem not 4 16
to converge to any finite limit ¢, they D 25
are not even bounded from above: 6 36
however large we choose a real num- 7 49
ber A > 0, if n is big enough {meaning 8 64
larger than a suitable n4), a, will be 9 81
bigger than A. In fact, it is sufficient 10 100
to choose n4 = [vV/A] and note 100 10000
1000 1000000
n>ns =n>vVA =0’ > A 10000 | 100000000
100000{10000000000

One says that the sequence diverges )
to +00 when that happens. Table 3.2. Values of a,, = n

In general the notion of divergent sequence is defined as follows.
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Definition 3.7 The sequence a : n — a, tends to +oo (or diverges to
+o0o, or has limit +oco), written

lim a, = +oc.

n—00

if for any real A > 0 there exists an na such that

Yn > nyg, A e e A (34l

Using neighbourhoods, one can also say that for any neighbourhood I4(+00) of
+00, there is a neighbourhood I, , (+00) of +00 satisfying

Yn > ng, n e L, (ko) = a, < Ly(Hoo).

The definition of

lim a, = —oc
n—o0

is completely analogous, with the proviso that the implication of (3.1) is changed
to

Yn > ng, M= = O

Examples 3.8
i) From what we have seen it is clear that

lim n? = +o0.
n—od

n
ii] The sequence a, =0+ 1+2+...+n= Zk associates to n the sum of the
k=0
natural numbers up to n. To determine the limit we show first of all that

zn: k= ”(L;l—) , (3.2)
k=0

a relation with several uses in Mathematics. For that, note that a,, can also be
k13

writtenasan:n+(n—1)+...+2+1+0:Z(n—k), hence

k=0
k13 k13 k13 n
2a, :Zk—l—Z(n—k) :annZl =n(n+ 1),
k=0 k=0 k=0 k=0
1 1 2
and the claim follows. Let us verify lim %—'—) = +00. Since Ln;—_z > %,

we can proceed as in the example above, so for a given A > 0, we may choose

na = [V24] u|
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The previous examples show that some sequences are convergent, other di-
vergent (to +oo or —oo). But if neither of these cases occurs, one says that the
sequence is indeterminate. Such are for instance the sequence a,, = (—1)", which
we have already met, or

an = (14 (-1)")n = {2n for n even,

0 for n odd.

A sufficient condition to avoid an indeterminate behaviour is monotonic-
ity. The definitions concerning monotone functions, given in Sect. 2.4, apply to
sequences, as well, which are nothing but particular functions defined over the
natural numbers. For them they become particularly simple: it will be enough to
compare the values for all pairs of subscripts n, n + 1 belonging to the domain of
the sequence. So, a sequence is monotone increasing if

Yn = ng, 0 =i

the other definitions being analogous. The following result holds.

Theorem 3.9 A monotone sequence a : n +— a, is either convergent or
divergent. Precisely, in case a, is increasing:

i) if the sequence is bounded from above, i.c., there is an upper bound b € R
such that a,, < b for all n > ng, then the sequence converges to the

supremum £ of its image:

lim a, =¢=sup{a, : n=no};
n—00

it) if the sequence is not bounded from above, then it diverges to +oc.

In case the sequence is decreasing, the assertions modify in the obvious way.

Proof. ~+ Sequences.

Example 3.10

Let us go back to Example 3.4 1). The sequence a,, = i 1 is strictly increasing,
n
n n+1

— < R
n+1l n+4+2
n? 4+ 2n < n? +2n + 1, which is valid for any n.

for a, < any1, ie.,

is equivalent to n(n +2) < (n+ 1)?, hence

Moreover, a, < 1 for all n > 0; actually, 1 is the supremum of the set {a, : n €
N}, as remarked in Sect.1.3.1. Theorem 3.9 recovers the already known result
lim a, =1. '

n—oo
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The number e
1 n

Consider the sequence a,, = (1 + ——) introduced in Example 3.4 ii). It is possible
n

to prove that it is a strictly increasing sequence (hence in particular a,, > 2 = a; for
any n > 1) and that it is bounded from above (a,, < 3 for all n). Thus Theorem 3.9
ensures that the sequence converges to a limit between 2 and 3, which traditionally
is indicated by the symbol e:

l T
li 1+=-] =e.
ngéc( + n) ¢ (3.3)

This number, sometimes called Napier’s number or Euler’s number, plays a
role of the foremost importance in Mathematics. It is an irrational number, whose

first decimal digits are
e = 2.71828182845905 - - -

For proofs ~» The number e.

The number e is one of the most popular bases for exponentials and logarithms.
The exponential function y = e* shall sometimes be denoted by y = expz. The
logarithm in base e is called natural logarithm and denoted by log or In, instead
of log, (for the base-10 logarithm, or decimal logarithm, one uses the capitalised
symbol Log).

3.3 Limits of functions; continuity

Let f be a real function of real variable. We wish to describe the behaviour of
the dependent variable y = f(z) when the independent variable x ‘approaches’ a
certain point zg € R, or one of the points at infinity —oo, +00. We start with the
latter case for conveniency, because we have already studied what sequences do at
infinity.

3.3.1 Limits at infinity

Suppose f is defined around +oco. In analogy to sequences we have some definitions.

Definition 3.11 The function f tends to the limit / € R for x going to
+00, in symbols
lim f(z) =¢,

r—+co

if for any real number ¢ > 0 there is a real B > 0 such that

Yz € dom f, a= B =l () (3.4)




3.3 Limits of functions; continuity 73

This condition requires that for any neighbourhood I.(¢) of £, there exists a neigh-
bourhood Ig(+o0) of +oc¢ such that

Vz € dom f, x € Ig(+o0) = f(x) € I(F).

Definition 3.12 The function f tends to +oc for x going to +oo, in
symbols
lim f(x)= +o0,

r—+4oo

if for each real A > 0 there is a real B > 0 such that

Vz € dom f, =B () (3.5)

For functions tending to —oc one should replace f(z) > A by f(z) < —A. The
expression

___lil_{n f(z) =00

means hIJIrl [flz)| = +o0.

If f is defined around —oo, Definitions 3.11 and 3.12 modify to become defi-
nitions of limit (L, finite or infinite) for x going to —o0, by changing z > B to
x < —DB:

i (e ==

L= 0C)

At last, by

lim f(z)=L

T—00

one intends that f has limit L (finite or not) both for x — +o0c and 2 — —o0.

Examples 3.13

i) Let us check that

o422z 1
lim ——— = =,
z=+o0 272 + 1 2
Given ¢ > 0, the condition |f(z) — 3| < € is equivalent to
4z — 1

2(222 + 1)
Without loss of generality we assume z > i, so that the absolute value sign can
be removed.

< E.
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Using simple properties of fractions
4r — 1 2z 2z 1 1

< < =—-< if —.
52+ 1) 22241 22 7 MP7C

11
Thus (3.4) holds for B = max ( )

TE
ii) We prove
lim +/z = +o0.
r—+00
Let A > 0 be fixed. Since /= > A implies z > A%, putting B = A? fulfills (3.5).
ii1) Consider
. 1
lim 0.

z—o—o0 /1 —x -
With € > 0 fixed,

1
<e
-z

1
‘ﬂ—z Vi
. 1 . 1 1 .
is tantamount to v/1—z > —, thatis 1 —z > —, or z < 1 — —. So taking
€ € €

B = max (0, —15 — 1), we have
€

< E.

r<—-B = ‘

1
Vvi—z

3.3.2 Continuity. Limits at real points

We now investigate the behaviour of the values y = f(z) of a function f when z
‘approaches’ a point xy € R. Suppose f is defined in a neighbourhood of zg, but
not necessarily at the point zq itself. Two examples will let us capture the essence

of the notions of continuity and finite limit. Fix zy = 0 and consider the real
sin

functions of real variable f(z) = z3 + 1, g(z) = z + [1 — z?] and h(z) =

(recall that [z] indicates the integer part of 2); their respective graphs, at least in
a neighbourhood of the origin, are presented in Fig. 3.4 and 3.5.

As far as g is concerned, we observe that |z| < 1 implies 0 < 1 — 22 < 1 and
g assumes the value 1 only at £ = 0; in the neighbourhood of the origin of unit

radius then,
1 ifx=0,
g9(z) = .
z ifz#0,

as the picture shows. Note the function A is not defined in the origin.

For each of f and g, let us compare the values at points = near the origin with
the actual value at the origin. The two functions behave rather differently. The
value f(0) = 1 can be approximated as well as we like by any f(z), provided z
is close enough to 0. Precisely, having fixed an (arbitrarily small) ‘error’ € > 0 in
advance, we can make |f(z) — f(0)| smaller than e for all z such that |z — 0] = |z|
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i
f

R

Figure 3.4. Graphs of f(x) = 2® + 1 (left) and g(z) = = + [I — 2°] (right), in a
neighbourhood of the origin

is smaller than a suitable real § > 0. In fact |f(z) — f(0)| = |23| = |z|* < € means
lz| < /e, so it is sufficient to choose § = /c. We shall say that the function f is
continuous at the origin.

On the other hand, g(0) = 1 cannot be approximated well by any g(z) with
f close to 0. For instance, let ¢ = &. Then |g(z) — g(0)| < ¢ is equi?falent to

: < glx) < g; but all z different from 0 and such that, say, |z| < 35, satisfy

—3 < g(z) =z < &, in violation to the constraint for g(z). The function g is not
continuous at the origin.

At any rate, we can specify the behaviour of g around 0: for z closer and closer
to 0, yet different from 0, the images g(z) approximate not the value g(0), but
rather £ = 0. In fact, with ¢ > 0 fixed, if & # 0 satisfies |z| < min(e, 1), then

Figure 3.5. Graph of h(z) = Sl% around the origin
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g(z) = z and |g(z) — €] = |g(z)| = |z| < €. We say that g has limit 0 for x going
to 0.

As for the function h, it cannot be continuous at the origin, since comparing
the values h(z), for x near 0, with the value at the origin simply makes no sense,
for the latter is not even defined. Neverthless, the graph allows to ‘conjecture’ that
these values might estimate ¢ = 1 increasingly better, the closer we choose z to
the origin. We are lead to say h has a limit for  going to 0, and this limit is 1.
We shall substantiate this claim later on.

The examples just seen introduce us to the definition of continuity and of
(finite) limit.

Definition 3.14 Let 29 be a point in the domain of a function f. This func-
tion is called continuous at zq if for any £ > 0 there is a 6 > 0 such that

YV € dom f, e —zo| <6 = |f(z)— flzo)| <e. (3.6)

In neighbourhood-talk: for any neighbourhood I.(f(xg)) of f(zg) there exists a
neighbourhood I5(zg) of xg such that

Va € dom f, z € Is(zg) = f(z) € I.(f(x0)). (3.7)

Definition 3.15 Let f be a function defined on a neighbourhood of o € R,
except possibly at xo. Then f has limit £ € R (or tends to £ or converges
to £) for x approaching xg, written

Wen il = 1

E—Tg
if given any € > 0 there exists a 6 > 0 such that

Vz € dom f, O0<|z—xo|<d = |f(z)—¥ <e. (3.8)

Alternatively: for any given neighbourhood I.(¢) of ¢ there is a neighbourhood
Is(zg) of xg such that

Yz € dom f, z € Is(zo) \ {zo} = [fl(z)e€ L.().

The definition of limit is represented in Fig. 3.6.

Let us compare the notions just seen. To have continuity one looks at the values
f(z) from the point of view of f(xg), whereas for limits these f(x) are compared
to £, which could be different from f(zq), provided f is defined in zg. To test the
limit, moreover, the comparison with z = x¢ is excluded: requiring 0 < |z — x|
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y = f(x)

J(z)
£ —¢

o — ) Iy g+ ]

Figure 3.6. Definition of finite limit of a function

means exactly  # zo; on the contrary, the implication (3.6) is obviously true for
T = Ip-

Let f be defined in a neighbourhood of zp. If f is continuous at zg, then (3.8)
is certainly true with £ = f(zp); vice versa if f has limit £ = f(zg) for z going to
Zo, then (3.6) holds. Thus the continuity of f at xg is tantamount to

lim f(z)= f(xo). (3.9)

T—+Tp

In both definitions, after fixing an arbitrary € > 0, one is asked to find at
least one positive number § (‘there is a 6’} for which (3.6) or (3.8) holds. If either
implication holds for a certain 4, it will also hold for every § < §. The definition
does not require to find the biggest possible § satisfying the implication. With this
firmly in mind, testing continuity or verifying a limit can become much simpler.

Returning to the functions f, g, h of the beginning, we can now say that f is
continuous at xg = 0,
lim f(z)=1= f(0),

z—0

whereas g, despite having limit 0 for  — 0, is not continuous:
lim g(z) =0 # 9(0).
We shall prove in Example 4.6 1) that h admits a limit for z going to 0, and actually

lim A(z) = 1.

x—0

The functions ¢ and h suggest the following definition.
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Definition 3.16 Let f be defined on a neighbourhood of xy, excluding the
point zo. If f admits limit £ € R for x approaching xy, and if a) f is defined
in xo but f(xo) # £, orb) f is not defined in xp, then we say xo is a (point
of) removable discontinuity for f.

The choice of terminology is justified by the fact that one can modify the function
at zg by defining it in xg, so that to obtain a continuous map at zy. More precisely,

the function o) i
~ ) if x # xo,
fo={] 1T
I4 if x = xy,

is such that ~ _
lim f(z)= lim f(z)=14¢= f(xo),
T—xTH T—Ig
hence it is continuous at xg.
For the above functions we have §(z) = z in a neighbourhood of the origin,

while
sinz

h(z) = ifx#£0,

1 ifz=0.

. . sinz
In the latter case, we have defined the continuous prolongation of y = ,

T
by assigning the value that renders it continuous at the origin. From now on when
. . sinx . . .
referring to the function y = ——, we will always understand it as continuously
x

prolonged in the origin.

Examples 3.17
We show that the main elementary functions are continuous.

) Let f : R —» R, f(z) = ar + b and o € R be given. For any ¢ > 0,
[f(z) — f(zo)| < € if and only if |a| |z — zo| < e. When a = 0, the condition holds
€

for any z € R; if @ # 0 instead, it is equivalent to |x — zp| < —, and we can put

lal
d= |6—| in (3.6). The map f is thus continuous at every zp € R.

a
ii) The function f : R — R, f(z) = z? is continuous at xy = 2. We shall prove
this fact in two different ways. Given € > 0, |f(z) — f(2)| < ¢, or |z? — 4| < &,
means

4—ec<z’<4d+e. (3.10)

We can suppose ¢ < 4 (for if |f(z) — f(2)] < e for a certain ¢, the same will
be true for all &’ > ¢); as we are looking for z in a neighbourhood of 2, we can
furthermore assume z > 0. Under such assumptions (3.10) yields
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Vi—e<zx<+vi4d+e,

hence
—2-Vi-g)<zx-2<Vid+e-2. (3.11)

This suggests to take d = min(2 — 4 —e,vV4d+c—2) (= Vd+¢e — 2, easy to
verify). If |z — 2| < J, then (3.11) holds, which was equivalent to |22 — 4| < .
With a few algebraic computations, this furnishes the greatest & for which the
inequality |72 — 4| < ¢ is true.

We have already said that the largest value of § is not required by the definitions,
so we can also proceed alternatively. Since

2% — 4] = |(z = 2)(z + 2)| = |2 — 2|z + 2|,
by restricting x to a neighbourhood of 2 of radius < 1, we will have -1 < x—2 <
1, hence 1 < z < 3. The latter will then give 3 <2+ 2 = |z + 2| < 5. Thus
|z? — 4| < 5|z — 2|. (3.12)
To obtain |22 — 4| < ¢ it will suffice to demand |z — 2| < —;—; since (3.12) holds

3
when |z — 2| < 1, we can set 6 = min (1, —) and the condition (3.6) will be
satisfied. The neighbourhood of radius < 1 was arbitrary: we could have chosen
any other sufficiently small neighbourhood and obtain another 4, still respecting
the continuity requirement.
Note at last that a similar reasoning tells f is continuous at every zg € R.
iii) We verify that f : R > R, f(x) = sinz is continuous at every zo € R. We
establish first a simple but fundamental inequality.

Lemma 3.18 For any x € R,
|sinz| < |z, (3.13)

with equality holding if and only if x = 0.

Proof. Let us start assuming 0 < # < % and look at the right-angled triangle
PH A of Fig. 3.7. The vertical side PH is shorter than the hypotenuse PA,
whose length is in turn less than the length of the arc PA (the shortest

distance between two points is given by the straight line joining them):

PH < PA < PA.

By definition PH = sinz > 0, and PA= = > 0 (angles being in radians).
Thus (3.13) is true. The case —2 < a < 0 is treated with the same
argument observing |sinz| = sin |z| for 0 < |z| < %. At last, when |z| > £

one has |sinz| <1 < Z < |z, ending the proof.

]
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?

/ sin @
H A
Figure 3.7. |sinz| < |z

Thanks to (3.13) we can prove that sine is a continuous function. Recalling
formula (2.14),

. . . T —Tp T+ To
sinz — sinxg = 2sin 2 cos 5
(3.13) and the fact that [cost| < 1 for all ¢t € R, imply
. . . T — X T+ xo
|sinz — sinzg| = 2 |sin 08
2 2
<2|T720 g g — ).

Therefore, given an ¢ > 0, if |z — 24| < € we have |sinz — sinzg| < €; in other
words, condition (3.6) is satisfied by § = e.

Similarly, formula (2.15) allows to prove g(z) = cosz is continuous at every
o € R.

Definition 3.19 Let I be a subset of dom f. The function [ is called con-
tinuous on [ (or over I) if f is continuous at every point of I.

We remark that the use of the term ‘map’ (or ‘mapping’) is very different from
author to author; in some books a map is simply a function (we have adopted
this convention), for others the word ‘map’ automatically assumes continuity, so
attention is required when browsing the literature.

The following result is particularly relevant and will be used many times with-
out explicit mention.
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Proposition 3.20 All elementary functions (polynomials, rational func-
tions, powers, trigonometric functions, exponentials and their inverses) are
continuous over their entire domains.

Proof. ~» Elementary functions.

Now back to limits. A function f defined in a neighbourhood of g, zg excluded,
may assume bigger and bigger values as the independent variable z gets closer to
xo. Consider for example the function

1
0= s
on R\ {3}, and fix an arbitrarily large real number A > 0. Then f(z) > A for all
1
x # zo such that |z — 3] < T We would like to say that f tends to +oo for

approaching xg; the precise definition is as follows.

Definition 3.21 Let f be defined in a neighbourhood of ©y € R, except pos-
sibly at xg. The function f has limit +oco (or tends to +oc) for z ap-
proaching xg, in symbols

lim f(x) = +o0,

I—+I
if for any A > 0 there is a § > 0 such that

Vz € dom f, Q<o = mgli=tonie — ()it (3.14)

Otherwise said, for any neighbourhood I4(+00) of 400 there exists a neighbour-
hood I5(zp) di 2p such that

Va € dom f, z € Is(zo) \ {zo} = f(z) € I4(+0).

The definition of

lim f(z)=—o0

T—xq

follows by changing f(z) > A to f(z) < —A. One also writes

lim fi(z) = co

T—+Tg

to indicate lim |f(z)| = +oo. For instance the hyperbola f(z) = 1, with graph
r—q

in Fig. 2.2, does not admit limit for  — 0, because on each neighbourhood 15(0) of
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the origin the function assumes both arbitrarily large positive and negative values
together. On the other hand, |f(z)| tends to +oo when z nears 0. In fact, for fixed

A>0 ) )
vz € R\ {0}, |m|<z = m>A.

o1
Hence lim — = .
z—0

3.3.3 One-sided limits; points of discontinuity
The previous example shows that a map may have different limit behaviours at

1
the left and right of a point x¢. The function f(z) = = grows indefinitely as x
x

takes positive values tending to 0; at the same time it becomes smaller as = goes
to 0 assuming negative values. Consider the graph of the mantissa y = M(z) (see
Fig.2.3) on a neighbourhood of ¢y = 1 of radius < 1. Then

x ife <1,
r—1 ifz>1.

When z approaches 1, M tends to 0 if = takes values > 1 (i.e., at the right of 1),
and tends to 1 if = assumes values < 1 (at the left).

The notions of right-hand limit and left-hand limit (or simply right limit and
left limit) arise from the need to understand these cases. For that, we define right
neighbourhood of zy of radius r > 0 the bounded half-open interval

M(z) =

IT(xo) = [zo,x0+7r)={zeR : 0<z—29 <7}

T

The left neighbourhood of z; of radius r > 0 will be, similarly,

I7(xo)=(xz0o—rx0)={z€R : 0<zy—2z<r}

T

Substituting the condition 0 < |z — zg| < § (i.e.,, z € Is(xo) \ {xo}) with 0 <
T — 139 <& (e, z € If (z0) \ {zo}) in Definitions 3.15 and 3.21 produces the
corresponding definitions for right limit of f for z tending to xg, otherwise
said limit of f for z approaching xy from the right or limit on the right;
such will be denoted by

lim f(x).

T—I,

For a finite limit, this reads as follows.

Definition 3.22 Let f be defined on a right neighbourhood of xo € R, except
possibly at xg. The function f has right limit ¢ € R for x — zq, if for every
e > 0 there is a 6 > 0 such that

Vx € dom f, O<z—x90<d = |f(z)—-¢ <e.
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Alternatively, for any neighbourhood I, (¢) di £ there exists a right neighbourhood
I;(aco) of zy such that

Vz € dom f, z € If (zo) \ {0} = f(z)€ L(0).

The notion of continuity on the right is analogous.

Definition 3.23 A function f defined on a right neighbourhood of v¢ € R is
called continuous on the right at x; (or right-continuous) if

lim f(z) = f(wo)-

L=+In

If a function is only defined on a right neighbourhood of zg, right-continuity co-
incides with the earlier Definition (3.6). The function f(z) = 1/z for example is
defined on [0. +00), and is continuous at 0.

Limits of f from the left and left-continuity are completely similar: now one
has to use left neighbourhoods of zp; the left limit shall be denoted by

lim f(z).

The following easy-to-prove property provides a handy criterion to study limits
and continuity.

Proposition 3.24 Let f be defined in a neighbourhood of xy € R, with the
possible exception of xo. The function f has limit L (finite or infinite) for
x — xq if and only if the right and left limits of f, for x — xq, exist and
equal L.

A function f defined in a neighbourhood of xy is continuous at xy if and only
if it is continuous on the right and on the left at xy.

Returning to the previous examples, it is not hard to see

. o1
lim — = +oc; lim — = —o0
z—0t I rz—0— T
and
lim M(z) =0, lim M(z)=1.
z—1+ z—1—

Note M(1) =0, so 1im+ M(z) = M(1). All this means the function M(z) is con-
z—1

tinuous on the right at 2o = 1 (but not left-continuous, hence neither continuous,
at zo = 1).
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Definition 3.25 Let [ be defined on a neighbourhood of xy € R, except pos-
sibly at xg. If the left and right limits of f for x going to zq¢ are different, we
say that xg is a (point of ) discontinuity of the first kind (or e jump
point) for f. The gap value of f at xy is the difference

[flzo = lim_f(z) — lim f(z).

T—T] T—Tq

Thus the mantissa has a gap = —1 at zp = 1 and, in general, at each point
Tog=nECc Z.
Also the floor function y = [z] jumps, at each g = n € Z, with gap = 1, for

lim [z] =n; lim [z] =n-1.

z—nt T—n—
The sign function y = sign (z) has a jump point at z¢ = 0, with gap = 2:

lim sign (z) = 1; lim sign (z) = —1.
z—0t z—0~

Definition 3.26 A discontinuity point which is not removable, nor of the
first kind is said of the second kind.

This occurs for instance when f does not admit limit (neither on the left nor
on the right) for z — z¢. The function f(z) = sin 2 has no limit for £ — 0 (see
Fig. 3.8 and the explanation in Remark 4.19).

Figure 3.8. Graph of f(z) =sin 2
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3.3.4 Limits of monotone functions

Monotonicity affects the possible limit behaviour of a map, as the following results
explain.

Theorem 3.27 Let f be a monotone function defined on a right neighbour-
hood I't(¢) of the point ¢ (where ¢ is real or —o00), possibly without the point
c itself. Then the right limit for x — ¢ exists (finite or infinite), and precisely

z—ct

{ inf{f(z):x € I"(c), x >c} if f is increasing,
lim f(z) =
sup{f(z) :xz € I'"(c), z > ¢} if f is decreasing.

In the same way, f monotone on a left neighbourhood 1~ (c)\{c} of ¢ (¢ real
or +00) satisfies

lim f(z) = {

sup{f(z):z € I (¢), z < ¢} if f is increasing,

inf{f(z):z €I (c),x <c} if f is decreasing.

Proof. ~» Limits.

A straightforward consequence is that a monotone function can have only a
discontinuity of the first kind.

Corollary 3.28 Let f be monotone on a neighbourhood I(xg) of xo € R.
Then the right and left limits for x — xo exist and are finite. More precisely,

i) if f is increasing

lim f(z) < f(zo) < lim_f(z);

T—Ty T—Ty

ii) if f is decreasing

lim f(z) > f(z0) > lim_f(2).

T—zg r—x

Proof. Let [ be increasing. Then for all x € [(xg) with & < xq, f(2x) < f(xg).
The above theorem guarantees that

lim f(x) =sup{f(x):x € [(xg), v <ap} < f(xg).

T—I

Similarly, for @ € I(xg) with x > 2,
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flag) <inf{f(z):x € I(xg), x > a0} lim  f(x),
from which ) follows. The second implication is alike.
3.4 Exercises
1. Using the definition prove that
_— n2
a) lIim n!=+4+cc [b) | lim = -
- ' n—+4o0 n—+oo 1 — 2n
' 1
¢)| lim(2z*>+3)=5 d) lim —— ==+
2
z z
e) lim ——=-1 f)  lim = -0
z——00 /12 — 1 z—4o00 1l —

2 Let f(z) = sign (z* — z). Discuss the existence of the limits

lim f(x) and lim f(z)

z—0 Tz—1

and study the function’s continuity.

3. Determine the values of the real parameter « for which the following maps are
continuous on their respective domains:

7 ) {asin(x—i—%) ifz>0, b) f(z) {3em”“1 ifz>1,
a = =
222 + 3 ifz<0 z+2 ifz<l

3.4.1 Solutions

1. Limits:

a) Let areal number A > 0 be given; it is sufficient to choose any natural number
n4 > A and notice that if n > n4 then

nl=nn—-1)---2-1>n>ng > A
Thus liI_iI_l n! = 4o0.
b) Fix areal A > 0 and note % < —A is the same as 27’:: > A.Forn > 1, that

means n?—2An+A > 0. If we consider a natural number ngy > A+/A(A + 1),
the inequality holds for all n > n4.
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¢) Fix € > 0 and study the condition |f(z) — | < e:
1222 +3 5| =2z - 1| =2z - 1||lz+ 1| <e.

Without loss of generality we assume z belongs to the neighbourhood of 1 of
radius 1, i.e.,

-l<x-1<1, whence 0<z<2 and 1<z+1=|z+1|<3.
Therefore
1222 +3 -5/ < 23|z~ 1| = 6lz — 1]
The expression on the right is < ¢ if |z — 1] < . It will be enough to set
§ = min(1, ) to prove the claim.
2. Since z2 — z > 0 when z < 0 or z > 1, the function f(z) is thus defined:

1 ifr<Oandz>1,
flzy=<0 ifzxz=0andz=1,
-1 if0<x<1.

So f is constant on the intervals (—o0,0}, (0,1), (1, +00) and

lim =1 lim =-1
Jim f(z) =1, Jim f(z) = —1,
lim S} lim -1

m11_f($) , m11+f(a:)

The required limits do not exist. The function is continuous on all R with the
exception of the jump points z =0 and z = 1.

3. Continuity:

The domain of f is R and the function is continuous for x # 0, irrespective of
a. As for the continuity at x = 0, observe that

mg_ f(x) = 11%1*(2.752 +3) =3 = f(0),

m
li = li i —-) =
lim, f(z) i, asin(z + 2) a

These imply f is continuous also in z = 0 if o = 3.

a=1.
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Limits and continuity II

The study of limits continues with the discussion of tools that facilitate compu-
tations and avoid having to resort to the definition each time. We introduce the
notion of indeterminate form, and infer some remarkable limits. The last part of
the chapter is devoted to continuous functions on real intervals.

4.1 Theorems on limits

A bit of notation to begin with: the symbol ¢ will denote any of g, x{f, Zg,
+00, —00, 0o introduced previously. Correspondingly, I(c) will be a neighbourhood
I5(z0) of 29 € R of radius 4, a right neighbourhood I} (z), a left neighbourhood
I (z0), a neighbourhood Ig(400) of +oo with end-point B > 0, a neighbourhood
Ig(—oc) of —oo with end-point —B, or a neighbourhood Ig(co) = Ig(—oo) U
Ip(+oc) of co.

We shall suppose from now on f, g, A, ... are functions defined on a neighbour-
hood of ¢ with the point ¢ deleted, unless otherwise stated. In accordance with the
meaning of ¢, the expression lim f{z) will stand for the limit of f for z — zg € R,

rx—cC

the right or left limit, the limit for z tending to 400, —00, or for |z| — +o0.

4.1.1 Uniqueness and sign of the limit

We start with the uniqueness of a limit, which justifies having so far said ‘the limit
of f7, in place of ‘a limit of f’.

Theorem 4.1 (Uniqueness of the limit) Suppose f admits (finite or in-
finite) limit £ for @ — c. Then f admits no other limit for x — c.
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_l | i | - y

£—¢ f+e¢ ¢ —¢ £ +¢

Figure 4.1. The neighbourhoods of £, ¢’ of radius € < §|¢ — ¢'| are disjoint

We assume there exist two limits ¢/ # ¢ and infer a contradiction. We
consider only the case where £ and ¢’ are both finite, for the other situations
can be easily deduced adapting the same argument. First of all, since £/ # ¢
there exist disjoint neighbourhoods I(¢) of £ and (") of ¢/

(NI =0. (4.1)

To see this fact, it is enough to consider neighbourhoods of radius £ smaller

or equal than half the distance of £ and ¢, & < $|¢ — ¢'| (Fig.4.1).

Taking I({), the hypothesis lim f(z) = £ implies the existence of a neigh-
£—=C

bourhood I{e) of ¢ such that
Vo € dom f, zelle)\{c} = flz)el(l).

Similarly for I(¢'), from lim f(x) = ¢’ it follows there is I'(c) with

Vx € dom f, rzel'(e)\{c} = flz)eIll).

The intersection of I(¢) and I'(¢) is itself a neighbourhood of ¢: it contains
infinitely many points of the domain of f since we assumed [ was defined
in a neighbourhood of ¢ (possibly minus ¢). Therefore if # € dom f is any
point in the intersection, different from ¢,

f@) e 1(&)yn I,

hence the intervals I(£) and I(¢') do have non-empty intersection, contra-
dicting (4.1). |

The second property we present concerns the sign of a limit around a point c.

Theorem 4.2 Suppose f admits limit ¢ (finite or infinite) for x — c. If
£ >0 or { = +o0, there exists a neighbourhood I(c) of ¢ such that f is strictly
positive on I(c) \ {c}. A similar assertion holds when £ < 0 or £ = —o0.

Proof.

Assume /£ is finite, positive, and consider the neighbourhood I.(f) of £ of
radius € = £/2 > 0. According to the definition, there is a neighbourhood
I(c) of ¢ satisfying
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')
3£
7 I o
L A Lo\
2] :
i J"':'..".”} X
B - lmo
f@o) Lo )

Figure 4.2. Around a limit value, the sign of a map does not change

Yo € dom f, xz € I(c)\ {c} > flz) € I.(£).
As I.(f) l_) i;f ) C (0, +0oc), all values f(x) are positive.
If / = 400 it suffices to take a neichbourhood I4(+00) = (A, +00) of 400

(A > 0) and use the corresponding definition of limit. a

The next result explains in which sense the implication in Theorem 4.2 can be
‘almost’ reversed.

Corollary 4.3 Assume f admits limit £ (finite or infinite) for x tending to
c. If there is a neighbourhood I(c) of ¢ such that f(z) = 0 in I(c) \ {c}, then
£>0 or{ =+4o00. A similar assertion holds for a ‘negative’ limit.

Proof. By contradiction, if / ~c or £ < 0, Theorem 4.2 would provide a neigh-

bourhood I’ (¢) of ¢ such that f(z) < 0on I'(¢)\ {c}. On the intersection of

I(¢) and I'(¢) we would then simultaneously have f(z) < 0 and f(x) > 0,

which is not possible. ;

Note that even assuming the stronger inequality f(z) > 0 on I(c), we would
not be able to exclude ¢ might be zero. For example, the map

2% ifx#£0,
f(I)_{l ifz=0,

is strictly positive in every neighbourhood of the origin, yet lin}) f(z)=0.
—

4.1.2 Comparison theorems

A few results are known that allow to compare the behaviour of functions, the first
of which generalises the above corollary.
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Corollary 4.4 (First comparison theorem) Let a function f have limit
¢ and a function g limit m (¢,m finite or not) for x — c. If there is a
neighbourhood I(c) of ¢ such that f(z) < g(x) in I(c) \ {c}, then £ < m.

Proof. If £ = —oc or m = +oc there is nothing to prove. Otherwise, consider the
map h(z) = g(xz) — f(x). By assumption h(z) > 0 on I(c) \ {c}. Besides,
Theorem 4.10 on the algebra of limits guarantees

lim h(z) = lim g(z) — lim f(z) =m — L.

r—c

The previous corollary applied to h forces m — £ = 0, hence the claim. O

We establish now two useful criteria on the existence of limits based on com-
paring a given function with others whose limit is known.

Theorem 4.5 (Second comparison theorem — finite case, also known
as “Squeeze rule”) Let functions f, g and h be given, and assume f and h
have the same finite limit for © — ¢, precisely

lim f(z) = lim h(z) = £.

If there is a neighbourhood I(c) of ¢ where the three functions are defined
(except possibly at ¢) and such that

f(@) < g(z) < h(z), Vzellc)\{c}, (4.2)
then
i@: @)=

Proof. We follow the definition of limit for g. Fix a neighbourhood I.(#) of #; by
the hypothesis lim f(z) = £ we deduce the existence of a neighbourhood

I'(e) of ¢ such that
Vo € dom f, zel'(e)\ {c} = flz)e (0.
The condition f(x) € I.(f) can be written as | f(x) — ] < e, or
l—e< flz)<l+e, (4.3)

recalling (1.4). Similarly, lim h(x) = £ implies there is a neighbourhood

I"(c) of ¢ such that ‘
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A
y = h(x)
y=g(z)
y = h(x)
g S N\ ,
- y= f(z)
y = g(x)
y = f(z)
{ L
To
Figure 4.3. The squeeze rule
Vo € dom h, xel'(e)\ {c] s < h(x) < ¥
Define then I (¢) I(c) I'(c) I"(¢). On I'"(e) 1"} the constraints
(4.2), (4.3) and (4.4) all hold, hence in particular
y i \ \Ilr} ||l| ] |f|{ IIlr ¥
This means g(x) € 1.(f). concluding the proof.
Examples 4.6
i) Let us prove the fundamental limit
sinx
lim =1l
z—0 I (45)
sinz . sin(—x —sinz sinz .
Observe first that y = —— is even, for (=2) = = . It is thus
z -z —x T
. . . . . . sinz
sufficient to consider a positive = tending to 0, i.e., prove that hm+ =1.
z—0 xr
. . sinzx
Recalling (3.13), for all z > 0 we have sinz < =z, or < 1. To find a

lower bound, suppose z < 7 and consider points on the unit circle: let A have
coordinates (1,0), P coordinates (cosz,sinz) and let @ be defined by (1, tan x)
(Fig.4.4). The circular sector OAP is a proper subset of the triangle OAQ, so

Area OAP < Area OAQ.

Since

AreaOAP:M:I and AreaOAQ:OA2 Q:ta;lSC’
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A

0 | A

Figure 4.4. The sector OAP is properly contained in OAQ

it follows

sinx . sinzx
ie., cosr < —.
T

z <
2 " 2cosz’
Eventually, on 0 < z < 7 one has

sinx
cosr < —— < 1.
T

The continuity of the cosine ensures lim cosz = 1. Now the claim follows from

z—0

the Second comparison theorem.
sinzx

ii) We would like to study how the function g(z) = behaves for z tending
to +00. Remember that

—1<sinz <1 (4.6)
for any real z. Dividing by z > 0 will not alter the inequalities, so in every
neighbourhood T4(400) of +c0

sinzx

< <

8|~
SR

T

1 1 1
Now set f(z) = —=, h(z) = — and note lim — = 0. By the previous theorem
T x

z—+o0 T

sinzx

= 0.

lim
z—4oco T

The latter example is part of a more general result which we state next (and
both are consequences of Theorem 4.5).
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Corollary 4.7 Let f be a bounded function around ¢, i.e., there exist a
neighbourhood I(c) and a constant C > 0 such that

(@) <C,  Vzellc)\{c}. (4.7)
Let g be such that
il_.mcg(a:) =

Then it follows
lim f(2)g(a) = 0.

Proof. By definition lim g(x) = 0 if and only if lim [g(z)| = 0, and (4.7) implies

0<|f(z)g(z) < Clg(x)]. Vo € I(e)\ {c}.

The claim follows by applying Theorem 4.5.

Theorem 4.8 (Second comparison theorem — infinite case) Let f, g be
given functions and
lim f(z) = +o0.

—+C

If there exists a neighbourhood I(c) of ¢, where both functions are defined
(except possibly at ¢), such that

f(@) <g(x),  Vazel(e)\{c} (4.8)
then
ii_rgg(a:) = +00.

A result of the same kind for f holds when the limit of g is —oc.

Proof. The proof is, with the necessary changes, like that of Theorem 4.5, hence

left to the reader. O

Example 4.9

Compute the limit of g(x) = z + sinz when z — +0c0. Using (4.6) we have
r—1<z+sinz, Vo e R.

Set f(z) =z — 1; since liIE f(z) = +oo, the theorem tells us
T—4+00

lim (z +sinz) = +o0. o

r—+00
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4.1.3 Algebra of limits. Indeterminate forms of algebraic type

This section is devoted to the interaction of limits with the algebraic operations
of sum, difference, product and quotient of functions.

First though, we must extend arithmetic operations to treat the symbols +o0
and —oo. Let us set:

+o00 48 = +oo (if s € R or s = +00)

-0+ 8= —00 (f se R or s = —x)

+00 - 8 = +00 (if s> 0or s = +00)

+00 -8 = Foo (if s<0ors=—o0)
:i:_oo

= oo (if s > 0)
s

i%mq:oo (if 5 < 0)
%:oo (if s e R\ {0} or s = £00)
1%620 (if s € R)

Instead, the following expressions are not defined

+o0
+o0’

oo

+00 + (F00), +00 — (Fo0), +00 - 0,

A result of the foremost importance comes next.

Theorem 4.10 Suppose f admits limit £ (finite or infinite) and g admits
limit m (finite or infinite) for x — c. Then

lim (f(z) +g(z)) = £ m,
lim (f(z) g(2)) = £m,
oAl
e g(a) ~ m’

provided the right-hand-side expressions make sense. (In the last case one
assumes g(x) # 0 on some I(c)\{c}.)
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We shall prove two relations only, referring the reader to ~ Limits for
the ones left behind. The first we concentrate upon is

}12% (f(z)+g(z)) =+m

when £ and m are finite. Fix € > 0, and consider the neighbourhood of ¢
of radius £/2. By assumption there is a neighbourhood I’(c) of ¢ such that

Yz € dom f, zel'(e)\{c} = |f(z)-{ <e/2
For the same reason there is also an I”(¢) with
Va € dom g, zel(e)\{c} = |g(x)—m|<e/2.
Put I(c) = I'(¢) N I"(¢). Then if z € dom f N dom g belongs to I(c) \ {c},
both inequalities hold; the triangle inequality (1.1) vields
(@) + 9(@) — (€ +m)] = [(f(@) - ) + (g(z) —m)|

< |flz) =+ |g(z) —m| < % + = =g,

bS] M

proving the assertion.

The second relation is

lim (f(z)g(z)) = +o0

r—C

with £ = +oc and m > 0 finite. For a given real A > 0, consider the
neighbourhood of +oc¢ with end-point B = 2A/m > 0. We know there is
a neighbourhood I'(¢) such that

Va € dom f, zel'(c)\{ct = [flz)>B.

On the other hand, considering the neighbourhood of m of radius m/2,
there exists an 1”(¢) such that

Va € dom g, zel'(e)\{c} = |glz)—m|<m/2,

i.e., m/2 < g(z) < 3m/2.Set I(c) = I'(c)N1"(c). If z € dom f Ndomg is
in I(c)\ {c}, the previous relations will be both fulfilled, whence

ey T T
flx)glz) > flx) 2 > B 5 = A.

Corollary 4.11 If f and g are continuous maps at a point g € R, then also

f(z)

f(z) £ g(z), f(z)g(z) and == (provided g(xo) # 0) are continuous at xo.

9(z)
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Proof. The condition that f and ¢ are continuous at &g is equivalent to lim f(x)
flxg) and lim g(z) = g(xg) (recall (3.9)). The previous theorem allows

to conclude.

Corollary 4.12 Rational functions are continuous on their domain. In par-
ticular, polynomials are continuous on R.

Proof. We verified in Example 3.17, part 1), that the constants y a and the
o
linear function y = x are continuous on K. Consequently, maps like y = ax”
o 1 . g
(n € N) are continuous. But then so are polynomials, being sums of the

latter. Rational functions, as quotients of polynomials, inherit the property
| [B182% I I )

wherever the denominator does not vanish.

Examples 4.13

i) Calculate

. 2r—3cosz

lim —M—— =

z—0 5+ xsinz
The continuity of numerator and denominator descends from algebraic oper-
ations on continuous maps, and the denominator is not zero at x = 0. The

substitution of 0 to z produces ¢ = —3/5.

i1) Discuss the limit behaviour of y = tan when  — Z. Since

. . . T . m
hn}(smm:smgzlv and Jdim coszzcosEZO,

T =5
the above theorem tells

. . sinx 1
lim tanz = lim = - = o0.
z—»% z—»% COST 0

But one can be more precise by looking at the sign of the tangent around 7. Since

sinz > 0 in a neighbourhood of %, while cosz > 0 (< 0) in a left (resp. right)
neighbourhood of %, it follows

lim tanz = Foo.

s
T— 5

P
1) Let R(z) = % be rational and reduced, meaning the polynomials P, Q)
z
have no common factor. Call zy € R a zero of Q, i.e., a point such that Q(z¢) = 0.
Clearly P(xzo) # 0, otherwise P and @ would be both divisible by (z —z). Then
lim R(z) = o0
T—Tg
follows. In this case too, the sign of R(z) around of zy retains some information.
2?2 -3+ 1
22 —
negative on a right neighbourhood, so

For instance, y = is positive on a left neighbourhood of ¢ = 1 and
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i z? —3z+1 _
im ————— = Foo.
PECE N
T —2

In contrast, the function y = ——————— is negative in a whole neighbourhood

2 -2z +1
of g = 1, hence

r—2

= —0OCQ.

lim —————
122 -2 +1

Theorem 4.10 gives no indication about the limit behaviour of an algebraic
expression in three cases, listed below. The expressions in question are called in-
determinate forms of algebraic type.

Consider f(z)+g(x) (resp. f(z)~g(z)) when both f, g tend to oo with different
(resp. same) signs. This gives rise to the indeterminate form denoted by the
symbol

00 — 00,

The product f(z) g(x), when one function tends to oo and the other to 0, is
the indeterminate form with symbol

oo - 0.
111), Relatively to f—E—S), in case both functions tend to oo or 0, the indeterminate
g(z
forms are denoted with
00 0
— or —.
00 0

In presence of an indeterminate form, the limit behaviour cannot be told a
priori, and there are examples for each possible limit: infinite, finite non-zero, zero,
even non-existing limit. Every indeterminate form should be treated singularly and
requires often a lot of attention.

Later we shall find the actual limit behaviour of many important indeterminate
forms. With those and this section’s theorems we will discuss more complicated in-
determinate forms. Additional tools to analyse this behaviour will be provided fur-
ther on: they are the local comparison of functions by means of the Landau symbols
(Sect. 5.1), de 'Hopital’s Theorem (Sect. 6.11), the Taylor expansion (Sect.7.1).

Examples 4.14

i) Let z tend to +o00 and define functions f(z) = z+ 2, fo(z) =z + 1, fa(z) =
z+1, fi(z) = z+sinz. Set g(z) = z. Using Theorem 4.10, or Example 4.9, one
verifies easily that all maps tend to +o0o. One has

lim [fi(e) — g(@)] = lim_a? = +ox,
i 1)~ o(e) = lm_1=1

lim [fs(z) —g(z)] = lim 1 0,

T—+00 x—+00 I
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whereas the limit of fi(z) — g(z) = sinz does not exist: the function sinx is
periodic and assumes each value between —1 and 1 infinitely many times as
T — +00.

ii) Consider now x — 0. Let f1(x) = 23, fao(z) = 22, f3(z) =z, fa(z) = 2?sin L,
and g(x) = z2. All functions converge to 0 (for f; apply Corollary 4.7). Now

lim 22 s =0,
xz—0 g(_’[,') z—0
2@ o,
x—0 g(:[,') z—0
1
lim f3(z) = lim —, = oo,

lim o) — 2

fa(z)
g(z)

proof of this).

1
but = sin — does not admit limit for z — 0 (Remark 4.19 furnishes a
x

1) Let us consider a polynomial

P(z)=anz™ + ...+ a1z + ap (an #0)
for x — +oo. A function of this sort can give rise to an indeterminate form
oo — 0o according to the coefficients’ signs and the degree of the monomials
involved. The problem is sorted by factoring out the leading term (monomial of
maximal degree) 2"

Oy a a
P($):$"(an+ T;l+"'+ ! —|——0>.

.’I,'"_l "

The part in brackets converges to a, when £ — 400, so

lim P () = o asab = ico
x— oo r—too

The sign of the limit is easily found. For instance,
lim (—5z°+22*+7) = lim (-52%) = +cc.
r——0o0

r——00
Take now a reduced rational function
P(x) a2+ ...+az+ag
R(z) = = Qn, b 0, m>0).
() Qz) bpz™+...+bhz+b ( m ¥ )
When z — +o00, an indeterminate form 3 arises. With the same technique as

before,

00 i =,

Qi apn

ey
—

: it (':I: = 5 n—1r Gn - :
lim == lim =— lim =z = — ifn=m,
T—rtoo (2(;}:) x—+oo bm;{."’“ bm r—4oo b.m

0 ifn<m.
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For example:

3% — 22+ 1 i 323
lim 5 = llm —5 =—o0,
z—+oc r—T r—+00 —I
. 425 4 203 — 7 — 45 1
lim = = ——
z—-o00 815 — x4+ Bz r——oc 85 2
622 — 2 45 622
limm 0 Iim — =0
T——0C ——x3 +9 r— —OC 7’133
sinx

iv) The function y = becomes indeterminate % for z — 0; we proved in part

T
i), Examples 4.6 that y converges to 1. From this, we can deduce the behaviour

1—coszx
of y = ——— as x — 0, another indeterminate form of the type 8. In fact,
x
_ l—cosz . (1—cosz)(1+cosz) . 1—cosiz 1
lim ———— = lim = lim - lim .
=0 x? z—0 x?(1 4 cos x) =0 x? e—0 14 cosz

The fundamental trigonometric equation cos? z + sin? z = 1 together with The-
orem 4.10 gives

. . 2 . 2
. SIHZ x . sSinT . S x
lim = lim = [ lim =1
r—0 [L‘2 x—0 xT z—0 I

The same theorem tells also that the second limit is %, so we conclude

l —cosx 1

With these examples we have taken the chance to look at the behaviour of
elementary functions at the boundary points of their domains. For completeness we
gather the most significant limits relative to the elementary functions of Sect. 2.6.
For explanations ~; Elementary functions.

lim z% = +co, lim s =10 a>0
T£—+ 400 z—0+

lim:: 2= "0. lim z% = 400 a<0
T—+o0 z—0+

: Az +... a1z +ag (Tl
lim =— lim =z
x—+oo b, x™ + ...+ bz + by by, =00

L—1TL

lim a® =400, i e =) =l
r—+to0 T——00

limt o =10 lim a® =—+oc a1
T—+00 T——00
xhlrll log, z = +00, ‘lﬂzl log, 2= —oc0a>1

ﬁ{l.

T—+00 z—(

lim log,z = —o0, 11111 log,z=+0a<1
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lim sinz, lim cosz, lim tanz do not exist
lim tanz = Foo, VkeZ
=
:r:—-v(%-}-kar)
: : ™ :
lim arcsinz = +— = arcsin(£1)
a—zkl 2
1i1’n+1 arccosz = 0 = arccos 1, liml arccos ¢ = m = arccos(—1)
e T—r—
. ™
lim arctanz = £—
s—*o0

4.1.4 Substitution theorem

The so-called Substitution theorem is important in itself for theoretical reasons,
besides providing a very useful method to compute limits.

Theorem 4.15 Suppose a map f admits limit

lim f(z) = ¢, (4.9)

Tr—cC

finite or not. Let g be defined on a neighbourhood of ¢ (excluding possibly the
point £) and such that

i) if £ € R, g is continuous at ¢;

it) if £ = +oo or £ = —oo, the limit lin}g(y) erists, finite or not.
y—P

Then the composition g o f admits limit for x — ¢ and

T—+C

lim g(f(z)) = lim, 9(y). (4.10)

Proof. Set m = lim g(y) (noting that under i), m = g(¢) ). Given any neighbour-
y—&
hood I(m) of m, by i) or 4i) there will be a neighbourhood I(¢) of £ such

that
Yy € dom g, yelll) = gly)e€lim).

Note that in case i) we can use [(€) instead of I(£) \ {{} because g is
continuous at £ (recall (3.7)), while £ does not belong to I(¢) for case ii).
With such I(£), assumption (4.9) implies the existence of a neighbourhood

I(c) of ¢ with

Vo € dom f, xz € I(c)\ {c} > f(z) e I(0).



4.1 Theorems on limits 103

[|i3||._-'_,-'. the previous

Remark 4.16 An alternative condition that yields the same conclusion is the
following:

i’) if £ € R, there Is a neighbourhood I(c) of ¢ where f(z) # ¢ for all © # ¢, and
the limit limé g(y) exists, finite or infinite.
’ygi

The proof is analogous.

In case £ € R and ¢ is continuous at £ (case 3) ), then limég(y) = g{£), so (4.10)
yAV

reads

lim g(f(2)) = g(lim f(x)). (4.11)

An imprecise but effective way to put (4.11) into words is to say that a continuous
function commutes (exchanges places) with the symbol of limit.

Theorem 4.15 implies that continuity is inherited by composite functions, as
we discuss hereby.

Corollary 4.17 Let f be continuous at xg, and define yo = f(xq). Let fur-
thermore g be defined around yo and continuous at yo. Then the composite
go f is continuous at xg.

Proof. From (4.11)
lim (go f)(x) = gl _|:_||‘! f(x)) =g(f(zo)) = (go f)lxo),
which is l"[||l:.\'E!|{"II] to the claim.
A few practical examples will help us understand how the Substitution theorem
and its corollary are employed.

Examples 4.18

1) The map h(z) = sin(z?) is continuous on R, being the composition of the
continuous functions f(z) = z? and g(y) = siny.
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ii) Let us determine

lim w
z—0 xT
Set f(r) = z? and
siny y£0
9(y) =
1 if y = 0.
Then lin}) f(z) =0, and we know that ¢ is continuous at the origin. Thus
tim SR S0V
z—0 x y—0 Yy

1
We study the behaviour of h(z) = arctan (—1> around the point 1.

1
Defining f(z) = oo e have lim f(z) = Loo. If we call g(y) = arctany,

z—1

lirin g(y) = :l:% (see the Table on page 101). Therefore
y—+oo

lim arctan (

! 1) = lim g(y)-—-:tg.

z—1% z— y—too
1v) Determine
1
lim logsin —.
z—+00 x
Setting f(z) = sin L has the effect that £ = lim f(z) = 0. Note that f(z) >0

T—400

for all z > L. With g(y) = logy we have lir61+ g(y) = —oo, so Remark 4.16 yields
yAP

1
lim logsin— = li = —00.
 lim logsin y_lgl+ 9(y) 0

Remark 4.19 Theorem 4.15 extends easily to cover the case where the role of f
is played by a sequence a : n — a, with limit

lim a, = 4.
n—oo

Namely, under the same assumptions on g,

lim g(an) = lim g(y).
y—t

n—oo

This result is often used to disprove the existence of a limit, in that it provides a
Criterion of non-existence for limits : if two sequencesa :n r an, b:n s b,
have the same limit £ and

lim g(a,) # lim g(by),

then g does not admit limit when its argument tends to .
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For example we can prove, with the aid of the criterion, that y = sinz has no
limit when x — +oc: define the sequences a,, = 2nm and b,, = § +2nm, n € N, so
that

lim sina, = lim 0 =0, and at the same time lim sinb, = lim 1 =1.

NnN—00 n—0C n—oo TL— 00

Similarly, the function y = sin% has neither left nor right limit for x — 0.

4.2 More fundamental limits. Indeterminate forms of
exponential type

1 ™
Consider the paramount limit (3.3). Instead of the sequence a,, = (1 + —> , we
n

look now at the function of real variable

h(z) = <1+%>

It is defined when 1+ 1 > 0, hence on (—oo, —1) U (0, +0c). The following result
states that h and the sequence resemble each other closely when z tends to infinity.

Property 4.20 The following limit holds

l i
lim (l + -) = e.
r—+oo T

Proof. ~» The number e.

By manipulating this formula we achieve a series of new fundamental limits.
€Z

The substitution y = £, with a # 0, gives

@

a\?® 1\% 1\1"
lim (1 + —) = lim <1 + —) = [ lim <1 + f> } = e,
rz—toc T y—too Yy y—too Y

In terms of the variable y = % then,

, 1\
lim (1+2)"* = lim <1+—> =e.

z—0 y—toc Yy
The continuity of the logarithm together with (4.11) furnish
1/z

log (1
lim og, (1l + )

=log,e = ——
z—0 X Ba

= lim log, (1 + )V = log, lim (1 + )
z—0 z—0
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for any a > 0. In particular, taking a = e:

e log(1 + z)
x—0 xT

= 1.

Note by the way a® — 1 = y is equivalent to z =log,(1 +y), and y — 0 if x — 0.
With this substitution,

| log, (1 !
lim & =1m1——JL——-={mnf§4-iﬂ4 = log a. (4.12)
20 I y—0log,(1+y) [v—=0 gy

Taking a = e produces

e |
lim
x—0 T

— 1

Eventually, let us set 1 4+ z = €Y. Since y — 0 when z — 0,

C(I+z)P -1 eVl e _] oy
lim ——— = lim = lim
z—0 x y—0 e¥ —1 y—0 y e —1
(4.13)
= lim (e lim —7 — loge®™ = «
v=0 y  y—oev— 1
for any o € R.

For the reader’s conveniency, all fundamental limits found so far are gathered
below.

o sine

lim =1l
z—0 T

co l=coszi -yl
lim SR
x—0 Y 2

lim (1 i %)x =e? (a € R)

z—too

'1111})(1 +z)/*=e

g.(1+z 1 log(1 + 4
lim g, @) = (a > 0); in particular, lim el he) 1
z—0 o loga z—0 T

D S |
lim & =loga (a>0); in particular, lim < =1
T— N x—0 xT

1 *—1
pmlr el ey

z—0 x
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x

1\" 1
Let us return to the map h(z) = (1 + —> . By setting f(z) = (1 + —) and
T T

g(x) = x, we can write

In general such an expression may give rise to indeterminate forms for x tending
to a certain ¢. Suppose f, g are functions defined in a neighbourhood of ¢, except
possibly at ¢, and that they admit limit for x — ¢. Assume moreover f(z) > 0
around ¢, so that h is well defined in a neighbourhood of ¢ (except possibly at ¢).
To understand & it is convenient to use the identity

fla) = elog (@),

From this in fact we obtain
h(a) — 09()log f(2)

By continuity of the exponential and (4.11), we have

lim [f(x)]9®*) = exp (lilll [9(x) log f(:)]) :

I—C r—C

In other words, h(z) can be studied by looking at the exponent g(z)log f(x).
An indeterminate form of the latter will thus develop an indeterminate form
of exponential type for h(x). Namely, we might find ourselves in one of these
situations:

g tends to oo and f to 1 (so log f tends to 0): the exponent is an indeterminate
form of type oo - 0, whence we say that h presents an indeterminate form of

type
1°°,

g and f both tend to 0 (so log f tends to —o0): once again the exponent is of
type oo - 0, and the function h is said to have an indeterminate form of type

0°.

g tends to 0 and f tends to +oo (log f — -+00): the exponent is of type co - 0,
and h becomes indeterminate of type

o,

Examples 4.21

: 1\°

1) The map h(z) = <1 + —) is an indeterminate form of type 1°° when z —
x

+oo, whose limit equals e.

i) The function h(x) = 2%, for z — 07, is an indeterminate form of type 0°. We
shall prove in Chap. 6 that lirn+ xlogz = 0, therefore lim+ h{z) = 1.
z—0 z—0
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iii) The function h(z) = z'/* is for # — +oc an indeterminate form of type oc®.
lo
Substituting y = %, and recalling that log £ = —logy, we obtain lim 8% _
Yy r— 400 x

— lim ylogy =0, hence lim A(z)=1.
y—0+

T—+00
When dealing with h(z) = [f()]9"), a rather common mistake — with tragic
consequences — is to calculate first the limit of f and/or g, substitute the map
with this value and compute the limit of the expression thus obtained. This is to

emphasize that it might be incorrect to calculate the limit for x — ¢ of the
indeterminate form h(z) = [f(z)]9®*) by finding first

m = lim g(z), and from this proceed to  lim[f(z)]™.

r—cC r—c

Equally incorrect might be to determine

lim £9(), already knowing ¢ = lim f(x).

r—c r—c

1 x
For example, suppose we are asked to find the limit of h(z) = (1 + —) for
x

z— oo

1
z — too; we might think of finding first £ = lim <1 + —) = 1 and from this
x

lim 1* = lim 1 = 1. This would lead us to believe, wrongly, that h converges
r—too z—+too

to 1, in spite of the fact the correct limit is e.

4.3 Global features of continuous maps

Hitherto the focus has been on several local properties of functions, whether in the
neighbourhood of a real point or a point at infinity, and limits have been discussed
in that respect. Now we turn our attention to continuous functions defined on a
real interval, and establish properties of global nature, i.e., those relative to the
behaviour on the entire domain.

Let us start with a plain definition.

Definition 4.22 A zero of a real-valued function f is a point xg € dom f
at which the function vanishes.

For instance, the zeroes of ¥y = sinx are the multiples of , i.e., the elements of
the set {mn | m € Z}.

The problem of solving an equation like

flz)=0
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is equivalent to determining the zeroes of the function y = f(x). That is why it
becomes crucial to have methods, both analytical and numerical, that allow to
find the zeroes of a function, or at least their approximate position.

A simple condition to have a zero inside an interval goes as follows.

Theorem 4.23 (Existence of zeroes) Let [ be a continuous map on a
closed, bounded interval [a,b]. If f(a)f(b) <0, i.e., if the images of the end-
points under f have different signs, f admits a zero within the open inter-
val (a,b).

If moreover f is strictly monotone on [a,b], the zero is unique.

Proof.

f(b)

a ! Ty b

fla) foeeeo ¥

Figure 4.5. Theorem of existence of zeroes

Throughout the proof we shall use properties of sequences, for which we
refer to the following Sect. 5.4. Assuming f(a) < 0 < f(b) is not restrictive.
Define ag = a, by = b and let ¢g = % be the middle point of the
interval [ag,bg]. There are three [){JHH”}”i‘l—i(‘S for f(cg). If f(eg) = 0, the
point xg = ¢q is a zero and the proof ends. If f(cg) > 0, we set a; = ap and
by = ¢g, so to consider the left half of the original interval. If f(eq) < 0,
let a; = ¢p, by = by and take the right half of [ag, bp] this time. In either
case we have generated a sub-interval [ay, b] C [ag, bp] such that

h” —
9 :

flay) <0< f(by) and by —ay =

Repeating the procedure we either reach a zero of f after a finite number
of steps, or we build a sequence of nested intervals [a,,, b,] satisfying:
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[, bo] D [a1,b1] D -

vy \ . f 'rfl'ﬁ )]

flay) <0< f(b,) and b, — ay, - R

(the rigorous proof of the existence of such a sequence relies on the Prin-
ciple of Induction ~+ Principle of Mathematical Induction ). In this
second situation, we claim that there is a unique point 2y belonging to ev-
ery interval of the sequence, and this point is a zero of f. For this, observe
that the sequences {a,} and {b,} satisfy

g <a; <...<a, <...<b, <...<b <b.

Therefore {a,,} is monotone increasing and bounded. while {b,, } is mono-
LM 5 {

tone decreasing and bounded. By Theorem 3.9 there exist x;,x; € |a.b]
such that
lim a, =z, and lim b, = zj .
n— 0 - TL— X
On the other hand, Example 5.18 i) tells
| . . . b—a
Tg — Xg lim (b, — a,) lim - = (),
' T— 0 n—oo 2N
S0 T, xgy . Let xy denote this number. Since [ is continuous, and using
the Substitution theorem (Theorem 9, p. 138), we have
lim f(a,) lim f(b,) = f(xq).
T s T—0C
But f(a,) < 0 < f(b,). so the First comparison theorem (Theorem 4,

p. 137) for {f(a,)} and {f(b,)} gives

lim f(a,) <0 and lim f(b,) = 0.
T O T * O

As 0 <

In conclusion, if f is strictly monotone on [a,b] it must be injective by

(xg) < 0, we obtain f(xg) = 0.

Proposition 2.8, which forces the zero to be unique.

Some comments on this theorem might prove useful. We remark first that
without the hypothesis of continuity on the closed interval [a,b], the condition
f(a)f(b) < 0 would not be enough to ensure the presence of a zero. The function

f:01]—-R
-1 forz =0,
f(x)_{+1 for0<z <1

takes values of discordant sign at the end-points but never vanishes; it has a jump
point at a = 0.

Secondly, f(a)f(b) < 01is a sufficient requirement only, and not a necessary one,
to have a zero. The continuous map f(z) = (2z — 1)? vanishes on [0, 1] despite
being positive at both ends of the interval.
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Thirdly, the halving procedure used in the proof can be transformed into an al-
gorithm of approximation, known in Numerical Analysis under the name Bisection

method.
A first application of the Theorem of existence of zeroes comes next.

Example 4.24

The function f(x) = z* + 2% — 1 on [0,1] is a polynomial, hence continuous.
As f(0) = —1 and f(1) = 1, f must vanish somewhere on [0, 1]. The zero is
unique because the map is strictly increasing (it is sum of the strictly increasing
functions y = z* and y = 2%, and of the constant function y = —1). .

Our theorem can be generalised usefully as follows.

Corollary 4.25 Let f be continuous on the interval I and suppose it admits
non-zero limits (finite or infinite) that are different in sign for x tending to
the end-points of I. Then f has a zero in I, which is unique if f is strictly
monotone on I.

Proof. The result is a consequence of Theorems 4.2 and 4.23 (Existence of zeroes).

For more details ~ Continuous functions.

Example 4.26

Consider the map f(z) = z+logx, defined on I = (0, +00). The functions y = z

and y = logx are continuous and strictly increasing on I, and so is f. Since

lim f(z) = —o0 and ligr_l f(z) = +oo, f has exactly one zero on its domain.
r—1+00

z—0+
i

Corollary 4.27 Consider f and g continuous maps on the closed bounded
interval [a,b]. If f(a) < g(a) and f(b) > g(b), there exists at least one point
xg in the open interval (a,b) with

f(xo) = g(20). (4.14)
Proof. Consider the auxiliary function h(z) = f(x) — g(x), which is continuous in
[a, b] as sum of continuous maps. By assumption, h(a) = f(a) — g(a) <0
and h(b) = f(b) — g(b) > 0. So, h satisfies the Theorem of existence of
zeroes and admits in (a,b) a point xg such that h(zg) 0. But this is
precisely (4.14).
Note that if & is strictly increasing on |[a, b], the solution of (4.14) has to

be unique in the interval.
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A
y = g(x)
g(a)
NOR y = f(x)
fla)
g(b)
a To b
Figure 4.6. Illustration of Corollary 4.27
Example 4.28
Solve the equation
COST = T. (4.15)

For any real x, —1 < cosx < 1, so the equation cannot be solved when x < —1 or
x > 1. Similarly, no solution exists on [—1,0), because cos z is positive while x is
negative on that interval. Therefore the solutions, if any, must hide in [0, 1]: there
the functions f(z) = x and g(x) = cos z are continuous and f(0) =0 < 1 = g(0),
f(1) =1 > cos1 = g(1) (cosine is 1 only for multiples of 27). The above corollary
implies that equation (4.15) has a solution in (0,1). There can be no other
solution, for f is strictly increasing and g strictly decreasing on [0, 1], making
h(z) = f(x) — g(x) strictly increasing. ]

When one of the functions is a constant, the corollary implies this result.

Theorem 4.29 (Intermediate value theorem) If a function f is contin-
uous on the closed and bounded interval [a,b], it assumes all values between

f(a) and f(D).

Proof. When f(a) f(b) the statement is trivial, so assume first f(a) < f(b).
Call z an arbitrary value between f(a) and f(b) and define the constant
map g(z) = z. From f(a) < z < f(b) we have f(a) < g(a) and f(b) > g(b).

Corollary 4.27. applied to f and g in the interval [a. b, vields a point zg
. Pl J g | IER I (
in [a, b] such that f(xy) = g(zo)

If f(a) > f(b), we just swap the roles of f and g.

The Intermediate value theorem has, among its consequences, the remarkable
fact that a continuous function maps intervals to intervals. This is the content of
the next result.
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y = f(z)
fby Lo LY
z = f(xo)
fla)
a To b

Figure 4.7. Intermediate value theorem

Corollary 4.30 Let f be continuous on an interval I. The range f(I) of I
under f is an interval delimited by infy f and sup; f.

Proof. A subset of R is an interval if and only if it contains the interval [o. 3] as
subset, for any o < 3.
Let then ¥, < yo be points of f(/). There exist in I two (necessarily dis-
tinct) pre-images xy and xs, i.e., f(x1) =y, f(xa) = yo. It J C [ denotes
the closed interval between x, and x5, we need only to apply the Intermedi-
ate value theorem to f restricted to J, which vields [y, y2] € f(J) C f(I).
['he range f(I) is then an interval, and according to Definition 2.3 its
end-points are infy f and sup; f.

Either one of inf; f, sup; f may be finite or infinite, and may or not be an
element of the interval itself. If, say, inf; f belongs to the range, the function
admits minimum on I (and the same for sup; f).

In case [ is open or half-open, its image f(I) can be an interval of any kind. Let

us see some examples. Regarding f(x) = sinz on the open bounded / = (-7, %),

the image f(I) = (—1,1) is open and bounded. Yet under the same map, the image
of the open bounded set {0, 27) is [—1, 1], bounded but closed. Take now f(z) =

tanz: it maps the bounded interval (-7, %) to the unbounded one (—o0, +00).

Simple examples can be built also for unbounded 1.
But if I is a closed bounded interval, its image under a continuous map cannot
be anything but a closed bounded interval. More precisely, the following funda-

mental result holds, for a proof of which ., continuous functions.
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Theorem 4.31 (Weierstrass) A continuous map f on a closed and bounded
interval [a,b] is bounded and admits minimum and mazimum

= min_f(z d M = me &)
P et ey

Consequently,
f{[ab]) = ’Tn._,a'\:{']. (416)

M

T

a Ipr Tm b

Figure 4.8. The Theorem of Weierstrass

In conclusion to this section, we present two results about invertibility (the
proofs can be found at ~» Continuous functions We saw in Sect.2.4 that a
strictly monotone function is also one-to-one (invertible), and in general the oppo-
site implication does not hold. Nevertheless, when speaking of continuous functions
the notions of strict monotonicity and injectivity coincide. Moreover, the inverse
function is continuous on its domain of definition.

Theorem 4.32 A continuous function f on an interval I is one-to-one if
and only if it is strictly monotone.

Theorem 4.33 Let f be continuous and invertible on an interval I. Then
the inverse f~! is continuous on the interval J = f(I).

Theorem 4.33 guarantees, by the way, the continuity of the inverse trigonomet-
ric functions y = arcsinz, y = arccosx and y = arctanz on their domains, and
of the logarithm y = log, z on R, as well, as inverse of the exponential y = a”.
These facts were actually already known from Proposition 3.20.
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J = f(I) y = [(z)

x=f"y)

Figure 4.9. Graph of a continuous invertible map (left) and its inverse (right)

4.4 Exercises

1. Compute the following limits using the Comparison theorems:

Ccos T
I . .
a) Jim i b) JETOO (Vz +sinz)
2x — sin
c) im Sy S d) | lim m
r——oc 3T + COS X z—+oo I
: —t
e) limsinz - sin— f) | lim w
z—0 x z—0 T
2. Determine the limits:
oozt =223 452 . z+3
a) }13%) pa— b) zEr—Ew 3 — 224+ 5
3 2 . 2 —
! lim P4+ zt+zx d) . 2z + 5 -7

z——oc 212 — T+ 3 IJTOO 522 —2x + 3
. z+1 — . Ji0—-z-2
) lim ——— £ lim X——= 72
e==1 /622 + 3 + 3z lz—2 =2
g lim (Vi+l-va) W om YER2
rT—+0oC

x——+0oc x

) _ V2r? +3
) lim (Vo+1-Va-1) 9 ver 43

1m
T —n0 z——oo 4z + 2

3. Relying on the fundamental limits, compute:

)
. sin“rx . xrtanzx
a) lim b) lim ——
z—0 T z—0]1 —cosz
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o) lim S22 —sindz Q)] iy LzcosvE
0 4z — z 0+ 212
Q) lim PRT ST )| iy SOS(t2n2) — 1
z—0 x z—0 tanzx
cos Zx inx—1
o) lim1 7 2 h) lin}r %2
AT (3 -2)
. . cosz+1 . V1+tanz — /1 —tancz
i) lim —— £) lim -
z—m cos3x + 1 z—0 sinz
4. Calculate:
log(1 2z _
2) lim g0 F7) b) Tim &
z—0 3z —1 z—0 633z -1
1 -1 e
o) lim 2%~ 2 d) lim
Ll zoe x—e z—+too e — 1
. 2¢%% — 1 ) . log x
e)| lim —/—— )| lim
o0t 2x - r—leT —e
Y1 +3zx -1 .IlJ . z+1
g) lim —— lim ————
z—0 T z——1 Jr + 17— 2

5. Compute the limits:

5/2 _ N T _ o X
a) lim z 22z 41 . b) | lim u
z—+00 2vVr5 — 1 =0 sinx
c) lir% (cotanx — sinx) d) 1111100 Nz (\/x +1—-vz— 1)
z— T
r—1 z—2
o m (555) ) i)
. z—3 h) ) 3 -3
lim ————— 1 c 2
g) ZLH}) \/E _ \/5 z_l,r_noo 3z + 3z
1 1 ' 2
i) lim ( —-— ) O lim 2e®sin <e_z sin —)
z—0 \zrtanx zsinxy T—+00 x
m)| lim z(2+sinz) n) lim ze¥®®
- T—+00 T— —00

6. Determine the domain of the functions below and their limit behaviour at the
end-points of the domain:

3 - 2 .
a) flo)=L 23 b)| f(a)

N = T

0| @) =log {1+exp (”32;1)} O f) = Yre
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1:‘

1.1 Solutions

L. Limits:

el |

(

0; b) 4+o00.

) We have

lim 2;1:—sinx: im 33(2—7):2

z——00 3T + COS T zafooa:(3-|-c—°;-§) 3

. sinx . CcOs &
because lim = lim

r——00 T r——0o0

= 0 by Corollary 4.7.

From [2] < & < [z] + 1 (Example 2.1 vii)) one deduces straightaway  — 1 <
[z] < x, whence

-1
T x

for > 0. Therefore, the Second comparison theorem 4.5 gives

lim — =1.
r—+o0 I

0.
r—tanx | . .
First of all f(z) = ——— is an odd map, so lim f(z)=— lim f(x). Let
T r—01 rz—0—
now 0 <z < 5. From
sinz <z <tanz
(see Example 4.6 i) for a proof) it follows
) ) sinx —tanx x —tanx
sinr —tanx < z — tanz < 0, that is, 3 < 5 < 0.
x x
Secondly,
sinr —tanzx . sinz(cosz —1) . sinzxcosx —1
lim ——— = lim ———— = lim —— =0.
x>0+ x? 0+ x2cosx z—0+ cosx a2

Thus the Second comparison theorem 4.5 makes us conclude that

. r — tanx
lim —s— =0,
rz—0t xT

therefore the required limit is 0.
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¢) Simple algebraic operations give

. z+zi+z A+ i+ % o
hm — = = 1 —~7a 1 33 = llm - = —00.
2—-002r% —g+3 a--00g2(2-14 3F)  a5-002

d)
e) Rationalising the denominator we see

[S] N)

(z + 1){(v622 + 3 — 3z)

z4+1
1‘ B w—emm—— ]
o1 V622 + 3+ 3z o1 622 + 3 — 9z2
(x+1)(v6z? +3—-3z) )

= ST 0T o)

r——1

f) Use the relation a® — b® = (a — b){a® + ab + b°) in

. JV10—z -2 . 10—z -8
lim ——— = lim
252 -2 ==2 (g~ 2)({/(10 — 2)? + 2910 — z + 4)
. | 1
= lim =——.
v=2 (10 -~ 7)2 + 2910 —z + 4 12
2) 0; h)1; i) 0.
We have
N B Ve - S BN S
im ————= lim —F———=— lim —=-—.
z——oco 4z + 2 T——00 I (4 + ;) 4 z—-00 4
3. Limits:
a) 0; i) 2.
¢) We manipulate the expression so to obtain a fundamental limit:
sin 2z — sin 3z . sin2z . sindz 1 3 1
lim ——— = lim — lim =——-=—-—.
z—0 4z z—0 4z z—0 4z 2 4 4
d) We use the cosine’s fundamental limit:
1-— 1- 1 1 1
lim LCOSVE g Lmeosve L L 1o
z—0+ 222 z—0t T z—0+ 22 2 z0t 2z
e) 1
r 2'
L) Putting y = tan z and substituting,
cosy — 1 — lim cosy — 1 =0

. cos{tanz)—1
lim = lim
z—0 tanz y—0 y y—0 y?
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o) Letting y = 1 — x transforms the limit into:

cosZx cos Z(1 — sin Z T
lim 2~ — lim 2( y):lim 2y:~.
z—=1 1—x y—0 Yy y—0 Yy 2
1., 1
—3i g
One has
. v/1+tanz — /1 —tanz . 14+ tanz — 1 +tanz
lim . = lim —
0 sinx 20 sinz (v1+tanz + /I — tanz)
1, 2tanz . 1
= — im - = m :1
2z—0 sinx z—0 COS T
1 . o2
log3 > 3

By defining y = x — e we recover a known fundamental limit:

lim logz — 1 lim log(y +e€) —1 — tim loge (14+y/e) —1

z—e I —¢ y—0 Yy y—0 Yy
~ lim log(1 +y/e) _1 .
y—0 Yy e

Another possibility is to set z = z/e:

logz — 1 1 _
i 08z =1 loglez) —1 1., logz 1
€

= — I1im =
z—oe T —€ z—=1 ez —1) ezo1z2—1
1.
') We have
2 2z 1 2r 1
i 201 2D+
z—0+ 2z z—0+ 2
2x
. - . 1 . 1
= lim 2 4+ lim — =24+ lim — = +4o00.

z—0+ x -0t 2T z—0+ 22
Substitute y = z — 1, so that

log x log

lim = lim ————
z—le® —e z—le(e? 1 —1)

log(1+y) 1 logl+y) 'y 1
.

= lim ———3 = - lim . =
y—0 e(e¥ —1)  ey—0 y e¥ — 1

ST

119
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The new variable y = z + 1 allows to recognize (4.13), so

. z+1 . Y . Yy
lim —=lim —-——=lim —————
eo=1 Yz +17-2 v=0Jy+16-2 v—02(Y1+ L —1)
16 . y/16
= — lim ————-=8-4=32.
290 1+EZ -1
5. Limits:
1
E.
b) We have
Tz _ .-z e~ % e2z 1 2z 1
lim &~ — lim (, ) _ i -z © 9. o
z—0 sihzx z—0 sinx z—0 2z sinx
¢) One has
-1 -1
lim <cotanz— - >: lim%: Iimcos%—o ,I -x=0.
z— sinx z—0 sinz z—0 T sinx
d) 1.
) Start with

A I 2)log =1
200 z+3 - P IJTM($ )Og$+3

4
_ i ot 1 1—— == L.
exp (zEI-iI-loo(w 2)log ( o 3)> e

1 1
Now define y = ——, and substitute £ = — — 3 at the exponent:
T+3 Y

log (1 —4
L = lim <1—5>log(1—4y): lim (M—Slog(lwély)) =—4.
Y Y

y—0F y—0t

The required limit equals e 4.

) e; o) 2\/5.
h) We have

b 3T 3 (3% —-1) )
QHH?OO 3z £ 3-z ZJIPOO 3-z (32z + 1) =—1.

_1

5
£) Start by multiplying numerator and denominator by the same function:

. z —z . 2 sin (e‘z sin %)
lim zefe Fsin—» ————5%> =
z—+o0o T e *sin g

z
2

xz

. .2 . sin (e_z sin 2)
lim zsin-- lim ————5%£
z—+to0 T z—too e~ Tsin

:LI'LQ.
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Now put y = % in the first factor to get
sin 2
L, = lim 2259 _ .
y—0t Yy

next, let { = e " sin % Since t — 0 for £ — +o0, by Corollary 4.7, the second
factor is

and eventually the limit is 2.

The fact that —1 < sinz < 1 implies 1 < 2 +sinz < 3, 50 z < z(2 + sinx)
when z > 0. Since lim x = 400, the Second comparison theorem 4.8 gives

r—+oc

+oc for an answer.

dom f =R\ {-2, -1},
lim f(z) = toc, limi flz) = o0, £Erirloo f(z) = +o0.

z——2%F r——1

The function is defined on the entire R and

x 4 x
. . et T . e
lim f(z)= lm — —— = lim — = +oo,
z—+toc” z=4oo gt 1+ x—+oo gt
lim z)= lim ¢ lim ———=0
T——00 f( ) T——0C z——o00 1+ x4

This function makes sense when x # 0 (because 1 + exp (IZH) > 0 for any

x
non-zero ). As for the limits:

241
lim f(z)=1log lim <1+exp <:z: a >>zlog1:0,
r——0C Tr— —00

lim f(x)=log ligl <1 +ex

T—+00

 (57)
2
lim f(z) =log lim <1+exp <$ +1>> =logl =0,
z—0~ z—0~

lim f(z) = log lim+ <1 + exp
0

z—0t T—

dom f = R; lixf f(z)=0.
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Local comparison of functions. Numerical
sequences and series

In the first part of this chapter we learn how to compare the behaviour of two
functions in the neighbourhood of a point. To this aim, we introduce suitable
symbols — known as Landau symbols — that make the description of the possible
types of behaviour easier. Of particular importance is the comparison between
functions tending to 0 or co.

In the second part, we revisit some results on limits which we discussed in
general for functions, and adapt them to the case of sequences. We present specific
techniques for the analysis of the limiting behaviour of sequences. At last, numeri-
cal series are introduced and the main tools for the study of their convergence are
provided.

5.1 Landau symbols

As customary by now, we denote by ¢ one of the symbols z (real number), z,
T, , or +00, —c0. By ‘neighbourhood of ¢’ we intend a neighbourhood — previously
defined — of one of these symbols.

Let f and g be two functions defined in a neighbourhood of ¢, with the possible
exception of the point ¢ itself. Let also g(z) # 0 for « # ¢. Assume the limit

im L&) g (5.1)

2T g(o)

exists, finite or not. We introduce the following definition.

Definition 5.1 If{ is finite, we say that f is controlled by g for x tending
to e, and we shall use the notation

f=0I(g), T —c,

read as ‘f is big o of g for x tending to c’.
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This property can be made more precise by distinguishing three cases:

a) If € is finite and non-zero, we say that f has the same order of magni-
tude as g (or is of the same order of magnitude) for = fending to c;
if so, we write

f=4q. T — C.

As sub-case we have:
b) If £ =1, we call f equivalent to g for x tending to ¢; in this case we use
the notation
f~aq, T — C.

¢) Bventually, if ¢ = 0, we say that f is negligible with respect to g when
x goes to ¢; for this situation the symbol

Ji=ol(q): T — c,

will be used, spoken ‘f is little o of g for x tending to ¢’

Not included in the previous definition is the case in which £ is infinite. But in
such a case
glz) 1

lim 22 = - =0,
x—cC

fz) ¢
so we can say that g = o(f) for z — ¢c.
The symbols O, =, ~, o are called Landau symbols.
Remark 5.2 The Landau symbols can be defined under more general assump-
tions than those considered at present, i.e., the mere existence of the limit (5.1).

For instance the expression f = O(g) as z — ¢ could be extended to mean that
there is a constant C > 0 such that in a suitable neighbourhood I of ¢

[f(z)] < Clg(z)l, Vzel z#c
The given definition is nevertheless sufficient for our purposes.

Examples 5.3

i) Keeping in mind Examples 4.6, we have
sinx

sinz ~z, x — 0, in fact lim =1,
z—0 X
; . . sinx
sinz = o(z), x — 400, since lim =0;

rz—+o00 I
ii) We have sinz = o(tanz),  — 7 since
sin

im = lim cosz = 0.
z—% tanx T
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iii) One has cosx < 2z — 7, x — 7, because

. coszw _cos(t+7) . sint 1
lim = lim ———2* = — lim — = — .
c—Z 2r—7  t—0 2t t—0 2¢ 2

Properties of the Landau symbols

It is clear from the definitions that the symbols =, ~, o are particular instances
of O, in the sense that

f=g=f=0(g), [f~g=f=0(9), [f=olg)=f=0()
for £ — ¢. Moreover the symbol ~ is a subcase of =<
f~g = =g
Observe that if f < g, then (5.1) implies

lim /(z)
ze Lg(z)

=1, hence f ~ {g.

The following property is useful

i f~g — f=g+4 fJ[__f;:I,J (5.2)

By defining h(z) = f(z) — g(z) in fact, so that f(z) = g(z)+ h(x), we have

(z) m (1) ) 2
fro e miget e (G- o
= z) =0 <<= h=o0(g)

T>

iii) Computations are simplified once we notice that for any constant A £ 0

| o(Af) = o(f) and Ao(f)=olf \—‘ (5.3)
In fact g = o{Af) means that lim g_(a:)_ = 0, otherwise said lim (_x) =0,
r—c Af(x) z—e f(x)

or g = o(f). The remaining identity is proved in a similar way. Analogous
properties to (5.3) hold for the symbol O.
Note that o(f) and O(f) do not indicate one specific function, rather a precise
property of any map represented by one of the two symbols.
iv) Prescribing f = o(1) amounts to asking that f converge to 0 when z — c.
Namely
flz)
1

lim f(z) = lim =0.

r—c r—c
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Similarly f = O{1) means f converges to a finite limit for z tending to c.
More generally (compare Remark 5.2), f = O(1) means that f is bounded in
a neighbourhood of ¢: that is to say, there exists a constant C' > 0 such that

If()|<C, Vzel z#ec,

I being a suitable neighbourhood of ¢.
v) The continuity of a function f at a point zg can be expressed by means of the
symbol o in the equivalent form

f(@) = f(z0) + (1), z — z0. (5.4)
Recalling (3.9) in fact, we have

lm f(z)=f(z0) =  lim (f(z) - f(ao)) =0

T—Io T— T

= f(@) = f(zo) = 0(1), = — 0.

The algebra of “little o’s”

i) Let us compare the behaviour of the monomials ™ as z — 0:

T =o(oi) e 0 = n > m.
In fact
z" . - . .
lim — = lim 2" ™ =0 if and only if n—m > 0.
z—0 ™ z—0

Therefore when x — 0, the bigger of two powers of x is negligible.

ii) Now consider the limit when x — +o0c. Proceeding as before we obtain

T =o(2!h)s 4w —ckeo; = n < m.

So, for x — to0, the lesser power of x is negligible.

iii) The symbols of Landau allow to simplify algebraic formulas quite a lot when
studying limits. Consider for example the limit for £ — 0. The following prop-
erties, which define a special “algebra of little 0’s”, hold. Their proof is left to
the reader as an exercise:

B)i ool sEo(@h)i= ol )
b) o(z™) £o(z™) = o(zP), with p=min(n,m); (5.5)
c)ii o(Az)i=o(xl): for each A € R\ {0} ;




5.1 Landau symbols 127

d) o(z)o(z™) = o(z™) if ¢ is bounded in a neighbourhood of z = 0;
e) “rtalrti=ralr e )
f)  o(@™)o(z") = o(z™*");

g) [o(@")* = o(a*").

Fundamental limits

The fundamental limits in the Table of p. 106 can be reformulated using the sym-
bols of Landau:

sinx ~ x, . z—0;
1 —cosx < 2, x — 0; precisely, 1-—cosz~ 32?, z-0;
log(1 + ) ~ z, z — 0; equivalently, logz ~z — 1, Tz —1;
e —1~g, x —0;
1+4+z)*—1~ox, z-—0.

With (5.2), and taking property (5.5) ¢) into account, these relations read:

sinz = z + o(z), z — 0;
1—-cosz =1z2+0(z?), z—0, or cosz=1-3z%+0(z%), z—0;
log(1+ z) =z + o(z), z—0, orlogz=2—-1+o0(x—-1), =—1;
e =14z + o(z), xz—0;

l+z)*=1+az+o(z), z—0.

Besides, we shall prove in Sect.6.11 that:

a)t p%=o(er), T — <00, Ya € R;
bjieves=—o(|x|); T — —00, Vo € R;
Gl lors — 0@ x — 400, Ya > 0; (5.6)
d) log:rzo(i), z— 0, Ya > 0.

T ;

Examples 5.4
i) From e! =1+t +0(t), t — 0, by setting t = 5z we have e’® = 1+ 5z + o(5z),
i.e., e® =1+ 5z + o(zx),  — 0. In other words e** — 1 ~ 5z, z — 0.
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ii) Setting ¢ = —3z% in (1+¢)"/2 = 14 2t +o(t), t — 0, we obtain (1 —322)"/2 =
1— 322+ 0o(—322) = 1 — 322 + 0(2?), z — 0. Thus (1 — 32%)}/2 -1 ~ —322,
z — 0.

iii) The relation sint =t + o(t), t — 0, implies, by putting ¢t = 2z, zsin2z =
z(2z + o(27)) = 22% + o(2?), x — 0. Then zsin2z ~ 222, z — 0.

We explain now how to use the symbols of Landau for calculating limits. All
maps dealt with below are supposed to be defined, and not to vanish, on a neigh-
bourhood of ¢, except possibly at c.

Proposition 5.5 Let us consider the limits

lim f(x)g(x) and lim /(@) ;

z—ce T—e _q(;.':)

Given functions f and § such that f ~ f and g ~ g for x — ¢, then

lim f(2)g() = lim f(2)(), (5.7)
lim (=) = lim {{I) (5.8)

T—C g(;r r—cC g(.’?f)

Proof. Start with (5.7). Then

o . flx) = . glx)

lim f(x)g(x) lim = flx)= glx)

T —t ( T — ( I[ (1) JI' .
) Jlx) .. glr) .. .
lim = lim lim f(x)g(x).
r—c f(z) z—e §(x) =

From the definition of f ~ f and § ~ g the result follows. The proof of

(5.8) is completely analogous.

Corollary 5.6 Consider the limits
: s 2 X ; L (@) fi(e)
m (/@) + /i@) (9@) + a1(@)  and  lim T

If fi = o(f) and g1 = o(g) when x — ¢, then

lim (f(z) + f1(2)) (9(x) + 91(2)) = lim f(z)g(x), (5.9)

lim H2) +hlz) lim M

z—e g(z) +gi(z) z—c g(z) (5.10)
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]:'n:nui_ “\'-:] ,"' ."' .n":j ||\ \'I""||:||-_”-|l||' __." ." o] |, SO Irom J‘j one |!.‘|r~ J _.".
Similarly, putting g g + g1 vields g ~ g. The claim follows from the

previous Proposition.

The meaning of these properties is clear: when computing the limit of a product,
we may substitute each factor with an equivalent function. Alternatively, one may
ignore negligible summands with respect to others within one factor. In a similar
way one can handle the limit of a quotient, numerator and denominator now being
the ‘factors’.

Examples 5.7

i) Compute
. 1—cos2x
lim S P
z—0  g§in“ 3z
From the equivalence 1 — cost ~ 3t2, t — 0, the substitution ¢ = 2z gives
1—cos2z ~22°, z— 0.
Putting £ = 3z in sint ~ ¢, ¢ — 0, we obtain sin3z ~ 3z, x — 0, hence
sin? 3z ~ 922, = — 0.
Therefore (5.8) implies

. 1 —cos2z o222 2
lim ——s— = lim —5 = —.
z—0 gin“ 3z -0 92 9
ii) Evaluate

sin 2x + 3
lim )
20 4z + 5log(1 + z2)
We shall show that for z — 0, 2% is negligible with respect to sin 2z, and similarly
5log(1 + z?) is negligible with respect to 4z. With that, we can use the previous
corollary and conclude

sin 2z + 13 . sin2zx 1

lim = lim = _.
z—0 4z + 5log(l +22) =2-0 4z 2
Recall sin 2z ~ 2z for £ — 0; thus
3 3
im — = lim — =0,
z—0sin2r z—02zx
that is to say x° = ofsin 2z) for  — 0. On the other hand, since log(1 +¢) ~ ¢
for t — 0, writing t = z° yields log(1 + z?) ~ 22 when z — 0. Then
5log(1 + 22 52
li 21082 _ 52
z—0 4z z—0 4z
i.e., 5log(1+ z?) = o(4z) for z — 0.

These ‘simplification’ rules hold only in the case of products and quotients.
They do not apply to limits of sums or differences of functions. Otherwise put,

the fact that f ~ fand g ~ g when = — ¢, does not allow to conclude that
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lim [f(2) + g(z)] = lim[f(z) % 4(c)).

r—C z—C

For example set f(z) = vz? + 2z and g(z) = V22 — 1 and consider the limit

zEToo (\/z2+2x— \/1:2—1).

Rationalisation turns this limit into

(z? +2z) — (2?2 - 1) : 2z +1
= lim =1

im -
e—t00 /72 + 27 + /12 — 1 z_'dkoo”’(\/17+2+\/1_%>
x

z

Had we substituted to f(z) the function f(z) = z, equivalent to f for 2 — +o0,
we would have obtained a different limit, actually a wrong one. In fact,

z? — (22 - 1) 1
lim (z—vz2-1)= lim —————*= lim ——— =0.
z—>+oo( ) T— 400 €T + ‘/.'E2 _ 1 z—+00 (1 _+_ 1 _ %)

The reason for the mismatch lies in the cancellation of the leading term z? ap-
pearing in the numerator after rationalisation, which renders the terms of lesser
degree important for the limit, even though they are negligible with respect to 2
for £ — +o0.

5.2 Infinitesimal and infinite functions

Definition 5.8 Let f be a function defined in a neighbourhood of ¢, except
possibly at c. Then f is said infinitesimal (or an infinitesimal) at ¢ if

lim f(z) =0,

i.e., if f =o0(1) for x — c. The function f is said infinite at c if

lim f(z) = oo.

r—C

Let us introduce the following terminology to compare two infinitesimal or
infinite maps.

Definition 5.9 Lel f, g be two infinitesimals at c.

If f < g forx — e, f and g are said infinitesimals of the same order.
If f = o(g) for  — ¢, f is called infinitesimal of bigger order than g.
If g = o(f) for x — ¢, f is called infinitesimal of smaller order than g.
If none of the above are satisfied, f and g are said non-comparable in-
finitesimals.
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Definition 5.10 Let f and g be two infinite maps at c.

If f =g forx — ¢, f and g are said to be infinite of the same order.
If f =o(g) for x — ¢, [ is called infinite of smaller order than g.

If g =o(f) for x — ¢, [ is called infinite of bigger order than g.

If none of the above are satisfied, the infinite functions f and g are said
non-comparable.

Examples 5.11
Bearing in mind the fundamental limits seen above, it is immediate to verify the
following facts:

i) e® — 1 is an infinitesimal of the same order as x at the origin.

ii) sinz? is an infinitesimal of bigger order than x at the origin.

sinz

1) (1 cosx)?

iv) For every o > 0, € is infinite of bigger order than z® for z — +oo0.

1
is infinite of bigger order than — at the origin.
z

1
v) For every a > 0, log z is infinite of smaller order than — for z — 0t.
z

vi) The functions f(z) = zsin+ and g(z) = z are infinitesimal for z tending

flz)

to 0 (for f recall Corollary 4.7). But the quotient o) = sin 2 does not admit
T

limit for # — 0, for in any neighbourhood of 0 it attains every value between —1
and 1 infinitely many times. Therefore none of the conditions f = g, f = o(g),
g = o(f) hold for z — 0. The two functions f and g are thus not comparable. [

Using a non-rigorous yet colourful language, we shall express the fact that f
is infinitesimal (or infinite) of bigger order than g by saying that f tends to 0 (or
o0) faster than g. This suggests to measure the speed at which an infinitesimal (or
infinite) map converges to its limit value.

For that purpose, let us fix an infinitesimal (or infinite) map ¢ defined in a
neighbourhood of ¢ and particularly easy to compute. We shall use it as term of
comparison (‘test function’) and in fact call it an infinitesimal test function
(or infinite test function) at ¢. When the limit behaviour is clear, we refer to
v as test function for brevity. The most common test functions (certainly not the
only ones) are the following. If ¢ = zg € R, we choose

olz) =2 — 29 or p(z) = |z — z0]

as infinitesimal test functions (the latter in case we need to consider non-integer
powers of @, see later), and

1 1
plz) = Z— %o or plz) = m
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as infinite test functions. For ¢ = z§ (¢ = 7, ), we will choose as infinitesimal test
function

pe) =z -z  (p(z) =20 — )
and as infinite test function

1 1

p(z) = pra— (p(z) = p—

).
For ¢ = 400, the infinitesimal and infinite test functions will respectively be

1
pe)== and  p() =1z,
while for ¢ = —o0, we shall take

w(w)zl-% and  o(2) = |2,

The definition of ‘speed of convergence’ of an infinitesimal or infinite f depends
on how f compares to the powers of the infinitesimal or infinite test function. To
be precise, we have the following definition

Definition 5.12 Let [ be infinitesimal (or infinite) at c. If there exists a real
number o« > 0 such that

% s e (5.11)

the constant « is called the order of f at ¢ with respect to the infinites-
imal (infinite) test function .

Notice that if condition (5.11) holds, it determines the order uniquely. In the
first case in fact, it is immediate to see that for any 8 < o one has f = o(¢?),
while 8 > o implies ¢ = o(f). A similar argument holds for infinite maps.

If f has order o at ¢ with respect to the test function ¢, then there is a real
number £ # 0 such that
flz)
m

Rephrasing:
[l z—g,

which is to say — recalling (5.2) — f = £p® + o(£p*), for £ — c. For the sake of
simplicity we can omit the constant ¢ in the symbol o, because if a function A
satisfies h = o(fyp®), then h = o(p®) as well. Therefore

f=Lp* +o(p%), T—c
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Definition 5.13 The function
p(z) = p®(x) (5512)

is called the principal part of the infinitesimal (infinite) map f at ¢
with respect to the infinitesimal (infinite) test function .

From the qualitative point of view the behaviour of the function f in a small
enough neighbourhood of ¢ coincides with the behaviour of its principal part (in
geometrical terms, the two graphs resemble each other). With a suitable choice of
test function @, like one of those mentioned above, the behaviour of the function
Yo (z) becomes immediately clear. So if one is able to determine the principal
part of a function, even a complicated one, at a given point ¢, the local behaviour
around that point is easily described.

We wish to stress that to find the order and the principal part of a function f
at ¢, one must start from the limit

lim /()

o a)

and understand if there is a number « for which such limit — say £ — is finite and
different from zero. If so, « is the required order, and the principal part of f is
given by (5.12).

Examples 5.14

!} The function f(x) = sinz — tana is infinitesimal for x — 0. Using the basic
equivalences of p. 127 and Proposition 5.5, we can write

. 1.2
sinz (cosx — 1 T (—57T 1
sinx — tanx = ( ) ~ ( 2 ) :——:173, xz — 0.
COS T 1 2
It follows that f(z) is infinitesimal of order 3 at the origin with respect to the
test function ¢(x) = x; its principal part is p(z) = —32°.

ii) The function

flx)= Va2 +3 Va2 -1
is infinitesimal for x — +o00. Rationalising the expression we get

_ @43 -@ -1 :

The right-hand side shows that if one chooses p(z) = % then

flx)

2otoo p(x)
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| Therefore f is infinitesimal of first order for x — +o0o with respect to the test

| function %, with principal part p(z) = 2.

T

|
i 111) The function
|
|
|

: flx) =925+ 723 -1

| is infinite when z — +oo. To determine its order with respect to p(z) = z, we
| consider the limit

S

7 1
. =) Lomy It
| lim = lim
| z—+oo ¢ T—+00 e

By choosing o = % the limit becomes 3. So f has order % for ¢ — +oo with

| respect to the test function ¢(z) = z. The principal part is p(z) = 32%/2.

mark 5.15 The previous are typical instances of how to determine the order
of a function with respect to some test map. The reader should not be mislead to
believe that this is always possible. Given an infinitesimal or an infinite f at ¢, and
having chosen a corresponding test map ¢, it may well happen that there is no real
number o > 0 satisfying f < ¢ for x — ¢. In such a case it is convenient to make
a different choice of test function, one more suitable to describe the behaviour of
f around c¢. We shall clarify this fact with two examples.

Start by taking the function f(z) = €2 for z — +00. Using (5.6) a), it follows
immediately that £ = o(e®®), whichever o > 0 is considered. So it is not possible
to determine an order for f with respect to ¢(z) = x: the exponential map grows
too quickly for any polynomial function to keep up with it. But if we take as test
function ¢(z) = e* then clearly f has order 2 with respect to .

Consider now f(z) = zlogz for z — 07. In (5.6) d) we claimed that

1
lim 22 =0, V8> 0.

I—’0+ ’;@—

log x

1/z

So in particular f(z) = is infinitesimal when z — 07. Using the test function

w(x) = z one sees that

im =
z—0+ 2 z—0+ £ 1

. zlogz . logzx 0 ifa<l,
lim =1 = .
—o0  otherwise.

Definition 5.9 yields that f is an infinitesimal of bigger order than any power of
x with exponent less than one. At the same time it has smaller order than x and
all powers with exponent greater than one. In this case too, it is not possible to
determine the order of f with respect to z. The function |f(x)| = z|log z| goes to
zero more slowly than z, yet faster than x® for any a < 1. Thus it can be used as
alternative infinitesimal test map when z — 0%.
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]

5.3 Asymptotes

We now consider a function f defined in a neighbourhood of 400 and wish to
study its behaviour for £ — +oo. A remarkable case is that in which f behaves
as a polynomial of first degree. Geometrically speaking, this corresponds to the
fact that the graph of f will more and more look like a straight line. Precisely, we
suppose there exist two real numbers m and ¢ such that

!._
|.

,-H.If.l-k (f(z) — (mxz+q)) =0, ! (5.13)

or, using the symbols of Landau,
fl@)=mz+q+0(1), T — +o00.

We then say that the line g(x) = mz + ¢ is a right asymptote of the function f.
The asymptote is called oblique if m # 0, horizontal if m = 0. In geometrical
terms condition (5.13) tells that the vertical distance d{x) = |f(z) — g(x)| between
the graph of f and the asymptote tends to 0 as z — +oo (Fig. 5.1).

The asymptote’s coefficients can be recovered using limits:

| m= lim and g= lim (f(z)—mz). ‘ (5.14)

| T—4o0 T T—+co

The first relation comes from (5.13) noting that

r— 400 T x—toc I x—+00 I x—400 r—4ooc I

b

while the second one follows directly from (5.13). The conditions (5.14) furnish the
means to find the possible asymptote of a function f. If in fact both limits exist

y=mr+q

d(x)

xT

Figure 5.1. Graph of a function with its right asymptote
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and are finite, f admits y = mx + ¢ as a right asymptote. If only one of (5.14) is
not finite instead, then f will not have an asymptote.

Notice that if f has an oblique asymptote, i.e., if m # 0, the first of (5.14)
tells us that f is infinite of order 1 with respect to the test function ¢(z) = z for
x — +00. The reader should beware that not all functions satisfying the latter
condition do admit an oblique asymptote: the function f(z) = z+ /7 for example
is equivalent to xz for x — +o00, but has no asymptote since the second limit in
(5.14) is +oo.

Remark 5.16 The definition of (linear) asymptote given above is a particular
instance of the following. The function f is called asymptotic to a function g for
r — +oo if
im (f(@) - g(@) =0.

If (5.13) holds one can then say that f is asymptotic to the line g(z) = mz + q.
The function f(z) = 2% + % instead has no line as asymptote for z — +o0, but is
nevertherless asymptotic to the parabola g(z) = z2.
In a similar fashion one defines oblique or horizontal asymptotes for z — —o0
(that is oblique or horizontal left asymptotes).

If the line ¥y = mx + ¢ is an oblique or horizontal asymptote both for z — 400
and x — —oc, we shall say that it is a complete oblique or complete horizontal
asymptote for f.

Eventually, if at a point zg € R one has lim f(z) = oo, the line z = z¢ is

T—Xo
called a vertical asymptote for f at zy. The distance between points on the
graph of f and on a vertical asymptote with the same y-coordinate converges to
zero for £ — x. If the limit condition holds only for z — zJ or  — z; we talk

about a vertical right or left asymptote respectively.

Examples 5.17

T

i| Let = . A
et fl@) = ——- As
lirf flx)y=1 and limi f(z) = Foo,
T— 00 z——1
the function has a horizontal asymptote y = 1 and a vertical asymptote z = —1.
ii) The map f(z) = v/1+ 2 satisfies
V1 -2
lim f(z) = +oo, lim M = lim M—_{——I— =41
z—+o0 z—+oo I rz—+to0 xT
and
1+ 22 — 22
lim (\/1+x2—x> = lim —— =0,
z— 400 z—+00 /1 + 22+ 1
1422 — 22
lim ( 1—{—3:2—{—3:) = lim ——=0.
z——00 z——00 /1 4+ 22 —
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Therefore f has an oblique asymptote for £ — 4oc given by y = z, plus another
one of equation y = —z for + — —oc.

iii) Let f(z) =z +logz. Since

lim (x + logz) = —o0, lim (z+ logz) = +oo,
z—0t r—+00
z+logx
lim T losT =1, lim (z +logx — ) = 400,
r—+oC X z—+00

the function has a vertical right asymptote £ = 0 but no horizontal nor oblique
asymptotes. o

5.4 Further properties of sequences

We return to the study of the limit behaviour of sequences begun in Sect. 3.2.
General theorems concerning functions apply to sequences as well (the latter being
particular functions defined over the integers, after all). For the sake of complete-
ness those results will be recalled, and adapted to the case of concern. We shall
also state and prove other specific properties of sequences.

We say that a sequence {a, }n>n, satisfies a given property eventually, if there
exists an integer NV > ng such that the sequence {a,}n>n satisfies that property.
This definition allows for a more flexible study of sequences.

Theorems on sequences

1. Uniqueness of the limit: the limit of a sequence, when defined, is unique.

2. Boundedness: a converging sequence is bounded.

3. Ezistence of limit for monotone sequences: if an eventually monotone se-
quence is bounded, then it converges; if not bounded then it diverges (to
+o0 if increasing, to —oo if decreasing).

4. First comparison theorem: let {a,} and {b,} be sequences with finite or

infinite limits lim a, = ¢ and lim b, = m. If a,, < b,, eventually, then
n—o0 n—oo
£ < m.

Second comparison theorem (“Squeeze rule”): let {a,}, {b,} and {e,} be
sequences with lim a, = lim ¢, = £. If a,, < b, < ¢, eventually, then

n—00 n—oo

o

Hinal (s =k

n—oo

6. Theorem: a sequence {a, } is infinitesimal, that is lim a,, = 0, if and only
n—og

if the sequence {|a,|} is infinitesimal.

7. Theorem: let {a,} be an infinitesimal sequence and {b,} a bounded one.
Then the sequence {a,b,} is infinitesimal.
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8. Algebra of limits: let {a, } and {b,} be such that lim a, = fand lim b, =
n—oo

n—00
m (£, m finite or infinite). Then

Wi (o, ==l = =2

n—00
hm a, b, = ém,
TL—00
S 14 ;
lim — = —, if b, # 0 eventually,
n—oo b, m

each time the right-hand sides are defined according to the Table on p. 96.
9. Substitution theorem: let {a,} be a sequence with lim a,, = £ and suppose

n—0oo

g is a function defined in a neighbourhood of ¢:
a) if £ € R and g is continuous at £, then lim g(a,) = g(¢);
n—oo

b) if £ ¢ R and lirr} g(x) = m exists, then lim g(a,) =m.

Proof. We shall only prove Theorem 2 since the others are derived adapting the

similar proofs given for functions.

Let the sequence {a, }n,>n, be given, and suppose it converges to £ € R.
With £ = 1 fixed, there exists an integer ny > ng so that |a,, — | < 1 for
all n > ny. For such n’s then the triangle inequality (1.1) yields

| = |y 40 < la, — £+ £ <1+ |,
By putting M max{|an,|,...,|a,|.1 + |£|} one obtains |a,| < M,
vn = ng.

Examples 5.18

Consider the sequence a,, = ¢"™,where ¢ is a fixed number in R. Tt goes under
the name of geometric sequence. We claim that

0 if |q| < 1,

1 g =k
limtnie= 4 )
Lmoo +00 ifigi="17

does not exist if ¢ < —1.

If either ¢ = 0 or ¢ = 1, the sequence is constant and thus trivially convergent
to 0 or 1 respectively. When ¢ = —1 the sequence is indeterminate.

Let g > 1: the sequence is now strictly increasing and so admits a limit. In order
to show that the limit is indeed +oc we write ¢ = 1 + r with » > 0 and apply
the binomial formula (1.13):
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e -E () -t E )

k=0
As all terms in the last summation are positive, we obtain
(I1+r)">1+nr, Vn >0, (5.15)

called Bernoulli inequality!. Therefore ¢® > 1 + nr; passing to the limit for
n — oo and using the First comparison theorem we can conclude.

1
Let us examine the case |g| < 1 with ¢ # 0. We just saw that ﬂ > 1 implies
q

n—oo

1 n
lim (ﬂ) = +00. The sequence {|q|"} is thus infinitesimal, and so is {q™}.
q

At last, take ¢ < —1. Since
lim ¢%* = lim (¢%)* = 400, lim ¢?**! = ¢ lim ¢ = —o0,
k—oo k—oc k—oo k—oo

the sequence ¢" is indeterminate.

i) Let p be a fixed positive number and consider the sequence {/p. Applying the
Substitution theorem with g(z) = p® we have

lim {/_— 11111 p/m=p0=1.

n—0o0

il) Consider the sequence {/n; using once again the Substitution theorem to-
gether with (5.6) ¢), it follows that

logn

lim {/n = lim exp

n—0o0 n—ooQ

There are easy criteria to decide whether a sequence is infinitesimal or infinite.
Among them, the following is the most widely employed.

Theorem 5.19. (Ratio test) Let {a,} be a sequence for which a, > 0 eventu-

ally. Suppose the limit
. An+1
lim

n—o0 an

exists, finite or infinite. If g < 1 then lim a, =0; if ¢ > 1 then lim a, = +oo.
n—oo n—0o0

1

s a, >0, Vn = ng. Take ¢ < 1 and set | — q. By definition of

! By induction, ~+ Principle of Mathematical Induction one can prove that (5.15)
actually holds for any r > —1.
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S0 T _mi|'|-:'-|!|'.- Tl ¢ 18 IMonotone decreasinge eventually, and as such i

admits a finite non-negative limit £. Now if £ were different from zero, the
fact that

q lim

would contradict the assumption g < 1.

If ¢ > 1, it is enough to consider the sequence {1/a,}.
Nothing can be said if ¢ = 1.

Remark 5.20. The previous theorem has another proof, which emphasizes the
speed at which a sequence converges to 0 or +00. Take for example the case ¢ < 1.
The definition of limit tells that for all r with ¢ < » < 1, if one puts ¢ = r — ¢
there is a n. > ng such that

An41

—— < r thatis, an41 <7Tan
an

for each n > n.. Repeating the argument leads to
Uny1 < Tap < ra, 1 <...< A, 1 (5.16)

(a precise proof of which requires Induction ~- Principle of Mathematical
Induction. The First comparison test and the limit behaviour of the geomet-

ric sequence (Example 5.18 i)) allow to conclude. Formula (5.16) shows that the

smaller g is, the faster the sequence {a,} goes to 0.

Similar considerations hold when g > 1.

At last we consider a few significant sequences converging to +oc. We compare
their limit behaviour using Definition 5.10. To be precise we examine the sequences

o 13 T

logm, necigle !l ont (o =0 g= 1)

and show that each sequence is infinite of order bigger than the one preceding it.
Comparing the first two is immediate, for the Substitution theorem and (5.6) c)
yield logn = o(n®) for n — oc.

The remaining cases are tackled by applying the Ro?tio test 5.19 to the quotient of

n
two nearby sequences. Precisely, let us set a, = —. Then
q

an qn+1 no

o n @
an+1_(n+1) q _<n+1> 1 - 1<1’ n — 00.
n q q

Thus lim a, =0, or n* = o(q") for n — oc.
n—>00
n

Now take a,, = q—', SO
n!
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n+1 !
et _ 410 q = 2 - 0<1, n — oo,
an (n+Dlg (n+1)n! n+1
and then ¢" = o(n!) per n — oc.
Eventually, let a,, = i Then
nn,
a1 (D " (n+n! n" n \"
a, (n+1D"pl (m+ D+ \n+1
1 1 1 <1
= n o w7 > 1 — 00,
(55" (0+3) e

and so n! = o(n™) for n — oo. To be more precise, one could actually prove the
so-called Stirling formula,

n kel
n!wx/27rn(—) , n— 00,

e

a helpful approximation of the factorial of large natural numbers.

5.5 Numerical series

Consider a segment of length ¢ = 2 (Fig.5.2). The middle point splits it into
two parts of length ag = £/2 = 1. While keeping the left half fixed, we further
subdivide the right one in two parts of length a; = £/4 = 1/2. Iterating the
process indefinitely one can think of the initial segment as the union of infinitely
many ‘left’ segments of lengths 1, . 1 1 1 Correspondingly, the total length
of the starting segment can be thought of as sum of the lengths of all sub-segments,

» 3+ 10 8 167"
in other words
2—1+1+1+1+1+ (5.17)
B 2 4 8 16 ’

On the right we have a sum of infinitely many terms. The notion of infinite sum
can be defined properly using sequences, and leads to numerical series.

Given the sequence {ay }x>0, one constructs the so-called sequence of partial
sums {s, },>0 in the following manner:

b
s

Figure 5.2. Successive splittings of the interval [0, 2]. The coordinates of the subdivision
points are indicated below the blue line, while the lengths of subintervals lie above it
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S0 =ao, 81 =aop+ a1, 82 = ap + a1 + az,

and in general

m
5ﬂ:ag—|—a1+”.+an:Zak.
k=0

Note that s, = $,_1 + an. Then it is only natural to study the limit behaviour of
such a sequence. Let us (formally) define

o0 n
Za.;.. = lim Zak =2limess
n—00 n—00
k=0 k=1
oo
The symbol E ay is called (numerical) series, and ay is the general term of
k=0

the series.

n

Definition 5.21 Given the sequence {aj}r>o and s, = Z ay, consider the

k=0
limit lim s,,.
n—oo
oo
i) If the limit exists and is finite, we say that the series E aj. converges.
k=0

The value s of the limit is called sum of the series and one writes
o0
Si= E a.
k=0
o0

it) If the limit exists and is infinite, we say that the series Z aj. diverges.

k=0
o0

i1i) If the limit does not exist, we say that the series Z a. is indetermi-
k=0

nate.

Examples 5.22

i) Let us go back to the interval split infinitely many times. The length of the

shortest segment obtained after k + 1 subdivisions is a; = zik, k > 0. Thus, we
o0

1
consider the series Z TR Its partial sums read
k=0



5.5 Numerical series 143

1 1+ L_3 1+ = + LT
= fnd - = —, So = — _= -
So ) 81 5 97 2 o4 T 4
I
Sp = = —
2 o
Using the fact that a®*! — p"*! = (¢ — b)(a™ + @ 1b+ ... +ab™"! +b"), and
choosinga=1land b=z« arbltrary but different from one, we obtain the identity
| 1 — !
| lte+.. . +a"=—" (5.18)
| 11—z
| Therefore
' 1
! n=ld o =2 o ) =9
| SmelTy T —1 ( 2n+1> on
and so

1
lim s, = lim (2— —) =2.
n—oo n—oo on
The series converges and its sum is 2. This provides solid ground for having
written (5.17) earlier.

Consider the series Z k. Recalling (3.2), we have

k=0
—Zk—niﬂ

) . nn+1)
lim s, = lim ——=
n—00 n—00 2

Then

:{—OO7

| and the series diverges (to +00).

o0
iii) The partial sums of the series Z(—l)k satisfy

k=0
50:1, 51:171:0
so=8+1= s3=8—1=0
Son =1 8241 = 0.

| The terms with even index are all equal to 1 while the odd ones are 0. Therefore

lim s, cannot exist and the series is indeterminate. O
n—od

Sometimes the sequence {ay} is only defined for k > kg with kg > 0; Defini-
tion 5.21 then modifies in the obvious way. The following fact holds, whose rather
immediate proof is left to the reader.
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Property 5.23 The behaviour of a series does not change by adding, chang-
ing or removing a finite number of terms.

This property does not tell anything about the sum of a converging series, which
in general changes by manipulating the terms. For instance

=1 =1
227:227—1:2—1:1.
k=1 k=0

Examples 5.24

o
1
i) The series 1;2 m is called series of Mengoli. As

11
TG Dk k=1 &

it follows that

1
32:a2:ﬁ:1—

+ 1 ! + L1 1 !

=Qa = —_ — _— = e _ =

53 2 as 9 9 3 37
and in general

—+++—1—1+11++1—1—1—l
Sn=as+taz+...+a, = 5 53 —1 5= o

Thus
1
lim s, = lim <1~—) =1
n-—00 n—oo n

and the series converges to 1.

o
1
ii) For the series ]; log (1 + %> one has

1 kE+1
ax = log <1+E) zlog—}:— =log(k+ 1) —logk
80

51 =log?2
5o =log2+ (log3 —log2) =1log3

$p =log2+ (log3 —log2) + ... +(log(n + 1) —logn) = log(n + 1).
Then
lim s, = lim log(n+1) = +occ

n—oo n—oo

and the series diverges (to +00).
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The two instances just considered belong to the larger class of telescopic
series. These are defined by ap = bry1 — by for a suitable sequence {bx}r>k,-
Since s, = by41 — bg,. the behaviour of a telescopic series is the same as that of
the sequence {by}.

We shall now present a simple yet useful necessary condition for a numerical
series to converge.

Property 5.25 Let E ar be a converging series. Then
=1

lim ap =0. (5.19)

k—oo

Proof. Let s lim s,,. Since a; S — S_1. then
T —0X

lim ay lim (s, —s._1)=s—s5=0,
. S

i.e., {a;} is infinitesimal.

Observe that condition (5.19) is not sufficient to guarantee that the series

converge. The general term of a series may tend to 0 without the series having to
oo

1
converge. For example we saw that the series Z log <1 + E) diverges, but at the
k=1

1
same time lim log (1 + —) = 0 (Example 5.24 ii)).
k—oo k

If a series converges to s, the quantity

o0
Thn =8 — 8§, = E ar .
k=n-+1
is called nth remainder.
oo
Property 5.26 Take a converging series E ay.. Then the remainder satisfies
k=0

lim e =0

n—oo

Proof. Indeed,

lim 7, lim (s —s,)=s—s5=0.
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Example 5.27

Consider the geometric series

where ¢ is a fixed number in R.
Ifg=1thens, =ag+a;+...4+a,=1+1+4...+1=n+1and lim s, = +o0,

. . n-—od
whence the series diverges to +oc.

If ¢ # 1 instead, (5.18) implies

2 1—g"t!
Sp=14+¢q¢+q¢°+... +¢" = ——
l—q
Example 5.18 gives
1
L if g <1,
' . 1—gntl 1—g¢g
s = I T = 4o ifg>1,

does not exist if g < —1.
| In conclusion,

1

converges to - if [¢g| < 1,

oo

k
Z q divergesto +oo ifg>1,
k=0 q

is indeterminate ifg<-1.
o0
That said, it is not always possible to predict the behaviour of a series Z Qg
k=0

using merely the definition. It may well happen that the sequence of partial sums
cannot be computed explicitly, so it becomes important to have other ways to es-
tablish whether the series converges or not. Only in case of convergence, it could be
necessary to determine the actual sum. This may require using more sophisticated
techniques, which go beyond the scopes of this text.

5.5.1 Positive-term series

We deal with series Z ay for which a; > 0 for any & € N. The following result

k=0
holds.
o0
Proposition 5.28 A series Zak with positive terms either converges or
k=0
diverges to +oo.
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Proof. The sequence s,, is monotonically increasing since
Syl Sy +a, = s, ., ).

[t is then sufficient to use Theorem 3.9 to conclude that lim s, exists,

and is either finite or +oc.

We list now a few tools for studying the convergence of positive-term series.
For the proofs see ~, Numerical series

oo o0
Theorem 5.29 (Comparison test) Lel Zak and Zb‘“ be positive-term

k=0 k=0
series such that 0 < ap < by, for any k > 0.

oo oo
i) If the series E by converges, then also the series E ap converges and
k=0 k=0

TFMg

Sibk
k=0

o
i) I Z“k diverges, then Zb“‘ diverges as well.
k=0 k=0

Examples 5.30

1
1) Consider 2 o Since
k=1
1 1
— < Yk > 2,
k2 (k- 1Dk -
oo
and the series of Mengoli 2 converges (Example 5.24 i)}, we conclude

(k— Dk
k=2
that our series converges and its sum is smaller or equal than 2. One could prove
that the precise value of the sum is /6.
(o o]

1) The series 2 7 s known as harmonic series. In Chap. 6 (Exercise 12) we
k=1
shall prove the inequality log(1 + z) < z, for all z > —1, whereby

N1
| (1 —><—. vk > 1.
e\ttt E) s =

Since the series Zlog (1 + > diverges (Example §.24 ii)}, then also the har-

monic series must dlverge
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Here is a useful criterion that generalizes the Comparison test.

o0 o0

Theorem 5.31 (Asymptotic comparison test) Let Zak and Zbk be
k=0 k=0

positive-term series and suppose the sequences {ax }r>0 and {by }r>0 have the

same order of magnitude for k — oo. Then the series have the same behaviour.

Examples 5.32

1
i) Consider Z ar = Z ka and let by = T Then

and the given series behaves as the harmonic series, hence diverges.

1
) Take the series Z ay = Zsm —. As sin k_2 ~ 132 for k — 00, the series has

(e o]

1
the same behaviour of Z =L 80 it converges. i

k=1

Eventually, here are two more results — of algebraic flavour and often easy to
employ — which provide sufficient conditions for a series to converge or diverge.

o0
Theorem 5.33 (Ratio test) Let Zak have ap, > 0, Yk > 0. Assume the
k=0
limit 5
i Ly
k—oc ap

exists, finite or infinite. If £ < 1 the series converges; if £ > 1 it diverges.

o0

Theorem 5.34 (Root test) Given a series Z ay with non-negative terms,

k=0
suppose

Iclim iap — ¥

exists, finite or infinite. If £ < 1 the series converges, if £ > 1 it diverges.
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Examples 5.35
oC

k
i) For Z 3 we have a = — and ag1 =

therefore
3k
k=0

-+
. 1k+1 1
lim Gkl _ lim 1

im - —— == <1.
k—oo  ap k—oo 3k 3

The given series converges by the Ratio test 5.33.

=1
ii) The series Z s has
k=1

1
lim ¢ap = lim = =0<1.
k—oc k

k—oc

The Root test 5.34 ensures that the series converges.

149

We remark that the Ratio and Root tests do not allow to conclude anything

oC oC
1 1
if £ = 1. For example, E T diverges and E 2 converges, yet they both satisfy

k=1 k=1
Theorems 5.33, 5.34 with £ = 1.

5.5.2 Alternating series

These are series of the form

> (-1)*b  with b >0, VE>0.
k=

For them the following result due to Leibniz holds.

o0

Z(—'l )kbk converges if the following conditions hold
k=0

). hm by =0
k—oo
ii) the sequence {by}r>o decreases monotonically.

Denoting by s its sum, for alln >0

|""n.| = !"' = S'n.| = bn.+1 and Sont1 < 8 < Sop .

Theorem 5.36 (Leibniz’s alternating series test) An alternating series

Example 5.37

oC
1
Consider the alternating harmonic series Z(vl)k; Given that
k=1
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1
li = lim - =
b= =0

1
and the sequence {E} is strictly monotone decreasing, the series converges.
k>1

In order to study series with arbitrary signs it is useful to introduce the notion
of absolute convergence.

o0
Definition 5.38 The series Zak converges absolutely if the positive-
k=0
oo
term series Z |ax| converges.
k=0
Example 5.39
> 1 o 1
The series Z(_l)kﬁ converges absolutely because Z 73 converges.
k=0 k=0

The next fact ensures that absolute convergence implies convergence.

o0

Theorem 5.40 (Absolute convergence test) If Zak converges abso-
k=0
lutely then it also converges and

o0
> o
k=0

oo
< Z|ak|‘
k=0

Remark 5.41 There are series that converge, but not absolutely. The alternating

o
1. . .
harmonic series Z(—l)k % is one such example, for it has a finite sum, but does not
k=1
oo
converge absolutely, since the harmonic series Z P diverges. In such a situation
k=1

one speaks about conditional convergence.

The previous criterion allows to study alternating series by their absolute con-
vergence. As the series of absolute values has positive terms, the criteria seen in
Sect. 5.5.1 apply.
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5.6 Exercises

1. Compare the infinitesimals:

/1
a) z—1, {/=—1, (Vz—-1)? forz — 1
L x

b) —, e %, z%e %, z237° for x — +o00

2. Compare the infinite maps:
A

a) |zt Vall — 222, l—og(—f+?) when 7 — +oc0

b) L, zlogz, 3%, 3%logz when z — 400
log x

3. Verify that f(z) = Vz+3 -3 and g(z) = vz + 5 — /5 are infinitesimals
of the same order for x — 0 and determine £ € R such that f(z) ~ £g(x) for
z — 0.

4. Verify that f(z) = V2 — 222 + 1 and g(z) = 2z + 1 are infinite of the same
order for x — —oo and determine £ € R with f(z) ~ £g(z) when z — —c0.

5. Determine the order and the principal part with respect to ¢(z) = %, for
x — 400, of the infinitesimal functions:

2 o/ x x
0 1) = 2 b) @)=/ 2 -1

¢) f(z) = sin (\/x2 +1 —x) d) f(z) = log <9+sin%) ~2log3

6. Determine the order and the principal part with respect to ¢(z) = z, for
T — +00, of the infinite functions:

2) | f(@) = 2 — V2P + o8 b) f(z) !

CVEZr2— Vi + 1

7. Find the order and the principal part with respect to ¢(z) = z, for x — 0, of
the infinitesimal functions:

a)| f(z) = (V1+3z-1) sin 22 b) f(z) = ¥cosz —1

V1 + 323 e®

¢ fl@) =T ! V@ =12

-1

e} f(z)=logcosz £)| f(z) = e%5% — gV='H1



152 5 Local comparison of functions. Numerical sequences and series

8. Find the order and the principal part with respect to p(z) = x—xy, for x — xg,
of the infinitesimals:

a)| f(z) =logz —log3, 2o =3 b) flz) = vz — V2, o =2
c) flz)=¢€" —e, zg=1 d) f(z) =sinzx, To=T
e) f(z)y=14+cosz, o= f) f(z) =sin(rcosz), 29 =0

9. Compute the limits:

. 1 {1+ 322 —/2)?
a) | lim — <_+i _ 1) b) lim e —Vv2)?
0 cosT z—2 T —2
.. log(3—vVz+1) | eVati_ VB
¢) lim =——— 2 d) lim ——————
z—3 33—z z—1 (.’L' - 1)2

10. Determine domain and asymptotes of the following functions:

2
1
a) f(z) = at b) f(z) ==z + 2arctanz
x? -1
2 Dz -2
)| f@) == (9201: )3|x | d) f(z) = ze!/1" -1l
1\* .
oS- (1+1) )| £() = log(a + 7
11. Study the behaviour of the sequences:
n?+1
a) ap =n—+/n b) ap = (-1)" ——ene
) VA ) = (1)t
N 3 —4n (@)
clap = 1 + 4n d) An T
3o (@2n)! _(n\ 6
[§ ) Ap = (n')2 f) an == 3 ﬁ
) non g 1) h) |, = 2" sin(2 "m)
g n =\ 5= an = Sin
2, g T
1 1
i) an:ncosn: g f) ap =n! (cosﬁ—l)

12. Compute the following limits:

241 1 2
a) limL b) | lim n I+ = —4/1——
n—oo 2™ + H7 n—0oo n n
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¢) lim = d) lim 1+ (—1)")
n—oc N n—oo
- 1. (n+3)—n!
¢) lim {/3n%+2 f)] lim 1)

, 1 n? +sinn
o) 1 ) Y 1 4*1 h 1 T A o
)| S, » (\/ T ) Ve

13. Study the convergence of the following positive-term series:

x 2"

a) 22k2+1 b) k-3
P k=2

Y - Sk 3 k

D Z_"
k=0 =t

e) ikarcsinl2 i < >
i k k=1

14. Study the convergence of the following alternating series:

a) :Cl(l)klog <%+1> b) :o (Al)k\/ﬁ
c) ib (kw > d) (—1)’€<<1+$>\/§_1>

=1
o0 .
sin k
k2

I
o

]2

E
Il

15. Study the convergence of:

a) Z <1 — Cos %) b)

C>§:17f1—3<;) d)i) ( 2—1)

16. Verify that the following series converge and determine their sum:

>0

a) ) (-1)

2k-1 0 3k:
k \
5k b) Z 9. 42k
0

— P
e 2k 41 > 1
©) kaQ(k+1)2 d) kZ:O(2k+1)(2k+3)

=1

153
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5.6.1 Solutions

lim —— —hm«/ = —lim ¥z(z — 1)*2 =0
z—1 3/1 z—1 z—1

(\/——l)z_lim (@-1° 2ol
z—=1 -1 z—1 (I - 1)(\/5 + 1)2 z—1 (\/5 + 1)2 ’

we have, for x — 1,

x—lzo(f/%—l), Vz-12=0(z—-1).

Thus we can order the three infinitesimals by increasing order from left to
right:

J=—1, z—1, (Vz-1)>2.

T

The same result can be attained observing that for x — 1

1 1—2z
3/~ :3 ~ — _11/3
Jam1= it~ ey

VE-1=VTT @D -1~ 1)

so (T —1)2 ~ f(z —1)%

. . 1 e - _
b) Putting in increasing order we have: —, z2e %, e7%, 22377,
T

and

2. Comparison of infinite maps:
) As

CL‘4 ) 1‘4 CL‘1/3

im —_— = - - lim ——
LT L L Ty e e LW
it follows V/x1! — 222 = o(z*) for z — +00, so ¥zl — 227 is infinite of smaller

order than z*.

= +00,

4

It is immediate to see that ———— = o(z*). Moreover
log(1 +z)
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vall — 222 log(1 + z) log(1 4+ z)v/1 — 229
4

zEr—Foo T - zl{r—iloo rl/3
log(1
_ i st o

x— 400 (L‘l/g

4

that is, vz!l — 222 =0 _r . Therefore the order increases from left
log(1 + z)
to right in
4
el _9p2 _r zt.
"o log(l+x)’
2
bh) Following the increasing order we have x log x, ooz’ 3% logz, x23%.
ogx

3. Since

- VZ+3-v3 . (z+3-3)(vVZ+5+5)
=0z +5-v5 =0 (z+5-5)(Va+3+3)
\/:v+5+\/5_)_ 9

= 1im — =
20 /7 +3+/3 3

we conclude that f(z) ~ \/gg(x) asz — 0.

L. The result is f(z) ~ 3 g(z) for z — —o0.

5. Order of infinitesimal and principal part:

We have
212 5 2 —-9/5
lim f(z) = lim xax—j————ﬁ: lim xaL: lim 2z%2.
zo+oo 1/2*  z—+too x4 z—+oo T2 z—+00

This limit is finite and equals 2 if a = 2. Therefore the order of f(z) is 2 and
its principal part p(z) = %
Alternatively one could remark that for  — +oo, &z = o(z?), so 222 + ¥z ~

27? and then f(z) ~ %2 =3,
b)) This is an infinitesimal of first order with principal part p(z) = —

2z "
| Note first of all that

2 2
Y v+1l-z
1. ( ‘- 1 B ) - i =
stoo \VT v) = tm N 0,
hence the function f(z) is infinitesimal for z — +oc. In addition
i sin (Vz? — 1~ z) i sin y
m = lim =
zotoo /2 1 -z y—0 y

1.
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Then

lim masin(\/mz—l—m): lim ma(\/m—z———l—m) sin Iz_l_mm)

r—+00 r— 400 ,/1;2 -1 -
= lim z“ (\/xQ—l—;z) .
T—+00

One can otherwise observe that sin g(z) ~ g(z) for £ — z¢ if the function g(z)
is infinitesimal for x — x¢. For £ — +o0c then,

sin (\/$2—1—$) ~yVat-1-z
and Proposition 5.5 yields directly

lim xasin(\/:ﬁ—l—x): lim xa( $2—1—$).

z— 400 T—+00

Computing the right-hand-side limit yields

lim xa(\/mQ—l—m)z lim = lim —— =

e
z— 400 r—~+00 ,/x2_1+m — 400 1+L+1 2

if & = 1. Therefore the order is 1 and the principal part reads p(z) = 5=.

Consider

2 1 2
log (9+sin—> —2log3 =log9 <1+ —sin—) —log9
x 9 T

1., 2
:log(1+—81n—> .
9 x
2

For & — +o0o we have § sin 2 ~ - (see the previous exercise) and log(1+y) ~ y

for y — 0. So
1 2z 2
li o = i @_gn= = lim = =2
A ) = Iy g g = M e =
if @ = 1. Thus the order of f is 1 and its principal part p(z) = %.
A computation shows
2 (1 _ ]
T = + 1)
lim /(@) = lim z =— lim 227*=-1
z—+o0 ¢ —+400 fred T— 400

when o = 2. Then f has order 2 and principal part p(z) = —z2.

) The order of f is 1 and the principal part is p(z) = 2z.
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5.6 Exercises

First, vV1+ 3z — 1~ %E for £ — 0, in fact

v14+3r -1 I 2 1+4+3x-1 I 2 1
—_—e =Im -——————— = 1l — =
xT 1%031‘(\/1+3.{L‘+1) z—0 \/1+327+1

But sin 22% ~ 222 for x — 0, so

lim
z—0

[NG][St)

flz) ~ %I'Q(EQ, ie., flz)~3z%, z—0.

Therefore the order of f is 3 and the principal part is p(x) = 3z°.
1.2

b) The order of f is 2 and the principal part is p(z) = —zz~.

) The function f has order 3 and principal part p(x) = —%x?’.

Using the relation e* = 1 +z + o(z) for & — 0 we have

for &« = 1. The order of f is 1 and the principal part is p(z) = z.

2

The function f has order 2 with principal part p(z) = —sx=.

Recalling that

1
2

1
cosm:1—§x2+0(:r2) r—0,

. . 1
Vel +1= (1422 =14 20 +o(e®) 20,
e =1+t+olt) t—0,
we have

f(fl’) _ e17%12+o(:r2) i e1+%1'3+0(r3) = (e*%IQ-{»o(zQ) _ e%:c3+o(:c3))
— o 1 2 2 1 3 3
=ell o +o(a¢)~1—§x +o(z”)

1
—e (‘51‘2 +o<w2>) = —Za?+o(a?), 20,

This means f is infinitesimal of order 2 and has principal part p(z) = —

nitesimal and principal part:

Set t =2 — 3 so that ¢ — 0 when z — 3. Then

1

5

2

5L,

7
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t t
logz —log3 =log(3+1t) —log3 =1log3 (1—1— 5) —log3 = log (1 + 5) .
Since log (1+ £) ~ £ for ¢ — 0, it follows
1
flz)=logz —log3 ~ §($—3), z— 3,

hence f is infinitesimal of order 1 and has principal part p(z) = 3(z — 3).
b) The order of f is 1 and the principal part is p(z) = %(w —2).
Remembering that et —1~¢ ast— 0,

e(eg”2_1 —1) ~e(z®-1)

=e(z+1)(z—1)~2(x—1) for z—1.

f(=)

Thus f is infinitesimal of order 1 and has principal part p(z) = 2e(z — 1).
The order of f is 1 and the principal part p(z) = —(x — 7).
By setting ¢t = x — 7 it follows that

14+ cosz=1+cos(t+m)=1—cost.

But t — 0 for ¢ — 7, so 1 — cost ~ 5t and

1
f(a:):1+cos:c~§(:c——7r)2, T —T.

0. Limits:

We remind that when z — 0,

3 1
V14+322=1+ 5:52—{—0(3:2) and cosz=1-— §x2+0(x2),

S0 we have
o V1¥322—cosz .. 143222 -1+ 1224 0(2?)
lim = lim 2 2
z—0 z2cosz z—0 z?
2 2 2
= lim hd +20($ ) =2.
z—0 x
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Let y = 3 — z, so that

1 - A=
I = lim og(3 — Vz +1) ~ lm log(3 — V4 —1y)
T3 33—z y—0t Yy
1 —2y/1—-y/4
— g 0806 /4
y—0t Y

But since \/1 —y/4 =1— 3y +o(y), y — 0, we have

log(3 -2+ % +o(y)) log(1+ % 4+ o(y))

L= lim = lim
y—0+ y y—0+ Y
— lim w _1
y—0+ Y 4

Albeit the limit does not exist, the right limit is 400 and the left one —oo.

|I J.'.'f.:.':'.'.'.fi .'l_i.'f_': ,ih.".'_i.'.l".‘;Ij.'l"".-

The function is defined for z2 — 1 > 0, that is to say < —1 and z > 1; thus
dom f = (—o0,—1) U (1,400). It is even, so its behaviour on z < 0 can be
deduced from z > 0. We have

2 1 2
2 (1+ =%
lim f(z)= lim —M = lim = =400
z—too r—+o0 1 z—too |1;‘
lzl\/1- 2=
li 2 li _ 2
Ijﬂ_f(x)—6;—+W, ziﬂll+f($)—0—+—+00
The line x = —1 is a vertical left asymptote and = 1 is a vertical right

asymptote; there are no horizontal asymptotes. Let us search for an oblique
asymptote for x — +oo:

2 1
(14 =%
lim M: lim ( z2):1
rT—+00 I T—+00 1‘2 l_z%
2+ 1-—zvr2 -1

z—+00 T—+00 r2 -1
1. (1.2 + 1)2 _ 1.4 + 1:2
m
z=too /g2 — 1(2? + 1+ 2v2? - 1)

— lim 3z +1 S 32
zofoo 3 1 1 T\ zotoo 220

showing that the line y = z is a oblique right asymptote.
For x — —oo we proceed in a similar way to obtain that the line y = —z is an
oblique left asymptote.

=0,
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b) dom f = R; y = « + 7 is an oblique right asymptote, y = 2 — 7 an oblique left
asymptote.

The function is defined for z # »%, hence dom f =R\ {—%} Moreover

. o —(z+ 12—z . 22—z -2
Jm f@) = I (2x+)3( )= 2213 ™
i fe) =t S i
Jim )=t SRR e
making the line y = % a horizontal right asymptote and z = —% a vertical

asymptote. Computing

. f) 22—z -2
lm — = lim —— =1
r——00 T— —00 I(QI + 3)
—4x —2
I _2)= A
Am (@) —e) = Tim =3

tells that y = x — 2 is an oblique left asymptote.

dom f = R\ {%1}; x = £1 are vertical asymptotes; the line y = = is a complete
oblique asymptote.

dom f = (—o0, —1)U(0, +00); horizontal asymptote y = e, vertical left asymp-
tote z = —1.

the function f is defined for z 4+ e* > 0. To solve this inequality, note that
g(z) = x + € is a strictly increasing function on R (as sum of two such maps)
satisfying g(—1) = —1+ 1 < 0 and g(0) = 1 > 0. The Theorem of existence of
zeroes 4.23 implies that there is a unique point zq € (—1,0) with g(z¢) = 0.
Thus g(z) > 0 for > xp and dom f = (x¢, +00). Moreover

lim+ f(z)=log lim (z +e")=—00 and lim f(z) = +o0,

T—x] z—x] T—r+00

80 * = xg is a vertical right asymptote and there are no horizontal ones for
x — +00. For oblique asymptotes consider

i F@) gy, lmet(tee) o log(l b e
ot X oo T 5400 x
log(1 —
14 g oslreed)
T—+0C T
Jim (f(z) —z) = lim log(l+aze™) =0

because lirf xe™" = 0 (recalling (5.6) a)). Thus the line y = z is an oblique

right asymptote.
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Diverges to 4oc; b)) indeterminate.
The geometric sequence (Example 5.18 1)) suggests to consider
4n (( )n . 1)

li n= lim ———=——= = -1,

oo T S A (4 1)
hence the given sequence converges to —1.
Diverges to +oc.
Let us write

2n(2n —1)--- 2)(n+1 2n 2n-1 n+2 n+l1l
an = nn—1) - (n+ )(7+);‘n. ki >n+1.

nin—1)---2-1 T n on-1 2 1

As lim (n + 1) = +o00, the Second comparison theorem (with infinite limits)

n—oc

forces the sequence to diverge to +oc.
Converges to 1.

Since

1
apn, = €xp (\/ n2 4+ 2 log —n—+—>

24+ n+2

we consider the sequence

2-n+1 2n+1
by, = 'n2—|—210gzl——ﬁ—+—:\/n2+210g<1——7—li—>.

n?4+n+2 n?+n+2
Note that
. 2n+1
lim —; =
n—oc nZ +n+2
implies
! 1 2n+1 2n+1
o _ ~— n — 00
& n?4+n+2 n24+n+2
Then
. VP 420@2n+1) . 2n?
lim b, = — lim =— lim — =-2
n—oc n—0C nZ4+n-+2 n—oc M

and the sequence {a,} converges to e 2.

Call z = 27 "x, so that z — 01 for n — 00. Then

. . sin
lim a, = lim w =7
n—oc r—0t T

and {a,} converges to 7.
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1) Because

cosndl—17r C <7T~I—7T> sinﬁ
Z—cosf=+—)=— -~
n 2 2n on’

putting T = g has the effect that
wsing 7

. . .
lim a, = — lim nsin — = — lim =——,
n—oo n—o00 2n z—0+t 2 T 2

thus {a,} converges to —73.

_1
) Converges to —3.

0.

Since%—»Oforn—»oo,

1 1 1 2 1 1
1+—=14-—+of = and 1-Z=1—-=+40|=
n 2n n n n n
1 1 3
lim n \/1~|———\/1—g = lim n i—I—o — = -~
n—ooo n n n—0co 2n n 2

0; 1) does not exist.

SO

Let us write
1
V3n3+2=exp (5 log(3n® + 2))
and observe

log (3n® (1+ 325)) _ log3 N 3logn  log (1+ 325)
n T oon n + n '

1
~log(3n® +2) =
n

In addition 0

2
10g(1+%>’\'%, n—oo.
Thus )
lim —log(3n®+2) =0

n—oo 1N
and the required limit is e = 1.
From

m+3)!—-n! al((n+3)n+2)n+1)-1) M+3)n+2)n+1)-1

n2(n+1)! n2(n+ 1)n! n2(n+1)
it follows that
(n+ 3)! —n! . (n~|—3)(n~|—2)(n~|—1)—1_1

lim ~—————— =1
00 n?(n+ 1)! oo n?(n+1)
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As
3 1 1 1
1+~-=1+—+o0{—1}, n — 00,
n n n
we have
. 3 1 . 1 1 1
lim n l1+4~--1}l=lmn|{—+ol— = —.
n—oo n n—oo 3n n 3
1.
Converges.

b) The general term ay tends to +oo for & — o0o. By Property 5.25 the series

diverges. Alternatively, the Root test 5.34 can be used.
) By the Ratio test 5.33 one obtains

i 1 im CLARIN
i = _—
k—oo Qg k— oo (k‘ + 1)‘ 3k ’

writing (k + 1)! = (k + 1)k! and simplifying we see that

. Ok+1
lim —* = lim =
k—oo Qg k—oo k + 1

and the series converges.
Again with the help of the Ratio test 5.33, we have

oy Okl _ o (DU RE k" 1
oo @y koo (B4 L)FHL Bl kbeo\k+1)

and the series converges.

Notice

ak’\“kﬁzg for k— 00.

By the Asymptotic behaviour test 5.31, and remembering that the harmonic
series does not converge, we conclude that the given series must diverge too.

Converges.

Converges; b)) does not converge.
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Since

sin (kﬂ' + %) = cos(kw) sin% = (=1)*sin % ,

the given series has alternating sign, with b, = sin % As

klim b, =0 and bry1 < b,

Leibniz’s test 5.36 guarantees convergence. The series does not converge abso-
lutely since sin ¢ ~ % for k — o0, so the series of absolute values behaves as

the (diverging) harmonic series.

By using one of the equivalences of p. 127 one sees that

()™ )8

~ -?2— s
Example 5.30 1) suggests to apply the Asymptotic comparison test 5.31 to the
series of absolute values. We conclude that the given series converges abso-
lutely.

k— oo.

. Studv of converrence:

Converges.
Observe first that

forall k > 0;

o0
1
the series z 2 converges and the Comparison test 5.29 tells that the series
k=1
of absolute values converges. Thus the given series converges absolutely.
Diverges.

This is an alternating series where by = /2 — 1. The first term by = 0 apart,
the sequence {by}x>1 decreases because +/2 > **/2 for all k > 1. Thus Leib-
niz’s test 5.36 allows us to conclude that the series converges. Notice that
convergence is not absolute, as

confirming that the series of absolute values is like the harmonic series, which
diverges.

=
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Apart from a constant, this is essentially a geometric series; by Example 5.27
then,
N R R R A 3
St (2) -3 () -2
242 2 16 2 - = 26
k=1 k=1 16
(note that the first index in the sum is 1).

The series is telescopic since

2k+1 1 1

K2(k+1)2 k2 (k+1)2’

S0

This implies s = lim s, = 1.
n—0C
1

3 -
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Differential calculus

The precise definition of the notion of derivative, studying a function’s differen-
tiability and computing its successive derivatives, the use of derivatives to analyse
the local and global behaviours of functions are all constituents of Differential
Calculus.

6.1 The derivative

We start by defining the derivative of a function.

Let f:dom f C R — R be a real function of one real variable, take 2y € dom f
and suppose f is defined in a neighbourhood I..(xq) of xg. With z € I,.(zg), = # z¢
fixed, denote by

Ar =x — xg
the (positive or negative) increment of the independent variable between
zo and z, and by

Af = flz) — f(=o)
the corresponding increment of the dependent variable. Note that z = x¢ +
Az, f(z) = flzo) + Af.

The ratio

ﬂ _ fl@) = flzo)  f(zo+ Az) — flzo)
Az T — g = Azx

is called difference quotient of f between x; and z.

In this manner Af represents the absolute increment of the dependent variable
f when passing from zg to z¢ + Az, whereas the difference quotient detects the
rate of increment (while Af/ f is the relative increment). Multiplying the difference
quotient by 100 we obtain the so-called percentage increment. Suppose a rise by
Az = 0.2 of the variable x prompts an increment Af = 0.06 of f; the difference

quotient af equals 0.3 = 3% corresponding to a 30% increase.
Ag 100
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A

y = f(z)

y = s(x)

f(xo + Az) P'. y = t(z)
Py
f(o) 1 .

€T Ty + Az

Figure 6.1. Secant and tangent lines to the graph of f at Py

Graphically, the difference quotient between xg and a point z, around x is the
slope of the straight line s passing through Py = (mo, f(aco)) and P, = (acl, f(ml)),
points that belong to the graph of the function; this line is called secant of the
graph of f at Py and P, (Fig.6.1). Putting Az = 27 —x¢ and Af = f(a1) — f(x0),
the equation of the secant line reads

y:s(ac):f(a:o)—F%(a:—xo), z eR. (6.1)

A typical application of the difference quotient comes from physics. Let M be
a point-particle moving along a straight line; call s = s(¢) the z-coordinate of the
position of M at time ¢, with respect to a reference point O. Between the instants
to and t; = to + At, the particle changes position by As = s(t1)} — s(to). The
difference quotient % represents the average velocity of the particle in the given

interval of time.

How does the difference quotient change, as Az approaches 07 This is answered
by the following notion.

Definition 6.1 A map [ defined on a neighbourhood of vy € R is called

differentiable at xg if the limit of the difference quotient —— between xg
Ax

and x exists and is finite, as © approaches xy. The real number

(z) — f(z (zg + Az) — f(x
f;{-'fi[)) 7 :e.‘li]}z{u f [ 1;3' o .\f'((] : (]) = ;&‘IH-U f ( . - L‘:JI)I f( r“)

is called (first) derivative of f at zg.
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The derivative at g is variously denoted, for instance also by

df

1r (z0), Df(zp).

y/ (IU)'/
The first symbol goes back to Newton, the second is associated to Leibniz.
From the geometric point of view f'{xg) is the slope of the tangent line at
Py = (@0, f(20)) to the graph of f: such line ¢ is obtained as the limiting position
of the secant s at Py and P = (z, f(z)), when P approaches Py. From (6.1) and
the previous definition we have

y =t(x) = fzo) + f'(wo)(x — x0), pelk

In the physical example given above, the derivative v(tg) = §'(tg) = lim —

is the instantaneous wvelocity of the particle M at time .
Let
dom f' = {z € dom f : f is differentiable at z}

and define the function f':dom f' CR — R, f':z— f'(z) mapping = € dom f’
to the value of the derivative of f at x. This map is called (first) derivative of f.

Definition 6.2 Let I be a subset of dom f. We say that f is differentiable
on I (orin I) if f is differentiable at each point of I.

A first yet significant property of differentiable maps is the following.

Proposition 6.3 If f is differentiable at xq, it is also continuous at wxg.
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Not all continuous maps at a point are differentiable though. Consider the map
f(z) = |z|: it is continuous at the origin, yet the difference quotient between the
origin and a point x # 0 is

_A_f_f(x)-f(())_m_{ﬂ if z >0,
T 1-1 ifz<o,

= 6.2
Az z—0 T (6.2)

so the limit for £ — 0 does not exist. Otherwise said, f is not differentiable at
the origin. This particular example shows that the implication of Proposition 6.3
can not be reversed: differentiability is thus a stronger property than continuity,
an aspect to which Sect. 6.3 is entirely devoted.

6.2 Derivatives of the elementary functions. Rules of
differentiation

We begin by tackling the issue of differentiability for elementary functions using
Definition 6.1.

i) Consider the affine map f(z) = az + b, and let o € R be arbitrary. Then

, L (a(a:o + Az) + b) —(azog +b)
J'(@o) = Alalcrgo Az Az—0

in agreement with the fact that the graph of f is a straight line of slope a. The
derivative of f(z) = ax + b is then the constant map f'(z) = a.
In particular if f is constant (a = 0), its derivative is identically zero.

Take f(z) = 22 and z¢ € R. Since

. (zo+ Az)? — 22 )
e = g, BT = o oy a0 =,

the derivative of f(z) = 22 is the function f'(z) = 2z.
iii) Now let f(z) = z™ with n € N. The binomial formula (1.13) yields

(xo + Az)" — 23

12 _ .
J(wo) = Am Az
zy +nzy le—}-Z( ) *Az)F —2f
- Alglcrgo Az

Il

Algiﬂrg()(mvo +Z<> (Az)F- >_m:g L

for all zyp € R. Therefore, f'(z) = nz™~! is the derivative of f(z) = z" .
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iv) Even more generally, consider f(z) = z* where o € R, and let zg # 0 be a
point of the domain. Then

. o o o|(] 4 4z ‘1
(g + Ax)* — . To [( z ) ]
f'lzo) = Jim : A:z): > = Jim o
L ()
T Aimy 4z

Substituting y = f—;‘ brings the latter into the form of the fundamental limit
(4.13), so
f(zo) = azf ™.

When « > 1, f is differentiable at zq = 0 as well, and f’(0) = 0. The function
f(z) = z® is thus differentiable at all points where the expression z* ! is well
defined; its derivative is f'(z) = az®~!.
For example f(z) = /z = 2'/2, defined on [0, +00), is differentiable on (0, +-00)
with derivative f'(z) = NG The function f(z) = V25 = 2%/% is defined on R,
T

where it is also differentiable, and f'(z) = 52%/°% = 2V/z2.

Now consider the trigonometric functions. Take f(z) = sinz and x5 € R.
Formula (2.14) gives

Flao) = lim sin(zo + Az) —sinzo 2sin 5Z cos(zo + 4%)
0 Az—0 Az Ar—0 Ax
i Az
sin == Az
— 2 .
- AI;{I},O Ax III’E COos (IO + —)

The limit (4.5) and the cosine’s continuity tell
f(xo) = cos xg.

Hence the derivative of f(z) =sinz is f'(z) = cosz.
Using in a similar way formula (2.15), we can see that the derivative of f(z) =
cosz is the function f'(z) = —sinz.

i) Eventually, consider the exponential function f(z) = a*. By (4.12) we have

, aro-l»AI — g%° aAr _
= lim ——————— =4 lim ——— =qa""1
F(@o) A0 Az R T Az @ s
showing that the derivative of f(z) = o® is f'(z) = (loga)a®.
As loge = 1, the derivative of f(z) = € is f'(z) = ¢* = f(z), whence the
derivative f’ coincides at each point with the function f itself. This is a crucial
fact, and a reason for choosing e as privileged base for the exponential map.



172 6 Differential calculus

We next discuss differentiability in terms of operations (algebraic operations,
composition, inversion) on functions. We shall establish certain differentiation
rules to compute derivatives of functions that are built from the elementary
ones, without resorting to the definition each time. The proofs may be found
at ~~» Derivatives.

Theorem 6.4 (Algebraic operations) Let f(z),g(x) be differentiable

maps at xg € R. Then the maps f(z) £ g(x), f(z)g(x) and, if g(xo) # 0,
f(z)

are differentiable at xy. To be precise,

g(x)
(= 5’);(-'50) = f’(ib’o) = 5‘!(?1’:0), (6.3)
(f 9)'(z0) = f'(x0)g(x0) + f(20)g' (20), (6.4)
R v f(=o)g(xo) — f(20)g' (20) i
(5) o) [g(z0)]? : (6.5)

Corollary 6.5 (‘Linearity’ of the derivative) If f(z) and g(z) are dif-
ferentiable at xy € R, the map af(x) + Bg(x) is differentiable at xq¢ for any
a,3 €R and

(af + Bg) (o) = af'(z0) + By (o). (6.6)

Proof. Consider (6.4) and recall that differentiating a constant gives zero; then
(af) (xg) af' () and (Bg) (x0) g’ (xp) follow. The rest is a conse

quence of (6.3).

Examples 6.6

i) To differentiate a polynomial, we use the fact that D z™ = nz™~! and apply
the corollary repeatedly. So, f(z) = 32°% — 22 — 23 + 322 — 5z + 2 differentiates
to

fl(x) =3 -5zt —2-42® — 322 + 3.2z — 5 = 15¢* — 82 — 322 + 62 — 5.

i1) For rational functions, we compute the numerator and denominator’s deriva-
tives and then employ rule (6.5), to the effect that

z?2 -3z +1
fla)y=——7—

has derivative
) = (22 -3)(2z - 1) — (2? — 3z + 1)2 _ 222 — 2z +1
(22 — 1)2 42 — 4z + 1
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ii1) Consider f(x) = x3 sin . The product rule (6.4) together with (sinz)’ = cosz
yield

f'(x) = 32?sinz + z* cos x.

1v) The function

sinx
flz) =tanz =
cos T
can be differentiated with (6.5)
; cosx cosx —sinx (—sinx)  cos?x +sinz sin x 9
fix)= 5 = 5 =1+ —F—=1+tan"z.
cos? x cos?x cos? x
Another possibility is to use cos? z + sin® z = 1 to obtain
1
/ - —
f (L) - COSZ.I'

Theorem 6.7 (“Chain rule”) Let f(x) be differentiable at zo € R and g(y)
a differentiable map at yo = f(zg). Then the composition g o f(x) = g( i (J))
is differentiable at x¢ and

(g0 f)'(20) = g'(y0) f'(x0) = g’ (f(0)) ' (z0)- (6.7)

Examples 6.8

i) The map h(z) = v/1 — 22 is the composite of f(x ) =1 — 22, whose derivative
is f'(x) = —2z, and g(y) = /. for which ¢'(y) = ﬁ Then (6.7) directly gives

1 T

— e {(-27) = ————.

21 — 22 V1—x?

i) The function h(x) = €37 is composed by f(z) = cos3z, g(y) = e¥. But
f(x) is in turn the composite of ¢(x) = 3z and 1 (y) = cosy; thus (6.7) tells

/() = —3sin3z. On the other hand ¢'(y) = e¥. Using (6.7) once again we
conclude

h(z)=

B (x) = —3e“°°3% gin 3z.

Theorem 6.9 (Derivative of the inverse function) Suppose f(x) is a
continuous, invertible map on a neighbourhood of xo € R, and differentiable
at xo, with f'(xo) # 0. Then the inverse map f~'(y) is differentiable at
yo = f(xg), and

P
Fl(zo) (o))

(f 1) (yo) = (6.8)
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Examples 6.10
i) The function y = f(z) = tanz has derivative f'(z) = 1 + tan®z and inverse
z = f~!(y) = arctany. By (6.8)

1 1
_1 ! = = .
(f ) (y) 1+ tan2 T 1+ y2

Setting for simplicity f~! = g and denoting the independent variable with z,

the derivative of g(z) = arctan z is the function ¢'(z) = Tra2
z

ii) We are by now acquainted with the function y = f(x) = sinz: it is invertible
on [—%, 2], namely = f~'(y) = arcsiny. Moreover, f differentiates to f'(z) =
cosz. Using cos? z + sin®z = 1, and taking into account that on that interval
cosz > 0, one can write the derivative of f in the equivalent form f'(z) =

1 —sin? z. Now (6.8) yields

) () ! !

N \/1—sin2z: \/1—212.

Put once again f~! = g and change names to the variables: the derivative of

VIZ 2

In similar fashion g(z) = arccosz differentiates to ¢'(z) = —

g(z) = arcsinz is ¢'(z) =
1

Vi

iii) Consider y = f(z) = a®. It has derivative f'(z) = (loga)a® and inverse

z = f~(y) = log, y. The usual (6.8) gives

1 1
~1y () = - .
(f ) (y) (log a)az (log a)y
1
Defining f~! = g and renaming z the independent variable gives ¢’(x) = (log )z

as derivative of g{x) = log, z (z > 0).
Take now h(z) = log,(—z) (with z < 0), composition of z — —z and g{y): then

M = Togam Y T

log, |z| (x # 0) has derivative ¢'(z) =

m. Putting all together shows that g(z) =
oga

(loga)z”

1
With the choice of base a = e the derivative of g(z) = log |z| is ¢'(z) = -

Remark 6.11 Let f(x) be differentiable and strictly positive on an interval I.
Due to the previous result and the Chain rule, the derivative of the composite

map g(z) = log f(z) is
f'(z)

flz)

g'(z) =

I
The expression = is said logarithmic derivative of the map f.

f
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The section ends with a useful corollary to the Chain rule 6.7.

Property 6.12 If f is an even (or odd) differentiable function on all its
domain, the derivative f' is odd (resp. even).

Proof. Since f is even, f(—z) = f(z) for any = € dom f. Let us differentiate both
sides. As f(—x) is the composition of z +— —z and y — f(y), its derivative
reads —f'(—xz). Then f'(—x) f'(z) for all z € dom f, so f’ is odd.

Similarly if f is odd. O

We reckon it could be useful to collect the derivatives of the main elementary
functions in one table, for reference.

D ot (Va € R)
D sinaxz = cosx
D cosxz = —sinzx
2 1
DifanT — 1 tans s — -
cos? x
D arcsinz = L
V1 —z?
D arccosx = L
V1—a2

D arctanx = m
Da” = (loga) a” in particular, De® =¢”
D log, Jo] = ~— in particular, D log|e| = =

S (loga) x p " Bl

6.3 Where differentiability fails

It was noted carlier that the function f(x) = |z| is continuous but not differentiable
at the origin. At each other point of the real line f is differentiable, for it coincides
with the line y = « when = > 0, and with y = —z for x < 0. Therefore f'(z) = +1
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for £ > 0 and f’(z) = —1 on z < 0. The reader will recall the sign function
(Example 2.1 iv)), for which

D |z| = sign(z), for all z # 0.

The origin is an isolated point of non-differentiability for y = |z|.
Returning to the expression (6.2} for the difference quotient at the origin, we
observe that the one-sided limits exist and are finite:
Af _ Af

lim — =1, lim — = —1.
z—l»Ing Az z—l»%lv Az

This fact suggests us to introduce the following notion.

i
Definition 6.13 Suppose f is defined on a right neighbourhood of zo € R. It
is called differentiable on the right at x if the right limit of the difference

Af
quotient Z—t between xg and x exists finite, for x approaching xq. The real
number

z) — f(x (zg + Az) — f(z
£ o) = i T@ =S _ o w0+ A2) fan)

PP T — T Az—0+ Az

is the right (or backward) derivative of f at xq. Similarly it goes for the
left (or forward) derivative f’ (zg).

If f is defined only on a right (resp. left) neighbourhood of z and is differen-
tiable on the right (resp. the left) at xg, we shall simply say that f is differentiable
at o, and write f'(zo) = f) (zo) (resp. f'(zo) = f(x0))-

From Proposition 3.24 the following criterion is immediate.

Property 6.14 A map [ defined around a point xg € R is differentiable at
xo if and only if it is differentiable on both sides at xg and the left and right
derivatives coincide, in which case

f'(@0) = fli(z0) = fL(20).

Instead, if f is differentiable at g on the left and on the right, but the two
derivatives are different (as for f(z) = |z| at the origin), z( is called corner
(point) for f (Fig.6.2). The term originates in the geometric observation that the
right derivative of f at xg represents the slope of the right tangent to the graph
of f at Py = (zg, f(x0)), i-e., the limiting position of the secant through Py and
P = (z, f(x)) as z > ¢ approaches zg. In case the right and left tangent (similarly
defined) do not coincide, they form an angle at P,.
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Figure 6.2. Non-differentiable maps: the origin is a corner point (left), a point with
vertical tangent (middle), a cusp (right)

Other interesting cases occur when the right and left limits of the difference
quotient of f at zg exist, but one at least is not finite. These will be still denoted
by £ (z0) and f' (z0).

Precisely, if just one of f/ (z¢), f (o) is infinite, we still say that x¢ is a corner
point for f.

If both f) (2¢) and f’ (x¢) are infinite and with same sign (hence the limit of
the difference quotient is +oc or —o0), x¢ is a point with vertical tangent for
/. This is the case for f(z) = ¥

Yo o1

xr x—0%

7 _ .

£10) =ty

When f} (z0), f' (20) are finite and have different signs, z¢ is called a cusp
(point) of f. For instance the map f(x) = y/|z| has a cusp at the origin, for

£ = tim VI gy VI

im — = lim ————— = lim — = = $o0.
S0E X x—0* sign(x) x| »—0* sign(z) /]|

-

Another criterion for differentiability at a point zg is up next. The proof is
deferred to Sect. 6.11, for it relies on de I'Hépital’s Theorem.

Theorem 6.15 Let f be continuous at xg and differentiable at all points
x # xo in a neighbourhood of xy. Then f is differentiable at xo provided that
the limit of f'(x) for x — xq exists finite. If so,

f'(xo) = lim f(x).

Example 6.16

i: We take the function

| . .

| asin2x — 4 if £ <0,

|| flx) = R
bz —1)+e* ifax >0,
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and ask ourselves whether there are real numbers ¢ and b rendering f differen-
tiable at the origin. The continuity at the origin (recall: differentiable implies
continuous) forces the two values

lim f(z)= —4, lim f(z)= f(0)=-b+1

z—0~ z—0t
to agree, hence b = 5. With b fixed, we may impose the equality of the right
and left limits of f'(z) for z — 0, to the effect that f’(z) admits finite limit for
x — 0. Then we use Theorem 6.15, which prescribes that

li "(z) = lim 2 2z = 2a, d li () = b5+e")=6
zlr(r)lvf(a:) lim 2acos2z = 2a an zi.%l+f(x) rn+( +e%)

li
1}‘&0

are the same, so a = 3.

Remark 6.17 In using Theorem 6.15 one should not forget to impose continuity
at the point z¢. The mere existence of the limit for f’ is not enough to guarantee
f will be differentiable at zy. For example, f(z) = x + signz is differentiable at
every x # O: since f/'(z) = 1, it necessarily follows ili% f'(z) = 1. The function is

nonetheless not differentiable, because not continuous, at z = 0.

6.4 Extrema and critical points

Definition 6.18 One calls ©p € dom f a relative (or local) maximum
point for f if there is a neighbourhood I..(xg) of xo such that

Va € I-(z¢) N dom f, f(@) < f(=zo).

Then f(xp) is a relative (or local) maximum of f.
One calls xy an absolute maximum point (or global maximum point)
for f if

Vz € dom f, il =fng);

and f(xzg) becomes the (absolute) maximum of f. In either case, the max-
imum is said strict if f(z) < f(zg) when x # xq.

Exchanging the symbols < with > one obtains the definitions of relative and
absolute minimum point. A minimum or maximum point shall be referred to
generically as an extremum (point) of f.

Examples 6.19
i) The parabola f(z) = 142z —12? = 2— (2 — 1)? has a strict absolute maximum
point at g = 1, and 2 is the function’s absolute maximum. Notice the derivative
f'(z) = 2(1 — z) is zero at that point. There are no minimum points (relative or
absolute).
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o To Ip

Figure 6.3. Types of maxima

ii) For g(x) = arcsinz (see Fig. 2.24), o = 1 is a strict absolute maximum point,
with maximum value 7. The point z; = —1 is a strict absolute minimum, with
value —75. At these extrema g is not differentiable. ]

We are interested in finding the extremum points of a given function. Provided
the latter is differentiable, it might be useful to look for the points where the first
derivative vanishes.

Definition 6.20 A critical point (or stationary point) of f is a point ¢
at which f is differentiable with derivative f'(x¢) = 0.

The tangent at a critical point is horizontal.

o €I a2

Figure 6.4. Types of critical points

Theorem 6.21 (Fermat) Suppose f is defined in a full neighbourhood of a
point xg and differentiable at xq. If xg is an extremum point, then it is critical
for fe die!

f'(zo) = 0.
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Proof. To fix ideas, assume x4 is a relative maximum point and th:

ieighbourhood whert flxg) for all = [,.(xp). On such neighbour

rg. hence \r £r - 1), ill" 'i‘.:gl':'l Ince « |_||'_._|';;i 1S 1101

so f'(xg) 1s simultaneously 0 and 0, hence zero.

similar areument holds for relative minim:

Fermat’s Theorem 6.21 ensures that the extremum points of a differentiable
map which belong to the interior of the domain should be searched for among
critical points.

A function can nevertheless have critical points that are not extrema, as in
Fig.6.4. The map f(z) = z° has the origin as a critical point (f'(z) = 3z? = 0 if
and only if z = 0), but admits no extremum since it is strictly increasing on the
whole R.

At the same time though, a function may have non-critical extremum point
(Fig. 6.3); this happens when a function is not differentiable at an extremum that
lies inside the domain (e.g. f(z) = |x|, whose absolute minimum is attained at the
origin), or when the extremum point is on the boundary (as in Example 6.19 ii)).
The upshot is that in order to find all extrema of a function, browsing through
the critical points might not be sufficient.

To summarise, extremum points are contained among the points of the domain
at which either

the first derivative vanishes,

or the function is not differentiable,

or among the domain’s boundary points (inside R).
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6.5 Theorems of Rolle and of the Mean Value

The results we present in this section, called Theorem of Rolle and Mean Value
Theorem, are fundamental for the study of differentiable maps on an interval.

Theorem 6.22 (Rolle) Let f be a function defined on a closed bounded
interval [a,b], continuous on [a,b] and differentiable on (a,b) (at least). If
f(a) = f(b), there exists an xp € (a,b) such that

f’(.’rn) —Ik

In other words, f admits at least one critical point in (a,b).

a To b

Figure 6.5. Rolle’s Theorem

Proof. By the Theorem of Weierstrass the range f([a,b]) is the closed interval
[, M] bounded by the minimum and maximum values m, M of the map:
m= min f(z)= f(z), M = max f(x)= f(znm),

z€[a,b] z€[a,b|
for suitable @,z € [a,b].
In case m = M, f is constant on [a,b], so in particular f'(x) = 0 for any
x € (a,b) and the theorem follows.
Suppose then m < M. Since m < f(a) = f(b) < M, one of the strict
inequalities f(a) = f(b) < M, m < f(a) = f(b) will hold.
If f(a) = f(b) < M, the absolute maximum point z,s cannot be a nor b
thus, 25 € (a,b) is an interior extremum point at which f is differentiable.
By Fermat’s Theorem 6.21 we have that xj; = xg is a critical point.
If m < f(a) = f(b), one proves analogously that x,, is the critical point
xo of the claim. O

The theorem proves the existence of one critical point in (a, b); Fig. 6.5 shows that
there could actually be more.
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Theorem 6.23 (Mean Value Theorem or Lagrange Theorem) Let f
be defined on the closed and bounded interval [a,b], continuous on [a,b] and
differentiable (at least) on (a,b). Then there is a point zo € (a,b) such that

f(®) — f(a)

T f' (o). (6.9)

Every such point xo we shall call Lagrange point for f in (a,b).

Proof. Introduce an auxiliary map

) - fla)

g(z) = f(z) T

(x—a)

defined on [a,b]. It is continuous on [a,b] and differentiable on (a,b), as
difference of f and an affine map, which is differentiable on all of R. Note

g'(x) = f(z) - __wf(h) __f@

b—a

It is easily seen that

g9(a) = f(a),  g(b) = f(a),

so Rolle’s Theorem applies to g, with the consequence that there is a point
xo € (a,b) satisfying

_ ) —f(e) _

g (z0) = f'(z0) g - 0.

But this is exactly (6.9). |

f(b)

f(a)

Figure 6.6. Lagrange point for f in (a,b)
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The meaning of the Mean Value Theorem is clarified in Fig.6.6. At each La-
grange point, the tangent to the graph of f is parallel to the secant line passing
through the points (a, f(a)) and (b, f(b)).

Example 6.24

Consider f(z) = 1+ z 4+ V1 — 22, a continuous map on its domain [—1,1] as
composite of elementary continuous functions. It is also differentiable on the
open interval (—1,1) (not at the end-points), in fact

x

(2) =1~ ——.
f@=1-7=5
Thus f fulfills the Mean Value Theorem’s hypotheses, and must admit a La-
grange point in (—1,1). Now (6.9) becomes
f(l) - f(_l) !
SN INT T -1—
1-(—1) f(zo)

Lo

\/l—m%7

1=

satisfied by zy = 0.

6.6 First and second finite increment formulas

We shall discuss a couple of useful relations to represent how a function varies
when passing from one point to another of its domain.
Let us begin by assuming f is differentiable at zg. By definition

lim f(z) = f(@o)

T—zo T — T

= f'(zo),
that is to say

lim <M B f’(m0)> — i J@) = flzo) = f(@o)(w — o) _ 0.

Tr — Ty I—To r — Ip

L—T(

Using the Landau symbols of Sect. 5.1, this becomes
f(@) ~ fzo) = f'(z0)(z — x0) = o(x ~ 70), 2 — 0.

An equivalent formulation is

f(@) = f(zo) = f'(zo)(x — xo) + o(z — x0), T — Z0, (6.10)

or

Af = f'(z0)Az + o(Az), Az — 0, (6.11)

by putting Az =z — ¢ and Af = f(z) — f(z0).
Equations {6.10)-(6.11) are equivalent writings of what we call the first formula
of the finite increment , the geometric interpretation of which can be found in
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i

y = f(x)

flxo + Az) 1
Lot _ o(Ax)
Af i
F(xo)Ax

IJIII(.'I'[]_] | - P
' Az

y = t(x)

Lo To + Az
Figure 6.7. First formula of the finite increment

Fig. 6.7. It tells that if f'(zg) # 0, the increment Af, corresponding to a change
Az, is proportional to Az itself, if one disregards an infinitesimal which is negligible
with respect to Az. For Az small enough, in practice, Af can be treated as

I (x0) Az.

Now take f continuous on an interval I of R and differentiable on the interior
points. Fix z; < zo in I and note that f is continuous on [z1, z2] and differentiable
on (x1,z3). Therefore f, restricted to [z, z2], satisfies the Mean Value Theorem,
so there is Z € (z1,z2) such that

f(z2) = f(x1)

T2 —IT1

= f'(2),

that is, a point Z € (z;,z2) with

flx) = f(x1) = f(Z) (22 — 31). (6.12)

We shall refer to this relation as the second formula of the finite increment.
It has to be noted that the point Z depends upon the choice of z; and x5, albeit
this dependency is in general not explicit. The formula’s relevance derives from
the possibility of gaining information about the increment f(z2) — f(z1) from the
behaviour of f’ on the interval [z, z2].

The second formula of the finite increment may be used to describe the local
behaviour of a map in the neighbourhood of a certain zy with more precision than
that permitted by the first formula. Suppose f is continuous at xg and differentiable
around z( except possibly at the point itself. If x is a point in the neighbourhood
of zg, (6.12) can be applied to the interval bounded by z¢ and z, to the effect that
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Af = f'(z)Aw, (6.13)

where 7 lies between xg and x. This alternative formulation of (6.12) expresses the
increment of the dependent variable Af as if it were a multiple of Az; at closer
look though, one realises that the proportionality coefficient, i.e., the derivative
evaluated at a point near g, depends upon Az (and on zg), besides being usually
not known.

A further application of (6.12) is described in the next result. This will be
useful later.

Property 6.25 A function defined on a real interval I and everywhere differ-
entiable is constant on I if and only if its first derivative vanishes identically.

Proof. Let f be the map. Suppose first f is constant, therefore for every xg € I,

- ! () — f(xo) . :
the difference quotient 'f—;———"-f-—‘--— ;] with @ € I, & # xq, is zero. Then

T I
f'(xg) = 0 by definition of derivative.
Vice versa, suppose f has zero derivative on I and let us prove that f is
constant on /. This would be equivalent to demanding

flz1) = flas), Vi, 20 € 1.

Take 1,22 € I and use formula (6.12) on f. For a suitable & between
Ty, T, We have

f(z2) = f(z1) = f(@)(z2 —21) = 0,

thus f(xz,) = f(x2). O

6.7 Monotone maps

In the light of the results on differentiability, we tackle the issue of monotonicity.

Theorem 6.26 Let I be an interval upon which the map f is differentiable.
Then:

a) If f is increasing on I, then f'(z) >0 for all z € I.

b1) If f'(z) > 0 for any x € I, then f is increasing on I;

b2) if f'(x) > 0 for all x € I, then f is strictly increasing on I.



file:///kpon

186

6 Differential calculus

f(z2)

f(x1)

Ty €T T2

Figure 6.8. Proof of Theorem 6.26, b)

Proof. Let us prove claim a). Suppose f increasing on I and consider an interior

point z¢ of I. For all 2 € I such that 2 < xy, we have

flz) = flzo) <0 and T —x < 0.

: . LA .
Thus, the difference quotient Zi between xy and x is non-negative. On
T
the other hand, for any = € I with & > xy,

flx) = flzg) >0 and z— 29> 0.

A
Here too the difference quotient A_f between xy and x is positive or zero.
€T
Altogether,
A z)— f(z
F_I@=1E) S0 g
Az T — g

Corollary 4.3 on

lim ﬂ = f’(;‘L‘g)

z—zo Ax
vields f’(x¢) > 0. As for the possible extremum points in I, we arrive
at the same conclusion by considering one-sided limits of the difference
quotient, which is always > 0.
Now to the implications in parts b). Take f with f'(z) > 0 for all z € I.
The idea is to fix points =1 < x5 in I and prove that f(z;) < f(z2).
For that we use (6.12) and note that f'(z) > 0 by assumption. But since
xg — 1 > 0, we have

f(@2) = f(x1) = f(Z) (22 — 21) >0,

proving bl). Considering f such that f’(z) > 0 for all z € I instead, (6.12)
implies f(z2) — f(z1) > 0, hence also b2) holds. a
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The theorem asserts that if f is differentiable on I, the following logic equiva-
lence holds:

fl(x) >0, Vzxel <= fisincreasingon I.

Furthermore,

fl(x)>0, Vzel = fis strictly increasing on I.

The latter implication is not reversible: f strictly increasing on I does not imply
f'(z) > 0 for all z € I. We have elsewhere observed that f(z) = x? is everywhere
strictly increasing, despite having vanishing derivative at the origin.

A similar statement to the above holds if we change the word ‘increasing’ with
‘decreasing’ and the symbols >, > with <, <.

Corollary 6.27 Let f be differentiable on I and xy an interior critical point.
If f'(z) > 0 at the left of o and f'(z) < 0 at its right, then xo is a mazimum
point for f. Similarly, f'(xz) < 0 at the left, and > 0 at the right of xo implies
ZTo i8S a minimum point.

Theorem 6.26 and Corollary 6.27 justify the search for extrema among the
zeroes of f’, and explain why the derivative’s sign affects monotonicity intervals.

Example 6.28

The map f : R — R, f(z) = ze®® differentiates to f'(z) = (2z + 1)e?®, whence
zo = —3 is the sole critical point. As f'(z) > 0 if and only if z > — 3, f(zo) is an

absolute minimum. The function is strictly decreasing on (—oo, —3] and strictly
increasing on [—3, +00). u|

6.8 Hicher-order derivatives
=

Let f be differentiable around z, and let its first derivative f’ be also defined
around x.

Definition 6.29 If f’ is a differentiable function at xg, one says f is twice
differentiable at x,. The expression

" (@) = (f') (wo)

is called second derivative of f at z,. The second derivative of f,
denoted f", is the map associating to x the number f"(z), provided the latter
is defined.
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Other notations commonly used for the second derivative include

2
Vi) ThE), D).

The third derivative, where defined, is the derivative of the second derivative:

f"(@o) = (") (o)

In general, for any k£ > 1, the derivative of order & (kth derivative) of f at
To is the first derivative, where defined, of the derivative of order (k — 1) of f at
Zo:

F® (@) = (FEDY ().

Alternative symbols are:

k
o), Th@), D).

For conveniency one defines f((zo) = f(zo) as well.

Examples 6.30

We compute the derivatives of all orders for three elementary functions.

i) Choose n € N and consider f(z) = z™. Then
n!
n—1n"

f/(l‘) _ nl‘n—l _ n—1

More concisely,

with 0 < k < n. Furthermore, f("*1)(z) = 0 for any z € R (the derivative of
the constant function f (")(:E) is 0), and consequently all derivatives f (%) of order
k > n exist and vanish identically.

ii] The sine function f(z) = sinz satisfies f'(z) = cosz, f’(z) = —sinz,
f"(x) = —cosz and f*)(z) = sinz. Successive derivatives of f clearly re-
produce this cyclical pattern. The same phenomenon occurs for y = cos z.

iii) Because f(z) = e differentiates to f'(x) = €%, it follows that f(¥)(z) = e®
for every k > 0, proving the remarkable fact that all higher-order derivatives of
the exponential function are equal to e*. 1
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A couple of definitions wrap up the section.

Definition 6.31 A map f is of class C* (k > 0) on an interval I if f is
differentiable k times everywhere on I and its kth derivative f*) is continuous
on I. The collection of all C* maps on I is denoted by C*(I).

A map f is of class C™ on I if it is arbitrarily differentiable everywhere on
I. One indicates by C>°(I) the collection of such maps.

In virtue of Proposition 6.3, if f € C*(I) all derivatives of order smaller or
equal than k are continuous on I. Similarly, if f € C°°(I), all its derivatives are
continuous on I.

Moreover, the elementary functions are differentiable any number of times (so
they are of class C*°) at every interior point of their domains.

6.9 Convexity and inflection points

Let f be differentiable at the point zg of the domain. As customary, we indicate
by y = t(z) = f(zo) + f'(20)(z — z¢) the equation of the tangent to the graph of
f at zg.

Definition 6.32 The map f is convex at xzq if there is a neighbourhood
I.(z¢) C dom f such that

YV € I.(xop), il =)

[ is strictly convex if f(z) > t(x), YV # xo.

The definitions for concave and strictly concave functions are alike (just change
>, > to <, <.

What does this say geometrically? A map is convex at a point if around that
point the graph lies ‘above’ the tangent line, concave if its graph is ‘below’ the
tangent (Fig.6.9).

y = f(z) y = t(z)
y = t(x) . y = f(z)

In o

Figure 6.9. Strictly convex (left) and strictly concave (right) maps at xo



190 6 Differential calculus

Example 6.33
We claim that f(z) = x? is strictly convex at o = 1. The tangent at the given
point has equation
tz)=14+2(z—1)=2z-1.
Since f(z) > t(z) means 22 > 2z — 1, hence 22 —2x + 1 = (x — 1)2 > 0, ¢ lies
below the graph except at the touching point x = 1. i

Definition 6.34 A differentiable map f on an interval I is convex on [ if
it is convex at each point of I.

For understanding convexity, inflection points play a role reminiscent of ex-
tremum points for the study of monotone functions.

Definition 6.35 The point xy is an inflection point for f if there is a
neighbourhood I.(xzg) C dom f where one of the following conditions holds:

either
U <= o ilGel) <= Ol

ific =xg flo)i=te)

Yz € I.(xp), {

or
ifz <z, flz)=t(x),

iz o) =tx)
In the former case we speak of an ascending inflection, in the latter the
inflection is descending.

Vz € I-(zg), {

In the plane, the graph of f ‘cuts through’ the inflectional tangent at an in-
flection point (Fig. 6.10).

y=t(z) y = t(z)

y = f(x)

T To

Figure 6.10. Ascending (left) and descending (right) inflections at zo
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The analysis of convexity and inflections of a function is helped a great deal
by the next results.

Theorem 6.36 Given a differentiable map f on the interval I,
a) if f is convex on I, then f' is increasing on I.

b1) If f' is increasing on I, then f is convex on I;

b2) if f' is strictly increasing on I, then f is strictly convex on I.

Proof. ~» Convex functions.

Corollary 6.37 If f is differentiable twice on I, then

a) f convex on I implies f"(x) >0 for all x € I.
b1) f"(x) =0 for all x € I implies f convex on I;
b2) f"(z) > 0 for all x € I implies f strictly convex on I.

Proof. This follows directly from Theorem 6.36 by applying Theorem 6.26 to the

function f. O

There is a second formulation for this, namely: under the same hypothesis, the
following formulas are true:

ey =0 Yoel < fisconvexond

and

f'(z) >0, Vxel = f isstrictly convex on I.

Here, as in the characterisation of monotone functions, the last implication has no
reverse. For instance, f(z) = z* is strictly convex on R, but has vanishing second
derivative at the origin.

Analogies clearly exist concerning concave functions.

Corollary 6.38 Let f be twice differentiable around xg.

a) If zo is an inflection point, then f'"'(xo) = 0.

b) Assume f"(zo) = 0. If f" changes sign when crossing xo, then zo is an
inflection point (ascending if f"(x) <0 at the left of zo and f"(x) > 0 at
its right, descending otherwise). If f" does not change sign, xq is not an
inflection point.
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The proof relies on Taylor’s formula, and will be given in Sect. 7.4.

The reader ought to beware that f'(x¢) = 0 does not warrant zg is a point
of inflection for f. The function f(x) = z* has second derivative f"(z) = 1222
which vanishes at 23 = 0. The origin is nonetheless not an inflection point, for
the tangent at z is the axis y = 0, and the graph of f stays always above it. In
addition, f” does not change sign around xg.

Example 6.28 (continuation)
For f(z) = ze*® we have f”'(z) = 4(z+1)e*® vanishing at z; = —1. As f"(z) > 0
if and only if 2 > —1, f is strictly concave on (—oo, —1) and strictly convex on
(—1,+00). The point z; = —1 is an ascending inflection. The graph of f(z) is
shown in Fig.6.11.

6.9.1 Extension of the notion of convexity

The geometrical nature of convex maps manifests itself by considering a gener-
alisation of the notion given in Sect.6.9. Recall a subset C of the plane is said
convex if the segment P, P, between any two points Py, P, € C is all contained
in C.

Given a function f : I C R — R, we denote by

Es ={(z,y) eR?:z €1, y > f(z)}

the set of points of the plane lying above the graph of f (as in Fig. 6.12, left).

Definition 6.39 The map f : I C R — R is called convex on [ if the set
E¢ is a convex subset of the plane.

Figure 6.11. Example 6.28
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Yy Yy

y = |z|

Figure 6.12. The set E for a generic f defined on I (left) and for f(z) = |z| (right)

It is easy to convince oneself that the convexity of Es can be checked by
considering points P;, P, belonging to the graph of f only. In other words, given
x1,22 in I, the segment Sjo between (x1, f(z1)) and (2, f(z2) should lie above
the graph.

Since one can easily check that any x between x; and x5 can be represented as

T —
z=(1—t)z + 1tz with t=— "1 ¢ [0,1],
T2 — Tt

the convexity of f reads
f((l — t)l‘l + t$2) S (1 - t)f(l1) + tf($2) V$1,l‘2 € I,Vt € [0, 1] .

If the inequality is strict for x1 # x2 and t € (0, 1), the function is called strictly
convex on I.

For differentiable functions on the interval I, Definitions 6.39, 6.32 can be
proven to be equivalent. But a function may well be convex according to Defini-
tion 6.39 without being differentiable on I, like f(z) = |z| on I = R (Fig.6.12,
right). Note, however, that convexity implies continuity at all interior points of [,
although discontinuities may occur at the end-points.

6.10 Qualitative study of a function

We have hitherto supplied the reader with several analytical tools to study a
map f on its domain and draw a relatively thorough - qualitatively speaking —
graph. This section describes a step-by-step procedure for putting together all the
information acquired.

Domain and symmetries

It should be possible to determine the domain of a generic function starting from
the elementary functions that build it via algebraic operations and composition.
The study is greatly simplified if one detects the map’s possible symmetries and
periodicity at the very beginning (see Sect. 2.6). For instance, an even or odd map
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A

2

Figure 6.13. The function f(z) = e 1"

can be studied only for positive values of the variable. We point out that a function
might present different kinds of symmetries, like the symmetry with respect to a
vertical line other than the y-axis: the graph of f(x) = e~le2l ig symmetric with
respect to x = 2 (Fig.6.13).

For the same reason the behaviour of a periodic function is captured by its
restriction to an interval as wide as the period.

Behaviour at the end-points of the domain

Assuming the domain is a union of intervals, as often happens, one should find the
one-sided limits at the end-points of each interval. Then the existence of asymp-
totes should be discussed, as in Sect. 5.3.

For instance, consider

_ log(2 —x)

1) = rr=

Now, log(2 — ) is defined for 2 —z > 0, or z < 2; in addition, V2% — 2z has
domain 22 — 2z > 0,s0z < O-or z > 2, and being a denominator, x # 0,2.
Thus dom f = (—00,0). Since liI(I)l_ f(z) = +o0, the line x = 0 is a vertical left

log(2 —
asymptote, while lim f(z) = lim M

T——00 T——00 |£L‘|

asymptote y = 0.

= 0 yields the horizontal left

Monotonicity and extrema

The first step consists in computing the derivative f’ and its domain dom f’. Even
if the derivative’s analytical expression might be defined on a larger interval, one
should in any case have dom f’ C dom f. For example f(z) = logz has f'(z) = 2
and dom f = dom f’ = (0,+00), despite g(z) = - makes sense for any z # 0.
After that, the zeroes and sign of f’ should be determined. They allow to find the
intervals where f is monotone and discuss the nature of critical points (the zeroes
of f), in the light of Sect.6.7.

A careless analysis might result in wrong conclusions. Suppose a map f is
differentiable on the union (a,b) U (b, ¢) of two bordering intervals where f’ > 0.
If f is not differentiable at the point b, deducing from that that f is increasing
on (a,b) U (b,c) is wrong. The function f(z) = —21 satisfies f'(z) = 2z > 0 on
(—00,0) U (0, +00), but it is not globally increasing therein (e.g. f(—1) > f(1));
we can only say f is increasing on (—oo, 0) and on (0, +00) separately.
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Recall that extremum points need not only be critical points. The function

) = —~x—, defined on = > 0, has a critical point = 1 giving an abso-
1+ 22

lute maximum. At the other extremum x = 0, the function is not differentiable,
although f(0) is the absolute minimum.

Convexity and inflection points

Along the same lines one determines the intervals upon which the function is
convex or concave, and its inflections. As in Sect. 6.9, we use the second derivative
for this.

Sign of the function and its higher derivatives
When sketching the graph of f we might find useful (not compulsory) to establish
the sign of f and its vanishing points (the z-coordinates of the intersections of the
graph with the horizontal axis). The roots of f(z) = 0 are not always easy to find
analytically. In such cases one may resort to the Theorem of existence of zeroes
4.23, and deduce the presence of a unique zero within a certain interval. Likewise
can be done for the sign of the first or second derivatives.

The function f(z) = zlogz — 1 is defined for > 0. One has f(z) < 0 when
2 < 1. On z > 1 the map is strictly increasing (in fact f'(z) = logz +1 > 0 for
x > 1/e); besides, f(1) = —1 < 0 and f(e) = e — 1 > 0. Therefore there is exactly
one zero somewhere in (1,€), f is negative to the left of said zero and positive to
the right.

6.10.1 Hyperbolic functions

An exemplary application of what seen so far is the study of a family of functions,
called hyperbolic, that show up in various concrete situations.
We introduce the maps f(z) = sinhz and g(z) = coshz by

: et —e e®
sinhg = ———— and coshz =

They are respectively called hyperbolic sine and hyperbolic cosine. The ter-
minology stems from the fundamental relation

cosh?z — sinh?z =1, Vr € R,

whence the point P of coordinates (X,Y) = (coshz, sinh x) runs along the right
branch of the rectangular hyperbola X2 — Y2 =1 as x varies.

The first observation is that dom f = domg = R; moreover, f(z) = —f(—z)
and g(x) = g(—=x), hence the hyperbolic sine is an odd map, whereas the hyperbolic
cosine is even. Concerning the limit behaviour,

lim sinhz = +o00, lim coshz = +o0.
r—too z—+o00
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' ')

Figure 6.14. Hyperbolic sine (left) and hyperbolic cosine (right)

This implies that there are no vertical nor horizontal asymptotes. No oblique
asymptotes exist either, because these functions behave like exponentials for x —
oo. More precisely

1 1
sinh x ~ iielzi , coshx ~ §e|“”| , T — Fo00.

It is clear that sinhx = 0 if and only if z = 0, sinhz > 0 when z > 0, while
coshz > 0 everywhere on R. The monotonic features follow easily from

Dsinhxz = coshz and Dcoshz = sinhz, VreR.

Thus the hyperbolic sine is increasing on the entire R. The hyperbolic cosine is
strictly increasing on [0, +00) and strictly decreasing on (—o0, 0}, has an absolute
minimum cosh 0 =1 at 2 =0 (so coshz > 1 on R).

Differentiating once more gives

D?sinhz = sinhz and D? coshz = coshz, VreR,

which says that the hyperbolic sine is strictly convex on (0,+o0c) and strictly
concave on (—o0,0). The origin is an ascending inflection point. The hyperbolic
cosine is strictly convex on the whole R. The graphs are drawn in Fig. 6.14.

In analogy to the ordinary trigonometric functions, there is a hyperbolic
tangent defined as

sinhz &2 —1
tanhz = —— — =
cosh x e + 1

Its domain is R, it is odd, strictly increasing and ranges over the open interval
(—1,1) (Fig.6.15).
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Figure 6.15. Hyperbolic tangent

The inverse map to the hyperbolic sine, appropriately called inverse hyper-
bolic sine, is defined on all of R, and can be made explicit by means of the
logarithm (inverse of the exponential)

sinh™'z = log(z + V22 + 1), reR. (6.14)

There normally is no confusion with the reciprocal 1/sinhz, whence the use of
notation'. The inverse hyperbolic cosine is obtained by inversion of the hyper-
bolic cosine restricted to [0, +00)

cosh™ z z € [1,+00). (6.15)

To conclude, the inverse hyperbolic tangent inverts the corresponding hyper-
bolic map on R

1 1+ 2
tanh™ 'z = = log 2 z € (-1,1). (6.16)
2 l1—=2

The inverse hyperbolic functions have first derivatives

1 1
Dsinh ‘'z = ——— | Dcoshflrc:———,
— T
D tanh™ = .
an T .2

6.11 The Theorem of de I’'Hopital

This final section is entirely devoted to a single result, due to its relevance in
computing the limits of indeterminate forms. As always, ¢ is one of zg, a:g , XY
+o0, —0C.

! Some authors also like the symbol Arcsinh.
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Proof. ~»De 1Hopital’s Theoren.

O
Under said hypotheses the results states that
Hms o i)
——— = lim : 6.19
et g@)  eoe g'(@) (6.19)
Examples 6.41
i) The limit
eZm _ e—2z
lim

z—0 sindzx

gives rise to an indeterminate form of type g. Since numerator and denominator
are differentiable functions,

. e 4 9e7 2% 4
lim ————— = —.
z—0  5cosbx 5
Therefore

lim ————— =
z—0  sindx

eZz _ e—2z 4
5
ii) When the ratio f'(z)/¢'(z) is still an indeterminate form, supposing f and g
are twice differentiable around ¢, except maybe at ¢, we can iterate the recipe of
(6.19) by studying the limit of f”(z)/g"(z), and so on.
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Consider for instance the indeterminate form 0/0

Y 1+ 3z —+/(1+ 2z)3
im .

z—0 rsing

Differentiating numerator and denominator, we are lead to
i 3-3vV1+2zx
z-08inz + T cosxT’

still of the form 0/0. Thus we differentiate again
3

i Vit 3
z—02cosT — rsinz 2’

Applying (6.19) twice allows to conclude

y 143z — /(14 22)3 3
im =——.
z—0 sin® z 2

Remark 6.42 De "Hopital’s Theorem is a sufficient condition only, for the exis-
tence of (6.18). Otherwise said, it might happen that the limit of the derivatives’
difference quotient does not exist, whereas we have the limit of the functions’ dif-
ference quotient. For example, set f(x) = « + sinz and g{z) = 2z + cosz. While
the ratio f'/¢’ does not admit limit as * — 400 (see Remark 4.19), the limit of

f/g exists:

. xr+sinz . rz+o(z) 1
Ilim ——— = im —— ==,
g—+oc 20 4+ cosx  z—+o0 2z +o(z) 2

6.11.1 Applications of de I’Hépital’s theorem
We survey some situations where the result of de ’'Hépital lends a helping hand.

Fundamental limits
By means of Theorem 6.40 we recover the important limits

x

hrf el +o00, lim [z|%" =0, Va € R, (6.20)
1
lim —2% —p, lim z%logz =0,  Va > 0. (6.21)
z—o4oo @ z—0+

These were presented in (5.6) in the equivalent formulation of the Landau symbols.
Let us begin with the first of (6.20) when « = 1. From (6.19)

x e.’t

. € .
lIm — = lim -- = +4oco.
z—+o00 I z—+oo |

For any other a > 0, we have

. e . lea\” 1 . eV \ ¥
lim — = lim —— = — lim — = +o0.
z—+oo T z—too \a I a® \y—+oo y
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At last, for o < 0 the result is rather trivial because there is no indeterminacy. As
for the second formula of (6.20)

T (03 T (03 {03
lim |z[%® = lim J=* = lim l=* — lim L —o.
T——00 z——o00 €77 T——00 e,z[ y—+oo e¥
Now to (6.21):
log = 1 1 1
lim 8T _ lim Z = — lim — =
T—+o0 ¢ z—+oo a1  x—+oo T
and
logz 1 1.
lim z%logz = lim 8T _ fm —=  — _Z Jim z® —=0.
0+ z—0+ 27%  zoot (—a)rTol @ z—0+

Proof of Theorem 6.15

We are now in a position to prove this earlier claim.

Proof. |3 definition :Ji||_\.

but this is an indeterminate form, since

lim (f(xz)— f(xg)) lim (x — xg 0,
ience de I'Hopital implies

Computing the order of magnitude of a map

Through examples we explain how de 'Hopital’s result detects the order of mag-
nitude of infinitesimal or infinite functions, and their principal parts.
The function
flz) =€ —1—sinzx

is infinitesimal for £ — 0. With infinitesimal test function p(z) = z we apply the

theorem twice (supposing for 2 moment this is possible)

. e —1—sinx . e —cosz . e +sinz
lim —————— = lim ———— = lim ——————..
0 z“ t50  are z—0 afa — 1)zo—
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When a = 2 the right-most limit exists and is in fact —% This fact alone justifies the
use of de I'Hopital’s Theorem. Thus f(x) is infinitesimal of order 2 at the origin
with respect to ¢(x) = x; its principal part is p(z) = %J,’Q.

Next. consider

f(x) =tanz,
P . e . _
an infinite function for x — 5. Setting p(z) = ¢ , we have
2
[e3
. tanzx . . . (% - $)
lim —— = lim sinz lim -————
. < 1 ) . x—%- COST
-z

While the first limit is 1, for the second we apply de 'Hopital’s Theorem

T @ ™ a—1
-z —a(f — =z
lim M = lim #
z—I~ COST PO —sinx
The latter equals 1 when a = 1, so tan x is infinite of first order, for x — 57, with
1
respect to p(z) = = .
2 7

The principal part is indeed p(z).

6.12 Exercises

1. Discuss differentiability at the point xy indicated:

a) fle)=x+jz—1], 20=1 b) f(z)=sinlz], x0=0

N 71/’1:2 .

c) f(l)—{e LE#O, 20 =10 d) flz)=vV1+2®, zo=-1
0 x=0

2. Say where the following maps are differentiable and find the derivatives:

a) fla) =/l b) /()= cosla]

x2+1 ifz>0, 2?4+ —5 ifa>1,
¢) fla)= Q)| fla)=
ef—x ifr<0 r—4 ife <1

3. Compute, where defined, the first derivative of:
a) f(x)=3xV1+ x? b) f(x) =log|sinz|
2 1

¢) f(x)=cos (') d) /()

- zlogz

4. On the given interval, find maximum and minimum of:

a) f(z)=sinx+cosz, [0, 27]



202 6 Differential calculus

b) f($)=$2—|.’l3+1|—2, [_271]

5. Write the equation of the tangent at xo to the graph of the following maps:

a)| fl@)=log(3x—~2), @ =2 b) f(x):lf—zz, 2o =1
9] f@) =@, zy=0 d) f(x)zsiné7 xo:%

'6.| Verify that f(z) = 5z + 3 + 225 is invertible on R, f~' is differentiable on
the same set, and compute (f~1)'(0) and (f~1)'(8).

-

7. Prove that f(z) = (z — l)e”“‘2 + arctan(log x) + 2 is invertible on its domain
and find the range.

o

1 1
-| Verify that f(z) =1log(2+ z) + 2I—j—_2 has no zeroes apart from xo = —1.
z

9.| Determine the number of zeroes and critical points of

_zlogz —1

f(=)

x2

—

: 10. Discuss relative and absolute minima of the map
. 1
f(z) =2sinz + 3 cos 2x
on [0, 27].

Tl__ Find the largest interval containing o = % on which the function

=logz —
(@) =log — 1=
has an inverse, which is also explicitly required. Calculate the derivative of the
inverse at the origin.

: 12. Verify that
log(1+z) <z, VYo > —1.

15_ Sketch a graph for f(z) = 3z°—5023+135z. Then find the largest and smallest
possible numbers of real roots of f(z) + k, as k varies in the reals.

'14. Consider f(z) = z* — 2y/logz and
a) find its domain;
b) discuss monotonicity;
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c) prove the point (e* — 2, e) belongs to the graph of f~', then compute the
derivative of f~1 at e* — 2,

Regarding
22 -3

flz) = o1

a) find domain, limits at the domain’s boundary and possible asymptotes;
b) study the intervals of monotonicity, the maximum and minimum points,
specifying which are relative, which absolute;

c) sketch a graph;
d) define

{f(:z:+\/§) ifz >0,

Tr) =
flz —V3) ifz<0.

Relying on the results found for f draw a picture of g, and study its
continuity and differentiability at the origin.

'16. Given

fla) = /|z? — 4] -,

a) find domain, limits at the domain’s boundary and asymptotes;
b) determine the sign of f;

¢) study the intervals of monotonicity and list the extrema;

d) detect the points of discontinuity and of non-differentiability;
e) sketch the graph of f.

Consider

f(z) = e —1.

a) What does f(x) do at the boundary of the domain?
b) Where is f monotone, where not differentiable?

¢) Discuss convexity and find the inflection points.
d) Sketch a graph.

Let

fla)y=1-e"lol 42
e

be given.
a) Find domain and asymptotes, if any;
b) discuss differentiability and monotonic properties;

¢) determine maxima, minima, saying whether global or local;
d) sketch the graph.
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19. Given

f(z) = e(2® — 8o - 3| - 8),

determine

a) the monotonicity;

b) the relative extrema and range im f;

¢) the points where f is not continuous, or not differentiable;
d) a rough graph;

e) whether there is a real o such that

g(x) = f(z) — alz - 3]

is of class C' over the whole real line.

20.| Given
log |1 + «]
flo)=—"—75
(1+2x)
find
a) domain, behaviour at the boundary, asymptotes,
b) monotonicity intervals, relative or absolute maxima and minima,
¢) convexity and inflection points,
d) and sketch a graph.

21. Let
zlog |z|
flz) = ———.
(=) 1+ log? [z]
a) Prove f can be prolonged with continuity to R and discuss the differentia-
bility of the prolongation g;
b) determine the number of stationary points g has;
¢) draw a picture for g that takes monotonicity and asymptotes into account.

[ )
[ o]

Determine for

lz{ + 3

z—3

a) domain, limits at the boundary, asymptotes;

b) monotonicity, relative and absolute extremum points, inf f and sup f;
¢) differentiability;

d) concavity and convexity;

e) a graph that highlights the previous features.

f(z) = arctan

23. Consider the map
f(z) = arcsin \/W

and say
a) what are the domain, the boundary limits, the asymptotes of f(z);
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b) at which points the function is differentiable;

c) where f is monotone, where it reaches a maximum or a minimum;

d) what the graph of f(x) looks like, using the information so far collected.
e) Define a map f continuously prolonging f to the entire R.

6.12.1 Solutions

a) Not differentiable.

] The right and left limits of the difference quotient, for x — 0, are:

sinz — 0
lim —— =1, li
xino]+ z—0 mlnol z—0

sin(—x) — 0
7( ) =—-1.
Consequently, the function is not differentiable at xg = 0.

For x # 0 the map is differentiable and

2 2
fi(x) = —3671/1: .
T

Moreover lim0 flz) = lilrb f'(z) = 0, so f is continuous at zy = 0. By
r— r—
Theorem 6.15, it is also differentiable at that point.
d) Not differentiable.

Because
) x/x ifx >0,
o) ={ |
z/—x ifx <0,

f' is certainly differentiable at x # 0 with

f,(qj)_{g\/a ifz >0,

sv—w ifz<0.

The map is continuous on R (composites and products preserve continuity),
hence in particular also at z = 0. Furthermore, mli}rgl+ fi(z) = IEIEIW fi(z) =0,
making f differentiable at x = 0 , with f'(0) = 0.

b) Differentiable on R, f'(z) = — sinz.

2r ifx >0,

¢) Differentiable everywhere, f'(x) = { i
e —1 ifx <O.
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d] The map is clearly continuous for x # 1; but also at z = 1, since

lier(I2 +z—5)=f(1)=-3= lim (z —4).

r—1 r—1-

The derivative is .
, 2c+1 ifz>1,
fz) = .
1 ifex<l,
so f is differentiable at least on R\ {1}. Using Theorem 6.15 on the right- and
left-hand derivatives independently, gives

fll) = Il_i)nll+ flz)y=3, f(1)= lim f'(z)=1.

rz—1—

At the point z = 1, a corner, the function is not differentiable.

3. Derivatives:

522 + 3 _
SR ) #/(#) = cotan
1 1
¢) flz) = —9ze™ Hlgine® T1 d) f'(z) = _OZglwit
z2log’ z

1. Maxima and minima:
Both functions are continuous so the existence of maxima and minima is guaran-
teed by Weierstrass’s theorem.

a) Maximum value v/2 at the point z = %; minimum —+/2 at z = %’ﬂ'. (The

interval’s end-points are relative minimum and maximum points, not absolute.)
b) One has
flz) = {.’132+l'—1 ifr<—1,
2 —z-3 ifz>-—1.

The function coincides with the parabola y = (z + 3)* — & for z < —1. The

latter has vertex in (—%,—%) and is convex, so on the interval [-2, —1] of
concern it decreases; its maximum is 1 at x = —2 and minimum —1 at z = —1.
For z > —1, we have the convex parabola y = (z—3)?— 12 with vertex (3,-1).

Thus on [—1,1], there is a minimum point z = % with image f(%) = —%.

Besides, f(—1) = —1 and f(1) = —3, so the maximum —1 is reached at z = —1.

In conclusion, f has minimum —22 (for z = 1) and maximum 1 (at z = —2);
see Fig.6.16.
5. Tangent lines:
a) Since
3 3

f/(x):m, f(2) =log4, fl(2):Z’

the equation of the tangent is

y=7(2)+ /() ~2) =logd + 5(z ~2).
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b y:%

c) As
, B e2:1:+ o ‘
f(ff)—\/ﬁa f(0)=f(0)=e,

the tangent has equation

y=f0)+ f(0)r=e+ex.

d) y=n*(z— 1)
6. As sum of strictly increasing elementary functions on R, so is our function.

Therefore invertibility follows. By continuity and because lirin f(z) = +oo,
T— 100

Corollary 4.30 implies im f = R. The function is differentiable on the real line,
f'(z) =5+ 322 + 10z* > 0 for all * € R; Theorem 6.9 tells that f~! is differen-
tiable on R. Eventually f(0) =0 and f(1) = 8, so

O =5==5 and (B = TORECE

7. On the domain (0, +oc) the map is strictly increasing (as sum of strictly in-
creasing maps), hence invertible. Monotonicity follows also from the positivity of

Jla) = (207 -2+ e 4 ——
z(1 + log® x)

In addition, f is continuous, so Corollary 4.30 ensures that the range is an interval
bounded by inf f and sup f:

1nff-££r(r)1 f():—l——g+2:1—g, supf:xli’rfoof(x):%—oo.

Therefore im f = (1 — §, 4-00).
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3. The map is defined only for z > —2, and continuous, strictly increasing on the
whole domain as

1 N 2
z+2  (z+2)?

['(@) =

>0, Ve > —2.

Therefore f(z) < f(1) =0for x < 1 and f(z) > f(1) =0 for z > 1.

9. The domain is z > 0. The zeroes solve
. 1
zlogx —1=0 ie. loge = —.
T

If we set h(z) = logz and g(z) = 1, then

1
R(1)=0<1=g(1) and hie)=1> - =g(e);
e
Corollary 4.27 says there is an xy € (1,e) such that h{zg) = g(zg). Such a point
has to be unique because h is strictly increasing and g strictly decreasing. Thus f
has only one vanishing point, confined inside (1, ).
For the critical points, we compute the first derivative:

) = z2(logz + 1) — 2z(zlogz — 1) _z+2-zloga

4 3

The zeroes of f’ are then the roots of

2
r+2—xlogz=0 ie. logz = +I.

Let g(z) = 222 =1+ 2, whence

2 2
Me)=1<1+Z=ge) and h(e")=2>14 5 =g();

again, Corollary 4.27 indicates a unique %o € (e, e?) with h(Zy) = §(Zo) (unique-
ness follows from the monotonicity of & and g). In conclusion, f has precisely one
critical point, lying in (e, €?).

0. In virtue of the duplication formulas (2.13),

J'(z) =2cosz —sin2z = 2cosz(1 —sinx).

Thus f'(z) =0 whenz = and z = 3, f'(z) >0for 0 <z < I or 37 <z < 2m.
This says x = § is an absolute maximum point, where f(3) = %, while z = %w
gives an absolute minimum f(37) = —2. Additionally, f(0) = f(27) = § so the

=

boundary of [0, 27] are extrema: more precisely, z = 0 is a minimum point and

T = 27 a maximum point.

L1. Since f is defined on z > 0 with z # 1, the maximal interval containing
Tg= % where f is invertible must be a subset of (0, 1). On the latter, we study the
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monotonicity, or equivalently the invertibility, of f which is, remember, continuous
everywhere on the domain. Since

1 1 log’z+1

z  rlog’z  zlogiz '

it is immediate to see f'(x) > 0 for any z € (0,1), meaning f is strictly increasing
on (0,1). Therefore the largest interval of invertibility is indeed (0, 1).
To write the inverse explicitly, put ¢t = log z so that

+ 4y +4
y—t—-, f_gy_1=0, t=YEVYFL
t 2
and changing variable back to z,

yEVy2+4
e 2 .

Tr =

Being interested in = € (0, 1) only, we have

2
_ -1 _ y—vVyc+4
= f (y) =€ 2 i
or, in the more customary notation,

. B
y=fl@)=e = .

Eventually f~1(0) =e™!, so

1 1
—1y/ N —— =
0 = Fo = 56
12. The function f(z) =log(l + z) — x is defined on z > —1, and
i £) — — s li j = i — = — .
1—1313’11*' f(T) o, L_l.rilocf(’f) ZBTOC( I+O(I)) o0
As |
’ — 1= x .
fe) = =,

x = 0 is critical, plus f'(z) > 0 on z < 0 and f'(z) < 0 for x > 0. Thus
f increases on (—1,0] and decreases on [0, +oc); £ = 0 is the point where the
absolute maximum f(0) = 0 is reached. In conclusion f(z) < f(0) = 0, for all
z > -1

13. One checks f is odd, plus

f'(x) = 152" — 15022 + 135 = 15(z* — 1022 +9)
= 1522 = 1)(z* —9) = 15(z + 1)(z — I)(z + 3)(z — 3).

The sign of f’ is summarised in the diagram:
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I2 -] —t——-—

2 -9 e L e o, ——

What this tells is that f is increasing on (—oc, —3], [-1,1] and [3,+00), while
decreasing on [—3, —1] and [1,3]. The points z = —1, = 3 are relative minima,
z =1 and z = —3 relative maxima:

F)=—f(-1)=88 and  f(3)=—f(—3) = -216.

Besides,
lim f(z)= —o0, lim f(z)= +oc.

T——00 T— 100

The graph of f is in Fig.6.17.

The second problem posed is equivalent to studying the number of solutions of
f(z) = —k as k varies: this is the number of intersections between the graph of f
and the line y = —k. Indeed,

if k> 216 or k < —216 one solution

if K = +£216 two solutions
if k€ (-216,—-88) U (88, 216) three solutions
if k=188 four solutions
if k € (—88, 88) five solutions.

This gives the maximum (5) and minimum (1) number of roots of the polynomial
3z% — 5023 + 135z + k.

Figure 6.17. The function f(z) = 3z°% — 502> + 135z



6.12 Exercises 211

1

Figure 6.18. Graphs of g1(z) = logz and g2(z) = 628
z

14. Study of the function f(z) = z* — 2\/log x:

a) Necessarily z > 0 and logz > 0, i.e., z > 1, so dom f = [1, +-00).

b) From
F(2) 4z*/Togz — 1
r)= ——=
z/logzx
we have

1
fllz)=0 <= dat\logz=1 <= gl(:c)zlogx:@ = go(x).

On z > 1 there is an intersection zy between the graphs of g1, g» (Fig.6.18).
Hence f'(x) > 0 for x > xg, [ is decreasing on [1, xg], increasing on [zg, +-0¢).
This makes 2o a minimum point, and monotonicity gives f invertible on [1, 2]
and [zo. +00). In addition, g1 (1) =log1 =0 < 7= = g2(1) and g;(2) = log2 >
stz = g2(2), which implies 1 < zo < 2.

| As f(e) = e* — 2, the point (e* — 2, e) belongs to the graph of f !

U =D = g =

. Study of f(z) = Y23,

z+1

a) The domain is determined by 2 —3 > 0 together with z # —1, hence dom f =

(—o00, —v/3] U [V/3, +00). At the boundary pointS'

lim f(z)= I eyt - = m o4

r—too z—»ioo LL' 1 —|- z—»:too 7
lim f(z)= lim f(z)=
z——v3" z—v3%

so y = 1 is the horizontal right asymptote, ¥ = —1 the horizontal left asymp-
tote.
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' [}

1 1

/3

Figure 6.19. Graphs of f (left) and g (right) of Exercise 15

The derivative
z+3

(x +1)%vVz2 -3

vanishes at z = —3 and is positive for z € (=3, —v/3) U (v/3, +00). Thus f
is increasing on [—3, —v/3] and [v/3, +00), decreasing on (—oo,—3]; * = —3

fi(z) =

is an absolute minimum with f(-3) = —@ < —1. Furthermore, the points
z = +/3 are extrema too, namely z = —/3 is a relative maximum, z = v/3

a relative minimum: f(£v/3) = 0.
Fig.6.19 (left) shows the graph of f.

Right-translating the negative branch of f by v/3 gives g(z) for z < 0, whereas
shifting to the left the branch on z > 0 gives the positive part of g. The final
result is shown in Fig. 6.19 (right).

The map g is continuous on R, in particular

lim g(z) = lim f(z—V3)=f(-V3)=0= f(V3) = lim g(z).

z—0— x>0~ -0+
Since
lim g'(z)= lim f'(z)= lim f'(z)=+oc0
z—0% z—v/37 z——v3
¢ is not differentiable at z = 0.
Study of f(z) = /|z? — 4| — z:
The domain is R and

lim f(z)= lim il kA lim f(z)=+
1m = 1 —— = 1m ) = .
z——+00 * z—+o0o \/x2 — 4+ 1 ’ x——00 o0

Thus y = 0 is a horizontal right asymptote. Let us search for oblique asymp-
totic directions. As
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4
bm )~ i (—\/1——5—1>:—2,
z——00 T I— —00 T

2 _ 4— 2
lim (f(z)+2z)= lim ( z2 74+x> = lim T =0,
T——00 T——00 z——00 /72 4 —
the line y = —2z is an oblique left asymptote.

b) Tt suffices to solve v/|z? — 4|—x > 0. First, 1/|z? — 4] > z for any < 0. When

z > 0, we distinguish two cases: 2 —4 < 0 (so 0 <z < 2) and z? -4 > 0 (i.e.,
x> 2).
On 0 < z < 2, squaring gives

4— 72 > g2 — 72 -2<0 — 0<z<V2.

For « > 2, squaring implies 22 — 4 > 22, which holds nowhere. The function
then vanishes only at z = v/2, is positive on & < v/2 and strictly negative for

z > V2.

Since
fa) Vd—22 -z if -2<2<2,
xTr) =
2 —4—z fz<-2, 2>2,
we have
T 1 if2<z<2
Flay=4 Vi |
Y1 ifr<-2,z>2.
T2 —4

When —2 <z < 2, f'(2) > 0if z + V4 — 2% <0, that is v4 — 22 < —z. The
inequality does not hold for > 0; on —2 < = < 0 we square, so that

4—2? < g? — 2 —2>0 — —2<2< V2.

Hence f'(z) = 0 for z = —/2, f/(z) > 0 for -2 <z < —v2 and f'(z) < 0
when —v/2 <z < 2.

fr<—20rz>2 flz) >0ifz—+v2?2 -4 >0, 1e., Va? — 4 < z. The latter
is never true for x < —2; for z > 2, 2 > z? — 4 is a always true. Therefore
flx)y>0perz>2e f'(x) <0perz< -2

Summary: f decreases on (—oo, —2] and [—v/2, 2], increases on [—2, —/2] and
[2,400). The points © = £2 are relative minima, * = —/2 a relative maxi-
mum. The corresponding values are f(—2) = 2, f(2) = =2, f(—v2) = 2V?2,
so x = 2 is actually a global minimum.

As composite of continuous elementary maps, f is continuous on its domain.
To study differentiability it is enough to examine f’ for z — £2. Because

. ’ -
zl—lvn:é?f (l‘) = %%

at x = %2 there is no differentiability.
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Figure 6.20. The function f(z) = /|22 —4| -«

¢) The graph is shown in Fig. 6.20.

17. Study of f(z) = ve2* — 1:

a) The function is defined everywhere

lix}rl flx) = +o0 and lim f(z) = -1
h) The first derivative

, 2 e2a:
f'(z) = 3 (e — 1)

is positive for z € R\ {0}, and f is not differentiable at x = 0, for liH%) ()=
r—

+00. Therefore f increases everywhere on R.
¢] The second derivative (for z # 0)

4 e?® —3
" _ T2z
fi(x) = ge (e2= —1)5/3
vanishes at = § log3; it is positive when z € (—o0, 0) U (5 log3,+00). This
makes z = %log3 an ascending inflection, plus f convex on (—oo, 0] and
[2log 3, +00), concave on [0, 1log3]. Suitably extending the definition, the
point x = 0 may be acknowledged as an inflection (with vertical tangent).

1) See Fig.6.21.
18, Study Off(;];) =1 e—|z| + %:
Clearly dom f = R. As

el
s

lim e 1®l =0,
z—+o0

we immediately obtain
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Figure 6.21. The map f(z) = ¢e?* —1

zllvr:iloo f(x) = Foo,

lim i(x_): lim (l—e~‘1|+l>=ly

z—+o00 I z—too \ I x e e
T
1 - — |} = i — —lzl =
zllvrziloo <f($) e) zllvrinoo(l € ) L

This makes y = éx + 1 a complete oblique asymptote.
b) The map is continuous on R, and certainly differentiable for z # 0. As
e %+ ifzx>0,
flz) =

—e® + if x <0,

= @1

it follows

lim f'(z) = lim <—ez + 1) 1

z—0~ z—0~ S €
# lim f'(z) = lim e ® + Nt +1
z—0+ - r—0+ e o € ’

preventing differentiability at = = 0.

Moreover, for x > 0 we have f'(z) > 0. On z < 0, f'(z) > 0if & < =

215

1
e?

i.e., z < —1. The map is increasing on (—oo, —1] and [0, +00), decreasing on

~1, 0.

c¢) The previous considerations imply x = —1 is a local maximum with f(—1)

1 -2,z =0 alocal minimum where f(0) = 0.
d) See Fig.6.22.
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Figure 6.22. Graph of f(z) =1—e Il 4+ 2

19. Study of f(z) = e®(z* — 8|z — 3| — 8):

ol

The domain covers R. Since

fa) = {ez(:v2+8:v—32) ifz <3,

(2 — 8z +16) ifz >3,
we have
(e) e®(x? + 10z — 24) ifx <3,
) =
e (z* — 6z + 8) ifx>3.
Onz <3: f'(z) =0if 22 +10x—24=0,s0 x = =12 or z = 2, while f'(z) > 0
if £ € (—00,—12)U(2,3). Onz > 3: f'(z) =0if 22— 62 +8 =10, ie,z =4
(x = 2 is aroot, but lying outside the interval > 3 we are considering), while
fix)>0ifz € (4,+0).
Therefore f is increasing on the intervals (—oo, —12}, [2,3] and [4,400), de-
creasing on [—12,2] and [3,4].
From part a) we know = —12 and « = 3 are relative maxima, z = 2and z =4
relative minima: f(—12) = 16e!2, f(2) = —12¢?, f(3) = e and f(4) = 0. For
the range, let us determine

lim f(z)= lim e"(z* +8z—32)=0,

r——0Q r——0Q
lim f(z)= lim e*(2® — 8z + 16) = +oo.
r—+00 T—+00

Continuity implies

im f = [min f(z), sup f(z)) = [£(2), +00) = [-12¢*, +00).
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2.107* |

Figure 6.23. Graph of f(z) = ¢®(z® — 8|z — 3| — 8)

lim f'(z) = lim e"(z*+ 10z — 24) = 15¢3,

T—3" r—3"
lim f'(z) = lim e"(z* — 6z +8) = —¢°,
Jim fiz) = lim e"(z" — 62 +8) = —¢

sof is not differentiable at z = 3.

See Fig. 6.23; a neighbourhood of x = —12 is magnified.

') The function g is continuous on the real axis and

, (2 410z - 24) 4+ a ifxr <3,
g(x)=

e’ (2% — 62+ 8) — ife>3.

In order for g to be differentiable at z = 3, we must have

lim ¢'(z) = 15e3 = lim ¢'(2) = - —a;
Jm g (z) e ta g (x) e -«
the value o = —8e3 makes g of class C! on the whole real line.

Study of f(x) = W&

a) dom f =R\ {~1}. By (5.6) c)

lim f(z)=0"

r—+o0

217

'] No discontinuities are present, for the map is the composite of continuous
functions. As for the differentiability, the only unclear point is = 3. But
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|
|
i
Figure 6.24. Graph of f(z) = L%%%%pfr'
while oo
lim )= — = -—-.
z——1% f( ) 0t
From this, x = —1 is a vertical asymptote, and y = 0 is a complete oblique
asymptote.
} The derivative
1—2log |z + 1|
fl@)= ———=5—
(x+1)

tells that f(z) is differentiable on the domain; f'(z) = 0 if |z + 1| = /e, hence
forx = —1x+/e; f'(z) > 0if x € (—o0, —\/e—1)U(~1, \/e—1). All this says f
increases on (—oo, —/e—1] and (—1, —1+ /€|, decreases on [—/€~1,—1) and
[-1++/¢, +00), has (absolute) maxima at ¢ = —1++/e, with f(—1+£/€) = o

'] From

w, \_ —95+6logle+1]
fa) = (x+1)*

the second derivative is defined at each point of dom f, and vanishes at |z+1] =
%6, 50z = —14e%8. Since f”(z) > 0on z € (—o0, —1—e%/6)U(e?/6 -1, +0),
f is convex on (—o0o0, —1 — /6] and [e%/6 — 1, +00), while is concave on [~1 —
%8 —1) and (-1, €3/6 — 1]. The points z = —1 =+ €%/ are inflections.

) See Fig. 6.24.

. Study of f(z) = %%:

a) The domain is clear: dom f = R\ {0}. Since lin%) f(z) =0 (z ‘wins’ against the

logarithm) we can extend f to R with continuity, by defining g(0) = 0. The
function is odd, so we shall restrict the study to x > 0.
As far as the differentiability is concerned, when z > 0
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Figure 6.25. The functions h (left) and g (right) of Exercise 21

. logsw—log2x+logw+ L
B (1 4 log? )2 ’

f'(x)
with ¢ = log =, the limit reads

B3 —t2+t41 13
. ! . . Lo e . i
lim f'(z) = lim (1+2)2 Am o =0.

Therefore the map g, prolongation of f, is not only continuous but also dif-
ferentiable, due to Theorem 6.15, on the entire R. In particular ¢’(0) = 0.

) Part a) is also telling that * = 0 is stationary for g. To find other critical

points, we look at the zeroes of the map h(t) =3 —t?> +¢t 41, where t = logz
(z > 0). Since
lim h(t) = —o0, lim h(t) = +oo,
t— —00 t—oo
h(0) =1, R(t)=3t2-2t+1>0, VteR,
h is always increasing and has one negative zero tq. Its graph is represented in
Fig.6.25 (left).

Asty = logzg < 0, 0 < zp = !¢ < 1. But the function is odd, so g has two
more stationary points, zg and —xg respectively.

'] By the previous part g'(x) > 0 on (z¢,+00) and ¢'(z) < 0 on (0, zo). To

summarise then, g (odd) is increasing on (—oo, —xo] and [z¢, +00), decreasing
on [—xzg, To). Because
lim g(z) =4

T——+00
and |
lim M: lim Lﬂ;: lim ——= =0,
r—otoo I z—+o0 ] 4+ log T t—+oo 1 4+ 12

there are no asymptotes.
For the graph see Fig.6.25 (right).
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|z|+3

22. Study of f(x) = arctan " =:

a)

dom f =R\ {3}. The function is more explicitly given by

arctan — 3 _ arctan(—1) = —% itx <0,
T —
(o) = ;
arctan ifx >0,
I —
whence
lim f(z)= lim —E:—zr—, lim f(a:):arctanlzz,
T——00 T——00 4 T—+00 4
limf(z) = axctan 3~ = arctan(~o0) = 3
im f(z) = arctan — = arctan(—oc0) = ——,
r—3- 0~ 2
I — arctan — = arctan(+o0) = ~
Iggf(:v) = arctan o = arctan(+00) = 2.
Then the straight lines y = —7 , y = 7 are horizontal asymptotes (left and
right respectively).
| The map
0 ifz <0,

fl(@) = ,
_1'7—1—_9 ifz > 0, T # 3,

is negative on z > 0,  # 3, so f is strictly decreasing on [0,3) and (3, +00),

but only non-increasing on (—o00, 3). The reader should take care that f is

not strictly decreasing on the whole [0,3) U (3,4+00) (recall the remarks of

p. 194). The interval (—oo,0) consists of points of relative non-strict maxima

and minima, for f(z) = —%, whereas z = 0 is a relative maximum.
Eventually, inf f(z) = —7, sup f(z) = % (the map admits no maximum, nor
minimum).

-

/

[z| +3
z—3

Figure 6.26. The function f(z) = arctan
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;) Our map is certainly differentiable on R\ {0,3}. At z = 3, f is not defined; at

x =0, f is continuous but

. : . 3 1
S S =02 I T = i e =

showing that differentiability does not extend beyond R\ {0, 3}.

|} Computing

0 ifx <0,
f'(@) = 6z
(2?2 +9)2
reveals that f”(z) > 0 for z > 0 with  # 3, so f is convex on [0,3) and
(3, +00).

ifz>0, z#3,

.y See Fig. 6.26.

9. Study of f(x) = arcsin v/2e* — e2%:
a) We have to impose 2e” —e?® > 0 and —1 < v/2e% — e2¢ < 1 for the domain; the

first constraint is equivalent to 2—e* > 0, hence z < log 2. Having assumed that
square roots are always positive, the second inequality reduces to 2™ —e?* < 1.
With y = €%, we can write 42 — 2y + 1 = (y — 1)® > 0, which is always true.
Thus dom f = (—oo, log 2]. Moreover,

lim f(x)=0, f(log2) =0,

T——0Q

and y = 0 is a horizontal left asymptote.

b) From

e*(1 — e%) e*(1 —e%)

Ve (2 —en)(1 - 2% F %)  1/er (2 ot) (1 _ o)

fiz) =

log 2

Figure 6.27. The map f(z) = arcsin v/2e® — 2=
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xz

—_— if0<z<log2,
e®(2 — e%)
- X
c ifz <0,
e?(2 —e%)
we see that
Ii "(x) = — li "(z) = —1 li ") =1.
im @) =00, lim fi(z) , lim f(z)

In this way f is not differentiable at x = log 2, where the tangent is vertical,
and at the corner point z = 0.

¢) The sign of f’ is positive for ¢ < 0 and negative for 0 < z < log 2, meaning that

z = 0 is a global maximum point, f(0) = 7, while at = log2 the absolute

minimum f(log2) = 0 is reached; f is monotone on (-o0, 0] (increasing) and
[0, log 2] (decreasing).
d) See Fig.6.27.

e) A possible choice to extend f with continuity is

- if
0 ifx>log2.



¢

Taylor expansions and applications

The Taylor expansion of a function around a real point xy is the representation of
the map as sum of a polynomial of a certain degree and an infinitesimal function of
order bigger than the degree. It provides an extremely effective tool both from the
qualitative and the quantitative point of view. In a small enough neighbourhood of
x( one can approximate the function, however complicated, using the polynomial;
the qualitative features of the latter are immediate, and polynomials are easy to
handle. The expansions of the main elementary functions can be aptly combined
to produce more involved expressions, in a way not dissimilar to the algebra of
polynomials.

7.1 Taylor formulas

We wish to tackle the problem of approximating a function f, around a given point
o € R, by polynomials of increasingly higher degree.

We begin by assuming f be continuous at z¢. Introducing the constant poly-
nomial (degree zero)

T fo,zo(x) = f(x0), Yz € R,

formula (5.4) prompts us to write

f(@) =Tfoz(x)+0(1), z— x0. (7.1)

Put in different terms, we may approximate f around zo using a zero-degree-
polynomial, in such a way that the difference f(z) — T fo z,(z) (called error of
approzimation, or remainder), is infinitesimal at o (Fig. 7.1). The above relation
is the first instance of a Taylor formula.

Suppose now f is not only continuous but also differentiable at z: then the
first formula of the finite increment (6.10) holds. By defining the polynomial in z
of degree one



224 7 Taylor expansions and applications

f(zo) ¢ y =Tfo(z)

£To

Figure 7.1. Local approximation of f by the polynomial T'fo =T fo -,

T f1,20(x) = f(20) + ['(@0)(x — z0),
whose graph is the tangent line to f at zg (Fig. 7.2}, relation (6.10) reads

flx) =Tf12(x) +0(z — 20), = — xp. (7.2)

This is another Taylor formula: it says that a differentiable map at zg can be
locally approximated by a linear function, with an error of approximation that
not only tends to 0 as £ — zg, but is infinitesimal of order bigger than one.

A y= f{IJ

y=Thiz)

fzo)

o

Figure 7.2. Local approximation of f by the polynomial T'f; = T fi1 4,



7.1 Taylor formulas 225

In case f is differentiable in a neighbourhood of zg, except perhaps at zg, the
second formula of the finite increment (6.12) is available: putting x; = g, T2 = 2
we write the latter as

f(@) = T foz(2) + f'(2) (2 = 20), (7.3)

where Z denotes a suitable point between zg and z. Compare this with (7.1): now
we have a more accurate expression for the remainder. This allows to appraise
numerically the accuracy of the approximation, once the increment  — zg and an
estimate of f' around zy are known. Formula (7.3) is of Taylor type as well, and
the remainder is called Lagrange’s remainder. In (7.1), (7.2) we call it Peano’s
remainder, instead.

Now that we have approximated f with polynomials of degrees 0 or 1, as
z — z¢, and made errors o(1) = o((z — z9)") or o(z —zq) respectively, the natural
question is whether it is possible to approximate the function by a quadratic
polynomial, with an error 0((:13 — zg)z) as £ — xg. Equivalently, we seek for a real
number a such that

f(z) = f(zo) + [ (z0)(x — o) + alz — x0)* + o((z — x0)?), z—mz0. (7.4)
This means

lim f@) = f(xo) — f'(mo)(x — x0) — afz — z0)?

=0.
e (z — 70)?

By de I'Hépital’s Theorem, such limit holds if

lim f'(x) = f(zo) — 2a(x — x0)
@ o 2(z — xo)

=0,

i.e.,
/ _
iy (1))
z—zo \ 2 T — Xo
or 1 7 ’
L) )
2 z—1z0 T — X

We conclude that (7.4) is valid when the right-hand-side limit exists and is finite: in
other words, when f is twice differentiable at zg. If so, the coefficient a is %f "(zp).
In this way we have obtained the Taylor formula (with Peano’s remainder)

Jl[(.i‘) = T‘If.-z‘_.‘.”{.}.’) -+ ()((.I' = .{'())2). €T =* Ip, (75)

where )
T fa,zo(x) = f(z0) + f(z0)(z — 20) + if”(xo)(x — z0)?

is the Taylor polynomial of f at zy with degree 2 (Fig.7.3).
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A y=f(z)
y=T/fa(x)
flxo) i . e
! :
i :

o

Figure 7.3. Local approximation of f by T fo = T fa 2,

The recipe just described can be iterated, and leads to polynomial approxima-
tions of increasing order. The final result is the content of the next theorem.

Theorem 7.1 Let n > 0 and f be n times differentiable at xg. Then the
Taylor formula holds

(@) =T fame (@) + o((x — 20)"), z— =0, (7.6)

where

T foaa@) = Y 35 (@0) (& = 20)"
k=0 """ (7.7)

= f(zo) + f'(mo)(x — o) + ... + %f(”)(xg)(:r — o)™

The term T'f,, z,(z) is the Taylor polynomial of f at z, of order (or degree)
n, while o((z — z0)™) as in (7.6) is Peano’s remainder of order n. The repre-
sentation of f given by (7.6) is called Taylor expansion of f at zy of order n,
with remainder in Peano’s form.

Under stronger hypotheses on f we may furnish a preciser formula for the
remainder, thus extending (7.3).
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Theorem 7.2 Let n > 0 and f differentiable n times at xo, with continuous
nth derwative, be given; suppose f is differentiable n + 1 times around x,
except possibly at xo. Then the Taylor formula

1

mf(”“)(i)(m — zo)"*, (7.8)

f(i:) T Tfn.zo ($) =t

holds, for a suitable & between xy and x.

This remainder is said Lagrange’s remainder of order n, and (7.8) is the Taylor
expansion of f at zg of order n with Lagrange’s remainder.
For proofs regarding Theorems 7.1 and 7.2 see ~» Taylor expansions.

A Taylor expansion centred at the origin (zo = 0) is sometimes called Maclau-
rin expansion. A useful relation to simplify the computation of a Maclaurin
expansion goes as follows.

Property 7.3 The Maclaurin polynomial of an even (respectively, odd) map
involves only even (odd) powers of the independent variable.

Proof. If f is even and n times differentiable around the origin, the claim follows
from (7.7) with 2y = 0, provided we show all derivatives of odd order
vanish at the origin.

Recalling Property 6.12, f even implies f’ odd, " even, ' odd et cetera.
i . . . vativee £12k) o : ' . o i oo fl2k+1

In general, even-order derivatives f'“*/ are even functions, whereas f!

are odd. But an odd map g must necessarily vanish at the origin (if defined

there), because x 0 in g(—x) g(x) gives g(0) g(0), whence
g(0) = 0.
The argument is the same for f odd. O

7.2 Expanding the elementary functions

The general results permit to expand simple elementary functions. Other functions
will be discussed in Sect. 7.3.

The exponential function
Let f(x) = e®. Since all derivatives are identical with e®, we have f*)(0) = 1 for
any k > 0. Maclaurin’s expansion of order n with Peano’s remainder is

2 k

€T
B i 7.9
ef =1+t +k,+ + +o kz_ok'Jr (7.9)
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Using Lagrange’s remainder, we have

T ,A’ T

T e

e — Sl e e for a certain # between 0 and z. 7.10
;} (n+1)! ¢ (7.10)

Maclaurin’s polynomials for € of order n = 1,2, 3,4 are shown in Fig. 7.4.

Remark 7.4 Set z = 1 in the previous formula:

"1
Z— (con 0 <z < 1).
— k! n+

For any n > 0, we obtain an estimate (from below) of the number e, namely
"1
en = L (7.11)
k=0
because 1 < e < e < 3 moreover, the following is an estimate of the error:

<e— < —.
TS )

In contrast to the sequence {a, = (1+ %)n} used to define the constant e, the
sequence {e,} converges at the rate of a factorial, hence very rapidly (compare

Tables 7.1 and 3.1). Formula (7.11) gives therefore an excellent numerical approx—
imation of the number e. :

(n+1)!

‘ T
! T f4
T f2
Tfs Th
T/, |
[0
Tfs T f

Figure 7.4. Local approximation of f(z) =€* by Tfn =T fno forn=1,2,34



7.2 Expanding the elementary functions 229

3

€n

1.0000000000000
2.0000000000000
2.5000000000000
2.6666666666667
2.7083333333333
2.7166666666667
2.7180555555556
2.7182539682540
2.7182787698413
2.7182815255732
2.7182818011464

O~ DU W N =D

—
o

Table 7.1. Values of the sequence {e,} of (7.11)

The expansion of f(z) = e® at a generic z¢ follows from the fact that f)(zq) = e

0 (= _—:E(])g +...+ €™ _(:r: =l

e’ = e™ + e (x — xq) + ¢ |
2 n!

+ o((z — zo)™)
n iy (.L' g :Iff))k

x + o((z — zo)").

b
Il

0

The logarithm

The derivatives of the function f(z) =logx are

—o )= (D, ) = (1) (-2,

and in general,

Thus for k > 1,

and the Taylor expansion of order n at zg =1 is

Ll e

Z z—1)F
i Z(—l)k_l—"—"m( kl) +o((z — 1)").
k=1

o((z—1)")

logz = (x—1) —

(7.12)
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. Tfs Tfi
f
Tf
Tf>
Thils | Tfs Tf2
i

Figure 7.5. Local approximation of f(z) =log(l + z) by T'fn =T fa,0 for n = 1,2,3,4

Let us change the independent variable £ — 1 — x, to obtain the Maclaurin ex-
pansion of order n of log(1 + )

T
et (=) = + o(z™)

n (7.13)
2:(—1);‘_1 % + o(z™).
k

log(1 + )

I

&
|

|

_|_

The Maclaurin polynomials of order n = 1,2, 3,4 for y = log(1+z) are represented
in Fig. 7.5.

The trigonometric functions

The function f(z) = sinz is odd, so by Property 7.3 its Maclaurin expansion con-
tains just odd powers of x. We have f'(z) = cosz, f(z) = —cosz and in general
fEEFD () = (—=1)* cosz, whence f(*+1)(0) = (—1)*. Maclaurin’s expansion up
to order n = 2m + 2 reads

-3 AR '1.3 :Ua 1 T ;I'IZNF'—] _2m+42
bllll—$—§+5!— +(—) m-ﬁ-ﬂ(& )
1% : g:2k+1 S (7‘14)
e )R e (pettba,
kgﬂ( Leprn 0 )

The typical structure of the expansion of an odd map should be noticed. Maclau-
rin’s polynomial T fo;my20 of even order 2m + 2 coincides with the polynomial
T fam 1,0 of odd degree 2m + 1, for f@™+2)(0) = 0. Stopping at order 2m + 1
would have rendered
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T T
T fi Tfs ¢ Tfs Ths “Tf

v =

ThHh ~Ths Tfs | Tfs T fua
T fo T fq
Figure 7.6. Local approximation of f(z) = sinz by polynomials T fom+1 = T fom+1,0
with0<m <6

m
$2k+1

: _ 1Yk~ 2m+1
sma:—kz:;)( 1) (2k+1)!+o(x ),

to which (7.14) is preferable, because it contains more information on the remain-
der’s behaviour when x — 0. Figure 7.6 represents the Maclaurin polynomials of
degree 2m + 1, 0 < m < 6, of the sine.

As far as the even map f(x) = cosx is concerned, only even exponents appear.
From f"(x) = —cosz, f®(x) = cosz and fP¥(z) = (=1)Fcosz, it follows
fF)(0) = (~1)*, so Maclaurin’s expansion of order n = 2m + 1 is

2 4 e

T T el
cosz=1-——+ + (-1) Gm))

5 ? — ... + o(z?™*1)

m =

.
> G (2k)!

k=0

e

The considerations made about the sine apply also here. Maclaurin’s polynomials
of order 2m (1 < m < 6) for y = cosz can be seen in Fig.7.7.

Power functions

Consider the family of maps f(z) = (1 + 2)® for arbitrary a € R. We have

f(2) = a(l + )
1"(@) = afe = 1)(1 +2)°
1"(@) = aa = D= 2)(1 +2)"
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Tfs T fs
T fiz Tfi | Tfa T fi2

T fio T f2 Tf T fio
T fs T fe
Figure 7.7. Local approximation of f(z) = cosz by T fom = T fom,0 when 1 <m <6

From the general relation f®)(z) = a(la —1)... (o — k+ 1)(1 + 2)*~* we get

0 ala—1)---(a-—k+1)
f(0)=1, R X fork>1.
At this point it becomes convenient to extend the notion of binomial coefficient

(1.10), and allow « to be any real number by putting, in analogy to (1.11),

(rr) L (ﬂ') L ala—1)---(a—k+1) b (7.16)

0 k k!

Maclaurin’s expansion to order n is thus

2 n

(14+z)*=14az+ M:I:Q AS o ar (a):r” + o(z™)
(7.17)

Let us see in detail what happens for special values of the parameter. When
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—

T Tfs _ f
-
1
T T/,
Tf,
Tf
sy i

-1 |0

Figure 7.8. Local approximation of f(z) =1+ x by Tfon =T fapo forn=1,2,3,4

SO

n

1 j_ i l—-z+2>—...4+(-1)"z" + o(z") = ,\szo(_l}kmk +o(z™). | (7.18)

Choosing o = % gives

) _2G-D_ 1 1
2 2 8’ 3

and the expansion of f(x) = /1 + z arrested to the third order is

1 1, bt .
Vitz=1+ -z — 2%+ =23 + o(2?).
2 3 16

The polynomials of order n = 1,2, 3,4 are shown in Fig. 7.8.

For conveniency, the following table collects the expansions with Peano’s re-
mainder obtained so far. A more comprehensive list is found on p. 426.

] <t rh

. H HE
ef=1+z+—+...+—=+...+ — +o(z"
e k! A

log(l+2z) =z — iz— sl (‘])H_I%' + o(z™)
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3. aus 2m+1
aimy e — _£ :_L_____ L2 m‘fi 2m+-2
sinz = x 3!+51 S (2m+1)!+o(x )
2 4 2m
B e 1y E 2m+1
cosx = 1 sy k(1) (2m)!+0($ )
—1) .
{1+:{:)“:1+(xﬂ:+(—1~(2-2——~)~:52+...+(2):}:“4—0(:}:")
1 2 n,.n n
H—Tzl—x—{ma: — .+ (=1)"2™ + o(z™)
1 1 1
\/1+x=1+§m—§$2+ﬁx3+0(x3)

7.3 Operations on Taylor expansions

Consider the situation where a map f has a complicated analytic expression, that
involves several elementary functions; it might not be that simple to find its Taylor
expansion using the definition, because computing derivatives at a point up to a
certain order n is no straighforward task. But with the expansions of the elemen-
tary functions at our avail, a more convenient strategy may be to start from these
and combine them suitably to arrive at f. The techniques are explained in this
section.
This approach is indeed justified by the following result.

Proposition 7.5 Let f : (a,b) — R be n times differentiable at xy € (a,b).
If there exists a polynomial P,, of degree < n, such that

f(@) = Pa(z) + o((z — 20)™) for & — xo, (7.19)

then P, is the Taylor polynomial T, = T f,, o, of order n for the map f at xo.

Proof. Formula (7.19) is equivalent to
P.(z) = f(z) + ¢(x). with o(z) = o((z — .f'“)”) for x — xq.
On the other hand, Taylor’s formula for f at xg reads
To(z) = f(z) + ¥(x), with ¥(z) = r;(['\.:' —z0)").
Therefore
Po(x) = Th(z) = p(z) —yY(z) =o((z — .r‘”:]”}. (7.20)
But the difference P,(z) — T,,(x) is a polynomial of degree lesser or equal

than n, hence it may be written as
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T

1'”,-.!__.!'] J".r () = E Crlx —xg)".
k=0
The claim is that all coefficients ¢;. vanish. Suppose, by contradiction, there
are some non-zero ¢, and let m be the smallest index between 0 and n
such that ¢, # 0. Then

SO
i Y m i \ n
P.(r)—T,(x) — .
lx — xp )™ )
: k=m+1
by factoring out (x — zg)™. Taking the limit for x — xzy and recalling

(7.20), we obtain
in contrast with the assumption.

The proposition guarantees that however we arrive at an expression like (7.19)
(in a mathematically correct way), this must be exactly the Taylor expansion of
order n for f at zq-

Example 7.6
Suppose the function f(z) satisfies
1
flzy=2-3-2)+ (z - 2)2 — Z(ar — 2)3 + o((x — 2)3) for z — 2.

Then (7.7) implies

- oy 2 fre) 1
hence

a

f)y=2, f©2)=-3 ff(2=2 "2 = _%

For simplicity we shall assume henceforth xzg = 0. This is always possible by a
change of the variables, z — t = & — x.

Let now
flz)=ao+ a1z + ... + az™ + o(z™) = pp(z) + o(z™)

and
g(x) =bo + b1z + ... + bpz™ + o(z™) = gu(z) + o(z™)

be the Maclaurin expansions of the maps f and g.
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Sums

From (5.5) a), it follows

f(z) £ g(z) = [pn(z) + o(a™)] £ [gn(T) + o(z™)]
= [pn(x) £ gu(z)] + [0(2™) £ o(2™)]
= pn(2) £ gu(z) + o(a™).

The expansion of a sum is the sum of the expansions involved.

Example 7.7

Let us find the expansions at the origin of the hyperbolic sine and cosine, intro-
duced in Sect. 6.10.1. Changing x to —z in
2 2272 oms
=1 —t otV "
e tot+ o+ +(2n+2)!+0($ )
gives
2 2n+2
x x
Tl — In+2)
¢ ) Gnrzy ToE)
Thus
1 l‘3 $5 $2n+1
i h = (e —e™% = N —_ —_ 2n+2.
sinhz =" —e™) =et g h gt g T
Similarly,
1 z?2 " on
_ T {aT -\ __ el - +1
cosha:-—2(e +e )—1+2+4!+...+—(2n)!+0(z )
The analogies of these expansions to sinz and cos z should not go amiss. i

Note that when the expansions of f and g have the same monomial terms up to
the exponent n, these all cancel out in the difference f — ¢. In order to find the first
non-zero coefficient in the expansion of f — g one has to look at an expansions of f
and g of order n’ > n. In general it is not possible to predict what the minimum n’
will be, so one must proceed case by case. Using expansions ‘longer’ than necessary
entails superfluous computations, but is no mistake, in principle. On the contrary,
terminating an expansion ‘too soon’ leads to meaningless results or, in the worst
scenario, to a wrong conclusion.

IExample 7.8
Determine the order at 0 of
h(z)=¢"—V1+2z

by means of Maclaurin’s expansion (see Sect. 7.4 in this respect).
Using first order expansions,

flx) =€ =142+ o),
g(@) =V1+2r=1+z+0(2),
leads to the cancellation phenomenon just described. We may only say
h(z) = o(),




order

then

Products

f(x):ezzl—l—x-l-%vLo(xZ)
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2

2

h(z) = 2% + o(z?)

Using (5.5) d) and then (5.5) a) shows that

shows h(x) is infinitesimal of order two at the origin.

g(x):\/1+2:£:1+x—%+o(x2),

which is clearly not enough for the order of h. Instead, if we expand to second

The product p,(x)¢,(x) contains powers of z larger than n; each of them is an
o(z™), so we can eschew calculating it explicitly. We shall write

pn(x)Qn(x) =Tn (T) + ()($n)7

intending that r,(z) gathers all powers of order < n, and nothing else, so in

conclusion

Example 7.9

at the origin. Since

it follows
22
8

2
:<1+x—|-—~

2 8

f(@)g(e) = ra(z) + o(z™).

Expand to second order

gla) = " = 1+ 2+ +o(a?),

X x
h(z) = ARG Y (RIS
(x) <1+2 ><—|—1+2

)+ (;

h{z) =

2

_’_|_£+
2 2

3 7 .
=14 -z + -2+ o(z?).

vV1+ze®

2 8
2

) + o(x?)

fo)=vITa=14+2-% 4,

(%),

&

) + o(z?)
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The boxed terms have order larger than two, and therefore are already accounted
for by the symbol o(z?). Because of this, they need not have been computed
explicitly, although no harm was done. o

Quotients

Suppose g(0) # 0 and let

for which we search an expansion
h(z) = ro(z) + o(z™), with r,(z) = Z crz®.
k=0

From h(z)g(r) = f(z) we have

0 (2)gn(z) + o(z™) = pn(z) + o(z").
This means that the part of degree < n in the polynomial r,(x)g,(x) (degree 2n)
must coincide with p,(z). By this observation we can determine the coefficients ¢
of r,(z) starting from ¢y. The practical computation may be carried out like the

division algorithm for polynomials, so long as the latter are ordered with respect
to the increasing powers of x:

bo + b1z + bex? + ... + byz™ + o(z™)
co + 1T + ... + cpx™ + o(z™)

ao + a1z + a2 + ... + a,z™ + o(z™)
ao + ajx + aha® + ... + alz" + o(z™)
0+ a1z + dpz? + ... + anz™ + o(z™)
a1z + aya? + ...+ a,z™ + o(z™)

JExamples 7.10

eI

=—— - B
3+2log(ltz)

(7.9), (7.13), we have e* =1+ z + Jz* + o(2?), and 3+ 2log(1 + z) =3+ 2z —

z? + o(x?); dividing

i) Let us compute the second order expansion of h(z)

3+ 2z — 2% + o(2?)

3+ sz + Ha? 4 o(z?)

1+z+%12+012

1+§z—%zz+ox2
1. .52 2
3T+ gz°+o

(z%)

(z%)

(z%)

iz 4 22% + o(z?)
(%)

(=%)

)

9
11,2 2
8T + oz

#o? 4 o(x?
- 2\
(x

o

produces h(z) = 3 + sz + 572 + o(z?).



7.3 Operations on Taylor expansions 239

ii) Expand h(z} = tanz to the fourth order. The function being odd, it suffices
to find Maclaurin’s polynomial of degree three, which is the same as the one of
order four. Since

3 2
sinx:w—g—l—o(aﬁ?’) and cos:czl—?—f—o(x?’),
dividing
T — %3 +o(z) | 1- %—}—0(:53)
x— ”’—;—}—o(x?’) x—}—g—a—f—o(:ﬂ?’)
3
L+ o(a?)
% + o(x?)
o(z?®)
yields
72 3 T i
tanz =z + 3 +o(z) =2z + 3 + o(z™) .
Composite maps
Let

f(x) = a1z 4 agz® + ... + apz™ + o(z™)

be the Maclaurin expansion of an infinitesimal function for  — 0 (hence ag = 0).
Write
9(y) =bo+bry + .. + bny™ + o(y")

for a second map g(y). Recall
o(y™) stands for an infinitesimal of bigger order than y" asy — 0,
which can be written
o(y™) = y"o(1) with o(1) — 0 for y — 0.

Now consider the composition h(z) = g(f(z)) and substitute y = f(z) in the
expansion of g(y):

9(f(@)) = bo + br f(z) + b f(@)] + .. + bl ()] + [f (2)]"0(1).

As f(z) is continuous at 0, y = f(z) — 0 for £ — 0, so o(1) — 0 for z — 0 as
well. Furthermore, expanding

f(@)]" = aya” +ofz")

yields

[f(@)]" (1) = o(z™) per ¢ — 0.
The powers [f(x)]F (1 <k < n), expanded with respect to x up to order n, provide
the expression of g(f(z)).
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Examples 7.11

i) Calculate to order two the expansion at 0 of
h(z) = evite—1,

Define
2
f(x)zm—1:f;--%+o(x2),
g(y)=ey:1+y+y;+0(y2)-
Then
W) =14 [® z? 9 1(z x? 2\’ 9
(l‘)— +<§—§+O(I)>+§(§—§+O(CE)) +O(l‘)
2 2
=1+ <§ - % + o(a;2)) + % (%— + 0(:1:2)> + o(z?)

=1+ g + o(z?).

ii) Expand to order three in 0 the map
1

h(z) = —————.
(2) 1+ log(l+ )
We can view this map as a quotient, but also as the composition of

2?2 2® 3
fle) =log(1 +2) =7~ = + %+ o(a?)
with
1
= — =1- 2,3 3 ]
9(y) T+ y+y -y +oy”)
It follows
2 3 2 3 2
hiz) =1-— (:1:—%-%%——1—0(:1:3)) + <x—%+%+o(:p3)>
2 3 3
- (:1: — % + % + 0(:1;3)> + o(z?)
—1_{._ 1_2 5’3_3 3 2_ .3 3V _ (.3 3 3
= x 2—{—3—{—0(:1:) + (2 — 2% + o(z%)) — (2 + o(z?)) + o(z®)
RY A
:1—:1:—1—%-——;:—-{—0(3:3).
Remark 7.12 If f(z) is infinitesimal of order greater that one at the origin, we

can spare ourselves some computations, in the sense that we might be able to
infer the expansion of h(z) = g(f(z)) of degree n from lower-order expansions of
g(y). For example, let f be infinitesimal of order 2 at the origin (a; =0, ay # 0).
Because [f(z)]* = akz? + o(22¥), an expansion for g(y) of order % (if n even) or
24l (n odd) is sufficient to determine h(z) up to degree n. (Note that f(z) should

be expanded to order n, in general.)



7.3 Operations on Taylor expansions

Example 7.13

Expand to second order
h(z) = Veosz = /1 + (cosz — 1).
Set
2
flz)=cosz —1= Y + o(x?) (2nd order)
gly) =+/1+y=1+ % +o(y) (1st order).
Then
1 z? 5 9
h(z) =l+si-7 +o(z%) | + o(z”)
22
=1- 7+t o(x?) (2nd order).
Asymptotic expansions (not of Taylor type)

241

In many situations where f(z) is infinite for £ — 0 (or z — ) it is possible
to find an ‘asymptotic’ expansion of f(z) in increasing powers of  (x — xo), by

allowing negative powers in the expression:

a—m

a_ a_
flx)= o + y:l_il +..+ 71 +ag+arz+ ...+ az™ +o(z").

This form helps to understand better how f tends to infinity. In fact, if a_,,, # 0,

f will be infinite of order m with respect to the test function z*.

1
———, which is infinitesimal for z — 0.
flz)

We explain the procedure with an example.
Example 7.14
Let us expand ‘asymptotically’, for x — 0, the function
1
)= .
[@)=
The exponential expansion arrested at order three gives
2 3
- x x

e” — :$+—2-+F+o(x3)

2
:$<1+g+%+o(aj2)>,
1 1
flz) == 2 :
x1+z+x_+o($2)
2 6
The latter ratio can be treated using Maclaurin’s formula
1

—— =1-y+y*+o(y?);
T+ 7 Yty ()

8O

To a similar expansion one often arrives by means of the Taylor expansion of
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by putting

[ =)

x
: . 6
in fact, we obtain

f(x):l<1—g+f—2+o( ))=§—%+E+o()

the asymptotic expansion of f at the origin. Looking at such expression, we can
deduce for instance that f is infinite of order 1 with respect to o(z) = %, as
z — 0.

Ignoring the term z/12 and writing f(z) =
to the hyperbola

1 — 2 4 0o(1) shows f is asymptotic

7.4 Local behaviour of a map via its Taylor expansion

Taylor expansions at a given point are practical tools for studying how a function
locally behaves around that point. We examine in the sequel a few interesting
applications of Taylor expansions.

Order and principal part of infinitesimal functions
Let
flx)=ap+ta(z—z0)+ ... +anz —z0)" + 0((x — xo)”)
be the Taylor expansion of order n at a point zo, and suppose there is an index m
with 1 < m < n such that
Q=01 = ... = Q1 = 0, but a,, #0.
In a sufficiently small neighbourhood of g,
f(@) = am(z —20)™ + o((z — z0)™)

will behave like the polynomial

p(z) = am(z — z0)™,

which is the principal part of f with respect to the infinitesimal y = z — z¢. In
particular, f(z) has order m with respect to that test function.

Example 7.15

Compute the order of the infinitesimal f(z) =sinz — zcosz — %me’ with respect
to ¢(z) = z as x — 0. Expanding sine and cosine with Maclaurin we have
1
flx)= ——3—0x5 +o(z®), = —0.
Therefore f is infinitesimal of order 5 and has principal part p(z) = 310x5
The same result descends from de I’'Hépital’s Theorem, albeit differentiating ﬁve
times is certainly more work than using well-known expansions.
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Local behaviour of a function
The knowledge of the Taylor expansion of f to order two around a point xg,

f(z) =ao+ ar(z — x0) + az(z — z0)* + 0((37 - 1:0)2) , T — 20,

allows us to deduce from (7.7) that

f(zo) = ao, f(zo) =a1, [ (o) = 2az.

Suppose f is differentiable twice with continuity around zq. By Theorem 4.2 the
signs of ag, a1, az (when # 0} coincide with the signs of f(z), f'(z), f"(x), respec-
tively, in a neighbourhood of xy. This fact permits, in particular, to detect local
monotonicity and convexity, because of Theorem 6.26 b2) and Corollary 6.37 b2).

Example 7.6 (continuation)

Return to Example 7.6: we have f(2) > 0, f/(2) < 0 and f”(2) > 0. Around
xp = 2 then, f is strictly positive, strictly decreasing and strictly convex. ]

We deal with the cases a1 = 0 or as = 0 below.

Nature of critical points
Let g be a critical point for f, which is assumed differentiable around zy. By
Corollary 6.27, different signs of f’ at the left and right of g mean that the point
is an extremum; if the sign stays the same instead, xy is an inflection point with
horizontal tangent.

When f possesses higher derivatives at zg, in alternative to the sign of f’
around zg we can understand what sort of critical point x¢ is by looking at the
first non-zero derivative of f evaluated at the point. In fact,

Theorem 7.16 Let [ be differentiable n > 2 times at xy and suppose

fl(xo) =...= f™mV(zq) =0, F™(z20) #0 (7.21)
for some 2 < m < n.

i) When m is even, xq is an extremum, namely a mazimum if f'™ (zo) < 0,
a minimum if ) (xzq) > 0.

it) When m is odd, xy is an inflection point with horizontal tangent; more
precisely the inflection is descending if f'™(xg) < 0, ascending if
f[m}(_?.“} > 0.

Compare f(z) and f(xg) around xg. From (7.6)-(7.7) and the assumption
7.21), we have
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But r,ll:' lx — xn)™ , lx —xp)™oll), so
fla | \ 1 rn i - /
L Ii.
for a suitable h(x), infinitesimal when & — xy. Therefore, in a sufficiently
small neighbourhood of zg, the term in square brackets has the same sign
as [ (xq). hence the sign of f(x) — f(xg). in that same neighbourhood,
is determined by f'""(xg) and (x — x¢)™. Examining all sign possibilities

proves the claim.
Example 7.17
Assume that around zg = 1 we have
fl@)=2-15(z — 1)* +20(z — 1)°> + o(z — 1)°). (7.22)
From this we deduce
() =f"1)=f"1)=0, but fH(1)=-360<0.

Then z is a relative maximum (Fig. 7.9, left).
Suppose now that in a neighbourhood of z; = —2 we can write

f(@)=3+10(z +2)° ~35(z +2)" + o((z +2)7). (7.23)
Then
F(=2)=f"(=2) = f"(-2) = fD(=2) =0, and fO(-2)=10-5!>0,
telling z; is an ascending inflection with horizontal tangent (Fig. 7.9, right).

Points of inflection

Consider a twice differentiable f around zg. By Taylor's formulas we can decide
whether xy is an inflection point for f.

First though, we need to prove Corollary 6.38 stated in Chap. 6, whose proof
we had to postpone to the present section.

1 ~2

Figure 7.9. The map defined in (7.22), around zo = 1 (right), and the one defined in
(7.23), around zg = —2 (left)
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Proof. a) Let xy be an inflection point for f. Denoting as usual by y = t(z) =
flxzo) + f(xz0)(xz — o) the tangent line to f at xg, Taylor’'s formula (7.6)
(n =2) gives

! ; ) 2
flz) —t(z) = ;.f'”{-f'n)(-f' —x0)° + o((z — 20)?),

which we can write
/ \ 2 1 "o . PR
f(z) —t(z) = (x — x)? {jf (zg) + h L.:')}

for some infinitesimal h at xo. By contradiction, if f”(z¢) # 0, in an arbi-
trarily small neighbourhood of zg the right-hand side would have constant
sign at the left and right of xg; this cannot be by hypothesis, as f is
assumed to inflect at axq.

b) In this case we use Taylor’s formula (7.8) with n = 2. For any = # xg,
around xy there is a point z, lying between xg and x, such that

flz) —t(x) - -i.)"”{.;r)(.r‘ - 2g)2.

Analysing the sign of the right-hand side concludes the proof. |

Suppose, from now on, that f”(zg) = 0 and f admits derivatives higher than
the second. Instead of considering the sign of f” around zg, we may study the
point zg by means of the first non-zero derivative of order > 2 evaluated at zg.

Theorem 7.18 Let f be n times differentiable (n > 3) at xo, with
il — 7 o) =0 R0 D (7.24)

for somem (3 <m < n).

i) When m is odd, xo is an inflection point: descending if ™ (zo) < 0,
ascending if f™ (o) > 0.
i) When m is even, xo is not an inflection for f.

Proof. Just like in Theorem 7.16, we obtain

J{-(m] [J'U}

flz) —t(z) = (x — xp)™ { + h(z)

m!

where h(z) is a suitable infinitesimal function for & — xy. The claim follows
from a sign argument concerning the right-hand side. O
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y = t(x
y = t(z) v = 1)

Figure 7.10. Local behaviour of the map (7.25)

Example 7.19
Suppose that around zo = 3 we have
flz) = =2+ 4(z — 3) — 90(z — 3)° + o((z — 3)°). (7.25)

Then f”(3) = f(3) = f@(3) =0, f®(3) = —90 - 5! < 0. This implies that
zo = 3 is a-descending inflection for f (Fig.7.10).

7.5 Exercises

1. Use the definition to write the Taylor polynomial, of order n and centred at

xg, for:

a) f(z) =¢", n=4, z0=2
b).f(w)zsm:r, n=6, To=7%

c)| f(z)=logz, n=3, o =3

d) f(r)=+v2z+1, n=3 To=4

e) f(z)=7+x~3z%+ 523, n=2, 2o =1

f) f(z)=2-8z%+ 423 + 924, n=3, zo =10

2. Determine the Taylor expansion of the indicated functions of the highest-
possible order; the expansion should be centred around xy and have Peano’s
remainder:

a)| f(z) = 2%|z| +e**, zo=0

b) flz)=2+z+(x—-1)Vz2-1, g =1

3. With the aid of the elementary functions, write the Maclaurin expansion of
the indicated functions of the given order, with Peano’s remainder:

a)| f(z) =zcos3z —3sinz, n=2
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[ 1+z
} = -
{ ) f(z) log1+3z7 n=4
u f(z):ezzsinlr, n=>5
d) f(z)=e 7% +sinz —cosz, n=2
e) flz)= ¥/ cos(3z —z?), n=4
x
f z) = ~——— —sinz, n=>5
N I® =i
g) f(z) =cosh®z — /1 + 222, n=4
e?r — 1
h T) = , n=3
) @) Vcos 2z
1
i z)= , n=3
) @ —V8sinz — 2cosz
0 f(z) = /8 +sin24x2 — 2(1 + 2% cos z?), n=4

. Ascertain order and find principal part, for x — 0, with respect to p(x) = x
of the indicated functions:

cos 2z + log(1 + 4z2)

a) flr)=e“"% —¢ lh) flx)= “osh %2 -1
(0] fe) = YESINE )= 20+ (o - o
e -1

t‘if(x):x—arctan\/l—fﬁ =v1-—z2— \/1——$2+sm—

. Calculate order and principal part, when © — 400, with respect to p(z —i—

of the indicated functions:

= ! 1
G R TP g e peg

b) f(z)=e T -1
) f@) = V14322 + 23 — /2 + 5zt + b

Q) flz)= ¢ 2+sinh-5-2-—€/§

. Compute the limits:

3 3 z

Tl s 61/ (2% sin? 32) . cosymr —zmlog g
(2] (32t R PRy

\ 1 1 1 l/;r4
Lﬁ‘} lm - { ———— ~ = d) lm <e17 + sin? z — sinh? z)

= z—0 2 \sin(tanz) =z z—0

4 4 12 2

¢) lim 182 ‘ 0| lim 3z*[log(1 + sinh” z)] cosh” z

z—0 Jcos b6z — 1 + 622 z—0 1 — 1+ 23 cosva3
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7. As a varies in R, determine the order of the infinitesimal map
h{z) = log cosz + log cosh(ax)
asz — 0.
8. Compute the sixth derivative of

sinh(z? 4 2sin® z)

h(z) = [ 10

evaluated at £ = 0.

9. Let
o(z) = log(1 + 4x) — sinh 42 + 82°.

Determine the sign of y = sin(x) on a left and on a right neighbourhood of
g = 0.

10. | Prove that there exists a neighbourhood of 0 where

2cos(z + 2?) < 2 — x? — 223,

11.| Compute the limit
z/2 _ h
lim & cosh \/z
-0+ (T4 Jx)

for all values o € Rt.

12. | Determine o € R so that
f(z) = (arctan 27)? — azsinz

is infinitesimal of the fourth order as x — 0.

7.5.1 Solutions

. Tavlor’s oLt ul_'\'.' 1omials:

a) All derivatives of f(z) = e® are identical with the function itself, so f*)(2) =
€2, Vk > 0. Therefore

2 2 e2

Tfso(z) = 2+ z—-2)+ =(z-2°+—(z -2+ —22(1%- 2)*
fog@)=1- 2@~ 2P+ pe- D - o= D)
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From f'(z) = %, f(z) = ~$, f(z) = $_23 it follows f(3) = log3, f'(3) = %,
13 = —%, "3 = % Then
. 1 1 , 1 ,
Tfs3(x) =log3+ §($ -3) - 1—8(:1: —-3)° + 8~1(x~3) .
Q) Thral) =3+ 3(0—4) = oo — 47 + (o~ 4)

As f'(x) =1 — 6z + 1522, f’(z) = —6 + 30z, we have f(1) = 10, f'(1) = 10,
f7(1) =24 and

T for(x) =10+ 10(z — 1) + 12(z — 1)*.

Alternatively, we may substitute t = x —1, i.e. £ = 1+¢. The polynomial f(z),
written in the variable t, reads

gty =fA+8) =T+ (1 +1) =31 +1)2+5(1+1)% =10+ 10t + 12> + 5¢3.

Therefore the Taylor polynomial of f(z) centred at xg = 1 corresponds to the
Maclaurin polynomial of ¢(t), whence immediately

Tga0(t) = 10 + 10t + 12¢°.
Returning to the variable x, we find the same result.
Tfso(z) =2 — 822 + 423

a) We can write f(z) = g(z) + h(z) using g(z) = z?|x| and h(z) = **. The sum
h{zx) is differentiable on R ad libitum, whereas g(z) is continuous on R but
arbitrarily differentiable only for x # 0. Additionally

322 ifzx>0, 6z ifzx >0,
)= { o) = {

~3z? ifzx <0, —6x ifr <0,
SO
lim ¢'(z) = lim ¢'(z) =0 lim ¢’(z) = lim ¢”(z) = 0.
Jim g () Jim g'(2) =0, lim ¢"(z) Jim g (2)

By Theorem 6.15 we infer g is differentiable twice at the origin, with vanishing
derivatives. Since ¢”(z) = 6|z is not differentiable at z = 0, g is not differen-
tiable three times at 0, which makes f expandable only up to order 2. From
h'(x) = 2e*® and h"(z) = 4e*®, we have f(0) = 1, f/(0) = 2, f"(0) = 4, so
Maclaurin’s formula reads:

f(x) =142z +22% + o(2?).

b) The map is differentiable only once at zg = 1, and the expansion is f(x) =
3+{(z—1)+olx—1).
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CXDANSIONS:

a) f(z) = =2z + o(z?).
Writing f(z) = log(1+z) —log(1 + 3z), we can use the expansion of log(1 +t)
witht =z and t = 3z

z2 3 ozt (8z)? (3z)®* (3xz)*
= _— _— — — 3 —_
fe)=e-Gtg -y %t 3 T4

26
= -2z + 4% - §$3 +20z* + o(z?).

+ o(z*)

Combining the expansions of e with ¢t = 2, and of sint with ¢ = 2z:
4 9 3 2 5
f@) = (1402 + 5 4 o)) (20— B2 L Q2P L sy
2 3! 5!
4 4 4
=2z 422 + 125 - §x3 - gxs + ﬁ$5 + o(z®)

2 1
=2z + §$3 - —1—5.’115 + o(z®).

d) f(z) = 2% + o(z?).
flz) =1- 322 + 2% — £zt + o(z?).

') This is solved by expanding (1 +¢)* and changing o = —% and t = z*:

z 2\~1/6 _ L o _% 4 4
sz(l%—x) =z 1~6:v + L + o(z*)

Referring to the expansions of coshz and (1 + )%, with a = %, t = 222

1/2

2
flz) = (1 + %xz + %z‘* + o(z‘*)) — (1+22)

1 2 1

=1+z*+ Z$4 + Ew‘i +o(z*) — (1 + §2x2 + (142) (2z%)% + o(w4)>
2 1 4 2 L 4 4y _ 9 4 4

=1l+z +§w -1l-z +§$ +o(z):gz +o(z%).

h) f(z) =2z + 222 + Lg% + o(z?).
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Substitute to sinz, cosz the respective Maclaurin expansions, to the effect
that

1
fz) = :
-2 — Bz + 22+ ‘?{—!ga:?’ + o(z3)

Expansion of the reciprocal eventually gives us
1 V2 5,

17
fl@)=—5+Fo— 2"+ ﬁ\/i:c?’ +o(z%).

I. Order of infinitesimal and principal part for x — 0:
a) The order is 2 and p(x) = —2ex? the principal part.

Write
cos 2z + log(1 + 42?) — cosh 2z

cosh 2z

h(z) =

and note that the order for £ — 0 can be deduced from the numerator only, for
the denominator converges to 1. The expansions of cost, log(1 + t) and cosht
are known, so

’

cos 2z + log(1 + 4z?) — cosh 2z
— Lo ye 1 4 2 L., \a Loova 1 4 4
=1- 5(256) + E(Qsc) + (22)° — 5(256) -1- —2-(2x) - E(Qx) + o(z*)

= 82" 4 o(z?).

Thus the order is 4, the principal part p(z) = —8z*.

¢) Expanding sint and e, then putting ¢ = 1/z, we have

3
B —sin®t B - (t- P +o(t?)” P 40(t®) 1

N = _ _ — 4
90 = —m 1+3t+o(t) 1 5o 6 o)
for t — 0. Hence !
fle) = 52 + ola?),

implying that the order is 2 and p(z) = éx .

d) The map has order 3 with principal part p(z) = %x?’.

) Use the expansion of (14 ¢)* (where a = —}) and arctant:

(1 —42?)7 Y2 = 14222 4 o(z?), =z + 22° 4 o(z*)

z
V1 —4z?

1
arctan ——— =z + 22° + o(z?) — = (z — 223 + o(2*))2 + o(x?)
1 — 42 3

5
=z+ §$3 + o(z?).
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In conclusion,

5
flz) = —5333 + o(x3),,
so that the order is 3 and the principal part p(z) = —gm3.

Order 6 and principal part p(z) = (— 3 + 555)2°.

.‘I_ ().:': .I..r':' 'J..I .'-l'_'!:_'._'|_i..I |"‘~.'..'!'_'r'.|.'I §.|.'|Z.'I I|'J."_'.,'|_r'§.1| ]r'.!.'l .|'J'.-'::.I. ds U 4 0N
When z — +oo we write
. x—2—log{z —1)
1) = =9 o — 2 loge = 1)
z—2—log(z—1)
212 — 82+ 8 — (z — 2) log(z — 1)

z 4 o(x) 1 1
= - = +0 _ y
222 4 o(2?) 2z x
1

from which one can recognise the order 1 and the principal part p(r) = 3.

b) The map is infinitesimal of order one, with principal part p(z) = —;11;.

¢) Write

Using the expansion of (14 t)* first with o = %, t= % + z%, then with o = %,
t= g + zz—s, we get

SR

Therefore the order is 1, and p(z) =
d) The order is 2 and p(z) = 33%
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Let us rewrite as

———— log(1 +2°
z—0 <x4sin23x &l )>

. log(1+ x9%) L
=exp| lim —=———~2} =e”.
P <I—~0 x4 sin? 3z

lim (1 +2%)"/ (" sin32) — Jim exp

To compute L, take the expansions of log(1 + ¢) and sin ¢:

) x® + o(2%) x84 o(z% 1
L= lim = =
z—0 z*(3z 4+ 0(2?))?  2—-0928 +o(2f) 9

The required limit is e!/°.

3
ﬁﬂ.'

Expanding the sine and tangent,

.z —sin(tanz) |z —tanz + tan® x4 o(z?)
L=1lim-—————2>=1im
-0 x?sin(tanz)  2—0 z2(tan z + o(z))
z—z—z2d+ 2t to(@®) | —trt +o(a?) 1
= lim = -5 T =_
z—0 x3 + o(z3) x>0 x3 + o(z3) 6
6_2/3; c) —1.

Observe that

3z*{log(1 + sinh?® )] cosh® 2 ~ 3z* sinh® z ~ 325 .
for z — 0. Moreover, the denominator can be written as

Den : 1— (1+2%)Y2cosa®/?

1 (1 et () e wotat)) (1 Bt o)

1 1 1 1 1 1
=1- <1 + §x3 - §$6 - §x3 - 1176 + ﬁx6 + 0(x6)> = §x6 + o(z®).

The limit is thus
325 + o(2®)
lim —————==9.
z—0 §$6 + 0(1'6)

7. Expand log(1 + t), cost, cosht, so that

1 1 1 1
h(z) = log <1 - §x2 + Ex‘l + o(x5)> + log <1 + 5((117)2 + g(ax)4 + 0(:E5)>
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2 2 4
1 1 1 1 1 a a
=——z’+—z'— (——z2 + Zz‘l) +o(z®) + =2 + a2t -

1 (12 2 0‘4 4 ? 5
_Z <_a; + _'a; +0(a; )

_1 2 L _1Y 4 4 5
= E(a —-1)z% + (Z - §> (@* + 1)z* + o(z”).
If a # £1, h(z) is infinitesimal of order 2 for z — 0. If @ = £1 the first non-zero
coefficient multiplies %, making A infinitesimal of order 4 for z — 0.

8. In order to compute h(®(z) at z = 0 we use the fact that the Maclaurin

. . (6) . .
coefficient of z° is ag = h 6,(0). Therefore we need the expansion up to order six.

Working on sint and sinh £, the numerator of h becomes

4
Num : sinh <x2 +2 <x4 - gzﬁ + o(z6)>>

4 4 1
= sinh <x2 + 2z — gzﬁ + o(m6)> =z +22% — gzﬁ + gzﬁ + o(z®)

7
=z +2z* - éxﬁ + o).

Dividing 2 + 2z* — 12° + o(z®) by 1 + 2'° one finds

7
h(z) = 2 + 2z% — 6:56 + o(z9),

so h(®(0) = —1 - 61 = —840.
9. Use the expansions of log(1 + ¢) and sinh ¢ to write

1 1 1 32
olz) =4z — 5(4:5)2 + 5(4x)3 — 4z — 5(4@3 +82% + o(z%) = ?1'3 + o(z?).

Since the sine has the same sign as its argument around the origin, the function
y = sin p(x) is negative for z < 0 and positive for z > 0.

10. Using cost in Maclaurin’s form,

2cos(z + 2?%) = 2 <1 - %(z + %)% + Zlf(z +2*) +o((z+ m2)4)>

1
=2 (2?2 +223+ 2 + ﬂz‘l + o(zh)

11
=2-z%—21%— ECLA + o(z*)

on some neighbourhood I of the origin. Then the given inequality holds on I,
because the principal part of the difference between right- and left-hand side,

; 11,4
clearly negative, equals —352°.



7.5 Exercises
11. Expand numerator and denominator separately as

1 1 2 1 1
Num : 1+§x+§(g> +0(x2)—(1+§x+1x2+0(x2)>
(1 1Y\ . oy _ L o 2
~<§—E>x +0(x)—ﬁx + o(z*),
Den : [xl/S (1+x4/5>}a

= go/5 (1 +x4/5>a = z/% (1 +az*® + 0(564/5)> .

Then

i e®/2 — cosh \/z . Sz? + o(z?)

a0t (24 Jz)* 20+ /5 (1 + az?/5 + o(z*/%))
1 o
L oo @ 1
2 2 = ifa=10,

=90 H2>2. =30 ifa<io,

+oo if2<% oo ifa> 10.

12. Writing arctant and sint in Maclaurin’s form provides
1 g 1
flz) = <2x - 5(23:)3 + o(x3)> —az (:r - E:r3 + o(x3)>
32
= 4z? — Eac‘]‘ +o(z?) — az? + %x4 + o(z%)

= (4—a)? - <% - %) z* + o(z").

255

This proves f(z) infinitesimal of the fourth order at the origin if & = 4. For such

value in fact,
f(x) = 10z* + o(z*).



Geometry in the plane and in space

The chapter has two main goals. The first is to discuss the possibilities of repre-
senting objects in the plane and in three-dimensional space; in this sense we can
think of this as an ideal continuation of Chap.1. We shall introduce coordinate
systems other than the Cartesian system, plus vectors and their elementary prop-
erties, and then the set C of complex numbers. Secondly, it is a good occasion for
introducing concepts that will be dealt with in more depth during other lecture
courses, for instance functions of several variables, or the theory of curves in space.

8.1 Polar, cylindrical, and spherical coordinates

A point P in the Cartesian plane can be described, apart from using the known
coordinates (z,y), by polar coordinates (r,#), which are defined as follows.
Denote by r the distance of P from the origin O. If » > 0 we let 6 be the angle,
measured in radians up to multiples of 27, between the positive z-axis and the
half-line emanating from O and passing through P, as in Fig. 8.1. It is common to

P=(x,y)

Figure 8.1. Polar and Cartesian coordinates in the plane
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choose ¢ in (—m, ], or in [0, 27). When r = 0, P coincides with the origin, and 6
may be any number.

The passage from polar coordinates (r,8) to Cartesian coordinates (z,y) is
given by

x =rcosf, y=rsing. (8.1)

The inverse transformation, provided 8 is chosen in the interval (—m,x}, is

1 ;
‘ ( arctan 2 ifer =)
T

! .
arctan y £ ikl iy,
T

I L i
| r= 22+ 92, f = { arctan Tj -7 ifr<0,y<0, (8.2)
Z ifz=0,y>0,
T
——= it =l =)
| 2 :
Examples 8.1

i) Let P have Cartesian coordinates (z,%y) = (6v/2,2v6). Its distance from the
origin is

r=+v72+ 24 = V96 = 4V6.
Asz >0,

246
6 = arctan i = arctan —

_T
62 36"
The polar coordinates of P are then (r,6) = (46, zré)

1) Let now P have Cartesian coordinates (z,y) = (=5, —5). Then r = 5v/2, and
since z,y < 0,

H—artn——5—7r—arctan1—7r—zr—
TGl T = 1 4

whence (r,6) = (5\/5,—%#).

2
i) Take P of polar coordinates (r,8) = (4, §7r) this time: in the Cartesian
system

2

x:4cos§7r:4cos(7r—g) = —4cosg =-2,
2

y:4sin§7r:4sin(7r—g) :4sin—;£:2\/§.

Moving on to the representation of a point P € R3 of coordinates (z,y, z),
we shall introduce two new frame systems: cylindrical coordinates and spherical
coordinates.
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The cylindrical system is simply given by replacing the coordinates (z,y) of
the point P’, orthogonal projection of P on the xy-plane, by its polar ones (', ),
and mantaining z as it is. Denoting (1, 6,t) the cylindrical coordinates of P,
we have

z=1"cos, y=r71"siné, i — it I

In this case too the angle 6 is defined up to multiples of 2m; if we confine 8 to the
interval (—m, 7], as above, cylindrical coordinates are functions of the Cartesian
ones by defining v’ and 6 with (8.2) (Fig. 8.2, left).

Spherical coordinates (r, ¢, §) are defined as follows. Let r = /22 + y% + 22
be the distance of P from the origin, ¢ the angle between the positive z-axis and
the ray from O through P, 6 the angle between the positive z-axis and the line in
the zy-plane passing through the origin and the projection P’ of P on the same
plane. This is probably better understood by looking at Fig. 8.2, right. Borrowing
terms from geography, one calls § the longitude and ¢ the colatitude of P
(whereas T — ¢ is the latitude, in radians).

Therefore z = r cos ¢, while the expressions z = 7’ cos§ and y = ' sin 6 derive
from noting that 7’ is the distance of P’ from O, r’ = rsin . Then the Cartesian
coordinates of P are, in terms of the spherical triple (7, ¢, 8),

x =rsinpcosf, y =rsingsinf, z=rcosp. |

The inverse transformation is easily found by dimensional reduction. We just re-
mark that it is enough to vary ¢ in an interval of width =, e.g. {0, 7]. Instead, 6
has freedom 27, for instance 6 € (—7, 7], as in the 2-dimensional case.

P =(z,y,2) P =(z,y,z)

P' = (x,y,0) P' = (x,9,0)

Figure 8.2. Cylindrical coordinates (left) and spherical coordinates (right)
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Example 8.2

Consider the point P of Cartesian coordinates (1, 1,v/6). The point P’ = (1,1,0)
is the orthogonal projection of P onto the zy-plane, so its polar coordinates are

(r',8) = (\/5, %) in that plane. The cylindrical coordinates of P are therefore
(T/v 07 t) = (\/57 ;417 \/6)

Now to spherical coordinates. First, 7 = /1 + 1 + 6 = 2v/2; moreover, siny =

2—‘/\/% = % implies ¢ = 7/6, because ¢ varies in [0, 7]. Therefore P has coordinates

(7‘,0,(,0) = (2\/5, Z, 6)

8.2 Vectors in the plane and in space

We discuss the basics of Vector Calculus, which focuses on vectors and how they
add, multiply, and so on. We start with vectors whose initial point is the origin,
and later generalise this situation to arbitrary initial points in the plane or in
space.

8.2.1 Position vectors

Equip the plane with an orthogonal frame system. A pair (z,y) # (0,0) in R?
identifies a position vector (or just vector) v in the plane, given by the line
segment with initial point O = (0,0} and end point P = (z,y), see Fig. 8.3, left.
(The orientation from O to P is indicated by an arrow with point at P.)

The coordinates x, y of P are said components of the vector v (in the chosen
frame system); one writes v = (z,y), identifying the vector v with its end point P.

Position vectors in space are defined in a similar fashion: a vector v with
components (x,y,z) # (0,0,0) is drawn as the oriented segment going from O =
(0,0,0) to P = (x,y,2) (Fig. 8.3, right), so one writes v = (z,y, 2).

P=(x,y.2)

P=(x,vy)

0]

Figure 8.3. A vector in the plane (left), and in space (right)



8.2 Vectors in the plane and in space 261

In space or in the plane, the vector 0 with components all zero is called the
zero vector; it is identified with the origin and has no arrow. In this way position
vectors in the plane (or in space) are in bijective correspondence with points of
R? (resp. R?®). Henceforth we shall not specify every time whether we are talking
about planar or spatial vectors: the generic v, of components (vy,vg) or (vy, va, v3),
will be deseribed with (vy,...,v4). The capital letter V will be the set of vectors
of the plane or of space, with no distinction.

Having fixed the origin point O, a vector is intrinsically determined (irrespec-
tive of the chosen Cartesian frame) by a direction, the straight line through the
origin and containing the vector, an orientation, the direction given by the arrow,
and a length or norm, the actual length of the segment OP. Rather often the
notion of direction tacitly includes an orientation as well.

Let us define operations. Take vectors v = (v1,...,v4) and w = (wy,...,wq).
The sum of v and w is the vector v + w whose components are given by the sum
of the corresponding (i.e., with the same subscript) components of the two original
vectors

: v4+w= (v +wi,..., vg + wy) . (8.3)

In Vector Calculus real numbers A € R are referred to as scalars. The product
of the vector v by (the scalar) X is the vector Av, whose jth component is the
product of the jth component of v by A

v = (Avy,.. ., Avg) . (8.4)

The product (—1)v is denoted —v and said opposite vector to v. The difference
v — w is defined as

v-w=v+(—w)= (v —wi,...,0q —Wq). (8.5)

The operations just introduced enjoy the familiar properties of the sum and the
product (associative, commutative, distributive, ...}, due to their component-wise
nature.

These operations have also a neat geometric interpretation. If A > 0, the vector
Av has the same direction (and orientation) as v, i.e., it lies on the same (oriented)
straight line, and its length is A times the length of v (see Fig.8.4); if A < 0,
Av = —|Alv = |A[(—v) so the same argument applies to —v. Two vectors v and w
are parallel, or collinear, if w = Av for a A # 0.

The sum of non-zero position vectors v and w should be understood as follows.
When the two vectors are collinear, w = Av, then v + w = (1 + A)v, parallel to
both of them. Otherwise, v and w lie on distinct straight lines, say r, and r,,, that
meet at the origin. Let IT be the plane determined by these lines (if v and w are
vectors in the plane, clearly I7 is the plane); v and w determine a parallelogram on
IT (Fig.8.5). Precisely, let P,Q be the end points of v and w. The parallelogram
in question is then enclosed by the lines r,, r,,, the parallel to r,, through P and
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o Q=(Az,Ay)
Av

P=(xzy)
v

(0]
Figure 8.4. The vectors v and Av

the parallel to r, through Q; its vertices are O, P, @ and R, the vertex ‘opposite’
the origin. The sum v + w is then the diagonal OR, oriented from O to R. The
vertex R can be reached by ‘moving’ along the sides: for instance, we can start at
P and draw a segment parallel to OQ, having the same length, and lying on the
same side with respect to 7.

Figure 8.6 represents the difference v —w: the position vector v—w = v+ (—w)
is the diagonal of the parallelogram determined by vectors v, —w. Alternatively,
we can take the diagonal QP and displace it ‘rigidly’ to the origin, i.e., keeping it
parallel to itself, finding v — w.

The set V' of vectors (in the plane or in space), equipped with the operations
of sum and multiplication by a scalar, is an example of a vector space over
R. Any vector v = Avy + pwso, with v, v2 € V and A, p € R is called a linear
combination of the two vectors v, and vs. This generalises to linear combinations
of a finite number of vectors.

Q) -7 /
g !

w P T

o/

i
]

Figure 8.5. Sum of two vectors v + w
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Figure 8.6. Difference vector v — w
Examples 8.3

Given vectors v; = (2,5,—4) and vs = (—1,3,0), the sum v = 3v; — by is
= (11,0, -12).

1) The vectors v = (v/8, ~2,2v/5) and w

ratios of the corresponding components is always the same

(2 V2, \/E) are parallel, since the
8 -2 2
V8 _ V5 _ 3.
2 V2 Jio
hence v = V2 w.

8.2.2 Norm and scalar produc

The norm of a position vector v with end point P is defined, we recall, as the

length of OP, i.e., the Euclidean distance of P to the origin. It is denoted by the
symbol ||v]] and can be expressed in terms of v’s components like

Avfl = A [l]]

The norm of a vector is always non-negative, and moreover |jv]| = 0 if and only if
i
for any v,w € V and any A € R

v = 0. The following relations hold, proof of which will be given on p.267

lo +wlf < flo] + [[wl

(8.6)
A vector of norm 1 is called unit vector, and geometrically, it has end point

P lying on the unit circle or unit sphere centred at the origin. Each vector v has
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a corresponding unit vector ¥ = W}}T[’ parallel to v. Thus v = |jv]| 9, showing that

any vector can be represented as the product of a unit vector by its own length.

Let us introduce the operation known as scalar product, or dot product of
two vectors. Given v = (vq,...,v4) and w = (w1, ..., wy), their dot product is the
real number

d VW + Voo it d=2.
vVow = E V; W;

i 1wy + vows +v3wy ifd=3.

Easy-to-verify properties are:

vw=w-v, (8.7)
(Mg + pva) - w = Aoy - w) + plvg - w). (8.8)

for any v, w, vy, v € V,A\,u € R.
A vector’s norm may be defined from the scalar product, as

o)l = Voo (8.9)

for any v € V. Vice versa, for any v, w € V, one has
1
v-w = 5(||U+U’HQ— [ol? = [[w]?), (8.10)

which allows to compute scalar products using norms (see p. 267 for the proof).
Furthermore, a fundamental relation, known as Cauchy-Schwarz inequality,
holds: for every v, w € V
lv-w| < o]l [w]. (8.11)

Even more precisely,

v-w = ||v]| ||w] cosé (8.12)

where 4 is the angle formed by v and w (whether 6 is the clockwise, anti-clockwise,
acute or obtuse angle is completely irrelevant, for cosf = cos(—8) = cos(2m — 9)).
Formulas (8.11) and (8.12) as well will be proved later.

The dot product leads to the notion of orthogonality. Two vectors v, w are
said orthogonal (or perpendicular) if

v-w=90;

formula (8.12) tells that two vectors are orthogonal when either one is the zero
vector, or the angle between them is a right angle. By (8.10), the orthogonality of
v and w is equivalent with

lv +w[® = o] + [w]?,
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I

v+ w

w

(0]
Figure 8.7. Pythagoras’s Theorem

well known to the reader under the name Pythagoras’s Theorem (Fig.8.7).
Given a vector v and a unit vector u, the component of v along u is the

vector

v, = (v-u)u, i

while the component of v orthogonal to u is the complement

| v

E

Wl =V =Dy

Therefore the vector v splits as a sum

265

V=0, + U, with Uy -V, =0, (8.13)

a relation called orthogonal decomposition of v with respect to the unit vector

u (Fig. 8.8).

Figure 8.8.

’/' TV

O

Orthogonal decomposition of v with respect to the unit vector u
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zh

z -

Figure 8.9. The unit vectors i, j,k

Examples 8.4
v =(1,0,/3) and w = (1,2, v/3) have norm
ol =vI+0+3=2, |w|j=vI+4+3=2V2;
their scalar product isv-w =1+043 = 4.
| To compute the angle 4 they form, we recover from (8.12)

v-w V2

cosl = ——— = —,
ol w2

m

Z .

1i) The vectors v = (1,2,-1), w = (—1,1,1) are orthogonal since v - w =
| -14+42-1=0.

so § =

Take the unit vector u = (%, %, —%) Given v = (3,1,1), we have
1 1
vou=vV3+—— — =13,
VERIRVE

so the component of v along u is

1 1 1
Vy = \/§<_7 = _—>
b V3 V3 V3
| while the orthogonal component reads
| v =(3,1,1) = (1,1,-1) = (2,0,2).

| That (8.13) holds is now easy to check.

I

(17 1) _1) 3

We introduce the unit vectors ¢ = (1,0,0), 7 = (0,1,0) and k = (0,0,1) of
space, which are parallel to the axes of the Cartesian frame (Fig.8.9); at times
these unit vectors are denoted ey, ez, e3. They are clearly pairwise orthogonal

ij=j-k=1k=0. (8.14)

They form a so-called orthonormal frame for V' (by definition, a set of pairwise
orthogonal unit vectors).
Let v = (v1,v2,v3) be arbitrary. Since
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v = (1)1,0, 0) + (07U270) + (0,0,2)3)
=v1(1,0,0) +v2(0, 1,0) + v3(0,0, 1)

we write

v = vt + v2] + v3k.

This explains that any vector in space can be represented as a linear combination
of the unit vectors 1, j, k, whence the latter triple forms an orthonormal basis of
V. The dot product of v with the orthonormal vectors i, 7, k yields the components
of v

v =V -1, g =107, vs=v-k.

Summarising, a generic vector v € V admits the representation
v=(w- )i+ (v-j)j+ (v -k)k. (8.15)
Similarly, planar vectors can be represented by
v=(v-i)i+(v-5)]

with respect to the orthonormal basis made by ¢ = (1,0) and j = (0,1).

Proofs of some formulas above

Proof. We start from (8.6). The equality follows from the definition of norm. The
inequality descends from the definition in case v and w are collinear; for
generic v, w instead, it states a known property of triangles, according to
which any side is shorter than the sum of the other two. In the triangle

OPR of Fig. 8.5 in fact, ||v + w OR]|. ||v|| OP| and |lw PR|.

Formula (8.10) derives from expanding [|v + w/|? using (8.7)(8.9) as fol-
lows: )
(M w - | w | w |
vorvtw-vtvowHweow (8.16)
v|? + 20w + ||w|?

The Cauchy-Schwarz inequality (8.11) can be proved by writing the second
of (8.6) as [|[v+w|* < (||v] E’H,’_I}:, For the left-hand side we use (8.16),
so that v - w < ||v|| ||w]||; but the latter is (8.11) in case v - w > 0. When
v-w < 0, it suffices to flip the sign of v, to the effect that

vow =-—v-w=(—v) w| —v||w|=|v]|w

Eventually, let us prove (8.12). Suppose v and w are non-zero vectors
(for otherwise the relation is trivially satisfied by any #). Without loss of
generality we may assume 0 < 0 < 7. Let u = w iij

corresponding to w. Then the component of v along u is

be the unit vector

v-w P
v, = u. (8.17)
w
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Q

0 P’
Figure 8.10. Projection of v along w (the angle formed by the vectors is acute on the
left, obtuse on the right)

Many applications involve vectors at points different from the origin, like forces in
physics acting on a point-particle. The general notion of vector can be defined as
follows.

Let v be a non-zero position vector of components (vy,v2), and Py an arbi-
trary point of the plane, with coordinates (g1, Zoz2). Define Py by the coordinates
(z11,212) = (zo1 + v1,Tog + v2), as in Fig. 8.11. The line segment PyP, from Py
to P, is parallel to v and has the same orientation. We say that it represents
the vector v at Py, and we write (P, v). Vice versa, given any segment going
from Py = (xo1,Z02) to P1 = (x11,%12), we define the vector v of components
(v1,v2) = (£11 — o1, T12 — Zo2). The segment identifies the vector v at Py.

A general vector in the plane is mathematically speaking a pair (Pp, v), whose
first component is a point Fy of the plane, and whose second component is a
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A P

(Py,v) /

O

Figure 8.11. The position vector v and the same vector at Py

position vector v. Normally though, and from now onwards, the vector (P, v)
shall be denoted simply by v; we will make the initial point Py explicit only if
necessary. Analogous considerations are valid for vectors in space.

The operations on (position) vectors introduced earlier carry over to vectors
with the same initial point. The vectors (Py,v) and (Py, w) add up to (P, v) +
(Py, w), equal to (Py, v + w) by definition. Operations between vectors at different
points are not defined, at least in this context.

According to conventional wisdom, not every algebraic equation
p(z) =0

(p being a polynomial of degree n in ) admits solutions in the field of real numbers.
The simplest example is given by p(z) = 22 + 1, i.e.. the equation

2= 1. (8.19)

This would prescribe to take the square root of the negative number —1, and it is
well known this is not possible in R. The same happens for the generic quadratic
equation

az® +bx+c=0 (8.20)

when the discriminant A = b2 — 4ac is less than zero. The existence of solutions of
algebraic equations needs to be guaranteed both in pure and applied Mathematics.
This apparent deficiency of real numbers is overcome by enlarging R to a set,
called complex numbers, where adding and multiplying preserve the same formal
properties of the reals. Obviously defining this extension-of-sorts so to contain
the roots of every possible algebraic equations might seem daunting. The good
news is that considering equation (8.19) only is sufficient in order to solve any
algebraic equation, due to a crucial and deep result that goes under the name of
Fundamental Theorem of Algebra.
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8.3.1 Algebraic operations

A complex number z can be defined as an ordered pair z = (x, y) of real numbers
x,y. As such, the set of complex numbers C can be identified with R?. The reals
x and y are the real part and the imaginary part of z

T =TRez and y=Imz

respectively. The subset of complex numbers of the form (z,0) is identified with
R, and with this in mind one is entitled to write R C C. Complex numbers of the
form (0,y) are called purely imaginary.

Two complex numbers 2, = (z1,41), 22 = (Z2,y2) are equal if they have
coinciding real and imaginary parts

Z1 = 29 = Ty =22 and y; =yo.

Over C, we define the sum and product of two numbers by

21+ 22 = (x1,y1) + (22, 52) = (z1 + 22,51 + 12) (8.21)
212 = (Il,y1) (332, yz) = (331 T2 — Y1 Y2, T1Y2 + T2 yl) . (8-22)
Notice
(z,0)+ (0,y) = (z,y), (0,1) (y,0) = (0,3),
SO

(z,y) = (2,0) + (0,1) (y,0). (8.23)

Moreover, (8.21) and (8.22) are old acquaintances when restricted to the reals:
(1,0) + (z2,0) = (1 + 2,0) and  (x1,0) (z2,0) = (z1 22,0).

In this sense complex numbers are a natural extension of real numbers.
Introduce the symbol ¢ to denote the purely imaginary number (0,1). By iden-
tifying (r,0) with the real number r, (8.23) reads

| o i i

called Cartesian form or algebraic form of z = (z, y).
Observe that

‘537(:1.1}({1.1}----{ 1,0) =-1, |

so the complex number ¢ is a root of equation (8.19). The sum (8.21) and multi-
plication (8.22) of complex numbers in Cartesian form become

21+ 20 = (21 + i) + (x2 + i) =21 + 20 + (Y1 +12) . (8.24)
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—_ m-

| 2122 = (21 + i) (@2 + i) = T1 T2 — Y1 Y2 +i(@1y2 + 22 31) - | (8.25)

The recipe is to use the familiar rules of algebra, taking the relation i = —1 into

account.
The next list of properties is left to the reader to check:

21 +29 =29+ 21, 2122 = 2221,
(21 4+ 22) + 23 = 21 + (22 + 23) , (21 22) 23 = 21 (22 23) ,
21 (22 +23) = 2120+ 21 23

for any 21, 29, z3 € C. The numbers 0 = (0,0) and 1 = (1,0) are the additive and
multiplicative units respectively, because

z24+0=0+2=2 and z21=1z2=2, VvVzeC.

The opposite or negative of z = (z,y) is the complex number —z = (—z, —y),
in fact z 4+ (—2) = 0. With this we can define, for any z;, 2o € C, the difference:

21— zp = 21+ (—22)
or, equivalently,

o1 iy — (T2 +iy2) =31 — 22 +i(yr — y2) .

The inverse or reciprocal of a complex number z # 0, denoted % or z7}

by the relation zz~! = 1, and it is easy to see

, 1s given

1 —_
e L S
z 72 + 92 2 + y?
The formula
o, 271_$1$2+9192 T2y — T1Ye
b -
22 2 x5+ ys x5 + 5

defines the ratio or quotient of 2, 2o € C with 2, # 0.
At last, let us remark that the ordering of real numbers cannot be extended to
C to preserve the compatibility properties of Sect.1.3.1 in any way.

8.3.2 Cartesian coordinates

With the identification of C and R?, it becomes natural to associate the number
z = (z,y) = x + iy to the point of coordinates x and y in the Cartesian plane
(Fig.8.12). The point z can also be thought of as the position vector having end
point at z. The horizontal axis of the plane is called real axis and the vertical
axis imaginary axis. For any 21,29 € C the sum 2z, + 29 corresponds to the
vector obtained by the parallelogram rule (as in Fig. 8.13, left), while z; — 2o is
represented by the difference vector (same figure, right).
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Imz i

T ' -'sz z

Figure 8.12. Cartesian coordinates of the complex number z = z + iy

The modulus (or absolute value) of z = z + iy, denoted |z|, is the non-
negative number

representing the distance of (x,y) from the origin; non-incidentally, this definition
is the same as that of norm of the vector v associated to z, |z| = ||v||. Moreover, if
a complex number is real, its modulus is the absolute value as of Sect. 1.3.1. This
justifies the choice of name, and explains why the absolute value of a real number is
sometimes called modulus. We point out that, whereas the statement z; < z; has
no meaning, the inequality |z1| < |22| does, indeed the point (corresponding to) z;
is closer to the origin than the point z3. The distance of the points corresponding
to z1 and zp is |21 — 22/
Given z € C, the following are easy:

|2] >0; |2]=0if and only if z =0;
|2* = (Re2)” + (Tm2)?*;
Rez <|Rez| <|z|, Imz<|Imz| <]|z|;

llz1] = lz2l] <121 4 22] < 2] + |2l
Imz, Imz .
21 + 22
Z1
Z1
" Re
-'R.I’:.:

Figure 8.13. Sum (left) and difference (right) of complex numbers
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The complex conjugate, or just conjugate, of 2 = z + 4y is the complex
number :
T —y. (8.26)
On the plane, the conjugate 7 is the point (z, —y) obtained by reflection of (z,y)
with respect to the real axis. The following properties hold for any z, 21, 20 € C:

zZ=z, |2|:|Z|7 22:|Z|27
21t 20 =21+ 22, 21— 22 = 21— 22,
1t 22 1+ 22 122 ’ 1~ 22 (8.27)
- _ . 21 21
Z1 23 = 21 22, <—>_— (22 #0).
z9 29
Of immediate proof is also
‘r\,l' = _2_ ) [HJ z = - 2;
for all z € C.
rigonometric and exponential form
Let 7 and 8 be the polar coordinates of the point (z,y). Since
x =rcost and y=rsind,
the number z = (z,y) has a polar form, also called trigonometric,
z =71 (cosf +isinf). | (8.28)

First of all, » = |z|. The number 6, denoted by § = arg z, is said argument of
z (less often, but to some more suggestively, ‘amplitude’). Geometrically arg z is
an angle (in radians) delimited by the positive real axis and the direction of the
position vector z (as in Fig. 8.14).

Imz,

=T+ 1y
b

-,
T Re z

Figure 8.14. Polar coordinates of the number z = z + iy
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The argument can assume infinitely many values, all differing by integer mul-
tiples of 27. One calls principal value of argz, and denotes by the capitalised
symbol Argz, the unique value # of argz such that —m < 6 < 7; the principal
value is defined analytically by (8.2).

Two complex numbers z; = 71(cos6; + isiné;) and z; = 79(cosfy + isinby)
are equal if and only if r; = ro and 6;, 8, differ by an integer multiple of 27.

The representation in polar form is useful to multiply complex numbers, and
consequently, to compute powers and nth roots. Let in fact

z1 =71 (cos by + isinb) and 29 =19 (cos8s + isinby);
the addition formulas for trigonometric functions tell us that

2129 =T172 [(cos 61 cos B2 — sin 6 sin fs) + i(sin 61 cos 3 + sin O cos 01)]

8.29
=779 [COS(91 + 02) + isin(@l + 92)] . ( )
Therefore
arg(z) z3) = argz; +argzs . (8.30)
Note that this identity is false when using Arg: take for instance z; = —1 =
cosm+isinm and 22 =17 = cos § +isin 3, S0
z2120 = —1 :cos(— E) —I—isin(— E),
2 2
ie.,
T 3 T
Argzy =, Arg22:§7 Argzl—i—Arng:EW#Argzlzzz—E.

The so-called exponential form is also useful. To define it, let us extend
the exponential function to the case where the exponent is purely imaginary, by
putting

e = cosf +isinf (8'31)

for any 8 € R. Such a relation is sometimes called Euler formula, and can be
actually proved within the theory of series over the complex numbers. We shall
take it as definition without further mention. The expression (8.28) now becomes

z=re?, (8.32)

the exponential form of z. The complex conjugate of z is
z = r(cosf — isinf) = r(cos(—6) + isin(—6)) = re™*
in exponential form.

Then (8.29) immediately furnishes the product of z; = 1%t and zp = rpe®?

| 21 20 = ryrpeil®1192) l (8.33)
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Thus the moduli are multiplied, the arguments added. To divide complex numbers
(8.29) gives, with 7y =1y = 1,

i1 o102 _ i(01+62) (8.34)

In particular,
0108—19 =1

s0 e~ is the inverse of . The reciprocal of z = re¥ # 0 is then

1 .
gl = e, (8.35)

Combining this formula with the product one shows that the ratio of z; = rietf
and zg = ree’?? £ 0 is

el S0 Jak ei(f1—02) (836)

Z9 T2

8.3.4 Powers and nth roots
Re-iterating (8.33) and (8.35) we obtain, for any n € Z,
" =pmei?, (8.37)

For r = 1, this is the so-called De Moivre’s formula

(cosf + isinf)" = cosnf + isinnd. (8.38)

By (8.37) we can calculate nth roots of a complex number. Fix n > 1 and a
complex number w = pe*?, and let us determine the numbers z = re*® such that
2" = w. Relation (8.37) implies

SN = pht ein@ — peitp = w,
which means
m=p,
nd=p+2kn, kez,

hence

{r: vp,

0 + 2k
n ;

keZ.

The expression of # does not necessarily give the principal values of the roots’ ar-
guments. Nevertheless, as sine and cosine are periodic, we have n distinct solutions

o2k o + 2km o + 2km
e (('()SL +isin L) SRS O e
n n
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Imz A

Figure 8.15. The point 1 + /3¢ and its fifth roots 2j,J=0,...,4

to the problem. These points lie on the circle centred at the origin with radius
/p; they are precisely the vertices of a regular polygon of n sides (an ‘n-gon’, see
Fig.8.15).

i) For n > 1 consider the equation

2" =1.

Writing 1 = 1 we obtain the n distinct roots
zk:ei%t, k=0,1,...,n—1,

called nth roots of unity. When n is odd, only one of these is real, 25 = 1, whilst
for n even there are two real roots of unity 20 = 1 and z,,, = —1 (Fig. 8.16).
1) Verify that

2 =-1
admits, as it should, the solutions 2. = +i. Write —1 = 1¢'™, from which

2y =2=¢%2 =i and z_ =2z =TT =71 = 4,

Note finally that (8.31) permits to define the exponential of arbitrary (not only
imaginary) complex numbers z = x + iy, by letting

e® =e%e" = e%(cosy + isiny). (8.39)
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Imz N Im z A

Figure 8.16. Roots of unity: cubic roots (left) and sixth roots (right)

Using (8.34) it is now an easy task to verify that the fundamental relation e*1 %2 =
e”1e*? is still valid in the realm of complex numbers. In addition to that,

le?| = ™% > 0, arge® =Imz.

The first tells, amongst other things, that e* # 0 for any z € C. The periodicity
of the trigonometric functions implies

e?t2kmi — o7 forall k € Z.

Algebraic equations
We will show that the quadratic equation with real coefficients
az? +bz+c=0

admits two complex-conjugate solutions in case the discriminant A is negative.
We can suppose a > 0. Inspired by the square of a binomial we write

b b b? b?
0:z2+—z+5:<z2+2—z+—>+5——
a a

20" 4a? a  4a2’
that is )
+ b _ A <0
“T2) T 142
Therefore
b V=4
- — = 4
“ 2a YToa
or
- —bFiv-A
z= 5 .
bt vA
We write this as z = ——\/—_~, in analogy to the case A > 0.

2a
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The procedure may be applied when the coefficients a # 0, b and ¢ are complex

numbers, as well. Thus
—b+ Vb2 — 4dac
1=
2a

are the two solutions of the equation az? + bz + ¢ = 0 in the greatest possible
generality.

Third- and fourth-degree algebraic equations have three and four solutions
respectively (counted with multiplicity): these roots can be made explicit, via alge-
braic operations, namely square and cubic roots!. There can be instead no analytic
expression for solving an equation of fifth degree or higher. Despite all though, the
Fundamental Theorem of Algebra warrants that every algebraic equation p(2) = 0,
where p is a polynomial of degree n with real or complex coefficients, admits ex-
actly n solutions in C, each counted with its multiplicity. This is how it goes.

Theorem 8.6 Let p(z) = a,2"+...+a12+ag, with a,, # 0, be a polynomial
of degree n with coefficients aj, € C, 0 < k < n. There exist m < n distinct
complex numbers zy, . ..., Zy, and m non-zero natural numbers ., . .., i with
[ m1+...+ pm =n, such that p(z) factorises as

| |
' 1”("") — H,,(.C o 3!)"” e (et I|

The numbers z; are the roots of the polynomial p, in other words the solutions of
p(z) = 0; the exponent py is the multiplicity of the root z;. A root is simple if it
has multiplicity one, double if the muliplicity is 2, and so on.

It is opportune to remark that if the coefficients of p are real and if z; is a
complex root, then also Z, is a root of p. In fact, taking conjugates of p(zo) = 0
and using known properties (see (8.27)), we obtain

0=0=p(20) =nZj +...+ 8120 +Go = a2y +...+a120 +ao = p(Z) -
The polynomial p(z) is then divisible by (z — 2z)(z — %), a quadratic polynomial
with real coefficients.

A version of the Fundamental Theorem of Algebra for real polynomials, that
does not involve complex numbers, is stated in Theorem 9.15.

! The cubic equation z3+axz?+bz+c = 0 for example, reduces to the form y*+py+q = 0,
by changing = y — 3; p and q are suitable coefficients, which are easy to find. The
solutions of the reduced equation read

I S L S/ S L G s
y_\/z+ 5 o7 \/2+ g Tar

a formula due to Cardano. Extracting a root yields as many solutions as the order of
the root (here 2 or 3), yielding a maximum of 12 solutions, at least in principle: it is
possible to prove that at most 3 of them are distinct.
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8.4 Curves in the plane and in space

The second part of the chapter sees the return of functions, and the present section
devotes itself in particular to the notion of a curve in Euclidean space or on the
plane. A curve can describe the boundary of a planar region such as a polygon, or
an ellipse; it is a good model for the trajectory of a point-particle moving in time
under the effect of a force. In Chap. 10 we shall see how to perform integral calculus
along curves, which enables to describe mathematically the notion of work, to stay
with the physical analogy.

Let I be an arbitrary interval of the real line and « : I — R® a map. Denote
by v(t) = (z(t),y(t), 2(t)) the point of R? image of ¢ € I under ~. One says v is a
continuous map on [ if the components x,y, z : I — R are continuous functions.

| .
! Definition 8.7 A continuous map v : I C R — R? is called a curve (in |
space). The range of the map is called image and will be denoted by the letter

C.=~(I) C RS,

If the image lies on a plane, one talks about a plane curve. A special case is that
where v(t) = (z(t),y(t),0), that is, curves lying in the zy-plane which we indicate
simply as v : I — R?, ~(t) = (z(t),y(t)).

Thus a curve is a function of one real variable, whereas the image is a subset of
space (or the plane). Curves furnish a way to parametrise their image by associat-
ing to each value of the parameter ¢ € I exactly one point. The set C could be the
image of many curves, by different parametrisations. For example, the plane curve

~(b)

~(a) v(a)

~(a) = ~(b) v(a) = v(b)

Figure 8.17. Clockwise from top left: images C' = ~([a,b]) of a simple arc, a non-
simplearc, a closed arc which is not simple, a Jordan arc
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~(t) = (¢,t) with ¢ € [0,1] has the segment with endpoints A = (0,0), B = (1,1)
as image. But this is also the image of §(t) = (¢2,t%), t € [0,1]; the two curves
~ and § are parametrisations of the segment AB. The middle point of AB is for
example image of t = % under v and ¢ = % under 6.

A curve v is simple if v is a one-to-one map, i.e., if different values of the
parameter determine distinct points on the image.

Suppose the interval I = [a, b] is closed and bounded, as in the previous exam-
ples, in which case the curve 4 is called an arc. An arc is closed if v(a) = ~(b);
clearly a closed arc is not simple. Nevertheless, one defines simple closed arc (or
Jordan arc) a closed arc which is simple except for one single point y(a) = ~(b).
Fig. 8.17 illustrates various types of situations.

The reader might encounter the word arc in the literature (as in ‘arc of circum-
ference’) to denote a subset of R? or R3, endowed with the most natural — hence

implicitly understood — parametrisation.

Examples 8.8
i) The simple plane curve
~(t) = (at + b, ct + d), teR, a#0,

—b
has for an image the line y = S+ ad ° Setting x = z(t) = at + b and
a a
—-b

y =y(t) = ct + d, in fact, gives t = z , SO

¢ c ad — bc

y=—(r—-b)+d=-z+ .

a a a

ii) The curve
v(t) = (z(t), y(t)) = (1 +cost,3 +sint), te0,2n],

has the circle centred at (1,3) with radius 1 as image; in fact (z(t) — 1)2 +

(y(t) — 3)2 = cos?t +sin?¢ = 1. This is a simple closed curve and provides the
most natural way to parametrise the circle that starts at (2,3) and runs in the
counter-clockwise direction.

In general, the image of the Jordan curve
~(t) = (a:(t), y(t)) = (xg + 7 cost,yo + 7sint), t €[0,27],
is the circle with centre (zg,yp) and radius r.

If ¢ varies in an interval [0, 2kn], with k > 2 a positive integer, the curve has the
same image seen as a set; but because we wind around the centre k times, the
curve is not simple.

Instead, if ¢ varies in [0, 7], the curve is an arc of circumference, simple but not
closed.
iii) Given a,b > 0, the map

v(t) = (z(t),y(t)) = (acost,bsint), t € [0,27],




8.4 Curves in the plane and in space 281

A

Figure 8.18. The spiral and helix of Examples 8.8 iv), vi)

is a simple closed curve parametrising the ellipse with centre in the origin and
semi-axes a and b.

The image of
v(t) = (z(t),y(t)) = (tcost,tsint), t €0, +00),
is drawn in Fig. 8.18 (left); the spiral coils counter-clockwise around the origin.
The generic point (¢} has distance /22(t) + y2(t) = ¢t from the origin, so it
moves always farther as t grows, making the spiral a simple curve.
Let P = (zp,yp,2p) and Q = (2q,Yqg, 2q) be distinct points in space. The
image of the simple curve
Y¥(t)=P+(Q—-P)t, teR,
is the straight line through P and Q, because 4(0) = P, 4(1} = Q and the vector
~(t) — P has constant direction, being parallel to Q — P.
The same line can be parametrised more generally by
t—tp
1—to
where ty # t1; in this case y(tg) = P, v(t1) = Q.

teR, (8.40)

Consider the simple curve
(t) = (z(t),y(t),2(t)) = (cost,sint,t), teR.

Its image is the circular helix (Fig.8.18, right) resting on the infinite cylinder
| along the z-axis with radius one, i.e., the set {(z,y,2) € R®: 2% +y? = 1}.

A curve v : I — R3 is differentiable if the components .y, z : I — R are dif-
ferentiable maps on I (recall that differentiable on I means differentiable at every
interior point, and differentiable on one side at the boundary, if this is included in
I). Let o' : I — R® be the derivative function 4/(t) = (z'(t),y'(1), 2'(t)).
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T(t)
_ 8()
{ ’
, ' ' Y(t)
v (to) o ///
/
e
// I}_\; = "}"{_!n T Jf;l
|/ /
4
A Po= ‘Y(fn)

Figure 8.19. Tangent vector and secant at the point Py

Definition 8.9 The curve v : I — R? is regular if it is differentiable over
I with continuous derivative (i.e., the components are of class C* on I) and
if ¥'(t) # (0,0,0), for every t € I.

A curve v : I — R? is said piecewise regular if I is the union of finitely-
many subintervals where ~y is regqular.

When the curve « is regular and #, € I, the vector +/(tg) is called tangent
vector to (the image of) the curve at Py = 4(to). The name comes from the
geometric picture (Fig.8.19). Let to + At € I be such that the point Pa; =
~Y(to + At) is different from Py, and consider the straight line passing through Py
and Pa;. By (8.40) such line can be parametrised as

S(t) = Py + (Pa¢ — Po) : ;tto = ~(to) + vlto F Zﬁ G (t—to). (8.41)

As At goes to 0, the point P, approaches Py (component-wise). At the same time,
y(to + At) — ~(to)
At

the regularity assumption forces the vector o = o (tg, Af) =

to tend to 4'(to). Therefore the limiting position of (8.41) is
T(t) =~(to) +'(to)(t —to), teR,

the straight line tangent to the curve at P,. To be very precise, the tangent vector
at Py is the vector (Py,7(to)), but it is common to write it simply ¥'(to) (as
discussed in Sect.8.2.3). One can easily verify that the tangent line to a curve
at a point is an intrinsic notion — independent of the chosen parametrisation,
whereas the tangent vector does depend on the parametrisation, as far as length
and orientation are concerned.
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In kinematics, a curve represents a trajectory, i.e., the position 4(¢) a particle
occupies at time t. If the curve is regular, the tangent vector +/(t) describes the
velocity of the particle at time ¢.

Examples 8.10
1) All curves in Examples 8.8 are regular.
Let f : I — R be differentiable with continuity on I. The curve
1) = (L f(), tel,

is regular, and has image the graph of the function f. In fact,
¥ (t) = (1, /(1)) # (0,0), forany t € 1.
lii) The arc v : [0,2] — R?

(1), ifteo,1),
7““‘{@¢% itte(1,2,

parametrises the polygonal chain ABC' (Fig. 8.20, left), while

(t,1), ift€10,1),
~(t) =< (t,1), ifte[1,2),
(4—-t2-1(t-2), iftel2,4],
describes ABC A (Fig. 8.20, right). Both are piecewise regular curves.
The curves
~(t) = (1+ V2cost,V2sint), t € 10,27,
F(t) = (1+ V2cos2t,~V2sin 2t) t€0,n],

parametrise the same circle C' (counter-clockwise and clockwise respectively)
with centre (1,0) and radius V2.

O I

b

O 1 2

Figure 8.20. The polygonal chains ABC (left) and ABCA (right) in Example 8.10 iii)
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They are regular and differentiate to
¥'(t) = V2( —sint, cost) ¥'(t) = 2V2( —sin 2t, — cos 2t) .
The point Py = (0,1) € C is the image under ~ of to = 2, under ¥ of the
| value tg = %ﬂ', Py = ~(to) = 7y(t~0). In the former case the tangent vector is
~'(tp) = (—1,—1) and the tangent to C at Py

T(1)= (0.1) ~ (L)t~ o) = (~t4om 114 om),  teR.

4 4
For the latter parametrisation, ¥'(fy) = (2,2) and
T(t) = (0,1) + (2,2)(t - gw) =(2(t - gw), 1+2(t— gﬂ')) , teR.

The tangent vectors at Py have different lengths and orientations, but same di-
rection. Recalling Example 8.8 in fact, in both cases the tangent line has equation
y= 1+ z.

Object of our investigation in the previous chapters have been functions of one
real variable, that is, maps defined on a subset of the real line R (like an interval},
with values in R.

We would like now to extend some of those notions and introduce new ones,
relative to real-valued functions of two or three real variables. These are defined
on subsets of R? or R? and valued in R

f:domfCRY >R (d=2or3),

The symbol x indicates a generic element of R, hence a pair = (z,, ) if d = 2
or a triple @ = (1, 22, x3) if d = 3. For simplicity we might write (z1, z2) = (z,v)
and (x1,%2,23) = (z,y,2), and the coordinates of x shall be (zy,...,z4) when
it is not relevant whether d = 2 or 3. Each € R? is uniquely associated to a
point P of the plane or space, whose coordinates in an orthogonal Cartesian frame
are the components of . In turn, P determines a position vector of components
Z1,...,Zq, so the element = € R% can be thought of as that vector. In this way,
R? inherits the operations of sum = +y = (z; + ¥1,...,%4 + y4), multiplication
Az = (Axy,...,Azq) and dot product ¢ -y = 2141 + ... + zqyy4. Furthermore, the
Euclidean norm ||z|| = /2% + ... + z2 represents the Euclidean distance of P to
O. Notice ||z — y|| = /(21 —11)2 + ... + (za — y4)? is the distance between the
points P and @ of respective coordinates & and y.

Continulty

By means of the norm we can define neighbourhoods of a point in R* and extend
the concepts of continuity, and limit, to functions of several variables.
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5

Definition 8.11 Let @y € RY and r > 0 real. The set
L-(ﬂ?u) = {:E S Rd e — fB(;H < '.f'}

of points RY whose distance from g is less than r is called neighbourhood
of xy of radius r.

With @g = (zg1,. .., Zoq), the condition || — x|l < 7 is equivalent to

(I1“$01)2+($2v1’02)2 < r? ifd=2,

(21 — 201)* + (2 — T02)® + (23 — T03)% < 1? ifd=3.

Therefore I,.(xq) is respectively the disc or the ball centred at xg with radius 7,

without boundary.
Defining continuity is formally the same as for one real variable.

Definition 8.12 A function f : dom f C R? — R is continuous at o €
dom f if for any € > 0 there exists d > 0 such that

Vo € dom f, |le—xoll <8 = |f(x) = f(zo)] <.
Otherwise said, if

Vz € dom f, x € Is(xo) = f(x)€ I (f(m0)).

Example 8.13
The map f: R? — R, f(z) = 2z; + 5r is continuous at zg = (3,1), for

|f(x) = f(@o)| = [2(z1 — 3) + 5(x2 — 1)
<2|z1 — 3|+ 5lze — 1] < T|l@ — o] .

choose § = /7.
The same argument shows that f is continuous at every xo € R2.

Here we have used the fact that |y;| < ||y|| for any i = 1,...,d and any y € R,
a direct consequence of the definition of norm. Given ¢ > 0, it is sufficient to

A map f : dom f C R? — R is continuous on the region 2 C dom f if it is

continuous at each point a € (2.

The limit for  — xy € R? is defined in a completely similar way to the one

given in Chap. 3.
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8.5.2 Partial derivatives and gradient

Let f : dom f € R? — R be a function of two variables defined in a neighbourhood
of g = (x0,y0). Now fix the second variable to obtain a map of one real variable
x defined around zg € R

z — f(z,y0)-

If this is differentiable at zg, one says that the function f admits partial deriva-
tive with respect to = at xg, written

% (@) = S f@w0)

T=xTg

Similarly, if y — f(zo,y) is differentiable at yo, one says that f admits partial
derivative with respect to y at g

(),f

di
By (o) = ﬁ;f(-i-u-y) |

Y=Yo

If both conditions above hold, f admits (first) partial derivatives at @y, and there-
fore the gradient vector of f at xg is well defined: this is denoted

of of 2
(x0), % (33{1)) e R®.

Vi@o) = (5,

In the same fashion, let f : dom f C R® — R be a function of three variables
defined around @y = (xo, Yo, 20); the (first) partial derivatives at @y with respect
to z, y, z are

: 1 :
— (@) = tr——“f(-'f-’.- Yo, 20)
T dx

1 -
— (mg) = El_;f(!ffn- Y, 20)

Y=o

1
5 (@0) = T f(20,30,2)

z=zp

assuming implicitly that the right-hand-side terms exist. The gradient of f at xq
is the vector

V(o) = (—( 0)s 3 ()J‘
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Examples 8.14
1) Let f(x,y) = v/22? + y2 be the distance function from the origin. Considering
xg = (2,—1) we have
af x 2
o1 = (V21 1)(2) = ==
L1 = (SVer 1)@ = "7
of d y 1
Tony= (LviT@)n= 2| =
F 9 (dy ) Va+y? y=——1 V5
| S0
2 1 1
VA2, —1) = (=, ——) = —(2,-1).
1@2-0=(7-7%)=7@-1
For f(z,y,z) = ylog(2x — 32) we have, at zg = (2,3, 1),
ﬁ(m1)—(d—3log(2x—3))(2)—3 2 =6
or dz 22— 3| _, ’
of d
oy @31 = vles1)®) =0,
of d —3 _
5 (2,3,1) = (£3log(4— 3z)>(1) =35 =Y
thus
V£(2,3,1)=(6,0,-9).
Set € = (x1,...,24). The partial derivative of f at xy with respect to the
variable x;, ¢ = 1,...,d, is often indicated also by

Dy, f(xo) or  fu,(®a).

The function of of

oz, " B, )

defined on a subset dom g C dom f C R? with values in R, is called partial
derivative of f with respect to x;. The gradient function of f,

Vf:x— Vf(z),

is defined on the intersection of the domains of the partial derivatives. The gradient
is an example of a vector field, i.e., a function defined on a subset of R? with values
in R? (thought of as a vector space).

Examples 8.15

| Let us look at the previous examples.

The gradient of f(z,y) = /2% + 9% is
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_ T Y _
V() = ( N Wﬂ,z) e
and dom V f = R%\ {0}.

For the function f(z,y,2) = ylog(2z — 32) we have

2y —3y
V(o) = ( gty lostae - 32). )

so domV f = dom f = {(z,y,2) € R®: 2z — 3z > 0}.

Partial derivatives with respect to z;, i = 1,..., d are special directional deriva-
tives, which we discuss hereby. Let f be a map defined around a point x, € R?
and suppose v € R? is a given non-zero vector. By definition, f admits (partial)
derivative at xy in the direction v if the quantity

af . J(zo +tv) — f(=0)
| =— (xg) = lim
| v t—0 t

exists and is finite. Another name is directional derivative along v, written
va(:co).

The condition expresses the differentiability at ¢ty = 0 of the map ¢t — f(xo+tv)
defined around tq (because if ¢ is small enough, @ + tv is in the neighbourhood of
xo where f is well defined). The curve t — x + tv = y(¢) is a parametrisation of
the straight line passing through x with direction v, and (f o v)(t) = f(xo + tv).
The directional derivative at @y along v is therefore

@ =(5107) 0.

Let e; be the unit vector whose ith component is 1 and all others zero (so
e =1, ex = J, e3 = k). Taking v = e; gives the partial derivative at xq with
respect to z;

For o . ‘
i J(j_, (:Ifu}: ET {.’L‘n:" a =it d. |

For example, let d = 2 and i = 1: from

f(xo +ter) = f((zo,90) +£(1,0)) = fzo + ¢, %0)
we obtain, substituting = zy + t,

of o f(@o+t o) — f(@o,yo)
e, (ro,y0) = thf(l) P

= lim f(x7y0) - f(anyO) — g (IanO) )
T—Tg T — Xy 811?
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It can be proved that if f admits partial derivatives with respect to every
variable z; in a whole neighbourhood of @y, and if such maps are in this neigh-
bourhood continuous, then f admits at xy derivatives along any vector v # O0;
these directional derivatives can be written using the gradient as follows

% (ﬂf’?[p) =?- \_,r‘(:r:[,} =1 ()” [33“] R 2 f'n’f (wt]} =

I

| af . of Sy

From this formula we also deduce the useful relations

of
8.Z'1j
Under the same assumptions on f, if 4 : I — R¢ is any differentiable curve

at to € I such that ¥(ty) = @, the composite map (f ov)(t) = f(¥(t)) remains
differentiable at ¢y and

(o) = e; - Vf(xo), i=1,...,d.

(55797 (0= ta) - V1ta0); (5.42)

this should be understood as a generalisation of the chain rule seen for one real
variable.

Example 8.16

| Consider the distance function f(z,y) = /22 + 32 and let 7 : (0, +00) — R? be
| the spiral 4(t) = (tcost,tsint). Since

f('y(t)) = V1t2cos?t + 2sin’t = t,

d
we see directly that o f(x(t)) =1 for any ¢ > 0. Let us double-check the same

result using (8.42). Define & = (¢) and the unit vector & = ﬁ = (cost,sint).

Then ~'(t) = (cost,sint) + t(—sint, cost) = & + t&; the notation for the unit
vector &= = (—sint,cost) is due to @° - & = 0. We already know though
(Example 8.15) that Vf(zx) = & for any x # 0. Therefore

Yt) Vi) =(@+te") z=z- -2+t 2= 2> =1,

| as expected.

ST

Xerclses

l. | Determine the polar coordinates of the following points in the plane:
A=(5V6,5v2) , B = (5V6, -5V2),
C = (-5v6,5V2), D = (—5V6,-5V2).
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10.

12.

8 Geometry in the plane and in space

. Write the following points of the plane in polar coordinates:

a) A=(-5,0) b) B = (0,4) c) C=(0,-3)

Determine the polar coordinates of the following points (without computing
explicitly the angle):

a) A= (2v/3-3V2,1) b) B = (3v2 —2v3,3v2 +2V3)
Determine the polar coordinates of the following points in the plane (leaving
the argument written in terms of a trigonometric function):

A:(cos—g,sing), B:(—cosg,sing), C:(sing,cosg).

. Change to polar coordinates:

V2 om V2 V2 T V2
iy

a) A:(—Q—cos§—7s1n§,—2—cos§ smg)

28 28
b) B = (2cos 57r,2sin —gﬂ')

Given v = (1,0, —2) and vy = (0, 1, 1), find a real number X so that v + Avy
is orthogonal to vz = (—1,1,1).

Describe the set of planar vectors orthogonal to v = (2, —5).

Determine the set of vectors in space orthogonal to vy = (1,0,2) and vy =
(2, -1, 3) simultaneously.

Find the norm of the vectors:

v = (0,\/5,7), vy = (1,5,-2), wv3= (cos%,sin%cos%,—sin%sin%).

Determine the cosine of the angle formed by the following pairs:
a) v=(0,1,0), w=(0,7%,2) b) v=(1,2,-1), w=(-1,1,1)

Determine the unit vector u corresponding to w = (5,—3, —/2). Then find
the component of v = (2, —1,2v/2) along u and the orthogonal one.

Write the following complex numbers in Cartesian form:

a) (2—3i)(=2+1) b) (3+14)(3—1) (% + &9)
142 2-i 5
) 3TH T H S G Y T



13.

14.

16.

18.

19.

20.
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Determine the trigonometric and exponential forms of:

a) z=1 b) z=-1

c) z=1+1 d) z=14(141%)
143

e} z= aal f) z=sina+icosa

1—2

Compute the modulus of:

1 2 i
- b)Y z2=14i—
8) 2=1 5t ) a=lti- 1

3z—1

Prove that

‘:11’f|z|:1.

Solve the following equations:

a) 22-22z42=0 b) 22+43iz+1=0
c) zlz] —22+i=0 d) |z|?2% =i
e) z24iz=1 f) 23 =1z

Verify 1+ i is a root of the polynomial z* — 523 + 102% — 10z + 4 and then
determine all remaining roots.

9. 2%° when:

Compute 2%, z

1—i ‘ 2 1
= }]J zZ =

. =+ -
i V3—i i

Write explicitly the following numbers in one of the known forms and draw
their position in the plane:

a) z

a) z= i by 2= V1 ¢) z=+v2-12
Determine the domains of the functions:
: z—3y+7
a) flzy)=——7—
r—y

b) | flz,y) = V1 -3y
o fley)=V3r+y+1-

d) f(il?yy, Z) = 1()g(372 + y2 + ZZ _ 9)

20—z
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21. Calculate all partial derivatives of:
a) f(may) =V 3z +y2 at (.’Eo,yo) = (172)
b) f(.’E,y,Z) = yea:+yz at (.’Eo,yo, ZO) = (07 17 _1)
22. Find the gradient for:
+y

a) f(z,y) = arctan 2

b) flx,y) = (z +y)log(2x —y)
c) f(z,y,2) =sin(z +y) cos(y — z) d) f(z,y,2) = (@ +y)°

23. Compute the directional derivatives of the following maps along the vector v
and evaluate them at the point indicated:

a) flz,y) =zy—3 v=(-1,6) xo = (2,12)
b) flz,y,2) = ﬁ@ v = (12, -9, 4) 2o = (1,1,~1)

All four points have modulus 7 = /25 - 6 + 25 - 2 = 5v/8. Formula (8.2) yields,
for A,

0 t > tnl T
= arctan ——= = arctan — = —
. 56 V36
since > 0. Similarly for B
1 T
fp = arctan (— — ) = —arctan — = —— .
For the point C, since z < 0 and y > 0,
1 5
GC:arctan(——\/—g)+7r:—%+7T:67r’
while z < 0,y < 0 for D, so
0 ; 1 T )
=arctan— —T=—-—7T=—=7
b V3 6 6

<
I
o
S
Il
3
=3
I
B
S
!
[SIE]
-
I
w
S
I
|
volx
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The modulus is r = v/31 — 12v6. From 2v/3 < 3v/2 we have

1 2v3 2
0 — arctan ——————= + 7w = arctaunL+—3£ + 7
2v3 - 3V2 —6
3 2
= —arctan(§+§)+ﬂ.

r =56, #=arctan(5+ 2v6).
|. All points have unit modulus » = 1. For A

T 7
f#4 = arctantan — = R
For B, x <0 and y > 0, so

T T
HB:arctan(—ta11§)+7r: —g+7r:—7r.
Asg for C,

cos g
fc = arctan

R

9
by (2.17), and since the tangent function has period 7, it follows

cos T sin(% + I) 7
9 9 " 2
— = —tan —m = —tan(— -—m) = tan —,
sin & cos(g + %) 18 ( 18 ) 18

hence ¢ = 1—787r.

Just note V2 sin

5 7 = cos 7 and apply the addition formulas for sine/cosine:

A= (cos(% + %),sin(% + %)> = <cos gﬂ',sing ) .

T

36 36
Because %ﬂ' < %, we immediately have r = 1 and 8§ = %7’1’.
r=2, 6= *%7‘(‘.

The vectors v, + Avg and vz are orthogonal if (v, + Avs) - v3 = 0. But

(V1 + Avg) -3 = vy vz + Avg -3 = =3+ 2),
whence \ = % follows.
A vector (z,y) is orthogonal to v if (z,y) - (2,—5) = 22 — 5y = 0. The required

set is then made by the vectors lying on the straight line 22 — 5y = 0. One way to
describe this set is {A(5,2) : A € R}.
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8. Imposing w = (z,y, z) orthogonal to vy and v, yields w-v; =z + 2z = 0 plus
w- vy =2r—y+32 =0, hence x = -2z and y = —2. Put z = ), and the set
becomes {A(—2,-1,1): A € R}.

O il =v52, ozl =v30,  Jusll = 1.

. Angles between vectors:

cosBz%; b) cosf =1.

L. From ||w| = 6 it follows u = (g,—%,—%ﬁ). Since v-w = 2,

5 3 V2
=)
5 3 V2 3 19
7 V2).

vir = 212V = (33 =) = (33 g

v
N =

-1+ 8i; bl 2+14; c) —

™ .. T i < e T
z:cos§+zsm§:e ; Z=COST +isinmT=¢e";

nala

. 3 .. 3 i3
z=\/§(cosE+isin%) =27, z:\/é(coszﬂ%—zsmz—lﬂ) :\/ée’i’r;
COSE+iSiH T i, ') cos (E — a) +4sin (E — a) — ¢i(3-9)

2 2 ’ ' 2 2 '
5 . ; 13
2 : 5 -

I5. We proceed indirectly and multiply first the denominator by |z| (= 1) to get
3z—1 3z —1
z—i|  |3z—1i] 1

N |3z—i| -

3z—1
3Zz+1

3z—1
3+iz

3z—1

a z=1=x1.
The formula for a quadratic equation gives

e Tk -3+ V13 _ —3+ V13,
- 2 B 2 2 ‘
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Write z = z + iy, so that the equation reads
(z+iy)Va? +y2 -2z —2iy+i=0,
or equivalently,
x\/x2+y2—2x+i<y x2+y2—2y+1) =0.

The real and imaginary parts at the two sides of the equality must be the
same, o

x<\/x2+y2 —2) =0

yvat+y?—-2y+1=0.

The first equation in the system implies either z = 0 or /22 + y? = 2. Substi-
tuting 2 to the square root in the second equation gives 1 = 0, which cannot
be. Therefore the only solutions are

z=0
ylyl—2y+1=0.

Distinguishing the cases y > 0 and y < 0, we have

z=0 d =0
P-2y+1=0, —yt =2+ 1=0

z=0 d z=0
y=1 an y:—liﬂ.

In conclusion, the solutions are z = i, z = i(—1—+/2) (because y = —14+v/2 > 0
must be discarded).

SO

V2 VT o1 VT o1

z 5 (1+1); e=g g2 )
Using |z]? = 2%, the new equation is

23 = 2272 = 2(z-7%)=0.

One solution is certainly z = 0, and the others satisfy z — 2z = 0. Write
z = + iy, S0 to obtain
{ 22—y’ —2=0

2zy+y=0.

The bottom relation factorises into y(22 + 1) = 0, hence we have two subsys-

tems
y=20 x:~%
z(r—1)=0, yQ:%.

Putting real and imaginary parts back together, the solutions read

1 V3
=0; =1: = -4 —7.
z : z : z 5 5
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The fact that the polynomial has real coefficients implies the existence of the
complex-conjugate Z = 1—4 to 2 = 1414 as root. This means (z—1—14)(z—141i) =
22 — 2z + 2 divides the polynomial, indeed
2P =523 41022 10244 = (22 =224+ 2) (22 —3242) = (22 =22+ 2)(z - 1)(2 - 2).

Thus the roots are

z=1+4+1, z=1-1, z=1, z=2.

22 =2, 2% = —16(1+1), 220 = 210,

Rationalising the denominators yields

V3+i 1 .
z=2 1 —125(\/5——1).

Now write the number in exponential form
1 N
z = 5(\/3 —i)=e 5",

from which

(¢

™, 1
2= 7§1=cosg—ising:§(l—\/§i);

— 3 s
9 K] 7t

w
I
o

™ .. T .
=e€ :COS§+’LSIH—=Z,

2
220 _ e—%wz e%wz _ 5(_1 + \/gl) )

Zoz’i, 212—%(\/§+i), 22:%(\/3—1)
They are drawn in Fig. 8.21, left.

Write the number 1 as 1 = ¢°™*. Then because e*T%" =

e®, we have
274

21 EP — 4 —
=1, 211657”, Z2:e57”, Z3 =€ 57”, Z4 =€ 5

see Fig. 8.21, middle.
20 = V/Bed™ z1 = VBe 5™ are represented in Fig. 8.21, right.

The domain is {(z,y) € R? : z # y?}, the sct of all plane points off the
parabola x = y2.
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Im z Imz, Imz,

Re z "Z0 Rez I "Rez

Figure 8.21. From left: cubic roots of —i, fifth roots of unity, square roots of 2 — 2i

The map is well defined where the radicand is non-negative, so the domain is
{(z,y) R? 1<—1 if;z>0y>—1 'f.r<0y€]Rifx*0}
\Y) € L . . 1 , =0y,
Y Y 3z ' 3T i '

the set of points lying between the branches of the hyperbola y = i
Ounly for 3z +y + 1 > 0 and 2y — x > 0 the function is defined, which makes

{(.r,y)6]R2:y2~3x—1}ﬂ{(w,y)€R2:y>g}

the domain of the function, represented in Fig. 8.22.

The map is well defined where the logarithm’s argument is positive, hence the
domain is the subset of space

{(z,y,2) eR3:2? +4y? + 22 > 9}.

These are the points outside the sphere centred at the origin and with radius
three.

Figure 8.22. The domain of the map f(z,y) =3z +y+1— \/2;1,—71
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of 1oy 8 Of 2

%(17 ):K/—?7 a_y(laZ):W .
of 1 of _ of -
%(0,1,—1)_e v 5?;(0,1,—1)_0, 5(0,1,-—1)—e L

Yy x
x2+y2’x2+y2 )

(
Vf(w,y) = (log(2m )+ 2% - z) log(20 — y) - 1Y ) .

_2x—y

Vf(z,y,2) = (cos(z + y) cos(y — z) , cos(z + 2y — z), sin(z + y) sin(y — z)) -
Vi(z,y,2) = (s(z+y)"71, 2(@+ )", (@ +y) log(a +)) -

af L af 1

5;(-730) =-1; 5;(-730) =3
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Integral calculus I

Integral calculus tackles two rather different issues:

i} Find all functions that differentiate to a given map over an interval of the real
line. This operation is essentially an anti-derivation of sorts, and goes by the
name of indefinite integration.

i) Define precisely and compute the area of a region in the plane bounded by
graphs of maps defined on closed bounded intervals, known as definite inte-
gration.

The two problems seem to have little in common, at first sight. The outcome of
indefinite integration is, as we shall soon see, an infinite set of functions. Definite
integration produces instead a number, the surface area of a certain planar region.
A cornerstone result, not casually called the Fundamental Theorem of integral
calculus lest its importance goes amiss, states that the two problems are actually
equivalent: if one can reconstruct a map knowing its derivative, then it is not hard
to find the area of the region bounded by the derivative’s graph and the lines
parallel to the coordinate axes, and vice versa.

The beginning of the chapter is devoted to the former problem. Then, we
explain two constructions of definite integrals, due to Cauchy and Riemann; albeit
strongly related, these are presented as separate items for the didactic purpose of
keeping the treatise as versatile as possible. Only in later sections we discuss the
properties of integrals in a uniform manner. Eventually, we prove the Fundamental
Theorem of integral calculus and show how it is employed to determine areas.
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9.1 Primitive functions and indefinite integrals

Let f be a function defined on some interval I.

Definition 9.1 Fach function F, differentiable on I, such that
I"J{J‘) el ,f[f]' \\:'rI.F‘ C'_- ‘|l

is called a primitive (function) or an antiderivative of f on I.

Not any map defined on a real interval admits primitives: not necessarily, in
other words, will any function be the derivative of some map. Finding all maps that
admit primitives on a real interval, which we call integrable on that interval, is
too-far-reaching a problem for this book’s aims. We limit ourselves to point out an
important class of integrable maps, that of continuous maps on a real interval;
the fact that continuity implies integrability will follow from the Fundamental
Theorem of integral calculus.

Examples 9.2

| 1) Given the map f(z) = x on R, a primitive function is F(z) = %x? The latter
| 1

| is not the only primitive of f: each map G(z) = 5:52 + ¢, where ¢ is an arbitrary

| constant, is a primitive of f, because differentiating a constant gives nought.

| i) Consider f(z) = 1 over the interval I = (—o0,0). The collection of maps

| F (z) = log |z| + ¢ (c € R) consists of primitives of f on I. !

The previous examples should explain that if F(z) is a primitive of f(z) on
the interval I, then also maps of type F(x) + ¢, with ¢ constant, are primitives.
It becomes therefore natural to ask whether there are other primitives at all. The
answer is no, as shown in the next crucial result.

Proposition 9.3 If F' and G are both primitive maps of f on the interval I,
there exists a constant ¢ such that

G(z) = F(z) + ¢, Ve e I. J

v Proamortiy | 114
) Croperty 0.249.

Summarising, the following characterisation of the set of primitives of f holds.
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Theorem 9.4 Let f be an integrable map on I and F a primitive. Then any
primitive of f is of the form F(x) + ¢, with the constant ¢ varying in R.

That in turn motivates the following name.

Definition 9.5 The set of all primitives of f on a real interval is indicated

by :
/ f(z)dz

(called indefinite integral of f, and spoken ‘integral of f(z) dz’).

If F is a primitive then,

/f{;r:}d.;' ={F(z)+c : ce R}

It has to be clear that the indefinite integral of f is not a number; it stands rather

for a set of infinitely many maps. It is just quicker to omit the curly brackets and
write

[ f)ds=F@) e

which might be sloppy but is certainly effective.

Examples 9.6

The map f(x) = x* resembles the derivative 5z* = D z°, so a primitive of f

1
/9;4(1.17 = ;3:5 + c.
5

is given by F(z) = 12° and
ii) Let f(z) = e**. Recalling that De®** = 2e**, the map F(z) = Je** is one
primitive, hence

1
2x 2z
e“dxr = - +c.
/ x 28 C

iii) As Dcos 5z = —5sinbz, f(z) = sin bz has primitive F(z) = —% cos bz, and

1
/sin Srdr = —% cos bz + c.

" Let

—sinz ifz <0,

fia) =sinlal = {

sinz ifz>0.
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We adopt the following strategy to determine all primitive maps of f(z) on R.
We split the real line in two intervals I} = (—o0,0), Iz = (0,400) and discuss
the cases separately. On I, primitives of f(z) are of the form

Fi(z) =cosz+¢ with ¢; € R arbitrary;

| similarly, on I, a primitive will look like

Ey(z)=—cosz+ ¢ ¢o € R arbitrary.
The general primitive F(z) on R will be written as
Fi(z) ifz<0,
{ Ey(z) ifz>0.
Moreover F' will have to be continuous at x = 0, because a primitive is by mere

definition differentiable — hence continuous a fortiori — at every point in R. We
should thus make sure that the two primitives agree, by imposing

i F(z) =

lim F(z) = lim F(z).
| z—0— ( ) z—0t+ ( )
| As F} and F, are continuous at z = 0, the condition reads F;(0) = F3(0), that
| is

l14+¢ =—-1+4co.
The relation between ci,co allows to determine one constant in terms of the
other (coherently with the fact that each primitive depends on one, and only

| one, arbitrary real number). For example, putting ¢; = c gives ¢z = 24 ¢. The
expression for the general primitive of f(z) on R is then

F(z)=

{cosx+c if z <0,
—cosz+2+c¢ ifz>0.

Theorem 9.4 states that the graph of a primitive of an integrable map is the
vertical translate of any other (see Fig.9.1).

How to select a particular map among all primitives of a given f then? One
way is to assign a value yg at a given point zg on I. The knowledge of any one
primitive F'(z) determines the primitive G(z) = F(x) + ¢g of f(z) whose value at

y=F(z)+c
y = F()
y= Fl(xr)— F(xo) + yo

. Yo

Figure 9.1. Primitives of a given map differ by an additive constant
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xg is precisely yo. In fact,
G(xo) = F(xo) +co=yo
yields ¢g = yo — F(zo) and so
G(z) = F(z) — F(xo) + yo-

The table of derivatives of the main elementary maps can be at this point read
backwards, as a list of primitives. For instance,

;],_.rk+l
a) / rEdn — = +c (a# —1)
1 ]
b) / —dz = log|z| + ¢ (for z > 0 or z < 0)

c) /Sill zdx = —cosz +c

d) [(_-ns.-r de =sinz +c o
O) /(?‘r: dz = o +c
f) s e

52 4o = arctanz + ¢

dx = arcsinzx + ¢

Examples 9.7

!} Determine the primitive of f(x) = cosz with value 5 at 2o = . The map
F(z) = sinx is one primitive. We are then searching for a G(x) =
Imposing G(5) = 5 we see co = 4, and the required primitive is

G(z) =sinz + 4.

ii) Find the value at z; = 3 of the primitive of f(z) = 62% + 5z that vanishes at
the point o = 1. One primitive map of f(x) is

)
F(z) =22 + 53:2.
If G(x) = F(z) + ¢o has to satisfy G(1) =0, then ¢y = —3, whence
5 9
G(x) =223 + Sa% — =
(x) =2z + 57 7
The image of z; = 3 is G(3) = 72.
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Consider the piecewise-defined map
x ifx <1,
/(@ :{(x—2)2 if 2 > 1.
Mimicking Example 9.6 iv) we obtain

%xQ +c1 ifx <1,
Fz) =191 5 ,
3(z =207 +ec ifz>1
| Continuity at £ = 1 forces % +c1 = —% + ¢g. From this relation, writing ¢; = ¢

| gives
2 +ec if v <1,
(z-2P3+2+c ifz>1

F<x>={§
(z

Let us find the primitive of f(x) with zero ¢ = 3. Since z¢ > 1, the second

| expression of F(x)

' 1 5

| F(3)=-(3-2%+2 =

| (B =36-2%+2+c=0

| tells ¢ = — <. It follows

1

i 1.2 7 :

| ST — % ifx <1,
Fley=<1 50

$(e—-2P3 -5 ifz>1
Beware that it would have been wrong to make %xz + ¢ vanish at zo = 3, for

| this expression is a primitive only when £ < 1 and not on the entire line.

' Determining the primitive of f(x) that is zero at £o = 1 does not depend on the
choice of expression for F(z), because of continuity. The solution is

; F(x):{

9.2 Rules of indefinite integration

-3 ifx <1,

The integrals of the elementary functions are important for the determination of
other indefinite integrals. The rules below provide basic tools for handling integrals.

Theorem 9.8 (Linearity of the integral) Suppose f(x),g(a } are inte-
grable functions on the interval I. For any o, 3 € R the map o f(x) + Gg(x)
is still integrable on I, and

/(ru’( + Bg(x tl: —n/f )dx + f/ ) da. (9.2)
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Proof. Suppose F(x) is a primitive of f(x) and G(x) a primitive of g(x). By

|ii|<"r11'it_\' of the derivative

[_r'fu"-‘[.rl | .j(.r"f.f'_:} oF'(x) 3G (2) = af(z) + Bg(z), Vrel.

i

This means aoF'(x) + G (x) is a primitive of af(x) + Bg(x) on I, which is

the same as (9.2).

The above property says that one can integrate a sum one summand at a time,
and pull multiplicative constants out of the integral sign.

Examples 9.9

i) Integrate the polynomial 422 + 3z — 5. By (9.1) a)

/(49:2+3:r5)dx:4/w2dx+3/xdx—5/dm
1 . 1
:4(53734—01) +3<§l‘2+02> —5(l‘+03)

4"‘+32 5z +
== -z =5z +c
3 2

The numbers ¢;. ¢g, ¢3 arising from the single integrals have been ‘gathered’ into
one arbitrary constant c.

ii) Integrate f(zr) = cos? r. From

. 1
cos® = 5(1 + cos 2z)

and Dsin 2x = 2 cos 2z, it follows

1 1 1 1
/COSQ:L‘dJ}: 5/d:c+§/co:32:rdx: Ew—l— Zsin?x—l—c.

Similarly

. 1 1
/sinzxdx: 5:10— Zsin2x+c.

Theorem 9.10 (Integration by parts) Let f(x),g(x) be differentiable
over I. If the map f'(x)g(z) is integrable on I, then so is f(z)g'(z), and

/ f(z)g'(z) dz = f(z)g(x) — / f'(z)g(x) dz. (9.3)
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Proof. Let H(xz) be any primitive of f'(x)g(z) on I. By formula (6.4)

fla)g(x) - ”[_.r'_i':'f (f(x)g(x) ]! - H'(x)

fi(x)glx)+ flx)g (x) — f(x)g(x)

Therefore the map f(x)g(x) — H(x) is a primitive of f(z)g'(x), exactly

what (9.3) claims.
In practice, one integrates a product of functions by identifying first one factor
with f(z) and the other with ¢'(z); then one determines a primitive g(z) of ¢’'(z)
and, at last, one finds the primitive of f’(z)g(z) and uses (9.3).

Examples 9.11

i) Compute

/xez dz.

Call f(z) = z and ¢'(z) = e*. Then f'(z) = 1, and we conveniently choose e* as
primitive of itself. Formula (9.3) yields

/xezdx = ze” —/ezdac =z — (" +¢)=(z—1)" +c
Since the constant of integration is completely arbitrary, in the last step the sign
of ¢ was flipped with no harm done.

Had we chosen f(z) =e® and ¢'(z) = z (f'(z) = €® and g(z) = 32?), we would
have ended up with

1 1
/xez dx = 53:26”3 — 5/.’13261 dx,

which is not particularly helpful (rather the opposite).

/ log x dx.

Let us put f(z) =logz and ¢'(z) = 1, so that f'(z) = 1, g(z) = z. Thus

1
/logxdx:xlogx—/Exdx:xlogx—/dx

=zlogz — (x+¢) =z(logz - 1) +¢,

ii) Determine

given that ¢ is arbitrary.
i) Find
S= /ezsinxdx.

We start by defining f(z) = ¢* and ¢'(z) = sinz. Then f'(z) = e°, g(z) =
—cosz, and

S = —€" cosm—}-/emcosxdm.
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Let us integrate by parts once again, by putting f(z) = e and ¢'(z) = cosz
this time. Since f'(z) = €%, g(z) =sinz,

S =—€e"cosz+e’sinz — /ez sinzdzr = e*(sinz — cosz) — S.

A primitive F(x) of e* sinz may be written as
F(z) =e%(sinz — cosz) — G(z),

G(z) being another primitive of €* sin x. By the characterisation of Theorem 9.4
then,

28 =e*(sinx —cosx) + ¢
hence

1
S = Eez(sinx —cosz) + ¢

Theorem 9.12 (Integration by substitution) Let f(y) be integrable on
the interval J and F(y) a primitive. Suppose p(x) is a differentiable function
from I to J. Then the map f(p(x))¢'(x) is integrable on I and

[ He@)e @) do = Flp(@) + (9.4)

which is usually stated in the less formal yet simpler way

[ 16@)¢ @) dz = [ 1) du. (9.5)

Proof. Formula (6.7) for differentiating a composite map gives

d F(p(x)) = .‘.l_;.l_ (p(x)) (l';. (z) = fle(z))¢' ().
- ) \ _ )

(1..';

(1.

Thus F(¢(x)) integrates f(p(z))y’(x), i.e., (9.4) is proven.

We insist on the fact that the correct meaning of (9.5) is expressed by (9.4):
the integral on the left is found by integrating f with respect to y and then
substituting to y the function ¢(z), so that the right-hand side too depends on the
variable 2. Formula (9.5) is easy to remember with a trick: differentiate y = (),
so that j—g = ¢'(z). Viewing the right-hand side as a formal quotient (in Leibniz’s
notation), multiply it by dz; substituting dy = ¢’(z)dx in one integral yields the
other.

Examples 9.13

i) Determine

2
/er dz.
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Let y = ¢(z) = 22, so ¢’ (z) = 2z. Then

1 1 1
/xe””2dx: §/e””22:cda:: g/eydy: gey+c.

Going back to z,
1
/xe””2 dz = 5812 +ec.

/ tanx dzx.

and (cosz) = —sinz. Put y = p(z) = cos z:

ii) Compute

sinx

First, recall tanz =
COST

1 1
/tana:d:c:—/ (Cosa:)'dx:—/—dy
cos Y

= —log|y| + ¢ = —log|cosz| + ¢

iii) Find
[ 7=
——dz.
1+ 22
By (6.17) it follows directly
1
———dz=sinh 'z +ec.
/ V1422
Alternatively, we may substitute y = ¢(z) = V1 + 2% — z:
/1 Lg2
dy = (—2———1>dz:x—idx,
1+ x2 V14 z2

1 1
hence —— dx = —— dy. This gives
1+ 22 Yy

1 1
/\/—fﬁdx:_/Qdy:_loglyHc:—log(\/m—x)m,

where the absolute value was removed, as 1+ z2 — z > 0 for any z.
The two expressions are indeed the same, for

~log(v1-+2? —z) = log(v/1 + 22 +z) =sinh ™' &

iv) The integral

1
| =

can be determined by the previous technique. The substitution y = ¢(z) =

Vz? — 1 — z gives
dz =log|Vz? —1+z|+c.

| =
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v) The integral
S= / V1+az2de

is found as in example iii). Integrate by parts with f(z) = V1 + 22 and ¢'(x) =1,

s0 f/(a) = ——
Jiza?
x? 24+1-1
S:x\/1+m2—/——~dm:x\/l+m2— L dx
V1 V1422

—:1:\/1+—$2 /\/H—xzdx+/m

=
Therefore

28 =zv1+ 22

(z}) =z and

S+/—d
ice

+/ =zvV1+a?+log(vV1+z2+1)+c
\/_ V

and eventually
1 1
S = 37 1+m2+§10g( l+a22+a2)+c

Similar story for / va? — ldz.

vi) Determine
S:/\/l—aﬁ?dx.

As above, we may integrate by parts remembering dz = arcsinz +c¢.

=

2 — My = & _
Namely, with f(z) =1 — 22, ¢'(z) = 1, we have f'(z) = m,g(m)—m
whence
2
— 1
S=ay1- 2—/—”’(1 = zv/1- 2—S+/md
g ! 2 ’ iz
So we have
1
_ — 2
' 25 =zv/1 x+/mdx
ie.,

1 1
Széx 1—x2+§arcsinx+c.
Let us do this in a different way. Put y = arcsinz, so dz = cosy dy and v1 — 22 =

cosy. These give

1 1 1
SZ/Coszydy: 5/(0082y+1)dy= Fsin2y+ sy +e

1 1 1
= §sinycosy+§y+c= Em 1—x2+§arcsinx+c‘
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vii) Finally, let us determine

1
/— dz.
et +e 7T

Change y = €%, so dy = e®dz, or dz = %dy. Then

1 1 1
/—dz:/ r o dy
e* +e” " y+ Ly

Y

— 5 d = ar taIl = ar t
— C c= 3
2 y y arctane C

Example ii) is a special case of the following useful relation

/ ix((z)} dx = l()g |(ro(';r)| +c (96)

that descends from (9.5) by f(y) = 3:

Hitherto all instances had one common feature: the maps f were built from a
finite number of elementary functions by algebraic operations and compositions,
and so were the primitives F'. In such a case, one says that f is integrable by
elementary methods. Unfortunately though, not all functions arising this way
are integrable by elementary methods. Consider f(z) = e~%°, whose relevance in
Probability Theory is paramount. It can be shown its primitives (which exist, for f

is continuous on R) cannot be expressed by elementary functions. The same holds
sinz
for f(z) = -
The problem of finding an explicit primitive for a given function is highly non-
trivial. A large class of maps which are integrable by elementary methods is that
of rational functions.

9.2.1 Integrating rational maps

Consider maps of the general form

P(z)
Q(z)’

where P(z) and Q(z) denote polynomials of degrees n,m (m > 1) respectively.
We want to prove they admit primitives in terms of rational functions, logarithms
and inverse tangent functions.

First of all note that if n > m, we may divide P(z) by Q(z)

fz) =

P(z) = Q(z)D(z) + R(z),

with D(z) a polynomial of degree n — m and R(z) of degree < m — 1. Therefore
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[ te= [ perses |

The problem boils down to integrating a rational map g(x) =

R(z)
) dz.

R(x)
Q(z)

in which the

numerator’s degree is less than the denominator’s.

We discuss a few simple situations of this type, which will turn out to be
fundamental for treating the generic integrand.

i) Let g(z) = , with & € R; by (9.1} b)
z—
1
[ dz =log|z — a| +c. (9.7)
T
.. 1 . .
i) Take g(x) = oy where r > 1; using (9.1) a) yields
1 1 1
= 9.8
,/(.’r,—():)’"(”r 1—r{m—(x)"—‘+€ ©8)
T 1 . 2 .
i) Let g(r) = —5—5————, with p* — ¢ < 0, so that the denominator has no real
T4+ 2px + q

roots and is positive. Putting

s=1+/q—-p?>0,

a little algebra shows

2 +2px+q=2>+2px+p° + (¢—p*) = (z +p)° + 8* = &

Now substitute y = ¢(z) = R
s
1 1 1
/7 dz = — sdy.
J 2?4+ 2px+gq s2 ) 1+92

Recalling (9.1) f) we may conclude

[ 1 . 1 a0 +p " 9.9
T o Uil == arcvan { & .
2+ 2px + g S s (9.9)
. ar+b i 9 ) . . ]
Consider g(x) = ——5——— with p* — ¢ still negative. Due to the identity
T4+ 2pT + g

am—f—b:am—}—ap—f—b—ap:%(2m+2p)+(b—ap)
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we write

axr+b a 2z + 2p 1
—de==- | ——d b— —d
/z2+2pz+q v 2/z2+2pm+q z+( ap)/a:2+2pz+q ’

Now use (9.6) with ¢(z) = 2% + 2pz + ¢, and (9.9):

b—ap T+p
arctan

b
/ L B T g log(2? + 2pz + ) + e (9.10)

2+ 2px +q
ar+b

S 2
@+ 2pr 4" with p2 —¢ < 0 and r > 1. Inte-

v) More generally, let g(z) =
grating by parts

! d

/ (2% + 2px + ¢)! o
and substituting ¢(x) = 22 + 2pr + ¢, we end up writing the integral of g as sum
of known terms, plus the integral of a map akin to g, but where the exponent is
7 —1. Thus the integrand to consider simplifies to one whose denominator is raised
to a smaller power. From r = 1, solved above, we find » = 2, then » = 3 et cetera
up to the given r, one step at a time. The argument’s details are left to the willing
reader.

Examples 9.14
As direct application we compute

1 1
/Qm-4dz—§log|z—2|+c,

1 1
- A==
/ G452 "~ T3@z45) 1O

4 — 5 2z —2 1
——dz =2 ———dz—- | ——d
/:1:2—2:1:+10 ¥ /1:2—21:+10 ¥ /(1:—1)2+9 o

1 —1
= 2log(z” — 2z + 10) — 3 arctan i 3 To
Reducing the integration of the general rational function g(z) = m to the
x

previous special cases requires a factorisation of the denominator involving only
terms like

(x—a)” or (2 +2pz+q)°
with p? — ¢ < 0. The existence of such a decomposition descends from a version of
the Fundamental Theorem of Algebra.

Theorem 9.15 A polynomial Q(z) of degree m with real coefficients decom-
poses uniquely as a product

Q(z) = d(z—ay)™ - - - (x—a) " (22 +2p12+q1)* - - - (22 4+2prz+qr) %, (9.11)
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where d, oy, p;, q; are real and r;, s; integers such that
Tit+-- T+ 28 - 25, =M.
The a;, all distinct, are the real roots of Q) counted with multiplicity r;. The

factors x®42p;x+q; are pairwise distinct and irreducible over R, i.e., pf—qj <
0, and have two complex (-conjugate) roots B; + of multiplicity s;.

Using the factorisation (9.11) of Q(z) we can now write g(x) as sum of partial
fractions

gg; N é [Fi(z) + -+ Fu(z) + Fi(z) + - + Fi(2)] (9.12)

where each F;(z) takes the form

A; A; A;r
2t + 12 4t i

Fi(z) = L
() r—o; (- ay)? (z —oy)m’
while F;(x) are like
F(l‘) _ Bz +Chi Bjsx + Cja ijj$+cjfj
! 2 +2p;r +q; (22 4+ 2pjx + q5)? (2% + 2pjz + ;)%

for suitable constants A, B;,,C;,. Note the total number of constants is r +
ceoerp 281+ -+ 25, = m.

To recover the undetermined coefficients we can transform the right-hand side
of (9.12) into one fraction, whose denominator is clearly Q(z). The numerator
R(x) is a polynomial of degree < m — 1 that must coincide with R(z), and its
coefficients are linear combinations of the unknown constants we are after. To find
these numbers, the following principle on identity of polynomials is at our disposal.

Theorem 9.16 Two polynomials of degree m—1 coincide if and only if either
of the next conditions holds

a) the coefficients of corresponding monomials coincide;
b) the polynomials assume the same values at m distinct points.

The first equivalence is easily derived from Proposition 7.5.

Going back to the m unknowns A, B;,, Cj,., we could impose that the coef-
ficients of each monomial in R(z) and R(z) be the same, or else choose m values
of  where the polynomials must agree. In the latter case the best choice falls on
the real zeroes of Q(x); should these be less than m in number, we could also take
z=0.

Once these coefficients have been determined, we can start integrating the
right-hand side of (9.12) and rely on the fundamental cases i)-v) above.
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As usual, the technique is best illustrated with a few examples.

Examples 9.17

i) Let us integrate

2+ 22— 4+ 7
fo) = 22 .
i+ ax—2

The numerator has greater degree than the denominator, so we divide the poly-

nomials
T+ 5

2?+z—2
The denominator factorises as Q(z) = (x — 1){x + 2). Therefore the coefficients
to be found, A; = A1 and A; = Asq, should satisfy
45 o A1 + A2
22+z-2 -1 42

flzy=22-1+

that is to say
z+5=A1(z+2)+ Ax(z - 1), (9.13)
hence
z+5= (A1 + A)x + (24; — 47).

Comparing coeflicients yields the linear system

{ Ay + A =1,
2A1 - A2 - 5,
solved by A1 = 2, As = —1. Another possibility is to compute (9.13) at the

zeroes = 1, £ = —2 of Q(z), obtaining 6 = 34; and 3 = —3A43, whence again
A1 =2, 45 = —1. Therefore,

/f(x)dx:/(Qx—l)dx+2/xildx—/xi2dx

=22 —z+2loglr — 1| —log|z + 2] +c

ii) Determine a primitive of the function
22 -3 +3
)= 3 —2z2+ 1’
The denominator splits as Q(z) = z(z ~ 1)?, so we must search for 4; = A;4,
Ao and Ass such that
x% -3z +3 A Aoy Ago

—— — _+_ R
23— 222 +z x+x-1 (x—1)2

or

z% — 3z + 3= Al(.’L‘ - 1)2 + Agll’(x - 1) + Aoz .
Putting z = 0 yields 4; = 3, with x = 1 we find As; = 1. The remaining
Ag; is determined by picking a third value = # 0, 1. For instance x = —1 gives
7=12 +2A21 - 1, SO A21 = 2.
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In conclusion,

/f(a?)da?z3/%d$—2/xi1dx+/ﬁdx

1
= 3logjz| —2loglz — 1] — —— +c.
z—1

Integrate
3z +z—4
J(@) = 23 +522+ 9245
The point x = —1 annihilates the denominator (the sum of the odd-degree

coefficients equals those of even degree), so the denominator splits Q(z) =
(z + 1)(2? + 4z + 5) by Ruffini’s rule. The unknown coefficients are 4 = A1,
B = 3117 C= Cu so that
3x+z-4 A Bzr+C
P52+ 9545 41 DZrdris

hence

322 +z—4=A(z* +45+5)+ (B2 +C)(z +1).
Choosing z = ~1, and then £ = 0, produces A = —1 and C' = 1. The last
coefficient B = 4 is found by taking x = —1. Thus

1 4z + 1
= — _ - d
/f(x)dx /x+1dm+/x2+4x+5 o
1

2 + 4 1
= dz+2 | 2% qe-7)—"d
/:c+1 v /x2+4x+5 * /1+(:c+2)2 *

= —log|z + 1| + 2log(x? + 42 +5) — Tarctan(z +2) + c.

Note that many functions f(z) that are not rational in the variable z can be
transformed - by an appropriate change ¢t = p(z) — into a rational map in the new
variable t. Special cases thereof include:

i) fis arational function of ¥/x — a for some integer p and a real. Then one lets
t= <z —a, whence z =a+t? and dz = pt?P~1dt.
ii) f is rational in e** for some real a # 0. The substitution

1 1
t=e% gives = ~logt and dz = —dt.
a at

iii) f is rational in sinz and/or cosz. In this case

t = tan =
=tan —,
9
together with the identities
2t 1—¢2
sinz = m7 COSII:H_—tQ, (9.14)
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does the job, because then z = 2arctant, hence

2
dx = dt 9.15
1+1¢2 (9.15)
iv) If f is rational in sin?z, cos® z, tanz, it is more convenient to set ¢ = tanz
and use
sin?z = i cos’x = . (9.16)
R 1412 '
from z = arctant, it follows
1
de = ——dt. 9.17
TTite (9.17)

In the concluding examples we only indicate how to arrive at a rational expres-
sion in ¢, leaving it to the reader to integrate and return to the original variable x.

Examples 9.18
i) Consider

Y -
N 1++vzx—1

We let t = /z — 1, 50 2 = 1 + t? and dz = 2t dt. The substitution gives

2
1+t

i) The integral

e—I
S= [ 5—F——=d
/e21—2e1+2 ’

becomes, by t = e, dz = 1 dt,

1
S‘/tZ(t2—2t+2) dt

iii) Reduce the integrand in
S / sinz
1 +sin z
to a rational map.
Referring to (9.14) and (9.15),
t

5:4/(~l—+—t)mdt.

1
1+sin“x

Here we use (9.16) and (9.17):

1
= [ —_dt O
s /1+2t2

iv) At last, consider
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Figure 9.2. Trapezoidal region of f over [a, b]

9.3 Definite integrals

Let us consider a bounded map f defined on a bounded and closed interval I =
[a,b] € R. One suggestively calls trapezoidal region of f over the interval
[a,b], denoted by T (f;a,b), the part of plane enclosed within the interval [a, b], the
vertical lines passing through the end-points a,b and the graph of f (see Fig.9.2)

T(f;a,b) ={(z,y) €R? : a<z<b 0<y< f(z)or f(z) <y <0}

(which constraint on y clearly depending on the sign of f(x)).

Under suitable assumptions on f one can associate to the trapezoidal region of
f over [a,b] a number, the ‘definite integral of f over [a,b]’. In case f is positive,
this number is indeed the area of the region. In particular, when the region is
particularly simple (a rectangle, a triangle, a trapezium and the like), the definite
integral returns one of the classical formulas of elementary geometry.

The many notions of definite integral depend on what is demanded of the
integrand. We shall present two types. The first one, normally linked to the name
of Cauchy, deals with continuous or piecewise-continuous maps on [a, bl.

Definition 9.19 4 map [ : [a,b] — R is piecewise-continuous when it
is continuous everywhere except at a finite number of points, at which the
discontinuity is either removable or a jump.

The second construction goes back to Riemann, and leads to a wider class of
integrable functions’.

! A further type, known as Lebesgue integral, defines yet another set of integrable func-
tions, which turns out to be the most natural in modern applications. This theory
though goes beyond the purposes of the present textbook.
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9.4 The Cauchy integral

To start with, we assume [ continuous on [a, b], and generalise slighty at a succes-
sive step. The idea is to construct a sequence that approximates the trapezoidal
region of f, and then take a limit-of-sorts. Let us see how.

Take n any positive integer. Divide [a, b] in n equal parts of length Az = 9—;—“
and denote by xx = a + kAx, k = 0,1,...,n, the subdivision points; note that
they are ordered increasingly by the index, asa =zg < z1 < ... < Zp_1 < xp =b.
For k =1,...,n, we denote by I the interval [xy_1,xx]. The map f is continuous
on [a,b], hence by restriction on each [Ij; Weierstrass’s theorem 4.31 implies f
assumes minimum and maximum on I, say

my =min f(z), My = max f(z).

Define now the quantities

mn

o= Z my Az and o= Z M Az,

k=1 k=1

called respectively lower sum and upper sum of f for the above partition of [a, b].
By definition my < My and Az > 0, so s, < S,.

When f is positive on [a, b], the meaning is immediate (Fig.9.3): my Az repre-
sents the area of the rectangle ry, = Ij, X [0, mg], contained in the trapezoidal region
of f over Ij. Thus, s, is the total area of the rectangles r, and approximates from
below the area of T(f;a,b). For the same reasons, S, is the area of the union of
of rectangles Ry, = Iy, x [0, M}], and it approximates 7 (f;a,b) from above.

Using properties of continuous maps defined on closed and bounded intervals,
we can prove (~» Cauchy integral) the following.

Theorem 9.20 The sequences n — S, n — S, are convergent, and their
limits coincide.

M, y = f(z)
T — —_.,_; !
e " _—‘ | k |
_L A3 = |
G P a I b

Figure 9.3. Lower sum (left) and upper sum (right) of f on [a, ]
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Based on this fact, we can introduce the definite integral.

Definition 9.21 One calls definite integral of f over [a,b] the number

b
/ f(@)dz= hm s, = hm IS,

n—+00 n—+00

(which we read integral from a to b of f(x)dz or just integral from a to b

of f).

Examples 9.22

i) Take a constant f on [a,b]. If ¢ is its value, then my = My = ¢ for any k, so

Sn =5, :CZAm:c(b—a)
k=1

b
whichever n. Therefore / flz)dz =c(b—a).

ii) Consider f(z) = z over [0,1]. The region T(z;0,1) is the isosceles right
triangle of vertices A = (0,0), B = (1,0), C = (1,1) that has area 5. We want
to check the definite integral of f over [0,1] gives the same result. le n > 1.
Then Az = % and, for k=0,...,n, xx = % Since f is increasing, my = xp_1
and My = zg, so

n

= kka,lAac = n_12 Z(k —
=1

k=1 k=1 k=1

~

Il
NE
=

[P

8

I
3[0‘ —
NE
S

n

Now Z k is the sum of the first n natural numbers, hence ™ "H , by (3.2). For
k=1

mn

analogous reasons Z(k — 1) is the sum of natural numbers from 0 (or 1) to

k=1
n — 1, and equals M , whence
n(n—1) n(n+1)
=g, =T
2n? 2n?

Taking the limit for n — oo of these sequences, we find % for both.

This example shows that even for a function as harmless as f(z) = z, computing
the definite integral using the definition is rather demanding. Obviously one would
hope to have more efficient tools to calculate integrals of continuous maps. For that
we shall have to wait until Sect. 9.8.
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We discuss now the extension of the notion of definite integral. If f is continuous
on [a,b] and z* denotes an interior point of the interval, it is possible to prove

/ab flx)dz = /; f(z)dz + /: f(z)dz.

This formula’s meaning is evident, and it suggests how to define integrals of
piecewise-continuous maps. Let 20 = a < 1 < ... < Typ_1 < T, = b be the
points where f is not continuous, lying between a and b (assuming the latter
might be discontinuity points too). Let f; be the restriction of f to the interior of
[€:—1,z;] that extends f continuously at the boundary

lin} f(z), forz=wmx_y,

=&

filz) = f(z), for z;_1 < z < z;,

lim f(z), forz=u;.

Z—Pl'i

We define

m

3] x;
f(z)de = Z / filz) dx.
Ja i—1 Y Ti-1

If f is genuinely continuous on [a, b], the above box coincides with Definition 9.21,
because m = 1 and the map f; is f.

Moreover, it follows immediately that modifying a (piecewise-)continuous map
at a finite number of points will not alter its definite integral.

The study of Cauchy’s integral will be resumed with Sect. 9.6.

9.5 The Riemann integral

Throughout the section f will indicate a bounded map on [a, b]. Let us start from
integrating some elementary functions (called step functions), and slowly proceed
to more general maps, whose integral builds upon the former type by means of
upper and lower bounds.

Choose n + 1 points of [a,b] (not necessarily uniformly spread)

a=1p <1 <...<Tp_1<xTp=D>.

They induce a partition of [a,b] into sub-intervals Iy = [zg_1,2x], k = 1,...,n.
Dividing further one of the I, we obtain a so-called finer partition, also known as
refinement of the initial partition. Step functions are constant on each subinterval
of a partition of [a, b], see Fig. 9.4. More precisely,
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a =1y T T2 T3 T4 =0b
[

Figure 9.4. Graph of a step function on [a, b]

Definition 9.23 4 map f : [a,b] — R is a step function if there exist a
partition of [a,b] by {zo,x1,..., 2.} together with constants ¢1,¢z,...,¢, €R
such that

flz) =cr; Nr el o)y k=1 " m

We say that the partition is adapted to f if f is constant on each interval
(k—1,2k). Relinements of adapted partitions are still adapted. In particular if
f and g are step functions on [a,b], it is always possible to manifacture a parti-
tion that is adapted to both maps just by taking the union of the points of two
partitions adapted to f and g, respectively.

From now on &([a, b]) will denote the set of step functions on [a, b}.

Definition 9.24 Let f € S([a,b]) and {x¢,x1,...,2,} be an adapted parti-

tion. Call i the constant value of f on (zi_1,2)). Then the number

/‘ f= fok(d'x- — Tg—1)
i

is called definite integral of f on I = [a,b].

A few remarks are necessary.
The definition is independent of the chosen partition. In particular, if f(z) = ¢

is constant on [a, b], / f=clb—a).
I

ii) Redefining f at a finite number of places leaves the integral unchanged; in
particular, the definite integral does not depend upon the values of f at points
of discontinuity.

In case f is positive on I, the number [ ; f represents precisely the area of the
trapezoidal region of f over I: the latter is in fact the sum of rectangles with base
zr — Tr—1 and height ¢ (Fig. 9.5).

The next result will play an important role.
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a=To T Ta T3 Ty =20b

Figure 9.5. Region under a positive step function on the interval [a, b]

Property 9.25 If g, h € S([a,b]) are such that g(z) < h(z), Yz € [a,b], then

fos s

Proof. Let {zg.xi.....x,} define a partition adapted to both maps (this exists

by what said earlier). Call ¢ and dj, the values assumed on (@,_1, ) by
g and h. respectively. By hypothesis ¢, < dy, k=1,....n, so0

“ T o

/ g Z: cplap —aop—1) < N di (). — 1) / h.

Now let f : [a,b] — R be a generic bounded map, and put

sfg= sup f(r)eR and iy= inf f(z)eR.
z€[a,b} z€la,b]

We introduce the sets of step functions bounding f from above or from below,
namely

S = {h, € S([a,b) : f(z) < h(z), Vz € [a, b]}

contains all step functions bigger than f, while

57 ={g€5(a,b) : 9(a) < f(@), Yz € [a,b]}

contains all those smaller than f. These are not empty, for they contain at least
the constant maps
h(z) = sy and g(z) =1iy.

It then makes sense to look at the sets of definite integrals.
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Definition 9.26 The number

Zfzinf{/lh:heS}"}

is called the upper integral of f on I = [a,b], and

szmm{ﬂg:gGS;}

the lower integral of f on I = [a,b].

As Sf+ # 0, clearly T]f < 400, and similarly _fif > —oo. The fact that such
quantities are finite relies on the following.

Property 9.27 Each bounded map f defined on [a,b] satisfies

LfSZf-

Proof. If g € S, and h € §;, by definition

glz) < fx) < hiz), Vo € [a, b,

/ q < /;".l
S ST

Keeping g fixed and varying h we have

Aﬁf.ﬂﬁ

Now varying ¢ in this inequality proves the claim.

so Property 9.25 implies

At this stage one could ask whether equality in (9.27) holds by any chance for
all bounded maps. The answer is no, as the example tells.
Example 9.28
The Dirichlet function is defined as follows

1 ifzeQ,
fle)= 0 ifzeR\Q.
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Each interval (zj_1, k) of a partition of [0, 1] contains rational and non-rational
points. Step functions in S}" are all larger than one, whereas the maps in S;
will be non-positive (except at a finite number of places). In conclusion

Zle and —/ifzo.

Our observation motivates introducing the next term.

Definition 9.29 A bounded map f on I = [a,b] is said integrable (pre-
cisely: Riemann integrable) on I if

£f=Zf

The common value is called definite integral of f on [a,b], and denoted

with [, f or ]:’ f(z)de.

When f is a positive map on [a, b] the geometric meaning of the definite integral
is quite clear: 7(f;a,b) is a subset of T(h;a,b) for any function h € SF, and

contains 7 (g; a, b) relative to any g € SJT. The upper integral gives thus an estimate
from above (i.e., larger) of the area of the trapezoidal region of f over I, and
similarly, the lower integral represents an approximation from below. Essentially,
f is integrable when these two coincide, hence when the integral ‘is’ the area of
the trapezoidal region of f.

Step functions f are evidently integrable: denoting by [ ;[ the quantity of
Definition 9.24, the fact that f € Sy implies [, f < [, f, and [, f < [, fis

consequence of f € S}L. Therefore

ﬁfséfs]fslf

and the upper integral must be equal to the lower.
Beyond step functions, the world of integrable maps is vast.

Example 9.30

Consider f(z) = z on [0,1]. We verify by Riemann integration that the trape-
zoidal region of f measures indeed 1/2. Divide [0,1] into n > 1 equal parts, a
partition corresponding to the points {O, %, %, ceey "T_l, 1} = {% :k=0,... ,n}.
Now take the step functions

k
ho(zy =< n
0 if z=0,
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| and
-1 k
! { <r<-—, k=1,...,n,
| n n
5 ite=0.
Since g, (z) < ), Yo € [0,1], it follows h, GSj gn € Sy . Moreover
by (3.2),
“k(k k-1 N T lLamn+1) 1 1
hTL: —_ = —_— = — k‘:—iz— e
i /1 ;n<n n ) gnz nzg n? 2 > o

| and similarly

These imply

JiE
I
hence

! Recalling 9.27 we conclude [, f = 3

\
I
N =
=
N = =
IA
~_\
.\N
(A4
w
3 e
=)
o
3
|

Studying the integrability of a map by means of the definition is rather non-trivial,
even when one deals with maps having simple expression. So it would be good on
the one hand to know in advance a large class of integrable maps, on the other
to have powerful methods for computing integrals. While the second point will be
addressed in Sect. 9.8, the result we state next is a relatively broad answer to the
former problem.

Theorem 9.31 Among the class of integrable maps on [a,b] are

a) continuous maps on |a,b];

b) piecewise-continuous maps on [a,b];

¢) continuous maps on (a,b) which are bounded on [a,b];
d) monotone functions on [a,b].

» Riemann integral.

As an application of the theorem,

1
. l+sin— if0<z<1,
flz) = z
0 if x =0,

is integrable, for continuous on (0, 1] and bounded (by 0 and 2) on [0, 1].
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* .*
2 1

o T (e T

L}
=

1
13

b

0 1

Figure 9.6. Integrable maps on [0, 1]

The same for

.
flxy=<n n+1
0 ifxz=0,

1
<zr<-—-,n=12,...
n

which is increasing (not strictly) on [0, 1], see Fig. 9.6.
A couple more properties will be useful later.

Proposition 9.32 If f is integrable on [a,b], then

i) f is integrable on any subinterval [c,d] C [a,b];
i) |f| is integrable on [a,b].

]

roof. ~-» Riemann integral.

9.6 Properties of definite integrals

A (piecewise-)continuous map is Cauchy integrable (Theorem 9.20) and at the
same time integrable following Riemann (Theorem 9.31). The two types of definite
integral always agree for such maps, as seen explicitly for f(z) = z in Examples
9.22 ii), 9.30. We shall not prove this fact rigorously. Anyhow, that reason is
good enough to use a unique symbol for both Riemann’s and Cauchy’s integrals.

Henceforth R([a,b]) shall be the set of integrable maps on [a, b].

Recall fab f(z)dz is a number, depending only on f and the interval [a, b]; it
certainly depends upon no variable. The letter z, present in the symbol for histor-
ical reasons essentially, is a ‘virtual variable’, and as such may be substituted by

one’s own preferred letter; writing fab f(z)dx, rather than f: f(s)ds or f: fly)dy

is a matter of taste, for all three symbols represent the same number.
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y=|f(=)|

b
Figure 9.7. The area of the trapezoidal region of f on [a,b] is / | f(z)|dz

If f € R([a,b]) is positive we have shown the definite integral expresses the area
of the trapezoidal region of f over |a,b]. For negative f the same holds provided
one changes sign to the value. When f has no fixed sign, the integral measures
the difference of the positive regions (above the z-axis) and the negative regions
(below it), so the area between f and the horizontal axis is also the integral of the

map |f]

b
Area of T(f;a,b) = ] |f(z)| dz.

This is due to the symmetrising effect of the absolute value, which reflects the
regions lying below the axis in a rigid way (as in Fig.9.7).

Finally, let us slightly generalise the definite integral. Take f € R([a,b]). For
a<c<d<hb,set

c el c
A flz)dz = — [ f(x)dz and [ flz)dz = 0. (9.18)

The symbol fj f(z) dz is now defined whichever limits ¢ and d we consider in the
integrability domain [a, b].

The following five properties descend immediately from the definition.

Theorem 9.33 Let f and g be integrable on a bounded interval I of the real
line.

i) (Additivity with respect to the domain of integration) For any

a,b,cel, : :
lf($)dI=ch(w)(lw+£ f(z)da.
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i) (Linearity) For any a,b € I and a,3 € R,

/: (af(.’s) i ;39(3:)) dr— a‘/:f(x)dx - ﬁ/bg(g:) dz.

iii) (Positivity) Let a,b € I, witha <b. If f > 0 on [a,b] then

b
/ f(z)dx > 0.

If f is additionally continuous, equality holds if and only if f is the zero
map.

iv) (Monotonicity) Let a,b€ I, a <b. If f < g in [a,b], then

/: flz)dz < /: g(z)dx.

v) (Upper and lower bounds) Let a,b € I, a <b. Then

/:f(a:)da:

Proof. ~» Riemann integral.

< [ 1r@nas

9.7 Integral mean value

The definite integral of an integrable map f over the usual real interval [a, b
furnishes a way of approximating the function’s behaviour by a constant.

Definition 9.34 By (integral) mean value (sometimes integral average)
of f over the interval [a,b] one understands the number

m(f;a,b) = L fb f(z)da.

b—a

The geometric meaning is clear when f is positive on [a, b], for an equivalent version
of the mean value reads

b
[ #@)do= - amifiab)
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m(f;a,b)

a b

Figure 9.8. Integral average of f over [a,b]

In this case T(f;a,b) equals the area of the rectangle with base [a,b] and having
the integral average as height (Fig.9.8).

The next statement formalises the relation between the integral mean value of
a function and its range.

Theorem 9.35 (Mean Value Theorem) Let f be integrable over [a,b].
The integral mean of f over [a,b] satisfies

inf f(x) <m(fia,b) < sup f(a). (9.19)

z€[a,b] z€[a,b]

If moreover f is continuous on [a,b], there is at least one z € [a, b] such that

m(f;a,b) = f(2). (9.20)

Proof. Call iy inf f(x)and sy sup f(x), so for any x € [a,b]

v € [a,b] r<la.b

if < flz) < s5.

By property iv) of Theorem 9.33

(b—a)iy = i ,I’ (z)dx < \--([.r' =(b—a)sy.
f i 1 f

where we have llH(‘{] the expression for the integral of a constant. Now
divide by b — a to attain (9.19).
Supposing f continuous, Weierstrass’s Theorem 4.31 yields
i = min_ f(x) and sf= max f(x),
’ x€[a,b] ' x€[a,b|
hence (9.19) tells that m( f;a,b) lies between the maximum and minimum

of f on [a,b. The existence of a point z for which (9.20) holds then follows

from (4.16). O
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f A

m(f;0,2) 4

y = f(z)
M=21 | 2

m(f;0,2) = f(%) :

m=0 | J m =0 ‘
3 2
. 1 2

Figure 9.9. The Mean Value Theorem of integral calculus

Example 9.36
| The integral mean of the continuous map

2¢ if0<z <1,
flz) = .

2 ifl<xz<?,
over [0,2] is

m(f;0,2) = /f —</012xdx+/122dx>:%(1+2):;

In conformity with the statement, the mean value is indeed a value the function
| takes, in fact m(f;0,2) = f(2) (Fig. 9.9, left).

| Consider now the piecewise-continuous map

2¢ if0<z<1,
/(@ { 5 ifzx>1.

The mean value over [0,5/4] is m(f;0,5/4) = f(9/10) and belongs to the map’s
| range; this is not so when we consider [0,2], because m(f;0,2) = 3 (Fig.9.9,
right). This example shows that the continuity of f is just a sufficient condition
I for (9.20) to hold. U

A closing remark for the sequel. Taking (9.18) into account, we observe that
the mean value formula stays valid if the limits of integration are interchanged,
hence the theorem is correct also when a > b:

b
(fia,b) = [ fe)do =

=m(f;b,a). (9.21)
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9.8 The Fundamental Theorem of integral calculus

Let f be defined on the real interval I, which we do not assume bounded necessarily,
but suppose f is integrable on every closed and bounded subinterval of I. This is
the case if f is continuous. We call integral function of f on I any map of the
form

F(z) = Bp(z) = ]L f(s)ds, (9.22)

where 2o € I is a fived point and 2 varies in /. An integral function is thus obtained
by integrating f on an interval in which one end-point is fixed while the other is
variable. By (9.18) any integral function is defined on the whole I, and F,, has a
zero at xg.

The Fundamental Theorem of integral calculus establishes the basic inverse
character of the operations of differentiation and integration, namely that any
integral function of a given continuous map f over [ is a primitive of f on that
interval.

Theorem 9.37 Let f be defined and continuous over a real interval I. Given
xzg € 1, let

€T
F(z) :/ f(s)ds
o
denote an integral function of f on I. Then F is differentiable everywhere

over I and

F'(z) = f(z), Vzel.

[ and calling Az an increment (positive

that x4+ Ax belongs to [. Consider the difference quot ient

Ax Ax |

['hus, the difference quotient of the integral function F' between x and

Az equals the mean value of f between x and z + Az. Since f is


file:///fxeL
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yz /=) - o 7 m(f;z,x+ Ax)

Zo x z2(Az) a+Ax

Figure 9.10. The Fundamental Theorem of integral calculus

‘continuous, the Mean Value Theorem .35 guaranices the existence in that
interval of a z = z(Axz) for which m(f;z,2 + Az) = f(z(Az)), in other
‘words )
Flx+ Azx) — F(z) o
; = = f(z(Ax)). (9.23)
Ax
"Take the limit for Az — 0. For simplicity we can assume Az > 0. From
r<z(Az) <z + Ax

iand Theorem 4.5 we deduce that

lim z(Az) ==z.

Ax—07
By similar arguments lim z(Az) = 2, so lim z(Az) = z. But f is
Ax—0 Ax—0

qcontinuous at x, hence (4.11) implies

im f(z(Az)) = j'[J}_nl_[]:(A:r)) = f(x).

1
Ax—0
“Passing to the limit in (9.23), we find the thesis

i F(z + Az) — F(x)
Ax—0 Ax

= f(x).

-In case x is a boundary point of [ it suffices to take one-sided limits instead,

.and the same conelusion follows. 0O
Al ULLIC DALLIT CULLIULUDIUEL LI WD, [}
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Corollary 9.38 Let Fy, be an integral function of a continuous f on I. Then
E.(z) = G(z) — G(z0), Veel

for any primitive map G of f on I.

Proof. There exists a number ¢ with F, (z) = G(z) — ¢, Vo € I by Theorem 9.4.
The constant is fixed by the condition F, (zq) = 0. O

The next corollary has great importance, for it provides the definite integral
by means of an arbitrary primitive of the integrand.

Corollary 9.39 Let f be continuous on [a,b] and G any primitive of f on
that interval. Then

/ : f(z)dz = G(b) — G(a). (9.24)

Proof. Denoting F, the integral map vanishing at a, one has

/ fla)dx = F,(b).

The previous corollary proves the claim once we put zg = a,x = b.

Very often the difference G(b) — G(a) is written as

[G(.’L’)]i or G(:::)]b.

a

Examples 9.40

The three integrals below are computed using (9.24).
! 10 1
/ 22 de = [—xﬂ =—.
0 3 Jlo 3

/ sinrxdx = {—cosa:}7r = 2.
0

0
6
/2

dz = [logx]g:log6-10g2:log3.

SHE
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Remark 9.41 There is a generalisation of the Fundamental Theorem of inte-
gral calculus to piecewise-continuous maps, which goes like this. If f is piecewise-
continuous on all closed and bounded subintervals of I, then any integral function
F on I is continuous on I, it is differentiable at all points where f is continuous,
and F'(z) = f(z). Jump discontinuities for f inside I correspond to corner points
for F.

The integral F is called then a generalised primitive of f on I.

Now we present an integral representation of a differentiable map, which turns
out to be useful in many circumstances.

Corollary 9.42 Given f differentiable on I with continuous first derivative,
and any xo € 1,

xr

f(z) = f(mo) + / f(s)ds, Vz € I. (9.25)

Jxg

ve, so (9.24 .'.‘_-I‘."\"h

Proof. Obviously [ is a primitive of its own derivat

: : o
whence the result follows.

As an application we can justify the Maclaurin expansions of f(z) = arcsinz
and f(x) = arctan z. First though, a technical lemma.

Lemma 9.43 If ¢ is a continuous map around 0 such that o(x) = o(z®) for
z — 0, and o > 0, then the primitive V(z) = joj“ p(s)ds satisfies P¥(x) =
o(z**1) as & — 0. This can be written as

/m o(s*)ds = o(z®*™!)  forz —0. (9.26)
Jo

From de I'Hopital's Theorem 6.40,

1

Tz 0%

So now take f(z) = arctanz. As its derivative reads f'(z) =

allows us to write s
arctanr = / ds.
0

14 s2
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The Maclaurin expansion of f’(s), obtained from (7.18) changing x = 52, reads
1 m
e =1 s2 4+ st — L+ (—1)™sP 4 o(s7MH) = ;O(_l)kszk +o(s2m L),

Term-by-term integration together with (9.26) yields Maclaurin’s expansion for

f(z):

ok 2m+1 g
arctanz = — — + — —. 1™ -+ o(z:™
3 H ) 2m +1 +1 ( )
Z Pl om+2
= > (1) oz i
= 2%k +1 +1

As for the inverse sine, write

= arcsinz = —ds.
f(x) = arcsinz ./0 N s

Now use (7.17) with @ = —1 and change z = —s*:

3 _1
m

2k + 0(82m+1>.

1 1
Vi—s 2

S2m + 0(52m+1>

Integrating the latter term-by-term and using (9.26) yields the expansion

';;3 3q>5 e ,l ﬂ:2m+1 ;
dl(am'r-?-f-?#r 10 1= +‘(m2) T +o(:1:2m+3)
'm l 2;" *I
’( 2) = +o(z’™12).
k=0

9.9 Rules of definite integration

The Fundamental Theorem of integral calculus and the rules that apply to indef-
inite integrals, presented in Sect. 9.2, furnish similar results for definite integrals.

Theorem 9.44 (Integration by parts) Let f and g be differentiable with
continuity on [a,b]. Then

/f )8 /f ) da. (9.27)
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Proof. If H(x) denotes any primitive of f/(x)g(z) on [a,b], the known result
on integration by parts prescribes that f(xz)g(xr) — H(xz) is a primitive
of f(x)g'(x). Thus (9.24) implies

£l ol (o . Fi el ol 0 Hir b
f(x)g (x)da Jlax)glx) I(z)| .
[t then suffices to use (9.24) on the map f'(x)g(x).

Theorem 9.45 (Integration by substitution) Let f(y) be continuous on
[a,b]. Take a map p(z) from [a, ] to [a,b], differentiable with continuity.

Then
»(B)

8
[ @@= i) (9.28)

p(a)

If ¢ bijects |, B] onto [a,b], this formula may be written as

b ¢~ (b)
] fly)dy = f F(o(@))¢ (z) da. 9.29)
a 0

Proof. Let F'(y) be a primitive of f(y) on |a, b]. Formula (9.28) follows from (9.4)
and Corollary 9.39. When ¢ is bijective. the two formulas are equivalent
for a = p(a), b= () if ¢ is strictly inereasing, and a = ¢(3), b = ¢(a)

if strictly decreasing.
Both formulas are used in concrete applications.

Examples 9.46

i) Compute

ol

/ sin® z cos z dz.
0

Set y = ¢(z) = sinz, so that ¢/(z) = cosz, p(0) =0, p(3F) = % From (9.28)

we obtain
37

1 1
g 7 1,17 1
/ sin3zcoszdz:/ S dy = {—y‘l} =—.
0 0

Note ¢ is not injective on [0, 2%].

ii) To determine

1
S = / arcsin /1 — y2 dy,
0

we change y = () = cosx, with z varying in [0, ]. On this interval ¢ is strictly
decreasing, hence one-to-one; moreover ¢(0) = 1 and p(%) =0, i.e., o1 (0) = %,

¢~ (1) = 0. Note also
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I . o o
arcsin /1 — cos? z = arcsin Vsin® z = arcsin(sinz) = z.
Formula (9.29) gives
0 7 /2
S = / (arcsin /1 — cos? z) (—sinz) dz = / zsinz dz,
m 0

/2
and eventually we may use (9.27)

/2
S = [—mcosx]g/2+/ coszdz = [sina:]g/Qzl.
0

Corollary 9.47 Let f be integrable on the interval [—a,al, a > 0. If f is an
even map,

/_ f(z)dz =2 : flz)dx;

iof [ is odd, -
/ flz)dz=0. :

This first chapter on integrals ends with a few examples of the use of the Funda-
mental Theorem to determine the area of planar regions.

Suppose we are asked to find the area A of the region enclosed by the graphs
of the maps y = f(z) = 22 and y = g(z) = /, given in Fig.9.11. The curves
meet at points corresponding to z = ) and = = 1, and the region in question can
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0 1

Figure 9.11. Region bounded by the graphs of f(z) = 2° and g(z) = vz

be seen as difference between the trapezoidal region of g and the trapezoidal
region of f, both over the interval [0, 1]. Therefore

A:/Olg(x)dm—/olf(a:)da::/01[\/5~a:2]dx: Exsm—%xsr:%.

0

In the second example we check the known relation A(r) = nr? for the area
of a disc in function of its radius r. The disc centred at the origin with radius
7 is the set of points (z,y) such that z? + y? < r2. The quarter is then the
trapezoidal region of y = v/r? — z? relative to [0,7] (Fig.9.12), so

A(r):4/OT\/7fa:2dm.

Let us change variables by z = ¢(t) = rt, so that dz = rdt and 0 = ¢(0), r =
©(1). Because of (9.29), we have

A(r) = 4r? /O 1 V1 —t2dt. (9.30)

Figure 9.12. Area under y = v/r? — z? in the first quadrant
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A [}

y= f(z)

LT
| vales

y=g(x)

Figure 9.13. The area bounded by the graphs of f(z) and g(z) is translation-invariant

From Example 9.13 vi), we already know a primitive of f(t) =1 — 2 is
F(t) 1t 1 t2+1 int
== - —arcsint.
2 2
Therefore
1

1 1
Alr) = 4r% | —t\/1 — 2 + - arcsint| = 47“2z =2,
2 2 0 4

i} We compute the area A of the part of plane bounded by the parabola y =

f(xz) = (1 — z) and the line y = g(x) = —F (Fig.9.13, left). The curves
intersect at the origin and at (3, —3), plus on the interval [0, 3] we have f(z) >

g(z). Albeit part of the region overlaps the negative half-plane (where y < 0},
the total area can still be calculated by

3/2
A—/O (f(z) - g(z)) dz

for the following reason. The number A is also the area of the region bounded
by the graphs of the translated maps f(x)+ % and g(z) -+ 2; shifting the z-axis
vertically so that the origin goes to (0, f%), does not alter the surface area
(Fig.9.13, right). So,

3/2 /g 1 .13/2
A= (—:c - ;1:2> de = Pa:2 - —333} =
0 2 3
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1. Determine the general primitive of :

a) flz)=(@+1)¥
¢) fla)= ;—111

b) f(r) = e — o5

2—sinx
d =
) f(z) 2x + coszx

2. Find the primitive map taking the value yy at zo of the functions:

a) flz)= ze2® o =2
2
x
1
0 fl@)="=  m=e
d) f(z)=coszesm® 5= g

3. Compute the indefinite integrals:

X
a>/ﬁ:7“

- el/z2
c) / e dz

) /e”:\/1+ezdm

4. Compute the indefinite integrals:

a) /:v2 sinz dx

c) /log2 rdz

e) / 2 cosz da

5. Compute the indefinite integrals:

2x
2) '/:1:2—4:1:+3dx
x
c) ‘/xguldx

zt 41
e) ‘/7m3_$2dw

Yo=1
yo=1
Yo =0
Yo =¢€

b) /(62: +3)8dx

1
d)/ 5—dz
J zlog®z

b) /w2 log 2z dx

zarctanz dz

— 5z 4+ 6

1722 — 162: +60
dx
—16

2x3—2$ + 7+ 3

d
(2 +4)(x—1)? v

v/
) | e
/m4 5z3 +8:1: —9:1:+11dx
O[T
il



6. Compute the indefinite integrals:

2z
a) / ¢ dz
- e’ 41

o) /1+cosa:dw

1 —cosx

1
e) / dz
J cosz

7. Compute the indefinite integrals:

a) /\/;ﬂdx

. 1

c ——d
J ./:1:—3+\/3v;n !
e) /coshzxda;

9.10 Exercises

1

b) /_—(ez—Q)? dx
1

d) /l—l—sinwdx

2
0 / cos .wz da
- 1—-2sin“x

x
b —d
Nt
1
d) ./sinhw dz

.[') /log V14 z2de

341

1
—d
g) /1+tanx o

i}. /sin5xdx

‘8. Write the primitive of f(x) = |z|log(2 — x) that has a zero at = = 1.

1

?) /0054 rdz

:!l. | Find the primitive F(z) of f(z) = ze~1*l with lim F(z) = 5.

r—+oo

10. | What is the primitive, on the interval (—3, +00), of

T+ 2

1) = 3w = 9)

that vanishes at x = 07
\11.| Determine the generalised primitive of

_ 223 52 +3 ifzx>1,
f(”“")‘{m;? ifr<1

vanishing at the origin.

12. | Verify that
Vo > 0.

1 s
arctan — = — — arctanz,
x 2
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' 13. _: Write the Maclaurin expansion of order 9 for the generic primitive of the map
f(z) = cos 2z2.

14 Write the Maclaurin expansion of order 4 for the generic primitive of the map

24+e7 7
0=3rs

15. Determine the following definite integrals:
vz 4

a z coszdr b —dx
) | ) [ =
e? /2 1
1 d -

°) /3 TIOBTCT d) /0 4sina:+3cosmdx

3 EEAVE) )

e —dx f / M(z® - 1)dz

ol 7 iy M

(Recall [z] is the integer part of 2 and M (z) denotes the mantissa.)
'16.| Compute the area of the trapezoidal region of f(z) = |logz| restricted

to [e71, €.

17. Find the area of the region enclosed by y = f(z) and y = g(x), where:
a) | f(z) = |zf, g(z) = V1 —z?
b) f(z)=2% -2z, glz) = —2°+=x

'18. | Determine

F(m):/x(]t—1]+2)dt.

~1

9.10.1 Solutions

1. Primitive functions:
a) F(z) = (x+1)%® +¢; b) F(z) = te™% — e™% +¢.

¢) Since we can write

x+1_ 2x 1

1
x2+1—§m2+1+$2+1’

it follows 1
F(z)= 3 log(z* + 1) 4+ arctanz + c.

d) F(z) = log|2z + cosz| +c.
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2. Primitives:

a) The general primitive f(z) reads F(z) = %e%? + ¢. Imposing F(v/2) = 1, we
get

1= ie‘l +c whence c=1-— 384,
so the required map is
F(z) = %e%z +1-— ie‘l.
b) F(z) = 5 arctanz®+1; ¢)F(z) = llogz—1; d)F(z) = esn® .
3. Indefinite integrals:
a) S =3loga?+7)+c; :;};S:E%(Gx+3)9+c.

¢) Changing y = J; gives dy = —% du, hence

1 1 1
S:——/etdt:——et+c:—§el/zz+c.

2 2
S_— 1
[l_i — IOgI +C
e) Set y =1+ e%, so that dy = e*dx and
2 3/2 2
S = xftdtzgt +e=2V(I+e) +e.

f) S=vz2+7+c.
I. Indefinite integrals:
a) S=(2—-x%)cosx + 2zxsinz + c; by S = éx3(log2x— %) +ec.

¢) We integrate by parts choosing f(z) = log® and ¢/(x) = 1. Then f'(z) =
%log z, g(z) = z, giving

S:xlogQCE—Z/log:rdx.

The integral on the right requires another integration by parts (as in Example
9.11 ii)) and eventually leads to

S=zlog?z —2z(logz — 1) + ¢ = z(log’z — 2logz 4+ 2) +¢.

1

= arctan, g'(z) = z and integrate by parts. Since f'(z) = 17
2
T,

d) We take f(z)
and g(z) = 3

1 1 2 1 1 1
S = 5:32 arctanz — —é/lj_—m?dx = E:CQarctanx— 5/ (1 — m) dz

L aret Lo+ Larctanz +
= - anx* — -& - C.
3 arc B 2&1‘0 anx &
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¢) §=1e*(sinz +2cosz) +c.
f) The remarks made on p. 312 v) suggest to integrate Sy = [ L7 dz by parts
with f(z) = {7 and ¢/(z) = L. Then f'(z) = —(1%2?, g(z) = z, and

1 z z?
Sy = dr = 2| ———=d
! /1+31c2 ‘ 1+;1:2+ /(1+x2)2 v

z 224+1-1 z 1
= 49 dx = 251 -2 | ———=dz.
1+ 22 + / (1+ z2)2 T 1+ z2 T /(1—1—272)2 v

The solution is then

S—-l g T 1 T
=3 1+1—|——LL‘2 =§ arctan:l:+m~2 +c.

5. Indefinite integrals:

a) §=3loglz — 3] —loglz— 1] +c.
b) 8= 3%+ 2z +2loglz 3| —loglz — 2| +c.
Splitting into partial fractions

z z A Bx+C

x3—1:(z—1)(m2+x+1) z—1 z22+z+1’

yields A(z?4+z+1)+ (Bz+C)(z~1)=2z. Fromz=1andz =0 we
find the constants A =C = %, while £ = —1 determines B = —%. Therefore

1 r—1
z—1 z24+24+1

1 12z +1-3
r—1 2224241
_|_

T

i

8
w
|

—

!

!

1 2x+1
222+ +1

!

| = W)= Wi

N
8
| =
—

3 1 )
2@+ 3)2+3) 7

In conclusion,

1 1 2 1
S = 3 (log|m— 1] — ilog(m2 +z+1)+ \/ﬁarctan%(x—k 5)) +c.

1) 8 =log(z? +4) + 3log |z — 2| ~ Slog |z + 2| + S arctan £ + .
o) We search for the undetermined coefficients in
441 %+ 1 A B C

e NS —rlr 2y 22
3 — g2 T +m3—m2 Tt +m—1+m+m2

Choosing z = 1 and z = 0 for

A2 + Bz +C)z -1) =2% +1
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produces A =2,C = —1, while x = —1 tells B = —
1 1,
de = —z*+z+2log |z —1]|-log x|+ — +¢

2 1
S = 1 e
/<m+ +:r—l x  x?

f) The integrand splits as
223 — 222 + Tz + 3 A

(22 + 4)(xz — 1)?

Cx+ D

B
x2+4

(x —1)2

z—1

Imposing
Alz —1)(2® +4)+ B@@?*+4)+ (Cx+ D)z — 1) =22® — 222 + T2 +3
leadsto A=1, B=2, C"=1,D = —1, hence
1 2 z—1
S = d
/(m—l * (x —1)? +x2—+—4> o
1
+4)—§arctang+c.

2 1
log |z — 1] — p— + 3 log(x?

6. Indefinite inte
Put y = €*, then dy = e* dz, and
S Y4 / 1 b d logly + 1|+
= = - — — 10, c
g+ 1 Y= v+ 1 Y=y g |y
=e® —log(e* + 1) +c.
S=1r—1logle® -2/ -1 2> +ec.
Changing ¢ = tan 5 we can write cosz = 1+€2 and dz = 1+t2 dt. Then
1 1 1
S=2 ] 57— dt =2 - - —— | dt
/t2(1+t2) /<t2 1+t2>
2 2
= —— —2arctant + ¢ = — —z+cC.
tan 3
1 +tan 3
)8 =1
g tan%
dt. From that,

. 2
Wl S:—i
1+ta,n%

2,
cos“t = 1+t2 and dz = H_tQ

. 2
v = i
B Ct+D
a )dt.

f) Set t = tanx, so sin
1 A
S=[] ——————dt =
/(1+t2)(1—t2) /(1+t+1~t+ 1+ 12
Now evaluate at t = —1, t =1, t = 0 and t = 2 the condition
)+ BA+t)(1+)+ (Ct+ D)1 —t*) =1,

AL -1+
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to obtain A = %, B=1cC=0,D= % Then

S_/11+11+11dt
- 414t 41—t 21+¢2

1 1 1
:—log|1+t|——log|1—t[+§arctant+c

1 sinx + cosx 1
—afctanHC— log| ———— |+ =z +c.
4 sinx —cosx 2
7. Indefinite integrals:
a) S=3/2+2P -4v2+z+¢; b) S = -5t +e.
' 3 ’ / 2(1+=2)

¢) With t2 =3 — 2 we have £ = 3 — t? and 2tdt = —dxz, so

1
S = /t2_tdt:2/ﬁdt:2log|t—1|+c:2log|\/3—m—1|+c.

) By definition sinhz = e _26_1 , s0 y = e¥ yields

2 1 1
S /zﬂ—l Y /(y—l y+1> Y
le® — 1]
e 41

=logly — 1| — log[y+1|+c—log +c.

e) S = (é 2’“'—1_2z+2m)+c:%sinh2z+%m+c.

f) Observe log V1 + 22 = 1 3 log(1 + 2). We integrate by parts putting f(z) =
log(1+ z%),¢'(z) =1, sof( )= 1+’;2 and g(z) = x. Then

1 ) 2
§<mlog(1+x)—2/1+ 2dx>
L. (1+a¢2)—2/ -1 ) da
3\" %8 1+ a2

1
3 (zlog(l+ %) — 2z + 2arctanz) + ¢

S =

o) S =3 (log|1+ tanz| — 1 log(1 + tan?z) + z) + c.
h) Setting y = e** implies dy = 4e** dz, dz = t dy. Thus

1 1 1 /1 1
S==>f — dy==-[[==——)4
4/y(y+1) Y 4/<y y+1> Y
1 1
= (loglyl —logly+ 1]) + ¢ = (4= — log(e™* + 1)) + ¢

1
:x—Zlog(e4”+1)+c.
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i) Because
sin® z = sinz sin*z = sinz(1 — cos® z)?,
choosing y = cos z has the effect that dy = —sinzdz and
/sinsmdz: —/(1—y2)2dy:/(—1+2y2—y4)dy
L2 L 2 Lo
=-y+ -y — < €= —CoSxT+ = cos° T — — CoS .
yTgY ey 3 5

/) Given that cos*z = coszcos®z, let us integrate by parts with f(z) = cos®z
and ¢'(z) = cosz, implying f'(z) = —3sinz cos? r and g(z) = sinz. Thus

S = /cos4zdz:sinxcos3x+3/cos2zsin2zdz
= sinz cos® © +3/cos2 z(1 — cos’ z) dz
:sinmcossz+3/c082zdz—35.

Now recalling Example 9.9 ii),

1 1
48 =sinzcos® z + 3 <§m+ Zsin?z) +c.

Finally,

1 3 3
cos*rdz = Zsinzcos?’z+ §x+ 1—681n2m+c.

8. Note that f(z) is defined on (—o0,2), where

zlog(2—z) if0<z<2,
fz) = :
—zlog(2—-z) ifz<0.

In order to find a primitive, compute the integral [ zlog(2 — z)dx by parts. Put
g(x) =log(2 — z) and A'(z) = z, implying ¢'(z) = ﬁ, h(z) = %12, and

1 2
/xlog(Zfz)dxzéxQIOg(Q—x)A‘;—/ T dr

1, 1 4
Zr2log(2 — ) — =
21‘ 0g(2 — x) 2/<I+2+ 2) dx

2

1 1
= §z210g(2—z) — 2 —z—2log(2—z)+c.

#( ir?log(2 —x)— jx* —z—2log2—z)+  if0<z <2,
) =
—1z?log(2 —z) + at + o+ 2log(2 —2) + o fz <0.
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The constraint F(1) = 0 forces ¢; = %, and since F' must be continuous at x = 0
it follows

F(0T)=—-2log2+ 2 =F(07)=2log2+cs.

This gives c; = —4log2 + %, and the primitive is

4

122log(2 —z) — 12? —z — 2log(2 — ) + 3 ifo<z<2,
F(z) =

—$2?log(2 — z) + 2% + x4+ 2log(2 — z) —4log2+ 2 ifz <0.
9. We write, equivalently,

ze ™ ifz >0,

T} =
f@) {:vem ifz <0.
With Example 9.11 1) in mind,

F(:v):{_(x+1)e_z+cl ifx>0,

(x —1)e" + c2 ifx <0.
Continuity at z = 0 implies F(0) = F(0") = ¢; = F(07) = ¢g, so the generic
primitive of f is
F<I):{—(I+1)e_z+c ?fIZO,
(z—1)e*+e¢ if z <0,

ie., F(z) = —(Jz| + 1)e~*l + ¢. Additionally,

lim F(z)= lim (—(z+1)e " +c¢)=c,

T—+00 z——+00
meaning that the condition lirf F(z) = =5 holds when ¢ = —5. The required
T—1T00
map is

F(z) = —(lz| + 1)e Il — 5.
10. Integrate the two cases

z+2

_TTC i z>0
z+3)z-3) =0
f(x): T+ 2
— if-3<z<0
(@ —3)2 ’

separately, that is, determine

r+2 T+ 2
= — — d and Sy = —dz.
& /(x+3)(x—3) roooa 2 /(w—3)2 o

These are rational integrands, so we ought to find the partial fractions first. Rather
easily one sees
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T+ 2 A n B 1 1 n 5
(x+3)(z-3) x+3 -3 6\z+3 z-3
r+2 A n B 1 n 5
(x—32 z2-3 (z-32 z2-3 (z2-3)2’
whence
1 . \ 5
5'1:é(log|x+3|+5log|x73;)+cl, nglogixviﬂfm%—(:g.

A primitive of f has then the form

F(a) = |
-85 f-3<x<0

%(log\x%—?)l +5log|le —3])+ec1 ifx>0,
—log|x—3|+%+cg if -3<z<0.
Continuity and the vanishing at z = 0 tell
0=F(0)=F(0")=log3+c1=F(0 )= —log3—§+cz.
Thus ¢; = —log 3, ca =log3 + %, and

(log(z 4+ 3) +5log|z —3|) —log3 ifz >0,

=

F(x) = 5 5
—log(3 —z)+ —— +1log3+ - if —3<xz<0.

z—3 3
L. The generalised primitive F(z) of f(z) should be continuous and satisfy
F'(z) = f(z) at all points where f(z) is continuous, in our case every = # 1.
Therefore

/(2x3—5w+3)daz ife>1, 1x4—§x2+3x+cl if 2> 1,
F(z) = =2 2
/(49”‘7)‘193 ifa <1 2% — Tz + 3 ifr<1;

the relation of ¢, ¢o derives from imposing continuity at x = 1:
F)=F1") =1+ =F(1)=-5+c,.
Thus ¢ = 6 + ¢; and

1 5
Flz) = 59:4—53:24—33:—}—0 if z > 1,

2% — T+ 6+ ¢ ife<l.
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Let us demand F(0) =6 + ¢ =0, i.e., ¢ = —6. That implies

1 4 5 2 .
— [ — >
Flz) = 2m 2:10 +3z—-6 ifz>1,

252 — 7z ifz<l.

Alternatively, notice the required map (cf. Remark 9.41) equals

F(z) = /0 " iy dt,

from which we may then integrate f(t).

12. Consider F(z) = arctan 2 and G(z) = — arctanz. As
F(a) = - —— = G/(x)
1+ z? ’
F(z) and G(z) are primitives of the same f(z) = —175z. As such, Proposition 9.3

ensures they differ by a constant ¢ € R

F(z)=G(z)+ec.

The value ¢ = ¥ is a consequence of F(1) = , G(1) = -J.
13. The generic primitive for f is like
x
F(z) = c+/ cos 2t% dt.
0
By Lemma 9.43, if
2
cos2t? =1 —2t* + gztf‘ +o(t?), t—0,

F expands, for x — 0, as

0 3 5 27

14. As in Exercise 13, write first Maclaurin’s polynomial up to degree 3:

1 23\
=-(24e 7)1+ —
f(z) 3(+e )<+3>
_2 J—z+ lmQ — 2 +o(z®) ) [1- lmS + o(z?)
3 2 6 3
_1 3 :L‘+l$2- 3 — 2° 4 o(z?)
3 2 6
1
:1—§x+6x2—18m3+0(:v3), z—0
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Then

x T 1
F(I):C‘i—/ f(t)dt:c+/ 1“1‘t+—t2—1t3+0(t3) dt
Jo Jo 3 6 18

:c+x—éx2+11—8m3—%x4+0(x4), r—0.
15. Definite integrals:
a) —2; b) £; ) 2e?(3e? — 1); d) +logh6.
e) Since
1 ifl<z<?2,
1] =42 if2<z<3,
3 ifr=3,
we have

2 3
1 5
S—./1 dx—}—/z de_i'

) The parabola y = 22 — 1, on 0 < z < v/3, has the following range set:

-1<2?2-1<0 for T €[0,1)
0<z?-1<1 for r€[1,v2)
1<2?2-1<2 for r € [V2,V3).

Therefore
22-1+41 ifzelo1),
21 if z € [1,v2),
M@?-1)=4" itz ellv2)
2?2 -1-1 ifze[vV2,V3),
0 if x =3,
and

1 V2 V3
S:/l‘le‘+/ (I2—1)dl‘+/ (22 —2)dz=vV2-V3+1.
Jo J1 JV2

16. As (see Fig.9.14)

—logz ife!'<z<l,
|log z| = .
log fl<z<e,

from Example 9.11 ii) we infer

e 1 e
A:/ |loga:|dx:—/ logmdax—}—/ log z dx
Je—! Je—1 J1

= —[ax(logax— 1)}1 Tt [ax(logax— 1)]e =2- 2

e~ 1 e

351
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'

Figure 9.14. Trapezoidal region of the function f(z) = |logz]|

7. Computing areas:

a) The region is symmetric with respect to the y-axis (Fig. 9.15). Comparing to
the example of Sect.9.9.1, we can say that the area will be

V2/2
A:2</0 /(\/l—xQ—x)dm>

= {m 1 — 22 + arcsin w} ;/5/2 — {wz} vE/ =T

0 4
The result agrees with the fact that the region is actually one quarter of a disc.
b) 2.
I3, From

1—-¢t ift<l,
[t -1 = .
t—1 ift>1,

Y=z

Figure 9.15. Region of Exercise 17 a)



9.10 Exercises

we write

/ (1-t+2)dt ifz <1,
-1

1 x
/(1—t+2)dt+/(t—1+2)dt ife>1
J— 1

1

1 . 7

1 9
§x2+$+§ ifz>1.

353



10

Integral calculus II

This second chapter on integral calculus consists roughly of two parts. In the
first part we give a meaning to the term ‘improper’ integral, and thus extend the
notion of area to include unbounded regions. The investigation relies on the tools
developed when discussing limits.

The remaining part is devoted to the integration of functions of several variables
along curves, which generalises the results on real intervals of Chap. 9.

10.1 Improper integrals

Hitherto integrals have been defined for bounded maps over closed bounded in-
tervals of the real line. However, several applications induce one to consider un-
bounded intervals quite often, or functions tending to infinity. To cover such cases
the notion of integral, be it Cauchy’s or Riemann’s, must be extended by means
of limits.

We begin with improper integrals with unbounded domain of integration, and
then treat infinite integrands.

10.1.1 Unbounded domains of integration

Let Rioc([a, +00)) be the set of maps defined on the ray [a,+00) and integrable
on every closed and bounded subinterval [a, ¢| of the domain.
Taking f € Rioc([a, +00)) we can introduce the integral function

F(c) = /acf(m)dm

on [a, +00). The natural question to answer concerns its behaviour when ¢ — +o0.
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Definition 10.1 Let f € Rioe([a, +0)). We (formally) set

[T r@a= [ s@a.

v}
The symbol on the left is said improper integral of f on [a, +00).

1) If the limit ezists and is finite, we say that the map f is integrable over
[a,+00), or equivalently, that its improper integral converges.

ii) If the limit exists but is infinite, we say that the improper integral of f
diverges.

iii) If the limit does not exist, we say that the improper integral is indeter-
minate.

The class of integrable maps over [a, +00) will be indicated R([a, +00)).

Visualising the improper integral of a positive function is easy. Note first that
the following holds.

Proposition 10.2 Let f € Rioc([a, +0)) be such that f(x) > 0, for all
x € [a,+). Then the integral map F(c) is increasing on [a, +c).

Proof. Take ¢,y € [a,+00) with ¢; < 5. By the property of additivity of the

domain of integration (Theorem 9.33, i)),

Fley) = / f(z)de = / flz)dz + / f(x)da
F(e) + /;_,I"[:.r]:l.r.

The last integral is > 0 by Theorem 9.33, iii). Therefore F(cy) > F(c¢p). D

Corollary 10.3 The improper integral of a positive map belonging to
R1m,([a, +00)) is either convergent or divergent to +oc.

Proof. This descends from the proposition by applying Theorem 3.27 to F'. O
Going back to the geometric picture, we can say that the improper integral of
a positive function represents the area of the trapezoidal region of f over [a, +00)
(Fig. 10.1). This region is unbounded and may be viewed as the limit, for ¢ — oo, of
the regions defined over the subintervals [a, ¢]. The area of the trapezoidal region
over the entire domain of integration [a,+00) is finite if the improper integral
converges, and one says that the area is infinite when the integral is divergent.
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y = f(z)

a I +00

Figure 10.1. Trapezoidal region of f over the unbounded interval [a, +00)

Examples 10.4

1
i) We consider the integral over [1,400) of the family of functions f(z) = —

xa
for various o > 0. Since

d—a |€

£z . lfa_l
1 ifa#l, R
/x—adwz [—al, _ ) 5 ifa#l
' log;r]f fa=1 logc fa=1,
when « # 1, one has
1
too I—o :
1 -1 if o > 1,
/ —dx = lim C - _la-1
1 e cotoo 1 —a

400 ifa < 1.
If a = 1 instead,

€T c—400

+oo 1
/ —dzr = lim loge = +oc.
1

The integral behaves in the same manner whichever the lower limit of integration
a > 0. Therefore

—dz
X

/"* | {(:onvcrges iff ol
(¢

o diverges if a <1.

ii) Let f(x) = cosx. The integral

C
F(c) :/ coszdr =sinc
0

does not admit limit for ¢ — 400, hence f;m cosz dx is indeterminate.

Improper integrals inherit some features of definite integrals. To be precise, if
f, g belong to R([a, +00)):



358 10 Integral calculus II

i) for any ¢ > a

/:oo f@)do= [ fla)da + /;OO fl) d

ii) for any o, 3 € R

/a+00 (af(x) -I-ﬂg(m)) dz = a/a+0° f(z)dz —|—ﬂ/a+oo g(z)dz;

111) supposing f > 0 on [a, +00) then

/a+oof(m)dm20.

All are consequence of properties i)-ii) in Theorem 9.33 and the properties of
limits.

Convergence criteria

The integrability of f € Rioc([a, +00)) cannot always be established using just the

definition. Indeed, we may not be able to find an integral function F(c) explicitly.

Thus, it becomes all the more important to have other ways to decide about con-

vergence. When the integral is convergent, computing it might require techniques

that are too sophisticated for this textbook, and which will not be discussed.
The first convergence test we present concerns positive functions.

Theorem 10.5 (Comparison test) Let f,g € Rioc([a, +00)) be such that
0 < f(z) < g(z) for all x € [a,+00). Then

0< /er fz)dz < ]+w g(x) dz. (10.1)

In particular,

i) if the integral of g converges, so does the integral of f;
i1) if the integral of [ diverges, then the integral of g diverges, too.

Proof. The definite integral is monotone, and using 0 < f(x) < g(x) over |a, +00),

we have

o

F(e / f(x)dx - / glx)dx = G(e).
By Corollary 10.3 the maps F(c) and G(¢) admit limit for ¢ — +oc;
comparing the limits, with the help of Corollary 4.4, we obtain
0< lim F(e) < lim Gle).

c—40C =t =0

which is (10.1). The statements i) and ii) are straightforward consequences

of (10.1).
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Example 10.6

Discuss the convergence of the integrals
+00 +oo
arctan x arctanx
/ —5—dz and / —dz.
1 z 1 T
For all z € [1, +00)

T« et < 7r

— <arctanz < —,

4 = 2
S0

arctanx s ™ arctanx
— < — and — < e,
x? 2x2 4 — x
Therefore
+o0 +oc +oa +o0
arctan x T T arctan T
/ 7dx</ —dzx and / —dxﬁ/ ——duz.
N x? S 2z2 Ji 4z J1 T
+oo T +oa T

From Example 10.4 we know —— dz converges, whereas —dx di-

1 2:1;2 1 %
verges. Because of Theorem 10.5, the implication of i) ensures that the integral

+oc +oo
arctan x g arctan .
/ ——— dz converges, while i) makes / ———— dz diverge.
1 z 1

When the integrand has no fixed sign, we can rely on this criterion.

Theorem 10.7 (Absolute convergence test) Suppose f € Ripc([a, +o0))
is such that | f| € R([a, +0)). Then f € R([a,+o0)), and moreover

+oo
< f |f(2)] da.

+co

flz)dx

o

Proof. We introduce f, and f_, respectively called positive and negative part

of f. as follows:

_ flx) if f(x) =0,
folx) =max(f(x),0)
0 it f(x) <0,

_ 0 if f(x) >0,
fo(x) = max(—f(x),0)
flx) if f(x) < 0.

Both are non-negative, and allow to decompose f, |f|:
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Figure 10.2. Graphs of a map f (left), its positive part (centre) and negative part {right)

(see Fig. 10.2). Adding and subtracting these relations leads to

,Ir [,.":I Jlll,l T .'Il'f JI. [JI] _JII.:_.":I

which, together with Theorem 9.33 ), imply fi.f- € Riw(la, +00)).
Since 0 < fi(x), f_(x) < |f(x)] for any & = a, the Comparison test 10.5
yields that f, and f_ are integrable over |a, +00). The first of (10.2) tells
that also f satisfies the same.

Eventually, property v) of Theorem 9.33 implies, for all ¢ > a,

/ }nfl(l! < / f(z)| da;

Passing to the limit ¢ — +oc proves the claim.

Example 10.8

Let us consider the integral

T cosz
3 dx.
1 I

cosT COsST

2

is integrable on [1,4+o00) by

5» the function |f(z)| = ‘

Since l

Theorem 10.5 and Example 10.4. The above test guarantees integrability, and
00 =00 =00
08 COS 1
/ =L dr g/ i Ild </ —dz=1.
1 T 1 1 €T

Remark 10.9 The Absolute convergence test is a sufficient condition for integra-
bility, not a necessary one. This is clarified by

T ging e
dz  (convergent) vs.
1 xr 1

sinx

dz (divergent).
x

(For a proof ~ Improper integrals )

A map f whose absolute value |f| belongs to R(|a, +00)) is said absolutely
integrable on [a, +00). O
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Another useful result is based on the study of the order of infinitesimal of the
integrand as z — 4-oc.

Theorem 10.10 (Asymptotic comparison test) Suppose the function
f € Rioella, +00)) is infinitesimal of order «, for x — +oo, with respect
to p(x) = 1. Then

i) ifa>1, f € R(la,+0));

+o0
1z o =il f(z)dx diverges.

Proof. ~» Improper integrals.

Examples 10.11
i) Consider
+oc
/ (m — 2arctanz) dz.
1

The map f(z) = 7 —2arctan z is infinitesimal of first order for z — 400: by de
I’Hépital’s Theorem namely,
T — 2arctanz , 222

lim ——m—— =

im —— = 2.
z—+o00 1/3: z—4o0 | 4+ 2

The integral therefore diverges.

i1) Discuss the integral

T 2t cosx
1 z° +s8inx

As cosz = o(z), sinz = o(z3) for  — +oo0, it follows
T+ cosx 1
23 +tsinz | 22 T oo,
and the integral converges.

Let us now consider a family of improper integrals generalising Example 10.4 i).

Example 10.12

We show how the convergence of

+o0 1
——d
/2 zo(logz)P

depends on the values of o, G > 0.

i) The case @ = 1 can be tackled by direct integration. Changing variables to
t = log z, one has
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400 1 +o0 1
——dx = / —dt,
/2 x(log I)B log 2 tﬁ

so the integral converges if 4 > 1, diverges if 8 < 1.

i) If @ > 1, we observe preliminarily that = > 2 implies log z > log 2 and hence
1 1
< )
z*(logz)? — z*(log2)8
This is sufficient to conclude that the integral converges irrespective of 3, by the
Comparison test.

Yo > 2.

When a < 1, let us write

1 1 =@
ze(logz)? 1z (logz)P’
11—«
The function d tends to +oo, for any 3. There is thus an M > 0 such
(logz)?
that
1 M
—_— >, Yz > 2.
zo(logz)? ~ =z

By comparison the integral diverges.

If f is defined on [kg, +00), it could turn out useful, sometimes, to think of its
value at x = k as the general term ay, of a series. Under appropriate assumptions
then, we can relate the behaviour of the series with that of the integral of f over
[kg, +00), as shown hereby (for a proof ~ Improper integrals).

Theorem 10.13 (Integral test) Let f be continuous, positive and decreas-
ing on [ko,+00), for ko € N. Then

> B = flaydz =5 F(5), (10.3)

k=ko+1 Jko k=ko

+oo

therefore the integral and the series share the same behaviour. Precisely:

+oo 00

a) / f(z)dz converges <= E f(k) converges;
ko =
+oo

b) f(z)dz diverges <= Z f(k) diverges.
ko k=ko

Examples 10.14

I i) The previous criterion tells for which values of the parameter « the gener-
alised harmonic series
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S|
2
k=1
converges. Note in fact that z% ,a > 0, satisfies the theorem’s hypotheses, and

has convergent integral over [1, +00) if and only if a > 1. Therefore

—1 converges for a > 1,
R

_— diverges for 0 < < 1.

ii) In order to study

we take the map f(z) =

; its integral over |2, +00) diverges, by case i) of
zlogz

is divergent.

o]
Example 10.12. Then the series kz:; Flogk

A last remark to say that an integral can be defined over (—oo, b] by putting

b b
1 flz)dr = cligloo f(z)dz.

C

All properties and convergence results easily adapt.

10.1.2 Unbounded integrands

Consider the set Rjoc([a, b)) of functions defined on the bounded interval [a, b) and
integrable over each closed subinterval [a, ], a < ¢ < b.
If f € Rioc([a, b)) the integral function

F(e) = /acf(x)dx

is thus defined over [a,b). We wish to study the limiting behaviour of such, for
c—b™.

Definition 10.15 Let f € Rioc([a, b)) and define, formally,

b c
]{: flz)do = cl_i’lil?l_ /ﬂ f(z)dz; (10.4)

as before, the left-hand side is called improper integral of f over [a,b).
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i) If the limit exists and is finite, one says f is (improperly) integrable on
[a,b), or that its improper integral converges.

i) If the limit exists but infinite, one says that the improper integral of f
is divergent. :

iii) If the limit does not exist, one says that the improper integral is inde-
terminate.

As usual, integrable functions over [a, ) shall be denoted by R([a,b)).

If a map is bounded and integrable on [a, b] (according to Cauchy or Riemann),
it is also integrable on [a, b) in the above sense. Its improper integral coincides with
the definite integral. Indeed, letting M = sup |f(z)|, we have

z€la,b)]
/abf(x)dx—/acf(a:)da: /be(a:)da:

In the limit for ¢ — b~ we obtain (10.4). This is why the symbol is the same
for definite and improper integrals. At the same time, (10.4) explains that the
concept of improper integral over a bounded domain is especially relevant when
the integrand is infinite in the neighbourhood of the point b.

b
< [ 1r@ide < Me— ).

Example 10.16

Take f(x) = (TL—)— with & > 0 (Fig. 10.3 shows one choice of the parameter),
— (¢4
and study its integral over [a,b):
_ 1—a |€
e (Gt el BTN
[ o=y o T
a (b - x)a c
—log(b— x)}a fa=1
_ A\l—a _ _ l—«
b mbma) o,
_ a—1
h—
log 5 ~i ifa=1.
When o # 1,
_ 1-«o
b1 N (0 it Ut L Y Al N
———dxz = lim = 1—a !
. (b—x) c—b- a—1 .
+o0 ifa>1.
For a =1,

b
1 b—a
— 1 1 = .
/a b—xdx cl—lgl— Ogb—c oo
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) i
y=f(z) /|

— ) .

Figure 10.3. Trapezoidal region of the unbounded map f(z) = \/21: over [1,2)
Therefore
b e {converges ifa<l,
——dz
o b mle diverges if a > 1.

365

In analogy to what seen previously, the integral of a positive f over [a,b) can

be proven to be either convergent or divergent to 4oo.

Convergence tests similar to those already mentioned hold in the present situ-

ation, so we just state a couple of results, without proofs.

Theorem 10.17 (Comparison test) Let f,g € Rioe([a,b)) be such that
0 < f(z) < g(x) for any x € [a,b). Then

b b
OS/ f(:r:)('l:}:f/ g(z) da. (10.5)

In particular,

i) if the integral of g converges, the integral of f converges;
i) if the integral of f diverges, the integral of g diverges.

Theorem 10.18 (Asymptotic comparison test) If f € Rioc([a, b)) is in-
finite of order o for @ — b~ with respect to p(z) = ;2= then

i) ifa<l, f E R([a,b));
i) ifa>1, / f(z)dx diverges.
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Integrals over (a,b] are defined similarly:

b

b
f(z)dz = lim f(z)dz.

Ja e )

With the obvious modifications all properties carry over.

Examples 10.19

Consider the integral

3
7
/ \/ ? dz.
1 3—z
The function f(z) = {/2=Z is defined and continuous on [1,3), but has a dis-
continuity for z - 37. As7—z <4 on {1 3), by the Comparison test we have

[ 5=

(recall Example 10.16). The 1ntegral therefore converges.

2 T
ef 41
——dz.
/1<x—1>2 ¢
e+ 1 e +1

< )
(z-1)? (z-1)
so by comparison the integral diverges to +o0.

/2
/ ﬁ dx
o sinz

1
Forz — 0T, f(z) = s\i'I/li* ~ ﬁ, therefore the integral converges by the Asymp-

totic comparison test .

diL'<+OO,

ii) Consider

When z € (1, 2],

iii) Determine the behaviour of

v) The integral

4
/ Slog(x -3) dz
. T3 —8x2+ 16z
has integrand f defined on [r,4); f tends to +oo for z — 4~ and
log(l + (z —4)) 1

)= z(z —4)? ATEEI
Thus Theorem 10.18 implies divergence to —oo (f(x) = 1/(x — 4) is negative at
the left of x = 4).

T — 4.




10.2 More improper integrals

10.2 More improper integrals

Suppose we want to integrate a map with finitely many discontinuities in an inter-
val I, bounded or not. Subdivide I into a finite number of intervals I;, j = 1,...,n
so that the restricted map falls into one of the cases examined so far (see Fig. 10.4).

Then formally define

/fu dr—zf f(@)d.

j=1

One says that the improper integral of f on I converges if the integrals on the
right all converge. It is not so hard to verify that the improper integral’s behaviour

and its value, if convergent, are independent of the chosen partition of I.

Examples 10.20

Suppose we want to study

+oo 1
5:/ LI
oo 1422

If we split the real line at the origin we can write

400 1
S = / ——5dz +/ ——dz;
0 1+332

the two integrals converge, both to 7T/27 s0 S = 7.

Foe L3
SInx
S1 = 5 dx
0 .'L'

11) The integrand of

17] ' Jr-g !‘:5

Figure 10.4. Trapezoidal region of an infinite map, over an unbounded interval
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is infinite at the origin, so we divide the domain into (0, 1] U [1, +00), obtaining

1 s +oo
smx sSinx
S = / dz + / —dz;
JO J1

2 72

but
1

_[L'27

sinz 1

sinz
~ = forz—07F and —_—
z

2

z2 z

so Theorem 10.18 forces the first integral to diverge, whereas the second con-
verges by Theorem 10.5. In conclusion S; tends to +oo.

For similar reasons
T ging
52 = ~373 dz
Jo 3/
converges.

ii) Let S denote

6
-9
/ f dx .
J1 (z+1)Vaz?2 —62+8
The integrand diverges at —1 (which lies outside the domain of integration), at
2 and also at 4. Hence we write

(/ / / /) @ <xfm< ="

The function is infinite of order 1/3 for z — 2i and also for z — 4%, so the
integral converges.

10.3 Integrals along curves

The present and next sections deal with the problem of integrating over a curve,
rather than just an interval (see Sect. 8.4). The concept of integral along a curve —
or path integral as it is also known — has its origin in concrete applications, and is
the first instance we encounter of an integral of a function of several real variables.

Let v : [a,b] — R (d = 2,3) be a regular arc and C = ~([a,b]) its image,
called a path. Take f : dom f C R — R a function defined at least on C, hence
such that C' C dom f. Suppose moreover that the composite map fo~ : [a,b] — R,
defined by (f o~)(t) = f(~(t)), is continuous on [a, b].

Definition 10.21 The line integral of f along ~ is the number

. b
/f=[fhmm¢mwn (10.6)
J va

where ||¥' ()| = V]2 @)2 + |y ()2 + [/(1)|? is the modulus (i.e., the Eu-
clidean norm) of the ur!w ~'(t). Alternative expression are ‘path integral of
[ along ~°, or simply, ‘integral of f along .
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The right-hand-side integral in (10.6) is well defined, for the map f (~(¢)) v'(t)||
is continuous on [a,b]. In fact + is regular by hypothesis, its components’ first
derivatives are likewise continuous. and so is the norm ||%'(¢)||, by composition.
And recall f(*y(f)) is continuous from the very beginning.

Integrals along curves have the following interpretation. Let < be a simple arc
in the plane with image C and f a non-negative function on C' with graph

F(f) = {('Eyz) GRS : (’EU) Gdomf, Z:f(.’l?,y)}-

By

2={(z.y.2) eR®: (z,y) €C, 0< z < f(z,y)}
we indicate the upright-standing surface bounded by C and by its image f(C) lying
on the graph of f, as in Fig. 10.5. One can prove that the value of the integral of
f along ~ equals the area of X, For example if f is constant on C, say equal to h,
the area of 3 is the product of the height h times the base C'. Accepting that the
base measures £(C) = [ab [Iv/ ()| dt (which we shall see in Sect. 10.3.1), we have

b
rea(%) =10) = [ sy O1a= [ 1

Examples 10.22

i)Let v : [0,1) — R? be the regular arc v(t) = (¢,t?) parametrising the parabola
y = 2% between O = (0,0) and A = (1,1). Then ~4/(t) = (1,2t) has length
¥ (O = V1+4t2. If f: R x [0.+00) — R is defined by f(z,y) = 3z + /Y, the
composition f o<y reads f (7(15)) = 3t + V{2 = 4t and therefore

1
/f:/ 4t\/1 4 482 dt .
~ 0

}
r'(f)
f(C)
P
C

dom f

Figure 10.5. Geometric interpretation of the integral along a curve
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Substituting s = 1 + 4¢% we obtain
5 2 501 4
/ f= 2/ Vsds = 2[533/2]1 = 5(5\/5— 1).
~ 1

ii} The curve v : [0,2m] — R? parametrises the circle centred at (2,1) with

radius 2, v(t) = (2 + cost,1 + sint), so ||¥/(t)]| = V4sin®t + 4cos?2t = 2 for
all . With the function f : R? — R, f(z,y) = (z — 2){y — 1) + 1, we have
f(¥(t)) =4sintcost + 1, and

27
/f:2/ (4sintcost+1)dt:2[2sin2t+t]§7r:47r.
¥ 0

If we represent the circle by some % having the same components as 4 but ¢
varying in [0, 2k7] (i.e., winding k times), then

2km
/f:2/ (4dsintcost + 1) dt = dkr.
5 0

Example ii) shows that integrals along curves depend not only on the image of the
curve along which one integrates, but upon the chosen parametric representation
as well. That said, certain parametrisations give rise to the same integral.

Definition 10.23 Two regqular curves v : I — R%, § : J — R? are called
equivalent if there is a bijection ¢ : J — I, with continuous and strictly
positive derivative, such that

(S:.'.:"}‘Op.

i.e., 6(7) =(p(7)) forallT e J.

Definition 10.24 Let v : I — R? be a regular curve. If —I is the interval
{t € R: —t € I}, the curve —y : —I — R? defined by (—v)(t) = v(—t) is
termed opposite to ~ .

Flipping the parameter means we can write (—v) = yoy, where ¢ : —I — I is the
bijection ((t) = —t that reverts the orientation of the real line. If 7 : [a,b] — R¢
is a regular arc, so is —~y over [-b, —a.

It is convenient to call congruent two curves v e d that either are equivalent
or one is equivalent to the opposite of the other. In other words, § = - o v where
¢ is a strictly monotone bijection of class C!. Since the values of the parameter
play the role of ‘tags’ for the points on the image C' of «, all curves congruent to ~
still have C as image. Furthermore, a curve congruent to a simple curve obviously
remains simple.
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Let f be a function defined on the image of a regular arc ~ : [a,b] — R? with
f o~ continuous, so that the integral of f along - exists. The map f o (where

d is an arc congruent to ) is continuous as well, for it arises by composing a
continuous map between intervals with f o «.

Proposition 10.25 Let v : [a,b] — R? be a regular arc with image C, f
defined on C such that f o~ is continuous. Then

Lf=j‘;f,

for any arc & congruent to ~y.

Proof. Suppose (—v)'(t) = —~'(—t), so norms are preserved, i.e., ||[(—y)'(1)| =

[lv' (=), and

/l f = / " HE©) (=) ()] de
. ~ . 1]

!

With the change of variables s t, ds -dt, we obtain

/ f / f(v(s)) [ (s)]| ds
e b

!

- / f(v(3) V' (s)|l ds = / f-
S ."‘If

Similarly, if § = v 0 ¢, where ¢ : [e.d] — [a,b], is an equivalent arc to -,
! \ | I e | e N P N T -
then 8 (7) = v/ (¢(7))¢’(7) with ¢’'(7) > 0. Thus

| T

d

= [ 1rteto) I (o) ()l
vﬂ“”l '
/ Fm) 1Y () ¢’ (r) dr.

By t = (), hence dt = ¢'(7)d7, we see that

/l f = /”,f'(n«.:'u} Iy () dt = / !l
Jo Ja ' Jy
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The proposition immediately implies the following result.

Corollary 10.26 The integral of a function along a curve does not change
if the curve is replaced by another one, congruent to it.

Next, let us note that naming ¢ an arbitrary point in (a,b) and setting v, =
7|[a,c]7 Yo = 7”va]’ we have

/7f=/1f+ [ (107

because integrals are additive with respect to their domain of integration.

Integrating along a curve extends automatically to piecewise-regular arcs. More
precisely, we let v : [a,b] — R3 be a piecewise-regular arc and take points a =
ag < ay < ... < a, = b so that the arcs v, = Vai_1,ai]s ¢ = 1,...,n, are regular.
Suppose, as before, that f is a map with domain containing the image C of 4 and
such that f o+ is piecewise-continuous on [a,b]. Then we define

fr=x1 s

coherently with (10.7).

Remark 10.27 Finding an integral along a piecewise-regular arc might be easier
if one uses Corollary 10.26. According to this,

/7 i ;]5 f (10.8)

where §; are suitable arcs congruent to «y;, i = 1,...,n, chosen to simplify com-
putations. '

Example 10.28

We want to calculate f,y x2, where v : [0,4] — R? is the following parametrisation
of the boundary of the unit square [0,1] x [0, 1]:

~ (t) = (¢,0) ifo<t<l,
vty =(1,t—1) f1<t<2,

)=(3-t1) if2<t<3,
yy(t)=(0,4—1) if3<t<4

() =
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A A

V3 03

(0] T 1 0] & 1

Figure 10.6. Parametrisation of the unit square, Example 10.28

(see Fig. 10.6, left). Let us represent the four sides by
01(t) = 1 (t) 0<t<1, o1 =",
d2(t) = (1,1) 0<t<1l, d2~7,,
a5(t) = (£, 1) 0<t<1, b3~ —v5.
S4(t)=(0.t)  0<t<1, by~ —m,

(see Fig.10.6, right). Then
1 1 1 1 5
/ﬁ:/ t2dt+/ 1dt+/ t2dt+/ 0dt = = o
Jy Jo 0 0 0 3

10.3.1 Length of a curve and arc length

The length of a piecewise-regular curve ~ : [a,b] — R? is, by definition,

U(v) = L I (10.9)

In case of a regular arc, (10.9) reads

b b =
8(7)=/ H'r’(f-)lldt=] \/(&“’(t))2+(y’(t))2+(z’(t)) dt. (10.10)

The origin of the term is once again geometric. A fixed partition a = tg < t; <

itnoq < t, = bof [a,b] determines points P; = 4(t;) € C, i =0,...,n. These
in turn give rise to a (possibly degenerate) polygonal path in R® whose length is
clearly

Uto,ty, ... 1) = ZdiSt (Pio1. Fy),

i=1
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dist (P;—1, P;) = ||, — Pi—1|| being the Euclidean distance of two consecutive
points. If we let At; =t; — t;,_1, and

(and similarly for the coordinates y and z), then

2

|P— Pi_1] = \/(l‘(tz) - l‘(ti—l))z + (y(t:) — y(ti—l))2 + (2(t:) — 2(ti-1))

Az Ay [ Az
—J (3 +(3F) + (5) 2

n Az 2 A 2 A 2
Uto,tr, . tn) = D (ZE) + (f;) + (ﬁ) Aty
i=1 7 i i

which ought to be considered an approximation of the integral appearing in (10.10).
Provided the curve is sufficiently regular (piecewise-regular is enough), one can in-
deed prove that the supremum of (g, ¢1, ..., %,), taken over all possible partitions
of [a, b}, is finite and equals £(7y).

The length, as of (10.9), depends on the image C of the curve but also on the
parametrisation. The circle 22 + y? = r?, parametrised by v, (t) = (r cost,rsint),
t € [0, 27|, has length

Therefore

2T
Uy,) = /0 rdt = 27r,

a well-known result in elementary geometry. But if we represent it using the curve
Yo (t) = (r cos 2¢,7sin 2¢t), ¢ € [0, 27], we obtain

2w
5(72):/0 2rdt = 4nr,

because now the circle winds around twice. Proposition 10.25 says that congruent
curves keep lengths fixed, and it is a fact that the length of a simple curve depends
but on its image C' (and not the parametrisation); it is called the length £(C) of
C. In the example, 7, is simple, in contrast to -y,; as we have seen, £(C) = £(~,).

Let now ~ be a regular curve on the interval 1. We fix a point tg € I and define
themap s: 7 — R

() = K ¥ (7))l dr . (10.11)
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Recalling (10.10), we have
6(7\[to,t]) ift > tg,
S(t) = 0 ift = to y
—e(‘yl[t,to]) ift <tg.

In practice the function s furnishes a reparametrisation of the image of . As a
matter of fact,

sSt)=Iv®l>0, vtel

by the Fundamental Theorem of integral calculus and by regularity. Therefore s is
strictly increasing, hence invertible, on I. Letting J = s(I) be the image interval
under s, we denote by t : J — I C R the inverse map to s. Otherwise said, we write
t = t(s) in terms of the new parameter s. The curve ¥ : J — R%, F(s) = v(t(s)),
is equivalent to 4 (and as such it has the same image C). If P, = ~(¢;) is a point
on C and t; corresponds to s; under the change of variable, then we also have
Py = 4(s1). The number s; is called arc length of P;.
Differentiating the inverse map,

F5) = L) = S u(s) o) = T

whence =
=1, Vse J.

This expresses the fact that the arc length parametrises the motion along a curve
with constant ‘speed’ 1.

Remark 10.29 Take 7 : [a,b] = R a regular curve and let s be the arc length as
n (10.11), with to = a; then s(a) = 0 and s( f v/ (7)|| dT = £(~). Using this
special parameter, we have

L= = [T rae)as= [ s as

The notion of arc length can be defined to cover in the obvious way piecewise-
regular curves.
Example 10.30
The curve v : R — R? ~(t) = (cost,sint,t) describes the circular helix (see
Example 8.8 vi)). Since ||/ (t)|| = ||(=sint,cost, 1)|} = (sin®t + cos?t + 1)!/2 =
V2, choosing tqg = 0 we have

:‘/Otuﬁy/(f)ndT:\/i/ot dr = V2t

It follows that t = t(s) = %s, s € R, and the helix can be reparametrised by
arc length

o V2o V2 f
Y(s) = | cos —s,sin —

2 2
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10.4 Integral vector calculus

The last section deals with vector fields and their integration, and provides the
correct mathematical framework for basic dynamical concepts such as force fields
and the work done by a force.

Definition 10.31 Let 2 indicate a non-empty subset of RY, d = 2,3. A
function F : 2 — R? is called a vector field on (2.

Conventionally f; : 2 = R, i = 1,...,d, are the components of F, written
F = (f1,..., fq). Using the unit vectors i, 7, k introduced in Sect. 8.2.2, we can
also write F = fit + fojif d=2and F = fii+ fo7 + fak if d = 3.

Vector fields may be integrated along curves, leading to a slightly more general
notion of path integral. Take a regular arc ~ : [a,b] — R? whose image C' = ~(a, b])
is contained in 2. In this fashion the composition F o~ : ¢t — F(~(t)) maps [a, b]
to R%. We shall assume this composite is continuous, i.e., every f;(¥(t)) from [a, b]
to R is a continuous map. For any ¢ € [a, b] we denote by

the unit tangent vector to C at P(t) = ~(t). The scalar function F, = F - T,
F,(6) = (F-7)(t) = F(+(®)) - 7(¢)

is the component of the field F' along the unit tangent to -« at the point P = ~(t).

Definition 10.32 The line integral or path integral of F along - is
the integral along the curve v of the map F-:

/F-(U’:/I-l,.
Jy 2

As the integral on the right equals

b

b
Fo=|[ F-or=[ FH®) )Y @®)lldt = | F(~(t)) -+ (t)dt,
= [ o= [FG@) @@= [ Fow) o

a

the line integral of F' on ~y reads

b
a

/ F.dP = / F(~(t)-+'(t)dt. (10.12)
. ’Y .
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Here the physical interpretation is paramount, and throws new light on the consid-
erations made so far. If F' describes a field of forces applied to C, the line integral
becomes the work done by F during motion along the curve. The counterpart to
Proposition 10.25 is

Proposition 10.33 Let v : [a,b] — R? be a regular curve with image C, and
F q vector field over C such that F o« is continuous. Then

]F-clP:—/ e diE and /F-sz[F-dP,
o J—y Jy Jé

over any curve 8 equivalent to .

In mechanics this result would tell that the work is done by (resp. against) the
force if the directions of force and motion are the same (opposite); once a direction
of motion has been fixed, the work depends only on the path and not on how we
move along it.

Examples 10.34

i) Consider the planar vector field F : R? — R? given by F(z,y) = (y,z). Take
the ellipse % + % = 1, parametrised by v : [0,27] — R2, () = (3cost, 2sint).
Then F(~(t)) = (2sint, 3cost) and +'(t) = (—3sint, 2 cost). Therefore

27
/F-dP:/ (2sint.3cost) - (—3sint,2cost) dt
Jy 0
2w ) 2m
:6/ (—sin2t+0052t)dt:6/ (2cos?t —1)dt
0 0

27
:12/ cos’tdt — 127 =0,
JO

because
2w

271' 1 1
/ cos?tdt = | =t + —sin2¢ =7
0 2" T
(see Example 9.9 ii)).

ii) Let F : R® — R3 be given by F(x,y,2) = (e%,z+y,y+2),and ~v : [0,1] — R?
by v(t) = (t.t2,t*). The vector field along the path reads

F(v®) = (", t+ 2. +1%) and ~'(t) = (1,2,3¢%).

Thus .
/F-dP: / (ef, t 4+ 12,82 +13) - (1,2t,3t%) dt
Jy Jo
! 4 2 3 4 5 19 r
=/ [e +2(t+t)+3(t+t)]dt:e+l—5. O
JO
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10.5 Exercises

1. Check the convergence of the following integrals and compute them explicitly:

+o0 1 +o0 T
. | b T
2) /0 24342 ) /o ($+1)3dx
) ) +00 o 1 1
lc —dz [d / —dz
-().-A Tz -2 D) TRl
2. Discuss the convergence of the improper integrals:
+0o 1 +0o0
sSinx . - 1
a dz 1 / ———dz
) /0 /T l o log?(2 +e%)
too — [t®logz
c) / ze” T dx . d) /e e dz
\/x - xz 1
f) dz
sin 7z Vsinz
)' T r-m/2 (r—x) logx

'h
0 COS x\/smx -) o +/|log(1l —sinz)

[“3. ] Study the convergence of
+oo T
————=dz
2 4/ (z2+3)”

for varying n € N. What is the smallest value of n for which S,, converges?

Sp =

4. Determine a € R such that the integrals below converge:

T arctan . 1
d [b) | d
2) /—oo |z v L b)i/_oo |z3 + 522 + 8z + 4]« T
+oo 1 P +oo 1
C ———dzx [d)] — _dz
)/o z%(4 + 9z)? 9 o (z—2)/z 3

i] For which a € R does
3 .
_92))@
/ z(sin(z — 2)) de
2 T2 —4
converge? What is its value when a = 07
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6. Tell when the following integrals converge:

+00 oo .
a) / (log(z + 1) — logz)dz b) / eeﬁ dz
! 0

™ — ] —sin7x

ol Bial| z—2
c) |

+o0
e z
1 d i d
9 \3/z~20gx+1 ‘ id)‘/o sinz — (z + z2) log(e + z) *

|~

| Compute the integral of

z2(1 + 8y)
V1+y+4xy

along the curve v(t) = (t,t%,logt), t € [1,2].

@y, 2) =

8. Integrate the function f(z,y) = = on the Jordan curve v whose image consists
of the parabolic arc of equation y = 4—x? going from A = (-2,0) to C = (2,0),
and the circle 2% + y? = 4 between C and A.

19.| Let ~ be the curve in the first quadrant with image the union of the segment
from O = (0,0) to A = (1,0), the arc of the ellipse 4z? + y* = 4 between
A and B = (%,\/ﬁ), and the segment joining B to the origin. Integrate
f(z,y} = x +y along the simple closed curve =.

10. Integrate
1
flz,y) = m

along the simple closed curve v which is piecewise-defined by the segment

from O to A = (+/2,0), the arc of equation z* + y? = 2 lying between A and

B = (1,1), and the segment joining B to the origin.
11 Integrate the vector field F(x,y) = (z?,zy) along the curve ¥(t) = (t2,t),
t €[0,1].

12. Compute the line integral of the field F(z,y,z) = (z,y,2z) along v(t) =
(t,t2,£3), ¢t € [0,1].

13. Integrate F(z,y,2) = (2/2,%,y) along ¥(t) = (—sint,cost, t?), t € [0, §].

[y
| s

.| Integrate F(z,y) = (zy*, x*y) along the simple path ~ consisting of the quadri-
lateral of vertices A= (0,1), B=(1,1), C =(0,2) and D = (1, 2).

15. Integrate F(z,y) = (0,y) along the closed simple curve consisting of the seg-
ment from O to A = (1,0), the arc of circumference z? + y? = 1 between A

and B = (@, @), the segment from B back to O.



380

10 Integral calculus 11

10.

L. (
a)

c)

5.1 Solutions

onvergence and computation of integrals:

log2; b)

— N

The function f(z) = /a3 8 unbounded at z = 0 and & = 2. The point z = 0

lies outside the domain of integration, hence can be ignored. We then split the
integral as

dzx = dz =51+ 55.

‘oo S| too g
. L s / S
/z v —2 /2 /T — 2 3 v —2
For z — 2%, f(z) ~ Tz_lg)—l/% so f is infinite of order 3 < 1. By Asymptotic
comparison test, i.e., Theorem 10.18, S; converges. As for Sy, let us consider
f when £ — +00. Because

1 1

f(x)Nx.xlﬂsz/?’ .’L‘—>—+—OO,
Theorem 10.10 guarantees Sy converges as well.
To compute the integral, let t> = x — 2, hence 2tdt = dz and = = t?> + 2, by
which N /3

* 2 2 t |t 2
Sz/ —dt:——arctan—l = —7.
o E2Y T BT T

) The integrand is infinite at = 0, x = 4. The latter point is irrelevant, for it

does not belong to the domain of integration. At z =0

1
f(x)~—4—‘x] for z—0,

so the integral converges by applying Theorem 10.18 to

0 1 ! 1
= N —" d Sy = —d
51 /4 —z(z —4) ‘ an 2 /0 Vr(z —4) T

separately. For Sy, let us change t?> = —z, so 2tdt = —dz and z — 4 = —t% — 4.
Then

1
2 tl 1
512—/0 mdt:—arctaniioz—arctang.
Putting t? = z in S,
1 1 1

2 1 1 1 1 t—2 1 1
Sy = —dt = = —— — ——jdt=={log|——{| ==log=.

2 /0t2—4 2/0 (t—2 t+2> 2[ogt+2]0 2 %83

Therefore § = ) + S, = — (arctan 3 + 3 log 3).
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vergence of improper integrals:

) Converges.

The map f(z) = W has R as domain since 2 +e” > 2, Vz € R. It is
then sufficient to consider x — +00. As

log(2 +e®) =loge® (1 +2e7°) =z + log(1l + 2™ %),

it follows
1 1

fa) = (@ + log(1 + 2e7))2 T

T — +00.

The integral converges by Theorem 10.10.

') Converges.

d) Over the integration domain the map is bounded. Moreover,

log x 1
08T Ve >e.

=R

By the Comparison test (Theorem 10.5), the integral diverges.

e) Converges; f) converges.

The integrand is not defined at x = 0, 7, nor at 7. For x = § though, the

function admits a continuous prolongation mapping % to —1, because if we
put t =z — 3, then

7 i ) 7
cosx = cos(t + 5) = —sint = —sin(z — 5)
and s0 -
r— 3 I
f)=—"2 1 ool
) coszVsinz 2

Therefore the integral is ‘proper’ at x = 5. From

fa)m == a2 0", f@) ~ e

oG SN i

we have convergence by asymptotic comparison (Theorem 10.18).

r—m

) The map to be integrated is not defined for x = 0, z = Z, z = 7. In the limit

27
r —0F,

7logx 7logx
Tog(l— a2 ~ V&
The map has no well-defined order of infinite with respect to the test function

1: nevertheless, it is clearly infinite of smaller order than any power - with

% < a < 1, since the logarithm grows less than 51? for any ¢ > 0 when

z — 0%. The Asymptotic comparison test (Theorem 10.18) forces the integral
to converge around 0.

flz)
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About the other points, for z — 7, the function tends to 0, so the integral in
not improper at 7; when x — 7~, we have

f() (log m)(m — z) (log ™) (7 — z)

~ ~ 1/2
|log(1 + sin(z — m))|1/2  |sin(z — m)[1/2 k

~ (log m)(m — )

so the integral in £ = 7 is proper because f goes to 0. Eventually then, the
integral always converges.

3. The map is defined over all R with

flz)~ == T — +00.

Thus S converges if n—1 > 1, i.e., the lowest n for which convergence occurs must

be n = 3. Let us find oo

T
——dx
2 4/ (22+3)3

then. Define ¢t = 2% + 3, so d&t = 2zdz, and

+oo
1/ 2 g = L
2Jy V7

I. Interval of convergence of improper integrals:

a) a €(1,2).
b) Having factorised 2% + 522 +8z+4 = (z+2)2(z +1), we can study the function
forx —» +o0, z — —2and z — —1:

1

f(I)NW’ z — £o0;
1
f(@”m7 T — -2
1
~— -1.

In order to ensure convergence, we should impose 3a > 1, 2o < 1 plus a < 1.
Therefore € (3, 3).

¢) a€(—1,1).
d) The integrand is infinite at x = 2 and z = 3. But
1
flz) ~ 232 T — +00,
1
f(.’E) ~ ) T — 2,
x—2
1

f(@”m, -3,
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so everything is fine when z — 400 or z — 3. The point z = 2 is problematic
only if included in the domain of integration, whence we should have a > 2 to
guarantee convergence.

- 1
S.a>—3 and S = /5.
6. Convergence of improper integrals:

a) Diverges; b) converges.

c¢) Over (2,+00) the map is not bounded in a neighbourhood of x = 2. Since

-2 1
z ~log = (z — 2)

]
%1 3

is infinite of lower order than any positive power of ﬁ when z — 21, it

follows f is infinite of lesser order than (any a > 0). This order,

1
for a suitable choice of o (e.g., @ = %) is smaller than 1 . Therefore the integral
converges at r = 2.

For z — +o0,
z—2 3 3 3
1 ~log{l— —"— ) ~— ~=2
| Og( ) ’

T z+1 z+1 T
whence 3 3
f('r)N—xl/S,x:Azzl/S’ x'“)‘f'oo

Altogether, the integral converges.

d) Let us examine f at £ = 0. As

sinz — (z + 2%)log(e + z) = = + o(z°) ~ (z + z?) (1 + log (1 + %))

—2? 4 o(z?) — (z + 22) (g + 0(x))

1
_<1+E>$2+0($2)’ z — 0,

we have
1

T) o e xz—0.
U (1+3)x
The integral then must diverge at = 0.
Studying the behaviour for z — +oc¢ is unnecessary to conclude that the
integral diverges (albeit a direct computation would establish the same).

7. When t € [1, 2],

t2(1 + 8t2) 1

fv() = el Y6 = (1,2t,2),
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whence

t2(1 + 8t2) 63
/ / A8 1 AT ara = / (1+82)dt = 2,
Vit rat 2

9. First of all we find the coordinates of B, intersection in the first quadrant of the
straight line y = 2z and the ellipse 422 +y? = 4,ie., B = (@, v/2). The piecewise-
regular curve v can be divided into three regular arcs 7y, 7v,, 73, whose images
are the segment OA, the elliptical path AB and the segment BO respectively. Let
us reparametrise these arcs by calling them:

(51(t):(t,0) 0§t§1, (51:’71,
82(t) = (cost,2sint) Oﬁtgg, 82 ~ ¥q,
2
83(t) = (t,2t) ogtgg, 8z~ —v3.
Then
f= e[ [ 5
[y 4, 2 9
Since
f(6:(1) =t, f(62(t)) = cost + 2sint, f(83(t)) = 3¢,
8 () =(1,0), 85(t) = (—sint,2cost), 85(t) = (1,2),
1611 =1, 165(£)|| = Vsin®t + 4 cos? ¢, [85(8)]| = V5,
we have
1 T/4 V2/2
/f—_-/ tdt+/ (cost+251nt)\/sin2t+4cos2tdt+/ 3v/5t dt
7 0 0 0
1 3 T/4 T/4
:§+Z\/S+/ cost\/4—3sin2tdt+2/ sinty/1+ 3cos2tdt
0 0
1

3
= 4+ VB4 L.
2+4f+1+2

To compute I, put u = /3sint, so du = v/3costdt, and

V8/2

1

I :—/ Vi —u?du.
V3o

With the substitution » = %, and recalling Example 9.13 vi),

V6/2
5 2 6
:—[ u\/4—u2+23.1rcsm2}0 —%+—\/—§arcsin%.
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For I, the story goes analogously: let u = /3 cost, hence du = —v/3sintdt and
V6,2
2
[2:——/ V1+u?du.
V3.Jo

By Example 9.13 v), we have

V6/2
[2:——|:—’U,\/1+’U,251()gI\/1+u2—UH :*\/_gﬁk_lOg\/———-—

2 0 2 3 2
Overall,
11 2 Ve o1 V10 — V6
f==4=V5+ —arcsin ~— + — log ~———1— .
/7 22 V3 4 V3 2
10. 2arctan v/2 + %(\/5— L)m.

11. Since F(~v(t)) = (t*,¢*) and ~'(¢t) = (2¢,1),

1 1
/F~dP:/(t4,t3)~(2t,1)dt:/(2t5+t3)dt:-7~.
Jy JO J0 12
9 9. 3.7
_.47 .,;_4,

[4. The arc = is piecewise-regular, so we take the regular bits ~,, =v,, 753 whose
images are the segments AB, BC. CD. Define §;, reparametrisation of =,, Vi =
1,2,3, by

61(t) = (¢, 1) 0<t<T, 01~ ",
S(t)=(£,2-1)  0<t<l, 8y~ —m,
d3(ty = (t,2) 0<t<1, 83 ~ 5.
Since
F(6:(t) = (t,t%), F(62(t)) = (t(2—1)%,¢%(2 1)), F(d3(t)) = (4t,2t?)
8,() = (1.0), 85(t) = (1.-1), 85(t) = (1,0).
one has

/F-dP:/ F-de/ F~dP+/ F.dp
Jry 611 Jé, 1 Jé,
:/ (t,t2)-(1,0)dtf/ (t2-t)% 32 -1) - (1,-1)dt
0 Ay

1
+/ (4t,2t%) - (1,0)dt = 2.
40
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Ordinary differential equations

A large part of the natural phenomena occurring in physics, engineering and other
applied sciences can be described by a mathematical model, a collection of relations
involving a function and its derivatives. The example of uniformly accelerated
motion is typical, the relation being

=y, (11.1)

where s = s(t) is the motion in function of time ¢, and g is the acceleration.
Another example is radioactive decay. The rate of disintegration of a radioactive
substance in time is proportional to the quantity of matter:

dy

dt
in which y = y(¢) is the mass of the element and k& > 0 the decay constant. The
above relations are instances of differential equations.

The present chapter aims at introducing the reader to some types of differential
equations. Although we cannot afford to go into the general theory, we will present
the basic notions and explain a few techniques for solving certain classes of differ-
ential equations (of first and second order) that we judge particularly significant.

—ky, (11.2)

11.1 General definitions

By an ordinary differential equation, abbreviated ODE, one understands a
relation among an independent real variable, say x, an unknown function y = y(z)
and its derivatives y®) up to a specified order n. It is indicated by

F(z,9,y ;... y™) =0, (11.3)

where F is a real map depending on n + 2 real variables. The differential equation
has order n, if n is the highest order of differentiation in (11.3). A solution (in
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the classical sense) of the ODE over a real interval I is a function y : I — R,
differentiable n times on I, such that

Elz )@, . ;r;(”)(;rr)) =( for all z € 1.

It happens many times that the highest derivative 3™ in (11.3) can be ex-
pressed in terms of & and the remaining derivatives explicitly,

.U(”J = j(lfji}(ﬂ JJ) (114)

with f a real function of n + 1 variables (in several concrete cases this is precisely
the form in which the equation crops up). If so, the differential equation is written
in normal form. It should also be clear what the term ‘solution of an ordinary
differential equation in normal form’ means.

A differential equation is said autonomous if F (or f) does not depend on
the variable . Equations (11.1), (11.2) are autonomous differential equations in
normal form, of order two and one respectively.

The rest of the chapter is committed to first order differential equations in
normal form, together with a particularly important class of equations of the
second order.

11.2 First order differential equations

Let f be a real-valued map defined on a subset of R2. A solution to the equation

yh=filx ) (11.5)

over an interval I of R is a differentiable map y = y(z) such that y/(z) = f(z,y(z))
for any x € I. The graph of a solution to (11.5) is called integral curve of the
differential equation.

Relation (11.5) admits a significant geometric interpretation. For each point
(z,y) in the domain of f, f(z,y) is the slope of the tangent to the integral curve
containing (z,y) — assuming the curve exists in the first place — so equation (11.5)
is fittingly represented by a field of directions in the plane (see Fig. 11.1).

Remark 11.1 If we start to move from (z,y) = (2o, yo) along the straight line
with slope f(zg,¥0) (the tangent), we reach a point (x1,y;) in the proximity of
the integral curve passing through (zg, 30). From there we can advance a little bit
farther along the next tangent, reach (xq, y2) nearby the curve and so on, progres-
sively building a polygonal path close to the integral curve issuing from (xo, yo).
This is the so-called ezplicit Euler method which is the simplest numerical proce-
dure for approximating the solution of a differential equation when no analytical
tools are available. This and other techniques are the content of the lecture course
on Numerical Analysis.
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A

Figure 11.1. Field of directions representing y' = (1 + z)y + 2°

Solving (11.5) generalises the problem of finding the primitives of a given map.
If f depends on z and not on y, (11.5) reads

y = f(z); (11.6)

assuming f continuous on I, the solutions are precisely the primitives y(x) =
F(x) + C of f over I, with F a particular primitive and C an arbitrary constant.
This shows that, at least in the case where f does not depend upon y, (11.5) admits
infinitely many distinct solutions, which depend on one constant. Note that any
chosen integral curve is the vertical translate of another.

Actually, equation (11.6) plays a fundamental role, because in several circum-
stances, suitable manipulations show that solving (11.5) boils down to the quest for
primitives of known functions. Furthermore, under fairly general hypotheses one
can prove that (11.5) always adimnits a one-parameter family of distinct solutions,
depending on an arbitrary constant of integration C. We shall write solutions in
the form

y=y(x;C) (11.7)

with C varying in (an interval of) R. An expression like (11.7) is the general
integral of equation (11.5), while any solution corresponding to a particular choice
of C shall be a particular integral.

Example 11.2

| Solving the differential equation

| Yy =y (11.8)
| amounts to locating the maps that coincide with their first derivative. We have
| already remarked that the exponential y(z) = e* enjoys this important property.
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Figure 11.2. Integral curves of y' = y

Since differentiating is a linear operation, any function y(z) = Ce*, C € R
possesses this feature. Further on we will prove there are no other maps doing
the same, so we can conclude that the solutions to (11.8) belong to the family

y(z; C) = Ce”, CeR.
| The integral curves are drawn in Fig. 11.2.

In order to get hold of a particular integral of (11.5), one should tell how to
select one value of the constant of integration. A customary way to do so is to
ask that the solution assume a specific value at a point z fixed in advance. More
explicitly, we impose y(zq; C') = yo, where zo and yp are given, corresponding to
the geometric constraint that the integral curve passes through (zo,yo). Essen-
tially, we have solved a so-called initial value problem. More precisely, an initial
value problem, or a Cauchy problem, for (11.5) on the interval I consists in
determining a differentiable function y = y(z) such that

(11.9)
y(zo) = Yo

{ = filz ) (on I

with given points zg € I, yo € R. The understated reference to time in the words
‘initial value’ is due to the fact that many instances of (11.9) model the evolution
of a physical system, which is in the state yo at the time zy in which simulation
starts.
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Example 11.3
The initial value problem
{y’=y7 on I = [0, +00),

y(O) =2,
| is solved by the function y(z) = 2e*.

Remark 11.4 The prescription of an initial condition, albeit rather common, is
not the sole possibility to pin down a particular solution of a differential equation.
Take the following problem as example: find the solution of y' = y having mean
value 1 on the interval I = [0, 2]. The general solution y = Ce® has to satisfy the

constraint
1 2
o / y(l’) dz = 17
2 Jo

which easily yields C = ﬁ

temark 11.5 Let us return to equations of order n for the moment. With the
proper assumptions, the general integral of such an equation depends upon n real,
arbitrary constants of integration Cy (k= 1,2,...,n)

Yy = y(l’l Cl, CQ, ceny Cn)

The initial value problem supplies the values of y and its n — 1 derivatives at a
given 29 € I

Y™ = flz.y, ..., y""Y) on I,

y(zo) = Yoos

y'(zo) = yo1,

¥ D (20) = yo,n-1,
where Yoo, Yo1, ---, Yo,n—1 are n fixed real numbers. For instance, the trajectory of
the particle described by equation (11.1) is uniquely determined by the initial
position s(0) and initial velocity s'(0).

Besides initial value problems, a particular solution to a higher order equation
can be found by assigning values to the solution {and/or some derivatives) at the
end-points of the interval. In this case one speaks of a boundary value problem.
For instance, the problem of the second order

{y” = ksiny on the interval (a,b),
y(a) =0, y(b) =0,

models the sag from the rest position of a thin elastic beam subject to a small
load acting in the direction of the z-axis.

We focus now on three special kinds of first order differential equations, which
can be solved by finding few primitive functions.
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11.2.1 Equations with separable variables

The variables are said “separable” in differential equations of type

y' = g(z)h(y), (11.10)

where the f(x,y) of (11.5) is the product of a continuous g depending only on z,
and a continuous function & of y alone.

If y € R annihilates b, i.e., h(g) = 0, the constant map y(z) = § is a particular
integral of (11.10), for the equation becomes 0 = 0. Therefore an equation with
separable variables has, to start with, as many particular solutions y(z) = constant
as the number of distinct zeroes of h. These are called singular integrals of the
differential equation.

On each interval J where h(y) does not vanish we can write (11.10) as

1 dy
E—(y_)a =g(z).

1

Let H(y) be a primitive of m (with respect to y). By the Chain rule (Theorem
Y

6.7)

d _dHdy 1 dy
ar (y(w))—@a—@a—g(m),

so H(y(z)) is a primitive function of g(x). Therefore, given an arbitrary primitive
G(z) of g(z), we have

H(y(z)) = G(z) + C, C eR. (11.11)
1 dH .
But we assumed m =5 had no zeroes on J, hence it must have constant
Y Y

sign (being continuous). This implies that H(y) is strictly monotone on J, i.e.,
invertible by Theorem 2.8. We are then allowed to make y(z) explicit in (11.11):

y(z) = H ' (G(z) + C), (11.12)

where H~! is the inverse of H. This expression is the general integral of equation
(11.10) over every interval where h(y(z)) is never zero. But, should we not be
able to attain the analytic expression of H 1(z), formula (11.12) would have a
paltry theoretical meaning. In such an event one is entitled to stop at the implicit
form (11.11).

If equation (11.10) has singular solutions, these might admit the form (11.12)
for special values of C. Sometimes, taking the limit for C — +oo in (11.12) fur-
nishes singular integrals.
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d
Formula (11.11) is best remembered by interpreting the derivative Y oas a

dx
formal ratio, following Leibniz. Namely, dividing (11.10) by A(y) and ‘multiplying’
by dz gives

which can be then integrated

/ ;:(l—jj) = / g(x) da.

This corresponds exactly to (11.11). The reader must not forget though that the
correct proof of the formula is the one showed earlier!

Examples 11.6

1) Solve the differential equation 3y = y(1 —y). Let us put g(z) = 1 and
h(y) = y(1 — y). The zeroes of h produce two singular integrals y;{z) = 0 and
ya(z) = 1.

Suppose now h(y) is not 0. We write the equation as

[z =] o

then integrate with respect to y on the left, and on the right with respect to z

log L. =z+C.
-y
Exponentiating, we obtain
& Y — eac+C _ kez’
-y
where k = e is an arbitrary positive constant. Therefore
Y —ypet = K e*,
-y
K being any non-zero constant. Writing y in function of x, we get
(2) Ke®
)= ———.
y 1+ Ke®

Note the singular solution y;(x) = 0 belongs to the above family for K =0, a
value K was originally prevented to take. The other singular integral, yo(z) = 1,
formally arises by letting K go to infinity.

ii) Consider the equation

¥ =y
At first glance we spot the singular solution y; () = 0. That apart, by separating
variables we have
dy
VY

/dx hence 2/ y=2+0C,
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and so
T 2
y(m)=(§+0) , CeR
(where C/2 has become C).

1i1) Solve
, €7 +1
Tev4 17

Y
Let g(z) = e*+1and h(y) =

> 0 for any y; there are no singular integrals.
ey +1

The separation of  and y yields
/(ey+ 1)dy = /(ez +1)dz,
S0
eV+y=e"+2+C, C eR.

But now we are stuck, for it is not possible to explicitly write y as function of
the variable z.

11.2.2 Linear equations

A differential equation akin to

Y +a(z)y = b(z), (11.13)

where @ and b are continuous on I, is called linear, because the function f(z,y) =
—a(z)y + b(z) is a linear polynomial in y with coefficients in the variable z.
This equation is said homogeneous if the source term vanishes, b(z) = 0, non-
homogeneous otherwise.

We begin by solving the homogeneous case

y = —a(z)y. (11.14)

This is a particular example of equation with separable variables. So referring to
(11.10) we have g(z) = —a{z) and h(y) = y. The constant y(z) = 0 is a solution.
Excluding this possibility, we can write

1
/—dy: —/a(x)dx.
)
If A(z) denotes a primitive of a(z}, i.e., if
/a(z) dz = A(z) + C, C eR, (11.15)

then
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or, equivalently,

ly(z)| = G_CG_A(E), hence y(z) = iKe‘A(l‘)’

where K = e~C > 0. The particular integral y(z) = 0 is included if we allow K to
become 0. The solutions of the homogeneous linear equation (11.14) are

y(r) = Ke_A(I), K e R,

with A(zx) defined by (11.15).
Now let us assess the case b # 0. We make use of the method of variation of
parameters, which consists in searching for solutions of the form

y(z) = K(z)e 4,

where K(z), a function of z, is unknown. Such a representation for y(z) always
exists, since e=4(®) > (0. Substituting in (11.13), we obtain

K'(z)e ™) 4 K (z)e=A®) (—alz)) + a(z)K (z)e @ = b(z),

or

K'(z) = e*@b(z).
Calling B(z) a primitive of e4®)b(z),

/eA(T‘)b(:E) dz = B(z) + C, CeR, (11.16)

we have

K(z) = B(z)+ C,

so the general solution to (11.13) reads

y(z) = e 4@ (B(z) + C), (11.17)

where A(z) and B(zx) are defined by (11.15) and (11.16). The integral is more
often than not found in the form

y(z) = e J @) dz ] el @@z p(z) dg. (11.18)

The expression highlights the various steps involved in the solution of a non-
homogeneous linear equation: one has to integrate twice, in succession.
If we are asked to solve the initial value problem

Yy +a(x)y = b(z) on the interval I,
{ ( ( (11.19)

y(To) = Yo, with zg € I and yg € R,
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we might want to choose, as primitive for a(x), the one vanishing at zg, which we

write A(z) = / a(s)ds by the Fundamental Theorem of integral calculus; the

0
same we do for

B(z) = / el 4(8)ds b(t) dt
zo

(recall the variables in the definite integral are arbitrary symbols). Substituting
these expressions in (11.17) we obtain y(xzg) = C, hence the solution to (11.19)
will satisfy C' = 19, namely

y{_i') S J[..'-I.;J a(s)ds (}‘j[} i / (,._l[-_:” a(s)ds f}(l‘}(“) ; (1120)

Examples 11.7
i) Determine the general integral of the linear equation
y +ay=b,

b
where a # 0 and b are real numbers. By choosing A(x) = az, B(z) = —e** we

a
find the general solution

ylz) = Ce™* + 2
If a = —1, b = 0, the formula provides the announced result that every solution
of 4 = y has the form y(z) = Ce*.
For the initial value problem
vy +ay=>b on[l,+o0),
{ y(1) = yo,
it is convenient to have A(z) = a(z — 1), B(z) = Z (ea(z_l) - 1), so that

b b
y(z) = <yo - ;) eme@=l 4

Zl'.
Note that if @ > 0 the solution converges to — for £ — +oo (independent of the
a
initial datum yo).
ii) Determine the integral curves of
zy +y=1°
that lie in the first quadrant of the (z, y)-plane. Written as (11.13), the equation is
;1
y+-y=uz,
x
so a(z) = L, b(z) = z. With A(z) = logz we have e*(*) = g and e™4(®) = L,

z?

Consequently,

/eA(I)b(J:) dz = /3:2 dz = %3:3 +C.
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Therefore, when = > 0 the general integral is

1/1 4 1, C
=-—|z2"4+C)=z2"+—.
y(z) x<3r + > 37 +$

For C > 0. y{z) > 0 for any « > 0, whereas C < 0 implies y(z) > 0 for
x> /3|C]. -

11.2.3 Homogeneous equations

Homogeneity refers to the form

Yy =0 (E’) ; (11.21)

£

in which ¢ = ¢(z) is continuous in the variable z. Thus, f(z,y) depends on z, y
only in terms of their ratio Q; we can equivalently say that f(Az, A\y) = f(z,y) for
x

any A > 0.
A homogeneous equation can be solved by separation of variables, in that one
y(z
puts z = g, to be understood as z(z) = M In this manner y(z) = zz(z) and

y'(x) = z(z) + «2'(x). Substituting in (11.21) yields

/*90(2)“2
2 =
T

an equation in z where the variables are separated. We can apply the strategy of
Sect. 11.2.1. Every solution Z of ¢(z) = z gives rise to a singular integral z(z) = Z,
ie., y(r) = zx. Supposing instead (z) different from z, we have

H(z) =loglz| + C,

giving

where H(z) is a primitive of B . Indicating by H~! the inverse map, we
plz) ~ 2z

have
z(z) = H *(log || + C),

so the general integral of (11.21) reads (returning to y)

y(z) = x H (log|z| + C).
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Example 11.8
Solve
22y =9 oy + 22 (11.22)
We can put the equation in normal form
2
Z// — (E) + g + 1’
z z
which is homogeneous for ¢(z) = 22 4 z 4 1. Substituting y = 2, we arrive at
2
, 2241

z = s
T

whose variables are separated.
As z? + 1 is positive, there are no singular solutions. Integrating we obtain
arctan z = log|z| + C
and the general solution to (11.22} is
y(z) = z tan(log |z| + C).
We remark that C can be chosen either in (—00,0) or in (0, +00), because of the

singularity at £ = 0. Moreover, the domain of existence of each solution depends
on the value of C.

11.2.4 Second order equations reducible to first order

Suppose an equation of second order does not contain the variable y explicitly,
that is,

y' = f(y, ). (11.23)

Then the substitution z = 3’ transforms it into a first order equation

7' = f(z,x)

in the unknown z = z(x). If the latter has general solution z(z; C}), we can recover
the integrals of (11.23) by solving

¥y =%

hence by finding the primitives of z(x;Cy). This will generate a new constant of
integration Cy. The general solution to (11.23) will have the form

y(x;C1,C) = / z2(x;Ch)dz = Z(z;Cy) + Cs,

where Z(z;C4) is a particular primitive of z(z;Cy).
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Example 11.9

Solve
v - ) =1
Put 2z = ¢ so that the equation becomes
d=2241,

The variables are separated and the integral is arctanz = = + C}, i.e.,
z(x,Cy) = tan(x + C1).

Integrating once again,

y(x;Cy,Co) = [ tan(x + Cy)dx

(T+Cl
(.I'+Cl
= g(COS$+Cl))+CQ, Cl,CQER.

dz

COs

/
_ [meray

11.3 Initial value problems for equations of the first order

Hitherto we have surveyed families of differential equations of the first order, and
shown ways to express the general solution in terms of indefinite integrals of known
functions. These examples do not exhaust the class of equations which can be
solved analytically, and various other devices have been developed to furnish ex-
act solutions to equations with particularly interesting applications. That said,
analytical tools are not available for any conceivable equation, and even when so,
they might be unpractical. In these cases it is necessary to adopt approximations,
often numerical ones. Most of the times one can really only hope to approximate
an integral stemming, for instance, from an initial value problem. The use of such
techniques must in any case follow a qualitative investigation of the ODE, to make
sure at least that a solution exists. A qualitative study of this kind has its own
interest, regardless of subsequent approximations, for it allows to understand in
which way the solution of an initial value problem depends upon the initial datum,
among other things.

Let us analyse the problem (11.9) and talk about a simple constraint on f that
has a series of consequences: in the first place it guarantees that the problem admits
a solution in a neighbourhood of zg; secondly, that such solution is unique, and
thirdly, that the latter depends on yg with continuity. Should all this happen, we
say that the initial value problem (11.9) is well posed (in the sense of Hadamard).

1.3.1 Lipschitz functions

Before getting going, we present a remarkable way in which functions can depend
on their variables.
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Definition 11.10 A real-valued map of one real variable f : J — R, J
interval, is said Lipschitz continuous on J if there exists a constant L = 0
such that

|f(1) = f(y2)| < Llys — 92,  Vyr,p2 € J. (11.24)

Another way to write the same is

|f(y1) — fly2)]

<L, VyLy€J,y #y2, (11.25)
Iyl—y2|

which means the difference quotient of f is bounded as y, # y2 vary in J.

If (11.24) holds for a certain constant L, it is valid for bigger numbers too.
The smallest constant fulfilling (11.24) is called Lipschitz constant of f on .J.
The Lipschitz constant is nothing else but the supremum of the left-hand side
of (11.25), when the variables vary in J. This number is far from being easy to
determine, but normally one makes do with an approximation from above.

A Lipschitz-continuous map on .J is necessarily continuous everywhere on .J
(actually, it is uniformly continuous on J ~ Continuous functions), for Defi-
nition 3.14 works with § = /L. Continuous maps that fail (11.25) do exist never-
theless, like f(y) = |/y over J = [0, +00); choosing y» = 0 we have

P = )l v - 1y g

ly1 — vl Y N

and in the limit for y; — 0 the ratio on the left exceeds any constant. Note that
the function has infinite (backward) derivative at y = 0.

The forthcoming result is the quickest to adopt, among those testing Lipschitz
continuity.

Proposition 11.11 Let f : J — R be differentiable on J with bounded

derivative, and L = sup|f'(y)| < +oo. Then f is Lipschitz continuous on
yeJ

J with Lipschitz constant L.

Proof. For (11.24) it is enough to employ the second formula of the finite incre

ment (6.12) to f between vy, 2. so that
Jtyr) — flyz) = JF{y)l —y2)
for some 3 between 3, and y». Therefore
_I."'[ Y1) _||" (72) _II'" (1) |1y UYa| L 1 UYa! .

This proves the Lipschitz constant L™ of [ is < L.
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Let us see some examples of Lipschitz-continuous maps.

Examples 11.12

i) The function f(y) = /¥ is Lipschitz continuous on every interval {a, +-00) with
a > (), because

0< f'(y) =

z 8-
a\~ |-

h

| on said intervals; the Lipschitz constant is =

J The trigonometric maps f(y) = siny, f(y) = cosy are Lipschitz continuous
| on the whole R with I = 1, since |f'(y)| < 1, Vy € R and there exist y € R at
which |f'(y)| = 1.

ii) The exponential f(y) = e¥ is Lipschitz continuous on all intervals (—o0, b],

b € R, with constant L = e’: it is not globally Lipschitz continuous, for
sup f'(y) = +oc.
yER

Proposition 11.11 gives a sufficient condition for Lipschitz continuity. A func-
tion can in fact be Lipschitz continuous on an interval without being differentiable:
f(y) = ly| 1s not differentiable at the origin, yet has Lipschitz constant 1 every-
where on R, becausc

il = lyal| < lin — 22, Vyi,y2 € R.

Now to several variables. A function f : £2 C R — R is Lipschitz continuous
on {2 if there is a constant L > 0 such that

If(y) — fly)l < Lllyy —wall. Yy, y € 2.

We say a map f : I x J C R? — R, with I, J real intervals, is Lipschitz
continuous on {2 = I x J in g, uniformly in z. if there is a constant L > 0
such that

|f(z, ) — fl@, )| SLlys—w2l, VYm,ppe€J Vzel. (11.26)

This condition holds if f has bounded partial y-derivative on (2, ie., L =
sup of

(z,y}} < +00, because Proposition 11.11 can be applied for every x € I.
(x,y)€R ay
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Example 11.13

Consider

flz,y) = Jxsin(z + y)
on {2 = [—8,8] x R. Since
of s
a—y(%y) = Yz cos(z +y),

for any (z,y) € 2

o )| = 19 eosta 4] < 951 =2,

Thus (11.26) holds with L = 2.

11.3.2 A criterion for solving initial value problems

After the intermezzo on Lipschitz-continuous functions, we are ready to state the
main result concerning the initial value problem (11.9).

Theorem 11.14 Let I, J be non-empty real intervals, J additionally open.
Suppose f : 2 = Ix.J C R? — R is continuous on 2 and Lipschitz continuous
on £2 in y, uniformly in x.

For any (zo,y0) € £2, the initial value problem (11.9) admits one, and only
one, solution y = y(z), defined and differentiable with continuity on an in-
terval I' C I containing xg and bigger than a singlet, such that (’L y(a,)) e
for any xz € I'.

If § = y(x) denotes the solution on an interval I'" C I to the problem with
initial value (xo,Po) € 12, then

ly(z) — j(x)| < em=%ollyg —Go|, Vael'nI”, (11.27)

where L is the constant of (11.26).

The theorem ensures existence and uniqueness of a “local” solution, a solution
defined in a neighbourhood of zy. The point is, the solution might be defined not
everywhere on I, because the integral curve (z,y(z)), also known as trajectory,
could leave the region {2 before 2 has run over the entire I. For example, f(y) = 2
is Lipschitz continuous on every bounded interval J, = (—a,a), a > 0, because

sup |f'(y)| = sup [2y| = 2a,
y€Jq |y|<a

but is not Lipschitz continuous on R. The initial value problem

(11.28)
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A

Ja | Q4

Figure 11.3. The solution of (11.28) is not defined on I = [0, +-00)

has no solution over all of I = [0, +0c): separating variables we discover

showing that the trajectory (xz,y(z)) leaves every strip 2, = I X J,, a > 1, before
x can reach 2 (see Fig. 11.3).

When the theorem is true with J = R, we can prove the solution exists over
all of I.

The uniqueness of the solution to (11.9) follows immediately from (11.27): if
y(z) and g(x) are solutions corresponding to the same initial datum ygq = 7o at
xo, then y(a) = §(x) for any x.

Observe that if f is not Lipschitz continuous in the second variable around
(20, y0), the initial value problem may have many solutions. The problem

{ v =y,
y(0) =0
is solvable by separation of variables, and admits the constant y(z) = 0 (the

singular integral), as well as y(x) = %xQ as solutions. As a matter of fact there are
infinitely many solutions

0 ifo<zr<e, >0
ylr) = flx—0? ifz>ec, €=
obtained by ‘gluing’ in the right way the aforementioned integrals.

Finally, (11.27) expresses the continuous dependency of the solution to (11.9)
upon yo: an e-deviation of the initial datum affects at most by eZl*~%0l¢ the so-
lution at z # xg. Otherwise said, when two solutions evolve the distance of the
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corresponding trajectories can grow at most by the factor eZ1*=%ol in going from z
to x. In any case the factor eLl*—%ol¢ is an exponential in x, so its impact depends
on the distance |z — zg| and on the Lipschitz constant.

11.4 Linear second order equations with constant
coefficients

A linear equation of order two with constant coefficients has the form

v’ +ay' +by =g, (11.29)

where a, b are real constants and g = g(z) is a continuous map. We shall prove
that the general integral can be computed without too big an effort in case g = 0,
hence when the equation is homogeneous. We will show, moreover, how to find
the explicit solutions when g is a product of exponentials, algebraic polynomials,
sine- and cosine-type functions or, in general, a sum of these.

To study equation (11.29) we let the map y = y(z) be complex-valued, for
convenience. The function y : I C R — C is (n times) differentiable if y,. =
Rey: I — R and y;, = Imy : I — R are (n times) differentiable, in which case
Yy (@) = (@) + iy (w).

A special case of this situation goes as follows. Let A = A, 4+ iA; € C be an
arbitrary complex number. With (8.39) in mind, we consider the complex-valued
map of one real variable z +— e** = e*%(cos \;x + isin A\;z). Then

d_ Az — )\e)\r

11.30
= , (11.30

precisely as if A were real. In fact,

A

d d
d eI — _(eArw cos \x) + id—x(e " gin \;x)

dz dx
= e % cos \;x — \e* T sin Mz + i(/\reA"”” sin \;z 4+ Ae* % cos i)
= A\ % (cos Az + sin Ax) + iXe T (cos Mz + i sin A\;z)
= (A +iX)e?® = X,

Let us indicate by Ly = 3" +ay’+by the left-hand side of (11.29). Differentiating
is a linear operation, so

Llay + B2) = aly+ 8Lz (11.31)

for any «,3 € R and any twice-differentiable real functions y = y(z), z = 2(x).
Furthermore, the result holds also for o, 3 € C and y = y(z), z = z(z) complex-
valued. This sort of linearity of the differential equation will be crucial in the
study.
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We are ready to tackle (11.29). Let us begin with the homogeneous case
Ly=vy" +ay +by=0, (11.32)

and denote by
xA) =N 4+ a\+b

the characteristic polynomial of the differential equation, obtained by replacing
kth derivatives by the power A¥, for every k > 0. Equation (11.30) suggests to look
for a solution of the form y(z) = e** for a suitable A. If we do so,

L(**) = MM +are’ +be = x(N)e?,
and the equation holds if and only if A is a root of the characteristic equation
M t+ad+b=0.

When the discriminant A = a? —4b is non-zero, there are two distinct roots Aq, Ag,
to whom correspond distinct solutions y;(z) = eM® and y(x) = e*2%; roots and
relative solutions are real if A > 0. complex-conjugate if A < 0. When A = 0,
there is a double root A, hence one solution y, (x) = e**. Multiplicity two implies
X' (A) = 0; letting yo(x) = xe?*, we have

yh(x) = (1 + Ax)e” and g (z) = 2\ + A%z) e,
Substituting back into the equation we obtain
L(yz) = x(\)ze™ + X' (N e =0

after a few algebraic steps. Therefore the function y, solves the equation, and is
other than y;. In all cases, we have found two distinct solutions y;, y2 of (11.32).
Since (11.31) is linear, if y;, y2 solve (11.32) and C, C5 are constants, then

L(Cyyr + Cayz) = C1L(y1) + CoL(y2) = C10+ C20 =0,

hence the linear combination Cyy; + Cays is yet another solution of the homoge-
neous equation. Moreover, if ¥ denotes a solution, one can prove that there exist
two constants Cp. Cy such that y = Cry; + Coyo, where yq, yo are the solutions
found earlier.

In conclusion, the general integral of the homogeneous equation (11.32) takes
the form

y(x;C1, Ca) = Cryi(z) + Ca ya(x),

with Cy, Cs constants and y1(x), y2(x) defined by the recipe:

if A£0, yi(x) =eM* and yo(z) = *2® with Ay, A distinct roots of the charac-
teristic equation x(A) = 0;

if A =0, y1(z) = e and yo(x) = ze**, where ) is the double root of x(A) = 0.
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When A < 0, the solution can be written using real functions, instead of
complex-conjugate ones as above. It is enough to substitute to yi(x), y2(z) the
real part e**®cos \;x and the imaginary part e*®sin \;z of y;(x) respectively,
where \; = Ay = A\, +i);. In fact, if y is a solution of the homogeneous equation,

L(Rey) = Re(Ly) =Re0 =0, L(Imy)=Im(Ly) =Im0=0

since the coefficients are real, so Rey and Zmy are solutions too.
Summarising, the general integral of the homogeneous equation (11.32) can be
expressed in terms of real functions as follows.

The case A > 0. The characteristic equation has two distinct real roots

—at VA

A2 = 2

and the general integral reads

y(z; C1,Ca) = Cy eM? 4 Cpe???,

with Cq,Cy arbitrary constants.

The case A = 0. The characteristic equation has a double root

a
A= —5
and the general integral reads
y(.’B (;1,02) - (Gl == CQCB) e“ - Cl, Cg eR.

The case A < 0. The characteristic equation has no real roots. Defining

VIl

s=r=-t w=n=YA

the general integral reads

y(z; C,Cs) = e7“(C coswz + Ca sinwz) , Ci, C eR.

Now we are ready for the non-homogeneous equation (11.29). The general
integral can be written like

y(z; C1, C2) = yo(a; C1, Ca) + yp(2), (11.33)
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where yo(z; C1, C3) is the general solution of the associated homogeneous equation
(11.32), while y,(z) denotes an arbitrary particular integral of (11.29). Based on
linearity in fact,

L(yo +Yp) = L(yo) + L(yp) =0+g =g,

so the right-hand side of (11.33) solves (11.29). Vice versa, if y(x) is a generic
solution of (11.29), the function y(z) — yp(x) satisfies

Ly—yp)=L(y)—Lyp)=9—9=0,
so it will be of the form yo(x; C1, C2) for some C; and (5.

Should the source term g be a mixture of products of algebraic polynomials,
trigonometric and exponentials functions, we can find a particular integral of the
same sort. To understand better, we start with g(x) = p,(x)e**, where a € C and
pr(x) is a polynomial of degree n > 0. We look for a particular solution of the form
yp(x) = gn(x)e®®, with gy unknown polynomial of degree N > n. Substituting
the latter and its derivatives in the equation, we obtain

Lgn (@) e™) = (x(a)an (@) + X' (a)an (@) + g (z)) €** = pn(z) €™,

whence
x(a)an(z) + X (@)gn (z) + qx (z) = pa(z).

If o is not a characteristic root, it suffices to choose N = n and determine
the unknown coefficients of ¢, by comparing the polynomials on either side of the
equation; it is better to begin from the leading term and proceed to the lower-
degree monomials.

If « is a simple root, x(«) = 0 and x'(e) # 0; we choose N = n + 1 and hunt
for a polynomial solution of x'(a)¢n(z) + g% (z) = pn(z). Since the coefficient of
gn+1 of degree 0 is not involved in the expression, we limit ourselves to g,41 of
the form g, 1(2) = z¢,(z), with ¢, an arbitrary polynomial of degree n.

Eventually, if & is a multiple root, we put N = n+2 and solve ¢}, ,(z) = pn(z),
seeking g, 4o in the form ¢, 2(x) = 2?q,(x), where g, is arbitrary and of degree
n. In the second and third cases one speaks of resonance.

When « is complex, y(a) and x’(a) are complex expressions, so g () has to be
found among polynomials over C, generally speaking. But as in the homogeneous
case, we can eschew complex variables by inspecting the real and imaginary parts
of p,(z)e*®; with a@ = p + iV, they are p,, (z) e** cos 9z and p,(x) e** sinvz.

Our analysis has shown that if the source term g is real and of the form

9(z) = pa(z) e"* cosz or 9(z) = pu(z) "’ sindz, (11.34)

we can attempt to find a particular solution

yp(z) = 2™ e (q1,n(2) cos Dz + ga () sin dz), (11.35)
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where g; () are algebraic polynomials of degree n, and m is generically 0 except
in case of resonance:

for A > 0: set m =1 if ¥ = 0 and if u coincides with either root Ay, A2 of the
characteristic polynomial;

for A =0: set m =2 if 9 = 0 and pu coincides with the (double) root A of the
characteristic polynomial;

iii) for A<O:set m=1if u=0 and ¥ = w.

Substituting the particular integral (11.35) in (11.29), and comparing the terms
z¥er” sin 9z and x*e”* cosdz for all k = 0,...,n, we can determine Yp-

At last, if g is a sum of pieces of the form (11.34), y, will be the sum of
the particular solutions corresponding to the single source terms: suppose that
9 =91+92+ ...+ gk and yp solves L(y) = gi for all k = 1,..., K. Then

Yp = Yp1 + ... + Ypk satisfies
Lyp) =Lyp) +. -+ Lypx) =1 +... gk =49,

and as such it solves L£(y) = g as well. This is the so-called principle of superposi-
tion.
With the help of a few examples the procedure will result much clearer.

Examples 11.15
;| i) Consider
| y' +y —6y=g. (11.36)
First of all, we find the general integral of the associated homogeneous equation
v +y —6y=0. (11.37)
The characteristic equation
M +A-6=0

has distinct roots Ay = —3, A2 = 2, so the general integral of (11.37) is
yo(z; C1,Co) = Cre 3 4 Cye®™.
Now we determine a particular solution to (11.36), assuming that g(z) = 322 —
T+ 2. By (11.34), pa(x) = 322 — 2+ 2 and p = 9 = 0. Since u is neither \; nor
Az, yp will have the form y,(z) = ax® 4+ Sz + . Substituting v, v in (11.36)
yields
—6az? 4+ (2a —68)x + (20 + 8~ 67) =322 —z + 2.

The comparison of coefficients implies

1
upl@) = —5 (@ + 1),
Therefore, the general integral of (11.36) reads

1
y(z;C, Co) = Cr ™3 + Cp e — 5(sc2 +1).
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Assume instead that g(z) = €2®. In (11.34) we have po(z) = 1, = Ay = 2,
¥ = 0. We need a y,, written as y,(z) = aze®”. Substituting in (11.36) gives

2
5ae’* = e

hence o = % The general solution is then

1
y(z; Cy,Ca) = Cre % 4+ <C'2 + —5$> e?

ii) Examine the equation
"2 +y=g. (11.38)

The characteristic polynomial A2 — 2\ + 1 has a root A = 1 of multiplicity two.
The general integral of the homogeneous equation is thus

yg(x' 01,02) = (Cl + CQI) L.
Suppose g(z) = re3*. As u = 3 is not A = 1, we search for a particular solution
yp(x) = (az + B)e3*. As before, the substitution of the latter back into the
equation yields

4oz + a + f) e = ze3*,
giving
1
w(z) = 3l = 1)
We conclude that the general integral is
1
y(z; C1, Co) = (Cy + Cox) e” + Z(I —1)e*
Taking g(z) = —4e®, instead, calls for a y, of type y,(z) = az?e®. Then
20" = —4e”
implies o = —2, and the general solution reads
y(I Cl, CQ) = (01 + CQI — 21‘2) ez

iii) The last example is

v+ 2y +5y =g (11.39)
This ODE has characteristic equation A2 4+ 2\ 4+ 5 = 0 with negative discrimi-
nant A = —16. From ¢ = —1, w = 2, the general integral of the homogeneous

equation is

yo(x; C1,Co) = e *(Cy cos 2z + Cysin 2x).
Take g(z) = sinz. Referring to the left term in (11.34), we have po(z) = 1,
pw=0,9=1 We want a particular integral y,(z) = acosz + [sinz. Rewrite
(11.39) using the derivatives Yps Yp and yp, so that

(da +20) cosz + (48 - 2a) sinz = sin z.

Compare the coeflicients of sinx and cosz, so o = —% and = % i

1 1 .
yp(z) = T cosx + 5 sinz.
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The general solution is

1 1
y(z) = e 7(Cycos 2z + Cysin 2z) — 10 <52 + R sinz .

Another variant is to suppose g(z) = e “sin2z. Using the first of (11.34),
g =0 = —-1land ¥ = w = 2, so we look for the particular integral
yp(z) = ze™*(acos 2z + Bsin 2z). The substitution yields

e~ (48 cos 2z — 4asin 2z) = e~ ¥ sin 2z,

hence & = —1, 8 =0, and the general solution reads

ylz)=e" ((C1 — im) cos 2z + Cy sin 2x) )

11.5 Exercises

1. Determine the general integral of these ODEs with separable variables:

Y +2)y
' olog(1 +2? bl = @+ 2
a) y =zlog(l+2%) )Y = et
y? 1
c) y = - d) ¢ = ¥2y+ 3tan?zx

~zlogz  zlogz
2. Find the general solution of the homogeneous ODEs:
‘a)| 4o?y = y? + 6oy — 322 b) 2%y =2 + 4%+ yz

¢) zyy =z +y? d) ' 22y — 2tV = gy

3. Solve in full generality the linear ODEs:
1, 1 3z+42

a) y + 3zy =2° b) ¢ = v p
2z —y z2
; ! = d / = _—
L)- y z—1 ) o =yt 1+ z2

4. Write the particular solution of the equation

, 1—e™Y
Y= 9r+1

such that y(0) = 1.
'5.| Establish whether the differential equation
Y =-2y+e

has solutions with vanishing derivative at the origin.
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6. Solve, over the ray [/e, +oc), the initial value problem
{ e¥y = 4z3log z(1 + &)
y(ve) = 0.

=1

Find the solutions of
3z

that are defined on the interval (-2, 2).
Determine the general integral of

y' sin2z — 2(y + cosz) =0, € (0, g) ,

T—

and indicate the solution that stays bounded when z — 3
9.| For a € R, solve the ODE
v = (24 a)y — 2™

+oc0
so that y(0) = 3. Tell which values of & make the improper integral / y(z)dz
0

converge.
Let a, b be real numbers. Solve the initial value problem

{y’:ag—i—&rb
T

y(2) =1
restricted to the half-line [2, +00).

10.

Consider the parametric differential equation

y'(z) = =3zy(z) + kz

depending on k € R.

a) Find the solution with a zero at the origin.
b) For such solution y determine k so that y(z) ~ 2? as z — 0.

12. Given the ODE )
y_ Yy -2 -3
201 + 4z)

determine:

a) the general integral;

b) the particular integral yo(x) satisfying yo(0) = 1;
¢) Maclaurin’s expansion of yg(x) up to second order.
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13. Work out the general solution to the following second order ODEs by reducing
them to the first order:

a)y’ = 2" b)| ¢ +y —2®>=0
14. Compute the general integral of the linear ODEs of the second order:
a) v +3 +2y=2"+1 :b).y”—4y’+4y:e2$
(‘}_ y’ +y=3cosz d) v -3y +2y=¢"
:('.)“ y' —9y=e" f) v’ -2y —3y=sinz

15. Solve the initial value problems:

y' + 2y +5y=0 (Y -5 Ay =23+ 1
a) { y(0) =0 b)| { y(0)= ¢
y'(0) =2 y(0)=0
11.5.1 Solutions

|. ODEs with separable variables:

a) y=3(142%)log(1+2?) — 122+ C.
b) The map h(y) = y has a zero at y = 0, which is consequently a singular integral.
Suppose then y # 0 and separate the variables:

1 r+2
—-dy= | —dzx.
/y y /m(x—i—l) m

We compute the integral on the right by partial fractions:
rz+2 A B 2 1

2etl) 7zl @ z41

implies
[yt = [ (G- i) de = 2ioslel st 11 iogC
ZOg‘z%zl—', C>0.
Thus o
loglylzlogm, C>0,
lyl=C 2 C>0,
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T2

z+1’
The singular integral y = 0 belongs to this family if we allow the value C = 0.

y=C

C#0.

The problem requires = > 0 due to the presence of the logarithm. Rearranging
the equation as

y/:yZ_l

zlogx

yields h(y) = y* — 1. Thus the constant maps y = 1, y = —1 are singular
solutions. Let now y # +1; separating the variables returns

1 1
/ dy:/ dx
y?2—1 zlogx

The method of partial fractions in the left integral and the substitution ¢ = logx
on the right give

1 y—1
“log |2~ = log |1 =
5 og1y+1l og|logz| + log C =log Cllog x|, C>0,

equivalent to

Y 2
log |=—| = log Clog” x, C>0,
gy+1| B8
or .
Y- 2
—— =Clog’z, C#0;
y+1 & 7

Altogether, the general integral is

B 1+ Clog®z

=, CcR,
Y 1-Clog’z’

which includes the singular solution y = 1 for C = 0.

) y=-2+5[5(tanz —z+ C)]3/2 plus the constant solution y = —

[\G][J5)

- (T

¢ - " 7 I T & o PaTs ME ] M .
). Homogenecous difterential equations:

Supposing z # 0 and dividing by 422 gives

192 3y 3
!

= —— 4 —= — .
Y U4 T o 1
By renaming z = ¥ we have y = z + z2/, hence

z—f—:pz’:lzz+§z—§
4 2 4’

drz' = (2 —1)(z +3).
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Because ¢(z) = (z — 1)(z 4+ 3) has zeroes z = 1, z = —3, the maps y = «

y = —3x are singular integrals. For the general solution let us separate the
variables 4 1
/ S S / L,
G- +3) z
Decomposing
4 A B 1 1

(z—1)(z+3) z—1+z+3:z—1_z+3’

the right-hand-side integral is

/—4—dz—/L_1 dz = log| 2=+ | +
(z—1)(z+3) 2—1 z+3) P73
Therefore
v
log| ——| =1
og z+3’ og Clz|, C>0,
=l e, 2o
Z+3_ ) 3
1+3Cz
=— CeR;
1-Cz’ €

this incorporates the singular solution z = 1 as well. Returning to the variable
¥y, the general integral reads

_ z+3Cz?
T 1-Cz’

b) y = sztan(2logClz]) , C > 0; ¢)y=Fz/2logClz|, C > 0.
d) If x # 0 we divide by z?

CeR.

2
y’:y_zefﬂ/y_i_g.
xz xr

Changing z = ¥ gives ¢/ = 2 + 2/, so

z—i—xz':zzel/z—i—z,

whence

z2 = 2%l

The function z = 0, corresponding to y = 0, is a singular integral of he ODE.
By separation of the variables

—-1/z 1
/e 3 dz:/—dx,
z z

integrating which,
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e V% =log Clz], C>0,
= =loglog Clz|, C >0,
1
= C>0
? log log Clz|’ >
ie.,
T
T C>0.
y loglog Clz|’ >

in terms of y.

3. Linear ODEs:
y=13 (22— %) +Ce 3%
h) Using (11.18) with a(z) = —% and b(z) = —22F2 produces

y:efidz/efld% 3x+2>dx 1og|zl/elogl_;l<_3x§2>dx
x? T
Bz +2) 3m+2
= |z 1/ 23 ) de /
2
z ( - > ( +@+C>

3
:—+ +Cz, CeR.
2z 33:2
¢) By writing
/4 1 2z
A L |

we recognise formula (11.18) where a(z) = 25, b(z) = 2% . Then

y—eJatvd / R loglz—ll/eloglz—HZ_xldx
o

1 1
= — — fey 2 - 2 .
}m_11/|x 1|x_1dx x_l/a:dsc —(@*+C), CeR

d) y =2zarctanz + Cz, C € R.

[. The equation has separable variables, but the constant solution y = 0 is not
admissible, for it does not meet the condition y(0) = 1. So we write

1 1
= d
/1~e‘ydy /2x+1 o

Renaming ¢t = e~ ¥ (hence dt = —e~¥dy, —% dt = dy) implies
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[r=eso= =] (=)

-1 1
= log ET—’+c:log 1~Z'+c:log]1—ey|+c.
Then .
log[l—eyl2510g|2$+1|+10g0, C >0,
log |1 —e¥| = log C+/ |22 + 1], C >0,

1-e¥|=Cy[22+1], C>0,
1—e¥=Cy[22z+1], C#NO0.

In conclusion, the general integral

y:log(l—C\/M)7 CER,

also takes into account y = 0, corresponding to C = 0.
Now to the condition y(0) = 1: from C = 1 — e the required solution is

y = log (1+(e—1)\/|2x+1§).

5. The general integral of the linear equation reads

y:e’f2dz/ef2dze_2zda::e*2’3(x+0), CeR.

The constraint is 3'(0) = 0. Putting z = 0 in 3/ (z) = —2y(z) +e~%, that becomes
y(0) = %, and implies C' = % The final solution is thus

1
_ 2z -
y=e (x + 2) .
6.y =log (2ez4(1°gz_%) — 1) .

7. When z € (-2, 2), 22 — 4 < 0. The initial condition y(0) = —1 allows moreover
to restrict to y{z) < 0 in a neighbourhood of z = 0. That said, we separate

variables: ) 5
T

— [ -dy= | ——d

/ y / 24"

3
—log |y = —log(~y) = 5 log |z* — 4] + C,

—;7 =CMA4-z»)%%  C>0,

CeR,
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y=C4—a?)~32 C <.
Since y{0) = —1, C' must be —8 and the solution reads

L 8
y= (4 — g2)3/2°

Notice that the constant function y = 0 was disregarded because it fails to meet
y(0) = —L.
8. The duplication formula sin 2z = 2sinz cos z bestows

y' sinzcosx =y + cos .

For z € (0, %) we have sinz cosx # 0, and so

) 1 1
y =

: Y+ —.
sinzx cos sinz

This is a linear equation, with integral

" 1 . " 1 1
Yy = ej sinwcos x da e f sin x cos dz ¢ = dx.
sSinx

Let us compute

1
J SIMXxcCcosx

by setting t = sinz (dt = coszdz, cos?z = 1 — #?) and integrating the rational
function thus obtained:

S:/ﬁ a- [ G* 2o 2(11+t>>‘“

1 1
:log1t|—§|1—t|—§log|1+t|+c

[t] N ) sin N c (0 7T')
=log ———ux +c=lo c T — 1.
& VI =2 8 cosz ' 72
Then
sinz Ccos & sinx 1
y= /_2 dz = (—, —I—C>, CeR,
cosx J sin“x cos T sinx
and the solution to the ODE is
Csine — 1
y=——, CcR.
COS T

We need to find a bounded solution around %‘:
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But

inz — - _ 2
lim Csinz l—liml Ccost . 1-C(1+o0(t?))

= - = lim
e—Z-  COST t—0-  sint t—0-  t+o(t?)

=0

if and only if C' = 1, so the desired solution is

sing — 1
cosT

9. The equation is linear, so at once
y = o @Fa)ds /e— J@+a)da(_ggar) gy
=eH¥)T(e722 L ) = e (1 4+ Ce®™), CeR.
From y(0) = 3 it follows 3 =1+ C, so C = 2. The solution we want is thus
y = e*(1 + 2¢%%).
The improper integral

+0o0
/ (eaz + 26(a+2)z) dz
0

converges precisely when the exponential of bigger magnitude has negative expo-
nent. Therefore the integral converges if a < —2.

10. Directly from the formula for linear equations,

y=etfzd (3/e_af%dszdx) =z (3/xb_“dx)

z¢ (% xbmat! 4 C) ifb—a# -1,

= —a+1
2 (3logz + C) ifb—a=-1,
3
_ m.’l?bJrl + C(l?a lf b— a 7é —1,
3zlogx + Ca® ifb—a=-1.

Imposing y(2) = 1,

3
— = ol =1 if b — -1
b—a+1 + ! a# -1
3-2%log2+C2° =1 ifb—a=-1,

whence the constant is respectively

3
LA ifh—a#—1
b—a+1 ) ' a7 =L

C=2""—3log2 ifb—a=-1.

c-r(i-



11.5 Exercises

In conclusion,

3 b+l - 3 b+1 :
D 271 - —2 @ fb— -1
y = b—atl1” + ( b—a+1 x ' a7 -1
3z%logx + (2““—310g2) z° ifb—a=-1.

I1. The ODE ¥/ (z) = —3zy(z) + kz:
The equation is linear, with integral
y:e~3fxdz/63fxdxkxdz
2 2 k 2
— e 8c (ge%z +C):§+Ce’%z, C eR.

The condition y{0) = 0 forces 0 = % +C,s0C = —%, and the solution is

y= g (1—6_%’”2).

The solution must now fulfill

k
—(1—6‘%I2)~x2 as x — 0.

3
But 3
e L R -2.$2+0(3:2) forz — 0
implies
k 3 k
v =5 (1-1+ 5t b ole)) = fathol) dors

Therefore y is fixed by % =1,ie., k=2.

_ y*-2y-3.
= 2(1+4z) -

)*3+C\/m
YO = T T
() = 3= VILH 4]
Yolx —1+\/m,

2. Solution of '

with C € R, and the constant y(z) = —1.
¢) To(z) = 1 — 2z + 422 + o(x?).

y:2eI+C1$+Cg, C,CreR.
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11 Ordinary differential equations
We define z = 3’ so that to obtain the linear equation of the first order

7 +z=2x?,

z=¢€" / el 432 qp = e~ I/erzdm.

By integration by parts (twice),

solved by

z=e " (:1:2e””—2:ve””+2e””+C1) =22 -2 +2+Ce®, C;€eR.

Integrating once more to go back to y gives

1
y= §$3*$2+2LL‘+C18_I+C2, C,Cp eR.

IRT - ONDE £ 4] el arcar
| 10611 |.ra’| AL O O SCCOHAd Oder,

y=Cie " +Cge—21+ 142 *§$+4,01,CQER.

Let us solve first the homogeneous equation. The characteristic polynomial
A% — 4\ +4X = 0 admits a unique root A = 2 with multiplicity two; the integral
is then
yo(m;Cl,Cg) = (Cl +CQI)€2I, C,Ch eR.
As p = A = 2, we require the particular integral to resemble y,(z) = ax?e?®,
Differentiating and substituting,
206*" = e**

forces a = % Thus y,(z) = %:1:2 2z and the general solution to the ODE is
1
y(x; C, Cy) = (C + Caz)e®® + EerQI, C,Ch eR.

The characteristic equation A? + 1 = 0 has discriminant A = —4, hence ¢ = 0,
w = 1, making

yo(x; C1,C) = Crcosz + Cosinz, C1,Cs € R,

the general solution of the homogeneous case. Since p = ¢ = 0 we want a
particular integral y,(x) = z(acosz + Fsinz). This gives
—2asinz + 28 cosx = 3cos

hence o =0 and 8 = %, and in turn y,{x) = %x cosz. Thus

3
y(z;C1,Co) = Cycosz + Cosinz + JLcos T, C1,Ch € R.
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y = C1e* + Coe®® —ze®, C1,Cy €R.

A = +3 solve the characteristic equation \? — 9 = 0, so
yo(x;Cl,Cg) 2018_3I+CQQ3I7 C1,Cy eER,

is how the integral of the homogeneous equation looks like. We are seeking a
particular integral y,(z) = aze™>". In the usual way

*608—(” — 6—31

from which a = —% follows. The particular solution y,(z) = —%xe_gz is as-
similated into the general integral

) 1
y(z; C1,Cy) = Cre + Coe™ — gxe*BI, C,,Co €R.

y=Cre ™+ C2e* + 5 cosz — gsinx, C1,Cr € R.

y=-e Tsin2z.
We start from the homogeneous ODE, and solve the characteristic equation
A? — 5\ + 4 =0, which has roots A = 1, A = 4. In this way

yol(z; Cp, Co) = Cre” + Coe**, C1,Cy €R,

is the general expression for the integral. A particular solution y,(x) = az + 8
furnishes
—ba+dax +46 =2z +1,

hence a = %7 [ = %. In this way we subsume y,(z) = %;17 + % into the general
integral

1 7
y(x;C1,Cp) = Cre® + Coe®™ + —x + - C1,Cy €R.

2 8
The initial conditions lead to the system
Ci+Cy=0
1
Cl + 402 + 5 =0.
Its solutions C7 = %, Cy = —% now give

le lao, 17
= —e® ——e —z+ .
Y75%° T 6 2778



Tables and Formulas

Recurrent formulas

cos?z +sinx = 1, VreR

sine =0 sex=kr, VkelZ, cosr =0 se I:g-‘rk‘ﬁ
siner =1 se x=g+2kﬂ‘, cosx =1 se x=2km
sine = —1 se CCZ—%-&-QIC?T, cosz =—1 se z=m+2knm

sin(ev £ ) = sinavcos § £ cosasin

cos(a £ 3) = cosacos 3 F sinasin 3

sin 2x = 2sinx cos i, cos2r = 2cosx — 1
T —1 T
sinx —siny = 2sin y cos ; y
T —1 x
cosx — cosy = —2sin y sin ;y
sin(z + 7) = —sinx, cos(z +m) = —cosx
m
sin(z + E)zcosx? cos(x + §) = —sinz
aty _ a—y _ &
a* 't =a"a? a* V= — (a*) =a™
H al,y H
log,(zy) = log, @ +log,y, Va,y>0

10ga g = lOga.'B - loga Y, V‘Ts y = 0

log,(z) = ylog,x, Yo >0, VyeR
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Tables and Formulas

Fundamental limits

lim 2% = +o0,

T——+00

lim 2% =0,
xr—+00

lim a,x + ...+ a1z + ag
w—too byx™ + ...+ bha + bo

lim a® = 400,
T—+00

lim a®* =0,
T—+0o0

lim log, x = +oc,

r—4o0

lim log, = —oc
r—4o00 8a '

lim sina, lim cosz,
x—too T—Fo0

lim z“ =0, a>0

z—0+

lim z® = 400,
z—0+

a <0

a . =
= lim 2"
bm Tz—+oc

m

lim a* =0, a>1

T=—+=—0C

lim a® = 400,

E——00

a<1

lirl’l+ log, a>1

x—0

_w:

lim+ log, r = +oc, a<l1

x—0

lim tanx do not exist
T—too

. , 0y
lim | tanz = Foo, VkeZ, _hIil arctanz = £—

rl:—’(%-i-k'n')

T—

lim arccosxz = 0 = arccos 1.

z—+1
sinx

lim — =1,
z—0 T

a_ I
lim (1+5) —e¢*, q€R,

L= 00

lim log,(1+x) 1

z—0 T loga
T _
lim =loga, a>0;
x—0
1 «—1
| (1+2) =a, acelk

limlarminw = :I:g = arcsin(+1)

T —

lim arccosz = m = arccos(—1)

x—=—1
1 —cosx 1

liIIl —— = =
a0 ;1‘:2 2

lin})(l +z)F =e

) ) . log(l+x

in particular, lim & )
a—l T

: : .oet =1

in particular, lim =1
x—0 T




Tables and Formulas

Derivatives of elementary functions

f(z) f'(z)
z ar® !t Ya € R
sinx cos T
cos T —sinx
2 ].
tanx 1+tan"z = —
cos® x
arcsin =
V1—a?
1
arccos T -
V1 — a2
1
arctan:
arctan x e
a® (loga)a®
log,, |z !
€a (loga)x
sinh = cosh x
coshx sinh x

Differentiation rules

(o:f + Bg x]) =af'(z) + 89 (z)

(F@)@) = F'@g@) + f@)d )

(;‘ o ) )9(8(9:)) 2Em)g’(w)

(67@)) = ¢ (@)f @)
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Tables and Formulas

Maclaurin’s expansions

2 k T
- x x x
e :1+$+E+‘..+H+.H+E+O($n)
x? lxn
log(1+2a) =2 — -5t (="~ -t o(z™)
3 5 2m+1
G o — _.’I}_ .’IZ__ _1ym £ 2m+2
sinz =2 — 5 + ] et (-1) 2mT1) +o(x )
$2 .'1:4 " $‘2m _—
{:()s:{::l—?—l-z—...—l-(—l) W—i—o(m )
3 5 2m 41
- — T"_ 'L‘_ x 2m+2
bmh;n—:r+3!+5!+...+—(2m+1)!+o(x )
2 4 2m
y _ ‘T_ x_ T 2m+1
co.‘:h:r—1+2+4!+...+———~(2m)!+0($ )
3 P 1 2m+1
x 3x —s\| =
i - — P 2 2m+42
arcsinz = x + 5 + 10 +...+ (m) 2m_i_1+9(3: )
. 2:3 N 3:5 +( l)m 2m+1 +o(‘r2m+2)
arctan.r =r — — —_— T ... - J
3 5 2m +1
v—1
(1+:.f;)°‘:1+a;c+ﬂ(f—2—)m2+...+ (a)z"+o(:1:“)
T
1 2 T i
I-+—$-=1—:L‘+:r: — A (=1)"2" + o(z™)
1 I 5 | 3
T = —z—-x°+ —z° +o(x
V1+ 1+5z-2 +16*+()




Tables and Formulas

Integrals of elementary functions

f(@) ‘ [ 1@y
— _1 r -
x® : z(-:ll +c, a# —1
i log |z| + ¢
sin @ | —cosT + ¢
cos T sina + ¢
e’ e’ +¢
sinh x 5 coshz + ¢
coshx sinhz + ¢
1
1522 arctanz + ¢
ﬁ arcsinx + ¢
ﬁ log(z + V2% + 1) + ¢ = settsinhz + ¢
1
ﬁ log(z + \/&ﬁ) + ¢ =settcoshz + ¢

Integration rules

/(af()—i—ﬁg x—a/f dx+ﬁ/
]f x)de = f(x)g /f (2)g(z)dz

[(’;(( )) da = log|e(z)| + ¢

[ 1@ = [ fa)dy where y= (@)
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Absolute value, 13
Antiderivative, 300
Arc, 280

closed, 280

Jordan, 280

length, 375

simple, 280
Arccosine, 56, 114
Archimedean property, 16
Arcsine, 56, 114, 174, 334
Arctangent, 114, 174, 334
Argument, 273
Asymptote, 135

horizontal, 135

oblique, 135

vertical, 136

Binomial
coefficient, 19, 232
expansion, 20
Bisection method, 111

Cardinality, 2
Colatitude, 259
Combination, 20
Conjunction, 5
Connective, 5
Coordinates
cylindrical, 259
polar, 257
spherical, 259
Corner, 176

Cosine, 52, 101, 171, 174, 231

hyperbolic, 195, 236
Cotangent, 54
Curve, 279
congruent, 370
equivalent, 370
integral, 388
opposite, 370
piecewise regular, 282
plane, 279
regular, 282
simple, 280

De Morgan laws, 4
Degree, 50, 52
Derivative, 168, 187
backward, 176
forward, 176
left, 176
logarithmic, 174
partial, 286, 288
right, 176
Difference, 4
quotient, 167
symmetric, 4
Differential equation
autonomous, 388

homogeneous, 394, 397, 404

linear, 394, 404
ordinary, 387
solution, 387

with separable variables, 392
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Discontinuity
of first kind, 84
of second kind, 84
removable, 78
Disjunction, 5
Domain, 31

Equation
characteristic, 405
Equivalence
logic, 6
Expansion
asymptotic, 241
Maclaurin, 227, 233
Taylor, 226
Exponential, 50, 171, 227

Factorial, 18

Form
algebraic, 270
Cartesian, 270
exponential, 274
indeterminate, 99, 107
normal, 388
polar, 273
trigonometric, 273

Formula, 5
addition, 54
contrapositive, 6
De Moivre, 275
duplication, 54
Euler, 274
finite increment, 183
Stirling, 141
subtraction, 54
Taylor, 226

Function, 31
absolute value, 33, 34
absolutely integrable, 360
arccosine, 56, 114
arcsine, 56, 114, 174, 334
arctangent, 114, 174, 334
asymptotic, 136
big o, 123
bijective, 40
bounded, 37, 95
bounded from above, 37
composite, 103, 173, 239
composition, 43

concave, 189
continuous, 76, 80, 285
continuous on the right, 83
convex, 189
cosine, 52, 101, 171, 174, 231
cotangent, 54
decreasing, 42
differentiable, 168, 187
equivalent, 124
even, 47, 175, 227
exponential, 50, 171, 227
hyperbolic, 195
hyperbolic cosine, 195, 236
hyperbolic sine, 195, 236
hyperbolic tangent, 196
increasing, 41
infinite, 130
infinite of bigger order, 131
infinite of same order, 131
infinite of smaller order, 131
infinitesimal, 130, 242
injective, 38
integer part, 33, 34
integrable, 324
integral, 331
inverse, 38, 114, 173
cosine, 56
hyperbolic tangent, 197
hyperbolic cosine, 197
hyperbolic sine, 197
sine, 55
tangent, 56
invertible, 39
little o, 124
logarithm, 51, 114, 174, 229
mantissa, 34
monotone, 41, 85, 114, 185
negative part, 359
negligible, 124
odd, 47, 175, 227
of class C*, 189
of class C*, 189
of real variable, 32

of same order of magnitude, 124

of several variables, 284
one-to-one, 38, 114
onto, 38

periodic, 47

piecewise, 32



piecewise-continuous, 317
polynomial, 50, 98, 100, 172, 313
positive part, 359

power, 48, 231

primitive, 300

rational, 50, 98, 100, 101, 310
real, 32

real-valued, 32

Sign, 33, 34

sine, 52, 79, 93, 106, 171, 230
step, 321

surjective, 38

tangent, 54, 173, 239
trigonometric, 51

Gap, 84
Gradient, 286
Graph, 31

Image, 31, 36
of a curve, 279
Implication, 5
Inequality
Cauchy-Schwarz, 264
of Bernoulli, 139
triangle, 13
Infimum
of a function, 37
of a set, 17
Infinite, 200
of bigger order, 131
of same order, 131
of smaller order, 131
test function, 131
Infinitesimal, 130, 200
of bigger order, 130
of same order, 130
of smaller order, 130
test function, 131
Inflection, 190, 244
ascending, 190
descending, 190
Integral
Cauchy, 318
definite, 317, 319, 321, 324
general, 389
improper, 356, 363, 367
indefinite, 300, 301
line, 368, 376

Index

lower, 323
mean value, 328
particular, 389
Riemann, 320
singular, 392
upper, 323
Integration
by parts, 305, 335
by substitution, 307, 315, 336
Intersection, 3, 7
Interval, 14
of monotonicity, 42, 185

Inverse
cosine, 56, 114
sine, 55, 114

tangent, 56, 114

Landau symbols, 123
Latitude, 259
Length
of a curve, 373, 374
of a vector, 261
Limit, 68, 70, 72, 73, 76, 81
left, 82
right, 82
Logarithm, 51, 106, 114, 174, 229
natural, 72
Longitude, 259
Lower bound, 15
greatest, 17, 113

Map, 31
identity, 45
Maximum, 16, 37
absolute, 178
relative, 178
Minimum, 16, 37
Modulus, 272

Negation, 5
Neighbourhood, 65, 285

left, 82

right, 82
Norm

of a vector, 261
Number

complex, 270

integer, 9

Napier, 72, 106, 171
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natural, 8
rational, 9
real, 10

Order, 242
of a differential equation, 387
of an infinite function, 132
of an infinitesimal function, 132
of magnitude, 200

Pair

ordered, 21
Part

imaginary, 270

negative, 359

positive, 359

principal, 133, 242

real, 270
Partition, 320

adapted, 321
Period, 10, 47

minimum, 48
Permutation, 19
Point

corner, 176

critical, 179, 243

cusp, 177

extremum, 178

inflection, 190, 244

interior, 15

jump, 84

Lagrange, 182

maximum, 178

minimum, 178

of discontinuity, 84

with vertical tangent, 177
Polynomial, 50, 98, 100, 172, 313

characteristic, 405

Taylor, 226
Pre-image, 36
Predicate, 2, 6
Primitive, 300
Problem

boundary value, 391

Cauchy, 390

initial value, 390
Product

Cartesian, 21

dot, 264

scalar, 264

Prolongation, 78
Proof by contradiction, 6

Quantifier
existential, 7
universal, 7

Radian, 52
Radius, 65
Range, 31, 36
Refinement, 320
Region
under the curve, 317
Relation, 23
Remainder
Lagrange, 225, 227
of a series, 145
Peano, 225, 226
Restriction, 40

Sequence, 32, 66, 104, 137
convergent, 68
divergent, 70
geometric, 138
indeterminate, 71
monotone, 71
of partial sums, 141
Series, 141
absolutely convergent, 150
alternating, 149
conditionally converging, 150
converging, 142
diverging, 142
general term, 142
geometric, 146
harmonic, 147, 149, 362
indeterminate, 142
Mengoli, 144
positive-term, 146
telescopic, 145
Set, 1
ambient, 1
bounded, 15
bounded from above, 15
bounded from below, 15
complement, 3, 7
empty, 2
power, 2
Sine, 52, 79, 93, 106, 171, 230
hyperbolic, 195, 236



Subset, 1, 7
Sum of a series, 142
Supremum
of a function, 37
of a set, 17

Tangent, 54, 169, 173, 239
Test
absolute convergence, 150, 359
asymptotic comparison, 148, 361, 365
comparison, 147, 358, 365
integral, 362
Leibniz, 149
ratio, 139, 148
root, 148
Theorem
comparison, 92, 95, 137
de I’'Hoépital, 197
existence of zeroes, 109
Fermat, 179
Fundamental of integral calculus, 331
intermediate value, 112
Lagrange, 182
Mean Value, 182
Mean Value of integral calculus, 329
Rolle, 181
substitution, 102, 138
uniqueness of the limit, 89
Weierstrass, 114

Index

Translation, 45

Union, 3, 7

Unit circle, 51

Upper bound, 15
least, 17, 113

Value
maximum, 37
principal, 274
Variable
dependent, 36, 167
independent, 36, 167
Vector, 260
at a point, 268
direction, 261
field, 376
lenght, 261
orientation, 261
orthogonal, 264
perpendicular, 264
position, 260
space, 262
tangent, 282
unit, 263
Venn diagrams, 2

Zero, 108
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