T. A3JIAPOB, X. MAHCYPOB

MATEMATHK
AHAJIN3

1-KICM

Yabexucron Pecnybauxacu Xaarx Tasrumu 8a3upauzy
YrusepcureTAap 6a nedazozuka UHRCTUTYTAGDU
raarabaarapu yuyn Gapcauk cugaruda pyxcar 3Tean

KAVITA MIIJIAHTAH BA TYJIAUPHUITAH
HKKHHYH HALIPH

TOWKEHT «YKHTYBUH» 1994

www.ziyouz.com kutubxonasi



Tagpusuuniap: CamapKaua JIaBaaT YHHBEPCHTETH MaTeMATHK aHAJH3 Ka-
deapac, Y3P, ®A myx6up an3ocH, DH3HKA-MaTeMAaTUKA
tannapu Aokropy, nmpod. A. C. Caraynnaes, ¢pusnka-ma-
TeMaTHKa ¢danmapu AokTopH, npod. X. P. Jlatunoe

Maxcyc myxappup: TamIY npodeccopu F. H. Hacputrausor

Y6y KRTOG YHMBEPCHTETNAD XaMAa Nefarorlka HHCTHTYTJApH UIYHHHTIeK,
onifi TeXHHKAa VKYB IOPTJAPHHHHT OJHA MaTeMaTHKAa npeAMeTH 4yKyp AacTyp aco-
CHAa VKHTHAaAHraH GaKyibTerapH TanabanapH y4yH MyJKajnaHra., Yuu €3uul-
aa myanaudiap Towxent HaBnaT yHHBEDCHTETHHHHI MaTeMaTHKa, aMajuii MaTe-
MaTHKa Ba MeXxaHHKa (axyjbTeTsapHAa GUp Heya HHIJAap NaBOMHAA YKHTaH Mab-
pysanapuaau cofnanaHraunap.

Kuto6nu é3umza, 6up TOMOHAAH, MaTeMaTHKa OaHHHHHr Tof0Opa HHTEHCHB
PHBOXKJIaHA OOpHIUH, SHFH TYIIyH4YaJjap, SHTH roAnap Oujad OofAnb GopHIUHTa
9bTHGOD KapaTuaraH GyJsica, HKKHHYH TOMOHIAH, MAaTeMaTHKAHHHTr (aH B2 TeXHH-
KaHHHI TYPJH cOXajapHra TaTGHK AOHPAacH KeHraiu6G GODHIUK XHCOOra OJIHHIaH.

Kuto6 ananus KypcHHHMHT 1- KHCMH Gy/HG, GHp V3rapDyBYMiIH QYHKUHAJAD aHa-
JAu3nra Garuwnadrad, Yujga guddeperunan Ba HHTErpas XHCO6 KYDCH XaMAa Ka-
-TOpJap Ha3apHsacH 6aTagcun 6aéH 3THAraH.

A 36

Asnapos T., Maucypos X.

MareMaTuk aHajsu3: YHUBEpPCHTET Ba MefA. HHC-
THTYTJAp TanabGanapu yuyH AapciHK: 2 KHCMJH,
I-k.— Kaitta HiuaHrad Ba TYJAAHDHJATaH 2-Hall-
pu.— T.: ¥YkuryBuu, 1994.—416 6.

1. Asropnou.

Asnapoe T., Mancypo X. MaTeMaTHUecKH(t aHanu3: Yueb.
ToCOGHe AAs CTYA. YHHBEPCHTETOB M MeIHHCTHTYTOB: B 2 4.
Y, 1.—2- u3x. nepepab. u fom.

22.162.73

© «Yxurysun» nawpuéra, T., 1986,
© «Yxurysuus HawpuétH, T, Kaf-

Awm—ga Ta HIUJIAHrAaH Ba TYJARMPHAraH,
353 (04) — 94 1994,

ISBN 5—~645—01910

www.ziyouz.com kutubxonasi



HKKHHYH HAHIPHTA C¥3 BOUIU

Yw6y nmapcamk OGupuHun Mapra 1986 (I- KucM) Ba 1989
(2-kucMm)  Huagnapia YKyB KyajganMa cupaTHaa Hallp 3TUATAH
agu. Ulynnan 6yén yrran nasp mobafimnpa Myaanndnaap wy Kya-
JaHMara acociasub, MaTeMaTHK aHajHu3 KYPCHHH YXHYIUHH AaBOM
arrHpAunap. Myannnduap ¥3 taxpubanapura TasHub, xaMKac6-
JIaDHHHHT xyniab MmacjaxaTjapHHH 3bTHOOpra onub, xyjanaHManu
6upMyHua KalTa uliab yuxaunap. ABBaao IIYHH TabKHUAJAWI JO-
3UMKY, KAaPCJIHKHH HKKHMHYH Halipra tahépnampa tabpudaap, Teo-
peMaJsiap, TacOHKJIaDHHHT KHCKa, aHHK Ba paBoH OaéHHra ajoxmpua
25TH6Op GepHRH. YKYBUH KHTOO YKHII NaBOMHIA Kyla Kyn caxu-
dasapaa Wy MabHOLA KUPHTHATAH y3rapuuliapra Ay¥ KeJajiu.
WIKKnHUMIaH, MaHTHKKH KaTBHATFA DHUOSI KMJHLI Ba METOIHK HYK-
Tau HaszapAaH MykaMMaJapoK OyjHwM yuyyH y €ku Oy TymyHuara
TeCKapu TyIlyHYa XaM aHMK TabpHaanad. MacajaH, TYNJaMHHHT
IOKOPHOAH uYerapaJjaHMaraHAHTH, (YHKUHSHHHET TEKHC Y3JYKCH3
3MacJurd, (QYHKUHOHA,1 KeTMa-KeTJHKJIapHHHT HOTEKHC SKHHJIa-
LIYBYHJATH Ba Wy Kabuaap. By 6opana myanandnaphHu nsunia 6y-
Jyuira yujparal sstHa 6up ca6ab KynruHa TeopeMaJapHHHT olaTha
TAaCAMKHUHI TECKAapHCHHH (apa3 KUJHW ycyau O6niaad HcOOTIaHH-
IIHIND.

Kuro6HH KafiTa Hisiaw naBoMHAa OMp KaTop AHIH MaB3yaap
KHPHTUJILH, O6ab3uaapu unkapuanad, 6ab3u MaB3yJapHHHr XoHjaa-
Wy TapTHOH Y3rapTHPHIAAH.

Myansmndaap 6y tapbuapnap KHUTOOHHHT acoCHii HYHAJHUIHHH
y3raptupMa#, 6a/KH yHH TaKOMHJAJAWTHPHIUTa XU3MaT KUJAH, Ae6
xucobsaaunap.

[InpoBapauaa, Myaaanaap pacMHH TakKpH3ydJjaapra, npod.
H. Carumogra, npod. I, Aonosra KHTOOHHHT OHPUHYH BA HKKHH-
4YH HALIpH KyJé3MacH lo3acHpaH OHIZUPHITraH TaHKUIAHH QHKpJIa-
PH Ba KUMMaTJH MacjaxaTiapH YYyYH MHHHATLODYHJHK H3XOp 3Ta-
nuaap.
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BUPHHYHA HAHIPHTA C¥3 BOWH

MateMaTHK aHaJ M3 OJMH MaTeMAaTHKAHMHT JacT/iaGKu Ba
afiHM BaKTAa, acocHi GYiuMH OYyin6, Gapya oauit YKyB IOpT/IApH-
la TEerHILIM pactypra Kapab y éku Oy xaxmaa Vkaraiagu. Hara-
punapn «YekcHs KHUMK MHKAOpJap XucoOu», «Huddepenunan Ba
HHTerpaJj xucob6» HOMJapH OHJaH aTaaH6 KeJHHraH 6y Kypc
KeHHHI'H naiTinapla AespsaH XaMMa epaa MaTeMaTHK aHaJju3 ael
roputuaa Gomianad. KypcHuHr OyHAal artaiHIUH YHHHT Ma3MyHH
Ba MaKCaJHHA XaKHKATaH XaM TyJa akC 3TTHPAAH BA YHUHT Basuda-
CH QYHKUHAJADHH AHAJIH3 — TaXJUJA KHJIHII 3KAHJAUTHHH aHrjaTa-
Ad. DyHna aHannsra KHpPHLI — XaKHKHH COHJIAp HAa3apHACH, JH-
MHT/Iap Ha3apHsICH, Y3JYKCH3JHK, OHP apryMmeHTid Ba KyI
apryMmeHTan QyHKRuUuANApHUHT AMddepeHunas Ba UHTErpas xucobuy,
KaTopJap HasapuscH, Pypbe KaTopJjapH Ha3apHSCH KY3RZa TYTHIA-
au. HlyHn anoxuna TabKuANall JO3MMKH, aHanud3 Kypcu GaéH 3THIN
TapTHOHHHHT KaThHHUMUTH OHJIAH XapakTepadaup. YHIard MaB3yaap
Desipyid XaMMma BaKT MYyaHsaH KeTMa-KeTJAHKIa OyJHIUH Kepak. AHa
IIyHAATHHA KyPCHHHI MaHTHKHEA HU3YHJJIHTH Ba SXJHTINTH KYpHHA-
nu. AMMmo, 6y KeTMa-KeTJIHKHU CcakJaraH X0Jj1a MaTeMaTHK aHaJju3
KypCHHH TypJHua KypHMil XaM MyMKHH. DyHHal KypHiminap aspa-
JIO Kalbyn KHJIHHFaH MATEeMATHR K4TDBHATJAHK JAapakacd OuJaH,
GaéiHuHr TYJAANHK MHKIOPH Ounau d¢apxaaHaad. Typau onauid
VKYB IopT/iapuH (TEXHHK, [efarordyk, YHUBEPCHTETJApPHUHT Xap
xuJ ¢akynbTeTJapd) YyuyH €3MAraH [JHapciHKA«pla Ba KYJiaH-
Masnapnaa 6y Ba3HATHH AKKOJ Ky3aTHII MYMKHH.

TaGuuiiku, OGeBocHTa MaTeMaTHKa MyTaxacCHCJIMIH Oyinya
TabMAUM OJaguraH rajafansapra My/mxkajaJaHrad aHajK3 KypCcH
V3HHUHT IOKOPH [apa)aja MaTeMaTHK KaTbHATH Ba H3YHJJHIH
Gunan papK KHJIMOFH Kepak.

Ywody xutobuu ésnmpa Myamnndaap aHa Wy Mypakkab Ba-
suaun Gaxapuwra HHTHAAHAap. Kurtod, acocaH yHMBEPCHTET-
Jap Ba neJaroriKka HHCTHTYTJapd MaTeMaTHKa, aMajJud Mmarema-
THKa Ba (pH3uKa-MaTteMaTHKa (akyapTeTiapd MaTeMaTHK aHa-
M3 KypcH jgactypaapura MyBopuk ésuaran. Towxent [daBaar
YHHBePCHTeTHAA Kyu HHIJAap MoGaiHHIA Maskyp Kypc Oyitnua
VKUCaH Mabpy3asiiapuMH3 KHTOGHH €3uIn JKapaénuza Karra ép-
nam 6epnu. Ly Guman Gupra, kuto6 KVaiéamacu Taiép Gyarad,
y Mabpy3aJapHMH3La «CHHOB»JaH YTKA3HJIH.

Kuro6 éamauiun xapaénuza 643 MaTeMaTHK KaTbHAT Ba H3-
YMJJIMKHH TabMHHJAIIrA HHTHAHI OMnaH GHpra siHa Kyduaars-
Japra amaJ KHJAJLHUK.

4

www.ziyouz.com kutubxonasi



Bupununaan. MabayMmku, Tanabanap IOKOpPH Kypciapaa Ma-
TEMaTHK AHAJH3HHHT Y3BHH AaBOMM cHPaTHAAa GYHKUHOHAJ aHa-
JU3 Kypch OHJaH TaHHWAAUAap. YHAArH acocHil TyLlyHuaJjap
(bynkuvonan, omeparop, MeTpHk ¢a3o Ba X. K.) abcTpakuus
JapaxKacH HyKTaH HasapHlaH aHAJH3HHHT TyLUyHYajiapHIaH «OHp
ROFOHA» I0KOPH XHCOOMaHaAH, WIYHMHI Y4yH yJapHHM aHAJIH3 Kyp-
cH JaBOMHMJa Tanabanap OHTHra CHHIAMpPA OOpHII, yJapHH «OHp
KajlaM» HIATapHHM Kypuuwra yprata 6opuul, ¢pHKpHMH3Ya, HKKaJja
tdanny sraanam yuyH XxaMm ¢oina xeatupagd. AHHM nafitaa, Ta-
Jadanap MaTeMaTHKAHHHT MOXHATJIapH OHJaH TaHHIIHLI HMKO-
HusiTHra sra 6ynagunap. By aca 6ynaxkax MyTaxaccHCHUIHT MaTe-
MAaTHK XKHXAaT[AaH WaKJJaHHIIHAA MabiyM MeTOLOJIOTHK axaMH-
ATra sra.

Hkkuuunpad. MareMaTHK aHa/JHM3HHHT TypJH coXxaJiapra TaT-
6MK JOHpacH HHXOATAA KeHr. AMMO mIyJapAaH 3HT MyXHMH,
¢$HKpHMH34a, YHHRT Xap XHJ MaTeMaTHK OGbeKT/JapHH (Hppamuo-
HaJ cOHNapHH, (QYHKUHMSJaDHHM, XOC Ba XOCMac HHTerpaJljiapHH)
TakpHOu# Xucobaawra Kyaaauumugaaup. CHpacuHH aiiTranza,
aHajau3HHHT 6apno GYJAHWHAArH acocHii ManbanapzraH OupH XaM
wyaup. bynnait macananap X03Mpra Kajap XaM aHaJIM3HHHT Ta-
PaKKUETH yuyH Xu3mat KHAHG keasntd. llly myaoxasara TasiHral
X0Ja aHaJH3HHHT TakKpHOMH Xucobsamaapra KyJJaHHIIAra
acocHi 3bTHOOp OepuaradH. by ypunaa Mmyainancdaap y3 MAMHH
H3JaHHWJapHAaH Xam ¢oifilanaHraHiaap.

YuupHungan. Acocud TyWIyHuYaJapH¥ KHPHTHMI, acocuii ¢akr-
JapHH 1apxJjalwjia MYMKHH Kajap COANAPOK, TYLIYHAPJHPOK
(HMKp IOpHTHIIrEa Ba MyalsH TAaCaBBYP XOCHJ] KHJIHHTaHAaH Ke-
HUHTYHA YJAapHU MAaTEeMaTHK XaTbHAT Ba H34YUJAJAHK OHJaH Oaeéx
3THIIra XapakaT KuAHHAH. By XaMMa papcaHK Ba Kyaaanmanap
yuyH XaM ¢oiigaiaH XoaH OyamaraH y3Hra X0oC METONHK éHna-
wHW 6Vau6, KHTO6aaH TEeXHHK OJH# VKYB IOPTJ@DHHHHT Tajaba-
Japy Ba YKUTyBuHJapH (oHaasaHa OJHIIJIADH YUYyH HMKOH sipa-
Taau-

Kuro6 KynéaMacHHUHr pactia6KH BapHAHTHHH CHHUYHKJa6
VRuG umxub, yHH HAMHH Ba METOAHMK KHXaTAaH SXIUHJAHHIINIA
¥3 XuccalapuHu KyurawjapH yuyH pouentaap 3. X. fxky6oB Ba
B. Haumxkonosjapra myaJaandnap TallakKyp H3XOp KHJajaHaap.
dukp-Myaoxazanapn GHJIaH KHTOOHHHT sHaja sAXUIHJaHHILHCA
MyHOCHO  XHccaJlaDHHH KYIITaHJHKA4pH yuyH npodeccopJiap
J1. Y. Boaxosckuii, A. C. Cabayanaes, X. P. Jlatunos, noueur-
gap A. Bopucos, P. Fanuxyxaessapra xaMaa Maxcyc MyXappHup-
JHK Ba3u(pacHHH MacbhbyJHAT OunaH Oaxkapra"aura yuyn Tow-
KeHT [lasaar yuusepcuterH mnpodeccopu F. H. Hacpurtannosra
Myanaudaap CaMHMHA MHHHATHOPYMJAHK Guaaupaauiaap. Kya-
JaHMajard KaMuuJukjaapHu Oaprapad >STHIIra Ba YHHHT CcHpa-
THHH AXIUHJAlIra KapaTHarad (HKp Ba MyJOXa3ajapHHH OHJ-
nuprai VpTokjaapra MyaJaaudJaap apBaJjiaH ¥3 MHHHATAODYH-
JIHKJIapHHH GHAAMpaLuaap.
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I-50B
JAACTIABKH TYHIYHYAJIAP

Y6y 6oGga mareMatuka (aHUHHHT Gapya TapMOKJaapuia KYyJ/JIaHH -
JIAJMTaH 3HT MyAHMM TYIIYHYanap Xakuga 6ab3H Mab1yMOTJiap GepHJIaiH.
Byunait TymyHyasapgas TYnjaaM Ba aKCOAHTHPHIU TYLIYHYa/JAADUHH KeJl-
THDHILI MYMKHH. ¥Y/1apJaH MareMaTHK aHaiu3 KypcH JaBOMHAA MYTTacH
poitganannt Gopunrany.

1-§, Tynaam, Tynaamnap ycTHaa aMaanap

. TynmaMm TywyHYacH. Xap Gup ¢aHHH YpraHuw AaBEasIO
YHHMHF acOCHH 1yulyHYanapH GUMaH TaHHUMW#AH Gownadagy. Tynaam
TYUIYHYACH MATEMATHKAHHHT GOULTAHFUY TYUIYHYaJ apuiaH OupH Gy/H6,
y Mucojiap €pmamuia TyuwryHTHpusagH. Macanan, iwkadparg Kurobaap,
6apya TYFpH Kacpniap, Kyémr cucremacdgaru caidépanap, Oepuirad HyK-
Tagas YTYBUM TYFPH YH3MKJAP TYIJIAMM XaKUAA FaNMHpHUI MYMKHH.

TynnaMHM TaHIKHJI 3TraH Hapcasiap (pegMet/iap) VHHHT 34emenmid-
pu ne6 aranand.

Cupatga, tynaamiaap JotuH €Kd toHOH asdaBuTHHHHT Gowl Xapduiapu
6u/1aH, VHUHC 3JIeMEHTNApH 3ca KHYHK xapduapu OwaaH OesrHiaHad.
Macanan, A, B, , E, F, Jap Owiai Tynjaamsd, a, b, c,
Jap GHIaH TYNUIAMHMHT 3/IEMEHTHHA OeJIrHIaiMH3.

Arap A Ttyniamaxdr sneMedtd @ Gyica, a€ A €kt AJa Kabu Esu-
Jaju  Ba «a 3neMeHT A Tynnamra TeruunTH» Ae6 YKHIAnH. Akc xo11a
atA éku a¢ A ne6 ésunanu 8a «a 3aeMeHT A TymiIaMra TerHIUJIH 3Mac»
ne6 yxunamuw. Macanaw, 4 ={2, 4, 6, 8, 10} 6ynca, y %omna 6€A,
7€ A 6Vaanu.

Yexau COHEArd 37eMeHT/IapAaH TAIUKH/ TONIaH TYIJIaM 4eKau min-
aanm 71e6 atanafd. MacanaH, IOKOpHAa KeJTHPHIraH TYI1amJjapaaH wkag-
JIaTH KHTOG/1ap HeK/IH TYMJIAMHH TAWKWI STANd.

MarematHkaga kVYmHHYa uekqM OyaMaraH  TYMJIaMJapHH — YeKCU3
mygniamiapri Kapaura TYFpH Kenaad. Macanad, 6apya TyepH Kacp.ap,
fapya WaTypan cousap, GepHiraH HyKTagaH VTyBUM 6Gapya TYFPU UM3UK-
Jap TYN/aMH 4eKcu3 TYIIaMmyiapra MHcos 6yJia osand.

Bapua Hatypan comaapaan wéopar tymmam N Xapdu OGunad Gearuna-
Haju Ba

N={l, 2,3, n, JekuN={nn=1223 1}
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Kabu é3mnazgu. SHa Gup wmucon cudatupa B ={x: x2—5x + 6 =0}
TyImaMBu Keatupaitmuk. By tynnam x2—5x + 6 = 0 Tenraama nagus-
JIapHjIaH TalKHJ TONTaH.

IOkopyiga 643 TVMNaM yHHHr Gapya SAEMEHTJapH YUYYH XapakTepJiu
6yJarad XyCyCHTHY, KOHJAHH KeJTHPHID OHJMaH OepHJIMILHHH, ILYHWHT-
J€K, YHHHT 6apya 3/jeMeHT/JapHHH GeBOocHTa KYPCATHII GMJIaH GePH HLUHHK
x{paux. AfipuM BakTJjapma TyNJjaM KaHpjad Xapak1epyn XyCyCHSTra 3ra
6yaran sjieMeHTJIaDAAaH TalUKHJ TONFaHJMIH MabjayMm Oyjca XaMm, 6yHpai
XYCYCHSITJIL 3JIEMEHT1ap MaBkKyJ] GyaMaciurd MyMkHH. Macanan, 4 tyn-
JAaM m + x = n TeHrjamauuur (€N, mEN, n < m) Harypai counap
TYTUIAMI AT WIAM3JapHIAH TAlWKWa TomraH Jaedusica, Oy  TVITaMHHHT
6UTTA XaM 3JIeMeHTH HYKAurd Mabaym Gynanu. ByHra ca6a6, 6Gepu.sirad
TEHTJAMAHUHI HATyPasi COHJAP TYNJaMHLA HJOH3ra 3ra  SMacaHrUIMp.
Bynpan KYpHHAAMKH, 3JieMEHTTa 3ra G6y/mMaras TYniaMJapHH XaM KVpui-
ra TYFpHM KeJamH.

burta xam 3jeMeHTra sra GysaMarad TYIL1aM Ogw minaiam  Jelina-
AM Ba @ kabu OesruniaHajy.

[yny TabKMAJAIL JIO3MMKH, TYTUIAMHH aHHKJAllla YHH TallKHi 3T-
raH 3jeMeHT/ap opacHja aiHaH OHp- OHpHra TeHr OVarad aseMeHTJap
TYIJIAMHVHT 3JIEMEHTH cHgaTHAAa (akat Gup MapTarnha OJMH2gM. Maca-
JaH, B tynnam x> —3x -2 =0 TeHIVaMaHMHI MJAM31APUAAH néopar
6y.cuH. Dy TeHrJiaMaHHHT HAmusnaph x; =1, x, =1, x; = —2 6y2u6,
yJapiaH Tysuaran B tynnam Jeranja 6us | Ba — 2 sieMeH1apnaH
ty3uaran B = {1, — 2} Tynaamuu TyulyHamu3.

K¥nuuua Tynjamiap, yJap ueKAM €KH UYEKCH3 GYJMIUMIaH KaTby
HAa3ap, CHMBOJIMK PAaBHIUJA TEKHCJHKAA GMPOp WIaKJ, MacajaH, joHpaya-
Jap 6Mnad TacBUpnaHaju. Dy sca Tynnamiap ycTHpa GasapuaraH amai-
JIapPHA TacaBBYD KHJMILJA, YJap OpacHiard MyHocaGaT/iapHM ypranviija
aHya KyJaiauk TyFaupagu (l- unama).

Arap B tynnaMBHHr Xap Gup SJeMeHTH A TYIiaMHHHL XaM 3.eMeH-
M 6Vica, B Tyniam A TYNIAMHMHT KUCMU €KM  Kucmul miniamu
(mgnaan ocmu) 1e6 aTanapM Ba B A xabu OGeardaasalu (2- unama).
Macanay, B=1{2, 4, 6, 8}, A={l, 2, 3, 4,5, 6, 7, 8 6yacun.
Bysna B < A 3KaH/JHMTHHM KYpHII KHAMH 3Mac.

Bym Ttynnam @ xap KaHai A TynaamMHHHr KHeMu  (KMCMMiT TYnaa-
MH) ne6 XucoGJaHajH.

Bupop A TymuaM Gepuaran Gyicud. DBy Tyniammuer Gapua wucmmit
Tynaamnapuias uéopaT Tynaamuu ¥ (A) kabu Genrunnafimuz. Pasiuangy,

N (7
_/ (\,

1- unama. 2- yn3Ma,

o

www.ziyouz.com kutubxonasi



& CF(4), ACF (A). F(A) TynnaMm 3.IeMEHTIAPHHHHT V3H TyNIAMIup -
Macanau, A = {1, 2}, B={1,"2, 3} TVmiawiap yuyH

F={1} {2}, {l, 2}, o},
ff’(B):{{]}, {2}' {3}v {11 2}' {1’ 3}v {Qv 3}, {lr 2v 3}1 Q}

OVJ1agd. YMyMaH, 3JeMeHTJIapH COHH 71 Ta OVyarad TyIUVIaMHHHr Gapua
KHCMHE TVMIAMIapUA3IH TY3WIral TYILIAVHUHT 31eMEHT/apy COHH 2% ra
TeHT,

Arap Tyniam yekcu3 Gy.ca, YHHHC KHCMHH TYI.1aM/IapuiaH Ty34IraH
TYMJIAMHHAT 3JIEMEHT/IapH cOHU Gekuéc Kym GyJamy.

I-tabpud. Arap A tyniaM B TyniaMHHHT KMCMH, B Tymiam A
TYIJIAMHHAHT KMCMH OVsca, y xo14a A Ba B tynnavnap mene minaan-
Aap pe6 atanaju.

A Ba B rtyniamnap TeHr 3kangHrH A = B KaGu é3unajy.

Macasan, A Tynaam R n KYPHHHIUAArd COHJapiaH HGopar GYJ/ICHH,
byuga k=0, =1, £2, apiu A={a: a=kn, k=0, +1,
+2, ..}

B 1tynaam sca sin x = 0 Tedr;aMaHuHr euuMJIapHAaH HGOpaT GYJICHH,
AbHu B = {x: sin x = 0}. Arap sinx =0 TeHrjiaMaHHHr 6apya eYHMJIapH
x=kn, =0, =1, £2, +3,. dopMysa Gujiad EMWIHUMHHI XH-
cobra oiacak, A = B GyIHWHHY KYpamus.

2-tabpud. Arap myHmalt a€ A TommJcakd, a € B 6yica éku wyH-
Hait b€ B ronuncakd, b€A 6yiaca, y xonza A Ba B Tynaamnap men2
aMac NelHnand.

By xon A == B kabu €suiagu.

Macanan, ymoy A={2, 4, 6, 8}, B={l, 2, 3, 4} tynnamaap
TEHT 3Mac.

2. T¥nnamaap ycTHAa amaanaap. bus xyfuaa tyniammap ye-
THAA Garkapu/iafuraH aMa/iJiapHH KeJTHPAMH3.

3-tabpud. A Ba B Tynnammapuuar Gap-
ya 3jeMeHTapHiaH Tawkua TomraH C Tym-
naM A Ba B rtymnamnapHuHT durunducu 1e6
artajany.

A Ba B rtynnamnaphusr #Huruniacu C =
=AU B kabu Gearunanagu (3- umsma). Ma-
catai, A={2, 4, 6, 8}, B={l, 2, 3, 4},
E={2,4,6,8 },D={,3 57 }
Gyaca, yHAA y/JapHUHT HHFHHIMIADH KyHHna-
rM Tyniamiapgad ugopar GVaap: AU B =
3- uu3Ma. ={l, 2, 3, 4, 6, 8, EUD={1, 2, 3, 4,

3=N, AUE={2, 4, 6,8, ..}
IOkoprna kemupuarad 3- tabpubpgan:

AUA=A, AUB=B{A

Kenub 4YMKagd, wyHwHrgek, arap A < B 6yaca, yasa AU B = B 6yaa-
IH.
4-Tabpud. A ra B tinsamiapHuHr Gapya YMyMHA 3/1eMeHTIApUAAH
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Tawkua tonrad D 1Vyniam A Ba B Tynaam-
JADHUHT Kynadmaacu JeHuaagH.

A Ba B TVynnamnaapuudr kynaiitmacu D =
= A} B xabu Genrunasagu (4- yusma). Ma-
canau, A=1{2, 4, 6, 8}, B={l, 2, 3, 4}
6ynca, yqaapuudr kynaiitvacu A B = {2, 4}
TyIviam Synanu. Tynaampiap KynadTMacHHUHT
4- Tavpudunan GeBocHTa

AnA=A4, AnB=BnA

Kenub uukand, wyHHHraex, arap AcB 6yne
ca, yipa AN B = A 6ynanu.

Hkku tynaam kynafirmacu 6yin tymaaM, sy A(1B =@ 6yaca,
y xompa A Ba B tynmamnap kecwumabiduzasn mijnaamaap pedunang.
Macanay, E=1{2, 4,6, .}, F={l1, 3,5 7, .} Tymiamnap kecuw-
Maiiguran TVoaamaap 6yaand, yyHkd ENF =g,

Bus tynaamnapHuEr AMFMHIMCH Xamga xymaHTvacH TabpuduIapuHu
MKKM TynnaMra HicGartan KenatupaHk. Arap A, A4,, , A, Tynnamnap

Gepusirad 6y.ica, yJapHHHT HHFHHAHCH
AUA U .U A,

4- gH3Ma,

Xamaa KynaitMacy
A 1 ﬂ A2 ﬂ . n An

IOKOpHaardra Vxmwaur tabpudaadagy.

5-tabpud. A TVnaamuuHr B tyngaMra verduud 6ysnmarad Gapua
asneMenTsiapuaaH Tyswirad E tynnam A 1yniamaas B TYNnaMHUHT adup-
Macy pe6 arasapd.

A pan B uwur afiupmacn £ = A\B kabu GearunaHamd (5- uu3Ma)
Macanau, A = {1, 2, 3, 4, 5}, B=1{3, 6, 9, 12} 6yaca, ANB = {1, 2.
4, 5} Ba BNA={6, 9, 12} 6ynamu.

Arap A tynaam S 1ynaamuudar kucmu (i A < 8) 6yaca, ymdy
S\A aftupma A Tynaamuu S Tynmamra myadupyedu mgniam ped ara-
Jagu Ba C A xabu €3unanu:

C A=S8\4.

6-tanpud. A tVnnamuuHr B Tynnamra Ter#uutd Gyamarad Gapda
3neMenT/apuaaH Ba B tynaamvHuur A TynaaMra TeruiusH Gyamaran 6ap-

5- un3Ma.
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4a 3j1eMeHTJIApHAAH Ty3uarad tymyaaM A Ba B TYNJaMJIapHUHT cummem-
pux adupmacu ne6 aranamy. CummeTpuk aiiupma A A B katu Gears-
JgaHagu (6-uusma). Tabpudra xkypa

AAB = (A\B){J (B\A).

Macanan, arap A={l, 2, 3, 4, 5, 6}, B={4, 5, 6, 7, 8, 9} 6ynaca,
Yy xoaza 6y TYniaMaapHHAT CHUMMeTPHK alupmach

AAB={1,2 3,7, 8, 9

6ynann.

Hkkn A Ba B 1yn.1am Gepusrad Gy.icuH. Dupurum snemedatn A Tyn-
Jamra, MKKWHYH 37eMeHTH B Tyniamra Teruuwwiy G6yaraH TapTHONAaHraH
(a, b) wydrauKnapHH Kapaiauk:

a€A, bEB.

7-tabpuod. bapua (a, b) kypunuuigary XyQTJiHKIApIaH TY3HITaH
tymnam A Ba B TVynnammapuunr Jexapm kgnaimmacu pe6 atanaid.

Tynnamaapausr dekapt xynaditvach A X B Kabu GearujaHaju.
Onatpa A XA 1tyninam A® ne€ GedrusaaHand, sTbHH

AXA =A%
Macanan, A = {1, 2, 3}, B ={2, 4} 6yacua. By tynaavnapuuar [e-
KapT KynakTMacH KyHMjiaru

AxB={1, 2), (I, 4, 2,2, (2, 4, 3, 2), (3, 49}

Tynjgam Gynagu. YmymaH aiitranga, A XB = Bx A.

IOkopuna TynaavJjapHd Ba y.oap ycTuja Gakapsurad aMaj’apHd Tac-
BHDPJIAlI YYYH HUIATHATAH wWakaiaap Jidaep — Buen Ouaepammarapu neb
atanagu (1 — 6- yusmanap).

3. YHuBepcaa tynaaM. IOKopHaa KHPHTHITaH avajgap HXTH-
€pufi TYNAaMIap yuyH, TyNAaMJapHUHT TabuaTHra xed Kaujad apr
Ky#Macaad Tabpuaangn. AMmo GyHpaHt «yMyMuiiuk» ©Gab3aH KOHKpDeT
X0J/1J1apla MabHOHHHT HYKOHIIHTa OHG Kesrid XaM MymkuH. Macanan, A
Tynaam cudatuaa 2, 4, 6, 8, 10 connap tynnamunn: A = {2, 4, 6, 8, 10},
B tynnam cudatnna Kyéw cuctemacuaary caii€panap TVMIaMHHM O/icak,
YJIapHHHT HHFMHIMCH Ba KynaiiTMacH ¢opMasnp afiThia OJHHCa  XaM,
Mya#siH FadpHTaOHMHAIHKKA o6 KesulM paBwaH. DyHpaall MabHOCH3IHK
XONJIADHHH MCTHCHO KHJMW Y4YYH, OfaTaa Gapya amannap O6upop Y HH-
BepcaJ TynJjawm ge6 atanyBuM TYNJIAMHHHT KHCMHH TYIIam.JapH yc-
THIA Gaxapuiaau ne6 XucobaaHamd. By yHueepcan tymaam U éku Q
6ujad GenrunaHagd. MacasaH, IOKOpHAA KeJTHPH/TaH COHJHM MHCO/Iapaa
VHHBepcan Tynaam cudarrga satypasa comaap tinaamu U =N ={l, 2,
3, .} osmaMum MyMKHH. Diizep — Buen nuarpammanapu ydyH sca U
cudaTiaa TEKMCAMKHHHT HYKTaJapH TYNMJIaMH OJIHHHILH MYMKHH.

MaremaTHK asanM3 KypcH JaBOMHAQ@, acocaH, yHHBepcan TYmJaMm CH-
haTHaa XaKMKHHA coHaap TYmiaMH R (kapaur 2- 606, 4-§) xapanau.

4. Tynaamuu 6yVaax.aamw. bupop A Tyniam 6Gepuiran 6yamb,

A,, A, , A, T¥naaviap yHHHT KMcMuil TYnuamaap 6V.cHE: A,
cAk=1, 2, 3, , h).
10
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Arap {4,, 4,, A} KHCMHH Tyniam/aap cHCTeMAcH yYyH
1A U4U .UA =4

2 ANA, =0 (k=i k i=1, 2, 3, , 1)
wapraap Gaxapuica, {A;, A,, A} cuctema A ja 6yraxaaw Ga-
wapran éku A tyniam A, A,, , A, 1ynaawmiapra 6gaaxkeanean
mefrnauu.

Bupuuwit wapt A4,, A, , A, T¥nnavaap duenagucn A Tynnam

SYNMIIMHH, MKKUHYM ApT 3ca Oy TVMJIAMJIAPHHHT Xed OHP HKKHTAacH
¥3apo kecHlMacMrHHH Ouaaupagd. HMkkasa wapr Gupranukaa A pard
Xap Gup 37eMeHT OYnak/amiHuHr GuTTa Ba (bakaT GUTTA 3JIeMeHTHra Te-
THIGH OV IHILHHH TABMUHZHIH.

Babsau {A,, A4, , A} un A paru 6gaaxaaw, A; napund 3ca
O MAKAAUHUHE 2ACMERMAAPU JEHHIANH.

Taouuiiku, O6urra A Tynnawna TprIH 6ynakaaumsiap Gacapuiarat
6yuuM MyMKHH Ba Nap kaHmad {A4,, A,, , A} 6ynaknaw F (4)
HHHT KHCMILIHD.

Mucoaaap. 1. A={l, 2, 3, 4, 5, 6} Tynzam Gepunran 6o,
A ={l, 2}, A,=1{3, 4}, A, ={5 6} O6yucun, Parumonku, A,CA,
A <A, A=A 6ym{6

)AUAUA ={l, 2 3, 4,5, 6}=

2)4ﬂA—z A, N4, =2, AﬂA—Q
6Yuanu. [devak, Gepuaran A Tyn1aM Al. A, A, tynnavnapra Gysak-
JgaHraugup, ((A,, A4, A;) cuctema A Tymiamjark 6ynamamm{p)

2. A={l, 2, 3, 4,5 6} 6ym6, A, ={l}, 4,={2}, A;={3},
A, —{4} A; = {5}, As—{6} GYICHH. By xomga Xav {4, Az, A,,
AQ, A;, A;} cuctema yuyH I1oKopuaard 1° — 2°-epriap GaapHiagu
B4, neMmak, v A jard GyJakjawl 6V./agH.

2- §. AxcraHTHpHWINAD

|, AKCAaHTHPHII Ty VHYACH. AKCIaHTHDHII TYLIyHYacH Ma-
TeMATHKAHHHT aCOCHH 1YIIyHYaaapuaaH OMpH. AKC/JAHTHPHULIAD HA3apHA-
cHaa GHp TYNJAMHHHT 3/1eMeHT/IAPUHH HKKHHYH TYIJIAMHHHT 3JeMeHTJa-
pHra MoC KeNTHDHII KOHYHHS1JapH YPraHuJanH.

Wkkn E Ba F Tynnam Gepusrad OYJICHH.

8-tavpud. Arap F 1ynjampaH oaMHTaH Xap OUp X 3/eMeHTTa
(xCE) Ooupop Kouna €ku KOHyHra Kkypa F Tyniaampa OHTTa Y 3S/ieMeHT
{y €F) moc Kyiuaran 6yaca, y xoaga E tynaavuu F TynueMra akc-
Aaumuputy Gepuarad el atanajgH.

Akcaautupuiunap kynudua f xapbu opkanH GearunaHu6, KyHugaryua
&3unanu:

. t
f:E—~F éku x—-y.
E Ttynpam [ akcnaHTHPHLUHHHT auukAaruul coxacu el aranapu.
Mucoanap. 1.N={(l,2, n, .}, N’———[l,—%, ,—l,...}
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TyIiaMnap  Gepuarad 6yJIcHH.  Arap xap 6Mp  HaTypan  COH

fol
nra 1 COHHH Moc KVHcak: n—-s—, 6us f:N—> N' akcnantapuura
n n

1 "
ara 6ynamu3. Dabsan 6y MyHocaGat f(n) =— Kabu Xam &sunamy.
n

2. N Ba N' tynaamaap Gepuaran 6y;iu6, xap 6up n€ N conra —1;_' EN’
n
1
COHHH MOC KyHcak, s’BHH 1L —> - yHza ym6y g:N —N’, svuu g(n)=

= n% aKCJAHTHPUII XOCHJ GVJamy.
3. Xap 6up n€N coura N’ tymnamuusr | conuny Moc KyiHO (3BbHH
n—2u1)
@:N—->N’, apsn ¢(n) =1
aKC/IAHTUPHILTA KeJIaMH3.

7- uH3Ma,

4. Tyrpu Gypuakst ABC yubypuak GepuaraH Oy.scuH, E Tyniam
AC KaTeTHHHT HyKTajapHjaaH, F Tymjam 3ca TMMOTeHy3aHHHr HykTaJja-
puaaH ubopar Gyicuu. E TynaamMmEuur xap GHp x siementura F Tyn-
JAMHHHI Y O3JeMEHTHHH 7-a YM3Maja KYPCAaTHJATAHHIEK MOC Kyiu6,
f:E — F akcnawtupuiura, 6y TYNIaMJADHHHT 3J1€MeHTJIapH opacHza 7-6
YM3MaJa KypcaTHATaHHAEK MOCJHK VPHatHO, Gowka, g:£— F  akcnan-
THDHUIr2 9ra Gyaamus.

KeatHpunrad MucoiapiiaH GHD TYILIAM 3SJIEMEHTJAPHHH UKKMHYH
TYNaM 3jeMeHTJIapura akc/JanTHpHuuiap (£ — F) Typanya 6yauiwn MyM-
KHH S5KaHJUIHHH KYypaMH3.

E Ba F Tynjamnaapuusr 3Je-
MeHTJIAPHHH HyKTasap ne6 TacaBByp
- K6, f:E—F aKcJaHTHpHUIHH
8-un3Maga KypcaTHIraHHIeK reo-
MeTpuK Mgozanall MyMKHH, Maca-
- JI3H, IOKODHJA KEJATHPHITaH 3- MH-
cojmary @ (n) =1 axkcaaHTHpHII
8- un3Ma. O- yuaMaaruieK TACBHPJIAHAIH.
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9- yp3aMa,

Ywéy f:E —F akcnantupuum Gepuarad 6yiacuH. [ akcjaHTHpuLl €p-
gaMuaa £ TYNaaMHHHT x SJeMeHTHra MOC KeslraH f TYNJIaMHHHT Y 3Je-
MEeHTH X 3/eMeHTHHHT akcu (o6pasu) pe6 atanangd Ba Yy = f(x) Kabu
fenrnnaHagd. DHM F Tynnampa UXTHépuii y 3eMeHT osadnuk. £ Tym-
JAMHUMHT WyHAaH X 3/1eMeHTJApUHH Kapaf/MMKKH, VJIAPHHHT aKCJ/apH
Kapajaétran y ra TeHr Oyucud, ByHpa#i x€ E sjeMeHtiap y HHHT aQcAu
(npoobpasu) pe6 aranagu Ba 77" (y) kabu Genrunanamy, sbHEM ! W=
={x: x€E, f(x) =y}.

Arap AcCE 6yaca, A TynjnaM 3jieMeHTJIAPHHHHT aKcJjapuiaaH ubopar
{f (x); x€ A} TynmaM A tynmnamuudr F paru akcu ne6 atanagu Bay f(A)
Kabu Gearunavagd. Arap BCF 6yaca, B Tynuam 3sieveH:/apUHUHT acl-
aapupan uodopar {x: f(x) €B} tymnam B TynsamHuHr aciu ne6 artanaiy
Pay f_l (B) xabu 6enrunaHanu.

Mucoan N={1, 2, 3, , n, .}, M={—1, +1}, tynmam-
aap Ba f(n) = (— 1)" axciantupui Gepunran 6y/cud. Bymza, macanas,
5€N uuur akcd f(5) =—1 6yau6, M Tymmampa onuHrad | HMHr ac’H

aca f_l(l) ={2, 4, 6, 8, . .} ®ybT coHIap TYNnaMUnaH HOGOPATIHP.
N 1ynpavuusar kuemu 6yaran A = {3, 4} (ACN) TVmiaMHEHT  aKcH
fF(A)={—1, + 1} =M 6ynann. M Tymnamsusr KucMH GyaraH B =

= {— 1} {B&M} TynjamMHMHr acaM 3ca B ={, 3, 5, 7. }
6Vnanu.

l-Teopema. F Hune Kucmaapu 6jrean A 6a B mygnaamrap «y-
nalimmacunune acau Oy mynaamaap acArapunune Kynadmmacuea mede:

L AanB =" n i ®). (1.1)

HMc6or. (1.1) TeHrMKHUHT 1VFPUJMTHHE KYPCATHII YUyH yluby

FANBS AN F B sa [~ (AN 7 B (ANB)
MyHOcaGaTaapHu Hc6oTaail eTapIHAUp.
dapas KuIAlIMK, X 3/MeMeHT A (1 B) TYyn;jaMHHHT HXTHEPHH 3Jle-
MEHTH GYJICHH: fo"l (AN B). bynnan f(x)eANB xem6 unkamu. [e-
MaK, f(x)6EA Ba f(x)EB 6ynagu. Dumu f(x)€EA pam x€ F(A), wy-
uuHraek, f(x)€B pan x€f '(B) ra sramus. Hlynpaft xum6, x € )'_l (4),
x€F7'(B), nemak, x€ (AN 7 (B). Bus [ (A B) Tynaamzan ommn-

13
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—1 —1 .
raH xap 6up x anemedt | (A)N f~ (B) TYNJAMHHHT XaM 3JIeMEHTH
SKaHJMMHHE KVpcaTauk. Jlemak,

f“ An B)C An o). (1.2)

SHpH X squeHT - (A) nf (B) Tyl’IJIaMHHHI‘ Hx'mepm{ 3/71€MEHTH
6YICHH; fo" (4) ﬂf" (B). ¥ xoana x€f (A) Ba x€f (B) 6ynanu.
DBynpan sca, f(x)€EA, f(x)EB ra sra Gyaamms. [emax, f(x)€CANB
6y16, Hamma)la x€f” (A (1B) SKaHMUTHHH AHMKJIAAMHS. I_IJyHnaH KH-
JuG, f' “@n f" (B) Tyn,naMHHHT HXTHEpUE X 37eMeHTH [~ (A NB) Tyn-
JIAMHHHT XaM 3jeMeHTH GYnaau. By sca

T ant By=AnB) (1.3)

skanund araatagu. (1.2) Ba (1.3) myHoca6arnapmad (1.1) TeHr/mK Ke-
6 yukanu. TeopeMma uc6ot 6YJanmH.
Kyimparn Teopemanap xyand mIyHra yximiam uc60T KH/IHHAIH.
2-teopema. F Hune xucmaapu b6yrcan A éa B myniamaap durun-
Oucunune acay 6y myniamaap acirapurun2 UurunOucuza mene:

T AUB) =" (AU B (1.4)
3-teopema. E nune xucmaapu 6ijrean A ea B mynaamaap durun-
Qucurune axcu 6y mynaamaap axciapu turunducuzsa mede:

F(AUB) = (AU [(B). (1.5)
2. AKCTaHTHDHIWIHHHT Typaapu. Ymby
f:E—F
akcaanTupuml Gepuarad 6ymm6, f(E) sca £ TYNAAMHHHT akcH GYJICUH:
f(E)y={f(x): x€E}.
PaBumanxu, xap kaHpgail axcnantapuwr yuyH [(E) < F MyHoca6ar
VPHHJIH,
9-tabvpud. Arap f:E —F arcnanmapuga f(E) s F Gyaca, Gys-
mail akciantupHl £ TynaamMEM FOHUHT uqu2a akcaaumupuur ne6  ata-
JajH,
Mucon N={l, 2,3, .}, N'={l, ;T’ %, } TY/1aMaap
Gepuarad 6yaub, f:N— N’ akcaantpum sca n — 3—1 (éxn f(n)= 3—1—)
n n

KypuHuLIa Gepunran 6ysacuH. Dy akcaantupumiga N TyniaMHHHT akcH
1 11 . .
F(N) = 5= 1, 2, ] = {—3 o } Tynnamaad uéopat 6y-
n
Ju6, f(N) = N’ 6ynagu. demak, [ akCIaHTHPHUII HYHTa aKCJAHTHPHLIIHD.
1- 6anmna xentupuarad 2, 3- MMcoJiapjard Ba 7-06 YH3Majard axcjaH-
THPHILLIAD XaM WYWTa akcJaHTHpuuiap GyJamy.
Huura axcnautvpuimsn  10-uyuamagard kabH IeOMeTPHK TacBHPJIALI
MYMKHH.
10-ta®wpud. Arap f:E— F agcnautdpuuwima f(E) = F 6ynca, GyH-

14
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gaft akchantupull E TYNIaMHH
F uuHr ycmuea axkciahmupui ‘.
Aeb atajgajM.

Yetura akcaaHTHPUIIEY 6ab-
33H CIOPBEKMUE AKCAGHMUPULL

Aelnaany. i‘
Mucona. E TynaaMm Tekuc-

Jukgarn (@, b), a=0, £ [;
b=0, =1 HyxralapaaH udo-
pat: E={(a, b):a=0, = |;
b=0, =1}, F tynaam sca 0, 1, 2 connapaan utopatr: F ={0, 1, 2}.
E tynaamHuBr xap 6up (@, b) sneMmeHTHHH ywly

10~ yn3ma.

(@, b)—L-a? + p?

®ounara xypa F TYNJaMHMHT 3JeMeHT/Japura akC STTHPYBYM [ akcJaH-
THPHUIHE KapalliMK. By akc/JaHTHpuiI CIOPBEKTHB aKCJIAHTHpHULI GYJamd.
Yyuku f(E) ={0, I, 2} = F Ulynuurgek, assaaru GaHana KeJTHPHATaH
1- MucosTary Ba 7-a YM3Majard aKCJIAHTHPHIWIAD VCTHrA AKCJAHTHPHLI-
ra MHCON GYJalu.

ll-1abvpud. Arap f:E —F akcaautpuii E TYMIAMHHHT Typ.aHd
3feMeHT/apURY £ TYNJaMHHHT TYpPAM 3JEeMEHTJIApMIa ake 3TTHpca, |
UHTBEKMUS aKCAGHmMuUpUWL e aTafaii.

Okopuaa [-Ganana kesmupunrad 1 Ba 2- MHcOMIapia Kapajrad

| 1 -
f(n)=— Ba g(n) = — aKC/JAHTHDHILIAP HHDBEKTHB aKCIAHTHpUUI GY-
n n

au6, 2-§ jgaru 3-vmcoaga ¢ (n) == | axcJaHTHpUUI 3ca HHBEKTHB 6YJ1-
Many.

12-tabpud. Arap [:F-—F akcnauwtHpuil YyCTHra AaxCAaHTHPHI
6ynica B2 uxtHépud y € F azement E Tynnampary SroHa 3/IeMEHTHHHT
akcu GY.ca, [ akCIaHTUDPHIL g3gpo 6up Kuamamau MOcAUK 1e6 ataja-
I,
¥3apo Gup KuiiMaTam MOCJIMK Gab3aH GUeKmue AKCAQHMUPUUL fefi-
AapH.

Miucoun. Pagnycnapet ry Ba ry(r, < r,) 6y;raH KOHUEHTPHK aHsiaHa-
snap Gepuairad. E Tynnam r, pagMyciu aéisiiaHa HykTanapuiad, FoTymiam
3ca r, pajuycsay ainana HyKramapuiaH uGopar GysicuH. MapkasnaH yuk-
KaH Xap OHp HYp 7, pajuycau alnaHauu x HYKTaja, 7, pajgMycny afja-
HaHM Y HyKTajga Kecu6 ytaan. Xap 6up x€E ra y € F Hu Moc Kysmua.
Hammwxkapa E TYniamMHHHT 3neMeHTIapuHd F Tym-

JAMHHHE 3JeMeHTJIapura akc STTHPYBYM [ akcJaH-

F

THPHIUHH XOCHJ Kujamu3. DBy akcpawtupuumi, pas-
1NaHKK, GHEKTHB akcjaHTHpuuw Gyaamu (11- uuama).
1

|- Gaunnary 1- muconga Gepuaran f(n) = —
n

n€N aKcHaHTHPHUI XaM GHEKTHB aKCJIAHTHPHLLILUP.

3. Teckapu akcnanTupHui. Bus rokopuaa

f:E—F akcnauTHpUII BA YHHHI TYPJIapuHH Kapab

ytauk. Mabaymku, f:E —F akciantupuiiga E 11- yHama,

15
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TYIJIAMHHHT Xap OMp X 3JeMeHTHra Gupop Kouzara kypa F Tyniam-
HHHT OHTIA Y 3JeMeHTH Moc Kyiuaap sgu. Suau f:E— F akcaan-
THpHW Gepusran Xosnga F TYNJaMHHHr xap 6Mp aaeMentHnn £ Tyn-
JIAMHHEI OUTTA SMEMEHTHIZ aKC STTHPYBYH aKCJIAHTHPHUIHM KapaiiMH3.
f:E—F akcnaHTHpHl OHEKTHB, STBHH Yy3apo GMp KHAMATIM MOCJHK
6V.1cHH.

13-taspud. F tynaamHuur xap Gup y snaemeHTura E TYnjaamruer
6HTTa X 3MEMEHTHHH MOC KVSIIMraH Ba

g)=g()=x
MyHocabar 6unaH anukjaHajdras g:F — E akcaantupuw f:E — F akc
JIZHTHpHIIra HHCGATaH TecKapH aKCJAAHTHDHII [1e6 arajagy. [ akc/anTH-
pUILIra HHCGATAaH TeCKApH aKCJAHTHPHWI [~ KaGH GesrHjanany (12-a, 6
YH3MA).

12- ynama.

Mucoa. N={i, 2, 3, . n, .}, Ny={l, —2, 3, —4,
(—1D*"'n, )} 1ynnamnap Gepuaran 6yau6, f:N-—>N, akcaautu-
pum 72— (— 1)”"" n Kypuramga GyacuH. Dy akcnanTpHil GHeKTHB
aKCJIAHTHPHLIAMD. YHra TeckapH Gy.raH f"l :N,—N agcrantHpuwn ymby
(—D"*n>n kypusHiga 6ynaau. lynusraex, 1-GangHauur 1- Mucosu-

- ! o
Aard aKkCJaHTHPHIL TeCKAapH akcJaHTHpHra sra 6yaub, y — -—»2 Kypu-
n

Huwga 6ynamu. Mlyupaié kuau6, f:E-— F akcnantpumira Huc6artaH Tec-
Kapy axkcJaHTHPHI MaBXKya OVJHIIM YYYH:

1) f:E— F akcijaHTHpHIN CIODBEKTHB aKCJIAHTHPHUI GV .Huns,

2) F tynsampan oaMHraH xap GHp Y 3JeMEHTHHHr £ Tymiamaaru

acn | () =f" (f (x)) = x sArona GYJMIM Kepak.

3- §. Tynaamaapuu TakkocJall

Onarga, xynuHYa TYpaH TYMJIaMJapHI Takkocawra, ABHH yJapHu
3MeMEHTJIADUHHHT MHKAOPH GYHHYa COJHIUTHpHITA TYFDH KeJiaiH.

Arap A ea B »nap yeksu Tyniamaap 6y.ca, y Xo/dza YJapHHHT 37e-
MeHTJIapuuH GeBocHTa caHail GHJaH 3JeMeHTJsIap COHM OHp- Gupura TeHr-
JIUTHHK €kd A TYNJAMHHHT 3/IeMeHTJIapH COHH B TYNIaMHHEr 3jeMeHT-
JIApH COHMTAH K¥N €KH KaM 3KaHUHH aHUKJIall MYMKHH.

Arap A Ba B rtynnamnap uekcu3 Tymiamnap Gyica, ysia Oy Tym-
JIaMJIapHHHT 3JIEMEHT.IAPMHM, DABHIAHKH, CaHall HYJM GHJaH TakkKocJab
6yamaitnd. AMMO 6y TYNJaMJIapHH VJIapHHHI JeMeHTIapHHH Gup- GHpH-
ra Moc KyHHIWI AYJH OHJAAH TakKocJall MyMKHH.

16
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14-tavpud. Arap A Ba B rtynaau
3eMeHTJIapH OpacHas y3apo Gup KHil-
MaTJM MOCJHK YPHaTHII MYyMKuH 6Y.ca,
ynap Gup- GHpHTA 3JKGUEAAEHm mynaaMm-
Aap 1e6 arananM.

Skeusanent A Ba B Tynnamuiap

A~B

Kabu GenrujanapgH.

Macanan, Tyrpu Gypuakms ABC yu-
6ypyak (A ABC) Gepuaran  6yacun 13- un3ma.
(13-un3ma). By y46ypYakHHHT IHINOTeHY-
sach AB uunr HykranapuaaH u6opar tymiameH F pe6, AC KarteThu
TALIKH/A 3TraR HyKrasap TynaaMudu 3ca £ peb osadymk. by £ Ba F
TYNIaMIAPHEHT 3JeMeHTapH opacuia y3apo GHD KMHMAT/IH MOCTHK Vp-
HaTHIl MyMKHH. £ TyInaMpa oaunraH xap 6up f HykTara wy HYKTagaH
AC ra Tymmpuirau mNepneHAHKYJSPHHHT acocH o HH MOC KVAMH3 Ba
akcunya, By aca E Ba F TynoaM sneMeHTJIapH OpacHpaa ys3apo 6up Kwuil-

MaT.H MOCJMK MaBXKyJ SKauJurHHM Kypcaragu. [lemak, Tanpudra Ou-
Hoad, E ~ F 3Kkan.

Iyunnraex,
A{123456}3{246810]2}N_{123 w3
N =:1, 3' 3, " -;, Tynaamaap Gepunran 6yaca, ysaa A~B

Ba N ~ N’ 3KkaHHHH Kypamus.

OkBHBAJIEHTAHK TYIUYHYACH TYNJaMaapHH cHHOJApra ampaTHill HM-
KOHHHH OepajH.

Macanan, 6usra Ry#ugard 1yniamaap Gepunral GyJicHH:

—{2 4, 6,8, 10,12}, B={1, 2}, C= {10, 11}, D={1,3,5,7,9, 11},
= {1}. By Tynnamaap opacuga A Ba TynnaM:rap, B pa C Tt{nmuam-
nap skpuBajedT: A~D, B~C. bynna A Ba D T1ynjamaap O6urra 6
371eMEHTIH TynIamaap cundura xupea, Bm C Tynamiap sca_Goluka
2 3aeMeHTH Tymaamaap cuudura xupams. Ammo E tymaam A, B, C, D
TYNJIaMJIAPHHHT GHPOHTACHTZ Xam SKBHBANIEHT 3Mac. Y Gup 3/eMeHT H
TYNJAMHH TaWKHI 3TamH.
Harypan conxnap 1ynmnamMd N Gepunrad 6yncun. By 1ynnamra 3kBH-
BafieHT GYJTaH TYIJIaMJapra MHCOJGap KeJTHPAHJIHK:

N = {1, ~]—. —I-, . l, .}. n~— l;
2 3 n n
N = {21 4, 6, 8! . 2n, -}, n<—2n;
N’”:{l, 3: 51 7, 2”“‘], .}, n*—-’?n—l

Ba X. K.

15-tabpud. Harypan connap rtynnamu N ra 3xBusaneHT Gysran
Xap kaHjgafl TYNJaMm caHoKAu mgnaam peb aranapy.

Harypan eonnap Timnamu N ra skrupaneHT Gysran 6apda Tynaam-
Nap CaHOKAU MUNARMAGE: GRHEWH AU STFAH.
22651 17
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Kyiugary ukgkn N ={1, 2,3, ., n, L N"={2,4,6, ., 2n,

.} Tynaam Gepusiran 6yuacud. Bynaa NN skannurd pasuwas, Ammo
foxopuaa N ~ N” skauauraHu Tabkugitarad sguk.  Jemak, N <N,
N'~N

TynaaMHUHT KHCMH V3ura SKBHBAJIEHT OVouumt GaxaT YekCH3 TYh-
JiamJ/Iipraruea  Xocaup.

bus roxopuza MHCOJI TapHKAacHAAa KeJTHpraH TYNJaM/JIAPUMH3 acocaH
YeKJH TYnamsap kd CaHOKAM Tynaamsiap 3au. TaGuuikH, yexcus, aumo
CaHOK/Y GysM2rad Tynaavsap GOpMH? — feraH caBoJ TyFuiagd. byHna#t
TYNaam/Iap MaBxya. Yaap OuiaaH KeHHHPOK TaHHuwiMu3 (3- 606, 8- § HuHr
3- Ganadra Kapasr).

OKBHBAEHT TYIIAMAAD CHHQUHUHT MHUKIOPHI XapaKTepHCTHKACH CH-
datHga TYNNAMHHHT KyBBaTH TYIDyHYacH KUpHTWaaad. Yeksau tymmaam-
JIap Y4yH KyBBaT TYIJIaM 3/eMEHTJIADHHHHT COHHaH HGopaTaup.

4-§. MaremaTtuk Gearnaap

Tynnam TywyHuacu GuIaH TaHumuuza Gu3 Gab3d OHP MaTeMartuk
BesiruIapHH WULIATAMK. MacanaH, «A TYNJaMHHHT 3jeMeHTH a» €KH «a
aneMeHT A TynnaMra Termiim» Jeduarasia ac A ne6 TErHUWINIMK G-
THCH «E» HM Huwiatauk. HyHuHrOex, «» €ku «>D» Gearn Oup Tymiam
HKKHHYH TYIIAMHUHT KHCMH OYJITaHHAA KV TJIAHUATAH 3.

Maremarikana 6an3n Xoasapaa €3yBHH KHCKApTHPHII Makcaguia Tes-
Te3 yupaHauraH cy3 Ba cy3 OHpHKMaJapH YpHHra Maxcyc Oesrujap Hul-
JIaTHIau.

«Arap 6Vaca, y xonna GVaanu» HOOpaCH «=>» — UMILIHKA-
uya Ge/IrHCH OpPKAIH €3uJanu.

Macaaan, A, B Ba C tymnavaap Gepuarad 6Y.icuu. «Arzp A < B,
B« C 6yaca, y xonna A < C 6ynaiu» udopacHHd Kyiiuaardya ucdopa-
Jlall MYMKHH!

AcB, BcC=AcB.

Hxxu 3KBUBAEHT TACAMKJAD 3KBUBAJEHTIHK OEITHCH «<>» OpKAId
8aunaau. Macanas,

(ANB)U(BN\NA) =2 «(AUBNANB) =o.
«Xap KaHpai», «uxTUepuily, «Gapuacd YUyH» Cy3lapH YpHUTa «¥»
ymymudiux Kéanmopu Gearucuaad ¢oHaanaHuAanH.

«MaBXyaKH», «1OMUJIAJHKH» CY31apu YpHHra «J» MaHYOAUK KBAH-
mopu GearucH wwiaTHiaanu. Macasad:

1) «MxTuépuit n XaMaa m Halypan COHnAp HMFUHAMCH SHA HaTypan
COR Gyniamu» HOGOpaHU

¥ neN, ¥y meN=(n+meEN

Kabu 63uI MyMKHH.
2) «Mkkn A Ba B Ttyniamaap kynadtdmacd Oyin smac» peras uoo-

paHu
ANB+ @ éku TJa: a€A, a€B

18
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Kaby nbopasaill MyMKHH.
Hlynpait ka6, €, €, <, =, <, ¥, J maremMaTuk Ge.ru1apuu
Kypu6 yTamk. Bus ynapnan KyJa# Kenrasja, ¢oinanannt 6opamua.
MareMaTiK GesirMNAPHMAT MILIATHIMII MaSMyHHHM KyJalauk ydyH
KyBBara xaasanga HpopanaiMus:

. MaTemaTik MaTteMaTHK GCATHITAPHHUIT RILAATHIHIL

Ne Genrunap MaaMyHH

1 € TerHWAINIHK 6GeJdrHCH, @31eMEHT A TYNIAMHHED
saeMeHTH 6Va1c3, a € A Kabu é3utany.

2 € TeTHIIAH 3MacCIHK 6eJarHCH. b snement B TVn-
JlaMHHHT 37eMenTH 6yJMaca, b € B xa6u upora.ianain.

3 (o KHCM GedrucHd. A Tinaam B TYmIaMHHHC KHCMH 61
ca, v AC B xabn ésmnaiu.

4 ¥ YMYMUHJIHK KBaHTODH 6eT HCH. «Xap KaHiahy,

«HXTHEDH#», «GapyYacH yuyH» CY3JapH Ba cy3 GHpHKMAalapH
VpHMIa HIIATHAAIH.

MaBXYINHK KBaHTOpPH 6e.arucH. «<MaBxyaknr,
«TOMHAAAHKH> VPBK1A HILLIATHIAIH.

Yl <==

6 = IMIOJAHKauns GeArucu. <Arap. 6yaca, y xon-
Ka 6y1anu» Hbopacu VpHHMINA HILTATHNALH.
‘ SKBHBaAaJeHTJHK OeATrHCH.
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22505
XAKHKHA COHJIAP

Con TymyHuacH y30K YTMMIIAH MabayM. Oamnap casai TaKo3ocH
6unay gactinab 1, 2, 3, . -—Harypan coHJapHM KyJasaHraumap. CVwr-
pa MaH(ui COH, DALMOHAJ COH BAa, HHXOAT, XaKHKHH COH TYyIIYHYa.J1apH
KHDHTHATAH Ba ypraHdsrad. Anfarra, 6y TywyHY2jap KHTOGXOHra Ypra
MakTab MaTeMatWka Kypcaad MabsayM. LIyvHMHT yYyH xam Ky#inza (uy
6o0uuHr 1-, 2- § sapuaa) HaTypas COHJIAP, GYTYH COHJAp, PALMOHAJ COH-
Jap TYMJIAMJIADUHUHT 3HI MyXHM XOCCa/JapH KHCKaruHa 6aéH 3TH/raH.
XaKUKHHA COH TyIUyH4acHra Ke/ITaHiA IHYHH AHTHII KePAKKH, YHHHI KH-
PUTH/IHIIM MaTeMaTHK aHaJH3 yYyH KaHOATJaHap,id napaxkaga smac. Ily
ca6abra Kypa Kyiuaa (wy GOGHHHr 3—5-§ Japula) XaKUKHE COH TYLIYH-
Yacuny JlemekuHp OYyHHYY KUPHTAMH3 Ba XaKMKHH COHJIAD T MJIAMHHHHT
XoccanapuHe Garadcui YpraHamus.

1-§. Harypan connap. ByryH Connap

I. Hatrypaa conmap. Mabaymku, N ={l, 2,3, .} —6apua
HATYpas COMJIap TymjaMuud udonanaidad. By TYNaaMAaH OJIMHTaH HXTH-
€pHit HATypas n, m Ba p COHJAD y4yH KYHHIArH UKKH TACAMKHHHT ¥DHH-
JIH 3KAHH DABIUAH:

1) n=m, n>m, n <m myHocabariiapgad GurTacH Ba ¢axar GHT-
TACH YPHHJH,

2) n<m, m< p TEHICH3JIHKJIAPDAAH N << p TEHTCH3IHKHHUHI YPHHIH
SKaHH KejHO YUKAIM.

Arap 6upop £ 1yNIIAMHHHT 3JIEMEHTIAPY YUYyH IOKOPHAA KeJTHPHI-
rad 1) Ba 2) MyHoca6araap (tacaukaap) ypuau 6yaca, E tynnav map-
mubaanean mynaram petiniagd. Harypan conmap TV nuamu raprubianrad
TYM1amMra JacTJatke MHcoq 6V.a ofaid.

Arap E rapruSnadra TyniaM Gy.MS, yHAa IIyHAaH x, 3JeMeHT
MaBKyl OVicaka, ¥ x€E viyH x =X, €K1 x > X, (x < x,) 6ynaca, x,
E wuur sHr xuuMk (Hr KaTTa) sgeMentH pefiunamu. Taptubaasrasn Tym-
JlaM3a SHI KHYMK (SHT KATTa) 3JeMeHT MapBky OyauulM xaM, 6ymvac-
JIHTH XaM MYMKHH.

Harypan counap Tynaavu 3;eMeHT/JIapHHH ¥3apo TaKkocsab, 6y 1yn-
JlaM 3jIeMEHTJIApH OpacHid SHM KMYUK S7IeMeHT MaBXyJJHrHHA Ba Yy |
COHH 3gadyuruuy Tonmamud. Amvo N Tyniam sjeMeHTsiapy opacia S3HF
KaTTa 31eMeHT HyK. XAkHkatad, Xxap 6up n€ N yuyn saHa N ra
Teruuu n -1 cod ronuaagu.

MabayMkH, Hatypanm cOHaap TymiamMu N 12 HKKHTA amas KYIHil
(n +m) Ba kynaiirupus (n-rm) aviaanapuy KHPUTHJIAAM Ba yJjap Ky#uaa-
rd Xoccajapra sra GyjaanH.

I° KoMMyTaTUBAUK: n+m=m-+n, n-m=m-n.

2°, Acconuartusauk (n+m-+p=n-+@m+p, (n-mp=
=n (m-p).

3° Huctpu6yTuUBAHK (n+m)p=n-p+mp.

20
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4° N tynaampa wyHpait k saemeHT Copky, k-n =n-k = n 6Taamm.
By aaement k=1 pmup.

Kynruna macasnanapHd HaTypaJ COHJap TyNJaMHia Xan KUHG Oya-
maiign. Macanan, Kyiuaarn copza

x+2=1 2.1)

TeHrJamMa HaTypas COHJap TVMjaMHAa eyuMra 3ra 3Mac, SbHH LY TeRr-
JaMaHH KAHOATJAHTHPAIHraH HaTypas cOH MaBxyh smac. By xoa mary-
pan COHJap TYNJaMHHH KeHTaHTHDHUIUHHM TaK030 STajH.

2. ByTyd connap. bapua MauduH HaTypasl COHJap, HOJL COHH
Ba Gapya HATypaJ COHJIapAaR HGopaT TymjaM GYTVH COHMAp TVTJIaMHHK
TamKdd STaid Ba Yy ojaria Z xapdu GunaH Genrusanany:

Z=A{. -n, .,—3,—2,—1,0,1,2,3, .,n .}

Pasuanku, N < Z.

ByTyn connap Tynnamu HaTypan COHJap Tymaam# KaGH TapTHOIaH-
rai Tynjam 6yaann. ByTyH coHmap TYNJiamMHMia SHT KHYMK 3/1eMEHT XaMm,
SHT KaTTa 3JieMeHT XaM MaBxya GVamadaun. DByTyH connap Tinaammpa

KVIUHIU, KYNafTHPHIL aMajjapH GHJaH OMp Kartopia afiHpH aMauu
( p—q) XaM KHPHTHJIAZH Ba Oy avannapra HucGataH 1-Gangnarn 1°, 2°,

, 4°- Xoccasap GMIaH OGHpra siHa KVHHAarH XOcca1ap XaM YpUH.IHIMP:

5° W Q€ Z 3neMeHT yuYyH Z TyMJamMza WIyHAad 3JeMeHT — ¢ Mag-
KVIKH, ¢+ (—g) =0 6yaamu.

6° % g€Z snemeHr yuyH ¢+ 0 =0 g =g 6Vynanu.

7° ¥ g€Z 3nement yuyH ¢-0=0.-¢g=0 6)“/51311}{

Z r1ynnam 3/IeMEHT/IADH YYYH KHDHTWITaH KWW Ba KynaiiTnpui
amaanapy N TymaaM 37eMeHTAapH yYYH KHDHTHJATAH WY aMasnJapHHHT
Z ra mapxamuauiudup.

tOKkopuaaru (2. 1) TeHrJiaMa OyTYH COH.1ap TVIII2aMHIa euHMra sra,
Hatypan ¢onnap Tyrma\m N 6YTYH cOHaap TYIIaMH Z Taya KeHraiTi-
puaca- aa, 6y Z Tymramja xaM KYNrHHa macanasap edd/asepvainu. Ma-
casnad, ymby copza

2x+5=0 2.2)
TeHrnamMa GYTyH cOHJap TYyMJaMHia edyuMra sra smac. By Xo.1, 1oKopu-

JaruzeK, GYTYH COHJIAP TYNJAMHHH XaM KeHralTHpHIN 3apypJaurHHH Kyp-
caraju.

2-§. PauMonan coHaap Tymaamn Ba
YHHHI XocCanapy

1. Pauunonan conaap. Y6y kuckapmaiguran r =2, p€Z,
n

nEN Kacp KypHHHIUHAA TacBHp.1aHAJHIaH Xap 6Mp COH payuoHa: COH
nefuiagy. Bapua pauonan consap TymiaMuHu Q ne6 GenrunaiMus.
IOkopuaarn p Ba n coHaapuuhr 1| pad Gomka ymyMmuil 6ysyBuMnapu

- v

Aykmaruin (p, n) = | Genrn Gunan ndoganaiimus. Ilynpaii xuu6,
Q={r: r=2,(p,m) =1, pez, neN}.
21
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Paunonas COHIapHHHT IOKOPHAA KeNTHPH/raH TabpUbH KYHHEArH Tab-
pudra 3KBHBAMEHT: YeKCH3 AABPHH YHIM KaCp KYPHHHUIMAA TacBépJiaHa-
AMraH Xap OMP COH payuoHas COH [eHUNAfH.

PasiaHky,

NczZ<Q.

Hlyss TabKHAJAL JIO3HMKH, TYILIAMIATH OHP XHJ 3JEeMEHTap YHHHL
SuTTa S7MeMeHTH cubaTHAa OJMHraHMAeK, Q TVmiamma Xam Gup- Gupira

TeHr GyaraH paluHMOHas COHJap GMTTa 3/MeMeHT el kapasnagd. Macanax,

2 4 8 16 .
3" %' T2’ 5y PauMoHa® coHnap ouTTa 5 1@ TeHr Gyarad pauHoHa

COH e ogMHafH.

Pausonan consap tynaamu Q xaMm G6yTyH COHAp TymnaMmu Kabu Tap-
TrOaaHrad. PauMoHWT COHap TyMAaMuia 3Hr KHYHK 3/1eMeHT Xam, 3HT
KaTla 3jeMEHT XaM Mapxya OVimaiy.

Paunosaa connap Tynsavuma Kymmw, KynadTHpdi, afMpuil amaj-
JapH Ousian GHp katopna GY.Mm aMaad (HOArd TeHr Gy/maradn CoHra)

(—%) XaM KupWTHJIagM Ba fiy avasiapra HucGataH ymby xoccasap ypu-
e
mupup (6y Xoccanapaa r, ¢ Ba § Jap HXTHEDHI paUMOHAM COHJIAp):

1° KomMmMmyTatupauk: r-+t=">t+r, rt=tr

2° AccounatuBauk (r+0—+—s=r+{E+s), (r-t)ys=r(s).

3> HOucTpubyTHUBAMK: (r 48 s=r-s-+t-s.

4 Hoav conunuur xycy cuatu: r+0=r, r-0=0.

5° BHD COHHHMHL XyCYyCHATH: r-1=r

6° KapaMa-Kapmu >/eMeHTHHHT MaBXyAJurH ¥ req
yuyH wyHjgai —r €Q con MaBkyaxu, r -+ (—r) =0 6yragH.

7° TeckapH 3JeMeHTHUHT MaBXYAJUTH: ¥ rEQ (r+0)
yuayH wmyHRai r1€Q coH MaBKydkd, r-r =1 Gynamd.

8 WreQ, ¥teQ, ¥ s€Q cownap yuyw r >t Oyarauga r—+
+s>¢+s.

9° wreQ, ¥1€Q, ¥ s€Q (s> 0) counap yuyH r >t Gyarauja
r-s>>t-s oyjagu.

10° Hxrtuépuit kKM Mycar r Ba { palHOHa/] COH/Ap y4YYH LIVH-
Jall HaTypaa COH n MaBKyAkH, n-r >¢ Gyaagd. By xocca omaraa Ap-
xumed axcuomacu 7e6 XaMm IOpPUTHJAIH.

2. PaudoHaa coHmap TYnnaMHHHHT 3u4auru. By Oanzg-
/@ PAUMOHANM COHJADP 1VIVIaMH Q HUHr TApTHOMAHTAHJHK XOCCACH OH/IaH
GOFMK OV/raH siHa OMP XOCCACHHH KapaiMu3. ‘

®dapas gKuaaitHk, r€Q, t€Q Ba r <{¢ 6Vacud. Y oaaa r—Q—EQ

- ¢ N
Bar< —r?— < !. by 3ca uxtuépuii r Ba ! pauUMOHaJI COH/Iap OPacHId
r4-t

z o r 'T‘ ¢
pauPIOHa:I COH Oop 3KAaHJIHUTHHA KpraTa,IlH. T COHHH § 6uaH
a8

i

N r-+s
Genru1al, r Ba S COHJIAP OpacHAa »KOHJAIraH 5 xamja s sa t opa-
s+ {

TUAA JKOflalras palMoHan COHsap GOPJMIHHH KYPAMH3:
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— g -
relmS o rmt ST 4
2 2 2

By apaénuu McTanaraHda JaBoM STTHpHW HVau GuiaH uxTHépHil 7 Ba ¢
palliOHas COHJAp OpacHAa YeKCH3 KVYN Pal{OHal COHJap GODJMIH aHMK-
Janaid. Mana wy Xocca palMOHA COHJIap TYn.1amu Q HMHT 3udauKk xoc-
cacu nediunan.

3. PauvoHaa coHa¥ 4YerapaJjaHradu Ba YerapaJjaHMa-
rai TynaaMmaap. A pauMoHasn COHJapAaH TysuiaraH GHpOp TiTIam
6y JICHH.

l-tabpn¢. Arap wyHzali paumoHai r cod (s coH) Maexkya 6V.I-
caxe, ¥ a€A yuyd a<<r (a =) 6ynca, A Tiniam roxopudan (xyiu-
Oan) ueeaparanean ne6 arajianu, r pauHoHas COH (s palUHOHAT COH) 3Ca
A 1innamHuHr roxopu (Kytiu) 4eeapacu KeAnnaii.

Macanan, 4 = o —41—, 3 } TYynaaM IOKOPHIAH 4erapanaHra,
YyyHKH Oy TYMIaMHHHT Xap 6Mp 3aemedtn | gau xmumk. N = {l, 2, 3,

.} Tynnam kyfinpaH yerapanaHrad, YyHKH 6y TYIJIAMHHHT xap Owp
sjeMeHTH 0 naH Karta.

2-tavpud. Arap A TVnaaM xaM IOKOpHIaH, XaM KYHMJaH yerapa-
Jadrad 6yJsca, y weeapasrarear pe6 atajaid.

Macanan, A ———{%, 5’ —%, } TYNMaM uYerapajanral, 4yHkH 6y
TYMIAMHHHT Xap Gup saeveHTH 0 naH kartTa, | 1aH KHMUHK.

Afiraiink, A Tynmam (A < Q) iokopuzaH (KyHHAaH) yerapasaHraH
6yacHH. Y Xoana, paBiiaHkH, Gy TYNJIavHHHT OKOPH (KyiiW) uerapanmapu
YyeKcH3 Kyn G6Vjaau.

Muconaap. 1. Ywdy

A={rire@Q r<l}

TYIJaMHH Kapahauk. Dy TYNJaMHHHT I0KOpH1aH yerapajiaHraH.Iury pas-
1aH. YHHHT JOKODH YerapasapuiaH MOopaT TyI.iaMm

B={r:reQ; r=1

6y1anu. B TynaaM 3JeMeHTJIapH opacuia SHI KMYMIH Mamky Ba y 1 ra
TeHr.

2. Bapya manduil paluoHan CcoOHJap, HOJIb COHH BA KBajpatd 2 pad
KHYHK GyaraH MycGaT pauMOHAJ COHJjapaH HGopat TYmiaaMuu A 1eiiniuk:

A={rreQ, r<0}U{r:r€eQ, r>0, <2}

By tynnam ioxopujas uerapasadrad. Keagpatn 2 1aH kartTa 6y.iraH Xap
Gup MycGar pauuoHan coH A TYIiaMHMHT fOKOpH derapacu 6Vaanu. le-
MaK, A HHHT 10KOpH derapasiapuiaH uGopar TVIiaMm

B={rreQ r>0 rr>2}

6yaaau* DBy B Tynaam sjeMeHTJapH opacHaa 3HI KHYHMK COH MaBKyJ

* Keagpathn 2 ra TeHr G6VJray palHOHA1 COH MaBXyja sMac. 28- GeTaarn
1- Teopemara Kapamr,
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6yamaiinu. llynn ucootnaiivus. B Tymiamaan r, coHuu (r,€B, ro> 1)
o6, yHMHT €pmaMupa ymoy

2 . 2
rp—2 rg—2
0< <1
2r, 2ry
pallioHa/I COHHH XOCH KWJAMH3. Dy r, palMOHa/ COHHMHI KBajApaTH
2 pau xarra Gynaau. XaxkHKaTad,

2 V2 2 2 2
o 70—2) R rp—2 r0—2)
ry = (r — =r:—2r + >
: o ° 2n 2r,

ry=ro—

>r—(ri—2)=2.
Hemaxk, r, €B.

Wynpait xunuo B 1ynaamaa r, cOHJaH KHYMK Gyarad r; pauUuoHan
COHHHHI MaBXKyZ OVauinn kypcatuagd. By sca B Tyn/iaMHuHr 3jeMeHT-
JIaDH OPACHAA SHT KMYHMTH MABXYJ 3SMAC/WIHHU GHJIIHPAH.

3. Ymby

A={rreQ r>1}
TymaMHs Kapadimk. Dy Tynaam Kky#umad verapasiaHrawpup. YHHHT
Kyild dYerapanapuiaH ufopat Tymiam

B={rreQ r<l}

6ynagu. B TynaaMm 3/eMeHTJIapH OpacHAa SHI KaT1acH MaBxyA Bay | ra
TeHT.

4. Keagpati 2 naH karta GysraH Gapya MycOaT palHOHAT COHAap-
AaH ubopatr TymaaMHH A gelnuk:

A={r:reQ. r>0, r*>2}.
By Tynaav xyiiunau derapanaHraH. A HMHT KyAH YerapaiapujaH HGO-
paT TymiaM
B={rreQ, r<0}y{rrreQ, r>0, rr<2}

6ynagd. By B tynaam s.1eMeHT/IapH opachia 3HI KarTa COH MaBXyj
6yamaiinu. [lynn kypcatamus. B Tynnampad 4 r, coHru (ry€B, ro> 1)
OJHO YHHHT €ppamuga viuby

2—r2 —ir
r1=fo+_—0 (0< 0<1)
2rp+ 1\ 2rg+ 1

pauMOHaNl COHHH XOCHJ KHiIaMH3. By r; palMOHaJ COHHWHI KBajpatd
2 paH kudMK G6yaamd. XaKHKATaH,

2 r2\? 2—1r2 2—r2\?
rf=(ro+ 0) =ri+2r ——2 4 O\\ <

2rg- 1 99rs+1 2o 1)
2 2 r(2) 2——f§ 9 9
<ri-t2r, -+ =ri+@2—ry =2

g1 ' 21

Jemax, r, €B.
Ilynpait ks, B Tynnavaa r, coHjaH Katta GYJArad r; paiuoHas
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COHHHHI MaBXy. OYJdum KypcatHagH. By 3ca B tyniaMuuar snemeHT-
Jlapd OpacHja 3HI KaTTaCH MaBXKyJ 3sMacauruH# Ouamupamd. IOxopuaa
KEJITHDHIraH MHCO/LIADAAH KYPHHAIHKH, PAUMOHA] COHJIAp TYIJaMH I0KO-
punaH (Ky#ugaH) derapasanrad O6ysca, Oy TYOJAMHHMHT IOKOpH (KyHH)
yerapajiapd OpacHIa 3HI KHYHTH MaBxyA (SHF KaTTACH MaBXKyn) OYMid
xam Mymkun (1, 3- MHco/Tap), MaBxya Gy/AMacqaH KOMHUM XaM MyMKHH
(2, 4- mucosap).

3-tabpud. IOkopuaan uerapanasurad A4 TVnaam (A < Q) woxopu
yerapajgapHHHHI 3HT KHYHTM (arap y Mamkyl Oy/ca) YHHHT QHUK (0KO-
pu uezapacu [e6 atanagu.

Y sup A kabH GedruJiaHamy.

By 70THHYA Supremum — «3HT 1OKOpH» JeraH MabHOHU aHI/IAaTyBYH
cy3nad OJIMHraHIHp.

4-tawpud. Kyidunan verapananrad 4 tymaam (A < Q) Kyiiu uera-
pafiapuHHHr 3HT KaTTacH (arap v Maexyn GyJica) VHHUHT aHux Kydu e-
eapacu 1e6 aTanagd.

Y infA xabu GenrunaHamM.

By notuuua infimum «3Hr Ky#iu» NeraH MabHOHM aHrJIaTyBYH Cy3-
LaH OJIMHTAHAHP.

Mucoaaap. 1. IOkopuna Kentupuarau

A={rreQ r<l}

TYNMIAMHHHT aHHK FOKOPH YerapacH MaBxyx Ba y | ra Tedr: sup A=1,
2. Yuwoy

A={rireQ r>1}
TYIIAMHUHT aHWK KyHM Yerapacu Maexyn Ba y | ra TeHr:
infA = L.

4. TVrpu 4yu3HKHUHT Xoccagapu. Conaap ¥Ku. bus yudy
Gaujga TVFPM YM3HKHMHT XOCCAJApHHH KeaTHpavu3. [ — TYFpH UHM3HK,
M 3ca Wy TYFPH YM3UKZArH HyKTa GV.ICHH.

1° Tapru6nanrauauk xoccacu. Hkeu typaa M sa P (MéEl,
P € ) uykranapjan GMpH MKKHHYMCHra HUcOaTaH Yalmaa »KOHiauirad.

2° Yerapacusauk xoccacH. Xap kauia#t ME! Hykta yuyH
{ TVFpu uM3Mkia wyHpaih P Ba S HyKTanap TOMH/IAIHKH, Gyaapiad GH-
pH M HykTajau vYanja, MKKHHYHCH 3ca M HyKTanad YHraa »o#awrad
6ynanu.

3° 3uunuk xoccacH. X3ap kaHiah uxkd 1ypae M sa P (MEl,
PEl) nykranap ydyd kavuga uyHpa#t 6urra S Hykrta (S €/() Tomuaa-
JIHKH, Oy Hykta M Ba P HykTanap opacHaa MoHjairaH 6ymand.

Tyepu umsuknary uxTuépuit ukku M Ba P HyKTajapHd osafmux. M
HyKra P HykragaH uanga €rcud. Tyrpu umsukuuur M Ba P xamaa
yaap opacuiard Gapya HykTajgapuaaH Hjopat Tynaam Kecma je6 ara-
Jagd Ba MP xabu GenrunaHagu. Bynpa M uykta MP kecMaHuHr «an
yau, P HyKTa 3ca 1y KeCMAHUHT [He y4u Aefuand.

Tyrpu unsukaa ukka MP Ba M’'P’ xecva Gepuiran 6yacud. Arap MP
KecMaHu TYFpH uM3uK 6Yilnab cypuur Hatiwkacuia M Hykra M’ Hykra
ycrura, P Hykta P’ HykTta ycrura Tyurca (Sywza M Ouwnan P opacd-
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a2 F M M, M. M, & M M Ms

14- un3ma.

nard HygragapIM’ Guiaw P’ opacumard HykTanap yCIiHra TVIUagH), y
xonna MP xecma M'P’ xecMara TeHT AeHHaagy.

! Tyrpu umM3HK Ba 6y TYFPH YH3MKAA UXTHEPUH HyKTa osaiimmk (14- @
yaama). by vykrann O xapdu Ounan Oenrunaivus. O Hykra (Gowu-
JIAHFWY HYK1a) TVFPH UM3HKHH HKKHM KHCMra — MKKH Hypra axpaTajH.
By Hypnappan GMpHHMHT HYHANMIIMAM MycGaT, HKKMHUMCHHWKHMHH 3Ca
MaHpuil ne6 keauuwm6 onamus, Opatga O HyKTajnaH YHI TOMOHIATH Hyp-
HH Myc6aT AyHanuuiaa, yan TOMOHJArH HYPHH 3ca MaHbMH HyHaJMIIna
onuHagH. Ilynunraek, macurab kecMach OE Hu (6y KeCMa®mHr y3yH-
jurd | ra teHr) Taliunsalimus. Dynpalt TYFpu uHsMK cOHaap jxu Deb
aTanaju.

PaBmaHky, coHaap Ykupard xap 6up M mykra my yxza OV (Exkm
MO) xecMaHM XOCHJI KHJIamH.

5. Pauxonana connapHy reoMeTPHK TacBupaaw. a) By-
TYH COHJAapHH reomeTpHk TaceHpaaw. CoHjap VxuHH onaiiuk. By VK-
AWRr GoutanFuy O HYKTAcWHM HOMb COHMHMHT 2eoMempux macéupu neb
ataiMus.

Macmra6 kecMacu (Macmura6 Gupauru) OE nru O HyKTagad Gouuiab
VHr Ba yan TOMOHJapra Kyswu3. Dy Oupink KecManuHr 6up yus O HyK-
Tajga 6yaub, HKKHHYM VUM 3ca VHI TOMOHar¥ Hypaa M,;, dam TOMOH-
jard Hypja sca M_, Hyktajapuu Oearwsaiia. Uly ycymma wmacwrat
GupMruHn KeT™a- kT O HyKTaHMHT VHT Ba Yanm TOMOHHJA >KOH.Jauirad
Hypaapra Kyimo, M,, M, M, Ba M_, M_, M_,, HYKTa-

JapHi tonamus. byupa . — 1 6yTyH connapra M,, M_, nyxTaiaphn,
2, —2 counapra M,, M_, uyKTajapHH Ba X.K. MOC KVHHO, Hamixaza,
1, 2, 3,. counmapra Tyrpu unsukma M,, M,, M, HyK1a1ap, —1,
— 2, —3, conjapra sca M_,, M_,, M_,, . HyKTazap Moc Ke-
JMUWMHR Kypamu3. [ TVFpu wmsukgaru M,, M, M, Ba M_,, M_,,
M—,, HyKtaaap 1, 2, 3, . xampa — 1, —2, —3, OyTyH

COHJIADHMHT P€OMETPHK TacBHpH 6Vaanu (14-6 uusma).
6) UxTu€puii paunonan connapHH reoMeTpHK TacBHpJaul. MxTHEpHIA
paLMOHa/l COHHH reOMETPHK TacEMpJallljaH aBeaj OHPJMK KecMa (Maciui-

Tab OMpaMIH) HUHT — (n € N) KuCMMIIM TOMHIUHH alTHO YTamus.
n

Bup xaretu O6HpIMK Kec-
ma OF, MKKHHYH KaTeTh OWp-

£ JHMK KeCcMaHH 7 Mapra Ky-
fiuminan Nocun  6yuaran OF

£ xecMazau noopar OFE 1yFph
£, 6ypuaksaH y4OypuakHH Kapau-
auk (15-unama). By a OFE

o Fy Fr F uuir OF ToMmoHmjaru 1, 2,
3, ., n— 1 coHnapnn Tac-

15- unama, BupaosuM nyktagap Fi, Fa
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- F,_, 6yacun. Hatuxaga OF xaterga Gup-Oupura tedr Oy./iraH n
1a OF,, F.F,, F,_,F kecManmap xocun 6yiand.

Sugn OF katerparu F, F,, F__, uykranapnau FE runore-
Hy3ara napasnien TYFpH UM3HKJap yTkazamu3. Dy TYFpH dusUKIapHUHT
OFE kater GuiaH KecHlraH HykTamapd E,, E,, E,_, 6yacud. Pas-
waskd, 6y Hykrtanap OF pa OE,, E\E,, E_ _E kecManapuu Xo-
cun guragd. Jemak, OFE Gupiuk kecma n ta OE;, EjE,, E, \E
KecMasapra axpanmu. Pasec TeopeMacura Kypa Oy kecmasap Gup-Gupura

TeHr 6yaand. lemak, OF,; kecMa OE kecMaHuHr — KHCMHIA TeHT.
n

1 v
Maciita6 kecmacu OF HHHr — Kucwmu 6yaran OFE, kecmanu O Hyk-
n

Tagax GomwiaG YHT Ba Yam TOMOHjapra xysmu3. By kecMaHuHT Gup yuu
O HykTaga Gy/iH0, MKKMHYH YYH 3Ca YHC TOMOHAArd Hypga M, dan

n
1 l
TOMOHJArH Hypaa 3ca M | HyKTajapuu Genruiaitau. DHgd — BA — —
—— n n
n

connapra M, Ba M | wuykranapun moc Kyamus. OF, kecmauu O Hyk-

n n
TagaH yHHHF g’HI‘ Bd 4an TOMOHJIapHIIaFH Hyp;‘a KeTMa- KeT Mm MapTa
v m m
KYHHUI HATHXAacHga — Xamaa — — paudoHaJ COH.TapHH reoMeTpUK Tac-
n n

Bapiosun M, Ba M uykrtamapuu tomamu3s. lly éVa Gunmau [ TyFpu

n

m
YH3HKIA = — €Q COHHH reoMeTPHK TACBUPJIOBYM HyKTa TOmusagu. Ma-

3

)
canau, yuoby 4—6 Q COHHM TACBHPJIOBYM HYKTAHH TOMHMWI YYYH aBBas

maciurad OGupsurudd O HyKTajaH YHT ToMOHra GMp MapTa IKOHalITH-
pu6, M; uyxra tonuiamu. Cynrpa 6y M, HyKragaH 6GomsiaG maciurad
OUDMUTHHHHT ~ KHCMHHK KYHHG, -, COHHH TeOMeTPHK ndopanopun M

4
HYKTAHH TONMAMH3.

Ilynna#t Kuiu6, paioHa! COHAAp TYMIAMHAAH OJMHCAH WXTHEPHE

—% (m€Z, n€N) codra TYFpu umsmkna Gutta M, HyKTa MOC Ke-

Jgapd. byuna % coira M nykta, 2L (m,€Z, n,€N) coura M,
n —_
ny

6yaca, M, Hykra M, Hyktaja yuria

2 a2

m
HYKTa MOC KeJaub, — <<
n

ny n

éragu.

ByHiaH keimH Kynaitnuk yuyH r€(Q coHra TYFpH YM3HKIA MOC Ke-
Jagurad HyKTaHd M, ka6 Oesrunamvaciad r HyKTa Je6 oJaBepamus.
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c 8 Pauvonan conra Moc KenamMraH TYFpH
UM3MKIArd HYKTa payuoHar HyKma Xam

\ ne6 atanagd.
\ 6. Paunonaa coHaap tynaa-
\ MHHH KeHrafiTHpHII 3apypHATH.
bus apeaaru Ganpma xap GMp pauMoHasT
\‘ COHra TYFPH yHsHKja OUTTa HyKTa (pa-
J

LH{OHaJM HYKTa) MOC KYHHJHIUHHM KYpHO
VTaMk. AMMO TYFpH uUM3HKAR HIyHAal
HyKTajap GopkH, yJaap OHpopTa xaM
16- unaua. palHoOHA/ COHra MoC KyHuaran G6y.amai-

au. Hlynn kypcaraiiuk.

TomoHn 6up Gup:kka TeHr GyaraH OABC KBajpaTHH KapaHJHK
(16- urama). By keagpatHudr guarowaau OB mumr ysysmmurs V2 ra
TeHr. LlupkynuuHr yuunM O HyKrara Kyiu6, paguyci OB ra TeHr 6y.J-
raH aiijaHa unsaiyuk. Dy afinana OA TOMOH »KoMjalUraH TYFpH YH3HK-
HH D nykiapa kecagu. OA < OB 6yarawu yuyn D HYKTa A HykTapaH
yHraa xoitawran 6ynagu. Pasmankd, OB = OD = v 2, nemak, D nyk-
tara v'2 con moc kenagk. V2 sca palHoHan coH 3mac. by xy#uparn
TeopeMmaja wuc6oTJIaHAOH.

I-1eopema. Payuonaa conrap mynsamu Q O0a xeadpamu 2 ea
mene 6jjrean payuoHan cOx Masxcyd mac.

Hc6or. Teckapucunu dapas kunaiymk, b Q Tyniamaa IIyHAaH

KuckapMaiiguran = (p€Z, n € N) Kacp KYpHHMINZA ESH/IQIMraH pauMo-
n

HaJj coH GopkH, Oy COH yuyH

( 2)2 =9 2.3)
\ N
TeHrVIMR ypHHaM GyscHH. (2.3) TeHIVIHKHH

p* =2nt (2.4)

Katu €an6 onamus. byHnar p xKydt con 3kanmru Kypudanu. [lemak,
p=2m (m¢cZ), p vunr kufima1unu (2.4) ra kViu6 n? = 2m?® TeHrAHK-
HH XOCHJ KHjaMu3. By 3ca n COHHMHT XaM xXy(hT COH SKaHJHIHHH KYp-
catagd. Jlemak, IOKOpHIArH ¢apasgad p Ba n COHJAp KY(DT COHIHMIH
Kequ6 uukany. BunoGapun, yaap yuyH 2 ymymuii kynmaiTyBud. By 3ca
2. coHnuMHr KpcKapMmaimuran Kacp 3kaHura 3ua. Teopema ucGoOTJaHIH.

n

Hlyspa#i kuau6, TYFPH YM3HKJAA OMMHraH xap 6up HyKrara Q Tym-
JamJa yHra MoC KeJIauTaH paluMoHa] COH MaBKyJ GysnaBepMmac SKan.

Arap 1yFpH YH3MKHH uH3u6, VHIA pallHOHAJ COHJIAapra Moc HyKTa-
JapHH GHPOp aHITa (MACA/aH, KM3HJ PAHITa) 6ysicak, Wy TYFPH UH3HK-
na GysMali KoaraH HyKTaJapHH (KyMJajaH V2 coura Moc HyKTaHM)
XaM Kypamus.

Papianky, paudoHai conwnap tymiamuaa (2.1), (2.2) Tenrjamamap
oMM eyuMra sra, amMMo x2—a =0, a€Q TeHrnama Q TYynJaMzaa AOHM
eunMra sra Gy.JiaBepMaimH.
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MacanaH, @ =4 6yaranga »*—4 =0 TeHriaMa x; =2, X, =—2
eunmaapra sra, a = 2 6ysranga 3ca |- Teopemara kypa x%-— 2 = 0 Teur-
Java Q TYnmamza eumvra sra svac. ByHnaH pausonan codnap Tymaa-
MHHH KeHraliTHpHII 3apypHATH Kesu$ wukand. [eMax, pauuoHas COHJAp
TYOJIAMHTA SHTH THIATH COHMAPHM KYMG, YHH INYHAAH KeHralTupuil
KeDaKKH, OHD TOMOHAAH, COHJAADHHHI Oy KeHTaHTHpWJTaH TYNJIaMHAA
x*—2 =0 TeHrJamMaH{ e4uill BA 1y KaGH KYNruHa MacasiajapHH Xaj
KH/IMII MYMKHH GYJICHH, MKKHHYM TOMOHZAH 3ca, palOHA/ COHJAap TYI-
JiaMHHHHT Gapua XoccasapH COHJIADHMHT KeHraHTHpH/ITAaH TVIJIaMHaa XaM
VpuHsH GVACHH.

Paurnonan connap TYnnaMHHH KeHralTHPHUIINA OHp- OUPHTa 3KBHBA-
JieHT 6y.arad 6up Heura ycysnap masxkyn (Komw yeymu, Kadrop ycey-
JM, Beflepirpace yeyau Xavipa [enekuunp ycysau). bus Kybmaa [ene-
KHH]| YCYJIHHH KeATHDaMH3.

3-§. Paunonan connap TyniamHaa KecHM

1. Kecum. ppanuoHana codH Tabpudpu. @ —6apya pauuo-
HaJ coHyap TymaamM GyacHH. By t¥nmnampa Gaxapuarad KecHM TyiuyH-
qacH OHAAH TaHMIIAAJIHK.

5-tabpud. Paumonan conmap tymiamu Q wyHmait 4 sa A Tyn-
JlaMnapra a)paTHicakH, GyHza

hA*g, A+,
N AUA =4Q,
3) vacd, yacA=a<a

mapraap Kauoarnantupuiaca, A sa A’ rynnavnmap Q Ttynnamaa kecum
6axcapadu ae6 adTHAAnM.

Kecum rabputmpark GupuHuk mapy A 3a A’ TVMiaMiapuadar Gy
SMAc/IMTHHY, HKKHHYUM WapT Xap 6up pauuoH2a1 coH €kH A TymjgaMra
éxu A’ Tymiamra Terwmad GYJHOIMHE BA y4HHYH wapt aca A Tymaav-
ra TeTHILH GyaraH Xap OHp paupmoHan a coH A’ Tynjamra Terduniu
GyJaran xap kKaupaéf @’ paUMOHAN COHZAH KMYHK 3KAHJIHTHHH aHTJIATamH.

[Oxopunaru xKecum TabpHbuAaH, YHHHT OVJIAKJI2MIHHHT XyCYCH#H X0.M
3Kkadsmrd xypusagd (1- 606, 1-§ ra kapaur).

Onarga, keciMm (A, A’) Kadu Genrunanmud, A TYMJAM KeCHMHHHT
Kyiu cuudu, A TynnaM 3ca KecHMHHHT I0OKOPH cHHU neb ara-
JIaIH.

Kecuv Tabpuduian GeBocuTa KyHHAard xyJocanap KesiHO YHKAmu:

1° (4, A) kecum Q TVmnaMaa Gaxapu.irad KecuM 6ymaub, a€ A 6ya-
ca, @; < a TeHICU3/UKHH KAHOAT/TAHTHPYBYH HXTHEDHH @, palHMOHA/N COH
XaM KeCHMMHHHI KYAH cuHbu A ra Terumny GyJamd.

2° (A, A’) kecum Q Tymamaa GaxapunraH kecuM OyJHd, a’' €A’
Cyica, @; > a’ TEHTCH3MWKHH KAHOATJAHTHPYBYM MXTHEDUA @ pauMOHA
COH XaM KeCHMHMHT I0KOpH CHHOH A’ ra TerHuitd GyJjamH.

Aupn Q TynaaMga GamapuiaraH KeCHM/apra MUcoJUIAp KITHDARIHK.

Mucoamap. 1. 5 Ba yHaaH kuauk Oysarad 6apia pPaUMOIHIA COH
JapaaH ubopar tymiam A, 5 gaH karra Oyarag Gapua paUMIHAN COH-
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aap tymiamu A" 6Vacun: A={r:r€Q, r<5}, A ={r: r€Q, r>5}.
By A Ba A’ Tyniamnap yuyH 5-TabpuNarH yyana WAPTHHHT Gakaph-
JHMUIMHA KYPUI KHiuH 3Mac. [emak, 6yHza#l TysuiraH A Ba A4’ Tyn-
Jamiap Q ma kecum Gaxkapan.

2. A 1ynnam 1e6 | Ba 2 paumoHas] coHsiap opacupard 6apya panm-
oHan coujappas ubopar 6yaran A ={r: r€Q, | <r <2} Tynnamuu, A’
TyniaMm fae6 | Ba yHpan xuuMk GysraH Gapua pauMoHa/ 1 COHJAp Xamzaa
2 Ba yHpaH KarTa 6yaraH Gapya palMoOHajd COHJapIaH Hbopar

A ={rreQ r<B3U{rreQ, r>2

TYyMjiaMHH onalimuk. PaBwanku, A # @, A"+ @ xampa AUA =Q.
Ammo A TynnampaH osmMHran Xap Gup pauMoHas coH A’ Tymiampan
OJIMHTaH MCTaNrad PalMOHaJ COHJAH Xap JOMM KHYMK GY/IMaraHJMri ca-
6abnu GyHpait Tysuarad A Ba A' Tynaamaap Q 1yniamaa KecuM 6a-
)apMmalign (kecuM TabpuHAard YYHHYK 1WAPT GarxKapHiIMaiiH).

3. Ywby A={r: reQ, r< 1}, A ={r: r€Q, 1 <r <5} tynnam-
Japhn onahmik. byaia A+ o, A’ # @ 6ymu6, A TynnaMHEMHET Xap
6up snemed1n A’ TYNIaMBHHT HCTAJraH 3JeMEHTHHAH KHYHKIHP. AMMO
AUA = Q 6Gyaravn yuyH 6y A Ba A’ rtynmamsap Q na KecuM 6a-
Kapmaian (KecuM TappHOHAATH MHKKMHYM 1UAapT Gaxapuimaium).

4. Bupop r,€Q COHHH ONaMMMK. 7, BA YHIAH KHUMK Gapya paluc-
HAJ connappaH uGopar G6ysran A ={r: r€Q, r <r,} Ba r, COHEaH Kat-
Ta 6Gapua paumoHaJ coHjapiaH u6opat A’ ={r: r€Q, r >r,} Tynaam-
JapHn kypaflmg. By tynmnamiap @ na KecuM GakapuinmHM KypcaramMs.
Onunran 7€ Q@ con A 1ynaamra teruurm 3gK. HeMik, A + @. Sum

re€Q, ro+1€Q Ba ry+1>7,

6ymmmaan r, + 1 €A skanmuru kemu6 uukamm, Hemak, A’ == &, Pas-
wankH, AYA'={r: r€Q, r<r}U{r:r€Q, r>r}={r: r€Q}=4qQ. By
KecuM TabDHOHUHUHT HKKHMHYM IUAapTH Gaxkapuauuwew Kypcatagu. Arap
Y acA, va €A 6Yaca, yHIaH @ <71y @ >ry ABHM a<r,<a’
3KaHH KequG 4nkagd. eMak, a < @’ Ba |RecuMm TabpHOHHUHT 3- WapTH
xam G6axapuiamy. IHynpait kuam6, A Ba A’ Tymmamaap Q na kecum Ga-
xapagu. Onarna 6y KeCHMHH

ro=(4, A)

Kabu xam Gearwnanany. By kecuMumur xyiu cuHu A Tynnampa (yHuHr
3JIEMEHT/AAPH OpACHJA) 3HT KaTTa 37eMeHT MaBxkyld O6Vyaub, y 7, 3KaH-
JMTY paBIANHp. AMMO KeCHMHHHI IOKopH cuHpu A’ Tyniampga sca
(VHHHr 3JeMeHTJIaDH OpacHja) SHT KHYHMK 3JIeMeHT MaBXyja SMmac. By
XOJIHH MCOOTJIAll y4YyH TEeCKApPUCHBH, A'bHH loKopuaaru r, = (4, A’) xe-
CHMHHHT 10KOpH cHHPH A’ 3JeMeHTJIapy OpacHia SHF KWYHTH MaBXy[
6yJcun ge6 ¢apas kuaamus. YHA r* ne6 Genrwnaiiymk: r*€ A’ Keenm
Tavpuura Kypa ry < r* G6ysagu. PauuoHan corsiap TynjiamMu 3u4 TYO-
sfiam OYJiraHH y4yH INyHAaH { pallMOHAJ COH MAaBXKYAKH, re<<t<r*
6ynagn. A’ mMer Tysuapumra GuHoaH Tomarad f o yuyn (€A° 6ymuum
Kepak. [emax, A’ na r* nan kwupk GyaraH f{ coH MaBXyX. BaxonaHkwu,
6u3 r* HH A’ HUHT SHT KHMYMK 3JeMeHTH fe6 ojrad smuk. By sumauar
A’ TynsaMm 3/leMEeHT/IApH Opacufa 3HT KHUYHIH MAaBXKyJ SMacJUTHHH HC-
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Gornafian. DyHpa#t Kecumnapuu

. “ ~ 173 A
Kydu cuHpu enux, roKopu CuH- —
Pu o4ur KecumJap Ba r, COHHH a
sca A TVnnamBu  ényeuu  aae-
menm 7e6 aranagu (17-a uus- A LA
Ma). i
5. r, panyoHaJ COHJAH KH- g
4ypk Gapua paluoHaJa COHJap- '
~ . 4 T A
nax udopar A={r:reQ, r<
<ro} Ba ry XaMJa yHOAH Kat- J
Ta Oapuia pauHoHaJl COHJApjAaH
ubopatr A ' ={r:r€Q, r>=ry} 17- uusma.

TVnaaMIapHe Ky pafiJiHk.

IOxoprpa kenTHpHaran 4-Muco/aruieKk KYpcaTuii MyMKHHKH, Q na
6y A Ba A" tynnammap (A, A’) kecum Gaxapagu. By xonma (4, A')
KeCHMHHHT KyHH cHHOH A Tynnampa (YHHHT 31eMeHTJAapH OpacHaa) SHT
KaTTa 3J1eMeHT MaBKyJ 3Mac, KeCUMHHHr IOKOpH cuHbH A’ TYmIaMHuUHTD
JMeMEHT/aPH Opacuia 3HT KHYHK 3JieMeHT MaBXyZX. Kyfu cuud A ovuk,
toxopu cuud A’ sca €mug 6Yaub, r, paudosas COH 3Ch TYMVIAMHHU &myB-
uy snemedt Oynaamu (17-6 umama).

6. Kyon 2 nan Kuuuk OysraH Gapya paunMoHasa COHJapaaH uGopar

tymam A’ 6yacua™:
A={rreQ, rr<?), A ={rrecQ, r*>2}.
By A Ba A’ TyniamMMapHMAT TysWAMIUHAAH S5- TabpUGHUHT Gapya LapT-
JIAPMHMHT GakapHIMHHd kypuwl 'kuiiun swac. Hemak, A Ba A’ Tyn-
aamnap Q pa (A, A’) xecum Gaxkapamu. JHAM Ly KECHMHHHT KyHH CHH-
¢u A TYIIaMHHHC JEMEHTJIapH OpacHia SHI KaTTa 3JeMeHT, UIYHUHC-
IeK 1KOpH chHpH A’ TYIaMHUHT 3/IeMEHTJiapd OpacHJA SHT KHYHK 3Je-
MEHT MaBKY[A SMAacJHIHRH KypcaTafamk. A TymIampau r, coHHH (r,€A,
ro > 1) osub, yuuur €paamuga yuwoly
3

2-rg / 2—ry
ry=ry+ L0< l<1

3r8 + 3rg+ 1 3ra- 3rg +.

paLMOHaJ COHHH XOCHJ KHIaMmu3. By r, pauuoHan cOHHHHT Ky6u 2 paH
KMUHK O6ynamd: 73 < 2. XaKukataH Xam,

23 )3 273
3 __ 0 3 9 2
r’=\r,+ =r3it+3 r 4
! ( 0 3r§—;—' 3ro+ 1/ 0 3rg+ 3ro+1 0

’

9,3 \2 93 3 9_ .3
+3 (————0—\’ -ro—l—(—i—-) <r3+3r§3—r§——r°——+

3r§+ 3ro-- 1) Brg—}- 3ro-+ 1, 2t 3ry+ 1
2--r 2—r5 2—rd
Y 0 0
ar =rit+ ————@B2+3r =
N °3f3+3'o+1+3'§+3ro+1 °+3r§+3r0+1( o+t 1)

=r+@2—r)=2.

* Ky6u 2 ra tenr 6yaran pallHOHaR COH MAaBXKYJZ 3MAciHury 28- Sergaru 1- Teope-
MaZlarHZex HCOOT STHAANH,
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Hemak, ry<<r,€A, abHn 7,€ A coHpaH Karra 6Viras r, pauHoHan COH
xaM A Tynnamra Tteruman 6ysamu.

Hlyspalt kuan6, uxtnépuii r,€ A pauMoHan coH GepuJranja XaM, Ka-
Muna GMTTa WIYHAAH £, paUMOHaj COH TONMMJAp 3KAHKH, Yy 7, >T1, Ba
r;€A. By sca A TynJaMHHHT 3]eMeHT/IapH OpACHAA 3HI' KaTTacy MaB-
JKYJ SMacauUrMHH KypcaTauM.

3umu (A, A’) ReCHMHHHT 10KOpH CHHGH A’ TYNIAMHUHT 3JeMeHT/IapH
opachia 3HF KWYHIH MaBXyZA 3Mac/HruHM HcOOTIaHMH3. r",EA’ (r;> 1)

6yacun. Ilemak, ry > 2.
Y6y
3 3
rg —2 ry —
-t~ (o< <
3r, 3r
0 0

\,
l
“N
l

pailvoHan COHHH Kapaiymk. By r; pauMonan coHHHHr KyGH 2 AaH KaTTa
GyJaau: ri3> 2. XaxuKaraHn XaMm,

s ) 763——~2 3 5 r(')o_2 '2 r2)3_2 2 )
=\ ry———%— =!'0—’3'-—3—'70 +3 —— | Ty—
3ry 3y 3ry

,'S ° 3

o .3 '3

-—(-'—72—> =T, —-(fo —2)=2.
3ry

Hemak, 7, > r€ A’, abiu 7,€ A’ COHEaH KMYMK 6ysras 7| paiyo-
nan coH xam A’ 1ynsamra Terummin GyJaamd.

Ilynpait kw6, nxruépult ry€ A’ pauponan COH GepHaraHia Xxam,
Kamuga GuTTa, IUyHJAR 7, PAHOHAN COH TONMJIAD 3KAHKH, y 1) <T,
Ba r, €A’ By sca A’ 1ynaMHHHr SJeMeHTJApH OpacHza 3HT KHYHTH
MaBKyJ 3MacJUTHHH aHIVIATaJu.

Ulynpait kuam6, xypunaérrad muconga (A, A') KecuMm yuyH Ky#H
cuip A xaM, jokopu cuud A° xam owug 6yym6, A Ba A’ Tynaamsap-
HHHT €nyBYM 3/eMeHT/ApH MaBKyn sMac (17- 6 uyuama).

Pauyonan codnap tynaami Q za xaM gyiu cusp—A 1ynaaMuuHr
3JIeMEHTJIapH OpacHia 3HT KATTacH, XaM 10KopH CHH)— A’ TYIaaMuHunr
3JIeMEHT/IapH OpacHja SHT KHYHrH MaBxyn 6yarad (4, A’) kecum map-
x)yn amac. By TacaukHu ucGoTnalimus.

dapaz kusaiiux, Q Tynaampa wyHpai (A, A') kecum MaBxyn 6yi-
CHHKH, dy COHH A TYMJaMHUHT 3HT KaT1a 37eMeHTH, g, 3ca A’ Tynnam-
HUHT 3HT KMUMK 3JeMeHTH OyJacHH. Y Xoaaa KecHM TabpudHra kypa
@y < @, TEHTCH3NHK YpUHAM GyJamu.

Papiasky, '

ap+ qy s

<a.

@y <

a,+a . ,
Bynza ——2—0— palMosan cod A TYIaMra TermuliM SMac, YyHKH @, COH
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Go"}‘ (10

A’ TynJaMHMHT SHT KaTTa 3JeMeHTH Ba Oy <—

dg—+ 4 ., .
—-2—-0— pausionan coH A’ TYnjaMura XaM TeTHULTI 3Mac, YyHKH 4 COR

Myuunrgex,

- ae -+ a& ) ao+ a(;
A’ TynJaMHHHT 3HT KHYMK 3/eMeHTH Ba —— <4 Jemax,
paupoHan con A Tymnamra Xam, A’ Tynnamra xam Termunm GyiManimu.
By sca xecum Tavimdura supmup. Ilynpa#t kum6, 6up BakTAa Kydu
cHH(MEA 3HT KaTTa 3]eMeHT, IOKODH CHHGMZA 3ca 3HI KHYHK 3JEMeHT
MaBXKyjx Oysiran KecHM MapXyJR 3mac.

Pauponan codaap TymiaaMu @ na Gaxapuirad KecHMM TabpHPH Ba
KeCHMra KeJTHPHJTaH MHCO/UIApAAH KYHHIArH XyJIOCaHH KeJTHPHO 4HKa-
pHIl MyMKMH. Q Tynnamaa Gaxapuaran (A4, A') kecuM ¢dakat y4 Typau
Gyavily MyMKHh:

1) Kecumunnr kyin cundu A 1a 38T Karta 3jeMeHT (7, PaUMOHAN
COH) MaBXKYJ, KeCHMHHHT IOKCPH cHHOH A’ 1a 5ca 3HT KHYHK 3JEMEHT
MapKkyAa 3Mac. ByHpa r, paunonaa con Ky cuHd A HuHr €nyBuUM 3ne-
MeHTH 6y/aan.

2) Kecumunar Kyifin cuH@M A 1a 3Hr xarTa 37eMeHT MaBXKyA 3Mac,
KECHMHHMHT I0KODH CHHGHM A’ 5a 3ca KMYMK 3j1eMeHT (r, paliiOHan COH)
MaBXyA. DyHpa r, paunoHaj con 1oKopd cMrp A’ HuHr ényBun sieMeH-
TH 6yaanu.

3) Kecumuunr KYiu cuHOM A 1a 3Hr KaTTa 3JeMEHT MaBXyA 3Mac,
KeCUMHHHT IOKOpH cHHHM A’ 1@ 3Hr KHYHK 3JEeMeHT MaBXKyj 3Mac. Byn-
Ja kyin cungp A na, oKopH cuH A’ na €nyBun S7eMEHTJap MaBKYA
aMmac.

DupuHuH Ba MKKMHYH TYD KeCHMJapja VYJapHHHT KYHH €KH IOKODH
cuHGyiapd €nHk 6Y/HM0, EnyBYM 3iieMeHTJIaDHH 6Mp CHH(DAAH MKKWHYM
cuidra YTkasub, xap NOMM OMDP 1yDAAarH KeCHMMra-—KyHH CHHQH OuMK,
IOKOpH cHHGM 3ca €nMK 6yJran KecuMra KeJTHDHII MyMKHH. Du3 Gys-
naH GyéH OMpHMHUM Ba MKKHMHYHM TYD KecHMJAp YpHHTa GHP TYP KeCHMHH,
Ky cuHpaa 3HM KaTTa 3jleMeHT MaBxya GyJMaraH (04MK CHHO), IOKOPH
cuu(Aa 3ca SHT KHYMK 37ieMeHT MaBxyn 6yiaran (Enmy CHHG) KeCHMHH
xapaiimu3. Dysiafl kecHMnaphk pauuosan kecHM feb araiwus,

Wxtnépnit r €Q pampiodasn coH yuyH Q 1ynmampaa xap aouMm (A4, A')
KecHM GakapuiMilil MYMKHHKH, 6y KecHM pallMoHa1 KecuM 6V.ain, GyH-
na A 1ynnam cuug cuuad, A Tinaav énuk cund, €nvEwil 3aeMeHT
cOHHMHT Yy3u 6Ynapd. Hemak, Q t{naampa o.muran xap GHp paLMOHas
coura @ jna Gaxapiirad pauHOHAa] KeciM MOC Kelaul

Axcuuua, Q tymnaMaa (4, A') xecnm Gaxapuaran 6Yau0, KeCHMHHHT
Kvid cuHpu A o4nK, oxopn cuagn A’ émIK Xamza €nyBuUM 3MeMeHT P
6ysca, 6y xecHM r pauioHajs COHHM HdojataizH.

Jemak, Q na Gaxkapuiran Xap Gup palliCHaa KecHM GHTTa DaliHoOHaJ
COHHM aHHKMaizH.

Hlynnaii kunmb, Q 1ynnam sneMenTaapy Gunan Q Tynnampa Gaxa-
PUJITaH palMORaN KecHMNIap TYNJIAMHHHHT 3/eMeHTJapu y3apo OHp Kuid-
MAaTJIi MOCJHKAA 6YJand.
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Pauuonan connap tynaamu Q ga GakapunraH Y4MHYH TYDP KECHM—
Ky#u cr_m«b XaM, IOKOpH CHH} XaM OYHK GVJraH KecHM uppayuoHar Ke-
cuM nerunany.

6-tabpud. Panuonan connap tymiamu Q ma Gaxapuirad Hppauuo-
Ha/l KecHM UppayUOHans COHHU AHHKJAHAH ReHusamd.

Hppaunonan consap tymiamunn U Xaphu 6unae Genrdnaitaug.

4- §. XaKHKHi cOHJap. XaKHKHA COHJIAP TYNAAMHHHHT XOCCAJNapH

Pauuonan connap tymnamu Q na OGakapuiran KecuM (akaT HKKH
1yp — PAallHOHa/ €KW HppalioHan O6YauO, paUHOHA KecHM DAalHOHaJ/l COH-
HH, HPPALMOHAM KECHUM 3C3 HPPALHMOHAN COHHM aHUKJAIMHH OH3 IOKOpH-
Ja KYpAUK.

7-tabspud. Paunosan xamia HppauHOHA/g COHAAP YMyMHE HOMm GH-
JIAH XaKuKub conaap Ae6 arajiafu.

Bapua Xakugmit comnap Tymiaamu R xappu Gunan GenrunaHagd. Tas-
pudura kypa, R=QUU.

[Hynpa#i kuu6, pauuoHas coHsap TYIaMd Q HH XaKUKHE COHJap
Tynaamd R raua keHrafitupuiau. Xakukuil COHJap TymaaMu R HUHT
XOCCaJapHHH KapaiMHs.

. XaxuKuil coHJap TYODJAMUHHHT TapTUGJAHTAHJIHU-
r#. ABBas XaKWKWil COHJIAD TYMJIaMHAA TEHIVIHK, KATTd Ba KHYMK TYUIYH-
yaJlapHHy KUpHUTamu3. ANTalIMK, X BA y XakHKUi coHsap Gepusiran 6yJ-
cHH: xER, y€R. MabiyMKi, Xap OHp “akHKWUH COH PpAUMOHAJ COHJAp
TymnamH Q ga Gakapuiirad KecHM Ouwyiad aHWK/IaHasd. buHoGapuH, x Ba
y napau anukgosud (A, A’) Ba (B, B’) xecumuap Gepu.iraH:

x=(4, A), y=(B, B).

By xecumaapuuur gyiu cundsapu A, B nap yuyH éku A = B (Gy xoa-
na, an6arra, A’ = B’ 6Vnany), éku A = B (6y xonna A’ = B’) myHo-
cabarniapaH GHpH YpHHIM 6ynajd.

Arap A =B 6ymca, (A, A’) Ba (B, B’) xecumnap Gup- GUpUra TeHr
npetnanu: (A, A’y =(B, B’). By xoama yJjap aHHK/arai x Ba § XaKu-
KHIl COH/Iap Xam GHp- GUPHra 1eHr gefiuiagi: x = y.

Ouau A # B 6yacud. Tavpupra xypa, wyHgait r; €A Gopku, r, B
6ynanu, €k wyHpalt r,€B Gopku, r,€A Gynagu. bupuuun Xosmpa
ri€ANB’ skanmry kenu6 uvkand. KecumHuHr Tabpudura kypa, 6y
xonna B—A 6ynanu. Vikkutud xonaa sca r,€B (1 A’ skawumruges ACB
KeqHb YuKangH.

Mlyupait xumo, A + B 6yirauaa é AcCB, éku BCA GyJap 3kaH.

Arap A<B 6yaca, (A, A’) kecum (B, B’) kecumaas KHUMK AeHHJia-
IH. by xonpa Xakugeii cOH x XaKMKHH COH & JAaH KWYHK Oeb arajaju:
x<y.

Arap ADB 63yacs, (A, A') kecum (B, B’) Kecumpan karta neduna-
ad. By Xoaja x 4aKHKE1 COH ¥ XaKHKHI COHAAH KaTTta jefiuiad: x > Y.

[yunait Kuan6, ux1.[EPHH HKKH X BA § XAKHKHE COH Gepujra 6y.-
c2, yHaa

x=Yy, x<y, x>y
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MyHocaGarsiapaaH GHTTacH Ba (akaT OMTIacCH YPHHIM 6YJamH.

Sum x€R, y€R, 2€R coHnap yuyH ymby x <<y, Yy <z TEHICH3-
JHKNapAaH x <z TEHICH3MMK KeJu6 YHKHIMHH HCGOTaiMH3. x€R,
YER, z€R conjapHu aHHKJOBYH KeCHMJap

x= (A, A), y=(@B, B), z2=(, C)
6y yicHH.
Ajdraiinug, x < y Ba y <<z Gyncun. Tampudra acocan

x<y=>AcB, y<z=BcC

6Vnamy. PaBwaxky,
AcB, BcC=-AcC.

By 3ca x < z 3kaHJUIHHH OWnpHpagd. [leMak, XakHKMA COHJIap TynJa-
MH R T1aptHGnanraH TYyIJaM.

Hkku x€R, yE€R Xaxukuii COH oOpacHpar¥ TeHI, KaTTa B2 KHIHK
TYIUYHYaJapH, xycycaH, 6y cOHJap pauuoHan G6yJraH XoJsijga, pamHoHan
COHJIap Opacuja, TEHr, KarTa Ba KHYHK TYyIIYHYajapH OWaan OHp XHI
6ynaan. Macanan, x, y €Q connap Q na GakapuiraH paIHOHAT KechM
cupatuna x = (4, A’), y = (B, B’) katu anuknanran 6y.;u6, ynap opa-
CHJIaTH X << y MYHOCabaT JOKOpPMAArHieK KecHMJap OpACHiard MyHocabar
épraMHia TabpHpsaHrad GyJcHH, SBHH X < y < ACB. JleMak, wyHzai
pauHoHan coH r MaBXYVIKH, rg A, r€B. Y xonpar €A’ Illynurr yuyn
x < r 6ynann. llynuarpex, 7€B, y =(B, B’) 6yarammgan sca r <y
SKaH/IUrd KestuO uumkanmH. JeMak, x <r Ba r <<y TeHTCH3IHKJAD YPHHIA
6yaca, x < y TEHrCH3JHK XaM VpuHJM OyAanu.

2. XaKkUKHA cCOHNAD TYNJAAMHHHUHT 3uyaurn. Papas gu-
gafymk, xER, yER Ba x < y Gyacur. ¥ Xojjga MWIYHAAH r paunMoHan
COH MaBXYJKH, Iy COH YYYH YWOY X <7 <y TeHTCH3JHMKJAp YPHHJIH
6yaany. Ulynau ucGoraaitauk. Q Tynnamaa Gaxapuarax (4, A'), (B, B')
KeCHMJap X Ba Y COHJapHu anugJacun: x = (4, A'), y=(8, B').
Y xonpa x < y paH AcB kenu6 umkanu. Hemak, B Tynsamaa myHpaw
palMonas COH ro€B MaBxynkH, ro¢ A 6ynamu: ro€B. YHpa ry€ A’ 6y-
Jag¥ Ba JeMak, x < r, TEHTCH3/JMK ypHHM Gyaanu. Mkxumuu TomoHzaH,
y=(B, b"), ro€8 ra B TynnaMHHHr 3.1eMEHTJIapH OpPacHJa 3HI KATTacH
MaBXyjA -Macjuru caGabnu, wwyHaal paiyoHaid c¢oH r€B MaBxKyZKH,
ro<<r Bar<y 6ynagu. Hatmxama x<ry,<r <y TeHrCU3JMKJapra
sra 6ynavins DyHAaH aca x <r <y askanaurvad Kypamus. Iy ycya
6unal x€ R, v€R Ba x >>y 6yaranga xam x >r > Yy MyHocaGaTapHK
KaHOaT/ il HNYLYH PalHOHad COH 7 MaEXYA SKaHJMIH KYpcaTHIaiH.
Myspait #1440, HXTHEPHH HKKWTA OHp- CHpHUra TeHr O6YJMaraH XakHkKHH
COHJIAp 2 1A KaMHJa OHT1a NaKUKMH COH MaBKyA. Dyupad sca yanap
opacHja YK U3 KYN XaKUKHH COH MapXYyAJHIH xeamb uekapu. [Jlemak,
R—3uu 1i0aam.

5- §. XaKHKHA COHJAD TYMJAMHHHHI TYJMKJMTH,
JleaexHH TeopemacH

Arap xaxukmit comjiap TymnamMM R pa Ga)kapuJiraH KecHM TyWyHYacH
KHPHTHJ/ICA, DAllMOHAJ coHjap Tynaamu @ pa comup Gysranupek, R HH
XaM KeHIaf'HpHIU 33pYpPUATH coaMp GYmaguMH €xkM HYKMH ferad TaGuui
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caBosl TyFuaagH. Kyfimpa Gu3 OyHaait Xomat 6y.aMacauruss, sbHu R ga
fGaxapu/iras xXap KaHjad xecuM (axkaT OHDHHUM TVP KecHM Gy MINHHH
Kypcatamus. Ogarga 6y xocca Xakukuil connap Tyriavd R Huur mij-
Aukauk xoccacu pedunany. Jlacrasean, R a Gaxapu.IraH KecHM TVILIYH-
yacH OWMaH TaHHIUANTHK.

8-tabpud. Xaxukuit conHnap 7Tynmamu R wysgad E sa E' 1yn-
Jamiapra axpaTH/cakd, yHja

WE+g, E+g,
2) EUE =R,
3) vx€E, ¥X€EE =>x<x

mapraap Gaxapuica, £ Ba E' tynnamaap R mynaamda xecum Gaxapa-
Ou neiimnangn Ba (E, E’) xabu GenrunaHamu (5- Tabpubra Kapawr).

AsBanrugex, E TYnuiaM KeCUMHHHT Kydu cungu, E' Tynnam sca ke-
CHMHUHT I0KOpU CUHGDU peHHnajH.

Mucoanap. 1. Bupop xo€R coHHM 0D, X, COH Ba YHIAH KHYHK
6yaraH Gapya Xakukuil consap Tymaamuuu E:E = {x: x€R, x < x,}, X,
COHJIAH KarTa GysraH 6apda Xakukuil coHnap Tymiamunu E': E' ={x: xR,
x> X} ne6 oaatimk. Hatmxama R tymmavu E Ba E' Tynnamnapra
axpanagd. £ Ba E' 1ynnamjapHusr TY3WIMIIKZAH yaap Y4yH 8- Tab-
pud ImapTIAPHHUHT GaXKAPHIHWHHY KYpULl Kuiiuy sMac. [emak, E Ba E’
Tymnamsap R tynnampa kecum Gaxapagu. by (£, E’) xecumaa yHHHT
KEY¥H cuHOH — E TYmiaM 37eMeHT/Iapd OpacHja SHr KaTTa 3JeMeHT Map-
Kygn 6yaub, y x, ra TeHraup. AMMO Gy XOJIa KECHMHUHT IOKODY CHH-
¢u E’ sneMeHTapH opacHia 3HT KHMYHK 3/JeMeHT MaBxkyn 3Mac. (By
TacoMkHH 3- § HHHr 4- mMuconmpary kaGu wucGotnaw MymkHH.) Oparaa,
OyHzpait kKecumaa E tynnam énux cudd, YHAArd SHT Karrta 3jieMeHT €myB-
4y sneMmedT, £’ TVniam 3ca oumy cHHG AeHu/afH.

2. Yuwby x,€ R coHpaH KMYMK Gy.ran Gapya XakuKui COHjap TyI-
Jamu E: E = {x: x€R, x < x,}, x, COH Ba YHNaH Karta Gynaran Gapya
Xakukuit connap tymiaamu £ E’ = {x: x€R, x > x,} 6yacun. by E Ba
E’ 1ynnammap R pa (E, E’) kecum OGawapuim pasiiaugup. E sa £’
TYIIAMAADHHAT TYSUJHINHAAH KYHAU cHHP E 371emeHT/IapH O[acHaa SHF
KaTTa S7eMeHT MaBKyX SMac, IOKopd cuHd £’ smeMeHTsiapH opacHia 3ca
3Hr KHYMK 3jeMeHT MaBkyA (Y X, ra TeHr) GyauwM kypuHand. by xoa-
aa E rtynnam ounk cuud, £ Tymiam 3ca énuk CHH(), YHIATH SHI KH-
UMK 3/1eMEHT ENyBYH 3JEMEHT HeHu/iany.

3. Xakukuii consap Tymaamd R ja Ky cuHd— E TyrmiaMHuAr
5/MeMEeHTIapY Opacuia 3HT KarTa, IOKopu cuud — £’ TynnamHUHr  3je-
MeHT/Iapd OpacHja 3HT KHYHK 3JeMeHT Gop Oysran (E, E’) kecuM wMase-
XKyn sMac. bynn uc6oTnaiiHK.

(E, E') xecum R pa Gaxapuirax kecuM Oynu6, yHaa E HUHP 3HT
KATTa 3/IeMEHTH X, Ba E’ HHHI 3HI KHUHK 3JEMEHTH y, 6y/cHH. Kecuu
TabpHDUra k¥pa, x, < Y, 6ynagyu. R TYNNaMHHHT 3HYIHK XOCCZCHra OH-
HOaH wWvHaall #€R COH MaBKYAKH, X, < U < Y, 6Yaanu. KelHHTH TeHr-
GH3/HKA2PAN KyPHHAAUKH, ¥ COH £ ra Teruuumi 3Mac, YYHKH Y, COH
E na sHr xarta sjeMeHT Ba x, < «. UlyHuurmek, u <y, 8a Yy, con E’
TYMIAMHHHT 3HT KHMHMK 3J€MeHTH SKaHHgaH ¢ COHHHHr £’ ra Teruiau
sMacaurd xeus uukand. [Uynnail ka6, u€R con E Ba E' 1ynnam-
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Japsuir G¥popracura Xam rernuiiM 6yamafizn. Bywnan E Ba £' Tyn-
Jamaap R na kecuM Gaxkapmacaurn kenn6 yuxand. By aca  woxopnparu
¢apasra 3un. Tacauk ucGoTaanam.

Hemak, R tynnamaa Oup BaxkTna KyHH NaMia IOKOpH cHHG.Jap! €miK
6yJsraH KecHM MaB:KVIA 3Mac.

2-Teopema ([lenexkHHa TeopeMacH). Xaxuxuil coHaap myn-
aame R da baxapurean xap xandad (E, E') wecum yuyn aram
Kytiudazu uxxu xo040an Oupu Giaumu MyMKUH:

a) KecumHune Kydu cungpu— E Oa sne xamma sremenm  magxcyo,
w0ropu cungh — E’ Oa 3ca 3ne kutuk aemenm maedxcyl amac;

6) kecumnune xytiu cungpu — E Oa sne xamma 3remenm maexuyd
amac, wxopu cunpu — E’ Oa sca sHe Kuduk snemenm masxcyo.

Hc6oT1. ®apas guaaimk, R na 6upop (£, £') xecuM &amapuaran
6yacun. Hemax, £ ea E' tynnamaap yuyyH 8- TabpuHMHT 1LAPTJAPH
Gaxapuagy.

E Tynnamnunr Gapua panyonas coHJapH Tymaamusu A Timnam, E’
TYINAMHMHT 6apua palHoHas conJjapu Tymaamuan A’ TVnaaM  aeilinux.
Paewanku, AcE, A’CE’ By tysnaran A ra A’ Tyniamaap paumoHas
connap 1ymiamMu Q aa (4, A’) xecum GaxapuMHM Kypcatamus. Apsaso
A Ba A' tynaamaapHpHr Gyl SMacJHrHHM ucbotaaidauk. E = @ 6yara-
HH vuyH Tx,€R, x,€ E. Arap x, panuonan cou 6yaca, xo€.4 6ym6,
A= @ 6yaanu. Arap x, uppaumoHan con Gyaca, Tabpubira kypa y Q
TYNJIaMAATH MKKUUYH Typ KecuM €WJaH anukJanand. Jdemak, x,=(A,, By).
byapa A,=+@ O6yarann caGabm, Jr,€Q, ro,€4, Gyaam. Ammo
To<<X, Ba Xo€ £ Gysranupan aca, r,€A skann Kequb uMkamu. lemak,
A= @ Xyann wysudries, A %= @ 3kanu XaMm Kypcatiaam. R= E|J E’
JaH Ba A, A’ TynnamaapHudr Tyauauminra xvpa AU A" = Q 6Vaanu.

(E, E') xecum R na 6axkapunraw Kecumaurupal sa AcE, A'cE’
IaH Moc papumga A Ba A’ Tynnamsapra TerHIIIH a Ba @’ 3JeMeHTJap
YUyn a < a’ TeHrcuanuk Ypuuun. IHyupai kuom6, Q tymaamaa (4, A)
KecHM GaKapH/raHJMrn kypcatiind. By kecuM Gupop Xakukuii o COHHM
(pauvonan €K MppaudoHa] CORHM) amukJaimM: o = (A4, 4'). JleMmak,
o € R. Kecumnusr 2) maptura kypa o con €kn E Ttynnamra, éku E’
Tynaamra TeruiaH 6ysamd. o€ E 6YacuH. OHau o con E 1ymiaam agse-
MEHTJIapH OpacHJa 3HI KATTacH 3KaHMHH HcGoliaiimus. Teckapucunn da-
pa3 xunaitauK, AbHM o coH E TynjaM 3JleMeHTNApH opachia 3HT Kart-
1acu 6yamacud. Yupa Jx€E, o < x 6ynaan. Xakukpi cOHJap Tymma-
MH 3HYJHTHra Kypa IUYHAAH 7 palMOHaJ COH MAaBXKVIKH, %<7 <X
TeHTCH3NMKJIap YpuHau Gyjand. Y6y x€E Ba r < x MyHocadarnapaaH
rcE Ba gemak, r€A xemu6 unkagn. AmMo o = (A4, A’) KecHMuMHT
KvHH cuHdu — A 1ynnampard r coH 6y (A, A') KeciM aHMKJAraH coH-
JaH Karra 6yJMimp MyMmKHH 3Mac. by smanwarauk. emak, « coH E Ttym-
JaM 37leMeHTNajH opacHaa SHT Kariach 6yaanu.

Ulynra yxmwawm mynaoxasa 6unan a€E’ 6yaranga o con £ tynaam
3JeMEeHTJIapH OpacHia SHI KHYMTH 3KaHH KypcatHaaan. Teopema 11c6OT
6¥.1au.

Jleneknna Teopemacura Kypa XakHKHH COHIOp TymaamM R 1a Guka-
puaran xap kangai (E, E’) xecuM yuyH MKKH Xoa 6ynazd. DBynpa E

37

www.ziyouz.com kutubxonasi



€k E' cundapHUHT EnyBYH S/IEMEHT/IADUHM OHDHIAH UKKHHYHCHTA YT-
Kasywl Hysu OunaH OHTTAa XONMra, KeCHMHH OHp TYD KEecHMra KejTHPHIU
MyMruH. Bus R pa Gawapuarad xap kaugast xkecum (E, E’) ga recum-
HHUHT KyiH cuibu £ ga sHr Karra sneMeHT Uyk, tokopu cuad E’ pa
3ca 3HT KHUMK 3JeMeHT Gop OyJraH kecum gne6 xapaiimus. by sca He-
JEeKHHI TeopeMacHHH KyHMJArgia XaM ubogajamr MyMKHHJIHTHHU Kypca-
Tagu.

3-teopema. R Oa 6awapurzan xap xawdad (E, E') xecum aeo-
HA XQKUKUL COHHL QHUKAQLIOU.

v ¢ €R con éppamupa xap aoum R ga a = (E, E’) xecum GaxapHur
MYMKHHKH, OyHEA XakUKHUH COH o KeCMMHHHI IOKOopH cuHGH E’ ra Te-
THULTH GYJHO, YHHHL 3HT KHYMK 3J1eMeHTH 6Vaamu. Axcumda, R na (E,
E’) kecum Gaxapuarad GY/icHH. 2- TeopeMara Ba IOKOPHIAar#d KeJMUIYBH-
MH3ra Kypa Oy KeCHMHHMHT IOKOPH cuHQH E' na 3Hr KHUHK 3JeMeHT
Masxyn OY/aHO, KecHM Iy COHHH Hpomanadg.

emak, xaxukuil consap Tymiamd R wmy tynnavaa Gaxapuiarad Ke-
cuMsap 1y¥nnaMd OuiaH Y3apo GUp KUAMATAH MOCJHKAA Oynanu.

6- §. CoHm TynMaMaAPHHHC Yerapanapu

l. Connu tynnamaap. bus aseanru maparpadaapma XagkHKHid
COHJAp TYmmavu R HM BA YHHHI XoccajapuHH ypraugwk. Oparga 3.e-
MeHT/IapH XaKHKH# COHsapAaH HGopar GyaraH TYILIaM COHAW myniam
Heitnagn B3 y kymuuya E = {x} kaGu Genrunasagd. MareMaTHK aHa.u3
KypCHAA acocaH COHJM TYmiamuap Kapanagd. COHJIM Tymiamusapra ioxo-
pria GHp KaHYa MHCOAMIAD KeJTHpraH aquk. $lua OMp KaHya MHCOIAD

KeJITHpAMH 3.
1 1 2 1 3

1. Fl——{O, I, '5‘, ‘5‘, "3‘1 :,—4'u }’
2. Fp={x: x€R, x*—x=0},

3. Fy={x: x€R, 1<x<2}
4. Fe={x: x€R, O0<x<l}U{x: x€R, x=>3}.

Kypc nasoMupa xap ZouMm yupaG TypaguraH COHJIM TYMAaM/IapHH Ke.-
THPaMHU3.
Hkku a€R, bER coH Gepuaran 6yausd, @ < b 6yacud. Yuwly

{x: xER, a<x<b}
TynaaM ceamenm 1e6 aranagu Ba y [a, b] xabGu GenruiaHag:

la,b] ={x: x€R, a<x<b}.

Bynza a Ba b connap [a, b] cerMeHTHUHr 4eeapasui Hyxmarapu €A
decaparapu Aeduaiu.
Ywby
{x: x€ER, a<<x<b}

TYNJAM urmepeas nefunany Ba y (@, b) xabu GearuiaHand:
(@ by={x: x€R, a<x<b}.
Ky#inaaru
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{x: x€R, ag<x<b}, {x: x€ER, a<x<b}

TYIUIaMIap ApuM ceamenm ReHunaju Ba yJaap Moc paBuuwina [a, b) Ba
(a, b} xabu Genrmnanapu:

[a, ) ={x: x€R, a<x<b}, (a, ) ={x: x€R, a<x<b}.

Kefinury MyJloxasajnapia acocaH COHJM TYIIaMjap OHJIaH Ml KYpH-
Japu. {lymusr yuyn GyHIAaH KefiHH «COHJIH TymJjaM» fJefuwl VpHUra
KHCKaua «TYIiaM» CY3HHH HIJIaTaMu3.

2. TYnnaMHHMHr aHHK IOKOPH Ba aHHK KYHH Yerapaja-
pu. Bupop E Ttynnam Gepunran GyisicuH.

9-tavpud. Arap wynnalt M coH Mamxkyn 6yicaku, ¥ x€E yuyH
x < M TeHrcusnHx Gakapuica, E TVIiaM 10K0pudan decaparanzar Neiu-
Jami, M con sca E HHHT w0K0opu dezapacu neHNNanH.

10-1abpud. Arap nxruépui M COHM OJIMHraHaa XaM LuyHpalt
X, € E Tomuncaku, x,:>M 6yaca, £ tynaam roxopudan uecaparanmazan
ne6 aranajy.

11-tabpud. Arap wysnaii m con Maekyn 6yJacakd, ¥ x€E yuyu
X > m TeHrcHaMMK Gaxapuica, £ TynnaMm xydudax 4eeapanarean neiu-
Jand, m coH 3ca E HHMr xydu wesapacu nevinnanu.

12-1abpud. Arap uXTHEPHA m COHM OJHMHIAHZA XaM HIyHAaH
X, € E TOonMiCakH, X, < m Gyaca, £ Tynnam xydudaH 4ezaparanmacan
JefHaany.

13-Tabpud. Arap E T1ynaaMm xam KyfupaH, XaM IOKOpHIaH 4era-
JaHran 6yaca, E TynJaMm 4eeapaiaread JefiMnand.

Mucoanap. 1. E=={—1: n=1,2, 3, } TyNIaM  I0KOpPHIaH
n

yerapaJaHraH, YyHkH 6y TYnaaMHMHr xap OHp 3JeMeHTH | 1aH KarTa
Imac.

2. N={n: n=1, 2,3, .} TynaaMm 10KOpHjaaH YerapaiaHMaras,
aMMO y KyiunaH | 6unad uerapanadras: ¢+ n€N yuyrn n > 1.

3. E,—6apua TyrpHu Kacpiap Ba 2, 4, 6 consapmaH HGopat Tyn-
JaMm 6yacHH. By TyniaM loKopHaaH derapasaHrad, YyHKH YHHHT Xap
6up 3neMeHTH © NaH KaTTa 3Mac.

4. E, = {x: x << 0} tynsam KyfAHAaH yerapa/aHMaraH.

5. Ywby E, = {x: x€R, 2 < x< 4} Tynsam uerapajauras Tynjiam-
IHp.

KOKopHAa - KeATHpHATAH TabpH] Ba MHCOANIApAAH KYpHHAIHKH, arap £
TYI/IaM IOKOPHIAH YerapasarraH 6yJica, YHHHI IOKODH YerapacH YeKkcH3
KVn 6ynagu. By Tacamk M cospaH karra 6ysirad Xap KaHiall XakHKHH
con E TynnaMHHHT 10KOpH derapacH 6y/a OJMIIHAaH KeJMO YHKanu.

IlUynunraek, arap E TynaaM KyHujan verapananran GyJca, yHHHT
KYRH derapacH XaM ueKcH3 Kyn 6yianu. By sca m coHpan kuuMk 63a-
rai xap Kaujafd Xakukuil coH E TYNJaMBHHT KYyHH derapacH 6ysia o.ai-
IUHAH KeJrb YHKALH.

IOKopuaan yerapasiaHrad TymJam YYyH YHHMHT IOKOpH YerapaslapH
OpacHja 3HT KHYHMIHHH, WYHHHIIEK, KyHHAaH YerapaJaHrad TyniaM y4yH
VHHHT KYHH derapajap¥ OpacHA3 3SHT KaTTACHHH TONHLI MyXHMIHD.
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4-Teopema. Xap xandad rwKopudan 4e2apananzan myniam Y4y
YHUHZ 10K0pU Yeeapairapu opacuda ne Kudueu masityo.

Hcb6or. E TVnaav 1oKopuiaH yerapajiaHrad GyJcHH, stbHH IIyHAAH
xakuguit M cod MaBxkygku, ¥ x€E yuyH x < M TEHICHU3/HMK YPHHIH.

E HHHr 5/eMEHTJI2DH OpacHJa 3HI KATTaCH MaBKyJ OVJICHH. YHH X,
Ae6 omaiiug. HeMak, ¥ x€E yuyH x < x, 6V.mb, Oy 3ca x, coH £
HHHT YOKOpH derapaiapd kKaropuaa Gymuwmnu kipcaraiy. Ammo £ 1yn-
JAMHUHT IOKOpH derapacd GyaMHW Xap xaHgall M COH x, COHIAH KHUHK
6y maiign, apHU X, < M, uyHkH x,€ E. By 3ca x, coH E£ HHAT HOKOpH
yerapajiapd opacHia SHI KHYMTH SKaHJMrHuU Guagupand. Dy xonga Tteo-
pema HcGor GV,

Suau £ tynnam sjeMeHTIapU OpacHaa U KarTacH MaBkya GyaMa-
rag xoaH# Kapa#mu3. E HUHT IOKOpDH YerapajiapuiaH HG6opar Tymaam F’
6yacun. By F’ tynmamra termmiu GynmaraH 6Gapya XakuKHil COHJIApIcH
udopar tyngamHu F pefinuk. Pasmanku, F<F F sa F’ rymnamnap R
za (F, F') xecum 6awapanu: £ < F Ba E — 10KopuaH Yerapasiadrasan-
rugad F = &, F' = @ skauu Kequd yukand, WyHeuraek, F sa F' sap-
HHHr Tysyiaummgad 3ca FUF =R Ba v x€F, ¥ X' €F =x<x" 6%-
nagu. [depekunn teopemacura kypa 6y (F, F’) kecuv oupop o Xakuxu#
coHHH aHuKJgaiam: o = (F, F’). By « coH TaGuuiiku, F TyniaMHHHr Ba
emak, EF Gyaranunan £ TyniaaMHHHE XaM IOKOPU Yerapacuiup, sibHM
a€F’ My 6unan Gupra y F’' TYIJIAMHHHT 3/JEMEHTJADH OPAacHaa 3HT
kHuurd. Teopema TVYaMK HCOOT 6Yau.

14-ta®vpud. IOKopngan verapanasrad E TYn/aaMHMHT [OKOpH yera-
PANZPHHUHT SHI KUYMrH E HHHT QHuk foKopu weeapacu ne® araiajgd.
Y sup E KaGu 6ejrd;iaHag.

5-teopewma. Xap kandad xydudan weeaparanzan mynaam Yays
YHUKe Kydu 4eeaparapu opacuda 312 KAMMACU MasxHcyo.

% By Teopema rokopuzard 4- TeopeMa KaGH HCGOT/IaHAH. Y HUHT HCGO-
THHH YKYBYHIA XaBOJia KUIaMH3.

15-Tappud. Kylinpan uerapanadraw E TymaaMeRHHr Kyiis derapa-
JIADUHMHT SHr Karracd E HUHT aruk Kydu dezapacu pneb aranaid.
Y inf E xatu Gearunanan.

Haruwxa. Xap kaupait werapasanrad £ TYNJaMEHHT aHug OKOPH
Ba aHMK Kyiid uerapajapd MaBkKyJ Ba

inf E<supE.

Mucoaaap. KOKopria KeNITHPUIraH MucoaIapaa HpoganaHrad tymn-
NaMJIAPHHHT aHHK 'OKOPH Xavia aHui KyiH YerapaiapiHH aHHK/IAiMHU3.

1. supE =1, inf E =0,
2. infN =1,
3. supE, =6, inf E,=0,
4. sup £, =0,
5. sup £, = 4, inf £, = 2.

IOKopuaaru rymiammap yuyd sup N, inf E, napau keftupox Keartu-
pamus.

Kentupuirad Muco11apaaH TYIVIAMHHHT aAHHK IOKOPH XaMAa aHuyg
KyAM derapajapd TVILIAMIA TeTHUWIH OV/IMIIM XaM, TeTHulaH O6f./imac.i-
TH XaM MyMKHH 3KaH/JIHTH KYpHHAIY.
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3. TynmosaMHHHI aHHK IOKOPH Ba aHHK KV HH Yerapana-
DPHHHHT Xoccaaapd. |° Arap £ TynnaM OKOpHIaH dYerapasiaHraH
6ymu6, £,=F 6Vaca, vuia sup £, <sup £ G¥qand.

Hc6or. 4- TeopeMara K¥pa £ HHHC aHHK FOKODH YerapacH MaBXKyu:
supE =a. E,=F 6y;mumian £, TYnaaMHuHr NaM IOKOpPHAaH yerapa-
JIAHFAHIHTH Keaud YuKa. sup £, =@, 6VacHH. DHIM o) < o 6YJIHLIH-
HU HCOOTIafiMH3. TeckapucHuHM $apas KUAAHIMK, ABHH @) > o OY.ICHH.
Y xoaia wvHiaH pauHCHAT @ COHHH TOHHII MYMKHHKH, ¢&¢; >4 > o. 6y~
Jgagu. o, =sup £ GVaraHd y4yH aHMK FOKODH 4YerapaHuMHI TaBpHbHra
Kypa wyHAal o] MaBKVIKH, @ >a 6yiaaam (akc xoaza supE;<a
6ynap anw). [demak, of >a. AMMO, HKKHHYM ToMoHIaH, E,E Ba
a=sup £ Oyarand vuyH o)< o TeHrcH3MMK xamM ypuiai. Harukana
supauatra keaaMus. HIvEaaft xumud a, < a, AbHU

supE, <supE
6ynaan.
2° Arap E t{naav KyfMiad derapanadran 6ysub, E,<E 6ynca,

infE; = infE

6ynamu. Dy xocca 1°-xocca ka6 uc6oTsiadaj.
3° Arap E rt¥njaam derapanadran 6vaus, £,—E Gyaca, y Xonsa

infE<iInfE, <supE, <supE
6yaamm.
HMc6or. 1°-Ba 2°- xoccarapra acocan sup £, <supE sa infE, >
> inf E 6ymm6, inf E, < sup £, GY.JraHn y4yH H3IaHra
infE<infE, <supE, <supE

TeHICH3IHK VPHHIM 6V.1anH.

4° Arap V¥ x€E vuyH x < a TeHICH3IHK GaxapH/ica, y XOo/ija
sup £ < ¢ TeHTCH3IMK VPHHIHM Gynaand.

Hc6or. E tinaaveuur 6apua 37eMeHT.IapH B2 o coHmad E* tynm-
naMHH (y3amuz: E¥ = E{J {a}.

Byusan EcE* Ba jgemaxk, 1°- Xoccara kypa sup E < sup E* tedrcus-
MUK YpuHad. YHaaH sup E* = o GyaraHuiad sup £ < o TeHrCH3MMK Ke-
JHO YHKAIH.

5° Arap ¥ x€E yuvH x>0 TeHrcuuMk Oaxkapuicz, y XOaAa
inf E > P TeHrcusauk ypHHIH 6ynazu{.

By xocca rokopuaard 4°- xocca KaGH HMCGOT/IAHAIH.
6° Arap E Tynnam joKOpHiaH uerapaiaHraH Ba g =sup £ 6yuca,
y Xonpa v &> 0 vuyH wyHgai x" € £ MaekyakH, X' > a—e GyJaagd.
HMc6ot. Teckapuennn dapa3 kunmafivk. AbvHu wyHzail € >0 mas-
Ky OVacHHKH, % Y€ E yuyH x <a—e Oyacud. ¥ Xoaaa 4°- xoccara
O6HHO2H
sup £ < a—e,

ABHY g << d— € Oyauiud KeAH® YHkanH. By 3upauar afmuarad tacauk-
HY HCOOTJIAlIH.
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7° Arap E tynaaM Kyfinzad uverapanadran ra b= infE 6vaca,
y Xoaaz v e>0 yuyn myHpafi x' € E MaBKYIKH, X' << b-}-€ 6ynany.

By xocca 6°- xocca xa6u uc6orTnaHanu.

XaxkHKHH COHyap 1ynnaM R TapkuGura — oo Ba - oo CHMBOJIAp-
HE % x€R y4yH x> -—o00 Ba x<< 4 00 XyCycHAT 6u.aH Kymuo,
R tynnameu Xocun Kujiamus:

R=RU{+ oo} U{— 0}.

By cHMBOIJApHHHF KHDHTHJMIM uverapajaHMaral TYIJIaMJIAPHUHT
aH¥K IOKOPH Ba aHMK KYHH YeTapaJapMHH KHDHTHII HMKOHHHH OepajH.

Arap E 1okopupaH yerapasianmarad Gyica, sup £ = - oo, KyjiuzaH
yerapajianmarad 6ysca, inf £ = -— oo ne0 onmHagH. [lemak, my Keau-
wysHMH3ra kypa N Ba E, Tyniamaap YYyH SHHK derapamap sup N =
= 4 oo, inf E, = — oo 6ynany.

7-§. XaKkHKHil coMJap ycTHAa apudMETHK amajnap Ba
yJAapHHHT XocCCaJiapH

I. Xagkukuii counap AuruuHgucH. Vkka o Ba B Xakdxkuil coH-
Jap Gepuarad 6yicHA. By cosmap pausosan coumap 1ynsaamu Q aa 6a-
wapuarad yuly « = (A, A), B=(B, B’) xecumnap CGuiaH aHHKJaH-
cu. Kecumiaapuuar kyiu cunduapy A Ba B TynaamaapiaH Moc paBHII-
na a Ba b connapuu oaM0, yJApHHHT HHFUHIMCH ¢ = a + b HH Ty3amH3.
Byspa#t fimenunnnnapgan ubopar tymaamuu C 6uaan: C={c: c =a b,
a€A, beB), cyur Q\C tynaamun 3ca C’ 6unan (C'=Q\C) Genrunaii-
mu3. Tysumuwmra kypa Q =CUC’

Suan C ra C' tynaamaap Q na (C, C') xecum GaxkapiHHM  Kyp-
caramn3. a= (4, A"), P=(B, B’) nap Q na OawapuiaraH KecHMJap
Oyaranyd yyyH

A+=a, A +2, AUA =Q; a€A, d A =a<d,
IIYHHHT IEK,
Bs+@,B +2, BUB =Q; b€B, b eB =b<?b

6yan6, yHgaH apBano C % @& 5kanH KesqHO unkamd. CyHrpa Xap QoMM
a+b<da + b 6yaranu yuyH C TynjaM IOKOpuzaH uerapasianrad 6Gy-
au6, supC =y Mamxyanvp. AMMo A Ba B TynsaMm 3jeMeHT.apH OpacH-
Ja 3HT KaTTacH MaBxyn Gy.Marasd yuyH a+b <y (a€A, b€B) 6yna-
oM. Yupa a' +b' =y (@ €A, be€B) 6ym6, a -+ b gC. Bynnan
a+beQ\C=C" Hemag, C’' =@ Ulynudaraexk, c=a-+ b€C mBa
c< ¢ =a +b €Q\C 5KkaHura HIIOHY XOCHJ KHJAMH3.
Hiynpait ko6, C sa C' tynuamaap Q ma (C, C') KecuMm Gaxapa-
IH.
I6-tavpud. (C, C’') Kecum (urnas aHUKJIaHAfHraH Y XaKHKHA COH
o va B Naxkuxuil comiapmunr durunOucu e6 atamazd. Wwrmnas o+ B
Kabu GearunaHaim.
SupH NakHkHil COHIapHH KVIUHIL aMaJHMHHHET  XOCCaNapHHH KeJTHpa-
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mu3. Papas kunaimuk, o €R, BER, §ER 6ycud. KyAH1ard TeHIJ/MK-
Jiap YpHHJIH:

1° a+8=0+ao

2° (4P +8=a+ @B+ 9

3° Honb conu yuyH

a+0=04+a=ca.

By xoccanap ocon ucornasazd. bus ynapiaH GupuauHr, macasau, 3°-
HHHI HCOOTHHH KeJITHDAMH3.

Mabaymxd, 0 cornn Q tyniavia (Q_, Q) xechyM CHIaH aHHK/IAHA-
I

Q. ={r: reQ, r<0}, Q.={r: reQ, r=0}
0=, Q).

2 €R con 3ca o =(A4, A’) xecuM OHAaH aHUKJaHCHH. Tabpudra
kypa a +0=(C, C’) 6yau6, 6ynaa

C={a+r: acA, reQ_}.

Ammo ac A, r€Q_ 6ynrauga a --r <<a Myuocatar ypuumu, Ily-
HuHr yuyn CcA 6Vaangu. Bynpan

a+0<a (2.5)
3KaHH Kesub YHKAIH.

A tynnampan uxtHépuit @ COHHHM osaMM3. A 1a 3HT KaTra 3JeMeHT
MaBXyJ Oy/JMaraHH yuyH @ <@, TEHICU3/IMKHH KaHOAT/aHTHPagHraH
a,€A coH MaBkyn. YHaa a =g, +(a—a,;) 1eHr/MKIaH r =a —a,; <0
6y AMWHHE XHucobra oms, A TYNnaMHAHT Xap 6up aneMeHTHHH a + r (a€4,
r €Q_) KypuHHIUAA €3MII MYMKHHJHTHHH aHugKhaiMu3. By 3ca

Ac{a+tr: a€A, reQ_}=C,
AbHH ACC 3KkaHHHH Kypcataad. Hemak,
u<a-+0. (2.6)

Duuu (2.5) Ba (2.6) MyHoca6atsiapaan o+ 0 = @ TeHIVIMKKA 3ra 6yJa-
mu3, 3°- xocca Hc6OT GYaH.
HFHHIMHHMHT KeAHHTH XOCCACHHM KeJTHpHUIZaH aBBal « &R coHra
KApaMa- KapilM GyJraH COHHHM aHuKJahMu3,
a€R coun Q tynaamua (A, A’) Kecum OHjIaH aHHKJIAHCHH: o = (4,
A’). PauyoHa;i COHMZPHHHT KYHH1ard

— A" ={—a a'€A}, —A={—a: ac4}
Tynnamaapusy Kapaiimus., PaBwasky — A’ Ba — A Tynaavaap Q Tyn-
Javpa (—A’, — A) xecuM GaxapagH.

17-tavpud. (—A, —A) KecuM GMIAH AHMKNTAHAQMIAH XaKUKHA

COH & XAKHKHHA COHra xapama-Kapuwiu con fe aranagu Ba y -— o Kau
OeNruaaHaaH,

—a=(—A, —A).
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4° Ya€R yuwn o +(—a) =0 meneiux jpurau.

Hcbor. a=(A, A) 6yacun. Yuma —o con (—A’, — A) kecum
6unaH anMkNaHapd. Murueau Tabpudura kypa a +(—a) = (C, C),
6ynja

C={c=a-+(—a): acA, —ad€—A"}, C'=Q\C.

AmMo a < a’ TeHrcH3MMK VpuHaM 6ysraBu caGabai ¢ =a-- (—a') =
=aq—a' <0 6Yymb, C TYnNaMHH TAWKHJI 3Trai paruoHa] CoHJIap
MaHbuil pallHOHAJ COHJAapJaH HGOpaT 3KAHMHH aHHKJaivuz. JleMak,
C<Q_. bynpan aca

at+(—a)<0 (2.7)
TEHICH3/IHK Kesud YHKajH.
Oupu ¢€Q_ conun omalumk. YHAa, paBuwiaHgkd, —c¢ >0 6Vaam.
bus ynn r 6unan Gearwiaiimmk: r = —c.
(A, A’) kecuMBHHT KyHM Ba IOKOpM cHHOJapuAaH oamdran ag A-
a’' €A’ connap yuyH @' —a=r, bHH
c=a—+ (—da) 2.8)
TEHJHK YPUHJM 6 THIIHHM KYpeaTamus. a, €A, a € A" yuyd ag—a, >0
6Vaanu. ApxuMea akcuoMacura Kypa imyHpaih natypat n€N con Mas-
KYAKH, 6y COH VYYH n-r > @,—a, TEHICH3IMK YpuHaH Oyaand. AMmo
Gy - N1 > G, TeHICH3MHKKA Kypa @y +- n-r € A’ skanuuu 1onamu3. Mo-
LOMHKH, @,€A, ay,+n-r€A’ 3kaH, yHia Haiypasa cOH n BM ILyHuak
OJIMUI MYMKHHKH,
a,+n—1)r€d, ag+nred
6ynaan. Arap
a=aq,—n—Yr, @ =agy+nr

ne6 ofcak, VHIA @ —a =7, SbHH ¢ = a -+ (— a’) 3KaHH KeJHub uuKa-
IH.
Hemax, Q_ TyniaMHuHr Xap 6up 3qeMeHTH (2.8) kypunuumiza udo-
nanasagy. By sca Q_cC akanunu anrsatagu. Bvhiau

0<a+ (—a) (2.9)

SKaHn kKeau6 uymkaau. Huxost (2.7) Ba (2.9) wMyHocaGataapnan a -
<4~ (— o) =0 TeHIVIMKHMHI YpPUHIM SKaHHMra HUOIOHY XOCHI KHJIaMH3.
4°- xocca uc6ot GyJian.

5° Arap w€R, BER 6ymd, «a>f TteHrcuamk Vpuaan 6yaca,
yHaa a + 6 > B -+ 6 TeHrcusaMK XaM YpuBAM GYiamu.

By xoccanunr McGOTHHH YKYBYHra XaBoja KHJaMH3.

Bepuaras NakuKMH COHra KapaMa- Kapild COHHMHI' aHMK/JIAHHMIUH HKKH
XaKHKHA COH afiMpMacH TyHIYHYAaCHHH KHPHTHII HMKOHHHH Oepaid.

18- Tabpud. @ XakuKMH CcoOHAaH P XakMkuH COHHMHT adupmacu
ne6 a + (—P) conra aiTuaagn. Alupma o — P kaCu Gearniananu:

a—f=a+(-f).
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DHAM XaKHKHH COHHMHT aGCOMIOT KUAMATH TYLUYHUACHHH KeJITHPAMH3.

bupop aER conuu (x = 0) oaaitauk. byHma o, —a coHnapaas Gu-
pu anbarra Mmyc6ar GVaand. Dy MycOar CoH o COHHMHr a6CcoJdioT
kuiMaTn ne6 atanagu Ba y || kabu GearmmaHagu. Hombe coHuHHEHT
abcomor KuAMaTtH 1e6 0 conununr yau onuHagu. emak,

lal= fe, arap o> 0 6yaca,
| —a, arap a<0 6V.ca,

2. Xakukuh conaap kynafitmacn. HMkkn >0, >0 xa-
KUKui cod Q Tymiampa Gamapunran (A, A’) Ba (B, B’) kecumsiap €pga-
MHJA aHMkJaHrad G6yacuH: o = (4, A’), p=(B, B’). A Ba B 1yniamnap-
HMHT Mauguit 6yavaran a€A, a>0; bEB, b >0 3aeMenTaapuaan
ywoy

{a-b: a€d, a>0, bEB, b >0}
TYrIAVHA Ty2amus. CYHIpa palMOHa/Jd COHJIADHHHI KyHuiark

C=Q_U{ab:ac4, a=0, beB, b>0},
C’'=Q\C

Tynaamaapiau Kapaiivus. By € ra €’ 1ynaamiaap Q aa (C, C') xecum
baxxapulnHy aBBanrH GaHAnapra KypcaTHAraHaeKk HCOOTJAl MyMKHH.

19-taspud. (C, C’) kecuM GunaH aHMKJIAHraH COH o Ba f xaxu-
Kuil conrap xgnaimmacy jefivnagn. Kyna#itva o- kabu Gearunanan:
a-B=(C, C).

Hxtuépuit o #a P xakuxu#t coHnap y4yyH Oy COHaap KymaiiTMacH
KyHuaariua TaspHduiaHaau:

. j—([a|- [B), arap « Ba § Typam Hwopan 6¥.1ca,

| ja|-1Bl, arap « Ba B Gup xu.1 mmopais 6y.aca.

SHAH XakUKHH COHJapHH KYNMaHTHPHII AMATHHHHT XOCCAJAPHHI Ke.ITis
ramus. ®apas kumaivimk, a< R, PER, 8€R 6¥acun.

1° ap=p o

2 (@p)b=a- (P

Fal=a.
By xoccanapruHr McGoTH KuliiMH sMac. bu3 ysaapHuur OGHpopTaciiHH, Ma-
canaH, 3°-Xocceun wucGoraabvuz. 0 <a€R con Q Tyniamaa 6Gaxa-
puaran o = (4, A’) kecuv, | con sca (B, B') KecuM OHiIaH aHHK.JaHraH
6yacus. Tavpudra acocan a- 1 =(C,C’) 6y.md, 6yHia C ={c: ¢ =
=a-b, ac4, bEB}. AmvMo b< ] 6yarasn yuyH a-b<a 6ymub, yHiar

=q-b€ A sxkanunn Tonamus. Jemak, Y c€C=~c€A. Bysca C— A

3KaHWUHH KypacaTagd. Jlemaxk,

al<a (2.10)

Suan a€ A 6Yacud. A Tynnampa 3HT Karra 3JeMeHT MaBkya 6Y.aMa-
raud cabi6sii yHIa a <<a; TEHICH3/HKHH KaHOAT/J4dHTHpajuras a, 3Jje-
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MEHT MaBXKyA. Arap a =g, L. 1e6 K apacak, a,€ 4, 2 ¢B (syHKH
a; a

a_"_ < 1) sKannnM Tomamu3. Jlemak, A—C. Bynaan
1

a<a-l 2.11)

TEHICH3MIMKHHHT VPHHJIH SKaHW keau6 uMkazu. (2.10) Ba (2.11) myHoca-
6atjiapgaH o -l = oo TEHIVIMKHUHI YDHHJIH 3KaHHTA HUWIOHY XOCHJ KHja-
MH3.

XaKHKHA COHJAD KYNaHTMACHHMHT KeHMHTM XOCCAaCHHH KeJTHPHHIAAH
aBBaj o€ R coHra TeckKapH GyJraH COHHM aHHKJIaiMM3.

0<a€ER con Q tynaamaa Gakapuaran (A, A’) kecuM 6HJaaH aHHK-
JlaHraH GyJcHH. PalmoHan coH/IapHHHT KyHHpard

C=Q_U{0ju {L a’EA’},

C'=Q\C

Tynaamnapusl Kapahinuk. By C Ba C' rynnamaap Q na (C, C’) xecum
6axkapamu. (ByHu nc6ornawn YKyBYMra TaBCHS KHJIMHALW.)
20-taspud. (C, C’) Kecum GunaH aHuKJaHrad cod 0 < a = (4, 4")

/

. 1 H
XAKHKHA coHra HHcCGaTsH meckapu con €6 atanagd. Y ——(—— =
(¢ ¢

=(C,C ')) KaGH GearusiaHagy.

Arap a < 0 6yaca, y xonga 6y coHra teckapH 6y/raH L con KyHu-
a

Jarvya TabpadyiaHali:

4° Hoagan dapkad % ¢ €R COH yyyH yHra TecKapli COH MAaBXKYyj
BAd &+ — == | T1eHIIMK VDHHJH.
¢4

0 <o con (4, A"), a-— crn (C, C') xamaa | con (B, B’) xecuM
04
6unan aHMKJaHraH GYJICHH:
a=(4,A4), a-—; =(C, C), 1=(B, B).
dapaz kuaaiiank, ¢€C 6yacud. ¥ Xoapa c=a- —1 <1 (a€4, a’'cA’)
a
6ymm6, 6ynian ¢ €B skann kesm6 umkaan. Hemak, CcB, GUHOGAapHH,
@ < (2.12)
¢4

TeHICH2JUK YPHHAH 6V.jaiH.
SugM B tynaamaan myc€at b cownd omaiiauk: b€B, b > 0. Arap
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1 . .
= — 1 ne6 kapadtiaurad 6yacak, yHI1aH 0 <7 b <I ] TeHrcHaIuxkka

kypa € > 0 5KaHHHH TOMAMH3.
A#=@, A+ @ 6yaradn yuyH yuly q,€A, a',€A’ coHnap wmas-
xymup. bynna ay<a;. 3uam Kyduiard a,, a1l +e), all 4 ¢)?,
al 4+, a, (1 +¢)", TeOMETPHK TPOrPECCHAHH KYpaMus. YHpua
wysgait #rkuta @ = a, (1 +6)", @' = a,(1 + €)™ xam TONHAANHKH, 3=
=a,(} +e €4, o’ =a,(1 +&)"' €A’ 6yaamun. YV xo11a > =1+e=
a
= —;—, AbHH b= —a7 =aq- —L 6ymam. Hemak, b€C. lyHiakt Kuuo,
a a

BcC. bynpau
1 <a — (2.13)

TeHTrCH3/HK Kequb uukanu. (2.12) Ba (2.13) myHocabarnapaaH H3naHrad
{ o

a- — = | TeHraHkka sra G6Y.jamu3.
¢4

a << 0 6yarad Xo.jza XaM HOKOPHAArHaex

L

s —
<)

Y THIUM KYPCATHJIAMH.
6-Teopema. Azap uxku a€R, PER xaxuxud con Gepurean 6y-
aub, o %0 6ygaca, y xorda

a-x=f (2.14)

MeH21aMaKL KGHOAMAGHRMUPYS4U S20HA XaKuxud COR X Masicyd.
Ic60T. @« 0 6yaraun ydyH Xap JOMM YyHra Teckapd G6yusrad

1 . o -
— XakMKHi COH MaBxyja Oysand. By — pa § coHnapHuHr Kynmairma-
¢4 @
1 o
cuaad Tysuarai f — codHu Kapailmu3. Yuga
@
| / 1
a-(ﬁ-——)=5- (a._)=5.1 =B
a \ a
o 1 .
anMawrrHpHuiapra kypa f- — cout (2.14) TeHrnaMaHH KaHOAT/IAHTHPH-
o

i
LUMra MIIOHY XOCH1 kuaaMu3. [emak, x =P —. Suau (2.14) Tenrnama-
o4

HH KaHOAT/IaHTHPYBYK GYHIAH COHHUHI STOHAJMIHHH Kypcatamu3. Tec-
KapUCHHH (apas KHJaijuk, AbHH (2.14) TeHrnavawH KaHOAT/IAHTHPANH-
raH COH MKKHMTa: X B3 y OyacuH: a-x =P, a-y=0. ¥ xomma a-x —
—a-y=0 éxH a(x —y) =0 6yymb, o 0 6Gyaraus yuyd x—y =0
6ynamu. Jlemak, x = y. Teopema HcGoi Gyamu.

2{-tabpud. Bepwiran o Ba f xaxuxwi conaap Hucbamu 1eb,

1 .
f — coHra aétTuaagd. ¥ — xa6u GejrMIAHATH.
[«4 ¢4
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5° a€R, BER, YER connap yuyn Xap JoMM
@+f)yv=cv+p7]
TEeHIJNK YPHHIH

6° Arap a€R, PER, y€R connap Gepuirran 63.au6, ¢ > 0 Ba a>p
TEHICH3HK YPHHAM G6V./ica, yHAa a-y > Py TeHICH3TMK XaM YpHHJM 6Y-
Janu.

3. XaKHKHH COHHHHT gapaxacH. ABpamo [Ky#H1arH HMKkHTa
JIEMMaHH KeJITHpaMH3.

I- nemma. (4, A") Q tynnaMaa HXTHEDHH KecHM GYacuH. ¥e>0 pa-
UKOHA/ COH GepHATdHfa \aM, ulyHjad a€A, a’€ A’ paunoHan connap
MaBXylkH, 6y COHzap ym6y a’'—a <e TEHrCH3/IMKHH KaHO3aTJIaHTH-
pajH.
Hcbor. A Ba A" tynnamnap Q na (A, A') xecum Gaxapcun. [le-
Mak, A #+@. A Tyniampa GHpop 4@, paUHOHAN COHHH OIHG, CYHrpa
KyiHnara

ao, aO +81 ao+25, a0+n81 nENv

2puPMETHK NPOrpecCHsiHH KapaiMH3, ApXHMeN akcHOMAacHra GWHOaH
wyHgak n€N rtonunagukH, a,-+ne€d, ay+(n+ )e€A’ 6ynamm.

Arap A Tyl‘IJIaMHHHI‘ @, + ne JaH Karra GYaraH 3JaMeHTHHH a Ba g,+
4 (n-+ 1)e = a’ 1e6 oucaxk.

ad—a<ay+{(n+ l)e—(ay,+ne) =¢

6ymwmEn Tonamus. JeMak, ' —a <, a€A, a' €A’

JleMma Hc6OT GVIAIK.

2-nemMa, Ukknra a€R, BER XaknkuH coH GepunraH 6yJicHH.
3 & > 0 pauHoHAT cOH Gepwaranaa XaM IuyHaad a€Q, a4’ €Q, a<a’
COHJIAp TONMHMJICAKH, yJap y4yH yumby

’

sga<a,
a<p<ad, (2.15)
a—a<e

TeHTCH3JIHK1ap VPHHJHM OyJca, y Xoama a =P Gyaann.

Hc60oT. TeckapucHH ¢apas KHAAHIMK, sBHH (2.15) TeHrcHaIHKMAp
%t £ >0 pauHoHaJ1 cOH YYyH VpuHJH Oysca xaM o + P 6y.acus. Maca-
nau, o > B nefiimk. Y xoana miysnai r€Q, r'€Q connap MaBikyd 6Y-
JajMkH, VJaap YuyH o > r > r>> f TeHrcHsmMkJjap VpuHau 6y;azn. Ha-
THX4JA Kyidgard @’ > r’' > r >>a TEeHICH3THK.JIapra Kejamns. DyHaad
@ —a>r —r >0 TeHrcus MK KenHb yHKaiH. Dy 3ca a’— a < & TeHr-
CH3JIHKHHHT r'—r jaH KHudK OV.rad € Jjiap yuyH GamapHiMacJHTHHH
Kypcatagd. Arap a < f 6ysca xaM WyHra VxIjam Mysoxasanap €paa-
MHja SWIAHATIMKEA KeldHaau. Jlemma ucbot 6yaau.

a) XakMKHIl COHHUHT 6YTYH fapaxacH. busaeBairu Gaug-
Jia HKKH o Ba P XakHKHi COH K{TIANTMAaCHHHHT TabpH(DHHH KeJTHDIHK.
noTa o, oy, o, Q, NAaKMKHH COHJap KVMaHTMacH a,-a, @,
XaM XyaaM ywa fya Guiad TabpudsiaHagH. Arap o =@, = ==
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=aq,=a €6yiaca, y xo11a o -2 o COH @ COHHMHT n- Oapaxcact:
n Ta
n
zeb atanagy Ra o Kabu OeriisiaHajn:

o-a-o =o'

n Ta

By xenmpunran 1abpudnaH Xamaa XakMKMA COHJAp VCTHOA amaniap-
HUHT XoccajapulaH Ky#uparuaap kemm6 unkaau. o.€R, BER 6V.am6, n
Ba m Jap Hatypaa coH GYJCHH.

1) Kyinaars TeHIMKJap ypHHIH:

n m_. ,n+m
at-am =o',

aYI . ﬁfl — (a ﬁ)ll,
(aﬂ m — aﬂ!’l,

.O‘:,_Z =a" " (n>m);
2) n>mBa a>1 6yaranga o" >a" 6ymb, 0 <a<] 6yaraupa
sca o < o 6yaamm;
3) arap @ > B> 0 6yaca, y xoama a” > f" 6ynamu.
MabayMku, ¢ ¢ €R (@ 0) yuyyH Xap !1OHM YyHra Teckapn 6yJaras
al XaKMKHA COH MaBXynA. Yuby —;— - — COH C COHHMHT —n-

Japaxacu neb atanagM Ba y o~ © kabu GesrHiaHapM:
o = (_]_)"
o,

Xap kanpall o = 0 XakukKuH COHHMHI HOJMHYHM Japaxacd | ra Tewr
ne6 onuuanu: al=1.
6) XakuKUH cOHNAan OAHHTAH uajgn3. busra 0<<a€ER =ma
Taluunadran nEN connap Gepusras GyJICHH.
22-Tabpud. Yuby
t"=a (2.16)

TEHT/IMKIIM Kanoat/ aHTHpajural myc6at & coH o COHAaH O.THHTAH n-0g-

n
paxcanu uadusz fe6 aranagy Ba vV V' o Kabu Genaru.JaHamd.

Kerrnpuaran 1abpHdHEHHT DABOH  MasMYHJH (KOPPEKT) 3KaHJWTHHY,
AbHH (2.16) TEHrAMKHH KaHOAT/IAHTHpAAMraH & COH MaBX\V/AJMIHHH XaM-
Ia STONaJMrHHM KYpCaTtaMus.

Bynuur yuyn Q TymaaMHH KyHHpars

A,=Q_U{0}U{r: reQ, r>0,r"< a},
A, ={r1reQ, >0, r>a}
tynaamaap épiamupa (@ = A UA]) €samns. DyHpuait tyswiran A, Ba
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A, rynaavnap Q pa (A, A;) xecuM GaxapHum paswaHiup. By kecum
auMksiarad COHHH § fe6 odaitimk: €= (4,, 4).

IOxopunary 1- evMara acocaH e >0 palMOHaN COH YYyH HIyH-
mait r€ A, r' €A, connap MaBXyIKkH, r' —r <& O6ynagd. By conap-
HUHI' O/IMHHUIMJAH, DaBIUAHKH,

O<r<i<r
Bd, JIEMaK,

<& <r"
“TeHICH3JIHKJIAp YPHHIH GV./1afH.

A, Tynnamaa r’ nad karta GyJarau TauH r, cOHHM (GyHAait COH Xap

JouM TomuaagH) oncak (0 <r <r’ <r,)
’ - —2
e = = (" T +
—2 — -1 -1
F " )< (0 —1)-nrg  <eenerg
&

-1
nrg

6ynand. DyHpaH kypuHamuku, %€ > 0 pauHoHas COH y4yH (s’ =

ra K?Pa) wyngait r€A,, r' € Ay Nap MaBKyIKH,

;

Ba
r'—r<e
“TEHTCH3JIHKJIap VPHHIH Gyaamd.
Hkxunun tovonpan, (A, A;) KeCUMHHMHT TY3UIHUMra GuHOAH

M<a<r"
6ynagn. Ulynnait kumu5, 2- nemvagard Gapya 1mapr.aap GamKAPHAHILIHHH
kypcarauk. Ly meMva Taciikura GHHOAH

el
;:a

ra sra Gy.iamus.

[yHnait kums, (A, A)) Kecum Onirad anukganran & cou (2.16)
TEHIVIMKHY KaHOATJAHTHpagd. (2.16) TeHIIMKHH KaHOATJIAHTHPYBYH £ COH
AroHa G6y.anu. XakuMkaraH xaM, arap &, Ba & codaap (2.16) 1esrimkud
KAaHOATTaHTHDCA, STBHH

ot R o
S x, Sy T @
TeHIVIHKJIap YpHHIM 6y.1ca, yHaa ywly
E’f - E’ZZ: (EL_ Ez)(é?—l - Eg : 5,11_—2 + T+ gg—Q §1+ Eg—l)= 0

MyHocabataal &, — &, =0, AbHu 5; = &, 3KaHH KeJHO YHKALH.

B) XaKHKHN COHHHHI paluMoOHam fapaxacH. bus assanga-
re Gangnapaa o € R coHHHHT GYTYH mapaacH, MiyHHHTAEK, o > 0 coHaan
ONUHTaH n- Japaxand WIIH3 TabpuIaDHHH KeATHpAMK. JHiH o >0
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COHHHHT pallMOHaN Japa)kacH TYLUYHYacHHH KeaTHpamu3. MabayMkH, xap

o o m o

KaHjall pauMoHasn COH KHCKapMaimuran r = — (m€Z, n€N) xacp ky-
n

puHduMaa udoganaHaau. o € R. XakMKMH COHHMHT 7- japakacH &’ Ky-
Hygaraya aHuKJIaHagH:

3

o' =a T= (ln/——c;) "

dapas Kunmaimk, ¢ €ERy, PERy, 7,€Q, r,€Q 6yncud. Kyhuparu coz-
Ja Xoccanap YpHHIHAMD:
1) a’x_af: — a’l'{"a.

2) @) =a™"
ay of
3 () =5 €€
4) a":at ="
5) (@B =a B
6) @>1 6yaranga r; < r,=-a* <a'y
7)) 0<a<1 6Yaranga r,<r,=-a" >a".

IOxopupa adTH/AraHnapaaH KYPHHATHKH, O = ] COHHHMHT HXTHEpUH
paupoHan japaxacn | ra tenr Gysamm: 17 = 1.

MyaitsiH y3BUAJIHKHH CAKJIALI MabHOCHAA, & = | COHMHMHT HXTHEpHI
XaKuKMA Japakacu XaM | ra TeHr 1e6 OJMHAmM:

L

r) XakuKHH COHHHHT XaKHKuH napaxacH bDBupgan karra
(2> 1), «€R connu onaitimk. PERL cod 3ca Q Tymiamaa Gaxapuai-
rad (B, B)’ KecuM Gu/aH aHMKJaHTaH MycOat coH GYJICHH:

f=(B,BY, p>0.

Bapua Manduii XakMku#l coHzap, HOAb XaMmna o (b € B) xypunnmaaru
MycOaT XaKHKHH COHJapiaH u6opar 1ymiami1 E 6uaad, R\E tynsam-
vt E' (E' = R\E) 6unan Gearmaaimuk. Hamwxana R tymaam R =
= E{J £’ kypuBHiga €3M.THIUH MYMKUH.

IOkopupa kuputwirad £ sa E' tynaasaap R tynaampa (E, E') ke-
cuM GaKapUIUMHH KypcaTHl KHAMH 3Mac. £ TVNJAMHHHT TY3WJIHIIMIAH
YHHHT Gy sMacaurn kypuHaan: E = @ CUHrpa Xxap a1 uM ol < ab’
(b€B, b'€B’) 6yarann E TYyNAaMHEHT 10K DW1aH UerapasiaHTaH/IUTHHU
Gunmupagu. Jemak, sup E =y MaBxyd. B r1yniam siementsiapu opacu-
Ja 3HT KaTracH MaBxyj OV/iMaraniumrs yyve oo <y G6yqagd. Y Xoia-
Za 4y <ab B2 o’ € E 6Yyaamu. Bynmau o’ € £’ [demak, E'+ @. E pa
E' 1ynaamaapHuHr TyswiummaaH £ HWHT Xap OHp 3neMeHTH £’ HuHr
HCTanraH 3jieMeHTHIAH Kuduk Gyauu paswasap. Myspai kw6, E
Ba E' tynnavnap R pa (E, E') kecum Gaxapapu. Ky#maaru Tabpudaa
E Ba E' 1ynaaMiap 0KOpHAarHua TY3WJIraH ne6 Kapajamd.

51

www.ziyouz.com kutubxonasi



23-tabvpud. (£, E’') xecum GHJIAH aHUK/JIAHAJUMAH COH & COHHHMHT
P- dapaxcacu 126 ataiazd Ba o® kaou 02,TH/IaHATU &
of =(E, E).
B

i

Arap P vanduii con 6y.ca, yHaa o ae6 KapaiiMu3 Ba Yy IOKO-

1
a_s
Jpuaardiek TawpupaaHaiu.

Arap O <o < | 6yaca, yuza af = (_)
o

B
Je0 OJHHHILK HATHXKacH-

A AHa GH3 IOKOpHIarH Xojra Kenamus. Myc6aT XakuKuil COHHHUHT Xa-
KHKHH JapakacH TywyHuacHIad ¢doHIajaHnd KyHHIard TeOpeMaHH Kea-
THpaMu3.
7-Teopema. Xap kanlad o+ 1 6a y mycbam xaxuxud CoHaap
Y4YH
of = Y
menaaamanu kasoamaanmupaduean seona B xaxkuxul con masicyo.
by Tteopemanuar ucoru (2.16) Tedrava EUHMHHHHL MABXKYLIHIH
XaM3a ArOHATHIHHHM HCOOTJAINra VXIuAul.
24-Tabpud. Bepuiran oo %= 1 Ba y MycaT XaxMKMil COHjap Y4YYH
ywby
af =y

TEHr.JAMaHH KaHOITJAHTHPVBUM f COH Yy COHHHYr oo acocra Kypa (o acoce
JH) accapupmu 125 araiilm Ba y log, vy KaGH G2arHaaHapM:

p =log, v.

8- §. XaKkHKHi COHHHMHr abCoMOT KHAMATH Ba YHHHI XOCCaJapH

IOKopi1a XaKHKHH COHHHHT afcoJoT KMHMATH TyiUyHYaci OHIaH Ta-
#dmrad 3Tk, MabayMeu, ¥ € R COHHHHT adcomoT KufiMarn KyHHiarHda
aHHK.IAHAIM:
x]= fx, arap x >0 6¥.ca, *)
| —x, arap x <0 6{aca.

DHIM NaruKMH COHHIHT abCO.TOT KHAMATH XOCCaJapyHH Ke THPaMH3.
1° x€R coH vuyH
1x] =0, || =]—x], x<|x], —x<|x]|
MyHocafaT.1ap YpUHAH. By MyHocaGariap COHHHHT AaGCOMOT KUAMATH

TabpuHIaH KeaqHO YHKAIH.
2° Arap x€R counzap

lx|l<a (@>0) 2.17)
TeHICH3MKHH KaHOoaT.1aHTHpca, OyHAad X COHJap
—a<x<a (2.18)
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TEHICH3JIHKAaPHH XaM KaHOATJaHTHpaaH Ea akcHHua. Dciukasa Kuaub
aiitranja (2.17) Ba (2.18) TeHICH3/MKJApP SKBHBAjeHT TEHICH3IHK.IAPAHP:

lx|<a<e==>—a<x<a

Hc6ot (2.17) Tenrcusnmxk ypunau 6yacud: x€R, | x| <a. 1°- xoc-
cara kKypa —|x| <x < |x| 6ViumMaaH NaMga —a <—|x| TeHIrcHs-
JHKIaH TonaMus: —a << —|x|< x < |x|<a. ByHpan sca —a<x<a
3KaHH KeJHb UYHMKaIu.

SHpu (2.18) TeHrcusmuksap YpuHAM GyacuH: XER, —a<x<a.

Arap x> 0 6yaca, |x|=x 6yimb6, |x|<a G6ynagn. Arap x<O0 6Va-
ca, |¥| =—x 6yaH6, — x < @ GyJAraHuiaH 3ca |x| < a 3KaHHHH TOMa-
Mu3. [lemak, —a < x < @ 6Y.raija Xap aouM | x| <a 6yaamm.

By Xocca xydfmaaru {x: x€R, |x|<a} ea {x: xER, —a<x<a}
XaKHKHH - COHJIap TYNJIaMJIapUHHHT GMpP-OGMpUra TEHTJIMTHHEH niojaiaian.

3° Arap x €R connap | x| < a(a > 0) TEHICH3NHKHH KaHOATJIAHTH]CA,
GyHIall x COHJAp — a <x < @ TEeHICH3MKJAPHH XaM KaHOaT.1aHTHpanH
BA aKCHHYA, FbHH

xiKa<=—a<x<a

By xocca 2°- xocca xabu Hc6OTJaHaIH.
4° Mkxu x€R Ba y€R XakHKHi COH MHFMHIMCHHMHT abCcOTIOT KHiMa-
TH Oy conjap aGCoMOT KMHMATJapHHUHT HUFMHIMCHAAH KaTTa 3Mac, SbHH

Ix +yl<|x|+ 1yl

Hc6oT. Arap x +y >0 6yaca, x—+y=|x+-y| 6ymb, x<|x],
Y < |y| TeHrcMsIMK.JapHH Xucobra o.raH XNoJja
lx+yl=x+y<|x|+]y]
6ymmmmHn Tonamus. Arap x - y <t 0 6V.aca, yHia |Xx + ¢y =—(x+y)=
=—x+(—y<I|xl+|y| 6§1am.
By Mynoca6aT KyluMiyBuMiap COHH HKKHTaJaH KaTTa GV.raH Xo.pa
XaMm VpuHAM 6Vnamu:

%+ 5+ txi<pnl+lel+ +Hlx)
5° xER, yER conaap yuyH
[x—y| > x—] yl
TEHICH3/MK YPUHJIH.
Hc6or. Papwankn, x=(x—y)—+y. VHia 4°-xoccara GuHOaH

Kl =lx—y) +y|<|x—y|+|y| 6ym6, 6y TeHrcusmukaH x—yl>
=|x|—]y| 6ynuIM Keaus uMKaiH.

6° x€R, yER counap yuyH
|x-yl=1x] lyl

T2HIVIHK VHHJN.
By TeHrimk coHHMHTr a6cosiiOT KHiMAaTH TabpHQHAZH KeauG YHKamH.
7° x€R, YER, y+0 conaap yuyH

x x|

y [ 4]
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TEHIVIHK YPHHIH.
X o o
Hcb6oT. — =2z ne6 onaitymk. ByHnau x =z-y 6y MIUHHY TONA-

Y
Mu3. Ammo 6°-xoccara kypa |x|=|z-y|=|z|-|y| Ba GyHmau |z|=
!

=

|

TeHIVIHK KeJHO HYMKaIH.

.

I (13 o o o
bBapua Manduit GysiMaraH XakukHé coHsap TVmiamuuu Ry Guiad

Genrunaitiuk. PaBwankiy, R: C R. SHaM R Ty{nJampad oJMHrad xap
OMp x XakHKHH coHra VHHUHr afco/ioT KuiMaTH | x| HH MoC KYAH/HK.
Hartuxaga 6u3

f:R—>Ry éu [:x—|x|
aKCJIaHTHpHLIra 3ra Gyaamus.

JleMak, XakMKMH COHHHHI aGCOMIOT KUAMATHHH R Tynaamud R
Tynnamra (*) KoMaa 6yHHYa akcJAHTHPHII ne6 Kapaul MyMKHH.

9- § UppaumoHan coHHH TakpHOHil xHcoGnam. HppauHoHana COHHH
yeKCH3 JaBpHil GyamaraH VHJH Kacp opKaJH Hdomanam

|. UppauuoHan coHHH Takpub6uit xucobaam DBupop «
UPPAUMOHA COH GepwusiraH G6ysm6, v Q Tyniampa Gaxapunrad (4, A')
KeCHM OHJiaH aHuKJIaHrad GyicHH: a=(4, A’). Bytyn counap tyniamu Z
pALMOHA/I COHJAD TYNJAMHHHHT KHCMH (AbHH Z C Q) GyJ/raHjMrufas
KeTMa-KeT KeJIraH @, Ba gy,+ 1 GyTyH COHMap TONMMALMKH, YIUOY @p<o<<
< a, + 1 TeHrcuanukaap ypuuad 6YyiaaM. By xompma ry=a, coH a up-
paliOHA/ COHHHM «Kamu» OWJaH, ry =g, + | 3ca «opTHFH» OHJAH TaK-
pubuit upopanaigH.

)10t

1 2 9
ay, Gy + —, aO+l—O’ y Qo= G+ 1

10 10

COHJIAPHH O/IaMK3. '@y < a < a, -+ 1 Gyaranu yuyyH Gy CcOHJap opacHia
KeTMa-KeT KeJIFaH IIYHAAH HKKHTA

a1+l

a; .
a -2, q,+
o T 10 0 10

COH TOMHJIARHKH, YLIOY
a(,—{~%)—<oc<a0 —i—% 1—10
TEHICH3/IUKJap YpuHIM GVniany, 6yHma ‘a; 'con 0, 1, 2, 9 counap-
JaH Oupuaup. Ky#duaaru
ry =ay+ ZL =Qa,, a;,
10

’ ' al l l
rn=a, -+ —+—=a, 1+ —
! ? 10 10 0 Gt 10

I
COHJIAD ¢, COHHH MOC paBHIIIA «KAMH» XAMAA <OPTHFH» OHJAH o= 0,1
aHMKJMKAA TakpUouit whotanaiau. CVHrpa
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a; a . Iy 2

a =, G+ —+—, G+ — -

o g BT T % o T g
-01 9 | ay 1
Qy+—=+—, q +—F+—
P T T T

COHJIapHH osaMu3. Arap yuby

a, a; 1
QL <a<gt+— 1L —
o T 10 T T

TEHTCH3JIMKJIaD VPUHJIH SKaHHHM 3BTHOOpra OJICaKk, y XOJja OKOpHAarn
COHJIap OpacHi2 WYyHAal KeTMa-KeT KeJraH HKKHTa

gL B g @t
10 ° 102 10 102
COH TONW/IAJMKH, yJap y4yH ymby
a, a; . L4 a1
Ay + >+ < a<gyt+ —+4 -
°T o T 102 °T o T Tloe
TEHICH3NHKAAp Ypuuau G6ysaamu, 6yHpa a, con 0, 1, 2, 9 connap-
JaH Gupuaup. Ky#nparu
—q L8 % .
rz—ao—r— 10 +102 aa,ala2’

. ay ay 1 1
r,=0y+— 4+ — +—=a,, a,a —
2=t 10‘*‘102“‘102 o 0+ o

1
COHJIAp ¢ COHHH MOC DaBHILJA «KaMH» XaMa <OpTHFH» OHJaH i 0,01

aHMKJMKAA Takpubuil nponanaiy.
by »kapaéuuu paBoM 31THpa GopHO 7 1a KazamjaH KeHuH IIyHpaai
HKKHTa

ay do a
a,, a.a a=a, +— 4+ — - - _n
o 1% TR T T T e
1 a; a, . a,+1
a,, a,a a —_— =y, — +— + .
e Tt T TRT TR T T e
OH TONHJAANKH, yJap yuyH ymby
a a a a a
Qy + =~ =2 + E<a<gF—2 L2
TR T 107 ° T 0 T ioe +
a,+ 1
4o — (2.19)
10"
TEHTCH3JIMKJAp VPHHAH OY.aad, OyHia a;, Q,, @, COH.TAPHHHT Xap
6upu 0, 1, 2, 9 counapgaH GHpHra 1eHraup.
Ky#uparu
r, =0y, a,a, a,;
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1
10"

r,=0a,, a;d, a, +
P 1 < =
COHJIADHUHT Xap OHPH « MPPaUHOHAT COHHH ma aHUKJHMKAA  TaKpUOU#H

ndonanatiny.

[yi1ait knwmo, (2.19) MyHocaaTiaH KYpUHATHKH, N HU eTap.Hdya
KAaTTa KWJIHG OJMUI XHCOOMTa oo COHHM lCTajraHya aHHKAMKAA 7, Ba 7,
pauroHa.1 coHaap (VHJIM Kkacpraap) €piaMuia Takpubuil XucoGaall MyM-
Kuk: o= r,, oo~ r,. KOkopuiara r, Ba 7, palMOHa.T COH/APHU MOC Da-
BHIIAA «KAMH» XaMJa ¢OPTHFH» OHJAAH o COHHUHT [HAU AKUHAQUIYEYU-
Aapu jeb aranand.

2. MppauunoHan COHHH YeKCH3 faBpHH 6yamaraH Kacp
opxaau Hpoja.aall MabiyMKH, Xap KaHIafl pailHOHA/J COH YeK/u
VHad Kacp €xkd dYekcH3 JaBpHHA VHJH Kacp KypHHHUmMIAZ wudomanaHald Ba
aKcvHYa, IOKOpHIA aHTH.IraH Kacpsap pauuoHaa coHHd u¢opanaiiax. Lly
caabsd HppalHoHAT COH o VUYH o ¥ a,, Q,a, a, MyHOCabar ypHH-
JIH B2 Oy HppalHOHAT COH YeKCH3, IaBpHil GY.MaraH YHAH Kacp KYypH-
HMiMAa uboganaHagd. Asibarta, 6y AUTHATAH TaCAMK MAaTeMaTHK XKu-
XaTAaH KUZARMA acocnaHMwd J103MM. Bus Kyfuga TEerHUIIM TACAMKHHHT
ACOCJIHHIIM GUIAH LIYFY.1.1aHAMH3.

o — uppauxoHan coH GyJcux. by con roxopuparu 1- GaHpna kypca-
THATAHHIEK «KaMu» OHJaH a,, Q,d, @, KYpHHMLITArH YHIM Kacp,

I o o
“OPTHFU» GUAH Q,, Q,dy @, Jo KYpHHAWIArH YHAM Kach opka-

JM udogaranagd. By yHM Kacpaap adMpMacH 1 ycrasga KamasiiH.
Mppatvonan coH o HY TakpuOHil HDOJaJaHHII »KApA8HHHU UYEKCH3
JaBOM STTHpHII HATH:KacHla yuby

ay, 4,04 a (2.20)

n

YeKCcH3 VHJH KacpHH Xocua1 Kunamus. By (2.20) connu wHppauuosan coH
® HHHT YHJH Kacp KypunuuMaard ipogacd age6 Kapaiimuz. YHaa (2.19)
TEHTCH3IHKAAPAAH a,, 4,y a, YeKCH3 VH/IH Kacp AaspHil VH-

JIH Kacp 3Mac]urd Keqaud yMkagu. XakukataH xam, arap (2.20) dekcHz
JaBpHil VHIM Kacp, ABHH pallHoHan 7 coH Oysaca, yHaa yn€N yuyH

aj as a, a as
ay +— — — e <r<ayt+ — 4+ —= + -+~
T 10" P o T e T
a, +1
T 10"
TEHTCH3THK VpHHIH OF.u5, 6y Ba (2.19) -ieHrcusivxiaapaau
L
laa—rl< o (wneN) (2.21)

P

TEHTCHINK KeJHS YHKAmH. Y Xoa3a 2- meMMara Kypa o =r 6y.uo,
0y o uppauHoHa.1 COH Jed OJHHHLUMIA 3HJ.

Jemak, dppauuoHas coH o HH upozatosud (2.20) cod 4ekcHs, Jas-
puit 6yMaran VHJM KacpigaH uoopat.
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Ouau Gupop 4ekcu3, nRaBpuil GysMarad VHIH Kacp a,, @, a, a
Gepunran 6yscud. Xap GHp HaTypasa COH 7 yUyH yuidy

P, =0y a,a, a.;

(e

q,=0y,0,a a"—'—lo—”

YeKJIM Vi KAacpJapHH — palliOHAaJ COHJApHH OJIHG, CYHrpa KyfHgaru
A={r: reQ. ¥n yuyu r<gq,},
A" ={r: reQ, n yuyu p,<r}

tTyniamaapan Tysamus. A Ba A tynaaviiap Q ma (4, A’) Kecum
Gaxarami. by Kecuwm sca Gupop o Xakukuil coHHu auuknafgn. Kesru-

purras (A, A’) KeCUMHUHT TY3WIHIIMAAH Ba 4, 4, dy a, Yek-
CH3 YHJIH Kacp JaBpHil 3Macjauruiad HUXTHEPHMI HaTypaJ n COH YYyH
p,<a<gq, (2.22)

TEHrCU3NMHKAAp VPUHIM SKaHIurH Keaud uuxaau. (2.22) TeHrcusaMKJiap-
JaH xamaa (2.21) TeHTCH3MHKHH KeJTUPHO YMKApHUIZATH MYJIOXA3aHH
KaiapHuliad a,, a,a, a, yekCH3, Aaspuil GysmaraH YHJIHM Kacp
o COHHH HDOFANAIIM BA HPPAUMOHAT COH SKAHJIMIH KejH0 YHKARH.

HeMak, xap kaHja#i uppanuoHas COH oo ra YekcH3, AaBpHil 6yimaraH
JHAM Kacp a,, a,a, a, BAa aKCHHYAa Xap KaHJail yekcus paBpHil
GyaMaraH YHIM Kacpra MppauMoHa] COH MOC KelHMUld KYpPCcaTWinu.

OHIOM YeKcHU3 JaBpHil GysiMaraH YHAM KacpJgap TYIJIaMdga KacpJaap-
HUHT TeHTJHK TYINYHYAaCHHM KHUDHTHO, MOKOPHIArM MOCJHMKHHHI V331po
OMp KHUMATIH SKaHJIMTHHU KypcaTaMus.

Hkku

a,aa, .a,

by, b, 0, b
yHau Kacp GepuaraH GY.ICHH.
Arap g, =b, Ba Gapua HaTypa1 n COH/AaD YYyH a, =b, 6ynica, y
xonga Oy Kacpaap mexe jeHuaamd Ba
a,,a a, a = by, b, b, b

n n

n

Kabu Oefrd;IaHamy.
dapas xunaitauk, o Ba P — MppaUHoOHas cOHMap yYyH
oa->a,,a,a. a .
0r 172 n

2.23
bbb, b (2.23)

MOCJ/IHK YPUHIX 6Yaus, o += f Oyacun. Y xonna
a,, a,a, a % by, b,b, b

n n
Gyqagu. XakukaradH Xam, arap

ay, a,a, a, =0b,, 0, .b

123
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6Ynca, ay =by va ¥ n€N yuyH a, = b, 6Ymm6, ¥ n€N yuyn ymby

a, aa, a,<a<a, aa, a,+—

ay, 4,4, a <P<a, aa, a +—

TEHrCH3NMUKAAp Xocun 6Vzany. Harmxana 3 n €N nap yuyyH
1
a—Bl<—
lla—pl<
TEHICH3/MKKa Kejamus. DyHpan 2- neMmara kypa o =f kenu6 umkam.
By 3ca @ % B ra sun. Ulynnait xum6, (2.23) mocnnkiapnas Ba a + P
6yanIMAaH

ay, a,a, a, = by, b,b, b,
3KaHH Kesub YHKanH.

Ilynunarpek, arap o COHra HKKMTIA 4, @4, a, Xamza,
bes 01Dy b, 4eKCcU3 JaBpuil GysMaraH VHJM Kacpiap Moc Ky#Hica,
y Xoiza

Gy, Q,0, a,. =by, b, b,

TEHIVIMK VPHH.IM OVJMIUMHM KypcaTamua,
Teckapucunn capas kunalnauk, spHH (2.23) Mocawk YpuHau 6Yaub,
a,, a,a, a, = by, b)b, b, 6yscrH. Y Xosga IUyHAaad

n (n€N) tonunapuky, ay=by, a,=b;, ., a, ,=b,_, 66, a, *
# b, 6ynam. Afraitnuk, a, <b, 6yncud. Yhna

Gy, Q,a, a, \a,+ o5 < a,, a0, a_,b, (2.24)
6ynanu. AmMo (2.23) myHocaGatra Kypa
ag, a3, .a, b <a<a, aqaq a, + 1—(13;’
. . 1 1
Gyi'ady, .a, a - <<y iy a, b,+ o
6Y/n6, yHIaH o COH, GMD TOMOHIAH, @, a4, a, b, pmau xarra,

HKKHHYH TOMOHJIAH, Q;, Qud,

1 -
' > -
a,_.q, —10" JaH KHYHK 6y.nnmunn TO

namu3. By sca (2.24) myHocaGatra 3un.

Mynpait xunu6, (2.23) MocaHKaaH ag, 4,0, a, = by, b,b,
b, TEHIMK Kesiu6 unkanu. [leMak,
o—>a, aa, a,

MocHK Vaapo €Mp KulfiMarau Mmocawk 6Ysaad. By aca
o =a, aa, a,

166 OJHHHIUHHH acoc.IaigH.
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10-§. XakukHit COHJIapHH reOMETPHK TacBHpJALl

bus 2-§ nma xap Gup pailMoHaJ COHra COHJApP VKHAA OHTTA HyKTA
{pauvoHa/ HYKT1) Moc KeJHUHHM KypcatraH sauk. [y Gunaw 6Gupra
COHJIap VKHOA palMoHas Oy/aMaraH HykTajap xam (Mmacajad V2  conra
MOC KeJauraH HykTa) GOpJIHIH aHHKJAHIH.

DHIM Xap OHp XaKMKHH COHra XM COHJIApD YKHAA GHTTa HYKTa MOC
KeJUUIHHA KypcaTamus. DyHHHT yuyH Xap GHp HMppallHOHA] COHra CoH-
nap YKHA4 GHTTd HyKTa MOC KeJHUIHHH KYPCATHIL eTap.Haup.

Ma3zkyp G60GHHHT 5-§ MAa XakuKHHA coOHjap TYmaamMd R T{JIHKIMK
(Y3/yKCH3/HK) XOCCaCHra 3ra SKaHJHIH KypcaTWiral 3au. DuHoGapwH,
TYFPH UHM3HK HyKTajapHlaH H6OpaT TYMJaM XaM TYJHKIHK XOCCACHra
sra GYianM. YHH KeNTHDHILUAAH aBBaJ TYFPH YM3HK HYyKTaJapH Tymia-
MHIa OakapH/raH KecHMHH TabpHDIaHMH3.

25-tabpud. TVFpu uM3HKHMHr Gapya HyKTanapu Tynaamu [ Hi
LIyHAH HKKHTA off Ba & TYyniam/japra a)<paTH/ICaKH, YHAA

)M +a, #+ o,

2) HMUP =,

3) wWMEH, v PEP 6yaca, M uykta P HyKTagaH dHamaa »Koi-
Jalrad mapiiap G.<apMica, y Xonga of Ba & Tynuamsap [ 1yniampa
KecHy Gaxkapagd Aeduaid Ba (o, &) KabGM OejrHIAHALH.

TYFpH UH3HKHHHT y3JMYKCH3JIHK XoccacH. TYFpH 4H3MK
HyKTaJap# Tynjamu [ ga Gakapuiarad xap KaHpa#t (off, &°) KecHM srosa
M wuyKraHH anHkga6, Gy HYKTa €ku o/ TYMJIAMHHHT 3HT VHT HyKTacH
€K & TYNJAMHHHT 3HT Yanm HyKTacH Gyjamu.

1. UppaunoHas COHNapHH re oMeTPHK TacBupaa. bu-
pop HppalHOHan COH a GepuuaraH GVau6, 6y coH Q Tymnamaa Gamapwu.-
rai (A, A') Kecum OuiaH aHugjaHran 6yJcuH: o = (A, A’). Byuna A
TyAnamaa SHr katra, A’ TynjaMaa 3ca 3HI KHYHK 3JleMeHT HYK.[ Tye-
pH uM3HK Ba 6y TYFpH UH3HK JarH A Ba A" TYynjaamJIapH# TaUIKHJ 3T-
raH palHOHa/! HyKTa/MapHH ojiaikk. Dy palmoHan HyKlamapiad Tysui-
FaH TyMJamJapHd MOC paBHiuia A Ba A’ Kabu Gearunaiiiuk.

Paswanku, 6y xoaja é TYNJAMHHHT HyKTajapd OpacHia 3HT YHT
Hykra #yx. Ilynunrgex A’ TynmiaMHHHT HyK1ajapd oOpacHaa 3HT 4am
HyKTa HYK. [ TYFpH YH3MKHMHI IIyHZad P HYKTaJapHHH KapaiMH3KH,
6y HyKTamapaaH yHraa A TYNJaMHHHT KamHga OHTTa HYKTacH GYJICHH.
Bynpa#i P uyxranapaan ubopar tynsamin C OGunad Genrunainuk. Tyr-
pu yusukHHHr C TynsaMra Ttervun GYJIMarad HyKTaJape Ty IIJIAMHHH
C’ 6unaun Genrnnaimus. Hemak, C' = I\C. By C Ba C’ HyKranap tyn-
Jamsapd | ja KecHM GaKapHIIMHH KYpcaTaMus.

AsBano A = & Gyaranu yuyH a €A pauuoHan coH 6op. By coHHuHr
reOMeTpHK TacBHpH GynaraH P, HykKra A TynnaMra Terdinid G6ysaapu. [e-
Max, P,€C. By aca C s & skauunu Guypupand. XyAIH LIyHTa XA
C' = & 3KaHH KYpcaTHJaIH.

C ra C T)"fnnaMnapHHHr tysummumaan CUYC =1 8a C T?nnaMnam
Xap Gnp HyKTa C’ 1ymiamaary MCTAaAraH HYKTAJAH 4Yanaa JKoHnaiuras-
Jurd Kesuo unkagd. Hemak, C sa C' tymaamaap [ ga (C, C') xecum
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Gaxapanu. TYFpu unmsukHuHT Xoccacura kypa (C, C') xecuM siroHa Hyx-
TaH¥ aHmKaaiad. by HykTamn P, kabu Genrmaaiimui. A Tynaamua sHr
YHT HyKT4 6yamaranu yuyH P, ¢ A, wynunraex, A’ Tymnamia sur uan
HyKTa G6yamaranu yuyH P ¢ A" 6Vnam. emax, P ¢ AU A" 6§:m6, 6y
HYKTa pallHoHa] HyKTa 6V.imadizum. FlppaumoHal coH o ra Xyiaid wy
P, nykranu Moc KysMu3.

2. XaKNKHH coHJaap TynaaMu R 6H.IaH TYFPH YH3HK
HyKTaJapu TynmjgaMu opacujga Y3apo O6Hp KHIIMATAH
MocauK. bus okopuna xap 6up o € R conra [ TYFpH uMsMKaa GUTTa
HyKTa P, HMHT Moc Ky¥M.THIIMHM KYpraH 31MK. DHIM aKcunya, ! TYFpH
YH3HKIArH Xap GMp HykTara GHT1a XaKHKHH COH MOC KeJHIUIMHH Kypca-
T3MHS3.

Connap ykuna 6upop P HykTa osaiyiuk. By Hykra, aiitafiimk, O
HyK®aZian yuria ércuu. PaBmanky, P HyxTa coHaap ykupa OP KecMa-
HH XocH1 Kunagn. Macwtab kecmacu OF nu OP kecma G6Gyiaz6 xo#-
Jawtnpamus. Bynja Kyfupara HKRkH xos 103 Gepaau:

1,) OP recmaga OF xecMz GYTYH COH @, M2pFa TYJAHK ¥KOHJaiuamy.
By xonpa OP xecmanuHr VHr yuMHu udojasioBud P HyKTara XVIM Iy
Q, COH MOC Kyimnanu. a, coH P HyK1aHMHI KOOpAHMHaTacH (abcumccach)
ne6 xaM atanazu. [leMak, 6y xoaaz P HykTara a, 6yTyH COH MOC Ke-
JIagH.

2,) OP xecvana OE xecma GyTyH cOH @, Mapta kodmaumb, OP
KecManan SP xecma opru6 Koo €ku OP kecmapa OF kecma ay - 1
mapTa xoinawranaa OP xkecmara PQ kecvma eTMaciad KOJMILM MYMKHH.
By xoaga OP xecmanumur VHr yuunH udopajoBud P HyKTara a, COHHH
«KaMH» GunaH a, -+ | coHHM 3ca «opTWFM» GWiIaH MOC KYHHIL MYMKHH.
By xonpa P HykTara Moc KeJlajMraH XaKMKHH COHHH TONHMLI MzKCaania

1 .
Macmitab KecMacH OE HHHT g KvcMuBH oo, yan SP kecma 6yHaa6

Kofnawtupamus. ByHaa siHa Ky#niard HKKM Xoa 103 Gepamit:
1 o
1,) SP kecMaga OF KecMaHHHT o K 6VTYH COH @, MapTa Ty-

JHK Koinawam. byuma a, con 0, 1, 2, 9 connaphMHT CHPHIMPD.
a v o
By xoaza P Hyktara aoT—l(‘)— COH MOC KYHHIamH.

1 P o
2,) SP xecMaza OF KecMaHHHT o KHeMIT GYTVH COH @y Mapta xoi-

Jaun6, SP xecMagan S,P kecMa optu6 xoammum €éku PA xecmaga OFE
1 . o
KeCMaHHHT .~ KHCMH a, + 1 mapra xoinawrania PA kecvara AQ,

KecMa eTMacijaH KOJMin MyMKHH. By xoa1a P HyKrara a,, a, =a, -+

a .a 1
+ ﬁ COHHM «KaMW» OWJIaH, a,, a, TG =% V‘_T(l) + g o ca

«OpTHFM» €MJaH Moc KVHMII MyMKHH,

2,) Xonga P HyKTara Moc KeJajuraH NakMKHH COHHM TOMHII Xapa-
€HH 1aBOM STTHpHiaau. Dy kapaéHHu n- Mapta TakpopJaraHia siHa HKKH
XoJ1 103 Gepapu:
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1) OP kecmana macira kecmach OE GyTyH COH @, MapTa, Maci-

1 1
Ta0 KecMaHHHT o KMt @, Mapra, MacIuTad KeCMAcCHHHHT i

= 1 o
d, MapTa B4 X.K., MACLITA0 KEeCMacHHHUHT — KHCMH 3Cd @ MapTa TYJHK
2 - o7 ¢ i)

woftnamagn, By xonga P Hykrara

— ay Qs an
o 0,0 BT T T i

COH MoOC KVyHuianu.
2,) P nykrara Moc KeJagurai COHHH TOMUUI :Xapa€Hn fKyHJaHMai-

nu. By xXonma P HyKTara

a; 22 v Qg
Ay 01, q, =0~ ~; T Tz ﬁ &)
COHHH KaMu OuJaH,
1 as ' 1 a +l
A A TR + 4 = 0 =T Tt *

COHHH €OPTHFH» OHJIaH MOC KYHHUI MYMKHH.

JKapaéu uekcu3 pasoM 31cHH. By Xoi1a P Hykrara Moc [kesaguran
XaKHKHIl COHHH TOMMII y4yH toxopuiard (*) Ba (**) connmappgau ywoy
(¥ ne N yuyn)

4+ A 4Gt 1Y

C= {r réQ, r<a, o it
r__ . ay a,
c —{r. reQ r>a+2 +—10n}

Tyniammapud TyaaMus. By C Ba C' tVynnamaap Q pa (C, C') kecum 6a-
Kapagd Ba Y GUpOp o NAKHMKHH (MppalMOHA/I) COHHM aHUKJaimu. P HyK-
Tara XyLIH Iy o coHHM Moc Kyavus. YOxopuaaruaek TyrpH uusukna P
Hykta O HyKTajaH yampa »KOHJAlraHga XaM yHra MoC KesJaauraH CcoH
Tonuaagd. By con manduit 6yiand.

Ulyuaait xuaub, TYrpH UH3HKAA OMHHTaH xap GUp HyKTara OHTTa
XaKUKUHA COH MOC KYHHJIHUIIM KYPCATH/IH.

IeMak, TyrFpu uM3dKia ONMHraH xap OUp HyKTara OHTTa XakHKHI
COH, axKCHHYa, Xap OGP XakUKHE coHra TYrFpH YM3MKaa GHTIa HyKTa MOC
Keqagd, sibhd P,—u«, a—~P_ (@ €R, P El).

SHAH TypaIM XaKUKUil COHmapra TVFPH YH3HKI& TYPJAH HyKTazap moc
KeJHIIHHY, SThHU

a—>P,, ['3—->PB

6yau6, o 5= fp G6yaranza P, Ba P, HyKrazap XaM Typiuya GyJHUMHH
gypcaramu3. Papa3 gumaimk, o €R, pER 6yub, o = B 6y.1cud. Annk-
JUK YYyH o <[ pe6 omafymK. Yyra Xos GY/HIIM MYMKHH:

a) @ Ba f}— pausoHan coHJap,

6) o Ba — coHNApHUHT GHpM PALMOHAJ, HKKWHYMCH HpPAUMOHAI,

B) @ Ba [} — Uppal{oHan COHJIap.
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a) XOJHM KapaiJHk, fivHH o €Q, BEQ 6y/icud. YHma a = (4, A'),
f = (B, B') 6ymm6, o con A TYynnaMHHHr SHr KarTta, P coH 3ca B Tym-
JAaMHHHT 3HI KaTTa 3JleMeHTH 6ynand.

o <P GYaranugad o €B Gyqaaau.

Py HyK1a B TymuamHuHr 6apya HyKTanapuiaH yHria, nemak, P
HyKTajla XaM YHria xofinawrad. By sca P, Ba P, HyKTanapHuir Typ-
JIH SKaHJHMTHHH GHIAUpAIH.

6) X0 XaM IOKOPHIAr{ a) Xos KaGu ucGoTJaHany.

Oupu B) XonHU Kapaiiuk: a € R\Q, PER\Q 6yncun. ¥Yupa a=(4, A'),
p = (B, B’) 6ymb6, a <P 6yaranu yuyn A C B 6ymanu. [deMmak, uryH-
Jafl palvoHan COH r TONMJARuKW, 7 € B, r€A. Yupa rcA’ 6yaamu. By
palyoHan coHra P, pallMoHal HyKTa MOC KeJafH.

P, nykta A" Tynnammusr G6apya HyKTaqapujaH vanja, XyMJaiaH,
P, HyKTazaH XaM vanja >XOHJallraH.

Py HyKTa B TynnaMBHMHr Gapya HyKTalapHiaH YHIZA XKoMMallraH/H-
rufan 6y Hykta P, HyKtajnad xam yuraa 6yaapd. Jemak, Py nykra P,
HYKTaJlaH YHr[a >KOHJalIraH.

Mlynpait xuinb, XakUKui coHJap TYymaaMp R OGunaH TYFpH YH3MK
HyK1anapu TynuaMu [ opacupa y3apo GHp KMIIMaT/iM MOCJHK YPHaTHJIIH.

3. Tyrpu uusngna mMacodpa tymyHvyacH. Macoda TymyH-
YacH MaTeMaTHKaja MYXHM TYLIyHYaJapAaHAHUp. YHH KHDHTHIUAAH aBBaJ
OPaJMKHHHT Y3yHJIWTHHH KupHTaiumk. Xap 6up la, o], la, b), (a, b] ky-
PHHHIUJArH OPAJIMKHHHI Y3VHIMIH ge6 b—a MHKJAopra aiTmnami. SHIH
macopa TYILIYHYaCHHH KHpHTaMu3. X €R, y€R G6YJcuH.

26-tabvpud. Ywby |x—y| MMKIZOp X Ba y HyKTajap opacHaarud
macogpa pefiunamy Ba p (x, y) kabu Gearunavazd: p (x, y) =|lx—y|.

Macoda kyfimpard xoccanapra sra:

1° p (x, y) > 0 6y/m6, p (x, y) =0 TeHrymK dakar Ba darkat x=y
6yaraina Vpusan 6ynagu. By Xocca macoda Tanpuduaan GeBocuTa Ke-
U6 YHKamH: )

2° p(x, ¥y =p (y, x) (Macopauuur CUMMETPHKJIHIH).

XaKuKaTaH xaM,

p, P=Ilx—yl=l=1) @G—xl=ly—x|=p(, 2.

3° Hxmuépuit x€R, y€R, z€ R nyKranap yuys p (x, y) < p (x, 2+
-+ p (2, y) (yubypyak TeHICH3JHMIHj TEHICH3HK YPHHJH.
XaKHUKaTaH XaM,

px,y)=lx—yl=lc—2)r—pI<|x—2l+|z—y|=
=p(x 2+p (Y.
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3-B0B
COHJIAP KETMA-KETJIMTH YYYH JIMMHTJIAP HA3APUSICH

MarteMatHk aHaMH3 KypcHAa YpraHiaiurad JACTJIA0KH TyLUyHYa JiH-
MHT TywlyHyacuaup. Afiuu mafitga y KeHHHpOK KHMPHIMJAIMraH acocHi
TyulyHYanap yu4yH 3aMHH GYJ46 Xu3MaT Kulagd. Dy Tyuwyduya, Kyiuaa
KYDaMH3KH, Y3MHUHT KHPUTHIMIIM B2 Ma3vyHH OYHHya Xakukuid coHsap
ycrugarn Gu3 xosMpraya Kypras aMananapiad Ty6aad ¢apk kuiaagn. Ywmdy
60612 MMMHTJIAD HA33PUACHHH COANA XOJ — COHJAD KeTMa- KeTJIHTH YUyH
K ypaMu3.

1-§. Yarapysuu Ba ysrapmac MHKLODJap

by3 TabuaTHM Kys3aTHIN Ba YpraHuml Kapa€HHia y3yHJHK, [03, XXM,
BAaKT, TeMmeparypa, Macca KaGH MHKjaopJapra Ay4 keaavu3. Koskper
apodtAa 6y MHKAOpaap 6ab3aH Typau KuimatiapHd Kabys Kuica, 6ab-
3aH OMp xus KuiMaTtra TeHr GOyJjams. Macanad, arap ayauTopusigard
Tanabasaapra aisiaHa YM3HW TakJaug 3TWiCA, YHAA Tanaba TYpJad KarTa-
JIMKZATH pagdyc OuaH aiaHa yM3raHdHd Kypame3. DyHunz afnana pa-
OUYCH TYpJIH KHUAMAT/MapHH Kaby.l KHAraHH Y4yH (j32apysiu Muxdop
6yanu.

MabayMkH, Xap KaHmad aifyaHa y3yHIMrH S HHHT YHHHT JQ4ameTpu
2 r ra Hucbatd Esr— yarapMac coH == 3,14 ra TeHrgup.

[ydanail KMu6, MKKH XU — Y3rapyBud XaMga y3rapMac MuKnopsap
6ynand. Opatina y3rapyBud Ba ysrapMac MHKgopsaap x, Y, 7, a, b, ¢ Ba
X. K. Xaphap OpKaJH OeqrHMaHANM. Y 3rapyBUH MHUKIOp TYPIH KHil-
MaTnap KabyJ KHAMIOM MyMKMH. MacanaH, aliaHa pagMycHHHHr Vara-
PyBuH MHKAOp cubatHiaa KaGvJ KHIaguraH KuiMaTapuiad uoopar Tyn/aaM

A={r: reR, 0 <r < x}
6yapH.

Arap y3rapysuuHHHr KaGy.a KHMagHraH KUiMaT/apuiaH 1y3uaraH
TYuiaM MabiyM 6Yica, yarapyBud Geputean ne6 xucoGnaHagd. ¥3rap-
Mac MHKIOpHH XaM y3rapysu Re6 Kapauwr MyMKHH. DyHma V3rapyBud-
HUHT KaOyJs Kdanagurad KMAMAaTtaapuanad TallKua ToONmraH TymnaM GuTra-
rHHA 3J1eMeHTAAH H6opat Gyaamd.

Marematikafa Gup Heua Y3rapyBYM MHKAOpJIAp Xavia Oy y3rapysuu
MHKJOpJap opacHiard GOFJIAHHULIAp ypraHuaank. AfiaHa pagsycH r xaum,
ai/1aHa y3yHJMIH S XaM y3rapysud Mugpop 6yqub, s = 2 nr MyHocabat
Oy yarapyeuu/ap opacHpard GOFJIAaHHUIHH Hpopmanaiiau. by eppa r — 3px-
a4 (r €A) pasuwuna V3rapajgurad Y3rapyBud G6y.d5, s 3ca yHra GOFJIHK,
3pKcH3 y3rapyBuuaup. Afinada paguycn A ={r€R: 0 <r < oo} Tyn-
Jamard KMHMat/apHH Kabysa Kuica, ai/1aHa y3YHJMCH S HHHT KuiiMar-
Japd r ra Gorsuk 6yaran xonma Ry ={s€R: 0 < s< oo} TYym14MHH
TALUKHA 3Tajy.

[llyuna#t kiUl HKKM XUI: 3pKAU XaMOA 3pKcu3 y3eapysduaap Oy -
Jlap 3KaH.
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2-§. CoHnap KeTMa- KEeTJHTHHHHI JHMHTH

1. Connap xerma-ketauru. N Ba R Tynsamnap OGepusran
6y/mb, f— xap 6up Hatypai n (n € N) conra 6upop Xakukuil x, (x,€R)
COHHA MOC KVIOBUM AKCJIAHTHPHII GVJICHH:

f:N—>R én f:n—>x,.
By xompa y x,=f (n) xabu xam €sunan.
f aKcAaHTHMpHIUHM KYHMjaruya TacBHpJall XaM MyMKHH:

1 2 3 n
vy v
Xy Xy Xa X -
I-tabpud. f (1) y3rapyBUMHHHT KHHMATJapHAaH Ty3WJIraH
Xy Xoy X3 o, X, 3.1

TYINaM COHAQp KemMma- Kemaueu Oe6 amaiadu.
By KeTMa- KeT/IHKHH TalUKWJ 3TraH x, (n =1, 2, 3 .) COHap yHUHI

*annapu (aneMmeHTsapu) ne6 atanagu. Opatia (3.1) coHnap xerMa- KeT-
JUTH YHHHI YMyMHH Xaiu opkaan {x,} Kabu Gesarunasagu. CoHnap KeT-

Ma- KeTJINrura MucoJuiap KeJ'ITPIpal':iJ]HK.
1 1 1

Dx=2:L 5 5 n’
Qx,=(—D"—1,1,—11, (— 1),
3) x,=n!: 11, 21, 31, nl,
4) x,=sinn’: sin1°, sin2° sin3°, , sinn®,
5) x,=n"" 1,2, 2,4~ oV
3 5

6) x,=1:1 1,1, 1,
7) 0,3; 0,33; 0,333; 0,33 3

T

81,12 3,5, 8, 13, 21,
93 1,4
IOKopHaa KeJTHPHJATAH MHCO/JapAaH KypHHAIHKH, 6ab3H ReTMa- KeTJIHK-
JIADHUHT YMYMHH XannaapH dopMynajap opkaaH upojanaHud, ynapHHHT
Gapua Xannapurd 1wy QopMyJanap €paamuia Tomuiaca, 6aB3M  KeTMa-
KeTJIMKJIAp XaJJapHHH MabiyM KOHjajap €pramyia TOHly MYMKMH G6Y-
Jap sxaH. Macanan, 8-MuCO3a KeJTHPHJAraH KeTMa- KeTIHKHHHE Xagl-
Jaapu yuey
- - 3\
n=1x=1x =x_,+x n>=3 (3.2

n—1»

Kouja OujiaH TOMMJAjH.
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KeTma- KeTMKHUAT pacTiabky XajsapH Gepuiarad Xojja KefHHTH
XajJlapiHA OJIIMHIH XaAJapH OpKaiM TONMWHM Hdoaanafinvrad xowupa
pexyppenm KouOa ne6 aranamd. (3.2) ¢opMysanap IIyHJall KOMJaHH
ndopanaiipn. By (3.2) xoupa 6wnan Ttomwaran 1, 1, 2, 3, 5, 8§, 13

21, . coHnap Dubonayuu coniapu pehmnagy.
9- Mucosna KelTHPUJITAH KeTMa- KeTJMK XaiJapd I COHHHHHT, MOC
pasuiLga, GUPHHYM, MKKHHYH, pakamjapuaup. MabayMku, ;1 Hppa-

IMOHaJ COH 6YJMG, y 4YeKcH3, JaBpuil GysimaradH YHJIM KacppaH u6opat
6ynanu, 6uHOOGApHH, NakaMJ/lapHHHT KeJHIUMAa GHpOp MyafiiH KOHYHUAT
MaBxKyZL 6YsMaiiin.

Ilynn TabkHAJMAID JOSHMKH, {X } COH;Aap KeTMa- KEeTJHMTHHHHT (n =
=1,2,3, .} XaanapH coHM yekcus GyaraH Xosua 6y KeTMa- KeTJHK-

HUHT Gapua XajapHaaH Ty3uiral TymiaM 4YekcH3 €kH UYekIM Tynsam

o 1 |
6yumm MyMmkuH. Macanan, 1, 5 3 -, KeTMa- KeTJIHK Xaj-

3 n
f 1 i o

JapuaaH TY3HITaH l], >3 .t tynaav wekeus, 1, —1, 1 —1,
KeTMa- KeTAHKHHHT XajnJjapuaad Tysuarad {—1, 1} Tynnam 3ca wekau
TVNIaMaup.

DHIOM COHNAp KeTva- KeTIMTHHUHI YerapajaHTaHJHMTH TyllyHYaJapH
611aH TaHUUIAMH3.

Bupop {x,} KeTMa-KeTnuK GepuiraH Gy./ICHH.

2-tabpud. Arap wyHnai yarapvMac M con MaBxy3a 6VJcaky, \neN
yuyH X, < M TeHrcu3JMK Ypunau 0y.1ca, KeTMa- KeTVIMK oKopularn we-
aapasanzan peb arajaiH.

MacanaH,

sin 1°, sin 2°, sin 3°, sin n°,
0, —1, —2, —3, —n,

KeTMa- KeTJIHKJIaD IOKOPHAaH YerapajiaHraH, YyHKY OHDHHYH KeTMd- KeT-
JHKHUHT Xap GuMp Naju | JaH, WKKMHUM KeTMa- KeTJIMKHHHT Xap Oup xain
3ca 0 nan xaTra sMac.

3-tavpud. Arap uxtnépuit Mmycbatr M coH oJMHraEga XaM IIyH-
Jaft Hatypan n, COH TOMWICAKH, x, > M G6ynca, {x,} KeTMa-KeTIuK
roopudar vezaparanmazar 3e6 aranajgu.

Macanas,

I, 2, 3,
KeTMAa- KeTJIHK I0KOPHJAH YerapajaHMarad KeTMa- KeT/MK GyJanH.
4-tabpud. Arap wyHpadl y3rapMac m COH MaBXKyl G6Yy.caky,
¥ n€N yuyyH x, >m TeHICH3IHK YpuHax Oyiaca, 6y KeTMa- KeTJIHK

Kydudan vezapanranead el atanajy.
Macanas,
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" (
KeTMa- KeTJIHKJap KYHUIAH yerapajaHraf, 4yHKH {‘)-ﬂ——l} KeTMa- KeT-

JUKHHHT Xap Gup Xaad O pas, {n!} keT™a- KeTJHKHMHT Xap OHp xaiu
3ca | paH KU4HK 3Mac.

5-Tabpud. Arap uxtuépuilt Myc6aT m COH OJMHIAHAA XaM Iy H-
Jai HaTypan .n, COH TOMMICAKH, X, << —m 6y:ica, {x,} keTma- keTamK

Kydudan 4eeapasanmaean ne aranany.
Macanan,
- lv - 21 - 31
KeTMa- KeT/IMK KYHHJaH yerapaiaHMarad KeTMa- KeTJHK GVuamu.
6-tabvpud. Arap {x,} KeTMa- KeTIMK XaM KyMHOaH, XaM [OKOpH-
Jad yerapaJaHral GyJca, y 4eeaparawzan pe6 atAnaid.
Macanan,
sin 1°, sin 2°, sin n°,
L 1
) _2_1 ZO . 2n—_1
KeTMa- KeTJIHK/JIAp 4erapasiaHral KerMma- KeTJIHKJAapaup.
X,} KeTMa- KeTJHKHHHI YerapajiaHraHAMruHy KyHHaardya tabpudiian

%aM MYyMKHH:
7-tabpud. Arap mysaaft Myc6ar p coH MaBKyx 6yscaku, iy ncN
YUYH | X, | < p TEHrcUSAMK YpHHIH G6§/ca, KeTMa- KEeT/HK 4e2apatanzan

Ied aTanamu.

Kentupuaran 4, 5, 6, 7- Tavpudnap 2- 605xaru Mo TabpubIapHUHT
KeTMa- KeTJIMKKA HUCOa1aH alTHAHIIKIUD.

{r,} KeTMa-KeTIMK XaisapHAaH TY3W/raH TYMJAMHHHI aHHK MOKOPH

yerapacH {x,} KeTMa- KeTJIMKHHHI QHuK fOKOpu wezapacu je6 atajaiu
Ba y sup {x,} katu Geiruiasany.

[Iyuunraek, {x,} KeTMa- KeTIMK XaAMApUIAH Ty3HATaH TYMJIAMHHHT
aHuK KyHM verapac {x,} KeTMa-KeTJMKHMHT asux Kydu 4ezapacu neb
atasagy Ba y inf {x} kabu Gearusananu.

Macaunay, ym6y

{3_ L n+9
n)
KeTMa-KeT/JHKJAPHHHT AHHK IOKOpH Ba KYyHM yerapasapuHd €3amu3:
sup {3—-1—} =3, inf {3——l} =9,
n n
sup {2n + 2} = + oo, inf {2n + 2} =4.
2. HykTtanuHur atpodu TymyHyacH. busra a€ R con Xamaa

HXTHEpHH Myc6aT & coH Oepu.raH GYJICHH.
8-tabvpud. Kyhunaru

U,(@ ={x: x€ER, a—e<x<a-+ts}
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TVNJaM @ NyKTanuHr ampogu (e- ampogpu) 1e6 atanaid, £ CoH 3¢a ar-
POQHHHT PapuycH JAefinJain.

Tappudra k¥pa a HyKTanMHr €-aTpobH 4 HYKTaHH V3 WuMra cirad
(a—e, a-+¢) unTeppanpan u6opar (18-a umama). Jlemak, HYKTawuHr
aTpodu MabayM HyKTajap Tynuavuanp. HyKrasuur artpogu KyHuzaru
acochii Xoccanapra 3ra:

1° Arap a nyxtanmar U, (a) Ba U, (a) atpodnapu Gepuarau 63aca,
6v arpodarapHuHr Xap 6upira kucm 6V.ran U, (a) atpod xam waBxyn
6yaanm.

Mc6oT. U, (a) sa Uy (a) 1¥naamiap a HyK1aHuHT aTtpodaapu 6Ya-
CHH:

U, (@) ={x: xER, a—o<x<a-o},

Uy(@) ={x: x€R, a—bd<x<<a-d}.

c-€ 0 0+€
o
a-¢ g o€ pH-g b bre
o
T~
. 0-€ p-d¢ b ped g€
18- unama.

Arap o Ba & Myc6ar conJapaaH KHUHK GV/raH € COMHH OJMG, a HyX-
Tanuur yuiey

U @={x:x€R a—e<x<a-+e}
a1pofunn Kapacak, yHua
U,@cU ), U, (@cU, @

MyHocabaTnap OaxxapuuiliiHH KYpavH3.

2°. Arap a€R, bER Ba a b 6yaca, a Ba b HyKTajsapumur wys-
Jait U, (@), U, (b) atpodnapy MapXyaxH, yJaap yMyMHMH HykTara sra
6yavaiian, awn U, (@) N U, (b)) = & (18-6 uusma).

3° Arap b nykta a uykranwar U, (a) arpodura Termu Gyaca
(aenu bEU, (@), y xonza b muar wyspait §-arpodn Uy (b) MaBxynxu,
U, = U, (a) 6¥nagu (18- 6 unsma).

2°-pa 3°-xoccanap 1°- xoccara yxmaml Uc6OTJIaHAIH.

MavbayMmxs, XakMKHH COHJap TynJjiamH R TapkHOMra - oo Ba — oo
CHMBOJJIADHH KYLHG, KEHraiTHPHraH COHJAp TYMAaMH R XOCHI KuJHH-

67

www.ziyouz.com kutubxonasi



rag oM. R ja + o0 Ba —oo «HYKTa» JIapHUAT aTpoDH TyLyHYacH
K YHHMIaruya KHpPUTHJIAZH:
U (+o0)={x x€R, cER, c<x<+ o},
U (—ow)={x X€R, ¢;€ER, — o <x<0y}.
3. CoHnap KeTMa-KeTJHTHHHHT JHMHTH. DBupop x;, x,,
X310y Xy KeTMa- KeT/IMK XaMaa Oupop a CoH Gepusirad GYJ/ICHH.
9-Tabpud. Arap ¥ £>-0 osMHraHdga XaM WyHAad HaTypas COH
1, €N Mamxyn GyJcaku, n>> 1, TEHICU3MUKHH KaHOATJaHTHDyBYH -Gapua
HaTypas COHJap y4yH
lxn_a|<8 (33)

TEHICH3MMK Gaxapuica, a coH {x,} KeTMa- KEeTJIMKHHHT Aumumu 1e6
aranand. Jlumur yuyH

limx, =a, &u limx, = a, &u x,~a
N—oo
Gesrynaiiapaad hoAnanaHuIaH.
By TavputdHH Kyhuaaruya udomanami MyMKHH:
Ye>0 Jn,=n, E)EN: ¥ a>n,=|x,—al <e.
MabayMkH, |x,—a|<<& TeHICH3IHK @ —& <X, < a + & TeHICH3-
JIHKJfapra SKBUBaNeHTHHp. Arap (@-—e, @ +€) HHTepBaJ a HYyKIaHHHT
e-arpopH, svHu U, (@) TynjaMaaH HGOpaT 3KAHTHIHHH SBTHOOpra OMCaK,
yHAa {x,} KeTMa- KeTJIHKHHHT JIAMHTHIA IOKODHAA KEeJNTHPH/raH TabpH-

ra SKBHBANEHT Gy.raH KyHuparuua Tanppud GepuIll XaM MyMKHH.
10-tabpud. Ardp a uyxranuur uxruépuir U, (a)- atpodu osmnra-

HHAA XaM {x,} KeTMa-KeTIMKHHHT GHpOp XaMIAaH KeHMHrH Gapya Xai-
Japu Uty atpopra TerHuniH GyJica, a COH {X,} Kemma-KemaukHuue Au.

mumu ne6 aTasam.

H_IyHH TabKHAMAUI JO3HMKH, KeTMa-KeTJUK JHMHTH Ta’bQHCPH,&aFH &
MXTHEpHIT MycGaT CcOH GYJHO, HaTypan COH ny 3ca Wy € ra Ba Kapa-
NaéTraH KeTMa- KeTJHKKAa GOFJIHK paBHIA TOMHJIAIH.

Il-trabpud. Yeknu numutra sra 6y.raH KerMma- KeTHK  AKUHA-
wysuu kemma-kemaux ne6 atanauu.

Bupop {x,} coHnap xeT™a-keTsurH GepHiraH GYJICHH.

12-Trabpud. Arap uxTuépuit @ cOH BA MXTHEPHH HATYpdsi M, COH
OJIYHraHIA XaM IMyHAa#l MycGaT €, COHH Ba ILUyHAa#H Hatypas. n > f,
COH TOINHJICAKH,

lx,—al =g
6ynca, {x,} KeTMa-KkelIMK Aumumea 3ea smac f1e6 aramanu. By Tawvpud-
HM KHCKaua Kyiugaraya udoganall MyMKHH:
¥ n,€EN, Jeo, AnEN: n>ny=lx,—al>e

13-1ab pud. Arap xeTma-KemMK JHMHTra 3ra Gy.Mmaca, y Yy30K-
AQLUYSHU KemMQa- KemAuK JeHHIany.
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1 11 1
—:1, = = -, KETMa-KeTIHKHHHT
n 2 3 n

JumuTH O ra TeHr GYJIMIUHHM KYPCATHHT.
P . o 1
Mxmuépuit Myc6ar € connd onafiank. Uly € ra kypa n, = [—I 41
€.

Mucoanap. 1. x, =

HA ToftdMM3. ¥ Xo71za Gapya n > n, COHMAp yYyH

[x, ——al~l——0’=—rl; < — =

MyHocaﬁaT ypingm. Iemak, Taspudra kypa hm — = 0. By wMwuconia

e = 0,0L ne6 onaitnuxk. YHaa ny= [— + 1= 101 3KAHH KYpHHAAH.

Arap & = 0,001 6¥nca, n, = 1001, wynnHraex, € = 0,015 6yaca, n, =
= 67 sKaHura HUIOHY XOCHJ KHJIHL MyMKHH.

n
2. Yuby x, = ]/a (a= 1)
- 3 n /T

WV oa, V a,

KeTMa- KeTJTHKHHHT JHUMHTH | ra TeHr Gy/MIIMHH KVpPCATHHT.
Wxtnépuit: Myc6ar € connn osamu3. OnuMHran € COHra Kypa Hatypan

My COHHH
lga
Np= | —— 1
0 [lg(l-.L e)]+

6yacuH ne6 kapaiumk. By Xosna Im > n, TeHrcH3JIHMKHH KaHOATIAHTH-
pyBYH 6apya HaTypas 71 COHJIap y4yH
1 Ig (1+¢)

n/ n \ga
*)/a——1<a°—l<a — 1=
MyHocabataap YpuHau Gysanu. By 3ca Gepuarad keTMa- KeTJIMKHHHT JIH*
MHUTH | ra TeHr GYJMIUMHH KypcaTajH.

3. Ywby x,=(—1":—1,1, —1, 1, ., (=1 KeTMa-KeT-
JIMKHHHT JIAMHTH MaBXKyJ 3MAc/JMTMHH KVpcaTHHr. Teckapuchuuu (papas
KUJIAHAHK, ABHH GepHIrad KeTMa- KeT/IMK JIHMHTIA 3ra Ba YHHUHT JHMHTH
a ra TeHr GYyscuH. YHpaa Tabpudra Kypa HXTHEpHH Myc6ar € COH YyuyH
IWyHAaH HaTypaj COH 71, MaBXKYIKH, N =1, TEHrCH3/JHKHH KaHOATJaH:
THpyBUM Gapya HaTypas coHsap yuyH |(— 1)"— a|<<e Tedrcusnuk ypus-
JgH Gyaagu. Bynna n xydr Gyarawpa |1 —a|<te, n Tok Gyaranaa
sca |(—.d)—a|<<e €n |1+ a| <e Tenrcusankka sra Gynamus. Iy
TeHICH3JIHKJIapra Kypa

2=[(l—a+(+a|<|t—al+]l+al<2,
AbHY 2 < 2e TeHrcu3nMK Keaub6 umkand. Ammo 6y TeHrcusnuk &> |

6ymrangaruHa YpuHad. By Hampka € > 0 COHHHHI UXTHEpHHJHMIUra 3uA.
Jemak, GepuiraH KeTMa- KeTJIMK JIMMHTIA 3ra 3Mac.

lxn;ll =
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4. Yuwoy 5
n

l
fon-172" 37 47 n+ '
KeTMA- KeTJIHK VUVH @ = 0 COH JIMMHT 3MAac/JHrHHH Ky pCaTHHI

2
3

“ " - 1
Hxruépuit Hatypan n, COHHH onailHK. YHAa €, =~ B2 HaTypan

n ™~ n, COH Y4yH

n I
[x, —a|={———0|= >— =g,

n—1 n-+ \ 2
6Ynagn. Iemak, a =0 coH OepHiraH KerMma- KETAHKHHHT JMMHTH 3Mac.
Xyxnan wyHaad ycya O6unad a =2, a=3, a= — |, a = — 2 sapHuur

Gepuarad KeTMa- KeTVIMKHHHT JIMMHTH 3MAaC/JHrd KYpcaTH/AgH.
5. Yuw6y 0,3; 0,33; 0,333, 0,33 3. KeTMa- KeTJUKHHAT
[
n T4

1 - -
JUMHTA — ra TeHr GYIHUIHHH KYPSATHHI.
o

e >0 coH omub |0,33 .3 -—El’ HH Kapaiivu3. Paswanku,

n Ta
n Ta n Ta
| 038...3 1 99...9—10o"
033 3—== LKl g
93 3 100...0 3 3-107
nTa Dy

[ n Ta [ (
=—=1 1033 3——|= :
3.107 —— 3 3107
n Ta
Suau e>>0 ra kypa wyHaal n,€N COH TONHUI KepakKH, HATUKAAA

f >N, 1ap VYYH << € TeHrcH3/MK YpuHu GyacHd. Kedudru teur-

3-107”
CHATHK n > —Ig3e 6yaranuga Vpuuau Gyawwu paswad. [demax, ©6u3
r, cudatuna {—Ig3e] connn ommummus etapau. By 3ca xapanaérra

1 “ o
KeTMaG- KETAHK JIHMHTHHUHT g ra TeHr 6y.TIPILlIPlHH KypcCaTajaH.

4 Yexcus KHYHK MHKAOp.Jap.
i4- Tabpud. Arap {x,} KeTMa- KeTIHKHUHT JUMUTH HOAra Teur 6y.1-

ca, X, Y3rapyBuM 4eKcu3 Kuwuk muxdop Ae6 artamanu, Teruuiu {x,} 3ca
HeKCU3 KUYUK Kernma- KemAaux JeddnajH.

KeTva- keTuk smmutH Tabpupuaa a =0 1e6 omuHanurad 6y.aca,
VHI4 Gapya HaTypaa n > f, COHgap yuyH (3.3) TeHrcuamik |x, —a|=
= |x | <& TeHrcusnvkka Kemagu. JleMak, YeKCH3 KHYHK MHUKIOp Va3ra-
pysuu MHKZOp 6ysub, y Varapuu xapaéuuaa aGcomoT KuiMaTH OVitMua
4BB4.1ZAH OepH/IraH Xap KaHal KHYHK MyC6aT € COHIAH KHYMK OV.Jamu.

[N
Mucoaaap. 1. x, = — Varapysuu dercHs KHYHK MHKIOpPAUD, Yy H-

. .
k1 limx, =1lim —=0.
n
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2. Yulby x, =q" (|g] <2 1) y3rapyBun xaM YeKCH3 KMUHK MMKIOD.
Bynu wypeatnur yuyn limq" =0 (9 % 0, |g|<{jl) ammurtHusr §pun-
JM Gy MUIMHE K{pcaTamH3.

1
Appasi, |¢!<< | TenrcuammkaaH o > 1 TeHrcH3mMK KeaHb uyuKanM.
q

)] 1 .
Vun ﬂ = |-+ a (e>0) ne6 Ba gevax, \T” =(l +2)'nEN 1e6 xa-

g g
pawn mymknH. Kytisnarn

(1+a)'>1+na, ¥neN

Bephynan TteHrcusauruaan® colmanannb, « >0 6yarad Xoai1a Tona-
MH3:
1

I“~na

n
loi” <
dnan uxTHépufi Myc6aT & COHHH OMHG, yHra GOFJHK Ny HaTypaJj COH

1
——1
o o

6yncuH me6 Kapailk. Y Xoama n > 1, TEHrCH3/JHKHH KaHOaTJaHTH-
pyBud 6apua Haiypaa 71 COHJjap Y4yH

, _n n 1 1
gl =0l=l9I'< —< =

“na 1+ nyx

1 1
= < == g,

! 1
—1 e |
1+ \|2—[1fa i —a
a a

AbHA | g|" < & TEeHrCH3AHK ypudan. Hemak, lim g =0(@=+0,]g]<)
anmuT Ypunad. By sca x, = ¢" y3rapyBuM 4eKcH3 KHYHK MHKIOp 3Ka-
HHHY aHrJIATajH.

Arap x, =q" yarapysuu yyyn ¢=0 6yaca, ¥ n€N 1a x, =
6ynamu. By 3ca, Ana x, = 0 y3rapyBUMHHHT YEKCH3 KHUMK MHKIOD 3Ka-
HHHH KYpcaTanu.

* Hxmu€puit n € N xamaa a >—1 (2 € R, a £ 0) conaap yuyn ywby

(l1ta)*>1+na (*)

TEHTCH3/IMK §PHHAH. ByHH MaTeMaTHK MHAYKUMA yCVaH GWIaH OCOH HCOOTAZ! MyM-

knil. Xakukatah, n=2 qa (14t a)2=1-2a-- a2>1-+2a 6Vau6, (*) Gaxapn-

aapn. Y xoama (*) n (n>>2) yuyn TYEpH, abhu (1 - o) > 1 -+ na 1¢5, n+ ) y9yn

TYFPHAHFHRM KYpeaTaMus:

A+t =0+a) +o)>(ltna)(lta)=1+na+-2—na2>
>1+(n—1 a.

Ognatna (*) Bepryaiu menecusaueu aefin1ain.
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5. HekcH3 KHYHK MHKAOpPJAAp GHAAH KeTMa-KeTAHK
JHMHTH opacujparu Goruanuum. bupop {r,} KetMa-keT/uK Gepun-

raH Gy/u6, yHUHT JUMHTH g Gyuicun: limx,=a. Jluvur Tabpudura kypa,

% €>0 yuyH wyHnalt n,€ N TOMUI MYyMKHUHKH, 7 > 7, TeHTCH3IHKHU
KAHOAT/IAHTHPAUrad Gapya HaTypan CoHJap ydyH | x, —a| < & Tenrcus-

JMK Gaxapunajd. Arap x, —a =a, Ae6 onmHca, |o, | <& 6ysmb, Oy
@, y3rapyBUMHHHI YeKCH3 KHYMK MHKIOP IKAHJHrund Ouimupamd. UlyH-
mait kw6, limx, =a 6yaca, a,=x,—a ¥3rapyBud HeKCH3 KHYHK
MHKIOp GyJjand.

Oumu {x,} KeTMa-KeTJHK, a COH Gepusirad 6yaub, o, = x, —a y3-
rapyBuH YeKCH3 KHYMK MHKJOp Gy.cuH. YHaa |x,—a|=la,|<e 6§-
6, limx, = a 6ynanu. Hatmkaga Kyfugarn copna TeopeMara Kesa-
MH3.

I-Teopema. {x,} xemma-kemaux 4exru a rumumea sea 6yruuu
YUYH o, = X, — @ [32apyedu 4eKcus Kudux muxdop Oyiuwu 3apyp éa
emapau.

n
IOkopuparu (4- Mucon) x, = — KeTMa- KeTJHKHH
n

Kyputumga €36 oncak Ba a, = HHHI 4eKCH3 KHYHK MHKIOD

n
3KaHJHIHHH 3BTHGOPra oJjicak, - TeopemapaH

limx, = lim — =1
n+ 1
SKAHAMTHHH TONAMH3,

YMyMaH, KeTMa- KeTHK Gepusirad 6yaca, OHpOpP @ COHH YHHHT JIH-
MUTUMH €KH HYKMH JleraH caBosra Tabpupra acocmaHHG xaso6 Gepuul
MYMKHH. AMMO Gy #iys1 OWJIaH KeTMa- KeTJIHMKHHHT JIHMHTHHH TOMHII
MYLIKYJT HIIGHP, YYHKH TEKLMIMPHJHUIM Kepak OYyJrad a coHaap YeKcus
Ky 6Vnamu. BepHaran xeTMa- KeTJIMKHHHT AKUHIAUIYBYHIHTHHY aHUKJAM
Ba YHUHI JMMHTHHH TOMMII HOIAPHHM OCOHJIAWTHPUII yYyH, ONATAd,
6yHEail KeTMa- KeTJUKJAPHHHT TYpJIH- TyMaH XoCCaJapd, 0ab3H Xycycui
CHH(J1apH YpraHu/ag.

3- §. AxHHAaWYBYH KeTMa- KETJIHKJIAPHHHT XOCCajapH

SlkuHNMAMYBYM KeTMa- KeT/HMKJIap KaTop Xoccajgapra 3ra.
- 1° Aeap {x} xemma- kemauk akunsawyedu 6a limx,=a 64iub,
a>p (a<gq) 6yarca, y xorda xemma- kemaukwune 6Gupop ..xadudau
keduneu 6apua xadiapu xam p condan kamma (q condaw Kudux) 6y-
aadu.

Hc6orT. x,—a 6y, a> p GynckH, &> 0 COHHH, YHHHT HXTH-
épuituruan Qoiigananub, & < @ — p TEHICH3/IMKHH KAHOAT/JaHTHpaguray
KHAHO onal/IuK.
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KeTMa- KeTIHKHHHT YeKJH @ JHMHTra 3ra 3Kaujurvaad Ve >0 coH
y4yH, XKyMmaatan 0 <e < a— p yuyH, WyHgak nyEN COH TOMHILI MyM-
KHHKH, 1 > ny=-|x,—a| <ee—e<x,—a<e 6ynam. Haruxana
n > n, TEHTCH3MHKHH KAHOAT/MaHTHPYBYM OGapuya HaTypaj COHJIap YUYyH
—e<x,—a Ba €< a—p TeHICHIMKAAPIAH X, > p OVJHMILK KeJHo
yHKanH. (@ < g X0 yYyH XaM Xocca XYAUH [OKOpHAArHiek Hc6OT 3TH-
JajaH.)

DBy xoccamaH KyHHparH HatHx«a Kenub UHKAIM.

l-natuxa. Arap {x,} KeTMa- KeTMK siKHHJawWwysud Ba limx, =a
6ym6, a >0 (@< 0) 6yaca, y X012 KeTMa- KeTJIHKHHHT GHPOp XauH-
laH KeHuHrH Oapua xamjapu myc6ar (MaHgu#) Gymanu.

2’ Aeap {x,} xkemMa- kemauk AKunaauyeuu GYACa, Y 4€2BPANAHIAN
6jradu.

Ucb6ort. limx, =a 6yacun. Tavpubra kypa e>0 Oepuirania
XaM 1yHaaH n, € N con TOMHJANMKH, 7 > 1, TEHrcH3JHKHH KaHoaTJaH-
THpyBUH Gapya HaTypal COHiap yuyH [x,—a] <e 6ynamu, svHH {x}
KeTMQ~ KeTNHKHUHT (g = I)- XagupaH KeiiuHry Gapua Xanaapd YuYyH
a—e < x,<a- e TeHrcusnHkaap Gaxapunagu. [emak, {x,} KeTma- keT-

JIUKHHYT OLUHO 60pca Xy, Xg , xn XaaiapH a —e < xn < a - & TeHr-
o
CH3MHK/IADHH KAaHOATJ/IAaHTHPMACJIMIH MYMKHH. Al‘ap
Ia_e,v la + elv lely lley ’ Ixn.l

COHJIAPHHHT 3HI Ka1TacHHH M pge6 oncak, y Xoaja Oepu/iraH KeTma-
KeTJMKHHHT 6apya XagnapH

x <M, n=1, 2, 3,
TeH FCH3/IMKHH ~ KaHoaTnauTipagd. DBy 3ca {x} keTMa- KeT/IMKHUHI ue-
rapasiaHraHJIurHHE GHILIHpaH.
I-scnarma. CoHnap KeTMa- KETJMIHHUHT  YerapasgaHraH/IMrHaH
YHHHT AKMHJALIYBYH GYHIUM Xap [OMM Kequ6 4HKaBepMaigd. Maca-
aaH, x, =(—h" —1, 1, —1, 1, -1 KETMa-KeTJHK 4Ye-

rapananrad. AfHH BaKTAa YHHHT JIHMHTH MaBXKYA SMAC/HrH I0KODHAZ
KYpcaTuiral 3pu.

3° Aeap {x,} xemma-kemaux sxumaauiyedu Gyaca, YHUHZ AuMUMU
A20HAOUP.
Hc6oT. Teckapucuuu dapas kunaimik, {x,} KeTMa- KeTIHKHUHT JH-
MHTH KaMHAA HKKHTAa OYJCHH. ¥YJapHH a Ba b fefuIHK, STBHH
limx, =a, limx, =b, a+b.
Monomuky, a 5= b 3KaH, yHIa @ Ba b HyKTajapHHHT MOC DaBHIUAA LUIYH-
nan
U@ ={x: x€ER, a—e<x<a-te},
U,b) ={x: x€ER, b—e<x<b-+tsg}

arposiapd MaBXKYIKH, yJap YMyMHH HyKTara sra 6yamaiiu:
U,@nNU, ()= o.
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Oupu limx, =a 3KaHiurugad, e >0 Oepuirania Xam (Kymnagad
IOKODHJArd € yuYyH) WIyHAai no€N COH TOMMJIAAHKH, 7 > 71, TEHTCH3-
AHKRH KaHOaTNAaHTHPYBuH 6apya HaTypaJ COHJIap YuyH |x, —a] <e €ku
a— €< x, << a- € TEHrCH3MHK.JIap VPHHAH 6ViamH. XyAiH WyHHHILeK,
limx, = b Gynrannuruaan, % e > 0 Gepuiranuia Nam (KyMmaaiaH, KO-
pHiark & y4yH) wWwyHaak ng€N cOH TOMHJIAIHKH, 1 > 1 TEHICH3IIHKHU
KAHOATJIAH1HPYBYH 0apya HaTypaJ COHJAp YuyH |x, —b| <e &k b —e <
< X, << b -+ €& TeHrcuaHKMap VpHHAH OVJanu. SHiM ng Ba ng Harypalt
COHJIAPAAH KATTACHHH 1, 1e6 oacak: n, = sup{n,, n)}, n = n, Gyi-
ranga 6up BakTaa
lx, —al<esma|x,—b<e

TEHICH3NHKJAap GaxapHiand. Hatwxkana {x,} KeTMa- KeT.IMKHHHI X,
n>ﬁo, XagjapH 6up BakTA2 (a—e¢, a+¢) Ba (b—e, b-+&) uHrep-
Baqniapra ieruuni 6yaanu. Bynpait xon U, (a) N U, () =@ MmyHocabar-
ra suamup. Xocca HCGOT GYJaH.

4- §. fxMHAaMIyBYK KeTMa- KeTaMXJap yctHaa apudmerHk amannap

1. Connap xeTMa-KeTJAHKAApH ycTHi1a amanaap. {x}:

Xy, X, y X xamua {¥.}: Y1, Yo Yo KETMa- KETJIHK-
aap Gepusrad GyJcHH. KyHuaard
Xy T Yo Xp T Yo » Xy T Yo
X141 X3 Y s Xp— Y,
X1°Y1y X3 Yo v Xp'Yps
X X X,
=, =, = W0 k=12, )
1 Y2 Yn

KeTMa- KeTJHKkJap Moc pasumpa {x,} Ba {y,} KeTMa- KETJHKJApHHHT
durunducu, aldupmacu, kynaimmacu Ba Hucbamu 1e6 atanajd Ba yJap

{x, +u} {x,—y.) {x.-4) {3"— Kabu Ge.rHIaHaiy:

{xn} = {yn} = {xn + yn}’
{x.}-{y.} = {x,-9.},

() [%)
{ Yn } l Yn J
Macanan, x, = L y Y= 6yaca,
n n
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'y n 1 ‘n-— 1 1 n—1 !
\f_} _I__].:! | } (1] (n + 1)
R T AR T ln— 1l
Gynank. Arap MKKH KeTMa- KeTaHK Kimait™acH Tabpuuia y, =C =
= const 6§mea, C-{x } = {Cx,} sKkanu Kens uukaim.

Cot1ap KeTMa- KeTHK4pH ycrHia OarkKapuiaraH apHpMeTHK amaanap-
ra "refatan ywby xoccasap Vpuuad OV.amt:

19 KoMMyTaTHB/HK:

{“’:z “l‘,l/,:‘ = :yn - x:: |'xrz'yn} = {yn'x i‘;
2 AccouHaTHBIHK:

P O S PR R BV T S O
{"‘/: S Y, T = aX, Y, 2!, X Y zn}—'x [yn 2,

r

3 JducTpHOy THBIIHK:
- R [ i
+ yrl ;zn} - "‘n z,ll T f_l/n'z,lﬁ

2 YekcH3 KHYHK MHKIOPJAAp NaKuia deumaaap. UYek-
CH3 KHUHK MHKAOpPJAp NaKHIArH KyAHIard HKKH JieMMajgaH Ou3 Keary-
cu Gadnumusna cpoitgananud HopaMus.

- mesma Yek/M COHIATH UYEKCH3 KHYMK MHKIOpAAp HHFMHIHCH
YaKCH3 KHYHK MHKIOp 6Y.1aiu.
Hcdor. a, Ba B, uekcus KHYHK MHUKAOPAAp 6Y.JICHH:

limea, =0, limB, = 0. Jluvut Tabpitpura GuHoan ¢ & > 0 Gepuurad-

m

Aa XA — COHra Kypa UlyH1af n,EN coH Tonunaiukd, 6apya n > n,

P

1 - € © o -
nap vave e | < 5 6yaaad. LlyHHHT1€EK, 5 coHra Kypa myHpai ny € N
. , . € o
COH TOMK.IAAMKH, Gapya n > ny Jap yuyH [B | < 5 6Viaagu. 3umm 7,
Ba N, HATYPaJ COHIApIaH KATTacHHM 1, e6 Oncak: N, = sup {no, n,
yHEa 6apya n > n, Jap Y4VH GHp RaKTia Jee,, |< , B < = Teur-
cH3uinap YpuHa Giaagn. [Wywusr yuyw n>n, 6ynra&ma lan+ﬁn| <

<o)+~ B)< -;— + % = ¢ 630, yuman lim(e, +B,) =0 kemu6 uu-
Kamu. Juam o, B, Ba v, ap YeKCH3 KHYHK MHKAopJap 6y.cud. IOko-
paaa ucBoT 3THAraHura K)"/pa @, B, yekcH3 KMYMK MHKIOp G6V.aid.
Xyan wyBHHraek, (%, + B,) + v,l XaM YeKCH3 KHYMK MHKHOpJap HHFHH-
IMCH CHPaTHAA siHA qexcua KUYHK MHKRop G6yianu. [emak, o B, -+

=+ 7, — YEKCH3 KHYHK MHKAOp. MaHa my ycynm OHJIaH Y4eKTd  COHAry

YEKCH3 KHYHK MHMKIOpJAp HHFMHAMCH YeKCH3 KIYMK MHKIOp GV.1HuIH
kypcatunand. 1- nemma ucbor Gyaau.

2- nemMa. Yerapananran keTMma- KelJMK OHaH YEKCH3 KHUHK MHK-
nop kynafT™MacH yekcH3 KHUHK MuKAop GyJand.

Hc6or. |x | —4erapajiaHraH keTMa- Kerviik G6yscHH. [lywra kypa

wyngaid yarapMac coH M > 0 MaBkyakd, Y¥ne€N map vuyd x <M
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6ynapu. DHOM o — YEKCH3 KHYHK MHKZOp O6ysicmH. Tabpudra acocaw

A#e > 0 osmHraza xam % ra kypa myHnai n, € N con Tonunaguk, 6ap-

ua n>n, nap yuys | <%~ 6ynagn. Hatukapa Gapua n > n, Jjap
YuyH

x,-o ] =x| e | <M =g

i
M
TEHICH3HK YPUHIM OY/IHIIK Kenub wukamu. By aca (x -«,| ysrapysun-

HUHT YeKCH3 KMYHK MHKAOpP JKaHJHIMHH KypcaTaid. 2- jemma wucGor
6V.am.

2-HaTtuxa. MKKH yeKcu3 KHUMK MHKIOP KynaiiTMacH siHa YeKCH3
KHYHK MHKZOp Gynanm.

3. lkHHNaWyBYH KeTMa-KeTJHKJIAp ycTHRa apudMe-
THK aMaJjaJjap.

2-Teopema. Aeap (x| 6a {y,| xemma-kemauxrap sxuniquiyeuu

6gacn, |x, +y,) Kemma- Kemaux xam AKUHAGUIYSHL 6a
lim(x, £y,) =limx, £ limy,
gopr 11a gpunau Gyaadu.

U:60r. limx,=a, limy,=0 6Yyacun. I-Teopemara MyBobHK
x,=¢+a,y,=b+p, 6Ynam, 6ynia o, B, Jap UeKCH3 KHUHK
MHKIOpaap. ¥ xoama x, & ¥, yu4yH KyHHaaru

X, xy,=@xb)+(x, £p)=axb+y,
TeHIVIHKKa KeJsaMH3, OyHia Y, = o, =+ B, — 4eKcH3 kMUK MHK1op. Bys-
JaH 3cd, fAHa ywa l- TeopemMara MyBodHK
lim(x,+y)=a+b=Ilimx, +1limy,
6ynum Keau6 umkagu. Teopema ucGor 6y/iad.

By Teopema HKKH SIKMHJIAIIYBYM KeTMa- KETJHK HHFHHIHCHHHHT JIH-
MHTH 'Oy KeTMa- KeT/MKNap JMMHTJADHHHHT HHFHHIHCHra TeHT Jeras
Kouzaanu woaanangy.

Hc6or stunran Teopema KYILMIyBYMJIADHHHT COHH HKKHTAJAH OPTHK

(ueksH) 6yarad XoJ4a XaM VPHHIM GYJHIIMAH KYPCaTHII MYMKHH.
3-1eopema. Aeap {x,) 6a ly,} xemma-kemauxrap aKuxiQULYB4L

6gaca, {x,-y,} Kemma- Kemaux xam SAKURAQUYEHU 64
lim(x, y,) =limx,-limy,

dopmyra gpunau Gyaadu.
Hc6or. limx, =a, limy,=b 6yacun. ¥ xonaa x,=a-+ a,
Y,=b+B, o, Ba P, 1ap yekcus KHyHK MHKAOpIap. Yiiia

X Y, = (a + (Zn)(b + Bn) =ab-+ (aﬁ/z + ban + anﬁn)'
Uekcus KMuHK MHKIOpiap Xakugard 1-Ba 2- mevManmapra acocan §, =
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=af, + bo, + o, KeTMa- KETJHK UeKCH3 KHYHK MHKIOp 6ynaau. Me-
MaK,

xY,=ab+38,
6ynu6, GyHpaH
lim(x, y,) = a-b=Ilimx, -limy,

3KaHU KeJHMO uukagd. TeopeMa Hc6or GyimH.

by TeopeMa HKKHTa fKMHJALIYBYH KeTMa- KETJIHK KyNaATMacHHHHT
AUMuTH Oy KeTMa- KeTJIHKJAp JHMHTJIAPHHHHT KynaHTMacura TeHr G6y.H-
el udoganaiyy.

Xycycan, arap {x,} KeTMa-KeTJHMK sKMHjIamyBuu GyJica, yHza
limx? = (limx,)* 6ynamu.

Arap {x,} KeTMa-KeT/HK fKHHJAIlyBuu Gynca, yHna C = const yuyn
{Cx,} rerma-ketyHK XaMm sxuunamysyu Ba lim (Cx,) = Climx, dopmyaa
ypuusn Gynanu.

4-teopema. Aeap {x,} 6a {y,} Kemma-Kemaukrap AKURAQUIYSHU

6yaub, ¥n€N yuyn y, 0 sa limy, + 0 6yaca, {fi} Kemma- Kem-
Yn
AUK XaM AKURAQUIYEHU XAMOQ

¢opmyara ijpurau 6ijaadu.

Hc6or. limx, =a, limy, = b, b 0 6yacun. Y xonma x; =a--
4+, y,=b+ f, OyHna a,, PB,—yekcus kuuK MHKnOpaap. I[Hyuu
3BTHGOpra oG TOMaMmH3:

a U (b 5 )

L ———=—————=——— (ba_—af).

Yn b b+ B, b b+ By) " "

Yekcus KHYMK MHKIOpJap Xakupard 1- Ba 2- JleMManapra acocad ba, =

1
—a y H 6ymb, ———=—— 3ca rapaJagral
B, 4eKcH3 KHUMK MHKAOD 6Y 566, yerapaJ/jaira

(uyHkH b— uekaH, P,—0) MUKIOp GY/IraHu yuyH v, = b_(_b-{-—ﬁ) (bra,—
1 n .

—a-P,) yekcus KHYMK MHKHOp 6ynanu. [emak,

X, a i
y, b ¥
Bynpan
X a lim x
lim — = — = =

Yn b lim y,
MyHocaGaTyiap YPHHJIM SKAaHH KeJHO YHKA[H.
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Hlynaait kuan6, SKHHJIAIYBYM KelMa- KeTJHK.Iap HHCGATHHHHT auMH-
TH YJADHHHT JIHMHTJApH HUcOaTHra tenr (6VHIa Maxpax HoalaH (apk-
JM GYJIHUIM JTO3HM).

2-3cnatva. Mk [x ) Ba | KeTMa- KETIHKHMHT  Hii1iHUCH
afiipMacH, KVnadTyacH Ba HucGatHian HGopat OV.raH KerMa- KeTJHK-
HHHP SAKHWJALIYBYH O)JIHWHAGH 6y  X,; Ba Y, KeTMad- KeTNBKAApIMET
Xap GHpH SIKMHJAIWYBYH GVauwH Xap A0iM Keau® yukasepvaipi. Maca-
aan, {V'n —1—1 n—1} KeTMa-KeTiHK  SKMHIAWYBYH, 4y HKH
m(yn+1—1n—1)=lim —=—=0, ammo {} n+ 1j
o Vn 1 }n—1
Ba {}'n— 1} KeTMa- KeTJHK.JIAPHHHT SIKHH.JALUYBYH SMACAHIH DaBLIAH.

1
Papiianku, {*— fl} KeTMa- KeT.THK AKHHJIALIYBYH (yHHHl‘ JUMHTH | ra
n

T
tenr). Jlexun {—} KeTMa- KeT.IMK SIKHHJAIUYBuH, {N| KeTMa- KeTIHK
n

3Ca AKHHAAUIVBYKA 3Mac,

4. SIkMHAaWyBYH KeTMa-KeT.aHKaap pasocu. Bapua sxun-
JalyBYH KeTMa-KeT/IHK/APIaH TY3UIraH TYNaaMHH Kapaitvmk. By Tinnam-
HH € OujaH GeJrM/IaiIH.

; ! ! Y
IOxopunarn myaoxazanapaai ix, €¢, |y, €€ Gyarasga {x, =y, }€

X

€c, {x,-y,l€c, {—yl: €c(wneEN yuyn y, 50 Ba limy, = 0 6yaran-
n

Ja) MyHOC26aT/IapHMHF YPHHJM OV ML Kennb uukain. [lemak, ¢ Tyn-

JAMIA XaM XakHKHil comjap TymiamH R jgarH xabu  Kyumul, aiipuoi,

KynalkTupuit XaMjaa GYJHLl aMaJlJapHHH GaXKapHill MYMKHH,

MabayMkH (2- 606HuHr 10- § ura xapadr), R TVnaamga YVHHMT uc-
TaJran UKKH X Bd Y 3JeMeHTH opacHjar# Macoda p (x, y) = |x — y| xabu
aHHKJAHHO, YHHHT GHD KaHya XOccanapd KearHpHAraH 3aH. € TynJaamaa
XaM yHMHT HCTaJraH HKKH 3JeMEeHTH opacHia «Macoda» TyluyHYacHBM
KHPHTHIU MYyMKHH.

®dapas kuaaiiuk, {x,}€c, {y,}€c 6Vacun. By saemeHT.aap opaci-

aaru «Macoda» jge6 KyHunaru
p({x} {9,) =suplx, —y,| = sup {|xs— il

fxz—‘yz" [xn_yn” }

MHKOpra aHTamus.
OHAM KUPUTHATAH «Macoda» XOCCATapHIIH VPraHaiIuK.
Assaio p({x,}, {y,}) > 0 6Vamn pauranp. Arap o ({x,}, {y,}) =
=suplx,—y,|=0 6Vaca, yHIaH FnEN yuvH X, =y, KeIuO YHKanu.
n

Akcuuua, arap y¥n€N yuyn x, =y,  6yica, yuian p({x}, {v,}) =
=suply,—y | =0 3KkaHH xeanb uMxaju. eMmak,
’ o(x.}, {y,})) =0 ¥n€N yuyvn x, =y,
Wkknnunaan, p({x.}, {y,}) =0y}, {x,}), uynku
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p({x )} {g.) =supix,—y, | =suply, — x| =p({y,}, {x.}).

Sum {x,}€c, {y,}€c Ba {z,} €c G¥ncun. AGcoatoT KHitmMal xocca-
cura k¥pa ywby

'er_—znl < 'xn_yn' T"lyrz—z

f

TEHrCH3/MMK YPHHIH GVHLIN paBliadH. ByHpan aca
%, — 2, < suplx, —y,| +suply, —z,|
n n
SKAHJITH KeJMG yMKaiH. AHHK IOKOPH 4Yerapa XoccacHra Kypa
sup lx, —z,| <sup(x, —y, | +suply, —z,}.
n n n

JHemaxk,

Plx, ) <e (e} {w)+oy.) {x.

Opatga 6y ¢ tynaam ¢ §230 éKkH SKUHJAIIYBYH KeTMa- KeTqukJap a-
30cH 16 aTtanajd.

5. TeHrMHK XaMJa TeHTCH3JHUKJApAA JEMHTrA YTHLIL.
KeTMa- KeT/IMK/IAp JMMHTHHHHI MaBXKYJJHTHHH KYDCaTHII Ba JIHMMT/Iap-
HH TOMHII KaGH MacajajapHH XaJ KWIHLIAA TeHIVIHK XamJa TEeHICH3JIHK-

Japaa JHMHTra YTHII KOHAAJApH 1e3- T€3 KYJ/IaHH6 Typaad. bu3 ysnaphu
KeJTHPAMH3,

1° {x,} Ba {y,} KeT™Ma- KeT/HK/Iap AKHHJAIIYBUH Gyaub, limx, = a,
limy, = b 6yncun. Arap ¥n€N yuyn x, =y, 6yaca, y xonga a=1b
6y mami.

By Kouza SIKMHIALIYBYH KeTMa- KETJMK JHMHTHHHHT ST HaJIMTUAaH
KesuO YMKau.

2° {x,! Ba {y,} KeTMa-KeT/IMKNap AKHHJALIYBUM Gy.H6, limx, = a,
limy = b 6yacun. Arap ¥n€N yuyn x, <y, (x, >y,) 6yica,y xon-
12 a< b(a>b) 6ynamu.

Hec6or. Teckapucunu ¢apa3 KunaliHK, SbHU KeJTHPHJraH LApTiap
Gaxzpuaca XaM a > b 6yacud. MabayMmku, a>> ¢ > b TeHrcusaHKJIapHH
KAHOAT.TAHTHPYBYH XaKUKHA ¢ coH MaBxkyx. Jemak, limx, =a Ba a>c.

KHHAALIVBYH  KeTMa- KeTIMK/IapHUHr 1°- xoccacura (wy GoGHuHT 3-§
Wra Kapaur) Kypa wyHjpad n, € N MaBKyjakd, 6apya n > n, jap yuyH
x, > ¢ 6ynmamu. Hlyuunriex, lim Yy,=b, b<c. fna yma xoccara My-
BoHK WryHpai ny, € N MaBxyakd, 6apya n > ng jap y4yH y, <c 6y-
nagu. Arap ng = sup {n,, ne} nedusca, ysja Gapya n > n, Jnap y4yH
GHp BAKTAA X, >>C XaMja ¢ > Y, TeHICH3MMKAAp VPHHJH 6Yau6, yHIaH
x, >y, 6yaHuM xeau6 uukamd. by sca x, <y, n=1, 2, 3, TEHr-
cH3nmukka suamdp. emak, a < b Gynagu.

Xyamu wyra yxwaw, limx, =a, limy, =b xamaa ¥n€N yuyH
X, >y, OYIMUHMIAH @ > b TeHICH3MMK Kead0 YMKHIUH KYPCaTHJAaIH.
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3-acaatwma. {x,} Ba {y,} KeTMa-KeT/MK/Jap SIKHHMAIIYBYH GY.HO,
limx, =a, limy, =b 6yacun.

bapua n =1, 2, 3, Jap yuyH X, <Y, TeHICH3AHKHHHI Gax<apH-
JHIUMAAH a << b TeHICH3JHK XavMa BaKT.Kean6 uuKapepMaiji.

C 1
Macanas, {— —}, {—} KeTMa- KeTJIHMK/Ap SIKHHIAWyBYH. Dy ker-
n n

1 1 o .
Ma- Kewmkaapia ¥ n€N yuys —— < — 6yaca xaM lim <__L) =
n n n

=lim —’11 = 0 6yaamu.

3-nartuxa. Arap {x,} KeTMa- KeTJHK AKHHJAWYBuUH 6yun6, FneEN
YuyH x, > ¢ (x, <¢) 6yaca, y Xoaga limx, >c(llmx, <c) 6ynann
(6ynaa ¢ — {3rapmac coH).

By natmxanuar ucboty roxopuaard 2°- xoccana y,~= ¢, n= I, 2,
1e6 OJIMHHIIMJAH KeJu6 YHKAIH

3° {x,} Ba {2} keTva- KeT/MKJap sKMHJaWyBuH 6y, limx, =
=limz, = a 6§acun. Arap y¥n€N yuyn x, <y, <z, 6yaca, y ~oia-
1a {y,} KeTMa-KeTMK XaM SKMHJalmyBuh Ba limy, = a 6yaany.

Mc6ot. KerMa- KeTAMKHMHT JIMMHTH Tabpugura acocaH &> 0
Gepunranga xaM wyHga#l n, €N Tonunamukd, Gapya n > n, Jap YuyH
[x,—a]<e €ku a—e< x,<a-te TeHrcH3MMKAAp YpHUHJIH Oyjasy.
Ulynunrnek, yuwa e >0 oauHranuaa XaMm wyHpad ng €N TODHIAIHKH,
Gapya n>n, jap yuyH |z, —al<e ékua—e <z, <a- & TeHICH3IHK-
nap ypuun 6ynagu. e ng = sup {n,, ng} RedMK. YHEA n > ng 6yJa-
raiga 6Up BaKTJa a—e <X, <a-+& a—e<I2, <4a- €& TeBICHITHK-
Jap ypunau 6ynagw. AmMo waprra kypa ¥n€N yuyn x,<Yy,<2,
TeHrcuanukaap ypunau. IyHuHr yuyd n>n, 6yaraiga a—e <x, <
<Y,<z,<a-te gl a—e <y, <a- & OymuH Kemmb YHKAIH.
By sca {y_} kxeTMa- KeTJHKHHHT SAKHHJAIIYBYHIHTHEM Ba lim y, =a 3kaH-
JIMFHHH KypcaTajH.

Mucoa Yuwéy {x}= Wnl:1, Ve, V3, 1 n, KeT-
Ma- KETJIMKHHHT JIMMHTHHH TOIHHT.

PaBwanky, Gapua n > 2 jga

2n/—

n>1
6y1anu. _
Oumu a, = ?rn — 1 1e6 onub, cyHr BepHysu TeHrcHaIMruaan ¢om-
JanaHub TonaMus:

Vo =(+a) >l+na,>na,

1 - n,— 1 "2
OyHpaH o, < —_= Ba n > 2 (Gy.irasia l<y'n< (1 + V—) 1€Hr=

n n
CH3JIMKJIAD KeJHG YHKaau. Arap
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. 1\
¥yn
3KaHHHM XHcobra oJcaK, y Xo/aaa KeHHHTH TeHICH3JHKJ3jjAa JHMH1ra
yTu6 (3°- Kouzara acocsi@HraH XoJ1j4a), H3NaHraH JIHMHTHH TONAMHS:

lim} 7 = 1.

HM3ox. IOKopuna OH3 TeHrMMK XaMaa TeHICH3JMKJIapAa JIHMHTTa
yTHIW KoHpanapuHH KYpAvk. By koupmanap {x }, {y,} Ba {z,} kerma-Ket-
JIHKJIADHHHT XajsapH opacHjard MmyHocabaTaap 6Hpop TaHHH m- XaajaH
Gomnab ypuruig GysaraHia xam TYFpH GysaiH.

5-§. Yekcns karta mukmopsaap. YekcH3 KHUHK Xamjaa YeKCH3
KaTTa MHKAOpJap opacuaa GornaHHil

MareMaTHK aHaJM3 KypCHAZ YEKCH3 KHYHK MHKAopJap OujaH GHp
KAaTOpAA YEeKCH3 KaTTa MMKIOpJap XaM KapajalH.

Bupop {x,} xeTva-ketnHK GepusiraH GYJCHH.

15-taspud. Arap xap kaHgali MycGa1t M coH GepuiraHga xam
wyHnai n,€ N con Tonmicakd, Gapua n > n, Jap yuyH

x| >M

TeHICH3/IMK YpHHIH 6YJca, X, y3rapyBuH uekcu3 kamma muxdop ne6
aTanaj, 1erHIVIH {X,} 3Ca 4eKcu3 Kamma Kemma- Kemaux JeHHIajd.
[emax, yekcH3 KaTTa MUKJOp y3rapyBuu MHKIOp 6VanG, y yarapHum

)apa€HHaa abcooT KHAMaTH GyiiMya apBanjaH Gepuiarad Xap KaHaaH
Myc6aT coniaH kKaita GyJamu.

PaBlIaHKH, YeKcH3 KaTTa MHKJAODJAD YeKJH JHMHTIa 3ra 3Mac.

KyJalaMk HyKTaH Ha3apHIaH YEeKCH3 KaTTa MHUKIODJAApPHHHT JHMHTH
YEKCH3 €KH YEeKCH3 KaTTa MHMKJOpJap YeKCH3ra HMHTHIagH fAe6 OJMHaIM
Ba

limx, =oc0 &n x —
KabGH é3ujanu.

Arap ¥ M >0 coH onuHranga xaM myHuail ny €N cOH TONMMJICAKH
6apya n > n, Jap yuyH x, > M (x, < — M) 6yaca, {x,} KeT™a- KeTJHK
HHHI' JIAMHTH 00 (—o0) fe6 oauHanH Ba limx, = oo (lim x,= —oo)
Kabu EannajH.

Arap KeTMa- KeTJIMKHHHT JIHMHTH uYeKcH3 6Yjca, YHH Y3OKJalnyBum
KeTMa- KeTJMK Je6 KapaitMus.

Mucoaaap. 1. Yuby {(—1)" n}: —1, 2, —3, 4, ,
(—1)™-n, . KeTMa-KeTMK YEKCH3 KaTTa 6Y.1aau. XakHukartaH, |(— 1)" X
X n|=n 6ynHb, xap KaHgal myc6ar M coH osuHraHga xam neEN
COHHM ILUyHAal TaHna6 oMl MyMKMHKH, |(— 1)"-n|=n>M 6ynamu.

2. Yu6y {—n}, {n} KeT™a- KeT/IMKNapHUHT YeKCH3 KaTTa GYJHIM
paBiLaH. Y/IapHHHT JIHMHTH MOC paBHlllla — oo Ba - co GymanH.

4-acnatMma. Xap KaHal YeKCH3 KaTTa KETMa- KeTJIHK yerapasaH-
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MaraH KeTMa- KeTJHKANp. AMMO Xap KaHAall yerapa.JaHMaraH KeTMa- KeT-
JIMK YeKCH3 KarTa OV MIH wapT 3Mmac. Macaaas,

L1y 1,201, 8, Iom |,

KeTMa- KeT/IMK uerapajaHMaran 6V,m6, y Yekcu3s KaTTa 3Mac.
OHIH YEKCH3 KaTTa XaMmia YeKCH3 KHYMK MHKJOpJIap opacufarH Gor-
ManHuUIHA HojataiIMrad CoAa TeopeMasJapHH KeJaTHPAMH3.
5-teopema. Aeap ¥n€N yuyn x, + 0 64aud, {x,} xemma- Kem-

- 1 "
AUR 4EKCU3 Kamma 6y/l€(1, {;—} Kemama- KemAuK HeKCUu3 Kudux 6!//1(1-

n
ou.
Mc6ot. Uxtnuépuit € >0 coHny onafimk. {x,} KeTMa- KeTJHK uek-

o 1 .
cu3 Karra OyaraHd yuyH M = — pef oJMHraHga xav IIyHRa# n,EN
€
COH MaBXYIkH, Gapua n>n, nap yuyH |x|.>M 6ynamu. [demak, Gap-

1 o v
ya n>n, Jap yuyH |x|> - 6y.16, yHAaH < & O6yauIH

A

_ 1
Ke/JHO YHKAIH. By 3ca {;-} KE€TMa- KeTJIHKHUHI YeKCH3 KHYHK 3KaHH-
n

HH Gusinupann. Teopema Hc6oT GyJad.
Xyanu myHra yxmam KyHHAard reopeMa XaM McGOTJAHAMM.
6-teopema. Aeap ¥n€N yuyn x, =0 6yaub, {x,} xemma-kem-

Y 1 .
AUK HeKcu3 Kuvuk byaca, {;—} Kemma- Kemauk uexcus xamma 64aadu.

6- §. Annkmac Hdoganap

{x,} Ba {y,} xerma-keT/uknap Gepuiran Gyjcud. By keT™a- KeT.uk-

Jap sikMHJaawmyBud 6yarad xoama {x, +y,}, {x, -y}, { }, (y,+0,
ﬂ.

n=1, 2, , limy, # 0) KeTMa- KeT/MK/IApPHHHT AKHHJAIIYBYH GY.mi-
KA LWy GoGHMHT 4-§ Hia Gatadeumsn kapa6 ytaumk. Dynma {x } Ba
{y,} KeT™Ma- KeTIMKJAPHHHT JIMMHTJAPUra HHUCOATAH KyHMAArd MKKH 1apT

GHaxapujrad ne6 KapaaraH spH:
1) {x,} Ba {y,} KeTMa- KeTUKJADHHHT JMMHT/IADH YeKJIH,

2) I 1 (y,#0, n=1, .) KeTMa- KeTJHKHHHT JIHMHTHra OHY

2y

MyJqoxasaga limy, # 0.

{v, 9}, {x, =9}

f 2 1
Suau 6y wapriap GaxapHaMarad Xouia Pk
Yn
KeTMa- KeTJIHKJAPHHHT XapaKTepHHH Y praHaMua.
~ 0 . . .
I’ - KYPHHMLIAATH dHUKMACIHK. limx, =0, limy, =0

. . o % | . X
6yacun. limy =0 6YsiraHd yuyH | — i HHHT JIMMHTHra, sbHH lim —
Yn Yn

1

JUMHTra 4- TeopeMaHH TaTOHK KHIMG GyaMaiiu.
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X
{x,} Ba {y,} xerTMa-keTmkaapaau Tyauaras {y—"} KerMa- KeTIHx-
n

unnr xapaktepn {x } Ba {y } KeTMa- KeT.1MKAaplaH Xap GHPHHHHI Ho;ra

Kau1aH MHTHIMWMrA Kapab Typauua O6ysuiun MyMkuH. Dymu Kyhnaaru
MHCOIIAPAA Ky PalIHK.

L 1
) {x} = v Ba {y,} = .l—z— } KeTMa- KeTJHKJIaPHHHT  JHMHTJI4pH
n n
%1 | .
HONra TeHI 3KaHH paBluaH. HaH {— | KeTMa- KeTIMKHH Ty3aiIHK:
Yn

2] {n}. Hemaxk, lim 2 = ~+ o0.

l Yn ]

(=" . 2 1Ma- ap 6
2) {xn}=] | Ba {y,} = {_ Ke1Ma- KeT.THKJIAPDHHHT Xap G-

n n

-] n
PHHHHT JHMHTH HOJra TeHr. By KeTMa- KeTaHKiapaaH Tysu.ras {( 2) }
KeTMa- KeTJHK JHMHTFa 3ra 3Mac.

3) {x,} = {;‘;} Ba {y} = {—:7} KeTMa- KeTHK.JApJaH Xap OHPHHHHT

X
JIMHTH HOJra TeHr 6V.M6, Oy KeTMa- KeTJHKJapAaH Ty3WiraH l—ﬁ} =

| v,
[BA %, 1
= |—1 KeTMa-KeTJHK Yy4yyH lim — = — Gyaaau.
l 5 1 Yn 5

IOxopuaa keaTHpUIraH MHCOANAPAH KypHHaaHkH, x, —0, y —0

X
6VaMIWMHUTHHA GHaIral xoJiaa, 6y KeTMa- KeTJIHKJIapAaH TY3HJraH 2]

P

KeTMa- KeTAMKHHHT JIMMHTH TYFpHCHAA TAHMH Xy.jocara Kequ6 GysMadau.

x, 0
Ulynuur yuyw x, -0, y — 0 69nranna.{—l KeTMa- KeTHK — K-

n

PHHHNLNATH GHUKMAC uo0a €KW AHUKMACAUK JeHHJIAAH.

X
x,—~0Ba y —0 na {—1} KETMa- KETIHKHHHT XapakTepHHH aHHK-

n
Jall asusacaukdu owuw Jefnnagi. bus tokopuaa xypraH Mucoanapaa
acauaa TETHLLIH aHHKMACJHKJIApHH o4db 6epimuK.

® © .3 {x} Ba{ a- xer-
— KYpuHumaaru anukmacauk. {x;} sa {y,} xerva-xe

JMKJapAaH  Xap GHPHHMHT JIHMHMTJApH YekcH3 G6yacuH: limx, = oo,

.
limy, = oo. by Xoa1aa xaM -UL’} KeTMa- KeTMUKHUHT XapakTepH KaHJaH
In

GVJHAINHHE IOKOpHIATH1eK OMAMHAAH aiTH6 OYamaiau. Mucoasap Kapaii-
MK,

D) {x )} = {n*}, {y,} = {n} xeT™ma-KkeT.HK1apAaH Xap OHPHHMHT JH-
MHTH YeKcH3 6V.1a1H:

Iimn®*= + o0, limn =+ oo.
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X
By keTma- KeT/MK/1apAaH TY3HJIraH {—”—} = {n} KeTMa- KeT/HKHHHT JH-
Yn

MHTH XaM YeKCH3IHD: lim 2% = -+ o0,
Yn
2) {x,} ={n*+n+ 1} Ba {y,} = {n® + |} keT™a- KeTaHK/IAPZAH Xap

X
GMpHHHHT JIHMHTH 4YeKcH3. Dy KeT1Mma- KeTJHK/apaaH Ty3HJTaH {—"-}
Yn

KeTMa- KeTJIHK JHMHTH

1 1
b~ —
lim 2% — ljm —" ln’ =1
Y, —_
n 1+n2

3) {x.} ={(—1)"-n} Ba {y,} = {n} xerma- keT/MKMAPAAH Xap GUpH-
X
HHHT JIUMHTH YeKCH3 Oy/n6, Oy KeTMa- KeTJMKJapjaH Ty3H/raH’ {—”}z
Yn
= {(— 1)"} KeTMa-KeT/HMK JHUMHTIa 3ra 3Mac.
By wmuconnapaan kypusamuku, {x,} Ba {y,} KeTMa-KeT.MKJApAaH
xap OHpMHMHT JIMMHMTH YeKCH3 OVJ/raH xoJna, 6y KeTMa- KeTJIMKJap HHc-

X t -
GaTl‘IﬂaH TY3W/IraH {—n} KeTMa- KETJIHMKHUHI' JIHMHTH TprHCHﬂa ' TauHH
Yn

cas | X

xynocara Kequ6 Gysvaign. IyHuar yuyH x, — oo, y,— oo Jha {—"}
Yn
© o L3 v

KeTMa- KeIVMK == K{DUHHLILATH aruKkmac ugoda €KH QHUKMACAUK JehH-

Xn

aagu. By Xoaza xam x, — o, y —o00 na {—} HHHT XapaK1€PHHH: aHHK-
Yn

Jall aBUKMACAHKHHY O4HII Jelunans. Kypuiran muconnapia Te-
THILTH aHUKMAcC/IHKJAp OYHO GepHJIIH.

3° 0- kypuHHwWAAaru anugMacakk.. {x,} ra {y,} kerma-
KeTJHK/ap Gepuiran 6§iub, limx, =0, limy, = 6yacud. By xon-
aa xaM {x,-Y,} KeTMa- KeTIMKHHHI JIMMHTHHH XapaKTepJaHIuraH MHCOJ-
Jap Kypa#jHK.

) {x,} = L , {y,} = {n*} KeTMa- KeTIMK/MapHHHI JIMMHTH MOC pa-

n

pumga 0 ga oo nup. By KeTMa- KeTuHK/ap KynaHTMacHjaaH TysHarad
{x,-y,} = {n} KeTMa- KeTJUKHHHI JHMHTH oo GyJajH.
1
2) {x,} = {—2} » {y,} = {n* + n + 1} KeT™Ma- KeTJIHKJAPHUHT JIHMH1H
n
. Co1 1
Moc paeuiija O Ba o Gyarand xoana, {x,-y,} = {1 4 — + F} KeT-
n

Ma- KeTJHKHUHT JIAMHTH | ra TeHr.
3) {x,} = {(_ b } {y,} = {n} 6yacuH. Y/ 1apHUHT MHUMHTH MOC pa-

n
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Bumga 0 Ba . By xeTMa- KeTyHK/ap KynaiTMacH an Tysuarat {x -4, }=
= {(— 1)} KeTMa- KeT.TUK JIMMHTTa 3ra 3Mac.

Hemak, x, >0, y,— « 6yiran Xonga {x,-Y,} KeTMa- KETJIHKHHHI
xapakTepd Typauua 6ymamd. Ulymunr yuyyn x,—0, y, — oo 6yanm-
HUrHHa Guirad xomja {x, -y} HHHT JUMHTH XaKMJa aHHMK XyJocara Ke-
7m6 6yavaripn. Ly caGabman x,— 0, y,~> o 1a {x,-y,} KeTMa-KeTHK
0: oo KYpHHHWAArTH aHUKMac ugoda €KW QHUKMACAUK JeHHJATH.

o] o

4° o — oo KYpHUHHIIJATH aHHKMacAuK. {x,} Ba {y,} KeT™a-
KeTJIMKAap 6ep1mraH 6y.rm6 y/1ap TYpJIH MIIOPAJM UeKCH3ra WHTHJICHH,
Macaaf, limx, = -+ o, limy, = — o aefsmk. By KkeTMa- KeTakJap
Aurunahcnpan Tysuaran {x, -+ y,} KeTMa- KETIMKHHHI XapakTepH XaM
Typan4ya GYJHIIK MYMKHH. Mucosnap kypahsmixk.

1) {x,} = {2n}, {y,} ={—n} xeT™a-xeTmmKnap yuyH Xx,—> -
Y, — o 6ymH6, x, +y,=n-—>- o Gyrai.

2) {x,} = {n } {y,} ={—n} 6Yacun. YnapHHHT JTHMHTH
limx, = + o, limy, = —

Gyarad xomaa, {x, + y,} KeTMa-KeTIMKHHHT .THMMTH HOJra TeHr G6y.a-
1
IH (x,, T+ Y, =—— O).
- n

n+41 .
) {x}={n+(—1)"} Ba y,={—n} KeTva-KeTIMKJaDP YUYH
X, + o0 Ba y,—>— oo OymO, Oy KeTvMa-KelJHK/Jap HHFUHIMCHAAH
1
tysuarad {x, 4y} = {(— "'} kerma-keTamk aumuTra sra  3wmac.
IOKopuparu ka6u, 6y Xonma XaMm x,— =+ oo, y,—>— o Ja {x, -+ ¥y}
KETMa- KETJIHK aHHKMac/IHKHH Hpopasaiu. By aHMKMaciuk oo — o Kij-
putuwdasu anuxkmac ugoda €ku anuxmaciux petimnagd. Ilynpal ku-

;0 o o
JH06, > ‘—, 0.0 Ba o0 — oo KYpHHHWAATH AHHKMACJHKJApHH KYpHO
Qo

- © - © .
yrauk. Kafia kuau6 yramuskd, 0°, «° | KYpHHHIIZArH aHHKMAC.HK-
Jap XaM Maexyn.

IOxopuaa 6H3 aHHKMAC/HK BasMSITHHH HAMOWHIL KMJHIU YUYH HHXO-
ATAA COAla MHCOJ/IAP KeJNTHPHIl GHJAH dYerapajaHiHk. Ac/aHia, KYMHH-
4a, aHMKMAac/AHKJAPHHHT GepuaHIUH Mypakka® 6ynub, yJapHHHT TYpHHH
aHHKJal, cYHrpa yJapHH OuMIl, YMyMaH aiTranjia, eHrus macana GyJ-
Macian, Gepusirad {x.} Ba {y,} KeTMa- KETJHK/JAPHHHET KaHYaJIHK cojia
€kd MypakkaGaMrura GOFJMK Ba VKYBUMAAH M2bayM KYHHKMa Ba Maxo-
paTt Tasab KHJagH. 3

Muconaap. 1. Ymby {x}= {n—v n®—n?} KeTMa- KET.MKHHHT
JIMMHTHHH TOITHHT,

Bu3 o0 — oo KYpHHHMIIATH AHHKMAc/MKKa 3TaMmus.

Bepunran xeTva- KeTIHKHHHT yMyMHE XaiH X, HM KyHHIarnya €3u6
oJ1IaMu3;
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3 o3 3
(n — 1 n3—n? n2 --n nd— n? ,z_ n3 _ﬁz)z)
¥ | 4 —

RaPr—nz VE—r)

K —
xu=n~y/n3~n'2—_—

ByHaaH 3ca

. . B i
limx, =lim (n—vr n®* —n? = lim : — ==
3 5]

KeJaH3 YHKATH.
2. Ryvhugaru

| +3+-5+ ...+ 2n—1)
124+ 3+ .=n

lim
JHMUTIH NHCOOMaHT .

e .
Byiiia — KYpHHHIIZATH aHMKMAC/IHKKA 3raMHs.
>}

ApubsteTux mporpeccHs Xaasnapu HHFMHIMCH opMyaacuaad oitaa-
JaHHS T1oMaMus3:

43+ 5+ +@—h=r, |+2+3-— +no="0E0
y Xonga
Iiml+3+5+,"'~_(2"-”=lim n _
|+2+-3=~...-n n(n+1
2

7-§. MOHOTOH KeTMa-KeT/IMKJAp Ba YNAPHHHT JHMHTAAPH

Bu3z akHH1auIyBYH KeTMa- KeTVIHKAAPHHHT KaTOp XOCCAJIAPHHH KYPHO
Vrauk. By Xoccanap KeTMa- KeTJMKHHHC YeKJH JHMHTra sra GyjMid G-
JaH GOFJHKAHP. KeTMa- KeTJHKHHHT KAYyoH YeKJH JIMMHTra 3ra  Gy.IMuiM
XaKHIard Macasa JUMHTIap Ha3ApHACHHUHT MYXHM MacaJjasapyaad OHpH.
Acania- Ky, GepH.ITaH KeTMa- KETJHKHHHT JIHMHTH MaBKVIJTHTHHH JHMHT
TabpHbH GVitnua kypcatHwr J103uM. AMmo 6y XaMma BaKT NaMm OCOH 6%-
JasepMaiign. LHynuHr yYvH JHVHTH MaBXYAJIMTHHE aHHK/ALIHMH3 €HTHJ
6V.iraH KeTMa- KeTJMK/JIAp CHHQUIApHHM aXKpaTHI, YMVMaH JIHMHT Mas-
AKVITHCHHH KypcaTagurad GollKa [UapTJapHH TOMHUL MVaMMOJapH nanio
6¥aanu. Kviiuia 643 MOHOTOH KeTMA- KeTJHKJap CHHpHUHH KHpHTAaMH3 Ba
OyHIaH KeTMa- KETIHK/IAP VYYH JHMHT MaBXVIJHCH Ba VHH XHCOO.JALI
Macanagapd GH.1aH IUYFV.TJIaHAMH3.

I. MonoTon keTMa-kKeTauk.1ap. bupop {r,} kerma-rersHxk

fepHral GVJICHH.
16-Tabpud. Arap {r } KeT™Ma-KeT.HKIa ¥ €N COH yUyH X, <
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<Xy
JALH.

Arap ¥ n€N cod yyyH x, <x,,, TEHTCH3WIK YpUHJH OY.ica, {x,}
rKamwull fjeyéuu KeTM- KeTIHK Je6 aragaiH.

; Tenrcusk Vpunam 6Yaca, {x,} ycys4u xemma- kemiur ne6 ata-

Macaaan, 1, 2, 2, 3, 3, 3, n,n, .n, KeTMa- KeT.IJK
—
n Ta
Veymun, 2, 22, 28, 2", KeTMa- KeTJHK 3Ca KaThHH YCVBYM KeT-

Md- KeTJHKIHP.

Arap {r } KeTma-keT.Mk JcyBud G6Ysica, y KyHHJaH derapa.1aurax
6viagn. Xakpkatad, 6y Noama {x,} KeTMa-KEeTMKHHHI HCTaJraH XaiH
VUYH x, < x, TeHrcusauxk ypunim. By aca {x } KeTMa- KeTIMKHUHT Kyiu-
JaH X, COH GMJaH YerapanaHrauJMIHHY GMJAHPAH.

17-tabpud. Arap {x,} keTMa-kermkaa ¥ n€N coH yuyH .. >
= X, | TEHICH3/IHK Vpuuau 6yaca, {x,} xamaweiu kemma- Kemaux ne6
aTajajn.

Arap ¥ n€N coH yyyH X, > X, TeHICH3JMK YpuHiH 6Y.aca, {x}

KeTMa-KeTJHK Kamwsull Kamawedu Kemma- KemAauk ReHunany.
1 1 1 ] 1 o1 1
Macapan, 1, —, —, —, —, —, ) =y ..y —y ... KETMA-KET-
2 2 3 3 3 n n n

JMK KamaloByH. Ywby
2 4 n— 1
1

’ 31 ’

3 n

KeTMa- KeTVIMK 3Ca KaTbHii KaM4loBYM KeTMa- KeTJIHK. XaKHKaTaH, ¥ 712
EN yuyn

3
’ 2 ’

9 41 —1
an——xn:"j L — < 0
' n-—1 n n (n1)

6y/u6, yHaaH x, > x, | GYJHMIIH KeIHG YMKAIH.

Arap {x,} keTva-KeTJIMK KaMaloBu 6yJ/ica, y MOKOpHAaH uerapanah-
rai Oysand. Xakukatad, 6y xonga % n €N yuyH X, >x, TeHICH3IBK
Vpuni. By 3ca keTMa- KeT/IMKHHHT IOKOpPHAAH YerapajaHraHauryuHi Kyp-
caragy.

YcyBuH Ba KavaloBuH KeTMa- KeTJHKJIAp YMYMHH HOM GWJaH MOHO-
mon Kemma- Kemaukaap 1e6 atajaiu.

MOHOTOH KeTMa- KETVIMKHMHT YerapajiaHTaH/JIHTHHM aHHKJAUl YYyH,
arap y ycyBUHM KeTMa- KeTVIMK OyJca, YHHHT IOKOPHAAH, KaMatoBuH Gy.J-
€4, YHMBT KyHHAAH YerapaiaHraHJIWIHHH aHHKJAW eTapaH OyJaid.

2. MoHOTOH KeTMa-KeTJAHKHHUHT JHMHTH XaKHla Teo-
pemaunap.

7-Tteopema. Aeap {x,} xemma- kemaux ycyeuu Oyaub, HKOPUOAx
weeapanranean 6j.aca, y exau aumumea sea; aeap {x,} Kemma- Kemaux
10K0pudan Hezapa.ianmazan 61.1ca, y xoada {x,} Kemma- KemauKKuKe Au-
Mumu - oo 6fjradu.
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Hc6oT. Aseano, {x,} keTMa-KeT.IHK yCyBYd Ba IOKOPHAAH derapa-

JlaHraH XoJIHH KapaiiMu3. KeTMa- KeT/IMK IOKOpHAaH 4erapasaHraHjHrH
yuyH IyHznaf ysrapmac M coH MaBxyakH, ¥ n€N coH yuyH x, <M

TEHrCH3/IMK YpHHM Gysagu. By 3ca keTMa- KeT/IMKHHHT Gapya XajsapH-
AaH Tysuirad {x,} TYMIAMHMHI IOKODHIAaH YerapajaHraH/MTHHH Hcona-

Jafign. YHIa TYMJIAMHUHT QHHK IOKODH 4YerapacH Xakujaard 3- Teope-
mara acocan Oy TymiaaM yuys sup {x,} MaBxya G6yiagu. Bus yunu a 6u-
naH Gearuiafimuk: sup {x,} =a. 3uaM a coH {x,} KeTMa- KET/IMKHHHT
JIMMHTH GYJIHIIMHE KYpcaTaMHus3.

AHuK 10KOpH uyerapaHuHr TabpHbHMra kypa, GupuHuniaH, {x,} Tym-
JIAMHHHT Xap GHp 3JIeMeHTH Y4YyH X, < a TeHICH3JIHK YpuHa O6yica,
HKKHHUMIAH, Y € >0 OMMHraHZA XaM KaTMa- KeTIHKHHHT IUyHAal X,
Xand TonuiagMkk, 6y Xai yyyH X, >a-—€ TeHICH3IMK YpuHiu Gy-
Jagu. Jemak,

{a——x,z>0, ¥ neEN,

sup {x,} =a= a—x, <e,

Kapanaétran {x,} keTva- KeTIHK yCyBuH GY.IraHH y4yH 7 > Ny TeHICH3-
JIMKHH KaHOaT.IaHTHpaxuraH €apua Hartypasa COHJap yuyH X, > X, TeHr-
cuamuk  Vpudad. Uy ca6abmu n:>n, Gyarasga 0<a—x <a—
— X, <& TeHrcusx Gaxapunamd. llywpait kumbd, + e >0 osuxran-
Ia xaMm wyHzpait n,€ N coH TonMjamuku, n > n, Gyiranga |a—x,| <
< & TeHrcH3qMK Gaxapumagd. By aca a con {x} keTMa- KeTJMKHHHT
JIMMHTH 3KaHHHH Kypcatamu: limx, = a.

Sumy {x,} KeTMa-KeTJHK YCyBuH GYsHO, IOKOpHAAH yerapajaHMaraH
6y/ncHH. YHHA Xap KaHjail karta Myc6at A CcoH onuHranaa xam {x,}
KETMa- KeTJIMKHHHT LIyHAa# X, - xam{ TOMHJIAJHKH, Oy Xan Xy r>A 6Y-

aagd. Ammo 6apua n > n, nap YUYH X, >x + TEHICH3JHK ypmwm 6y1-

rasd cabadaH x, > A TeHTCH3IHK XaM 6a>xapm1a1m By 3ca- limx, =

= 4 oo OyHIMBH Ouagupand. Teopema HcGOT GYsnH.

Kyfiuaars Teopema XaM XVAAH IOKOpHZArH TeopeMara yximam HcGoT-
JIAHaTH

8-t.eopeMa. Aeap {x,} kemma-rKkemaux Kamaroedu 64nub, Kydu-
Oan uecaparanean 6jaca, Yy Hexkau aumumea 9ea; azap {x,} Kemma-
Kemauk Kydudan wezaparanmazan 6jaca, y xorda {x,} xemma- kemaux-
HUHz aumumu — oo 6yradu.

HcGor sTunrad Teopemasapiad KyHMAard HaTiKa/ap KeHO YHKAIH.

4-HaTHXKa. YCYBUH KeTMa- KeTJMK SIKMHJAIyBYH O6Y/Idm  y4yH
YHUHT IOKODHMTaH derapasiaHrad Gy/uumM 3apyp Ba eTapJd.

XaKuKaraH, arap yCyBUM KeTMa- KETJIHK SKHHJAlyBYH 6y/ca, AKHH-
JIaUlyBYH KeTMa- KeTJIHKJIAPHHHT YerapajaHrad GYJHIIAIAH, YHHHT FOKO-
pHIAH YerapaiaHTaH/MrH Keaud YHKagH. Arap yCyBYH KeTMa- KeTJHK
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IOKOpHJAaH derapajaurad Gynaca, y HcOOT STHJrag 7-TeopeMara acocad
SAKHHIALIYBUH GYaaay.

S5-HaTHxKa. KavaioBud KeTMa- KeT/MK SKHHJALUYBYH GVJIHIIH yYyH
YVHUHr KyHUAaH verapanadrad GY/MUIM 3apyp Ba eTapJd.

n'
Muconanap. 1. Yuby {x,} = {—;} KeTMa- KeTJIHKHUHT JIMMUTHHI
n

TOMUHT.

ABBano, 6y KeTMa-KeTVIMK JIMMHTHHHHI MaBXYIJHTHHH KypcaTamus3.
PaBuiaHkHy,

nELT (e it ot ()
Bytinan Gapua n > 1 siap yuyH x,. | << X, TEHPCH3JMKHHHI YPUH/IH SKaHH

ke 0 umkand. by sca Gepuaran KeTMa-KeT/IMK KaMailOBYH SKAHWHU KYp-
caragu. KeTma- KeT/MKHMHT Xap GHp Xagy mycGart, x, >0, n =1, 2,

(n+1)! _ n! n* n \n
(5]

n-1

- o ~ n!
Hemax, y Kyiunan verapanadras. Ulynna# xuam6, {x} ={-—n} KeTMma-
n
KeT/IHK KaMalOBYH Ba KYHWHaH yerapajanrad. 8- Teopemara kiy’pa Oy KeT-
Ma- KeT/MK YeK/aH JMMHTra sra. bus ynu a 6unad GesruJaiiuk:

. n!
lim — =a.
nn

Pasianku, 2 > 0. Ywby (1 +a)'>1+ an (@ >—1). Bepuyanu tenr-
cHanuruaas ofganaHud Tonamus:

(1+—1')">1+n Lo
n n

Byngau sca (n + 1)" > 2-n" kemu6 uukagu. ¥ xoaza

n Lt ]
X =X = XX, (n:’l—l)” =% [ 4 7’7"){" 1yn

=

X 21" —n" _ xp-n” —
o
695, HaTwxana Kyfuaaru x, > 2x, ., TeHICH3/JUKKA Kesiamu3. By Teur-
cU3/MMKAa JmMuTra YTamus: limx, > 2limx, ;. YHiaH a>2a8aa> O uu
xHcobra oncak, a =0 3kaHu kequ6 uukapu. [lemak,

lim —n; =0.
2. Ky#unaru
i Y T —=
Va, ] a+Va, ]/a-f-]* a+Va

l/-a—l—]/a-i.—‘/a—l— . +Va,

n Ta WIau3
(a > 0) keTMa- KeT/MKHHHT JMMHTHHH TONHHT.
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By xeTma- KeT/IMK IOKOGHMAAH YerapaJiaHran G6V.1a1H:

x,<Va+1l@m=12 ) *)
LIyvHu kypcaiamus. PaBmaHki,
x,=Va <va +1
(*) MyHcca6ar n =% yuyyH pHHIH GvICHH:
x, <3 a1

ae6 n=Fk -1 yuyH YpuHAH GVJHIIHHH KypcaTaMus:

—— —_—
—— T =
xk_;.]—'}a ]a 1a—‘r-l<l/a—:21a+1=

=Va +1.

Jlemak, mMaTeMaTHK HHIyKUMS YcyJaura GHHoaH, % n€N yuyH
x,<Va+1

6Yaanu.

Papimanky,
=Va<l asVa=x,
3unu k Homep yuyH x,_; << X, TEHICH3JHK OGaxapu.icHH aeiiuica, x, <
< x,,, 6Ynamu. Xakukaran xaM,

x,=Va+tx_,<Vatry =.

Rl
Hemak, ¥ n€N yuyH x, <x, ., 6Viagn. By sca GepuiraH keThMa-KeT
JMKHHHT YCYBYH SKAHJHTHHH GHJIMDaZH. MOHOTOH KeTMa- KeTAMKHHHT

JHMHTH NaKHiari 7-Teopemara kypa OepniraH KeTMa- KeTNHK YEKJH JH-
MHUTra 3ra. Bus yHu y Guaan Genrnnaiiimk: limx, =y. Cyurpa «2=

=@+ X, | TeHINHKAA Xauinab JHMHTra YTHII aMajHHM Gaxkapn6 Toma-
MMU3: lxmx~ = lima -+ limx,_, €ékn y* =a -+ y. Hamikaga y wi Tonui

YUyH ymﬁy yr—y—a= 0 KBajpar TeHrnaMara kejnamus. by xsagpar
TeHIIaMaHHHI H.AH371apHHH €3aMu3:

_ 1V T1-"4a _1—} T—4a
4 = — Y = 2
. 1V 144a
KeTma- KeTaHKBBHT Xaanarn MycCar GYJraHd YuyH y, =-——oi—
COH KeTMa- KeTHKHHHT JHMHTH Gyaain. emak,
, -
. . — . — H 1: 42
limx, = lim U a—}a-—+ —1—1all:—,—2‘—-
n Tda HJIAH3

Xycycan, ymby
a0
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— — 1/ =
v3.1 3213, Vasl 343

| S + V3

y

KeTMa~- KeTJHK AKWHIAWVBYH Bd VHHHI JHMHTH

! ./-.—
[T! 13 ~ 2,99 ra TeHr.

8-§. MoHOTOH KeTMa- KeTAUKHHHI JHMHTH XaKHZarH
TeOpeMaNapPHHHI TaTOUKAapH

Yw6y naparpadia 643 MOHOTOH KeTMa- KeTJHKHHHT JIHMHTH XaKH-
IATH TeOpeMaNapHHHT MaTeMaTHK aHaJaH3 KypcHiaa KapaaaguraH Gabsd
Macasa.7apra TaTOHK 3STHIMIWHHH KapaG VTaMus.

l ¢conu.

4) ¢ COHHHHHT TabpHOH.

Ky#staarn {x} = {( | — ,l: )n}':
(1+ —: i ZL)O (l + —::)n (3.7

ReTMa- KeTIHK OepHarad GVJcHH. By keTMa- KeTMHK JIHMHTHHAHC Mas-
Wypucidn kypcatamu3. Bepiaran (3.7) Ketma- keTuMk  Gusian  Gupra

ywGy
wy={(1+2"}

KeTMa- KeT/IMKHH XaM Kapaiivu3. By KeTva- KeT.iuxk Kamaiosyd. Xaguxa-
TaH,

! | \n+l
4]
Yn _ n _ [(n+ neyq—z N PR l«+‘z n
Ynp ‘ | 1 )”*‘2 n (nr2) nt+1 L n(n+2) n+ b
"nr1
Bepity.atit TeHrcusmirira acocat
1 n+2 { {
4+ —— 1" 1tp+2) —L—=1+L
[ +n(n+2)J =140+ )n(n+2) +
GyaMIMHE XHCOOra 0J/1caK, HaTHAAla
dn >(I+L] n =1, st y_> y ., (¥ n€EN)
Upay _ n'n+1 :

TeHCCU3MHK Keau6 udkaid. By {y } KeTMa- KeTIHKHHHr KaMaioaud 3Ka-
’ i o+l
HuHu auratagd. MkknHun Tomonzaw, {y,} ={kl -~ ——) } KEeTMa- KeT-
n

JUMKHIHIT Xap 6Hp XaIM Myc6aT OV.araHd VYyH y KyHHgaH verapajaH-
. _ . 1 .n+l
rangup. Ulyunait kwws {y } = {(l -+ —) | keTva- keTMK KamatwoBYH
n

J
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Ba KyAHJaH yerapajaHrasjup. 8-Teopemara Kypa 6y {y,} KeTMa- KeT/IHK-

JIMMHTTA 3ra.
(1+ )”*1 xn-(H-i)
n

Arap
. n . n
TEHIVIMKIAH X, = Y, P TEHTJIHKHUET KesHO YHKHIMEH Ba lim e
n n
=1 skaHHBH 3BTHOOpra oJacak, yHia limx, =limy, ra sra GyJamus.

By aca (3.7) keTma- KeT/IHK JHMHTHHHHT MaB)Ky}.lJIHI‘HHPI KypcarajH.
18-taspud. Bepurran {x,} = {(1 + )n} KeTMa- KEeTJHKHHHT  JIH-
MHTH € CQHH Jel arajajpu:
. I
lim (l + —)n =
n

Bynpa e notuRua exponentis — «kypcaTHil, KypcaTruy, HaMOHHII KH-
JHIL» CY3HHHHT JacTiabKH XapdHHH Hpopaaiy.
6) e COHHHH TaKpUOHH XHcobJaall e COHMHH TakpHOHA XH-

l \
cobJiall MaKcazHia (l + —)n upogans HbtoToH GuHOMH popMyJacHaaH

cponna.naﬂnﬁ KyHHjaruya €3u6 oJaMH3:

(1+’_) —1 i;‘f'n—l l_+_ n—1 (n—2 _1_+ e

n 1.2.3 n?
n—1(n—2).. . n—k+1 . 1 L__
+ 1.2. S nk—1 T taET
1 1 1 1 2
—2+E(’_:>+m(‘—:)(‘—‘)T +

Je6 oJicak:
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1 \n
{x.} = {(l + ;) } KeTMa- KeTJIHK YUyH X, = 2, K‘onaaepca,::(l —|-711)"
HHHT €HAMJIMAacHaH, kL' <

1 1
Tt T =i em
TEHICH3/IMKHH KaHOaT/aHTHpajd. By CoHHH sHaja aHMKpOK XHcoGialu
yuYyH KyHuaary MyJioxasajapHu OPHTaMH3.

tOkopunarn S, HUFMHAMHH KyHHaruya €3u6 oJaMus:

=g (=) (1=7) (‘“kil)[k‘l—lk“%)+
+ames (! —3)( )t

+<k+1)(kl+2)...n( )( ) (\l—n:l)]'

Dy TeHrJIMKHHHr YHI TOMOHHIA TypraH HHFHHIHHHMHT Xap GUp Xajiu-
Ia KaTHAIUTaH (l ———l—), i==k, k+1, . n—1KypuHHIIIAry Kyna#-

g k€N TeHrcH3NHMKKA Kypa, X, <2+

< 3. llyHra acocan e couu 2 <ie<<3

n
TYBYHJIADHH YHJAH Karra GyJsraH | 6unman Ba

: l .vl=]’2)3) n'_‘k
(k1) (R+2) ... (k+))

KYpHHHILATH KyNaHTyBYH/IapHH 3ca yHAaH karTa 6ysraH

OuJIaH

1
(1)
anmawmtHpb, S, HHFUHAH y4yH ywby

1 1
82(_[/?T1+(k+1)2+ +<k+1)"—’°]

Tkt
TEHICH3/MHMKKA Kesamu3. UekcHs kamaiiuG GOpyBUM TIeOMeTPHK IIporpec-
cua Gapua Xapsapu HUFHHAHCH ¢opMyJacuiad ¢odpasanu6 (6yupa Ou-

1
MHYM Xa , Maxpaxu XaM 6y/agy | TOmaMHu3:
PHHSH Xai ———, Maxpaxu XaM -——- 6sam|
1 1 1
S, <— =
B (1 1 kik
(G o) —k-i-l)

Hlyupaét kuauo,

(1+%)"=sl+32<2+-2‘—!(1——;)+3l' - Ll—-i—)
S U [ I e Ry
84 YHJaH
o< e (= 502+
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TeHrcH3aJMKJapra sra €y.aMus, 11— oo jJa 6y TeHICH3JIHKJAapia JHMUTIa
YTHO6 Tonamua:
] 1 ] ]
O0<<e— (24 —+ — -+ L —<—.
= ( + 20 3 g ) T Rik (3.8)
By MyHoca6aT e cOBMHM TaKpHGHMI XMcoG.1aw HMKOHHHM Gepami. Ilemax,
1 1 1
ex —_ -4 —
2+ 21 3 "R

. . ! .
6yam6, 6y TakpuOnit GOPMyJIaHHHT XaTocH e 1aH ouimaHaH. Maca-

Jad, k=10 na
ex24+2 4+ L x9718281
2 10!

6yau6, XaToJaHK 3ca

—L_ <0,0000001
10! 10
6VanH. 6 COHHHMHI SHana aHHKPOK Kuiimarmi: e = 2,7182818459045
B) € COHHHHHT MPpPalUMOHAJJHTH.
9-TeopeMa. € uppayuonas coHoup.
HUc6oT. Teckapucunu ¢apas KHIaHIHK: e COHHM pauioHa;1 CcoH 6ya-
CHH, #'BHH Yy KMCKapMaiaMras

e=2, pEN, g€N, g>1
q

Kacp KypHHHIIHAA €3MJICHH JeHJHK.
IOxopupa uc6or stuarad (3.8) Tenrcusamkaapiaa k =g neb onadnux.
Hammxana:
/ 1 ) 1 1
O<e—(1+—o+5+ +-)<—
\ 1! 2! q! q'q
€KH

q[eq!—q! <1+%+—;+ +i)]<1 (3.9).

TeHrcH3JMkka sra Gysamus. Paswanky, egq! = £ g!' = p (g —1)! con 6y~
q

TyH Myc6ar, WYHHHTIEK,
A1ty o
’ R TY q )
coH xaM 6yTyH Myc6ar. lllynn Xuco6ra osacak, (3.9) TeHrCH3IMKHMHT
yan ToMonuaard udosa 6yTvH MvcOaT coH GVMimMHM Tomamu3. Ammo
6y coH g > | TeHrcuaaMkka Kypa 1 aan karra 63.1aiu. 3UIAHATAHK X0~
cua 6Vann. llemak, e conu uppaivonaaiup Teopevwa uc6or GV.1aM.
2. Muma-uy koli;jamwiral cerMed1.1ap NpUHHOUNN.
10-teopeva. Hrkuma {x } ea {y,} kemma- kemiux 6epu.rcan Ojja-

cur. Aeap
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1) {x.} jeyeuu, {y,} rxamaosuu rKemma- Kemaux,

2) ¥ nEN aap yuyn x, <y,

3) lim (y,—x,) = 0 Gyaca, {x,} Ba {y,} wemma-kemiusasap saxun-
Arquysqu 6a limx, =limy, meneiux jpuniu 64aadu.

Hcoor. {x,} xeTMa-keT/mK {cyBud, {y } KeTMa-KeTJIMK 3ca Kama-
f0BYK xaMmia xap 6up n€EN yuyH x, < y, TEHICH3IMK YPHHIH GVAracu-
gaH, 5 n€N yuyH x < Yy, Y,>x, TEHICH3THKJAp OaxapHaanh. by
3ca {r } KeTMa- KeT/IHK FOKOpHIaH, {y,} KeTva- KeT.THK 3ca KyHHuIlaH ve-
rapasiaHraHJHTHEE OMAIHpagH. MOHOTOH KeTMa- KeTIMKHHHT JIHMHTH Xa-
Kujars TeopeMmasapra acocad {x} Ba {y,} KeTMa-KeT/IHKnap sIKHH.1a-

wyBuyd 6y.1aau. Hemak, limx, Ba limy, map maBxyx. IUveHHT yuyH
lim (y,-—x,) =limy —limx,
61O, TEOPEMaHMHT YYHHYM LIAPTHIAH 3ca
limy,—limx, =0, limy, =limx,

6yauwe Keaud yuKaaH. TeopeMa HcGOT 6Y.iau.

HcSor sTuiran TeopeMajaH MyXNHM HaTHKA KeqHO vukaid. Dby Ha-
THXAHH KEeJITHPHLINAH aBBA/Jd HYMa-HY XKOMJALUraH CerMeHT/Iap KeTMa-
KeT/JHCH TyUIyHJYacH OWsIaH TaHHLIAMH3.

Masbaymke, {x: xER, a < x < b} 1ynnam [a, b} cerMeHT je6 arta-
nap 4. Arap o[al, b)) < la, b] 6yaca, la;, b;] cermeHT [a, 6] cermeHT-
HHHT HYHra MKOH/AWran JeduJiaju.

Arap la,, b, la,, b, ., la, b, CerMeHT/Iap KeTMa- KeTJIHTH
Ky#upard

{a,, bl >la,, b)) Dla,, b)) o Dle, b2
MyHocaGarna 6yjca, Oy CerMeHT/Iap u4Ma- U4 XHCOUAQURAH Ce2MeNmaap
Kemma- Kemauew AeHHIanu.
6-HaTHxa. Arap HUMa-HY KoHjJalraH

[au bl]v [a2v b2]7 [aav ba]v [a”v bnlv

CerMeHT1ap KeTMa-KeTMru yyyH lim (b,—a))=0 6yaca, y xoaza
{a,} Ba {b,} 'KeTMa- KeTJIHK/Iap GHTTa JMMHTra 3ra XaMmia Gy JHMHT 6ap-
ya cerveHT/apra TerullaH OV/raH froHa HyKra 6V/jaiH.

Heoort. la, b1, [a., bl la, 6] HYMa- HY »KoM.awrad
CerMeHT.1ap KeTMa- KeT.THrH 6Y.u0,

lim (b,—a)=0

Gyncuit. Byuza {a,} keT™a-keTomk Ycysud, {b,} 3ca KaMaoBuM KeTva-
KeTauxsapaup Ba Gapua n€N nap yuyw g, <b, 6Vaazu. Hemak, {a}
ga {b,} KeTMa- KeT.IUK/Ap 10- TeopeManuHr Gapua IUAPTIAPHHH KAHOAT-
nauTupany, Oy Teopemara Kypa {a,} Ba {b,} KeTMa-KeTJHKIAp FKHUHIA-
UIyBYd Ba
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lima,=1imb,

6yaamm.

Auuu lima,=lim b, =c¢ 1e6 Gearnmab, ¢ HyKra Gapya [a,, b ],
n=1,2, . cerMeHT/apra TerHuiid O6yAraH sroHa HyKTa 3KaHMHH
Kypcartamu3. {a,} KeTMa-KeTJHK ycyBuH Ba lima, = ¢ 6yaranugan a,<
<¢ (n=12, ), wyHuuraex, {b,} KeTMa-KeTIHK KaMalOBUH Ba
limb, = ¢ 6ysiranunan sca b, >c¢ (n=1,2, ) 6ymmu keiu6 unu-
kamH. [emak, a, <c¢<b, n=1,2, 6ymb, ¢ Hykra Gapdya cer-
MeHTAapra Terumd: c€la,, b}, n =1, 2, Arap my ¢ HykTagas
(apkau Ba CErMeHT/IapHHHT Gapuacura termuiu ¢’, ¢ €la, b)) (n=
= 1,2, .) HyKra XaM MaBxyZa Ie0 Kapanazurad GyJica, yHja

b,—a,>lc—c'|>0

6y/m6, 6y mysocabat lim (b,—a,) =0 maprra 3ux G6ymamu. Hemak,
c=c

KentHpuiran HaTH:Ka uumMa- ud swodirauean ceemenmiap npusyunu
J1e6 IOpHTHIAIH.

5-3cmaTma. OKopHmary CHHraps HuMa- M4 >KoJjaliraH WHTepBaJj-
J1ap (EkH SIpHM HHTepBa/sap) KeTMa- KeTJIHIH TYIUYHYACHHH KHPHUTHINHMH3
MYMKHH. AMMO yJsapra HucGaraH 6- HaTHXXa TacIMKH, yMyMaH aiTramja,
VpuHan Gynvaiinn. Macanad, yuw6y

0, 1), (0, =, [0, - 0, =)

o0 0.3} (0.3} - foF
HYMa- WY JKOMJIALIraH MHTEPBA/IIap KeTMa- KETJIHCHHH KapalaHK. 1 —> o
Ja 6y MHTepBa/ /ap Y3yHJHTM HOJra MHTHJACa XaM 6apya WHTepsajnap
YUyH yMyMuH GVyJrad srona Hykra MaBXyHd 3vac (6yHgai siroHa ymy-
MuH HykTa 0 GysMwH MyMKHH 374, amMo O Hykra 6y HHTepBa.liapra
TETHILJIH 3MAC).

3. CaHoKau 6YysaMaraH 4ekKCcH3 TYNJaMHHHI MaBXYy i-
JHTH. MabjayMKH, HaTypaJ COHJIap TYNJ/aMHra SKBHBANEHT GYysrad Xap
Kaujad Tynsam caHoKJH TynjaaM neb aTasqap 5au. Pasluaukd, caHOKJH
TYNaMaap YEKCH3 TYMJIaMaapAHp. DHAM CAHOKJM GY/Marad 4ekcH3 TyIm-
JaMJapHHHT MaBXYIHTHHH KVpcatamus. DyHHHT yuyH aBBaJo CaHOKJIH
TynaaMaap GuaaH KeTMa- KeTJHKaap opacHAa GOFJaHui GOpPJMTHIH Kyp-
caTamus.

Arap 6upop E (E < R) TynaavHuHr Gapya 3JeMeHTIapHHU

X1y Xgy X3 0 Xy

KeTMa- KeTJHK KYpHHHIIMAA Hdopanaml MyMKHH 6yaca, E caBokau Tym-
Jam Gysanu. XakukaraH, GyHaa xap O6Hp x, ra yHHHT HHIEKCH N HH
Moc KYHHG (x,—-n), £ TynnamMHMHr 3seMeHTapH 6MnaH N TYNIaMHHHT

3MeMeHTapH opacuia y3apo OHp KHEMAaT/IH MOCJHK YDHATHII MYMKHH.

AkcuHua, arap £ (E < R) caHoksu TynaaM 6yaca, yHpa n (nEN)
HoMepra Moc KeJaauraH £ 1yNJaMHHHT 3jeMeHTHHH X, OMaaH Gearuaad,
E HuHr snementiapu
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Xy, Xoy Xgoo o X

KeTMa- KeTJHK KVPHHHLINAA OVJIMIIMHM aHHKJaAMH3.
[Hyunpa#t xunu6, E (E = R) TynjaMm caHok/M TynjaM GY.ulM y4yH
YHH TalUKWJI 3TraH 3/jeMeHT/ap

Xy Xo, X3, X

n’
KeTMa- KeTJIMK NOCHJ KWJHMIIH 3apyjy Ba eTapjd SKaHMHM Kaia Kumub
yTamus.

11-teopema. Yuwby E={x: x€R, 0 <x< 1} mynaam canoxu
Gyamazan wexcus minaamoup.

Hc6or. By E t¥nuam caHok/u TynjaMm GyJjcuH ae6 (apas xumai-
JHK. YHAa E HuHT 37eMeHT/Iapu IOKOPHAAru MyJioxasara xypa

Xy Xo, g o X,

KeTMa- KeTMK TawWkn1 3Tagd. Jemaxk, E TynnaMHuHr Xap 6up 3.jeMeH-
TH {x,} KeTMa- KeTJIHKHUHT TEerHULTM XaauJaH HOOpar.

1 2 . 1
Sumn E =10, 1] cermentun T3 HyKTaJap épiaMuja yuTa [0, Ei‘

12 2 .
—.—J, [—, 11 cerMeHTyara axparamu3. x, € E=[0, 1] umn onalauk.
13 3 3 g

by x, 10KOpHZAarH y4YTa CerMeHTYaHHHI Xeu OysiMaraHja Gu1Tacura Te-
ruuan 6yamaiinu. By cermentyanm E; opkaan 6Gearmaadamk (6y E,

Tynnamu € [0, LJ, é {1 3}, éKu [3, 1] 6ysHwH MymkuH). Arap Gop-

3 3’3 3
1rT1 t27 e
IH-10 X, [0, EJ’ [E’ —3], [?, 1] CerMeHTYasapaH HMKKHTAacMra TerHul-

Jau 6yamaca (yHAaa x, ajbarTa yydHUMcHra Termmii 6ynagm), yHma E,
ne6 ynapaad OMpHHM, MacaJaH dYan TOMOHAA TYpraHHHH onamus. Pas-

1 o
manky, E; C E Ba E| CerMeHTHHHT Y3yHJHIH 3 Ta Temr 6y1aau.

Oum E; HE XaM yuTa TeHr CerMeHTyara a)paTaMi3 Ba HOKOpHIAaru
Vxutaut x, € E 3;eMeHT Teruuwd GyjmaraH cerMeHTdanu £, GunaH Ge-

o 1 o
ranaiiMu3. byuna £, © E| Ba E, cerMeHTHHHT y3yHJAHIH 3o raTenr 6y-

aagu. Cynr E, cerMeHTYaHH XaM yyTa TeHI cerMeHTyara axpat6, y.Jap
Huuga x; € E sneMeHT Ternmunin 6yamarauven E; opkanu OesruiadMus.
By xapaérHy naBoM STTHPHO HaTHkKaza yuwby

Ely EZ: E3’ -y E

n
CeIMeHT/ap KeTMa- KeT/IMTHEH XOcHa KMiamu3. bynpa Gapua n jap y4uyH
x, € E, 6ym6, E, CerMEeHTHHHT Y3YHJIHIH —31; ra TeHr Gymamm. by cer-
MeHTJIap KeTMa- KeTJIMTH y4yH

EoE,DE;D...DE,D.

v o . 1
MyHocafatiap Ypunan 6yan6, yméy lim m =0 JumuTra sramus. ¥
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X0/1Ja HYMa- MY KOMJAllraH CerMeHTJap NMPUHUHMOHTA acocaH Gapua cer-
MeHTJ/Iapra TerHuiH Gy/raH siroHa a HykTa MaBkyq: a€E,, n=1,2,

3, Awmo x,€E, 6yuranu cababan a +x,. By xon a uunr E =
= [0, 1] cervemira Terum 6yna Typub, {x,} KeTMa- KETJMKHHHT 6H-
popra XxaiaMra TeHr OF/AMAC/AHrHHM kypcatagd. DyHra ca6a6, E nuHr
CaHOKJH 1e6 onuHuuMaup. Hemak, E = [0, 1] cahokiu Tynaam 6Vaa
onvaiizg. Teopema HC6OT GVuinu.
19-tanspud. Yuby
E={x: x€R, 0<x<1}=1(0, 1]
Tynaavra 3KBHBaJeHT OV/araH xap KaHjafl TVmiaM KOHmurYyym Kyeeam-
au mijnaam ne6 aranagM.
Ky#finnaru
A={x: x€R, a<x<b}=Ia, b] (a<b)
TYN/aM KOHTHHYYM KYBBaT/IH TYILIAMAUP.
Hapxakukar, ymey
y=a-+@b—a)x (x€E, yeA)
MyHoca6aT £ Ba A TymjaMiap opacHaa ¥3apo GHp KUAMATIH MOCHK
ypHatagu. Jemak, Oy Tyniamnap skBHBaMeHT Tymiammap Gymmd, A —
KOHTHHYVM KYBBATJIM TYHJaMIHUD.

9-§. Kucmuit kerma-keramkaap. Boasuano — Bedepurpace aemmacu

Bupop {x.}: x;, %, X3 ) X, KeTMa- KeTJIHK Gepujran G6y.i-
cud, By KeTMa- KeTMMKHUHT GHPOD 7, HOMepJH X, XaguHuu osamus. Cyur-
pa HOMepH 7, JaH KaTta Gyarad n, HoMepad x, Xagunu onamus. Hly
ycya Oumad x,, X, Ba X0Kaso XajJapHu onAw MymkuH. Hartwkana

43

HOMepJaapu 1y < 1y < <n,< TEHICH3JIHKJIAPHH KAHOATJIaHTH-
pagurad Xaijap TaujaHrad 6ymamd. By Xammap yuwoy
X oy » Koy (ny<ny < <n,< ) (3.10)

KeTMa- KETAUKHH TaluKHJI 5TajH.
Onarzaa (3.10) xerMa-keTuHK {Xx,} KeTMa- KeTJIMKHHHT KucMul Kem-

Ma- kemauey [e6 aranagu ra {xnk} Kabu GeirunaHagu. Bavsupa {x,}
KeTMa- KeT/ MK AaH {xnk} KeTMa- KeTJIHK aKpaTH.1rad Jeduaiu.

KHcMHE KeTMa- KeT.MKHUHT TY3WIHLIMAAH DaBINaHKH, R—-co Ja 1,
XaM UYeKCH3NHKKa MHTHiIamH: lim n, = -+ oo,

ke
Mucoaanap. 1. Kyfiugars
1, 3, 5, 7, 2n—1,
2) 41 6: 8: 2’1,
1, 4, 9, 16, n?,

KeTMa- KeT/IHKJ/Iap HaTypas COHJIAp KeTma- KeTyrd 1, 2, 3, , I,

HUHI KUCMHH KeTMa- KeT.IMKJIapH GYnai.
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2. Vmby

KeTMa- KeTJMK
1
11 ' S 1 T
2 3 n;
KeTMa- KETJMKHUHT KHCMHH KeTMa- KeTJUTHIHD.
3. Kyhngparn

1, —1,1, —1, (— ),
KeTMa- KeTJIHK1aH, MacaJaH, ym6y

1, 1, 1, 1,
—1, =1, —1, —1,
KHCMHIl KeTMa- KeTJIHKJIApBH aXPaTHI MYMKHH.

Kentupnaran TyliyHua Ba MHCOJIApAaH paBlIaHKH, GHTTa KeTMa- KeT-
JVKIaH TyPJM KHCMHH KeTMa- KeTJIMKJAp aKpaTHIl MYMKHH. Xap 6up
KHCMHH KeTMma- KeTJIMK ¥3H, yMyMaH afTranna, MycTakWi, SHTH KeTMa-
KeT/IMK 6y/M6, YHHMHT YYyH XaM AKHHJAIIYBYMIMK €KHM Y30KJALIyBYH-
JHK Macajacl YpraHHaHIM MyMKHH.

KeTMa- Ke1JMK JMMHTH 6UJaH yHHHT KHCMHMH KeTMa- KeTJIHKJIApH JH-
MHATH opacniarnm MyHocabaTHH KyHHZarun Teopema ngonanainy.

12-Teopema. Aeap {x,} Kemma- kKemauk aumumea (dexau, €xu
+ oo, EKH —oo) 3ea Gyaca, YHuH2 Xap KAHOQE KUCMulli KemMa- Kemau-
2u xam iy aumumea 3ea 6iyaadu.

Hc6ort. limx, =a 6yacun, {x,} KeTMa-KEeTJIMKHHHT GHpOp

{xnk}: X X X v Ko
KHCMHH KeTMa- KeTJIHTHHN OJIaHJIHK.

Jlumut Tappudura Kypa ‘e >0 onuHranMaa xaM, WyHpald n,€N
COH MaBXYAKH, 6apua n > n, Jap yuyH |x,—a|<e 6ysagn. k—co
1a n,—>co GYyummMAaH wWysnAall mEN COH TONMJIAIMKH, f,, > n, TeHr-
CH3MK ypunsn 6ynazu. [lemax, G6apya k> m jap yuyH |x, — a|<<¢ Teur-
cH3MK Gamapuiagy. By 3ca lim x?,=a JMMUTHUHT YpHHIM 3KaHuHH udo-
Xanafign. Xyaau myHuHraek, limx, = + o (—oo) Gyaranuma xam {x}
KeTMa- KeTJIMKHUHT Xap KaHnail KHCMHH KeTMa- KETIMFH - co (—oo) ra
HHTHJHIIM KYpcaTnsiagu. Teopema ucGot Gyuan.

6-3cmaTMa. KeTMa- KeTIMK KHCMHH KeTMa- KeTJIHKJIAPUHHHT  JIHMH~
TH MaBXYA GYJMILIMAAH GepuaraH KeTMa- KeTJHKHHHT JIHMHTH MaBXKyR
6y Xap NOHM XaM KesuG uyMkaBepmaiau. Macanaw;

1, —1, 1, —1, (=,
KeTMa- KeTJIHKHHHT ylby
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KACMHI{ KeTMA- KTIHK/IADH JIHMHTIA ra (ynap Moc pasumza: 1 Ba — |
napra Tenr). Ammo Gepuaras {(— 1)** '} ' KeTMa-KeTiMK JmwmTra 5ra

3Mmac.
lleMaK 6epunraH KeTM2- KeTJIUK JIMMHTra 3ra 6vnmaca XaM yHHHT

KMCMHH KeTMa- KeTJIHK/IapH JIHMHTTA 3T GYJHUIM MYMKHH 3KaH.
20-TabpHO. {X,} KeTMa- KeTIMKHUHI KHCMHI KeTMa- KET/IHTH JIHMH-
Tu Gepuara KeTMa- KeTIMKHHHD Kucmud aumumy 1e6 atanaid.
3-aeMMma (Bonbuaﬂo——BeHepmrpacc aevmacH). Arap
{x,} uerapananrad 6ysca, Oy KeTMa- KETIMKAAH LIYHIAH KHCMHI KeTMa-
KeTJIMK aKpaTHW MyMKHHKH, V SIKHHJIAYyBu¥ OV/Iamd.
Hc6oT. {x,} KeTMa-KeT.IMK derapajaHran Gyacud. [lemax, kerma-
KeTJMKHUHT Gapya Xajgnapd 6upop [a, b] cerMeHTra TerHllJH G6Y.aiu.

a-l-b a--b
[a, b) cerMeHTHH TeHT MKKM KHMCMTIa aXKpartuo, |a, 5 Ba e b

CerMeHT/IADHH XOCHJ/ KU/Iamu3. DepuiiraH KeTMa- KeTVIMKHHAT 6apuya Xai-
qaapu [a, b] na 6yarasu ca6abiu, YHHHI YeKCH3 KYN COHEArd XaiiapH

a'-b a--b
[a, ' ] Ba [ 5 b] CETMEHT/IADHUHT KaMHJa OHTTAacura TEeTHILJIH

6y.1anu. DHpH {Zvn} KeTMa- KeTJMKHHHT YeKCH3 KYM COHgard Xajsapd
o at+b] . at b
GysraH cerveHTHH, SBHH [a, 4; ] €xH [ ;_ , b] HH (arap HKkaja-

CHAa XaM KeTMa- KeTJIMKHUHT YeKCH3 KT COHAAard XajJapu 6yJjca, yaap-
IaH uxtuépudl GupuHu) [a,, b;] ne6 OearwnaitMus. Pasulanku, [a;, b))

6ynaau. HOgopunarura yxumaw, [a,, b,] cerMeHrt-

HHHT y3YHJHTH

. a;+ b, [ a,-+b;
HM TEHI HKKH KHCMFa axpatuo, |a;, > Ba | —— , by] cer-

MeHTJIapHH XOCH/ KHJIaMH3 Ba Gy cerMeHT/apiaH {x,} KeTMa- KeTJIHKHHHT
YEKCH3 COHJATH XaigJjapuy Gyarauduu [a,, b,] me6 onamus. PasuiaHk,
—— 6yaagu. By kapaéunu nasom

fa,, b,] cerMeHTHMHr Y3yHJUTH

STTHPHW HATHIKacHia Y6y

[aly bl]y [a21 b2]7 [ 3 k]
CeTMEHT/Iap KeTMa- KeTJUTH Xocua 6yiaau. TysuauumMra kypa xap 6up
la,, b, k=1, 2, 3, CerMeHTa {x,} KeTMa- KeTMKHHHI YeKCH3
Kyn coHpard Xaamapd GyJafu.
Parmanku,
[a,, 6] D la., 61D ola, b=

b—a _.
la,, b, cerMeHTHHHT y3yHmrd b, —a, = o 6ymub, k— oo 1a

Hosra WHTHAAAM. WMuMma- 4 KOHMAalIraH cerMeHT/Iap NPUHLMMOHIAZ Kypa
{a,} Ba {b,} xeTMa-KeT:MKJap yMymuil (GMTTa) YeK/i JTUMHTra ra:

lima, = limb, = c.

Ounu {x,} KeTMa-KeT.MKHUHT [a;, b} maru Oupopra Xamumy onai-
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auk. Y ny-xan 65acun: x, €lay, bl Cynrpa, {x,} nunr [a, b] naru
6MpOpTa XamMHH OaluK. Y fly- Xaa Oyacun: x, € [a,, b,]. Kapanaérraun
CerMeHTJIAPHUHT Xap OHpHAA KeTMa- KeTJHKHMHT YeKCH3 KyN XaajapH
GY/IraHJuryt y4yH, PaBLUHKM, 7y > 11y KAWIMO OJIHIUMMH3 MYMKHH.
Xyaw wyHuuriex, {x,} nunr [as, byl naru X, %,, Xazjapuiad
Keiinn xenmagurad 6MpopTa X, Xaauuu (n; <n, < n,) onaavus. By xa-
paénHM JaBOM STTHPHO, k- Kajampa, [a,, b, cermentzaru {x } KeTMma-
KeTJHKHUHT X, , X, , » X, _, NApAAH KelHH KeJajuraH XNaljapuiaaH

GupH X, HH OJaMH3 Ba X. K. Hammxaga {x,} keTMa-KeT/MK XajJ1apH-
JaH TAWKHJ TofraH yumby
X X

n,’ “°n,’ ng?

(ny<ny,< <x, < )

KuCMMil KeTMa- KeT.mK Xocu 6Ynanu. Kuewmmit {x, 3} xerma- keTauxmymr
XanJapH y4yH
<X, <b, k= 1, 2,

TEHICU3MMKNAD VPUHIM GYsub, yHaaH k—-co ga
lim X, =C

6ymnnn Kean6 unkaan. JleMma ucGor 6yaau.
7-scaatma. Kenmipuiran JleMMaza KeTMa- KETJHKHHHT 4YerapasaH-
ran 6ysmumt MyxuM waptaup. Uly mapr 6axapunmaca, JeMMaHHHT Xy-
JocacH YpuHaM 6GYsMacaaH KoqMuwu MyMkuH. Macanan, uerapananMarad
ym6y
]’ 27 37 b n’

HaTypajl COHJIAaD K€TMa- KeTJHTHHUHT Xap KaHJal KHCMMII KeTMa- keTJ -
I'M XaM -+ oo ra HHTHJAIH.

10- §. Ko TeopemacH (AKHHAAINHLI ME30HH)

KeTMa- KETIMKHUHT KAYOH YeKAH JIMMUTIa 3ra GyJHIH XaKuaard
Macasa, YOKOpHZa TabKHAJaranumusjex (7- § ra KapaHr) JUMHTIap Hasa-
PHSICHHHAT MYXUMM Macajasapufad Gupuaup. By Macana 7-§ na MoHoTOH
KeTMa- KeTJHKJAp Y4YH XaJ KusuHraH. Tabuuiike, uXTHépui KerMma- KeT-
JHK KaHJail mapTja sKMHJawyByd OYynaad zeraH caBosi TyFMJaan. DBy
caBosira kaso6 GepuulnaH askaj (yHAAMEHTas KeTMa- KeTJIHK TyHIyHua-
cH OUJIaH TaHMILIAMH3,

Bupop {x,} Kerva-ketnnk Gepunran G§ucHH.

2l-tabpud. Arap e>0 onuHranga Xam myHpad n,€N con
MaBXyj GyJcakd, Gapua n > n, Ba Gapua m > n, Jap y4yH

lx,—x,|<e (3.11)

TEHrCHa/MK Gaxapwica, {x } pyundamenmar xemma-kemaux 1e6 arta-
Ja .
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Hemax, ¢yHIaMeHTa KeTMa- KETJIMK HIYHAal KeTMa- KeTJHKKH, YHHHT
Gupop n, = n,(e) xamunaH Gomnad xap KaHjaH HKKH1a Xaad Opacuaaru
Mmacoja aBBasfaH GepusraH uXTHEpHA € >0 paH Kuuuk Gy.Jagu.

bus ym6y naparpadna kerMa- KerTMKHHHT (yHAaMeHTan 6Y/umd
6H/IaH YHHHI SIKMHJIAWIYBYUH OVJHIIM 3SKBHBAJEHT 3KAHJH[UHM KypcaTa-
Mu3. ABBajo ¢yHIaMeHTan GYarad xamaa GyaMaraH KeTMa- KeT/IHK/Iapra
MHCOJIAD KeaTHpaiHK.

Mucoananap. 1. {x,} ={

n
, 1}' By kerva-kermk yuyu (3.11)
n-r
LWAPTHUHT GaMaPHIHUIMHK KypcaTaMH3. XaKHKaTaH,

lx—xl—l n___m ntm
" m ln 1 m--1

Arap e >0 coHra Kypa HaTypasa f, COHHH
2
ng = [::, -+ 1

ne6 oscak, y xoana Gapua n >n, Ba Gapya m>n, jap y4yH
1 1

l I
= — 4 —
nm n m

X —x [<—+—<ce
I n m' o J fy
6y/munHy TonamMus. Jemax, GepuairaH KeTtMa- KeTyHK OYHAAMEHTAIHD.
. n 92 1 32 i nzj .
By xonma (n > m pna)
I 1 I
x —x | = —
! n ml (m - 1)2 (m-+ 2)2 + + n®

6yau6, Oy TEHIIMKHUHT YHr TOMOHMAArM Xap Gup Kymunysuura ywioy
1 1 1

—_— < — — —
n p—1 p
TEHICH3MHKHH KYJ/IJIAHHO TOMmamu3:

Ixu—xm]<(711-__l_)+ +< 1 ___1_)___

m--1

1 | 1
_—_———— <[ —
m

n m
“ 1
Arap ¥ & >0 coHra xypa n, = [—-] + 1 ne6 ommHca, yHaa n>m>
€
> n, 6yarauja
X, — x| <e

6y1anu. By 6epuiiran keTMa-KeTIHKHHHT (DyHAAMEHTA/T SKAHHHU GUAHpAIH .
3. dHmu dyHpaMeHTas GyaMaraH KeTMa- KeTJIHKKA MHCOJ  KeJTHpa-
mu3. Ky#unarn

S CRTIR T IS 1.
{t.} ll+2+3' +”.
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1L 1+

KeTMa- KeTJMKHH Kapafiik. By keTMa- KeT/HK yuyH Xap Kaglail m >1
OJITaHHMM3JA Xam
1

I S At
2

1 , 1 )
2m 2m

X, —X T
¥om m m-- 1 m--2

6Vamun kean6 unkaau. DBy Xos Gepuaran KeTma- KeTsmkHuHHT yHAa-
MEHTAJI 3MacJHTHHH KYDCATalH.
13-Teopema (Kowu Teopemacu). Kemma- kemaux aKuHAQuys-
ue 6gauuu yuyd Yy Gyndarenman 6yaumu 3apyp 6a emapau.
Hc6oT. 3apypanru. {x,} KeTMa-KeTAHK SIKMHJIAWyBuH GYJHG,

limx, = a 6yacun. Jlumur Tabpudura Myeodux, e >0 OGeparanza

€ - v
XaM —- Ta Kypa wWyHzai ny,€N con Tonunamuku, 6apya n > n, COHJIap

& o - - o
yuyH |x, —al < 5 TEHTCHSTHK  §pHHAH 6vaamn. Jlemax, uXTHEpmit
n>n, Ba m > f, COHA3p YUYH

x, —x |=Ix,—a+a—x|<Ix,—al +|x, —al <e.

By 3ca {x,} ¢ynnamenTas KeTMa-KeTIHK 3KaHUHH KYpcaTaid.

Etapananru {x )} — dyHnamentan KeTtMa-KeTIHK OGyacuH. [le-
Mak, &> 0 yuyH wynpaft n €N coH TomMAAIMKH, N >n, m > n,
nap yyyH lx,—x,| <& TeHrcusnmx ypuHaH. By Tenrcusamkia n con
(n, 1an KaTTa) UXTHEPHH GYJHILMHN KOJIAUPHO, /71 HATYpa’l COHHHHF 71,
IaH Kartta Gupop TalMH KHHMaTHHY OJIMO, IOKODUAATH TEeHTCH3JAHKHH
Ky#unaru

!
Xy — <X, <X, TE

KypunHinaa €3u6 oiamus. [lemak, n>>n, 1a {x,} KeTMa- KETIHKHUHT X,
Xagnapn (x, —e, x, -+ €) uHTepBaira TerHmaH GYau6, YyHAaH KeTMa-
KeTIMKBHHI uerapajaHranjury keau6 uukan. boabuano — Beidiepurrpace
JemMMacHra Kypa {x,} KeTMa-KeT/MKJaH WYeK/JM COHra HHTHIYBUH {xnk}

KHCMHH KeTMa- KeT/JHK aXXpaTHul MYMKHH. Dy KHCMHE KeTMa- KeTauk Ju-
MHUTHHH @ 6uJaH GearmiaiiK: k}im X, = @. O8I a coH {x} xeTva- ket
JIMKBHHT JIHMHTH 3KaHHHH K}”/pc:Ta,\ms. Hapxakukar, GHp ToMoHzaH
X, > @ 6yarand yuyH “fe >0 ra kypa wmyHgai k, €N con Tonumanm-
KH, k> Fky 23D YUYH |X, o < e TeHrcHaiMK 6aMapHIanH.

Hkxunun TOMOHAaH, m = n, G6yaranga ¥, —X,} <e Tenrcnamk
xam Gaxapunapd. IOxopunarn TeHrcHaiMKjapra Kypa

b, —al =, —x, + Xy, —al <y, —x, | +Ix, —al<2e

6yanwm kenu6 unkanu. By sca limx, = a sxanunn x¥pcaragn. Teope-
Ma ucGoT Gyaau.
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Hc6or stuaran 1eopema Kowm teopevacH ékM SIKHHJAAUWHIL Me-
30HHU (kpuTepuitcH) ne6 tOpHTHIaRH. Dy Teopeva MyxuM Hazapuil axa-
MuATra ora.

11- §. Kerma- KeTAHKHHHI IOKODH Ba KYHH JHMHTJAPH

Busra {x } xerma-kersux GepuiraH G6yauo, {xnk} 3ca YHHHr GHpop

KHCMHH KeTMa- KeTJIMrH GYJICHH.

MavnymMkH, KeTMa- KeTJIHK JHMHTra Sra Gy/JMmarad XONja XaM y KHc-
MHH JEMHTIapra 3ra GYJHUIH MyMKHH. By KHCMHB JMMHT/IApHHHC 3HC
KaTTacH XamJa 3HC KHUYMTHHHHE MaBXYIAJUCH MacasacHHH Kapaimus.

22-tavpud. {x,} kKeTMa-KeT/MK KHCMHH JIMMHTJAPHHHHT 3HT Kat-
TacH (3Hr KUYHIM) GepHJITaH KeTMa- KeTJHKHUHT IOKopu (Kydu) aumumu
Je6 aranagu Ba

T, (lim 1)

Kabu GesrunaHany.

Xap KaHpga#i KeTMa- KeTVIHK IOKODH Ba KYHH JuUMHT/IApra 3ra Gyuau-
MHHH HCOOTMAAMHUS.

ABBajio I0KOpHAAH yerapa/jaHMaraH Xamia KOKOPHAAH YerapaJaHras
KeTMa- KeTTHK/IAD YYYH Xap ZOHM IOKOPH JIMMHTHHHI MaBXyA Gy IHLIM-
HH Kypcaraitiuk.

1. {x,} keTma-keTJAHK WOKOpPHAAaH uyerapasJaHMaras.

YeyBun xampa -+ 0o ra MHTHIYBYH
ala azy a3» ’ akv

KeTMa- KeTJIHKHH  OJIallliHK  (a; < @, < <a,< a, — - o0).
Monomitks, {x,} IOKOpHAAH yerapaiaHvaraH 3KaH, YHIA KeTMa- KeTHK-
HHHI WYHA@# x, Xaid TONHJIAAHKH, X, > a; TEHICH3IHK YpHHiH Gy.ia-

JH.
Xyamu LiyHra yXmam KerMa- KeTJHKHHHD X, Namuia KelHH Kena-

IWraf x, Xam (n, <n,) TONHIANHKH, X, >> @, TEHICH3IHK XaM JpPHH/IH
Gysnanu. By :KapaéHHH KaBoM STTHDHO, k-Kagama {x,} KeTMa- KeTJIHK-

HHHT X, X, , » Xq_, XaLMApULAH KeHMH KenajMran myHgai x,

XaJIMHH TOMAMH3KH, Oy Xan ydyH
Xpy > (i <ng< <n,_,<n)

3

TeHICH3/IMK YPUHJIH GyJagH Ba X. K.
Haruxaga {x,} keima-kermkiad yuwby

X X

nl’ f‘l;' ? xflk'
KUCMHIT KeTMa- KeT/MK axpatnius, Gynia Gapua k€ N siap yuys x, > a,

TeHrcuaimik Ypuru Gysaau. Ilaprra kypa lima, = + oo. byHaaH 10Ko-
PHAArH TeHrcHsiMkka kypa limx, = 4- oo ra sra Gyramus. Hlyupait
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KHJHG, KeTMa- KeTJIHK IOKOPHIAH yerapafaHMarat Oy/ca, YHHHT IOKOPH
JHUMHTH MaBXKyJ Ba -+~ oo ra TeHr 6ynagu: limx, = = oo.

2. {x,)} KeTMa-KeTAHK IOKOpHIAH yerapagaHraH. By xoi-

Ja uiyHnail yarapvac M con MaBxyn GyJanukd, G6apya n€ N jap yuyH
x, <M 6ynau.

{x,} HMHr Xaasapu €paamuia KyHMgard KeTMa- KeT/HKJIAPHH Ty3aMHs3:

{x.}i: X0 X5 X
{x.}e %5 Xy X

(EA VRS MRS A
byuza {x },. £=1, 2, 3, nap {x,} KeTMa- KeTHKHHHT KHCMHH
KetMa- KetHKaapuadp. Arap {x,}, Gearusunr y3su Guaan {x}, Kerma-
KeTJIMK NaAJapvjaH TysHJjrad TYIJaMHH Oeqrunacak, yHaa OHp TOMOH-

zau, {x}, {x}s TYN/aMJapHUHT  1OKOPHAAH YerapasiaHraHjur,
MKKHHUK TOMOHIaH 3ca, Oy Tymjamsap opacuia
h=o{y> 2k

MyHocadatT/ap GOpAMIHHM Kypamu3. By Tyn/ammapHHHT anHK HOKOpH dYe-
rapanapd MaBKyZn. bus ysapuu Moc pasumria M,, M,,

R
OpKaIH GeJrHIaiMH3:

sup {x,}, = sup {x} =M,
sup{x.}, = sup {x.} = M,,
n>

sup {x,}, = sup {x,} = M,.
n>k
AHHK IOKODH YerapaHMHI XOCCACHTa acocaH
Mk+x <M, k=123,
6ynagu. [emak, {M, } — kavamoBui KeTMa- KeTJHK. ¥ XoJa1a
limM, = lim sup {x,}
n>k

JUMHMT MaBXyZA Ba Yy 4eKJH €kH — oo GyjagH.
®apa3 kunaimuk, limM, = —oo GysacuH. ¥ Xonga Xap KaHma#

Myc6ar A coH ONHHraHga XaM IWyHAak n,€N Tonumanuky, Mn,. <—A
6yaagd. AMMo n > ny Jap yuyH
x, <M, =supf{x, .\, X, 15 -}
6y.1u6, yHAaH 3ca
x, < —A
TeHICH3/MHK Keqnb uukaad. By aca limx, = — oo 3kauunM Kypcaragy.

{M,} KeTMa-KeT/MK YeKaH JHMuTra sra GyJcuH. Bus yuu M, Ounan
Geqrunaimik: lim M, = M,,.
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i1
Hosra unTHAYBYH [N KeTMa- KeTJUKHH osamu3. Mo 1oMvuxi,

L&)
Mk=su2{xn}, k=1, 2, 3,

3KaH, YHAA aHHMK IOKODH 4YerapaHmHr xoccacura kypa, {x,} Kerma-ker-
JHKHHHT WyHAaH ¥, , k=1, 2, 3, NaJJ1apH MaBKy AKH,

L
M, —— <x, <M,

TEHICH3IHKJIZD YPHHIH 6V.iagu. KeHimHrH TeHrcusinkaapaa k-—- oo ga
JumHTra YTHo,

k "k

—>0

6ymuwnHe Tonamus. [lemak, M, Gepuaran {x,} KeTMa- KETIMKHHHT KHC-
MHH JUMHTH. DHIH M, HH {X,} KeTMa-KeTJHK KHCMHH JIMMHTJIADHHHHT

SHT KATTaCH 3KaHMHH KypcaTamu3. XakHKalaH, JIMMHT TabpHpHra acocam
e > 0 ommnranaa xaM wyHail ng€ N coH Tonunamuku, Gapya k > n,
(k€ N) nap yuyn M,—e < M, < M, -} & TeHrcu3mKJiap puHmi 6y.a-

. $lna Mkzsug {x,} nm svtuGopra omi6, Gapya n>rn, nAap YuyH
n>

x, < M, e oxkanuuu tomamu3. DByHpan 3ca {x,} KeTMa- KETJIMKHHHT
Xap kanpa# kucmuit svute M, 4- € 1aH KarTa 6y.aa onmacaiMrd KypH-
Hagu. OMHTaH & COHHMHr MXTHEpHANMIHAAH 3ca {x,} KeTMa- KeTJHK-
HHHr KHCMHH Juvury M, jaaH xarra 6yJa oJIMacJMrd KejHd uikKa-
au. Jlemak, M, cou {x } KeTMa-KeTNHMK KHCMHA JHMHTJAPHHHHT 3HD
KaTTacHAHp, S'bHH

limx, = M,.

Xyaan wyHra VXwam KyHuJaH uerapajaHMaral XaM,Ja KyHujlan
yerapa/iaHral KeTMa- KETJMKJap YYyH Xap IOMM YJAapHHHT KYHH JIMMHT-
Japu MaBXyA 6Yyauid KypcartHaand. KeTwma- KeTJHMK KyAHAaH derapaja-
ral XoJja, VHHHT KyHH JMMHTH

limx, = limm,

6ym6, 6ynna m, = inf{x,}.
n>k
Mlynpalt xuaub KyHugard Teopemara KeJaMmHs.
14-Teopema. Xap xandald Kemma- KemAUKHUHZ Kyldu xamoa 1w0Ko-

PU AUMUmMAGPU MABXKCYO. ]
7-HaTHKa. Arap KeTlMa- KeTJHK yerapasianrad Gy.jca, YHUHT KyhHH

XaMJia IOKOPH JIMMUTJApH uYeKkJH OyJaju.
Mucoa. Ywby

(s = [Pt

KeTMa- KeTJIMKHHHT KyHH XaMmia IOKOpH JHMHTJADHHH TOMHHT.
By KeTMma- KeTJHK yuYyH
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3 . 4
M =sup{xt==, m=inf{x}=— —,
! ll>8{ n} 2 ! n\l{ n 3
Mzzsup{x}=i m.,:mf{t}———-i,
n=2 " 4"’ n~2 3
— _ 2k+5 _ 2k 42
My, = M2k+l BETETE Mop_ = My, Y
6ymam. Y xoana
imM, =1, limm,=—1.

Jlemak,
—l_iﬁl{(——l)" —”j—‘}: 1, li_m{(- % L}—‘}:— .

DHAM OKOPH Ba KYHH JMMHTJIAPHHHT XOCCA/JapHHY KejaTupamus. Bu-
pop {x,} KeT™Ma- KET/IHK YUyH

limx,=a
6yacmH. ¥ Xosma e >0 COH OfMHTAHAA XaM:
1° IlyHpait ny€ N coH Tonuaamukd, Gapua n >rn, JAap ydyH
X, <a-Eg,
] , , o
, 2° §n,EN coH yuyH € Ba n, japra GOFJHMK IIYHAAi HAaTypan COH
n' > n, TONMWIAIMKH,
X, >a—e
6yaany.

fOKopH JUMHTHUHT Oy XoccanapH KyHHAAarM MabHOMM aHrJaTajH:
e >0 coH TafiMH onMHraHaa, GMpUHYHM Xocca {x,} KeTMa- KeTIUKHUHT

(pakaTruHa YekJIM COHAArd XajJapuriHa
X, >a —+ &

TEHTCH3/IMKHI KQHOAT/IAHTHDHLIMHM, HKKHHYK Xocca 3ca 6y KeTMa- KeT-
JIMKHHHT

X, >a—¢
TEHICH3/IHKHH KaHOAT/JIaHTHPAJHraH XaJ/JapH COHH YeKCH3 Kyn Oy HMIUMHH
udonaaitau.

Xaxukaran, arap {r,} HHHC YeKCH3 KV COHJAarH XagJapH a + & JaH
Karta §yqca, v XOJAA @ + & COHAAH KH4HK OVsmarad b(b >a -te) ra
MHTHJIYBYM {X } KeTMa- KeTJIMKHHHI KHCMHH KeTMa- KeT/IM[H MaBXKyn, Oy
a=limx, ra 3ug 6yaamgu. JleMak, @+ € jJaH YHIJa KeTMa- KET/JHKHHHT
KynH OMJaH YeKJH coHjark Naanapu €raau. By [°-xoccanu ucGoTaiiau:

Mopowmuku, limx, = a 3xan, yHza {x,} HMHI KHCMHA JHMHTIApHAAH
Gupu a ra TeHr: limx, =a. Jlamur Tavpuduian sca Oy {x,} xerMa-

Ry
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KETJMKHMHT, JeMak {X,} HHHT XaM, 4eKcH3 KyM COHZAr¥ Xaijapy a—e
JaH xarta Gysamu. Hemak, 2°-Xocca XaM HcBOT 6VaaH. AxcuHya, GHpop
@ COH 10KODMJArH MKKH LIADTHH KaHOATJaHTHpCa, y {X,} KeTMa- KeTJHK-
HUHT IOKOpH JIMMHTH GYJaiH.
PaBiianky, 1°- Ba 2°- mapTJiapHH KAaHOATJMAHTHPYBYH @ COH YYyH
a = lim sup {x,}
ke n>k
6y.m6, 6ynnai ubonananran a {x,} KeTMa-KETHKHHHI IOKODH JIHMHTH
6ynamu. Hdemak, a=limx,.
®apa3s Kunaliuk, 6Hpop {x,} KeTMa-KeTJHK y4yH
b =limx,
G6Vacud. ¥V xonga Ve >0 OJMHTaHga XaM:
1° Wynpait ny€ N con Tomunazuky, Gapya n > n, Jap yuyH
X, >b—e,

2° %n,€EN coH yuyH € Ba n, ;napra GOTJIHK HaTypasa COH n' >n;
TONWIAKHKH,

X, <b+e

6ymanu.

KeT™ma- KeT/HK KyHH JUMHTHHHHT 6y XoccanapH IOKOPHAATMAEK HC-
6oT.1aHaH.

15-teopewma. {x,} xKemma-kemaux ¢ aumumea sea Gjauul Y4yH

limx, =limx, = ¢ (3.12)
MEHSAUKAGPHUNR [PUHAL GYAULL 3apyp 6Q emapau.

Hc6oT. 3apypanru. limx, =c¢ 6yacud. KeTMa-keTank JHMMuUTIra
sra 6yaran Xojga YHHHT Xap KaHjaH KHCMHH KeTMa- KeTJHIH XaM ury
JIUMHUTTA 3ra 6y uiunnas (3.12) TeHrJIMKAapHHHT VPHHJIM GYJHILH Ke.aHb
qHKaTH.

Etapauauru. {x,} xeTMa-keTiur#a yuyH (3.12) Tedrauksap Vpus-
au 6yacu. Ky#iu numuT Xoccacura kypa, % € >0 con ouHHranaa xaM
WyHpaH n, €N COH TOMHIAAHKH, N > 1, Jap YYyH X, > C¢—& 6Vaapu.
IllyHuHr €K, IOKODH JMMHT XOCcacMra acocaH, yiua e >0 COH OJHH-
ragfa xaM IyHpak n; €N coH Tonmuiaaukd, 6apya n >n; JiaQp y4yH
x,<c¢-+¢& 6yaamu.

SHmM n, Ba n, COHJADHHUHI KaTTacHHH n Je6 oJcak, yHia n>n
Jap y4yyH

c—e<x,<cC—T¢€

TEHrCU3/HKJAAp Ypudau 6Ysagu. By aca limx, = ¢ sxanunn GuinHpajy.
Teopema ucGoT 6ymmu.
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4-5056
SYHKLUUA BA YHUHT JIUMUTH

1- §. OyHKUHS TYWYHYACH

bia 1- 606xa uxtuéput £ Ba F tynsamnap Gepuirad xonga E HUHT
aneMeHTIapuHd F TYN/IAMHUHT 3/ieMeHT/Iapura YTKa3yBuH

f:E—~F
[ akcaaHTHpMIIIapHH Kapal yTraH 3iMk.

Xycycan, £ =N, F=R 6yarasga HaTypajg coHaap Tymiamd N
HHUHT 3jIeMeHT/IADHHH XaKMKMH COHJ1ap TYm/iaMi R HHHI 3J/leMeHT./Iapura

YTKA3yLYH
[:N—>R (f: n—>x)

aKCJIAHTHDHIVIAD COHJAp KeTMa- KeTJIMIHW TyLlyHiacura oju6 KeJid Ba
ynap 3-6061a Garadcu YpraHuiiu.

umi £ =R, F =R oyaranpa x(x€R) VarapyBuu Guian y(yER)
{arapyBuM opacuiari OOFJIAHWILHM, SBHH

[:R—>R (f: x—>y)
aKCAAHTUPUIIHN Ypradamus. By Gusud QyHKUMA TymyHYacura oJub Ke-
JEMIH.

l. ®yukous 1abpudu. X Ba Y jap XakUKUM COHJIApHMHT G-
pop tT¥naamyapy (X =R, Y ©R) 6ynub, x Ba y Vyarapysuunap Moc
paBiiga wy tynaamnapia yarapenn: x€X, yevY

l-Tabpud. Arap X Tynaamaarn Xap 6up x conra Gupop [ xoupa-
ra kypa Y tynaampan 6MTTa y coH Moc Kyiuirad 6ygaca, X Tynsamaa
Pynryusa Cepurean neh atanap.

Babzan bynkuma X Tynsnamaa Oepusirad jpedum ypHura dynxuus X

TYyN,1aMaa aHMKJadrad jJeb6 xam opuTaaagu. PyHkous
['x—>y én y=Ff()
Ka6K Oe/IrHIaHajH.

Byuaa X QVHKIMARMAT auukianuwe mijnaare  (coxacu), Y 3ca
GYHRUMSHAET g32apuw minaany (coxacu) 1ed atajald. X 3pKau  y3-
capyeuu €k QPyHKyuAHUHS apeyMenmu, Y 3PKCU3 y3eapyedu €ku x V3-
rapyBUHHHHET yHKYUACU NeduaH.

Mucoanap 1. X =(—o0, + o), Y =(0, -+ oo) 6y.icuH, | Kou-
za cudartHaa

frx—s>y=x*41
H{ onailsiuk. By Xonna, paBuwaskd, xap 6up x€X yuyH 6urta x% -1

tonunagu Ba x% -+ 1 €Y 6ymamn. [Jemak, X ma y=x*-+ 1 ¢ysruus
aHHK/IaHTaH,

2. X=R,Y=27 Ba f—xap Gup XakHKuil ¥ COHra YHHHT OYTYH
KicMu [x] HH Moc KVioBuM Koupaa Gyucud. Hemak,

frx—>[x] éu y=Ix]
QyHKuysAra sra Gy1aMus.
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3. Xap Gup paumonasn coHra 1 HM, Xap GMp HppaloHa.1 coHra 0 ru
Moc Kyiuml Hatwxacuaa $yHkums GepuwaraH 6Vnagu. Dy dyuwina Ju-
puxire pynxyusacu nefinnapu sa D (x) xabu GejruaaHajgH:

D)= 1, arap x paumoHan coH 6y.ica,
0, arap x uppauHoHaJ con Gymca.

IOkopupa KenTupuiran Tavpudaa x Y3rapyBUMHMHT Xap OuMp KuiiMa-
THTA Y Y3rapyBYMHUHT OMTTa KMHMATHHH MOC KYSHraH MyaHsy Kouja
€KM KOHYHHHMHTr GepuiHwH My HMaup. Kynuuaua, amanuéraa Gysruus-
HHHI' aHMKJAHHII coxacH X Xaum Uly KOMAara Kypa, s’bHH (yHKIMOHAN
GOFJIAHMINHUHT XapaKTepura Kypa TOMWAajd.

Macanan, ymby

x+1
x2—5x-+6
GOYHKUMSIEMHT aHMKJIAHMID CcOXacH, TaGMuiKH, X = 2, X =3 HyKTaJapHu
¥3 HYHra OJIMAacJHrd Kepak.

Taspubna GyHKUMARUHT Yarapuun coxacH Y Gepuarag Gyimnm  Ta-
K030 3THJAAM, amMMo Wy Y TynjamHuHr Xap Gup 3smeMeHTH 6upop x € X
ra, GQYHKUHOHA] GOFAHMIIHM aHUKJIOBYH KOMAAra Kypa, Moc XyHuaraH
6VaumM wapr smac. Ywmby

y‘:;

{fx): xeX}

TynJaM QYHKUMSHHHT Kudmamaapu mgnaamu JedinjaiH Ba Yf Kabn

6erHaaHaaH;
Yi= {f(0): xeX}.
PaBumnky,
Yf cY
Kentupunras 1- Mucosina Y ;= [1, + o0], 2-mMuconna Yf = Z, 3-Mn-

conaa sca Y, = {0, 1} Gyaamm.
Bupop X Ttynaampa y = f(x) QyHKUMS aHUKJaHraH GyJcHH. x,€ X
Fa MOC KeMyBUH Y, MHKAOP Y = f(x) GYHKUMAHHHT X =X, HyKTajarud
xycycul Kudmamu ne6 atanagy Ba y f(x,) =y, Kabu GearunaHany.
Texucnukaa [lexapT KOOpAMHATAAp CHCTeMACHHH ojamH3. Texucank-
HHHT (X, [(x)) HykTamapumaH HOopaT ywby

Y {x, TN} ={(x, f(x): x€X, [()EY}

R TynaaM y = f(x) OYHKUMSHUHT 2paduzu
ne6 atanapu. Paewanku, {(x, f(x)}<=X XY
; 6yaand. Macanan, y=x* QyHKUHIEN
+— X=[—1, 1] Ttynaampa kapaiymuxk. DBy
! ¢yHKUMAHHHT rpadura 19-umsmana udona-
‘ nanran. Byapa X X Y Tynaam wrrpuxaap
S et 6GusiaH KypcaTHaraH KBajpaTHH GH/IAMPAfH.

2. OYyHKUUAHAHT 6GePHAHIN yCYI-
napHu. OyHrupA TabpubHAaTH Xap OUp x
ra 6HTTAa Y HH MOC KYSIAUraH KOHJAA €KH

19- yuama,
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KOHYH Typ.aH ycyJia Gepuamins MyMkud. Bu3 ynapuu Kuckaya xapaG
yTamMu3,

_ Kynuwya x Ba y Vsranysummap opacHiarH GOFJIaHHLL dbopmy.tanap
€paamuia udopananaau. ByHpa apryMeHt x HHHT Xap OHp KuiiMaTura
Moc KeaazauraH y OyHKUHSHHHI KHAMAaTHHH X YCTHAA aHAJHTHK aMaJj-
Jap —KYIHL, afdkpui, Kynaitupuul, 6yimil, japaxara KyTapuiu, H/gu3
YUKAPUIL, JorapudMIall Ba X. K. aMannapHi GamKapHll HaTHxKacHaa To-
MHJIALH. quama OyHaall ycya QyHKUMSHHHT aHaaumuk yrcyada 6Gepu-
Auu geHdaad.

Muconaap: J. x Ba y V3rapybuuaap vViuby

y=11—2x
dopmyaa €praviuna GorsaHrad O6YsicuH. By ¢yHKUHSAHMHT a€HKAaHHIT
coxach X ={x: x€R, —1<x<I}=[—1, 1] Tyniampau wuGopar.

Byuga Nap 6up X ra Moc KelafMraH g HHUHT KHEAMATH aBBaJO X HU
KBafpaTrd KyTapuul, cyHrpa YHH | jxad afupuimr Ba Oy aiupManaH Ksa-
ApaT W43 YHKApHIl KaGH aMaJ/iyiapHH Oa)KapHUl HaTHMXAcCHAA TOMHAAJH.

2. x Ba y ysrapyBuHsap opacuiard GOrJsauuiu KyHugarn d¢opmy.a-
aap épaamuaa GepuiaraH Oy ICHH:

- _ 1, arap x>0,
y=1w {—l, arap x < 0.

By GyHKUHAHHHT aHHKJaHHW coxacH X = vy
= R\{0} 6V.116, yHHHT KuiiMaT/IapH coXacH
Y ={—1, 1} Tynnampan ubopar. Oparia e
6y (yHKUHS
y =signx

Kabu Geardgasanu. DyHpa sign — joTuHuUa o X
signum c¢Vy3uladH oJHHraH 6yaud, «ben-
IH», ¢HUIOPa» JeraH MabHOHH aHIVIATAJH. N ¥

By & =-signx ¢yHkuusgHHHT x =0
HYKTajard ku#maTty Hosra TeHr ae6 Kaby.1
KWIcaK, ¥ R Tynsiamaa asuk/aHrad 6y.ja- 20- quaMa.

i (20- yusma).

Babau xosnapaa x(x€X) B3 y(y€Y) ysrapyBuuaap opacugard Gor-
JIaHHII opMyJajap €pramuaa GepunMacaaH KajBaji Opxaad Gepuira
6Vaumy MyMKHH. MacasjaH, KyH JaBOMHJa XaBO XapOpaTHHH Ky3aTraHH-
MH3Za, f, BaKTAa xaBo Xxapopatu T, f, BaKTaa XaBo XapopaTd T, Ba
X. K. O6yacus. Hatmxkaga xy#Huparn xajgsaara KeslamMus:

BaKT, f ‘ t \ s | s | | t

| xapopat, T | Ty l Ts l Ts l l T,

By xansan f BakrT GumaH xaBo xapopatH T opacHpard ¢yHKIHOHAI
GoraanuHy Hbonatanau, 6yHua £ — aprymeHT, T 3ca QyHKUHA 6YJjand.
BoraauuiuHear 6yHaail GepHaulH, QYHKUHAHHHT ocadeéar ycyauda Ge-
pusutiiy 1e6 atanagu.
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y XOY Tekucouruaa wysuaik L uusux
Gepusran  6yuacHHkM, OX VKHAA KoMJam-
o — — ! raH HyKTajapiaH Iy YKKa VTKaswirad
nepneHAuKyasp 6y L 4H3HKHM (akat GHT-

‘ Ta HyKTajza KecHO VTCHH.
OX yxkunarn GyHnaH HyKTagapaan uGo-
| pat TVmjaaMHM X opKaaun Gearwnadauk. X
| TYNIaMAaH HXTHEPUA x Hu oaub, Oy HyK-
————— 7 TalaH OX yxkura nepneHaMKyJslp VTKasza-
mH3. By nepneHamkyasiphuur L 4usuk G-
JIAH KeCHIUTaH HYKTaCHHHHI OpAMHATAaCHHH
21- uuama, y 6ujaH GerHIaiiMU3 B2 OJHHTaH ¥ ra 6y
y un Moc Kyamu3. Hammxapa X Tynaam-
JaH OJHMHTaH Xap 6Hp X ra IOKOpHIa KYypcaTWAraH Koujara Kypa OWTTa
Yy Moc KyHumu6, yHkuas xocua 6yaagu. ByHaa x Ba y  ¥srapyBuusap
opacunard Oorsanmul L uusuk épaamuma Gepwsiran 6ysany (21- umsma).
Onatna f HHHr 6yHpall GepuaMiM YHHHT epagur ycyada Gepuruuu

neb6 aTasapy.

Mlyunaii Kuau6, 613 QYHKUMAHHHT aHAJMTHK, ¥KaaBaj, rpabuk ycyJ-
Japia GepHJHIIMHE KYpHO YTAMK. X Ba y YarapyBuMzap opacuiard QyHk-
IIHOHAJ OGOF/IaHMIL IOKOpPHAArH yuyTa ycyJ OusanruHa Gepuiub KoJamac-
Jad, 6ollkaua, daxarruHa wuGopasnap OHIAH XaM OepHJIHIUM MYMKHH.
Macanan, xap Oup HaTypasn n COHra YHMHT OyJYBUHJIADH COHHHH MOC
Kysiauk. By Mocaukuu ¢ opkaam Genrumaiimus. XycycaH,

e(=1 92 =2 ¢3)=2, ¢4 =3, ¢(5) =2, ?(12) =6,

s

Onatna 6y ¢yHkuma Jdaep pynkyuacu jelunany.

diinep GyHKUMACH ydyH aHANMHTHK GopMyJia MaBXyJ 5Mac, YHH Xaj-
BaJ yCYJHAA XaM, rpabuk ycyaza xam Gepu6 Oyamanan. MabiyMky,
UXTHEPHH TY6 p coHM yuyH @ (p) =2 Gynapu. Etapam karra Ty6 con-
Jap MAaBXYMJIHTHAAH 6y OYHKIMAHMHT TaGHaTH MYypaKKaGaurd KypHHa-
JIH.

MareMaTHK aHajM3 KYypCHIAA acocaH aHaJMTHK ycyajna Oepuiran
GyHKUMANAD VpraHuIay.

X tynaampa y = f(x) GYHKUMS aHHKJaHraH 6yJcuH. Arap 6y ¢yHK-
Ius KulMaTJapuiaH Ty3HJiraH

Yf= {f(x): xeX}

TYngaM loKopuaan (Ky#uzaH) derapajanrad Gy.aca, f(x) ¢ynxuma X
TYIJIAMAA fOKOpudan (Kydudar) weeaparanean 16 aTajamd, axc XHaaa
aca QYHKIMA roKopudan (Kyhudan) ueeapararmazan nefnain. Arap
f(x) dyHrums X Tymiaamaa XaMm IOKOpHIaH, XaM KyHHJaH derapaiaHral
Gynca, GyHKMs uly TVIJIAMAA 4ecapalauean NeHuaaju.

Macanan, ywmby

1
y=—
X

112

www.ziyouz.com kutubxonasi



¢yukuma X = (0,1) t{niampa xvHnjaH derapajaHrad, aMMO IOKOPHIaR
yerapajiaHMaraH.

X Tynnamaa aHMKJaHTaH MRKH  f(x) Xamga @(x) (pyHKumnapHu
Kapa#iink. Arap ¥x€X 1a f(x) = q(x) Gy.ica, Oy yHKUMANAD X 1ym-
MaMua Gup-oupuza menz QUAKLUAIGD NeRnmay.

X Tynnampa aHHKIaHraH F(x) = f(x) 4 @(x) dynruus f(x) Ba (p(x)
GyHKUMANAPHHHT HUMFHHIMcHnaH uCopar. Mkku &yHkUMA afinpmacH, Ky-
nafTMacd Ba HHcOaTH XaMm IIYHra yXmwam TabpudJiaHamH.

3. Kydr Ba Tok dpyHkuuaaap. JKydr xamaa TOK QyHKIHI-
Jap 6unaH TAHWINMMAAH aBean, O HyKTara HHC6aTaH CHMMETPHK 6V.1-
rad COANap TYNJaMMHH TabpHDIaHMU3,

Arap x€X yuyn-—x€X 6yaca, X tynnam O HyKTara HucGaTaH
cummempux mgnaam IeRuau.

Oupu O HyKTara Huc6aTaH cUMMeTpHK OyJraH X rtymnamua y = f(x)
GbyHkuMs aHukJaHraH 6Vyscud. Arap ¥x€X yuyH

f(—x)=Fx)
6yaca, f(x) — ocypm pynkyus ne6 aranagu. Arap ¥x€X yuyH
f(—x)=—F®

6yaca, f(x)— mox ynkyus ne6 atanamu. Macaman,
y=cosx, y=|x]
GyHRUHATAD YuyH
cos{ —x)=cosx, | —x|=]x|

6yarann ca6abym yjap Xyt GyHKUMANAPAHP.
Y6y

y=sinx, y=x3
byHRUHAAAD YUYH
sin(—x) = —sinx, (~——xP¥=—x3

6ynrand caGabmu yaap Tok $ynkumssapadp. HKkn xkydT (ToK) PyHK-
UMA WWFMHIMCH, afMpMacH, siHa »KydT (TOK) ¢yHkuManap OyauuiM pap-
IIAHUD.

IlyHs TabkUMAMAWl JO3MMKH, O(YHKIHA Xap nouM Kydr €ku Tog
dyHkuHa GysaBepMaiin. By}mau dyuruuanapra f(x) =x>—x, @(x) =
= sinx —cos x Jap mucon 6yva onagd. DBy d¢yHruMagap KydT xawm,
TOK xaM 3mac. BuUpoK Ky#Mpard Teopema §'pmmmmp.

l-teopema. O Hyxmaza Hucbaman cummempux Gijrean X min-
ramoa aruxaarean xap kandaid f(x) ¢yrxyus oym ea mox pyHk-
yusaap durunducu Kgpuruwuda ugodaranadu.

Hc6or. Bepriran f(x) boyskuus épaavuia Kyhdupard

o ()= f(x)—rf(—x)

)_ —

GyHKIMsITADHE 1y3amu3. By dyskumsanap yuys
8—2651 113
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F=n+F0) _

O )
W)= -x)Q — i _ K — 2f(— SN

6ynu6, yHaaH @(x) Kydt, $(x) 3ca TOK QYHKUHA 3KAHIHCH KYDPHHAIH.
Uly 6unax Gupra ywoy
o(x) + $(x) = f(x)

TEeHI.JMK XaM YPUHIM 3KaHu paBulaH. By 3ca Teopemanu ucGoT.iaiiiu.

Kydr GyHKUHAHUHT TPAbUrH OpIHHATa YKHra HUCOATaH CHUMMETPHK
WKoltamrauqup. Xakukatad, OyHnain dyHkuusnap yuyH (x, f(x)) HykTa
¢yukuna rpapuruaa érrad 6yvica, (—x, f(x)) Hykra Xam wy rpaduk-
Ja Koitnaurran 6ymaaan (22- yuswa).

(x.fix)
14
(-1, fx) (x.fixh
TN g «
l | /i
| ! . |
l [ Hexefrn)
X 0 x X i
22- yy3mMa. 23- uu3ma.

Tox dyHKUMAHKAT rpadurd KOOPIMnaTa GOfl. "a HHCGATAH CHMMETPHK
XKoHTammaad. XakHkataH, 6y yHkuua rpaduruna (x; f(x)) Hykra Ouaas
6upra xap moum (—x, — f(x)) Hykrta éragu (23-yusma).

4/)/laspuit Ba gaBpuiiMac ¢yHKLHATAP.

-Tabpud. f(x) dyukima X tvmaamaa (X < R) Gepusrad GYJICHH.
rap wyHpa#l yarapmac T(T == 0) conu maBxyn 6yacakH, ¥ x€X yuyH

[) x—T Ba x4+~ T coHnap ¢yvukuuAHUHT Gepuady coxacH X ra
TerHuIM 6yica Ba

) fx+T)=f() (+.1)
6y.ca, f(x) dyukuusa daspud yHxkyua ed a'ranagua

Arap f(x) naBpuit dyHkuua 6yamaca, y Oaspuidiac ¢pyaryus neiu-
Jagu.
By tavpudgaru 7 conn (T %= 0) f(x) &yHKuuauunr Jdaspu  aefiu-
Jia

Apraimk, X Tynmiamaga Gepuirad  f(x) ¢yHkuua paBpuit  VHKUHA
6yicun. Tawvpudra xypa, wyHiail T (T 5= 0) coH Tonwmamuky, “Fx€X
yuydi x —T€X, x +T€X 6Vaanu Ba (4.1) Tenrnuk OGawapuiagd. By
X0J7a, paBuiavkd, kKT(k= 41, =2, .. ) KYDPHHHIIZATH COHIAPHHHT
Xap OupH yuyH Ba ¥x€X yuyn x kT €X Ba f(x +kT)=f(x) 6%-
Jajn.
Hlyunait xumms, arap Gupop T+ 0 Ba ¥x€X yuyH (4.1) myHoca-
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6aT Vpunau 6yaca, 6y "MyHoca6aT uxtuépuii AT(k= + 1, 4 2 )
YYVH XaM YpHHaH Oy.iap 3KaH.

Hemak, =T, = 2T, Jap XaM f(x) GYHKUMAHHET 1aBp.apu 6y-
nagy. f(x) GyHKUMSIHUHT Myc6aT JaBpaapH TynaaMuen M ne6 Genruaaii-
k. Arap

To = inf M

xaM f(x) dyHkuusHUHT 1aBpu 6yaca, sibHu To€M 6yuca, v sHe xuuux
mycbam dasp (acocuit nasp) JdeHmnaau. 3BT KHYMK MycbaT JaBp Map-
XKyZ GVanin XaM MYMKHH, MaBxyx OV.IMacsHTH XaM MYMKHH.

Miuconanap. 1. f(x) =sihx o¢ynkuna Jaepult GyHKUHA. YHMHT
naBpjapu Tymaamu {2kn: k=1, =2, } 6Y2H6, 3HT KHUHK Myc-
aT naBpu T = 2n 6§naw

2. f(x) ={x} dysruu Kapailiuk, 6ynna {x} — X COHMHHHT Kacp
KHCMH. Dy naBpuit QyHkuuagup. YHHHTr JaBpJapH TYIiaMu {m: m =
==+1, =2, . .} 6ynu6, sHr KHuHK Myc6atr JAaBpH To=1 6yaamu.

3. f(x) = C 6yacun, 6ynna C=const. DBy naBpuii dyHKunAmMp.
Hxtuépuit T(T = 0) con Gepuaran (yHKUHSHHHT J14BPH, S'bHH YHHHT
naBpsapH TymiaMi R\{O0} nan mGopar. By Xonza sHI KHuMK Myc6ar
JaBp MaBKYJ 3Mac.

4, Jupnxae dyHKUHsCH

Dix) — 1, arap x — paunuoHaa coH 6y.ca,
(x) = 0, arap x — uppaluHoHaJ COH OVJca

HYM Kapailink. Adftaiiimk, T —6upop paumonaal coH (T = 0) 6yacun.
¥ xosza

pauyoHa/ COH, arap x — pallMOHAT COH 6y.Jca,
x+T= {uppauuonan COH, arap x —HppalliOHaJ COH 6YyJca

6Vnanu. demak,
__[1, arap x — pauionan con 6yuca,
Dix +T)= | 0, arap x —uppanMoHa1 CoH 6YyJca.

Ulynpaht k6, vx yuyH 7 — pallMoHa.a cOH GyJaraHja

Dx+T)=D() (4.2)
6yaazd. Hdemak, Jupuxae ¢yHKuMAcCH AaBpHil GyHKUMA, HXTHEpHH T %0
pauuonan coH 6y PYHKUUSHHHT JaBPH 3KaH.

Oumn 6upop T HppausoHan COHHH OnalMK. YHAaa x yuyH (4.2)
MyHOcaGaT YpuHM GysaMaliln, YyHKH X palliOHaJs coH 6yaradga x4+ T
uppauuonan coH 6yan6, D(x)=1, D(x+T)=0, avan D(x + T)==
= D(x) 6ynann. Ilynpait xuau6, wppaumonan couaap Jlupuxse ¢yHK-
LMSCH YYUYH JaBD 3Mac.

Bunobapun, [upuxje (YHKUMACHHMHT Jaspiapu 1ynaamua QN\{0}
JaH HO0paT. JHI KMYHK Myc6ar IaBp 3ca MaBXyJA 3Mac —Gapua Myc-
6aT pailioHA/ COHJAp TYNJAMHHHHI MHQUMYMH HOb Gysm6, y Q\{0}
ra TeTHULIM 3Mac.

5. Ymby

f(x) = Insinx
¢GynkupaHd  Kapadiuk. By  dynkumma {x: x€@Qnk, 2k + Dn), k=0,
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+1, £2, ..} tynaavaa Gepuarad. Y  HaBpuil yHKUHSA, AaBpJapH
Tyniamu 3ca {2kn: k= =1, +£2, } 6Vaagum. 3Hr ku4MK Mycdar
gaBpu 2r ra TeHr (24-uu3va)

6. f(x) = x® HUHr HaBpuAMac (QYHKUMS SKAHJMCH paBaHgup. UyH-
ki “x Ba Gupop T(T + 0) conn yuyn (4.1) myHocabar YpuHIH 6Y.1-
maiiau. Uyukn x yuyd (x 4 T)® = x® tenryuk cdakar 7 = 0 6y.arad-
Jaruna Tyepu 6ysamys, sibHA 61popy/ (T 5= 0) vuyd XaM  IOKOpHIaru
TEHIVIMK /X Y4yH GaxapuIMaiiju.

7. Kyuunaru

A =Vx(1—x), )=~

folx) = 2x —cosx, [, (x) = 2xcos(x?)

dyHKUMATAp paBpuiiMac QYHKUMANAp Oysafu. YnapHuur gaspuiivac
dyHKIMANAD OYHIIMHH KeHHHDOK KypcaTaMus.
L@;aspm‘i DYHKUHAJTAPDHHHT Xoccaxapu. JlaBpui GyHKUMS
tabpudunan GeBocura KyfiHAard Xoccajap Keau$ 4HKaiM.
1° Arap X tynnamaa Gepuwirad f(x) Ba g(x) GyHKUHATAPHHHT Xap
6upu gaBpuit dyHxuusIap 6yau6, T + 0 yiaapHUHr maBpu 6y.ca, y Xoa-

na f(x) = g), f(x)-g(x) sa gm (g(x) = 0) dyHkuusaiap Xam JaBpui

q)yHKunmap Oymagu Ba T yJapHHHT xaM Jarpu Gyaamu.

2° X tynnampa Gepuarad f(x) YHKUWA KaBpHit  yHKUUSA, T+0
YHHHI JaBpu GYJICHH. g 3ca f(x) HuHr Kuiivarsiapu tTymiamu {f (x): x€X}
na Gepuiran uxtuépuii ¢yHkuus Oyacud. Y xoama g(f(x)) mypakkab
YHKUMA XaM AaEpuil QyHKUMA 6Yianu Ba 7 yHHHT XaM JHaBpH OyJaiu.

IOkopuna keatupuiraH XxoccagapiaH ¢ornataHuG, 6u3ra MawBaIyM
6ysren copma AaBpuil yHKLMAIAp BOCHTACHIA HC1a.IraH4a MYypPakkao-
JMKKa 3ra 6yaraH IQaEpuil QyHKUHASAPHH TY3HII MyMKP{Hj

Mucoa. Ywby

©,(x) = sin32x, @.(x) = arcsin(cos x),

(Pa(X)=hll/4 +tg2(x+%)
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PpyHkuuanap aaBpuit GpysKumsiaap 6vJagd. YIapHUHT JABPHHANMIH Sinx,
cos X, tZx (PpyHKUHAMADHHHT JaspuiMruiad xamaa 1°-Ba 2°-Xoccasap-
JaH KesHO uMKanu.

Kyfivgary xoccanap JaBpuil (yHKUMAMAD CHHGHHH —XapaKTep.OBYM
xoccamap 6ymu6, OHpop OGOYHKUMAHMHT JaBPHIIMIMHK Ba, adHHUKCA,
J@BPHAMACJIMIHAN TeKUMpUILIa KYJIaHWIau.

f(x) dyurmms X Tynaamaa GepuiraH 6YJICHH.

3° f(x) nampuit ¢yrkums, T == 0 cOHH yHUHT J1aBpu OV.sicuH. Arap
Xo HYKTa Oy (PYHKUMAHHHI GEPUJIMIL COXACHIa TeruulM, SbHH xp€ X
6ynca, y xonna 6apua x, + KT xVypunuuparn (=0, =1, =2, )
HYKTaJap XaM Iy coXara TerHuwtn Gynaiu:

X+ KTEX(E=0, =1, =2, ).

Arap x, HykTa f(x) (YHKUMSHHHI GepH/IMLI COXACHTa TerHuLTH 63VJ--
maca (x, €X), y xonga 6Gapua x, +— kT kiypunmgarn (=0, =1,
=+ 2, . ) HyKTazap XaM Wy coxara Teruuu Gy.amadau (x,+kT € X).

Wyspai kuau6, 6y xocca AaBpUii (YHKUMAHMHT GEPUJMII  COXacH
MabJyM CTPYKTypara sra OV.MIUM KepaKJHrHHH KypcaTaju.

By xoccaman Kyhnpard HaTHKa KelH6 YHKaJH.

I-HaTwxka. [laBpuil GyHKUMAHHHT Gepusui co¥acupa abcomor
KHiiMaTH 6yiinua ucTajraHya Katia GyaraH wmyc6aT Ba  MaHuiél CoHJap
6ynanu.

Miucon Yuwby

f(x)=Insinx
dyuriman Kapaiiiivk. By dyrkuus
A={x: x€(2kn, Ck+ Na), k=0, =1, =2, }
Tynaamaa Gepunrad. KapanaértraH (YHKUMAHAHT JaBPUAIHIH IOKOPHAA-
rd 2°-XoccafaH XaMm KeJub YMKajH.

¥x,€ A HyKTaHH ONaHaMK. A TYMUAMHHHT Ty3WJnllHra kypa 6apya
Xo + 2kn(k=0, =1, =2 ) KYpHHHUINATH HYK1azap iy A 1yn-
JaMra TerduM GYJMIIMHA Nafikaill KHAHH sMac. Arap x; €4 6yaca, y
xXompa Gapua x, + 2km (k=0, =1, == 2, ) KYypHHMIIZATH HyKTa-
Jap Xam A Tynaamra TerHunu 6y.Mainn.

Kyfunaru

f)=Vx1—x)

yuKuMs naBpuiiMac QYHKUMAAMP, YVHKH YHMHT Gepuauul coXacH X =
=[0, 1] cermeHTnaHruHa ubopar.

4° Arap f(x) naepuii dyHkuusa Gy.ca, 6y PyHKUMS Y3HHHHT Xap
Gup KHAMATHHM X apryMeHTHMHP 4eKCH3 Kyn KuHmaraapupa (6y Kuii-
MarJap opacuja abcosoT KuiiMaT GyiiMya Xap KaHya KarTa Gyaran/iapH
XaM Oop) Kabysn Kuiajy.

By xoccagan xyiupard HaTwXKa KeauG 4HKand.

2-natuxa. Arap f(x) maspuii ¢dyskuMs G6yaca, y OGepuail coxa-
CHAA MOHOTOH (yHKUMS 6YIMaiaH.

Miucon f(x) =sinx naepuit pyHKuus. YHuar X = (— oo, -+ 00}
Ida MOHOTOH 3MAacJ/IMr{ paBliaH,
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Kyfingaru i
fo(x) =2x—cosx, fy(x)=¢e""

dyHkuuanap paspuiivac QyHkuussaap 6yaaad, 4yHKH f,(x) = 2x —cosx
$yHKUHA (— o0, —-o0) da VYeymud, (fy(x) =2 +—sinx>0), fy(x)=

=¢e™" ¢yBKumst 3ca | KuAMaTHU X apryMeHTHHHr daxat Ourta X =0
KHAMaTuaaruHa Kalya Kdaafu.

IOKopuna KeatupuaraH 4°- xoccaHd Kyfinaardua aiitca Xam Oyaaiu.

3-watuxa. Arap f(x) naspuil ¢yHkuuft Gyaca, v Xompa acR
yuyH f(x) = a TeHriaMa éxu eumMra sra Oy/aMailid, EKH UEKCH3 Ky
eyuMra sra 6y.ianu.

Miucoa. f(x) =x*>—>5x 4 6 aaBpufimac ¢yuxuus OGynagu. HyHku
Va€R yuyHn xymaagai a=0 ga f(x) =x*—5x -6 =0 Tenr.1ama
UKKHTarHHa eyuMra 3ra.

5° f(x) maspuii dyHkuus 6yucus. Arapaa

fx+T)=f(x (4.1)
T ra uucGarTaH TeHrJaMa cHpaTHla Kapanaca (x HH 3ca mapameTp Jeiu-
ca), y xonza (4.1) TeHrgama x mapaMeTpPHHHT 6apya KMAMATAapH Y4YYH
ymymuit 6ysran HoagaH apksiu Kamuida 6utra T = T, eummra 3ra 6y-
ichit’d

By xoccara kypa f(x) QyHKLMSHUHr JaBpHAMAC/MMMHH  KYpCATHLI
YYYH X HHHT HKKHTA X = X,, X =Xx; Kubmatiapuga T ra HucOaTaH
ywgy

f(xo +7T)= f(xo)v f(x1 +T7T)= f(xl)
TeHI/IAMATapHHHT HONJAAH (AapK.IH YMyMHIl eudvra 3ra SMacJHTHHU
KYpcaTull eTapJHaHp.
Mucon. Ywby (— oo, -+ o) 1a Gepusiras

f(x) = {x} +sinx

byHKUHAHH Kapafiuk, OyHaa {x} — x COHHHHHI Kacp KHUCMH.
®apas xunaiauk, 6y naBpuit yHxuua Gyacud. T + 0 COHM YHHHP
JaspH 6yjcuH, ¥ xoaga ‘Fx€R yuyH
{x + T} +sin(x +T)={x} +sinx

6ynann. XycycaH,

x =0 6yaraaga {T} +sinT =0, (4.3)

x=—T 6yaraiga { — T} +sin(—7T)=0 y
6ynain. by Tenrauknapiau

{T} +{-T}=0

6yauu Kejus uukagd. Arap Xap KaHga#l x (x € R) COHMHMHL Kacp KMC-
MH {x} Manbui 6Y/MACAMIHHH 3BTHOOpra oscak, VH/A KeHuHCH TeHr-
mK ¢akat {T} ={—T} =0 6y.arauga, s T OyTyH Oy./rasiaruna
VPHHIH GV /THUIMHA TOMAMH3.

Uxkinun Tomongan, arap {T} =0 6{.aca, (4.3) Texraukaau sinT—=
=0, siu T —= ka(k =0, =1, =2, ) 6¥amuK  Kenub  YHKATH.
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T = kn xypunmunaru connap opacnia ¢akar O conuruda OYTVH 6Vua-
. Iemax,

{T}+sinT=0,{—T}—sinT =0

TeHraaManap arona T = 0 ymyMuii eunmra sra. byngan 3ca, 0Kopu-
aaru 57- Xoccara Kypa GepuaraH @OYHKUHSHMHT JaBDMAMAc 3IKaHJMIH
Keanb uyuxany.

6° f(x) maepuit pyHKuust 6V.5, T == 0 vHHHT 1aBpu GyJcuH. Arap
y3viaurn T ra Tenr 6Varad 6upop la, o - T} opamgia

1) <M (x€la, a —TY)

6ynca, apryMeHT x HHHT HXTHEpHH KMAMAtHIa XaM Iy TeHrCH3JHK
VpHHAH 6Ysanu.
Mucoa. Ywby

4 (X) = 2x cos (x?)

byHkuMAHE Kapahoauk. Papaz Kuaahauk, Oy zaBpudl  QyHKUMA 6YJHO,
T + 0 con ynnur naepu 6V.acud. Pasuwanku, “fx€[0, T] yuyn

12xcos(x?) | < 2xf € 2T

6yaanu. [6°-xoccara kVpa Gy TeHrCH3IMK X €R yuyH XaM YprHaR
T2

6yamu kepak. Bupok, x =1 2kn Gyaranza (k > 5—) 6y TEHICH3AHK
] 4

Gaxapuamaiign. Hemak, f,(x) = 2xcos(x?) paBpuiMac ¢yHKUMS.

IOKopunary xoccanap, aa6aTra, (yHKUMSHHHr 0aBpM  cHatuna
YHMHT 3HT KMYHK Myc6at paBpu (arap y MaBxkya 6yJaca) O.JMHranja
xaM Vpunavanp. Kearyciaa Ou3 viu6y xuto6ia 3Hr KMUMK  Myc6aT
J1aBpH MaBKyA (yHKUMAJADHHIHHA KapaliMu3 Fa (QyHKUMS JABpH JeraH-
Ja WV SHF KHYHK MYycOAT JQaBPHH TYIIYHAMH3.

4. MounotoH pyHkuus Teckapu pyHkuus. Mypaxka6b
dynruua. MareMaTHK aHaiu3 Kypcuja Vprauuaaaurad QyHKUMsaap
0pacH1a MOHOTOH (YHKuMAIap AMKKaTra ca20Bopaup. bus 6yniail ¢yHk-
uMa1ap 6usaH TaHHIIAMH3,

f(x) dynkuns X tinaavna Gepuaran G3JchH,

3-tabpud. Arap apryment x nunr X TYNJaMiaH OJIHHraH MXTHE-
puit x, Ba X, KHAMaTIapy VYyH x; <X, Oyaummpan f(x;) <f(xp)
(f (x;) <<f(xp)) TeHrcuanMk Keanb uuKca, f(v) ¢ynxums X TVn;amaa
yeyeuu (Kamoull ljcyeuu) 1eb aTasaiu.

4- Tabpmp Arap apryMent x wuHr X TYnsamzard uXveépui x,
BA ¥, KMAMaTJaph YuyH x; <Tx, 6Y.miunzan i) > fx,) (fx,) > f(xg))
TEHICH3JIMK Kenub YMKCea, f(r) dyHrkuua X 1¥naamaa kamawoeun (Kameuil
Kamawoeuy,) neb atanaim.

VeyBun Xamia KamaioBuM (VHKUMAJAD MOHOMOH (yHKyussap neb
ataaaju.

Mucoua. f(x) =x* dynxkuua X = R na kariuit JcyBun. Japraku-
gg/a'r, X, ER, X, €ER HyKTanap oaub, x; < X, GyJcHH fe6 KapaiiuK.

Xosa1a
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) — fle) = 6} — 1 = (6, — x) (G + %, %, + x)) =

I 1 A9 3 o
:(x2~—xl)[(x2—{— 5 ) +Tx-i]>0.

Hemak, x; < x, TeHrcH3aHK Gaxapuarauia f(x;) <j(x,) TEHrCU3IMK XaM
Gakapu/ajy.

- 60682 akcaaHTUPUII Ba YHTA TeCKapH GVJraH akC/JAHTHpHUI OHJIaH
TAHUUITAH 37UK.) OYHKUMA XaM aKCJAHTHPHMIL SKaHJMTHHH OHJICAK-]1a,
Kypc JaBOMHAA VKyBud OeBocHTa GyHKUMAMAD OWiIaH UIYFyJLIAHHIIHAHE
awTHOOpra osraH Xosna, 6u3 Gy epja Teckapd (QyHKUMA TyUIYHHACHHH
KeJTHPHULIHH JO3HM TOMNIHK.

X tynnampa y =f(x) dyHKuus aHukaaHrad 6Yamb, Y, sca dyHKuus
KHHAMaT/iapuaal uoopar TYmaaM OYAcHH, STbHH Yf= {f(x): x€X}. duaun
Yf TyIamiaH ogau#rad Xxap 6up y ra X Tynaamaa ¢akar GutTa
(f(x) = y 6yaran) x Hu MOC KVHHII MyMKHH GYJiCHH.

By xoama Y}t TYnJaaMias OJiMHraH Xap Gup y ra X Tymiamaa GuT-
Ta x Moc KyHuaumumnu whopanaiiguran dyuxuuara kegamus. Onataa, 6y
¢yHkuna y = f(x) ra Hu:0ataH meckapu Gynxyua ReHHIAH BA Y X =
=f"1(y) kabu Genrunanagu. Hemak, x = f71(y) wyHZad yHKUUAKH,
=) = ({(0) = x 6ynanu.

Arap x=f"1(y) dyukuust y = f(x) ra HucGaras TecKapu (yHKIHA
6y.ca, y = f(x) dyHkuHA x = f (y) ra HucGarau teckapu Gynmagu. Lly-
HHHT y4yH XaM gy = f(x), x = [T (y) dyHxuusanap ;jsapo mecxapu pyrx-
yusiap nedunagu.

Papwianku, Ky#ugaru

W=y M) =x
xoccanap VpuHIA.
Mucoa. y=f(x)=2x+1 dyukuuaaun [0, 1] opamugaa xapai-
muk. DBy ynkuuAsuar xubmaTaapu [1, 3] opanum—m TaWKMA 3ITATH.
[1,3] opanukina auuknauran x = [ 1(y) = - q)yﬂhumz GepuaraH y=

=2x -+ | Pysruusara nucbatan teckapd yHKUHA 6YJIa
SHaM Mypakkab (QyHKUMA TyluyHYacH GMJIAH TaHHUIAMH3.

y ={(x) dynkuua X coxajga aHHMKJAHraH O6Y.HG, Yf 3ca QyHKUHS
Knumamappmaﬂ uopar TynaaM 6yacu, sishn Y, = {f (x): x € X}. Cynr-
pa Y, Tymiamaa y3 naGatiga Gupop 2z = @(y) OyHKumA bepurad
6yncm{ Hatmxana X 1yn.r1avmaﬂ o/vHrad xap 6up x ra Y rynaamzia
ourray (f: x—y) con Ba Y TynsiamaaH oiuHraH GOyHmail y coura OHT-
Ta z(P: Y —2) COH MOC KYHHJIAIH:

x—’;y—?iz.
Hemak, X 1ymiaMaad osnuHraH Xap Gup x ra GUTTa 2 COH MOC KyHu-
JaiH.

Opatga, GyHpaéi xonga [ Ba @ QYHKUMAMADHHHT MYypPaAKKAO @YHK-
yuacu Gepurean jnefimnagy Ba y 2 = @ (f(x)) kabu GearunaHamu.

Macanan, 2= V'x + 1 ¢dyukuuaHy Kapadiuk. By ¢ynkous 2=} y.
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y=x- | dynxkuusiap 8ppamuga xocua 6yuradH. y =x + | yHKums
R =(— o0, + o0) 1a aHuksanran 6yub, z =}y Qyukums sca y=0,
abHU X + | > 0 na Maexyn 6ynagu. [lemak, z = Vx4 1 MYpakkab
byukuust yuily (X ={x:x€R, x > —1}) Tynnamaa aHuxjaHraH.

2- §. daemenrap dyHKuHsI2p

Masbaymkd, ¥pra MakTab MareMaTuka KypcHaa sJjeMeHTap dyHKLus-
JIap B2 yJapHHHT Gab3d OUp Xoccanapd VpraHuJajiH.

DyHKUHA — MaTeMaTHK aHAaJM3 KypcHaa Yprasuiagurad acocHéft oOb-
eKT Gyaranu yuyH 6u3 ywiy naparpapaa siaeMeHTap (yHKUMAIApra
TYXTaSaMH3,

DneMentap OyHKUMAAAD CcHHOM acocaH 3pKJH Y3rapyeudl x(x € R)
Xamja yarapmac COHJap YCTHRA KYIIMUI, afupuil, Kynmadtupuul, 6Y/duw,
Japaxara KyTapHil XamJa JIorapHQMJUALl amaaapHHH Gakapuil Halu-
’Kacuia Xocua 6ynagu. By xocun 6y.rad nbopasapHUHC MaBKYAJIHIH
2- 6o6na OGatapcun Kapab YTHUATAH XaKUKUH COHJIAPHHHT HHFHHIUCH,
adfiupmacu, KynautMac, HHCOATH, HIYHUHTAEK, XaKHKHH COHHMHI XaKH-
KUH Japarkacd, XaKHKH#l COH JOrapubMUHHHI MAaBXyIJIHCHAAH Kesud
qUKaRH.

1° ByTyH Ba Kacp pauuoHas pysruusmap. Ymby

y=a,x" +ax"'+ Lo _ x+a
kypusuuigaru dyukumsi (6ynga n€N sa a,, a, a, ,, a,— y3rap-
Mac COHJIAD) OymyHn payuoHar gyrkyua ne6 atanangd. ByTyH paudoHax
byuxuus xgnxad ne6 xaMm loputHiaans. ByTyH paumoHan ¢yHkuus R =
= (—o0, --00) na aHMKJaHrad. XycycaH, y = ax -- b — UH3UK/H PyHK-
uus Ba y = ax® - bx +-¢— KBajpat yuxapnap GyTyH palHoHasa QyHK-
uusnapaup. MawayMmkH, UYH3HKAM QYyHKUMSHHHT rpaQUrH  TeKHC/THKJ2
TYFPU YH3HKHH, KBajpaT Yy4XaAHUHT rpaduru 3ca napaGosiaHu udopasai-
au. Keagpat yuxaj rpaurHHMAr xosatH a Ko3DOHUMeHT XaMpa [auc-
KpuUMHHAHT 4 = b% — 4ac HUHT Hulopanapura GorJHK GYaaau. 25- yusMana
napaGo/iaHUHT TEKHUC/IHKAA TYDJHYA KOMJIAHMUI XONMaT/AapH KYpCaTH/raH.

! - Y
Y a>g 0 : X >
d<7 \ /d>0
0<( T
JE S S S,
g1 I / d<g o \l/ X
y <) Y Yh
a>0 IN] g
7 X d=0 a<0
d=0
0 X
25- uu3Ma,
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VIkku 6yTyH paumona’ (bvHKUMSHHHT HACGaTHAAH TysH.IraH

y= apx® Lo "Ny L a, xta,
box® +byx™“ Tl .+ b, _yx+b,

GVHKUMA Kacp payuoHan yrkyus Jeb atanaiu. Kacp paumoHan ¢QyHk-
nus

X =R\{x: x€ER, byxm + bxm™* 5- +b,_,x+b,=0}
TYNJaMAa, S’PHH MaxpaXKHH HoOsra aflJJaHTHPYBUM HyKTanapiad apkau
6ynrad Oapua Xakukuil coHsapiaH uGopaT TYn/aMaa aHHKJaAHTaH.

1 x--b

Y XycycaH, y= —Ba y= ———" Jap
X CX — d

Kacp paudoHas] ¢yHKuusiaap 6yaanu.

Mavaymrn, y = —  ¢yHkuus  rpagury
X

g X tenr éuau rumepbosazaH udopat (26- un3Ma).

ax+ b
By rpajuknn Guiran xoama y = et
- cx+d

OYEKIHA rpadUrHig sicall MyMKHH.
2° Hapaxaau dyHruusa Ywoy

26- un3ma, n

y=x

Rypuauwuaary GyHKUMs dapaxcaru pynkyus 1e6 artanand, 6yHma | HX-

THEpHH Y3rapmac zakvkui coH. [lapaxanu QYHKUMSHUHT aHiKJI2HM CO-

XacH @ ra GoFsMK. u 6yTyH COH Gy.araHza paumosaa ¢yvkuisira sra 6y-
1 - v

Jamu3. Arap p panmodan, Macagan p = — >0 6y.aca, m xy}T Gyarania
m

LS

x" =x" QYHKUMAHHHT aHHKJAHUL coxach X = [0, 4-o0), m Tox 6yarau-

Ja 3ca (PYHKUHAHHHT aHMKJIAaHHUI coXacH R = (—oo, - o0) OpayMKaaH

H6opaT Oynaau. p Hppaunonal oOysaranza x>0 ge6 oauHaau. [lapa-

Kand GYHKUUAHMHT rpagurd w > 0 6Varania Xap oMM TEeKHCJAHKHHHT

(0,0) xamna (1,!) vyxraaapuaan yraaum (27- uiuzma)

v}
M=2 . Y
- usz
1 v O<act o>f
1
0 ! X
7
g X
27- yu3Mma. 28- unsMa,
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Hapaanu dysxuua y=x * ywody (0, co) opamukaa p >0 6y.rau-
za ycysuu, p <0 6y.iraHga sca KamaioBuH GYmraiu.
3 Kypcartkuuad yHKuUHA Ybdy

y=a
kypusmiLiard GyHKUMA Kypcamkusau ¢ynkyus ne6 ataaand, 6yHna a
Xakukuit coH, a>0 Ba a¥ 1. Kypcatkn4iu OyHKUMAHMHT AHHKJIAHHII
coxacd P tyniaMaan uoopat 6yaMO, QyHKIHA KHAMATJapd 3Ca Xap JOMM
mycGar Syqazd. DBy dyukuusanuur rpapura OX YkHEaH OKOpHIA
Koilgawran sa AouM Tekucaukuaudr (0,1) Hykracudan yragu (28- ynama).
4° Jlorapudmuk GyHKuHA. Ywoy

y=log, x

KVpuHHLIgarn GyHKuus ao2apugmuk ¢pyskyus 1e6 atanagu, Gynpa a>0
Ba a1 .lorapubmuk dynkuus X = (0, — oo) HHTEpBa/IA aHUKJ/IAHTAH.
By dyuxkuanuuar rpapury OY VKHHHT VHT 10MOHHIQ IKOMnauirad Ba
gouM Tekno adkHHAT (1,0) HyKTacHaad VTain (29- usama).

L
¥e

-

e,

S

-
N

S

29- yuzma. 30- ynsma.

5° TpuroHoMeTpHk GpyHkUuHAIap. !0y TEKUCJAHKAA, MapKa-

34 KoopjHHaTasap GowMia, paguycd | ra TeHr Oyaran £ 4 y*=1
aliiakanu ogaiiiuk (30- uuama). By aétnananunr C (1,0) HykracupaH yH-
ra CP ypuuma ytxazamus. Koopausata Gownaan yekkad Ba Of YK Gu-
JaH x Gypyak Tamkua 3traw Ol Hyp afinaHanH A HykTaga, CP ypuH-
maHd B uykraga xecagu. By A Ba B HyKTaJlapHHHT KOOPAMHATa/apH
moc paBuwaa (¢, y,), (1, y,) 6Vacud. Paswanku, A Ba B HyKTanapHusar
VpHH x 6ypyakka GorauK. Jlemak, Xap 6up xER coH yuyH Of VK 6u-
JaH x 6ypuak Tawkua stagurad Ol vyp yTKasuaca, 6y HypHUHr afizia-
Ha Ba ypHHMA/dp GHJIAH KeCHIUraH HyKTaJapHHUHT KOOpAHHATajapH f,
Y1, Yy nap x ra OGorauk OVaub, Xap OMp x ra uly KOOpPAMHATanapHH
MOC KVYSHTHK

fix—t,

(p:x_‘).ylv

Pix—> gy,
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Opatpa ¢ :x—y, ra sinx, f:x—f ra cosx, {:x—>y, ra tgx pyux-
yun peb aranany:

Yy =sinx, y, =tgx, t =cosx.

Byuga y, = sinx, {=cosx ¢yHxkUmsanap R Ja aHuKJaHraH 2w JaBpau
¢dyuxuusaap 6y.mb, yaap yuyn  x€R na
—l<sinx< ], —I<cosx<1
TEHICH3JIMKJAp VPHHIH Gysanu.
ya=tg x dyrkuma X = R\{x: x€R; x=(2k—}—l)—;—; k=0, +1,...}
TynjaMzaa aHuKjaHras.

Y
2r -3 x -Z 0 z ES 3 Jfor X
e
Q
5 /-‘[\
7 |-m AF - ERVZIE:

1
Ny
o
NN
S
N|§'
>y
A1
Ny
T T Ty
>

31- up3ama.
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ctgx, secx, cosecx @yHkuusinap sinx, cosx sa tgx ¢yHkuusap
OpKanH Ky#uJaruya anug/aHafu:

| 1
ctg x = —, secx= —, cosecx = .
tg x cos x sinx

Ywsy sinx, cosx, tgx Ba cigx oyHxkuusaapauur rpaduxaapu  31- g,
6, 6, ¢ uM3Majapia TacBHPJAHTaH.

6° Tunep6oauK QyHKUMAAAD. YOy y=¢" KypcaTkKuuu
dyHRuEs €praMMIA Ty3HJITaH KyHunard

et — e~ % e* g% & — % & Lo~
2

) ’ *

2 & — % & — %
GyHKUHATAD 2unepborux (MOC DAaBHILAA 2UnepbOAUK CURYC, 2UnepOOAUK
KOCUHYc, eunepborux maneeHc, 2unepbOLUK KOMAHEeHC) (yrKyuarap
ne6 atananu Ba yaap shx, chx, thx, cthyx xabu Genrunananu:

e — % e % ef —e %
shx= """ chx=-"——— thx=—pr—
2 2 & Lemx
x —x
e~ ¢
cthx = ;
ef —e™*

shx, chx, thx dyskuusnap R pa, cthx dyukuus sca x = R\{0} tyn-
JaMJa aHHKJIaHraH.

TinepGosk (yHKUMSAIAD OpacHia XaM TPUTOHOMETPHK (PyHKUHAIAp
opacuard GOFJIaHMWra yxXuiam myHocabaTaap MaskyA. Macanaw,

sh x chx

thx= y ctgx= =, sh2x-=2shx-chx.
shx

chx

7°. TeckapH TPHrOHOMETPHK PyHKUHAIap. Mabaymky,
y=-sinx GyRKUHA R 12 aHuKkjaHraH ©Yaub, YHUHT Kuimataapua {y€R:

—1 <y< 1} Tynnavuy Tawkua sTagd. Arap 6GU3 aprymeHT X HHHD

T T o .
XEX = [—- —“2—, —2—] CerMeHTAard KHUMAaTJapHHH Kapacak, Y = sinx

VHKOMSHUHT KMAMATaapd xaM Y = [—1, -~ 1] cerMeHTaa ¥3rapwud,
i1 1 o

OyHpa X = [_ - '2—] TYnIaMHMHr  3qeMeHTaapn Y =[—1, 4 1]

TYVIAMHHHT 3JeMeHTJapy OuaaH y3apo Oup Ku#Matad MociHkiaa 6y.na-

au. By Xoa y = sinx ¢yukumsara uuc6ataH Teckapd (QYHKUHSHH Kaparl

HMMKOHHHH Gepajgu. y = sinx dyyHRUusAra Teckapud QyHKUHS y = arcsinx

Kabu Genrunanagu. [emak, y =arcsinx ¢yukusa X = [—1, +1] Tyn-

o o T T o
Jamja aHugJadrad 6yqub, yarapuil coxac Y = [— -5 3| Tymaam-
HH TaKWJI 3Tagy.

XynaM IuyHra yxXmaw, y=cosx, y =tgx, y = ctgx dynruusnapra
HHcOataH TecKapu OYJraH QyHKUMANAD XaM Meckapu MmpueOHOMEMpPUK
Gynkyuasap peannud, yJaap MOC paBHUIa Yy = arccosx, y = arctgx,
y = arcctg x xabu OGesarunasHaigu.

y=arccosx oynkups X =[—I1, 1] ra auuxgaHrad G6y.mo0,
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(S

iy

32- gp3ma.

yBuHr KuiMatiaapa Y = [0, n] Tynnampan u6opar. y = arctgx, y=
= arccigx ¢yHkuuamap R 1a aHugnaurad. By ¢yHKuusjapHuar yara-

11 19 o
pHUI coXasnapH Moc paBHILAA (—-;, —2—) ea (0, =) Tynjamnapnan uéo-
par.
32- ynaManapaa TeCcKapH TPUTOHOMETPHK (YHKUMAJIAPRUHT rpadHKna-
PH TacBHpJAHTaH.
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3- §. OyHKUHA JHMHTH

Bua 3- 6Gobpa Harypas apryMmenT.H (YHKUHS — COHJIAD KeTMa-KeT-
JMTH BAa YHHHT JIHMATHHH §praHauk. OHIH apryMeHTH XaKUKHME COH
6ynraH «QHyHKUMSA JHMATHHY KapalMus. ABBajo COHJ2D TYNJIAMHHUHT
JUMHUT HYKTacH TylUyHuacH OuiaH TaHHilaMH3.

I. TyngaMHHHT TUMHUT HyKTacu MabayMku,

Ug@)—={x: x€ER, a—e<x<a+e}

TymIaM a HykTaHuHr atpobu (e- aTpopu) 1e6 aranap 3au. Ulywra yx-
wau, yusdy

Uf@ ={x: x€R, a<x<a+e} (4.4)

TYM/aM @ HyKTaHHHT YHT aTpodu,
U:"(a) ={x: x€R, a—e<x<a} (4.5)

Tyn/aM @ HYKTaHHHT 4Yanm atpodw,
U, (o0) = {x: x€R, | x| > ¢}, (4.6)
U+ o0)={x: xER, x>}, “4.7)
U,(—o0)={x: x€R, x<—¢} (4.8)

TYNJaMjap 3ca MOC PaBHIlZA 00, —— 00 BA -—O00 HYKTa» JIAPHHHT am-
popu reb atanagu. (4.4) —(4.8) napaa e Ba ¢ nap uXTHIpHA Myclar
XaKHKHI COHJap.

X — 6upop XakHKHil COHJIAp TYIJIaMH, @ — GUPOp HyKTa GYJICHH.

S5-Tabpud. Arap a HyKTaHuHr xap Gup atpopuma X TYmJIaMHHHT
a paH dapxau Kamuaa GUTTa HyKTacH 6Vuica, @ HykTa X TYmaaMHHHT
aumum nyxkmacuy neb aranand.

Hemak, a Hykta X TYIJaMHUHT JHMHT HyKTacH Oyaca, e >0 coH

yuyH ,
U\ {a}} N X+ 2

MyHocabaT Ypuusau 6ymanH.

Mucoaaap. 1. Yuby [0, 1] ={x: x€R, 0 < x < 1} Tynaamuusr
xap OMp HYKTAcH Iy TYMJIAMHHHI JIHMHT HyKTacH Gyiand.

2. Yuoy N={1, 2, 3, . .} TyniaM JuMHT HyKTara 3ra svac.

3. Ywby (0,1) ={x: x€R, 0 < x< |} TymiaMuuar xap Gup HyKTa-
CH Wy TYMJAMHHHI  JHMHT HyKTach Oyjand Ba siHa x =0, x =1
HykTanap xa™m (0,1) yuyH JAMMHT HyKTanapiaup.

4. F— [0, 1] cerMeHT xavaa 2 coHHiaH ubopar Tymnsam GYJICHH,
aeag F = [0, 1] U{2}. By Tynaam yuyH x=2 HyKTa JHMHT HYKTa
3mac.

IOxopuaa xeatupwirad Tabpud Ba MHCO.1apAaH KyHugard HaTHKa-
JIap YHKALH:

1°. X TynjaMHUHT JHMUT HyKTACH Wy TymJamra TerHuu GYJniuM
XaM, TerHuum OYJMAC/AMTH XaM MYMKHH.
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2°. Arap a uyKra X TYNJIaMHUHT JHMHT HyKTacH 6Y./ca, a HyKTa-
HHHT Xap 6up aTpoduaa X TYn/aMHHET YeKCH3 KYym HyKTazapu Gy.a-
zu. bynn ucbornadinuk. Teckapucuun ¢apas KujiaMmu3. @ HYKTaHMHT OH-
pop Uy a) atpodura X TYNJaMHHHT UeKJH COHAATH o, O, ) Oy,
HYKTaJapH TernuH 6yJcHH. Y Xoaga |a—a, |, |a—a,], , la—a,
Ba O COMJIADHHHT 3HT KHUMrHHM 8 ne6 oqunca, a myxtamuar Ua)at-
pobuna X TYNAaMBHAT @ AaH GapxjH OHTTa XaM HyKTacH GyJaMaiji.
By 3ca a HykTa X TYNIaMHHHT JIMMHT HYKTacH SKaHHra 3uIIHD.

3° Arap a HykTa X TYNNaMHMHT JMMHT HYKTacH Gy.ca, X Tym-
JaM HyKTajapuiah a ra uutiayeud {x}, (x,€X, x,+*a, n=1,2,
3, .. ) KeTMa-KeTsIMK Tysuwi MyMkuH. Ilynu xVpcarailiuk.

Hosra untaayBUM Myc6aT coniap keTMa-kersurd {8,} Hu oamb, a
HYKTaHHHT

Ubn(a)={x:x€R, a—§ <x<a+§8} (n=1,2, )

atpodiapuHH KapaHJMkK. @ HykTa X TYNJaMHHHT JHMHT HYKTAcH 3Ka-
Huptad xap 6up Us,(@)(n=1, 2, ) atpopia X TYnJaMHHHr @ JaH
(bapKsM X, HYKTacH TONHJAJH: xnéUB’1 @(n=1, 2, 3, ).

IOxopuparu 2°- Xoccara 6uHoan, Oy X, HYKTaHH X;, Xg, Xy
JapaaH ¢apkaH Kuaub oaumwmMH3 Mymkud. [lynpali gkuin6, xap 6up
n=1,2, 3, yuyH |x, —al <8, 6ynagn. n— oo na 6,— 0 skan-
Auruzad ¥ € >0 coH yuyH myHpal n,€ N Tonuiaguku, VN> n, ha
6,<¢e 6Vnagu. emak, ¥ &> 0 onunranjia xam mysnad ny €N Tonn-
JaJ¥KH, V1 >n, yuyH |x,—al<e TeHrcusauk Vpuaau Gysnamu. By
3ca limx, = a nemMakaup.

By kenrupuaran MynoxasanipiaH KypHHajuky, OyHIA KeTMa-KeT-
JHMKJAPHH KYa6 Ty3HII MyMKMH,

6-Tabpud. Arap a HyKTaHMHr Xap Oup Vur (uam) atpodpuza X
TYNJAMBUHT @ JaA $apK.I¥ Kamuja OuTTa HyKTacH 6Vaca, a HykTa X
HHHT §He (uan) aumum nyxmacu jie6 atanamu.

7-taspud. Arap xap 6up U, (o0) atpopaa X TynnaMHHHT KamH-
aa 6uTTa HykKTacH OyJca, oo «HyKTay X TYAJIAMHHHT AUMUM HYKMAcw
JeduIand.

~+ 00, —00 «HYKTa» JADHHUHT JIMMHT HyKTa OVJHIOM XaM OKOpHia-
I'H CHMHMApH TabpudaaHany.

Macanan, + oo «uykta» N ={l, 2, 3, } TYnnaMsHEr  JTHMHET
HyKTacH GymaamH.

2. DyHKUHUSA JUMUTHHUHT Tabpudaapu. X = {x} xakukuf
corJsiap TynJaMH Geprural 6y 0, @ HYKTa VHHHT JIAMHT HYKTacH GVJCHH.
By Tynsamza f(x) pyHKIMA aHUKJaHTaH Jedauk. MojomukH, a BykTa X
HHHP JIMMHT HYKTacH 3kaH, X TYILIaMHHHT HyKTasapuaaH 4 ra MHIH-
ayBud Typma {x }(x, #a, n=1, 2, 3, ) KeTMa-KeTJIHKJap TY3HI
myMkuH: limx,=a. Papwanku, x,€X (n=1, 2, 3 ). Olysusr
yu4yH 6y HyKTanapia Xam f(x) ¢yHkuss ammgoanrag. Hammxaga {x,)
KeTMa-KeT/IMK 6usan 6upra {f (x,)}:
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f(x1), F(xa), f(xn) s

COHJIAD KeTMa-KeTJMIHra XaM 3ra Gysiamua.

8-tabpud. Arap X TYnnaMHUHr HyKTajJapHl1aH Ty3WJraH, a ra
MHTHIIYBYH Xap Kauda# {x }, (x,+a, n =12, ) KeTMa-KeT.IMK 0JI-
raupmusaa Xam Moc {f(x,)} KeTva-KeT/IMK XaMma BakT sroHa b (ueknm

€KH YeKCH3) JHMUTra MHTHICAa, Wy b ra f(x) GyHKUMAHHHT a Hyxkma-
Oazu aumumu ne6 aranagn. OyHkuua anmutd limf(x) =b kabu Gen-

X—a

THJaHany.

dyukups auMuTHra GepuaraH 6y Tabpmp I'efine Tappudrn ne6 ata-
JajH.

Dabzan b wu f(x) HUHT X—a Jard JHMHTH JeHMiaid Ba

x—>a ga f(x)=>b
Kabu GenruiaHaiH.

Kentapuaran tabpuduuar yméy MYXHM TOMOHHTa YKYBYMHMHT 3BTH-
GopuHH Kan6 KHIalJMK: @ ra HHTHAYBUM Xap kauma# {x}, (x,#*a, n=
=1, 2, ) KeTMa-KeTIMK y4yH X,~>a ja {f(x )} KeTMa-KeTIHKHHHT
JHMHTH ONMHraH {x } KeTMa-KeTIMKKa OoFymK G6Y.Macjiry Kepax.

Mucoanap. 1. Yuwby

1 o
——, arap x =0 6yuca
fly=1Tea P e
0, arap x =0 6y.aca
GYHKUMAHUAT x — 0 jary JMMHTH | ra TeHT 3KAHHHM KYPCATHHT.

Xap 6up xanu Hougad dapkaM GyaraH Ba HOIra MHTHJAYBYUH HXTH-
épuit {x,} xeTMa-keTauk omaiauk: lim x, =0(x, 0, n=1,2,3, ).
Y xonza ywby

e Y : ]
() {1+x,i |
KeTMa-KeT/IMKHH XOcHJ KHjavus. PaBwankyn, x, —0 na
1
limf(x )= 1lim = 1.
Fx) e

Hewvak, Taspudra kypa

1
hmf (x) = lim
x—-0 1+ x2

2. Ky#nparu
f(x) = sin % (x # 0)

byHKUNAHUAT X — O Jary JHMHTH Mamxyn 3Mac. XaKuKaTaH, HOJira HH-

‘ 2
THAYBYH MKKHTA Typau {x} = { m— T J {x'} = —_1}_1} KeTMa-
KeTJAMKHH osialiyivk. Dysja
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4n--1
n=1

F(x) =sin n=—1, f(x)=sin 4";”
6.6,
limf(x))=—1, limf(x)=1.

.1
By 3ca sin — QyukuusHuHr x—0 Za JUMHTH MaBXKyJ 3Mac/H-
X

THHH KypcaTajH.

SHau GyHKUUA JAuUMUTH Tabpubuaard X TYIIaMHUHT HyKTaJapAiaH
TYSHJTaH, 4 Ta HHTHAYBYM {X,} KEeTMa-KeT.IMKJAPHHHI Xap GHp Xamu
x,(n=1,2, ) H4 @ ra TeHr OyiaMacuH, He6 aHTHAraH [IapTra

H30X Oepamu3. Arap Tabpupmard Gy wapT oad6 TauiaHca, y Xoaaa
JHMUTTa 3ra 6yarad QyHKUHAAap cHHGH OHpMyHua «rtopasmm». Xycy-
caH, 6H3 IOKOpHIA KEJATHpradH l- MHcOzard QyHKUHA XaM JIMMHTTa 3ra
6yiMait KonamH. XaKHKATaH, HOJNra HHTHJYBYH KETMa-KeTJIHK cHartHia

{x.}: 0, 0, 0, 0,

KeTMa-KeTJIHK OJIHHCA, f(¥) HHHr KuBMaTJapHiaH TallKWI TONTaH MOC
{f(x,)} KeTMa-KeTJHKHHHT JIHMHIH HoAra TeHr G6y.M6, HaTHXaja

%,~>0 (x,#0,n=12 ) nma f(x)—>1,
x,—>0, (x,=0, n=1, 2, ) na f(x)—0

MyHocaGarjapra sra 6ynamus. by sca x—0 1a f(x) dyHKUHA JHMHTIa
3ra 5MAacJHIHHH OHJIMpPAJH.

OYHKUMA JUMHTHHH 6OLUIKAYa XaM Tabpu(uiaill MyMKHH.

9-tabpud. Arap e >0 coH yuyH wyHnail & >0 coH |Tomuica-
KH, apryMeHT x HUHT 0 < [x—a| < 0 1eHICH3/IHMKHH KaHOA [JIAHTHPYBYH
Gapya KuitMattapuaa |f(x) —b| <e TeHrcusauk OGaxapuica, b coH f(x)
OYHKIMAHUET @ Hysmadazu Aumumu Re6 atanagu.

10-tabpud. Arap e >0 con yyyH wmyHnali 6> 0 coH Tomua-
cakH, aprymedT x HHHTC 0 < |x—a| <0 TeHrCH3JIHKHH KAHOATJIAHTH-
pyBuu Gapua kufimatsapupa |f(x)| >e (f(x) >e, f(x)<—e) 6Yica,
f(x) dyHKuuAHHAT @ Hyxmadazu Aumumu oo (+ oo; — o) HeAHNAIH.

DOyHKUMA umuTHra Gepuarad 6y Tabpud Komwu TabpHdH neb
arajany.

Mucoanap. 1. Yuby f(x)= —:’_;5—

o QYHKUMAHHET X —>5 jard

.
JHMHTH o 6V JHIUHHH HCOOT STHHT.

. 1
& >0 con onainuk. By e ra xypa § Hu § = _?_8 ae6 oJcak,
12
y xoaga 0 <|x—>5|< 8 6yaranaa
x—5 1 I |x—5 |x— 5} L}
— =77 < = =€
x3—2b 10 10 x+5| 10(10 — |x — 51) 10—-6

TEHICH3/JHK Gaxapuaaad. Dysgan Tanpupra xkypa
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-
X—0O

. . 1
limf (x) = lim —_
x—5 f( ) x-5 x3—25 10

Keaub yuKamy.

2. Y6y f(x)= YL—] GyHKUMA yuyH x— 1 ga f(x)—> oo 6Yyau-
IHHK KYPCATHHT.

ve>0 con yuyn § = i— Ae6 oauHca, y Xoaga 0<fx—1j< &
TEHICH3,JHKHHHT GaxKapH/HIIHAaH

1) =] | >

TEHTCH3/HK Keau6 uukaad. Jdemak, lim

- Xx—
QyHRUMA auMuTH Taspudugard 0 << [x —a] <<  TeHrcHamHK a— 8§ <
< x<a-+3§, x> a TeHIrCH3THK/JApra 3KBHBAJIEHT G6yyu6, yHKUMA ap-
FYMEHTHHHHT Oy TEHTCH3/IMKJApHH KaHOATJAHTHDPHILIM YJAPHHHT @ HVYK-

TAHHHT Ua (a) arpodura Ternunty GyammmnH Hdopanafian. Byxna

05(a)={x: XER a—dbd<x<a-+ 8 x+a}.

lynra yxwam |f (x) — b < & TeHrcusnukuuHr 6axapuanu x € Ug(a) 1a
f(x) GyHKUHSHHHT Kuiivatnapu b HykTanuar U, (b) atpoduma 6Y.mim-
HH GHIAMDATH.

OiyHaait kuauG, QyHKUMA JUMHTHHEHET MKKH xui— lefine Xamza
Koum tabpudsapy Kemupuagi. SHaa 6y TabpH(IAPHUHT 3SKBHBAJIEHT-
JIMTHHH KypcaTaMHs.

a) f(x) dyHruua x = a Hykraga Kowu Tabpudura kypa JauMurra
sra GyJcuH, sSipHH e >0 coH yuyH wyHza#h 6 >0 con Tonmaaauku,
0<|x—af<: 0 TeHrcusiMK Gaxapuaranga |f(x)—b| <e TeHrcusank
XaM ypuHaM Gyaamy.

X TynnamMHMHT HYKTajlapHjzaH Ty3HJaraH, Xap OHp Xajau a 1aH ¢apk-
JM GYnraH Ba a ra MHTHAYBYH uXTHépuE {X,} KeTMa- KeT/IMK O/aff.HK:

limx,=a (x,+a, n=1, 2,3, ).
CoHunap KeTMa- KETJIHTH JIUMUTHHHHT TabpudHra Kypa, 1oxopuaaru § >0
yuyH wyHzalk n,€N coH TonunamukH, Gapua n > n, Jap y4yH [x, —
— aj < 6 TenrcHsnMK ypuHau 6Viamu. Hatmkapa x, #a, n=1, 2,
myHocabatra kypa 0 < |x,— a| < § TeHrcusmMknap kKeqmu6 umxaau. By
TEHTCH3AHKHUHT YPHHJIM GYaHIIHAaH
f(x)—bl<e

TEHICH3/IHKHUHT Ga:KapUiHIIN KeqnG unkanu. [eMmaxk, x, —a aa f(x,)—>b
6yaany.

6) f(x) dyukunsa x=a Hykraga [efiHe Tavpudura Kxypa JauMuTra

sra 6ysucuH, AbHH X TYNJaMHHHT HyKTajJapuaad Ty3WJrad, @ ra MH-
THNYBUH Xap Kampah {x} (x,+a, n=1, 2, 3, ) KeTMa KeT.WK
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onrasuMu3fa Xam Moc {f(x,)} kKeTMa-KeTJHK XaMMa BaKT sroua b .-
MHTra HHTHJ/ICHH.

Bus & cou f(x) dyuxkunannur x = a Hykraga Kowwu tabpudura xypa
XaM JHMHTH GVJIHUIMHH KYDPCaTHIIMMH3 Kepak.

TeckapucuHu (apas KuIadmHk, ABHH f(x) QYHKUHA X =a HyKTaga
lefine Tabpudura kypa b numaTra sra 6y.ca XaM GYHKUHA Wy HyKTa-
Ja Kowmn TabpupHra acocad b JuMurra sra GyamacwH. YHaa Gupop
g > 0 coH y4yH uxTuépuii KHYuK MycGar 6 COH OJMHraHuza XaM apry-
MEHT X HHHT 0 <C ]x —a] < 0 TeHrcU3IHKJApPHH KaHOATJIAHTHPYBYH G-
pop x' kuiiMatuna

If (x')—bl >¢,

6y 1any.

Hounra untuaypus Myc6aT coHsIap KeTMa-KeTJHrH {6,} HH OJaf/IHK.
Y XoJza loKopuparura Kypa xap 6up 6, >0 (n=1, 2, 3, ) yuyn
aprymeHt x HuHr 0 < |x—a] < 8 TeHrcM3MMKJApHU KaHOAT/IAHTHPYBYH
wyHtat x=x, (n=1, 2, 3, .) kuilMatH TonmaammkH, 0<|x, —
—a|l< b, Ba |f(x)—bl =&, Gynanu. Ammo 8, —0 nam x,—a. By
xomna lefine Tavpudmra acocan f(x,)—b 6yumu sosum. IOKopuaaryu

MyHocabat 3aca Gyura 3upaup. JHdemax, f(x) dyHKUHA x =a HyKTaga
Tefine Tabpudura Kypa b suMHTFa 3ra GYJUIIHAAH YHHHT WYy HYKTana
Ko Tabpudura kypa xaMm b aumutra sra 6y/HiIH Keaub YHKATH.

3. PyHKUUSHHUHT GUp TOMOHJAH JauMutaapu. X Oupop
NaKHKHH CoHsap Tym/jaMH 6ysiu6, @ YHHHT YHT (4all) JHMHT HYKTacH
6yscud. By tynnamaa y = f(x) QyHKUHA aHHKJIAHTraH JeH/THK.

1l-tabpud. (Fefine). Arap X TynJaMHHHT HyKTa/NapHAaH Ty3HJ-
rag Ba Xap OMP Nagu a JaH KarTa (KH4YHK) 6Yaub, a4 ra HHTHAYBYM Xap
Kaupa#t {x } keTMa-Ke1JHMK osraHHMu3ga xam Moc {f(x,)} KeTMa- KeTIHK
XaMMa BakT AroHa b ra uHTHAICE, Wy b HH f(x) OQYHKUUSHHHT a@ HYyK-
madazu yue (4an) aumumu ne6 aranaj.

12-tabpud (Kown). Arap ¥re >0 con yuyH wyHzak 6 >0 coH
TOMH./ICAKH, apryMeHT x HHHI a<x<a-+ 0(a— 0 <x< a) TeHrcus-
JIMKJIADHH KAHOAT/IaHTHPYBYH Gapua KuiiMaTaapuaa |f (x) —b) <.e Tenr-
CH3HK Gaxapuaca, b CoH f(x) GYHKUHAHHHT @ Hyxkmadaeu guz (4an)
aumumu ned atanagy.

DYHKUMAHKHHT VHT (4am) JHMHTH KyHugarddga Ge/irusiaHafii:

lirr}_0 f(x)="0 éxu f(a+0) :b(lim0 f(x) =b éku f(@a—0)=0b).

X —a X—+a—

Arap a =0 6yaca, x—>0+0 (x—0—0) ypuura x > +0 (x> —0)
ne6 é3nanH.

DyHKHUSIHUHT VHT Ba 4an JIMMHTJApH, YHHHT GUD TOMOHJH JH-
MHTJAapPH JeHHaa]y.

Mucoun. Yuby

f) = ch (x # 0)

YHKUMAHH KapaHJHK.
Xap Gupu HO.ira MHTHJIYBYM HKKHTa
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{x}:x, >0 (x,>0,n=1,23 ),
{(X}:x,—>0 (x;<0,n=1,23 )

n

KeTMa- KeTJIHKHH onaiiiuk. DBy xeTMa- xeTnmukjap ydyH

’ ”

Jo)= =11, [ =—tr=—1>—1
6ynanu. Hemax,
lim f()=1lim = =1, lim f(x)=1lim X =—1.
x40 xo1+0 l'\l x—~—0 X—>=0 lx[

QyBKUMAHHHT OHpOp HYKTaza OMp TOMOHJHM JIKMHUTJAPH MaBXyZd
6y aMIMan YHHHT U1y HYKTaga JMMHTTa sra 6yamn xap JouM xeaub
yHKaBepMaiiay.

bBupox Kyhumars copua TeopeMa YDHMHJIMAMD. @ HyKTa GHp BakTHUMHT
yaupa X TynnaM y4yyH VHr Ba Hanm JMMHT HykTa 6yamnb, 6y Tynaampa
y = f(x) dyHKRUMS aHMKNABrad GYJicuH.

2-teopeMma. f(x) pynkyus a nysmada b aumumea sea Gyrutiu
Yayn YyHuHe wy Hyxmada pHe 6a wan Aumumaapu masxucyd 6raus,

fa+0)=f@@a—0)=0b

meHeaukAap fpurau Gjauy 3apyp ea emapau.

By TeopeMaHMHr HCGOTH IOKOpHIA KeNTHPUAraH TabpuduapiaH OCOH-
rHHa KeJaub YHKanu.

DHaH x — 0o Aa (PyHKUMA JUMHTH TYWYHYACHHH KeJTHPaMH3.

X TynnaM Gepuaran 6yaM6, oo (4 00; — ©0) YHMHT JMMHT HYKTa»
cn 6yacud. By tynaamaa y = f(x) GyHKUHA aHMKJAaHTaH JeHnvK.

13-Taspud (Iefine). Arap X TynjaMHHHr HyKTanapuaad Ty3Wi-
rai xap xaHaali 4ekcu3 karra (Myc6aT yekcHM3 KarTa, MaH(uBt uekcus
KaTT1a) {x,} KeTMa- KeTJHK o.aranumusfa xam Moc {f(x,)} xkeTva-keTnHK

XaMMa BaKT siroHa b ra uHTHJca, mwy b HU f(X) OyHKUMSHMHT X — oo
(x— -+ 00, x—>— o0) Gaeu Aumumu ne6 aTanamm.
14-Ta1=pn<p (Koww). Arap e >0 coH yuyH wyHaa# 6 > 0 con
TONMJICAKH, apryMeHT X HHHT (x| > 8 (x > §; x << — §) TeHrcH3IHKHU
KaHoaTsianTHpyBuK Gapya kuiimarnapupa |f(x)—b| <& TeHrcusamk Ga-
xapunca, b con f(x) QYHKUHAHHHT X — o0 (X — -+ 00; x —» — o0) Oacu
Aumumy ne6 aranagy. ®yHKUHA JHMHTH
limf(x) =b (11m fx)=0b; lim f(x)=05)
X—=>x X+ X>—x
Kabu Genrunanany.
Ywby naparpaHUHr OXHpHAA QVHKUHA JHMHTHHHHT yMYyMHBH Tab-
pHUOHHH KenTHpaMy3.
X Gupop tynaam 6YJHO, @ (4eKnH €KH YeKCH3) YHHHL JIMMHT HYK-
Tacu 6yacuH. By tynnampa y = f(x) QyHKuMA aHUKJaHraH,
15-Tabpud. Arap b (yexan €ku 4excH3) HHHr Xap Kanmail U (b)
atpodu osmHraHaa xam a@ HuHr wyHzad U (a) atpodu MaBxyn 6Y.Jicaku,
vx€U @) yuyn f(x) €U (b) 6Vnca, b HY f(x) GyHKUBABHHT X — a daeu
Aumumy neb aranajd.
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Mucoamnap. 1. ¥Ywby
lim 0% 4.9)

x—0 X

TEHTJHKHHM HcOOTJIaHT.
F14
AsBaJio 0<x<7 HHTepBaJIaH OJMHTaH Gapya x Jap y4yH

sinx<x<<tgx
TeHrcu3aaukaap ypudmu. By maktab mMareMaTukacHzad MabayM. sinx > 0
6yarany yuyH Gy TeHTCH3JIHKJAapHU
1
<
sin x cos x

KYPHHHIIAA €3UIHIM MyMKHH. YHOaH
O0<1—

l <

sin x <] —cosx (4.10)

X
TEHICH3/IMK/IAp KeJIHO YHKALH.
Bus (4.10) TeHrcH3MKIapHH HXTHEpUH xE(O, g) yuyH HCOOT K J-

sin x

THK. (x = 0) Ba cosx QyHKUHSIADHUHT XKy(TaurHgaH Oy TeHr-

CHM3JIMKJIapHUHT Gapya X € (— % , %) \{0} yuyH TYFpUIHIHHH TONAMH3.

Wy 6uaan Gupra O<lx[<% na 1-—cosx=25in2§<2 — = |«

TEHICH3/JIMKHUHT YPUHJM OYmuinHu 3bTHOOpra oJjcak, toxopugard (4.10)
TEHICH3/IMKJ/IAp KyHUaard

0<]1—

sinx

I < |x}
X
KYPUHHIUTA KEJHIUHHY TOMAMH3.

Arap &> 0 coH GepunraHga xam 8§ >0 1e6 € Ba % COHJIApHHHT

KUYHTH OJIMHCA, apryMeHT x HHMHI 0 < |x| < 8 TeHrcH3.THK/IAapHH KaHoaT-
JAHTHPYBYH Gapya KuiMaT/apHAa

ll_ sinxl —

X

sinx

— l‘ <e
b
TEHICH3JHK YpuHaH Gynanx. By sca dynkuus qumutuauar Koww Tas-
pudura xipa (4.9) NUMHTHUHT TYFPHJIMICMHE AHTAATaJH.

2. Ky#uparu

lim (1 +- %)J‘:e 4.11)

X—rt0

TeHIJIMKHI HcGoTjaur (6yHaa e = 2,71 ).
Byuuur yuyn 4 oo ra uHTHAYBYUM HXTHEDHH {X,} KeTMa- KETVIHKHH

onaiyiMk. By Xoapa Gapya k=1, 2, 3, Jap yuyH x,> 1 1e6 Ka-
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pam MyMKHH. Xap GHp X, HHHT GyTYH KHCMHHH n, opkamu Ge.ruJa6,

ywby [x,)=n, (k=1, 2,3, .)-+oo ra HHTHIYBYH 1, N, ) My . -
HaTypa/J COHJIAP KETMa- KETJIMIUHH YOCHI KHJIaMH3,
Manbaymky,
. 1\n
lim (1 + —) =
N—x n

By MyHoca6araan
lim (1 -+ L)nk =e
g

nk —>+gg
IKaHH Keyqub YHKaIH.
SugH ywéy
1
[x,] =nk=>nk<xk<nk+ 1=>F—] <
<p<gltm<ltg<i+s
Xp \ ng nk

MyHoca6aTnap ypHHAH 6meumHH abm6opra o.7m6, TONAMH3:
1 ng I \x .1 \ne+!
(1 +?:,?1) <(1 +7;) <(1 -+ n—k) (4.12)
Brpok

lim (I] +

ng —+owo nk+l) -

. np +1 1 -1 _
=tm =T (A=

o ()t (A ]

JHMATAAp YpuHaH Oyaranu yuyH (4.12) tenrcusmukaapaa (6ynia x,—-

— + o0) suMmuTra yTcak, Haaaurad (4.11) aumut Xocmn 6yaazn.
SHIH — oo ra HHTHNYBYH HXTHEpHH {x } KeTMa-KeTIHKHH Onai.IHK.

Bynna x,<—1 (=1, 2, ) ne6 kapamr My™mxuH. Arap y, = —x,

ae6 Genrunacak, yHaa y,—>+ oo Ba y,>1 (k=1, 2, ) Gynam.
Papiuank#,
x
=

e =™ ==

Yupau
. 1\x 1 Yy
Jim <1+— ¢ =lim [(1+ )k 4 )]=e.
x, »—» xk) vy >+ Yp— 1 ( Y,— 1
Ilynaaft kU6, — oo ra MHTHAYBUH ap KaHmad {x,} xeTMa-keT-

1\* .
JHK OJIMHTaHja XaMm f(x) = (1 -+ —) (byHKUMA KUAMATIapHAAH Ty3HIrag
X
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1

4
{f(x)} = {(1 + E) k}
KeTMa- KeTJIHK XaMMa BakKT € JIMMHTra 3ra 3kaHu ucGornauad. PyHkuus
aumutuHuHr TeliHe Tabpudura Kypa

lim (1 +—i)‘=e

X—=

JIMMHT XaM VpuHau Gyamd.

4- §. Yexau aumutra sra 6yaraH QyHKUHANAPHHHT XoCCAJAPH

Ueksn smumuTra sra 6ysrad ¢yHKUMAMAD XaM SIKMHJAIIYBYH KeTMa-
KETJ/IHK/1aD CHHIAapH KATOp Xoccajapra 3ra. Y JapHHHT aKCapHATHHHHT
uc6OTIapH XaM SAKMHJAIIYBYH KeTMa- KeTJIHKJAPHHHT MOC XOoccasiapd Hc-
Gotnapu KaGuaup. UyHkH, OKOpHAA KYPAMKKH, QYHKUHS JIHMHTH Ty-
IIYHYACH COH/IAp KeTMa- KeTIHrHHUHT JIMMHTH TyIUyHYacHra TasHraH
xosaa Tabpuduianad (lefide Tabpudm). LyHu svTuGOpra onub, Kyiuiaa
KeJATHPHIAJUraH XOCCAJNapHHHT Gab3u/IapuHHTHHA HCOOT/IafMH3, KOJAraH
XoccaaapHi HCOOTsAll YKYBYHra TaBCHA 3THJAJH.

. Tenrcusnuk 6earucu 6unad ubogagaHagurat xoc-
canap. X Tymuam 6epuaraH GYaH6, @ 3ca YHHHI JHUMHT HyKTacH GyJ-
cuH. By tynaamaa f(x) QyHKUMA aHHK/AHraH.

1° Arap yw6y lim f(x) = b aumut maBxyn 6y.ub, b >p (b<gq)

X—a
6y/ca, @ HMHT eTapjd KHYHK aTpodHiaH OJIMHTaH X (X % @) HUHT KHH-
maTaapuaa f(x) > p (f(x) < q) 6y.1anu.

Arap yw6y lim f(x) = b aumur maBxkya 6yaud, b >0 (b <0) 6§.a-

X—a
Ca, a HHHT eTapJd KUYHK aTpoduiaaH OJMHIaH x (X 7 @) HUHI KuHmar-
mapuga f(x) >0 (f(x) < 0) 6yaanu.

2° Arap yw6y lim f(x) qumuT MaBkyZI Gy/aca, @ HUHT eTapaH Ku-

X-—>a
yuk aTpoUaH OJMHraH X (x 5= @) HHHr KHiMataapuaa f(x) QyHKUHA

yerapajiaHral GyJajH.
Hc6or. lim f(x) =b 6yacun. OyHKUUS JHMHTH Taspuura Kypa

X—a

e >0 coH yuyH myHga#t 6 >0 coH ToOmHIaZUKH,
x€U, (@ yayn [(DEU, ()
6V.1axn. deMak, apryMeHT x HUHr Gapua x € Ua (@) kuiiMaT1apuga PyHK-

UHSAHHHT Moc KHimatnapu (b—e¢, b + €) opamukaa 6 magu. By aca f(x)

¢yukuustauHr @ HykTanudr Ug(a) aTpodupa uerapasaHraH/MrHHH KYp-
cataiy.

l-scaarma. DyHKUMA 4Yerapa/aHTaHAHTHAAH YHHHT Y€K JIHMHT-
ra sra GyJHIIM Xap A0MM XaM KeJHO uukaBepMaigu. Macanad, [(x) =

1
= sin — ¢yHKUUA yerapajanrad, ammo x— 0 ga 6y QYHKUHA JHMHT-
X

ra sra smac.
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X tynnampa f,(x) Ba f,(x) dyHruMAMAD aHHKJIaHraH 6Y.u6, a 3ca
X HMHT JIMMHT HYKTacH GYJICHH.

3° Arap apryMeHT X HHHI @ HYKTaHHHT GHpOp Uﬁ(a) aTpoduaas
oquHraH Gapua KH#MAaTjapuia
L)< T2 ()
TEHTCH3JMK YpHHsM 6yaub, lim f, (x), lim f, (x) aumuTaap Masxkyn 6y.-
X-->a X—a
ca, y xoama
lim f, (x) < lim f, (%)
X—a x—a
TEHICH3JIHK YPHHJIU GV.anu.
4° Arap aprymeHT x HUHr a HyKTaHHHT Oupop Uj(a) atpodunan
osuHraH Gapya KuiiMalsjapuga
L) <F)<[() (4.13)
TEHICH3JAHK YpHHAM 6ysca Ba lim f;(x), lim f,(x) sumutiap maBxkyx
X—a x—a
6y 1m0,
lim f, (x) =lim f,(x) = b
X—a

xX—a
6y.ca, y xo/ina
lim f(x) =5 (4.13)
X—a
6Vnany.
4° HuHr uc6oTH Uaprra kypa lim f,(x) = b aumut Masxkyn. [e-
xX--»a

Mak, e >0 CoH yUYH a HYKTaHHHT IyHja# U 5 (@) arpodu wmasKyn-

KH, X HHHT Gapua xEI'J(jl (a) kuiivataapuga f,(x) €U, (b) 6Ynanu. Wlyn-

ra yxwau, lim f,(x) = b quMur MaBxkyn Gy.aras yuyH yma ye>0
xX—a

COH YYYH @ HYKTaHHHT LUyHAa# Ua, (a) atpodu MaBXKYyAKH, x HHHI Gap-

4a xEUG' (a) kuiiMaT/apHaa )‘2(;.:)6(./E (b) 6yaagu.
. Arap 6, >0, 8,>0 coHnapuur KuuurHHH O 16, @ HYKTAHHHT
Uy (a) atpodu onmHca, yHOa
Uslay<Us (@), Uz(@<Us (a)
MyHocabaTaap ypuusau Gymaagd. Hatuxana xap 6up xEUo (@) yuyd OGup
BAKT]A
L) EU (), [(0)€U, )

6y, (4.13) mynocabarra 6utoan f(x) €U, (b) xam KenHb yHKanw.

Hemak, xap 6up x€ Uy (a) yuyn f(x) €U, (b) ypunau. By 3ca x—a
Ja f(x) gyskuka jgumuTra sra Ba lim f(x) =b G6yauwuuHM KYpcaTaju.

X—a

Ulyngait kuu6, (4.13°) HcGoTnaHAH.
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Miucoa. Ywsdy

limx cos—~ (x=0)
x-0 X

JIMMHTHH TONHHT.
1 1
Papmiankn, 6up TOMOHZAH x-coS — (YyHKUMA YUYH — |x|<xcos —<
X X
< |x| TeHrcuanHknap GakapHiamH, HKKHHYH TOMOHIaH,

lim (—x]) = lim |x| = 0.
x—-0 x—0

o . 1
Hemak, tokopunaru 4°-xoccara kypa limx-cos — = 0.
x--0 b4

2. Uekau nuMuTra sra 6yarad ¢yHKUMAJIAp YCTHZAA
apudMeTHK amaanap. X Tynaam Gepuarad 6yau6, @ yHHHT JIHMHT
HyKTacH GyJicuH. By tynaamza f(x) Ba g(x) dyHKumsnap aHHKJaAHTaH.

1° Arap x—a na f(x) Ba g(x) dyHkuusnap auMmuTra 3ra 6yJca,
f(x) £ g(x) dyHkuHA XaM JUMHTra 3ra Ba

lim [f (x) = g ()] = lim f(x) = lim g(x)

TEHTJIMK VDHHJIH.
2° Arap x—a 7a f(x) Ba g(x) ¢yHkuMsnap JUMHTTa 3ra GyJca,
f(x)-g(x) ynkms XaM JuMHTra 3ra Ba

lirr; [F (x)-g ()] =gir£1 f(-’()'lxi”}l g(x)

TeHIJIHK YDHHJIH.
l-naTuxka. Arap x—a 1a f(x) dyHKuns aumutra 3ra 6yJca, yHaa
k-f(x) (k= const) bynkuua xaM JHMMHTra 3ra Ba

lim [B-f (9] = k-lim f(x)

TEHIVIHK YPHHJIH.
3° Arap x—a na f(x) Ba g(x) dyHKuuajap JuMHTra 3ra 6yaub,

lim g(x) = 0 6yaca, 1) GyHKUMA XaM JHMHTra sra Ba
x—a g (x)
lim f (x)
llm f(x) — x—a
x»a g(x) lim g (x)
X -»a

TEHIJIHK YPHHJIH.

2-3caatMa. 1) IOkopuaa kearupuaran 1°-Ba  2°- xoccarap Ky-
LIMIYBYUHJIAD, KYNaHTyBUHJIAD COHM MXTHEPHH 4eKJH GyJraH Xosja xam
VPHHJIH.

2) x—a ja f(x) Ba g(x) GyHKUMS/IADHHHT HUFHHAHCH, KVnNaiT™ach Ba
Huc6arnaaH HGopat 6yaraH QYHKUMANAPHHHT JHMHITA 3ra OyJHuMIaH Oy
(YHKUMAIAPHUHT Xap OMPHHMHT JIMMHTra 3ra GYJMIIN JOMM KeJH6 4YHKa-

. .o .1
BepMaiign. Macanan, f(x) =1—sin —, g(x) =sin— ¢yHKuHANAp
X X
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fimrutmucy f(x) + g(x) =1 6ym6, x>0 na f(x) + g(x)— 1 6yramu.
Awmmo x — 0 na f(x) Ba g(x) PyHKUHANADHHHT Xap OWUDH JIHMHTra ara
3Mac.

3. Mypakka6b GYyHKUUAHUHT THEMHUTH. KYMUuauK Xoaaapaa
Mypakka® (YHKUHSHHHT JUMUTHHH XucoGaamra TYFpu Kenand. [lyuuur
yuyH 613 KyHMAa Mypakkab QYHKIMA JUMHTHHH XHCOOJAIl HMKOHHHH
GepanuraH TeOpeMaHH KeJTHPaMH3.

dapa3 xusabinuk, 6upop X Tymaamaa { = @(x) YHKUHA aHHKJ/IaH-
ran Ba 6y OGyHRUMA KuiiMatiapugan H6opar T tymnamna y = f(f) dyHk-
UHA aHUKJaHraH GYVaH6, ynap €pramupa Mypakkab ¢OyHKUHA ¥ = f (@ (x))
XocHA KuauHraH 6VicuH. By Mypakka6 ¢yHkuus X Tyniamiaa aHHKJ/aH-
rad. llly 6unan Gupra a coH X TYMJIAMHHHT JIHMHT HYKTacH GVJICHH.

3-teopema. Aeap 1) lim @ (x) = ¢ aumum gpunau 6jaub, a Hyx-

x—a
marunz wyndal Ug(a) ampodu masxyd 6yacaku, 6apua x.€Ug(a) rap
yayn ¢ (x) = c 6yaca, 2) ¢ nykma T mygniamrune AuMum HYKmacu
6ijub, 11m f () =b aumum masayd 6ijaca, y xoa0a x —a Oda mypak-

Kkab qbz/thuﬂ y=[(9(x) xam aumumea 3ea ea
lim /(g (x)) =0
6:jradu.
Hc6oT. laptra kypa ]tim f(t)=b wmaexyn. JlumuT Tabpucura
—C

Kypa, e > 0 coH yuyH wWyHaad o > 0 coH Tomunaauku, Gapua £ ¢ UU (¢)
nap yuyn f(f) €U (b) 6ynamu.
Ouau waprra kypa lim @ (x) = ¢ auMuT VpuHAH, Wy OWIaH GHpra a
X—a

HYKTaHHHT IyHIai U s (@) atpodu maBXynkH, Gapya xEU (@) nap yuyu
@ (X) = ¢ TeHrcU3MK YpHHJM. Y AOJfA fAHA JIMMHT Tabpudura Kypa,
loKopiiard ¢ >0 coH y4yH wyHjai 8 >0 coH TonMIAAMKH, Gapya

€l s(@ nap yuyn q>(x)EU (cy 6ynamu. Mlyunaft kunub, e >0 coH
yuyH wyngalt 6 > 0 cod TOMHIATHKH
x€Us (@)=t =9 ()€U ()= (EU, ()
MyHocabatniap ypuHau Gynazu. By 3ca
lim f () = lim { (p(<) = b
—C X—a
6ymuwunn uhopanaiign. Teopema ucGoT 6VaaH.

3-3cmatma. Teopemangard @ HYKTaHHHT Oo (a) arpoduma @(x) == c
O6yacuH geraH wmaptHu f(f) QyHKUMA { = ¢ HYKTaja aHHKJIAHTaH Ba

lim f(f) =f(c) =0

t->c

TeHT/IHKJIAD YPUHAH OY/ICHH fAeraH apT GHJIAH a/MALLTHPULI MYMKHH.
Hapxakuxar, arap x€Ug(a) nap yuyH @ (x) # ¢ 6y.ca, TeopeMaHHHT
MCOOTH paBllaH: arap @(x) =c 6y.ca, y xonaa f(p(x)) = f(c)=0b 6y-
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au6, |f (@ (x)) — bl =0 6yaamu. Ulynpait kuane, Gapua x€U,(a) nap
yuyH f(p ()€U, (b) 6ynanmu.

Xyamu myHra yxwaul, @, ¢ Xamaa b JJAPHMHT GHPH YeKJH, HKRHH-
YHCH YeKCH3 €kH GapuyacH 4YeKcH3 GyaraHga XaM TeOpeMaHHHT YpHHJH

6yJaHuH HcGOTJIaHAnH.
. 1
lim
a 14+ 8tgix

Mucoa. Yu6y
x>

4

JIUMMHTHH XHCOOJIAHT.
By xonna

=3 ) = =

Hlyxunr yuyH

. s _ . 1 __l
l‘f‘g“’(‘”) —jf; tgx=1 s lim |/ —p =3

4 4
JHMHTJIapAaH TeopeéMmara acocaH

lim }/ 1 =

1+ 8tgix

1

3
x-»T

KeJHO YuKamiu.

4. AnugMac uponanap. bus roKopuaa uekan aumutra sra 6y.-
rai OGyHKLMAJap ycTHAA apuQMeTHK aMaJuiapHH KYypu6 VTauk. Arap
x—>a ja f(x) ra g(x) OYHKUMS/IADHHHT Xap GHPHHMHT JIHMHTH YeKCH3
€xH [(x)/g(x) byHKuHs JMMHTH KapasraHza g(x)— 0 6yau6 kosca, 6y
Xoaga 3-606HHHT 6- § uaa GaTagcHs ypraHHJITaH AHHMKMAcJHK.Jap KabH
TYpJH aHHKMac Hdoganapra KejaamHs.

X tynnam GepuaraH 6ysM6, @ YHHHT JIHMHT HyKTacH G6yacuH. By
Tynaamaa [(x) Ba g(x) dyHKuMAIAp aHMKJAHraH. Arap x —a za

1) f(x)—0, g(x)—>0 6yaca, ynapHHHT —f—(i HucGartH % KYpH-

HHUIJATH aHHKMAcJHMKHH HQoaasaiH,
[ (x)

2) f(x)—> oo, g(x)—> oo 6Gyuca, ynapHUHT ) HHCOATH — KYpH-
g

HHIIJAry aHHKMAacJHK Oyaapu:

3) f(x)>0, g(x)—>oo G6yaca, ynaapHHHTr [(x)-g(x) xynaiT™acn
0- oo KYpUHHLIAArH aHHUKMACJHKHH Hponamadiu;

4) f(x) > -+ 00 (— 00), g(x)—>— oo (+ co) Gyuca, sbhi f(x) Xam-
Ja g(x) GyHKUHS;IAp TYPAH MHIOPATH YeKcH3ra MHTHJCA, [(x) + g(x)
nbona oo — oo KYPHHHUIAACH aHHKMAcJaHK Oy.amH.

By xoanapna x—a na f(x) Ba g(x) OyHKUMSAJADHHHT Y3 JIHMHTJIA-

&) (1, 2-xonnapna) f(x) g(x)
g (x)

pHra HHTHJHLI XYCYCHATHTA Kapab,
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(3- xom1ma), f(x) + g(x) (4-xonga) nboaanapHHHr XapaKTEPHHH aAHHKJALI
AHMKMAC/UKHH OYHII Je6 FOpUTHIANH.
Mucoanap. 1. Yuwby

. sin(x-sin2 x
lim _(—.)
x—0 x2

0 o
JUMHTHE XucoOnaHr, Pasmadky, 6y udoxpa < KYpHHMUIIATH aHHKMac-

auaup. x >0 ga x-sin2x —0 vy xucobra onnb Tomamus;

lim sin (x-sin2 x) — lim sin (x-sin 2 x)+sin2 x-2 _
x>0 x2 x50 x-sin2x:2x
— 9.1im sin (x-sin 2 x) lim sin2 x —9
x>0 x-sin2x =0 2x
2. Ry#niaru
lim X+=x2— ... +x"—n
x—l x— 1
JIUMHTHH \HCOOJaHT.
By xomma x— 1 ja ¥x+ ...+ —n 9

prgm upona 5 KVpHHHIUINATH
aunkMacaukadp. Coaga anMawiTHpHuiap €paaMHaa TOMNaMH3:

lim x4+x24+ ... +x"—n = lim &=+ (2— - (=1
x—! x—1 x-+1 x—1

—limGE=D e DL+ D+ T = fre ]
Xl x—1 -

nin-—+—1

=1+2+3+ +n= 5

JeMak,

limyt+x*+...=x"—n _ nn--1)
t—! x— 1 2

5- §. MoHoTOH dYHKUHAHHHT JHMHTH

bus ueknu sumutra sra 6yarad QYHKUHANAPHHHT XOCCANApHHH {p-
raHfuK. OHAH OGYHKUMA JHMHTHHHHT MaBXY/JHCH MacaiacH OHJaH
uryryananamus. Jlactna6 6y macaqaHH XycycHil X0.1/1a — MOHOTOH ()YHK-
uusiiapra HucGaTaH Xas KHJaMu3.

X tynnam GepuiraH 6y.ub, a (4exkan €Ku ~ oo) 3ca Ly Tymnam-
HUHT JIMMHT HYKTacH Ba Gapya x€X Jap yuyH x << a 6yacud. X 1in-
Jampa f(x) GyHKUHA aHHKJAHTaH.

4-TeopeMa. f(x) pyukyus X mynsamoa fcysuu Gyacun. Dynk-
yus w0Kopudan weeaparanean 6jaca, a HYKmada 4ekau aAumumea seq,
10K0pudan weeapararmazan Ogaca, yHuve Aumumu -+ oo 6ijradu.

Hcb6or. f(x) pydkuua X Tyniamaa ycyBuyd Ba IOKOPHIAH uerapa-
Jadrad G6ysacud. By xonma {f(x)} = {f(x):x€ X} TynnamHHHr YekJH
aHHK IOKOpH uerapacH Maexyp Gynagd. bus 6yHu b Ounan Genrunail-
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auk: sup {f (x)} = b. Anuxk IOKOpHM uerapaHuHr Xxoccacura Kypa ‘yx€X
yuyH f(x) < b 6Vimub, e > 0 coH onmHranga xam myHza#d x’ € X To-
nunaguky, f(x')>b—e Gyaanu. Kapanaérran ¢yHkumst ycyBun 6Y.ara-
HHOaH X > x' TeHrcuaauk GaxapuaraHaa f(x) > f(x’) TeHrcHsiMx Xam
ypuuan 6yaanu. Iemak, 6apua x >>x' (x€X) map yuyH f(x)>b—e.
Harmipkaga ymby b—e <f(x) < b< b+ e TeHICH3IHKJIApra Kejamus.
By aca b con f(x) OyHKUMAHMHT JMMMTH 3KaHHHH Hpoganainy. FOxo-
puzard ucOOT apaéHuia a uekaH G6yaranga x =a— 6(6 =a—x'),
a yexkcu3 6ysranga sca x' > P> 0 1e6 oJHHHIIH JIO3HM.

Sumn f(x) dynkuna X jga ycyBudm 6yaub, IOKODHAAH yerapa.aHMa-
rai 6yacun. [emak, xap Kanmad P >0 coH oJHHraHza XaM IIyHpai
x' € X cou Tomunaauk, f(x’) > P Gynagu. duau x€X Ba x > x' TeHr-
cu3uK Gakapuirauaa f(x) > f(x’) TeHrcusnuxk ypuHau 6ysnranuzaas 6ap-
ya x> x' (x€X) nap yuyH f(x) > P 6yaumum xeqmu6 uukaad. DBy sca
x—>a ja f(x) > -+ co 3KaHHHH GHaupagu. TeopeMma TYJHK HcGotr 6Y.i-
IH.

X Ttynaav Gepuiran 6yaub, a (4ekJaH éku — oo) 3ca wy Tymaam-
HHHT' JIMMHT HYKTacH Ba Gapya ¥x€X Jjap vuyH x >a 6yacuH. X rtyn-
gamaa f(x) GyHKUMA aHMKJaHTaH.

5- Teopema. Adeap [(x) ¢yuxyua X mynsamoa xamarosuu Gjrub,
Yy Kyiulan uezaparanean 6yaca, f(x) ¢yrrkyus a nyxkmada vexau au-
mumea 3ea, kytiulan ueeaparanmazan 6iica, yHuUHe AUMUMU — oo
6yaadu.

By Teopema okopumari Teopema kaH HCOGOT.1aHajH.

6- §. Ko teopemacu

3uaH QYHKUMA JMMHTHHMHT MaBXV/JIMTH XaKHJIardH YMYMHH Teope-
MaHu KeJTHpaMH3.

X tynaam GepuaraH 6ysnub, @ yHHHT JHMHT HykTacH OyJacun. By
Tynaamaa f(x) ¢yHkuus GepHira.

16-tabpud. Arap e >0 con yuyH myHmait & >0 con Ttonua-
cakH, apryMedT x HHHr 0 < |x'—a] < §, 0 < |x” —a| < 6 TeHrcuamuk-
JlapHH KaHO4TJaHTHpYBuu uxtHépuit x' Ba x”(x' € X, x”€ X) kuitmaraa-

puia
Fx")— ) <e

TEHICH3/MK VpHHAH 6Vaca, f(x) dyHKUMA yuyH a HyKTaja Kowu wap-

mu Gaxkapusanu aefnsany.

o]
Mucoa. Ywby f(x)=xsin — ¢ynkuua yuyn x=0 HyKTapa
X
Koy 1mapTHHHHr GaXapuIHUIMHE KypcaTHHr. XakukaTad, “/e >0 con
omb, 6 Hu &= % Je6 Kapasaca, y NOJJa X HHHT
, ’ € " n - &
TeHICH3/IHK.JJAPHU KAHOAT.JaHTHPYBYH HMXTHépHi x’, x” KuHMaTiaph yuyH
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r , w1 -
Kybfugarura sra 6yaamus: |f(x") —f(x")| =‘Ix’-sm—7 —x'-sin L <
X X

) . l 4 . 1 7 !
< {x’-sm—”—‘ -+ (x -sin —,—l <X+ x| < e
X X
By 6epusran ¢ynkuus yyyH x =0 Hykraga Kol maptH Gakapu.u-

WHHH KypcaTafH.

f(x) dyHkuust yuyH a Hykraga KoM wapTuHHHT GaxKapHaMac/HrH
KYHAWJATHHY aHIJIaTagH:

%8> 0 con oaranuMHsza XaM myuaal e >0 Ba 0 < |x' —a| < 6,
0<|x"—a] <8 TeHrcHsIMKJapHH KaHOAT/JIaHTHPYBYH X', x”(x € X,
x" € X) xuifiMarsiap TONHJIARHKH,

fx)— (") >e
6ynansy.
Mucoa. Kyftuaaru

f (x) = cos —'x-

¢yukuua yyyH x = 0 HykTtaza Kown wapty OGaxapuiaMaiid. Xaku-
kataH, 6> 0 onranumusga xam e =1 Ba

xl — l /4 l

, X m
2kn Qk-— h)n

HyKTanap yuyH (k> [2—1—]‘—51 6yaranga |x'j < 8, |x"| < & 6V.amwm pas-
1aH,
Fx)—Ff(") =|cos(Qk+ [)n—cos2kn|=2 -1
6yaa .
6-teopema (Kowmwu). f(x) dynryus a nyxmada wexau aumumea

s2a Gyaumu yuyn Gy Pyrxyus yuyn a Hyxmada Kowu wapmunixe
baxcapuawuy 3apyp 6a emapau.

Hc6or. 3apypauru. x—a 1a f(x) QYHKUHA YeKaH JUMUTra
sra 6yub, lim f(x) = b 6yacun. DyHKuMA JHMHTH Tabpudura kypa

x—=a
3 o
e >0 coH onuHranja xam 5~ a acocan wyszai 8 >0 con Tonuia-

JHKH, apryMeHT X HHHT O <|x<<a|< 0 TeHrCH3/JUK/aPHH KaHOAT.I1aH-
THPYBYH KHHMaTJapuja

F() —bl <~
TEHICU3/IHK YpuHJIM 6yaagu. Xycycad, ywGy

O<|x —al<8=|f(x)—b< -;—

0< |y’ —al<8=|f(x")—b] <§
MyHocabataap YpuHAH. DyHpan
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FE)—FEN<IFE)—0b) +1f (") —bl<e
TEHICH3JMKHHHI YPHHJH GYy/umn Keaub unkasu. DBy aca f(x) ¢yHruus
yuyH a HyKTana Kowwu mapry GakapuiHIIHHH KypcaTaju.

Ertapanuaury. f(x) dyskuua yuyH a Hykraia Koww mapru 6axa-
PHJICHH, iBHH “#e>>0 COH oJMHTaHja XaM 1wyHaad 6 > 0 coH Tomuaagu-
KH, x HHHT 0 < |¥' —a] < §, 0 < [x” —a| < 6 TeHrcuaHKJIapHH KaHOAT-
JIAHTHPYBYH UXTHEpUH x', x” KuiiMaraapuia |f(x') —J(x")) <e tenrcus-
auk ypunau. By xoama f(x) ¢byHKuus x —a Jga ueKaMm JMMHTIa 3ra
6VJIMIUMEY KYpcaTaMus.

@ HykTa X TynaaMuuHr JuMaT Hykrtach. lysunr yuyd X Tynsam-
HHHI HyKTanapuaad {x,} (x,+0, n=1, 2, .) KeTMa-KeTJHK TYy3Hll
MYMKHHKH, limx = a 6ynaau. KeTva-KeTauk JuMHTH TabpuHra Kypa,
1oKopuaa onuura 6> 0 coH yuyH wyHaad n,€N COH TONHJIAIBKH,
Gapua n>ny nap yuyr 0 <|x,—al<8Ba 0<ly,_, —al<d(m=1,
2, ) TEHICH3NHKJAp ypuHaM Gyiagu. DBy TeHrcusiuknapHuHr 6aka-
PHJIMIIMAZH 3ca, lIapTra Kypa

‘f (xn-;-m) - f (x,l)l <e

6yaagu. Hemax, {f(x,)}— pyHramMenTan KeTMa- KeTIMK. Y SKMHJAUIYB-
un. Bus {f(x,)} KeT™a- keTauk smmuTHEM b Ounan Gearunadivk, SbHH
lim f(x,)=0b. Ouan X TYNMaMHMHT HyKTanapujan TysujraH Ba @ ra

N

HHTHJIYBUH MXTHEpHH {X '} KeTMa-KeTaHK x,—~>a, X, #a(n=1, 2, ),
onuHrasga XaM f(x) ¢yHrums xuiiMatsapugan Ttysuaran Moc {f (x)}
KeTMa- KeTJMK ¥aM Vyiua b ra MHTHJIMLIMHH KypcaTaMmH3.

dapas kuaaiauk, x,—~a (x,%a, n=1, 2, 3, .) pa f(x,)—>b
6yacun. {x,} Ba {x } KeTMa- KeTJHK.1AD XaaJapuian ymby

’

xlv x]1 xzy -xgv 4 x,.ly xn’

KeTMa- KeTJIHKHH Ty3aiiHk. Paplianku, 6y KeTMa- KeT.MK @ ra MHTHJa-
. Y xoaza
i(xl)’ ,(X]'), f(x‘..’)’ l(x_;)v f(xn)v f(x,;)v (414)
KeTMa- KeT/IMK (yHaaMentan 6yau6, uekad JuMuira 3ra. DBy sJuMuTHH
b* 6unan Gearnmaiymk. Arap {f(x,)} Ba {f(x))} KeTMa- KeT.IMKJapHHHT
Xap 6upH (4.14) KeTMa- KETJHKHHHI KHCMHMH KeTMa- KeTJIHKJ/ApH SKaHHHH
spTHOOpra osicak, y_xoaga f(x)—b*, f(x)—b* GymuimMEM TOnamus.
Jemaxk,
b*=b=1"b
Mynpait xuaub, f(x) dyHruMs yyyH a HyxkTaga Komm 1wapth Ga-

Kapuauimgaad X TynsaM HyKTajapuiaH Ty3uarad Ba a ra HHTHAYBUH
Xap Kaupait {x} (x,+ a, n=1, 2,3, ..) KETMa-KeT/JHK OJHHTaHAa XaM

moc {f(x,)} KeTMa- KeTiHK GMTTa COHra MHTHIMUMEM Tonauk. Dy sca

¢&yHKuMs auMuTHHUHT [efine Tabpucura kypa f(x) ¢yHKuUMA @ HykTaja
YeKJIH JIHIMHTTA 3ra 6y.uumMHd 6uaaupaad. Teopema ucGor 6y/1H.
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4-3cnatwma. Ko wapty Ba Koum Tteopevacn x —a + 0, x—
—a—0; x—> 00, x>+ 00, x—— oo 6yaraH Xossaapia XaM OKOpH-
narvra yxwam udoaanaHagu Ba HcGOT 3THJIRIH.

7- §. Yekcus kaTTa Ba YeKCH3 KMUMK (yHKUMAnap

Busra X tynsnam GepusiraH 6Ysu0, @ YHHHT JHMHT HYKTacH GYJICHH.
By tynaavaa o (x), f(x) dyHKLUHANAp aHMKJAHTaH.

17-Tabpud. Arap x —a jJa o(x) OYHKIMSHHHT JHMHTH HOJra
TeHr 6y.sca, o(x) GYHKIMA x— a 1a 4Yekcu3 Kuduk @yaxyus e arta-
JaajH.

Mucoa. f(x)=sinx ¢yHkuua x>0 4YeKCH3 KHYUK (yHK-
uus, 9yHga lim sinx =0.

x—0
Arap X tynsnampa anugjasras f(x) QyHKUMA x —a Aa Y4ekJau b JH-
MuTra 3ra 6y.aca (avHu lim [ (x) =b), y Yonga a (x) = | (x) — b dyHk-

X--a

UMsl X—- @ Ja YeKCH3 KHYHK (PYHKUMA Gynaan. XakHkaTaH,

lime () = lim [f (x) —b] = lim f (x) — b = 0.

Hemak, 6y Xoa1a f (x) GYHKUMSHH x—>a Ja 4eKCH3 KHUYUK (YHK-
ums Gyaran o (x) €paamuaa Ky#iuaaru

f)=0b+a(x)
KypuHHiaa udojanal MyMKHH.
I8-Tabpud. Arap x—a 1a B (x) OVHKUMSHHHT JHMHTH oo GYJ-
ca, B (x) dynkuua x—a jpa wexcu3 kamma (Pynxyua jge6 aranaid.

1 .
Mucoa. f(x) =— oyskuua x— 0 1a yekcus karra GyHKUHA GY-
X

JIau.

YekcHs KHUHK XaMaa YeKCH3 KaTra (yHKUMsAaap xaMm 3-6obaa ypra-
HHJTAH YeKCH3 KMUMK BA YEKCH3 KAaTTa KeTMa- KETJIMKJAPHHHT XoccaJa-
pura yxuiam xoccasapra sra. Ky#naa 643 my XoccasapHd KeJaTHpamHs.

1°. Yekau conOaeu wexcu3 Kuvuk pyunkyuaap turuHOUCU YeKcu3 Ku-
YuK (ynkyus 6yradu.

2° UYeezaparanean YHKYUAHUHS 4eKCU3 KUHUK (DYHKYUS Guirar Kij-
nagmmacu 4exkcu3 Kuiux Qyrxkyus 6yaadu.

3® Aeap o (x) (o (x) = 0) uexcuz wuuuk ynxyusa 6yaca, a—l()
X

Yexcu3 kamma (Qynxyus Gijradu.
4° Aeap B (x) uexcus xkamma ¢ynkyus 6ijaca, L wexcus rusux

B
pynkyua 6jradu.
By xoccanapuuir ucGorn GeBocuta 3- GoGHMHr 4-Ba 5-§ Japuparn
XoccanapAaH Xamza GyHKUMA JUMHTHHHHT TabpudaapuiaH KeJH6 uHKalu.
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8-§. ®yHKuMANAPHH TaKKoOCJal

X Ttynnamaa f (x) Ba g (x) dyHKuMANAp aHMKAaHraH Gy.JcuH. Bupop
a uygranuar Uy (a) < X atpodupa f (x) Ba g (x) OYHKUHAIADHH TaK-
KOCJIAlll Maca/JJaCHHH KapaHMH3.

1. «O», «o», «~» Gearuaap.

19-tabpud. Arap f (x) Ba g (x) PyHKRuUHATAp yUYH LIyHAAH V3-
rapmac 8:>0 Ba C >0 connap Tonmicak, 6apuya x€ U (a) aap yuyH

[fI<C-g )] (4.15)

TEHICH3MHK Gaxapuica, y xonga x—a ja f (x) oyukuusa g (x) PyHkK-
uusira Huc6ataH 4ezapasarnear jpehunasu Ba f (x) =0 (g (v)) xabu Ges-
CHJIaHAJH.

Hlynu TabKHAJMAW JO3HMKH, Oy TabpHpaard x—»a GeirH Kapaja-
érran (4.15) MyHOCaGaTHHHI @ HYKTaHHHT GHpop aTpoduaa YpHHAH G-
JHMIIHHY ndoganad, f (x) Ba g (x) (QyHKUMSJADHUHT X—a Jard JHMH-
THHHHT MaBxyJh OVsuiM éku GysaMaciurura GOFJIHK 3Mac.

Macanan, x — 0 ga x* = O (x) 6ysann. Xakukatar, uxtuépuit x€U, (0)
nap yuyH, seHH x€(— 1, + 1) ;aap yuyH, |x?|<<|x| TeHrcusiuk Ga-
¥KapHJIaIH.

Arap f (x) ¢yHRUHA @ HyKTaHHHr OHpOp aTpodHza uerapasiaHraH

I

6yaca, y x—a na f(x) = O (1) kabu ésunagu. Macanay, f (x) = (l—g-x) *

byukuust x = 0 HykTa aTpoduia yerapanaHrad (4yHkH lim (l—%x)x =e).
x—0
1

WyHuHr yuye (1 +- x)x =0 (1) pe6 é3ui MyMKHH.

20-tabpud. Arap x—a ga f (x) Ba g (x) byHrumsiap yuyH f (x)=
=0 (g (x)) Ba g (x) =0 (f (x)) MyHocabaT;iap YpuHaH 6y;ca, y Xcaaa
x—a ga f (x) Ba g (x) dyskuusiap 6up xur mapmubau PyHkyusiap
ne6 aTanany.

Macanan, f (x) =x, g (x) = 2x + xsinx 6yacun. Pasmanku, x—0

Ia
[x| <|2x 4+ x-sinx| <3 | x|
TeHIcH3AHKJap YpuHaH. By 3ca
x =0 ((2x + x-sinx)), 2x + x-sinx =0 (x)

6y anmmHKE Guiaupand. emak, x—0 ga f (x) =x, g (x) = 2x + xsinx
cyHKIMAap GHp XHa TapTHOAH (yHKUHAdap 6YJaiH.
IOkopupa kentupuarad Tabpuduaprad, x —a aa

fi)=0(fy(x), fa () =0 (fs (D=, (x) =0 (f3 (X)),
fo)=0 (f2 (), f3(0)=0 (f, 0)=F ¥)-[3 () =0 (f2 ()[4 (x)),
FLD=0¢0) fa(=0F@)=f () +Tx)=0( )

KabH MyHocaGaT/MapHWHT YPHHJIH GYJHIUHHH KYpCcaTHII KUHHH 3Mac.
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7-teopema. Aeap f(x) 6a g (x) (x+a 'na f(x)+0, g (x)0)
QyrKkyuarap yuyn yuby

m 1®

x—a g (x)

aunum nasxwyd éa 0 <|c|< o 6yaca, x—a da [ (x) ea g (x) 6up
xua mapmubau ¢ynxyuarap 6yradu.
Hc6or. Ymby

=C

nl®
x-a g (x)
JHMMHT Mapxya Ba 0 <|x| < oo ﬁy.ncmi Y xoaaza
]
T et £ =21y, 9
g (x) ( ) ¢

6yau6, 6yHaa vy, (x) Ba v, (x) QyHRUMAMAD YeKCH3 KHYHK (pyHKUHsIap-

ay udoganafign. lim y, (x) =0, lxm v, (x) =0, zgemak, @ HyKTaHHHT
X—a

eTapaH KHunK aTpodu U, (a) na ‘h (x) Ba y, (x) QyHKUMAMApD uerapa-
naural 6ynagu. Y Xonpa Gapya x €U, (@) map yuyH

v )<k |y, (x| <k (k=const)
P0) g, €09
g i

<lc|+ &, g(x)'
el TS |c¢+

TEHTCH3/HKJIAp YpPHHIH GYJHO, (GyHKUHANAD YYYH

[ £(%)
| g0
TEHICH3J/IMKJIapra KeJaMH3. lIEMaK,

Fml<(el+k- g @]

g ()] < (=5 + &)1 @I

by 3ca
f®)=0(g®), g®)=0(Fx)

SKaHUHK OuiaHpagd. Teopema ucGoT 6Y./nu.
2l-1abpud. Arap x —a 1a [ (x) Ba g (x) byHgumsaap (x * a 12
g () # 0) yuyn
lim [ _
e )

6ynca, y xonma x—a [ (x) Ba g (x) nap 3xéusarenm gyuxyusrap ned
aTanagy. DKBHBAJIEHT (QyHKUHANAY

fx)~g(x)
KabH GesrujaHagH.
Macanan, x—0 pma f (x) = x, g (x) = sinx QyHKUMAIAD SKBHBAJEHT
dyHKUMANAD: X ~ Sinx.
Arap x>a pa f (x) ~ g (x), g (x) ~s (x) 6yaca, y Xonma x—>a
na f (x) ~s (x) 6yaagu. Hapxakukar, x->a jpa [(x) ~ g (x), GyHnan
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limM =1, x—a na g (x) ~s(x), 6yunau lim 29 _ | yenw6 un-
x—a g (% x—a S (%)
Kagd, ymaapiaH
lim L8 i L8 g £00
xsa S (x) xsa Z(X) x—>a S(x)
Jaumutra ara 6ygsamus. Hdemak, f (x) ~s (x).
22- Taspud. Arap f (x) Ba g (x) uexcH3 KHUMK GYHKUMAMAD YuyH

f()=a@)-gx

TeHIJIMK YpHHAH 6Yau6, Gyupa lim « (x) =0 6yaca, y Xomma x—-a

X—a
ma f (x) dyskuus g (x) ra HUcCGATaH f0KOpU mapmubau 4eKCu3 Ku4uk
Pynxkyus ne6 atanagu. Y
f(x)=o0(g x)
kabu GearuianHagH.

Arap f (x) QyHKUMA @ HyKTaHHHT Oupop aTpoduza YeKCH3 KHYHK
byHKUMA (ABHH x—a 1a f (x)—0) 6yaca, y f (x) =0 (1) kabu &su-
JajH.

Papwanku, arap x—a ga f (x) Ba g (x) dyukuusaap yuyH f (x) =
=0 (g (x)) TeHrqMK YpuHJH 6yuaca, y Xonaa 6y dyHKUHANAD yuyH [ (¥)=
=0 (g (x)) TeHrJHK XaM YpHHJH GYJan.

IOxopuna keatHpuaran Tavpubaapaan goinananué «karta O» Ba «Ku-
UMK O0» opacupard OGOFJiaBHILIApHH Hbojasaiifurad Kyduaard MyHoca6ar-
JIAPHH KEJNTHPHO YHKAPHLL MYMKHH.

L =0 ), f. @) =0 )=F () =0 (f5 (x)).
fi ) =o(f, (), fa (x) =0 (fs (N=f ) =0 (fa ()
[ =0 (F @) fo () =0 (g (D=1, ()] () =0 (f (x)-g (¥)-

«Karta O» Ba ¢KHYUMK O» MIUTHPOK 3TraH TEHTJMK/JAPBHHT OfJAMHA MabHO-
Iard TeHTJHK/JAL 3MAac/UTHHH TabKHAJAHMH3.

Macana, x—a na f, (x) =0 (g (x)), [, (x) =0 (g (x)) MyHoca6at-
JapjaH f; (x) = f, (x) me6 xynoca yMkapuil XaTo GymagH.

OHAK KHYHAK O» Ba SKBHUBANEHTJIHK ~ OenrHiapd GuiaH OOF/jaHraH
¢dyHKIHANAp opacHiarH MyHocaGatnapHH HojganaijHraH TeopeMaHH KeJ-
THPaMH3.

8-teopeMa. x—>a da f(x) sa g(x) Pynkyusrap (x+a Oa
f(x)+0;, g (x) % 0) skeusarenm (f (x) ~ g (x)) Ogauwu yeyn

gx)—f(x)=o0(g )
gW—fx)=o0( ()

MeneAUKHURE (jpunau Ogauiiu 3apyp 6a emapiu.
Hc6oT. 3apypauru. x—a ga f (x) Ba g () byHkuusAnap SKBH-

BaneHT 6yacuu: | (x) ~ g (x). ¥ xonma Ttavpudra xypa lim 2 8 =
x—a

éxu

6yau6, yHIaH
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lim (l—ﬂl)___]im_ﬂ")__f(_") -0
i—a g (x) x—a g (x)

xequ6 unkazu. Jemak, g (x) —f (x) = o (g (x)).
Etapauaurn. x—a na g (x)—f(x)=o0 (g (x)) 6yacun. ¥ xoxa-
Ja x—-a ja
(1® _g®—f®_ ol &)
g (x) g &) g (%)

6vand, yHaamr
lim (1——~—f (x))=lim 2@

xoa \ g (%) x»a 8 (x)
keau6 uukany. By sca lim % =1, abHH [ (x) ~ g (x) 3KAHHHH Kyp-
x—a X

catagi. Teopema nc6ot Gysau.

2-HaTtnxa. Arap, x—a ja f (x) Ba g (x) QyHKUMAAAD YuyH
Hm g_(x_)
x—a f(x

6yaca, y xonga yiuty

= ¢ %0, ¢ = const

g ~cfx
g =c-f(x)+o(f ()

MyHoca6aTnap VpHHJH Gyaanu.
Hc6or. llaprra kypa

lim £&)

X—a f (X

Ba

=¢ % 0, ¢ = const,

6yHaan
m g (x) =1
x—a C-] (x)

Keaub uukaau. Hemak, g (x) ~c-f(x).
IOKkopuaa ncGoT sTuaran 8-Teopemara fRocan c¢-f (x)—g (x) =
=0 (c-f (®)=o0 (f (x) xypunmiga é3uui MyMKHH, YHJAaH

g =c-f+ off ()
3KaHH Kesud YHKaIH.

SHAM DYHKLUAJADHHHT SKBHBAJEHTJIMTHra acocjJaHray xamaa QyHk-
UHAJAPHHHT JMMHMTHHH xucoGJalufa Tes-Te3 ¢oiaasanub Typuiazura
TeopeMaHH KeJTHpaMH3.

9-teopema. Aeap x—>a 0a | (x) ~f, (x) 6a g (x) ~ g, (x) 65aub,
Yyuby .

lim f1 (%)
xsa g (%)

aumum masxcyd 6yaca, y xoada lim ;T(z
X—a

]jm f(x) :lim [1 (X)
x—a g (x) zsa g1 (X)

Aumum xam maexyo ea
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menaauk Gpunau 6gradu.
Mc6or. IMaprra kypa x—a na f()~f(x), g(x)~g (). Y
xoaaa yuby
f@=HhH (x)+ o (),
g =g () +o(g ()
TEHTJIHKJap VpHHAH Oysamd. Hatikama
R . 0 (i ()
) |1+ ———

fim L jj 00 () e 7 i ] _
x»a (%) x-a g1 (0)+0(g (%) =2 ) [1 L2 (@1 (X)):,
g (%)
. 0 (Fs (=)
= lim f1 (%) lim f1 (x) = lim f1 (%
x»a 81 (%) x-a 12 (g1 (x) z»a &1 (%)
&1 (%)

6yauln Keau6 yukagu. Teopema ucGoT GyJiaH.
OyHKUMANADHA yJapra 3KBHMBAJeHT GYHKUMANAD GHJIaH aaMalluTHPHLI
HaTHXKACHIA KYNTHHA (QYHKUMAJAPHHHT JHMHT/IAPH COAAA XMCoO/aHaiH.
Mucoa. Yuby

. cosx — cos2x
lim ————————

x—0 x2
JUMHTHY XHcoGaaHr. PasuaHks,
X
2.sin —x--sin -
. COSX — cOS2x . 2 2
lim —————— =lim
x-0 x? x—0 x3
O x—0 pa
3x 3x . X x
sin —=— o0 (), sin —=—-0 (x
5 > T (x) e +0 (x)
MyHocabat/japHd 3bTHOopra oJnd Tonamus:
Hocab 6op 6
asin 2 gin 0w (5 r+o )
sin ——-sin — - X— 0 (X - 0
. 2 2 . (2 ‘ g YTV
lim — =2lim =
%0 x2 x50 x2
3
— x2-- 0 (x%) 3
=2 lim = —,
x-—-0 x2 2
Jemak,
lim cosx — c0s2x E
x—0 x2 2

5-3caartma. Bus I-6angma «O», «o» Ba «~» Gejrunap GunaH Gor-
JIaHraH (PYHKUHAJAapHH Yprauauk. ByHaa a uekan ne6 xapajj. a =
6y.raH Xosja XaM IOKOPHAArHAeK TYLIyHYa Ba TeopeManap Tabpudua-
Hagu Ba YpraHuaagy.
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5-B0B
SYHKUMAHUHT Y3J1YKCH3JINTXA

DYHKUMSAHHHT Y3.TYKCH3IHTH MaTeMaTHK aHa/IH3 KYPCHHHHT MYXHM
TylyHyasapupan 6yau6, y QyHKNUA JHMHTH TylOyHuyacH 6usaH GeBocH-
Ta GOFJaHraH.

X c R rynnamaa [ (x) dynkuus aHukjanrad, @ €X sca X Tyniaad-
HHHT JIHMHT HYKTacH 6¥JcHH. x—a 1a [ (x) OyHKUMAHHHT JUMHTH TYF-
pucHia KyHnparunapiad OHpHHHM aNTHIL MYMKHH:

1° x—a ga [ (x) GyHKUMSHHHT JHMHTH MapKyl, YeKJH Ba

lim f (0) = (a)

2° x—a na f (x) QYHKUMSHHHT JHMHTH MaBXKyV], YeKJH Ba
lim f (x) =b = [ (a);
X—a

3° x-—>a 1a [ (b) GYHKUMSHHHT JMMHTH MaBxKy1 Ba
lim f (x) = o (+ o, — oo);
X—>a

4° x—a 1a f (x) OYHKUMSHUHT JHMHTH MaBXyj] 3Mac.

Arap 6upop | (x) dyHkuus yuyyH 1°-xoa ypusan 6yaca, 6y oyHk-
UM MYXHUM QyHKUHAIapjaH XxucobjaraiH Ba KaTop Xoccanapra sra 6y-
Aagd. Ky#inga OyHaadl yHKUMAIAD y3ayKcH3 (GYHKUMS 1e6 arajraH.

Bus ywby 6o6aa acocan y3nykci3 $yHKUMSA/IAp Ba YJAPHHHT Xocca-
JIADHHH Yprasavus.

1-§. OyHKUHA Y3JYKCH3IMIH TabprIapH

]. DYHKUHAHHHT HyKTajga y3avkcusauru. X <R tym-
JaMia f (x) aHuaaHran 6yau6, a€X sca X TYNJIavHHHT JIHMHT HYK-
Tacy GYJICHH.

I-Tabvpud. Arap x—>a 1a [ (x) GyHKUHA JHMHTH MaBKya Ba

lim =
xLa f (x) f (a) (5 1)
6yaca, f (x) dyukuus a nyxmada y3aykcu3 1eb atanajd.

Muconmap. 1. f () =x*+ x4 1 doynkuna % a€R HyKTajga ys-
JYKCH3, YYHKH X—-a Ja

mf @) =lim (P¥+x+1)=a’+a+1=7F (a).

X—a x—a

2. [ (x) = (signx)® dynkuusiHn Kapaiaux. Paswankd, 6y QyHkius

) . 1, arap x = 0,
f (x) = (signx)? = { 0, arap x — 0
KypuHHIga 6ymub, % a€R yuyH
Hm f (x) =1

X—a

6yaagn. Ammo f (0) = 0 6yarany yuyn
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lim f (x) = f (0)-

Hewmak, f (x) = (singx)? yskuus a = 0 HyKTaga yanykcus amac, Gouika
XamMMa a # 0 HyKTajapaa 3ca Y3JYKCH3RHP.

Bus 4- 6061a QyHKLUMSA JAUMHTHHHHT Gup- GHpHra SKBHBAJEHT OyJaraH
leiine Ba Kowm rtavpudsapusu kearuprad sauk. By Tabpudmapnan dof-
Aanauud, GYHKUMAHHHT @ HYKTaja Y3JYKCH3JMCHHH KydAuaaruya Xam
TabPHPMIA MYMKHH.

2-tavpud (Feiine). Arap X = {x} TynnaMuuHr 3JeMEHT/IAPHAAH
TY3H/IT@H Ba @ ra HHTHJIYBYH Xap KaHga# {x,} KeTMa- KeTJIHK OJHHIAH]A
XaM ¢GyHKUHA KuAMaTnapuaaH Tysuarad Moc {f (x,)} KeTMa- KeTVIHK XaMm-
Ma BakT [ (@) ra uuThica, f (x) dyHkuus a wyxmada y3aykcu3s neb ara-
JIaH.

3-Tabpud (Kowwu). Arap ¥ e >0 con yuyd myunai 6> 0 con
TOMH/ICAKH, (PYHKUUSA apryMeHTH X HHHI |x —a| < O TEeHrcus HKHH Ka-
HOA1/IaHTHPYBYH Gapya KuiMaTnapHia

[F)—F(a]<e
TEHrcH3IMK Gaxapuica, f (x) dyHkuus a [Hyxmada ‘y3ayxcu3 neb ara-
JajH.
Mucoa. Ywby f(x) =V X1 4 QyHKuMSHAHr x =5 HyKraga ys-
JYKCH3 OY/THLIHHM KYPCATHHI.
3 & :>0 coH oaub, 6y & coHra Kypa 8 >0 coHHH 8 =3¢ ne6 Ka-
pasnca, y xoaga |x--5]<< 8 6ynraupa

[F()—F(B)=|Vx+4—3= lx—=51 _lx—5]

;-x—,—47—3 3

<2
3

6y.1anu. By sca woxopuparu Tabpudra kypa, f (x) =v x -+ 4 dyHkuus-
HHHT X = D HYKTafa y3qyKCH3 OV HLIHHH OHIAHpaIH.

Koum taspudunarn |x—a|<<6 Ba |f (x) —f (@) < e TeHrCH3HK-
Jap MOC paBHiuja

x€U; (@) Ba f ()€U, (f (@)

KYPHHHIIZA  XaM  €3u/IMiH ~ MYMKHH

U(Ha) f("f};:) 3KAHJUIHHM xucobra ogcak, aTpod Ty-
) fore HIyHYacH épramuaa QYHKUHMAHHHT Y3-

JYKCH3JIMTHHH KyHuoaruya XaMm Tabpub-
Ja MyMKHH.

4- Tabpud. Arap e>0 con
N7 yuyH wyHaa# 6 > 0 coH TOMHJCAaKH,
) aprymeHT x HuHr Gapua x €U, (a) xui-
MaTsapuia GYHKUHAHHHT MoOC Ku#Mar-
Japu yuy [ (x) €U, (f (a)) 6yaca, f(x) byHKuMs a nyxmada y3aykcu3
ne6 aranag (33- uu3ma).

Mucoan. Yuw6y

33- un3ma.

(%, arap x — palHoHaJ COH Gyuca,

f(x)=l

— X, arap X — HppauuoHas coH 6j.ica
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dbyskuua x = 0 HyKTaga yaaykcus. Xakukartad, % >0 coH yuys 60
contin O =€ ne6 omuHca, y xoaaa ¥ x €U, (0) nap yuyu f ()€U, (0)
Keaub YHKAIH.
PasinankH, (5.1) ypudau 6y.aca, ywoby lim . [f(0)—F (@ =0 au-
X —a—
MHT XaM Vpuugad Gynaamu. Opataa x—a aliMpma apeymenm opmmup-
macu, f (x) —f (@) aiiupma 3ca a nykmadaeu QYHKUHSIHUHT Opmmup-

Mmacu pefivnagu. Ysap moc pasuuiga Ax B2 Ay (Eku Af) xabu Gearu-
NaHagu:

Ax=x—a, Ay=Af=Ff(@)—7F (a).
By TeHrauknapaay coiganaHub €3avus:
x=a4-Ax, Ay=Af=f(@a+Ax)—Tf (a).
Harmxaga (5.1) mynocaGar
lim*Ay=0

A x—0

Kypunuiura sra 6y.aaau. Hemak, f (x) QvHKUMHHHHT @ HYKTala y3/ayK-
CH3MHIH, Oy HyKTada apryMeHTHHHT YeKCH3 KHYHK OpTiHpMacura (QyHK-
UMSHUHT XaM YeKCH3 KMYMK OPTTHDMAcH MOC KeJsIHiIlM CHbarTHIa XaM Tab-
pUhIAHHIIY MYMKHH.

Mucon. y=sinx Pa y = cosx QYHKUMANADHUHT Y a € R HyKrana
Y3JIVKCH3 OV/HMLIHHM KypcaTamu3. % a€ R Hykra oqud, yHra Ax opT-
THpMa Gepafinuk. HaTmkana y = sinx dyukuus xav yuity

Ay=sin (a+ Ax)—sina

opTTupMara 3sra 6y.aub, —n < Ax < m 6yaradaa

|[Ay| =|sin (@ + A x) —sina|=|2-sin %cos(a-l—%\ <
<220 x|

TEHICH3/MMKKA 3ra OViamu3. Bynman lim Ay =0 6yauum Keaud yu-
A x-»0

Kaud. Hemak, y =sinx ¢yHkuua a €R HyKiaga y3jaykcus. Xypay LWIYH-
ra yxwau y =cosx QYHKIUMAHHHT XaM a€R aa ysnyKews Gyauud
KypcaTuaany.

2 ODYHKUHAHHUHT OHp TOMOHJH Y3JAYKCH3JUTH SHIH
(YHKUMAHUHT @ HyKTaja Gup ToMOHAaH (VHraaH €KH 4anpfad) y3ayKCH3
Oy TaDPU(PIIAPHHH KeJATHPAMHU3.

X R tynaamaa f (x) ¢pyHkuMA aHuk/gIaHraH Oy.mS, a€X sca X
TyhAaMHHHT YHT (Yanm) JMMHUT HyKTacH GYJICHH.

5-tabpud. Arap x—>a+0 (x—>a—0) na [ (x) GyHKUHAHUHT
YHI (4am) JIAMHTH MarxKyJ Ba

lim f (x) =f (@ (lim fx)=F(a) (5.2)

x-»2+4-0
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6yaca, f (x) dyHkuMs a HykTajga VHraaH (4ampaH) y3nyKCH3 AeHHnanH.
Mucoa Ywbéy

1 arap x #*0
P i S
0, arapx=0
GyHKIMAHN Kapahiuk. By ¢yuxuus yuyH
lim { (x) =lim = = 0=7F(0),
x—+0 x>+0 1+2
lim f (x) = 11m =1={(0)

x——0 + ] /x

6yarannury cababau, 6eppmraH (byHKupm x =0 HyKTaga VHrJaH ys-
Jykcus 6y.n0, yamgaH sca y3aykcus 3mac. OYHKUMAHMHT YHT (Yam) Ju-
mutnapuiuar Tefine Ba Koum Tabpudnapugan (4- 606, 3-§) ornana-
Hu6, YHUHT @ HYKTaja YHriaH (4aniaH) y3aykcH3mMHrHHHHT [efiHe Ba
Kow TabpudapHHH KeJTHpHII KuiHH 3Mac. bus yKypuura, Mamx Ta-
puKacuiaa, GyHpaall TabpHpIapHH Ga€H STHIUHH TaBCHA 3TaMH3.

IOKopy1a kenrupuaraH TappHd.IapiaH KYpHHamukH, arap [ (x) dbyHK-
UMA @ HYKTaZa XaM VHIJAH, XaM uYanjaH GMp BakTaa V3/jyKch3 6y.ica,
GYHKUMS Wy HyKmada Y3aykcu3 O6yaagu.

6-Tavpud. Arap f (x) dyskuus X < R TynaavHuHr xap Gup HyK-
TacHaa y3aykcu3 6yuca, dyrkuusa X mgnaiamoa ysaykcu3 1e6 ataiamd.

Macaga, f (x) dysxkuus (a, b) vnTepBasHMHT Xap GHp HyKTacHaa
y3aykcu3 GyJca, GyHKUHS WY uxmepeaida y3ryxcu3 1e aTtanai.

f (x) dynkuus [a, b] cermentna Gepuaran Gyacud. Arap 6y ¢yHk-
ws (@, b) ja y3nykcu3 GyJca XaMmia a HyKTaja yHTaaH, b HyKTaja
yanaal ysaykcus 6yaca, gyskuusg [a, b] ceemenmoa ysayxcu3 pe6 ata-
JidJIu.

Mucoa. Ywby [ (x) == /x dyuxkuusHHHr R TymaaMaa y3aykcus
6YMLIMAY KYPCATHHT.

Assaa ¥ a€ R\{0} nykrana Gepuarad QyHKUHAHHHT y3J1yxcnam;mHH

KypcaTamMus. % & > 0 coH 0.6, 6y coHra Kypa 8 > 0 COHHM 6=% Va'e

ne6 kapaiiank. HaTwkana |x —a| < 6 6yaranga

. - 3, lx—al
If () —F (@)] = Vy —Val= =
= V5 - yar -V
| x— —
N 3’; 1 ;/-a—az' 3 3, —_— 3’ 3 -
(l iy /)*—v o
TEHrCH3MMK KeJHd unkaau. Hemak, pyHkms W a€R (a # 0) Hyxraza
Y3IYKCH3,
Summ a =0 6Ysaran xoaga, 4 & >0 conra kypa 8 > O counu & =
=& 1e6 om6, |x —a|=|x|< 6 6yaraHza
3. 3 —
[F)—F©@l=h xl<y 8=
154
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TEHICH3/HKKA 3ra 6yaavus. By sca Gepunran $yHkuusHuar a = 0 HyK-

Taja y3aykcus 6yaHuwuHu ubomamaitau. [demak, Gepuaran ¢yuxuus R
TYMJIaMAa Y3JVKCH3.

2-§. OyHKUHAHHHI Y3HJHIIK. Y3HJHWHHHT TYDJApH

Maskyp 6ofHHHr Gowaa x —a A2 [ (x) PyHKUMAHHHI JHMHTH YUYH
4 xo. 103 OepullMHH Tabkuamab, 1-§ ma 1°-Xomuu VYprawauk. ByHza
6u3 y31ykcH3 QyHKuMAmapra sra 6yaguk. SHad 2° — 4°- Xo/aapHH XaM
ypranamus.

f (x) byukuua X < R rtynmampa aHukaadHrad 6ymau6, a € X Hykra X
TYNJAMHHHT JTHMhT HYKTacH OY.icHH.

7-tabpud. Arap x—a aa [ (x) QYHKUMAHHHT JUMUTH MaBXKYI,
yekad 6ymub, lim f(x)=b+f(a) éxu lim f (X) = o (- 00, — 00)

xX—a x—a
6%aca éxku GYHKUUAHHHT JUMHTH MaBxyX Oymamaca, yHpa [ (x) ¢yHk-
UHA a HyKmaoa y3uauwea 3ea JeHHTafH.
OyHKUMSAHHET @ HYKTaja y3WjHlIra 3ra 6yJagurad XOIIapHHH aJo-
XHAa Kapab yTamus.
I x—a na [ (x) QYHKUUAHHHT JIHMHTH MaBXKyA, 4ek.1H G6yaub, y
f (@) ra teHr 6y.1MacuH:
lim f(x) =b+f (@) (b—uekau con).

X-—Q
By xosiga, paBwaHky, X 1a aHHK/JaHran yuby
f@, x+a
frx=y,
QYHKUMA @ HyKTaja Y3.IyKcH3 6yaanu:
lim f* (x) = lim f (x) = b = *(a).
xX-»a

x—a

, x=a

Mynaait kU6, Gepuarad QyHKUMAMH3HUHT OMTTA @ HYKTaJ1aru KWi-
maTiHy 3rapTupu6 (f (@) VpHura b oub) @ HyKTaga y3aykcu3 (yHK-
uusira sra 6ynavus. Llyuuar yuyH, 6y Xoama [ (x) dyskuua 6apma-
pagh Kuawu mymkun Gyrean yauiuuiea ea JeHdIand.

Macanad, yuwby

{xﬂ, arap x # 0 6y.aca,
Fo) = 1, arap x =0 6yaca

dynkuua yuyn lim f (x) =0 [ (0)" My-
x>0

YA

HocaGar ypunie. J[emak, Oy ¢yHKUHA

x =0 HykTaja Gaprapad KHIHII MYMKHH (04

6yarad ysusauura sra (34- uusma). "
Y6y

x-cos —, arap x = 0 6jca, 0 X
X

f)=
1, arap x=0 6Vaca 34- yn3Ma.
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¢yHKUHMA YUYH hm X oS L} Arap 6y dyrkumsHHEr x =0 HyKTa-
X

Jary KuiMaTH I(O) 0 ne6 onmHca, ¢yHkuMs Oy HyKTaja Y3JaYKCH3
6yaub Konaiy.

2° Oumu x—>a ja [ (x) QYHKUMAHHHT JHMHTH MaBXyJH 3Mac Jei-
JIMK.

By xonar, aBBajno, x—a na f (x) GyHKUMSHHHT YHr Ba yYal JIHMHT-
JlapH MaBXyJ Ba uekJjH 6yan6, f (a—O0) = f (@ + 0) 6yaranpa pyi Ge-
paau. Uly Xoaza GyHKUMA a HYKTaga Oupunqu myp y3uiuwea sea
Aednnagn Ba [ (@ +0)— [ (a—0) aifiupMa YHHHr @ HyKTajard caxkpa-
Wy Jeinaany.

X—>a 1a [ (x) HUHT JMMHTH MaBXyA Cyamaiiguran GOIKa Xamma
Xosnapia QYHKUMA G HYKTAJa UKKUNYU Myp Yy3uauutea 32a JeHnnany.

Macanan, 1) yw6y

1
T arap x # 0 6Yuca,

Fe =1, =

0, arap x =0 6y.sca
dbyHKLIHA YuyH
lim f(x)=0, lim {(x)=1.

X—--0 x-»—0

Y4 Y

N
4
;

35- uusMma. 36- yu3ma.

Jemak, Gepuaran ¢yHruus x =0 HykTana GHpHHUH Typ Yy3usHIUra sra.
YuuHr 0 HykTajgaru cakpawi — 1 ra Tenr (35- yn3ma).
2) Ky#uparu
f(x)=1Ix]
OGyHKLIHA X = p (p— GYTyH COH) HykTaza GMPHHUM TYyp y3HJMra 3ra,
yyHKH (36- yn3ma):
limf (x)=1lim [x]=p—1,

X—p—0 X—sp—U

lim [ (x)= llm [x] = p.
x=p+0
3) Yuwby
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. g
sin —, arap x>0,
f ()= X
—x, arap x <0
dyHkuua x = 0 HyKTaqa HKKHHYH TYp Y3WIHUIra 3ra, uYyHKH x— + 0
aa f (x) =sin — QyHKUUAHHHT JHMHTH MaBXKy.1 3Mac.
X

4) ﬂHpHXJIe'(i)yHKU.HﬂCH
|, arap x — uppa :HoHan coH 6yca,

x) = .
) 0, arap x — pauuouan 6y.ca
R TyniaMHHHT Xap GUp @ HyKTacMAa MKKHHUM TYp Y3WJHMIIra 3ra, 4yH-
KH X—>a A2 ) (x) OYHKUMSHUHT VHT JIMMHTH XaM, 4Yarl JIMMHTH XaM
MaBXKyJl 3Mac.

5) ¥Yuby

1 v
—, arap x >0 6y.ca,
P

f o= 1
x, arap x < 0 Gyuca
GYHKUHA Y4YH
lim f (x) =4 o0, lim f (x) =0 0 X
x40 x——0

6yud, 6y pyHkuuA x =0 HyKTaZa HKKUHYK
Typ y3usuwra sra Gymnaau (37- uu3ma).
6) Ywby f(x) =1gx OYHKUMAHUHT X =

1 o
= - HYKTajard VHT Ba uam JHMHT/IapH

37- yuaMa.

lim tgx= —oo, lim tg (x) = + o«

x—»n—+0 x—.E_O
2 2

6yaamu. Hemak, [ (x) =tgx byHKuua x = % HYKTaja MKKHHYH Typ
V3UJIMILra 3ra.
3° Oumu x—-a ga
lim f (x) = o0 (4 o0, — )

X—a

6yncHH. YHAa OYHKUMAHMHT VHr Ba Yan JMMHTADH XaM oo (4 oo,
— oc) 6yaazu. by xonma xaMm [ (x) QyHKUMA @ HyKTajla 4KKux4u myp
y3uauwea 3ra JeHUNIagy.

Macanan, ymoy

P == (=0, f©=0

GyHKUMAHKET x—>0 fard JuMuTH -+ oo gup ( 6y Xoama
lim - = + oo, lim _‘=+oo).
x>0 X3 x—»—0 x2?
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Jemak, Gepuairan ¢yHkiwmA x = 0 HyKTaga MKKHHYM TYp Y3HJMIUra 3ra.
Ulynaait kuau6, f (x) ¢pyHkIMs a€X HyKTaza

1) yanyKeus GynamH €ku

2) Gaprapad KHJHII MyMKHH 6Y.raH ysujuiura sra 6yaand, éku

3) GupuHYM Typ y3usMIIra 3ra GyJjaad, €Ku

4) MKKHMHYM TYp ysHuHumra 3ra 6ymaazu.

l-acaatMa. Arap a€ X nykTa X TynjaMHUHT GHP TOMOHJH (SBHH
YHr €KkH uam) JHMHT HyKTacH 6Yy.ica, OKOpHAaruieK GYHKUHAHHHT Oy
HyKTaja Y3WIHIHK (VHraaH €Ky YanjaH y3WJIHILH) TaBPHOH KeNTHPH.IAH.

2-a3cnartMma. f(x) dyHkuua X TyniaMia aHHKJaHraH, Y3JayKcH3
6y/m6, a€ X HykTa X TYNJaMHHHr JHUMHT HyKTacH 6ysicud. By xoana
OYHKUMAHMHT @ HYKTajgarn KUAMaTH aHuKjJaHMarad Oy.ca XaMm x—a

Ja f (x) HMHT JIAMHTH MaBXyj[ Ba YeKad, sbhu lim | (x) = b (b — uek-
x—a

JH COH) Gy/HIIH MyMKHH. By juMuT MyHocaGaraaH doitnanann6 X U {a}
TynaaMaa y3aykcu3 6yaran GyHKUHS Ty3HLI MYMKHH. XaKuKaTaH, arap
o f(x) arap x€X 6yuJca,

() = b, arap x=a 6yica
1e6 osuHca, HaTwxkaga X ({a} Tynnavna ysaykcus f* (x) dyHKuus xc-

cua Gynanu.
Macanan, y = —= q)yﬂxuuﬂ (—oo, 0)U(0, - o0) aa aHugJanran

BA V3JYKCH3. MamyMKn,

. sinx
lim 1.
x—0 X

By MyHocabataan doiipananub TysuaraH yuwby

sin x

, arap x # 0,
f* ()=

1, arap x=0

¢dyukua R ga ysnykcus 6yaanu.

3~§. MoHOTOH ()YHKUMAHHHI Y3JYKCH3JHTH
Ba Y3WJIHIIH

Bus rokopuna X Tynsampa Gepusran uxTuépuii [ (x) GYHKUMSHHHT
a€ X HyKTajard JUMHTH yYyH 4 Ta xoajaH GupH OV/IHMUIM MYMKHHJIH-
THHH KypauK. Ky#Auzar# TeopeMa MOHOTOH (YHKUMAJAp Y4yH Oy XoJ-
JIAPHUHT ($AKAT HMKKHTacH OyJuIuM MYyMKHMHJMIHHH KypcaTalH.

f (x) dynguus X opanukia aHHKJaHraH GYJICHH.

l-teopewma. Aeap [ (x) ¢yuxkyus X opasuxda mOHOMOK DYHK-
yua 6jaca, y wy oparuxruxe ucmancan Hyxmacuda é y3ayxcus 6i-
Aadu, éxu gaxam Gupunuu myp yauruwuza 32a 6yaadu.

Hcb6or. [ (x) dynkuma X opamukna ycyBux GyuicHH. X HHHI IyH-
nXail @ HyKTacHHH OJIalMKKH, 6upop 86 >0 yuyH (@a— 6, a+ 9 <X
6yscun. Llaptra kypa ¥ x€(@—05, a) yuyn [ (x) >f (@) Ba ¥ x€(a,
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a-+98) yuyn f (x) = [ (a) 6ymaxu. Iemax, f (x) pyHkuus (@ — 8, a) na
toxopunad, (a, a + 8) na ky#umad uerapanauranaup. MoHoToH ¢VHK-
YA JHMHTH XaKHIard TeopeMara acocaH

Jim - f () =fla—0<F (a), (5.3)
Jim fo)=f@+0=>f@ (5.4)

6yaanu. Arap f (@ —0)={f (@) =f (a+ 0) 6y.1ca, PyHKUHS a HyKTaja
yaaykeus 6Y.1agu. Arap f (@ —0) <[ (a + 0) 6yaca, wy HYKTaza GyHK-
uHs OHPHHYH TYp Y3HJHIUra sra Gy.aid.

Arap a mykra X OpajJUKHHHT YeTKM HyKTacH 6Vy.ica, IOKOpHIArd Ke-
JIHWYBHMH3ra Kypa, 6y HyKTagard OHP TOMOH/IM JUMHTHUHT MaBXKya-
JIMCHHA KYpcaTHll Kudos.

PaBluanky, [ (x) oyHkuua X opaaukga KamaroByy Gy.rad Xoaa Xam
My.TONA3a/1apHMU3 XYIOH IOKOpHAarugex Gynans. Teopema ucGoT/aHIH.

SHIH MOHOTOH (QYHKUHMAHWHI Y3JIYKCH3 GY/IHUIM XaKHIard TeopeMaHH
KeJTHPaMH3.

2-teopeMa. Aeap [ (x) pyuxyus X oparuxda monomon 6gaub,
ynune Kuimamaapu mygnaamu Y, ={f (x): x€ X} Gupop opauxdar
udopam 6ijaca, y xonda 6y ¢ynxyus X O0a ysayxcu3 6yradu.

Hc6ot. Auukiug yuyH [ (x) dydkuua X ga yoyBum 63.acnd. Papas
Knaaftmk, f (x) QYHKUHA TeopeMaHdHI WIAPTJAPHHH KaHOATJIAHTHPCA
xaM, v 6upop @& X HyKTaga Y3JayKcH3 Oy.macud. Y Xo.a1a | -Teope-
Mara Kypa y OHMpHHYM Typ y3uwduira sra 6yjgagd. Svdu

fla@a—0<f@+0
6¥nagu (arap @ Hykta X OpanMKHUHT YeTKH HykTacH 6V.ca, (D.3) éku
(5.4) TeHrcusuk ypHHau 6Y.iaanu). Harnxkana
x<a6yaa, f()<f (@a—0
x>a 6yaca, f(x)>f (@a+0)

6ym6, f(x) ¢yukuua (f (@—0), f (a—+0)) uxrepsangaru [ (a) zaH
folKa KHHMaTaapHH Xeu OHp x € X na kabys Kuna oamadfiad. by 3ca
f (x) uunr KufiMaTiapd TynaaMd Y, Oupop OpasHKAaH HGOpaT SKaH/H-
rira 3dandp. Jemak, OYHKUHA d HyKTaga GUPHHYM Typ Y3dadura 3ra
6yna onmatigu. Teopema ucGot Oympu.

4-§. Y3aykcH3 QYHKUMAJIAD YCTHAA
apupmeTHK amaanap

SHAH y3ayKcH3 QYHKUHAJAPHUHT HHFHHIHCH, adupMacH, KymadTMacH
Ba HUCOATHHM Y3JyKCH3/JIHKKA TeKIUIHPAMU3.

3-TeopeMa. Aeap f (x) ea g (x) dyukuuamap X < R mgnaamoa
anuKranear 6aub, yaraprunz xap bupu a€ X nykmada yzryxcus Giya-
ca,

F=g@ @ g 2‘8 (€ (1) %0, ¥ x€X)
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Qyukyusrap xam wy Hykmaoda y3aykcus 6iaadu.

Hc60T1. By Teopemanuur uc60oTH suMuTra 3ra GyjraH ¢yHKuHsjap
yCTHAa apH(MeTHK aMasjap XakHaaru TeopeManapiaH GeBocHTa KesHG
uHKaan. MacanaH, MKKHTa Y3JyKcH3 (QYHKUHS Kynma#TMacH fHAa Y3JdyK-
cn3 OyHKUMA OVJHIIHHE KypcaTaHuuk. f (x) Ba g (x) QYHKUHALAD @ HYK-
Taja y3aykcus Gy.cwn:

iTZ [ )=/ (), Llfz g (x) =g (a).
Y xonma
,Icfi [f x)-g (x)] :inT [ @) le g)=[( g

6ymub, yuaaH f (x)-g (x) QyHKUMAHHHT @ HYKTaja Y3JyKCH3 GyJIHIIH
Kesanb YHKaaH.

3-scamarma. Mkkura dyHKuMs HUFHHAMCH, afMpMacH, KymaiTMacH
Ba HucOatH y3nykcH3 Oysmwngan 6y QyHKUHAJADHHHT Xap GHDHHHHT y3-
JIYKcH3 OyaHilH Kennb ynxkabBepmaimy.

Mucoa. Kyfugaru f (x) = x Ba

cos i, arap x = 0 6y.ca,
g (x)= *
0, arap x=0 6yuca

- 1
¢byHKUMANAp KynalT™MacHmaH Ty3HaraH @(x) = x-cos— o¢yHKUkd R aa
X

yanykcH3 6yarad xoaja g(x) dyHkuusa x = 0 HykTaga yaayKcu3 smac.
IOKopuna kenTHpHiraH TeopeMa KVIDUJAYBYMJIAD Xamjaa KYMaHTyBuu-
Jlap COHH MXTHEpHH ueksH GyJirad Xoaja XaM ypHHAH OVJIMINHHH Kyp-
caTHll KHHHH 3Mac.
SHAH TeOPeMAHMHT KVJIJIAHWIHIUHIra MHCOJIIAp KeJTHpaHJIHK.
Mucoananap. 1. y=ax", a=const, n€N ¢ynkuua R nma y3-
JIYKCH3.
Papmianky, f(x) =x oynkuse R na y3anykcus. Arap Gepnaran
GYHKUMSHY
y=a-x"=ax-x x
N
n Ta

KVpuHHIIZa udopanaml MyMKHHIHTHHH 3bTHOOpra oJgcak, J3- recpemara

Kypa y=ax" GOYHKUMSHUHT R [a y3NYKCH3UTH KeqnG YHKaIM.
Kentupunran Mucon Ba 3-TeopemagaH OyTyH Ba Kacp palHOHAJ
byHKUHAIAD

i
Px)=ax" +a 1" + +a, x+a,

—1
ap 3" 4ay T 4 +a, 1x+a,

by X™ by A+ by 5y,

Qlx) =
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(a,, a, , @, by, by, , b, — yarapmac connap, n€N, m&N) y3
AHMKJAHHI TYTJIAMJIapHAa y3JYKCH3 GVJIMIUH Kenub 4HKaaH.

2. y=tgx, y=clgx, y=-secx, y=cosecx QyHKUHAIAD y3 aHRK-
JAHHIUI cOXanapuia Y3JayKcH3. Xakukartan, Oy QYHKUHAJAD Y3JYKCH3
(yHKHMAJAPHHHT HHCG3TH OpKauH HbORasaHazH.

5- §. MypakkaG GyHKUMSHMHT Y3NyKCH3JIHTH

y = f(x) dynkuus X Tynaamaa, z = o(y) pyHkuus 3ca Y rtynaav-
Ja auHKJaHraH 6yaub, yaap épaamuaa z = @(f(x)) Mypakkad q)yHKmm
Ty3uaran GyacuH (4-GoOHHHr 1-§ Hra Kapadr).

4-teopema Aeap y = f(x) ¢ynkyua a€X Hyxmada, z = ¢(y)
PynKkyUA 3ca a HYyxmaea mMoc Keaean Y,=f(a) Hyxmada Yysaiyxcus
6gaca, z = @(f (x)) smypaxkab Pynrxyua a Hyxmada y3rykcu3 Ggaada.

HMcbor. y=7{(x) bynkuus a€ X nykraga, z = @(y) PyHKUua 3ca
Moc Y, = [(a) HyKTaza y3JyKcu3 GVJICHH. CDyHKumi Y3JIYKCH3JIUTH Tab-
puq)ura K¥pa e>0 coH yuyH iuvHgal o© >0 COH TOMHJA3JHKH,
| y— Yol < 0 TeHrcuanuk OGaxkapuaca, |@y)— @(y,)| <<€ TEHICH3JIHK
xam Gawapunann. lLlynunraex, oamsras >0 CcOH yyyH 1wysaafl
8= 0 con TONUAANHKH, |x —a| < O TeHrcuamuk Gaxkapuirauga |j(x)—
—f(a)l 0 TEHrCH3NMK XaMm Gawapunapu. [emak, /e >0 coH yuyyH
wyHaak 6 >0 cOH TOMHJIAMUKH, | X —a| < 6 TeHrcu3mHK GaxkapunraHia

le(f(x)) —o(f(@) | < ¢

TeHrCH3/IMK XaM faxapuaand. By 3ca z = @(f(x)) QYyHKUHAHHHT @ HYK-
Tana y3aykcHs OVauniniHg G6unpupand. Teopema HcGOT 6V.aH.

Mucoanap. 1. y=a° (@>1) R tynnavpa ycyBun YHKUHA.
Xap 6up y >0 na x=Ilog,y Huur MaBxkya Gy miunnan GepuiraH
GyHKUMAHHHT KufiMaTaapy ¥ = {a*: x€ R} = (0, - oo) opamukHy Ta-
KM 3THM Kequb uMkanu. [emak, y = o ¢gyHkumsa R jJa y3.ayKcH3.

2. y=log,x(a>1). by dyukuma X = (0, +o0) opanukaa ycys-
yH. YuuHr gudimatiapu Y = {log,x: x€(0, -+ o0 )} = R Hi Tyaaupaiu,
YyHKM Xap 6up y &€ R yuyH x = a’ maBxkyn. [demak, y = log.x (@ > 1)
dynkuus, (0, +oo0) ma y3ayKCH3.

IOkopraa KeaTHpuJIraR KypcaTKHY/aH Ba JorapudMHK QyHKUHAIAD-
HuHar 0 < @ < | 6yaranpa y3;ayKCcH3 SKaHJHTH Xam 2- TeopeMajJaH Ke-
JHb YHKAIH.

3. y=x" (x> 0) napaxanu GyHKUHSHH Kapaiauk. Dy QyHKuHSHH

wlog, x
y=x"=a " (@>0,a=1)

KypuHuiuna udojanais MyMmkuH. Arap plog.x ¢yukuus (0, -+ oo) na,
¥ (YHKUHA 5ca R @ Y3JYKCH3 3KaHWHH 3BTHOOpra oOJicak, y XoJaia
MYparkkad QYHKUMSHHHT Y3AYKCH3JMTH XaKHAArH TeopeMara acocJ/aHHG

Y — x" dyuxuussunr (0, +00) opamMKAA Y3JYKCH3 GYJHIIMHM Toma-
MH3.
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6-§. JlumutaapHn XHC06aaAA QYHKUHSHHHT Y3AYKCH3AHMMAAH
doipananuw

Mabaymki, QYHKUMSIIApHHHT  JHUMHTJAPHHM  Xico6aaur My XM, wy
Ou.aH Gupra aHdyardia Maldakkatdi Haup.

D yHKUHATAPHHHT y3JayKcu3 OV/Mum 503, YJAdPHHHT THMHTHHH TO-
OUUIIA KV KeaaaH.

y == [(x) dyukuus X cT R tynaamia anuxaawrad  6y.aubd, a Hykra
X HHHT JMMHT HYKTach OFacuH. 2 = @(y) ¢yusuna >ca ¥ <R t¥n-
Javaa avuksaHrad. By ¢ydkuusmap épgaviaa z = @ (f(x) MypaKKaﬁ
yHRUMA Ty3uaras Oy JicHH.

Arap lim f(x) = y, Makyn 6yaud, z=q@(y) dyHkuuT Yy, HyKTaga

A—a

yaaykcus 6yaca, y xoaga lime (f(x)) mMaBxys sa
X—a
limg (7(¥)) = ¢ (4.)

TEHTJIHK VpHHJIN OyJaanu.

Xaxkukarau, x—a ja f(x)—>y, Ba @(y) dyunkuua y, HyKTajga ys-
JYKCH3, ABHH Y — Y, Aa @y)— ¢(y,). ¥ »oama mypakkad @yHkuus-
HHHT JHMHTH Xakujar# Teopemara acocan x—a na ¢ (f(x)) PyHxuus
JMMHTra 3ra Ba

lim ¢ (f(x)) = hmcp(J) ¢ (.

X—a

TeHrsukaap Vpuuid. By Tenramxiapgan  y3sykens GyHKUMAAAD YYVH
QYHKUUA HIGOPACH OCTHAA JIMMHTIa YTHII KOWIACH Kejud UYHKamH:

lim ¢ (F () = (tim f (x)).
Xyeycan, f(x) = x Gyaca,
hmtp(x) (p(hmx) o (a).

Mucoaaap. 1. Kydunaru
1

lim(l -- ) 0= peER

x—0
i {

JIUMUTHE XucoBaanr. Bu3 6yun lim(l + px)* = lil‘(f]l[(l + 1)1 kypu-
x>0 X

HHIIJA €316 onamus. Papwanki, x— 0 ga y =px— 0 O6fnagu. bys-
JaH KYHHZArHHU TOMAMH3:
t |

lim (1 + px)m]“ = [“fgl(l +y);]u =
X0 y—

. . x\n ) i ~
Wy muconpad Qouaatatud llm( 1 -~I——) JUMHTHH XAM  XHcodJsalll

e N n/

X X
MyMKHH. YHaa 0 = x €R. PasuaHky, X €RpaBan— 12 ;zy—»O.
n
HlyHuur  y4yH

162

www.ziyouz.com kutubxonasi



1 1

lim (1 + i\)” —lim[l + )’ I' = flim(1 + g’ | = ¢
y—0 y-»0

LSO n

2. Ky#niarua JHMITAAPHH NHCOOIAHT.

. log,, (1 -& x _
a) lim dotador9 log,e (Gupnnun Mysum T, a > 0, a 1),
x -0 X

. _at—1

6) lim = Ina(MKKuaun MyxuM amar, a => 0, a = 1);
x->0 X
RS R

B) lim —————— = o (V4IHYII MVXHM JHMHT).

x—0

By myHocaGaTaaphi 1icO0TIaWIa JorapupMHK, KYPCaTKHY.IH Ba Japa-
KAy (PYHKUMAJAPHHHE y3aykchaaurilan Qoiilatanavus. Jdapxaknxar,
a) Nos14
! 1

. Lo | X . x i ' X
lim 22D —jimlog (1 x)* = log, [iim(l + x)*] = log.¢;
x--»0 X N0 x—0

0) Noaaa sca @' — 1 =1t 1e6, x—0 1a t—0 6ymnmHin 3bT3E0p-
ra om0 Tonamus:
A P t i

lim ® - lim = _ = =Ing
xs0 X 1=0 hge (140 loggllim (1 -9)'']  log,e
-0
. . N ~ . In(l 4 1)
Huxonr, B) xoa1a (1 4-x)° — 1 =1 1ed, cyHrpa a= EETEY Ba x—0
- X
Ja =€ oyanuien Nicobra odcak,
. (b0 — .t . 1 In(l -7 In(l ;
limUE =1 o jim L —lim — A d dndF 0y,
10 x x—a0 X 0| Indd--0 In(l=-x) x

Keaud uukanm.

3. Ukxura f(x) Ba g(x) [pyskuma X C R TVnjaMia aHHMKJaHTaH.
a nykra X TYNJaMHHHT JHMHT HYKTacH OYJcCHH.

Arap

limj(x)=06 (b>0), limg(x) =c

X—*a

JHMHTIAp VpHHL 6Viaca, ywby
lim [f(x))* = b°
Xx—aQ

JHUMHT XaMm VpHHJIH Oyaaau.
Xawmsaran, [f ()" dyukunaun
[f ()8 = 89 W f(x)

KypuHmiiaa ndonanad, cyurpa kypcaTknuan xamjaa gaorapidmiik QyHk-
WHAMAPHHRE  Y3AYKCH3IMITHAaH ¢oitaananud, Kyinlaruin TonaMus:
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| lim {g(x)-In f (0] lim g(x)-In [lim f (23]
« < . — ' —
lim [f(0]5 = lim e80! = g¥~a =" = =

X-»a x—a c
clnb Ind c
=€ = ’ — b

Onatna [f(x)]* ¢yskuua dapaxcaru-kjpcamrxuuru ynkyus ne6 ara-
JajH.
Hapaxanu- kypeatkuunn | (x)]€ dynkuua Kvitugard

) limf(x) =1, limg(x)= oo,

9) limf(x) =0, limg(x) =0;
X—-a x—a

3) limf(x) = + o, limgx)=0
x—a Xx-->Q
X0/1M1ap/Aa aBean Kapab YTraHuMu3ra yXxILail, aHUKMAC/WKJapHH .-upona-
naiau. x—a na [f(0)1P” oyukuma 1) xomma 1%, 2) xoama 0°, 3)

X01Ja oo KYPUHHIIJATH aHHKMACJUKJAp AeHHMAfH.

Mucon. Ywby :

mﬁ“j”f @>0, b>0)

x—0

JIMMHUTHH XHCOOGJIAHT.

x bX . & o
(a é )x uposa x—0 xa 1°KypUHAWIIATH AHHKMACIMKAH #00paT.

YHU oyl YYYH JMMHT HLIOPacH OCTHAATH (YHKUMAHH KyJail Kypu-
HUwga €346 onub, KeHHH auMUTra YTaMus:

1 [
11m (ax_";—ﬂ)xzhm [(ax—1)+(bx—|) _|_ l}x=

x40 x——+0 2
2 a¥ —1b% |
—lim {[1+ (@ — 1)+~ — 1)] @~ 1 | 2 B
x—+0 2 I
2 lim  a¥ —l+b¥ —1
=[ lim [1 + (a‘—lH-(b"—l)] af — LY —1 IH-;O 2 B
x—»—}—O[ 2

t
—{(lna4-1n b) —
= ¢ =V ab.
Hemak, x—0 1a Gepuaran QyHKUMSHHHT JUMHTH } ab ra TeHr
7-§. Y3nykcu3 (QyHKUHSIITApHHHT XOCCaJjapH

buz ywby naparpadna Hykraga Xamia opanukia y3.JIVvKcH3 GyJrad
(DYHKUHAJIAPHUHT XOCCasapiHU YpraHamis.

. HykTtana y3nykcus 6ysarad QYHKOUSHUHT Xocca-
Japu (mokaJj xoccaJgaap). f(x) obyHkuua X Tynjamia aHuMKJaHraH
6yacun. X paH Gupop X, HyKTa oau6, 6y HYKTaHWHT Iy TVmJaMra Te-
THIIJHM GYJIraH eTap/i KHYMK aTpobHHH KapaHiuK.
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dapa3 kuaaflank, f(x) ¢yHkuus Kapana€TraH x, HyKTaga Y3JYKCHS
6Yacun. By xoaaa Tavpudra kypa lim f(x) = f(x,) ypunau, ssnu f(x)

GyHKUHA X, HYKTaJa YeKId JHMHTra 3ra 6yiamnd. YUeksau JuiMuTra sra
6ysran GYHKUMSANIAPHHHT  Xoccanapuaan (3-G06GHHHT 4- ura KapaJjCcHh)
dofinanannb, x, HYKTaNA Y3JYKCH3 GY/araH QYHKLUHAIAPHUHT XaM KYiH-
Jlary 'XoccaslapMHU aifiTa oJlaMH3.

1° Arap f(x) dyHxkuua x, HYKTaga y3aykcud 6yuaca, y Xoaga X,
HYKTAHUHT €TapJiH KHYMK aTpoduaa QyHKuUms yYerapananran G6yJaan.

2° Arap f(x) dyHkuMA x, HyKTaga y3aaykcus Ba f(x) == 0 6yaca, y
XOJII2 X, HYKTAHHHT €TapjM KHYMK atpoduaaH oJIMHTaH 6apya X HyKTa-
Japsa GyHKUHA KHHMATIaPHHUHT HUIOpacH f(x )HMHT Hiuopack KabH 6.aaiu.

l-natuxa. Arap f(x) ¢yHkiHA x, HyKTana y3.aykKcHd 6yaub, Gy
HYKTAaHUHT €1apIM KWYMK aTpoQHHaH OJIMHFaH X HYKTalapha YHHHT
KHiMaT/apH Myc6at xaM Manbuil vmopaan G6ysaBepca, QYHKUMAHHHT X,
HYKTajard KHAMatH HOAra TeHr OV.aiu.

3° Arap f(x) ¢yHkuMA X, HyKTaga y3aykcHs 6yaca, y Xosma
e >0 yuyH X, HyYKTaHHHI IUYHHAH eTapiu KHYMK atpodu TONH/aIH-
Kd, 6y aTpodiaH onHHran uxtépui x', x” HyKramap yuyH |f(x')—
— [(x")| <& 6ynanm.

Xakukatat, f(x) dyBKUMA X, HyKTaga y3aJyKcH3 OYJjraHjMriajaH

/e =0 coH OaMHraHAa XaM, % ra kypa wmyngai 6> 0 con Tomnuaa-
IMKH, | X — X,|<0 TEHICH3/IHKHH KaHOAT/IaHTHpaAuraH 6apya x Jap
yuyH | f(x) — flxy) | < % TeHrcH3/iuK Gaxkapuiajl. X, HyKTaHHHT eTap-
JH KWYHK atpoduiaH onuHTaH x’', x” HyKTajap yuyH XaM

€

[ (x)—Fx)] < > |F(x") — fixg)| < %

TEHICH3/IMKJIAD VPHHAH 6Yaub, yHuaan |f(x')—f(x")| <& Tenrcusmmk
Kequ6 YHKaaH.

@OYHKUASHHHT HYKTa aTpoQUAArd XOccanapu YHHHT A0KaA  Xoccdaa-
pu nehnnan.

l. CermeHTaa y3nyKcH3 6yaraH GYHKUHAJApPDHHUHT
xoccanapu (rnmo6ana xoccaasap). Auan X Tymaam cudaruaa
la, b) cerMeHTHH, SBHH

X={xx€R, a<sx<b}= ')

= [a, ¥
TynjaMBud oqu6, Oy Tyniamaa , !
aHHMKJAHTaH Ba Y3JYKCH3 6Yya- ¢ 2;” ,

HOo— KOWHHHHT GHPUHYH
teopeMacH). deap f(x) Ppynk-
yus [a, b) ceemenmoda anuxian-
2an  6a Ysaykcus Oygaub cee- 38- ynaMa.

ran ,yHKUHANGPHHHT  XOccaJia- o S
DHHH YpraHauus. '
5-treopema. (Boabua- M
i
i

165

www.ziyouz.com kutubxonasi



MEHMAUHE 4eMKU HYKMAaiapuoa xap xui uwiopaiy Kuldsamaapea 3ea
6gaca, y xoada wyndad ¢ (a <c <2b) Hykma monuradusku, y HYxma-
da pynkyus Hosrea atiaanadu: f(c) = 0.

By Teopema reomeTpik HyKTau Ha3apiaH, Y3IYKCH3 3rpH HH3HK 00,4
YKUHUHT OMp TOMOHHAAH MKKMHYM TOMOHHra VTHILAA YHH aJbarra ke-
3ub Yy uboganatian (38- uusma).

Mco6or. f(x) dyskuus énux [a, b} opamniza y3aykcus 6Y.auo,
(@) <0, f(b) >0 6yacuy, (fl@) >0, f(b) <0 6y raH X0 Xam WyHra

+0b
VXUal Kapajaui MYMKHH.). [a, b] cerMeHTHHHT —-2—- HyKTacH#u 0aub,

Oy uykTaga f(x) GyHKUMSIHHHr KHPMaTHHU Kapaimu3, Arap f(a : b) =0

6y.ca, ¢ = 1—2*_—b neb o.rMHu(’), yuaa f(c) =0 Ba memax, Teopema ucGot

4
Z

atunran 6ynagu. Arap i( 5 );60 6y.1ca, [a. a—;i'—f]. [a Sy bl cer-

MEHT/IaplaH YeTKH HyKTanapuaa f(x) QyHKUus Typau uiopaa Kuimar-
ra ra GyaaguraHuHd omub, yuu {a,, b,] opkanu Gearnaaitmus. [lemak,
fa,) <0, f(b;) >0 6yaud, [a,, b;] cermeutnudr ysyuauru sca b,—a, ==

b—a o o a ‘5‘ b =
= —— 6ynagu. Cyur [a,, b,] cermMeHTHHHr ——— HYKTacHHH OJHO,
L

Oy nykraja f(x) Huar kuitmaTHau kapaitmus. Arap f[ ”_l_'ﬂ> =0 6ya-

a, +b -
ca, ¢= —"T— ne6 oaunud, yHaa f(c) =0 Ba 6y xoaza Teopema ucGOT

2 2
7I8PIaH YeTKH Hylg'ra.napuna f(x) thyskuus Typau uwopatnn  kuiimarra
3ri OV/aaurandHu onub, yHd [ay, b,) neiimus. by >\0Jma f(a;))<0; f(by)>0

b—
Ba [as, b,] cerMeHTHUHr y3yHaurn b, —a, = —2—2— 6ynazu. Dy rkapaéH-

65.1au. Arapf( -t Snl’§ +b‘ ) # 0 6¥.ca, [01, a—"—b‘J [‘ﬁ—[ﬂ-, b.] CEeryEHT-

HH XaBoM 3TTHpaBepamus. Hamikana € uyeksau comaarn Kajamiau Keiud
CerMeHT/IapHHHT Vprasapuiu  upoAaIOBYH HyKTa cudbaTuga WyHAAH ¢
HyKTara KeNamH3sKH, Y HYKTaJla (VHKUMA HO.ca ail1aHald, JeMak Teo-
pema ucOoT OV.aaM, €KH kapaéH 4ekcH3 J[aBoM STHO, HYMa-H4 IKOH-
JauIrad

{a, b}, la, b)), {a,. b1,

CerMeHTIap KeTMa-KeTJMru Xocua O6yaanu. By keTma- KeTAMKHMHT  yMy-
muit  xauw la,, b} na f(a) <O, f(b) >0 6yaus, la,. b, Huur y3yH-

b—a
aurn b, —a, = rriline 0 (n — oo pa) 6y.1anu.

n*

Huma-py  xoitnawrad  cermMedT/iap npuHuMnura  acoca uyHaai ¢
HyKta maskyaki (3- 606, 8- §).

lima, = limb, = ¢ (c€(a, b)).

f(x) dyukuuauuar fa, 8] 1a yaavecus 6Vawumnian boiilatadud, To-
maMus:
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a,~c=fia,) > j(c) Ba f(a,) < 0= j(c) <O,
b~ = [ (b,)~>f(c) Ba f(b,) > 0= f(c) >0.

Ke#mirit Tenrcizauxapaan sca [(¢) =0 63w kem6 yHkaas. Teopema
HCBOT 6Yaa.
Hc6or stnarad TeopeMa KyNriHa 7T4TOMIKJapra  3ra, :KYMId1aH y

allpnM TeHrJaManap euHMHHHHP MaBXYATITINN  KYpcalim  Ba \.1apHU
TakpHONit eynin HMKonnnu Gepaan. Macanay,
snx—x—+—1=0 (5.5)

Tenraamann xapadank. PaBuianky, f(x) =sinx—x + 1 R 1a y3aykcus.
JKymnapan, 6y ¢ynxkuna [0, i} cermeHTma Xam y3aykcw3 6yaud, cer-
MEHTHHRT yeTkH HykTajapuaa: f(0)=1>0, f(n) = —a - | <O.

5- Teopemara acocan f(x) dynxkuna [0, n] opaankHHHT Xeu 6y.ama-
ranja GuTTa HyKTachza noara aiisiananH, sbhn Gepuarad (5.5) Tenraa-

:[ nl
Manunr [0, 1} opamikaa eynmu MaBxyA. [0, m} cerMenTHH [O, 7} Ba
1 T
l7, n] cerMeHTnapra axpatuo, [?, nl HHHT YeTKH HYKTajapmaa

f(%) =2 — —;— >0, f(n) <0 O6ymmunmy Tonamus. [Hemak, (5.5)

n - w
TEHrJIAM3HHHT  €YHMH [—E—, n] opasnkiaa é€rapgu. Dy »kapaéuuil jaBom

STTHpaBepull HaTXacupa sinx — x - | =0 Tenrnavanuur Taxkpuoui
€UHMH KePaKJ/JH aHHKJHMKAA TONHJIHIIM MYMKHH.

6-teopema (DoabuaHo—KowWHHHHT HKKHHYH Teope-
Mach). Azap f(x) ¢ynxyusa {a, b) ceemenmda aHuxiaHean 6a Y3aykcus
6gaub, ynunz semxu nyxmarapuda f(a) = A, f(b) =B xudnmamaapea
32a 6a A+ B 6ijaca, A Ba B opacuda xap gandai C con o.aunzaHOQ
xam a 6uian b opacuda wiynldad ¢ Hyxma monuiaduxu,

fley=C
6iradu.

Hc6ot. Aunknuxk yuyn A < B 6yacun, nxtuépuit C € (A, B) onaii-
mik. Epravun @ (x) = f(x) — C dpyskuns Tysamus. PaBwanku, 6y GVvBK-
Mg CErMEHTAa Y31YKCH3 Ba 6y CErMEHTHHHT YEeTKH HYKTajapiia ¢(a)=
=A—C<0, ¢b)=B—C>0 xuiivataapun Kkabyn Kumam. Y
xosaa Bogabnano — Kounihuur Gupyiun  teopemacura kipa ¢ 6uaan b
opacuja WYVHAaH ¢ HYKTa Tonmaaanku, @(c) =0, awun f(c) == C Gyaa-
aM. Dy 3ca teopemaund mucornaiian.

2-naTnxa. Arap f(x) dyskuns 6upop X opanukaa (Enux  €xu
OYMK, YeKJH €KH YEKCH3) aHHKJaHraH Ba Yy3JVyKcH3 Oyaca, y Xonza
(dyHkunaHuEr 6apua xuiMataapun Tynaamn Oupop Y opaanxaan  nGopat
6ynapn.

Hcbort. Y ={f(x): x€EX} TynaaMuiHr auvg Kyiln verapacu m,
auMK 1oKOpH yerapacH M 6yacin:

m=infY, M=supVY
xt X xt X
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Bynga m Ba M jap ueknu cOH @K oo GY/HlM MYMKHH. AHHK uerapa-
JMapHUHT Tabputura Guxoad, Yfx€X yuyH m < f(x) < M 6ynagu. 3u-
o4 f(x) dyHkuus KuiiMatiapy Tynaamu (m, M) HHTepBATHH TaIKHJ
STHUIMHH Kypcatamu3. By wuntepBanga wuxtuépuéi C COHHM onalyHK:
m<C< M. Y xonma wyHgait A Ba B coHJ1ap TOMHIATHKH,

m<A<C<B<M

6ynanu. By A Ba B counapiu A = f(a), B = f(b) ne6 Kapaur MyMKuH
(a€X, beX). Hcbornauran Teopemara acocaH g 6uiaH b opacuaa
myHaal# ¢ coH maBkyakH, f(c) =C OYynanu. Ousnunran C cou (m, M)
HHTepBanjary MXTHEpHH coH Oysranuaad, 6y WHTepBaJjgardH OGapua KHi-
MaTsapHH f(x) QyHKUMS Kaby/n KUIHIDH Kesaub YHKagH.

7-teopema. (BeflepmwTpaccHHHT GUPUHYMH TeOopeMacH).
Azap f(x) ¢pynxyus la, b] ceemenmda anuxranean ea ysaykcus Ogaca,
Qyrkyus wy ceemenmda 4eeaparanean bgaadu.

Hcb6o1. Teckapucunu dapa3 kuaailauk, sibud @, b] g2 y3iayxcus
6ynran f(x) dyukuds yuaa werapasnanmaran 6yscud. ¥ xoszna [a, b} na
WyHAAH X, HyKTa TOTHAAAMKH, Wy HyKTa yuyH |f(x)|>n(n=1, 2,
3, .) Tenrcusiuk ypuHau 6ymapu. {x,} keTMa-keTqmukaaH bBosabua-
Ho — Befiepiurpacc sieMMacHra acocad SIKKHMAIYBYUH KHUCMHI {xnk 1 Ket-
Ma-KeTJHK aKpaTHIL MyMKHH: X, —- X, X, € [a, b]. Sumn f(x) PyHkums
[a, b} ma y3nykcus GyaraHumaH f(xn,)”* f(x,) 6ynamu. By sca |f(x,){>
> n, ABHH f(x,) — oo ne6 KuiraH ¢apasumusra supaup. [lemak, dyHK-
uust [a, b] Aa uverapanaurad. Teopema HcGOT GYJIH.

4-scnatma. KenrHpunrun Teopema ILAPTHAArW OpaJMKHHHT Cer-
MeHT 6Vauud Myxumaup. Dy wapr 6Gaxapuamaca, TeopeMa  ypHHJ/IH

]
6y.mmacnan Kommum mymkun. Macana, f(x) = — QyHKuua O, 1) opa-

JHKJA aHUKJAHraH Ba Y3ajiykcH3 Oysca xaMm, y -1y oOpanuKaa uerapa-
JIaHMaraH.

5-scnaT™a. DyHKUMSIHHHT GHPOp Opa/Hiia yerapaiaHrad Gyauild-
JaH, YHHHT 1y OpajuKaa Y3AyKCH3 Oysuik Xap [AOHM XaM KeJHo
ynKasepmaiinn. Macanar, Jlupuxse dyHuusicu y(x) uyerapasanrau Gy.ca
XaM y Y3JYKCH3 3Mac.

8-Teopema (BetepmuTpaccCHHHT HKKHHUH TeopemacH).
Azap f(x) ynsyusn [a, b] ceemenmda anusaanean 6a ysayxcus. Gjaca,
PyrKyU WY ceemeHmOQ J3UHUHZ AHUK I0KOpPU xanda anux Kydu 4e-
eapasapuea spuwadu, avHu  la, b] 0a wyndad x, 6a x, HyKmMaaap
monuaaduru,

[e)=sup {f(x)}, flxy)=inf{f(x)}
xela, b) xefa, b]}

meHeaukaap gpuHau byaadu.

M c6ort. BefiepwrpaccHunr Gupuuu TeopeMacura kipa [(x) dynxuus
la, b] ma verapanauran. Mogomuky, {f(x): x€la, 0]} TVn.1am- yerapa-
JasraH 3Kad, yHaa 6y T{NJaMHHHT awHK IOKOpH XaMia auHK KYHH
yerapanapy MaBxkyA. bus ynapuu
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sp{f(0} =M, inf {f(x)}=m
xela, bj xela, b]
opkaay e ryIafiuk.

Ouau [a, b] cermentaa f(x) ¢ynkuua M Ba m kufiMatiapHH KaGya
KHJairad HyKrajap MamxyLMruHH Kypcatamus. TeckapucHHH ¢apa3
KHIalIuK, AbHA [(x) pynkuus [a@, O] cermeHTaa V3HHMHT auHK FOKODH
yerapacy M ra spuiuvacud. Y Xoaga ¥ x€le, b qap yuyH f(x) <M
TeHTCH3 MK YPUHJAH Oysanu. Kyiuaary

|
¢ = T
GyHKIMAHE Kapaiauk. Paswankd, 6y ¢yuxuua [a, b] cermentaa aHuk-
JNlaHrad Ba yaiaykcu3. BeflepuirpaccHHHr GHpHHYH TeopeMacHra xypa @(x)
oyuxuus la, ] na werapanauwraH. demax, ‘fx€la, b] nap yuyn ywby

1
(x) = mga (@ = const, o > 0)

Teurcu3 ik YpuHad. byHaau

I
<M —-—
%
6Vanwd  keud unkaau. By sca M =sup{f(x)} skauura 3ux. e-
Mak, f(x) dyHkuus [a, b] cerMeHTAa V3HUHHI aHMK IOKOPH Yerapacura
spumiany, sbHH [a, b} na wyHAad X, HyKTa MaBXyAKH,

f(xy) = sup{}(x)}
xe{a. b]

6Vaaau. Xyaau mydra yxwau f(x) ¢yHxuua {e, b] cerMeHTaa y3MHHHT
aMHK KVHH uerapacura spHlIMUIM KypcaTunaand. Teopema wuc6or 6yaad.

6-3caartma. Arap [(x) dpyHkuus ouuK (@, b) opanuKia (HHTepBa-
Ja) aHMKJaHrau Ba yaaykcus Oyuca, YHKUMA LIy OpaJHKAA Y3UHHHT
aHWK yerapasiapura 3pHilIMaciurd MyMKHH. Macamau, f(x) = x* dyHkuus
(0, 1) unrtepBanga ysnykcus. By dyHkuust yuyn supx* =1, infx* =0
6ynany. AMMo byHKUMA Y3uuuHr sup Ba inf kuiiMatiapura (0, 1) um-
TepBaala SPHIIMARAH.

Onataa $yHKUMARMHT GHPOP OPAaAMKZArH XOCCAjapA YHHMHT 240044
xoccarapu neb aranaid.

9-Teopema (1eckapH GYHKUHSHUHT MABXY AJUTLH).
Aeap f(x) ¢ynxyua X oparukda anuxsaneas, Y3AYyKcu3 6a Kamoull
feysuu (kamovul ramaiosuu) 6ijaca, 6y QyHxkyus Kudmamaapudan
ubopam Y = {f(x) x€X} opasurda mecxapu f71(y) Pynkyus mas-
wyd 6gaub, y ysayxcuz ea Kamwvull jeysuu (Kamwuld Kamaoedu)
bijradu.

Hcbor. f(x) dyHkuma X opaiukaa y3nykcH3 GY/raHd ydyH YHUHD
KuiMataapu Y opasMkHH TyTaw Tyaadpaau. Jemak, xap Oup y,€Y
yuyH X ga wyHna# x, TonunamukH, f(x,) =y, O6yaaau. Byupah y,€Y
ra Moc Kemaguran x, Hykra X na siroHa Gyiaad. XakKHkataH Xam, arap
X opanMKIa X, RaH KaTTa €ku KHYMK GyjaraH x° HyKTa OJMHAuraH
Syaca, f(x) pyHkuua ycysud 6ysrand yuyH f(x') =y’ xaMm Yy, OaH KaT-
Ta éxu xkuuuk 6yaanu. Ulynpait kumu6 Y opanugaadH onuHrad xap Gup
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sup{f(x)} =M, inf {f(x)}=m
xela. b) xe[a. b]
opkaau 6earuaafink.

Ouau [a, b] cermentaa f(x) pyukuua M Ba m xuitmaTjapHH Kabya
KH/MaiMrad HyKTajap MarxyAanruHH KypcaTamus. TeckapucHHu papas
KHaalauK, svHH f(x) QyHrumus [a, b] cermeHTia V3HHHHT aHHK KOKOPH
yerapacH M ra spuimvacud. ¥ xoapa ¥ x€(a, b] map yuyw f(x) <M
TeHTCH3 MK YpHHAH Oyaapu. Kyhuaaru

1
€)= T o
GyHKkIMsHE Kapailauk. Paswankn, 6y ¢yHxuusa [a, b} cerMeHnTaa aHHMK-
JaHraH Ba V3JayKcH3. BeffepiurpaccHuHr GHpUHYM Teopemacura kypa @(x)
byuxuus (@, b] na uerapanaurad. Hemax, \/x€[a, 6] nap yuyH -ymby

I
Q(x) = M_—f—(;)éa (@ = const, a > 0)

TeUrcH3THK VpHHaH. Dbyngan

1
f) <M —-—
2
6yanud  Keaud uukaad. by sca M =sup{f(x)} 3kanura 3un. Ile-
Mak, f(x) ¢dyHkuusa [a, b] cermenTaa V3MWMHI aHUK IOKOpH yerapacura
3puwanH, AbHH [a, b] 1@ wWyHaad x, HyKTa MaBXYIKH,

flx)) =sup{f(x)}
xela. b

6y.1aau. Xyanu wiydra yxwam f(x) ¢yskuus [a, b} cermeHTaa V3uuuHr
aHuK KYHH 4erapacira spuiniud kypcaTuaagu. Teopema ucboT 6y.au.

6-scanatma. Arap f(x) dyHKUMA OuHK (a, b) opanukja (MHTepBaJ-
Jd) aHHKJAAHTaH BA y3ayKkcH3 6yaca, GYHKUMS [y OpaJHKAA Y3UHUHT
aHHK yerapa/apura 3puuiMacaurd MyMkud. Macanan, f(x) = x* QyHguus
(0, 1) untepBaaga yaayxcus. By dyukuns yuyyH supx®* =1, infx> =0
6yaaqu. AMmo QyHkuus YsaunuHr sup Ba inf kuiimataapura (0, 1) un-
Tepea.1aa 3pUIIMAHIH.

Onataa GyHKUHAHHHT GHpPOP OpaNIMKAArH XOCcaJapy VHHHr 2.z00ax
xoccarapu ne6 atanan. '

9-teopema (1ecKkapu OGYHKUHUSHHUHT MaBXY AJHTH).
Aeap f(x) gynryua X opaauxda QHUKAAHEAH, Y3AYKCU3 8a Kamodull
leyeuu (kamoutl kamaosdu) 6yaca, 6y ynxyus xudmamaapudan
ubopam Y = {f(x): x€ X} opasuxda mecxapu f~'(y) ynkyus mnas-
ayo Oyaub, y ysayxcus eéa Kamvud joysiu (Kamowul KamMaros4u)
6yradu.

HUc6orT. f(x) dyHkuua X opanukia y3aykcHs OYITaHM YYyH YHHHT
KHiMaT/aapd Y opatukHd TyTawr Tyaaupand. [emak, xap 6up y,€Y
yuyd X na wydnafi x, Tonunajuky, f(x,) =y, O6ynaaun. DBynpai y,€Y
ra Moc KeanaiuraH x, Hykra X fAa sroua 6yqafd. XakukaTtaH Xam, arap
X opanuKna x, OaH KaTTa €Kd KHYMK OYsiraH X' HYKTAa OJHHAJHIaH
Ayaca, f(x) dyHkuMa ycyBuu Gysranu yuyH f(x') =y’ xaMm Yy, AaH KaT-
Ta éku KHydK 6yaand. Llynpa#t kunu6 Y opanukiad osmuuraH xap 6up
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yra X Ja yHra MoC KeJaiMraH sroHa WYyHAaH X TONHIAAHKH
f(x) =y 6Vnanu. Hemak, Y opannkaa Teckapn x = [ }y) dynkuus
MaBKYyA. Ouan x = f 1(y) dyskunsinur Y opa kateuit VeyBun  6yum-
umsy, aehn €Y, y€Y, 1, <y, 6yaranna x, < x, TEHICH3IHK YpPHH-
M (xy = [TMyy), xp= " y)) 6YaHmmMHA KVpcaTaMH3. TeckapuuiHu
dapa3 kMaallauk: y, < y, 6ysaranga x, > x, 6yJcHH. ¥ xoaza y —= [(x)
dyHKIMA X Aa Karvui yeyBuMJHMrHaaH f(x,) > f(xp), ABHH Yy, > 1, GY-
Jagd. by sca y, <y, ne6G onunuumra supamp. Hemax, x=f"1(y) ¢ynx-
uHs Y pa katoHil yeyBuM.

HuxoaT, MOHOTOH (YHKUMAHHHI Y3.JVKCH3JIMTH XaKHJ1arH Teopevara
Kypa, x = [ '(y) ¢yHkuua Y opanukna ysmykcusz 6y.1anH.

y = f(x) pyngkuus X ja kamaioBuu GysiraHjia XaM TeopeMa IOKCpH-
Aarupek Hc6otnanagu. Teopema ucGot 6Y.1aH.

8-§. OyHKUHAHHHT TekHc y3ayxcHajmrH. Kanrtop Teopemacu

Yy = f(x) pynkuusa X Tynnampa asukjaadran 6yam6, vo€ X HykTala
y3nykeus OyacHd, QyHKUMS y3JTYKCH3JMTH TavpudHra xypa, ¥e>0 coH
yuyH myHpa# 8, > 0 coH TomMaamMKH, |x — xo| < 8, TeHrcH3JaMK YpHH-
an 6ysmwgan | f(x) — f (xp) | << € TeHrcH3AHKHMHT XaM YpHHJH 6y aHuH
Kequ6 uukagu. By Tavpudnarn O, > 0 coH aBBas TabKHA/MA0 YTTAHHMH3-
nek € ra Goramk: 8, = 6,(e). 3uau f(x) dyukuna X HUHr X, (X; = Xp)
HYKT4CHAAa XaM Yy3ayKkcH3 GyJcHH. flHa Tabpudra kypa, /e >0 cod
yuyH wyHjaii 6, >0 coH TonmaamMkH, |x—x,|<§; man |f(x)—
— f(x);| <& kenub 4yHKaAH.

f(x) dyHKUMAHMHT X = x,, X = X, HYKTaJapfla Y3AYKCH3JMICH TabpH-
¢duaard € >0 con Gup xHa 6yaraH xojja XaM YHra MOC  KeJaJHrax
6, Ba §, connap, ymymaH, Typanya Gy.anu, sibhH GVHKUMA Oup HeuTa
HYKTa/1apia y3NyKcu3 GYAraHza, y3/nykcH3iuk Tabpuduaarn 6 > 0 con
dakat € >0 rargHa Gorauk OyaMacfaH, KapajaérraH HyKTara Xxam
6oramuK G6yaaau. llyHn xam afiTvwn kepakku, arap & — min (§,, §,) neb
ommca 6y 8> 0 con x, Ba x; HyKTanapra Gapasap sipafiBepai, uyHKH
x—xol <8 nam {x —x,| <8 B2 |x—x|<8 pan |x—x | <6
Ke.m{6 uHKaaH. MHconnap Kapaisuk:

1) f(x) =x* ¢ynkuns [0, 1] cerMeHTaa Y3JMYKCH3, IKYM.ajaaH
a€l0, 1) nykrana yanykcusaup. Tavpudra xypa, +fe> 0 con yuyu
6=V a® -+ e—a ne6 onunca, [x—al|< & Gyaranza

1) —f@))=|x*—a*|=x—allx—a+2a]< §(6 +2a)=
= (Va¥+e—a)+ (Vaite—a)2a=¢

6ynaan. Hemak, 6 =} a®+e—a 6yau6, e >0 6uaan Gupra Kapa-
naétrad a0, 1) HykTara xaM Gorauk 3kaH. Bupok,

8§ = min 6 = min(} a®+¢ — a) = min S—
aefa. 1] aelo0. l]V a0, 1]]/a2+s g 1-tVi+e

ae6 oannca, | ¥ —al<26 nan [x—al| << 8 kean6 unxagu. Uly cacaGmu
6y 6 >0 con [0, 1} cerMeHTHHHr 6apya HYKTa/JapHra TYFDH KejalH.

€
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(viaai swomd, [(x) x° dyvusuua [0, 1] cerveHTHHHI HYKTAJapH-
Ja yaavkens  GUamunt Tabpuguiarn 6>0 con g>>0 con  Ouia
Gupra kapataétrad nykraiapra 6orauyx 6yvca xaM, wys#d 6 >0 To-
miaaquin, v [0, 1] cervenThiur Gapua sysTasapura  sipafiad, Gotuxaua
Kiauh aftrradaa, wy 6 >0 con ¢axar ¢ rarmma Gorauk 6§10, Kapa-
J3éTrad HyKtaaapra OOFJHE »Mac.

2) [ (v) 4 dyvuguus (0, 1] opaMsia  Y3AYKCH3, KyMaanat

X

a € (0, 1] nyxraza vsaykonsufp. Tabpupra kipa, v € >0 cou yuyH

§ ( 9T qed oamnca, |x —a! < & Biarania
ug
. l { I {x—al ! ea® !
g —f@) (L4 lemel ot e
l f( J f( )l X a ux a | ae eas

' ae
6.1, Hemar, & nuur tanaamuwn e >0 Oiaan oupra a € (0, 1} avk-
Tar. Cormik. Bupok, 6v xoaza & wuur a € (0, ] OVitua wituyymu
< . . ea?
6 - min d = min —— - 0.
a g {011 aE(O.I)l ae

1 .
By sca Jlx)  — dvuxums (0,1] opamikhMHr HYKTaJ1apHia yaayKcus
P

6V rum Tabpuduiar 8 >0 con € >0 con Gusan Gupra Kapaaaérran
HywTanapra Goraug Ba (0, 1] opanukmuur 6apua HyKTanapura spail-
neat 8 > 0 coH MaB/Kyj SMACTHCHHH KypcaTagH.

8-T1avpud. Arap ¥ & >0 con yyyH wyHaait 8 >0 con Tonunca-
K, & TYuaamuuer [ x° —x"" | <6 TeHrCH3JIHKHH KaHOATAaHTHDPYBYH HX-
népuit x° Ba X7 (" € X, x77 € X) uvKranapuia

V) —F(x ) <e

rTonreH3auk Gaxapuica, f(x) dyvuxuns X mynaagmda mexuc y3ayrcus
ned aragagu.

f(¥) QYHKUMAHHHT TEKHC y31yKCH3MHK TabpHduzarn 6 >0 cou
& >0 conrarusa Gorank GYauG, Kapana€TraH HyKranapra GOFHK SMmac.

f(x) dpynkuma X Tynmavaa TekHc VaTyKcH3 6yJ/ca, y wy Tynsam-
AA Yy3AYKCH3 OV i HCGOT.1awl KHUHH 3Mac.

Muconaap. 1. Ywby

3 =
f) =1 x
pyrrupsarar X == [1, 2] cermMeHT1a TeKHC V3JIYKCHINHIHHH KYpCaTHHT.

e >0 yuyn 8 >0 coun 8 ==3e ne6 oacak, vy xonaa v x €[1, 2],
v X7 €], 2] nap yuyn |{x” —x’| < & TeHrcusauk Gaapu.ranga

|

9

3. - ,v’__,_ R R— 3
v x _;x]:3’~]x3_xl 3 <l —x | XJ<£=€
‘/ x"? *+~} x'x’ —'r] £ 3 3

“ 3=
6Vnaiu. [emak, ¥ ==y x dyHkuus [1, 2] opaiukna TeKHC y3IykeHs.
2. Kyimgaru
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f(x) = sin l—

dynkuns X = (0, 1) uHTepBaia TeKHC y3JAyKcu3 Mac. XaKuWKataH xam,

€ > 0 coHHu, macajaH, e—~— ae6 o6, x° x'° € (0, 1) nyxTanap cuda-
THIA
x = : X' = 2 (n€EN) na
na’ @2n-~hn P

Kapaaca, v xoaza |x' —x'| aitupma yuvH
1
nw (2n--1)

HU TOomaMu3. DHmu 8 BM (n UM KaTTa KHAMS OJMIL XMCOGMTra) xap KaH-
4a KHYMK KHUaM6 oamil MyMkuH Gysca Xxau

F) — o)) = sin B2 5

6ynanu. Ilemak, Gepuaran dyuxkunsa (0, 1) na texknc ysnykcHs smac.

By muconpan QyHKUMSHUHT GHpOp OpafHKAA Y3AYKCH3 OYyumMaaH
YHUHT 1y ODa/MKA2 TEKHC y3JYKCH3. 6y Kean6 4UMKABepMacaHry
Kypusagu. AMMO Kyiunaru TeopeMa ypUHJH.

10-Teopema (Kautop Teopemacu). Aeap f(x) pynxyua [a, b}
ceemenmoa QHUKAGH2AH 68a y3Aykcu3 Ogaca, Pyukyus wy ceemenmda
mexuc yaayxcus 6yaadu.

Uc6oT. f(x) dynkuua [a, b} cerventna yanykeus 6Gysacun. Dapas
KUJIaHIMK, (DYHKLMS 11y CerMeHTAa TeKHC y3jykcus OyamacuH. Jlemax,
6y Xoaaa. 6upop s>0 COH Pa uxTHépuit knuk 6 >0 coH yuyx—x la, b]
cermenTia iuysaad x’ Ba x”' mnyKrajnap TonMaaamkH, |[x7 —x'| <&
TEHICH3JIMK Garkapuica xam

[F&") =) =

TEHTCU3NIMK YPHHM Gyaaju.
Hosra unmunyBun myc6aT connap Kerma- ketaurdan {8 }: §;, 4.,

X" —x'| =

—sin na|=1>e=

5, onafiimk (8, -0, §, >0, n==1, 2, 3, ). ®apasu-
mu3ra kypa, tokopupars £ >0 cox Ba mxtuépuit 6, >0(n=1, 2, )
con yuyH [a, b] cermentna wyHpai x, Ba x, (n =1,2,3, ) HykTa-

Jap TOMMJAlWKM, Yaap y4YyH KyHupard MyHoca6aTjap VpHHAM Gynamd:
[ — x| <8 = {f(x)—[(x)| >
g — 1 < 8y=1f(x) — f ) | =&

Lo, — 2, 1 <8, =[] (x) —[(x)| =8

{x'} KeTva-KeT/MK yerapajaHrad. DBy kerma-keT.nkaau bBostuarno—

Beilepiirpacc semMmacura kypa (3-6o6pary 3- ieMmara Kapasr) YekJH
COHFa WHTHIYBYH KHCMHH lxnk} KeTMa- KeTJIMK aXXpaTHIl MyMKHH:
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X, > %o B2 X%, € la, b].
Y xosza
" ’
| x,—x 1<8, § =0
6V IraHuaaH {xnk} KeTMa- KETJIMK XaM X, ra HHTHIAMH: X, — X,. f (0
GyHkUMAHEHT [a, b] 7@ y3/IyKcH3 Gy/HIMAaH:

FO,) 1 (xo)
Flx,) — F(xy).

¥Ynappaq sca ) )
F) —Fx) >0

kesu6 uukand. By sca ¥ n €N yuyn |f(x;)—f(x)| > ¢ nefimirau
TOKOpHJard TaciukKa 3HA. By supauar Teopemans ucGoT/aliay.

[ (x) dyHKuMA X TynJamMaa aHuKjaHTaH GYJICHH.

9-tabpud. Kydunaru

sup {f (0} — inf {f (x)}
xCX ®CX

afiupma f(x) QyHxuusmpar X tynsamparu mebpasuwiu  1e6 adTHAAM
Ra ® OpKa/aH OesrH/aHaiH:

o= w(f: X) = sup {f ()} —inf {f(x)}.
xEX xEX

f(x) dyukuuamunr X tynjaMpard TeGpaHHiUM KyHHAATH
o= sup {|f(x")—F(x)}
x’', x” E X

KYPHHHMILIA NaM TabpudUIaHHIIM MYMKHH.

Kanrtop TeopevacugaH MyxuM HaTH»Ka Keaub YMKALH.

3-naTuxa. Arap f(x) ¢yukuus [a, b] cerMeHTAa aHHKJaHraH Ba
yaaykeus Gyaca, v xoana % e >0 con yuyn myupa# 8 >0 cod To-
nuiaiukd, [a, b] cerMeHTHH y3yHauK/apd 6 naH Kuuuk OGyaakjapra
axpaTWirauaa, xap 6up Oysakaaru GYHKUMSHHHT TeOpaHHILM € OaH KH-
K 6y/1a1M.

Hc6oT. f(x) dynkuus [a, b] cermentna yanykcus Gyuacud. Kantop
TeopeMacura Kypa 6y ¢®yHkUus [a, b] na Tekuc y3nykcus Gynanu.

Texuc y3nykcuarmk Tabpudura kypa ¥ &€ >0 yuyd wynmaii 6 >0
Tonuaaauky, | x°—x"' | < 6 IuapTHH KaHOAT/JIaHTHPYBYM HXTHEpHH
x" €la, b], " €la, b] aap yuyn |f(x)—f(x'')I <e Oynamu. Oumu
mwy 8 uu oaub, [a, b] cermentdn guameTpd O OyuraH uxTuépait P =
={x, X, , X,} OyiaknamHu onamu3. Y  XOaja, paBIUGHKH,
¥ X € x, X, ¥ X7 Elxy, Xyl HyKTamap yuyd [x" —x' | < 6 ea,
nemak, |f(x")—f (') |<e O6ynapu. DBynpan, vXxTuépuit Gysakua
[xg %] yuyH

@ = sup [F)—TF(") I <e
x5 2" X *pyg]

6ynaau. HaTtuxa uc6oraHau.
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9-§. PyHKUHAHHHT Y3NYKCH3JIMK MORY.JH

bBu3 yby naparpabaa QyHKUHSHAHT TeKnue y3IVKCH3IuME  Cajan
oradk Oy.rai, 1yHuraek, QVEKUHAIapHH cHEpIALl HMKOHHNM Oepa-
AHCAH TYHIYHYA -— QY HKUMAHHHT  V3JIVKCU3THK MOIV.JH TvUIYhyacH Gi-
J1a TaHHIMasus3,

[ (x) dyuxkuna X T¥naaMia auMKJaHran Ba vaayken3 6V.acHu. 76 >
>0 con omb. X 1inaavHunr |x7 —x" < O TeurcHsaMsHH KAHOST. -
THOYBU X7 Ba ¥ HVKTagapuia yuoy

) —[(x)! (5 6)
aiiupMani  Kapat.ui,

10-tabpud. (5.6) allipmaHHir auny OKOPH uyerapacH

sup {|/(x"")—[(x)|}, (6ynaa xX'€X, x” € X, |x" —x'|<8)
byukuaauir X TYmIaMaarn  y3ayxcudauxk mody.au 1e6  arajais Ba
o (0) ékn o (f, 6) kebua Gearnaanaiu:
o (@) = o 9= sip  {IJ&")—TC)} ¥ €X, x"eX.
Jx"—x"

By Tabpudian ¢ynkunsminr o (8) yaiykensax soayau §(8 > 0) wawr
maHdui 6y.1Marad QyHKUHACH 3KaHH KVPHHAIH.
IDHAM YIMYKCHIIMK MOLY.HHHHT 6ab3il OMP XOccaTdpHHM KeaTipa-

MH3.
1° QyUKWIAHHHT  Y3IYKCH3IHK MO1y.1i ©(8) VarapyBud & munr

YcvBun dyHKUMACH GY.J1aaH.
Xaxukaran xaM, 6,>0, 8, >0 na §, =~ 8, 6Vacm. ¥ x0112 ywly

A= eX, ¥ eXjx" —x <4,
A= €X, XX {x"—x|<8,)

Tynaamnap yuyn A, = A, 6yam6, yuiau sup {If(x") —f(x)1} <
<sup {|f(x")—F(x')|} 6Yaamm, aemax, T2
A

(O} (62) <O (61)-

Hlynpait kuau6, 6, > 8, Tenrcusauk oGaxapuaraHia o (§,) > o (8;)
TEHrcH3auK XaM Oakapuaaau. Jlemak, ®(8) ycybun ¢ynkuMa.
2° ODYHKUMAHHHT Y3JYKCH3THK MOAYJAH Y4yH ywoby

0(8) < (1 + Ao (®) (.7)

MyHocaaT VpHHaH, 6yHaa A — Myc6aT coH.
a) A=n, n €N 6yacun. by xoaaa (9.7) Tewrcuaimk yuwby

w (nd) < nw (6) (5.8)

KYpHHHIIra 3ra OV.THIUMHH KYpcaTaMH3.
Papas Kuaailauk, 6upop [x, y] cerveHT Hepuiran 6V.mb, |x—y

< nd 6yacui. By cermenTHH o, = x — Lw—nE=0,1,2, , 1)
n

<

HyKTanap €paamuyia n Ta TEeHr KHeMra axkpatamis. ¥ xoala 6y [x, y]
cerMeHTAa aHuKJaHraH f(x) QyHKUHS yuyH
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F(y) — 71 (0 =1 (@) —F @l -+ [[(22) — [ (2] +
+ +1f () — (2, ) = x, 2, = ¥)
6y.nagH.
HMKkkHHYH TOMOHaH, |°‘i+| —o; | <6(=0,1, 2, n) 6y.uo,

[Flo ) — T ) < o)
Pa
[F () — T ()| < no(d)
6yaanq. Hdemak, sup |f(y) — f(x)| < no(8) 6yaub, yuaau
on-8)<n-wd)
6y M KesHb YMKanH.

6) A — uxTuépuit myc6at con 6yacud. By xosama (5.6) TeHrcusauk-
A HCOOTIAHMHU3.

A coHHMHT OYTYH KMCMHHH N OpKanu Geiruiacak, A yuyw n< i<
< n -+ 1 TeHrcuaaux YpHHau Gynagu.

Y3nyKkcH3nHK MoRyaH ®(8) VcyBum dyHxuusa OyaraHugaH xamia

a) xonHH 3bTHOOpra oqub, KyHuaaru
oM)<ol(n+1l) <+ D@ < +MNa(®)

TEHICH3/MUKIAPHH €3HIUHMH3 MYMKHH.

Mucoaanap. 1. Ywoby f(x) =ax 4 b(a, b= const) byHKUHAHMHT
X = [a, B] cerMeHTAarH y3nyKCH3/JMK MOMYJHHH TOMHHT.

YanykcHsnuk mouysau Tabpudura kypa x' € X, ¥ € X Ba jx' —
—x""| <6 6ynraHga Tonamus:

m(6)~ sup [(ax’ + b) —(ab”" +b)| = sup Ia(x’—x")|=|a| 8.

x—x\ x—x\

Hemax, f(x) == ax + b dynkuusuuar X = {«, B) cerMeHTAard v3nayvk-
cH3auk Mopyau (d) ==|a| -8 6ymanm.

2. f(x) =%+ 1 dyHkuuauuHr X == [0, 1] cerMeHTZarH y3ayKcH3-
JIUK MOAYJIHHH TOIMHHT.

X =10, 1] tynnamga uxTuépuit x' HyKTa 0aHO, X’ HYKTaHH 3ca
X" =x — 08 ne6 xapaitik (0 <8< 1). ¥ xonga 26 — 8% >0 skauu-
HH 3bTHGOpra oau6 €3aMu3:

) —FE) =1+ D)=+ D=2 -8 <26 — &
HIyHUHT yuyH

® (8) = SR Fe)—F)l<26—8
Oy nanu.

Avmo x" =1, x" =1-—0 Hykranap yuyH |x"—x""|:= 8 Ba

F)—FO) = 12+ D — (2 + )] = |20 — 8] = 26 — &
Gyaraun cababau o (8) = 286 — 6% 6ynanu.

AHau f(x) QyHKUMAHUHT TEKHC Y3JIYKCH3IHTH OHJIAH YHHHT Y3JaYyK-

CH3JIMK MOAY.H OpacHiard GOrJaHHWHH HOAANMAMIHraH TeopeMaHH Ke.i-
THPaMH3.
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Il-teopema. f(x) pynxyus X myniamda mexuc ysayxcus 6Oy-

Auuu yqyualim o (0) =0 aumum jpunau 6jauwiu sapyp éa emapau.
->~40
HUcb6or. 3apypauru. f(x) dyukuna X Tynaamaa TekHc y3ayk-

cu3 6yacun. Tabpupra kypa % e >0 onHHraHza xam % COH yuyH
wyHaait 8, > 0 con Tonmmnaamk, ¥ x' € X, ¥ x’' € X HykTanapna
’ ’ 4 17 s
lx' — x| <6, man [f(x)—f(x )|<§
kemud yukagH. Y Xoama 0< §< 8, TeHrcusiukaapHM KaHOATJAHTH-
DPyBYH MXTHEpUE O yuyH

sup {lf(x)—f(x")l} e {lf(x)—f(X")l}

Ix —x \6

6yaub, yunan o (8) <e, sbHH 11m m(&) 0 xem6 unkaau.

< &

< £
2

Evapanauru. yméy 11m ® (6) =0 auvur ypuuau 6yacun. [e-

Mak, 6 > 4+ 0 na

(8) ='X,S_tigl<5{ 1) —F@x7)|}—0.

Y xonpa ¢ x" € X, ¥ x" € X aap yuyH
[x' —x"{< 68, man |f(x)—f(x")|<e

kemub wukanu. By aca f(x) dyskuua X Tynnavga Teknc y3aykcus 6Y-
JMIIMHK Guagupany. Teopema uc6oT 6y.au
QDYHKUHANADHHHT Y3JYKCH3JIHK MoayaJjapura KapaG yJaapHH cHHO-
Japra a:KpaTHIl MYMKHH.
1) YanykcHaank MogyJu yméy
0@ <M
(6ynna M =const, 0 <a< 1) MyHocabaT.iapHH KAaHOATJIZHTHPYBYH
dyHrUMAAap TynaamMd o mapmubau Jlunwuy cunu ne6 araiaid Ba
Lip, o kabu GenrumaHaiu.
2) ¥Y3ayKcHanuK MORyM KyHHaaru
11m o (6) In+ =0
8§10 8
MyHoca0aTHH KaHOAT/IAHTHPYBYM y3/aVKCH3 GyHKUMAnap Tyriavu Ju-
nu —Junwuy cungu pe6 araiagu.
Arap f(x) € Lip,,a 6Yuica, y Xonna 6y ¢yHxumsi dunun — Jlnmmmi
cuHpHura XaM TeruwiH Gygagu. Xakukatan XxaM, f(x) € Lip, « nan
1
0@ <M &, (0<a< 1) kemmb unkagu Ba hm M&* In 5 =0 Ju-

-»-LO
MHT §PHHJH GY.raHuiad, ymey 11m o6 In E—O TEHIJIMKHUHT ¥ pHH-

...)_

au OYauIuM Kesub yuKaiu.
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10-§. KoMmnakTt Tynaamaa y3aykcH3 GyaraH QyHKUHANAPHMHT
xoccanapH

bus maskyp GoGuuHr 7-§ nzpa [a, b] cerventaa y3nykcus GyaraH
GYHKUMAJAPHHHT XOCCANApHHH, JKYMJ4jaH, (QYHKUMSAHHHT 4YerapaJiaHraH
6yann (BefteplutpaccHuHr OupHHYM TeopeMacH), GYHKUHMSHHHT aHHK
yerapajiapra spuiuniy (BeftepiuTpacCHHHT HKKHHYM TeopeMacH) Ba (YHK-
UUSIHUHT TEKHC Y3ayKcu3 6yimiuv (KaHTop Teopemacu) KaGu XoccaJiapHH
kapab yTmuk. By xoccanaphu Vpranumiga (QyHKUHS Y3AyKCH3 OVJ/ra
opaqvk la, b) cermeHTnaH HGopaT GYJMIUM MYXHM 3SKaHJMTHHH KYDIHK
Ba XoccanapHu HcGoTnaml xapaéHuaa sca DBosbliaHo — Befepiurpace
JeMMmacHaaH GesBocuTa (oijanaHa GOpAHK.

DHAU cerMeHT TyWIyHYacHJAH YMYMHHPOK OYy/raH KOMMAKT TYmJaMm
TYWYHYacH Ba YHAA Y3IyKcu3 OyaraH (yHKUHAJAPHHHT XOCCAJapUHH
VpraHamus.

l. Oung Ba énuk Tynaamaap. X =R Tynjiam Oepuiaran 6y-
aub, a € X 6¥acuH.

Il-tabpud. Arap a € X HYKTaHHHT wWIyHAa#

Ug(@={x:x€R, a—d<x<a+ 8}(6=>0)

atpobu MaBxkya 6y.acaku, Ug(a) = X 6yaca, a Hykra X TYnaaMHUHT
MKW HyKmacu JeAnsany.

1 .
Macanan, x = 5 Hykta X = [0, 1] TYnaaMHHHT WYKY HYKTacH, X =

=0, x=1 uykramap X = [0, 1] TynaaMHUHT MYKM HYKTajapu sMac.

12-Tabpud. Arap X TynaaMHHHT Xap GHp HYKTacH YHHMHT HUKM
HYKTacu 6yaca, X tynnam c4ux mynaam 1e6 atajany.

Macanan, 1) X = (0, 1) uuTeppaa ouuK Tynjam.

2) X=(0, HU (@, 4 U (6, 8 Tynaam xaM OUHK TYN.JIaMAUP.

13-Tabpud. Arap X TynsamuuHr Gapya JIMMMT HYKTaJapu V3ura
TerHiuau 6yaca, X Tynnam énux mygnaam peb atanaud.

Macaaan, X = [0, 1] cerment énux TVniaam Gy.aagu.

7-3cnaTtva. JIMMHT HykTara sra 6VsMarad TynsaM €mHK TyIJaMm
Je6 KapananM.

MacanaH, uexau TynaaMm énuk TymiaM ae6 OJMHAIM.

2. KoMnakT tynaam. X —XakHKuH COHJIaDHHHT OHpop Tym.ia-
MM GYJICHH.

l4-Tabpucd. Arap X TYNAaMHHHT HYKTaJapuaH Ty3WJIraH Xap
Kanpai {x } (x, € X, n=1, 2, ) KeTMa- KeTJIMKJAH 11y TYMJaMHHHT
HYKTaCHra SIKHH.IALIYBYH {xnk} KHCMHH KeTMa- KETJIMK aMKPaTHIll MyMKHH

6yaca, X Tyniavm komnaxkm mgniam fe6 aTagagy.

Mucoanap. 1. X = [a, b] CerMEHTHHHT KOMNAakT TynJjaM OV.au-
i Bosbuano — Befiepiutpace seMmacuaan Keanb 4uKanu.
2. X=la;, bl U la, b,] U U la,, b,] Tynnam komnakt Tyn-

Jav 6ynanu.
3. X =(0, 1) untepsaq KoMmakT TynaaMm OY/Ma#HaH, UYHKH X, =

= —1+~1 €O, H@n=1, 2, 3, ) KetMma- KeTJHKHHHT JuMuTH O ra
n
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Tenr, sbHH lim x, = lim :
n—

I o .
L= 0. Amvo O cou (0, 1) Tynnamra Te-
TUULTH 3Mac.

Suau TYNAAMHHAT KOMNAKT OYJHILM 1IapTHHM HDOaAIoBYH Teopema-
HU KeJTHPaMu3.

12-Teopema. X komnakm myniam byruwu y4yn yauue 4ecapa-
AQH2AH 8a EnuK myniam Oyauww 3apyp 6a emapau.

McboT. 3apypauru. X —xomnakr Tyniav 6yacuH. AsBano Gy
T{NIAMHHHT YerapaJaHraHJuruHd Kypcatamu3. TeckapucuuH dapas ku-
Jalauk, sibhi X — KOMMakT Tymaam G6yjca XaM y yerapajJaHMarad
6ycun. Y Xosda wyHzad x, € X HyKTa MaBXYAkH, |x,|> 1, wyHpait
x, € X HyKTa MaBXYIKH, |X,|>2 Ba x. k. Hatmxana {x,} xerma-
KeT/MK XocH1 6yamd, |x,|>n (x, € X, n=1, 2, ) 6yaanu. By
{x,} KeT™Ma-KeT/IHKAAH SKHHJALIYBYH KHCMHH KeTMa- KETJHK aMpaTuG
6yamaiiqu. By sca X HHHr komnakt Tynsamsaurura 3up. emak, X —
yerapajiaHral TYmJaM.

Sumit X BUAT émuK TynuaM OyaMMHH Kipcatamu3. Papa3 Kuuaii-
JauK, g Hykta X TYMJIaMHMHT JHMUT HYKTacH OVacud. ¥ Xoama X fa
a ra uHTHIYyBYH {x,} KeTMa-KeT/MK Tonujaau. Pasuwanku, 6y {x } ker-

Md- KeT/IMKHHHT  Xap KaHAal {xnk} KHCMHH  KeTMa- KeTJIHTH  y4yH
lim X,, = @ JHMHT §PUHJH 6ynanu. X KoMnakT TynJjav OyjraHu ca-

6abau a € X 6Ynagu. Hemak, X TYNJIaMHMHT JIHIMHT HYKTacH y3ura Te-
ruad 6ysmagu. By sca X HHHr €nMK TynJam 3KaHHHH OHJIAMPajH.
Etapaunuru. X —derapananran Ba €muk Tynaam 6yicuu. By
xonna DBosbuano — Beitepitpace semmacura xypa xap kanpaét {x,}
x, €X, n=1, 2 ) KeTMa- KeTMIHKAAaH a ra SIKHHJaLlyBYH {xnk}
KHCMHA  KeTMa- KeT/IHK QXPaTHII MYMKHH: X, —-a. PaBuianku, 6y a

HykTa X TYNJaMHUHT JHMHT HykTacu 6ysmaau. X énug Tynsaam Gysara-
HH yuyH a € X 6Vsaamu. Ilemak, X komnakt TtymsnaM. Teopema ucGoT
6y,

JHAH KOMNAKT TYMJIAMHHHT MYXHM XOCCACHHHM Ke/THPaMH3.

X < R— oupop TynsaaM 6yacuH. Xap OHp 3/eMeHTH HHTepBa/jgaH
uoopat S = {0} UHTepBa/1ap CHCTEMACHHH OJIAHJIHK.

15-Ta bpud. Arap X TynnaMHUHr Xap GHp @ HYKTacH YuyH S =
= {0} cucTeMana Wy HYKTAaHH ¥3 uYWra OJIagurad ¢ HHTepPBa/] TOMHI-
ca, S = {o} cucrema X T{naamHu Konaaddu nefuaanH.

Macanan, X = (0, 1) 6yncun. Kyiinnaru

1 3 1 3 F 1 3
(v 2k (3 1) (7 b

’

HHTepBa/ap cucTeMacHHu osadiuk. Pasmauku, X = (0, 1) TYnaaMHUHT
xap Oup HykTacH Oy HHTepBa//ap CHCTeMACHHUHI KaMuiaa OMTTa HHTep-

. . ] 3
BasHAa xoilnawran 6ysnagu. emak, S ={(; F) n=1, 2, }
cuctema X = (0, 1) Tynaamun xomnadiau (39- yu3ma).
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] F 3 '

p = J 2 e 1 2

§ 4 g 7 4 7

39- un3zwma.
. "R 3 ]
Wlyau xam aifituin kepakky, arap 6y S = 1(227‘ > Jhn=1, 2, |
N
1 3 « .

cHctemanan Gupopra (% En_.) HHTEPBAA Yukapid Taui1aHca, KoJarad

uiitepBasaapaan néopar

cicreva X (0, 1) tlnaavud Konaail oamafan.

Ky#npa Tefine — Bopeap aemvacuun weGoTCH3 KeTHPAMH3

Fefine—Dbopeab nemmacu. Arap uverapasanran énmim X T1yn-
JaM dekcn3 HuaTepBaaaap cucteMach {0} OinaH Konaanran 6GVaca, y
xoapa {o} cucremazan X Tinaamun Kon.noeun uekan {0, o,, 0.}
cHCTeMd aMKpaTHIL MYMKHH.

SHAH KOMNAKT TynJavia y3JaykcHs 6V.ran QyHKuHAaapHuHr 6ab3u
OHp XOoccanapHHH KeJTHpaMu3.

1° Aeap f(x) @pyHryua X Komnakm rmgnaamda y3ayxcus oijaca,
y decaparanean Giaadu.

2° Aecap [(x) ¢ynxyus X romnasm mgnaamoa ysayxcus Gijaca,
PYHKYUL Yy mynaasoa J3uHUNG QHUK 4e2aparapued 3puwadu, SoHu
wyndag x, € X, x, € X nysmaiap sagicyoxu,

o sup {FC0). fx)  inf {7 (0)
F 4 E X X E X

610000,

3° Aeap f(x) ¢pynxyua X Kosnaxm mynaiamoa y3aykcu3 Ggaca,
pymxyus X 0a mexuc ysayxcus 6ijaadu.

4° Aeap [(x) ¢pynkyua X romnakm myjnaamda ysayxcus 6Oi.aca,
wy X minaamrune arxcu (06pa3u) {f (x)} komnaxm miniam 6yradu.

bus 6y xoccanapuuur GupHHH, Macanad 1°- xoccaHu ucGOTI8HMH3.

[~xoccanuHr #c60TH. X—KoMNakT TVR1aM 6Yaus, 6y Tynjam-
ga f(x) oysakwia yaaykens 6yacud. Hykraga yaiykcu3 6yaraH QyHk-
LUHSHHAT XoccacHra Kypa (7-§) % x € X HHMHr wyHaaH eTapiM KHUMK
arpopu U (x) maexynxu, 6y arpopra [(x) pyHKuus yerapananran Gy-
aaau. Bynpaii Hykta arpodaapu U (x) urtepBaasapaan (x € X) S cucre-
va Ty3amu3: S = {{/(x}: x € X}. PaBwanku, S cucrema X tynnamuu
Konjadau. X xoMmnaxt tynuaM Gy.arawi cababau, I'efine -— bopean aeM-
MACHIa acucaH Gy cuereMagaH X TYNJAMHH  KOMJIORYH YekaH S* =
={U,, U, , U,} cHcTeManH ampatdur myMKHH. Xap 6up U, (k —
=1, 2, n) arpodaa f(x) GyHKUMA derapanaHran, sbHil WyH1aH
m,, M, (m, M,=const, k=1, 2, n) CcOWJIap TONHA3IHKH,
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¥ x€U, nap yayH m,<f(x) <M, (k=1, 2, n). Arap my,
m,, m,, — COHJIAPHMHI 3HI KHYMIHHM m Re6 M, M,, M,
COHJIapHMHr 3HT KatTacuuu M pe6 ogcak, y xoaga % x € X j1ap yuyH
m<f(x)< M 6yragn. By 3ca f(x) dyukuusuuar X TynsiaMpa gera-
pasiaHraHTMruHn Guaupazu. 1°- Xocca ucbor Gyamu.

11-§. Yaaykcus ¢ynkuusaap thazocn

16-Tabvpud. X tynnamaa ysnykcus Oyarad ¢yHkumsIapaas u6o-
paT TynaaMm y3aykcus ¢yukyussap asocu neb atasagd Ba y C(X)
OpKa/H GesruitaHagH.

Buz X t¥nnampa ysnykcu3 6yaraH f(x) Ba g(x) byHKuMAIAp HUFHH-
IIHCH, aliHpMacH, KynaHTMacH Ra HHCOAaTH SHA Y3AYKCH3 GYHKUHSA, STBHH
f(x) €C(X), gx) € C(X) nau

f(x) = g(x) € C(X),
f(x)-g(x) €C (X),

TD ¢ ¢ (X) (6ynza g(x) =0, x € X)
g (x)

KeJqH6 YHKHUIUMHE KYpHOG JTAHK.

Hemak, C(X) tynaampa Xakukui COHjiap TynmjaMu R, sKUHjaulyB-
YH KeTMa- KeTJHKJ/ap TYMJaMH € JarH CHHrapH KVIUHIL, afHpuul, Ky-
MalTUpHIL Ba GY/MII amasiapuHH GaKapHill MYMKHH.

X — R gomnakt tynaam 6ysau6, C(X) sca wy tynaamaa y3nykcus
byukuusaap dasocu 6yacud. C(X) da3ona YHHHT HCTaJraH HKKH 3ie-
MEHTH oOpacujard «Macoda» TYUIYHYACHHH KHPHTHIU MYMKHH.

®apa3 kunaiiuk, f(x) € C(X), g(x) €C(X) 6Vacun. By snemenr-
nap (pynxuusaap) opacuparu «Mmacoda» ne6 Ky#upard

p(f(x), g)=pe(, 8 :xsgpxlf (x)—g (x|

COHra a#iTaMus.
13-Teopema. ¢ f(x) €C(X), ¥ g (x) EC(X) Pynxyusrap yuyn
wyndai x, € X Hyxma monuiaduxu,

o(f, @ =|1(x)—gx|

64radu.

Uc6oT. Momomuky, f(x) Ba g(x) dyHkuusaap X nga y3/IyKcH3
3KaH, yHaa [(x)— g(x) ¢yHkuus xaM X TymiaMia VY3.JavKCH3 OViagd.
Mypakka6 QyHKUHAHHHT Y3JYKCH3IMTH XaKHlaru TeopeMara xypa @ (x)=
=|f(x)—g(x)| byukuua xam X TyniaMHHHr Nap Oup HykTacHza
y31yKcu3 Oysamu. Y3nykcu3 (YHKUMSHMHT Xoccacura acocad (7-§)
myHaak x, € X HyKTa TOMHJAAQUKH, @ (Xo) = ZU’I‘) ¢ (x) 6yranu. JeMak,

X

p(f, 8)=f(x) —g(x)l
Suan p(f, g HUHr XOCCaJIaPHHH KeJITHPaMH3.

Py () €CX), ¥ g)eCX) yuvw o(f, @ >0 8a p(f, 8 =
=0 jad f(x) = g(x) Kequ6 yMKaQd Ba aKCHHYA,
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HUcbor. p(f, g) nunr tavpuduzan GeBocura YHMHT MaHdui 3Mac-
ark (0 (f, @) > 0) kipunagu. p(f, g)=0 6¥aca, Oynnan [(x)= g(x)
6VaHuM KeauG uMKand. XakukataH xam, arap 6upop x; € X HyxTaza
f(x)) = g (x,) 6yaca, yunpa |f(x;) —g(x)| >0 6ymm6,

sup [f(x) —g@ | =|f(x) —gx)| >0, savan p(f, g) >0
6Vaanu. Hewvak, p(f, g =0 npan [f(x) = g(x) xeau6 uukanm.

PaBuwanku, arap f(x) = g(x) 6yaca, yuna p(f, g) = 0 6yiaan.

2 ¥ f)eCX), ¥ g)el(X) yuyn

p(f, &=p(g 1
6ynanu. Xakukatad XaMm, % f(x) € C(X), ¥ g(x) €C (X) dynxunsnap
yuyH
o(f, @ = sup|F()—g()] = sup | g()— ()| =p(g )
( x E X x E X

6yani.
3 ¥ [()eCX), ¥ gx)eC(X) Ba ¥h(x)€C(X) Pysxunanap
YuyH
ol @<po(f,m+oh g (5.9)

TeHTCH3NHK VPHHJIH OYJanH.
Hcbor. Ywby

[(0)—g(x)=If(x) —h(x)] + [h(x) —g(x)]

TeHTJHKAaH

) —g@I<|f@)—h@]+[h(x) —gX)]

TEeHTCH3JIMKHUHT YDHHJIH 3KaHHHH, YHra Kypa yumby
11— < sup (1] () —h(9| +1~() —g (]} <

<sup f(x) —h(x)| +sup |h(x) — g(x)]
xEA xex

TEHTCHSAMKHUET YPUHIM SKaHu#d Tomamm3. [Jlemak, (5.9) TeHrcusmmx
HCOOT 3THNIIY.

By (5.7) TeHrcH3JIMK ogatia y4bypuak menacu3aueu Jed OpHTHJA-
JH.
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6-BOb
SYHKUHAHHHI XOCHJAA BA QH®PEPEHUHAH

DyHKUHAHHHT XOcHaacH Ba AudepepeHUManH TVIIVHYAJIAPH MaTema-
THK 3HATH3 KYPCHHHMHT (HYHAAMEHTa  TYyLyHYa 1apHaalLIn.

bus ywby Gobaa (pyHkuus XocuaacH Ba pgudxpeperitanM  TywIyHua-
Jlapu Ouaan Tanuwavus, QyHKLUHAIAPHHHT XocuaacH Ba JudbepeHuManu-
Hi XHCOOTAWHH, WYHHHTAEK, Auddeperinas XHCOGHHHT acocuit Teopema-
JapHtt praHaMus.

I1- §. PYRKUMAHKHT XOCHAACH

| dyuxuna xocunacHHuHe Tabvpudaapu. f(x) dyukuus
(a, b) wuteppanaa auuxnauras Gy.acHH. By wuuTepBasia x, HyxTd OqmD,
vara mvigaint Ax (Ax-- 0) oprtupma Gepafinukku. x, — Ax€(a, b) 6¥.1-
cut. Harumaza f(x) pyukuna xav x, HyKTaia
Ay =Af(rg) = Fx,+ A0 —F(x)
oprTHpMara sra Oyian.
¥ uidy
Ay [l 80 — f (%)
Ar Ax
HucOaTaw  Kapaitmus. PaBwadku, 6V Huc6aT Ax nusr (yHkunacH 6yauo,

y Ax uuur Hosnaad ¢apkau KuiiMatsiapuia, ym.1ajall Ho.1b HYKTAHHHT
eTapau KHYHK

Uy(0)=f{AxER: —8<Ax<d Ax+0}

(Ax 5= 0)

(8 > 0) atpoduiza aunkaanran. Ax =0 nykra Ug(0) Tynaavuuir JHMHT

Ay o
HyKTacs. JHaH A,\'»Ona—ﬁ HHCOATHHHT JHMHTHHH Kapailmu3, Oy

JUMHT (PYHKUHAHHHE XOCHJAcH TYIYHYacHra o/HO KeJand.
A

I-tabpud. Arap Ax—>0 naa —AL HUCOATUHHT AUMHTH
AX

. Ay . xo + Ax) — f(xp)
lim v lim f (ry ) (xo
Ar-0 Ax Ax -0 Ax
MaBXKYy1 Ba 4ekaH Oy.aca, Oy JuMHMT [ (xX) QYHKUHAHUHT x, Hysmadazu
xocunacu fed arananu. PyHKUMAHMHT X, HYKTajarH XOCH,14cH, OAATaa,

PN = . o dy
f (x,), éku Yy, » CKH Py P
Bearurap épravuia €sugaaiH.
Heuaxk,
, . . i - Ax) — flxg)
F () = lim 224 — lim J 0= ), 6.1)
Ax-+0 Ax Ax—0 Ax

Bytaa x, Ax =x 1e6 oaaiink. ¥Ynia Ax=x—x, Ba Ax—0 1a
X —=x, 6Y.110, HaTHKaza
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lim Ay tl]lm f v ;- Ax) — [ (xg) —lim jtx) — f(.\’q_)_
Ax -0 Ax Ax-0 Ax xsx, X —Xy

6\ naan. Hemak, f(x) GVHKUHAHMHT X, HYKTajaru XOCH.IacH ¥ —Xx, Ja
[ () — [ (xo)
X — Xp
HHCOGATHHHT IHMHTH cHPaTHAA XaM TabPHPAAHHILH MYMKHH:
F' (x) = lim ) = flxo 6.1)
X-+Xg X — X,
Arap f(x) ¢ynxuns (a,b) HHTepBaJHHHT Xap G6Mp X HYKTacHla XOCH-
Jara ra 6yica, 6y NOcHaa X Y3rapyByHHMHT GVHKUHACH OVaaiH.
Mucoanap. 1. f(x)=C =const 6yacuu. Pasanku, 6y yHx-
LUHAHUNT % X € R HYyKTajard opTTHpMacH
Ay=f(x+Ax)—fx)=C—-C=0
6V.aH6, YHIai

—lim 2% —o
y Axlr»r(l) Ax

Kean6 unkaau. JleMmak, Vy3rapMac COHHHHT XOCHJIacH HOJITa TeHT.
2. y={(x) =x 6yacud. By ¢yHKUHA yuyH
Ay =(x+Ax)———x —1

Ax Ax

6yan6, yHRaH f(x) = x OYHKUHMAHHHT MXTHEPHA X HYKTAJarH XOCHJIACH

y' =1 GYIHWLMHK TONAaMH3.
3. f('C) = |x| 6§’J1CHH. By CIJyHKUHﬂHHHI‘ x=0 HyKTajard OpTTHpMAacH

. A N o
y= | Ax| 6ynanu, aumo Ax —0 1a A—y HHHT JIHMHTH MaBxy1 Oy.aMainpH,
X
Ay Ay
yyHKH lim 29 =, = — 1. Hdemak, f(x) =|x| byHkuna x=
Ax>4g A X Ax—»—O Ax
= (0 HyKTaja XOCHJara 3ra 3Mac.
4. f(x) =€ QyHKUMAHMHr x = ]| HYKTagarH XOCHJACHHH TOMHHT
dynxuns xocunacuuudr (6.1°) TavpudnaaH doipananub, TomamMma:
1-+1 t
.. e —e . et —e . el — 1
y'l,_, =lim =lim ———— =¢ lim —— —
- zal x— 1 150 t 1-+0 t
=e-lne=c¢e.
E ’
Hemak, (e*)1 _, =e.

5. f(x) = Inx (x> 0) dyHKuuaAHHHT HUXTHépHI x > 0 HyKTagaru Xxo-
cunacuHd XHcoSaaHr, Bepuaran ¢yHKUMsHHHT x>0 HyKTazarn opTTHp-
MacH

X

Ay =In(x+ Ax) —Inx = ]n(l -+ —)
6y.au6,

X
A

>
<
l
=)
P
_‘*-

Ax 1 ,3\
T):T‘( "

L>
=
L
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6yaags. Arap yuby
x
lim ln(l—i— )Ax—l
Ax—-0
MabayM JHMHTHH (KapaHr 134- Get) sbpTHOOpra OJICaK, yHAa lim2% _ A
| Ax-.0 Ax x
auMuT Ypunau 6Vaamu. Hdemak, (Inx) = —, x> 0.
X
6. f(x)=cosx OYHKUMSHHHT uXTHépHH X € R HYKTaJarH XOCHJIACHHH
xucobsaHr. By ¢yHKuus yuyH

Ay = cos (x 4+ Ax) —cos x = — 2sin (x—}— AQ—x) sin A—;—

6yu06,
. Ax
sin —
. A . . , .
lim 2% = —|im sm(x—r— ﬂ) = —sinx
Ax-s0 Ax Ax—0 Ax—0 Ax
2
6yaagu. Jemak, (cosx) = —sinx, ¥ x€R.

7 f0)=V=x (x>0) ydkuHsHHHT Y X€ (0; + oo) HYKTajarud Xxo-
CHJIACHHH TONWHT. By OYHKUHAHHHT XocHJacH x ¥3rapyBYHHHHT yuby

[ Vabone 1

. Ax — . 1

yo=tim 22 =V e g L ——
Ax—D) Ax ax0 ) x+FAx+~V x 2 x

yHKUHACH OY/alu.
2-tabpud. Arap Ax— -+ 0 (Ax— — 0) za %i HHCGATHHHT JIMMHTH
X

Ay (o= A2) — f (xo)

lim = lim

Ax—=40 Ax  Ax—+40 Ax

( lim Ay — lim fxo—+ Ax)—f(xo))
Ax—>—0AX Ax»—0 Ax

MaBXyJA Ba yek.a1u 6y.aca, 6y JMMHT f(x) QYHKUHAHHHT X, Hyl{raaam
yHe (wan) xocuracu ne6 atanann. OYHKUMAHHHT X, HyKTaark yur (4am)
xocuaacu ' (x, + 0)(f (xO—O) KabH GeJrH/aaHagH.

Oparga QYHKUMSAHHHT YHC Ba 4an XOCHJAANapH Oup moMOHAU XOCU-
Aasrap Beb aranajd.

Mucoa. f(x) =|x| uu xapaitiuk. By (‘byHKuHﬂHH Maskyp Oaun-

A A
HHHr 3- MHcOAMza Kypraumus. Mawaymku, lim —% =1, lim 29
Ax—+0 Ax Ax +—0 Ax
= —1. Jemak, f(x) =|x| ¢ynxkuusnuar x = 0 HykTagard YHr XOCH-

dacu | ra, vanm xocuwnacd — 1 ra TeHr

OyukuUHA NocHaacH Xakupard 1- Ba 2- TabpudsapaaH xamza GyHK-
UHA JUMHTH Xakujaard (4- 606, 3- § ra kapaHr) TeopeMasapAaH Kyiiuna-
rujap KeJH6 YHKALH:
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a) arap f(x) GpyHkUuA x, HyKTaga f'(x,) Xocuaara sra Gyuaca, dyHK-
uMsi Iy HykTaza 6up TOMOHaM [’ (x, + 0), [’ (xy—O0) Xocunamapra xam
sra 6yud,

['lxo +0) =" (xg—0) = ' (xo)
TeHIVIMKJAAp YpHHIH OV/iamH.
6) arap 6upop U, (x,) atpodaa ysnykcus f(x) ¢yHKUmA x, HyKTaza
6up TomoHH [ (x, + 0) Ba f'(xy— 0) Xocuianapra sra 6§.m0,

f'(xg+0)={"(x,—0)
TeHIVIMK YPHHJHM 6ysca, (yHKUuA wy HyKTaga [ (x,) Xocunara sra Ba
f (%) = [+ 0)= f (Xo—0)
6yaanu.
A
l-scmatma. Arap Ax—0 ga /
4

panu gexcu3 Gyuca, yHH XaMm [ (x) YHKUHSIHHHT X HYKTaZard XOCHJa-
cH fe6 roputuaagd. byuaai xospa f(x) GYHKUMAHHHT X, HyKTagard xo-
cuaacy -+ oo (BKH — o0) ra TeHr AeHuaan.

2. XOCHJAQaHHUHT T€OMETDHK Ba MeXaHHK MabHOJADH.

a) Xocuaanuxe eeomempux mawvrocu. f(x) pyuxuus (a, b) unrepsasn-
Ja AHHKJAHTaH Ba y3JyKcH3 GY.ub, X, € (a, b) HyxTaga [ (x,) XocHaara
sra Gyacud. Xocuaa Taspudura Kypa (x, + Ax €(a, b)),

HHUCOATHUHT JIUMHTH AHHUK HUIO-

, . Flxg— Ax)— [ (xg)
=1
Fx) = lim Ax

6y1any. f(x) QYHKUMAHUHT Tpa-
durn G6upop I’ unsuxHH udoia-
Jaacui ek (40- yusma).

Suan [ uu3MKKA  VHHUHT
My (v, f(xp) HykTacza ypi-
Ma VTKasuill MacajacHHH Kapafi-
JIHK.

I unmsukia M, HyKTazaH

dapxan M (x, + Ax,  f(x, + i /éd

+ Ax)) HykTaHd oJb, 6y HyK- —

Tajnap OpKaad [ KeCyBUH VT-

Kasamu3. | KecyBun Ox YKu Gu- 40- yu3Ma.

JIaH TallKW/1 3TraH OypuyakHH @

Ounad Genrunaiiauk. Pasmankk, ¢ Oypyak Ax ra GOEIMK  6yaagu:
= ¢ (Ax).

Arap ! wecyBunuunr M uykta I' yusuk 6Vitna6 M, ra uHTuAraH-
aard (Abuu Ax — 0 1aru) JUMHT XOJaTH MaBKyA 6Vica, KecyBUHHHHT
Oy Jsuvur Xoath I ynshkka M, HyKTala YTKasusraH vpunma 1eb arta-
Jajd. ¥pHHMa — TYFPH YU3HKIaH HOOpar.

Mavaymku, M, HyKTagaH YTyBUM TVFPH uM3uK M, HYKTaHUHT KO-
OpAdHaTatapH Xamia Oy TVEPH UM3HKHHHI Gypyak ko3puliuenTd opka-
JH TYJHK aHHKJAHajH.
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[(x) dynkuns rpacpurura M, nykraza VTKA3MIray yPHHMAHHHT MaB-
XKy 6V MM yuvH
limo(Ay) =a
Ax -0

JIMHTHIHT MaBK\ AJHTHHH KYpCaTHIL eTap.an, GyHl1a o — VPHHMAaHHHI,
Ox yx 6u1aH 1alIkK1 3TraH 6ypyar.

AMM, P nan:
MP Ay /(vo—r Ax) —j(x0)
t A= —=—2 —
g9 @dn MP  Ax Ax '
YHAAH 3ca
F (xg— Ax) — [ (x)

¢ (Ax) = arctg r{
: Ax

Gy lMHE TonaMu3. U = arctg? GYHKUMAHMHT Y3YKCH3.MIHaH ¢ol-
J1a/1aHCaK,
flxa  Ax)—7](xq —

Ax

tim @ (Ax) = lim arctg
Ax—0 Ax—0

—arclg [ (x,)

="arc tg [ llm flxe-- Ax) — [(xq) ]
Ax—0 Ax

6ysmmn kean6 yuxagau. Iewak, lim ¢ (Ax) maBxyn Ba
Ax-»0
a = lim @ (Ax) = arc tg f’ (x,).
Ax—0

Keiuuru TeHr/MkaaH

I'(x0) = tga
6ymwnny tonamu3. lynaait xuan6, [(x) dyskums x,€(a, b) HykTana
" (xy) xocunara sra 6yaca, 6y dyHkuuss rpadurura M, (X, (X)) BYK-
Taga YTKasHaraH ypuHMa MaBXyjl. DYHKUMAHHHT X, HyKTajard XOCH-

Jach ['(x,) aca 6y ypuHMaHuHT Gypyak Ko3hbHUHeHTHHH HboaNaRIH,
YpunMmanuHr TeHrjamacH aca yumby

¥ =[x + [ (x)) (x—x)
KYpuHMIIHAA 6Y.1371H.

Macanan, f(x) = x* napabojara x = | HyKTaja yTKasH.IraH ypHHMA
Yoy =2) y=14+2(x—1), avuu

y=2x—1
TeHrJaMma Ouaan udopanaHagu.

Arap f(x) dyHKUMA X, € (@, b) HykTaga Oup-Gupura TeHr OV.IMaraH
J'(xg+0), J'(x,—0) 6up TOMOHAM Xocumanapra 3sra OVv.aca, wy f(x)
¢ynkuma rpaburura M, (x,, f(x,)) HykTaga GHp TOMOH.AH YypHHMAJap
VTKA3WIl MyMKHH Ba Oy ypuHMa/ap ycTMa-ycr Tym\laﬁmx by xcnpa
[ (x) dyukuus rpapurn (x,, f(x,)) HYKTaaa «cHHagW» JefiHIL MYMKHH.

Macaaan, MabIyMKH, f(x) = lxl (p) HKUHAHUHT ¥ = O HyKTagaru €up
Tomonni Xocunadapu [ (4-0)=1, ['(—0)=—1 6yiaau. by dyux-
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und  rpagurnra (0, 0) Hykrama VTKasuaraH 7
6P TOMOH.IH VPHHMAIAp § =X BA Y = — X
6yswub, dynkuus rpapurn x = 0 Hykraga
scuvadny (41- yusva).
dapas  Kuaaiauk, f(x) DYHKUMAHHHT X,
HyKTagard NocHaacH -+ oo, sibHu ['(x,) =

o =, =4
= + oo GVJCHH. DHAH y=x ¥
A -
¢ == arc tg = 0 X
Ax
3KAHHHIL IBTHOOPra OJIMD, TOMaMH3: 41- wiama.

limg <=lim arc tgﬂl— = arctg(f’ (x,)) = arc tg (+ o0) = =
Ax—D Ax—D Ax 2

By sca f(x) dyuxuna rpadurura (x,, f(x,) Hykrajza {TKa3WIraw ypuH-
a -
MO 0"( VKH OHJaH —‘2' ra TeHr 6ypan TAWKHA STHUHHH KypcaTaD.H-

Lewmak, [ (xg) = + oo 6yarauna f(x) dyuxuus rpadurura (%, [ (xo)
HyKTaga yTkasuaran vpuuvma Ox yKdra nepneHIuKy.asp Oy/agH.
Xyaau wiyHuuraex, ' (x,) = — oo 6yaranga f(x) GyHKiMs rpadury-
ra (x, f(x,) HykTaga yTkasuwaraH ypuama xam Ox YKHra TnepreHRuKy-
aAp 6yaanu.
Macanat, f(x) =1 |x| OyHkuusuudr x =0 HyKTajgaru YHT XOCH-
Jau

R ey R = . {
f(+0) =tlim ¥ = {im }* = lim — oc,
X0 X — X0 X x=+0 b @
wys«ra yxwau, x = 0 HyKTagard yam Xocu.1a
yayi [ (-——0) == —oo ra aramus. [emax, Ge- A

punrad o¢yukuus rpapurdra (0,0) Hygraza
yTkasuarad 64p TOMOHJIH vpuuMaaap Qy yiu-
JAax ubopataup (42- yusma).

6) xocuranune Mexanux mavaocu. Mog- y¥ixl
Anit  HVYKTaHUHT XapakaTtH s = f(f) KoHaa Gu-
Jgati wponananran 6yacuu, Oveaa f— BakT, Y X
S — Wy BaKT HyHAa yTuarad Hya (Macoga).
By KoHyH 6yiiHua XapakaT KH/IaéTraH HyKTa- 42- qu3ma.

HUHUT f, MOMEHTAArH OHHH TEe3JHIHHH TOMHUI
Maca acHHH KapailuK. § BAKTHHHT f, KHAMATH Gunad Gupra f, + Af (Af>
>0) xuAMaTHHH NaM oqub, Oy HyKTanapaa s = f(f) HHHC KufmaTaa-
puHu Tonavu3. Moxanit HykTa Af BakT HuMia
As = i(to + At) —f(to)
Ma:odbaHK YTaad Ba yHuHT [f, #, - Af] cermMeHTRar# ypraya Tesauru
As  fle- A)— )

At At
" As ~ -
oynaau Al —0 na v HHCOATHHHT JIMMHTH MOLIHA HYKTAHHHT {, MO-

MEHTIATH OHHH Te3JHrH U HH HdoRanakIH:
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v=1lim 25 — lim L0 =1t
At—0 Af Af—0 At

Xocnaa TappudHra Kypa

. f, = At)y— f (¢, ,

Jemak, s = f(f) GyHKUHAHHHT /) HYKTaJZarn XOCHJAacH MeXaHHWK HyK-
Tan HasapjaH s == f(f) KOHYH OuJaH XapakaT KMJ1aéTraH MONIHH HYKTa-
HHHT f, MOMEHTNArn OHWH Te3/IMIHHH OUJILHpajH.

3. PYHKUUAHHUHT Yy3aAyKCcH3 OyJaHIWH O6uaaH yHHUHT
Xocunara sra 6yauwu opacugaru Goraanum. f(x) ¢dyHK-
uust (@, b) uHTepBajja aHWKJAaHraH OV.HO, X, €(a, b) HyKTaza uvekJH
[ (x,) xocunara sra 6)"1J1CHH chma Tabpudura kipa,

= Iim — lim i(xo‘:*Ax)“f(xo),
f (o) :]¢—>0 A X Ax—0 Ax

v Ax— 0 g1a %— — ' (x,)-
X

Suan

o =24 —['(x) (6.2)

ne6 Gearunaimus. Paswanku, o y3rapyBun wmukaop 6yaud, y Ax ra
Gornuk Ba Ax— (0 na Hojra UHTHIAZH.
(6.2) TeHrJIMKZAaH TOMAaMH3:

Ay=1F(x) Ax +a-Ax. (6.3)

Opatpa (6.3) ¢opmysna GyHKUHSA OPTTHPMACHHHHT popMydaa-
cH peb atanapu. Iy dopmyaara kypa

limAy =lim [f’ (x,)-Ax + o-Ax] = 0
Ax—0 Ax—0

KesH6 4ukaid. By f(x) oyHKUMAHHHT X, HyKTajga y3JYKCH3 SKaHHHH
Ouaampany.

Iynga#l kumud, KyHAUarH TeopeMara KeJaMu3:

I-Teopema. Aeap f(x) ¢ynryus x,€(a, b) nyxkmada wexau f'(x,)
xocurgea sea 6jjaca, pyukyus wy nykmada y3ayxcud Gijiadu.

2-3cymatTMa. PyHKUMAHHHT GHPOP HYKTaJa Y3/IYKCH3MHTHAAH YHHHT
luy HYyKTaja YeKau Xocuaara 3ra 6yauiiy  Xap 1OoMM KedHO 4yuKasep-
Mainu,

Macanan, y = x| yskuust x =0 HykTaza Y3JyKCH3, aumo y Iy
HYKTajla XOcHsara sra smac.

2- §. TeckapH QyHKuHsiHMHT XOcHAacH. MypakkabG (yHKUHSHHHT
XOCHJIaCH

I. Teckapn QyHKUHAHUHT Xocuaacu. f(x) ¢vukuua (a, b)
HHTepBaNAa aHuKJaHrad O6ynub, 6y GyHKUMA TecKapH QYHKUMSHHHT Map-
KYMJHIH Xakuiard 5-Go6narH 9- TeopevaHuHr 6apua ILApTJ/IapHHH KaHO-
ATJIAaHTHPCHH.,
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2-teopema. f(x) @ynrkyua (a,b) da anukranean, ysrykcus 6a
xamouil fcyeu  (kamouhd Kamaroeuu) 6yacun. Aeap [ (x) ¢ynkyus
x,€ (a, b) Hykmada [’ (x,)+0 xocurgea sea 6ijaca, 6y pyrkyusea mec-
kapu x = ["Ny) pynkyus x, nyxmaea moc 64rean y, (Yo = f(%,)) Hyx-
mada xocunraza 92a éa

_— , _ _1_
Fr,_, = P
MeEHAUK [JPUHAU.
Hcb6orT. f(x) dynruus x,€(a, b) Hykraza f'(x,) #+ 0 xocunara sra
6yacutt. (6.3) dopMyafaH hoiHmanaHUG TOMAMH3:
F@O) —106) = " (x) (¢ — %) + 2 (t — %), £€(a, b), (6.4)
Gyupa t—x, 1a a=0a ()~ 0. Sumn f(x) OYHKUMAHHHT { HyKTagard
KuiMaTuad f (f) ==z ne6 Gearunavimus. YHpa f=f"1(z), IUyHHHrIeK,
Xy = [{y,) 6ynamu. Hatmxkana (6.4) Tenrauk ywby
2—th= ) [[T1@— Y+ a (@)@ — )l =
= [T @ — ) Il (xo) -+ 2 (F1 (2]
KypuaHilra Kenagu. KeAMHTH TeHrsukIaH ca
e et B C7 Y 1
Z— Yo [ (%) + o (1 (2)
KeJu6 yuKald. 2— Y, Oa JHMHTra yTHO KYHHIArHHH TOMAMMU3:
e L Al ot At 7 M PP : =
ZYo 22— Yo 2Y, f’ (xﬂ)+ o f_l (2))
1 1

- o= lim a2 O (x)

Hemak,
lim 2@ =) _ 1
22y, t— 1y, " (x0)
Xocuna Tabpudura xypa
F—1 2y — 1 _ ,
llm , () f (!/0) — [f 1 (y)] _—

2=Y, Yo

o6yud, 6yuiaH

1
—l L ! = T
) . i

TEHJIMKHHHT YPUHJIH 3Kauu kenuO uMkagd. Teopema uc6ot 6V.iaH.

2. Mypakka® QYHKUUSSHUHT XOCHJACH U = [(x) OyHK-
uusi (a, b) wnrepeasnga, y = F (u) dyHKuMa 3ca (c, d) uHTepBaala aHHK-
JaHrad 6ymm6, 6y oyukuusiiap épaamupa y = F(f (x)) = ® (x) Mypakkab
GdyHkuus TysunraH 6yacuH (6yuna, anbarrta, x€(a,b) na u=f(x)€(c.d)
6yuiuM Tanab KUJIMHALH).

3-Teopema. Aeap u= [ (x) pynryus x, € (a, b) Hyxmada [’ (x,) xo0-
cunaea dea 6yaub, y = F(u) dynkyus sca x, nyxmazsa moc u,(u,=

189

www.ziyouz.com kutubxonasi



== [ (x,)) nyxmaoda F'(u,) xocuraea sea 6jjaca, y X010a myparkab gynk-
yua @ (x) = F(f(x)) xau x, ryxmada yocutaea 32a éa

Q' (x)) = VF (N,  F ()" (x) (6.5)
gopmyra ypurau.

Mcbor. u=[(x) pyrkuna x,€(a, b) nyxraia, y - F(u) pynsuns
3ca MOC U, (u, = f(Xp)) HyKTana xocuiara sra6vachd. (6.3) popmyaanan
tdoitpananub Tonamus:

[O) — [ (xo) = [ (xg) - (t — xg) -+ o (1) (£ — xp). (6.6)
F (s) — F(ug) = F" (1) (s — o) -+ B(3) (s — u4g). (6.7)
6yHna
lima () =0, limB(s) =0.

1-x, S—sliy

Mypakka6 ¢vhkuns D (x) = F (f(z)) HuHr x, HyKTajgaru OpPTTHpMACH
P(f) -— P (x,) nu toxopuaaru (6.6) Ba (6.7) MyHocabaTaapaaH (oiiaana-
HHO KyHHMAarHya €suul MYMKHH:

D) —P(x)) = FFO)—F(f(x5)  F () []" (xo) (¢ —x9) -+
+ () —x)) +BUO) 1@ — [ (xo)l = F' (ug) - ['(x) - ( — x5) +
4 F )2 @ —x) +BGF@)-17O) —T (xa)].
Amau 6y TEHFIHKHHHT Nap WKKH TOMOHMHH I — X, ra 63au6, cyurpa
!— x, Ja@ JHMHTTa V1aMHu3:

lim YO =P e () 2 F (ug)- lima () +

X, 1 — xq
-~ limB (/7)) - lim
{—x, {-+x,

ByHnaH t—>x, pa a(t)—0, P(f(H)—0 skanumu 3bTHOOPra CIAC2K,
(6.5) dopmyna keaub unkagu. Teopema mc6ot Gyaii.

i) — (v

— Xo

3- §. XocHaa XMCOGMALUHHHI COAAA KOHAAnapH. aeMeHTap
(PYHKUHANAPHHHT XOCHJIAJIApH

bus ywmby naparpapaa uxxkd QyHKUMS HHFHHAMCH, adiupmacH, KY-
NadTMacH Ba HHCGATHHHHT XOCHJAJapHHH TOMMII KOWAAJIAPHHK KesTHpa-
Mu3. CyHrpa siemeHTap (GpyHKUHAJIAPHHHT XOCHJIAJAPHHH  NHCOG.1aHMH3.
f(x) Ba g(x) dynkuuanap (a, b) unTeppanna anuxsganran  Gya-

CHH.

l. Ukkn pyHKUUSR AUFUHIHUCH XaMja aHHPMACHHHUHT
xocuaacH. Arap f(x) Ba g(x) (yHKUMAJADHHHT Xap 6HMpH x€(a, b)
HykTaaa f'(x) Ba g'(x) Xocwnanapra 3ra Oyaca, y xoaia f(x) + g(x)
GyHKUNA XaM X HYKTaja XocH.jdra 3ra Ba

() + g1 = ['()= g’ (x) (6.8)

dopmyaa ypHHIM.

Xakukartau xaM, f(x) Ba g(v) GyHruMsaap x€(a, b) HyKraga /'(1)
Ba g'(x) Xocuaanapra sra 6vaciud. Tawbpigra xypa (1€ (a,b), 1 + x):
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fl (,\') — llm f“) “f(x)

tsx t—x

Duan F{x) = f(x) = g(x) ned Gearuaad, KyiHIaACHHH TOMAMA3:

FO—Fl _ fO—[W_ g0—gx

t—x t— x - f—x

By TenraMkaa f-—x ga JUMHT yTcak, Kyfiuiarura sra 6§¥.1amua:

F'(,\):hm F(l)_F(x):lim Fu)— f(\ +lim L’(“‘g(x)___
tsx L —x tox t—x tex t—x
= ["{x) + g"(x). By aca (6.8) dopmynann ucSornaiau.

2. Ukkn byHKUHA KynafiTMacHHUHT XocHnaacH. Arap
f(x) Ba g(x) dyHKuHaapuuHr Xap Oupu x €(a, b) HyxTaza f'(v) Ba g'(x)
xocHjanapra sra Gyusica, y Xoaja f(x)-g(x) dyHKudA xaM X HyKTaza
xocHsara sra Ba

(/) -g() =['(x)-g(x) + [(x) g (x) (6.9)
dopmyJsia VpHHIM.

®(x) =f(x)-g(x) neb Gearu.ad, M HHcOaTHH KyltHaaru
— X
t—x t—x {—x

KypuHuwaa €3u6 onamu3. By Teurmmkiaa f—x ma sumutra yTio, Ky-
AU IATHHH TOMAMH3:

@' (9 = lim 20 =20 _ lim [ LO—L00.. [0 gy +

t~x t—=x tsx

+3ir£:f(t) gg% =g()['() + [(9-g'(9.

by sca (6.9) dopmy.nanu uc6otaangu.
3. Ukk¥ pyHKUHA HUCOATUHhHT XOocHaacH. Arap f(x) Ba
g (x) dyHKuMsnapHHHT Xap OuMpH x €(a,b) HyKTama f' (x) Ba g'(x) xocH-

najapra sra 6yJu6, g(x) = 0 6ysca, y xonma % OYHKUMA XaM X
g (x
HYKTajZa XocHjara sra Ba
[LQ]’ _ ®en—~iw g (%)
g g2 {x

(6.10)

dopMya VpUHIH.
(6.10) topmynann ucOoTnawad aBBas QYyHKUHA XOCHJAcH TabpHpH-

Jdan ol nanannb l ; (g (x) = 0) dynkuusiHunr 'x €(a, b) HyKTagard

XOCHJIaCHHH XHCOO/1aiiMu3:
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L gx)—g®
[ ! ]’=lim g gw _ m_gWew

g (x) t—x t—x t>x L—x
. —1 . lim gW)— g hm_]_:__ g (x)
T g s t—x t-x (1) g% (x)
Jemaxk, |
! g ()
— = —2"= (g(x) = 0). 6.11
[g(x)} g% (x) (€t =0) ©1h

Aupu (6.9) Ba (6.11) dopmynanapaan ¢oiiananub, Tonamus:

I e

g(x) g g(x
- i (x) _f(x)-g' (x) _ f x)-g(x) —f(x)-g (x)
g(x) g*(x) g2 (%)

By (6.10) dopmynanunr {pHHAM SKaHHHH HCOOT/IAMIM.

I-natnuxa. 1) Okopuna kenrupuaran (6.8) Ba (6.9) dopmy.anap
épraMuia KYUHAYBYHIAD XaMmla KYMNalBUYMIAD COHH HXTUEDHHA 4YeKksu
6ysiraH XoJiza XaMm TETHILIH GopMyJanapHH UCGOTJAll MYMKHH.

2) (6.9) dopmymnanas g (x) =c, ¢ = const 6yaranna

e f@) =cf(x)
dopMysa keqb uukand. ByHjaH §3rapmac COHHH Xocuaa HUIOPAacHAaH
TAWKAPHTa YUKAPUIL MYMKHHJHTH Kemb uuKanu.

3-3canaTtma. Mkkn yHkuuA HuFMHIHCH, afiipMmacH, Kynal#TMacH Ba
HucGatHaaH ubopaT 6ysraH GYHKUMAHHHT XocHjara sra OyaummiaH 6y
¢dyHRUBANApaAH Xap OMPMHHHT Xocujara 3ra 6y uliH 10HM KesHb uuka-
BepMaiiau. Bynra mumconsap TonmiuHm VKyBuMra XaBoJa KHJIAMHS3.

4 DneMeHTap PyHKUHUAJTAPDHHUHT XO0CHJIagapH. OyHKuHA
XocHnacH TabpudHaaH oiiaasanu3, 3seMeHTap GyHKUHANADHHHT XOCH/a-
JIADHHH TOMaMu3.

1° y=x"(x>0) napaxaaun GYHKUHAHHHT XOCH.JAacCH.
By ¢yHkuMs yyyH KyHuaarura sramus:

Ay =(x +A9* —x" =¥ [( e IJ

p ’ ¥ U
o [<|+ '/3-> _1] = S
Ay b d u—I X

_— =X
Ax Ax _A_X
X

5- 606, 6- § na keaTupuaraH JHMHTAAH ol 1a1aHuG, TONMAMM3:

Ba

(1; A‘x j“—l B (1— A%‘;"—l
y':“mA_y = limeth =" lim 2 o
Ax-0 Ax AX—0 Ax Ax—0 Ax
X X
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Nlema, (x") =p-2""' VYmyman, 6y dopmyaa y = x" GyHKUIAHAHD
aHMKJAHMI COXacHAary MXTHEpHH X yuyH VpuHAMaup. XycycaH p = —]
6yaranua

1Y 1
— = ——, X % 0.
( X ) X2

2°. y=a*(@a>0,a+*1) KYypcaTKHYIH OGYHKUNAHHUAT XO-

cunach. By ¢yHKuMS yyvH KyHuzarura sramms:

Ay =a"™ —¢* =" (@ — 1)

Ba
Ay _ oF 1)
Ax Ax )

5- GobuuEr 6- § na xenTHpuarad JnvuTaad GoijnanaHHé TomaMmMa:

Ax Ax
. . —1 . —1
g =1lim 2 <jimo* 4 =L =7 . lim-%~ " =o*Ina.
Ax—>0 Ax Ax—0 Ax Ax»0 Ax i
Jemak,

(@) =d*-Ina.
Xycycan, (€7) = ¢e*
3 y=log,x(@a>0, a1, x>0) norapudpMuK bysruUns-
HHHT Xocuaacu. By dyskums yuyyn KyHujaarura sramus:

Ay=log, (x + Ax)— 10g,,x=]oga(l—}— _A*L)

A 1 Ax 1 Ax\o

—Z . — = —. ] —— Az},

o = log, (l + " ) - oga[(l + . ) ]

5- 606yur 6- § na KeaTHpHATAH JMMHTIAH GofifanaHnb TONaMp3:

X

Ax
' — limA2Y —1im 2. LAxyy_ 1
y —Allj)rg Ax Al]—l»]?) x bg"[(l "ox ) ]— x log.e.
Jemaxk, |
(log, %) = —x—-loga e.
Xycycan,
(nx) =-L.
X

4°. TpuroBoMeTpHK GYHKUHAJApDHUHT XOCHJaJapH.
Ywby y = sinx $yHKUMA YYyH KyHHaarura sramus:

Ay =sin(x + Ax)—-sinx=2-sin—A2—x - €OS (x+ A—;-)
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Ba

. Ax
Ay Ax o 2
——==CO0S (x + =]
Ax 2 Ax
2
Oxupru TeHraukia Ax—Q ga JguMHTTa YTHO TONAMH3:
. Ax
A Ax el
¢ =lim=% = limcos (x—{— —)-lim —— ==C0S X.
Ax—0 A X Ax-s0 2/ axs0 2%
2

Jemak,
(sinx)’ = cos x.

Ilyura yxmam (6- Go6uuur 1- § ra kapaHr) (cosx)'= —swnx dopmyaa
XxaMm ucOOTIaHAIH.

sinx
Auau y = tgx GYHKUMAHUHT XOCHJAcHHU g x= ——— HHCOATHHHT
cos x
XocHsacH topMytacHaaH GoifasaHud TomaMus:
sinx \’ sin x)" -cos x — sin x-(cos x) *
y'=(tgx)’=( )=( ) (cosn’
, €os x cos? x
cos? x -1-sin x 1
- cos? x " costx’

Jemaxk,
{

cos2 x

Xynan myHra yxwaur Kyfuparn gopmysanap ¥aM HCGOT/IAHAAK:

(tgx) =

sin x cos x

(cosecx) = —

(secx) =

’
ctgx) = —
(ctgx) sin?x’ cosz x sin2x”
5 Teckapu TPUTOHOMETPHK QYHKUHAJIAPDHHHT XOCH-
danapu. Teckapu GYHKUHAHHHT XOCHJACHHH TOMHUI Kodjacupad (ok-
JaslaHud, TecKapd TPHTOHOMETPHK (PYHKUMAIADHUHT XOCHJIANAPHHU XH-

codnaiimu3. Ywby y = arcsinx QyskumsHu omaimuk. By dyukuus x=
= sin y ¢yHKUEAra Teckapu OY.uO, ym{(_ —;i —’;—) HHTEpBAIAA Ka-
pacax,

1 1 i

(sin_z/)'= cos y :Vl——sin?y “YVi—n

Yy’ = (arcsiny) =

Keqmub yMragu. Jlemax,
. , 1
arcsinx) = ——— (—l<x< 1).
(arcsing)’ = emer )

Xyazu wyHra yxmam gy#ugars ¢opMyaanap xaMm ucGoTIaHaIM:
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1

(arccos x)' =— (—l<x<1),

| =
y 1
(arctgx) = ey
(arcctgx) = — !

14+ x3°

6°. Tnnep6oaHK GYHKUMANADHUHT XOCHJaaapH. Jum
rHnepOOJHK (YHKUMSIADHHRET XOCHJAJapHHH XHcoOaaHMu3. DByHpa Xocu-
Ja XucoGramjary conja KOMAanapAaH Ba KYPCATKHUIH (YHKUMS XOCH-
JacH dopmysacunan ¢oinananamus. Coxna xucobuanniap €paamMuna y =
= shx yuyH TOonamms:

y' = (shx)' = [% (e’—e_")}' = -;— (e‘ — —:7) =
= —;- (€ -+ e )=chx.

[lynra yxmwaw Kyhunarn dopMynanap XaM HCOOT/IaHagH:

(chx)' =shzx,
y 1
(thx)" = ch?x ’
g ’ —_— ]
(cthx) = . (x 5= 0).

4. Xocunanap xaaeanau. bus ymby Gangna snementap ¢yHk-
LMsAJIap XOCHJaJapH YYYH TonwjaraH ¢opMyJadapHH »Kamiab, yJapHR
XKazaeasa cupaTHIA KeJATHPaMH3:

1o, 6™ = pa*! (x > 0);
2°. (@) =d"-Ina (@a>0, a=1)

3° (logax)'_—:i—- log e x>0,a>0 a=1).

Xyeyean, (Inx) = % (x> 0);

4° (sinx)’ = cosx;

5° (cosx) = —sinx;
6° (tgx’=—l— (x 2 -k, k=0, =1, )
cos? x 2

7° (lgx) = — —— (% kw; k=0, =1, .)
sin2x

o : ' _ 1 - .

8°. (arcsinx) = T —xﬂ( l<x<l)

(-] LA ___l____ . .

9°. (arccosx) = Vo (—l<x<l)
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10° (arctgx) = -1-—;1—;

I
=) ’ I .
11° (arcctgx)’ = — s
12° (shx)’ =chux;
13° (chx) =shx;
2 . 1
14°. (thx)" = ey
15° (cthx)’ = — —— (x = 0).
sh2-x

5. Mucoanap. Kyinzard ¢yHKUMAIAPHUHT YOCHIANAPUHH TOMUHT.

1) y=Insinx, x€(0,n) 6yncud. By pyukuuand y = Iny, u = sinx
ne6 wapam MyMkud, (6.5) dopmynazau dofizananud Tonamus:

COs X

¥ = (Insinx)’ = 1 -(sinx)’ = =ctgx.
sin x
2 y=1u@] ™ (uEx)>0) 6y, u(x) Ba v(x) dyskunamap «” (x)
Bav’ (x) xocunanapra ara 6yscud. By udoganu sorapudpmaad Tonamus:

Iny=v(x)- Inu(x).

Suau MypakkaG GYHKUHAHHHT Xocuaacu [((6.5) ¢opMynara kapaur) Ba
Kyna#uTMaHuHr XocHaack ((6.9) dopMysara Kapadr) ydyH Teruumiu ¢op-
MyJaJiapaad cpoi&uanaﬂm TOMaMH3:

Loy =0 (9 Inu(x) + v (x) % w'(x).

Byunau
v =y [0 ) + T ()] = e (9 (200 I (9 +
+ 28 (x)]
Keq6 uukand. emak,
(1 (O = @ [of (9l (9 + 27 L ().

4-§. OysxuMaHHHr gUddepeHuuanu

. DyHKUUAHUHT JHPdepeHuHanTaHYBUYH OYIHIIH
TywyHuacu. [ (x) dyHkuua (a, b) "HHTEpBA/la aHHK/IAHTAH OV J/ICHH.
x€(a, b) HykTanu onub, yHra myHgai Ax (Ax=0) oprrupma Gepaii-
JIHKKH, (Xo—+ Ax)€(a, b) 6yacun. ¥ xosma f (r) GyHKUHA XaM X, HYK-
Taga Ay=7f (x, +Ax)—f (x,) oprrupmara sra Gynamu. PaBuanku, A y
opTTHpMa Ax ra Gornuk Gyau6, Kymuumuk Xoanapaa Ax GunaH Ay
opacuiary GorsaHHII Mypakka® Gymanu. TaGumiiku, 6yna Ax ra kypa
Ay Hu anug €k TakpHOMH XHcoOnawl Kuiuuiamwamy. Hatmkaga oprrap-
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MacH Ax oprtupma CuiaH coamapok GorsaHuiiaa Gy.raH ¢yHKUHSJIapHU
Vpranuul MacajacH losara KeaajH.

3-tabpud. Arap [ (x) dyskumaHuHT x,€(a, b) HyKTazarm opr-
THpMacH Ay Hu

Ay=AAxFa-Ax 6.12)

KypHRMIKAa ndojasall MyMRHH 6yaca, [ (x) dysrunsa xo rysmada dug-
geperyuarranyeuu neé atanapy, 6ynaa A — Ax Gorauk 6yaMaran Vs-
rapMac, o 3ca Ax ra Goramk Ba Ax—0 ma a=a (Ax)—>0.

Arap

a-Ax=a (Ax)-Ax=0 (Ax)
3KaHWHH bTHOOpra oJcaxk, y Xoaja roxopuzaru (6.12) udoaa ywoly

Ay=A-Ax+o0 (Ax) (6.13)
KypuBHILHY onajau. DyHkumnsa oprtupMacu yuyH (6.12) dopmysana A-Ax
ndona OpTTHPMAHMHT 6ol KHCMH 1e6 HOpHTHJIAIH.

OyuxknuauiAr 6Mpop HykTana mvbdepeHunamnanysus 6yauum 6uian
YHHHT Iy HYKTaJa 4eKJH XocHjara 3ra GYJMIM opacHAaru GOFJTaBHIUHH
KYyHHMAarH TeopeMa KypcaTajd.

4-TeopeMa. [ (x) pyukyusanune x€(a, b) nHyxmada Oupgbeperyu-
arranysuy Gyawuu yuyn yHuHE wy Hyxmada “exau xocuaraza 3ea G-
Auldy 3apyp ea emapaAa.

Hc6or. 3apypaurn. f(x) dysruns x€(a, b) nykraza mudpe-
peHunasanysun 6yJcun. Tabpudra xypa, f (x) ¢yHkuusHusr x€(a, b)

HyKTajarn oprripmacusn (6.13) kypunnmuzpa ésmmn mymxud. [y (6.13)
ZaH

Ay 0o (Ax)
PP
TEHIIHKHH ‘€3HLI MYMKHH. YHJIaH 3ca
lim 2 = lim [A + 5=
Ax->0 A X  Ax-0 Ax
SBHU X €(a, b) HYKTala XOCHAAHMHI MaBXKYAJMIH Ba
=4

6ysmun Keaub YHKATH.

Erapanauru. f (x) yskuns x€(a, b) nykraga dekmm | (x) Xo-
cusara sra 6yacun. Xocuia Taspudura xypa

P () =lim 2Y = jim [EFLD—T@
T Ax—0 Ax A x50 Ax

6y.1anu. Arap
By )=
Y =a
Ie6 oscaKk, YHAaH
Ay=f (x)-Ax+a-Ax
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SKAHWHH TomaMu3. by TeHrsmkgard o mMukgop A x ra Gorauk Ba A x—-0
na a—0. Jemax, f (x) oyHkuus x€ (@, b) Hykrana nudpepeHuuanna-
HyBuu Gym6, 4 = f' (x) 6ysagu. Teopema ucGor 6y.mu.

HcBot stuaran teopeMa f (x) dyHKUMAHHHT x € (@, ) HYKTaAa YeKIH
f'(x) xocunara sra G6ysmid OWiaH YHMHT Wy HykTaga AuddepeHipa-
JIaHYBYH OYJIMIUM SKBUBAJIEHT 3KAHHHH KypcaTaju.

2. Dyuxkuua aAupdepeHHHAJH Ba VHHHI TeOoOMeTpHK
MabrOCH. [ (x) byHxuusa (a, b) uHTepBasaa anuKIaHraH 6yaus, x€(a, b)
HyKTaja muddepeHurananyBuy GyicuH. [eMak, GYHKUMAHMHT X HYK-
Tajard OPTTHPMACH

Ay=A-Ax+o0 (Ax)

KYpuHHUIAA €3unuue MyMgHH, GyHaa A =" (x) 6Vaamu. By Tenrsmukzaa
GYHKUMA OPTTHPMAcH Ay HKKM KVIUHIYRUM: apryMeHT OpTTHpMacH Ax
ra Hucoartad ymsukau A-Ax Xamaa Ax ra uuc0aTaH 1OKOpH TapTHOIM
(Ax—0 pa) uekcus kuuMK MHKAOP O (Ax) .ap HHFHHIMCHAAH HOOpAT
SKaHH KYpHHAIH.

4-tanpud. f (x) pyurkuus oprrapmacd Ay Hudr Ax ra uucGaraH
yHsuK/H Ooml KucMH AAx = f' (x)-A x Gepuirad f (x) QyHKUMAHHHT X
Hyxmadazu Ougppepenyuary ne6 atasanu. PyHKUUAHHHT AubdepeHiHa-
au dy éxu df (x) kabu GesrunaHanu:

dy=df (0)=A-Ax=f (x)-Ax.

. Tavpudpra xypa f (x) ¢vHK-

’ g UMAHHHT X HyKTajard audde-
peHUMa H A X HHUHF YU3HK.JIH
byHkuusicH  6yau6, y byHKUuA

L oprtupMack Ay fgau o (Ax)
ra ¢apx KWIajiH.

Aupu x€(a, b) Hykraga nud-
GepeHuHaaHyBuH 6yarad [ (x)
GyHKUMsHHEHT rpadurn  43- uus3-

0 X x+ax A Majga KypcaTH/AraH YH3MKHH HDO-

nanacuH geiymk. DBy uMsHKHuHT
43- un3va. (x, FC), (x+Ax, | (x-+Ax)

HYKTaJapuHH Moc pasuuia F
Ba B 6i1ad Gearwnaiiiuk. Yria FC =Ax, BC=Ay 6ynamd. [ (x)
byuxuus x€(a, b) Hykrama pubdepeHuHasTaHyBau OyJraHa YyuyH y
x HyKTaza 4exksu [’ (x) Xocunara sra. Hdemak, [ (x) ¢yHkuus rpadu-
rura yHudr F (x, f (x)) Hykracuma yTkasuarad FL ypunMa MaBKyx
Ba Gy ypHHMAaHWAT Gypyak Koxppuumentd tgo = f' (x). Uly FL ypuu-
Manuar BC 6unan Kecuiuran HyKtacuHd D Guiad Geardimaiiuk. Pas-

maukd, A FDC pau %=tga Ba yaman DC =tga FC =[f(x)-Ax

© Q\

SKaHH KeTHO YMKATH.

Jevak, f (x) pyHKuusHuar x nyKrazaru guppepeuunanu dy=f' (x) Ax
Gyukups rpapurura F (x, f (x)) HyKTaga yTkasuiaraH ypudMa OpTTHD-
macu DC mu (DC = dy) udpogaraiau. Xycycan, f(x) =x Oyarauga 6y
byakuuaguar 1uddeperHusa
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dy=1} (x)Ax=Ax
63116,
dy=dx=Ax

6vaaxu. By Xoan 3Spk.ai y3rapyBuH X HHHI 3DKJH OpTTHpMach Ax Hu
VHUHT Iu(depeH iMand dx OGHsaH aNMALITHPHJIHIIM MYMKHH.IHTHHH KYp-
catagi. By f (x) ¢yHkuMAHHHr x HyKTagaru JuddepeHUHAIMBH KyHMaa-
TH

dy=[" (x)-dx=y'dx (6.14)

KYpuBHIIZA 1$oRaIA MYMKHH 3KaHUHH aHIJIATaH.
4-scnatMa. bus [ (x) GyHKUMAHMHT X HYKTajard NOCH.TaCHHH Z—y
X

cHMBOJI TapuKacHaa Genrunaran spuk. (6.14) myHocabarjaH 3ca % HHC-
Gar dyHkuasa andxpepennHanH dy HMHT apryMedT ayddpepeHuHaH dx ra
nuc6arunan ubopal 3kanH kypunanu. Ulynu Tabkunoiani JO3HMKH, nub-
(epeRLMaNIaHyBud ¢yHKLUHANAP YYYH dy OWaaH dxX Jap NPONOPLHOHAJ
yarapu6, f' (x) NpomOpPUHOHAJIMK KO((HUHEHTHHH HboAaJaian.

Juan dyskimna  auddepenunanunuHr  (6.14) ndopmacHaan oiigana-
HHO, 37eMeHTap (YHKLUMANAPHHHT AubGdepeRuHaIapH aIBaJHHH KeJTH-
pamuz:

1° d (™) =px""dx (x> 0);
2° d (@*)=0a*-Ina-dx (@>0, a=1);

3° d (log, x) = ! logae-dx (x>0, a=-0, a= 1); d (Inx) = .
X x
4° d (sinx) = cosx-dx;
5° d (cosx)= —sinx-dx;
© == __.1 . / .it_ M = "
6° d (igr) = ——-dx (\xa& S ThmE=0, =1, )
7. d(tgr)= ——— -dx (x = km k=0, =1, )
sin2x
8° d(arcsin x)=— dx (—l<x< 1)
3 1 —x3
9° d (arccosx) = — ] dx (—l<x<1)
y 1—x2
o _ 1 .
16°. d (arcigx) = = xz-dx,
° S S
11° d (arcctgx) = A dx;
12°. d (shx)=chx-dx;
13° d (chx)=shx-dx;
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14° d (thx) = Ix -dx;

15° d (cthx) = — ﬁ-dx (x # 0).

3. ludpdpepenunanaliHuHr cOAga Koupgagapu. My-
pPakkal QYHKUHAHUHT AHPdeperHunanu. [ (x) Bag (x) byHk-
uuanap (a, b) uHTepBania aHMKJaHraH Gyau6, x€(a, b) Hykrama y.Jap-
HHHr  JHpdepenunamnapu df (x), dg(x) MaBxyaz OyacuH. ¥ Xomga

f)xg®), f(x)-g () Ba fx E ; (g (x) #= 0) PyHKUMANAPHHHT XaM LIy

x€(a, b) nykraga nuq)(bepeﬂuuamapu MaBXyA Ba yJap y4yH Kydugard
d If (x) = g ()] = df (x) =dg(x),

dIf(x)-g@) =Ff(x)-dg (x) + g (¥)-df (x), 6.15)
F) g (df ) —F (9-de(®)
d[g(x)] 2 (x) (€@ =0)

dopMysanap YpHH/H,

XaxkukataH xaM, OyHKRUMA gudbepeHuHanmuuuar (6.14) kypuHHna
nbonatauMiniaas Ba (BPYHKUMAHHAT XOCHAAMAPHHH TOMUI KOMIAAAPHAAH
doitfanaHHb TomaMus: _

df) =g @=F@=xtg® de=f () dr=g (x) de=

= df (9 = dg (),
dif ()-gM@=(Fx-g) de=g @) F (v) de+
+F x)-g () de=g (x)-df (x) + [ (x)-dg (x),
dlf (x)] = F DY g — 8O R de—f(9g" () de
swl e (x)) g () :
_ g W-df )~ (x)-dg (x)
g

Xycycan, d (c-f (x)) = c-df (x) (c = const).

2-satuxa. Okopuma kenrupuaran dopMmyaanapaad dofiaamanus,
KYIIHTYBIHIAp XaMaa KynaﬁTqumap COHH meépuﬁ gekJ/M OyJiraH Xo.1-
Jia xaM TersuiH dopMynanap YpHHIH OYJIHIIMHM KYPCATHIN MYMKHH.

SHAu Mypaxxaé GyHKUHARMAT puddepeHLHaIHHH TONAMHUS.

®apa3 kunafmuk, u=f (x) opyukuas (a, b) uerepsanga, ¥y =F (u)
¢byHkuHanap sca (c, d) HHTepBa/jga aHUKJAAHraH 6yuud, 6y QyHKUHAIAD
épmavuna y = F (f (x)) = P (x) Mypakkad QyHKUHA Tyausrad GyJCHH
(6yHaa, anbarra, x€(a, b) ma u={(x)€(c, d) 6yamuu Tanab KuJu-
HajH).

Mypaskal pyHKuMsHHHr Xocunacd yuyH Tonmarad (6.5) dopumyaa-
Jad dofizanauud, My Mypakka® OVHKUMAHHAr JH@epeHUHANHHH TONa-
MH3:

dO () =d [F (F (D =[F (F (N de=F' (a)-f' () de=F' (@) du.

Iyuu TabkeIMaW JO3MMKM, Oy Xoana du MIKAOP apryMeHT & HHUHT
SDK/H OpTTHPMAcH 3Mac, v x V3rapyBYHHHHT DYHKLHACIHTHP.
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4, ® yuxuusa auddeperHuHaIn Ba Takpubuit popmyaa-
nap. Hasapuit a afinukca amanmil Macanajaphy euHIlfia TEMHULIH QyHK-
UUSIAPHUHT HYKTajard KUAMAaT/apHHH Xucobsalll 3apypuUATH TYFHJIAIH.
Kynuxua, Oynpad ¢yHxuuasap Mypakkad 6yauO, yJapHUHT HYyKTajard
KUHAMATIAPHHA TOMMUI aH4Ya KUHUH Gynaagd. By Xoa GYHKUHAHHHT HYK-
Tajard KHAMATHHH TakpuOHMH XucoGnawi (y/iapHu XHcOGaall YYYH TaKpH-
Guit opMysanap TOMHII) MacalacHHH [o3ara KeaTHpaad. OyHKUMAHHHT
AudxpepetuHany ca TakpuGHit dopMyasapHH TOMHII MMKOHMHH Oepajd.

f (x) dvHkuYA (a, b) HHTepRaNAad aHHKJAHTaH 6V.MO, Xy €(a, b) HyK-
Taga 4ekad | (x) = 0 xocunara sra 6yacuH. By Xonma ¢yskuma opt-
THpMacHHUKT opMy.aacunn ((6.3) Ba (6.13) dopmyanapra kapawr)

Ay={f(x)Ax-+o (Ax)

Kypusuinaa €suu MymxuH. By Qopmysnann xampa oyHkuusa jaudbepes-
uuand yuve dy = f' (x,) Ax dopmynaHu 3bTHGOpra oMG TOMAMHS:

lim 2% = jim L lAro B9 iy [1 FRL A CY X)] —~1
Ax—0 dy  Ax-s0 ' (xo)-A x Ax—0 [ (xg) Ax
[dynmaét w6, Ay ~ dy. Harwxkaga xyiupara

Ay =~ dy,
STBHH ,
[ o +AX)=T (x)) +F (xo)'Ax (6.16)

TaKpuOHit Tenrankka kenamus. Paswanku, A y —dy = o0 (A x). Wlysunr

yuyH Ax—0 na (6.16) TakpuOuit TeHTJIMKHHHT HHMCOME XaTocH HoJra

—d
HHTUJAAH, SBHHA —-AyT—” —0.

AN

(6.16) dopmy.aa x,€ (a, b) HyKrana audxpepeHuHaNTaHyBYH f (X) byHK-

UMSHUHT X, HYKTaaard opTTUpMacH Ay HM YHHHT uly HyKTajard RHQp-
teperunaan dy OUiAH aIMAWTHPHLI MYMKUHJMIHHH Kypcatapd. By an-
MALUTHPHUIHUAT KVJiaiaury, yHKUus opTTHpMacH Ay apryMeHT opr-
THpMACH A X HHHI, YMYMaH aWlTraHaa, Mypakkad yHKuuscu OyJarad
xonaa, byvHkuuA JuddepeHuManu dy sca A X HHHT YM3HKIM (YHKUMACH
Oynuwpganup. Arap Ax =x —x, SKaHWHH BTHGOPra 0/1CaK, YHAA Xy +
+ Ax = x 6ym6, (6.16) dopmyaa Kyiuaaru

f=T () +F () (x—x) (6.17)
KypuHuiura geqagu. bvaga x,€(a, &) HykTa Xx€(a, b) HyKTajaH KarTa
dapx KHaMaidiural, auMo f (xo) KYJaHpoK XHCOGMaHAQMIaH HYKTaup.

Macanan, f (x) = sinx 6y/u0, sin29° HM Xucobsiaul Tanal 3STHATaH
6yncud. by noiga x, = 30° peitmn Kyumait. (6.17) dopmysara kypa

sin 29° & sin 30° - cos 30°-(29° — 30°). 32_0“- ~0,5—

v 3 2T 04848,
2 360

Dytpa I° nunr paguan yadopuHM &3uuI 3apyp, YyHKM Ooluka Xaisiap
paguamnapaa Gepusirad. [leMak, sin29° =0,4848 (107 anukauxaa).
IOkopuaaru (6.17) dopmyaa x, =0 6yarasia ymwoy
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f@=f©0) [ 0)x (6.18)
KYPHHUIUKA OJIafH.
Mabaymrn, xo€(a, b) Hykraza audxbepeHumanianyBud | (x) yHK-
uusi rpadurura (x,, f (¥o)) HVKTaga VTKasuIraH VPHHMAHHHT TEHIVIAMACH
Kyhuaard

Yy=17 ()T (xp)-(x—xo)

KVpuHHLIAA €3ugagu. Dyuaan kypunamuku, (6.17) Ttakpuéwii ¢opmyaa
reoMeTpHK HyKTaH Hasapiad, f (x) dyHkuua udopanaraH 3rpH UH3HKHH
Xo HYKTaHHHT €TapJH KHYHK aTpcuia wmy (YHKLHsE rpadurira (x,, [ (%)
HYKTaJa VTKasWIraH vpHHMa GUJaH aJMallTHPHJHIUHHA 6m;mpazm
Mucoanap. f(x) ¢yskuma cupatuga (1 -+x)" v 14z, €,
In (I +x), sinx, tgx dyukuusmapuu omb, v.aapra (6.18) (bopmynaHH
KYJIaBuIl HaTHXKAcHAa KYHHIArH TakpuOuil ¢opMyJiaiapHH TCTaMu3:

(1 +x"~1+ux,
- — 1

Vl4bx=~1+—x

5 )
<

1 +x,
In (1 +x)=x
sinx & x,
tgx = x

5-§. 0kopr TapTHOaM xocHna Ba AHpdepeHunaNIap

. DYHKUUSTHUHT IOKOPH TapTUOJAH XocHaaxaapH. | (x)
¢yukuna (a, b) uHTEpBANlA AHHKJAHTAH OV.MG, YHHHT Nap GHp X HYK-
tacuaa |’ (x) xocusara sra 6w1cm1 Papuianky, [ (¥) Nocuia x yara-
PYBUHHHHT (bYHKIUSCH 63nazm. By f (x) xocuna xam V3 napb6atuna 6u-
pop x,€(a, b) ma xocumara sra OYJHIIH MYMKHH.

S5-rabpud. Arap [ (x) yHruus (a, b) uHTepBaIHHEr Xap OMp
x€(a, b) nyxtacupa [’ (x) Xocupara sra 6yau6, 6y [ (x) O yHKUHA
Xo € (a, b) HyKTapa Xocuaara 3ra 6yuaca, vV f (x) GYyHKUMAHHHT X, HYK-
madaeu uxkKkun4u mapmubau xocusacu je6 aragaad. PYHKLHAHHHE HK-

” azy
KHHUH TapTHOAM Xocunack y,_., [” (o), ( —_—

T GenruIapHyUHT GUpH
L ax=

S

X=X
opKanu €3niamy.

f (x) QYHKUMSHHHT VUMHYM, TYPTHHUM Ba X.K. TapTHGAArd XOCHJa-
JapH XyJAM IUyHra yXwaw TabpudaaHaan. YMymaH, [ (x) QyHKUmMs
(a, b) unTepBanHMHT Xxap GHp XE€(aq, b) HykTacHia (1 — 1)- apTubau

—1
7" (x) xocunara sra 6y.icuu. By " Y (x) dynkumsEuET X%, € (2, b)
HYKTaJarn XocHsacH (arap y Mamxya 6Vvica) [ (x) byHKWHSHHHE X HYK-
an
Tajard n- mapmubau xocuiacu je6 aranaidsay yin F¥o), " i)
v Jx=x%,
JapHHHT €HpH opkaau Gearmianamu. Onataa f(x) ¢ynxuwsamnr f7 (x),
77 (x), XOCHJIa]1apH VHHHT FoKOpu mapmubau xocuaasapy JeidIanu.
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Mywnait kuaub, f(x) GyHRuMAHHHT x€(a, b) pa n- TapTubaH  XOCH-
JACHHUHT MaBXYAJHrH Oy (QYHKUMSIHMHT 1y HyKra atpopupma 1-, 2-,
, (n—-1)-TapTuGau XOcH.1a/1apH MaBXKYAJUTHHH TaKo30 3Tagu. AMMo
6y XOCHMAJAPHUHT MABXKVAJHTHIAH - TapTUGMH XOCHIA MaBXKYIJIHTH,

“ - o X | x
yMyMak afrrauna, xequd yuxasepMaiau. Macaman, y = —[2—' byHKUMA-

HUHT XocuaacH y' =!x| 6y/mb, Oy ¢vHkua x =0 1a Xocusara sra
aMac, sibHit Gepuarad GyHKUMAHHHT X = 0 na GupuHYM TapTHOIH XOCH-
JIacH Mas:KyJd, HKKMHYH TapTHOJIM XOCHJIAcH 3ca MaBXyJ 3Mac.

Maskyp GoOHHHT |- maparpaduza OMp TOMOHIM XOCH/IAa TYIUIYHYacH
KMPHTHITaH 334. Dy epga Xav Moc paBHIUZA IOKOPH TapTHOIM YHr Ba
yan Xockna TYIIVHYaJapHHH KHPHTHII MYMKHH.

OyHKUNSHHAT IOKOPH TApTHOAM, MacaJjaH, n- TApTHOMM (1 > 2) XocH-
JanapyHH TOMHIN Y4YVH, VMVMaH afiTraHjga, VHHHT XaMMa OJIIMHTH Tap-
THOMH X0 HAAJMAPHHH NHCOG1atl Kepak. AMpuM (yHKUMAJAPHHHT IOKODH
TapTHOMM XOCH.1aJapHHH Gup Hyaa Tomuml MVMKHH. Mucos TapHkacuaa
fab3d OUp 3/eMeHTap (GYHKUHMAJIAPHHHT /- TAPTHOAM XOCHJIAJapHHH TO-
namus.

1) y=x" 6%acun (x>0 Ba p€R). By QYHKUUSHUHT XOCHNATAPHHH
KeTMa- KeT XHCoBJaHvH3:

yo=pt
Y =) =) =p (w--1)"7

§=) = @—) T = =) @ —2)
Bepuarak QyHKUMSAHUHT - TAPTHOIH XOCHJIACH YYVH yuwoly
M =p =) =2 @—a+DT (6.19)

bopmynannur YpuHIM OV/IMIIMHKM MAaTeMaTHK HHIVKUHA YCyau €pmaMuna
KypcaTHul sMAHH 3vac. Mabaymed, n =1 1a
’ u-~—1
¥y =px
6ynapu. duau (6.19) dopmyna n =k pa VpuHIH, STBHH)

P=nm—D  —k+1)
Oyacun neC. VHHHr n=k -1 1a ypuwn 6yauwmay kypcatamus. Tab-
pupra kypa y*7" = (y®) Ulynuur yayu
P=") = e ) =2 @—kE DY =
=p @—1) @kt (p—k

6yamun Keau6 uuxain. by sca (6.19) dopmyaanunr n =%+ | ga xam
ypunmu 6YaaumHg 6naaupatd. Hdewmak, (6.19) dopmyaa uxteépuit n €N
YUYH YDHHJIH.

(6.19) pa w —uxTuépuit Xakukui coH. XycycaH, u==— 1 Gyicud.

i
YHia y =— (YHKUMSHHHT n- TAPTHGIH XOCHJIACH
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(l)‘"’ =(—D(=2 (—n) =0 g o)
X X
Ay 1aaH.

2) y=Inx (x > 0) OYHKUHAHHHT 7- TAPTHOIH XOCHJACHHH TOTIAMM3.

R .
By ®&yHKumsHuMHr GHpHHYll XOocHaacH y' == — 6VauwMzad xavzaa (6.20)
X

¢opmynagaH Qolinanancax,
( r\(n—1) I (=)  (— 171 (n — 1)}
y" =" :(?) ek el

dopmyna xeanb uukamu. emak,
(Inx)"= (_‘E;l(”_ﬂl , x> 0. (6.21)
X

3) y=a" (a>0, a+ 1) Gyacud. By QVHKUMSHHHT XOCHJIa/apUHH
KeTMa- KeT Xuco6.1aiiMu3:

X”

y' =a -lna,
y' = (" -Ina) =a*In%a,
y” = (a" -In%a) = a* -Ina.
By MyHoca6ar;iapra kapa® y = a® GYHKUMSAHHHT 7- TapTHOIH XOCHJAcH
YUyH ywby
y" =a* In"a
dopMysanH €3aMH3. YHHMHT TYFPHIMTH SIHA MaTeMaTHK HHIVKLMA YCyJaH
€plaMHja ocoHrHHa HcGor.aaHazy. [lemak,
(@)= d'In"a.
Xycycan, (€)™ =¢*
4) y =sinx 6yacud. MabayMkn, 6y ¢yHKUMS yuyH y' = cos x. bus
VHH KYHHAArud

y = (sinx) = cosx = sin (x—{— %;

KYpHHAIIZA €316 osnamu3. CyHrpa ¥ = sinx ¢QYHKUMSHMHT KeHHrM Tap-
THOMH XOCHJIaNIapDHHH NHCO6IaHMU3:

y" = (cosx)’ = —sinx =sin (x + 2~

n
2
P . , . n
y"” = (—sin x)' =—cos x=sin (x -+ 3-?\),
1V , . . n
Y = (—cosx)’ =sinx=sin (x 4~?).
by nbonanapaaH sca y = sinx GVHKUHMSAHHHET 71- TApTHOMH NOCHJIACH YYYH
™ —sin (x4n- %
y" =sin (x—;—rz 0 ,
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¢dopMy1a Keaub YHKaZH. YHHHT TYFPUIMCH SHA MATEMATHK HHIYKUHS
yeyau Gdnad McCotaanaan. [lemak,

(sin )™ = sin (’x LnZ) (6.22)

Xynmu wyHra yxiaur
(cos x)™ = cos (x +n —}\) (6.23)

2. Conna Koupaaap. Jlehi6uuu popmyanacu. f (x) Ba g (x)
¢yHxuuAnap (@, b) HHTepBaNNa aHHK/AaHraH Gyaus, yaap x€(a, b) Hyk-
taga n-Taptuban [ (x), g (x) Xocunanapra sra OyJcHH. By}m Kyiu-
Jariya TYLWIYHHW jo3uM: [ (x) Ba g (x) dyHKuusiIap x HyKTaHH {3 Hyu-

ra onrad (o, p) < (a, b) uurepsanza ', f/, ., Y xamma g', g’, .
g("-” XocHmanapra sra 6§, x Hykraza sca [ (x), ¢ (x) xocuma-
napra sra. ¥ Xxosga
1) {e-f @17 =rc ™ (x), ¢ = const; (6.24)
29 F (=g "=/ () =g" (v) (6.25)

3) If (0)-g (N"=1"®)-g () +Cnf (0 g (¥)+
+Cif" (g 9+ +Caf W )+ +
+f ) g (), (6.26)
OyHnaa

_an—=Nh...(n—k+1
Ci= k!

IOxopuia keatupuaran (6.24), (6.25) dopuy.anap coxaa uc6oTnaHa-
Au. Bua (6.26) dopvMyIaHHHT YPUH/IH SKAHHHU HCOOT/IAAMHM3.
Masvayvky, ((6.9) ¢opmysara Kapasr):

FO)-g@) =[x gx)+F(x) g ()
By sca n=1 6ysarasna (6.26) dopMysaHHHT TYFPUIMIHHH KypcaTaiu.
Ouau (6.26) dopMyna # =k y4yH TYFpH, STBHH

If (- g N =¥ (x)-g (x) + Cif* " ()-8 (x) +
+ Ci f‘k—z)( 0)-g” (%) - —F (¥ g% (%)

dopMy.1a VpuHAH Led, YHHHT n==kR - | yuyH TYFPUIMTHHH KypcaTa-
Mu3. NaklkaTad XaM, Tabpupra Kypa

[F - gn* ™" = (1f (v) - g (N™
6yb, yHIaH

[F()- g (™ = 11" (9-g () + CYf* ™ (0-g' () +
+CGI W+ G W W+ +
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+ 7@ =" g+ W g 0+ P - )+
+C W'+ C g%+
+C AP0 - PP W+ e ()=
=" g+ C-CP0g W+ +(C+
+ TN g+ g ()
6yamim Kean6 yMKain (c,‘; =1). .

Arap Ci + C;—l _ k=1 . ” k—i+1) 4 k(k—lzi.—.—. 1<;j—1+2) -

kk—1)... (k-—-i+2)(k—i+ N+kEk—1... k—i2+-201

i)
_ k(- ... —i4+De— i+ 1)—1] _ (kD RE-D . E—i+2
1! il

= Ci+1

TeHIJIMKHH 9bTHOOpra oJicak, y XoJja yumby
1 () g™ =" ®)-g (0 + €, P -8 ) +
+ O g+ ()" )

¢opmysiara sra 6ynamus. By sca (6.26) dopmysa n =k + 1 6ynraspa
TYFPH 3KaHMHH KypcaTajH.
Ilynaait kU6, (6.26) dopmyna 6apya n nap ysyH Tyrpuanp. Hec-
6ot sTHaraH (6.26) dopmyna Jleli 6HHIl dopMysacH ae6 atamaiu.
Mucoa. y=e"sinx pysxumsnunr 100- TapTnOaH XOCHJACHEM XH-

cobJsianr.
Jlei6uuL, ¢opMysacunad oinanaHamMus:
n

. 100 . ] .
§" = (¢ sin 1" = ¢* sinx + C)p, ¢ -sin (x - 7) +

o

+ Clpo € sin (x +2- —g—\) -+ + €20 ¢* sin (x + 100 —"-) =

/

=¢* [sinx-}—C,lmsin (x-}— ;l\’—.‘—C,Zoosin (x+2 .;i)_}. +
+Chasin(x-+100 2] =" sinx[l +Cly+Clyp -+ Clg| +
4 cosx[Clyy+ Cop+Cip+  +Cin]—é sinx[Chy +
+ Cfoo + + C?go] — € cosx {C?oo + 61700 + + Clggo] =
=" sinx [1 - ngoo + C?oo - C?oo + C?oo o — C?gg +
-+ C;gg] + €"cosx [C;oo - C?oo + C?co — 01700+ + C%n -
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00 1 . 2, e 6
—Cpyl=2€"sinxt1 —Cip+Cpy —C +-

100 77 “09 100

et 1 50
- Cioj Y C(co}

3. Mypakka® QYHKUHSAHHHT IOKOPH TapTHOJAH XOCH-
gaaapu. u=[(x) oyskuus (@, b) uHrepsania, y = F(u) PyHkuHs
sca (¢, d) HHTepBa.l1a aHHKJAHraH O6yau6, yaap épaamvuaa y = F(f(x))
MVpakKad OYHKUMA Ty3uiraH G6VicuH (6yHza, andarra, x€(a, b) na
u=[(x)€(c. d) 6ymum Tanad gkuauHam). « = f (x) dyskuua x€(a, b)
HyKTala WKKUHYH Taptudam [ (x), y = F (u) dyHxkuma 3ca moc u(u=
= f(x)) HyKTa1a HKKWHuYH Taptu6nd F” (u) Xocunara sra Gymacud. Hk-
KUHYM TapTHO.IH XOcHaa Tanspudura kypa

y'=FFN =UFFENT
6ynamd. Mypakka® OYHKIHAHHHT XOCHTACHHH XHcoOaail  (apMmysacu

(6.5) 1aH xaMia KynaHTMaHWHT NOCH.JIAcHHM Xucobamr (opmy.ack (6.9)
JaH $oiizaaHub, TONaMH3:

(FFEMNT = )T ) = F F -F (o) +
+EFF @) = F F) P ()-F0 + F (F)-['(x) =
= F" )1 + F' (F () [ (%)

JeMmak,

W= F N = F"(F(x)-F° (x) + F (F ()" (0.
Xyzan wyera yxwam ¢ = f(x) dyukuus x€(a, b) Hyktaaa f[”(x) Ba
y = F(u) dyukuma 3ca moc u(u = f(x)) mykraia F” (u) xocinara 3sra
6ynca, mypakkab y = F (f(x)) bvakuua xam x€(a, 6) Hykrama 3-Tap-
THOAH XocHTara sra 6Vaaad. Dy Xocuta KyHHIAardya XvcoBiaHamH:

" =FFCN” =UFF)T =1F"(F)-f" () +
+ FFG)- T ) = F” (F(0) - (1) +
+ FT(FO)-2:F (-1 () + F"(F () F (- [ () + F' (FCNf" (x) =
= F" ()7 (x) =3 F (F - (917 () + F (F () (x).

My iy 6uran Mypakkad ¢yHkuHa y = F (f(x)) HUHT ucTaqrad Tap-
THOIH XOCH.1a/8pH XaM XHCOGIAHHLIM MYMKHH.

4 OVvHKUHAHUHT IOKOPH TapTubau guddepenuunania-
pu. f(x) dyukuua x€(a, b) Hykrana veknu [’ (x) xocunara sra 6y.aca,
dyHkuuALEHHT ubdepentnann yuby, dy = f' (x) dx = y'dx dopmyaa 6u-
JaH XucobgaHuumMHH KypAuK ((6.14) ra Kapanr). [JeMak, QyHKUHSAHHHT
nuddeperuan x Ba dx Jjapra GOFJIMKIHD.

IIyuu TabKHAMaAMH3KH, dx MHKAOP [ (x) QYHKUHA apryMeHTH X HHHI
AXTHEPHHE opTTupMacH Ax HH unbonamal, dy MuUKIOPHM X V3rapypuu
6yinua nudpepennanIall KapaéHuna YHH V3rapMac KymadTysuH cuda-
THJA KapaJajH.

®apa3 KuIalJIHK, JoKopraa kapajaérrad f(x) dyekuus x€(a, b) Hyk-
Taga HKKHHYM TapTaOan [’ (x) Xocusmara sra GVJCHH.

6-tavpud. f(x) dynkuna muddepenumanu dy Huar x€(a, b) HYK-
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Tajary nuddepeniuant QYHKUMARMHT WUKKUHYU mapmudau  Ouggheper-
yuaau Ae6 arasagy. PYHKUMAHHHT MKKMHYH Tapi6au gudxpepenuvann
d*f (x) €kn d?y xabH GearunaHagd, TbHH

d’y =d(dy) éxu d*f(x) = d(df(x).

SHpu auddepennuaniaul Kouaacuaal ¢oiiiananut TomaMmHa:

d*y=d(dy) =d(y'dx) =dx-d(y') = dx(y')dx = y" (dx)*.
Hlynnait xuan6, QYHKUMSHHAT MKKHHYA TapTHOMH auddepeHlHAT YHHHT
HKKHHYM TapTHG/M XOCHJIacH OpKahH KYWHMIarH4Ya €3unajy:

a*y = y"-dx?, 6.27)

6yHna ymby
dx* = dx-dx = (dx)*

OeJrHAaliHY KeJHIHG oJ1aMH3.

f(x) dynkuns x€(a, b) Hykraza 3-TapTubmu f”(x) Xocuiara 3ra
6 1cHH.

Xyanu roKopuaarura yxmawm, x €(a, b) HykTana QyHKUMAHHHT 3- Tap-
THOAH anddepennnamy tavpuaanamu: d®y = d (d®y). Iynra xypa f(x)
¢yHKimaHuAr 3- TapTHOMH AnddepeHnHaTH yuyH yuby

Py = d (i) = d(y'dx) = de*d (') =dry"Y -dx =y -dx’

Q)opvxy.na ke unkagu, G6ynpa dx® = (dx)3.

Iy #yn 6unan GyHKNMAHUHT IOKOPH TapTHOAH auddeperiniannap
TabphaHami. ¥ MyMHH XOJNHH Kapaliuk. f(x) &byskumus x€(a, &) ByK-
Tapa n-Tapruban f™ (x) Xocunara sra 6yacud. QyHKUMAHMHT (7 — 1)-

TaprH6u udepenuann d” "y  jan omumran ucdepenuman f(x)
byHkupsHuEr X € (@, b) HyRTagaru n- mapmubau Ougpgepenyuaru 1e6

aranagy Ba y d'y éku d" f(x) xabu GearunaHand, sbHH

dy=d@d 'y e&kn d'f)=d@d" " f®).
By xonma xaM (yHKUMABHHT n- TaptuOau aubdepeHunass yHUHr n- Tap-
THOJIH XOCHJAcH OpKaJHu KyiHaaru
&'y —y"-dx’ (6.28)
KypuHAIWAA upoanaHamd. YHHHT TYFPUIMIHHM MaTeMAaTHK HHAYKIS

ycyau €ppaMuia HcOoT.aall MYMKHH. Xakukartan xam, n=1 Ba n=2
6yaranpa (6.28) QopMysaHMHI TYFPHJHIH xorgoppma Kypcamn,un by

(6.28) ¢dopmyna n=~F pa ypuniH, AbHH d'y = yPdx* 6ynacus zieb,
VHHHT 7 =Fk <+ | 12 TYFpuaMrusn ncOoTialiMus. CDVHKL\HHHHHI‘ n- Tap-

b auddepenna T Tabpadura Kypa a*t! Yy = d(d y) 6yqnb, yHOaH

&y = d(@dy) = d@® d) = ax*-d @) = y*.dtt
5KAHM Kenub YHKamH, ABHH yuwoby

dk-}-]y _ y(k.;-])_ dxt !
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dopmya ypunam. emak, (6.28) dopmyna nxtuépuii n € N yuve Tyrpu.
Mabvaymkn, n-Taptnéam aocuaa (5-§ muHr 1-6 ra Kapasr) yw6y

n

w_ 4y

n

y KYpuHHUIZAa Genruaanran spu. (6.28) 3ca QyHKuMAHEAT

dx
n

d y
dx"
THIA KApalml MYMKHHJIMIHHH GHanHpany.
f(x) Ba g(x) dynkuuanap (a, b) wuHTepBasza aHHKJaHraH GYauo,
yaap x€(a, b) Hykrapa n-Tapthbam 1uddepeHunanra sra  GVJchH.
Y xoapa ymby

d'lc-f(x))=c-d"f(x), ¢=const

AW g =dfx)x=d gy

3) ' If ) g =d"f(0-g)+Cpd fr)-dg)+ -
+C AW -de )+ +fd R

dopmynanap ypuHin 6yaamu. IOxopu Taptubam audxbepeHLHATIAPHHHT
6y xonpanapu (6.24) — (6.26) dopMynanap 6maaH udopanaHraH conma
Kontasap xampa (6.28) dopmynanaH GeBocHTa Keaub YHKamM.

DHIHM Mypakkab (YHKUMSHHAT 10KOpH TapTiGin IuddepeHuHa1apH-
HHI Kapaimus.

u = f(x) dyukuus (@, b) unteppanaa, y = F (u) ¢pyHkums 3ca (c, d)
MHTepBAJiia aHMKJAHTaH 6yanb, yaap épaamuma y = F(f(x)) MypakkaG
dyHkumMs Tysuarad 6yacud (6yHaa, anbatta x€(a, b) aa u=f(x)€(c, d)
6ymuiun Tana6 xuamHanH). Cynrpa u = f(x) dyHkuma x€(a, b) HykTa-
na ' (x), F(u) dyakuua aca Moc u(u = f(x)) HykTaga F'(u) Xocuaa-
napra sra ne6, y = F(f (x)) dyukuusuuar auddepenHanuuy Xucobaai-
MH3.

Manaymxy, ymby y = F(f(x)) = ® (x) mypakka6 byHKIMAHHHT aud-
tepenuuanu ((6.15) ra kapanr) xyHunaru

dy = @' (x)dx = [F (f (1))}’ dx

n- TapTHOAM  XOCHJIaCHHH

Je6 Oearnjanrad CHMBOJIHH Xacp cuda-

F(FON = F' (Fx)-F (x)

¢dopMyaanapHu 3BTHOOpra OJMHCA,

dy=d[f(N=F {F)-[ @dx=F () -df(x)  (6.29)
KYpuHHIUTa 313 6y.1a1H.

Jemax, ¢yHkuuss Mypakkab GyaraH Xosza XaMm ¢yHkuus Auddepen-
mam dyskuus  xocuaack  F' (f(x)) 6unan (6y Xoapma apryMeHt f(x)
Gy1amgu) apryMeHT f(x) HuHr auddepenumany df (x) kynafTMacHnan ubo-
paT SKaHJMFWHA KypaMu3.

lynpait kunud, Kapanaérran ¢ynkumsiaap f(x) (x — 3pkau ysrapye-
yM) KypunHUIZa €yarasza XaM, Mypakkab y = F(f(x)) kypunuuina 6ya-
raza xaMm, Oy QYHKUMsSJapHHHT AH(pgepeHIHaJJapH GHp XM ¢opMara
sra 6ysaau (apHn audxpepeHiman ¢opMacH cagjasapy). Opatna 6y Xoc-
cann aubdepennHas (QOPMaCHHHHT uHeapuanmauew paefimnagu. DByupa
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(6.14) dopmy.razaru dx apryMeHT X HUHT HUXTHEpHH OpPTTHPMACH A X HH
{dx = Ax) Gunmupagy, (6.29) c¢opvyaazarn df(x) sca x y3rapyBuura
6OEHY, OVIazy.

3H}1H y = F ([ (x)) Mypakka6 QYHKUHSHUHT HKKUHUM 1apmom{ aud-

tepeHunanuHy xucobaaitvu3. Tavpudra kypa
d’y = d*[F(f(x)] = d [d(F (f(x)))]
6ynagu. duddepennnannam Konpacuian doiinananud Tonamus:

d*y == d* [F (f ()] = d [F' ([ (0)) - df (O] = A [F (F ()] -df (x) +
T F (F(x)-dldf ()] = F7 (F (<)) - 4f* (x) — F (F (<)) - &2 (x),
6yuna df*(x) = df (x)-df (x) = (df (x))°.
Hemax,
dy = dIF () = F'( ()P () + F (- (9. (6:30)
By (6.30) dopmysa Guian (6.27) dopMyJaHH TakkKOCJaa0, HMKKHHUH
TapTHO gubdeperiyannap zuddepeHunas HOPMACHHUHT HHBAPHAHT/IHUTH
XOCCACHTa 3ra 3MACJHTHHH KYpaMu3.
y = F(f(x)) QyHKUHAHUHI y4YWHUYHM Ba XOKa30 TapTuGau JudxpepeH-
UMANIAPH IOKOPHAATHAEK GHDHH- KeTHH XHCOG/1aHaIH.

6-§. Mudbepenunan xHcoOHHHI acOCHit Teopemanapu

Ywdy naparpadia nudpepeHnHa T XHCOGHUHI ACOCHA TeopeMa.1apHHU
KeaTHpaMu3. By Teopevanap kearycuia, aHHHKCA QYHKUMAJIAPHH TeK-
WHPHILIA, MYXHM pOjb VHHaAIH.

5-teopema (Pepma TeopeMacHu). f(x) Pyuxyus Gupop X
opaiurda anuKaanean 6a Oy OpaAUKHUKE UYKU C HYyKmacuda (3UuHuHZ
e wamma (9He Kudux) Kudmamuea 3spuwcun. Azap 6y Hyxkmada
pynryus vexau [ (c) xocunaza s2a dgaca, y xoada

i"(©)=0
6y1adu.

Hc6or. Ulaprra kipa f(x) pyHKUMA ¢ HYKTa1a 3HT KATTa KHHMAT-
ra sra. apH X €X 1a f(x) < f(c) TeHrcusnMK VDHHJM, Wy OHaaH
fupra 6y ¢ HykTaza uekau f' () Xocuaa MaeyKkyl. Pasmaskd,

x—C XxX—cC x-»c+-0 X—C x—-c—0 X—cC
Amvo x > ¢ 6{araiia
f(x)—ffc)<0=>hm ft)—f(c)<0
xX—c x—c+0 XxX—c¢
Ba ¥ < ¢ 6yaranja
fo=1a g jim =@ 4
X —2 x-+0—0 xX—C
6y UM IaH
fi©)=0
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Illynra yxwmaw, GyHKUHA ¢ HVKTaga SHT

KHYMK KHitMatra 3ra Ba OV HYKTala 4YeK.H -

f'(c) xocumara 3ra G6Varanga xam [ () =0 ;

6y mim Kypcatuaaad. leopeva uc6or 6y.JnH. ,
depMa TeopemacH CO1ia FeOMETPHK MabHO- ‘

3KaHH Keanf UYUKaaH. : T

.
ra sra. ¥ f(x) ¢yskuma rpagurura (c, f(c)) 7 c X
HYKTaga yTKasuiran ypuuManmar Ox VKHra

napasnien GyaMIHHE Hbonaaaiy (44- unaMa). 44- yusma,

5-acnatMa. f(x) dyvekums [a, b] cer-
MeHTJa aHuKJaHran 6y.aHO, OV CerMeHTHHHI 4eTKH (X = a €kH x = b)
HYKTacHfa Y3WHMHT 3HT KaTTa €KM 3HI KHYMK KMHAMAaTHra 3pHILCHH
Iedmk. By wykTajna ¢yHkuMst Xochjara (paBliaHkH, Oy Xxoa1a  6up
TomonnaMa [’ (a—+0), [ (b-—0) Xocunanap Tymynunagm) sra  Gyica,
GVHKLUMSHUHT XOCHJIACH HO.ITa TeHT GY.iMaclaH KOJHMUIIH MyMKHH. Ma-
canad, f(x)=x ¢ynkuus [0,1] cermentHmir x =0, x=1 HyKrana-
puaa V3WHMHT SHT KHYHK XaMja 3HT KaTTa KMHMaT.apura 3pullica XaM
VHHHT Oy HyKTajapiard XocuaacH 1 ra TeHr.

6-treopema (Poaab Teopemacun). f(x) Pynkyus [a, b] cee-
menmoa anuxsanean, ysayxcus ea f(a) = f(b) 6gacun. Aeap 6y pynx-
yua (a, b) unmepeasda uexau [’ (x) xocuraca sea 6yaca, y x040a uiys-
dai c(a<c<<b) nygkma monuraduxu,

F')=0
Gyaadu.

HUc6oT. f(x) dynkuns [a, b] cermenTna yaaykcus. [emak, Beii-
€pLITPacCHUHT OWpHHYM TeopeMacHra (5- 606, 7-§) kypa 6y opaaukia
GyHKUMA Y3HHUHT 3HI KaTTa KMAMATtH M Ba 3Hr KHYMK KHHMAaTtH m ra
IPULLIASH.

1) m= M 6yacun. Bynna f(x) = const, x€[a, b] 6yaanu. Paswan-
xH, 6y Xonga Yc€(a, b) yuyH [ (c) =0 6yaann.

2) m=#*=M 6yacun. by xoaaa f(a)=f(b) 6yaranu yuyH f(x) dpysk-
UHA V3HHHHT 3HT KarTa KHiMaTH M, SHT KHuUMK KHHMatH m JapHHHT
KRaMuaa 6urracura [a, b] cerMeHTHHHT MUKH c¢(a << ¢ < b) HYKTacHia
spuiag. PepMa TeopeMacHra acocaH Oy HVKTaja

@©=0
6ynanu. Teopema ucGotr 6V.11M.

f (x) dynkuma Poanb TeopemacMHHHI Gapua WIAPT.IapHHH KaHOATJaH-
THpCHH. ¥ Xosnja Oy ¢yHKUMA TacBHpJaraH SrPH YH3MKAA WIyHAAR
(¢, f(c)) ByKTa TOMHMIAaEMKH, 3rPH UM3MKKA YHHHT 6y HyKTachia yTka-
suarad ypunMa Ox yKura napanne:t 6yaamd (45- unama).

6-acaaTma. Poanb TeopeMacuHHHr Gapya mapriiapw MyxuMm. Arap
KeJITHPHJITAH LIapTJapHHHT GHpopTacH GaykapuJsiMaca, TEOPEMaHHWHI XYJIo-
cacH ypurm OysMaclaH KOaMumM MyMKHH., Macanan, 1) f(x)=1—|x]
bynkuna [—1, - 1] cermentna ysaykcus 6yqm6, 6y QYHKUHA yuyH
f(—1) =Ff(+1)=0 6yaamn. AMMo 6y GyHKUMAHHHT XocuaacH (— 1,
— 1) uHTepBanHUHr GMpOpTa HyKTacHa XaM HoJara adjanmaijd. Bydra
ca6a6 Kapasaétrad GYHKUMAHMHT (— |, - 1) HHTepBaJIHHHT XaMMa HYK-
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45- yn3Ma. 46- yusma..

TAanapyIa XaM XOCHJara sra sMacauriaiup. AHuKpord, [(x) =1—|x]
¢yukuna x =0 HyKTaza Xocusara sra smac (46- yusva).

2) f(x) =x dynkuua [0,1] cerventia yanykcus 6yaud, (0,1) uaTep-
BajJa yeksaH Xxocunara 3ra Ba (0,1) uHTepanHuMHr 6apya HyKTa/japHaa
f (x)=1. By dynrkuna yuyH Poanb TeopeMacH XyJIOCACHHUHT VPHH/IU
6y.1vacurd f (x) = x yvakuua yuyH f(a) = f(b) wapTausr GdmapH.IMac-
JIHTHAZHIUP.

7-Teopema (Jlarpanx Teopevach). f(x) Pynsyus {a, b] cee-
MeHmOQ aHUKAGH2AH 6a y3aykcu3 Ogacux. Aeap 6y Pyuryua (a, b)
unmepeanda uexau ' (x) xocurqea sea Gjaca, y xorda wyndai c(a <
< ¢ < b) nykma monuaaduku, b6y Hyxmada

by —
fo)=10=1@ ’_Z“” (6.31)
6aaou.
Uc6or. Ulaprra kypa f(x) dynkuua [a, b] cerMeHTAa y3JIYKCH3
6§/, YHUHT MYKH HYKTA1apHIA HeK.d f (x) xocuaara ara. By ¢yHk-
uua €piaMuAa KyAugaru

F@=jw—i@— 8= —q

¢dyHxkuuany Tysailyk. Paslanku, 6y F(x) ¢yHkuua [a, bl cermeHtaa
aHMKJAHTaH Ba VITVKCH3 OV.G, (a, b) HHTepBasia 3ca

F=F(9—2=t@
b—a

xocHaara sra. F(x) ¢yHKOMA-
HHUT x =a Ba x =0 HyKTa-
aapIary KHAMAT/aPUHH  XHCO6-
aakvu3: F(a) = F () =0. He-
Mak, F (x) dyuxuus Posb  Teo-
paviacCHHHHI Gapua IIAPT.IApHHET
KaHOATAaHTHpaIH. ¥ X0JJ1a a
Ba b opacuma wyHAal c(a@<
< ¢c<b) HyYKTAa TONHJIATHKH,
F'(c) = 0 6Vnagn. Ulyspait Ku-
7- 4H3Ma. JIHO,
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0=F(0)=f (¢ —L1B=11
b—a

ra 6yHaaH (6.31) cdopmyaa kean6 umkain. Tecpema mc6oT 6Vaad.

Oupu JlarpaH X TeOpeMacHHHHI TeOMETPHK MAbHOCHMra TVXTajaMH3.
f(x) dyHrunsa JlarpaHx TecpeMacHHMHT IUAPTJA[HHH KaHOATJIaHTHPCHH
ek (47-umama). @yHkums rpag¢urunner Af(a, f(a)), B(b, f(b)) Hyx-
TajJapHHH TYFpu YHM3MK CHoaH €upaamTupavu3. YHIa AB KeCyBUHHMHI
6ypuak KosppHuHeHTH

_BC _ i) —f(@
tgﬁ“}lc b—a

6V.1aam.

" Mabaymku, f'(x) — 6y f(x) dyHkuus rpagurura yHuHr (Y, f(x))
HYKTacHaa VTKasHJAraH ypHHMasHHr Gypuak kos¢duunentn: tga = f' (x).
Ilynnait kuaud, Jlarpanxk Teopemac (a, b) uHTepRa.ija WwyHpmall ¢ (@ <
< ¢ <b) MykTa MaBXVIJHIMHH KVpcaTagukH (CyHIal HykTajap Gup
HeyTa GyJMIIN XaM MYMKHH), f(x) ¢dyHkuus rpagurira (¢, f(c)) HyKTa-
Ja VTkasuaran ypunma AB TUrpH uM3Hkka napaJies OVJiaad.

HOxopnna kentupuaran (6.31) dopmy.aann Gowkaya xaM €3uim MyM-
KUH. DyHHHI yuyH @ < ¢ << b TeHrcusnHK.JapHH 3bTHOOpra 0.6,

T8 9 (0<6<1)

b—a
ne6 Gesrunacaxk, yHaa
c=a-t+b—a)b 0<b<)

6yaamu. Hammxana (6.31) dopMyaa ym6y

FO)—f@=/la+ (6b—a)6]-(b —a) (6.32)
KypuuHwira kenaa. Kefinarn ¢opmyaaza Ax>0 ga a=vx, b=x +
+Ax, Ax<0 ga 3ca a=x+ Ax, b= x 1e6, Tonamus:

fFx+AX)—f@x) = (x-+06-Ax)-Ax. (6.33)
By (6.33) dopmyna uexau opmmupmarap ¢opmyaacu ne6 atananu.

Arap (6.31) dopmynana f(a) = f(b) ne6 oamHca, y xoaaa f' () =0
(a < c< b) 6yaub, Jlarpanxk TeopeMachaan Po.1b TeOpeMacHMHHHT Ke-
JH6 YHKMIIMHH KYpDaMH3.

8-Teopema (Kowwu Teopemach). f(x) ea g(x) ¢ynryusrap
[a, b] ceemenmOa anurranzan ea ysayxcua byacun. Aeap 6y gynxyus-
aap (a, b) unmepsaisda uexkau |’ (x) ea g’ (x) xocusarapea 32a 6iyaub,
Yx€(a, b) yuyn g’ (x)5£=0 6paca, y x040a wiyndai ¢ (a < c < b) Hyx-
ma monuaaduxu,

foy—i@ _ ()
g)y—gla) g
meneauk fipunau 6g4a0u.

Hcbort. (6.34) Tenrauk mabHora sra CyanmH yuvH g (b)= g(a)
6yaumn Kepak. by 3ca Teopemazaru g’ (x) = 0 (x€(a, b)) waptaaH xe-
JH6 uMkaau. XakukaTtaH Xam, arap g (b)= g(a) 6V u6 KonamuraH Gy.-
ca, v xoaaa g(x) ¢yexuns Poarb TeopeMacMHHWHT 6apua ILApT.JiapHHH
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KaHOoAT.1auTHPUG, Gupop c € (a, b) HykTajga (6yumait nykra Pouae Teo-
pemacura kypa tonuaaau) g (c) =0 6yqu6 kKonagu. By sca ¥ x€E(a, b)
aa g’ (x) =0 waprra sumuup. Hemax, g(b) = g(a)

Auau f(x) Ba g(x) dyHkuusnrap épmamuaa Kyiugard

by —

FO =10 —1@—T0=18 (g —eg@
&byHkuMARY Ty3ailiiwk. Dy dyukuua [a, b] cermMeHTna aHuMK/aaHrad Ba
yanykcu3 6V.ub, (a, b) unTepBasmga

’ ’ f(b) — f (@ ’

F=[F(x T X

W=F@—L2=T W
xocuaara sra. Cysrpa F(x) cpyHKummmr x=a, x =b HyKramapaaru
KHAMaT1apunl xucobaaitmuz: F(a) = F () = 0. Hemax, F(x) dyHxuna
[a, b] cermentna Possbe TeopeMacHHMHr Gapya IApT.TAPHHH. KAHOATJ/aH-
Tupagu. UlyHunr yuyH a Ba b jap opacupga wyHaai c({a <c < b) To-
nunaguke, £’ (c) =0 6yaanu. IyHaal ko6,

0=F ()= (O —L0=LE g g
gb)—ga)
Bd VHA3H (6.34) TeHTIHUKHHHT VPHHAM 3Kaud Kequb uyukagu. Teopema
HCGOT 6VJIaH.
Xycycan, g(x)=x 6y.iranza Ko teopemacuaan Jlarpamk Teope-
MacH Keaub 4YHKAIH.

7- §. Teitnop ¢opmyaacu

. OyHKUUAHU AKHHAAWTHPHUII Na KU 1a. Mabnymku, QyHK-
UHSt MAaTeMAaTHK aHaJIM3 KypPCHAa VpraHuiagurad acocuit tymynya. Kyn-
rHHa Macajajnap 3ca QYyHKIMAHH xucobjawl (OepuaraH HyKTaja KuiMa-
THHH TONHIW) GuaaH OGOFIHK. PYHKUMAHUHT Mypakkab OY/JHiuH OvHIiai
xucob/allIapia KaTtTa KHHUHYMIUKIAD TYFAupaau. HaTwxkana HOKy.ail
Ba Mypakka® (QVHKUHSHH y3Hra KaparaHja cojja ba XucoOnallra Ky.af
Oyaran ¢GVvHKUMA OUIaH SKHHJAIUTHPHIL — TaKkpuOuH HpoAasiamr Macana-
CH F03ara Ke.1aiH.

Bepuaran f(x) ¢yHKuusHH GHpOp g (x) dyHKuus OHIAH SKHHJAIITH-
pHIIIa KVHHAArH HKKM MOMEHT MYXHMIUP:

1) f(x) dyHKuMAra AKMHIAWAZUraH g (x) QyHKUMAHHHI TaH/1a0 OJH-
HHIUH Ba YHHHT TY3WJMIUM (COLJAJHIH Ba XMCOOJALl YUYYH KYJIAHIHTH).

2) [(x) bynxuusara g(x) GyHKUMAHMHT SIKHAJALUIIEAATH XaTOTHKHA
aHHKJ/all Ba YHH Gaxo.saiu.

Opatna AxuHaawmaadrad GyHKuMA cugatuaa GyTYH pauMoHas QyHK-
st — kynxab o.MHagu:

g(x)= Pn(x) =ay+ a4, (X —xp) + a (x—xo)* +
— +—a, (x— xo)", (6.35)

OyHia a, a,, a4, , @, Ba X, Jap y3rapMac Nakukuit consap, n €N.
PasiaHku, kynmxal cojfa Ba Xucobaall yu4yH KyJail ¢yHKIUHS.
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1885 finaza Mamxyp HeMuc MateMaturn K. Beflepirrpasc ToMoun-
JaH [a, b] cerMentaa y3aykcns 6i.iran [(x) ¢vekumsHu P, (Y) KVnXag
GM1aH SKUHAAIITUPHII MYMKHHIHrH, Golkaua ciitrania “ye > 0 cann-
raHjia xam wyHaa#t P, (x) kynxal MaEkKyIkM, yHia Vx€la, b] Jgap
yuyH

F(x)—P ()] <e

TEHTCH3JIHK YPHH.IM OV.anwy kipcaThaid. bus Befiepwrpace Teopemacu
AdKHJa MaremMaTHK aHa.IM3 KYpcHHMHr «DyHKLMOHAT KeTMa- KeTJHK Ba
kaTop.ap» 6o6uaa Gatadcus ranMpams.

I'apun Beitepiurpacc Teopemact [ (x) pyHkuusHn P (x) x¥n:ai Gunan
SIKHHJASWTHPULI MYMKHHIMTHHH Hbojasaca XaM SKHHJalKI XaTo MIHAEY,
AbHH yby

R,(N=7F(x)—P,(x)

alinpMany GaxoJaul HMKOHMHM Ba VHHHT HOJra HHTHJMII TapTHOHHA
aHnKJa6 Gepmaiian. Kefinnrn {pranuunap R (f) HIHr HOIra HHTHINLI

TapTHOH AKHHJAAINTHPHAAAUTAH [ (x) GVHKIHMAHHHT XOCHJaJjapra sra G-
Jaumura 6OFJHK SKaHJMIHHH Kypcataau. Opatia Xocuiara sra 6ysran
GVHKIHA cuaauk pyukyus neb atanaiu.

Mojomuky, cuannK byHKUMANApHH Kynxai GuaaH Kysaaih fikiHriaw-
THPHIL MYMKHH 3KaH, GHpOp X, HYKTaHHHT aTtpoduia f(x) GVHKUMSHUET
KaTop IOKOPH TapTHOJMH XOCH.Jajapd MaBxya GyaraH xoaila Ov XocHJa-
Japaad ¢oiganannb, assano P (x) Kynxaguu Ty3ui Ba f(x) GyHkuus-
Hi OV Kynxaa OW1aH SKHHJAIUTHPHLI MacaJacHHH Kapall MyMKHH. DBy
MacajaHH Xaa kuaMiaa Tehaop gopMysaacufad ¢ofijananuaani.

Hiyun a#iTiil Kepakky, XycycHii xoi11a GyHjad Macaga OwiaH GyHK-
nus oprtHpMacHh Ay Hu yHuHr Jauddepedumasu dy 6uaaH  Takpubui
nopojansam (A y = dy) wapaéuuia taHumrad 3K ((6.17) ra xapaur).

Manaymky, f(x) dyskuna x,€(a, b) 1a aubdepeHunanianysun 6yaca,
VHH Kyiinaara

Fx) = Fxg) == ' (o) - (x — ) -+ 0 (x — xo)
KYpUHHIIAA €3ull MYMKHH. By 3ca X, HYKTaHHHT eTap;H KHYMK aTpo-
¢unarn x Hyktagapaa f(x) ¢byHkuMs viuby
Py (x) = [(xg) 7 [ (xg) (x — xo)

YH3HK.IH QYHKLHs (GHDHHYM japakaad KynXaa) Ou.aaH rtakputuit udo-
JaJaHiMNKE K ypcaTalu.

2. Kynxapn yuyn Teltiaop dopuyaacu. Yuwby

P (x)=ay + a, (x — x) 4 a3 (x — xo)* + -+
+a,(x— x)° (6.35)
(6vH1a ay, @y, a5, ., @, Ba X, Y3rapMac XakHKuil conaap, n € N) kynxan-

HH KapaWauk. By kjynxaisu Kerma- ket n Mapra aupdepenunaniab to-
namua:
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P=a,+2 a@—x) +3ak—xP+  +na(c—x)",
Pi()=2-ay+3-2-a;(x —x) + +n(n—1a (x—x) 7
P (x)=3-2-a;+ Fan—1){n—2) a,(x—x) ",

PP=n-(n—1)-(n—2  2-a, (6.36)
By (6.35) Ba (6.36) TeHr/MKAapia x = x, Ae0 o/AuMHCA, YHAAa Oepu.rau
P _(x) KynXam Ba YHMHI XOCHJAJapu P( ‘) k=1, 2, n) HUHT
X, HYKTaJaru KHHMaTJiapH TONW/aju:
Pn (xO) = aO'
P (k) =1! a,,
P (%) =2!a,,

PY(x)=nla,

¥ napaan
ay =P (x,),
P,,; (xo)
al = '—“_9
P (o
a, = ';' °, (6.37)
PP (xg)
a

T
n!

Keaub uHKaau.

Iynpait kumu6, P, (x) KynxagHuHr xosddulikenTIapu Kynxajg Ba
YHHHT XOCHIA/JAPHHUHT X, HyKTajard KuHMatjapu opkaau wHdojasad-
Ju. Koapduumentaapaunr 6y xuimatnapudu (6.35) ra xyitcak, yHIa

n(O) P(n)(o)

P (x)=P,(x) + (x—x,) + - (x—x,)" (6.38)

Synagu. By kynxan (6.33) KYyNXafjaH KOppUUHEHTIAPHHHHT E3HTHIIH
6u/IaHrHHA QapK KHJIalH.

(6.38) dpopmyana wiynxad yuyn Tedaop ¢opmyracu neb6 aranapH.

3. UxTuépuit bynruus yuyu Teitnop dopmymaci. f(x)
dyHKUMA (@, b) vHTepBAa aHUKJaHraH OVaub, y X,€(a, b) Hykraga

F, f, , ™ xocuaamapra sra GyuacuH. DYHKIMAHHHT HYKTajard
XOCcHaanapuaaH oiijaaauub, Kyﬁmam
X |)) ' fm) (Xl) 12
P =P, =f()+ 4 (t—x)+ " x—x)
KYTIXaauH Ty3al/auk.
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Arap kapanaérrau f(x) GyHKUMA n- japaxkand Kynxag Oysaca, yHia
1oKopiaa (2-6anpna) aliTuaramra Kypa

f(x) =P, x),

ADHHU

X m Xy, ”
=) + 10—y + = Ly

Synanu.
Arap f(x) dyHKuus Kynxag G6ysnMaca, paBILIAHKH,

f(x)=P,(: x)
6yau6, yaap opacuAa dapk tosara kenagu. Bus yuu R (x) opkamu Gen-
FHAAR/IUK:

R (x) = f(x) — P, (f; x). (6.39)
Hatuwxaza yw6y

f(x) =P, (f, x) + R, (x),

ADHY
=l + L0 —x) =+ LMt LRy (6.40)

dopuyaara kenavus. By (6.40) ¢opmy.a f(x) pynxyun yayn Tedrop
¢opmynacu ne6 atanamd. R, (x) sca Teitop QopMysacHHHHT KOAOuK
xadu pefinniagy.

Konauk xan R,(x) uudr (6.39) popmyaa opka1id HPONANAHHUIHHH GH-
qaair P (x) HuHr f(x) ra AKMHIAUIMIIM XaKHIA XyJ0Ca YHKADMUIra HM-
KOH GepMaiind. Arap R, (x) HH n Ba x JapHHHTr KuHMariapH G6yiimda
6axosaft 0JICAK Ba YHHHT HOJAra HHTHJIHLIMHE KypcaTa OJcaK, Yy XoJia
f(x} dyaxumana P, (f; x) kynxax GHJAH aIMAUITHPHIU MYMKHMH 3KaH/IUTH-
By acocaran 6ymamus. [lemak, macana R, (x) Hu Gaxosamgad wuGopar.
By Mmacaranu xanm kuauw yuyH f(x) GyHKUMATa «OFMPPOK» LIAPT Ky HHLI-
ra TYrpil KeJaly.

f(x) ¢ynruua (a, b) uxTepBanfa aHdKAaHTaH Gy/HMG, y Ly HHTEp-
Banga ysaykeus f'(x), f'(x), , f™ (x) Xocunanapra sra GYJCHH. ¥YH-
Jad Tamhapu (a, b) Hu'repsanna 6y ¢yHkuusaHaar (n -+ 1)- TapTuGIH
f("’*"(z ) XOCHJ4CH XaM MasXKyJl 6y1cw{ (a, b) wuHTepBanja apryMeHT
X HUHT UXTHEpHH KMAMATHHM madunaad, KyHUJarH

FO =it — 00 —n— — @ @ay

éplamuil (PpYHKUMAHH Ty3aMH3 Ba YHHU [x,, x]=(a, b) (€ku [x, x| <(a, b))
cerMeHTAa KapaiMus. F (f) pyHkunsasuar (6.41) ubopacuman yHuHT (X4, X]
CEerMeHTJa Y3JYKCH3 OYMHUIMHM Kypuwr KuiiuH 3Mac. DBy ¢yrkuus
(%9, X) HHTEpBa/J A NOCH/IAra XaMm 3ra. XakHKaTaH XaMm,

Fl)=—FO—[ =0 —r 0 | =[Gl e—0—
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Hﬂ(_ﬁJ _[ﬂ”Wna_nm_

n!
(n) An4-1)
1m(_f4] —L;ﬂ@—ﬁ
Jemak,
, (n—+1) f n
F)=— 159 —y (6.42)

Sumn [x, x] cerMeHTaa Y3.TyKCHM3 Ba (X,, X) MHTepBalja YeK.JH XOCHJa-
ra (Hoara TeHr 6yJsMaran) sra 6yaran Gupop @D(f) dyHRuMAHH onaii-
Juk. F(f) ra @(f) pyHkumsaapra [x, x] cermentia Koim TeopemacHuu
KYJJIaHHG TonaMus:
Fx)—Flxg) _ F'(0)
P —Px) ¢ ()

(6.43)
6yuza
Xp<c<x(t=x,+0(x—x), 0<B<I).
IOxopunarn (6.41) dyHxunsa yuyH

F()=0, F(x) =R, (x)
TeHTJIMKAApra sraMu3. Juan (6.42; TeHrauknan {=c aa

, i(n—{-]) © n

F (C) = n! (X—C)

6yamumnn 3vTHOOpra o.cak, yHiaa (6.43) TeHraHkjaH

s () . H{n-k-1)
R, (x)=¢‘*’¢,(j)""‘°’ Al (6.44)

(¢ =xo + 0(x —x,)) dbopMyaa Keaub unkany.

Mynpaii kunn6, Teiaop GOPMYJACHHHHT KOJAMK Xaad YuyH (6.44)
tdopMyna Tonmaamu. By xomaa f(x) ¢yukuusHuHr Tefinop d¢opmyJsiacH
KyHuparu

=19 + 28 (r—xp) 4 B . +

(n) n Dx) — D Fnt1) n
+ Lo = PG L )" (649)

(c=xy+C(x—xy), 0<0<])

KYpHHHIUZA €3M/I1afLH.

Teitnop dopmyaaciiian KeHrpox (oHIajaniil  Makcaaula, yHHHT
KOJIMK XaAMHUHT TYP.JIH KVPHHHUIAHPHHH KeJITHpAMHS.

1° Kown kypuHwHiary Koaauk xaiau Teitaop dop-
MYy . TacH. }Olgopyma kapaaran @(f) ¢yskuua cudartuaa () =x—1
GVHKRUHAHM oaluK. PaBlianku, 6V syHKIHS [\0, x] < (a, b) cerment-
Ja Y3NyKCcH3, (X X) HHTepBalla 2ca yek. ¢'(1) = — 1 :ocuiara sra.
By ¢ynxuus yuyn ®(x) = 0, &(xy) = x — 1, 6§ 1811 Harixaga (6.44)
dopyyaa Kyhupari
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f("+l) (€ f(”'H) (€)

Rx) =~ (x— ¢)" (x—xg) = —— [x — xp—8(x —
n-t1
e — g = L ) (L — 0"
O<b<l)

KypusuwHay onamu. Koamug Xazuuur 6y ubolaciud (6.45) ra gyiuo,
TOTaMH3:

FO=Fle) + 80— + B e+

CPxo) w19
- n! T

(X — x) r

(c—x ™ (1—0)" (6.46)

By (6.46) dopmyaa f(x) pyHKuMAHHHT Kowiy Kyjpuruwudazu Koiduk
xadau Tedrop popmysacu neb aranaiu.

2° JlarpaHX KYpUHHWHIArH KOJIJIHK Xamgau Te#aop

bopMynack Sumt D) = (x — )" PyuxkuwAnk ogaimk. By pyHk-
wug xaMm [y, x] < (a, b) cermenTaa V3IVKCH3, (X, X) UHTepBajAa 3ca

yekma D' (1) = — (n — 1)-(x — #)" xocurara sra. By dyHkuma yuyH
B(x) =0, Dy = (x—x)
@)= —n-L-Dx—c)(c=x, —D(x—x 0<O<)
6ymamn. ¥ Ncana okopiiarnt (6.44) dopvvaa viudy

(n4-1) W (e — e ]
R,v (X) = L'—ﬂ(.'{——c - (x — o . i (c} {x . xo)n—H
‘ n! —(n=a—q)™ (n—+ 1)

KypurHWAH ol Koaaux NaaHuer Gy [Mpozacuuu (6.45) ra kyidus,
TONAMH3:

f) = f (o) + f'(l%")(x —x) e+

() (.. -1
+ L_n(!*")__(x —x) + (fT—{-(—lC)):(x —xg" ™ (6.47)

By dopmyna f(x) byukuuanuar Jlazpanx kijpunuwudaey  Koaduk
xadaru Tedaop gopmyracu ne6 aramay.

Teftnop dopmysac Konguk Xxamauuur Oy KypuHMig comaa 6y.u0,
y (6.47) bopvynanaru HaBBaTaa Kenanurad Xaiud scaarapd. Pakat OyHaa
byHKUMSAHEHT (7 + 1)- TApTHEIM XOCHNACHHHHT X, HYKTajaru KuiMatd yp-
HUra Oy NOCHNAHMHT c(c = xo+6(x — X,)) HyKTajarH KMAMAaTH OJIMHAIH.

3 Ileano KYpHHHWHMAAary Koaluk xaxnau Tehaop
popMmyaacu. f(x) dpysxkuus Teitop popvysacuuunr [leano KypuHHUIL-
Jard KOJAHK XaAuMHH unkapuwiaa f(x) dyHkuusra HucbaTaH Ky#HaraH
WApTHH ¢eHTHVIAETHPHLID MYMKHH.,

J(x) dyvuxuna x,€(a, b) Hykranuur oupop Ug(x,) < (a, b) aTpoduza

Fe, "0, ., [™(x) xocnaanapra sra 6ym6, f®(x) Xocwra 3ca
X, HyKTaza ysaykcus Gyvicun. By dyukuds yuyH x €Uy(x,) 1a ymby
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J=fir) + 00— ) + E G —p -
(n—1) _ Hn) (o
T B — )" LG — 2y (6.48)

(6yHma ¢ coH x, OunaH x opacuia) GopMysa YpHHIH.

XaxukaTan xau, loxopuuark (6.47) dopvyraza n vu n—1 ra anr
MalTHpcaK, ¥ xomnia (6.47) dopmysnanan (6.48) xeqmb unkamm.

Paplianky, x — X, 1a ¢ — x, Gyaand. f(") {x) sca x, HyKTajga Yys-
ayxcus. HeMak,

1im £ (c) = lim f*(c) = ["(xy)-

X-+Xp Xy
Y xonpa
0 _ 1)
nt — nl +a®)
TEHIVIMK YpHHJH 6Yau6, lim a(x) = o Gyaaxu.

Arap x—x, ja ox)-(x —x,)" = 0 ((x —x4)") 6y MILHHE >BTHOOD-
ra oJicak, HaThKaja (6.48) ¢GOpMyJ aHHHI KOJRHK XaiH YYyH Yyby

1)

n!

#(n)
(x—xg)" = ’—n(Tx‘i(x —xg)" +o((x —xp)") (6.49)
¢opmynann Tonamus. Juan (6.48) Ba (6.49) dopmy.anapian

F(x) = f(xg) —[L(Ix'l)- (x — xo) + ZI_;’TL) (x — X2+

() ‘
+ LR e x) o)) (6.50)

topmynara Keaub uukamm. By dopmyaa f(x) ¢ymkumsuunr Jleano xjj-
punuwudazu Koadux xudau Tedrop ¢gopmyaacu 1e6 aTanaju.

Hemak, x—-x, 1a (6.50) dopMysaHHHr KoMK Xafd HoJara MHTH-
aub, y (6.50) dopmyaana y3unaH oaiuH KesnaguraH Xap GHp xaira Ka-
paranjia 1OKopH TapTHOIHM YeKCH3 KHYMK MUKI0p OyrianH.

Mlynpait kuanb6, 6us 1oxopuia f(x) ¢yuxuus Teilmop dQopmynacu
KOJIIMK XaAUHHHT TYPJH KYPHHHLLJIADHHH KeATHpAMK. Eumnnaérran Ma-
CaJlaHHHT' Taslabura Kapa6 y €ku Oy KYDHMHHLIJArH KOMAMK Xaaau Te#-
Jaop dopMyaacunaH olinananunann. MacanaH, GHpoOp X, HyKTa aTpodH-
Jard x(x=~= x,) HyKTajapja f(x) dyHKUHSHHHT KuiMaTJapHHH TaxpuHOHi
xocobmaml Kepak Gy.ca, Kowm €xku Jlarpamk KYpHHHIUHAATH XOJAHK
xanm Telop dopmysnanapuyan Qolinanianran MabKy.I, X—-X, 1a KOJ-
IHK Xaj¥ HOJTa HHTHJMII TapTUOMHHMIMHa GuaMiu Jo3uM Oy.ca €xn X,
HyKTa atpodula ¢yHKUMAHMHT OCOLI KMCMHMHH axpaTHII Kepak Oyica, y
xosaa IleaHo kypunminyaarn KoJAHMK Xafau Teilaop copiy.tacuiaH
doiifananui MaKcaira MyBooHK 6V1aiu.

Opatna Koumt éxu Jlarpamx xypunumuaarn Tedinop copyynanaph
KYNpoK aMaJyMi axaMmustra, Ileano kypuugiard Teiaop dopmysacd
3ca KyNpoK Hasapui axamusaTtra sra OyJajd.
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4 Te#tnop dopMymacHHHUHT GolukKaua C3UAUWJIADPH.
f(x) dyurunguurr Tefisop dopMystacuiu opTTHpMaJap Xamd nubPp2Hugan-
Jap dopMaciga XaMm &suul MyMKHH. 3°-6aHaja xeatupuiarau  (6.46),
(6.47) Ba (6.50) Teitrop dopMmyaanapuia x —xg= Ax ned (Gy xomnna
FO)~F(r) = f (6o — AX) —Ft) = Af(x) Gmamn), F(¥) Qymkuns
Teitiop copMyanapHHi  OpPTTHpPMasiap OPMACHIATH  KYPUHHUITADUHU
TOMAMHU3:

” (n)
Af(x) =[x -Ax=- Elpe o T2 Apm Ry (6.51)

bBynaa xonauk Xail R (x) xy#ujaaru

(n+1)
a) Koum xypunnmmza: R (x) =—ln—!(C)Ax"+l(l —0)
(1)
6) Jlarpamx kypuummmaa: R (x) = );n _H)(!C) X,

B) [Teano xypuruimia: R (x)= o (Ax")
0<o< 1, c=x,+0-Ax) E3uTHIIH MYyMKHH.
(6.51). hopMysaga KoMAHK XamHH JlarpamkK KypUHUILKAA Ofub, CYHr-
pa n =0 Jefiunca, y xonda
Af(x)) =F(0)-Ax
dopmy.tara sra 6ynamus. By 3ca ueknu opTTHpManap QopMysacHmup.
((6.33) ra kapadr). Mab.1y™MKH,
I (9-Ax = ' (x)dx = df (x),
[ (x0) - (Ax)* = [ (x) dx* = d¥[ (x,),

F(x0) (80" = [(x)dx" = d”  (x,).
Bynaphit seTHOOpra o.acak, f(x) ¢yHxkuuauuar (6.46), (6.47), (6.50)

Te#inop copmy.iasapid Kyiunarmya Jugpepeniinariap ¢opMacuia Xam
ubolasawl MyYMKHH 6V.iaqu:

Aftrg) = dfr) + - @)+ +—d [l + R0 (6.52)

Bynaa Koamux Xal R (x) sca Ky#iuaaru

a) Ko kypuuuumga: R (x) == %d"*"f(c)-(l —0)"
1 n+l1

A
p) [leano kypunnumaa: R (x) = o (dx")

(0<8 <1, c=x,-—0AX) E3UTHIIH MYMKHH.

5 MakaopeH popMyaacu. f(x) pyukuusuuar (6.40) Tedop
dopmyaaciza x, =0 1e6 omuuca, ywoby

0=fO+ Qe 1 EQe . L Ly 659

dopmysa Xocun 6ynanu. By xomma xoamuk xai r,(x) Kyhugaryga:

6) Jlarpamx KypumuiLMaa: R (x) =
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x”""(l—e)" f(n+]) (GX)

a) KomM xypuRHLHEIA: 7, (x) = " )

6) Jlarpamx KypuHuImza: 7, (x)= =+ (gy),

(n+1)' f
B) [leano xypunnumaa: r,(x) = o (x")
(0 < 6 < 1) ésnHum MYMKMH.
I0Oxopunaru (6.53) dopmyaa f(x) dynkunsuaunr Makaoper  dopmy-
aacu je6 aranany.

Ymby
0), | i) A RICI
fo=FO+5 400+ + 50 4 L0 o4 (654
0<o<]) J]arpamx KYPHHHLIMAATH KOJNAMK Xamau MaksopeHn gopMy-
JMacHHM KapaiMK. By (OpMYJaHHHT KOJIMK XaluHH GaxoaadMus.
dapa3 KuIalJuK, WyHAak YsrapMac M coH MaBXyA GyJCHHKH, ap-
ryMeHT x HMHT X, = 0 HyKTa aTpodmuiaru KuHMaTjapuaa xamza nEN
HHHT Gapua KuiMarJapnia

|1 () )< M (6.55)

TEHICH3AHK GaxapuicuH. Y Xoaza yuwoby
f(n-l-l) (e x)_xﬂ-l-] < Af ‘ x (n-i-l

101 = | S 7 aFm
TEHICH3JIMKKA 3ra GyJaMH3. X HHHI Xap Gup TalHH KuAMaTHIa
H ]x|n+l 0
i (D1

JUMUT YpWHJM O6YJHHIMHHM 3BTHOOPra OJICAaK, Y XOJJa 7  HHHT €Tapiu
KaTTa KuiiMatsiapHpa r,(x) eTapaM KM9MK OYJHIIMHH Kypamu3. [leMak,

x, = 0 HykTa aTpodHufa f(x) dyHKU HsiHH

(n)
f(0)+f(0) + f (O) 2+ in!(o) xn

Kynxaa OHjiaH aJMaruTHPHII MyMKHH Hatxaga yw6y

F) = f@) + =& f (0) f "(0) 2+ i (0) A

n!

(6.56)

Takpuouii dopmyna xe.;mﬁ 9HKaJH.
6. DnemenTap byHkuusaap yiyi Maxaopen ¢opMmy-

nacu. 1° f(x)=e" 6yacun. By dymkmms yuyn fP(x)=¢ Ba f(0)=
=1, "O=1@=12 ..)Y xo.n;[a
2
e=1+St+ gt 5L

6y/M6, YHHHI KOJAMK Xaad 3ca JlarpaHxX KypuHHIIMAZ KYyHMAarusua

&3nyanu: "
ex

r.(x)= (+1)1 O<b<l)
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Xap 6up x€[—a, a] (@>0) xa |e*|< ¢ G¢auumun >vTHGOPra
oncak, yHaa
n4-1

a @
PRSI

[r. ()] <
n+1 z
TEHICH3MMK KeM0 YHKaIM Ba M—>o0 1a r——p5;¢ Hpoma Ba JeMak,
r(x) xam Hoira mHTHMamu. Hatmkaza f(x) = e yskums [yuyH Kyiiu-
Aaru

X~ 7.il_xf. rn
"”"17_117“21+ e

Takpubuit opmynara sra Oynamus. by dopuy.azal, XycycaH, x =1
6yarasfga, e COHMHH TakpHOWUM Xuco6.all UMKOHHHH OepajuraH yumly

;1 1, 1
o kv S e

|

3
(n=1!
2° f(x) =sinx 6y acud. MabaymMk, 6y GYHKUMAHUHT A-TapTUO/IN

XOCHJIaCH VUYH F™(x) = (sinx)™ = sin (/x ~n- —;—) dopMyna ypHHJIH
((6.22) ra xapasr). Paswanku, f(0)=0 Ba
" Cmn 0, ir—alp n—xvdpt 6yaca,
[7(0) = sin 7 = 5
- (—1 arap n —ToK GYy.ca.

¢opmysa xocun 6yaasn. By xoaza [r, ()| <

f (x) = sinx dysxkuuanuar Mak.ored dopMyaacH n — ToK COH 6V.1-
rasHja.
n—1

. B, x5 SR

SiINXY =X— — - — —— +(—1 —-rr (x
3! 5! 7! ( ) n! "( )
Kypurniuga €3unagd. By dopmyaasnHr Koaamk Xagu Jlarpawx Kypu-
HUUMAA KYHHIaruya ésusanu:

n+-2
r(x) = (nxT—msin(Ox—{—n-%wfn) O<o<]l).

Pasmanky, ¥x€[—a, a] (a>0) na

an—-?
[r, )< =2
an+2
6V.ub, n—oc nafﬁ+—2)’ udona Ba JeMak, r,(x) XaM HOJra HHTHAALH.
Hlyupa#t kw6, n— Tok coH Gy.radia yiuGy

n—1

. 8, X x7
SINXXX— 7 + 57 =+ +(—1

TaKpuOHil XHcoO/Iall (OpMyJiacura SraMHs.

i
nl
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3° f(x)==cosx 6§ ncuH. BY QYHKUMAHHHT 7- TapTHOJH XOCHJACH
YuyH i (x) = (cosx)f )= cos(.x +n- —?) ¢opmyJara sramus, ((6.23)
ra Kapaur). Paemanku, f(0) =1 Ba
0, arap n —TUK con GYyaca,
f*(0) = cos == L
2 (—1)", arap n—xydT con 6y.ca
f(x) = cos x ¢pynkuusHUHr MakjopeH ¢opMysacH KyHuJarpua €sunaju:

o L
cosx=l—§-r7—-%j+ + (=1 @)

(6yH,z1a 1 —XKypT COH), VHMHT KOJAMK Xaau JlarpaHx KypHHHUIiZA
Kyfinparnya é€smsanu:

£2 \
r.(x) = (+2), COS(Gx-}—n _—I—n} O<o< )
JeMmax,
2 6 5 o
cosx=s | —5—!—1-%—% + + x5

4°, f(x) =In(l + x) 6 yncun. Mabaymgy, 6y QYHKUMSHHHT n-Tap-
™6 XocunacH yuyH yw6y ((6.21) ra kapasr)
),y ! ) _ oyl (n— !
779 = Un(140) " = (1P~ -
dopMysa Ypunan. Pasuanky, f(0)=0, f ® ©) =(—1)""-(n — 1)
Hlysn svmtopra osm6, Gepuaras ¢yHKumsHUEr Maknopen ¢opmynach-
HM €3aMus:
n(l +9)=x—% +2—2 4+ 4 (=1 Tt (). (657)
By dopmynanuur xonwmk Xam r,(x) Hu Gaxonampa yHuHr Jlar-

pamxX Xamaa Komm KypuHHMIIJapuiaH ¢oHaanaHaMu3.
a) 0 < x <1 6yacun. By xonma (6.57) ¢dopmynaniHr Jlarpanx Ky-
PHHHIIHZATH

=)
ACE +1>(1+6 )n-H ©<8<1)

KONJMK XaAWHM OJHG, VHHHT Y4YYH KyHHJaru
1y L
7. @=| &

nt+1) (14817
6axora sra 6y.namus.
6) —a<x<0(0<a<1l) 6gacun. By xomna (6.57) dopmyranunr
Koum xypuHHIIMIarH

r ) =(—1"%" & 991)),, L 0<8,<1) (6.58)

< 1
nt+1
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KOJJHK XaguHu oJjamus3. (6.58) TeHrukHH KyAuzarnua €3aMus:

! 1—8 \Nn n+1
0 = (=1 Y S
" 14-0,x 1-4-8,x
VarapyBuu x nuir —a<x<0 (0 < a < 1) guiimatnapuaa
1 —
__._9_1 < 1
1+0,x
TEHTCH3JIMK VDHHJH OyJHIUHHH XHcobra oJub, TomaMH3:
1 — 0,2\ n-+1 n+1 n-+1
=l =1 () 2 : iy
n | 14+-6;x ) 146, x 1-4+6,x l—a
Hemak, In (1 + x) dyHKuus yuyH Ky#ugaru
x2 x® x4 %

In(l+)~x—5+5—5+  +H—1D"

takpufinii Xucobsaw cdopMmyJacd Xocusa GyJaiy.

5 fx)=(1+x*6yacuH, 6ysna o€ R. By ¢yHKkuusHuHr n-tap-
Tu6an xocuwaach yuyd fU () =[(1 + %)V =af@—1) (o—n +
+ 1) +x*" ¢opuynara sravus. Pasmanku, f0)=1, f™ (0) =
=afa—1) . (@—n-+1).f(x)=(14x)* byskuusauHr MakiopeH
dopmysnach Ky#dumarnua €susaau:

(1+X)“=1*%x+ﬂ%ﬂx2+ -

+ (o — 1) ...‘ (a—n+l)xn+r;(x),
n!

KOMIRHK Xan 7,(x) 3ca ymby

afe—1) ... (&c—n)

(1 + ex)a—n—l (l-—ﬁ)n xn—{-l
Kown rypunummaa ésusagu. duau x| < 1 6yaranga

r@l=]a (1-2)(1=%)  (1—2)]-a+e9" x

1 2
'1_6 ! |xl"+l<,a-<l—a—)<l—i)x X
1L 6x . 1 2

X (1 —%)[(H- 0% x|t

6yaub, rn — oo a HOJra HHTHJIAIH.
Xycycan, o = n 6yaca, y Xoazma r,(x)= 0 6yim6, ymly

) = -

1=9" =14 Tx+ 22Dy

HeloTon 6uHOMH dopMyJiacHra Kesamus.
Wynpa#i kuiub, 6y xomra ywby
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(l+x)GZ1+ %x+ a(a2'— l)x2 + + afo—1) .. .' (0 —n+ l)xn
H n:

TakpuOHi ¢opMyJiara 3ramus.

bu3 1okopuna sieMeHTap (QYHKUMsJIAPHUHT MaksaopeH ¢opmynaapu-
HU KeaTupauk. By dopmynanapHudar Konguk XagsmapuHd acocaH Jlar-
paHX KypHHHIIHAA €3H6, CYHrpa ysapHH 6axonaiuk. JieMeHPap ¢YHK-
UuANapHUHT MakJsiopeH GopMyJsasnapujia YJapHHHT KOJIHMK — XaJJj1apHHH
GolKa KYPHHHIIUIADAA XaM €3l MyMKHH. Macanaw, 3nemeHTap ¢yHK-
uusanapHusr Ileano kypuHUUmMAArd KOJAAHK Xaamu MakJopeH ¢opmya-
JlapH KyHujarudya €3u/ajiH.

x ' x , x* n
D =1+ +57+  +o5+ox)
n=t
2)sinx=x——’§—31+~;_j-_;‘_:_+ +(—1D° ;%—f—o(x")

(6yuma n — TOK coH),

(R ]

3) c°5x=1‘"%+%—§—7+ +(—1) -S4 o),
(6yuna n— xkydT coH),

8 ml+n=x—2 2 2. gy ‘7 +0(x),

5) (1 +#% =il + Tx+L2=De i 4

_i_a(a—l) oo —n4 l) xn +O(xn).

n!
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7-B60B
AUSPEPEHLIHAJI XHCOBHHHT' BAB3H BHP TATBUKJIAPH

Ywlby 6o6aa GYHKUMAHHHT XOCHJajapyd €pJaMHia YHHHT V3rapHm
XapaxkTepu (OpanMKaa y3rapMac KHHMAaTHH CakJallH, YCYBYH €KH KaMa-
10BUH GyNHIIN, MAKCHMYM Ba MHHHMYM KHHMaTJ/iaph), LIYHHHIAEK (YHK-
UHSA rpaHMrHHH TeKWHpHI (byHKnMs rpa@urHHUHT KaBapHk €ku GOTHK-
JurH, GypRAHII HYKTaJapMHH aHHKJall) kKaGH Macajajap ypraHujagy.

1-§. PyHKUMAHHHT Y3rapu6 GOpHIH

. PyHKUHAHUHT y3rapMac KHHMATHH cakJaawu. f(x)
dynkuus (@, b) HHTepBanaa aHHKJAHraH GYJICHH.

l-treopema. f(x) ¢ynkyus (a, b) unmepsarda uexau f' (x) xocu-
naea sea 6yacun. by ¢yuxkyus (a, b) unmepearda ijseapmac 6yauuu
YUy wy unmepsaida

J'(x)=0
Oyawun 3apyp éa emapau.

Hc6oT1. 3apypauru Uaprra kypa f(x) dyskunsa (a, b) untep-
Banpa yarapmac, abhu f(x) = C, C = const. Paewasku, 6y xoa1a (a, b)
untepBaana [’ (x) =0 6yaanu.

Etapaunaurnu Waprra xypa f(x) ¢yskuus (a, b) uHTepBasna
yekaH [’ (x) Xocusara 3sra Ba [’ (x) = 0. dumgu (a, b) WHTEpBa/Ja HMCTad-
rad x Ba TalHHJAHTaH x, HyKTajapHH OJHO, [x,, x] €ku [x, x,] cer-
MeHTHH Kapaiiauk. By cermentnap (@, b) uHTepBanga OyTyHaaH >KOH-
Jawral, fein [x,, x] < (@, b), [x, x,] < (a, b). demak, f(x) dvHKUuS
[x,, x] cermeHTAa y3nyKCH3 (DYHKUMAHMHT Y3JIYKCH3 OYJHILM, YHHHP
(a, b) na vexau [’ (x) Xocunara sra GyauiuyjaH keauG uMKajau) Xamja
yekau [’ (x) xocuaara 3sra. Jlarpamxk Teopemacura (6- 6o6aaru 7- Teope-
Mara Kapasr) kypa x, 6unaH x HyKrasap opacuaa wyHpa# ¢ (c € (x, x))
HYKT2 MaBXYIKH,

() — [x)) =F () (x — xo) (7.1)
TEHIVIHK YpHHJH Gyaaau. (@, b) pa f' (x) =0 6yaranupan [ (c) = 0 6y-
au6, (7.1) renraukpad aca f(x) = f(x,) TeHrJMK Xequ6 uMKamu. Arap ¢
HYKTa (x, X,) HHTepBajjgaH oJjuHraH Oyaca xam f' () =0 pan f(x)=
= [ (xo) xenu6 umxan. duau C = f(x,) necak, (a, b) uHTepBania f(x)
¢yHkwi? yuyH f(x)=C, C = const myHocabatra 3ramus. By f(x)
&yHKUMSHHNT (a, b) yHTepBajza VarapMac 3KaHHHM aHraaragu. Teope-
Ma ucbor 6ynau.

l-natuxa. Arap f(x) Ba g(x) ¢yskuusinap (@, b) uuTepBaina
uekan f'(x) Ba g’ (x) Nocunanapra sra Gy.ub, 1y HHTepBajia

f'()=g
TeHTJMK ypunin Gyaca, v xoama f(x) Gunan g(x) dyskuuanap (a, b)
HHTepBasaa Gup- GHpHJaH y3rapMac cOHra ¢apy KHJIapH:

fx)=gx) + C, C = const.
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XaKHKaTaH XaMm,
F=Fx)—g (7.2)
neb, (a, b) na
F=Fx—gx=0
GyquumHg Tomamu3. Vic6or stuaran Teopemara kypa F(x)=C, C =
== const 6y.namu. (7.2) MyHocabGargaH f(x)= g(x) -+ C 3xkanu xénuG uu-
KajH.

2. PyHKUHAHUHT MOHOTOH 6yauwH. bus 4-6061a yHK-
UMSHHHT MOHOTOHJIHTH, SBHM YCYBYM (KaThHH VCyBuM), KaMatOBYH
(kaTBufi  KamawoByd) OYJIMIUM Tabpud/IAPHHH KeJTHPraH 3SOUK. SHIH
¢YHKUMA XOcH/IacH €pAaMHAa (YHKUUSAHWHT MOHOTOHJIMCHHH aHHMKJALI
MYMKHHJHTHHA KYpcaTaMmus.

f(x) dyukuusa (@, b) uHTeppania aHuKJ/AHTAH GYJCHH.

2-teopema. [(x) pynkyus (a, b) unmepsarda vexkru [ (x) xocu-
raza 32a byacun. by yrxyusa wy unmepsanda ijcysuu (kamaiosuu)
Gyawuu yuyn (a, b) unmepsarda

=0 (Fr<0)

meHecu3AuK gpunau Gyauliu 3apyp 6a emapau.

HMc6otr. 3apypauru. Ilaprra kypa f(x) o¢yHxkuus (a, b) na
yeksau f'(x) xocunara sra 6y.ub, y (@, b) uuTepBanga YcyBud (Ka-
MatoByH). ¥ x € (@, b) HykTanu osub, y Ousmad Oupra x + Ax € (a, b)
HyKTaHH XaM KapaiiMu3. Y xo/aa

Ax>>0ma f()<f(x+Ax) (F(x)>=f(x+ Ax),
Ax<0 pasca f(x) =[x+ Ax) F(x)<f(x+ Ax)
MyHoca6atiap VpuHau 6ysagu Ba Oy MyHOcabaT/apiaH xap AOHM

Hetbo—tt o (Hesbo/w ) 1)
Ax = Ax = .

TEHICH3/IHK Kesaub uMkanu. f(x) doyukuus (a, b) ma wekau [’ (x) xocu-
Jara sra OGy/araHd yu4yH ywoy

lim [e+av—Ff@

Ax—0 Ax
JIMMHT MaBXKyJ Ba yek/au 6yJub,

o fx A~ (%) _ o

1 e ar =1 7.4
A‘\l’—r{lo Ax f (X) ( )
ypuran. (7.3) Ba (7.4) MyHocaGatnapaaH (4- GoGHuHT 4- § ura Kapadr)

(a, b) uHTepBanHUHr Gapuya HyKTajapHia
=0 (Fx<0)

TEHICU3JMK YPHH/IH OVJIMIUHHE TOMAaMH3.

Etapauauru. Ilaprra xypa f(x) oyukuus (a, b) uxTepsasia
yeksad [’ (x) xocunara sra 6y.u6, wy wuHTepBaiaa [ (x) =0 (' (x) <0)
TEHICH3JIHK YDHHJIH.
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SHmu (a, b) uurepBanna uxteépuit x(x € (a, b)) Ba x + Ax((x +
+- Ax) € (@, b); Ax > 0) HykTanapHu omaiyuk. PaBuianku, 6y Xoaaa
[x, x+Ax)<=(a, b) 6yaub, [x, x+ Ax] cermentaa f(x) ¢yHRUHS
Jlarpanx TeopemacHHHHT Gapya LIAPTJApHHH KAHOATJaHTMpaaH. Jlarpanx
TeopeMacura (6- 6o6naru 7- Teopemara KapaHr) MyBodHK x Ba x -+ Ax
HyKTanap opacuia myHjall c(x < ¢ < x -+ Ax) HyKTa MaBXKyAxku, ywéy

fx+Ax)—fx)=F(0)-Ax (7.5)

TeIrIMK ypuHJM O6Yyaamn. (7.5) Tenrsukman Ax > 0 Ba ¥ x € (a, b) na
f'(x) =0 (f'(x) <0) 6yarann yuyn

fx+A8x)—f) >0 (f(x+ A0 —f()<0)

6y Keau6 uwukagn. [emak, x < x 4+ Ax Oyaranpa f(x) < f(x +
4+ Ax) (x-< x+ Ax=-f(x) > f(x + Ax)) TeHrcM3IHK XaM ypHHJH. DBy
f(x) o&ynkuusHuHr (@, b) uHTepBasja Ycypud (KamaloB4H) GYJIMILHHM
upoaanain. Teopema uc€or 6yaau.

2-natuxa. Arap f(x) oyHkuus (a, b) wuHTepBa1ga uekJu [ (x)
xocusara ara 6yau6, wy uuteprasna [ (x) >0 (' (x) < 0) Tenrcusmk
ypunan 6yaca, f(x) dyHkumus (a, b) uHTepBasga KaThuil YCyBUH (KAaTBHE
KamaroByy) GV.Jagu.

Xakukatan xaMm, (7.5) tenrauknan Ax >0 Ba ¥ x € (q, b) na ' (x)~
>0 (f(x)<0) 6ynumm—m 3bTHOOpra Oaub, KyHHJArWHH TONaMus:

fx+ Ax) —f(x) >0 (f(x+ Ax) — f(x) < 0).

Hemak, 6y Xoama x < x + Ax 6yaravpa f(x) < f(x+ Ax) (x<x -+
+ Ax=>f(x) > f(x + Ax)) TeHrcu3nuk xam ypuHaH. By f(x) pynxkumus-
HHHT (@, b) uHTepBaana KaThuil ycyBum (KaTBMM KaMalOBYM) SKaHWHH
KypcaTtaju.

l-scnartma. f(x) dyHkuusa (a, b) HHTEpBA/Ila YeK/IH f’ (x) xocuna-
ra sra 6yamu6, 6y dbyHKumsuuHr (2, b) Ja KaTbM# VCyBuM (KaTBHH Ka-
MaioByH) 6yanumpaH, f'(x) HHHr ¥ x€ (a, b) na mycbar (Mandui) 6y-
JHUIN Xap NOHM KeJquG unkasepMaian. Macanax, [(x) = x® QyHkuusHn
kapaitauk. By ¢yHkuusHMEr R 1a Kareuit ycyBuM GyauinH  4- 60GHUHT
[- § Aa kypcatuaran 3gu. By dyHruma yuys f'(x) = 3x® 6ym6, x=0
Hykraga [ (0) = 0.

Mucoa. f(x) =x®*—3x+2 6yacun. By ¢ysruus yuyn [’ (x) =
= 3x* — 3 =3(x* — 1) 6ynagu. PaBmanku, |x| <1 6yaranga ' (x) <
<0, |x|>1 6yaranga [’ (x) > 0.

ﬂe\aax Gepuarad f(x) ¢yHkuusa (— oo, — 1) uHTepBaiaa KaThuH
yeyBul, (— 1; +1) uHTepBanja KaThHH KaMaioBuu Ba HuxodAT, (1, + o)
HHTepBa11a KaThuil ycypud 6yJaad.

Wynpait kuau6, (o, b) uHTepBasifa uekyu [’ (x) Xocusara sra 6yai-
rai f(x) ¢oyukuManunr (@, b) uMHTepBaji]a MOHOTOH OyHu GWiaH iy
MHTepBa/a GYHKUMA XocHaacH [’ (x) HMHT MIIOpacH opacuia KyHhza-
riua Goranvil MaBxyx: (a, b) uHTeprasia

f'(x) = 0= f(x) pynkuna ycysun =-f"(x) >0

f'(x) < 0= [(x) byHrumus xamatoBun =>f (x) <O,

f'(x) > 0=>f(x) dpyHkuua KaTwBui ycyBun =>f"(x) >0

f'(x) < 0= f(x) dyHxuus xaTwuii KamaioByd = [’ (x) < 0.
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2-§. OyHKUHAHHHT 3KCTPEMYM KHHMAT/apH

f(x) dyukuus (a, b) uHTepBaija aHHKJAAaHraH GYJymHO, xq € (2, b)
6 ICHH.
l-tabpud. Arap x, € (a, b) HykTaHuHT UIyHJaé aTpodu

Usx{x: x€ER, xy—0<x<x,+6 6 >0}=(a, b)
MaBXKyJl Oy/cakH, v x € Ug(x,) yuyH

[ <flx) (F()=F(x)
TEHICH3/IMK YpHHH Oyuca, y Xoana [(x) dyHKUHA X, HyKTafa Maxkcu-
mymea (Murumymea) ara pedunagd, f(x,) xuimar f(x) GYHKUHAHHHT
Ug(x) marn maxcumymu (Munumymu) KeAHNatH.
2-TawpH. Arap x, € (a, b) HykTanuur wyngai atpopu Ug (x) =
< (a, b) maBxyn Gyacakd, ¥ x € (g (x)\{x;} = 06 (x,) yuyH

F&) <Fxg) (F(x) > f(xp))

TEHICH3JHK YPHHIH Gyaca, y Xoaga f(x) QyHKUMA X, Hyxkmaoa Karmoud
MaKcumymea (Kamould Musumymea) 3ara Jeddnamd, f(x)) ku#AMaT f(x)
oyuxuuardar Ug (x,) Aarn xamoud maxcumymu (Musumymu) Aedunand.

IOkopuaars Tabpupapaard x, Hykta [(x) (yHKUMAra MOC PIBHLL-
Ja MaKkCHMYM (MHHHMYM), KAaTBUH MakcUMyM (KAQTBHH MHHUMYM) KHH-
Mat GepaguraH Hykra ne6 aranaid.

Oyukumsanunr Ug(x,) garn MakcHMyM (MHHHMYM) Ka#Matjapu

f() = max {f(x)} (f(x)= min {/(x)})
xEUa(xo) xEUa(XQ)

Kabud GenrunaHagy. Bywga max (min) sordaya maximum (minimum)
cy3uiaH osnuHrad Oy.au6, SHr KaTta (SHT KHYMK) JeraH MabHOHM aHr-
Jarajy .

DYHKUHAHHHT MaKCHMYM Bad MHHHMYMH YMyMHH HOM OH/IaH YHHHF
IKCTPeMYMH 1eG atasiaiM.

Mucoa f(x)=V1—x* 6yacuu. by oyuxuns x =0 HykTama
MakcHMyMra apuiagu. Xakukatad xam, ¥ x € Ug(0) = (|—1, + 11 (6 >
>0) yuyn f(x) < f(0), apuu

fR=VTI—x<f0)=1
6ynanu.

2-3caatma. IOkopuaaru Tavpudsapra f(x) pyHkuusHUHT X, € (a, D)
Fard [(x,) Kuiimatd yHuHr wy Hykra Ug(x,) atpodumad o/iMHradH HyK-
Tajlapgard Kufimataapa OuisaHrusa takkocnauid. Wlyuunr yuyu ysk-
UHAHHHT SKCTPEMYMHHH (MakCHMyM €KH MHHHMYMHHH) JIOKAad 3KCTPEMyM
(ToKanm MakcuMyM 6KH J10KaJ MHHHMYM) neb IOpHTHJIALH.

3-scnatma. f(x) OvHkuua (a. b) uHTEpBa1a OHD KAHY3 MAKCH-
MyM B3 MHHUMYMJApra 3ra OV/HIH MyMKHH.

Macanan, f(x)=sinx ¢yskuusnn (0,4 m) uxTepBaIAA rgapaﬁmr{K.

a 3n 5
By PYHKUHA X = 7 HYKT2Ja MaxCHMyM, X = Pl HYKTd1a MUHUMYM, — 7T
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7
HYKTaza MakCHMY)M, > U HYKTaga MHHHMYMra 3ra 3KaHHHH aHHKall

kuHNH amac. [emak, 6y dyukums (0,4 n) MHTepRasja HKKHTA MakKcH-
MYM, HKKHTa MHHEMyMra sra 6y.qu0, MakCHMyM Ba MHHUMYMJap HaB-
GatMa- HaBOaT KeJajH.

DyHKIMS XOCHJanapH €pAaMHAAa YHHHT SKCTPeMyMJapH xaMjia QyHk-
LHATA SKCTpeMyM KuiimaT 6epaaHraH HyKTajap TOMHJAAH.

1. DkcTpeMyMHHUHT 3apypuit maprtu. f(x) ¢byHruus (a, b)
WHTepBaNAa aHMKJaHraH 6ymb, X, € (@, b) HykTama MakKcHMyM (MHHH-
MyM) ra spuucHH. [lemak, Tabpupra xypa x, HYKTaHHHr 1uyHjaf
Ug (x)< (a, b) arpodu Tonunanuky, Y x € Ug (xg) pa [ (xg) = f(x) (f(xg)<
< f(x)) TeHrcH3mMK YpuHJH Gysanu.

QDYHKUHAHHHT X, HYKTaJard XocHJacH Xakuja, VMYMaH aiiTraHja,
KyHHRarH yu xoa OyJHIH MyMKHH:

1) f' (x,) MaBxKya Ba yekJH,

2) F' (x,) MaBXKyJ Ba UYEKCH3.

3) Xocuna MaBXyj 3Mac.

Bupunun Yonna Pepma Teopemacura kypa f’ (x) =0 6ysagu. Hatu-
JKaga KyHuzard MyXHM TeopeMara KeJaMM3.

3-Teopema. Aeap f(x) dynryus x, € (a, b) nyxmada uexau |’ (x,)
xocuaaza sea 6yaub, 6y mykmada f(x) Qyrxkyus Kcmpemymea spui-
ca, y xoa0a

[ (xe)=0
6ijaadu.

Bupox f(x) dyHkuns yuyH Gupop x* € (a, b) HykTajia 4eKaM NOCH-
Ja MaBXyR Ba |’ (x*) =0 GyaumMaaH YHHHT x* HyKTafla 3KCTpeMymra
9ra. .6y HIM Xap jouM KeauG udxapepMaiian. Macanah, f(x) = x® dyHk-
nus yuyH f'(x)=3x? Ba x =0 Hykraga ' (0) =0 6ynca xam y x=0
HYKTana skcTpemyMra 3ra 3mac (0y ¢yHKUMA KaThHH YCYBYUH 3KaHJUTH
6usra mMabaym).

Hemak, 10Kopuaard TeopeMa (yHKLHS 3SKCTPEMYMIa SPHLUMIUHHKHT
3apypuil waptunn udoaasaniy.

Onatna ¢yBKUMA XOCHJIAacHHH HoJra aHJaHTHpaAMraH HykTasap
GYHKUMAHUHT cmayuonap (mypryx, Kpumuk) Hyxmasapu Aed Xam ara-
JNaju.

MIKKiHYH XOMHHHT 5ca OYJMINM MYMKHH 3MacjhrHHH KypcaTaHiuk.
Arappa f' (xg) = + oo (— ) 6yusca, f(x) GyHKUHA X, HYKTaHHHT aTpo-
¢upa ycyBud (kamaroByn) Gyqaand. XakukataH Xam, ywby

e Q= fu) _
X—x9+0 X —— Xy

MyHoca6ataan % & >0 yuys myHgafi 6> 0 Ttonumaguku, 0<<x—

T —F(x) - —:, ApHH [ (x) > f(xp)

- o0

—Xo <8 6ynran x Jap yuyH
X — Xq

TEHTCH3NMK Keu6 uukamu. XyIAM IIYHMHTOEK,

i L@ =) _
x—x0—0 X — Xg

— 00
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MyHocabaTiaH — 8 <x—ux, <0 OGyaran x gap yuyH f(x) <f(xp)
TEHICH3/MUK KeJqHO 4HKAIH.

lynpaft kunu6, 6y Xona f(x) ¢yHKUMA X, HyKTaja SKCTpeMyMra
SPHILMUIH MYMKHH 3Mac 3KaH.

SHAH YUMHYH XOJ XaKHMAa.

Bus f(x)=|x| pyHkuusiHuHr x =0 HykTaga (6-606, 1-§) xocuna-
CH MaBXy[l 3SMACJHIHHH Kyprad 3auk. by dyukuma x =0 HykTaja Mu-
HUMyMra 3ra Gysuiud papiiaHaup (41-uusvara kapadr). Jlemak, ®yHK-
s Xocusara sra Oy/marad HyKTajgapia XaM 3KCTPeMyMra 3pHLUHILK
MYMKHH.

Hlyupafi kumub, f(x) ¢yHKuUMAra 3SKCTpeMyM KHHMAaT OGepaiHraH
HyKTaJIapHH:

(GYHKUMSAHHHT CTALMOHAD HYKTaJapH,

GYHKUMAHHHT XOCHJacH MaBxyja OysMaraH Hyklajdapy opacuiat
u3jaW Kepak 3kaH. Opataa OyHpad Hykra QYHKUHS SKCTpeMyMra cu-
Haraduean Hykma [e6 aranamu.

2. DKCTPEeMYMHHUHT eTapjaM WwapTaapu. OHaH OyHKUHA-
HMHT 3KCTpeMyMra sra OVJIHIIMHHHT eTapid ilapTJapuHH KapaidMH3.
ApBanparuflek KyHugaru GenrHJailIapHH KHPHTaMH3.

Us () =f{x x €R, x,—8<x<x} (6>0),
Ug(x0)={x: XER, xy<x<x,+ 8 (6>0)
f(x) OyHKUMST x, HyKTaja y3JyKCH3 G6Y.JHG, YHHHT
05(x0 ={xx€R, x,—0<x<ux,+ 8 x+x}
atpoduna weksw f'(x) xocunara sra GVJiCHH.
a) Arap
¥ x €Ug (x) yayn [ (9> 0,

¥ x €UF (x,) yuys f'(x) <O

TEHTCH3JIMKJIAap YpPHHAH GV.ca, #bHH [’ (X) XocHna x, HyK1afaH VTHIIAA
y3 MIIOPacHHH «-» JaH «—» ra ysraptupca, y xonfa f(x) dyukuus
X, HYKTaJa MakcuMyMra 3ra GyJafu.

Xakukatad xam, ¥ x€Ug (x) yuyn [ (x)>0 G6yamumnan f(x)

GYHKUHMAHHHT 05_ (x,) ma KaTBHA ycyBumaurd keaub uukaau. CyHrpa
f(x) OYHKUMSHUHT X, HYKTaja y3aykKcus Gysummaan lim f(x) = f(x,)

—>xo—0
TEHIVIHK KesJHO yukagu. [emak,  x € Ua_ (%)) yuyn
f(x) < fx) (7.6)
TEHICH3JHK YpuHIH Oyaagn. ¥ xEU&F (x) yuyn [ ()<O0 6¥-

JHUHAAH f(X) QYHKUHAHHHT Ug' (x;) da KaTBHH KaMaloBY HJIHTH Ke.Hd
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unKagd. f(x) QyHKUMSHHHT X, HyKTaja yalykcusmurspad lim f(x) =
X—xo40
== [ (x,) TEHTJIHK Kesub YUKajH.

HemMak, ¥ xEUg‘ (xy) yuyn siHa (7.6) TeHrcuaavk OGakapuiajy.

ByHgan xEU(S (%) yuyr f(x) <f (x) 6ysmb, y [(x) dyHkuus x,
HYKTaJa MakCHMyMra 3ra OyjHILMHH GHJIRHPAIH.
6) Arap

¥ x €Uy (x) yayu [ (x) <0,
W X €UF (x) yayn [ (9>0

TEHICH3MHKJap YpHHAU OVjca, SbHH [ (X) XOcWia x, HYKTaHH YTHLIAa
Y3 HUIOpacHHM «—» JaH «--» ra ysraprupca, y xoaza f(x) dyukuus x,
HYKTajla MUHAMyMra 3ra 6ynajgu.

XaKHKaTaH, ’V‘XEUgs (x) yuyn [ (x) <0 6ymummzad f(x) pyHk-
LMSTHHHT U (x,) na KaTbuil KAMAIOBYHJIHTH, xEU5 (xy) YuyH [ (x) >

> 0 6ysmumaan sca f(x) GyHKUUAHHHT U§ (x,) ma kaTBUA YCYBUHIUTH
keu6 uvkapd. CyHrpa f(x) QYHKUMAHHHT X, HYKTaJa Y3JYKCH3 3KaH-
JMTHHH 3bTHOOpra OJHb, % xEUg(x) yuyH [ (x) > f(x,) TeHrcusmukka

sra 6ymamus. By 3ca f(x) dyHKRuUMA X, HyKTaga MuHUMyMra sra G6y.u-
WHMHH GHJIAMpaTH.

B) Arap
v 2 €U5 (x,) yay f (x) >0,
¥ x EUE{ (x,) yayr f (1) >0
(éxu .
¥ x €Us (x) yayu ' (x) <0,
Y x€ Ug (x,) yuyu " (x) <0)

TEHICH3/MHKAD VpuHau Gyijca, sibHH [' (x) >ocusa X, HYKTaHH YTHILAA
¥3 HLIOPacCHHH y3rapTHpMmaca, y xoJfa f (x) yHKUHMA X, HyKTana 3KCTpe-
Mymra sra 6yamabiny, f(x) dyskums x, Hykranuur Ug(x,) -aTpoduna
KaTbHi ycyBuM (EKM KaTbUHl KaMaloBuu) GY/aj.

HlyHna#t KuanG 3kctpeMyMra CHHaMa€Trad HYKTaHH YTHIIMAA GYHK-

IHA XOCHJ/IACH HILOPACHHUHT Y3rapHilld YHUHT 3KCTPeMyMra 3pHIIMilH-
HHHT eTap/d IuapTHAup.

4-scmatma. IOxopuparn Mysoxasanapaa f(x) GYHKUMAHHHT X,
HYKTaja y3JjykcH3 6yauin Myxum. MacanaH, ywby

x2, arap x=<0 6Vuca,
F0) = [ arap x = 0 6y.ca

dyukuusand Kapa#iauk. By ¢yskuus yuyd [ (x) = 2x 6yaub, Xocuna
x =0 HyKTaHu yTHIIAA ¥3 MILOPACHHH «—» JaH «+» ra yaraptupca
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Xam, Gepuaran ¢yskuua x=0 HyKTaga MuHuMyM™mra sra 3Mac. Dywra
cabab, GyHKuUMAHUHT X = 0 HYKTaja Y3/JyKCH3 3MacaurHiup.

3, —_—
Mucoa. f(x) = (x + 3)*y (x—1)* 6yncun. By GyHKIHAHUHT 3KCT-
PEMYMHHH TOMHHT.
Bepusiran QyHKUMAHMHT XOCHJIACHHH TOMaMH3:

Fg=2E=9 (7.7)

3
3 ]/ x—1
Paemwarku, Xocuia x = 0, x = — 3 HykTa/japja Hoara aiJaHalH, X =
= ] HyKTaza 3ca UYeK/JH XOcusJa MaBxyn »3Mac. Jlemak, (yHKuusAra
3KCTpeMyM OepajuraH HyKrtasapii x =0, x=—3, x =1 HyKraaap
opacHJaH Hajail Kepak.
)

o A |
Appan x = 0 nykTaHH ojaiyiuk. By HyKkTaHHHT (——2—, ?) aTpodH-

HH oau6, Xocuna yuyH (7.7) udopmanu 3bTHOOpra oJcax,
WV x€ (—~— 2i, 0) yuyd ' (x) >0,

Vv x€ (O, —;—) yuyH ' (x)< O

6yaumuHE Tonamus. Jlemak, f'(x) xocmaa x =0 HyKraHH YTHWga y3
MIIOPacHHH «—+» JaH «—» ra ysraptHpaiu. Pasluanky, Gepuiran ¢yHk-
nust x =0 HyKTaja yaaykcus. JleMak, GepuiraH ¢yHkuus x = 0 Hyk-
Tajla MAaKCHMYMTra 3ra Ba YHHHI MaxkcuMyM kufimatu f(0) = 9.

. 7 5
upu x = —3 HYKTaHH Kapalauk. Dy Hykranuur (—3, ——2—>
atpodunu oaub, (7.7) aaH ¢oitnanaHcak,

¥ x€ (— -;—, —3) yuyH ' (x) < 0,

¥ €x (—3, —%) yuyn [ (x)>0

6yanuHE tonaMu3. emak, [’ (x) Xocuna x = -—3 HYyKTaHH VTHIIHAA
V3 HINOpacHHH «—» gHaH «-» ra ysraptipaad. Bepuiran ¢ynkuna x=
= —3 HyKTaja Y3JYKCH3, JeMaK, y x= —3 HyKTala MHHHMYMra
sra pa YHHHI MHHHMYM KuiMatu [ (— 3) = 0. Huxoat, x = | HyKrala

Oepunran QyHKUHS MHHHMYMra sra OyJHIIH IOKODHAArMAeK KypcaTHJa-
AH.

3. DyHKIHA 3KCTPEMYMHHH TONMHIIJa YHHHT YOKOPH
TapTubau XocHaanapuiald poiiaananum. Kxopuaa xear-
PH/ITAH 3KCTPEMYMHHHT erapju IHapTH CHHaja€éTraH HYKTaHMHI YHr Ba
Yan TOMOHHJArd HyKTa/japia (YHKLMA XOCHJIacH [’ (X) HHHI HIIOPacCHHH
aHHMKJaw GusaH HbopasnaHaau. KymuHua, x, HyKTaHHHr atpoduia [ (x)
HUHI HUIOPAaCHHH aHHKJAll KHHWH Gynagyu. Kapana€rran f(x) ¢yHkums
X, HYKTaza I0KOPH TapTHOJMH XocHJjajapra 3ra 6yJjca, XoCHJaJapHUHT
Xo HYKTajard KHHMaTJIaDHHHHT HlLopacura Kapa6 yHKUHMAHHMHI 3KCTpe-
MYMHHH TeKLIHPHL MYMKHH,
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f(x) pyukumus x,€(a, b) nyxraza f’, f’, , f™  xocunanapra
3ra 6ysu6, Gupop 7 =2 COH YYVH

== ="@=0 =0 (78
OyIcHH.
a) Arap n— xy¢T coH, fibHH n = 2m (m € N) 6y.u6,
f(n) (%) = f(gm (%) <O
TEHICH3IIHK YPHHJH 6V.ica, f(x) QyHKUMA x, HYKTaJa MaKCHMyMra,
) =" (x) > 0

TEHICH3JIMK YPUHJM GYica, f(x) dyHKuMA x, HYKTaga MHHHMyMra 3ra
6ynany.

XakukataH xaM, f(x) ¢oyHkuua yyyH ywoby

’ 1)
fo = f) + Ly =+ L et

L ™ (x) '+a(x) (x — x,°
n:

Teinop dopmyaacuaad toxopugard (7.8) apTaapHH 3bTHOOpra O0.1HG

TOaMU3:

(n) : "
F0 =) + T E2E (e,

GyHia x —x, Aa o (x) 0. KefluHru TeHrJIMKHH Ky#unaruya €346 oJa-
MH3:

F0) —F (g = L 20 (e 19)

Sunu f("’ (xg) =0 Ba x— x, 12 a(x)—»O 6yaraHd caGabuau X HUHT X,
ra erapad AxuH Kuivatiapuaa (x € U5 (x,) nap yuyH) f (%) + (%)
uuur mopack [ (X)) HMHT WuwOpack KaGu GyJamH.

Pasuranku, n=2m 6yaraiga (x —xg)* = (x —xp)?" >0 6ymu6,
x €Ug (x) ma f(x)—[(x,) alupMaHHHT HUIOpaCH Fo (X;) HUHr HIIOpacH
6unan Gup xu1 6yaamu. Jemak, f™ (x,) <O Gyaramma + x € Ug (x,)
yuvH f(x) —f(x) <O, spun f(x) <f(x,) 6yau6, f(x) oyHKuUHA X,
HyKTalla MakcHMyMra sra Gyaagu. f (xy)=>0 6Varanga aca v+ x €Ug (x,)
yave [()—f(x) >0, svau [(9)>F(x) O35, [(x) dymeunn x,
HyKTaja MUHHMyMra sra GyJjagH.

6) Arap n—rT1oK coH, AbHH n=2m -+ 1 (m¢€N) Gyaca, [(x)
dyHKUMA X, HYKTaja 3KcTpeMyMra 3ra GysaMaiuu. XaKukaTaH,

v x €U (%) yayn (x— %) >0,
¥ XE C’g (xy) YIyH (x —x,)* <O
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TEHICH3/HKJIap YPUHIH OYJu0, X, HYKTaHWHT Ua (x,) atpoduna (x—x,)

HHHT ullopacH cakjanMafigu. By xonma (7.9) man xypusaaukd, f‘"’(xo)
HUHI HWIOpacH Xap KaHOal 6ysarania Xam f(x)—f(x,) a#upMaHuHT
viiopacH y3rapami. By aca x, HyKTaga 3sxcTpeMyM HYKJIHTHHH aHrja-
TagH.

Mucon f(x)=¢ +e*+ 2cosx DYHKUMSAHH SKCTpEMyMra TeK-
LIHPHHT.

By dyHkuus yuyH [ (x) =" —e ¥ —2sinx 6ymb, y x = 0 nyk-
Taja Hoara aHnanagu. [emak, x = O crauuoHap HykTa. Bepuiran GyHK-
LMSTHHAT OKODH [apTHOIM XOCHJIa/MapiHH TonmuO, yJaapHUHr X = 0 Hyk-
Tajard KUAMaT/apHHH XHCOOJMalMH3:

[ff(x)=e" 4+e*—2cosx, f" (0)=0
f” (x) =" —e %+ 2sinx, [ (0)=0

M) =e+e* 2cosx, [ (0)=4.

JKydpr Taptubau Xocuaa x = 0 HykTaga HomjaaH capkan Gy.mo,
y Myc6aT 6yarand yuyH GepusraH ¢yHkuusg x = 0 HyKTajga MHHHMyMra
sra 6ynanu. lly HykTaga ¢yHRuMS KuiiMaTHHH Xucobaaimus: [ (0) = 4.

IOKopHaa KeaTupuaran kKouzaanaH, xycycaH, n =2 GyaraHja KyHu-
Jlary HaTHxka Keaub YHKaaH.

3-HaTuxa. Arap x, HyKTa [ (x) QYHKUMAHMHT CTaNHOHAP HYKTACH
6ym16 f (x) dyHxumus x, Hykrama yekau f” (x,) #+ 0 Xocuuara sra 6y.1-
ca, f” (x,) < 0 6yaranpa f (x) pyHKRUMS X, HyKTaja MakcuMymMra, f” (x,) >
> 0 6yaranpa [ (x) dyHKUMS X, HyKTaja MMHMMyM™mra sra Oynajid.

4 OYHKOHUAHUHT 5HT KaTTa Ba 3HT KHUMK KHHAMaAT-
napu. Bus aeeBanru Ganasnapaa QYHKUMSHHHT SKCTPEMYMJIADHHH VpraH-
MUK Ba ¢QyHKUHs1 GHpOp opanukia OHp HeuTa MakCUMyM Ba MHHUMYM-
Japra sra GyJMIIM MyMKMHJAMIHHM alTHO YTAMK.

DHaM QYHKLUMSHUHT SHT KaTTa Ba 3HT KHYMK KHAMATJIapuHH TOMHW
MacaJlaCuHH KapaiMH3.

f (x) dynkuus [a, ] cermMeHTna aHMKJaHTaH Ba Y3JIyKCcH3 OYJICHH.
BeliepiutpaccHUHr MKKHMHUM TeopeMacHra Kypa (5- 6o6marn 8- Teopemara
KapaHr) ¢OYHKUMSHHHT [@, b] na 3HT KaTTa XaMmja SHT KHMYHK KHiMart-
Japy MaBkyx Gysnanu Ba Oy KuiMatjapra [a, 0] cerMeHTHHHI HyKTa-
Japuja spuiuniand. PYHKUMAHHHT 3HT KaTTa KHAMAaTH KyHuaaruya To-
nuJIaty:

1) f (x) dyHRUMAHMHT (a, b) HHTepBajgard MakCHMyM KHHMaT/api
Tonuaagd. PyHKUHAHHHT XamMma MakcUMyM KuHMaTaapuiaH ubopat Tym-
aam {max [ (x)} 6y.cu.

2) OyHKUMAHUHT [a, b] cerMeHTHHHT uYerapa/lapHiard, SibHH X = @,
x =b HykTanappar# f (a) Ba f () xuiimatsiapu Xucobnanamu. CyHrpa
{max f (x)} TynnamHMHr Gapuya 3;eMeHTJapu Ounan f (a) Ba f (b) ;ap
TakkocjaHanu, By kufiMatiap uyMpa SHr KatTacH [ (x) QYHKUMAHMHT
la, b] cerMeHnTaaru SHr KarTa KuHiMatH Gy.anH.

Hlynra yxmaw QYHKUHAHUHT 3HT KHYHK KHAMATH TOIMJIAIM:

1) f (x) oyHKuMsHUHT (a, b) WHTepBasijard 6apya MHHHMYM KHilmar-
Japu Tonuaub, yaapiad {min f (x)} Tynaam TysHaamu.
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2’') la, b] cerMeHTHHHT Yerapajapy x =a, x=>b HykTanapia [ (x)
dyuxunsuuur f (@), f (b)) kuiiMaTiapy xucoGmaHamd.

{min } (x)} TynaaMuuHr Gapua SsiemeHTiapu Xamia f (a), f () xuit-
MaTslapH HYHza 3HT Kuuurd [ (x) QyHKuuAHuHT {a@, b] cerMeHTZarH SHr
KHYUK KHiMaTH GynanH.

Mucon. Ywby f (x) = sin (x?) dyHKUMAHHHT {— v,

R
—¥bn
i 2
CerMeHTaa 3HI KaTTa Ba 3HI KHYMK KUHMAT/JapHHU TOIMHHT.

ODYHKUHA XOCHJIACHHH HOAra TeHrjab, sibHH

f (x) =2xcos (x2) =0

a el
TeHIJIaMaHH Kapab, yHpad x =0, x = — 1/7 , X = 1/7 Jap cra-

HHOHAp HYKTa JKAHHHH TONMAaMH3. JHAH Gepu/araH (GYHKUHAHHHI HKKUHYH
TapTHGAH XOCH/IACHHH E3aMH3:

f" (x) = 2cos (x?) — 4x? sin (x?).
By XOCH/JIQHHHT CTaUHOHAp HYKTasMapAard KHHMAT/JapHHH TONMAMH3:

@ =2>0F (‘/5) ~ —2a <0,

/

RS

Bynaau f (x) = sin (x?) ¢yHkuus x = 0 HyKTa1a MHHEMyMra, X= l / %

T
Ba X = — ‘/ - HYKTa1apaa sca MaKkcHMyMra SpHLIHUIM KeJHb gnga.

DYHKUHAHKHT CTAUMOHAD HYKTaJjapiard KHHMAat/iapu

ro-a = V)1 (YE) -

. -1 .
6y.116, yHHHT [— vy, ;_v_‘_S n ] CerMeHTHHHI yYerapaiapHaard KHHMar-
JapH

ST l - /-.2—
f(=vVr)=0,7 (~V5n)=—v
2 2
6ynagy. DBy kuhiMatnapHu Takkocaal, [ (x) = sin (x®) dyHKUMSHHHT
P .
l—v T, v‘SnJ CEeTMEHTAArH SHC KaTTa KH¥MaTH | ra, SHr KHUHK

3
KuiiMaTH 3ca -— !2— ra TeHr GY/HUUIMHH TOMAaMH3.
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3-§. PyHKUMAHHHT KaBapHKJHTH Ba GOTHKJAMIH

f (x) bynxkuns (a, b) uuTepBanga aHukaaHran G6y.au6, Gy nHTepsas-
JaH OJIMHTaH x,€(a, b), x,€(a, b) HyKramap yuyH x, < x, Gyjacun. Pap-
WaHkH, (x;, X)) < (a, b).

Auam | () dynkuna rpapurnaa A (x,, f (x1)), B (xp, [ (%)) nyKTa-
Japhu onaiiuk. Mawaymku, 6y A (xy, f (xy)), B (xy, (f (x5)) HyKTanap-
JaH yTYBUH TYFPH YHM3HK TeHIJIaMacH KyHuaaru

y—F) _ x—x
[ o) —f(x1)  xg—x

KYPHHHLIr3 3ra 6)°ma;m. Yuu

-— X
Y= f (xy) = T 4 f (x2)
X2—
Ka6u é3n6 onmb, KysaailHk yuyH 6y TeHrJsaMaHHHr YHT TOMOHHHH [ (x)
OpKaaH GeJru/aiIzkK:

[(x)=

Illy Genrnnawira xypa Yy = I (x) TeHIJIaMa A (x,, f (xy) Ba B (x,, [ (x;))
HYKTaJapiaH YTYBUH TYFPH UYHM3HKHH Hdopanaiau. (7.10) myHocaGatnaH
{1 () =F (x)), { (xp) =f (x,) TeRraMKIap Kequb YHKAIH.

2-tabpud. Arap Xap KaHgait (x;,, x,) <(a, b) onMHranza xam

¥ X € (x5, X) ydyH

(7.10)

fR<L@ FO<I(x) (7.11)

TEHFCH3NHK YpuHAH Gyaca, f(x) ¢yHkuus (a, b) uHTepsaaza Gomux
(xamsud Gomuk) ¢ynxkyus neb atanaju.

Bortuk ¢yHkuus rpadpurd (48-a uyusma) A Ba B HyKTanapgaH VTyB-
yu [ (x) BaTappaH nacTia oHjawraH 6yJand.

3-Taspud. Arap xap KaHma#h (x;, x,) < (a, b) onuHranga Xam
¥ X € (x;, x)) yuyH

<
Y
"
-
.
@

h& )
by
=

W

3

(S
o
1

2 1)

48- gu3Ma.

f=10) (F) 1K) (7.12)

TEHICU3JMK VYPHHaH GVica, f (x) ¢yHKuna (a, b) wHTepBasiia Kasapux
(rkamoul xasapux) Gyurxyua jpeb aranaiu.

Kapapuk ¢ynruus rpadurd (48-6 unsva) A Ba B HykTaaapiaan yTys-
yy [/ (x) BaTapjaH IOKOpHJa oOHaawraH Gy.aand.
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Arap

Xo—X XX

oy = (@, =0, a,=0)

Xo—X; ’ 2 Xo—X1
ne6 Oenru/iacak, yHAa
a +a, =1,
00Xy~ CpXy = X

TeHTJIMKJap ypHHAH 6ysu6, (7.10) TeHrauk KyHunarvda HbomanaHamu:

L) =0 [ (x) + o f (o).
Haruxana (7.11) Ba (7.12) myHocabatnap ywly

Flogx, +ogxg) <oy [ xy) +op | () (F (ogxy + apxy) <

<a,; fx)+a, f(x) (7.13)
f o + o) >ay f(x) Taf () (F (0% + agxy) >
>ay f (x) +ay f(x) (7.14)

KYPHHHILra KeJsalH.
[yupakt xumu6, (a, b) ma 6oTHK ¢yHKUMA yuyH % x,€(a, b),
W x, €(a, b) nap yuyH

flonx, +agx) <ay f (x) -+ agf (%)

TeHrcuayuK Gaxkapuiazn;, Oy epaa ¢, >0, a, >0 Ba a;, 4o, = 1.

By Xocca xaM dyHKuHS 60THKIHTH TabpH(H CHPATHAA OHHHUIH MyM-
kuH. [emak, GYHKUHSHHHT GOTHKJMIH (KaThuil GOTHKJMrH) (7.13) Tenr-
CH3MMK 6u1aH XaMAa KaBapuUKJWTH (KaTBHH KaBapukjaurk) sca (7.14)
TEHICH3NHK GHJIaH TabPHIAHHIIH MYMKHH.

OVHKUUAHHHT XOCHJIAcH €plaMufia YHHHT GOTHKJIMIH XaMJa KaBapHK-
JIMTCHHH TeKLIHPHII MYMKHH.

f (x) dyHKUMA (@, b) uHTepBasija aHMKJAaHraH 6yau6, 6y MHTepBa/ia
uekau f (x) Xocunara sra GY.iCHH.

4-teopema. [ (x) ¢yukyus (a, b) unmepsarda Gomux (Kamoud
Gomux) 6gawuu Yyuyn yuune [ (x) xocuracunune (a, b) Oa yeysuu
(kamvud geyeuu) Oyauw 3apyp 6a emapau.

Hc6or. 3apypauru. f(x) pyHkuus (a, b) na GorHk 6yacuH. [le-
Mak, ¥ x,€(a, b), ¥ x,€(a, b), x, <x, Gyaranza ¥ x€(x,, x,) Jap
yuyH

PO I Fla)+ = (a)

6y/anu. ByHnaH

(g—%) [ (1) +(x3—x) [ () T(x—x) () =0
6y xeu6 udkagd. KeHHMHIH TEHICH3HKAA X, — X; = (X, —X) +
+ (x —x,) ne6 KyHMAArHHH TOMAMH3:

f) =) o fd—10) (7.15)

xX—x Xo— X
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Illy (7.15) TeHrcusnaukaa aBBaj X —» X; fAa, CYHT X —> X, Ja JHMHTra yT-
cak, y XoJua

i (x;) = lim @ —ix) < lim fa) —f () _ flxa)—1 (X1)’

X—X; X — X3 X—x, Xg— X Xg — X3
ir (x2) = lim fx)— [ (xg) > lim [ )—1F(x) — [ (xd — [ (x1)
XX, X — Xg XX, xX— X3 Xg — X1

6y.110, HaTHxKaja KyHHOar

P <JEELE) <
Xy — X
TeHTCH3/IMKJap Kesmb uukagu. Hemak, [ (x)) < f' (x,). WlyHpail xuaub,
x, <Xx, OVaranpa f[(x;) < f'(x,) 6ynapu. By 3ca (a, b) uHTepBasiza
f'(x) uuHr YcyBun SKaHMHW GUARWpapgd. SHmH [ (x) dyuruusa (a, b) un-
TepBanja KaTbui 6OTHK GyJacud. By Xoapma (7.15) rteHrcusamuk ywby
) —17F (x1) < fx)—F (0 (716)

X— X3 Xg — X

KYypuHullga 6ysaiu.
Jlarpanx Teopemacura (6- GoOgaru 7- TeopeMara KapaHr) Kypa

F @ —F(x1) =f (&), x, <& <x,
X — X3

Led=I0 _p (&), x<b<n
Xg— X

6ynagu. Cyurpa
x, <& 6yaranga [ (x) <[ &),
E, < x, Gyaranga f' (&) <[’ (xy)

TEHTCH3/IMK YpHHIH GyauiuvHH xampa (7.16) TeHrcusiukHH 3bTHOOpra
0JiH0, TONaMH3:

f’ (x2) = (§2) > f’ (El) = fl (xl)-
Hemak, ['(x,) < f'(xy). Iyrna# kuanb, x, < x, 6yaranna f (x,)<f’ (xp)
6ynagn. By [ (x) yHKUMAHMHI KaTbHl YCYBUWJIMIMHH aHIJIaTaiy.
Ertapanuauru. [ (x) dyuxuus (a, b) uHtepanga yekau [ (x) Xocu-
Jara 3ra G6yau6, y ycyBuu (xaTwuil yeysun) 6Vacun. Hemak, ¥ x,€(a, b),
¥ x,€(@ b) yuyn x;<x, Oyaramma [ () <f(x) (f'(x) < [ (x)
TeHrcusnuxk ypurau. $lHa Jlarpasxk TeopeMacujaH ¢ofifananu6 Tonamus:

P70 _ e (4, < B < 2), (7.17)
x—x1
L) =70 _ pr (k) (x < & < ), (7 18)
Xog— X
O6yHJa
n<&<x<b <x, (7.19)

Hemak, & <& 6yaranma ' (&) <f (&) (f' &) >f (8)) Tenrcusanx
VYpuHay G6yaagu. Y xosga (7.17) Ba (7.18) myHocabaT/iapnaH

240

www.ziyouz.com kutubxonasi



T —fx) f&)—F&) fE—=Fx) f (Xz)—f(X))

X — X3 - Xo— X ( X —x X — X

6yauun kenu6 uukanu. IyHaad Kuau6, % x,€(a, b), ¥ x,€(a, b) Ba
%, < X, 6yaranga (6y xoama (7.19) ra kypa § < &, 6yaanm)

fo—7 (’61)< [ —Ff (%)

(1 < x < x),

X — X1 X — X
(f x)—f (x1) < fxs)—7f (x)) (x, < x < %,)
X — X Xg— X /

TEeHICH3/MHKJIap YpHHAH GYaanu. Hatmxkaga (7.10), (7.11) Ba (7.15) my-
HocabaTJapHH sbTHOOpra oaHb, f (X) GyHKUMSHHHT (a, b) uHTepBania
60TUK (KATBHH OOTHK) 3KAHHra MILOHY XOCHJ KH/aMH3.

Teopema uc6or Gyamu.

XyAmH IyHra yXmam KyHuaard TeopeMa xaMm HcOOT/IaHajH.

5-reopewma. [ (x) ¢ynkyus (a, b) unmepsarda kasapux (Kamvdud
Kasapux) Giautiu yayH yrune ['(x) xocuracunune (a, b) da xamaros-
yu (Kamoul kamaoedw) Gijauwu 3apyp eéa emapau.

QDyHKUHAHUHT OOTHKJIMTH XaMJa KaBAPHKJHTCHHHM YHHHT MKKHHYH Tap-
1M6/IM  XOCMJIacHAaH (arap y MaBXyl 6yaca) ¢o#iganaHib TeKLIMpHLL
MYMKHH.

f (x) ¢yHkunst (@, b) uHTepsanga aHuKgaHraH 6yaub, UIy HHTepBa.d-
Ja Y MKKHHYH TapTHOan [’ (x) xocusara sra 6YyscuH. DyHpaaH Tamikapy,
(a, b) nnTeppanHuHr Xap Kaupail (o, P) ((a, P) < (a, b), o # B) kucMKuAA
f” (x) afinaH Hosra TeHr GysMacHH,

6-Teopema. f(x) ¢pynkyus (a, b) unmepsarda Gomux (Kasapux)
Gljawun yuyn wy unmepsairda

["()=0 (" (x)<0)

meHecu3AuK jpunau Gyautly 3apyp 6a emapau.

Hc6or. 3apypauru. f(x) dyHkuua (a, b) uHTepBansia GOTHK
(kaBapHK) G6V/ICHH. ¥ XoJja IOKOPHIA KeTUPHJIraH TeopeMaJjapra Kypa,
dyHRUMSHHHT ' (x) Xocusacu (@, b) uHTepBasia YCyBuM (KaMmaloBuH) 63-
Jand. QPyHKUMAHHHT MOHOTOH OVJMIIM Xakujard 2- reopemara Kypa
f” (x) =0 (f" (x) < 0) 6yanwmMHE Tomamus:

Etapauauru. 3ugu (a, b) uHTepBanja (GYHKUMSHHHT HKKMHYH
TapTHOMH XocuaacH yuyH yuiby f” (x) > 0 (f” (x) < 0) TeHrcus Mk ypHH-
Ju GYacHH. Y Xoaia siHa (PYHKUHMSHHHT MOHOTOHJIMTH XaKHIardH 2- Teo-
pemara kypa [ (x) xocuna (a, b) uHTepBasja YCyBYH (KamawoBuH) G6V-
aagu. byHpaH 4- teopemara (5- Teopemara) acocaH [ (x) yHKUHAHUHD
(a, b) vnTepBanga GoTHK (KaBapuk) GyanliM KeqHO yukagu. TeopeMa Hc-
60T 6yaau.

Mucoa. f(x)=Inx (x> 0) 6yacun. By ¢yukumusa yuyn [’ (x) =

=-——12 6ymm6, [’ (x) <0 6yaagu. IHemax, f(x)=Inx ¢ynkunsa (0,
X

-+ 00) MHTepBa/ja KaTbuit KaBapukanp. UlyHra yxmam, f (x) = —Inx,
x>0 dynkuua (0, -~ oo) uHTepBasnga GOTHK OVjamu. Yoy f (x) =
= Inx ¢QYHKUMAHHHT KaABapUKJMIHAAH OHTTa TEHICHU3MHKHH KeJTHPHO
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qukapaMu3. OYHKUMAHUHT GOTHK/IUCY Tabpubunad x;€(0, 4 oo0), x,E(0,
+ o) sap yuyH a; >0, o, >0, a; 4o, =1 6yaravua Kykunaru

a;Inx; +a,lnx, <lIn (o X + oy x,)
TEHICU3/MHK YPHHIH 6ysanu. KelMHru TeHICH3MHKHH KVAHAAru

x’f“xg’ﬁalxl—*“aﬂ@

KYpHHHUIAA é3ull MyMKHH. XyCYCHH X0/11a, &) = a, =2L 6ynca, GyH-

JaH 6usra Mabaym GyJrad
e X Xo
Vit < %

TEHICHU3/HK KeJHO YHKA[H.

2. DYHKUHAHUHT 3THJAHI HYKTaJgapu. DPyHKUUS XOCHJIAcH
€praMua YHHHT 3THIHII HYKTaJapuHH TONHII MYMKHH. f (x) dyHKUuA
xo HyxTanuur Uy (x,) aTpoduna anukjanrad GyJcHH.

4-tavpud. Arap f (x) dynkuma Uy (x,) opammkia GOTHK (KaBapHK)
6V, Uz (x,) opaiaukaa 3ca KaBapuk (60THK) Gyaca, y XOJma X, HyK-
Ta pynkyuanune (pynkyus epagdusununz) seuruus Hyxmacu ne6 arta-

JAIH.
f (x) dyrkunsa Uy (x,) Aa uKKHHuM Taptubau [’ (x) XocHiara sra

6yscuH. Arap
Y xXeUy (k) yayr [/ () =0 (" (x)<0),
¥ x€UT (x) yayr 7 (<0 (" (9 =>0)

TCHreH3nuK Ypudan 6yuca, y xoana Ug (xp) ma [’ (x) Ycysuu (kava-
10BYH), Ug" (xo) na f'(x) kamatoBuy (YcyBun) 6¥uu6, [’ (x) GyHKUMS X, HYK-
Taja 3KCTpeMyMra spHulafH. ¥ Xoama x, HykTaga [’ (x,) =0 6yaanu.

Hemak, f (x) GYHKUMSHMHT SCHAHII HYKTacHfa HKKHHYM TapTHO/IH
Xocuaa 7 (x) Hoara TeHr Gyjamd.

Mucoa. [ (x) = e 6y/cHH. By QYHKUHAHHHT HKKHHYM TapTHOJH
XOCHJIacH

7 (x) =27 (22 —1)

o V2 . .
6y.m6, v dakar x = =+ 5~ HyKTanapia Hoara aiiaHanu:

17 4 }/’2_ _ 7 ]/2_\ .
=) =0 () =0
PaBuwanku, 6y GYHKUMAHHHT MKKHHYH TapTuGIM XocusacH (— oo,
5 5 ST R
—%—/) Ba (%, + oo’) uHTepBasga [ (x) > 0; [—— ‘%, Lj—J ce—r-
_VZ
2)

Mertaa aca [’ (x) <O0. Iemak, f (x) =€ dyukuma (—— oo,
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72 42
¥ 5 , 3 . J cervenTaa GOTHK Ba (

-
¥2

,‘f-oo\
2

MHTEepBalja KaBapHk, [—

!
HHTepBa/Aa fiHa KaBapuk 6Ynaau. PyHKUHA rpapHrHeHEr A (_v2_2 , € 2)
1

4 2
B (V_z_, e ) HYKTa/lapH YHHMHI STHJIMUI HYKTalapHaup.

3. PYyHKUKSA rpadHTHHHHT aCHMNTOT anapu. [ (x) pyHk-
uns @€ R HyKTaHHHT GHpop aTpodHaa aHMKJaHraH OYJICHH.
5-tabpud. Arap yuwby
lim f(x), lim }f (x)
x—a+0 x—a—0
JHMHTJIAapAaH GHMpH €KM HKKaJacH dekcH3 6yica, y Xonaa x = a TVFpH

unsnK f (x) QyHKUMS TpaguTrHHHHT 6epmuxaa acumnmomacu 1e6 ara-
Jaam.

1 .
Macanan, y = — ¢yHkuna rpapurd yuyH x = O TVFpH YH3HK BepTH-
X
KaJ acuMnToTta OVsaiH.
Duau y = [ (x) dyHkuus (g, oo) ((— oo, a)) opaiuKla aHHKJIAHTaH
6V JICHH.

6-Tabpu®. Arap wyHnai ysrapmac 2 Ba b coHnap MaBxya 6y.a-
cakd, x— + o ga f (x) dyskuua ywoby

fX)=kx+b*a(x)
KVpUHHUITA udofanaHca (6yHiaa ]iql a(x)=0), vy xo11a y =kx -+ b

X0

TVFPH uM3HK [ (¥) dyHruus rpaduryHHHT OFMa acumnmomnacu je6 aTa-
JIaJu.

Macanan,

f ()= ﬂ_—f_xl;Q_

6y.icud. By ¢yHkUMsHH
f=x—a+ 2

x—1
. ~ 2 o
KVpuHHILZA €3Ml MyMKHH. [leMak, x— - © Ja a (x) = FEarine 0 6y-
x—

an6, Gepuaran ¢yHkuua f (x) = x —4 -+ o (X) KYpHHHLIAA HpoxasnaHa-
an. ByHpaH sca y = x—4 TVFpH un3MK GYBKUMA TpadMTHHHHT OFMa
aCHMNTOTACH 3KaHH Keaub YHKaIM.

7-Teopema. [ (x) ¢ynryus epagueu y = kx + b orma acumnmo-
maea 32a 6jaumu YyayH
X

X\

=k, lim [f (x)—ks}=b

X—o N

AUMuMAQPHURE (jpuriw Ogauuu 3apyp 6a emapau.
Mc6or. 3apypauri. f (x) dyskuusa rpapurd y = kx-+b orva
acumrtoTara sra 6Vacud. OFMa acuMnToTa TabpHHra Kypa
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f(x)=kx+b+a(x)

6y1ub, 6yHga x— -+ o ga a (x)—>0 6yaagu. ¥ xonma Kyiuzarumap-
ra 3ramMmu3s:

im L8y Brfrel gy [k—i- +°“"] k,
X—>+4w X X >4 x x>

lim [f (x) —kx] =lim [b+ a (x)] =b.

x>+ X+

Etapaunuru. Ywby
lim L9 tim (f () —ka =0
JHUMHTJIAD YpHHIH GyacuH. ¥ Xoana,
lim [f(x)—Fkx]=0 ngan f(x) —kx—b=0a (x)>0

X—-100
Kem6 yukanu. Hemak, x— + o 1a
f(x)=kx+b+a(x
6yau6, lim o (x) = 0 6Ysagu. By 3ca y = kx + b Tyrpu uusug [ (x)

X+
GYHKUMA rpadMrHHHAT OFMa acHMITOTAcH SKaHHHH Guagupanu. TeopeMa
Hc6oT 6y/aH.

Mucoa. Yu6y f (x) =

1)2 yHKUHsA Gepuran 6yacun. By dynk-

LA yYyH
k=1lim uﬁ)—=lim —’CL-=I, JneMak, k= |;
Eota X Zotn (x—IP
b=1lim [f(x)—kx]=1lim [ r x] =2, gemak, b=2.
X=+o Xosde [(x—1)2

yr Ilyupa#t Kuu6, GepusnraH QyHK-

UMA rPagUrHHUHT OrMa AacHMITO-

TacH Yy =x 2 TYFPH 4YH3HKJAH

ubopar.

®apa3z KuJIalaHK, f (x) ¢yHK-

uust rpadury 49-unamapa TacBHup-

JIaHTaH 3TpH YH3HK G6ysu6, M (x,

f (x)) srpu uusukaard OHpOp HYyK-
Ta GYJICHH.

By HykrtaHuer Ox yKura npo-

49- un3ma. eKUHACHHH M, Ounal Oenrunai-

JIHK. y=kx+b aca f (x) ¢yHk-

uus rpagMryHHHT OFMa acuMmioracH O6y.au6, Oy acumnrora Ox VKU

6uaH TalUKHA 3TraH Gypyak O (\ 0 #%) 6yacudH. MP — M HykTalaH

aCHMIITOTara TYILUHPH/ITAH MepHeHAHKYasp KecMacH, Q — MM, TyrpH uu-
3HK KEeCMacHHHHI acCHMNTOTa OHJIaH KeCHIUraH HYKTacH. PaBuIaHKH,

MM, — [ (x),
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QM, = kx + b,
MQ = [ (x) — (kx + b),
MP = MQ-cos 6.

Ywly y = kx 4 b unsuk ¢yukuua rpadUrdHHHET OFMa acHMINTOTacH 63.1-
raHH yuyyH x— - oo ga MQ ={f (x) — (kx + b) = a (x) dyHKUHA HO.I-
ra WHTWJIagH. Y Xoaaa x— -+ o Ja MP XaM HoJra WHTHJaIH.

Hemak, ¢yHKLMA rpapuruiad y = kx -+ b TYFpH UYM3HWKKaya 6V./raH
MP macopa M (x, [ (x)) HyKTa rpaduk GViMua «YeKCH3 MHTHJTaHIa»
(x—> + o« 1a) Hosaraua KaMasand. (ByHu ¢yHKRUMA TpadHTHHHMHT acHMI-
TOTacH TabpudH cudaTHaa XaM OJHII MYMKHH.)

4- §. ¢yuxuuanapun Tekwnpui. TpadukaapHu dcaiu

bBuz ymiby 606HHHr ¥YrTran mnaparpadsapiia YHKUHSJIADHHHT V3ra-
PHILI XapaKTepHHH Xocujajap épiaMujia yprauiuk. by xos dynkumsiap-
HH SIKKOJI TacaBBYp STHIUJA, LIYHUHIAEK, QYHKUHSA IpapurHHA aHHKDOK
scaliga Ky, Kejagd.

OyHKUHANAPHH TeKIIHUPHII Ba YJapPHHHT IpadHKJapUHH SCAUIHH KY-
Apjary cxema Gyinya o0 GopHin Makcaara MYBOGUKIHD:

1° DYHKUMSAHHHT aHHKJAHHII COXaCHHH TOIHIL,

2° OQyHKUMAHM Y31YKCH3/JIHKKA TeKIUHPHIUI Ba Y3WJIHII HYKTa/japHHH
TOTHLL;

3° OyukuHAHMHT KYPT, TOK Xamaa JaspuA/IMTHHH aHHKJaLL,

4° QOYHKUMAHH MOHOTOHJIMKKA TEKLUHPHLL;

5° OYHKUHAHHM 3KCTPEMYMIa TEKIIHPHLL;

6° OyHkumMsA rpadHIMHHHT KaBaDHK XaMjaa GOTHKJIMIHHM aHUKJall,
STH.HII HYKTAJJaDHHH TOTTMIL;

7° O®yuguys rpadMIHHUHT aCHMIITOTAJAPHHH TOMHL;

8° OYHKUMAHHHT X3aKHKHH HJAH3JApHHH {arap y.Jap MaBXkyal G6Vi-
ca), WYHMHTIEK apryMeHT X HHHr GHp HeuyTa XapAKTe]JH KHHAMAT.1apuia
Oy HKUMAHMHT KHAMAT/apHHH dCall.

Mucoa. Yuwby

x2—1

[ ()=

GYHKUMAHM TeKIUHPUHT Ba T'Pa(UIHHU SCAHT.

Bepusiran ¢yHkuuss R = (— oo, + oo) HHTEpBaJla aHMKJAHTaH Ba
yaaykcus. By dyukims yuyH f (—x) == f (x) Teurmuk VpHuau. [leMmax,
f (x) xydr dyukunsa (yuudr rpaburn Oy Yxura HHCGaTaH CHMMETPHK
6ysanu), yuu [0, -+ oo) opasMKla TEKIUMPULU ETapJH.

OyHKUMAHUHT OUpYHYH Ba HKKMHYUH TapTHOJH XOCHJAJapHHH Toma-
MH3:

x2-+— 1

4x 17 _ 4 (1 —3x2)
w0 = e

[ (x) =

DYHKUHAHHAT GHpUHYM TapTHGaM XocuaacH [0, -+ oo) opasHKIa MaBKyJ
Ba x = HyKraga Hosra afinasagu. Ly x = Q HYKTaga HKKHHYH Tap-
THOM Xocusand xucobmaiimus. 7 (0) = 4:> 0. Byngan Gepuiran f (x)
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dyHk1Ha x=0 aa mMuHuMyMra 3ra Ba [0, + o) pa minf (x) = — 1
6ynagd. uam x>0 pa f’ (x) > 0 6yaranugan Gepusirad (PYHKUMSHHHT
{0, + oo) opanukna ycysuuaHruHH tomamu3. CyHrpa ywby

k=lim 12 _jim 2=1.L_g
Xotp X ¥t X2+ 1 x

b=lim [f()—kd=lim Z=l =1
X—=T oo x-.—,-mx2—,'—l

JUMHTAapra Kypa y = | ropu3oHta1 Tirpu 4H3uK [ (x) dyukuus rpadu-
THHHHT acHMNTOTACH 3KaHWra Ba

f)—1=

| -
ol 1= =2 <o
2 1 :

x2— x2+1

TEHICH3JHKKA Kypa (pyHKUHS rpa-
rh ¢GMre acHMITOTagaH MNAacTAa KO-
! Jamrad OYyJIHIUHra HUIOHY XOCHJ
KHJIaMH3.

OYHKUWAHHHT HKKHHYH  Tap-
THOH xocunafu [0, + o) opa-

JIMKHHHT X =—— HyKTacHia Ho.1-
V3
ra a#ga"agd. PaBmasvku, 0<

, 1
<x<——l_—_,uaf'(x)>0, —<
73 73

1 ¥
<x< -+ ga " (x)<0. He-

NS
.

al-

50- upzwma.
Mak, [ (x) ¢yHkuusa [0, ——
3 3
4 l \ .
HHTEpBasja GOTHK, (-——, --oo | WHTepRaJda KaBapHk Gyaagd. x =

v 3 .
=+ — HyKTa YHKUAA rpaPUrHHMHT STHAHLI HYKTAaCHAAH HGOpaT.

¥
Bepusiran dyuxupsnuar rpajury 50- 4M3Mana TacBHpJAHraH.
5-§. Aungmaciukaapun ounws. JlonMTanb Kouzanapw

, . ] 0
Bu3 yHKUHMATADHHHT .THMMTHHH VPraHHII >XapaéHHAa e =, 0,

o — o, 0, AR K{PUHHLIIArH aHHKMACJ/IHKJ/IapHH O4HIL GHJaH Ly-
FyadaHrad sauk. Teruunti ¢yHKUHSJIADHHHT XOCHJaJdapH maBxyn 6y.-
rafia, Gepu/raH aHHKMac/IMK/APHU OYHIN Macasacd eHruwaiaman. Oaar-
Ja XocH1a.1apaaH ¢oiiaanaHiG aHUKMAC/HKJIApHH ouult Jlonumane Kou-
Ga{zapu Ae6 arasmagu. Bus xyituga Jlomuraab KouaanapuHuHr Mydaccas
GaéHu OW/IaH 1UyFy.11aHAMHS.

I — Kypunumiarm auukMacauk. Mabiymku, x—a 1a

o]
F()—0, g (x) 0 6faca, -/ "":
g (x

0 .
Hucbat o K DHHHILJATH aHHKMACJIHK®
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f (%)

g (0

HHCOATHHHT JIHMHTHHH TO-

BH HpozanaiaH. KinnHua x—a ja
’ X .

[HHIra Kaparasja f—(())— HHCOATHHHT JIHMHTHHH TONHII OCOH 6%.JajH.
g x

by nucbatnap JUMHTJIaDHHMHT TeHTJIMTHHH KYHWJar#H teopeMa Kypcata-

JH.
8-teopema. (a, b) unmepsarda anuxraneaH, Yy3sykcus f (x) ea

g (x) Qynryuarap yuys ywby wapmaap baxcapurear OYACUH:
Dlim f(x) =0, limg (x) =0;
xX->a X—a
2) (a, b) Oa uexau ['(x) 6a g'(x) xocurarap masxwyd ea g'(x)+0;
3) lim r (()) k (k—uexau éxu wexcus).
x—a g
¥ xoida
lim f () = lim i’ (X) =k
x—>a g (x) x—a g (%
meneaux gpurau 6yaradu.
Hc6ort. f (x) Xxamaa g (x) QyHKUHANAPHHHT 'x =@ HYKTaja KHuii-
MaT.apH HOJITa TEHT, STbHH
f(@=0, g@=0 (7.20)
1e6 ogcak, HaTHXaja
limf () =0=/(a), limgx=0=g (@)

TEHIVIHKJap YpHHAH 6yau6, [ (x) Ba g (x) dynkuusnap [a, b) opanmkaa
y3.1yKkcu3 6yaaad. ¥ x€(a, b) nHykra omm6, [a, x] cermentaa f (x) Ba
g (x) pynKumsanapay Kapaiimui. By cerventna f (x) Ba g (x) ¢dyukuus-
Jap Koum TeopeMacHHHHT (8- Teopemara KapaHT) ILUApTJapHHH KaHOaT-
JanTtHpaau. ¥ Xosnpa KomH TeopemacHra Kypa a GuJaH x opacHia LIyH-
Ja# ¢ (@< c < x) HyKTa TOMHUJALHKH, VILGY
[D—T@_F @
—g@ g©
TEHTJIHK ypuHJH Oynaau. By tenrmukaan sca (7.20) ra kypa
fx) _ i
gx g
6VauIud KeaH6 uMkaau. Pasluanku, x —a jaa ¢ —a. [eMak,
lim L& —1im —f: © _
x-a g (x) coa g (¢)

Mucon. Yuwby

. et*—In(x—e
lim ____(_)
x=—0 arcsin x

JHUMHTHH XHCOOJaHT.
by xouana

f(x) =€* —In(x+e), g(x) =arcsinx
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6y.1u6, yaap yuyH 8- TeopemaHuHr Oapya LiapT/apH Gaxapuiaid. Xa-
KHKAaTaH XaMm,

D limf ()= lim € —In(x+e€) =0, lim g(x) =

x--0

== limarcsinx = 0,

x =0
3 34 1 1
)= 207 ———, g (X) = o——= <L
D) [ ()=2"——— g ()=, |¥]
2823~ ]
3 lim L9 _jim——xTe _g L
x-0 g’ (x) x50 _ e
V1i—x2
6yamu. Y xouaza 8- Teopemara Kypa
lim L8 & =lnttd o 1
x>0 g (x) x—0 arcsinx e

[ly 8- TeopemapmaH, AbHH JlomuTaqb KoupacujaHn ¢oipananub, 134 -
Getiard MyxuMm (4.1) JHMHTHH OCOHJHMK OH/IaH HCGOTJALl MYMKHH.
XaxuKaTaH,

x—0 x x-0

5-3camatma. IOKopuna keatHpuaraH 8- TeopeMaHHHr J3- WapTH 6a-
XKapH/Marasja, s’bHH x—a 1a [(x) Ba g(x) !pyHKUHAJADHHHT XOCH.JIa-

Japy MaBxyjn 6yaub, x —a 1a % HHCOAaTHHHT JIMMHTH MaBxXyZA 6yJ-
g X

)
x—a g (x)

Marasija xam

MaBxya Oysuind MyMmkuH. Macanan, f(x) = x* cos-l—, g(x)=In(l +
X

+ x) 6yacun. By byHkuusaap yuyH [ (x) = 2xcos 1—+ sin —l-, g'(x)=
X x
1

6yaub, x—0 na

I4x
. P
cos — sin —
f (% * x x
gw L
1+ x
HHcOGaT JMMHTra 3ra amac. Bupok
1 l
f () x2cos — X-COS —x—
. X . C
lim ——==1i = — =
x>0 (%) x—0 In(l+x) x>0 In(l+x)

6Vaanu.
9-Teopema. (c, + oo) unmepsasda anukranean f(x) ea g(x) Pyn«-
yus yayn yuwlby wapmaap bamapusean Oyacun:
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limf(x)=0, limgx)=0;

X% x—>—+»
2) (¢, -+ o) Oa wekau [ (x) ea g (x) xocurarap masxyd ea
g () +#0;
3) lim ’V,—(i = k(k — uekau éxu wexcu3s). ¥ xor0a
xstx g (%)
lim L — pim L& _
xstoe g{¥) x~+mg ()
meneauk Gpuriu 6garadu.
Hc6oT. YMyMHiIMKHH caxkjarad Xxo/17a, TeopeMagard ¢ COHHH

- 1 -
MycOat ne OaHII MYMKHH. X y3rapyBuuHH ywly x = — dopmysa ép-
JaMuia ! y3rapyBuura ajMaliTHpaMu3. Y XoJja x—» + ) aat—» +0.
Hartuxkaga f(x) Ba g(x) ¢pyHukuusnap ! y3rapyBuHHHHT [ ( —) Ba g< 1)

-
(byHKuHﬂﬂapH 6}JIHO, yﬂap (O’ T) HHTepBaJUIa aHHKﬂaHFaH.
Teopemanuur 1) 1apru m\/ﬁmarlu
llmf(x)—hmf( )_0, lxmg(,\)—llmg< oo
x—+o00 t—>+0 X—>+aw /
KYPHHHLIHA OJaiH.

1
(0,—-—) HHTEpBaJ1a f( ) g(T

c
XakukaTtaH xaM, 6- 606)1am Mypakka6 (yHKUHA XOCH/IACH XaKugaru

3- Teopemara kypa ((6.5) ¢opmynara kapaur) Tonamus:
)L A=) =
()L alr) =

\

£ 1
By mynocaGataapaan f, (—z—) g (_t—) XOCHJIA/IAPHHHT MAaBXKYJI/IHIH Ke-
/

) ¢yHKUMAIAp XOCHJIanapra 3ra.

Ju6 uukagu. CyHrpa

{ . 3 . '
bm —pr=tim e =lim [ =
t ++40 S t-++0 o — — x>+ .’
g’( t) g”( t ) r &
s A
s )
6ymwmaan 3ca lim ——— HuHr MaBxyLsurd Ba lim — =k
{540 A B f—+0 ' f_—_
i(7) “(7)

IKaHHHU TOMaMHU3.
o 1 1 1
Ulynaa#t guaub, ( 0, — | uHTepBajja aHWKJaHTraH [ (t_>’ g (——)

c
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OYHKLMAJAD YYYH KVHHJArura ramms:

1) hmf( ): 0, limg (‘H = 0;

1—4-0 /

2) (0, T) HHTEpBaNIa ft( ! ), g (_:_) XOCHJaJlap MaBKyJd Ba

7 \-t—./ ’
g () =0

140 g (T)
Y xosza IoKopnia Hc6oT 3THATaH 8- Teopemara Kypa
=)
lim ——*-
i->+0 ¢ [-—
e
6ynann. KeAuHrH TeHrJMKAaH 3ca
xoto 8(X) x—tx gl(x)

6Vanmmm keanb uuKazn. Teopema ucbor GyJanu.
Mrucoa. Yuwby,

]
e*—1

1m
x-+x 2arctg x3—x

JIMMHTHH XHCOOMAHT.
!

By epaa f(x)= & —1, g(x)=2 arctgx® —n 6yiu6, yaap yuyw

9- TeopeMannHr Gapya luapT.iapH GakapHialH, XXyMJajaH
1

s 2 x? , 4x
)= — o € g(x):1+x4
6yau6,
1
’ 2 i, - . 4
lim Z% = tim (_:-,e‘ e gim X
x+4o00 & (X)  xstce 4x oo 2x*
6ynanu. 9- Teopemara Kypa
1
tim 12 gy -t L
xodoo &(X) xzotoo 2arctgxi—m 2"

20 =
~— KYPHHHIIJAaru aHHKMacJaHK. Mabaymky,

oo
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flx)—> o, g(x)—> oo 6ynca, Ef% HHC6AT — KYPHHUUIZATH aHHKMac-
JukHE udonanafigd. DyHIalt anHKMac/uKHH oguiuza XaMm f(x) Ba g(x)
(YHKUMANAPHHHT XOCHJIANapuiaH oHanaHHIl MYMKHH.

10- Teopema. (a,b) unmepsasda f(x) Ba g(x) Pyrkyusarap y4yn
yuwby wapmaap 6axapurean GYacuL:

) limf(x) = o, limg(x) = ;

2) (a, b) unmepearda wexau [’ (x), g'(x) xocurasrap Masxyd ea
g =0

3) lim L® _p (# —uexau éxu uexcus). ¥ xo0a0a

x—a g'(x)
lim L9 _jim FW _
x»a g(x) x—a g (%)
meneauK jpunau 6ijradu.
Hc6oT1. B HUHr yeKsau XaMOa yekcd3 Oy.radH XOJJIapHHH aJIOXHAa-
anoxura Kapab yTaMus.

a) lim Fe
xsa g (x)

6vau6, k—uekau Gy.cHH. JIuMHT TabpHdHra kypa, e > 0 oauuranga
Xam ir ra kypa wyHaai 6 >0 COH TONMHIAfHKH, @ << X< a0 TeHr-
Z

cH3JMKJIap GaXKapH/raHaa
Fo _ kl - (7.21)
g (x) 2
TEHTCH3MMK XaM Gakapumagu. Ywiby a<x <x,<<a -+ 0 TeHrcHa/HKJIap-
HU KAHOAT/IAHTMPYBYH MXTHEPHHA x Ba TaHHH/IAHTaH X, HYKTaJapHH oJHOb,
[x, x] cermentaa f(x) Ba g(x) ¢yskuusnapra Koum TeopeMacHHH
(8- Teopemara KapaHr) Ky.iaHamu3. Y Xo/aa
f(x) — [ (x0) _ ' () (722)
fgx)—gix) g ()
TeHrJMK YpHHIU 6yuub, OyHaa x<c<x, Gynapd. PasiuaHkH, 6y ¢ HYK-
Ta x ra GOFJHKIHD.
TeopeManunr 1lim f(x) = oo, limg(x): co GyJHiUM IUAPTHra acoc-

X—a
qanub f(x) =0 g(x) =0, ;(( )")

Suau (7.22) TeHrIMKHHHr Yall TOMOHHJA TypraH
f(x) — f(x0)
g (x) — g (xo)
HucOaTHH KyHugaruya €36 oJamus:

#= | ne6 oscak 6ynagu.

<x0>] f (<o)
[ ——
F)—F () _ |~ i _
g —glx) [1_ g@_)] g(n g’
g
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Y xonpa (7.22) myHoca6aT ymby

_ f (x0) — g (xo)

[ fo) I (C), SBHH ® _ 1@ e (7.23)
g () ]_g_(x_o). g g - 40) 1— f_(LU)_
g (x) f(x)

(x < ¢ < x, KypuHHIIra KeJajH.
o ‘(c )
(7.23) TeHrJIMKHMHI VHI TOMOHMAArH —f—:—;— HHUCGAT ¢—>a (a<x <
8 (c

< c<xy<-a-+ 0) ga k ra MHTHIAH:

lim L@ _ ¢ (7.24)
c»a g (©)
SHaM
S R (7.25)
g (©

Je6 Genrunaiiivk. PaBiiaskH, oo MUKAOpP ¢ ra Ba V OpKadd X Ba X
HyKTajapra GorJHK Gy.H6, a<x<x,<c<a-+ 0 Oyaranma (7.21) my-
Hocabatra Kypa

la < —g— (7.26)

TeHTCH3JMKHH KaHOATJ/IAHTHPaJH.
(7.23) Tenr.ukparu

(1=50) =70
g(x) %)

HHCOaT, X, HyKTa TafMHJaHraH Xo/aaa, x—@ fa | ra MHTHAaQH, SBHH

1— g (xq)
x->a 1— [ (xo0) )
f(x)
BHau
1— g (xo)
_ gt
p= AT 1 (7.27)
fx)
Ieb6 Genrusacak, y xo/ja
limB=20
x—=a
6ynagu. HeMak, yma € > 0 onuHragga xam TN ra Kypa umys-
£
Ja#i 6, > 0 coH TomunamukH, a<x<a + 8, Gyarania
€
7.28
“3'<2(\kl - €) (7.28)
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TEHICH3IHK VpuHiH Gynamd. dunu (7.23), (7.25), (7.27) myHocabat.1ap-
HaH TOMaMu3:

f((k)) (k+a)(l +PB)=k+[a+ (k4 )Pl

Arap 8 >0 Ba 6, > 0 counapHuHr kuuuruHd 6% ne6 oncak, yHIa a <
< x <a-+ 6% yuyu (7.26) Ba (7.28) TeHrcua/nHkJap OWUp BaKTHa YpHH-
au 6y.u6,

%+ (k < Ik )< £ 4 [lhl+ L) —— =
oot (e + 2Bl <lal + (B + @) 1Bl <+ + 151+ 5 ) 5o

€ g
=— 4 —=¢8
2 + 2
TEHICHJHK OaxKapHaanH.

Hemak, 3 € >0 oaudraHza XaMm inyupaét 6* > 0 coH TomM/IagHKH,
a<x<.a + 6* 6ynranna

[ kl <e
g(x)

6ynanu. by sca
lim fe _ lim m=k
x—a g(x) xsa g'(x)

Oy MHIIHHA OU/IAHPAAH.

6) llmf ((x)) = oo OyacHH. @PYHKUHA JHMHTH TabpHHra Kypa
x—a g

M > 0 onuHrania xaMm wyHAaad 6 > 0 coH TomUAafukH, a< x<a-+0
6yaranaa
[ (%)

g'(x) (7.29)

6ynanu.

IOkopuaary a) Xo/Haaruaek a<x<x,<a -+ 0 TEHICH3/MKIapHH Ka-
HOAT/IaHTHPYBUM MXTHEDHH Xx Ba TalMH X, HyKTanapHu osub, [x, x,] cer-
MmeHTaa (7.22) TeHryHkka 3ra 6YsaMus. bynaa a < x<c<x,<a 4 8 Ba
aeMaK, a<<c<a —+ 0 TeHrcuanuk/japra Kkypa (7.22) TeHIJHKAaH

OIS m (7.30)
g ©

TEHTCH3JHK KeaHb YHKAJH. Hkkungu TOMOHIaH,

g (xo)

N1 .
m e

fx)
- 1 o
6yaraiuliad e > 0, KyMm/aaaH, € = - yuyH mwyHgald &, > 0 coH To-
NuIafukd, a < x < a -+ 8, 6yarauga
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£ |
|— & 1
| j_ L) 2
i I (x)
6ynann. KefimHry TeHrcMaMKAaH 3ca
- i‘(—)l
g, 1
—T_(Io_)— >— (7.31)
)
6ynHImM Keau6 YHKALH,
(7.22) TeuramkaaH TONaMH3:
g
f(x) g '@

gw L Lo g'©
f(x)
Aupu 6* =min{6, 6,} ne6 ouacak, y xoama a<x < a- 6* 6ya-
ranpa (7.30) Ba (7.3]1) TenrcuanMKsap GapaBapura ypuHau Gyaamau. Ha-
THXala a < x < a + §* 6y.ranvga

_ &g
i | (1o
]_M)_’ g’
f(x)

f)
gw

]
—M
-

6yaaan. by aca
lim 1® _
x>0 g (x)

6y MiuHAKM Ouaaupaad. Teopema uc6ot GyaaM.
Il-Teopema. (¢, + ) unmepearda f(x) 6a g(x) Qynryusarap
yayn yuwby wapmaap baxcapurzan GYACUH:
1) lim j(x)= o, lim g(x) = o;
X0 Xt
2) (¢, -+ o) unmepsarda uexau ' (x), g' (x) xocusarap masxyo éa
g (x) = 0;
3) lim _f_’,(_x)_:k (B — uexau éxu 4excus).
X+ g x)
¥ xoa0a
lim 19— lim ;@ =k
Xxodlx £(x) x5~ £ (x)

6yradu.
By Teopema 10KOpHMAA KeaTHpH.ITaH TeopeMara yXiiail HCOOT.1aHalH.

3° DowKa KYpUHHIIAAarH aHHKMacaHKaap. MabiayMkH,
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lim f(x) =0, lim g(x) == o 6yaranna f(x)-g(x) upoga 0- oo KypuHHLI-

x—a X >a
Jard aHdkMacauk Oymub, YHH KYHAWzard

Fx)-g (0= ffx) — g(lx)

T

" 0 . D .
KabH €3um opKasu ~ &K# — KYPHHHUIIATH aHHKMAC/MKKA KeJITHDHLI
(V]

MYMKHH.
Myuunraak, limf(x) = + o, lim g(x)= + o 6Yyarauna f(x) — g(x)
X->a xX—=a

Hposa oo — oo KYPHHHIIJATH aHHKMACHK OYJHO, YHH XaM KyHugaru
1 1

F)—g(y=-L8 0

0 f(x) g
KaOH V3rapTHpHII HaTHXKacHOa e KYPHHHIIJATH aHHKMACJUKKA KeJTH-

PHII MYMKHH.
OlyHpa# kb, dyHKuMs XocHaanapH éppamupa 0- oo XxamMaa oo —

o 0 . oo

— oo KVPHHHIIJATH aHHKMAC/IHKJIAPDHH OYHILAR, Y.IapHH - &

(e o]
KYDHHHILIJATH aHHKMACJHKKA KeJITHPHIUG, CYHr IOKOpHIArdH TeopeMaJiap
KVJ/IaHHIa -,
Mabayvku, x—a [a f(x) yHxkuus 1, 0 Ba oo ra, g(x) byHKuus
3ca Moc papHiga o, O Ba 0 ra HHIHAraHza

IF (x15*

Jdapaxaau-KypeaTkuuad udofa 17, 0% oo KYpUHHUIZArH AHHKMACJ/IHK-
Jgap sad. By KYpUHHIITAardH aHHKMAC/HKJIADHH OYHII Y4YyH aBBald Y =
= [f(0)] *® norapudmaanamu: Iny = g(x)-In f(x) - x—a na g(x) Inf(x)
Hposa 0- co KYpHHHIIZATH aHUKMACJHKHHM HdojaaaaiiH.

®apa3 KuaaHIHK, x—>a Ja g(x) Inf(x) anukmac udomaHu V3rap-
THPUO, IOKOpHAArd TeopeMmaJjapiaH OupuHH (Jlonutanp KOMIACHHH) K-
J1aHHO,

0

lim[g(x)-Inf(x)] =05

Xx—a

(b — uexau EkH uexcus) GYJMIIMHH TONAMK, AeHJHK. YHAA
lim y = lim [f ()] = lim &2® 1"f® — ¢
X—a x—a xX—a

6ynany.
6-acaatma. Arap f(x) Ba g(x) dyHkumsnapuuur f'(x) Ba g’ (x)
Xocuaanapu XaM f(x) Ba g(x) 1ap CHHrapH IOKOPHJa KeJTHPHJraH Teope-
MaJlapHHHT Gapua WIapT/apHHH KaHOAaTJaHTHPCa, Y Xoaaa
lim L9 — i £9 gy £O
g ) g g" (%)
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TEeHIVIMK/1ap ypHHJAH Gynamd, AbHH 6y Xosna Jlomuraab KOMJAcHHH Tak-
POp KYJsMaHHIl MYMKHH GyJanu.

Mucon. ¥Ymby :

. sinx 2
lim | Z—=
x—0 X

JUMHTHH Xucobjadr. PaBwankn, x—0 1a y=[

1

%%
} udoga 1* ky-
puHMIIgary anukMacauk. Coxna xucobnamsiap €paaMuia TONaMH3:

sin x

sinx ( sin x)’ x xcos x—sin x
n— In— _— —
. . X . . sin x x2
limlny = lim =lim - =lim =
x50 x50 x2 PN (x2) x50 2x
I ..  xcos x—sinx 1. x-cos x — sin x)’
2 x>0 x3 2 x>0 (x3)
1 .. xsinx 1
- Lpmriny_
2 x—0 312 6
Jemak,
RE 1
lim [Si”x]x —
x>0 X
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8-505B
AHMKMAC HHTEFPAJI

MabayMKH, XapakaTZard HYKTaHMHT TE3JIMTHHH TOMHII, ITYHHHTIEK,
3UPH YM3NKKA YpUHMa YTKasuil Katu Macananap (6- 606HHHT 1- § ura
KapaHr) (QyHKUMAHH AuddepeHunanall TylIyHuYacura oJHO KeJrad 37u.

HykranuHr Xap 6Mp BaKT MOMEHTHAATH TE3JHTH MabiayMm GyJaranjga
VHHHT XapakaT KOHYHHHH TOMNHLI, 3TPY YM3HKHH YHMHT Xap GHp HyKTa-
JapHIarTH ypHHMAJapura Kypa aHMKJ/aul ka6l Macajajap XaM Kym yu-
paiinu. Dynpait Macananap rokopuia 3c1aTHO YTHATaH MacasaJjiapra Tec-

Kapu Oysu6, ynap QYHKUMAHH HHTerpasjall TyIIyHyacHra oJub Ke-
JajH.

1- §. AHHKMac HMHTerpa’ TyLIyH4acH
1. Auugkmac HHTerpaJ TabspudH. f(x) dynkuua Gupop (a, b)
(uek/M EKM YEKCH3) MHTepBasla aHHKJAaHTaH OYJICHH.

l-tabspud. Arap (a,b) 1na f(x) bywkuma 1wy HHTepBaiia Iud-
¢epeHimannanyBus F (x) GYHKUMAHMHT XOCHJIacHra TeHT, SBHH

Fp=f(x) (x€(a, b))
6yaca, y xonma F(x) dynkuna (a,b) wHTepBanga [(x) GyHKUMAHHHT
6ownanrud yHKyUACU AeHnnany.
By TabpudHH dyHKuMA AvdpepeHlHasn OpKaaH XaM aTHII MYMKHH,
2-tabpud. Arap (a, b) na f(x)dx wdoma my wunTepBaima ud-
dbepeHumananysus F (x) yHKUHSHUHT AnddepeHUHa nra TeHT, STbHH
dF (x) = [ (x)dx
6yaca, y Xomma F(x) o&yHkums (a,b) uHrepBanga f(x) QyHKUMSAHHHT
6owranruy ynxyuacu 1e6 aranany.
Sumu f(x) ¢yHkuna [a, b) cerMentia 6Gepusrad GYJICHH.
3-tabpud. Arap (a, b) 1a [f(x) byHkuMa Wy opanuKia auc-
tepeHmananysun F (x) QyHKUMSHUHT YOCHJACHra TeHT, SbHH
F'(x)=f(x) (x€(a,b)

6ynu6, ¢ Ba b HyKTaznapia 3ca
F@a+0=f@, F6—0=/®

TEHIVIMK/JAp VPHHJAH 6Ysca, y xoaga F(x) dynkuus [a, b] cerMentaa
f(x) OynxunsHuHT 6owianrud yHrkyuacu neb atanagd.

Mucoannmap 1. f(x):—]—/lx='2— 6Vacun. DBy  dyHKuMsHuHT
—X

(—1, 1) unrepBania Gownauruy dynkumsicn F (x) =V 1—x®  6ysamm,
yyHru (—1, 1) Aa

F@)=01—#) = — ===

2. f(x)=x% ¢)YHK§HHF{HPIHF (— o, 4+ o) wunTepBasaa GolIaHFHY
ynkumsacy F (x) = 53— 6yJMIIH paBuIaH.
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iysu Tabkuiaab yTamuskd, (@, b) uHTepeaqiza y3aykcus Gyuaran
Xap kaHiai GyHKIMA Wy HHTepBaja OowliaHFuy ¢yHKuMsira sra 6y-
Jagu. BysuHr mcGotd 9- 6o6na KenTHpHJIAMH.

F(x) ra @(x) dysxuusnapiuur Xxap 6upu (@, b) uHTepBanga GMUTTA
f(x) dyaKuna yuyd Gownanruy Qydkuna 6ynca, 6y F(x) Ba D (x)
Pyuxuusaap (a, b) uureppanga Oup-GupuiaH y3rapMac coHra ¢apk Ku.1a-
JIH. XakHKaTaH xaM, OoilaHrud GyHKUMA Tabpudura Kypa (a,b) na

Fr()=1(q), D (x)=F(x)
Gyaamr. devak, F'(x) = @'(x). bynnan 7-6o6zarn l- HaTixkara kjpa
F(x)=®dx)+C (C = const)
TEHIVIHK KeJH0 YHKaIH.

Monomuky, (@,b) unTepBanga Oepuaran f(x) GyHKUMSHHHT Gapya
GolIaHFHy (DyHKUMAIAapH OMP-OMpuAaH y3rapMmac coHra (apK Kujap 3KaH,
6y OYHKUHAHHHT Iy HHTepBasija OHpop OGowliaHFuy (YHKUHSCH F (x)
€plaMuia YHHHr HcTajraH OoulTaHFuy QYHKUHACH YWIOGY KYPHHHIINA
udoganaHagy.

Fx)+C (C =const).

[-scaaTMa. DyHKIHAHMHT aHHKJAHMLI COXACH OPAHK OYJIHUIH My-
XuM. Arap QYHKUHAHMHT aHMKJAHMID COXacH OpaJHK GyJMaca, YHHHT
6outanruy QyHKUEANapH apKH yarapMac GV.MacaaH KOJIHLUH MYMKHH.
Macaaan, [(x) = x ¢yskumsny E =(—oo, — 1) J (I, + o) Tymnamia
Kapaiink. By ¢yHKuns yuyx

F() = - (x€E)

l %2 arap x€(l, + ),
D(x) = |

~x2i -+ 1, arap x€(—o, —1)

GYHKUHSIAPHHHT Xap Oupu GOLUIaHFHY (PYHKUMA GY/MMILM paBuad. ¥1u-
Oy D (x) — F(x) aliupMa yuyH KyHHarura Sramus:

g0, arap x€(1, + w),
P F(x)”{ 1, arap x € (—oo, — ).

Ilynga#t xuiu6, 6y aiiupma E TymiaMaa KOHCTaHTa 3Mac.

4-tabpud. (a, b) unrepanga Gepuarad f(x) pyHkUMA GOULIAHFHY
¢dyHkuusapuuuHr  ymymuit Hdojacu F(x) 4 C, C=const, wy f(x)
QYHKUMSHHHT aHusKMac unmezpasu ne6G atanafu Ba

7 (0 dx

Kabu Genrumanagu. Bynpa [ —mw.iterpan Genruc, f(x) uuTerpas ocru-
Jaru ¢yHrums, f(x)dx sca muterpas octHaard udopa gefnaand. Jlemak,

5 f(x)dx = F(%) +C (C = const). (8.1)
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Miucoa. Yuwby
(2% ax

aHMKMac MHTerpan (KMCKaua, HHTerpas) HM TonmuHr. Tabpudra kypa
(2% dx wnrerpan wynpah (GyHKWMSKY, YHHHT XOcuiacH 2° (nudxpepen-
unaan 2% dx) ra rteur. Ky#inaarn

2).’
Fo=rz
¢$yHKINA yYYH
vy — (25 _ox
F (1) = (mz) 2
6ynamu. [emak,
Xy = 22
{orar= Z 1 c.

2-3cnatMma. F(x) dyskunsa f(x) Husr GowsarFuy QyHKuMsAcH 6y-
JIaJMranl OpajHK KypcaTHaMaraH xoJaja GyHaait opanuk cudatuaa f(x)
GYHKUMSHHHT aHHKJIAHHII OpajIHFH TYIUYHHJIANH.

2. AHUKMacC HHTEerpaJHUHT COAa Xoccaaapu. ArukMac

MHTETpajHHHI TabpHQHAAH GeBOCHTAa YHHHT KyHHJaru coxnma Xoccanapu
KeJHb YHKaJu.

1°. f(x) dynkuus awnkmac unterpamn | f(x)dx uuur auddepenumasn
f(x)dx ra Teur, spHH

dl Jf f(x) dx] = f (x) dx. (8.2)

XakuKatau xaM, F(x) dyHkuns [f(x) HuHr Gomnanrny (GyHKUMACH GYn=
cun: F' (x)=f(x). ¥ xonma

_{f (x)dx=F(x)+C
6ynaau. KefiMHrH TeHIJMKIAH TONAMH3:
d [ 5 f ) dx] d{F(x) + Cl=dF(x) = F (x)dx = f (x)dx.

By xocca aBean audxbpepentman Oesrucud, cyHrpa murerpasa Gearucn
§ kesm6, ysnap éHMa-€H Typranja y3apo GUp-GHDHHH HYKOTHIUHHH Kypca-
TajH.

2°. Oyrruua aubdepeHIHATHHHAT aHHKMAC HHTETpaJaH Wy ¢yHKINS
6usaH yarapmac COH HMHFHHIAMCHIa TEHT, STbHH

Y dF(x) = F(x)+C (C= const). (8.3)

F(x) dyskuna f(x) Huur Oupop OGouwwiaHFMY GYHKIMACH GYJCHH:
F'(x) =f(x). ¥ xonna

Sf(x) dx=F(x)+C
TEHIVIMK YpuHIR Oysans. MKKHHUM TOMOHJAaH,
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(f(yde = (F (ydx = (dF (x).

v . s

OXHupru MKKH TEHIVIHK 2°- XOCCaHH HCGOT 3TafH.

Mlynnaét xumu6, (8.2) Ba (8.3) dopmynanap, aubdepenuuaiai
aMa/d aHHKMac HHTerpajHH TONHIU aMaJjura HHcGaTaH y3rapMac Kyiuu-
JYBUH aHMKJ/HTHAA V33P0 TeCKapH SKAH/IUIHHH KypcaTafH.

3. UETerpaanamuuHr coqna Kouganapu. 1° Arap f(x)
Ba g(x) dyHxknMsiap GowiaHFuy GyHKUMATapra 3ra GyJaca, y xo/a1a
f(x)+ g(x) xam 6GowiaHFHY yHKUHsra 3ra Ba

() + g dr = [f () du+ (g (n)dx 84

opMysia YPHHIH.
Hc6or. f(x) pyHKUMAHHHT GolwtaHFiy ¢pyHKuuscH F (x), g(x) dyHk-

UMAHHHT GowiaHFuy ¢(yHKUuACH P (x) GyacuH. ¥ Xoama TabpHbra

Kypa
F)=Ff() &x)=g(x
6y1u0,

| f(x) dx = F (x) + C, (C, = const),
fe@dx=0@+C; (C, = const)

6Yaagu Ba JeMmax,
g f(x) dx + j g (x)dx = F(x) + ®(x) + C,+ C,. (8.5)

Arap ¥(x)= F (x) + D (x) me6 oncak, yHaa
V'@)=F()+Px)=[(x)+gx

G6ynanu. By sca, ¥(x) pyuxuua f(xj + g(x) QyHKUMAHMHT GOULIAHFHY
QYHKUMACH 3KaHJHTHHU Ousaupaid. deMmak,

j[f(x)-!- g)dx =¥ (x)+ C=F (x) + @ (x)+C. (8.6)

Suau (8.5) Ba (8.6) myHocaGarapian yf(x)dx —{—j g(x) dx  wudrerpan
F (x) + ®(x) + C, + C, kypunuuga, ([ f(x) + g(x)]1dx wnurerpan aca
F(x) + ®(x) + C xypunuiga €3NI MyMKHH 3KaHHHH Kypamu3. By
myHocabataappary C, C, Ba C, yarapMac COHJIADHHHT UXTHEPUHIMIHAAH
aca F(x) + D(x) + C xampa F(x) + D(x) + C; + C, ubomanapuuar Gup-
6upura Ttenr Gyauid keau6 uuagu. Ilynpait kunu6, (8.4) dopmyna
ucborianmu. Omataa, uarerpaauuur 6y (8.4) dopmysa Gunaum HponasiaH-
raH XOCCACH YHHHT addumusarux xoccacu 1e6 artajalH.

2°. Arap f(x) pyskuusi Gouwiauruy ¢yHKUMAra sra 6yjca, y XoJaa
k-f(x) (kR — y3rapMac con) xaM GoiiaHFHY QYHKuUHATA 3ra Ba k0 1a

fk-f(x)dx_-kyf(x)dx (8.7)
topMyJia ypuHIH 6YnajgH.
Hc6or. f(x) pyukimsuuar Gouvianrna oyuxuusicd F (x) 6yacuu. Y
xoama F'(x) = f(x) Ba [f(x)dx = F(x) + C 6y.u6,
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ka(X)dx=k[F(x)+C]=kF(x)+k-C (8.8)

6ynamu, 6ynma C — uxTHépuil ysrapmac coH. Ymby
[k-F (x)]" = kF' (x) = kf (x)

TEHIVIMK YpuH/M Oyyummzad Af (x) ¢yHKUHAHMHT GOIUNAHFHMY (YHKLHS-
cu kF (x) 3xauunu rtonamu3. Jlemak,

Sk-f(x)dx:k-F(x)—l—Cl, (8.9)

6ynaa C, — uxTuépuit yarapMac cod. duan (8.8) Ba (8.9) Mymocabar-
napran C Ba C, y3rapMac COHJIADHHHT HXTHEPHHAJIHIH Xamza k + 0 6y-
Juivziad (8.7) dbopMyNaHHMHT YPUHIM 3KaHH KeJqub 4uKanu.

3-acaartma. IOkopuaa xearnpuaran (8.4) Ba (8.7) TeHIVIMK.IapHH
XaMJia Kearycuja yupaHauraH IIyHra yXwanl TEeHIJVIHKJapHH YHT Ba yarl
TOMOHJapujard udozpanap opacuiaru aflupma yarapMac cosra GapoOap-
JIITH MabHOCHZA (Y3rapMac COH aHMKJIMTHIA) TEeHIJVIHKJap Ae6 Kapa.jalu.

4. DneMenTap GYHKUHUSAJAapHHHT aHHKMAac HHTerpas-
aapu. bomnawruy dyHkuMA TabpudHiaH XaMAa 3seMeHTap YyHKuus-
Jap Xocusajapu kajagaauia (6- 6o6uuur 3- § ura xapaur) goHpa.anno
3JIeMeHTap QYHKLHANAD aHHKMac HHTErpajapH KaJlBaJHHH KeJTHPaMH3
(xap 6up dopmyJa HHTErpasa OCTHAArd GYHKUMAHWHI 2HVKJAHMII COXa-
CHIa Kapasalu):

1°, S 0.-dx = C, C = const;
2° Sl-dx=fdx=x+C;

Pras
3. j‘f'dx——— 1 T C 1)

o (L ge— (92 _ .
4 j‘xdx— = —In|x|+C (r 0

o 1 . dx — .
5 Sl+x2dx_51—+x2 arctgx +C;

6° X -4 i inx+C
.\ X = = arcsin x s
YT—x2 SVl—x2 T

7° 'S,afdx= & L
Ina

8° Xsin xdx = —cosx + C;

9°, j'cosxdx =sinx - C;
° 1 . dx o .
10 5sin x dx = jsinzx = —clgx+ G

o 1 . dx .
1 Scoszx dx_ycosz,v —tgx +G
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12°. jshxdx=chx-{— c,
13°. jchxdx= shx + C;

14°.5 dx = —cthx 4+ C;

sh2 x

ch2 x

15° j € _thx+C.

By 1°-—15°-unterpaniap KucKaua ocadéanr unmezparrapu 1e6
XaM aHTHJIaIH.

IOxopuaarn 4°- GopMyJIaHHHT TYFPHIMIUHH TeKwHpHuga x>0 Ba
x <0 6ysiraH XoMMapHd aJoXWAa-aJIoXHAa KypHW Jo3uM. X >0 6y-

ragga Infx|=Inx 6ymu6, (Inx) = —l— 6yaand. x < 0 6yarauna In|x|=

= In(—x) 6ym6, (In(— x)'= :‘; (—1) = % 6ynanu. 4°- hopmysa sca

6y HKKH XOJHH GHpJIAlUTHDAIH.
Kenrupunran xazgsan Ba (8.4), (8.7) dopmysanap 6Gunad udoganad-
raH KoujaJap TYp/H QYHKUHSAIAPHH HHTErpa//iall IMKOHUHU Gepajd.
Mucon. Ywby [(l 4V y)*dx uHTerpajJHH XucoGnaHr.

by wunrerpasnn Xucobnaw yuye asBan (8.4), (8.7) ¢opMynanapu,
CYHrpa aJBasHH KYJ/JIAHAMH3:

[+ VT Rde= (1 +27 +9de= [1ds+

3

ul —

. 2 2
-I-QS" dx—}-sxdx:x—i-% x +"7+C.

Hurerpannapan xucobnawr yuyu (8.4) ‘Ba (8.7) dopmynanap Guian
HboJasaHraH KOWJAJapHUHT V3u eTapay 3Mac. Du3 kenrycuga Gabsu
HHTerpasiall ycy/napd GuJaH TaHHIIAMHS3.

2- §. Hurerpaanam ycysnnapH

Ywo6y naparpadaa y3rapyBudAapHH aJMAlITHPHO HHTerpajiall Ba
6ynaknab vHTErpaJIall yCyJanapd GuJaH TaHHIIAMHS.

. YarapyBuuaapuu anMawTupub HHTETpaaiaW ycy-
aH. DyHKUHAJADHHHT HHTErpa/ViapiHd  Xucobuauiga y3rapyBud/IapHH
anMalUTHApHO HHTerpasaul yCyJH KeHT KyJJIaHHJIaiH.

Yw6y (f(x)dx aungMac weTerpand xucobmam Tasab ITHAraH 6§.1-
cud. Byuma f(x) oyuxkuua Gupop X = (a@, b) HHTepBajJa aHHKJAH-
rag Ba

f(x)=o(g(x)g'(x) (8.10)
KYPUHHIIAA €3WTHIIH MYMKHH JeHJHK.
Arap @ () ¢yuxkuusa T = (¢, f,) uHTepBajja OOULIAHFHY QYHKUHA
D) ra sra 6ymub, g(x) oyukuua X =(a, b) uHtepBadma (6vHT2
g(x) =T) puddepenunanianyByd 6ynaca, y Xo/ia
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(i) dx= o g Wax=2@E)+C @11

cdopmyna YpHHIH.

By tacauxkuy mncbornam yuyd @(g(x)) byukuua ¢ (g(x)) g’ (x) dyuk-
LMsl yuyH GOLUJIAHFHU 3KAHHHH KYypcaTulll eTapaH XakukataH, D(g(x)) =
=@ (g(x)g’ (x) @ (g () g’ (x). Tacaux wucbor 6yaau. By TAaCAHKJaH
KYPHHALHKY, | [ f(x)dx Bn Xucobnaw f= g(x) ajMamuTHpuIU ep,n,awnna
\ ¢ (dt Bu XycobJalira KeaTHpHIaH.

Oparna wnuterpaymuu OyHmadt ycys OHJaH XMco6salll y3rapyBUMHH
aJMaluTHpHII ycyJH 6usiaH unTerpaJsaall AeG aTasian.

ysrapquunapHH anMAlUTHPHII YCYJHHHHT MYXHM TOMOHH V3rapyB-
YHJApPHH KYZAa Kyn ycyJa 6HJaH aJMAlUTHPHLI HMMKOHHATH 6VaraH Xo.a-
Ja yJap MuMjad MHTerpajHH cOAja Ba XHcoOjall V4yH Kv.ail XoJra
KeTHpajMraHHnH TaHnab oJsmiijan H6opar.

Mucoanap. 1. j xalx

(a = const) uu xucobnanr. Bepuiran uu-
xﬁ—!—a2 ‘

Terpaiia yarapysuu x Hi x° - @* = { kabu anmawitipamus. bynaa 2xdx=
—dt 6y/m6, ((8.10) Ba (8. ll Japra KapaHr)
jzx x2 :——5‘—-— =-—1 2]+ C= —1n(x~—,—a) C 6y 1aan.
X a

2. { €% .sin xdx Bu Xucobnanr. By HuTerpania cosx ={ aMal-

THpHIL Gaxkapamu3. Hartmxkana — sin xdx = df 6yau6,

Sew”-sin xdx = — S‘ etdt = —e' +C=—e"" - C 6yaaam.

2. Bynakna6b unterpaanaw ycyau. Mkku u=u(x) Bav=
= u(x) dynkuua (a, b) nHTepBaana ,y3nykcus u'(x) Ba vU'(x) Xocuna-
Japra sra 6yscun. Mabaymku, (6- 606uuHr 4- § ra KapaHr)

dlu(x)-v(x)] = u(x)dv(x) + v(x) du(x).
By Tenraukaan
u(x)do(x)=du(x) vx)]—v(x) du(x). (8.12)
Suau (8.12) TeHramKHM MHTeTpaiial TOMaMus:

Su(x)dv (0= 5 [du@®)-v(x)—o®) du@x)]=u) - vx)—

—S v(x)du (x)
Ulynpa#t kuam6, Kyhuaaru

(u (x) dv = u(x) v,(x) —[v (x)du (8.13)

dopmysara xenamus. by (8.13) dopmyna 6yraxiab unmeepasriaue dop-
Myaracu jevinnapi. Y u(x) dv HM MHTerpajiaimnM v(x)de HM HHTerpas-
Jaira ojgub Kesamu.

Byaakaa6 muTerpannail ¢opMyanacuiad ¢oiiasaHHI YYyH HHTerpana
octHaard nboaand u(x) Xampa dv jap KynaiiTMacH KypHHHILMAA €346
onuHagH, Gynaa anbarta dv Xampa vu(x) du wuboAasapHHHT HHTErpaa-
PHHH OCOH XHcoGJaHA OJIMHHIUM JIO3NMJIMTHHM 3bTHOOpAA TYTHIU Kepak.
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Mucoaaap. 1. jxe*‘ dx HH XucoGsaHr.
By uuterpasaa u = x, dv=e*dx pe6 onamus. ¥ Xonna du = dx,
v= j'ex dx = ¢* 6yau6, (8.13) dopmysara MyBodux

j‘ xe* dx = xe* — S e'dx.
Hemak,
Sxe" dx = xe"— Je”dx: xé*—e* +C=e"(x—1)+C.
2, f In xdx Hu XucoBnaHr.

Hurerpan octugaru In xdx ubomanu u = Inx, dv=dx nap Kynatr-
1 .
macu ge6 onammus. Y Xosga du=-—dx, v = x 6yamu. Bynaknab uH-
X

Terpa/nnam gopMysaciaan ¢oHaanaHu6 TomaMHs:

fln xdx=xlnx— fx-—l de=xInx—x+C=xln z——iLC-
X

(% ~

3. Y6y
I= j e** cos bx dx

MHTErpajiHH Kapaiiauk, 6ynfa a, b nap ysrapMac consap Ba a®+ b?+0.
By unterpanza u=e"*, dv= eos bxdx ne6 oncak, yHAa
sin bx

du =ae® dx, v= Y cosbxdx =
6yanu Ba 6y.1akn1ab uHTerpaJia ¢opMysaacHiaH (o¥1asaHCaK,

[ = ¢ ginb ——a—ge‘”‘ sin bx dx (8.14)
b b

v

5KaHH KeJU6 uukagu. Dy TeHIVIMKHUHT VHI TOMOHHJArd MHTErpaiHH
fiHa GY./1ak/ia6 uuTerpajnaiiMus: u —e”, dv = sin bxdx pe6 onacak, y

xonpa du=ae™ dx, v=— ;— cos bx 6ymanu. (8.13) popMy.ianan doit-
NaaHHb TOmaMM3:

g “sinbxdx= — -;— e**cos bx+ 7“ s e®* cos bx dx. (8.15)

v

(8.14) B2 (8.15) TenramkapiaH

1 ) 1 2
]=—b—e""smbx—f—% -—b—e""cosbx——Z—z—j e® cos bxdx

6yauly Kenub YHKaIu.

Ilyunait kuau6, Gepunran = (e cosbxdx mu TomMw yuyH KyiH-
Jary

1 . 2 ’
I = e® sin bx+ —;32— e** cosbx——%; I+C

TeHlJlaMara KeJiaMH3. By TEHrJ1aMaJaH 3Ca
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acos bx -+ bsinbx b2 ’
1: cax JF“C, ==
a? - p2 a2 L p2

Gyaagu. [emak,

sinb
5 e cos bx dx — acos bx -+ bsin bx eax—[—C.

a2 -+ b2
4.1 = (—4* (n=1, 2, a=const) Hu XucoGnaur.
" (x2+ a?)”
By wunrterpaiga u = —————, dv = dx neb oJjicaK, YHAa
y paik; L o A YHE,
2nxdx
W= = it T
6yaamu. (8.13) dopmynazaH ¢olzasaHub TONAMH3:
. 2
[ =——2 1o\ —F —dx. 8.16
S wrar (x2 4 a2yt (8.16)
o x?
By TeHIJMKHMHI YHI TOMOHMZAaru jm dx HH
v x2 _ : dx T i‘ dx
) et \ ey e

KypuHduiia €scak, yuga (8.16) mynocaGar yw6y

X
(2t ay)?

KYPHHULIHH oJagyu. KeHHHrH TeHTrJMKAAH 3ca KyHumaru

+2n-1,—2na®l

‘ r =l Ly (8.17)

T Y g (2 ay" 2n az "

1

PeKYPPeHT ¢opmysa KeadHO HHKAIH.
PaBanku, 7 =1 Gyaranga

d(_x_) _
11=§ dx =—lyﬁa=—l—arctg—*-—{—C
. a e a a

6ynamu.
n > 2 6yaranga moc [, vHterpaqasap (8.17) pekyppeHt dopMya
épramuia ronuaamu. Macanan:
dx 1 x |

I= =
3 (x3+ a?)3 2a?  x?+4- a2 + 22 !

arctg = + C.
a

2q2  x2}-qt 2g3
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3- §. PaunoHan ¢yHKUHA/JapHH HHTErpaail

Ym6y naparpadgaa paunonan (pyHKUHSIApHM MHTerpasiall GHIaH
LiyFy.JlaHaMu3. Dynunr yuyn aBeas aqrefpa KypcHaaH O3 yYVH 3apyp
6ynran MabJyMOTAapHU KeITHPaMH3.

l. KYynxapg Ba yHHHT HJIAH3JapH XaKHujga. Bupop

Px)=ay+ax+ax*+. +a,x" (8.18)
Kynxan Oepuaran OyJacud, Ovhia q,, a,, G, , Gn— V3rapMac Xxa-
KHKHH CcOHsap, a, =0, n€EN sca KynxaaHuHr ZapaxacH.
Mabaymku, 6upop a€R coH yuyn Pa)= 0 6y.ca, acon P(x) kyn-
XaJHHHT MAIM3H 1e6 atanazu. Y soaga Besy Teopemacira kypa P(x)
Kynxan X -—¢ ra KOJAIMKCH3 OyauHub, y KyHHzaru

P(x) = (x —a) Q(x)
KVpHHHIUA & Hdoanana i, 6VH11a Q (x) — (n — 1)- napaxami KVnxan.
Arap (8.18) kynxam (x —a)?(kEN) ra KoaaMKCH3 6V.IMHCa, 0. COH
(8.18) kynxaauuur k Kappasu wamusM Gysiaid. by Noiaa P(x) xyn-
Xaguu ymby
P(x)=(x—a)*R(x)
KYpHHHIIAA udojanaml MyMKHH, 6yHaa R (x) — (n— k)- napaxami kKyn-
Xa.
Arap h=a - ip xomnaekc con P(x) xynxaamuur waamsn 6Vaca,

y xonga h= a — i KoMriekc COH xaM Oy KVNXaaHuHr HJIIu3d 6y-
aann. Wlyuunrpak, h=a — i con P(x) HUHT k KappajH HAIH3H 6Y.1-
ca, h=a—if con xam Gy KYNXaQHUHT £ KappasaH HJgu3ll 6y.ajH.

Hevak, P(x) xynxag h = o 4 ip koMnnekc unmusra sra Oy.aranpa
vuunr ubogacuaa (x — h) kynafityBuy Guaan Gupra x —h  KVnaHTyB-
un XxaM KaTtHawajge. Dynpali xongma P(x) KynxamHuHr Hpopacuza
KyHuparu

(x—hm)(x—h) = [x— (2 + Pllx — (= — if)l=
=x*—2ax+a*+P=x=2tpx+gq (p=—2a, g=0a®4- )

KBaJpaT Y4Nal KynaHTyBud GyJHOG KOJaiH.

Dapa3 KuIAHIMK,

P(x)=ay+ a;x + ax® + 4+ a,x"

Kinxag 6epunran 6yau6, o, o, @, Jap VHHHT MOC paBHILAA A
Ay, » M, Kappanu XakMkH HAausnapu, Ry, hs, ., ho(h, =6, + zr
i=1, 2 , ) Jlap 3ca KYMXaJHUH[ MOC paBuuja ¥y, '}2, ,‘YS
KappaJH KOMNJEKC HJiAu3iapd GyicuH. By kynmxagun yHHHAT WigH3ja-
pura Kypa KynalTyBYH;iapra axpaTHI Xakujar ymoy TeopeMaHH Hc-

6OTCH3 KeJTHpaMH3.
1- TeopeMa. Xap xanlaid n- Oapaxcanu

P(x)=a, + a;x 4 ax* + +a,x"
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xgnxad (a,, a,, a,, a, — yjseapmac axuxui conaap, a, #0), yuby
Pr)= (x—a)Mx—a)™  (x—oy )™ (2 + pyit

+ g)P (k% - pyx---g)™ (*+px+q,) Vs
Kijpunuwda ugodaranadu, 6yxda
Ay Ay + +A+2(m 1 F +v)=n

6yaub, ** + px+q; =0 (j=1, 2, S) meHesamarap  xauxuil
urdusea 3ea 3mac.

2. Coapna xacpaap. TY¥FpH KacprapHH coada KacpJaap
opKaJH Hbogagail Yumby

A__ Bl a1, (8.19)
(x—a™ = (2 px Q"
KypuHHWZary Kacpiap codda kacpaap 7e6 atanagd, Oyuma A, B,C
XaMpaa a, p, g Jap y3rapmac COHJ4p, Xx® -+ px -+ ¢ KBaipaT Yyuxajh 3ca
XaKHKHH HJJM3ra sra amac.
Mabnymky, Kydugara

P(x)=ay + a\x + a,x® -+ +a,x"
B2
Q(x) = by =+ b,x + box® + + b x”
KyNXannapuuHr (Q,, 4, a, by by, , b, — y3srapmac couJap,
n€EN, vEN) uucbatu
P(x) Qo aux—ap®— g, "
Q (%) - by byx+ bpx2— .4 b x¥

Kacp palHoHas (pyHKUHS Jefunags, n <<+ Oy/arasja 3ca y TYFpH Kacp
Jeb artaqanu.
Xap wauga#t Tyrpu Kacp (8.19) comna kacpiap opkaau HdpojanaHa-
Z4. DByHu ucbornauigay aBeaj HKKHTA JIEMMaHH KeJTHPAMU3.
I-nemma. Arap %((% TVFPU Kacp Maxpaxkuparu Q (x) kymxan
X
ywGy

QW= (x—a)"Q ) (meN)
KypuHuuiga 6yau6, Q,(x) kynxag sca x — o ra OyJauHMaca, y XoJjia
Gepusral TYFDH Kacp KyHHAaru

Py Anm Ap1 LA Pi(n
QW g p—mml x—2 | QW
KypuHHIUZA udojanaHuiid MyMkuH, OyHpa A,, A, A — Varap-
MaC XakHMKHMH coHJsap, P(x) — Kynxam.
Hcé6or. TYFpH KacpHM KyHHAaru KypHHHUIAA €310 Onamu3.
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Py P A, P(x)— A, - Q; (x)
QY —A"QE  k—a)" (x—)" Q)

(8.20)

Papuianky, (8.20) mynocabataaru R(x) — A, Q,(x) aiiupma A, conra
Goruk. Dy coHHM IuyHAaH TaHJaa6 oJaMu3KH, Hatmkaia P(x) —
—A,, - Qi (x) kynxan x —a ra 6yauHcuH. Bynunr yuyn
P@)—A, Q@@=
TEHIVIMK YpHHAH OyauiM Kepak. emak,
_ P
Q)
ze6 oamnnHca, y xonma P(x)—A,,-Q,(x) kynxay x —o ra GynuHamu.
Ulyupa# xuaub,
P(x)—A, Qx)=kx—a)P,(x) 8.21)
6ynanu, 6yaa P, (x) —xynxan.
Hatuxkana (8.20) myHocabat Ky#ugaru
P (x) A, . P, (x)
= -
Q) r—a)”  x—a)™ Q)
KYpuHHIIra KejanH, OyHla A COH IOKOpHAArHIEK aHHKJaHTaH.
SHAH

(8.22)

Pm (x) . Am—l _ pm (\) - Am—] 'Ql(x)

x—a)™ Q) x—o™ x—a Q)

TEHTVIMKHHHT YHT TOMOHMZAarH A__, COHHHM IIyHAall TaHJa6 OJaMH3KH,
P,(x)—A,_,-Q,(x) kynxan x— o ra GyauHcud. Bynunr yuyn
P,@)—A4, Q@)=
TEHrJIMK YpHHIM Gysuuin Kepak. [emak,
_Pr@
m—1 Q@)
ne6 onvHca, y Xomna P, (x) — A, _, Q(x) kKynxax x —a ra 6ysmHany.
Iyupat Kuamo,
P,(x)—A, - Q®)=(x—a)P, () (8.23)

6y.1agu, 6ynaa P, (x)—Kynxan.
(8.22) Ba (8.23) myHocabatiapiaH TONaMus:

P (¥ 4 A, P
= T T g9y
Q®) (x—a) (x — @) (x— )" 72 Qu (%)
XyJau WyHra yXwamw Xap raj %% KaCPHH HPOJANOBYM TEHTJIMKHHHT
X
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A;

JHr TOMOHHZArd OXHPTH XaiuIaH, HOKOPHIArHIEK - KHCMHHH
(x—a)
axpatib TOMaMu3:
P, _(x) A _ P _
== i
(x—a)" 7" Qu(x) (x—o) (x—a" Qv
Ba X. K.
Py (x) _ A Py (%) ) (8.26)
—2) Q) (x—x) Q)
(8.24), (8.25), (8.26) TeHrsmMK./IapRaH
P (x) _ Am_ 4 A, x A, P, (x)
Q) (x— o)™ (x —a)™—! r—o Q1)
Gyaniun Keau6 4HKam. l-sgemma uc6oT 6V.IH.
2-nem ma. Arap g% TYFPU Kacp Maxpaxumard Q (x) kymxan
X

Q(x)=(x*+ px+-9)"-Q (%)
KypuHHIra sra 6yaub (x® + px -+ g KBagpaT yd4xan XaKHKHE HiAH3ra
sra sMac), Q,(x) kynxax x4+ px + ¢ ra GyaueMaca, y xonna Gepu-
raH TYFPH Kacp KyHujard KypHHUILAA HPONaJaHHMIIH MYMKHH:

P (x) _ B, x+C, n B, _x+ C"—l_ I o
QW (4 prt+gt (24 pxto™
L Bxt € | P
" et prtg Qu(®’
6yuna B,, B,, , B, C,, C, , C,— y3rapmac couzap, P, (x) —

Kynxag.
Py . ..
Hcbor. 7 TYFPH KacpHH KyHHJaruya €3u6 oJjaMHu3:
X

Pl P(x) _ Byx+C, | P)—(B,x+-C,)-Q1 (%)

= = T
QW (24 pr+ 9" Q® (R pxt )t et g Q)
By rteHruaukzaru

Px)—(Bx+C) Q) (8.27)

kynxax B, sa C, connapra 6ormuK. Ouau B, Ba C, coHnaphu iuyHpait
Tannab OJMUWl MyMKMHJIMIHHH KypcaTamMmusky, HatWkaja (8.27) kymxan
x* 4 px -- g ra GyJuHCHH.

AsBanio P(x) Ba Q,(x) KynXainapHHHr Xap OupuHH x° 4 px + g
KBagpaTt yuyxajra Gyaub o/aMus;

24+ px+q o B4 pxt+gq’
Qi (%) S(X)+ asx by

“tprtq 2+ prtq’

P(x) . R(x) + alx+ bl ‘
(8.28)
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6ynna R(x) Ba S (x) — xynxaanap.

¥ xonma
PO—Bx-C)UW _ PO g1y QW
x2+ px+gq T x4 px-bg g " o2 pxtgq

ayx -+ by — (B, x4+ C, ) (apx + by)

=Rx)—Bx+C)SHx+ Py =

=Rx)—B,x+C)S(x)+B, a,+
(a1 + B, pa;+ C,,a,— B, b)) x4 B, g-ay+b; —C,, b2
+ 24 px+gq
6ynmamd. By Ttenrmmkman xypusamuku, P(x)—(Bx-+C,)-Q,(x) xanr
x + px 4+ g ra 6yauHHIIA y4yH x HUHr Oapya KufiMaTJsiapuna
(a, +B,p-a,—Ca,—Bb)x+B,-g-a, +b, —C b, =0,

ABHH
B,-(a,p —b,) —C,0, — a, =0,
‘Bn'qaz—cnbz + b, =0 (8.29)

6VJIHIIH Kepak.

, Ba C, napra HucGartaH (8.29) cHCTeMaHHMHI JeTepMHHAHTH

D= ap—b, —a, 0
9 — b,
6yiazu. Bynn ucGotnafimu3. TeckapHcHHH dapas KWIaHaHK, S'BHH
D= —by(ap—0by) +a}-q=0 (8.30)

6yacud. Arap a, =0 6Vnca, yHza b, = 0 6ysnu6, HatHkana (8.28) nau
Q, (x) kynxan x>+ px +- ¢ ra 6yauHmIM Keau6 yukaiu. Dy aca Q (x)
Kynxan x> -- px 4+ g ra GyiuaMaiay ne6 osauHHmura suanup. Jemax.
a, 0. By xonna (8.30) TeHrjama ymby

by \? )
(——"’-) 4p [—2)+g=0
\ as \ az |
o . b o .
KypuHuwra sra 6ynm6, — —2 XakukHH coH x* - px 4 g =0 Tenrua-
a

2
MaHMHT Wijusd Oymummiau xypawus. By sca x*4- px -+ ¢ xBagpat yu-
XajJl XakMKHH Hpu3ra sra GysiMacHH fe6 onuHummMra suanup. Jlemak,

(8.29) cucTeMaHMHr IeTEDPMHHAHTH HOJAH (hapKJ/H.
Mogomuky, (8.29) cHCTeMaHHHT JeTepMHHAHTH HosfiaH (papKJH SKaH,

y xonga Gy cucteManaH sroHa B, Ba C, conjap tomunagH. By com-
aapuu  (8.27) ra Kyficak, HatHxama P(x)—(Bx+C)0Q,(x) xyn-
xan x*+ px -+ g ra Gyaumu6, % Kacp sca ymoy
X,
P (x) P(x) B x+C,

QW (sl @' G+ prt ot
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P, ()

!

- (r\'2+px‘—Q!n—l'Q1 (\) (831)
KypuHHra Keqaand, 6yuja P, (x) —kynxai.
Xypgu wy g Ouaax
Pn () Bn—l'\'" Cn—l
@ px- Q) (R - !
i Pn—l(x)
v 2 ’ 8.32
=" QW) (8.32)
P, (% B, _x+Cpn |
n—2 = n—2 i
(2 px--q) T Qu(x) (- px<-gq)°
P,_a(x)
- 8.33
(2L pr " Q1) (8.3
Ba X.K.
P2 (x) _ le -+ Cl i Pl (,’(,) (8 34)

(=prt@ Qv e—prtg | Q)
OYJIHIM TOMHJIAIH.
(8.31), (8.32), (8.33), (8.34) TeHrHK.IapAaH 3ca

P(x) Brz x=Cp ) Bn—-lx_" Cn—l

= T Tt
Q(x) (x2- px— q)° (x%2— px - )"~

o Bix+C, | Pi(»

[ nN o
4pet+q  Qx)
6yyHWM Keub yuKagu. 2-jgemMMa Hcbot GYJIaH.
2-teopema. Xap xaudad mijrpu kacp codda kacpaap UGurunducu
opxaau ugodaranadu.

Hcbor. 28 TYFpH Kacp Gy.JcuH. @(x) 3ca n- Aapamaad Kynxaz

6y 116,
Q)= (x—o)" (x —o)™ (x—a)™* -(x* =+ py¥ +
+ g™ (¢ + pox +- %)mg (x*+px+ qi)m':
Gysicut, GyHaa
n+n, + +n,+2(m; +my+ T—m)=n

6yau6, »° - px+q (= 1, 2, , ) KBajpaT yuxafaap XakuKHIH
HJIAM3ra 3ra 3Mac.

LG} TYFPPH KacpHH KYHHAaru Pl _
Q¥ Qx)

P (x)
) )™ L (E— ) (R prr g™ . . (2 Py g ™
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KypHHHLIJa €30, 6y TeHIVIHKHMHT VHT TOMOHMra l-JieMMaHM GHD Heua

Mapra (1, + n, + ~+ n, MapTa) KyJJIaHHG TONAMH3:
PO AD A A
QW) r—a)h | (— ! R
A A® A2
" (x —2:2)"’ T (x— or:;)":_] + + x —1a2 - +
" .
= c:k N a:)":*—* o
AR "Py(x)
T ) Q@ (8.35)
6ynna
Q) =+ prx -+ g)™ (¥ + pox + g™ (4 px -+ qi)'"i
By MyHnocabaTnaru y3rapmac Al D Aﬁf’: conjap I- eMMaHu mc-

GoTnall }Kapa€HMJAa YHJA KaTHALIlaH Y3rapMacjapHH Xuco6jaraHuMu3-
IeK TONHJIALH.

P v
Suau Pl Kacpra 2- neMMaHH GUp Heda MapTa KVJJIaHHG TONAaMH3:
1 X
Py (x) Py (x)
Q1 (0) (%2 4 pyx + q1)™ (22 4 pax + q2)™ (E~+p;x+ q; )m‘
o BMerch B srch, B+ )
@+ px )™ (2 g™ 2+ pix+q1
2 2 2
B(mzx + Cfnl B¢ ) _x+ sz i I
(£ +pax 490" (R4 pox )"
2 (2 i (i
BPx+ cP? B x4+ C),
X2+ pox + g, (24t p; x4q; )™
BY x4 By 1 ¢t
- - 1
e+ (8.36)
(B ppx4qy)t X2 p; X+ q;
By TeHrJukmarg ysrapmac B, ¢, , B(n?l Cc f,?l COHJap

2- nemMmanu ucborsiall XKapaéHuja yarapMacjlapHH XHCOOJIaraHHMH3JEeK To-
nuIazy.
(8.35) Ba (8.36) MyHocaGaT/apiaH TeopeMaHHHT MCGOTH KeqHO 4HKa-

I
IOkopuaa ncGoriaHrad TeopeMajary yarapmac COHJIapHH Gollkada —
HOMaBbJayM Ko3(dbuLmeHTaap veyau feb atajraH ycya OHJaH XaM To-

P(x) _,
i MyMkHH. DByrna 2w TYFPH Kacp HOMabayM KoadbHIHeHTIapH
X
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6y.raH cojaa kacpJjapra €Huanb, CYHT TEHIVIMKHMHT YHT TOMOHHJArH
cOAna Kacpsiap HHFMHIMCH YMYMHH MaxpaKra KeJTHpHJIamH.

Hammxkana
PW _ R
QW Q)
TEHTJIMK XocK/1 6yJald Ba yHAaH Gapya X Jap y4yH YpHHAH OyJran
P(x)=R(»)

TEHTJHK KeJuO uuKanu. By TeHrIMKHHHT Xap HKKH TOMOHHAATH X HHHT
6up XuJ1 Japa)kasaapy oJAHia TypraH Ko3(ppHUMEeHTJApHH TeHIJIALITH-
pHO, HOMabayM KO3(GDHUHEHT/IADHH TOIMHIN YYYH TeHrJaMasaap CHCTeMacH
XOCHJ1 KHJIHHAIH.

x—1 o
——————— TYFPU KacpHH COjJa KacpJaapra aKpaTHHT.
¥ 5516 YFD p i pJaap p

By kacpuuHr maxpaxu x> —3x + 6 = (x — 3) (x -— 2) 6ysran# yuyH
TeopeMara Kypa

Miucoua.

2x—1! A , B
2—5x—6 x—3  x—2
6yaaan. YHH
2x—1 A | B Ax—2-LB(x—3
x2—'5x—{—6—x—3-rx—2* (x—3)(x—2)

KypuHuga €3ub, yweéy
2x—1=A(x—2)+B(x—3) é&kun 2x—1=A+B)x—(2A+3B)

TEHIVIHKKa KesaMmu3. MKKM KYNXaJHuHT TeHTMruaaH ¢oiaanann6, A Ba
B napra nucbatan ymby

A+B=2
ﬁA+33=1 (8:37)
cucteMara Kejamu3. (8.37) nan A =05, B= —3 6ynaan. Ulyugai ku-

au6, GepuaraH TYFPH Kacp cOZAa KacpJap OpKaaH KyHuaarwua Hdona-
JlaHaju:
2x—1 _ 5 —3
X2—5x+6 x—3  x—2
3. Conna kacpaapHu HHTerpaaJaam. Coama KacpiapHHHT
aHMKMAac HMHTerpasJapHHH XHcOoOsafMu3.

10

Conla KacpHHHI aHMKMac HHTErpaJiy:

x—a
[Foav=a [T =2 —Anp—d+c
°. —a (m > 1) confa KACDHMHT aHMKMac WHTErpajH XaM Te3
XucobaHagu:
j(x—a) dx—Ayd(x a)—AS(x a) "d(x—a) =
18—2651 973
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A 1
= +C.
I—m (—a™ "t

3 Bx+C Bx+-C dx
2-petgq x> +px—-q
HH XHCOG/alll YYYH aBBaJl KACPHHHT MaxpaXKuia TypraH x° - px-+g
KBaJpaT y4YXaAHH ywoy

COAJA KACPHHHI HHTerpat [=Y

x2+px+q=(x+—;—) —q——p'—
KypuHHLI1a €346 oJaMH3. ¥ Xosga
~ . Bx - C
I:J_B*_'f‘,g_dx_ \—_—p ., dx
X2+ px g (x——) —a
2
6ynanu, 6ynga a® = q—p— By unrerpasana x -4 Ly aIMAlITHPHIN
P
6aKapaMu3:
2 2
I By tdt + ___B_p” dt =5Fd“ +a?)
{2 -+ a2 2 /J)8e—+a? 2 ) 24a?
. d|—
1 Bp™ ! » >
+(C—~” — __(i - Eln[t— - a-] +

2 a £\2 2
()
a

Bp 1 t B
+(C—’?) Tarcfgg-{”c*:?m[x?‘g‘pl’5+‘7]+

)c—f-L
_L._Q_C_Bp__arctg 2 +C*
—
Vg Vs
JeMmaxk,
jﬂdx=£ln[x2+px+q]+
x4 px+-q 2
p
. @C—Bp T
T —— Ctg __",—C*,
Vdqg—p2 V _
e

6yuna C,— uxTuépuil yarapmac.

4° T%—W (n>1) comma xacpuuHr uHterpam [, =
o

(Bx+ C)dx o .

=\ ——————— Hu Xucobawl yuyH 3°- XOJJardieK y3rapyBYHHH aj-
Somt g A yay yarapy

MaITHpamu3: X+ —Z- =¢. Hammxaga xyfugarura sra G6ysamun3:
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j, BX+C ~ BX+C dx:
¢

dx = 2 2
a2t px+ " j l(x -‘rp—) +q——me

\ 2 4

_XB“F G )dt j‘“’“’“"’-k(c ﬂ’) (P
(2 - a?)™ @+ ay)™ 2 J B+ a)”

_B 1 1 Bp dt
2 l—m (24 ax)™} +<C‘" 2 )S (t2 +a2)™

By Mynocabataaru f HHTErpas ymby G60GHHHT 2-§ Hla KeaTH-

(2 + o)™
puaras unterpan 6y.mb, y pexyppeHT dopMy.1a OpKaiH XHCOGJaHAJH.
4. Paunonaa pyHKUMsNTapHUHHETErpaaaam. f(x) pauno-
Has dyHKuHA Gy/iM6, YHHHT MHTerpaiuuu XHcobnaul tanab 3THJCHH.
Mawnymky, paunonas ¢yskuus wkkuta P(x) Ba Q(x) — 6yTyH pa-
uyoHaa dyHkuuaaap Hucbarnaan ubopar, STbHH

P (x)
foo= T
A P (x) o v
rap —a(—x')' HOTYFPH ¥acp (Cypamnam KYNXaJHHHI JapaxaCcH Max-

paXkarH KYNXaJAHUHT JapaxacMiaH Karra) 6ygca, YHHHET OYTYyH KHc-
MHHH aXpaTb, OYTYH palHOHaJ] (YHKUHA XaMZAa TVFPH Kacp HHMFHHIH-
CH KVDHMHHUIMAA KyiMparvya npoganab onuHamu:

P [P (x) (x)
=R
Q(x) 0+ Q) "
Y xoama
. (" P(x) (" Py (x)
Jdx = |\ —= dx = d —— dx 8.38
ff(x) =g =) RM X+S ow & #®
6y1anu.

(8.38) mynocaGataaru { R (x)dx wnrerpan OyTyH paiMoHal® ¢yHK-
uus (Xynxan) HEHT uHTerpasu 6ysmb, v ocoH XucobnauamH.

Jlemar, HOTYFPH KacpHH MHTErpajiaill TYFpH KacpHH HHTerpajiail-
ra Kesagu. TYFDH KacpHM NHTerpassiall Y4YyH aBBaj Oy KacpHH IOKOpH-
Ja ucbor 3tuaran TeopemalaH (oiinanaHub coana Kacpsap opkajH Hbpo-
Janab oJMHAMM, CYHIpa yJapHu 3-0aHija KypcaTHATaHWZeK HHTerpaj-
JIAHAJH.

d
Mucoua. 5 " l

[ XHCOOJIANT .
A

HHTeI‘paJI OoCTHAAru p " KacpHHu COAIa KacpJjapra axKpaTaMHus:

1 1 A B Cx+D
=1 x—DE+DE+D)  x—1  (x+1) o441
Dy Tenrmmkau Kyifuparuya €su6 osamus:
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I A=D1 Bx—1) (2 + h+ Cxt D)=
-1 (x—D@E+De2+1)
¥ xonna
l=4kx+1) E+D+Bx—D)E*+1)+Cx+D)(x*—1),
SBHH
|=(A+B+C)x*+(A—B+D)x*4-(A+B—C)x+
+(A—B—D)
6ynaan. Hatikaga A, B, C, D napuu Tonuul y4yH
[A+B+C=Q
A—B-+ D=0,

|1A+B—C=0,
A—B—D=1

cucteMara Kejamus. By cuctemanu equ6,

A=L, B=—1 c=—0,D=—-L1
z 4

[\]

6ysiHEA TonaMH3. JleMak,
1 1 1 1 I 1 l

6% 7116,

5‘ dx _ij‘ I b
xt—1 4 — 1 4 x—]-l ‘S‘xz_{_l

,~—arctgx+C

L
4

x+l

4-§. Bab3u uppaliHoHaa QYHKUHSAADHH HHTErpaaas

Ywby naparpadaa 6aw3d Gup uppauHoHas GYHKUUAJIADHU HHTerpa.-
Jall GHJIaH UIYFyanaHamu3. ABBao HKKM §3rapyBUHHUHL pPalHOHAT
GVYHKUMACH TYIUIYHYacH GMJIaH TAHHMILAMH3.

Hkku u Ba v y3rapyBum Gepusrad 6yau6, Oy yarapysuunap €pra-
MHIa

"o (=0, 1, 2, j=0,1,2 )
KynafitManapuu Ty3amus. By kynafitManapaar Tysuarad ywoy
P (u, v) == apg + a;olt + Ay U + Qpgd® 4 QU0 + aet® -

. n n—l n—l ]

™ T Ayt + Q4 0+ Ty v+ av
GYHKUMA & Ba U y3eapyeiuraprune Kgnxadu ne6 arasiand, OyHAA gy,
Qpr oy, a.g a,, — ysrapMac Xakukui cornap (ko3tdu-
LIHEeHTJIap).

P(u, v) xamaa Q(«, v) nap u Ba © y3rapyByHJapHHUHT KynXalJapH
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6yacun. Yby %% (Q (4, v) = 0) nucbaTt u Ba U Y3rapyBUWJIAPHHHT
u, v

palmMoHa. ¢yHKUHACH e atajaid Ba Yy R(u, v) opkaau Oesru.aHaii:
Ru, v
R(u, v) = ————, u, v)=%=0.
W, o) Qv Q. o)

SHAM u Ba U y3rapyBywJapHHHT Xap OMpH ¥3 HaBOatHia OuTTa X y3-
rapyBYHHUHT

u=q(x),

v="{x)
dyukumsaapu 6yacud. ¥ Xomaa R(u, v) dynkuua ¢ (x) Ba P (x) dyuk-
LHMsJIApHHHT palHoHas (yHKUMscH 6ymaan. Macanan, yw6y

jlg =22V ]

Vi = Va—1
PyHkimst =V %, v=1 X*— 1 JapHMHT pallHOHAX GYHKUHACHIP,
YYHKH,

R, v)=%=2x1

U--v
Xycycan, @(x) Ba Y (x) Japuuur xXap OMpH X y3rapyBUHHMHT paLHOHAJI
byskuMsnapu 6yaca, y xoJjia yuwby

R(u, v) =R(@(x), p(x) =R (x)

GYHKUMS Wy X V3rapyBYMHHHI pallMOHa1 (YHKUMACH Oyaaau. Xaku-
KaTaH, X Yy3rapyBUMHHHI DpallMoHaJ OYHKUMsAJapuaan Hbopat ¢ (x) Ba
P(x) nap ycTaa KyuWMul, afupuil, KynalTupull xavja OGyauir avan-
JapH Gaxkapusca, HaTHXKaJa X HUHI sHa palHoHaJ] (QYHKIHUACH XOCHJ
6yany.

1. R(x, y(x)) kxypuHUIW 1ard GYHKIUHUSAJApPHH HHTErLpaJ-
Jam. Y6y

[R(x, y(x)) dx (8.39)

HHTerpanHu Kapahauk, 6ynga R (x, y(x)) ¢yukuus x Ba y(Xx) JapHHHT
pauriosan QyHKUHACHAHD.

Arap y(x) yHKUMS X HHHr palMoHan ¢dyHKuusich 6yJca, y Xonaa
R (x, y(x)) XaMm X y3rapyBYMHHMHT pallioHa] (yHKUMACH GyJaad Ba ywby

[R(x, y(x)dx

HHTEerpaJ pauuosas ¢hyHKUMAHHHT HHTerpaau 6yiaxd. bynpait uarerpas-
aap 3-§ aa Garadens yprauuany.

Arap y(x) GyHKUMA X V3rapyBYMHMHT palHOHAN QYHKUMACH GYJ-
Maca, Y X0J4a paBlUaHkH, R(x, y(x)) XaM X V3rapyBUHHHHI palHOHAJ
byHkuusacH 6yamaiau. By Xonpa x y3rapyBYMHM asMalUTHPHII €pIaMu-
Ja R(x, y(x)) uu pauvoHas GyHKUHSIT2 KeJTHDHLI MacaJsacH Keaub uu-
Kamu. Arap 6M3 WyHaaH x = @ (f) anMaITHPHII TOMCAKKM, HAaTHXKajaa
x=¢(), y(x)=y(p() nap ¢ uuHr paumoHas O¢yHKumAJapH 6y.ica,
(6yHma x' = ¢’ (f) Xav paumoHa] QyHkuus Gymaid), y xoJaia
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[R@ y(Ndx=[R@W, y@O) o ()t
6y.1H6, fR(x, Y (x)) dx udTerpaaHu XucobJaml yuby
[R@®, y@® o @at
pauxoHan QYHKUHAHHHT HHTETPaJHHH XHCOOJAIIra Ke/JTHPHUJIALH.
OHIH Y (x) OYHKUMAHHHT Gab3u OHp KOHKPET KypHHMIUra 3ra 6y.-

raf ! X0AJapuHA Kapanaus:
1° (8.39) uurerpasna

— ax+b
y =y e’
6yacuH, 6yuna a, b, ¢, d — y3rapmac counap, n € N. By xonma (8.39)
HHTErpan KyHujaard
( ax+ b 8.
\R(x ‘/m)dx (8.40)

KYPHHHIUHK oslafd. DHAM a, b, ¢, d COHJIapiaH TY3HJITaH HETePMHHAHT
HosiaH (hapKJId, SBHH

_la b
A= ,c dl #=0
Jeb KapaiiMus. Arap
_labl_
A= !C d] =0
Oy.aca, a Ba b counap, ¢, d conaapra mnpornopurosan G6y.au6, iij—_[;

"" " fax-b .
HHcOaT x ra GoraMK Gy.Maigd Ba R ( X, l/ ax_i'_Z) GyHKUHA X §3-
C.

TapyBYHHHHI DAlHOHA/ (YHKUHACK 6ymu6 xonagd. by Xonza (8.40)
uuterpaa 3-§ Jna yprauuaran uurerpanra kegagd. Lynpailt xuaws,
KefIHHrH MyJoxaszanapga A 5= 0 geiiMu3.

(8.40) uurterpaaga

[ — - ax—+ b
l/ cx+d
a/MalWTHpHIL Gaxapami3. Hartmxaza
— b di* — b
tn:HX T , X = :(P(t),
cx--d a— ct® )

(ad — bc)-n-1"

(@a—ct")?

dx=¢' (f)dt = dt
6y.1u6, (8.40) uuterpan ywoy

SR( 1/‘“ )dx——JR(cp(Z), H@ (t)dt =
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dat

‘R it —b t-) (ad — be) nt™?
g —ct” ' (a—ct)2

KVPHHHUIHH OJIaZH.
Hemax, xapana€rran

1R (x 1 'M) dx
VR Ve
T dt—b d — bc) nt"1
MHTerpasiH{ XHcOGnaw yiuGy R(——, t) lad—bo)ni™
a—ct" (a—ct" )2

Ha, 1 QYHKUHSIHHHT HHTerpajiHHH XHcofJalra Kejaaiu.

Miucoa. Yuby
Y /Txx _dx
. ‘/ I—x I —x

HHTerpasHH Kapaiauk. Dy HHrterpajun Xucobmaall yyyH

pauuo-

P= 14 x
Il —x

Ie6 osavu3. Y xoama

12—1 4 tdf
X = , dx::
£ @+ 1)

N T=x . 4 o[ b
J 1 —x 1—x j 21
6y1aan. HaTmxaga Gepuaran uHTerpaj yuyyH TOMaMus:
B VAL L —9¢_9arct —
5]/_1_: e QQ’ZM dt =2¢ —2arctgt 4 C
=2 V l—x —2arctg l/'l_A -C.

4-s3caaTMa. Uy, U, u, ysrapysuniap Oepuiran OGyJICHH.
IOxkopuparura yxmam 6y V3rapyBuHJapHMHT pauuoHas ¢yHKUHACH R (i,

Uy, , 4,) TyllyHyacH KHpHTHnanH. ®Papa3 KHJaH/HK,
R(x (nx+b')f: [ ax—+— b\’ (ax—}—b)rn)
"\ex+d (_cx—!—d) cx - d

x (ax—}b"’x (ax—[b)’: (ax;b“)fn

cx—+d ) ccx--d vex—~d

6ymo,

dyHKIHA

JIAPHUHT palMOHAaJ (QYHKUMACH OYJacHH, OyHIOa r;, Iy, , I, paluo-

Hasl coHnap 6yimb, a, b, ¢, d — y3rapmac coniap Ba ad —cb 0.
Ky#ingaru

frls (E22 (B2 (Z22 e en
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HHTErpajJHH Kapaftaumk. Arap ry, 75, r, — PallHOHAJX COHJapHH
yMyMHH m MaXpaxra KeaTupHo, (8 41) uurerpanga

t—— ax—
CX—

aJMalITHpHLI Gaxkapu.iaca, HatxKaia (8.41) HHTerpadHd XpmcoGjall pa-
IMOHaJ GYHKUMAHY HHTerpaJiiallira Kesand.

Mucon Ywéy
dx
SV’I#W

HHTerpajHH XHCOGaHr. By muTerpaiia =17 x anMawTHpHW Oawa-
pamu3, Hamikaza )
x=15 dx=06£Fdt

6y.146, GepHaraH MHTErpas y4yH TOMAMH3:

[7e2m==6 5 =6]le—t+n—7|a=
=6(5 — 5 +t—lnprll) +C=6(YL Y

+¥x —Infy x +1)+C=2Vx —3Vx +6¢px —
—6Inlyx +1]+C.

2° (8.39) uHrerpania y = y(x) = V ax® + bx + ¢ 6yncun, OGyuia
a, b, ¢ — yarapmac coHsap 6ymu6, ax®>+ bx + ¢ Ksalpar YyuXaj TeHT
uagusaapra sra smac. (8.39) uHrerpan Ky#umaru

{Rx, VarToxto) dx (@ 0) (8.42)

KYPHHHIIHH OJIaIH.
Kylinga kenTupumagurad yuyrta ajMaiutHpuur €piamuaa (8.42) uu-
Terpas palHOHa/ (YHKUMS HHTErpajiura KeJTHDUJIALH.
a) a> 0 6yacun. By xonma (8.42) uHTerpanna

t =Vax+Va® +bx+c (8.43)
(Exn t=—1Vax+Vadtbx+to
ajMamtHpui Gaxapamu3. (8.43) TeHIVIMKHH KBaipaTra KyTapcak,
ax? +bx +c=#—2Va xt+ax?

6916, yHIaH

- s I3
p— e dx:?(]at2+bt+c]a)dt
2Vatgb @2V at-bp3
6ynann. Arap
Var i = Yaribtrcva

2Vat+b
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skaHuad IbTubopra ouacak, y xoaza (8.42) wHrerpaa yuwoy

f R(x,Vax*4-bx-+c) dx =

~ (R /2 Va f21btc VE) 2(Vartbtic) a)
f (\2 Vatep 2V @ t+b @V attoe

KYPUHHILHH Onagy. Dy TeHrJMKHMHT VHr TOMOHHJArd HHTErpaj OCTH-
na Typrai GyHKUMA ! y3rapyBYMHHHT paliHOHA/I QYHKUMACH 3KaHU pas-
EGH TS

Iyupaft kuomb, (8.42) wuHTerpannu xucobmamr g >0 Gyaranna
(8.43) anmawTHpull épaaMHMia pauuoHaa (YHKUMAHM HHTerpaJiaiira
KeTHPUJIASH.

6) ¢ >0 6yacun. By Xomnma (8.42) mnterpasnga

f=L [l"rax?ﬁ—bx%—c— Vc_] (8.44)

X

dt

(éxu f=L {l'/ax2+bx+c + VC—D
X
anMall THpHIU Gaxkapamu3s. (8.44) TeHTJIMKHU KBagpatra KyTapub,
ax® +bx +c=x+%fV ¢ +o,

YHAaH
Tt — Tz — vy
o 2 b’ gy = 20/ce—bt+1Ta
a—t2 (@ —12)2
HM TOMaMH3, INYHHHTIEK
- —
—_— 2 __pt
Vald+bxLte = yerf—bttayc .
a—12
Hatmkana (8.42) vHrerpan Kyfugaruda ésuamm:
— 2y ct—b
{R(x, VarToxtode= SR{ AN - X
\oa—
oy o TR bt Ve
><] cf2—bt +a) 0) 2(Vcect2+bt-Vca dt.
a—f2 (a— t2)2
PaBiiatkH,
R(zlfc“t—b Vc_tz—bt-TaVc‘> 2V ctz—btt+ Ve a
a—12 a—1t2 @— 122

GyHKUMA [ Y3rapyBUMHMHI pauuoHan ¢yskuuscuaup. [emak, 6y Xo.aga
XaMm

j. R(x, V axr*+bx+c)dx

udTerpanHy Xucobaaui (8.44) anMalUTHPHII HAaTUKACHAA PallMOHAI ¢YHK-
HMAHK HHTErpasJalira KeJTHDUIaLH.
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N

5-3caatma. Okopuna Kapaaran a) Ba 6) Xoa7ap X = — ajiMaul-
THpUII OuyaH OMPH MKKHHYMCHTa KeJaad. XakHkaTaH Xam, a>> 0, ¢>0
o 1
6yaranga (8.43) aamawmTHpumi ¢opMyJacuia x = — ge6 oacak, YHAA
z

1 1 — 1
Va——+b-—}—c=t—-]/a -
22 z z

6yunb, xelinuru teHrmukgan (8.44) anmvamTupuin gopMmyJack

Ve Fbzfa=tz—Va
Keaub uMKanu.

B) ax®- bx - ¢ KeagpaT yuxal Xap XW.a X; Ba X, XaKHKuil WImus-
Japra sra 6yjcHH. MabayMKu, x; Ba X, WIAu3lap opkamu ax® -+ bx 4+
-+ ¢ XpaapaTt yuxaaHu

ax® +bx+c=a(x—x){x—x,)
kypurHaa udgopasam MymxuH. By xonpma (8.42) muterpanza yumby
1 —
Vaxt+bx—+c (8.45)

X—X3

t:

aaMawTHpuin Gaxkapamus. Haruxaga V a(x — x)) (x — x,) =t (x—x,) Ba
YHM KBajpaTra OmMpuB, a(x — x;) (x— X,) = £*(x — x,)* GyMIIHHY TO-
namH3. [lemak,
X=M, VaxFbxtc= alx—x5) ¢,
i2—a 2—ag
dx—= 2a (xy — x9) 1
(12 —a)?

6yaamn. Y xonga (8.42) uurerpaa ymby

S R(x, Vax?*5bx+c) dx=

— j»R —ax;—xit2 a(x; — xo) ¢ \) 2a (xy—x2) ¢

t2—a = tz—a (2 — a)?

KypHHHUIITa KejaiH. By TeHI/IMKHHHr VHT TOMOHMJarH HHTerpaJ OCTH-
Jard ¢yHKuMA ¢ Y3rapyBUMHHHT paliHOBaJl (DYHKIHSICHAHD.
Hlynmafi xuaub, 6y xoaja (8.45) aamamthpuul —HaTHKacuaa

SR(x, V ax®4-bx+c) dx uuTerpanmu Xuco€nzll panvoHan dyHKIS-
HHHT HHTETpajHHH XUcoGjallra KeJialy.
Opnatna (8.43), (8.44) ea (8.45) anmawrtupuuiap Jdaep armauimu-

putiaapu 1e6 aranagd.
dx
Mucoua. ——————=—— HHTerpa’Jnu X‘HCOGJIHHI‘.
X+ ¥V x2 - a1
By unrterpan yuyH (a=1) ShiepHuHT C€HPHHYH aJIMAlLTHPYLIMHH
((8.43) ra xapanr) GaxapaMus:

t=x+V+x—+1.
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Y xoaza

21 L £t 1
= Vatasflatditl ge_olfixitl

1 428 1+ 2 ’ (14202
6y/u6, OepuiraH HHTErpant y4yH

5 ."_‘_=2§‘—’""’+’ dt
x+} x2 4+ x41 (1 +20)2

g+t+1 2 3 3

£(1 42ty 149t (122
SyauumMHYN 3bTHOOPra O4HG, TONaMH3:

6ynagu. Sdau

dx 3 , 3 1

u(xﬂﬁm_mn [t]— 5 Injl+21+~ g TC=

=2ln{x+1/x2+x+ll—%lnll—i—2x+2]/x2—l—x+ll—{—
L2 L +c

14252 ) x5 x+1

2. bunomuan guddepeHUIHaNdaDHH HHTErpaJJall
Yby

XM (a-- bx" )P dx
udbeperuran udona bunomuar OJugpgeperyuanr neb artanagd, 6GyHza

@, b — ysrapmac cousap, m, n, p-— pauMoHaJ COH.Iap.
Bunomuan muddepenunansapHuHr

[ xm@+oxnp ax (8.46)
MHTEerpaJHHH KapaiMus.

PaBiranky, Oy uuTerpasHd Xucobaail m, n, p— pallMOHAJM COH.ap-
ra GorauK. Mawxyp pyc Marematuru [1. JI. UYeGuiieB kypcartrauk,
(8.46) uurterpan KyHumaru yyra

1) p—06yTyH coH,

2) mtl — OYTYH COH,

n

3) ml -+ p—OYyTyH COH
n

XoJJjaryHa palHoHas GYHKUHAJaPHHHT HHTErpaji OpKauaH HpofasaHa-
JH.

1) p —6ymyn con Gyacun. By xoada m Ba n palHOHAN COHJAp
(ApHH Kacpsiap) MaXpa)KHHUHT 3HI KHYHK YMYMHE GYJIYBYUHCHHH O OpKa-
JH Genrunab, (8.46) uurterpanga x = {° ajaMauTHpuil OaKapusca, HH-
Terpan ocTHAard QYHKUHMA pauyoHan GyHKuUuAra aiaanHub, (8.46) uu-
Terpan pauHoHad (QYHKUUSHUHT HHTErpajHra KeJTHPHJIAIH.

2) mtl —6ymyn con 6ijacun. ABsan (8.46) uuTerpanga
1

n

x=t"

283

www.ziyouz.com kutubxonasi



agmamthipum Gaxapamu3. Hamkana (8.46) uHrerpan Ky#umarn

mtl
fom@t+onyda=2fa@ropt" a (8.47)
n
KYPHHHUIUHA ogamu. KHCKaJIuK yuyH
g = m+41 1
n

Je6 GearuJaiMus. By Xonga p—Kacp COHHHHI MaXpaXKHHH s OHnaH
Gearunab, (8.47) uurerpanga
1 1

z2=(a-+ bt):——— (a+ bxr ):

anMallITHPHII GaXapuaca, HaTHXKaja WHTerpas octigard Hdoga paityo-
Han ¢yHKuuAra aijawub, sHa (8.46) uHTerpan pauuoHas (YHKLHS
MHTErpajHHH XHco0Jallra KeJTHPHJAIH.

3) p+q—06ymyn con Oyacun. YOkopuparu (8.47) uHTErpajHu
Kyidujaruya €316 onaMus:

S@+oprma— (2227 prog
\

Arap kefiuHrn HHTErpajja

1
s

2= (a—}t-bt')

aJMalTHpuil  Gaxapuaca, (8.46) HHTerpas pauMoOHasm  (YHKIUMSHHHT

HHTerpaera KeJaaH.
*—VT—;:— dx
(1+Vx)p

Mucoanap. 1. Yuby
HHTErpaJHu Kapaiiuk. Dy unterpasnu (8.46) unrerpan GuaaH Takkoc-
Jab, p=—2 (6yTyH COH) 3KaHJUTHHU aHWKJalMH3. OKopuaa Kapa.-

ran 1) Xoara xypa x =1 (f =y x) aaMamTUpHII GaXKapuG TOMAMU3:

{—‘3/_"_ dx=6f 2
J (43 %) (1127

v

Dy TeHIIMKHHHr JHTr TOMOHMJaru yMHTerpas OCTHAaru (QpyHKUHSHH
18 1 1

— 4 ___Op2 _ !
(o DT T
KYpHHHIIAA €3W1l MyMKHMH 3KaHHHHM 3bTHOOpra oJcak, y Xosaia
L 15 £ tdt
d T e—— — —
j T t = 2 3 -+ 3t—4 arctg ¢ + \S e

6Vnaan. Oxupru wurverpan wy 6GoGHuHr 2- § uaa xeqrupuarau (8.17)
PeKyppeHT MyHocaGaT €pJaMHuja OCOHIHHA XHCOG/aHaIM:
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i t
(12412

1
2 241
Hartuwxaga Kyduaarura sra 6y./1amu3

—}—Elarctgt-{—C

dt = L
(14-¢2)2 5
JeMax

t3+3t—%arctgt+— ‘

C.
2 -l +
¥ X 3KaHHHH 3BTHGOpPra oJub, Y3UJI- KECHI €3aMHM3
,/-27',_— dx
(1+

66-—
Xx=—1
Vo2 5

5,_

—4VX4+ 183 x—2l arctg v x +

2 |

—dx—_ HHTErpaqHd XHcobJsaHur
]/ l+]7x2

d .
By uarerpamuu ( i

2L
Irie-|
m=1 n=_2_ p= L
o , 3’
Jub,

x (1 4+ x3) ?dx xypunuuga é3ub
— — GyauumeM Tonamu3. By Xosma

V+1+C

mil 4 65
2L
t=(1+x)
aJMamTHpuil Gaxkapamu3. YHaa
2 3 f
I+ = x=@—1) pa dx=%(t2—-1)2 9t dt
6yaub, GepuaraH HHTerpaj yuyH yuby
2 1
(x4 7 dx=3{(@—1pe dt=37—6‘si+
+8+C, t=‘/1+x?
udbona TomuagH

JaH UIYFYJIJIAHAMHU3

5-§. TpuroHomeTpHK (yHKUMAJAPHH HHTErpajial
Y6y naparpadia TPUrOHOMETPUK (PYHKUMSJIADHH MHTErpajJam Gu-

IOkopunarugek, R (sinx, cosx) opkanu sSinx Ba cOSX JApPHHHT
paumoHas pyHkuusAcuHy Gemarusaiiiuk. ByHpait ubonaHuur

SR(sin x, cos x) dx
HHTErPajIHHH KapaJk.
Arap (8.48) uHrerpasnza

(8.48)
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t=tg%(—n<x<n) (8.49)

aJMalTHpHII Gaxkapuica, y XoJza (8.48) unrerpan ocrtuaaru R (sin x,
cos x) dx udona ¢ VarapyBUMHHHT pallOHaJ (YHKUMACHra aiinanub,
(8.48) nHTerpanHM XucoGsaul pauHoHas GVHKIHA HHTETPAJHHH  XHCOG-
Jlalra KeJajiu.

Japxakukar, Kyfunaru

2 tg—~
. P of
sinx = =Taa
]—;-tg?i +
2
I—tg2—
€% 1—p
cosx = = ,
g THE
g 2
x=2arctg ¢, dx= 2at
1412
MyHocabat/iapHR 3bTHOOpra oJcak, y xoipa (8.48) uHTerpas KyfAuzaru
1 — 12
SR(smx cosx)dx—yR d 2dt
1+tz 14+2) 1412

xypunuuraykenany. Papasky,

R ( 2 ’ 1— t2) 2
12" 1442) 142
GyHKUMA ¢ Y3rapyBUMHUHT pauuoHasl ¢yHkimsAcH. eMak, (8.48) muure-

rpajHH XucoGsall panuoHas GYHKUMS HHTETpajMHH XHcobjalra KeJja-
IH.

dx
Mucon. | ———— wunrerpanuu xucobuaHr.
3+ sinx

X
By unrterpanza ¢ = tg—2— anvamTHpHil Gaxkapamus. Hartmxana to-
N1aMH3:

_ 1 odt
53—}-sinx 5 % 1xs j312+2!+3

. d(z+.i) *? d;<t+—1—
QX@E_T:% 1238=§\ 1\2 32./1/2‘2=
J(+3)+5 v(“r?)ﬁ“s—)
L
V arctg 3 ol —}-C’
2 272
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Jemaxk,

5 3+ sinx 2 2
IIyHu TaBKHAJIALI JIO3HMKH, SR(cos X, sin x) dx wHTerpanga ¢ = tg%

anMalITHPHII YHHBepcaJ aJMallTHpHil 6Y/ub, v (8.48) uHTerpasHH Xap
JOMM pallMOHaJ (YHKUHA HHTerpajura Ke/THpca- la, KynmuHua 6y
a/IMallITHPUIII MYPakKa6 Xucobmauniapra oJub xelamH.

Afipum  Xoasapia TPUIOHOMETPHK (YHKUMANApHH HHTErpaJuianiia
t=1tg x, t=sin x, { = cos x aJMaWITHPHILIAD KyJal Gyiamu.

Mucoaaap. 1. 5‘

—— WHTErpajH# Kapai.nk. Arap 6y wunTte-
cos* x

rpanga ¢ = tgg YHHMBepcaJ aJMAIITHPHW Gaxkapuica, Y XoJfa

s _ o g'(l+t2)3

. cost x J (1=

6ynand. Bupok kapagaérrad uHTerpasnga f =tg x aavamwrrupum 6axa-
pusca, y Xosga

dx
S =0+ dien=[fa+ma
6y.1u6, vHAAH

S dr _ 4 0 +C=tgx+tg—2—x+c

cost x 3

OYIUIIMHAY TONAMH3.

2. \cos x dx

. HHTerpajfa £ =sin x aavawrupdii OamxapuG Toma-
sin’

MHU3:

cos® xdx __ | (I —sin? x) d sin x _ ((l—tz) dt —
sin® x sin® x s

— 2 1 1
—4 —2 4 sintx

1
sin2 x

+ C.

1
2
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9-50F
AHHK HHTECPAJI

1- §. Macaaanap

Yw6y naparpagia aHHK HHTerpasn TyUlyHYacHra oJx0 KesaJurat
MacaJjiajlapfiaH 6ab3n GHPJMapHHH KeJTHPaMH3.

1. Vruarau iy xaguaaru Macaaa. Bupop moaam#t HykTa
TYFpH um3uk GyiiMua [f,, 7] BakT oOpajuFHia v =U(f) Te3qMK OHJaH
(£ € [ty T1) xapaxaT kuiaérran Gynca, yHUHr Gocu6 yTran Hym S HH
TONMII Tasab 3TWiCHH. PaBlllaHKM, arap HyKTa Te3JMIH yarapmac (re-
KHC Xapakat) 6yJca, sibHH 0 (f) = v, =const, y Xoama s = 0o (T —1)
6ynaan. JHAM v (f) — uxTuépnil pyHkumusa Oyacnd. By xomma macasanu
Xaa 3THII YuyH [f,, T'] BaKT OpajIMFUHH

tov t]’ t2) tn_]i tn = T (to < tl < < tn—-l < tn)
HyKTajap épiamuia n Ta GyJakka Oysnavus Ba Xap 6up [Z,, £, 6Y-
Jakza (cermentaa) nxtuépuit E, (€, € [¢,, tk+1], k=0,1, , n—1)
HyKTa osamu3 (51-yuama).

g, é, &
L T A Ix Txer =7

51- un3ma.
Arap xap 6up [f,, Lol R=0, 1, n—1) cerMeHTAa HYKTa-

HMHT Te3Hru v = v (f) ysrapmac Ba v(E,) ra TeHr je6 oJuHCa, Yy XOJ-
Aa HyKTaHuHr [¢,, ¢, 1] BakT opamuruaa GocuG yTraH Hyau ymby
v (Ek) (tk_*_] - k)
MHKIOp OunaH, yHuHr [f, T] BakT opaiurupa 60cu6 yTraH HyJam S 3ca
sSx=U (Eo) (tl _to) + v(§1) (t2 - t]) + +v (Ek) (tk_H . tk) +
-+ +o(E,_) t,—t,_) 9.1)

MHKNOp OunaH asuknaHagu. Byupa ¢, —1, = At, (k= 0,1, n—

— 1) ne6 Genrusiacak, lokopuzark (9.1) upomanu Kuckaya, HHFHHAM
Genruch 2 (curMa) épaaMuja KyHHiaruya €3dil MYMKHH:

n—l1
szzv('cjk) At,. 9.1
k=0

Hykranuur [f, T] na 6ocu6 yrran iymmnn npoganosun (9.1°) dop-
MyJa TakpUOMAIMp. XaKHKaTaH, GH3 HYKTAHMHT Te3Jurd v = v (f) Bagr-
HHHT QyHKUMACH Gysca XaM, YHH Xap 6up [f,, ¢, 1] BaKT OpasiHFHAa
yarapmac v (E,) ne6 xucoGnaguk.

Sumu [ty, T] opanukHHHT GYJaKJapH COHMHH IIyHAak opTTHpa 6O-
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pail.mkky, 6yHaa Xap GMp opaaMK ysyHaurn Af, HoAra HMHTHAA GOp-
cHH. Y Xonja

n—1

N o) A

k=0

MHKZOp 6M3 1i37aétraH Hi¥a MuK-
JopuHH TOfOpa aHMKpOK Hdoaasan
6opaay, ne6 xucob.aamr TabHUMBAMP. Ax

2. 9rpu YU3HK.JH Tpane-
UHAHUHT 03" f(¥) PyHruma
[a, b] cermeHTna aHHKJAHTaH, Y3-
JYKCH3 Xamaa W x€l[a, b 1a
f(x) =0 6yacun.

IOxopupan f(x) dyvekuus rpa- g
¢ury, €H TOMOHJaplaH x =a,
x=5 BEPTHKAJ1 UYH3HKJ4p XaMja 52- yy3Ma.
nactaaH Ox — abcuMcca Yk Gu-

JIAH yYerapajaHTaH IUak/JAHY Kapa#lauk (52- umsMma).

Oparaa, 6yHaall 1IaKa 5TPH YM3HKJH Tpaneuys 1e6 artanagu. aABb—
STPH YM3HKJM TPANeNUsHHHT IO3HHM TOMHIN Ta1al 3THJICHH.

Arap f(x) dyHkunsa [a, b] cerMeHTaa yarapmac, S'bHH

f(x) =C = const
6yaca, y Xonga aABb wak:1 Tyrpu TypTOypuak GV.HO, YHHMHT 103H
S=C-(b—a
¢dopMysa 6unaH aHMKJaHaIH.
Arap f(x) dynkums yuyH [@, b] cermentaa f(x)==C = const 6y-

Jub, Y X HUHT BXTHEPMH V3JIYKcH3 ¢yHKumsAcH 6yJca, y Xoaza aABb
IIAKJHRHT }03MHH TONHIU YuyH [@, b] cerMeHTHH

a =Xy X, Xy X, 5 X, =b(xp<x<...<x)

HyKTazap 6unaH n Ta 6y.akka 6ynamu3 Ba Xap 6up [x,, x,,] (R=0,
I, ., n—1) cermentna uxtuépuii E, (§,€[x,, x, 41]) HYKTa OJlamMus.
Xap 6up v, %,,)] (¢=0,1,2, .., n—1) cermentaa f (x) PyHKUMA-
HH yarapmac Ba yHH f (E,)ra TeHr kw6 oncak, y Xoama x, A, B, %,
STPH UMBHKJH TPamneLUsHUHT 103U
i (Ek) (xk+] _'xk)

ra TeHr 6yan6, aABb 1wakJHMHT 1031 3ca

S=f@E) a—x)+F E) g—x)+ ...+

+F &) (%41 —x)+. . FFE) G —x,0)

MHKIOp GuJiaH aHuKJaHaz. [Jlemak,
n—!

S= 3 iE)Ax, 9.2)
k=0
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Oynaa Ax, = Xy — %, Kypuuub typubpuxu, aABb srpu uusuk.d Tpa-

TNeUHUsTHUHT I03UHH Hdonanosun (9.2) dopmyna TakpuGHit opMy.Iamup.

Oupu [a, b] cerveHTHHHr GOyJaKJapH COHHHH LIVHAAa# OpTTHpa Gopaii-

JIUKKH, OyHZa Xap OHp CerMeHT Y3yH.uMIH A X, HOJra HHTH/IA GOPCHH.
n—1

¥ xoa11a E f () Ax, AMFHHIMHHHT MHKIOpH XaM y3rapa GopaiH.
k=0

PaBuanku, 6y Mukjopaap GopraH capH aABb srpn YH3HKJM Tpanemus-

HUHT 103HHH aHUKpOK HpoAasadl Gopaau.

FOKopH1a KeJTHPHAraH HKKH MacasaHd Xal KHJMIfa yHpard ¢ (f)
XaMaa f (x) GyHKUHAIAp YCTHAA OMp XHJ Tanbupiap amanra OLIMPU.IIH,
SIBHH

a) OVHKUMA aHHMKJAHMII COXAcHHH (TYMJAMHHH) Oysaksapra GyJur;

6) Xap Oup Gysakaa uxtuépuit &, HykraHH oquG, Gy HyKTaia pyHK-
LUSHUHT KUEAMaTHHU XucobJaid,

B) OYHKUMSHHHT §, HyKTajard KMAMATHHHM, MOC Opa/JMKHHHT Y3yH-
JIMTHra KymnaltHpub, yJapiaH HuFMHIH TY3ULI HiLiapd Gaykapuiid.

CyHr oOpajqMKHHHI OYJaKJapy COHHM IIYHAad OPTTHPa GOPUJIIHKH,
GyHma xap GHp opajMKya Y3YHJIMIH HOJITa MHTHJA OOpAH.

Harixaga TysuwiraH HUFMHIWJIADHMHT MHKIODJApd MOC paBHLITA
VTuarad Ry €Kd STPH YMSHKJM Tpaleuds I03MHH To0Opa aHHKPOK Ho-
Jasnail GOpHIMHH TaHKaJMK. ¥YMyMaH, XKyJa Ky MacajaJapHHHT eYUMH
IOKOpHJarura yXulali HUFHHAMJIAPHUHT JIUMHTHHH (AHFUHIMHUHT JIMHTH
KeliuHry naparpabjia aHUK TabpudviaHafHM) TOMHII OHJIAH XaJl KUJIMHAMH.
Byunait AHFUHAHIAPHUHT JHUMHTH MAaTeMaTHK aHAJIM3HHHT aCOCHH TYIIYH-
gajapuial GHpU — aHHK HMHTErpaJj TYLIYHYacHra o406 KejajH.

2-§. AuMK MHTErpajJ TabDU(H |

OVHKUUAHMHT aHUK HHTErpajMHM TabpHbsamaH aBBan Gab3u GHUp
TYIIyHYaJ ap, KyMJajaH [a, b] cerMeHTHH Oyjak/all, QYHKUHIHUHT
WHTErpa; HHFHHAUCH TYIIVHYajapd OW/IaH TAHHIIAMHS.

Mxtuépuit ynyiaMud 6yJjak/iam TYLIYHIACH MasKyp KypCHUHT 1-606H-
Ja KEJITHPUAraH 31d. By TyIIyHYaHMHT Kapa/jaérraH MaB3yMH3 VUVH
MYXUMJIMTHHA 3bTHOOpPra oJu6 6u3 KyHHIAa YHH CerMeHT Y4yH siHa Oup
60op Gaén sTaMus.

1. [@a, b] vu 6y mnakaam. bupop [a, 5] =R cermenr Oepu.iran
6y.1cHH. YHuHT YOy

=X, <X <X < <X, <x,=b

MyHocabaTAa OyJsraH YeKJH COHJArH MXTHEDHE Xg, X;, Xoy . X,_p,
X, HyKTaJapH cHCTeMacHHH oJaiuk. Arap A, = [x,, x|, A; =[x;_,,
xli=2, 3, ., n neb Oearunacak, y X0Jaja paBLUaHKH,

lo. AIUAZU' -UAI_L:[a, b];

2°. ANA =9, (k=] k j=12, . n).

Mazkyp xypcuudr - Gobugarn TYNJIaMHM GyJiakjaml TYIIYHYacH Tab-
pudura onnoan {4, A, A} cucrema [a, b] na Gysaksam Gaxap-
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ran 6ynaan. Ba axcunua, arap 6usra [a, b] cerMeHTHHHI OHPOp YeKJH
{B,, B,, ., B,} 6Ymaknammu Gepuiran Gyica, y ymby

a=Yo<$1<Yp<. . <Yn 1 <Yn="=
MyHocabatpa 6yJraH YeKJH COHAATH Yo, Y, Yos - - vs Ym—1r Ym HYK-
Tajlap CUCTEMacHHH aHHMKJaHIH. Dunobapur, 6M3 TynJjaMuu 6yJjakjaiu

TabpugHra 3HBUBaNeHT GyJiraH KyHujard TabpH(HH KHDHTa OJIaMH3.
I-tabppuod. [a, b] cermentHnHr ymoby

a=xX<X<X<...<x,_,<x,=0b

MyHocabaTAa GYJraH ¥ XTHEPHH YeKJH COHIATH Xg, Xi, Xgy « « - X1 x,;
HYKTaJapH cucTeMacH [a@, £] cermentna 6yiaknam Gaykapamu AeHHaafH.
h%

P={xp x;, ., x}
Kabu OearuyaHalH.
Xap 6up x, (¢=0,1, ., n) HyKTa G6y/aKJalIHHUHT GYJIyBYN HYK-
TacH, (%, X, (=0,1, ., n—1) cermenT 3ca P GYyJakJalHHHT

oparuru nedunany.
P 6ynaknam opanHKIapH ysyHaurn Ax,=x, ,—x, (R =0, n—1)
SHT KaTTacH, ABbHH YOy
Ap=max {Ax}=max {Ax, Ax;, .., Ax, . Ax,_)}
MHKJAOp P 6ynaxk/allHHAT Ouamempu je6 aTajaju.
Mucoa. [a, b1 = [0,1] 6yncun. Hykrtanapuunr kyfnmaru

1 2 9 10
0’ Ty T e ey Ty o= s
107 10 107 10
2 4 6 1
0) Ty Ty T 'iy '_0= 1,
107 107 10”10 10
L9 10,
10" 10010 7
1 2 19 20
*20 20° ' 207 20
cucreManapu [0, 1] cerMeHTHHHT
1 2 O
= Y T 9 y T ] ’
P {0’ 10”10 10" )
2 4 6 8
—‘f Ty Ty A N0 1};
P, L0, 0" 0’ 10°
19

1 2 19
P‘—{O. o e 1}

6ynaknannapy 6 u6, yJapHUHT AHaMmeTpJapH MOC DaBHIIa
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Ay =
20

1
Pe= o7 .

l 4
;\,P‘::E’ A'P ::?’ A’P‘=

6y1aznu.

IOkopuza KentHpuiraH Tabpud Ba MHCO/IAPAAH KypuHamukd, [a, 0]
cerMedT GepH/raH Xo/Aa TYpPJH ycyJuiap GusaH Oy CerMEHTHH UCTaJIraH
coHpary OYJaKJalljapHY TY3ull MYMKUMH 3KaH., Dy 6yjakmamnapman
ubopat TynaaMHH & OunaH Genrunaimus: & = {P}.

2. Muterpan Guruuau. {a, b] cermentaa [ (x) pyukuuss aHuk-
Jadran 6y.acud, [a, b] cermeHTHH

P={xy Xy, Xgy « « y Xp x}EF

Gynaknawuy Ba Oy 6yJaknawHuer Xap 6up [x,, x,.1(k=0,1, 2,
n—1) opamukna uxtuépuit §, (€, € [x,, %, ]) Hykra onamu3s. Bepuiran
QyskuuaHuHr &, HyKTajarw xuimatd f (§,) mu A x, = x,  —x, ra xjy-
nafiTupuG, KyAHIard HHFUHAHHH TY3aMH3:
o=f (&) Axy-f(E) Ax, + +fE) Ax, + +
n—l
+f (E‘:n—l) Axn_] :2/: (Ek) Axk-
k=0
2-rabpud. Yoty
n—l
o= N1 @) Ax, 93)
k=0
furunay [ (x) QYHKUHAHUHT uxmeepan durunducu 1ed arajaiu.
Macanan, 1) f (x) =x ¢yuxkuuauuar [a, b] cerMeHTAarH HHTErpaj
AHFUHAYCH

n—1 n—l

Ef &) Ax,= Z £ Ax,
k=0 k=0
6ynanm, GyHia
xk<§k<xk+l (k:Oy lv 2) n'—l)'

2) upuxie QyHKUMACH
(1, arap x€[a, b] — pauronas cou 0yJica,
lo, arap x€ [a, b] — uppauuoHaa coH 6y.ca

HUHT HHTErpaj HUFHHIMCH KyHupard
-l b —a, arap Gapua &, — paumoHan coH 6y.ica
VD(Ek)Axk=I . T
=

KypuHHILUra 3ra GyJjaid.
Pasmanxy, f (x) QvHKUMSHUAT HHTerpas HuruamucH ¢ f (¥) dyHk-

uusira, [a, b] cerMentHH Gy/aK/aul ycyJapura XaMmzaa xap Oup [x,, x,.]
CerMeHTJaH OJIMHTaH &, HVKTanapra OOF/MK CV.1aad.

D (x)=

[0. arap Gapua &, — HppauvoHas COH 0yJca
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3. Aunx unterpaa taspudu. f(x) dyvuxkuus [q, b] cermentna
aHuKJanran 6ysacuH. {a@, b] cerMeHTHHHT WyHAal

P, P, P, P, (9.4)
(P,€& m=1,2, .) 6ynaknapuHu KapaHMu3KH, YJApPHHHT MOC jHa-
MeTpJIapHZaH TallKH TOMNraH

}\'pl’ A‘p’y A’p.’ }\'pmv

KeTMa- KeTMK HOJra MHTHACHH: Ap —- 0.
Bynpait P, (m=1, 2, .) 6Gyjaknjawaapra nucbataH [ (x) dyuk-
LMSAHUET MHTerpa’ HWFHHAMNapHHM Ty3amu3. Harikaza [a, b] cerMeHTHH

(9.4) 6ynaknamnapra Moc f (x) GYHKLMAHHHT HHTerpan HHFHHAMJIADH
KHiiMaTnapuaaH Hbopat KyHuaparu

0y, Oy, Oy, O s (9.5)

KeTMa- KeTJK XOcua Gysanu. |Paewanku, 6y !Ketma- KeT/MKHMHT Xap
6up Xamu £, mykrasapra GOFJHKIMD.,

3-TabpHug. Arap [a, b] cermenthHu Xxap Kanpa#t (9.4) 6y.1aknawap

KeT™Ma-KeTauru {P,,} OJMHrania XaM yHra MoC HHTerpa;j HHMFHHAM KHH-

Mat/apuiaH u6opat {0} KeTMa-KeTMuK &, HyKTaJapHHHT TaHnab o.u-

uummra GorsMK OysiMaran XoJaa XamMa BaKT Outta I coHra HH1Mjcas
6y I con o durunbununz A, ~ 0 Oaeu aumumu 1e6 atajamu. ¥

n—1

l. =i V AX, = *
 imo 111_1}0 N € Ax,=1 *)
P P =0

Kabu GesarunasanH.
VMFiHAM JHMHMTHHH KVHHMJarvuya XaM TabpHdaaml MyMKHEH.
3-tabppnd. Arap V¢ £ > 0 con onuHrasjga Xam mysaai § > 0 con
TOnHAcakH, [a, b] cermenTHH auameTp Ap <t 6 GyaraH Xap kKanaa# P

GyJaKnall yu4yH TYSWITaH O HHFMHAM HMXTHEDHH &, HyKTajapia
Jo—1|<e
TEHICH3/IMKHY KaHcaTJanTupca, y xoana I coH ¢ durundunune hp—0

Oaew aumumu e atanaau. Y ioxopuaarugex ((*) ra kapanr) Gearuga-
Hapu. VIMFMHIM JMMMTHHUMHT 6y TabpH(Japu 3KBHBAJEHT 1abpuapaup.

4-tabpud. Arap A, — 0 zga f () OYHKUMAHHHT HHTErpasn HHFUH-
aucH (9.3) yeknn numutra sra 6yaca, y xoaga f (x) ¢yskums [a, ]
CerMeHTAa UHmezparianyedu JeHunani, ¢ — UHFHHIHHUHT YeKJH JHMH-
™, [ sca—f (x) QyHKUMSHMHT [@, b] CErMeHTAarH QHuK urmepanu
1e6 aranapy. PYHRUMSHHHT aHUK MHTErpaJH

b
[ f(x) dx

Kabu GenrnjaHajid.
JeMax,
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Il—l
Sf(x) dx—hm cr—llm V fG) Ax,
0550
ByHnna a coH uHTerpafHuHr KYHH Yerapacd, b COH 3ca HHTErpa.HHHT
IoKopY uerapac, [a, b] cermeHT uwmezparraws oparuru eb aranaiu.
1-§ ga xentupuirad MacasajapHUHr OGupuHuncHia s HUyJa-v (f) Tes-
JUKHHHT [f, T'] cerMeHTOAarH aHUK HHTErpa/iu:

T
s= {0 d,
fo
MKKUHYHCHAA 3ca aABb srpu yusukau tpaneuusHudr S wo3u f (x) PyHK-
uMsHuHT [a, b] cerMenTzaru aHUK HHTErpa.IH

S=jb'f(x) dx

JlaH uoopar.

Arap Ap—0 Ja AMFHHAMHMHT JUMHTH MaBXy] Gyamaca €ku YHWHT
JUMHTH 4eKCH3 6V.ica, v Xoaia f (x) dysxuusa [a, b] cermeHTIA HUHTer-
paJlaHMadin  meHusanu.

Mucoanap. 1. f (x) =C =const ¢yukuusuunr [a, 8] cermenr-
Jlari UHTErpa/MHH XucoOsaiiMu3. [a, b] cerMeHTHHM HXTuSpuit

P={xp %, ., %} @@a=x<x< <x,=0b)

6yaaktamsn 0aub, f (x) = C QYHKUUSAHHHT HHTErpat HUFUHIUCHHE TO-
HaMH3:

n—I1 n—1
G—VCAx-—CVAxk C [(X,—Xg) + (% —x) +  +
= =

+ (6, — %,_)1 =C (x,—x) =C (b—a).

Pasmanky,
lim o=1im C (b —a)=C (b —a).
A p—0 Ap—0

Hemax,
b
f C-dx=C (b—a).
a
Xycycat, f (x) =1 Oyaranpa KyHugarara 3ramus:

b b
g l-dx= ‘ dc=b—a.
a a

2. Ywby f (x) = x ¢yHkuusuuHr [a, b] cerMeHrtaard uHTerpaJuHu
XHCOO,TaH THK.

Mabayvky, [a, 0] cermenTaa f (x) = X QYHKUMAHHHr HMHTerpaa Iu-
FHH/THCH
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n—1
0= : E Ax,
k=0
6.6, Oynaa Ax,=x,.  —x, Ba
< § <. (9.6)
By (9.6) Tenrcusnnkun Ax, >0 ra xynaiitupuG TonmaMus:
X Ax, <E-Ax, < Yn-Ax, k=0,1, ., n— 1).

Keliunrn TenrcussmkJapian 3ca

n—1 n—1 n—1
Ny Axr, <Y LAy, <Y Ax,
SaansS wan<Sa,
=0 =0 fr)
TEHICH3NHKAAP KeJH6 uMKaid.
n—1 n—1
LY -
Hemax, ¥ x,-Ax,<o< N -Ax, 9.7
=0 =0
n—1 n—~1
Summ E x,-Ax, 3a E Xpyp-A X, dMEHHAHIApHN KylHjarwua ysrap-
=0 =

THPHO €316 oJiaMH3:

n—1 n—1 n—1

15 2 >
Z XA x, = E Xp (g1 — ¥ =3 E Kt — %) —
k=0 2=0 k=0
) n—1 ) 1 n—l
-5 z (tpy — == (x;‘—xa)——‘z~ E Ax; =
k=0 k=0
_1
b2—aq? I
= - \ Ax}:
2 2 a=

Arap x,,, =X, + Ax, sxanunu >btHEOpra OacaK, y Xosija

n—1 —1 n-1 n—1
Exk-H' ‘ (et Ax) Axy =Y x,-Ax,+ 2Ax;=
k=0 k—— k—l k=0
—1
2—.q2 1
+ = 5 E A X3,
k=0
Hemax,
n—1 n—1
b*—a? b--—a” 1
—— Axl<a A x2,
> S‘ i<o< + 5 20 A

By myHocaGatnan
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n—I

<5 Y axg

k=0

b2—g2

lo__

. 1 '.n—-l
TEHICH3MMK KesMb unkamu. CyHrpa r JE A X% yuyH

=0
1 "{" e b—a
— Av<h,— N Ax, =222
2 - LA f:"o k P) P

(Byuna ip= max {A x}) 6ymumnan A, —0 xa

1

)
|

LN Ao
T 2 Axi—0
k=0
GY/IMLIMHE TOMAMHS.
Hemaxk,
. b2—a?
lim 0= .
AP—-»O <
by sca ta®pudra kypa
b L
j xdx = ==
2
a

IKAHTHTHHH OHJLHMPATH.
3. la, b] cermenraa Hupuxie QyHKUMACH YYVH aHUK HHTerpaJ Mas-

Ky 3MACJHTHHH KypcaTaMH3.
Hupuxne ¢yukumacy D (x) yuyH uuterpa1 HurMHAH Kyitugaruda

OY/IMIMMEY KYpraH 3QuK:
b—a, arap Gapua E, — paumoHan coH Gy.ca,
0= 0, arap Gapua &, — uppauuosas coH 6y.nca.

Pasmanku A, —0 ga o hurdeau quMdrra sra 6yamaiinu, uyukd [a, 0]
CerMeHT YYyH uXTuépuii 6ysakmam oquHrania xam Xap o6up [x, x,]
cerMeHTAa §, HYKTaHH pallMOHA/] KH/IHO OJIHHCA, HHTerpas HHFUHAU b—a
ra, & HYKTaHd HpPaUHOHAT KH/JIMOG OJHHCA, VIUA HHTErpat HUFHHIY
Hoara TeHr GyJjagu. Jemak, Jupuxie ¢ysxumscu [a, b] cerMeHTaa uh-

TerpajiaEMaiy.
Oxarja, I0KOpHAa KeJTHPU/ITaH aHuK HHTerpa’d Puman HMHTerpasu, ¢

HHTerpan furuHau PuMan AUPHHAMCH AeHuIajH.

l-scnatma. Arap f (x) dyukuus [a, ] cermentaa werapajianMa-
rag 6ysca, y Iy cerMeHTAa MHTerpasiianMaigy.

Xakukatan xa™m, [ (x) dyukuus [a, b] cerMeHTia IOKOpPHAAH 4Yerapa-
JanMarad OyicHH. Y Xoaga 4 PE€J” GVaaknaml oJHMHragaa xam Oy
GynaknawguHr 6upopra, Macanad, [x,, X, 11} cerMeHTHIa f (x) dyuxuua
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IOKOpHIaH dYerapasauMaran Oysanu. Hemax, * M >0 con ‘omurranaa
xam wyugai §,€[x,, %, ,] HyKTa MaBKYIKH,

FE)> AM , asan [ E) Ax,>M
A xp
TEHTCH3MHK YPUHIH OV.aiH.
Amau §, Hykranu oxopuparwiex omd, &, &, ., & . o o
En_l HYKTaJapHH 3ca Moc paBHIIAA [x,, X1, [x;, X, o X %),
[Xpppr e +,2], [x,_1» X, cerMeutiapia Taiunnac, [ (x) dyskus-

HHHT WHTerpa.’ AWFHHAHCHHH Ty3cak, Oy HHTerpaj HHFMHAHHHHI KHH-
MaTH Xap KaHya Katta Oy HUMHH OMJHII KUAMH 3Mac. PaBuiadku, Oy
X0JIla HHTeTpa;l HUFMHAM YeKJH JuvuTra sra Oyavaiigd. [emak, f (x)
dyukuusa [a, b] cermeHTIa MHTErpallauMaiaH.

lyunaét kuaub, [a, b] cerMedTia HHTErpajiaHyBYH (YHKUHA 1Y
opaJHKJa yerapasiaHrad GyJHUIM 3apyp.

Kefiuurn MyJoxasagapaa [a, b) cerventsH [a, O] €mHK opasiHk, KHC-
Kaya [a, D] opatux ae6 xaMm arailMus.

2-§. daply iprvuaMaapn. AHHX HHTErpaJHHHF
Gowkaua TabpupH

1. Hap6y #urunpuaapu. [ (x) oyekausa [a, b] opanugjaa aHHK-
Jadras 6y.u0, y Wy opaqnkixa werapatanraH Gyacud. HeMak, uryHiail
yarapmac m Ba M coHiap MaBXKYIAKH, % vE€[a, b] sap VuyH

m<fE)<s<M 9.8
TEHICH3JHKJap VPUHIH OV.1aiu.
Sunu [a, b] opanukHu Gupop
P = {x,, x, x }EP
a=x<x< < x,=b) 6ynakaawnu olaimuk. Monomukmy, [ (x)
byukuusa [a, b] opanukaa yerapanaHraH 3kaH, (QyHKuMa xap Oup [x,,

X i1l (=0, 1, ., 1 — 1) opaaukaa xaM uerapajaHrad OyJyHG, Gy
GOYHKUHAHUHT aHHK 4YerapaJsapH

m, = inf {f (x)}, x€[x, Xels
M, =sup {f (0}, ¥€lx, ¥yl (9.9

MaBxkyn Oynaau (2- 606, 6-§).
Papuraniu, uxtuépuit &, € [x,, x,,,] yuyn

m, <[ (&)< M, (9.10)

TEHICH3/IMKNAD XaM YpuHau 6Ynamd. Suau my, 8a M, cOHNaphH [X,, x, ]

Opa/NMKHUHT y3yHaurH Ax,=x,, —%, (=0, 1, ., n—1) ra ky-
naitupud KyHHaard
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n—1

Emk-AxkzmoAxonlel'T +myAx,+  +m_,Ax,_,
k=0
n—1

Y . . ! o
N M Axy=MAdy+ M Ax, -+~ M Ax+ -M,_ Ax,
k=0

AUFUHAHJADHE TY3aMH3.
S5-Tappud. Ywoby

n—1 n—1
s:Emk-Axk, S=2Mk-xk 9.11)
k=0 k=0

HurHHausap Moc paBuiuja apbynune ryidu xamOa 10Kopu wuruxdusa-
pu ne6 atanamu. Dy Tampudppmaru m, Ba M, counap VuyH m, <
<M, (k=0 1, n—1) TenrcusMk VpunoM GyaraHuian

s<S (9.12)

TEHICH3JIMK NaM YPHHaIH OV IMILH Keau6 4uKaiH.
Parwanku, (9.11) iurnngunap f(x) dynguusra 60raMK 6YJmmy GH-
JaH Gupra [a, b] opanukHH P Gyjaksaumra xaM OoFauk GysiafH, SBHH

stj'(P), S:Sf(P)

AmMo, 6u3 xaMma BakT Myaiisii GHITa QYHKUHSIHHHI HHTETpaId Ty-
IUYHYaCHRH ypranaMus, imiynH dbruéopra onub, cogjanuk YuyH, Japby
AuFHHAMAApHHH s(P) Ba S(P) kabu Gearmna6 Gopamus. (9.10) Tenrcus-
AvKJapau Ax, ra KynafTupub Tomamus:

m,-Ax, <[E) Ax, <MAx (k=0 1, n—1).
Kefiunri TeHrcH3/HKJapiaH 3ca
n—1 n—1 -1
mG A, < VfE)Ax, < VM -Ax,
=0 fymd i=o
TeHTCH3/IHKJap Kejau6 unkajd. fllemak,
s(P)< o< S(P). (9.13)

Ilynaait kuom6, f(x) OGVHKUMAHMHT MHTerpasl HHFHHIHCIL Xap JOHM
yHuHr Jap6y HurnHAMAapH opachja Gynap 3Kau.

(9.10) MyHocabataaH fina GUTTa Xy.10ca YHKApHI! MYMKHH: ¢, HVK-
TaHu TaHJa6 oJmu  Xucotura f(§) nm m,, wWyHHHTAeK, A, KuAMaT-
Japra xap KaHda SIKHH KeJTHDHIU MyMKuH. DyezaH sca  JlapOyHHHT
KyHn XaMja 1OKopH HHFUHAWIApH Oepuaran GyJakJall \dvH HHTErpaJ
AHFHHIMHHHT MOC DaEHIUJA aHHK KVHH XaMja aHuK IOKOpH uerapajapi
OymunM keanb uukanu:

s g:f{c}, S sgkp{cr}. (9.14)

Suau (9.8) Ba (9.9) MvHocafaTaapra kipa (QVHKLUHSHHHT aHHK uera-
panapy Xoccazapujian ¢oiiiaianavus, 2-606uHr 6-§ra kapawr):
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m<m, M, <M (=0, I, n—1)
Texrcuasukaap Vpurau. lynunr yuyn yuby

n—I —1
sP)=¥ Y mAx,>m iS N Ax,=m(b —a),
k—O k—O
n—i —1
S(P) = V M, Ax,< M V D Ax,= M@®—a)
= =
TEHTCH3/MK/I1aD XaM VpuHAH. PaBiliaHkH,
n—l
NAx,=b—a.
y
k=0
Hemax, 7P € P yuyH KyHMparu

mpo—as<sP)<SPY<M@b—a) 9.15)
TeHrcusAuKIap Vpunan 6yiati. DBy aca lapOy HHFHHIMJAPHHHHI Yera-
paAHTAHMHIHHE OHIAMpaTil.

2. AHMK HHTerpaJHHHT 6GomKaya TabpUdH. f(X) dyHK-
uuA [a, b] opamukia aHHKJaHrad OyaHO, v Wy opasdKia 4YerapaJaH-
rau 6yﬂum {a, b} opainkun Gy.akjauiap TymiamH & ={P} HHHT
Yap Gup P& 6yaaxiawra nucGatad f(x) dyukuusaaudr apby hurmu-
autapu s(P), S(P) Hu Ty3us,

{s(»}, {S(P)}

TYnaaMaAapHU hapawvma By rVnaamnap (9.15) ra kypa u4erapanaurad
OyAlH.

6-Tabpud. {s(P)} TiMnaMHUHr aHHK [OKOPH YerapacH f({x) QYyHK-
uuseunr [a, b] opanukgari Kydu uxmeepasy 1e6 aTaqagu. Y

S

— I F (0 dx

$‘-l

ka0H OeJird.JIaHaIH.

{S(P)} Tynaamu#Hr aHuK KyHH derapacH f(x) dyukuusausr [a, ]
OpaJUKAATH OKOpU urmezpau Ne6 atanagd. Y

b

T=\f(dx

kabu Gearunanagd. Jemak,
b
= if(x) dx =sup{s(P)},

b
T=|f(x)dx=inf{S(P)}.
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Hlynn Tabkug;aml JO3HMKM, [a, b] Aa YerapajaHran Xxap KaHzai
(YHKLHARMAT KyHH Ba IOKOPH HHTerpaJiapd MaBxyJ Oy.aiy.

7-tabpud. Arap f(x) pynxkuusHuHr [a@, b] opajuKIarH KyHi XaM-
Ja IOKOpH HHTerpa.Japud Gup-Oupura TeHr 6yaca, y xoaga [(x) byHk-
uus [a, b] opanukia unmeepaisanysyu JeHHNand, Y.JIapHHHET YMYMHH

KHUAMaTH
b

f(x)dx= 5 fx)dx

:
=1

f(x) dyukuusnuer [a, b] opaiukiarH axux uwmmeepaiu aefvwnanu. Arap
b

. b
L i)y dx f(x) dx

6ysca, y xomaa j(x) dysruust [a, b] opainkia MHTerpaIaHMaiau nei-

Jazny.
JeMaxk,

b b b
[ feydz =1 fogdx= | f () d.

Mucoanap. 1. f(x) =x ¢yskursnu [a, b] opanuxia KapaisMk.

By [a, b] opanuxuu uxTnépuil
P={x, x, X, )
6ynaknawink  onamu3. Xap 6up [x, x._,]{(kR=0, I, n—1)
opaJsivKaa
my, = inf { f(x)}} = inf {x} == x,,
M, =sup{f(0)}=sup{x!=1x_3

Iy ca6a6au 6y yHkuusHuHr Jap6y HUFHHAHJApPH YUYH

n—1 Y n—1
sP)= ¥ gedg=""% —— Ny,

- %= 5 R

k=0 - k—O

n—1 b2g2 n—1

—a? . \

SP)= N x40y, = T ‘\_‘ Axl

k=0 k=0

ubonanapuy Tonamus. BywjiaH 3ca Ky#uarura sraMus:

n—1
sup { s ( P)}—sup{b'_a —%EAZ bu_,)a-,
k=0 -

. . b2—a? 1 o 2
1nf{S(P)}=mif 2" ThQ—EAxE]'— 5

Mlyupait Kuau6,
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a

= be_az
Jtem =5
a

Hemak, f(x)=x byuxuusa [a, b] opaaukia HHTerpa.l.IaHYBYH Ba

\ xdx= ——

a

2. [a. b] opammxaa Hupuxae ¢yuxuuscn D(yv) uu Kapaitiuk. [a, b]
Opa/MKHH HXTHEPHH

P={x, x, X, }
6yakiawHM 0140, YHra HHMcGatan Jlapfy H#MFHHIW.IApHHHM €3aMH3:
n—1
N
S,D)= 2 mAx, =0,
k_—O
n-—l n—1

S,D) = AM Bx,= N Ax,=b—a.
k_
Byuzau
sup{s,(D)} =0, ini{S,D)}=b—a
SKaHH Ke.nd uuxand. Jemak,

b b
ID(x)dx=0, |D(x)dx=0b—a.

a

Hupuxsie dynxuuscHHuHr [q, b} opaivKia Ky#M XaMaa IOKOpH HH-
TerpasapH MaBKyJH 6}"/nca-,1a

b
f D(x)dx = | D (x) dx

6yaranu caGabmu 6y dyHkuua [a, b] opatuxia HHTerpajianMaliu,

4-§. AuuK HHTerpaa TabpHOIAPHHHHT 3KBHBAJEHTJHCH

Bus 2- Ba 3-§ na ¢yukuuAuuur [a, b] opasMKaard aHUK HHTErpa-
JHra MKKH Xdl Tabpud Oepauk. Ymby mnaparpadaa 3ca yJaap §3apo
SKBHBAJEHT TabpudJap SKaHJIUTHHM HCOOT/alimu3. |ByHMHr yayH aBBan
[a, b] opanukun G6ynaknauiapuudr Xampa Jap6y HUFHHIMJIAPHHHHT
XOCCATAPUHH KeJITHPaMH3.

1. [a, b] opaauKkHu 6y 1aKkJamaapHHHT X0CcaJJapHu. & =
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= { P} tynnam [a, b] opaqukHH Gapya O6V.ak’auiiapian HGOpaT TYO-
naMm 6ymmb, P, €&, P,€F GYJcuH.

Arap P, GynaknalmmuHr Xap Oup GV.IvBum HyKTacH P, 6Ynaxniau-
HHHT XaM O6yJyBuHM HVKTacH 6yaca, P, 6yaak.jawml Py, HH 3speawmupadu
Ze6 aranamy Ba P, « P, kabu Gearunanagu. Macaqan, {a, b] = [0, 1)
6yacuH. Yoy

2 4 5 8 10
P1=(0,—,—', __U_’ —7—:1 H
L7 10" 107 10”107 )
1 2 9
P2= 0, Ty T A ﬂ———:l
10 10 10 10

6Vyaknamnap yuyn Py P, 6ynanu.

1°. Arap P, €&, P,€ &, P,€& 6Vaaknammaap vaye P oc P, Py
oc P; 6ysca, y Xoaga P, o< P; 6yaann.

XakukaraH XaMm, P, o« P, OyymmumgaH P, GVJakJamHWHT  GyJyBYH
HyKTanapud P, HUHr xaM OVayRuH HyKTajapd, P, o P; 6yanumpaH 3ca
Vina 6yayBuM HYKTanap £, OVIakJalIHHET XaM GyJyBUH HYKTaJapH
SKaHJHUrH Kemb unkamd. J[emak, PjocP,.

2°. VP, €S, Y P,€F 6ynaknauiap yuyH myngai PE€ & 6ynak-
Jall MaBxyiky, P, « P, P, x P G6ynann.

XakuKaTaH XaM,

Pi=ixp X, X, )EF,
Py={xp X X ) €F

6yacuH.
By 6ynaknamnapHHHr 6apya 6Y.VBUH HYKTaJapH TymjaaM 3JleMeHT-
JIApHHH Vculll TapTHOHIA €3aii/HK:

a=Yy<<t< <y,=b (s=m, s=n, s<m-+n).
Papwianky, ymby
P={yy ¥y, Yn |

6yaakaaw yuyH Pyoc P, P, oc P 6ynanu.

2. Jap6y AMFUHIUJADHHUHT XoccagaapH. f(x) byHkuusa
[a, b] opanukna aHMKJaHraH Ba uerapasiaHraH GyacuH. P, €SP, P, €
6ynaknawiapra Huc6ataH [Jlap6y HWFMHIMJISpHHH Ty3aMu3. YJap Moc
paBHiIa

s(Py), S(Py)

Ba
s(Py), S(Py)

6yncun. Hapby HurMHIMJapH KyHHZard xoccasapra sra:
1°. Aeap P, x P, 6ijaca, y xoada

s(Py) < s(Py)
SP) =S (P

menacu3auKrap [jpuaiu  Gradu.
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Hc6oT. [a, b] opamkauar P, 6¥aakaaumm Pp={ X, X, - Xp,

. X, | Kypunuuia 6y.u6, P, 6yaakaaur sca, Py o P, 6yacuu. Con-
Ja/MK Y4YyH, P, 6yaaknanmimuur G6yayBud HyKTajapd P, HMHr Gapua
Xyr Xp x, GyIyBUM HyKTasllapH XaMja Kyuuuua Outra x*€ [a, 0]
HyKrajad ubopar Oy.acuu. By x* mykra x, XaMj1a x,,, HyKrajiap opa-
CHIA KOIJIALICHH:

*
Xp < X" <X,
Jemaxk,
—_ 3
Py={x, X, Xpo X700 Xy Xy}

P, Ba P, Gy.nax.aauiiapra nucbatad JlapOyvHHHT FOKOpH HHFHHIHJIAPH
KyHuzaruya €smgaanu:

S(P) = MAx, — M Ax, + - M, Ax, + -+
+M,_Ax, (9.16)
S(P)=Mpbx,+  + MAxg +MA)+  +M,_Ax,
OyHia
M, =sup{f(x), x€E[x,, x]}
Mg =sup!f(x), x€[x*, x, 1}
Ba

Ax)= x*— x,, Ax) = X — X%

(9.16) myHocabatiapian kypuuaguky, S(P;) Ba S(P,) HHFHHIH/IADHHHT
6up-GupuiaH (apku Ky#unaruya: S (P;) Hurmaania M,-Ax, Kyuiays-
yiy Gysran Xoaga S (P,) HHFMHIMHMHT YHTa MOC KYIIHIYBYHCHAA
M, -Ax, = M, Ax, ubpoia Gyaaiu.

Papwanky, [x, x*] < [x, %], [¥* % 1< [x, %) Amg ve-
rapaHlHL XoccacHra Kypa

M, <M, M, <M,
6ymuMHg 3bTHOOpPra oJcak, y Xoniaa
My Ax, + My Ay =M, (2* —x) + Wy (Hp — %) <
<Mk[(.x*—xk) + (x,H_]——x*)]=Mk-Ax,a
6y6, HaTxana S(P,) Ba S(P,) Huruniunapuunr Gup-GupHAaH dapk
KHJIYBYUH Xaiu YYyH Yuuby
M, Ax, + M, Ax, < M,Ax,
TEHTCH3JMKKA Kesamu3. Memak, S(P)) > S(P,). Xyaau myHra yxwail
s(P)<s(Py
6yJmiH  HcOoTJIaHaaH.
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Hlynna#t xkumnb, [a, b] opaimkaa 6i.1yBuM HVKTa’dap COHH  OMIHPHE
Gopu.rania ysapra moc OysaraH [ap6yHHHT 1OKODH HHFHHIWJIApH OIL-
Ma#aM, KyHH HUFMHAWJApH 3ca KaMalMaligu.

P WP EP, WP, €P Gyrarrawnapea nucbaman Japby durun-
durapu y4ys

s(Py) < S (Py)

meHecusaux fpuriu Ogradu.

HMc6oT. 1- Ganana xeatupuaran GyJaksalHHHT 2°-XoccacHra Kypa
mwyHpalt 6yaaknam P€J wmamxynku, Py« P, P,xP 6Ynagu. By P
6Vnaxnawmra uucbaran Hapby furnunpuiapu s(P) Ba S(P) 6yacuu. Y
xosija 1°-xoccara kypa

P P pau s(P) <s(P), S(P,) > S(P),
Pyx P pan s(Py) <s(P), S(P)>S(P)

TEHTCH3/IHKJap KeMnb uukaau. DBy TeHrcusmmknapaan Xamza Xap JOHUM
ypussm Gynanurar s(P) << S(P) TeHrcH3 HKAaH ;
s (P <s(P)<S(P)<S(P)

3Kanu Kequb uukaau. JeMak, s(P,) < S(P).

By xocca [a, b] opanukhu 6yaaknaliiapra HHcGaTaH Ty3uWarad Kyhu
AuFuHaunap tynaamu {s(P)} HHHT Xap OHD 3JIEMEHTH I0KOPH MUFHHIH-
aap tyngaami {S(P)} HHHr HCTanraH 3JeMeHTHAAH KATTa SMaC/HTCHHH
GuaaMpaaH.

Jlap6y BurnHaunapuHHHT 6V XoccanapuiaH ¢oinanann6 f(x) dynk-
UMSHHHT KYHH XaMza IOKOpH

b 2
_[=lf(x)dx, 1_=if(x)dx

HHTerpaJ/iapil XakHAarH MKKHMTa JIeMMaHH HcGOT/1alMu3.
l-nemMma. Arap f(x) ¢oyukuna [a, b} opaankaa aHMKAHTaH Ba 4e-
rapajaHrad 6yJca, y xoJjaa

I1<7 9.17)

TEHICH3JIMK YpHHJIH Gynaiu.
Hc6ot. f(x) dynxkuus [a, b] opanukna uerapaiaHraH OVJICHH.
PaBiankn, 6y xoaaa

I=sup{s(P)}, I=inf {S(P)}

MHKJOpJap MaexKya OyJaiH.
Hap6y HuFMHAHJApHHHHT 2°-XOccacH XaMJa aHHK —yerapaslapHHHT
Xoccanapuaan (2- 606, 6-§) doitnananno,

1<SP)

YHIAH 3Ca
I <inf{S(P)}

6yuuKkaN TonmaMu3. JleMak,
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I<7
6vaann. l-nemma ncoor 63.a1H.
2-nemMa. Arap f(x) dynxkuns [a, b] opaiMkia aHHKJaHTaH Ba de-
rapajanran 6yaca, v xoama ‘e >0 oauHrania xaM IWyHza# § >0
COH TOMWJAJHKH, anaMetpn rp< & 6V.ram [a, b] opaankun Gapua P
6yaakalumap y4vH

SP)<T+e s(Py>1—¢

TEHTCH3THKJap YPHHJAM 6yJaand.

HcborT. f(x) dyuaxuusnunr [a, ] opammkaa f(x) >0 Ba uxtuépnit
6Varan NOJJAapHH ajoxuaa Kapaimus. f(x) >0 6Vuacun. By ¢yukuua
[a, b] opanmina derapasaHrawJuryu cababian

I=ini{S(P)}

MaBXya 6V7iaad. AHHK KVHAM dYerapaHMHr Xoccacura kypa [a, b) opa-
JIMKHA IyHAa#

— 40 40 0
Py={x5 x}, » X |

6Viaknam MaBXYZR GVJamHkH,

n-—1
S(P) =N MIARL T + +
=8

6ynany, 6ynpa

Mi=sup{f(0}, x€lx}, x5!
Ba Ax)=2x} ,—x}. Ouau fe>0 comra xypa 6>0 commn &=
ne6 onahnnk, Gynma (mEN)

M =sup{f(x)}, x€[a, b].
Cyurpa [a, b] opanukun auaMeTpd 8 maH kuuMkK 6yaraH GyJakJjainap
TyNJIaMuuH onnb, yuH &, Kabu Gearunaiiauk. [emak, P E€&F, yuyH
hp< & 6ynanu.

v fo) s ©
®apa3 Kuaaiauk, VP € &F  6Vaakaam KyHupardya

€
4mM

P= { X0 %3, Xm }
6ysacun. By P 6yaaksam Vaunuer x,(k=0, 1, m—1) nykra-
aapu Ouaan [a, b] opamikHH [X,, x,,,] 6ynaknapra axparaiu.
Sunan 1oKopunarn P, Gyasaknammusr x)(k=1, 2, , n—1)
GyJyRUM HYKTaMapHHH (MukH GYJYBYH HYKTanap) Y3 MYHra ojral ymoly
[%—6 x+8] (k=1, 2, n—1)

opanukJapH¥ Ty3amus. DBy opamuknap Gunan P €&, Gynak/iawiHAHT
[xk, X, +1J opasyHMKJlapy opacHpa KyRuzaru MKKH XoJ 103 Gepullli MyM-
KHH:
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a) [X %, | opamk Gyrymmait [x) —8, x)-- 8] opamukaa xoit-

Jlallras;
6) [Xp X, | opamg [x)—6, xp + 6] opamKia KucMaH Koit-

Jaurag €K yJap GHTTA XaM yMYMuil HyKTara sra sMac.
¥ xonza PPy 6yaakiaura wucoatan f(x) GyHkuuauuur JapGy

HHFHHIHCH
m—1

S(P) = 2‘ M,Ax,
XaM MOC paBHILIZA MKKH KHCMra a:kpaJalu:
S(P)=S'(P) + S"(P) = S'M,-Ax, + S'M,-Ax,.  (9.18)
Aum S (P) #wmPunmma [x, %, ] < [x2—8, ) + 08| 6yaranmurn

cabab.iu

= W V =%
S'(P)= I MAx, <M ¥ Ax, < M-2 bm < 2M-m- o 5 (9.19)
G6ynazn. S”(P) AuruuIdHiHr Xap GHp KVIIMIVBYLICHIA
M, <M, , Ax, <Ax2
6y aranugan
S"(P)y = S"M,Ax, < 3" M; Ax, <
n—l
< VMY = S(PY<T— £ (9.20)
- 2
skaHl KeaH6 wuxagu. (9.18), (9.19) Ba (9.20) myHocaGatiapaan

S(P)<7+—2—

OV TUUIMHH TOTIAMH3.

Arap {a, b] Opa.IHK 1a f(x) uxtuépuit Gi.ca, Y Xo/1a Xap J0MM
WyHaail ysrapmac mycbar A cod Ttomwiaauku, f(x) — A >0 6yaamu.
By dyHkuusra nucGartan loxkopugard mcGor Kaurapunanuraﬂ 6yaca, y
xo/11a JapOy HuFHHIHCH Ba IOKOPH HHTerpa/LapeiHr Xap Gupu A-(b—
—a) coHra optag Ra [(x) QYHKUHA YUyH XaM JeMMaHdHHI TacIuFH
ypunot Gynamu. Xyam [UyHra yXuaum

s(P)>1—e¢
6y xaM ucGoraaHaid. 2- mjemva HcOoT OV 11d.

By nevva f(x) dynkuusHuHr IOKOpH XaMIa KyHM HHTErpa’l/apu
Ap—0 1a Moc paBuuyia JapGyHHHI IOKODH Xaviia Ky#H HUFMHIHJApH-

HHHT JTMMATH SKaHHHM KypcaTaju:
b
I=|f(x)dx=1imS(P),
a Ap—0
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f(,\) dx = lim s(P).

Ap—0

a|~__,3

3. Anux nuterpad TabpUdIapPHHUHT 3KBUBAJICHTAH-
ru. Anvk nnterpai 4- Ba 7- TabpudIapUHUHI IKBHMBAJCHT/HIHHH K{p-
CaTaMHs.

a) [a, b] opasugia [(x) QYHKUHSHUHT © HHTerpa.; HHFHHIAMCH Ap—-0
Ia weksH JumuTtra sra 6V.mo,
n—1 4
limo = lim Vf-k)Axk }f(x)dxr—
a

Ap—0 Ap—0 i frr

6vacun. Tanpudra kypa, e >0 ommuradia xaM wyHma#t § >0 con
TONUaIMKY, [a, b] opaqukHM namerpu A, < 8 6yaran Xap KaH-
Jaft P 6ynaknamra nuc6ataH

o —11<e,
l—elo<I+¢
TEHTCH3NMKNap VpuHH Oyaamu. ¥ Xoaaa (9.14) myHocabataan dokna-
Nanub, Hapby iwrunanaapn s(P) xamaa S(P) yuyu
I—e<sP)<SPY<T+¢
TEeHICH3MMKAAPHEET VPHHAN GVaMmMEM Tonmamu3. MKKMHUM TOMOHAaH,
=inf{S(P)}<S(P), I=sup{s(P)}=s(P)
Ba l-nemmara xypa / <1 6Varann yavu
I—e<i< I<l+e

SHICH3/HKJIAP XaM VPHHAH 6V.aad, € >0 COHHMHT HXTHEpHHAHTHZAR
I=1=1

TeHIJHK Kequ6 uwikaau. HeMmak, [a, b] opaaukaa f(x) &yRRuMAHMHT
I0KODH XaMJla KyHH HuTerpaiiapi OGup-Gupura TeHr. By 7- -TaBpHPra
Kipa f(x) (pynxunﬂ [a, b) na wuHTerpasnaHyBuy GVJMIIMHH KypcaTaid.

€) [a, b] opanukaa f(x) GVHUMAHMHT IOKOpPH XaMJia KyHH HHTerpa’-
JiapH TeHr 6y.u6,

b b

[ﬂ@dm~j xX)dx = n@u I=T=1

a

6y.acun. (9.13) MyHocaGaTra Kypaj

s(P)<o< S(P)
6ynamu. HMkkunuu TOMOHAaH, 2-1€MMara acocaH
I—e<o<I+e
6ymb, /= I =1 tenrmkka k3pa
I—e<o<ll+e
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TEeHICH3/IHK Kesu® yukazu. Jevak, |0 — | <e. By 3ca 4- tanpudra
Kypa f(x) oyuxkuna [a, 6] opaiukaa HHTerpaaHyBUM 3SKAHIHTHHU

Kypcaraiy.
JleMak, aHHK WHTErpaaHHHr 4- Ba 7-TabpHb.Iapd 3ap0 3KBHBAJEHT.

5-8§. AHHK HHTErpajHUHI MaBKYIJHTH

DHIH OVHKUHS aHHK MHTerpaJH MaBkya OVJHIIMHHHT 3apyp Ba
€TapjH IMapTUHH TOMHLI MacajacH OWJIaH WIVFYJJIaHaMus.

Acamia QYHKUMSHHHT MHTErpa/jiaHyBYH Oy HiM €K Gy IMaCIHrHHH
Tabpup OViiMya TeKIIMpHII MYMKUH. DHpOK KYMUMIMK XoJ/apAa HHTer-
paa HHFHHOHHUHT YeKJH JIHMHTra 3ra OV MIIMHH KYPCATHLI, LIYHUHT-
J€K, I0KODH XaMIa KVHH HHTerpaljapHH TOMHIN >Xyjaa KuiHH GV.1aau.

[Myun afiTuil KepakKy, aHHWK HHTErpajJHHHT OWPUHUM TabpHpHIATH
(4-Tappudra Kapaur) JUMHT TVIUYHYACH (MHTerpas HUFMHAHHHHL JHMH-
TH TYWIYHYacH) SHCH TYWYHuamup. & {TraH 0objappa YpraHuarad
KeTMa-KeTJHKHHHT JHMHTH, (PYHKUHSIHHHT IHMHTH TYWIYHYaJapHHHHT aii-
HaH V3u OVamail, Oa’kd ¥3ura Xoc Mypakka® Xapaktepra 3ra Oy.rad
TYUIYHYA. .

AHUK HHTErpaJHHHT HKKHHYH TabpucdH (7- Tabpudra Kapaur) HH1Er-
pan ifiuruHaura xaparanjia OMPMYHYa coxiapok Oy.iran [lapby iiurun-
JUAapura acoc;iaHau.

JeMax, HHTErpa HHHI MaBKVIJHCH KPHTEPHACHHH WHKKUHYH TabpHp
acocHja Ke.JTHPUII Makcaira MYBOOHK.

f(x) dyukumua [a, b} opainKia aHHMKJIAHraH Ba 4YerapajaHrad 6y.1-

CHAH.
l-Teopema. f(x) ¢yncyus {a, b] oparuxkda unmezpanranysiu

b6grumu yuyn e >0 oaunzanda xam wyndad 8 >0 cow monuaub,
la, b} oparuknu duamempu M, << 8 Oiyrean xap Kawdai P 6jraxraus

2a Hucbaman Hapby durundurapu

S(P)—s(P)<e (9.21)

MEH2CUBAUKHU KAKOAMAGHMUPUWMY 3apYp 6a emapiu.
Hc6or. 3apypauru. f(x) oydkuus [g, b] opanukia wuHTerpal-

AaHyBud Oyacun. Tabpupra xipa [ =/=/ 6Yaaau, Gynaa
I=sup{s(P)}. I=inf{S(P)},

e >0 oiravga xaM wvHiail 8 >0 con tomuiamuky, [a, O] opacuk-
HUHT AHaMeTpH Ap <& Gyarad Nap Kadiail P Oyaakaawira HucOaTaH

Hap6y imFuupnaapu vayn 2-temvara k¥pa S(P) — I < —;-, 1 —s(P) <
<—ireﬂrcp13numap ypunan 6yaub, vagan S(P)—s(P) < e TeHrCH3JIHK
KeaHb uuKaif.

Etapauauru. *fe>0 oaunrasza xam wmyszait 6 >0 con
TOMAHG, [a, b} opaauksu auamerpu A, <8 Oyaran Xap xauzait P
6y nak.laiira uuctatan Jlapby MUFHHAWIADH YYYH
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SP)—sP)<e
TEHTCH3THK YpuHaH O6VJcHH. f(x) dynkuus [a, b] opanvKaa uerapaJaf-
FAHJMIH YUYH YHHHT KYHM Xamja FOKOpH HHTerpacliapH
I=sup{s(P)}, I =inf{S(P)}

MaBxya Ba 1-nemmara kipa [ </ Teurcusiuk Vpuuau OVaami. Pas-
JLaHKH,

s(P)<I<T<S(P).
By mynocaGatnan
0<I—I<S(P)—s(P)

6y.ammHg Tomavu3. demak, e >0 cod yuyn 0<!—7<e 6y/mb,
YH7aH 7=_1_ 6yaui keanb ynkaan. by aca f(x) Pynxkuusrunr [a, b]
opaJHKJa RHTEerpaslilaHyBull 3Kal;mruHd  Ouajupaiu:  Teopema uc6oT
6yau.

Arap aepaarugex f(x) ovHkumswiHr (X, x, ] k=0, 1,
n — 1) opanuKaaryu reGpaHHiLiH ©, OpKaad €earwnacak, y XeJja

n—1 n—]
S(P) — s(P) = E (M, —m)Ax, = ;\; 0,Ax,
k=0 k=0

6116, IOKOpHAAa KeJITHPH.ITall TeopeMa Kyinaarunua uojassaHai.
2-Teopema. f(x) pynxkyus [a, b] oparuxda unmezparranysiu 6y-
auiu yayn e >0 con oauneanda xam wyndaid & >0 con monuaub,
[a, 6] opaturnu Juasmempu 1., < & 6jrean xap Kandai P 6yraxiawda
n—1
AY o, - Ax € ’
JCEYES @21
k=0
menacusAuKruNe Gascapuiuiy 3apyp ea emap-iu.
Paeianku, (9.217) mvHocaCGatHi KViugaru

n—l

;IET :(okAxk:: 9.21")
PV k=0

KVpHHAINAA XaM €3uld  MYMKHH. K{NMuiwmk  Xoanapaa, TeOpeMaHHHT
(9.21”) KYypUHHIUZATH LUAPTH HILIATHIAIH.

6-§. Hurerpannanysun QyHkuusaap cHHOH

Ywby naparpadaa aHHK WHTErPa.HHHI MaEXYLTMIM XaKM1ard Teope-
MajiaH ¢oipananb, 6ap3n GVHKUH SJIAPHYHI HHTErpa/jJaHyBUd OV /auum-
HH KypcaTamus.

f(x) dynkuus [a, b] opaiMKia aHHMK,2BTZR C€YICHH.

3-teopema. Aeap f(x) pynxyus la, b) oparuxdal ysayxcus 6ya-
ca, y wy oparukda uxnmeeparraryeuu Gyaadu.
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HUcb6orT. f(x) pyukuus [a, b] opaiukia yanykcus Oyscu. Belep-
LITPacCHUHT OHpHHYH TeopeMacura (b-Go0gard 7- reopeMara KapaHr)
Kypa ¢yHkuHA [a, b] na uwerapasnanrad. Hxxkunuu Ttomompmas, Kanrtop
TeopeMacHHuHr (b- 6oGaarn 10- Teopemara Kapaur) 5- 6o6garu 3- HaTH-
JKacHra xypa % € >0 oamdranga xaM wyszaid 6 > 0 cod rtonusiaiu-
kd, [a, D] opamikHu V3YHAHKIapH © jgaH  KuyHk  Oy.arad
Oynakaapra axpaTuarasia QYHKUHSHHHT Xap Onp GyJakgard TeOpaHH-
M YYYH ©, << € TeHICH3AMK YPHHIH Oyaazu. Jemak, [a, b] opaaukhu
AuaMe1p Ap << & 6yaran xap Kannait P GV.axaaumga

n—l1J n—~1
SP)—s(P)= N o, Ay <e VAx,=e (b —a)
k=0 k=0

6yub, yHIaH
n—I

lim \ o,Ax, =0
fp—»O

Kemub yuxagd. euax, (9.‘2!”) ra kypa f(x) oyuxuus (a, b] na usre-
rpasiianyBud. Teopewa ucSor 6yJiIH.
4-teopema. Aaap f(x) Gynryus [a, b) opasuxda -ueeapararzan
6a MoHOMOH Ofjaca, Pyuryus wy opasuxda unmezpanstanysuy 6jaadu.
Hc6or. f(x) dyuxunun [@, b] o2 uverapananraH Ba iy OpajHKAA,
adTai.k, ycyByH OysiacuH. Y e >0 cowHd oauG, yHra xypa 8 >0
COHHH KVHHIArHYA TaH.JJaHIHK:

=_F >0
[ O)—f (a)
Cyurpa {a, b] opamikau auamerpd Ap < 8 Gysran P GyJjak/auira Huc-
Gatau [lapGy furnumiciapu S (P) Ba s(P) uu Tysamus. Y Xosana
n—l n—1I
—_— —3 V = F —
S (P) —s(P) ,:{,mk Ax, ;_:6[’ (%) — F (X1 Ax <

n—1

£ V [f (xk.:_]) - f(xk)]

<f(l;)—f(a) - Flo— “)[I‘( o) — ) + [ lx,) —

—f(x)) + + flv)—Fle, )l = —b)—im [f (x) —Flx] =

= [F (o) —Fta)l
j o~ @ l()
Hewmaxk,
S(P)—s(P)<e.
By aca (9.21) ra x¥pa f(x) ¢yskuusuusr [a@, b] opaaukga HuTerpa.-
JIAHYBYH SKaHJUTHHI OH.1AHpATH.
Yerapananras Xauija KaMawosul QVyHKUHMAHHHT HHTETPaMIaHYyBYH G-
JHIDH XaM XVAIH 1yHra yxmain gcdoriaHagu. TeopeMa Hc6OT 6F.1ad.
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5-teopema. Aeap f(x) ¢ynkyua [a, b] opaturda uceapa.anear
6a Oy opaauxnuHe vexau condaeu HyKmairapuda Ysuauwea sea oijaub,
Koaean 6apda Hyxmasapuda ysayxcus bpace, Pynkqua wy opaauxoa
unmeeparianysiu 6jaadu.

HUc6ort. fix) dyukuna [a, b] na uerapasanran 6ysaub, my opa-
JHKHUHT dakaT Outta x* (x* € (@, b)) HYKTacHia YsHJHILUra 3ra, KoJj-
ran 6apua HyKTahapuia V3.JVKCH3 OV.ICHH.

¥ € >0 con 01H6, X* HVKTaHUHT

Upg(x) ={x:x€ER, x¥* —e<<x< X"~ g}
arpoduny Ty3amus. by arpod [a, b] opa.uxun
U (%), la, INU, (x*) = [a, x* —e] U [x* + &, b]

KHCMJapra axpaTajH.

Mlaprra xypa, f(x) dvekuua [a, x* —e] Ba [x* —+-e, b] opaiuk.iap-
HHHT N\ap Oupupa y3aykcH3. Dy opaomkiapHuHr Xap OHpHra a.10xujaa
KanTop TeopeMacHHHHT HaTHX2CcHHH (5-€c61arH 3- HATHXKAHH Kapaur)
KyaiaHamu3. Y Xoaga canuraH ¥ € > 0 cow yuyw myezaai 8, >0 Ba
8, >0 connap ToOmMM.1a1HKH,

la, x* —e] na Ax, <&, nan o, <e,
[x*+e, b] na Ax, <8, nan o, <e
TEHICH3MHMKIAp VPHHIHM 3SKawH kem6 uyuxaiu. Arap min {§,, 6,}) =&
Ze6 oJcaK, y XoOJjia MKKaJja OpalHK Y4YyH OHp BakTia
Ax, <8 nan o, <e (9.22)

TEHTCH3JHKHUHT YPHUHJAH 3KaHH KelnO yukaii.

Suau loKopuiard Y € >0 ccura kypa 6>0 couun 6 <e ne6
onalanK.

[a, b] opaaukun nuaMeTpu A, << 8 Gyaran 6y.akaawnapra nuc6atan

f(x) dyuxkunannur Japfyv fiurusanaapunn Ty=u6, KyiHparu

n—1
S(P)—sP) = 2 w, Ax, (9.23)

k=0
aliupvanyu Kapaiimus. (9.23) AwrFunanmsMHr xap €up Naamza [, X ]
(=0, 1, 2, n— 1) OpaJMKHMHI Y3YH.MIH Ax, KaTHaiiajH. 'By

(% X41;) opanuxiapuuur x* HyKtamuur U, (x*) atpoduian Talukapuza
xolaamramira, AbuM [x,, X1 1 U, (x*) = & wmynocaCat Jpunm 6y-
NajuraHura Mcc kejaauran (9.23) HMIMHAMHMHD XalJapHIaH Ty3WJIraH

HHUFHHIU
7
E o, Ax,
)

6yacuu. (9.23) AMFMHAMHMHT KoaraH Oapya XaJJapujad TallKHi TOm-
ran HurMpau
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44
2 w, Ax,

b
6yncu, 6yusa [x, x,. 01U, (x*) &u [x, x, ) N{*—e} = 2,
éu [x,, x, ] N {<* T ¢} = & GYaazu.

Hatnkana (9.23) HuruHAH MKKH KHCMra ampajaiy:

n—1
4 7”7
N o Ax, = Mo, Ay + Y @ Av,e (9.24)
k=1 k 2
Suau 6y Huruuaniapuu Gaxomaiivu3. HOgopupmaru (9.22) MyHoca-
Oatnan (oHTaaHHG TOMAMHS:
n—1
2 0, Ax, < }: eAx, <e E Ax,=e(b—a). (9.25)
k & k=0
VIKKHHYH HUFHHIH YYVH

Yoo A, < VN 0Ar, =0 N7 Ay,

i PR k —

k k k
GYMuHEg Tomamus, Ovuil Q —f(x) ¢yukuuAuduar [a, b] opagugiaru
TeOpaHHILIH.

Arap U, (x*) atpobaa GyTyniait koimawran [x,, x,.,] Opa.THK1ap
V3YH/IMKJIAPUHUHT HHFUHIMCH 2€ JaH KHYMKJHTHHH XamMja x*—¢& Ba
J_c_*_ + & HyKTaqapHH V3 udgura ograd [x,, X,.;] opaaHkJgap HKkuTa G¥-
JUG, YIAPHHHT Y3YHAUKIApDM HUFMHAHCH XaM 2¢& (uyuku O <€) j1ad
KHUHK OVIUMHHKE 3BTHOOpra 0.cak, y Xo.saa

”

N Ax,<4e (9.26)
|

k
o6ynagu. Hatwxana (9.24), (9.25) Ba (9.26) myHocaBatnapaax

n—l
Emk Ax,<e(b—a)+4eQ=cll —a)+ 49l
=0

3KaHU Keqau6 yukagu. [eMak,

n-t
i o, Ax, =
Jim, S0, b5 =0,
By aca (9.21") ra kypa f(x) dyuruusuuur [a, b] ga HHTErpaaJaHyBYH
Oy uiMEd GHIAUpatH.

f(x) byukuus [a, b] OpPaNHKHAHT YeK.Jd COHJArd HyKrajapuia y3u-
JHura sra 6yaub, Konrad Gapya Hykrangapiia y3mykcd3 Oyuica, YHHHT
la, b} na wuHTerpantaHyBuH Oy/MilM IOKOpHAAruAeK HCOOT 3STHIAZH.
Teopema ncGor 6y.1.14.

Muco.. f(x) =sin x ¢pyHkuHA (— oo, - oo) uHTEpBaJAa Y3JIyK-
cu3. JleMak, lokopugard 3-TeopeMara Kypa Oy (YHKUMA HXTHEPUH
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b

[a, b} ma uxTerpannanysud Gynami. Vsin xdx uHTerpamHu Xucob.aii-
JIHK.
Mogomur, f(x)=sin x dyuakuua [a, b] opasuKiaa HHTErpajsiaHyB-
uy 3KaH, 6V QYHKUUAHHHT [a, D] opanuk OVHHYa UHTerpajHHH Tabpud-
ra Kypa xucobnauina, [a, b] opanukHu Oyaakjaliga Xamaa Xap Oup
(%4 %] 6Ynakza &, HyKTanapHu HMHTerpaj HHFMHIM BA YHHHT JIHMH-
THHH XucoOsaurra Kymaa#l Kb oJjuul yMroHusAtdra sra 6ymavus. ILly-
HU 3bTHGOpra o6, [a, b] opanukHH YLIOY

a a-—-o, a+2a, a-+k-u, at+n-o,=b
HVKTaTap &plaMuia ( 6yH1a o, = b_a) n 1a Tenr Gy/akKa 6y.Ju6, xap
n
oup la + kz,, a--(k+ Da, ) (k=0, 1, n— 1) 6ynakna &, HyK-

TaHH Kyiillaruya TaHJauMH3:
,=a+k4+1a, (=0, 1, ..., n—1).

Y xosia QVHKUHAHAHT HHTerpaj HUFHHOHCH KYHUAArH
n—1! n—-1
= i L (k- .o == v si
o= E sin [a - (k4 1)a,] an‘“n}_- sin [a4 (£ + 1)a,]
=10 k=0
KypHEHWIIA GysiagH. Y1nby

sin [a - (k4 Da,) = ——25sin =% sin [a+ (k+ Da,] =

) an] —cos [a + (k + ;’—) a,,]}

2sin —

m|._.

2sin—
sm2

TEHIVIMKAAH ¢oHIanaHub, G YuyH

n—1

x, i , 3
IH - S‘{cos[a—;—(k—i—Q)an] <.os[a—;—(k+2)an]}
2 sin — k=0
2
a’l
2 / 1 l
o [COS (a +3 O‘n) cos (b + 5 % )]
sin-~2—

¢opmynann Tonamu3. Harmkaga Ax,=a,—0 na

p

lim ¢ = lim
a, =0 a, —0

[COS (a + é o, ) — cos (b + —; a“')] =

n

sin
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=cos a—cos b
6Vaaan. Ilemak,
b
j sin xdx==cos a —cos b.
a
Xycycan
3

2
n

sin xdx=1, ‘ sin xdx = 0.

et ) E]

0

ts |:1'

2-acnaTtMa. f(x) oyskuusa [a, b] opaaMkia HHTErpaJj/aHyBYH
6yscun. bus

a b
f i de=—f 0 dx
b a

XaMpa
[iwdc=o0

TEHIJIHKJIap YPHHAH jel KeJHIIHO oJaMH3.

7-§. AHHMK MHTErpajHHHr Xoccajapu

\ SHIM f(x) QYHKUHA 2HHK MHTETPaJHHHMHT XOCCAJapHHH \'PraHaMus.
1° Arap f(x) dyukuna (e, b] opanukla HuTerpajiaHysud 6yJca,
y uctaqarad [a, B} < [a, 8} cpasHkaa XaM HHTerpaJyiaHyBud OyJafu.
Hc6or1. f(x) dyskuus [a, b] aa uHTerpa.iaHyBuu GyqacHH. ¥ XoJ-
Ia 1-TeopeMara xypa ‘¢ € >0 onuurania xaM wysiaét 8 >0 con TO-
nWiajuky, [a, b] opaankun amaMerpu A, << 6 63aran Xap Kanjail P=
= {x X, x,} 6¥JaK;all yuyH

SP)—s(P)<e 9.21)
TEHTCH3JMK GaxKapu.iaii.

P Oynaksia WHREAT (VTYBYH HYKTaJapH X, X, , X, KaTopura o
XaMaa P HykTanapun kyumo, [a, b] opasMKHM SHrH P, O¥.1aKJaluHHd
XOCH.1 KHnamu3. Pakwanky, Pox P, 6ymaju. Y vYoaga Hapby iurun-
AWJaPHHKHT XoccacHra Kipa (ywby 600HuHr 4-§, 2- 6aHgura kapaHr)

s(P)<s(P), S(P)<S(P) 9.27)
TEHFCH3JIMKJAD VpHHaM 631aiu. (9.21) Ba (9.27) MyHocabat.apiaH
SP)—sP)<e (9.28)

Oy MK Keb uMKadu.

{x, B] opamikaaru P, 6V 1aKJalHEKHT 63.TVEuM HyKTtanapiuu [o, Bl
OpaMKHUHI Gupop P, 6y.ak.aliHudr 6y.VBYM HYKTasapH chdatnia
KapafiMus. By P, 6y.axiamra nucbatan f(x) gpyHkuusHuer Jlap6y
HuFHHAMAapY S (P,), S(P,) 6yacuH, v Xoaa
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S (Pl) —S (Pl) = E (‘w/,; - mk) Axk'
[a. b]
S(P,)—s(P,) = z (M, —m,)Ax,
[« 8]
AMFUHLTAPHU TAKKOCTa0,
S(P) —s(Py) < S(P)—s(Py)
6ymunsait Tomamus. Hatikana (9.28) MyHocaGatHu 3sbrubopra oJICak,
S(Py) —s(Py) <e

KemuG uitkagd. Bynnan 1- teopemara kypa f(x) ¢yuxumauuur [x, f]
OpaJIMKJIa WHTErPaJ/aHyBYH 3KaHH KeHO YHKAXH.

2° Arap f(x) dyuxumns [a, ¢] xamaa [c, b] opanuk/japAa HUHTErpaii-
Jauysyu Oy.ca, y xoada ¢yukuoua [a, b} opamukaa XaMm Huterpa.ana-
HYBYH Jy.agu Ba YOy

{ F0de= { fde— | f(x)dx

dopMya ¥ pHHIH,
Mcdor. f(x) dyuxunsa [a, ¢] xamaa [¢, b] opanaukaapaa uurerpa.-
JAanysui 6yacun (@< ¢ < b).

Y ~xoama & >0 oaudranga xaM %cox—xra Kypa wyHdgait 8, >0

COH TOMILIAOHKH, [a, ¢] OpajHKHH  AHaMeTpit 7.P1< 6, Gysrad Xap KaH-
Jait P, GVaaknmamra HuxGatan [lapdy HUFHHIIIADH YYYH

SPY—s(P)< 5 (9.29)

o o . € o o
TeHICH3 K ypunin Oyyazu. Llynnuraex, Yia — coura Kypa wyHzad

8, >0 COH TOMUJATHKH, [C, b] opanukun AHaMeTpH Ap, < 8, Gyarau
Xap KaHja#t P, Gymaawnaiira uucbatan Jlap6y HHFHHIHIApU Y4YyH

S(P)—sP)< < (9:30)

TEHTCH3HK YPHHIU Oy.1anu. Suau 8 = min {4, 8,} ned, [a, b] opa-
JHKHA uaMetpr Ap < 8 Gyuran uxtuépuil P, Gy/akiamHd  OMafmiK.
By P, O6{naknamwmudr 6y.ayBud HyKTasJapu Katopura c(a<<c<b)
HYKTaHi XaM Kyumud, [a, b] opanukHu siHrd P GyJaakjamHH XOCHa KH-
Jaamus. by 6ymaknamra uucGataw Jlap6y furunaunapa S (P), s(P)
6yacun. [a, c] opanuKaaru P GynakjaliHUHT GYJyBUM HYKTaJapHHU
wy [a, ¢] opamukuu Gupop P GV.iaK.JIAUHAHT GYJyBYM HyKTaJapy Xau-

ma [c, b} opanukparn P 6yr1amaumuﬂr 6V1yBUM HYyKTasapuuu [c, b}
opasxHit 6Hpop P, GYJaKJIaWHHHT 6yyBuM HyKTajapH cHpaTHAA Ka-

paiimu3. by 6ynaxnamnapra HHcGaTan JlapOy HHFHHIH/IADHHH TY3aMHu3:
S(P), s(P), S(Py), s(P).
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PaBwanky, 6y HuFMHAMIAD YYyH Moc paBuilza lokopuiard (9.29),
(9.30) Tenrcuanmksap VpHHaM 6V.anu:

S(P)—s(P) < 5
SIP)—s(P)<

Hkkunuy ToMoHpan,
S(P)=S(P) + S(P),
s(P)=s(P)) + s(P,)
6y.m6, HaTIKAnA
S(P)—s(P) =[S (P)) —s(P)] - [S (Py) — s(Py)] <%+§=a
6yaumy Keau6 umkand. Jlemak, % € > 0 onuHranga xam miveaad 6>
> 0 coH TomunanHkH, [a, b] opasvknn auametpn A, <O 6V.aran Xap
Kanaail P Oyaaksawra nucbatan [apby HHFMHAMJIApH YUyH
S(P)—s(P)<e
6y.aau. By aca 1- reopemara kypa f(x) ¢yHkuusmuur [a, b] opaJuk-
Ja HHTerpajJJIaHyBYH 3KaHHHH Kypcartan.
IOvopuparn P Gyaakgamra uucbarad f(x) ¢ynkuwsmuur [a, b,

l[a, c], [c, b] opasuknary wHTerpa;1 HHFMHIAMJADHHM Ty3u0, YJapHU MOC
paBHIIAa Kyduparu

N FEAve NTE)Ax, X F(E) Ax,

fa. b] {o. ] [c. b]
KYpHHHIIAA Gesrmmacak, y Xxoaia
N iE)Ax = N fE)Ax, —~ 3 F(E)Ax, (9.31)

[a. b] [a.c] (¢, 0]
6ynamu. f(x) dyuxkumsa [a, ], [c, b] xamaa [a, b] opanukJapaa MHTE-
rpannanyBuy 6yJiranH Y4YyvH

lim ¥ f(§)Ax, = ‘ [ (x) dx,

ko 08

. Wl
AIITO‘\- (&) Ax, J fx)d
P Ve b)
b

lim ¥ f(Z) Ax, = ’ f(x) dx

—> ()t

[a, b]
TeHIJmKaapra sramus. (9.31) Tenrmmkaan A, —0 aa usjnanran Qgopmy-
Ja kean6 unkamu. Ulynpaf kuam6, 2°- xocca ucGOTIaHAM.

Suau ¢ nykTa [a, b] opajMKIaH TalUKapujia ETCHH, SbHH ¢ HYKTa
c<<a<b ékn a<<b< ¢ TEHrCH3NHKHM KaHOATJaHTHpcHH. Arap ¢ <

I
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<a<b oyaca, y xoaga l[a, b][c, b] Gyaraum yuyu 1°-Xoccara
kypa f(x) oyukunsa [a, b] ma unTerpanianyBun Gy.HO, IOKOpHAA HCOOT
ITH/TAHHTA acOcaH

b a 5
Jrwac= frede+ | fooax

dopmy.aa ypunan Oynapd. Bynman sca, 2- acnatmanan doitnananu6

b a b c [
Vide=— [ fmde+ fde= [ fde+ [ f(r)dx

Oy MLIMHH TONAMH3.

Xypan mydra yxwaw, a < b<c 6yaraiga xam f(x) ¢yHuHA
[a, b] ma uHTerpannaHyByH Oy HIUM Ba TerHuLTH (OPMYJAHHHT YPHHIH
3KaHH KYpcaTu/aai.

3° Arap f(x) dyuxuusa [a, b] opaiaukia HHTerpaJJaHyBud Gy.ca.
y Xoaga ¢ f(x) (c=const) Xav Wy opajHKJa UHTerpajaHyBuu GYy.a-
A4 Ba vOy

b b
fefodi=c [fdx

QopMy.sia §PUHJH. !
Hcb6oT. f(x) bynkuus [a, b] opamukia HHTerpa/i1aHyBYd GY.ICHH.

Jemak,
—1 b

lim 6 = lim 2 f(E) Ax, = t f () dx.
Ap —0 Ap =0 p—g
Suau ¢ f(¥) QYHKUMAHHHT MOC HHTerpa.l HHFHHIHCHHH €3aMu3:
n—1
= \‘ 4 f(Ek) Ax;z-
=0
Y xonga
—1 n—l
V c fE)Ax,=c ‘\_ f(&) Ax,=c-o.
k=0 k=0
bBynaau %p,—>0 aa gy#ugari

lim 6, =1lim co=c¢ Ixm o=c | f(x)dx
Ap =0 Ap —0 Ap — a

TEHIVIHK KeJu§ Yukagu. Dy u3janran ¢opMy.JTaHHHT YPHH/IH 3KaHHHH

aHrJaTagn.
4° Arap f(x) pynuxkuus [a, b] na unrerpaisanyBud Ba f(x)>d >0

6yunca, y xoana Y GYHKIHR XAM 11y OpajHKAa HHTErpa/uiaHyBYH
6ynanu.
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Hc6or. f(x) dynkuns [a, b] na wnrterpannanypuu 6yacun. IleMax,

% e>0 omMHraiza XaM d%e ra kypa mysaaii 6 >0 Tonuiamuky,

[a, b) opasmkun 1HaMeTpH Ap <<8 Gysran Xap Kaumaih P €yJjarjam

Y4yH
n--}

S (P)—s(P):E (M, —m,)Ax, < d’¢
k=0

6yaann. Bynma i

M, =sup{f(x)}, xElx,, Xgril,

my, = inf{f(x)}, € [x, %)
f(x) > d > 0 6yaranaurnau 31:m6opra oJHG, L dyHKUMSA VUYH

f
IM =238 } xE[xk, xk_,_)]’

1
{7
m,= inf 1-—[(—x)~}, x€ [xlz’ xk+1]

MaBXKyJ OYJHIIMHH aHHWK1aHMu3. PaBluaHKH,
1 1
JM.:‘ ) N e
R o My My
6Vaamu. Hatinkaza
n—1 n—1 ) i
_— = V - * = —_—_— =
SP)—s(P)= 3 (M; —m)Az,= 3 ( Mk) Ax,

m
k=0 =0k

_n My —my
_Z o~ Ax, < — gO(M —m)Ax, <e

6ynann. By aca ﬁ% ¢yskunsHuAr [a, b] na WHTErpas/aHYBYM 3KaH-
X

JHTHHH OCHJIIHApajH.

5° Arap f(x) Ba g(x) dyurumsap [a, b] opanukia MHTErpaJlaHyBuH
6¥aca, y xonma f(x) =g(x) ¢yekuma Xam [y opajukaa WHTErpasja-
HyBud Gysagd Ba ywby

b b b
‘ [f)=g(x) dx =, j f()dx+ J g(x)dx

¢dopMyna ypuHau Gyaanu.
Hc6or. f(x) Ba g(x) dynxkuuanap [a, b] opanukna HHTErpa/iaHye-
ud 6yacun. demax, y

lim 0 = lim Zf(Ek) Ax,= (f(r) dx,

Apm0  Ap=
n——l
hhmoz = hm Z g &) Ax,= fg(x) dx.
-0 0{=o
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Duan f(x) £ g(x) ¢yukuuauuur [a, b] opaimKIarm Moc HHTerpa.
BHFUHIMCHHY €3aMHU3:

n—I
o= E[f(Ek) E= g(Ek)]Axk =
k=0
n—1 n—Il
= k}:‘of(Ek) Ax, + kzog(ik) Ax, = 0,+0,.

Byngan Ap,—0 ma KyfMaarura sravus:
b

b
lim o = limo, =1lim 0, = ‘ fx)dx = | g (x) dx.
Ap-=0 Ap—0 Lp—0 u a

By wu3nanran gopMyJaHMHI YPHHJM SKaHHHH aHIJIaTajH.

l-uaTuxa. Arap f,(x), f2(x), » [ (x) DyHRUMANADHUHT Xap Ou-
pu [a, ] opaiukga uuTerpa;JaHyeyd 6y.ca, v Xoaga yLIOy
e,f1 (%) 4 cofa (x) 4+ +c,f,(x) (c,=const, i=1,2, n)
dyHKIHA XaM LIy opasjvKJla HHTerpalJaHyBuM Gl.aiH Ba
b
J\ [clfl (x) + C‘lfz (x) + o ._" Cn, fn(x)]dx =

b

b
=c, jb fL(x)dx-tc, J fo(de . o, fixds

dopMyaa VpHHIM 6y nanu.

Dby HaTiXaHMHT ucGOTH Moxopulard 3°- Ba 4°- Xoccanapaad Kesu6
UK.

6° Arap f(x) Ba g(v) dyskumusiap [a, b] opaiaHkiIa HHTErpaJiaHys-
ug GyJca, y Xosga f(x)-g(x) OyHKUMS XaM IV OpaJHKAa HHTerpasia-
HyB4u Oyqajd.

HUcobor. f(x) Ba g(x) pyrxkuusaaap [a, b] opaauxaa uxterpaiaHys-
gi GyicHH. Y XO/Ja MHTErpa/HUHT MaBXY/THTH XaKHAard TeopeMara

Kypa

n—l1
13;:16[59 [(P)—s,(P)] =Ml)i_rﬁ)k§) (M, —m)Ax,=0, (9.32)
n—l1
l}vign_)%S(gP) —s,(P") ==}v})i1110 k;) (M, —mp)Ax, = 0. (9.33)

Asaa Gapua x€ [a, b] qap yuye f(x) >0, g(x)>0 ne6 xapaiimx.
Y xonza ¥ x€[x, x,.] yayH
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TEHICH3JHMKJAp VpuHIM 6V.aub, VHAaH KyHuiard
0< my,-my, < flx)-glv) <M, M,
TEHI'CU3JIHK KesaHO uHKanau.
Pasmanky, [x,, x,.,] (=0, I, n—1) opamkaa f[(x)g(x)
GYHRUMAHMHT KYHNJarH aHMK yerapaJiapH:

= inf{f(x)-g(x) },
MY =sup{f (v)-g ()}
MaBKyn 6yaub, ynap yuyH
mym, < ml < MI< MM,
TEHICH3/IMKJIaD YPHUHAM Gyjagu. Y Xoama KyHuparu
M—md) < MM, —mkm,z M, (M, —m,) + m, (M,—m,),
M=sup {fe)} =M, M=supl{gx)}=M
a< a<x<b

TEHICH3JTHKJIapHH 31>m60pra om6 (f (x) Ba g(x) dyukupsnap [a, b) na
yerapaJaHranJura yuyn M< e, M’ < oo 6yJsany), TOMAMH3:

n—1
S;. 4P =51, (P) = 3 (MY —mi) Ax, <
=0
—1 n—1
<M’ V(M —m)Ax, + M ¥ (M, —m,) Ax,.
k__ Fr
Suau (9.32) Ba (9.33) EMyHocabatnapaan ¢okHpanancak, y Xojaa Ky-
nAunaru

n—|
]{m Jas (P) —31.,(P)] =;‘lli>r_x)10k=20(M2—m2)Axk=O
TeHrJMK Keqan6 uukamu. [emak, f(x)-g(x) ¢oyuruua [a, b] opanukna
HHTErpaJlIaH yBUH.

Aumu f(x) Ba g(x) ¢yHKuMANAD MXTHEpHH HHTerpasaHyBud yHK-
npsinap 6yscuH. Bup Tomonpan + x€ [a, b] nap yuyH

f(x) — inf{f ()} = f(x) —
gx)—inf{g()} =g(x)—m'>0
TEHICH3JIHKJIap ypmum. Hkknnuu TOMOHAAH,
f(x)-g(x) = [f(x) — mllg(x) —m'] 4 mg(x) + m'[ (x) —mm’  ne6

€3a onamus. IOkopuza ucGoT 3STHAraHMra XaMpa 4°- XOCCaHMHT Ha-
Tuxacura (l- maTuxara Kapaer) Kypa, f(x)g(x) ¢yuxkuus [a, b] opa-
JMKJIAa HHTerpasJlanyBuH 6yJjan.

4°- pa 5°- xoccasapliaH KyHugaru HatHxa KeJub guKamH.

2-paTtuxa. Arap f(x), g(x) oyukuuanap [a, b] aa wmurerpansia-
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1)

HYBUM Ba g£(x)>d>0 6yaca, y Xonma —— 7 dbynkuns xaM |[a, b) opa-

JUKJA MHTerpajnanysun Gysann.
~3-nartnxa. Arap f(x) gynkuns [a, b] opanMKna HHTerpasiaHyBUM
6ynca, ¥neEN yuyn [f(x)]" dyHkuus xam Wy opajMkia MHTerpaina-
HyBuH 6ynanu.
7°. Arap f(x) ¢ynknnsa [a, b) ofanMKma mHTerpainanyBuM 6yam6,
v x€la, b] aap yuyn f(x) >0 6yaca, y Xonna
b
[ f(x)dx =0 (a<bd)
6ynazu.
HUc66T. Tavpudra xypa ywby
n—1
limg = lim Vf (&) Ax,

rp—0  Apot

JBMHT MaBXyA. Moapomuxn, ¥ x€[a, b] nap yuyn f(x) >0 3kan, ymza
n—1

o= Zof (gk) Axk> 0

n—}

im S F(E)Ax,> 0
Apaokzof k) k

6ynamn. Ilemax, R

[ f (x) dx=0.
a
4-naTtuxa. Arap f(x) Ba g(x) dymkumsnap [a, b] opaimkaa un-
TerpajlJanyBu 6ysmb, ¥ x€la,b] nap yuyn |f(x) < g(x) Tenrcuamx
ypuraH 6ynca, y Xosama ywby
b b
flx) dx< g g(x)dx
a a
TEHICH3JMK XaM YpuHin 6yaanu.
Xakuxatan xaMm, f(x) Ba g(x) ¢dyuxumanap [a, ] na unterpannanys-
up Gyarauupan g(x) — f(x) >0 QYHKUMAHMET MHHTeTpaJJIaHyBYHJNTH
4- xoccajian Kequb unkanu. 6- xoccara kypa 6y xosza

b
[ g ) —f(x)dx=>0

TEHrcH3IMK Kequ6 uMkanu. Dynnan wananran TeHrcusiukka sra 6y-

JIaMH3.
5-Hatuxa. (Komu—bBynakoBcku#i Tenrcusanry). Arap

f(x) Ba g(x) dyukunanap [a, b] opasnkna wHTerpaiananysun GyJ-
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ca, y Xonza (okopugard Xxoccaiapra kypa) ywby f(x)—ag(x) (& —
uXTuépui y3rapmac) QyHkuus Xam [a, b] opaiMKIa HMHTerpa//aHyBYH
6ynagu Ba

&
f[f(x)—ag(x)lzdx >0

TEHICH3/JUK VPHHJIH.
Hewmax, wnuépuﬁ yarapMac o CoH Y4YyH

o? fg dx—.‘Za['f(x)g(x dx+ ffz(v)dx>0

TEHTCH3MMK VpUH/H. Dy TeHrcu3nuKHHHr wan TovouHpmaru Hpofa o ra
muc6atad KeagpaT yuxaf Oyaub, y o HUHr 6apya XaKukuil KHiAMaT/a-
papa MaHpuil sMmac. [lemak, 6y KBagpar Y4XaAHHHT JHCKPUMHHAHTH
Mycfar sMac, SAbHU

[]f(x ) g () def'— ff2(x)d g (1) dr<0.
Hatuwaga xy#uaary

b
| F@) glx)ax

/b b
gl/ ‘[ 2 (x)dx- ]/[ g® (x) dx (9.34)

TEHICH3JIHMKKA KeJavu3. By Tenrcusnuk Kowu—Byuakoscrud menecus-

Aueu fe6 aranagu.
8 Arap f(x) dyukuua [a, b] opanukaa uHTerpanIaHyB4uu Gysaca, y
xonga |f(x)| GyHKUHA xaM my opaJHKAAa MHTErpaiIaHyBud Oyjagu Ba

b b
[ o de|< fIF()lde

TEHFCH3JHK YPHHIH GyIany.
Hc6ort. f(x) dbynkumua [a, b] opanukaa HHTErpasiaHysud 6y/cHH.

Y xoama ¥ €>0 onuurasga xam wysgad 6 >0 cou TOUKIJHKY,
[a, b] opamukuu 1uameTpu A, <8 Oyaram  xap Kaupait P =
{xy x;, x,} 6V.aknaura Huc6aTaH

n—1

SP)—s(P)= EmkAxk< 3
k=0

6ynanu, 6yaia o,— f(x) dyskuusiuunr [x,, x,,,] opanukmard TeGpa-

HHILH.
PaBuia:ku, Vx'€l[a, b],  x” €[a, b] nap yuyd Ky#ugaru

D=1 FE < I F () —F &)
TEHICH3/IMK YpUHIH 6yaub, yHIAH

sup [| fe) | —IFG") | < sup IF (") — F(x")|
32:

www.ziyouz.com kutubxonasi



TEHTCH3IMK Keanb uMkamd. llemak, © ,< ©, 6ymaa o,— If (x)] dynk-
UHSHART X, X, ] Zarn TeGpanumu. Harmxazna

n—1 n—1

SP)— s, (P) =Y 0, Ax, < Vo, Ax, <o

k=0 =0
6ynam. byuaan |f(x)| dynknussrur [a, b] opanukza HHTerpajsaHyBuH
6ysMmm Kemb YHKalu.

f(x) xampua If (x)| Gyskuusnapuunr [a, b] opaamKaarM WHHTerpas #u-

FHHAWJAPHHN €3aMH3:

n—1

0= zf(gk)Axk’
k=0

n—1

0= E | f E)\Ax,.
k=0

Y xoana

n—1]

NiEIAx,
k=0

6Ynann Ba A, — 0 1a JHMHTra yTHO H3JIAHTaH TEHTCH3JMKHHHT yPHBJA
5KaHHTa KINOHY XOCHT KHJIaMH3.

lo|=

< kgolf (gk) l Axk =0

8- §, Ypra xuiimaT XaKkuparu Teopemanap
f(x) dynrums [a, b] opanuKina aHMKJaHTaH Ba yerapananrai 6ya-
cud. ¥ Xoapa [a, b] opannkpa
m = inf{f (x)}, M = sup{f(x)}
MaBXyR Ba ¥ x€[a,b] yuyn
m<f)<M (9.35)
TEHTCH3HKap VPHHJIH 6Ynaan.

6-Teopema. Aeap f(x) ynxkyus [a, b] oparuxda unmeeparra-
nyewu byaca, y xor0a wyndad gseapmac p (m<p<M) con masmyd-
Ku, ywby

b
[ f()dx=p®—a)

a

meneauk fpunau 6ynadu.
H c6oT. (9.35) Tenrcusanknapian 3- HaTHXkKAra Kypa TOMaMus:

fmdx < ff(x) dx< J?de.

Dynaan
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b
m@p—a)< J'f(x)dxéM(b—a).

By rtenrcusimkaapuu b —a >0 coxra Gyaamus:
b

.]'f(x)dx
m< ab_—d— <M.
Arap b
(‘f(x)dx
= b—a

Jaef OJICaK, Y X0.11a U3JaHTaH TeHIVIMK KeJHO YuKajgH.
6-uaTuxa. Arap f(x) ¢yuxkuwusn [a, b] opanuxaa y3nykcus 6y.ica,
y ¥onga 6y opanukna wyHpal c(c€ [a, b)) HyKTa TOmMHMAAUKH,
b

[fdc=f@0—a (9.36)

a
TEHIJHK YPHHIH O.1aiH.
Hc6o1. f(x) dynkuua [a, 6] opamuxpa uurerpasnauysuu. [lemak,
b

6- Teopemara Kypa ‘ f(x)dx = p(b—a) teurank ypuuiu 6ynagu (Gyu-

A m<p<M).
Bosmbuano—KOLUMHHHT HKKHHIK TeopeMacura (5- 6oGparu 6- Teope-
Mara Kapadr) acocaH [a, b] na IYHMAK ¢ HYKT2 TOMHJAUKH,

fe)=

71 6ynanu. bBbyupan (9.36) teHruk-
HUHL VPUHJIM 3KaHU KeJu6 4YUKaJH.
(9.36) rtenrmuxk [a, b] opanukaa
f(x) = 0 6ynran xomma cogaa reo-
MeTpPHK Maguora sra. Mabaywm-

KH, yLoy j f(x) dx aumg umrer-

i

% Pan 3rpU  YH3HK/IM TPANeuHsHUHT

103uHM uponanaiinu (53- uusmagarud

53- un3ma. aABb tpanenusira Kapasr). JHIU

f(x) > 0 6yaranza my 3rpu 4YH3UK-

JIM TPaNeUUAHHHT 1034 acocH b—a ra, Ganaupiwr f(c) ra Teur 6yaran

TYFpU TypTOypuakHur ‘o3ura teHr (53- uusmaga ad'B’'b TyFpu Typr6yp-
YaKKAa KapaHr).

7-teopema. Aaap f(x) ea g(x) ¢pynryusarap [a, b] oparuxoa un-

mezpaarianyedu G6yaub. g(x) Qynkyus wy oparuxda 3 uwopacuru {3-

2apmupmaca, Y x040a Luuuaau gazapmac p.(m<u<M) COH MABHCYOKU,

t fix)g()dx = fg(r)dx (9.37)

a
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MEHZAUK {jpunAl 6Gaadu.

HMcbor. Anux nurerpaisunr 5- XoccacHra acocan f(x) g(x) ¢yunkums
la, b] opamvkaa uHTerpaasanybuu 6ygaan. Duau g (x) dyukous e, b)
opalHKia Manguit 6yaMacud, abvEu ¢ x€la, b] nap yuyH glx) > 0 Gya-
cuH, pedmik. Y xoama m<f(x)< M TteHrcusiHkjapuH g(x) ra xj-
nafiTnpub, cynrpa Xocua 6yaran ymby

mg (x) < [(x) g () < Mg (x)
TeHrcH3skKaaphn la, b] opasmkza meTerpannab TonaMms:

b b b
m {gdx< { f(x) g)dx <M | g(x)dx. (9.38)

Hkxn Xomun xapaitnmk:
b
a) ‘ g{x)dx =0 6yacun. ¥Y xonna

b
{femdx=0

6ysm6, 6ynna p pe6 m<p < M TeHICH3JHK.JIAPEH KaHOATJAHTHPYBYM
MXTHEPHIT £OHHU OMHIL MYMKHH.
b

6) f g(x)dx >0 6yncun. By xonpa (9.38) TenrcuaMk.1apasu

b
§ 10 g @ ax
m< _ﬂ__b__— g.""l

i glxydx

6)“1Jmm"n Kesmb wnkaan. Arap

b
{ J(x) g(x) dx
p=—p—
| g(x) dx

ne6 oncaxk, ynaa

b b
[ £ gtadx=p [ (x) dx

6yaann.
y la, b) opamnkaa g(x)< O Gyaranpa (9.37) dopmyna Xyaim nrymra
yXwal ncbornananu. TeopeMa ucGor Gyaau.

7-natnxa. Arap [a, ] opamnkma f(x) ¢ymkuma ysaykcus, g(x)
(yHRUHR MHTerpaasanypyu 6y.ca, XaMpa 1y OpaJiMKxa g (x) pynxuns
V3 MLIOpacMRH Yy3rapTMpMaca, y Xonaa wyHpnad c(c€[a, b)) nyxkTa TO-
TIHJIAMKH,
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b b
JFg kde=F() | gbxdx

TEHCJAHK VDHHJIH OVJaaH.
by Hatuxanuur ucGotd (9.37) TeHrJAMKKa acocHaHamu:-

9- §. Yerapanapu yarapyauu Gyaran aHHK HHTerpaaap

f(x) dyrxuusa {a, b] opamigaa {uurerpainanysuu 6yacuu. Y xoaza
auux, HHTerpaanuur |°- xoccacura kypa f(x) pyuxkumst ucraarau {a, x]<
<la, b} (a< x < b)opamukaa XaM uHTerpa/iaHyByu Gysamu. Pasumiank,

froa
HHTerpast x ra 6ormHK. YHH F(x) me6 Genrunaitvus.
F(x)= j‘ F(t)dt.

Oumu f(x) dyukuuara xkypa F(x) ¢yskuusuuur xoecasapuuu (y3-
JYKCH3/TUTH, AH(rpepeHUHANNAHYBYH O /IHLIMHH) YpraHaMu3.

8-teopema. Aeap f(x) ¢pynxyus la, b) oparuxda unmezparaaiys-
qu 6yaca, F(x) dynxyus wy opasuxda ysaykcu3d 6gradu.

Hc6o1. f(x) dyHkuust uurerpasianyBun 6yaramd yuyu sup |f(x)|=
=M< o 6ynagu. % x€[a, b) uykra onu6, yura wyHmait Ax >0
opTTHpMa OepailinkkH, X - Ax€[a, b] O6yacud. Y xonga F(x) ¢pyukuua-
HHHC OPTTHPMAcH V4yH KyHdupmarura sra 6ynamus:

x+9.r z x-(—@x
AF(x)=F (x + Ax)—F (x)= J f()dt— ff(t) dt= {. flpdt.

X

Anux uHTerpasHHHC 7°- XoccacHJaH (GOHAAMAHHG TONAMU3:

rax x4Ax xiAz
IAF(@ = [ fOdt|< [ 1fOId<M | d=MArx.
Jemax, »
|AF (x)| < M Ax.
Byrgaw sca
lim AF (x) = 0
Ax-»4-0

MuMHT KeaHO udkaid. Ax <0 6yaradga Xav XyIAH HOKOpAZATHrE YX-
maw 1imAF (x) = 0 6yauwm kypcatunagu. By aca F(x) ¢yHKUMAHUHT
Ax——0

x&la,b] HykTaga yanykcusadruuu Gusigupagd. TeopeMma ucGotr Gyaau.

9-teopema. Aeap f(x) ¢pynxyus [a, b] opanuxda unmezparrarnys-
qu 6gaub, x,€(a, b) Hyskmada ysayxcu3 6yaca, y xorda F(x) gynkius
X, Hyxmaoa Jupbeperyuarsanyedu 6Gijradu 8a
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F' (xg) = [ (xo).
Wcb6o 7. F(x) GYHKUNAHBHT X, HYKTajari OPTTHPMACH:
xc‘hé*
AF()= | f@ydt (Ax>0)
X

HH oaub, “Kyhunaru r
AF(xg)
Ax f (x0)

aliUpMaHn xapaiiMH3. AHHK HHTErpaJHHHI XoccaJjapHiau dohinanaunb
TONAaMH3:
AF i x.,—i—‘Ax x.-i—Ax
AF &) —f(xu)=—[ | fod—it) § dt]=
Ax Ax
Xo X,
Xo--Ax

5’ [F (6) — f(x9)] dt.

Xo

)

By mynoca6atzan

X XrtAlx
T —fw|s o | 70— | 0.39

TEHICHINIHK Kesnb uHKanu.
lapira kypa f(x) dynkums x, Hykraga ysnykcus. Tabpudra acocas;
% € >0 onunranfa XaM wysmait 6 >0 coH TonMMAagMkH, |x — x,|<<8
6yaranma | f(x) — f(x),! <& 6ynamu. Arap Ax< 8 ne6 oncak, y xospaa
V1E[xy, X+ Ax] yuyn
) — )| <e

6ynapn. Harmmxana (9.39) Tenrcuanmk KyHuaari

AF(xy) Sl
Y g ot
At £ ¢
< [ d e
X»

xypnnm_yr:’a! xe.na;m . Jlemak,

‘ BFxg fx) | <.

Ax
Bynaan
lim AE&D s,

Ax—+0 Ax

SBHA

F' (% =- 0) = [ (xo)
TeHTJIMK kean6 unkamu. YOxopuparunex, Ax <0 6yaranza

. AF(x))
All—l:r.l—o Ax - f(xo)’

327

www.ziyouz.com kutubxonasi



ALHU
F' (%o —0) = f(xy)
TeHFVIHK XaM Vpudad GyMiid Kypcatdnagd. TeopeMma ucGotr Gf/au.
Arap f(x) dynkuua [a, b] opanuxia uurerpasnanyBud 6yaud, x =a
Ba ¥ =b HyKramapfa yanywcus (OyHAa GYHKUHAHUHT X = a A VHrAaH,
x=~0 [a 3ca yanjaH Y3JyKCH3JMIH TYWYHU/IaAH) GV/ca, Y -Xoaaa
Fa+0=f@a+0), F(6—0)=fb--0)

GyuIlH IOKOpHIArHra YXIIalll KypcaTHIaRH. . .
8- watuxka. f(x) pyuruus [a, b] opanuxga y3nykcus 6y.aca, y xonaa
¥ x€la, b] yayu
F ) =f(x)

6y nanu.

Hemak, F(x) oyuxuna f(x) #uur {a, b] garu Gownausua @yHk -
LHACH.

Auau KyAW derapacH V3rapysBud Oy/raH aHHK MHTerpajiH# Kapai-
mu3. f(x) Qynkums {a, b] opanukga UHTErpa/LIaHYBUH OYJCHH. Y XoUI-
xa 6y oyukuma [x, b]<la, b] (@< x<b) opanugia Xam wHTerpaiia-
HyB9i Ba Oy MHTerpasj x ra GOF/HK 6y.na:m Yuu

0= [ a
,zx¢6 Gearuaafivus. AHUK HHTErpa’ J:occacmaa ¢poitifananué TOMaMH3:
f f(&)dt= _ff (6) dt -+ fb fO)dt =F ()% dx) (@<x<b).
Byﬂnaﬁasca | ’
D) = f Ftydt —F (x)

Gymuini KeqH6 yMKagu. by Tenrimik, P (x) GYyHKUMAHHHC XOCCAMApPHHH
f(x) xamza F(x) QyHKUMANAPHUHT XOCCAIAPH OPKAJIH Yprauuul MyMKHH-
AUrMHK Kypeatagu. JKymnazaw, arap f(x) dyuxuua [a, b}’ opanugza
y3aykcu3 6yJca, y XoJza

P’ (x) =—Ff(x)
b
6¢nami. Xaxkuxatan Xawm, Oy xonja f f(O) dt maByn Ba y uekau COH,
a

F(x) dyHkumMs 3ca 10KOpHAA Ke/THpHJTaH Teopemara kypa [a, 6] aa F'(x)
Xocunara sra 6)°/m16

D (x) = (y foydt) = f fO)dt —F(x)) = —F(x) = — flx)

6y napu.
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10- §. Aumx unHTerpasiapHd xucoBaaus

Hurerpan MaB3vCHHMHr acocuil Macagagapuiad OHpPH QYHKUHA HH-
TErPAMHHHT MaBXKVYJIIMCH OV/ca, UKKMHYHCH — QYHKUHA HHTerpasuHu
XUCODALIAHP.

Buz f(x) dyukuusinuur (@, b] opaiHKaard aHHK HHTErPAJHHH HHTEr-
pan HUFMHAHMHHHT 4YeKJH JHMHTH cudatHAa tabpHdsaaraH aguk. Ogopu-
Ra afti6 VTraHMMH3ZeK HHTerpa] HHFHHAHHHHT JHMHTH TYIUYHYacH
Mypakka® Xapaktepra 3ra GV.u0, yHH XHco6.all, XaTTo Comiaa XoJap-
Jda (wy GoOHMHr 2- § Fa KeJTHpHJrAH MHCOJra KapaHr) XaM aHya KH-
HuH Oyagu.

Tyrpu, f(x) DyHKUMAHMHT HHTErpaJaHyBYHJHIH MabayM 6y.ica,
YHAA wuTerpaj HHrHHOHHUHE JHMHTH (4, b] opa;ukuH Oyjaxknamr ycy-
Jaura xam, xap Gup GV.iakia oqamHrad &, Hykrajapra xaM GOFnWK 6V.i-

b
Mai, A, — 0 1a siroua 1(1 = ‘ f(x)dx ) coura wurinagw. By xon

[a, b] opanuKHU GVjaKJaliHK XaMia &, HYKTAJapHH HHTErpas HHFHHIH
BAd YHMHT JIMMHTHHH XHMcoGaallra KyJad KHIHO OJHII HMMKOHHHH Gepa-
. Hartwxaga ¢yuxiis udrerpaauud Tonmuis yuyd GHpopta GyJakjati-
ra uucbatad HHTerpas HHFHHIHHMHI JMMHTHHM XucoOjawr etapau Gy-
Najgu.

b
Macanan, f xdx vHterpaaHH xucobaaiank. Bynna f(x):=x 6yaub6,

a
y la, b] opaankaa yaiykcus. Hemak, 6y ¢yHkuus [a, b] Aa udTerpa-
JaHyBuH. [a, b] opajuKHH yUIOY
P={a.a+a, at2e, a-+ kx,, a + na, = b}

(134

6ynaknawsn 076, Xap Gup [a - kx,, a+ (k+ 1) ] 6yrakaa & =
b—a

=a - ko, ned xapaiiMus, Oyuiaa o,= — - Y xouana
: I
n—l n—l n—l
c -=k}_6f(§k) Ax, = Z}(a + k-a”)auzang(a—i—k-an) =
= k= =

=a [(nato,(1+2+3+ .+ (@—I)l=

+ b—a (n—l)n\___bz—a2 b—a o
= (7.,1 na " 2 - 2 2 n°
Byuaan
. . b2—a2 b—a b2 — a2
limo=1lim — o,|= .
=0 @y -0 2 2 2
Jemaxk,
b
e b2 — 42
J xdx = . 4
b 2
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YMyMaH, Ky Xosiapia QYHKUHSIADHHHT MHTErPaiuHH Tabpudra Ky-
pa xucobaaml KuinH 6Vaamn. ILyHuHr yuyH uxTerpasiapu# XicobJaii-
HHHT aMaJnil 2KuXatiaH Ky.ait O6yaraH HyJ1apHHH TONHII  3apypHMATH
TYFHJAQIH.

1. Hoioton—/leii6unn popMy.aacy Ywdy Ganaia, $yHK-
LUMANAPHHHT aHHMK HMHTErpajJapHHH XHcoO.Jaliia KeHr KVJilaHaTuraH
OpPMYJIaHH KeJITHpaMH3.

Mabaymky, f(x) ¢ynkuns [a, b] opaaukia yaaykens Gviaca, y Xoana

X

F= (ftdt

a

byHKUNA Wy opaaukaa f(x) ¢yHKuMsHUHT GoOwWsaHFHY (YHKUHACH Gy-
Jaau. By 6up ToMonzaaH.

HkkyHuy TOMOHZAH, f(x) GOYHKUMSHHHT HUXTHEpHI Goullanrnd GYHK-
unscH @(x) Gepuaran GownanFuy yukuua F(x) zan nxthépuil yarapmac
Kymmnnysynra ¢apx KHJI3aAH, SBHH

P (x) = F(x) + C (C = const)
6ynamu. Jemak,

¢(x)=5f(t)dt+c.

By Ttenrsmkaan, aBean x=a zeb,
cyurpa x=1>0 neob, )
P (b) = ;' f(t)ydt-+C (9.41)

TenrJukJapHu tonamus. (9.40) Ba (9.41) Tenramksappan nxThépuii Goru-
JaHFuy pyHKuna D (x) vuyn ywby

b
’ f(x)dx =D (b) — P (a) (9.42)

¢opmysia keam6 ynkanyu. By (9.42) ¢opmyna Hewwmon—Jledbnuy diop-
Mysacu peb atanagi.
Onatna, (9.42) TeHrAHMKHHMHT VHT TOMOHHZarn @ (b) —<P(a) akupma

& (x)}: Kaby Eé3MiamH:
) —P@=20 |
Hemax, ,
[fdx=2 (]

x% b bz —a?
> =

a 2

M uconnap. 1. Vxdx=

Dy >
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bd
2. Yi=lnx
X
a

2. ¥arapyBuugapHu aaMaWTHPHW VCyaH. f(x) dpyaxuus
[a, b} opanukaa AHUKNAHTaH Ba Y3IYKCH3 6yncue. By xonna f(x) dyHk-

]

c=lnb—Ina=h 2 @>0, £>0).
a

a

IMAHUHT aHHK HHTerpasH ff (x)dx maBwkyx 6ysaau. Kynuuuya y3rapys-

YHHH AIMAWTHPHUI HaTHXAcHAa OepuiaraH HHTerpad VHIaH COAJapox
HHTErpa/ira KeaTHPUAIH.

®apa3s KWIalJauK, aHUK HHTerpajja y3rapyBud x ymby x = @ (f)
¢opmyna 6usaH anmallTHpuaraH Oyaub, 6yHaa KyHupgard wapriap Oa-
JapHJaraH OyJcHH:

a) ¢(f) dynkuus Oupop [z, fi] opanMkAa aHUKAAHTAH BA Y3JAYKCHS,
t yarapyBuu [z, f] opamukaa ysrapranga @ (f) @YHKUHAHHHC KuAMAat-
qapu |a, b] opanukiad 4YKkMailqy;

0) ¢la)=a, ¢f)=0b;

B) ¢ () dyskuns [z, f] opaiukaa v3aykeus @'(f) xocumara sra. Y
Xoaja

b [

[fwde=\[le®) o O (9.43)
a &

TEHFJUK {puHau Oyaain.

Xaxuxatan XaMm, f(x) ¢yukund [a, b] opanukaa y3aykKcH3 OyJrauu
yuyH uly opajukaa ooulianriy $yukuua P(x) ra ara 6y, (9.42)
dopmyaa VPUHIH.

[2, B] opaqukaa D (@ (f)) pyukumann Kapadiuk. By ¢yuxuma [o, B]
opanukga y3aykcus 6y.mb, vauar Xocusaacu (6.5) dopmynara kypa Ky-
Auparuya €3ugau:

(@) =P (¢ )9 O)-
Kefinury tenrauxgan @’ (x) = f(x) skauuHu 3bTHOOPra O/MbG TomMaMu3:
[P (@) = [(e 1) -9 ).
By 3ca @ (¢ (f)) oyuxuua [e, Bl aa f((f))-¢'(f) dyHKUMAHHAT GoLLL-

JaHFWY PyHKUMACH OyauuwHHK Ouagupasu. Hotoron—/lefiGuuy ¢opmy.a-
CHr4 Kypa.

#
‘ f@®) ¢ O)dt =P (e () —P(@(2)).
Byuu 6) wapraan doitgananu6 yuby

f’:
Ji@@)-o" @) dt = (b) — Do) (9.44)

kypurmiiga €3uwr mymkud. Ulynpait kuau6, (9.42) sa (9.44) wmywoca-
Gataapaan (9.43) teurauk Keand 4ukagu.
Mucoa. Kyimgaru
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i
{Vi=edx
i
MHTETPaJHN y3rapyBUHHH aJMalUTHPHII ycy.u 6uiaH xuco6naur. By uu-
Terpaina X = sin? anMawtupuin Gaxapamus. ¥ xosga (9.44) dopmyaa-
ra Kypa Tonamms:
] a2 a/2

J V1I—xtdy= ‘ V 1—sin? -cost dt = ’ cos?tdt =
0 0 ‘0

«ly

L, b L L n
[TT 2 COSQt}dt_[izpr 4 sm%]‘o T4

© Yy wl 9

3: Bynaknab mETerpanjau ycyJaH u(x) Ba v(x) pyHkums-
JapHuir Xap OupH [a, b] opaaukia y3aykcus u'(x) Ba v'(x) xocunanap-
ra sra GysacHH. ¥ XxoJana

4 T 4
,u(x) dv (x) = [u(x)-v(x)] / — fo(@)du(x) (9.45)
dopMyaa YpHHIH.

Xarukatan xam (6.9) dopmynara kipa

[u@) o)) = u'(x)-v(x) + ulx) v (x).

Jemax, u(x) v(x) dyukuus [a, b] opasukaa {u'(x)v(x) + u(x)v’ (x)
GyHKUMARNAT GowiaavFuy GyHKUmACH 6yaub, Heioton — JlefiGum dop-
MyJacHra kKypa

b .
J1 (o) + u (v’ (@Wdx = [u ()0 (] |]

6ysanu. AHHK HHTerpaj XoccacHaaH ¢olfizasannG TONaMus:

b -]
"v(x)- u' (x)dx -+ [u(x) v(x)dx = [u(x)-v(x)] lz
by TenrankzaH aca (9 45) dopMmyna Kenub 4liKauu.

(9.45) dopMyaa ;u(x) dv(x) HHTerpajHH XHCOOJALIHH ‘ v(x) du(x)

HHTeTpaJHH xucoﬁﬂamra osn6 Kenann. Byupa u(x) xamaa dv (x) sapHH
b

WIyHpaf TaHjaul J03MMKH, | U(x)du(x) wuuterpan IMKOHMAT GopHua
u
e011a XucobJaHCHH.

Mucoananap. In x dx uHTerpasHu \HCOO.1aHT.

J
i
dv

Arap u(x) = Inx, dv(x)=dx ne6 oamuca, y xo.1a
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du= L dx, v(x) =x
X

6)“'Jm6 (9.45) ¢opwmy.iara K)"/pa TOMAMH3,

Slmdx—-xlnx\ ﬂ '—d\—,x]nx
1

2

)
L ——A.’ =2 In2—1.

n

2. [,= fsin”xdx HHTerpa/Hd Xucobsanr, 6yuia n=20, 1, 2
0
By uurerpasi, Xycycan n=0, 7= 1 6yiraHga OCOHCHHA XHCOGIaHAIH:
LY k19

2

I n
= sjdx=—';—, I, = \sinxdx=[—cosx] = |.
¢/ v 0

n > 2 (yaraiia GepHATaH HHTerpa.HH

/2 /2 '
I fsm xdx= ‘ sin"™" xd (— cos x)
0 o
Kypuunwiga €3u€, yara OYsakjgab uHTerpasiall QopMyJacHHH KyJIiaH-
mu3. Hatwkana

b1 4

w’ Q

2 s
[n=(—sin"_lx-cosx)lo +(n—1) | sin” ? %0082 xdx =
)
:T

u] M

—(n—l)fsm T x(l —sin*x)dx = (n — I)J'sm" Lxdx—
0

Eid

n

2
—(n— l)fsin"xdx=(n—l)[n_2—(n — 7
0

6VauC, VHIAH yIIGY

—1
1="C l_, (9.46)

peKkyppeHt opMy.a Kead6 dukagd. By dopMmyaa é€paamuaa Gepuarad
HHTerpasitd n =2, 3, 6yaraHga kerva-ker Xucobsall MyMKHH. Bus
Kyitnaa n —xyopTt Ba ToK GyJraHfa Oepu/iraH HMHTErpaJHHHT KufMaTH-
HH KeJITHpaMu3:

= 2m — XKyt con Gy/rania

om—1 om—3 5 3 1, _
M= o om — 2 6 4 9o °
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(9.47)

@m—1n =
- oemn 20
n=2m+ 1 — 170K con 6yaranza
J o om — 2 s 4 2, _
2m+l T o 1) om— 1 7 5 3 '
2 m!
—_—, 9.
(2m + NN (9.48)
Bynna m!! cumBon m pan Karta 6y.amaran Ba y GuaaH Gup Xua xydr-
J¥KKa 3ra GyJraH HaTypajl COHJIAPHHHI KYNaiTMacHHH GHJIAHpajH.

IHyrnait Kuano,

d @m—hit = arap n=2m Xy¢r Gyaca,

T n (@m)!1} 2
f sin” xdx =

1"
0 l (2,(3'2--1)—”, arap n=2m+ 1 10K 6yuca.

Xycycan,

n

Pl

fsin2 xdx = =,

0 4

n

K

f sindxdx = 2.

3

[~4

4. Baaanc dpopMmyanacn. IOkopuaa xeatupuwiaran 2- Muconas
¢oiinananub, n cOHHHH H(pOZANOBUH (HOPMYJaHH KesNTHpaMH3. PaBmanky,

0<lx< —;— GyJaranga
sin?H x<sin"x<sin®™ 'x(n=12,..)
|
TEHICHM3NUKNap VpHHIH . By TeHrcusiukJapHu [0, %} OpasHKJa MWHTer-

pannab

vy

a
: 1 2 2n—1

g sin® xdx < fsin " xdx < fsin "= xdx,
b 6 0

cynrpa (9.47), (9.48) ¢opmyaanapnan ¢oiaananub TonaMHs:

@n) _ @) . _ @2n—2)
(2n+1)u< emn 2 < @n—1)11
ByHnpan
@enn 21 ES @emtl 72 1
[(Qn—l)!!] on+ 1< 2 <[(2n—1)!l] 2n
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TEHTCU3THKAAp KeauO 4ukaid. AMMO 6y TeHICH3IHK/IApPHHHT YeKKasapH-
la typrad Hdojagap adupmacH
@mtt 121 (R !
e <
@2n— D'} 2n @n— D11 2n41

U7 emtt 2ol 1 _a 1
[(2,1—1)!!]

2n+1 2n 2 2n
6ymb, 7 — o Ja HOJAra MHTHJTAHH YYYH VILOY

i:lim[ @n)!! ]z t

2 nngl@n—nprl 241
tdopmyaa ypuuan Oyaanu. emak,
. 2 2 4 ¢ 2 2:
Z=lim =.2.2.2 L. L (9.49)
2 n— L 3 3 5 2n—1 2n+ i

By (9.49) dopmyna Basauc ¢opmysacu neinnanu.

11-§. AHHK HHTerpa/napHu TakpHOHA xucoGaain

Bus oKkopuaa HHTErpa; OCTHAArH QYHKUMAHHHT GOWAHFUY YHK-
UHsicH MabayM Gynca, ausK HHrerpanud Heloton — Jlefibuuu dopmynacu
épramiia xucobiall MYMKHHJIHIHHH KYpAHK. AMMO GoLIIaHFUY (VHK-
LMAHK TOMHIU MacajacH JOUM OCOHTHHA Xai OyJasepMaiiau. Arap HH-
Terpas octHaard PpyHKUMA Mypakkab 6y.Ca, TerHULTH aHHK HHTErPaJHH
XHCOGMALIHHAT TaKpHOMHA ycyJasapuHH kyaaanmw Jo3uMm. By ycyaaap
HHTerpaa octugard [ (¥) GYHKUMAHH yHH TakpuOHA udomaIoBUH KYmXax
6unad aamawrupuinra (f (x) &~ P, (x)) acocaanaiu. [ (x) dyukuus {a, b]
OpanMKIa aHMKJAHTAH Ba Y3JIyKcu3 OY.cHH. 6-GoGHuur 7-§ uma 3caa-
THO YTUATaH (QYHKUHAHH KynXag OHJaH SIKHHJAIUTHPMII XakugarH Befi-

€
epLUTpacc TeopeMacHra acocad, € >0 COH OJIMHTaHJa XaM 5 CoHra

—a
Kypa wyHaa#t P, (x) kynXal TonunaiukH, % x¢[a, b] nap yuyH

10 —P, ()] <=

b b
TeHrcH3 MK Ypuu.IH Ovaagu. Bywman ( P, (x) dx unTerpaaHHHT gf (x) dx
a a

HHTerpa ra SKMHJIALMILM KeJHO YMKagy. XaKHKaTaH XaM, aHuy HHTer-
paHUHL XoccasnapHaan ¢oigaiaHud TonaMua:

<

b b b
f ) de— | P, W dx| =] | [F (9—P, () dx

u
b

<j f (=P, ()1 dx <= (b—a) =e.

Hlynpait kumu6, Ky#ngard
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b b
{1 dem [ P, (x)dx (9.50)

TakpuOHi (opMysara KesaMus.
Macanan, [0, 1] opajukjaa aHHKJaHTaH Ba V3JYKCH3 6Vnran Qymnk-
]

LHSIHHHT 3’ [ (x) dx naterpaannH TakpnGuii udonasoBun GopMysa TONUIL
0

Tanab 3THJCHH.
Ymby

/

B, (x) = ( | CE xb (1 —xyn—t

KynxazHu Kapa#uuk. Opataa, 6y kynxan Beprumerin rijnxaou neb ata-
Jamu. Ymby KypcHHHr «DyHKIHOHAJ KeTMa- KeT/HKJap Ba KaTopJjap»
6oounuur 10-§ una n— o« na Beprwreiin kynxaxununr [0, 1] opasinkaa
f (x) byskuMAra TeKHc SAKMHJALIHUM, sbHH % € >0 oOnMHraHza Xam
¥ x€10, 1] yuyn

I ()—B, 0)I<e

TEHICH3JIMK YPHHJM OYmHllM HCOOTNaHARH.

(9.50) dopmysanan ¢oiinananub Tonamms: j fx) dex " B, (x) dx=

n

=j [2}( )C“x"(] x)""’] dxf—zf(%)Cﬁjx"(l—

k=0
x)"_" dx.
Ouan I —‘ (1 —x)""*dx, k=0, 1, 2, 1 MHTerpaJljlapHy
XMCOBMal K. By.naxﬂaﬁ uHTerpasnau ycya (u = x* , do=(1—x)""* dx)
6unad ymoéy

k
i = e—
P on—k+1

L, k=123 ., n

PEKYPPEHT MYHOCAAAT/IADHH XOCHJ KHJIaMH3.
by MyHocabatiapaan - k yuyH

Chly=—" ", | =C ], =C2 =

R R (n—k)) n— k] n - n —

}
= :] = 0 :‘ — n :———]-—
Cll,=Co 1, j(x o) dx =
0

xeanb uukanu. Bynn sbrnGopra oscak, Gepuiran aHMK HHTeTpajHH TaK-
pH6HH nbonanoBuH KyHHAaru
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i

2r
Il
=3

L4
S~
——
| &
S —

n—1

1
J\j (x) dx ~

dopMyaa xocun 6yaazu.
b

f f (x) d¢ nuTerpanHH TakpuOuii Xucobjawl HyajapuiaH siHa GupH

a
HHTerpaanawl opanury la, b] nu n T1a tenr 6ysakka 6yauumn Ba Xap Gup
6Vaakaa f (x) yHkuusiHg

1) C —const;

2) Ax + B (A, B — ysrapmac);

3) Ax? -+ Bx -+ C (A, B, C — y3rapmac)
KVPHHHLINATH, STbHHM HO/IMHYH, OHMPMHUM Ba MKKHMHUYM JapakaiH Xymxaa-
Jlapaan 6upH 6bu.naH anMaluTHpHIUra acocsianrad. bus 6y xoasapuu ano-

Xuza Kapab, J [ (x) dx vmTterpannn Takpubui HbOnaNOBYUM TYFPH TYpPT-
a

6vpuakjap, Tpaneuus Ba napa6osanap (Cumncon) dopMyaanapura Kea-
MH3.

I. Tyrpn typrOypuaknap ¢opmynacu. [ (x) dynxuns
[a, b] opainKaa aHMKJIaHTaH Ba y3:1yKch3 6yamb, yHHAT

2
Y f(x) dx
‘
WHTErpaJuBy TakpuOui Xucobaawl Tanab stuacuH. AsBano % x€|[a, b)
y4yH

f)=f (vaﬂ; b) = const

1e6 oan6, Kyhuparu
b

(1o i(212) 0—a) 9.51)

(hopMyJaHH XocHa Kuaamus, by
Takpubui opMyaa (54- unama) ¥
f (x)>0 6yaranpa aABb srpu
YM3MKJH TPaNeUHSHHHT I03HHH A=
aA'B'b tyrpu  TypTOVpuUaK l |
103 GujaH  aJMalUTHPHJIHLIHHA ) |
Kypcaragu. (9.51) dopmynanunr ]
AHUKJMTHHY OLIMPHII MaKCaa-

Ja [a, b] opanMKHH a = X, X, -
Xa, X,_ys X, = b nykranap oo 2h
éppamuzia n Ta TeHr OYyJakka

6ym6, xap Oup [x,, x,,.,] 6Y- 54- un3Ma.
nakaa (9.51) ¢opmyna xyaaa-

HHJ2IH. Y Xoaza
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xpyl

fo)dx~f

’

X +xk+l\ b—a
—_— X, 1 —X - i— X 1
2 J (et e) n f (yk+_2_)

o

*k
Gyaaau, Oynma

b—a =  NptXpy 1\ b—a

X, =a-+ k- , Xy = — =q '-(k'— ,
k ! n Ok 2 TR T
xk+[—x,z=£’-:—9 (=0,1,2, ., n—1).

Hamikaga ky#unarura sra 6y.1amus:

b Xy Xy Xp o
fr@a={i@at [f@dt  +[ [@dt .+
a Xs x, Xk

{0 den =0 f )+ T )+ A )

*n—l|
+ )=t W+ +
+ F(g,_)l-

b
[lynpa#t kw6, | f (x) dx unrerpaand Taxpubuil Xucobaaur yIyH KyHu-

aru

&
yf(x)dm”—“[f&;)+f<x‘o+ +i+  +

n

n—l
) =" (&) 952

k=0

gopMy/ara Ke/1aMHs.
(9.52) dopmyna myrpu mgpmbyp4arxaap gopmysacu net aranand.
Oparna, TakpuGuit dopMyna unkapuiaras€ga, anbarra yHH KyJJIaHHI-
raija HyJq KYHAJIagvrad XaTOJMKHH aHUKJAW €k 6aXoJalll TAKO30 3TH-
Jagd. DyHudr Hatibkacupa TakpuGuit GopMy/aanap V3apo TaKKOCJIaHAXH.
(9.52) dopMyJIaHHHT XaTOJHIH yiLGy

n

g —a n—I _
R = L\ f () dx—" gof (%) (9.53)

aiiupMa GuiaH HpoganaHafd. Yuu GaxosaiiMus. Bysusr yayH f (x) dyHk-
uudA [a@, b] opanugaa yaaykcus f” (x) xocunara sra 6yacHH 1e6 Kapai-
MH3.

AuuK uHTerpamHMHr Xoccajapuiad Qofifasanu6 R, HH KyHHAard
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n—) Xp+l n— [k_l Xk

R,,=zj f () dx—" "S‘f(xk)_ § 7 () dx—

s
k=0 2 k=0 n-—(! P
n—1 Xkl n—1 Xpi] _
- Z S flg) de="3 f [f (1) — f(x)] dx.
=0y,

KS’IpHHmD}Ia eSHm MyMKHH. Te}mOp Q)OpMleaCH
N s bt ' 1 /) Y
FO)—F06) = F ) o —x) + - F (£) (x —x)°

nan dofinananaiiank, Gynna E, coH % Ba X, COHJapH opacHia 6YJazy.
Hamxkana

§ I A R e
n~1 Xpl Xpyl
= Ev (xk)§ c—xyan g (1R
=0 o
_ ] n—-1 x’k—}-l _
—Era= B[ R %) ds
k=0
xp
6yaanu.
Vpra wuiimaT Xakuaaru 6- TeopeMawMHT 5- HaTIDKacHra Kypa
k31 _ L1 B8] _
[ reye—xrd=rE [ —xpd=
Ik ;k

(x T X oy e b—a? " (E* *
= 2L ) ="z (&) Gi€lx, %)

6ynamu. Wynpah kuomb, R, vuyn Kyhuparu
_ fb—a) 1 (b—a) ”
Rﬂ_ 2 ; 12 3 f ("‘)_ 24 n2 Ef k)

ndoaara kesamus. Paplwanku, ywoy

1 gy €+ IED )
Zf (k)= n
k=0

(& €la, b, §€la, 8], » &_1€la, b)) mugnop f'(x) munr [a, b]
Opa/MKJarn SHr KuuMk m” Xamja SHr Karta M” KufiMatiapn opacuma
6ynann, AbHU
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n—1

n’ < — 2 f,(§;)< M

k=0

f’(x) dyukuus [a, b] opaitukia y3aykcus. bBogbuano — KouuHiEr
HMKKHHYM TeopeMacura kypa (b-GobGmaru 9-teopemara Kapaur), (a, b)
HHTEpPBA,1AA WIYHAAH § HYKTa TOMHIaIHKH,

n—l
ro=— 3 FE @ b)
=0
6ynanu. Hatmxkaza R, ymGy
R,= 25 (©) (5€(a, b)

24 n2

KYpHHHIUHA oJaH. [emak,
b

Yf(x)d,\—

Z FG) + 22 7 ). (9.54)

2
o 24

Myunaét kuau6, [a, b] opaiMKaa HKKMHYM TapTHG/IM Y3NMYKCH3 XOCH/a-
b

ra sra 6y.raun f(x) dyukuusinur | f(x)dx wuurerpasunu (9.52) TVFpH

a
TyprOypuakap ¢opmy.racu épaamnia TakpubuH \ucoGianca, Oy TakpH-
O6UR XHCOO/ALLl XaTOJIMIH KyHHaard

(6—a)?
R.= 24 2
dopmyaa Griaan HpoJanaHagd.
2. Tpaneuusanap popmy.racH. f(x) dyukuus [a, b] opainkia
aHHK/AHTaH Ba Y3JyKcH3 OV ICHH. X € [a, b] yuyH

[ (€), §€(a, b)

Flo) ~ f(6) — f(a) bf (@) — af (b) (9.55)

b—a b—a

b
Ke6 0m6, | f(x)dx murerpaTHu TaKpuGHH HbOAaJoBYM YUIGY

a

b b
5 ([fo—i@ . . bf (a) — af (b) —_
jf(x)dx j[ - - e = ]dx
a a
_ f(a);}(b) b —a) (9.56)

dopmynans Xocun kuiamus. (9.55) MyrocaGarjaru
fo)—fla) ,  bi@—af(b)
T

b—a b—a
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mboz(a (a, j‘a))! (bv f(b)) HYKTa-

JiapAaH YTYBYH TYFPH YH3HK HYK- W
TaCMHMHT ODAMHATacHHK Hdoza.lal-
Zn.  (9.56) Takpubuit opmyaa
fx) >0 (wx€la, b)) 6yarania
(65-un3va) aABb 3rpu  UM3HKIH
TpaneuMstHHAr 103l a ABb tpa-
meuMst 1031 OWJaaH  aJaMallTHDH-
JuimHA ndoganaiian. duau (9.56)
(bOpMY TAHHHT aHWKJHMTHHH OLUMDHLL
Makcaauaa [a, b) opamukHu aq =
= Xg» X1, X, 1» X,=b HyK-

Tangap epnamuna n Tta TEeHr 6\'

53- yu3Ma.

+1
Jniakka 6y.mb, xap 6up [x,, x,.,] 6Y1axk1a [ (x} ¢yHKUHAHKHT \ f(x)dx

23
uHTerpaanra nuc6artan (9.56) dopmyaanu kViieHamu3. Y Xosaa
Tl
f {xg )= [l )
j [(x)dxz[—iz—%v—";(xk;_l—xk) (=0, 1, ,n—1)

Xk
6ymb, natmkana ywby

f'f (x)dx = T f () dx + ,T', f(x)dx + -+ Tn f)de~

L7 |
~ i(-roH; f(x1) (t, — xg) + f(xl)w'qi(xz) (s — ;) + +
3 R b—a [ flxg —Flx,)
4 f(Yn_x);rf(Y,,) (,—x )= - a [/ Xo) 2f X, .
+ f(x1) + [x) — + 7 (x,_)l

¢dopmynara xenamu3. lleMak,
jf(x)dx'v - [i_‘T“__) + () +

+ [ (x) + Rt A B (9.57)

By (9.57) dopmyna mpaneyusiap ¢opmyracu neb artanami.
Suan (9.57) tpanenusiiap GOpMyNacHHHHT XaTOJNMTHHM, S'BHH VIUGY

b
R Sfx)dx b‘“[M+;(xl)‘
v 2
+ flx) + + e,

aiiupMann GaxonaiiMn3. DBymunr yuyn f(x) pynkuua [a, b] opamixiaa
yanykch3 f”(x) Xocunara sra G6yacun ae6 Kapaiimus.
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b—a

AsBano [x,, x,--f], 0 <t< Opafiiy, Y4yH IOKOp#Aa KenTw-

pH/iraH TakpUOHit (POPMVJ/IAHHHT XAaTOJUTHHH, FBHH

e flxe )+ t
)=\ flde— Eﬂ%’ﬂt (9.58)
%y

aiHpMaHd GaxonaiMus. By ¢yukuusauuer ¢ 6Yiinya GupHHYH BAa HKKWH-
4y TapTUb/H XOCHMANapUHH XHCOGIaHMH3:

¢m=(?ﬂﬂ@dgljﬁﬁi;§2iﬁ.g’=n&+4y_
X

— 5 1) + Flo 01 5 F o+ = 5 [ (s ) — FOs)] —

__;f, (Xk + t)v
RO= P+ — S 0 — P+ 0=
= —= "5+

Paswanxi, t =0 ga
r, (=0, r(0)=0.

Supu
) =——F(5+1
tedraukud [0, {] opanukAa HHTerpa/afMus:
£ ¢
s rdt=— % th” (x, + D dt. (9.59)
0 ]

Bup ToMonaau

f r.()dt=r.() i“ =r,(f),

HKKMHYH TOMOHJAH 3Ca ypTa KHilMaT XakujarH TteopeMajau ¢oHgana-
HHO,
4

t
\ 1" (s + 00t = [ (&) | e = ;—f (&) (€l x, + 1)
§ §
OY/HILHHY TOMaMHU3.
Hatuxkaga (9.59) Tenraux Kyiuzard
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0 =—2 (&) &€l %+ 1) (9.60)

KYPHHHIINH ONAaH.

Y6y
g |
fk(f) = Tf (&k)
rteurjukny {0, /] opanuxia nuTerpan.iab
1 1
\qmmz—%jﬁumm (9.61)
0 b

HHY TONAMMH3:
H

gd@ﬂ:g@ﬁzmm,
H

‘
. 3
Ve gy = &) | fdt= % 1" €) G €, %+ 1)

b b
Hatmxana (9.61) renramk Ky#naaru

ol = — 4 £ &)

KYpHHHLIFA KénapH. ¥ Xojia, lokopujarn (9.58) mynocaGatna =
b—a

=X, ,) — X, Ae6 Xnco61a6,

no
Lot} :

' — (xp Y+ Flogry) —

J romaxmtme [l | Loat pi
e In < 24 nd

dopmyaann. Xocua Kunamn3. Hatwkana Kyimparkra sra GysaMmus:
12 Xy Xy X
[fdv=f@ds + [ [de+ 4+ [ fyde=
a X, X, “Xn_1

b—a

2n

b (b—a

)3 " *
— i) +

r Z (o) + 7 ()1 — [F (xy) + f (x)) —

O e ) -

(b—a)a 1 (k. b—a i(x)_f(xn) .
— e = | ) )+

b—a® G+ EDT Gy
T [ s L
ABBaJl Kaparauumusnex
P&+ F G+ -+ Gy

n

n
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mukaop f7(x) dyukumsimuur {@, b] opaiuKAar# SHr KHYMK XaMjJa 3HT
KATTa KHAMATJApd opacuaa 6yau6, f’(x) ¢ymkuust {a, b] opamuyga ys-
Jykcu3 GVaraHugaH aca, wyHgaid §€(a, b) HyKTa TOMHIARUKY,

” M R A T o ()
@) =—>2 — St
65‘-’ra:m Hewmak,
Sﬂx [ﬁﬂ%iL_:juo+ '+H“4ﬁ—
_b—ar g,
NTYR f"€) (€€la. b)). (9.62)

b
lyuaait kuaw6, | f(x)dx uHTerpamuu Takpubuit upomanosw (9.57)

Tpameudasap GopMyIACHHHUHT XaTourd yidy
D o a) 17
R=—"=
dopmyda OHIaH XHcoGsaHaiH.
3. [Tapa6oananap (Cumncon) dopmyaacu. by xonaa [a, b]
6

Opa.fmlila dAHHKJ/JaHraH Ba yanyxcu3 f(x) q’yHKuHﬂHHHr J‘ f(x) dx wrTer-
pasuHH TakpuOMit Xucodaawr yuyH f(x) dyuxuusnu (a, f(a)), (“‘*2"’ ,

f(‘%‘—b)) xamma (b, f(b)) uykranapiaH Vy1yBuu y=Ax>+Bx+C
napabo/a HyKTaCHHHHI OpJIHHaTacH OuJaH aaMamrtvpamus. Depuarax
(@ fl(a), [ a—'"b (a:b )\ Ba (b, [ (b)) HykTasap opxaiu mnapaGona
yTKasuu Myvmnﬂ ByHpait napa60ﬂa AroHa Gy.aagu. XakuxataH XaMm,

y = Ax® + Bx + C napafo.a loxopHaa adTv/rad HYKTanap opkaad Yyt
raid Y4YyH yu.l6y

Aa® 4-Ba + C = [ (a),

a4 b\2, pia—=by .~ cfatb
A-( 3 ) lB( - )+c_f( -
Ab* +Bb+-C = f (b)

TEHI/MKJIap VPHHaH Oyaagu. Dy cuctemanunr kosdduumeHnTapugaH
TY3H/Iras

) | (9.63)

at a i
e+ 6N\ a-r— b 1 _ (a—#3
.2 ) 2 4
b? b 1
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JeTepMUHAHT Xap JouM HosgaH dapkan (wyHku a % b). lemak, (9.63)

b b
CHCTeMa SAroHa eyuMra 3ra. by xox (a, f(a)), (a+ . f(a;_ ))

xampa (b, f(b)) Hykranapgad fAroHa y = Ax® +Bx+ C napaGosna yru-
LUHHH 6mumpa1m
Suau \ (Ax® +Bx 4+ C)dx wuurerpasuu Gepuirad [f(x ) dx uHrer-

paRHEHT TZ‘lKPHéPIH KHitMaTH Je6 KyHiuparu

b A
[ fx)dx =~ j' (Ax* +Bx +C)dx

b

copmy.tauu Nocun Kunamu3. By Taxpubmit popmyragaru {(Ax* + Bx +
a

+ C)dx uHrerpamHu Xucob/aHMu3:

§% — a3

=4

+cof +

a

b
J"(sz ~Br4+C)dr=A- %’b+8f;b

- ”6“" [2A (% + ba +a?) + 3B(b-—a) +

+6C = bﬁ_a{(Aa2+-Ba+C)+4[A(a+b) +B(‘H ”)+c]+

+ (4 +Bb+C)1~ ba [f() : 4f/a+b)+f(”)]

b
Wyspait kuub, | f(x)dx uxrerpannu TaKpubuit Xucobaaw yuys yuiGy

a

b
“f(x)dxz b—a

dopMyiara KesnaMHs. y

By (9.64) dopmyaa f(x) >
>0 Oyaranga  56- yusmana
Kypcatuarad aAlBb srpu uu-
34K/ Tpaneuust o3uH aAllBb
3rpH YM3HKJH Tpaneuus io3u
OUMaH aJMalITHPHIHIIMHK H(o-
JaJiaiau.

(9.64) dopmynaHuHr aHHK-
JUTHHH owHpuir y4yH [a, 8]

@i (52 +10] oo

opauKHHU 56- yu3ma.
Qy = Xpr X1y v Xopr Xopipr Xopros v Xon_gr Xppgs Kpp =05
(x <x,<x, < Ty Ty X< <Xy, ,<K, < x,)

HyKTa/aap €plaMufa 27 T1a TeHr 6aaxka 6y.ub, xap 6up [x,,, x Xop s ol
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(k=0, 1, 2., , n—1) opamux 6y¥ivua oamuHraH nHterpaara (9.64)
(bopmy.nami KyanaHaMu3. Y xoa4a [xy, X, 1o] OpaJHK yuyyH

Xok4-2 X o— g
[ 100 dem 270 0 ) 4 47 0,) + iy )l =

Xok

o)+ 4T () + f(x2k+2)] k=0, 1, , n—1) (9.65)

¢dopmyJiara 3ramus.
Hatmxana anuk wnterpajumur Xoccacuaan doiijanannb, xyhunarn

noonara sra 6y.samus:

,f‘i(x)‘dxz-—(f(x)dx—%\f(x)dx+ + T @
a X, *2n—2

) +4 [0+ 7)) + (F (x) + 47 ) + F(x) +

A g + 4 () F e = T 1 (0 +

HTON + 4G )+ )+ A+ ) + 20 6) +
+ [ x) + + [ (-
IlJyHnau KMIHG, f(x) QYHKUMAHMHT aHHK MHTErpaJMHH TaKpuOuH ndo-
,uanan,uuran KyHngaru

R

2n

P, )+ 27 () + xg) + “+f ()1 (9.66)

dopmynara XKenamus. By ¢opmyna napab6osasap (Exu Cumncon) gopmy-

aacu neb6 aranapu.
l'lapaﬁo.na.nap (OPMYJACHHHHT  XaTOMFHEH  TONHIL YYyH f(x) dynx-

UHsATa KYyIHMYa WapT KyHAHIALN.
Papa3 xuaaiank, f(x) dynkunsa [a, b] opanMKia Y3TyKCH3 i )(X)
Xocunara 3ra GyJCHH.
ArBano (9.65) takpuGuii BOPMYJaHHHT XaTOJHMIH YOy

i Xok4-2

-

2k

Xop) T 4 f (g ) [ (X)) (967)

aiiupma GunaH ndogananagn. YHr 6ax0.JaiiHK.
Ky#hnnarn

FOy=r,t)—= r, () (9.68)

€paaMuy QYHKUNSIEM KapaiiMH3, 6yH,aa
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¥opt +

n®={  Fdr— T (e — 0+ 4 () + [ (g + 00
*op4 —t

Ba

h— b—a
2n

By (9.68) dyukuusiHiH KeTMa- KeT yy Mapra nmprbepeﬂuuannaé; TOMAMHK3:
p ; !
F () =l +8) + [ (6 —0) — ?U(’CQHA —+

4+ 4f (g p )+ F (g + O] _% (F (Sypy + 0 —

— G — O — 25 1y 8) = 1 Oy + 0+ F (g —0) —
— 9 (o ] U G+ —F (o =0 — o 7 (A

F/(0) = 20 G + 0 —F (fapy — D — 5 7 (e 40+

’r 2013
+f (xzk—i-l — 0 — s r;z ()

Fr ) == 2 7 (g 0 — 1" (g — O] = 1 8),

Topp T
GyHaa f f(x) dx wHTerpanuunr ¢ GVAHYa XOTWACHHM XHCODawaa
Topg1 ™t

8- HaTiKajaH dofifanaHiuk. uau JlarpaHik Teopemacura Kypa
f (x2k+l +O)—=f" (x2k+l —b =[M(§) 2t

(B € (xyp g — 1, Xy +#) Gy MUK 5BTHGOPra O1caK, y Xonma F' (f)
HuHr Hdogacu KyHugaru

Fro=—2e["E) +3 0]

KypuuHira sra 6yna.

Arap F(0) =0, F(h) =0 Oy.ummnn 3bTHOOpPra oOJICaK, Yy Xo/ja
Poanb Teopemacura xypa iwysaai f,(0<f, <f) HyKra TONUIAAUKH,
F'(t)=0 (0<¢t, <h) tenrnuk ypuuau Gynamu. F'(0) =0, -F' (¢,) =0
TeHrMKNapra Kypa sHa Poanb Teopemacura acocan iyHmai £, (0 <
<t <t) uykra tomuaaguku, F''(f,)=0(0<if, <t{)) TeHTMK YpHH-
an 6yaapd. llyura yxwaw, ym6y F''(0)=0, F” (f,) =0 Texrauk-
Japra Kypa toxopuiarugek wyHgad f5(0 <t;<{?,) HYKTa TOMUIAJHKH,
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F'"(t,)=0 (0 <?;<t,) Tenrank VpuHau 6ynamu. Hatmxkana F''' (8}
dbyHKuMsa yuyn ¢ =1, 6yaranna Kyhuaaruara sra Gyniamus:

0 =F" () =— % 2 [i‘“” (€) + i—o T (h)}
éxu
ry(h) = — % [V E).

3uzu (9.67) Bsa (9. 68) My Hocaﬁamapﬂn bTHGOpPra 0aub, KOopHAa-
ru (9.65) dopMynanH KyHuuarpua €3aMH3:

’2k+"
i(x)d - (xzk) + 4[ (x2k+l) + f(x2k+2)] -
X2k
— 0= [V €) (R =0, 1, (n—1).
By tenramkpan doinanann6é tonamus:
b x2 x4 Xop
f fidx = j f@dx+ | fdr+  + j [ (x)dx =
a xp 2 *2n_2
—t=a g (x) + 4f (x)) + F(x5)) + (7 (x,) + 4f (x5) = [ (x,) +
F R ) F 47 () T G — S Y 6 +
FE) A IE )
Jlemax,
[T =210 00 + T ) + 40 ) + )+ +

F I )+ 20 ) T 7))+ O ) —
w—a® M@
T e (9.69)
6yHaa
M ) = M)+ MM E ) G

n

(&€(a, b)).
2
Illyupaih xuau6, j f(x) dx unrerpaann TakpuGuii uboaiopun (9.66)

CuMmncon ¢OpMYJIaCHHHHT XaTOJIHIH

_ (b—a)s .
e 1 EE@ b)
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uboja Ou1aH aHUKJ/AHAIH.
b

bus oxopuza J f(¥) dx uuterpaiHM TakpuGuil XocoGau YUyH
a

TyFpu TYypTOypyYak/aap, Tpameuusiaap Xamia Cuamrcod dopMy.ianapHHu
KeATHpAHK. Dy TakpuOuil hopMynanapHHHr XaTOIMKJIAPHHH TAaKKOC/ab,
Cumncos ¢OPMYyJIaCHHHHT aHHKJMK Japaxacu TYFpH TypTOypuaKiap
Xxama Tpaneuusiap GOpMYJaJNAPHHHHI aHUKJIHCHTA KaparaHfa FOKOpH
SKAH/HTHHE KYDaMH3.
Mucoa Ymby
[

’n e—** dx

0:

UHTEerpajHu TYFPU TYpTOypyaksap, Tpameuusnap Ba Cummcod ¢opMyna-
Japu épraMuia TaKpUOHH XucoBmaimu3.
{0,1] opamukax 5 Ta TeHr Oysakka Oy.1amus. Dyauuuur Hykranapu
=0, x,=02, x,=0,4, x;,==06, x,=08, x,=1,0
6ymu6, 6y HyKTanapaa f(x) =e—* QyHKUMAHHHT KHAMATJApH KyAHZa-
ruya:
f (xp) = 1,00000,
f (x,) = 0,96079,

f(x,) = 0,85214,
f (x;) = 0,69768,

f(x,) =0,52729,
f(x;) = 0,36788.
Xap Gup GYJaKHHAT YPTACHHH HDOAATOBUM HYKTAHHHI KOOpIAUHATA-
qapu x, =0,1, x; =03, x; =05,x. =07, x, =09 6ym6, Oy
2 2 2 2 2
HyKTajapaard QyHKUUSAHHHT KUHMATiapu Kyfngardya:
f (x,5) = 0,99005,
[ (%3 ) = 0,91393,
[ (x5,5) = 0,77680,
f(x;5) =0,61263,
f (x4, ) = 0,44486.

a) Tirpu mﬁ;gmcﬁypwmap popsyaacu ((9.52) Ba (9.54) napra xa-
paur) Oyfiuua S' e dx x~ -;— (0,99005 -+~ 0,91393 + 0,77680 +

0
+ 0,61263 - 0,44486) = IE 3,74027 ~ 0,74805,

1 1
< — = .
R, ! 12.95 300 0,003
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6) Tpaneyusrap d¢opmyaacu ((9.57) pa (9.62) napra Kapaur) Gyhn-

ua
‘ 1
ferdr~ (w + 0,96079 + 0,85214 -+ 0,69768 -+
: 2
+0,52729 ) — % (0,68394 -+ 3,03790) — % .3,72184 & 0,74437,
= 1 1
IR,1 < —== 55~ 0,006.

: B) Cumncon gopmyaacu ((9.66) Ba (9.69) unapra kapaur) Gyituga

(e dv~ 3—2 [(1,00000 -+ 0,36788) -+ 4 (0,99005 - 0,91393 +

i

-+ 0,77680 --- 0,61263 + 0,44486) + 2 (0,96079 + 0,85214-1-0,69768-

+ 0,52729)]:3—10 (1,36788--4-3,74027+-2 - 3,03790) = é% (1,36788 -+

-+ 6,07580 -+~ 14,96108) ~ 0,74682.
12

Bl< _ s
| Ri| 2880-54 0.7 10="

1
Taxpubuit dopmysanap €paamuaa Xxuco6iab TONMAraH f e~* dx vn-
0

TErpajlHUHr KNHMaTHHH, YHHHT
1
f e dx=0,74685

o

0

KHHMaTH 6HJaH TakKocs1ab6, CHMICOH ¢opMyJslacH €pAaMHjia TONMWATZH
HHTETPAJIHHHT TakpHOHM KHAMATH aHMKDOK 3KAHJHMIHHH KYpaMu3.

12-§. PysKUHOHAJ XaKHAA TYWIyHHa

bns 1-606na nxtuépuit E Ba F tynaamnap Gepuaran xomga E Tyn-
JAMHWHT 37eMEHT.TapiHH F TYNJaMHHHT SJeMeHT.JapHra yTkasyBun [
aKCNaHTHDHIIHM, sibhH vmby f:E —F aKcIaHTHDHIIEM TabpHJara
smuK. Xycycan, E =N, F =R 6yaranaa

[:N—>R(f:n—x,)

AKCJAHTHPHIN COHJIAp KeTMa- KeT.IUIH Tymynyackra, £ =R, F =R 6yn-
ragfa f:R— R(f: x—y) akcaantnpuil QYHKUMS TyHIyHYacHra osub
KeJau Ba yaap 3- Ba 4-6obnapaa OatadcH.a Vpranwsamu. [a, b) opafHk-
lJa aHHKJaHraH ynkumsaap tynaamuEr M peftmk. Ouau E=M,
F =R 6yaranpa @:M — R akciaHTHpulUHH Kapaivus. By akcianth-
Pl (DYHKIMOHAJ TYLUIYHYacHra oJHb KesaiH.

8-rtabpud. Arap M tynaamaaru xap 6up f(x) dyskumsira Gupop
KOufa &KW KOHYHTa Kypa GHTTa XaKHKHH COH Y Moc KYyiusran 6y.ca,
M tynnampa gynxyuonar Gepunrean (aHuKAarear) pefinnazu Ba y
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P:f(x) >y &u y=2P(f)
KaOu GenardsnaHagd. Dynia M GyHKUMOHAJHMHT AHHK/IAHHL TYIJIaME
Jeiunag. .
Mucoaaap. 1. ®— [a, b] opatukaa y31ykcH3 Oyarad xap Gup
f(x) QyHKUMATa YHHHT Iy OpaJHKAArd MaKCUMyM KHAMATHHH MOC
KyioBud Koupa Gyqcuu. [lemak, 6y xosaa yuwby

D: f(x) — max {f x)} éku y=D(f) = max, {f (x)}

dynkuroHaara sra 6yaamus. By (yHKUHOHAIHMHI aHUK/JAHHWI Tymaa-
mu M=C [a, b] 6ynagu.
2. [a, b] opaaukia bpmrerpafmaﬂysqu xap 6up f(x) dydaxuusra

VHUHT aHHK HHTEerpajH ( f(x)dx un mMoc KyHuII HaTHKAcHAA KyHHOaru

b b
qb:f(x)—>“'f(x) dx éku P(f) = ff(x) dx

(YHKUHOHAT XOcH1 6Y/iand. Dy dyHKUHOHAIHHHT aHUK/AHHUWI T§mIaMu
[a, b] opanuKaa uHTerpa/saHysun Gapya ¢yHKUMAIapAaH ubopart Tym-
JnaM 6ynanu (omataa Gyupait tynaam L kabu GearusaHafgu).

Auan M — [a, b] opamukga aHuKJaHraH GyHKUMA1apaad uGopar
tynam 6ymuG, ¥ f(x) €M, ¥ @ (x) €M yuyH

kf (x) + 1o (x) €M

MyHocabat ypuuau 6y.icuH (Oynna R, [ — y3rapmac cOHJap).

By M rtynaampa @ (f) dyHkuMOHaT aHHKJIaHTaH deHJIHK.

9-tabpud. Arap ¥ f(x) EM, ¥ o(x) €M aap yuyH dyukumo-
Han ywby '

Pkf + lg) =k D)) +- L P (9)

TeH[/MKHY KaHoaTJaHTHpca (6ynaa R Ba [ —uxTuépuii ysrapMac cow),
y xon1a @ «usuxau ¢pynkyuonar ned ataaanu.
Okopuna keaTvpuaras

b
o) = | f(xde

a

GYHKIMOHAI YH3HKIM (PyHKHHOHAT GViiaiu. XakukaTaH Xav, GyHH Kyp-
CaTHI VYYH aHHK HHTErpaJHHHI Xocca 1apuAad (pOHIa1iHHI eTapii:

b b
Pkf + lg) = f [4f (¥) + Lo () dx =k | [(x) dx +

b
—i—l.fqa(x)dx:ktb(f)—(—lrb(q)).

DyHKUHMOHAJIAD Ba YJAapHUHI XOCCA/TapH MATeMATHKAHHHT (DYHKUMOHAJ
aHajM3 GyJUMHAA YpraHdaagd.
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10-5605
AHHK MHTEIPAJIHHHI BADB3H BHP TATBHKJIAPH;

MareMaTnKa, ¢u3HMKa, MeXaHMKa XaMjJa GaH Ba TEeXHHKAHMHT Goll-
Ka coXajapHja yuypaiiiuran KynruHa MacajiajapHH euyHil MabJayM ¢YHK-
LHAJAPHHHT MHTErpaJJIapHHH XHcobaalura KeJaTHpHJaLH.

Y6y 606pa 3rpu YH3MK EHHHHHT Y3YHJIMIH, STPH YHSHKJM Tpame-
LUMAKRHHT 103, Y3rapyByd KYYHMHT OaxapraH MIIH XaMJa Maccara sra
6yJarad srpd YHSHKHHHI MHEPLHS MOMEHTH aHHK HHTerpaijap OpKaju
XHCOOMaHMIN KYypCaTHIalH.

1-§. Ei yaynauru Ba yHHHr aHMK MHTerpan opKaJH MdoaasaHMwy

f(x) dynkuua [a, b] opaaMkia aHMKJaHrad OyacuH. Dy dynkums-
HHHT rpadurn Ky#nzaru

{x, T(x) : x € la, b1}

HyKTajap tynJjaMmuiaH ubopar. Ly rpaduknaru (a, f(a)) Ba (b, f (b))
HYKTaJap OpacMpari SrpH YM3HK €HM Y3YHJHMTHHHHT aHHK MHTErpa’
OpKaH MpOoAaNaHHLIMHH KYpCaTaMus.

Mavbaymkn, arap f(x) ¢yskuma [a, b] opanmukiaa yarapmac, SBHH
f(x)=c¢, ¢=const Gyaca, 6y QYHKUMAHMHI TpaQHIH TEKHCJHMKIA
{a, ¢), (b, ¢) nyKranapun GUpJalUTHPYBYH TYFpH UM3HK KecMacH 6V.m0,

VHHHT Y3YHJHTH
L=b—ao (10.1)

6Vaanu.

Arap f(x) ¢ynkuusa [a, b] opanMkna YH3MKAH (YHKUMS, SBHH
f(x)=ax+ B (a, p— y3rapmac connap) 6yJaca, y xonga 6y GyHKuus-
Hunr rpaguru (a, f(a)), (b, f(b)) HyKTanapuu OHDMALITHPYBYH TYFPH
YM3MK KecMacH GyJmb, YHMHT Y3YHJHMTH

L=VO&—af+ 0 —@F =b—a)VT+a (10.2)
6Vaamn.

—— — — —

|
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Aupu f(x) byukuus [a, b] opankia anukJjaHrad G6y.mu6, YHHHT
rpajgura 57-yuaMajza KypcaTHAraH YH3HKHH TacBHpJacHH. Dy uM3uk —
ueksH confiard (6 Ta) TYFPH UM3MK KecMaJlapHHUHI OHMpHH- KETHH OHp-
Jaiithpuanwuaad ubopat. Oparna Oywpalt uHM3uK cunur 4usuk neb
aTajagu.

PaButanku, 6y Xosja CHHHMK YM3HK Y3VHJMIH (mepUMETpH) YHH Talll-
KMJl 3TraH TYFPH YHM3HK KeCMasjapH Y3YHJMKJIApy HHFHHAHNCHMTA TEHT
6yanu:

I =V (x,—aP + [ (x) — T @F + V (,—x))* + [ (x2) — F(x)P* +
+ + Vi —x5)> + [f (b) _‘f(xs)]é =

9
= E V(xk_H - xk)2 + [f (xk+l) _f(xk)]?' (xo =a, X;= b)

k=0
YmyMman, [a, b] opamikaa anukjanran f(x) ¢yHkuus rpadura n ta
Ay (g [ (xg))y Ay F(x)) A, (x, [ (x)) nykrann (a=x,<<
<< < x,=>b) y3apo TYFpH uM3NK KecMacH €plamuja GHpHH-
KeTHH OMpJAlNTHPHILZAH XOcus 6ViraH CHHMK uM3HKAaH Hbopat 6y.ca,
6y CHHMK YW3HKHHHI MepHMeTpH yuby

n—l
la= ; V (o — %) + 1 () —F (el (10.3)

(opmysa Guaan xucobaasamn (x, =a, x, =Db).

n

e —_
»

|
|
|
]
l

0 ——

58- unama.

Onan f(x) dyskuus [a, b] opaJuKia aHHKJIAaHraH UXTHEDHH Y3JyK-
cu3 ¢ynkuus 6yacuH. By ¢ynkuus rpadurn [a, b] opaaukma 58- ums-

MaJa KypcaTH/JraH SrpH YM3HK €HMHH TacBupiacMH. YHU AB ne6 6Gen-
runaiimus. [a, b] opanaukuu HXTHEpui

P={x), x;, .., x} (@a=x,<x< < x,=0b)
6ynaknaiuy onub, Gyayeuu x, (k=0, 1, , 1) HYKTajap OpKaJH
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Oy yxura napajlyiesi TYFpU YM3HKNAp VTkaszamus. By TYFpH uu3ukjap-
unur AB &1 Gunan Kecutran Hykraaapu 4, (x,, f(x)) (=0, 1, n,
A,=A, A, = B) 6ynanu. AB éiilarn 6y HyKrtasapHH Oup-GHpH Ou-
JIaH TYFpH YHM3HK KecMasapH épna\M/nua GUpalITHPHG L CHHUK UYM3MKHH

XOCHJ Kujamu3. L cuHMK uusuk AB &fira wusiirau CHHHMK 4YM3UK Jeb
aranagu. By cunuk uusnk nepumerpHuu L ge6 Gesrunaiivk.

PaBiiaHky, CHHMK YH3MK nepumerpu L Kapanaérran f(x) dyHKLuA-
ra GOFJIMK Oy/MiIM 6uiaH Oupra [@, b] opanukuu Gyjaknaamra Xam
GormuK Gynamu, svuu L = L, (f).

Arap P, Ba P, nap [a, b) opaiuKHH HKKHTAa 6yJaK/aam G636,
P,x P, 6yaca, y Xonpa Oy Gynaknauuiapra Moc AB @fira yu3uirat
CHHHK YM3MKJap MepHMeTpJapu Y4VH

Lp, (N<Lp ()
TEHTCH3JMK YPHMHJH Gy/anu.
Xaxkukatan xaM, [a, b] opanukuu P, 6Gyjakqaui KyHugaru
Py={xp x, v Xy Xy v Xt (a=xy < < <x<

<X < <x,=Db)

Kypunuuiga 6ymu6, P, sca P, GynaknamHuHr Gapya GYJyBYH HyKTaja-
pH Xamia kymuMya Ourra x* € {a, b] HyKTaHH Ky HaTHXKacHaa
Xocus1 6yaran 6ysaknaul Gyscud. By x* mykra x, Xamma x,,, HyKTa-
nap opacuia wosamcHu: x, < x* < x, . Jemak,
P,={x,, x,, v X X5 Xy v X} (@=x, < <
<xk<)€"<xk+l< <x,=b).
Pasianky, P, o< P,.

AB é#ira yusunran P; OyJaknaamira MoC CHHHK YH3HK Ep.(f) wy
éiira ynsuaran P, Gysaksamra Moc CHHHK YH3HK L P, (f) nau dakartru-
Ha Outra G6ynarn Gunanruna dapk xuaaau: Lp (f) ma A, A,,, 6ynak
6yaran Xosaa, l_,P’ (f) ma sca ukkura A, A* xampa A* A, 6ynaknap
Gop (58-uynaMara Kapanr). AMmo A, A,., TYFPH YH3MK KeCMAaCHHHHT
ysyumurd A, A* xamma A* A, | KecManap Y3yH/IMKJAPUHMHT HHFUHIH-

cHjad Xap JouM Katta OyaMarand yuyyH (yuOypuyak GUp TOMOHHHHHI
Y3YHJIMTH KOJraH HKKH TOMOH Y3YHJHUKJAPHHUHT HHFHHAHCHAAH KaTTa

smac) ymby L, (/)< Lp (f) tenrcusnux ypunmn Gynamd.
Hemak, P GynaknamHuHr GyJyBYM HYKTasapd COHMHH OpPTTHpUO 6o-

punca, AB &iira uusu/ras yJjapra Moc CHHHK YH3HKJap HepHUMeTpJapH
XaM optu6 Gopand.
P 6ynaxknaumuar fuaMetpd A, Hodra uHTHna Gopranaa AB  éiura

upsyrad 6y GyJjakjauira Moc CHHHK uHsug wy AB éira Gopram capu
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siKMRJama GopajiH, CHHHK YM3HK nepHMeTpH 3ca AB @HunuHr y3yHaM-
riad Goprad capu aHHKpoK neopanad Gopamd, ne6 Kapail TaGuuiiinp.

1-tabpud. Arap AB &éitura ynsuaran ([, b] opaiuxuu Xap KaH-
gaif P Gynaknamira MoC) CHHMK YH3HK HepHMeTpH

n—l

Lp (D= "2V (5 —x +[F O ) — F P
k=0

Ap—0 na veksau nuMutra sra Gyaca, y oaga AB & ysynaukka sea
ne6 atanagu Ba yiuby

A,]:To Lrn=1L

sumur AB 8itmunr Y3yrau2u Neinnany.
XycyceaH, f(x) =C, C = const kabu 6ynaca, AB éii y3ynmirn

n—I1 n-l
Ly (f) = }: V(Xk+) —x)+ (€ —-C)p = 2 V(xk-{-l — X =
k=0 k=0

n—l1

=2 (X1 — %) =b—a,
k=0

L=1lm L, ()=b—a
Ap —0

6ysm6, (10.1) ¢opvynara Kenamus. Arap f(x) =oax -+ P kabu Gy.ca,
AB &1 y3yuinru

n—I1

Lp (f) = E V(xk_H —"xk)z +o? (xk+1 —xk)2 =
k=0

n—}
= N VIt (5, —x) = Vi+a (b—a)
k=0
Ba

L=1lmLp(H=V1+a* (b—a)
Ap =0

6yau6, namnkaza (10.2) pypmysaa xocua 6yaanu.

Suau € Y3YHJUrHHHHT aHHK HMHTerpa/ OpKalu Kanjad udonananu-
UWHHK KypcaTamua.

f(x) dynkumua [a, b] opanuxpa aHMKJIAHTaH, Y3JYKCH3 XaMaa Y3JyK-
cu3 [’ (x) xocunara sra 6yacud. By dyskumsanusr [a, b] opanugaaru

rpadurn AB €HHu TacBupsackH, AeHJMK. [a@, D] opanvkeM uxTHépuil P:
P={x, x, y Xy a=x<x < <x,=10)

S—
GynakgaHg o6, AB €fiura yusuaraH yHra MOC CHHHK YH3HKHH XO-
CHN KujaMu3. Dy CHHHK YM3MKHHHT TepHMETpHHH €3aMH3:
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n—I
Lp ()= 2V (yy — %" + [F O ) — FOe)1
k=0
Xap 6up [x,, %,,,] opamixaa f(x) pyuKuusra Jlarpamwx TeopeMacHH#
Kyananamus. Y xosaxa wyuaad T, (T, € [%, x,,]) HYKTa TOMMIaAHKH,
o) —F ) =F () - (e — %) (5, < T, < %)

6ynany. emak,

n—l n—l
L, (Hh= 21 L+ 72 (5 - (o — %) = 2 VI+[% (1) Ax,
=0 k=0

OyHua x, < T, <X, 4 KelHHIrd TEHrJIMKHUHT VHT TOMOHUAArH HHFHHIU
V1472 (x) OYHKUMSHMHT HHTETpA] HUFMHIUCHHW SCJATAAM. Y HHHT
MHTerpas HuFHHAMAAH dapkH LIyKH, uHTerpan iuwrnuguaa §, € [x,, x, il
HYKTa HXTHEpHH OyJraH Xosjaa, HOKOpPHAarH HHFMHAMZA 3ca T, HYKTa
[xp X,.4] OpanMKjary TafiMH HYKTajHp. Awvo V' I+f%(x) oynkuus
MHTErpajilaHyBud GyaraHjurd (4yHxW, Iluaprtra kypa, [’ (x) ys.aykcus)
ca6absi OyHUHr axamuaTd HYK. [lemak,

n-1 &
lim L, (f) =Alim02 V1+f2(E) Ax, = \"1/ [/ (x) dx
P Y=o ¢

Ap =0

TEeHIUK KeJH6 uukanau. Dy sca AB é€iira uyusuiraH CHHHMK YH3UK Ie-
puMeTpn Ap,—>0 ja uYeKkAM JHMMTra 3ra OYJMIUHHM Ba Y JIUMHMT
b

S‘ V' 14f2(x) dc unterpanra tewr 3Kamuud Gusgupagu. [demak AB &éi

a
y3yH/MKKa 3ra Ba Oy € Y3YHJHIH KyHAHHard
b

L= JfVH—f’z(x) dx (10.4)

a

dopmysa €piamuaa xucobsaHanH.
Mucoa. [—a, a] (@>0) opamnkna ywoéy

X .y 1

FO) =5 (e +e°)

3aHXKHD YM3HK EHHHHHT Y3YHJMTHHH TOmMHT. ABBaa f(x) dyBKUMAHMHD
xocunacHuH Xuco6ma6, V' 1+f2(x) uu tomamus:

Fo=ter—e™),
1+ =11 -‘} (ez—- e 9=
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x

VIEFT @ = (e +e ).

Suan (10.4) popmynara Kypa 3amxup uH3MK €HHHMHT [—a, @) opasiiK-
Jard €iM y3yHJHMIMHH XHCOGJaiMHu3:

Kyinparn
x=q ()
<t< :
o @=t=p (10-3)
(Tenrniamasap cucTeMacH OpKaJH HGbOJaJaHraH 3TPH YH3MKHH KapaiiMu3
{6y xosmma' arpH 4YW3MK napaMeTpuk XoJsga Oepuaran pednmn6, (10.5
cHCTEMA 3TPH UM3HKHHHT NapaMeTpHK TeHIJiamasapH neHunanun). Dymza
@ (), ¢ (f) nap [o, P] opamukaa yanykcus ¢yHkuusaap 6ymm6, £ yara-
pyBuM — napaMeTpHuHT [a, B] opasukzaru wuxTHépHH HKKHTA TYpaH f,
Ba [, (f; = 1,) kuiiMatura Moc kedaguran (10.5) uusugmaru A, (xl, Yih
Ay (x5, yp) 'mykTanap (5, =@ (), y1 =V ), % =9 t), 2=V (&)
XaM Typauua GyacuH. Bynjan Taukapu, napaMerp ! HHHT #, Ba 1,‘2 KHH-
MaTnapura Moc Kenamuran (10.5) umsukparu A4, (x,, y,), 4, (xz, Yy) HYK-
Tanaphn ¢, <t, 6yarania, A, HyKra A, HyKTaaH KeHuH KeJjaad ne6
Kapanagan. 1lly OujaH 3rpH uM3uKAa HyHanuuw YpHaTHIARH.
®apaz Kunalauk, ¢ =a, ¢ = Kuiimataapra (10.5) unsnkpa A4 Ba B

RyKTasnap Moc KescuH. By uusukuunr AB ity y3yHAWru aHHK HHTErpa.
OpKaJiH KaHja# MdoaaNaHUIIMHM KYypcaTaMH3.

ABBan 1okopunaruaexk AB €HHHUHr Y3YHJIMTHHH aHMKJaiMu3. [o, f))
OpaJ/IHIKHH HMXTHEDHHA

P={t0) tl, tn} (a=t0<t1< <tn:;ﬁ)
6Yy1akjamwHe oau6, 6y 6yJsaknawmunr 6yayeun f, (k==0, 1, n)

HYKTaJapHra Moc KeJrah AB éinarn A, = A, (x,, yp) (x,=¢ (t,), ¥, =
== ({,)) ByxTaJapHH Gup- 6upn 6uJaH TYFpH YH3MK KecCMasapH €pja-

S
mMuaa GupnamiTipu6, AB €fra uMsuiran CHHHK YM3HKHM Tomammu3. Dy
CHHHK UYN3HKHUHT NepHMeTpH KyHuaaru

n—1
L= 2 Vie Gy —¢ P+ () — v GP (10.6)
k=0

tdopmyna 6unan ubonanavamu. Pasmaskn, L @ (f), ¢ (f) ¢dyskuusiapra
xampa [o, P] opanmukuu Oynaknamra GofauK, sbeu L =L, (9, ).

IOxkopunarnnex, A, —0 na cumuk uusHK nepumeTpH L, (@, §) uekau
JHMHTIra 3ra, SbHH

lim L, (9, ¥) =1

Ap-0
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6yica, AB @it y3yHsHkka ara JeHunand, 6y jmmur [ sca AB édunune
Y3yHAau2u pedunsagy.

Sumu AB éfiuuuHr Y3yHJIMKKA 3ra Gy Xamaa €1 y3YHJIMTHHH
4HMK HHTerpaJ opKaJu  WhOAaNaHMIIHHM  KYpcaTHl MaKcanuza
o () Ba P (f) pysxumaapan [o, f] opaauxma yanykeus @ (f) Ba ¥’ (¥)
Xocunanapra sra fe6 Kapaiimus. Xap 6up (4, £,,,1(k=0, 1, ., n—1)

opasuaa @ (f) xamua ¢ (f) ¢dynxumanap Jlarpansx TeopeMacHHHHT IIApT-
JapuHH KauoatMaHTHpagd. Y Xoana Jlarpamk Teopemacura kypa (f,,

lyy)) MHTEpBAMAA IIYHAAH T, HYKTA TOMH/IAAHKH, YIIOY

P (tk+1) — @ (tk =9’ (‘Ck)~(tk+l — t/z) (16.7)
TEHTJIHK, IIYHHHTAEK, Wy (f,, £, -H) uHTEpBanja wWwyHpa# 6, Hykra TO-
ITHJIaTHKH,

Y G — ) =¥ 6) (s —1) (10.8)

TEH[VIHK YpHHJIN OYjanu.
by (10.7), (10.8) mynocaGarnapaan ¢oiinananau6, (10.6) cuuuk uu3uK
NepHMETPHHA Kylvaaruya €3amus:
n—|

L, (@ $)= 2 Vo @) G — 4 970 Uy —4F =

= 2 V—q)l 2 (Tk) + ‘l"l) (ek) At (At k+l - tk)v

Oynaa T, €@, ) 0, €t t,yy). Cyurpa Ly (9, ¢) m1 ywby
n—1

Lo @ W) =21 % G+ ¢* &) A4+

k=0

n-—1

+ X[V @+ 0 — ) @7 @) +v? E | AL (10.9)
k=0

.l ¢, +1] OpamMKAarH HXTHEPHHA HyKTa) KypHHHUITA €3uD, 6y TeHr-
JUKHUHT VHT TOMOHHJATH

E [V o7 @+ ¥ @) —) o B+¥" &) ] AL,

k=0

fiHFMHAMHE 62X0J1aHMu3.
ABBaJs1 3caTH6 YTaMH3KH, HXTHEpHH a, b, ¢, d connap yuyH

a0 — cFd <|la—cl+ |b—d| (10.10)
TEHICH3/IHK YPHHJH. XaKHKaTaH XaM,

|V & — ) ETE]| =

(@46 —(@=dy | _
Ve, Tra |
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0% — ¢+ (b — d2 a+cl

Varte +y ot Vit + Vera

. 16+ d|
+ b —d;i <la—c|+1b—d|,
| Varfer + Vora | |

YYHKH
Ja+ ¢l <1 [6+4]
Vet + Vard | Vatet /ard

Arap (10.10) tenrcusmukgan oiganancak, I0OKOPHAArH HHFHHIM VYVH
yuby

<.

n-—1

| S V@ T 76— VoTE T VG AL <
k=0

n—1

< Y|V o6 — VI B T v E)| A<
k=0

n—1 n—1

< 19 @) — 0 EIAL+ 3w 0)— v (E) | AL,
k=0 k=0

TEHFCH3JIHKKa KeJaMH3.
Maptra xypa ¢’ () xamaa V' (f) xocunanap [o, f] opamikna v3ayk-
cn3. KaHTop TeopeMacHHHMHT HaTHXacura MyBodHK & >0 o.mHranpga
€
20 —a) . ..
JHKHI AnameTpH A, < & 6yaraH Xap kanja#t Gynakjamiza

coHra Kypa wyHpa#t 8 >0 con romunaauxu, [«, B] opa-

XaMm

’ ’ €
(o (v) — 9" ()] <m

TEHI'CH3JIHK, WYHHHIHAEK,

[y 1 B)— @ &)<

e
28 —a)

TEHICH3JHK XaM VPHHJAH Gyaanu. ¥ Xoaja KYHHAArHra sramus:

n—1

2_: [V(plz (T) +¥'2(8,) —V " E) +V*E) AL <

k=0
n—1 n—1
& N & =
< kzo 2(f —a) Mt 2 2(f—a) Ay
— &=0
n—1
£ | €
= A = —— -_— = £&.
2 —a 2 % t, - B—a)=¢e

Jemak,
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n~1

tim B[V @7 (@) + 7 6) —V =€)+ v7E) A, = 0. (10.1])

Ap =0 =
(10.9) tenrmkna A, —0 ma qumurra yramus. (10.11) mynocaGatHu
9bTHOOpra OJM0 TOMaMH3:

n—1
i = Ii 7z 7z . 10.12
kl;rriOLP (@, V) Klp}rgof?:’a Vo2 E) +v2E) AL, (10.12)

Q' (¢) xamma ¢’ (f) xocunanapuuur [o, B] opa/HKmA y3/TyKCH3JMIHra
xypa V @2 (f) + ¢ 2 (f) dynkuusa xam [«, ] opaukna y3nykcus GyJanu.
JeMak, y HIy Opajukia uHTerpammanyBud. Y xomma V @'2(f) +¢'2()
GYHKUMAHHHT MHTErpaj HHFHHAUCH

n—1

S VB FvE A,
k=0

Ap —0 na vekiu suMuTra 3ra Ba 6y JIHMHT

8
Vo2 +v70) at

HHTErpajra teHr 6ynanu. lemak,
n—1

B
Jm, 3VTEFPERI 8= [VEOFVO L (019

Ouau (10.12) Ba (10.13) tenrsmkaapaan ymey
lim L, (9, ¥) = [ VT O F 920 dt
Ap —0 By

dopMyna kemu6 uyuxagu. By sca AB &tnunr Y3YHIMKKA 3ra OyJHMIUH-
HH Ba YHHMHT Y3YHJIMTH YYYH

g
L= (Vo=@ +v2O (10.19)
o
¢dopMyJia YPHHJIH SKAHHHH GHJIAUpAZH.

Xycycan, arap (10.5) cucreMa ywby

x=9()=t,
(2o " Est<y

KypHHHILAA GyJca, 6y cucTeMa y =1 (x) (a < x < b) KypHHHLIHH OJa-
au. AB SHHUHT Y3YHJHMCH YUYYH

’ b
L= Vom0 +em0di= [ VT dr

¢dopMysara sra 6yaamus. By (10.4) dopmynauuur y3umip.
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Miucoa. Yuwby

X=r ¢os t,
{y:rgnt O<a<i<p<2n) (10.15)
YM3HKHUHT Y3YHJHUTHHU TOMHHT.

o, B] opanmgna x=¢@{)=rcos ¢ y =¢v({)=r sint (r>0)
dbyHKUMAAAD V3JyKcH3 Xocuaanapra sra. (10.15) cucrema Mapkasu
KOOpAHHATa GOlMAa, PajHycH r ra TeHr 6ynarad afinaHa €duuu wdona-
nafigy. Yuudr ysyuauruau (10. 14) dopmyna épmamupa Tonamus:

B p

[= ‘ V (r-cos 8)* 4 (r-sin #)"* dt = “1 r? (sin® £ - cos® ) df =
a ﬁ @
=r '{dt———r B — o).

22
Oxkopuaaru (10.5) cucrema Ouman ubonananran AB éfuu Kapaii-
quk. Dy éiina mapamerpuuHr f (o <{<<f) KufiMaTHra MOC KeJafurau

uvKraun C pedsnk. Paswankn, AC éiunur ysynsmry ¢ ra GorauK 6y-
b, y (10.19) dopmyaara kypa [a, ?] opanukaa

— t
S=S®=AC= [V O+ =0 at

K{punuwaa Hpopananazu. by woKopH verapacH y3rapyBud GyJiran aHHK
HHTerpaJgHp. YHHUHr Xocunacu (9-6o06uuur 9-§ ura Kapaur):

St =V e+ v20).
KeflHHrH TeHIVIMKHH KBajpaTtra KyTapub, cVHrpa Xap MKKH TOMOHHUHH
df* ra kynmafTHpcak, HaTXKaja
S () dit = @™ (f) di* 4 "2 (¢) df?,
S'bHH
dS® =dx* 4 dy? (10.16)

MyHocabat XocHs1 6ynagd. By MyHocaGar éd dugpgepenyuarununez Ksaa-
patuHd ubomanakau.
OHAM TEKHCIMKIA KYTO KOOpAMHATajapia Gepw/iraH Srpu YH3MK Eid
Y3YHJIUTHHHHT XaM aHMK HHTerpaj OpKaiAH H(OJACHHH KYpCaTaMus.
®apa3 KuMalIHK, STPH YH3NK KYTO KOOpJMHATA CHCTEMacHaa KyHu-
Jard

r=p(0) (@<0<p) (10.17)

byukuus 6unan Oepuarad OyncuH, 6GyHma p (0) pynkums [«, B] opa-
JMKJa y3nykcus p’ (8) xocmnara sra 6yscun aedaux. bus (10.17) ky-
PHHMILAA GepusiraH SrPH YM3MK TEHIJIAMACHHU KyHHIAru

x=p () cos 0,

y—=p@)sing *<O8<BP
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napameTpHK Kypuuumza udonanab, (10.14) dopmynanan ¢oiinaiaHamus:

B
= { Vo (6) cos 61 + [p (6) - sin 0]% df =
B
= fV[P' (6) cos 8—p () sin 6} 4 [p" (6) sin 8 -+ p' (8) cos 6)° d8 =

«
x

B
= [Vo?®) + 0> () d

Jlemak,

B
= V=0 + 0*(6) de. (10.18)

Mucoa. Ywby
r=a-06 (@a=const, 0<08<a)

arpit uu3uK (ApXuMeZX crupasy) EHHHHHT Y3YHJMTHHH Tomamu3. MOKopu-
garu (10.18) dopmynara kypa xucobsaiiMus:

1=f1/(a_-eme—)2de=a FVW_GEde=
0 0
=a[VIT® +  ile+VITe| [~
=Sl VIite + @+ VT+d)l
2-§. TekHC IDaKJIHHHT 1034 Ba YHHHI aHHK HHTerpaJj OpKaaH

HdoganaHuum

bu3s yw6y naparpajpma TeKHC IUAKJIHHHT FO3HHH TOMHIIAA aHHK HH-
TErPaJHUHT KYJ/JIAaHHIIHHE KypcaTaMus.

Mabaymky, Tekucaukna OepHiran ABC  yubypuak to3ra sra Ba
YHHHT 1034 yuOypuak acocH @ OWwjiaH OaJaHLJMIH A KynadTMacHMHUHT

A a

59- yp3aMa, 60- un3Ma.
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spmura renr (69-unsva): S =
_—_-;ah. Arap Tekuc IaKJ

Kynoypyak, SABbHH €MUK CHHHK
yusuy  OWJaH yerapaJaHrau
mak. 6viaca, y xoaga 6y kya-
OGypuak vubypyakJsapra axpa- (8
THMIO, K{TNOYpPYAKHHHT I03H YyU-
Oypyakjaap HO3JapHIHHT  Hurid-
mucH cligatiga tonuaaiu (60-
YU3Ma). ) .
Snam TekHcakaa  Gupop i X
yerapaianrad (Q) IIakjHH Ka-
pafiank  (61- yuama). DBy (Q)
wakaunnr nuira (A) kynéypdax- 61- un3ma.
Jap, cvurpa (Q) wmwakJHn ¥3
wyura osrau  (B) wkynGypuakjapHi uusamu3. (A) Kynbypuaxniap-
HUHT to3und S, GuiaH, (B) kynOypyak.JapHHHT [03HHH S g Giaan Ge.r-
ridafink. Hatuxata (Q) makora HY4KH YH3MITAH KynOypyak 103aapH-
zaH uoopat {S,} Ttynmam, (Q) Wwak.JHy ¥3 HyMra oJaraH Kynbypyak

10371apiaan uoopatr {Sg} Tynaamaap xocun 6yJaid.

{S,} t¥nnam rokopuaan, {Syz} Tynaam Ky#uparu uyerapajaHraH/iH-
rH caGabau {S,} TynaaM amuk lokopu uerapara, {S g} Tymiam sca
aHHK KYHH derapara sra OyJaau:

sup {S,}=0Q, inf {Sp}=0Q.

Q<@

2-tabpud. Arap Q=Q, sawvuu sup{S,}=inf{Sz} Tenr.
JMK YpuHau Gyaca, y xoama (Q) 1waka io3ra sra Jelnsagd Ba Q =
=Q = Q mugnop (Q) waksnuar ro3u seimnanu. demak, Q=sup{S ,}=
=inf{Sg}. Suau (Q) wakn cudatuna aABb 3rpu  uH3uKIH
TpaneuMsiHd oNiaMH3. By srpu yusux/IM TpameLHsHHHT 103Ta 3Ta KaHH®
HH Ba I03HMHT anMK HMHTETpaJ OpKaJH H(OJANAHMUIMHM Kypcaramus. f(x)
dyskuusa [a, b] opanukna anukmamraH, ysaykeus 6yaub, fx€la, bl
yuyH f(x) >0 6yacun.

IOxopuaan f(x) byHkuus
rpapury, €H TOMOHJApAaH v
x=a, x=> Beprukan uu- |
3UKJap Xamua nacthan Ox
abcuucca YKH OunaH yerapa-
JAHTaH LIaKJHH, TbHH aABb
3rPH  YMBHKJIH TpamneuusiHu
KapaHauk (62-unsma).

Auam e, b] opaauknu
HXTHEpHI 62- unama,

Papruanks,
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P={x, x, .x}l@a=x<x< <x,=0b)
6ynaknamny onamus. f(x) dyskuma [a, b} opanmgaa ysnyrcus GyJiranm
ca6a6ad, 6y QyHKuug P OyJakjaliHuHr Xap Oup [x,, x,.,] (k=0, I,

., n—1) opanwFuga Xam y3aykcus 6ysmb, yHpaa

inf{f(x)} = m,, sup{f(x)}=M,

(x€[xn xpv1), &=0, 1, n—1).
Ky#tugaru 1 1
SA=2mkAxk, SszMkAxk
= k=0

HHFHHAMNAPHH Ty3avM3. Dy furunausiapHudr GupuHuucy aABb srpr
YH3HKJHM TPaNeLWSIHHHT HYHTa YH3WITaH KYnGypyakHHHT [03uHH (62-yH3-
Majna 6y 103 LITPHXJIAHTaH), MKKHHYMCH 3ca aABb srpu uM3uKAM Tpa-
NIeUHAHN §3 MYHra OraH KynOypYaKHUHT 103MHH Hdopasaigu.
PaBmanky, 6y xynOypyaknap, AeMaK, YJAapHHHT l03/apd XaM f(x)
dyHkuuara xampa [a, 6] opamvkpu Oyiak.gamira Gormuyg Gyaaid:

P P

S, = SA ), SB= SB (-
[a, b) opanuKnu Typau Gysakjamap osMHca, yJaapra HHcGatan aABb 3r-
PH YU3MKJIM TPANELMSHUHI MYWra 4YH3HAraH XaMa OV 3rpH  YH3HKIH

TpaneuMsiHH 3 HYMra ofraH TYpaW KynOypuaknap sicanaau. HaTtwxapa
6y kynbypyak lo3napuiaH HOopaT KyHHaard

(i), {500}
TynJjamaap Xocun Gynazau. Bynna { Si (f)} TynJ1aM 1OKOpHJaH, {Sg(f)}

Tynnam 3ca KyHHiaH derapanaHrad Oysaamu. [lemak, 6y TynaamJap-
HHUHT

sup{Sﬁ (H }, inf{Sg (f)}

aHHK uYerapajapH MaBXYI.
Waprra kypa f(x) dynkuus [a, b) opanukaa y3inykcus. ¥ Xoala
KanTop TeopeMacHHHHT HaTHXKachra acocaH “y& >0 con onmnranaa

coHra kypa mynnaii 6§ >0 con Ttonuiaavky, [a, b] opa/HKHH

b—a
avaMetpu A, <8 Gyaran xap kaumaifh P GyaJakjaw yuyH Xxap Oup
[xk, X,,1| OPaMHMKAA QYHKUHAHHHT TeGpaHHIIH

£

M, —m
k k<b—a

6ynaan. YHaa
mffs"m}—sup{s (N} <Se(M—S5ihH=

n—1

—ZM Ax ~—2mk Ax, = Z(M —mA 5, <

k=Q
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<—-2Ax,Z (b——a)—-e

Jemak, [a, b] opamukuu auamerpn A, < O 6yaranm xap KaHzai Gynax-
Jaul oaHMHramfga XaM Gy Gyviaknaumra Moc @ABb srpu uMsuKaM  Tpare-
UMAHHHD HYMTa YHSHAraH Xamja Oy TpameLMsiHM V3 HYUra OJraH Kym
Oypuak 103J1apH YYYH Xap HOHM

0<inf{s‘;(f)}—sup{si (f)} <e
TEHCU3MK YPUHIH Gynamu. Bynpgan sca
inf { S5 ()} =sup { S5} (10.19)

TEHIVIMK KeJHO YHKAIH.

(10.19) Tenrymk @ABb SrpH UM3MK/IM TpaNeUHSHUHT o3ra 3ra Gy-
JIMIUHHY CHIANpPAJH.

SHAX 10KOpHAA YpraHuIraH Si @, S;(f) wurunaunapas  Jdap6y
#vrunaunapu  (9-6o6zaru  5- tabpudra Kapaur) 6unaH Takkoc.a6, Sﬁ(f)
XaMaa S; (f) fmFunaunap f(x) dyHkuuanuHr [a, b] opanukga Moc pa-

puiiga JlapOyHHHT KYHH XaMJa IOKOpH HHFHHIMJIAPH SKAaHHHH TOMAMHU3.
Ulyuuur yuyu (9-606aaru 6-tabpudra acocan) yuby

sup {87 (P}, inf {SZ(}

MuKI0pNap f(x) QYHKUMAHMHT KYyHH XamJa IOKOPH HHTerpasiiapu 6yna-
JH, STbHU

b b
sup{sj (f)} = If(x)dx, inf{ st (f)} = T f(x)dx. (10.20)

IOKopuna nc6ornanran (10.19) myHocabarra kypa
b

b
(fodx = [ f(x) dx
; a
TEHTJIMK VPHHJIH 3KaHH KypuHaau. [eMak,

b b b
[ Fo)dx = { f(x)dx = [ f(x)dx.

lyunat xunu6, 6up ToMouzau, aABb srpu unsukJd Tpaneuus ios-
ra sra 3KaH{, MKKHHYM TOMOHJAH, YHHHI 103H f(x) GYyHKuMAHMHT [a, b)
Opa/MKIard aHHK MHTerpajura TeHT 3kauu ucbor stuagd. [emak,
aABb srpu uM3MKJH TpameUHSHHHT 103U yuyH ymby

b
Q=[f.(xdx (10.21)
dopMyaa YpHHJH.
365

www.ziyouz.com kutubxonasi



Miucoan Ky#ugaru

y=0v yz—zl_xz’ x=1 x=3

YH3HKJap OHJaH yerapasjaHraH IUAKJHHHT J03HHH TOMHHT (63- un3va).
(10.21) ¢qopmy.ajzan dokaanaHns TonaMus:

3 27

3 —

1 1
B = oL = B, GHP.IHK) .
6 3

Arap texucauria (Q) aka Ky#éuaard
y=hx)s y=Fh) x=a x=0
uu3uKJap CuJaH uerapaJsiaHraH akJsd udoganaca (6ynna fi(x) ma fy(x)
dyukumnsaap la, b] opanukaa ysaykcus 6yamb, Oy opamkia f,(x) =0,
for) >0, fi(x) >, (x)), y xoaa Oy LIAKAHHHT I03H jy4yH YOy

o b b
Q=[h()dr—)fe(dx =R —F(O)dx  (10.22)

opMyna ypuuau Gyaaau (64- ynaMa).

Y
Y
s (2p,2p)
2 14 237
-6‘ ;\‘\‘\gﬁ,\\
\ !
N 2_12
\ P
I
2] .
0 0 0 p X
63- yn3Mma, 64- un3Ma, 65- uu3Ma.

Mucoa. Yuwby f,(x) =V 2px, /‘2(x)=2L %* (p>0) unsukaap Ou-
p
JIaH dYerapaJanrad IaKJHHHT 103HHH TOTMUHT (65-un3ma).
Uananran 103 Yy =}/ 2px Ba y = 2—1x2, p >0 napa6osanap OugaH
D

yerapaaanran. Uly mapaGoaaaap (0, 0) Ba (2p, 2p) HyKTasapaa KecH-

waad. Hemak, u3nawran 103 x-=0, x=2p Ba y=V2;Tx, y=

= El—xz un3nKsaap Gunad uerapasanrad. Wynunr yuyn (10.22) dop-
p

MyaajiaH ¢ofizananub TomaMus:

312
x}ﬂ 4 2
V]

2p 3
1, 2 5
e e e e
0
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l-3cnatma. IOxopugaru (10.21) dopmyna [a, b) opaimkaa f(x)>
> 0 6Varanga aABb 3rpu YM3HKAM TPaNCUHSHUHT [O3MHH HQoNaariu-
HH Kypauk. Arap f(x) oynkuus [a, b] opaiukzaa ysnykcusz 6y.au6, yH-
na uiopa caksamaca, (10.21) dopmysnagard wuuTerpas Srpi  UH3HKJIH
TpanelHaap IO3JIaDHHMHT HurMHAMCHZAaH uGopar 6ynaau. Bysma Ox
VKHHUHT IOKOpHCHJAry 103 Myc6ar umopa Gunad, Ox YKHHMHT IMacTH-
JarH 103 3ca Mauduit viopa 6unaH OJIMHAZH.

Macanan, arap a <<a<B<b 6ymb, yx€la, @] yuyun f(x) >0,
x€le, Bl yayn f(x) <0, \fx€[B, b] yuyn f(x) =0 6yaca, y xonaa
{a, b] opanuxna f(x)B <pym<umb rpadgury GuJiaH yerapaJlanrad LIAKJHHHT

29

fosnt Q= | f(x)dx— [ fx)dx+ ,gf(x) dx kypunumaa €suganu (66- yusma).

Macanan, Ox yKku xamja cuHycoupga-
uunr 0 < x < 2n opanMKAard KOcMH
OuNaH yerapasiaHrad IUAKJHHHT IO3HHH
Tonallmik. 0 < x << opasnMKia Sinx>
>0, 1< x < 27 opanugia 3ca sinx < 0
SKaHUHH 3bTHOOpra osiub H3JaHaéTraH
LUAKJHHHT IO3MHH TONaMu3:

4

66- ynaMma.
25

Q= j\'sinxdx + (—f sinxdx) = (—cos x)
0 F11

xT
—{(—cos x)
04 x

=4 (kB. GUPJHK).

2-3caaTMa. TekdC IIAKJHMHT [O3MHH KyHMJaruya Xam TabpHd-
Jall MYMKHH.

Tekuciukia (Q) waki Gepuaran (61-unsmara Kapaur). {4} wy
WAk HYHra YH3HJIraH Kynbypuaknap KetMa-keTyrd, {B,} sca (Q)
WaK.JIHH {3 Muura odran KynGypyakaap KeTMa-KeTIMrH Gyacun. A,
Namia B, kynGypyaknap loajapy MoC paBHuja S 4, Ba S B, 6y .10,
y7apaaH Ty3HIraH KeTMa-KeTJHKnap 3ca (S, |} Xamfa (S s, | OV
cHH. Arap n—-co ga (S, | Xamza {Sp, ) KetMa- KeTHKNap HeKJH

JauMutra sra 6yaub, lim S A= limS B, TEHIHK ypuraH 6yaca, (Q)
n—-oo n-->cn
maKa losra sra jefiunand xampa 6y 103 yuyH ywby

Q=1imSAn=limSB

nN—e n-soo n

dopMmyaa ypuunu G6ynapu. Bynaa Q makiaxuHr 1034 ne6 atanaju.
KyT16 koopauuata cucteMacupa ymby p = p(0) (o <0 <) dyuxuus

taceupyiarad AB éi xampa OA Ba OB — panuyc-BeKTOpJap OujaH ye-
rapaJaHrad I0aK/J— STPH YH3HKJIH CeKTOpHH Kapaliuk (67- yusma).
Byuna p(6) dynkums [, B) opamukma ysaykeus Xamaa v 0€[A, )
yuyH p(6) > 0. Sunu [«, B] opamukuu uxTEpHit

P = (0, 6, 0.} (@=8,<6< <6,=p)
367
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67- unama.

6yakaamsy onamn3. O HyKTajan Xap Oup KyT6 Cypuarn 6, ra moc
OA, pamunyc-BekTop yTKasamus. Hatmxaga OAB —srpn umsHKiM cek-
top 04,4, (k=0, 1, n—1I; A=A, A, = B) srpn unsukm

CeKTOpuaJapra a)pasajii.
p=p(0) dynkuna [e, P] opaiukna y3ayKcHs GyJraHH yuyn Oy
OpanvKHHHT Xap 6up [0,, 6,,,] (k=0, 1, n—1) Kuemuga

m,=inf{p(0)] (0,<0<0,,),
M,=sup{p(0)} (6,<6<86,,)
MaBXK Y.

Duan OA,A, | STp UM3NKJM CEKTOp HuHra €H TOMOHH m, ra
Tenr Gyaran Tenr émam OA,, B, yuOypuaknu, OA A, ., w4 V3 nuura
onran €n ToMonst M, ra Tenr 6yaran OB, A, yubypyakHd 4H3aMM3.
By yuy6ypuaknapHHHT 1031 MOC paBHIIJA

% m’ sin A, —;-Mi sinAB, (A8, =0, —6)

dopvysanap 6uaaH aHWKJapand. Ky#uaard

n—1 n-1
s=—;- 3 m} sin 86, S=71 N M} sinag,  (10.23)
k=0

k=0

HuFMHAMMAp 3ca, Moc pasuiuga OAB srpu YM3MKJM CeKTOp HYHMra 4H-
3parad Kynéypuak rosHHH xavpa OAB nu {3 nuura osran Kynbypuak
103HHU udomanaiigd, By s Ba S aap p =p () ¢yukuuara xamaa [a, Pl
opasiMKHH Oy.1akaaiusapra GOFIHK:

s=s"(p), S=S"(p).

IOkopuparu (10.23) huFnnaniapHu Kyiugarnda €3H0 0JaMu3:

e
k=0 k=1

n—1 n—1 :
1 9 ) 1 2 sin Aelz
s= N LmAg mGA9k< - _1>, (10.24)
368
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3
L

S=-1
2

M

6
M s V sin ABj, . )
My A8, +— N M, A0 (\——Ae 1.

k

x>
I
[=]
a.~
o

By TeHI/IMKJApHMHT VHT TOMOHHZArH GHPHHYH KYIUHJIYBYH.Iap ;— 20(6)
¢yuruuAnuar [o, B] opasmukaarn Hap6y #urnaaunapuaup.  9- 6c6zaru
2-nemara kKypa Ap—0 ga 6y HuFMHIMNAp KYHH Xam[a IOKOPH HHTer-
pajijiapra MHTHJIAIH:

n—1 ]
1
lim — 2 — \p?
A}ffo Z miAB,= — é p2(0) d9
[+
n—1 R 1 B
— M LA X
lim gg 2 A0, = - jp(ﬁ)de.
- a
(10.24) TeHr/MKJAPHUHT YHI TOMOHHIArH MKKHHYH KYILHIYBYHIAD YUyH
?»P—->OjlaSin—Aeb-—l—>O,
AV
ABHH A6
sin 3
a6, 1 l <e

TEHICH3/IMK  YPHHJM OY/HIIMHM 3BTHOOpra oJcak, y XoJaa Kyiugarura
sra 6Vsamua:

n-1
S, e 1) <oy S o <

k=0
<— eMB—a) (M =supp () a<0<).

Bynaau
-1

L V r_)A (SIHAB_;\,__ ):
imy &S )=0 02

6y MM Kesmb YHKaIH. Xyn;m LIyHra VXiuai

1 & l sinAB
lim — N M} A0, ( Ae’l—l>:=0 (10.26)

o) QAYz

6yaanu.
Oum Ap—0 ga (10.24) renwramksiapaa JMMHTTa YTCaK, y Xoaza
(10.24) Ba (10.25), (10.26) mynocabGarnapra xypa ymﬁy
B

fms— b o
lims = - .Ep (6) o, A1}1}3’103 j 08 (10.97)
@ [~4

242651 369
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TEHT/IUKJAP XOCUJI 6V /1au.
p =p(0) oynkuua [, B] opamukaa y3nyKCH3 GYJAraHd Y4yH 7192(9)

GYHKUHA XaMm Ly OpajuKaa Y3ayKkcu3, GuHoGapuH [o, B] opamukia uu-
Terpasianysuu G6yJanu. [emak,

B B B
[0°(8)d8 = [p2(@)d(0) = [p*(®) dO.

Harmxana (10.27) ra xypa

8
lims = lim$S = ljpz(e)de
Ap=0  Ap—0 2 J

6ysmmM Kenu6 unkanu. By sca OAB ceKTOpHHHT 03ra 3ra 3KauH Ba
VHUHT [03H YYYH yuwoy

B
Q=5 [erod0

dopMysa YpuHIH OVJIHLIMHH  OHIAMPaTH.
Mucoun. Yoy

p=p@® =a(l —cosB) (a—const,0<0<2m).

¢yHKUMA rpadury Ounad verapanas-
raH IUAKJHHHT [O3HHH TOMHHT. DBy
dyHKuua rpadurd Kapauouaasu Hgo-
nanaian. Mawnymku, Kapauonna—pa-
IUyCH o ra TeHT OysraH ai.aHaHUHT
Iy pajHyciH MKKMHYH KY3FanMmac
aftnana 6yiiab Xapakatd (cupraHMmac-
Jan AyMajaiiv) HaTHmacHAa OUpHHYH
alijlaHa HMXTHEpUH HYKTAaCHHHHT YH3-
ran uusuruaup (68-uusma). Kapauowu-
na Kyt0 ykura Huc6aTaH CHMMETPHK
6yarann cababau OKOpH ApHM  Te-
KHCJIMKJATH IIAKJHHHT 103HHH TOIMMG,
68- qusmMa. cVurpa yuu 2 ra xynadTtHpcak, us-
JAHAETraH 103 KeJub YHKagHu.

8 Vysrapysun [0, n] opamukpa Vys3rapraHia p pagHyC-BEKTOpP Kap-
JHOHJAHUHT IOKODH SIPUM TEKHCJMKAArH KHCMHHH uusagd. Lynuur yuyw

T aT

k19
Q=2-—1—§ 0% (0)d8 = ja?(l ——cose)’-’d6=a25 [i—2c059 +
2 ! 2
0 0

L c0s20 |do = 20— 2si 6+—]—--—Isin29]n—-—3—na2
Ty cos ] ‘a[_{'— YT o 2
Hemak,
Q=-2:rta2.
370
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3-§. AinaHMa CHPTHHHI 103H Ba YHHHI aHMK WHTErpajs OpKaJju
udopanaHHIH

Mabay™ku, [ ysyHaukka sra 6Vuarad AB kecwmaHn yHra mnape.aen
VK atpoduia afJaHTHPHIIZAH XNOCHA OV.araH CHPT yuAuHOpuk cupm
ne6 atanany (69-umama). By cupruuur 030 (UHIHHADHHHT €H CHPTH)
S =2nrl dopmyna Guaan xucobnanaau. bynmia r—iumaumnap acocu-
HHHT panHycH.

VYkxa napannen 6V.amaran AB 4 ! 8
KecMard 1y VK arpopupa aitnan- \
THPHLIAAH XOcuJ OYJIraH CHPT Xo- \
Kryc (Kecux KoOHYyc) cupm 1eb

\

N
atajand  (70-uM3aMaja a) KOHYC \ -
cHpT, 6) KeCHK KOHYc cHpt). Dby !

KOHYC (KeCHK KOHYC) CHPTHHHHT 103H /
(én cHpTH) /

S=snrl (S::Qnul)
2 69- unzma.
¢dopmyna Oujan xucobiaHaiu. DByHpa r —Komyc acoCHHHHI — pafuycH
(ry, 7o — KeCHK KOHYC acOCJIAPHHHHT painych).
f(x) dynkuns [a, b} opaiukia aHMKJIAaHraH Ba  V3JYKCH3  6V.HO,
yx€la, b] yuyn f(x) >0 6yacun. Wy ¢yguuﬂ rpaurnunnr (a, f (@)

Ba (b, f(b)) nykranap opacuparu 6ynaruun AB éii ne6 iopuramus. ILly
AB éiinn Ox yxu atpodupa alJaHTHPHWAAGH XOCKH1 Gyarad cHpT ad-

aauma cupm 1e6 aranani (71-umsma). By cupTHMHr 103uHH  aRMKJAO0,

VHHHT aHHK HMHTerpasn opkaai ndonananumuun Kypcartamus. [a, b} opa-
JHMKHH MXTHEpPHH

o)
\
A -
(-8
70- uu3ma.
P={x x, v X ) (a= <y < <x,=0b)
6yJakjatigd oJaftik. P 6Vaakjaumuxar xap 6up x, (=0, 1, , 1)

6yayBYH HyKTanapu opkain Oy VkHra napasien TVEpH uH3MKJAap yT-
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>

71- yuama.

Kasuo, ynapﬂuﬂr;l.é i OunaH Kecuwran Hyktamapunu A,(x, [(x))
6unan Gearmnadiuk. By A,(x,, f(x)) (=0, I, y n), 4,=A4,
A, =B uyKranapru y3apo TYFpH YM3MK KecMasapH GuiiaH GMpJatiTHpHO,.

AB &iiura L cuHMK YM3MK 9H3aMU3.

AB @&inun Ox YKy aTtpoduia afyantupuul GunaH Oupra CHHHK YH-
3UKHH XaM 1y VK arpopuna afisantupamus. Hatmkana Kecuk KOHYC
CHDPTJIApUAAH TAaLUKWUJI TOMrad CHPT Xocua Oynamu. By CHpPTHHHC 103H
yuey

nt L2 af( x
g = E 2nf (xp) + 2 f( x4y ) V(xk—i-l _xk)z T “( xk+l)—f( xk)]z —

k=0 2

nli(xk)_l_f(xk l)/‘ )
=25 Z ———+l/ (xk 1 ’_xk) -+ [f(xk+1)_'f(xk)] (10 28)
k=0
tdopMyaa 6unan udoganaHaH.
P 6Ynaknamuer guaMetpu A, — 0 na AB &fiura umsuiran L cu-
HUK YU3HK MEpHMETPH L (my ﬁoémmr 1-§ na xypcaruaranura Kypa)
AB &im Y3YHIMTHra WHTHIAZM. Bysm swmibopra omm6, A,~0 na L

CHHHK 4M3MKHH Ox VKd atpoduia afJaHTHPULILAH XOCHJ 6ym‘aa (xe-
CHK KOHYC CHPTJIADHAAH TAaIKWJ TONTaH) CHPTHHHT (03M—¢ HHHL JIH-
MUTHHH, OU3 W3/MAETraH aW/JaHMAa CHPTHUHT [03H fe6 Kapawr Tabuuil.
SHaU aftaHMa CHPT IO3MHH aHMK HHTErpas OpKajd Hpojasam Makca-
Iuja Kapanaérran f(x) dysxuuand [a, b} opamukia ys/yKcu3 f'(x) xo-
cunara sra 6yJicun ne6 kapaitmus. ABsana f(x) ¢yukuug [a, b] opamuk-
Aa y3nykcus Gysrand yuyH [x,, X,,,] opaiMia XaM y3mykcu3 Gyuu6,
yHIa wyRna#t §, HyKTa TONMH/IANHKH,

372

www.ziyouz.com kutubxonasi



flep ) + flxerp)
I ) €D%

TeHTJIMK ypuHJH 6ysazu. By 6Gup Tomonpaan. MkkunHuu TOMOHAan, Jlar-
paHX TeopeMacura Kypa L, x,,] opamikja WwyHia#i T, HyKTa TOnu7a-
JHKH,
14
f(Xey ) — flx) = F'() (xk+1 — %) T, € (% %]

TEHTVIHK XaM ypuHaH 6ymamu. Hatixkaza (10.28) MynocaGat viuGy

q = 2“:5‘: f(&k) V—(Xk-H _xk)z -+ ['2 (Tk)(xk+1_xk)2 =
==()

n—lI

=2a ¥ f(&) VI+7RE) Ay, (Ax, =x,—2x)
£=0

KVPHHHIUHH osagd. Kefiunry TeHIVIMKHH YOy

g=2m ni fx) )/ T+ P2 (%) Ax+ 20 ’:‘:] (7€) —

k=0 k=0

— (Tl Vl =4 ['%(7y) Ax,

KVpHHMILAA €3HG OJIaMH3 Ba YHHHT HKKHHYUM XaJHHH Gaxojaivmus:

n—1
|20 FFE) — f)1 )/ T+F7(5) Axy|<
k=0

n—1
<23M2|f(§k)—f(tk) | Ax, ,
k=0
M=maxV'1+[%x), a<x<b.
Mlaprra xypa f(x) [a, b] opaimkaa y3anykcus. ¥ Xxoapa Kantop
TEOPEMACHHHHT HATHXKAacHra acoca, ‘e >0 osmaraiga xam Sie—a)

COHra Kypa myHpa 8 >0 con Tomunaguky, AuameTp A, <8 Oyaran
Xap Kaupga#i Oynakjam yuyH ymby
€
[f(td — &) | < M —a)

TEHICH3MHK YPHHIM Oyiaau. Y Xoaja IOKOpHIarH TeHICH3AHK KyHuia-
ruya €smJaam:

n—l
|20 P UE) — 1) T+ Ax| <

k=0

n—1
&
< — =e.
2nM go ppyT— Ax, =¢
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Byngau

n—I

] im 2 k}:‘oif(zk) — e ) T2 (5) Ax, =0

OV MU KeIH0 YHKATH.
S A, —0 na (10.28) TeHrsukaa auMutra YTHS TONaMH 3;

n—I
limg = lir:_’%n E f(tg ) T+7HT,) Ax,

» P—»O A R0

Hemak, afiianMa CHPTHHHI I03H Y4YYH YWy

b
Q=2x {f()V T+ dr (10.29)

dopvyaa YpHHIM.
Miucoun. [0, a] (@>0) opanugna

X X

y= (& e ®) (10.30)

3anxup uusMkHM Ox VKM atpopuia aHnaHTHpUIIZaH Xocua O6y.araH ai -
JIaHVia CHPTHHHI 103UHH TOIHHT.
Aszasno (10.30) QyHKUMAHHHE XOCHJIACHHH XuCOOaaAMHU3:

X x

Fo=—(—e).

Cyurpa, (10.29) ¢opmynanan dofigananu5, u3naHaérraH amauMa CHpr-
HUHE [O3HHH TOMAaMi3:

g *  _x L s =X
Q=2ng—g-(ea+e 4) 1 ‘—;—(e“—e ) dx =
b)
a x _x a 2x 2x
na 2 : a —‘a
=—§‘ \ (ea—i—ea)dxzit—;—‘[ea—{—Qq’—e “]dx=
0 b
ok —2%
na a 2 a a a2 , 2 —2
=—|—e JT2x——e =—(E—e T4).
2 [ 2 ! 2 ]0 7 T4

4-§. Y3rapysuH Ky4HWHr 6axapraH MM Ba YHHHT aHHK HHTerpa
opKaJH HbogataHHILH

®apa3 kuaaitauk, Gupop xucM Ox VKH 6Yit1a6 F Ky4 TabcHpH oc-
THAA XapakaTt KuaaérraH Oyscud. Bysma F kyvu sucMmanur Ox yguza-
TH xoJatvra GOFAMK, sibHd F = F(x) Ba yHHHr HyHaauiliM XapakaT Hy-
Ha MM OMJaH VeTva- yOT TYIUCHH, Aefauk. By Kyd TaboupHaa mxucM-
HH @ HYKTaJaH b HyKTara VyTKasuul YuyyH O6axapu/rad HLIHH TOMHLI
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MacajacH tosara Keaaau. Mawaymku, F = F(x) kyu la, b] opaauxaa
F(x)=C, C=const 6yaca, XHCMHH @ HYKTaJaH b HyKTara YTKasuul
yuyH Gaxapuarad ni A = C (b—a) ¢opmyna GuraH HpoAalaHalH.

F = F(x) kyu [a, b] opanukjaa x V3rapyBUMHHHI MXTHEpPUH V3.IyK-
cu3 dynkuuscu 6yacuH. Y Xoaza [a, b] opajnkHH uUXTHEpPHH

P = {x, x|, VX la=x<x< <x,=1b
6ynaknamwiy onub, 6y 6yaakiaHusr Xap Oup [x,, x,.,] (=0, 1, ,
n—1) opamwruna uxmuépuii & (§,€lx, x,), k=0, I, n—1)
HYKTa OJIaMH3.

Arap Xap 6up [x,, %] (=01, , m—1) opamikapa xucwmra

TabcHp draérrad F (x) Kyunu ysrapmac Ba F () ra Tenr ne6 oscak,
y xonsa [x,, x,.,] opaauruna Gamapwiran uw taxwunan F(§) (x,., —
— x,) ¢opmyna 6usan, [a, b] opanukaa Gaxkapu/raH HII 3ca, TaXMHHaH
—1 -
Ax V F (&) (tpy — %) = E F &) Ax, (10.31)
k=0
cdopmysa Grmau ucdonanananH.

F = F(x) xyu TabCHpPHJA XKHCMHH @ HYKTajlaH b HyKTara \TKasuil
Y4YyH 6a>Kapw1raHlﬂumu ndopnasosuu (10.31) dopmyna TakpHGHARHUp.

Papuianky, Z F &) Ax, #iwrnapn F = F(x) dyskumara GOF.IHK
=0

6ymwn Guaan Oupra y [a, b opaimksu Gysaxjawra Xamaa xap  Gup
[Xy X,4)] OpanMkia OJHMHIaH g, HyKTajapra GOFJMK.

Sumn P GyJakJalllHUHT AuaMeTpd A, HOJra MHTHJA GopciH. Y
XOJ12 IOKOpHIar# HUFMHAMHHHT KHAMAaTH OM3 M3Jaérrad Ml MHKIOpH-
HH TOGOpa aHMKpOK Hdopanaiau. Jemak, Ap—0 na rokopuaaru AuFHH-
JUHUAT YeKJH JUMHTHHM Oawcapuiean ww ned adTul Tabuuiaup.

Arap Ap,—0 na (10.31) fwrnunau [a, b] opamukuM Gynak.iain ycy-
qura xamaa &, HyKTanu TaHaa6 onmmra Gorauk OyJjvMaraH Xosja Yek-
Ju A coura uHTHICa, 6y A coH VarapyBuu F (x) KyuynuHr [a, b] opa-
Jugjaard GaxkapraH MiuM Ae6 atasamu. [emak,

~im 3 £ b
IOxopunarn (10.31) hwrnnan F (x) YHKUHAHHHE [a, b] opaaukparu
uHTerpas HUFHHINCH 3KaHHHM nafikaw KuHMH 3Mac. Kapanaérrau F(x)
dynkuus [a, b] opanMkia y3aykcu3 OyaraHd y4uyH y Wy Opa’HKia
HHTerpasianyeuu 6ysagu. llemak,

n—1 b

W

,];rr_{o 4.. F (&) Ax, = a‘ F(x)dx.
Mynpa#t kpaub, VarapyBun F (x) Kyunuur [a, b] opanukpark 6a-

Kapral NI
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b
A= fF(x) de  (10.32)

dopmyna Guian ubonanaHany.
Mucon. BunrcuMon npy-
JKHHAaHUHT Oup YyuYd MycTax-
KaMJ/IaHray, UKKHHYM yuura sca
F=F(x) kyu Tabcup 3THO,
ApYXKUHA  KHUCHJITAH  JeHiuK
72- unama. (72- uuama). Arap NpyMKMHAHUHT
KHCW/MIIK VHTAa TabCHp 3TaéT-
rai F (x) Kyyra nponopuuoHa;1 6y./ca, Npy:KHHAHH @ GHPJMKKA KHCHIL
yuyH F(X) Ky4saunr Gaxkapran HIUMHH TOMMHT.
Arap F(x) Kyd Tabcupuia MPYKHHAHMHT KHCHJIHII MHKTODHHH X
opka.u Oesrusacak, y XoJja

Fx)=kx

Oyand, 6yHua k— NpONOPUMOHAMIMK KO3phHuMenTH (KMCHIHII KO3D-

¢uumenta). Okopugaru cdopmynagan ¢oiinananné GaXkapuaraH HIIHH
XHcobnatimMus:

a a
A=f/exdx=k~iz =
] 2 1,

ka?
2"

5-§. HHepuus MOMeHTH

Mexanukana HHepuust MOMEHTH TYIIYHYacCH MyXHM Gynub, y Maca-
Jajap edduga Kyn Ky./JaHugagu.

Texucmkna m maccara sra 6yaran A moxaau#t Hykra Gepusran 6y-
JH6, 6y HyKTamaH Gupop ! ykkaua (Eku O HyKraraya) OysraH macopa
r ra TeHr OVJICHH.

Mabaymky, ymdy [ =mr> mugnop A Mogmult HykTaHuHr [ yxKa
(O nykrara) HucbataH uxepyus momenmu Ael atanapd.

Macanan, TeKHCJHKAard m maccara sra 6ysiran A = A (x, y) mon-
IHH HYKTaHHHT KOOPAHHATA YK./apura Xamja KOOpAuHaTa OOMIMra HHC-
6aTad HHEpLUMT MOMEHTJapd MOC paBHLIAA

— 2 2
[, = mx?, 1,= my?, I,=m(x*+ y?)
topmyasap Ou.aH ubomanaHany.
SHIH TEeKHCJHKAA Xap OMpH MoC paBHIUAa mg, m, » M, _, Mac-
cara sra 6Yyaran A, A4, A, , Mopuit HyKTajap cHcTeMacH Ge-

puaran 6§.icad. By cucremanuur Gupop ! ykka (O HyKrtara) HucGaTtaH
HHepUMA Nap Gup HVKTamuur 1wy [ lyx_iga (O nyxkrara) HacGaTaH
n—

UHEPLHS MOMEHTIapH Huruumucu: [, = E m, r’ cudatiaa TabpHbIa-

k=0
wagu, Gyuna r, vuknop A, nyktagan ! Ykxaua (O Hykraraya) Gy.ara

Macoda.
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Macanan, TekHucIHKAA Xap GMpH MOC paBHUIfA 12y, 1My, m, 4
maccara sra Gyaraw A (x, 4., A (x, ¥), A s Yoy)

MOIIMH HYKTa/lap CHCTEMACHHHHF KOODAMHATA VKJapura XamIa KOOpAH-
Hara GoLisra HHCOATaH MHEPLUS] MOMEHTJapH MOC PaBULIAA

1 ~t
1(’1) _ ’1“ 2 I(ﬂ) . N . y?
x T 2y e X y“z % Yo
k=0 k=1
n—l
() 2
I =3 m (¢ + 4}
k=0

dopmynaiap 6uian HdomasaHagH.

Bupop y = f(x) srpn uusnk é#u Gyiiuya Macca TapkKaruarad 6V.-
cud. By maccanm srpu umsHk €HMHMHI KOOpIHMHATA VKJApH XaMIA KOOp-
aunata Gommra HucGaTaH WHEPLMS MOMEHTHHH AHUKJIAHMH3.

f (x) bynkuusa [a, b] opanukna aHukJaHraH, y3/JayKCH3 Xamjia y3/yk-

cu3 [’ (x) xocunara sra 6yacun. By ¢ynrums rpapuru AB &iiunu Tac-

BHpJacuH, AeHymk. AB éiu Gyiuya 3uumire ysrapMac Ba | ra Tedr
6yran Macca Tapkarusrad. PaBuanku, 6y xonga Macca € y3yHJIHTH-
ra teur Ba (10.4) dopuynara kypa

b

f VI+7?(x) dx (10.33)
6y nanu.
{a, b] opamukun uxtuépuit
P ={x, x, x}la=x,<x < < x,=1b)

6y naknamug onadauk. By 6ymakaawm AB & A4, (x, f(x)) (=0, 1,

n—1, A,=A4,, A,_, =B) HyKranap Gunan n Ta A\,;ZHI 6y-

JlaKKa axpaTtagd. byuna At;ik 41 Oysaxunnr Maccack (10.38) ¢opmyna-
ra xypa tonujiagH:
X

mk=f VI¥%(kx) dx (k=0, 1, , n—1).
*p

Ypra KuiiMar Xaxumaru Teopemara acocan wynpgat &, (§, € [x,, x, )
HYKTa TOMHJIAJMKH,

Bl -
me={ VIt de=VIF[*E) bx, (10.34)
%
6ynamu, 6ynna Ax, =X, | — X,
lOkopunaru Mynocabarnapra mysodpux (5., f(§)) (R =0, 1, ,

n—1) Moanu#d HyKTAaHWHT KOOpAMHATA VKJapura XaMaa KOOpPAHHATA
GolMra HHCGAaTAH HHEpUHA MOMEHT/IApH MOC paBHILAA
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=8 m=8V14+f?E) Ax,,
:fz( )mk f (Eh)l’ ]‘!“/c,)(E Axk.
o}; - (EO + /:2 (Ek)) mk - (Eo + fz (Ek)) ]fl i fm (Ek) Axk

q)opMyJ]aﬂap 6HJ13H, (Egr f(~0))r (gly f(-—l))’ (En_[v f(vn_])) Moﬂﬂﬂﬁ
HYKTAJIap CHCTEMACHHHHT HHEPUHUS MOMEHTJ/IapH 3ca MOC paBHIIRA

n-—1

19 = }‘5 8V 14726 A,

—1

I — ; PE)V 1+ E) Ax,, (10.35)
=0

n--1

IP=3 &+FE V1+[*E) A,
k=0

dopMynanap 6unan ndozxasaHanH.

Oupyu P GynakJalUHHHT AHaMeTpH A, HOJra HHTHIA GOpCHH. YHIa

S— .o S——
xap 6up A, A, , éAHMHT y3yHJHTH XaM HOJTa HHTHJA Gopub, A, 4,
€ty sca Hykrara abnana €cpaad. By Xon TaGuumit papumiza A,— 0 na
n g e .

(10.35) dopmynanap Gusian uposananran [.°, 17, 1" HuFHHIHIApHHRT
JIMMHTHHH Maccara sra Oy.ran MOAAMH 3rPH 4YH3MK EMHHIHT KOOpAHHa-
Ta yKJapH XaMjaa Koopausata Gommra HucGaTaH MHepulst MOMeHTH Ie6
Kapawra om6 KeJaIu.

A,— 0 na 1‘"’ I‘"’ I‘") AHFHHANJADHUHT JMMHTH MOAAMH 3IpPH uH-
3UK EfHHUHT Koopmma'ra yKJapHra XaMmjia KocpauHata GCiuura nic6a-
TaH HHepUHsH MOMenTH AeC aTanaiu Ba yaap moc paenwiga /,, 1, I,

Kabu Gearunapany.
JeMak,

n~—1

I, = lim /¥ = lim S‘ 21+ 72 (&) Ax,,

lp -»0 Ap —-»0

I,= hTol;"’ hm 2 PEYV 1126 Ax,

n-1

I, = 1im I'” = lim V[E’—}—fz NV 1+ 72 E) Ax,.

p —0 hp -0

(10.35) mynocaGarparn HUFMHAMJADHH [a, b] opainkna MocC paBHIja
Ky#naaru

2VIF@, FOVIFPE, WPV T+ 0

GVHKIMAIAPHUHT HHTErpal HHFHHIHJAPH 3KaHJIMIHHA  nafkaml KuiuH
sMac.
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HWaprra kypa f(x) dysxuus [a, b] opasuknma yssaykcd3 Namja y3-
aykeus f' (x) Nocunara sra. LHysudr yuys lokopujar# ¢yskudsnap
la, b] opannkpa uurTerpannanysyd O6yaanu. emak,

n—1

—_— b —_—
im X 8V 172 @ dg= (# V1+F @ dx

Ap =0k—p
n—1 —_— b ———
lim SRE)V 1+F2E) b= [ P@V 1+ dx,
A;“iog”‘k”/ [* &) Ax, f POV I+ ds

n—1

- b -
lim S EEEV 1+ F2E) A= [0+ P W1V 1+72 (1) dx.
he =0 (= a

Harimkaga ywoby

b —
L= 2VIi+7 ¢ ax

L=\F@V 1+ dr

a
b

fo= {2 +PWEVT+F? () dx

a

¢dopMmynanapra sra Gy/jaMus.
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11-50B
COHJIM KATOPJIAP

MabayMky, nporpeccus/iap MateMaTHKaZa aJoXuga VpuH TYTAAH.
Afinukca, NpOrpeccHs XaiapHHHHT HHFHHIMCH OWJaH GOFJMK Macana-
Jap Kyn yuypaHau.

Oparna, yw6y

a, aq, ag® ag™ !, (11.1)
KeTMa- KeTiMK a = 0, g = 0 6yaranna eeomempur npoepeccus neb ata-
Jaid (a— NPOrpecCHHMHr OHPHHYH XajH, ¢ — NPOTPECCUs MaXpajH,
ag™~! — nporpeccustnuar ymymu#l xap#). (11.1) mporpeccusinMHr GHpHH-
YH 1 Ta XaJHHHHT BUFHHOWUCH KyHuparu

| 8= 0" arap g |
S,=a+aq+ag® + +oagt = l g AT
na, arap g =1
dopmyna Gunan udonananany. by S, fmrunnura (11.1) mporpeccusrdur
n- XanHaad KelHHIH XaasapHHM OHpHH- KETHH Kyiua fopcak, XOCH.I OVJ-
ran
Sn=a+ag+a®+  +ag +agr,
Spp2=a-t+ag-+ag*+ + ag™! +ag* + ag™t!

RuF¥HAM/ap OepHJITaH YeKCH3 NpOTPecCHAHMHT Gapya Xa[JapHHHHT HHUFHH-
IMCHHH ToGopa sk (anMK) Hdoganai Gopamu nefiuw TtaGuuiipmp. [e-
MaK, n—>co 1a S, HMHT JMMWHTHHH Y€KCH3 NpOrpecCHARMHr Gapya Xai-

napu BurFuAaHcH ae6 kuputHw MyMmkad. Hlynpall kuam6, ymby
atag+ag’+  +agtt+

«yeKkcu3 MHMFMHAH» HH VPraHHUI MacajacH losara KeJaju. DyHpail «yek-
CH3 HHFHHAM» COHJIM KaTop TYIIyHYacHra OJiHO KeJajH.

bBus maskyp 6o6ra, COHJM KaTOpJapHH, aBHKPOFH, YJAPHHHT SIKHH-
AALMINY, Y3OKJALIHIM, AKMHJAWIMII aJoMaTjapH XaMia SKHHJAmyBuYH
KaTOpJIapHHHT XOCCAaJapiHH YpraHamus.

1-§. AcocHit TywyH4aaap
Y6y
a;, G, a,, ., a (11.2)

n)
XaKHKHI COHJap KeTMa- KeT.IHrH Gepu.arad O3 ICHH.
l-Tabvpud. Kyhnzaru

a+a,+a;+  +a, -+ (11.3)
nbona xKamop (cokau Kamop) ne6 arajaiM.

(11.3) xarop Kuckaua E a, xabu Ge/ruIaHanH:
n=z|
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oo

Ya,=a+a+ta+  +a+

n=1
IOkopuaaru (11.2) KeTMa- KeTJHKHHHT @), @, a, 3JIeMeHT-
JapH Kamopruxe Xadiapu JeRuNand. @, 3Ca KamopHUHZ Ymymul xa-
du peituragu. (11.3) KatopuHHT Xagnapuaad KyHugaru

A.l = al,
Ay =a, + a,,
A; =a, + a,+ a,,

A =a +a,+a,+ +a,

AuFnuIMsapHl Ty3amu3. Dy fimrunpunap xamoprune Kucmud dururou-
Aapy AeHunany.

Hemak, (11.3) Karop Gepusiran Xo/ma Xap AOHM Oy KATOPHHHT KHC-
MHi HHFHBIMJIApUiaH vbopar ymby

Ay Ay Ay Ay 4,

n

COHJIAp KeTMa- KeTJIMITHHH XOCHJ KWJIHI MYMKHH.
2-tabvpud. Arap n—c pa (11.3) KaTOPHHHT KHCMHI HHFUHIU/A-
puaad udopatr {4, } KeTMa-KeT.IHK HeKJH JHMHTIa 3ra, SbHH
lim A, =A
n—oo
6yJca, y XOJala KATOp SKunAaquiysdy HeHHJIanu.
By mumutHuur kuiimatd A cou (11.3) Kamoprunz durunducu pefu-
Jajd Ba KyHujargya é€su/anu:

o
A=aqa, +a,+ +a,+ =2an.
n=I

3-tabpud. Arap n—>o aa (11.3) KaTOopHHHT KMCMHH HHFHHAMIA-
punan H6opat {A,} KeTMa-KeTIHMKHHHT JHMHTH 4ekcH3 O6yuaca €ku Gy

JUMHT MaBKyA Oyamaca, y xoana (11.3) katop ysosaauwysqu petuna-
IH.
Mucoaaap. 1. Y6y
1 1 1
14 4 = -
+1 2+2-3+ +(n-l)-n_{~

KaTopHH Kapalmuk. DBy KaTopHMHr KHCMUH HHMFMHIMCHHH Xuco6na6,
YHHHT JIMMHTHHH TONaMH3:

—1e et RN S 1
A=l k= A L (1—5) +

(n—1)-n

tema)r o) ma=2

Jemak, Gepuaran Katop SKHHJAUIYBYHM BAa YHUHT HHFHHAMCH 2 ra TEHr:
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2. Kyiinnarn
1+2 43+ +n+
KaToOp Y30KJallyB4H, YyHKH 6y KaTOPHHHT KHCMHH HHFHHIHCH

A4,=1+2+48+ +n=2C220

6y b,
Iim An = &,

3. Ky#mparu
l—14+1—1+4+
KaTtop XaM Y30KJallyByH, YYHKH Oy KaTOpHHHT KHCMHH HHFHUHAMCH
—-1— 2 (_ 1y+l — [ O, arap n — Xyt con 6y.ca,
A, =1—1+ H=D {l, arap n— 10K COH Oy.ca
6ynn6, {A,} KeTMa- KeTJIHK JHMMHTTa 3ra 3Mac.

4, T'eomeTpuk nporpeccus a, aq, ag™!, XazJiapHiad Ty-
3WJITaH
a+aq+ag*+. Hag'+
Katopuu Kapadivk. Opataa 6y KaTop eeomempuxk Kamop nedunagd. By
KATOPHUHI KHUCMMH HMFHBAMCHHH €3aMu3:
n
A, =a-+aq+ag® + +afl”"=a———]aq .
—q

Arap |g) <1 6yuca,

a

lim A =

n—eo 1—g
6ynanu. emak, 6y Xonza TreoMeTPHK KaTop SIKMHJALIYBYM Ba YHHHT
HHFHHIHCH IL COHr'a TEHT.
Arap ¢>1 6yaca, lim A = G6y.m6, KaTop Y30KJamyBun Gyna-

JH.
Arap ¢ =1 6yaca, n—>w pa A, =na—>o 6ym6, KaATOp y30K-
Jawmypud, ¢< —1 Gyaranna sca {A} KeTMa- KeTIHK JHMMHTra 3ra
amac. Jlemak, Oy Xosnma XaMm KaTOp Y30KjaulyRuu GV.iafgu.

Iysnakt kuaub, reoMeTpHK Katop |g| << 1 6yaranga siKHHIAUTyBuH,
[¢g|>1 Ba g = =41 6yaranna ysokjawypuu Gyaann.

5. Ky#iuparu

L1 1
I+ET3+ +n+ (11.4)

KaTopuu onaiisink. By xarop eapmonux xamop ne6 artanagu. (Mawaym-
kH, arap 0 = a € R Ba 0 % b € R connap yuyH
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1o -1_( L _‘)

¢ 2\a "%
TEHTJHK YpUHJAH OYica, ¢ COH @ Ba b COHJNAPHUHT [pma 2apMOHUK
rutsamu  pefinnagu. Depwsran (11.4) KaTOpHHHT MKKHHUM Xamuaad
fowsab, xap OHp Xaau yaura GeBocHTa KYWHH OVJraH HKKH XaJAUHUHT
ypra rapMOHMK KHAMAaTHHH Takus dtafd. (11.4) KaropHHHr rapMOHHK
ged atajHIUM XaM ITyHAAH KesuG unkkad.) (11.4) xartopuuur Gupunuu
2¢ T1a (k € N} xamuaan TysuJjras

1 1 i 1 1 1
Apr=14+—~+ -+ 4 ~ L
2 )2+3+4+ i 2k—l+lT2k—l+2+ T

KHCMHH HHFHHAWCHHH OHO, YHH KyHujaruya é3u6 oJiaMua:

An=(1+5)+(3+ ) (zretatg)ts i+t

3 4
I e T T = e N
Suan ywoy
IR N GV G
3 47 4 4 2
R RS U SO TR TR GO !
JRE SN S LS. U NS L .
A T 8 2
1 R 1 1o
— ._-._>— - —:8-—:-—’
9+ +16 16 +16 16 2
1 | 1 1 1
T Ty T FTE T T +
S e 11
TE =TT w Ty

TEHTCU3/HKJ/JIapHH 3’b'm60pl‘a 0JICAK, YHAA4
1
Lp. —

A2k > 1 H k >

TEHTCH3IMK YpuHaH OY/Min Keu6 unkanu. Pasmanku, {A,} kerMma-
KeTaHk veyBud. [emax, lim A,p = co. Ilyupait xuiu6, rapmoHuk Ka-
5 2

TOp Y30KJaLIyBUH.
6. Yuwby

_t, 1 et Lo
l—g+o—7+ =t (11.5)

KATOpHH Kapaluuk. Dy KAaTOpHHMHT KHCMHE HUFMHIHCHHM €3aMH3:
1 1 1 1
A :1——-——-—’—.~._- _ln-l___.
n >ty 7t =1
Hly Bwmenuauauur n—- oo jga JUMMTHHEE Ttonmur yuys (6.57) copmy.aa-
HU Keatupamus (x > — 1 na):
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m(+x=x—2 4+ 24 (= Iy, (0.

bynna 0<x<1 yuyn
1
< —_—
17, (1< =
TEHICH3JIMK YpUHJM (6- 606, 7-§ HuHr 6-Ganaura kapaur). IOxkopuuarn
dopmynapa x =1 pe6 Tonamus:

In2=A4,+r,(1).
Hamkapa ymGy

1
|4, —In2|=]r, ()< —
n-r |
TEHTCH3NHKKA KeJaMH3. YHJaH
lim A,=1In 2
n-»oo
TEHIJIMK Kem6 ymkaau. Hemak, (11.5) karop sAKWHIAIYyBYUH Ba YHHHT
fimrunavucu In2 ra Tenr.
Ymby naparpabuHuHT OXHPHAA KATOPHMHT KOJJHFH TYIIYHYACHHH
Keatupamus. (11.3) KaTtopHuHr GHMPHMYHM m Ta XAAMHH TalJACAK, YHAR

T T = E a, (11.6)
n=m-1
Katop Xocw1 Gyaaam. (11.6) karop (11.3) xaropuusr (m-Xaauaan
KeHHHIH) Koaduru JeHunagu.

2-§. SlkHHAAWYBYH KATOpAAp XaKHAA Teopemanap

Bupop
Na,=a+a+  +a,+ (11.3)

n=1

Karop Oepusiran Oy.1CHH.
I-teopema. Aeap (11.3) kamop aKkunrauysdu bjarca, YHuHe uc-

manear (11.6) xoaduru xam sxuniquyeuy 6ijaadu éa axcun4a. (11.6)
K0A0ux Kamop sxuxarauiyeuu Oyaca, 6epunrzarn (11.3) xamop xam axuu-
Aauiyeuu byradu.

Hcb6or. (11.3) xarop Gepuran Gyncud. Bupop m — natypaia cou-
Hi Tafiunaab, (11.6) kaTopHHHr Kucvuid HurMHaucHHn A, Guaan  Gearu-

JalIHK:

Pasmankn,
(1L.7)
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n=Am+‘71-n—m (n>m) (11.7,)

6yaaau, 6ynna A, Gepunran (11.3) KaTOpHMHT KHCMMH HHFHHIMCH.
(11.3) xarop sikuHaawyBuu GysicuH. Tawpudra kypa

limA4,.,,=A4 (A—uexmu con)

k—o00

6yaap. h—-oco pa (11.7) tenrsMkna aumuTra yTH6 TONAMH3:
lim A, =A—A_.

ko
Dy 3ca (11.6) KaTopHHHI SKWUBJAIYBYHM SKaHHRM Ousiampany.
Snan (11.6) xaTop sikMHAalWyBYH GyscuH. ¥ Xomaa Tappudra Kypa

limA,=4 (A — dekm COH)
R—00
6yaamu. (11.7°) TeRramkaa n—sco 1a JMMHTTA yTCak, Y XOAAa
lim 4,144,

6yammu keau6 uukazu. by sca (11.3) KaTOpHHHI AKMHJAIIYBYM SKaHM-
au 6unpupand. Teopema HCOOTJIAHAH.

Mlynpail ka6, KATOPHMHI JacTIalKH YeKJH COHAATH XaiJapHpu
Taiiab 1o6OpaIl €KH KATOPHMHI COWMra 4YeKJH COHAArM SIHTM Xajnnap-
HH KYUMII YHMHT SIKHHJALIYBYNJHMIH XapakTepHra TabCHp KuiMaiiau.

l-natuxa. Arap (11.3) xaTop siKuuvamyByH GyJica, YHHHT KOJ-
DHFH

= 4 L
rm - am-l-l [ am+2 + + am—}-k !
m-—>o0 Na HOJMAa WRTHJAIH.
Xaxuxatan xaM™, (11.3) Katop sxumjawmysunn 6ymib, YHHHT HHFHH-
micn A 6yscHH, 6y Xo.11a
A=A, +r, r,f=4A—-4

me. m

6y.10,
limr, =A—4=0
m-—»co
6% .71a1H.
2-teopema. Aeap (11.3) xamop sxunaawysuu 6y.aub, yrune du-
Funbucu A ea mene 6jaca, Yy x0r0a
Yea, =ca +ca, + +ca, + (11.8)
n=]
Kamop XaMm AKUHQUIYyeHu 6a YHume Uurunducu cA 2a meHe 6iaadu
(c == 0— nea 60riux Gyamacan yseapmac CCH).
Hc6or. (11.8) Katoprunr kucwmuii imFnnaucunn A Guian Gearu-
Jacak, y Xojga

A, =catea,+  +ea,=cla+a,+ +a)=cA,
6ymub, YHIAH
25—2651 385
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limA, =cA

nooo

Gy KeuG uMKai. By sca (11.8) raropruur sixuunaw ysust Gy.H-
IIMHY BA VHHHT HMFUHAMCH €A ra TeHr 3kanuud Gunadpan u. Teopeva
HCOOT.1aH M.

By Teopema sixuuiamyBys Katopsaapaa yidy

cla, +a,+ Ha,+ ) = ca; +ca, + + ca, +
MYHOCA0ATHHHI YPHH.IA GYMUMIMHE Hbomanadi.

3-Teopewma. Aeap

=a +a,+  +a, -+

M

N o =b4b+ b, +

i

l

founy |
Kamopaap SKunAquiyedu Ggaub, yaraprune dururoucu moc pasuwda A
éa B 2a mene Gijaca, y xonr0a

i (@,«b)=(@+b)+@+b)+ +,+5)+ (11.9)

Kamop xam Sxuxiauiyedy ea yHuue turunducuy A--B ea mexe 6gna-
ou.
HcooT. V a, Ba 2 b, xatoprap sxunnawysuu. [emak, 6y

n——l n=1
!garopnapﬂum‘ KacMmult Burugunaps (A, Ba B, nap) yuyu 11m A, =A,

lim B,= B tenrmukaap ypuaan G6yaamd. (11.9) {ga'ropmmr KHCMUH

n—oo

furupucHad C, GuiaH Genruaad TomamHa:
C,=(,+b)+@+b)+ ..+(@ +b)=(a+a+...+a)+
+ (b, + b, + +b)=A,+8B,.

Byunau
lim C,=A+4B.

n—co

Kefiutrn TeHrJIHKJaH TeopeMaHuHr HCOOTH KeqadHb uMKafgd.
o oo

2-gaTuxa. Arap 2 a, Ba 2 b, katopaap siuHiaurysyn Gy.ca,
n=} n=t
y Xxonza

2 (ca, + 1b,)

n=l{

KATOp XaM SKMH/AIIYBYH Ba
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3 (ea, +)=c¥ a,+1 N b,
n=1 n=1 n=1
TEHIVIMK ypunau 6ynamm (6ynpa ¢, [ —n ra Gorsmk G6YsMaran ysrap-
Mac COHJap).
4-teopema. Aeap (11.3) xkamop axunirawyewu 6Gijaca, 6y xamop-
HuHz ymymud xalu a, n ~>co Oa HOA2Q UHMUAQOU.
Hc6or. (11.3) xatop sxupiawysuyn GyJchH, seuM lim A = A

n-—soo

(A — uekym con). Arap
a,= An - An—-l
6ymmunHd 9bTHOOpPra OJIcaK, y XoJpa
lima,=1lim@A,—A,_)=4—A=0

n—soo n-—>o0
6yaunEN Tomamu3. Teopema HCGOTJAHH.

Teopemanar¥ TacIMKHHHI aKCH, YMYMAaH alTraHaa, YpHHJIM 3Mac.
Bowkaua afitranna GHpOp KaTOPHUHT YMYMHH XaJH n—-co Ja HOJIra
HHTHJHIIHAAH YHHHT SKMHJ2IDYBYH GYJIMIUM Xap [JOMM KeJHO uMKaBsep-
Maiu.

(=]
1 .
Macanan, (11.4) rapmonnk KﬁTOpE— HHHT YMyMHH Xamu aq, =
1 n=] n
= — 6y/mb6, y n—co gma HOIra MHTHJaDM, aMMo Oy KaTop Y30KJja-
n

IIyBYH.

Hlynna#t Kpiub, 10KOpua KeNTHpuAran 4- TeopeMa KaToOp SIKHHJa
wyByH OyJMIUHEMHT 3apypuH 1UapTHHH Hdonanadiau.

Kartopnap Tysuanumra kypa ymyMmaH KyHuparuua Oyaamu:

1) Gapua XaaJapHHMHT HiUopanapy Manguil GyJMaran KaTopJap;

2) 6upop XamnzaH Oownab, kefimnru Gapua XaJJJapUHUHT HLUOpajapH
MaHduil GysMarag KartopJaap;

3) Gapua XaAJapHHUHT HILOpajapH MaH¢ui COH €kH OHpOp XaAuiaH
Gomna6 kelMHry 6apua XajJIapMHHMHT HIUOpasapH Mandu#l 6yJjran xarop-
Jiap;

4) vekcu3 kyn Manduil HmopasM Ba YeKCH3 KVm MycOar HlIOpanx
Xajaapu 6yJaran kKatopaap. i

2) Ba 3) XoJanapaar¥ KaTOpJapHHHT SIKHHJAMIYBYM €K V30KJallyB-
YHJUTHHM  YPraHuIl IOKOpHAA KejTHpuarad l- TeopeMa Ba 2- TeopeMa-
Japra kypa 1) Xxo.spari KaTcpjapHu VpraHHIIra KejaiH.

3- §. Myc6ar Katopaap BafynapHHHT SKMHIAWYBYH GYaHiuH

KaTopsiap Ha3apHACHHMHI MYXHM MacajanapujaH OHpH KaTOPHHHT
AKHHIALIYBYH €KH Y30KJAIIYBYHJIMIMHE aHMKJailiaH ubopat.

Acsmpna GepuiraH KaTODHHHT SKHHJAIIYBYH €KH Y30K/IallyBUHIMTHHA
TabpHpra Kjpa TeKIMPHII MYMKHH. DHpOK Xynmuwumk XoJJiapaa KaTop-
HWHT KucMu#t HuruHZucH A, HMHT ndojacH Mypakkab Gyamb, n—- co ma
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YHUHT JHMHTIa 3ra GVaumiumeM (EKH OyJ/IMac/urdHy) Kypcatdul KHiHH
6y aaau.

Iysu xav adTHIU KePAaKKH, KATODHHHT SKMH/IAINYBYH €KH y30K.a-
LIYBYH SKAHMHH aHHKJAULIA KATODHHUHI KHCMHH WHFMHIMCHHHHT KuiiMa-
THHH, XaTTO KATODHHHI HMFHHIHCHHH TOMHII 3apypHATH Gy/aMaiau.

Hartmxana mynnait ycysnapuu (a710MaTJsiapHH) TOMMIN MacasacH r03a-
ra xenaadku, Oy ycysanap €paaMuja, Karop HMFMHAHCHHM XHCoG.1aMai
TYpHO, VHUHT SKHHJAIUYBYMIMCHHH aHUKJAAL! MYMKHH GYJCHH.

ABRaNoO XaJIJAapHHHHT HUIOpanapd Mauduil GyavaraH KaTopJiapHH
KapaiMH3.

1. Myc6atr KaTopJapHUHTr SHKHHJawWyBYu OyaunwH
wapTtu. bBupop (11.3) Katop Gepusran Gyacu:

Ean=a1+a2+ +a, + (11.3)
n=1{
Arap a,>0 (n=1, 2,3, ) 6yaca, y xomma (11.3) katop
mycbam xadau Kamop €ku KHcKada, mycbam xamop ne6G atanajgd.

5-teopema. Ywby Z a, mycbam xamop AKuriawyewu Ogauniu
n=1
YUyH YHUHZ Kucmuld Gurunduiapu Kemma-Kemauau 10Kopudan 4ezapa-
Aanean Oyawun 3apyp sa emapau.
00

Hcbor. 3.apypnnru.>_"an Karop sKuUnJawyBuw OyJsicud. Tab-
n=1

pugra Kypa, KATOPHHHT KHcMHil HuFHHIunapugan Ttysuarad {4} xerva-

KeTMHK n—>o0 fa A ra uptuiagu: lim A = A (A —uexmu con). ¥ Xoa-

n—o0

ma {A,} KeTMa-KeT.TMK AKUHJAWIYBYM KeTMA-KeT/IHK/APHHUHT XOCCACHUIra
Kypa uerapasiaHrad, XKyMmJajaH, y IOKOpHIAaH 4erapasjaHrad OyJiaau.
o

Ertapannurmu. N'g KATOPHMUHT KHUCMMH HUFHMHIHIApH KeTMa-KeT-
- "
n=1

muru {A_} oKopuna uerapanaHra GyJCHH.
Iy xatopHuHr Xap Gup Xaau Manduit GynMaranu y4yo

An.-(—l = An. + an-(—l = An.

TeHrcuamK ypuuau. [emak, {4} ketMa-kersmk ycyBuu. HlyHunr yuyH
3- 6o6aaru 7- TeopeMara Kypa {A} KeTMa-KeT/MK YeK/M JUMHTIa 3ra:

o0
limA, = A. By sca zan KATODHHHI AKHHJAUIYBYH SKAHUHM GW/IfH-

n-—»co
n==1

panu. Teopema mc6oranzH.
Mucoa. Yuwby

- | 1 1
z—n—a=l+ *27“—{———+ ot a>0. (11.10)
n=|
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KatopHu Kapahauk. Ogaraa (11.10) Katop ymysmiawean eapioqus xa-
mop Iesunany. By Karop o> 1 6yarania AKMHJIAIIYBYH SKaHJIUTHHM
KypcaTalsMK. ¥ HHHT
1 1 1
= —_ —_— o
A,=1-+ P = + F

KHCMHE  HMFMRAMJAPHAAH Tysnaran {A,} KeTMa-KeT.WK JCyBYM 3KaHH
pawan. Hemak, 4, <A, ., (n= 1,2, ). lly Gunan Gupra xyin-
Jarura STaMu3:

1 1 ! ,
A2n+1=1+2_a+_+ +t o =1+

3% @n+1)
] ] 1 1 ,
+(-”za_ J"?‘—)Jr +((2n)°‘ +(2n—11)°‘) <I=
2 2 _ gyt oyt
+'-—‘ 4 + @n)® = 1+ ot—1 (1 b Tom + 9@

+ +T)u)"‘+ 4.

205-—1
Oxupri MKk MyHocabarian ymoy
1
Aﬂ < 1+ Za_l Aﬂ

TeHrcuamuk xem6 unkagd. Bywpan o > 1 6yaranza
20—-]

A< S =12 ) (11.11)

TEHrCH3MMK Xocun 6§naan. By aca {A,] KeTMa-keTJMKHHHT JOKOpHIaH
yerapaNaHraHJMIHHH OuagHpafy. O- TeopeMara Kypa OepuaraH Xarop
akunaamyBunamp. Jlemaxk, yMymJjaluran TapMOHHK Karop « > 1 6ya-
raHja mgunnamysqu 6ysanH.

Xycycan, 2 — XaTop AKHHJAILYBUHAKP.

n=1}

3- HaTuxa. Myc6aT KaTOpuMHT KHCMHHE HuFHHAHJIApHaaH #6opaT
KeTMa-KeTJMK IOKOpPHEAH YerapajaHMarad O6y.ca, KaTop Y30KJalllyByM
6yaaaH.

2. Mycbar KaTtopJaapHh TaKkKocaalll XaKHJia TeopeMa-
aap. Mycbar KaTOPHHHT SAKMHJALIYBUMJINTH €KH V3OKJAllyBYHIHTHHH
6uirad xosga, Xaanapu 6y kartop Xaanapy 6unaH MabayM MyHocabat-
Ja 6y.nran (TakKOCJaHTaH) HKKMHYM Myc6aT KaTOPHHHT SIKHH.IAlLyBYH-
JUrY €KH Y30KMALIYBYHJMTHHM aHMKJAll MYMKMH. Y.J1ap Kviujaru te-
opeManap opxand HbolanaHaiaH.

co o0
N o
Hkkura mycGar 2 a, Ba Z b, xatop Oepuiran GYJCHH.

= n=]
6-Teopema. n Hune 6upop n,(n, =1) xudmamudan 6Gourab Gap-
HQ N >Ry AP Y4YH
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a,<b, (11.12)

menecu3Auk Jpunru OGgacur. Azap a) 2 b, Kamop AxunaauLys4u 6y~

n=1

ca, E a, Kamop xam Asunsauysin 6gradu, 6) 2 a, Kamop Y3oK-

n=1 n=]

aquyewu 6gaca,

b

b, kamop xam y3ogramysiy 6jradu.

3
[N

Hcbo1. Ywly Gobuuur 2- § uga afituG YTAUKKY, KATOPHHMHT SKHH-
JawyBui (Y30KaallyByu) Oy/MuIMra yHMHT UYeKJIH COHAArd JacT.iabku
XaAJapHHHHT TabcHpH OVavaiau. Iy ca6abau (11.12) TeHrcusimuk n, =
=| pan Gownab ypuuau Gyncud xe6 Kapam Mymkuh. [emax, q, <
<b,(n=1,2, ) TeHrcHsmux Vpuuid. Y Xo1aa Oepusirad  Katop-
JIADHHHT KHCMMH HUFHHIUJIapDH

A, =a+a+. +a, Bj=b+b+ + b,
yayu yuwby
A, <B, (n=1, 2, ) (11.13)
TEHICH3/MK XaM VpHHIM Oynaiu.

Aspaz 2 b, KaTop AKMHJIAWYBYKM GyscuH. Y Xoaja 5- Teopemara
n=1

Kypa, {B,| keTMa-KeT/IHK IOKOpHMIAH 4YerapaiaHray OyJajH, SbHH OU-

pop M yuyn B, <M, (n=1, 2, )- Byugau (11.13) TeHrcusiukka

acocan A, < M(n=1, 2, ) TEHICH3IHK XaM VpHH/IM 3KaHA Kesub

yuxanu. Jemax, {A ! KeTMa-KeT/MK XaM IOKODHZaH derapasaHrad. SlHa

0

yuwa 5- TeopeMara Kypa 2 a, KATODHHHT SIKHHJAUWYBYH OY/MUIM Ke-
n=1

JHO YHKATH.

o
Suau 2 a, Katop Yysoksaaulysyu Gyscud. ¥ »onga {A,} xerma-
n=|
KeTJIMK IOKOpHAaH werapasanmarad, (I11.13) rteurcusaukka acocan (B, }
KeTMAa-KeTJIMK 3aM IOKOpHIaH uerapasiaumaran Oyqaamgu. Dynaan 3ca

o

an KATODHHHI Y30KJaulyBud Oysimid Keaud uukaau. Teopema Hc-
n=!

6OTNaHLH.

Ouatna, GHpop Myc6aT KaTOPHHHI SKHHJALIYBYM KU Y3OKJAUIYBYH-
JMCHHH aHHKMAa, Oy KaTop XajaapH TEeHICH3JHKJIAp épAaMHja aBzaJl-
JaH SIKHHJIAITYBYH €KH Y30KJIAUIYBYHJIMIH MabJIyM KATODHHHI XaiJapH
GuiaH GOF.1aHamM, cyurpa Hc6OT STHAraH TeopevaiaH o#ifgaanut Ge-
puJraH XaTtop XakHia Xy.1oca YMKapHaaId.
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Miucoa. Kyinaarn
I ¢ .o P | L
sin— —+sin-= + sin—-- — ~+ sin— +
12 22 32 n?
KaTop SKMHJIAMYBYHJHTHHM TeKwupHur. By KaTop XaiiapH YuyH
. T 19
0<sin—<—(r=12 )
n? n?
TEHICH3JIMK VPUHAH GYJMIDHHM KypcaTHll KuiMH amac. [leMmak, GepH.-

oC
1
raH KaTODHMHT Xap Oup Xaaun AKMHJAILYBYH E— KaTOPHHHT MOC Xa-
n-
n=1
IuaaH KnyHK. 6- TeopeMara acocaH GEpHATaH Katop SIKHHJALIVBYH.
7-teopema. Yuby,

. an
lim =k (0 <k< )

n—o n

x
ausum maesxyd 6pacun. Aeap: a) k< « 8a' ¥ b, Kamop sxuHAQuye-
y

n=1i

qu Ogaca, y x040a z a, Kamop xam sxunaquyeu 6yaadu; 6) k>0

n=1
oC

oo
6a E b, xamop ysoxrawysuu 6jaca, y x010a E a, xamop xam
n=1\ n=1

y3oKrawyeau Ogaadu.
Hc6or. a) k<< oo 6)“/J1H6,E b, xarop AKMHJAWYBuH 6Y.1cHH. Jlu-
. n=]
MHT Tabpudura xypa, ¥& >0 con oannranga XaM wyHzail n,€N con
TONMJAANKH, Oapua n_>n, jap ydyH

u —k ‘<89

a

b

n

ABHHU
(k—e)b, <a,<(k+e)b, (11.14)

TEHICH3JHKJIap YPHRIM GVaaau.

. R . ) N
aprra xypa }_‘ b, xatop skunjamysuH. [IyHuHr yuyH }_‘ (t+

n=1] n=|

-+¢&)bn KaTop XaM sikuusamysud. ¥ xoaaa (11.14) renrcusnukian Ba 6-teo-

oD
peMajian E @, KATOPHMHT SKKHIAIUYEYH GYJMILH Kesinb 4HMKajH.
n=1

6) &> 0 6ymmb, b, xarop ysoxmawyeun GyJcuH. Arap 0<k,<<

i U
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- a »
<k oncak, y xoaga lim b” =k JUMHT VDHHJIU SKaHUJAH Ba &>k,
<]

n— n

a,

>

Oymuumnan, wyHnal n,EN coH TonunagMke, n > n, 6yara€ja
n

> k; TeHrcuaauk ypuHaH 6ysnazu. Iemax, n>n, Gysrasga bn_<—kl- a,
- 1
TEHICH3JIHK Gamapuiaiu. Bynaan 6- Teopemara acocad Ean KaTOPHHHT
n=1
y30KaamyByd OVauiuM kennb ynkagu. Teopema ucGoraampgu.
By reopemanan Ky#fumarud HaTipka Keou® YHKAIM.
4-gaTuxka. Arap ymby

a
lim ==&k
negy by

0 0
JuMHT Ypuuad 6yaud, 0 <lk<lo 6V.ca, v Xo0.1a E a, Ba 2 b, Ka-
n={ n={
TOp/Iap OWp BakTAa AKHHJAYBYM, €KUM OHp BaKTAa Y30Kjawysds Oy-
Jau.
Mucoa Yuwby

- l

N
amd !
n=| 1+_n-

n

KATOPHUHT SIKHHJIALIYBYUIUTHHY TeKIIAPHHT. Dy KaTOpHM FapMOHMK Ka-

=23
l ., o
TOp 2 — OW1aH Takkocaaimu3. By MKKHM Katop YMyMHH Xa[Jap HHC-
n=i n
OATHHHHT JMMHTHHH TOMAMH3:

lim — =lim—= - =lim—==1

n— 5 . n—y I+ - n-ow n

HeMax, 4- naTH:Kara Kypa GepusiraH KaTop Y30KJalyByu Oy./afH.
8-Teopema. n€EN Hune Oupop n, xKuivamudan 6Gowrab 6apua

JISHy Aap y4yH
a b
—ntl ol (11.15)

<2t
an bﬂ
=
menacudauk fpurau bjacun. ¥ x04da, azap a) z b, kamop aKuxia-

n=I
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23

” W . . . ~ .
wyeuu byaca, ‘\_‘ a, Kamop xax axuntauyedu Ggradu; O) a, Kxa-

JS

-
1

n=1

R v
mop ysokaauiyetu Geaca, ¥ b, Kamop xan ysoxiawyeiu 6§aadu.
a—
n=l
HMc6ot. Apaa aiitranumusiex (11.15) remrcusamk n = 1,2,
KuitMatiapaa Gaxapuiaiu fe6 xucobaam Myvkun. HlyHaait Kusuo,

a, . . by
T = (n=12 )
a, b,

TEHTCH3IUK yPHHIH e KapaiiMu3. Y'HlaH KyHHlard

a,  a; a, < by by Op

=
ay as an_l bl

b:'.— {

TeHICH3JHK Keqn6 unkaad. bynpau viuby
Q)
a, < . b, (11.16)
1
TEHTCU2JHKKA 3ra 6Y.1aMus.

N <
o, N 4
Arap ¥ b, xatop sxumnamysun 6faca, veia —bi b,, KaTop xam
n=| n=1 1

sikuHamyByd 6yiagd. Yuaa (11.16) Tenrcusmk Ba 6- Teopemara aco-

oC

can Y @, KATODHHHT SIKHHJALIYBYH Gy.THILN Ke.THO YHKamH.
Al
n=1

L/

(11.15) 1enrcusiuk VpHHau G6y.ravia a, KaTOPHHHT Y30K.Ja-

3
I

x

IIyBYH Gy HLINIAH E b, KaTOPHHHT XaM Y30KJallyBYHJIMIH KeJud yH-
n=1

KHUM 1iyHra yXwam ncbotaasagd. Teopema HcOOT Gyand.

3. Myc6aT KaTop.Jap YYYH AKUHJAWYBYUJIHK aJoMaT-
napu. bis oxopuaa mycfar KartopiapHH TaKKOC/AIl TeOpeMAJapHHU
kenTupauk. lapud 6y Teopemasap épaamMHia TeKIUHPUJALMraH KaTop
XaAMapuHy HKKHHYM KaTop XaidapH Ou/aH Takkocaal, Kapa/Jaérrad xa-
TOPHHHI AKHHIAWYBYUIHNTH €KH Y30K/JAUIYBYW/IMTH MacajacH Xasua G6yJ-
ca XaM, TaKKOC/all TeopeMasjapH MablyM HOKYJadjuksaapra sra. Dyu-
Jai HOKYJal.TiKAapAaH OipH OepHaraH Karop OHJIaH TaKKOCJAaHAaLHraH
KATOpHH Tau.1a0 OJIMIIHHHT VMVMHIl KOHZacH HAYKJIHIHIHUD.

bepuaraH KaTtopHH TeOMETpPHK XaMJa YMYMJAalIraH rapMOHHK KaTtop-
Jap OHjaH TakKoc.1al, KaTOPHUHI SKHHJIALYBYHJIMTH E€KH Y3OKJALlyBuH-
JMIMHH Hbojanaiinral atoMaTiapHH KeATHPaMH3:

o

a) Kown anomartu. Mycbam kamop N a, Oepuiean OGACUH.
el
n=1
Aeap n€N nune 6upop ny (n, > 1) Kudsmamudan Gourab 6apua n >n,
Kuidmamaapu Y4yH
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v oa,<q<l(y a, >1) (11.17)

o0
metecusauk jpunau 6jaca, S 4, Kamop aKuriquiyedu  (YsOKAauiYye-
n=1

wu) 6jaadu.

HMc6oT. Arran \ a, Katop VuVH 13>, 6Y.1rasia ]/ an<q<l
n.—_—

TEHTCH3MHK YDUHJH GYacHH. DBy TeHrcH3 MK ymly a,<q” TeHICH3MK-

Ka skBuBanentaup. [eMmax, Cepuiran KaTOpHHMHT Xap GHp Xamu (n >n,

6ysraHia) SKMHIAYBYN TeOMEeTPHUK KATOPHHHT MOC XaiMIaH KaTTa 3Mac.

0
6- TeopeMara Kypa E a, K4Ttop SIKHHJ1AIYBYH 637.)7311}{.
n=I o
Al‘ap 6apqa h>=n, Jap VUVH l,} a, > 1, sbuu a, = l TteHrcusauk

YPHHJH 6)“l.nca y Xoaza OepHaran KaTOpHMHT Xap 6Mp Xaan y30KJa-

LUYBYH :‘ l=14+14+1+4 KATOPHHHI MOC Naa1MJdH KHYHK 3Mac.

n=1}
o

fua ywa 6- Teopemara xipa, E @, KaTop V30KJaulyBui Oysiand.
n=1
Awvanmit MacajanapHi Xaa Kuadinia Kynnaua, Koww ajoMatHHuHT
KyHHaarn JHMHT K{pHEHILMAAH ¢olifaiaHnIain.
Aeap yuby
lim y a,=k

n—> o

i
. ; O 3 N
aumum maexyo b6jaca, y xoida ‘\_‘ a, kamop k<1 6y1eanda sKuH-
n=1

rawyeuu, k>1 6ijrcanda sca ysoxkrauwyesu Gijaadu.

HMcb6oT. AsBan k<l Eyacun. Ulynnait XaKHKHi COH ¢ TOmNHJalu-
K4, k<g<l Tenrcusmuxk Ypunam 6yaapd. Y X0nAa IMMHTJAPHMAT Te-
THILIH Xoccacura kipa (3- 6oOunar 3- §ura }\apanr) wvhgai ny €N

TONUNAanKKH, €apua n>n, Jap yuyH V a,<g TEeHICH3HK VDHHJH

«
6ynann. TOkopuza uc6or sruaran Ko anomarura Kipa E a, Xarop

n=1
SIKMHJIALIYBYH.

Suan £>1 G6yacun. Y xoama wmiynaait n, €N TonmiaimkH, Gapua
n>n, Jap yuyH 17 a, > 1 6Vau6, vHI1aH Oepujral KaTOPHHMHI' V30K-
JallyByH GVAMIUH Keand YHKATH.

Mucoua. Ky;‘imaru

3 4 3 nt+1.m
JUENUVES SN R .
+ +r 5) - 7) B (\Qn-}-l,)

KaropHH h;apaii.mx. By katop vuyH Tonams;
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-
>

n n+1)n n--1

—
/A = /
V " l <2n + 1

Jemak, Koum anoMarsra kypa GepuaraH KaTtop SIKHHJIALIYBYH.

= lim a
271 - l n—»oo ]/

a
3
l-scaatma. Arap N a
y

n=1

, Karop yuyH

lim ¢/ a, =p=1

ey V
AHMHT VpUHAM 6yJca, KAaTOp AKHHIAWIYBYH Xav Y30KJaumyByd XaMm 6y~
JMIIK MYMKHH.

x

l
Macanan, N =1+ + — T atop y4yH
a2 2@ 32 n2 KATop Y4y
n=| -
k=1, soun lim y/ __7_ = | Gepuiaran Karop SKUHJIALIYEYH.
n-oe n=
Arap ymby
oc
o,

Il=141+1+

3
R &

KaTOpHU KapadAaurad O6y/cak, YHHHT YY4yH XaM & = |, fAbHH lim"'/rl_=
N—g

=1 6ymimmud kypamus. AMMo 6y KaTop Y30K.alllyBYHAHD.

Wyupait kuano, k=1 6yaranga Koww ajJoMatdH KaTOPHHHT SIKUHJA-
HIYBYH EKU Y30K/allyBud OV.IMIIUHH aHHKJ1ab Oepa omraﬁ,rm

6) laxamGep amomartu. Aeap neN  Hume 6upop ny{n,=1)
Kudmamudan 6owarab bapia n = n, Kuldsamaapu Yy4yd
o [ Oy \
“<g<1 ( =1 (11.18)
a

an I

0
menecuznuk fpunau 6ijaca, E a, Kamop aKuniauuyedw (y30KAauLY6dt)

n=|

61aadu.

k=
Hcbor. Bepuaran E a, Katop Gunau OHpra sIKHHJALLYBYH

ne=

—

Y=g+ e+ A+ 0<g<))

a, .

. t

TEOMETPHK KATODHH Kapail.ik. AsBan ——— < ¢ < |  TeHICH3IHKHH
a
n

ONaMHu3. YHH

N
|

LIRS gn+1
g =
a, g

KypuHHILIZa €340, cyHrpa TakKoCAaul Xakugard 8- TeopeMaHd Ky./.1aHa-
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o o
MH3. IHy TEOpeMara Kj"pa 2(]’1 KAaTOPHHHT SIKHHAAMTYBYHJHIHIAH Zan
n=! =1

[ o
KaTOPHHHT ~AKHHMAWYVBYUMIHIH Kew6 uukaiu. "+ > 1 6yuranza
a
n

o0
Z @, KATODHMHI Y30KJaWIyBull Oy.HUN pasuiad, [aiambep aJjoMaTd
n=!
ncbor 6yaau.
Janaubep anoMaTHHH XaM JHMMT KYPHHHIUMAA HGpoJajall MYMKHH.
Aeap yuby

n-—-oo an
aumum maexcyd 6yica, y xoada d<l 6jrcanda kamop SKUHAAUYE4U,
d> 1 6jreanda sca xamop y3oxaawyedu Gjradu.
bynunr nc6orn Kol anoMaTtHHHHT JHMHT KVPHHHLIMHHMHT HcGoTHra
yxiaul.

Mncoun. Yuby
. 2! 3 n!
1‘1‘22+—33+ +—-n,,+

KaTop AKMHJAILYBYHJMIHHH TEKWHPHHT. Dy Katop yuvH Kyfinparuiapra
Sramus:

— n! Ayt (1 g7 1
n ? - -1 Ty !
n" ay (n+ 1™ n! 14 — )n
n
Jlnmnrra Y6 Tonamus:

. Q- 1
Ilm n—l = —.
N a, €

Janambep ansoMaTnra Kypa OGepuiaraH KaTop SKHHIALIyBYH.

2-scaatma. Arap 2 a, Karop yuyH

n=|

lim 2L g )

N a,
JHMHT VpuHJH OV.1ca, Vv X0J4a KaTop AKHHJamyBull OY.TMINH XaM, Y30K-
JawyBuy 6ymuuwH xaMm MyMkuH. Jdemak, 6y Xonpa Haiavbep ajomaTtd
KAaTODHHHI SIKHHIALIYBYH €KM Y30KJAllyBuH GyIHIIMHE aHugJjab Oepa
oaManau.

Hlynnaif xnanb, GepuiaraH Myc6aT KaTOPHH reoMeTpHK Katop Owunan
rakkocaab Kowr sa danambep asnoMar.iapunH ke1tnpu6 unxapink. le-
OMETPHK KATOp «Te3» SKHHJAIYBYH KATOp/IapAaH Xucobaanwazd. Arap
TEKIUUPHJAAJHTaH KATOP FeoMeTPHK KATOPAAH «CeKHHPOK» SKHHJAILYBYH
6yJca, ynaa 6y xarop TVrpHcuia Komm sa [laaavbep a;oMat/apu op-
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KaJu Oupop Xvaocara keauf Gy.avadau. Dyniait KatopsapHil reoMeTpHk
KaTop/apiaH «CeKHHPOK» SIKMH.1aluyBYHM Kartop.1ap OM.1aH TaKKocJall 10-
anv 6y.1aan. Ly mysocabar OuaaH Mycat KaTopHH YMyMJaluraH rap-

MOHHMK Karop OMJaH TakKoc.1aD, KaToOp SIKMHJIAIIYBYM HTHHHHT siHA OHT-
Ta aJOMATHHH TONaMU3.

B) Paa6e anovMarTH. yw6y2 a, mycéam Kamop bepurzan 6ja-
n=)
CUH.
Aeap n¢N rnune 6upop n,(n, > 1) xuldmamudan Oowrab bapya
n>n, KudMamaap yuyd
, g . . Q..
n@— H)>cﬂ(np—4i}<q (11.19)
a N

n an . /

o
menacusauk [jpunau 6iaca, 2 a, Kamop sKunaQuLysdu (Y3oKAQuYe-
n=1

qu) 6ijradu.

N\
Tpot

Hcb6ort. ABBad n>n, Jap yuyH n [ 1 — >r>1 reHnrcus-

\ n
JIMK GaxapilicHH, JefaMK. Dy TenrcusimkHM Ky#uiarn

n_i r

<l— L (11.20)

a, n

Kypurumga ésub, cyHr r>o>| TEHrCH3JIMKHH KAHOATJ/aHTHPAJHraH o
cou ogaMu3. MyxuM mauMuriapaad OUpHHU VIUGY

KypuHumaa ésamus (5- GoGuunr 6- § ura Kapaur). Tawnauummdra Kypa
a<r Gysrauit yYyH wysgad n,EN con Tonuaanuk, Gapua n > ng Jap

YuyH
| \a
(.
\ n
=T
o n
TEHICHU3IHK YpHHM Oynaau. Yujaan ywoy
( _LY>L_; (11.21)
n n

TEHICH3IMK Keaub yukagu. JuaM max {n,, nyf = n, ne6 oncax, Gap-
4a n>ny nap yayd (11.20) ea (11.21) tenrcusmikiapian
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a, 1 \¢
——““l<(1——) (11.22)

a n
n s
TEHICH3JMKKa 3ra GVnamua. Arap (11.22) TteHrcuanukau ymby
i

an_H n
< 1

(n—1)%

a4

1

na

o
KypHHMLIAA €3caK, YHRa Oepusiran xatop XajaJjapu GHJIaHE YMyM-
n==}]
JalliraH FapMOHHMK KaTop Xaasapu opacupa (11.15) kypunumuparu MyHo-
cabat GOpauruHH HadikakMus. Mavaymxi, o > | Aa ymymJauirag rap-
MOHHK Kartop siKuuJjauryBud. Jlemak, 8- Teopemara kypa Gepuirad Ka-
TOp. AKUHJAIYBYN Oynany.
Sumn Gapua n > n, Jnap yuyH

n (:1 —i’*‘—‘) <1
an
TEHTCHIMK VPHHIN GYJCcHH. YHIaH
1
o m

=
an = |

n—1

x
TEHICH3/MIMK Kesn6 uyuxaad. Ilyuunr yuys 8- teopemara acocan 2 i—
n=1
FapMOHMK KATOPHMHT Y3OKJAllyBuu OyJuumpaH OEpHJIraH KaTOPHUHI
V30KJAlyBYH 3KAHH KeJHO YMKamu.
Paafe anomaTtH ucGOTIaHIH.
By anomatin xaM xviiuparnya JEMHT KYpHHMUIZZ uORanaml MyM-
KHH,
Aeap yuwby
, a N
limn(l—— -"—H) =p (p —const)
N— dn
aumum gpunau Ggaca, p>1 Gyrcanda kamop axurrauysiu, p<l 6ya-
2anda aca Kamop y3okaiauwiyeuu Gyaadu.
Mucoa. Kyingarn
] 1

3 1 1 3 5 1
— e e _— —_ —_ —_—
2 ' 2 4 2+2 4 6 3+
1 3 5 7 1 C@n—Dn 1
G+ = = = — —r-(———)— — -+
2 4 6 8 4 @em!! n

KaTOp SKWHMAMYBYILTHITHHA TEKILIPHIIT.
by katop yuyH KyHigaruaapra sravus:

398

www.ziyouz.com kutubxonasi



Cn=2 n=1 @Qrn— D! 1

2nt—n ] 3nt— 2n
2n2 — 4n--2 2n2 - 4n - 2°

:n{l—(z” ! l @n)!! LJZ

an+l

limn|1—

n-—-oo

3
:'E">1.

n

Hewax, Paagde ajoMatiira Kypa Gepu.iran Katop SIKHHJIAUIYBYH.
r) Huterpaad adomar (KownHHHT HHTErpaJ anoMartu).

€
Yuby 2 a, wmyc6at karop Oepuiran OyscuH. Papa3 KHIaHTHK,
n=I

[l, + =) opamikla aHUKJAHraH, Y3JYKCH3, ycMaljuraH xamfa mauduit
6yavaran f(x) ¢yskuua vuvd f(n)=a, (n=1,2, ) 6Vacuu. Y
xonza GepiaraH Katop KVHHAaru

@€x -]

» a,= D f)

n=| n=|

KypuHuud oaagu. Paswankn, n<x<n-- 1, nEN 6yaranga

fn)=[(x)=Fn+1),
ABHU 4, > [(X) >a, ., TeHrcu3auk.1ap YpuH.IH. KeHHHIH TeHrcu3 HK/ap-
Hu [n, n 4 1] opanuk GVyinua HHETerpa;siad TONAMHU3:

n-1

a, < | f(9dr<a,, (11.23)
Suau GepiuraH Katop OHaaH Gupra yuby
oo nL_l
Z | (o) dx (11.24)
n=l n
KaTopHH XaM Kapaltiuk. Dy 'Karopuuur xucMuil AUFMHAMCHHH €3aMH3:
n k41 n-{;l
> [ f() dx= [ f(x)dx. (11.25)
k=1 'k ‘1

®apas kunaiauk, f(x) pyskuus [, 4- o) opamukaa F(x) Gouurau-
FHy ynkuuara sra 6yacuH (F' (x) = f(x))[1, + o) opamkaa f(x)>0
6ynrand yuyyH F (x) QyHkuusi mwWy opajukia ycyBux Gy.amu.

F (x) QyHKLUMAHN IOKOPH uerapacH Y3rapyBud OVJIraH aHWK HHTErpas
KYPHHULIAA 8301 MYMKHH:

F(x)= j‘f(t)dt, F(1) =0.
1

Harwkana (11.25) reurank yuwoy
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n  k+1

Y [fwdx=F@+1
k=] &

kypunuwra kenajd. [Hemak, (11.24) xaTopHMHr KHCMHII HMFHHAMCH

F{n -+ 1) ra renr.
Arap n— o 1a F(n -+ 1) yekmu conra untiaca, sivuv (11.24) xa-

TOPHHHT KMCMHH HMFMHIMCH YeKJM JIMMHTFA 5ra 6y.jca, Ly KA4TOp SIKHH-
sairyBun 6ysamu. Yepa (11.23) Tenrcusimk xampa 8- Teopemara xypa
KapaJiaérrad KaTtop XaM SIKMHJalyBuu OYyJ1aju.

n—>oco na F(n -+ 1)— o 6yaca, Gepuaran Karop y3oK.JIawulyBud 6Y-
NaaH.
lyspai Kuaub, KvBujlard MHTerpa’ anomarra (Kowm asomarura)
KeJlamMua:

Aeap f(x) pynryua [1, +— =) oparuxda aHuxsaHeaH, Y31ykcu3 ea
gemabgouean  6yaub F(x) wy pynxkuus yayn  Gowraurud  yux-

yus ea 2 a, kamop yyx f(n)=a (n=1,2, ) 6aca, y xor0a

n=]
6epusrean xamop Nim F(x) = A aumum vexau 6yrcanda axursauyesu,
X0

uexcu3 Gijaeanda y3okrawyewy 6gradu.
- < !
Mucoa. Kyhnaari :7 YMYMJALIraH rapMOHHK KaTODHH Ka-
n=|
paitmuk. f(x)= —\f; (0. >0) ne6 onaitux. Panwanky, 6y gyHRUMSA [, 4 o0)
Ia aHMKJaHraH, V37yKCH3, KaMmaloBUHM XaMfa 1y opaJukja MaHpHH

o ! o
smac. llly Gunan Gupra x = n 6Varanfa f(n) = —-. Suau o = 1 6ya-
n

¥ 1 L
l_l—oc[x""‘l ’

raiia TOMaMu3:
X

. 1
F(x) = ‘](f(t)dt—i' o dt =
6yugan KyHuarH HaTHKa KeJHO YHKalu:
lim F(x) = 1im—’[—a-’_—1 —1]=
X

X x X% -

1 -
[——1 , arap a>1 6y.ica,
= la—

t—-a-,—l

l—a

loo, arap a <l 6y.aca.

Arap a =1 6ynaca, x— o 1a
I
Fx)y=| Tdtzlnx—»oo
1
6 aanu.
Ilevax, uHHTerpas ajoMatra Kypa Cepuirad Karop o > 1 6yaranaa
AKURIAWYBUH, o << | 6ysraHja ysoxJawyBud Gyaanu.
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3-3cnatma. Xap Gup Myc6aT KATOPHUHT SIKHHJAWYBYHIHTHHH TaK=
Kocjaml Wy OuiaH xaiq KHaul (TEKWHPHII) YYyH SpOoK.TM  6y.aral
YHUBEPCAA KQMOP MaBXy. 3Mac.

4- §. UxTHépHH XanJH Katopiap Ba YJAPHMHT SIKHHJALIYBYHIIKTH

bu3 aeeaarn naparpagga Myc€at KaTopJap Ba YJapHHHI SKHHJalIyB-
UWIMPH MacajacM OWiiaH  IOYFy.JraHauK. XycycaH, Myc6aT KaTopJapHu
TAKKOC/Iall TeopeMasapHHyl KeaTnpub, 6y Teopemanapra acoc/iaHraH Xo.-
Ja SIKHHJALKI aJIoMaT/IapuHd yprauank. By aJjomatiap éphamuna Myc-
6aT KATOpJADHUHT AKHHJAIIVBYMIIHMH E€KH V3OKJAUYBUWIHIHHU aHHKJAL
KYNHHYA OCOHJMK OHNAaH Xas STHJHIIMHE KYPAHK. DHAM HXTHEpHH Xaa-
JH KaTtopaap (KHcKaua MXTHEpHH KaTopiap) Ba YJIADHHHT SIKHHJIAIIYBYH-

JUFHHH YpraHaMus.
. HxTuépuit KATOPHHHT SKHHJAWYBYUJAUIH XaKHuja

o
Teopema. Bupop nxTuépuii 2 a, ¥aTop Gepuaran GYJCHH.
n=|

o

9-teopema. Hxmubpui N a, KamopruHe aKunsauiyedu Gyauuu

AR
n=I
yuyn e >0 con osuncanda xam wyndai n,eN con maencyd 6gaub,
bapua n>n, 6a m=1, 2, Aap Y4yw
g T+ ta,,<e (11.26)

menacu3rUKHURE BaXtapuruiy 3apyp 6a emapiu.

Hc6or. 3apypaurn. Depuaran Katop sKUJAIIYBYH GYJICHH.
Tabpudra xypa 6y KATOPHMHI KHUCMMH HHFHHAHJApHIAH (AvHH A, = a,
A, =a, + a,, A, =a,+a,—+- - a,, Japiad) Ty3uaraH
A,} KeTMa- ket wexkau Jmmurra sra. By Xonza Kowwm teopemacura
(3- Gobmaru 13- TeopeMara Kapanr) acocaH, ‘e > 0 oJHHraH€aa XaM LIyH-
nait n€N cou Tomuaaauky, Gapya n>n, Ba m=1, 2, Jap y4yH

lAn—}—m - An[ <e
TEHICH3IMK Ypuuan 6Yaamu. Dy Tenrcusmvkian
@,y + @y + + 8yl <E

Etapaunanru. Depnaran xartop yuyn € >0 con oaunraspa
XaM mwyngai n,€N con Tomu1aaukd, Gapya n>n, Ba m=1, 2,
nap yuyH

! 1
lan+l Ty T + am—{—n) <e
TEHICH3JIHK YPHHIH. Y by
A - An = + Qpao + + A m

TEHIJIMKKA Kypa

n-4m

]An+m - Anl <e
26—2651 401
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TEHICH3IMK XaM ypuH.au Ofsanm. DBy sca sma Kowm reopemacura kypa
[A,! KeTMa-KaTIUKHHHT YeKTH JHMHTTa 3ra OY.IMIIMHH KypcaTagd. [le-

MK, Katop AKMHJIAWIYBYA. Teopema iicGOT.IAHIM.
Miucoa. Ywdy
sinl sln 2 . sinn
2 22 Con T

KaTOpHH Kapai:uk. By Katop yuyH (11. 21) miapTHHHr Gamapu/aHInHHH
TeKwWHpavMu3. ABBaO, paBILAHKH,

sin(n—1) sin(n—2) . _sin(n 4-m)
gn+1 o on+2 -+ - on+m <
1
1 S , 1 on-l 1
< on+l T Tgn2 v N '_2—n~.—-rn < P T Ton
1_ —
2
Ounn 4+ e >0 conra kipa, n,=[—log,e] + | '1e6 omunca, y Xoaaa
Gapua n >n, Ba m=1, 2, Jap y4yH
sin(n -+ 1) sin{n-+ 2) sin(n+m)
- J_‘Q + -+ €
2n+l gn+2 2n+m

TEHICH3/MK YPHHJIH Oy /1alH.
Jemak, 9- Teopemara acocad Oepu.irad KATOp AKHHJ/ALIYBYH.
2. KatopaapHHur a6conoT Ba WapTAM AKHHJAAWYBYH-

€L
auru. Vxtudpuit 2 a, Katop Gepuaran 6y.1cud. By xarop xazsmapd-
n=1

HuHr abcosmoT KHAMaT/IapuiaH KyHdiard
N la=lal+laf ~  Fle)+ (11.27)
n=I|

KATODHH TY3aMH3.

10- reopema. Aeap 2 la,| xamop saxunaauyedu 6ijaca, y x0a-
n=I

0
da z a, Kamop Xas SxurAauysdL 6jaadu.

n=l1
Y6y TeopeMazard TacAMK IOKOpHIard S- TeopeMajaH OCOHTHHA Ke-
JIHO yuKazau.

4-tavpud. Arap z la,| xarop skuuiamysuu Gyaca, y Xosiaa

n=l1

oo
2 a, Karop abcoaom AKUHAGQUYedw AEHUNAIH.
n=|
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=] al
5-Tanpud. Arapz a, Katop SIKMHJIAWYBYH GYJH6, E la,| a-
n=1 n=]

20
TOp y30KJawyBuM 6y.ica, y Xoaia E @, KaTop Wapmau SKUHAGHLYEHL
n=]
Jefnaaau.
oo
\ L, -
4-3cnaTtMa. Z (@,| KATOPHUHT Y3OKJAMIYRYH GYJIHUINIAH a
n=]
KATODHMHT Y30KJAayBuH GYJHIIM Xap JOHM Ke,ju0 YHKaBepMaiigH.
Mucoanap. 1. Ywoy

b

3
I

1 1 1 n—1
s e — =0T 4 :

5 =+ 3 2 + + = T (11.28)
xaTopun Kapaitymk (1-§ naru (11.5) Katopuu xapaHr). YHUHT SIKMHJA-
ITYBYHJAHTH MabayM. Dy xarop XaismapHuuHr aGcomoT KuiiMatsapuian
TY3U.Iran

1 i 1 1
[ — = —
[ 2 + 3 + 4 T + - -+
KATOp FapMOHMK KaTop GVJaub, y Y30KJallyBuYH.
2. Yuby
] 1 1 1 . (=nrt
T EtE Tt ot

KaTopHM Kapaiauk. DBy xaTop XaasapuuuHr a6coToT  KHAMAaTapHaaH
TV3WIran
1 1

+ L
42 n2?

! 1 1
T TR T

KATOp SAIKHHJAILYBYY, YVHKH Yy YMYMJAWITaH TapMOHHK Katop O6y.mo,
o= 2. Ilynunr yuyu 10- Teopemara kypa Gepusirad Katop XaM sIKHH-
gawysuy 6yaamy. emak, Gepuaran Karop aGcOTOT SKHHJALIYBYH.

IOkopuaarn (11.28) katop 3ca MmWapTiM SKHHJIALIYBYM KaTOpJapra
MHCOJITHD.

o
Bupop uxmepmiz a, Katop Gepu:ran GYJCHH.
n=1
Kapanaétran KaTop XaaJapHHHHT aGCONOT KHiMartjapuny 0,116, ynap-
0
Jan 2 la,] KaTopru TysaMus.
n=!

o
iy 2 la,! KaTopuuHr MycGaT KaTopaMruHM 3bTHOOpPra OMMG, Kapa-
n=1
JIaéTraH KaTOPHUHT aGCOMOT AKMHJAIIYBUMIHTHHA H(OIAIOBYH aJIoMaT-
qaapaan OupHuM—/lanambep ajoMaTHHH KeJTHpaMus3.
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@1
JanambGep adomartu. Aeap ‘\- a, Kamop yuyu

n=1

lim lfg:i:,
n— » |an\

x

ausum jpurau 6jaca, y xoada E a, Kamop 1<l 6yreanda abcorom
n=

agursayesu Gyrady.

Mucoa Ywby
{1 x
X 7+
dnd |1 (e D
n=|
KaTopuiH Kapala#k. Dy Karop y4yH KVHHIATHHH TONaMu3:
. 1 g . —x"+l
= lim ad , : m =lim | T2 [
n—sw l_anl |—x Noro ]__xn-H

f1x], arap |x] <1 Gy.ca,
| 1, arap {x|>1 6yuca.

Hevak, |x| <1 na Gepuiran KaTop aGCOMOT SKMHJAWIYBYH GF;aiu.
lx[>1 6yaranaa sca KaTOpHUHT XapakTepd Tyfpucuia Jlanambep ajo-
Mati Gupop Xy.Joca Gepvaiiad. Ammo x| > 1 6yarad xonga n—co 1a
KATODHHHI YMYMHH XaJd HOJIra MHTHJIMATAHJAUTH cabab.u (YHHMHT JHMMH-
TH | ra TeHT) KAaTop Y3OKJAUIYBYHIUD.

3. XagaapHHHHT HWIopaJapu HaBGar GuJyan y3rapuob
Kemdaiurau KartopJaap. Jlei6uuu Teopemacu. DBus KyHuza
Hxn{ifépnf{ KaTOPJIAPHUHT GHUTTA MYXHM XOJHMHH KapaHMH3.

Yoy

(=1 (11.29)

C1—CptTC3—Cy T -
KaTopuH Kapa#suk, Oynia ¢, >0 (n=1,2, )-
Oparia Gyuma#t katop yadaapuruHe wuoparapu Hasbam 6uirawn ij3-
eapub keaaluean xamcp 1e6 arajaid.
Ky#ugaru

ll L_l_ _L__""'I_l_.‘
1 Q‘T "—'41 |( 1) n"l‘

[ , L 1 1 1
3 T 2 5 "3 7 T 2n41
KaTopjap XaJJapHHHHT HIIOpajapH HaBOaT Ounan y3arapub KeJsajauras
katopaapaup. (11.29) xypunHIIZArH KATOpJADHHHT SKHH/IAILMIIMHY HMpO-
Janadnurad Kyduparg JIeHOHHIL TEOpeMACHHH KeJITHDaMH3.
ll1-Teopema (Jleii6uuu teopevacu). Aeap (11.29) xamopda

Cart < €, (n=12, ) (11.30)

meHecusAuKIap purau 6gaus,

1 1

cwl»—- o.:}-—«
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lim ¢, =0 (11.31h
n—oo
6Gaca, (11.29) xkamop axumaiuysuu Gijaadu.
Hcoor. Bepuaran (11.29) karopuuur 2m (mEN) Ta Xxaiuian nbopar
ymoy

Ay, =C—C—C—Cy+ T Cop ™ Copm
KMCMHH AMFMBAMCHEN oJaifiiuk. PuBwanky,
‘42(mf1) = ‘42171 - (62m+l T Coman )-
Teopemanuur waptira kipa ¢,, o< Cy,.; Oym0, Hamkaza
AZ(m—LI) > A‘Zm

TEHICH3JHKKA Kejamu3, By aca (A

JMrHHY Ouagupan.
Ouan A, HA KYHHIHrHya €3amus:

KeTMa-KeTJIHKHHHT SJ"C}‘B'-IH 3KaH-

\
om {

Ay =t —(ca—C))—(c3—c5)—.  —(Copn — Com_1}—Com-
Paswanky, (11.30) ra xipa
co—c3 >0, ¢y—cy >0, Com—s —Copm_1 >0.

Ulysunr yuyn A, <c, tenrcusamk ypunoui. Hemax, [A,,] xetma-ker-
JMK foKopuiaH uerapanadrad. Ilymiail xuam6, (A, ] KeTMa-KeTJuK
YCYBYH Ba IOKOpHIAH uerapanadrad. Jlemak, Oy KeTMa-KeT.IPK YeKJH
JMMHUTTa 3ra:

limA4

n-—»o0

Auau (11.29) xaropuunr 2m — 1 (mEN) T2 TOK COHAarH XaIuizH
uéopar yiby

=A (A — uex.au cOH). (11.32)

2m

Appy =C—Cate3—cyT+ + Com_1
KHCMHH AWMHHAMCHHH OJIaHJTHK.
Pariuanky,
A’.’m-—l = AQm B C?rn'

Bynnan (11.31) Ba (11.32) napra acocan Tonamus:
lim4, ,=1lm (4,,—+¢,)=A4

m—rec M—cc

o
Oiyupail kumb, E @, KATOPHHMHI KHCMHIl HHFIHAMJIApHZaH HOOpaT Ker-
n=1
Ma-KeTJIMK YeKJH JIIMHITAa 3ra 3KaHHHM KypcaTidk. demak, (11.29) xa-
TOp AKMHMaWyByH. Teopema HCGOTA2HAY.
Mucoa. IOkopuaa kypuiran yweéy

1 1 1 n—1 1
Jm e — + (=D —
s T35 — 7 T (=7 —+
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KATOPHH Kapailauk. By katop yuyH Teopema Gapua maprsiapususr 6a-
MADHIMUIMHE  KYpCaTHW! KUEWMH 3Mac. Jle#l6uuu Teopemacura kypa Ge-
pHJIraH K4TOp SIKMH/IALIYBYH GViand.

5- §. SKHHAAWYBYM KATOPJAAPHHHr XOCcaJapH

Bus ym6y naparpadia skusialryBud KaTop.japia XaasapHH TYpYA-
Jaw, abco/loT SKHHJIAWYBYH KATOPJIapaa 5Ca XaiJapHUHT YpHMHH  aJ-
MaWTHpHIl KabH Xocca/japra TyXTaJiavus.

>
I. Typyxmaw xoccacu. Bupop 2 a, Karop Oepuaran 6Y.ICHH.

By xarop xaanapuun rypyxaab Kyﬁuaar';—ligaropﬂu TY3aMHU3:

(@ +a,+ a,)+(a,  ta, .+ +a,) + (11.33)

6yuna n,, n,, _ (r, <y < ) Jap Hatypaj COHJIap KeTMa-KeT.aH-

THHUHT OHpOp {7, KHCMHE KeTMa-KeT.IHIH G6y/HM0, k— oo Ja n,— «.

o©
Aeap Z a, Kamop IKuriauyedu 6§aub, yruue durunducu A Con-
n=1
2a mene bgaca, y x0:0a 6y Kamoprune xaGrapuru 2ypyxaauidan xo-
cun 6yrzan (11.33) gamop xam sxuniquyedu sa yuune durunoucu
xam A conea mene 6iaadu.
Hc6oT1. Tabpupra kypa Gepuaran xatopHHur A, KHCMUH HHEHHIM:

cu yuyn limA = A (A —wekau con) suvdr ypurau. duau (11.33) xa-

n—
TOPHHUHT K.uca;mﬁ HHFHHIHCHHH €33aMU3:
A, = +a; + Ta )t e, T +a,)+ +
- (a"k_l+l + L1 +2 - + a"k)'
By Kucmuit furnuaunapaan Tysuaran
A A AL A

KeTMAa-KeT/IHKHH Kapaiumk. PaBuiankd, 6y {A, KeTMa-KeTAMKHHMHI KHC-

MUl KeTMa-KeTIMCHAUp. ¥ Xonpa 3- 6o6aaru 12- Teopevara Kypa, 1Ank{

KeTMa-KeTJMK SIKHHJAUIyBYyd Ba YHHHT JUMHTH XaM A ra teHr 6y;aid.
kl_l.?: A"k =4

By sca (11.33) karopuuur SIKMHIAUIYBYH OV.IHUWIHHE Ba YHHHT Hi-
FupauMc A ra TeHr 3KaHMHH GUJIAMpaiH.

JeMak, SKHHJAUIYBYH KATOpJapAa KAaTop XallapHHH Typyx.Jall Ha-
THXKACHIA VHUHI HHFHHAMCH V3rapMaiiau Ba SIKHHJAIYBYHJIMTH Gy3HI-
ManIH.

5-3caartMa. By XOCCAHHHT akcH xap IOMM YpHH/M GY/asepmaiiy,
SBHM Xa41apd CYPYXJIaHTaH KaTOPHHHT AKHHJAIYBYM O AMUIHOAH JacT-
Ja0KU KATODHHHT SIKMHJAMIYBUM OVJHMIIM Xap JOMM Keu’ yuKasepvail-
au. Macanan, ywdy Xajgapd HKKHTAJaH rypyX.JaHrad
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d—DH+00—=D+({1—1)=
KatopHil Kapaiyik. Papwanki, 6v Katop SKHHIAIIYBYMAHP. AMMO
l—1+1—1—
KaTop Y30KJallyBYHIHP.
oo
v, - o Al
2. Ypuu anMam THpHw xoccacu Mxrudpuit ¥ a, katop Ge-
sumd
n=1
puiran 6yJacud. by Katop XaiTapHHHHT VPHHIAPIHM aaMalITHPHO, Ky-
HH1ari

Ea;zai—%a;—% + a, + (11.34)

Katopun Xocuan kuaamus. By (11.34) xatopumnr Xap Gmp a, Xam
o

~ ) o = R " o

}_‘ a, KATODHUKT Tailiy GHp @, XalMHUHT aiiHaH 3IHD.

oy

o
Aeap N a_ ramop abcomom sxunaawyeuu Guaud, durunducu A
- 7 ' ¥
n=]
conea mene Gyaca, y xorda 6y xkamop xafiapuHuHe (jPUHAQPUHU UX-
muépui paswuda aimaumupuwdar xocua bgacar (11.34) kamop axun-
sqtuyeun 6ijaadu 8a yrune durunducu xam A conea mene Gyaadu.

x
U c 60T By Xoccanu E a, Katop Myc6ar XaMmaa HXTHEpHH Xanim
n=:1
6yaray Xoanap VYyH ajoxijaa HcCOTaalMus.
1) bepuaran Karop Myc6ar katop 6ysn6, y SKHHIAWIYBYH Ba  HHFME-
aucy A conra tenr 6yacun. Tabpudra kijpa hm A = 4. |A, — YeyBun
n—

KeTMa-KeT/iiK 6yaranuian A, < A TEHICH3IMK Y pHHIN [6\.13;111 Suan
(11.34) xaropuunr

A, = a;—a,+ +a,
KHCMHIT HHFUAHCHEM Kapafiuk. Byhpa a) =a,.a,=a,, a, =
a,,. PaBwanky, {A,| — VcyBun. Arap n =max {n,, n,, n,) ne6 onr-

cak, v Xoana A, <A, Tenrcuamuk xam Ypuuau OVsanu. IyHuar yuyws
A, < A tenrcuamik Ypuua. Ilynaai kuaws, A, keTMa-KeTaKk Ycys-
Yl Ba IOKOpWAAH uerapananrad. Jevak, y 4ekJaH JMMHTIA 3ra:

limA, =4" a A'<A.

R o

<«
N . R . ..
Arapj }_‘ a, watopuu (11.34) Katop NaZJapHHHHT VPHH.JIAPHRH all-
=1
MaTHPHWAAH Xocuad 6yaraH katop je6 Kapaiinurad 6Vacak, YHAa
IOKODH1A KeJTHPHJraH MysioXxasara acocaann®, (11.34) xaTopHHHT SIKMH-
JIallyBUH Ba HurHHAHcH A’ coHra TeHr 6VamummiaH CepuaraH KaTOPHHHT
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XaM SIKHHJAWYBYH/IMTH Ba YHHHr furuugscd A yuvH A<KA' TeHrcH3mHk
Ypurmt Gymumud tonamu3. IOxopuia A'<<A 3kaHM KypcaTHIrad 3jH.
Iy ukkn Tenrcuamuikgan A = A" GyauM Keaub yuKamu.

€
2) E a, uxtaépuil Xaamu Katop 6yJm0, y abcomoT SAKUHIALIYB-
=1

4yy Ba HurnunaMcn A conra teur Gyscud. [y Karop XagJapHHUHT YpHH-

kel
Py W , o
J2DHHU AJIMAMITHPHUIAAH XOCHJ OF.ran : Q, KaTOPHU KApaH.IHK.
n=l
C% 2
Mozovuku, N a, KaTop abcOOT AKUHJAUYBYM IKAH, YHAA V_{an,
A |
n=1 =1
KaTop AKMHJIAWVBYH Oyaatd. By myc6ar katop Gyarawaurn caGabau
1
1) Xo1pa mcGorganranHra xypa Zlan} KATOp XaM AK{H/IAWYBYH Gyna-
n=l
£
N o
Ju. Wyuuur yuyn 2, 4, Karop AKHHJAUIYBYHIH.
n=t1
x
Ouan ¥ a, KaTop WUFHHIHCHHMAT XaM A COHra TeHr 3IKAaHHHH Kyp-
y

n=I|
CaTaMH3.

>0
Z a, KATOPHHHI MycOaT WUIOPAiW B HOATA TeHT Gyarad @, a;

n=t

0
NajJapuiaH 2 a;, Xamia Mauduil uwopam a , a,, XaI-
k=|

20
napusner abcomoT KuiMATIApHIaH Y\ la, | Katoprapua Tysawus. Ky-
m=]

AafiuK yuyw @, =b,, a, =c, neb Oearuiacax, ymey
V' b, = b, + b, - +b, + (11.35)

e, =+t  +c,+ (11.36)

<

Karopaap Xocua 6yaagu. Iaprra kypa E la,| xatop siKumnamIysyn.
n=l1

Hemax, 6y KaTOpPHHHT

Ar = lay| + |ay] + +lal n=1 2

KUMCMHH HHFHHIWIApMAAH Ty3u.IraH (A)) KeTMa-KeT.WK [OKOpHIAH dera-
pajtanrad, sbHH v nEN 71a

A < A" (A* — y3rapmac coH) (11.37)
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0
TEHICH3MHMK VPUHJIH. DHIU 2 @, KATOPHHHT KHCMMA HuruugucHHu A,
n=|

Gunad S21rna1ab TonaMus:
n k

A =$‘a[= V[)L__

n pd
1 =

B/
{
o
|
A

(11.39)

! l

W

-

-

8

o o \ Y
Gyama n =k —m 636, k— A Kicvuil HUFHHIHZA 2‘ @, KATOPHHHT
n=l
MycOaT HIOpaTH, 71 3Ca YHHHI MaHOQA# HuwopaaH XajgJapuHHHT COHH.
Bu3 Hr MyxHM, n—>c Ja k—>coBa m—oc XOJHH Kapaut GUAaH uera-
pajlaHaMH3.

Paswauku
B, <Ax, C, <A, (11.39)

n

oo oc
. ul
(11.37) Ba (11.39) MynocaGataapiaH }_‘ by 2 €, KATOPNAPHUHT KHC-
k=] m=|
Muit AurieIMnapy B, Ba C,, 10KOpHIaH YerapajaHraH/MrH K0 4HKa-
o oc
Iu. 8- Teopemara xypa 2 b,, : ¢, Katopaap sKMHJAUIYBUH Gy.ia-
k=i m==1
mi. By KartopnapuuHr #Aurudpusiapudd Moc pasumuga B Ba C Gunan
GeriIalnK: Ixm B, = B(B —uexaucon), limC = C(C—yexnH coH).

m—oc

SAuau (11.38) TeHerma JHMHTra yrtcak, KyHugarura sra 6y.gamus:
lim4, =lim(B,—C,)=1limB, —1imC,, =B —C.
n—ro0 n—oo koo m-soa

aQ

by 3ca E a, KATODHUHT AKHHIAUIVBYUM Ba YHUHI HuFHHAuCH A yuyH
=1
A= B—C dopmyna ypuuI 3KAHHHH AHTJIATAIM.

0
Bepuaran xarop Xag/apuHHHr YpPHHJIADH AJMAIITHPU/IraHAA Z b, Ba
k=1

L]
2 ¢, KATOpJIap XalMapuHAHI XaM VpHHJIapM aJMawaay sa 1) xo.ra
m==1

acocaH Oy KaTtopnap HuFHHIMIapH Moc pasuuria B Ba C ra tedr 6yu6

el
Konasepany. [emak, A = B —C TeHIIMKKa Kypa 2 @, KATOpHHHT HH-
n=1
FHH}.IHCP[ xam A coura teur Gyaagu. By Xoana xam Xocca ucGor 6Y.-
(Ypmx aIMallTHpUILTA Xaj/ap Y3 Huiopaiapd OUMaH OJIHHTAH/IMCH

y4y H \ b, HHHI XaMMa Xa1/apd fiHa \b . Ta, V C, HHHT XaMMa
=

V m_l
XalJjapd sda ‘_ka ra Kupa;m).

409

www.ziyouz.com kutubxonasi



By xoccannHr ypuuam GV.HMIINZA KATOPHHHT a6COJIIOT SIKHMJ/IALIYBUM
GYJMIIN MYXHMAMp. Arap KaTop LIAPTAH SKHHJAWIYBYKM GY.aca, IOKOpH-
Iard xXocca Ypunan 6ysavail xKoaMmm MyMkuH. Macagan, kyRuparu

1 1 1 . n~I 1
i i -1 — +

2 T3 4 (=D n
KaTopHH KapaHank. DBy KaTOpHHHI INAapT/IH SKMHJAIIYBUMJHITHK Ba HH-
FUHmMcH A =In 2 ra teur 3kananrunu (1- § ra KapaHr) Kypcarras
anvk. Jlemak, KATOPHMHI KHCMHA HHFHHIMIapH

R 1 i
hl
Agy= : (jﬁ —W)’ AEn-‘.—l = AQn - |

ek A JumuTra sra:
lim A,, =limA4, ., = 4.
n-w n—>w©
Onuu GepuaraH KaTOpHHHT GHTTa Myc0aT MIIOpaJH XaaHaaH KedHH
MKKHTaJaH ManQWH HIUOPA.TH XaIMHH OJHILI YCYJIMAA XaAJapHHH aiMalll-
THPHO, ywby

i 1 1
[—— —— — E
2 4 3 6 8 +

1 I 1
) _ _ + 11.40
Ton—1 4n—2  4n ( )
KaTOPHH XOCHJ KuJaaiauk. KefiHHry KatopHHHT OHpHHYH 3n T4 XamMiaH
HbopaT KHCMHH HHFHHIHCHHH €3aMH3:

1 1 1 1

, 1 ] ]
A =1 — —y _ —
3n 2 iy 3 6 8 + m—1 4n—2
ANyl
" 4n _kf-ld (\21:-1—41;—2_412)'
Arap
1 1 1 1 ( 1 \
2%— 1 4k—2 4k 2 \9%—1 9!

Gy/miMHY 9bTHGOpra 0.1caK, YHAA A;, KHCMBH HUFHHIMHH KyHMzaru-
ya €3¢l MYMKHH:

- 1 1 1 < 1 1 1A
S il by bkl el S e R N

HeMak,

Ilynunrpex,
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. , 1 1
lim A, = lim (A3n+ =T A
! I [
= SO, —_
lim 4., = lim (Aan. P 4n+2>+ A

6ynanu.
Mysunait kumuG, (11.40) KATOPHUHT KHCMuUEt HHFHHIUCHHHHL JIHMHTH

1 o
- A coura Tenr. JleMak, XaiJapHHHHT VDHH/JIADUHH aJMAITHPUUIILAH

" o i
xocua 6y.aran (11.40) xatop HueaHucH > A coura reur. By 3ca Ge-

pHJIraH KaTOp XaAJJapDHHHHT YDHH/IADHHH a/JMALUTHPUUI HATHMKACKAA YHHHT
HHFHHAMCH V3TapHIIMHH KypcaTajH.

YMyMmaH, a0CoMOT AKUH/IAWIYBYH Oy/avaras KaropJiap XaA/apHHHHT
VpUHI2pHHH A/IMALITHPHLIAAH XOCH GYJIraH Karopsap XaKuaa KyHuiard
TeopeMa VpHHJM. Bu3 6y Teopeman# HCGOTCH3 Ke/ITHpaMus.

12- reopeMa (PuMan teopemacu). Aeap 2 a, kamop wapm-

n=1{
Au axusaayedu 6jaca, y xoada xap kandad A (wexau éxu 4ekcu3) orut-
2anda xam Gepurcan xamop xadiapuHuHe jpuniapunu wyxdad an-

MAUMUpULL MYMKURKWE, X0cua Ofrean kamopruse udurunducu xyddu
wy A ea mene 6jradu.
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