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H3 INTPEJHCJIOBHSI K ITEPBOMY H3IAHHIO

Sra KHMra npeicTaBAsieT co6O0 PYKOBOACTBO, HAMHUCAHHOE IIpH-
MEHHTENbHO K JACHCTBYIOMHM YyueGHBIM NpOrpaMMaM HallMX YHHBep-
cureToB. HMesa B BuLy Bce BO3pacTaimoiliee 3HaueHHe TeOpPHH PYHKIMH
B cucreme o0pa3s0BaHHA MATEMATHKOB, # BKJIIOYMJ B KHHTY (MEJNKHM
WwprdTOM) TaK¥kKe U PsAJ BONPOCOB, BBIXOAALLMX 3a NPe/e/Ibl 1POrpaMMBI.

Teopus ¢yHKUMI BelleCTBEHHON IepeMEeHHOH H3Jaraercsi B yHH-
BepcuTeTe, HauMHasg € TpeThero Kypca. Ilostomy y uuratens npes-
ponaraercs cBo0OJHOE BJAfieHHe OCHOBHBIMH TNOHATHAMH aHAaJH3a:
HppAaUHOHANbHBIE UHC/Ia, TeOpHsl MNpelesioB, BaXkHelluue CBOMCTBA
HenpepuBHBIX PYHKLMH, MPOU3BOAHLIC, HHTETPafbi, PAALI CUUTAIOTCH
H3BeCTHbIMH B 06BeMe Jtoforo o6cToATeNbHOrO Kypca auddepeHiuanb-
HOTO i HHTErpajbHOr0 HCUUC/IEHHS.

BoablunHCTBO rMaB KHUIH CONpPOBOXKAAETCA yNpaxHeHUsiMu, Yura-
Tesb KOJKeH ObITh NPERyNnpexjieH, YTO OHH, KaK MPaBHJO, AOBOJLHO
TPYAHE! B TpeOyIOT ofYac BeChbMa 3HAUHMTeJBHOTO HanpsikeHHS. Tem
He MEHee, JIULAM, JKEJAlOLIHM OCHOBATE/JBHO YCBOMTb IIpPeAMET, s Ha-
CTOATENBHO COBETYIO MOCTapaThCsl pelUTb XOTA Obl YacTh HPHBOMH-
MBIX 3ajau.

B cBoeMm HacTOsIIEeM BHJAE 3Ta KHMra fBJAseTCs NepepaGoTKoi Moei
Gonee panueli kKHUrd ,JOcHOBH Teopud (YHKUHI BelleCTBEHHON nepe-
MEHHOH*, BhILeAUIel HeGoMbwMM TApaxoM B 1941 ropy B u3nanum
JleHHHrpajckoro YHHMBepCHTET2 M B CKOPOM BPEMEHH MOJHOCTBIO
pasowesweiics. Mbicab 0 nepemsjpanuu stof, 6o/aee paHHeR KHUCH
BO3HHKJ/A yXke AOBOJBHO A4BHO M OTYACTH Obina OCYWIECTBIEHA H3Aa-
TeJIbCTBOM ,,PafifiHCBKA IKOJa“, BRINYCTHBLIUM pacumpeHHblﬁ YKpaHH-
CKMH NepeBOl KHHIH, BBHINOJHEHHBIH AoLeHToM KHeBckoro yHuBepcH-
tera C. M. 3yxOoBHIKHM.

Ipodeccop E. §1. Pemes, GuiBLUMI peLieH3eHTOM YIOMSAHYTOTO Bblille
YKPaHHCKOrO MepeBojd, CAeJan Mo MOBOAY HEero psji LEHHbIX yKasa-
HMl, KOTODBIMH $i BOCMOJB30BAJCA W [pPH NOATOTOBKE HACTOALIEro
naganus. Kpome Toro, st BecbMa o6sizaH npodeccopam H. K. Bapy,
HO. K. ®apgeeBy ©u, ocoberso, . M. duxrenrojbily 3a MHOrOYHUC-
JIeHHble COBETHl H YKa3aHua. MckpenHo Giaroaapio Bcex Ha3BaHHBIX JIHLL

3 zexa6pst 1949 r, H. Hamarco



HNPELHCJIOBHE KO BTOPOMY H3IAHHIO

BaxHeiiune OTHYHA HACTOALLEO H3aHHA OT NpejbLLYIIEr0 TAKOBbL:

1. Manoxen Bompoc 0 3ameHe nepeMeHHOH B uHTerpanax JleGera
(anf cayyas, KOrJa cTapas NepeMeHHas ecTh MOHOTOHHag (QYHKHUS
HOBOH).

2. CooflneHbl HEKOTOpHIE CBEJEHHS O BHIMTYKABX (YHKLUAX, BKJO-
yas HepaBeHctBa Hencena n (B ,JaGaeaenun*) IOura.

3. Hoxasannl Teopemsl Kantopa u lwo-bya-Pefimonpa — Banne-ITyc-
ceHa M HeKOTOpble ApyrHe pe3yjbTaThl, TaKXKe OTHOCHMLI¥ecH K BOIM-
pocy 06 eIMHCTBEHHOCTH pas/oXKEeHHA QYHKUHH B TPHIOHOMETpHYE-
CKHi pal,

4. Uanoxena Tteopus wuHrerpasoB [lanxya—Ileppona u pamo
noHATHe o6 uHTterpanax amkya — XuHuuHa,

5. PaccMoTpeHn Bonpoc o mepeHOCE OCHOBHHIX pe3yJbTaToB KHMIH
Ha (YHKUMH C HeOrpasBHYEHHbIMH OGNACTAMH 3ajaHus!).

6. Hanoxen (B ,,Jlo6aBReHHH”) BONpoC O CHpAMJEHHH fBHO 3afaH-
HOH KpHBOIl.

Utobbl H36ekaTh Ype3MEPHOTO YBeJIHYeHHs 06heMa KHATH, 1 HCKJIO-
ynn Teopemy Xayciopda (0 HepaspeliUMOCTH ,JIErKOH“ 3aJauH Teo-
pun usmepenus), a takxke rmaBy XVII craporo uspanusa (mocBsiieH-
HYf0 00630py OTeuecTBeHHBIA paboT MO TeOpHH (QYHKLHH).

Ilpu noaroToBKe HOBOTO H3NAHWA A MOJYYHJ MHOTO UEHHBIX yKa-
saHufi or npod. I'. M. Puxtenronpua. Paj nonesHelx COBETOB MHe
Aanu pepaktop KHurd pou. I'. IT. Akunos u Moit coin I'. M. Harancow,
Bnarosapio HasBaHHBIX JIHLL,

8 peka6ps 1956 . H. Hamancon

1) Ilpn HanmuCaHHH COOTBETCTRYIOWEH IJIaBbl A HCNONL3IOBAN Te Jo6aBJeHHs,
KOTOpbiE BHeC B A4MePHKAHCKOe H3JaHHe STOH KHHTH  PERAKTOp NEPEBOja
upod. Xetourr (E. Hewtrtt).



r174BA4 1
BECKOHEYHBIE MHO)KECTBA

§ 1. Onepauuu Hajx MHOXeCTBAMH

OcHOBO# TeOpHH QYHKUMHA BellleCTBEHHOM MepeMeHHOH CJYKUT Tak
HasblBaeMasd ,,TeOPHA MHOMKECTB. 3Ta IUCUMIJINHA UMeeT CpaBHHTENbHO
HeOOJIbIYI0 WCTOPHIO: MepBble cepbe3Hble paGoTHl B 5TOH o6JacTH,
npunagiexamue I'. Kadtopy, mosiBuJHMCE B KOHIE NMPOILIOTO BeKa.
Tem He MeHee, B Hacrosiliee BpeMf TeOpHSl MHOMKECTB MpEACTaBJIAET
coboto BecbMa oOuIMpHylo o61acTb MaTeMaTHKH. B naweM Kypce, Ans
KOTOpOTC TeOPHSH MHOMECTB HMeeT JHIIb BCIOMOraTeNbHOE 3HaueHHe,
MBI OTPAaHUYNBaEMCH TOBKO 3JeMEHTaMH 3TOfl AUCUHMIIJIMHE], OTChLIasn
qHTaTeNsl, XKeNawlero yrayOuTb CBOH NO3HAHHSI O TEOPHUH MHOMKECTB,
k kuuram I1. C. Anekcanpposa u ®. Xayciopda. 1)

TToHATHE MHOXKECTBA MB/fiETCA OJAHHM H3 OCHOBHBIX MaTeMaTHue-
CKHX TIOHATHA H He nNojjaeTcs TOUHOMY orpelefeHuio. [lostomy Mbl
OrpaHHYHMCA JIMIIb ONHCAHHEM 3TOTO NOHATHA. MHOMXKeCTBOM Haj3hl-
BaeTca cobpaHHe, COBOKYMHOCTb, KOJ/JeKNHs Beliefl, 0ObeAHHEHHBIX
no kakomy-HnOyAb npusHaky. Hanpumep, MOXHO rOBOPHTBH O MHO-
JKecTBe BCeX HATypaJbHEIX YHCe], MHOXKECTBe BCeX TOUEK NpAMof,
MHOXeCTBE BCeX MHOTOUW/IEHOB C BEECTBeHHBIMH Kos3(xpulHeHTaMH
H T. I

FoBopsa © MHOXecTBe, Mbl CUHTaeM, 4YTO OTHOCHTENbHO BCAKOH
Bellld BEPHO OJHO Il TOJBKO OJHO M3 JBYX: 5Ta Bellb JHUOO BXOAHT
B Halle MHOMXKECTBO B KAauecTBe ero JjemeHTd, Jubo He BXOLUT.

Eciu A ectb HeKOTOpoe MHOXKECTBO, a X — Belllb, TO (akT NpH-
HaJJeXXHOCTH Bellh x MHOecTBY A o003HauyaeTcs Tak

xe A
. -
Ecan e x He BXOJIMT B A, TO 3TO 3alHCHIBAIOT Tak:
x e A.
Hanpumep, eciy R ecTh MHOXKECTBO BCeX PalMOHAMBHBIX UHCEN, TO

ferV2ER

)T C AnexcaunppoBn, Baenenue B o6myio TeopHio MHOXKeCTE H (YHK-
unft, Tocrexusgar, 1948; ®. X aycnopd, Teopus muoxkecrs, OHTH, 1937.
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CaMo MHOYKeCTBO HHUKOr/[a He SIBJSETCS CBOMM 3JeMEHTOM:
Ae A

B uensx oO6UHOCTH M NPOCTOTH! (OPMY/JIMPOBOK INONE3HO BBECTH
TaK Ha3blBAEMOE ,HyCrmoe MHONCECHME0“, KOTOPOe BOBCE JIHUIEHO 3Jle-
MeHTOB. Hanpumep, MHOXECTBO BeleCTBEHHBIX KOPHEH YypaBHEHHSA
x2+ 1 =0 nycro. Ilycroe mMuoxectBo ofo3nauaercst cuMBosom 0, mpu-
geM OIacHOCTh CMElIeHUs1 ¢ YHCJIOM ,HYJB“ B JanbHeleM He BO3HH-
KaeT, M60 H3 KOHTeKcTa Oyaer sicHO, O u4eM wuaerT peub. HHorxa,
BIpoYEeM, MYCTOe MHOMKECTBO 0G03HAYAIOT Yepe3 A,

Hapsagy ¢ nycThiM MHOMECTBOM HaM TDHJAETC HMETh Jejo ¢
JOOHOINCMEHMHBIMUY MHOMKECTBAMH, T. €. MHOXKECTBAMH, COCTOALLUMHU
TOMIBKO Y3 OJHOTO 3/eMeHTa. Hanpumep, MHOXeCTBO KOpHeil ypaBHe-
Hust 2x —6=0 cocTouT U3 OoAHOro 3Jjementa —unciaa 3. Crenyer
OCTeperaTtbCsl CMeLIeHUsl OJHO3JEMEHTHOTO MHOXKeCTBAa C €ro eAHHCT-
BEeHHBIM 3JIeMEHTOM.

Ecnu ofwee uMsi 3JeMeHTOB MHOXecTBa A eCTh X, TO HHOrAa
NHLIYT

A= {x}.

Ecnn e BO3MOXKHO BbINHCATh OGO3HAUEHHS BCEX 3JEMEHTOB MHO-
KEcTBa, TO NMIIYT HMX MNOADAA H 3aKJIOHaoT B (QUIYpHblE CKOOKH,
HampuMep

A={a, b, c, d}.

Onpepenenne 1. Ilycte A w B pgBa mHoxecrBa. Ecim Beagwuii
3JEMEHT MHOXKECTBa A SIBJIAETCA 3/1€eMEHTOM MHOXeCTBa B, To roso-
pat, uto A ecTb wacms (WJIH NOOMHONECMA0) MHOXECTBA B u mumyr

AcB wm B> A.

[Nono6Hoe COOTHOWEHHE HA3bIBAETCH BKANOYCHUEM.
[lycts, Hanpumep, N eCTh MHOKECTBO BCeX HATypa/IbHBIX, a R —
MHOXECTBO BCEX palHOHAJBHBIX Hucel, TOrAa

N cR.
dlcno, 4TO BCSIKOE MHOKECTBO €CTh 4acTh camoro cebs
Ac A.

ITycToe MHOMECTBO €cTh 9acTh BCSKOro muoxectsa A, [las Toro
yToObl 3TO yTBEPKJEHHE CTANO BNOJIHE SICHBIM, JOCTATOYHO BBICKA3aTh
onpenenenrie | B Takoil opme: HU OAUH 3/JEMEHT, HE BXOAAWHE B B,
He BXOAMT u B A.

Onpepenenne 2. Ilycte A u B pBa mHOxkectBa. Ecm A= B n
B — A, 10 roBopsT, uT0o MHOXecTBa A W B pasws ¥ mumyt

A=B.

Hanpuwmep, ecan A={2, 3}, a B ecTb MHOXeCTBO KOpHeH ypaB-
geHust x2—5bx-+6=0, to A=B.
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Onpegenenne 3. Ilycte A n B nBa MHOXKecTBa. MHOXecTBO S,
cocTosilllee M3 BCEX 3/1eMeHTOB 00oMX MHOXeCcTB A U B n He copmep-

JKallee HUKAKUX JAPYTHX 3JEMEHTOB, RA3bIBAETCA CyMMOL MHOKeCTB A
u B u o6o3Hauaercsi Tak:
S=A+B, umu S=41\ B.

[MonofubiM ke obpa3som onpepenseTcss CymMMa n MHOXecTB A,
A, ..., A, CyMMa IOCAEJOBATENBHOCTH MHOXKECTB A, A,, 4, ...,
M BooOlle CyMMa MHOXeCTBa MHOMeCTB Ay, OTMEYEHHHIX LIS OTJIH-
yya JApPYr OT ApYyra 3HaukoM §, MPHHUMAIOUMM Kakhe-BHOYAbL pas-
nuunble 3gauenus. CooTBeTcTBYyWOMYE O003HAYEHHA TAKOBHI:

S=A+Ay+..A A S=3 4,
k=1
S=A, U AU ... UAn wmn S= U Ap,
k=1
S=A1+A2+A3+"" S=2Ak’

k=1

S=A,U A, U A3U ..., w S= U A,
k=1
S=Z‘4E’ uim S=|J A
£ 3

Hanpumep '), eciin S ecTb MHOMKECTBO BCEX MOJOMHTEIBHBIX YHCEI,

TO
S= 2 (—1, &)
k=1
Ecain A — B, To 04YeBUAHO
A+ B=B,
B 4acTHOCTH
A+ A=A.

Onpenenenne 4. Ilycte A u B pasa MHOXecTBa, MHoxkectso P,
cocTofllliee K3 BCEX 3JIEMEHTOB, OOUMX ofoWM MHOMecTBam A u B,
H He COAepHalllee HHKAKUX JAPYTHX 3JIEMEHTOB, HA3LIBAETCH nepece-
Yenuem MHOXecTB A M B u 0603Hauaercs Tak:

P=AB, nmm P=A B.

1) Kak ofwuno, npu a<c b, mun ofosHavaem uepes (a, b), [a, b], [a, b),
(a, b] MHoxecTBa uyHcen x, YROBJETBOPAIOUIUX COOTBETCTBEHHO HepaBeHCTBaM
a<x<<b assx=<b asxi<b a<x<b Kaxpgoe 3 3THX MHOXECTB Ha3hl-
BaeTcA NPOMEXYTKOM, aau b ero KoHuaM u. [TpomexyTox (g, b) HaspiBaercs
TaKxke HHTepBaJoM, a [a, b] oTpe3skoM, HAM cerMeHTOM. Ilpome-
XKYTKH [a, b) ¥ (a, b] HasuBalOTCA NOJNyCerMeHTAMU,
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Hanpumep, ecin A={1, 2, 3, 4}, B=1{3, 4, 5, 6}, 10

AB=1{3, 4)}.
CxopubiM 06pa3oMm ompenessiercsl nepecedeHHe £ MHOXKeCTB A,
A, ..., An, TOCHENOBATENBHOCTH MHOXKeCTB Ay, Ay, A, ... H BooOGiLe

MHOXeCTBa MHOXeCTB Ap, OTMEUGHHBIX A/ OT/IMUMA APYL OT Apyra
sHaukoM . CooTBercTBytOUIHe 0GO3HAUEHUS] TAKOBBI:

P=A4A4 ..., Asy P=]] A,

k=1

P=A,0 A0 ... NAn P=kﬁ A,
=1}

P=A1A2A3..., P=HAk,
k=]

P=A,NA4ANAN..., uwm P=kﬁ Ap,
=1
P=]]4;, uwmm P=( A.
3 §
Hanpumep,

1 1
TI (==, £)=1{0} (onHosnemenTHOe MHOXKecTBO)
k=1 k k

I (O, %) =0 (myCcToe MHOXECTBO).
k=1

Ecnu A — B, to oueBuaHo AB= A H, B uyactHocTH, AA = A.
To o6cToATENBCTBO, YTO MHO¥eCTBA A M B He uMenor obuiux
3JIEMEHTOB, MOXXKHO 3aIHcaTh TakK:

AB=0.

B sToM cayuae roBOpAT TakKe, 4T0 MHOWecTBa A W B we
nepecexaomecsy.

Teopema 1. ITycmo A Hexomopoe mrosxcecrnéo u {Ep} mHooxce-
cmso mHoxcecms. Toz0a

A Ey= AE,
§ 3

Hokxasartennctso. [Tonoxum S=AZE§, T=ZAE§.
13 £

[lycts x = S. 370 3HaunT, uro x = A n yro x = Y, Ey. Tocaea-

5
Hee JXe COOTHOlIeHHe oGo3Hauaer, uto x & E;,. Ho Toria x & AEy, u,
TeM Gonee, x=T. Urak, S<T.

ITycts Tenepp, HaoGopor, x =T. 310 3HauuT, uto x & AEy,.
HMuaue roeopsi, x= A .u x = Ey,, HO u3 1OrO, ut0 X = Ep,, caenyer,
12



9410 X E 2 E:, a torpa (mockonbky rxe A) x = 8. 3naunr, T < S,
£

49TO BMCECTE€ C JOKa3aHHbIM BLILLIE AaeT S=T.
U3 pokasanno#i TEOPEMbl B YaCTHOCTH BbLITEKAET, YTO

A(B+C)=AB+ AC.

Onpenenenne 5. [lycte A u B fgBa MHOoxecTBa. MHOxecTBo R,
COCTOsilliee M3 BCEX TeX 3/eMEeHTOB MHOMXecTBa A, KOTOpble He BXO
QAT B MHOXeCTBO B, H TOAbKO H3 3THX 3JIeMEHTOB, Ha3hiBdeics
pasrocmeio MHOXecTB A u B u ofo3nauaercs Tak:

R=A—B uan R=A\_B.

Hanpumep, ecin A={1, 2, 3, 4}, B={3, 4, 5, 6}, 10
A—B={l, 2}.
Teopema 2. Ecau A, B, C mpu mHomecmea, mo
AB-C)=AB-— AC.

JlokasarenbCcTBO DpefloCTaABASIEM YHTATEIO.

Bpocaerca B rsiasa aHalorus MexJy CBOCTBAMH omepauyil Haj
MHOXeCTBaMH H cBoiicTBaMH apudmeruueckux peficteuit. OfHako
3Ta aHajorus He nonna. Mui yxke Buienu, uto A+ A=A, AA=A;
STHX COOTHOIIEHHH B apHdMeTHKe, Boobule rosopsi, Her. IIpuBeaem
ellle OJMH NpUMEp HApPYIUEHHS YKa3aHHOH aHANOruu.

Teopema 3. CoommoueHue

(A-By+B=4A (1)

eepHo moeda u moavko mozda, koeda B < A.

HdokasateabctBo. Ilyete (1) BépHo. Taxk kak caaraemoe
BCerja ecTb YacTb cyMMel, To0 B < A. Jlonyctum Teneps, uto B < A.
Torpa oueBuano (A —B)+ B < A. Ho obparHoe Br.awouenue (A —
— B)4+ B D A, Kak Jerko BHAEThb, BepDHO 0e3 BCAKHX OTpaHHYeHHH,
oTKyAa H caenyer (1).

§ 2. B3anMHOOZHO3HAUHOE COOTBETCTBHE

ITyetb A 1 B [Ba KOHEUHBIX MHOMeCTBA. EcCTecTBeHHO NMOCTABHTH
BOIIPOC O TOM, OJHHAKOBO WJIH HET KOJHUYECTBO 3JEMEHTOB B 3THX
MHOKECTBaX.

Ins Ttoro, 4To6bl peluTh 3TOT BOIIPOC, MBI MOMKEM cCocdumarns
9/1eMEHTbl KaXKA0ro H3 MHOXECTB H 3aTeM IIOCMOTDeTb, OJAMHAKOBBI
HJIM HET NoJyyaeMble B pesyJbTaTe CueTa YHCJA.

OZnHaKO NOCTaBJIEHHbIHI BONPOC MOXHO PELINTh M HE CUHTast Je-
MEHTOB HawHx MHOoxecTB. [lycth, Hampumep, A ecTb MHOXECTBO
JatuHckux 6ykB A=la, b, ¢, d, e}, a B MHOXKECTBO TIpeYECKHX
6yxs B=|{c, B, v, 6, €}.
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Ecan ™Mbl pacno/ioKuM 3JEMEHTLl 3TUX MHOXKECTB Tak:

A:lal|blc|d]e
B:jalf|y|de]

To 6e3 BCSIKUX MONCYETOB BHIAMM, 4T0 A u B HMeloT OfHHAKOBOE
KOJIHYECTBO 3JIEMEHTOB.

Uto xapakTepHO /sl 3TOro crnocoba cpaBHeHUsI MHOKecTB? Xapak-
TEPHO TO, YTO /IS KaXKAOTO 3JEeMEHTa OJHOIO MHOMKECTBA YKa3bl-
BaeTcAd OAMH M TOJIBKO OJMH COOTBETCTBYIOIMH €My 3/MeMEHT JAPyroro
MHOXeCTBa W 00paTHO. )

Cuja 310rO0 BTOPOro cnocoGa cpaBHEHHA COCTOMT B TOM, YTO
€ro MOXHO NpPHMEHATb H TOrfa, Korja CpaBHHBAeMble MHOXeCTBA
Geckoneunnt. Hanpumep, ecnu N ecTb MHOXKECTBO BCeX HaTypaJjbHBIX
unces, a M MHOMXeCTBO 4Hcea BHAA 1/n, TO Bropoil cmnocof cpapHe-
HHSI €Pa3y IOKa3blBaeT, YTO «KOJHYECTBO» 3JIEMEHTOB B MHOMXKECTBAX
N v M oauHakoBo; 4TOGbl yOeNHTBCA B 3TOM, AOCTATOYHO pacmojo-
XKHUTb HAIUH MHOMKECTBA TaK:

M CUMTATh B3aHMHO COOTBETCTBYIOUIUMH 4uciaa n ¥ 1/n.

IlepefiieM Tenepb K TOYHLIM ONpEleNCHHSAM,

Onpepenenrve 1. Ilycte A u B gBa wMHomectBa. [lpasuio ¢,
KOTOpOE KAaXKIOMY 3JEeMeHTy a MHOoxecTBa A COOTHOCHT OAHH H
TOJBKO OJAHH 3JeMeHT b MHOXecTBa B, mpuueM KaxKAbIH 3JeMeHT
b & B oka3blBaeTcs COOTHECEHHLIM OLHOMY H TOJNBKO OJIHOMY a < A,
HA3LIBAETCH 63AUMHOO0HOZHAMHOIM COOMBEMCMEUEM MEXIY MHOXecCT-
Bamd A u B.

Onpepenenne 2. Eciau mexpay MHOXKecTBaMH A U B MOXHO ycTa-
HOBHTb B3aHMHOOJHO3HAYHOE COOTBETCTBHE, TO [OBOPAT, YTO 3TH MHO-
MKeCTBA IKAUGAAEHMHbL HNH YTO OHH HMEIT OJHHAKOBYIO MOWHOCMG,
H NHIYT

A~ B.

Jlerko MOHATb, YTO BA KOWEYHbIX MHOMKECTBA OKa3HBAIOTCH SKBH-
BaJEHTHLIMH TOTA4 H TOJBKO TOTAAQ, KOIJa OHH COCTOST H3 OAMHa-
KOBOTO WYHCJAa 3J€MEHTOB, TaK YTO IOHATHE OAMHAKOBOH MOLIHOCTH
€CTh npsiMoe OGOOlIEHHe NOHATHS OAHHAKOBOH YHCJAEHHOCTH KOHed-
HBIX MHOXECTB.

[TpuBeneM HeckOJLKO NPHMEPOB MONAPHO 3KBHBANEHTHBIX MHO-
KECTB.

Ilyctb A W B cyThb MHOXeCTBAa TOYEK Ha JBYX NapaJ/lielbHLIX
cTOpoHax npsiMoyroibHuKa (puc. 1). Jlerko nousATts, 4to A ~ B.

[lyctb, panee, A u B cyTh MHOMKECTBa TOYEK JABYX KOHUEHTPH-
YeCKHX OKpY:kHocTell (puc. 2). M spech oueBugHo A ~ B,
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3ToT mnpuMep MeHee TpHBHAJMeH, deM npeApAywuit. Ecan Mul
«pacnpAMHUM» HAlIM OKPYXHOCTH, TO OJHAa H3 HHUX INpeBpaTHTCHA
B 6oJlee KOPOTKHii MPAMOJHHENHRIH OTPe3oK, uem Apyras. Kasanoch 6hl,
410 Ha 6osiee AJHHHOM OTpe3ke U ToueK «OoJblie». Mbl BUAMM, 4TO
3TO He TakK.

Bor mnpumep, rie 3TOT napagokc eme Gosee sipok. [lycte A
MHOXECTBO TOYEK THIIOTEHY3bl, 3 B MHOXECTBO TOUEK KaTeTa NpAMO-
yroasHoro Tpeyroibtuka. Kak Bugso u3 puc. 3, A~ B, xors

A A
A
'd ) N
. W]
Y
8
Puc 1. Puc. 2.

KateT H KOpoye runoteHy3sl. Ecid Mbl HalOXHM KaTeT Ha THMO-
TEHY3y, TO MHOXECTBO B oKakercd uacmeto MHOMECTBA A W NPHUTOM
orauynoil ot camoro A. Takyio yacte Muel OyJieM HAa3bIBATh NpABLAb-
Hoil YacTblo MHOXKecTBa (T. €. B ecTb npaBuibHas yacTb A, ecju
B < A, uo B # A). Takum o6pa-
30M, B [OCJE[HEM NpHMepe Mbl
CTaKHBAEMCS C MHOXKECTBOM, y KO-
TOPOTO €CTb 3KBHBaJIEHTHad emy
npaeuabHas yactb. CaMo coboro A
ACHO, YTO KOHEYHOE MHOXKECTBO He
MMeeT SKBHBAJEHTHHIX €My IMpa-
BUJbHHX uacteil. Crano ObiTh,
HMEHHO OeCKOHEUYHOCTH MHOXKe-
ctea A ™Mbl 005i3aHB 3THM ero “— v =
YAHBUTEIbHEIM cBoficTBOM. Hixe g
M yGenuMmcsi, 4TO gcsxoe Gecko- Puc 3
HEeUHOE MHOMKECTBO HMeeT 3KBH-
BAJIEHTHBIE IPABM/BHLIE YaCTH, a-I0Ka WJJIOCTPHpYeM 3TOT aKT
elle OJHHM NpPHMEPOM,

IMycte N MHOXecCTBO BCeX HaTypasibHBIX, a M — BCEX YETHHIX
yucen: N ={n}, M={2n}.

Pacniosiarasi 5TH MHOMeCTBa TaK:

N:|1]2]3]415]...
M:|214]16|8]10]...

MBI HEMOCPEACTBEHHO yGexpaaeMcs B HX 3KBHBaJEHTHOCTH, XoTd M

€CTb IpaBuJbHasg 4YacCTb N: «ueTHHIX uHceN CTOJNBKO Ke, CKOQJIbKO
BCEX HaTypaJIbHbIX».
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[lpuBeneM HeEKOTOpLIE NPOCTHIE CBOHCTBA TMOHATHA SKBUBAMNEHT-
HOCTH, A0OKAa3aTeJbCTBA KOTOpPbIX MOXHO TPEAOCTAaBHTb YHUTaTeJIo.
Teopema 1. a) Bcezda A ~ A.

b) Ecau A~B, mo B~ A,
c) Ecau A~B, a B~C, mo A~C.
Teopema 2. ITycmv Ay, A,, A, ... u By, By, Bs, ... 08¢ nocae-

dosamensHocmu mHoxcecms. Ecau muomecmsa A, He nepecexatomcs
mexcdy coboro, a muoxcecmea B, memdy coboro

A,An=0, B,By=0 (n%£n'),
u ecau npu Kawoom n

A,~B, (n=1,2,3,..),
mo

Z AkN 2 Bk.
k=1 k=1

§ 3. CueTHnle MHOKecTBa

Onpenenenne 1. Ilyctb N MHOMKECTBO Bcex HATYDaNBbHBIX QHCes
N={l, 2, 3, 4, .....

Besikoe MHOecTBO A, sKBUBaneHTHOe MHOMKecTBY N, HaswiBaercs
UCHUCAUMBIM, WU CHEMHBIM.

WHorga roBopsT Takke, YTO MHOMECTBO A «uMeem MOuwHOCMs av.
OueBHIHO, BCe CYeTHble MHOXECTBA 3KBHUBANEHTHH Mexay coboio.

BOT HeCKOJBKO NPHMEPOB CUETHHIX MHOMKECTB:

A={l, 4, 9, 16, ..., & ..},
B={1, 8, 27, 64,..., n? ..},
C={2, 4, 6, 8 ..., 2n, ...,
D={1, 1/2, 13, V4, ..., Un, ...

Teopema 1. [aa moco amobpr muoxcecmso A Obiao cuemnom,
HeoOxo0umo u docmamouno, 4mobbl e20 MOXHO Obli0 «neperymepo-
same», m. e. npedcmasums 8 hopme nocredosamervrHoCmL:

A={al, ag, as, ey an, -..}. (l)

HokasatenncTBo. Ecan muoxecteo A npeicraBaeHo B popme
(I); To HOCTAaTOUHO KaKAOMY €ro 3JIeMeHTY @, COOTHECTH HHAEKC 71
3TOr0 3JIEMEHTa, Y4TOObl NOJYYHTh B3AUMHOOLHO3HAUHOE COOTBETCTBHE
Mexkay A u N, tak uro A cueTHo.

O6patHo, ecmn A CYETHO, TO CYLIECTBYeT B3aHMHOOAHO3HAUHOE
coorsercTBre ¢ MexAy A u N. [docratouno of03sauuTh uepes a,
TOT M3 5/eMEHTOB MHOMeCTBa A, KOTOpbI B COOTBETCTBUH ¢ OTBe-
YaeT YHCAY 7, 4TOGB NOJYUMTb npeacTasienue A B ¢opme (1).
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Teopema 2. H3 ecakoz0 Oecxonedrozo muoxcecnaa A MONCHO
ebiderume cuemmoe noOmmoscecmso D. ~

HorkasatennctBo. [lyctb A GeckoHeuHoe MHOMKECTBO. Boine-
JuM u3 A NpOM3BOMBHEIA 3JeMeHT @;. Tak Kak A GecKoHeuHO, TO
OHO He MCYEDNLIBAETCS BLIACJEHHEM 3JIEMEHTA a,, ¥ Mbl MOXeM Bhile-
JUTb 3JMEMEHT a, U3 ocrTaBluerocs MHoxectBa A — {a,}. Ilo TeM xe
coobpaxenusam MHoxkectBo A —{a;, a,} He nNycTo, U MbI MOXKEM
H3 HEro BLIICIHTb 3JEMeHT d. BBHAY GeCKOHEUHOCTH MHOMXecTBa A
Ml MOMXEM TpPOROJKATE 3TOT IpOLECC HEOTPaHMYEHHO, B pe3yJib-
TaTe 4Yero MOOJYyYMM [OCAENOBATENBHOCT BHIXENEHHBIX  3JEMEHTOB
a;, dsy ..., Qu, ..., KOTOpa # oO6pasyeT HUCKOMOE MHOxecTsOo D,

Teopema 3. Bcsaxoe Oeckoneunoe no0MHONCECMBO CHEMHO20 MHO-
HCECmea CHEmHo,

HdoxkasarteabctBo. [lycte A cuerHoe MHOXecTBo, a B ero
-GeckoHeuHoe noAMHoxkectBO. Pacnonoxum A B ¢opme nocienoBa-
TENBbHOCTH Qy, Gy, O3, ..., On, ... H OylleM nepe6upaTb OfUH 3a IpY-
raM oMeMeHTH A B Topsike WX HomepoB. IIpH 3ToM Mbl Bpewms
oT BpemeHH OyaeM BCTpedaTb 3JeMeHTHl MHOXKECTBA B, H Kaxabli
sjieMeHT B pano HAM MO3RHO BCTpeTHTCA HaM. COOTHOCS KaxAOMY
3JleMeHTy B HOMep «BCTpeuH» C HHM, Mbl EepeHyMepyeM MHOKecTBO B,
npuyeM, B Culy OECKOHEYHOCTH €ro, HaM TNpHIETCA Ha 3Ty HyMe-
palyio H3PACXOJ0BATh BCE HATypalbHble UYHC/A.

CnenctBHe. Fcau uz ciemuozo muoscecmea A ydaaume KoHedHoe
nodmroscecneo M, mo ocmasuieecs muoxcecmeo A — M 6ydem cuemmoim.

Teopema 4. Cymma KOHEUHO2O MHOJNCECMBA U CHEMNO20 MHONe-
cmea 6e3 o0uyux NEMEHMO8 €CMb CHeMmHoe MHONCECMBO.

HoxasatennbcTBo. [lycts

A ={a1, (12, seey a,,}, B={b1, b2, b3, .--},
npuueM AB=0. Ecmu A+ B=3S, To S MoXHO npeacraButb B Gopme
S = {al, az, ceey Qg bl! bg, ba, .o .},

nocje 9ero CTaHOBUTCSl OYEBUJHON BO3MOXKHOCTb MepeHyMepoBath S.
YcioBHe OTCYTCTBHA OOWHX 3J€MEHTOB Kak B 3TOM, Tak H B CJe-
LYIOUTNX TeopeMax MOTIo Gbl OHITH ONYILEHO.
Téopema 5. Cymma KOHEUHO20 HUCAQ NONAPHO He Nepecexkaro-
LYUXCSL CHEMMbIX MHONCECIB €CIMb CHENMHOe MHONCECITAO.
NokasatenbcTBO. IlpoBefeM J0Ka3aTenbCTBO AJs1 CAy4as
TPeX CJaraeMblX MHOXKECTB; H3 KOHTeKcTa OyIeT scHa HOJHas
OoOHOCTh paccyKAeHHUS.
Ilycts A, B, C Tpn CUYETHBIX MHOXECTBA:

A = {al, a2, Qg .. .}, B = {bl’ b2, bs, .o .},
C={cy, €3 C3 ...}
Torna cymmy S=A-+ B+ C MOXHO NpecTaBuTh B (opMe mocJe-

HoBaTeJbHOCTH S={a;, by, ¢y, G, by, Cy G ...}, W CUETHOCTH ee
OYEBHJIHA.
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Teopema 6. Cyuma cuemHoz0 MHONECMEA NONAPHO HE NEPECeKaso-
WYULXCA KOHEUHOIX MHONCECMB €CIMb CHEnHOEe MHONCECITBO0.

IHokasateascrtBo. [lyete A,(k=1, 2, 3, ...) cyTh nonapHo
He MepeceKalolecsi KOHeUHble MHOMKEeCTBa:

A, =laf, @, ..., all,
A2={a/121’ abs)) ety agg)},
Ag=1{af, a¥, ..., ai},

Ilna toro 4ToGbl pacnofoOXHTh cymMMy HX S B ¢opme nocaenoBa-
TeJBHOCTH, JOCTATOYHO BBLINKUCATH NMOAPSA BCE 3JMEMEHTH MHOXKecTBa A,
3ateM a7eMeHTH A, M Tak Jajee.

Teopema 7. Cymma cuemHO20 MHONCECHBA NONAPHO He nepece-
KQIOUUXCA CHEMHBLX MHOJNCECINS ECHLb CHEMHOe MHONCECME0.

Hoxasartennctso. Ilycte MHOkecTBa A, (k=1, 2, 3, ..)
MONapHO He NepeceKaloTCsi W CYUeTHHl. 3alHIIEM 3TH MHOMKECTBA TaK:

Ay={at’, af', @' ...},
A,={a?, af, af’, ...},
Aaz{arlsy’ a&s)’ a‘33’, }’

Ecnu Mul BomumeM 3JeMedT af'', 3ateM ofa sneMeHTa ai H af,
Yy KOTOpPbIX CYMMa BepXHEro M HHXKHEero HHAEKCOB paBHa 3, 34aTeM
Te 3JIeMEHTHl, Y KOTOpPbIX 3Ta CyMMa paBHa 4, u T. A, TO Cymma
o0

S= > A, OKaxercsi NpeACTABICHHON B (OPMe I0C/EA0BATENLHOCTH
k=1

S={a?, a3, a, o, at’, af, a", ...},

OTKYyAa H CJEAYET €€ CYETHOCTD.

I/ICHOJIb3y9l CUMBOJ @ KaK 00603HAYeHHe MOUIHOCTH CUETHOTO -MHO-
}XeCTBa, Mbl MOXEM JOKa3aHHBIC TCOPEMbI H306paBHTb C MOMOLIBIO
MHEMOHHYECKHX CXeM:

a—n=a, atn=a, ata+...+a=na=aq,

mtn+ngt...=a, at+atad...=aa=a

Teopema 8. Mruoxecmso R scex payUOHQAbHbIX 4UCeA CHEMHO.

HoxasateabcTBo. MHoxecTBO Jpobefi BuA2 p/g € JAHHLIM
3HaMeHaTeseM ¢, T. €. MHOmectBo l/g, 2/q, 3/q, ... OUEBHJIHO CUETHO.
Ho 3nameHaTesle MOXET [PUHATb TaKXke CUETHOE MHOXKECTBO HATY-
pajbHbIX 3HaveHu#l 1, 2, 3, ... 3HauuT, B CuAy Teopembl 7, MHO-
KecTBO Jpobeil p/g cueTHO; yHalsisi M3 HEro BCe COKPaTHMble ApoGH
M NpHMeHAsl Teopemy 3, y0OexjJaeMcA B CUETHOCTH MHOXeCTBa R,
BCEX MOAONHCUMEA6HbIX PAUHOHANBHBIX 4hces. Tak Kak MHOMXKeCTBO R_
OTPHIIATEJbHHIX PALHOHANBHLIX YHCEN OYEeBHAHO 3KBHBAJIEHTHO MHO-
XeCTBY R,, TO CUETHO H OHO, a TOrJa CYETHO M MHOXeCTBO R, n6o

R=R-+{0}+R,.
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CnenctBue. MHONECmBo PAYUOHAALHBIX quces w0b020 cezmeRma
{a, b] cuemno.

Teopema 9. Ecau xk Oecxoneunomy mHoocecmsy M npubasume
KOHEYHOe UL CHemHoe MHOMCeCmB0 A HOBbLX  3AeMERmOs, MmO  3mo
He UBMeHUm e20 MOWHocmu, m. e.

M4A~M.

Jloka3aTenbCTB0. Bbjennm, noib3ysck Teopemoii 2, uz M
cueTHOe MoaMHOXectBo D u nyctb M — D =P, toraa

M=P4+D, M4+A=P4(D+A).

Tak Kak P~ P, D+ A~ D (teopemst 4 u 5), 70 M+A~ M.
Teopema 10. Ecau 6eckorednoe mroxcecmso S Hecuermuo, a A
€20 KOMEUHAA UAU CHEMHQSA 4acmb, Mo

S—A~S.

IHokasaTenbcTBo. MHoxectho M =S8 —A He Moxer OHITb
KOHEUHHIM, 60 HHaYe HCXOJHOE MHOXECTBO S O6blJIO Obl KOHEUHBIM
nau cuerHniM. Ho Torma, B cuay Teopemst 9, 6yner M+ A~ M,
a 3TO W 3Hauurt, 4to S~ S — A.

CaenctBue. Bcakoe GeckoHednoe MHONCECMBO COOEPHCUM SKBUBAACHM-
HYI0 NPABUALHYIO 1ACMb.

IelicTBUTENBHO, yanssi W3 GECKOHEYHOro MHOXeCTBA I1POH3BOJIb-
HOe KOHEUHOe IIOJMHOXKECTBO, Mbl, corJacHo TeopemaMm 3 u 10,
He H3MEHsieM ero MOLHOCTH.

Kak yxe oTMeyajoch, KOHEUHOE MHOMKECTBO He ofJajaeT yKasad-
HbIM CBOHCTBOM. 3TO OOGCTOATENLCTBO NMO3BOJAET AaTh (NPHHALIEKA-
mee P. [lenekunuy) nodioxuresnbHoe onpefeneHve GeCKOHEYHOrO MHO-
HKeCTBa.

Onpepenenne 2. MHOXKeCTBO HA3bIBAETCA OeCKOHedHbIM, €CJAH OHO
COJEPKHT SKBHBA/IEHTHYIO NPABUABHYIO YacTb.

B 3akiJioueHue JOKakeM cleAyolUlylo, BecbMa oOIWYyI0 TeopeMy:

Teopema 1l. Ecau saemenmor mHoxcecmsa A onpedessomes t
sHaukamu, KaxcOoul u3 xomopolx, Hesgsucumo om Opyeux, npobeeocm
CUENTIHOE MHOXNCECMBO 3HaveHull

A={axl, 2, ___,,n} (xp=xi', x, ...; k=1,2 3, ..., n),

mo mroxcecneéo A cuemro.

HoxasateabcTrBO. JlOKameM TeopeMy METOAOM MaTeMari-
YecKoil WHJAYKLHH.

Teopema oueBHjHa, ecnu n=1, T. e. UMeeTcs TOJbKO OJHH 3HA-
yok. JlomycTHM, YTO TeopeMa CHpaBelJMBAa A A =m, H NOKAKEM,
YTO OHa CIIpaBefanBa Aasd n==m-+ 1.

Hrak, nycte A = {aﬁ- g eer X "m+1}'

-OGosHauuM 4yepe3 A; MHOXKECTBO TeX 5JeMeHTOB A, Al KOTOPHX

— (i i i
X1 =%P, |, the x{), | ONHO M3 BOSMOKHbIX 3HaueHMH (m-1)-ro
SHaykKa, T. €. I0JIOKHM A,={ax P }
1 m m-1
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B CHJTY CIle/1aHHOrO A0NyINeHHs1 MHOMKEeCTBO Ai CUYeTHO, a4 TaK KakK
o0

A =Z A;, 1o cuetHo U A. Teopema aoxasaHa

(=]

BoT HeckonbKO npepsiokeHHil, BHITEKAIMHUX H3 3TOH TEOpPEMEL:

1) MuoxectBo Todek (x, y) NAOCKOCTH, Y KOTOphIX 00e KOOpAH-
HaThl pallHOHAJbHBI, CUYETHO.

2) MHOXECTBO KOMIJEKCOB {(n,, Mg, ..., M), COCTOSIUX U3 A
HATYpAaJbHBIX YHCeN, CYETHO.

BoJsiee unTepecHbIM fBAAETCA CAEAYIOWHI (axT:

3) MHOXKeCTBO MHOTOUNEHOB aux"+ ax"*4...4-a,,x+a, ¢ ue-
JbIMH KO3G¢dHIHEeHTaMH CYETHO.

B camoM jfene, 3TO HENOCPEACTBEHHO CJeAyeT H3 Teopemnl 11,
ec/Iu PacCMaTpPUBaTbh TOJAbLKO MHOTOY/IEHB (PHKCHPOBAHHOH CTemneHH a1,
¥ AJA 3aBepUleHNA JAOKA3aTelbCTBA CJIEAyeT MpUMEHHTH TeOpeMy 7,

Tak kak Kaxapi#l MHOroYJEeH HMeeT KOHEUHOE YHCJO KOPHEH, TO
H3 J0Ka3aHHOTO MpeiNOMKEHHs BHITEKaeT cJeAyloinan TeCpema

Teopema 12. Mruoowecmeo arzebpauteckux Huces CHEMHO,

(HanomuumM, uro asireGpavyec K M Ha3bIBaeTCA YUCIO0, ABJAIO-
eecs KODHEM MHOro4/eHa C Ue/abIMH Ko3hhHLUHEHTaMH.)

§ 4. MowHocTh KOHTHHYYMA

He cnepyer aymarts, 4To Bce GECKOHEUHble MHOMKECTBA CYETHEI.
JloxkaxeM 3TO HA CJEAYIOIEM BaKHOM IpHMeEpe.

Teopema 1. Ceemenrn U =0, 1] Hecuemen.

HokxasatenncTBo. [JonyctuM, HanmpoTHB, 4To cerMeHT U ecTb
CYETHOE MHOXSECTBO. TOrAa BCe TOYKH €ro MOXKHO pacrioJIOXKHTb B BHAE
HOC/IeI0BATEILHOCTH

X1, Xo, Xgy +en (*)

nyCTb 3T0 CAeJlaHO, T. € BCfAKada TOuKa xe U HaXOAHTCA B
nociejosarenbrocty (*). Passennm U Ha TpH paBHbie YaCTH TOYKaMH
U, z,

Y e
— § 1
I 1 I
0 i) ]

Puc. 4.

1
—
1

1/3 u 2/3. $lcHO, 4TO TOUKA X; He MOXKET [PHHALJIENKATL BCEM TPEM

cerMeHTram
o 4] 1431 1)

M XOTb OAMH M3 HHUX He couepXuT ee (puc. 4). OGosHauum ero
yepes U, (ecau TOYKa x; HE NMPHHAUIEXHT ABYM n3 cermentos (1),
T0 yYepes U/, HasoBeM J0GOfi 43 HHUX, HAaNDHUMED TOT, KOTOpHIf
JIEXHUT JIeBee JAPYroro).
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Tenepb passenum Ha Tpu paBible cermeHta cermeHT U; u o6osHa-
guM 4epe3s U, TOT H3 HOBBIX CErMEHTOB, KOTOPbH HE COAEPIKHT
TOUKH X, (2 €C1H TAKHUX CerMEHTOB [Ba, TO OAMH M3 HMX).

3arem JlennM Ha TPU paBHble cermenta cerMeHT U, H 0Go3Hauaem
gepe3 {/; TOT M3 HHX, KOTOPbIH He CONEPKHT TOUKH X3 H T. [.

B pesynbrate Mbl MNMOJY4YHMM GECKOHEUHYIO MNOC/JEAOBATEIbHOCTD
BJIOXEHHHIX Apyr B jpyra cermedtroe US> U, DU, D U;>...,
KOTOpble 06MafialoT TeM CBOSICTBOM, 4TO X, < U,.

BBuay Ttoro, uro AjuHHa cermenta U, ecte 1/37, acHo, 4To sTa
AJHA C BO3pacTaHHeM n CTpPeMHTCA K HYJI0, a TOrAa, M0 H3BeCTHOM
TeopeMe TEOPHH TNpEJEJOB, CyilleCcTByeT Todka §, NpHHaAJexamas
BceM cerMertam U,

telU, =1, 2, 3,..).

Byayuu Toukoéi cermeHTa U, TOdKa § JOMKHA BXOAHTBL B MOcCJje-
JoBatenbHOCTh (*), HO 3TO SIBHO HEBO3MOXKHO, HGO Kakoe Obl n
HH B3ATb Mbl HMeEM

X, & Un Ee U, orKyla §F# X,

T, €, £ He MOXeT COBNACTbL HM C OJHOH W3 TOYEK IIOC]E]0BATE/b-
nHoctu (*). IlonyueHHoe mporuBOpedde M JOKA3LIBAET TEOPEMY.
JlokasaHHan TeopeMa JaeT MOBOJ K YCTAHOBJIEHHIO CJELYIOLLEro
onpefeeHH:
Onpenesienue, Ecnn MEOXecTBO A 3KBHBaNieHTHO cermenTy U =[0, 1]

A~U,

TO TOBODPAT, YTO A HMCET MOWHOCMbL KOHMURYyma HIAH, KOpode,
MOUWHOCMY C.
Teopema 2. Beakuili ceemenm [a, b], scakud unmepsaa (a, b) u
scaxutl noayceemenm (a, b] uau [a, b) umeem mowrocms c.
HoxasartenbcTBo. Ilyetb A=[a, b], U=[0, 1]. Popmyaa
y=a-+ (b—a)x ycTaHaBIHBaeT B3aHMHOOAHO3HAYHOE COOTBETCTBHE
Mexay MHoxectBamu A= {y} u U =|{x}, orkyaa u crepyer, uto A
HMeeT MOIIHOCTb KOHTHHYYMa. Tak Kaxk yjasieHie OfHOro HJH JBYX 3Je-
MEHTOB 13 GeCKOHEYHOr0 MHOMKECTBA IPHBOAUT K MHOMECTBY, 3KBUBA-
JIEHTHOMY HCXOJHOMY, TO NpPOMEXYTKH (a, b), (a, b], [a, b) umelor Ty Xe
MOLIHOCTb, Y4TO H CErMeHT [a, b], T. e. MowHocTh ¢. Teopema foka3aHa.
Teopema 3. Cymma KOHeUHO20 4UCAQ NONAPHO He NepeceKarouyuxcs
MHONCECTB MOUHOCIU C UMEen MOWHOCMb C, )
Hoxasateanncrtso. Ilyers

S= 3 Ex  (ExEw=0, k#F),

k=1

rie Kaxjoe H3 MHOXeCTB E, umeer moiHocTs c¢. Bo3sbMem mosycer-
medt [0, 1) # ToukaMu co=0<<c, <<y <<... <<Cp_1<<C,=1 pas-
JIOXXHM ero Ha 7 MOJYCEerMeHTOB

[ck—la Ck) (k=1, 2, veey n).
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Kaxaplit M3 9THX NOJYCEIMEHTOB HMeEeT MOILHOCTL ¢, TaK YTO Mbl
MOXEM CBfi3aTb MHOXeCTBO E, M DOJycermeHt [¢, ,, ¢;) B3aHMHO-
OJIHO3HaUYHBIM COOTBeTCTBHEM, Jlerko BHAETh, 4YTO TeM CaMblM OKAa3bl-
BaeTCA YCTaHOBJEHHHIM B3aMMHOOJHO3HAYHOE COOTBETCTBHE MEXIY
cyMMOH S H TOJIYyCEerMeHTOM

n
[0, 1)= 2 [Ck-l) Ck).
kR=1
Teopema poxaszana.
Teopema 4. Cymma c4emuoeo MHOMCECINBA NONAPHO He Nepecexato-
WUXCA MHOXMCECME MOUHOCMU € UMEEN MOUWHOCTb C.
[ae]

Hokasateabcreo. [lyere S= 3 E, (ExEp=0, kZ k),
k=1
[le KaxJoe H3 MHOXecTB E; HMeeT MOIHOCTDL C.
BosbMem Ha nosycermenTte [0, 1) MOHOTOHHO Bo3pacTaioulyio nocJe-
JTOBaTeNbHOCTh C¢o=0<<c¢c; <<y << ..., Aaa Koropo#l lim ¢, =1.

k— 0

YCTaHOBUB B3aHMHOOLHO3HAYHOE COOTBETCTBHE MEXJY MHOXKECTBAMA
Eg 1 [cp -1, Cp) A5 BCceX R, MBI TeM CaMbBIM yCTAHOBHM B3aWMHOOJHO-
3HauHoe coorsercTBHe MvexAy S u [0, 1).

CiienctBue 1. MRoxcecmnBo Z 8cex BELyECBEHHbLX HUCes UMEEM MOLY-
Hocme C.

[as]

B camom gene Z= ), {[k—1, &) +[—k, —k+ 1)}

p=1

Caencreue 2. MHoxcecmso 6cex UPPAYUOHAAbHBIX — 4UCEs UMeem
MOWHOCMS C.

Cnencteue 3. Cywecmsyrom mpancyenOenmuuiel) uucia.

Teopema 5. Mwuomecmso Q acex nocaedosamerbHocmell Hamy-
DPAAbHbIX HUCcen

Q={(ny, ny ns ..}
UMEEM MOU{HOCM C.

JlokazaTenbCTBO. YCTAaHOBHM B3aHMHOOJHO3HAUHOE COOTBET-
CTBHE MeXAY ( M MHOXECTBOM BCeX HPpALMOHANBHBIX YHCEJ HHTEp-
Baja (0, 1) (mocnefHee MHOXECTBO OYEBHJHO HMEET MOLHOCTb KOHTH-
HyyMa), CcupTas B3aWMHO COOTBETCTBYIOIIHMH IOC/€]0BATebHOCTD
(ny, Ny N, ...) =Q M uppaUHOHANBHOE YUCIO X, AJMA KOTOPOro pas-
JIOXKEHHE B HENpEepLBHYIO ApPo6b HMeeT BHA

1

”1+—_1——
(e

B03MOXHOCTE COOTBETCTBHSI M JOKa3biBaeT TEOPEMY.
Hsnoxennoe noka3aTe/bCTBO NPEANOJAraeT, uUTo YHTaTesb 3HAKOM
¢ TeopHel HenpepHIBHLIX Apobed. ?)

X =

1) T. e. HeanreGpauyeckue.
2)CM., Hanpumep, A, 1. X H HuuH, Llenuble npo6u, [octexnsgar, 1949,
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MoKHO faTh ApYroe J0Ka3aTeJhCTBO, OCHOBaHHOE Ha TEOPHH 080u4-
noix fpoGeii. C 3TOH ULeMbI0 HANOMHHM HEKOTOpHIE (PaKThl ITOH Teo-
pun. OHn GyAYT HaM TMOJE3HBl H 1A JApyrux uededl. Bor HyxHbe
HaM CBOfICTBA JBOHYHEIX JApoOei:

1) JiBouuHo#i ApoObio Ha3blBaeTcs CyMMa psifia

© a 0
Z P ={1 :

k=1

Yxasaunasa cymMvma o603HauaeTcss CHMBOJIOM

* 0, a,0,0 ... (I

2) Besikoe uncno x < [0, 1] AomyckaeT npeacrasieHne B dopue
x=0, qa,0a5 ..

1o npeactaBneHne eOUHCMBeHHO B Clydae, KOrja x He ecTb Apodb
uga m/2" (imm=1, 3, ..., 2" —1). Uncna O n 1 pasnaraiorcsa (eluH-
cTBeHHEIM ofpa3oM) B Apobu

0=0,000..., 1=0,111...

Ecnuxe x=m/2" (m=1, 3, ..., 2" —1), 10 x fonycKaeT dsa pas3-
JIOKeHHS. B 3THX pas3nomeHUAX 3HAKH @, Qy, ..., Q,-; COBMNALAIOT,
a 3HaK 4, B ONHOM M3 HuUX paseH |, a B japyrom pasen 0. Bce
ocTa/IbHEIE 3HAKH Y NEpPBOTO pasjomeHHs CyTb HYJAH («0 B mepHoge»),
a y proporo —exuHHus! («1 B mepuofe»). Hanpumep,

3 _ [0,811000 ...
8 10,010111 ...

3) Besikaa aponuHas Apo6b (1) paBHa HEKOTOpOMY 4YHCAY X H3

0, 1].
[ Ecau sra apobb copepxkut O uiau 1 B mepHofie, TO x ecTh YHCO
Buaa m/2" (m=1, 3, ..., 2" —1) (MckaoueHne cocTaBafioT ApobH
0,000 ...u O0,I11..)), v Torja, HapAly C HCXOJHEIM, CYIIECTBYET
elie OJHO ABOHYHOE pasnaoxenue x. Eciu ke gpobp (1) He comepxHT
unppy O unn | B mepuoge, TO x 7% m/2" W APYrdX [ABOHYHBIX pa3-
JIOXKEHHH X He HMeeT.

OrMeTHB 3TO, BO3BPATHMCSI K Teopeme 5. Yc/a0BHMCH He MOMB30-
BaTbCA JPOGSIMH, COAEPMAUMMH efNHHLY B NepHofe. Torja Kapaoe
unco u3 noaycermenta [0, 1) Gyaer MMeTb €IMHCTBEHHOE IIpeAcCTa-
BJeHUe B dopme

0, a0 ... (1)
npuyeM Kakoe Obl uyuca0 N HH B3fTb, HaliAyTCA TakHe dp, 4TO
ak=0, k>N.
O6patHo, Jo6Goli 1pobu (1) ¢ 3THM CBOACTBOM OTBEYaeT TOYKA H3
[0, 1). Ho 3anatb apo6n (1) moxHO, yKasas Te &, 115 KOTOPHIX ap = 0.
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3ty k 06pa3yioT BO3PACTAIOMIYIO MOC/AENOBATENLHOCTL HATYpPaANbHEEX
qucen

by < hky<<hky<<... 2)

H KaXAOH TakoH IOC/AeN0BaTeNbHOCTH oTBevaer JApo6s (1). 3wauwmr,
MHOXecTBO f1 nocsefopatenbHacTell (2) HMeeT MoumiHOCTR ¢. Ho mexpy
MHOXKecTBaMd H U () JIErKO YCTAHOBUTH B3aHMHOOZHO3HAYHOE COOT-
BercTBHE. [{/19 3TOr0 JOCTATOYHO COOTHECTH MOCJefoBaTeqbHOCTH (2)
MOC/Ae/0BATEeNBHOCTD (1, Ny, Ny, ...) H3 @, AAS KOTopol n, =4k,

=Ry— Ry, Ng=hys—Fky, ...

Teopema pmokasaHa. -

Teopema 6. Ecau 3remermor mroxcecmsa A onpedersiomcs n aHo4-
. Kamu, Kancobill u3 KOMOPsIX, HE3ABUCUMO OM NPOYUX 3HAYK08, RPUHU-
Maem ¢ 3HaqeHulll)

A= {ax'x% . 'xn}r

mo MHOcecmso A umeem MOULHOCMb C.

HokasareabcTBo. [ocratouHo paccMoTpeTh caydaf# Tpex
3HauKOB, HOO paccyKleHHe HMeeT oOIMH Xapakrep.

IMycte A=l{a,, ,, .}

Hasoeem uepes X (cooTeerctBeHHO, Y W Z) MHOXKECTBO 3HaYeHHH
3HaukKa X (COOTBETCTBEHHO, y W 2), NpPH STOM KaXJAblii U3 3HAUKOB
H3MeHsAeTCs HE3aBHCHMO OT NpPOUHX M Kaxjloe W3 MHoxectB X, Y, Z
UMeeT MOLIHOCTb C.

YeTaHOBHM B3aMMHOONHO3HAUHOE COOTBETCTBME MEXIY KaXIbM H3
MHOXECTB X, Y, Z ¥ MHOXKeCTBOM Q BCEX MOC/EeJ0BATENbHOCTE! HATY-
paJbHBIX yHceJd. DTO MO3BOJMT HaM YCTAHOBHTb TAKOE e COOTHO-
wenne Mexay A u Q.

Hmenno, nycrs € ectb Hekotopuii snement A. Torga

E=0y 020 TRe XX, yo=VY, 2= Z.
B coorBerctBuax mexay X, ¥, Z H Q 3neMeHTaM X, Yy, 2, OTBe-
YalT KaKHe-TO 3JIeMEHTH H3 (; mycTb

3MIEMEHTY X, OTBeYaeT MOCJeJOBATENLHOCTD (rny, My, Mg, ...),

» Y » » (P1s P2y Pav --)s
» 20 » » (ql) 42, qa, ...).

COOTHECCM SEMEHTY g HOCJIEﬂOBaTeJTbHO(}Tb
(nlv pll ql! nz- 42, ns; ---)’

O4YEeBHUAHO BXOJAAMYIO B Q Jlerko foHATh, YTO 9THM Mbl JeHCTBUTENBHO
NTOAYYUJIH B3aUMHOOAHO3HAYHOE COOTBETCTBHE MEXKAY Awn Q
M3 noxa3saHHOB T€OpeMbl BLITEKAET pSAN BAXKHLIX CJIEACTBHIL.

1) U specb H Huke Mbl ynoTpeGAseM TakHe o6OpPOTHl peun Kak ¢ 3HaueHui»,
«B MHOXeCTBe eCTh € 3JIeMEHTOB» H T, 0., BMECTO TOrO, YTOOH CKa3aTh «MHOXECTBO
3HaYeHHH HMeeT MOIIHOCTh C» M T. I.; HAAEeMCH, 4TO 3TO He 3aTPYAHHUT UHTATeJs.
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Cnencteue 1. Munoxecmeo 6cex movex RAOCKOCMU Umeem MOouy-
Hocmb ¢

Caepcteue 2. MHoocecmeo 8cex MmoO4eK MPEXMEPHOSO NpoCmpan-
cmea umeem MOUHOCMb C.

HHaue roBopsl, MOHIHOCTH MHOMXECTBA TOYEK NIPOCTPAHCTBA He
3aBHCHT OT 4UC/1a €ro H3MepeHHH.

Crepcreue 3. Cymma ¢ nonapHo He NEPECEKAIOUUXCA. MHONCECME
MOWHOCMU € UMEem MOWHOCMb C.

JleficTBUTENLHO, MOXHO YCT@HOBHTH B3aUMHOOJHO3HAYHOE COOTBET-
CTBHE MEXAY MHOMXKECTBOM C/araeMblX MHOXECTB W MHOXECTBOM BCex
IpsIMBIX IJIOCKOCTH xy, NapajnenbHulx och Ox. Ec/u 3aTeM yCTaHOBHTE
B3aUMHOOJHO3HAYHOE COOTBETCTBHE MeXNY KaXAbIM M3 CJlaraeMbix
MHOKECTB W COOTBEICTBYIOINEH €My NpAMOMH, TO Mbl, OYEBHAHO, MO-
AyuuM B32aHMHOOJHO3HAUHOE XK€ COOTBETCTBHE MEXK/Y CyMMO#H H NJIOCKO-
CTbIO XY.

CxemaTHyecKH Teopembl 3, 4 M MOc/eHee CJeACTBHE MOXKHO 3allu-
€aTh Tak: -

c+cec+ ... +c=cn=¢, c+c+c+...=ca=c, cc=c.

Teopema 7. Ecaru 3remenmst mnoscecmsa A onpedessiomes ¢ no-
MOWBIO CHEMHO20 MHOJNCECMBA 3HAKO8

A={axl, Xz, X3, }:

KaocObul U3 KOMOPBIX, HE3ABUCUMO Om NPOYUX 3HAYKO08, NPUHUMaem
C BHaUeHULl, Mo MHOXMecmBo A umeem MowHocms C.
JHoxasaTeabcTBo. [IycTb MHOMXKECTBO 3HAueHuH 3HAYKA X,
ecTb X, CBSxKEM €ro B3aMMHOOJHO3HAYHBIM COOTBETCTBHEM C MHOXe-
ctBoM Q Beex mocsefoBaTebHOCTeH HaTypasibHeIX uncen. [lycTh 3To
COOTBETCTBHE 0003HAueHo uepe3 @, (k=1, 2, 3, ...).
CnenaB 310, BbiGepem npou3BO/bHbIA sieMeHT § = A. Toraa

E=a,0 0 0, .M X, (k=12 3,..)
17 e gt
[lycTe B COOTBETCTBHH @), 3HAYEHMIO Xy 3HAYKA -x, OTBEYAeT MoCJje-

moBarenbHocTh (i), n®), a®, . )eQ. Torpa sanementy § = A otse-
yaeT GeckOHEUHas LieJIOUHCIeHHasA MaTpHia

n, nfh, b, ...

2 2
n®, n®, nP®, ... *)
n®, n®, 1, ... .

L I

Jlerko BHJIETh, YTO MOJYyeHHOE COOTBETCTBHE Mexay- A u MHO-
wectBoM L marpuu (*) BsauMHooAHOo3HauHo. Crano GbiTh, OCTaercs
OGHApyXKUTb, uTO MHOXecTBO L umeer MouHocTs ¢. Ho 310 moyru
OueBMHO, 100, cooTHecsi Martpuiue (*) nocseloBaTebHOCTDb

(), ngh, nfh, ngd, n@, nB, A, ...)
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(MOCTPOEHHYIO TaK Ke, KaK Mbl 3TO JeJjany Npu [A0KAa3aTesbCTBE Teo-
pembl 7 § 3), MBl Cpa3y HOJYYHM B3aHMHOOJHO3HAYHOE COOTBETCTBHE
mexay L u Q.

Teopema 8. Mnoosecmso T 6cex nocaedosamenstocmetl suda

(all a2t ag, ---):

2de a,, Hezasucumo Opye om Opyea, npurumaom sHaenus 0 u 1,
LMeem MOWHOCMSL C.

HoxasateascrtBo. [lycth S ecTb MHOXKECTBO TeX NOCJEN0OBA-
TeapHOCcTell M3 T, B KOTOpDBHIX, HAYUHAf C HEKOTOPOIO MeCcTa, BCe dp
paBubl 1. Kaxpoli nocaenoparenbhoctd (a;, d,, Qg ...), BXOAAWEd
B S, MOXHO COOTHeCTH YHC/J0, HMelomlee JBOHYHOE pa3foXKeHHe
0, a,a.ay ...; 310 uncao 6yjaer uan 1 wan m/2" (m=1, 3, ..., 2" —1),
MpUYeM TOJYUEHHOE COOTBETCTBHE MEXAY S M MHOXECTBOM uHcel
YKa3aHHOTO BW/J4, OYEBHIHO, B3aHMHOOLHO3HAYHO, OTKYyJa CJEAYeT,
yTo S eCTh MHOXKECTBO CUETHOE.

C zpyroit cTOpOHBbl, €CIH MOCJIeNOBATENbHOCTH (G, Qy, d3, ...),
Bxopsmelr B T —S, COOTHECTH 4YHCJIO C JABOHYHBIM pa3jIOKEHHEM
0, 2,455 ..., TO MBl IOJIYYHM B3aHMHOOZHO3HAYHOE COOTBETCTBUE MEXK]Y
T — S v noaycermentoM [0, 1), orkyna Bbitekaer, uto T — S, a 3Ha-
yuT, U T HMeeT MOILHOCThb C. ) *

Caencrsue. Ecau snremenmol mHOXCecmsa A onpedeasiomces ¢ no-
MOWBIO CHEMHO20 MHONCECMBA 3HAHKO8, KAXCObUL U3 KOMopoLx, He3asu-
CUMO OM NPO4UX, NPUHUMAEN 08Q 3HAHEHUA, MO MHONECME0 A umeem
MOUHOCMb C.

L
B camoM aeste, ecnm A ={ay,, x,, x,, ...} 1 Xz ={ , TO JOCTaTOYHO
my
COOTHECTH KaXAOMY 3/1eMEHTY A MOCHefoBATENbHOCTD (@, @y, g, ...),

rae a, paBio O unu 1, cmotps mo TOMY, OYAeT JH X, =I, WIH X), = m,,
yTo6bl NOJYYHTb B3aUMHOOJHO3HAuHOe coorBeTcTBHe Mexay A u T.

§ 5. CpaBHeHHe MOIHOCTEH

Mg onpefieUyiH BbIlIe CMBICA BbIPAXKEHHH «Ba MHOXKECTBA HMEIOT
OJIMHAKOBYIO MOIHOCTbY, <MHOMXKECTBO HMEET MOLHOCTb a», <MHOMKECTBO
HMEET MOILHOCTb ¢». TakuM 00pa30M, BCTPETHB CJOBO <MOIHOCTbY
B OJHOM H3 NOAOGHLIX BBHIpaXKEHHH, Mbl 3HaeM, YTO OHO O3HayaeT, HO
camo no cebe 5TO MOHATHE Y HAc elie He onpejeseHo. YTo e Takoe
MOLIHOCTh MHOXECTBa?

I'. Kantop mnbiTancs onpefenuTb 3TO MOHATHE C MOMOWLBIO TaKHX,
JOBOJILHO-TAKH TYMaHHbIX, BblpaXeHUH:

«MouHoCTbIO JaHHOro MHOXecTBa A HaswiBaeTcAa Ta ofuias ujes,
KOTOpasi OCTaeTcss y Hac, KOTAa Mhl, MbiCas 00 3TOM MHOMKECTBE,
OTBJIEKAEMCH KAK OT BceX CBOMCTB €ro 3JIEMEHTOB, TaK U OT UX NOPALKaY,
B casu ¢ stum ', KanTtop 06031aya/ MOLIHOCTb MHOXeCTBAa A CHMBOJIOM

A
(nB€ 4epTbl — «ABOHHOE» OTBJ/EUEHHE),
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B nacrosiee BpeMs KZiHTOpOBCKl/Iﬁ cnocob onpeie/IieHUusT MOHATHA

MOILHOCTH He CYMTAeTCH YJAOBJETBOPUTENbHHIM (XOTsl 06o3HaueHHe A
0Ka3a/loch OYeHb YAauHbIM) BMecto 3TOre npuHsTO Takoe dopmasbHoe
Ol pejieNieHHe,

Onpenenenne 1. [TycTh Bce MHOXecTBa pasGHTBI MO KjaaccaM, Tak
yTO JBa MHOXKECTBA MOMNAJaloT B OJMH KJAacC TOTJa H TOJBLKO TOrja,
KOTJa OHH SKBUBaJeHTHH. COOTHECEM Kaxk/[OMYy T4KOMY KJaccy MHO-
MECTB KaKOH-TUO0 CHMBOJ H GYAEM €ro HasblBaThb MOUYHOCMBIO NIOGOTO
MHOJKECTBA JaHHOro KJacca. lIpu 3TOM, eCc/M MOIHOCTD HEKOTOPOTO
MHOXKecTBa A ecTb @, TO NHUILIYT

A=a.

[pu Takom crocobe onpeje/eHHs ACHO, YTO 3KBHBaJIEHTHbIE MHO-
XKecTBa JAeHCTBUTEILHO MMEIOT ONHHAKOBYIO MOWHOCTh, a TaKXKe YTo,
COOTHECS KJacCy, COMEpiKaleMmMy MHOXeCcTBO N BCeX HATypasbHBIX
4uCes, CHMBOJ @, MOMHO CKas3aTb, YTO CYETHOE MHOXKECTBO HMEeT
MOILHOCTD 4.

Hanee, 6YKBa ¢ eCTb CHMBOJ, COOTHECEHHHIH KJacCy, COepXKalleMy
muoxecTBo U = [0, 1] 1 moToMy npo Bce MHOXeCTBA, 3KBUBaneHTHhIe U,
Mbl H TOBOPHM, YTO OHH HMEIT MOLLHOCTB C.

TlpuBeneM elle oauH NpHMep npumeHeHHd onpefeteHHs 1. [lycts
KJlaccy, conepxaiieMy MHOXecTBo A = |a, b, ¢}, cooTHeceH cUMBO «3».
Torna MOXHO cxasaTtb, 4TO JIOGOE MHOMKECTBO, 3IKBUBAJEHTHOE MHO-
mecTBy A (T. e., MONPOCTY CKa3arh, MoGOe MHOXKECTBO U3 TPEX 3Je-
MEHTOB), HMMEET MOIHOCTb 3. Mbl BHAMM, YTO IOHSTHE KOJHYECTBA
3/1IEMEHTOB KOHEUHOTO MHOMKECTBA eCTh YacTHbfi BuL Gojee obiiero
NOHSATHS MOLLHOCTH.

Hakonet, O ectb MOMUHOCTb MYCTOTO MHOXeCTBa, a | — MOLLHOCTD
MOGOT0 ¢OIHO3IEMEHTHOTO» MHOJKECTBA.

MMesi, Takum o0pa3oM, onpeneseHHe MOHATUS MOLIHOCTH, €CTeCT-
BEHHO MOCTaBHTh BONPOC O CPAaBHEHHH MOUHOCTEH.

Onpepenenne 2. Ilycte A u B MHOXeCTBa, HMEIOLHE COOTBET-
CTBEHHO MOLIHOCTH & H P

A=a, B=§.

Ecmu: 1) mHOoMecTBa A # B He 35KBHBAJIEHTHB, HO 2) B MHOXKe-
crBe B ecTb yacTb B*, 3KBHBaNeHTHas MHOmxecTBY A, TO TOBOpST,
YTO MHOXKECTBO B nMeeT 60abwuyto, a MHOXKECTBO A — MeHbLYH0 MOLI-
HOCTb, W muwyT a<<f, P> a.

Hanpuwmep, ecan

A=lay, a, ..., Gy}, A=32,
B={b1, b2, ceny b49}, B—=49,
10 A He ~B, Ho A~ B*, rae B*={by, b, ..., by}, a noromy

32 < 49.
Touno Tak xe /0O60E KOHEUHOe HAaTypaJ/JbHOE YHCJAO # MEHbLUE,
YeM KaxkJas H3 MOUHOCTEHA a U c.
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Hakonen, ecau
N={1,23,...}, N=a, U=[0,1], U=¢,
T0 N He ~ U (cM. Teopemy 1, § 4), Ho N~ U*, rae
U*={1, Y5, Y3 ...} = U.

[Tostomy a<Cec.

Bonpoc o ToM, CYIECTBYIOT /M MOILHOCTH (L, APOMENCYMOYHbLE
MEXAY @ H ¢, T. e. TaKHe, 4To a<< P < ¢, elle He pellleH '), xoTa emy
GBIO MOCBSALIEHO MHOTO HCC/AEI0BaHH.

3aTo JIerKO MOOCTPOHTb MHOXKECTBA MOIIHOCTH, GOJbIIell 4em c.

Teopema 1. Muosxecmso F ecex Sewjecmsennsix ynxyuil, sadan-
Houx Ha ceemenme [0, 1], umeem mowyrocms, Gorswyio wem c.

JdokasaveabcTBo. [lokaxeM, npexpe Bcero, 4ro F e ~ U,
rae U=][0, 1]. Honyceum, Hanmpotus, uro F~ U, H OycTb @ €CThb
HEKOTOpOoe B3aNMHOOJHO3HA4YHOe cooTBeTcTBHe MexXay F u (. Ycio-
BUMcA 0003HayaTe yepes f,(x) Ty ¢QyHKUHIO U3 F, KOTOpas orBeyaer
B cootBeTcTBUH ¢ uucay { [0, 1]. Ilonoxum, F (¢, x)=Ff,(x). 3o
eCTh HEKOTOpas COBeplIeHHO onpefesleHHas QYHKUMSA IBYX INepeMeH-
HBIX, 3allaHHas B obnactyd O=<Cfi<C1, O=Cx<<1,

IMonoxum tenmepb Y (x)=F (x, x)+ 1. Dra dyuxuus samana aas
0O<<x=<<1, 1. e. $(x) =F. Ho torga B coorsercTBHM ¢ GyHRUMA P (X)
OTBevaeT HeKotopoMy udHcay ae< U, T. e. ¢ (x)=f,(x), nm }(x) =
= F(a, x).

HHaue roeops, npu Beex x ua [0, 1] 6yner F (x, x) + | =F (a, x),
a 3T0 HEBO3MOXHO, HalpuMep, AAfA X=a.

Hrak, peiicrButencHo, F e ~ U. Ho ecan Mer pacemoTpuM mHo-
xKectBo OYHKUMEA F* ={sinx+c} (0=<<c=<C1), KoTOpOE ecTh yacTh F,
TO cpasy yBHAuM, 4to F* ~ U,

Teopema nokasaHa.

Onpegenenne 3. MomHocTe MHOXKeCTBa F Becex GyHKUHI, 3afaHHBIX
na cermente [0, 1], oBo3HauaeTcsi cUMBOJIOM f.

C nomoluplo 3TOro CHMBOMIA TeopeMy | MOXHO GopMy/aHpOBaTE Tak:

c<F.

CyecTBYIOT 4 MOLHOCTH, Gosblive uyeM f? OkasblBaercsi, 4To Aa,
CYINECTBYIOT. BoJblie TOro, MBI NOKaXKeM, YTO, UCXOAS H3 MHOXECTBA
JN06081 MOWLHOCTH, MOXKHO HOCTPOUTbH MHOMeCTBO GOJIblUed MOLIHOCTH.

Teopema 2. [Iyemv M xaxoe-rubo mwuoocecmeo. Ecau T ecme
MHOxcecmao ecex wacmeti mruoxcecrnsa M, mo T > M.

HoxkasateabcTBo. OrMeTuM, YTO 3JeMEHTaMH MHoxecTBa T
ABJIAIOTCA 8ce uacTu M, B uacTHOCTH camMo M, mnycToe MHOXecTBO O
H Bce OJHO3JIEMEHTHbE MOoAMHOXKecTBa M.

Y Ilpexnonoxenue, 4To TaKUX MOUIHOCTEA HET, HOCHT Ha3BaHHE <2unomesost
romunyymar. [CoBpeMeHHOE COCTOSIHHE BONPOCA O THIOTe3e KOHTHHYYMa HaJOKeHO
B Knure: 11 k. K oa o, Teopuss MHOXKeCTB ¥ KOHTHRYyyM-runotesa, «Mup», 1969
(Mpum. ped.).]
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IMokaxeMm, npexae ecero, uto T He ~ M.

IlonycThM, HanpoTHB, 4T0 T ~ M, H myCTb ¢ Kakoe-1m60 B3aHMHO-
OIHO3HAYHOE COOTBETCTBHE MeXK1y S3THMH MHOXecTBaMH Kamaomy
me M B COOTBETCTBHM ¢ OTBeuaeT onpefeeHHbIHd sgemeHT T, KOTO-
pbiil Mpl 0603HAuMM Yepes ¢ (m), U Kakiubli sieMedT T ectb @ (m)
JJA OIHOrO U TOJBKO ofHoro me M.

HaaoBem aneMeHT m & M «XopowuM», ecid m & @ (m), U «IJo-
XHM» B TIPOTHBHOM cJyuae. D/NeMeHT, KOTOpPbLIH B COOTBETCTBHH @
OTBEU2eT CAMOMY MHOXeCTBY M, HaBepHOE «XOpOIIHiH», a 3/EeMEHT,
OTBeualolluii MYyCTOMY MHOXeCTBY, HaBepHoe «1oxofi». Ilycts S MHO-
JKECTBO BCEX «IJIOXHX» (H TOJBKO «IJ0XUX») sjemeHToB M. Tak Kak
ST, T0 B COOTBETCTBHH (¢ MHOXKECTBY S OTBEUaeT 3JeMeHT i, = M

S = ¢ (my).

KakoB e 3TOT 3JIEMEHT g — «XOpOWMA» HJH <«mjoxoiy»? omy-
CTHM, YTO m, «XOpOlUHii» 37eMeHT. DTO 3HAUUT, UTO My, < @ (M) = S,
a Tak Kak S COCTOHT TOJIbKO M3 «ILTOXHX» 3/€MEHTOB, TO #l, 3JEMEHT
«MJ10X0M», YTO MPOTHBOPEYHT CHeNAHHOMY JAOTYILEHHIO.

H1ak, m, «nnoxoils snement. Ho Ttorma m, & @ (me) =S, 2 310
03HauaeT, 4TO m, «Xopowuils 3neMent. Crano GbiTb, 3JEeMeHT M, HH
«XOpOLIH», HH «I/IOXOH», 2 TaK KaK BCAKHH 3/1eMEHT HJIH «XOPOUIHi»
HJH «110Xgli», TO mosyuaeTcs abcypiHas CUTYyalusi, KoTopas U OOHa-
pyxuBaetr, 4o T He ~ M.

Ho, ecain T* ecTb MHOMXKeCTBO BceX ONHO3JIEMEHTHBIX MOIMHO-
XKeers M, To, oueBuaHo, T*~ M, a Tak Kak T* < T, 10 Teopema
JloKa3aHa. -

3ameuanne. [Tyctb M KoHeuHoe MHOXKeCTBO, COCTOfllee H3 1 3Je-
MmeHToB. Torna MHoxkecTso T colep:uT 2" sjaemenToB. B camom Jene,
T cONEpKUT OfHO MYCTOe MHOXKeCTBO, C} OAHO3JIEMEHTHHIX MHOMECTB,

% IABYX3JEMEHTHbIX MHOXeCTB, ¥ T. A., a Bcero B T OyJeT BXOAHUTDb

[4+Ct4C24 ... +Cr =2

ajlemenToB. OTMeTUM, UYTO 3TOT pe3yJbTaT BepeH H [Js CJYydaes,
Korla M nycroe (n=0), uiu ofHO3JeMeHTHOe (n=1) MHOXKecTBO,
6o B nepeoM caydae T cocrouT H3 ofHoro M, a Bo BTOopoM H3 M
H NYCTOrO MHOMKeCTBa.

B cBA3KM ¢ 3TUM ecTecTBEHHO AaTh CJelyloulee onpelesieHne.

Onpegenenne 4. Eciau MHOXecTBO M HMeeT MOIIHOCTB {4, @ MHO-
¥eCcTBO BceX ero yacrefi 7 HMeeT MOIIHOCTE T, TO TOBOPAT, 4TO
T=24

Teopema 2 osmauaer, uro 2* > .

Teopema 3. Cnpagedrusa gopmysa ¢=2°,

HokaszatenbcTBo. Ilycte T ecTh MHOMKECTBO BceX 4acTel
MaTypanbHoro psaa uncen N, a L MHOXECTBO BceX MOC/TeNOBaTeb-
/HOCTeli BHja

0
(alr Qq, ag, )1 ak:{l.



Torna (teopema 8, § 4) T=2%, L—c.

Bospmem npousponbHbI snemert N* < T. N* ecrb Hekoropoe
MHOECTBO HaTypanbHeIX uucesl. CooTHecem N* nocsefloBaTesbHOCTH
(a1, a3, Gg, ...) TO TAKOMYy OpPaBUNY: ecM R = N* To ap = 1, a eciin
k= N*, 10 a,=0. OueByHO, Mbl NOJyYaeM MPH 3TOM B3AUMHOOIHO-
3HauYHOe COOTBEeTCTBHe MexAy T M L, 4TO H JIOKashBaeT TEOpeMy.

M3 Teopem 2 u 3 cHoma crenyer, uro ¢>a.

Cnenytompe /e TeopeMbl HMEIOT GOJblUOE 3HAUEHUE,

Teopema 4. [Tyemb A > Ay D A,. Ecau Ay~ A, mo u A, ~ A.

HoxasarteabctBo. IlycTe ¢ ecTh HeKOTOpOe B3aHMHOOAHO-
3HayHoe cooTBeTcTBHe MeXAy A u A,. Kakiomy saementy A B sTom
COOTBETCTBHH OTBEY3EeT HEKOTOPHIH ajeMeHT A,.

B yactnoctn Te snemeHTHl A, KOTOphle OTBEYAlOT 3/jeMeHTaM A,
o0pasyloT onpejefecHHOe MHOXKeCTBO Az A,.

Taknum obpasom A; CBA3AHO B3aUMHOONHO3HAYHLIM COOTBETCTBHEM
¢ A;. Ho Ay < A,, 3naunt Te anemeHtnt Ay, KOTOpHIE NpPH 3STOM
OTBEYaloT 3JeMeHTaM A,, 06pasyioT onpejiesieHHOe MHOMXKeCTBO Ay = Aj.

Teneps, nockonbky Ay As, a A, u A, CBsI3aHEl B3aHMHOOLHO-
3HAYHBIM COOTBETCTBHEM ¢, MOXKHO 00pasoBaTh MHOMXecTBO Az — A,
M COCTOSIIEE U3 TeX 3INEMEHTOB A,, KOTOpLle OTBewaloT ajeMeHTaM A,

[lposomxas »TOT nDpouecc, Mbl MOJAYYHM HOCHAENOBATENLHOCTH
MHOXECTB

A A DA D40 A, 04D ...
TaKkylo, YTO
Aro g, Aj~As, Ay~ Ay Ay~ A, ...
OrmeTum [IpH 3TOM, 4YTO COpaBEAJHBbBl U TAKHE COOTHOLIEHHS:
A—A~ Ay — A,
Ay— Ay~ Ay~ Ay,
Az—AaNA4— Aa,

' (*)

BHITEKAIOUIYe M3 CaMOro onpefe/eHus ) MHOXKecTB A,.
[lycte D= AA;A3A4 ... Jlerko BHEeTb, 4YTO

A=A—A)+ (A1 —A) + (A — Ay +
+(A3—A)+ (A —A)+ ... +D
Ay=(Ay—A)+ (A — A +(As— A+ (Aa— A+ ... + D,
HpHueM OT/e/bHbIE clAaraeMble KakKIOH H3 CTPOK He [epeceKaiorcs.
B cuny (*) 0nMHAKOBO NOJYEPKHYTHIE CJ/araeMble 00eMX CyMM

SKBHBaJleHTHB Apyr Apyry. Ho mnpoune caaraemble 3tux CymMMm mo-
MapHO TOXKIECTBEHHBI, OTKYAA H BBITEKAeT SKBHBaJeHTHOCTb A H A,

1) O6pamaeM BHUMaHME dquTaTells Ha TO, YTO H3 CoOTHoweHHH A* < A4,
B* < B, A* ~ B*, A~ B, e cnenyer, uto A —A* ~B~B*,
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Teopema 5 (3. LIpédep — D. Beprumedin). Ilycms A u B
0sa muoscecméa. Ecau xascdoe u3 HUX 3KBUBAAEHMHO HEKOMOpPOU
wacmu 0pyzoe0, MO OHU SKBUBAEHIMIHbL MEHOY COBOL.

JloxasaTeabCTBO. Ilycte A~ B*, B*c B, B~ A%,
A* < A.

YcranosuMm B3aHMHOOJHO3HAYHOE COOTBeTCTBHE Mexly B u A%,
npu TOM Te 3JeMeHTH A*, KOTOpble OKaXKyTCsA COOTBETCTBYIOUIMMH
ajleMeHTaM MHOXectBa B*, 06pasyloT HEKOTOpoe MHOXeCTBO A**
QOueBupHo A D A* D A** u A~ A** (6o A~ B*, B* ~ A**)
Orciona, Ha OCHOBaHHH TeopeMbl 4, A~ A*, a tak kak A* ~ B,
T0 A~ B.

Teopembl 4 ¥ 5 UMEIOT DsAJl BaXHHIX CJEACTBHHA.

Caeacteue 1. Ecau o u P O0se mownocmu, mo coomHowerus

a=0, a<fp, a>f

HEco8Mecmumbt.

JelicTBUTE/IBHO, TOT (aKT, 4YTO COOTHOlIeHHe o =} HCKIIoUaeT
063 NpoYHX, BMNOJIHE OYeBHIEH.

Homnycrum Tenepb, 9TO OAHOBPEMEHHO BLINOJHSIOTCS COOTHOLIEHHs
a<<Pp u a=>f. Ilyctrb A u B cyrb IBa MHOXECTBA MOLLHOCTeH

a " p:
=B.

o]
ol

=a,’

Taxk xkak a <<f, 1O

1) A u B He 5KBHBa/leHTHH;

2) A~ B*, rige B* — B.
Ho u3 Ttoro, uro « > f, crenyer, uro

3) B~ A*, rne A* C A.

U3 2) u 3) suTexaer, 910 A ~ B, a 310 mpotuBopeunt 1).

Caeacteue 2. Ecau a, B, vy mpu mowmocmu u o <<f, Pp<<v,
mo a <<y, T. € OMHOWeEHUe < MPAHUNIUGHO.

B camom gene, ecin A, B, C Tpu MHOXecTBa MmowHOocTell a, f,
v, 70 A~B*c B, B~C* < C, otkyla caeayer, uto A ~C**
< C, rae C** ecTb MHOXeECTBO TeX 3jeMeHTOB C*, KOTOphle B COOT-
BeTcTBUM Mexly B u C* orBevawor snementam B*.

Ocraercst o0Hapyxuth, uto A He ~ C.

Ho ecam 6w 6bio A~ C, 10 oKasamzoch 6n, uto C** ~.(C,
a Torja, no Teopeme 4, Mbl umenn 6w, yro C* ~ C, oTkKyna B~C
up=ry.

3amenwanne. H3 camoeo onpedesenus 2 6wimexaem, 4mo ecau
A~B*cB, mo aubo A=B, wbo A <B.

B cBsA3H ¢ 3THM cooTHOlleHHe A ~ B* — B uacto 3anuchiBawT
Tak:

A<B.
C nomoibio sTOro 0603HAuEHHA TeOpeMy 5 MOKHO (OPMYJIHPO-
BaTb TaK:
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Ecau a=0 u a<<B, mo a=§.
Ecau m u n japa HarypaabHbIX 4HC/a, TO M3 TpeX COOTHOILEHHI

m=n, m<n m>n

OJIHO (M TOJIBKO OJiHO) o6sA3artenbHO umeeT MecTo. B riase XIV wnl
NOKaxeM, Yro JAas Jo6blX MOWHOCTEH o W ff Takmke oO6s3aTeNbHO
BHIIOJIHACTCA OAHO U3 TpeX B3aUMHO HCK/UAOWHX COOTHOMIEHHI

a=§, a<p, a>8.

3TO CBOHCTBO MOILIHOCTE!N HA3BIBACTCH mpuxomomuetl.

[Tokaxem nmpuMeHeHHe TeopeMbl 5 Ha C/EAYIOIEM MpHMepe.

Teopema 6. Mroocecmso @ 6rex Henpepuiguoix ¢ynxyuti, 300an-
Howx Ha ceemenme [0, 1], umeem mowgpocme c.

JlokasareabcTBoO. [lycte @* ={sinx+4}. Ouesuaxo,

O* =@ u O*=c, OTKyJa cJjelyeT, 4To

D=c. )

- Ocraercs MoKasaTb, YTO i
d<ec. @)
C 3T10i1 Ueablo 0603HauMM Yepe3 H MHOXECTBO BCeX MOC/ENOBATElb-
HocTell BHAA [4;, Ug, U, ...], [H€ U, HE3ABHCHMO ADYr OT Apyra,

MPUHUMAIOT BCe BEUIECTBEHHble 3HaueHHs. B cuny Teopemnl 7 § 4,
H=c.
Ilepenymepyem Bce pauHoHanbHble uncia cerMenra [0, 1]:

Ty, Tay gy oo

H Kaxaof QyHkuuH f(x) & O cooTHeceM MOC/MEAOBATENLHOCTD
a;=[f(r), f(ra), [ (ra), ...}

Ouesnano, a; < H. Tlpu stom, ecnan HenpepbiBHEE QYHKUHH f(X)
U g (X) He TOXKJEeCTBEHHH, TO 4; 7 .

JefictBuTtenbHO, ecan Gbl GbIO @y =ag, TO PaBEHCTBO f(x) =g (x)
BBIIOJHANOCE OBl AAs JIOGOro pauHOHaslbHOro sHaueHus x us [0, 1],
OTKYJa, B CHJly HenpepbiBHOCTH 06eHX (yHKUMH, cnefoBano Obi, 4TO
3TO paBeHCTBO BepHO A Besikoro x u3 [0, 1], n dyukumun f(x) v
g (x) Oblan Obl TOXAECTBEHHHI.

3naunt, MHOXecTBO B sKkBHBaNeHTHO MHoxecTBY H™* = {a,. Tak

kak H* cH wm H=c, To KOKa3aHO coOTHOwWweHHE (2), 4 C HUM H
TeopeMa.

YIIPAXHEHHS K [/1ABE 1

1. okasath, 4TO MHOMECTBO TOYEK pa3phBa MOHOTOHHO# GQYHKUHH pasBe
JHUIb CYETHO i
2. YcTaHOBHTh B3aMMHOOAHO3HAuHoe cooTserctsue mexay (0, 1) u {0, 1)

8. Hokasatb, uto f=2°¢ .
4. Ooraszate, uyro ecnn A=B-4+C, A=c¢, To XoTb OJHO H3 MHOXECTB
B nan C uMeer MOULHOCTS ¢,
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5. Myers f(x) dyurunug, ofnagaouan TeM CBOACTBOM, 4TO BCAKOMY X, OTBe-
uaer Takoe § >0, uTo KaK TOMBKO |x— o[ <<8, Tak cefivac xe f(x)=f (x)).
HoxazaTb, 4TO MHOXeCTBO 3HaYeHHH f(X) pa3Be JHiUb CYeTHO.

6. Ilokasate, yto B Teopemax 4, 5, 6, 7 § 3 1 3, 4 § 4 MOKHO OTKHHYTH
YCAOBHe OTCYTCTBHSI OGUIUX 3/EMEHTOB B CKJANHBAeMBIX MHOXKECTBaX.

7. Joxasars dopmyny AB+C=(A+C)(B+C) O6obuiuts ee.

8, Iycrs A4,, Ay, A;, . nociefoBatensHOCTL MHOXecTB. OGo3zHauuM uepes A
MHOMECTBO 3/IEMEHTOB, NPHHANAEKANHX GeCKOHEeUHOMY MHOMECTBY MHOXecTB A,
a uepea A MHOXECTBO 3/IEMEHTOB, He NMPUHAMEKAUHX TOJBKO KOHEYHOMY HHCIY

[ o] [+ 0] w0 [e0]
uHomects A,. Jlokasats, wto A= ] 3 4, A=Y Ay,
n=1k=n n=1Ak=n
o —
9. JlokasaTs, uto ecnt A= Y, A, u A =c, T0 XoTh OJHO H3 MHOKeCTB A,
n=l1

k

HMEeT MOWHOCTD ¢,

2 M 11 HaTancon



ryTABA II
TOYEYHBIE MHO)KECTBA

B aroit rnase Ml GyjeM 3aHMMATbCA MHOMECTBAMH TOUEK UHHCJO-
Bofi mpaMoii. Bce MHOXeCTBO BelleCTBeHHLIX 4YHcea Mbl GygeM ofo-
3HavyaTh cUMBOJIOM Z. OTMeTHM, YTQ BCeé IOHATHA, KOTOpble BCTpe-
YajoTcs HHMKe, KaK-TO: «TOYKay, «CelMeHT», «HHTepBal» H T. M., Mbl
ynorpeb/isieM B YHCTO apHQMEeTHYECKOM CMbICJIE; TOBOPSA, HaNMpUMeEp,
UTO «TOYKA Y JIeXHT [paBee TOYKH X», Mbl HMeeM B BHAY, UTO y =>X
-M T, IL

§ 1. MNpepenbnan Touka

Onpenenenne 1. Touka x, HaspiBaeTcAd npedessrod mouxod!) ToO-
YeyHOra MHoxectBa E, ecqu BCAKHH UHTEpBal, coflepXaluufi sty
TOYKY, CONEPXKHT XOTb OAHY TOuKy E, OTIHYHYIO OT TOYKH X,.

3ameyanusi: 1) Cama TOyka X, MOXeT NpPHHALJIEKATb, a MOXKET
H He NPHHAAJIEXAaThb MHOXKeCTBY E.

2) Ecnn Touka X, NPHHALIEMUT MHOXKECTBY F, HO He fBAfeTcs
€ro mnpeie/bHOH TOUKOH, TO OHA HAasbIBAeTCA WU30AUPOSARAROL TOUKON
MHOXecTBa E.

3) Ecam xy ecTb npemencHas Touka MHOXecTBa E, TO BCAKHH
HHTEpBan (@, f), coepxamwuil 3Ty TOUKY, COJepKUT GeCcKOHeyHoe
MHOXeCTBO Touek E.

JokaxeM mocnefnee sameuanue. JlonmycTuM, HanpoOTHB, YTO HHTep-
Ban (o, f), colepxalui X, COAEPKHUT TOJbKO KOHEYHOE UHCJO
touex E. Ilycte oTnnunble oT X, TOukKH MHOXectBa E-(a, P) cytb
£, &, ..., En. OGo3HaunM uepes 8 HauMeHbliee H3 INOJOXKHTENbHbLIX
uncen |xo—& |, [Xo—8&/|, --.v [Xo—&r], Xo—a, Pp—x, u paccmor-
puM uHTepBan (x,— 8, xo+8). Hu onna us Touek &, (k=1,2, ..., n)
B HEro He INONajaer, a TaK Kak (xo—6, x,+08) = (o, ), T0 uH-
tepBan (x,— 0, x,-+0) BooOlWe He comepXHT ToueK E, OTJIHYHBIX
OT Xp, @ 3TO NPOTHBOPEYHT TOMY, UTO X, Npefe/bHas TOYKa MHOXKe-
ctea E.

K nonstuio npesenbHoii TOYKM MOMHO TONOMTH W C APYrOH TOYKU
apeHus. C 3TOH Uesblo JOKameM cielyloliee TpenoKeHHe.

Teopema 1. [as mozo umober mouka x, Osviaa npedessHold mou-
Kol muoxcecmea E, neobxo0umo u docmamouno, 4mobel U3 3Mo20 MHO-

1y Unu mouxodi ceyujenun.
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HCECMea MONCHO 6b6LA0 asi0eaums NocAedo8amebHoCMe PA3AULHBLX  MO-

YeK Xy, Xay «oey Xns -.. MAKYL, 4MO
xo=lim x,.
n— oo

HoxasaTteabcTBO. JloCTATOYHOCTH YCJOBHA BNOJHE OYEBHHA.
JIoKaxeMm ero HeoOXOAUMOCTb.

[lycts x, ecth mpefenpHasi Touka MHOxecrBa E. BriGepeMm B HH-
tepBane (xo— 1, x,-+1) Touky x, & E, oTin4Hy0 OT x,.

3arem B untepBane (x,— 1/2, xo+ 1/2) BuiGepem Touky x, & E,
OT/IHUHYIO B OT Xy H OT X; H T. L

Ha n-m mary npolecca B HHTepBale (x,— l/n, xo+1/n) Mbl
BLIGHPAEM TOUKY X, = E, OTAHUHYIO OT Xy, Xp, ..., Xnq .

B pesysbrate u3 MHOXKecTBa E BhlJeneHa TM0C/TELOBATENbHOCTD
{x.}, AnA KoTtopoll, oueBHAHO, OyJer limx,= x,.

JloxasaHHasi TeopeMa IO3BOJIAET BHICKA3aTh OnpeneneHue 1 B apy-
roit dopwme.

Onpenenenne 2. Touka x, HasblBaercsl npedessbHOd noukold MHO-
)ecTBa E, €I H3 3TOr0 MHOXKECTBA MOXHO BbIAeJHTH IOCAENOBA-

TEeJbHOCTb Pas3/IMYHBIX TOYEK X;, Xg, X3, ... TAKYIO, YTO
Xo= lim x,.
n— o

Teopema 2 (b. bBoavyano — K. Beliepuumpacc). Bceaxoe bec-
KOHedHoe ozpanuderHoe muoxcecmso E umeem xomsa 6vr 00ry npedes-
Hyro mouKky (komopas moxcem u He npunadaexcams E).

HoxasarensbctBo. Tak kak MHoxecTBo E orpaHu4eHo, TO
MOXXHO yKa3aTh COJiepXKaliuii ero cerMedt [a, b].

[Momnoxum, c=a—';—b M paccMOTPHM cerMeHTHl [a, ¢] u [¢, b]. He
MOXKET 0Ka3aThCfl, YTOGH Kax/bli U3 HHX COMEpXKaJ TOJbKO KOHeY-
Hoe uHc/aI0 ToueK F, W60 B 3TOM clyyae H BCe MHOXecTBO £ Gblo
6bl KOHEYHBhIM. J3HAYHMT, XOTb OINHH H3 3THX CErMEHTOB COMEPIKHT

_Geckoneunoe MHOkKecCTBO TodeK E. OGosHauum ero yepes [a;, b,] (ecmu
o6a cermedta [a, ¢] m [c, b] comepxar GecKOHEUHOE MHOXECTBO
Touek E, To yepes [a;, b,] o603HaYaeM TONBKO ONHH H3 HHUX, KAKOH —
6e3pas/iHuHoO).

a+b
TMomoxkum ¢, -—-% 1 06o3HayuM yepes [a,, b,] TOT H3 cerMeHTOB

[ay, ci] u [er, b1], HAZ KoTOpOM JiekuT GeCKOHEYHOE MHOMKECTBO
Touek E (cymiecrBoBaHHe €ro yCTaHaBJIHBAeTCSl TaK e, KaK H BhIILE).

[lposomxkas 3TOT mpoliecc, Mbl NOCTPOMM GECKOHEUHYIO NOCJ]EnO-
BaTEIbHOCTh BJIOMEHHBIX CErMEHTOB

[a, b1 [ay, bl las b)) ...,
%ﬂ)l(}lblﬁ M3 KOTOPBIX CONEPIKHT OGeCKOHEYHOe MHOXECTBO ToueK E.

—a
Taxk kak b, —a,=-—,—, TO AJHHA cerMeHTa [a,, b,] ¢ Bo3pac-

on
@pueM n CTPEMHTCA K HYJIO M, NO H3BECTHOH TeopeMe TeOpPHH
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NnpeaesoB, CYUIECTBYET TOUKA X,, O6LAS BCeM cerMeHTaMm [a,, b,], npu-
yem lima, =lim b, = x,.

IlokaxeM, uTO x, H ecTb npefenbHas Toyka MHoxectBa E. [as
3TOr0 BO3bMeM NPOH3BOABHBIN HHTEpBaa (@, B), cofepxammuii x,.
OueBHIHO, €CJIH 1 IOCTATOYHO BeJNHKO, TO [a,, b,.] < (@, B), TaK uro
B (@, f) HaxoauTcs GecKOHeYHOE MHOMECTBO Toyek E, oTKyla H cle-
JyeT Halle yTBepXAeHHE.

3amersM, 4TO yC/JOBHE OrpaHHYeHHOCTH MHOMXeCTBa E He Mmoxer
ObiTh OMyileHOo Ge3 HApYILEHHA ClpaBelJHBOCTH TeopeMul. [IpuMepom
MOMXET CNYMHTb MHOMKecTBO N Bcex HatypanbHbix uducen. OHO XOTA
H GecKOHeYHO, HO He HMeeT HH OAHOH NpeAesbHOH TOYKH,

B npHIOKeHHAX 4YacTto OkKasblBaeTcd To/e3HOH Apyras ¢opMa
Teopembi Bosibuano — BefiepiTpacca, B KOTOpo#i peyb HAeT He © MH O-
KecTBaX, a O UHCJOBHX TOCAEAOBATENbHOCTHX.

Msnl roBopnM, uTO HMeeM Jel0 ¢ UHCJIOBOH TOC/eAOBATebHOCTHIO

X1, X2y Xgy ovvy (*)

€C/IH KaXKJOMY 77 COOTHECEHO OMnpejesieHHOe YHC/IO X,, MPUH ITOM pas-
JHYHLIC YJIEHD NOCAeAOBaTeNBHOCTH MOLYT OLITh paBHbl ApYr ApYyry.
Taxona, HanpuMmep, MoCneA0BaTe/ILHOCTL

0, 1,0 1,01, ...

Ecan paccmMaTpuBaTh ee Kak TOYedHOe MHOXKECTBO, TO 3TO MHO-
KECTBO KOHeuyHoe, uGO COCTOMT TOJILKO M3 JABYX Touex 0 M ]|, Kak
NIOC/IeI0BATENLHOCTE e oHA GeckoweyHa.

INocnepoBarenbHOCTD (*) Ha3blBaeTCsl o2paHuderHod, eCaH cylue-
CTBYeT Takoe 4ucjo K, uTO NMpH Beex 7 Oyner

]xn1<K.

VYuomauyras Buite ¢opma TeopeMsl Doabuano — Beitepuirpacca
TaKoBa:

Teopema 2*. H3 scaxol 0epaHudeRHol noc.ae008ameisHocmi
X1, Xgy Xgy ovs (*)
MOXCHO 66i0eaums Cx00AUYOCA nOONOCAed08aMeasHOCTb
Xngy Xngy Xngy «on (m<n<ng< ...)

HokazatenbctBo. PaccMoTpuM MHOMKecTBO E WIEHOB noce-
JosatesbHocTH (*). Ecan 310 MHOXECTBO KOHEYHO, TO OJHA M3 €ro
TOYEK BCTpeYaercss B NOC/e/0BaTeNbHOCTH (*) GecKOHeYHO MHOro pas,
NyCTh 3Ta TOYUKA & M NYCThb Xp, = Xp, = X, = ... =§, TOrja Noc/eno-
BaTe/IbHOCTh {X,,} TpeGyemas.

Ecan ke ykasaHHOe MHOXeCTBO GeCKOHEYHO, TO K HeMy HpHMe-
HHMa Teopema Bosbuano — Beitepirpacca. Ilyerb x, ectb mnpeneds-
Has Touka MHOXKecTsa £, Ttoraa M3 E Boiflensiercd MoC/IeNOBaTelb-
HOCTB

xm“ Xm’, Xma, ey (**)
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CXOARMIAACA K TOUKE X, NpHYEM BCe ujJeHbl ee, a TeM Oojaee uXx
HHIAEKCH my, My, Mg, ..., Pa3jHUHbL.

TlonoxuM, 7, ==m; 1 0603HAYNM UYepe3 N, IePBOe U3 UHCEJ My, M.,
ms, ..., KOTOpPOE OKaxkercsa OoJbllie, YeM 1, 3aTeM 0003HAYHM Yepes
75 TIEpBOE M3 5THX uuces, Kotopoe Oosbuie, 4eM 7, H T. 1. B pe-
3y/bTaTe Mbl NMOJYYHM TOCTENOBATENbHOCTb Xp,, Xn, Xng ... € 603-
pacmarowumy nHAeKcaMd. TIOCKOJbKY 3Ta NOCTeNOBAaTeNbHOCTh €CTb
gactHuHaa s (**), To fcHo, uro lim Xp, = Xo. Teopema pokasana.

§ 2. 3amxHyTbie MHOXECTBa

Hanum onpelesnieHuss LeJOro psja NMOHATHI, TeCHO CBS3aHHBIX
¢ TIOHATHEM TNpefe/IbHON TOYKH.

Onpenenenns. Ilycre E ToueYHOE MHOXKECTBO.

1. MHOXKeCTBO BCex npefie/ibHBIX ToueK £ HasulBaeTcs npoussod-
Hblm MHONcecrnéom ANsi MHOWecTBa E M o6osHauaetcs uepe3 E'.

2. Ecan E' — E, To MHOXecTBO E HA3bIBAeTCH 3QAMKHYMbIM.

3. Ecim E < E’, T0 MHOXecTBO £ Ha3LIBaeTCsi NAOMHoiM 8 cebe.

4, Eciu E=E’, To MHOXKecTBO E HAa3LIBACTCHA COBEPLILHHBIM.

5. Muoxectso E -+ E’ nasblBaerca 3ambikaruem MHoxecTBa E u
o6o3Havaercs yepes E.

TakuMm 0Gpa3oM, MHOXKECTBO HA3LIBAETCA 3aMKHYTHIM, €CJH OHO
CONEPXKHT BCe CBOM MpefiesibHbie TOYKH. [l1oTHOoEe B cefe MHOMKECTBO
JMILEHO H30JUpOBaHHBIX ToueK. CoBepleHHOE MHOXECTBO 3aMKHYTO
H TJIOTHO B cele.

WnatocTpupyem AaHHble ONpefeseHHs NpHMepaMu.

TlepumMEP L.

1. E={1, 1/2, 1/3, ..., l/n, ...}, E'={0}. MuoxecTBO He
3aMKHYTO M He IJIOTHO B cefe.

2. E=(a, b), E'=[a, b]. MHoxectBo n/OoTHO B cefe, HO He
3aMKHYTO.

3. E=|[a, b], E'=[a, b]. MHOXecTBO cOBepiIeHHO.

4. E=Z, E'=17Z, T. e. MHOXKECTBO BCEX BEIIECTBEHHBLIX YHCEN
COBEpILEHHO.

5. E={l, 112, 1/3, ..., l/n, ..., O}, E' ={0}; mHOXKeCTBO 3aMK-
HYTO, HO HE NJOTHO B cefe.

6. £ = R (MHOXeCTBO BCeX paUHOHAAbHBIX 4uced), E' =2Z; uHo-
JKECTBO NJIOTHO B cefe, HO He 3aMKHYTO.

7. E=0, E'=0, 1. e. nycToe MHOXECTBO COBEPLUEHHO.

8. E — xoHeynoe MHOXecTBO, E’ =0, T. €. KOHEYHOe MHOXECTBO
3aMKHYTO, HO He HJOTHO B cefe.

Huxe Mbi mossakomumcs ¢ Gosee CIOKHBIMH M HHTEPECHBIMH
TIpEMepPaMH 3aMKHYTbIX H COBEPUICHHBIX MHOMECTB.

Teopema 1. I1poussodnoe mroxcecneo E’ aobBoeco modednoco MHo-
xecmea E samxrymo.

INokaszarenpcrBo. Teopema TpuBkaabha, ecan E' mycro.

¥CTs E' He mycro M X, €cTb npefenbHasd Touka E’.
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npejesios, CyLWECTBYET TOYKa X, o6uiasi BceM cermeHtam [a,, b,), npH-
yeM lima,=1imb, = x,.

TMokaxeM, 4TO x, U ecTb NpeflenbHass TouKa MHoxectBa E. Has
3TOr0 BO3bMeM TIPOM3BOJIBHBIY HHTEpBal (@, P), cogepxauwui x,.
QueBHUAHO, ecAH 7 JOCTATOYHO BeJNHKO, TO [a,, b,] < (@, P), Tak uto
B (a, P) HaxOAUTCS OecKoHeyHOe MHOMKEeCTBO Touek E, OTKyAa H cne-
AYET Halue YyTBEpKAEHHE.

3aMeTHM, YTO yC/IOBHE OrPaHHYEHHOCTH MHOXECTBA £ He MOXKeT
ObiTh onyilieHo 6e3 HapylieHHst CNPaBeATHBOCTH Teopemsl. [Ipumepom
MOXKET CJYXHTb MHOKecTBO N Bcex HaTypaibHuX yucea. OHO XoTst
H OeCKOHEYHO, HO He MMeeT HH OJHOH MNpeJesbHOR TOYKH.

B npuaoxkenusx uacto OxasmiBaeTcs nojesnofi apyras dopma
TeopeMmbl Bouibuiano — Befiepiurpacca, B KOTOpO#t pedb HAET HE O MH O-
KecTBaxX, a O YHCJAOBHX NOCJAER0OBaTeJbHOCTSAX.

Mbl roBOpHM, UYTO HMeeM AeJ0 € YHCJAOBOH NOC/eNOBATeAbHOCTHIO

X1y Xoy X3y oney (*)

eC/IH KaXJOMYy 7 COOTHECEHO OIlpelle/leHHOe UYHCJIO X,; MPH 3TOM pas-
JIHYHblE Y/IeHBl NOC/Ie/l0BATENBHOCTH MOTYT GHITh paBHbl APYT APYrY.
TakoBa, Hampumep, noc/Jae10BaTENbHOCTD

0, 1,0 1,0, 1, ...

Ecau paccMaTpuBaTh ee KaK TOYeYHoe MHOXKECTBO, TO 3TO MHO-
KecTBo KoHeunoe, u0O COCTOMT TONbKO M3 ABYX Touex O u 1, kak
NOCJIel0BATEMLHOCTL Ke OHA GecKoHeuHa.

INocnenoBarenbHOCTb (*) HA3LIBAETCH 0ZPAHU4EHHOE, €ClH  Cyuie-
CTByeT Takoe uucio K, yTo mpH Bcex n Oyler

[ #n | < K.

Ynomsanytas Boiwe dopMa Teopembl DBosbuano — Befiepurpacca
TaKoBa:

Teopema 2*. H3 6caxoli 0zpanudeHHol nocaedosamenbHocmu

X1, Xoy Xay ... *)
MONCHO 66i02rumb CXO0AUYIOCS NOONOCAe008aMENBHOCTE
Xng Xngp Xngy oo (<t <ng<< ...).

HoxasarenbctBo. PaccMOTpuM MHOXKecTBO £ uJieHOB nocije-
JdoBatensHoctd (*). Ecin 3TO MHOMXeECTBO KOHEYHO, TO OfHAZ H3 ero
TOYeK BCTpPEuaeTcsl B I0C/efOBaTeJbHOCTH (*) GecKOHeuHO MHOro pas,
NycTh 3Ta TOMKA § U NYCTb Xn, = Xp, = Xp, = ... =&, TOrJa nocjaeno-
BAaTeJbHOCTb {x,,k} TpeGyemas.

Ecnu ke ykazaHHOe MHOMXKECTBO OeCKOHeuHO, TO K HeMy DpHMe-
HUMa TeopeMma DBosbuano— Beftepuwrrpacca. [lyets x, ecTs mnpefens-
Has TouKa MHOXectBa E, Toria u3 E Bpjensercd HOCJAeA0BATeNb-
HOCTb

Xy Xy Xmgy <oy **)
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CXONSUIAACH K TOUKE X, NpHYEM Bce UJIeHH ee, a TeM Oosee uX
RHJAEKCHl My, My, Mg, ..., PA3JIHYHHL

ToaoxuM, n, = m; 1 0603HAYUM Yepe3 1, HepBOe H3 YHCEeJ my, My,
My, ..., KOTOpoe OKaxeTcss Goblie, ueM #;, 3aTeM O603HAYHM uepe3
ng TMepBOe M3 3THX uuces, KOTopoe Oosblle, yeM n,, # T. 1. B pe-
3yJbTaTe Mbl NONYYUM NOCJAEAOBATENLHOCTb Xp,, Xn, Xng, ... C 603-
pacmarouumy vuiexkcamu, [lockonbKy 3Ta noC/eloBaTeNbHOCTh eCThb
qacTuyHas aas (**), 1o sicHo, yto lim X, = Xo- Teopema noxasaHa.

§ 2. 3aMKHyTbie MHOXeCTBA

IlaauM onpejeseHus UEJIOTO psja NOHATHH, TeCHO CBS3aHHBIX
¢ NMOHATHEM NpejeJbHOH TOYKH.

Onpenenennsi. ITycis £ TOYEUHOE MHOMXKECTBO.

1. MuoxecTBo BCeX npelesbHbIX ToueK E HasblBaercs npou3sod-
Holm MHOJMCecmeom JJisi muoxectsa E u ofo3nadaercst yepes E'.

2. Ecnw E' — E, 10 MHOXeCTBO E HA3bIBAETCH 3AMKHYMObIM.

3. Ecin E < E’, 10 MHOXecTBO E Ha3niBaeTcs niomubim 6 cebe.

4, Ecniu E=E’, To MHOXKecTBO E HA3bLIBAETCA COBEPULEHHBIM.

5. Muoxecteo E + E’ HasbiBaercss samsikanuiem MHoxecrBa E u
o6osHauaerca vepes E.

Takum 06pa3oM, MHOKECTBO HAa3blBAETCS 3aMKHYTHIM, €CJH OHO
COJIepKHT BCe CBOM IpefieJibHbie TOYKH. [lnoTHoe B cebe MHOXKECTBO
JAMINEHO U30JHPOBAHHBLIX ToueK. COBeplLICHHOE MHOMKECTBO 3aMKHYTO
H IJIOTHO B ceGe.

WnatocTpupyeM JanHbie ONpejesieHHS IpHMepaMH.

MepumEePr b

1. E={l, 1/2, 13, ..., Un, ...}, E ={0}. Muoxecrso He
3aMKHYTO M He MNJOTHO B cebe.

2. E=(a, b), E'=[a, b]. Muoxectso nnotio B ceGe, HO He
3aMKHYTO.

3. E=Ja, b], E'=[a, b]. MHOXeCTBO COBEpILEHHO.

4. E=Z, E'=2Z, 7. e. MHOXECTBO BCeX BCIECTBEHHLIX HHCe]
COBEpLIEHHO.

5 E={l, 1/2, 1/3, ..., l/n, ..., O}, E’={0}; MHOXKECTBO 3aMK-
HYTO, HO He NJoTHO B cele.

6. E= R (MHOXeCTBO BCceX palHOHa/JbHbIX uucen), E'=Z; MHO-
XKeCTBO IVIOTHO B cefe, HO HE 3aMKHYTO.

7. E=0, E'=0, 1. e. PycTOe MHOXECIBO COBepLUEHHO.

8. E — xoneunoe muoxkectBo, E’' =0, T. e. KOHeYHOE MHOKeCTBO
32aMKHYTO, HO He ILIOTHO B cebe.

Huxke Mo nosnakomumcsi ¢ Gosdee CJIOKHBIME H HHTEDECHBIMH
TIPHMEpaMH 3aMKHYTHIX H COBEPIUEHHLIX MHOMKECTB.

Teopema 1. ITpoussodnoe mroxcecméo E’ 106020 moweunozo MHo-
secmsa E samxuymo.

Hokasareanbcrso. Teopema TpuBHMaibHa, ecan E’' mycro.
Ilycrs E’ ne mycro u x, ecTh npelenbHasi Touka E’.
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BoabMem Tpou3BosbHBI MHTepBan (&, ), cojepxauiuii TOUKY x,.
[To onpegenenyio TpeleNbHOH TOYKH, B 5TOM HHTepBajte Hakljercs
touka z & E’. 3Hauut uutepBan (a, P) €cTb MHTEpBaJs, OXBAaTHIBAIO-
IH# TpeneqbHYI0 TOYKY HCXOJHOrO MHOXecTBa E (puc. 5), a noromy

OH COJepKUT OecKOHeUHOe MHO-
az\L lr [ ) p KeCTBO TOueK E.“
20 2 I/ITaK,uBCﬂKHH HHTEpBaM, Co-
JepXKamuil TOUKY X, COIEPMKUT
Pre. 5. GeCKOHEYHOe MHOXKECTBO ToueK E,
TAK YTO TOYKA X, €CTh Ipejeb-
nas Touxka E. MHaue rosops, x, = E’. Takum o6pasom, MHoKecTBO E'
COJIEPIKHT BCE CBOH NpeJle/IbHBIE TOUKH H, CTano ObiTh, 3aMKHYTO,

Teopema 2. Ecou A< B, mo A’ — B'.

31oT QaKT OYeBHJIEH.

Teopema 3. Cnpasediuea gopmyia

(AL By =A"+B".

HoxkaszarteabcTBo. Brawouenne A'4+ B’ = (A -+ B)' BhiTekaer
13 TeOopeMbl 2. YCTAaHOBHM OOpaTHOE BKJIOUeHHE

(AL+-BY A"+ B'. (*)
Ilyets xo,=(A+B)'. Torga us A+ B Bbienserca nocjieaosa-
TEeJAbHOCTh PA3UYHBIX TOUEK Xy, Xy, X3, ..., Takad, uto limx,=x,.

Ecou B 3T0fi nocsenosateibHOCTH HaHJeTcs1 GECKOHEYHOE MHOMKe-
CTBO TOUEK, BXOAAWMX B A, TO X, Oy/leT NpelefbHOH TOUKOH MHO-
xectBa A u x,= A" < A’ B’. Ecan Ke cpeanm Touek x, JHIIb
KOHeuHoe uueno mnpuHapiexur A, 10 xy= B < A’ +B'. Takum
oGpasom, Bcerfa x, = A’ 4 B', orkyla H caenyer (*), a 3HauuT H
Teopema.

Cnencreue 1. 3amoikanue E awbozo mroscecmsa E samxrymo.

JleficTBHTENBHO,

(EY =(E+EY =E +(E'Y cE'+E'=E' cE.

Caencreue 2. J]aa moeo 4mobvt mroxcecmso E Gbin0 3aMKHYMbIM, He-
06x00UMO 1L Jocmamodno, 4mobst OHO COBNAJAAD CO CBOUM 3AMbIKGHUEM:

E=E.

JlocTaTtoyHOCTE 3TOTO  YCJIOBHS BBITEKAET U3 NMPEIBLYIIErO Cjef-
creust. O6paTHo, nycTh MHOXecTBO E 3amruyTo, TOrga E=E+ E' <
c Ec E, otkyna u caenyer, uto E = E.

Crenylowasi TeopeMa Take BbITEKAaeT U3 TeopeMbl 3.

Teopema 4. Cymma KOHeHHO20 HUCAQ SQMKHYMbLX MHONECME €Ctnb
MHOMECMBO 3aMKRYMoe,

HoxkasateabcTBo. PaccmorpuM cHavana ciydali ABYX Cja-
raeMeiX MHOXecTB @ =F, 4 F,.

B cuny teopemnt 3, umeem @' =F;-+F;, Ho, Tak Kak FicFy,
Fy F,, to @ < ®, oTkyaa u Ceayer teopema.

O6uuii coryuafi neyepnbiBaeTcst CnOCOGOM MaTeMaTHYECKOH HHAYKUHH.
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Sameuanue. Cymma OecKOHEUHO20 MHONCECMOA SAMKHYMOLIX MHO-
acecms moxcem u He ObiMb 3aMKHYMBLM MHOXCECTNBOM.
B camom jxene, mycTh, Hanpumep,

F,=[l/n, 11 (n=1, 2, 3, ..).
Torpa Bce [, 3aMKHYTHl, HO HX CyMMa

[ea]
> F,=(0, 1]
n=1
HE 3aMKHYyTa.
Jas nepeceueHH A 3aMKHYTBIX MHOMECTB ClpaBeAJHBa Cje-
Aylolas Teopema:
Teopema 5. [lepeceuerue 2106020 MHOMECMBA SAMKHYMbLX MHO-
JHECMB eCMb MHONCECTBO 3QMKHYMOE.
Joka3zaTenabcTno. [lycThb 3aMKHYThie MHOKECTBA Fy OTMeueHb!
IJIS1 OTVIMYHA APYT OT ApPYra 3HA4YKOM &, MPHHHMAIOWHM KaKoe-HHOYb

MHOxecTBO 3HaueHult, @ =] Fg ux nepecevenue.

3
Torpa @ — F¢ npu motoM E, oTkyaa ciepyer, yro @' < Fi 1 Tem
Gomee @' < Fy. Tak Kak 310 Bepro npu moboM &, To @ < [[Fy,
§

1. e. O — D, yro W TpeboBANOCH JOKA3ATh.

Jdemma. [Tycme mnoocecmso E oepanuueno ceepxy (cHusy) u
p=supE (ax=inf E); moeda p = E (a = E).

Hoxa3atennctBo. Ecan p = E, To u nonasuo p < E. Hony-
ctuM xe, uyto B = E. Tak kak npu KaxjaoM € > ( cyuecTByer Takas
Touka x <= E, uto x>P —e, To moGo¥ HHTEpBaJ, COAEDIKAULIU
TOYKY P, COAEPXHT H TOYKH MHOXecTBa E, KOTopble, OYeBHJIHO, OT-
anusbl ot B, nbo P = E. 3uauur, P ecTs npegenbHas TOYKA MHOXKe-
crea E u, crano 6uth, f = E' < E. Hrak, Beerna p = E.

" Teopema 6. B oeparnuyernom csepxy (CHU3Y) 3AMKHYMOM MHO-
aocecmee F ecmb caman npasas (camasa ireeas) mouka.

Heficteutensto, nycts Pp=supF. Torna f = F=F.

Onpegenenne 6. Ilycts E — ToueyHOe MHOXeECTBO, a I — HEKOTO-
pas cucreMa HHTepBajgoB. Ecan ana xaxporo x e E cyulectsyer
HHTepBan & & M Tako#, yTo x = §, TO rOBOPAT, YTO MHOXKECTBO E
RoKpoimo cUCTeMoll MHTepBasioB M.

Teopema 7 (3. bopeaw). Ecau samxrymoe oepanuderHoe MHO-
aecmso F nokpeimo Geckonedwol cucmemol: uumepeasos I, mo u3
nocAeOrell MOXMCHO U384e4b KOHedHiyo cucmemy IM*, makoe nokpot-
" eatouyio MHodxcecmso F.

HokasatenncTBo. JlokaxkeM Teopemy oT npotusHoro. Homy-
CTHUM, uTo U3 I Heab3s U3BJeUb HHKAKOH KOHEUHOW CUCTEMbI HHTED-
BajioB, TNOKpHBAKILEH MHOXecTBO F (OTCIOfa, MeX[y MpOYHM, BhITE-
Kaer, yTo MHOXKecTBO F GecKOHeYHO),

3akmounm F B HeKoTopblit cermeHT [a, b] (4TO BO3MOXHO, IIO-
CKOJbKY F OrpaHHYeHO) H MOJOKHM c=9i2£.
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He Moxer okasarbed, utofbl kaxaoe H3 MHoxectB F-[a, c]
# F.[c, b] morsio GLITH MOKPHITO KOHEUHLIM UYHC/JOM HHTEPBAJIOB CH-
crembl I, uBo B 3TOM cJyyae U BCE MHOXKECTBO F NOKPHIBANOCH Obf
KOHEYHBIM YHCJOM 3THX HHTeDBAlOB. 3HAYHT, XOTb OJMH H3 CErMeH-
T0B [a, ] u [c, b] conepxuT yacTe F, He MOryulyio GbiTb MOKpHITOH
koHeuHo# yactbio M. OBoaHayaem vepes [a;, b;] TOT U3 STHX. CErMEHTOB,
KOTOpHIH conep:HT Takylo 4actk F. Ilpu 3tom, ecay oba cermenrta
[a, ¢] u [c, b} conepxar uyactH F, He Morywue ObTb NOKPHITHIMHU
Koneunofl wacteio M, TO uepe3 [a;, b,] 06o3HAUaEeM TOJBLKO ONHH H3
HHX, KaKoii —6e3pa3nuyHo. $IcHo, uyro MHOxectBo F-[a,, b;] Gecko-
HEeYHO.

TNonoxum Tteneps ¢, = 1 06o3HauuM uepes [ap, b,] TOT U3 cer-

MeHTOB [a,, b;] H [c,, b,], KOTOpEI COfepKUT YacTh MHOXKecTBa F,

e, 3 He MOryuyto OblTh TMOKPLITOH KO-

<k ro - y , HEuHBIM UHC/IOM HHTEpPBAJ/IOB CH-

\ C 1 ] B cremnt M; B TOM, YTO XOThb OJHMH

4 H3 CerMentoB [ay, ¢;] u [¢), by]

Puc. 6. 3THM CBOHCTBOM 00/1alaeT, Mbl

y6emAaeMCH TaK JKe, KaK U BIlle

(ecain oHH 06a MM 06/afaloT, TO uyepe3 [@y, b,] Mbl 0003HauaeM TO/BKO
OfJH H3 HHX).

[Tposonxkas 3TOT mpolecc, ME NOCTPONM I10OC/EAOBATENbHOCTE BJIO-
xeHubiX cermeHtoB [a, b] D [a,, bl D [a., b] > ..., obnajaroumux
TeM CBOHCTBOM, UTO HH OAHO H3 MHOXeCTB F-[a,, b,] (n=1,2,3,..)
He MOXeT ObiTb MOKPHITO KOHEUHBIM YHCJOM HHTEPBAJOB CHCTeMbl IN
(n, cTano GhiTh, KaXIoe M3 3THX MHOXeCTB GeCKOHEYHO).

b—a
Tak xak psuna cermeurta [a,, b,], paBHas —5-, ¢ BO3pacTaHu-

€M 7 CTPEMHTCH K HYJIO, TO CYLIECTBYeT TOYKA X,, 00uias BCEM 3THM
cermeHTaM, npuueM lima,==limb, = x,.

IMokakeM, 4TO TouKa X, NPHHALJEXKNT HAIWIEMY MHOXKeCTBY F.
C sroit uennio BuiGepeM B MHoxkectBe F-[a,, b;] Touky x;, 3aTeM
B (GeckoleyHoMm) MHOXecTBe F -[a,, b,] BHiGepeM TOUKY X,, OTJIHUHYIO
OT x;, 3ateM B MHowectBe F [aj, b;] BoiGepeM TOYKY X, OTIHYHYIO
OT X; H OT Xy, U T. A

B pesyabrate Mbl NOJYYHM NOC/AEJOBaTeNbHOCTE Xy, Xp, X3, ...
pasJuuHL X TOYeK MHOXecTBa F, NpHUeM g, =< X, = by,

Ho Torpa, oueBHpHo, x4=limx,, Tak 4ro x, eCTb OpelefbHasd
TOYKa MHoxecTBa F.

Ho Beap MHOXecTBO F 3aMKHYTO, 3HAUHT, OEHCTBUTENBHO, Xy F.

Tenepb y»e JIErko 3aKOHUMTb JAOKa3aTeNbCTBO. TaK Kak MHOXKe-
crBo F nokpoito cucremoit I, 1o B cHcTeme IM CyllecTBYET HHTep-
Ban 8,=(a, B) Takoil, 4TO x4 6.

Ecau n JOCTaTOYHO BEJHKO, TO oueBuiHo (puc. 6)

[am bn] o 601
F[a, b, <6,

a+b
2

u TeM 6osiee
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T. e. MHoxectBo F-[a,, b,] nokpbiBaercs 00Hum HHTepBajoM H3 M,
a 3TO INpPOTHBOPEUHT CAMOMY ONpellesleHHIo cermenta [a,, b,], uTo
M Jl0KasblBaeT Teopemy.

3ameuanne. Teopema nepecmaem Ooumb 8eprotl, ecau ombpocums
YCA0BUE 02PAHUMPHHOCHIUL WAL YCAOBUE 3AMKHYmocmu Muoxcecmsa F.

B camoM jeJse, paccMOTpHM, HalpHMep, MHoxecTtBo N Bcex HaTy-
paibHbiX uuces. OHo 3amkeyTO (MO0 N’ =(), HO HEOTpaHHUEHO.
Paccmorpum cuctemy I Bcex MHTEpBAJOB BHJA

(\n-——;—, n+%) n=1223, ..),

nokpeiBatoutyio MHOKecTBo N. Tak Kak Kaxk[wlii H3 HHTEPBANOB CH-
creMbl M CONEPKHT moabko 00HY TOUKY MHoxectBa N, To fcHO,
YTO HHKaKasg KOHEYHas CHCTEMa 3THX HHTEPBAJIOB HE B COCTOAHHU
NOKpHITh Oeckonewroeo MHoxectBa N. Mraxk, yc/0BHE OrpaHHyeHHO-
CTH CYULeCTBEHHO.

B kauecTBe Apyroro mnpuMepa paccMOTPHM MHOXeCTBo E BCex

yyces Buja l/n
I 1
E={l,'2,§,...}.

AT0 MHOXECTBO OTpaHHYEHO, HO HE 3aMKHYTO.

IMoctpoum oxon0 Kaxnao#l Touku l/n uurepman §,, copepxamnii
3Ty TOUKY, HO HAacCTOJIbKO MaJbli, 4yTOObl OH He COfepXal HHKaKOH
Apyroii Toukd MHoxectBa E, H o6o3nauuM uepes I cHcreMy BCex
unrepanoB 8,. Scuo, yro cucreMa M nokpuiBaeT MHOXecTBO E, HO
Te ke coo6paxeHHA, YTO M B NpelpiiyilleM npuMepe, NOKa3sblBaloT,
y10 £ He mMoOKpelBaeTcst HUKAKOH KOHeyHoH uactbio DI. 3HayuT, ycio-
BHE 3aMKHYTOCTH TaKiXe CYilleCTBEHHO.

B sakmouenne naparpada OTMeTHM OJHO CBOHCTBO 3aMKHYTOTO
MHOXKeCTBa, INpPHMEHEHHEe KOTOPOIO MOIJIO Obl HECKOMbKO COKpPAaTHThb
JOKa3aTeJhCTBO TeopeMbl 7.

Teopema 8. [Tycmos F samxrymoe MHONeCmEo

X1y X2y X3, ... ) (*)

nocaedosamensrocme movex F. Ecau 1im x,=x,, mo x, & F.

B camoM Jese, ecaim 110C/IeA0BATEJBHOCTb (*) COAEPKHT GeCKOHed-
-HO€ MHOXKECTBO PAa3jHYHbLIX TOYeK, TO X, eCTh npefedbHas Touka F
H xo&F, ecan Xe B nocneloBaTeNbHOCTH (*) JMIUb KOHEYHOE YHCJAO
Pa3JIHYHBEIX TOYEK, TO, KaK JIerko NOHATb, BCE UJeHbl TOCJAEAOBATE/Ih-
HOCTH, HayHHas# C HEKOTOPOro, COBMAjaKT C X, U X, < F.

§ 3. BryTpeHHHEe TOYKH M OTKPHITbiE MHOXeCTBA

Onpenenenne 1. Touka x, Ha3bBaeTcs eHympeHHed mMoKkol MHO-
xectBa F, ecaiu cyuwiecTByer cofiepaluuil 3Ty Touky HHTepBan (e, B),
JeaHKOM copepxkauuiics B MHomecTBe E:

X (o, B)cE.
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U3 camoro onpefieieHHsT $CHO, YTO BHYTPEHHAS TOYKA MHOXKeE-
ctBa E npunadaescum 3TOMY MHOXKECTBY.

OnpeaeneHue 2. MHoxectBo £ HasbIBAETCH OMKPOIMbIM, eCIH BCe
ero TOYKH CYTb BHYTPEHHHE TOUKH.

[TpumEP M.

1. Beakuit untepBant (a, b) ecTb OTKPHITOE MHOMKECTBO.

2. MHoxkecTtBO Z BCEX BEUlECTBEHHBIX YHCET OTKDBITO.

3. Ilycroe wmuoxkectso O OTKpLITO.

4. CerMeHT [a, b] He ecTb OTKpBITOE MHOXECTBO, HOO €ro KOHIE
He ABJSIOTCS BHYTPEHHHMH TCUKaMH.

Teopema 1. Cymma 106020 MHOMCECBA OMKPLIMbIX MHONMECTEB
ECIMb MHOXCECTIBO OMKPbITOE.

HoxasareabcrtBo. Ilycts S=ZG;, rie Bce MHOMecTBa Gy

13
oTKpHiTH. [lyers x, = S, Toraa x, & Gy, npu Hekoropom £, Tak xKak

G, €CTb OTKDBLITOR MHOKECTBO, TO CYLIECTBYET Takod HHTepBan (@, f),
4yt X & (@, B) = Gy, HO TOrAA M MNojaBHO x, < (e, f) = S, Tak
uTO X, ecTb BHyTpeHHsAst Toyka S. IlocKOJBKY X, €CTh NPOH3BOJbHASA
Touka S, TeopeMa AOKasaHa.

Caeacteue. Jliwoboe mHomecmso, npeocmasumoe 8 opme cymmol
UHIMEPBAns, OMKPLIMO.

Teopema 2. [lepecedcrue KOHEURO20 YUCAQ OMKPOUNGIX MHOXCECMS

omKpsimo.
n

JHokasarteasnctBo. [lycts P =11 Gy, rne Bce G, OTKPBITHL.
k=1
Ecnu P mycro, Teopema TpusuadbHa. HomycTHm, yro P He mycro,
H NycTh x, € P.
Torna x, =G, (k=1,2,...,n) u ana kaxporo 2 (k=1,2,...,n)
Haliniercs uHTEpBad (2, Pj) TAKOH, UTO

Xo € (s Br) < G

TMonoxum, A=max (2y, %, ..., %,); p=min B, Py, ..., B,), oue-
BHIHO X, (A, p) = P, T. e. x, CTb BHYTpPeHHAA Toyxka P.

TeopeMa JaoKa3zaHa.

3ameuanue. [lepecederue GECKOHEUHO20 MHONCECH.BA  OMKPLUNOIX
MHOXCECING MOOKern 1 HE Obifite OMKPOUTIBIM MHONCECITBOM.

B camom mese, ecau

||
G,,=<~7, _) (n=1, 2, 3, ..),

n

TO Bce Gn OTKPBITE, HO IepeceueHne Hx

ﬁl G, = {O}

HE €CTb OTKPLITOE MHOXKeCTBO.
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Onpepenenne 3. [lyers E n S gBa ToYeuHHIX MHOXecTBA. Eciau
E — S, to mHOXKecTBO S — E HasuBaercad OonoaHeHueM MHoxcecea E
0o mroscecméa S W 0603HAYaeTCHd TaK:

CsE.

B uacraoctu, MHOxectBO C2E [rae Z = (— co, + oo)] Ha3blBaeTCs
"IIPOCTO JonoAHeHuem MHOXecTBa L M 0603HauaeTcs yepes

CE.

C mnoMOLIbHD [OHSITHS JONOJHEHUS JIErKo OOHApPYXHUTh CBSI3b
MEXAY 3aMKHYTHIMH ¥ OTKPHITEIMH MHOXECTBaMH.

Teopema 3. Ecau muomcecmso G omxpuimo, mo e20 Oonoaxexue
CG samrnymo.

HokasaTenbcTBo. IlyeTh x,& G, Torga CYIECTBYeT TaKoH
unTepBaa (a, f), uro x, = (a, B) < G.

3ToT HHTEepBAaN BoBce He coflepkuT Touek CG, cTano ObiThb, X, He
ecTb NpeflebHas Touka MHOXecTBa CG, a MOTOMY TOYKa, $1B.JI A IO-
mascs npelensHol Toukoll Muoxkecrsa CG, He MOXKeT BXOAHTH B G.
Orcroga caeftyer, uro CG COAEPKHUT BCE CBOM [pelle/bHble TOYKH.

Teopema 4. Ecau muoscecmso F samxuymo, mo ee0 0onoanerue
CF omkpoimo.

Hoxaszatenabctno. Ilyeth x,=CF. Torma X, He sBAsieTCH
npefesbHOR TOUKOH MHOXKecTBa F M, CJeLOBATe]bHO, CYILIECTBYET
HHTepBan (2, f), cofepaalluit TOUKY X, H He cofiepKauluil HU OLHOM,
OTJIMYHOK OT x,, Touku F. Ho Tak Kak - Xx; He BXOAUT B F, TO
B (@, B) BooOue Her Touek F, Tak uro (@, B) < CF u x, €CcTh BHYT-
pennss Touka CF.

B kauecTBe npuMepa OTMETHM, YTO KaXKAOe U3 B3aHMHO JOMO/HH-
TeJIBHBIX MHOMECTB Z ¥ 0 OlHOBPEMEHHO W 3aMKHYTO H OTKpBITO.

Jlerko Bupets, uto 1) ecau G omxpbimoe muoxcecmeo, a [a, b]—
colepaxcaujuil e20 ceemeHm, Mo MHoxCecmeo |[a, b]—G 3aMKHYMO
U uro 2) ecau F samxnymoe muoocecmso, a (a, b)— codepacauiuti
eeo0 unmepéar, mo muoxcecmgo (a, by —F omxpeuna,

ITH yTBEpKIEHHS CNefyIOT H3 OYEBHAHBIX TOMXKAECTB

[a, b]—G=[a, b]-CG, (a, b)—F={(a, b)CF.

Hanporus, eciin F 3aMknYTO ¥ [@, ] © F, TO MHOXeCTBO [a b]—F

He sBJjIsieTcs, BOOOIe roBopH, OTKprTbIM HYCTb Hanpumep, F =0, 1]
¥ [g, b]=[0, 2}, torna [a, b]—F=(1, 2].
B cBsisau ¢ 3THM none3Ho AaTh cneay}omee onpeJieeHHe. .

Onpepenenue 4. Ilyctb E HenmycToe OrpaHUYeHHOE MHOMKECTBO H
a=infE, t=sup E. CermedT S=[a, b] HasblBaeTCsl HaUMEHbLULUM
ceamenrmon, copepxamum E.

Teopema 5. Ecau S ecmv Haumenowutl ceemenm, codeprcauquli
O2panudennoe samrnymoe mroxcecmeo F, mo mHoxcecmso

CsF={a, b]—F

Omxkpuimo,
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ﬂox azateanscTBo. OueBHAHO, J0CTAaTOUHO yéeminCﬂ B crpa-
Be/IMBOCTH ToXjaectBa CsF = (a, b)-CF.

IMyers x, = CsF; 3to 3Hauut, uto X, & [a, b, x,EF.

Ho pas x,&F, 10 xo7#a H x,7% b (160 mno reopeme 6 § 2 a
u b Bxomar B F). 3nauur x, < (@, b). Kpome Toro, x, O4YEBHJHO,
BxoauT B CF, rak uro CsF < (a, ) CF.

OGpatHoe e BKAwueHHe oueBuAHO. Teopema Aoka3saHa.

§ 4. PacctoaHus ¥ OTAEAHMOCTD

Onpepenenne 1. Ilycts x u y ABe Touku uucsoBoft mpamoit. Yucno
X —y|

HAa3BIBAETCA paccmosHuem Mexwdy moukamy x 4 y v o6o3HavaeTcs depes
p(x: 4).

QOueBnguo, uyro p(x, y)= p(y, x)=0, u uro p(x, y)=0 Toraa
H TONBKO TOrja, Korja x=y4y.

Onpepenenne 2. Ilyctb x, HeKoTopad TouKa M E Hemycroe Tovey-
Hoe MHOXecTBO. TOyHAf HHMKHAS TpaHHLA paCCTORAHUH MeXAYy X,
H TOYKAMH MHOXecTBa E HasbiBaeTcs paccmosiHuem mexcdy mouxod x
u mroxcecméom E u o6o3nauaercsi yepes p (x,, E) nau p(E, xp)

o (xy E}=infip(xy, x)} (xr=E).

Ouesuano, p(x,, E) Bcersa cyuectsyer u He orpuuarenbho. Ecau
x,& E, 10 p(xy, E}Y=0, HO o6patHOe yTBepxjieHHue Obl1o Obl HEBEPHO,
Hanpuwmep, ecan x,=0, a E=(0, 1), To p(xy, £)=0, nO = E.

Onpepenenne 3. Ilycts A M B 1Ba HenycThiX TOHEUYHLIX MHOXe-
cTBa., TouHAan HWXKHAA TPAHHLA PACCTOSHUH MeXAY TOYKAMHU MHOXMe-
ctBa A W TOYKaMM MHOMXeCTBa B Ha3sbiBaeTCl paccrioAaHuem mexcdy
MHoxmecmsamu A u B n oGosnauaercs uepes p (A, B)

p(A, By=inf{p(x, )} (x= A, y=B).

Ouepupno, uro p(A, B) cymecrsyer Bceraa u uro p(4, B)=

Ecaun mHoxectBa A u B nepecekatores, 1o p(A, B)=0, Ho 00-
paTHoe yTBepkjeHne HeBepHO. Hanpuwmep, eciu A=(—1, 0), B =
=(0, 1), o p(4, B)=0, no AB=0.

3ameTuM, UYTO paccTosHMe MeXAYy TOYKOH X, M MHOMXecTBoM E
eeThb He YTO HHOE, KaK PacCTOSIHHe MeJy MHomkecTBoM E # MHOXe-
CTBOM {Xx,}, €AMHCTBEHHOH TOYKO{l KOTOpOro fBJIAeTCA X,. ITO 3aMe-
yague OyJeT HaM OUYEHb TIOJIE3HO.

Teopema 1. Mycme A u B 0dsa nenycmoix 3amxHymoix mHOXMce-
cmeéa, npudem xomb 00OHO u3 Hux oepanuxeno. Tozda cywecmsyrom
makue mouxu

x*e A, y*e B,

p(x*, y*)=p (A, B).

4mo
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HoxasatenbctBo. [lo onpesenenuio ToOuHO#i HUXKHel rpa-
HHLBI, JANS KaXAOrO HAaTypaJbHOrO 7 CYLIECTBYIOT JBe TOYKH x, & A,
Yo € B Takue, uto

p(A, By<<|xs—ya|<p(4, B)+. (1)

[To ycnoButo oo u3 MHoxectB A ¥ B orpanuueHo. JlomycTum,
Hanpumep, 4ro 3to A. Toraa orpaHuueHa NOC/AeNOBaTeNbHOCTb {X,}
H no Teopeme bBoubiiano — Befiepiutpacca u3 Hee BbiAe/isieTcsi CXOAf-
lasgcs MOAMNOCANOBATENBHOCTD Xpnyy Xn,y Xngs aes

lim x,,k=x*.

B cuny samkmytocTH MHOXecTBa A, Toyka x* NO/DKHa MpHHAA-
JIEKATh 3TOMY MHOXecCTBY, x* e A.
PacemotpuM nocsiefioBatenstocts {ya, ). Ecan | xa, | <<C, To

|, | < |0y |+ [ 9m, =5, | <CHp (4, B+ o-<Cp(4, B)+1.

Orciofa BHAHO, YTO MNOC/AELAOBATENBLHOCTH {ynk} TOKe OrpaHHYeHa,
a 3HAUYUT U U3 Hee BbIIeNAderTcd NOANOCAefOBATENLHOCTb, HMEKoHiad
npefen
1 —_— %
Ynpys Yngys Ynpyr - llmynkl—y .

IMpu 3toM, Gnarogapsd 3aMKHYTOCTH MHOXecTBa B, Oyner y* & B.
HerpyaHo BuZeThb, 4To

|y* —x* | =1im =p(4, B),

Yn, — Xn
k, k,

4yeM H JOKa3aHa Teopema.
INokaxeM Ha NpHMepe, YTO TeopeMa CTAHOBHTCA HEBEPHOMH, €CaH
06a MHOXecTBa A M B He orpaHuyeHHl.

Ilyerte N={n} n M={n+ %} O6a 3TH MHOXECTBA 3aMKHYTHI

(N'=M"=0) u p(N, M)=0, HO Tak Kak N-M =0, To AByX TOHeK
x*= N, y* =M, ana gortopoix Obl10 Obl p (x*, y*) =0, He cymect-
Byer. SlcHo TakKe, 4YTO ec/AM XOTb OJHO U3 MHOXecTB A H B He
SaMKHYTO, TO TeOpeMa TaK¥Ke HeBepHa, YTO BMAHO XoTdA Obl H3 NpH-
Mepa A=1{l, 2), B=|3, 5}, rae p(4, B)=1.

OrMeTHM HECKONIBKO C/Ie[CTBHH JOKa3aHHOM TeOpeMbl.

Cnepcreve 1. Ecau A u B samxuyme:, xome o0Ho u3 Hux ozpa-
Huveno u p (A, By=0, mo A u B nepecexaromcs.

Caepcreue 2. [lycms x, npoussoavbHas mouka u F nenycmoe sam-
KHymoe mroxcecngo. Tozd0a 6 F ecms mouka x*, 0an xomopod

p(xOv X*)=p(x0v F)

Caencreve 3. Ecau mouxa x, u 3amxrymoe mHoxecmso F maxoser,
umo p(x,, F)=0, mo x,F.
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W3 nokasaHHBIX pe3ynbTaToB 6e3 Tpyla BhIBOJHTCA

Teopema 2. Eciu 3aMKHYMOE MHOKECMEO A HENYCHO u OMAULHO
om ecell npamold Z, mo OHO He MOMNCEn OKA3AMbCS OMKPbIMbIM.

JloxasateabctBo. [lyecte A0, A# Z, A savguyto u A
orkpuito. Torga Takopo xe u ero ponoaHenue B=CA. Ilycte D
OTpe3oK, cofiepkauuil Touku oboux mHomecrs A u B. OGosnaunm
yepes x H Yy TodKH, A8 Kotopplx xe AD, y= BD, |x—y|=
=p(AD, BD)=d, u nonoxuM 2z=x-+y. Toraa ze D u oaxo u3
cootHowenuit ze& AD, z < BD Buinonnsiercs. Ilycrb xors 66l z &= AD.
Torga d=p (AD, BD)<|z—y|=d/2, uto Heneno, ubo d > 0.

[MepefineM X YCTaHOBJIEHHIO Ba)KHOH «TeopeMbl OTAGNHMOCTHY.
IlpeasapnutenbHO JOKaxeM Jipe NMPOCTHIE JEMMbIL.

Jemma 1. [Tycme A nenycmoe moveuroe mroxcecngo u d >0 —
noAoxcumensroe wucro. Ilosomcum?)

B=Z(p(x, A) <d).

Toeda A< B u B ecms omxpeimoe mMHoxcecmso.

IokasaTeabcTBO. Bxiiouenne A < B oueBHAHO. YCTaHOBHM,
YTO MHOXeCTBO B oTKpHITO.

[lyers xy=B. Torma p(x, A)<<d u B A Haiifercs TaKas
TOuKa x*, 410 P (X,, X*)<<d.

Honoxum d—p(x, x*)=h u mnokakem, uto (xo—£h, x,+H)
cofepxutess B B. Orciofia Oyfler caefoBaTh, 4YTO X, BHYTPeHHSAA
TOYKa B, a, crano ObTh, H TO, YTO B OTKpHITO.

Bo3sbMeM npousBOMBHYH TOUYKY ye (x,—h, x,+4h). Torma
ly—x,| <<h, ¥ TaK Kak |x,—x*|=d—h, TO

= x| < |y —xo |+ |ty —x*| <h+(d—h)=d.
3naunt, p(y, x¥)<<d, u Tem Gonee p(y, A) <<d, Tax yro y & B,
Takum o6pasoM, AefCTBUTENBHO
(xo—h, xo-+h) = B,

H JleMMa JOKa3aHa.
Jdemma 2. Ilycme Ay, u A, 08a Henycmvix MHOMECREA, Npuiem

p (A]_, Ag) =r > O.
Honromum
! r r
Bi=Z(p(r, 4)<7), Bi=Z(plx A)<F).
Toeoa '
BB, =0.

T HoxasaTtenbctso. Honycrum, uro B,B, 0, u nycrs 2= B, B,.
oraa

p(Z’ A1)<—;—, p(Z, A2)<—;—r

1) CMbleal 0603HAYeHHMSI TaKoB; «B ecTh MHOXECTBO TeX Touek X, LIS KOTO-
puix p(x, A) << d»,
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H HalayTcs TOYKH X; < A; u x, = A, Tague, uto
s 2
2= x| <§, |2—x%| <, orkyma |x —x|<r

H, TeM Gonee, p (A4;, A,) <r, uto Heneno. Jlemma gokasana.
Teopema 3 (csoiicmgo omodearumocmu). [lycme F, u F, dea

He NepeceraiouiiLxCa HENYCMbIX 3AMKHYMbIX 0SPAHULEHHBIX MHOMCECMEd.

Cyryecmeyrom omkpoimste muoxcecmsa G, u {, maxue, 4mo

GIDFI, GZ___DFz, GIG2=0.

JokaszateabcTBo. [Ilo cuefcrBuio | Teopembl |  HMeem
p (Fy, Fy)=r>0. Ocraercs NOJOXHUTbL

Gi=Z({px, Fp<<r/2) (i=1,2)

H OpUMEHUTs Jemmbl | u 2.

3ameTuM, MexJAy [pPOYMM, 4YTO YCJIOBHE OrpaHHYEHHOCTH MHO:
xects Fy u F, MOXHO CHATH 6€3 HapYIUEHHS CNPaBEIJHBOCTH TEO-
peMBl, Ha uYeM Mhbl, OfHaKo, He OyneM ocTaHaBiuBarbcs. Hamporus,
yCIOBHE 3aMKHYTOCTH OGOMX MHOMXECTB CYIUECTBEHHO, 4YTO BHJIHO
xora 6bl uz npumepa A ={0, 1), B=][I, 2].

§ 5. CTpyKTypa OTKPBITHIX H 3aMKHYTHIX OrPaHHYeHHBIX
MHOKeCTB

Onpepeaenue 1. Ilycte G otkpbiToe MHOxecTBO. EcaM HHTepBai
(a, b) conmepxutrcsi B (, HO ero KOHIbl 3TOMY MHOMXECTBY HE NpH-
HajJexar

(a, )= G, asG, bed,

TO Mbl GyleM Ha3blBaTbh 3TOT MHTEPBAN COCMABAAOUUM UHMeEpsaiomt)
MHOM)ecTBa .

Teopema 1. Ecau G ecmb Henycmoe 0eparuvennoe omkpsumoe
MHOXCECINBO, MO KAWOAL €20 MOYKA NPURAOACHUM HEKOMOPOMY e20
COCMABASIOUEMY UHMEPBALY.

JNokasateabcTso. [lyctbx, & G. [Mosoxum F = [x,, + o0) - CG.
Kaxpnoe n3 MHOMmecTB [X,,+oc) 1 CG 3aMKHYTO, a IIOTOMY MHO-
®ecTBo F Takke 3aMKHyTO. Kpome TOro, mocKo/bKy G OrpaHuueHo,
F He mycro. Hakonel, HH OJlHAa TOUKAa MHOXeCTBa F He JIeXHT JleBee
TOYKH X,, TaK 4TO MHOXeCTBO F orpaHudeHo cHH3y. B TakoM ciyyae
B 3TOM MHOMKECTBE €CTh Camas JieBasl TOYKa ([, NPpHYEM, OYEBHHO,

p=x, Ho x,=G u, cramo 6uth, Xy,&F, TaK 4TO Xy % U, T. €.
X <M. o

Ormmerum fanee, uto p G (u6o p < F < CG). Haxonel, ycrano-
BuM, 4TO [Xx,, u) < G. Jonyctum, Hanpotus, yTo 3TO He TaK. Torza

JOMXKHA HalTHCh Takasi TOYKa Y, uTo Y & [Xy, u), Yy = G.

1) 3tor repMuH BBOAUTCA 3fech BAepssle,
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Ho u3 3tux cooTHowmenuil BoITeKano 6u, uro y e F, y <p, a 310
NpPOTHBOPEUUT CAMOMY ONpENeNeHHI0 TOYKH .

Hrax, HaMH yCTaHOB/IEHO CYilleCTBOBaHHE TOYKH [ CO CJAEAY IOUHMH
TpeMsl CBOHACTBaMH:

1) “’>x0! 2) Hé_G, 3) [XOv P‘)CG'
AHaJIOPH‘lHO JAOKa3blBaeTCsa CylIEeCTBOBAHHE TAKOH TOUKH ).-, 4TO

DA<, 2 A=G,73) (A, x] <G.

Orciona caepyer, uto (A, n) ecTh COCTaBJSIOUIMA MHTEPBaN MHO-
xectBa (, copepKaulHil TOYKY Xo, YTO H TpeGOBaJOCh 10Ka3aThb.

M3 nokazaHHO#l TeopeMbl cjleAyeT M CaMoe CYIeCTBOBaHHE COCTa-
B/ISIIOIIHX HMHTEPBAJIOB Yy KaXIOI'0 HeNyCToro OrPaHHYyeHHOI'O OTKphI-
TOTO MHOMECTBaA.

Teopema 2. Ecau (A, p) u (o, T) 08a cocrmasasouux uxmepsaia
00HO20 UL Mo20 e omKpoimo2o Mmuoxcecmsa G, mo OoHuU uau moxcdecm-
BEHHbL, UL HE NepeceKaromcs.

HokaszatenbcTBo. [onycTuM, uTo CymecTByer TouKa X,
o6mas o6ouM unTepBanaM (A, u) M (0, 1) A<<x<<p, 0<X<T.

TIpeanonoxum, uro t<<p. Toraa, ouesuano, T < (A, p), HO 3TO
fIBHO HEBO3MOXHO, HGo (A, ) — G, v = G. 3HauuT p<<T.

Ho Tak Xak p M T COBEpIIEHHO pPAaBHOMpPAaBHbl, TO MO TEM Ke
COOOpakKeHHsIM T=Ip, a TOTja T=},

AHanoruyHo yCTaHaBIHBaeTCA, 4YTO ¢ =A, OTKyIa clefyeT, 4TO
HHTEpBATHl (A, p) H (0, T) TOXAECTBEHHHI.

Caeactere. MHONECIBO PAMMHBLX  COCMABARIOUUY  UHMEPEAIE8
HENYCMO20 02PANUHEHH020 OmKpoimozo mHoxcecmsa G KOHedHo uau
CHemHo.

JeficTBHTENbHO, €CIH Mbl BhiGepeM B KaXJAOM M3 3THX HHTepBaJIOB
N0 palHOHANBHON TOYKe, TO MHOXECTBO COCTaBJSIOIHX HHTepBaJOB
OKAXKETCH [OCTABJEHHBIM BO B3aHMHOOJHO3HAYHOE COOTBEICTBHE C
4acTbl0 MHOXECTBA R BceX pallHOHAJbHLIX YHCe.

Bce cKa3aHHOe MOXHO De3lOMHPOBaTb B (OPME TeopeMbl:

Teopema 3. Kaxdoe Henycmoe 02paHuderHoOe OMKPHUMOE MHO-
wecmeo G npedcmasumo 8 OpMe CyMMbL KOHEUHO20 4UCAa UAu cyem-
HO20 MHONECMBA 83AUMHO He HAACCQOUUX UHMEPBAN08, KOKUbL KOMOpPbLX
He npuradaexcam Muoxcecnsy G:

G=Z(}“k: D) (MG, Hk—E—G)-
k

Mel yxe oTMedaau, 4To M 0OpaTHO: BCAKOE MHOMECTBO, INpejcTa-
BHMOe B ()OpMe HHTepBaJOB, OTKPbHITO.

Teopema 4. [ycmp G Henycmoe 02PAHUYEHHOE OMKPLITIOE MHKO-
wecmeso u (a, b) —unmepear, codepacawjuiicsa 8 G. B maxom cayuae
cpedu cocmasraouux unmepsaros mroxcecmsa G waddemca maxod,
Komopeié codepwum & cebe unmepsaa (a, b).
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HoxaszateasctBo. Ilycts xg= (a, b). Torna x, = G, u cpepu
HHTEPBAJIOB, COCTaBJSAIOMUX MHOXMeCTBO (, HaHJeTCs TaKoH HHTepBaJ
O"’ p’)’ 4TO Xp € O", “‘)

Honyctus, yto p<<b, Mbl moayunau Obl, 4TO WU & (4, b), a 3710
HEBOAMOYKHO, noToMy 4T0 W& G. 3Hauur, b=y,

AgnanoruyHo Mbl yGeaumcsi, yto A<Ca, a Torja (a, b) = (A, p),
4yTO H Tpe6oBa/oCch AOKA3aTb.

[lepefiieM K H3yueHHIO CTPYKTYPHl 3aMKHY Thl X OrpaHHYEHHHIX
MHOMECTB.

IMycte F Takoe MHOMECTBO ¥ S HaWMEHbIUMHA CETMEHT, COfepXKa-
muii F. Kax Mul 3HaeM, MHOXecTBo CgF oTkphiTo. Ecad 310 MHO-
JKECTBO HE MYyCTO, TO K HeMy npumeHMMa TeopeMa 3. [Tostomy nmeer
MECTO CJIefyloinasi TeopemMa.

Teopema 5. Henycmoe ocpanuderroe 3amxnymoe mHoxcecmso F
UAL S6ASEMCA CE2MEHMOM, WAL NOAYHAemCs U3 HeKOMmopo2o Cezmenma
YOareHUueM KONEHHO20 HUCAQ UALL CHEMHO20 MHONCECMB B3QUMHO He
HANe2qIoUUX  UHMeEPBanos, KOHYbL KOmopolX npuradiexcam  MHo-
acecmay F.

CoBepilleHHO SICHO, YTO H 00paTHO — BCSIKOE MHOXECTBO, MoJyuae-
MOE W3 CEerMeHTa YAa/JeHUEM HEKOTOpPOro MHOMKECTBA HHTEPBaloB, —
3aMKHYTO.

OrMeTHM, 4TO- COCTaBJRIONIME HMHTepBadbl MHOXecTBa CgF Hasbl-
BalOTCSI GONOAHUMEALHbIMY VHTEPBANaMH MHOXecTBa F.

Tak Kak coBeplIeHHOE MHOXECTBO 3aMKHYTO, TO H JJsi Hero
cnpaBeanuBa TeopemMa 5. Ocraercsi BLISICHHTL, Kakue TpeGoBanHs
HYKHO HAJOXHTb HA JONOJHHTEJbHblE HHTEpPBaJbl 3aMKHYTOTO MHO-
XKecTBa, YyToObl OHO OKasaJoch coBeplueHHHM. OTBET H4 3TOT BONMPOC
JaeT C/aeAylomlas TeopeMma.

Teopema 6. Illycme F Henycmoe o02panuvenHoe 3aMKHYMoe MHO-
scecnso u S =[a, b] Haumenvwuld ceemenm, codepocajuid F.

Toeda

1. Touka x,, ABASIOAACE 0OUUM KOHLOM O8Yx OGONOANUMEALHBIX
unmepsanos F, ecmv usoauposarnas mouxa F.

2. Ecau mouka a (uau b) ecms Komey o0H020 u3 donoanumens-
Ko unmepeanos F, mo owa ecmo usoaupoeanuas mouxa F.

3. Huxaxux Opyeux, kpome ommedennsix 8 1 u 2, uzoauposanmoix
mouex F He umeem.

HoxasateapcTBo. YTBepkieunss | H 2 ouepupuel. Jloxa-
weM 3. Ilycts x, ecTh u3oaHpoBaHHas ToukKa F. JonmycTuM cHavaJga,
910 a < x, < b. [lo onpefencHuio U30AMPOBARHON TOUKH, CYLIECTBYeT
COlepIKaWUil 3Ty TOYKY HHTepBasl (@, f), B KOTOPOM HET OTJHYHBIX
OT X, TOYeK MHOXKecTBa F, mpuueM, ouyeBHAHO, (¢, P) < [a, b].

Ho torpa uurepsan (x,, f) BoBce He comepXut Touek F, u, crano
OHith, (X,, B) = CsF. Coraacho TeopeMe 4, CYLIECTBYET LOMOJHHTENb-
HHift unTepBan (A, ) MHOXKeCTBa F, cosepauiuii untepsan (xo, ).
Ecan 6b 6biio A << x,, TO TOuka X, He NpHHaNJIexala Obl MHOXeCTBY
F, nostomy neo6xomumo, uToGhl Gblio A = X, Ho HEPaBEHCTBO A => X,
npoTuBopeynso 6bl TOMY, 4TO (Xo, B) < (A, W).
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JHayut A=1x,, T. €. X, ABJSETCH A€8bLM KOHYOM OJHOrO H3 JONOJ-
HUTEJbHBIX MHTEPBAJIOB MHOXKecTBa F.

CoBepiueHHO TaK jKe yCTAHAB/JMBAETCS, UTO X, CAYXKHUT U MPARBLIM
KOHNOM KaKOoro-To fOMOJMHHTENbHOIO HHTEpBada F, OTKyZa H caeflyer 3.
Coyuail xy=a WIH X,=> HCUEPIHIBAETCA TAaKHM JKE 0GpasoM.

M3 310t TeopeMbl BBLITEKaeT caeiyiowiast Teopema:

Teopema 7. Besakoe nenycmoe o0eparudenHoe Co8epUIEHHOE MHO-
aecmep P ecmb Uau Ce2MeHm, UAL NOAYHAEMCA U3 HEKOMOpPo2o cec-
MERMa YOaCHUEM KOHEAHOS0 HUCAL WAL CHEMHOS0 MHONCECTBA 83AUMHO
HE HAAE2QIOWUX UHMEPBAAOS, KOMOPBE HE UMEIOM O0OIUUX KOHU08 HU
Opye c Opyeom, Hu ¢ UCXOOHbIM ceemenmom. OBpamuo, 6caxoe MHO-
HCECMBO, NOMYHEHHOE SMUM CROCOOOM, COBEPUIEHHO.

[TpuBenem unTepecHBIf ¥ BaXKHBI TPHMED COBEPILEHHOIO MHOXKECTBA.

Kanropoems mHoxectsa G, u P, Pasgeaum cermenr U =[0, ]
Ha TpHu 4acTtd Touxkamu 1/3 u 2/3 u yjanum u3 Hero untepsan (1/3, 2/3).

0 1 2/ 1
Puc. 7.

Kaxpeiit u3 AByx ocrasBiuuxcs cermedroB [0, 1,3] u {2/3, 1] pasge-
QUM Ha TpW uyacty (toukamu 1/9 m 2/9 ana mepsoro cermenra, H
TouKamy 7/9, 8/9 1715 BTOPOro) U yAanuM cpelHue nurepsadst (1/9, 2/9),
(7/9, 8/9). Hanee jenuM Ha TPH paBHHIE YacTH KaKJblll H3 OCTaB-
WHXCA YeTBIpeX CerMEHTOB M YJajlsieM M3 HHX CpefHHE HHTEpPBaJbl
(puc. 7). 3roT npouecc Mbl NPOJOIKAEM HEOrpaHHYEeHHO.

B pesyabrare u3 [0, 1] oxkamxercsi yJaNeHHLIM OTKPHITOE MHO-
x)ecTBo G, ABJSAIOLIEECS CYMMOH CUYETHOTO MHOXKECTBA HHTEPBAJOB

\ 12 7 84!
6=50 3 +llo o) e oI+

Ocrasiileecd MHOXKECTBO P, OKa3blBaeTcsi (B cuJay TeopeMbl 7)
COBEPLICHHBIM,

Muoxectsa G, H P, HOCAT Ha3BaHHE KAHTOPOBHIX MHOKECTB.

Herpyznno nath apndMeTHUECKYIO XapaKTEPHCTHKY 3THX MHOXECTB.
C sroit uenplo0 NpHBJEYEM amNnapar TPOMUHBIX Jpobed.

Kakne TOYKM mnomajaioT B NepBHH H3 YAaJeHHBIX HHTEPBAaJOB,
1. e. B unrepsaa (1/3, 2/3)? $lcHo, 4TO NP pas’OKeHHH KaXAOH M3
3TUX TOYeK B TPOHUYHYIO ApoGb X =0, @;a,a;... (@, =0, I, 2) neobxo-
JHMO OKaxeTcs ;= 1.

KoHunl e 3TOro HHTEpBada NOTYCKAOT KaMiuli no 1sa mpea-
CTaBJIEHHA

1 {0,100000... 2 [0,12222...
37 10,022222...° 3 ] 0,20000...

3
Bce ocranbHule Touku cermenTta [0, 1] mpu pasnokeHHH B Tpouy-
Hy! 1pobb He MOTYT UMETb Ha MEPBOM MeCTe Moc/e 3andATOH eJHHHILY.
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Htak, Ha nepsOM 1uary mpouecca MocTpoeHns MHoXectBa G, H3
cermenta U ynansoTcss T€ # TOJALKO Te TOUKH, MEPBHIH TPOUUHBIA
3HaK KOTOphIX HeoGXOJLHMO eCTh .

Anasornyno, Mpl YCTaHOBUM, YTO Ha BTOPOM LIATY VAAJIAIOTCH
T€ H TOJABLKO T€ TOYKH, BTOpOH TPOMYHBI 3HAK KOTOpPHX Heo O Xo-
AHMO ecTb eI#HHIA, H T. X.

[Tostomy nocie oOKoHUaHHMA NpolLecca OCTAHYTCH HeyAaJeHHLIMH
Te ¥ TOJbBKO Te TOUKH, KOTOpHle moeym Obune H300paXKeHBl TPOHY-
HO#t ApoObio 0, 0;0.G4..., B KOTOpOH HM OJHO U3 @, HE PpaBHO
eiMHuLe.

Kopoue rosopsi, MHOXKecTBO (J, COCTOMT W3 TOYEK, TPOHUYHOE pas-
JIOXKEHHE KOTODHIX HeBO3MOXKHO Oe3 momowy |, a P,-— u3 Touek, Aas
KOTOPHIX T4KOe Pa3oiKeHHe BO3MOKHO.

Crencreue. Kaumoposo  cosepuiennoe  MHoxcecmeo P, umeem
MowirHocms C.

B camoMm nene

0
P()={Oa alagag.u}, ak={2’

H JeNno CBOAHTCH K CJeAcTBHIO Teopemul 8 § 4 ra. 1.

TlonyueHHBIT pe3yabTaT MOKA3LIBAET, YTO, KPOMe KOHIOB yIaJleH-
HBIX HHTEPBAJOB (KOTOPHIX €CTh TOJBKO, CYeTHOE MHOMKECTBO), KaHTO-
pPOBO MHOXECTBO P, COAEpKUT H Jpyrde Toukd. [IpHMepom Takoii
«He KOHLEBOH» TOUKU CJAYKUT J06ad Apolb

0

0, qymay. .., a,¢={2,

He cofiepxkalas 0 mmM 2 B mepHoze.

§ 6. Toukn koHpgeHcanHH. MOWHOCTE 3AMKHYTOrO MHOXeCTBa

B konue § 5 Mbl ycTaHOBMJM, YTO MOIIHOCTH KaHTOpPOBA MHO-
®ectBa P, ectb ¢. OkxasbiBaercst, YTO 3TO CBOMCTBO MpPHCYLLE BCEM
HEMYyCTLIM COBEPLIEHHBIM MHOXKeCTBaM.

Teopema 1. Bcakoe Henycmoe cosepulenHoe mHoscecmeo P umeem
MOWHOCMS C.

HokasarteancTBo. [lycth P Hemycroe COBepulIEHHOE MHO-
¥KecTBo. BosbMeM Touky x & P u uHTepBas §, coAepXKaUHi 3Ty TOUKY.
Tak Kak Touka x He ecTb M30.IMPOBaHHas Touka £, TO MHOXKECTBO PJ
GecKoHeuHo.

BeiGepem B P8 1Be pasiuyHble TOUKH X, M X; H TIOCTPOHM TaKHe
HHTepBaibl 8 u &8, yrobel npu i=0, 1 Gelno:

) x;e6;, 2) 868, 3)85,=0 4) mb <l
(8 ectn 3aMblKaHpe MHTepBaja 8, md ecTb AMHHA 6).

Tak xak x, ectb mpesenbnas Touka MHOMecTBa P, TO B WHTEp-
Bane §, ecTh GeckoHeuHoe MHOXECTBO ToueK P. BuiGepeM cpein HHX
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ABe pa3HUHBle TOYKY X, o U Xo ; M TOCTPOHM TaKHe HHTEpBAmbl & o
u 8y, 1, uTO6H npu £=0, | Gulio

5 & 1
1) 0,808, 2) 8,8 3) 8),0-80,:1=0, 4) méo,k<7.

AHanoruyHoe mocTpoeHne NpoJefaeM, UCXOAA M3 TOUKH X;.
B pesysnbrate y Hac GyAyT NOCTPOeHBl TOUKH ¥ (I, k=0, 1)
H MHTepBannl §; , Takde, 4T0

1) xi,p € P8is, 2) 8,5 = 8;, 3) 8581 =0, ecam (4, k) 7 (¢, k'),
' 4) m6i.k<%-

[Mpononkaem npouece nocrpoeHus aaibie, Ilocse 7-ro wara y Hac
6yAyT MOCTPOEHHI TOYKH

l'i‘J""‘in (ik=0’ 1) k=1, 2)-"”)
W uHTepBamM o; i, .., : TaKHe, 4TO

X;

Doxi, i e, €P8 iy 28,0 00 0, S8, 0,
3) 61.1' T in.at.;, G 1) =0 (ecmu (i, ,..., )7 ((p i o )

1
4) mbi, .., i < o

Tak xak xamnas TOuka X, .. : €CTb TNpejesbHaf TOYKA MHO-
JKecTBa P, TO MOXKHO HaHTH B MHOXeCTBe P6"1, ... i, ABE pasuuHbie

TOYKHM Xy ... i, 0 M X, ... i, 1 W NOCTPOHTH HHTEPBAMLI 8if, ot
H 6,-1, wor g, 1 TAKHE, UTO (IPH in,y =0, 1)
Doxe e, S8, i D8, e, S0
_ _ 1
3) b, i 00, ,1=0,49) méi, .., ¢, b <m .

[Tpennonoxum, uTO 3TOT Npollecc NPOBEAEH A BCeX HaTypanb-
HBIX 7.
CooTHeceM KaJlol OeCKOHEYHOH mnocJ/efloBaTelbHOCTH
(ih i2’ iSl ) (ikzor 1)
TOYKY

Ziy, g, by, v

ARJAKOLYIOCH eIHHCTBEeHHOR TOYKOH nepeceueHHs MocJieA0BaTe/JIbHOCTH
BJIO2KEHHBIX CerMeHTOB

8,8y, i Oiy, g, e s
Jlerko BHJeTh, 4TO TOUYKH Z,

i t'2, gy oo
ABYM pasaudteim NMOCNAE€AOBATC/NIBHOCTAM

H ZL,I g , OTBeuarolHe
v B3 B30 ooe
(P PO PR N P )
pa3fIiyHbl,
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B CaMoOM Jiene, ecJM n eCTb HauMeHblliee H3 TeX m, Aasd KOTOprX
im 7 im, TO

hy=i{, lp=1l3 ..., In1=lIny, IaFin
H CEerMeHTH
6;'1, e g H 6»‘,’, ey ip

He MepeceKarnTcs, OTKyla H cjleayeT, uTo

zil-iﬂ, igs . F Zz;, ihy 07,

Myers S={z;,,1,,1,..}. B cuny Teopemnt 8, § 4, ra. [ S=c.
Ho nerko Bugets, 4t0 S < P, oTkyja cienyer, uro P=c.

C npyrofi cTopoHHI, ficHO, 4To P =Cc¢, OTKyAa P =¢, uto u Tpe-
60Banoch JOKAa3aTh.

Hameit Gnnxafitnefi 3apaueli Gy/JeT NepeHeceHHe [QJYyUYEeHHONO
pe3yJbTaTa Ha IPOH3BOJIbHLIE 3aMKHYTHIe MHOXecTBa. [ 3Toli Lean
N0JIe3HO BBECTH (npnﬂamex(amee . Jlunpenédy) NOHSATHE «TOYKH
KOHZeHCaLH .

Onpenenenne. TouKa x, Ha3bBaeTCA mMoukol KOHOBHCQUUU MHO-
wectBa E, ecnu BCAKHMH uHHTepBasn (a, b), cojepxauluii 3Ty TOUKY,
COJIEPIKHT HeCueTHOe MHOMKEeCTBO Touek E.

QueBHAHO, YTO BCSIKasg TOYKA KOHJEHCALHH KaKoro-nufo MHOMXKeCTBa
H NOAABHO fBJAETCS €ro npefieNbHOH TOUKOH.

Teopema 2 (3. Jlunoeaéeh). Ecau Hu 00HQ u3 mouex MHo-
acecrnea E ne ssasemca eeo moukol KowOencayuu, mo mHoxecnso E
pazee AUUL CHEMHO.

« JogrkasareabcTso. HasoBem uHrepBan (r, R) «npaBH/IBHEIMY,
Cecau: 1) ero KOHUbI r W R pauMOHalbHR; 2) B 3TOM HHTepBane
» COJEPKHUTCA pas3Be JIHMIb CYETHOE MHOMKECTBO TOYeK MHOMecTBa E.

; OUeBH/HO, YTO «IPaBHJbHLIX» HHTEPBAJIOB CYLIECTBYET pa3Be JHIIb

¥eueTHOE MHOXECTBO, HG0 BOOGIIE CYIIECTBYET TOALKO CUETHOE MHO-

«¥ecTBo map (r, R) pauuoHambHBIX 4HHcen.

? YcTaHoBHM, 4TO Kaxjad To4Ka MHOXecTBa E (MBI, ecTeCTBeHHO,

wJpeanosaraeM MHOMXKeCTBO E HENyCTuM) COJEPXKHTCS B HEKOTOPOM
‘npaBuanom» untepsane. lefictBurenbHo, nyerb x & E. Tak kak x

€CTh TOUKA KOHJAEHCALlMH MHOXecTBa E, TO CYIIECTBYeT HHTEpBal

, b), cojepxamyii 3Ty TOMKY, H TaKOH, YTO B HEM HMEeTCs pa3Be
*Mlms CUeTHOE MHOKECTBO Touek E. EciH MBI BOSbMEM TaKHe pauHo-

zﬂﬁllbﬂble upcaa r U R, uto a<r <<x<CR<Cbh, To uHtepBan (r, R)
W GyfeT «npaBHABLHEIMY MHTEDBAJIOM, COfepXKamuM Touky x. Orcioaa,

;iécra'm CKa3aTb, BbITEKaeT U CaMoOe CYLIeCTBOBaHHE «IPaBHJIBHEIX»

‘UHTEPBaANIOB.

¢ Tlepenymepyem Bce «mpaBuabHBIe» HHTepBaanl 8, §,, &, ...

3 JOKa3aHHOTO TONBKO YTO Hpe/IoKeHHs CJeAyeT, 4To

E= Z Eék.

k=]
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B cymme, crositiiefl B IPaBOil YaCTH 3TOrO PAaBEHCTBA, €CThb CYeTHOE
MHOYKECTBO CJlaraeMbiX, KaKJ10e U3 KOTOpPbLIX, B CBOKO OYepelb, paspe
auib cdetno. OTCIOla W BHITEKAET, YTO MHOXKECTBO E TakKe pasee
JIKIIB CYETHO.

Caencteue 1. Ecau muoocecmso E  HecuemHo, mo cywecmsyem
xomb 00HQ NIOUKA KOHOEHCQUUIL 3020 MHONMECmSa, HNpUHAdeNa-
wasn emy.

HurepecHo comocTaBuTb 3TO CaeACTBHe ¢ Teopemol bosbuano —
Befiepwrpacca. B to Bpemsi kak teopema bonbuano — Beilepmirpacca
OTHOCHTCSI KO BCAKOMY GeCKOHEYHOMY MHOMKECTBY, B HaCTOsllleM CJ/ed-
CTBHM pE€Yb MIET TOJNhKO O HEeCYeTHbIX MHOMKECTBAaX. 3aTo 3JeCh,
B oTauyde oT Teopemul Bogblano — Beliepmitpacca, HeT Hajo6HOCTH
TpeGoBaTh OrpPAHHUYCHHOCTH MHOXecTBa E ¥, Kpome ¢akra CyilecTso-
BaHHsi TOYEK KOHJeHCaluH, MOMKHO TapaHTHpOBaThb CYUlECTBOBaHHUe
TAKHX TOUEK KOHJEHCAIMM, KOTOpHIe 6x00Am B MHOXeCTBO E.

Cnegcreue 2. [Tyembp E  moueuroe mHoocecmeo u P mroocecmso
écex movex KouOencayuu muowecmea E. Toeda muoxecmseo E — P
pasee Aulib CHEmHo. /

JleiicTBUTENBHO, HM OJHA TOYKa MHOXecTBa £ — P, He Gylyuu
TOYKOH KOHAeHcauuu E, W NOLABHO HE ABJSETCS TOYKOH KOHJEHCAIMH
camoro MHoxectsa E — P.

Caencrene 3. ITycms muomecmso E wHecuemno u P mHooecmeo
gcex eeco mouex komOemcayuu. Toeda muoscecrmnso EP necuemuo.

B camom pene, EP =E — (E — P), u peno ceoautcs K Teopeme 10,
§ 3, ra. L.

OTMeTHM, YTO ClefcTBHe 3 MOKpHIBaeT co0oH cneacteue 1.

Teopema 3. ITycme muoscecmseo E necuemmo. Toeda mHoocecmso P
gcex moueK KoHOewcayuu MmHoxcecmsa E ecmb  MHoxcecmso  cosep-
wenroe.

IHoxasaTenbtTBO. YCTAHOBHM CHAuajla 3aMKHYTOCTb MHOKe-
ctea P. Ilyctb X, ecTb npefenbHasi TOYKA 3TOr0 MHOMKecTBa. BosbmeMm
T POH3BO/BHLIA HHTEpBaJ (a, b), colepkalyil TOUKy x,. B Hem nMeercs
XOTk OAHA 104Ka z MHOxectBa P. Ho Toraa unrepBan (a, b),
KaK HHTepBaJ, COAEpIKallMi TOYKY KOHIEHCAUWH MHoxkectBa E,
COJIEPIKUT HecueTHoe MHOxkecTBO Touek E. Tak kak (@, b) ectb mpo-
H3BOJIBHBIH MHTEPBAJ, COAEPMALLUl X;, TO X, OKa3bIBAETCS TOUKOH KOH-
nencaunu E u, crano OwTh, npaHagnexur P. Urak, mHOxecTBO P
3aMKHYTO.

Ocraercsi yGeAnThed, YTO P He HMeET H30/JHMPOBaHHBIX TOYEK.
Ilyets xo = P u (a, b) ecTb MHTepBaa, cojepKaliuil TOUKY x,. Toraa
MHOXecTB0 Q=EFE (@, b) HecuerHo; a MoOTOMYy, B CUJY CJAeACTBUS 3
TeopeMsl 2, B J COAEepKHUTCA HeCUeTHOE MHOMKECTBO TOYEK KOHJAEeHCALMH
mMHokectBa (. Ho Q— E, a noroMy Bce TOYKM KOHAEHCALMH MHO-
KecTBA { CyTh U NOJABHO TOYKH KOHJAeHcauuu E, tak yro B Q
(a cnepopatenbHO M B (a, b)) COAEPMUTCA HECUETHOE MHOMKECTBO
Touek P. Hrtax, mofoii nHTepBas, colep:Kallui TOUKY X, CONEPIKHT
HeCYeTHOR MHOMECTBO TOYeK P, OTKyla cJepyeT, 410 X, & P,
Teopema pokasaHa.
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Teopema 4 (I'. Kanmop — H. Bendurcon). Kaxcdoe necuemnoe
3aMKHYmoe MHOxXcecmeo F npedcmasumo 6 ¢gopme

F=P+D,

20e P ecmsp cosepuennoe, a D passe autup cuemmoe MHONCECMS0.
JlokaszareanbcTBO. B caMoM jene, ecau P eCTb MHOXKECTBO
TOUEK KOHJIeHcauuu MHoxkectBa F, 0 P F u D=F —P pa3see
JMIIB CYETHO.
Caencreue. Hecuemnoe 3aMKHYMOE MHONECMBD LUMEEH MOUHOCMb C.

YITPAJKHEHHA K I'JTABE Il

1. Ecau f{x) HempepblBHag ¢yHKUHA, 3agaHHasd Ha [a, b], TO MHOXeCTBO
TOYeK, B KOTOPHIX f (X) ==¢, NMpPH MIO6OM ¢ 3aMKHYTO.

2. Kaxzoe 3aMKHYTOe MHOQXeCTBO eCTh [epeceyeHHe CYETHOTQ MHOXecTBa
OTKPBITHX MHOXECTB,

3. IloxasaTh, uTO HHTepBan (@, b) HeJb3d NpeAcTaBUTL B QOpME CYMMH
CYETHOTO MHOXXECTBA MNONAPHO HENEpeceKamluXcd 2aMKHYThIX MHOXECTB,

4. O606WHUTE TeopeMy OTIEJUMOCTH HAa HeOTpaHllueHHBIE 3aMKHYThlE MHO-
JKecTBa

5. Jokasare, yto MHOXecTBe Touek [0, 1], jmecATHyHoe passoKeHHe KOTOPRIX
BO3MOXKHO Ge3 NOMOUIH HHUPH 7, COBEpUICHHO

6. Ilpexcraeuts [0, 1] B dopme cymMmbl ¢ coBeplIeHHEX MHOXKeCTB Ge3
O6ILMX TQUEK.

7. JloxasaTe, yro MHOXECTBO MppalHOHaMsHHIX uHces cerMenta [0, 1] Heabs3s
NpelcTaBUTh B (IOPME CYMMbl CYUETHOrO MHOMXKECTBA 3aMKHYTEIX MHOMeCTS.

8. Iloctpoutk Ha (0, 1] dyuknmio @ (x), Koropasd Guia Obl pPa3pbiBHA B KaX-
foil pauvoHaNsHOH M HenpepblBHA B KAXKJIOH MppalMOHANLHOH TOYKe,

9. Moxas3ate HeBO3MOXHOCTH nocTpoerun Ha [0, 1] dyHKIHH, HenmpephBHOH
B KaX0H pallMoHaJbHOH K paspLlBHOH B Kaxkjoil HDpaUHOHAJBLHON TOuKe.

10. Ecau ¢yuxuus f(x), 3amansad Ha [a, b], TakoBa, YTO MHOXECTBa
Z(f(x)==c) u Z(f (x)=<tc), npa moGoM ¢, 3aMKHYTsl, TO f(x) HenpepmiBHa.

11. Ecis muoXectBO E NOKPHITG NPOM3BOJIBHOM CHCTeMOH HMHTepBasloB 9,
To u3 HocAemHell MOMHO BHIIEJMTb CYETHYIO moicucremy IMN*, MOKpLIBAOULYIO
MHOXecTBO (O JluHgemed).

12. JloxasaTb, YTO MHOMECTBO BHYTPEHHUX TOYEK JOGOro MHOXECTBA OFKphITO,



rJ1ABA Il
H3MEPHMbIE MHO)KECTBA

§ 1. Mepa orpaHHYeHHOr0 OTKPBHITOTO MHOXECTBA

B Teopun ¢yHKuMil BellleCTBEHHOH nepeMeHHOl OGOJLIIYIO POJb
HIpaeT MNOHATHE Meps. TOUEUHOrO MHOXECTBa, obollatoliee NMOHSATHE
JJIHHBL TTPOMEXYTKA, NJIOWAJAN NPAMOYroJbHHKa, obbeMa napaJnese-
nuneaa U T. A. B 3TOH rJaBe Mbl H3JIOXKHM TEODHIO M3MepEHHS AuHed-
Hblx OTpaHHYEHHEIX TOYEYHBIX MHOXKeCTB, NpHHamJexamylo A. Jlebery.

Tax xak HanGosee npocTOd CTPYKTYpoil 06MaJal0T OTKpHIThHIE
MHOXECTBA, TO eCTeCTBEHHO HayaTb HMEHHO C HHX.

Onpepenenne 1. Mepod uwmepsara (a, b) Ha3bBaeTcsl ero MJHHA,
T. €. b—a. 3ro uncao oBo3HayaeTcs Tak:

m(a, b)=b—a.

Ougsyano, uto Beerpa m(a, &) > 0.
Jlemma 1. Ecau ¢ unmepsare A codepamumcs KOHeuHOe HUCAO
63aUMHO He Harezatouux urmepsanros §,, 8, ..., 8, mo
n
> mb, << mA.

N k=1

Hokasateabctso. [lycte A= (4, B), §,=(aw b (=1,
2, ..., n).

He wnapymas OGIHOCTH, MOXHO CUYHTaTh, 4YTO HHTEpBahl 8
MepeHYMEPOBAHEl B MOPAAKE BO3PACTAHHA JeBbIX KOHUOB, T. €. 4TO
G <y<<...<a,

Ho Ttorfa, oueBuaHO, b, << @y (B=1, 2, ..., n—1), H6o unaye
uHTepBanbl 8, W 8, Haneraau Obl Apyr Ha Apyra. [lostomy cymma

Q:‘(B— bn)+(an—bn-1)+- --+(az'—b1)+(a1—A)
n
He orpuuatensHa. Ho oueBuino, uro mA = Z mb, +Q, oTKyza H
k=1

clenyer JemMa.

Cnencteue. Ecau wa unmepsase A aexcum C4emHoe MHONIECMBO
63aUMHO He Hajezatouyux unmepearos 8, (k=1, 2, 3, ...), mo

D, mb, = mA,

k=1



[MMes neno ¢ MOJIOKHUTENBHBIM PACXOASIUIHMCSH PSAOM, Mbl TpH-
IIHCbIBaeM €My CYMMY, PaBHYIO +-00; MO3TOMY BCSIKHIl MOMOMHTENbHDbII
[se]

pPAA HMeeT HeKoTopylo cymmy. HepaseHcTBO Z a, <<C (@as mono-
k=1
JKUTENBHOTO PfAja) TaPaHTHPYeT ero CXOLHMOCT.]
Onpepenerine 2. Mepoid mG Henycmozo ompeimozo o2paru4ernozo
MHOokecméa G Ha3plBaeTcst CyMMa JJMH BCEX €ro CoCTaBJSIOUIHX
HHTEpBaJIOB §,:

mG = 2 mﬁk.
kR

(He 3Hasi, KOHEYHO HJH CYeTHO MHOXecTBO {8}, Mul 6yaem yno-

TpebasTe obo3HaueHHe Zmﬁk, noxapasymesas, cMoTps mo obcrod-
4

n [ae]
TeJLCTBAM, TOJA 3THM CHMBOJIOM Z mé, uan Z mﬁk.>

B cuay BuILIEOTMEUEHHOO cnléaclmnﬂ, =t
maG <4 oo.
Ecan mHoXecTBo G mycTo, TO Mbl, MO OHpelefieHHI0, MoiaraeM
mG=20,

'raK yro Beerga mG=0.
f? Ecnu A ects HHTepBan, coflepkamiuii B cefe OTKphItoe MHO-
wxectBo G, TO
52 mG << mA,

4 IO BLITEKAET H3 TOTO XKe CAENCTBHA.

«  Mpumep (Kaurtoporo wmuomectso G). [loctpoenne Kauropopa
}uﬂomecma G, cOCTOSII0 H3 pfilla NOCNeJ0BaTeNbHLIX HIaros.

: Ha nepeoM wary 6pancst uutepsaa (1/3, 2/3) anuum 1/3. Ha Bro-
wary K HeMmy INpHCOeJHHAJMChE jABa HHTepBanda: (1/9, 2/9) u

Ha tperbeM wary npHCOENMHAMNCH ellle YeThipe WHTEpBaAa,
JAHHE 1/27 Kakaelft ¥ T. A
= TakuMm obpa3om

| 9 4
mG0= 3 + 9 +27+.--
-CyMMHpYs 1o H3BecTHOH OpMYyJe 3Ty IPOTPeccHIo, MoaydaeM
mGy=1.

Teopema 1. I[ycmo G, u G, 38a 02paHUHEHHBIX OMKPBIMbIX MHO-
hea. Ecau G, < Gy, mo
mG, =< mQG,.

dDKaszateabcTBo. Ilyete §,(t=1, 2,..) v A (k=1,2,..)
DOTBETCTBEHHO, COCTABJAIOUIHE HHTepBaJkl MHOXecTB G, H G,
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B cuny teopemsl 4, § 5, ra. 11, kaxneii u3 unreppasnos 8; comep-
KHUTCA B OZHOM (M TOJBKO OJAHOM) M3 HMHTEPBAJOB A,.

IostoMy MHOMecTBO {§;} MOKHO pa3buTb Ha psiA B3aHMHO He
NepecekaouuXxcs NOAMHOXKeECTE Ay, A, Az, ..., oTHOCH 6, B A, B TOM
cayyae, Korja &; < A,

Torga, noab3yacs H3BECTHHIMH CBOJiCTBAMH JBOMHBEIX DAJOB, MEl

MOXKEM HaIHCaThb
mGy = > mb; =, ( > mG,-).
‘ k£ \b.eA
i k
Ho, B cuny caencrsust jgemmnl |,
> mb;<<mA,, orkypa mG,< Y mA,=mG,,
5. A k
[3 k
uTo U TpeGoBanoCh LOKA3aTh.

CnegctBHe. Mepa omxpeunoco ospanutennozo muoxcecmsa G ecms
MOUHAR HUNCHAR 2PAHUYA MEP BCEE0ZMONCHOLX OMKPOUROLY QePARULEHHOIX
MHodcecms, codeprcauyux G.

Teopema 2. Ecau omkpetrmoe ocpanusentoe muoxecmso G A8AREMCS

CyMMOLZ KOHEHHO20 YUCAQ UAW CHEMHO20 MROMECMBA B3AUMHO HE HQAE-
eanuUUX OMKPOUMbIX MHROXCECH8

G=3G, (GGe=0, k~F'),
3

mo
mG = Y mG.
k

D10 CBOMCTBO MepHl Ha3bIBAETCA MOAHOL addumuenocmoro,

JlokasaTteabctso. Iyets 6 (1=1, 2,..) cyTb cocrasasto-
iMe HHTepBajbl MHOKecTBa G,. TlokaxeM, 4TO Kaabli@ M3 HHX
AB/SIETCA COCTABJISIOWNM HHTepBajoM cymmbl G.

B camom pene, TO OOGCTOATENLCTBO, UTO < G, OueBUAHO.
Ocraercsi yOeAHTbCH, 9TO KOHIKl HHTEPBANa 8% ue npunagmexar G.
JlonycTuM, YTO, HanmpuMmep, NpaBblii KOHEI MHTepBaja 8% npuuap-
nexut G. Torja 9TOT NpaBblil KOHeL (0003HAYUM ero Yepe3 @) AOJKEH
NpUHAJAJEXATb KaKOMY-HHOYIAb H3 cJjaraempix MHOXeCT8. Ilycts
W e Gy, (OueBupuo &' ==k, u60 mHOXKecTBY (), TOUKE W 3aBEAOMO
He npuHagnexut.) Ho MHOKecTBO Gy OTKPHITO H, CTaN0 ObITh, TOUKA W
NPUHAMMERKHT OFHOMY H3 COCTAB/IAMIIHX UHTEPBAJOB 3TOTO MHOXKECTBA
pe8%). Omnaxo 5710 BaAeuer 3a coGofi To, uTo MHTEpBaEl 8i° 1 81
MepecekaioTCsl, NOC/eNHee XKe NPOTUBOPEUHT YCNOBUIO GGy = 0.

Hrax, pelcTBHTENBHO, KA U3 8% ecrh cocTaBJsOMHI uHTEP-
Basl MHOXKectBa G. C APYroit CTOPOHHI, KamAasd TouKa G MPUHALJENRUT
xotb oasomy 6. Hakomeu, Bce 3TH MHTepBasbl PasnuyHbl. Takum
0b6pa3oM, MHOXKECTBO

(68} (=1,2 ...; k=1,2,..)
€CTh MHOXKECTRO BCeX COCTABJSAIOLHNX HHTEPBAJIOB CyMMbl d.
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YcTanoBHB 3TO, YXE JIerKO 3aKOHYUTh J0KAa3aTe/l1bCTBO.

mG =3 md{® =3 <Z md{ ) = Y\ mGy,
[ k ) k
4ToO M TpedoBaNoCh AOKA32Th.

Jns TOrO uTOOLI NEPEHECTH TeopeMy (COOTBETCTBEHHO H3MEHHB ee)
Ha CJydail CyMMBl nepeceKaloU HXCSH CJaraeMblX, HaM MHOHa-
J00STCS iBe MPOCTHIE JEMMBL,

Jdemma 2. ITycmo ceemenm [P, Q] noskpoum xouedrod cuctnemotd H
unmepsance (A, w). Toeda

Q—P<;m(7», ).

HoxaszatenbcTBO. Buigeanm us cucremsl H HekoTopyio ee
yactb f*, XoTOpas CTpouTCA caeAyloduM o0pa3oM: 0G03HAYUM Yepes

(A, 1)) Kakofi-HMOYIb M3 HHTEPBANOB CHCTeMsl H, cofepxkamux
Touky P

M<P<my

(xotp oiuH Takod wHHTepBad cyuecTByer). Ecau okaxercs, uro
By >>Q, T0 uHTEpBaN (A, ;) U cocTaBAfieT Tpefyemywo cuctemy H*.

Ecan xe py;=<Q, 10 (P, G}, u Moxuo B cucteMe H Haiitu
HHTEPBAN (Ry, {hy), COAEPWKAMMUHE TOUKY g,

ho <Py <o

Ecnu okamercs, uto W,>>(Q, TO NMPOLECC OKOHYEH, U WHTEpPBA/IL
(A, 1) ¥ (Aa, W) U COCTABJAOT cucreMy H*.

Ecnu xe p,<<Q, 10 ps =[P, Q], u MOXHO B cucreMe H Haiitu
HHTepBaa (A3, [g), COREPMKAMUN [y,

Ay < po <3

Ecmu py > Q, TO npouecc 3akoHYeH, a ecld {3 << @, TO npojoJ-
KaeM Haul Ipoiecc.
(. Ho Begp mHONKecTRO [ 1O YyCNOBUIO KOHEYHO, a Hall NPONeCC
Eocmm B Bbiie1eHMH W3 fI Bce HOBLIX W HOBBIX HHTEPBAJOB, UGO

Py <P <TH3<<...

TTostoMy mpoLece 06A3aTeNbHO AOJDKEH 3aKOHUYHATCH, a4 KOHEll[ ero
BCTONUT B TOM, YTO KaKas-TO U3 TOYEK [, OKAMKETCS JewaieH npasee
i Ilycrs @, >@Q, HO p, ;<<@Q, T. €. TIPOUECC 3AKAHUMBAETCH MOCTE
Ero 1uara.

g Torza uurepsamst (Ay, By), (A, W), ..., (Agy We) H COCTABJIAKT
Bremy H*. Tlpu stom Apy <<pe (R=1, 2, ... n—1).
g Suauur

n—1|

2 =2 > 3 e — M) (=) =gt =y,

k=1 h=1
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n
a Tak KaK W,—M>Q—P, 10 Q—P << Y (uy—As), OTKyZa n
k=1
NOAABHO

Q—P<;(p—7»).

Jemnma 3. ITycmo unmepsar A ecmo Cymma KOHedrO20 UAL cyems-
HO20 MHONCECMBA OMKPLIMbLX MHOMCECMS

A=YG,
Toeda *
mA < Z mGy.
2

IHokaszartenabcTBO. Ilyete A= (A, B) " nycTb cocrasisiome
HHTepBan MHOXKecTBa (0, CYTh s t=1,2,.)

/ B— A\
Bo3bMeM NOJIOKHTENBHOE YHCJIO € KO <& < T) H pacCMOTPHM

cermedt [A -+&, B —e¢], conepxamuiics B HHTepBane A.
10T cerMeHT MOKPHIT CHCTeMOi uETepBaioB 8.0 (1=1, 2, .. ;
k=1, 2, ..). Ilpumensis K 3Tofi cucreme Teopemy bBopens o KoHeu-

HOM MNOKpBITUH H3 § 2, 1. 1I, Mbl MOYYHM HEKOTOPYIO KOHEYHYIO
CHCTEMY

aﬁ’:s) s=1, 2, ...n),

nokpuiBatouyio cermeHT [A +e, B—e]. B cuny npeaviaywed nemmsl,

B—A—-2< ) mﬁ(,’?), OTKyAa H NOAABHO

s=1

B—A~-2e< Zmﬁfk’ = <Z me”): > mG.
Lk k [ k

Tak xak 4Hcao ¢ NMPpOH3BOJIBHO MaJO, TO
B—-A< Z ﬂle,
]

H JleMMa J0Ka3aHa.
Teopema 3. Ecau omxpeunoe oepanudenroe muoxcecmso G
ABASEMCA CYMMOLL KOHEUHO20 YUCAT AL CHENIHO20 MKONCECEa OmKpol-

meix uroncecms Gy, G= Gy, Mo
k

mG < 3 mGy.
k

HNoxasarteabcTBo Ilycrs A, (¢ =1, 2,..) cyTb cocTaBasiomue

uHTepBann cymmbt G. Torxa mG=ZmA;.
]
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Ho A,=A, Y G,= > (AGs), otkyaa, B cuay aemmsl 3, mA, <
k

[

éZm(A,G,,) H, CTano OblTb,
3

osS[grenl-ggmea} o

C apyroit ctoporst G, =G, 3, A, = 3 (AGy).

1 t
ITpu sTOM (UTO ABJSIETCS 3[EeCh OCHOBHLIM) OTHEJbHLIE CJaraeMbie
npaBoidl YacTH B3aUMHO He nepecekaromes (notomy uto AA,-=0 npu
1 = 1'). 3HayUT, MBI HAXOAMMCS B YCJAOBHAX MPHMEHHMOCTH TEOPEMbI 2,
a MoToMy

> m (B.Gr) = MGy (*+)
Conocraeasa (*) u (*,), Ml H nosyyaeMm Teopemy.

§ 2. Mepa orpaHH4eHHOTQ 3aMKHYTOro MHOMECTBA

ITyctb F Henycroe OrpaHHYeHHOE 3aMHYTOE MHOXECTBO M S Hau-
MEHbIUMA CErMeHT, cojepxKamuii MHoxkecTBo F. Kaxk usBecTHO (Teo-
pema 5, § 3, ra. Il), MHOXecTBOo CgF OTKPHITO M NOTOMY HMeeT
onpenenennyo mepy m[CsF]. 3to Aaer BO3MOMKHOCTbD YCTAHOBHTH
clienyioiiee onpeneseHye.

Onpenenenne 1. Mepoldl Henycmoeo 02paAHUHEHHO20 3AMKHYMO20
MHoxmecmea F HasbiBaeTcst 4Hc/Io

mF=B—A—m[CsF],

rae S =[A, B] ectb HauMeHbLLKH CErMEHT, COAEPMKALUI MHOXKECTBO F,
Jlnst mycTOoro 3aMKHYTOrO MHOXECTBA Mepy ONpeleNsTh He HYXKHO,
60 TaKoe MHOXECTBO OTKPHITO M MepOH €ro Mbl ViK€ YCJIOBHJHChH
cyutarb yucao 0. Kpome toro (nmo teopeme 2 § 4 ra. 1I), Henycroe
3aMKHYTOE OrpaHHYEHHOE MHOXKECTBO HE MOMET OKa3aTbCsl OTKPbITHIM
MHOXXECTBOM, TaK YTO HeT HaJoOHOCTH CTaBHTb BOHPOC O CBSI3H
onpejiesieHHil Mepbl OTKPLITOTO H 3aMKHYTOIO MHOMKECTBa.
PaccMorpuM HexkoTopbie npHMEpHI.
1. F=[a, b]. B 3tom cayyae, oueBuano, S=[a, b] u CsF =0,
Tak, yto mla, b]=>b—a, 1. e. Mepa cezmenma pasHa e20 OAuHe
2. F ectb CyMMa KOHEYHOIO YHCJIa NOMAapHO He MepeceKalouUiuXxcst
[SerMenToB F=la,, b]+][ar 0]+ +[a. b.)
% MOXHO CUHTATh, YTO CETMEHTH MEpPEHYMEPOBAHE! B MOPSKE BO3Pa-
“®TAHHS JIeBBIX KOHLUOB; TOIA, OYeBHHO,

bk<ak+1 (k=], 2,...”—1),
OtRypa crenyer, 4TO

S = [alr bﬂ]' CSF = (bl) a?) + (b2v as) + v + (bll—lr an)-
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Crano 6biTh,
n—1 n

mF =b, —a; — Z (Aps1 — br) = Z (be — an),

k=1 k=1

T. €. MEPQ CYMMObL KOHE4HO20 YILCAQ NONAPHO He NepeceKaroujuxca cee-
MEHINO8 PasHA Cymme OAUH SMUX Ce2MEHNIOS.

3. Myers F =P, (Kauroposo coseplieHHOE MHOXKecTBO). B sTOM
cnyuae S=[0,. 1] u CsF =G,, orkyna

mPy=1—1=0,

T. e. Kanmoposo cosepuiennoe MHONCecmeo Py umeem mepy Hysb.
ITOT $aKRT MHTEPECHO COMOCTABUTH C TEM, YTO MOUIHOCTb MHOXKECTBA
P, ectb c.

Teopema 1. Mepa oeparuterno2o0 3amMKHymo2o Muoxecmsa F
He OmpUUamessha.

JokasaTeabcTBO. [[eHCTBHTENBHO, €CAH TOJIBL30BATHCA 000-
3HAYCHUSIMK onpeletenus 1, 1o oueBupno CsF < (A, B), u mo teo-
peme 1, § 1, m[CsF]=<m (A, B)=B— A, oTKyla U Clelyer, 4To
mf == 0.

Jdemma. [Tyems F ocpanusennoe 3aMKHYmMoe MHONeCmso, cooep-
xeaueecs 8 unmepsase A, moeda

mF =mA —m[CaF].

HdoxaszatenpcTso. MyoxkectBo CaF — OTKPEITO, TaK YTO JIeMMa
umeetr cmpics. Ilycrs A = (4, B), a HanMeHbIUMH cerMeHT, ColepKaliui
MHoxecTBO F, ecth S =[a, b] (puc. 8).

Torna serko sugerb, 410 CaF = CaS+CsF.

{ I 1 kY
A—r 5| A
a b

Puc. 8.

O6a cnaraemble NPaBoON YacTH OTKDHITH H B3aHMHO He HAJEraior.
3HauuT, 10 CBOMCTBY aNEMTHBHOCTH Mephl (Teopema 2, § 1) Oyzer
m[CaFl=m[CaS]4-m[CsF).

Ho, oueBuano, CaS =(A4, a)+ (b, B), oTKyna

m|[CaS]=(a—A)4-(B—-0),
H CJIEJIOBATENBHO,
m[CaFl= (B — A) — (b —a) 4 m[CsF),

4YTO U [OKasblBaeT JIeMMY.

Teopema 2. ITyeme F, u F, 08a 02paHuMEHHbIX 30MKHYyMbLx
muosicecmsa. Ecan Fy < Fo, nio imFy <—mF,.

Hokasareawnctso. Ilycte A ecTo nHTepBasd, colepXKaliui
mHoxecTBo F,. Torga serko nposeputs, 4T0 CaF; D CaFy, H, cTaio
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6biTh. M [CaF1] = m[CafF,], Tak uTo JAeno cBOZMTCA K MNpefsiayuied
Jiemme.

CaenctBHe. Mepa 02paHUHeHHO0 3AMKHYMOCO MHOXCecmea I ecmo
HOUHAA BEPXHAR 2PAHUYA MEDP BCCBOIMOMHBLY 3UAMKHYMbLX MHOXCECMS,
colepacawuxca B F.

Teopema 3. [Iycme F 3amxnymoe mroxmecmeo, a G omkpoumoe
oepanuserroe mrosxcecmso. Ecauw F < G, mo mF = mG.

JokasatenbcTBO. [lyeTe A ecth HHTEPBAJ, CcOAEpIKAULHA
mHoxectBO (. Jlerko Bumerb, 4to A=G -+ C,F, OTKyRa, B cuay
teopemnt 3, § 1, noayuaem, uro mA-<<mG-4m[CaF], u peno ceo-
IUTCA K JeMMe.

Teopema 4. Mepa omxpoimoeo o2panuuenno2o muoxcecmsea G ecmb
MOUHAA BEPXHAA ePAHUYA MED BCEBOMONCHBLYX SAMKHYMbLY MHONCECMS,
codepacaiiuxca 8 Q.

JorkasaTteabcTBO. B cnay npeapiaywedi teopemsl, mG ecThb
BEepXHAs IPaHHLA Mep 3aMKHYThIX MHOXKecTB F < G, 1 Hajlo 10Ka3aTb,
YTO MEpbl ITHX 3aMKHYTBIX MHOMKECTB MOI'YT OBITE CKOJIb YrOJHO
6ausky Kk mQG.

[lyers cocraBasioule HHTepBadsl MHOXKecTBA G cyTh (A, W)
(k=1, 2, ..), tak uto mG =3 (1, — Ap).

Bosbmem npousBosibHoe €>>0 H HajizeM cTOAb 6O/bIIOGE HATY-

n
12
~2 .
k=1
3arem nas kawjoro k(k=1, 2, ..., n) HaliieM Takoii cermeHT
[otg, Br], uTOBHL OBLTO

(s, Bel = (Mey 1), mloy, Brl > m (e, Hk)—‘;?l,

panbHOe 1, yToObl OKa3a/a0Ch 2 (g — Ap) > mG —

’

()J.Jlﬂ Yyero AOCTAaTOUHO B3ATh TAKOE Ty, YTO

g [e=re &
O<nk<mln[ p) [ 4’1]’

H MOJNOXKHUTD &y = Ap—+ M Br =1, —"M). TlonoKumM, HakoHel,

Fozg [ak» ﬁk]'

Torna, ouesunno, Fy— G, F, 3amkHYyTO, H

n n

mFy= Y Br—o) > ¥ (e —he) = 5 >mG—e.
k=1

k=1

" Tak xag & npousBOMBHO Majo, TO TeopeMa JAOKA3aHa.

Teopema 5. Mepa 3amMKHymoeo O2panuderrozo muoxcecnea F
€CMb MOMHAR HUMCHAS ePaHULQ Mep BCEBOIMONCHOIX OMKPLUMbIX 02pPa-
Rudennoix muomcecms, codepxcaujux F.

Hoxkaszareancrpo. Kak u Bblllle, J0CTATOYHO TNOKA3aTh, UTO
MOXHO NOCTPOUTL OTKPHITOE OrpaHHYEHHOE MHOXKECTBO, COepKallee
MHOXeCTBO F 1 uMeiollee Mepy, CKO/b YrOJHO G/HM3Kylo K mF.
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C 370il 1eabio Bo3bMeM HHTepBaa A, conepaini MHOXKeCTBO £, H
paccMoTpuM OTKpHIToe MHOXecTBO CaF. KakoBo Gbl HH 6blio € >0,
Mbf MOXeM (B CHAY TeopeMsl 4) HaiiTH 3aMKHYToe MHOXectBO @ Ta-
koe, ut0o D = CrF, mdD >m[Caf]—e.

Tonokum Gy=Ca®D. Jlerko BHAeTH, 4T0 G, €CTh OTKPBITOE MHO-
kecTBo, cojepxauiee F. Bmecre ¢ TeMm

mGy=mA —m®D < mA —m [CaF]+e=mF +e.

Teopema joKasaHa.

Teopema 6. ITycmo oepanuuerHoe 3amkHymoe MHoxcecmeo F ecmeo
CYMMQ KOHEUHO20 HUCAQ B3QUMHNO HE NEPECeKOIOUUXCS  3AMKHYMbLX
MHOMCECME

F:Z Fk (Fka,=0, k—’/-k,).
Tozda
mF:Z ka.
k=1

HokasarteabcTBO. QueBHAHO, JOCTATOUHO PACCMOTPETH CAY-
yaii aByx cnaaraempix F=F,4F, (FF,=0).

BosbmeM mnponspoabHoe &>0 1 nogbepem 1Ba OrpaHHYEHHBIX
OTKpHITBIX MHOKecTBa (G, H G, TaK, 4YTOOBl OKa3aloch

GoF, mG<mF+3 (i=1,2),

YyTO BOSMOXHO B CHJy NpeAbAyILeH TeopeMbl.

Monowum G =G+ G,.

Toraa G ecTb OTKpPHITOE OrpaHHYeHHOe MHOMECTBO, cOfiepiKaiuee
MHOkecTBo F. 3HauuT,

mF << mG << mG, + mG, << mF, -+ mF, +¢.

B Cu1y NPOH3BOJBHOCTH €, OfCiONla cJeiyer, YTo

mF << mFy+mF,. (*)

C npyroit CTOPOHEI, B CHNY TeOpeMbl OTAGMHMOCTH, CYUIECTBYIOT
TaKHe OTKpBITEE MHOXecTBa By u B, uro

B,:)F" (l:], 2), BlBg:O.

OtMeTHB 370, BO3abMeM MNpoH3BoJbHOe &>>0 M HaiigeM Takoe
OTKPHITOE oOrpaHuyeHHoe MHOMecTBo G, uto G o F, mG<<mF e,

Torpa MHOxectBa BiG u B,G cyTb OTKpHIThE OrpaHH4YeHHble
B3aUMHO He NepeceKalouluecss MHOXECTBA, colepiKalive, COOTBeTCT-
BEHHO, MHOKecTBa Fy n F,.

3Hauur,

mFy+ mFy < m (B,G) +m(ByG) = m | B,G -+ B,G]
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(3nech MBI BOCTIONB30BAHCh AJANTHBHOCTBIO MEPHl AN OTKPBITBIX
mHokecTe). Ho B,G + B,G < G, otkyaa

mF,+mFy,<<mG<<mF+¢
M B CHJIy TPOH3BOJBHOCTH &,
mF, -+ mF,< mF. (*4)
Conocrasasa (*) u (*,), noayduam
mF =mF, 4 mF,,

4yTo H Tpe6oaanoc1> J0Kasarhb.

§ 3. BHewHsass ¥ BHYTPEHHSS MepPHl OrpaHNYEHHOr0 MHOXECTBA

Onpenenciue 1. Buewneti mepoii m*E oepanudennoeo mHomecmsa E
HasbIBaeTCA TOYHAA MHMKHAS TPAHHLA MCD BCEBOSMOMKHBIX OTKDBITHIX
OrpaHHMYEHHLIX MHOMKECTB, COJAepKaUulMX MHOmecTBo E:

m*E = inf {mG}.
GOE

OueBNiHO, M8 BCAKOTO OrpAHHUCHHOTO MHOXKecTBa £ cyiiecTByer
BHelnlHAA Mepa, npHuem 0= m*E <<+ cc.

Onpepnenenne 2. Buympenned mepoii m E oepanudeHH020 mHOxMcecm-
8a E ua3suiBaeTcsl TOUHASI BEpXHAS TPaHHLA MEP BCEBO3MOMKHBIX 3aMK-
HYTHIX MHOMECTB, COLEpKaullixcsi B MHOxecTBe E:

mE = sup {mF}.
FcE

OueBHJIHO, YTO BCSIKOE OrpaHUUEHHOe MHOMKecTBO E UMeeT BHYT-
penHiolo Mepy, npuuem Os<=m E <+ o,
Teopema l. Ecau G ecinb omkpoimoe 02panuq4enHoe MHOXecmso, mo

m*G =m,G=maG.

Teopema BuiTekaet 13 cencTeus Teopemul 1, § 1 u Teopemul 4, § 2.
Teopema 2. Ecau F ecrmb 3amMikHymoe 02paHUHEHHOE MHONCECMBO, MO

m*F=m.F=mnF.

Teopema BBITEKaeT U3 CJEJICTBHA Teopembl 2 M Teopembl 5, § 2.
Teopema 3. [[1a 6cikoeo oeparuterHHo20 mHosxcecmsa E

mE<<m*E,

HoxaazartenscrtBo. Ilycts G orpaHiiueHHOe OTKPBITOE MHOMXeE-
€TBO, cojepxatiee muoxecTBo E. Kakoe Gbl 3aMKHYTOE TOJAMHOME-
CTBO F MHoxecTBa E nu B3siTh, Oyner F <= G u, B cul1y Teopemsl 3,
§ 2, mF<mG. Orciona m,E~-mG. Ho Tak Kak 3T0 BEpHO AN
BCAKOrg oTKpLITOro OrpaHHuYeHHOTO MHOMecTBa G, cogepxaiero E, To
myE<<m*E, uto u TpeGOBaNOCh AOKA3aTh.

3 H. 0, Harancon 65
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Teopema 4. [Tyemov A u B cymo ozpanudernsie mroxecmea.,
Ecaw A« B, mo

m,A=m,B, m*A<<m*B,

HoxasatennctBo. OGa HepaBeHCTBa J0Ka3LIBAIOTCS aHano-
rayto. OCTaHoBBMCA A NpHMEPa Ha NepBOM H3 HHX.

[lycto S ecTb MHOXKECTEO, COCTOSILIEE H3 MED BCEBO3MOXKHBIX 3aMK-
HYTHIX TIOAMHOXeECTB MHoXecTBa A, a T Takoe e MHOXKECTBO JJA
muoxectea B. Torpa m A =supS, m B=supT.

[lycte F ecTb 2aMKHyTO® NOAMHOXecTBO A, Torpa i nopasuo F
ABJAETCH NOAMHOXECTBOM MHOXecTRa B, Orciona caeayer, uto S< T,
H TeopeMma BLITEKZET M3 TOTO H3BECTHOro ¢axra, YTo TOYHAA BePXHAS
rpaHpla MOJAMHOMKECTBA KaKOro-IM00 MIOXKECTBA He MPeBOCXOAHT TOY-
HOIl BepXHEH rpaHNLbl CAMOrO 3TOr0 MHOXKECTBA.

Teopema 8. Ecau oeparuuennoe muoscecmeo E  ecmp  cymma
KOHEUHO0 HUCAQ UALL CHeMHO20 MHOMEcmBa MHoxecms E,

E= Z E., mo m*E < Z m*E,.
P %

JokxasatenbcTBo. Teopema TpuBHa/bHA B Cilydae pacXofH-
moctH paga ¥ m*E,. [lpexnosnoxiv, uro stor psAa cxoiutcs. Bass
npoHsBoabHOe € > 0, MBI MOMXEM HaHTH TAKHE OTKPhHITLHIE OrpaHHueH-
Hble mHOMectBa (O, 4TO

Gy D Epy mG<m*Ey+ (k—=1,2,3,..).

Hasopenm uepes A Kako#i-HHOydb HHTEpBaJ, CONEpKAUUA MHOXKE-
cteo E. Torna E < A Y Gy, otKyna, B cuny Tteopemsl 3, § 1,
R

m*Eém[AZlezm(ZAGkJs N m(AG) <
k k k
< 3\ mG<< Y m*E, +e,
k k

¥ TeopeMa BHITEKAeT 13 NPOM3BONIBHOCTH YHCHA €.

Teopema 6. Ecau oepauutenroe mroxcecnéo E ecme cymma
KOHEHO20 4UCAQ WAL CHEMHO20 MHONCECITIBA B3QAUMHO HE HOAACOUUX
muoxcecms Ep

E=YE, (EEw=0, kk),
R

m*E> Z m*Ek.
R

Hoxasareanctso. Paccmorpum nepsrie n MHoxecTB E), E,, ...
..oy Eno Ina moforo e > cyllecTBYIOT TaKpe 3aMKHYTHIE MHOXKe-
crBa F,, uto

Fo CEp mFy>mEr——  (k=1,2,..., 1)



MuoxectBa F, rMonapHo He nepecekaoTcst M CyMMa HX

M
~r
ES

samrHyTa. OTctogd, npumenss teopeMy 6, § 2, moayyum

n n n
mE=m [Z FkJ = mFy> Y mE,—e.
1\ k—1 k-1
n
Tax kak &> 0 npoussoabHoO, TO Z meEp<m.E.
k—1t
3ruM TeopeMa JAOKasaHa IAf CJydas KOHEYHOro YHc/a cjaraeMbiX
MHOMKECTB. EC/H e 3THX MHOXECTB HMEETCSl CYeTHOe MHOXKECTBO, TO,
OMUpasAch Ha MPOH3BOMBIOCTb UHCJA £, Mbl YCTAHOBMM CXOAUMOCTb

[ee]
pasa X m,E, U HepaBeHCTBO Z myE,<<m,E.
B
Jlerko BujeTh, 4TO TeopeMa nepecraeT GhITh COPABENJAHBOL, ecau
otGPOCHTb YCJOBHE OTCYTCTBHS OOIMHX TOYeK y MHowectB E,. Ha-
npumep, ecan E,=[0, 1], E,=|[0, 1], E=E,+E, 10 mE=]1,
m,E,+m,E,=2.
Teopema 7. [1ycmo E oepantuennce muoxmecmso. Ecau A ecrne
UHMePEaA, COOePH UL MO MHONCECINEo, Mo

m*E +m, [CAE] = mA.

HoxaszaTeabcTeo. Bo3sbMeM npoussosasHoe &> 0 # Haiijem
TaKoe 3aMKHYTOe MHOXECTBO F, uto [ C\E, mF>m, [CAE]—e.

Ecan mbl nosoxuM G =CaF, 10 MHOMecTBO G OyaeT OTKPLITHIM
OTpAHHYEHHBIM MHOMECTBOM, cOlep¥KalliM MHOXecTBo £, oTKyaa,
¢ IIOMOLUBIO JeMMbl § 2, Haxolum

m*E <mG=mA —mF <mA—m, [CoE] +¢.
Orciona, B cHAy .IDOM3BOJBHOCTH &, CJEI1yeT, yTo
m*E4-m, [CaE] < mA.
s Toro yto6bl NOJy4luTh OGpaTHOE HEPAaBEHCTBO
m*E 4+ m, [CAE] = mA, *)
APUXOMHTCS PaCCyXJaTh TOHBLIE.
Bossmenm £>>0 u HafiieM Takoe OTKPbLITO® OTpaHUYEeHHOE MHOMKe-
cTBO Gy, uto G, > E, mG,<m'E + ;
Hasoeenm KoHubl nutepsBana A uyepes A u B u nmocrpoum Takoii
copepxaulufica B A unrepsaa (a, b), uro
A<a<A+y, B—:<b<B.

Crenas sto, noaoxuM G=AG,+ (A4, a)+ (b, B).
Muoxectso G OTKpBITO, OrpaHHyeHo, cofepxutr E H TakoBo, uTo
mG < m*E -e.
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Ho kpome Toro (u 310 31ech ocHOBHOe) MHOMecTBO F =CAG oka-
3LIBAETCH GAMKHYMbIM, YTO BBITeKaeT U3 JerKo MpOBEPAEMOro TOX-
JectBa F =[a, b] CG.

Tak xak F = CoE, to m, [CAE) = mF = mA — mG > mA — m*E —e.

Orciofa, B cujly [OPOHU3BONBHOCTH €, chaepyer HepaseHCTBO (%),
a c HUM H Teopema.

Creactue. B o00o3rauenuax meopemsl Oydem

m* [CaE] — my [CAE]=m*E —m E.

B camoM fese, ecn Mol MepeMeHHM podil MHOXeCTB £ H CaE,
10 moayuuM, uto m* [CaE]+ mE =mA, orkyna

m* [CaAE]+myE =m*E 4 m, [CAE},
a 3TO PABHOCHJILHO 1OKa3bIBAEMOMY YTBeDKAEHHIO.

§ 4. HUamepumbie MHOXECTBA

Onpepenenne. OrpaHu4eHHOE MHOMKECTBO E Ha3blBaeTCH u3Mepu-
MblM, €CJIM er0 BHEWHAS I BHYTPEHHSS Mepbl paBHHl APYr Apyry:

m*E =m,E.

Hx ofuee 3naueHue HasbiBaercsl mepol muosxcecrnéa E u o6osHa-
uaercsa yepes mkE:

mE=m*E=m,E.

Ator cnocob onpegeneHns MOHATHA Mepbl npHHALaexur Jlebery,
B CBfI3H C YeM HHOTA4 M3MepHMOe MHOMXKECTBO Ha3bIBAIOT MHOXKECTBOM
«M3MepHMbIM B cMpicnie Jlebera», HiH, KOpoue, «H3MEpUMbIM (L)».

Ecan muoxectso E HeusMepnMo, TO O ero Mepe Hesb3si FOBOPHTh,
H cuMBol mE 1A Hac JIHIIEH CMbICAa. B 4acTHOCTH, HeH3MepHMBIMIL
Mbl CYMTaeM BCe HeorpaHiueHHble MHOXECTBA. !)

Teopema 1. Omxpeimoe 02paAHUYCHHOE MHONCECIIEBO UIMEPUMO U
€20 8HOGb onpedeieHHas mepa cosnadaem ¢ mepod, 68edertotl 6 § 1.

3ToT pe3ysbTaT €CcTh HENOCPeACTBEHHOe cJjeicTBHE Teopemsl 1, § 3.
Touno Taxkxe H3 TeopeMbl 2, § 3 BHITEKaeT CJACAYIOLAA TeopeMa:

Teopema 2. 3amxnymoe 0PAHUHERHOC MHONECMBO USMEPUMO U
€20 6HO8s onpedesenHas Mepa cosnadaem ¢ esederrol 8 § 2.

M3 caenctsHa TteopeMbl 7, § 3 BbITEKaeT:

Teopema 3. Ecau E ectne ocpaHuierHoe MHoO¥cecmeo, codepaca-
ueeca 8 uumepsare A, mo mromecmea E u CuE o00nospemerro
UBMEPUMbL LU Hem.

Wz conocraBnenus teopem 5 u 6, § 3 caenyer:

1) B rn XVII noudrue uaMmepumoctH o6o6luaeTcss Ha HekoTophle HeOT p a-
HHUEHHBIE MHOXECTBa,
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Teopema 4. Ecau oepanuuernoe mHoxcecméo E  ecms  cymua
KOHEYHO20 YUCAQ WAL CHEMHO20 MHONECMOA USMEPUMBLY  MHONCCMS,
NONAPHO He UMEIOUUX MOYeK,

E=YE, (EkEx =0, k#£K),
%

mo muoxcecingo E uamepumo u
mE = 3 mE.
k

Joka3zaTenbCTBO BHTEKACT I3 CAelYIOLIeH 1Ml HepaBeHCTB:
N mEy= Y mEx<<m,E<<m*E <)Y m*E,= ) mE,.
k k k ke

JlokazaHHOe CBOHICTBO Mepbl 1a3bIBAETCH €€ N0AKOI a00UMUBHOCHIBIO.

B nocnenneil TeopeMe CylecTBEHHO GbL10, 4TO OTH@ALHLIE cJara-

Mble NOMapHO He nepecekaiores. Ms6aBumcst oT 3Toro orpasnyenus,

noKa, BIpOYEM, LIS CJydasi KOHEUHOTO YHCJA CJ1al aeMblX MHOXKECTB.

. Teopema 5. Cymma KOHEUHO20 HUCAQ UIMEDUMBIX MHOMCECING €cillb
UBMEPUMOE MHOIMCECTNEO.

n
llokasateabctBo. [lycte E= Y, E;, npHYeM MHOMECTBA
k=1

“Eu k=1, 2, ..., n) u3MepHM®I.

BoabMeM npou3BoabHOe £ >>0 H NOCTPONM JJIst KaxJIOoro B Takoe
3aMKHYTOe MHOMXKecTBO Fj, H TaKoe OTKPHITOe OrpaHHUYEeHHOEe MHOMKe-
ctBO (p, UTOOL GbITO

F,c E, — G, mGk—ka<% (t=1,2, ..., n).

n n
Cnena 510, nonoxkuM F= M F,, G= )] G
k=1 k—1
OueBliIHO, YTO MHOXeCTBO [ 3aMKHYTO, a G OTKPHITO i OrpaHH-
9eHo, # uto F < E < G, orKyaa clejiyer, 4T0

mF < m,E < m*E < mG. *)

Ho wmuomectBo G — F oTkpbiTo (1160 €ro MOXHO MpeicTaBiTh B
dopue G CF) u orpaHuueHo. 3HAUNT, 3TO MIOMKECTBO H3MEpIMO,
Muoxecto F TakiKe H3MEPUMO, & NOTOMY, MOCKOAbKY

G=F-+(G—F)

H MHoxectBa F uy G —F He mepecekailotcs, MOXKHO NPHUMEHNTH fpe-
BHRymYy0 TeopeMy, 4TO iaeT mG = mF -+m (G — F), otkyna
m (G —F)=mG —mfF,
AHanornyHo Ml YCTAaHOBHM, 4TO
m (G, — Fp) =mG, — mF, k=1, 2, ..., n).
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OrreTunm TeNnepp JEerKko npoBepsaeMoe BKJNOUEHHUE

G—-Fc i (G — Fy).

k=1

Bce BXONsiLME CIOa MHOYKECTBA OTKPBITHI M OrpaHHYeHbl, TaK YTO,
Ha ocHoBaHuu TeopeM § I, Mbl HMeen
n
m(G—F)y=< Y m(Gy—Fy),
=1
HJIH
n
mG —mF < Y [mG, —mF,] <e.

k=1

Orcioma u u3 (*) urexaer, uro m*E —m, E < e, a Tak Kak €
CKOJIb YIOIHO MaJso, TO

m*E =m,E.

Teopema 6. Ilepeceuertie KOHEUHO20 HUCAQ UIMEPHMBLX MHONCECIB
U3MEPUMO.
Hn
Jokasarenbctso. Ilyete E= [ [ E,, npiuem muoxectsa E,
k1
nsnepumsl. Haszosem uepes A kakoii-HHOYAb WHTEpBad, COAEpKALLiil
"

Bce muokectsa Eg. Jlerko npoeeputb, uto CuE = Z CAE..
=]

Ho mHOxecTBa CAE, H3MEpPHMbl OJHOBPEMEHHO C MHOXECTBaMH
E,, OTKYA2a, B CHJY TEOpeMbl b, clefyeT H3MepHMOCTb MHOKECTBA CAE,
a C HUM H MHOXecTBa E, uTO M TpeboBajoCh N0OKA3aTh.

Teopema 7. Pasnocmie 08yx U3MEPUMBIX MHOMECMS UBMEPUMA.

Hoxasateabctso. Ilyete E=E,—E, rge mHOoXKectBa E,
n E, usmepumbl. HasoBeMm uepes A kakoil-Hu6yab HHTepBad, COREp-
JKatufl o6a MHoxectBa E, u E,. Torna E=E, -CaE, 4 Jieno cBo-
IHTCS, K HpelbliyIueil TeopeMe.

Teopema 8. Ecau 6 ycaosusx meopemor 7 6ydem E, > E,, mo

mE = mE1 - IﬂEQ.

HokasateabctBo. OQuesumno E,=E+E, (EE,=0), or-
Kyla, B cuay veopemut 4, mE; =mE 4-mE,, 40 paBHOCHJILHO Teo-
pene,

Teopema 9. Ecau ozpanuuennoe mroxcecmnso E ssasemesa cymmori
CHEMHOZ0 MHOJCECNBA USMepUMbLX MHONecm8, mo E uamepumo.

- [ee)

Hoxaszateanctso. Ilyete E= 3} Ep. |
k=1 i

Beenem muoxectBa A, k=1, 2, ...), noaaras

Ai=E, Ay=E,—Ey oy dp=Ep—(Ey+.. A Ep ), ...
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[ee]
Jlerxo nipoBepith, uto E = 3} A,. Tlpu 3Tom Bee MHOMecTBa Aj UsMe-
kR—1
pHMB M TOMapHO He TnepeceKailoTcs (B ToOcJelHeM BCsi CyTb JOKasa-
TeJbCTBA), TaK YTO JIeJ0 CBeJoch K Teopeme 4.
YcioBHE OrpaHHYeHHOCTH MHOMecTBa £ (KOTOpOE B TeopeMe 9
BBLINONHAAOCL CcaMo co6oil) OTOPOCHTL HeMb3d, KaK BHAHO XOTHA Obl

o8]
u3 npuvepa E,=[0, k]. rae cymma Y] E,=[0, + o0) Hensmepuna.
k=1
Teopema 10. [lepecedentie cuemmnoz0 MHOMECHED UIMEPUMEIX MHO-
2CeC8 LBMEPHMO.

[ee)
JloxasareabcrBo. Ilyete E= [[E, rae Bce MHOKecTBa
k=1
E, usnepnmel. Tak kak E < E;, to MHoxecTBo E orpanuuero. O6o-
3HAYUM yepe3 A Kakoil-HHOYAb NHTEePBaJ, COIepKalii 3TO MHOKECTBO,
u nojaokuM A, =AE, k=1, 2, 3, ..).
Torpa

x

E=AE=AT] Ee=T] AE0) =[] A
k k=1 k=1

=1

X
Jlerko mnposeputsb, uto CAE = 2 CaAp, 4 JeNo CBOAHTCS K Teo-
k=1
pemam 3 u 9.
B 3akmouerile yCTAaHOBHM [IBé TEOPEMbI, HTpAIOUIHE BAXKHYIO POJb
B TeopHud ¢yHKLHH.
Teopema 1. [lycme muomecmsa E,, E,, Eg, ... uamepumor. Ecau

E,cE,CE;C...

u ecau cymma E = Y, E, oepanudena, mo
k=1
mE = lim [mE,].

n—+oo

JdorkasarenncTBO. Jlerko BumeTh, yTo MHOMeCTBO E MOMHO
HpeicTaBuTh B opme

E=FE,+(E,—E)+(Es— E) 4 (Eq—E9) +...,

PIe OTfie/ibHble cjlaraeMble MornapHo He rnepecekatorcs. Orcoza, B cHay
TeopeM 4 W 8§, caefyer, uTo

mE =mEy+ 3\ m(Egy — Ex) =mEy+ 3 [mEpsy — mEy].
k=1

k=1

Ha ocHoBaHHH caMoro omlpefeleHHst cyMMbl GECKOHEHHOTO pAAa,
noc/efHee paBeHCTBO MOMHO IepeltHcaTh Tak

n—1
mE = lim {mEﬁ— Z [mEkﬂ—mEk]},
k=1

n—-w
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a 3TO PABHOCHJLHO Teopeme, 160
n—1

mE, 4+ 3 [mEy+ — mE,] = mE,.

k=1
Teopema 12. [lycmo E,, E,, E,, ... cyms usmepumsie MHoxce-
[se)

cmea, u E= || Ey. Ecau E,DE,DEsD..., mo

k=1

mE = lim [mE,].

n-—

HoxaszaTteabcTBo. 3Ty TeopeMy JErko CBECTH K MPeALIIYUIEH.
JleiicTBHTENIbHO, 0603HAUHB Yepes A KaKod-HHGYAb HHTepBad, COAep-
AKaui MHOKECTBO £y, Mbl OYAeM HMETb

CAEICCAEzccAEgc..., CAE=ZCAEk.

k=1
B cn.*,'y teopembl 11 MBl NMosydaem, yTO
m(CAE) = lim [m (CAE,)],

YTO MOXKHO [IPEICTABHTL U TaK:
mA —mE = lim [mA —mE,],

= o

a 5TO PAaBHOCHJBLHO Teopeme.

§ 5. UaMepumocTh M Mepa KaK WHBAPHAHTHI ABHAKEHHSH

TlycTs nanel gBa MHOXKectBa A H B, cocrosiiiie U3 OOBEKTOB
qioGod npupogbl. Lemy yKRazaHO NpaBuso, KOTOPOe KaXToMy 3Je-
MEHTY @ MHOXecTBa A CTABHT B COOTBETCTBHE OAHMH H TOJBKO ORHH
aneMenT b MHOXeCTBA B, TO roBopfT, 4TO YCTAHOBJEHO O0HO3HQUHOE
omoGpadcerite MHOXecTB2a A B Muomecrso B. Ilpu stom He npes-
MOMAraeTcst, 4YTo Kaxkibll 3/71eMeHT MHOXeCTBAa B oxasmlBaeTcs cooT-
HECEHIILIM Kakomy-HUGYAb ajenenTy H3 A. ToHATue oTo6pakeHus
eCcTh ppsisoe ofoblenne MOHATHA (YHKUHN. B CBA3H C 5THM 3J€-
mMeHT b & B, orpevatoniHii sneMeHTy a < A, YacTo 0003HAyalOT Hepe3s
f@) v mmuyt b= (4).

Ecmt 6 =[(a), to Mol Gyaem HasbiBaTbh 3/1eMeny & obpasom 3ne-
MeHTa a, a 3JeMeHT a npoodpasom anementa b. Ilpu 3ToM onuH 3e-
MEHT b MOXKeT UMeTb HEeCKOJIbKO Npoolpasos.

[lycth A' ectb uacth MHOMecTBa A, a B* ecTb MHOXKeCTBO 06-
pasos Bcex anementos A' (uHaue rosops, ecia e A*, 10 [ (0) & B*,
noecm be B, TO cylecTByeT XOTb ORHH 37eMeHT a & A* TaKko#,
yto f(a)=b4). B Takom ciayuyae MHOMeCTBO B* HasblBaetca o06pasom
MHOXecTBa A ¥, uro samickBaT Tak: B* =f(A4%*).

Hpu 31on MHOKecTBO A' HaswBaeTcs npoolpasom MHOXKeCTBa B*.
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YcranoBus 3TH ofllne MOHATHA, Nepeienm K pacCMOTPEHHIO Ofl-
HOIFO BAXHOro CleuuassHoro Bijla otofparkeHiiil.

Onpepeaenne 1. Ognosuautoe orofpaxkelliie @ (x) uHc/aI0BOld Nps-
MOH Z B cebfl HasbiBaeTCsl JQudiceHuem, €U DacCTOoAHIle Mexiy
obpasamu  JoObIX JABYX 10YEK TPAMOH paBHO pPaCCTOSIHHIO MEKIY
CaMUMH 3THMH TOUKaMI:

lo()—o' =lx—yl

Vnaue rosops, IBWKEHHEM Ha3biBaeTCsl TaKoe OTOOpayKeHHe MHO-
¥ecTBa Z B MHOXKECTBO Z, KOTOpDOE HE H3MEHFeT pacCTOAHHHE MEXAy
Toukamu Z.

B onpegedende MOHATHA JBHXKeHHS HE BKJ/IOUEHO TpefoBaHHe,
YyTo6bl KaxKmad Touka Z cAayKuma oO6pa3oM KakoH-HHOYAb TOUKH, a
TaK¥Ke Tpe6oBaHie, yTabbl pasnse TOUKH Z MUMENH pasziele ke 00pasul.
Onxako offa 3TH OGCTOATENLCTBA HMEIOT MeCTo. YOeguMca B 3TOM
noka Ajd ORHOrO H3 HHX.

Teopema 1. Ilycme ¢ (x) ecmos Osuncenue. Ecau x 7=y, mo
@ (x) Z @)

JleficTBHTENIbHO, B 3TOM cJaydae '@ (X) — ¢ () =]x—y| # 0.

Teopema 2. a) Ecau A B, mo ¢ (A) < ¢ (B).

b) w(ZEa>=Z<P(Eg)
& &
<) @(H E§>=H(P(Ea)
3 5
d) Ecau A nyctmoe muoxcecmeo, mo ¢ (\\) = A.

lloxasa'renbcmo NpeloCcTaBaAeTCA YHTATE N!0, YKaXeM JHlb Ha
T0, YTO NpH AOKasaTeJbCTBe C) HCNOJIb3YETCA TeopeMma 1.

Jlerko NpPOBEPHTh, UYTO CJAEIYIOWME TPH OTOOpaKEHUA ABAAIOTCA
ABHKEHUAMMU:

[. p(x)=x-+d (cdsue),
I, @(x)=—x (3epraasroe ompascerue),
HI g (x)=—x+d.
UpessbiyafiHo BaKHBIM ABASETCS TO, YTO 3THMH Tpems (coder-

BeHHO — 1ByMA, n6o I1l oxearwiBaer [l) Tumamu ncuepnwiBarorcs Bee
BO3MOXHbLIE ]BUKEHUA B Z.

Teopema 3. Ecau ¢ (x) ectns Osudxcerue, mo Aubo
¢ (x)=x+d,

Aubo
Q(x)=—x-+d.

6 Hokasateancrso. Moo, @ (0) =d. Torga aas BCSAKOro x
YEeT |@(x)—d|=|x| u, crano ObITh,

P)=(—1Wxd+d [o(x)=0, 1].

‘:eYHKuHﬂ o (x) onpegenena aaa Beakoro x == 0. Hawe#i sazaue:
AB/IAETCH  ycraHoBAEHMe TOr0, YTO @ (X) ecTb MOCTOSHHAA BeJHYIlHd.
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ITycte ¥ u y ape Touku, npudem x =0, y # 0, x #y. Toraa

PO — @) =(— 1) x—(—1)Wy,
HJH

@ (¥) — @ () =(— 1)@ [x — (— 1)°y],

rae p=0{y)—o(¥) HMMeeT OXHO H3 Tpex 3HaYeHuh p=1, 0, — 1.

[Toas3ysace ofpeleseHueM JBMMKEHHS, MOXHO YTBEPXKIaTh, UTO
lx—(—DPyl={x—uy|

Orciona, mbo x—{(— 1Y y=x—y, au6o xe x—(—I1)Py=
=—X+y.

Ho Bropoil cayua#i HeBo3MOMEH, HGO OH MPHBOAHT K TOMY, 4TO
2x=y[l4+(-—1)*], orkyaa (mpu p=*1) x=0, nau (npu p=0)
X=¢Y, a 5T0 IPOTHBOPEYHT YCJOBHIO.

3Ha4uT, OcTaeTcsi mepBblil cayuail, KoTopwlil xaer, 9to p=0, T. e.
o (x)=0(y).

3uayut, s BeeX x % 0 QYHKUMA O (X) HMeeT OJHO H TO e
3HaveHue o (x)=o0 (0=0, 1), Tak 9t0 @ {x)=(—1)°x+}d.

ITockoabky 3TO paBeHCTBO, OYEBHAHO, OCTAeTCsi B CHJE H JIA
x=0, Teopema joKa3aHa.

Caencreue. [Tpu deusmenun xamoas mouxa y <= Z cayxcutm obpa-
som Hekomopod mouku x < Z, T. e. 9(Z)=Z.

HefictBuTe bHO, ecau ¢ (x) = (— 1)° x4- d, TO IpOOGPa3OM TOUKH 4
CAYXUT TOuKa x = (— 1)°(y—d).

Eean ¢ (x)=(—1)°x+4d ecrb HekOTOpOe ABHXKeHHe, TO JBIXKe-
Hie

P =(=1)(x—a)

HasbIBaeTcH 05[)(1771/‘!!)[«14 JABUIKCHHEM. St JBa ABHXeHHA CBA3aHbl COOT-
HOUWICHH AMH

ele7 ] =t [eW]=x.

Mnavse roBops, ecad Touka X B JIBMXKEHHM ¢ HMeeT 06pasom
TOUKY ¢, TO B JBHXKEHMH ¢! Touka y umeer o6pasoM TOUKY X.
BecbMa BaskHRIM #BJASIeTCSl TO, YTO JJIS BCSIKOTO JBHIKEHHS Cyuyecis
syern o6partHoe eMmy ABHMKEHHE.

Teapema 4. [lpu Oeuscenuu: a) ecaxull uxmepsar nepexoduin
6 UHIMepsa.l MOit e Mepbi, APUYEM KOHYaMU UHMepsaaa-obpasa cay-
Ham ob6paszel KoHI08 uHmepsaia-npoobpasa;

b) 06pas oeparutennoco MHOMCECTMBA eCiib 02PAHUMEHHOE He MHO-
Hecmao.

JdoxasarenncrBo. Ilycte A= (a, b) ectb HEKOTOp®IA HHTep-
Ban. Torpa npu Apuxenuy ¢ (x)=x--d ofpasom HHTepBana A cay-
HUT uurepsan (a-4-d, b-+d), a NpH ABUKEHHH @ (X)=—X+4d —
untepBan (d—b, d—a). B oboux caywasx me(A)=06 —a=mA.

Yro6b JoKasath b), o6osHauum depes E kakoe-HMOyIb OTpanHYeH-
HOe MHoMKecTBo. Ecau A ecTb HHTEpBaJs, COAEPXKAUIHA MHOXKECTBO E,
T0 @ (E) <@ (A), Tak 4ro ¢ (£) orpaHuyeHo. MOXHO pacCyxaaTb
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U Taxk: ecad Aasl Bcex x w3 E Gyner |x| <k, TO AM4 BCex y U3
@ (E) Oyner |y <<h+|d'

Teopema 5. [lpu Osumceruy: 2) 3aMKHYMOE MHOMECHIBO NEPEXC-
Jdunt 8 3aMKHYMOe MHONECMEO,

b) omupoimoe muoxcecmso nepexodum 8 OMKPLUNGe MHONCECINED,

NokasateabctBo. a) [lyete @ (F) ectsb 06pa3 3aMKHYTOTO
maoxecrsa F. O6o3HayuM gepes Y, Kakylo-aMG0 TpelebHYIO TOUKY
MHOXKECTBA @ (F) W HalileM IIOCJe0BaTebHOCTE {Y,}, ANA KOTOPOH

lim Yn=Yyp YaE @ (F)

Iyets xg=@ ' (Yo)y Xn=0 *(y,).

Toraa x,= F. Ho 'x,—x,| =1y, — Y4, , TAK 9TO X, — X, H, B CHJIY
samknyTocTH F, x, & F, oTKyzaa yy= ¢ (x) € ¢ (F).

3uaunt @ (F) ecTb 3aMKHYTOE MHOKECTBO.

b) Ilycrs G ectb oTKpbiToe MuOXecTBO. [lomoxnn F=CG. Torza
F ecTh 3aMxHyTO® MHOXKecTBO M G4+ F=Z, G -F=0.

Ortciofa, B CHAIY TeopeMbl 2 H CJEACTBHSA TeopeMbl 3,

@) +oF)=2 o) -9F)=0,
T. e. @ (0) ABAseTcH NOIO/HEHHEeM 3aMKHYTOTO MHOXecTBa ¢ (F) W,
cTajo ObITh, OTKPBITO.

Teopema 6. Mepa omKpeunozo 02paHUYEHHO20 MHOXCECTIBA He
MEHAEMCa npu  JeuxceHuu,

JorkasaTeabcTBoO. [lycTb G OTKpPHITOE OrpaHHUEHHOE MHOXKECTBO.
Torja u ¢ (G) ecTb OTK PLITOE OT pAHHUEHHOR MHOKecTBO. O603HauKM yepes
8, (=1, 2, 3..)) cocraBasiolye HHTepBaJbl Mioxecrea G. Ha ocno-
BaHUH TeopeMHl 4, COCTABJSIIONIMMH HHTEPBadaMi MHoXecTBa ¢ (G) cay-
®ar UHTEpBaJbl ¢ (0,), TpHUEM Jerko NMpOBEPHTb, YTO STHMH HHTEp-
BaJlAMH MCUepNBLIBAIOTCA BCe COCTABJSIOLINE HHTEPBAJbl MHOXKECTBA

@ (G). Orciona: me (G) = D, mq (8;) = >, mb, =mG, yro u TpeGopa-
k k

JIOCh JI0KA3aTh.

Teopema 7. [[suscenue He usmensem Hiu SHeWHel, HU BHYMPEH-
Hed Mepbl 0ZPAHUMEHHO20 MHOMECMEd.

Hokxaszareabcrso. a) [lyers E orpaHHyeHHOE MHOMECTBO.
B3sas npousBosipHoe &>, HalifeM TaKOe OTKPHITOE OrpaHHHEHHOE
MHOXecTBO G, uTobel 6bll0 G = E, mG <<m*E +e.

- B taxom ciyuae ¢ (G) ecTb OTKpBITOE OrpaHHUYEHHOE MHOMECTBO,
cofepkaiuee MHOXecTBO ¢ (E). Crano OniTh

m* @ (E) << m@ (G =mG << m*E ¢,

B*cmly MPOU3BOJBHOCTY YHCAA &, OTCIOAA caeayer, uto m* ¢ (E) =<
<m* E, TaK uTo npH ABIMKEHMH BHELIHAS Mepa OrpPaHHYEHHOro
MHOXeCTBA He yBenuuusaeTcs. Ho Torga oHa W He ymeHbuiaercs,

460 uHaue OGpaTHOE ABHIKEHWE NPHBENO Obi K YBEJWUYCHHIO BHEMIHEH
MEpL.

Hrax:
m* ¢ (E)y=m*E,
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b) O6Goanaunm uepe3 A rakof-HHGYAb HHTepBAN, COAEPKAIUHH
muoxecrso E. Torga ¢ (A) ecTh uHTepBad, colepXauldid MHOXKECTRBO
¢ (E). Toacxkim, nanee, A=C\E.

Coornoutennss E4+ A=A, EA=0 jaator, 4to

PE)+e(A)=¢@), ¢E) ¢(A)=0,

tak uto ¢ (E) ecTh nonosnHenue muoxecTsa ¢ (A) OTHOCHTENILHO HHTep-
sana ¢ (A). Orciona, B cluy Teopemnl 7, § 3,

mt @A)+ m,qE)=mgeA)
W, HAa OCHOBAHMM YyXKe JOKa3aHHON 4YacTH TeopeMbl H Teopemsl 4,
m* A4-m @ (E)=mA.

3uaunt m, ¢ (E) =mA — m* (C,E), n cHOBa npuMeHAs TeopeMy 7,
§ 3, Mbl HaxXomHM, HTO

mup (E)y=m, E.

CaenctBue., [lpu O0Budcenutl usMepumoe MHOWECMBO Nepexodum
8 USMEDUMOE MHONECMEO MOl me Mepht,

Onpenenenite 2. Mioxectsa A 11 B HA3LIBAOTCA KOHZPYIHNHBIMU,
ecJIM CYLIECTBYET JIBIIXKeIIe, B KOTOPON OJHO H3 HHX [1epeXoinT B Apyroe.

C noMolIbi0 3TOrO TePMitHA A0KA3aHHbIE Pe3YAbTaThl MOYKHO BBICKA-
3aTb B Takoil gopme.

Teopema 8. Konepysnmuoie MHOMECMBA UMetom  00UHAKOSblE

BHEILUHION U BHYMPEHHIO Mepul MHOXCECBD, KOHZPY3IHMHOE USMEPU-
MOMY MHONMCECTIBY, USMEPUMO U UMeent my e Mepy.

§ 6. Knacc n3MepuMbiX MHOXKeCTB

B §§ 4 u 5 mbl u3yuasn cBoficTBa caMHX H3MEPHMbIX MHOMKECTB,
3J1eCh e Mbl OCTAHOBHMCS Ha HEKOTOPHIX CBOHCTBAaX BCEro hJjacca
H3MepIlMBIX MHOKECTB.

Teopema 1. Beaxoe ceparudentoe CHemuoe MHOXCECINBO U3MEPUMO
U Mepa €20 PasHa HYAO.

NoxrdzaTteanctBo. Ilycre orpannuenHoe MHoxectBo E cocto-
HT 13 TOYEK Y, 4, X .

OCosnauim uepes £, ofHO3/1eMeHT HOe NHOKECTBO, COCTORLee H3 ToY-
K1 xp. OueBnano E, ecTb 113MepHMOe MHOMXKECTBO MepEl HYJb, H Teo-

[s=]
pema cienyeT u3 papencrsa E—= ) E, n Teopemnl 4, § 4.
ko
Kak nokasuiBaeT npHMep KaHTOpOBa COBEPLIEHHOTO MHOMXeCTBA P,
JOKa3aHHas TeopemMa He JOMyCKaeT OBpatleHHs.

Onpenesenne 1. Ecan muoxecrBo E npeictasiMo B dopme CYMMEL
CYETHOrO MHOMKECTBA 3aMKHYTHIX MHOXKECTB

E:EFJ?;

k=1
TO roBopAaT, 4to E ecrme muoxecmso muna Fg,
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Onpenenenue 2. Ecnn muoxkecto E npeacraBumo B ¢opme nepe-
ceueHHsl CUETHOTO MHOXECTBA OTKPHIThIX MHOXECTB

E=[] Ga

k=1

To ropopat, 4rc E ecms muoscecmso muna Gs.

M3 teopem 9 u 10, § 4 caenyer

Teopema 2. Beaxoe ozpanudennoe muoxncecmeo muna Fg uau muna
Gs uamepumo.

HdoxasateanbcTno. OTHOCUTENLHO MHOXKeCTBA Tuma Fg 3TO
OYEBHJAHO, HOO M2 OrPpaHMYEHHOCTH CYMMbl MHOXKECTB BLITEKAET OrpaHi-
HEHIIOCTh CJ1araeMLIX, 4 TaK KaK NOocaeJHHe 3aMKHYTHI, TO H U3MEPHMBI.

Ecau E ecTh orpaniueHHoe MHOXKeCTBO THNa (s, TO, 0603HAaUUB Ye-
pe3 A Kakoii-HUOYAb HHTepBad, cojepKaui MHOXKec1BO E, MLl ¢MO-
XKeM npeictaBuTh £ B Gopme nepeceueHUs H3MEpPUMbIX MHOMXeCTB E =

«w
= Il (AG,), nocne yero uU3MepHUMOCTb MHOXKecTBA E craHOBUTCH oue-

b=
BHAHOI1.

Onpenenenue 3. Ecnu muomectBo E noxker ObTh NoJydeHo, He-
XO/A M3 3aMKHYTBIX M OTKPBITLIX MHOMECTB, C NMOMOILBIO PHMEHEHHH
KOHEe4HOro 4HC/1a Wi CYUeTHOrO MHOXECTBA onepauiiii CJlOXKeHHA H
HepeceYeH s, TO MHOXKeCTBO E Ha3bIBAeTCH (Hope.tesbim MHONECTIBOM.
Orpannuernoe GopesleBO MHOXKECTBO I1asbiBaeTcst usmepumoim (B).

Hanpinmep, mHOXKecTBa Thna £, 1 thna Gy cyTb GopesieBbl MHO-
xecTBa.

Paccyxnas Kak IpH JOKa3aTeNbCTBE TeOpeMLl 2, YCTAHOBHM, HYTO
BepHa CJeAYIOmLas TeopeMa.

Teopema 3. Mruoswecmao, uamepumoe (B), wuamepumo (L).

O6paTHasi TeopemMa HeBepHAa: CYILUECTBYIOT MPHMEDPbLI MHOXKECTB H3-
Mepumuix (L) u ueusmepumnix (B). Tleppoifi addexTHRHBIH npumep
TAKOro MHOXeCTBa OblJl NMocTpoeH Ge3BPeMeHHO YMEepLIMM MOCKOBCKHM
matematnkoM M., §I. Cycaunbim (1894 — 1919). Cyc/inH OTKpPBLT upes-
BblYafiHO BaXXHLIH M OGUIHPHEIA KJ4CC TaK Ha3biBaeMblX A-MHOXKeCTB,
KaxJl0e H3 KOTODHIX (NpM )CJAOBHH OrpanideHHOCTH) u3mepumo (L).
Aror KNacc COlep:kUT B cebe KJace BeexX 6opesieBbiX MHOKeCTS, HO Cy-
WECTBEHHO 1UHpE ero.

HNurepecHo BBISICHNTH, CYLLECTBYIOT Jii  BooOUle OrpaHHUYeHHblE
MHOMecTBa, Hen3Mmepumble (L) TlpaMbiM  cuerom 3Toro  BOmpaca
PEIIMTE Hesb3f, KaK MOKa3blBaeT CJEAyoilas Teopea,

Teopema 4. Mruoxcecmeo M scex uamepumvix MHOXCECE Umeem

My e MOWHOCTIb, 4MO W MHOMCECIBO 60ex IMOYEHHbIX MHOXCecns,
T. e, 2°,

Hoxasatenbctpo. [pexkae Bcero scno, uro M <z 2°,

C npyro#t CTOpOHbLI, BO3bMEM KAKOE-JIHGO H3MEPHMOe MHOMXKeCTBO E
MEPH HyJb H MOWHOCTH ¢ (HanmpuMep, KAHTOPOBO MHOXeCTBo Pg) H
OGo3Hauum uepes S MHOMKECTBO BCEX €ro MOAMHOXKECTB. Tak Kak
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BCAIKAH YACTh MHOMXKECTBA Mephl HYJb TAKXKe HMeeT BHELUHIO Mepy Hy b
U, crano ObiTb, H3MepuMma, T0 S < M, a MOCKOJAbKY S =2¢ 1o ACHO,
uto M= 2°,

Teopema fokazaHa.

Tem He MeHee, HMeeT MECTO CJICLYIOWas Teopema.

Teopema 5. Cyiuecsyrom 02paHUHEHHbIC HEUSMEPUMbIE MHONECMEA,

Jlna nokasarensCrBa 3TOrO akTa NMpUBEAEM CJAeAYIOWHUHA TprMep.

Mpumep Heusmepumoro MHoOKecTsBa. Pa3zo0beN Bce TOUKH CerMeHTa
[—1/2, +1/2| Ha KJaacchl, OTHOCS JIBé TOYKH X H & B OIMH KJacc,
TOrjJa ¥ TOJBKO TOTAa, KOrjfa pa3HocTh HX X — Y eCTb YHCJIO payuo-
HaieHoe DTO MOXKHO cJleaTh CJeAyHmHM o6pa3oM’ COOTHECeM KaxK-
Ioit Touke x < [—1/2, -+ 1/2] knace K (x), cocTosiIUA H3 TeX TOUEK
cermenta [—1/2, -+1/2], Kotopble UMEKT BBA X--r, TIe r — palno-
HaJbHOE yHcao. B uvactHoctH x € K (x).

[Mokamkem, urto pasauMuubiel) kaaccel K (x) u K(y) ue mepe-
cekajorest Mexny coboro, JleficTBUTENbHO, TPEANOJOMHM, UYTO OHH
nepecekatoress ¥ nycth z= K (x)K(y) Toraa z=x-+r,=y+ry,
TRe ¥, M r, PALHOHAJbHEIE YHCJA, OTKYAA Yy=X-+4r.—r,.

Tenepn, ecsiun ¢t e K (y), 10

t=y4r=x+4(r,—ry,+r)=x47r,

tTak uto = K (x) u K (y) < K {x). AHanornuHo Mbl YCTAHOBHM, YTO
K{(x)c K(y) v toraa oxaxercda, 4to K{(x}j=K(y), 1. e. K(x) n
K {y) npeacraBisior cof0l0 OAHH H TOT 2Ke KJA4CC, BONPEKH Mpeano-
JOXEHUIO, 4TO 3TO pas3/JHYHbIe KJacchl.

MHOXKecTBO BCeX NOCTPOEHHBIX TaKHM OOpa3’oM KJaccoB M Aaer
HaMm Tpebyemoe pasbueHue.

Cpenas sTo, BbifepeM M3 KaKJIOTO KJacca No OQHOH Touke H
ofo3uaunmM yepe3 A MHOXKECTBO BHIGPAHHBIX TOYEK.

Mruoweemeo A wHeusmepumo.

Urobnl J0OKa3aTh 370, NEpeHyMepyeM BCe pallHOHAJbHBlE TOUYKH
cermenta {—1, +1}]:

r|)=O, I‘l, Py gy oo
u obo3HauuMm uepe3 A, MHOXKeCTBO, MoJy4YaeMoe M3 MHOXecrBa A
CJIBUIOM
@ (X) =x+r,.

(Huaue rosops, ectu x= A, 10 X+ r, = Ay, u ecan x = Ay, TO
x—ryes A).

B wuactHoctH, A,=A. Bce wMnoxectea A, KOHTPYSHTHBl APYT
¢ Jpyrom, a notoMmy (teopema 8, § 5)

myAr=meA=a, m*Ad,=m*A=f (k=0,1,2, ...).

1) «Paannyseies B cMBICAE TEOPHH MHOKECTB, T e Takue, uto K (x) < K ().
Hanporus, sronne Boavomuo, 9to K (x) = K (y), X0Ts X % y, ¥ TOrAd TH Kaacchl
He Pa3NHYHBL,
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Yéenunca, uro
p>0. (h
Jast 3TOro 3anMeTHM, HTO

[se]
{ 1
|- + o] T @
k=0
. | {

HeitctButeabHo, et X & | — 5, + 4|, TO X MONAaeT B OAWH
U3 KJAaccoB TNPOHM3BeeHHOro Bblllie pasbuenus. Ecau npeacrasutens
9TOro KJacca B MHOXecTBe A €CTh X,, TO Pa3sHOCTb X — X, eCTb HHC/IO
palHOHAAbHOe ¥ TPHTOM, OYEBHAHO, TNPHHALJMEKAIlee CErMeHTy
[—1, +1], orkyaa x—x,=r, u x= A,. Hrak, (2) Loxasaxo.

Ho Ttoraa (teopema 5, § 3)

i
=0

[s0] o0
]—;m*[— 12‘, -+ Hgm”lﬁ Apt=< S‘m*Ak,
E=0 k

L <B+B+B+...,

oTkysa u caenyer (1).
C npyrofi CTOpOHBI, JIerKo NMOKAa3aTh, YTO

o =0. (3)
Jas storo npexpe scero yGeaumcs, YTO Upu .= m
A,A,,=0. (4)

B camom pese, ecan 6wt 1ouka z sxoauaa B A,A,,, TO TOYKH
Xn=2~—1,, Xpu=2=2—ry Oblln Obl (OYEBHUAHO, PA3IUYHKEIMH) TOUKAMH
MHOXKeCTBa A, T. e. NpeiCTaBUTeNsAMH [IBYX PAasdHYHLIX K.J4CCOB,
yero GbiThb HE MOXeT, HOO HX PasHOCTb X, — Xy = f;, — f, €CThb UHCJIO
paunoHanbHoe. HMrak, (4) poxasano.

C apyroit CTOpoHbI, Jerko BHAETb, 4TO ITIpH Ji0GOM &
3 3
Alz c l - _2_! + 2]

(noo, eciu x= Ay, TO X=Xy, 1, THE | X< /2, [rpi=S 1), TaK
4T0

v 3 3
ZAkC[—Q’ +2|° (5)
=0
Hs (5) u (4), B ciay teopenst 6, § 3 caeayer, yto
; ' 3 o o~
3=m*l— ; + ZJ;/:m* lE Ap|= E Ay,
Py =0
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OTKYJa
atotat...<<3 ua=0.

Conocrasass (1) u (3), noayuum m, A <<m*A, uro U JOKa3H-
BaeT HEH3MEepPHMOCTh MHOXecTBa A.

3ameuanune. Ecaum Gbl MBI € caMOro Hayana pa3buiaM Ha KJAacchl
ne cerment [—1/2, 4 1/2], a npousBoabiioe H3MEPUMOE MHOXKeCTBO E
NOJNOKUTEILHON Mepbl, To, OYKBajibHO NOBTOPSst NPOBEAEHHOE pac-
CyXleHHe, MPHUWIH Obl K HeH3Mepimomy MHOXecTBy A — E. Hrax,
BCAKOE MHOJNCECINBO NOAQMUNIEALHOU Mepol COOEPHCUM  HeU3MepUMYIO
qacme.

§ 7. O6wne 3ameyarus O npodieme mMepbl

Otrpuuarenchblii pe3yabTaT, MONYUEHHBIR B KoHUe § 6, HAaBOAHT Ha MbicJb,
yTo Ccamoe MepoonpegeneHde JleGera na0X0, M NPHBOAMT K eCTECTBEHHOMY BOH-
pocy, Henb3d JH Kak JAH60 yJAYYLIHTE €ro.

Jlng oTBETA Ha 3TOT BOMPOC MNPeKAE BCETO HYIKHO TOUHO chOpMyanpoBaTh
npo6aeMy, KOTOPYIO KeaaTeabllo Pa3peuiuTs.

3agauy H3MepeHUA TOUEYHBIX MHOKECTB MOMHO CTaBHTH JBYMA CHOCOGAMH.

I. Tpyauan 3apauya Teopuu usmepenus.!) TpeSyerca KaKIOMy OrpaHHUEeHHOMY
MHOXeCTBY £ nNpunycaTb HeoTPHIATeNbHOE Yuca0 (WE — ero Mepy, Tak, uTolbl
OblsIM yJAOBJCTBOPEHBI CJCAYIOILHE TpeGoBaHHA:

1. Ecmu =10, 1], To pE=1.

2. Ecau mHoxectBa A 1 B Kourpysutabl, 1o pnd==pb.

3. Ecay wmHowkecTBO £ ecTb CyMMa KOHEUHOrO 4HAJIA WJH CHEMHO20 MHOME-
CTBA B3aUMHO He HaJeralomnx MHOXecrs £, (k=1, 2, 3, ..), T0

T =Z uE, (MoaHas alAMTHBHOCTb Mepbl),
%

Mbt chopMynupoBanu 3agauyy LAt CaAyyasm MHOXKECTB JIMHeHHBIX, T. €. AAd
olHOMepHOTO npocTpaHcrBa R;. Ee MoxHO Oblno 6bi NOCTaBUTL W LAA IAOCKOCTH
Ry w BoOGmE A8 n-MepHOro NPOCTpaHCTBA R,, TOJAbKO B TpeGoBaHud 1 HydHo
Obilo Gbl TOBOPHTL He o cermenTe [0, 1], a o xBagpare [0, 1; 0, 1] uau sooBute
06 n-MEpHOM €NHHHYHOM Kyle,

OpHako JIerKo M0Ka3aTb, YTO CHpaBelIHBA Cielylollas TeopeMa,

Teopema 1. Tpydnasn 3adada meopuu UsMepeHus Hepaspewiuma daxe 8 npac-
pancmse Ry.

JloxasaTeabcTro, B npumepe Hel3MepHMOrO MHOMECTBA, NpHUBeNeHHOM
B § 6, MBI MOCTPOHJIM B3aUMHO He HaJeraolline H MOMApHO KOHTPY3HTHHlE MHOXe-
ctBa Ay, Ay, Aa, ... Taxkue, uTo

=3 wile Zmeld il
k=0

Ecan 6l Tpyanam 3agaua M3Mepenus Gblda paspeliuMa, To oka3anock Ok,
uTo

(o]

e=zrea]s Teneu]-5 43

1) TepMuHbl «TpyaHafs, «jerkas» 3a4aud H3MepeHHs He ABAAOTCA OSLWIenpH-

HATHIMU. $1 BBOXY HX JHUIb OJf KPATKOCTH ‘Cl)OpMyJ]HpOBOK, X0T9 W He CJUTa
BNOJIHE YyAAUYHbIMHU,
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Ho cerment [—1/2, +41/2] xourpysuted cermeuty [0, 1], KpoMe Toro (ans
moforo k)

pAd,=ud =a
H, HaxoHell, MHOXKecTBO [—3/2, 43/2] orpanundeHo, oTKyaa
l<.o4+0+0+...<-+20,

YTO HEBO3IMOXMHO HU npH o >0, Hu npr o=0.

Teopema nokasaua.

B CBA3M ¢ 3THM CTaBHTCH

1l. Jlerkasi 3ana4a TeopHH Hamepenus, KoTopas dopMynaupyercs NMoYyTH Tak
Xe, KAK M TPYIHAA 3afaya, ¢ TeM €JUHCTBEHHbIM OTJAHYMCM, YTO TpeGoBaHlie 3
CTaBUTCH TONBKO OAf CNyyad KOHEYHOTr O YHCJAA CJAardeMulX MHOKECTB, T. e,
BMECTO TOJMHOH AJINTHBHOCTH Mephl TpeGyeTcA JHUIb KOHEWHas ee alIHTUBHOCIb,

OrHocHTeNbHO 3TOH 33434l Ml npuBegeM 6€3 4OKa3aTeqbCTBA chepytoulie
peayJ/bTarhl,

Teopema 2 (C. barax). Jleekan 3adasa meopuu usmepenus paspeaumsa 04s
npocmpanems Ry 1 Ry, HO He eduucmeennvism 06pa3om.

Teopema 3 (P. Xaycoopgh). dan npocmpancmea R,, 20e n=3, aseexas
3adaua meopuu USMEPERUR Hepa3PEUiuMA.

Paanuune Mexay STHMH pe3y/bTaTaMH OOBACHAETCH TeM, YTO NMOHATHE KOH-
rPYSHTHOCTH, BXOARliee B GOPMYNUPOBKY 3aJaud, CYLIECTBEHHO CBA3AHO C TOHS-
THeM apixenna. Tak Kak B NpocTpaHcTBe ¢ GOMBIIMM YHC/JIOM H3MepeHuil rpynna
NBUXKEHHA ropasfo obwypHee, TO BROJHE €CTECTBEHHO, YTO CO31aTh WHBAPUAHT
TaKoHl Tpyfnbl TpyaHee,

B 3ak/aoueHHe NpHBeleM HEKOTOphie COOGpaKeHHA, A0 H3BECTHOH cTeIeHK
«onpasipiBatollue» Mepoonpenenetne Jledera.

[TycTs Mbi MMeeM HEKOTOpPOS PpeuleHHe NerkoH 3aayl TeopHH H3MepeHus.
Torga u2 cootHouwewus A < B BuiTekaeT, yTo HA << W8 (NPUHLKI MOHOTOHHOCTH),
W60 uB=pA+p(B—A). Orciona cpasy caeayeT, uTto mepa uE BCAKOro MHO-
kKecTBa E, COCTOAIEro TOJMbKO M3 OJHOH TOYKM, PaBHA HY/O, HOO HA cerMeHTe
[0, 1] MOXKHO yK43aThb CKOMb YTOAHO GOJIbLIOE YHMCJIO «MHOMKECTB», KOHTPY3HTHBIX L.

B cBolo ouepegb, OTCloA3a BBITEKAeT, 4TO Mepa p JoGOro KOHEYHOro MHOXKe-
cTBa paBHA HYyJ/IO, a Takke utoe u(a, b)y=n (a, b=y [a, b)=yp [a, b].

Janee, coorHotueHue

0, 1]=[o, L}+<l,%]+...+<"—l 1]

n n n '’
NOKA3bIBaeT, 4TO
1y 1
nl n’

OTKyJa ACHO, YTO Mepa W cerMeHTa [a, b] ¢ pauMoHanbHOH INJWHOW paBHa b — a.
Moanb3ysich NPHHUHIOM MOHOTOHHOCTH, JIEMKO YCTaHOBHTB, YTO PAaBEHCTBO p[a, b] =
= b —a BepHO Aa8 moboro cermenra [ua, b).

Ho Torga scHo, uro paa /MoGoro OTKPHITOrO OrPAHUYEHHOTO MHOKeCTBA G
C KOHEYHBIM YHCJOM COCTaBJSIIOIIMX HHTepPBasoB Oyler uwG=mG, ecnu e cocTaB-
JISIOWHX MHTEPBAJIOB CYETHOE MHOXKecTBO, TO NG =mG.

Hau6oaee ecrectBennbiMy crnocoGamu pelleHnsl nerkod 3ajayi TeOPHM H3Me-
pedun GyayT Te cnocolbl, NPH KOTOPHLIX Mepa [\ OTKPHLITOFO OTPAHMUYEHHOTO MHO-
XecTBa (G paBHa CyMMe JJIHH €ro CcOCTaB/AOWHX HHTEPBANoB (M3 CKa3aHHOro

Bhilile- ACHO, YTO JOCTAaTOYHO MOTPeGOBATL JHWIL TOro, 4To6bl Gbla0 NG ::Z udy
&

w9,

# TO TONbKO /I cAyyas GeCKOHEUHOTO MHOXECTBA MHTePBAJoB). M3 fokasatenscTna
TeOpeMn BaHaxa MOXHO yCMOTperb, UTO TaKMe CNOCOOH PelieHHS AEHCTBHTENbHO
CYWIECTBYIOT (TakMM OGpa3oM, MBl NpHHMMaeM 3T Ge3 JoKa3artesbcTBa). EciH Mbl
Ha30BeM Takue Cnocofel «peryapHbIME», TO JETKO ROKAKEM CJERYIOLIYIO TeOpEMY.
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Teopema 4. [Tpu scakom peeyrapHom cnocobe pewwerus Aeekoti 3adadu meopuu
uaseperus mepa WL usmepumoeo muoxcecmea L pasna ceo aeGezosoli mepe mE .

NoxasaTeabcTno. V3 omnpenenenusa peryaspuoro cmocofa fCHO, 4TO
Mepa (G OTKPHITOro MHoxeciBa G pasHa ero jeferosoit Mepe mG Ho Torpa aas
BCAKOrO 3aMKHYTOrQ OTPaHHYCHHOTO MHOMKecTBa F Takke Oyger pwF=ml.

Ecan Tenmeph orpanuyeHHoe MHOXKECTBO £ COZeDIKHT 3aMKHYTOe MHOMeCTBO F
H COZepXUTCHA B OTKPHLITOM OrpaHHYeHHOM MHOxectBe (, TO, B CHJAY NpPHHUHUIG
MOHOTOHHOCTH, MF = uF = mG, oTkyga m, £ < uL ~ m*'E u TeopeMa joka3ana,

§ 8. Teopema Burtanm

Onpepenenne. [lycts E ecTb TOueUHOe MHOXECTBO, a M — Heko-
TOpast cucreMa (He BBIPOXKAAIOMHXCS B TOUKM) cermMeHToB. Lonn Ajs
BeAKOl Toukn x & E H moboro >0 CyLECTBYET TaKOH CerMEHT
deM, yvto xe=d, md<e, T0 Mbl GyleMm TOBODHTb, YTO MHOMXCe-
cneo E nokpeieaemca cucmemotl M 6 cmoicae Bumanu.,

HMuaue roBops, MHOMKeCTBO £ MOKDEITO B cMbicse BuTanu ciicre-
MO M, eca BcsKas TOuka E COAEPIKUTCA B CKOJMb YrOAHO MaJbiX
CerMeHTax 3TOH CHCTEeMbl.

B Teopuu ¢yHKUMI MHOrOUHC/IEHHLIE HPUIOXKEHHS KMEET caelylo-
uas Teopema.

Teopema | (. Bumaan). Ecau oepanuuenroe muoscectso E
nokpelmo @ cmeicae Bumaau cucmemoil ceemenmoe M, mo u3 nocaed-
Hell MOMCHO 6bi0eAUmb MAKOE KOMEHHOE UAW CHEMHOe MHONECMED Ccee-
Mentmos {dy}, umo

ded; =0 (k # 1), m*lE—de]:O.
k

Huaue roeops. cerMeHThl d, NMOMApHO He MepecekarTcsl U HOKPhI-
BAlOT MHOMECTBO E ¢ TOUHOCTBIO RO MHOMKECTBA Mepbi HYJb.

Mnl nanoxum npunajiexallee C. Danaxy RoxasaTelbCTBO 3TOH
3aMeyaTesbHO TeopeMsl.

JokaszartenbcTso. BodgbMem Kakoil-Hu6yab nuTepBas A, cojnep-
}KalHil MHOXKecTBO E (0HO orpanuveHo!), u yaanaum us M te cermeninol,
KOTOpBle He cojepkartcs ueankoM B A. Jlerko nousts, 4to cucrema M,
COCTOAILAS] M3 OCTABLINXCSH CETMEHTOB (T. €. TeX CEerMEHTOB HCXOAHOf
cucteMbl M, KoTOpas LEJNMKOM cOlepKHTCH B A) Takke HOKpbIBaeT
MHOXKeCTBO E B cMbicaie Butasnu.

3anmeruB 310, BO3bMEM Kakol-HUOyAb cermeHt d, = M,. Ecan
E < d,, To Bonpoc ucuepmad. B npoTHBHOM ciyyae, Mbl GyAeM Hpo-
JIO/DKATh BBUIEAATb H3 M, OOMH CErMEHT 3a IPYruM, pyKOBOACTBYSCh
cneywouliM npasuiaoM. IlyeTh cermeH1nl ]

dy dyy .., dy (1)

n

yxKe MOCTPOeHbl M MonapHo He nepecexkatorca. Eean E Z dy, TO
k=1
TpolLlece BhLIE/IEHHS CEIMEHTOB 3aKOHYEH H TeopeMa JokasaHa. Ecin xe

E_ de—ﬁov (2)

k—1
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n
TO MoJoKHM F, = Z dyy, Go=A—F, u paccMOTpuM BCe T€ CErMEHTHI
k=1
cucteMbl M, KOTOpbie cOfiepIKarcs B OTKPLITOM MHOXecTBe (,. B cuiy
(2) Takue CerMeHTEl 3aBEJOMO CYLLECTBYIOT H HX JJIHHH OrPaHHYEHB
(xoTs1 661 yucsaom mA). O6o3Hauum yepes k, TOUHYIO BEPXHIOK T'PaHULLY
JJIUH 3THX CerMeHTOR M 0603HaYMM uepe3 d,y TOT H3 HHX, AJd
Koroporo!)

md, . > % k. 3

SlcHo, uTo cersedr d,., He nepecekaeTcst HU ¢ OJAHHUM H3 CeIMeH-
ToB (l).

Ecin npouecc moctpoeHus cerMentoB dj, dy, ds, ... He 06pbIBaeTCA
NocJe KOHEUHOro YHC/Ia LaroB (B KA4KOROM CJyuae JA0Ka3aresbCTBO
6b110 Gbl 3aBEpIIEHO), TO OH NPHBOAHT K IOC/ELOBATENLHOCTH

dy, ds, dy, ... 4)

NonmapHO HE pnepeceKaroulHxcs CermMeHTOB. Mbl mOKaMeMm, YTo 3TO H
€CTh HCKOMasa NoC/jeloBaTeJbHOCTL, T. €. 4YTO

m* (E—8)=0, ©)

o0
rae S= )] dp.
k=1
C 370l UeJbI0 MOCTPOUM AN KaXKAOTo R cerMeHT D, MMeouiui
Ty XKe cepefiHy, YTO H CerMeHT d,, HO B NATb pa3 641buy0 LIHHY,
mD, = 5md,. Jlerko Bulerh, UTO
[ee]
Z mD, <<+ co. 6)
k=1
JlelicTBUTE/IbHO, CETMEHTHl ), He NMepeceKaroTCs H cojepkarca B A,

TaK 4TO
©

Y mdy<<mA, (7)
k=1
oTkyaa H caenyer (6).
[TosToMy s J0KA3aTeNLCTBA COOTHOUIEHHA () 10.1aTOYHO OGHa-
pVxUTE, 4TO npn Ja06oM | Byner
xQ
E-Sc Z D,. (8)

k=1

[ycte x = E—S. Toraa x & G, u (.10cKoAbKYy (G, OTKDBITO) Cyilie-
CTBYeT Takoi cerment d cucrenbl Mg, uto x=d <G,
OnHaKo HE MOMeT OKa3aThed, UTOOHI Npy Bcex n GblIO

d=Ga,, 9

1) Tak kax cermeHTHl cucTembl M He BHIDOKZANOTCA B TOYKH, TO k, > 0.
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n6o orciofa caefosanc 6w, uTO MM BCEX A
md << kn < 2mdn+h

a 3TG HeBA3MOXKHO, TaK Kak [B cuay (7)] md, — 0. 3uaunt, npu ne-
KOTOPHIX /1 COOTHOMIeHHE (9) He BHIMOJHAETCHA, a BLINOAHAETCH, CTal0
ObITb, COOTHOIIEHHE

d-F,+0. (10)

Me1 Gyaem cuHTaTh, UYTO N €CTb HAUMEHbLUEE H3 HHCe, YAOBJIETBO-
paowux coordowenuio (10). Tak kak d-F,=0,aF,cFf,c F,
TO SICHO, 4TO 7> 1.

W3 onpegenenusi n Burtekaer, uyto d-F, ; =0, a orciofa, B CBOIO
ouepe]b, MPOUCTEKAIOT [Ba C/EACTBHA: BO-NEPBHIX,

a Bo-BropuiX, d < G, H, cTano ObiTh, '
md =<k, ,<<2md,. (12)

Ho us (]l) u(12) ¢ oqeanm{ocm}o cleayert, HTO dc D, u, rem

fonee, d < Z D;. 3uaunt, x = Z D,, otkypa cnenyer (8), H Teo-
k=i k=1

peMa JoKasaHa.

B npunoxenusax uHOraa 6ulBaeT noJesHa HecKOJNbKO H3MeHeHHast
tdopma Teopemsl Buranu.

Teopema 2 (. Bumanau). B yciosusx meopemvr 1, daa scarozo
e > 0 cywecmsyem Koreunaa cucmema d,, d,, ..., d, 63auMHO Ke Ha-
Aecqiowux ceemenmos cucmembt M, 048 komopoti

1
m*(E_ Z dk><e.
\ k=1

HokazatenncrBo. ObosHaunM uepes A Kakoii-HHOYAb HHTEp-
Baj, cojliepaulii MHOMecTBo E, M BHOGpOCHM u3 M Bce cerMeHTH,
KOTOpuleé He cofepikarcsi B uHTepBane A. Ecam ocraBwascs clcrema
ecTb M,, TO, OUEBHAHO, OHA TAKKE NOKPbLIBAET MHOXKeCTBO £ B CMric/ie
Buranu. IlpumenuM TeopeMmy | K cucteme M, M NMOCTPOMM CHCTeMy
ld,! B3aHMHO He HaJEralOUHX CEFMEHTOB CHCTeMbl Mg, A1 KOTOpO#

' [E - Z dk] -
4
Ecau cncrema |d,) xoHeuyHa, To Teopema jJoka3aHa. Ecau xe 3ta
o

crctema GeckoHeYyHa, TO, OUEBHAHO, Z md, << < mA B MOXHO HaiiTH
k=1

[s ]

crons Gosblwoe n, yto Y, md; <<e.
k=n-+1
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Ho nerko Bugers, yro

n - o 0
k= k=1 k=n—+1

OTKY/a

n
m*[E——Z dk]<e,
k=1
u6o BHENIHAA Mepa MepBOro cJaraemMoro npaeoil wactd (i3) paeHa
HYJIO.

YNNPAKHEHHA K I'/1ABE 11

Jokasarte, 4To:

1. B kaxaoM coBepiIENHOM MHOMKeCTBe eCTb COBEpPIUeHHOE MOAMHOKECTBO
Mephl HYJb.

2. Ecnn A namepumoe MHOMKECTBO TOJIOKHMTEABHOH MEpHl, TO B MeM ¢ylecT-
BYIOT TaKHe TOUKH X II Yy, PacCTOsIHHE MEXAY KOTODhIMHI DALHOHANbLHO,

3. Jlns H3MEPIMOCTH Orpallliy@HHOr0 MHOXecTBa L Heo6XoJuMo H JOCTATOYHO,
4TOGH A5 BCAKOTO € > () CYIICCTBOBAJIO TAKoe 3aMKHYToe MHokecTBo F < £, 4To
m* (E — F) <¢. (Tpn2nak Banne-Tlyccena.)

4, [last KaxA0l0 OrpaHHUYEHHOTO MHOXKECTBA [ MOXHO HOCTPOHTbL TaKHe MHO-
sectBa A u B, yto A< L < B, A ™na Fy, B tuna Gg 4 mA=m L, mB=m*E.

5. Ecau A 1t B 1Ba H3MepUMBIX MHOMXecTBa 6e3 oOUIHX TOYeK, To Aaf JoGoro
MHOxecTRa £ Gyner

m? (L (A+B)l=m* (LCA)y+m* (EB), m, [E(A+B)=m, (EA)+m, (EB).

6. Ias Toro utofhl orpannuennoe MHOKECTBO E GO H3MEPHMO, HEOOXOAUMO
M JocTaTodyHo, uTofb Ansg moGoro orpaHHyeHHOro MHokectBa A 60 mtfA =
=m* (AE)--m* (A - CE) (npusnak Kapareonopn).

7. MHokecTBO [ Ha3biBaeTcsl HUTAE HE NJOTHLIM, ecan JoGoH RHTepBas Co-
AepxuT Touku Muoxectsa CL’. TlocTpouTh Hiirfie HE MJOTHO® OrpaHUYEHHOE COBEp-
IIEHHOE MHOXKECTRO MOJIOKHTENbIION Mephl.

8. Tloctponts cofepxaueecss B U=[0, 1] u3mepumoe wmHoxecTso E Tak,
uToGH AN JMoGoro Hurepata A < U 6miao m(A-E)>>0, m(A-CE)y>0.

[ee)

9. Ecmu E= Z Ey, LyaoEycoEyc... nm E orpainueno, To NpH n— <o
k=1
6yner m*E, — m*E.

10. Tlpu BesAkoM criocofe peweHHs Jerkoil 3agayd TeOpPHH M3MEPEHHA Mepa
OTPaHHYEHHOTO CYETHOTO MHOKECTBA PaBHA H)JIHO.



TTABA |V
H3MEPHMBIE ®YHKIIHH

§ 1. Onpenenenne W mpocteiilne cBoficTBA
H3MepUMOK (YHKHHUK

.

Ecan xaxaoMy x n3 MHOMecTBa £ MOCTaBJeHO B COOTBETCTBHE
HeKoTopoe 4uesao f(x), To Mbt 6y/leN TOBOPHTb, Y4TO Ha MHOXKecTBe E
safana ¢yukuua f(x). IIpu 3Tom Mbl gonyckaem u OeckoHedHbIe 3Ha-
YeHHs YHKUHH, JHIB Gbl OHH MMead OmpejleseHHbI 3HaK, T. €. BBO-
LHM «HeCcOOCTBEHHbIE» HHCJAA — CO W -+ oc, JTH YHC/Ia CBA3AHBI MEXKIY
cofofi H ¢ JtoObIM KOHEYHLIM 4YHUCJIOM @ HepaBeHCTBaMH

—co<<a<<-cc,
M Mbl YCTaHABJHBAaeM AJA HHX CJAelyiOoUiHe 3aKOHbl AeHCTBHH:

+owota=4+co, Foot(+x0)=-+c, +od—(- )= c0,

—owxg=—00, —0+(—0)=—00, —00—(+ 0)=— 0,
|4col=|—c0|=4+ 00, oo a=a (+ )= oo,
—0-a=a-(—co)=—o00, eciH a>>0,

+oca=a (+ w)=—co,
—o-a=a (—o)=+4 00, ecau a<<0
0 (Fcoo)=(Foo)-0=0,
(- 0) - (4 0¢) = (— ©0) - (— 00) = + o0,
(+ ) (—09) =(—00) (4 c0)= —0,
~ =0.

+ o

3neck a 0603Ha4aeT BeLIECTBEHHOE KOHeunoe unc0. CiMBOILI

+OO—(—I—OO), _OO_(_OO)v "Jr‘OO“‘r(—Qv), ‘—CO+(+OO)
+ co a
+to 0
MBI CYUMTaeM JIMINEHHBIMH cMblCJa. !)
Vmesi peno ¢ dyukumeil [(x), 3afgaunoit Ha mnomectse E, Mbl
6yemM CHMBOJIOM
E(f>a)

1) O6biyno cuMBoaaM - (1 oc) M (+ oc) O Takme He MPHIHCRIBAIOT CMbICJa,
Ham Kaxkercs Gontee yjoGHEIM CYKTaTb HX pABHBIMH HYJZIO.
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0603HaYaTh MHOXECTBO TeX X M3 MHOXecTBa E, IS KOTOPHIX BEHIMOJI-
HeHO HepaBeHCTBO f(x) > a.
AnajioruuHplM 06pa3oM BBOAATCS CHMBOJIbI

E(f=a), E(f=a), E(f<=<a), E(a<<f=<b)

u 1. n. Ecaiu MHOXKecTBO, Ha KoTopoM 3ajaHa dyHkuusa f(x), obo-
3HayeHO Kako#-1nGo znpyrofi Oykeod, Hampumep A uiau B, TO Mbl
COOTBEICTBEHHO OyleM nHcaTh

A(f>a), B(f>a)
M T. M.
Onpenenenne 1. dyuxuua f(x), 3ananHas Ha MHOKecTBe E, Ha3bl-
BAEeTCH udMepumol, ecal H3MEepHMO 3TO MHOXKecTBO E W ecan mpH
JI0G0OM KOHEYHOM & H3MepHUMO MHOXKeCTBO

E(f>a).

B cBsi3d ¢ TeMm, 4TO 34ecb pedyb HAET O MHOXKECTBaX, H3MEPUMbIX
B cMbicae Jlebera, wacro (xKesasd TNOAYEPKHYTb MMEHHO 3TO 06CTOA-
TeNbCeTBO) roBopAaT o6 usmepumodl (L) ¢ynkumu. Ecaum xe E u sce
MmuoxecTBa E (f >>a) uznepumbl (), TO ¥ [ (x) Ha3blBaeTCA H3MEPHMON
(B) ¢yHKUMEH.

Teopema 1. Bcsakan ¢yrkyus, 3a0GHHAA HQ MHONECSBE Mepbl
HYyAb, UBMEPUMA.

310 yTBEpKJEHHE OYEBHIHO.

Teopema 2. Ilycmo [(x) ecnio usmepumas gyrxyus, 3a0annas
Ha mHoxecmse E. Eciu A ecmv u3smepumoe noomroxecmso E, mo
f (%), paccmampusaemas mo.aexo 0as x = A, usmepuma.t)

Ieiictautennno, A (f>a)=A4 E (f > a).

Teopema 3. [lycmeo f(x) 300ana wa usmepumom muoscecnae E,
npedcmasumMom 6 opme CYMMbL KOHEUHO20 HUCAQ UAU CHEIMHO20 MHO-
aecmea uamepumolx mHoxcecms E:

EZZEk'
k

Ecau [(x) uzmepuma na xamdon u3 maoxecms E,, mo oHa usme-
puma u Ha E.

B camom fene, E (f>a)= Y E,(f>a).

3
Onpepenenne 2. JIpe dyukuun f(x) 0 g(x), 3ananHple HA OXHOM
M TOM e MHOMeCTBe E, Ha3blBalOTCH FKBUBAACHNIHOIMU, €CJH

mE (f + g) = 0.
OGosHayatb 3KBHBAEHTHOCTb GYHKUHH f(X) U g (X) NPUHATO TaK:

fx) ~ g (x).

1) BMecio 3TOr0, HeCKoAbhO TPOMO3IROTO, CHOCO6a peull Mel Gy JeM TOBOPHTS,
YT0 f(x) usmepuma Ha MHOxecTBe A.
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Onpenenchune 3. Ilycts HekoTOpOe 0OGCTOATENLCTBO S HMEET MECTO
LJIA BCeX TOUeK Kakoro-uubyab MHOXKecTBA £, KpoMe TOUeK, BXOASALLHX
B noanHoAsecTBO E, mMHoxkecrsa £ Ecau mE, =0, 10 rosopsr, uro S
HMeeT MeCTO noumiu 6e30e Ha MHOxeciBe £, i nouniu 028 6cex
Touek E.

B 4acTHOCTH, MHOXECTBO MCKJIOUNTENbHLIX TodeK FE, MoXeT OwlTh
H NYCTulM.

Tenepb MOXKHO CKazarb, Y10 JBe (yHKUHH, 3aJaHHLIE HA MHOXe-
ctBe E, 3KBHUBANEHTHbI, €CJIM OHH pPaBHbl NOYTH Besfe Ha F.

Teopema 4. Ecau [(x) ecmb uamepumas yHkyua, 300aHHaAL HQ
muoxceenge E, a g (x) ~f(x), mo g(x) maxoce uamepuma.

HDoxasartensctBo. [lyete A=E(f~g), B=E~—A. Torna
mA =0, tak 410 B u3Mepumo. 3HauuT QYHKIHS f(x) UamepliMa Ha
MHOKecTBe B. Ho Ha MHoxectBe B yHKUMH f(X) # g(x) HeoT.Iu-
YHMbI, Tak uto M g (x) uamepuma Ha B. [lockoabky g(x) H3mepHma
H Ha A (160 mA =0), oHa usmepuma Ha E=A + B.

Teopema 5. Ecau dan ecex mouex usmepiimoeo Mmuoxcecnéa E
b6ydem [(x)=c, mo pynxyua [(x) usmepuma.

JIeHCTBUTEBHO,

E, ecmun a<c.
EG>a= 0, emu a=c.

3aMeTHM, YTO B 3TOf Teopeme ¢ MOXeT OhbiTb U GECKOHEUHEHIM.
Pdyuxuua f(x), 3agaHHas Ha cermeHte [a, b], Ha3uBaerca cmy-
newuamoil, ecnu [a, b] MOKHO pasNOMKHTD TOYKAMH

Cor=a<TC<TC<<...<<Ch=b

Ha KOHeYHO® YHCJ/IO 4acTeli, BHY TP H KOTOPHX (T. €. B HHTepBaJax
(Ci» Coq) TipH £=0, 1, ..., n—1) dyHKUMA [ (x) nocmoanna. Jlerko
MOHSATb, TG U3 TEOPEMbl O BLITEKAET

Caencraue. Crmynenuaman QYHKYUA uU3Mmepuma.

Teopema 6. Ecau [(x) ecms uamepuman ¢yrxyui, 3a0anHas Ha
Muoxcecnge E, mo npu aobom a u3mepumsl MHOICECMBQ

E(f>a)s E(f:a)! E(f{(l), E(f <a).
ﬂOKaaaTe.anTBO. Jlerko npoBEpUTDH, YTO
S N
E(i;a)=[lE\f>a — )
n=1

OTKyAa CJefyeT u3MepHmocTb MHOXKecTBa E (f = a). M3amMepumocts npo-
YHX MHOXECTB BblTeKael U3 COOTHOLUeHMi:

Ef=a)=E(fz=a)—E(f>a), E(f<a=E—E(f>a),
E(<a)=E —E(f =a).
3ameyanne. Jlerko noKasarb, YTO ecaU Xomb 0OHO U3 MHOMCeCms
E(f=a), E(f<a), E(f<a) (1)



OKQ36I6AEMCA USMEPUMBIM NPU 6CAKOM a, mo Qyuryua f(x) usmepuma
ra muoxecmse E (KoTopoe Takke TNpeillosaraerca H3MepHMbIM).
[ss]
HefictBurenwuo, ToxAecTBO E (f>a)= 2 <f>/a—}— %) noKas3bl-
n=l
BaeT, HampHMep, uTO [(x) H3MepHuMa, eCJH H3MepHMBl BCe MHOMECTBA
E (f = a). CxopHbiM 00pa3oM yCTaHaBJHBAIOTCA M OCTa/NbHELIe YTBEP-
xkaenun, Takum o6pas3oMm, B onpelefeHiy H3MePUMOH DYHKIIUY MOXKHO
3aMeHUTb MHOXeCTBO E (f > a) nwobeiM n3 MHOXecTB (1),
Teopema 7. Ecau ¢yuxyun [(x), zadannas Ha muomxncecmee E,
uamepuma, a R KoHeuHoe uucao, mo usmepums: u dynxyuu 1) f (1) +-&,
2) kf(x), 3) [Ty, 4) f2(x), u ecan [(x) 7= 0, mo usmepuma u pyrx-

yua ) f—(lx)—

HoxkazatenscTBOo. |) Mamepumocrs dyHKund f(x) 4 & BuiTe-
KaeT U3 cooTHouleHka E(f+hA>a)=E(f>a— k).

2) Hsmepumoctb dyHKUHH Af (x) npu k=0 cleayeT U3 TeopeMbl 5.
Jna npounx A& H3MEPUMOCTb CJeAyeT H3 OYEBHAHBIX COQTHOUIEHHH

_j E(f>a/k), ecnu F >0,
E(kf>a)—\ E (f <a/k), ecan k <O.

3) ®yHkuua |f(x)| H3MepHmMa NOTOMY, YTO

E ecsau a<< 0
E :I : 1
(N>D=\ £ (> a)+E(f<—a), ccn a= 0,
4) AHaMOrHYHO, H3 TOFO, YTO
E, ecnn a << Q,
E (f? = -
(7> a) {E(lfJ>Va). ecan a =0,

BEITEKAET H3MePUMOCTb (QYHKLHH 2 (x).
5) Hakonen, npu f(x) # 0 nmeem
. E(f>0), e a =0,
E(f—>a)= E(f>0)-E(< 1), et >0,
E(f>0+E(F<<0) E(f<l/a), ecnx a<< 0,
OTKyJa H cjleiyeT H3MepHMOCThb ;(IT)
Teopema 8. Pynsyus f(x), sadanHas u HenpepviEHaa Ha cee-
sewme E=[A, B], usmepuma.
Hokaszarenbctso. [pexkie BCero ycTaHOBHM, UTCY MHOMKECTEO

F=E(f=a)
3aMKHYTO. [lefiCTBHTENbHO, €can X, €CTh MpejenbHas ~Foyka 3TOro

MHOXecTBA M x, — X, (X, &F), T0 f(x,)<~a u, B CHTYy FHenpepbiBHO-

CTH [ (x), GyneT f(x,)<a, T. e. X, F, 4TO U yCTAHABJY HBaeT 3aMK-
HYT0CTL MHOecTBa F.
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Ho Toraa muoxecteo E (f >a)=E — E (f << a) n3MepuMo, u Teo-
pemMa J0KasaHa.

M3 camoro onpefeneHust HaMepHMOH (BYHKUMH CAeLyeT, YTO QyHK-
1M, 3ajaHHas HA HEU3MEPHUMOM MHOXECTBe, HeH3MepHMa.

OjfHaKO JIeTKOo 06HApY KUTh CYIILeCTBOBAHHE HEeH3MepUMOH (yHKIHH,
3aflaHHON Ha H3MEPHMOM MHOXeCTBe.

Onpegenenne 4. Ilycth M ecTh HOAMHOMKECTBO CerMeHTa E =
=[A, B]. Pyuruus @y (x), pasHas eflnHuLe Ha MHOXeCTBe M H HYNIO
Ha MHoxecTBe E — M, HaswmiBaercsl xapakmepucmuueckoll ¢yHiuyued
MHOxecTBa M.

Teopema 9. Mroscecmeo M u eco xapaxinepucmudeckas GyHi-
HUA Py OOHOBPEMEHHO USMEPUMbL UAU Hem.,

Hokazareasctso. Ecan ¢yHxuua @y (x) usMmepuma, T0
H3MEepHUMOCTb MHOMKeCTBa M BbITeKaeT H3 COOTHOWEHHA

M= E (pn>0).
O6patHo, eca M ecTb H3MepHMOE MHOMECTBO, TO COOTHOLLEHHS
0, ecaud a==1,
Elpy>a)={ M, ecin 0 <<a<|,
E, ecnu a<< O,

YCTaHABJHBAIOT H3MEPHMOCTb (YHKUHH ¢y (X).
Orcrona, MexAy NpO4YHM, BecbMa IPOCTO HOJAYYAIOTCH MpPHMEpH
PaspLIBHBIX H3MEpPUMBIX (PyHKULHA.

§ 2. JlanbHelilide CBOMCTBA H3MEPHUMBIX (YHKIHH

Jemma. Ecau na muosecmse E 300anst 0de usmepumote pyrKyuu
F () u gx), mo mrnomecmso E (f > g) usmepuno.

JefCTBHTEbHO, eCIU MBI [IepeH)yMepyeM BCe palHoHaJbHLE YHCaa
Iy 3 fa, ..., TO JIETKO HPOBEPHM CIIPABElIHBOCTh COOTHOLUEHHS

E(f>g= D Ef>rdE@<r),
k=1
OTKYld H CJeiyeT JeMMa.

Teopema 1. [Tycmo [(x) u g(x) cymo KoHEuHmE UIMEPUMBLE
PyHryuu, 3a0annse Ha MHoxcecmse E. Tozda usmepuma Kumodai u3
Gynkyuld 1) F(X)—g), 2) FxX)+g@), 3) f) g(x), u ecau
g (x) =0, mo usmepuma mardie yrKyua 4) LT%;

HokasateabcTBo. 1) OyHruHa @+ g(x) H3MepUMa NpH Jio-
6oM a. 3HauuT (Ha OCHORAHMH JeMMbl), MHOKeCTBO E (f > a - g) u3ne-
pumo, a Tak kak E(f—g>a)=E(>a{g), T0 usmepuma Qyuk-
uug f(x) — g (x).

2) HMamepumocts cymMbl f(x) + g (1) caegyer M2 TOro, yToO

[+g)=[()—1-g)



3) Hanepumocrs npoHasejseHua f(x)g(x) BHITEKAET U3 TOXK/ECTBA
1
FO) g =4 {IF 0 +g@E—[t (0 ~g P

i teopensl 7, § 1.

[0

4) Haxohel, H3MEpHMOCTE YacTHOIO 7(y CTP CAeICTBHE TOKfe-
CTBd
P _
E=10) e

3ta TeopeMa MoOKashBaeT, UTO ACHCTBHSA apHpMETHKH, GYAydH OpH-
MEHEHBl K H3MepHUMbIM (PYHKLIIAM, HE BBIBOAAT HAC 3a MOpefelisl 3Toro
kaacca (yHkuud. Caepyroumas TeopeMma yCTaHAB/JIMBAeT CXOAHBIH pe-
3y/bTAT OTHOCUTEJbHO Y2Ke He apH(MEeTHuecKoil omepaluHd — npeien-
HOrO nepexona.

Teopema 2. [Tycmo Ha MHomecmee E 3adana noc.redosamenvrochie
uamepumolx yuryuti [y (x), f,(x), ... Ecau 6 kaxdod mouke x = E
cyiyecmeyem (KoHeuHsill uau 6ecxonetmbu2) npeoea

F()(): lim fn (X),
[ e sl
mo gynkyua F (x) usmepuna.

HokasartedbcTBO. QUKCHPYEM MNpPOH3BOJABHOE @ H BBElEeM

B PacCMOTpEHUe MHOMKECTRa

[en)
/ 1Y - b
AR=Efi>a+, b, B =] A%
' ’ k=n

3ru MHOXKeCTBa, OHEBWAHO, H3MEpUMBI, W AJdd AOKA3aTeNAbCTBA
TeéopeMbl JOCTATOYHO OPOBEPHTH, UTO

EF>a)= Y BY.

n, m

3afimeMcsi e TPOBEPKOil 3TOr0 TOXKAECTBA.

Ilycte ¥y = E (F >a), torna F(x,)>>a, 1 HaljgeTcsi Takoe Hary-
pajibHO® fm, UTO F(x))>a+ 1/m. Tlockoabky e [ (x) = F (x,), 10
HaljeTcs Takoe f, 4To NpH k== 6yner

fe (x0)>a+

m’

Wnaue rosopsa, x, = A% npu Bcex 2 ~=n, a toria x, < Bl u Tem
6onee x, & ) B Orciona caenyer, uto E (F>a) < < ) BY.

4, m n,m

Tenepe ocraercsi ycraHOBHTH OGpATHOE BKJIKUECHHE
3 BY cE(F>a), *)

n, m
H Teopema 6yper nokasana,
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[yete x, = 3, By, Toraa x, & By npli HEKOTOphIX HKCHPO-
n.m

BaHHBIX L M M. DTO 3HAUMT, uT0 X, < AW a1s k= n. Unaue rosops,
npu k=n 6yaet f,(x)) >a-+ 1/m.

Yerpemnsas £ K GeCKOHEYHOCTH K MEPeXOAd B MOCJAELHEM Hepa-
BEHCTBE K mpemeny, noayuum, 1o F(x))=a-+ l/m, oTkyaa fACHO,
uto F(x)>a, T.e. x,= E (F >q). dTuM 4 L0Ka3aHO BkJtouenne (7).
HNoxa3aHHasi Teopema AoNyCKaeT ciejytouiee 0GoOuleHHe.

Teopema 3. [Tycme na muomecmse E 3a0arbr usmepumoie GyHK-

yuw fr (%), fo(x), ... u Hexomopasn ¢ynxyus F (x). Ecau coomuowenue
lim f, (x)=F (x) . (@)

sbtnoansemcs noumu eéeade na E, mo ¢ynryus F(x) uamepuna.

HoxasartenbcTBo. O6o3naunm uepe3 A MHOKECTBO TeX TOUEK
xe& E, B ROTOpbIX COOTHOLLUEHHE (@) He MMeeT MecTa (B 3THX TQUKaX
npenena lim f, (x) MoxeT BoBce He cyumectBoBath). [lo ycaosuio,
mA=0 u F(x) usmepuma Ha muomecte A. [To Teopeme 2 OHa
u3MepHMa M Ha MHOkectBe E — A, a Torna oHa H3MepnMa Ha BCeM
mHoxecTBe E.

§ 3. NocnenoBaTenbHOCTH M3MEPUMBIX BYHKLMIA,
CxopuMocTb TIO Mepe

B stoM naparpade nam NPHAETCH paccMaTPHBATh MHOMKECTBA BHAA
E(f—g|=0), E(If—gl<o), rie f(x) u g(x) cyTb ¢bynkuuy,
3ajlaHHble Ha MHOxecTBe FE, a 0 HEKOTOpOE TMOJOKHTENbHOE YHCAO.
[Tpu aTOoM TOYKH, B KOTOpHIX ofe dyHKUHH [(X) H g(x) nmpuUHUMAIOT
6ecKoHeyHble 3HaueHHs O/HOTO 3HAKa, CTPOro roBopsi, HE BXONAT HH
B ONHO M3 3THX MHOXKECTB, IIOCKOJbKY B 3THX TOYKAX pasHOCTb
f(x)—g(x) nuwena cmuicsa. Tak Kak YyKasaHHOE OOCTOATEJABLCTBO
npeicTaB/sieT H3BeCTHble HEY100CTBa, TO Mbl Pa3 H HaBceraa yCJIOBHMCA
3TH TOYKM OTHOCHTH K MHOxecTBY E(|f—g|==0). 1) Ilpu Takom
corJialleHHH, QUEBHIHO

E=E(/f~g|=0)+E(|f—g <o)

H caraemble NpaBoil 4acTH He NEepecekaloTcs.

Teopema I (A. Jlebez). [Iycmo Ha u3amepumom muoxcecmse E
3adana AOCAEJOBAIMEALHOCITG  USMEPUMBLX U RO 66306  KOHEUHbIX
Pyuryuid [y (x), fo(x), F3(x), ..., xomopas noumu 60 ecex tmouxkax E

1) 3to cornawedile HMeeT JOBOJBHO caydafiHbil xapaktep. Ho Tak kak
B lla/bHeNIeM Mbl PacCMaTPHBaeM TOJILKO MOYTH Be3le KOHEWHbe GYyHKLHH, a MHO-
#ectBa E{,f--g}==0) 6ynyT HiuTepecoBaTb Hac TONBKO C TOYKH 3PEHHR HX
Mephl, TO B KOHIe KOHUOB 6e3pa3/HMyHO, KaK MOCTYMHTb C MHOXKECTAOM

E(f=2 o)+ E(g=%x ),
W60 Mepa ero paBHa HYJIO,
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cxodumes K nodmu desde Kowedrol ¢ynkyuu f(x). Toeda, kaxoso Bl
Ky 6otr0 ¢ >0, Gydem

lim [mE ({fa—f1=0)]=0.
fl—
HokaszatenbcTBo. OTMETHM Mpexie BCEro, Y4TO B CHJAY Teo-
pemot 3, § 2, npeiensnas ¢yHkuua f{x) Takmke HaMepHMA M, CTaJO

OuiTh, M3MEDHMBbI T€ MHOXKECTB2, O KOTOPBLIX HAET peyb.
[Tonaxum

A=E(|f|l=+o0), A,=E([[a|=+c0), B=E(f, ne >f)
Q=A+ Y A,+B.

n=1

mQ = 0. Y

OueBujiHO,

[Tycrsb, panee,

Ex(@)=E(Ifs~f|=0), Rul0)=2] Ex(c), M=T] R.(0).

k=n a=1
- Bee 3TU MHOXKECTB2 H3MEPHMH,
Tak xak Ry (0) D Ry(0) D Ry(0) >..., 10, B culy Teopems 12,
§ 4, ra. 11l, opu a—co Gymer
mR, (o) > mM. (2)
Y6eaumcess B TOM, UTO
M Q. (3)
B camom pene, ecan x, = Q, 10 lim [, (x,) =F(x,), npuuem Bce
yHeaa fi(xg), fa(x), ... 1 HX npene~1kf(}n)—xonequbi. 3HauHT, HaMH-

Jercs Takoe fn, 4To AAA R ==n Oymer | f.(xg)—f(x)! <o, -

Huaue 10BopA, Xy= Ep(0) (k==n), a notoMy x, = R, () 11 Tem
Gosee x, = M, oTKyda u caeayer (3).

Ho Toraa, B cuny (1), mM =0, u (2) npuHuMaer BHj

mR, (o) —~ 0. (4)
n— oo

3tuM ¥ nokasana Teopema, uéo E, (o) < R, (o).

3ameuanne. OTmeTuM, UTO HaMH YCTaHOBJEH pe3ynbrat (4), Gonee
CUJIBHBIfI, 4eM TO, uTO Mul XOTeau Aokaszath. Huike, npu noxasatenn-
crBe Teopembi 1. ®. Eroposa, HaM MpHAeTCA BOCNONL30BATHCS HMEHHO
3THM Gojiee CUABHLIM DPe3YJbTaTOM,

Hokasansas Teopema laeT NOBOA YCTaHOBHTH Crefyloilee !)

Onpenenenne. Ilycre Ha uamepumoM MHOMecTBe E 3ajaHa nocae-
AOBAaTeNILHOCTD W3MEPHMbBIX H IOUTH B¢3E KOHEUHbIX (hyHKLMA

fr(x), f2(x), f5(0), ... *)

Y) Ipuuagnexawee Benrepckemy matemaraky @. Pucey.
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W H3MepHMas W MOYTH Be3jie KOHeudas ¢ynkuus f(x). Ecan, kakoso
Obl HH OBLIO NOJOMKHTENBHGE YHCAO0 0, OKa3biBAETCH, UTO

lim [mE (i fa—fl=0)]=0,

n—
TO rOBOPAT, HTO nowsedosamesvrochis (*) cxodumes k gynkyuu [ (x)
no Mmepe.

Mol 6yaen, cienys ' M. duxTenroaslly, o603nauaTh CXOIHMOCTh

no Mepe CHMBOJIOM

fn (X) = F(x).

C nOoMOULbIO MOHATHS! CXOINMOCTH NO Mepe MOXKHO (GOpMYJIHpOBATH
TeopemMy JleGera Tak.

Teopema I*. Ecau nocaedosamensrocms GyHKkyull cxo0umes noumu
ges0e, Mo OHQ CXO0UMCA U no Mepe K inot e npedeavKol yrxyuu.

CreiywuwHii mpuMep NOKa3blBaeT, UTO 3Ta TeopeMa HeoOGpaTHMA.

Menwmer. Onperenum Ha noaycermente [0, 1) A5 Kakgoro Hary-
paabhoro k rpynny w3 k& dymsuuit: f¥ (x), 1 (x), ..., [ (x), no-
Jaras

l v

i—1
I, xe[—r, k~),
i1
o, vel5 0.
[B uactroctH, f' (x)=1 wma [0, 1). Hymepys sce nocrpoenubie
(YHKUHY NOAPSAL OJHHM 3HAYKOM, Mbl TOJYYHM [IOC/€10BATENBHOCT
o= (%), @ x)= fo (0, @ () =i (x), @a(x)=Ff(

Jlerko BHAETb, 4TO NOCJAEJOBATEABLHOCTh (PYHKUUE ¢, (¥) CXOAUTCHA

o mepe K Hymo. B camom gene, ecau @, (x)=f* (x), To npu mo-
6om o >0 Gyaer

* (1) =

ECol=0) =[5 1),

1 Mepa 3TOrO MHOXKEeCTBa, paBHast 1/R, CTpeMHTCA K HYJIIO ¢ BOapa-
cTanuem 7. %)

BuecTe € Tem, COOTHOWEHHE @, (X) — 0 He BLINONHSETCH HU B OAHOM
toyke mpomexytka [0, ). JlefdctButesnpho, ecan y, & (0, 1), ™o gas

. t—1 i
BCAKOro k HaijjerTcs Takoe ¢, 4TO xoel—k——, k\" TaK uto f¥ (xg) =

Muaue rosopd, Kak Aa7e€KO Mbl HH [POXBHHEMCS BAOJb pAja
yucea @y (%), @2 {Xa). 4a(xq), ..., MBl BCET/A OyleM BCTpeuaTh B 3TOM
pany u4icaa, pasHble I, 4To H JURA3LIBACT Hawe yTBepxieHHe.

TaguMm 006pa3oN, HOUATHE CXOAHMOGCTH N0 Mepe eCTbh INOH1ITHE,
cyuiecTBeHHO foJiee ofillee, yeM AOHSITHE CXOAMMOCTH MNOYTH Besie M
TeM 6oJee, UYeM [IOHITHE CXOAHMOCTH Be3je,

1) Mul cyMTaeM, uTo o < 1, n6o uHase muoxkectso E (! ¢, | = a) nycre u nee
CTAHOBHTCS TPHBHAJBHEIM,
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EcrecTBerHO cnpocHTh, B KAKOH CTEMEHH COOTHOLUEHHE
fn(¥)y=f(x)

onpenenser hyHKuno f(x), T. e. ejUHCTBEHHA JU TpejaeacHas QyHk-
UHA TPH CXOLHMOCTH MO Mepe.

TeopeMbl 2 ¥ 3 MO3BOJIAIOT OTBETHTb HA 3TOT BOIpOC.

Teopema 2. Ecau nocredosamenvrocms gywryutd f,(x) cxodumes
no mepe K ¢yskyuu f(x), mo ama e nociedoeaniesbHOCHL CX00UMCR
110 Mepe KO 6CAKON (hyrKyuu g (%), axeusarenmnol ynrxyut f{x).

Jdoxkasareasctro. [Ipu mwo6om + >0 Gyger

E(fi—g =0 CE(2O+E(fi—]=0),
o1kyaa (nockoasky mE (f s~ g) =0)
ME( fo—g' =0) = mE (fn—[|=0),

YTO U JIOKA3biBaeT TeopeMy.

Teopema 3. Ecau nocaedosainieavHocme gyukyid f, (x) cxodumea
no mepe K Osym GyHrquas f(x) u g(x), mo 3amu npedessHoe gyHK-
YU IKEUBAICHIIHGL.

HokazateasbctTBo. Jlerko upoBeputb, uro npy o >0 Oyaer

- a N o]
E(J[~gl=0cE h~[1=5+E h—gl=3). O
\ 2) \ 2
160 TOUKa, He BXOASAIAf B NPaByl0 YaCTb 3TOr0 COOTHOLIEHHA, H TIO-
JaBHO He MOXKeT BXOAWTb H B J€BYI dacTb., Ho COOTHOIEHHS

=5 =g

MOKasblBalOT, UTO Mepa Mpasoil wactu (*) cTpemuTca K HYJAl ¢ BO3-
pactaHueM n, OTKyAa ficHo, 4To mE(|f—g =0)=0.
Ho tak kak

Ef=gc Y E(1i-gl= )"

n=i

TO f~~g, 4yTO U TpefoBaNOCH JAOKA3aThb.

Teopembl 2 W 3 MOKa3LIBAKOT, YTO, KeJas BOCCTAHOBHTbL CBOHCTBO
€AHHCTBEHHOCTH MpefenbHON (yHKUHH AJNA CXOLHMOCTH MO MEpe, MbI
AOJIKHBL 6bl/IH Obl YCJAOBHTBCH CYHTATb 3KBHBAJIEHTHhlE GYHKLHH 33
TOXJECTBEHHBE, JTO OOLIYHO U JENAETCl B MempPu4ecKix BOOPOCAX
TeOpHH (QYHKUME, T. €. B Tex BOMpOCax, rie Bce cBOMCTBA (PyHKUHH
H3YYaloTcs ¢ NOMOLIBIO Mephl MHOMECTB, H4 KOTODBIX (yHKuus obna-
Aaer wan He ofjaajaeT TeM HJAM JpPYTHM CBOiicTBOM. B HHTerpab-
HOM HMCYHCJEHMH Mbl HaiileM MHOIO MpuMepoB MOJ0OHOro MOAXOAE
K Beram.

e

1) Buu1o Gel Hepepho ynoTpe6HTbL 37ech 3Hax = BMecTo aHaKa . Hampumep,
Te Touku, B KOTOPBIX f(X)=g(¥)= |~ <O, B /eBYI0 4aCTb He BXOAAT, HO Ml
YCOBU/IMCL MX BKJIIO3aTb BO BCe MHOKeCTBA BMAa £ (|f —g, = 0).
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XoTq CXOAMMOCTb HO Mepe ofitée CXOMHMOCTH MOUYTH Besfie, MMeer
MeCTO Bce Xe CJefyloulas Teopema.

Teopema 4 (P. Pucc). [lycme |f,(x)} nociredosamensrocme
pynkyuti, xomopas cxodumca no mepe K ynkyuu [(x). B maxom
caydae cyujecmsyem noonocaedosameabHocmeb

f/h (X), fﬂz (X)’ f/h (X), (n1<n2<n,<...),

cxodawjasca K ¢hyukyuu [(x) nowmu eesde. )
JlokasarteascTBo, Bo3bMemM nocienoBaTebHOCTE MOJIOXKH-
TeNBHBIX ulcen 6, >0, >0a3>..., Aaa Koropoil lima,=0.

[Tycrs, Aanee, ny+1,+M3+... (N, >0) ects cxopquuiica nosao-
KHTEABHBIH DAX.

Tenepb Mbl MOXeM NOCTPOHTBL TPEGyEM)’iO noc/ief0BaTE/LHOCTL HH-
AE€KCOB

ng<n,<ng<... (")

cnefyiomimM o6pa3oM: 0G03HAYMM uYepe3 n; HaTypajbHoe YHCJO, AJA
KOTOpOro

ME (| fo,— | = 01) <M.
Takoe uuc/o o6fA3areNbHO CyLieCTBYeT, HOO
mE(|f.—f|=0y)~—>0 npu n-—co,
3artem gepes n, 0603HAYHM TO HATypasbHOEe YHC/O, ANA KOTOPOTO
mE (G fo,—fl=0)<n, m>n,.
Boofite uepea n, Mol 0603HayaeM TaKOe YHCJ/O, YTO
mE ([ fo, —[l=0x) <up, >0

INocnenoBatebHOCTD (*), TaknM 06pa3oMm, MOCTPOeHA.
Tenepb ycraHOBHM, HTO MOuTH Be3fe HA MHOXecTee E Gyper

i ()= (0. (*2)
HelicTBUTENBHO, OYCTH
R,-=§] E(1fn, — 1= 04, Q=ﬁlki.
Tak xak R, D Ry, D Ry>D..., 10 (Teopema 12, § 4, ra. III)
mR; - mQ.
C [Opyroit CTOpOHHI, OUYEBHAHO, YTO mRi<§nk, TaK UTO

k=i
mR, =0 #, ctano ObiTh, mQ =0,

1) ®dopMynupys TeopeMy, Mel CYUT4eM CaMO COGOKO SICHEIM, YTO HMEIOT MecTo
BCE OFOBOPKH, CllefiaHHble MPH ONpejesleHHH CXONHMOCTH MO Mepe, KaK-To: HaMe-
PHMOCTb MHO#KecTBa £, Ha KOTOPOM 33afaBu (yHKIHH, M3MEPHMOCTL CaMHX QYHK-
LHA H T, 0.
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Ocraercsi MpoBepHTh, HTO COOTHOMIEHHe (*,) HMeeT MecTo A4
BCeX X W3 MHOXecTBa E — Q.
[Tyers xy = E—Q. Toraa x, = R;,. Vnaue rosops, npu k=i,

X()EE(\fnk f\;
H, C/JeoBaTe/bHO,
;/:” (xo) — F(xy) : < Gp (& =iy)

H, NOCKOJBKY Op— 0, ACHO, 4TO f,, xo) = F(x,).

Teopema JokazaHa.

Teopema JleGera gana NOBOA K YCTaHOBJEHHIO AOHATHS CXOAHU-
mocti mo Mepe. C Apyroil croponsl, C NOMOILbIO 3TOH e TeOpembl
MOXHO YCTAHOBHTB BechbMa BaxkHYi Teopemy Ji. ®. Eroposa.?)

Teopema 5 (A. P. Ezopos). Ilycmo na usmepumom MHodxce-
cmee E sadana nocaedosamensnocms  usMepumplx u noumi eeale Ko-

neymoix pyukyud fo(x), [y (x), [3(x), ..., nownu eeade cxodsuyasca
K usMepumoli u noumu eezde kowmeunold pywryuu f(x):
lim £, () = f (x). (*)

n-»w

B makxom cayuae, 013 aoboo 8>>0 cywecmeyem maxoe usme-
pumoe mromcecneo Egs = E, umo:

1) mEs>mE —§;

2) na mruowecmse Eg cmpemaenue (*) npoucxodum pagHomepHo.

HokaszarteabcTBo. [Ipu gokasareanctee Teopenmel Jlefera Gbiio
YCTAHOBAEHO, yTO TpH Jobom ¢ >0 Gyaer

mR, (6) - 0, (N
n—-w0
rze R, (o) = Z E(lfe—fl=0)
k=n
3aMeTiiB 3T0, BO3bMEM CXOAANIMHACA TOJOKNUTENBHBIA PAX
M++n+... (:>0)
H CTPEMALLYIOCH K HYJI MOCAEAOBATENBHOCTh MOJOKHTENbHBIX UHCE
06,>0,>03>..., limag;=0.

B cuay (1), MOXHO KaXXaoMy HATypaJAbHOMY / COOTHECTH TaKoe
HatypanbHoe 11y, uTO MR, (0,) <)

[es)
Chenae sro, HaiifieM Takoe i, uTo >, ;<6 (rae & uncao, ¢u-
=1,
[ee]

Typupyiolee B GOpPMYJIMPOBKE TEOPEMEI), H NOJOKHM € = 2 Ry (0:)-

f= i

Ouesnpno,
me << 0.

——

) B MeHee oOwWHX NpeinooKeHHAX STOT pesyMbTaT OB YCTAHOBJEH H
K. Cenepunu
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[Tlycts Eg=E —e. Ycranosum, ute MHOKecTBO Es TpeGyemoe.
HepagenctBo mEs>mE —8 sicuo, Tak uTo ocTaercs yGeinibes
B PABHOMEPHOCTH CTpeMJIEHHA

fn ()= [ (%)

Ha MHOXecTBe FEj.
[Tyete € > 0. HadaeMm ¢ TaxOe, Y710 =1y, G, <&, H HOKAXKEM,
yTo npu E==n, N npu seex x & Es Oyaer

e () ~Fx) | <e,

OTKyAa ¥ OyJAeT CleoBaTh Teopema.
Ecin x = Es, T0 x = e. 3HAUHT, B YaACTHOCTH, xéRnl (0,).

Hnaye rosops, npn k=n,
xeE(lfi—[1=0),
TAK UYTO
e —F(0)' <o, (k= n),
u Tem Gosee
(fe@)—f(x) <e (k=n

TeopeMa JoKazaHa, ubo #n, 3aBUCHT TOJBKO OT &, HO HE OT x.

§ 4. CrpykTypa H3amepuMuiX QyHKUHH

ITpy n3yuenun xakoii-uubyis QYHKUMH cam cofoto BCTaeT BOMpOC
0 TOYHOM HJIH NPHOANKEHHOM Mpe/CcTaBjieHHH €8 ¢ MOMOULbIO (PYHKUHH
6oJiee mpocTOH NPHPOADL.

TakoBel, Hanpumep, ajreGpanuyeckiie BONPOCH O pa3ioXeHHH MHO-
rouJieHa Ha MHOXHTENW HJIH palHOHaabHON Jpobn na mpocTeilue.
Takos e BONpOC O pazyIOKEeHHU HeNpPePbLIBHON (QyHKUHH B Cl€leH-
HOU WJIH TpPHIOHOMeTpHuYecKuil pax o T, I,

B sToM naparpade Ml ycTaHaB/HBaeM pasJliiHble TeOpeMbl O MpH-
OMMKEHHH H3MEPIMBIX (YHKIMH (YHKUHAMH HenpepuiBHBIMH, T. €.
peliaeM CXOAHBI BONpoC A H3MEPHMbIX QYHKUWHA. ITH TeopeMmbl
MO3BOJAT HAM HalTIl CCHOBHOE CTPYKTYPHOE CBOACTBO H3MepHMOH
(GyHKLMH, BBIpaXKaeMoe TeopeMoH 4.

Teopema 1. [Tycme na muoxcecmse E 3adana usmepumas, noumu
ge3de kowearas Qynuryus [(x). Kaxoso bor wu Oviao & >0, cymecm-
syem  UBMEPUMASL  02PaHUMeHHas  pyukyua  'g(x), makas, umo

mE (] # g) <e.
,HOKHSBTGJIBCTBO. Tonoxum

Ae=E(if|>k), Q=E(|]|=+c0)
[o ycaoeuto, m@ =0. BeHAY QUEBHIHRIX COOTHOILEHH

A]_DAQDAaD..-, Q:Il Ak

k=]
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6yjaer (teopema 12, § 4, ra. III) npu £—>oo
mA, —-mQ=0.

3yauur, HalgeTcs Takoe k&, uto mA < e.
Onpenenum Ha MuoKecTBe E ¢yHyguuio g(x), nonaras

g(x)={

dra (yHKUHA H3MEpUMa H, KpOMe TOro, OrpPaHUyYeHa, [OCKOJbKY
| g (x)| =< k,. Haxoren, E (f# g)= Ay, 4T0 U [0Ka3biBaeT TeOpeMmy.

Hokasannas TeopeMa O3Hayaer, 4YTo BcAKAasd H3MepHMaa M IMOYTH
Be3Jie KOHeuHasi yHKUHS CTAHOBHTCH 0epaHu4erHoll, ecsn npeHebpeub
MHOXKECTBOM CKOJIb YrOAHO MaJIOH Mephl.

Onpepenenne. [lycTb dynxuus f (x) 3anana Ha Mmyoxectse E v xy= L,
npuueM f(x,) 7= Foco. Tosopar, uto ¢yukyus f(x) Henpepviena
8 mouke X, B ABYX cayuasix: 1) ec/sH x, ecTb H30JHPOBAHHASA TOUKA £
2) ecnu x, = E' v COOTHOWRHUS X, = X;, X, = E BJCKYT COOTHOLICHUE

[ (xa) = [ (xo)-

Ecnu [ (x) nenpepbsiBHA B KaX/JA0H TOUKe MHOXecTBa E, TO TOBOPAT,
YTO OHA HellpephiBHA HA ITOM MHOMKECTBE.

Jdemma 1. [Mycms muoscecnsa Fy, Fo, ..., F, 3amxHymet u
nonapro He nepecexaromcea. Ecau pynkyus ¢ (x), 3a0anHas Ha MHO-
acecrige

f(x) npu xe E— A,
0 npu x & Ag,.

n
F= Y Fy
E—=1
NOCIMOARKA HA KaxcOoM u3 MHomecms F,, mo oHa HenpepogHa Ha
mroncecmnse F.

HoxkasatenasctBo. [lyetb xo = F u x,—>xy, x,=F.

B ecnny samkHyTocTm MHOMecTBa £ TOYKa X, NPHHALJIEKUT 5TOMY
MHOXKECTBY M, CTan0 OblTh, HalAercsi Takoe m, uto X, = F,,.

Ho muoxecrra Fj, nonapHo He nepecekawTcsi. 3HAUUT, eCaH & = i,
TO Xo=F, W, B CUMy 3aMKHYTOCTH MHOXecTBa F,, TOYKa X, He
ABASIETCA U npelelbHOH TOYKOI 3TOrO MHOMeCTBA.

Orctona cnepyer, 4to B OOC/AELOBATENBHOCTH {x,) MoxeT ObiTh
TONBLKO KOHEYHOe YHCJIO TOYeK, NpHHANIeXaulHX MHOXeCTBY F, npu
k%= m. OrveriM Bce uJeHbl MOCJENOBATENBHOCTH, KOTOpble BXOJSIT
B OfiHO M3 MHOXecTB Fy, ..., F_q, Fy 1, ..., Fn, ¥ OyCTH x,,, NOCHEA-
HHH n3 uux. Torga npu 1>y HeoGxoaumo Oyier x, & F,, T. e.
OpU 1 >> 1, OKasniBaercss @ (x,) =@ (x,), a 3T0 H JAOKa3bLIBAET JIEMMY.

Jdemma 2. [Tycme F ecmo 3amMKHymoe MHo#CECMB0, codepcaujeecs
8 ceemerme [a, by, Ecau pynkyua ¢(x) sadana & HenpepoisHa HG
MHodxcecmse F, mo moxmrno onpedeaums wa |a, b] pyuxyuro ¢ (x) co
caedyrowumu ceoticmeamu:

1) ¥ (x) nenpepoisra;

2) ecau x = F, mo P (x) = (x);

3) max | (x) | = max | ¢ (x)
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Hoxasartenbctbo. O6o3HauuM yepe3 [a, B] Hanmenbumi cer-
MeHT, coepXawHii mMuoxectBo F. Ecan 6ol TpeGyemasi GVHKUNA P (X)
6ol1a yxe mocrpoeHa Ha cermente [, B], To pocrarouno Obio Obl
JONOJIHHTL ee OIpejesieHHe, noJaras

@ (@), ecd x & [a, a),

l(p(lﬁ), ecnnt x = (B, 8],

yToOHl MOJYUUTL Tpebyemylo GyHKLHIO yaKe Ha Bcen cermente [a, #].

[Tostomy, He orpaHuunsas OOHMIHOCTH, MOXHO CHHTaTh, uTo [a, b]
i eCTh HaHUMEHBIUNH CEerMEHT, COJepKaluiui MHOXKeCTBO F.

Ecan F=[a, b], 10 Teopema tpuBHaJsbra. DByjem cuurarh, urtO
F #[a, b]. Toraa muoxectBo [a, b] —F COCIOMT M3 KOHEUHOFO HJIH
CYETHOrO MHOMECTBA B3aUMHO He NAJeraloulluX MHTEPBAJOB, KOHIHI
KOTOPhIX PHHAATEXKAT F (JONOAHUTEALHBIX HHTEPBAJIOB MHOXKECTBA F).

3ajpaanM ¢yHKIMIO P (x), moJjaras ee paBHOH ¢ (X) B TOYKAX MHO-
xKecTBa F W uHeHHOH Ha BCeX JOTOJNHUTENbHLIX HHTepBasax.?!)

YGenumcs B HempephIBHOCTH 3TOH (yHKuuH. HenpepriBHOCTb ee
B KaXAoH Touke MHOXectBa [a, &]—F oueBnpna. Ilyctb %, ecrb
TOYKa MHOMKecTBa F. Mnl mokaxeM, yto ¢yHKuHA ¢ (x) HenpepbiBHA
B 3TOM TOYKe cAe8a (HENpepHBHOCTL CNpaBa yCTaHABJAMBAeTCs coBep-
LLIeHHO aHaJOrMyHo).

Ecnu TOuka X, CJAVKHT WPABBIM KOHLUOM Kakoro-HHOYAb JAOMHOJ-
HHTEJNBHOrO HHTePBa/ld, TO HENpPepbBHOCTE (GYHKUMH Y (x) B 3TOH
TOUKE CJIeBa OUeBH[HA.

[Tycts Xe x, He siBAsieTCS TPABLIM KOHLOM HHKAaKOro JONOJHH-
TeIbHOTO HHTEpBAJA H NYCTh X < Xy << X3 << ... NOC/JeA0BATEJbHOCTD
TOYeK, CTPeMsALIUXCH K X,.

Ecnu x,=F (n=1, 2, 3,...), TOo, HCHOJB3ySl HENpepbIBHOCTh
Ha MHOXecTBe [ QYHKLUHH ¢ (X), mvreem P (X} == @ (X1) = @ (%) = (x).
TloatoMy MOXKHO cuutath, uto X, &F (n=1, 2, 3, ...

B Takom cayuae TOYKA x; MOMAajaer B KaKOH-TO IlOl'IOJIHHTEJ‘IbeIH
uurepan (A, M), npHueM , << X, (H60 X, He CAYXKHT HPABLIM KOH-
1IOM JIOHOJIHHTEJNBHOr0 HHTepsana). [lycTb

h<<xe<<pmy (k:l; 2, ..., ny) Xng 41 =>> Wy

Toraa x,,4+, Nonagaer B APYrof AONOMHHTENLHKIA HHTEPBAT (A,, W)
MPHYEM CHOBA Wy << X, TIpofomkas 3To paccyKieHue, Mbl NPHXOAMM
K N0CJAe0BaTe bHOCTH (Ay, 1), (Aa, o), (As, U3), ... JOTIOJHHUTENBHBIX
MHTEPBAJIOB, pPAaClOJIOKEHHBIX B INOPSAKe HOMEpPOB cJjeBa Hampaso
M TaKHX, UTO

P (x)=

xke(xn ") (k=n,_1—|-l, ey 1)

Coornourerne ., <j, < ¥ NOKa3blBaeT, TO p, .Y, a 43 TOTO,

YTO W, - << A, << X,, fCHO, UTO H A, —> Xq.
Ho 4, u p, Bxoast B F, Tak 4TO

limy (&) = limp (1) =P (xo)-

1) Tounee, Ha 3aMblK aH i 1 X 3THX HITEPBAaJOA,
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Beupy Toro, uYro 3HaueHHs JIMHEHHOH (yHKUHU B KaKOM-HHUGYIb
HHTepBaJle JIeXAT MeXAYy ee 3HaYeHHAMH Ha KOHUAaXx 3TOro HHTepBaJa,
AcHO, uTo H limy (x,) =P (x,).

Htax, nenpepuiBHOCT (DYHKUMH VP (X) JAoKaszaHa.

W3 camoro ee mocTpoeHHsl BHAHO, YTO OHA COBHAJaeT ¢ @ (x) Ha
MHOXKecTBe F.

Hakoneil, no 13sectoli Teopeme Beiiepiuipacca, cpein 3HaueHui
HempepbiBHOH Ha cermenTe QyHKUHH [P (x)| ecTb HanbGOubLICe —
max [P (x)|. Jlerko BuAeTh, Y4TO 3TOT MAKCHMYM AOCTIAETCH MMEHHO
B TOUKe, HpuHajIexanied MHoXecTBy F, 1n00 Ha JONOJNHHTE/BHBIX
uHTepBanax GpyHkuus ¥ (x) auneitna. [losTomy max |y (x)j=max |¢ (x)"

JlemMMa JoKasaHa MHOJHOCTbIO.

Teopema 2 (3. Bopeas). [Tycmo wa ceemenme [a, b] sadana
usMepumaa u noumu eesde Koveunas Qynkyua f(x). Kaxoet: 6ot Hu
Goiau wucaa 6=>0 u e >0 cywecmsyem Henpepbisraa Ha [a, b] gyHk-
yua P (x), o158 Komopot

mE (|[f—b[=0) <e.

Ecau npu amom |f(x)|<<K, mo moxmno u P(x) embpame max,
ymo |P(x)| < K.
JlokasarteabcTBO. IlpennonoxuM cHavana, uro |f(x)|-<K,
T. e. 4To (YHKUMA f(x) orpaHnueHa.
®ukcenpyda npoussospHbe ¢ >0 u &> 0, Haiaem croab Gonblioe
HaTypajbHoe m, uT0 K/m <0, H NOCTPOMM MHOXKECTBa
E=E(LK<=f<iK) (=l=m 2=m ..., m—1)

m
En=E 2! KéféK)-

m

'

3TH MHOXeCTBa H3MepHMbI, MONApHO HE mepeceKarTcda H

[a, b]= f_} E.

t=1—m
TMoctpouM A5 KaXJ0ro ! 3aMKHYTOe MHOxecTBO F, < E, ¢ Mepo#l
H
£
mF,>mE,—2—m H nojoxuMm F = Z F,.

{=1—m

SlcHo, uto [a, b]—F = > (E,—F,), otkyaa m[a, b]—mF <e.
!
3alajuM Termepb Ha MHOXecTBe F yHRUMIO @ (x), nosaras

(p(x)=%K npy xeF, ((=1-—m, ..., m).

B cuny nemmsi 1 sta dynxuus HenpepniBHa Ha MmuOXectse F,
19 (x)|<< K w, uakoneu, npn x < F Gyner [T(x)—¢(x)]|<a.
7" QOcraerca NpHMeHUTb JeMMy 2. OTO NPHBOANT K HelpephIBHON
bynxuun (x), cosmajaiowelr Ha MHomecTse F ¢ dyHkumesdr ¢ (x),
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npudem |¢ (x)| << K. Tockoabky E (| f—9|=0) <[a, b] —F, acHo,
yto ¢yukuusa P (x) Tpebyemas.

Wrak, Ans orpaHdueHHO# (QYHKLHM Teopema [OKaszaHa.

Honyertum Tenepb, 4to f(x) He orpanuveda. Toria, mNOJIb3yach
TeopeMOii |, MOMKHO TOCTPOMTb TaKyKO OrpaHUYEHHYIO QYHRUHIO g (X},
uto mE (f # g) <<e/2.

[Mpumensist yxe AOKA3aHHYIO 4acTb TeopeMbl K GYHKUUU g (X), Mb
HailJleM TaKylo HerpepbiBHYIO QYHKLHIO 1 (X), 4TO

mE(\g—mpl>0)<—;.
Ho nerxo Bugers, uto

E([f—¢l=0)<cE(#Q+E(lg—b[=0),

Tak uto QyHKUHA P (x) pelwnaer 3apauy.

Cnencrue. [Jan scakod usmepumotl u noumiu ees0e KoHedHoll yHK-
yuu f(x), sadannoll Ha ceemenme [a, b], cywecmeyem nocaedosarmens-
HOCMb HenpepolsHblx GyrKkyul p, (X), cxodawascs no mepe K (yHK-
yuu f(x).

B camom Jiesie, B3fB JBe CTpeMsAlldecs K HYJIO 10cjeloBaTelb-
HOCTH

0, >0,>0> ..., o, —0,
g > > ..., g, — 0,

NOCTPOUM JJIi KaXKJOTO 71 TaKyl0 HenpepbiBHYIO GQYHKUMIO Y, (X), 4TO

ME (| [ — ¥, | = 0,) <&
Jlerko BuieTh, UTO 1Y, (X) = f(%).

IeiicTBiTe/IbHO, Kakoe Obl 0>>0 HHM B3#Tb, AIA n==n, Gyzer
0,< 0, a 115 TakuxX n

E(If=¥ =0 E(I[—n[=0,),

OTKYLa M CJefyeT Halle YTBEPXJeHHe.

ITpumenuB K nocnefoBaTeNbHOCTH {1, (X) } Teopemy ®. Pucca us
§ 3, Mbl DPUXOAMM K MOCJEAOBATEJbHOCTH HEIPEPLIBHEIX (PYHKUHM
_{%k x }, KOTOpast CXOAMTCA K (PyHKUHH [(x) mouTH Besfe.

WHave rosopsi, yCTaHOBJEHA

Teopema 3 (M. ©Dpewe). [is scaxol usmepumotl u noumu
seade roHeunotl ynkyuu f(x), 3adannol Ha ceemenme [a, b], cyuwse-
cmeyem nocaedo8ameasHOCMo Henpepolekoix dynkyull, cxodawascs K f (x)
nouniu 8e3de.

C momoulbi0 3TOH TeopeMbl JIETKO YCTaHABJMBAE€TCA BECHMA 3ame-
yaTenbHas W BaXKHAR

Teopema 4 (H. H. Jly3un). I[Tycme f(x) usmepumas u noumu
6e3de koHewHas pynkyus, 3dadanHas Ha {a, b). Kaxoso 6bt Hu Bblao
8> 0, cywecmsyem makas nenpepotras Gyrkyua ¢ (x), umo

mE (f # ¢) <d.
Ecau, 6 wacmnocmu, (f(x)|<<K, mo u [¢(x)(<K.
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Hoxkasateabctso. [lyete ¢ (x), @a(x), @3(x), ... ecTb Ta
MOC/IeJ0BATeAbHOCTL HENpepLIBHEIX (YHKUHHA, O KOTOPOH wija peub
B Teopeme Ppewe. Ilonp3ysice Teopemoit [. ®. Eroposa, mMbi HalijeM

TaKOe MHOXKecTBO Eg, uto mEg > b —a— g ,
paBHOMEPHO OTHOCHTENBHO X OyJer ¢, (x) — f(x).

Otciopa, B CHAY H3BECTHOH TEOPEMBl aHaAn3a, PpyHxuusa f (x) Henpe-
pbiBHa Ha MHOXecTBe Egl) (B cMmbicsie onpejeneHys, JaHHOIO B Haualle
naparpadpa. He caeayer nonumars 5To Tak, 4uT0 yHKUMA [(X),
paccmaTpuBaemas Ha [a, b], HenpepbiBHa B KaX10H TOUYKe MHOXKe-
crBa Fs. HymHO BOBce 0TKa3arbcs OT paccMOTpeHMs f(x) BHe MHO-
KectBa Eg).

Haiinem 3aMkHyTOe mNOAMHOMecTBO F MHOXecTBa Es € Mepoi

mF >mEs— 2

Ecnn ¢yukmuio f(x) paccmarpuBaTh TOJBKO Ha MHOXecTBe F, TO
OHa, OUEBH/IHO, OKA43bIBAeTCS HENpPEepHIBHOH Ha 3TOM MHOMKECTBE.

Tlpumenss nemmy 2, Mbl IPHXOAHMM K HellpepbIBHOH GyHKUHH ¢ (X),
3afanHofl Ha [a, bl u coBmajatoueil ¢ f(x) Ha MHomectBe F

3uauwur, E (f # ¢) < [a, b] — F, 1 Mepa 3TOro MHOXeCTBa MeHbLUE §,
TaK 4T0 ¢ (X) ecTb TpeGyemasa (YHKUUSA.

Ecnu, B yacthoctH, |f(x)| =< K, TO 3TO HepaBeHCTBO BEpPHO W A
TeX X, KOTOpble BXOAAT B F, a TOrAa, B CUAY TOH e JeMMbl 2, H
le(x) <K

Teopema joka3saHa.

Teopemy H. H. Jlysuna moxkHO copMyaHpOBaTb H Tak: uamepi-
MAA U nosmu 8e30e KOHEMHAA (DYHKYUSA CIMAHOBUMCS HenpepuisHoil,
eca npeNeGpett MHOMCECMBoM CKOAb y200Ho maaod mepet. Heroropole
aBTOPBI ?) NIPHHHMAIOT 3TO Ba)KHOE CBOHCTBO 3a caMoe OIpefie/eHHe
TOHATUS u3MepuMoil gyukuun. HeTpyAHO YCTAHOBHTH PABHOCHJLHOCTH
ofoux ompefieeHHil; BTOpoe MeHee QOPMaNbHO M CPa3y MOKA3LIBAET,
4TO NOHATHE H3MepPUMONl (PYHKLHMH TECHO CBfI3aHO ¢ TNOHATHeM (PYHK-
UMK HelpephIBHOH,

npuyeM Ha MHOXKECTBE Es

§ 5. Teopemer BeiiepuiTpacca

B npexnigyuem naparpade Mel YCTAHOBHAH DPAR TeopeM 06 anNpOKCHMAUHH
H3IMepUMOl QYHKUHH ¢ NMOMOILlb0 GYHKUHH HenmpepuBHbLIX. MoXHO noliTH gasbure
H BMECTO HenpephiBHLIX (YHKUHH FOBOPHTH O MHOMOYJIEHAX.

Ina atoir yenn Ham nowapo6urcsi, BaxkHAR H cama no cefe, Teopema Beiiep-
mrpacca. Met nasnoxuM ee, caeayst C, H, Bepriureiiny.

JMemma 1, Hpu scaxom x 6y0om

n
¥ chk (-t TR )
=0

1) B xypcax ananu3aa TeopeMa JOKa3bBaeTca Ans cayyas pyHKumil, 3ajaHHBIX
Ha CermenTe, HO JOKa3aTe/bCTBO COXPaHAeT CHAY W AAA QyHKUHH, 3ajdHHBIX 1ia
NOGOM MHOXKECTBE.

®) Cm., Hanpuwmep: II. C. Anexcaugpos u A, H. Konamoropos,
Bregenne TeopHIo QYHKUHA JeficTBMTEnHOrO NepemeHHoro, 1938 r.
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n
JleiicterTeIBHO, ONAras B popmyne Gusoma HeoToHa (a - by = Z Cﬁakb"—k

k=0
a=x, b=1—x, noayvaem opmyny (1)
Jemma 2. Ipu scex sewecmoennvix x 6ydem
n
Z Cﬁ(k-nxka(l—x)”-kéz. 2
=0
JlokaszateancTBo [llpoguddeperudpyeM no z TOKIECTEO
n
¥ ChE=(1+2)" )
E=0
1 yMHOXHWM pe3yahTaT Ha z:
n
Z kCﬁzkznz ( {~z)”“'. (4)
k=0

Hupdepesunpys (4) u yMHOKaA pe3yabTaT Ha 2, MOAYYHM
n -
3 R CheF=nz (1+n2) (142" 2 ©)
k=0

[Monokum B (3), (4) u (5) 2=x,(1 —x) B YMHOKHM [OJyHeHHble TOXKAECTBA
Ha (1 —x)* 310 maer

n
3 k(xR =1, )
k=0
n
3 kCEx* (1 — )" T E =, )
k=0
n
3 BCRR (1 —0)" " F=nx (1 —x +nx). (8)

k=0

Vumuokum (6) Ha n2x2, (7) va—2nx, (8) va | U BCce caOKHM:
n
N (k—nx) ChxF (1 — )" “F=nx (1 —2).
k=0

Ias JoKa3aTepCTBA JEMMH JOCTATOYHO OTMETHTB, YTO TNPH BCeX BelLecT-
BeHHLIX & 6yfert) x (1 —x) << 1/4
Onpenenenne 1, Tlycts f(x) koHeunas dyHKUMA, 3ajaHHaA Ha cermente [0, 1].
Muorousen
n k
Bu= X (%) cht -yt ©

k=0
Ha3bBaeTcA muozouserom Bepruwimedna ana yHkumMn f(x)

Teopema 1 (C. H. Bepnmmein). Ecau ¢ynxkyus f(x) Henpepvisna na cee-
meume [0, 1], mo npu A -— GO PABHOMEPHO OMHOCUMEbHO X Oyoem

By (x) = (%) (10)

1) B camom pese, 4x2—4x4-1=2¢r—1)2=0 Crano Obrrs, 1= 4x (1 —x).
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IlokasateabcTBo Ilycte M=max!f (x)' BoabmeM & >0 ¥ noxpbepem
Takoe § =0, uto | f(1")—f(x')| <&, KaKk TOABKO £ — ¢’
Caenas 370, BosbMeM nponssonsnoe x & [0, 1] Mz (1) caeayer, uto f(x) =

n
= 3 [ Chet (1l —x)" "%, orkyna
K=o

n
k —
Bw—il= Y| )-rw|cta—n"r (1)
£=0
Pazo6peM Bce yncama k=0, 1, 2, , N Ha jBe Kareropuu A u B, Tak ut0
ke A, ecan %—x <6, k = B, ecin %——x =8.

Ecau ke A, 10 t(:)—f(x) < e, W, Ha OCHOBaHHH JeMMbl 1,
N k Cht n—k ¢ ’Ckk n—k _
e f n _f(x) n* ( —x) = ”x (l—x) =
A A

<& CoF(l—x)"—F=e, (12

0

I ‘\dz

]

(k—nx\?
Ecan we k= B, 10 - oY =1, OTKyJa, B CHJY JeMMmbl 2,

Z|f 1~/ @

Chd (1 — x)"—ksnzazﬁ(k~nx>zc”( —xt—h

ZM - M
k=10

Conacrasnas (11), (12) u (13), vaXxoznm, uro gas moboro ¥ < [0, 1]

‘Bn(x)—f(x)‘<3+ %%

3HaunT, 1pH N> — 2 62 6yzer B, (x) —f (x)] < 2, uTo 1 Tpe€OBaNOCh JOKa3aTh

Teopema 2 (K. Bedepummpacc). [lycms f(x) (l)yl-tm{uﬂ HENPCpoleHaA HA ce2-
merme |a, b] [Haa awboze € > 0 cywecmayem maxkod mHoeouaek P (x), umo npu
scex x = [a, b]

[f(5)—P (x) | <e.

HokasateasctBo Ecau [ag, 6]=][0, 1], To Teopema HemocpejcTBeHHO
BbITeKaeT H3 Teopembl DBepruwreiira [lycte [a, 6]17£1(0, 1] Paccmorpum caeayto
uyo yuxuno or aprymenta y fla-+y (b—a))

Ora ¢yHkuHsa 3afasa n HenpepuiBHa Ha cermente [0, 1] Hangem Taxoii Muoro-
unen Q (y), uro npu y < [0, 1] -

[flaty G—a)—Q )| <e.

Ecnn x = [a, 6], T0 Z:

ZE [0, 1] u, crano Owirh,

|F—e(3=

a/



Tostromy MHorounen P(x):Q(Z:({j) TpebyeMbiil.

C nowmolibio Tcopemel Beilepirpacca MoxHo TeopeMbl Bopens M ®peuie
(o ue Jlysuna') ¢opmyaupoBare uuaue. Hanpumep, Tteopemy Ppelie MoKHO
BLICKA34Th B TaKofl (opme

Teopema 3 (M, ®pewe). [as scaxoil udmepumoll u noumu 8e30¢ AOHewHOL
pynryun f(x), 30dannod na [a, b), cywecmayem nocaedosamenbHoCHy MHO204AEH08,
cxo0awadcs K f(x) nounu gesde

HoxkaszareansctBo [lyets {¢, (¥)} ects nocreloBaTesIbHOCTL HENpephiB-
HBIX QYHKUMH, cXopsulasicd nouTH Besfe K f (x). Ecam P, (x) Tako# MHOroused,
uTo A9 BCeX ¥ & [a, b)

‘yPn(x)—(Pn(x)]<%1

10 mocaegoBateabnocts { P, (x) } cxogutes K f(x) B nofoft Touke x, rae ¢, (x) —
—~— f (x), 4TO H JOKAa23blBdeT 1ecpeMy

[lpenocTaBasieM uHTaTeNO COOTBETCTBEHHO H3MeHUTH TeopeMy Bopens (¢ co-
XpaHenueM ouenxn P, (x) <<sup f(x) ")

B Techoil cBf3u C poKasaHHOH Teopemofl Befiepwrpacca Haxoputcs apyras
TeopeMa TOro e aBTOpa 00 annpoKCHMAUHH REPUOOUMEchiIX HETIPepPHIBHEIX (QYyHK-
IIHH ¢ NOMOULLIO TPHFOHOMETPHUECKHX MHOTOUAEHOB.

Onpenencune 2. TPUOHOMEMPUYECKUM MHOSO4AEHOM N-20 NOPAOKA Ha3bIBAETCH
byukuus

T (x) =A+ ] (agcos kx by, sim kx).
E=

Ecmn by= =b,=0, To TpuroHomerpHueckufl Muorodnen T (¥) HaswiBaeTca
YenHbl I

Jemma 3. a) Pynnyus cosk x npedcmacuma HeHHbLM MPUROHO MEMPUHECK LM
MHO204 1€HOM

b) Ecau T (x) mpuconomempudeckuil mroeouren, mo T (x) sin v makace ecmo
MPUOHOMCHLDUMECK UL MHO204ACH

c) Lcau T (x) mpueonomempuueckuii mroeodacd, mo T (x--a) manwe ecmo
MPUSOHOMEMPUIECKILIE MHO20UACH

JokaszartenbCTBO PeNOCTaBAsEM YUTATEM0

Jdemma 4. Ecau pynnyua [ {x) 300ana u venpepvisra xa ceevenme [0, m),
mo 919 6canoeo & >0 cyuwecmsyen MArOL HentMblil MPULONOMPRIDUYECALLL MHOR0-
waen T (x), umo npu ecex x< [0, mw] 6youmn

[F(x)—Tx) <.

HokasateabcTBo. Pacecmorpum dyrruuio f (arccos y)

Sra QyHKUH# 331aHa H HenpepuiBHAa Ha cermente [—1, --1]
n

Tlostomy HangeTcs MHOrOUYJEH Z apy® takou, uto npu Beex ye=J[—1, +1]
£=0
n

f (arceos g) — 2 apyk | < e.

r=0

[lycte Tenepw x = [0, m]. Toraa cosx  [—1, 1] 4, crano 6uiTs,

n
f(x)— Z ay, cos® x| < e,
k=0

n
OctaeTcss 3ametuTs, 4TO B CHay JevMb 3 (a) GyHKUuT 3, @pCOs® x ecTh
E=0
YETHBIM TPHIOHOMETPHYECKHIT MHOTOUMEH.
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Caeacraue. Ecau wemnas ynkyus [(x) umeem nepuod 2m u nenpepsiena Ha
sceti ocu, mo daa 6cakoe0 € >0 wadlemcA Maxod (PUSOHOMEMPUYECKUL MHO20-
4Aen, 4mo npu 6cex ecwjecmaennbix r 6ydem () —T (x) <e

JenctButensno, Ha cermente [0, m] 3ToMy HepaBeHCTBY MOXKHO YLOBJETBO-
PHUTL “enbiAt TPHTOHOMETPHUECKHM MHOTOUREHOM T (¥), TaK 4TO HEPABEHCTRO CaMo
coGoit yjoBreTBopAeTcs u npu x = [— @, 0], 4 Torga, Gaaropapsd NepUORHYHOCTH
pasHocti f{x)—T (), oHO yjoBReTBOpAeTCH Besne

Teopema 4 (K. Beidepwmpacc). [lycnw [ (x) nenpepvisnas nepuoduteckas
Pyrnyua nepuoda 2n  Kuakoso Obt nu 6620 € >0, cyuecinsyemnt makoi mpueono-
mempuneckutl muozouack T (1), 4o npu ecex x Gydem

f)—T(x) <<e.
JlokasartenncTBOo B cuay caeicTBust jeMMbl 4 1AA uemubix QyHKIHHA
FQ)+7 (=), [ ()= (—x)] s x
Ha#ijyTCA TaKHe TPHTUHOMeTpHueckue Muorounedsl T, (x) u Ty (x), utO
FOHIH 0 =Ti(x) o (), I () —F(—0)smx=T; () +a (),

rre oy (x) <e2, ay(x) <<e2
YMHOXas neppoe W3 3THX PaBeHCTB Ha SiN% x, a BLOpPOe HA S X, CKAaALIBaf
U neast Ha 2, nonyuaem

Fo) snte=Ty ()48 (B, <),

rge T4y (x) CHOBA eCTk HEKOTOPHI TPUTOHOMETpHYeCKUll MHOrOunReH
3pecy dyHruua f{x) Oublna Mwo6oil HenpepmiBHOI nepuHoanuecholl QyHKEUMe,

T
3HayHT, Takoe )Xe DABEHCTBO CAPABELAMBO ANA QYHKUHH f<x1 9 )t

Ple=)smx=rimtrw (lvwi<y).

\ \\
3amenas 3peck x Ha x-F /2, DoAyYHM

fo)costx=T, )+ [ 86 < ),
OTKYy /3

[ ) =T3(x)+Ts (x)+§ () +8 (x),

T e mnonnnom Ty (x)+4T; (x) TpeGyemuiii,
Ceiluac >Ty Teopemy Mbl He 6yjieM CBA3HIBATb C TeopHell H3MEPHMEIX (YHK-
UHi, HO HHM»e OHA OYJeT HaM BecbMa NOJesHa,

YIOPAXXHEHHSA K I'J/IABE IV

1. Ecmn |, (x) = F(x), ga () = g (¥), T0 [y (x)-+8n (%) =) +g ).

2, Ecnmn [, (x) =f(x), a g(x) u3vepuvMa u TOUYTH Be3Jle KOHEYHa, TO
o (x) g (x) = [ (x) g (x). .

3. Pacnpoctpauuts Teopemy FEropoBa Ha ciuyuail mocnefoBaTensHOCTH GyHK-
nuit, gkotopasl B KaxJo0ll TOUKE MHOWECTBA £ CTpeMHTCH K-+ co.

4, CyuecTByeT pAA MHOTOUAEHOB Py (X) 4 pa(x)-+py(x) , obnapatouwuil cre-
RYIOUUM CBOMCTBOM KaKylo Gbl HEMpepbiBHYIO 11a MPOH3BOABLHOM cerMeHTe [a, b]
dyHknnio f(¥) HII B3ATb, MOXKHO Tak Crp)MNHUPOBalL 4ieHbl pfid (He MeHAd X

(s}

nopsgka), utobel psn Z lp”k+' x) .. —l—pnk’+1 (x)]cxouvmcn K f (x) paBHOMepHO
k=1

Ha [a, b},
5. Jlna Toro utofbl INOCJAEJOBaTENbHOCTh H3MEPHMBIX H [IOYTH BE3J€ KOHed-
HuX (yrRUMA i (x), [fo(x), ... cXoguance no mepe, HEOGXOZHMO H JLOCTATOUHO,
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uto6el BeAKOi Mape uucesn ¢ >0 u £>> 0 oTBewano Takoe N, uto npu n> N o
m> N Byner mE (| fu~fm! = 0) <e (D. Puce).
6. B teopemax Bopenst u Ppeitle MOKHO BMECTO HENPEDHIBHLIX ¢yHKUMH roBO-
PHTh O TPHIOHOMETPHYECKHX MHOrOUJeHaX (ecH OCHOBHON cerment ecTb [—m, -mj).
7. Toynast BepXHss rpaHuia C4eTHOTO MHn,KeCTBa H3MEDUMBIX QYHKLHEA ecTh
uamepumaﬂ bynKuuA.
. Ecau npu nwo6oM GUKCUpOBaHHOM n U Opu k — oo Gyfer

) = (),
a npn n — oo Oyger
fm () = f (%),

TO H3 MHOMKECTBA {f,‘z") (x)} MOMKHO H3BJEYL NOCAEAOBATENbHOCTb, CXOAAULYIOCHA MO
Mepe K f(x).

9. Ilpenwuiyiuuil pesaysabTaT HE BepeH, eC/H BCIOLY B ero hOPMYJHPOBKE 3aMe-
HUTh CXOJMMOCTb N0 Mepe Ha CXONMMOCTh B OGLIYHOM CMhICTE.

10. Tlyerb f (f) w3mepumas M TOYTH Be3fle KoHeunas QyHKLUA, 3afaHHas Ha
cermente £ = [a, &), JokaszaTe CyuecTBoBanne TaxoH ybusmoujed GyHKUHH g (1),
3aaaHHoil Ha |a, b), KoTopasi NPH BCeX BRIIECTBEHHHX X YAOBJETBOPSIET COOTHO-
wenkio mE (g > x)=mkE (f > x).

11. Tlyers f{f) u3mepumass U nouTH Be3je KOHeunast GyHKUUA, 3afaHHAA Ha
cervenre £ ==[a, L]. Jloxa3aTh cyllecTBOBatiHe W €JHHCTBEHHOCTh TaKOro 4Hcaa f,
yTo
b—a

2 ’

—a

mE (= )= mE (= H) <5

npu H > h,

(J1. B, KanTtopoBuu).



rJl1ABAV

HHTEIrPAJI JIEBET A
OT OrPAHHYEHHOH ®YHKIHH

§ 1. Onpenenenne unrerpana Jlebera

Knaccuueckoe onpegenende unrerpana, aadHoe O. Kown n pas-
BuToe B. Pumanom, cocrout, Kak u3BeCTHO, B CNEAYIOIIEM: paccMar-
pHBaeTcs KoHeuHas GyHKUHA [(x), 3ajaHHAs Ha cerMeHrte ([a, b};
3TOT CerMeHT pasCuBaeTcd Ha 4acTu TOYKAMH

Xo=a <X <X,<...<X,=0b,

B KaxJofl uacTH [Xxy, X,,,| BbiOnpaercs royka §, M COCTaB/IACTCSH
pHMaHOBa CyMMma
n—1

0= Z fEx) (Kpin— x2)-
k=0

Ecnu cymMma ¢ mpu CTPEMJEHHH K HYJI0 YHc/a
A =max (Xy,1— X)

CTPEMHTCS K KOHEYHOMY Mpejeny [, He 3aBucfilleMy HH OT crocoGa
ApoGnenus [a, b], Hy or BbiGopa Touek &, TO 3TOT npeden ! Hasbl-
Baercsi nHTerpajiomM PimaHa ¢yHkuuu [(x) H ofo3HauaeTcs CHMBOJIOM
b
{F(x) dx.

a

HHOF,U,B, XKenasg Nnogy4epkHyTb, 4YTO peyb HIAET HMEHHO O pPHMAHO-
BOM HHTErpaje, NHWYT ’
b

(R) § f (x) dx.

a

®yHkuun, A8 KOTOpLIX HHTerpan Pumana cyulecTyer, HasbiBa-
I0TCl WHTErpHpyeMbIMH B CMuicie PumaHa uaH, Kopode, HHTErpHpY-
eMbiMH  (R). s uaterpupyemoctu (R) ¢dyHkuuu [ (x) BeoGXoaumo,
4To6bl OHA Obl1a OrpaHHYEHHOM.

Eme Kowu ycranosr, yto Bcsikast HenpephbiHasi GyHKUUST HHTET-
Pupyema (R). CyulecTBytOT Tak®e 1 paspuiBHblie QYHKIHH, HHTErpli-
gyeMble (R). B wuactHoctH, TakoBa Jobas paspobiBHAs MOHOTOHHas

YHKUHMA,
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Jlerko mocTpouTh, OAHAKO, OTpaHHUEHHYI0 QYHKLHIO, KOTopas He
6yjer unrterpupyemoii (R). Paccmorpum, Hanpumep, dyuxyuio Ju-
puxae P (x), Koropas ompejenserca Ha cermente [0,/ 1] caedyronm
o6pasom: o

1, ecan X pauHOHAIBHO,

w<x>={

0, ecau x uppaunuoHajbHO.

Jlerko BuZeTb, uTo 3Ta QYHKUUA He HHTErpHpyema (R), HOGO
cymMma ¢ obpamaercss B 0, eciaH BCe TOYKH &, MppaLHOHANBHLL H
g=1, eciu BCe E, pPAUMOHABHHL.

Takum o6pa3oM, pHMAHOBO ONpejeJeHie HHTerpana CTpajaer
CYIIECTBEHHBIMH HEAOCTATKAMH — JaXKe OueHb NPOCThie (YHKIHH OKa-
3bIBAIOTCA HEMHTETPHPYEMBIMH.

Herpyano pasobpaTbcsi B NpLYHHAX 3TOrO 0OCTOATENLCTBA.

Ileno 3akJioyaeTcsi B C/AGAYIOUWEM TNpH cocTaBjeHun cymm Pu-
MaHa ¢ Mbl JApo6um cermeHT [a, b] Ha menkHe wactH [x,, Xi,

[*1, %a], ..., [Xn 1, X.] (OGO3HAUHM HX uepes e, €, ..., €, ;), B Kax-
n—1

Joit dactH e, OepeM TOUKY &, H, COCTaBHB CYMMY G = Z [ Er) mey,

k=0
TpeGyem, yToOLl OHA uMeJa Mpeles, He 3aBHCAUHHA oT BLIOOPA TOYEK
£, B MHOXecTBAax e,. FlHaue roBops, Kampzas TOYKA X H3 MHOXNKe-
CTBa ¢, MOXeT ObITb B3siTa 3a §,, a BapbMpOBAHHe 3TOH TOUKH HE
AOMXKHO 3aMETHO BJHATL HAa 3HaYeHHe CYMMbl 0. A 3TO BO3MOXKHO
JHIIb B TOM CAyYae, KorJa BapbUPOBAHHE TOUKH §, MaJjo U3MeHser
esnundy [ (§). Ho uro xe obbennnser mexpy coboit pasmndHble
TOUKH X MHOXKecTBa ¢,? Mx oObenunser To, 4TO OHM GAH3KH APYT
Apyry, u6o e, eCTb Masblii CEIrMEHT [X;, X, 4]

Ecnu ¢yHRuua f(x) HempepeBHa, TO AocTaTo4Has GaH30CThL abe-
uhece x BjeueT 3a CoGoH u OMHM30CTE COOTBETCTRYIOIIHX 3HAUCHHH
GYHKUMM M Mbl BNpaBe JKJAaTb, YTO H3MEHEHHe TO4YKH £, B Mpepenax
MHOMECTBA €, Majl0 BJHfET HAa BEJUUHHY CYMMBI ¢, HO AJjs (DYHK-
OHH pa3pbIBHOH 3TO BOBCE He Tak.

Hhuaue mMOXMHO cKa3zaTb, 4YTO MHOMXECTBA €, COCTaBJeHhl Tak,
YTO TOJBKO J1S HernpepbiBHBIX (yHKIMIT 3Hadenue [(E,) MOXKHO
CUHTATh HOPMAJbHBIM TIpEACTaBHTEJeM APYIHX 3HAYCHHH (YHKLMH
Ha é,.

Taxun o6pasoM, caMoe omnpeje/eHne PHMaHOBA HHTErpada MOXKHO
CYHTATL BIOJHE ONPABAAHHBIM JHWib JAJs (yHKIHH HempepbBHLIX,
S TPOYHX K€ PYHKUHI OHO BBIVISAHT JIOBOJILHO cayyaiinbiv. Hike
Mbl yOeaumed, YTO ANd HHTErpHpyeMocTH (R) He 06 X 0 L H MO, 4yTOGhI
paccmarpuBaeMas QyHKUHA He Oblla «CJAHLIKOM Pa3pbiBHOH».

JKenasi o6OOWKTL MOHATHE HHTerpasia Ha 6oJiee NIHPOKHE KJIacChl
dynxkuust, Jleber npengoXua Apyroil MNpoIecC HHTErpHpOBaHHUS,
B KOTODOM TOYKH X OOBEJHHAIOTCH B MHOXECTBA e, He HO CJAyYai-
HOMY TNpH3HAKy CBoel Oan3ocTH Ha oct Ox, a IO NpH3HAKY JOCTa-
TOYHOH OJIM30CTH COOTBETCTBYIOUUIX 3HayeHWdA ¢yukuuu. C 31oit
ueapto JleGer pasGuBaeT Ha YacTH He CerMeHT [a, b], pacroJioxeH-
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Hplfi Ha ocu abcumce, a cerment [A, B, sexamuii Ha ocu opAusat
¥ BKJ/IOUAIOILHA BCe 3HaueHUsl QyHKUHH [(x):

A=y <y <...<y.=8B.

Ecan cocraButh nHOXeCTBa e, Tak: e, =FE (y,<<[<<yp.), 10
SICHO, 4YTO pAas3/UUHLIM TOYKAM X &€, M B CaMOM Jiel€ OTBE4aroT
6aM3KHE 3HAYeHUs (PYHKUWH, XOTH, B OTJHYHME OT PUMAHOBCKOTO Mpo-
necca, CaMH TOYKH X MOIYT OblTh BeCbMa Jajiekd Apyr OT Apyra.

B dacTHoCTM, XOpOIIMM MpefcTaBuTEleM 3HaueHHH (YHKUHH Ha

MHOXECTBE €, MOXET CNyXHTb, HAaOpHMEp, l,, TaK YTO €CTECTBEHHO
n—1

MOJIOKITh B OCHOBY MOHSTHS HHTErpaia CyMMY 3| Yufriey.
k=0
TMepeiiieM Tenmeph K TOYHOMY H3JO0XKEHHIO BOMpOCA.
Tlycib Ha u3MepuMOM MHOXecTBe E 3aJlaHa H3MepUMas OrpaHii-
yeHHast QYHKUHA [(x), mpHYeM

A<[(x)<<B. (hH
Paso6eem cerment [A, B] Ha wacTH Toukamu
=A<<y <...<yn=B
U COOTHECEM KaxAOMY MOJIYCeTMEHTY [Yi, Yr.i) MHOMKECTBO
ee=EWe=f<<yn) (£=0,1, ..., n—1).

Jlerko MpoBepHTL 4YeThipe CBOHCTBA MHOXKECTB €
1) MuoxectBa e, nomapHO He nepecekarics: eep =0 (k7% £').

2) OTH MHOMKECTBa H3NEPHMBI.
n—1

3) E= Z €p.
k=0

n—1

4) mE= Y me,.
Py

Baegenm TENEPb HUNCHIOW U BEPXHION CYMMbL Jlebeea s n S:
n—1 n—1

S= 3 Yemer, S= ) Yr,Mmes.
£—0G k=0

Ecan Mbl momoxum A = max (Y, — Yx), TO OyleM HMETb
0<S—s<<AmE. (2)

OcHoBHoe cBoficTBo cymMm JleGera BblpaKaer

Jemma. [iycmo nexomopomy cnocoby dpobaenus ceemenma [A, B]
omeeqarom cymmer Jlebeea s, u S,. Ecau mer dobasum Hosyro mouky
Opobaenust § u cHosa Haddem cymmor Jlebeza s u S, mo okaxcemcs
So=<s, §=<§,.

Huaue rosopsi, ot Jo0aBleHUs HOBBIX TOUYEK JeJNEHHUA HHAKHSAS
CyMMa He YMEHbIU4eTCs, 4 BEDXHfAS HE YBEJHUHBAETCH.

HokasareabcTBo. [lomycrum, 4to

Y <<y <Y1 (3)
111



Torpa npu k7 i noaycerMeHTH [y, Ys ), @ C HHUMHU H MHOKe-
CTBA €, GUTYPHPYIOT H B HOBOM Cnocobe Apo6aeHusi. [lonycermenr
®e [y, y..,) TpPH Tepexofie K HOBOMY CIIOCOOY 3aMEHseTCH AB\MA
noaycersentaM” [y, 7), [, Y. 1), B CBA3H C YEM H MHOXECTBO e,
pasbuBaeTcs Ha Ba MHOXKECTBA

e=E@ <f<y), e/ =E@ ~f<<y.a)
QOueBupaso, 4To €, =¢, ¢, e, =0, TAaK YTO
me, = me, -+ me, . 4)

U3 ckaszaHHOro $ICHO, 4TO CyMMma S 1IOJYy4aeTCH M3 CYMMH S,
3aMeHOll ¢Jaraemoro y,me, AByMA CJalaeMbIMu g me, + gme;, 0TKyJa,
B CBfA3H ¢ (3) H C (4), U CaeLyeT, 4TO § ==,

JI1a BepXHHX CyMM paccysKieHHe aHaJoTHYHO.

Crexcreune. Hu 00HG HuxmcHAs cymma s He Bo.abuie HU OOHOL gepx-
Het cymmor S,

HokazartenbcTBOo. PaccmoTpin JABa kakux-HuUGynb criocoba
apoonennst I 1 IF, cermenra [A, B]. [lycre 3tuMm crnocobaM orge-
YAIOT COOTBETCTBEHHO HIKHHE CYMMBl S; Il S, H BepXHHE CYMMbl S
" S,

Cocrasum Tperuit cnocog apobnenns [A, B]—cnoco6 11, B xoro-
pOM TOYKaMu JeJeHWs CJy¥KaT TOUuKi JeneHus obonx crocobos I 1 L.
Ecnu cnoco6y HI orBeuaior cyMmbl s; 11 Sy, TO, B CHJY JEMMHI,
S, <8y, S3=S,, OTKyAa, B CBSI3U C TeM, UTO S3== Sy, $ICHO, YTO
$;-< 8y, @ 310 1t TpeGoBanoCh [OKAa3aThb.

Brifepem kakyio-HIOYAb OHpeJeeHHYI0 BepxHiolo cymmy S,. Tak
KaK [Jsi BCAKOH HHMHEH CyMMbl § Gyjel $== S, TO MHOXKECIBO (s}
_BceX HIDKHHX cymm JleGera oOKa3sblBaeTCcs OrpaHHUYEHHBIN CBEpAY.
[lycts U ecTb ero Tounas sepxHss rpannua: U =sup {s}.

Toraa sicwo, uro U =< §,.

BBuay nDpOH3BOJBHOCTH CYMMW S, IIOC/€[Hee HEePaBCHCTRO
JIOKa3blBaeT, 4TO MHOMKeCTBO {S} Bcex BepxHix cymm Jlebera orpa-
unveHo cuusy. OGo3Haunm uepe3 V ero TOUHYIO HIUXKHIOIO TpaHHLLY:
V =inf {S}.

QueBuano, npu Jmobom crocobe ApodneHiis OyaeT

s=<= U=V =<8,

Ho, xai mbl ormewann, S —s-< imE, oTkyjia
0<V—-U _ mE

H, TaK KaK A HPOH3BOABHO MaJo, TO
U=V.
Onpenenenve. O6wee 3uayeHne uucen U u V nasmiBaercs uwme-

epatom Jlebeca GyHkuMH f(x) mo wmHO:mecTBY E n 06o3Hauaercs
CHMBOJIOM

(L) § (2 dx.
E
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B Ttex Cnyyasix, Korja cmemende ¢ ApYruMH BHAAMH HHTErpaJfa
HCKJIIOYECHO, ITHIUYT DIPOCTO

{7 dx.

E

B yactHocti, ecan E ecTe cermeHT [, b], ynoTpe6S/asioT CHMBOJK

b b
(D §F ) dx, §F () dx.

13 cKasaHHOrO BHIIE CJELYET, UTO KANOAS UIMEPUMAS OcPAMU-
deHHaA (YHKYUA unmeepupyema 6 civicae Jlebeea, M, KOpoue, HHTe-
rpupyema (L). ¥Yike M3 3TO10 3aMeyaHHs BHJHO, YTO MPOLECC HHTe-
rpupoBaHua (L) NpHAOKHM K ropasio Gosnee LIMPOKOMY KJaaccy ¢yHk-
UMil, yeM Tporecc HHTErpHposanusa (R). B wacTHocTH, COBepIEHHO
OTMaJ 0T BCE BOTIPOCHI, CBSI3aHHBIE C HPH3HAKAMH HHTE[DHDPYEMOCTH,
KoTopble AAst ,uHTerpanos (R) uUMEIT CpaBHUTENbHO C/IOMHLIA Xa-
paxTep.

Teopema 1. Ecau h—0, mo cymmer Jledeca s u S cmpemames
x unmezpary § [ (x) dx.

L
Teopema HeMOCPEACTBEHHO BHITEKAET 113 HEPABEHCTB

s Sf(x)a’x<\S, S—s=XA-mE.
E

M3 310il Teopembl, MeXAy TNPOYHM, CIEAYET, YTO 3HAUEHHE HHTe-
rpana JleGera, xkoropoe B CMJIY CaMoTQ ONpeJeNeHHA €ro CBA3aHO
¢ ydeqamd A n B, Ha caMoM Jene OT HUX He 3aBHCMT.

Heiicteutensuo, pomyctuM, uro A <Cf(x)<<B, A<<f(x)<<B*,
npuuem B* < B. Pasppotum cerment [A, B| Ha uactn

A=y0<y1<--'<y/z=Bi

npuYeM BKJIOUHM M TOYKYy B* B 4ucjI0 TOYeK JeneHus B =y,
Ecau Mbl cocTaBiM MHOMXECTBa ¢4, TO JIETKO YOEIHTHCA, 4TO ¢, =0
(f==m).
3uayur,

n—1 m—~ 1

s= ) yamey,= 3, Ypme,=s¥,
k=0 k=0

rae s* ecTb HuKHAA cymma JleGera, mocTpoeHHast, MCXOAs H3 cer-
MeHTa [A, B*]. Crywas TOYKH ApOGIEHIS W NMEPEXOois K [ipeledy,
Halifiem, yto [/ =/[*, tae / v [* cyTb 3uauenus wurerpasos Jledera,
orBevaromue cermentaM [A4, B] u [A, B*|. Tagum obpasoM, uzMe-
HeHHe yMcaa B He OTDaKaeTCs Ha BelHYHHe HHTerpasa. To ke OTHO-
curess ¥ K uHeny A. 3tor (aKT BecbMa CYIIeCTBEH, HO0 TOJBKO
Telepp onpefiesieHHe MHTETpala OKA3bIBAETCH OCBOGOMKIEHHHIM OT CJy-
HaMHOrO Xapaktepa BeIGopa Touek A u B.
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§ 2. OcHoBHhie CBOICTBA HHTErpana

B sTom naparpade Mbl ycTaHOBHM PSil CBOHCTB MHTErpaljla oT
OTDAHUYCHHOH M3MepHMOH (PyHKI(HMH.

Teopema 1. Ecau usmepumasn ¢yuryun f(x) Ha Ussmepumosm MHo-
aecmse E yoosaemsopsiem Hepasercmsam a == [ (x) << b, mo

a-mE= Sf(x) dx=<<b-mE.
E
Sra TeopeMa OGBIYHO HAa3bIBAETCH (Meopemoll o cpeduen.

Hoxaszarteasctso. Ilyctsb n HaTypanbHoe 4iicno. Ecan Mbi

MOJOXHM A-——a——i—, B=b+7]1, TO oKaxercs, uto A <[ (x) < B,

i cymmbl JleGera moxHo OyjeT cocTaBaATh, Apobs cermeHt [A, B].
" Ho ecmu A <<y, B, TO, OYEBHJHO,

n—1I n -1 n—1
A Z mey << > Ypmep =< DB Z mey
k=0

HJH, YTO TO K€ caMoe,
A -mE<s<<B mE,

OTKYJa H B Ipefiene

(a—p)mE= f(x)dx<<b+;jm5
p

B cuay nmpoH3BONLHOCTH 4HCJA £, TeopeMa [JOKasaHa.
H3 310ll Teopemb! BhITEKaeT HECKOJbKO HPOCTHIX CIIeACTBHH.
Caencreue 1. Ecau guyuryus f(X) ROCIMOARHA KA UMELUMOM MHO-
wecmee E u f(x)=¢, mo
{f(x)dx=c-mE.
E
Caencreue 2. Ecau ¢yurxyua f(x) ne ompuyamesvua (He noaowcu-
MeAbHA), MO MAKo8 JHe U ee UHMEZPal.
Caencteue 3. Ecau mE =0, mo 041 awboi ocpanuuesrot ¢yHK-
yuu f(x), sadarnol Ha mromcecrnee E, 6ydem

{7 () de=0
E
Teopema 2. [Tycme Ha usmepumorm muoxcecmee E 3adana uzue-
pumas oeparudennan gyuxyua f(x). Ecau muomcecmeo E ecmo cymma
KOHEUHO20 HUCAQ WAL CHEMHO20 MHONCECMBA NORAPHO He NepeceKaso-
LUXC UBMEPUMBLX MHOKECTI8

E=XE, (E:Ev=0, k7 k),
k

mo

(Fede=3] § f(x)dx.
E

kEk
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CroiicTBO HHTerpana, BelpaxkaeMmoe 3Tofi TeopeMoil, HA3bIBaeTcs ero
NOAHOLL ad0UMUBHOCIBIO.

NokasartenncTBo. PaceMoTpuM cHayana npocrefimnii cay-
yall, Korja uMcJo chnaraemuix pasHo AByM: E=FE'4-E" (E'E"=0).

Ecni Ha muoxectse E

A<f(x)<B,

H Mbl, pasapofuB cermedt [A, B] Toukamu ¢y, Yy, ..., Yn, COCTABHM
MHOXeCTBA

er=E(yp <[ <Yr.,1),

er=E" (4 <<[<<yp.1)

e =E" (Yp<<[<Yr.1),

TO, QUEBHAHO, Oynem uUMeTh €, =erter (erer =0), OTKyAa

n—1 n—1 n—1

Z Yrme, = Z Ypmer + Z Ypmek
£E=0 k=0

k=0
W B mnpefene, npu A—0,

(i de=§F)de+ § [(x)ar.

E E’ En

Hrak, Teopema foKasaHa sl C1y4as ABYX CJaraeMblX MHOMKECTB.
[Toab3ysick MeTOAOM MaTeMaTHYeCKOH HHAYKIHH, Mbl JIEFrKO pacmupo-
CTpaHMM TeopeMy Ha caydaii /1106oro KOHEUHOro uiHc/a Caaraembix
MHOXECTB.

[s0)

Ocraercs paccMOTpeTh cayyai, korga E = Z E,.

. E=1

B 3t0oM cayuae Z mE,=mkE, Tak 4ro npu n—co Oyger

k=1

[e0)
Z mEk—>0. (*)
b=n1
[e9)
3amerus 510, monoxum >, E,=R, Tak Kak L1s KOHEYHOTO
k=n-+1

Yucaa caaraeMblX MHOXKECTB TeOpEMa yiKe J0KasaHa, To

n

{fax=3 §fax+ {far.

E k:‘[‘k n

B cuany Teopemnl o cpelHem

A-mR,< { fdx< B-mRy,
R

n
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a B cuay (*) mepa mR, MHOXecTBa R, CTpeMHTCHl K HYJIO C BO3-

pactaHueMm f, OTKyAa $ICHO, YTO S fdx—0. Ho 310 # o3navaer, uro
R

n
[e]

(fax=3) § fax.
E k=1 Ek
M3 stoit Teopembl BhiTEKaeT pAA CAEACTBHH,
CaencrBue 1. Ecau usmepumeie oepanudernole pynxkyuu [(x) u
g (x), sadannsie Ha mHoxecmee E, sxeusarenmubl mexcdy cobod, mo
Sf(x) dx = Sg(x) dx.
£ E
HefictBuresvro, ecin A=E(f#g), B=E(f=g), 7o mA=0 u
{fdx={gax=0.

A A
Ha muoxectBe Ke B ofe ¢GyHKUUM TOXAECTBEHHHI H
§fdx={gdx.
B B

Ocraercsi CAOKUTE 3TO PABEHCTBO € NPeblAYLIMM,

B uactHoCTH, unmeepar om ynKyuu, IKBUBANEHMHOU HYA10, PABEH
HYA10.

Camo co6olo pa3yMeercsi, 4To Noc/ejHee YTBepKIeHHe HeoGpaTHMO.,

Hanpuwmep, ecau f(x) 3ajana Ha cermente [—1, 1] rak:
[ 1 mpu x=0,
f(x)—\_] npu  x << 0,
T01)
41 0 i

{ Fyde= { fde+{f(0de=—1+1=0,

—1 - Q
Xx0Tst QyHKuUMs f(x) U He SKBUB2JEHTHA HYJIO,
Onnako crpaBelJuBO
CneactBue 2. Ecau unmeespanr om HeompuyameaAbHoll usme-
pumoti oepanuvennold dynxyuu f(x) paser Hymo
{f)dx=0 (f(x)=0),
E
Mo 3Ma PYHKYUA FKBUBAAEHMHA HYAK.
B camom pjese, ierko BHAETh, YTO

EF>0) = i E<f> },)

n=1

1) Tak kak BbilpachiBaHKWe U3 MHoXecTBa E OfHON TOUKH He MeHAeT HHTe-
rpafa :VdX' TO Mbl BpaBe HATErpal no J0OMy H3 MpoMeKYTKoB {a, b), (a, b],

I

b
(a, b) afo3HayaTs Tak Ke, KaK M MO cerMeHTy [a, b], cumBoJ/ioM 3/ (x) dx.
a
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Ecan 66l f(x) He Oblia 5KBMBajleHTHA HYJIO, TO HEOGXOAHMO
Hauiock 6el Taxkoe 1y, uto mE (f > l/ny) =0 > 0.
INonaras A=E(f>1/n), B=E—A, mbl umenyd 6bl, 40

| )
§ ) de= q, \ f(x)dx= 0,
p) 0 B
H, CKJajbiBas 3TH HepaBEHCTBa, MBI ﬂOJIyLH/I.J"lH 6bl
Sf(x) dx= ',
ny
E

YTO IIPOTHBOPEYUT YCJOBHIO.
Teopema 3. Ecau na usmepumom mroxcecmee Q 3adunst Ose 1ame-
punsle ozparudernste pyaxyuu f(x) u F(x), mo

V17 )+ F (01 dx = f (x) dx 4 F (x) dx.
Q Q Q

Hoxaszareabcrro. Ilyets a<<f(x)<<b, A<<F(x)<<B.
PasofbeM of6a cermenTa [a, b] u [A, B| Toukamu

A=Yy < ... <Yp=0b, A=Y, <Y, < ... <<Vy=8,
¥ BBEJeM B pacCMOTPEHHe MHOXEeCTBA

e=QWr=<f<<UYr,1), E:=QY:==F<Y,,),
Tiv=Ee, (i=0,1,..., N—1, k=0, 1, ..., n—1).
OueBujino, Q=ZT,,k, H MHOMecTBa T, , MONAPHO He Mepece-

1, &
Katoresl. Tlostomy

{(+Fde=3 § (F+F)dx.

Q LR,
Ho na mHoxectse T; , Oyjer
Yt Yi<<[(O)+F ) <Yp1t+Yien
OTKYZa, Ha OCHOBAHHH TEOPEMbl O CpEJHEM,
st YymTi << § GHP dx<(Gpo1+ Y, ) mT s

Tivn
CknajpiBasi BCe 3T HEPaBEHCTBA, NOJYYHM
Z et Y)mT << S (F+Fdx< Z WrrtYi) mTy e (1)
(-] Q (]

nOllC'-IHTaeM OTACJ/IBHO CYMMY
Z ykﬂtT," ke (2)
ik
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Ee MOXHO NpeAcTaBUTE B opme
n—1 N —1 \

Z Yp Z mT;,kl].

k=0 \:=0

Ho

N—1 N —1 N~—1
Z mTi,k=m[ Z T,-’ k]zml: Z E,Ek]=

{=0 =0 1=0

=m [ek Nil E,] =m (e,Q) = meg,

t=0

TAK YTO CYMMY (2) MOXHO MPEACTABHTb H TAK: | Yu/Mey.

Vnaye rosopsi, 3T0 ecTh HHXHsfA cymma JleGera s; ¢yHKUHH f ().
AHanorvuyHO MOACUHTHIBAIOTCS W MPOYHE CYMMbI, BXOAAULYE B HEPA-
BeHCTBO (1), TaK 4TO 3TOMYy HepaBEHCTBY MOXHO J4aTb BHJ

s;+sp=\{(f+F)dx<S;+ Sp, )
Q

rje BeefeHHble 00603HAYEHHA MOHSITHBI caM# COGOH.

Crywas Touku Apobaenns cermeHtoB [a, b| u {A, B] u nepexons
B HepaBeHcTBe (3) K Ipefeny, Mbl H TNMOJYYHM TeopeMmy.

Teopema 4. Ecau na usmepumom muowecmee E 30dana usmepu-
MAA 02PAHUHEHHAA (DyHKkyug [(x) u ¢ ecmb KOHeMHAA NOCMOAHKAL, MO

{ef () de=c {1 (x)dx.

E E

HoxaszareasctBo. Teopema TpuBnanibHa, ecan ¢=0.

Paccmotpum eayuait, koraa ¢ > 0. Ilyete A << f(x) << B.

Pa3s6ueaa cerment (A, B| Toukamu y, M BBOAS, KaK OGHIYHO,
MHOXECTBa €, MBI OyieM HMeTh

n—1

Vefde= 3 {cf(x)dx.

E :Oek

Ho na wmHoxkectre e, Oymer cyy <<cf (¥) <<cYp,;, TaK 4YTO B CHJy
TEOpeMbl O CpefHeMm

CYpmey, <= S cf (X) dx = cyy . \mey.
r
CknajieiBasi BCe TaKHe HEPABEHCTBA, MOJYYHM

€5 == Sc/‘ (xydx<<cS,
E

rie s 1 S cyme cymmnr JleGera aas ¢yukunu f(x). Teopema no-
7y4aeTcs H3 NOCJEJHErO HEPABEHCTBA C MOMOLLBIO MpeJesbHOrO nepe-
xofa.
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Ilyctb, Hakonel, ¢ << 0. Torua

0= {lef W+ (— o) f (D) dx = {cf (1) dx+(—c) (F(x) dx,

E E E

OTKYAa H CJeAyeT Teopema.
Cnencreue. Ecau f(x) u F(x) usmepumss u ozpanutierbl HO MHO-
awecmee E, mo

FIF () —F ) dx= (F (x) dx— { f(x) dx.
E E

E

Teopema 5. [Tycms f(x) u F(x) usamepumst u o2panuqeqsl Ho
uamepumonr muoxcecmse E. Ecau
f(x)<F (%),
mo
(F(x)dx = { F (x) dx.

E £
Heficteutensuo, ¢yukunsa F (x) —f(x) He oTpuuaresbHa, TaK YTO
{Fdx— (fdx= ((F—fdx=0.
E E E

Teopema 6. Ecau pyurkyus [ (x) usmepuma u 0epanuiena Ha usme-
pumom muoxwecmse E, mo

Si(x)dxlg {1701 dx.
E

E

Hokasareawctso. [lyetb P=E(f=0), N=E (f << 0). Torzaa
Vrdx=§fded §fdx= §f1ax—§|f|dx,

E P N P N
Sifraxe= S| f1de 1 f)dx,
E p N

H IO CBOAMTCS K 3/IEMEHTapHOMY HepaBeHCTBY
la—b|=<a-+b (a=0, 6=0).

§ 3. IlpeneabHblil mepexoi NOJA 3HAKOM HHTerpana

3hech MBI PacCMOTPHM CJEAVIOWHA BOMPOC: NYCTb HA H3MEPHMOM
MHOXecTBe £ 3a/1aHa noc/el0RaTe/bHOCTh H3MEPHMBIX OrpaHHUYEHHBIX
byHRUME [ (%), fo(x), fs(x), ..., f.(x), ... KOTOpasgs B KakoM-HHOYIb
CMbIc/le (Besfje, MOYTH Bezde, MO Mepe) CXOAUTCH K H3MEepHMOH orpa-
HHueHHoOl ¢yukuMu F (x). CnpawwnBaercd, 6yjper Jau CHOpaBelHBO

COOTHOLLIEHHE
lim (£, (x) dx = {F (x) dx. (N

/1—»0_75' E

Ecau (1) BepHO, TO roBOpsiT, UTO AONYCTHM MNpejesibHbIf nepexof
Noj, 3HaKOM HHrerpasa.
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Jlerko BHIeTh, uTO BoOOUie ropops, 3To He Tak. Hampuwmep, ecan
byHKuHL [, (X) onpedesensl Ha cermente [0, 1] crnepyromum ob6pasom:

_[n npu x (0, 1/n),
f"(x)‘{o npu x< (0, 1/n),

To mpl BesakoMm x € [0, 1] Gyger
1

lim f,(x)=0, Ho (f.(x)dx=1,

n—o0 0

H 3TOT HHTErpal HE CTPEMHTCS K HYJIO.

ITosTOMY €CTECTBEHHO TOCTABHTH BOMPOC O TeX JAOMOJHUTEJNbHBIX
OTrpaHHyeHHsIX, KOTOphle HYXHO HAJIOKHTb Ha (PYHKUMIO f, (X1, yTOGHI
paseHcTBO (1) BCce e HMEJO MecTo.

Mbl orpaHHYHMCH JIOKA3aTeJqbCTBOM CJeAyIOUlel TeopeMsl.

Teopema (A. JleGe2). [Iycmo Ha u3smepumom MmHodxcecmse E
aadana nocaedosamesvHocms [y (x), fo (x), f3(x), ... uamepumoix ozpa-
HUUeHHOIX PynKyull, CXOOAUAACT N0 MEPE K USMEPUMOLL 02PAHUMEHHOL
Pyrryuu F(x)

fa(¥) = F (%).

Ecau cywecmsyem nocmoannas K, makas, 4mo napu écex n u npu
scex x

[fn (1) | <K,
mo
lim {f, (x)dx = {F (x) dx. (1)
,I—PCX)E E

JorkasarteabcTBo. [Ipexae Bcero 3asMeTiM, YTO MOYTH AJIS
Beex x e E 6Gyner

[F(x)| =K. (2)

B camom nene, M3 nocaegoBatenbHOCTH {f, (X)} MOXHO (Ha ocHo-
BaHuM TeopeMbl Piucca) H3BJedb YACTHYHYIO MOCJE0BATENbHOCTD
{f2, (x)}, koTopas cxomutest K F(x) nouru Besge. Bo Beex Toukax, rae

Fug () > F (3),

MOXKHO TepefiTH K mpeieny B HepaseHcTse |f,, ()| <K, uto n mpu-
BOAHMT K (2).
Ilycth 1emepb ¢ ecThb NOJONKUTENbHOE ukcaC. [lojioxum,

A,,(G)=E(.f,,—Fi20), Bn(6)=E(”11_Fl<0')-
Torna
gfndx—ngxl<§lfn—F1dx=
E E E

= { [[u—Fidx4 { |fa—F|dx.

A, B, (o)
120



B cuay nepasenctea |f, (x) — F (x) | =< |f, (x)| +] F (x)|, nouru aaa
BCEX X U3 MHOXecTBAa A, (0) Oyjer |f, (x) —F (x)| << 2K, Tak uro no
TeopeMe O CpejHeM

{ 1fs—Fldx<2K-mA, (o) (3)

All (G)
(To ofGcToATeNbCTBO, UTO HepaseHCTBO |f, —F |<C2K MOXeT He Bbl-
NOJHATLCA Ha MHOMecTBe Mepbl (, HecymecrseHHo. MoxHo, Hampu-
mep, QyHKuuIO if, (x) — F (x) | Ha 3TOM MHOXKeCTBe H3MEeHHTh, CeJaB ee
paBHOH HYyJ10; TOTAA HepaBeHCTBO (3) OyjleT BHINOJHATHCS BO BCEX
toykax A. Ho Tak kax u3MeHeHHe yHKLHH Ha MHOxecTBe Mepbl O
He BJHSeT Ha BedIMUHY HHTerpana, To (3) sepHo u 6es Takoro uame-
HeHus).
C apyrofi CTOpOHbI, ONATB-TAKH B CHJYy TEOPEMbl O CpPEJHEM,

{ 1fu—Fldx<omB, (o)< omE.
B” (0)

ConocraBass 310 ¢ (3), HAXQAUM, UYTO

Vfadx —(Fdx|=<<2K-mA, (o) +omE. (4)

E E

3ameTB 3TO, BO3bMeM NPOH3BOJIbHOE £ >0 i HafiileM CTOJb MaJjoe
6>0, yro 0-mE < /2. OuUKcUpoRaB 3TO G, Mbl, Ha OCHOBAHHH Ca-
MO0 onpeleneHUsT CXOAMMOCTH MO Mepe, GyJeM MMeTb, UTO MPH 71— CO

mA, (6)—0

H, cTano ObiTh, A 1> N oxaxerca 2K-mA, (o) << e/2.
Jnsg 3THX n HepaBeHCTBO (4) NpHMET BHA

andx—SFdX <€,

L E

YTO U JOK43bIBAET TEOPEMY.

Jlerko noOHATH, YTO TeopemMa OCTaeTCs BepPHOH W B TOM CJjydae,
KOra HepaBeHCTBO |f, (x)| << K BLINOJAHSETCS TOJNBKO MOYTH Be3fie Ha
MHOXecTBe E. [lokasaTenbCTBO OCTaeTcsl TMpPeXHHM.

Hanee, MOCKOJLKY CXOAHMOCTH HO Mepe ofliée OOLIYHON CXOAH-
MOCTH, TO TeopeMa W MOJABHO COXDaHseT CHAY AJA TOTO CJjydas,
Korja f, (x) > F (x) moutn Besfe (M Tem OoJee Be3je).

§ 4. CpasHenune HHTerpasoB Pumana u JleGera

ITycte Ha cermente [a, b] 3agaHa (He ofs3aTeNlbHO KOHEYHast)
¢ynkuns f(x). Ilycte xy & [a, b] u § > 0. Obo3uaunm uepes ms(x,)
H M;(x,) COOTBETCTBEHHO TOUHYIO HMIKHIOO U TOUHYIO BEPXHIOW I'pa-
HHUbI ¢GyHKUUH f(X) Ha HHTepBaje (x,— 0, X, 0)

mg (xo) =inf{f (x)}, Msx)=sup {f ()}  (xo—08<Tx<Tx+8).
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(Camo cooto pasymeeTcsi, 4To Mbl NpPHHHMaeM BO BHHMaHHe JiHilh
Te TOUKH HHTepBana (X, — 8, X, 0), KOTOphle Jexar TaKKe U Ha cer-
MeHTe [a, b].)

QueBuIHO, mg(xg) == [ (xy) << M (xy).

Ecan 8 ymenbuiaercs, TO ms(x,) He yOniBaetr, a M;(x,) He BO3-
pacraer. [losToMy cyullecTBYIOT OMpefe/neHHbe rpejedsl

m(xe)= lim mg(xy), M (x)= hm Mg (x,),
6-+0 6—40

IpHYeM, O4YeBHJIHO,
Mg (Xo) << m (xo) << [ (xg) =< M (%) =< M (xo)-
Onpepesnenne. PyHKUUH m (x) U M (x) HAa3BIBAIOTCA COOTBETCTBEHHO
HusicHed 1 eepxreld ¢ynxyuamu Bspa ana dyHkuud f(x).
Teopema 1 (P. bap). Hycme ¢ynxyun f(x) xoueina 8 mouxe x;.

Has moeo 4mober f(x) Obraa 8 amoll mouke HenpepoieHa, HeobXo0UMO
u Bocmamoyno, 4mobst 66ta0

m (%) = M (x,) *)
HoxkazarteanbcrBo. JlonyctuM, 4To ¢YHKUHSA f(x) HenpephiBHA
B TOUKE X,. B3AB npousBojbHOe &> 0, Haiiiem Takoe § > 0, yto KaK
TOABKO | X — x| << 8, Tak ceituac e |f(x)—[{x)|<<e.
Hnaue rosopd, ana Bcex x < (x,—8, x,+46) Oyger
fxo) —e <F(x) <F(x0)+e.
Ho orciopa caenpyer, uro
[ (xp) — & << myp (x0) << M (xp) < [ (x0) +&,
a crajo GuiTh, W Ten OoJee
[ (x0) —&<sm(x,) << M (xo) << [ (x0) +-&,

OTKYJ4, BBUAY NPOH3BOJBHOCTH €, H BhiTeKaer (*). Mrak, neofxonu-
MOCTh ycJ/JoBUS (*) jokaszaHa.

Ilycte Teneps, oOpatho, AaHo, 4rto (*) BeinosHeno. Torpa, oue-
BUAHO, M (X)) =M (xy)=[(x,) u obuiee snauenxe ¢yHxuuit Dbapa
B TOYhE X, KOHEUHO.

Bosbmem npouasoasnoe &> (0 u Halifem ctons manoe 6 >0, yro

m(xp) —& <<mp (Xo) == m(xp), M (xp) << My (x0) < M (%) +&.

STH HepaBeHCTBA 03HAYalOT, 4TO

[ (o) —e<<mg(xg),  Ms(xy) <[ (xo)+e.

Ecan tenepp x = (xy— 0, x4,-+9), 10 f(x) nexwut mexay mg(x,)
H Ms (xy), TaK 4O f(x5) —& <[ (x) <[ (x,)+e.
Hnuaue rosopsa, us toro, uro |x— x,| <8, BhITeKaer, 4TO

i/x(X)——'f(X")j <&,
T. €. QyHKuHsA f(x) HenpepniBHA B TOYKe Xy,
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OCHOBHAR nAemMMaA. Paccmompum nocaedosamersrocms Opobaerul

ceemenma [a, b
a=x0<x'<...<x4 =0,

( (
a=x{,”<x,‘)<...<x,,’l)_—_ ,
npudem npu 1 —» oo
- I
A, = max [x};_H Xy ]—»O.

ITycmo m{) ecrms MOYHAS HUKHAAL 2paruya snatenud gyurkyud [ (x)
Ha ceemenme [x{, x};’_H]. Beedem ¢ynryuro @, (x), noracas
g ()=mp npu xe&(xP, 5, ))
)
(=0 npu x=x{, &, ..., i
Ecau x, we cosnadaem nu c 00Hoi moukotf x{) (t=1, 2, 3, ...;
k=0, 1, 2, ..., n), mo
lim @, (xo) = m (x,).
{00

JokaszaTtenbcTBo. PukcupyeM Kakoe-HUGYAbL ¢ ¥ 0603HAYEM

uepes [x{, x{) ] TOT 3 CErMEHTOB (-TO cnocoba Apod/aeHHs, KOTOPbIH
0 0

COZIEPKHT TOUKY X,. 1aK KaK X, HE COBMaJaeT HM C OJHOH M3 TOUEK

JesieHusi, To x};’<x(,<x§;a’+l u, cJefoBaTeNbHO, MPH JOCTATOYHO
0
Maneix 8§ >0 6ymet (xy—98, x+8) =[x, x{, ||, orkyaa cuenyer,
ur0 M) << mg (x,) WJH, YTO TO XKe Camoe, uTo @, (Xy) - Mg (xy).
0

Yerpemup § K HyJIIO M Nepeiifial K npeleny, HaxOQuM, UTO fpH

JIIO60OM ¢
@, (xo) = m (x,).

ATuUM caMbiM JeMMa YKe [OKasaHa AJs caydas m (x,) = — oo.

Mycte m(x,)> — oo d nycts h<m{x,). Torda naiiterca Takoe
8> 0, uto mg(x,) = h. Pukcuposas 310 O, HalijleM CTOL GOMbILOE &,
uTo mpu [>>1, GyneT [xi), x| = (xy— 8, xo+6), rae, Kak u Bble,
[x,g?, xg) +1] ecTh cerdeHT, colepKauwnii Touky X, CylllecTBOBaHHe
TAaKOrO ¢, cjaeayer u3 ycqaosua i, — 0.

s Ttakux : Gyper mgmea(XU)>h, WJaH, UYTO TO Ke camoe,
@, (x) > h. }

Hrag, ans scskoro b <<m(x,) HaiileTcs Takoe i, 4TO HPH 1>

h <@, (x)) << m(xy),

a 3To0 W 3HayuT, uTO @, (Xy) = m (X). JlemMma pokasana.

Caencteue 1. dynxyuu bapa m(x) u M (x) usmepunet.

B camom jese, MHOXKECTBO TOYEK Je/IEHUS {x,{;’} CUETHO H, CTalo
ObiTh, uMeer Mepy HYJb. TTostomy NemMMa O3Hauaer, 4Tto @, {x) — 1 (x)
NoYTH Be3je.
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Ho ¢, (x) uamepuma, 60 310 cTynenyaras QyHKIUA, IHAUUT 13Me-
puMa H ¢yHxkuns m(x). Jdns Bepxueit dynximin Bapa M (x) paccy-
JKICHUE aHaJOrHyHo.

Caencraue 2. Ecau 6 yeaogusx aemmol ucxconas @uakyua J(x)
02PAHUNEHA, MO

b b
(L) § ¢, (x) dx — (L) m (x) dx.
2]

a

Jeficrsutensro, ecnu |f(x) < K, 10, 0ueBliiHO,
lo. ()] =K, [mx)| =K,

OTKyla NpexJe BCero cjefyer, 4TO 3TH QYHKUHH HuTerpupyems (L),
MoC/Ae 4Yero OCTaeTcsl COCJaThCs Ha TeopeMy JleGera o mpejenbHOM
nepexoje NoJ 3HAKOM HHTerpaJa.

ITepeppazupyem Tenepp caepctsue 2. s 3TOro 3aMeTHM, uTO

b ”l—lxg)_}_] n,~—1
e @de= 3§ qdi= 3 m e, — 5] =s
a k=0 £=0

Tle s, ecTb HuHas cynma [lapGy, orBeuatowias (-My cnocody apodae-
uua. Takum o6pasoM, caelcTsre 2 03HauaeT, 4TO LipH ¢ —> 00
b
s.— (L) { m (x) dx.
a
AHaNOTHUHO MOXKHO YCTAHOBHTb, UTO BepxHAf cymma [lap6y S,
MpH BO3pacTaHUM ¢ CTPEMHUTCA K HHTerpasy or BepxHeil ¢pyHkuuu bapa
b
S, — (L) { M (x) dx.
a
Ho B takom cayuae
b

S, —s,— (L) { [M (x) — m (x)] dx.

C npyro#t cropoHsl, B Kypce AHanu3a ycTaHABAMBAETCA., YTO A/
Toro, utoObl orpanuMueHHas dyHkuus f(x) Oetna uurerpupyema (R),
HeoOX0AUMO U LOCTATOYHO ycaoBHe S, —s, 0.

COI’IOCTBBJ'IHH 3TO CO CKa3aHHbIM BbIlle, Mbl BHIHM, UTO JJ4 UHTE-

rpupyemocti (R) ¢ynkuun [(x) HeoOXOLMMO H JOCTATOMHO, YTOGHI
6b110

b
(L) {IM (x) —m ()] de=0. (1)

a

Yenopue (!} BO BCKOM chayuyae BLUIOJHEHO, €CAH  PA3HOCTD
M (x) —m (x) 5KBUBA/JEHTHA HYMIO, HO TaK KakK 212 pPasHOCTh HEOT-
puunaTtenbHa, TO H obpaTHO n3 (1) caepyer, 4ToO
m(x) ~ M (x). (2)
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Hrak, usterpupyemocts (R) orpaunyeHHofl ¢yHKuuu f(x) paBHO-
CUNBHA COOTHOIRHUIO (2).

ConocrasiB 9TOT pe3y/bTaT ¢ TeopeMoH !, mojyvaeM cJiefymouiyio
TeopeMy.

Teopema 2 (A. JleGe2). [Iaa moeo wnabet 02paHutesnas Gyux-
uus f(x) Goira unmezpupyema (R), Heobxo0umo u 0ocmamouro, 4mobsL
OHa bviaa HenpepoisHa noymu gesde.

3ta 3ameuarenbHas TeopeMa mpefcraBiaser cofofi HauGo1ee Npo-
CTOH 1i SICHBII MpH3HAK uuterpupyemoctd (R). B wactHocTH, oHa
onpaBib'BaeT cjenaHHoe B § | sameuanue, YTO HHTErpupyembIMH (R)
MOTYT ObITb TOJNLKO «He OYeHb pPa3phLIBHblE» QYHKLHH.

Honyctunt Tenepnb, uto ¢yHkUMs [(x) unterpupyema (R). Toraa
OoHa HeOOXOJHMMO orpaHuveHa u NOYTH Be3fe Oyger m(x)= M (x). Ho
Beab m(x) <= f(x) << M (x). 3uauur, nourn se3ge f(x)=m(x), u f(x),
O6yAyud SKBHBAJEHTHA H3MepuMOil (GYHKUHH m (X), H3MEDHAIA caMa.
Tak kak BcfKasd orpaHnyeHHast u3mepumas GyHKUMS MHTerpHpyema
(L), To TakoBa ke H [(x), T. e. U3 HHTErPHPYEMOCTH Kaxoii-HuOyAb
¢yHKUHH B cMblcae Pumana BroiTeKaeT ee MHTErpHPYeMOCTb B CMbiCae
Jle6era.

HakoHel, u3 3kBuUBaNeHTHOCTH GyHKUUH [ (x) 1 m (x) caenyer, uro

b b
(L) §F(x) dx = (L) { m () dx.

Ho, xag u3BectTHO u3 Kypca Amnanusa, B YCNOBHAX OCHOBHOM
AeMMbl AJ1s1 HHTerpupyemoit (R) ¢yHxuuu f(x) Gyrer

b

s, (R) { /() dx,

a

TAe §; ecThb HIDKHAS cymma [lap6y, oTeeyatomas i-My cnocofy ApoG-
Jenus. ConocTasads 3TO ¢ TeM, YTO, KaK NOKa3aHO HaM,

b

s, = (L) S m (x) dx,
MBl BUIIHM, 4TO
b b
(R) \F(x) dx= (L) { f (») dx.

Takum ofpa3soM, meeT MecTo

Teopema 3. Bcakaa ¢ynkyua, unmeepupyemas (R), Heobxodumo
unmeepupyema u (L), u oba ee urnmeepasa pasHel mexcoy coboil.

B saknoyenue otvetuM, uyto dynkuus Hupuxae ¥ (x) (pasuas nymao
B HPPAUHOHANLHLIX W €IMHHLIE B PALHOHAJBHBIX TOYKaxX) HHTErpH-
pyema (L) (uGo ona sKBHMBAJEHTHA HYJ0), HO, KaK Mbl BUAEaU B § 1,
He uHTerpupyema (R), Tak yto Teopema 3 He olpartuma.

125



§ 5. BoccraHoBienHe nepBooGpasHoil (yHKUHU

[Tycts Ha cermente [a, b] 3apasa HempepniBHas ¢yHKUMA f(x),
KoTopasi B Kamaoil Touke [a, b] nMeeT onpejeneHHYIO NPOH3BOAHYIO
f' (x) (B KOHLEBBHIX TOYKAX a M b MMeeTCs B BHAY OJAHOCTOPOHHSAS 11pO-
usBoinas). CnpawmMBaercs, KaK, 3Has NPOHU3BOAHYIO [’ (x), BOCCTaHO-
BuTh nepBoobpasuyo dyHxuuio f(x)?

B xypce Ananusa ycrasasiawsaercs, YTo ecau Hpoussopuas [’ (x)
HHTErpupyema (R), to

Fy=Ff@+ /" ®)at,

HO BO3MOJKHBI C/1yyau, KOrja (laxe orpaHHyeHHas) NPOHM3BOAHAS He
nurerpupyema (R). Urobbl npusecty mopoOHbifi npumepl), BBeneM mo-
HATHE HHrJA€ He NOJAQTHOIG MHOXECTBAa. Tak Ha3wBaercs
muoxecTso E, ofjapaolliee TeM CBOHCTBOM, YTO BCAKHH HHTepBaJ CO-
JEPAKUT TOYUKH, He BXOJfllMe B 3aMblkaHHe E MHoxecTBa E.

fTpumrr. Ilyets F orpandyeHHoe, 3aMKHYTOE, HUIAE HE MJOTHOE
MHOMECTBO TIOJIOMKHUTENBHOH Mephl, 2) a==infF, b=supF. 3ananum
ua {a, b] ¢yskuuto f(x), nonoxus ee pashol 0 Ha F ¥ paBHOH

|

(r— (1,,)2 (r— bﬂ)2 Sin (bn—ay) (x—ap) (x—by)

Ha HHTepBanax (a,, b,), MOTIONHHTEJNLHLIX K MHOXECTBY [ o oTpe3Ka
[a, b]. Jlerko nokasate, uTo BCIOAY Ha F cyuectByer [’ (x) == 0. [e#-
CTBUTEJIbHO, OYCTh X, € F U X ecTb Touka [a, b], nexawas npasee x,.
Eciu x & F, 10 f(x)=f(x,)=0. Ecan xe x < (a,, b,), 10 xy<<a,<x.
Ilostomy

X—Xg=Xx—a,
(x) — a
LT | (- a) (b — 0 = (x— %) (b~

Orciona BoiTekaer, 4to fi (¥g)==0. Ananoruyso u f_ (x))=0. Ecan

1) Hepsbli MpuMep TaKOrO poja MPHHAANEKHT HTANBAHCKOMY MaTeMAaTHKY
B. Boasteppa (1881). Hemnoro Gonee mpocroil npumep, NpuBoAMMbIE HaM¥, 3auM-
cibopan u3 Xuuru II. C. Anexkcawgposa u A. H, Koamoroposa
«BBejgenve B TeopHio QyHKUHMH NeHCTBHTeNLHOTO MepeMeHHOro», W3l 3-e, 1938 r.,
cTp. 215.

2) Ero MOXHO NOCTPOUTH TaK: PaCHofOKUM BCe PAUMOHAALHLIE TOUKH HHTep-
Bana (a, b) B NoCAeNOBAaTeNLHOCTD fy, £y, ra, ... H LA KaXKIOTO R NOCTPOHM HH-
tepBan (r,— 8, rp,+8,) < (a, b), B3sB 8, >0 crosb ManwlM, 4ToGH OKa3an0Ch
2(6; +8,+83+...) << b—a; mHOKecTBO

[es)
F=[a, b]—= Y] (rp— 8k, ra+0p)
£=1
— Ttpebyemoe,
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x € (a,, by), 10

y . 1
f (X) =2(x—ay) (x—b,)@x—a,— bn) sin (p—a,) (x—a,) (x—by) -
2x—a,—b, 1

—_ cOs .
bp—ay (bp—ay) (x—ay) (x—by)

Taxnm oOpasom, Bclony Ha [a, b] cyiiecTByeT KOHeyHasi (H Jaxe
orpannuennas) f’(x) u noromy f(x) HenmpepniBHa Ha [a, b]. H3 Bbipa-
enus [ (X) BBAHO, YTO, KOTAa X, OCTaBafnch Ha (@,, b,), Npudan-
XKaeresl K a, WIH K b,, To [’ (x) He mumeeT npepena, a koJeb/ercd
mMexay —I1 u —+1. Orciona yxe J1erko BbIBECTH, YTO BO BCEX TOY-
Kax F mponssoinas f’ (x) paspsiBHa, a Tak Kak mF >0, 1o [’ (x) He
uHTerpHpyema (K).

Taxum obpasom, unrerpan Pumana He B nosHOH Mepe peuiaer
3a7a4y BOCCTAHOBJCHHsA HepBooOpasHof mo ee npousBojuofll. Murterpan
JleGera okasniBaeTcsi 0oJlee CHJBHBLIM OpYJAHEM [ pPelleHHs 3Toi
3ajauH.

Teopema. [Tycmo Qyuryun f(x) 6 xaxwdoid mouxe [a, b] umeem
npoussoluyo ' (x). Ecau ' (x) oepanudena, mo owa uxHmeepu-
pyema (L) u

[ =f@+7 @) dt.

Hoxasarteabctpo. [Ipexae Bcero 3amerum, uto GyHkuua f(x)
HeOOXOAHMO HEIIPepbiBHA, MOCKOJMbKY B KaxA0# Touke [a, b} ona numeer
KOHEYHYl0 TIpou3BOAHYI0. PacmpocTpanuM onpepesieHue GyHKUHH [ (x)
Ha Gosiee wHpoKHil cermeHT [a, b-- 1], nonaras ansa b<<x=<b+ 1

[(x)=F(b)4-(x —b) ' (b).

dyakuua [(x) Terepb HempephlBHA H UMEET KOHEYHYIO IPOH3BOA-
Hytwo Ha [a, b+ 11
[Monoxum g x<[a, bl u n=1, 2, 3, ...:

() =nlf(x+ ;) —70)].

B kawpoii Touke x &= [a, b] Gyzer lim ¢, (x)=f" (x), a Tak Kax

n— o0
Kaxaass u3 GyHKUHH @, (¥), OYyAyuH HempepbIBHOH, H3MepIMa, TO H3Me-
puma u [’ (x), oTKyaa cjaeldyer W HHTerpupyemocts (L) 310il, no yeno-
BHIO OrpaHdueHHoil, QyHKIHY,
Hanee, no ¢opmyae Jlarpanxa,

e =nlf{r+i)—f]=r(x+]) ©<e<y,

TAK 4TO BCe (PYHKUIH (@, (X) OrpaHHYeHBl OAHHM YHCJ/OM H, IO TeopeMme
JleGera o mpejieibHOM nepexoie MOJ 3HAKOM WHTerpana,

b b
{7 () dx= tim { g, (x) dx. (1
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Ho

b b b
Scp,l(x)dx:n f/x—f—l\}a'x——ngf(t)dx=
a a ! n/ a
b41/n b
=n S f(x)dx——ngf(x)dx.
a+1/n a

(3aMeHy nepemennofl B HHTErpade ot f (x-+ 1/r) npoH3BeCcTH MOXKHO,
160 312 QYHKIHSA HENpepEIBHAS 1 HHTErpajs MOXHO NOHHMATh B CMEBIC/Ie
Pumana, a ana nurerpasioB (R) Teopus MOACTAHOBKH XOpOWIO W3-
BectHa.) Orcrona

b bi-1/n a+1/n
S(p,,(x)dx:n § f(x)dx—n S f(x) dx.

Tlpunmensa Teopemy O CpeAHEM K KakK/IOMy H3 MNOCTIeAHUX ABYX
HHTErpasioB, IOJYYHM
b 6/\ e//\
S ¢n(X)dX=f<b + ,{‘)—f(a o] 0<e <, 08 <),
a
OTKY/a, H2 OCHOBAaHHH HeNpepbIBHOCTH Qynxuun [ (x),
b

tim { @, () dx =/ (6) — (@)

10 a
Conocragass 3710 ¢ (1), Hailifem, yTO

[4
f0)—f@={F (x)dx.

a

3amensist b Ha npouaBoipHoe x H3 [a, b], monydaem Teopemy.



ri7ABA VI
CYMMHPYEMBIE & YHKILHH

§ 1. HnaTerpan ot HeoTpuLaTenbHoit H3MepHMOil (YHKIUHH

B s1oit rnaBe Mbl 06o6uiMM OmnpefeneHue HHTerpana JleGera Ha
HeorpaHHueHHble (QYHKUMH, [pPHYEM B NMepBOM mnaparpade 3aiimeMcs
(OYHKLUHAMH HEOTPHULATENLHEIMH.

Jemma 1. Ilycmo ¢pynxyus f(x) usmepuma u HeompuyameivHa
Ha usmepumom mHoxcecrnge E. ITycme, Oasee, N wnamypassroe uucio,
Ecau ¢pynxyus [f (x)]y?) onpedesena caedyroujum obpasom:

oope| @ e [LO=N,
X =
o N, ecau [f(x)>N,
mo sma QYHKYUA MAaKie U3Mepuma.
HorkasartenbcTBO. JIerko mpoBepHTh, 4TO
E(flv>a) E(f>a), ecnu a<<N,
Q) =
N 0, ecin a=N,
OTKYyla ¥ clefyeT JemMa.

B ycaosusx Jemmbl GyHKUHA [f(x)]y, OUEBHAHO, OTpaHHYEHA H,
crano Gurth, HHTerpupyema (L). Tak xak, kpome Torq,

[Oh<[F®E<[fx)]=<...,

TO
(Il dx = [l de = {[lodx < ...

E E E
H CylIecTByeT onpejesieHHBN (KOHeuHBIH HMJH OecKOHeuHbI) npejgen

lim {[f (x)]y dx. (*)
N—o++op

Onpenenenne. Ilpenen (*) HasviBaeTcs uwmeepatom Jlebeea ¢ynk-
yuu [ (x) no muosxecrnsy E M 0603Haqaetcss CHMBOJIOM

S [ (%) dx.
E

!) 31y ¢yHKumO WHOrAZ HA3LIBAIOT «cpe3aHHOH (YHKIHel», HJH, Kopote,
«pesxod ¢pynkyuu | (x) uuciom N».

§ H. 1, Hartancon 129



Ecau amom unmeepan xoweuwern, mo yuxyus [(x) Haseisaemcs
unmeepupyemott (L) uau cymmupyemon wa mroxcecrmee E.

Takum o6pasom, Mbl NPHNUCHIBAEM HHTErpas BCS KON H3MepIl-
MOH HEOTpUlATeNbHOH PyHKUHH, HO cymMupyemoil OyZeM HasblBaTh
TOJbKO TY (YHKUHIO, Y KOTOPOH HHTerpas KOHeueH.

Hnoraa, xenast NOAYEPKHYTh, YTO MHTErpal IOHIMAeTCA B CMbICJE
JleGera, 0003Ha4alOT €ro CHMBOJOM

(L) §7 () dx.

E

Ina cnyuasa, korga E =[a, b], ynorpeGasior ofo3HayeHHe
b

{f(x) dx.

a

Hetpyano BuieTh, uto Jnisi OrpaHHYeHHON (H3MEpPUMOH M HEOTpH-
natespHON) GyHKUMHM f(X) HOBoe oOmpejiesieHHe HHTETpasa COBINAjaer
C JlAHHBIM paHee, U060 mpu JoctatoyHo GosbiHx N Gyner

I[F (0)ly =T (x).

ITosromy Besikas orpaHuueHHas (U3MepiiMasi ¥ HeoTpHIaTeNbHas)
(QYHKUHA CYMMHpyeMa.

Teopema 1. Ecau ¢gynryus [(x) cymmupyesma Ha mroxcecnse E,
MO OHA NO4YMU 8e30e KOHEMHQ HQ 3MOM MHOMNCECTSE .

Hdoxaszarteabcrtro. Ilonoxkum A= E (f= + co}.

Ha muoxectee A ¢yuxuusa [f(x)]y paBua N, Taxk uro

([fIvdx = ([flvdx =N -mA,

E A
H ecau 6bl OKasanock, uto mA >0, To uHTerpad g{f]Ndx BO3pa-
v E

cran 6bl HeorpaHMueHHO BMecre ¢ N, YTO NPOTHBOPEUHT CYMMHpYe-
MOCTH (PYHKUHH [(x).

Teopema 2. Eciu mE =0, mo 6CAKAA HeompuyameibHan QyHk-
qua f(x) cymmupyema na muoxecmse E u

{F(x)dx=0.
E
dra TeopeMa odyeBHAHA.
Teopema 3. Ecau gyusyuu f(x) u g(x) IK6UBAIEHMHOL HA MHO-
aecmee E, mo
(F () de = {g(x)dr.
B E
JleficTBHTEIbHO, B KaX10i Touke, rae GyHKUnH f(x) U g (x) paBHH
Mexay cofoit, 6yayr pasHbl u yukunn (f(x)]v 1 [g(x)]y, TaK uro
3T TocqeuHe (QYHKUHH TaKke SKBHBAJEHTHbl Apyr Apyry. Ocrasb-
HOE SICHO.

130



Teopema 4. Ecau pynsyusn f(x) HeompuyamessHa u usmepuma
Ha mroxcecmse E, a E, ecms uamepumoe noomwuoxcecmso E, mo

§ 7o) de < (f(x) dx.
E, E
JleficTBHTE/ILHO, 3TO HEPABEHCTBO OYEBHIHO, €Cau f(x) 3aMEHHTb
Ha [f(x)]y, TOCNe uero ocraercs nepefitd K mpepeay mnpu N -» co.
B wactHocTH, M3 cymmupyemoctd ¢yHKUMH f(x) Ha MHOXecTBe E cie-
AYET ee CyMMHDPYeMOCTb Ha BCSKOM HM3MEpHMOM IOAMHOMecTBe K.

Teopema 5. [Tycme gynxyuu f(x) u F(x) Heompuyamersos U
uamepums, Ha mroxcecmsee E. Ecau f(x)<<F (x), mo

Sf(x)dxé SF(x)dx.
E E
310 CBOKCTBO YCTaHAB/IMBAGTCS MHTErPUPOBAHHEM OUYEBHJIHOTO He-

paserctBa  [f(x)]y=<[F (x)]y ® TOCTEAYIOWHM IpelebHBIM Nepe-
XOJI0M.

B uactHocTH, ecau F (x) cymmupyema, To cyMMHpyeMa H [ (x).
Teopema 6. Ecau (8 06vi4Rb1x nPpednosodxcerusx)

{F(x) dx=0,
E
mo dyuryua f(x) axsusarernmua HYMo.
JlokasarteabcTBo. Tak kKak

0= {[FLdr= {f(x)dx,
E E
1o ¢yHkuua [f(x)]; sxkBuBanentHa Hyaw. Ho Jjerxo BHAeTb, yTO
Bciony, rae [f(x)],=0, Oymer u f(x)=0, ubo [f(x)]; moxer mnpu-
HSITH TOJABLKO OJIHO M3 ABYX 3HayeHuil: f(x) u 1. OcraabHoe scHO.
Teopema 7. [Tycmo [' (x) u [’ (x) 0se HeompuyameasHsie usme-
pumsie pynxyru, sadanuvie Ha muoncecmse E. Ecau [(xy=f (x) +
+ [ (x), mo
(/) dx= {f () dx 4 {7 () dx.
E E E
HoxkasartenbctBo. Tak xak npu nwbom N

V' @+ (v = (x),

TO
VU lwdx 4 S Ivdx < §fdx,
E E E
OTKylla, nepexoisa K npeaeny npH N—-}OO,
(P odet (7 de=< (fax. ()
E E E

Urtobel JoKa3arb o6paTHOe HepaBeHCTBO, YCTAHOBHM, YTO IIpH
Beakom N Gyjer

@< v+ () (2)
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Myets x,= E. Ecu f' (k)<< N, [ (x))=<<N, T0
[Fxdlv=<F (o) =F" (xo) + " (x) =" (xa)Iv+[F"" (*0)]w-
Ecau xe xotp ogHo us uncea f'(x,) u f'’'(x,) Goabtue, uem N, o
[f x)lw =N <[J' (x)Iv+[F"" (xo)]ws

160 OAHO M3 C/araeMblX MpPaBoOfi YacTH paBHO N, a Apyroe HEOTPH-
nateabso. Htak, (2) nokaszano.
Unrerpupys HepaeeHcTBO (2), mOAYdIIM

(v dx < ([P Ivdx+ 1P v dx.

E E E
Orciona )
VAvde< (F dx+ (7 dx

E E E

H B npexene npu N —»-+oo
(fdx< (7 dxe+ (7 dx. 3)
E

E E

Conocrasassi (1) u (3), nonyuaem Teopemy. B uacTHOCTH, ecnu
Kaxz1ass W3 ¢ynkuufi f' (x) u f'' (x) cyMMHpyeMa, TO cymMMHpyeMma H
HX CcyMMa.

Teopema 8. Ecau f(x) usmepumas HeompuyameavHas QyrKyus,
3a0annan Ha mroxcecmse E, a k==0 KoHeynoe uucao, mo

{kf (x)de =k {(x)ax.
E E
IloxkaszateanrcTBO. Teopema TpuBHaibHA, ecau 2=0. s
BCAKOrO HaTypPa/bHOTO £ OHA €CTb CJEJCTBHE Mpeiblfyiell Teopemsl.

Ecnu k= 1/m, rie m HarypanbHoe YHC/I0, TO, ONATL-TAKH B CHJY
Teopembl 7, Oyjer

Qf(x)dx:-m g —,:lf(x)dx
E

E
1 v .
':S,fl-f(x)dx 1 § f(x) dx

Orciofa CneflyeT CIpaBelJHBOCTh TEOPEMBl NIPH BCIKOM PayUOHAAb-
Hom 3HaueHuH k. IlycTh, HakoHel, £ €CTb HppPalLHOHANbHOE MOJOKH-
TeJbHOEe uHc10. BosbpMeM TakHe MOJOXKHTENbHbIE palYOHAJIBHbIE
ygeaa r v R, 4t0 r<<k < R. B cuny Teopemnl 5

r{Fx)de< (kf () dx<<R {f(x)dx
E E E

M OCTaeTCs NepefiTd K Npefieny npH r 0 R, cTpemsiuguxes K k.
B wactHoCTH, W3 CYMMHpPYeMOCTH (QyHKUHH [ (X) BbITEKaeT CyMMH-
pyeMocTb kf (x).
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Cnenyrouias Teopema oueHb BaxkHa. Ilepen ee GopMyanHpoOBKOH
JokaxeM OJHY MOYTH OUEBHIHVIO JEMMY.
Jemma 2. [Tycme ¢ moure x, Gydem

lim [ (x0) = F (x,).

Tozda npu ecakom HamypassHom N
1im [fy ()ly =[F (<o)l

HokasarteasbctBo. Ecam F(x)>N, TO ans JOCTaTOuHO
GoabluuX n OYHEeT f,(xy) > N H, crano Gbith (415 3THX n),

[Fa (xo)lv =N =[F (x))]n-

Touno Tak ke, ecau F (x,) << N, T0, Asl JOCTaTOUYHO GOJBLIHX 7,
6ynet fn(xo) <N u, crano Gbrb,

[fn (XO)]N = fn (Xo0) > F (%) = [F (x(])]N-

Ocraercst paccmoTpeth cayudaif, korjia F(x)=N. B sToM ciyuae
Las qogoro € >0 MOXKHO yKasaTh Takoe fy, 4YTO HpH 7 >n, Oyner
fo(xy) >N —e H, crano OuTh (OpH 1 >>n),

N_£<[in(x0)]N<N»
T. €.
IE )lv—[fn xalvl <& (n>ny).

Urak, JemMma BepHa BO BCeX Cayvafx.
Teopema 9 (I1. damy). Ecau nocre0osamerbHocms USMEPUMBLY

1 Heompuyameavkbix gyukyui fy (%), f(x), ... noumu 6e3de Ha MHoO-
wecmee E cxodumen k ¢ynxkyuu F (x), mo
F () dx<sup [ §a () dxl. ) (*)
E E

JloKa3aTenbCTBO. B CHNY JeMMbl, TIOYTH Be3lle Ha MHOXKe-
ctBe E Gyaer (npu = 00) [fn (0)]v = [F (2)]n.

[ockosbKy Kaxpuasi ¥3 ¢yHkuui [f, (x)]y orpanuyuera yuciom N,
Mbl MOXEM NpHMEHHTb Teopemy JleGera o npefesbHOM Nepexofe Noj

anakom muTerpana, Tak uro \[Flvdx= lim {[f.]vdx.
E n-wp

1y HerpyaHo Bupers, uyro (*) BepHO M TOrfa, Korga NOCJEAOBATeNbHOCTS
{fn (x)} cxomutcs K F(x) He mouTu Bealle, a auwe no mepe. [leHcTBHTeabHO,
B 5TOM Cayuae u3 {f, (x)} BbiieasieTcs MOANOCAENOBATENLHOCT {fy, (x)}, cxogd-

wasca K F(x) moutw Be3ge, M JOCTATOYHO OTMETHTH, YTO SUp {3 fr, (%) dx}é
E
ssup{“fﬂ (%) dx}. YkakeMm, uTO 3TO 3aMeuaHHe He eCTb 0GOGILICHHE TeopeMbl,
E
6o B TeopeMe He HCKJwueH cayuyal, Korga F (x) =4-co, a TOrma o CXOQMMOCTH
o Mepe rOBOPHTh HeJb3f.
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Ho npu mwobom n

[fuly dx < {fude<<sup { { F dx},

L L

TAK 4TO H B NIpejeie

1;5 [Flvdx < sup {1;5 fu dx}.

Verpemus Tenepbh N K 400 M mepefifis K npeleay, Mbl NOJay-
yaeM TeopeMy. B 4acTHOCTH, €C/H BCe f, (X) CyMMHpYyeMbl H

() dx=< 4 <400,
L

TO CyMMHpyeMma H npefenpHas dynkuus F(x).
Caepcreue. Ecau 6 ycaosusx meopemsl Cytjecmeyerm

lim § fu (x) dx, (4)
mo :
{F(x)dx< lim {f,(x)dx. (5)
E no® g

Hokasateancrtso. CieicTBHe TpHBHAMBHO, eciu npefesa (4)
paBed -+co. Jomyctum, 4TO

lim Sf,,dx:l<—l—oo.

n—wr

Torga mpas awboro & >0 MOXKHO HaHTH Takoe H; YTO NPH
nz=ny
an dx <<l+e.
£
TlpuMeHuB TeopeMy K NOCAENOBATeNbHOCTH GYHKUMEA [, (%),
ftg+1 (X); --., Mbl IOJIYYHM, 4YTO

(Fdx<l+e,
E
OTKVAA4, B CUJY TPOHU3BOJIBHOCTH €, W caefayer (5).
C nOMOLLBIO 3TOTO C/AEACTBHS JIETKO MONYYHTH TEOPEMY, OTHOCA-
LYIOCA K BOINPOCY O TPEAEJbHOM IIePeXOie NO0J 3HAKOM HHTerpaisa.
Teopema 10 (b. Jlesu). [Tycme na mHoxcecmse E sadana 803-
pacmarouas nocAe008aMEAbHOCN USMEPUMLY HEOMPULAMEALHOIX PYHK-
yutl
hE<fo)=<fs(x)<....
Ecau
F(x)= lim f, (x),

n—->ao

mo
(F () de=lim {f,(x)dx.
L - E
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HoxasareannctBo. [lpexne scero, npegen lim wﬂ dx cyue-
E
CTBYET 1f, MO NPEABIAYUIEMY CJIEACTBHIO,

{Fdx=lim {],dx.

E n-r oo E
C apyrofi cTOponbl, TpH BCAKOM n Oy1eT f,(x) << F (x), oTkyza
{Fn () dx<< (F (x) dx,

E E
a 3HAuUUT, U B Tpeaese
lim Sfﬂdx< SFdx.

E E

Teopena noxazaua.

Teopema 11. [Ilycme na muomecmse E 3adana  nociedosamens-
HOCMb  USMePUMbIX  HeompuyameavHuix Qyukyul Uy (x), Us(x), ...
Ecau

mo

VF(x) dx=3] §up(x) dx.
E k=1E
n
Js noKasaTenbCTBA JAOCTATOUHO IOJIOKHUTH [, (¥) = Z U, (X) v Opu-
k=1
MERUTb NPEIBIAYLLYI0 TEOPEMY.
Cnencraue. Ecau 6 ycaosuax meopemsl
o)
> Suk(x)dx<+oo,

k=1E
mo noumu 6eade nHa muoxcecniee E 6Gydem
lim u,(x) =0. (6)

kR~
B camoMm nenre, B paccMartpuBaeMoM ciydae ¢ydkuus F(x) cym-
MHpYyeMa H, ctajgo ObITh, [IOYTH Be3fge KoHeuHa. MHaue roeopd, psif
3 uy, (x) cxopuTcst HOYTH Be3le, 4 B TOYKAX CXOJHMOCTH 3TOro psja
BBINTOJIHEHHE (6) OYeBMAHO.
Teopema 12 (Mloanas addumusnocms uwmezpaasa). I[Mycme
usmepumoe muoxcecmeo E  asasemes cymmol KOHeuHOo20 4ucad uau

CHEMHO20 MHOXCECTBA NONAPHO He NePeCeKarUXCA  USMEPUMBIX MHO-
acecms E,

E=YE, (E:E4=0, k#E).
k

135



Jas ecaxol neompuyamesnoli wsmepumoti pynsyuy f(x), sadawn-
Hoti wa mHoxcecmse E, 6ydem

(1) ae =3 § tx)ax
k£

£ R
HoxkasaTeabcTBO. BeegeM dyHkuun u,(x) (=1, 2, .. ),
nosaras
f f(x), ecin xeE,,
() = [ 0, e xe= E-—E,.

Jlerko BHJeTh, uto [(x)= Z Uy (x), a noromy (B CHJY TeOpeMEH 7,
R

€CJIH YHCJO cJaraeMbiX KOHEYHO, H TeopeMbl 1] B MPOTHBHOM ciyuae)

(i dx =) Vu(x) dr. (7)
E

k E

BrluncninM Tenepb HHTErpan Suk (x)dx. Jdna atoro OTMETHM, 4YTO
E

[f(0)]n, ecan xe Ep,
0, et xe E— E,,

[is ()] — {

OTKYyJAa cdjaefyer, 4To
{ [uelvdx={ [flvadx.
E

E
R
YeenmuunBaa N M Tepexofd K Npejeay, Haijaem
{uy dx= { fax,

E E,

410, B CBA3U C (7), H JOKA3LIBAET TEOpeMy.

§ 2. Cymmupyembie QyHKuHH moGoro 3naKa

Teneps Mbl pacrpocTpaHuM onpejenenue HHTerpasna Jleera Ha
HeOTpaHHueHHble (PYHKUUH Moboro 3Haka. Kak mbl yBuauM, 3TO OKa-
3HIBAETCH BOSMOXKHLIM He JJIsi BceX H3MEpPHMbIX (YHKUMIL.

[yets f(x) ecrp usMepumas (YHKUUS, 33]aHHAA HA H3MEPUMOM
mHoxectBe E. Bmegem ¢yuruuu f,(x) u f_(x), nonaras

f(x)‘, ecJH f(x);O. _ 0, ecin  f(x) =0
f+(x)={ 0, ecin  f(x)<<0’ f(x)__{—f(x), ecat  f{x) <O,

D QYHKUMH H3MEPHMbl H HEOTPHUATENbHbLI, TAK YTO CYLLECTBYIOT
o6a nuterpana (/. (x)dx, {f (x)dx.
E E
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Jlerko Bu1eTh, uto f (x) =f. (x) —f- (x). [ToaTomy ecrectBeHHO ycno-
BHThCSl Ha3bIBaTb PAa3HOCTh

{Fo () dx — §F- (x) dx

E E

uHTerpatoM or ¢yHkuuu f(x). ORHAKO «pasHOCTbY 00— (4 o0)
JuieHa cmbicaa. [lostomy cumBod

Sf+ (x)dx—Sf_(x) dx
E E

HMeeT CMBICJ TOTAAa H TOJNBKO TOTAA, KOrja XOTb OfHA H3 QYHKUHH
f+(x) u f_(x) okasbiBaeTcs CyMMHPyeMOH.

Onpenenenne 1. Ecau xoTb ofaHa u3 GyHKHHH f, (x) wan f_(x)
OKa3bIBAETCS CYMMHpyeMOH Ha MHOXecTBe E, To (KoHneyHas uau 6ec-

KOHEYHasi) Pa3HOCThb
Vi () de = {1 () dx

E
HasplBaeTcs unmeepasom Jlebeca om ¢ynxyuu f(x) no mrooucecmsy E
H 0003HA4aeTCHA CHMBOJIOM
{f () dx. (1)
E

Ecnu  usmepumass dynxuust f(x) orpaHudeHa, To obe ¢GyHKUHH
fo(x) u f_(x) TakxKe OKa3bIBAIOTCH OrPAHHYEHHBIMH, a IIOTOMY HOBOE
onpefeseHHe HHTerpasta Adas GyHKUMH f(x) NPHBOAMTCH K AAHHOMY
panee. TouHo Tak e, ecau (XoTa Obl H HEOrpaHHUEHHAs) H3MepH-
Masa yHKUHSA f(x) HeoTpHuartenbHa, TO f. (X)=f(x), f-(x)=0, H Mbl
CHOBA NPHXOAHM K CTapoMy omnpeje/eHHl0 HHTerpana.

JIlna Toro uro6ul uuTerpana (l) cyilecTBoBaa H GbLT KOHedeHW, oue-
BHJHO HEOOXOAUMO M JOCTaTOYHO, 4TOOBI 06e QyHKUHH f, (x) u f_ (x)
Oblid CyMMHDPYEMBL.

Onpenenenne 2. Oyukuns f(x) naspiBaetcss uxmeepupyemory (L)
tau cymmupyemots Ha mroxecmse E, ecan mHTErpas Sf(x) dx cylue-

rC
CTBYET H KOHEUeH.

Besikan u3MepuMasi OrpaHnyeHHas (YHKUHS CyMMHpyeMma; Aas
HEOTpHUATEIbHON (yHKIHH HOBOE Ofpele/eHHe CyMMIIPYEMOCTH PaBHO-
CH/IbHO JaHHOMY paHee.

Kaace Bcex ¢yHKuuil, 3ajaHHBIX H CyMMUPYEMbIX Ha MHOXecTBe E,
ofosHavaerca obwbmuo 4epes L (E). Ecau cMmeweHne uck/aoueno, To
BMecto L (E) muwyT npocto L.

Takum ofpasoM, ¢axkT cyMMiIpyemMocTH QYHKUHH [ (¥) MOXHO
3amnucath Tak: f(x) = L.

Teopema 1. [aa moeo umober uzmepumas yuxyus [(x) Osiaa
cymaupyemoti, Heobxodumo u docmamouro, umobnl cymmupyemod Oviaa
pyurkyus |f(x)|. Ecau 3mo ycaosue eviroanero, o

{7 () dx) = { F ) dx

E E
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HJokasarteabcTbo. Jlerko BHICTDb, 4TO

If ) I =F () +F-()

u, ctano 6ulThb (Teopema 7, § 1),
S fl dx—gﬂdx—}— Sf dx,

OTKVYJa H CJEeNyeT TeopeMa.
OTMeTUM HECKOMBKO OYEBUIHBIX CJAEACTBHIH TEOpPEMEL
Cymmupyemas QYHKUUL NoUmu 8e30e KOHeuHa.
. Ecau mE =0, mo na E cymmupyema ecaxkas ¢ynxyusi f(x)

w [/ dv=0

lll Dynkyus, cymmupyemas Ha muoxcecmee E, cymmupyema u
HQ 6CAKOM €20 USMEepUMOM HOOMHOMCECHSe,

IV. Hyemo ynrkyuu [ (x) u F(x) usmepumsr na mnoxcecmee E u
[f )| =<F (x). Ecau cymmupyena ¢ynuxyus F(x), mo cymmupyema
u f(x).

Ecnu ¢ynknuu f (x) U g(x) 3KBUBAJEHTHbl HA MHOXecTBe E, TO,
OYEBM/O, 3KBHBAJEHTHBl [, (x) H g, (x), a Takxe u f_(x} U g_(x).
Orciona BhITeKaer

Teopema 2. Ilycme pyuxyun [(x) u g(x) sxsusarenmuor, H3
CYUYECMBOBARILA 00HO20 U3 UHME2PAI0s Sf(x) dx u Sg(x) dx caedyem

E

E
cyujecmaosarue Opy2020 U UX PABEHCHIEO.

B yactaoctd, GyHKUMH f(x) U g(x) OAHOBPEMEHHO CYMMHPYEMbI
wii Her. B panenefiiueM Mbl Booflue He OyAeM DpazfinyaTb MEXIY
coGolf 5KBHBAJIEHTHbIE (YHKUHH. TaKoe coraaiuieHue o4yeHb YAOGHO:
HanpuMep, MOXKHO 083 OrOBOPOK CKJIAAbIBATE CYMMHpPyeMble (yHK-
nud. Jemo B ToM, uTO npH o0pasoBaHUH cyMMbl [ (x)--f" (x) Mbl
JBOJDKHBEl HCKJIOYWaTh M3 PACCMOTPEHII Te TOUKH, TJle claraemble NpH-
HHMaloT GecKoHeullble 3HAYEHHWA Pa3sHelX 3HaKoB. YToGBl He nenathb
TAKOr0 HCKJIOYEeHHs, Mbl NMPOCTO OyJeM B 3THX TOYKAX MEHATb 3Ha-
yegue OJHOre M3 CJ1araeMblXx, HOO MHOMKECTBO TaKHX TOUEK HMEET
Mepy HyJb (cnaraemele cymmupyemsl!). Ilpu stom Gespaznnuno, xakoe
claraeMoe H3MeHsIeTCsl M KaKoe HOBOe 3HaueHHe MBI eMy IpHIIH-
1eM, — HOBas CyMMa 3JKBHBAJEHTHA CTapoi.

Teopema 3 (Korneunas addumusrocmes urnmezpaaa). l1ycme
Mroxcecmso E ecme cymma  KOHeUH020 wuUCAQ NORAPHO HE nepecexaro-
WUXCA USMEPUMBLX MHONCECTE

E= Y E, (EEx=0, k£Fk).

k=1

Ecau ¢pynkyus [ (x) cymmupyema Ha raxclom u3 mroxcecms E,, mo
OHA cymmupyema u Ha ux cymme E u

n

gf(x yde= ], { [(x)dx.

k=1E,
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HokasartensbcTtBo. B cuay teopemer 12, § 1 cnpapemiusbi
paBeHCTBa
n 1n

Sfodr=3 (fide  [fde= 3 |,

k:lEk E k-—lEk

npuueM WX TMpaBble (a 3HAYUT U JieBble) uacTH KoHewubl. OcraerTcst
BLIYECTh BTOPOE PABEHCTBO M3 MEPBOTrO.

B ciyyae cueTHOro MHOXECTBA CJaraeMelX H3 CYMMHPYEMOCTH
byHKuMM [(x) Ha KaXKIOM CJIaraeMoM He BBITEKAaeT ee CYMMHPYEMOCTH
Ha UX CyMMe,

[Tpumee. Ilycrb ¢yHwkuus f(x) 3anasa Ha (0, 1] cmenyrowuum
o6pazom

2n+ 1 1
__I 7 npu 2n(n }—1)<X§?’ 193
i(x)ﬂl 2”'_‘_1 (n_' ) “y y"')'
— 1 TpH n+l<x\ 2n (n4-1)
Toraa f(x) cymmupyesMa Ha KamKJOM H3 NOJYCerMeHTOB <n—_1l_1, —H,

1/n
npuueM S f(x) dx=0.
Yin+1
Buecre ¢ Tem Ha cymme ux (0, 1] dynkumna f(x) He cymMmMupyema,
uéo

i o) 1/n 0
S‘f(x) dx=2 S [F(x)! dx—an—_I_l=+oo.
(] n=11/n+41) n=|

OnHAKO HMEIT MeCTO TaKue TeopeMbl O MOJHOH aJHTUBHOCTH
HHTErpand.

Teopema 4. Ecau ynxyus f (x) cy,wmupyema Ha mHoxcecnee £,
npedcmagumMom 8 (PopMe CYUMMBL CHEMHO20 MHOMECIBA NONAPHO He
NEPeCeKArOUiUXCA USMEPUMBLX MHOXCECMB

E= Z Ek (EkEk’:Oy k#k’)v
k=1
mo

[ao]
{70 de= 37 § }(x)dr, @
E k=1 Ek
Teopema 5. Iycms usmepumoe muoxecmeo E  npedcmasumo
8 (hopme CYMMbL CHEMIHOS0 MHONMCECIBA NONAPHO HE NEPECEKAIOUIUXCA
usmepumolx muoxcecns E,. Ecau f(x) cymmupyema Ha kaxdom u3
muoxcecms E, u ecau

o

k=1 Ek
mo f(x) cymmupyema na muomcecmee E u cnpasedauso pasercmiso (2).
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HokaszaTtenbcTBo. B ycnoBusax teopembl 4 umeeM (CM. Teo-
pemy 12, § 1)
fes)

[f. dx= iESMx, {ide= 3 1-d,

k=1 E,

MpHYeM JIeBble (2 3HAYHT M MpaBble) YaCTH STHX PaBEHCTB KOHEUHHI.
Ocraercsl NOWJIEHHO BHIYECTb BTOPOE PABEHCTBO M3 MEPBOTO.
Ecnn semonnennt ycoBusi teopeMsl 5, To (B cuay Teopemut 12, § 1)

fesl

YTide= 3 17 |dx.

k=1 Ek

Orciofa cienyer cymmmpyemocte yHKUnH |f(x)!, a, cTano 6hITh,
i GyHkuuu f(x) Ha MHOxecTBe E, W peno CBOAHTCH K Teopeme 4,
Cnenyer OTMeTHTh, 4TO, KaK BHIHO H3 NPEJLIECTBYIOUIETO MpPH-
Mepa, yCJOBHE TeopeMel D HeJb3s 3aMEHHTb YCJIOBHEM CXOJHMOCTH

paaa
M Sf(x)dx
k=lEk

Teopema 6. Ecau ¢ynxyus f(x) cymmupyema Ha muoxecmse E,
a k — KoHeuHaA nocmOAHHAA, Mo pyHKyua kf (X) makae cymmupyema

Ha E u
Skf(x) de==Fk Sf(x) dx
E E

-

HokasateabcTBo. Teopeva TpHBHAMBHA, ecaur k=0. [lna
k>0, Ha OCHOBaHHH OYeBHAHHIX paBeHCTB (kf). =Fkf., (Rf)_=Fkf_,
TeOpeMa CBOAMTCA K Teopeme 8, § I (uMeHHO, HYXHO [POUHTETPHPO-
BaTb yKa3zaHukle PABEHCTBA U NOWIEHHO BHIYECTh BTOPOE M3 MEPBOro).

UtoGul HecneloBaTh c1yyall OTPHIATENBHOTO £, PacCMOTPHM CHa-
yana GoJlee 4vacTHRI cayua#l, Korla k=—1. Jlerko Buiers, 4To
(—e=f-, (_f—=f+, OTKYJa

§—Ffde= {0 dx— {f (1) de=—{f () dx.
E E E E
HUrtak, MHOKHTEND ) ™
k

(—
HyCTb, HaKoHel,
Torpa

MOXXHO BbLIHOCHTB H3-MOJ 3HAKa KHTEerpana.
€CTb TIPOH3BOJIBHOE OTPHLATENBHOE YHCIIO,

Skfdxz— S}k!fdxz—-'k\ Sfdx=k§fdx
£ E E £
H TeopeMa JOKaszaHa.

Caencteue. Ecau ¢ynxyusn f(x) cymmupyema Ha muoxcecmse E,
Q @ (X) usmepuma U 02SpPaHUHEHQ HA IMOM MHOxMcecmee, mo npousse-
Ocrue ux @ (X)f (x) cymmupyemo na E.

HefictButeabno, aGcoaoTHas BEAUYMHA 3TOTO  NPOU3BENEHHS
(aBastomIeroca, OuYEBHAHO, H3MepuMOfi (PYHKLHEH) He [PEeBOCXOAHT
cymmupyemol ¢yHkuun K |f (x)|, rae K=sup | ¢ (x)
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Teopema 7. Ecau rkaxncdasn us ¢pynryuii f'(x) w [ (x) cymmu-
pyema na mruoxcecmee E, mo cymmupyema u ¢yukyus f(x)=Ff" (x) +
+ [ (x), npusen

VF (0 dx= §F () dx+ | () d. @3
E r £ '

HoxasatennctBo. CysmMupyeMocTh (YHKIHH [ (X) caenyer
u3a Toro, uto |f(x) << |f (x)1+'f (x)|, u Teopempr 7, § 1. Ocraercs
Jlokazate paseHcTBo (3). C 3TOfl Lenblo BBElleM MHOMXecTBa

E\=E({ =0, ["=0) E,=E (' <0, "<<0);

E;=E({'=0, ['<0, [=0; E=E{f =0, [ <0, <0y

Es=E (' <0, ["=0, f=0) Es=E (' <0, ["=0, [<0).

6
Ouepugno, E = Z Ey (ExEw =0, k=£k’); nocraTouHo J0OKa3aTh,
E=1

Sfdx=§f’dx+§f”dx k=12, ..., 6).

£y Ep E,

4qTo

D10 penaeTcs OJMHAKOBO JJist Bcex k. JIns npumepa npoBeieM
paccykaeHue aas k=6. Ilepenucan parenctso f(x)=f" (x)+[" (x)

TaK:
— = x+—F ]

Mbl fo6HBaeMcsl TOro, YTO HAa MHOXecTBe E4 oba cnaraemblx mpaBoit
yacTH HeoTpuuaTeabHbl. [losToMy, B cuay Teopemul 7, § I, Mbl uMeeM

{ (=1 de= {1 dx 4§ (—pax,
Eq E, E,
OTKYAa

{fde=§f de+ ([ dx.

E, E, Eq

Teopema jokasana. Cnepyollias TeopeMa OYeHb BaXKHA.

Teopema 8. ITycms pynxyua f(x) cymmupyema na muoscecmse E.
Beakomy ¢ >0 omseuaem makoe 8 >0, umo 0412 2106020 u3mepumoeo
muoecmea e — E ¢ mepol me <& 6ydem

Sf(x) dx‘ < e,

HdoxasateancrBo. OnHoBpeMeHHO ¢ QyHKHHeH f(x) cymmu-
pyeMa u ee abcomoTHast BenwuuHa |f(x) . Ilostomy, Ha ocHoBaHuH
caMoro onpefie/ieHHsl MHTerpaja OT HeOoTPHLATeNbHOH (QYHKIHH, cyllie-
ctByer Takoe N,, uro

Vif@ide=§0F@ v dr< g

E E
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TMonoxuM 8 = 10 8§ saBasierca UCKOMEIM, JleficTBUTENLHO,

3
m.
dyukuua |f(x) —[if(x) ]v, He oTpuuarenbHa Ha MHOXecTBe E. 3na-
YT, Kakoe Ohl H3MEPHMOE HOAMHOMECTBO ¢ MHOKecTBAa £ HM B3SITD,
Heo0Xx041MO

FUT 0 =16 vt des §UFG) =1 [0 Il dx,

[
OTEYyA2

V17 ar—= 117601, dx < 5,

«
2 e

H, CTano GbiTh,
Virw de< g+ (0P dvdx.

Ho tak kak [|f(x)|]v, << N,, TO

S[if(x)‘r]NodxéNo-me,

H, caepoBarTe/lLHO,
S ()] de<< & + No-me.

Otcrofa sicHO, yTO ApH me << O Oyaer

S |f(x)!dx <€, u Tem Goaee
e
4yT0 H Tpe6oBaNOCh J0KA3aTh.
IokasaHHoe CBOHCTBO HHTerpasia Ha3bIBAETCS ero  abcoaomHoLl
Her pe polBHOCMbIO.

I7 ) dx| <e,

§ 3. lMpeneabHblii mepexox 1oj 3HakOM HHTerpaja

Teopema Jle6era, nokasansas B § 3, ra. V, Jonyckaer ciaeayo-
mee o6obulenye.

Teopema 1 (A. Jle6ez). [1ycmo na mroxcectnge E 3a0ana nocae-
dosameavrocms  usmepumsix  pyurxyutl  fi(x), fo (%), f3(x), ..., xomo-
pas cxodumcs no mepe Kk ¢yuxyuu F(x). Ecau cywecmsyem maxas
cymmupyeman pynkyua @ (x), umo npu ecex n u x

[Fa () [ == D (), (*)
mo

lim Sfﬂ (x) dx= SF(X) dx.

n—»ooE E

Hoxaszatenbctso. [lpexae Bcero 3ameTum, uto ycsioBue (*)
ofecrieyuBaeT CyMMUpPYeMOCTb Kamaolt w3 dyukuuit f,(x). Hanee,
JIerKO BHAETb, YTO TOYTH JJs1 BCEX X GyjeT

| F (%) << @ (x). )]
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Yto6el O6HAPYXKUTE 3TO, JAOCTATOYHO, MNOJAB3YsCh TeopeMoil Pucca,
BLIIEMUTE U3 {f, (¥)} NOAHOC/IELOBATENBHOCTD {f,lk (x)}, CXOAALLYIOCH
K F (x) mouTn Besje, U IEpPEATH K Npeleny B HEpaBeHCTBE

| ()| = D ().

Hamenus, B ciyyae HagoGHOCTH, 3HadeHust GyHKIUH F (x) HA MHO-
JKECTBE Mephl HYJb, MOXKHO JOGHTLCH BBINOJHEHHsI HepasBeHcTBa (1)
B Kaxpuoii Touke MHoxectBa E. M3 (l), B uacTHocTH, BHITEKaeT cyM-
MupyeMocTe GyHKIHU F (X).

BriGepem Temepb mpoussosbHoe 0> (0 U AOMOXKUM

A, (0y=E(f,—F|=o0), B,(o)=E(f,—F, 6 <o).
Torza E=A, (0)+B,(0), A,(0) B,(6)=0, 0 npu n—co
mA, (o) > 0.
3aMeTUB BCE 3TO, MPOBEJEM TAKHE OLEHKH:

(fode— SFde|< \{fa—Frdx= § {fu—Fldc+ | 'fo—Fldx.

E E E A (@) B, (0)

Ho na mnoxectse B, (0) 6yner |f, —F|<C g, oTkyaa

S ‘f!l_F|ngUmBn(G)éo.rrlE.

C npyro#i croponsl, |f, — F|<< 2D (x), Tak uT0

{ n—Flde=2 | O)ax.

An(o) An(o)
ComocTaBisisg BCe cKaszalHOe, MOJydaeM

lgfudx— SFdx

‘ E E

=2 S D (x) dx + omE. (2)

An )

IMyctb, Hakowen, € >0. Puxcupyem croap magoe ¢ >0, 4to
o-mE < g . 3)

3areM, HOJB3YsCh AGCOMOTHOA HENpepLIBHOCTBIO HHTerpana oT
¢yukuun D (x), Haipem Takoe § >0, 4To NIA BCAKOrO H3MEPHMOrO
MHOXecTBa e £ ¢ Mepolt me <C § 6yuer

S@mm<§

e

Ecau n>n, 10 (npun yxe duxcuposauuom o) mA, (0) <§, u,
CTa/o OHITH,

2§®mm<§. 4)
a3l
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Conocrasasia (2), (3) u (4), Mbl BUAWM, YTO NPHU A > r, OKa3bl-
BaeTcs

\ {Fa(x) dx— SF(x)dx‘<a,
E E

YTO W JIOKa3blBaeT Teopemy. -
CaencrBue. B ycaosusx meopemst 6ydem

Jim Jow/a ) de=To 0 F () ds,
E

20e @ (X) 100aa usmMepuMan 0SPAHUYEHHAS (PYHKYUA.
B camom jgeme, ecan |@(x) =<K, To |@(x)f,(x)|<<KOD(x),
¥ ycaoBue (*) Bemosueno. Ocraercs oGHapyXHTb, 4TO

Q) fa(¥) > () F (x).
Ho 310 BBHITEKA2ET H3 TOrO, 4TO

E (ofa—oF |=0) S E(ifa—Fi= g ),

TaK 4TO Haule NpeoXKeHHe J0Ka3aHo.

IMokazaunylo TeopeMy MoxKHO eie Goaee o6o6uiuth. Jlng sTOro
HaMm TOHafo6HTCsT BBECTH OJHO Ba)KHoe monsTue. IlycTb Ha u3Mepu-
MoM MmHOxecTBe E 3anano uesoe cemeiictBo M= {f (x)} cyMMHpyeMbIx
¢yurunit. Ecnum mbl duxcupyem Xakywo-Hubyab u3 3THX GbyHKuUui
fo(x), TO Bas Besakoro € >0 moxHO 6yleT ykasaTh Takoe § >0, uro
cooTHoweHusi e < E, me<C 8§ BIeKyT cOOTHolEHHE

Sfo(x)dx|<e.

Ho 310 8 3aBucut or Bbl6opa GyHKUHH [o(¥) M, BoOGIie rosops,
oanoro obuero 8 ana Bcex ¢yHKUMA cemelicTBa M He cyllecTByer.
10 06CTOATENILCTBO JAeT MOBOJ, YCTAHOBHUTH CJefyIollee

Onpeaenenne. Ilyctb M =/{f(x})} ectp cemelicTBO cymMmupyeMuIx
¢bynkuui, 3ajaHHblXx Ha MHOKectBe E. Ecan Bcakomy e > 0 oTBeuaer
takoe & >0, uto cooTHouieHHA e — E, me < 8§ BNEKYT COOTHOWIEHHE

f(x)dx’<a

aas qo6oft U3 (QyHKUMA CeMelictBa M, TO TOBOPAT, YTO (YHKIIHH
CEeMEHCTBA HMEIOT PABHOCMIENEHHO ADCOAIONHO HeNPePbIsHbIe WHTEr Palbl,

Teopema 2 (A. Bumaau). [Tycms wa usmepusiom muoxcecmee £
300ana  nocaedosamenvrocme  cymmupyemvix  gynxyud  fi (x), [, (x),
fa(x), ..., cxo0awasca no mepe Kk ¢ynuxyuu F(x). Ecau gyukyuu
nocaedosamensrocmu  {f, (x)} umeiom pasrocmenenno abcosomuo He-
npepuigrbie unmeepasst, mo F(x) cymmupyema u

]lm Sf,, (x) dx = SF(x) dx.
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IlokasaTeabCTBO. [Ipekie BCero HYXKHO y6eIUTbCA B TOM,
4To U NpejenbHas GyHKUMA F (x) cymMupyeMa Ha MHoXecrse E. [lna
3TOrO BHIGEpeM NpoH3BobHOe &>>0 W Haijem Takoe § >0, uro npu
me << 0 Oyner

an(x)dx <5 (r=1,2,3,..).

e

Iycte e Kakoe-1n6o H3MepHMoe MHOXKecTBO (e < E) ¢ Mepoii
me <. 8. Toraa, nonaras e.=e(f,=0), e_=e(f,<<0), mul Bynem
nMeTh me, << 68, me_ <8 H, ctaso ObiTb,

{17l dx= \ Fadx| <, VAL

4 ey -

OTKYJa

\Faar|< 5.

e

{17 () de <. )

e

Vnauye rosops, ¢yHKuHH |f,(x)| Takke HMEHOT!) paBHOCTENEHHO
a6CcoIIOTHO HeNpephiBHBIE HHTErPalibl.

Ecau noctpouts (o Teopeme Pucca) mnoamnoc/aeloBaTte/lbHOCTD
[, (x)}, cxousmytocs K F(x) mourH Besne H HanucaTb HepaBeHCTBA

(5) ana fn, (x), To Teopema Pary u3 § | 1O3BOJISET YTBEDIKAATb, YTO
{IF(x))dx<e, (6)

e

Tak yto F (x) cymMmHpyeMa Ha MHOXKeCTBe €. 3Jech e O3HauaeT Jo6oe
noaMHoxectBo E ¢ mepoit << 8. Orcrona sicho, uto F(x) cymmupyema
H Ha HCXOOHOM MHOxectBe E, u60 €ro MOXHO pa3/OMHThb Ha KOHed-
HOE YHCJO yacTed ¢ mepoil << 8.

Tenmepb MOXKHO NPUCTYNHThL K JOKa3aTelbCTBY [J1aBHOTO YTBEp:K-
JeHust TeopeMbl. BribpaB o >0 W nNoJOXKHB, KaK H BhILLE,

Ap(@)=E(fn—F[=0), B.(0)=E(f.—F|<0),
Mbl CHOBA MOJYYHM OLEHKY

andx—SFdx|< { 1fa—F|dx+omE,
E E An(a)

OTclona

'le,,dx—SFdxlé { Ifaldx+ § |Fldc+omE. (7)
E E A ()

A,

IMyctb €>0 U ¢ GUKCHPOBAHO CTOIbL Ma/jbiM, UTo omE << €/3.

1) Yuraremo pekoMeHfyeTca o6paTHTb BHHMaHHe HA TO, YTO HaMH IIONYTHO
LOKa3aHO HaJHYHe paBHOCTeNeHHO a6COMOTHO HempephIBHBIX HHTETPAJOB Y CeMeil-
cTBA MoOyaed |f,(x)| NpH eXMHCTBEHHOM YCJOBMM, 4TO CaMM QYHKLUH [, (x)
HMEIOT TaKHe MHTerpaJbl.
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Kak ™Mbl BUZeanW B Haua/je JoxKa3aTelbCTRa, BCIKOMY & >0 orge-
yaer Takoe 60, uyro xaxk ToapKo ¢ — E, me <8, 1aK cefivac xe

[eM. (B) u (6)]
S\fn\dx<§, S‘F]dx<§—.

Ho pna n>n, 6yner mA, {(g) <6, Tak uto (7) NpPHHUMAeT BHJ,
andx~SFdx,<a,
E E

1 TeopeMa MOKAa3aHa.
CaexctBue. B ycaouax meopemot Oydem

lim § ¢ () f () dx = @ (1) F (x) dx,

n--w g E

2de ¢ (x) ecrmy 4006a8 USMEPUMAS 02PAHUYEHHAL GYHKUULL.
B camom Jese, ecin ¢ (x) | << K, To

{0 () fa0) de| = K {1 (0] dx,

Tak yro QYHKUHH @ (x) [, (X) TaxKe HMEIOT PABHOCTENEHHO aBCOIOTHO
HeNpepBIBHBIE HHTEr pasibl.

Oxa3spiBaetes, 4To 3TO cJefcTBHe obpatumo. Yrtofbl ycTaHOBHTL 3TO 06CTOS-
TeJLCT30, HaM MOHAROGHTCS BaXKHas M cama no cebe

Teopema 3 (A. Jlebez). Ilycme wa usmepumom muoxecmse E 3adana  nocae-
dogameasroctite  cymmupyemoix pyusqult {f, (x)}. Ecau 0aa ecanoeo usmepumoeo
nodwytioncecmsa ¢ Muomecmsa E oxasvieaenica

lim Sf,, (x) dx =0, 8

n—w,

no gynkyuu [, (x) wseom pasnochienenno abCOMOMAO HENpepolBHbe UHMEZPALbL

JdokaszareancTBO Jlomycrum, 4yTo 1eopeMa HeBepHA. ITO 3HAYHT, YTO
CYHIECTBYET YHCA0 £, > 0, o6najaiomee cAeAyOWUM CBOCTEOM: A/d Beskoro § > 0
MOXHO HAUTH H3MepHMoe MHOXecTBO ¢ < E c Mepoll m. < § n uHaekc n Takue,

yTO0
VFa (0 dx | = ©)
e
3ameruB 310, PpuKcHpyem Kaxoe nubyab § >0 u paccmorpum nepsee N dyuxuuii
nocsepoBareabHocT: f, (1), f, (), ooy [y (x). lna xawpoli u3 ¢y HKuui [ )
Hafijjerca Takoe 8 > 0, 4ro Kak ToawKo me << 8 (¢ < E), Tak celiuac e
\ e () dxl < & (10)
e
OGosznaunm uepes 6* naumenswee u3 yucen 8, &, 8,, ..., 8,. [lo ckasau-

HOMY BHIUE, Aas 0% HauayTcst MHO¥ecTBO ¢ < L ¢ mepoll me <C 8* m uugexc n,
LNs KOTOPHX BonosiHeHo HepaBenciBo (9). C apyroil croponsl, me << 8, (k=1,
2, ..., N), Tax uto gas k=1, 2, , N Buinosmsercsa (10) u, crano Guite, n> N.

Takum o6pazoMm, yHCAO &, o6/ajaer CJAEAYIOUMM CBOHCTBOM® KaKOBHl OBl HU
6ot gucna 0>>0 W N, HAMIYICSL H3IVIEDHMOE MHOLECTBO ¢ - L W MHieKe n,
LS. KOTOpBIX

n>N, me<§, \S}n(x)dx\;eo.
e
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YcTaHoBuB 410, (UKCHpIeM KaKoe-nuOyIh MHOKECTBO o) < [ W HHIEKC ny,
JIST KOTOPBIX

‘\' i mdv\ =t

tt

Onupasice Ha aGCOMIOTHYIO HENpephIBHOCTE HHTErpasna oT QYHKUHH fn1 (x),
noabepem Takoe 8; >0, yToBH A/MA BCeX MHOKeCTB ¢ < £ ¢ Mepoil me << §; 6kio

an, () dx | <7,

e

Cnenas 310, HaiileM Takue MHOXECTBO &, << £ U HMHIEGKC My, YTO

)
fy > 1y, mey, << 3

9 anz(x)dx }’EU'

€y
nocne wero noaGepeM takoe 8y > 0, uToGk M3 me <C 8, (e < E) BhITeKaJo

€
S [, @) dx| < 4°
e
Herpyauo nouars, yro §, << &/2.
[ponesap ckasaHmuoe, HAXOAUM MHOXECTBO €3  E M HHIEKC ng, A4Js KOTOPAIX

6, ‘
ng > Ny, meg < Q- , g /]la (x)dx| =g,

€3
nocae uvero mojgbupaem Taxkoe 83 >0, utofnl u3 me << O3 (e = L) BrITekano

S f”J (x) dx | <<

e

€g
4-

OueBngno, 8§; << 8,/2.

ITpogoikag 3TOT npoLECC, Mbl NOCTPOUM TPH MOCAEAOBATENLHOCTH: H3MEDH-
MHIX MHOMECTB ¢, < E, CTPOro BO3pacTAWUHNX HHIEKCOB A, M yucen 8, >0
TAaKOrO POAd, 4TO

1)

§ fa, () dx| = ey
E‘k k
2) mep 41 < 6;‘,/2,

3) ecnn e E M me << G, TO
&
ank(x)dx < f.

e

M3 stux cpoitcts crepyer, uto 8, << 64/2, a moromy

) 8 8
M1 teraatepast )< g 4 g R L <8
Crano Ghits,
€0
P, () dx | <, .
ek(ek+1+ek+2+"')
BBEIleM B paccMOTpeHHe HOBBIE MHOXK€CTBa
Ap=ep—(ep 1teriat-.).
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$lcHo, uto
3
S fn,, (9 dx | = €0 (11)

Ap

BumecTe ¢ TeM (UTO M SIBASETCS UENbIO BBEACHHS MHOKecTB A, M UTO OTJH-
4aeT MX OT MHOXKECTB €,) MHOXecTBa Ay, NOnapHo He nepecekarmcA.
3ametum etle, uTo A, C €, U NOTOMY

m(Ay 1+ Aprie+Ap a+...) < 8. (12

Teneph yXe  HeTPyJAHO 3aKOHYMTb JOKa3aTeNbCTBO Teopemhl, HMMmerno,
nonoxuM ky=1 u 0003HauuM yepes k, Kakoid-HHOYAb H3 HHAEKCOB m > 1, aas
KOTOpHIX

g
< 2.

S f"m (x) dx 4

Ap,

CyuecTBOBaHHE TAKUX HHIEKCOB m BbiTeKaeT u3 ycaoBHst (8). Crenas sto, ofio-
3HAYHM Yepe3 k; KakOH-HUOYJAb H3 MHAEKCOB m > ks, MJs1 KOTOPBIX

€g
x) dx .
fnm()d <3
Ap,+ Ap,
Tlposomkaa 3TOT mpomecc, Mbi TNOJMYYHM CTPOTO BO3pAacTAKULYI0 NOC/eAoBa-
TENIBHOCTD Ry < Ry <C k3 << ..., TaKoro poja, uTo
€o
f"". (x) dx | << i (13)
Ay +.44,
1 i1
C 3THM HeDaBEeHCTBOM ClelyeT COMOCTaBHTh HEPABEHCTRO
3
S fn, ®)dx | = &, (14)
1
Ak

i
ABAAIOLIEECA YACTHEIM cayyaem (11).
Hakonen, B cuay (12)

m (Aki+1+Aki+z+Aki+s+”') =m (Aki+1+Aki+2+"') < Ski

H, Crajo OHITh,

o, wal< )
A A L
ki+1+ ki+2+
TNonoxum Q=Ak1+Ak,+Ak,+"' Torpaa
§In, () de= { fn, () dx+ } fn,, () dx +
Q T Ak1+"'+Aki_1 i ki i
+ /§ In, (%) dx,
ki+1+ ki+z+"' !

OTKyaa, B cBaAsH ¢ (13), (14) r (15), caeayer, uro

§ ny 0
Q i
a 370 NMpOTHBOpeuHT ye/oBHI (8). Teopema jokasaHa.
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Heckonbko caoxiubifi cnoco6l) Roka3aTesbCTBa 5TOR TEOPEMBI NPHMEHACTCS,
OJIHAKO, BeCbMa YacTO, YHTaTesl0 CaepyeT TUIATEJAbHO pasofpars, H3MOKEHHOR
paccyxjeHHe,

Caencteue 1. [Iycmo na usmepumom mroxcecmse E 3adanst nocazdosamenvrociie
cymmupyemorx gynxyud {f, ()} u cymmupyeman pynxyus F (x). Ecau das awboco
uamepumoeo muoxwcecmsa e < E oxasetsaemca

hm { £ (0 dx={F (x) dx, (16)

n—w, e

mo pyuxyuu f, (x) umerom pasrocmencrno aOCOMOMHO HenpepolBKbie UHINEZPAAbL,
B camom gene, no teopeme 3, pazuocTtd f, () —F (¥) UMET paBHOCTENEHHO
a6CcOMOTHBIE MHTErPankl, @ TOI1a Haule yTBePKACHHE CAEIYET M3 HepaBeHCTBA

Vin @ x| < | {10 )= F @} ds |+ § F(9) dx

e 4 3

=

Cnepcteue 2. [Tycme na usmepumon muoxcecmse E 3a0ansi nocaedosarmensHocme
cymnupyesoix  pyuryuil fo (x) u cymmupyemas yuryua F (x). Ecau 0aa awobod
uaMepumol oepanuternod ynkyuu @ (x) 6ydem

lim §(0) n () de= {p (x) F (x) dx,
= g E

mo ynkyu f, (x) umerom pagrocmenenHo abCoAOMHO HENPEPLIBHbIE UHME2PaAbL,

B camom jgene, 3a yHRIHH ¢ (x) MOXKNO, B YACTHOCTH, BLIGHDAThL XapaKTepHc-
THYeCKHE (QYHKUHH pPa3jHuYHblX H3MCPHMBIX NOAMHOXKeCTB E, a Torga JAesio CRo-
QUTCA K caefcTBrio 1. DiuM M onpaBiaHo Hallle 3aMeuanHe o6 OGpaTHMOCTH CJel-
CTBHS Teopembt 2

M3 Bcero cka3aHHOTO Mbl MOJyuYaeM CJELYIOUHA pe3yJbTar.

Teopema 4 (A. Bumaau). Ilycmo wno usmepumom muoxcecmse E 3adama
nocaedogumensrocms  cymmupyemolx  pynxyut {f, (x)}, cxodawasca no mepe k cym-
mupyemod Pynkyuw F(x). Jas mozo umober pasercmgo (16) umero mecmo Gas 8cs-
K020 uzMepumozo muoxcecnea ¢ < E, neobxo0umo u docmamoino, wmobs pynkyuu
fn (x) umeau pasrocmenenno aBCOAOMAO HENPEPBIBHbIE URMEZPAIBL.

Crnenyer 3aMeTHTb, 410 YCJIOBHE DaBHOCTENEHHON aGCOMIOTHOH HempephIBHOCTH
uHTerpanoB GyHKUHH f, (¥) CTaHOBUTCS HeOGXOAMMBIM TOJIBKO TpH TpeGOBaHHH,
yToGbLl MpejeqbHbIH NEpeXoj MOXHO GBI OCYUIECTBHTHL O] 3HAKOM HHTerpaJa,
PacnpoCTPaHEHHOTO Ha .Ar0f0e H3MepHMoe NMOJMHOKECTBO MHOKeCTBa £. M3 opnoro
e COOTHOUIEHHS

lim LSf,, (x) dx=E§F (x) dx

n—oo

paBHOCTeNeHHOR a6COMIOTHON HeNPEpLIBHOCTH YMOMAHYTHIX MHTErpasoB HE BhITe-
kaer. IlycTs, HampHmep, GYHKUME [, (x) 3agauer HA [0, 1] caepylomum o6pasoM:
fn(@=0mn

1
n TpH 0<xs—n,
Ja(®)=1—n npn ~1—<x<i
n - P an =nt

0 npu —il—<xél.

SIcHO, YTO MOCTEKOBATEBHOCTD STHX QYHKUMA CTPEMHTCA K HyJIO H

lim
n—ow 0

fn (x) dx=0.

ey

1) TlpeacraBnseTcsi yMeCTHhIM Ha3LBaTb €ro «CrocoGOM CKOJIBSAILEro ropGay,
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Bumecre ¢ Tem
1/2n

\ o ax—,
0

¥ paBHOCTeNEHHOH aGCOMOTHOH HempephIBHOCTH HET.

UutepecHo, uto ansg QyHKLHH, COXPAHAIOWUX 3HAK, 1eJso OOGCTOMT MpOlle
Hmenno, Mmeer MecTo

Teopexsia 8. Mycms wa usmepusorn muoxecmse £ 3a0and nocicdogomerbrocnts
HEOMPULAMEAbHBX  Cymmupyemolx  pynkyud {f, (x)}, cxodswasnca no mepe K GyHx-
yuu F(x). Ecau donyemum npedeasrsili nepexod N00 3HAKOM UHME2Pard, pactipo-
CINDAHEHHO20 HA ece MHOMecmso E, mo donycmum markxe u npedeasHolli nepexod
n00 3HAKOM UHME2PAAd, PACHPOCHPAHEHR020 HA A000e U3MEPUMOE NODMHONCECITEO )
e mHomecmaa E. .

Jra Teopema 6e3 Tpyxa BbiBOgUTCA H3 TeopeMuol Pary?) [rn 6, § 1]. B camom
nene, JONYCTHM, 4TO Teopeva HeBepHa. Torga HaMjeTCsl HM3MEPHMOE MHOKECTBO
A c E, 1218 KOTOPOro paBeHCTBO

tim {fa (0 dx={ F () dx
n—>oo 4 A

He BuinoausieTcd. Ho rtorga maiigerca Takce uncao ¢ >0, uTo GeCKOHeHHOE MHO-
eCTBO HHTETPasoB Sf,l (x) dx nmexuT BHE MHTepBaJa
A

< ngx—Qo, ngx+20>
A A :

Ecan 6bl cymecTsoBano OeCKOUCYHOC MHOXKECTBO HHTErpasos an (%) dx,
A A
MeHBLINX, YeM \F(x) dx-—20, To MOXHO OBIIO Obl, IEpEHAsT K YACTHYHOH MocJe-
A

HOBATeJIbHOCTH, CYHTATb, UYTO HEPABEHCTBO

[faar< (F(yde—2
A A

HMeeT MeCTO A/ BCeX n, a 3TO Cpa3y mnpHBeno Obl K NPOTHBOPEYHIO C yIOMAHY-
Toii TeopeMoil ®ary. Takum ofpaszoM, I1i GeCKOHEYHOTO MHOXKECTBA 3HAHEHHM £
6yzer

jfn (x) dx;jl:(x) dx 20, (7

H MOXKHO CYHTaTh, Y4TO 3TO TaK I/A Bcex n. Ho Tak Kak noj 3HAKOM HHTerpasna,
pacrpoCTPaHEHHOTO Ha BCe MHOXECIBO £, HpefefbHbI NMEepexof Mo YCJIOBHIO Jomy-
CTHM, TO AN JOCTAaTOUHO COMbLIKX 7 OKaKeTCs

‘éf,, (x) dx—\ F (x) dx| <o,
E

OTKyJa, CHOBa Mepexofd K 4YacTHUHOi 110C/]eJ0oBaTebHOCTH, INOJNYYHM, YTO IDH
Bcex n Gyner

an (x) dx < S F (x) dx 0.
E E

1) IMpenplpyminii npumep TOKa3slBaeT, yro Ge3 ycjaosua [, (x) =0 Teopema
HeBepHa.

2) TouHee, M3 TOACTPOUHOrO MPHUMEHAHMS K 3TON TEOpeMe.
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Botunrass otcioga HepaBeHcTBO (17) W BBogsd MHOmeCcTBo B=FE — A, Haxonum
{Fa () de <<\ T (1) dx —o,
B B

4TO NPHBOAHT K TPOTHBOpEUHd C Teopemoii dary.

M3 sTofl Teopevbl BhiTekaeT

Teopema 6 (I M. Puxmereoavy). [lycms Ha usmepumom mHoxecmg? E
sadana nociedogaine wrocms  cyMmupyemorx  dyrxyuii {f, (¥)}, cxodaujaica no sepe
K cymmupyemod gyuryuu F (x). Coomuouterue

hm \ fu ) de= {1 F (x)|dx (18)
E E

n—co

neobxodumo w OQocmamoino 0aa moeo, umobst pasencmso (16) umeao mecmo daa
6CAKO20 UIMEPUMOZ0 MHONecmsa e  E.

HefictBurenpio, ecan (18) BhiMoAHEHO, TO B CUJY TEOPEMHl 5 B 3TOM COOTHO-
IIEHMH MOMHO S8aMEHHMTb MHOXKeCTBO £ J100bIM H3MEPHMEIM MHOXXEeCTBOM & C £.
Ho rtorpa ¢ymxuun | f, (x) , a 3HauuT 1 GyHKUMU f, (x), UMEOT paBHOCTENEHHO
a6COJMIIOTHO 1leNPEPLIBHLIE HHTErpajbl, OTKYAa H cjeiyeT BhulnosdHenuc (16) nus Bsed-
KOro namepumoro e C £,

O6patno, ecnu paBencTBo (16) MMeeT MeCTO 7R BCSIKOTO H3MEPHMOrO MHO-
XectBa ¢ — L, To GyHKuUH f, (¥) HMEIOT paBHOCTeNEHHO a6COJIOTHO HENpepHIBHLIE
unrerpaasl. Ho Ttorna (cm. cuocky Ha crp. 169) m moxyau | f, (X) | MMEIOT TakHe xe
HHTEIpa/bl, M OCTaeTcsl MPHMEHUTb TEOPEMY 2 K 3THM MOAYJAM.

B 3akmioueHHe OCTAHOBHMCA Ha Tpl3HaKe, ¢ TMOMOILBIO KOTOPOTO MOKHO ycTa-
HaBJIMBATh DABHOCTENEHHYIO a0COMMOTHYIO HENpPepLIBHOCTb HHTETPaJoB.

Teopema 7 (LU.-IH. Barnre-Myccen). [Mycio Ha usmepumos muoxcecrnse £
3a0ano cemedcmso usmepumsix pynxyud M ={f (x)}. Ecau cyuwecmeyem noaoxcumens-
naa sozpacmarowjas  pynxyus O (u), 3adannas ora u =0 u cmpemawjaicad K oo
smccme ¢ u, 018 Komopod

V10 (76 )<,

20e [ (x) wobas ¢ynxyus uz M, 2 A koneunaa nocmosinwas, om esibopa f(x)
He sagucsuyaa, mo Pynxyuu f(x) cymmupyemor na E, a unmeepaisi ux pasnocme-
NEHHO aBCOMOIMHO HERPEPbIGHEL.

B mnosicuenne yenoBuil TeopeMbl, 3ameTHM, uto cynepnosunns @ (| f (x) ) moHo-
Tonno# ¢yuknud @ (u) n usmepumol Gpynxnun | f(x) | ecTb QyHKUHA U3MepHMaZ, )
Mepexoast k poxasateascTBy, Bo3bMeM &> 0. Emy oTevaer Takoe K, yto

A - €
D (K) 2°
3akpenns sto K, paccmMoTpnM Kakoe-EMOYAb HaMepHMoe MuoxecTBo e < E. Ilycts

f(x) ectb nodasn dyrkuusa ua M. HonoxknM eg=c ( f (x) | > K), ea=e (| f (¥} | < K).
Torna \

(170, dv=§1f(0) det
+S»f(") d«fﬁm—zﬁglf(x)|-®<sf<x);)dx+8|f<x)\dx,
Orcioga ) !

g [f(x) |dx$a)—/(4l-€)— 4K« me, <-§—+K1ne.

¢
e

1) B camoM jede, ecan a =0, to E (@ (u) > a) ecTs Hutepsan Buga (b, +oo)
123
uny [b, + oo). ostomy E (O (f) > a)=E (f > b) unu E (f =0).
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OruM yxKe f0Ka3aHa cyMMupyeMocTb f(x). Kpome Toro, mosoxus 8= nony-

_&
2K
yuM, 4TO OpH me << § 6ypmer

§17 (9] dx <e.

e

Teopema norasana. U3 uee, Hanpumep, BhiTeKaer, uyto, ecau aaa yuxuuit f(x)
cemeiictBa M Gyger

; f2 (x) dx < A,
TO 3TH (QYHKIMHA HMEOT PaBHOCTENCHHO AGCO/MIOTHO HENpephIBHEIE HHTErpaJbl.
YIPAKHEHHA K [VIABAM V u VI
1. Ecnu f, (x) =0 n ‘ fn (%) dx—0, 10 f, (x) = 0, Ho He 06A3aTeNbHO f, (x)
E

Gyner cTpemutbea K O noutu me3fe.

| Fn
. 1 =4, fﬂ- ,
E
3. Ecan a, — 0, TO cylecTByeT MOCAEAOBATE]LHOCTL HEOTPHUATEABHEIX H3Me-
[e]

2. CooTHoIIeHHE dx — 0 paBHOCHJILHO TOMY, 4TO f, (x) == 0,

pumbiX GYHKIOHA 4, (¥), Takad, 4TO Z Oy \‘u,, (x) dx <<-+o0o, HO HH B OfHOH
n=1 E -
Touke E ¢yuxuuu u, (x) He crpemarca x 0.

4. Ecan nuterpan \ ¢ (x) f (x) dx cymectsyeT npu JoGolt cyMmupyeMoll ¢ynk-
E

nud [ (x), T0 QyHKIHA @ (x) orpanHyena noytu Beage (JleGer).
5. Tlycts Ha MHOxecTBe E 3ajaHa H3MepuMas KoHeyHaa (QyHKHUS [ (x).
BoabMmeM psap uucen

Yoa Yoa Yo, Yoo Y1, Yo Y oo Y+, Y p>—0, 0<TYpy—yp <)
U nonomiM cp=E (§p << f << Ypya). A7 cymMupyeMocTH ¢yHKUHH [ (x) HeoOxo- ~
[ee]

AUMa M JOCTAaTOYHA A6COMOTHAA CXORUMOCTB PAZA 3|  YuMmiey.
k=—c

6. Ecan B ycaoBHIX ynpaxHenust 5 paj Z Ypmey, aGCOMOTHO CXOLHTCH, TO
npn A—»0 ero cymma CrpeMuTcs X Sf(x) dx.
E

7. Tlpenen paBHOMEpBO CXOAAUleHCS MOCAENOBATENLHOCTH (YHKUHHA, HHTErpH-
pyeMbix (R), ecTh ¢yHKIHA, uHTerpupyemas (R).

8. XapakTepHcTHyeckaf (YHKOHA KaHTODUBA COBEepPIUEHHOIO MHOXecTBa P,
HHTerpupyemMa (R).

9. Ecan f(x) papHa O B ToyxkaX KaHTOpPOBA MHOMXeCTBa Py H paml-la # Ha Tex

IOMOJIHUTENbHBIX K Py MHTepBasaxX, JJHH4 KOTOpHIX paBHa 377, TO Sf (x) dx=3
0

(E. Turumapuw).
10. Yro6rl #amepuMass H ReaTpuuarennHas f(r) (@<<x=<b) 6uno cymmupye-

MOl, Heo6XOAMMO M JOCTAaTOYHO, YTOGH! OBLIO E mE (f == n) < +co  (Opbex).
1. Tlycrs f(x) =0 usmepuMa ¢ysxuud, a {f (x)}, dyuxuua, pasuas f(x)
umu 0, cmoTpsa 1o TtoMy —Gyjaer au f(x) =< N, wan f(x) > N. Ecau | (x) noutn

Be3ne KOHeYHa, TO
nm § {7 @)}y de={7 (9 dx.
N—owg L

¥Ycnosre, yto f(x) MOYTH Be3je KOHEYHa, OTOPOCHTL Hesb3sl,
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12, Tlycrs f(x) ¥ g(x) ABe HeOTpHUATEILHBbIE HU3MepHMble (QYHKINH, 3ajaHHbIE
na muoxecrse £, Ecan £, =L (g __ y), 10

—+ @
\i)g () dc= | @) ady,
E 0

rie @ (y)=ES f(x) dx (d. K. ®agxnees).

5
13. I'chni Ha [0, 1] pacnoJioxensl n U3MepUMBIX MHOMecTB £, Es, ..., E,.
Ecnu kaxpas w3 touek [0, 1] npuHanfexuT no xpadHel Mepe ¢ H3 3THX MHO-
AecTB, TO XOTh OQHO M3 HHX HMeeT mepy ==g¢/n (JI. B. Kanropopuu),
14. Tlycte na [a, b] 3agana cymmupyemas dyukuua f(x). Ilycrs, pajee,
@ ecTh NOCTOsiHHOE YHCN0, O < < b—a. Ecau 18 Kaxporo MHOXeCTBa e Mephl

o Gyger S] {x) dx=0, 10 f (x) ~0 (M. K. I'apypun).

15. Heyc;b [l(x) cymmngyema Ha [a, f] n pasHa O BHe [a, b]. Ecmm
9= o S F () dt, 10 S o) de< S |} ()| dx (A. H. Koamoropos).

16. l'ch)fr;hHa [a, b] 3:Aaﬂa CYMMprgMaS{ ¢dyukuua f (x). Ecau npu moGom
c(a<<c=<b) 6yger §f () de=0, 1o | (x) ~0.

a
17. Tlycte Ha [a, b] 3a;mana CTPOrO NOJIOXKHTEJbHAs CyMMHpyeMmas QyHKIUA
f(x). Hyctb 0 <<g=tb—a n S ecTb MHONECTBO TAKMX HM3MEPHMBIX IORMHOXKECTB
e — [a, b}, y KoropuiX me == q. Ilokasars, uro

elenfs {5 f (%) dx} >0,

18. Ilyecte M =1{f(x)} cemeiictBo ¢yuruui, cymmupyemux Ha [a, b]. Ecau
GyHKUHH CeMEHCTBA HMEKT paBHOCTENEHHO alCOMIOTHO HelpephlBHBIE HHTErpassi,
TO CyLleCTByeT BO3pacTalollas noaokHuTeabHas dyHknus O (u), 3afgaHHAS [pH
0‘>u<—};oo, CTpeMsuiadcs K --co BMeCTe C i H Takad, 4TO AJA BcexX | (Xj H3

M OGyger S [F) |- D(F(x))de=<<A<C}co, rRe mnocrossHHas A He 3aBHCHT
a

ot eui6opa f(x) (Basne-Ilyccen).
19. Ecau f (x) cymmupyema Ha [a, b], Tobzmﬂ moboro € > 0 cviecTByeT Takas

HenpepuBHaA Ha [a, 0] dynkmusa ¢ (x), uto S[f(x)—cp(x) | dx <&,

20. Ecan f(x) cymmupyema Ha [a, b+6t]z >0, 10
b
lim OS (e h)-~f (x) | de=0.

-t

21. Tlycte Ha [a, b] 3agana usamepuman ¢yuxuusa f (x) > 0. CooTHoweHue
b b
VU )] dx—=\[f ()], dx— 0
a n—soo

a

a n-mE (f>n)—>0 passocuasnp (I0. C. Ouan).
22, llycte mBa [a@, b] 3agaHbl jape u3MepuMbie ¢yHKOnu f(x) >0 H
b

g(x) >0. Ecau cymecrsyer XoHeyHwH mnpefgen lim S{[f )] —[g ®)]a} dx, n
L= o a

n-mE(f>n -0, To n-mE(g>n)—0 (I0. C. Oyan).



ri74BA VI
b YHKLUHH, CYMMHPYEMBIE C KBAIIPATOM

§ 1. OcnoBHubie onpepenciua. Hepaeenctsa. Hopma

B 3Toit ryiaBe MBI pacCMOTPHM BeChbMa BAaXHBIA KJace QyHKUMHE —
(yHKUMA ¢ CcyMMHpyeMBIM KBafipaTov. 14 MpOCTOTal Mbl OyIeM
npeAnoJiaratb, 4ro BCe (QVHKLUMH, O KOTOPbLIX HAET peub, 33jaHbl
Ha HEKOTOpoM cermente E =[a, b].

Cnyuafi, korga (yHKLUHH ONIpeJejeHbl Ha IPOH3BOJBLHOM H3MEpH-
MOM MHOxecTBe Eo E =@, b], Mo¥eT ObiTb CBeHeH K YKa3aHHOMY
BhIille, €CJH KaxkKIAylo paccMaTpHBaeMylo (VHKLHIO JAOONpeAe/HTb,
noJsiaras ee paBHOM HYJIO B Toykax MHOxectBa E — E.

Onpepenenne. Mamepumas ¢yukiwsa f(x) HaswiBaeTcsi pyukyueti
C Cymmupyemvim Keaopamom, WIH Gynxyued, cymmupyemol c xksadpa-
Mom, ecau

b
72 () de <40
a
MnoxecTBo BCeX (yHKUHA C CyMMHpYeMbIM KBajapartom o603Ha-
yaercs OOBLIUHO!) cHMBOMOM L.
Teopema 1. Bceaxkas ¢pynxyus, cymmupyemas ¢ h6a0pamom, Cym-
mupyema, T. e, Ly L
Jra TeopeMa BHITCKAeT U3 OYEBHAHOIO HEPaBEeHCTBA

< EEO

ToyHo TakK ke H3 HepapeHCTBa

10 g (0| < EOTLL

BBITEKaeT

Teopema 2. Ilpoussederue 08yx ynxyudl, cymmupyemoix ¢ kead-
pamom, ecims (QYHKLUA CYyMmupyemas.

Orcioga, B cuay toxpaectBa (f = g)>=f2 2= 2fg 4 g%, cneayer

Teopema 3. Cymma u pasnocme pyakyud, exodauux 6 Ly, sxo-
dam 6 L,.

1) MHorpa, uto0bl yKasaTh, O KakoM OTpe3ke [a, O] uaer peus, Nuuwyt
Ly ([a, b]).
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HaxoHnelt, oTMeTHM BNIOJIHE OYEBHAHOE OGCTOATENBCTBO, YTO OJHO-
BpemeHHo ¢ f(x) B L, BxoaaT u Bce (yHKUMH Buaa Af(x), rie &
KOHeYHaf TOCTOSHHASA.

Teopema 4 (Hepasencmso bynarkoscxko2o). Ecau [(x) =L,
ugx)yeLl, mo

b 2 b b
[Sﬂx)g(x) dx} <[§ 2 <x)‘dx]-[§g2 (x) dx]. (1)

2
JoxkasaTeabcTBO. PaccMOTpHM KBajpaTHBIH TpexuseH
P (u)=Au?+2Bu—+C,
Koa(munents Kotoporo A, B, C BewecTeennsl 1 A > 0. Ecau srot
TpexuJeH HeOoTpHLaTeseH NpPH BreX BeLleCTBeHHbIX 3HAUYeHHAX U, TO
B*< AC. (2
HeficTBuTesbHO, ecau Obl 370 OblIO He TaK, TO 0Ka3aJock Obl,
4To

B 1
1p<— J = (AC—BY) <.

3aMeTHB 3TO, IOJIOXKHM
b b b b
Yy ={1uf () +g@Pde=u?{[*de+2ul fgdr | g2 dx.
a a a a
3TOT TpexuseH HEOTPUILATENeH I MOTOMY JUISi HEro BBUIOAHSAETCH

ycaoBhe (2), 4TO paBHOCHJBHG TeopeMme. )
Caepctiue. Ecau f(x)= L,, mo

b -
S\f(X)de\:l/b_—E-‘/sz(X)dx. (3)

Hefictutenbro, nosarasa B (1) g(x)=1 u 3avenas f(x) na |f(x)|,
MBI TIOJy4aeM (3).

Teopema 5 (Hepasencmso Kown). Ecau f(x)=L, u gx)
& L, mo

1/ V17 () + g (02 dx\l/ X)dx+t/ 2 (1) dx.

JlokasaTenabcTBO. M3Bnekas kopHH M3 ofenx 4acTed Hepa-
BeHcTBA ByHSIKOBCKOrO, HaxoiuM

b B b
{fgar< I/szdx-‘/gg"dx.
b b

1) Mel npejmonaraem, 4To \'fl dx > 0. Ecau 6ul Geino \‘f? dx=0, 1o ¢yHk-

a
uust f(x) Obwa Obl OKBHBAJIEHTHA PyJi0 H HepapeuctBo (1) mnpespartunocs Gl
B TpHBHAJbHOe TOXAECTBO (0==0,
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YMHOKAsE 3TO HepaBeHCTBO Ha 2 M mnpubaeasid K 00eHM ua-
CTAM TI0

b b
{2 dx+ g dx,

a

.

b ) T\2
V(4 grdx< 1/Sf2dx+\/&g2dx .

OTKYJa H CllefiyeT TeopeMa.
HepagenctBo Ko.iu noapossieT paccMoTpeTb MHOXKeCTBO L, ¢ HOBOH
TOYKH 3peHHd. VIMeHHo, ec/iM Mbl CONOCTAaBHM KaxJ0H GyHKUHH

b
f(x) & Ly ancno |f|= 1/8}2 (x) dx, To OYAYT uMETb MECTO CJelyto-

a

[oJIy4muM

mHe o6CTOATENLCTBA:

L |f1=0, nputen || f| =0 mozda u moasko moeda, xoeda f(x) ~ 0.

I | &f1="%|-|f u, » sactocta, |—F|=|7|.

HI. |f+g|<|F]+]g]-

Heso ||f| HaseiBaetcs Hopmoidl GyHKUMH f(x). AHamorus Mexnay
[fl 1 abcontoTHOH BeMMYMHOH |X | BEIlECTBEHHOIO (M/IM KOMIJIGKCHOro}
yucJa x 6pocaercsl B Ia3a. JTa aHAJOrds CJAYXKHT MCTOYHHKOM psja
BaXKHBIX M KPACHBHIX MOCTPOEHHI.

[py6o roBops, ocHOBHOe HasHaueHH® alCOMIOTHON BENHUYHHBL B
AHanu3e 3ak/1I04aeTCst B TOM, YTO C €€ MOMOIU[bI0 Mbl IIPOH3BOAHM
M3MepeHHe pacCTOfHWN Ha YMCJIO0BOH NpsAMOi p(x, y)=|x—y|.

Ho B Takom ciyyae BBej€HHE HODMEl T103BOJISET H Ha MHO-
XecTBO L, CMOTpeTb KakK Ha HEKOTOpOe «IIPOCTPaHCTBO», B KOTOPOM
TaKXKe MOXKHO MPOU3BOJAUTH H3MEPEHUN, eC]IH NPHHATH HHCIO

p(f, &=If—gl

3a paccTosHHe MeXAy 3/7eMeHTaMH f M g Knacca L,.

Ecin MBl  ycnoBHMCS 3KBMBAaJeHTHBIE MexAy coG0H ¢yHKUMH
CUHTATH 33 TOXK/ECTBeHHBIe, TO paccTosnue p(f, g) Oyler obranarhb
OpPUBLIYHBIMH HaM CBOHCTBaMH:

) p(f, g8)==0, npuuem p(f, g =0 TOorma u TOMBKO TOT[Q,
Korpa f=g.

2) p(f, &) =p (g f.

3)plf, @=<po(f, H+p(h g).

Eciv Ha nekoropoM MHOXecTBe A 3jeMeHTOB J0GOH Hpupoasl
3ajaHa nojobHas GyHKLUS Hapbl 3JeMeHTOB p (X, y), TO MHOXeCTBO A
HAas3blBAIOT MEMpu4ecKuMm npocipancmeom.

3Hauur L, ecTb METpPHYECKOe NpPOCTPAHCTBO. BrmepBhie 3Ty TOUKY
speHusa Ha L, passun JI. I'uanbepr, nodemy L, 4acTo Ha3blBaloT
npocmpancmeom Iuavbepma.
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§ 2. CxoguMocTh B CpeaHeM

[TonAtHe HOpMBI TMO3BOJISIET BBECTH IOHATHE Ipefesa B MPOCTpaH-
cree I'manGepra NpH TOMOUH NIOYTH TeX JKe BblpaxeHul, YTO H
B OObIYHOM CJydae UHCAOBOH IIpPAMOMH.

Onpenenenne 1. Daement f npocTpancTsa L, HasbiBaeTcs npedesom
nocaedosamensrocmu fy, fa, fs, ... 31€MEHTOB 3TOrO e NPOCTPAHCTBA,
ecid Besxomy &> 0 orseuaer Takoe N, uto mpu Bcex n> N Oyzer
ifn—Fl<<e.

310 e o6CTOATeNLCTBO Mbl OyJeM BHIpaarb, FOBOpS, YTO Hocie-
JOBAaTeJbHOCTb {f,} cxodumcs K 37eMeHTY f, WIM YTO 3J€MEHT f,
cmpemumcs K f, ¥ 3anuceiBaTh OOBbIYHBIM 0O6pa3oM

'}Lrgofn:fv fn“’f

3pech Mbl JO/DKHBI OGpaTHTb BHHMaHHE YHTaTeast Ha ray6Gokoe
pasaiune COOTHOWEHHH f, (x) - f(x) u f,—f.

[NepBoe o3nauaer, uyTO mpu (PHKCHPOBAHHOM X 4uCA06ai TOCHAENO-
BaTeJbHOCTb {f,(X¥)} B OOBbIYHOM CMBIC/E CXOAUTCH K mpepeay f(x).

BTopoe ke COOTHOILeHHE 03HayaeT, YTO MOCJEAOBATE/LHOCTb 3Je-
MeHTOB L, CXOfuTCA K 3JemeHTy fe& L, B cmbicae onpepeseHus 1.
B oObluHbIX TepMHHAX Teopuu ¢GyHKLHMHA COOTHOLIEHHE f, — [ 03Hadaer,
yTO

b
lim S {fo () —f )P dx=0.

n—co a

3TOT HOBBLIH BUA CXOMHMOCTH MOC/EJ0BAaTeIbHOCTH (GYHKIUMHA Ha3bl-
BAeTCsA CXOOUMOCHIbIO 8 CPeCHEM.

Teopema 1. Ecau nocaedosamersvrocmo {f, (x)} cxodutnca 6 cpeo-
Kem K yukyuu f(x), mo ona cxodumcs K Heldl u no mepe.

JloxasarteabcTBo. Ilycte 0>0 u

n(@)=E(fn—F|=0).

Torpa
b

{Fo— NP dx= ) { Ca—PPdx=a*mA, (o),
a n @

H TaK Kak o ¢uxcuposavo, 10 mA, (o) >0, a 370 U 3HAYUT, YTO
=

Cnencreue. Ecau nociedosameasrocme {f, (x)} cxodumcs e cpednem
K f(x), mo us Hee eoideasemca nodnocaedosameastocme {fn, (X)},
cxodawanca K f(x) noumu eesde.

JTo csefcTBHE YCTaHaBJHBAETCA INPOCTHIM COMOCTABJEHHEM Teo-
pembl | u teopemnt @. Pucca us § 3, ra. IV. MoxHo ero, opHako,
JokasaTbh 0Oe3 BCAKOrO NpHBJEYEHHS CXOAUMOCTH 1o Mepe. liMeHHo,
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b
ecad lim S(/‘,l—f)2 dx =0, TO MOXHO HaUTH TaKUe #; < Ma<fg<T...,

R—>03 4
YTO
¢ 1
\ oy =< .
a
© b
Toraa psx Y, S(fnk— f)? dx cxomutcs M, MO CHAEACTBHIO TEOpEMbI
k=1la
11, § 1, ra. VI, noutu Besfie Ha [a, b}

frp (%) = [ (%)

3ameTHM, YTO H3 CXOJMMOCTH B CpefHEM IIOCTENOBATENbHOCTH
{f. (%)} K dyHRUMA f(X) He CIEAyeT €e CXOAMMOCTH K [ (X) HOUTH Be3Je.
310 UAMOCTPUpPYETCST XOTs Obl NPHMEPOM, NpHUBEAeHHHM B § 3, ra. IV,

TouHO Tak Ke, CXONUMOCTB f,(x)—f(x) B Kamuaoh Touke [a, b]
He BJeYeT 3d cOGOH CXOLUMOCTH B CPELHEM.

IMeumer. Tlycte Ha [0, 1] 3amana nocrefgoBatenbHOCTD {f, (x)}:

fo(x)=n npu 0<<x<< ,11 u f,(x)=0 B npouux Ttoukax [0, 1].

Torga scho, uto mpu awbom x < [0, 1] 6yzer limf, (x) =0, Ho
B TO Xe BpeMd
1 1/n
Sffz(x) dx= S ntdx =n— <+ co.

0 0
Teopema 2 (Eduncmsennocme npedesa). Ilociedosamensrocme

fi» for far --.» 2nemenmos L, moxcem umemp moaoko 00ux npeded.
HoxasatenbcTBo. JlonycrtuMm, uto f,—f, f,— g, Torna

|F—gl<=1f—fal+1f—gl,

M TaK Kak IpaBasl 4acTh 3TOO HEPaBEHCTBA CTPEMHTCS K HYJIO, a
JeBasl MOCTOSIHHA U He oTpHuareabHa, To [f—g|=0, orkyraf—g=0
u [=g, uro U TpeGOBAJOCh JOKAa3aThb.

MoxHo JaTh M JApyroe J0KasaresJLCTBO TeopeMbl. Ecau f, —f u
f.— g, TO MNOC/JEA0BAaTEJBHOCTh {f,(X)} cxomuTcs mo Mepe H K [ (x)
u K g(x), Tak uro [(x)~g(x), a 3KBHBAJEHTHble QYHKLUUH MbI
YCJAOBH/IUCH CUHTATb 33 OAMH 3J1EMEHT MPOCTPAHCTBA.

Teopema 3 (Henpepoisnocms wnopmer). Ecauw f[,—f, mo

[Full =171

Hoxasateabcrpo. M3 oueBHIHBIX HepaBeHCTB

Wal=UFI+1Fa =11 1Tl + 1 =T
BHITEKAET, UTO
Wil —=1Fll==lf. =71
OTKyJa CJeLyeT Teopema.
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CaencrBue. Hopmer waenos cxolsuuedcs nocaedosamervrocmis {f,}
02PpaKIHENbL.

Oupepenenne 2. IlocnegosarensHocts {f,} Touek npocrpanctsa L,
Ha3blBaeTCs cxodsujelics 8 cebe, ecii BCAKOMY € >>() OTBEYaeT Takoe
N, uro kax Toasko n>N u m> N, Tax cefivac xe |f, —[fn]|<e.

Teopema 4. Ecau nocaedosamessrocme |f,} ureem npedea, mo
oHa cxodumes 8 cebe.

Hoxasartensctso. Ilycts lim f,=f. B3dB mpousBoabHOe

n— o0

e >0, HailgeMm Takoe N, uto mpu n >N Oyjer

=< §-
Ecnu tenepp n >N u m >N, 10
Ifo=Fml << —Fl4 1 —Ful <e,

YTO U JOKa3bIBAET TEOpPEMY.

I'opaspo Gonee rayboxodl siBasieTcss obpaTHast

Teopema 5 (3. duwep). Eciu nociedosamessnocms {f.} cxo-
Qumces 8 cebe, mo oHa umeem npedex.

[en]
o 1
HokaszareanncTso. Bo3sbmem cxopswuiica psaj 2 o U JJid

k=1
KawJaoro k£ mnoaGepeM TaKoe m,, 4TO HPH R =N, U m = N, OyIeT

1
ufn_‘fmu<§3'

He orpaHuuubBas OGIIHOCTH, MOXKHO CUHTATh, YTO Ny <n,<ng<<...

1
TaK 4TO “fnkﬂ - fnkl|< N

ok U, crano OwiTb,

kZ{ “f'lkJrl - f,,k”<+OO.
B cuny mepasencrea (3) § 1
b

S [fﬂkﬂ_ - fﬂk!dxf"g Vmi\fnk—}-l - fﬂkH’

a

TakK 4TO psx

R ey O

3 g =

1

takke cxogutca, Orctopa, B cuay Teopemel 11, § 1, ra. VI cxoaurces
()
noutH Besfie Paa | fn, () [+ |fapey (X) —Fap (%) |, 1 Tem Gostee mouTH
k=1
Be3[e CXOAMTCHA psif

flh (X) + kZl {fnkﬂ (x) - fnk (x)}'
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Ho cxomumoctb 310ro mocsefiero psiaa, OYEBUAHO, PABHOCH/IBHA
CYLIECTBOBAHHIO KOHEYHOro mpezena lim f,, (x).
-0

Beenem ¢ynkumio f(x), paBHyio 3TOMY Mpejeny, BCIOAY, TA€ OH
CYLIECTBYET H KOHEYEH, "M pAaBHYIO HYJI0 B TeX TOYKAaX, [Je 3ITOT
npefies He CyIecTBYeT MM GeckoHedeH. DyHruua f(x), Ou4eBUAHO,
usmepuma, 4 f,, (x) > f(x) noutn sespe ua [a, b].

Haweit 3apaueit aBAsieTcst yCTAaHOBUTH, YTO 3Ta (YHKUHS €CTh
3JIeMEeHT NpocTpaHcTBA [MbGepTa W 4TO OHA M ABJAETCA MHpeResoM
NIOCJEA0BATe/IBHOCTH 3/1EMEHTOB {f,].

C sroli Lesbio, B3SB NMpoH3BOJBHOE >0, HaiijeM Takoe N, uTO
npu n>N u m>N 6yzer |f,—fn|<e.

Ecan %, takoeo, uyro n., >N, 1o npu Jwbodm n>N n awbom

b

k> ko Oyner § (fo— fa,)? dx <e.
Orciona, n fmmeﬂﬂﬂ Teopemy Pary K mocjefoBaTeNBHOCTH HyHKUHI
b
{(fa—1Fnp)?} (B> ko), naxonuM, uyro?) S (fa—fdx<C€?, T. e npH

a
nbom n> N 6yger |f,—fl=<¢e. Teopema pokasaHa.

Cpoiicteo npocrpanctsa ['mawGepra L, ycraHOBJEHHOE B 3TOf
TeopeMe, Ha3EIBAIOT NOAHOMOL 3TOTO 11pocTpaHcTBa. YuTaresnh KOHEUHO
3aMETHJI, YTO TeoPeMBbl 4 U 5 FB/IAIOTCS aHAJIOTOM H3BECTHOLO MPH3HAKA
cxopuMoctd  bBosbuano — Kown. [lpusznak Bosasnano — Komu  ects
OflHA M3 MHOrOYHC/AEHHBLIX (QOpPM CBOHCTBA HEMPEepPLIBHOCTH YHCJIOBOH
npsaMoii Z. ITO CBOMCTBO MOXHO BLIPasHTb JIIOGHIM H3 CJIeAYIOUIHX
NpeAJIoKeHHH:

A. Ecan Touku npamoit Z pas3butel Ha ABa kJaacca X H Y Tak,
YTO KaxAas Touka KJaacca X pacrno/iokeHa JeBee Kak[oH TOUKH
kjaacca Y, To snuGo B kJacce X ecTe camas npasas Touka, Jubo
B KJacce Y ecTb camasl JieBasi TOYKa.

B. OrpaHuyenHoe CBepPXy MHOXECTBO HMEeT TOYHYI0 BepXHIO0
rpaHuuy. :

C. MoHOTOHHO BO3pacTaloulas H OrpaHHYeHHas CBepXY IlepeMeHHast
HMeeT KOHeUHLIH Mpejedt.

D. Ecan {d,} ecTb nociefoBaTesbHOCTb BJIOMKEHHBIX APYr B Apyra
CEerMeHTOR, [JHHEI KOTOPbIX CTPEMATCS K HYJIO, TO CYUIECTBYET TOYKa,
BXOASILLASA BO BCE CErMEHTHI d,.

E. Ilpusnak Bosabuano — Kowu: mocnenosatennnoets {x,}, cxons-
mascs B cefe, HMeeT KOHEUHRIH mpejed.

HocrarouHo ypanute u3 npAMOH Z OAHY TO4YKy, YTOOBI BCe
YKa3aHHLIE TEOpPEeMbl CTa/lH HeBepHLI.

Hs teopem A, B, C, D, E roanxo nocnennssi, E, copmyanpopana
6e3 nomollH TOHATHS O nopadke Todek Ha npaAmoft, EcrecTsenHo
N03TOMY, YTO HMEHHO OHa H NEPEHOCHTCH B KauyeCTBE XapakTepHCTHKH

1y M3 srToro COOTHOWEHHS caeftyeT, uTe f,(x)—f(x) =L, a 3HauuT H TO,
uto f(x) = L.
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cBO{ICTBa HEMpPEpLIBHOCTH MPOCTPAHCTBA Ha caydall mpocTpaHcTs GoJiee
CJI0XKHOTO THIA, YeM UYHCJIOBasi MpsaMasi,

Onpegenenne 3. MHoxecTeo A, conepkanleecsa B L,, Ha3biBaeTcd
ecrody naomuom 8 L,, ecau mobast Touka ') L, ectb mpepeda nocaefo-
BATEJLHOCTH TOUEK, MpilHAAJEKAUX A.

Ha TeopeTHKo-QYHKIHOHAILHOM $I3LIKE 3TO OnpejesieHie 3BYUHT
tak: KJace ¢yHkumii A < L, Bciogy mnJjoteH B L,, €CJAH BCAKas
¢yuxuns, Bxoasmas B L,, ecTb npeaes (B CMbIC/IE CXOIHMOCTH B cpel-
HeM) TOC/JeA0BATeNBIIOCTH (YHKUKH, BhIAENEHHBIX H3 A.

Jlergo BHZE1b, Y10 AJs 10r0, 4T0GB MHOXKecTBO A =g} OblI0
BCIOYV MJIOTHBIM B Ly, He0OX0AMMO M JOCTATOUHO, uToObl Ans 1060k
tToukli fe L, n moboro &>>0 noxHO ObIO HAHTH TaKYyl0 TOUKY
ge A, uro |[[—g| <Te. .

Teopema 6. Kawowili us kiaccos8 ¢hynxyuii:

M — kaace usmepumblx O2panuderHMbIX QYHKIUL,

C — Kaacc HenpepbisHblX yHKyuLl,

P — Kkaace mHozouaeH08,

S — Kaace cniynenvamsix gyryuil
scro0y naomen 8 Lo. Ecau ocuosrou ceemenm [a, b] ecmo [— n, m],
o 8cro0y MAOHIEH U KAACC

T — K40CC MPUCOHOMEMPUHECKUX MHO0UAEHO8.

Jdokaszareascrtro. 1) Ilyets f(x) = L,. B3sB nponsposabHoe
£¢>0, mafigzem (NMOJMB3YACL CBOHCTBOM afCOJIOTHOH HeNpephiBHOCTH
urTerpasia) takoe § > 0, 4To cooTHOwWeHUs e < [a, b], me <C§ BiekyT

cootrouenne § [ (x) dx < €.

B cuay Tteopemul 1, § 4, r1. IV aas storo 6 > 0 MoxHO HaiiTh
TAKyl0 H3MEPHMYIO OrpaHHueHHYIo QyHKUUIO g (X), uTo mE (f 5% g) << §,
IIPHYEM MOXKHO CUHTATb, uTO g () =0 B Toukax mHoxectBa E (f = g).
Torpa

b
If—glr=\(G—grdc= §{ (—grdr= § pPdr<e,
a (e )
T. €.

IF—gl<<e.

ItuM TeopeMa JoOKasaHa AJA Kjaacca M.

2) Ilyers f(x) & Ly v £ > 0. Haiigem Takyio dyHkumio g (x) = M,
uto |f—g|<<e/2. Ilyerp Ig(x) =K. B cuny reopemst Jlysuua
CYUIECTBYET TaKas HenpepblBHasa QYHKUMA @ (x), 4TO

2
mE(g#cp)<%K—2, lg (%) | = K.

Hnsa aroii dyuxkunu Oyjer
b
lg—olf = S (g —@)dx= S (@—g)dv<4K*-mE(g#q) <5,

a E(g+¢)

1) T. e. snemeHT L,.
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OTKY A2
lg—gh<< 2, H, cTano Ghith, |f—¢|<e.

3TuM Teopema JokasaHa Aas Kaacca C.

3) Ilyere f(x)= L, u e>0. Haifizem Takywo ¢ (x) =C, uro
I\ —gl<<es2.

Hanee, no teopeme Beffepiurpacca noa6epenm Takoil MHorouses P (x),
yto aas Beex x & [a, b] Gyper

900 —P L) <jr=.

Torna

b
lo—pPiE=\@—Prac= e b—a)="

4 (b 4
OTKYIa

lp—Pl<< ; H, cTano 6uiTe, |f—P|<<e.

Hrak, Teopema JokasaHa Aasi Kaacca P.

4) Tlyers [f(x) =L, n e>0. Hailinem Takyio ¢(x) =C, uro
IF— ol <<es2.

Tak kak ¢ (x) HeipepniBHA Ha [a, b], To [a, b] MoxHO pa36uTb
TOUKAMH Cu=a < (< Cy << ...< (¢, =b Ha Takue uacry, B KaxIofl

H3 KOTOphIX KojeGaHHe ¢ (x) MeHbiue, uyem

Caenas 310,

BBEIEM CTYNEHUaTy QyHKIHIO S (X), HOJIaraﬂ:Ql e
s(x) = (c;) (ch=x<<c, 1, R=0,1,..., n—2)
s =¢ (i) (Laa=x-<b).
Torpa Bciony Ha [a, b] Gyrer s(x)—q(x) < —— W NOTOMY

21 b
fs—el<< ;, otkyaa |f—s|<e,

1 Teopema AoKa3zaHa AJ1f Kiaacca S.

5) Iycts, Hakouen, [a, b]=[—mn, a] u f(x) =L,

B3ss mnpousBoabHoe >0, Mel, Kak H BBIlUe, HafIeM TaKy
HerpepoiBHY0 Ha [— &, @] dyukumo ¢ (x), uro |[f—o¢|<<e/2.

[yems [¢ (x) << K.

[Moctpoum Ha cermeHte [— m, m] HenpepoiBHYIO (QYHKUHIO VP (X),
noJsaras

YX) =@ nmpn xe[—n+8 a),  P(—m)=¢()
# cuntas OQYHKUHIO Y (x) JdHeliHOH Ha cermeHre [—zr — a4+ 6],
npu 3tom 8 >0 Mbl BoiGHpaeM nof ycnosuem 8 <6 ek
dyHkuua P (x), TaK ke Kak W ¢ (x), HempepulBHA HA [— @, m],
HO, YTO cefiac 14 Hac I/iaBHoe, OHa nepuoduyna, T. e, p(—m) = p(x).
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Ilpu 3tom, oueBuaHo, ! (x)|<< K, Tak 4to
n -—n:%é
lo—vlr =\ @—wrdr= | @-wrdar=srp <],
—'n —‘ﬂ
oTkyaa f — i< 3e/4.
B cuay Teopenst Befiepmtpacca (nepuognunocts ¥ (x)!), cymwecrsyer
TAKOH TPUTOHOMETpHYECKHH MHOrouaeH T (x), 4To NpH Beex X & [ —mn, n]

[ (x) —

&
4} 2n
¢ 2
¢
Toraa |J$—TPR = \ (b—TPde<<ig. H, CIeIOBAaTeMbHO,
-1
[f—T |<Ce, uTo M 3aBepiaeT AOKA3aTe/bCTBO TCOPEMBL.

Bo MHOrux Bompocax BaXKHYK pOib HIPAeT HOHATHE C.abol
cxodumocmu NOCNEIOBATENbHOCTH BYHKIHI.

Onpepenenne 4. TlocaenoBarenbHocts (GYHKUHE [ (%), fo(x), ...,
BXOASWMX B L,, HasbiBaercs caabo cxodawedcs x GyHruun [ (x) < L,,
€cH paBeHCIBO

b

b
tim { g (x) f, (1) dx =\ g (x) [ (x) dx

-,

HMeeT MecTo NpH BeAKod GyukuMu g(x) = L,.

Mui He OVvieM mNoApo6GHO H3YyuaTh 3TOT HOBbIH BHA CXOJZMMOCTH,
a OrpaHHYHMCS TOJbLKO ONHOH TeopeMoil.

Teopema 7. Ecau nocaedosamenvrocme ¢ynkyud {f, (X)) cxo-
dumcst 8 cpeduesm k gynxyuu f(x), mo oHu cxodumecs K Held u c.iabo.

JdokasareabctBo. Ilyctb g(x)e=L,. Toraa HepaseHcrso
ByHsaxoBckoro aaer, uro

{§ g Fr 9 —F (0] m-}z = ﬁ g () dx} [’g’ (0 —F (] dx],

OTKYJa

b b
Vgfdx—\ g dx|<|g]-|f.—F]~0,

a

yTto H Tpeéoaanoc5 AOKa3aThb.

§ 3. OproroHanbHble CHCTEMbl

Onpepenenue 1. [Ie dyHKIHH [(Xx) U g (x), 3alaHHbIE HA CEIrMEHT
[a, D], HA3BIBAKTCS 83AUMHO OPMOZOHANLHBIMU, €ClH

b

[£(1)g (x) dx=0.

a
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Onpenenenue 2. dyukuus f(x), 3agansan Ha [a, b], HasblBaeTcs
HOpMUPOBARHOU, €CIH

b
(P de=1.
a
Onpegenerne 3. Cucrema dyrxuni o (x), @©,(x), oq(x), ..,
3aJaHHbIX Ha celMmeHTe [a, D], HA3LIBAGTCH OPMOHOPMAALHOL CHCTEMON,
ecaH Kaxaas GYHKUHA CHCTeMbl HOpMHpPOBaHa, a Jofble B¢ (YHKLHU
CHCTCMB! B3alIMHO OPTOTOHA/bHHL,
Muaue rosops, cucrema ¢yHKUMi {0, (x)} opToHOpManbHa, ec/H
b L (=),
S o, () 0, (x)dx =
2 0 (t=£k).
SlcHo, 4YTO BCAKAasg OPTOHOPMAJbHAS cHUCTeMd COJepXKuTes B L,
KaaccuueckM TnpUMEPOM OPTOHOPMANBLHOR CHUCTEMBbI  SIBJAREICH
TPUTOHOMETDHYECKAA CHCTEMA

i cos x sin x cos 2x sin 2x (1)
VQE, VR’ I/E, Vﬂ'?, VTI:’ L |

paccMaTpuBaenas Ha cermesre [— m, -+ mj.
Ilycre kakas-uubynp QyHkuud f(x) & L, ecTb auHelinplit arperar
¢dyHKUNE OopTOHOpMANBHOH cucTeMbl [ (X) = ¢,0, (X) ... w0, (x).
YMHOXKAs 310 p?Be}ICTBO Ha o, (x) (R=1, ..., n) 0 uHTerpUpys

ero, HaxoOlHM ckzw(x) oy (x)dx, T. e. Ko3pPULHEHTH €, ..., Ca
a
OlpeJleIIOTCA COBEPILUEHHO OJHO3HayHO. B yacTHocTH, ecan

Tx)=A+ D) (arcos kx-+ by sinkx), .

k=1

To n & )
A=, \T@de, a=| \Twcoskrdr, b= \ T(sinked
= o ) x) dx, Q= _ ( (x) cos kx dx, = \ (¥)sin kxdx.
—I —IT —n

Has tTpuroxomerpuueckoil cucrems! 3TH QopMyapl GblIM HaflgeHb!
dypbe, nouemMy ecTeCTBEHHO AaTh H Cjellylollee obliee onpeaesnenie:

Onpepenenne 4. Ilyctb {w, (x)} ecTb OpTOHOpMa/bHas CHUCTeMa U
f (x) HekoTopas dpyHkuuA u3 L, Yucnaa

b
ce= ) i ) dx

a

HazblBaTCA Koahuyuenmamu Pypve GYHKUNH f(x) B cHeTeMe {wg (X)),
Pagn

[ee]
Z CpWp (X)
k=1
HasplBaeTcsl padom Pypee dynkuuu f(x) B cucteme {w, (x)}.
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PaccMOTpuM, Hackosbko 6am3ka B mpoctpaHcrse [nabbepra yact-
Has cymma psia Pypbe Q)yﬂxumz [ (x)

S, (x)= 2 Crp (%)

k=1

K camofi 3rofl dyukumu, T. €. BoucIHM |f— S, I,
Jnst 5TOro BbIYHC/AHM CHAYand HHTEIPAbl
b

b
VS, (dx u {Si(x)dx.

a

,HJIH [epBoro M3 HUX MMEEM

b n
(o Sumdr= 3 cksf(x)mk(x>dx ~ Y
a k=1 k=1
TouHo Tak xe
b b n
1S dx =Y e o (o) de= Y d. 2)
a L, k a k=1

3ameTHB 3TO, INOJdy4dyaeMm
&

1= S, 2= (2 — ws+&wbwmu—2%,

a k=1
HJIH

If—SnP=1FIF— ch (3)

k=1

Papenctso (3) HaswiBaercsi moxcdecmseom beccean. Tax xak ero
JleBasi yacTb He OTPHLATE/IbHA, TO U3 HEero CJeyeT Hepasercmso Becceas

RS

[TockoabKY 1 37ech MPOH3BOJIBHO, TO HEPABEHCTBO beccesss MOXHO
NpencTaBUTh B YCHJIEHHOH ¢opme

> a=<|fP )

=1
Ecnu, B 4aCTHOCTH, OKAMETCH, YTO

> ci=IflA (5)
k=1

TO 3TO paBEHCTBO HOCHT Ha3Bauue ghopmyast 3amxrymocmu. ') OHO
uMeeT oueHb npocToii cmbica. Mmenno, ToxpectBo bBeccens (3)

1) HUau pasencmea flapcesaan.
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no3posifer 3amucatb (opMyJy 3aMKHYTOCTH B PAaBHOCHJALHOH (opMe
fim | f — S| =0
n~»o0

Hpaue rosops, dopMyna 3aMKHYTOCTH O3H3yaeT, YTO YacTHble
cymmbl S, (x) paaa d)}pbe dyuxuun - f(x) cxoasaTcs (B CMblcae
METPHKH, YCTaHOBJEHHOH B L, WM, npowe, B CpPelHEM) K STOH
GyHKUUH.

Onpene.nenne 5. OprtoHopMmaabHasi cucteMa {w, (x)} Ha3biBaercs
samknymoti, ecau GopMyJa 3aMKHYTOCTH HMeeT Mecto AIa Jiobok
byuxuny 13 L,.

Teopema 1. Ecau cucmema {o,(x); samxknyma, mo 0in awbod
napet gpyrryud f(x) u g (x} ua Ly oydem

Sf(x)g (X)dx= Z by,
b=1
ede
b b
ap = S f() o, () dx, b= S g (x) v, (%) dx.

a

HoxkaszateabctBo. Iaa cymmsl f(x)-4 g(x) xosdpduurenTamu
~0

Dypbe caymar uucaa a,+ b Tlostomy [f+gF= D) (@ + bs)%,
k=1
omyzxa

gf2dx+2§fgdx+\g2dx~ Z a}+2 Z arby + Z b

k=1 k=1

a 3TO PABHOCHJIBHO Teopewme.

JoxasaHnass ¢opMyaa Ha3biBaeTCs 0606ufeHHol dopmyrol samkny-
mocmu.

Caenctsue. Ecau cucmema {o, (x)} samxnyma v [(x)= Ly, mo
pd Pypoe f(x) 6 cucmene {0y (X)) MONHO now.1eNHO UHmMezpuposary
no ardomy uamepumomy muoxecmsy E < [a, b], m. e.

[e ]

(Fde= Y o Yor (x) dx

E =1 E

He#cTBuTeNbHO, €CH B KadyecTBe g (x) BHIOpaTb xapakmepucmu-
weckyto (ynxyuio MHOXectBa £, TO g (x), OYEBHIHO, OKaMercd CYyM-
MHPYEMOH C KBajJparoM, H Jeno cBejeTcs K o6obuieHHOl dopmyne
3aNKH) TOCTH.

Hutepecno ormetuth, 4to cam psg Pypoe Y ¢, (X) BOBCE He
00513aH CXOAUTHCA K (GyHKUHH [ (x).

Teopema 2 (B. A. Cmexao8— K. Cegepunu). [Tycmo A ecmo
Kaace gynkyudl, 6cody naomusui 6 Ly, Ecau goopmyaa samguymocmu

umeem Mecmo 0an aoboii ynkyuu Kaacca A, mo cucmema {oy (%)}
saMKHymMa.
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HorasateabcTBo. [lycte [(x) ectb ¢yHKuna kaacca L.
n

CocrapuM yacTHLIE CyMMbl ee psiga Pypbe 2 Cry (X) H, XKenag Mof-
k=1
YEePKHYTh HX 3aBHCHMOCTB OT GyHKUHH [ (x), o6o3uaunm nx uepes S, (f).
Toraa nerko nmpoBepHTb, YTO

) Sa (4D kS0 (D,
2 Sy Uit i) = S 481,
Sa () 1=1fl.

[Tepsble fBa cBoiictBa TpHBUadkHbl, UTO Kacaercss TpeThero, TO
oHO creflyer H3 (2) M HepasehctBa Beccens |S,[P= D e =<|f[P.
=1

3ameTuB 370, BhiGEpeM KaKylo-HHGYAb GyHKUHIO f(x) & L, 1 BO3b-
mMem e>0. Tak kak kaacc A Bclooay mlotedH B L, To Haljercs
Takas QyHKUHA g(x) € A, uto |f—g| << €/3.

Ho rtorzna

Hanee
S, @ = Sa(D=ISe-DI<le—FI<3%>
H, cTano OblTh,

IF=Sa(hI< 2 etlg—S. (@],

Tak kak Aans g(x) dopMmyna 3aMKHYTOCTH clIpaBefMHBa, TO AJd
n>n, 6ypet | g — S, (g)|<<¢/3, u, cregopatenbHo, Aas ITHX /1 OKa-
xeres |f— S, (f)|<Ce, uTo U JoKasbiBaeT Teopemy.

Creacteue 1. Ecau gopmyaa 3amenymocmu  umeem mecmo 0af
Kancdol ¢ynxyuu 1, x, x3, x%, ..., mo cucmema {w,(x)} samxryma.

JleficTBHTENBHO, PAcCMOTPIN NPOH3BOJIBHEI MHOTOYJEH

Px)=A,+ A 4. .+ Apx™.
Toraa
S, (P)= Ausu D+A4,S, () +... +AnS, (x™)

m

H, cTano 6uth, P—S, (P)|< Y‘ Ayt xh =S, (x¥)].

[TpaBaa dacts 3710rO paBeHCTBa crpemitess K O Bmecre ¢ 1/n,
3HauHT QOpMYJIa 3aMKHYTOCTH ClIPaBEAJMBA AJS BCAKOPO MHOTOY/EHA,
a KJjacc MHoroujenoB P BCIOAY njoTeH B L.

OznHako, cyulecTBYIOT Jd 3aMkHYyThle cucTembl? OTBeT Ager Apyroe
caefcTBHe Teopembl CTeK0Ba.

Caepcreune 2. Tpuconomempuueckaq cucmema (1) samxnyma.?t)

1) [Ipepnonaraercs, 410 — I < X << X,
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B camoMm jfesne, A0CTaTOUHO NMPOBEPHTH, 4TO GOPMYNA 3aMKHYTOCTH
CrpaBefJHBa A/ J060r0 TPHIOHOMETPHUECKOro MHOTOUJEeHa

T (x)=A+ > (a,cos kx+ b, sin kx),

k=1

HO 310 TpHBHanbHO') nGo 7T (x) ecTb JHMHeHHEH arperaT QyHKIH
cicrenmbl (1).

Teopema 3 (b. Pucc — 3. Putuep). Iycms Ha ceemenme [a, b]
sa0ana opmoxopmassHaa cucmema {og (x)}. Ecau wucaa ¢y, ¢;, C3, ...
Maxosvl, 4mo

D> k<o,

k=1

mo cyujecmgyemn pynkyus f(x) = L, makasa, umo:
1) uuecaa ¢, cymo ee kospguyuenmor Dypoe;
2) 018 Hee cnpagedausa hopmyaa 3aMKRYMOCmuL.
n

JllokasarenbctBo. Ionoxwum S, (x)= Y] crey (x) 1 NOKaxew,
k=1
4yTO MoCJefoBaTebHOCTE Sy, S,,...cxonutesa B cefe. C 3Tofl ULeblO
MOJIOKHM 1 >> N H BBUHCAUM | S, — S, |

m b

Cry (x)J de=3lcer {0,(x) op () dx = i ci.

Lk a k=n+1

1sm—sn.2=§[

k=n41

Ecnmn >0, 1o cymecrsyer Takoe N, uto npu m>n> N Gyner

n

2 cr << €* WM, uYTO TO Xe camoe, | S, —S,| < e, a 3To H 3Hauwr,
k=n-1
yTO nochefoBarensHocTs 1S, cxomurca B ceGe.

Ho Ttoraa, B cuay NOJHOTHI NMpocTpaHCTBa L,, CyLlecTByeT Takas
dyrkuusa f(x) € Ly, uro | S, —f|—0.

3ro uckomaa QyHkuud. [ledcTBUTENLHO, B cuay Teopemul 7, § 2,
NoCJ/1eL0BaTe1bHOCTE {bS” (x)} cnabo cxo;;u‘rcn K f(x), T. e. Ans noGoit

g(x) & L, 6yaer lim { S, (x) g (x)dx = ([ (x) g (v) dx.

n—0 g

a
B uacrnocty, nonaras g(x)=w;(x), noayuum

b b
{7 (0o, (x)dx= lim { S, (x) o; (x) dx.

n

1) Ecau f(x):Z Cp®p (x), TO, YMHIKAR 3TO PABEHCTBO Ha [ (X} H HHTerpH-
k=1
b n

pyf, Mbl cpa3y noJydaem ¢opMyJay 3aMKHYTOCTH sz (x) dx = Z ci.
/] k=1
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Ho, ecau n>, 1O

b b n
§ S () o, (1) dx = [ N o (x)J o, (x) dx =¢,,

a k=1
OTKYyZa

b
{7 (00,0 dx=¢,

a

U ¢yHKuHA f(X) yI0BJeTBOpPACT MepBOMY TpeGOBAHHIO.

Ho B Takom ciywae S,(x) ecTp uactHasf cymma paga Dypoe
¢yHkunn f(x) u coornowenue |S, — f| — 0, nocayxusluee 415 caMoro
onpenenenus GyHKUHH [(x), MOKasbiBaeT, uTo ¢OpMyna 3aMKHYTOCTH
Ins f(x) cnpasefansa. Teopema JoKasasa.

3ameuanue. Cywiecmsyen moasko 0dHQ (PyHKyUA, YOOBAEMBOPStO-
waa oboum ycaosuam meopemor Pucca — Puwepa.

B camom pese, jfonycTuM, 4TO TaKHX QYHKUHA IBe: f(x) H g(x).
B cuay mnepsoro ycaoBusi oHM HMmeroT o0yt psaa Pypee, a toria
BTOpOe YycJoBHe IMOKasniBaer, uro S, —f, S,——g, Orkyja f=g.

MuTepecHo BBISCHHUTL, COXPAHUT JI CHJAY 3TO 3ameuaHue, ecsi
OTKHHYTH BTOpOE YCJOBHE TeopeMbl. [[J1s1 OTBETa Ha 3TOT BOMPOC HAM
NoHafeOUTCs CclefylolLee OnpeleseHye:

Onpenenenne 6. Cucrema Qyukumit {@(x)}, 3alaHHBIX Ha cer-
MeHTe [a@, b] w npuHapaexamux L,, HasblBaeTcsd noaxoL, ecan B L,
He CyllecTByeT OTJIHYHOA OT HyJaa!) (GyHKUMH, OPTOTOHANBHOH KO
BceM (QYHKLHAM @, (X).

OTMeTHM, YTO B 3TOM OHpeJeNeHHH He CTaBuUTCs TpeGoBaHMd,
yToObl cucTeMa {@p (x)} Gblna opTOHOPMAaNbLHOII.

Jlerko BMAETH, UTO I TOTO, uTOOM (QYHKIHS, YAOB/JETBOPSIOLIAs
nepBoMy YycnoBHIO Teopembl Pucca — ®uinepa, Obla eIUHCTBEHHOM,
HeOBXOAHMO H JIOCTATOYHO, YTOOHI IICXOAHAS OPTOHOPMAJbHAS CHCTEMa
{w (x)} Obl1a MOMHOI.

B camon Jese, eca 3Ta CHCTEMa MOJHA M ABe yHKUHH f(x) 1
g (x) umewoT B Hell ofMHaKoBble Koatuuuentsr dypose

b b
V(@ o,@dx={g® o ()dx (k=1, 2,3, ..),

a a

TO pasHOCTb MX, OYAYYH OPTOTOHANBHOM KO BCEM (DYHKLMSM CHCTEMbI,
JomxHa OblTh TOMJAECTBEHHOR HYJ0, oTkKyia f(x)=g (x).

O6patHo, ecaH CHCTeMa He MOoJHA H fi(x) ecTb yHKUUS, HE TOXK-
JeCTBEHHAA HYJIO U OPTOTOHAJbHAA KO BCeM (DYHKLIIAM CHCTEMBI, TO
JocTaTouHo HpubaBUTh ee K Kakoi-HAOYAs dyHrunu [(x), yIoBae-
TBOPSAIOLLEH MEpPBOMY YC/IOBHIO, 4TOOBI INOJNYYHTb OTJIHYHYIO OT [(X)
dyHKIHIO, TaKXKe YJOBJETBOPSIOULYIO 3TOMY YCJOBHIO.

1) HanoMmHuM, 4TO QYHKUHIO, SKBHBAJEHTHYIO HYJI0, Mbl CYHTaeM TOXKAECTBEH-
Hoit Hyao,
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Ilns cayyast OpPTOHOPMAJBHBIX CHCIEM TNOHATHS 3aMKHYTOCTH H
NOJIHOTEl COBNAAAION.

Teopema 4. [las moeo 4mobol 0pmOoHOPMAILHAR cucmema |y (X)}
Obta0 NOAKG, HEODXOOUMO W OOCIAMOYHO, 1MoOsl DHA ObiAa 3AMKHYMA.

HokasateabctBo. [lycts cucrema {og(x)} 3amruyra. Ecan
Kakasi-uubyap ¢yHkuus f(x) & L, opToroHanbHa Ko BCeM (PYyHKUUAM
cHCTeMbl, To Bce ee KoaduuHeHtn Dypne cyTb HyIM.

[og]

Toraa ¢dopmyna aamkHyTOCTH AaeT || f|? = Z =0, 1 ¢yHrUUS
k=1

f (x) TomaecTBeHHa HYMoO, T. €. CHCTEMa [OJHA,
O6patHo, nycTb cucreMa {oy(x)} noana. HomycTuM, 4yto A4s
Kaxof-unéyab GyHxuHn g(x) e L, dopyysa 3aMKHYTOCTH He BEUIOJ-
o b

nsercs. Toraa veobxomvo ) ¢ <[ glF, rae ¢ =Sg(x)mk(x) dx cyTh

k=1 a
Kosdpuuitentsl Pyppe ¢yHkuny g(r). Ha ocHoBanun teopemsl
Pucca — ®umepa uaiigerca takas ¢yuxuns f(x), uro

b o
V) op () de=cy, |fE= D] c
k=1

a

Ho B Taxkom cayuyae pasnocTe f(x) — g(x) opToroHanbHa BCeM
dyHKkuHAM cucTembl H (cicrema nojsa!) f(x)= g (x), uto nporusope-
unt yedosto | fil<<igl.

Teopena jpoxasana.

Caenctue. Ecau — u<C X << 1, MO MPUSOHOMEMPULECKAR CUCIHEMA
(1) noana. -

B aaxawouerue OCTAHOBHMCA elle HA OJHOM BONpPOCE, CBA3aHHOM C Teopuel
OpPTOHOPMATBHBIX CHCTEM.
ITycie {®y (x)} ecTk OpIOHOPMAaJBLHAA CHCTeMA CeIMEHTA [a, b] ¥ pax

oo
2 (©)
k-1

cxoautes, Torma, no reopeme Pucca — Quweps, pan

kEl cpeag (%) @)

ects pag Pypee nexoTopolt byBKuMYU | (X} & Ly, H €r0 YaCTHule CyMMEel

Sy @)=Y crop (¥)

k-1

cxoparcd B cpeaseM K f(x). [losroMy H3 HUX MOXKHO COCTABHTH TaKyK Yacruy-
HyI0 TocaenoBatesbhocte {Su; (¥)}, Koropaa cxoaut:a (K GyHKumK | (x)] moutn
Besie Ha [a, 0]. OxasviBaeTcdA, 4TO BHIOOD HHAEKCOB /i, MOXKHO IPOU3BECTH, He
anan cucremul {@, (x)}, a Hcnoae3vs roanko pag (6). B vacioauice Bpemst HMeeTcs
nenblii psl MC.1e10BAHHIl, NOCBALWEHHBIX 210 npobeme. MBI npuBejeM JHLIb CaMble
HPOCTBIE H3 OTHOCALUIXCH CIOLA Pe3yJbTa10B,
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Teopema 5 (C. Kaumaw). [Tycms

Fp= Z .

—-I‘L

Ecau uucaa ny < ng <<... Marosv, 4mo

Ny <+oo, (K

t=1

mo  noc.iedosameavnocmp 1Sy, (x)) cxodumca noumu seade,
Hokasareascr B 0. To)x;(ecmo Beccens maer, uto

n-—1

1Saa~fR=|flt— 3 ci=ra
k=1

(vbl cuntaem f{(x) kak pa3 Toii PyHKUMel, KOTOpad yIOBJETBOPAeT OGOHM yCJ0-
BHAM TeopeMbl Pucca— Puwmepa), [Tostomy u3 yesoeus (K) BoiTekaer, 410
< b

X\ (Snpa—f)rdx <+co u, B ciay crectnra reopemsi 11, § 1, ra. VI, moutk
i=la
Beaste Ha [a, b} OymeT Sy, 4 (x) — f(x).
e b =]
C mpyroii ctopouel, 3 S[ckmk (2dx = Y o3 <40 H, B cHIy Toii Ke
k=1lua k=1
Teopemal 11, § 1, rn. VI, nourn me3sge Ha [a, b]

n;On; (x) — 0, orkyna S On; () — £ (x),

yTO M TpeGoBaNOCh A0KA3aTh.
Teopesta 6 (I'. Pademaxep). [Tycmu p (k) no.aoxumeispnad, sozpacmarowal
Pynkyul, cmpeMAYancs K -k <o aMécme ¢ k u manad, 4mo

Y vk <+ (8)
k=1

Ecau wicaa ny << ny << ng<<... maxogsi, 4mo
Y () =4, (R)

mo nocacdoeameasrocms 1S, (x)! cxolumes nowmu geade.

L[oxaaarenbcrao Mbl MOKaKeM, uro uHucda f;, YIOBJAeTBOpAiOILME
yenosaw (R), ynronetsopator Takxe ycaosuio (K), oTkyaa u GyaeT caeiopathb
TeopemMa. C 3TOH LeJbi0 3aMeTHM, YTO ycJoBie (8) MOKET OuITh 3alHCAHO TaK:

o M T!

3D vk <+, ©)

i=1 k:ni

OTRyAa, B cuay (R), W nopasuo

[=a]
2 i
=1

n.
i

—1
1
> <t (10

k=

=
-
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D10 03HayaeT, YyToO ABOHHOH pAL

na—1 ny,—1 ny—1

Y oo+ 2 g+ Y gt
k=n, k=n, k=n,
ng—1 ny—1

+ X Gt X gt

k=r, k=ng (11)

ng—1

- -+ Z it
k=n,
...

CXOMTCA, €CNU €r0 CyMMHDOBATH No cTonbuam. Ho Torpa ou cxomutes u 6yayuu
CYMMHpYEM MO CTPOKaM, 4TO paByocudabHO yemosuio (K), nu6o cymma i-ff cTPOKH
paBHa r,;. Teopema joxasaHa,

3ameuanue. Ycaosun (K) u (R) pasrocussror, JleRCTBHTENLHO, Mbl yiKe BULLNH,
qT0 ymena n,, yaoBaetBopsuowme yenosuio (R), yaosaersopsnor yegosmo (K).
O6GpaTtHo, TycTb yucna n1, yAoBJaeTBopsitoT ycnosuio (K). D10 3Hauut, 410 CyMMA-
pys paa (11) po crpoxaM, Mbl NPUXOAUM K KOHeuHol cymme. CyMMupys ero mo
croafuaM, Mbl ycTaHOBuM, u4ro BbinmosHexo (10). Ecaum nomoxuts

YRY=I (n<<k<n,; i=1,2,..),

to (10) Mouo 3ammucare B dopme (9) naum (8). 3nayur, P (k) ynaoBneTBOpSET
ycaoBHAM Tteopembl Pajgemaxepa, a uyuI4 1, ynoBJETBOPAOT ycaoBHK (R).

§ 4. Mpocrpancreo /,

Toukamy [JByMEpHOTO 3BKJHMJIOBA npocTpalcTBa R, cayxkar ymo-
pAfoYeHHble Mapsl (a,, d,) BEIeCTBEHHBIX HHCEJ.

Ecan kaxpo#t Touke M (q,, @;) COOTHeCTH ee pajHyC-BEKTOp X,
TO KOOPAMHATHI a; U Gy TOUKH M OyAyT CNYXUTh MPOEKUUAMH BeK-
TOopa X Ha ocu KkoopjuHar. [lostomy napy uucen (a;, a,) MOXHO
paccMaTpHBaTh HE TOABKO KaK Touky M, HO H Kak Bektop x. Takas
TpakToBKa Oonee cojepxartennHa. MmeHno, umes ABa BekTopa X =
=(a;, @) U y=1(by, by), MOKHO 00pa3zoBaTb HX CYMMY

x+y=(a;+ by, ay+by),
a TakXe MOXKHO YMHOXHTb BEKTOP X = (@, @,) Ha BEIIECTBEHHOE YHCJIO 2
kx = (kay, ka,),
B TO BpeMs Kak AJsl TOYeK MOAOCHLIE OMepallHH He BBOISITCH.
Ianuoit BexTOpa X = (@, @,) ABJAETCH YHCIO
x| =1V ai+as.

(OrMeTHM, KCTaTH, YTO 3TO He 4TO HHOe, Kak TeopeMa [Iudaropa.)

HanomHum pasnee, 4to cKalsipHBIM MpOHM3BefeHHEM (X, 4) ABYX
BeKTOPOB x=(a,;, a,) W y={(b,, b,) Ha3bBaeTcs NpouU3BeleHHE KX
AJIMH HA KOCHHYC yrJ/a MexJly HHMH

6 ) =[x|-{g]-coss,
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NpUYEM OHO BbIPAXKAETC uYepe3 INPOEKUHH BEKTOPOB NO H3BECTHOH
¢dopmyJe
(%, y) = b+ azb,.

3Has 310 Npou3BefieHUe H AJTHHBI O0GOHX BEKTOPOB, JErKO HaHTH
yrod MeXAy HHUMH H3 COOTHOLIeHHH

(x, v)

€os 8 = iy

(0 <6<n).

B uwactHocTH, ycaoBHeé OPTOTOHAJABHOCTH BEKTOPOB HMEET BUJ
(x, y) =aib+asb,=0.

BykBaanHO TO Ke Mbl MOXKEM MOBTOPHTb O TPEXMEPHOM [1POCTPaH-
cTBe Ry

1) Tpofixa yncea x = (a;, @, Qy), B3ATLIX B ONpe/le/JeHHOM MOpPAIKe,
MOMET paccMaTpUBaThCH MM KaK Mouka HPOCTPAHCTBA, HJAM Kak
gexmop, JAeXKauuii B 3TOM NPOCTpaHCTBe.

2) Tlpy Bropofi TpPaKTOBKE MOXHO BeKTOP YMHOXKAaTb Ha HHCJIO U
cknajLiBath 1Ba Bektopa. JlauHa ||x| BekTOpa x=(a;, Q,, a3), Kak
510 caefyer u3 teopemsl Iludaropa, ecrs

|x|=V ai+a;-Fa;.
3) Mmesi xBa Bektopa, x=(a;, @, a3) U y=(by, by, b3), MOXKHO
COCTABUTb HX CKalspHOe NpPOH3BeleHHe
(x, Y =|x-ly| cosb=ab + ab;+ asbs.

4) 3uas ckaasipHoe pol3BefeHHe (X, y) ¥ AJHHLI BEKTOPOB, MOYHO
HafiTH yroa 6 Mexiy HHMH

S 2
COSG—HXH‘HUH 0=<<b<m).

5) Haxonel, yc/i0BHE OPTOTOHAJBLHOCTH BEKTOPOB HMEET BHA
(%, Y) = a1by - a2by + 303 = 0.

O6of1as 3TH COOTHOLUIGHHS!, MOXKHO BBECTH TIOHATHE £-MepPHOTO
3BKJA0BA POCTpaHeTBA R,, TOUKAMH M BEKTOPAMH KOTOPOTO CAyKaT

n-ufeHHble YNOopSAoYeHHble KOMILIEKCH X = (a;, @y, ..., Q,) BeilleCTBEH-
HBIX UHCeJ.
31ecs Mul, N0 ONpefleleHHI0, JAUHOR BekTopa X=(a;, ..., @)

6yﬂel\1 Ha3bkiBaThb 4YHUCJO
lxl=Vai+ ... +a

3ameTHMm, Jasee, YTO CKalsipHOE NpOH3BeleHIle Telephb YikKe He
MoKeT OblTb OIlpele/ieHO Yepes yroJ, a 3a caMoe ero OIpefeseHHe
HYKHO TPUHATH PaBEHCTBO

(x, y)= Z arbp.

k=1
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Hamnpotus, yron § moxer GuiTh ofpefesieH dYepe3 CKanapHoe NMpo-
H3BeJleHHE ¢ TOMOLLbIO COOTHOLIEHHH

co:BZM)— (0 8= m),
Txl yll

HO A/ TOro, 4ToOLl 3TO ompefeneHue OO 3aKOHHEIM, HY2KHO J0Ka-
3aTh, YTO

L& g i=|x] 1yl

Korga 310 GyAeT HOKa3aHo (HHKe 5TO 1es1aeTCsl), TO eCTeCTBeHHO
CYHTATb BEKTOPH X =(a, ..., 4,) U y={(by, ..., b,) B3aHMHO oOpTrO-
rOHaNBHEIMH, €CJIH

n

x, Y= > ayb,=0.

k==

[pononxaa 3TOT npolecc 060O6LUIEHHS, MBI €CTECTBEHHO HPHXOMIM
K TOHATHIO «GeCKOHeYHOMepHoro» npocTpaHeTBa R.., KoTopoe ofo3na-
yaercs Takke H udepe3d l,. Ilpu sTOM MBI OrpaHHuUMMCA «BEKTODHOII»
TPaKTOBKOIT Bompoca.

Onpenenenne. Deckoneunan nocnefoBaTe bHOCTb BeleCTBeHHLIX
yucel

x=(a,, Qs dg ...)

HA3BIBAETCS €eKmMopoM npocmparicmea [, ecau

=1 2 a<+co.
A=

Uucao [[x| nasmBaercs dauxori und Hopmoil BEKTOpa X.
Jlerko BHJeThb, 4TO €C/H X & [y, TO NpH NOGOM R BEKTOP

kx = (kay, ka,, ka,, ...)

TaKKe BXOAHT B [y, mpHueMm
lhx| =1k |x]

M, B YacTHoCTH, |—x|=|x]|.
TouHo TakKe, eciu Hapsiily ¢ x B [, BXOJHT BEKTOp

y=(bll bZ: b3| ---)
TO BEKTOP-CyMMa
x4+y=(a,+ by, a,+ by az4bs, ...)
TOXKE BXOAMT B [,, M60 (a,+ b,) == 2 (ap + bs).
Janee u3 HepaBeHctea | ayb, =< ai-+ by caenyer, uto pag

oo

(X, y)= 2 akb,,

k=1
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cxoauTcs abcomoTHo. CyMMa €ro HasblBaeTcs CKaJspHbIM MPOH3BEAE-
HUEN BEKTOPOB X H 4.

Mexxay npocrpanctsanmi [, n L, cyuiecTByer tecuas CBsisb Bosbmem
KaKyio HuOy/b NOJIHYIO OPTOHOPMA.IBHYIO CHCTEMY { @p (¥) } 1 Kaxaof
dyuxunu f(x) = L, cootHecen nocneloBaresHOCTs X = (€1, C;, €3, ...)
ee Koafpuunenros Pypoe.

b

e = { [ (¥) 04 (x) dx. )

a

B cuay dopmyasl 3aMKHYTOCTH

=/ Sa=iri<os,

10C/ICl0BATENBHOCTE X €CTb BEeKTOp /,.

Jlerko npoBepHTb, Y10 COOTBETCTBIE, YCTAHOBJAEHHOE MEXAY L,
U [,, B3auMHO oAHO3HauHO. JIefICTBHTENBbHO, pasHbIN ajeMeHTaM L,
(B CILy MOJHOTHI CHCTEMbBL { g (X) } ) OTBEUAOT pa3HBIE XKe BEKTOPH Iy,
a B cHay Tteopembl Pucca — Puinepa, Kamxablii BekTop M3 I, ecTb
HaGop KodpduuueHToB Pypre Hekoropol GyHKUMH H3 L,.

Ho 310 coorBercTBHE O6s1ajaeT i APYTHMH CBONCTBAMH, KpoMe
B3aHMHOH OJHO3HAauHOCTH. MMeHHO, ecin x~-f, y~ g, TO

x+y~f+g,  kx~kf.
Huaue rosopsi, Hi OAHO JIHHEHHOE COOTHOLIEHHE

k1f1+ +knfn:0

MEX]Y 3JEMEHTaMH LJ HE HapywHTcd, €CJAH Mbl 3aMEHHM 3JIEMEHTHI

fi, ..., fa coo1BeTCTBYIOWIMMH MM 3aeMeHTamu' [, [npH atom uepe3 O
B [, ofosnauaerca sektop (0, 0, 0, ...)]. Ecau 310 conocraButh
C TeM, 4TO (KaK yxe ormeuanocb) |X|=]f||, To craHer sicHa moJiHas

reOMETPHUECKasl TOMKIECTBEHHOCTh MpocTpaucts L, u l,. B caasm
C 3[HM H [, Ha3blBaeTCA NPOCTpaHCTBOM [ uibbepra.
Ilyete x=(ay, a, a3, .. ), y= (b1, by, by, ...} CYIb [1BA BeKTOpa
u3 [, a f 1 g COOTBEICTBYIOULE HM 3JeMeHTbl IpocTpaHcTBa L.
O6o6wennas ¢opryaa 3aMKHYTOCTH JaeT, 4ro
x

b
{F(0g0)de= Elakbk=(\’, Y-

a k=

B cBSI3H C 3THM €CTeCTBEHHO HHTErpan
b

{F (0 g ) dx

a

1) Mbi Hageemcst, YTO YHI14TEI He CMYTUT TO OGCTOATENLCTBO, 4To OyKBOH X
MLl 0003H44acM H apryMenl ¢yHKuuit f(x), wp (¥), .. H BEKTOPbl NPOCTPAHCTBA [y,
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Ha3BaTb CKAJJAPHBIM MPOU3BEACHHEM 3J/IEMEHTOB 1) f H gH 0603HayaTb

ero uepes (f, g), Tak uto (f, &) =(x, y).
HepapetctBo ByHsAKOBCKOrO NpHHHMAaeT 1emepb CAEAVIOUIHH B

[F @ l<Ifl g

Orciofa cefyeT BO3MOKHOCTb ONPEIETIHTb Yros 6 Mex1y 3J/eMeH-
TaMH f M g mpocTpaHcTBa L

(¢, & —
cosB=Tigr  O--0=m

B uactHoCTH, naHHOe Bhille ompeaejieHHe B3aUMHOH OPTOrOHANb-
HocTH ¢ynkimii f(x) u g(x) (f, g) =0 oxa3biBaeTcsi PaBHOCHIBHLIM
YCJAOBHIO, YTO YIOJ Mexjay HHMH, Kak 3/eMeHTaMM L,, pased /2.

Hanee, ecin @ (x) ectb HOpMIpoBaHHas GyHKuus |o|=1, To ee
MOXHO paccMaTpHBaTh KaK eNHHHUHBIA BeKTOp (OpT) mpocTparcrsa L,
(nau l,, uro, Kax Mel BHAeaH, Geapadnnuno). B Takom ciayyae MOKHO
ONpeienuTb NPOEKUMI0 BeKTOpa [ Ha Harnpab/icHue ® OObIYHBIM CIO-
coboM

- IMp,f=|f1-cost,

rie 8 yroa Mexiy BekTopamd | u o. MHaue rosops,
b

Mpo/ = {F (1) o (x) dx.

[4]

Takun ofpason, kostduunents: Pypoe dynkuuu f(x) B oproHop-
ManbHO! cucteme?) {w,(X)} cyThb TIpoekUHl BeKTOpa | Ha Hamnpa-
BJEHUS, XapaxkTeplayeMble (pyHKLIISIMH CHCTEMSL.

Ecan Mul uMeeM n-MEpHOE 3BKAUJOBO NPOCTPAHCIBO, TO IJHHON
BeKTOpa X = (a;, @, ..., G,) HA3BIBACTCH YHCJO

n

ixi=1/ X a
k1

3to ectb o6obutenue Teopembl [Tugaropa, ubo uncna a, CyTb npoek-
LHH BeKTOpa X HA KOOpAHHATHBIE ocH. Paccmorpum m (m < n) aTHX
npoekunit. Yrobsl ysuaTtb, BCe Jan n HPOEKUMI Ha OCIl NPHHSATH
BO BHHMAaHIle, MOMKHO NPOCTO CpaBHI1b YHCAa M I 7, & MOMKHO
BMECTO 3TOTO NOCMO1peTb, Oy[er Ji HpH BCAKOM BEKTOPE X BepHO
paBeHCTBO .

[1:

at
1

Jx2=

b
I

1) DyieMeHThl MPOCTPAHCTBA Lo MBI Tenepb OyiAeM Ha3pBaTb [ BEKTOPAMHK 310T0
HPOCTPAHCTBA.

2) 1o He 0673aTCARHO 14 CUCTEMA, C MOMOLLLID KOTOPOU YCraHdBJAHBAJIOCh
COOTBETCTBHE Mexay Lo u [5.
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(nbo ecan m << n, TO 06s3aTeNbHO HaBAyTcst BEKTOpBI, AN KOTOPHIX

nt
Z ap << x|). MoxHo, nakoHel, BBIACINTb, CYUECTBYIOT .TH Hampa-
k=1

BJIEHHS, OPTOrOHAJbHbLIE KG BCEM MPHHATHIM BO BHHMAHHE /M OCSM.

J1as1 GeCKOHEUHOMEPHOIO TTPOCTPAHCTBA L, BCsIKAsh OPTOHOPMaIbHas
cHCTeMa { oy (X)} €CTb CHCTeMa OpTOrOHA/bHBIX KOOPAHHATHBIX OCel,
JKenas BBIAACHHTb, BCE /M BO3MOMKHBIE HAalpPaBAEHHs HNPHHSTH BO
BHHMAHHE NIPH COCTABAEHHH 3ITOH CHUCTEMB, Mbl JIHIIEHLl BO3MOKHOCTH
JeficTeoBaTh NPAMBIM cdeton. O6oGuias Apyrue Apa cnocoda, ykasaH-
Hble /ISl N-MEPHOTO NPOCTPaHCTBA, Mbl €CTECTBEHHO MPHXONHM K orpe-
JeJeHHAM 3aMKHYTOH M MOJHOH OPTOHOPMAJbHOH CcHCTeMbl. B uact-
HOCTH, CTAaHOBHTCA COBEpLUCHHO SICHOH NMpPHYHHA PABHOCHJIBHOCTH 3THX
onpejenReHull. .

Jo cux nop ¢BA3L TpOCTPaHCTB [o M L, HCHOJb30BATaCh Hamu
JJIS1 YCTAaHOB/IEHHR HEKOTOPbIX HOBLIX TOUYeK 3peHHA Ha L, (uto
TaKKe, KOHe4HO, OYeHb BaxHo). [loxaxewm, 4TO 3Ta CBA3bL NoJe3Ha
U AA5l YCTAHOBJACHHMA HOBLIX $aKToB.

Ilpexne Bcero, HepaBeHCTBO !(x Y)
HepaBeHCTBY DByHsakosckoro | (f, g)|=|

l<
fli-
(i akbk>2<<§lai>(§] bi1, (1)

‘e=1 E=1

=< | x|-lyll, paBHOCHABLHOE
{ {, o3Hayaer, 4TO

a HepaBeHCTBO | X + y| ~< x| 4-| y| Moxer GrITb npeacTaBaeHO B dopme

D (a4 b= N oai+ N b ()
k=1 =

k=1

Hepagencrea (1) 1 (2) umetor yucio aaredpanyeckiti xapaxrep.
[lanee, ¥3 MOJMHOTEL MpoCTPAlCTBA L, CAeAyeT aBTOMATHYECKN IOJHOTA
npoctpancTBa /, (T. €. CXOZHMOCTL HOCHEA0BATECIBbHOCTH Xy, Xy, ...,
Yy KOTOpPOW | X, — X, | CTPEeMHTCS K HY.1I0 C BO3DacTaHUeM A 1l m).

Tak kak bcsikoe n-mepHoe npoctpancreo R, ec1b 3amkHyToe nog-
MHOMECTBO NpOCTpaHCTBa /,, TO BCC cKasaHnoe (mepaseHctsa (1) u
(2), noatiora) MpUMEHHAIO H K CJy4aio 3TOrO MPOCTPAHCTBA.

Pacemorpum 8 mu(moqmme elwe ogMH BOIPOC, FAE BCChMA MOJC3HON oKaxeres
CBfisk Memay Lo 1 o
CDuKanyeM KakoH-11G0 3JeMEHT g & L, W cooTHeceM KamloMy fe& Ly uucao

. ©H=( 9. ©)

Arum 3anada B Ly Hekolopast yHKUMS, 3HAUNCHHSAME KOTOPOI ABJIAITCA Bele-
cTBeHHble uucaa. Ond o6sagael OUCBHIHLIMH CBOLCTBAMH

D @ f4-f) =0 (F)+D (1)
IO =K-f1 (K—ygl).

Beakag dyuxkuua O (f), apryMmest Kotopolf f ecTb snemedT Lo, a 3HAUPHHSA
KOTOpOIl CyTh BeLIECTBEHIBIE 4uC]a H KoTopas ofjajact coficteamu 1) u 2), —
HA3bIBACTCA  AUHCUHbIM  (PyHKLUOHAAOM B TIpocTpanCiBe Ly OKashBaeTcs, uTo
HAKAaKHX APYyTHX JHMHEHHBIX (yHKIHOHAM0B, Kpome (3), B mpocTpaHcrse Lz HET.
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Teopema (M. DPpewe). Eciu O(f) ecmo auneinetll ¢ynryuonatr & npo-
cmpancmee Ly mo cywecmsyem odur (4 moavho odur) aemenm g < L, manou,
4mo npu 8.anoM [ & L, Gydem

O~ g

NokasaterwbcrBo [omycrum, 4To y HAC ¢ NOMAOUWBI0 Kxakofl auGo opTo
HOPManAbHOIl CHCTeMbl OCYUIECTBJICHO B3dHMIO OJHO3HAYHOE COOTBETCIBHE MEKAV Lo
u [, KoTopoe He HdpyiaCT JuHEHHHX COOTHOWIEHHA B 3TUX [POCTpAHCTBAX H
coxpatser HOpMY a1eMenTa Fcnd Mbl 6viem cuitate, uio suauveunto @ (f) dyuk
uxonada (D coorHeccHo TOMY 3/EMENTY ¢ NPOCTPAHCTBA [y, KOIOpwil oTBeyaer
B YKa3aHHOM (OOTBETCTBHH 3JeMCHTY f e [, Tro B KOHeyHOM CueTe Hdw ¢yHK-
uHoHaa GygneT 3dnaH B [y M 061alaTh (BOHCTBAMH

O@1+x0)=00)+0 ), D) ~K [x]
YCTaHOBHM (yULECTBOBAHHE TAKOTO 3JEMEHTA i & [y, HI0 NpH BleX x & ly 6y JeT
@ (x) = (x, y). )

C stofi uensio Mel yéepuv-st ceavana, uto dyuaxuuonan @ oduopoden, T e,
4TO NpH Mo6OM BeilleCIBeHHOM a OyJer

@ (ax) - a® () (©)

CoolHouleHile (5), OYCBHAHO, BBHINOMHAETCS, eClil @ ecTh Haly pafbHOe YHUJIO
Otcload JIerko ycMOIpeTb, 4YTO OHO BBIIOJIISIETCA M B TOM (/yuae, KOCHa d HMeer
BHp | m, rge s uaiypasbHoe uyCRO, @ CTAN0 Gbilb, H NPH BCAKOM NONOKHTEALHOM
panuoHassuoyM « [Jadges, coanagasa yepes 0 sexiop (0, O, ), Mbl OyleMm HMeTb,
yio D ()=D O+ 0)=2D(0), orkyma fAcho, uro ®(0) =0 u (5) HmeeT MecTo
npe a—=0 Hanowen un3 toro, 40 0—D0) =D [(x +(— )[=D () + D (—x)
cnenyer, uto M (—1)=—D(v) u, <ramo 6uTh, (O) BepHU M BCAKOIO palHo
HadbHoro @ OCTdeTosl paccMOTpeTb CJlyddll, kOIAd ¢ HppanHoHalsno B asrom
Clyyae HA30BeM uepe3 7 Kakoe HHOYIb PpaUdOHaNbHOe HHWIO H MOKakeM, 4TO
PdBEHCTBO

D (rx)=rd (x) 6)

NpH 7 — a B npegene nepexonnt B (5) as npaeoil vyactw (6) 3To oueBHAHO,
C apytoit cropoinl, @ (rx)—-@® (@) =1Of (r—a)x] <K r—a |x|, TaK uTo
U JeBad 4acTh (h) CTpeMuTCs K JeBou 4a t (5) Hrak, (3) poxdsaxo
Bpesem B paccMoTpeHstie  BekTopol e, = (0, 0, I, 0, ) (eanunua Ha
kom vecte) H nosokum @ () =A, (k-=1, 2, .
[lokameM, uto Bekrop y=(Ay, Ay A, ) BxoauT B [, JleHcTsureabHO,
n

ecmn y,=(4,;, A, v Ap 0,0, ), 0 gp= Z Ajer, olkyaa @ (y,) =
E=I

n "

= 2 ApD () — E Ax n nepaenctBo O (x) <K |x| B NpHMEHEHHH K y,
E=| k=1
/Tn
aaer, 4To l/ Z Ar << K, o1KyZa, BBHIY NpOH3BOJBHOCTH 1, Gyler |yl < K.
.

[MokameN renepb, Uro 3JeMeHT y il ABT1H€TLA HCKOMBIM, I € 4ra upu JoGonm
X & 1, HMeeT MecTo (4)

Tyers x —(ay, ai, g, ) eurb 3neMeHT £y Tlosokum

Xy =(ay, 2, y Qo 0, 0, )-
n
Toraa x,= Y] ayep

b=\
2]

D)= Y @@ )= 3 Apar (7
k=1\ k=1
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Ecnu n crpemurca K 4.0, TO mpaBast yacTk 3TQr0 PaBeHCTBA CTpEMHICS
K (x, y) C gpyrou cropousl,

(D) —D(x,) = Dx—s,) <K [x—zx, =K ]/ > oa,

k=n-+1

tak uto @ (x,) ¢ BOapacTandem n cTpevurcst K @ (x) # (7) nepexosur B (4)

Hasosem uepes g tor aseMeHT [, KOTOpEHll OTBEYaeT 3MCMCHTY y B YCTaHo-
BAEHHOM COOTBeTCTBHH [lycTs [ NpPOM3BONBHLIT J7CMEHT L, W OVCTh X COOTRET
cTByownii emy saemenr [, Torma @ () =D ()=, y)=(f, g

Ocrdetcst yOeanTbes B TOM, Y4TO B Lo €CTh TOJIBKO OJHH 3JCMCHT g, YIOBJETBO
palni npu JGoM t coothouenuwe M (f)=(f, g)

Ho ecnn 681 11X 6biio ABa, g, H g2, TO Npu M0GOM | Gpwio Gkl

U gi—g)=0 g~ =0 -D(H=0
H.OJIO/KHB 3feck =g, —g; Mbl HAW T 6bl, 4TO
(g1— 8 &1— D= & —£:12=0,

OTKylla g; =gy Teopema jokadana MNOJHOCTBIO

§ 5. JluHeiiHO He3aBHCHMBbIE CHCTEMM

Onpenenenne 1. Cucreva dyHRuHiz @y (x), @.(x), .., ¢,(a), 3a-
RaHHbIX Ha [a, b], Ha3biBaeTcA .aunelno 3asucumol, eCli MOXKHO
yKa3aTh TaKyl0 COBOKYMHOCTH TOCTOAHHLIX Ay, A,, .. , A, H3 KoOTO-
pbIX XOTb OJHA OTJAHYHA OT HYJHA, 4TO

A1y () - App, ()4 o 4 Anga () ~ 0. ()

Ecau e Takoit coBOKYMHOCTH MOCTOAHHBIX HET, T € ecau u3 (I)

cnenyer, yto A;=A,=. .= A,=0, 10 cucrema |, (x)} HasbiBaercs

AUHCLIHO He3a8UCUMOL

Jlerko BuaeTh, uto ecan XOTh OaHa (YHKUHS cHCTevbl {g, (x)}
SKBHBAJEHTHA HYJIo, TO CHCTEMA .TMHefHO 3aBHCHMA, M 4TO BCAKAS
cHCTeMa, ABIALAACA YaCThIo JHHEHHO He3aBUCHMOI CHCTEMbI, JIMHEHHO
He3aBHCHMa,

Teopema 1. Bcaxasa opmoHOPMAAbHAA CUCMEMQ AUHeHO Hesa-
sucuUMa

HetficrButensho, ecan {w, ()} (=1, 2, .., n, a=<x=<b) ectb

n

OPTOHOpMAJibHAA CHCTEMA H eClH E Aoy (x) ~0, TO, yMHOXas
E=1

3TO paBeHCTBO Ha o, (x) W HHTETPHpPYs, Mbl Haiinem, uto A4, =0

t=1, 2,..., n), oTkyAa u crneayer reopema,

Teopema 2. Cucmema ¢pynkyui x™, x"t, ., x", 20e noxasa-
meau fiy, N, ..., N, yeivie U HEPAsHow MexOy Cobol 4ucAa, AUHEUHO
HE3ABUCUMA HA M000M CesMenme.

3ra Teopema ciefyeT H3 TOTO, YTO LEJAblH MHOTOWIEH MOXKET HMETb
TOJBKO KOHeYHOoe uucjI0 KopHefl.

Onpenenene 2. CyetHas cucreMa ¢y HKUME @, (x), @,(x), .. Ha3bl-
BaeTCS AUHEIIHO Hesagucumoli, €CAU JuHeHHO He3aBHCHMAa BcfiKas ee
KOHeYHad YacTb.

179



Hanpumep, nuHefiHO He3aBHCHMA BCAKAA CYETHAas OPTOHOpPMANbHAs
cucrema, Iau cucrema 1, x, x%,

[Tycts @ (x), ..., ¢, (¥) ecTb cucrema GyHKUMH H3 L,, 3ajaHHbLIX
ua cermenre {a, b]. Honowum, Kax n Bnme, aas nobuix ABYX GyHK-
uui f(x) u g(x) u3 L,

b
f, @ =7 g dx
H COCTaBHM oIl peﬂe.n HTEeIb

(P, P0) (1, §2) ... (@1, ©n)
A, = (%, cpl) (cm, tpi) : (cpz, <p,,)

(tpm tpl) (tpm CP) (tpn, cpn)

OmnpegeneHne 3. Onpepenutens A, Ha3LBaeTCA onpedeaumenem
Tpama cucreMbl GYHKUHA { g (%)},
Teopema 3. [1ag nozo umobel cucmema @yrryul

P (%), @2 (%), oy @uix) 2)

Obiat AUHEIHO 3a8uctumMoll, HeoOXo0uMO U JOCINAMOYHO, umodbl ee onpe-
Oeaumenn I'pama pasHaica Hywo.

Hoxasarteascrtro. Ilycte cucrema (2) JuHEHHO 3aBHCHMA.
Torpa cymecrsyer cucreMa KoHCTaHT A, ..., An, U3 KOHX XOTb OfiHA
OT/MYHA OT HYJf, Taxas, 4To

Alcpl (X) + A?q)‘z (X) + O + AIL(PIL (X) ~ 0 (3)

YMHONKEA 3TO PaBEHCTBO Ha @ (X), ¢, (X), ..., ©, (¥) 1 Kaxaplit
pas HHTErpupyd, N0JyYHM

A ((Ply (Pl)_ll‘A ((Plr [P2)+ +A/L ((Plv (P/l):
A ((P2» (Pl) JY A ((sz >)+ +A ((PZv (P/z)‘—‘

.....

1 ((Pm (Pl) + A ([Pnr (P2) + + A/z ((Pm (prl) -

4)

Ecau Oul B paBencrsax (4) uucna A, ObUIH HEM3BECTHBIMH, TO 3TH
paBeHCTBA 00pasoBbIBalN Obl JIMHEHHYIO CHCTeMY ypaBHeHHil ¢ ompe-
denntenem A,. Ho npu Hawnx 3HaueHHsax uyucen A, oQHOpoaHas
cucreMa (4) yjosserBopseTcss M, Tak Kak He Bce A, cyTh Hyau, TO

An =0, (5)

YTO M JIOKA3blBaeT HeoOXOAHMMOCTb 3TOrO YCNOBHA.
Honycrum Teneps, yto A,=0. Toraa oaxopopnas nvHefiHas cu-
cteMa ypaBHeHUA (4) umeeT pellenust, oTM4Hble OT HyJas. IlycTe
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Ay, A, ..., A, 3TH pelueHHs, TaK YTO PABEHCTBA (4) CyTh TOXKAECTBA.
[lepenuuiem 3TH TOXKOECTBA TaK:

h

S () [A19 () + ... + Ana (x)] dx =0,

§ 00 () [Ap (0 + ...+ Aupn (0] dx =0.
Ymuoxas sti paBeHcTBa Ha A, ..., A, H ckJajgbiBasi, HallIeM, 4ToO
b
VA (0 + .. 4 Appn (O dx =0,

a

OTKyla U BhiTeKaeT (3), Tak YTO CHCTeMa | ¢, (x)} NHHeliHO 3aBHCHMA.
CaeacrBue. Ecau A, # 0, mo nu odun usz onpedeaumereil Ay, A,,
A, ..., A, makice He pasen Hyaw.l)
B camom nene, ecin A, %0, T0o cucreMma | (x)} JuHeitHO He3a-
BHCHMA, CJENOBale/bHO, JIMHElHO He3aBHCHMAa M BCSKas ee 4acTb

Qpy ooy Pul{m<<n), atornia n A, 0.
Jemma. [[ycms na ceemenme [a, b] 3adana cucmema n yuk-
yutl @ (x), ... @ (x). Horoxcum
(P, P1) (@1, P2) - (D1, Prq) P1(X)
o (1) = | (P2 P2 (P20 @2) o (20 @n-2) 92 () (6)
(@nr @) (Pry P2) - (Pny Pr-1) P (X)
Torna
0 (k<<n),
(lprzr (Pk) - An (k:ﬂ) .

JokasateabcTBo. [as TOro ytobel YMHOXKUTE P, (X) HA @y (X),
JOCTATOYHO YMHOXHTL Ha @ (x) nociequnii cronbeu onpegeanrens (6,
a yToObl HalTH HUTErpas OT MOJAYYEHHOTO IIPOU3BEAEHHS, TAKXKE HYIKHO
HHTETPHPORATL JIUIUL €ro nocjaeaduli cronbeu. OcrajbHOe sICHO.

Ecan muol passepnem onpegeautens 1, (x) mo sjneMeHTaMm MocJ/el-
Hero crousblia, TO, OYEBHAHO, MOJYYHM

PYu () =A11 () .. FAn-1Qn-1 () F Ap 195 (1), (7)

3Hauur, ecan cHeTeMa |, (x)} auHellHO HesaBHCHMa, TO Y, (X) He
3KBUBAJeHTHA HYMO (60 A,_; # 0). VYmHOoXas paseHcTBO (7) Ha
VP, (%), UHTErpHpPYsA H NpPHHHMAas BO BHUMaHHE JeMMY, HaxOLUM
b

fwzdx=0,-,4,, 8)

a

1) Ilon Ay pasymeerca (yp;, ¢).
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Tak urto onpejeautent A, u A,_; (He paBHble HYJI0) OJHOIO 3HaKAa.
Ho no Tem e npHuiBaM OAHOrO 3Haka M onpereantenn A, , U A, ,
U T. 4. 3naunuT, A, HMeeT TOT Xe 3HaK, 4YTOo H A;=(¢,, ¢;)>0.
Takun o6pason, MBI YCTAHOBHJIM TEOpEeMy.

Teopema 4. Onpedeaumers pana AuMelinHo He3a8UCUMOU CLCHIP b
noaoxcume iex

Pasputoie 31ech coobpaeHHs TO3BOJIAIOT JErKO JoKa’aTh CJe-
Aylollee TpeloKeHHe.

Teopema 5 (3. lImudm). [Tycms wa ceemerme [a, b] sadana
KOHEYHAA UAU  CHPMHAA  AuMeliHo  Hesnsucumas — cucmema @ (x),
@ (X), .. Toeda MoxmHO nocmpoums maKy0 OPMOHOPMAAbHYD CU-
cmeny 01 (x), @,(x), ... umo 1) kawdas pynkyua ©,(x) ecme au-
Helinbul aepeeam nepsox n gyukyuld cucmemsl (. (x)} w obpamwo,

2) scakan yuryua ¢, (x) ecme AuHelnblll aepeeam nepssix n pyrkyull
cucmenmsl o, (x)}.

HdoxasareavcTBo. [losoxkum

x) Y (%) ~
N n X)= ——— n=z= 2 ’
a0 YIS Y

ay

—

0y (x) =

rie ¢, (x) onpeneasiorcs paseHcTBoM (6). JTuM noctpoeHa Tpedyemasn
1

cucrema. B canmom pene, u3 (7) sicHO, uTO 0, (x) = Zak(pk (x), TaK
ko1

YyTo cHcTeMa {wg (X)} yAOBIETBOPSeT nepBoMY TpeGOBaHHIO  Teo-
pembl.

Ms nemmbl caenyer, uto ¢, (x), a 3Ha4HT U ®, (x), OPTOrOHaNbHA

KO BeceM (PyHRuUMAM ¢, (X), . ., ¢, , (x). Ho Torna v, (x) oproronannua
KO BCeM JIHHEeHHBIM arperaraM QyHRUHHA ¢, (X), ..., @, ;(x) 1, B yacr-
HOCTH, K QYHKIHAM ©,(Xx), . , 0, ((x) 3HauuT, cucrema |y (x)}

COCIOMT H3 NONapHO opToroHalbHulX dynxuuit B cuay (8), sce dynk-

LHH @, (X) HOPMHPOBaHLI, B {®,(X)} €CTb OPTOHOpPManNbLHAA CHCTeMa.
Ocraercs yGenuTbcs, 4To

Pn (x) = 2 broy (x). 9)

k=1

310 TpuBHaIBHO A8 n==1. [lycTb 3TO AOKAa3aHO 1M51 BCeX n << m.
Torxaa, B cuay (7),
1 S A
)=t () — Y Tk
(Pm( ) Ap ‘Pm( ) Pr (X),

- Ay
Py m-1

OTKYJa, 3aMeHffl B NPaBOil yactu P, (x) Ha VA, 1 Aoy, (X)), a Kaxk-
Ayio g (x) (=1, ..., m—1) Ha Juneiluuli arperar QyHKUMH
w;(x), . , 0,(x), MBl HaXoiHM, 410 (9) BepHO W ANA n=m, 4O
1 TpeboBaNOCh JIOKA3aTh,

3ameqanne. Cucmess: {9, (x)} u {0, (x)} o0nospemenrno noinst uau
Hert.,
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310 caeAyeT U3 TOro, 4To BCAKAA (QYHKUNA [t(x), OpTOroHaNBHAS
KO BCeM YHKUMAM OXHOH CHCTeMbl, OPTOTOHAIBHA U KO BCEM Y HK-
wiAM ApYIOH.

[Teuver. Cuctema oyaxmu 1, x, x2, ¥, . JuHeHHO He3asH-
cunma Ha cermedre (—1, --1] TlpumeHss K Heff 1.pouecc OpTOroHa-
JH3alk, yKasaHHb B Teopeme, Mbl NOAYYHM OPTOHOPMAJIBHYIO HA
cernente [—1, +1} cicremy mHorousieHon

Ly(x), Li(x), Ly(x), ... (10)

rae L, (x) ectb nonuHom crenenn n.1!) [Moaunomm (10) nasviatorcs
noauromamu Jlexcanopa.
Teopema 6. Cucmema noauromos Jlexwandpa samxryma.
Hoxasarteasciso. Cornacuo 1eopeme Wlmuara

=3 apLy (x). (11)
k=0

Ho B nauane § 3 Mbl YCTaHOBHJIH, 4TO B NOROGHOM Clydae Koad-
¢GuUHenThl @ CyThb Koadpuumentot Pyppe GyHKUHH X* B OPTOHOP-
MaapHOl cnetenme {L, (x)}.

Yuuomas (11) Ha x" u unrerpupys B npejenax [—1, —+1], naii-

"

Jen, uto [x*[*= }: az, T e. dopmyna 3aMKHYTOCIH ChpaBelsuBa
k—0
A1 kamuon u3 dyakuuit ' (n=0, 1, 2, ..). B cuay cregcrsus [
teopens CTensoBa, Hala TeopeMa JOKa3aHa
CaenctBre. Cucniema ¢ynxyuit 1, x, 2, ... noana.

§ 6. Mpoctpancrea L, u [,

B stom naparpade Mbl BKpaTie H3J0XAM opHo oofmerue npo-
CTpPaHCTBa L,.

Onpenenenne 1. Mamepumas ¢ynxung f(x) (kax u BblUe, Mb orpa-
HuunBaemcs ¢yHKUUAMH, 3a1aHHBIMK HA HEKOTOPOM cermeHte [a, b))
HasblBaeTCA cymmupyemoli ¢ p-ti cmenenoio, Tae p =1, ecau

b

\ Flo) 7dx <o,

a
MuoxecTBu BCeX TakiiX (yHKUHE NpHHA10 0603Hauath yepe3d L, (an
yepes L,[a, b]) Ouesnano, L,=L

Teopema 1. Dyuxyus |}(x), cymmupyemas co cmenenvio p> 1,
cymmupyema, m. ¢. L, L.

Heitcisutenbro, ecan noaowuts E =[a, b}, A=E( [ <)
B=FE—A, 10 cymmupycnocTs (yHuUI f{x) Ha MHOXKecTBe A oOue-

1) Mo teopeme crenens L, (x) ne buume n, Ho osa u ue umuxe n, udo
n

XN = E aply (x).

k=0
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BHAHA, a €e CYMMHPYEMOCTb Ha MHOXECTBe B BbITEKaeT H3 TOro, YTo
Ha 3ToM MHoxecTse |f(x)|-<|f(x)!P.

AHasorHYHO JOKAa3blBaeTCH

Teopema 2. Cymma dsyx ¢pynkyuli, exodauwux 6 L, makwe
gxo0um 8 3mom Kancc.

B camom pesne, nycrs f(x) u g(x) Bxogar B L,. Ilonaras

fyneM uMeTh Aasa x &= A:

FO+gmr<{iIf(I+'gm|P-=27gx)P,
OTKyZAa
VP +gw) pde<2r {'gx) P dx <+ oo

A A

Tak xe Mbl yOefHMCA B KOHEYHOCTH HHTerpaJja S[f—l—glp dx. Ortme-
B
THM emie oueBuadbiil ¢axt, uyto BmecTe ¢ f(x) B L, BXxoaur mofas
byHKunA Af (x), roe 2 KoHeyHad NOCTOSIHHAS.
ycrs p>1. Yncao

___bp
I=5_7

HAa3blBaACTCH A0KA3amMereM, CONPANEHHBIM C p. BBHILy TOro 4Tro
1 1
= =1
p T q

noKasareib, CONpHKEHHHH C ¢, €CThb p, TaK YTO p H ¢ 5TO JABa B3a-
HMHOCONPAMEHHBIX [ToKazareada. B wacTHocTH, ecau p=2, Tou g =2,
T. €. NOoKasaTesib 2 CaMoCONnpsxeH (B 3TOM OOCTOATENbCIBE KOPEHSTCS
HEeKOTopbie Ba:KHble CBOHCTBA NPOCTPAHCTBA L,, HE NMepelocAllHec Ha
Apyrue L,).

Teopema 3. Ecan [(x)e L, agxyel, ee p u q s3aumrno
conpaceHst, mo npoussedenue [(x) g(x) cymmupyemo’ u cnpasedaugo

HEPaseHCmso
n b q b
\Ql/Slf(x)de-‘/ \lg(x) 2 dx. (H

X

b

V(%) g (x) dx

@

INokasateawsctBOo. [lyere O0<Ca < 1. Pacemorpum dyukuuto
Px) =x" —ax (0 << x <<+ c0).
Ee npoussognast ¢’ (x) = o [x* 1 — ] nonoxurensHa npn 0 < x << |
H oTpHuaTesbHa npH x >> 1. 3Hauur, HauGoJblluee 3HaUYCHHE (YHKILIH
Y (x) mocruraerca npH x=1. Taxum obpasom, Y (x)=<P(l)=1—«,
OTKYAa ciefyer, 4to mpu Beex x>0 Oyjer
¥ =ax+4 (1l —o). 2)
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[Tyctb A n B ABa NONOXKHTENbHHIX uyucaa., Ecaw B (2) moacra-
BHTb x=A/B u TNojsyueHHOe HEPABEHCTBO yMHOXKHTE Ha B, TO Mbl
TTOJTYUHM

A*B! * <= aA+4-(1 —a)B.
[lycte p W g—Te ABa B3auMHO CONPSIKEHHBIX [OKa3aTensd, O KOTO-
pLIX TOBOPUTCS B YCAOBHH TeopeMbl. Ecau noaowuts @ = 1/p, | —a =
= 1/g, TO MBI YBUIHUM, UTO

Al//—’Bl/q _}_ i (3)

310 HepaBeHCTBO JIOKa3aHO A A >0 u B>0, Ho oHO OoueBHI-
HbIM 00pa3oM CHOpaBeAJSHBO W TOT[a, KOTAa OfHO (Man o00a) H3 3THX
ypces ofpaitaercs B 0.

YcraHoBHB 3TO, paccMOTpUM Te QYHKUMH [ (x) ¥ g{x), 0 KOTOphIX
uner peub B Teopeme. Ecan XOTh OfHA W3 HHX 5KBHBAJIEHTHA HY.JIMO,
TO BCE YTBEPKAGHUS TEOPeMbl OUEBHAHBI VCKAOUMB 3TOT TpHBHAMb-
HBll Cayuail, Mbl MOXEM yTBepXAaTbh, 4To oba MHTEerpasa

b b
Vi Ppds §lgEdx

CTPOro NOJIONKHTEAbLHbl, H MOTOMY MOXKHO BBECTH (pyHKU,PII/l

[ ) g(x)

(P(X): N Y(X): T
I/S\f(x)wdx l/ﬂ g(x) 2dx

a a

Ecau B (3) nonoskuts A= (x)|?, B=1y(x)'?, T0 MBI 1IOAyYnM,
41O

9y (n =l 2T 4

OTKyjAa CleAyeT CyMMHPYEMOCTb NPOU3BEAEHHA @ (X)y(X), a ¢ HHM H
npoussenenna f(x) g (x). Kpome Toro, sameyas, uro

b b
S|‘P(X)lpdx=g|v(x)\qu=1

H HHTerpupya (4), Mbl HAXOAHM
b
I
S!@(x)v(X)Idx<; +,=

oTKyla CJellyeT HepaBeHCTBO

b

S\f(x g (x) [dx<l/ (1 (x) pdx l/ Vg (x) 9 dx,

a
Jaxe foJiee CHJAbHOE, YeM
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HepaseHcrro (1), HaseiBaemoe wepasencmeom [éavlepa, sipngercs
06o6leHHeM HepaBeHCTBA DB yHSIKOBCKOTO, B KOTOpoe OHO H MepexoAHT
npu p=2.

Teopema 4. Ecau f(x)eL, u g(x)esL,(p=1), mo

14 b p T p/h‘_.._
|/§f(x)+g(x)f’dx<.|/sf(x)pdx+], Vigyrdx. ()

HokasatenbcTBo. Teopema ouenana npu p=1. [lyets p > 1
M g eCTh NIOKa3aTe/b, CONPSKEHHBIH C p.

[To teopeme 2 ¢ynmma f(x)+-g(x) sxomutr B L, a notomy
U (x) + g (x) P/ BxouuT B L,.

3amenum B HepaseHcTBe [€anfepa f(x) Ha  f(x), a g(x) Ha
| f(x)+ g (x) P4, I10 paet, uro

b

§ P+ g e dr <
e q b
é]/gf(x)ﬂdx.‘/gf(x)+g(x)ipdx. (6)
b

Vgl o +gw) rade
4 b q
é]/g gx) Pdx . l/

Ho seap p=1- Z. 3Hauur

AHAJOTHYHO

fl)+g(x)Fax. (7

Qe

frer=T+g 'fregri< T -If+g?i+'g" -|[+g"n.

Orciona v n3 (6) u (7) caeayer, uro

P r 2 q
§f+g!"dX<{|/Slfl"dx+]/ilgipdx}-]/S'Hgde,
b

a

. l/q
a OTCIOJla H BBITEKaeT Tecpema [coxpameﬂne Ha (S\f—}—gjp dx1  3a-
ca

KOHHO, €C/H 3TOT MHTerpaa OTJAHYEH OT HyJsd, HO B NPOTHBHOM CaY-
yae TeopeMa QUEeBHJIHA |,

HepagpenctBo (5) naswmiBaetcs Hepasencmeom Munkosckoen. [lpu

p= 2 QHO npeBpamaeTCﬂ B y)Ke H3BECTHOE HaM HepElBPHCTBO
Kowin.
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Temu e pacCy:KIEHHAMH YCTAHABJIHBAKOTCA H CYMMAaTOpHBHE
HepaBeHCTBA I'ém)nepa u MHHKOBCKOTO:
e

q n
l/ v o P l/ E "By 14 (p>]1 q=_"._\’ (8)
Py Pyuy : p=l

p SR P
Y ak—}—bki’<l/v P /Z | b |P (p=1. (9

Py
Onpegenenue 2. ITycte [ (x) = L,. ‘-Iucno

A
1|fﬂ=|/§'f<x>fdx

a

Il

akbk

HaspiBaeTcs Hopmoi GyHKuH f(x) (Kak sqaementa L,).
QueBraHbl cAefyrouie cBOHCTBA HOPMBL:
I. {f}==0, npuuenm |f =0, Toraa it ToabKo TOrAR, Koraa f (x) ~ 0.
.| Afl="k1-|f| u, B yacTHOCTH, |— f|=IF|.
!
. TN
Beenenue Hopmbl nospoaser u AAs L, yCTaHOBHTL Ty XKe reomer-
PHYECKYIO TCPMHHOJMOTHIO, yTo B Boiwe aas L,. CxoauMocTs nocieno-
BaTeNBHOCTH 371eMeHTOB {f, (x)j U3 L, k npexeay f(x) L, no Hopme
03HAYAET, YTO

b
lim S Fulx)—F(x) #dx=0.

n—oo g,

3ToT BHA CXOLHMOCTH HA3LIBAGTCHA TAKKE CXOOUMOCMbIO 8 CPEAHEM
nopadka p.

Tak ke, Kak M Aas L,, MOXKHO NOKa3aTh, YTO H3 CXOJAMMOCTH
HEeKOTOpOH Moc/neoBaTebHOCTH B CpPelHeM NOpPAAKA p BbiTeKaeT ee
CXOHMOCTh (K TOMY 3Ke npefeny) H no mepe. Tak xe, Kak H a1s L,
YCTAHABJIHBAETCS HENPePhiBHOCTL HOPMBI M ©AHHCTBEHHOCTh I[pejena
(ec/1H He passnyath MexAy CO00H 3KBHBa/IeHTHBIX QYHKUHH). BykBasbHO
TaK 2Ke, Kak Aasi L,, BBOAHTCA MOHATHE CXOAHMOCTH B cefe H
AOKa3blBaeTCs, UTO NOC/AEI0BATeNbHOCTL 3JEeMEHTOB L, liMeeT npelen
TOr4a M TOJbKO TOrjJa, KOrja oHa cXoiutcs B cefe (ModHoOTa npo-
crpauctea L,).

BBuly OTCYTCTBHA 3/leChb HOBbIX HefiHBIX MOMEHTOB, Mbl He OCTa-
HAaBJHBAaEMCS Ha JOKa3aTeJbCTBE BCeX I3THX NpefjoxeHud. Togno
TaKk Xe 6e3 J10Ka3aTenbCTBAa OIMETHM, YTO KaXaLli U3 KJjaccoB M,
C, P, S u T (nocregiuii mpu b—a—2n) pPacCMOTpPEHHBIX B TeO-
peme 6, § 2, Bclony njoteH B L,.

ToHstHe caa 6ol cxoaumocrn npu p>1 BBOAHTCH Tak:
nocaexoBate1bHocTb |f, (X)) < L, caabo cxodumcea k f(x) = L, ecan
PaBeHCTBO

b b
rgg () dx = f () g (x) dx (10)
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HMeeT MecTo Aaa JMo6od (yHKuMM g (x) U3 L, rae g rokasarens,
conpskennplilt ¢ p. [lpn nmomou HepaBeHcTBa ['énbrepa Jerko moka-
3aTh, YTO IOC/JEA0BATe/JbHOCTb, CXOAALIAACH B CpelHeM, CXOLHTCHA
(k TOMy ke mpeneny) H caa6o.

Ecin p==1, To conpsnkeHHOro noxasartens He cyuecrByer. B srom
cayuae 10BOPAT, YTO NOCJAe0BaTenbHOCTh {f, (x)} < L cnado cxoaurcs
K f(x) =L, ecau paBerctBo (l0) umeer MecTO AAA BCAKOH u3Mepl-
MOH H oepanudenrot yHKUUH g (x), SICHO, u4TO ¥ 3JeCh CXOAHMOCTb
B CpejHeM (EpBOro nopsaka) Baeder caa0yl0 CXOAHMOCTb K TOMY Ke
npejeay.

YnomsHeM BKpaTue euwle o6 OAHOM THIE <«IIPOCTPAHCIBY, TIPH-
MeHseMbIX B aHa/H3e, a UMEHHO 0 npocmpavcmsax l,, rae p==1. ITon
NPOCTPaHCTBOM [, TIOHHMAIOT MHOMECTBO BCeX 10C/e10BaTeqbHOCTeH
1= (X1, Xy, X, ...) BElUIECTBEHHBIX UHCEN X,, Y KOTOpPBIX

=1/ S ix]? <+ oo.
k=1

Yucno | x| HasbieaeTcs wopmod anementa x =/, Tak xe, Kak
BHllUE A1A /,, BBOLMTCA NOHATHE CyMMbl X 4y JABYX 3/eMeHTOB [, H
NPOH3BENEHHs kX 371€MEHTa x¥&[, HA yHCIO k.

Hopma ofiiafaer y»e NpHBBIYHBIMHM HaM CBOHCTBAMM:

. \x{=0, npuuem [x|=0 Toraa u TOABLKO TOTAA, XOI1a
x=0.1)
II. |kx|={k|-|x| u, B yactHocTH, |—x|=]x].
HL [xtyl<|xi+lyl
epBhle JlBA U3 3THX CBOHCTB OUGBUAMEl, a TpPeTbE BbHITEKAET
13 (9).?)

[Tpu nomomH MOHATHA HOPMLI BBOAATCA TOHSTHA Npejena mnocje-
JOBATEJbHOCTH 3JIeMEHTOB /,, CXOAMMOCTH B ce(e, BCIOAY MJIOTHOLO
B [, MHOXecTBa H T. M. MOXHO J0Ka3aTb, YTO TNpejen HOCJIELOoBA-
TebHOCTH 3/1eMEHTOB [, €IMHCTBeH, YTO HOpMa HempepbiBHA, YTO
npocTpancTBo [, ofiaaer CBOHCTBOM MNOJHOTH, HO Mbl He GyjaeM
OCTaHABJIHBATbCS Ha 3TOM.

YINIPA)XHEHHSA K IJIABE VIl

1. Tlyete {f, (x)} ectb nocsepoBatenbHOCTh GyHKUUA M3 L,, cXxogdamascs mo
mMepe K F(x). Ecan ||f, << K, 10 nmocaepopatensuocts {f, (x)) caaéo cxogutes
K F(x) (®. Pucc).

2 Ecsm nocaegosarenvHocts  {f, (x)} csiafo cxomurea B L, K F(x), To
| fl < K (A. JleGer).

3. M3 cpaboit cxopiMoCTH B L, nocjegoBaTesbHOCTH {f, ()} k F (x) ne cre-
IyeT CXOAMMOCTH NO Mepe.

4. Ecau nocnefoBarensuacts {f, (x)} cnabo cxoputes B Ly K F (x) 4, Kpome
Toro,p Ifnll= I F{, To nocnemoBaTenbHOCTh {f, (X)} cxoautes X F(x) B cpegneM

uce).

1) 310 osHauaer, yto x = (0, 0, 0, ...).
%) B uepasexcTBe (9) Mbl HMeeM [€J0 C KOHEYHBIMH CyMMaMH, HO C NOMOLU(bIO

LpefeNbHOro Nepexoja 3TO HEPaBEHCTBO 00OGILAETCA W HA CyMMbl GeCKOHeYHBIX
panos,
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b
5. Ecnu wusterpan Sf (x) g (x) dx cywectByeT npu Besikol | (¥) = L,, To g (X)L,

a
(A. JleGer).
6. Bcsikasi OpToHOpPMAZIBHASI CHCTCMa pa3Be JHLIbL CUETHA.
7. Ecmn {wy (x)} (@~ x= &) ecTb 3aMnuyTas opToICPMaJbHad CHCTeMa, TO
[ea]
noutd Be3fe Ha [a, b] 6yner Z 0}, {(x) =+ oo (B. OpJiy).
k=1
8. [lpn 1ex e ycioBuAX Ais J/oBOro M3MepUMOro MHOXKECTBA e ¢ Mepoil
[es]
me > 0 Gyger Z gm}e dx =+ oo (B. OpJmvy).
k=1le
9. Koneyuas cucrema QyHKUnil He Moxer ObiTh nogmoll B Ly,
10. Tyere {og (x)} (k=1, 2, ..., n) oproHopMaJbHas cucteMa H f (x) = L,.
n
M3 Bcex anueilHBIx KOMOGHHALHIH Z Apop (x) HanMeHblliee 3HAYEHHE HOpMe pas-

n

1
f— Z Apoy

i gocraBasieT Ta, y KotopoH A,=(f, op)(k=1,2, ..., n)
E=1

(A. Ténnep).
11. [ycte {wy (x)} noasas oproHopManbHad cicrema dyukuuil, Ecau {@p (X)}
o b

HOCTH

Tdakasg cucteMa dyHkuuft u3 L,, uto Z S[mk (x)— @p (x)]2dx << 1, To cucrema
k=1la
{gp (x)} Taxxke moana (H. K. Bapn).

12. Tlyets Ha [—;, m) 3apana GyHKuHA f(x) = L,, nonoxum | (x+42n) =
= f(x) u nyctb

n
gﬂ”=g fa+07fu—0m
I'n

®DyHKUHH g, (x) cXogaTca B cpejHeM Ha [—-nm, m| & dynkunua g (x) L,
npHyem

bah =t | 2

dt

Qv

u MHOKuTenst npu || f | cHusute Hennss (M. Il Hartaucon).
13. [lycts }(x) = Lo Ha [a, 6] B | (x)=0 BHe [a, b]. Ecan

x—f:h
P=g \ 1O
x—h

TO |(pH<Hf]| (A. H. Kosamoropos).
. B Ttex wme ofosnauennsix, npH £—Q pyHKoun ¢ (x) cxogaTcd B cpepHeM

B Lz k f(x) (A. H. Koamoropos).

15. [lepeHectn pesyasratel ynpaxsennfi 1, 2, 3, 4, 5, 13 u [4 c Ly Ha Lp
apu p> L.

16. [oxasaTh monnoTy npoctpasctsa L, upu p = 1.

17. [lokazatbh NOJHOTY DpOCTpaHcTBa [, mpH p == 1.

18. Jloka3ath NOJHOTY NPOCTPaHCTBA m Beex 02PARULEHHbLX TIOCJENOBATENbHO-
creil x={xp}, x||=sup{|xp|} <<+ oo

19. Ecau Bo MHowecTBe C BCeX HenpepoiBHuiX Ha [a, 6,] dyskuuil BBecTH
HopMy | /)j=-max |f(x)|, To nonyyeHHoe mpocTpaHcTBo GyAeT o6JagaTh CBOHCTBOM
HOJIHOThI.
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20. Cucrema o&yurunit { @, (x) } HaawlBaetcd noawod B Knacce QYHK-
uuil A, ecaii B nocjegHer HeT OTJHYHOH OT HYyJs (YHKUHH, OPTOTOHANBHOH KO
BceM @p (x). U3 noanoth opToHopmanbHoft cucTemb B kaacce (R) Becex HHTerpu-

pyemMbix no Pumany dbyHKUMH He cselyer 3aMkHyTocTH 3Tof cuctemsl ([ M. dux-
TEHTOJI bIL)

21, Ecau L~ rap, 10 Ly L,.

22. Ecmm & r<p, 10 L1,

23. Tyete {f, (A} < L, (p>> 1) nocpeposatentsocTh ¢y HKUMI, Cxonsiancs
B cpeiHeM nopagka p K dyvexunu F (x) = L,. Tokasats, wro {f, (x)} cxoautca
K f (x) Takxe ¥ B cpefnem nopsaaxa r, vae 1< r<p,

24 Tlyets 1— r<<p # X = (£ 2D xn) . ye {,. Ecan x, ctpemurcs
K 3JIeMCHTY X B NPOCTPAHCTBC [, TO 3TO HMEET MECTC TaKKe H B MPOCTPaucTse [,

25. Ecau nocaenoBate/bHOCTh {ay) TAKOBa, 41O pal Z ap Xp CXOAUTCA AJA

=1

BCAKOH MOC/eR0BdieNbHOCTH {x} & I, (p > 1), To {a,} = 1, rae p + g = l.
o
26. Ecau nocaegoparenibHoclb {ap,} TakoBa, 4TO pAf Z ap X, CXogMTCA INA
k=1
BCAKOR MocaefoBaTeqbHOCT {Xp} & l=1, 10 {¢p} =m, T e sup { ap } <+oo.

27. Ecu p>1 u u nepaseycTBe MUHKOBLKOrO (5) CTOMT 3HAK PaBEHCTBd, TO
g()=K}(v), rae K =0Q.



riABA Vil

PYHKIIHH C KOHEYHbIM H3IMEHEHHEM.
HHTEIrPAJI CTHJTHECA

§ 1. MoHOTOHHBIE (WYHKIIHH

Kax wu3pectno, ¢yukuus f(x), 3aianHas Ha cermeHre [a, b],
HAa3blBAeTCs 803pacmarueli, eclu ua

x <y, 0]

) =F(y).

Ecau wus (1) caepyer f(x)<<f(y), To rosopsar, uTo f(x) ecThb
cmpaeo  qoapacmaryas GbyHRuMa., Ananoruyso, dyuxums f(x) Hasbi-
BaeTcs  ybusawuell (cmpoeo  yboisaowetl), ecau u3 (1) caeayer
FO=FfW[fxX)>Ff(]. PyHkutn Bo3pacraowHe U yOLIBaIOLIHE
Ha3bIBAIOTCH MOHOMOHHbIMU (cmpoeo moHomonrvimu). Ecnn ¢y ukunsg
f (x) y6uiBaet, To — f(X) BO3pactraer. 3TQ NpOCTOE 3aMeyaHHE MO3BO-
JIUT HaM pacCMaTpHUBaTh TOJbKO BO3pacTatouiie ¢ynkuiig. OrMeru,
HaKOHeL, YTO, rOBOPH O MOHOTOHHONH (QYHKUHMM, Mbl BceTrjga Oylewm
CUHTAThL €& KOHeUHOol.

[lyces [ (x) — Bospacraowas (QyHKUNA, 3alaHHast Ha CerMeHTe
[a, b], u nyete @ - x,<<b.

B xypce Anannsa jlokasniBaercs, UTO Kakyio Obl NOC/AEL0BATENb-
HOCTb TOYEK Xi, X5, X3, ..., CTPEMSIILYIOCS K X, H PacHOJOKEUHYIO
npaBee X,, X, —>X, X, X, HH B31Th, CYUIECTBYET KOHEYHBIH Ipejen
lim f(x,). 3ror npegea ectb He uTo HHOe, Kak inf |f (x)} (v <<x < b)),

n — oo
H NOTOMy OH He 3aBHUCHT OT BuGOpa TOCJCAOBATENbHOCTH {X,}.
OGosuaualor ero uepes f(x,+ Q).

Anasoruyso onpeflegsierca cuMmBoga f(xg—0) (a <<x,=b).
Jlerko BufeTs, 41O

Fo—0)<<f{xg) << f(xy+0) (a<<x,<<h),
[@=f@+0), f—-0)<f(®).

Orciofa caefyer, 4To AAs Toro yrofnl dyHKuus fix) Ouina Henpe-
PHIBHA B TOYKe X3, HeoOX0IAHMO H JOCTAaTO4YHO, YTOOHI OLLIO

feg—0)=F(x)) =f (x+0).

{Ecau x, coBmafiaer ¢ a uancb, TO HY:KHO TFOBOPHTB JHLIb 06
opHocTopoHHeM npefene f(a+0) umun f(b—0)].

BhiTeKaey
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Yucna §(x)) —~[(xq—0); [(xg+0)—[(x,) HasblBalOTCS, COOTBET-
CTBEHHO, CKaukamu CleBa H crnpasa GyHKUHH f(X) B TOUKe X, 4 cyMma
ux fxg+0) —f(x,--0) HaspiBaeTcs MpocTo cKaykoM (YHKUHH [ (X)
B 9TOH TOuKe (A/nA TOUEK 4 M b paccMaTpUBAIOTCH TOJAbKO OJHOCTO-
POHHHE CKauKH).

Jemma. Hycmo Ha ceemenme |a, b] sadana sospacmaiowad pyri-
yust f(xy. Ecau xy, Xy, ..., X, NPOU3B0AbHOIE MOUKLL, AEHALUUE BHYMPU
la, b], mo

n

[f(a+0)~f(a)]+El[f(Xk+0)—f(xk—0)1+[f(b)—f(b~0)]<\‘
<[f(®)—]@. 2
JokasaTeabcTBo. MoXHO cyiTaTh, 4TO

Q<X < Xy=<T...<<x,<bh.

[Tosoxum a=wx, b=x,,; U BBeIeM B pacCMOTpPeHHE TOUKH Y,
Yiy - 5 Yy THE X <Yp<JXp,1 (=0, 1, ., n).
Torna

Frt0)—Fe—0) <[ W) —T(We-1) (R=1, 2,..., n),
[la+0)—F) <[ Wy)—Fa),
fb)—F(—0)<f(b)—FW¥n)-

CxJaafbiBas BCe 3TH HEpaBeHCTBA, Mbl H HoJydaeM (2).

CaeactBue. Bospacmarowan ¢pynxyus [(x), sadannas Ha ceemerme
[a, B], moxcem umemsb auwy KOHeuroe 4uCAO mOHeK paspwiéa, € KOmo-
PulX ge CKa4oKk 0Goavuie OAHHOZ0 NOAOHUIMEALHOSO HUCAA G .

B camom gpene, ecau Jexauye BHYTpH [a, b] Touku Xy, ..., x,
CYTh TOYKM pa3pbiBa CO CKayKoM GOJbLUKMM, 4eM O, TO H3 (2) caenmyer,
uto no << f{b) ~ f(a) u, crano GulITb, N He MOXKeT ObITb CKO/b YTOAHO
6oJTbIIHM.

Teopema 1. Mroxcecmso movex paspeisa ynxyuu [ (x), 603-
pacmaroweli  Ha  ceemenme [a, b], passe auwe ciemrno. Ecau
Xy, Xy, X3, ...CYMb 6C€ BHYMPEHHUE MOUKU PA3PLIBA, MO

[F @+ 0)—J(a)] +kZ_I[f(xk+0)-f(xk—0)]+[f (0)—f(b—0)]=<
<f(b)—7(a). 3)

Hoxasateasctro. Obo3nauum yepes H MHOXKeCTBG BCEX TOUEK
pa3pbiBa QyHKuHEH [ (x), a uepe3 [{, MHOXECTBO TeX TOYEK PasphiBa
5T0i (byHKLHH, B KOTOpPHIX ee CKauok Goabiue, 4em l/k. OueBujHo,
H=H +H,+H;+ ..., u cueTHocth H BHITEKA€T M3 KOHEYHOCTH
Kaxjaoro H,.

HepagsenctBo (3) caepyer u3 (2) ¢ NOMOIbIO MPEeNbHOTO Iepe-
xoja,
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[Tyete [(x) dynkuua Bospactaowas Ha cermente [a, b]. Beegem
QyHEKWO § (x), noJaarasi

s(n) =0,
s) =[f(a+0)—f @]+ X [f x40 —F(xe—0)]+

X, <X
+W=Fx=01  (a<<x<b).

S1a (yHKUMA HOCHT Ha3BaHWe PyYHKYUU CKa4K08 GYHKIHH f(X).
flcHo, 4TO 3TO TOXKE BO3pacraroinas (HYHKIHA,

Teopema 2. Pasnocms ¢ (x) = f (x) — s (x) mexndy sozpacmarowed
pynryueld u ee PyHRyUed CKAUKO8 ecnib B03PACMAIOUAN L Herpepyis-
Hasa ynkyua,

Hoxkasarenbcrpo. Ilyerba=tx<<y<< b. Ecau Hepasen-
CTBO (3) NMpHMEHHTb K CerMeHty [x, ¥] BMecto cerMenta [a, b], To
Mbl TIOJYYHM HepaBeHCTBO

s —s®)=<f@—Tk), 4

OTKyaa @ (x)<<¢ (y) H ¢yHKuUHA ¢ (X) OKa3blBA€TCS BO3pacTaloUlEH.
Hanee, eciu B HepaBeHCTBe (4) 3aCTaBHTb y CTPEMMTBCS K X, TO
B MpeAese Mbl NOMYYHM, UTO

S0 —s@)=<Fx+0)—F ). 6))

C npyrof CTOpOHEI, H3 CaMOro Onpe/ieseHHst GYHKLHH § (X) Caenyer,
uyto npu x <y Oyner f(x+0)--f(x)<<s(y)—s(x), oTKyAa, B npe-
Iene npH y— X,

fx+0)—Fx)<s@x+0)—sx).
Orciona u u3 (5) dacHo, uto f(x+0)—f(x) = s (x4+0) —s(x), H,
crano OblTh,
P (x+0) =@ (x). -

Avanorvuno Mul y6egnmcs, uto @ (x — 0) = ¢ (x).

§ 2. OtobpaKeHHe MHOXKECTB.
JAudubepenuupoBaHne MCHOTOHHOH (QryHKIIHH

ITyctb Ha KakoM-HHGYnb MHOXecTBe A 3apana ¢yHRuua f(x).

Ira QyHKUHSA BCAKOMY MHOXKecTBY E C A COOTHOCHT MHOXKECTBO
f (E), cocroamee u3 Bcex ToueK [ (x), riie x = E. Mnaue rosops, f(E)
COCTOMT H3 BCeX TaKHX H TOJLKO TaKHX TOYeK Y, JJIs KOTOPBIX
B MHOXKecTBe E HaHjerca KopeHb x ypaBHeHus [(x) = g.

MuoxectBo f(E) HasbiBaeTcsi 0Opa3om MHOxecTBa E, a nocaenHee
HaswlBaeTcsi npoobpasom wHoxectBa f(E). Onepauus nepexoga ot
MHOXecTBa E K MHOXecTBy f(E) HasbiBaetcsa omobpaxcexues E Ha

f(E).
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Teopema 1. Ecau

) Eyc Ej 9 E =Y E,
n—=i
mo, COOMeBENICINGEHHO,
D FE)ST(E) 2) f[(E)= Y [(E).

STa Teopema OueBHAHA.

OcoGeHHO npocTOll  OKa3biBaeTCsi TEOpUs OTOGpaXKeHHil B  TOM
caydae, xorja oro6paxawoimas GYHKUHA YCTAHABJIHBACT B5QUMHO
00HO3HA4HOP COOTBETCTBHE MEXKIY MHOMKecTBaMH A u f(A). Toraa
CyIecTByer M obpaTiiana (QYHKUHS X = g (f), 3ajaHHAA 114 MHOMKECTBE
f(A) 1 nnveonias 3uavenus, Jexauide B MHOKecTBe A. JIETKO MOHATH,
YTO B yKaszaHHOM caydae Gyaer

PTLES =117 (ED

| =
n=1 / n=1

M, B YacTHOCTH, €cIM MHOoXectBa £, u E, He nepecekaioTcs, TO He
nepecekawwTes H X ofpaswt f(Ey) u f(E,).

B xayecTBe npumepa TaKOro «XOpPOLLETO» OTOOPAXKEHUs MOXKHO yKa-
3aTb Ha oToOpameHMe, JaBaeMOe HernpepheBHOH, CTPOro Bo3pacTaiouleil
dbyukunefi f(x), saganno#t na cermente A=[a,b]. B s1OM cayuae
[(A)=1[F (@), f®)].

[TousTue oToGpameHHsl OYeHb MOJE3HO NPH H3YYECHHUM JHGKpepeHIH-
poBaHuA (YHKLHH.

Onpepenenne. Yucao A (KoHeuwoe WAl GeCKOHeYHOE) HA3bIBAETCH
NPOUSBCOHBIM  HUCAOM DyHKyuu [ (X) 8 mouKke Xx,, €CIH CYHIeCTBY €T
TaKkas CTPeMsHladcs K HYJI0 [MOoc/le10oBaTtenbHocTs Ry, H,, s, ..o
(h, == 0), uto

lim [+ 1) — [ (x) =,

n—w hﬂ

To obcrosATenbcTBO, YTO A €CTb MPOW3BOAHOE YMCAO QYHKUHH f(X)
B TOYKE Xx,, Mbl Oyjgem 3amucblBaTh Tak: A==Df (x,).

Ecan B Touke x, cywecTByeT (KOHeYHas MM GeCKOHEYHas)) Mpowa-
BogHan f' (x,), To oHa H OyneT NpoH3BOAHBIM uucaoM Df (x,), npHuem
B 3TOM C/lyyde HUKAKUX APYTHX NPOH3BOAHLIX UWCEN B TOUKe X, Y PyHK-
uun f(x) Her,

B KauecTBe apyroro nmpumepa paccMoTpHM (ryHKo Lupuxse ¥ (x),
KOTOpas paBHa HYJIO IIPH HPPaLliOHaJbHbIX 3HAYeHHRX XY U paBHa
eMHHIE, KOTA ¥ PAallHOHA.TbHO.

[peanoaoxkinM, 4yto X, uncl1o pandoHaasHoe, Torma oTHoweHue

P (kg /1) — ¢ (%)
h
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paBHO HYJIO 1A pallHOHaAbHbIX A 11 paBHO — 1/ A, xoria h uppauuo-
HaabHo. OTclola caenyer, 4TO B TOYKe X, Y GYHKUHH Y (x) €CTb
3 npou3BOAHbIX yHCAd: ~— oo, O 11 400, Jlerko NpoBepuTh, UTO APYTUX
NpOM3BOAHBIX yHCea y P (x) B Touke x, HeT. Tak ke o6CTOHT €0
W TOrAa, KOrja X, HppalloHaJbHO.

Teopema 2. Ecau ¢uyuxyus f(x) sadana na ceemerme [a, b], mo
8 KOMCOOL €20 MOUKE CLLECINBYION NPOUIBOTHbIE LU 1A,

Tloxkasateanctpo. llyers x,&[a b] 1 {h,} (h, 5~ 0) takas
CTPENSILAACH K YK NOCAeA0BaTeNbHOCTb, 410 X, +h, = {a, b].
8 o f (xo—1,) — 1 (%) E £

OJIOKIIN Gy = i . Ecain nocnieioBatenbiocts {G,} orpa-

HHueHa, To, Tno Teopeme bBoabuano — Beliepiutpacca, 13 Hee Bblje-
JSeTcsl MOANOC/IEIOBATENbHOCTD {T,,}, HMeIOLast HEKOTOPhIH npele A,

KOTOpHIl 1 OyJeT MPOM3BOIHBIM uMcaOM (QYHKUUH f(X¥) B TOuKe X,
A -Df(x,). Ecan xe nocnel0BaTe/lbHOCTb {0,| HEOTPANIiueHa, HAMPU-
Mep, CBEPXY, TO 113 Hee BblIeJAETCA IONNOC/]Ie10BaATENbHOCTL {0

crpemawasnca K + oo, B sTom cayuae + oo = Df (x,).

Teopema 3. Jlag moco «mobo. pyukuyus f(x), 3a0anHas Ha cee-
menme [a, b), umesa 8 mouxe x,<la, b] obbikHoserHyw npoussoo-
atpo f'(x,), Heo0xo0umo w docmamouro, «wmobet 8ce NPOU3BOOHbIE YUCAT 8
amott mouke GovLau pasHer dpye dpyey.

Heo6x01MMOCTE YC/I0BHS, y¥Ke OTMeUelHas Bhillle, COBEPLUEHHO IPH-
BllaabHa. JIONMyCTHUM, 4TO OHO BBIMOJHEHO M AYCTh A ecTh ofluee 3Ha-
yeHle BceX NPOH3BOJHBIX 4YHCEN B TOdke X, CyuwlecTBoBaHHe 0OLIKHO-
BEeHHOIl TPOU3BOAHON [’ (¥,) GYAET A0OKA3aHO, €CJiM Mbl YCTAHOBIM, YTO
A5 Be A Ko crpeMstiefics K HyJI0 nocaeloBatenbiocti {h,) (A, 5= 0)
oyaer

!
nk{,

f(o+ha) — T (xq) — .

lim 7,

n o>

JTonyctuMm, yto 310 He Tak. Toraa Haiinercs xors Obl oHA Takas
rioc/1eloBaTeNbHOCTE (/1,} (h, — 0, h, =0}, 4TO OTHOWeHNE

_ [ (atha)—f (x)
" fin
He ctpemutes K A. Ho 310 o3nawaer [Mbl OvAeM CuliTaTh, YTO — 00 <I
< A< 00; ecnu A= oo, TO paccyxleHle TOIbKO YIPOCTHTCH]
CyilecTBOBaHIle Takoro & >0, uTo GECKOHEUHOEe MHOMKECTBO M3 YHCeJ
0, JeXNT BHe HHTepBana (A —e, A+¢). 3to GECKOHEUHOE MHOMKECTBO
6YAeT cojep:KaThb B cee MOC/IeJ0BATENBHOCTD (G, }, CTPEMALLYIOCA K
HEKOTOPOMY KOHEUHOMY M1 6_CKOHeYHOMY Mpelleny [, KOTOpblH Oy/el
CTJIHYMBbIM OT A TIPOU3BOAHBIM YHCJIOM ¢QYHKWIH f(X) B TOYKe X,
a CyUIeCTBOBaHile T[aKoro MNPCl3BOAHOrO YHcJAa I[1POTHBOPEYHT yC-
JIOBHIO. .

Jemma 1. Ecau cynxyus f(x) eospacmaem ua ceemenme [d, b],
Mo sce ee NPOUIBOOHBIC HUCAD HEOMPULAMEADHGL.

Ara JemMMa OYEBHAHA,
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Jdemma 2. Mycme ua{a, b) sadarna cmpozo eospacmarowias ¢pynx-
yus f(x). Ecau 6 xasncdotli mouxe muoxecmsa E < [a,b] cywecmsyen
xomsa 661 00HO npousgodsoe uucao Df (x), marxoe, 4mo

Diy<=p  (O<=p<+oco),
m*f(E)=<<p.m*E.

HokazatenabcTBo. Bo3bMeMm Kakoe-Hubyib € >0 H mocTpoim
TAKOe OTKPbITOE OrpaHIlueHHOe MHOXeCTBO U, 4To

EcG, mG<m*E-e.

mo

Mycts, paaee, py>> p. Ecau x, = E, TO cyulecTByeT crpemsuiascs
K HYJIO [OCJeROBATENbHOCTD {A,} TAKas, UTO

fathy) —F o)
hy,

lim = Df (x,) = p.

n —

B TakoM cnydae MpH BceX JOCTATOUHO OOJBLIUX 72 CEerMeHdtl)

[Xe, Xx,-Fh,] 6yner ueauKoM cojep:xaTbcd B MHOxectBe G. Kpome
TOT0, NPH BCEX AOCTATOYHO GoAblikx n Oyjer

oot =l 6)

Mp Gylem cuuTaTb, 4YTO 06a 3TH O6GCTOATENBLCTBA HMEIOT MeCTO
npu Bcex n. BeeleM B paccMOTpeHHE CETMEHTHI

dy (x0) = [X0, Xo+hal,  An (o) =[F (xa), X0+ An)l.
Tak xak ¢yuxuua f(x) BospacTaer, TO OYEBHMLHO, UYTO
fdi (xe)] < Ay (o).
JnuHaMu 3THX CETMEHTOB ABJSKOTCS 4YHCAA
mdy (X)) =|hal, mAy(x) =1{F (Xo+hu) — [ (x0)].

[Mostomy mA, (xy) << pumd, (xj). Ho h,— 0, 3nauuT cpeau cermen-
T0B A, (x;) uMelOTCA CKOMb YyrofHo kKopotkhe. Tak kak o6pas [ (E)
MHOMXeCTBa E COCTOHT H3 TOYEK f(x,), BXOASILHX B CETMeHTH A, (x,),
1o [(E) mOKpHTO BCeMH cerMeHTaMH A, (x) (rze x < E) B cMbicae
Buraan. ?) Ho Toria Mo)KHO BEIGPATh M3 MHOMKECTBA 3THX CErMEHTOB
CUETHYIO MOC/NENOBAaTe/bHOCTb IIONADHO HE MEpeceKaloUMXCA  Cer-
MeHTOB {A,;(x)} (¢ =1, 2, 3, ...) TaKyw, uto

m {f (E)— i A, (x,)J =0.

=1

1) Mol npucnoco6HJHM 34mMCh K cayuai i, >0 Ecau £, <0, To uafio 6sii0
66l mHcate [x, + f,, X] BrpoueM, MOXKHO ycnoBUibcH oGo3HauaTh uepesfa, B) muo
JKECTBO Hugesl, JexalluX mexdy o H § He3aBHCHMO OT TOro, 6yAeT JH o~ [ nau
a>p

2) 37ech HMEHHO M HCIOJB3OBaHO TO, 4TO f (x) BO3pacTael cTporo. Hdeucrsu-
TelbHO, WHaue HEKOTOpPble CerMeHThi A, (X) MOT/ Sbl BHIPOLUTLCH B TOYKH H HeJb 35l
Op110 Gbi MpUMedHTH Teopemy Burtanau,
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Slcno, uro m*f(E) << Z mA,, (x,) <poZ md,, (x,).

t=1 i=1
3aMeTuM Tenepb, YTO HE TOJBKO CErMeHTHI A, (x,) HO W cer-
MEHTHl d,, (X,) TaK¥e TGHapHO He nepecekarorcs. ') ‘TlosTomy

N d,, (x,)}.

=1

}: md,, (x)=m

t=1

[ee)
A rak kak Y d, (v) <G, 10 m*{(E) < pumG < py|m*E +¢].
t=1
YeTpemasis & K HYJIO, a pp X p M Iepexons K npejenay, 3aBep-
aeM J10Ka3aTeqbeTeo.
CxonnblM 006pa3zoM, XOTH TeXHHMYECKH M HECKOJBKO CJOXHee, Jo-
Ka3blBaeTcst
Jemma 3. Nycme Ha [a, b] sadana cmpoco evspacmarowan gyrk-
yun f(x). Ecau 8 kascdod mouke mrosmcecmea E < |a, b] cyuecmsyem
xomsa 6ol 00Ho npouseoOroe uucao Df (x), maxoe, umo

Df(x)=q (0 =g<<+o0),
m*f(E) =qm"E.

Jlemma Tpusnaibha, ecan g =_0. ITycTb ke ¢ > 0. O6o3Hauum yepes
Gp KaKoe-HUOY ib TTOJIOKHTENbHOE YHCII0, MEHbILee YeM g, gy << ¢, H NYCThb
¢>0. Haiigem Takoe OTKpbLITOE OrpaHHuYeHHOe MHQXKecTBO (1, 4TO ?)

G [(E), mG<m*f(E)+e.

OGo3naunMm uepe3 S MHOXKECTBO TeX ToueK x H3 E, B KOTOphIX
¢dbyHkuMsA f(x) HenpepbiBHa. MuoxectBo E — S passe JHllib CYETHO,
160 y MOHOTOHHOH (YHKLUHH MOXKET OblTL pasBe JHIIb CYETHOE MHO-
JKeCTBO TOYEK pa3phiBa.

Ecmu x, = E, 10 Hafinetcs HOCJIEILOBaTEJIbHOCTb‘{h,l}, IJIA KOTOPO#

hn’_*O’ ]imf(A0‘+‘,1rt)“f(xn) Df(xu) ~q

11— o

1o

Mpl 6ygeM cuuTaTh, YTO MpH BCeX 7

f(xn+h:) —f (%) > qp.
n

HOSTOMy, BBO4dA, KaK U BblllE, CeIrMeHThbl
dn (X)) = (X0, X0+ hals An (X0) = [F (x0), [ (xo+ha)],

MBI OyJeM 1IMeTh
mh, (¢) > qymd, (x,).

1) JlencTBUTeIbHO, €C/H Obl TOYKa 2z BXOAMJ& B nepeceuene d,, (x) - dn, (x),
10 f(2) Bxoguaa B nepecevenue Ay (x,)- Any, (%)

2) TlosleaHo orMeTuTh, u4To MHOXecTBo f(E) orpanuveno, u6o cogepsurcs
B cerMente {f(a), f (B)].

197



Ecau x,& S, TO upH JAOCTATOYHO GOJBUIUX N BECh CErMEHT
[f(xo), f(xo—+h,)] Oymer uenuxom comepxarbesi B Muowectse G. Mst
OyNeM CYHTATb 3TO BBLIMOJHEHHLIM TPH BCEX 1.

MuoxecTBO S MOKpLITO cermedtamt d, (x) (rae x = S) B cMbicae
Butaau 3HAUUT, 13 MHOYKECTB2 STHX CeTMEHTOB MOMKHO BLIOpATb CYeT-

HYIO TIOCNeN0BATEILHOCTL IMOMAPHO HE nepecekaromiMxcsa CErMEHTOB

{d, (x,)} Takoro poxa, uto m [S— Y d, (x,)} = 0. Ho Toraa
=1
e N Ly
m*S < 3 md, (x) < “ 3 mA, (x).

1=1 =1

Ho cermeuTtsl A,” (x,), TaK ®e KaK H d (x,), momapHo e repece-

Kalorca [37echb, HMEHHO, H HCMOJIb30BAHO YC/IOBHE CTPOT OT O BO3pa-
cranus f(x)]. 3naumut,

i mh, (x) = m[ i Ay, (x,)}é mG < m* [ (E) + e.

=1 =1

Taxum ofpasom, m* S <7:7 [m* f(E) + €], oTkyna, ycTpemnsis e
0

K HYMO, a ¢, K ¢ U Iepexoist K npeneny, Mul HaxoiuMm m*f (E) =
= gm*S. Ho m*E =m*S + m* (E— S) =m*S, oTkyaa u caexyer
JIeMMA,

Caepcrre. MHONecn6o moex, 8 KOMOpbix XOmb 00HO Npouseed-
Hoe uucao eospacmaiouied GUHKYUL [ (x) OSCKOHEUHO, uMeer Meply HYab.

JleficTBUTENILHO, MYCTh CHauana ¢yHKUHA f(X) cTpoOro Bo3pa-
craet. Ecau &bl 6o m* E (Df (x) = 4 o0) >0, 10 06pas 3toro muo-
eCTBA JO/IKeH Obl1 Obl HMeTb OeCKOHEYHYI0 BHELIHIO Mepy, yTo
nesenio, u6o 3ToT 0Opa3 JeKHT B cermexte [f (a), f(b)]. Urak, pan
crtporo Bospacrawouiefl GyHKUMH Haule yTBePKIAEHHe H0Ka3aHo.

Ecau f(x) BOospacraer He cTPOro, To Mbl HONOKUM g (x) = f(x) + x.
3to yxe cTporo Bospactaroman dyuxuus, Ho

gt —glx) _ flx4 B—Ff() +1
I h )

3HAayHT, MHOXeCTBO TOYEK, TIe XOTb 0HO Df (x) = + co, comna-
JaeT ¢ TAKHM e MHOXKECTBOM J/I7 g (X) M IOTOMY HMeEeT MEepy Hy.b.

Jemma 4. [ycme [ (x) acapacmarowyan ynkyus, 3a0aHHAA Ha cee-
menme [a, b], a p u g dsa uucaa, npuwesm p<<q. Eciu 6 kandoi
mouxe mnooxcecmen Ep , < la, b] cyuecmsyom dsa makux npouseod-
nowx qucta Dif (x) u Dof (x), wmo

Dif () <p <qg<<D) (x),

mo mE, 4= 0.
B camom fente, jomyctum crHauana, uTo f(x) Bospacraer crporo.
Torna x ueft MOXKHO IPHMEHHTL 0B JeMMbl 2 H 3, COIVIACHO KOTOpLIM
* — * —~
m*F(Ey, ) = pm*Ep g m*[(Ey ) ==qm*Epq OTKYAA gmYE, o<
<<pm*E, o u m*E, , = 0.
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Ecan ke [(x) Boapacraer He cTporo, TO, KakK W BHIMIE, MO Taraem
g(x) = f(x)+x ¥ DpuUMeHsieM yXe [OKAa3aHHYI0 4YacTh JeMMBl K g ()
(c 3amerolt p ¥ ¢ Ha p+1 u g+ 1).

Tenepb, HakoHEl, Mbl MOXKEM YCTAHOBHTL OCHOBHYIO B 3ITOM Iapa-
rpade TeopeMmy.

Teopema 4. Ecau f(x) ecms soapacmarwanl) ¢gyuryus, sadan-
Has Ha [a, b], mo noumu 60 ecex mouxax [a, b] cywecmeyem xoweu-
Has npoussodnas ' (x).

Hokaszateabctso. Ofo3Hauum yepes E MHOXECTBO TEX TOYEK
[a, b], rme He cyuecTByeT npoussofHoil f' (x). Ecan xy < E, TO Haii-
LyTcsl ABa NpoM3BOAHBIX wHcaa Dif (v)) u D_f(x,) He paBHBbIX MeXKLY
coboit, D,f(x,) <<D,f(x,). Ho Torma moxHO ykazarb Takue pauuo-
HaAbHBIE uHCAa p H g, uT0 D,f (x,) << p << g << D,f (x,).

3nauur, £ = Z E,, rtie E, ,—MHOKecTBO Tex X H3 [a, b],

r. @)
B KOTODbIX CYLIECTBYIOT ABa MPou3BOAHbIX uHeda Dif (x) u D,yf (),

YIOBIETROPSIOLINX HepaBeHCTBaM D, f (x) << p << g << Dof (x), a cymmu-
poBaHHe paclpoCTpaHeHo Ha Bee mapei (p, ¢) pauHOHaANbHBIX unced,
B KOTOpPBIX p<I(.
CornacHo Jemme 4 Kaxjoe MHoXecTsO E, , HMEeT Mepy HyJb,
a TaK Kaxk MHOXKeCTB 3THX CueTHoe MHOoxecrBo, To mE = 0,
Takum ofpasom, npoussojHas [’ (x) cymiecTByeT HOUTH Be3le Ha
[a, b]. Tak kak ofpamarbcsi B -+ o0 OHA MOXKET JHUIb Ha MHOXe-
ctBe Mepsl O (cnefcTsue sieMME! 3), TO TeopeMa A0KAa3aHa IOJHOCTBIO,
Bripeas, roBops o npou3poAHO# f' (x) Bo3pactawmed QyHKUHH
[{x), Mbpl 6yieM CcUUTaTh, HTO ee ‘ONpejieseHHe MOMOJHEHO TaK, UTO
cumBosl f' (x) onpepenen Aas Bcex x u3 [a, b]. [dasa storo ycao-
BHMCS pas Haecerga noJaratb f (x)=0 B Tex Touxax X, rae y [(x)
HeT IIPOU3BOAHOM, XOTA Obl DECKOHEeWHO.
Teopema 6. Ecau [(x) sospacmaowias pynkyus, 3a0aHHAs Ha
[a, b], mo ee npouseodnas [’ (x) usmepuma u
b
(0 ax<f)—F (), (*)
a

mak ymo ['(x) cymmupyena.

HNokasateabcTBo. PacnpocTpanium onpefesieHHe (GyHKIHH
f(x), nomarasi f(x)=[f(b) npu b<<x<<b-+1.

Torpa Bclogy, TAe ' (x) ectb npoussogHas f{x) [KpoMe, MOXeT
ObiTh, TOUKH x=~5, rie ' (b) paHee 6bl1a JAHIIb JIEBOCTOPOHHEH NPO-
usBoguoi] 6yzer [’ (x)= lim n[f(fo— i)—f(x)J .

n —- oo

3Hauut, [’ (¥) ecTh mpeles rouTy Besle CXOAsLlefics mocJenoBa-

TeNBHOCTH HMaMepHMbix 2) OyHKIUI H, cTano ObiTh, [’ (X) — QyHKUHSA

1) YuraTtesb o0paTHT BHUMaHHE HA TO, YTO HENpepHBHOCTH f{x) He npegnoJa-
raeTcs.

1 .
2) GyuxuHH f(x) H f<x+n— BO3paCTalT W noToMy H3amephmul. [leficTau-
/
TeabHO, £ (f > ¢) ecTh HAH MyCTO® MHOKECTBO, HJAH IIPOMEXKYTOK.
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H3nepumad. BBHﬂy TOrO, YTO OHA HeOoTpHIaTeARHA, MOXHO T'OBOPHTH
b

06 ee nHTerpaste Jletera Sf’ (x) dx. Tlo teopeme ®Pary [ra. VI, § 1]

a

b b
Sf’ (x) dxésup{n S [f\/‘x—}— :l\_f(x)de}.

b b4 yn

Sf\ix—}— ;>dx: \ F(x) dx

a—{‘l n ’
(aneck He mnorpefyeTcsd HMKAKMX CCLLIOK HA TEOPHIO 3aMeHbl mepe-
MEHHOH B JelerosbiX HHTerpanax, H6o f(x) MOHOTOHHAa M HHTErpan
MOYKHO MOHHMATb B PHMAHOBCKOM CMBIC/IE), 3HAUHT:

b b4 1 n a—-+~1rm
S[fix-l—}l\/——f(x)]dx= \ f(x)dx— ( f(x)dx=
a b a
a+.ln
. ==\ JWar=[Fo)—f @l

a
OTKYyja M CJefyeT OleHKa
b

§F () de <[ (0) = (@).

a

Mbl NpHBLIK/JN, YTO HHTEIpHPOBAHHE IPOH3BOAHON BOCCTaHABJIH-
BaeT mneppoobpasHyio. B CBA3N C© 3TUM TpepbiAyiiee HepaBeHCTBO
HecKoJbKo «pexseT raas. OxHaxo, B ofuleM ciyuae, ero HeJb3d 3a-
MEHHTb DaBEHCTBOM, Jaxe npeanonaras GyHKUHK f(x) Henpepbigroil.

I[MTeuwmre. Ilyete P, ecTh KaHTOPOBO COBepIeHHOE MHOXKECTBO.
2ro jponoJHiTe/bHBIE HHTEPBAJH MOXHO paclpejesiTh Ha CPYMIH,

A\

OTHOCSi B NIEPBYIO TPYNNY HHTEpBas BO BTOpYI — Ofa HH-

3 3/1,

epsana |- 2\ (7 8% & rpersio HH (L 2)
TepBaJa g 9 “3,2 g )» B TPeTbIO —ueThipe HHTEPBANA |47, 551,
7 8\ /19 20\, ;25 26\ . 01
27 27), <2[, 971 (\27, g7/ W T. A B nt rpynme Gyzer 2t ' wtep-
BaJIOB.
1 2
Beenem ¢dyukmio O (x), noaaras O (x) = o TpH X E (:1?’ 3>,
1 1 2 3 783
- — = - \
O(x)=- mpu xe<9,9> O (x) 7 TPH XE 49,4
B uerhipex HMuTepBanax TpeTheil rpynnbl ¢yHKuHA O (x) paBHa
3 5 _ .
NOC/IEAOBATENBHO o o) o, o H pooGuie Ha 271 uxrepBasax n-ii
rpynnsl noJaraeM ¢yHKnHio © (x) MociejoBaTelbHO PaBHOM
1 3 5 2n — 1

ony 9ny 9yttt T om
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dynkuna O (x) 3a1aHa Ha KAHTOPOBOM OTK PHITOM MHOxecTBe (. Oia
MOCTOSAHHA HA KAXKIOM COCTABJISIOLEM HHTepPBaJge 3TOro MHOXECTRA
H ABJsSeTcs Bo3pacTawlledl (QyHKuUMell na MmucxkectBe G, B uenom. ')
Hononuum onpenefedue dyukuun © (x), 3a7aB ec Ha TOYKAx MHO¥Ke-
crBa P,. Jlas 3toro nojoxum O (0)=0, O ([)==1.

B Tex e Toukax xy = P,, xoropsle gexar Mexxay 0 i 1, nogomim

© (xo) = sup {0 (x)} (x =G, x<<x,).

Jlerko BHJETb, YTO 3TO OMNpejefenye COoXpPaHseT MOHOTOHHOCTb

¢dyakuuu © (x), KoTopas Tenepb 3ajana Ha BceMm ceimenie [0, 1]
YCTaHOBHB MOHOTOHHOCTH O (X}, Mbl JJErKO JOKA2KeM, UTO 3Ta (PYHK-

LM HempepblBHA. 2TO BbITeKaeT H3 TOro (hakTa, YTO MHOXEC1BO 3Ha-

uyeHuil, npuHuMaeMelx ¢yHkuneit O (x) Ha MHOXecTBe G, BCIOY

naotHo Ha cermedte [0, 1] [AeficTBUTebHO, ec/ii Bo3pacraomas Qyuk-
uus f(¢) UMeeT TOYKY paspuBa X, TO XOIb OAMH H3 HHTEpPBaJ0B

(F(xo—0), f(xa) ¥ (f(xy), [(xo+0)) cBOGOnCH OT 31HaYeHn Qyunui].
Urak, © (x) —HenpepbiBHan BospacTalowaa ¢yukuus. Baecic ¢

teM, nouty me3fe Ha [0, 1] Oyner © (x)=0 (310 cootHOlEHHE 32Be-

JOMO BhIMOJHACTCA B KaMAOH M3 ToueK MHoxecTBa (). 3Haunr,

I
{0 Wdx=0<1=0(1)-6/(0).
(]

Huxxe Mbl yCTAHOBUM YCJI0BHSA TOrQ, YToObI B (*) CTOSJ 3HAK pABEHCTRA.
B 3agJ/oueHne AOKaXKeM HOJe3HYI0 BO MHOTHX BOMNPOCaX TeopeMy.
Teopema 6. Kaxoe 6ot mromecmeo E mepor wiab 8 ceemeniile

[a, b] nu 63ame, cywecmsyem nakas. HenpepbibHAf B0IPACMAIOLOT

pynryua o (x), 4mo 6o ecex mouxax x & E 6ydem o (x) = - oo.
Hoxkasateabctro. [locTporm aas Kaxaoro HaTypalbhoio

yHC/da N TaKoe OTpaHiueHHOe OTKpbIToe MHOXecTBO G, 4TO

GuDE,  mG,< .

[Monowmum VP, (x) =m |G, [a, x]}. Pysxunsa ¢ (x) Bospactael, HEOT-
pHuaTeJbHA, HEIPePhiBHA U y0BJETEOPACT HePaBeHCTBY b, (X) < 1727,
[a]

HNosromy ¢yHkUNA 0 (¥) = E P, (¥) Taxkke HeorpiuaTenblids
n—1
BO3pacTalollasl M HellpepoiBHAA.
Ecau x, = E, To npu f1ocraTouHo MaJIoM ' /i Bech cel MelT [, Yo+ 4]
LeJHKOM COLepXHTCA B MHOmectBe G, [npH 3anpentennom n]. [lpi
TakoM h (cuuTad s npocToTsl A >> 0) Mbi 6yjeM 1iMeTb

q)n (XO—I_ h) =m {Gn. ’ [ar xU] + G/z ) (xOr x(j ‘{— h]‘{ e 113/: (XU) %' /ln

OTKYyla
Yo (X A1) —Pn (1) =
f )

1} B atom npome scero yGeantecs MHAVKTUBHO, llpeacrasnsiem uutatesto
npoBecTH NogpoCHoe JOKa3dTeNbCTBO,
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Ho Toraa, kakoso 6bl HU 6blIO HaTypadbHoe yucao N, mpH poc-
TATOYHO MaJoM | h| oKaxercs

N
0("70‘:‘}‘)_0(\'0)> Y, (Xo 1) — s (X0 =N
h = f ’

TaK 4TO

0’ (xg) = + co.
Teopema gokasana.

§ 3. dyHKUMH ¢ KOHEYHBIM H3MEHEHHEM

B s1oM naparpade Mbl M3/10KHM TEODHIO BayKHOro KJjacca QyHK-
UMl — QYHKLNE ¢ KOHedHbIM U3MEHeHUeM, TeCHO CBsI3aHHBIX C MOHO-
TOHHbIMU (Y HKLUAMU.

[Tycth Ha cermente [a, b] 3apaHa KoHeyHasi yHKuus f(x). Pas-
JOXKHM [a, b] Ha uacTH TOuKaMH X, =@ < Xx; <...<X, =0 H cocra-
n—1
M cymmy V=3 | (X-1) — f (%)

k=0

Onpepenenne 1. Tounas BepxHAs TpPaHHUA MHOMXECTBA BCEBO3-
MOXKHBIX CyMM V HasniBaeTcsi noaxbim usmerenuem ) ¢ynxyuu [(x)

b

Ha ceemenme [a, b] u o6o3Hauaercs yepes V (f). Ecau
a

V(< +oo

TO TOBOPAT, YTO [(X) €CTh (hYHKUUA C KOHe4HbIM U3MEHeHuem %) Ha
[a, b] nau, uto f(x) umeem na [a, b] Koweuroe uamenenue.
Teopema 1. Monomonuas (Gyrkyus ecme QUHKYUA € KOHEUHbIM
UBMEHEHLEM.
JHocratoyno nokasath 3Ty TeopeMy A1sl Bo3pacTawoled (QyHKUHY,
Ecau f(x) Bo3pacraer Ha [a, b|, T0 Bce pasHOCTH f(Xz,,) — [ (xx) He

n—1
oTpuLareablsl 1 V= Z f (xe_1) — F (xp)} =F(b) —f(a), oTKYZa U cie-
k=10
Jyer Teopema.
HpyruM npumepoM (yHKUN{T ¢ KOHEUHbIM H3MEHEHHeM SIBJISIKOTCS
GyHKUNH, YIOBJAETBOPSIOUINE «YC/JI0BHIO JInmmuuas:
Onpegenenne 2, Koneunasn ¢ynkumns [(x), 3ajannas Ha cermeure
la, b], ydosremeopsem yciosurw Jlunuwya, ecay CyilecTByeT Takas
nocTosinHas K, uto Aaa Jo6blX ABYX TOUeK X W y W3 [a, b]

FE)—fy) " Klx—y.
Ecnu dyukuusa f(x) B kaxaod touke [a, b] uMeeT NpOM3BOAHYIO
f'(x) u mocjaefHsis orpaHHueHa, TO, KaK 3TO BUAHO 3 (OPMYJibl

1) Uau noawod sapuayued.
2y Unu gyHKyun oepanutentold eapuayui.
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Jlarpanxa
=T =F@k—-y x<z<y),

byukuua f(x) yaoB/jeTBOpseT ycaoBUI Jlumiuuiia.
Ecau f(x) yAaosneTBopsier ycaosuio Jlpuwuiua, 1o

‘f (xk+l) - f (xk) =K (xk-I - xk)v
OTKYZAa
V=K(b—a)

¥, crajgo ObiTh, f{x) ecTb (HYHKUMSA C KOHEYHBIM HZMEHEHHEM.
[IpumepoM HempepblBHON (QYHKUUH C OeCKOHedHsiM TOJHBIM H3Me-
HEHHEM CJYXKHT (QyHKUHUA

fx)=xcos o (0<x=<1, [(0)=0).
Ecau 3a Touku jgesenusi cermenra [0, 1] HpHHﬂTb TOYKH
0<2ﬂ<2,1 <. < < <,

TO JIETKO TPOBEPHTH, UTO

1
V=14 %+...+;, otkysa V (f)= +co.

Teopema 2. Beaxas ynkyus ¢ KOHEUHBIM USMEREHUEM 02PANUYEHA.

B camoMm pesie, mpu a=<x<<b \

V=110 —F@) +1f(6) —F(x) <

o

(s

OTKYAa

b
If(X)Iélf(a)H—\a’(f)-

Teopema 3. Cymma, pasdocme u npoussedenue 08yx dyrkuyuii
C KOHEUHBIM USMEHERUEM CYMb (DYHKLUL C KOHEUHbIM USMEHeHUeM.

HoxkaszarteabcTBO. [lyctb f(x) H g (x) cyTh QYHKUHH C KOHeY-
HbIM M3MeHeHHeM Ha cerMmenTte [a¢, bl m s(x) ux cymma. Toraa

|s (Xpen) — 5 (xa) =< 1] (K1) _f(xk) |+ 18 (xeoy) — g (%) |,

OTKYyJa CJIEIAYET, HTO V (s) == \b/ hH+ V (g) u s(x) ecTs ¢yHKIUA
¢ KOHEYHLIM HsmeHeHneM ILJI;[ pazﬁocm J0Ka3aTe/1bCTBO aHANOMHYHO.

[Tycrs nanee p(x)=[(x)g(x). Ionoxum A=sup{|f(x)]}, B=
= sup{| g()|}-

Torpa
[P (xpya) — P {xp) =] (xp0) @ (ki 1) — F(XR) g (X0} |+

+ 17 (e) @ (i) — [ (xe) 8 (X0) ' << B F(Xey) — [ () T+
+A gxe1)— g s
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oTKYa
b

b b
V=BV (H+AV @),

910 U Tpefopanoch AOKA3aThb.
Teopema 4. Lcau [(x) u g(x) cyms ¢ynxyuu ¢ xonedrsin usme-
HeHuem u, ceepx moeo, g (x)==a >0, mo wacmrnoe L= 1O oome PyHK-

gx)
UYUA € KOHEUHbIM USMEHEHUeM .
JokasatenbcTso MpEAOCTABIAEM YUTATEIO.

Teopema 5. Ilyemv na [a, b] 3adana KoHewwas ¢ynxyua f(x)
u a<<c<<h. Tozda

b [ b
Y(f)=Y(f)+Y(f)- (1)

HoxazaTeabcTBo. Pasnoxkum Ha 4acTH Kamiblfi H3 CErmeH-
ToB [a, ¢} u [c, b] ToukamH
Yo=Yy << ...<Un=C, 2Zp=C<21<...<2,=b

H COCTaBIHM CYy MMbl

Vi= S 1F Wer) = F () v2=k§] [ Zess) = (20) .
k=0 =4q

Toukn iyt u {z,} Apo6GAT Ha yacTH Bech cermeHt [a, b]. Ecau
Ha3BaTb uepes V CymMmMy, OTBEUalOWlyl0 3TOMY cnocoby IpobneHuf,
TO V: V1+ V:.

b
Orciona cpasy caenyer, uro V;+ V,<<V (f), a, crano 6uite, u
a

HEPABEHCTBO
3 b b
V+Vn=Vio. @

Tenepb pa3o6beM HA 4acTH CErMEHT [a, b] Toukamu
Xo—=a<<x;<<...<x,—=b,

03a60THBUIICH NMPH 3TOM BKJIOYHTb TOYKY € B UHCJAO TOYEK JeNeHHS.
Ecan ¢=x,, To cymMmma V, oTBeyaionias Hauiemy crnocoOy AeNeHHs,

m—1 n—1

et o2 V= 3} (e =1 (0 1+ 317 () = )| v, -

k=m
poue, V=V 1+ Vz, rae Vy 1 V, CyTh cyMMBl, OTBeyaroliye CErMeHTam
[a, ¢] u [c, b].

Orcwpa
c b
V=V{H+VQ (3)
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370 HepaBeHCTBO )CTAHOBJEHO MOKA JHUIL AAS cyMM V| oTBeyaro-
KX TaKHM CcOocoGam Apo6JeHHs, TPH KOTOPBIX TOYKA € BKJIOYEHA
B YHCI0 TOYeK fAesieHusi. Ho tak xak poGapjieHne HOBBIX TOYEK jele-
HHSl, OYEBHJHO, He yMeHbwaer cymm V, To (3) BepHO aas Beex
BooGue cymm V. Orciofia sicHo, 4TO

V(f) V(f)+V(f 4)

Conocrasasnsa (2) u (4), noayyaem (1).

CneactBue 1. Ecau 6 ycaosuax meopemor gyrkyus f(x) umeem
KOHEUHOe USMEHeRUue Ha ceemenme [a, b], mo oHa umeem KoweuHoe
UsMeHeHue . HQ Kawoom u3 ceemermos [a, c¢] u [c¢, b] u obpammo.

CrepcrBue 2. Ecau ceemenm [a, b| MOXHO pasioocums Ha xored-
Hoe 4ucao dacmell, Ha Kaxcood uz komopelx Qyrkyua f(x) Monomoxna,
mo [(x) umeem wna [a, b] KoHevnoe usmeHeHue.

Teopema 6. [laa mozo 4mobsi ¢ynkyus f(x) 6biaa ynkyued
C KOHEMHBIM U3BMEHEHUEM, Heo0xodumo U Jocmamouno, 4mobbl OHA
npedcmasiaiace 8 gopme paswocmu 08yx 803pacmaouix GyHKyud,

JlokasaTenwbcTBo. JlOCTATOYHOCTL YCJNOBHA CJAEAYET U3 Teo-
pem 1 n 3.

Jl1A A0OKa3aTej]sCTBA €ro HeoOXOJHMOCTH IOJIOMKHM

X
n(x)=V({) (a<x<<?b), n{a)=
a
®yuruMs 7 (X) Bo3pacTaeT B CHNY Teopembi 5. Ecamu Mbl mosoxum

v (x)=m(x) = [ (), ()

TO GYHKUHSA v (X) TaKxke OKameTcsi Bospacrawoueil. B camom jene,
eClH a=Sx<<y=_b, TO B CUNY TeOpeMbl 5,

v =)~ ) =) +V ()= )

H, cTajio OLITh,
v v @)=V (=176~ @]

OfHAKO H3 CaMOrO OMpEAE]eHHs TNOJHOrO H3MEHEHHs! fICHO, YTO
Y
f)—fx) <V (f), Tak 410 v(y) — v (x) =0,
X

n ¢yukuusi v (x) Bospactaer. Ocraercsi nepemucaTh PaBeHCTBO (5)
B dopMe [(x)=m(x) —v(x), uroObl MOJYUHTH HCKOMOE HPEACTABIE-
HHe [(x).

Caencieue 1. Ecau chynryua [(x) umeen KOHe4HOE USMEHEHUE
Ha [a, b], mo noumu 8 KawoOod mouke [a, b] cyuwecmeyem KOHELHAA
npoussodnan [ (x), fersoujasca cymmupyemott pynkyuel.
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CaenctBue 2. MHoxecmeo mouek paspuid (QYHKLUU € KOHOYHbIM
UsMEHeHUeM passe AUl cuemno. B raoxdoi moure paspea x, cyue-
cmeyont o6a npedeaa

[xo4-0)= Tim f(x) (x>x0), [ (xg—0)= Hm[(x) (x<<xy).

A —»2p A= Xy
Tlycts mocaenoBaTeIbHOCTh
X1, X, Xgy ... la<<x,<b) (6)

COCTOHT M3 BCEX TOYEK, ABJASOUMXCA TOYKAMH pas3pblBa XOTh OAHOH
n3 dyHKWI 7 (x) nan v (x). Beejem B paccmoTpenye (YHKUHI CKAuKoB

s ()=[n(@+0)—n(@]+ ¥ [7@+0)—a(x—- 0]+

X, <X
+nx)—nax—0)] (a<<x<?),
sy(@)=[v(@a+0)—v@|+ X [vx+0)—v(x—0)]+
xk<x
F+IvE) —vx =01
sx (@) =5, (@)=0.

(Ecnn 1Touka X, €CTb TOYKA HEMPEpPLIBHOCTH OJHOII M3 (PyHKLIU
n(x) Wl v(x), TO COOTBETCTBYIOULEE CaraeMoe HCHesaeT caMo coboil.
BrpoueMm, MOXHO [0Ka3aTb, 4TQ TOYKa paspblBa QYHKIHH v (x) He
MOMET ObITb TOYKOH HEMPEepLIBHOCTH GYHKUMH T (x); AJsA HAc 37O
MaJ0 HHTEepPecHO.)

[ycts s (x) —=8x (X} — 8, (x). 3Ty QYHKUMIO MOKHO 3alHCATH TaK:

s@ = @a+0)—Ff @I+ X ([Je+0)—](xn—0)]+4
Xp =%
HIF () —=F(x—0)] (a<<x<h),
s(a)=0.

Ona Take ecTh (PYHKIHS C KOHEUHBIM H3MEHEHHEeM 1 HasblBaeTcs
dyHKuHell chaukoB ¢yHxuHN ) (x). Camo coboto sicHO, uTO ompejene-
Hie (QyHKUNH § (1) He N3MeNHTCA, eCH M3 TIOCJeN0BATeNbHOCTH (6)
yAalm b Te TOUKY, B KoTopuiX QyHKIuA f(X) lenpepoBHa, ') 1ak 4TO
MOKHO CUliTaib, Y10 (6) COCTOMT TOJIBKO H3 ToueKk paspolBa (b K-
uin f{x). )

Mui Bigen (teopema 2, § 1), 410 PyHKUMH Tt (X) — 54 (X), v () —
— s, (x) nenpepsiBtisl 1 BospacraioT. OTCIOiA CJeyeT, UYTO PA3HOCTH
@ (x) =] (x) — s (x) ecTL HenmpepLiBHAs @YHKUHSA C KOHEUHBIM H3NMEHe-
nnenm. HMnaue ropops, jokasana.

Teopema 7. Bceakywo (yHRUUID © KOHEMHLIM UIMEHEHUEM MONCHO

npedcmasume 6 gopse cymuvl e (PYHKWUU CKOUKOS U HenpepsisHol
DYHKYLU © NOHEUHLIM USMEHEHUEM.,

1} Moxno 1nokasath, uto B (6) Takux Toueh e GBLIO ¢ caMoro Hayana. Unta-
TeJb YCMOTPHT 370 H3 icopemsl |, § 5.
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§ 4. Hpunnun BeiGopa Xeaawu

B srom maparpage Mbl H3J0XKHN BamKHYI0 B NPHJIOKEHIAX TeQ-
pemy, npiuagzexauiyto 3. Xeadau.

CHauana AoKamKeM /B JIEeMMbl,

Jdemma 1. [Tycino na cecyvenme [a, b| 3adano Geckoreturoe ceneil-
cmeo pynxyuit H ={f(x)}. Ecau 6ce ynryuu cemeiicinga oepanuueHot
OOHUM UL IEM e YUCAOM

lf=K, (1)
mo, Kaxoe 6ot cuemmoe MHoxceemoo E < [a, b] wu e3ame, w3 cemed-
cmea H moxno ussiews nocaedosamersrocme {f, (x)l, cxodauyocs
8 kaxcdoll mouxe muoxcecmea E.

HokasateasctBo. Ilyere E={x,}. PaccMoTpHM MHOXeCTBO
1f (x,)} 3HaueHui, npuEHHMaeMblx (YHKUHAMH cemMeficTBa f B TOu-
ke x;. B cnay (1) 310 MHOXeCTBO OrpaHHueHo H, no Tecpeme boab-
uaHo — Beftepwitpacca, H3 Hero BelensieTcs CXOASILAACA MOC/EL0Ba-
TeJbHOCTb

F0 Gy FO Ce)s 0 (xg)y oo HimfD () = A, (@)

(R Ras]

Paccmotpiiv Tenepe Moc/1ef0BaTeAbHOCTD
1 1
flI (Xl), f) (x.’)r fi (J('_;),
3HAYEHUH, MpHHUMAeMbIX QYHKUHAMH MHOXKecTBa {f. (X)! B TouKe X,.
3ra noc/1en0BaTEIBHOCTH TAKMKE OrPaHHUeHA I Mbl MOMEN MIpPH-
MEHHTb K Heii Teopemy Dospuano— Beilepuitpacca (B ee Bropoil
(opme), YTO NMPHUBOAHT HAC K CXOJAUIEHCH MOC/ICAOBATE.TbHOCTH

fl_ (x" f.’.- ( fl .’ y lim f’ ()C) AE’ (3)

n-»0

soidenennoli n3 {f4 (x,)]. Baxno oTMelnisb, uTO B3alMHBIN TTOPSIOK
ABYX ¢GyHRUHI f; W f; B mocaeloBaTeIbHOCTH (3) Takoii e, KaK u
B NOCJEN0BATENbHOCTH (2).

[Tposoaxkas 10T npouecc HeorpalHYeHHO, Mbl IOCIPOCIIM CUelHOoe
MHOXECTBO CXOASILIXCS Toc]eoBalebllocTel]

Fo(a) ) (), B l), ooy Himfif () = Ay,

Jé G B 17 (), e ng{;jf,: (x) = A,
(k)(«\’k) fm(\/a) f’k) ) ,,Iimf (xk = Ay,

MpHYeN Kaxaas c/eiyioulas NocacLoBaTe blocTb ¢y KL BhljeeHa
(6e3 napyiueHtss NOPSAKA CJENOBAHS JCNCHIOB) H3 Mpeiplayuieil.

JameTHB 310, COCTaBUM 110C71€0Bare/IbHOCIb 111 OHATBHEBIX JJie-
MEHTOB TOCTPOEHHOH MAaTpHLbI, T. €. I10C/eI0BareJbHOCTb

{fo oy (n=1,2,3, ..).
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310 ecThb Tpeyemast, T. € CXOIAWANACA B KAXKIL0H TOUKE MHOMKe-
crBa E, nocaenosatenbHocTs JleficTBH1enbHO, npd JoGON  uKCHpO-
BAHHOM £ MOCJel0BaTeIbHOCTh {f;lf” (x,,)} (n _ k) ecTb yactuuHas ANS

{fff’ (Xk)} ¥ cxoautcest K A,, uTo U Tpe6oBa/OCh JOKA3aTh.

Jdemma 2. [Tycme F=|f(x)} ecmo 6eckoneuroe cemeticmso  603-
pacmaromux pynryul, sadannsix Ha ceemerme [a, b]. Ecau 8ce yHk-
yuw cemeticmsa oepanutdersr o0num u mem sce wuciom | f(x)| =K,
mo u3 F moxcHo useaedv nocaedosanevrocms {f, (x)}, xomopas 8 ra-
doit mouke [a, b] cxodumces k Hexomopotl sospacmaroweti Pyuxyuu ¢ (x).

HoxkasateanctBo. [Ipumenunm x {f (x)} 1emmy 1, B3s1B B Kaue-
CTBe MHOXecTBA L MHOXeCTBO, cCOCTOflliee H3 BCEX palHOHATbHBIX
ToueK cermenta [a, O] M TOUKHM @, €C/IM OHA HppauncHanbia. B xax-
Joil TOuKe x, & E cymecTtByeT KOHeUHbHI Mpejes

lim f (x) (4)

n-—oxo

TNOC/IeJOBATENbHOCTH GYHKUUH Fy= {f(*) (x)}, BblleneHHol U3 F.
Beeaem d¢nwHkuHiO ) (x), [0J0KHB ee paBHOH mpepenay (4) B Tou-
Kax MHomecTBa £

V()= 1im [ (x) (4 = E).

3tum GyHKUHA P (X) 3a1aHa [0KA TOIbKO Ha MHOXecTBe E, npHueM
JIETKO BHJIETh, UTO OHA €CTh (YHKUHS BO3pACTAOUlasl, T. €. eClIH X,
M X, CYyTb JABe TOUKH MHOMeCTBA E U X, <X, 10 ¥ (x,) <P(x).
Pacnpoctpanum onpenenenie QyHKUHH P (x) HA BeCb CerMeHT
[a, b], nonoxuB ee paBHOH P (x)= sup {P(xp)} (xp= E) aaa Bcex
xk<{
HppallioHaNbHBIX TOYEK NpOMeXYyTKa (a, b].
fcHo, uro GYHKUMA P (X) ecTb BO3pAcTAWIAs HA BCEM CErMEHTe
[a, b]. B takoM cayyae MHOXKecTBO () ToueK paspbiBa GYHKUHIL Y (x)
pasBe JUlib CYETHO.
llokaxem, yto B KamAoll Toyxke x;,, B KOTOpOH v (x) HenmpepbiBHA,
oyzrer
him F (x) =1 (x,). (5)
[ ol
JleficTBITENLHO, AJSL MPOH3BOALHOTG € >0 MOKHO HalTH TaKHe
TOUKH X, H X, MHOXecrBa E, yTO

X <X <X P () =P (xR < g -

DuxcHpoBaB 3TH TOUKH, HAHJeM TaKoe My, 4TO MpH A >, OyAeT
&

[
P () = (), < 50 1 () = () | < 5
Jlerko INOHSITh, YTO NDPH 3THX A OKaMKETCA

P (xg) — & << f(”) (xg) - fur) () <Y (xg) +8,
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a Tak Kak [ (xg) << f) (x,) << [ (x,), TO npu n > n, 6yier
P (xg) — & < ' (xg) < (%) + &,

oTKyla u caepver (5).
Hrak paseHncTBO

lim f (x) = (x) (6)

MOMET He BBIIOJHATECA TOAbKO HA CHETHOM MHOXECTBE Q Touek pas-
puiBa P (x).

3ameTHB 3T0, CHOBA NpHMEHHM JeMMy | K mocjefoBateqbHOCTH F,
B3AB 3a MHOXECTBO FE MHOXeCTBO TeX Touek , rie He BhINOJ-
usiercsi (6). 310 MIPUBEJIET HAC K [IOC/ICNOBATEILHOCTH {fn (X)}, BBLAEGNEH-
Hoii M3 F, U cxofsuleiics Tenepb yxe BO BceX Toukax [a, b] (1bo
TaM, e CXOAWJach mnocjeloBatenbHocTh {f (x)}, cxooutcsi W ee
nofnocaefoBaTenbHocTh {f, (x)}). Ecau nomoxuts @ (x)= lim f, (x),

v a— o

to GYHKUHA @ (X), OUEBHJHO, OKaXXETCsl BO3pacTaiolieH.

Teopema (3. Xearu). [Tycmo na cecmenme [a, b) 3adano Gec-
Koxeunoe cemeidcmeo yuxyuid F={f (x)}. Ecau sce ynryuu cemeti-
CMBaA U NOARbIE U3MEHEHUS 6ceX (yHKYUL cemelicmsa 02paHLyensl
OOHUM HUCAOM

b
f ) i<K, \a/(f)ﬁK,

mo u3 cemeticmsa F MONWHO 6p0eaums maxkyo nociedoBameibHocHb
{fa (x)}, womopas & kaxdod mouke [a, b] cxodumcs K Hekomopol
pyHKyuu @ (X), MaKye umeowell KOHEeUHOe UIMEHERUE.

HoxkaszateabcTso. [lomoxuM, aas xamgol ¢ynxuud [ (x)
cemelicta F

7 (x) = V(f) v (x) =7 (x) — f (%)

O6e 3t ¢yHxwin Bo3pacraioT. [Ipy atom |7 (x) | << K, I v (x)1 = 2K.
TMpumenus K cemeficTBY {m(x)} ZnemMMy 2, Mbl BEIAEAHUM M3 3I0TO
ceMefiCTBA CXOASILLYIOCA MOC/CL0BATeNbHOCT {7y (X)}

llm T (%) = a (x).

Kamnod ¢GyHKuuH , (¥) cOOTBETCTBYeT (YHKUHUA v, (x), porno-
Haowas ee o ¢GyHkuun f,(x) cemeiictea F. IlpumexusB Jemny 2
K ceMeficTBY {V,(x)}, Mbl BBIEJHM M3 HETO CXOASILYOCS NOCTELoBa-
TEJIbHOCTD {Vk, (x)}

lim vy, (%) =B (x).

L — O

Ho torpa mocaenopatesbHocTs  (QyRKUHH  fi, (X) = 5Ty, (X) — Vg, (X),

BhiflesieHHasl u3 F, cXOIHTCsl K (QYHKUHH @ () = o (x) — B (x).
Teopema jgoxasana.
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§ 5. HenpepbiBHble (YHKUMH ¢ KOHEYHBIM H3MeHEHHEM

Teopema 1. [Tycmo Ha ceemenme [a, b] sadana yukyus ¢ Kored-
KoM wamMeHenuem f(x). Ecau f(x) HenpepoisrHa 8 HEKOMOPOL mouke X,
Mo 8 Mot MouKe HeNpepoiBHa U PYHKIUA

n(x) =V

JokasarteabctBo. [lpeanonoxkun, 4To x,<<b, H HOKameM,
YTO 7U(X) HenpepbiBHA B TOYKE X, capaBa. C 3rofl uesnblo, B3AB
IPOH3BOJIbHOE € >> 0, pa3/oKUM CerMeHT [x,, b] TOuKanu

XoZl X <<...<<X,=0

Ha 4acC1H Tak, yToOBl 0Ka3aJ0Ch
n—1

b
V=3 [t 1—f(x) >V (H)—e. (1

K=0 .
Tak kak cymma V auiub Bo3pacTaer oT 1006aBJeHIIST HOBLIX TOYEK,

TO MOXKHO CUHMTaTb, 4T0 |f(x,)— f(x)) < e. B takom cayuae, u3 (l)
cjlefiyer, 4To

b n—t
Vi<e+ X 17— ), <20+

n—1

b
+k§1 e ) —Flxe) =22 + V().

Xy
Crano 6bitb V (f) <<2e, M, crepoBatenibHo, m(x,) — 7 (x,) << 26.

Ay
Orcrona 1 noaasHo 7 (x,+ 0) — 5t (x,) << 2e. Ho € npou3ssosibHo. 3HaunT
7 (xy - 0) = 10 (x).
AuanornyHo joxassiBaercs, 4ro 7 (x,—0)=um(x,), T. e. w10 7 (x)
B TOYKE X, HenpepbiBHa cJeBa (ecan x, > a).

CaencrBue. HenpepuisHas yHKyUA € KOHEUHOIM U3MeHeHUem npeo-
cmasuma 8 Qopme pasHocmu 08Yx HENPEPBIBHLLX e B03PACTAOUIUX
Pynryull.

B camom jene, ecad f(x) HempepmBHAs QYyHKUHS € KOHEYHBLIM
H3MeHeHHeN, 3ajaHHas Ha cerMeHte [a, 6], TO HempephiBHEI 00e ee

X

BO3pacTalollie KOMIIOHEH Ibl n(x):_V(f) U vx)=an(x)—/7(x).

[43

[Tyctb Ha cermenre [a, b] 3ajana HenpepblBHasi GyHKuus [ (x).
PasnoxiiM [a, b] Ha yacTH TOuKamit

Xg=a <X <X, <..<Xp=0b [max(x,,—x;)=2A]

n—1 n—1
H COCTaBHM CyMMbl V = fo(xk1_1)—f(xk)|, Q= Z Wy, THE @y
=0 k=0

o3sHauaeT KoJjebauue dyuxunu f(x) Ha cermente [x,, X, 4].
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Teopema 2. Ecau ’.—0, mo kamdaa us cymm V u Q cmpe-

b
mumes K noanomy usmenenurno V (f) gynxyuun f(x).Y)
a

b
3amerum, 410 Koueuynoctu H3meHeHus V (f) mbl He npeano-

a
Jiaraem.

HokasateabcrBo, Kak yxe ormedanoch, cymma V He yGul-
BaeT OT Jo6aBjeHus HOBofl ToukM JeseHusi. C Apyroifl CTOpPOHH!, eciH
3Ta HOBasi TOYKA FAOA4JaeT B MHTEPBaL MEXIy X, U X,_,, TO YBeJH-
yeHHE CyMMbl V, mnpoucrekaiomiee H3 TOSABJAEHHsi 3TOR TOYKH, He
NPEBOCXOAUT YABOEHHOTO KoJie0aHHA , QYHKUHUK f(X) B CerMmeHTe
L%y Xria]-

b
3ameTuB 310, BO3bMeM Kakoe-nHGo uHcao A <<V (f) n Haiizem
a
cymmy V* takyio, yto V* > A. Ilycth sta cymMma oTBedaeT CJepylo-
wemy crocofy JeneHHs:

Xi=a<<xi<<...<<ixm,="b.

BeiGepem crosb Masoe § >0, uTo Kak ToJbko |x" — x' | <8, TaK
cefiuac xe

) —F) <=4,

4nt

M NOKaXeM, 4To A Joforo cnocoba JeneHHs, y Kortoporo i << 6,
Gy aer

V> A. 2)
B camom gene, umes nopoOHBIN croco6 penexus: (1), cocraBum

Hoebifi cnocob (I1), mosmyuaromuitca u3 (I) joGaBieHuem Bcex TodeK
{xz}. Ecan cnocofy (1I) orseuaer cymma V,, 1o

Vo= V*, 3)
C ppyrofi croponbl, cnocad (1) nonyuaerca nu3 (I) nyrem m-kpar-
HOro JoGaBJeHHs Mo ofHofl Toyke. Tak Kak Kaxjoe jo0aBjeHiHe

*— A
BbI3BIBACT YBE/JUYEHHE CYMMbI V sensuice, uyen Ha ,

—_— Q
2 T

V _ V < * A
Orcroga H H3 (3) caepyer, uTo

oA AL+
V>V, —2 — *’2‘ > A.

1) 3aech CYNUIECTBEHHO, 4TO peyb HAET O Hen peprB Ho# ¢ynkuuu. Iycrs,
Hanpumep f(x) 3apana na [—!, +1] rak: f (@) =1, f(x)=0 npu x ~£0. Toraa

V (=2, Ho ans wmoGoro cnocoGa ApoGaesus [—1, 4-1], npu koropom x =0
He Apndercd Toukou fenenus, Oyger V=0, Q=1,
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Hrak, npu A <8 semonHeHo (2), HO NoCKONbKY Beeraa V<.

(N,

n <

To lmV = \b/ (f).

2—0 a

Tenepr ye JIErKO IPOBECTH AOKA3ATENRCTBO H JIS CymMM €.
C ofHoll CTOpPOHHI, SiCHO, UTO

Q=V. 4)

Ho ecnu wmb HafijeM cymmy €2, oTBedaiomyld KakoMmy-HHOYAb
cnocoby JesneHus, a 3aTeM A06aBUM B KAuyeCTBE HOBBIX TOUEK jeJe-
HHUsSL T€ TOUKH, B KOTODHIX (PYHKUMS [(X) NpUHMMAeT 3HayeHUA

my=min{f (0}, My=max[f()] (6 =< xpm),

To cymma V', orBedaoias mOJyYHBIIEMYCH HOBOMYy crocoly jese-
HUfA, O4EBHAHO, He OyleT MeHblue#t, deMm £, oTRyja

b
Q=< V(). G)

b
W (4) u (5) u crenyer, gro lim Q =V (f).
A=Q a

JlokasanHasi TeopeMa JeXHMT B OCHOBe Npuuaanexaumero C bBanaxy peckMa
HHTEPECHOrO HMOQXOAR K HenpepuiBHbIM (YHKHHMAM ¢ KOHEUHBLIM H3MEHEHHEM

[Tyers f(x) 3agaHa W HempepbiBHA Ha cermeHte [a, b] n m=mun {f (x}},
M =max {f (x)}

Beegem ¢yuxuuto N (y), 3anannyo Ha cermenre [m, M] crepyromum ofpasom.
N (y) ectb wucsio KopHen ypaBHeHHS f(x)==y Ecan MHOmecTBO 3THX KopHeu Gec-
KoHeuna, 10 N (y)=-+ oo. Mul Gypem HaspsaTe dyHkuuw N (y) undunampucod
Banaxa

Teopema 3. (C. Barax). Hrourampuca Banaxa uamepura u

M b
\ N () dy=V ().
m a
JorasateancTBo. Paanoxum [a, b] Ha 27 parHWX yacTell H NOAOKHM
dy= (a, a+2—;Ta
b—a b-—-a
dk=<a+(k—l)—§h—, a+k—zT] (k=2 3 .., on).
Iycre, nanee, dyuxuua L, (y) (=1, 2, ..., 2%) paBHa 1, ecau ypapHeHue
fx)=y (©)

HMeeT B NPOMexyTKe dj XoTa Obl ofluH Kopenb, H Ly (y)=0, ecau B d} HeT HH
OJHOrO KOpHA 3TOro ypaBHeHHA Ecau my, u M, cyTe, coOTBETCTBeHIIO, TOYHAs
HHXKHAS W TOUHAfl BepXHAS Tpandiitl QYHKUHH [ (x) B npomexyTke dj, 10 Ly ()
paBHa | B nHTeppane (my,, M,) ¥ paBHa HYJK BHE CerMeHTa [my, My), Tan uTO
3Ta QYHKUHS MOKeT HMeTh He GoJsblle JBYX TOyeK pa3pblBa H, OUeBHAHO, H3Me-
puMa. OtderuM ewle, uto

M
{ Lo ) dy=My—mp=ay,
m
Tae ©p €cTh Kolebanme f(x) Ha cermente dg.
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Baegem, nakouen, dynximmo N, ()=L (y)-+12@)+ L, ), pavuyo

YUCJIY TeX NPOMEKYTKOB dp, B KOTOPHIX COZEPKHTCH XOTh N0 OJHOMY KOPHIO Ypas-
HeHHs (6) Ouebugro, dyukuusa N, (y) namepuma IIpn sTOM

QIL

M
VNa@) dy= Y] wp,
m k=1
TaK 4TO B CHJY TeopeMmbl 2,
n—o

M 4
hm § N, () dg =V ().

Jlerko nomaATe, 4to N;(y) << No (¥) << N3 (y) == . M, CTano GHTh, CYIIECTBYET
KOHeuyHKl HIH GecKoredunit npegen N* (yy= lhim N, (y), koTophia fABAfAETCH

n—co
obyHKuueit uamepumoit, Cornacuo teopeme B. Jlesu (ra. VI, § 1),

M M b
(N @ dy=1im § N, @) dy=V (.
m n—>® oy a
Ecnn Myl noxasem, uTo
N* (y) =N (y), ™

To TeopeMa GyJeT JOKa3aHa
Tpexge Bcero copepileHHa fAcHO, 4T0 N, (y) << N (y), oTkyga H

N* () = N (y). 8

Tlycts Tenmeps ¢ HaTypasbHoe uncao, He Gomwuree uweM N (y). Torma Mommno

yKa3aTh ¢ pasiHyHBIX KOPHeill x; <Cx, <C. X, ypasnesHusa (6). Ecau n nacroanko
b—a o

BEAHKO, WTO —pm— < min (Xpi1—Xp), TO BCe (¢ KOpHeHl x, MONAgyT B pa iHBEIE

DPOMEKYTKH dp, Tak 4T0 N, (y) == ¢4, OTKyAa H NORABHO
N*(y) =q. 9

Eenin N (y) =+ oo, To ¢ MOKHO GpaTh CKOJIbE YTORHO GOJBLIHM, TaK uTo #
N* () =+ <o, ecan N (y) kOHeuHo, To MOKHO B3ATb ¢ =N (y), u Toraa (J) npu-
met BUR N* (y) = N (y) Orctoga n n3 (8) caegyer (7).

Cneacreue 1. [Jaa moeo umobot Henpepwsnad @yrkyua f(x) umesa roweuroe
usmenenue, Heobxolumo u docmamotno, umober ec uHOuxampuca banaxa N (y)
Guiaa cymmupyema

Crepcrave 2. Ecau f (x) ecmb HenpepoisHan yukyun € KOHOMHBIM UIMEHEHUEM,
MO MHOMECIBO 3HAveHUL, Npurumaemslx e GechOHenHo MHO20 pas, useem (na ocu
opounany) mepy Hyab

JleiicTBHTEIBHO, B 3TOM CJyyae HHjuKatpHca DaHaxa, 6ygy4H cy.IMmupyemoil,
MOYTH Be3[C KOHJYHA,

§ 6. Unrerpan Ctunrbeca .

3fech Mbl H3MOXKHUM BechbMa BawkHoe ofoflienue MOHATHA 00 HH-
terpane Pumana — unterpan Crunteeca.

[1ycth wa cermeHTe [a@, b]| 3agaHbl gBe KoHeuHble GYHKUHH f(x)
u g(x). Paznoxum [a, b] Ha 4acTH TOUKAMH Xy =a < Xy << ... < X =

= b, BbléepEM B Hpejejax KaxIoro 4acTH4HOrQ cermeHra [x,,, Xk“]
n—1

no TOUKe §, M COCTABHM CYMMy O = Z f (Ee)[g (Xer1) — g (x)]-
k=0
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Ecau mpu A=max (Xp;; — Xp) >0 CyMMa G CTpeMHTCs K KOHeY-
HOMy Tipeneay /I, He 3aBucsileMy HHM OT crnocoba Apo6aeHusi, HH OT
BbiGopa Touek E,, TO 3TOT mpejes HasbiBaeTcsl urmezpaiom Criua-
moeca ¢ynryu f(x) no gyuxyuu g(x) u obosHavaercs yepes

b b

[fdgx) nn (S)|f(x)dg ).
a a
TouHplii cMbICA OnpefeNeHus TakoB: yucao [ ecTb uHTerpast Crui-
Theca QyHkuHH f(x) no GyHKUMH g (x), ecrn Besikomy € >> () oTBeuaet
Takoe § >0, uto npu a0bom crocobe Apob/eHns:, TpH KOTopom A < 6,
Oyner |6 — /| <Ce, Kak Obl Mbl HH BBIOMpaNH TOYKH Ej.
flcuo, uro uuterpan Pumasa ecTh uacTHeil Caydaii uHTErpasna
Cruntbeca, nonyuwatouuiicss mpu g(x)=ux.

OrMeTM HEKOTOpHIe OuYeBHAHBLIE CBoiicTBa HHTerpasa CTH/Tbeca,

b b b
LS [f 0+ F (0] dg () = £ (x) dg (0 + § £ (x) dg (x).

a

2. Sf(x) d{g (x) + g, ()] =\ [ (x) dg, (x) +

3. Ecau & u | nocrosinHele, TO

[ (x) dg: (x).

D ey o B
B ey TR

b b
§f (x) d 1g (x) = Rl §F () dg (%),

Bo Bcex Tpex cayuasix U3 CYIECTBOBAHMS NPaBOH YacTH BhiTe-
Kael CyIRecTBOBaHHUE JIEBOH. .

4. Ecau a <<c<{b u CymecTBylT BCce TpH UHTerpasa, BXOAAILHE
B PaBEHCTBO

b ¢ b
VF(x)dg ) =] (x)dg (x)+ [ (x) dg (x),

TO 3TO paBeHCTBO CNpaBel/HBO.
Yrolsl foKa3aTe 3TO CBOHCTBO HHTErpaja, HYXHO JHIUb 03a60-

THTbCA BKJIOUYEHIEM TOUKH ¢ B YHCJO TOYEK JleJI€HHSA cerMeHTa [a, b
b

NpPH COCTaBACHHH CYMMBI 0 AJ8 WHTErpansa Sfdg.

a
b

HerpyaHo Jokasarth, 4TO H3 CyLLECTBOBAHHS HHTerpa.a Sf dg che-

a
¢ b

Ayer cywecrsosanie ofonx unterpasos {fdg w {fdg, no mm ue

a c
OylleM Ha 3TOM OCTaHaB/JMBaTbCsi. MHTepecHee oTMeruTh, uTO OGpar-
HOe NpelNoKeHHe HeBepHO.

[Mrpumer Ilyers dyHkunu f(x) v g(x) 3aganbl Ha cerMeHTe
[—1, +1], npuuem
0 mpuy —1=cx=<20, 0 npn —1 << x <20,
f=] T g=1" " /
Il mpy  0<<x~="1, I mpn O=<x=Il.
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0 1
Jlerxo BHAeTb, uUTO HHTErpaJbl \ f(x) dg (x), Sf (x) dg (x) cyute-
! 4]

CTB}’}OT (ub6o cyMmbl ¢ paBHBL HVJAW). B To xe Bpemsi HHTErpad
S [ (x)dg(x) He cymecrByer. [eficTBUTENbHO, pa3fpo0MM CETMEHT

[-1 +1] Ba uvactn Tak, utoObl Touka ( He nmonajana B UNC/IO TO-
n—1
uyeK [JeJEeHHS, H COCTABHM CYMMY O = Z { (Ee) [g (xpea) — g (x2)]-
=10
Jlerko mnousare, uto ecan x, <0 <Cx, ., TO B CyMMe O OCTAHETCS
TOMABKO (-0e cjaraemMoe, MGO eClNH TOUKU Xp U Xj.q JeXaT 110 OJHY
CTOpPOHY OT 1011;(14 0, To g(x,,)A (Xpe1)-
3naunt, 0= (&) g (X1 (x V=7
B SHBI/ICHMOCTH or TOrO, 6y)1eT Jan g §0 wm §; >0, Gynero =0
i g=1, Tak 4yTo O He HMeeT Ipejena.
b
5. M3 cyulecTBOBaHHS OJHOTO H3 HHTErpajoB Sf(x) dg(x) u

a
b

Sg(x) df (x) BBITEKaeT CyllecTBOBaHHe APYroro U pPaBeHCTBO

a

b b
V/(x)dg (x)+ g (0 df (0 = (0 g (0], (1
rie, Kak oOblYHO, MOJOXKEHO (
[f () g ()], =] (b) g (b) — [ (a) g (). 2)

dopmyna (1) HaspiBaeTCA GOPMYAOL UHMESPUPOCAHUA RO HACIAM.

Hokaxem 310 cBOfictBo nHTerpasa. ITycTh cymiectbyer uHTerpast
b

Sg(x) df (x). Paspeaun [a, b} Ha uacTH 11 COCTaBHM CyMMY
y n—I

Y =k§ [ G} g (krr) — & ()],

Ee MOXKHO HpeﬂCTaBllTb U Tak
n—1 n—1

0= Z [ Ee) g (Xpsy) — Z f (&) g (xa),
k=0 E=0

OTKYJa

n—I1

o=— 3 g [f &) —FEr1)] -+ (Enr) € (x0) — F (50) £ (10).

|
[TpuGaBasis W BLYUTAA B NPaBOil UacTH BblpaXkeHHe (2), HaXOMHM
o=[r(x) g~

n—1

— {g(a) [FE) —F@l+ 35 g () [F (B —F (Ee-0)]+-2 (O)[F (B)—/ (EH)]}-

k=1
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Bripaxkenue, crosittiee B (UTYPHBIX CKOOKax, ecTb He 4TO HHOe,
b

KaK CyMMa, cOoCTaBleHHas Mia HHTerpana Sga’f, npliyen ToUKaMu

Apobaenns [a, b] cayxar Touky a — & -< 51 -~ &=t =28, b,
a TOUKH @, Xy, Xy, ..., Xu_y, O CYThb TOUKU ceTMEHTOB {a, §0] {Eo, &l -
[87-1,
r

Ecau cTpeMuTcs K HYMO mMax (X, —X;), TO K HYJIO Xe
crpemMutess M max (§x.; — &), Tak uTo CcymMMa B (HIYpPHBIX cKOOKax
b

CTPEMHTCA K HHTerpajy Sga’/‘, OTKyJa H cJelyeT JOKa3niBaemoe
a
NpesNoKeH e,

EcTecTBenHo nocrasuTh BOpoOC 06 YCJAOBHAX CVUIECTBOBAHHA

nuterpana Cruatbeca. Mbl orpanuuuMcs JUIb OJHOMA TeOpemMoli B 3TOM
HanpapJIeHH .

Teopema 1. Hrmeepan
b
U&Mﬂﬂ ‘

cyweemsyem, ecau Gynkyus [(x) rnenpepewra Ha ceemenme [a, b,
a g (X) umeenm HQA 3MOM CEeMEHIE KOHEUHOE UIMEHCHUE.
JdoxazareancTBo. OUEBHAHO AOCTATOUYHO CUlITATH, UTO HVHK-
uua g (x) Boapacraer, n6o BcAKas (GYHKIHSA C KOHEYHbIM H3MeHEHHeM
£CTh PA3HOCTL ABYX BO3pacTawuwux thyHKUni.
Paznoxum [a, b] Ha wacTH ToyKamu

Xo=a<x <..<<x,=b

u 0003HAYHM, COOTBETCTBEHHO, uepes M, 1 M, HalMeHbllee H Hau-
Gonpluee 3HAueHHA QYHKUMH f(x) B cerMente [xp, Xp.].
[Tycrs

n—1 n—1{

= Z my (g (xe) —g ()],  S= Z My (g (xpry) — g (X))

k=0 k=0

flcso, uro mnpu mwoOoM Buibope TOueK §, B CermMeHTaX [xy, Xpi4]
okawercss § ¢ - S,

Jlerko nposeputs, 4To Hpu AOOABIEHVMH HOBONW 1O0YKH JeseHis
cymMMa s He yObiBaer, a S He BO3pacTaer.

Orciona cjellyeT, 4r0 H{ ONHA CYMMA S HEe HPEBOCXOAUT HH OAHOH
cymmpl S, JlefictBuresipHO, umesn Asa crocoba, 1 u 1l, apoGrenus
cermedta [a, b, KOTOPHIM OTBEYAOT COOTBETCTBEHHO CYMMBI 5;, S,
H S; S, Mbl MOXKeM cocraBnth croco6 l1I, oGvepuuas toyku gee-
HHA obGoux choco6oB — 1 u I1. Ecm cnocoby 111 orseuaior cymmnt
Sy 1 Sy TO 8- ~8-<83-<8,, Tak yTO H B caMoM jene s, <= S,.

3ameruB 3710, HazoBeM uYepe3 [/ Toquy}o BEPXHIOIO [PaHHUY MHO-
JKeCTBa {5} BCEX HHIKHHX CyMMm: [ =sup|s

[Ipu BcskoM crocoGe AesteHus Hyner s\-: [ = 8, u, creloBaresLHO
(B cuy HepaBeHCTBA s=20=LS), |0 —1|.Z85—s.
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Ecan B3sTh npouspoabHoe ¢ >0 u HaliTH Takoe 8§ >0, uTo Hepa-
BeHCTBO | ¥" — x' | << § Baeuer HepaseHcTBO | [ (x") —f(x")| <Ce, TO npH
A <<8 oxawerca M,—m,<<e (=0, 1, ..., n—1) u, cTajgo ObITh,
S—s<elg(b)—g (@)l

Otciofia ¥ mojaBHo npu A << 8 Oyger

jo—11<e[g(b)—g(a)].
&

Wuave rosopsa, limo=1/{, tak uro / u ecTp uHTErpan Sf(x) dg (x).
A0 p

a

W3 poxasanxolt Teopembl ciepyer, UTO BCAKAA (YHKUHS C KOHed-
HBIM M3MEHCHHEM HHTerpHpyeMa Mo BCAKOH HeNmpepbiBHOH (QYHKLHH.

Bonpoc o esiuucaenuu upterpasa Cruarbeca GyleT HORpoOHO pac-
cvotper B § 6, rn. 1X. Cefiuac Mbt OrpanuuuMcs ABYMS 3JeMeHTap-
HBIMH CJTYyHaAMH.

Teopema 2. Ecau gynrxyus f(x) Henpepueua wa [a, b], a ¢yuk-
yus g(x) 8 kaxcdoii mouxe [a, b] umeenm npoussodnyro g' (x), ssaswo-
wyrees pynrkyued unnmeepupyemoil (R}, mo

b b
(S)§1 (1) dg () =(R) {F (0 g’ (x) dx. 3

a a

HokazarensctBo. M3 ycinosus Teopemsi ciepyer, 4to g(x)
YIOBJETBOPAET YCJoBHIO JlMMnuua, a MOTOMY HMEeT KOHeyHOe H3Me-
HeHue, H uHTErpas B Jesoil yacTd (3) cywectByer. C Apyroif CrOPoHH,
dynkuua g’ (x), a ¢ Hell M npoussefenue f(x)g’ (x) nouTH Besje
HenpepuiBHB, TaK 4To cywecTByer H mpaBas vactb (3). Ocraercs
yGelUThC B MX pDaBEHCTBE.

C sT1ofi Hesbio pasnoxuM [a, b] Ha YacTH ToUKamH

X0=a<x1<...<x,,=b,
H K KaXJofi pasHOCTH g (Xy,1) — & (¥») npuMenum ¢opmyay Jlarpanxa

g (xpy1) — G (xp) =g (%) (Xppr— X)) (X < Xp << Xpyr)-
b
Ecaiu npu coctaBienui cyMmMbl ¢ ais ueTerpana {fdg mul B kave-

a
CTBe TOYKH §, BO3BMEM HMEHHO TOUKY X, AocTaBjasieMyto diopmyJof
JlarpaHxka, TO cyMmMa ¢ HpHMET BHJ

n—1
0 = Z f(5e) & (%k) (Xry1 — %),
k=0
T. €. OKAXeTCs pUMaHoBof cymmoll dyHkuuy f(x) g’ (x). «Pasmesnbuasy
ApoOJeHHd K Tiepexond K Ipejedy, Mbl H AOAY4HM DPaBeHCTBO (3).
Teopema 3. Ilyeme [(x) nenpepoiBHa Ha [a, b], a g(x) nocmo-
AHNG 8 Kamdom u3 uwmepsarod (a, ¢), (¢, ), «.., (€m, D), 20€Y)

Q<6 <<6<...<Chp<<bh.

1) Hnaye rosopd, g(x ecTb cmynendamaa GyHKUUA.
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Toeda
b

/() dg()=f(a)[g(a+0)—ga)]+

+ X fen) g+ 0)—gle—O+f(b)[gh)y—g(d—0)]. (4
k=1
HdokasaTeabcTBo. JIerko BHAETH, YTO

b m
Vg)=lgla+0)—g@|+ X {lg) —gl— 0|+

k=1

+1gn+0)—gcw) } +1g(0)—g(—=0),
Tak u4Tto QYHKUMS g (X) UMeeT KoHeuHoe WameHeHue Ha [a, b], a 3na-
ylIT, H Ha BeAkoH uactu [a, b]. Ilostomy

m ‘e 1
Sf(x dg(n) =3 | f(x)dg (), (5)
k 0 ‘
TJle MONOXKEHO Cy=a, Cpy = b.
‘r1
OcTaercsi BHLIUHCAHTL HHTErpas S f(x)dg(x). Ho pa3snaras
ke

[¢k, €k.1] HA uacTH M COCTABAAS CyMMY ¢ A5 HHTEPECYIOUEro Hac
HHTErpasa, Mbl, OYEBHJIHO, OYJIeM HMETb

a=fE) g +0)—g )] +fEn)gcer) —gler 1— 0],
H6o Bce mpouMe cjaraembie HcyesaloT. 3HaAuWT, B mpenene
Cp
§ 70 dg()=Flea)lglce+0) — glen]+ /(-0 [g(Cr) — £lcea—0)],
oﬁxyﬂa, B CBA3U ¢ (D), M caefyer (4).

§ 7. llpegenbHblit nepexox nox 3Hakom uuterpaaa Cruarneca

Teopema 1. Ecau ¢yuxyus f(x) wenpepwena na |a, b], a g(x)
UMEeMm HQ SMOM CEeZMEHMe KOMe4HOe U3IMENeHue, mo
b
Vi) dg )| <M () g). (1)
ede M (f)=max!f(x)].
HokasarenbctBo. Haa moboro cnocoGa ppoGienus [a, b]
u qaoboro BeiGopa Touek £, OyAeT

n—i

D TED) G () —g ()] <

o]=

n—1

<M Y glna)—g) <M

k=0

N L

(8,

oTKyla u caepyet (l).
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Teopema 2. I1ycmo na [a, b] 3adana yHkyud ¢ KOHeYHbM LL3MeE-
Henuem g (x) w nocaedosamervHocms Henpepuisroix dynkyui {f, (9},
puaeHoMepHO cxodaujadca k (HenpepoisHoll) pynryuu f(x). Toeda

b b

fim § o (x) dg (x) =\ ] () dg ().

S u a

HNokasarteabctso. Ilyete M (f, — ) = max | [, (¥) —f (%),
Toraa, B cuny (1),

b b

b
(a0 dg () = dg(|<ME—hH-V(g),

a

H OCTaeTcsl 3aMeTHTb, 4Yto no ycaosuio M (f, —f)—0.
Teopema 3 (3. Xeaau). [Tycmo wa ceemenme [a, b] sadaet
HenpepoleHas ¢yukyus f(x) u nocaedosamevrocme dynKkyul {g, ()},

Komopaa & kaxdod mouke [a, b] cxodumes Kk KoHeunold (pynryu g (X).
Ecau npu ecex n

b

V (g,l)é [< < + &0,
mo

b f2

lim {) (x) dga (x) = {F (x) dg (x). )

H—n3

a a

ﬂ 0Ka3atTedbCTBO. Hpe»(}.le BCETO YCTaHOBHUM, HTO
b

Vig) <K, (3)

a

TaK 4YTO o NpefenbHas (yHKIUS iiMeeT KOHeuHoe 1u3Menenue, Ieii-
CTBITENBHO, €CJAH Mbl TMPOH3BONBHBLIN 06Da30M pas3/ioKHM CerMeHT
[a, b] na uwacty, TO OyaeM HMETh

m-—-1

Z lgrl(xkq-l)_gn(x)i!)‘\§/1< (ﬂ,=1, 2’ 3’ )»
k=0

OTKyZa H B npefieqae (IpH £ —» 00)

m—1

kZ | g (xp-1) — 8 (xp) | << K.
=0

BBy 11pOH3BOABHOCTI MpPOH3BeAEHHOro ApobaeHls, OTCiola cje-
ayer (3).

3ametus 5TO, BO3bMeM mpoH3BOJbHOE &>( u pasmtoxum [a, b]
TOUKaMH Xy} (=0, 1, ..., m) Ha cTOIb Ma/ble YaCTH [Xp, Xpi1)s
4To B KamIo# U3 HUX Kojgebanue (QyHKUMHU [ (X) OKa3biBaeTcsl MeHbLUe,
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ueM g Torna

b m—1%p4q
|fdgl= X | [0dg)=
a =0 x,
m—1%p 1 m—1 Xpiq
=3 § Fo—fldg(n+ X fx) § dg).
k=0 x, k=0 X,
Ho
*ei
S dg (x) = g (Xp+1) — g (X)-
*e

C apyroil CTOpoHbI, Ha CEerMeHTe [Xs, X..;] OyRer

1F ) — [0 | < e

orkyza
V- rendew| <4 Ve
U, cTaio GbiTh, " ’
:2?}m—mmw(\wvw\s
=3

TakuM o6pasom,
b m—1

\Fwdg =Y (gt —gal+o 5 (811,
k=0

a

AHanoruqu

\ f(x) dgn 2 xlz [gn (xkrl)_'gu (xk)]+6u% (Jeulé 1)

a
Ho anast n>n, Gyger
m-——1

N F ) g (r) — g (5] — V F () [ (*ew) — £ ()]

kO kO

e
<—3—

H, CAeJ0BATCAbHO, NPpH ITHX A OKAXKETCH, UYTO
b b

§7(x)dgn(x) = §f(x) dg (x)| <e

a

a 3T0 U AOKa3blBaeT TeopeMmy.
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C noMmollblo JAOKA3aHHOY TeopeMbl Mbl MOXEM CBECTH BOMpOC
b
O BBIYHC/JEHUH HHTerpaga Sf(x) dg(x) (rae ¢yHkuns §(x) mempe-

a
pbiBHE, a g (x) HMeeT KOHeuHoe M3MeHEeHHe) K TOMY CJaydaw, Korja
g (x) HempepbIBHA.

JeAcTBUTEIbHO, NYCTh g (X) NMpOU3BOJbHAA (YHKIMA C KOHEYHBIM
H3MeHeHHeM. BpegeM B paccmoTpeHHe QYHKLUHIO CKAYKOB S (x) yHK-
um{ g (x)

x)=[ga+0)—g@]+ 3 [g(xx+0)—glx—0]+

e g —glx—0)

Kak ycraHoB/JeHO B Teopeme 7, § 3, glx)y=s(x)+y(x), rae y(x)
HelpepLIBHAS cpyHKunﬂ 01 paHHYEHHOH Bapnauuu Orcrona
b

Sf( ) dg (x) = S:(X)JS(X)+Sf (x) dy (%).

a
b

TlokaxeM, uTO0 HHTErpan Sf(x) ds (x) nerxko seiuucaserca. C stoit
a
LeNbI0 OTMETHM, 4YTO PR

[es)

Z{lg(xk)—g(xk—0)|+lg(xk+0) g (xx) |}

k=1
cxoautcs. ') 3ameTHB 3TO, BBeAeM (DYHKUMHU S, (x), noJaras s, (a) ==
(*)=[g(a+0)—g @]+
+ X g +0)—g (e — )] +[g (1) — g (x—0)]
xk<x

A1 a<<x=Cb, NpuyeM YuMTHIBAIOTCS TOJbKO T€ TOYKH Pas3pLiBa X
dyHKUUU g (X), ¥ KOTOPHIX &< n.
SIcHo, 4TO MpH KaxaoM x u3 [a, b] lim s, (x)=s(x).

n—o00

C npyro#t CTopoHsl,
b n
V)="'g@+0—g@|+ 3 {lgx)—gx—0)+
e k=1

+lg e +0)—gx) [} +1gb)—g(b—0)],
TaK YTO H3MEHEHHS BCeX (QYHKUHH S, (X¥) OrpaHHueHbl OLHHMM YHCJIOM.

1) L[eucmmenbﬂo ecid g(x)=mn(x)—v(x), rre n(x) u v(x) Bo3pacrawliye
¢y HKLIHMY, TO Ka)K]lb[ll U3 (N0JOKUTENbHbIX) psmoa

2 [ (x -+ 0) — 7 (xp — 0], 2 [v (x5 +0) —v (x, —0)]
k=1 k=1
OYEBUHG CXO[LHTCﬂ, U ocTaercs 38MeTHTb, 4TO
lg () —g (xx—0) | +, g (e +0)—g (1) =
< [a (g 0) — 3t (25— 0)] 4 [V (rp +0) — v (x, —0)].
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[TosTomy
b

gf(«)ds(x) lim {7 (x) ds, (x).

-~ 4

Ho ¢yukuus s,{x) noctosHHa B HHIepBa/jaXx MeXAy TodKanmli
, X4, ., Y5, D. 3HaudT, B cuay reopemsl 3, § 6,

4

a
b
V7 (x) ds (0) =T () [g (a+0) — g ()] +

43 () g (t+0) — g (xe — O)) £ F (b) [ (b) — g (b— O]
R—1

(fcHo, d4TO cKaukM (YHKUBU S, (¥) B TOYKAX @Q, Xi, ..., A, b COB-
aJanT co ckaukami ¢yHkuuy g (x}). Orcroia
b

V[ () ds(x)=F(a)[g(a+0)—g @]+

a

+ N Flxe) (g (xe+0) — g (x.— 0)] [ (b) [g (B) —g (6—0)},
EN

b
H 1a8 Haxox[JeHHs HHTerpajaa S 1 (x) dg (x) ocraeTcA BBUHCIHTH
a

f
Sf(x) dy (x), Tle v (x) HenpepyiBHast KOMIOHeHTa (VHKLUH g ().

O6paTnmM BHHMaHHE YuTaTeNsl Ha TO, YTO CaMo 3HAYeHHE g (X)
dyHKIMU g(x) BO BHYTpeHHel TOuKe paspnlBa X, HIKAKOIO BJH-
b

SIHHS HA BeJAMYMHY HHTerpaja Sfdg He OKasblBaeT IT0 BHOJHE
¢

ecTec1BeHHO, M60 TOUKY X, Mbl MOXeM HE BK/IOUATb B YHCJAO TOYEK

JeNeHnsT TIPH COCTARJEHUU CYMMbI G.

§ 8. Jluneiinpie bynkunonans

[lycrs Ha cermente [a, b] 3anana ¢yHKUMS C KOHEUHBIM H3MEHeHNeM g (x)
Jra QyHKUHA NO3BOJAET Ka¥joll HenpepblBHOH (yHKUHMH f(X), 341aHHOM Ha

[{a, b], cooTHECTH 4HCI0
b

® )=\ (x) dg (x). (1

[Ipu 3TOM (OBA04EHEl YCJAOBHA.
) © (Fy+ ) =0 () + O () \
) O | <KM(f), rie M(=max [ , a K=V (g).

a
Ecan Kaxjoll HempepsiBHOH ¢yHKLIUH f(x), 3ajauHoM Ha [a, b], cooTHeceno
uncao @ (f), npuyem cofOgeHnl yCAOBHI 1) H 2}, 10 roBOpPAT, 4TO Ha MHQMKE-
crBe C HenpepulBHEIX Ha celmente [@, D] OYHKUMU 3afaH AuHeuHblL (YHALUORAA,
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Oka3piBaeTcst, uTO 'IIKAKHX APSTHX JiHeldHslX (yHKkuHonamos, kpome (l), Ha
MmHuoxkectse C ue CyllecTRyer

ITpexne uyeMm JAcKasaTb 3TO MpejsOXKeHlie, OTMETHM, UTO [ BCSKOrO JIHHel-
Horo ¢yukunonana @ (f) na mnoxecrse € 6yger @ (k) =k (f), uro n0OKa3nl-
BaeTCs Tak ke, KaK AAf cayuas dyKIHOHAN0B, 3ajaHuuX Ha [y (oM ra VI, § 4)

Teopema (®. Pucc). Ecau na srowmecmse C Henpeposroix 8 ceemenme [a, bl
pynnyuii f(x) so0an auneunvtu pynnyuonanr M (f), mo cywecmeyem manas hyus-
YA oepadudennou eapuayuu g (x), umo 01s ecanou f(n) € C 6ydem

h

® () = {1 (x) dg () Q)

HoxazareascTBo [locTarouHo paccMoTperTs caydail, Korga a =0, h=1,
HGo O6UHH CI1y4an (BOJHTCH K 5TOMY C TIOMOULBIO JIHHEHHOro npeofpazoBaHiist
aprymenra

n
B § 5, ra IV otmevanocs, uro Y Chxk (1 — xnk =1,
k—0

Kpome raro, npn x = [0, 1] xaxpoe cnaraemoe 3Toi CyMMbl He OTPHIATe ThHO.
3uaunT ecaH ep= 1 (=0, I, , h), TO
' n
3 enClxk (1 —xn k<1, ©
E=0

3aMeTHB 5TO, DACCMOTPHM JiHHelHbIH QyHKIHOHAn @ (f) 3anaHHeM AN5 HETpe-
peBrbX na [0, 1] dyukouit f(x) Ilo onpenenentio Jneeiinoro ¢yHKIHOHANE,
cymectsyer Takoe K, uro D (f) << K M (f) Orciona u n3 (2)

n

> ekfl)[Cﬁxk (1—x)n*] < K.

Ecau Ml pacnopAiHMCA YHCJAAMH g, Tak, yToGHl BCe cjaraemble NOCJegHei
CyMMbI 65111 HeoTpHUareJbHbl, TO odﬂapymum, yro

R i @ [Chx* (1 —x)m || < K. ®)
k=0

BeeneM Tenepk cTymeHuaryio dyHKIHi0 g, (), noaaras

gn (0)=O|
) n— = 1
gn (£) =D [Cpx0 (1 —x)n70) <0 \x<7>,
() =D |Clad (1 —2)7 ] +D [Chat (1 —2)27] <rl?é"< %)
TR Ce : e .
gn ()= 3 @ [Chet (1 —xyrt] (o =r<t),
=0 n

n

gn ()= 3 @[Chx* (1 —x)rk],

k=0

B cuny (3), caMH OyHKLHH g, (v) W HUX TMOJHBIE H3MEHEHIT OrpaHHYentl
opHlNM yrcsaom IlosroMy, Ha ocnoBaHud npuHuMIa BwmiGopa Xesui, H3 Tocae1o
BaTEABHOCTH {g, (X)} VOKHO BHAEMITL MOANOCJ]ENOBATENLHOCTh {g” (x)}, KOTOPd A

i

B Kax1oii Toyke [0, 1} cXoguTcd K (QyHKUHH C KOHEYHRIM H3MeHeHHeM g ().
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Ecan f(x) wenpepmBHas ¢yHrnug, sagansas ra [0, 1], T0 B cuny Teo
pemer 3, § 6

n

‘\f(x) dgn(v) = 2 ( O [Che* (1 —x)#],
0

1 n
otkyRa S F()dg, () =D [By ()], tae Bol)= Y fiF

a

>Ck 2l —x)nF eetsn
k=0

nonuuoM Beprmrreiina pna dynxuouu f(x) '
B cuny reopemm C H Depuwreiina u3 § 5, rn IV M(B,—f)—0, a no

ONpefe/ieHUIo anHelgoro HyHKLUNMOHAMA
D (Ba)—D(f) = ©(By—)) —KM(Br—1).
3unaunt, npu n—co @ (B,) — @ (f), oTkyaa
1

lim W (x) dgn (x) =@ ()

I‘l—fCOO

Ho ecqn n ctpeMdtes k400, npoferas 3nadeHus ny, flg, Ny,  , TO MO TEO-
1

I
peve Xesnn us § 7 Gyner hm \ f(x) dg, (x) =Sf(x) dg (x)
n—wg 2

1

3unauurt, @ (f)= S f (x) dg (x), uto H TpeGoBajock AOKAa3aTh
0

YIIPAKHEHHST K IJIABE Vi1

1. dna toro urofel GyHKIHA f(v) HMesa KOHeYHOe M3MeHeHHe, HEOGXOAMMO
H JOCTA4TOYHO, yTOGkl CYMIECTBOBANA Takas Bo3pacTamoas GQyHwUHA ¢ (x), uTO MpH

¥ <x
F)—F () < g ix") — g (¥)

2. Ecan B Raxpol Touke MHOKecTBa £ cyuiectByeT npou3poaHas f’ (x) Kouey

HO# (pyHKan f(x), npuuem [ (x) =K, ro m*f(f) K m*E
3. ®ynxuua f(x) yposnerBopfer ycaosuio Jlunwmua nopagxa a >0, ecau
fx )«f (') | = K |x"—x"|* [loka3satn, yTo npH & > 1 f(x) = const [locrpouts
npuMep (PYyHKUMH C KOHEHHBIM H3MEHEHHeM, KOTOpas He YJOBJETBOPSET HHKaKOMY
yeaosuio Jlummuua TlocTponte dyrKUMIO, YAOBAETBOPAIOULYIO Yca0BHIO JIAMilHUA
JAaHHOTO TIOPAAKa o <7 | ¥ uUMeIomYy10 GECKOHEUHOE TOJHOE HaMeHeHHe
b

4. Unrerpan Sf(x) dg (x) cyuwectmyer, €cnH f(x) YIOBNETBOPAET YCJIOBHIO

Jlunwuna nopﬂ,rma a, a g(x)—ycaosuwo Jlnmunua nopapka f, npruem a4 > 1
(B Konpypape)
x
5. Ecan f (x) HenpepbiBHA, a g (x) HMeeT KOHeYHOe H3MEHEHHE, TO Sf(x) deg (x

ecThb QYHKIHS ¢ KOHEYHHIM H3MeHeHHEM, HeMpephlBHAH BQ Beex Toqxax HenpepbIB-
HOCTH g (x)

6. IycTs jana uHC/OBAs NOCNEROBATENBHOCTD (g, My, Ma, [Monoxum Alu, =
=, ARV —=ARp Ak fnyy ALAF TOrO 4TOGB CYlECTBOBANA BO3pACTAIO-
was GyHKUHA g (x), Ans KOTopoi

1
{xndgm=p, (1=0,1,2 ), (1
]

HeOOXOAUMO ¥ JOCTATOYHO, 4TOOHl MpH BCeX B M 1 6ula0 A*u, =0 (@ Xaycenopd).
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7 B 1ex ae of03naueRHAX ANs CYHECTBOBARUS QYHKUMI C KOHEUHLIM HAIME
neHHeM g (1), §JAOBACIBOpHIOEeH YycgaoBHio (1), Heo0XoIHMO H JOCTATOMHO, 4TOObE
n

npu BCeX fi GblIO Z Ck An Ry, K (@ “ay aopd)
k-0

8 Tlokasats, y10 1eopema Pncca 3 § 8 ecth ciexcTeue Teopemel Xayegopda
CchOPMY AUPOBAHHON B TMIPLALIAY IEM 3 TPAKIR U

9 MuokecrBo "= {f(x)} cocrout M3 pagnocm ncuusin HePEPOIBHOLY. (Y HKILIA,
ecan BCAKOMY ¢ >0 orBeuaeT Ttaxkoe § >0 u4To Hepasen~TBO x —x <& BTe
uer HepapenctBo F(x )—f(¢) <<e mna meex dvixumn n3 [ Lemu B e dyHK
LHM TakOIO (eCKOHEYHOrO MuoOKerTBa /  OrpaHHYeHbl OZHHUM diegIVM 1O H3 F
BHAENACTCA  PABHOMEDHO  (xoldiag §  nmoctelrsaretnnocts (L[ Apliena —
Jx  Ackodan)

b [4 b

10 Mloxasats pasenctso V () =V (D+V () zas senpepribnoi  dy mKumi

a a
f(¥), omupasis Ha reopemy banaxa u3 § 5,

8 U I Haraucon



rviAaBA IX

ABCOJIFOTHO HEINPEPLIBHBIE ®YHKIIHH.
HEOMPEAEJIEHHBIA HHTEIPAJI JIEBET A

§ 1. AGcomoTHO HempepbiBHBIE QYHKIMH

C xnaccom ¢yHKUHI OrpaHHYeHHOA BaplialHM Tecllo CBsi3aH Gosiee
Y3KHil knacc abCOMOTHO HeMpephIBHBIX (DYHKLHH.

Onpenenenne. [lycte Ha cermente [a, b] 3ajana xoncuHaa yHK-
uus f(x). Ecnu Beakomy & > 0 orBeuaer Takoe § >0, uto Ansg Jawdoi
KOHEUHOH CHCTEMBl B3aMMHO HE [€peceKaioliHXcd HHTepBaJOB
(a, by), ... (an, b,), 135 KoTopoil

3 (b — ) <6 )

k=1

UKasbelBdeTcd

2 (be) — [ (ap)} | <e, (2)

TO TOBOPAT, uTo GyHKuuA f(x) abcoawmno HenpepsigHa,

OueBu/iHO, YTO BCSIKAsl a0COJIOTHO HenpepuiBHAst (ByHKUHS Hempe-
puiBHA B OOBLIYHOM CMBICJI® CJI0Ba, MO0 B YAaCTHOCTH MOXHO B3ATh
n=1. Huxe mMpl yBHAHM, uTO 00paTHOE HEBEPHO.

He usmeHsss cMmbic/ia onpellesieHHsl, Mbl MOXeM YyCJOBHe (2) 3ame-
HHTb OoJlee TAXKEJbIM YCJIOBHEM

n

Z (be) —F (ar) | <e. (3)

HeiicTBuTenbHO, NycTh 4ncao 0 >0 TtakoBo, uto u3 (l) BhiTeKkaer
HePAaBeHCTBO

{7 (b) — [ (a)} <%-

1

TFN=

Toraa, B3fB /00y CUCTEMY B3aHMHO He MepeceKatoluxcs HHTep-
BanoB {(as, by), (=1, 2, ..., n), A5 KoTOpoH BblNOTHEHO (1), MhI
MOXeM pa3buTb 3Ty cHcTeMy Ha JABe 4actH A u B, oTHeca B A Te
unTepsaibl (a, b,), aAasi kotopwix [(by)—[(a;)==0, a B B BCe
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OCTaJIbHbIE HHTEPBAJbl CHCTEMBbI. BBHﬂ.y OUEBHAHBIX COOTHOILEHUH

Y iFe)—Hal=| XA —T @} < 5
A A
2f@%+@ﬂﬂ§ﬁ@%4@»<§,
B k

fICHO, YTO BhITIONHEHO (3).

[TockosbKy Bce cTiraevbie CyMMbl (3) HeOTpHIlaTe/bHbl, a YHCJIO
HX MNpPOM3BOAbHO, #ACHO, 4YTo BoAKoMy & >0 orsedaer Takoe & >0,
YTO KaKyio 0ol KOHEUHYIO W/ CUETH YO CHCTeMYy B3aHMHO He Halne-

L] W
ramlHX HHTEPBAaoB {(ag, b,)|, 1A KOTOPOH L (b, — ap) << 8, HU B3ATH,
k

OKaeTcsl, 4To
};\f(bk)—f(aﬂ\<8-

TMokaxem, uto BMecTo a6CoJOTHLIX Dprpamendii yHkuud f(x)
MOXHO TOBOPUTh O €€ KoJjleGaHusX,

B camom jpene, ecau HnauGosibliee ¥ HauMeHbluee 3HaueHus f(x)
B cermenre [a, b,] cytb my, U M, T0 B |a, b,] MOXHO HaHTH Takue
TOUKH &, U Pg, uto f (o) =my, [ (Pr) = M,.

TockoaIbKY cyMMa JIIHH HHTEPBAJOB (A, Bg), OYEBIAHO, HE Npe-
BOCXOJHT CYMMBI JJIHH HHTEPBANOB (@, by), sicHO, 4TO

5}2‘_4 [f(Br) — [ (ap)] <.

Hrak, ecnn ¢yHxkuusa f(x) aGCOMOTHO HedpephiBHA, TO BCAKOMY
&€ >0 orseyaer takoe 8 >0, urto Kakyio Obl KOHEUHYIO HJIH CUETHYIO
CHCTEMY B3alMHO HE HAJIETalollliX MHTePBANOB {(ay, b)), A4S KOTOPOH

Z(bk—ak)<6, HH B3fTh, OGyjaer ka<a, rje, Kak O0OBbIUHO, o
%

03HavaeT koJebauue f(x) Ha [ay, ,,]
[Tpocienmum npHMepoM a6comoTHo HenpepuiBHOA QYHKUHH MOXKET
caAyxiTh Jobas ynkuus [ (x), ylosjaersopsiomas yeaosio Jlummmnia

WW%JWHéKW—MP

Teopema 1. Ecau ¢ynxyun [(x) w g(x) abrouomuo HenpepoicHot,
Mo abico.tonHO HEAPSPBIBHLL U UX CYMMA, PAZHOCHLL ¢ npoussedeHue.
Kpome moco, ecau g (x) ne obpawaenicss 6 Hyao, mo abcoaomuo Henpe-

(x
PLIBHO 1L 4acmHoe [
g ()

HoxasateancTBo. AGCOMOTHAS HENPEPHIBHOCTb CYMMBL H pas-

HOCTH cpa3y CJelyeT 13 TOro, 4TO

HF(6r) £ g(br)) —{F (@) =g (@)} | == | F(br) — [ (@) |+ 18 (Be) — g ().
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Hanee, ecnu A u B cyrb BepxHHue rpaHiusl |f(x); 4 lg(x)], To

| [ (br) g (br) — [ lar) g (ar) | <[ & (Ba) |- F(br) — [ (ar) I F
+1F (@) |18 (bs) — g (@r) | == B[ (bs) [ (ar) |+ A1 g (bs) — g (ar) ,

OTKYJAa creiyeT aGCoMoTHAR HeMpephiBHOCTL (yHKUUN [ (X) g (x).
Haxouel, ecan g (x) He oGpataercs B Hy.1b, T0 g(x)' =0 >0, 01K}y 1a

b et —g e,
gp)  glay| o*

U ¢y HKUUA FIe) a0CoMOTHO HeMpepbiBHa, @ NoTomy abco/0THO Henpe-
f (%) !

pbiBHA W yHKLUA é(—x)—f(xy—g(“x).

Cynepnosuutisi ' [f(x)] ABYX a6COJIOTHO HeNpepbIBHbIX (Y HK-
unit F(y) u f(x) moxer H He Obllb aGCOTIOTHO HeMpephIBHOHU (yHK-
unedt. Hinke ™Mbl BepHemcsl K 3TOMY BOMpoCy, a Moka NpHBEAeM JIBA
NPOCTBIX YyCJI0BHs, ofecrneylBaionilix abcoMoTHyI0 HempepbiBHOCTD
CYNeprnoauuUIll JABYX afcoJIOTHO HeNPEpbIBHbIX (yHKUMI.

Teopema 2. [Tycmo Ha ceemenme [a, b] sadana aGcoaromuo Henpe-
poran yrryus | (X), sraverus komopoli nonadaom 6 ceesenm [A, B].
Ecau sadannasn ua [A, B] ¢yuryus F(y) yoosiemsopsem yc.106uio
Juniwwuya, mo caomnas dyrcqua Ff(x)] abeoaomuo nenpeposra.

NokaszaleavcrtBo. Ecmu F)Y—F)! Kly —y' |, 10
Kakylo Obl clCIeMY B3aHMHO He HAJerawoliX HHTEPBAAOB (ag, by)

wi B3, 3 P[] —F[f(a] =K 3 [(b)—~Fa) , a npa
k=1 h—1

Bda 4YacTb 3TOT0 HEPABEHCTBA CTAHOBHICS CKOJ/b  YIOAHO Ma.1oit
n

BMecte ¢ 3 (by —ay).
F=1
Teopema 3. [Tycnio abco.onino Henpepsigras yukynq f(x), 3a0an-
Hasg Ha [a, b], empozo eospacmaem. Ecau F (y) abcoyomno nenpepeoigra
Ha [f (a), f(b)], mo Pynxyus I [f ()] abconomno nenpepora na la, b].
Jdokasatennctro. Bosumem >0 1 HaiiieM Takoe 8 >0,
yTo A5 J000H CHCTEMBI B3AIIMHO HE Haleralonx nurepsanos (A, By),

n H
y Kotopoil ¥ (B,— A,) << Gvzer ¥ (F(By)—F(4;), <e.
k=1 k—1

3ateMm Haiizen Aas 9toro § Takoe 1>>0, UTO HEPABEHCTBO
" H
N (bp— ) <n bacuer wepasenctso > [[ (b)) —[f(an)] <8, ecan
J | k|
TOABKO UHTEpBanbl (a;, b,) NONAapHO He NepeceKaiorcs.

Crenas 310, BblOepen m00yi0 CHCTENY NONAPHO HE NepeceKaro-
ILMXC  UHTepBatoB (a,, b;), Y KOTOpOH cymMa JIHMH Meublue 1.
Wureppansr (f (ay), (b)) ToMe IoilapHO He mepeceKkalTcs (B 310M

"
CyTh Jena) ¥ HX CyMMa JJIHH MeHbiue §, a motomy E FAF (0] —
. b=
— F[f(ap)]| << &, uTO H [OKa3blBaeT Teopemy.
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§ 2. Judnpepenuuansuvie cpoficrsa
a6coMMOTHO HenpepbiBHLIX (QyHKUUI

Teopesma 1. Abcowomno Henpepol8Has GQUHKYUA UMeem KOHEYHoe
usmeneriue. 1)

Hoxasareabctso. [lycte Ha cermente [a, b] 3azana a6ceo-
JIOTHO HenpepbiBuasi (yuxunsa f(x). Haitgem rakoe 6 >0, uro ans
BCAKOH CUCTGMbI B3aliNHO He Hanerafoumx HHTEpBaMOB {(ap, by)},

y KoTopoii } (bk~ak)<6 Gyner Z VF(be) —fan) < 1.
k'—“l
Pa3ﬂo>1<m\[ [a b] Touxkamu ¢, =a<Cc, <<c, < ... <<cy= b Ha TaKue
yacTH, 410 ¢, —Cp<<0 (=0, 1, ..., N—])
Torga, npH BCSIKOM pa3fioxeHHH cermedrta (¢, ¢, | HA HaciH,
cyMMa alCoMIOTHBIX NpHpameHni f{¥) Ha STHX UACTAX OKaXKeTCH

“faia

MeHbuwell, uem 1, otkyaa V (=1, a Toria V() <N, uro u
Ck a

TpefoBanoch JOKA3aTh.

Caencteue. Ecau [(x) abcomomno Henpepsigia wa [a, b), mo
nodmu 8 kaxdod mouke [a, b] ama QyHkyus umeent KOHEUHYO APOUS-
s00HY0 [’ (X), KOMOPAR 0KA36IBAEMCA cymmupyemolr pyrxyued.

Teopema 2. Ecau npoussodras [’ (x) abcoaonno HenpepuisHol
GyHryuu [ (x) noumu eesde pasHa Hyao, mo dynkyus f(X) nocmoanna.

HokaszateabcTro. HasoBem uepes E MHOXECTBO TeX TOYex
(a, b), rne " (x)=0. Ilycte e>0. Ecat x = E, 10 1714 BCex JocTa-
TOYHO Masbix f1>0 oxasbiBaercs

' — 1
\f(x+h31 F(x)] <e. (*)

Jlerko noHsTh, uTO CcerMeHTHl [x, v+ A] [rie A> (0 ynoBseTBO-
paT ycaosuio «(*)] nokpeiBaloT MHOxecTBO E B cMbicie Buranu.
ITosToMy wMmbl MoxeM BoiffparTh 13 HUX KOHEUHOE UHCJO MONAapHO
He TIepecexalouiuxca CerMeHToB

dy=[x;, x,+0], do=[xy X2+ ..., dy=[x0 x,+M],

Jexatux B HHTepBase (@, b) U TAKHUX, 4TO BHENIHAS Mepa HE MOKpbI-
TOH MMM dYacTu MHOXecTBa [ okaxercs Menblieil miodoro Hanepen
3agangoro yucsaa § > 0. Ilycrs 3to caenano u x, <<xp,q.

Ecau

la, x), o+ %), ooy (Ko Ty, Xa)y (41, b] (1)

CYTb NMPOMEXYTKH, OCTalmliecsd nocnae vialeHus 113 cermeura [o, 0]
BCEeX cerMeHToB dp(k=1, 2, ..., n), T0 cyMMa LJUH 3THX OpOMe-

1) Orciona ywe BBITEK3eT CYIIECTBOBAHUE Heﬂpepb!BHle HO He aécomomo

HenpepbiBHbIX GyHKUHH (Hanpnmep TAKOBa (PYHKIHA X COS 2—x' e, ran, VIII, §3/
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JKYTKOB Heo6xofumo Oyier MeHbtuefl, yem 6. 3ro cregyer M3 Toro,
yTO

b—a=mE< ) md,,—}-m*[E—— by ko< > mdy+8,

k=1 k=1 k=1

N md,>b—a—3.

k=1

Ho ¢yukuun f(x) abcontorHo HenpepsiBHA. [loytomy umcrno 8
MOXHO CUYHTATh BHIGPAHHBIM HACTOJBKO MasblM, YTO cyMMa npHpa-
menuil f(x) Ha npomdexytkax (1) MeHblue €

n—1

f (x,) —f (@)} ‘|‘§I {F (wr) = F (e + Pi)t 4
A{f (O) =+ ha)} T <e. (2)

C apyrofi CTOpOHEL, B CHJIY CAMOIO OIIpeleTeHIs CerMeHToB dj,
oynet If (x4 Ae)—f(x){<<eh,, OTKYAa ¥ TOAABHO (TIOCKOJBLKY
Yhy=Xmd,<b—aq)

n

X TG+ —f ()} | <e(b—a). 3)

Hs (2) u (3) caeayer, uto If(B)—f(a)! <<e(l +b—a) u, B cuny
npoussoabsocTi €, f(b)=f(a).

D10 paccyXk/eHHe MOXHO IIPOBECTH 115 BCSKOTO cermenta [a, x],
rae a<<x = b. TlostoMy ana awboro x u3 [a, b] Gyzer f(x)={(a),
u dyuxuHs f(x) oxasblBaetcsl NOCTOAHHOM. )

Caeacteue. Eciu npousoonme ['(x) u g’ (x) deyx abeoaomno
HenpepoisHolx  Pynkyuli f(x) ©w g (x) aIKeusareHmHKSL, MO  PAIHOCHS
amux YHKYUL NOCMOAHHA. -

B camom jene, ecam yaaauth u3 [a, B] MHOXECTBO Mephli HY Ib
TOYeK, B KOTODBIX XOTb OfHa H3 QYHKURHA }(X) H g(X) HC HMeer
KOHEYHOH IPOH3BOAHOM, I1H HX HPOH3BOJHLIE HE pABHBI MEXAY
cobofi, To B /060N ocTasuelica Touke Gyner [f(x) —g(x)) =0.

§ 3. HenpepriBHbie oTOOpaXKeHHA

B § 2 ra VII Mot yKe umesn ciyuail OCTaHOBHTHLCH HA NOHSMTHH OTOGpaxKe-
HHAl TOUEYHOTO MHOKECTBA C [OMOIUIBIO HEeKOTOPOil (yHKIHH. 31ech MBI npojon-
KUM 3TH paccMoTpenusi. Y100bl He MOBTOPATE KaKABIH pa3 OUHOroO M Toru xe,
yCI0BUMCA pa3 HaBCerad, Y10 | (x) O3HAuael HenpepriBHYlo QYHKUUI, 3aRaHHYI0
na cerMente {a, b].

Teopema 1. Obpasz [(F) samkuymoeo muoncecnisa F ecms jaminymos MHO-
JHECHIEO.

1) Ma poxa3anHoil TeopeMsl cllenyeT, YI0 HenpepbiBHad ¢yHRuHA 6 (x),
noctpoenHaa B § 2 ra. VIIL, saeesomo me abconoiHo HenpephiBHA,
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llokasatensctro., [lyete g, ecrb fiperenwnas rtouxka muokecrsa f(F)
go== lim y, [y, =f (F)]l. CooTsecem Kamxpoii Touke y, Takylo TOuKy x, & F,
n »x0

uto | (x,) =Yp.
Tak Kak NnocneNoBaTeJA6HOCTE {Xﬂ} orpain4ena, TO H3 Hee BhIJjeNAeTCA CXO-
gdascst noanocnefoBaTeAbHOCTh {Xn
k

lim xnk=x0,

npHueMm, B CHJAY 3aMKHYTOCTH MHoXecTBa F, x, & F u, cTano 6u7te, | (%) < } (F).
C 1pyro# CTOpOHBI, H3 HEMPEPHIBHOCTH QYHKUHH f(X) cnenyeT, 4ro

Iim ynk =hmf (x,,k) =[(x,),

Tak uT0 Yo=f (%) H y, [ (). Takum ofpazom, MHOKecTBO [(F) colepXHT Bce
CBOH TpefiesibHLIe TOUKH.

13 conocrasaeHna 31oil Teopemul ¢ teopemoil 1, § 2, rn VIII Brirexaer:

Cnepcteue. Fcaou B ecmo muoxcemgo muna Fg, mo u o6pa3 eeo [ (FY ecmo
MHONMe mgo muna Fg.

3ajiMeMcd BOMPOCOM O TOM, COXPaHsiercs AH cBO{CTBO HIMEPUMOCTH MHOXKe-
CTBA NpH €ro HempepblsHoM oro6paxennun. [ pewicHHA 3TOro BOMPOCA MOHA-
fobutcs chepyloluee onpenenenue, npHHaajgexauee H. H Jlysuny.

Onpepenenne. Ecnn ofpas f(¢) moboro MHOKECTBA ¢, MMEIOWEr0 Mepy, pas-
HYI0 HYJI0, TaKKE €CcTh MHOWECTBO Mephl HyJb, TO FOBOPAT, uto dyHKuHA [ (x)
ob.aadaem csoticmsom (N).

Teopema 2. [an mozo umober 0bpas [ (F) awboz0 uzmepunozo anomecmsa E
npedcnasand cob0i0 UPMCPUMOP MHOWCCMAO, Heodrodumo uw Qocmamoino, 4mobot
¢yrnyua | (x) obaadara csodcmeom (N).

Hokaszateawbctso, Ilyers [ (x) o6napaer cpoiicteoM (N) M L ecTh H3Me-
pHMOe MHOXecTBO, Jexanlee Ha [a, b]. Torna £E=A-+¢, rpe A ecTb MHOXKECTBO
tina F;, a e— MHOXecTBO Mephl 0. 1)

3uayut, [(E)=f(A)+[(¢) u, crenoatensno, muowKectso f(E) H3IMEPHMO,

Tenepb gonyctaM, uio ¢yHkuus f(x) csoitcteom N ne o6napaer. Toraa Hai-
JIeTcs Jlexaluee Ha cerMeHTte [a, D] MHOXKeCTBO ¢;, Mepa KOTOPOFO paBHa HY MO,
HO BHewHAs Mepa o6pasa KOTOPOro nojoxurenbHa m*f (e;) > 0.

Ho Torma w3 wmuoxectBa [{(¢,) MOXHO BHJENHTh HEH3IMepHMYH 1nacTh B. %)
CooTHecs KaxIoOMy § = B Takoe x & ¢, uTo [ (x)=y, ™Mbl moavuum npoobpas A
MHOXKecTBA B, npuueM A ¢, $Slcuo, 4to Muoxectso A uamepumo, 6o m’ A==
<ine,=0. B T10 ®e Bpema MHOxecTBO f (A) =B Heuamepumo, T. €. Hawa ¢y HK-
IHA f(x) orobpaxkaeT H3MEPHMOe MHOXKECTBO B MHOXECTBO HeH3MepHMOe,

Teopema 3. Abcoromno wenpepwsnie Pyrnyuu obaadaom  ceoiicmsom (N).

Hoxazateawsctro, [lycrs dpyrxuus f (x) aGcomoTHO HenpeprBHA 1 MHO-
#ectBo E umeer mepy 0. YcrawoBuM, uto mf (E)==0. [aa 3TOro n0ONycTHM CcHa-
9aaa, 4To TOYKH a H b He npuHapnexkar E, tak uto [ < (a, b).

Baap npouisosbHoe £ >0, Haiinem Taxkoe § >0, wro ans moGolk KoxeyHo#
HJH CYETHOM CHUCTEMBI B3aHMHO He HaJelalomuxX HHTepBanos {(ay, b,)}, cymma

AJIHH  KOTOpBix  MeHblie 8, Gyger E(Mk—mk)<9, rje, Kak OOHEYHO, My =

)
= min {f ()}, Mp=max {j ()} (x  [ap, bsl)-

1) YroGel AOKA3aThb 3TO YTBEpKAEHHe, AOCTATOYHO BCAKOMy HATYypPajbHOMY n
COOTHECTH 3aMKHyTOe MHOXecTBO F, < E ¢ mepoit mF,>mE — 7 W NOOKHTH
x
A= > F,
n=1

?) Ecan f (g,) Hen3aMepuMo, To nojaraeM B =f (¢,), B NPOTHRHOM cJjy4ae NpH-
MEH7AeM Ipej/IOKeHHe, JOKa3aHHOe B KoHue § 6 ra.
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TMockosmbky mf =0, MOKHO HafiTH TaKoe OTKPLITOE OrpaHHYeHHOEe MHOKe-
ctBo (i, uto £ < G, mG << 4. )

IlpH 3TOM MOKHO CuilTaTh, UTo G < (a, ) (Mo E comep:KHTCA B 310M HHIEp-
Basie). Ho G ects cymma CBOHX COCTABAAIONIHX HHTEPBANOB (ay, D), CyMMa ANHH
KOTOPBIX, cTano ObiTh, Mednire §. 3Haunr

fEy=[(G —-Zf[ak, bknc}jf [ag, bel)s

oTK Y2

Ty = Zm*f (lag, bsl).

C apyroit cropons, sicHo, uto f{[ag, b,])=[m,, Mg] n, caegopartensno,

m*|(E) < X (Mp—my) <e.
&

Ortciona, BBUAY NHPOM3BOALHOCTH €, W BblTekaetr, uro mf (£)=0.

Tlepexons K ofumeMy cayuaio, AOCTAaTOUHO OIMETHTb, YTO Bh&pachBaHHE H3
MHOKecTBa £ TOUeK @ H b BJjeueT yjaajenue M3 MucKecTBa f(E) He Gosblue yem
IByX Touek f(a) m [(b), uTO, KaK H3BECTHO, He OTPAKAETCA HA MEPE MHOME-
crea [ (E).

Caencreue. AOcononuto Henpepoi8Has Gyraylla OmMoSpaxcaem UIMePUMOE MHO-
HECIMBD 8 UIMEPUMOE MHOWELMEO.

Mbl BHAeAM, 49TO BCSKas aGCOMIOTHO HERPEPHIBHAS (YHKUHMA HMEET KOHEUHOe
H3MEHEHHEe H uTO OHa ob6janaer cpofictBam (V). OxaswiBaeTcst, 4TO 3TH jBa CBOH-
CTB2 XapaKTepHU3YIOT abCOMOTHO HenpephlBHbe QyHKIIHH.

Teopema 4 (C. banax—M. A. 3apeurui). Ecau [ (x) ecms Henpepwigran
QYHKYUA € KOHE4HBIM U3MEHerueM, ofaadaryat ceodcrmgom N, mo sma gynkyus
abcoAOMHO Henp2pbigHa

Joxasateascreo. [omycrum, 9ro [(x) He alComOTHA HenpepblBHA

n
Toraa uaitgeTcs Takoe g, > 0, 4T0 HH NpH KaKOM § > (0 HepaseHcTBO Z (O —ap) <
=
< § [mpH B3aHMHO He HaderawWHX RHTepBanax (ag, by)], BOOOUE rosoOps, He
n
ofecneunBaeT HepaBEHCTBA Z (Mp,— my) < g
k=1
[as]
3aMeTHB 3TO, BO3bMEM CXOASLIHHACA NOJOAKHTENLHBIH PR Z 8, n ana kax-
t=1
ROro §; HailfeM TAKylo CHCTEMy B3aMMHO He Hasleralolux mitepsanos (ajy)s 6{7)

k=1, 2, ..., n), ut0
n; n,
Z (bg’-—ag)) < 8 E (Mg) —mg)) =g,
k=1 k=]

rae M“) H m(‘) CcyTh HanGOMbilee W HAaHMEHbIUCE {HAdYewds [ (x) 8 [a(‘) b(‘)]
n.

Nonoxknm, E;= ZI (af, 08"), A=1] E L

k=1 n=1\1=n
Jlerko Bugets, yro mA =0, OTKyAa CJAIyeT, YTO
mf (A)=0. 1)

Beenem B paccmoTpeHHe (QyHKIHIO Lg) (), peenyio | wan 0, cMoTPA no
TOMY, €CTb H/H HET XOTb OJHH KOPeHb yparHEHU:

f@=y @
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(t)

B HHTEpBAze (a (‘)). Ara (yHKUHA pPAaBHA elHHUIE NMPH Yy, CoIepIKalleMCA B

nitepsane (), Mk‘)) M parHa HYJIO TIpY Jy, MeKAUEM BHE (erMCHTa lm‘,;), M(A,f)],

Tak yrol)
M

\' L,(;) )] dy:MS;)—mfz”, 3

mn

Mycts N, ( L() (y). SlcHo, uto N, eclb 4Yucnp TeX MHTEePBANOB
Y

(ag), b,g)), B KOTOpb]X ecTh XOTb CAMH Kopeub ypaBHeHus (2). INostomy

Ni(y) <= N(y), (4)
roe N (y) ectb uupukaipuca banaxa ¢yukuuu f(xj. B cuay (3),
M
| N () dy = e (5)
m

Ilna pokasatenbcTBa TeopeMbl AOCTATOYHO OGHAPYAUTB, YTO MOYTH AAA BeeX
) 1
y us [m, M| Gyner
lim N, (y) =0, (6)

n—o

n6o uHgMxaTpuca Banaxs N (y) cimmupyemd, u us (4) u (6) 6yner cnenosare,
M

yto lim \ N, (y) dy=0, a 310 NpOTUBOPEUUT HEepaBeHcTBy (5).

Lo

Ofo3nauuM uepe3 B MHOMKECTBO rex TOUeK y, B KOTOpLIX (6) He BHINOJAHAETCA,
a yepes C MHOKECTBO TeX p. B Kolopeix N (y)= -+ . [lockoabky N (y) ecTb
cyMmupyemast GyHkuus, mC=0, W Jnf IOKa3aTeNsCiBa TEOPEMBl  [OCTATOYHO
YCTaHOBHTh, YTO

B—Ccf(A). %)
Mycts Yy & B—C. Torna uaiijerca Takas NochejioBaTeqbHOCTb {i,}, 4TO
N, )=t  (r=1,2,3 ...
310 3HAUHT, YTO CYUICCTBYET NPH KJAKIOM r Takas TOuKa X, 410
F(*i,)=4o %, & Ejy.,

Ho, BBHoy toro uyto N (y,) <+4-co, Cpemn TOYeK x,. MOXKeT OblTb JiHulb

KOoHeyroe YHeJ0 padiaHYHBbIX. ['lo:-)romy OllHda W3 HHX — Ha30BeM €e¢ yepe3 X,—
BCTpeyaeTcs B NOC/EA0BaTENBHOCTH {x,r" GECKOHEYHO MHOTO pas.

Hrak, naMu HailleHa 1'agas TOYKa X,, KOTOpas MPUHANNEKHT GeCKOHEUHOMY
MHOXECTBY MHOKECTB £, M B KOTOPOH f(xy) =

Ho Toraa, ouesuauo, uro x, < A, a crano 6blrb Yo = f (A). Irum  0KazaHo
BKJtouenue (7), a ¢ HHM M reopeMa.

Teopema 5 (I M. Puxmencoasy). Iycms F(y) u }(x) dee abcoaomuno
Henpepoisubie PUnKyuL, npudes sratenus f(x) nadaom & ceesmenin, Ha Komopos
sadana F(y). dwa moeo unwbol cyneprosuyus £ (f (x)] 6siaa abeoawonmna Henpe-
poigHa, Heo0xodumno 1 QICmamouno, 4niobbl OHA UMCAQ KOHEYHOe USMEHEHUE. )

HokasatleabcTBOo, HeofxogumocTs ycnoBHS 1e0OpeMbl oueBumHA. Yrofhl
J0K43aTh ero AOCTATOYHOCTH, OTMETHM, YTO CyNepHo3UuHs ZByX GyHKuui, obna-
Rawolulux csolicTeoM (NV), Takike, oueBlaHO, 00Maj4aeT ITHM CBOHCTBOM,

1y Kak o6bludo, m=mun {f (x)}; M=max {f (x)}.

) Brepeble sta Teopema Onlla Halizena . M. ®uxrenrcapuem B 1922 r,
B 1925 r. kenas J1aTb HOBoe ee foKasaTeqlectBo, M. A. 3apeukuu ycraHoBun
Teopemy 4, Kotopylo toraa xe Hawea n C. Banax.
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§ 4. Heonpepaecuennntit uurerpan Jledera

[yctb Ha cermeHte [a, b] 3agaHa cymmupyemas QyHxuus f(£).
dyHkuus
X
O (x)=C+ () at
a
Ha3blBaeTCs wHeonpedeienHoim uHmezpasom (Jlebera) dynxuuu f (),
TAK 4YTO y mociefHell ecTb GeCKOHEeMHOe MHOKECTBO HeOIlpejesleHHbIX
HHTeTpaJ/oB, OTJIMYAIOWIUXCA APYT OF APyra HOCTOSIHHBIM C/araenbiM.
Teopema 1. Heonpedeaennouwi unmezpar D (x) ecms abcoaronio
HENPePoiBHas GYHKYUR.
Hoxasateasncreo. Haa modoro £ >0 cywecisyer (cn. Teo-
pemy 8, § 2, ra. V1) rakoe §>0, 4ro naa BCAKOro H3MEPIMOro

MHOXKeECTBA e ¢ Mepoif me < 0 Oyger Sf(t) dt | <.

2

B uyacrhocTd, ecsM cymMMa A/iHH KOHEYHOH CHCTeMbi B3aWMHO He
HaJlerawllniX HHTepBaJoB (dy, b;) Medblue, ueM 6, To

no by
2 Sf(t)dt <&,
A-———lak

H OCTaeTCH 3aMeTHTh, IO

by

{ F(t)dt =D (by) — D (as), oTKyAa

le
Teopema jaoxazawa.

W3 stoil Teopemb caeayer, uto @ (x) noutn Besje umeeT KoHeu-
HYI0 HPOU3BOJHYVIO, ABJASIOULYIOCH cyMMHpyeMol ¢yHkuuel. Oauako,
MOXKHO YCTAHOBHTH ropasjo 06oJee TOUHOe MApelJoKeHHe.

Teopema 2. [Tpoussodnas HeonpedeagHHO20 uHMmespaid

X
D (x) = f(t) dt
a
noumu seade pasna nodvirmezpareroll ywryuu f(x).

HokasarteabcrBo. [lycTh p<Tg ABa BeluecTBEHHBIX YuCAA.
O6o3nauumM yepes E, , MHOXKeCTBO Tex Touek [a, b], B KOTOPHIX (yHK-
uaa D (x) audpepeHunupyema u ee npoussopHas O’ (x) yaosserso-
pser nepaseHcry @ (x) > g > p>[(x). Jlerko Bsilgerb, 4TO MHO-

wecrso  E, , usmepumo. Hawmeét 6Gamxafiwelt 3agauedl  ssnsercs
10Ka3aTh, 4TO

M:

{@ (be) — D (an)}

I

< e,

k

It

mk, ,=0. (1)

C s10ff nesblo, B3B NPOI3BOJbHOE € > (), Haiilen Takoe & >0,
YTO HepPaBeHCTBO me < O BJeUeT HepaBeHCTRO

Sf(t)dt‘<a,
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¥ NOCTpOUM TakOe OTKphiTOe MHOXKecTBO') G < [a, b], uro
GoE,, mG<mE,,+8.

Ecmu x = E, ,, To npu Bcex AOCTAaTOYHO Masbix A >0 OKamkercs

4} (x—l»h/)l—CD (x) > g. ©)

ScHo, uto MHOMKECTBO E, , MOKPHITO cermeHTtamu [x, x--h| [rae
h>>0 yaoBaersopsAeT ycaoeulo (2)] B cMucae Buranu: MoxHo cuu-
TaTh HPHU 3TOM, UTO BCe cerMeHThl [x, x-/i] nemar B G. [lostomy
MOXCHO BBIIEJTHTL TaKoe CYeTHOE MHOMeCTBO 3THX CEerMeHTOB

[¥1, xi+ M), [x, w+0), ...,

yToOb! OHH IONAapHO He mepecekannch H YTOOH 0Ka3a/10Ch

mEp o= 3 [ 5+l =0,
| J
B cuay (2), okakercs, uTo
| Aty
i\ fodi>g.
*r

Ecau Mol nmojoxum S = Z [Xe, Xp+4he], TO U3 mocnenHero wepa-
k=1
BEHCTBA CJelyeT, uTo ﬂf(t) dt >g-mS, WaH, yr0 TO XKe caMmoe,
S

7@ at > glmE, s+0€] (0=s8--1). 3)

s
C apyrofi cropoun, Sc—.G, a notoMy S—E,,cG—E,, u
m([S—E, ] <<6, taK uto

{ Foyar<e,

S—E

pa

U CJeJI0BaTe/bHO, ?)
Vryar< § [(o)dt+e. (4)
S E

P9
Ho ua muoxecree E, , Gyler f(f)<<p u, crajo ObiTh,
\ fdt<=p-mE,, (5)

Epg

1) MOXHO CYHTA1h, YTO TOUKM a H b He BXOMAT B Ep, o; NMyCTh, KpOme TOrO,
§d<e.
2) Cnegyet OGpaTHTL BHHMaHUE HA TO, 4TO m(Ep,q—S)=0 H, CTaJO GhiThb,

{ fat= | fat.

Ep o SEp g
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Hs (3), (4) u (B) creayer, uro ¢[mE, ,+6e]<<pmE, ,4-¢,
OTKYJa, BBUAY NPOH3BONBHOCTH €, BbiTeKkaeT, 4yTo gmkE,, q\mep o
a 3TO BO3MOXHO JHwb npu mE, ,=0.

Hrak, pasencrso (1) joxa3aHo.

HyCTb tenepb E 0603HAYaeT MHOKECTBO Tex Touek [a, b], B KoTo-
peix ¢yaxunsg @ (x) auddepenunpyema u D’ (x) > f(x).

Torpa E = Z E, , rie cyMMHpOBaHHE pachmpocTpaHeHO Ha Bce

(p, q)
napel (p, §) paUMOHAMBHBIX 4ucesa, B KOTOpaIX p<<q. B cuiay (1)
oyger mE=0.

Huaue rosops, ecii A ecTb MHOMKSCTBO TO4EK, B KOTOPHIX CyII(e-
cTBYeT NpoH3BoAHas P’ (x), To noutH Besge Ha A Oyjer

D’ (x) = [ (x). (6)
OTMETHB 370, MONOKHUM g (X) = — [ (X), &g(t)
Jlerko noHsth, uro [ (x)=—® (x), Tak utoO F’ (x) cyuecTByeT

BO Bcex Touxkax A. [lpumensas yxKe [A0Ka3aHHYIO 4aCTh TEOPEMBbl K
dyuxkuun I (x), nomyuyum, 4To MOYTH Be3je Ha A

") =g ),
IJIH, 4TO TO e Camoe,
O x) = (x). (7)

Mz (6) u (7) cneayer, uyro mnoury Be3fe Ha A, a sHaduT, H
nouTH Ee3fle Ha |a, b]

D’ (x) = (%),

4TOo H TpeGoBasnoch /0Ka3aTh.

Teopema 3. A6coucomHO HenpepvisHas (HYHKYUA ABAAENCA HEON-
PEJeACHHBIM LHMeepaIOM CBOCH NPOU3BOGHOL.

Hoxkasareapctbo. Ilyets ¢yuxkuua F (x) afcomoTHO Herpe-
peBHa. Ee npoussognasi F' (x) cyLiecTByeT IOYTH Bezge H CyMMi-
pyema.

X
Tonoxim, (I)(,r):F(aH—SF’ (f)dt. 3ra dyuxuus rtaxxe abco-
«
JIIOTHO HETIpepblBHA M moutn Bedfge @ (x) =F' (x).

3HayHT (caeicTBite Teopemsl 2, § 2), pasHocte  F{x) — @ (x)
MOCTOSIHHA, HO, TaK Kak 3Ta pasHocTb ofpamaercd B O npu x =q,
10 QyHKUMH F (x) ¥ D (x) TOXKICCTBEHHEI.

Teopemy 2 MOKHO 3HAUNTeJNbHO YCHAHTB. Jlisi sTOrO Agium

Onpeaenenne. Ecau B Touke x Oyner f(x) 2 F oo u

x+th

lim | \ 1@ =) dt=0

h—Q

TO TOYKA X HasbiBaeTca mouroil Jlebeea QyHkunn (1)
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Teopema 4. Eciu x mouka Jlebeea ¢ynxyquu | (1), mo 8 amoi
X

mouke HeonpedeaeHHvill unmezpai (D(x):gf(t) dt umeem npoussoOHoL

(23

qucao f(x).
HoxkaszateascTBoO. Jlerko BHAelb, 4TO
A‘—[:/l
LLEN_BO _j = o \ Ol
X
OTKyJA ;
x--h
‘D(“'rh%;@_ﬁﬂ_f(x)lg;l \ &) =10 at,

YTO U JoKa3hlBdeT Teopemy. 3aMeruM, uTo oGpaTHoe NpefioeHue,
BOOGILE TOBOps, leBEPHO.
Teopema 5. Ecau ¢ynryus f(x) cymmupyema wa [a, b], mo
noumu écsakas mo4ka |a, b] ecmo ee mouxa JleGezca.
HokaszateasctBo. Ilycth r— paunonansHoe yueno, OyHkuns
[F(&y—r cymmupyema Ha [a, b], a notoMmy NoYTH 18 BCEX TOYeK
x & [a, b] 6yaer
. I x—!:h
lim o\ ) —rdt=[f(x) 7. ®
X
O6o3nayuM yepe3 E (r) MHOXeCTBO Tex Touek [a, b], B KoTopbix (8)

He Buinoaasercss. flcuo, uro mE (r)=0. epenymepyeMm Bce paumo-
HaslbHEIE UIICAd H HOJOXKIM

E= Y E(r)+E(f =+ x).

n=1
Torna mE =0, 1 10cTaTOuHO OOHAPYHKHTb, YTO BCE TOYKH MHOXKE-
ctBa [a, b]—E cytb ToukH JleGera ¢yHxumn f(f).
Nyers xy=[a, b]— E. Bosbmen npousBogabHoe €>>0 1 HaiiaeM
o 4
TaKoe pAIUIOHANBHOE YHCAO F,, UTO | f(xg)—r, << 3

Torpa, ouevnauo, || [()—r, — [JUO)—[(x) < i i, €1a.10 Oul1b,

rat+ 1 Ve ]
| .

w N o =rodi— \f@ =1 a

Ay An

Ho (nocwonsry x, = E) ans /1)< 8 (¢) okamercs
Yy + i

/lz S @) = rafdl— |} (xg) — 1a }<§,

Aa

e
:3-

aat
Iy 2
5 \ S =1y dt< S,

Ay
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M, crano Owbith, Afs 5TUX /1 Gyner
! ,\“—.}—h
3\ 0= df <e.

Xa

Teopema 6. Beanaqa mouxa Henpepoisrocmiu cyvumupyemoll pynx-
yuu f(x) ecnb ee mouxa Jlebeea.

Hokasarteanctso. [ycrs f(f) HenpepbiBHAa B Touke x. Torja
BcAkoMy &>>0 orseyaer Takce 6>0, uro ppw f—x|<<d oOKa-
xeres |f(f)—/f(x)|<e. llo torpa mpu /1 <C® Gyjer

x- I

b\ IO <e,

x

OTKYAa M celyeT Teopema.

M3 1eopem 1 1 3 BuiTewaer, 4To pas Toro yTo6bl GvHRIAA D (x) ca\vKHAa
IEONPeIeICHHEIM LIHTEI PATOM  CyMMHDPY el GVHKIIHY, HEOGYXOIMMO H IO TaT10UHO,
47066l OHA Obia alCo0THO PenpepbiBHa B CBA3M C OTHM €CTCCIBEHHO NCCTaFlTh
BONPOC O XapakTePUCTHHECKOM NpH3Hake By HKIM, ABAAOUIENCH Heonpene TeHHbBM
HHTETpanoM GyHKUHM, Bxodwen B L, npi p > 1 OTBerom caymur

Teopema 7 (@. Pucce). [lae moeo, uwmobsr (ynnyus 1 (x) (a << x = b) nped-
cmaginaace & opme

F=C+\id, ©)

20e f(fy e L, (p > 1), neobxodumo u docmamouno, 4mobet Npu ECINOM A3 W0HENILU
la, b] wa wacmu mourami a — rg << Xy << Xg << < xp,=b Obra0
n—1
R S 0 Et P N

P s T R A (9)
k=0

ade K we 3asucum om cnocoba pazaoncrnua la, bl 1)
NDoxazareabcrso. Heobxogumoets ycaosua (10) moutw owesmana,
B camem nesie, B cniy HepabeHctBa [edpgepa [raaBa 7, § G, dopmyaa (1))

1 7 7o) Frn
|Fiog) =) =| \ J)dt| <y X —x VT P,
*r *k

__PF ,
Yie g= T O1kyga

r(f) Pdt,

=

X

k1

VG = F G P \‘+
— Pl

(Xpa1 — Xp) %,

b

u BemosHserca (10), npruem 3a 4uuno K MOMKHO NPHHAIL HHTerpad S F(n .
a

1y Econ p—1, 1c (10) ect \c/J0BHE KOHEYHOCTH H3MeHeHHs hynkuun F (x).
Takim 06p4_oM, 3TO YCJAOBHE OCTacTCA HEOG\OJLUMBIM, HO fepectaeT GHITh JOCTA-
TOYHBIM AJA mpeacTasumoctn [ (x) B dopme (9) ¢ f(f) = L.
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Hocrato moets venosus (10 yclavasausaetcss cnokkee [Tpesjge BCEro 3ane-
THM, 4TO Hepasedcre~ (10) Juib yCiTIICA, €CTl OTSPOCHTL HEeKOTephle Caaraemble
M3 ero Jeson 4dcin [losi08v g1 110601 KOHEUNON (HCTeMbl B3aUMHO He Haje
raoliXx uHtepsanos (a, b)) (k—1, 2, , n), copepxaweiics B [a, b], Oyner

LF(h))—Fla)) P
- ()Pt B
k=1
Ho, B cuay cymmaroproro muepaseuctBd [ledstepa [ra VII, § 6, dopmyana (8)],
n

F(by)— Fap) = ‘3 _F_b’_)ﬂ_’?_)_(bk_ak)l/qé

p—1
h=t U ) P
i ( q n
VE (b)) —Flag) P \
= y (bk—ak)p 1 Z([Jk-—ak)
= k=1
H, CTaJ10 OblTb,
n / ~n
n
E:F (bp)—Flap) < y K L S (b —a),

k=1

OTKYZa BBHITCKAET afCoOMtOTHAA HeNpepbBHocTh Gyuntaun F(x) 3HauuT, 313 QyHK-
uua npeicrasima B dopve (9), rae f () L. OcTaerca oGHAPYKNTE, YTO

fhel,.
C 3101 uenwto, pasnokuB {a, b] Ha a paBHbIX yacTeil ToykamH xk”)—a+
+ i; (b—a) (=0, 1, . ., n), BBegeM ¢yunuuwo |, (f), Nosaras
F(xf )—r (¢
fo ()= (<& 1) (") , ecan x}e”’<l<x2’1l.

(n) (n)
Xl 1%,

B camury e Toukax gerenus nosaraem f, (xf")=0
Jlerko BuzeTh, UTO MOYTH Be3ne [HCKJAOYEHHE MOTYT COCTABHTL 10YKH JEEHUS
H TOUKH, B KOTOPBIX F’(¥) =% (x)] 6yzeTt) him f, (f) =f (f). Orcroga, no teopeve
n-—-xX

dary
¢ [’Z \
S\f(t) p dtésupl\ fa () Pdi

a |

1) Ecan Touka u He SIBJASETCA TOUKOM AeJIeHHs M B Heil cylilecTByer omnpeje
JeHHast £ (1), TO & J€HHT B KdAAOM H3 GeCKOHEYHON NAC/eA0BATebHOCTH HHTED-

(my_ b—a
Xy =———

Banos | x,V, fe”)+l\ (n=1, 2,3, ). Tak Kax xﬁa")l |- -0, T0
n l

\
fK‘(”) N—=F r(x)_rw;l))

n/

n

Kaxpoe U3 oTHoueuul

BO3DAaCTdHUEM 1

(1) ’ m)
XX x— Y
1:/ (”)+—|\)—F/x§”))
| t4
crpemutct Kk F' (1) Ho f, (1) = — (’;) D "L nemu1 MexKy sTUMHM OTHO-
’ Yo+ 1k

WeHHUAMH ¥ nutomy TLim [, (x)=F"' (1).
n—0
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Ho

m)

4 n—1*k4+1 1
a N F XM), _7 x(”) n
\ @ rae= N\ a0 ra- N L) SO
. -— ) ( () x(/l))p—l
a k—0 (M k 0 k1 &
R

h
H, CTano OulTh, \ f () 1dt <+ co.

i
Teopema gokazaia.

B 3akJ/ioyeHHe paccMOTPHM BOMPOC O TOM, KaKOBO /10 1HOE U3Me-
HeHuEe UeOTIPEJIEEHHOTO HHTErpana.

Teopema 8. Mycmo Ha |a, b| dana cymsupyeman dynsyua [ (¢)
Ecau

x h b
Fy=\I®dt, mo N (Fy -\ jt) dt,

T. €. NOAHOE U3MEHEHUe QOCO.UOIMHO HENPEPBIBHOL (PYHKUUL  PABHO
UHIMESPAAY ONL MOOYASL €8 NPOUIBOOHOH .

HoxaszateabcTBo. Ecan x,=a<Cx, < x,<C...<x,=0b ecTb
HEKOTOpOe pasjoxketie |a, #] Ha yacTi, 10

no-1 n—1]%% 'lflxlzl
N Fle)—F o) = N 1o dt\ \ =
k=0 k=0 xk —0 Xp
b
= {1/ )|t
01 Kylla BbITEKAEeT, 4TO
b

V(F) \ f)ldt.

Yroful J0Ka3aTh, Y10 3A€Ch A CAMOM Jiefe IIMEeET MeCTO TOYHOE
parencigo, noaomiM (0, b) = E unycs P=E(f - 0), N =E(J<<0).
foraa

b
V F@) de={f@dt—\fede.
a P N

Bosbven &>>0. Baarogaps adcoqtorHoil  HenmpepsiBHOCTI IIHTer-
paja, cyulecisyer rakoe 6>>0, uto jia 7100010 H3MEPIHMNOIO MHO-

xeeTBa e C la, 0] ¢ mepoit me <8 Gyaper Slf(t)uit < .
[Iycie I (P) u F(N) 3aMKHyIble MHOMXKECTBA, COACPrKAUIMECH COOT-
BercTBeHHO B P W N u 1aKkue, 410

m|P—F(P) <8, m[N—F(N)]<6.
Toraa

b
WG ut<_\‘ P dt— § () dt -+ 2e.
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Cornactio Teopeme OTACJANMOCTH  HAfl1y ICst OTKPHITHIE MHOMXKeC1Ba
['(P)uTl (N)rakue,uto I'(P) > F(P), ' (M) D F(N), '(P)- T (N)=0,
NP 3TOM MOKHO CHUHTAlb YKa3aHHbE MHOKECTBA CONepIKalLli-
miicst B (a, b). Haligen, nanee, Takie OTKpbIThIE OrpaHHUYeHHble
muoxectsa A (P) u A(N), uroObl OHH cojiep)anlt, COOTBETCIBEHHO,
F(P)y w F(N) u urober 6eti0 m[A(P)--F(P)] <8, m[A(N)—
— F(N)]<<b. Cpena st0, noaaraem G(P)= A (P)-I'(P), G(N)=
= A (N) T'(N).

Iro ToxE OTKPHITHIE MHOXKECTBa, coflepauiiecs B {(a, D), ne nepe-
ceKaioliecs, cofepxaulite coorserctBeHHo F(P) u F(N), u takue,
yro m |G (P)— F{P)] <8, m[G(N)—F(N)]<<§. IHosromy

b

ViFyldt < § feydi— § [@)dt+4e.

a G (1) G (N)

MuoxkectBo G (P) siBasieTcsl CyMMOI CBOHX COCTAaBJASIOUIHX HHHTEp-
Ba108. B3dgB I0CTaTouHO GoJblUOE KOHEYHOE YHC/IO 3THX HHTEPBAJOB,
MBI TIOJYYHM MHOXecTBo B (P), KoTopoe mo Mepe oTaHuaetcs ot G (P)

menbine, uem Ha 8. Torpa okaxercs S f () dt — \ F(f) dt <e.

G (P) B(P)
n

Iycts B(P)= Y, (s, ps). Torna

k=1

n Mg n
§ T dt= 3 (Fydt= 3 IF () —F ()]
B(P) k=11, k=1

Hrak,

U F(tydt < N IF Gu) — F (h)] +e.
k_1

G (P) -

AHagornuieiN 00pa3oN * MOXHO Hafirl KoHeyHOe YiCJI0 COCTaB-
JAINHX  1{HTepBalIoB MHOXecTBa G (N), nyerb sto OyayT (o, 1),
{¢,, 1,), ..., (Om Tn), TAKOTO pOAQ, 4TO

Ht
{ T(ydt> Y[F(1)—F (0)]—e.
G (V) =1
COHOCTaBﬂﬁH BCe CKaszaHuoe, Mb! BUAUM, 4YTO

b n m
VP dt << YIF (e) — F (k)] = DUF () — F (0,)] 46,
o k=1 t=1

OTKYyJa H MNOAABHO

b "t

VT dt << X TF(u) —F Q)|+ 3 F (1) —F (o) |+ Ge.

a k=1 t=1
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Ho wnHrepBanmer (%, |1;) He IepecekaloTcst HH MeKAy colofl, HH
¢ uHTepBanamMu (v,, T,), KOTOPHe TakKKe He [EPeceKkarTcy Apyr
¢ aApyroum. Tlostony

n m b
2 IF@)—F@) 4+ X F ) —F (o)< V().
Taxkum obpa3om
b b

Viftydt <V (F)+6e,
a a
OTKy,Ila, BBIw.y HpOH3BO.HbHOCTl{ £, H BbITEKaeT Teopema.

§ 5. 3ameHa nepemeHHOH B MHTerpade JleGera

OOweu3BecTHO, Kakoe OO/blloe 3HayeHHe HAMEeeT B HMHTErpa’nbHOM
JICYUCJEHUH BOIIPOC O 3aMeHe IIepeMEHHOH HHTerpiuposanis, 31ech
Mbl PacCMOTPHM 3TOT BONPuC Asl HHTerpanos JleGera, mpnuem orpa-
HIIUHMCA cayyaem '), Korja crapas nepeMeHHas HHTerpHpOBaHHA X
¥BJACTCA CTPOIO MOHOTOHHOH M a0COJIOTHO HelpepsIBHOH dyHKilelt
HOBO#H mepemenHoii ¢. [lna onpepenenHocTH OyleM cuiiate 31y ¢yHK-
uMio Boapacratoweli. Mrak, nycts

x=q@() [p=t<gq, a=¢(p), b=q¢(q),

rae @ (f) abconoTHO HENMpepelBHA M CTpoOro Bo3pacTaer Ha [p, g].
Jemma 1. Ecau E, ecmo uzmepumoe mHoxecmso, codepm uyeecs
8 [p, ql, a E.=¢(E,) eeo obpas npu omobpaxenuu x=¢(t), no?2)

mE. =\ ¢’ (¢) dt. (1)

Ey

HoxasareanscrBo. Manmepumocrs E, 6bl1a Jokaszana B § 3.
Haa cayuas, korja E, =[a, f], dopmyna (l) oueBnana, u6o B 310M
f

cryuae E.=[¢ (), ¢(B)] 1 mE;=0(B)— ¢ (2)=¢" (1) dt.

Ananornyno oGcrout jeno, korga E,=(e, P). Ho torma sacHo,
y1o (1) umeer Mmecro BcAKHH pa3, Koria E, ecTb OTKPLITOE MHOKECTBO
(B 3Tom cayyae 1 E, Oyler OIKpbITblM MHOxecTBoM). [lepexos
K JIonoJiHeHUsM, yOexaaemcsi B cnpaselauBocTH (1) aas cayuas,
xorja E, eCTb 3aMKHYTOE MHOXKECTBO. PaccMOTpuM, HakoHen, obuiiu
cayyal, xoraa E, ecTb IPOH3BOJbLHOE H3MEPHMOE MHOXKecTBo. B35iB
g >0, HaiileM Takoe 3aMKHYTOE MHOXECTBO [, H OTKpLIIOE MHOMKe-
ctBo (,, uToOBl OKa3ajoch ¢)

F.cE.cG,c(a, b), mF,>mE, —¢, mG, <mE,+&,

1) Bosee obctosatensio sonpoc ninomen b kuure UL Baane-ITyccena «Kype
ayamu3a Geckoneuno Maamx», T. I, crp 298 (I'[TH, 1933).

%) Yro6u cumson @’ (f) vl BCiopny onpegedel, Mel, kak M 8 ra VIII, ycao.
BuMcs, w10 ¢’ (f)=0 na tom muoxectse (meprt 0), roc y ¢ (f) Her nponssopnoit,

3) He orpanuunpas ofWHOCTH, MOKHO CYMTaTe, YTO p H ¢ ue BXoaar B L.
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Myers F, 1 G, cyTs npooGpassl MHOxkecTB F, u G,. [o pokazaH-
HOMY (OYeBHAHO, yTo F, 3aMkHyTO, a G, OTKpBITO) GyAeT

Vo' () dt=mF,, \¢ (1) dt =mG.,.
£y g,
Taxk kak ¢ (f) =0, 10
Vo @dt=§ ¢ (0 dt < (o' @) adt.
Fy Et Gt
Taxum obpazon,
mF =< (¢’ () dt < mG,
Fy
H, TeM Oonee,
mE.—e <<\ ¢’ (1) dt <mE+e.

Ly

BBupy MpPOH3BOJABHOCTH & JeMMa JoKa3aHa.

Jdemma 2. [lycmov e, ecmyp usmepumoe mruoxecmeo mepot 0,
codepwawiecca 6 [a, b] , a e, exo npoobpas. Tozda nodmuoxnecmso er
Mex Mmouex e, 20e He GbINOAHEHO COOMHOuier e L)

¢ (=0 )
umeem mepy 0.
JlokasareabcTBo. OTMETHM, YTO H3MEepHMOCTH MHOMKeCTBA
e, Mbl He yTBepiknaem. ?) [locTpoun [MOKHO cuuTaTh, yto €, < (a, b))
NOC/IeI0BATENBHOCTE OTKPBITLIX MHOMKECTB

(a, )G/ DG DG D..., G De,, mG®M —0
1 TyCThb

Ex :]:[le\:n)'

Ecau G cytn npooGpaset G, a E, ectb mpooGpas E., to G
o0

"OTKpBITH E,=l1 G, oTkyaa crefyer uamephmocts E.. flcno, uto

n 1
mE.=0. 3ugauur, no /ntemme 1,
\ o' (1) dt =0. 3)
E,

Ecan uepes Ff 0003HAyHTh MHOMXKECTBO T€X TOUEK E;, rae He
BBIOTHEHO (2), To 13 (3) Buitekaet, yro mE/ = 0. OcraeTcd 3aMeTHT®,
uro ¢f < Ef, n6o e, < E, n e, E,.

1) Hnpimy cioBamu, ¢/ €CTh TA YaCTh &7, TAe CYLWLECTByeT (MOXKET 61T GECKO-

HeyHasn) @' () >0
) Xora y ¢{f) ecTb ofpdTHas QyHKUHS, HO MOCJeHss He obfzava 6bITh
a6coMIOTHO HenpepHiBH Ofi,
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Teopema. [Tycmo [(x) ¢ynxyus, cymsupyemas Ha ') |a, b].
oeda
b q .
V7 () dx={F o 0] ¢ () dt. (4)
a p
JdoxasareabcTBo. PaccmoTpnMm cuavana caydafl, koria f(x)
HenpepsiBHa ?) Ha [a, b], Tak 410 HHTerpasd, croawuil B (4) c/aeBa,
MOXHO TIOHHMAaTh B PHMAHOBCKOM cMbicae. Pasnoxum [a, b} Toukami
A=Xy<<X; < ...<X,==b u nyctb M, ¥ m, cyTb Hauboabilee 1
HauMmeHbllee 3Havenus [{(x) Ha [x,, x, ,]. Ecan ¢ (¢} =x,, 10 Ana
te [ty thq] Ovaer my -Zf[@ (f)] =< M,, OoTKyAa B CBSi3H C HepaseH-
cTBOM @ (f) = 0 U COOTHOUIEHHEM

“h1

k
5 (P, (f) dt =Xp 31— Xp
L]

Y

CJIEAYET, UTO HHTErpaJjt
t@+1
(L) Fle e @) dt
‘e
COfEpPKUTCS MeXKAY YHcaaMu My, (Xp.;— x,) 0 M, (2, , — x;z). Crano
ObITh, HHTErpaj, CTOAMWHMA B (4) cupaBa, cOACPIKUTCA MEKAY CyMManmi

Jlap6y ¢yHkunn [(x), OTBEHAIOUIHMH NPON3BEAEHHOMY JAPOOGJIEHHIO,
Orcrona u caepyer (4).

[Tycrb Teneps f (x) u3Mepumas, orpaHuyeHtas pyuxuug | f(x) =< M.
Halijercs noc/iiefioBaTenbHOCTh HENMpepoBHBIX (GyHKURHA g, (x)}, AIs
KOTopoli mouTH Besjde Ha [a, 0] Gyner

11m gy (x)=[(x). (5)

MosxHo cuutaTh, 4TO |g,(x)|=<<M. Torza (4) Gyaer Bepro, ecan f
3aMeHUTb Ha g,. Orciofa Ge3 TpyAa CJelyeT, yTo
b

) g
V7 (0 dy = 1im § g, [ ()] ¢’ (1) dt. (6)
n— g .

a
[Toxkaxem, yto MouTH Besfe na [p, g} Gyper
lim g, [ (O] ¢" ) =TT (O] ¢ O). (@)

n -
OGosnaunM Yepe3 e, MHOMKECTBO TeX X, JAIA KOTOPHIX HAPYLICHO
(5). 310 u3mepumoe MuoxectBo U me, -=0. OBo3HayuM yepes e, npo-

o0pa3 MHOMXECTBA €, Il MyCTh ¢ eCTb INOJAMHOXECTBO Tex f u3 ¢,
JNA KOTOPLIX HE BhINOAHEHO (2).
Een te=e, 10 @ () =e., 1 (7) BunoaueHo. ToyHo wTak ke,

ecty tee, —e, 10 ¢ (1)~ 0, 1 cHoBa BhInoaneHo (7). Takum ofpa-

1) Mel coxpatsiem BBeaeHHLe Bbllle 0GQ3IAUEIIs,
?) Toraa u {4 (f)], oueBuano, HenpepbiBHA HA [p, q].
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30M, eAHHCTBEHHbIE TOUKH f, Ie MOXET Hapyuiarbea (7), 3T0 TOUKH
MHOKeCTBa €/, a no Jjemme 2 Gyaer me; = 0.

M3 Toro, uto (7) lineeT MecTo noqm Be3fle Ha [p, ¢q], caepyer
u3MepuMoCTh npouseefenust) | (¢ (£)] ¢’ (). Kpowme, Toro

lgnlo (D] ¢’ (f)\§M<p (&)
v (7) ofecneyrBaer BO3MOKHOCTL MepedTH K mpejeny B (6) nof sHa-
KOM HHTerpajsa, 4to W NpPHBOAHT K (4).

[lyctb, HakoHel, f(x) NpoH3BOJIbHAA CyMMHpyeMas ¢yHKLUHA.
MOKHO IPEATIONOKHTD €e HeoTpHlaTebHoM, H6o BCAKas CyMMupyeMast
(QyHKLHA eCcTb pPa3HOCTh JABYX HeOTPHUATENbHbIX CYMMHDYyeMbIX e
dyukunit. [Tosoxum

[ 00 R =,

" | n npu f(x)>n.
[To noxasanHomy (4) Gyjier BepHo, ecau 3ameHHThb [ Ha f,. Orciola
b

\f (0 dx= lim { [ [9 (O] ¢ (¢) d. (8)

a

Ho Bciony Ha [p, q| Oymer?) flo@)] o' ()= ]lmfn [o )] @ (f) u

Kpome TOrO, npousseienue f, [ (£)] @’ () BospaCTaeT BMecTe C 7.
IMostomy, B cuny Teopemsl 10 (B. Jlesn) n3 § I, ra. VI, Gyger

q q
(oWl e () dt=lim {f 9 )] ¢ (1) dt
P n—-»oop

OTKyAa, B CBA3u C (8), M BhTeKaer (4).
Crnencreve. Cnpasedausol gopmyot

—h b/k
§f(x)a’,\~—b\ f(t4h) dt, §f(x)dx=k /gf(/et)dz (k5= 0).
a a—h a alk

§ 6. Toyxu NMOTHOCTH. ANNPOKCHMATHBHAS HENPEPBLIBHOCTh

ITycts JjaHo 113MepHMoe MHOXecTBO E. Bass HpOllSBOJleVIO
TOuKy x H uucao >0, nojgownm E(x,, h)=E |x,— X+ 4.
310 ToXKe H3MepHMOoe MHOXKecTBO. PaccMmoTpium omomeﬂue

mk. (\‘,‘ )
ot (1)

Ero ecrecrBenno cuutaTh «CpejHedl MJOTHOCTBIO» MHOXKecTBa E
B cerMenre [x,—/1, x,-t/].

Onpepenenne 1. IIpegen ortnowenusi (1) opu 4— O HaswBaercs
naomuoctero  MHOXecTBa £ B Touke x, M oGo3Hayaercsi yepe3 D, E.

1) 3tor ¢axT 3ameuaTenen TeM, yTo MuoKHTenb [ [¢ (/)] BOBce He 06A3aH
OLITh H3MEPHMBIN.

%) D70 ofecneunBaer H3MEPHMOCIb OPOH3BEAEHHH [ () ¢,

245



Ecmn D, ,E—=1, 10 x, ecmb mouxa niomrocmu MHoXecTa E, a
ecan D, L =0, to x,— mouka paspescenuq E.

3amerHM, uTo, JaBasfi 3TO OlpejefeHne, Mbl He CYHTaeM, 4YTO
x,es E. Jlanee, sacHO, 4TO H3MEPIIMOE MIIOKECTBO BOBCe He 06fA3aHO
HMEThb OfpeleseHHY 10 NJAOTHOCTE B KamAOH TOuKe OpsMO.

OnHaxko HMeeT MeCTO cJaef) lollas Teopema,

Teopema 1. Tloumu ece mouku usmepumoco MHoxcecmsea E cymeo
€20 MOUKL NAOIMHOCMU,

HoxkasateabcrtBo. IlycTe MHOmecTBO E m3mepnmo. Bospmem
Kakof-m6o cermeHT [a, P}, cofepwxammii MHOXecTBO E, H nycTb
a=a—1, b==B4 1. Torpga npn x& E u /i~ | MBI rapaHTHpOBaH®LI,
uTQ CcermeHT [x—h, x-+/t] He BuIXoAWT H3 [ae, b]. Bopeap He oro-
BapUBASA 3TOI0, MLl OyfeM CYuTaTh, yro A = 1.

Beeapem xapaktepucruueckyio yuxunto ¢ (x) mHoxecrsa E

{ | npu x=E,

= 0 npu xe=E,

paccMaTpHBas ee ToJbKO Ha [a, b|. ra QyHKUHs U3MepHMA H orpa-
X

HuueHa, [lycre @ (x):gcp(l) dt.Tloutu Bespe Ha [a, b] 6y1er @' (x) =

= (x) B, B YacTHOCTH, NOUTH Be3je Ha E

@ (x)=1. 2)
[MokaskeM, uYTO TOYKH, rje HMeeT MecTo (2), CyThb TOYKH IJIOTHO-
ot muHowecTea E. JleflcTBuTennbHo, B TakoH Touke

lim Qe Q@) @W -
h=0 h n—-O h )
OTKYZa
. Dm0 x—h
] = [,
am oh
x-+th
Ho ®(x+h) —D(x—h) = S @ () di =mE (x, ), Tak yto D . E =
x—h
= lim'LEQI([X—’@-—- 1, yto u TpeboBajoch J0OKa3aTh.
h—0 .

B Tecno#t CBSI3H C TOHATHEM O TOYKAX IJIOTHOCTH HAXOIUTCA
070 pamHoe ofofileHle NOHATHH HENpepLBHOCTH (GYHKUNH.

Onpegenenne 2. llyets dyukuus f(x) 3anaHa Ha cermente [a, b)
U x,=[a, b). Ecan cymecTByeT Takoe H3MepuMmMoe MHOXeCTBo E,
Jexaliee Ha [a, b| W uMeloillee TOUKY X, TOYKOH MJOTHOCTH,!) UTO

1) Ecnu x,—=@, TO BMECTO TOrO, Yrolbi MHOMECTAO L sMeno x, TOUKO# nnoT-
HOCTH, MHY:KHO TpeGoBarlb, 4TOGhl B Xy B e,umuuy oﬁpaumnaCb npasas NAGIMHOCHIbL

mil . [a, a+h
MHOKecTBa [, T, e, uTo6Hl 6pl10 Jim [l + ”
-0 h
AeNeHHE aMIPOKCHMATHBHON HenpephblBHOCTH TaKKe HYKHO HECKONbKO H3MEHHTb,
BBEIA B PACCMOTPEHHE /€840 MAOMHOCID,
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f (x) Bloap E HenmpepniBHA B TOYKE X, TO rOBOPAT, uto f(X) annpok-
CUMQMUBHO HenpepsiBHd B TOUKE X,.

flcHo, uTO BCSIKAA TOYKA HENpepLIBHOCTH (PYHKUHIE H NOJAdBHO
€CThb €e TOYKa AlllpOKCHMATHBHOH HerpepuiBHOCTH. M3mepinas (yHK-
LSl MOXeT BOBCE He UMeThb TOuYeK HerpepblBHOCTH. Takosa, Hanpumep,
¢yHkuns, pasHas 0 B nppawioHanbHLIX 1 | B pauHOHAaALHBIX TOUKAX.

Hanporug, crnpaBejansa cielyioiasi Teopema.

Teopema 2 (A. Hawnsicya). Ecau [(x) usmepumas u nowmu
gesle KoHewwas ¢pyrxyus, 3adaunas Ha ceemenme [a, D], mo oHa
QNAPOKCUMAINUGHO HERPEPLIBHA nowmi 60 6cex mouxax [a, b].

Hokasarteannb cTro. Bosbuem £>>0 u, onupasck Ha Teopemy
H. H. Jlysuna, HalileM Takyio HemnpepoiBHYIO (PyHKUHIO © (X), 4TO
mE (f 7 ¢) <e. X

IycTs A ecTh MHOMKECTBO TEX TOUEK NJIOTHOCTH MHOXecTBa E (f = ¢),
KOTOpble TpHHAAJdeXAT nocienueMy. B cuay npeasiayuefi teopensl
mA=mE(f=q¢)>b—a—ce.

Ecmu xy= A, TO f(x), OYEBHAHO, ANNPOKCHMATHBHO HENpPEpPHLIBHA
B 3TOH TouKe, K60 32 MHOXeCTBO E, durypupyollee B onpejiesieHiin 2,
MOXHO B3ATb MHOxecTBo E (f=¢). [lostomy wMmuoxectBo H Bcex
TOYeK AalNpPOKCHMATHBHOH HENpPepulBHOCTH [ (¥) HMEET BHYTPEHHIOW
mepy m H —=mA>b—a—e¢, oTkysa (e nponspoapho!) m H = b —a.

Ho H < la, b], Tax yro b—a-<m H-<m"H-7b—a. Craio
6biTe, H wuamepumo u mH =0b—a, yto u TpeGoBajsock J0OKasarhb.

3ameuanue. JlaHHOE BhliLIE ONpefieJeHle NOHATHS MJIOTHOCTH MOMHO
0606HTL, VIMeHHO, YCJI0BHMCH Ha3bIBaTh NIOTIOCTBIO MHOXecCTBa E
mE (xy, My, )

hy+4hy

f,>( He3aBHCHMO Jpyr OT Apyra CTpeMsTCs K HYJI0, IpHYEM
E (x,, Ay, hy), ecTb wacTe MHOXecTBA E, HaxoO[fUlaAcC# B CErMelTe
{Xo— A1, xy+ 4], Onnako 310 060GLIEHNE NOHSITHS [VIOTHOCTIL HE Me-
HAET KJacca TOueK pa3pemeHisi, a crajo OblTh, U Kjacca TOYeK I110T-
HocTH MHoxecTBa E. JIefCTBUTEbHO, MyCTb X, TOUKA Pa3speKCHHA
MHOxecTBa E B CcMbicie onpejieienust 1. Bass wieaa iy >0 v 4,>0,
HasopeM uepe3 /i Gosbluee H3 HuX. Torja

E (x4 My, 1) < E (X, R),

B TOUKE X, Ilpele] OTHOIlEeHH: , Korma /4, >0 H

a noroMy
mE (xy, M1y, 13) mE (xg, #)
ThEh STy

Tak kak npasas 4acTb 3TOr0 HEpABCHCTBA CTPEMHTCsT K HYJIO

. mE (x. by, ke
BMecte ¢ A, To lim mk (o i hy) gy X, €Crb TOYKA pa3perKeHNs
oo i s

h,—0
MHOXecTBa E 1 B cMbicie 0806UIeHHOTO onpejeaeHa INIOTIIOCTH.
OﬁpaTﬂoe YTBEepAKACHIe OUeBHAHO. I1nmenHo IIO3TOMY MbI H 141l
BEILLE OonmpeleneHne NMJOTHOCTH B YacTHOH ero Ct}OpME. Yciio, Haipinep,
4YTO onpeaedaeHie TOUKH al]llpOKC]iMaTHBHOfI HelpePBIBHOCTH HE 34Bll-
CHT OT TOro, KakoBoO MNOJIOKEHHOE B €ro OCHOBY OIIpelejieHue IJIOTHOCTH.
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§ 7. HoOaBaenns Kk Teopun GYHKUHIA € KOHCUHBIM H3MECHEHUEM
n uHTerpaqaoe Cruareeca

Ilyers f(x) (@ << x=.b) HenpepblBHAST (DYHKUYA C KOHEUHLIM H3Me-
HexnveM. Ee npousBoaHas [ (x) NMOUTH Besfe CYILECIBYeT H CyMMH-

pyema. Iloaoxum (p(x):f(a)+§f’ () dt, r(x)=f(x)—q(x). Torna

a
fF(X)=0px)+r({x), rae ¢(x) abcoMOTHO HenpepbiBHasg QYHKLHA
[opuuem @ (@)=/f(a)], a r(x) HenpepbiBHAA (HYHKUUA C KOHEUHLIM
H3MeHeHHeM, NpPOW3BOAHAS KOTOpOH, OUeBHAHO, MOYTH Besje paBHA
Hyaw. SIcHo, 4TO r(X) HCYesaer JHMIUbL TOTAR, Koria cama f(x) abco-
JIIOTHO HenpepuiBHA.

Onpepenenune. OTHYHAS OT TNOCTOSHHOH HenpepblBHAsA PYHKLUA
C KOHEeuUHbIM H3MEHEeHHeM, ITPOH3BOAHASI KOTOPOH HOYTH BE3JE paBHA
HYJIIO, HAa3blBAETCHA CuHeyaapHol QyHKLHeN.

SlcHo, uTO cHHryJasipHas (YHKUHA He MoxeT ObiThb abCoO/IOTHO
HenpepsiBHOH, H60 HHaue (Teopema 2, § 2) oHa Obl1a Obl MOCTOSIHHOM.
[IpumepoM cunryasprioil GyHKLUUH CJAYRHT QyHKLUA O (X), nocTpoeH-
Hasg B KoHue § 2, ra. VIIL

Tcopema 1. Henpepoisnas ynryus c-konednoim umeneruem [(x)
e0uHcmEeRHoLM 00pazoM npedcmasinemca 6 opme

f)=e(x)+r(x),

ede @ (x) abcomomuo Henpepoisra u ¢ (a) =[(a), a r (x) — cunayiapuasn
GByrxyua (ua Hyav).

HoxasatenbcTBo. BO3aMOXHOCTDB TAaKoro J1peicTaB/lIeHIis
ycraHoBseHa Bbline. O6HapyXuM ero elHHCTBeHHocTbh., LEcn
6bl TaKHMX NpeacTaBseHuii 6blI0O LBa:

J) =@ ()47 () = @y (1) - r (),
TO Mbl HMejlH Obl
¢ ()= @ () =ri () —r(x).

Ortciona — npousBoAHas pasHocTH ¢ (x) — ¢y (X) nouTH Besste pasHa 0,
a TaK Kak 3Ta pa3HOCIb aGCOMIOTHO HENpepblBHA, TO OHA TOCTOSIHHA.
Ho ¢ (a) = @4 (@) = (a). 3nauur, ¢ (x) = @, (X), 0TKYA2 H ¥ (x) = r; (x).

Teopema 2. Ecau ¢ynkyus f(x) eospacmaem, mo obe ee Komino-
Hermot ¢ (x) u r(x) maxkxe 6o3pacmiiont.

HoxasateabcTso. Ouesuano, uro f' (x) =0 Bciopy, rie 3ta
npousBodHast cymectsyer. O1ciona Bbirekaer, UTO (QYHKLUS ¢ (x) =

X

=@ (@) +\ [ (¢)dt, Bospactaei. [laiee, teopema 5, § 2, ra. VIII

«

JlaeT Ham, 4To US/" O dt==f(y)—](x) (y>x), orkya
P —e @)= -], wm rx)<ry).
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Cneacreue. [l mo2o umobul BO3PACHIQIONIAA HENPEPLIBHAS (PUHK-
yusn f(x) Goaa abcomwmio Henpepsisra, HeoOxo0umo 1 Joctmaimouno,
4mobot ObLA0

b
\ /' (x) dx = (D) — f (a). (1)

HeoGxonumocTs ycnoBust (1) ouesnaHa. O6patho, nycTbh f(x) He
abCoNOTHO HempephiBHA ¥ ¢ (X) H r(x) CYTb alCOJMIOTHO HeNpepbiBHAas
H CHHryJasipHas komnoHenTol [ (x). Torga

) =T (@=¢ ) —g(@+r(b)—rla),

b

F(b)—F@=\F (x)dx+r(b)—r (a). (2)

a

HJIH

Ho r(x) Bo3pactaer M OTJAHYHO OT MOCTOAHHOH. 3Hauut, r(b) >
>r(a) u (1) He BLINOAHAETCH, OTKY/Ad H CHEAY€T AOCTATOYHOCTH
YCJIOBHA TEOPEMBI.

B § 3, ni. VIII mbl Buzeau, yTo BesAKast PyHKUMA C KOHEUHLIM
u3MeHeHHeM NpeAcTaBMMa B (¢opMe CyMMbl CBOeH (PyHKUHHM CKadkoB
d HenpepblBHOH (GYHKUHH C KOHEUHbIM H3MEHEHHEM.

ConocTtaBuB 370 ¢ Teopemoit 1, Mbl NosyyaeM BO3MOXKHOCTb TNpeil-
CTaBJCHHSl BCAKOH (YHKLMH € KOHEYHbIM H3MeHeHHeM B opne
f(x)=¢ (x)4r(x)+s(x), rae ¢ (x) abcomorno HenmpepuiBHast QyHK-
nus, r(x) cunryaspHas pyHkuus, a s(x) GyHKUHA CKauKOB (IIpHUEM
HEKOTOpbIE CJslaraeMble MOTYT 3eCh OTCYTCTBOBATD).

B § 7, ra. VIII Mt cBesn Bonpoc O BLIUHC/AEHHH HHTErpa.a

b

CruaTbeca Sf(x) dg(x) K cayuawo, koria g(x) uenpepniBHa. Oxa3bl-
a
BaeTcs, 4TO cJyvai, korla g (x) aGCoNIOTHO HerpephiBHA, CBOAHTCS
K HHTErpPHPOBAHHIO B cmMbicse Jlebera.
Teopema 3. Ecau [(x) wnenpepvigna, a g(x) abcoaromro Henpe-
poiera Ha [a, b], mo

b b
(8) {7 (x) dg(x) = (L) { f (x) g’ (x) dx. (3)

JdokaszarenbcTo. CyumecTBoBaHne o0OHX HHTETDANIOB Ouye-
BuaHo. JlokaxkeM UX paBeHCTBO.
Jasa 3TOro oleHHM pasHOCTL MEKAY CYMMOH

n—I1

o= Z fEe) (8 (xka) — & (x8)]
£=0

H HHTerpajioM

b
Vg (x) dx.

a
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Tak xax

Xpay
glxp) —g(xy) = S g’ (x) dx,
TO ¢
b n—i%p.y
—§iweg wde= 3 { [ G)—Ff0]g (v dx. (4)

k=0 Xy

Ecmu koneGanne (GyHKWHH f(¥) HA [Xp, Xp. ] €CTb g, TO H3 (4)
cleayer, yrto

n—1 tpa1 b
a—gf(x) ‘Wde| =Y o { g W) dr=al ¢'(x), dx,
k=0 xp a

rie o =max jw,!. Ecau AAuHbl CerMeHTOB [X,, X,+1] cTpemartca k 0,
TO U a—0, OTKyfa cjeayer, 4TO G CTPeMUTCH K HHTerpany

[(x) g (x)dx. Ho tak Kak nmo onpejedeHuo limo ecTb HHTErpain

|
b
Si (x)dg (x), TO Teopema JoKasaHa.
a
Takum oGpaszom, BONPOCc O BhIYHC/ACHHH HHTerpana CTuaTeeca He

CBOANTCA K JeferoBy HHTEPHPUBAHHIO M CYMMHPOBAHHIO psja JHLb
TOrfa, KOrja B cOCTaBe g(x) eCrb CHHIYAApPHAA PYyHKLHA.

Ananoryuso Teopeme 3 AOKa3LiBaeTCs I

Teopema 4. Popmyra (3) cnpasedaua u mo2da, koeda |(x)
umeem Ha [a, b} koneunoe uzmenenue, a g(x) abcoromro Henpepoisua.

HelicTBIiTEIbHO, CYUIECTBOBAHHE OGOHX HHTErpajoB U B 3TOM CAy-
yae oueBHAHO. TOUHO TaKkKe HE TpeOyeT HOBLIX pa3bhACHEHHH H COOT-
HouleHue (4). Ecau v, ecTb nonHoe u3neHeHnie (QyHKUHM [(x) Ha
[Xey %pr1], TO (4) OPUBOJHT K OUEHKe

t—1

Xpi1 b
<3 o | g wde=p V),
Xk a

b
—-§f(x) g (x) dx

*pa
rie P o3nawaeT HauGONBLUIMH 13 HHTErpanoB S 1 g (%), dx. Ocraercs
*k
3aMeTHTh, 4YTO f} CTpeMHTCH K Hy/lo BMecte ¢ HauGosbluefi 13 pas-
HOCTEH Xj4q — Xp.
C nomouipto TeopeMs! 3 (UM 4) MOXHO YCTAaHOBHTB HEKOTOphie
cpofictBa uHTerpasaos JleGera. Hanpuwmep:
Teopema 5 (HumezpupoBanue no wacmsam). Ecau f(x) u
g (x) abcoaomro Henpepoigrvl, mo
b b

(i g (x)dx+§g(x)f (x) dx = [[ (x) g (D], (5)
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lIJIﬂ JoKa3aTtejqbCTBa AOCTaTOYHO 3amHcartb J€BYKO 4acCTb B qjopme

b b
{7 (x)dg (x)+§ g (0 df (x)

u npumennts Qopmyay (1) § 6, ri. VIIL

Bripouen, cooTHoleHne (5) Jerko A0Kas3aTb H HeocPelCTBEHHO,
HCXOAA M3 TOro, 4to albCcoMOTHO HempepblBHAA QyHKUMA f(x) g (x)
MOYTH Be3je HMeeT KOHEUliylo IPOM3BOAHYIO, PaBHYH CynMe

[ g ()T (x) g(x).
§ 8. BOCCTaHOBJl‘eHMe nepnoogpaaﬂoﬁ dhyHKUMH

B § 5, rm. V Mul yxe pelliJii BOMPOC O BOCCTAHOBJIEHHH Herpe-
pbiBHOH  dyHKIL  f(x) no ee mpon3BolHOH [ (x), ecmu MOCAELHSS
CVILECTBYET BCIOAY 1 OrpaHHyeHa. 3jlecb Mbl DAacCMOTPHM  BOIPOC
0 TOM, CJelyeT JId DaBeHCTBO

‘ x

feo=F@+F ) at (1)

a

u3 TOro, uto [ (x) CyUleCTBYeT BCIOAY, HO He 00A3aTe/bHO OrpamHH-
yeHa, CoBeplUeHHO ACHO, YTO 3TO TaK, ecau f(x) abcomoOTHO Herpe-
puiBHa. B 310M ciydae AocTatouHo 6bia0 Gbl MPEANOI0KHTb, UTO [ (X)
CYUIECTBYET JHUIbL [IOYTH Be3je, 4To, Boolile roBops,’) HEAOCTaTOUHO
ang soinoadeHus (1) mpaxke 1ornaa, Korka f(x) Bo3pacrawouias Hermpe-
pbIBHAS (DYHKLUA, MpOH3BOAHAA f (¥) KOTOpOH NOYTH Be3je pasHa
Hymo. Mbl, oiHAKO, cTaBUM Leabl0 QOPMYyMIIPOBATh YCJAOBHA paBeH-
crBa (1) B Tepmiiax, oTHocAUMXCA lie K camoit PyHKUHH f(x), a K ee
NpoH3BOAHOH [ (X).

Teopema I. Ecau npoussodnasn [ (x) cywecmsyern 8cody, KoHedna
u cymmupyema, mo cnpagedauso (1).

HoxasarenbcTBo 9TOH Teopembl OyAeT MOCTPOCHO HA JABYX JIEMMAX.

Jemma 1. ITycmy wa [a, b] 3adana koweunas ¢yukyus @ (x).
Ecau 8 kawdoid mouke [a, b] ace npoussooroe wucia @O (x) we ompu-
yameaorst, mo O (x) so3pacmaem.

JoxaszaTeabcTBO. Bospmem €>>0 o MOJI0XKHM

D (x) =D (x) +ex.
Honyctun, uto @y (b) << @, (a).

a+b
2

D; (5) — Dy (c), Dy(c)—D ()
orpuuarensHa. OGosHauuM uwepe3 [a;, b;] TOT M3 cermenToB [a, c] H

[C, b], A KOTOpOro (D1(b1)<(1’1(al), M [IOMOKHM cl=ﬂ’g['1,

TOFZ[H, eCJIH ¢ = , TO XOTb OAHA H3 paaﬂoc:reﬁ

1) Kak BugHo, xoTa 68, B3 npuMepa Qysxkuun O (x), § 2, ra. VIIL
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Xots oana u3 pasuocren @, (b,)— D, (c,), D, (c,) — D, (a;) orpuua-
TenbHa, O6oanaumn uepes [a., b,] 10T 113 cerMeHTOB [ay, ¢4] U [¢y, by],
Ans kotoporo M, (b)) << D, (a,).

IMponoskast 10T npouecc, Mbl NOCTPOHAL NOC/IEJOBATEILHOCT BJO-
MKEHHbIX CeINeHToB |[a,, b,]], 148 woropeix Dy (b,) <Dy (a,).

[ycib x, ccib 1oyka, ofuias Beem cermeHTaM [a,, bl Torpa
(Mpn naxaoM n) clHa W3 pasHocten M (0,) — by (x,)), Dy (v,) —
— M, (a,) orpuuareabna. llomoxum /1, =b, —x, ecan D (b,) <<
<D (%), B N, =0, — vy, ecan D (b,) =Dy (x,). ScHo, uTO

A, = Ehﬁ@’_l}nl)—&(_ﬂ < 0.
n

.

Bhifipas NOANOCIeA0BATEABIIOCT {A ), INEIOMLYIO (KOHeUHbIT 1Tl
GeckoHeuHbld) npejnet, Mbl  HPHXOLUM K IIPOH3BOAHOMY  uHCAy
D®, (x,) < 0, uTO HEBO3MOXKHO, TNOCKOJBKY SICHO, UTO BO BCEX TOU-
Kax x & [a, b)

DDy (x) =«.

Vtak, Hep«penctso @ (b) << @y (a) nepoamoxkHo. 3naunr, @, (6) =
— @, (a), wau, uto To Ke camoe, D (b)+ eb == D (a)+ ea.

Otciona (¢ npoussoasho') @ (h) — D (a), uyTO I JOKd3bIBAET
Jenny, néo Baecto [a, b] MoXKHO ObL10 GBI B3ATh MIOCOH YACTHUHBIN
cermeHt [x, y].

Jdemma 2. [Iycmov Ha [a, 0] 300ana Koneunaa ¢ynkyus ¢ (x).
Ecau nowmu eesde Ha [a, b} ece apoussodnele uucaa p{x) He ompu-
tameavHsl, W Hi 8 0o0HOL mouke [a, b] Hu 00HO u3 npPou3BOOHHLY
qucea ¢ (x) He obpawuenica « — o™, mo ¢ (x) 6o3pacmaen.

HoxasareascTBo (OOGo3HAUHM 4epe3 E MHOXKECTBO TeX TO'EK
[a, b}, TAe XOThb OO HPOU3BOAHOE UHCJAO ¢ (X) OTPHUATENLHO.
Ilo ycaoBuio mE = 0.

B cnay Teopevsl 6, § 2, ra. VI cywecrsyer rakas nenpepbis-
Hast Bo3pactaioiasi PyHKLUMUS ¢ (X), YTO BO BCEX TOUKAX MHOXKeCTBa E
6yveT o' (x) = | oo,

[Tonoxkun, @ (x)=g¢ (x)-+eo (x), rae ¢ >0, 11 MOKaxen, yTo HIl
B ofHofi Touke f[a, b] HM oAHO HpoH3BoAHOe uiicao (I (x) He MoMkel
0Ka3aThCA OTphiaTesnbHbIM, [leficTBHTENLHO, NPeKAe BCero U3 BO3pa-
CTaHHs O (X) CJelyeT, uTo

D (N0 () geth—g®
h = h ’

TaKk 4yToO NMpH x = E
DM (x) _-0.

Ho ecnin x= E, 1o @' (x) cymectsyeT n paBua --oo5, ubo opu

(x Fhy) —og(x
1, — 0 oTHOleHHe &LZ—)—(P(—) OfpaHHYeHO CHI3Y (HHave cylue-
n
cTBOBa10 Obl Npol3BOAHOE uHcao Do (x) =—=2), a o (x)= + 00,

Ilrak, Bcerpa DA (x) - 0.
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Orciona, no npeawayuied Jnemme, D (x) Bospacraer, T. e. npn
x<<y
O (x) =D (y)

WJH, YTO TO XKe camoe,
¢ (N)+to () @) +e0(y)
YeTpemiiB € K HYJIO 1 Nepeufas K Tpeieay, NogyuuM

¢ (r) -9 (y),

YTO H TpPeGOBATIOCH A0Ka3aTh
Jloxd3ateanbcTBo TeopeMbl 1. Bselem B paccnorpenie
¢y HRUHO @, (¥), nonalas

. B f f(x), ecan ['(x) n,
on () = \ 7, ecan f (x)>n.
Jlerko BijleTh, 4TO
L9, ()1 <11 (%), ®)

TaK 4TO @, (%) cymmipyema Ilonoxnn,

Ry (x¥)=]{(v) — ﬂ%()dt

a

H noxaeM, uto R, (x) Bo3pacratomas ¢GyHLUIs.
ILas sToto Hl)e}{{ﬂe BCEro OTMETHM, YTO TOYTH Be3je

N rz X) f (() — Pn (X) - O

TAK 4YTO MHOMKECTBO TOMEL, B KOTOPBIX \OTh 0,110 IIPOH3BOJHOE YHCJO
dbyHrum R, (1) orpruuaregablio, uMeer Mepy uyb.

C jpyroii CTOpOHBI, @, (X) < #, TaK UTO H
! \—t I
h\wﬂmﬂgn
H, cTano OblTb,

Ry (x+/’)_R11 (l) [(x‘l"h)“‘f(x) —n
/ )

OTKYla $ICHO, YTO HII OJHO NPOH3BOJHOE 4HHCJAO PYHKUHH R, (x) He

obpamaercsti B —oc. [losromy, B cHay npegbiayuieii JdeMMbl, £, (x)

Bospacraer. 3Hauut, R, (b)= R, (a) wmi, 49To TO xke camoe, f(h) —
b

—F(a) = @n (x) dx.
[ \

Ho him ¢, (x) =) (x), orkyaa, B cBsizd ¢ (2), humn S(p,, (x) dx =

. o] ) Ho—s ¢
= { F () dx 1, cregosaiensro, f(b)—f(a) = {f (x)dx.
a

a
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Ho Te xe coo6pa)eHHd, IpHUMEHeHHble K QyHKUHH — [(X), paioT,
b

uto f(b) —f(a)<{ [ (x)dx.

a
3uauur,

b
a

FB)=F(@)+F (x) dx,

Y10 1 JOKasbiBaer TeopeMmy, 160 poab b MoxeT urpath awfoe X,
rge a<<x b

B sakJ/ioueHiie TpuBeieM Jsa NpHMepa.

I. Tlyers na [0, 1] sanana ¢yHxuus

3
f(x):x551ni (x>0), [(0)=0.

3ra QyHKUHA BCIOLY HMEET KOHEYHYIO NPOU3BOIHYIO

! !
, 3 1 - 1 o
f(x)zgxzsmx—x QCOb; (x>0), F(0)=0,

3ra npou3BoaHAd cyMMupyenma, HOO

P 5+
& l X
TNosromy dyHKHUA f(X) YAOBAETBOPSAET BCEM YCJIOBHSAM Teopemnt 1.
OnHako, Jergo BlmeTh, 410 [ (X) He orpaHHyeHa, TaK YTO Teopema
5, ra. V K Hell HempHMeHHMA.
IL. Tlycte na [0,1] 3anana ¢y uxius

fx)=x*cos 5 (x>0), f(0)=0.

Ona Tanxe BCIOLY HMEET KOHEYHYIO Npou3BoAHyio f*(1), Ho nocaen-
HAA He cymmupyema. MefictButensHo, ecan 0 <<a<<f 1, 10 B cer-
mente [e, ] npoussoanas [ (x) orpaHuuenia H, cTajo ObiTb,

8
[ (x) dx = P2 cos gz —a?cos ::2—.

[S R

4 1
B uactHoc1H, npu ocn:]/ mirl , B= % 6yner
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Ho cermentor [@,, §,] (n=1, 2, ...) nonapHo He mepecekarorcs;

)

Al
aHauuT, ecau E = N [etns Br], TO
proy

ad=1

S‘f’(x)‘dxki an—:—}—oo

£ n=1I

u [ (x) ne cymvunpyeva. Taknm o0pasoM, ofepaumst HHTEr pHpOBaHHUA
no JleGery He MOMKeT CUMTaThCSl MOJHOCTBIO pelanileil 3agadyy BOC-
CTaHOBJIEHHA MepBooOpasHod ¢yHKIUHN 110 ee npouspogHoi. [losHoe
pelleHHe 3afauH jaeT Tpoliecc HHTerpuposanis [leppona — Jlankya,
obGobuiatoutiiii npouecc JleGera. Aror npoilecc Mul Hataraem B ra. XVI.

YNnpPAKHEHHSA K FJIABE X

1. Cymuupyemas QyHKUHS aAnNpoOKCHMaTUBHO HemMpephiBHA B Kampofl cBoedl
touke JleGera. O6patHoe HeBEPHO.

2. JIna orpaHmnyenHod #3MCPHMOR (YHKUHM MOHATUA TOUKH JleGera M TOUKH
annpoKCHMATHBIOI HeNnpepuiBlOCTH COBNAAAIOT.

3. M3 roro, yto B TOUKe X, yHKUNA f(x) ecTh NPOH3BOIHATL CBOEro Heoll-
pefenenioro HuTerpana, He CJeAyeT, 4YTO OHa AanMPOKCHMATHBHO HeMpepbiBHA
B 9TOfi TOUKe,

4, Ecau Bce NPOH3BOMIbIe 4HCAA GYHKUHHM [ (x) YAOBAETBOPAIOT HepABEHCTBY
| Df (x) <K, 1o f(x) ynosaerpopser ycjouw JInmuwnua,

5, Ecau. ¢yukuna F [f(x)] aGcomorno HenpepbiBHA npH BCAKOH alCOMOTHO
HenpepuiBHoll [ (x), To F (x) ygoBsersopsier ycaosio Jlumuuua (I'. M. duxren-
roJseu),

6. IMycts Ha [a, b} 3agana f(x). Ecan Bcaikomy € >0 oreeuaer takoe 8 >0,
9TO A BCAKON KOHEUHON cucTeMhl mutepBanon {(ag, by)} c© cyvmoil anH, MeHb-
weit §, 6yner

> (7 br) —f @)} |<e,
k=1

TO f (x) yaosaersopser ycaouo Jlunumual) (I'. M. Quxrenronsi).

7. lNpsambiM criocofoM [OKasaTh cheiyIoUuli yacTHBI cayudait Teopembl Bana-
Xa — 3apelkoro: ecjaH HerpepoiBHA® H cTporo pozpacrawouan dyHxkuna obnagaer
cBoficteoM (), To OHa abCOMOTHO HENpepLIBHA.

8. Tlycto f{(x) nenpepreiena Ha [a, O] B L ecTb MHOXeCTBO ToueK, Mg XOTb
OIHO MPOM3BOAHOE uKMcno f(x) He nososurtensho. Lean obpas f (L) muoxkectsa E
He COflepHUT HUKAKOro cermeHTa, To f (x) Bo3dpactatromas &y HkOua (A. 3urMyHn).

9. [Monuaydch mpeIbLAYIHM  pe3ybTaToM, caelyviouM ofpasoM oGoGUINTH
neMmy 2, § 8 ecan f(x) nenpepusHa na [a, b], mouTH B Kaxaoi Touke [a, b]
BCe Npou3BOANBIe uACAa [ (%) HEOTPHLATENLHBI W MIOKECTBO TOYeK, B KOTOPHIX
CYIUECTBYET XOTb OO MPOH3BORHOE YMCJO, paBHde — _O, pa3Be JHIb CYETHO, TO
f(x) Bospacrawowas dyHRuns,

10. Iycres f(x) HenpepwiBHA, a f’ (x) cyulecTByeT BClOAy H cymmupyema. Ecau
MHOXecTBO £ ( f'|=-25¢) pa3sse Juiib cyeTHO, TO f (x) aGCOMIOTHO HempepbiBHA.
(ITprMenuTs pe3ysbTaT MPEABIAYIUETrO yIpaXKHEHHS.)

1) 3ror pesyabTar f[IOKA3blRAET, YTO B ORpeIeNeHHH TMOHATHS a6CoMOTHOH
HENpepLIBHOCTH HeNb3A OTGPOCHTL TpeGoBaHHe, 4ToObl HHTepBaanl (., by) nomapHo
HE nepecekanuch.
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1. dyukuusa, BCOgy HVEIOHLAA KOHEUHYIO MPOHIBOIAHY IO, QOMLLICT CRONCT-
Bom (V)

12. [laa Toro 4to6pl HenpepbiBiddsh CTPOro po3pacraioulad ¢ynkuns f(¢) Ooiia
alCoA'OTHO HelpepbiBRa, Heo0X0AUMO H A0CTaToyHo, 4ToGel a6pda3 f (E) Miuoskectea L
TOYCK, B KOTOPBIX [’ (x)=-L__, uMe1 Mepy O (M A 3apeuxuu)

13. J11a TOro utoGel (yHKIHS, OOPJTiiafl HENPEPLIBHOH M (TPOrQ B03palTalo-
new @y uxuing f(x), Obiza abcoTOTHO HenpepbiBHA, MNEODXORHMO I JOCTATOYHO,
utoow 6u1o mL (f'=0)=0 (M A 3apeukni)

14. Tlyets Ha [a, b] 3aganbl cymmupyemble ¢y HKRUHKH [, (1) (n=1, 2, )
Fean g3 Kakgoro nsMepiMoro muoscctsa /- < ja, b] cyluecTByeT KOHEYHbIH

npenen lim \ fa (Y) dx, TO CywCTByeT Takas cymvupyeman dyAkuusa f(x), uto

n— oo 7
AAS 00GH H3MEPHMOH It OFpaHMueRHOM (YyHALHH g (x) Oy et !)
.‘i })‘
hm \ o () g () dv=\1) g (xdr

n a o

Ty 3y cagauy MoaHO pewtith Metoxavu it 1X  Hechoasko npoiue 610 Got
apuMediits Matepnax ri1 11l



ri14BA X

CHHI'YJIAPHBIE HHTEI'PAJIBI.
TPHIrOHOMETPHYECKHE PSIIBbI.
BbINNYKJIBIE PYHKIIHH

B 3T0it rnaBe Mbl HamepeHLI MOKa3aTh NMpHMeHeHHA METOAOB TeoO-
puM (YHKUMH BelleCTBEHHOH IepeMeHHOH K OTAeNbHBIM BOIpOCaM
aganuza. llonyTHo cooGIIalOTCA HEKOTOpPhie HOBhIE CBeREHHSI U3
061aCTH caMOH TeopHH (PYHKUHIL,

§ 1. Mongatue cHHryAspHOrO HHTerpana

Urobul 03HAKOMHTH uMTaTeds C Hjeell, Jealled B OCHOBRE BaKHOrO NOHATHA
CHHTYNISIPHOTO HHTErpaJa, HayHeM ¢ mpumepa.
PaccMoTpuM GyHKIHIO
1 n
O, ¢ )=— ———————. 1
n( %) n 14n2(f—x)? M
Eonu n H x dukcuposasdl, a { menserca or 0 a0 1, To sta GyHKUHA ecTh
Henpepusras Qynknus or {. 3naumr, AAs Bedkodt cymmupyemofi f(f) QO =<ti=1)
MO¥KHO 06pa3oBaTh BEJMYHHY

1
_n fF@ dt
f"(x)_u Sl_—l—_ni—(t——x)" 2
0
HokaxeMm, uTo B0 BcAKof Toyke x (0 <Cx<C1), B Kotopoli dyrkuna f(f)
HenpepbiBHa, Oyjer
hm f (1) =7 (x). @)

Ins storo mpeixge Bcero omeTuM, YyTO MPH 71— <O
: ' dt Y g 1 4
n F] . ]
R LA _de 1§ _dz
Sm"(t' %) df =2 S TtrE(—x2 = S 2 = S ra=l ®
0 0 —nx —
[TosroMy, uTo6bl yeTaHOBHTE (3), JOCTATOYHO MOKA3dTh, YTO MPH 71 —> QO CTpe-

MHTCH K HYJ/IO DA3HOCTh
1

1
ra={p (x)—f (%) S D, (¢, x) d?:% S 11%}&%2 dt.
0
0, Ha

C 310t Leabio BasfB NPOU3BOJIBHOE € > finem rakoe §>0, uro npu

ft—x|<<8 Gyger |f(t)— (x)<<e. Cuuram, uro 0 <<x—O8<<x-+4b <1, npex-
CTaBUM 7, B Qopme

x—8 x4+ 8
[O—I) n S fO—f )

n
=% OS ey e T = dit

1
n fO—F®) 4
+—:—I— S T+ M= dt=Ap+B8, +Cp.

xto
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Wurerpan B, ouenupaetcs cAemyioumnm ofpasom:

x+68

x—ré
o fo—f« . on dt
=t | = Sém:f

X~ x =

L o0
g dz —e
J 142
-—

Yro kacaerca muterpana A,, TO B TOM HHTerpane Gyner |{—x| =8, TaK

=

<

ajm

4To

x—8

n ‘ A(6)
lAnlgm S O —F@))d<—=,
o

rae A (8) He 3aBHCHT OT 7. AHAJIOTHYHO

C (5

1€y < —.— W, crano 6uTh, | rpl << s—}—'m&)_:g(—ﬁ)

’

TaK 4yTo NpH AocTatoyso GoabwHX n OyAeT |r, | << 2e, T. e. r, cTpeMuTca X 0
C BO3PAcTaHHEM /1, YTO H TpeGOBafOCh HOKa3dTh.

Herpyano pasoGpaThcs B TOM, Kakue HMeHHO cBOHcTRa dyHRunu @, (f, x)
obecneynBaoT cooTHomeHnue (3). [leno B TOM, uTO NPH BecbMa OOMBLIIHX 3Haye-
uuAx n Te snaueHus @, (f, x), KOTOPLIE OTBEYAIOT CKOJILKO-HHOYAb 3aMETHO yja-
JEHHHIM OT ¥ 3HAYeHHAM f, BechMa Majel, TaK uTO BeJHYMHA HHTerpana (2) ompe-
ZendeTcd B OCHOBHOM 3HAUGHHSMH TOAHHTErpPanbHoOH GYHKLUH B HENOCPEACTBEHHON
6nuzocT TOuKH x. Ho oxoso Toukn x ¢yuKuMs f(f) mouru paena f(x) (uGo oHa
HenpepoiBHA NpH {=x), 3HAYUT, €CJH N BEAHKO, TO HHTErpaa (2) Mano HaMe-
HseTca npu 3aMmere f(f) nHa f(x), T. e. OH MOYTH paBeH HHTErpany

f(x)%gn

0

dt
T G—>

H, B cuny (4), moutH paeed f(x).

dyukuua @, (¢, x), obmagaouwas noAoGHBIMK CBOMCTBaMH, HOCHT Ha3BaHHe
a0pa. Toynoe onpejeseHHe sipa TaKOBO:

Onpenenchue. fdpom HaswmBaercs ¢yuxuua @, (¢ x) (n=1, 2, ..), 3agan-
nas B kBappate (@=<<i{=Cb, a <<x<Cb) W Takas, yTO

B
lim (@, ¢ Bdt=1,

n—>®xQny

ecH TONBKO a=<a <<x < f=<bh. Camo cobow pasymeercs, uto @, (, x) npen-
nojaraetess CyMMHpyeMmoit 1o f NpH KaXaoM (hHKCHDOBAHHOM X.
PnTerpan Buga

b
fn)={ D¢, ) f () dt,

rae @, ({, x) ects AAPO, HASLIBAECTCA CUHEZYAAPHOIM UHIME2PANOM.

Teopust TAKHX MHTErpAJOB HMEET MHOTOYHC/AEHHbIe NpHJoweHHA. OcHOBHOMH
BONIPOC 9TOH TEOPHM COCTOMT B YCTAHOBJIEHHH CBAH NpEJEJBHHIX 3HauYeHHH HHTe-
rpana f,(x) npu n-—oco co 3uavekHeM OyHkuuu f(f) B rtouke x. Tak xax
M3MeHeHHe 3HAyeHUs QYHKUMH f(f) B OQHOH TOYKE HHKAK He OTPaKaeTcs HA BeJH-
yyHe f, (x), TO HEOGXOAMMO NOTpeGoBaTh, uTOGH anauenue f(x) dyHKUMH [ (f)
B TOUKe x ObIO KakK-To CBfI328HO C ee 3HAYEHUAMH B OaM3KuX Toykax. [lpocteit-
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was GopmMa Takoil CBA3H eCTh HempepuBHOCTL (YHKUMH f(f) B Touke f=x. [py-
THMH (ODMAMH CBSI3H MOTYT CJIYXKHTh aNMPOKCHMAaTHBHAA HeNpepHBHOCTh, TpeGo-
BaHHe, uTelbl x Oblna Touko# JleGera dynkumu f(f), u 1. m.
IlpuBeneM oguy teopeMy JleGera, kornpas OyzeT HaM Mosie3Ha B JasbHeRuleM,
Teopema 1 (A. Je6ez). [Tycmo na [a, b] 3adana nocaedosameabrocing usme-
pumorx pynsyuil @ (1), @g (&), @a(f), ... Ecau cyuwecmsyem maxasa nocmosnuaa K,
umo napu écex n u t 6ydem

[@n ()| <K, ®)
4 ecau npu écakom ¢ {(a=< c << b) 6ydem
lim g ¢, () dt =0, (6)
n-—» o a

mo, kaxosa Ool Hu Gbiaa cymmupyemas una [a, b] dynxyus [ (t), cnpagedauso pagen-
cmeo
b
tim {7 () g, @) dt=0, N

n—0 4

Moxasatenwctno. Ecan {a, f§] ects cermenr, copepxamuiics 8 [a, b},
10 H3 (6) crexyeT, 4To

B
fim \ g, () df=0. (®)

n—>q,

3aMeTB 3TO, PACCMOTPHM Kakyio-HuOyAb Henpepuleiyro dynxkummio f({) u naa
Hamepe] 3agaHHOro & >> 0 pasznoxuM [a, b] Toukamu Yy=a <<x; <<...<<Xp=b
Ha CTOJIb MaJible YacTH, YTOOBl B KaKIOH W3 HHX KoaeOaHue f (f) 6le10 MeHblle,
yem g, Torga

[} m—1%p4 m—1 xkr
Sf(f)tpn(t)df= ¥ S Oy —f Gl o () dt - Z fxg) \ Pn () dt. (9)
a k=10 X, Xp
Ho

xk_+1 )

\ FO—~F)@n (f) dl| < Ke (xp1—xp),

*k

TaK 4To Nepeas cymMa ua (9) ue Goabue, uem Ke(b—da). Bropas xe cymma (9),
B cuay (8), cTpeMHTCS K IO ¢ BO3pacTaHMeM n H, crajo OblTh, Iad n > n,
okaxeTcs MeHbiledl, uem e. Jlas 3THX n GyHeT

b
Sf(t) Qn (6) dt

a

<e[K(—a)+1],

TaK 4to (7) 10Ka3aHo N/4 HenpepeBHOH dyHRUUU f(f).
Ilycts, panee, f(f) usmepumas 02PaHUeHRAR QYHKIHS Y < M.
Bosbmem e>0 u, noaeaysck teopemoit H. H. Jlysuua, nafijem Takyio Hempe-
pbmﬂr%uo dyuxunio g (t) yro mE (fs£g) <se, |g) <M.
orga

b b b
§i@ @@ dt=\1F()—g O] @a () dt+ g () @ () at

Ho

B Gy

{ O —g®lqn () dt| < 2KMe,
E(G£8

[<F] 269

HD—g® ey () dt‘=




b
HHTErpan ke Sg(pn df, no yXe JOKA3aHHOMY, CTPEMHTCS K HYJIO M {js JOcTa-

a
TOYHO GOHbLl.lHX n CTAHOBHTCA MeHbLIE €, 3HAuuT, a7 3THX H 6)’,1[61‘

< (2KM +1j e,

b
(o at

9T0 floxaauiBaeT (7) #A% CAyuas OrpaHHueHHOil uaMmepuMoit yHKuuH.

Iycts, HakowHen, f(f) NPOU3BOIBHAS CyMMHpyeMasd QyHKuHs,

BoapmeM & >0 M, DOAb3YySAch aGCOMOTHOH HelpepbiBHOCTHIO uHTErpasa, Hall-
geM Takoe 8> 0, uTo6hl Ans MIOGOro M3MEpHMOro MHOXECTBA e  {a, b] c Mepoit

e << & 6b10 S 1 (6] dt<e. :
é

CienaB 3To, HaitieM TaKylo H3MEpHMYIO OrpanHueHHyio dyukuuwo (ra. IV, § 4,
Teopema 1) g (), wto6st 6bno mE (f + g) < 6.

MoXHO cuMTaTh, uTo Ha MHOXecTBe E (f % g) dyuruus g ({) paBHa Hymio,
Torga

b 5 b
V7)ot dt=N1F ) —2 O] @n () dt+\ g () u () dt.

a

b .
S[f(t)—g(’)]% ® d’l=, S FO¢u(® dtlSKs.
a E(f#8)

b
HHTErpan e qu;,, df npn pocratouHo GosblMX n GYJeT MEHbLUe €, H NPH 3THX A
a

OKaxercst

b
1O gn @ at) <&+

YTO U JOKAa3bIBAET TEOpeMY.
Mepunmep. Ilycrs @, (f)=cos nt. Torpa

[4

{oo 2=

a

sin nc — sin na
e i
n

0

H, OYEBHIHO, BEIMOJHEHH! 06a yc/ioBHs TeopeMul Jlefera. AHANOrHYHO paccMaTpu-
Baerca cayyail ¢, (f)=sin nf. TakuMm o6pa3oM jgoxasaHa
Teopema 2 (Puman — Jlebee). [aa awboi cymmupyemod wa [a, b] Pyux-
yuu f(f) 6ydem ’
- b b
lim {f(f)cosntdt= lim \f(f sinatdt =0.
—+ 04 n—»oo a

n

B wactHOCTH, KOsPuyuenmpt Dypoe

T n
- Sf(t)cosntdt, b= Sf(t)sinntdt
—_T -

npou3soAbHOL cyMMULPYeMol DYRKYUL CMPeMAmca K HYao 1) npu n — oo,

Y Jns QyHKuMM, Cymmupyemotl ¢ xéadpanmom, 3TO NPERIOKEHHE eCT Oge-
BHIHO® C/EACTBHE CXOAUMOCTH psga ¥, (a2 +b2),
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Ecan coorsowienue (7) uMeeT MecTo AAs BCAKOH cyMmMupyemoil ‘na {a, b}
¢yaxuun f(f), To MH O6yZeM TrOBOPHATh, YTO MOCAEZOBaTe/NLHOCTb {@, (£)} caabo
cxodumca K Hymo.1)

§ 2. Npepcrasnenve GyHKUHH CHHTYJAAPHEIM HHTErpaJoM
B 3ajlaHHoOl TOuYKe

Bo BceM nanbHefilueM, He OroBapHBasi 3TOrO chnelHanbHO, MBI GyJEM CHHTAThb,
aro 14po @, (/, x) npu GUKCHPOBAHHHIX # M X OrpaHuyeno. Torga CHHrYJISiPHBIH
b

uHrerpan f, (x)=SCD,, (¢, %) f(?) df umeer cMuica npH w000t cymmupyemolt ¢yHK-
a

uun f(f).

Teopema 1 (A. Jlebez). Ecau npu urcuposantrom x (o << x << b) u aobom
8> 0 adpo @, (¢, x) crabo cxodumca k HYyMo 8 Kandost u3 npomexcymyos [a, x— 0],
[x+8, bl u caepx moeo )

b .
V1@ lt, 9! &< H (x),
a
2de H (x) we 3aucum om n, mo, xakoda Ovi Hu Guaa cymsupyemad pynxyua f(£),
Henpepolenas 8 modne X, CRpagedauso pageHcmao
im fp (x)=F(x).
n—o

Hdoxasartenabctso. Tak xak @, (¢, x) ecTb aAgpo, 10
b
lim 5(1),1 {t, x)di==1,
n—»oaa

H J0CTAaTOYHO OGHAPYXKHUTH, HTO
b
lim S[f(t)-—f(x)]CD,, (t, ) dt=0.
n—=>0g .
C 7roil uesrio, B3aB € >0, HaiigeM tagoe 6 >, uro npu |{—x| << 8 Gyzer
£
1O~ < 37765+
Toraa npu mo6om n
x+8
§ FO—-F@I0. ¢ v at| <.
x—0
Ho xaxawit u3 uuterpanos

x—8 b
§ FO—F@I0, ¢ 0, idli(l)—f(x)]%(f. %) dt

fIPH 7 — CO CTPEMUICS K HYMO, TaK YTO JJAd A > ny KaxKIAblH H3 HUX 6yjer no
a6COJMIOTHOH BeIHYHHE MeHbiue &/3, M A 3THX 7, OUEBHILHO, OKaKETCH

b
SUFO—F O, ¢, %) dt <,

410 M Tpe6oBanoch AOKas3aThb.

1) 3gech uMeeTcA HEKOTOPOE OTKIOHEHHE OT TePMUHOIOIHE (YHKIMOHARBHOrO
aHanusa.
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Sr1a TeopeMa OTHOCHTCS K NPEACTABNEHHIO CYMMHpPyeMOH QYHKUMUM B TOUKAX
HeNpepLIBHOCTH, HO CyMMHPYeMast @YHKIAR, BOOGIle rOBOpA, HE HMEET HH OfHoH
TOYKM HENMPEPHBHOCTH, YTO, KOHEYHO, MOHIKAET HHTEpeC 3TOH TeopeMbl.

Béabumy vuTepec npeacTaBafieT BOTPOC O TIPEACTABJICHHA CYMMHpYeMoil QyHK-
0¥d B TeX TOYKaX, rge 3Ta (YHKLUHSA CAYKHT NPOH3BOAHOH CBOEro HeorpejeJieH-
HOTO MHTerpana, wim B TodKax JleGera, uG0, KaK Mbl yXKe 3HAEM, W Te M JpPyrHe
TOYRH 3amOJIHSAIOT TIOYTH BECh CEeTMEHT 33JaHHs dyHkuuu.l) K 3toMy Bonpocy Mol
H TIepexoguM.

Jdemma (H. 1. Hamancon). Hycms na ceemenme [a, b] dana cymmupyemnasn
¢pynkyus [ (f), obradawowyas mem ceolcmeom, 4mo

a+th
_}1{ Sf(t)dt <+ oo ()

a

M= sup
I<h< b—a

Karoga 6ol Hu Goira Heompuyamervnas ybuisarouias ¢yukyus g (t), sedannan
u cymmupyesmas ra [a, b] unmeepan

b
Srhewat @

cytecmayern  (Moxem Golme Kak Hecobomeenibll npu t=n) 1 cnpasedauso xepa-
BCHCNI0

b b
§itgwyat|<M{gar 3

a

B mosgcHeHue yclnOBHii JAeMMbl 3aMETHM, 4TO MLl He WCKJOuaeM ciyvasl, Korjia
g (a) =+ co. Ecam ke g (a) < oo, To dyRKLUua g (f) orpanHsena u uHTerpad (2)
CyLiecTBYeT Kak o6huHbIH HHTerpana JleGera.

Tlepexogs K JOKA3aTeJNbCTBY JeMMbl, 3aMeTHM, YTO HE OrpaHHYuBas OOLIHO-
CTH, MOXHO NpHHATE, uTo g (b)=0, [eficTBuTeNibHO, €CNH 6Bl 3T0 He GHIIO Tak,
TO MBI TNIPOCTO BBeaM Gbl BMecTO g (f) dyHKuMio g* (), onpenesnB ee paBeHCTBAMM

g (), ecin a=<t <),
0, ecan (=5,

e |
Joxaszas Teopemy nns g* (f), Mel 3aTteM cMoruiM 6wl Betony 3ameHuTh g* (f) Ha
g (%), nbo Taxkag 3ameHa He OTPaAXKaeTCAd Ha BeJHUnHE WHTEDECYIOWX HAC HHTe-
rpanos. Hrak, Mbl cuuraem, uto g (b)=0.
IMyete a<<a<Cbh. Ha cermenre [o, b] dynxuns g (f) orpahuuena H Hure-
rpan
n
(7 (tya@at @)
a
¢

3abe[iloMO cyllecTByeT, Ecau NMOJOXHTD F(t):Sf(u) du, To unrerpan (4) MOXHO
a

1) JIpyruM THOOM «peryJsipHOf» TOUKH A CymMMupyemoii (¥ BooGUIE H3Me-
PYMOH) (QYHKIMH sBJAeTCH TO4YKA ANNPOKCHMATHBHOH HenpeprBHOCTH, OHAKO,
IJf TCOPMM CHHTYJAPHBIX HHTErPANOB STH TOYKH He TMPEICTaBJAIT GOMbLLIOTO
HHTEpeca, ub0, Kak nokasano Muolo [I. Natanson, Sur la représentation des
fonctions aux points de continuité approximative par des intégrales singuliéres,
Fund. Math., 18, 1931, crp. 99— 109] He cymecTByeT TAKHX CHHLYJAAPHLIX HHTE-
rpajos, KOTOPHIE TNpPeACTaBaanu 6ol JoGyio CyMMHPYeMYIo QyHKUHIO BO BCeX ee
TOYKaX aNlPOKCHMATHBHOA HENPEPLIBHOCTH,
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3anucate B dgopme udterpana CruiTeeca
b b

Viwamai=\gwar,
a

a

OTKYZLa, Tocje HHTeTPHPOBAHUA 110 4acTaM, HaXOoJuM

b b
Viedi=—F () g@)+{FHdl—g )
Ho, B cuny (1), M umeem, yTo
[FOI<=M(—a), ®)
a Tak Kak g (¢{) yGemBaer, To
g(@) @—a)<{g@adt. ©)

[¢3
Suaunr |[Faig(@)|sM Sg (tydt. C ppyro#t cropoHel, @yHKrUMST —g (£)
a

Bo3pacraer. Orcioga ¥ u3 (5) chaenyer, uto

b b
Sﬂﬂﬂ—gm4<MSU—®M—g@L

o] o

IlpeoGpasyem croAwuil cnpaBo HHTerpada no ¢opMyJNe HHTECPHPOBAHUA 1O
YacTaM:

6 - b
ft—a)d—g)]=g () (@a—a)+ g dt.

a a
Orciona, B cBs3u ¢ (6), caegyer, uTO

b b
“«—mﬁ—gm4<5mnﬂ \
COI'[OCTEBJTHH BCe CKagﬂHHOE, noﬂyqaeM: ¢

b
Vime@at

o

o b
=M {5 g at+{g () dt}. @)

Xorst 3TO0 HepaBEHCTBO YCTaHOBJEHO MpH npejnoJoxeHHH, uto g (b)=0, HC,
KaK yme OOBACHEHO, OHO OCTAHETCS BePHBIM H 6e3 3TOr0 NpPEANOJOXKeHHS, 3na-
YHT, MBI MOMEM 3aMEHMTh 3JeCh nperea b Ha P, rae a < [ << b. Ho rorpa, yci-
pemasa o M f§ X @, Mbl yGeaumcs, 4ro

lim \ f (¢) g (¢) dt =0,

Qi

qeM JOKa3plBaeTCA CyluecrBoanue uHrterpasta (2). Hakowen, ecau B (7) nepeittn
K npepeny npu o ~» @, To Mel nodyuum (3). Jlemma pokasana.l)

Teopema 2 (I1. H. Pomaroscrunr). ITycme dpo @, (¢, x} noroxumeivHo
U o06aadaem caedyrowqum ceodcmeom: npu ¢urcuposarnsix n u x adpe O, (¢, x),

1) B oumenke (3) MHoxurens M yMeHbIMTh Hedb3d, Tak Kak npu [ (f) =1
B (3) gocruraercsi paBeHCTBO,
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Kok yrkyua odnozo auwe t, so3pacmaem 6 ccamenme [a, x] u yboieaem 8 cee-
meume [x, bl

Tozda dan awbod cymmupyemod pyusyuu f(f), komopas 8 mouke x a8ARemMCA
NpPou3600HOL C80E20 HeOnpedeserno2e unmezpasa, bydem

b
lim {7 () @, ¢, x) dt=f (x). 8

n—w 4,

HJoxrasareabctro. Tak kak @, (!, x) eCTh AhPo, TO JOCTATOUHO MPO-
BePHTb, YTO

b
m \[f()—f )] D, (¢ x)di=0. )

n—wj,

Paabusas nocneaHuil yHTerpant Ha 183, PACMPOCTPAHEHHbe Ha cerMeHTe [a, x]
n [r, b] 3ailMeMcd BTOphIM M3 HMX, TaK Kak NepBblil H3ydaeTcs aHAJOrHYHO,
Bo3bMem & >0 u Haitnem taxae § >0, uto npu 0 < h =<8 Gyger
x+h
1
i\ ro-roal<e,
s
yTo BO3MOJKHO, TaK Kak f(f) B Toyke {=x eCThb NPOH3BOJHAN CBOGrd Heompeje-

JEHHOrO HuTerpafa,
Torga no npejsaylleil Jnemme

x4+ 8 x—{:d &
V FO—F0I®. ¢ ndl|<e | O, ¢ »dt<e{D,(t, x)dt.

b
Tak kax @, ({, x) ects A7po, 10 lim SCD,, ¢ xdi=1,

Il**OOa
BenuynHa, HMmerouas KOHegHblﬁ npejes, OrpanH4YeHa, 3HaAuHT, cCyllecTsyer

nocroanuas K (x), Taxas, 4To S(D,, i, x)dt <K (x).
aq
Takum oGpasom,

x4-6
VO~ @) 0t 5 at

X

<K (x). (10)

C apyroit cropost, ecnu x+6_stsb, TO

x+48
Ol 9SO (e t8, D=5 | Ot 0t <52,

X

3nayut GyHKUHE @, () =, (¢, x) Ha cermente [x+4 8, b} paBHoMepHO Orpa-
HHYeHBl 1 BRIIONHEHO yc/aoBHe (5) teopemsl JleGera n3 § 1. Ho BTopoe ee ycio-
BHe, T. e, ycaoBHe (6), Takxe BHMOAHEHO AMA 3TUX GyHRuuA, uGo @M, {f, x)
ecte aapo, Crazno 6mTh, @, (¢, x) Ha cermenTe {x+ 6, b] cnabo CXOQUTCA K HyMO,
H AAs JOCTATOMHO GOJBIUIHX 11 OyJeT

h

{ FO—i®10, ¢, xdt
x+6

<e.
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Tpu atux n okaxerca [cMm. (10)}

b
SFO—=F@I O, x)dt| <e[K()+1],

X

TaK 410
b

Mim {[7 =1 (9] ®n (¢, 5) at=0. (11)

Teopema nOKa3aHa.
B KayecTBe IpHMEPA ee NPHJOMEHUS YKAKEM Ha uumeepar Beidepuimpacca

b
Wn@ﬁzfgge—ﬂa—”zﬂhdh
a

— 17 (¢ —x)?

byuxuun W, (¢, x)=l—/n:e ecTk f1po, 6O nIpH o << x << f
n

1 n(f—ux) : +co
W, ({, Hdi=—r g e de>—— g e gz=1,
§ ﬂ.( ) V.’f'l; V—TL .

L2
ne—x) —00

Dra ¢GyHKIHA TOAOXKHTENLHA, H OHA BO3pacTaeT NpH a =< f<Cx H y6hlBaeT
npu x=<<t<<b. 3Hauur, a4 seskoil [ (f) & L 6yzer lim W, (x)=[(x) B xax-
n-—oo

Joit Touke x, rae f(f) ecTb NpOM3BOAHAS CBOEr0 HEONpejJeNIeHHOrO HMHTEl pana.
YcaosumMcst roBopuTh, uto dynxuua W (f, x) seasercs copbamod maxopasn-
moti dyuxuun @ (¢, x), ecan | Q@ x) (< ¥ (¢, x) u ecom ¥ (¢, x) npu durcy-
POBaHHOM X BO3pacTaeT Ha cerMeHTe [a, x] M yOulpaer wa cermente [x, b).
Teopema 3 (4. K. Paddees). Ecau adpo D, (t, x) npu xaxcdosm n ymeem
maxyio eopbamyo maxcopanmy W, (¢, x), umo

]
Smmnw<Km<+@

20 K (x) aasucum_ aums om x, mo 0an awbod f(f) L, umerowes mowy t=x
mouxodi Jlebeea, 6ydem cnpasedauso (8).

HokaszateabcTBO. W 3j1ece QocTaTodHO JoKasaTe paseHctso (11). Baas
& >0, Haxoaum Takoe 6 >0, uto mpu 0<< A =<6 Gyger

) x+h
o\ 1Ho—red<e
Io aemMe Gynem HMeETh
x+8 x4
§ TO—Tio, ¢t nd)< V 1FO—FW]- Yt 0 dt<
x x

x k6
=& \ W, (¢, x)df <ek (x).
£
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C npyroit cTopousl, B cermMente [x+ 68, b] nocieoBaTeNbHOCTE @, (£) =D, (¢, X)
cna6o cxomuTcA K nyJo, H6o mpu ¢ = (¥ 9, O] Gyger

x+6
(D, () )| < Wp (1) < By (10, 1)< é S ¥, (¢ 1) df<'—<¥.

3amerus 370, MBI 3aKaHYHBaeM JOKas3aTeJbctso Teopembl Pajieesa Tak ke,
KaK H BHUE. 1)

§ 3. Dpunoxenus B Teopun psifoB Pypue

B § 3, ta. VII mel yxKe onpegenund nousitie paga Pypee ¢yHxuuu f(x) no
moGoit opToHOpMa/bHO CcHCTeMe {®g (X)}. B uacTHocTH, €can peub HAeT o TpHro-
HOMETPHMYRCKOfl CHCTeMe

1 cosx sinx cos2x sin2x

fo Y - — — — g e 1
Ven’ Vo' Va' Va' Va t M
10 paAaoM dypbe QYHKUHH [ (x) CAYXKUT PAX
[ee]
ot 2 (a cos kx -+ by sin kx), @
k=1
rae
) : d
a,;,=51T S F(x) cos kx dx, bk::_rf S [ (%) sin kx dx. 3
—1 —7T

B ra. VII mul npeamogaranu, uto f(x) & Ls. 310 npegnosoxesue ofecneyuno
b
HaM CYIeCTBOBaHUe KoadduuuentoB @Pypee ck:Sf(x) @y, (x) dx dysrunu £ (x)

a
B mofoffi opiowopmanbHol cucreme. Ho dyHkuuu cucreme! (1) orpaHudYeHsl.
ITostomy KoagpuuneHTH (3), @ ¢ HUMKH U AR (2), MOXKHO 06pa3oBaTe ANA MOGOMH
CYMMHpyeMoli GYyHKIHH,
Bompoc 0 cXoauMOcTH psiza (2) NPHBOAMTCA K HUCCJEZOBAHUKD HEKOTOPOro
cupryaspporo uiterpana. efietButenbHO, ecau

n
Sy (%) =a§ + Z (ap cos kx40, sin kx),
k=1
10, B cHay (3),

S, (")=Elx S {(_’) + ¥ cosk(t—x)}f(i)dt.

— k=1

1) O. K. @agpeesbim («O npeAcTaBJeHHH CYMMHPYeMblX DYHKUUA CHHTYJs1p-
HBIMH MHTETpajaMd B TOuKax Lebesgue’a», MareM. cGopuuk, T. 1 (43), Ne 3,
1936, ctp. 351 —368) 10Ka34HO, YTO YCJOBHS TeopeMbl H HE OO X O L U M bl AdsS
Toro, uToGH (8) uMeno Mecto A Besakoh f(f) & L, umewomell npu f=x TOouKy
JleGera.
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[Nonsayacy uspecTHO# dopmynol 1)

1 ”‘ sin -—2’1; ! a
- Zcoska:~——-——, 4)
2 2sin &
npugagum cymme S, (x) Buj
| T sin 2n2+1 (t—x)
S =g \ —2— 10 ©)
T sin 5

3ror MHTerpan ecTb CHHTYMAPHBI unmezpar Jupuxae.

Mb He Oyzem OCTAaHABJMBATBCS HA BOMpPOCAX CXOZMMOCTU pAma (2), oTchbuIas
HHTEPECYIOIEroca yuTaTela K HcueprsiBalouell Monorpadpuu 3Jurmyuga. 2) Hampo-
TMB, Ml PacCcMOTPHM BONpPOC O CYMMHPpOBaHHH psAjga (2) moccmocoby
Yesapo. 30T cnocob COCTOUT B OTHICKAHVH Mpefena cpejiHero apHdMeTHYeCKoTo
NEPBHX 7 cyMM Sj (x):

6, (1) = S0 9+ 51 (x)i—...Ji—S,,_1 () ©

M3BecTHO, 4TO B c/ydae CXOAHMOCTH pAja (2) B TOYKe X I[OCJEL0BATEALHOCTD
O, (¥) cxomutcad K cyMmMe pAAa, HO 3Ta MOCASNOBATELHOCTD MOMET CXOAH1bCS H
TOrga, ¥oraa paj (2) pacxoputcs. 3)

s uccnefoBaHUA O (x) mpeoGpadyem ee ¢ nOMOUILIO (GopMYJHl (5)

T n—1
_ b . 281 f @)
a, (x)——2nn S [Z sin —— (t—x)} Smt“x dt,
2

—n k=0
Ho
n—1 .
, sin2 no
2 sin (2k+l)a—m. (7)
k=0
HeiicTBUTEbHO, CKAAJLIBAas DaBeHCTBA
cos 2k —cos 2 (k-+1)a=2sinosin (2Zk+ Do (=0, 1, ..., n—1),

1) BnpoueM, ee JMeTKO BBIBECTH. [Inf 3TOTO CJIOKHM paBeHCTBA

. I I Lo _
sin <k+§)a—sm <k* 2)04_2 Slﬂ~2—LOSkC¢ k=1, 2, ..., n),
sing=sin92c—.

1o paer

n
sin (n+%>o¢=2 sin DQL[T; + z cos koc},
k=1

OTKYAa H caeayer (4).

2) A, 3urwmyd A Tpurouomerpuueckue pspul. TOHTU, 1939.

%) Cm., wanpumep: W. U. Tlpusanos, Pagsr ®ypre (OHTH, 1934) uiu
JI. B. KaurtopoBuu, Onpeelennpe MHTerpanst U pansl Oypwe (4ag. JIIY,

1940) wmu T. M. duxtenronbu, Kype anbdepennuassHoro H HHTErpalb-
Horo ucuucsenus, 1. 3 (I'TTU, 1949),
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HaXOAHM

n—t
2sine Y sin (2k+1) a=1—cos 2na =2 sin ne,
£=0

OTKyfa K chenyer (7).
C nomoupio (7) nosyuaem

n . t—x?
p & | sinn—g
Un(x)=m'5 —— | f@®d @®
| s

Wnrerpan (8) ectb cHHryJspHelit uwnmeepanr <Peifepa. Tlokaxem, 4TO AnA Hero
BEINOJIHEHB YCJOBHs Teopembl dajgneena.

Jas sroro paccmorpuM dyukuMio f(f)=1. Buuucaaa ee Ko3hdHUHEHTH
dypbe no dopmynau (3), moayunM a,=2, ap="b,=0 (k=1,

3naun1, pas stod Qymkuuu S, (x)=1 (n=0, 1, 2, .. ), a caegoBaTeNbHO H
G, (x)=1.

Ho seipakas g, (x) uxterpanoM Pefiepa, noayynm, 4To

_xq2

1 a1 smnt 2x

—-—anS — di=1. 9
—7t s 5

3aMeTHB 3TO, DACCMOTPHM TOUKY x & (— 1, @), [lyeth —~n<<a <x<P=m,
Ecan { & [— 7, a], 10

——l“smaxf L ! =A (x, a),
t—x L L O—x' L ——x
sini2 lsm2 3 sin? 3

H, CJEJ0BaTeNLHO,

AR Al a
’_ 2 | A

2nm t—x n '
sint
n 2
rae A (x, o) ve 3asucur or n. Otcioga cnepyer, 4to
dnn’=% 1
2
lim 1 — | dt=0,
N 20T L t—x
~ sin —s-—
“n 2

Anranornuno Mul yGefamcst, 4TO CTPEMHTCH K HYJIO HHTErpafd MO MPOMEXYTKY
[p, m]. Conocrasasg 3o ¢ (9), HAXOZUM, 4TO

gl —x 3

sin n
lim L —1—2—— di=1,
n oo 2T sin =%
a L 2 |
TaK 4T0 QYHKIHA
. f—x ]2
1 sin 1 —5—
2nn t—x
L g

ecTb A/pO,
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Ilna 310r0 fAgpa NErKO MOCTPOMTH rop6aTyio MaxopanTy. [aa aToro 3ame-

THM, 4TO |sinz|=z|z . Orciona = . Ho ——=1. Crano 6uith,
sin?z 7 2% sn?z
1 1 1\ _ 2241
Sz 2 +z?>"’2zT
H
L, n(t—x) 2n? (f— x)?
sin 2 = B C— a4 " (10)
1 ; 2
C spyroil cTOpoHH, KOrga |2 | =< 5, 10 | sin 2 | B—E\z |, TaK uTal)
L b—x 1
sin? 5 = ¢ —xr. (11)
s (10) u (11) csrenyer, uto
. t—x|?
] sin n —5 _ ! 2n2 (f—x)r  mr nn
2nauj  t—x a2 (f—x2+4 ((—x? m({F—x2i4°
2
nn

P yHRUHA eclb rop6atas MaxopanTa sjapa Peitepa. Ho

B E—xp+4

F14 + oo
nm df < ndz  n?
m(—x?t4 214 2
- —_ 0
T. €. WHTErpajel OT MaKODAHTHI O'DAHHYEHEl YHCJOM, HE 3aBHCANIUM OF n.
Wrak, unrterpan deiiepa yaonaersopser ycnopnam Teopemu . K. daggeesa.
Orcioga caenyer
Teopema 1 (JI. ®etiep— A, Jlebez), Iloumn seade na [— n, + a] 6ydem

im o, (x)=Ff (x). (12)

Smo CcoOMmHOuEHIE BbIN0AKAEMCA 80 8cex moukax JleGeza u mem Goaee 8o scex
moukax uenpepoirocmu gyrkyuu [ (f), sexmawux snympu [— mt, + m.

B ra. VII MB yCTaHOBHJIH, YTO TPUTOHOMETPHUeCKasd cHcTeMa (1) noawa. Sro
03Hayano, UTO BCAKas QyHKUHMA f(x) & Ly, y KOTOpoit Bce koadbuuuenTn Pypne

1) Tak Kak —a<<x<fm, —R<<{=Im, 10

—X
D) MOXKET OKasaTeCa H

(1
GoJblle, yem 9 Opnako, 310 HecyulecrBerHo, B caMoM jgene, nonomum a =

= max {— a1, x—mx}, b=mn {n, x4 n}. Herpyauo BugeTs, 4TO pasHOCTL MEXIY
uuterpatoM Pedepa (8) M unTerpasoM

sinn =%
1 2
L —_—
%"= Snn j {—x Fod.
Sin —
a
NPH BO3PACTAHHH n CTPEMHTCH K Hymo (6o, HanpuMmep, NpH — << f<Ca BygeT

L b—x —a—x
SmT>|sm——2— >, MOSTOMY BCe DaCcCyXJeHHA MOKHO BECTH aad

HHTerpana o¥,
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(3) paBubl HYA0, 3KBHBAJeHTHA HYJO Tenepb Mul MOxem naGaBHTbCA OT orpa-
HAYeHHA, uTo f (1) cymmupyeMa ¢ KBajipatom Cnpasepnusa cienylouas

Teopema 2. Lcau écc Kospuyuenmesr Dypse (3} cymmupyemod Gynxyuu
F(x) pasust nywo, mo f(x) IKEUBAAEHNHA HYLIO

B camom pene, B 31OV caydae g, (x)=0 H, caegoparesbHO, f (x)=0 BO Bcex
TOYKax, rhe mmeeT mecTo (12), T e NOYTH Be3le

Teopema 1 M03BONSIET [e/aTb HEKOTOpbie BLICKA3LBAHHA H O TOBEISHHH CYMM
Sy (x). JAna a10oro 3aMeTHM, yTo

n—1

G, (x)=02° -+ Z n—k (ap cos kx+ by, sin kx),

n
=1
Tah 4yTO
Q b
Sp(x) —a, (x) = 2 2 (@ cos k-t by sin fx). (13)
k=1
Orciona
I n
1 s 2 fr— B .
2\ e —on e ax= Y 7 (a+t)). (49
- k=1
PaccMOTpHM  TOC/IE0BATENLHOCTE fly, Mg, M, .. HATYPAJBHBIX WHCed, A4
KoTopoii
Tirl o A1, (15)
Un

Tagasd noclNefoBaTENLHOCTb HasbiBaeTes saakyHaprod. CrnpasejausBa  cJie-
Iywowas

Teopema 3 (A. H. Koamozopos). [lyzme f(x) cymmupyema ¢ xeadpamos
Ecau {n,} sokyropras nocaedosamenbHOCHIb, MO NO4My 6630e Ha [— a1, -+ ;]

6ydem
hm S, (x)=f(x).
L0 L

HoxasaTeancTBO B cuny teopemul ®Peiiepa —Jlebera jocraToyHo noxa-
3aTh, YTO NOYTH Besge OygeT lum [S,l (x)—a, (x)lzo_
L0 L L
Ina sroro (teopema 11, § 1, ra VI, cieacTsHe) RocTtaToyHo NOKa3aTh, uyTO
co s

1 5 (S";_G”z)z dv<-+0o, HAM, YTO TO KE caMoe, YTO
t=] —7
[oe) ”l
1 2 08 o pe
Q—_—Z = 2 £ (a3 +b3) | <+co.
k=1

Cymmy @Q MOXHO 32nucaTth Tak:
ny

Q:nl;’ Z uyp+

k=1
ny Ny
1 1
+— Up-t— 2 up+
ns ns
k=1 k=n;+1
ny ny ny
1 1 1
+:-’ up+— 2 Up+—5 Z up -+
O 13 ny
k=1 kR=n,+1 k=n,+1
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rae g, =k? (a,;—[—b,g)_ CyMMHpYA 3TOT pAA No cTosbuaM, MOoayduM

”'t

Q=i i El Z Up (ne="0).

i

=1 \s=¢ k=n, ,+1
Ho 12k Kak
n, 1
Pt
TO
o n, 0 n,
1 1, \? )
¥ as)< YO Y (@b <
S S
s=1 k=nl 1+1 s=1 I‘_l—}-l
o ", n,
1 , , A2 , ,
< Z e Z (@ +b8) =77 Z (@ +0p).
s=0 k=n, ;41 k=n, ,+1
Otciona
[y n, oo
A2 : A2 oy g -
Q<773 2 2 (@ +00) =77 Z (@ +b7) <-+eo,
t=1k=n,_ +I1 k=1

u6o psn Z(a;-{—b};) cxoantest Teopema pogasana
Tloneano oTtMeTuTL 6nu3octh 3Toli Teopemnl A H KosMoroposa u teopem
Kaumawa u Pagemaxepa u3 § 3, ro VII. Hwmenno, B 0GoHX ciyuasx HuyTes

[e o)
TakHe WHJEKCH n,, 4TOOB uacthble cyMMbl S, (x) piza Pypbe ) cpop (%)
t
h=

dyuxuuy f(x) cxopuauch K f(x) mouru seage Opuaxo y Kaumama u Pagemaxepa

NpeanoaralTcs 3ajalHbiME KO3MAHIHEHTEl ¢ H HHJEKCH 1, XapaKTepHayworcs

yepe3 HHX HE3aBHCUMO OT cucteMbl {wg (¥)}. Hanporus, A H Konavoropos pac-

CMATPUBAET OnpedeeHHi0 — TPUTOHOMETPHUECKYIO — OPTOHOPMANIbHYIO CHCTEMy M

JaeT XapanTePUCTHKY UHIGKCOB A, HE 3aBHCALLYI0 OT KO3(QPHUIHEHTOB Cp.
Onpenenenye. TpPHIOHOMETPUYECKHH pof

[ee]

Y (an, <08 nlx-}—b”‘ s 1,x)

e=1

HA3BIBARTCA JAanyHapHbism, eCld {n,} eCTb JIaKyHapHAasl NOC/]eJOBATE/IbHOCTh
Teopema 4 (A. H. Koamozopos). Ecau pad Dypee cymmupyenot gynnyuu

f (x) oxkasvisaemca aakyrapusin, mo On cxodumen K f(X) noumu geade
HoxasartenbcTBo. Ecmn n,<<n<n, 4, 10

Sn (x)_—_SnL (x), uGo anl+1=bnl+l=an‘+2: =by=0.

Hoaromy JOCTATOYHO I[10K43aTb, YTO NOYTH BE3JE OKa3biBaETCsl

m S, (x)=f (x}, (*)
L0 11
a 3TO0 YTBEPXKJEeHHE, B CBOIO OouYepelb, 6ylleT J0Ka3aHo, €cId Mbl yCTaHOBMM, 4YTO
oyt BE3JC
lim [Sn (x)—oa, (x)]:O' (*4)
L0 L 4

OtTmeTum, KCTaTH, 4TO /IS YACTHOTrO clyuasi, Korpa f(x) & L,, paseHcTBO (*),
a ¢ HMM ¥ TeopeMa cpasy cJedyloT M3 npejplayuieil Teopemsl Kommoroposa.
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INepexoas K joKasaTenbCcTBy cOOTHOWweHHA (*.), 3ametHM, yto B cuay (13)

n
Sk
S, (=0, = ¥ o (al+10]).
k=1
Ecan k& wWe coBrmajaer C OfHHM H3 YHCEA ny, N, Mg, ..., TO ap=bp=0,

Crano GHTS,
{
S, W=, ()] < 2 A (| anm |+ ba ).

B cuny teopembl Pumana—Jle6era (§ 1) lime, = him b, =0,
n—o00 m—oo m
3ametu 3To, BO3bMeM €&>0 W HalijeMm Takoe mo, YTO IpH m > m, Gyger
nty

| @np |+ | bny | <& Torga, ofosnauan > (| @ |+ | bay |) vepes M, Gynem

HMeTh, TIPH t > My
{

M
S0 =0, (D <p-te Y O, (16)
2 1 n,
m=mg+1
Ho tak Kak

o0
|
fm :m, 10 2 fm Z El_m<2—l— A
n‘ 4 m=mqo+1 40 A

Ortciopa 4 u3 (16) caepyer, yto

lS (x)—o, (x)‘< +A

M .
Ecay ¢ JOCTATOUHO BEJIHKO, TO —~ <& W mpH ITHX i 6yner
L

Sy, 0=, 0| < (14727

4TO H JOKa3blBaet TeopeMy.
3ameuanne. Xopomo H3BECTeH Takke croco6 Adena —Ilyaccona nis cyMMH-
posanusa pagos ®ypre.l) OH coctonT B 06Pa30BaHHM BCTIIOMOTaTeNLHOTO Psia
[es]

S, (x)=%°+ Z r® (@ cos kx--by s kx), KoTopulil cxogutca mpn 0 <r <1,

k==l
Ecau cyuwecrsyer koHeunhlil npegen lim S, (x), To aToT npegen H cunTaeTcs
r—»i—0
ofo6weRHO CyMMOH pAa
o
a
5" + Z (ay, cos kx by sin kx), (17)
k=1

H 1 WM. Mpupanos, Pag dypwe, crp. 108, JI. B. KantopoBHy,
Onpegenextble uurerpansl H psabl ®ypwe, ctp 217, T. M. Ouxrenroasuy,
Kype auddeperunanbhoro u MHTErpagbHOrO HCUHc/eHHd, T, 3, crp. 723,
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Hertpyaxo nokasath, 4To B Kaxjoil Touke x, B KOTOpoil psx (17) cyMmu-
pyerca mpoueccoM UYesapo— ®deiiepa, oH cymmupyercs u npoleccoM Abess —
[Tyaccona % roil ke cymme 1) 3naunt pad dypee cymmupyesmol dynxyuy f(x)
cymmupyemca k Held cnocobom  Abeaa— Iyaccona nourmu geade IToT GaKT MOKHO
noKasaTe M He mnOMb3yAck TeopeMoit PDefiepa —JleGera, a npHBJAeEKas TeopeMy
1. Y. PoMaHOBCKOro 2) K HCCNEAOBAHHIO TOTO CHHIYJAPHOCO HHTErpana, KOTOpbIM
Bhipaxaerca S, (x):

1 ¢ [—r2
—r
Sr (X)_—2n S F@) 1—2r cos ({ — x) 42 d

—

(unterpan Ilyaccona). Mel He GyJeM OCTZHABJHBAaTLCHA Ha 3TOM,

§ 4. ManbHeiiline cBOICTBA TPHUTOHOMETPHYECKHX PHJOB
U papos dypse

He Bcsikuit TpHroHOMeTpHueckHH pal

[o}

92"— + 2 (ay cos kx by, sin kx)

k=1

apngercs psagoM Pypre Kaxof-HHGYyab cyMMHpyemofi (QYHKUMH, Baxe ecad ero
KosGpumuenTsl crpeMAtea K Hymo YTo6bl B 3TOM Y6eNHTHCHA, YCTAHOBHM HEKOTO-
phle NpPeLNOKEHHS, HMEIOUHE H CAMOCTOSITENbHEI HHTEpec,

Jdemma 1 (H. AbGeas). [Tycine danet uucaa ay, a;, ..., 8y. [loroxum

k
Sp= Z a;

1=1
u nycrns
Isgl<A  (k=1,2, .., n).

Ecaw gy >q,> ...>q,>0, mo
n

Z Apqp

k=1

= Aql.

HoxaszareasctBo. Ecau &> 1, T0 ap=s;—sp_;. 3Hauur

n n n n
> wgp=sin+ D (r—Se 1) Ge= 3 Sede— X Sp_10k
F=1 £=2 E=1 k=2
H, cTajo GHThb,
n n—1
N apde= 3 Sk (95— 9k+1) +5ndn.
E=| E=

) U. U Mpusanos, Paaet Dypee, ctp 110, J1 B. Kautoposwuu,
Onpepenennsle vuterpansl u pagst Pypee, crp. 218, ' M. duxredroasu,
Kypc nuddepesunannioro 1 MHTErpanbHoro Hcuuciaenus, T. 3, crp. 731.

2) [lyTte, oOcHOBAaHHHIA Ha TeopeMeé POMaHOBCKOTO, jaeT Go/lee CHAbHEIA pe-
syawTar, yem TteopeMa Qeiiepa— Jlefera. ViMeuno, OH mnoka3biBaer, 4TO0 pAX
Dypre ¢yuruMH f(x) cymmmupyeTcs mnpoueccoM Agens —Ilyaccona B Kamuoi
TouKe, rae f(x) ecTb NPOH3BOJHAA CBOErO HEONPEJENEHHOro HHTErpana (a He
TOABLKO B Toukax JleGera, Kak 3To cielyeT W3 Teopembl Peiiepa — JleGera),
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Orcloza
n n—1

Z apqr < A Z (9 —9r+10) +9n |== Aqq,
=1 k=1
4T0 M TpPeGOBANOCh NOKA3aTh.

Onpepenenve. ByneMm roBopHTe, 4TO pajg ay+dy+az-..., YyiAOBaeTBOpsier
ycaosuro Abeas, ecnn

n
Ma|=A (r=1,23 ...
k=1

Jemma 2. Kawdoui us pados

cos x+cos 2xFcos3x ... (x 7 2km),
sin x4 sin 2x4-sin 3x+-...  (x — maboil)

npu pukcuposanHom x ydosaemgopsem ycaoduro Abeas.
n n
Nokasateanctno. [onomus, A= Y cosks, By= ¥, sinkx. Yrou
k== k=1
He TOBTOPATHCA, OLEHHM 3TH CYMMBl CHOCOGOM, OTJHYHBIM OT NPHMEHSBILErOCs
HaMM B aHAJOrMYyHLIX CJAyd4adXx BhllLe.
3TH cyMMbl MPeJCTaBJAOT OO0 BEUWECTBEHHYIO M MHMMYIO YacTH CyMMhl

n

C gkxl e¥t __pntlixt
n: _ ———-—

1 —evi

, 2 1
[Chi=< =
[1—est] sin—xl
Orcrona |
1
Awl<——7, [Bal=
sin 5 sin -

M neMMa A0KasaHa npH x 7= 2kn. Ecin ke x=2k%, To 145 PAJa CHRYCOB JemMma
TPHBHAMbHA.

o
Teopema [ (H. AGeas). [Tycms pad Z ay, ydosacmeopsem yeaosuw Abeas.
k=1

Ecau

q1>q2>...>qn>, ceay ltm qn=0,

[ geal
o
mo psd Z ayqr cxodumes.
R=1 .
HoxrkasarteancTBo, [MonoxuM™, S,= Z apqds. Torza, no gemme Aéens,
=1
npe m>n *
m
| Sm—Spi= 2 apdr | < 2Aqp 41

k=n+41

W IpH JOCTATOYHO GOJBUWIOM £ 3T BEJHUYHHA CKOJb YIOZHO Masaa, OTKYAd H cJlee
IyeT TeopeMa.
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Caencriue. Ecau

Q>G> ... >qp> ..., limg,=0,
n—o
mo Kaxdwii u3 pados
[ee] oo
N gacosnx (x5 2km), >} Gnsinnx (x — moGoit)
n=1 n=|
cxodumces.
Hanpuuep, pad
[sa)
sin nx
X i g
n=2

cxodumea npu écakom x. Mel moxkaxem Huxe, uto (1} He sABasiercs pagom Pypbe
HUKaKoil cyMMHpyeMoil ¢dyeKkuun. Hag atoro nyxHa
Jemma 3. [Tycmo

sin kx

Y ()= e

b=

k=1
Karoatt 66t nu Gotaw x u n, cnpagedausa ouenxa |, (¥) | << 21 1.
HoxasarenbctBo. Ilyeth chavana 0 <<x<<m. [lycTe ¢ uenoe ynucio,

Vn<q+1. Torza

TaKoe, uTO §=<~—

|9n ()| <[ g () [+ Z sin:x

k=q+l

(Ecin g=0, TO wucuesaeT NepBoe, 4 ecaM ¢ == n, TO-— BTOPOE cjaraemoe IpasBoii
yacTd). Tak Kax |sina|=t|e, TO

q »
[g (x) | = Zﬁmkﬂéqxﬁl/ﬁ. ©
k=1

C Zpyrofi CTOpOHH, B cHAy Jemmbl AGeJs,
n

sin kx - A
k R
k=qg+1
{
rae A= max Z sin kx | (¢+1 =i =< n). Ho, 6yksannHo moBTopsasa paccyx-
h=gq-+41
JeHHs, TPOBEJEHHLIE TPH 10Ka3aTesbCcTBe JIEeMMBI 2, Mbl YBHIHM, 4TO
i
. 1
sin kx | << .
. X
k=g+1 sin E- \
3HayHT A << H, CJeJOBAaTeJbHO,
sin &
2
n
sin kx 1
kR . X
k=g +1 g+ 1)sin 5
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x X n
[MpuHuMasd BO BHHMaHHe, 4YTO sm-2~/g, ag+1 >T' HMeeMm
n
Y sin kx 1 —
< = =V n
k ]/ T X !
b=g+1 .
9+ P o

OTKyfa, B cBA3M ¢ (2), M cjenyer TpefyeMas oueHka. Beupy TOro uto I, (x)!
vetHass QyHKUHA, 3Ta OLeHKa BepHa d Maa — i <<x<< 0. dna x=0 u m 37a
oOlleHXa TPHBMAJBHA, T. €, OHA BePHa AAH — M <X <S M, a TOrJa, B CHJY MepHo-
AHYHOCTH P, (x), OHA BepHA BCerfa, 4To M TPeGOBA/OCH AOKA3aTh,

Teopema 2. ITycmv f(x) cymmupyeman Pynxyua. Ecau

n
1
b, = P f(x)sin nxdx, mo pad 2 -z
—a n=|
cxodumes. 1)
sin nx
HoxasartenecTtBo, Piag 2 CXOZHTCS 10 CJe[JCTBHIO TeopeMal 1,

n=1
Ecau ero cymma ectk ' (x), TO Npu BceX X

llm Pu () f (D)= () [ ().
B cuay nemMel 3, B
a0 [ <2V FOl

3naynt, no teopeme JleGera o mpefeAbHOM MepeXofe TOL 3HAKOM HMHTerpana

Jim {4 (@) de= § b [ @) dx.
Ho o -

1 ¢ " b
I3
s\ mwrwa= Y
—n k=1
OTKYAa H CTejyeT TeopeMa.
[ae]

O6pawasce K pagy (1), Mul BHAHM, 4TO pAR 2

STy Pacxomares. 2} 3ua-

n=2
uyut (1) nmaet npumep ecrody cxoaﬂmeeacﬂ MPUOHOMEMPUECKOZD PADG, HE ABAAIO-
weeocs padom Pypve Hukakol cymmupyemod Gynxyuu.
B ToM e mopsiAKe nieHl NOKa3niBaeTCR CleAYOWias Teopema,

1) Ecan f(x) & Ly, T0 TeopeMa ecTb OUEBHAHOE CJIEJCTBHUE CXOZMUMOCTH OGOHX

AP bl e 1
PAAOB th H 2;{2 H HepaBeHCTBa —»n—<b;L+ e B 3ToM cayyae cxogurcs

ay N . M
TakXe H pAf Z o KOTOPHIA JJf NpOH3BONRHOA cyMMHpYeMOH QYHKUHH MOXKeET
pPacxolHThCSA,

n41
! GRIBaET TO—l—- -—di-
xInx YobBach, n]nn> xlnx®

n
N N
Y, i >
ninn
n=2

2) Tak Kak QyHKUHA

QOrcioga

S_§—=mmN—mmz
xlnx
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Teopema 3. [ycmv e nposexmymee [— m, 7] 3a0aHa cymsupyeman dynxyus
f(x), umerowan pad

o
920 + Z (an cos nx+- b, sin nx)
n=1

ceoum padom Pypve. Ecau [A, B] < [—m, @}, mo

B B « B
S f(x)dx= S %"de—l- 2 S (ay cos nx - b, sin nx) dx.
A A n=1A4

Vnaue rosops, psg dypoe cymMmupyemoii (YHKIMH MOXHO NMOUYNEeHHO
MHTErPDHPOBATH, JTOT (aKT BeCtMa 3aMeyare/leH, MOCKOMbKY CaM 3TOT pAX
MOXKET H He CXOJHTHCS. .

Jas Toro cayuaq, korga ¢yukuHs f(x) cymmupyema c «gadpamoa, Hawa
TeopeMa HeMeJ/IEHHO BHITEKaeT H3 3aMKHYTOCTH TPHFOHOMETPHUECKOH CHCTEMsI
H caegeteust Teopemnul 1, § 3, ra, VIL

HToOR! jj0Ka3aTb TeopeMy B oflieM cayyae, NOJOXKHM

(x)——fl npu x e [A, B],
? “\o mpr x4, B

Dr1a QyHKuMA, KaK H3BECTHO H3 5JeMEHTOB AHamu3a, pasjaraercss B pAA
®ypre
@@
2 (ot cos kx|~ B sin kx)
k=1

9=+

BO BceX TodykaX cerMeHra [—m, m], Kpome pa3Be JuWb Tovyek —m, A, B, m.
n
[« N ;
Iyers S, (x)= 9 + (ot cos kx + Py sin kx).
k=1

3Ty cyMMy MOXHO NpejCTaBHTh HHaue, ecqH (HaKTHYECKH BEIMHCIHTE K03d-
GuuHeHTE ap B P

K11
1 B—A
et § wa-tz,
-7
¢ in kB — sin kA
ak=—!— S ¢ (x) cos kx dx=—————-——sm ;tsm )
-1
¢ kA — cos kB
ﬁk=-:;S 9 (x) sinkxdx=&ﬁ_}t£&-.

a

MogcTaBnAs 3TH BeNMUMHE B BblpaweHHe S, (x), Haiijem:

sink (B—x) sink (A—x)J
P k - k )

n

B—A 1
S="gt 7 X,
k=1

Orcroga, B eHJy JeMMbl 3, IpH BCEX X H n

B—A 4
lsn(x)ls—éﬂ—‘l’ﬁ.
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1. e. cymmsl S, (X) paBHOMepHO oprauuuensl. [lombaysch TeopeMmoil JleGera o mpe-
JeAbHOM Mepexole Moj 3HAKOM HHTerpaja, Mbl HaXOJIHM

Vi e@de=lim | f(9 8, dx,
n n—co o

YyTO MOXHO 3anucath H TakK:

B by =) a T

S f(x)dx:cgg f(x) dx 4 2 g S f (x) cos kx dx+ Py, S f (%) sin kx dx
A —1 k=1 —I -1
HAM TaK:

B @
S f(x) dx=‘3‘2° (B— A)+ 2 [ak ska;sm kA 1h, coskA;coskB},
A k=1

a 3To PABEHCTBO M NPEJCTaBJACT JOKa3hIBACMYIO TEOpeMy.
Teopema 4 (I. Kanmop — A. Jlebez). Ecau go acex mouxax muoxecmsa £
noaoxcumeavot Mepu Bydem

Lhim (a,cos nx-+b, sin nx)=0, mo lm a,= lim b,=0.
n—xa n—-n n—o

Jokaszateanctso. [lonoxkum r,‘=]/a;‘1—}—b;-‘1. Torga anm moboro n
cyLlecTByeT yroa 6,, AQd KOTOpOro
a, cos nx -+ by, sin nx=r, cos (nx+06,).
Jlonyckas, uTo r, He cTpeMHTCA K 0, MBL CMOXKeM BBUIeNHTb MOCIeJ0BaTelb-
HOCTh fly < g < fg << ..., A5 KOTOPO#H rnk > ad>0. Ho npu x = E Gyzer

rp Cos (nx+6,) =0,
3HAYHT NPHU 3THX X

cos (n,x--6 — 0.
( & "I_ nk)
Orcioga, B cHay TeopeMu JleGera O mpelenbHOM Nepexdje TOA 3HAKOM

HHTErI pa]la,
1. 2 —l— =
im ‘ COs! (I‘L‘x 8 7 ) dx 0. (3)

n—x L

C npyroit CTOPOHH,

S cos? (nx-+0p) dxcé— S [14-cos @nx+26,)] dx=
E E
= —é mE -cos 20, S cos 2nx dx — sin 26, S sin 2nx dx,
E E
Hurerpanst S cos nx dx, S sin nx dx, 6ynyun Kospduunenramun Pypee Xapak-
E E
TepucTHueskoil PYHKUMH MHOMecTBa E, crpemarcs K 0 (cieacTsHe  leopeMbl
Pumana — JleGera), Orcioga
nlimoo S cos? (nx4-6,) dx:é mE,
L
uto npoTHBopeunt (3). Teopema Rokasana.
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Cnenctane. [cau mpueonosmempuvcckud pad cxo0dumca Ha MHONCCCIMGE NOAONCU-
MENbHOL Mepbl, (10 €20 KOIPuiLtien ol CMPeRAMCL K HYAWO.

BecbMa G/H3KO MO HAEe JOKA3aTEABLCTBO CUEAYIOLIEGH TEOPEeM.

Teopema 5 (H. H. Jlyaun — A. Hanacya). Ecau mpueonomempuvecsuts pad

oo
a \ .
-20 + Z (a, cos nx 4 b, sin nx)

n=1

abeouomno cxolumes 1a mMHoxcecmae £ noaoscumensron MEPBL, MO

Z (lay - bnl) <+co

n=1

ILokagzaTenwcTho. Coxpanss o6o3HaueHuss npefblayiueil TeopeMbl, Synem
uMeTh AN x = L

2 7y 082 (nx4-0,) < E ry feos (nx+0,) | <+-oo.

n=1

Iycts Z rycos? (nx+6,)=A(x). Jra QyHKuMs U3MEpIIMA H KOHEYHA HA
n=1|
mHoxecTBe E. 3Hauut, u3 E BblieaseTcsl HOAMHOXKeCTBO L, (mE, > 0), Ha xoro-
pom A (x) orpaHudena u, crano ObTb, CyMMHpyeMa,
[ee)

Torga E ry \ cos? (nx+0,) dx = ‘ A (x) dx <<4-co. Ho npu ﬁoxasaTenb-
n=| R E,
CTBe Teopembl 4 MBl BHIENH, UTO

S cos? (nx+8,) dx — m2E° .

Eo

3uauydr, LT 7 == 1y 3T0T PIHTeI‘paJI Oyner Gonbiue, yeM mEy/3 4, CTano GuiTh,

mEo Z rp << Z Iy Scos2 (nx +8,) dx < oo,

n=n, n=~n, Eo
o]

orkyna clefyeT CXOQUMOCTL pgia Z Tre
n=l\

Teopema poxasana.

§ 5. Mpoussoansie lBapua M BoiNyKAble QYHKLUHH

Mbt HMeeM B BHIY M3J0XKHTh HeKOTophle ¢haxThl, CBj3aHHEE C BONPOCAMH
eIHHCTBEHHOCTH pa3JoKcHUs (YHKUMH B TpHroHoMerpuucckuil pap. Jas srero
HaM NOHAJOOSITCSl HEKOTOPhLIE HOBBIC CBEIEHHUH, NpPejCTaB/AONIAE H CaMOCTOATe/b-
HBli uutepec. Hacroaulnit naparpag Mbl B MOCBATHM H3JOMEHHIO 3THX CBexeHuil.

Onpepenenne 1. TlycTh dyuxuus F (x) ompegesieHa B HeKOTOPOH OKPECTHOCTH
Touku x, Ecam cyllecTByer onpegesieHHbIH npejen

lim Fx+h-—-Flx—h
h—0 2/1 ’

TO OH HaswiBaeTcst npouskednod [lsapya Gyukuuu F(x) B Touke x H 0603Ha4aeTCs
uepes £ (x).
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Ecau B TouKe x CyLECTBYeT oGbIKHOReHHAdA npou3soxHasn £’ (x), To cyute-
cTByeT u npoussognaa [llsapua, npuuem F' (x)=F' (x)

3To yTBepXKJAEHME HENoCPeJCTBEHHO CJAelyeT M3 TOro, YTO npasas  yacTb
paBeHcTBa

Fla+h—Fx—l) 1T Fx+H—F(x Flx—I)—T (1)
2h - 2'[ h + —h ]
npu i — 0 ctpemutcst K F’ (x)

Ho Bosmoxubl cnyvan, korga F’ (x) me cywecrsyer, a '’ (x) cyuecTsyeT.
Tak, nanpumep, oG6CTOHT Jeso B Touke ¥x=0 y dynxuuu

F=rxsmi  [FO)=0].

Takum o6pasoM, noHatue npouspojHoll [lIBapua ecth ofoblleHHe MOHATHS Npo-
H3BOAHON AHAJOTHYHBIM CHOCOGOM MOYKHO OGOGILHTL MOHATHE BTOPOH MPOU2BOAHOI.

Onpegenenne 2, Tlycers dynkunsa F (x) onpenesena B HEKOTOPOH OKPeCTHOCTH
Toukd x, Ecnm cyecrsyer onpefencHHbI npepes

Itm F(x4+h)—2F (x)—l—F(x—-h)
h-0 n

TO OH HasbiBaeTes emopol npoussodwod [leapya u o6osnauaerca uepes /") (x).
Ecan B TOYKe x CyLeCTBYeT OGLIKHOBEHHAA BTOpasl NMpOW3BOLHAS F'/ (x), To
cyulectsyer ¥ F'") (x), npuuem FU" (x)=F"' (x).
B camoMm gene, Haapuue B TOYKe ¥ BTO POl NPoM3BONHOH npeanoJsaraer,
YTO B OKPECTHOCTH 3TOH TOYKH CYIUeCTByeT NepBas OpoHssogHas F’ (x).

IMonowus
F e+ F (x—h)y=¢ (),

Mbl (MOXKEM K TPABOfi 4acTH PaBeHCTBA

F+W—2F()+Fx—-h) _¢Hr)—e(0)
h? a h3

NPHMEHUT H3BECTHYIO dopmyay Kow, uTo maer

pM—o(0) _ ¢ (6h)
H2 26

(0<8<),

oTKyJna

Fx+h)—2F(x)-+F(x—h)y _ F'(x+b6h)— F'(x—ho)
ke - 26k J
a TpaBaf u4acTb 3TOr0 pPaBEHCTBA, KaK Mbl BHIEJH, CTpeMmuTcs (MpH 7~ 0)
K F'" (x)
Tpumep QyHKiUH

X

F(x)—-_—g tsin It dt ()

ToKa3kiBaeT, uro F/’!(x) MOXeT CyuiecTBOBaTL W TOrjpa, Koraa F’/ (x) He cytie-
creyer [y ¢yuxunu (1) Tak o6CTOHT neno B Touke x =0]

Teopema 1 (I A. Hsapy). [lycno ¢yukyus F (x) 3adana u Henpepblsna
Ha ompeske [a, b). Ecau scody & unmepsate (a, b) 6ydem

FU' (x)=0,
mo F (x) ecmo aunetinan ¢yrryus,
JoxasatensbctBo, BozsMem &8 >0 u nosoxum

()=F (x)— [F(a)+—@—”-‘i)(x :,}—e(x—a)(x-—b).
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Ouepngno @ (x) nenpepusna na [a, 8] u @ (@) =¢ (b)=0 Kpome Toro, Beiogy
B (a, b) Gyner

P (x) =2e. @
Tokaxem, uto Bciogy B [a, b] Gyxet
¢ (x) =0 3

HeiicTButenbno, ecan Gel 3To G0 He TaK, To QyHKIHA @ () B KAKOH-TO BH y T-
peHHell TOuKe x, mpuUHMMana Gbi CBOE HaHGOJblEe 3HayeHHe @ (X)) M TOrAa

— —h
HePEBeHCTBO (P (x0+h) 2(Ph(2x(])+(p (Xo l) éo nano 6bl B nPEAQJle CP 128 (xﬂ) éo'

4TO NPOTHBOPEYHT (2)
AHanoruyHo Mbl yGemuMcs, uTO QyHKUUA

vo=—{Fo-[r@+- 9= ¢—glltea-g w—

BCIOAY YJOBJIETBOPAET HEPJBEHCTBY
P =<0 4
O6veaunsia (3) u (4), noayunm

FO—{r@+20="@ ¢y

’

<e|(x—a)(x—b),

OTKyAa, BBHAY TPOH3BOJILROCTH &, CJeAyeT, 4TO

F(x)-——F(a)—]—F—(%))___—Z(a—)(x——a) .

Teopema jJOKazaHa

Temept wmbt 3ailMeMCA BOTMPOCOM O TOM, MO}HO JIH, 3Hasl BTOPYHO NPOH3BOI-
Hyto Ilsapua F¢'*’ (x), BoccTaHOBHTh HeXxOnHyH dyukimuio I (x) Xox ugedl 3gecs
BECbMA HANOMHHAeT Te PACCYK/eHHs!, KOTOpele MBI NpoBoauad B § 8 ra IX, korga
3aHHMaJHCh BOMPOCOM BOCCTAHOBJAENHA MepBOOGPA3HOH DYHKIHM MO ee NpOU3BOA-
HOll. PekoMeniyeM 4uTaTe/to OCBeXKHTh B NMaMATH YKa3aHHBIH maparpad

Onpepenenne 3. Yucio ) (KOHeyHoe MM 6ecKonednoe) Mbi OyJeM HA3LIBATH
amopeim npoudsoduots wucaom Hleapya dynkuun F (x) B Touke x, €CAH CyLWIECTBY €T
TaKag CTpeMAuladcs K HYJO [OCJeAOBATENbHOCTh NOJOMHUTENABHEIX YHCEN fy, H,,

7 hg, ..., WTO ,
? fe i PR —2F )+ F (x—Hp)

2
n—so hll

Jlerxo mpoBepHTH, HTO BO BCAKOHR TOuKe X MoGad GyHKIHA F (x) EMeeT BTOphle
Jipoussojnbie uncna IlBapua u 4T0 AMA TOrO, YTOOH B TOYKE X CyUIECTBOBaJa
BTOpas npoussogHaa Illsapua, Heo6XOAMMO M JAOCTATOMHO, YTOGHI B 3TOH TOUKe
BCe BTOpHle NpoH3BOAHbie uHcaa Wsapua Ow1i pasubl Mexay coboit

Onpegenenne 4. Pynkuua F(x), 3ajiaHead Ha orpe3ke [@, b], HasHBaeTcs
8BINYKAOL 6HU3, €CNH ANST JIOOBIX [IBYX TOYEK iy M Xy OTPe3ka [a, b] Gymer

F<xl‘f2‘f~’2>éF(’f1)“f2'[(’~’2)‘

®)

MpocrefiunM npumepoM Takoil GyHRIONH CAYKHT aubeiiHas QyHKUUR, Y KOTO-
poft B (5) cToMT 3HaK paBeHcTBa MeHee TpUBHAJLIEE NMPUMEPH AOCTABAAET

Jemma 1. Ecau ¢ynryus f (f) sospacinaem wa ompesxe [a, b], mo ee neonpe
Qenemnoni unmeepan

X
F(x)=§f(z‘) dt
a
&Cmb PYHKYUA, 6bINYKAQR BHUB,
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Nokazateabctso. Ilyets a<ix; <xy=b. Torma

X HXx,
X, 2.
F (x}) —2F <x1+x2)+F () = \ f(t) dt — S £ty dt.
X1+ Xa Xyt
r

Tak kax f(f) sospacraer, TO

e

2

XL1x x—x ’
f(t)d12f<—l*2‘22—"—2——12 S f@tydt,

X1

X142

2

\
OTKYA2 u caepyet, uto F (x) —2F ‘/%xﬁ) +F (xy) = 0.
\

Jlerko BHAeTb, jAaJjee, 4YTO

1) cymMa KoHewHoro uucsaa QyHKIME, BEIYKJBIX BHU3, eCTh GYHKIHS, BBIYK-
J14s1 BHU3;

2) mnpefen cxoasiedcs NOCJAeNOBaTebHOCTH (QYHKUMH, BEHINYKJbLIX BHHU3, €CTb
GhyHKUMA, BHDYKJAsA BHUS3;

3) cymMa cxoaserocss paza GYHKOHH, BBINYKJBIX BHH3, ecTb (QYHKUMSA, Bbl-
NyKJas BHHS.

Tlepexoas x audpdepennnanbhniv cboficTBam TaknX QyHKUND, nNpekjae Bcero
OTMETHM, 4TO BCe BTOpble Npou3BopHbie uHcia [lsapua ¢yHxuuu, BEINYKIOH BHU3,
HEeOTpHL ATEaAbHE, 3T0 CBOHCTBO XapakTepusyeT Takue ¢GyHknuH. VFMenwo,
HMEEeT MeCTo

Jdemma 2. Ecau 6ce amopste npoussodusie wucaa Lleapya nenpepoisnoil dynx-
yuu F (x) nHeompuyamensust, mo na QyHKkyus Belnyxkia 6HU3.

Nokasatenscreo. Bosdbmem £>>0 u, Tak e Kak upu AOKA3ATRALCIRE
Teopemul [IIBapna, BBeaeM (QYHKUHIO

¢ (¥ =F (x)— [F @+ M(x—a>]+e(x~a> (x—b).

Ona HenpepLIBHa, @@= (®)=0 u Bce Bropbe mnpoussoguuie uncnaa lleapua
A 3TOH yHKIOHU yuomemopmor HepaBeHCTBY A ==2e. Orcioga, TdK XKe KakK H
B Teopeme llIBapua, caepyeT, uro ¢ (x) < 0.

M3 storo HepaBeHcTBa, MepexonoM K Tpefeny npu e — 0, nonydaem

F(x)<F(a)+M( a)
H, B YaCTHOCTH,
a6\ _F(a)+F (b)
P ) ==

3TO0 u J0KasblBaeT JEMMY IOTOMY, YTO BMECTO UYUCEJA ¢ U & Mbl MOLAM GHI
B3ATh JIOGbIE APYrHE UHC/AA X; H X

Jlemma 3. [ycmv ¢pynxyun F (x) sadana w nenpepmsna na ompesxe [a, b).
Ecau noumu ee3de wa (a, b) 6ce emopsie npoussodnsie uucaa Ulsapya neompuya-
menonbt u Hit 8 00HOG moune (@, b) Hu 00HO 8mopoe npouseoduoe wucao Ulsapya
He pagHo — oo, mo pyrkyud F (x) soinykia eHus,

JokxazaTtenbcrso. O6osnaunM 4epes E MHOKecTBO Tex Touek (a, b),
B KOTOPHIX XOTb OAHO BTOpPOE mpou3soaHoe gicto [lleapua ¢yukmuu F (x) oTpuiia-
TeabHo, Ilo ycaosuio mE=0.

TTostomy, B cuay Teopemnl 6 § 2 ra. VIII, cymecTsyer HempepbiBHAst BO3pa-
cTaplas ¢yHKUHA © (x), TaKag, 4TO BO BCeX TOYKax MHOXecTBa £ Oyjer

o’ (¥) = oo, ©
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x
[Monomum T (x)::S g (tydt, B cuny (6) Bo Bcex Toukax MHOkecTBa £ 6yJieT
a

T (%) = -} oo, (M
3aMeTHB 310, BO3bMEM NpPOW3BOAbHOE € >0 W pacemoTpuMm dyHKuuio @ (x) =
= F (x) et (x).
Bce Bropble npon~soxsbie uyucna [leapua dynxuun O (x) HEOTPULATEJBHEL,
HeficTButennuo, no JjgeMMe |, QyHKUAS T (x) BEIYKJAA BHM3, a MOTAMY

O (x4+-h)—20 () +O (x—Hh) >F(x—l—h)~2F )+ F(x—h)
h? = h? )

3uauut, ecad 6o y dynxuun @ (x) npr x = E cyllectBoBaso 6Bl OTPHIATe/NbHOE
BTOpOEe INpOH3BOAHOe uHucao lllBaplia, TO NP 3TOM Ke X NOMKHO GBLIO 6hl Cylile-
CTBOBATh OTpHLATENBHOE BTOPOe NpPOU3BOAHOE uMcao IliBapma u y F (x), uTo He-
BO3MOXKHO IO caMoMy onpejeneHuio muoxectBa E. Ecau xe x & E, T0 oTHOUIEHHe
Fx+-h—2Fx)+F(x—h)

7 JOJ/DKHO OKa3aThCs  OrPaHHYeHHbIM CHM3y (HHaue

B TOYKe x cCyllecTBOBaJO OBl BTOPOC NMPOH3BOAHOE yucjo Llpapma, paBHoe — co)
u notoMy [B cuay (7)] @V (x) = co.

Htak, ® (x) yaoBjaeTBOpAET yCJAOBHAM LpeAbIAYIEil JEMMEI H NOTOMY BBIIYKJA

uu3. Ho torpa u F (x)=lim @ (x) Beimyksaa BHH3. JleMMa noKasada.
e—0

Tenepn MBI MOMEM JOKA3aThb MHTEDECYIOINMH HAC PE3YNBTAT O BOCCTAHOBJACHHH
¢yHRUKY no ee BTOpofl mpou3soasod Illeapia.

Teopema 2 (Il. K. Baaae-Ilyccen). lycme na [a, b) 3adana nenpepoieras
pyukyusa F (x), umerowan ecrody 6 unmepsare (a, b) smopyrw npoussodryro Ulsapya
FUO () =T (¥).

Ecau f (x) sci0dy xoneuna w cymmupyema, mo cApagedaueo paseHcmao

x ¢

Fry=\dt Sf(u) du+ Ax-+B. (8)

a

HdokazaTenwcTBo. Beefgem B paccmorTpenHe ¢GYHKIHIO @, (), monaras

_ [f(x), ecan f()<n,
Pn (x)—{ n, ecan f(x)>n
Taxk kak
lon (0) [ [F (D)1, ©)

TO @, (¥) cymMupyeMa,
X

¢
[iycts @, (’V):S dt San (@ydu n R, (x)=F (x)—D, (). Bsuny wenpepuin-
a a
¢
" HOCTM HHTerpana Srp,, () du, mbl uMeeM jgns Beex x < [a, b]
a
, x
Dy () = S @p () du.
a

A Tak Kak npaBas 4acTb 3TOTO DaBeHCTBA NOYTH BE3JE UMEET NPOH3BOLHYIO,
PaBHYW ¢, (¥}, TO TIOUTH NJK BCeX X OKA3bIBAeTCH

@, (X) = Qg (¥). (10)

Ho sewogy, rie nmeer wmecto (10), pasmocTs R, (¥) UMeeT BTOPYIO NpPOH3BOJHYIO
Weapua Ry ()= (x) — ¢, () = 0.

Hrax, MuoxecrBo TOouek, rjae XOTh OfHO BTOpOe NpOHM3BOgHOe wucio Illsapua
$ynxunun R, (x) orpuuarennto, umeer mepy 0.
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C apyroit cTopoHbt, mo gopmyne Kouwu

Dp (x+h)—20a (1) +On (x—h) _ On (x+64) —Dn (x—6k) _
7z - 20h B

; x+6h
i | m@dusn

x—0h

I

H, cTano GITh,
Ry(x+n—2R, (x)-+R, (x—h) - F(x4-h)y—2F (x)-}-F(x—h)_n
72 = 742 '

Orciofa ficHo, 4TO HH OXHO BTOpoe Tpou3Boanoe uucao llBapua dyHkuMH R, (X)
He paBHo — oo, [lostomy, B cuay memmel 3, QyHKUHS R, (¥) BeNykna BHU3

Ecan n—co, 10 @ (x) = f (x). Otciona u ua (9) BhiTekaer, uTo mpu JMoGoM ¢
Gyzet
t

¢
§ @ (@) du > | 7 (w) du,

a a

‘
§ on () du

a

-]
<{1i @|du

a

M NOTOMY, NpPH KaxkJoM x Gyner

X ! X H
D, (=1 dt § @ (0) du~ g dt Sf(u) du.
3uauuT, GyHKUHA ,
R (x)=F (x)—{ at Sf(u) du,

Gyayun npefenbHodt Aas BeIMyKJoil dyHKUHH R, (X), u caMma BeiNyK/Aa BHHU3.
JTo 03HAYaeT, 4TO NPH JHOGBIX X; H X, OKaXercs

R <x1-2[y—x2> &R (x1H2-R’ (xz).

(1

Ho, ecau 6ut BMecTo F (x) Mbl cTaqu 6ul roBoputh 0 $yHKUME — F (x), To BMecTo
f (x) nosBunace Obl Qyukuds — f(x). Bmecte ¢ Heil uamenuna 6ol 3Hak H R (x),
TaK 4TO HepaBeHCTBO (11} mpuusamo G BUX

R <x1—|2—x,> BR (xl)‘;R (x2) .

(12
Ha (11) u (12) caeayer, uto npu MoGuX £ H X,
R (xl—i—xz) — R () 4R (x5)
2 2 ’

Orciona npu nwboM x e (@, b) u JocTaTouHo MaaoM i > 0 Gyzer
R (x-+h)—2R () +R (x—h)=0 u, caegosatenwHo, R’ (x)=0.

Ilo teopeme lilsapua otciona caeayet, uto R (x)= Ax+ B, a 5T0 PaBHOCHJ/LHO
JOKa3blBaeMol TeopeMe

Ilns Teopuu TPUrOHOMETPHUMECKMX PANOB HAM HOCTATOYHO M3/IOKEHHLIX CBEJe-
Huii. OmHAKO Mbl XOTHM YCTAHOBUTBH €lle HEKOTODBIE MPERJIOKEHUS O BHINYKJBIX
QYHKIHUAX, BBUAY HX CaMOCTOATeNbHOTO MHTepeca, XOTA CChbIIAThCA HA HUX HAM
M He NpHuetTcs,
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Teopesma 3. Ecau f (x) 3a0ana, oepanudena u eninyxia enu3 Ha ompeake [a, b],
mo 80 acex moukax unmepeasa (a, b) ona Henpepviana

HokaszaTeabcTBO, Ilyeth a<<xy<<b 8 M(x) u m(x) cyTh Bepxuas
¥ HUKHAS byukuuu Bapa ¢yHKuuH f (), BBeflennble Hamu B § 4 ra. V. [lokaxen,
YTO MOXHO HaflTH TAKYI0 NOCJAENOBATENBHOCTh {X,}, YTOBH x, =X, u [ (x,) —
- M (x)) B camom pene, ecnn n— oo, T0 M, (x)) — M (x;), a no camomy ompe-

. 1 .
Aenenuo M;,, (%)) B uHTepBane <x0——z, x,,—}-7 HalgeTcs Takas TOYKA X,

uro M, (x(,)—F < f(x,) <=M, (xo). Ouesuguo {x,} H ecTb Tpe6Gyemas mocie-

LOBaTeJbHOCTh 1)
B3sB TaKyl0 MOCACNOBATENBHOCTh, MOJOXKHM Y, =2X,—x, TOrJa U Y, — % ¥

F o) =f () < [0 £T ),

BosnMeM mpousBomsioe &>>0. Ecau 8 nocratouno Majo, 10 Mg (%) <
<M (xg)-4-#, a Tak Kak MNpH JOCTATOYHO GOMBUIHX 7 OKaMeICH Y, & (xo—6,
Xo+8), T0 nas stux n Gyaer

f(xn) <)“‘(":O)_}_A;I (XO)—’—E.

Ilepexoast x mpeney, cHauala npH n—00, 4 NMOTOM NPH & — 0, MOAY4UM

M () < LETMED - orpna m (e <7 (10

H, cTano GbiTh,
M (xo) =1 (%0). (13)

3to cnpaBeanuBo M TOFNA, KOTAA Yo=a, HAH X,=04, NOTOMY YTO TOYKA Y, JSKHT
C TOH K€ CTOPOHBI TOYKH X;, YTO H X,.

Tenepp HaiineM Takyio NOCHENOBATENBHOCTh {X,}, UTOOLI OKa3anock ¥, —» Xy,
f (x,) > m (x5), ¥ NONOKUM Y, = 2xy— x,.

Ecau a << %y << b, To And LOCTAaTOYHO GOMBUWIMX N TOYKA Y, Nonager B [a, D]
(160 y, — xy) # TOrHA OKaMeETCs

f(xo)=f <xn‘;‘yn>§f(xn)‘*2'f(yn).

Ias poctaToyHo GONBWIMX A, KaK U BbINe, MBl GyZeM HMeTh

[ () +M (xo0) 18
2 ]

flxo) <

OTKyZa, Nepexois K npegesy cHauaja IpH n—» oo, @ NOTOM NpPH & -0, nomyyaeM

m (xo) +M (xo)
3 .

[ (xo) <

B cuny (13) u oueBugHOTO cOOTHOweHHA m (x) <<M (x), oTcioga caemyer, uto
M (rg) = m (xg)

ITo reopeme Bspa (§ 4, ra. V) f (x) nenpepuBHa B Touke x,.

3amevyanua. 1) Ycnosue orpanuuenHocts QyHKUMH f (x) cywectBenno, Cyluect-
BYIOT KOHEuHble, BCIOAY pa3pblBHLIE, BHIMYyKJElE (GyHKIUHH, HO OHH HE OrpaHHYEHE!
HH B OZHOM HHTepBae.

1) AHanoruuwo, KOHEUHO, MOKHO HAHTH M TAKYIO NMOCIENOBATENLHOCTL {X,},
AT06bI GLLIO X, — Xq, [ (x,) = m (xg)

?) Beupay orpanuuennoctd f(x) obe ¢yuxumu Bapa M (x) u m(x) sciony
~ KOHeuHel,
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2) dyukuns
0, ecmt — 1 <x <41,
1, ecin x=+1

feo={

TOKa3LIBAET, YTO HA KOHLAX OTPe3Ka CBOEro 3ajaHus BIMYKJasd (QYHKLHA MOXKET
6biTh pa3phIBHA.
Teopema 4. Ecau [ (x) ebinykaa 6nus, mo npu 6cAKOM HANMYPEIALHOM N

f<x1+xz+-- +xn>< FOo) f )+ (xn) .

n n B

(14)

Hoxkasateanctso. Ecan n=2, 10 (14) paBHOCHMJILHO COOTHOWEHHIO (D),
ompejensiomleMy moHsATHE (YHKUHH, BHNYKAOH BHU3, [lycte aasg n=2" HepaBeH-
ctBo (14) zokaszano n nyets n=2"M'1, Tlonoxnm

xl_xl+.“+x2m 2= x2m+|+-“+x‘]m+1
- om ] - qm .
Torza
(e (£ [EOTO  fe bl )
n \ 2 ) 2 n

Taxkum obpasom, (14) moxasano ais BeeX n Bupa 2™,
Iycte Temepb n He ecTb uvcno BHAa 27. ITogBepem cronb Gonbluoe m, yToGhl
0Kazanock 2™ > n, U NONOKAM

PR
n

Torza

a— (xl—}—...—l-xgr)n—}—(Q'”——n) A

M No yXe jJoKasaHHOMY

fea) .+ () - @7 —n) [ (A) fle) .47 (xn)
fl === e , Wi f(A)g_l_T_.__ ‘

UTO M 1OKAa3hIBAeT TeopeMy. JTOT OCTPOYMHBIA CMOCO6 pACCYKACHMA NPRHALICKHUT
Korun.
Caepcraue. Ecau py, P, ..., Pp HE OMPUYAMENbHBIE HUCAQ, NPUtEM

prt+pet+...4pp >0,
a [ (x) HenpeposHas soinykaan euu3 ¢pynkyug, mol)

f<p1x1+---+pnxn>< prf (%) 4.+ paf (%) (15)
prteetpn ) Pit+pn )

B camoM jese, ecnim BCe p; palHoHalbHB, TO (15) mpmBogures K (14). O6wmii
ciyyal NoJyuaercss npefe/bHbIM TepeXofioM [A/1s Yero u HyXKHa HempeprIBHOCTS f (x)],
HCXO0AA M3 palMOoHalbHEX p;. B wacthocTh,

f (ax+-Py) < af (x)+Bf (v) (@z=0, p=0, a+p=1). (16)

Vi3 HepaBencrBa (16) BhiTekaer
Teopema 5. Ecau O® (u) Henpepoisras, 6binykias 8HuU3 (YHKYUA, 300aHHAA

H@ 6Celi OCu, MO Cyugecmeyent makas Auneinan Gyakyus Au--B, 4mo npu ecex
BELUCCMBEHHBLY U OKASKIBACCA

@ (v) > Au+B. 17

1} CoorHoweHue (15) Ha3plBaeTeA CYMMAaTODHHM HEpPaBEeHCTBOM
HenceHa.
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HdokaszateabctBo, [lycms
(= 20=0ED OO FOED

Ouesunno [ (=D (1), I(— )=D (—1).
[Moxaxkem, uto mpu | u' >1 Gyaer

@ (¢) =1 (). (18)
Mycts, nanpumep, u > 1. Tlonoxum a=t—1 ﬁ:——Q———
! ! ’ ud1" u1°
Ecan B nepabenctse (16) nono:kuts x=— 1, y==u, TO OHO MpPHMET BHJ
u—1 2
O =y C =T O,

oTkyaa u caeayer (18). Ons u <C— 1 paccyxieHue aHANOTHUHO.

Ha orpeske [— 1, + 1] ¢ynkuus @ (u), 6yAyun HenpePhIBHOH, OrpaHnueHa
U [OTOMY HalifeTcs CTO/Mb GOMblIgA mocTosiHHas K, 4To ApPH BeeX u & [— 1, + 1]
6yjer

K>%_;D(:-llu—cp(u). (19)

Wz (18) u (19) caenyer (17), ecan B3sTs

PECIOEL TS N JOE L IS

Crencteue. [Tyems @® (u) ydoesemgopsem ycaosusm meopemst 5. Ecau f(x) u
p(x) =0 asadanst na [a, b], [(x) usmepuma u noumu gesde xKoweuna, a p(x) u
P (%) [ (x) cymmupyembt, mo urnmeepan

b
§O 101 p (x) ax (20)

a

UMEeIn YUCA080E 3HAHEHUE, KOHEUHOe UL PAaBHOE ~-CO.

IlokasaTenbcTBO. He orpanvumpas o6LIHOCTH, MOKHO cuMTarte f(x)
koHeunod. Caoxuasa ¢ynkuua ¢ (x) = [f (x)] namepuma notomy, 4TO OHa fABJ-
eTcsl MOYTH NpH BCEX x TMpefesoM MOCNEeN0BaTe/NLHOCTH HENPepPhiBHEIX (yHKIAM
@ [f, (x)], rme [, (x) nenpepeiBubie GYHKUHH, [OUTH Be3lle YJAOBJETBOpAIOMME
€QoTHOWeHHIO f, (X) = [ (x). Ilycts

¢ (x) mpr @ () =0, 0 mpu @ () =0,
@y (1)= Q- ()=
0 mpu @ (x) <0, — @ (x) mpn @ (x) <O.
Hnterpan (20) uMeeT unc0BOE 3HAueHHE, €CHH ero HMeeT Pa3’sHOCTh
b b
§or () p () dr—§o_ (v p (9 dx.
a a

Ho mo Teopeme 5 6ymer ¢ (x) > Af (x)4-B. B uacTHOCTH, 3TO BLIMONHEHO HA
MHOXecTBe N TeX x, NPH KOTOpPBIX ¢ (x) << 0. 3HauuT, A8 3THX X OYLeT

0<o¢_(¥)==—Af(x)—B.

YMHOKAR 5TO HepaBeHCTBO Ha p (x), y6ekpaemcss B CyMMHpPYeMOCTH (QyHKLHUH
P_(x¥) p(x) va N. Ho BHe N 3710 mpouaBefenue papHo Hydio. CTalo GHITb,

b
§ o 00 p () dr £ co.

a
OcralieHoe ficHO,
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Teopema 6. Ecau 8 ycaosuax npedudywieeo caedcmeus Gydem
b
\p(x)dx >0,
a

no cnpasedaugo Hepasercmeo

b 4
\f(x) p(x)ax V@7 ()] p (x) dx
0| 2 <4 — , @
Sp(x)dx Sp(x)dx

Hasbleaesoe UHMEEPAAbHuLM Hepasercmeom Hencena.
JloxasateanctBo. IlycTs cHauana ob6e Gynxkuuu f(x) H p(x) Henpe-
peiBHEl, [TonoxuM

b—a
n

t,=a+ k (k=0 1, ..., n).

B cuny (15) umeem?)

o [[(xo) P (xo) +--+f (*n_1) P (xp_1) ]
p (%g) ...k p (2y1)

M

< D)l p o)+ 4D [f (xp_1)] p(%a_1)
- P (%) +-.. 4P (¥a_1) ’

Orcona

o S ) p () Axp | B @[] (x4)] P (x2) Axp
3 p(xs) Axg 3 P (%) Axg '

# (21) mosnyuaercs NpefesbHBIM TIEpeXoLoM MpH 71 — CO.

OtkakeMcsl TeflePb OT MPEANOJOKEHHS HENMPepLIBHOCTA P (x), NPOROMIKAd NoKa
CYHTaTh, YTO [ (X) HenpephiBHA.

Jlerko y6eguTeCA B CYUECTBOBAHHM TakOH NoC/efOBATENbHOCTH HeMpePhRIBHLIX
dyHRUHA p, () > 0, g KoTopo#

b

Jim {1p, ()—p (9] dx=0.

Mo pokazanxoMy, HepaBencTso (21) Gyper cnpaBeA/NBO, €CIH B HEM BMecTO p (x)
Hanucats p, (x). Ocraercs mepefiTH K npepeay npu n—- co.
PaccMOTpHM Tenmepb CJayuail, Koraa f(x) namepuma u orpanuuesa, |f (x) | <K,
Torpa @ [f (x)] TakxKe Gyfer HIMEPHMOH W OrpaHHYeHHON QyHKUHed
[®IFM] <=M, M= max ;(l‘D(u)l-

—K=u=<

TlycTs nocniefioBaTeILHOCTL HeNPephIBHBIX QYHKHHH f, (X) TakoBa, YTO NMOYTH
Be3jge Ha [a, b] Gynet lim f, (x)={ (x). MoxXHO cuuTaTh MPH 3TOM, 4TO |f, (¥} | <<
n-+o0

< K. Toraa
[ Qa0 p(x)|<<Mp(x), [[.()p(®)]<<Kp),

# (21) noayuaercd npefiebHbBM NePeXONOM NPH 7 ~»CO U3 TAKOrO e HEpABEHCTBa
and fp (x).

Ilepeiizem, HagoHel, K ofuweMy chaydaio. Kak Mel Bigeau Bbiuie, npasafl qacThb
HepaBeHCTBA (2]1) HMeeT oNpefesleHHOe YHCJOBOe 3HayeHHe, MOXKHO cuMTaTh ero
KOHeuHbIM, H6O MHaue HEYero [OKa3blBaThb.

1) Jlerko npoBepHTh, 4TO NpH GONLWHX n 6ygeT p (%) ...+ p (£4_1) > 0.
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Ho Torpa, B3siB mpouaBosbioe &> 0, Mbl MO:KeM HafiThn Takoe § >0, atobl
H3 me << § BHITEKANH HEpaBeHciBa

S‘(D[f(x)]p(x)dx<a, Sp(x)dx<b'.

TlocTponuM H3MEPUMYIO OrpaHUYEHHYO QYHKLMIO fe (X), anfl KOTOPOH
mE (fe 7 [) < 8.

Mosxno cuntath, yto Tam, rae fg (x) 7= f (x), 6yger fe (x)=0. Ecau £ -0, 10
fe (x) no mepe cxoantcs K [ (x). Kpome toro, |fe (x) < f(x),. [oaromy?)

b b
lim ng (x) p (x) dx:Sf (%) p (x) dx.
e—0 4 a

3nauur, ecau wamucats (21) ¢ aamenoit f(x) Ha [g (x), TO JeBaA 4acTb nmoay-
YEHHOrO HepaBeHcTBA NpH & — 0 GyleT CTPeMHTBCA K J€BOi wactH (21).
C apyroft CTOpOHH,

b b
fompax—f{w(G)pde= § o@Opix—0©) [ pdx
a a E(fg £ E(fg #1)
Orciona , ,
YO () pde— (@ () pdx|<e{l+|D©) ).

TMosromy npu -0 u B NPaBofl 4acTH YNOMAHYTOLO HEPABEHCTBA AOMYCTHM
npejienbHEI Tepexoj, npHBOASWME K npaeoil uyacrtu (21).

§ 6. EAMHCTBEHHOCTh pa3foxeHHus (YHKLHH
B TPHrOHOMETpPHUECKMH paj

B sroM naparpadge mnl paccMOTPHM BONPOC O TOM, CKOJAbKUMH crocobamn
MOXHO Pa3JioKuIb (ecsy 5TO BOOGIIE BO3MOKHO) AAHHYIO (YHKUHIO B TPHTOHOMET-
pHuecKUH pR.

Mpl HayHem ¢ paccMoTpeHHs (YHKUHUHA, 3aAaUHBIX Ha BCell OCM M HMEIOLIHX Ne-
puox 2, [o oTuoleH IO K TakiiM yHKIHsIM CNpaBeAHBa CelyoWas 3aeMeHTapHas

Teopema 1. Ecau ¢pyuxyus, 3a0annas Ha écell OCu, Pa3nazaemca 6 PABHOMEPHO
cx00auuiics mpu2osomenipuiechuty pad, mo 3mo ecms ee psd Pypoe.

3ty TeopeMy MOXHO BhICKAa3aTh U B Takoil ¢opme:

Teopema 1. Ecau mpuzonomempuseckud ps0 PasHOMEPHO cX00UmMCA Ha 8cetl
ocu, mo ow ectite pad Pypoe ceoed (04C8UOHO HERPEPBHIGHOU) CYMMOL.

CnpaBeuBOCTE TEOPEMH! BHITEKAET M3 TOrO, 4TO DABEHCTBO

f(x).—.%o-}— Z (ap cos kx4 by, sin kx)

=1

MOXHO TMOYJIEHHO IPOHHTErPHPOBATL, YMHOXHB €00 NpPEeABapHTeJABHO HA COS MX MU
sin nx (4To, OuEBHAHO, He HapyllaeT PaBHOMEPHOH CXOAUMOCTH psifia). B peaysn-
TaTe NoJyyaoTcsd PaReHCTBA

]

I
a,,:iE S [ (x) cos nx dx, b,,:jlf g fsinaxde (n=0,1, 2, ...},

1 I

AOKaaniBatouie TeOpeMYy.
—

1 Tak xax p (x) noYTH Be3ge KOHeuHa, TO f.p =>fp.
10 H. 1. Haraucon 289



Jlas paneHefirtero HyxXHa
Jemma 1 (B. Puman). Paccmompum cxodsuyuiica pad

a4+ a+ag+ =S. M

Hcxoda u3 (1), nocmpoum psd
sin A \2 s 2k \2
do+ay <T) +a, (ﬁ"> + .. 2

Tozda pad (2) cxodurmca npu awbom h=£0 u eeo cymma S (h) ydosaemeopsem
COOMHOUERILIO

Jm S () =S. G)

Hoxkxazarteasctpo U3 cxoaumocrn psga (1) BuiTekaer, 410 BCE ero
Y/eHEl OrPaHHYEHH OJHHM UHCJIOM, |a,|<C M, a notomy psax (2) Maxopupyercs

CXORALUAMES PAAOM XW H, Crajslo GuTh, CXOAMTCH.
IMonoxum

[es]

©
2
h= 2 gy ry ()= Z ak<312hkh> .

n k=n

B3aB e > 0, MOXHO HallTH TaKoe n, yToGul NpH k= n 6u0

lrp| <<e. ()

3akpennm 310 n H He GyleM MeHATh er0 B0 KOHUA paccyXJeHHA,
Tak kak ag=rp—ry., 10

xR
sin ki \2

r,(H= Z (rk“’k+l)< 9 >,

k=n

wn (2T B -

OTKy1a

Ho
kh\2 k—Nh2 & d 2 e d 2
Sin Sin —_ \ sin x Sin x
]( *h > —< G-k ) "l % dx<7) de | < % dx<T> dz.
T (E=1)h
Tostomy
=<3 kh d .
sin
i@ I<irl+ X Inl e (5T
k=n+1 (k1) &
H, B cHay (4},
+ o d 2
"n(h)'<6{l+ S E{(\su;x) dx}. 5
nh
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Ecan Mmpl noaoxkum 1)

2
dx, {6)

TO HepABEHCTBO (5) MPHMET BHJ
fra(®) | <e(+L).

3aMeTHB 310, Ml MOXKeM, HCXOASl H3 PABEHCTBA

n—1

s@-s= Y a{[ T~ thtra -1

YTBEPXKIAaTh, 4TO

ISt—Si< 2 (%) i+t

2
IMpu dukcupoBanHoM k Gyner 'llmo <su;hkh> =:1. IlostoMy HaueMy & oTBe-

vaer Taxoe 8§ >0, yro npu | A < 8 okasbiBaercH
n—1

2 ag |

k=1

(sm kh\2
w7

—t]<e.

Mpu atix h 6yner | S () —S < (L-+-3)e, 4T0 H NOK43HIBAET JEMMY.
PaccMOTDAM TpHrOHOMETpHYecKHH psif

[v0]
aé’ + Z (an cos nx4-b, sm nx), )
n=|\
NOYHHEHHHIH YCIOBHIO
fan <M, |ba|<M, ®

rae M ue 3aBHCUT OT n
Ecan Mol qopMajbHO J[Bamibl NPOHHTErpHPYeM No4seHHO psx (7), TO moay-
YHM PAR

a,x?
4

ay, cos nx by, sin nx
n2

. ©)

il AL

i

1} Jror uuTerpan Koveyen JleficTBaTensno,

d /s,mx"Zﬂ2 SMmX XCOSX—sSinx
de \ x ) x %3

B6ausy Toukn x=0 3Ta QyHKuUus orpanuuena, n uuterpan (6) He sABAAeTCH
HecOOGCTBEHHBIM, a HEPAaBEHCTRO

d {sinx\2
dx x
YCTaHaBAYBaeT ero CXOAHMOCTE U Ha GeCKOHeuHOCTH.
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N 2M
B cuny (8) psa (9) maxopupyetcs psiom - H MOTOMY CXQIHTCH DPABHO-

2
n—1
MEpHO Ha BCeli OCH K HeKOTOpoll HempepwBHOH dhyHKIUH F (x), KOTOpylo Mul Gyrem
HasuiBath Pynxyued Pusana psna (7)

Takum o6pasom, Beakuit psag (7), yﬂosnemnpmouumﬁtﬂosu}o (8), mumeer
dyurudio Pumana. B uacrhoetd, no teopeme Kauntopa-—JleGera u3 § 4, psz,
CXORAMMACA HA MIOMKECTBE [OJOKHTEJILHOR Mepel, VJICBJETBOpseT ycaoBuio (8).
3ameTHM, HTO H3 CXOAHMOCTH psAAd (/) B OJHOH roOYKe He BhLITEKAaeT, YTO OH

[eS]

\ M
uMeer dyHkunio Pumana. Hanpuwmep, psia Z n? s nx, CXOAAILHiica B Toyke x =0,

n=1
[ee]

AR
nocse ABYKPATHOrO UHTErpHpOBaHHUsl NpeBpaniaercss B pajg — S S nx, pacxo-
dnme

n=\
Aamuiics 1) npu x 5= k.

Onpeaeneune. Ecan B HEKOTOPOH TOuKe x, ¢ynxkuusa Pumana F(x) nmeer
KOHeuHylo BTopyio mpoussoauyio llpapna, 1o 3Ta npoussopuas F '/ (xp) Ha3wl-
BaeTCH cymmod pada (7) 6 moike xy 8 cmocre Pumana,

Teopema 2 (5. Pumawr). Ecau pad (1) ydosaemgopaem ycaosuro (8) u cxo-
OUMCR 8 HEKOMOPOL MOKe Xy, MO 8 MO MOYKe O uMeerm cymmy 8 cmoicae Pumana,
cosnadarowyro ¢ €20 oBburoll CynMOL.

JHoxasareawcTrO, HMexoast us pasexcTsa

o]
ayt?

3
Fx)= Tl Z ;112 {a, cos nx by, sin nx),

n=1

fiocsie APOCTHIX BEIUHCJACHUN MBI ApHaeM K PaBeHCTBY

[en]
F (o420 —2F (xg) - F (xo—2h) \ . . /sin nh?
yye = 2—|—ﬂ21(a,lcosnx0—;-b,l sin nxo)\ ) . (10)
Pan (10) nonyuen u3 ps,ia
[ee)
© o+ Z (@, 08 11Xy - by, si 1) (11)
n=1

TaKuM e o06pasoM, xakuM paa (2) noayuancs us (1). Otcioga, B cuay mgemmul |,

Lim F(xg421) —2F (x) + F (xy— 2/1)=
n—0 4n2

S,

rae S ecTb cymma psiga (11). 1o u gokasmBaer Teopemy,

M3 910l Teopembl BbiTeKaer

Teopema 3 (I'. Kanmop). Ecau mpueonomempuseckufi pad cxodunics Ha
6eed Ocu w €20 cyMMa 8630¢ PaSKA Hyaw, MO U 6CC €20 KOIPPUUEHIILOL PABHBL HI.LK.

1) ITe#lCTBHTEMIbHO, €CAH X == kT, TO

n cos © —cosgﬁ;l—ix
AN _ 2 2

o~ sin kx = ,
b1 2sm ;

a 3Ta BeJH4YMHA He UMEET Npejea LpH # — OO,
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Hdokasatenwcteo. Ilo teopeme Kanrtopa—Jle6era psix yaobaersopser
ycaosuio (8) H, crano ObiTh, uMmeeT ¢yHkuMIO Pumana F (x). Ilo mpeasayuieit
Teopeme BTOpas mpon3sognas [Isapua F /) (x) scioay pamua uymo F /" (x)=0,
OTKyZza, B cHay Teopemsl llUsapua n3 § 5, ¢pynxuna Pumana [ (x) 10mKHa OKa-
3atecH suHeifinoi F (x) = Ax—+ B,

TakuM o6pa3om, nmpu Bcex BellecTBEHHbIX x Gyler

<)

a,xt a,, €0s nx -+ b, sinn nx
Ax4B=-L" — 2 L . 12
n—=1
Tonarad aspeck x==m, @ 33TeM X= —-JU U BHIYHTAA FOJyYeHHbIE PABEHCTBA

Japyr u3 apyra, yGeaumeda, wio A =0. TouHo Tak ke, nogaras cHayasa x=0,
a notoM x=27 ¥ BHYuTad, noaydaem gg==0. ITosTomy paBeHcTBO (12) mpHHH-
Maet BHJ

[es)

' @p COS nx -~b, sm nx

—B— =

n=1
Pan HanmpaBO CXOLMT'S DaBHOMepHO. 3HayuT, HO TeopeMe 1, OH ecTh pAn
Tt

:
dypre J1eBOl uacT, 01Kvia g’; = :\I \ (— B) cos nx dx=0 4, crago 6wy, a,=0.
im

Auanoruudo u b, =0. Teopema nckasana

Teopema 4 (I Kanmop). Ecau déa 6ctody cx00AuUXEA MPULOHOMEM PUUECKUX
pAOa umerom o0uHaKOSbe CYMMbL, MO Jmiu  pAObL MONCOECBEHHbL, T. €. UX COOmaems-
crmgyrowue Koaggbuyuernmsl nonapHo paskel dpye dpyey.

JeficTBATeNEHO, BBHIUHTAA [OYJNEHHO OAHH pPAX H3 APYTroro, MOJYYHM BCIORY
CXouAlieec pasJiOKeHHE HY J A.

Bee Ko3dxpHLMEHTBI 310T0 Pa3noKeHHs MO JOKA3AHHOMY JOJ/DKHBI PaBHATHCA
HYJIO, @ 310 I O3HAYaeT CNpaBej uBoCTL Ieopembl 4 Ee MOXHO dopMmynuposarhb
H TaK: PYHKyus MONECM PA3AAAMLCA MOAbKO 6 00uH mpueoHoMempuueckuli pad.

B cBa3n ¢ aokasaunofl Teopemoll €cTECTBEHHO BCTAeT BONIPOC O TOM, KAKHM
o6pazoM onpeneasoicss KO3IhHLUHEHTH TPHTOHOMETPHYECKOTO Psija MO ero cymme.
Teopema | oTBeyaeT HA Hero B csydae paBHOMepHOH cxoammocTH. [opaspo Gosee
oflieit ABJAdeICH 3aMeyaiesbtan

A Teopema 5 (II. Jrobya-Peamond — . }H(. de asg Baare-Nyccen). Ecau
cymma 8croly Cx00auee0Cs NLPUOHOMEMpPUREcKoo pada unmezpupyema (L), mo smom
pad ecmo ee pad Dypee.

HdokasateabcTtso. Ilycts f(x) ecTh Koneunana cymmupyemas ¢yHKLAA,
anA KOTopoH mpu BceX x Oyfer

[ x) =02° -+ Z (@, cos ntx < by, sin nx), 13

n=\

Tak kak pAax (13) ymosjersopsier ycsoBuio (8), TO OH HMeET HeNmpepHBHYIO
dyuknuo Pumana F (x).
CorsaaHo Teopeme PuMana, Bcrogy F 7 (x)=f(x), oTkyma N0 reopeme
Banne-HyccetHa s § & F(x)=®(x)4+ Ax-+B, rie NOTOXKEHO JJA KPaTKOCTH
X

)] (x)—-:S df§f(u) du.
TaKOHM o6pasom,

x
2 .
© (x)__;ao: — Ax—B— Z a, cos nx-it;abn sin nx

n=l1
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Orciona nocsie HeGOMBINOTO BHIGHCTEHHS BHTEKAeT, Y50

[ea]
a .
yT] ~§ + E (a, cos nx -+ b, sin nx) < A

n=1

© (x+90) — 20 (1) + ® (x—2h) _ sin nh>2

Psn nanmpaBo cxoautcss PaBHOMPPHO H, CJI€0BATENLHO, ABaseTcs paaom Pypoe
JIeBOH 4acTH. 3Hayut

on
sinnh\2 1 ¢ O(x-28) 20 (x)+@ (x—1h)
a,,< v > =7 S a7 cos nx dx.
Orcioga
. - on
_:m_n:;_n__= S @ (x) cos nx dx, (14
0

rje njg XpaTtkocTH MMOJOKEHO

@ ()= (x-+2h) — 20 (x) + D (x — 2%).
Ho, unterpupys no zacTaMm, noayyum

2n on
. » :
a(h) = % @ (x+ 2h) cos nx dx =[¢. (x-+24) smnnx]on_ S O (c4-20) smnnx i,
8 0
OTKyJAa
. 2 x-1+2%
a(f)= —y S ( S f(u)du) sin nx dx.
0 0
CHOBa HHTErpupys O 4acTAM, HaXOmuM
o (h) =nlz S f(w) du——nl2 S f (x4 2h) cos nx dx.
2h 0

Tlonp3ysck NEPHOTHYHOCTHIO f(X), 3TO PABEHCTB: MONHO 3aNHCATh TaK:

an
o (h)=nl2 S f (%) [t —cos n (x— 2h)] dx.
0
Orciona ~
2n o o
S @ (x)cos nxdx =0 (h) — 20 (Q) + 0 (~~F) =4 s122 S f (x) cos nx dx,
0 0

25
ConocraBassg 3to ¢ (14), noayuaem an=31€ S f(x) cos nx dx.

0
Ananorudso y6exnaemcs, 40 oy i b, TakKe cyTe Koadbuuments dypre f (),
970 M Tpe6OoBaJAoCh A0OKA3aTh.

3ameyanun. 1) [Qrobya-Peiimonp gokasan 3ty teopemy anda ¢ydKuuit, wure-
rpupyeMeiX (R), a Bannae-Ilyccer npuaan eiff nossyx oS6WHOCTE.

2) Teopema 3 ABAAETCS 4GdCTHBIM cayuaeM Teopembl Jlio6ya-Peitmonpa —
Banne-Tlyccena. JleficTBHTeNbHO, TAK KaK QyHKLHS, TOKAECTBEHHO PaBHas HYJIO,
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CyMMApYyeMa, TO ee TPHTOHOMETpHUECKOe pasjoxenue, 6ynyun psaoM Dypre Hyaq,
UMeeT ¥ Bce KO3(QhUIMEHTH PABHLIMU HYJIO.

3) B”§ 4 Mbl BCTPETHJH BCIOAY CXOASiWHilCA TPUTOHOMETPHYECKHUil DAA, HE
ABNAMHUACA psjoM Qyphe HHKAKOH CyMmHpyemoil ¢yHKund. SIcHo, 9T0 cymmMa
nogoGHoro psaja He uuTerpupyema (L), B cBn3M ¢ 3THM BOSHMKAaeT 3a1a4a TaKOro
0606m.oeﬂuﬂ unterpana JleGera, uro6u BesKuit BCIONY CXORMILUHACH TPHTOHOMETPH-
YeCKHH pAX OKaswiBascsi «psanoM Dypre» ceoefl cymmul, Srtoii 3agaueil 3aguMancs
A. Hamxya. 1)

Ilo cux mop Ml paccMaTpHBaiM BCHOAY CXOJZAULHECH TPHIOHOMETPH-
gecKHe psAnbl. JlAg HHX npo6ieMa eIMHCTBEHHOCTM pa3pemaercst TeopeMamu Kaw-
Topa u [w6ya-Peiimonna — Banne-ITyccena. Teneps M OCTAHOBHMCA HA CAydae
He BCIOAY cXoasiuxcs psaaos, Jas HUX npo6nema enMHCTBEHHOCTH CTABHTCA TaK:

HasectHo, uto mpueonomempudeckus pad

%" -+ Z {a, cos nx+- b, sin nx) (15)

n=1

cxodumen K Hyao?) 6o scex moukax ompesxa [ —m, T|, kpome, moxcen Boims, modex
Hekomopozo Muoxecmsa E < [ —m, m].
Ecnm u3 atoro npeAnokenust BuiTeKaer, uTo Bce KoadpuuuenTtsl psAga (15)
paBHE! HYJIO
a,=b,=0 (16)

(Tak 4TO psIA CXOOMTCA K HYMIO M Ha MHOxkectBe E), 70 MHOKecTO £ Ha3HBaeTcs
muoxecraoM muna U (or dpaHLy3ckoro cjosa unicité —eguacTeedHocts). Ecnu ke
cylecTByior psan (15), cxopsmuecs BHe E K HYJIO, HO HE YJAOBJETBOPAKILHE
yeaoBuio (16), To £ HasuiBaeTca MHOKecTBOM muna M (oT ¢paHiy3cKoro cjosa
multiplicité — muoxecTBenHoCcTs). TpeGyeTcsl YyCTaHOBHTh YCIOBHA NPHHALIEKHOCTH
MHO:KeCTBA E K OJIHOMY H3 3THX THIOB.

Ykasauuoit npo6neMoil 3auumanuce [, Kaurtop, B. KOur, /1. E. Menbumos,
H. K. Bapu, A. Paiixman u np. Mul npusesem Jauilb caMble sneMeHTapHble pedyJb-
TATH M3 3TOA 0GNACTH. 3HAYHTENLHO raybke 3Ta TeMa H3J0XKeHa B HEOJHOKPaTHO
uuTHpoBanHO KHHre 3urmyuna. CoBpeMeHHOR COCTOSHME BOTIDPOCA UMTaTeab Hafi-
zet B o63opuoii cratve H. K. Bapu. 3)

Teopema 6. Ecau mnoscecmso A ecms muomcecmso muna M, mo u écaxoe

pocawyee e20 MHoxecmso B, B D A, ecmp muoscecmgo muna M.

JeAcTBUTENLHO, CYLIECTBYET PsJ ¢ KO3DpHLHEHTAMH, OTJIHYHBIMH OT HyJd,
cxofawMiics K Hyaw Beiony BHe A, Ho Torja oH M MojaBHO CXOAMTCH K HYJIO
BClopy BHe B.

Cnencrsue. Ecau muoxecmgo B ecmv muoncecmso muna U, mo u 8cikas ezo
wacmo A ecmo Mroxcecmso muna U.

I'py6o roBopsi, ueM OGIUHpHee MHOKecTBO E, TeM BepOATHEE, YTO OHO
THRa M; uem 6efiHee OHO, TeM GOJbilie OCHOBaHHil, uto oHo Tuna . Xopoueit
HJIOCTPALMEH CKA3aHHOMO CHYKHT

Teopema 7. Beakoe muoscecmso E nosoxcumensrold snympenned mepst myk >0
ecmy muosecngo muna M.

HoxaaateanncT1Bo. [lo onpeneneHuio BHYTPeHHEH Mepul MOXHO HAHTH
3aMKHYToe MHOXECTBO £ MOJNOXHTEJbHON Mepsl, cofepxaileeca B £. MokHO cun-
TaTh, YTO TOMKH 7t W — 7 He BXoaaT B F. Torga F noayusaercd us [—m. @]
YAaNeHHeM KOHEYHONO YHC/IAa HJAH CYETHOTO MHOXECTBA MONapHO He Mepecekaro-
HIHXCS HHTepBANioB M JBYX MPOMEXYTKOB [— x:, a), (B, <] (rme o u B cyThb Kpaii-
HHe Toukn F). Ilycrb f(xr) ecte xapakrepHcrduecKan ¢yHKuUMA MHOKectBa F,

) A, Denjoy, Lecons sur le calcul des coefficients d’une série trigono-
métrique, Paris, Gauther — Villars, I, 11, {1 (1941); IV, IV, (1949).

2) Mu GyieM TOBOPHTb, YTO psJ CXONHTCA K HYJIO, €C/H OH CXOJHUTCA H ero
CyMMa paBHA HY/IO,

3) H. K. Bapu, Ilpo6reMa efHHCTBEHHOCTH pa3jioKeHHA QYHKUHH B TpH-
TOHOMeTpruecKHi psj. Ycn. marem. Hayx, 4, seim. 3 (31), 1949, 3—68.
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Torpa psg Pypwe 3TOH ¢YyHKIMH BClogy Ha MHOXecrse [— m, m] —F cxoputest
T

1 ¢ .
K HYJIO, HO B TO Ke BeMs dy = — S f(x) dx:”i: > 0, u ycaonHe (16) se Bbinos-

HeHO. !) 3waaur F H Tem Gonee E o> F cyTh MHOKecTBa Tuna M.

JKenas npuBecTH XOTb OAMH NpHMep U-MHOKeCTBa, [OKaxeM Clejylollylo
TeopeMy:

Teopema 8 (I Kanmop). Bcaxkoc Koneuroe MHOMECTISO ECMb  MHOMECMAO
muna U.

Jnst n0oKa3artenbCcTBAa 3TOCO YTBEPIKAEHHS HAM NOHANOGSICH HEKOTOphle JIEMMBI,

Jiemma 2 (A. I. Lsapu). [lycmos pynryus F (x) HenpepoisHa Ha ompeske
[a, b]. Ecau scrody 8 (a, b), kpose, moxcem Obimb, KOHEIHO20 HUCAQ ITO4EK

Xy < Xo < oo << Xy (17)
F(IIJ(x):O' (18)

6ydem

a 8 mouxax (17) oxkadvigaemea

lim F &t h)—=2F ) +F (o~ _
h—0 h

, (19)

mo F (x) ecmo aunednas @ynxyus.
HoxasarearcrBo. Ilo teopeme LlBapua u3 § 5 ¢pynxuns F (x) AomxHa
ObiThb JHHEHHOR Ha Ka:KAOM H3 OTPE3KOB

[a, x), [x1, %l ooy [¥m, Bl
Myctw
Fe) {Ax-I—B npH @< X << x,
X)=
( Cx-+D mpu x; << x<<x,.

Ycaosue (19) B Touke X; AaeT, uTO

lim [F G+ —F (%) _F(xl)_F(xl—h)]=0
A0 h h '

oTkyna C=A.

C npyroii cropons, F (x))=Ax;+B=Cx,+D » notromy D=B.

Taxum o6pasoM, F (x) oKasbiBaeTcst JHHEHHOW Ha oTpeske [a, x,]. AHanoruuno
MBI YCTAHOBHM €€ JMHHeflHOCTb Ha BeeM [a, 4].

JJemma 3. Ecau h >0, mo

[ae)
sinZkh
Y S < (20)
k=1
JdoraszartenscTBo. Hailgem takoe HaTypasibHOe 7, 4TO

n—1<L<n
="

Torna B cuny HepaBeHcTBa |sino'=<<|a' okawercs

N sintkh N KR

sin (3
IR ST
k=1 k=1

1) Hapyuwenue (16) Buiuo M H3 pabencrba [lapceBans

=] a
2 1 ¢ F
TH Y @t =g | Pea=">0
n=1 —T
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C npyroii ctoponbr 1)

OTKYRa H BHITeKaeT (20).
Jlemma 4. Ecaw im a,=0, mo
n—o0
[e0)
sin2kh
lim ap - —5—=0.
h—0 T
k=1
HllokasarenncTso., BospMmeM g>>0 u nailaem Takoe n, utofbl npH
E=n Gouo la,|<e.
Torna, B cuay (20),

[ea]

sin2kh 13
Y o <]
k=n

sin2kh
15

< 3e.

T8

1
sin2kh

C apyrofi CTOpOHH, NMPH (GUKCHPOBAHHOM R Gyner h“mo =0 u and gocra-

n—1

sin2 kA

TOYHO MaablX [/i| OKakeTcs Z U~y | <E
h=1 :
Ilpu 3tux h, oueBHmgHO, GyneT
o]
sin2kh
Do | <te
k=1

YTO H NOKa3biBaeT JeMMy,
Jdemma 8. Ecau  mpuconomempuueckuli  pad  ydosiemsopsem  ycaosuro

hm a,= lim b,=0,
L= n—o0

mo 8 mobod mouke x dynxyus Pumana F (x) Haueeo psda ydosaemsopsem coom-
HOWEH U0

lim Flx+h—2F(x)+F(x—h)

h—0 h 20.
lloxasa'renbctno. Plcxoas H3 paBeHcTBa
o8]
_Gx* ) ap c0s nx + by sin nx
F(x)_‘ 4 A n? )
n=1\
onpenensioulero ¢pyuxkuuio PuMaHa, nerko HalTH, uTO
F 2hy —2F F(x—2h h 2
(x-2h) 4/(1)6)—{— (¢ ) ao a Z (208 1+ b, 5in 1) Slr:,zzh’
=1
H Jen0 CBOIMTCS K Mpexgulaylueil Jemme.
[o.2] [oa)
1 2
1 — )= -
)Z 2 k(fe~1) ‘n + 2 <k—1 k> n’
k=n k=n+ k=n+1
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Teneps MOXHO RaTh

Jokaszarteawctro TeopeMu 8 IlycTe TPHrOHOMETDHYECKHH pAx CXO-
IUTCS K HYJO BClOLY B [—a, 7], Kpome, MOXKET GbITh, TOUEK X; << Xp << < Xpp.
Torna ero xo3hgHUHEHTH CTPEMATCA K HYJIO, H, B CHAY JeMM D H 2 K TeopeMs! 2,
¢yHxuna Pumana atoro paja AxHefiHa B n1060M KOHEUHOM TNPOMEKYTKE, a 3HAYHT,
H Ha Beell ocu [locne 3TOoro 3ameyaHHs OKA3aTEAbCTBO YK€ GYKBAJNIEHO HHYEM
He OTJIMYaeTcs OT JOKAa3aTesNhCTBa TEOpeMHl 3.

Teopema 8 6nsa ofofuiena B. IOnrom, noxasaswum (1909), 4TO0 BesKoe cyer-
HOE¢ MHOXMECTBO €CTh MHOMXecCTBO THna U. B cBA3u C 3THMH pe3yNbTaTaMH cpeid
CNelHaNHCTOB GbiJI0 PacIpOCTPAHEHO MHEHHE, YTO BCAKOE MHOMXKECTBO Mepnt O ecTb
U-vuoxectso. Opnako B 1916 rony JI. E. MenroR onposepr 3TO, NOCTPOHB
npumep M-muoxecTBa mepbt 0. Pasymeercs, muoxectso, nocrpoennoe I, E. Mene-
WOBBIM, OblJO HecueTHBIM. Torja crTanu noJo3peBaTh, YTO BOOOHIE BCE HeCUETHbiE
MHOXecTBa MMeioT THn M. Ho ¥ 310 MHeHMe oKka3aJioch HenpaBHALHBIM: B 1921 roay,
nesapucumo apyr or zpyra, H K. Bapu n A. PafixmaH nocTpOHJAH HeKOTOpbie
Knaccel coBepureHHBIX {/-MHOMXeCTB. H 4acTHOCTH, KaHTOPOBO COBEPIIEHHOE MHO-
¥ectBo Py oKa3anoch U-mHoxecrsom Bomnpoc o6 (He TaBTONOrHYECKHX) yCNOBHAX,
HEOGXOZHMHIX H JOCTaTOYHBIX AJIf TOro, 4yroObl AaHHOE MHOMECTBO Mepe 0 HMEJO
THN U, 1O CHX NOp He pelleH.

YIIPAXHEHHS K I'/IABE X

YcnoBHMCA TOBOPHTBL, YTO TOUKA X eCTh mouka d cymMmupyeMoit ¢pyuxunu f (f),
€C/IH B 3TOR TOUKE NPOH3BOJHAf HEONpeReNIEHHOrO HHTerpasa GyHKUHH f(f) paBHa
F (%) (npruem f(x) # + o). \

1. Wnrerpan L, (x)=]/_§ S {t — (¢t —x)2]" f (£) df ectb cHBTYAADHKI HHTEr-

0
pan Jlanpay. Ecan x (0 <x<<1) ecTs Touka d cymmupyemoit yuxumu f(f), To
L, (x) —f (x) (. Puce).
2. Wnrerpaa

p _ 1 {—r2
’(x)'_?n 1—2rcos(t —x)Fr2
n

f(6) dt O<r<i)

€CTb CHHTYASPHHA uHTerpan Ilyaccoma. Ecim x(—n<x<<m) ecth Touka d
cymmupyemolt ¢ynxunuy f (f), 10
fm P, (x)=f (x)
r—-1-0
{I1. ®arty).

L1
Vn_ S cogant =%
2Vn 2
—n
Bange-Tlyccena. Ecan x(—mn <<x < m) ects Touyka d cymmupyemoli dyuxums f (?),

10 V, (9)— [ (x) (L. JK. Baane-ITyccen).
4. TloaxnoM

3. Hurerpan V, (x)= f(¢) dt ectb cuHrynsApHHA HHTEr pan

e

+1
n n41
Ka(@=(n41) )] CE xk (1 —x)nh SL F(o)dt
k=0

i

ecTb CHHIyJspHbfi uuTerpaa Jl. B. KauropoBuua. Ecin x (0 << x << 1) ectb Touka d
cymmupyeMoit ¢gynxuns f (%), To K, (x) —f (x) (/1 B. Kanroposnu).

5. Ilycre S, (x) cymMa nepBmx n ujeHoB psga Dypre CyMMHpyeMoi
¢dynxumH f (f) u

By ()= 5 [Sn@+Sa(r+ 5 )|
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B, (x) ects cuurynspuniii uurerpan C H. Bepuwrefina Ecan x(—an <x <m)
ouka JleGera f (f}, 10 B, (x)— [ (x) (M. I'l. Harancon).
b

6. INas Toro yTo6H papeHcTBO lim S‘pﬂ (Y) f () dt =0 umeno mecro gas Bcd-
n—-oo a

Ko#t cymmHpyemoit ¢yHKuuH f(f), Heo6XoRuMO, 4TOGH BCe QYHKIHH @, (f) GBLTH
OrpaHHYeHbl OgHHM 4YHC/IOM, | @, (£) | < K (A. JleGer).
7. Henwsa noctpoutk Takoro appa @, (¢, x), 4Tobsl paseHCTBO

b
hm §@, ¢, x)f () dt=] ()

HMeNo MecTo AN ool cymmHpyemoil (yHKUMH f (x), anmpoKCHMATHBHO Hempe-
puiBHoit B Touke x (M. I1 Harancon).

8, TlocTpouT: A4pO, YIOBJETBOPAKOILEe YCAOBHAM TeopeMsi JleGera u3 § 2 u
He YIORJeTBopsiollee YCIOBHAM TeopeMbt Dapjieena.

9. Ilyers azpo @, (¢, x) yroBiaeTBopsier ycnoBHAM Teopemut I1. M. PomaHnoB-
cxoro. Ilyetb F () og‘pax-mqeﬂa H NPH HEKOTOPOM x & (@, b) HMeeT CMBIC] HHTer-

pan Craaroeca 1n=SfD" (¢, x)dF(f). Ecnu mpu 3TOM X CYUIECTBYET KOHeYHad
a
F'(x), T0 I,— F'(x) (1. I1. Hatancos)

10. Buecty Tteopemy II. M. PoMmaHOBCKOro M3 pe3yJbTaTa YRpamHeHH: 9.
11. Ilyetse M (4) (—oo <<u <-+0o0) ueTHas, BHNYKJaA BHH3 QYyHKUHS,;

M (0)=0, 11? Mz(ﬂ = +-c0. YUrobl F (x) (@ << x << b) MOraa GhITh NMPEICTABICHA
u—-roo
x b
B BUje F (x)=C +S [ (¢) dt, rae S M [f (8] df <<+ o0, HEOGXOAKMO H JOCTATOUYHO,
a

a
/AF
4TOGH MHOXECTBO CyMM ZM \#) Ax,, oTBeqaroluX MOGHM ApobaeHHAM [a, b],
i
6uin0 orpannyero (0. T, Meagezes).
12. Bunyknas BHH3 ¢(YHKIHA YIOBNETBOPAET ycJoBHIO JIHNIIHHA B KamAoM
OTpesKe, JexauleM BHYTPH HHTEpBaja ee 3ajanHd.



r1A4BA X!

TOYEYHbBIE MHO)KECTBA
B IBYMEPHOM INPOCTPAHCTBE

§ 1. 3amMkuyTble MHOKECTBA

Jlo cux nop MBI 3aHHMAJHMCh H3ydeHHeM QYHKUMI ORHOH MepemeH-
Hoit. [ Teopunm GyHKUMHE HECKOJNBKHX TIEpPEMeHHHIX CJeAyeT O3Ha-
KOMHTBECSI ¢ TOUEYHBIMH MHOMKECTBAMH B MHOFOMEPHBIX TPOCTPAHCT-
Bax. 3TOMy K NOCBsillleHa Hacrosiiast rnasa. Hajpo sameTuTs, 4TO
Bce Haubosee CYULECTBEHHBIE (haKkThl TEOPHU MHOIOMEPHBIX TOYEUHBIX
MHOXKECTB MOXKHO Hadnio1aTb yxKe B IBYMCPHOM CJYy4ae, KaKOBBIM
Mbl M OrpaHUMUMCH JJs 1pocTorhl GOPMYJHPOBOK W 3arHCed; nepe-
XOJ, Ha [pPOCTPAHCTBA GoJiee BLICOKOIO 4HC/1a M3MepeHHH NpeacTas-
JifleT JIMUIb TeXHHYECKHe TPYAHOCTH.

Kak ©u B JuHeiiHOM cJyuyae, HauGosee NPOCTHIMH MHOMeCTBAMH
SIBJASIIOTCS. 3aMKHYTBIE H OTKpPHITBIE. C HHUX MBI H HauHeM.

Onpenenenre 1. Touka M, haswiBaercsi npedeavror moukord IJIO-
cKoro MHomecTBa E, ecan Besikuil omkpeimedul kpye, copepxaimuii M,,
CONIEPKUT XOTA GBI OfHY TOYKY MHOxkectBa E, OTJHYHYK OT M.

[Ipy >TOM OTKpHITHIM KpPyroM Ha3sblBaeTCs') MHOXKECTBO TOYEK
(x, ¥), KOOpJAUHATEI KOTOPHIX VJOBJETBOPAIOT HEPaBeHCTBY

(=@ +-br <P,

rie a, b n r>-0 mocroanusle uyucna. Touka (@, b) Ha3bIBAETCA (EH-
Mmpom Kpyra, a UUCIO r ero paduycom. Ecau nApHCOEIHHUTb K OTKpbI-
TOMY KPYIy ero KOHTyp, T. €. Te TOYKH, I/Is1 KOTOpelX (x—a)-
+{y — by =r?, TO NOAYUUTCS 3AMKHYMbIE KPYT.

Kak u B JauHefiHOM cjyuae, JErkO MOKasarb, Yro Touka M, Oy-
JeT npeflesibHOR TOUKOH MHOXecTBa E Toria M TOJNbKO TOrjAa, KOrja
3 E BwJensierca TOc/ef0BaTe/bHOCTL pas3iMuHBIX Touek M, M.,
M, ..., Takoro poja, uro M,=1lim M,.

370 nocaeNHee COOTHOIEHHE O3HAUaer, YyTo paccrnoaxue o {(M,, M,)
CTPeMHTCS K HyJw ¢ Bo3pactaHuem . ITog paccrosuuem p (A, B)
MeKIY Toukamu A (ay, a,) u B(b,, b,) pasymeercss 4uCJ/O

p(4, B)=V (by —a)*+ (by—ay)*.

1) CaMo co60l0 pasyMmeeTcsl, uyTo AMSL RJOCKOrO CAyyast TepMHHBI «KPYr»,
« €UCHTP», «pajuyc» XOPOIIO H3BeCTHBl HHTATesmo. Mbl, OlHaKO, OCTaHaBAUBAEMCA
HA YHCTO apH(METIIYECKOM OMNpeAefeHHH 3THX MOHATUH, W00 XOTUM AaTh obpasel,
KOTOPOMY HajJIe:KHT CJle/0oBaTh H NDU MNepexoje HA rn-MEpHBIH cayydad,
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Jlerko nokasatb, uto ecan M, npefenbHasi Touka MHoXecTBa E,
TO BeAKuil kpyr, cntepxauinil M, coaepKHT GecKOHeuHoe MHOMKeCTBO
Touek E.

CoBOKYNMHOCTE BCeX NPeAcAbHLIX TOYek MHOXKecTBa £ o6o3Haua-
eTcsl yepe3 E' W HA3LIBAGTCHA MPOU3BOOHbIM MHOMECTBOM. TOUKH MHO-
wectBa E— E' CYTb 130AUpORAKAH6IE TOUKH MHOMKeCTBa E.

Baxuyto poib H 31ech Hrpaer

Teopema I (b. boasyano — K. Beitepuumpacc). Beakoe Gecko-
HeuHoe ozpanuyerHoe muoxcecmeo E umeem xoms G 00HY npedersryro
MoKy,

J0oKa3aTensCTBO B OCHOBHOM TaKoe e, Kak B JIHHEHHOM caydae.
Wmenno, mHomecTBO E 3aK/JIOYAIOT B NPAMOYTONBHHK R (a==x=<<

a+tb c+d
<< b, c="y=<d) n pasnaraT ero NpsMbIMH X=—5—, Y=
4eThbipe TNPAMOYIOJAbHWKA, W3 KOTOPHIX BHIOHPAIOT TOT, B KOTOPOM
CollepHTCs BeCKOHeuHoe MHOMXKECTBO Touek MHoxecrtBa E. Ilpopoa-
Xas NoJoOHbI INpouece, NOJYYalOT MOCAEJ0BATENBHOCTh BJOKEHHBIX
NPAMOYrOJBHUKOB, CTSITHBAIOLLYIOCS B HEKOTOPYIO TOUKY (X5, Yo)-
Jlerko npoBepuTh, uTO OHA M OyIeT NpeleJbHON TOUKOH MHOXKecTBa E.

Herpyano nepenectd 3ty TeopeMy M Ha TOC/AeOBATENBHOCTH TO-
YeK H MOJYYHTh TAKOH pPe3yJbTaT:

Teopema 2. H3s scaxoil vepanusennot nocaedosamensrocnit My, My,

Ha

M,, ..., mouex naockocmu evideasiemea noonocaedosamensocmo M, ,
M,y My, . 0y <ny <tz <<...), cxodauasncsa K Hexomopoil mouxe M,
llm M'lk = Mg.

Onpenenenne 2. ToueuHoe MHOMXKECTBO F HA3LIBAETCH 3AMKHYMBEIM,
ec/H QHO COJEP’KHT BCE CBOH NpefesbHbIE TOUKH, T. €. ecin E'  E,
Ecau E' =E, To MHOMeCTBO E HA3HIBACTCH COBEPLUEHHLIM.

B kauectBe NpHMEPOB 3aMKHYTOTO MHOXKECTBA MOXKHO MPHUBECTH
3aMKHYTHI Kpyr (¥ — a)® 4 (y — b)* =< r?, 3aMKHYTBHIH NPSIMOYTOJBHUK
a=<x=Ch, c=ty=I{d, a Takke MHOXKeCTBO ToueK M, KOOpAHHATHI
(x, y) XOoTOpHIX YJOBJETBOPSAIOT HepaBeHCTBY F (x, y) =0, rae F (x, y)
JoBast HempepblBHASL QYHKLUHSA, 3a1aHHad HA BceH MNJIOCKOCTH.

Mul He 6yxeM Tak NOAPOGHO HM3YuaTh 3aMKHYThIE MHOXKeCTBA, KaK
B JuHellHOM cAyuae, 3 OTpPaHMYMMCS pACCMOTPEHHEM JMulb TeX U3
UX CBOHCTB, KOTOpLIE HENOCPENCTBEHHO MCHOJB3YIOTCH HHKE.

Teopema 3. [lepeceuenue nPOUIBOALHO20 MHOMECINBA 3AMKHYINbIX
MHOMCECME  ecmb  MHOMNecmao 3amkHymoe. Cymma KOHeuHoeo uucia
SAMKHYMbIX MHONCECING ECHIb MHONCECHIBO 3AMKHYIMOE.

HokaszaTeseCTBO 3TOH TeOpeMBl HHYeM He OT/JHYaeTCs OT JIMHeH-
HOTO cjyyas.

Onpepenenne 3. Ilycts E — TOueyHoe MHOMKECTBO, a IN — HeKOTO-
pasl cucTema OTKpHITBIX KpyroB. Ecam ais kamaod touku M e E
cywlecteyer kpyr K = I, rakoit uto M & K, 1O ropopsar, 410 MHO-
#ectBo E nokpeimo cuctemoit 1.

Teopema 4 (3. Bopeaw). Ecau samknymoe oeparudenroe MHO-
ocecmeo F nokpeimo OecKoHeunoli cucmemod omkpeimsix Kyeo8 I, mo
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U3 nocaeOHell MONHO u361e4b KOHeunyro cucmemy IN*, makice nokpoi-
sarouyyro mHoxcecmao F.

IloxkasarenbCTBO, Kak H B JIHHeHHOM cllyyae, BefleTCsl OT NpOTHB-
Horo. WUMenno, npemnonaras, 4ro F HeJsb3sl NMOKPEITE KOHEWHBIM YHC-
JOM KpyroB cucremnl M, 3akmounM F B npaMoyronbHHK R (a=<<
<x=b, c=<y=-d) n pa3obbeM ero NnpsMBIMH xz%', y=€¥
Ha ueThipe NpAMOyroabHHKa. XOTb OAHH M3 HHX GyjeT coaepiarb
yacTs F, He MOryilylo GHTb INOKPHITOH KOHEYHbIM YHCIOM KpPYIOB H3
cuctemsr M. Pazbupas ero Ha yeTsipe yacTH H MPOAOMNKAA 3TOT NPO-
Lecc, NMPHAEM K INOC/eNOBATEILHOCTH BJIOXKEHHBIX NPAMOYTOJbHHKOB,
KaOXApIH M3 KOTOPBIX COAePXKHT 4acTb F, He MOKPHIBAIOILYIOCH KOHEY-
Ho#t wactbio M.

St npAMOYroNbHHKH GYAyT CTATHBATRCS K HekoTopoil Touke M,
OTHOCHTE/JIbHO KOTOpOil JIerko MOKa3aTh, YTO OHa GyJeT MpHHajje-
xatb F. Tlocne storo Tak e, Kak M B JHHeHHOM cayvae, Ge3 TpyAa
noJyyaercA NpOTHBOpeUHe.

§ 2. OTKpbITHIE MHOXKECTBA

Onpepenenne 1. Touka M, Ha3wBaeTcA SHympexHel TOYKOH MHO-
xkecrBa E, ecan cymecTByeT OTKpbITHIT Kpyr K, colepiKaimuii TOUKY
M, u cam cofiepxauuiica B MHOXecTBe E:

Mye KcE.

Onpenenenne 2. Ecnu Bce Touku MHOXeCTBa E CYTh €ro BHYT-
peHHHe TOUKH, To E Ha3blBaercs omkpoumsim MHOXKecTBOM. IlpuMepom
OTKPHITOrO MHOXKECTBA MOMET CJYXKHTb OTKPHITHI KPyr.

Teopema 1. Cymma 1100020 MHONCECBA OMKPLUMGIX MHONECME
ecmb OMKDbLIMOe MHOXCECMBO.

IloxasarenbeTBO TaKoe XKe, Kak JAaa JHHEHHOTO cjyuas.

Teopema 2. [lepeceqernue KOHe4HO20 4HUCAQ OMKPLIMbIX MHOXCECMA
OMKpPeUO.

JlocTaTouHO NOKAa3aTh, 4TO MepeceyeHHe ABYX OTKPBITBIX MHOMKECTB
G, u G, ectb OTKphiToe MHOXecTBO. Ilyctb M, (x4, Y,) — TOUKa 5TOrO
nepeceyeHHs. TorAa HafiayTcs OTKpbIThie KpPYTH

Kl: (x—a,)2+(y—bi)2<r}" (i=l) 2)
TaKHe, 4TO
My=eKicG  (i=1, 2.

Ecau Mbl okaxeM, uto cyulecTsyer Kpyr K, cojepixaumui Touky M,
H caM cofepxatuuiica B nepeceyenHd kpyros K; v K,, T0 Teopema 6yaer
JokasaHa. HeTpyiHo Buzerbh, To TakHM Kpyrom K sBiageTcs Xors 6bl
Kpyr
K (x—x*+ (g —y)* <0’

p=mn i =V @ —xP+ &~y

b=

rjie
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Bynem o6osnauath uepes CE jonosHeHue NJAOCKOro MHOMecTBa E
IO Beeff miocKocTd. Toria coBeplileHHO TaK 3Ke, Kak U B JHHEHHOM
caydyae, MBI IOKaxeM, UTO CIpaBe/aHBa

Teopema 3. Jonoanenue CG omxpeumoco muoocecmeéa G ecmo
MHoxcecmeo 3amkHymoe. Jlonoanenue CF 3amxnymoeo muoxcecnsa F
ECMMb MHONCECITIB0 OMK PLUTIOE.

Hanee, c noMomniplo Tex e paccyjenuit, uto u B § 4 ra. I, mpt
YCTaHOBHM «TeOpPEMY OTAEAHMOCTH»:

Teopema 4. Ecau F, u F, 0sa ozparudennbix, He nepecekato-
WUXCS BAMKHYMBIX MHONCECMBA, 1O CYUYECBYIOm 08a OMKPOLIMbIX MHO-
acecnea Gy u G, maxkux, 4mo

Gl DF]_, GQDF2, 6162:0.

UYro Kacaercs Jo CTPYKTYpPbl OTKPHITHIX MHOXECTB, TO 3TO
HepBbIil BONPOC, B KOTOPOM OOHAapy:KHBaeTcsd CYLIECTBEHHAs pPasHHLa
MeXy ONHOMEDPHBIMH U ABYMEPHBIMH OTKPHITBIMH MHOXecTBaMH. KmeHHo,
B JBYMEPHOM cllyuae HET MOHATHUS COCIMABASIOWIE20 UHMEPeaAad OTKPHI-
TOrO MHOXeCTBa. [l03TOMy OCHOBHasi TeopeMa O CTPYKTYPe OTKPhITOro
MHOXeCTBa A5 NIJIOCKOrO CJyyasl HMeeT MEHee YeTKHMH XapakTep, ueM
NS caydas JMHeHHOro.

Teopema 5. Bcakoe ne nycmoe omipoimoe MHONCECIBO €CMb CYMMQ
CHEMHO20 MHOXCECHIBA 3AMKHYMbIX KBGO PANT08, CMOPOHbL KOMOPbLX napaa-
AeNbHOL  OCAM  KOOPOUHAM U KOMopble NONAPHO He umerom oouux
BHYMPEHRUX MOoLeK.,

JoxrasareabcrBo. PaccMoTpum JBe CHCTEMBI NPSAMBIX

x=0, =1, +2, %3,...,; y=0, =1, *x2, *+3,...

OTH npsMble pa3dHBAlOT BCIO MJIOCKOCTh HA CYETHOE MHOXECTBO KBaj-
patoB (K KaXAOMY M3 KOTODPBIX Mbl MPHUMCJASEM ero KOHTYp) €O CTO-
poHoii, pasHOfi |. DT KBajApaTH MONAapHO HE HMET OOUIHX BHYT-
peHHux Ttouek. Hasosem ux KBagpatamH l-ro panra. [ajee, npose-
JieM npsMble B

1 3 1 3
x=0,i—§*, il,i?,-..;y=0, i‘f,il, i'z‘,-.-

Te 3aMKHYThIE KBajaparbl, Ha KOTOpPLIE p336HBaETCﬂ NMJIOCKOCTH
STHMH NpSMBIMH, HA30BEM KBaJlpaTaMH 2-ro paHra. ﬂCHO, yTQ Kax-
ﬂblﬁ KBajpar I-ro paHra COCTOHT U3 4YeTbipeX KBajJparToB 2-ro paHra.
HPOBOI(H, jajnee, CHCTEMbl NPAMBIX BHAA

n n
x=gpy=7 (,m=0£1 %2 ),
x=Bg=" (nm=0,x1, %2, )

H [pojio/iXKasi 3TOT NPOUeCC HEOr paHHYEHHO, MBI MOTYYHM KBAJpaThl
pauros 3, 4, 5,...

Bce 3TH KBajpaThl 3aMKHYTHI, CTOPOHBI HX NapaJjiefbHbl OCAM, ABa
KBaJipaTa OJHOTO H TOTO K€ PaHra He HMEoT OOUWHX BHYTPEeHHUX TOouex,

) 303



BCAKME KBajipaT paHra k COCTOMT H3 YeThipex KBaipartos panra k-1,
CTOpoHa KBaipata paHra k nMeeT JJIHHY 2!-%; HaKoHel, MHOXeCTBO
BceX TAKHX KBalpaToB CYETHO.

[ponenas 310 mpefBapHTeNbLHOE NOCTPOEHHE, PACCMOTPHM KaKoe-
HUOYIb He NyCroe OTKpHIToe MHOMEecTBO G. Ecau M, npou3aBo/bHast
TOYKa 3TOr0 MHOMKECTBd, TO MOMXKHO YKasarb (MOKeT ObiTh He elHHCT-
BeHHBIM CHOCOGOM) HOCJAEN0BATEILHOCTh BJICIKEHHBIX APYT B JApyra
KBaapatoB 1-ro, 2-ro, 3-ro, ... paHros, colepxKawux Touky M,. Ilyctb
310 6yayT kBampate Q) D QP QW o ...

Tak kak Touka M, eCTb BHYTpEHHAS TOYKa MHoxecTBa G, a cTO-
poHa kBajgparoB Q) ¢ BospacTaHueM A CTPEMHTCS K HYJIO, TO BCe
KBaipaThl Q”), HauuHas ¢ HEKOTOPOro H3 HHX, coxepxkarcs B G.
TakuM 06pasoM CyuleCTBYIOT KBaipaTbl MOCTPOCHHOH BEHILIE CETH,
conepxanirecs B G. 3aMeTHB 3TO, Ha3oBeM uyepes T, MHOMKECTBO BCeX
KBazpartos l-ro pawra, cofepxamuxcs B G, yepes T, MHOXKECTBO BCeX
TeX KBaJparop 2-ro paHra, KOTopble cofiepkarca B (, HO HE COJepIKaTCH
HH B OHOM KBajaparte cucTeMbl T,, uepe3 T3 MHOXKECTBO BCEX KBaj-
patoB 3-ro paHra, KoTopble cofepxarcsi B (4, HO He COAepKaTcs HH
B OJHOM KBajpate cucteM T; U T, U T. A

Kaxnas us cucrem Ty, Ty, T3, ..., @ 3HAUHT U cymMma ux T, pasee
aumb cuerHa. [lepenymepyeM Bce KBaapaTbl CHCTeMbl 7 M NYCTb 3TO
6ynyt kBaapatel Qy, @z, Qs ... [Tokaxewm, uto

6=3 Q. *)
k=1

To ofcToATenscTBo, uTo ( COAEPKHUT CYMMY BCeX @, TPHBHAMNBHO.
O6parHo, ecan M, Touka G, TO, KaK Mbl BHJIEH BbIlIE, CYIECTBYIOT
KBaJpaThl HCXOJHOH ceTH, cojepmaumuecss B G U cofepxkaiiue M.
[Tyctb P ecTb MHOXECTBO HOME D OB PAHrOB TakKHX KBaJpaToB.
P ecTh HE MyCTOe MHOMECTBO HaTypaJbHLIX YHCEN, 3HAUUT B HEM €CTb
nauMenbinee uucio. [lyers 310 6yser m. TorAa cymiecTByeT KBajpar
paHra m, cojepxawuit M, u cojepxamufica B G. 3TOT KBaiapar He
COJIEPIKUTCST HH B KaKOM KBajpaTe CeTH, KOTOpbI cofepxan O M,
cozepxaics B G M MMeJ paHT, MeHbIUMA m, HOO HHaue m He OblLIO
66 HauMeHbuuM yucaoM H3 P. Ho Ttorga ynmomssyThiil KBagpar BXo-

[e )

aut B cucreMy T, 4eM MoKas3aHo, 4to G C Z Qe
k=l

Taxkum o6pason, paBeHcTBO (*) nokasado. Ocraercs NokKasatk, YTO
B NIpaBoH 4acTH [eHCTBHTENbHO CYETHOE, a He KOHeYHoe, MHOXECTBO
caaraemelx. Ho ecan Ol HX ObLT10 KOHE4HOe uHca0, TO G, OylLyduH
CYMMOIl KOHEYHOIO YHC/Ia 3aMKHYTLIX KBaJApaToB, ObLIO Obl MHOMECT-
BOM 3aMKHYTBIM.

EnuHCTBEHHOE He NMycTOe IHJOCKOE MHOXKECTBO, KOTOpOe OJHOBpe-
MEHHO SIBJISI€TCS OTKPLITHIM H 3aMKHYTLIM, ecTh BCSl IVIOCKOCTb, ') HO
ecii Obl G COBHANano co Beell MJIOCKOCTBIO, TO Y3K KOHEYHO He [Ipej-

1) Teopema 2, § 4, ra. Il nepenocutcs Ha aByMepubll caydad.
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cTaBasoch Obl CYMMOH KOHEYHOTO YMCJAA KBajApaToB, TAK YTO 374
NOC/eNHsAsl BO3MOXHOCTb HCKJIIOUAeTCH.

Cnefyer OTMETHTb, UYTO [pEACTABIEHHE OTKPLITOTO MHOMKECTBA
B (opMe, YKa3blBaeMOH 3TOH TeopeMol, BO3MOMKHO He elHHCTBEHHBIM
o6pa3somM; MOXKHO, HampuMep, pa30uTh OHH H3 PAacCMATPHBAEMBIX KBajl-
paToB Ha wacTd, WM C CaMOro HayaJa CTPOHTb CeTb, NeJsi KBaipaThi
He Ha 4, a Ha 9 yacTefi M T. II. 3TO MBI H HMEJIH B BHIY BHIlE,
roBopsi, YTO B MJIOCKOM CJy4ae OCHOBHAsl TEOpeMa O CTPYKTYPE OTKpbI-
TOrO MHOXECTBA HMEeT MeHee YeTKHIl XapakTep, YeM B JIHHEeHHOM.

B sak/mouende Jokamem chellyrolee obodmenHe TeopeMstr hopes.

Teopema 6. [Tycmo M HeKOMOPAL CUCMEMQ OMKPBUMBIX MHONCECME,
a F samxrymoe oeparuuenroe mroocecmso. Ecau kancdas mouka F npu-
Hadrexcum xomsa 061 00Homy mrosxcecmsy G = M, mo w3z M ewdessem-
CA KOHEUHOe YUCAO OMKPBUNbLY MHOXCECMS, CYMMA KOmopbix codepacum F.

JleficTBUTENBHO, KaXI0e OTKDPHITOE MHOMXECTBO €CTh CyMMa BCex
COllepAalUXCA B HEM OTKPBITHIX KpyroB. Ilostomy F NOKPHITO cHCTe-
MOH BCEX OTKPBITHIX KPYTOB, CONEPMKAIHXCS B MHOKECTBAX cHCTeMbl N,
[Mpumensisi K 3THM Kpyram Teopemy Dopessi, MOyyHM KOHEUHOE YHCJIO
ux, nokpeatoiniee . Kamabiil 03 HUX COAEPIKUTCH B KAKOM-TO MHO-
xecTBe cucrembl M. OTOHpast 3TH MHOXKeCTBa, Mbl U IOJYUHM Tpe-
OyeMYI0 KOHEeUHYIO nojcucTemy M.

Orcioa, B 4aCTHOCTH, BHJIHO, 4TO B TeopeMe Dopesns MoxkHO 6bl10
Obl TOBODHThL HE O KpyraX, a, HalpHMep, O KBajparax.

§ 3. Teopust uaMepeHus NJOCKHX MHOMXECTB

Teopud H3MepeHHUs NIOCKHX MHOMECTB CTPOMTCA COBEPIIEHHO TaK
ke, Kak M Jis JuHeflHoro cayuan. Pasnuune nMeeTcsl TONbKO B HCXOX-
HbIX MYHKT&X 3THX Teopui, U060 IJIOCKOE OTKpPBITOE MHOMXECTBO He
JONyCKAeT OJHO3HAYHOIO Pa3JOMEHHS Ha COCTAB/AIOLIUE HHTEpPBAJIH,
a JIoNoJHeHHe 3aMKHYTOIO OrpaHHYEHHOI'0 MHOMKECTBA J0 COAEPIKALIEro
€ro HauMeHbILero NpsMOYroNbHHKA He 0053aTeqbHO OTKPEITO.

Onpenenenne 1. Mepod oTKpuITOro npAMoyroibHiuKa R (a <<x < b,
¢ <<y << d) HazplBaeTcs ero naouads, T. €. YUCIO

mR=(b—a)(d—c).

To xe uucmO Ha3biBaeTcs Mepoll 3aMKHYTOrQ NpPAMOYTOJbHUKE
ﬁ(agxéb, c=Yy=d). (B oboux ciyuafx 3apaHee mpeinoaraercs
a=<b, c< d. B ciiyuae paBeHCTBA @ = D, OTKPHITHH APIMOYFOJbHHK R
€CTb MYCTOEe MHOMKECTBO.)

Jemma 1. ITycmp Ha naockocmiu O0aHO KOHEHHOE HUCAO RPAMO-
yeoreHuxos Ry, Ry, ..., R, Cmoporo: komopeix napasiessHvt OCAM.
Amu  NPAMOY0ALHUKY  MO2YM NEepecekamocs WAL He nepecekamocs
meacdy cobold. Henomopeie U3 HUX OMKPLIMbL, A HEKOMOPbE SAMKHYMbL.
Toeda cyuecmeyem Mmaxkas KOHEUHAS CUCIIEMA OMKPLIMOIX N PAMO-
Y2OAHUKOB V1, Y2y - - - » VN, CO CIIOPOHAMIL, RAPAAAEAHOIMIL OCAM, KOMO-
pas obaadaem cAeOYOWUMIL CEOLICIMBAMU:

1. Hpamoyeosvruru vy, He nepecexuiomes mexcdy codou.
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2. Ecau Ry, # 0, mo R, D v;.

3. IMaouade rawdozo R; pasna cymme naowadedl mex ¥, Komo-
psie umerom ¢ R; obwue moukiL.

HokasateanctBo. [lycth (cMoOTpA no TOMY, 3aMKHYT HJH
OTKpHT R;)

Ri=Ri(a<<x<<b, ac;<<y<d), Ri=R(a,<x<<b;, c;<<y<<dy).

PaccMoTpM MHOXeCTBO Touek {a;} + {b;} ¥ nepeHyMepyeM HX Tak,
yTOGL! OHH O6Pa30Ba/lH BO3PACTAIOUYI0 KOHEUHYIO MOCJAEA0BaTeNbHOCTh
X<y <o < X

AHANOrHYHO, MYCTh Yy << Y <...<<Yy €CTb PACMONOKEHHOE B IO-
pAAKe Bo3pacTaHusi MHOXecTBO {¢,} -+ {d;}. TpebyeMoe MHOXKecTBO nps-
MOYTOJIbHHKOB Y, Mbl MOJYY4HM, paccMaTpHBas NpPAMOYTONbHHKH

(xx <“x <X Yu <Y <Yp+)
A=0,1,..., p—1; n=0, ,..., g—1).

JlokasateqbCTBO 3TOTO NpocToro dakKra NpeacTapisieTcss UHTATeNo.
Jdemma 2. ITycmo {a;} u {P;} Ose roweunoie cucmemer npsmo-
Y20A6RUKO8, 1) npudem NPAMOYSOAbRUKU @; NONAPHO He umerom obujux

grympennux movex. Feaw > 0, < 3 By mo Y mo; < ¥ mp,.

Jlns nokasatensctBa oGwenunsem obe cucremsl {a;} # {f;} B oany
obuyio chcreMy {Rs}, K KOTOpOH npuMmeHsieM TIPeIbIyIyo JeMMy.
Taxk Kak npsIMOYTOJbHHKH @; HEe HMeoT OOIHX BHYTPEHHHX TOYEK, TO
OflMH H TOT e MpPAMOYTONBHHK Y, HE MOXeT COJEPKAThCA B ABYX
pas3nbix @;. [TosTOMy T Y., KOTOpHle COZiepKaTcA B Y.0.;, MOXKHO pac-
npeleauTh 10 TpymnaM, oTHocs B rpynny T; Te y,, KOTOpbie cojep-
¥arca B ;. BaxHo 3aMeTHTb, YTO 3TH FDYNHbl HE I[IEpEceKarorcs.
Tostomy 3 ma; =, ( Simyy= ) > myy, te T — MHOMKECTBO BCEX Py,

EAT, T
cofepXaluxcs B Yo, .

Ilpousseem nepepacnpefiesiente NpAMOYrobHHKOB Y, & T Ha
apyrie rpynnel. MMenno, mycte S; MHOXecTBO TeX y, & T, KOTophie
copepxarcst B f;, S, MHOXKecTBO TeX y, & T, KOTOpbIe cofiepkarca B f,,
HO He BXORAT B S;, S; MHOXecTBO Tex y, & T, KoTopble coiepiKarcs
B Pj, Ho He BxoasT B S;+S,, u 1. A

Torna Zmykémﬁ ;» H60 mf, paBHAa Cymme MJoulajedl BCEX Yy,
S
J
copepxamuxcs B B,. 3HaUUT

N moy = Zr: my, = Z (% ka> < X mp;.

Jlemma jgoka3sana.

1) Umetorcst B BHAY NPSMOYFOJbHHKH, CTOPOHBI KOTOPBIX MaPafUICAbHbI OCAM,
HO MBI Gosiblue He OyjgeM HenaTh 3ToH OrOBOPKH, MO0 JpyrHX cayuyaes Booblue
HE paccMaTpHBaecM.
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Caencrene. Ecau npamoyeonbHuxi KOHE4HOU uau CeemHol  cu-
cmembl {@;}, nonapHo He umelom OOWUX BHYMPENKUX MO4eK U éce
codepaicamcs 8 0OHOM npamoyeorsruke R, mo

N ma;<<mR.

HelcTBHTeNbHO, CTy4ail KOHEYHOro 9uCjHa MPSIMOYTOJBbHHKOB a;
SBNSETCA YacTHBIM CJyd4aeM JeMMbl, a c1ydall HX CUeTHOTO MHOXKe-
CTBA NOJydYaeTcsi OTCIONa NpejenbHbIM NepexoioM.

Jlemma 3. Hycme A u B—08a naockux 02paHUHEHNbLX MHO-
owecmsn, Kaxcooe U3 KOMOPbX npedcmasuMo 8 Gopme cymmol CHemHo2o
MHOMNCECITIBA SAMKHYMBIX NPAMOYOAbHUKOS

(o) [as)
A= Za,-, B= Zﬁj,
(=1 {=1
npudem NPAMOYS0AbHUKU Q; NONAPHO He uMerom O6UUX BHYMpPeHHUX
moex. Ecau A < B, mo

[a2) (23]
Y ma; << 3 mB,.
i=1 1=\
3ameThM, uTO PfA, CTOAULHA 3/leChb HAMpPaBO, MOXKET PACXOAWTBCH,
n6o nmpamoyroabhuku P, moryr Hanerare. Ho B arOoM cayuae smemma
TEHBHABHA, HOO CYMMa pacXOAAILErocs MOJIOKHTENLHOrO psija paBHA
+ co, Utolbl J0Ka3aTh JeMMy MPH YCJAOBHH CXOAHMOCTH pAfa Zmﬁ s

JONYCTHM, YTO OHa HeBepHa. Toraa MOXKHO HAfiTH CTONL Gojblioe
HaTypanpHoe 1, 4TO

i}ma;> imﬁ,. *)

i=1 ;=1
3axmounM Kaxapiil npaMoyroasruk f; B omkpoimoul NpaAMOYTONb-
y £
Huk P, BolfpaB ero Tak, 4To0bl 0Ka3anoch mﬁ}“<mﬂ,+-2~, rhe

€ — [10JIOKHTEIbHAA PA3HOCTb MEXK/Y JIeBOH H MpaBod 4acTAMM Hepa-
Bercrea (*). Toraa cucreMa OTKphITHIX MHOXecTB {f}} noxpoiBaer
n

OrpaHuyeHHoe, 3aMKHYToe MHOXecTBO F = > a,.
=1
Ilo obobuienHofi Teopeme bBopenss MOXHO yKa3aTh KOHEYHoOE

m
uncno npsmoyronbunkos PY, P35, ..., Pn Takux, uro Fc Zﬁ?‘.

i=1
B cuny aemmst 2 Mul monyuum

D ma;< Y, mpp < Y mp;+e,

i=1 i=1 =1

n [we]

OTKYAa H NOJaBRO ), ma;<< Y,mP;+4€, 4T0 MPOTHBOPEYHT ONpe-
F=1 i=1

AeNeRHMIO uMCAA E.

307



a

B uwactHocTH mHoxkectBa A u B Moryt coBnajiark. [Tosromy crpa-
BEJLTHBA

Jemma 4. Ecwr naogcnoe ocparudernoe mroxeunso E - deyms
cnocobami NPedcniasumo 6 IopMe CyMMmo: CHENIHOSo MHONCECBA 3AMK-
HYMbIX NPAMOYSOI6HUROE

[e¢] oo
3
E=3 a=2f,
=1 1=1
npUdeM NPAMOY20A6HUKL KAXCA020 U3 IMUX npedcmagrerull nonapHo
HE UMeom oBUUX BHYMPEHHILX MOYeK, Mo

[e 0] o3
> me, = Y mp,.
t=1 ;=1
Kaxjgoe OTKpBITOE MHOMKECTBO €CTb CYMMa CUETHOIO MHOMXeCTBA
3aMKHYTHIX KBaJApaToOB. LCTECTBEHHO MeDYy TaKOro MHOXKECTBa Ollpe-
NeJUTL KakK CyMMY TLIOWLajlefl THX KBaipaToB. JTOT HYTb aHaJOTH-
YeH NHPUHSTOMY HaMH B JIHHEHHOM C€Jy4Yae, rJe BMECTO KBaJApaToB
durypupoBanau coctapaswouine nHrepsansl. Ho sgech, B oTauuue or
JUHEHHOTO CJyuasl, HeT OOHO3HAYHOCMU YKA3aHHOTO PA3/IOoKEHHd
U TOTOMY MOMHO OblIo OBl COMHeBATbCA, OyAeT JU IPH pasHblX
Pa3NoXKEHUAX NOAYUaTbCsl OflHA M Ta XKe cymMa nJaomagedt. Jlemma 4
YCTpaHseT TaKMe COMHEHHsl, M Mbl BOpaBe JaThb
Onpenenenue 2. Mepod mG NJOCKOTO OTpPaHUYEHHOIO OTKPLITOrO
MHOXecTBa (G Ha3biBaeTCss CyMMa NJOMAafed 3aMKHYTHIX KBaApaTtos,
nonapHo 6e3 o0uLHMX BHYTPEHHHUX TOYEK, CYMMOH KOTOpbIX ABasercs G.
M3 nemmel 3 BbITEK2ET
Teopema 1. Ecau Gy u G, 02panuvertbie OMKpLimble MHOMECMBA
u G, <Gy, mo
mG, << mG,,

Hanee crupaBefuBa

Teopema 2. Ecau omkpeimoe ozpanuderoe mroxcecmso G A649-
eMCR CYMMOL KOHEMHO20 HUCAQ UAU CHEMHO20 MHOMECMBA B3AUMHO
He nepecekarouyuxca omxpoimolx Mmroocecms Gy, mo

mG = Z mGy.
k

Ecau ace ombpocumes yeaosue omcymemsus i CAQeqaemelx obuux modex,
mo

mG =< Z mQy.
)3

@

HEﬁCTBHTeﬂbHO, NNYyCTh paBEHCTBO Gk= Zafk) AaeT 1npeacrasJie-
=1

HHe G, B dopve CYMMBl 3aMKHYTHIX KBajJparoB Oe3 ofulux BHYTpeH-

HuUX Toyek. Torma
G=Yo®, *)
i, R
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Ecan mHOXectBa G, nomapHO He TNepecekatorcsi, TO B NPeJCTaB-
JeHnu (*) oraenbHele KBaipalbl o!¥) nomapHo He HMEWT OOLHX
BHYIPEHHHUX TOUYEK H NO CANMOMY onpe)leJlemuo 2 okakercs

! eo

mG =Y moth) = 2 ( by ma(k) = Z‘ mGy.

i, kR =1

Ecau ke yenoBua GpGr =0 He cTaBUTh, T0 G HYKHO PasIoXUTh
[ae]

Ha KBaJpaTbl KaKUM-TO Apyrum cnocobom (= 261 H, no Jjemme 3,
J=l

mG = Zm& <Zma<k)——2(2 moc“” | = ZmGk.

j=1 =1

Takum o0OpaszoMm, Mbl BIAHM, YTO, XOTSl ONpejeseHHe Mephbl OTKpbI-
TOTO MHOXKECTBA HECKOJIbKO OCJAOMKHHUJOCH [0 CPABHEHHID C JIHHEH-
HBIM CJy4aeM, HO OCHOBHEIE CBOICTBA ee, BbIpaxKaeMble TPeMsi Teope-
mamu § 1, ra. II1, coxpaustorcs.

Ilepexoass K ONpefesieHHI0 MEphl 3aMKHYMO20 OTPAHWYEHHOIO
MHOecTBa F, 3aK/IOUHM €ro BHYTPb OMKP6(Mo20 NPSIMOYrojbHHKA R,
Jlerko NOHATb, YTO MHOXeCTBO CrF =R —F OyieT OTKpHITHIM, HGO
OHO npejicTaBuMO B dopme nepecedenus R-CF ABYX OTKPBITHIX MHO-
wecTB. ITokaxeMm, 4ToO 4HCIO

mR — mCxF (*)

He 3aBHMCHT OT Bbifopa npsmoyroibHuka R. B camom gene, ecam Ry
H R, —/Ba TaKHX MPAMOYTOJbHHKA, TO MOMXKHO yKasaTh TPeTHH npsd-
MOYTOJBHHK Ry, cofepxaulMil UX BHYTpHU celd.

Ecau mbl mokaxkem, 4To

mRy —mCr F =mRy —mCpr,F, mRy,— mCrF =mRy—mCy F,

TO 3THM Oyjer ycraHoBjeHna Tpefyemas He3aBHCUMOCTb pasHOCTH (*)
ot R. Hrax, nocTaToMHO paccMOTpeTh cayualt, korja R; — R,.
MoxHo cuyuTaTh, yTO
Ri=Ri(a<x<<h, o<y <<dy), Re=Ry (2, <X <Thy, 0, <<y < dy),
rie
a,<<a, b>b, <<, d,>d,.

3naynt, urobbl mepefiTH or R, K R, Hajo y R, OTOABHHYTH JIEBYIO
CTOPOHY HaJIeBO, NPaBYI) HAMPAaBO, BEPXHIOW HaBepX U HUIKHIOK BHH3,

iy’ npeoépasoBaHHﬂ MOXKHO TIpOHU3BECTH MOCJEA0BaTE/IbHO, & TaK KakK
OHH COBEepUICHHO OJHOTUMHBEI, TO JOCTATOYHO CPABHHTb YHCJIA

mR—mCpF u mR" —mCgrF,
rie
R=Ra<x<b, c<y<<d), R =R a<x<<b+h, c<y<d)
(h>0).
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Ho sacuo, uto mR' =mR-+h(d—c¢). C apyroit croponsl, CpF =
= (R — R)+CgF.
Orciopa Ge3 Tpyaal) yCTaHABIHBAeTCH, 4TO
mCrF =h(d —c)+ mCgF,
yeM H JOKa3biBaeTcs Halle YTBepXKAEHHE,
310 103BOJIAET BBECTH

Onpepenenne 3. Mepod mF OrpaHHYeHHOrO 3aMKHYTOTO MHOXe-
cTBa F Ha3biBaeTcl pasHOCThb

mR — mCgrF,

rle R MpOW3BOMBbHBIA OTKPHITHIA NPAMOYrOJbHHK, COAEpsKallU# MHO-
xkectBo F.
Jlerko nokasaTh, UTO €CJAH MHOXeCTBO F eCTb CyMMa KOHEYHOro
ypcsMa 3aMKHYTHIX KBajpartoB, MOMAPHO He HMEIWHX OOmMX BHYT-
n

pennnx Touek F= )| oz, TO COrACHO AAHHOMY ONpefeleHHIo Gyaer
k=1

n
mF = Y mo.
k=1
B camom jene, MHOXecTBo CgrF, OyAyuH OTKDHITHIM, MpEACTaBHMO
o]

B gopme CgrF= Y| f;, rme B; samkHyThe KBajpaThl, MNONApHO He
e=1

HMetolLye OOLHX BHYTPEHHHX TOY€K APYL ¢ APYI'OM. TeM 6011ee, HeT

HHKaKHX OOLIMX ToueK y o, H P, 3Haqm R= Zak-}- Z B, u
k=1 t=1

noromy mR = Z mo, 4+ Z mp,, orkyia

k=1 t=1

> moy=mR— Y, mp,=mR —mCxF =mF.
frpen

=1

1) 310 6610 G COBCEM HPOCTO, eCcH Gbl MHOXKECTBO R’—R GhLIO OTKpLITHM,
HO 3TO He 12K. [ToaroMy HagO paccyxaath HeCKOABKO caomuee, UMenHo, BO3bMeM
£>>0 H pacCMOTPHM OTKPHThE TPAMOYTONLHHKH

U=Up—e<x<bth c<y<d), V=Vbte<x<b+th c<y<d).
Quepugno, U D R'—R o V. 3nauur
UACrF 2 ChpF o V-[—CRF

mU+CpFl=mCpF=m [V+CRF].
Muoxecrsa V u CpF ne nepecexaworca. [Tostomy
mU+mCpF Z=mCp F = mV +my +mCpF,
OTRyJIa
(hte)(d—c)+mCpF Z=mCp F = (h—¢) (d—c)+mCLP,
H OCTaeTcq MepeATH K mpejeny npH g — 0.
310



Ecmn Mer Bepremcs k § 2, ra1. III u npocMotpum Bce Teopembl
0 Mepe JIMHEAHOro 3aMKHYTOTO OrpaHHYeHHOTO MHOMECTBa, HO 3ame-
THM, YTO BCE OHH OCHOBaHH He CTOJLKO Ha onpefeleHHd Mepn mfF,
CKOJBKO Ha JiemMMe, riacamell, uto mF =mA —mCAF, e A npous-
BOJIbHBEIH HHTepBan, cojepxawuit F, u Ha ToM, 4YTO Mepa CYMMEI
KOHEYHOrO 4HCJ1a CerMeHTOB 6e3 ofLlUX TOYEeK paBHA CYMMe HX AJHH. })
Ho Mb Bupmeau, uto o6a 3TH CBOfCTBA OKa3a/lHCh MepeHOCHMBIMH
B TEOpHIO IJIOCKUX MHOXecTB. IlosTomy Mubi, He BXojia B AanbHeHuIHe
MOAPOCHOCTH, MOXEM YTBepPXKAaTb, YTO H BCA TEOPHSl H3MEPEeHHs
3aMKHYTHIX MHOXECTB [epPeHOCHTCs ¢ JHHeflHOro cjiyyas Ha NJIOCKHH.
Tak, Hanpumep, ecnn Fy c F,, To mF;<<mF,, ecnu G — OTKpbITOE
OrpaHHYeHHOE MHOXeCTBO, TO €ro Mepa eCTh TOYHAsi BepXHss rpa-
HHLA Mep COJepPKallHXCsl B HEM 3aMKHYTRIX MHOXeECTB H T. IL

Ho Torna, yxe gmocnouo, kak B § 3, ri1. 11I, MoXHO ompenennTb
TNOHSATHSA BHELUHEH W BHYTPEHHEH Mephl NMPOU3BOJILHOTO OF paHHUYEHHOro
MHoxectBa E. Bce 7 teopem § 3, ru. Il nepenocsitcsi Ha AyMep-
Hbifi cayual 6e3 M3MeHeHMsd, JIMIIb BMECTO HHTEpPBaJOB A, YNOMH-
Haembix B rj. IIl, npujercs roBopuTh 06 OTKPBITBIX MNPSMOYTOJb-
HHKaX.

HakoHell, MOXXHO BBEeCTH OCHOBHO€ OlpejiefieHHe H3MEePHMOTrO0 MHO-
3KECTB2, KaK TaKOro OrpaHHYEHHOI'O MHOMECTBa, Y KOTOPOTO BHYTPEH-
Hssl mepa paBHa BHemHefi. [locie storo Ha muockuil cayuail 6es
TpyAa nepeHocHTcs cofep:kanne §§ 4 u 6, ra. [I1I. Mo ne GyaeM
BXOJMTb 37eCb B MOAPOOHOCTH M JIHIIb MOMOMHHM YK€ H3BECTHbIH
Marepuanx OJHHM Npe//IOKEHHEM, MNOJIe3HHIM JJIs JlajibHelllero uasmo-
KEHHS.

Teopema 3. [lan e6caxoco oepanuuennozo muosxcecmsa E  cywe-
cmeyiom muoxwecmsa A u B, obradarowyue caedyowumu  csolicmsamuy:

1) A mroxecmso muna Fg, a B muomecnseo muna Gg;

2) Ac Ec B

3y mA=m E, mB=m*E.

Ilns poka3aTenbcTBA NMOCTABHM KaXKJOMY HaTypanibHOMY 7 B COOT-
BETCTBHE 3aMKHYTOE MHOXECTBO F, H OTKpbITOe MHOMXecTBO G,, Ias
KOTOphIX
F,cEcG, mF,>m.E— L mG,,<m*E-}—71l—,

n?
nocJie 4ero noJiaraem
A=F1+F2+F3+..., B=GIGQG3....

Yro Kacaercs Teopembl Butasu, cocrasasomeil npeamer § 8,
ra. [1I, To oHa nepeHocuTcs Ha NIOCKHE cayuait Oe3 H3MeHeHHH.
ViMeHHo, yc/10BUMCS TOBOPHTb, YTO MHOXeCTBO E MOKPHITO CHCTEMOH
IM 3aMRHYTHX KBajpartoB?) @ cmeicre Bumaau, ecid IS Kaxnuoi

1) 310 cBOWCTBO HCNOJIL30BaHO B Teopeme 4, § 2, ra. III.
?) HanmomuuM, 4T0 wMsl BCErja MpPefnoJsaraeM, 4TO CTOPOHE! PacCMaTPHBAEMBbIX
KBaJpatoB napaJJiesibHbl OCAM,
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1

ToukH w3 E B cucteme I HAHAYTICH Colepaxallue €e KBaAparsl
CKO/Ib yrojHo Mano# muiomain. C IOMOLLbI0 3TOTO OnpefleNeHHs,
noutH GYKBanbHO NOBTOpAs paccyxaenus § 8, ru. III, moxuo ycra-
HOBUTb JBe (OpMBl TeopeMil Baramu.

Teopema 4. Ecau naockoe ocparusentoe muoxcecmso E noxpoimo
6 cmoicae Bumaau cucmemor samgmymotx keadpamos I ={Q}, mo
u3 M 8u0erfiemes CHEMHOe MHONECIBO NONAPHO HE NePeceKrouiuxcs
keadpamos Qy, Q, Qs . ., CYMMaG KOMOPLLX NOKpbIBACT MHOMecm80 E
C MOUHOCIBIO 00 MHOXNCECBa Mepol HijAs, T. €.

QuQu=0(k % £, m[E— > Qk]=0.

k=]

Teopema 5. B ycaosuax npedodyweli meopemvt cakomy & =0
omeedoem MaKoe KoWewroe MHoxcecmso Qp, @y, ... Q, nonapHO He
nepecexarouiixca keadpamos usz M, wmo

n
m"[E— Z Qk]<8.
=] ,

B oco6om mnonoxedun oxaswmpaercs § 5, ra. IIl, Tpakrytomnii
BOMPOCH MHBAapPHAHTHOCTH MEPH OTHOCHTeNbHO ABHeHHA. [lepewoc
COOTBETCTBYIOILMX pe3yJbTAaTOB HA MHOTOMEpHBIH cayudail mnpeicras-
JISIET CYUeCTBEHHble TPYAHOCTH, W Mbl [OCBATUM 3TOMY CJeLYIOULHH
naparpadg.

§ 4. UsmepHMOCTb W Mepa KaK HHBAPUAHTHI JBHIKEHHA

Onpepenenune 1. OnnosnauyHoe oroGpaxkenne M* = ¢ (M) njocko-
ctH R, B cefsi HasbiBaeTcsi duMeHUeM, ©CJIH PpACCTOSTHHE MEXAY
ofpasamMi J00BIX JBYX TOYEK TJIOCKOCTH PABHO PaCCTOSIHHIO MEXIY
CAMHMH 3THMH TOUKAMH.

ple (M), o (N)]=pM, N).

SlcHO, 4uTO pasHbIM TouKam M OTBevalT pasHbie Ke ofpasmt M*,
TaK YTO ABUXKEHHe eCTh npecfpasoBaHue 06PAaTHO OJHO3HAYHOE

[Tycte o6paszamm towek P, (0, 0), Py (1, 0) u P,(0, 1) 6ymT
TOuKH Pj (g, Bu)y Pi(y, B1) ¥ Ps(ay, Bs).

Tak xak p (P, P) =1, p(P,, Py)=1, 0(P1, P,) =) 2, 10 TaKoBHI
e PacCTOSTHUSI M MeXIy uX ofpasamH. 3HayuT
(@ —a)* + P — B’ =1, (o2 —o) >+ B—BPo)*=1,
(o —aq)* + (B —Pr)2=2.
[Tpencrasus pasHoctH a,—ay U f,—~f, B dopme
(o2 — o) — (& — &), (B2~ Bo) — (B1— Ba),
Mbl 13 NpelbAYIIHX PaBeHCTB 0e3 Tpyla MOJAYYHM, 4TO
(o — atg) (g — o) + (B2 — Bo) (By — By) = 0.
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33MeTHB 3TO, paCCMOTpHM on pe}leJmTeJIb
ay—ag PPl
oy — oy Pa—Po

€ro KBajpar, COCTaBJEHHBIA 1O [NpaBuJly TNEPEMHOKEHHA «CTPOKA HA

D:—

CTPOKY», paBeH =1 u noromy ' D= 1.

0 I

[lycts, pasnee, M (x, y)— TNpoOH3BOIbHAS TOYKA [JIOCKOCTH, a
M* (x*, y*)—ee oOpa3. [lpupaBHuBasg Apyr IpYyry paccTOSIHHS
p(M, P) up(M*, P/ (t=0, |, 2), Mbl noAyunM TPH paBeHCTBE;

X1 = (x* — ag) 4 (v* — Bo)?,
(=124 12 = (x* — o) + (y* — Bo)?,
(g — 1) = (x* —ag)?+ (y* — Bo)*

Bbl'-lHTaﬁ BTOpoe H TpeTbe paBeHCTBa 13 HNepBOro, HaxXOAHM:
x=(oy — ) x* + (B — Bo) y* + 71, } ()
y=(0ty— o) x* + (B2 — Bo) 4* + V2,

rie y, H Yy, — NOCTOSIHHLIE, TOUHbIE BBHIPAXKEHHS KOTOPHIX HaM He
HYXKHbL.

[Tokaxem, 4To KaxJias Todka IJIOCKocTH Q (A, W) ecTb ofpas
Kakoi-to Touku M (x, y). JefcTBUTENLHO, NYCTh

x= (o — o) A4 (B — Bo) n+ 1, (2)
Y= (0 — ao) A4 (B, — Po) 4 7o

O6pas toukn M (x, y) Halo0 HaXOAUTb MO-X ¥ Y H3 ypaBHeHuH
(1). Ho onpepenutens cucremsl (1) ectb D =0 3Ha4UT €CTb TOA B K O
oXHa napa uucen (x*, y*), yaoBJeTBOpsIOUlAs ypaBHeHHaM (1),
a Torga u3 (2) BUAHO, uTO x*' =4, y*=.

Taknm ofOpasoM, ABHXKEHHE ecTb 00paTHO-OIHO3HAYHOE OTODpame-
Hue Beell nuockocTH Ry B cebsi. SIcHO, 4TO OfGparHOe OTOGpaKkeHHe
TakKe ecTh JBuxeHue. Ho roria, MeHsis poasiMu TOuku — oGpasbi H
nmpooGpassl, — Mpl YBHIMM, 4YTO KOOPAMHATEl o00pas3a BhIpaKaloTcs
yepes KOOpAMHarThl NpooGpa3a paseHcTBamu tHna (1) Hrak, nokasana

Teopema 1. Koopduname: (x*, y*) mouku M*, ssaswowetica obpa-
oM mouky M (x, y) npu uexomopom O8uxceHul, GbLPANAOMCL Pop-
Mmyramu

x*=ax+by+c, y*=ax+bytc,. 3
Ecau
a; b,
A=
a, b, “4)
mo |Af=1.

Onpepenerive 2. Besakoe npeofpasopanne M* = ¢ (M) naockocTH
R, B cebs, npu Kotopom KoopiHHaTel oGpaza M* (x*, y™) Beipa-
HKAWTCA uyepe3 KOOpAMHATEL mpoobGpasa M (x, y) dopmyaamu (3),
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uasniBaetTcst agpunnsim mpeoGpasoBanveM. Ecanm npu 3stoMm onpene-
JauTesb (4) (HasbiBaeMBlfl onpedeaumedem npeobpasosanus) OTIHYEH
OT HyJs, TO TOBOPAT, YTO NPeoGpasoBaHHE HeBo pOOUBLLEECH.

Taxkum 06pas3oM, CrpaBeAIHBa

Teopema 2. Besaxkoe deuscenue ecmp aghdhunnoe npeobpasosarue,
MOOyab onpedeaumens Komopoeo paser eduruye') |A|=1.

Jlanee, HMeeT MeCTo

Teopema 3. [ea nociedosamessHo HpPOUSBEOENHLIX ADPUHHBLY
npeobpa30sanus pPasHOCUAbHbL 00HOMY QpdUHHOMY npPeobpasosanuio,
onpedeaumerb Komopoeo pasen npoussedenuto onpedesumenett ucxod-
HbiX npeoGpascearull.

[pocToe poKa3aTenbCTBO 3TOrO (GaKra NpefoCTaB/AETCA YHTATENMO.

Teopema 4. Mycmo R(@<<x<P, y<<y<98) ecmv samxnymou
npamoyzoasnux. B pesyremame kaxnoozo u3 wemeipex afipurHbIx npe-
obpazosanul

x* =y, *=x+ty, x¥*=x-a, x* =kx,
I I1 1 \Y%
)y*= )y*=y, ) y*=y+b, )y*=ly,

npamoyeorbHuk R nepexodum 8 usmepumoe MHoocecnéo R™, mepa
Komopozo ecns

(£l = 0)

mR* =|A}|-mR,

20e A ecmo onpedeaumend npecbpa3oanus,

B camom pene, B caydasx I, III u IV Haw npAMoyroibHHK R
NepexofHT B MPAMOYTOJBHHUK ke R¥, onpejesseMslif, COOTBETCTBEHHO,
HepaBeHCTBAaMHu:

p=<<x* <), I eta<<x*<f+a, V) ko << x*<{kf,
y+b=<y*=<48+45b, ly<<y*<1b

(nocsiefiHHe HepaBeHCTBA HamHucaubl s cayyas >0, {>0. Ecuu,
Hanpumep, k<0, TO mnepBoe H3 HHX HAAO 3aMeHHTL HEPaBeHCTBOM
BP << x* < ka).

Orciofa BHAHZ CHpaBeiJHBOCTb TeopeMbl Aasi npeoOpasopanuii I,
111, 1V. Hayuenue npeoGpasoBanns Il 3HauuTesnbHO cioxkHee, 3ame-
THM, npexae Bcero, yro R* B caywae Il onpefensercs HepaBeHCT-
BaMH

)

a=y*<B,

a<<x*—y*<If, y<Sy*<b.
Bo3bMeM, fanee, HaTypadbHOE HHCJAO 1 U pasjokHM R* Ha yacTH

R*=SI+S2+--'+Sm

1) Tlosesno 3ameTHTh, 4TO OGpaTHast TeopeMa HesepHa Hanpumep, npeoGpa-
30BaHHe x* =2x, y*=—2 y He ecTb ABHKeHHe. AddunHoe npeoGpaszoBanhue (3)
GyOeT ZBHKEHHEM TOr4a H TOJBKO TOrja, Korja

aifaj=1, bi+bi=1, ayb;+ab, =0.
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rne S, npu k=1, 2, ..., n— | onpejnensiercs HepaBeHCTBaAMH
b—1 k
a<<x*—y*<P, v+——0-v=<g*<v+,06-7),

a §, onpejensiercs HepaBeHCTBaMU

n—1
n

a<x*—y <P, v+ O —y)=<y*<é.

Ouepuino, MHOXeCTBa S, TONAPHO HE TEPECEKaloTcs.
Jlerko Bupets, yro U, S, <=V, rae U, u V, npamoyrons-
HHKH, OnpejessieMble HepaBeHCTBAMU
k o k—1
Us=Us[aty+50 -1 =x* <B+y+2L @),
k—1 k
Y0 -n=<y <y +;(6—V)J,
k—1 k
Ve=Va[atr+2@—n) v <pty+t 60—,

k—1 k
VS B —Y =gt =yt 6 —).
T[Nosromy

mU, < m,S,<<m*S,<<mV,
HJTH

§—p b— By 6—
<ﬁ——a~——n—2)-——7l—l<m*8k<m*8k<<ﬁ—a+——n—v> nv.

CKJ’IallbIBaﬂ TAKHE€ HEpaBEHCTBA W 3aMedasd, 4TO

n n
MmaR* = ¥ m, S, m*R* << Y, m*S,,
k=1 k=1
HaXOAUM:

d—y)2 §— )2
B-o) -1 L5 <m R <me R < (B~ )6 —y)+ O,
Tak Kak 71 IPOH3BOJIbHO, TO OTCIORA BLITEKAET, YTO
M R* =m*R* = (B — ) (6 —y) =mR,
Teopema JokasaHa NOJHOCTbIO,
Teopema 5. [Tycmo G ecrmb OmMKPbIMOE 02PAHUYEHHOE MHONCE-
emso. B pesyavmame kaxcooco uz paccmompernsix agurneix npeob-

pasosarudt I, 11, 111, IV, mnosxecrneo G nepexodum 6 usmepumce
mroxcecnso G¥, mepa Komopozo ecme

mG* ={A|-m@,
ede A onpedeaumensv npeoGpasoeanus.
HeficTeutensto, yenobhe A =0 nokasbiBaer, YTO BCAKOE HEBHIPO-

AauBuieecsi adduHHOoe mnpeobpasosanne M* =q¢ (M), 6yayuu OnHO-
3HayHO OODATHMO, COXPaHsSeT HHUHAEHTHOCTh, T. €. M3 COOTHOIIEHHI

MeE, AcB, AB=0, E= Y E,
k=1
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BbIT€KAOT COQTHOIIEHHA

oo
M*<E*, A < B*, A*B*=0, E*= )| E},
k=1
rhe ynotrpeGasiemble 0G03HAYCHUS MNOHATHLI camil cOGOH.

Kpome Toro, HeTpyAHO BUAETb, YTO B pe3yJbrate adduHHOrO Ope-
06pa3oBaHus OrpaHUYEHHOE MHOMXECTBO NEpPeXOAUT ONATb B OrpaHu-
YeHHOEe MHOMKECTBO.

3aMeTHB 37O, BO3bMeM KaKOC-HHﬁyJIb OTKPBITOE OrpaHHyeHHoe
(o)

MHOXecTBO G U TpelcTaBum ero B gopme G = Z R,, rie R, 3amx-
k=1

HyTble KBaApaThl Ge3 obwuXx BHYTpeHHHX Towek Ecau G =¢(G) u

Ri=0¢(R)) cytb obpasbl mMHOXKECIB G M Rj, mpu olHOM M3 npeol-

[€9)
pasosannit 1 —1V, 10 G*= Y] Rj.
k=1
Orciona BuaHa u3MepuMocTb (7 M cIpaBelJIHBOCTb ') paBeHCTBA
[ge] o
mG*= >, mRi= > [A|-mR,= A| mG.
k=1 k=1
Teopema foxasana.
Teopema 6. Bceaxoe Hessipodusiieecs agipurroe 1peobpasosarue

(3) s8asemca pesyabrmamom nocaedosamessHocmu npocmeduuux npeos-
pasosanuld 1—1V,

JeficTBuTeIbHO, eCcaH B npecOpa3oBaHuH
*=ox+byto, yr=ax+by+tec,

HU OAHH H3 KO3(hpHUHEHTOB g, 4, b; He HYJb, TO 3TO TNpeobpa3o-

BaHUe eCcTh PE3YMbTHPYIOWEE A CJASAYIOWHX BOCBMH NpeobpasoBa-
HHiA Tuma [—1IV:

A
H=aX| =54l | Y=, Xy= 77 %3

1

4
Hi=by| hr=4 Ya=Xo) a= , Us
Xo=Xg3+Ys| Xs=X; Xp=2Xg| X* =X+

— 4 _ *

Ys=1Ya Yo== o, Us| Y2 =%| ¥ =i+

B cayuyae, ecal HEKOTOPBIE M3 yKa3aHHbIX KO3(pHUHEHTOB paBHbi
HYJIO, DACCYKAEHIEe JHIIb YHPOULaeTcs.

1) CregyeT 3aMeTHTh, 4TO MHOXECTBA R} MOryT mepecekaThcs, nGo y KBaf-
patoB R, Moryr 6uiTh 0fline cropontl Ho Kaxjad Takas CTOpPOHA eCTp MPAMO-
JUBEHLBIE OTpe3ok, napannelbHBid OFHOM M3 OceH, H, CTalto GblTh, Mepa TaKoil
CTOPOHHE paBHa myale Ha kaxgblil oTpeaok, napainenshbil ocuH, MOXKHO CMOTpPeThb
Kak Ha OpAMOYTONBIHK  3HauuT no npejuipyliell teopeMe mepa oGpasa Takoro
otpe3kd ecTb 0 TlosToMy MHOMKECTBO T3Yek, OOUTHX HECKOJbKHM R%, HmeeT mepy

HyJb, ¥ 5THM MHOMECTBOM HPH mogcuete mG* MOXHO mpeHeGpeds.
316



Teopema 7. B pesyavmame wesvipoduswecocs agpunnozo npe-
00pa306aHIA VPAHULEHHOE NAOCkoe MHOXecméo E nepexodum 6 oepa-
HU4EHHOE N.A0CKOE MHOXMecmeo E*, BHewHAs Mepa Komopoeo ecmb

meE*=|A| m*E,

ede A — onpedeaumens npeobpasosanus.

B camo: Zese, nycTe CHAayajga HaMH NPOU3BOAHTCA ORHO M3 OpO-
crefitunx npeo6pasosanuit tuma I, 11, 1II, 1IV. Baas npousso/ishoe
OrpaHHyeHHOe MHOXKecTBO E, HallleM Takoe OTKPHITOE OrpaHHUYEHHOE
MHOXecTBO G, uto G D E, mG<<m*E +-¢, rie € > 0 B3sT0 Hanepey
Feau E* uw G* cyTb ofpasel MHOXecTB E 1 G B pe3yabTare mpe-
o6pa3oBanus, TO

m*E* <mG”"=1A mG<'A| (m*E+¢),

OTKY /4, BBIYy HMPOM3BOJIBHOCTH €, BbiTekaeT, uyro m¥E* << | A| m*E.

Tak kak mo6oe 11eBbIPOAUBILEECS] NpeoOpa3oBaHue MOXKHO 3ane-
HHTb  NOCIELOBATC/ABHOCTBIO  NPOCTERIIUX, TIPHUEM ONpefeuTeNb
pe3yabTUPYIOero mnpeofpa3soBaHHA paBeH MNPOM3BELEHHIO OnpelesH-
Tejeil COCTABJSIOWMX Ipeo0pa3oBaHui, TO IJs1 BCAKOrO HEBHIPOLHB-
uierocs npeoOpaszoBaHusa Gyaer m*E* << |Al| m*E.

Ho mnpeofpasoBanne, ofpaTHoe HeBbipoauBLIeMycd adduHHOMY
npeo6pa3oBaHuio, Takke ecTb Hepblpoausiteecs aduHHOe npecbpaso-
BaHue ¢ onpejeautesem 1/A, mpuyem mpH nepexofe K 3TOMYy npeoG-
pasoBaHHlo MHoxecTBa £ 11 EY MeHAITCA poJafMH. 3HAuMT, RO AOKa-
3aHHOMY

m‘EéLA m*E*,
|
OTKY[a H cJaelyer Teopema

Otmernn Jlajee COBepLIeHHO OUeBMAHLIH (hakT, uTo B pe3yJbTare
abuHHOro HpeoGpas’oBaHHA 3aMKHYTOE MHOXKEC1BO NEPEXOAHT ONATb
B 3aMKHyTOe MHOxecTBo Ortcioda Ge3 TpyfAa nosJyyaercs

Teopema 8. Ilpu wesvipoduswiemcs agpurnom npeobpascsanuu
srympennan mepa obpasa E oepanudennoeo mroxecmsa E - ydosaem-
80DSCI COOMMOUEH IO

mE*¥=|A|-m,E.

BosBpamasch Temepb K ¢Jy4an JABHKEHHA, MOJYYaeM OCHOBHOIL
pe3yJbTar:

Teopema 9. B pesyavimame 08umceHus HU GHEUIHASL, HU BHYym-
PERAASL MepblL 02PAHUHEHHOO0 MHOMECHIBN He Mensomces. B uacmrocmu
uaMepumMoe MHONCECTEO NEPexooum 8 UBMEPUMOE U npumom mow e
MepoL.

Xota ualokKeHHe NpPOBEJEHO HaMH A5 ABYMEPHOTO CJAy4as, HO
Mbl HajleeMCsi, YTO YMTaTeJb Y:Ke He 3aTPYAHUTCA MApH [epexojie
K npocipanctsan Gozbliel o uiic1a H3MCpeHHil,

317



§ 5. Cea3b Mepbl MAGCKOro MHOXECTBA
¢ MepaMH ero ceYeHHH

Onpenenenne. [Tyctb E NIOCKOE MHOXECTBO, COCTOAIEE H3 TOYEK
(x, ¥). OnHomepHoe MHOXecTBO E (X,), cocrosilliee H3 TakuUX uucen y,
uto (X, Yy) = E, Ha3bIBAETCA ceteHues MHoXecTBa E mpaMol x = x,.

Jlerko BHAETb, YTO COOTHOLIEHHSA

AcB, S= D E,, P=1]E. R=A-B

k=1 k=1

BJIeKYT COOTHOUIeHHA
A(x)< B(x), S(x)=kZ1 E.(x), Py=]] Ex 0,
= k=1
R(x)=A(x)— B(¥).

Hanee, ecnu F 3aMKHYTO@ MHOXECTBO, TO TakoBo xe u F (x),
a ecnmu G orkpuiTo, To M G (x) oTkphTO.!) HakoHeu, ceuenue orpa-
HHYEHHOTO JHONECTBA €CTh OIPaHHYEHHOe (MJH NYCTOE) MHOMKECTBO.

Teopema 1. ITycmoe E usmepumoe niockoe MHoxcecmeo, codepica-
weecs 8 OMKpuNoM npamoyeosvtuke R(a <<x << b, c <y <<d). Toz0a

1. Houmu 42 scex x & (0, b) muoxeemeo E (x) uwamepuno.

2. Ecau A ecmo muoxcecmeo mex x < (a, b), 0aa komopoix E (x)
usmepumo (MA==6—a), mo ynkyus mE (x) usmepuma Ha MHOdNe-
cmee A,

3. Cnpasedausa gopmyra

mE = S mE (x) dx.
A

Mbl JoKaxeM 3Ty TeopeMy, NOCJAEAOBATENbHO paccMarpHBas Bee
6osee H Goslee CNOXKHbBIE MHOMKECTBA.

1. Mycts E ecTb damxuymoui npamoyeoashur Qo <x<<p, y=
<y=b), rie a<a<Pp<<h c<y<d<d Ecmn x=(a, @) um
xe (B, b), To MHOMecTBO Q(X) nycTo H, cTano GuiTb, H3MEPHMO,
npuuem mQ (x)=0. Ecau xe a=x=If, 10 Q(x)=[y, 6], Tak uro
H B 3ToM cayuyae Q(x) uamepumo H mQ (x)=08 —y. Orciona BuiHo,
YyTO TO MHOXecTBO A, O KOTOPOM I1ia peyb B POPMYJNHPOBKE Teo-
peMbi, ecTb MPOCTO Bech HHTepBan (a, b), mpHuem ¢yHxuus mQ (x)
Ha HeM OKa3biBaeTcsA CTyneHdyartofi B moToMy u3mepuMoll. Haxoweu,

b b B
§mQ (x) dx=§mQ (1) dx = { (S — ) dx = (B — ) (6 —y) = mQ,
a o [
yeM M JIOKa3aHa TeopeMa JJIs HALero MpocTeiiliero ciayyas.
2. Iycte Tenepr E =G, rae G omkpwomoe mHOxecTBo. Toraa u
G (x) OTKpHITOE MHOMECTBO M NOTOMY @ (X) H3MEPHMO NpH KaKAOM

1) G (x) Hajo pacCMaTpBBaTh Kak J M Hell H 0 € MHOXeCTBO,
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xe(a, b) [r. e. A=(a, b)]. Hanee, muomectBo G npeacTaBUMO

B gopme G= D) Qp e Qp=Qs (< x<<Ps, V»<<y<8;)—32MK-
k=1
HyTble KBajparthl, Ge3 o6wMX BHYTpeHHHX Touek. Toraa G(x) =

[vs)
= Z Q: (x). Ecan x OTIIHYHO OT BCeX TodeK &y, W fi, TO
=1

o .
mG (x) = Z mQy (x). ()
k=1
@

B camom Jjene, HepaBeHcTBO mG (x) << Z mQ, (x) oueBuaHO.

=1
C ApyTo#i CTOpPOHBI, @, (X) €cTb WM MyCTOe MHOMKECTBO, WM CETMeHT,
TIpAYeM cerMeHThl Q) (x) MONapHO He HMEIOT OOGLIHX BHYTPEHHHX TOUEK.
O6osHauum uepe3 Up(x) MHOXKeCTBO BCeX BHYTPEHHHX TOUYEK MHO-
wectBa @ (x). Ecan Q, (x) nycro, To TakoBo e u Uy (x), ecan ke
Q. (x) ectb cermedt, To U,(x) ecTb HHTEpBaJ, MNOJyHalOIHicA H3
Qe (x) ymanenuem ero KoHuos. 3nauHT Beerga ml, (x) =mQ, (x). Ho

[sa]

G(x) > D) Uy (x). Toaromy

k=1

=] @x
mG (x)zm[z Us (x)]= 3 mUs (3,
k=1 k=1
OTKYyAa U caepyeT (*).
Ecnu u3 (a, b) yranute cyetHoe MHomecTBO S Touek {a,}+ {fe},
TO Ha ocTaBuiemcss MHoxectse mG(x) OyaeT cymMMOH CXOASLIETOCs
paia H3mepuMblX ¢yHKuMi. Orciofia celyeT HamepHMocTb mG (x) Ha
{a, b)—S, a 3naunt u Ha (g, b). TlonoxurencHue pAALI N3MEPHUMHIX
¢GbyBKUMA MOXHO NOYJIEHHO HHTerpupoBaTh. kl TaK Kak HHTerpaJsl
no wuHTepsany (a, b) coBnajaldT ¢ HHTErpanaMH NO MHOXECTBY

(a, b)— S8, 10
b o b ==} Ve
SmG(x)dx=rZ Ska (x) dx= D} mQ,=mG,
a k=1a k=1

.

YTO M JIOKA3LIBAET TEOPeMY IUisi OTKPHITOTO MHOMECTBA.

3. Tlyere E=F, raé F 3amM Kk HYyToe MHOXKecTBO, Torna F = R —G,
raie G —oTkphiToe jonojHeHne F jo npsmoyroibHHKa R. B Takom
ciyuae F(x)=R(x)—G(x), npHaueM Bce HaNHCaHHHIE 37eCh MHOXKe-
cTBa mamepumel. Ho Toraa

mF (x) = (d —c) — mG (x),

¥ dynxuun mF (x) uamepnma na (a, b). Murerpupys nocnennee paseH-
CTBO, HaXOJHM

b b
SmF(x)dx=(b—a)(d——c)—gmG(x)dx=mR—— mG =mF,

H TeopemMa JAOKas3aHa JAasl 3aMKHYTOIO MHOMXECTBA.
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4. Tlyete E ectb MHoOKecTBO Tuna Fg Torna u E(x) —
MHOXKecTBO THRA Fg;, Tak 4wio E (x) H3Mepumo npu Bcex x & (a, b).
[lyctb E=@,+®,+Dy+..., rie @, —3aMKHYThIE MHOXECTBA.
[Toaaras

(l’)l"l—q')zﬁ_---_k(bu:]:m

Mbl CMOXeM NpeicTaBuTh E B (hopme
E=Fi+F,+F...,

npuueM Fy < Fy < Fy... B atom cayyae mE = lim mF,. Tlo Tem ke

n—-0

ocHoBaHuAM mE (x)= lim mF,(x), OTKyla BEITEKaeT H3MEPHMOCTD

o0
dyrkuun mE (x). Tak xak ¢yHruud mF,(x) Bce OrpaHHyeHb OJHUM
yncaom [Bems F,(x) aexur B (¢, d) n notomy mf, (x)=<d —c], 10
JONYCTHM NpeleNbHBIA Nepexojl Moj 3HAaKOM MHTerpada, T. e,

b b
{mE (x) dx=lim {mF, (x)dx= lim mF,=mE.

Teopema poxaszana Aans MHOxecTB F.

5. Ilyctse E—mMuoxectBo Tuna Us. Toria B=R— E wmHo-
xecTBO THHAl) F,. Mamepumocts E (x) ans kaxaoro x  (a, b) tpu-
BHasnbHa, u60 E (x) ects Gs. Kpome Toro mE (x)=d —c—mB{(x),
OTKYyAa cjaepyer, ute mE (x) uaMmepumas QyHKLUHS W 4TO

b b
{ mE (x) dx = (b—a) (d —¢) — { mB (x) dx = mR — mB = mE,

yeM CHOBa JOKa3aHbl BCe YTBEPIKIEHHST TeopeMbl.
OTMeTHM, YTO BO BCEX PAacCMOTPEHHBIX cayyasx 6bio A =(a, b).
6. Ilycrb, HaxoHeu, E ecTb NPOU3BOJbHOE U3MEPUMOE MHO-
xectBo. IlocTpounm Muoxectsa A tuaa Fy v B tuna Gs, A5t KOTOPbIX

A Ec B, mA=mE =mB.

MoxHo cudTath npu stoMm, uto B < R, [lo jokasanHomy ¢ynk-
uuu mAd (x) u mB (x) usmepumsl Ha (a, b) u

b b
mE ={mA (x) dx = { mB (x) dx.

Ho A (x) = E (x) = B{(x). 3nauur, mA (x)=-mB (x), a Toraa us
paBEHCTBA HHTErpajoB OT 3THX (YHKUMH BHLITEKAaET HX COBNaJeHHe
TIOYTH Be3Jle.

[es) [os]
1) B camom gere, ectu E= |] Gno o R—E= || (R—G,). Ho R—
n=1 n=1
— G,=R-CG,. Muoxecrso CG, 3aMKHYTO, a R — OTKDBITHIl NPAMOYTOJLHUK H
nOTOMY R -— MHOXeCTBO THNa F;, UG0 BCHKOE OTKPBITOE MHOMKECTBO, GYAyuM CyM-
MOl 3aMKHYTBIX KBagpaTos, ecTh Fy 3uauuml R —G, ecth Fg, a torga ¥ R—E
ecTb Fg.
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[Tyets §=(a, b) u Ay=8[mA (x)=mB (x)] (mAy=0b—a).

Tak xax mA (X)=-m E(x)=-m*E (x) =-mB(x), T0 npu xE A,
muoxectso E (x) uaMepumo. Hanee, dysxuusa mA (x), 6yayuu l3me-
pisma Ha (a, b), namepuma u ua A, a Ha A, mepa mE (x) coBnagaer
¢ mA (x), tak uro mkE (x) ecth Qyuxuna, nsmepumas Ha A,. Ecan
Tenepb BBECTII MHOMKECTBO A, COCTOdlge H3 BCeX X € B, A1a KOTo-
puix E (x) u3MepuMo, TO Okaxerest Ay C A< @, otkyla mA=b—a
W oyukius mE (x) (6yaydn usmMepHMod Ha Ag) OKasbiBaeTcsi H3MepH-
Mol Ha A. lHakoneu,

b
\ mE (x) dx = {mA () dx={mA (x) ds = mA =mE.

A Ay a

Teopena [oKa3aHa B AOQAHOM BHJe.

Cnepacreue 1. Eciu E — na0ckoe MHOMECMBO Mepol HYAb, mo noumu
8CC £20 CEMEHUA MOAKICE CYMb MHONECINBA Mepbl HYab.

Caencreue 2. Ecau nodmu 8ce Cevenun NAOCKO20 UBMEPUMOSO MHNO-
weemsa E cymo muodxecmsea mepot Hyas, mo u mE =0.

Kak W Bce peayanTaThl 3TOH raaBLl, TeopeMma | mepeHocuTcs Ha
myoronmepioii caydail. Jlagum ee GopMyJHPOBKY IJ51 TPeXMEPHOro
cayuas.

Onpegenende. Ecan E MHOXKecTBO Touek (X, y, 2) TpexMepHOro
APOCTPARCTBA, TO €0 CedeHueM NJOCKOCTBIO X = X, HA3BIBAETCS MHO-
JKECTBO TakuX Touex (y, 2), u4To (x,, Y, 2) = E.

Teopema 2. [Tycmv E — usmepumoe npocmpancmeentoe MHOMe-
cmeo, codepuauieecs & napasseaenunede Ra<<x<<b, c<<y<<d,
e <<z<f). Toxda

1) noumu dan ecex x = (a, b) naockoe muoxwecmeo E (x) uasmepunmo,

2) ecau A ecrmv muosecmso mex x & (a, b), 0.4 komopbix E (x)
ussmepumo (mA=b—a), mo ¢pynsus mE (x) uamepuma Ha A,

3) cnpasedausa gopmysa

mE =\ mE (x) dx.

A

11 U N Hataucon



riaABA Xl

H3MEPHMBIE & YHKIIHH HECKOJIBKHX ITEPEMEHHBIX
H HX HHTErPHPOBAHHE

§ 1. Uamepumble GYHKLMH.
PacnpocTpaHeHHe HENpepbIBHBIX (hYHKI KA

IlepeHecst moHsTHE M3MEPHMOTO MHOXKECTBA Ha MHOIOMEPHBIA C/Iy-
yaif, Mbl yie Ge3 BCAKOro TPYAa MOXKeM IOCTPOUTH TEOPHIO M3MepH-
MbiX (YHKUME HECKOJNIBKMX nepeMeHHHX. IMeHHO, B OCHOBY TeOpIH
KJaJeTCs Yy¥Ke H3BECTHO®

Onpepesenne. Pynkuusa f(M), roe M (x;, X, . , X,)—TOuKa
n-MepHOro mpocTpaHceTBa R,, 3ajaHHasi Ha HEKOTOpPOM MHOmecTse E,
HA3LIBAETCA uUsMepumold Ha MHOMecTBe E, ec/H H3MEpHMO CaMo 3TO
MHOXEeCTBO U H3aMepuMbl MHOXecTBa E (f > a) npu so6oM BelecTsell-
HOM a.

Hmes sTo onpepiesienne, Mel 6e3 KakMX Obl TO HH ObWIO H3MeHe-
HHil nepeHOCHM Ha MHOTOMepHH cayuail copepxkanue §§ I, 2, 3,
ra. IV, Jluwb teopema 8, § 1 npumer takyw ¢GOpMyJHpPOBLY

Teopema. dyuxyus f(M), 3adannas u HenpepeidHas HA 3AMKHY=
mom napaajesenuneoe, usMepuma.

Boo6iite npu nepexojie OT OLHOMEPHOrO CJAydasi K MHOTOMEPHOMY
pOJib CerMeHTOB GyAyT MIpaTh 3aMKHYThle napasaenenunens. lokasa-
TeJBCTBO (OPMYJILPOBAHHON TEOPEMBl He OTJHYAETCSl OT IIPHBEJEeHHOrOo
B ra. [V, 3ameruM, MexIy NpouuM, YTO TO XK€ paccyxkjJeHue, YTO H
npusefenHoe B ra. IV no nososy Teopemn 8, § |, ycraHaBiuBaeT
CTNPaBeJJIHBOCTb TAKOH JIEMMbI:

Jdemma 1. Ecau pynxyus f(M) 3a0ama v Henpepeisna Ha 3amk-
Hymom muoxecmse F, mo npu mobom ewjecmsenHom a 0Ka3ui8aromcs
samrrymoimy muomecmsa F(f=a) u F (} < a).

CnoxHee 0GCTOMT ReJI0 C IEPEHOCOM Ha MHOTOMepHBIH c/yyail
comepxauus § 4, ra. IV. JlokasatensctBa TeopeM 3 bopens u
H. H. Jlysuna, nansbie B 3T0M naparpade, onupajsuch Ha JeMMmy 2
3TOr0 JKe naparpada, npH JOKa3aTenbCTBE KOTOPOH yKe CYUleCTBEHHO
HCIIOJIb30BAJIOCh TO, YTO Mbl HMeJH [JeJ0 ¢ OJHOMEPHEIM CJydyaeM.
Ioatomy ceffuac HaM NpHAETCS HECKOJBKO HM3MEHHTb M3JOMKEHHe.

Jlemma 2. Iycms E npousgoasroe, He nycmoe MHONECME0, co0ep-
acauieecs 8 n-mepHom npocmparcemee R,. Ecau mor 0boswatum 4epes
r (M) paccrmosnue aobod mouxy M = R, om mrnowecmsa E, r (M) =
=p(M, E), mo ¢ynxyus r (M) 6yoem HenpepesHa 80 6ceMm RpoCI-
parcmae.
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Ilns goxasarenncTBa BoifepeM fBe TOUKHM npoctpanctea M u N.
[lo camomy ompejiesieHHIO TIOHATHS PACCTOSHUS TOYKH OT MHOXKECTBa,
B3AIB NPOH3BONLHOEe £ >0, Mbl CMOMEM B MHOXKECTBe E HaHTH Takyio
Touky A, uro p(M, A)<<r(M)-+e. Ho Torga oxaxercs

r(N)=<pN, A)y=<p N, M)+po M, A)<<p (N, M)+r (M) +e.
Banaropapsi npoH3BOJLHOCTH &, OTCKOJA BHITEKAeT, YTO
r(Ny—r(M)y=p(N, M),
a Tak Kak Toukd M #u N COBeplUeHHO pPaBHONPABHLI, TO
jr(N)—r (M) <p (N, M),
ueM H JIOKa3aHa Teopema.

Jlemma 3. ITycmo samxuymele muoxcecrnea Fi, Fo, ..., F, no-
napHo He umerom obwux mouex. Ecau ¢yukyusa ¢ (M), 3adannas

Ha MHOXMCECmEe
F=F 4+F+...4+Fy,

Ha Kawmdom u3 muoxecme F, nocmosanna, mo cyujecmsyem pyHk-
yus (M), 3a0annas u HenpepuisHA Yxce 60 8cem npocmparcmee R,
cosnadaowian ¢ ¢ (M) 6 moukax muomcecmsa F u maxas, 4mo npu
acex M = R, 6ydem

mun {¢ (M)} < § (M) < max {¢ (M)}

Hoxazatenbeteo., Obo3uaunm yeped r, (M) paccTosinie TOUKH
M & R, or muoxectBa F,(k=1, 2, . , m) Bsuay Ttoro, uro MHo-
wecTBo F, 3aMxHyTo, QyHKUHA rj, (M) oOpawaercs B HyJb TOJb KO
B TOUKAX MHoXKecTBa Fp.

3ameTuB 370, 0603HAYHM Yepe3 a, TO 3HaUeHHe, KoTopoe (yHKUUS
¢ (M) npuHuMaeT Ha MHomecTBe F,, u BBelem ¢yrkuuio Y (M), noo-
Kkus ee paBHod ¢ (M) npu M = F u nonoxus

Q ag [
e
(M) e (M rm (M)

(M) =001 ;

1
nan TRon T e

npu M =F. Onupadch Ha NpelbIAYLUIYI0 JeMMy, YHTaTelb Jerko
y6eautcs, yto pynxuus P (M) tpebyemas.

Temepe Mbl JOKaXKeM TeOpeMy, KOTOpasi 3aMEHMT HaM JeMmy 2,
§ 4, ra. IV, HO KoTOpas MMeeT Takxe M GOJIBIIOH CaMOCTOATEJbHBIN
UHTEpEC.

Teopema. Iycmo D — samxnymoe mHoxwecmso, aexaujee 6 R,
u @ (M) —dynryus, 300aHHAA, 02PAHUYEHHAR U Henpepolrasl) Ha
muoocecrnge D. Toeda cyuwecmeyem pynxyus (M), sadanwas u

1) Ias 6oubieli o6LUHOCTH MHEOKEecTBO (D MBI He NpefnoJaraeM orpaHHYeHHBIM
B MpOTHBHOM CJyyae, KAK H3BeCTRO K3 3JIeMEHTOB A#1ajM3a, OrpaHHYEHHOCTDH

¢ysruuu @ (M) cnefoBana Obl U3 €€ HenPepHIBHOCTH M QYHKUHA ¢ (M) nmena 6wl
Hau6oJibliee M HaMMeHbLUee 3HaueHUS
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Henpepei6rasa yice 60 ecem npocmparcmee R,, cosnadaowas ¢ ¢ (M)
8 mouxkax mHomecmsa O w maras, wmo npu ecex M <= R, 6ydem

(M) =< sup @ M)

Hokazateabctso.?) [Nomoxnm ¢,(M)=q¢ (M) u nycrp
A(J:SL;)P{ Py (M) |].

Beenen aHoXecTBa
F_:qn(%<-~\ F —clafqa(,/f‘).

[To nemme 1 ofa 3T MHOXeCTBA 3aMKHYTHl (MpHYeM OIHO H3 HHX
MoXeT ObiTh H nyctoiM). [lo nemme 2 MOXHO ROCTPOHTH (byHKLIIO
Py (M), s3ajaHHYIO M HENpepeiBHYIO BO BceM mnpocTpaHctse R,, pas-
Hyto — A,/3 na mHoxectse F_, pasHylo Ay/3 Ha MHOxecTBe F_ i
Takylo, yto npu Bcex M = R, 6yler

A A
_BOQ(PU(M)({ 30

PaccmoTtpuMm pasHocts ¢ (M) = ¢4 (M) — 1, (M), Kotopasi onpene-
JIeHa TOJIbKO Ha MHoxecTBe (D M ABJAEGTCS Ha 3TOM MHOXKec1Be QyHK-
el o1paHuyeHHOfi U HenmpepbiBHOA. Herpyano Bugere, uro 2)

, 2
1P (M) = 3 AU'
[Monoxkum A, =sup {I ¢, (M) } u nocrpoum dpyuxunio p; (M), ko1o-
o

pas Mo OTHOWEHHIO K ¢, (M) urpasa Obl Takyio e poJb, 4to P, (M)
10 OTHOHIEHHIO K ¢y (M). HHbiMH caoBamu, ¢yukuus P, (M) Oyner
o6snafarh cJ/eAVIOULIUMH CBOHCTBAMN: OHA 3ajJaHa BO BCEM IIPOCTPaH-
CTBE, BCIOJly HeNpepbiBHA, YAOBJAETBOpsieT nMpH Bcex M HepaBeHCIBY

. A
- 31 == 1]31 (M) = '3L
1 npy M = @ okaseiBaetcs
0
Lo (M) —P; (M) I < 3 Ay,
[Tonuepkuen, uyto A; < g A,. Tloctpous takyto P, (M), noiaraem

@ (M) =@, (M) —$; (M) Me )

U mpojoJKaeM 3TOT npolecc. B pesysbTare, Mbl OCTpOIM ABE nOC/E-
JOBATeIbHOCTH HenpephiBHbLIX GYyHKUHA {g, (M)} 1 {{, (M)}, npuyenm

1) 310 pokasateabcipo 3aumcTBoBako M3 Kuuru [1 C. Anekcanpgposa
«Bpegenue B ofulyto TeopHo MuOKeclB H (pyukunu». Focrexuspar, 1948.

2) B camom gene, ecan M e F, 10 1, (M)—g(’\ To (IM)QA(] [ax e
ooctout geno u npu Me/_ Ecau e Me O —(F_+4F),

A Ao A AO
- 3 - ‘I’U (‘w) 3 H - 3 (M)
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¢r (M) 3ananel Tonpko Ha @, a P, (M)—na Bcem R,. 3t nocsego-
BaTe/ILHOCTH OYAYT 00/afarh CJ/eLYIOULHMH CBOHCTBAMH

QM) =@r_ (M) = (M) (M, k==]),

_ Ak //1/‘,

3 =Py (/H) =~ 3 (M ERH))
Qe (M) = (M) = 5 4, (M D),

[Tpu stom, uepes A, Mbl oGo3Hauaen BeluyliHy sup { ¢, (M) | Tak,
®

uto A, = 3 Ap_4, OTKYHA Ak;r\/é/k Age
IMponesas Bee ckasanuoe, oGpasyeM OGECKOHEUHbIl s
Po (M) b, (M) -, (M) .. . (*)

Useusl 3TOIO psAAa HenpepbisHel. Kpome roro, B cH/IY HepaBeHCTBa
2 kA
1Py (M)l\é(g) ”3‘], aTo1  psif cxomuTes pasronepHo. [lostomy ero

cymma P (M) ecTb (YHKUHA Henpepblsias. 10 1pebyemas (yHKLUs.
JleHCTBUTE/NbHO, OHA JIONYCKAET OLEHKY
o0

pon= Y (35 =4

/
kU

TMostoMy ocraercsi JHlWb ..poBeplitb, 4to npt M & O 6yzer (1) =
= @ (M). C sroii ueabto sametnn, y1o npiu M = & 6yger

Ye (M) = ¢ M) — @, 1 (M).

Crano Obitb, uacTHyio cymMmy S, (M)=1, (M), M)+ ... +
+ 1, 1 (M) pana (") npy M & D MOXKHO 3anicarth 1dk.

S, (M)=1g, (M) — ¢, (M)} +
Aoy M) =, M+ +lg, 1 (M) =g, (M) =g (M) — g, (M).

2 n

Ho rak xak |¢,(M) é(\s A, 10 lmS,My=¢M) Mesd),

p—

a 10 1 3Hauut, 4ro P (M) =¢ (M) npu M =D Teopema jokasaHa.
Onupasicb Ha 3Ty TCOpeMy, Mbl MoxeM Oe3 Ad.ibHefllWix noscHe-

HHil culTalb Bce cojepxauie § 4, ri1. 1V nepedeceHHsIM Ha MHOCO-

MepHbifi cayudaii ),

1y Ecsn 6t reopesy Ho H. Jlysuna dopmyaiupesdTs B HECKO/IbKO OLTAG.IEH=
HOH GopNe, & HMEHHO TaK. «ectu f (M) sudana, usmepuma w Nowny 8e3de KOHCUHa
Hoo usMepumMom  MRoxecmnse E. mo geakomy € =G omgedgelnt mako: MHONCCMBO
Eg cE, umo mbg>mL —¢ u na E, Pynxqua [ (M) nenpepoigrar, To Ras poKa-
3aTe/ILCTBA ee ue INolpefoBasact Obl TCOPeMd HALTOSMLEIQ TNdparpdda, d MOAHO
Obi10 Gbl OrPaHHYMIBCHA CCBLIKON Hd JMEMMY 3.
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§ 2. Unrerpan JleGera ¥ ero reomeTpHHeckHil CMbICT

[Mpu onpegenenun uuterpana JleGera B ra. V u VI mbl Hurae,
3a uckaoueHuen §§ 4 u 5 r. 'V, He onmpajauce Ha TO, 4TO pedb
uier o GyHkuusax onnoi nepemenHofi. [TosTomy Bce cofepikanue 3THX
[J1aB TIEPEHOCHTCS Ha MHOTOMepHBIfl c1ydail. Mol He OyleM BlaBaThes
slech B NOAPOGHOCTH. 3aMeTHM JHlilb, 4YTO AJS OG03HAueHHsA HHTe-
rpana no MHoxecTBY E, nexaiiemy B IPOCTPaHCTBE A H3MEpPeHHH,
Mbl 6yJleM [PHMEHATH OXHO M3 0003HaueHHH

CreMydw, §§..8F G, %o oos 20 dx, dxy oo dxa
-

E

OcCTaHOBMMCS HA BONpPOCE O TeOMETPHYACKOM CMBIC/TEe WHTerpana,

Onpeaeaenne. Ilyete [ (M)=f(xy, X3, ..., X,) €CTb HEOTPHLATED-
nas QyHKLHAA, 3aaHHas Ha MHoxecTBe E. Dylem HaseiBaTh nodepa-
purom?)  dyukunn f(M) wmuoxkectBo S=S(E, f) Tex _Touek
(*1, X9y ..., X, 2) mpocipancTBa R, .y, ANA KOTOPHIX -

(X1, X2 .., X EE, 0tz=<<f(x, %9 ..., X,).

HetpynHo BujeTh, YTO AJf €1y4Yast HelPEPEIBHOIN NOJOXKHTENLHOM
dyuguun [ (x), 3ajadHoil Ha cermeHTe [a, b], noarpadHk ecTh He YTO
HHOE, KaK KpusoAuHeliHaa mpaneyus, OrpaHHuYeHHas CHU3y ockio Ok,
CBEPXY KpHBOH y={(x) ¥ ¢ GOKOB NpAMBIMH X=a H x=0b. B 3TOM

b

YaCTHOM CJ1yuae, KaK H3BECTHO, HHTerpan Sf(x) dx npencrasager co-

a
Goli naowlafp YKasaHHOH Tpaneuud. Mel 1nokaxeMm, 4TO W B ofueM
cjlyyae MMeeTcsi HeuTO aHaJOTHYHOe.
Jdemma. Ecau E usmepumoe mHoxcecmso npocmparncmea R,
a gyuryus [ (M) 80 6cex MOUKAX 3mo20 MHOMECMEA PABHA NOAONCU-

meavHoMy 4ducay h, mo nodepagurx S (E, h) ecmo uamepumoe mHo-
wecmso npocmparcmsa R, ., u

mS (E, h)=hmE.

Jra JjemMa o006oOuLaeT 3JIEMEHTApHYIO TEOPEMY O TOM, UYTO OOBbeM
IMAHHApPA paBeH [JIOWAl €ro OCHOBAaHHSA, YMHOXEHHOH Ha ero
BhICOTY. MBI JOKaxeM 3Ty JieMMy, OTpaHH4HBAasCh AJS POCTOTH C/IY-
yaeM =2, -

Ecan mMHoxectso E ecTb NPAMOYIOMBHUK R (@ < x << b, ¢ << y << d),
TO JeMMa TpHBHalbHa, 60 S(E, h) oKasblBaeTcs HpAMOYTOJBHBIM
napajqenenuneloM T (a=<x<Ilb, c=<y=<d, 0=<Cz<<h). To ke Gyzmer
W B TOM cJjyuae, KOrla E ectb 0 TK p bl T bl it npsAiMoyronbuuk, Ecau E
€CTb OTpPaHHYEHHOE OTKPHLITOE MHOMKECTBO, TO €r0 MOXKHO NpelCTaBHTh

o]
B ¢opMe E= 3 Qp TAe Q,— 3aMKHyTHe KBajpaThl mollapHo Ge3
k=1

1) 310T TepMHH BBOAMICA 3Jech BIepBhHIe,
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ofunx HyTpeHnux Touek. Torma S(E, )= 3 8(Q. #). 3uauur
k=1

m*S(E, iy<< X mS(@Q h) =X h mQy=h mE.

k=1 k=1

C npyroit cropoue!, ecin Uy €cTh MHOMKECTBO BHYTPEHHHX TOYEK
(o]

kBanpara Qu, 10 S(E, B) > Y} S(Us, h), otxina

k=1

m, S(E, = > mS(Uy, )= 3, h mU,=h mE,

k=1 k=1

YyTO W JOKasbiBAeT JEMMY [/ OTKPBLITOIO OrpaHHYEHHOTO MHOMKECTBA.
Ho B Takom ciydae oHa BepHa W AJfl 3aMKHYTOrO OrPAHHYEHHOrQ
MHOXecTBa, #00 €ro MOXKHO NpeicTaBuTh B (opme R — G, tae R —
OTKpBITHIH NPAMOYTOJBHHUK, @ U — OTKPEITOE OTPaHHYEHHOE MHOXKECTRO,
Ilycte, HaroHel, E — NpOH3BOJEHOE H3MepHMOE MHOMKECTBO. B3sn
e >0, naillem Takoe 3aMKH)TOe MHOXKECTBO F M TaKOe OTpPaHHYEHHOE
OTKpBITOE MHOXKecTBO G, ut0 F — E < G, mF > mE — &, mG << mE +e.

B rakoM cayuae S (F, h) = S(E, h) < S(G, h), oTKyAa, N0 J0Ka-
3aHHOMY,

h-mF<m,S(E, h<<m*S(E, h)<<h mG,
H TeM GoJiee
h(mE —e)<<m,S(E, ) <m*S(E, h) << h(mE +¢).

BBuay NpOH3BOMLHOCTH €, 3TO M [OKa3bIBaeT JeMMy.

Teopema. Ecau [ (M) oepanudennasn, usmepumas, Heompuyameis-
HAA hyHKyuA, 3a0anKal Ha MHoxcecmee E, mo ee nodepaux S(E, f)
usmepum u

mS (E, f)={/(M) dw.

E
B camom pere, nycte O0<<f(M) << A. PasjgeauM npomexyToK

[0, A] Toukamu z,=0<<z;, <2, <<...<2Z,=A ¥ COCTABMM MHOXKe-
crBa JleGera e, = E (2, <<f <Cz,,,). Herpynno Buners, uro S(E, /) =

n—1

= Z S (e, ), npuuem wmHomkecTBa S{e, f) nomapHo He nepece-
1=0
Katoresi, Orcrona

n—1 n—t

2 mySte, N<=mS(E, l<m*S(E, )< 3} m*S(e, .

=0 =0

C xpyroit croponsl, S(e, z) = S(e, )= S(e, z.1), otkyia,
HpHMeHHﬂ ]'IpEILbIIlyU.Lle JeMMY, HAaxXOAHM, 4YTO

Ztmelém*s (E,, f)’ m*S (en f)éz1+lmel-
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Taxum obpasom,
w—1 n-—1
N ame,=m S(E, y=m*S(E, )<z )] z,_mey.
1 —0 1—u
Maneabuas apo6ienye u nepexofd K MApeaeny, 3aBépiiaeM JoKa-
3aTEBCTBO,

§ 3. Teopema DyQunu

OcTaHoBIMCA HA BOMpoce O CReAeHHH KPaTHOrO IIHTerpaJa K ripo-
CTEIM.

Jlesmnma. Ecau [(x, y) ecmp usmepuman hyskyus, 300aKHAA
6 npamoyeorvHuke Ra<-x<b, ¢c<<y=<<d), mo noumu Gaq 6cex
x & |a, b] ama ¢gyukyua, kax Qynkyua o0xoeo y, usmepuma Ha [c, d).

Hdoxkasarteancrso. [lycts cHayana f(x, y) orpanHueHa B K.
CyuiecTByeT Takas [OCAeJ0BATe/BHOCTD  HEMpephiBHEIX (DY HKIHI
g, (x, ¥), uTo nouTtH Besde B R Oyger

n“_’m]gn(xv » =[x y. - (M

Ofosnauiiv uepes E nHomecTBO Tex Touek (v, 1) € R, B KoTopsix (1)
e seimoanedo. Tak kak mE =0, to [cMm. cnepcrsie 1 u3 § 5, ra. Xl
nmoyTH AJs Bcex x H3 [a, b] Oyger

mE (x) =0, 2)

rae E (x,) ecTh ceueHHe MHoxecTBa £ npaMod x = Xx,.

Myers x takas Touka [a, b], B xoropoi (2) umeer mecto, Fean
yele, dl—E(x), 10 (x, yy =R—E n copasefauso (1). [lnum
CJ0BaMil, TPl YKa3aHHOM x cooTHoulelHe (1) BINogHAETCA NOYTH Be3fe
Ha [¢, d], a Torna [ (x, y) (npi TOM XKe x) €CTb HamMepuMas (PYHKUHS 4.

Ecau f(x, y) He orpaHndeHa, To HaWAeTca Taxkasd NOC/AEL0BATE/b-
HOCTh OTpatllMeHHbIX U3MepuMbIX QYHKUMH [, (x, y), 4TO Be3 e HA R
6yner lim f,(x, y)=/J(x, y). Tlo nokasaHHoMy AJA KamAOro fi MHO-

n— oo

JKECTBO e, Tex x [a, b], a8 KOTOPHIX [, (¥, y) He ecTb (yHKIHA,
nanepimMas na [o, d), nmeer mepy Hyab, llyeth e =e, +e,46€,-.. ..
Ecnu x=[a, b]- e, To Bee ¢yHkunu f, (x, y) usmepussr Ha [c, d}.
Ho Torpa 1t f(x, y) TaxoBa xe.
Teopemua | (I'. Dy6unu). Tycms & npamoyeorvnure R(a<<x=<b,
¢ << y-= d) sadana cymmupyevas dyskyua f(x, y).
Toeda
1) nourmu Oan ecex x < la, b) ¢yukyua f(x, y), paccmampusaemas
KaK ynkyua 00Ho2o auwn y, Oydem cymmupyema Ha [c, dJ.
2) ecau A ecmn mroxcecmso mex x < [a, b], das komopeix | (x, y)
cymmupyema ra [c, d] (mA =05 —a), mo dynxyus
J
\ 1 y) dy
<
cyumupyesna Ha A;
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3) cnpasedausa opmyia

{§7 G gy dxdy = (s
A

R

[(x, y)dy.

& e

IHokasareabcTso. Paccmotpin cHaua1a €1y 4ail, Korja f (v, 4)
ecTh (Dy HKUHMA HeoTpHLATebHAs 1 OrpatilueHHdy

0';'\ f(xv U) - H.
Ee noarpaguk A =S (R, }) 0y/AeT MHOKECTBOM IH3MEpPHMbIM H
mA =\\f(x, y) dx dy.
R

O6o3nauum yeped A’ MHOKECTBO Beex Tex x & [a, b], nput koto-
puiX [(x, y) ec1b n3Mepumas Ha [c, d] ¢pynkunst y. [To Jeae ml -
=b—a. Tak xak npn mobom x, < [a, b] ceuenne A (x,) MuOKec1Ba A
NIOCKOCTBIO X = X, €CTb He Y10 HHoe KaK noirpaduk GyHuuim f (X, ¥),
To (1o feopene U3 § 2) das xe A’ auokeetso A (v) Gyger u3ue-
PHUMBIM H

a
mA (x) =\ [ (5, y) dy. 3)

C zpyroii cropoHsl, B ci.ly pe3yapraros § 5 ra. X[, ¢yunuina
mA (x) u3meplund Ha MHOXKec1Be A’ 1ex x=la, b], A1d Koropblx
A (x) u3mepumo, H

mA = S m A(x) dx.

A

Tak kak!) A" < A" 1 mA"=mA", 10 mA(x) 6yger usmepinma
u na A’. 3uauyur nsrerpan (3), cosmaparowuii ¢ mA(x) wa A,
Gyper nsMepiyMol 1 (B ¢y cBoeil OrpanH4eHHOCTi) ¢y MMHpYEMOil
Ha A" dyuxuueli x. Kpome roro,
a
mA =\ mA (0 dx = {de ) (x, y) don

A A ¢

Ocraerca OIMeIHTL, YTO OrpaHidenuas (gyHxuns [(x, y), paccanarpi-
BaeMast Kak (PYHKLHA OAHOIO gy, OyJer CyMMHDPYEMOH 10r4a H roJdbhko
TOTA4, KOIAa oHa u3Mepuma. [lostomy ssegentioe namu muoxkectso N’
COBINAAAeT C MHOMKECIBOM A, YIOMSIHYTBHIM B (POPMY.THPOBKE TeQpeMbl.
Hrak, aas ciayyas orpaHiuyeHHONl 1 1eo1puuareisHoll ¢yHgunn reo-
peMa JokasaHa.

Tenepp oTKaMeMcs 01 NPELUOI0KEHHH, UTO f (X, y) OrpanHyena, 11po-
JOJKas CYMTATDL ee HeorpHualeabHofl. Bpegem «cpesanuyio» ¢y Hkuilio

[ oy, ecmm f(x, y) on,
€8s y)—{ n, ecan f(x, y)>n.

1) MoxHo Obitg Obl 4UKa3dTh, 4I0 Hd CddoM geae A'=A |
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Torna

SSf(x, y)drydy= lim ng,l(x, y) dx dy.
R n—>0 g

K dyuxuun f, (x, y) yke npumenuma AoKasaHHas 4acTh TeOpeMb!.
Ecan A, ectb MHOMKecTBO Tex x, ajis KOTOPHIX f, (x, y) (xak ¢yuk-
d

uKa y) usmepuma wa [c, d), 1o mA,=b—a, unrerpan {f,(x, y)dy
<
H3MEepHM Ha A, H

2
§$7utx, pydxdy= § dx(fa(x, v) dy.

R An c

IMycrs A* =AAA,... . Sero, yto mA¥=b—a o opu x = A*
usmepunmel 1) Bee f, (x, y), a 3nauut ¥ f(x, y). Kpome TOro,

d
SRS fulx, y) dedy= § dx{f, (x, y) dy.
A* [

Beugy Toro, uto

fl(x’ y)§f2(‘x' y)gfﬂ(xv .’/)\<~ tey ’}i_l'nmfn(xl y)=f(x, y)»

MBI MOJKEM IIpHMEHHTD Teopetty B JleBu (115 3akpensieHHoro x & A¥).
[loatomy
d

d
mm (. (x, 9 dy=\7x, )dy  (xsA¥),
n—»o0 ¢ c
npHyeM IONYTHO YCTaHOBJICHA H3MEDHMOCTL HHTErpaJa
d

{7 e, v)dy

[4

Kak oyHRuHH ¥ & A*,
Beuay Toro, 4to

d d d
(e, dy<\h(x, dy<(fs(x p)dy<

c ¢ c

Mbl MOKEM elle pa3 npuMeHHTh Teopemy b. JleBH, 4TO JaeT paBeHCTBO

d a
hm { dx§f.(x, p)dy= { dx§7x, 9)dy.
>0 A% c A* ¢

1) Kax ¢yHKunt or y.
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Taxkum ofpasoM, Msl HaULH MHOKecTBO A* ¢ mepoil mA* =b —aq,
LIS BCEX TOYEK X KOToporo GyHKUHUA [ (X, y) u3MepuMa, NPUYEM HHTe-
d

rpan Sf(x, y) dy npejcraeader co6oil (yHKUUIO, H3MepUMYyio Ha A H
a

V§7ex, dxdy=§ dx{f(x, y)dy.

R A ¢
Tax kak HHTEerpaJg, CTOAMMH CcJ€Ba, €CTh BeJUYHHA KOHeu-
d

Has, To uuterpan \f (x, y) dy npeictapaser co6oil GyHKLUHIO He TOJIbKO
c
U3MEPHMYIO, HO H CYMMHpYyeMyH Ha MHCKecTBe A*. A Tak Kak cyM-
d

mupyeMasa (YHKUHA NOYTH Be3fe KOHEuHa, TO HHTerpaf Sf(x, y) dy
c

KOHEUEeH MouTH AJA BeeX x M3 A*, 310 noxaseiBaer, UTO (YHKLHSA

f(x, y), Kak QyHKUHS OAHOrO JHIbL Y, CyMMHpyema Ha [c, d] ans

nouty Beex x M3 A*. O6o3HauuMm yepe3 A** MHOKeCTBO Tex x U3 A*,

A kovopoix f(x, y) cymmupyema Ha [c, d]. Tak kak mA** =mA*, To

a
§§70 pdedy= § dx{f(x, y)dy.

R A*# ¢

3ameTHB 370, 0003HaUMM uepes A MHOKeCTBO BcCeX x u3 [a, b),
ANA KOTOpLIX f (X, y) ecTh cyMMHpyeMass QYHKLHR aprymeHTa y. $cwo,
d

uto A** < A [a, b];, nostomy wuHTErpan Sf(x, Yy)dy cymmupyeM "

Ha MHoxecTBe A, HGo m (A —A**)=0. Toxi;[a

d a
Ag*dng(x, y)dy=§dx8f(x, y) dy,

H TeopeMa Jl0KasaHa JJisl HAllero cjaydas.
[lepeiinem, HaxoHel, K obueMy cayyawo, cuurasg f(x, y) npous-
BOJbHOI cymmupyemoil gyukuueit. [lonokum, Kag ofbluHO,

[ ), ecan f(x, y) =0,
f.(x y)_l 0, ecad f(x, y) <0,

[ o ecau f(x, y) =0,
f-(x, y) \ —F(x y), ecau f(x, y)<<O.

ITH QYHKUMH CYMMHpPYEMbl H HEOTPUUATENbHbI, MOITOMY K HHM MOMKHO
NpUMEHUTE yXKe JOKasaHHYK uacTb TeopeMbl. (OGosHaumm uepes A
H A_ MHOXKecTBa Tex x M3 [a, ], Npu KOTOPHIX CYMMHPYEMbI COOT-
BeTCTBEHHO QyHKUHH f, (x, y) ¥ [_(x, y) Ha [c, d]. Tlo moxasauuoMmy
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a d
mA_=mA —=b—a, npmuen unterpantt \f.(x, y)dx, ([ (x, y)dy

o

CYMMIIPYeMBl, COOTRETCTEEHHO, Ha A. u A_ #

SSL {x, y)dxdy= S dx SL (x, y) dy,

R ¢

d
S Sf (x, y)dx dy= S dx Kf y) dy,
R 14

TMomowin A=A A | Torma mA =b —a, W ugTerpansl, CcrosiHe
B NMpABLIX 4acTaX NpeAbAYIHX DPaBeHCTB, MOXHO pPacnpoCTPaHHTb He
ma A_ n A, aua A. Torga nouneHHOe BBIUMTAHHE STHX ,PaBEHCTB
AaeT

($7 0wy axdy— K dng (x, y) dy.
R ¢

QcTaeTcs 2aMeTTh, UTO MHOXKeCTBO A = A,A_ COCTOHT TONbLKO H3
TarHX X € [a, D], A3g KOTOpHIX f (X, ¥), KAK QYHKUHA ¥, CYMMHpYMa
Ha [e¢, d] w 4to Bce Takue x BXOASIT B A

Teopema @yoOuHI J0Ka3aHa TNOJAHOCTBIO.

3ameuanns. 1. Lcan ¢yukuna f(x, y) 3anaHa HE B IPAMOYTOJb-
HIKe, & 11a NMPOH3ROJIBHOM H3MEPHMOM MHOXKecTBe E, TO cjedyeT 3To
MHOXECTBO 34KJIOUNTbL B MPAMOYTONBHUK R H MOMOMHHTE Onpejete-
Hue f(x, y), NMOJONKHB ee paBHOI HyJI0 Ha MHOxectBe R—E. 310
CBedeT ACJO K yIKe PacCMOTPeHHOMY CAY4alo.

2. Ecnu f(x, y) ectb n3MepuMas ) u HeoTpHUaTeNbHAss QYHKILHS,
3a/allHas B ApAMOYroabHHKe R (@ <<x =< b, ¢ =< y << d), 10 HHTErpan (3),
paccMaTpuBaenmnii ?) Ha MHOXKecTBe A Tex x & [a, b], Ana KoTopbix
f(x, y) ecTh uanepumMas ¢gyHKuUMA y(mA=b—a), OyfeT H3MepHMOIl
¢yHKIHeH x.

B camom aene, ecam f(x, y) orpaHudeHa, TO oHa CyMMHpyema, H
Hallle yTRepXKjaeHHe yiKe cofepxkiiTca B Teopeme 1. Ecau xke f(x, y)
He OfpaHiueHa, TO HaN0 JHIIb COBEPUINTL TIpeAedbHbIi mepexol OT
Cpe3aHHbX (pYNKUHHA H cocnathcd Ha Teopemy bB. Jlesn.

Teopema 1 gonyckaer cienytoulee oG0OUIEHHE, KOTOPOE MOMKET
OLITh DOKA3aHO TEMH JKe pacCyXAeHHfIMH, 4YTO H cama 39Ta Teopema.

Teopema 2. Ilycme [(xy, Xay .oy Xns Uiy Yoy <oy Ym) — CYMMU-
pyenaq ynkyus, 300aHHAA 6 (1L +- m)-MePHOM napaasesenunede

Ruwm(@ < Xy==byy ..y @n =< Xn=-by;
<y =y, oy € Ym=<dp).

Y Cymmupyemoctn [ (x, y) ne mpefTonaraercs.
d

2) Unterpan \f(x, y) dy MOXKeT LpH sTOM DAaBHATbCH - 20 Ha MHOXKeCTBe
4

MONQKIITENBHOH MepBl
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Myems Ry=Rp(ay<<x,<by, ..., ay<=Xx,<<b,)) u Rm=R, c,<y; <
<0y ooy Cm <= Ym =< Op). Toeoa:
I, Hotmu 0Oaa  ecex movex (Xy, Xa, ..., X,) E Ry ynxyus
F(X1y ooy Xny Yoo ooy Um) CYyMMUpYyEMQ Ha R,
2. Ecau A, ecmo  muowecmeo smux mouex (mA,=mR}), mo
UHme2paa
05 o S s e o Uy Y

Rin
cymmupyema Ha A,.
3. Cnpasedausa gopmyaa

W e o xw v ) dx L dxadyy L dy =

= dxy odxa §o S Gy s gy ) Ay Y.

N’ N o
"

RIH

A
n

§ 4. llepemena nopsinka HHTErpHpPOBAHHH

Beenem caenyioiiiee o6o0wenne cumeoaa nuterpana. Ilyers f (M) —
¢y HKUHS, 3aJaHHA8 H CYMMHpyeMas Ha HEKOTOPDOM H3MeDHMOM MHO-
wecte 1. Ecau £ ecto /060e u3MepHMOe MHOXECTBO, cOfepiKaliee
muoskecteo A, E > A, u takoe, uto m(E — A)=0, TO Mbl NOJOXHM

no onpegeaeumio § (M) dw= { f(M) dw. .
E A

Takum o6pa3oMm, Mbl JOMyCcKaeM Tenepb W TakHe cjayuyaH, Korja
NOJIbIHTErpanbHas GyHKUHA 3aaHA He BO BCeX, a JIHLUIb MOUTH BO BCEX
Toykax o6nactdH HuTerpupoBaHHa. [lpH TakOM pacllHpeHHH CMbICa2
CHMBOJIA HHTerpana ¢opMyna, AoKasaHHad B Teopeme DyoHHH, Aomy-
cKaeT Gonee NMPOCTYIO 3aMHCh:

b d
SRSf(x. yydxdy = dx [ (x, y) dy.

BBHAY paBHONpPABHOCTH APTYMEHTOB X H Y, Mhl [OJy4aeM TaKoi
pe3y/ibTart:

Teopema 1. Ecau [(x, y) ecmo yrKyus, cymmupyemas va npamo-
yeoavruke R{a<<x<<b, c<y=<.d), mo cywecmsyiom?) oba nosmop-
HbIX UHmMe2para

b

d d b
Vax§ix, wyay,  $dySi, g dx, (*)
npudes ol ©
b d d
Vax (i, pd de

4

R ey

fx, y)dx. (*+)

') B TonbKo 4To yKa3aHHOM paclIMPEHHOM CMbICTe, BHYTDEHHHe HHTerpasl
CYMIeCTBYIOT HOYTH Bejle B GOMaCTH BHCIMMWETD WHTErpHpoBaHHA,
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WnrepecHo 3ameTnTh, yTO HHTETpasbl (*) MOTYT CyulecTBOBaThL Oe3
Toro, utobel f(x, y) Gbla CyMMHpYEMa Ha MPAMOYroJbHHKe K.

[Mrumer Ilyctb dynxumst f(x, y) 3agaHa B keappare Q(— I <<
x<cl, —1l=ty=<<1) dopmyJion

Fot o) =i

ecns x24+y2>0. B Touxe xke (0, 0) mosoxum f(0, 0)=0. Ecau
3aKpENKHTL OJHH H3 apryMeHTOB X MJH y, TO [ (X, y) OKaXeTcs Henpe-
poiérotl QYHKUHEHR APYroro, Tak uto

41

. x4dy

(B +y?7

—1
saBefloMo cyuecTeyeT npu Bcex x u3 [— 1, -+ 1]. Byayuu unrerpa-
JIOM OT HeyeTHOH (PyHKUMH, 3TOT HHTErpajg pageH HYJIIO.

Takum oGpasom,

+1 +1 +1 41
Sldxgl(x%yﬁ)l S S W =0

Bmecte ¢ Tem, ¢yHkuua f(x, y) He cymmupyema Ha Q. eicrsu-
TeJILHO, ecnn Gbl oHa Obia cymMMmHpyeMa Ha (), TO oHa Obuia Ohl
CYMMHpyeMOH M Ha YacTHYHOM KBajpare Q* (O=<x=Cl, OCy= ),
Toraa, no Teopeme I, Jo/KeH CyleCTBOBATh KOHEYHLIH HHTerpal

Ho 3to He umeer Mecra, uGo mpu x #= 0
1

*y L x
\ =i W=~ v
0

a sta (yHKRUUA He cymmupyema Ha (0, 1].

B npuBefieHHOM HpuMepe, HECMOTPS HA HeCYMMHPYeMocTh (yHK-
uuu f(x, y), dopmyaa (*,) sce xe Ownia crnpaBenauBa. l) Boobie mxe
roBOpsA, 3TO MOKeT ObiTb H He TaK.

) T M ®uxreuronsuem 6ol nocrpoed [«Sw une fonction de deux variab-
les sans intégrale double», Fund Math, 6, 1924, ctp 30—36] npumep Takoit
HecyMMupyemoit B R (a<x<b c<y<d) cpyHKuHu f(x, y), uTo paBeHCTBO

,5‘1’“ (x, y) dy= aylgf(x. y) dy
Q Q
HMEET MECTO, Kaxkoavi Obl nu Owau n3vepuMble MuaXecTBa P M Q, cogepxaltnecs,
COOTBETCTBEHHO, B [a, b] M [c, d].
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ITpumer. Ecan samate f(x, y) B (0 <x-=<<1, 0 <<y-<<1) Tak:
_XZ_yZ

f(0, 0)=0, a He B Havame KoopauHar |(x, y):m, T

(0]
1 1 1

deif(x,wdy:-}, Ny \ 1o grax=—1.
0 0 0 0

B camom gene, Beap mpu x # 0 Gyner

1 =4, (i)

\

H notomy anas x 0

1
Sf(x’ Y) dy:[xz—!}/—f](l) = x2}|—1 ’

0

OTKYZa BHITEKAeT yKa3aHHOE 3HAueHHe AJsI ePBOro NOBTOPHOIO HHTe-
rpaJa.

Bropoit moBTOopHBIl HHTErpas BHIYHCISETCH TaK Ke.

BaxHo 3ameTHTh, 4TO A H3MEDHMBIX GYHKUMH, COXPaHsioujux
3HOK, TAKHX HEOpHATHocTel ObiTh He Moxer. lIMeHHo, cHpaBepiHBa

Teopema 2. [lycms [ (x, y) — usMeEPUMOA HEOMPULAMELLHAA PUHK-
yus, 3adasHas 8 npamoyzoavHuke R(a=.x<<b, c<y<"d) Ecu
KoHeder 1} o0ur u3 rnosmoprex unmezpasos (*), mo [(x, y) cymmu-
pyema wa R, mak 4mo cywecmesyem u émopold u3 urmezpasos (*)
u cnpasedausa gopmyra (*.).

B camom nesie, NyCcTb KOHeueH mepBbIi U3 uHTErpasos (*), a ABoii-
Hofl MHTerpan ¢QyHKUHH [ (X, y) MO APAMOYTOJBHHKY R paBeH + oo.
Tonoxum

F(x, y), ecn [ (x, ) <n

I y):{ n o, ecan f(x, y)<<n.

Toraa
lim {7, (x, ) dxdy =+ oo,

n—o R

H JJ14 JOCTAaTOUHO 60JbIUIOTO #1 OKaMKeTcs

b d
V§ 7 (e y)dedy> §dx§f(x, y) dy.
R a ¢

) CymecTBoBaHue (HO He KOHEYHOCTE!) ofoMX uHTerpanos (*) BeiTe
KaeT M3 2aMeyanHd 2, cleaanporo K TeopeMe | upenbiaywero naparpada Takum
obpasom, Qopmyna (*,) BepHa n Ce3 OroBOPKA O KOHEYHOCTH OJHOTO H3 HHTe-
rpanoB (*) (HO TOTJa OHa MOKET NPHHATL BHI + CO —= + CO)
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Ho 310 neneno, uéo f,(x, y) cymmupyema u, cTao ObiTb,

b d
SRS ]\u (X’ !J) dx dy: S dx S f/z ("') y) dy’

a fulx, y) = [(x, g).
Teopema pokasaua.
CreacrBue. Ecau | (x, y) usmepusa Ha Rla s x < b, c=<y=d) u
b d
(ax ('), ) dy<+o0,

a 3

mo cyuiecmeyiom unmeepaast (*) u eepHa gopmyaa (*,).



rJgaABA Xl

DOYHKUHH MHO)XECTBA H HX ITPHMEHEHHS
B TEOPHH HHTEMPHPOBAHHSA

§ 1. AGcomoTHo HenpepbiBHbie (YHKUHH MHOMKECTBA

B 7ol raase mbl 3aliMeMcst NMEpeiiocoM  CBONCTR  HeONpe[C/eHHOro 1IHTer paJa
JleGera 1ld MHOTOMCpHDBIT cayual  IKan 8 Bbillte, ML OI PANLUHMCS CAydaes 110
CKOCTH, HO BCe CKa3dHlUOe JdJblie Ged 1pyia oGobliacred Ha J0Goe WHeTOMepHoe
NpOCTPACTBO.

[Tyets a—nexotopoe cevcrcrso nokects, a—={c¢} Ecm kamsgovy wio-
HKeCIBY ¢ & ¢ OTBEUACT HCKOTOpoe uiicno @) (c), To roBOpAT, 4I0 HA CCMCHCTBE o
3afaa Pyanyud Mrowecmse  BLladibICIIey MBI CUHTACM, YT0 @ COCTOH! M2 BCCX
H3MCPHAILIX MHOYKCCTB, COACP/KAWHXCA B ORIOM 1T 1OM /KC OTLPBIIOM {IPSIMO} 10 Th-
Hihe R, Ry “x-Z X, gy < y-<Y), a Bce patCMalpHBACNBIC ¢y UKD MIO-
HKEC1Bd APELANOAdTAIOTCH KOUeHbIMIT,

dyuxunsg mHokecrsa D () naseiBacres  addumugnod, ecan 114 JAOOKY By X
He MepPecekaOUIXCs HIMEPUMbBIX MHOMLCTB ¢ 1 ¢y Oy jler

D (e ) =D () + D ().

Herpyaho BHaeTh, 4TO rdkas yHRUHA 06a4QdCT CJASLVIOULUN CBOUCIBOM' 1,77
MOGOro KOHEYHOrO 'MHCAd NOHAPHO He HEPLCCRAIOULIACS  HIMEPUMLIX MIOKECTB €,
€9, ..., ¢, CNPABEAJUBO PEBCHCTBO

n \ n
D N — D Dy
k=1 k=1

Ecnu e M Ans Cueimnoco MHOMKECTBA AONAPHO lie [NePeCceKatoUlHACH H3MepPHMbIX
MHOMAECTB €|, €3, €3, Gynet!)

\

‘ /™ \ 0
D ¥ oo =3 0w
1 , k-1

To dynxuns D (€) H43bIBACICH 61O tHe addumusHotl

Gyunumst vuoxectsa (D () HALIBACTCS ¢OCO.NONHO HENPEPDIBHOIL, eCll ee 3HaYe-
HHe CTPEMHMICH K HYJUO BACTE C MepoH MHOMeCTBA ¢, 1 ¢ CuiH BCSIROMY & >0
o1BevdeT Takoe & >0, yTo a5l MOGOro H3MEPHMOTO MHOMKEeCIBd ¢ (¢ < R) ¢ Mepoit
me < 0 6yger D(e) Lt

SlcHo, YTO 3uducHie [dKOH (YIKWIH HA BCAROM MIIOACCIBEC MCPB! IYJib [PdBHO
Hy/mo )

1) HailoMHUN, 4I0 B(C MIC/KELTBA Py NPCAI0A! AOTCH JiehdllMH B R, JHaunT
CyMMa MX OrpAHMYEHd H 1IOTOMV. H3MEplisd

2) Ecan e, — Nycroc MHOKeCTBO, TO LA BCAKOH AZIHTHBIOH (yHKLHI b0
®ectBa M () 6yt @ (¢y) — 0.
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Teopesma 1. Bcaxaa addumusnasn u aGCoaOmHo Henpepbigras @yrxyul sno-
acccmea 6ydem w 8noane addumis.iol.

B camom fJeje, ec/ll MHOKECTBA ¢, 3, €3, ... NIONApLO He HepecekanTcd, To
mpH n— oo Oyaer

@0 \ / ] \
m( > ek)—>0, orkyza u @ Y] ek)—»O.

|
3

"\k:n—{—l =1
Ho
o0 n o0
o/ ¥ o= Soewro] 3 al,
\k=1 k=1 \e=n4+1 /.

OcranbHoe fACHO.

HycTs A — IPON3BOJIBHOE TOUEUHOE MHOMKECTBO (cojepikauieécs B R). Hasosem
ero uamepunod 000404Kkof BCAKOE H3MepUMoe MHOXecTBo £, ylOBJeTBopsiollee
cootnoweHuAm 1) £ > A, mE=m*A.

Brnipean, e OroBapuBas 3TOFO COELHANbHO, Mbl GyJeM paccMaTpHBaTh TOJLKO
Takhe H3MCpUMble 060NOUKY, KOTODbie Tak:ke cojepkalcs B R

Jemma 1. Ecau A— npoussoavtoe moucinoe muoxcecmso (A < R), a @ {e) -
adOumusHaa 1 abCoAICINNG HenpepblsHad QyHKYUS MHOXcecmea, mo 0aa awbbix 08yx
usmepumslx oboaotex L, u Ey mromecmsa A 6ydem

O (E) =0 (£

[eiterBuTeapno, ecan Eg=FE,Ey, 10 E; o> £ 2 A, otkyzxa sicro, yto mE, =
= mE,. 3naunt, m (£, —Eg)=0 v O (E, —E;)=0. Ho E,=E;+(E,—Lj), Tak
uto @ (L) =® (E;3). Ananoruuno v @ (£,) = (E5).

Bnpeas, HMes IeJ0 C aANMTHBHOI M a6COJIOTHO HempepslBHO# dyHKuneil MHo-
wecrsa @ (¢), Mbl Oygem ofosnauaTe uepes @ (A) snauenue 3Tod QyHKUHH Ha
uavepuvbix ofonouxax muoxecrsa A. Takuv o6pasoM, cumson @ (A) momyuaer
CMBIC1 M TOFJ3, KOTZia MHOMECTBO A W HeMsMepuwmo (HO, Kak Bcerza, A < R).

YenoBuMcs, jadee, B caefyiodieM ofosHadeiiny: ecn M —RpOH3BOJILHASA TOYKA
AJOCKOCTH, a A —Kakoe-HHOyAb TOJO&KNUTeJbHOE YHucalo, To deped Q (M, h) mbl
6ydem 0603HAUYATH 3AMKHYTHII KBaJpar ¢ UEHTPOM B Toyke M, CTOPOHLI KOTOpOro
mapajienbHbl OCAM H paBHb A.

Onpenenenne. Ilycts @ (¢) —HekoTopas (YHKUMA MHOMeCTBa, a M —Kakan-
uubyap TOUKa npamoyroassuka R, Ecau uueno A (Moryiiee paBHATHCA U OecKo-
11EYHOCTH ONpPeNeJeHHOr0 3HAKa) TAaKOBO, YTO CYILECTBYeT CTpeMslliascs K HYJIO
AOC/EJ0BATENLHOCTD TIOIONKHTENbHBIX uncen {h,}, Ang xotopoil 2)

liﬂl ('D [Q (AZL hﬂ.)] — l.,

n— o0 f

TO Mbl 6yiEM TOBOPHTh, YTO A €CTb CUMMEMPU4HOC APOU3BOJHOE HUCA0 (BYHKUAU
@ (e) B Touxe M 1 nucars A==D, ().

C momouwkio Teopemel Bosslnaso — BefiepiuTpacca Jerko noka3aTh, 4TO y BCA-
KOH (YHKIIHH MHOXeCTBa B KaXIOH Touke M = R CylIeCTBYIOr CHMMeTpUUYHbIR
NPOH3BOAHbBIE YHUCA.

Ecau Bce cUMMeTpHYHble TMpoH3Boamble uncaa ¢yskuun @ (¢) B Kakoil-HuGyab
Touke M paBHB Apyr Apyry, TO Mbl cKaxeM, uTo B 3Toi Touke y @ (¢) cymecr-
BYeT cummempudnas npoussodnas D D (e), pabnast obuleMy 3HaueHH:O BceX Tmpo-

H3BOJAHBIX YHCEJ. SaMeTI/lM, YTG CHMMETPHUYHYIO MPOH3BOJAHYIO MOXKHO 6bl10 OBl

) B ron. XI 6bi10 20Xa3aHO, YTO Y KaXKJAOrO OFPaHHYEHHOTO MHOMECTBA €CTh
u3Mepumble oGonoukH (gawe tHna Gg). .

2) HanomHUM, Uro R UpAMOYTOMbHHK oOnikpoimotli, 3Ha4yuT, A BCEX pocra-
TouHe Maswx h Gyzer Q(M, h) = R, n cumson @ [Q (M, h)] umeeT cMbich.
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) . DIQM, )]
onpefieNMTy W HHAUE, a HMEHHO Kak mpefes lim ————'—=

HO o6a onpefene-
h—¢ h

t

HUA PABHOCHJBHBL.

JlokaskeM Termeph OCHOBHYK) BO “Becit amoit rase JIeMMYy,

Jemma 2. [Tyeme @ (c) ecrmo addumusnas u nBCONCMHO HENPEPLIBHAR (DyHK-
yua muoxecmsa. Ecau 6 wamcdod mouke M wuexomopozo mroxcecmeéa A (A < R)
cywjecmayem xoms 6st 00KO cummempudroe npoussodnoe wcao D D (e), ydosremso-
pAowee Hepasen ingy

D@ (e) >=q, mo ®(A)=:q-m*A.

HoxkaszateasctBo. Ilycts ¢o<<qg M z-:>0 Haifinzem takoe § > 0, uro
HepaBeHeTBO me < 28 BneueT HepaBencreo @ (¢) < & Ilpu 2TOM MOKHO CHH-
Tath, yrto 8 < e, Ilycth, panee, G—Takoe OTKpLITOE MHOXKeCTBO, Yro A - G < R,
mG < m*A-+8.

Ecmn M & A, To cyllecTByeT Takad nocJefoBaTelbHOCTs {A,}, 4To

ha>0, QM, hy)=G, hy—0n lunq)_[q%w

n— o n

=D ;D () > qo.

He orpasuuuBas oOHOCTH, MOMHO CUUTATh (4TO MBI H XCJAEM), 4TO IIPH
Bcex n Gyper Q(M, h,) = G, ®I{Q (M, h)] > gk,

fleno, uro kBagpatel Q (M, h,) nokpuisamT MHOKecTBO A B cvbicae Buranu,
[TosToMy M3 HHX MOMKHO BLIIENHTbL TaKOe CUETHOE MHOMKeCTBO KBajparoB Q, @
Qs ..., UTO

2y

Q=0 (i # k) m[A— ZQk]z
Pama

o0
Ecau monoxuts S = Z Qp, To oKaxerca @ (S Z Q> q Zka
k=1
=qoémS. Beuay Toro, yto A < S+(A4 — 8S), Gyner m*A = mS-+m (A —8) =
=myo.
C apyrofi croponsl, S < G. ITostomy mS == mG. 3Hauur
m*A==mS<mG<m*A-+38§
K )
m(G — S)y=mG — mS < 6.
Kpome toro, u3 (*) Bbitekaer, uto mS=m*A 08¢, rge 0 <20 < 1.
3ameTHB 3TO, BO3bMeM Kakyio-HUOyAb H3MepuMyw ofosioury E muoxecrsa A.

Moixno cuutats, uto £ < G. Ho torga £ — SE < G — 8 u noromy m (L — SE) <
<6, orkyna u nogasHo [ D (E — SE)! <&, HJH, UTO TO XKe CaMOe,

|©(E) —D(SE) 1 <&,
Ho nepasenciBo m (E — SE) <C § oanayaer Taxke, uro
mSE > mE —8=m*A — § >mG — 26 = mS — 26.

Crano 6elts, m (S — SE) << 28 u D (S) — D (SE) ' < e.
Takum o6pasoM, | @ (E) — D (S) 1< 2 u O (E) > gynS -~ 2e.
Huaye roBops, cnpaBejlHBO HeDaBEHCTBO

@ (E) > qo [m*A+0e] — 2e.

Yerpemaaa € K HymO H Mepexonst K Apejeny, a 3aTeM yCTPeMJAfl ¢, K ¢ U
CHOBA Nepexoid K Mpejiedly, 3aBepuiaeM J0KasaTenbeTso, u6o @ (E) =0 (4).

CnenctBue 1. Ecau @ () — adQumusnans u  abCoAIOMHO — HENpepbleHad
Pynryus  muoxecmea u 6 Kawdod mouxe M muoxcecmsa A cyujecmsyem xomsa
Obt  0dno cummempuunoe  npoussoduoe  wucas DM (e),  ydosacmsopawuyee

nepasencmey D@ (¢) << p, mo @ (A) = pm* A,
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Jedictrirtennso, ecnut My () =— D (¢), TO B K4:K10i Touke M = A cviylect-
BYeT TAKOE CHMMETPIYHOE MPoH3RoAHoe uHeno D@ (), uro D@ {¢) . — p.

Orciona, no aemme 2, Gynetr @y (A) = - pm*A, 4 3T0 PaBHOCHJBLHO JOKAd3bI-
BAaeMOMY HEDaBEHCTRY ,

CaeficrBue 2. [lycmn @ (¢) addumuena u abicoanmuo Henpepoigna, Ecau p << g
u & nawdoi moune M MHomecmea A cyujecmayon manue 08a cuMMeMPUUHLLX NPOU 3-
aodubix wucaa Dy () u D D (e), wmo

wD ) <p<g<<D}D (o), (*)

mo mA=0,

B cavoMm fene, mo jeMMe 2 M cleacTBHI | BHIMOAUSIOTCA 1BA HEPAREHCTBA
@A) gm'A, M (A) < pm*A. Tlosromy ¢gm*A << pm*A, a 3T0 BO3IMOKHO
i npn m*A =0,

Teopema 2. Lcau pynsyua muowecmsa D () addumusnan u abeoaomus He-
PPEPHIGHA, MO NOUMU 80 6Cex INOUKAX NPAMOYSOLbHUAG R cyujecmayem hOHOMHaa
cummenpuunad npoussodras D M (o).

B camov gene, B kampaoil Touxe M, rfie HeT cHMMeTpHuUHON [POH :BOAHOII,
Aaiiy TCsl JIBA HEPaBHLIX CIMMETPHUYHLIX NPOHSBOAHLIX uneaa Dy () n 13, d (o).
3naunT, MHOKECTBO A TakuX Touek R, Tae He CyllecTByeT CHMMeTPHUHOH nporia-
BOJAHOII, npeicTarimo B gopme A :ZAI,, g puuem A, , 060311a4aeT MHOKECTBO
Takix Touek M & R, B XOTOpHX BGLIIOJHEHO (*), a4 cyMMHpOBAHHE pacmpocTpa-
HeNO0 Ha BCe Napbl paHHOHAJLHLIX duceda (p, q), p << q [Ilo caeactBuio 2 kainoe
caaraemoe A, . ecrh MHOKECTBO Mepbl HyJb, a notomv y mA =0

OcraeTcst nokasatb, uto npoussognas D D (¢) He moae1 obpamathcss B Gec-

KONEUHOCTL HA MHOXKECTBe MONOKHTeJbROH BHelHell Mepekl, Ho ecan ofosuaunth
uepes B MHOXeCTBO Tex Touek R, B KOTOPLiX Dy @ (¢) = - <., To no semye 2 npn
noiom g 6yer O (B)~ am*B, otkyna m*B=0. Tak e 0OCTOHT AeNO H ¢ MHO-
AKECTROM TOueK, B KOTOPhiXx D D (7) = — o

Teopema 3. [Tycmo @ (¢) — addumusnan w abcoaomuo HenpepuieHas GysAus
muoncecnnga. Ecauw Ry ecmu  mwexwecngo  niex  mouex npamoycoswnuka R, 8 xo-
mopuix  cyuiecmayent  cuMmmempuunan  npouwodnad D @ (), mo sma npoussodwas

cemn (pyHRyUA, uamepuman Ha Muoxcecmee R,
HoxkasarenbcTBo, Beegem npamoyroasuuk R, 6osee wupokuii, uem R,
Il onpejeasiemplii HepaBeHCTBAMH

Rilrg—T<<x <X 41, yo—1<<y<<VY+1),

Econ MR w 0 <h<1, 0 @M, 1) = Ry. Paclunpum onpenenenie pvii-
. M {e), noaoxkns @ (¢) =™ (¢PR) AN BCIKOTO HIMEPHMONO MHOMECTBA ¢,
conepkadierocs B Ry, Slexo, 4to # nocae 31oro pactunpenns dynkuus @ ({¢) octa-
eTCH d/IHTIBHON H a6GCOMOTHO HeMpPEepLIBHOM,

B kawzaein rouke M = R, 6yaer DD (¢)= lim n2D :
n— o«

Q \M .

MMosToMy /A0CTATOUHO MOKa3aTh, 4To npu 3akpengennom A (0 <h << 1) dynk-
wns @ [Q (M, h)] uamepuMa na muokectse Ry MB ke BMECTO 3TOr0 NMokAmeM, 4TO
214 (DVHKLUS Henpepoigna BO BceM MPAMOYTosbiMKe R, oTKyaa 1 GyAeT ciacioBaTh
€e H3IMEpHMOCTh Ha R, a 3naunT #i Ha R,.

Paceasotpun pse Tecukn M (e, b) 1\ (o4, b4 {3} npamoyronpinka R, cul-
Tas aas mpocrotel @ =0 1 = 0, fcno, uto

’ h B I R ht
Q (M, r'1)=Q\a——2 \xN\a—f—Q' b — 9 \y\h—{—Q,'

h h It _ A
Q(N, 11)=Q\a+a—§\\an—{-cz+ o) bHB— g <y=h+p+ 2).
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Ecrnt oo <z f st § -7 A, 1o krappatet Q (M, Ay 9 Q(N, £) OyayT uvets ofiyio
yacte Yy T, oupejenseMylo HepaBeHcTBaMi

/ h . Ii .,_h - /I\‘
T\a—}—a——2<x§a+2, b4 2>‘be—}—2/.
3nauur,
mT=0—a)(h — )

m{Q(M, ) — T)=m{QN, h) — T|=ah+Bh — af < h (@ +f).
Boibmem ¢ >0 u naiigem 1akoe § > 0, 4T0oGEl 113 HEPABEHCTBA /e -Z 8 BHITE-
Kano HepaseHcteo @ () < e.
Ecaii @ u B cronn mansl, uato /i (a4 ) <26, T0
yD[QM, 1)] —D(T) <<, D [QN, ] —D(T) <,
OTRV A
DQM, Y] —D[QN, )] < 2.
TeopeMa nokasaua.
To ofcrostenseTso, uto cuMmerpiiyran nponssogias D@ (¢) onpenencna ne
BO BCEX, a JHIUL NOYTH BO BceX TOUKax R, MpeACTaBAACY H3BECTHble HeyofcTea.
Yrobel W3be&kaTb 3THX HeypoGeTs, BBegeM ¢ynkitHio ¢ (M), onpegenernylo Ha
BceM R cnegymunM o6pasom:
D y® (), ecan M = Ry, -
¢ M)=
0, ecan M e R —R,.
3nec, Kak # BHUe, R, 0603nauaeT MHOXKECTBO Tex rouek R, B KOTOPHLIX
cylecTByeT cimmeTpHutan npousboanas ywxknny 0 (c).

Teopema 4. Pyukyus ¢ (M) cymmupyema Ha npamoyeorerune R. Kpome mozo,
af 8CAK020 u3Mepumozo mHOMecsa [ < R cnpasedausa popmyaa

\ @ (M) dw=D ().
£
Hoxazateanctro. [lycts £ — uaMepumoc MHOXKECTBO, CcOI@plKauleecs
B R. ¥Ypanum u3 L. Te Touku, B KOTOpHX cHMMeTpH4Has nponzsogsas D, d (¢)
He CyulecTByeT, IAH, XOT4 Obf W CYHRCTByeT, HO Oeckoneuna, W mycTh A ecTh
ocTaBineec MHoxkecTBo. Beuay Toro, uto m (L — A)=0, sacwo, uto
D(E)=D (A).
OGoanaunm uepes A, MHOXECTBO Tex Touek M 13 A, B rotopux D, @ (¢} =

=0, unyete A_=A—A,. Tormza O (A)=D(A ) ®(A)
PaccmoTpiM [OCNeA0BATENLHOCTL UHCEN

o, 1 2 3 4 mo
n*n’a’n’ n’
H HNOJIOKHM
k—1 ko
ep=A|—— =D yd () < n) s (k=1,23, ...

"ol
MuosecTaa e, HIMEDHME!, TOMAPHO He nepeceKaiorest il Z ey = AL, Tlo-

k=1
3TOMY

D (A)= ) O (e).
k=1

3 Yyrateno PeKOMEHAyeTCHd CAeNaTh YepTek.
341



C npyroit cropornl, dynkuns D, (¢) na MHOXecTBe A, H3MepPHMa H HeoT-

pullaTenbHa, 3HAYHUT 1)
[ee]

{ Dy® () do= 3] {Dyd () dw. "
A+ k=1 €
ITo Teopeme o cpeanem
E—1 k
—— e < S Dy®(e) do< - e

2
C Apyrof CTOPOHBI, 1O JeMMe 2 U ee cJeAcTBHIO 1
k—1
n

mep <@ (e) =< f—; nieg.
[Mostomy

@ (ep)— S Dy @) dw| = %mek.
‘k

Orciofa BBITEKAeT CXOZHMOCTh PfAja, CTOALIErO cnpaBa B paBeHeTBe (*), M
OllEHKA

‘(D(AQ—S D y® (e) dw

[ea]
1 1
<= — me, =— mA,.
T Z k= *
Ay k=1

Tak Kak # MOXHO B3ATb CKOMb YrOAHO GONBUIHM, TO

(A *):AS D@ (e) dw.

CxonnblM 06pasoM yCcTaHABJMBAETCS TaKOe K€ PABEHCTBO, B KOTOPOM JIHIUbL
A, 3zameneno Ha A_. Ilostomy dyHKuHS D@ () cymmupyema Ha MHOXecTBe A H

D (A)={ Dy® (9) dw, otxyna ©(E)= { Dy () dw.
A E
Tak Kak, B YacTHOCTH, MOXHO B34Tb E =R, TO TeopeMa J0Ka3aHA NOJHOCTBLIO.

§ 2. Heonpenesnennbiii uaTerpan u ero aucddepeHyuposanme

ITycts B OTKPEITOM NpSAMOYTOJbHUKE R 3ajana cymmupyemaa dynkuusa f(M).
[Monarad jas KaxJOro H3MEPHMOro MHOMKecTBa e < R

© (=7 (M) dw,

MBl MOJYYHM GYHKIHIO MHOXECTBA, 33JaHHYI0 HAa BCEX H3MEPHMBIX MOAMHOXKeCT-
BAX TpAMOYroJbHHKa R. Dra (QyHKUUSA MHOXKeCTBA HA3BIBAETCs HEONpededexHoLm
unmeepasos Gyuxuun f(M). Tlo, ussecTroim cBoificTBaM uurterpana JleGera oma
ajauTHBRA H abcoatoTHO HenpepuiBHa. O6paTHO, B Teopeme 4 mpelplAyIIEro napar-
pada MBI TOKa3aJHd, UYTO BCHKAsA ANNMTHBHAA M abCOJIOTHO HelpephiBHAfA (YHK-
LM MHOXECTBa €CThb HeompegjeseHHBIH uuTerpan bynkunmu ¢ (M). Iostomy cnpa-
BeLIUBA

Teopema 1. Kaacc addumusubix u abcontomHO Henpepoirblx (PYHKHWE MHO-
HeCmBa oGNadaent ¢ KAQCCOM HEONPECAEHMbLY UHMEZPAAO8 CYMMUPYEMBLY PYHKYLI.

1) TloguepkHeM, uTO B 3TOT MOMEHT DacCYKAEHHsI MBI ellle He MOXeM rapa-
THPOBaTb KOHEHYHOCTH HH JIEBOH, HH NPaBOHd yacTed paseHciea (*).
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3ameuanne. Bcee copep:kaHHe Npexbinylero maparpada coxpaHumock Gbl, ecau
6Bl CEMEHCTBO O MHOXECTB ¢, Ha KOTOPBIX onpepeneHa (pynkuusa @ (¢), cOCTOANO
H3 B Ce€X H3MEDHMBIX MHOXECTB MNJOCKOCTH (3 He TOMLKO cOpepKALLUXcA B 3aKpel-
JIeHHOM TNPAMOYroabHHMKe) B pesyabTare Mbl yCTAaHOBWAN GBl, 4TO y aXANTHBHON
u a6coMmOTHO HenpepelBHOR QyHKuuM MHOXKecTBa O (¢) nmouTH BO BCeX TOYKAX
NJIOCKOCTH 1) cyUlecTByeT CcuMMeTpHunas npoussogHas D, D (0), usMepumas Ha

BCAKOM H3MEpHMOM MHOXECTBE En TaKag, 4To

D (E)={ D@ (¢) dw.
E

B cBf3M c 3THM ecTecTBeHHO Oblf0 OBl ONMpPEeNeJUTh W MONUATHE Heompele/cH-
HOTO HWHTerpada Aas BcAxkoH Qyuxuuu f(M), 3a0amnoi wa 6ceti naockocnmu 1
CYMMHDYyeMOli HAa KaXaoM H3MepuMOM MHOXecre. (CnemaB 3To, MBI yCTraHOBHJIH
6bl, 4TO BcAKaA abCOMIOTHO HenpephiBHAsd M ajiuTHBHas (GYHKIHA MHOKeCTBa
SABJAETCS HeonpejeNeHHBIM HHTErpaoM cBOel CHMMeTDHYHOH npousBoanoi. Opuako,
MBI HE MOFNM Obl YTBEPXKJaTh, YTO BCAKHMI HeompejesNeHHBIH HHTErpaj ecTh abco-
JIOTHO HenpepeiBHAad (YHKIHA MHOXeCTBA, T, €. Teopema | He nmena Gul MecTa,

B camom geme, ecnu (orpaHMYHBasCh JJ1S1 TIPOCTOTHL JIHHEHHEIM CJy4acm)
nonoXuTh f(x) =0npux <<l uf(x)=nnpun<x<<n+1,10f(x) Gyaer cyMmupy-
eMa Ha BCAKOM H3MePHUMOM MHOKCCTBE ¢, HO €@ IIeOmpee]eHHBIH HHTErpan ne
6yneT aGcOOTHO HempephlBHBIM. UTOGH H3bexxars NOA0OGHBIX HeymoGCTB, MbL H
norpe6oBann, 4toObl Bce paccMmaTpHBaeMble QYHKUMH ObLIM 33JaHbl B 3aKpenJeH-
HOM NPAMOYTOJBHUKE.

Cymmupyemas ¢yskuus f(M) oaHo3HAaYHO OnpejesseT cBOH Heompefe/eHHEli
unrerpan. CnpaBelsIMBO NPEAJOXKEHHE, B HEKOTOPOM CMbiC/Ae OBpaTHOE 3TOoMY.

Teopema 2. Ecau ¢yuxyuu [ (M) u g (M) umerom odun u mom xe Heonpe-
OeaeHHbld uHmezpaa, mo OHU 3K8UBUACHNIHbL.

B camom zene, no ycnoBUIO AJsl BCAKOIO M3MEPUMOTO MHOKecTBa ¢ (cogep-
Kallerocs B OCHOBHOM NPAMOYroJbHHKe R) Gyner

{1 (M) dw={g (M) dw.

e é

B uwacTHOCTH, AN MHOWecTBA e=FE (f > g) Oyner

§[F (M) — g (M)] dw==0,

e

orkyxa (ra. VI, § 1, reopema 6) cuexyer, uto mE (f > g)=0.

AHanoruyHo ycraHaBIHBaeTCs, 4TO MHOXecTBO E (g > f) Takike HMeeT Mepy
Ayne. Teopema JokasaHa.

[Mycte f (M) —xaxasa-uubynp cymmupyemas (Ha R) dyukuua u @ (¢) ee weon-
penenenHbli uHTerpan. Beegem ¢yHkuHio ¢ (M), paBRYIO CHMMETpHUHOH mpol3-
Boguoll D 4@ (¢) dynkuun @ (¢) Tam, rje 3Ta DPOM3BOJHAsS CYLECTBYeT (T. €.
noutH Besae HAa R) M Hy/M0 B ocrandbHbiX Toukax R. B Teopeme 4 npegbinyiuero
naparpadga Mel ycTaHoBuaH, ute (D (e) GyaeT HeONpefeeHHHIM WHTETPAJOM yHK-
uuu ¢ (M). Taxum oGpasom, ogHa M Ta xe qynkuns D (¢) cayXuT HeonmpeseneH-
HBIM HHTerpanoM H aas f (M) u ana @ (M). 3nauur, f (M) u @ (M) sKBUBaTEHTHEL.
3THM j0Ka3saHa

Teopema 3. Heonpedesernpili unmeepar cymmupyemon QyHKyuL no4mu 8esde
umeem amy QYAKYUIO B0 CUMMEMPUYHOL NPOU3BOOHOU.

YcnoBHMCH TOBOPHTB, YTO TOUKa M, ecte mouka Jlebeea cymmupyemoil ¢yHK-
uue f (M), ecnu

tim L S [ (M) —F (M) | dw=0.

h—0Q h?
YUMo, 1

1) 310 3HauwT, Y10 TNepeceverMe MHOMKECTBA TOYEK, Tje CHMMETPUUHOH Mpou3-
BOJHOI HeT, CO BCAKIM H3MEPHUMBIM MHOMECTBOM HMeET MEpy HYJb.
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Teopesma 4. [ownu sce moun npanoyeo wruna R cymo mocnu Iebeea hyin-
yuu f (M), Sadurton « cysasupyeslon 8 10 1NPIMOye0.loHUAL.

JloK4321€5CIBO 370 TEOPEMB BIOJHE  AHAJO!I HMHO ORMOMCPHOMY  CJ\ YA,
HMenHO, B3sin .ToGoe pauilonagblioe ulicao £, HPUMEHHM NPCILdy WY TeopeMy
K ¢yusuin g (M)—r . [lodin gaa seex todek My e R Gyser

trm ! \ JM)—r do-— [{M)—r,
O (Mo, )

O6o3navun uepe3 .1 (r) Muodkecrso (Mepbl HyJib) TeX TOYEK, B KOTOPHIX He
BLINOJHEHO 310 COOTHOWEHIC H HYCTh

A=YANHR(F =+ ),

re CYMMHPUBAHHE pacnpocTPpAHEHO HA BCe pauuouadedsle yucaa, SlcHo, uto
mA=0.
Tokaxem, 410 Beakast Touka M,, He vxolsuwas B A, Syter toukoi Jledela
dyuxuwnn f (M), denm 1t Ovaer goxaszaild Teopemd
Bsas ¢ > 0, noilupaes tanoe 7, urodul 6uli10
I

f(Mn)“" <5 (])

Torna mouty Besge!) Gvaer

[ FD—r — F(M) —f (M) <

1 noTomy
1 .
2 F—r do—,, FMy—F(M,) dw|< ® ©

. 3
¢ (Mo, 1) QMg

aas scskoro Ksagpaia Q(M,, h), corepaaweroca B R. Tak kax M, < .1, 10
and BaAroro £ >0 Haitgercst 1akoe 8 > 0, uT0, Khak Toabko O <Ch <C 0§, 14K cen-
yac Ke

1 2
e\ D= de— ity | < ®
QMo )
Ha (1), (2), 3) caecayer, uro npi 0 -<h <0 Gyger
po M) =) (Mo) o < s,
Q(My, 1) -

deM I gokasano, uro Ay —touxa JleGera dyuxuim f (M),

§ 3. 0000uieHHe MONYYEHHBLIX [E3YJAbTATOB

B stom maparpaje mbl NOKaXeM, 4TO BMECTO CHMMETPHYHON IMPOH3BOAHOI
B pUBeJeHHBIX BuUlUE TeOpeMaX MOXHO OLiiO FOBOPHTL O MPOHIBOANLIX Gosee
oftlero pHja.

[Tycte M —kaxan-unGyb TOUKA IJOCKOCTH, a R — HEKOTOpast CHC1eMa M3Me-
PHMLIX MHOMECIB, cogepsanx Touky M. YceaoBuMcs rOBOpHTB, uTo cHcTema M
cwumaema?) B Touky M, ecau cpeall MHOXKECTB CHCTEMBl HMEHOTCH MHOKeCTBA
CKOJb  YrogHo Madsioro juameipa. Ilpu stom guamerpom dE muosectBa £ uasul-

') Tounee, 3TO COOTHOWENHC BCPHO BO BeeX Touhax M, rac j (M) z co,
2) J10 BbIpaXKeHHE BBUAHICH 3ACChH BUCPBLIC,
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BaeTcA TOulas RePXHAA rpaHnua paccroannii touwek £ yipyr oT gpyra dE=
=sup {pM, )y M= E, Ne).

Ecan cucreMa SR cknmaeMa B TOuky Mk Afd KaKAOr0 MHOXKECTBA € 3TOM
cHCTeMbl HalizeTcs TaKoi cogepXauuni ero kesaapat Q (M, k), uro

h?- o me, N

re o YHCAO, He 3aBicsilice OT BHIOOpA MHOKECTBA ¢, [0 FOBOPAT, UTO clcTeMa
M pezyaapHo ckuMaeMa B Touky M. [pyGo romopa, peryaapuast CIKUMAeMOCTh
CHCTEMbl O3HAUAET, YTO B HEH HET CJMLIKOM «CIHJUOIIEHHBIX» MHEOKECTB.

IMyets ™M ecTh CHCTEMA HIMEPHMBIX MHOKECTB MOJOMKITEILHOA Mepsl, Cill-
MaeMas B nexoropyw Touky M, a @ (¢) xakaa-uudyab Gysruug Muomecerea. Ecan
cyliecTBYeT (KOHeuHBI WJl GeckoHewHn) npegea”

_ ® () .
AIH(D (l) = dl‘lTo—]E“' (C ©= .Dt),

TO 3TOT npefen uasmeactes npowwoddou Gyukumn @ (0) B Touke M, omHocu-

meavHo cucmesot M.

Teopema 1. Ilyrmb @ (¢) —addumusHan u aBCOAOMHO HONPCPUIBHAA (PYHK-
yus muoxceemea. floumu 8 xamdod mouke M 0zHO8HO20 npamoyeorbruxa R cywecm-
syem npousacdran Ay D (¢) smob ¢yHkyuy OMHOCIMeabHO A1000( cucmensl MHO-
oecmg,  peey ASPHO CHCUMACMOE 8 amy MOUKY, NPUuCM BHAHCHUE YKAIAHHOI npous-
800H0i He 3asucum om evibopa cuctmesor. J[aa aw06020 usmepusozo muoxecmea F,
codepaaweeocs 8 R, 6ydem 1)

;AMCD (e) dw =D (F). {*)

HNoxasateabcto. Pyikuua @D (e), 6yAyuH aIAMTHBHOH H a6COMOTHO
HEMPCPHIBHOI, SIBASETCS HEOMpPeIe/eHHbIM HHTETpAJOM HEKOTOPOl  CYMMHpYeMon
dynxuny f{N). Tloutn Bee rtouku R cyTb Toukn JleGera sroit ¢yuxwim. [lycrs
M,—touka JleGera f(M). [Ilokaxem, 4T0 B 3Toil TOuke MpoH3ROANAA AM“(D (©)

OTHOCKHTETLHO JIOGOH CHCTeMbl, PeryJaspHo ckiiMaemoil 8 My, Gyaer pasHa [ (M,):
81, ® () =F (My).

Stum u GyReT AOKa3aHa Teopema.

Mycers M= {c} —kaxas yuOy1b CH TEMa MHOKECTB, PeryIsdpHO C:KivaeMmad
B Touky M, TOraa aad Kamkaoro MHOMECTBA ¢ CHCTeMbl HARAETCH CigepKallui
ero KBajpar @ (Mg, h), y xotoporo /2 << aume,

Tak kak
%Q —(Mo) =,—:l;, S F (M) dw —f (M),
TO
l%fl_ F(Mo) éﬁ S |f (M) —f (M) dw.

P

Ho Q (M,, #) D e. 3uaunr:

VIFM) —F My dws  § (M) =] (Mg) du.
e Q(My, I

1) Mponsoguas A, @ (e) Gyxer onpenefeHa we BO Beex, a TOMBKO MOUTH BO
Bcex Toukax £. [lostomy nog HanWcavubiM B nocacadet gopmyac nurerpasom
Haa0 NOHHMATh é AyD(e) dw, rae £, ectv ta wacte £, Ha KoTOpo# onpege-

0

neHa A, D ().
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Orcioga crenyer, uro
D ()
me

— M| = F(M)— f(My) dw.

Q (Mg, hy
Koraga de—0,-10 n h—0, a Tak Kak M, —rouka JleGera dyukunu f(A),
TO TOCAERHHI HHTErpajs CTPeMUTCR K HYJ©0 BMecTe ¢ A. Taxknm ofpasom,
@ _

dlelin.o me — 1 (M-

Teopema nokasana. [Tone3ano ykazaTe, 4uro oma mepecTaeT GHITh BEPHOM, ec/H
OTGPOCHTDL }CNIOBHE PErYJSIPHOH C:hHMaeMOCTH paccMaTpHBAeMbIX CHCTEM MHOMKECTB,

B 3axJjioueHHe OCTAHOBHMCS Ha BOMPOce O TOM, KakK H3 pe3yJsTaToB 3TOH
rJaBbl NOJYYHTb YK€ H3BecTHBle pe3yasTathl 1. 1X o ¢ysruusax opnoil nepe-
MEHHOH.

Iycrs f(f)—cymmupyemasd Ha HekoTopoM MHTepBane (a, b) ¢ynkuusa. Ilona-

ras CD(e):Sf(t) dt [e = (a, b)], nomyuaeMm ee HeomnpeencHHBI! uHTerpaa Ero
3

MPOH3BOAHASL OTHOCHTENBHO JIOGOH pEryssipHO CKHMAeMOH B TOYUKY X CHCTEMBI

paBHa [ (x) nouTu B KaKnoH Toyke x. B uacTHOCTH, 3TO Tak, ecau 3a paccMar-

PHBAEMYIO CHCTEMY MHOXKeCTB NPHHATH CHCTEMY CEeIMEHTOB ix, X Ax|, HMeoUnx

TOYKY X OJHMM H3 CcBOHX KoHuos.l) Ilpoussosnas A, D (¢) oTHOCHTeNBHO 3TOf

CHCTeMEl COBNafaeT ¢ OGBIYHOH MPOH3BOAHOH B TOuKe x QYHKUMH

g O ([x, x+Ax) _ ¢ x-FAY—g(x)
¢ ()= S [ () di, u6o mlx, x4+Ax] — Ax )

a

Orcropa cHoBa noaydaercs Teopema 2 n3 § 4, ra, IX. Yrobel nokasats Teo-
peMy 3 Toro e naparpada, Ham noHagoGHUTCA

Teopema 2 Ecau ¢ (x)--abecoatomno Henpepw8ran dynkyus, 300arHas Ha
ceemenme [a, b], mo cywecmeyem makas addumusHas abCOAOMHO HERPEPbIBHAA
Pynkyun @ (¢), 3adannas Ra usmepumblx mHoxcecmaax ceemenma [a, b], umo

@ ([a, s)=¢ W) —¢ ().

Mer nagum  sMine HaOpOCOK IOKa3alenbcTBAa 3TOH  TeOpeMEl, IpPelocTaBJ/sfif
JeTaldd PACCYXACHHS YHTaTeso.

Tak kak BcAxaa aGCOMOTHO HempepbiBHAst (YHKLHA TOYKH ecTb PasHoOCTb
ABYX alCOJIOTHO IienpephiBHBIX Ke BO3pacTaiolluX GyHKUHMH, To, He OrpaHUYHBas
OOLIHOCTH, Mbl MOXEM CYHTaThb (4TO Mbl H IeJjdeM), YTO QyHKLHA @ (x) BO3pacTaer.

Iycte a << o < P << b. OBo3nauum deped A yoGoOH H3 uyeTEIpeX MPOMEKYTKOB
[, B}, (@, B), [=, B) u (&, P] u nogoxum no onpegenennio @ (A)=¢ (B) — ¢ ().

uM dyunnua @ (¢) O6yaer onpejejcHa AJA BceX NP OMe X y TK OB, Jexa-
WwHx B (@, b], a HaM 1peGyercs ONpelesUTh €e LSl BCAKOrO H3MEPHUMOT O
MHOXecTBa eC {a, b]. Bpocaercs B rnasa anajorus 3Todl 3agauu ¢ 3ajaueit
BBEJCHHA Me pbl H3MEPHMOrO MHOXKECTBA, KOTOPOH Mbl 3aHumanuch B ru. 1IL
ARranorusa sTa DOACKasbiBaeT 1I NyTh pelieHus. Mmenuo, eciu G ecTb OTKpBITOE
[es]
MHOXeCTBO, cojepkauieecss B [a, b], 1o Mbl mosaraem @ (G)= Z @ (Ay), rze
h=1
A, cocraBasiollite HHTepBael G. HeTpyaHo nposeputb, uTo M3 () < G, BhITeKaer
@ (Gy) =~ D (G,), uro u3 G,G,=0 caenyer @ (G +Gy) =D (G)+D(Gy) u uro
poobiie @ (G +G,) <. D (G)) + D (Gy). Bee 310 ycrarapansaercs TakK ke, Kak
B § I, ra. 1L

Onupasice Ha a0COJMIOTHYIO HempepLHBHOCTL GYHKUHH @ (x), Mbl Ce3 Tpyha

yCTaHaBJHBaeM, uTO
him @ (G)=0. ")
mGg—0

1) ¥ sTOft cleTeMBl o =2,
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Ecau E ecTh TPOH3BOJILHOE H3MeDHMOe MHOMECTBO, copep:Kauieecs B [a, b],
TO Mbl BhHIGpACBIBa€M M3 Hero TOYKH a M b M paccMaTpuBaeM BCEBO3IMOKHBIC OTKDbi-
The MHOXecTBa G, comepxauinecst B (2, b} u cogepxkawue E. llomoxkus no onpe-
zeaernio @ (E) =inf {®(G)}, Mpt u nonyuum Tpe6yemyto ynxuuio, deicTBureanno,
ee aBcomoTHAsT HENMPepHIBHOCTE BUOJHEe OUEBHIHA, G6Jarojapd COOTHOWEHHIO (*).
3HauuT, Aea0 CBOAMICH K MpOBEPKE AaJAHTHBHOCTH 3Tofi dyHkuuu. Ho rtax xak
¢yuaxuua @ (e) nojo6Ha BHeWIHeN Mepe MHOXKeCTBa ¢, TO, TaK Ke, K&K B Teo-
peme 5, § 3, ra. III, mul ycranosiM, uto @ (¢ 4-e5) < @ () 4 D (¢).

C napyroél cropousl, ecnu Fy M Fy—Ba 3aMKHYTE X MHOXeCTBA 06e3
O6lUX TOYEK, TO, ONHPAasCh HA reOPeMY OTAeNHMOCTH, Mbl NOKaXeM, 4TO

O (Fy+Fo) =@ (F1) + @ (Fy)-

Ato penaercss Tak ke, kKak B TeopeMe 6, § 2, ra. III. Tenepp nam Hago
ycraHoBUTb anagnoruio ¢yukuun O (E) ¢ anympennel Mepoli MHOkecTBa E.

Ecin E —nponsBojibHOE H3MEpUMOe MHOXKeECTBO, a F —ero 3amMKkHyToe moa-
muoxectBo, To O (F) << @ (E).

C npyroil croponbl, Besikomy £ >0 oTBeuaeT Takoe § > 0, uTO HepaBEHCTRO
me << & Bneuer Hepapeuctso W (¢) << &. 3aMeTHB 3To, BO3bMeM KaKoe-HUGYAb HIMe-
puMoe MHOXecTBo E u e>0. Hafiza cooTercTsyiolllee 3TOMy € (B TOJIBKO 4YTO
yKa3aHHOM cMbicie) O, MOCTPOMM 3aMKHyToe MHOXecTBo £ < E, y xoroporo
mF > mE — 9.

Tak Kak E=F4+(E—F), 1o ®E)<<O(F)+ D(E—F). Ho m(E—-F)<$
n notromy @ (L—F)<<e Cramo 6ure @ (E) < @ (F)+4&. Jro moxasbiBaeT, 410
@ (E)=sup {O (F)}, rme F cyTh BCEBO3MOXKHBIE 3aMKHYTHIe MHOXeCTBAa, COJEpH(a-
wuecst B £. ITHM JI0Ka3aHo, 4To JeficTBHTesbHO, dyHKRuuA @ (E) cxomHa ¢ BHYT-
pentefi Mepoll. Onupasick Ha 3TO CXOACTBO M IOBTOPASt PacCyXJAeHHs, NOAPOOHO
npoBefeHHBle NpH JOKa3aTedbcTBe Teopemel 6, § 3, ra. III, Mbl momyuum, yro
npy gea =0 Oyger ® (ey-+-¢e9) == D (e)) + D (ey). -

B coueTaHHM C paHee JOKa3aHHBIM MPOTHBONOJOMKHBLIM HEPABEHCTBOM, 3TO
COOTHOLIEHHE YCTaHaBJUBaeT ajHTHBHOCTL dyHKuuu M (¢). Teopema pokasana.

Teneps yxe Jerko BuiBec1d Teopemy 3, § 4, ra. IX. Ing storo Hago aulib
NOCTPOHTE, KaK TONBKO TG yKasaHo, dynkuuio @ (¢). 3ra dpyukuua 6yzer Heon-
peleneHHEIM HHTETPaJoM CBOeH NpPOH3BOZHOH, T. e. @(e):ﬂf(z‘) dt.

. e
x
B uactHocTu ana e==[o, x] noaydaem q;(x):q(a)J,—\f(t) df, 410 pdBHO-
a

CHJIBHO YNIOMAHYTOH Teopeme.



rl1ABA XIV
TPAHCOHHHTHbBIE HHCJIA

§ 1. Ynopsagouenubte MHoxKecTBa. [Mopankosnie THRB

Hauunaa ¢ ra. 11, MB 3aHHMaJNCh [MOYTH HCK/MIOUMTEALHO MeTpHYecKoil
Teopielt (YHKUMIl, B KOTOPOH OCHOBHBLIM SABJSIETCS MOHATHE Meps TOYEUHOID
MitozecTBa, Jlas 5TOH TeOpHIl HAM OKa3a/HCh JOCTATOUNLIMU T€ CKPOMHbLIE CBEJEHIIS
H3 1COPHH MIIOKECIB, KOTOPHE H3JOMeHb! B 11epBLIX ABYX ryaBax kKHurd. )Kenas
OCTANOBIILCSH Ha HEKOTOPLIX BONpocaXx JACCKPUOTHBUON reopis yHKUMH, Mul
DOJKUL PACIIMPHTL HAWH CBEJCHHS MO TCOPHU MHOKECTB; 3TOMY M MOCBALLEHd
Hacrosillaa rJaaBa.

B ra. I, roBopst 0 MiOxecTBe, Mbl LTBJEKAJHCH Ol TOFO, B KAKOM NOP ALK e
PacnoJIOCHBl €ro 3JEMEHTH. 3fecb, HANPOTHB, BOMPOC O TOPSIAKE 3JIEMEHTOB
1atioro MHoXecrsa GyJeT I/ Hac OCHOBHDIM.

Cupegenenne 1. Muoxectso A HasblBaeTcs ynopadoueHHbIM, €CJIH YKa3ano
RPaBNIO ¢, COMJACHO KOTOPOMY M3 BCAKHX IBYX PasiHUHBLIX 371ENMEHTOB d H [
MHOkeC1Ba /A OIMH OKaaulBaercsi npepllectsyrouum apyromy. Ilpu 3tom Josmkunl
6b1Tb coba10/eHE ABa TPeGOBaHHUA:

1) Ecan a npedwwemsyem b mo b He npedusecinsyem a.

2) Leaw a npedwecmeyent b, a b npeduiecimgyent ¢, mo a npeduiccmsyent ¢

Ecae g npepmccrsyer b, 10 rosopsil, 4T0 b cacdyem 3a u. CHMBOJIHYECKI 280
3anHuCcLIBACICS TaK:

a=b, bea.

Camoe npaBuiO ¢, O KOTOPOM IJa PEYb B ONpejefeHUH, HA3blBaeTcs cno.obos
ynopadowusanua. TOBOPA, YTO Lalo YNOPAAOUCHHOE MIOMecTBO A, Mbl BCerid
Gy JCM CYHTArb, 410 OHO PACCMATPHBAETCH BMECTE € €ro crocofOM YHOPSAI0uMBAH 5.
LCeun muonecrsa A={a, b, ¢} 1 B=1{), ¢, ¢} ynopsjgouensl B nopajaKe Hanucanus
GyKB, 10 9TO CYTb P @ 3 H bl € YHOPALOUCHHBIC MIIOKeCTBa.

B cBSI3M C 3THM HAXOAMTICH M HECKOJALKO CBOEOOpasiioc ynoTpeGieHne TepMuiid
«YzCTb YNOPSAZOYEHHOrO MHOKecTBa». MMenHo, ecsn A ectb ynopsijouenHoe MHO-
MeCTBO, a B ecTb NOAMIIOMeCIBO A, TO BCKHe IBa qaementa B Bxoasat u B A 1
TaM (B A) MmeroT onpcgenciublil nopagox cieposanus. Tak pBoT, Mbl pa3 nascer.dd
YCAOBHUMESL CUNTATh, YTO H B MHOMCCIBE B 3TH 3JeMeilibl HMEIOT TOT Ke HOPiLoK
caepoBanusg, uyto 1 B A, JIerko HOHAThL, YTO 3TO COrJIALIEHHE CCib CHNOCOG ynopd-
IOYUBAHHA MHOMeECTBA B,

Takum o06pa3oM, dactinid YUOPAIOUCHHOTO MHOMeCTBA A Mbl GyIeM Ha3blBdIL
YnopadoucHioe MHOMKECTBO B, BCE 3JICMEHTLE KOTOPOro BXOAAT B A M B3aHMI(bIH
NOpsigOK KOTOpHX oauHakoB B A H B B.

Ecau, nanpumep, A={a, 0, ¢}, B={a, b}, C={b, a}, 10 4actbio A
aBadelcs B, uo ue C.

MpusegeM Hexolopble NpuMepbl YNOPSALOYEHHBIX MHOMECTB.

l. Tpexae Bcero BesiKoe MitoxecTBO A BEULECTBEHHBIX YHCEJ MOKHO Ynopsa-
HOYHTL, CyMTasi H3 JABYX UHCEN, BXOZAWMX B A, npepllecTBYOWHM TO, KO10poe
MeHbile. STOT NCPAAOK Mbl 6yJeM HA3BIBATL CCMECIMEEHHbIM.

2. Moxi10 6610 6bl yNOPAAOUH'B BCSIKOC MHOXPCTBO BEILECTBEHHBIX UHCC
W B O0paTHOM NOPSAkE, CUMTasl NPCEAWeCIBYIOWHM 60 b wee yueao. Hanpumep,
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MHOKECTBO BCEX HalypadbHBIX YHCeJ YNOPSAOUEHHOE NO YKA3aHHOMY crocoly,
pacnosoxutcs tak: {..., 5, 4, 3, 2, 1}

3. KoHeuHOC MHOMKECTBO H3 N 3JE€MEHTOB MOXHO YMODPSLOUHTL n! passiuyHbIMH
crnoco6amu.

4. Kaxjoe naTypanbHOe YucAO n e{MHCTBEHHHIM 0OOp430M npelcTasaselrcs
B dopme n=2% 2m 1) (k=0, 1,2, .. m=0,1,2

YonopuMes  unedo n=2K (2m4-1) cumraTb NpemiUeCcrsyoulM  yucay n’ —
= 2k/(9m’ 1), ccan k< k' uau ecan R=k', uom < m'. [lpu 3rom cnocoGe ynoy -
ZOYHBAHHA HATypadbHBIE YHCAA PacniooxaTcs TaK:

I, 3 5 7, 9, ..
2, 6, 10, 14, 18, ...
4, 12, 20, 28, 36, ...

MpHYEM H3 ABYX YHUCEJ PAa3HbIX CTPOK MpeRulecTByer TO, KOTOPOE HAanUCaHO BhIIE,
a B KawIoH CIpOKe 4HCJA PacnodoMedbl B €CreCTBEHHOM HOpALKe. Hﬁﬂpll\ie[),

732, 18312,  28-336.

5 Kamaoe KOMINIEKCHOC uHCIO eAHHCIBEHHBIM 06Pa3uM NpPEeACTaBHMO B GopMe
z=r{cos@-+ising) (0= @<.2m), Tae ¥ MOAYJb, & () APryMEHT uucaa 1) 3 cio-
BHBIUHCH CUHTATH, YTO H3 ABYX KOMIIEKCHBIX YMCe] NPeIUecTByeT 1o, y KOTOPOro
MOAYNDb MeHbIle, a B cJyyae paBeHCTBAa MOMYJeH —TO, Yy KOTOPOTO aprymenr
MeHbIIE, Mbl YTIOPSAOUHM MHOMECTBO BCEX KOMIUIEKCHLIX UHCEJ.

IMycte A ymopsifouenHoe MuoxecTso W o = A. Ecau B MHOxecTBe A Hel
SJIEMEHTOB, MpPEAECTBYIOWNX @, TO @ HadblBacICA nepgots 3acMenrom A. Avano-
FHYHO BBOJHTCS MORSITHE rocaedneeo 3aemcHra. [anee, ecait d, b, ¢ cyre 2/e-
Med1sl A 1 a-<b -3¢, TO roBopaT, 4T0 b JCKHT Mekdy a H (

Onpepesenne 2. Tlycre A n B aBa YUOPA.IOUGHHBIX MUOKECTBA U W B3aNMHO
OIHO3HAYHOE COOTBETCIBHC Mexmly LHMH. Ecau Becakoe cooriowelie

a-=3a’,

HMelolllee MecTo Mexdy 3deMenraMi A, OCTdCICH BePHBIM NPH 3aMCHE S1HX 3ie-
MEHTOB COOTBEICIBYIOIMKMIL UM 3JemMenramu f3, To COOTBEICIBMC 1 JidJbiBdelcs
naaowceruem muoxecnie A u B dpye wa dpy.a.

Huaue rosops, Hafomkelue ABYX YNOpsAOUEHHBIX MHOMECIB eCTb COOFBCICIBHE,
coxpansioliiee NOPAAOK C/ENOBAHHS INEMCHTOB

Onpepenenne 3. Ecnu asa ynopsnouenubx myoxecrsa A 1 B MoAns nano-
KHIb APYr Ha JAPYFd, FO TOBOPAI, UTO 51H MHOMECTBA N00J0OH6L Memay coCol H
nuiy1

A= B.

Teopema | Ecau ynopadoucuusie sinomecmsa nodobust mexdy cobod, mo oHi
IKGUBAACHINHGL.

JelicTBHTEMBHO, HaJOhelHe eCrb BHL BadHMHCOLHO3ZHAYHOIO COOTBEIC!BNSL.

Jlerko BHReTb, YI0 AJ5l KOHEYHBIX MHOMCCIB 3Ta FeoDeMa o6patuMd, T. €.
cnpaBefMBa

Teopema 2. Loau A u B ynopsadoichuste nOHEuHble MHOMCCINSQ, COCIOTUIUE
U3 00UHAK0BOO KOAUYCCINOA  IACMCHIOG, O UL MHOMeCmed nodobrel dpye Opyey

Jas gokasateabcisa aforo (akra vaM NOHAaZoOMTCH CACAYIOUan aeMMa,

Jemma. Ecau A norednoe ynopadoerHoe MHOMXECINGO, MO 6 HeM CCie Nepsbiil
EACMEHIL,

Heiictpure/ibHo, BO3bMeM Kdkon Hubyas snemenr ua A. Ecnu on mepssi, ro
JNemMMa oKadata, B npoTusHoM cayuae 8/l HMEIOTCH SJICMCH1B, lpeilliecTBYyoMlie
BuGpanHoMy. BosbMeM kakou uubyas nd uux. Ecam on nepsuin 8 A, 10 JemMmd
JOKa3ana., B [OpPOTHBHOM c/ayyde OIKPLIBACTCSl BO3MOKHOCIB Adviblielilero i bige-
JdeHUsi HoBbiX 3aemeHTOoB H3 A. Tlponomiast 3TOT NpoLeCC, MLl HeOGXOAHMO

1) qaa 2=0_ ycaoBuMca cyutate ¢=0.
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BCTPETHM TepBhHit 3neMeHT A, H60 HHaye U3 KOHECUHOrO MHOXECTBA YAanoch Obl
BLIIENHTh GeCKOHEUHYI0 TOCAEJOBATEIbHOCTL PA3NHYHBIX 3JEMEHTCB, YTO HEBO3-
MOKIIO.

Cuepcteue. Lcau A roweuroe ynopadouertoe MHONECHBO U3 N 3AEMEHHN08, MO
€20 MOJNCHO nepeHymeposants max, 4mobel 0Ka3ai0Ch

a; =a,=a3 =3 ... 3

JeltctButensHo, JAsl ITOrO HYXKHO 0B03HAaYMTL uepe3 @; NepBHIl 37mementT A,
yepe3 @, — NCPBHIT 3JeMEHT (KOHeYHOro) MHoxecTBa A —{a;} u T. 1.

Tenepn Teopema 2 ouesupna. [eHctButensHo, ecad A H B ynopsiiouyeHHble
MHOJKECTI@, B Ka)KIOM H3 KOTOPBIX e€CTh TO 7 3/1eMEHTOB, TO HyMeépyeM HUX Bhbliue-
yKa3aHHBIM CMOCOGOM M COCTHOCHM APYT APYLY 3JE€MeHTH ¢ OAHHAKOBBLIMH HOMepaMHU.

Jnst GeckoneusbIX MHOKeCTB Teopema 1 He oGpatumad. Hanpumep, ecsn

A={1,2 3, ..}, B={.,3 21},

To MHOMecTBa A M B 2KBUBaJeHTHB ZPYT APYTy (OHM COCTOAT H3 OAHHX H TeX
ske aaeMeHTOB)  OnHAKO OHM He TNOJOGHEBI, YTO BUAHO XOTA Gbl H3 TOro, 4yto 8 A
€cTh TEPBHI 3/€MeHT, 4 B B ero HeT, B TO BpeMsl KaK NDH HAJOXKEHHH YMOPsf0-
YeHIILIX MHOMKECTB NEPBOMY IJIEMEHTY OJHOTO M3 HUX HEOGXOJMMO JOJKEeH OTBeuatsh
nepsbiil 3JEMEHT APYroro.

Teopema 3. Mycme A, B, C ynopadouenuvie muoxecmsa. Tozda

1) A=~ A. 2) Ecay A=B, 10 B~A. 3) Ecau A>~B, a B~C, 10 A=C.

Jloka3zaTeIbCcTBO TpefocTapiseM yuTaTeio.

Touno TaK ke KaK MOHSITUE IKEMBA/IEHTHOCTH IBYX MHOMECTB MPUBENO HAC
x ofilleMy OnpefleleHHI0 MOUIHOCTH, Tak H NOHSITHE Moxo0ud TMPHBOAHMT K Ompeje-
JIEHI0 NOPAJKO80Z0 MUNA,

Oupegenenne 4. [lycTb Bce ynopsioyeHIEe MHOXKECTBA PasGUTHl MO KJjaccawm,
TaK YTO IBa MHOXeCTB2 HOMAaZjaloT B OJHH KJjacc TOTAa M TOJBKO TOrja, KOrja
oun nogo6uil. CooTHeceM KaKIOMy TAaKOMY KJaccy VMOPAJOUYEHHBIX MHOMKECTB
KaKoi-Ju60 CHMBON M 11430BEM €0 NOpAOKO0sbist Munom JOGOT0 MHOMKICTBA J4H-
HOTOQ KJacca.

TMopsiakoBLIH rUn yOOpsiAoueHHOro MHOMecTBa A oGosHagawT uepes A. Ortno-
cUTeNbHO TOROGHHIX MHONecTB A u B roBopsT, YTO OHH HMEIOT OAMH M TOT iKe
NopAAKOBBIH THN ¥ nuwyt A=25.

Bee MHOXKeCTBa, HMeIOWHE JaHHBI NMOPAJKOBbIT THN o, UMEIOT OAHHAKOBYIO
MOULHOCTb. Ee HaspBAalOT MOLIHOCTBIO THIIA ¢ H OG03HayaloT yepes &. Ecau
A=a, To A=a.

Ectn a=f, 10 &=[, HO, KaK Mbl BHJe/H, ©0paTHOe NpeAJiOXKeHUe, Boobiie
roBOpSI, HEBEPHO.

Hekorophle, wacTo BCTpeyaiolluels, NOPSIKOBLIE TUMEI HMEWOT OGIIENpPHHATOE
ofio3HaueHue.

Hanpumep, nopsiaxoswii run MuoxeciBa 4={1, 2, 3, ..., a} (a crano 6ure
H BCAKOIO ) NOPSACYEHHOr0 MHOMECTBA, COCTOSILErO H3 7 5JeMeHTOB) ¢GO3HAuaKoT
Gykpoil n. Takum o6pasoM CHMBOJ /i OJHOBPEMEHHO CJYXHT OGO3HAUCHHEM H
MOULHOCTY M NOPAAKOBOrO THHA MuOwecTBa A. DTO HecoBepIeHCTBO ofo3Hauenuii
He NMPUBOAMT K CKONBbKO-HUOY b 3aMeTHbIM HeyloGCcTBaM.

B nanpteiiiueM Mbl YCJOBHMCSL MYCroe MHOXECT30 ¥ MHOXECTBA M3 OfHOIO
3J€MEHTd CUHTATH YNOPSJIOYEHHBIMA M HX THOB OGO3HAYaTh COOTBETCTBEHHO
yepe3 O u [,

[TopsAKOBBIA THN MHOMXECTBA BCEX HATYPadbHbIX YHCEJ, PACHOJOKEHHLIX
B ecrectBenioM nopsizke N={1, 2, 3, 4, ...} o6osnauaior cumsooM @, N =q.

[opsakoBblii THN MHOMeCTBA BceX HATypanbliblX 4YHCEJ, PacNOOKEHHBIX
B nopsiixe, ofparuoM ectectsennoMmy, N*={..., 4, 3, 2, 1} oGo3HayawT CUMBO-
JOM ©F.

OvyeBugno, w*:==@, HO ©* # ©.

BooGuie, uMest ynopsjioueHHoe MHOXKeCTBO A co cnocofoM ynopsafoyHBaHUA ¢,
MOMXHO TIONYYHThL JpYroe 3MOpsiioueHHoe MHONECTBO A*, cocTosillee M3 Tex Xe
3JIEMEHTOB, HO C «OGpAaTHEIM» crocoGoM yHopafouHBaHus @. MmenHo, ecan a = A4,
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be A u cornacHo ¢ Oyner a—b, To cornacHo ¢* nonmHo Ohith a s h. Ecan
tun A ecte «, To TN A* ofo3nayaior vepes a*.

Jlerko mnowusiTh, uyTO (@t*)* =c. JIJAS NOPSAKOBOrO THIA 7 KOHEYHOTO MHO-
weetBa Gyger n¥ =1,

[TopsiAKOBBIl THNM MHOMECTBA BCEX LCJIBIX UYHCEN B eCTECTBEHHOM MODSAAKe

{o., —3,—2, —1,0,1,2 3, ..}

ofosnayaioT yepes xt. QueBugno n* =o.

[TopsaKOBEIT TUI MHOXECTBA R BceX PalMONaNbHBIX UMCeN, PACTIONOKEHHBIX
B €CTECTBEHHOM TopAAke, 0603HAYAIOT ueped v). OueBuaHo " =n.

Hakouren, mopsaxosblii Tunm MuouecTBa Z BCeX BellCCTBEHHBIX YHCeN, B HX
€CTECTBEHHOM TOpsiike, ofo3HayawT uepe3 A. Slcno, uyto A¥ =i Jlerko BuueTs,
yTOo MOPAJKOBLIM THN mMOGOr0 HHTEpBana ') (HO He cermeHTal) yMCJIOBOI MpAvO#
ecTk A. Haanomenne uHtepBana (a, b)={x} Ha wmHOKecTBO Z={y} MOKHO
Bx—a—byn

2(0b—a)

Teopema 4. Kaxoso 6vi nHu Ouwao ciemmoe ynopadoiernoe mHoxcecmgo A, u3
MHONecmBa R ecex  payquodaabMblx  qurea € uxX ecmecmscHHOM NOpAOke  MOXCHO
ebidesume wacmo 2) Ry, nodobuyio mromecmey A.

JorazateanbcTBO. IlepenymepyeM o064 cyetnnie MHosectBa A U R:

A=lay, a,, a3, ...} R=A{ry, ry, ra, ...}

Camo cofiol0 pasyMeeTcsl, uTO 3Ta HYMEpAalMsl HHKaK He CBS3aHA ¢ MOPAAKOM
snemenToB B A M R (B R Booflle HCBO3MOXHO YCTAHOBHTH HYMepauHio, Npi
KOTOpOH ry <31y —3ry ..., HGO R He COAEPXHT NepBOTO 3JeMeHTa).

[Monoxum n;=1. Cnenas 3To, HasoBeM uepes r, TOT M3 3/eMeHTOB R,

2
KOTOpBIfi: 1) PacMONOKER OTHOCHTRNBHO r, TaK e, KaK MICMEHT 0p PACTONOKeH
C
OTHOCHTE/IBHO &) (T. €. €CTH dyé—ay, TO £, =71, , 8 €ClM dy <&y, TO 1y <7, )
H 2) M3 BceX TakHX 3/MeMeHTOB R HMeeT HauMeHbuHi HoMmep. CyllecTBoBaHHe
TakarQ 3/MeMeHTa r, CJAGYeT M3 TOro, Y10 B R HET HM NepBOTO, HH MOC/EIHCTO
3JIeMEHTa.

Janee, nonwaysch TeM, 4TO MexAy ABYMA 37eMeHTavil R Bcerja umeiorcs
NPOMEXKYTOYHBIE, & TAKKE TeM, YTO B R HET MU TEepROro, HU MOCJENHEero 3JICMeHTa,
Jerxo yGeauThes, YTo B R ecTh 9/eMeHTH!, PACIO/IOKEUNBIE OTHOCUTEIBHO r)y W T,

TaK e, KaK dj PAcTOJIOKEHO OTHOCHTENbHO @y H dy. TOT H3 HHX, KOTODBIH HMeeT
HaHMeHbIIHA HOMep, HasoBeM yepes r, . I1pogosuKkas STOT Mpouecc HEOTpaHHYEHHO,
Ml TIOCTPOHM TOCHENOBATENBHOCTE r, \ Ty, Iy, 3jleMeHTOB R, Kortopas H
HpeACTaBUT cOGOH TpeGyeMoe MHOMecTBO R, (elle pa3 OTMCTHM, YTO B3aHUMHBL
TOPAJOK HHCEN B {rﬂk} onpefessierca HX BeJHUMHOM, 4 HE BEJAWYHHOH HX
HOMEpOB).

Moka3aunyw TeopeMy MOXHO (GOPMYJHDPOBATH TaK: MHOMKECTBO THMA 1) COARp-
IHT 4acTH MOGOro THIA ¢ MOULHOCTH a.

Onpepenenne 5. Tlycte A ynopspoveHHoe MHOKecTBO H a & A. MHo®ecTBO
BCcex 3JeMeHTOB A, NpeAlleCTBYIOU[HX 3JEMEHTY @, Ha3bIBAETCH ONIPESAOM, OfLceKde-
MblM 3aeMmeHmoM g om muoxecmsa A, u ofo3nauaercs wepes A,.

OrmeTuM, YTO caM 3jeMeHT g B OTp230k A, He Bxomur. Ecam a nepsmi
afement A, 10 A, ecTh nycroe MHO¥KecTBO. OTPe3oK ynopsiI04eHHOTO MHOXKeCIBa
€CTb YacTb MOC/JeJHET0 H, KaK TaKOoBad, CaM eCcTh YNOPAZOYEHHOEe MHOMECTBO.

Nyete a = A u A, ecth OTPe3oK, OTCERaEMulil 3JMEMEHTOM @ OT MHOMecTBa A.
Ecan a’ ects snemen1 A, npemuecTsylolihii sMeMenTy a, To otpeskH A, u (Ag),.,

orcekaemple MM or A U or A,, ToxpectBenunl (A,),, =A,., TaK uTO M3 ABYX

OTPe3KOB YNOPAJOYEHHOr0O MHOXECTBAa OJHH €CTh OTPE30K Apyroro. 310 aaetr
BO3MOXHOCTE YNOPAJOYHTE MHOXKECTBO H, COCTosIlllee H3 BCEX OTPE3KOB yrnopAaAno-

OCYI\ECTBHTE, Hampumep, To dopMmyne y=tg

1} Mbl cyHTaeM, UTO YHCJA HHTEPBaJa PACTOJOKEHE B €CTCCTBCHHOM MOpPsiKe.
%) Tlpu 2TOM yHC/IA MHOKeECTBA R, PACHOROKEHH B Ry B TOM Ke (RCTeCTBEHHOM)
.Bopsjgke, yto H B R.
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uetnoro Muomectsa A. Ivenno, Mu yCAoBjMCS 113 ABYX oTpeakor A, u A,
cuNTaTh Tmpeatmectoyviontt A ., ccan A < A,, WA, 4TO 1O XKe cavoe, ecJlf

o' 4 OuepHano, ~npasc]MBA CACAVIONAS TeOpeMa,

Teopema 8. Mnoweemso H ecex onmipeikos ynopadoiennoco snowecmen A
nodobro muowecmay A,

JleiicTuTenbno, cootnecs JAP\C APYCLY 3ACMCHT @ I1 OTCEKAEMbUI 1M OTPC 10K
A,, MUl monyudm Hanoxere mHowecrs A um f1 ipyvr Ha apyra.

Hanpuwmep, ccni A= {a, 4, ¢}, 1o H={0, {a}, {a, b]]. OGa muomecrsa
HMeIOT TOpsAAKOBhll THI 3.

B 3axkmoucnyc OCTaHOPNMCS Ha ONEPAIUIH CA0MCHID HOpIOkosslx munos

Myern [ —{A! cCTh yMNOPAACUCHHOE MHOKECTBO I M\CThH KaKioNy A e L
COOTHeCCHO VIOPAAOUEiiHOe MHOMmeCTBO A,, npuuev amioxectsa A, nonapHo He

nepecexkaloics. B otakom eayuac Jerko ynopsajgouwllhs cymmy Se= Z 4;.
7 el

Mmenno, nycte a it @’ ¢yth atementol S. Torna o= 4;, a" = 4. Yedo-
BHUMCH cuntath, uro a —a’ (B MHaxectBe S) ccam A=A’ (B muomectse L) i
ecqit A=~4’, no a < a’ B Mrokectse A,. B xaabuicunieM, ropops o cyMMe ynopsa-
JIOUEHHOTO MHO/KECTBA y OPSI0EHITbIX MIOKECTB, MGl Beerga GymeM mpeAnosarath,
YTO 3Ta CyMMa YIOPSI0UCHa MO yKazanuoMy crnocoly.

B cnay ckazanvoro, muoxectsa A-4-B u B4 A cyTb pasnnunbie YNOpsfoeH-
Hible MIOKOCTBA

Myetn, Tenmeph, L= {Ah} ccTh YNOPAROUCHHOE MHOKECTBO 11 KaXKAOMYy A
COOTHECCH TIOPSSKOBLII THIL &,. BoinMeM Jui Kamaoro A wmiokecTso A;, yrnops-
JOUEHHOE MO THOY &, I, HPeRronarad 5TH MHOMKECTER [ONapHO He HepeceKawilil-

Mucd, ofpasyeM cymuy S= Z A,.
rEL
Cornacho CcKa3auHoOMy BHILe, 3Ta CyMMa eCTh YIOPSAJIOUEHHOE MHOKeCTBO.
Fe nopsaxkoBmii THN, 00 OfpeAeAcHHIO, Ha3LBAETCA CYMMOH YROPSI0YeHHOro

MHOM.eCTBA TOPSAKOBBIX THMOB {o,} S= Z o -
hel

Jerko ponsgTh, "UTO 3TO ONpejlesieHie He 3aBUCHT OT Buifopa mMHOXecTe A;,
a TOJBKO OT 1HTIOB &, -

B npocTuix cayuasx MNOpsZoK caaracMuiX GyJeT yKA3aH C4VHM COGCoGoM IX
Hanncanus.

Hpuneraol.

1) 2+3=5, u6o npu A=2, B=3 oxkaxeres A 4B =5 Herpvano yGe-
ANTRCS, UTO N BOOGUIE 119 KOHEYHOrO UHCHA CJAracubiX, ABASIONGINCH THOAMIL
KOHEUIILY MII0KECTB, HOBOE OMPEIENSHIe CYMML COBNAJaeT ¢ OOBIMHBIM MOHHMaHIew
3TOTO TepMIIHa.

2) 1+ o =0on. JeidcTerieabHo, |+ o ecTh THI MHOMECTBA

{a’ hlr [)21 [)3’ --'}1
KOTOpOe HMCCT THI O,
3) Hanporus, w415 @, #60 @--1 ecTh THI MHOKecTBa
{bi, by, by, v al,
B KOTOpPOM ecTh nocnefunil anesent. Taxum obpazom, | 4@ % o1 u cromenne
MOPAKOBLIX THIOB HE KOMMYTATHBHO.

4) o* Lo =mn. 3acch Takmke @ + ot 7 o+ o.
5) 14-A+1 ecTb nopgaxoBuhl THO cerMenta [a, b].

§ 2. Bnoasie ynopajoueHHbie MHOXeCTBa

Onpenenenne. Ecan Beskag Henmycraa vyacTe YMOPSIQUEHHOrO MHOMKecTBa A
HMeeT NepBbifl 3JMEMEHT, TO A HA3IWBACTCS MO IH' YROPIADOUCHHIM MHOKECNEON.

KpoMe Toro, MBI YCJAOBHMCH NYCTOr MHOKECTRO TaKkiKe CUMTATh BMOJHE }MO-
PRICHERHBIM.
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Teopema 1. Besaxoe xouedroe ynopadoucHroe MHOXCCME0 6NOAHE YROPIJOUeHO.
JleficTBUTeNILHO, BCAKAS HENMYCTAsd YACTH TAKOrO MHOXKECTBA €aMa €CTh KOHeY-
HOe YNOpSJ0ueHIloe MHOXKECTBO H, MO JeMve § |, nMeeT mepsbiit 3JemenT.
JIpYrHMu npHMepaMil BIOJHe Y NOPSAAOHeHHBIX MHOMKECTB MOTYT CAYMHTb MHO-
KeCTBa _
N={1,2 3, 4, ..} (N=w),
M={l,3,57 ..;2 4,6, 8, ..} M=o+ o).

Hoxasem past mpumepa, uto N Brnosnde ynopsgoueno. [Tycrs NV* ects Henycrtas
yacts N. Bosbmem B A* nponssonbHblii saemeHT n1. Ecan n ectn mepBeiit sne-
ment N*, To Hawe npelsokeHMe n0Kaszano. B nportuBHOM c/1yuyae MHOXKecTBO )
N*N, ectb nemycroe M (BMecTe ¢ N,) KOHCYUHOE MHOMKECTBC, —B HEM, CJeIOBa-
TEALHO, ecTh NepBuit AEMEHT 7y, KOTOPLIH, OUEBWAIIO, ABAAECTCA TEpPBHIM W B N*,

Hanporus, ynopagouenHoe Muoxecrso L=={..., 4, 3, 2, 1} ne Gyzer Bmo/Ke
YIOpAIOUEHHbIM.

V3 onpegeneHilss HEMOCPEACTBEHHO CJlefyeT

Teopema 2. 1) Bcaxaa dacme 8noaNe YnopadoYCHHOZO MHONECHNGE BHOANHE
ynopadoveHa.

2) Henycnioe enoare ynopsoouentoe MHONCECIEO UMEENT Nepesiti 20eMeHM.

3) Ecau uz deyx 1no0obubix YROPAOOUCHHBIX MHONCECTI8 00HO 8N0AHE YNOPAOOHERD,
Mo u 6nopoe MAKHE 8NOAHE YnopadoucHo,

4) 3a kaxcObiM, KpoMe NOCACOHE20, 3AeMEHIMOM 8NOAHE YNOPADOHENHOZ0 MHOXMCe-
Crea ecmb HenocpedemBeHHo caedyouyull.

5) Hs enoane ynopsdoueHHoz0 MHOMecT8a Heab3s goideaums Geckoneunodd yGot-
sarowel nocaedogameAbHOCIL, M. €. N0CAe008aINeAbHOCIY 8uda

G ayeay . )]

OctaHoBUMCS! TONMBKO Ha JoKasaTeancTee 5). Ecan 6bl mocaepoBatenbHocTs (1)
cylllecTBOBaJa, TO, 6yAYUH (HeNycToit) 4acTbio BIOJIHE YTTOPSIOUEHHOTO MHOMKECTBA,
OHa coflep:Kajyia Obl mepBolH sgaeMenT. Ho HM ofuH €e 3JeMeHT a, He nepBblH, HGO
Bpy1 = 0.

«  @dynaaMeHTasbHYIO POJb HIpaeT c/eAylowlass TeopeMa,

Teopema 3. [ycmn A ecmu gnoane ynopadouennoe mroxcecmsgo, a A* eeo
saeme (moeyuwjasn cosnadamo ¢ A). He mowem cywecmeosams max0e0 HAAOMEHUA %)
muoxcecmga A o A*, @ komopom stemenmy a = A omsedacm 8 A* npedutectngyso-
wuil emy (8 muoxcecmse A) anemenm a*.

JdokazateapcTso. JlonycTHM, HanpoTHB, uTO TaKHe HaJoxeHHda A Ha
A* cyulecTByIOT, W NyCcTh ¢ ecTb OAHO H3 HHX, O603HaunM uepes M MHOMXecTBO

-Tex 2/eMeHTOB A, KOTOPHIM NPH HaJOXEeHHU (¢ B MHOMecTBe A* oTBevawT 3.e-
MeHTH, npefiecTByiomme um (B A). [lo ycnosuwio M me mycto m B nem, crano
6bITL, ecTh Ne P BB i 3seMeHT ay. IlycThb 3seMeHTy @ TMPH NAMOMEHHU @ B MHO-
skectBe A* orBeuaer snemeHT a;. QueBujHO, B MuOxecTBe A Oygmer af <3 aq.

Ho npu nanoxenuu @ sa1eMeHTY a,;, KaK 3JeMeHTY MHoxecrBa A, B MHOXe-
cTBe A* Takke OTBeYaeT KaKOH-TO aneMeHT 2. Tak K4k ¢ €CTh HaJOKeHHe,
T. e, COOTBCTCTBHE, COXPAHSIOIleE MOPSJOK CJIe0BAHHA 2JEMEHTOB, TO B MHOXKE-
cTBe A*, a 3HIYHUT M B MHOMKCCTBE A, 3JIeMeHT a; NpPeleCcTBYeT 5JeMeHTY af

a; < af.

Takum ofpa3oM, SAeMEHT af Taxke AOMKeHn BXONHTL B M, uTO, OueBHIHO,
HEEO3MOXKHO, MOTOMY, HTO a -<a,, a a, nepsbiii 3nemMedt M. Teopema pokasama.

Caencreue 1. Broawe ynopadouckroe mHoxcecnigo He Moxmem Gutis n00oGHG €80-
eMy OmpesRy Al HacniL CB0C20 ONPE3KA,

Heficteurennto, ecan A BroJHe yNnopsiACUEHHOE MHOKECTBO H A, ero orpe-
30K, OTcekaeMmulii 2JIeMEHTOM &, TO [P BCSIKOM Hajokendy A ua A, uiM Ha YacTb
Ay onementy a pomken 6bin Gbi OTBeWaTh SJEMEHT, TPEALIECTBYIOMUA eMY, uTO,
KaK Mbl BHJeJH, HEBO3MOKHO.

1) N, ecTb OTPe3oK, OTcekaeMwlit or N uicqom n.

?) Kak Bceraa, Ml cudtaeM, 4yto A* ynopagoueHo Tak ke, kak H A, Tak
410 U A* BHOJHE YROPSAROUEHO,
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Cnepcteve 2. [aa pazauuuiix OMpe3na 610 1He ynopIdoucHHoz) sHoxcecmea He
Moeynt okasamoca noQobubimu dpye dpyey

Cnencteue 3. Broaxe ynopAadosenuoe MHOM(CMeo He moxcem Goints noOolHbiM
ompesny ceoeld vacmu

Teopema 4. [J.a nodobuvix sewdy cobou gno e YnopadoueHnsls MHOMerniga
HOWHO Ha 1w0¥uUmb dpye Ha dpyea ¢uHCIIBUHHBM CNocobo

Nowa3zareabcTBo [lycTh ¢ M P ABA pasauubibly HaJOACHHA BIOTHE
ynopsigouel HeIX MHomects A u B Apyr ia Apyia OfG03Haunv, COCTBETCTREHHO
uepes @(a) ¥ 4 (a) obpasml anevenra a = A B MHOKecTBe B npH 3THX Ha/lohe
HUAX, W DYCTb @, Taxou saement A, 4To ¢ (a,) 5~ ¢ (g,) (Takoil 3nemeHt cyme
CTBVeT, NMOCKOAbKY ¢ M Y pda3nuunbie HanoxkeHus) Ecan b=q¢ (a)) n b =
=P (a,], TO 01pe3sok Aaa nonoGed ABYM Pa3JnuHbIM OTpe3kam B, n B, MHoke
ctea B Ho Torpma 3TH oTpe3ky 10mAHB ObITh nOAOGHBI Mexay co0OH, 4TO, Kah
MEl BLAEJH, HEBO3MOXKIIO

Canenviouldd TeopeMa ABJSETCd OCHOBHOH B TEOPHH BIOJHE \OPAROYCHHBIX
MHOKECTB

Teopema 5. H3 08yx snoane ynopadoucHHolx WMromecns 00no nodobro dpyeomy
HAl ompeaky Opyeoeo

HNokazatenbctro [lyere A u B aBa BroJHE \MOPAJOYEHHBIX MHOMKC
CTBA Y CAOBHMCHl TOBOPIITb, YTO 37M€MEHT a4 MHOAeCTBAd A €CTh «HOPMAJBLHBIH >
IMEMEHT, ecaH OTcekaeMblil MM OTpe3ok A, nojpobeH KakoMy HHOVAb OTpe3Ky By
vMHomecTBa B TlpumepoM HOPMA.IBHOTO 3J€MEHTa MOMeT CJ\hATL fEPBBIH 3Je
MeHT A

Jlerko BHJeTb, uTO 3IMEMEHT a’, NPEWeCTBY IOUHH HOPMAaNbHOMY 3JJEMEHTY «,
cam  siBJsleTcst nopmaneilkivi B camoM jese, nandras oTpesok A, Ha nopoGHeIN
€My OTpe3ok By Mbl OueBHAHO HanoKuv oTpesok A, ——(A“)“ 11a HEKOTOPhIY
OTpe3ok orpe3ka By, T € Ha OTPe30K MHOXecTBa B

O603uaunmM yepei M MIOXKeCTBO BceX HOPMaJbibIx 3JEMEHTOB MHOAecTBa A
OkasniBaetest, 4To M ¥W1IH COBHANAGT C MHOKecTBOM A WAM SBjdCTCS €ro oTpel’
nov  Tencteureasiio, ecay M= A, 10 MHOKectBo (A — M) He mycTo M B Hew
ecTh nepeuifi sgemen m Ilonaxem, 4to

M=A,. (2)

Ectu ae= M, 1o a—=m Ho HesoIMOMKHO Tak:Ke, Urofibl 0Ka3anoch @S m,

6o B ITOM CA\Y4e 3JEMEHT 11, TMPeiLecTBy S HOPMaabHOMY 3MCMEHTY g, cdav G171

6b! HOpMaJsbHEIM H Bxomta B M, B 10 BpeMA Kdk m <= M Tanum oGpasom, neofs
\OHMO @ < 4L H, cralo ObiTh, a = A, 3THM 10Ka3aHO uTo M < 4,

Q6paTHO, (can a< A, T0 a3 n U, CAIOBATENBHO, @ HE MOMKCT BAOLHTh
BA M, 18k uto a = M Hrak, A,, = M, u (2) J0Ra3idHO

[cmeps Ra3zobent e B HOpMaabHbIM 3JEMEHTOM  eCTII OTPEe30K By nojoten
hakoMy HHOY,Ib O1pesky MHO#mecTBd A, H UyCThb A MHOACGCTBO BCeX HOPMAaNbHLIN
aneMentToR B Aunanoruuno nponeipyieMy, N =28 uau N =B,

Flokamem Teneps, uto MuomecTBa M u N nomobubl apyr apyry  Thetk
a= M Toraa orpesok A, nogoben oTpeiky By MHOMECTBA B, mpuuci, OyeBl [HO,
he N ByaeM cuntdThb 5SJACMeH1Bl @ H 0 B3iaiMHO cOO1BeTcTBY ouLiny  Jlerko
BHTETh, 4TO KaXJOM) 3MEMEHTY a & M B MHOMECTBE A MOMET COOTBETC1BOBATH
T0TBKO OfHH 3jeMeHT 6 1 ofpaTio (ecan Obl 3JEMCHTY g OTBEYdTH ABA 3MCMCHT
b u b, T0o orpesxi B[, H B, , nopoGuble OTPe3Ky A“, Obl M1 Ob! MOJOGHLI MC AN
COO0iT Y10 HEBO3MOKHO)

Takum 06pa3oM, 1\ HAac \CTAHOBJEHO B3dMMHO OJHO3HAUHOE COOTBETCTBHE
Mexay MioxkecTBamin M 1\ Octdercss ofiHapy Alith, YTO TO COOTBEICTBIE CONDd
HSCT NMOPAAOK 371eMEHT0B, T € ecTh HaJokKeHie

ITver, a M g pnBd 3jaevenTa M, b M b’ COOTBETCTBY IOHIHEe WM 3JeMEHTH A i
a <3a’ Hanaraa orpe ok A, nd nogoGusifi emy oTpe3ok B, wMbl HaTOkIM OTpe

son A, =(A,), 1a sexotopun oTpesok (B ), orpesxa B, Ho (By)p =By,
¢rato 6uith, OTpesok A mogoen oTpedny Bba MHOxeeTBE2 B C APy TOH CTOPOHHI,
B MHOXecTBe B ecTh TOJBKO OIMH OTpe3oK, NogoGublit A,, W 310 ectp By 3ua
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qHT, b:bo, a TaKk Kak bOEBb, 10 bo—gb’, T e b—=<b’, Y10 H N0KA3bIBAET
nopo6ue mMHoAxectB M U N

Tenepb yAe serko 3aBepiiHTh J0KAa3aTeNbCTBO J[leHCTBUTENBHO, H3 yeTbipex
JIOFHYECKUY MBICAUMBIX CJyUaen

yM=4 N=B ) M=A, N=B,
9) M=A,, N=B 4 M=A4,, N=B8,

yeTBEpThIfi HEBO3MOXEH, HGO OH 03Hauyan Gbl, YTO /1 HOPMAJBHBIM 3/EMEHT a TOT4d
b0 651 me M — Ay, 4TO NPOTHBOPEUHT ONpeleseHHo OTpeska

Hrax, ocratotcst nepsele Tpu crnyyast B cayuvae 1) muoxkecrsa A w B nojo6ubl
a B cayyadx 2) u 3) oaHO M3 HHX Nojo0Ho oTpe3ky apyroro Teopeva nokdsana

Ecan BnOSHE yNOpAAOYEHHOE MHOKECTBO A NMOA06HO OTpPe3Ky BMOJHE \ HOPAA0
YEHHOrO MHOXKecTBA B, To Mbl 03 1eM TOBOPHTb, YTO MHOXKECTBO A hopoue MHO
WecTna B

Teopema 6, Bo scakom muoxcecmge S NOnapHo nenodobubix 6o He ynopado
HEHHDLX MHONMECME eCmb CaMOC KOPOmKoe

HoxasareawvctBo Ilyetb A= S Ecam A ectb camoe KoporTkoe H3

MHOXKECTB, BXOASWMX B S TO TeopeMa joKa3aHa B nporuBHoM cayuae B S HMetoTcs
viHo:kecTBa Gosee KopoTkue, weM A, U OHM MNOJ06HLI HEKOTOpHM OTpes3kam A
Tvets R = {a} ecTh MHOXKECTBO TaKHX IeMEHTOB ¢ MHOXECTBA A UTO OTCCKAaeMble
HMH OTpe3KH A, noxoblbl MHOKECTBaM, BXOAAWMM B S Ecau a* ecTb nepssit
amemenT R 1 A* = § ecTb MHOKecTBO, nof0o6HOE OTpe3Ky Au“ To A* u Gyger
(AMBIM KOPOTKUM M3 MHOMKecTs, BXoaaumyx B S [eucrsutennno, A* Kopoue BeCsi-
KOro Muoxkectba B, ecan A nopoue B Ecan e B xopoue A, to B~ A, rae
a=R Ho a* nepswil azement R, Tak yt0 a* e u 4,. ectb oTpesok A,
oTKyna sicho, uto A* kopoue B

Teopema 7. Cymma 8noanc ynopa00ieHHO20 NHONECMBA BROANE YROPADOUEHHN!Y
MHOXCLCHIB €Clb BNOAHE YROPAGOUCHHOE MHOXCECNB0

HoxkasateapcTBO [lyets S= E 4;,, npuueM MHOWeciBa L u A,

hel

BnonHe ynopsaouensl Muoxkectso S yvnopsaoueno (em § 1) TTvete S, ects He
my~1aa yacth S Hasosem ucpes Ly wvHOxecTBO 1aknx 2 = L, uto 4,5, =0 u
nveTs A, nepsbiil saevedt L, MuukecTBO A; 5. €LTh HemcTas uacTh A;D Ecan

a1, MEpBBIl IJMEMEHT 3TOr0 MHOMECTBd, TO OH SIBJSIETCH UEPBbIM U B MHOXKECTBE S
Teopema jpokaiana

§ 3. Mopagkossbie uucaa

Onpepesenre 1. TlopsakoBwil Tum BRosHe yNOPAAOYEHHOTO MHOMKECTBA HA3bl-
BAETCA NOPACKOBBIM ULUCAOM

Ecau nopapxoBoe uucao umeeT GeCKOHEUHYIO MOLIHOCTH, TO OHO HA3LIBaeTCs
MPOHCHURUMABM YUCTOM

Yucso 0 ¥ Bce HATy pajibHble YHC/IA CyTh KOHEUHBble MOPsAKoBbe uHcaa Yuedaa
@, @11 U @42 c\Tb TpaHCHUHUTHBIE YUCHA

TopsagkoBble THNR ', @, 1), A He ABIAIOTCA NOPSAKOBHIMH UYHMCJIAMH, HEO
3T CyTh THUMBI ) NOPSAOYEHHBIX, HO HE BIOJHE §TOPSIIOUEHHBIX MHOMKECTB

Onpegenenne 2. Tlycte o 1 f B2 MopaaxoBhIX uucia BosemeMm ABa Briosne
yHOPAI0YEHHBIX MHOKecTBa A u B, ivewomux coorsetcrsenyo tunbl o u i Ecan
A Kopoue B, TO roBopAT, uto o Mexvwe P uam uro f Goavbwe @, U UHWYT
a<B, f>a

D70 onpejenenne 3aBHCH1 TOJBKO OT 4MCEJA o il P, HO He OT MHOXKecTB /
# B B npuMeHeHUH K KOHEUHLIM 4Uc/JaM JaHHOe onpejeneHuUe PaBHOCHABHO 0OBIY
HOMy, T4K 4YTO

0l <<2<d< ,

a TpaHC(bHHHTHbIP uypcna OKa3blBAKTCA GOTMBIIHMH BCEX KOHEUHBIX

Becbua Ba)KHO, 4TO JIAA NOPSAAKOBbiX Y4HCEJ HMECT MECTO /MpuUxomomus, T €
ChpaBey IHBA CAedyioulasd TeopeMa
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Teopema 1. Ecau o u f nopadkossie uucaa, mo kaxndoe uz coomrouterut
a=p, a<<P, «>P uckaouaem ocmarsroe 1 00HO U3 HUX 00A3aMeEAbRO 6bLAOA-
HACMCA. -

B camom gese, nycth A U4 B MHOMecTBa THnoB A=a, B=f.

Ecaw sTH Muosectsa nomoGHel, To ot =_R. Bmecte ¢ Tem cooTHoweHHs o < B,
o > p HEBO3MOMKHEI, G0 ecid A -= B, TO HA OJHO H3 3THX MHOXKECTB He Kopoue
apyroro. Ecan xe muoxectBa A W B He nogoGHbl, TO OAHO (M TOJNLKO ORHO) H3
HAX 00513aTeNbHO KOpOYe APYIoro.

3ameuanve. Ecau B ecmb ugenis 8noxe ynopadouennoeo Muoxcecmsea A, nio
B < A.

JleficTBUTENBHO, B CuJly caenctBus 3, reopemsl 3, § 2, cooTtHomlenne B > A
HEBO3MOXKHO.

Teopema 2. Bo ecaxom muomecmse S NONGPHD HEPABHBIX NOPAOKDBLIX HiLCer
ecime HOUMEHbULEE YUCAO.
JloxasaTeabcTBO., KakioMy o &S MOKHO COOTHECTH BIIOJNHE YNOPSI-

nouenHoe muomecrBo A Tuma A=w. Ecin Ay ecTh camoe KOpOTKOe H3 3THX MHO-
xecTB (TeopeMa 6, § 2), T0 @y=4A, eCcTb HauMeHbllee M3 YHCEN MHOMeE-
ctBa S

CneactBHe. BCAKoe MHOMCECTIB0 NOPAOKOSHIX quCed, eCau €20 ynopadoiume no ux
BeAUHLUKE, 81OAHE YRODAGOUEHHO.

VenoBuMesi 0603HauaTh yeped W, MHOXECTBO BceX NOPSAKOBEIX YHCEJ, MEHb-
WYX TopsiiKoBoro yvcesa o. Ilo caegcTsto W, ecTh BIOJIHE YNOPSZOYEHHOE MHO-
JKeCTBO.

Teopema 3. Tun muoxcecrnga W, ecmo o

Wo=c.

HoxkasarteabcTBo. Ilyers A muoxecteo Tuna o, OGo3HaunMm uepes H
MHOMECTBO BCeX OTpeakoB MHOxectsa A. Torma, mo rteopeme 5, § 1, Tun H ecTs o,
M IOCTaTOYHO MoKa3ars, yto H u W, noao6um.

Nyers Ay ectb anemedt H. Ero nopaakoBelfl THD ecTh YMC/O MCHbLIeC o,
T. e. aaemednt W,. HMrak, BcakoMy sgemenTy A OTBewaer oONpejefieHHBI 3Je-
meHT W, Pasznbivi anementam /I npH 3ToM OTBevawT pa3ubie anemMeHTH W, HOO
pasHble smeMeHTH H CcyTb pa3Hble OTPe3KH MHOxecTBa A, KOTOpblE HE MOTYT CKa-
aaTbest moyo6ubMU. Hakowern, Besikuil sieMeHT W, ecTh HMOPAAKOBOE YHCJIO MEHb-
mee ¢, T. €. ABJSIOUlEeCA THMOM HEKOTOPOro orpe3ka MHOXKecTBa A. Takum
06pazoM, COOTHOCA 3.eMeHTaM /1 MX MOPAJKOBbIE THIBI, Mbl YCTaHABJIYBAEM B3alMHO
oJHO3HauHOe cooTBeTcTBMe Mexiy H # W,

Ho 3to coorserctBue ectb Hanoxenue. HelicterTentno, Bear H ynopsigoucHo
Tak, YTO M3 JBYX BXOASIIYX B HEro OTPe3KOB MHOXecTBa A MNpeAWecTBYIOLIHM
CYMTAETCH TOT, KOTOPEHIH SBJAETCH OTPE3KOM APYroOro, T. €, THN KOTOPOro MeHbIUe,
a 3T0 W O3HAYaeT, YTO B3aUMILIH NOPAXOK NBYX 37eMeHTOB /I Takoll Ke, Kak
COOTBETCTBYIOLIUX HM yucen W, Teopema noxkasana.

CnepctBue. Ecau A 6noare ynopadoueHHOe MHOXCECMEO Mung &, mo e2o 3.ae-
MEHIMOL MONCHO REPCHYMEposaine NOPAOKOBBIMU HUCAQMU, MEHOULUMY .

JleficTBHTENIEHO, OCYILLECTBUB HaJlOXeHHe MHOKecTBa A Ha MHOXKecTBo W,
Mbl COOTHECEM KaXJOMy 3JeMeHTYy A NOPsSJKOBOE YHCJO, MeHbIUe o —ero HoMep.
Torma A pacnonowurcd 8 QOpMe MOCRCIOBATENBHOCTH:

A={ay a;, a3, ..., a8, ---} B < a).

OrmeTum, yto yneio O BxoguT B W, Tak uTo nepsuiil saeMcHT A HMeHHO
€ro W noayyaeT B KauecTse Homepa. Hakonen, Heanuwnum 6ygeT HANOMHHTDL, 4TO
Hayoxenue A Ha W, BO3MOXKHO eJKHCTBElHEIM CHOCOGOM.

C reopemoil 3 Haxoputcd B cBA3M anTHHOMHS DBypanu-doprn:

AntnHomHst Bypanu-®opti. [lycte W ecTo MHOXeCTBO gcex MOPfAKOBBIX YHCES.
IMo crepcrBuio TeopeMbl 2 OHO BroaHe ynopspouexo. IlycTb ero mopAaxoBmit TUR
ectb y. Torma TOT e Tun umeer u W,. Ho W, ects orpesok wmuoxkecrea W,
OTCeKaeMbill ssieMenToM y. 3uauuT, MHOmecrs0 W u ero orpesok W, mnopobub
IPYr ApyTy, YTO NPOIMEOpPEYHT CaedcTBHIO 1, Teopemsl 3, § 2.
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Ora aHTHHOMHS TIOKA3LIBAET, YTO CaMOe NOHSTHE MHOXKECTBA 6CeX TOPSAKOBBIX
qucent BHYTPeHHe NPOTHBOPEYHBO,

IMogoGHOro poja BHYTPEHHE NPOTUBOPEYHBEIC MOHATHS NOABJASIOTICT B TEOPHH
MHOXKeCTB NpPH HEKPHTHUECKOM ymnorpeG/eHHH cioBa «scey. ITonpoGyeM, Hanpuwmep,
06pa3oBaTh MHOXeCTBO S B Ce X MHOoXecTB. Torma S zomkHo w caMo cebs copep-
®aTh B KAauecTBe CBOEIO 3JIEMEHTA, a 3TO NPOTUBOPEYUT NPHHATOMY COrfalueHn:o 1),

yro Beerga A € A.

TlpuynHa NOsBJAEHHA NOZOGHHIX MPOTHBOPEMHH 3aKJlOYaeTCs B HE3aKOHOMED-
HOCTH TONHITOK pacCMaTpuBaTh BeINH, HAXONALIMECH JIHIIL B NPOLECCE CBOEro
CTAaHOBJEHHS, KaK HeYyTo yXXe 3aKOHUYeHHOe,

HexoTOpbIMH y4eHBIMH OBLTH NPeNJIOKEHB CHOCOOB! MOCTPOGHHS TEOPHU MHO-
KeCTB, NO3BOJIAOLME U3BeKATL NOsiBJeHUA aHTHHOMHU. Ilpu Toil «HausHOM» Tpak-
TOBKE MOHATHA MHOXECTBA, KOTOpas NPHUHATA B HACTOAWEH KHUTE, HEBOIMOKHO
BoiiTh B noppoGHOCTH To 3ToMy mnoBogy. [lo MreHuio aBTOpa, MOXKHO B O6ILHX
yepTax OXapaKTepH30BATh YNOMSHYThe CIOCOGH KaK pasuuHbie BUALl dopMannaa-
UMM HJed, 3aKJoyaloledcs B TOM, YTO 3JIEMEHTBl BCAKOLO MHOXKeCTBA Kak Obl
«TIpefIIecTBYIOTY MOHSITHIO CaMOro 3TOCO MHOXeCTB@, 06pa3oBaHHe € MHOMXKeCTBa
03HayaeT CO3faHHe HOBOT O MaTeMaTHueckoro of6mekTa. Ham npepcrasasiercd,
YTO NP MOCJNEIOBATEJbHOM NPOBEACHMH 3TOH HAEH AHTHHOMUH He NOJIKHLI BO3HH-
KaTb., HanpuMep, ecnH INPOBOANTL YKA3aHHYIO HJEI0, TO npu 0GPasOBaHHH MHO-
JecTBa S BCeX MHOXeCTB A Mbl MOXEM TFOBOPHUTBL JIMIUL O 1€X MHOXKecTBax A,
KoToprie OTJMHUYHB OT S, H60, MOKA MH He BBeJAM 2TOrO S, €ro MPOCTO He
6b1o. A TOra Ha BOTPOC O TOM, COAEPXHT JM 8§ caMo cefs B KauyecTBe CBOEro
3J€MeHTa, Hajo JaThb OTPHUATENbHLIH OTBET, U HHKAKHX HapylleHHH NPaBus TEOPUH
MHOXKECTB HE NPOMCXOpHMT. 2)

OnbLIT TeOpHH MHOXKECTB NOKasblBaeT, 4TO B TeX cJyyasX, KOIja Bce pac-
CMaTpHBaeMble MHOMKECTBA SBJSIOTCS MOZAMHOXKECTBAMH HEKOTOPOH 3dpaHee JaHHOI,
BIIOJIHE ONpejeJieHHOH, BHYTPEHHe HEMpOTHBOPEYHBOH 3) COBOKYIHOGCTH, HUKAKHX
aGcypAHBIX TOHATHH HE BO3HHMKAeT. ST(?J HabJofcHHe TaKKe NpeiCTaBJaseTcsl HaM
HeKOTOPHIM NOATBEPAJICHHEM BBICKa3aHHOR TOYKM 3peHHS.

B aakmoueHHe OTMETHM, YTO BOMPOC O JONYCTHMOCTH PacCMOIPEHHS KaKoro-
JN60 MHOMXKECTBA CBSI3aH C TeM, HACKOJBKO KODPEKTHO OHO ONpeje/ieHo, a He C TeM,
KOHEYHO OHO HJHM OeCKOHEWHO: CYyUIECTBYIOT NpPHMEPH AHTHHOMHI, BO3HHKAIOMUX
B OGCTaHOBKe, II€ HH O KAKUX GECKOHEYHBIX MHOMECTBAX HET M peud. Takum
o6pa3om, npo6leMa aHTHHOMHH eCTb B 6OJbilell cTeneHd NpoGaeMa JOFHyecKas,
yeM MaTeMaTHyecKas.

Teopema 4. Cymma enoane ynopadouennoeo mroxcecmse S NOPAOKOBLLX 4ucel
esms nopAOKoeDe 4UCAo.

Sra TeopeMa cJellyeT H3 ONpejeseHHs] CyMMbl MOPSAAKOBBIX THIIOB H Teo-
pemul 7, § 2. CaMo coGoll pasymeeTcs, 4TO S CYHTAETCH ¢«3aKOHHLIM» MHOMXeC1BOM %),
B yacTHOCTH S F# W,

Teopema 5, Ecau S={at} ecino mHOMECHIB0 NOPATKOGBIX Huces, MO CHUELCMBYIOM
nopadkoable 1ucaa, Gosvuwe éccx o = S.

1) Orkas OT 3TOro corJalleHus HUYEro He cnacaer, 60 B 3TOM CJydYae aHTH-
HOMHUSI TOSBUTCA TNpPY NOMNBITKEe 06pa3oBaTh «MHOMKECTBO R BCeX HeCcaMoCO-
LepxKallux MHOXecTBy. [eiicteuTensHo, mwoGoe u3 npepnoaoxenuit R <R,
R = R HeMejIeHHO TPUBOJHT K CBOEMY OTPUUAHHIO.

2) Coraamende o ToM, uTO Beerna A & A, MBl Takme cyiraeM NposBJcHYEM
YKa3aHHOH upaeH.

3) K coxaneHkio, HeT KPHTePHH, MO3BOJAIOWIErO OTHOCH PeJIBHO BCSIKOLO MHO-
XKecTBa peuIuTh, SBJAETCA JIH OHO HENPOTHBODEYUBHIM TNOHSTHeM, [IpakTHKa Beel
COBOKYMHOCTH HallMX MaTeMaTHUeCKHX 3HAHHH, TO-BUIUMOMY, Na€T OCHOBAHHSA
CYHTaTh, YTO TaKue <«NPOCThe» MHOMKECTRA, KAK MHOMECTBO HaTypasbHBIX YHCe,
MHOXECTBO BelleCTBEHHbIX YHCeJ M T. I., MPEICTaB/IAOT COGOH JOCTATOYHO «HapeX-
Hble» 0GpasoBaHU,

% T. e. TakHM, paccMOTpeHMe KOTOPOIO He NPUBOIHT HH K KaKMM IPOTHBO-
peuHsamM,
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HdokaszateabcTso. [lpekile Bcero OTMETHUM, YTO 11t BCAKOIO MnOpsAg-
KOBOrO0 YUCAA ¢ CyULECTBYeT Goabulee, nanpumep, o - 1. [Tosiomy Teopema oye-
BHJAHA A5 TAkOro ciyuasi, KOFAd B S ecTb nanGoabtice uucao.

Honyctim Tenepb, yro B S HeT HanGoabitero yucna Toraa nopaiaKkoBoe YHCO

0= Z o Gonbiue Bcex uyucen u3 S, Tlpu 3TOM MBI CYHTaeM, 4TO MHOKECTBO

[IT=\
c/laraeMbix S ynopsiIoyeHo {10 HX BEJHYHHE, TaK YTO OHO BMOJIHE YIOPAIOYEHO.
Urto6el 10Ka34Th HEPJBEHCIBO O > @& (o & §), COOTHECEM hawAOMy 6 & S BnoJjHe
ynopsigouentoe MuokectBo A, tuna Ay, =o. Myets B= ¥, A, (B=o0).

uesS

Torga xampoe MHOKECTBO A, ecrb uacTh Orpe3ka By, OTCEKAeMOro OT MHO-

KecTBa B nepbuiM snementom b muoxecTBa A,., Tie a* &S W a* > o. 3uaunr,

no caeactBusM | u 3, Teopemn 3, § 2, mHoxecTBO 5 He mogofHo HH A, HH
oTpe3ky A, T. €. G He == H O He ~J &, OTKVAA 0 > &
Teopema 6. Yucio a1 ccmy nepeoe caeoywwee 3a quciom o.
HAokazarteawbctso. Ilycrs nepsoe chepyioulee 3a YHCJAOM o ecTb P
Torpga Wa=W,+ {a}, orkyaa no onpeiencHHio CyMMBbl MOPSAKOBLIX THOOB f ==

=Wp=W, 4+ {al=a+1.

B To BpcMf, Kak BCAKOE MHC/O HMEeT NepBOe CJely tollee, CyULECTBYIOT YHCAa,
HanpHMEP @, } KOTOPBIX HE1 MOCJEIHEr0 MPeilUIecTBYOUEro. JT0 faeT MoBoi AN
onpefenenus:

Onpenenenne 3. TMopAAKOBOE YHCJIO HA3BIBACTCS HUCAOM nepaoed WIH 8mopoeo
podd, CMOTPSl TNO TOMY, €CTh HAH HET y HETO HEMOCPEACTBEHHO NpefUIeCTB) ollee
uHCIo.

Bce koHeunble wucad (kpoMe 0) cyTh YHC/Ia NEPBOrO pona, TAKOBB! Xe BCe
uuc1a BHAA o - 1, Hanpumep - 1. HanpoTHB o ecte yucao sTOpOro poja.

§ 4. TpavchuHUTHAS MHAYKLHSA

M3BecTHO, Kakylo BaKHYIO POk HrpaeT B MaTeMaTHKe MeToX MOJAHOM NHAYK-
udi  Hanomuum ero.

Teopema 1. [lycmo T (n) npedaokenue, 8 Gopagauposny Lomopoeo exoduin
HAMYpPasbHoe wucao n, Ecou

1) T (ng) uemunno,

2} u3 wemunnocmuy T (n) cacdyem ucmunnocms T (n4-1),
mo T (n) ucmunno npu 8CAROYM 1 - .

HoxasateancrpBo. J[onycruv, 49To CyHeCTBYOT TakHe HaTVpaabHble
uncaa n> o n,, uto T'(n) noxdo, Ilycis n* jauMenswee 3 Hux. B cuay 1), we-
06X0fHMO n* > n,. Torga n* —1 _-n, W3 onpenenenus n* cregyer, uio T'(n* —1)
HCTHHHO, HO 10rga, B cuay 2), T (n*) roxe unctunuo. ITonyyenHoe npoTuBopeune
JOKa3bIBAeT TeopeMy,

Yurareno ACHO, 4yTO CyLECTBOBAHHE YMCAA A* rapaHTHPYeTCs HaM IOJHOI
VIOPSAOYEHHOCTBIO MHOMKECTBA DBCEX 1ATypaabHbIX uyHcenl) Ta e uges neacdr
B JOKA3aTCABLCTBE CJeJylOUECH TeopeMbl O TPAHCOHHUTHON HHAYK-
L0 H.

Teopema 2. [Mycmv T () npedromenue, 3 Gopay.uposny Komopoeo sxoduim
nopadrosoe wucao o Ecau

1) T (o)) ucmunno,

2) u3 ucmunnocmu T (@) Apu acee o MAKeX, wmo oy << o << B, abumekdaen uc-
musrocmo T (),
mo I (o) ucmunno 3as 6CAK020 NOPIOA08020 HUCAR CL = Cly.

1) Tlpn cTporo GopMajsbHOM H3JOMKCHHH TEODHH HaTYPAJbHBIX uMcesa Teopema |
(HAH haKoe-HHOYIb PABHOCHABLHOE €l NPeAIOIieHHe) OGBIYHO MPHHUMARTCS 34 AKCH-
ony. [lo Bompocy © TOM, HAacKO.ILKO 3TO 06S3aTeNBHO, HET eIHHOMBICIHA [CM.,
wanp, M. A. Mapxkos, Teopus anropupmon. Tpyasr Marem. un-ta AH CCCP,
42, 1954, cp. 18},
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JdoxkaszatenvcTno. IlycTe CyulecTBYiOT TaKRe o =>o, OPH KOTOPHIX
T (2) noxkno OGosnauum uepes a* uamvenvlee H3 nux. Torga o’ > o, [u6o,
B cuny 1), T () ucrunuo] u npu BCEX o, TAE Ay — & << 0", Npeanomenne T (o)
neruitko Orciona, B cuny 2), #© T (22*) AOMUKHO GBITH HCTHHHBIM. [lostydcHHOe Npo-
THEOpeyHe NOKAa3blE3aeT Teopeuy.

§ 5. Bropoit uucaoBo# kaace

Onpenenenne. Brwopuat uiuc108oim kaaccom ) K, Ha3IBAeTCAd MHOMKECTBO BCEX
NOPSAAKOBBIX YHCEN, HBAAIOMHMXCA THIAMH CYETHLIX BMOJHE YMOPALOYEHHBIX MHO-
Kecrs, 2)

SICHO, 4TO BCE YHMCAA BTOPOrO Kadcca TPAHCHHHIITHBL

Teopema 1. Yurio o A8190MCT HAUMCHOWIUM  HICI0M  8MIOPO20 KAdCCA U
8000 HAUMOHBIUM IMPUHCHUHEMAGAL HUC 104

Hoxkazarcasctpo, [lo onpereaenno, @ ecTs THA MHO:KeCTBa

N=1{0,1,2 8, 4, .. 0.

Besikuit OTpesok 3Toro MuokecTBa N, ecTh KOHEUHOC MHOKECTBO., 3HauNT,
NePAIKOBOE YHCJO, MEHblee YHCJAa M, €CTh KOHeYHOe YICHO, M NOTOM) @ H 2 H-
MeHblwee TpanchuuuTHoe yhacno Ilockoneky o = K, Teopema JoKazasa.

Teopema 2. 1) Lcauw o aucio emopoco naacca, mo u o+ 1 uucao emopoo
Kaacca,

2) Ecau S cuomuoe MHOWCCINSBO MUCe 1 @RIOPOLO A.1ACCA 1L Y CCMb  HAUMEHbULPP
wucao, Boasuice ecex wuces u3z S, MO P wuCA0 8MOPOO K.acca.

HokasarT efbcTBO. IlepBas wacTe TeopeMbl TMOYTH OYEBHJHA. JleficTaH-

TentbHo, a4 1=W, + {a}, a MHomectBO W, | Ja} cueTHO BMmecTe ¢ W,
[Tepexofss KO BTOPOM 4ACTII TEOPEMBI, Mbl MOMEM CUHTA1b, YTO B S HET HaH-

Goablluero ynesaa, HO0 Headve jgeno csenock 6w K 1), Ho serko nokaiare, 4To
B 3TOM NpeAnoOKeHHH GVieT

Wy= X W, M

e X=N

B camoM fese, ecnn Kakoe-HHGY Ah YHCAO BXOAHT B Npaevio vacte (1), TO
OHO, OUeBIJHO, BXOAUT u B Jesyio. OGparno, ecail 6 & Wy, TO G He MOKer
GuITh GoJiblue BeeX o H3 S 11, c1eloBaTennHo, B S ¢cThb uucao e, ~o. Ho o, He
nanbosapwee u3 uyncen S 3uauut, B S naligercs yucao o >y, H TOrga o = W,

IlpaBass uwacte (l) ecTb cueTHOe MHOXKecTBO, 3HauuT W, CYeTHO, H Y, Kak
™n Wy, BXOAHT B K.

Caencteue. Kaac' Ky Hecuemen.

HeiictBHTensHO, MHaue mnepBoe crepyiolgee 3a K, uicso Bxoguao 6o B K.

MounocTe MHozkecTBa K, 0GO3HauaeTca CHMBOJOM M, (uHTaercs:: aned 3) —
0JHH), a nepeoe caedywowee 3a K, unca0 cuMmBoJloM Q.

Teopema 3. He cywecmsyenm MOWHOCMUL, NPOMEIKYINONHOT MEXCIY  MOWHOTMbLIO
Q CHPMHOCO MHOWECMBA U Ny.

HoxasatenncTBo, Muokecrso W ecT CyMMa CUGTHOrO MHOMECTBA

N=1{0, 1, 2, ...} u K, 3uaunt Wq—N,.

1) [lepenin yucnosofi KJaacc ecrb MHo:kectso N — (0, 1, 2, 3, .. }.

2) Bor Hekoropble coOGpa:KeHius, HMEU\He LEeAbld NOKaiaTh, 4To K, ecThb
,3aKOHHOE" MHOXKecTBO, MHOMecTBO R BceX palHOHANBHBLIX YHCEN B HX €CTECTBEH-
HOM nopsijike, NO-BHIMMOMY, €CTh 3aKOHHoe mMHomecTno. Ho Torja ecrs ocHopa-
HHe JlyMaTh, YTO 3aKOHHO M MI{OKECTBO BceX ero uactefl, KoTopble ABASIOTCH VIIO-
PAKOUEHHBIMH MHOKECTBAMH H, B YACTHOGMH, 34KOHHO H MHOACCTBO BCeX BNOTHE
ynopajoueHHelX vacteii R, nOPsAKOBble THIILI KOTOpbIX (Teopema 4, § 1) u co-
cTaBnqaioT K.

3) Aned () —nepras Gyxpa espefickoro andasuTta,
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3ameTns 370, AOMYCTHM, YTO CYUIECTBYET TaKas MOUIHOCTE M, YTO a << m << Ni.
Torpa ua W Bhigeasercs 4acTh Q MotHoeTH m  MHoxerTBO Q He momoGHo 1) W g,
3naunt, Q nopo6uo orpesky W Ho xawasit otpesok W oTcekaeTca uucJIOM
us N uan u3 K,, T e fBIASETCA KOHEUHBIM HJM CUPTHBIM MHOMeCTBOM [losTomy
H Q KOHEYHO WM CHETHO, 4 3TO NPOTHBOPEYUT AONYIIEHUI0, uTo Q >>a

Teopesma 4. Fcau o & K, ecnis 4ucio 6maoposo poda, mo cyuecmayen maxasd
803DACIANOLAA NOC w00BAME 16HOCMs nopaoKkogslx ducer B << Py < fla < , 4mo o
ecmo HAUMCHbUWEe U3 vucet, 60 1bUluX 6CeX 4UCEA NOCALO08aIMS AbHOCHLL

HokxasateabcTro [lepeHymepyeM (Q4eBHAHO CyeTHoe) MHOXecTBO Wy
BCEX UHMCEJ, MEHBIUMX & O, O, g,

Cpean uHcenm o, HeT HauSonwwlero (H6o uHaye ¢ Gbla0 Gbl WHCAOM MEPBOrO
popa) 3aMeTHB 3T0, HOMOAKHM n;=1 H ONO3HAYMM YLPE3 n, HaNMeHblUee Hary-
panbHOe YHCJIO n, TPH KOTOPOM @, = O, , MOCJe Hero 0603HayUM yepes nz Had
MeHbllee HaTypalbHOE UYHCAO 1, NPH KOTOPOM o, >0, H T. 1 B pesyasrate

)
MBl TIOJyYaeM BO3DACTAIOUyl0 NMOCAENOBATENBHOCTE &)y <{ &, << @&, << , NpHYEM
mny < 1, < Ny <<

TloxameM, yro 3T0 TpedyeMas MNOCACAOBATENBHOCTL $IcHO, 4TO o GoJbine

BCeX UHCeJ INOCAeJOBATENbHOCTH, M, CJA€A0BATENbHO, OCTaeTcsd IOKAasaTb, YTO HH
OHO YHCJO, MeHBbille¢ &, He MOXET OBITh GOJIbie BCEX YHCEJ dnk

Ilyere y<a Torma y= W, n, crano Gumth, y=a,, Ecim m coprapaer
C OIHHM H3 n), TO Y BXOAHT B {ank} H noToMy He MOXeT GbITh GoJblInM BCeX

yHcea u3s {a'lk} Ecnu ke np <<m<<np,,, TO HOCKOMBKY fiy ,; €CTh HatMEHbLUEE
U3 Tex A, A8 KOTOPGHIX an>ank, ACHO, ¥TO Y <o, Teopema AokasaHa
YKaxeM B 3ak/ioueHHe O0003HayeHHA JJsi HEKOTOpuX uncea H3 K, C mep-
BHIM M3 HHX Mbl yXe 3HAKOMBI —3TO @ 3a HHM CJeAyloT 0O NOPAIKY uucaa
w+1, @42, , W-+n, 2)

Ilepsoe yneao, caenyloulee 3a ydenamu (2), Oyner, odeBHAHO, w4 @, 3TO
gHcno o6o3Hayaerca OGBIYHO uepes @ 2 3a HUM CJaeLy 0T ylcja

o 241, 0 242, , ® 24n, ... )

TlepBoe uucno, caegylomlee 3a yucjaaMmu (3), ecte o 3
[pogo/mKas 3TOT MpoUecc, Mbl OMPeAeJHV BCe YMC/Ia BHAA @ N--m
Takux 4Yucen ec1b CYeTHOE MHOMeCTBO  [lepsoe caepviollee 33 HHMH

uycao (Bee eie NpuHagjexallee K) OGo3HauaeTcs Yepe3 @2 3a HHM CJAEAYIOT
ypcaa

©4-1, 0?42, ,y @2 4n .,
332 HUMH MJET 4Huca0 2--m, a 3aTeM 4Hcaa
w+tw-d-1, 04042, , B 4w4n, ..

3a 3TUMH YHCAAMH HAET 4MCA0 w2--@ 2, a notoM uucaa w24 24-n.
[lepepoe crnenyiolllee 3a YHCJaaMil 3TOrO BHAA ecTb yueao w24+ 3 TlogoGHbIM
06pa3oM CTPOSITCA 4ucaa BHaa w2 1@ n-fm

TlepBoe caexpyioulee 3a HHMH 4YHCHIO ecThb @® 2, MOCJE yero BBOUATCH MOTJe~
ROBATENLHO YMCaA

0224w nd-m.
3a sTHM# uncaaMy uaeT @? 3 ITOT Npollecc NEHBOAHT Hac K 4yHCAaM

W ntw-mi-1.

1) 6o Q paxe e sKkpuBanentHo W g,
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Tleppoe cnenylolilee 3a HMMH yHCMO 0603Hauaercss yepes @3 3a HUM MOHAYT

yucaa
w40 nd+w mtl,

3 33 HuUMH @3 -2
Tlpogo/mxas 3TOT TNpouecc, Mbl ONpeIeqanM uHcaa of, wj, M BCE «MHOTOQ-

YJeHB» BHAA
of ndak 1 4+ 4o n o 4on 4

3a 3THMH YHCAaMH HJIeT YHcao ©P, Bee eile Bxoxsulee B Ky [u6o uncen (4)
CYETHOE MHOKECTBO]

3a o® nofimer ©®-1, M Bech Npouecc NMOBTOPHTCS cHauana, yTO MPHBEAET
Hac K uucay o® 2 TloTom HOBOe NOBTOpeHWe mpouecca, H MBL APUXONUM K @® 3
TakuM 06pasoM, Mbl MOCTPOHM BCe YHC/AA BHIA 0% n 3a HHMH CaefyeT uucao
©®*1 TloTom mpojesbIBaeTCA NOBTOPEHHE BCEro NPOLECCa CHAYana M MOBTOpAeTCs
yucao @®*t1l 2 Tak GyayT Beegedbl Yucaa o®7! n, a 3a HUMM noiigeT m®*2

Arum cnocofiom 6yIyT BBefeHB uUucaa @@t 4 32 HUMH TIOABHTCH 4MCRO

2
©® 2 3a stum uncaom crenyior o® 21, ©? 24-2, | n Bee nomBasercs cha
9
Yasa, uTo NPUBOZUT K uucay o? = 2
Onpepeaus uncaa o® 2 n nepsoe crefylollee 33 HUMH Mbl Ha30BeM uepes3
o® 2+1 Tlopo6HbIM 06pa3oM CTPosTCA Jafblie H NaJblue qHcaa
n
@® 2+n, ®? 3’ @? 34+ , ®? 4, , o? n,
o 2
H 33 HuUMH nofifer uucao o? .
2 4
Tak xe BBogsitca uucaa a®, 09, |, 0?9,
o
Uucno neppoe, caepylolliee 3a YHCJaMH BUIA ©P , 0003Ha3YaeTca uepes &
3a sumu caenyor e4-1, e+2, W TaK jajnee 3aMeTHM, OJHAKO, 4TO JA1f BCE X

yucea u3 K, MBI BCe Xe He ToayyaeM 0603HaucHuil, u60 ITHMH 06O3HAYEHHAMU
OXBATHIBAETCH TOJBKO CUETHOE MHOMKECTBO YHCE.

§ 6. Aaednt

Onpepenenve. MoulHOCTL BrIOJHE VAOPAJOYEHHOTO MHOKECTBA Ha3blRaeTCs
arehom

Bce HaTypaJbHble 4Mcaa (paccMaTpHBaeMble Kak MOLUIHOCTH) CyTh agedb
Anedrl GeCKOHEUHLIX MHOMECTB HA3BIBAIOTCA mpanciununmneimy atedamu

Teopema 1. Beakue dsa aredpa cpasHusot

HoxkaszateanwnctBo Ilycts a H b aBa anepa Bo3sbmeM Brosse ymops-

HoueHHble MHOXecTBa A M B, ana Kotopuix A=a, B=bh

Ecad 3TH MHOXeC1Ba 5KBHBaJeHTHH, TO a=» B npoTHBHOM ciyyae OHH H
He mogo6awl Ho Torga oaHO M3 HUX Kopode apyroro JlerKo BHReTb, uTo ecau A
Kopoue B, 10 a <b

Teopema nokasana Ee Moxuo opMymupoBath M Tak ecau a H b anedw,
TO 43 Tpex (IONAaPHO HECOBMECTHBIX) cooThowenuit a=b, a < b, a>b onno oba
3aTeJbhO BLIMOJHAGTCH, T € A5 anedoB MMEET MECTO TPHXOTOMHS

Teopema 2. [ycmo o u B nopaduebe wucaa, a o u f ux asepoe Tocda

1) ecau o < B, mo o <<f,

2) ecau a << P, mo a=< f. .

HoxaszareascTBo Bropas dacTe TeopeMsl eCcTh CJEACTBHE NepBOl
Yrofinl JOKa3aTh [OEPBYI0 Y4cTh, BO3bBMEM BIOJHE YNOPAJOYECHHBIE MHOMKecTBa A
¥ B Tunoe o u Pp Ouu He mogoGHH, HOO MX ajedbl He paBHEI H OHH JakKe HE
3KBMBaJeHTHH Ecau 6ol B oKa3zajoce Kopoue A, To 310 03Hayanc Gbl, 4TO,
BOMpPEKH ycaoBHio, f=B < A=a.

3uauut, A Kopoye B HO 3TO M 3HAUHT, yT1O0 @& << P

Jlerko BHAeTb, 4TO BO BTOPOH 4HacTH TeopeMbl 3HAK DP4BEHCTBZ OTKHHYTD

Hedbast, HanpuMep o <o--1, Ho @ =w+ 1.
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Teopema 3. Bo ecakom muowecmse Q nonapro Hepasusix  dtedos  ecnts
HOUMEHDbULUL.

B camos jgere, npHBeAA B COO1BCICIBHE KAMAOMY adqedy W3 @ BROAHE y10-
PAIOYEHNIOC MHOMECTBO, IIMeloilee 310T  aje CBOe{l MOULHOCTBIO, MBl  MOKEM
14DaHTHPOBATL [AJMHYHE CPeIIl 3IFHX  MHOXKECTH camoro Koporkoro. Ero aned
n Oy1er HauMmeHblWHM B Q.

Cnencreue. Bcanoe muoxcecmnso aredos, Gydy . ynopadoeno no ux eeauduxe,
ORAMLMCA BROIHE YROPATOUCHHIAML,

Camo coGoto pasymeercd, 4YFO pedb HIET O ,3aKOHHOM“ mHOkecTBe ajedos,
MuoxecTBo Bcex anedoB pPacCMAaTPUBATL Henbid. ITO BHAHO KW caedyoUlei
TEOpeMbI:

Teopema 4. 1) Hem nauboaviuecco oaetpa.

2) Kakoe 0oL mHoxcccmso Q a.edhog Hu 83amn, cywecrmsyon a.i'gol, 6o.1tuue
goex waegos 1z Q.

Hoxkasateavcrpo. [lycts a ectb aned. IJro 3mauuT, 4TO CyulecTByer
BIIOJIHE YONOPHAOYEHHOE MHOKECTBO A, MOMHOCTbIO KOTOPOro sBaserca a. Pac-
cMOTpHM Hapsady ¢ A Bce BOOTHE YMOPSAOUEHHBIE MHOKECTBA, COCTOANIME H3 Tex
M€ IJ1EMEHTOB, HO OTBCYalOUille APYruM crocodam ynops wounsanua. [Topsankosvie
THABL 3THX MHOWKECTB OGpPa3yioF HEKOTOPOe MHOMKecTBO T MOPAZKOBBIX ytices,

IMyers P ecrs wucno, Goabee scex dHcesr ws T, u b =f. Torma & ects
aned, H MOXKHO HOKA3aTb, YTO

b>a. (H

B camom zeqe, eciiti a=A, 10'a =T 1 a<B. Ho 1oraa a=<b, u ocraercs
OMPOBEPTHY Ik BOIMUKHOCTH PABEHCTBA

b=a. (2)

Monycium, 9TO 3T0 PABEHCTBO CripaselTHBo. TorAa MOKHO VCT3HOBHTb B3anM-
HooaHOsMdutoe cooTBetcrune ¢ meany A u Wy [lyets A ecte muomectro,

coCronulee M3 rexX Ke saemellloB, 4T0 W A, HO YHOPSIOYEHHOe Tak, 4TO 13 1BV X
€ro 3JCMEHTOB MPEJUIECTB) €T 10T, KOTOPOMY B COOTBEFCTBHHM (p OTBEYAET MEHb-
wice quca0. MRroxecrso A, nogo6Ho Wg, 3naunt ero mn ecte f n B= T, yro
nporusopeunr onpenesenuto P. Hrak, (2) nesosmoxuo, u cnpasepanso (1).

Tlepexoasi K I0Ka3aTeqbCTBY BTOPOH HacTH TEOpPeMbl, OYEBHAHO MOXKHO LOMY-
CTHTL, 9ro B @ HeT nanfonpuiero aneda, u uto anedbt Q NOMAPHO HE PaABHBL.
CooreceM KakioMmy anedy H3 Q BiosHe )1OPHIOUCHIIOE MHOMKCCTBO A, HMelo-
mee ero CBoeH MOUHOCTBLIO, 1l COCTABHM CYMMY S 3THX MHOXECTB, CUMFas MHO-
WeCTRO cJaaraeMbiXx  YIOPAAOYCHHBIM Tak Ke, Kak yaopsaroucHo Q. Ho Q snoane
ynopsnoseno, [lostomy S, Gyvayuu cymMOi BRojne ynopsiIOYeHHOIO MHO/MKECTBA
BOOJIIE Y MOPSIJIONCHHBIX MHOKECTB, CdAMO BIOJHE YNOP#AI09€HO, M €rQ MOLLHOCTH
ecrb azned. SfcHo, wio 3T0T aned Gonabwe Beex anedos u3 Q. [ehersutensho,
BCAKHH ated M3 Q ecib MOILHOCFL 4acTH S W, 3Hauur, He Gosblue, yeM S, HO
ecau Gbl KakoOH-HHGYAb 113 anedop @ copnas ¢ S, ro OH OKasaica Obl HAHGOMb-
wHM B Q.

3ameuaune. /[an 6can020 awda ecims Henocpedcmeenno caedyowutl atedh. Ien-
CIBHTEILNO, €call ¢ ecTh HeKOTopuh ajded, ro cyueciByer Goabluiuil aned 0.
Ecayu H nenocpeacTBeyHo c/eayer 3a g, Halle yTBepA&ieHHe AokasaHo. B nporns-
HOM cJyuac bl paccMoFpuM  Bce Y amednl m, A KOTOpeix a <<m < b, cpeau
HUX eclb HAMMENbUNI, KOTOPbii M SBJsSErca HCKOMbIM,

310 3amevaHHe MOIBOJSICF YCTAHOBUTL 1Afl anedoB PIlHOHANLHYIO CHCTEAV
o6o3navennii. MyedHo, 0603HauHM uepe3 N, MOHIHOCTb CYETHOI'O MHOXECTBd

1) YnorpeGreHHe 3jech cioBa ,Bee" NPEACTABAsieTCH HOTMYCTHMLIM MO Clejy k-
LM OCHOBAHHAM: ecaH b ¢)ILecTBYeT, TO CYyLICCTBVET (3aKOHHOE) MHOXecTBO B
sowHocr h. Ero yacty o6pasyvior 3dKOHHOE MHOMKECTBO, H, B YacIHOCTH, 3dKOH-
HLIM OKQMeled MHOMKECrBO [eX 4YacTed [, MOMWHOCTb /1 KOTOPHIX YyIOBJETBUpRET
HePdBEHCTBY a -1 < b, )
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(icCHO, uTO 3T4 MOWHOCTB ectb aned). Ilepeuii crefywownil aned ofolHayaercs
uepesl) Ry, NepBHil credytollnfl 32 HUM 4Yepe3 Na H 1. 4. Aned mepsslil, caenylo-
WHHE 3a BCemi anedamun N,, o6o3Hasaercd vepes N, H T. [

Teopema 6. Beaxuw alted noayuacnt o0bosHauwenue Nq, 20¢ o nopadkogoe
41C20.

Jdoxasareasctso. [lycte A ectb aned v T MHOKeCTBO, cOCTOstilee H3
Beex anedon, Menbumx H. Muoxecrso T Bnoawe ynopsjgoyeHo. Ilycrs cro THR
ecTs «. Hagaras T wua W, Ml cooTheceM Kakaomy anedy H3 T nopsaxkossiil
HOMep, MEHBLINH o, MOc/e yero ocraercst oGo3naduTh [ uepe3 R,.

Herpyano yGeauTbes, 4TO  YCTAHOBJAEHHAs  cucTemMa  O0O3HAuYeHHn  Ta-
KOBa, 4TO:

1) N 1 €cTh mepBblif, caenyomuii 3a N

2) ec/iu uitcno fi ecTb MepBoe Caejylollee 33 yneami MHoXectBa S = {a}, TO
Np ecTb nepanit aned, eaeyouwmii 3a peemy anepami Muoxectsa {Ngt (¢ € S).

MuokeetBo K, BCEX [OPAIKOBLIX YMCEJA, HMEIOIHX JAHHYIO MOUIHOCTH Ne,
Ha3bIBaeTCH «ucaosots Kaaccom. HanMeHnbuiee 43 upcen Kaacca K, ofocHauae1cs
obLiano veped Q. B mactnoetn, Qo=wm, @;=Q. Kunacc K, ecTb Tpetu#t ducjo-
BOH Kunacc.

§ 7. Axkcoma M Teopema Liepmesno

Bo MHOMHX naTeMaTiyecKHX pacCyX/JCHIAX HCAOMb3yeTCd chefyiollee npen-
JOXKeHHe:
Axcuoma lepmeno. [Tycmp S= (M} ectmv nHoNecmBo Hengyemotr 1 HONAPHO

He nepecerawouqixca  muoxecme, Toz0a  cyuwecmeyem Muoxcecmso L, ofaadarouwee
ceolicmeamu.

. HLc Z M; 0
MeES

2) muowecmso L umeem ¢ kawdoiat uz muomecms M = 8 odun u moavko odun
obugitt SAeMERN,

MoaHO ¢Ka3zaTh, 4TO L cOcTOMT 13  npeicTaBHTeslel” BCeX MHOKECTB
MeS.

Bonpoc o Tow, aomycTHMa Ji 3Ta aKCHOMA, BBI3BAJ Cpef MaTeMaTHKOB Oxe-
CTOYEHNHbIE CMOPLI H 0 CHX MOP MG 3TOMY BOMNDPOCY €AHHOMBICAWA HeTr, ABTOp
9TOH KHHPH CTONT Ha NO3HUHK Ge30roBOPOYHOro NpH3Hania akcHoMmbi Llepamesas.
B 4acTHOCTH, Mbi MHOFO pas eio yxke NOJALIOBAAHCh B npeipliylux raasax. Tak,
HanpuMep, RIOJIE OYEBHIHBIM OBLIO €e Hemoab30BaHie B ra. [II npn moctpoeHnn
npuMepa HeH3IMepHMOro MHoxecTBa. HO W paHbiue Mbl TaK:KC [0Jdb30BAAHCH
akcuowvoit 1lepmeso. CyliecTBopanne B Kax0OM 0CCKOHEUHOM MHOIKECTBC CYETHOI
YacTH H/H H3MEPHMOCTb (OrPaHHYEHHON) CYMMBI C4eTHORO MHOMe.TBa HAMepHMbIX
MHOXKECTB — 3TH  pe3y/IbTaThl ORIJIH  YCTAHOBJCGHBI HAMH ¢ TIOMOLLBIO  AKCHOMbBI
Llepmeno. 2)

Hanpimep, aoxasbiBas Teopemy 5 n3 § 3 ra. 11, Mo paceykpamn Tak: aad
Ka¥joro MuoAcectsa Ly, oCTh UesOe CCMEHCTBO HAKPLIBAIOUIHX OTKPHITLIX  MHO-
*ee1B (. UroGhl 06pa3soBaTh UX CyMMYy Z(;f*’ HCTIOIL30BAHIY I B OGCY KAAEMOIl
TeopeMe, Mbl, OHEBHJHO, AOJMKHb ObLIH M3 3TOrO ceMeiicTBa BHIOPATh KakoC-TO
OMllo mHOKecTBO G, AAS KAKJOTO &, MpHUEM STOT BHIOOP HAAQ NPOH3BECTI
Aas Beex k cpasy Boimoacnoers Takoro Beiopa  MOXHO OOOCHOBATL  TOJIBKO

ceblakoil 11a axkcinomy Ilepmeso, Tak ke oGCTONT A€/10 B TIEPBOM H3 YNOMAIH)ThIX
CAyYaen.

1) Boblime Mbl OnpeacaH.IH N, KaK MOHHOCFb B1OPOrO YUCAQBOro Knaacca K.
ToxkgectBeHHOCTL 00O onpeeteliil BeITeKaeT s Teopensl 3, § 5.

2) Mo noBoay akcHOMBL 1epueao pekoOMen 1y eM APOYCCTh:

B. K. Cepnuuncnanaun, Agcuoma llepmeno, JKypu. ,MateMmaT. cBopHHK®,
T. 31, B. 1, 1921; B. Monogmuii, 3ppektusnim B maremartiune, Couskrus,
1938; A. Jlede1, HuterpupoBanne M oTbicKallde NPHMHTHBHEIX ¢) HKUHiL ([Tpy-
Gassenne III, § 2). T'TTH, 1934
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KoHneynn, akcuoMy llepMeno He HyHO NOHMMAThL Tak, 4TO MH GbaKTHYe-
CKHL) CMOKEM NOCTPOMTH MHOXKecTBG L. Peub HAET JMRWL O BO3MOKHOCTH pac-
CyXJaTe 06 TOM MIOXKECTBe, He PHCKYA BUACTb B NMPOTHBODEUYHE.

C axkcromoil Llepmeno TeCHO CBfi3aHa Cleflyiollast TeopeMa.

Teopema 1 (O6wui npunnun svibopa). [Tycme T={N} ecms muoxce-
cmgo Henyemoix muoxcecms. Toeda cywecmsyem ynryus f(N), 3adamnnas na T
U cmasawans 8 coomeemcmeue kamdomy muoxcecmsy N w3 T onpedeaenndtii 3ae-
Mewin 3mozo mHoxmecmsa: f(N) e N.

Ilpexxpe ueM foKasblBaTL 3Ty TEOpeMy, OTMETHM, YTO B TOM CJayuae, KOrgd
MuoXectsa N NONMapHO He NepeceKaloTes, TeopeMa paBHOCHJILHA akcHome Llep-
Meno. [eficTBHTeNLHO, NPHHABR akchomy Llepmesio, Msl cpa3dy noayuaeMm TpeSye-
Mylo QyrKUKIO, monaras f(N)=NL.

Of6patho, RpuRHMasg TeopeMy 1, Mhl TNoJAyuaeM MHoxectso L, mnonaras
L={f(N)}.

TlepefizeM Kk JoxasatenpcrBy TeopeMbl. (O6o03payas sJ€MEHTH MuokecTs N,
BXOAAIKX B T, yepe3 n, PacCMOTPUM BCE Naphl BHAA

(n, N), rie neN,aNeT.

Hpn stom naput (', N°) w (n'', N’') Mul GyjleM CUHTaTh TOXKJECTBEHHHIMH
TOTJ@ R TONLKO TOTAQ, Korja

n’=n”, N =N,

O6o3naunM uepe3 M (N} mHOKecTBO Beex nap (n, N,y), B KOTOpux n& Ny;
TaKoe MHOXecTBo M (V) MOXKHO nocTpoHTh Ans kaxaoro N & T. Tlycts

S={M@®)} (NeT).

Paannurble muoxecrsa M (N) nomapHo He mepecekalores (B8 9TOM HJAed pac-
cyxJenRs). [eficTBHTENBRO, TO 06CTOSTENLCTBO, YTO MRONecTBa M (N} 1 M (N’)
pa3nHuHbpl, O3Hayaer, Yro pasauyuel MHoxectBa N’ w N’’. Ho torna nu opna
napa (n, N') re coBnagaer HH ¢ oanolf napoit (n, N'’') #, ctano Guth,

M (N - M (N")=0.

[TpuMensis akcuoMy LlepMeso, Mbl MOXeM KORCTATHPOBATE CYUIECTBOBAHHe
mHOMecTBa L, cocrosumiero H3 nap (n, N), rie ne N, n HMeollero ¢ KamabiM
M (N) = S no opnoMy ofuleMy 3JeMEHTY., DTO MHOMKECTBO MO3BOJAET ONPEC/HTh
tpeGyemylo $yunkuno. Hmenno, ecin Ny T, T0 MRoKecTBO M (Ng) L cocroHT
K3 eAHHCTBEHHOro sjeMeRTa (ny, N,), Tae ng = Ng.

TMonoxnue f(Ny)=ny, Mbl YIOBIETBOPHM YCJAGBHAM TeOpeMal,

Chepcrene. [Tycme T={M’'} ecmv mHoxmecmso 8cex Henycmoix wacmell dan-
no2o Henycmoeo  mnowcecmsa M. Toeda cywecmeyem makas Qynsyus  f(M'),
komopas kamdomy M'e T cmaswn 8 coomgememsue  OnpeOeaeHHbill 3AeMenm
me M,

Ecan smement m==f (M’) Mbl 6yieM Ha3nBaTh ,OTMedeHHHIM" B M', 10 creg-
CTBHe yTBEDXKIAeT, 4TO B KamAOM M’ — M MOXKHO OTMeTHTL TO OJHOMY 3Je-
MEHTY. 2)

Teopema 2 (3. Uepmeno). Brakoe MHONeCMBO MONHO 8noAHe Ynopadouurtis.

HdoxasartenscTro. Ilycte M nHekoropoe Henyctoe 3) muOXecrso. Q6o-
3paunMm uepe3 T={M’} MHoXeCTBO BceX HeMmyCTEX d4acTei M H «OTMeTHMy
B kaxjoMm M’ no sneMmeHry,

1) C 5TuM R CBf3aHLl YNOMAHYTHE BHiflle CMOPH: eCM MHOXeCTBO L He mno-
CTPOGHO, TO HH APO OfHY Bellb HeNb3§ pelllnTh, BXOAUT AH OHAa B L KaK 3J]eMeHT
nan Rmer, TlosToMy HeKOTOpHE yueHble BOOGUIe He coOrJawmamTes cuuTath L 3a
MaTeMaTHYeCKH# 00BEK1.

2) Cama Teopema | TakKe o3Hayaer, UTO B KaKIOM MHOXecTBe N & T MOXHO
,OTMETHTBL" IO 3/MeMEHTY [KakoBnM | Aeaserca f(N)].

3) lns mycToro MHOXKecTEa TeOpeMa TPHBHa/bHa.
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Heroropble wacti M MOXHO BUOJHe YNOPsAAouuTh. TakoBbl, Hanpumep, Bee
coneunnle yacth M. Ilycts A HenycTas uacTe M, Bnosue ynopspodeHRas KakHu-
U6y b cnocofom. Ecnu:

02 kamOo20 a & A 8 uacmu M — A, mHOxce-

(H) cmga M (20e A, ompe3ok, omcenaeMmorli om
A 3aeMEHMOM @) OMLMEMEHHBIA  IAEMEHINOM
cayxun a

ro Mpt GygeM TCBOPHTE, uto A npasuasto ynopadouennaa yacts M,
YcnoBuBulMCE 0603HAYaTh 3ZJAEMEHT, OTMeuenHsli B M’, uepes f(M'), yeao
sue (H) moxuo 3anucartp Tak:

fM—Ay)=a (npu BCex u & A).

V6egumcsl, 4TO MNpaBUARHO yropagoueHnsle yacty M cymectrywor, [leitcTts)
TeNLHO, ecnd 1y eCTb 3JeMEHT, OTMeueHHBIE B camoM MHOxecTBe M, u M, ecm
4acTh, COCTOAWAA TOJBKO H3I 3TOrG 3aeMeHTa, To My eClh NpaBHALHO YNOPAJO
yeHHaf yacTh, HOO ee eIMHCTBEHHBIA OTPE30K €CTh UYCTOE MHOMECTBO H

FIM—(My),, | =m.

Hanee, eciu B muoxecTse M —AM, OTMeueHHBIM SIBJSIETCH 3JEMEHT My, T
ynopsoueRHas napa {rm,, My} ecTb MPaBUJILHO yIOpsaoueHHas YacTh M.

B Kaxj0H NpaBuIbHO ynopsjaouenuoit uacth A nepBbIM 3JeMCHTOM 00f3¢
TeNLHO SIBASIETCA 3JEMEHT m,, OTMedYeHHHH B camoM MHokecTBe M. B camo
Jene, ecnu @ NepBH# aneMeRT A, 10 a=f(M— Ay ) =f (M) =m.

Herpysno norasate, uto yacts A MHOxecTBa M MOMXeT ponyckath TOJbK
OfMH cnoco® NpaBUJBHOrO ynopsiaouupaHHs. JlefcTBHTENbHO, AOMYCTHM, UT
CYHIeCTBYIOT ABa cnocofa ¢ K\ ynopsaaouuBaHus yacth A, B pe3yinTaTe Kax
JIOTO H3 KOTOPHIX OHa CTAHOBHTCH NpaBuALHO ynopsaoueHnofl. OGo3HaduM uepe
P u Q Te npaBUNLHO YNOPAAOUEHHBIE 4ACTH, B KOTOpble npeBpaliiaerct A mp
yOapAaoYuBaHuAX ¢ u . .

OfHO 13 3THX MHOMXKeCTB (mycte 570 Oyaer P) noao6Ho Apyromy HAH €l
orpeaky. Hanoxum P Ba Q (unu Ha ero OTPe3oK). ANeMEHT my & P Hanaraer(
npu 3ToM caM Ha ceGs. Ecan 6uf B P GBINM 3/eMeHTHI, KOTOpHIE He Hanaranm
66l camu Ha ce6d, TO OAMH M3 HUX Gbia Obf MepBhM, TIYCTh TaKUM OKAa3biBaeT(
3MEMeHT p, Hanaraolluica Ha 3JeMeHT g = p. Bce sneMeNTHbl, npeauecTaylolue
Hanaratores camu Ha ce6s. 310 3naunt, 410 P,=Q,.

Omnako orciona caepyer, uto p=f(M—P,)=f(M—Q,) =g, a o510 TpOT
BOpeudT onpenetenuio p. HMrax, Bce sseMenTsl Hazjaranorcd camy na cefd, u
Q3HauaeT NOJHYI0 TOKAECTBCHHOCTS P 1 Q.

Takum ofpasom, ecau HemycTasd uyacte A MHoxectBa M BoOGile AONYCKA
NpaBW/AbLHOE YMOPAJOUHBAHKE, TO TONBKO OJHO. DBylem culTaTh, uyTO Kamil
4acTb, KOTOpPas MOxerT ObITb NPABHJIBHO YNOPANQUCHA, YKE CHAENZHA TaKo
B Gyzem Ha3biBaTh €e B 3TOM NPEANOJONKEHHH H(pMAAbHOLL,

Hz 1ByX pamIN4HBIX HOPMaJbHLIX uacTelf OAHA ccTh Orpesok apyroii. Jles
CTBHTEIHHO, ecid A H 5 HOpMadbHble YacTd, TO onua (MycTh 310 OyIer
nonofua apylofi wiam ee otpe3ky. Hanaras A na B (uam na olpesok B), M
Kak W Beime, yOeanmMcsd, uTO Kaxwli snemedT A Hadaraetcs cam Ha cel
Echm 660 A n B 6nam nopoSHel, To OnR coBmagand Ob. 3naunt, A ec
OTpe3ok B.

HMs 3roro npepnomenust HemocpencTBEHHO CJENYeT, W10 €CaH 1BA 3JICMeH
MHOMecTBa M BXOZAAT B HECKONLKO HOPMaJblBIX uacTed, TO HX B3alMill
NOPSA0K BO BCEX 3THX 4acTAX OJMHAKOB.

3ameTun 5T0, 0603HayHM uepe3 L MHOKECTBO TexX 3JeMeHTOB M, KOTOp
BXONAT XOTb B OAHY HODMaJbHYI0 yacib. MHOmecTBO L MOXKHO caenaTh yIOf
AoyennbiM,  [eficTBHTeNbHO, TMYCTh @ W b ABa saementa 3 L, Torga cyLUecrsy
HopmanbHble waciu A wu B, Takue, uto a = A, b = B. Ho oana u3 3Tux uaci
HaBepnoe cojeputTca B ApPyrofi. 3nayut, ofa 3neMeHTa @ W b BXOAAT B Of
H Ty K€ HOPMaNbHYIO 4acTb. B 3TOH uyacTH OQuH H3 HMX OpealecTByeT APYrod
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npuueM, ecan a-—3b, TO ITOT ke BIAMMHLI MOPATOK OHU HMEOT H RO BCAKOI
HOPMAJBHOH 4acTil, conephalleii X 060nX  Mbl \CJOBHM"Sl CUHTAT:, 4T0 W B L
B34lIMHBI NOPSITOK 3THX 3/EMEHTOB 101 e, uTO H B COACPHAULIX HX LOPMdTb-
HBIX 4acTaX.

Urak, MioxkectBo L ynopsigodeno Ho nerxo y6emHThCA, 4TO OHO I RMOJHE
ynopagoucHo. B camoM gesie, myveth L* Hemveras wacrs L. Boisvew n L* mpons-
BOARHGLIA 3JemeHT a Ecnu ou He fAnnsetca nepssiv 8 LY, TO nee npefmectsvio-
uite  eMy 3JeMeHThl L* BXOJAT BO BLHKY 0 HOPMA/JbHYIO 4aclb, B KOTOPYIO BXO
T W a. Myers A rakad uacts Qua Brodue ynopsaouena, H nepeceienne AL*
uMeer Nepeelil 3/7eMeHT. JrOT 3/]eMeHT SiBJfercd nepBbiv B L*.

Mbl ycrdHoBuad, uyro L ecTb Bnogie ymopsnodeHHas dacte M Tlokasxew,
YTO OHa NpaBHALHO yrnopsagoyena. Mycts a =L  Torna naijercss HopmaabHas
nacth A, comepAanias 3ToT sleveHT. BronHe ouesnAHO, yTO

Lo=A,, otkyra f(M—Ly)=fM-—A,)=aq,

1 L npaBunsHO ynopazouexo.

JlonasaTenbCTBO NOYTH 3aKOHuYeHo. MMeHHO, HeTPYAHO }CTaHOBHTH, YTO
I —M.

JleilcTBUTELHO, TYCTH 3TO He TdK, H MYCTh & €CTb OTMEYCHHBLId B MHO.Ne
cree M —L aaevent  CocrapiM MHOxecTRO A =L 4 {a}, cunTas a caeiyioniny
s BeeMll 3zeMedTamn L $IcHO, 4TO )TO MHOMECTBO €CTb HOPMasbHAg uacTe M.
Ho Ttorpa a gonmen BXoauTb B [, B To BpeMA hak a = M — L

3uauut, geifctutenrio, L=M u M sBrosue ynopajoueno Teopema
JIOKa3and

Cneactaua. 1. Beanaq mowpocms ecms aied.

2. Bcanue Qse  mowMocmu  epagqumol, T. €. NS MOLHOCTell HMeeT MecTO
TPHXOTOMUSA

M3 nepporo cneicTBHS BBITEKAeT, YTO MOUIHOCTb KOH1HHYYMa ¢ ectb aned
€= Rg.

HaxoxzieHHe 3TOFO @ COCTaBJSET ellle HepeleHHYIO AP0 1My AOHNLUHYYMA
lunomeza  noWmuHyywa, o KOTOPOil iaa peys B rnaee [, cocTout B TOM, uio
o =1. Hemenkunm yuyenent Kennurow nokazanol) Tonbko, 410 o 7= 3aMeruw,
UTO CPaBHHMOCTb € C Ny M HCPABEHCTBO ¢ == N; BbITEKAIOT H3 TeopeMbl 4, § | Ge:
TeopeMbl Liepmeo, 2)

HCv U. KM Kerankun, Tpanchunuruse uncna Mocksa, 1907, ctp 337
2) B camou gene, B VIOMAHY TON 1e0peMe MBI VOTAHOBILIM, 4TO B3 MHOMKCC PB4
BCEX DAILHOHA/RHBIX UHCET R MOMHO BHIGPATH N; Pa3TIUHBIX  §NOPHIOUEHHBIX
noguHoxecrs, Ho Tan Kak Bcex BooGllle MOAMHUKECTB R HMeeTCsl ¢, TO Ny == C.



r1"4MBA XV
KJACCHOUKALIUST BIPA

§ 1. Kaaccet Bapa

PaccvoTpim MHOXeCTBO BCeX Henpe peBHE X (QYHKUHE, 3a1aHHBX Ha
HEKOTOPOM  (PHKCHPOBAIIHOM CeFMCHTe [d, O], 11 H4,0BEM 3TO MHOKECTLO MY legbl i
kjaccom ¢yukunu, Ecmu gyvanuna f(x), 3aiaudds Ha cermente [a, 7|, He BXO-
JIMT B HyJepoil KJacc, HO NpeiacTasiMa B ¢opve

f(x)=”llmf fﬂ(v)' (l)

rae Bce QyHKuHH f, (x) HeupepuBHB, TO }(x) HaswBaeTcl yHKLUE neprozo
KJacca

Touno rak e ¢yHxuns f(¢), He BXOAsWas Hil B HYJE€BOH, Hil B HepBHI
KJaacebl, Ho npe1 Tasumasa B Qopme (1), rze Bce ¢y HKUMM f, (¥) BXOZAT 8 nep-
BBIH KJI4CC, Hd btBaercsi §yHRIICH 6110p0co KAdLCd

BooGule ¢yHKILICH Kaacca m 1143bIBaeTCA Py HKUHA, He BYXOIAWAA HH B OZHH
H3 NpeablAyUiHX KJAACCOB, O SABJAIONIAACT Mpeje 10V N0CAeL0BaTENbHOCTH (VHK-
HHMi1 KJaacca m -

Takum 086pasen onpeteasiores Bee Kaacchl QYHKUMIA ¢ KOHeWHBIMH HoMepamu
OG6o3H 3yuM X yepes

Hy Hys oy Hyy oo @

OnHawo 31y KJjaccHPHKALHIO MOXKHO TMpoloaxars u jaaasime Hwmenwro, nyers
f(x), He BXousd HH B ¢ THH Wi K.accos (2), npelcraBumd B qopne (1), rae Kax-
zast 3 ¢y HKWUG f, (¥) BXOANI B KAKOH HHOYyAb H3 kuaccos A, . Toraa rosopar,

n

uTo 31a (by HKHHH ecTb Yy IKUAR KJaacca H,.

dyunuia, ne BXOIfAULAA LM B OUNN W3 Kaaccos H,, HH B Knacc H, HO
ABAAIOWAACH [PeIesOM MOLIEI0BATeIBHOCTH Py HKUHIL Kidccd H ), HaspBaeTcs
¢yHxuKed Knaacca H, 1

Mycib o MOPAAKOBOE YHC/IO RTOPOFO YHCJAOBOrQ KJacca. JdomycTum, uro Hamn
yke onpejeqcHul Bce kaacchl Hg, rae fi <o

Torpa waacc H, oupeleqaseicd, Kak MHOKCLTBO (pyHKUMN, He BXOIINX IH
B o1 H3 wiadccos Hg (B &), Ho npeactanivnix B dopye (1), 116 KaK1dd 13

fr (X) NpHILAATEKHT KAKOMY HHOV.b Kadlcy Hﬁ” (B, <a).

3ra kaac.HHKAULHA 1d3biBdeics A accudinayued bipa, a dynkonn Beex
kjaccos Hy (2 << Q) HaseBaworcs ¢ywanuanu Lopu

Jlerko TOHATH, 4TO HOMCPAMH KJAccoB [, MOryr cayKHTh TOABKO 4Hciia
[lePBOFC MJH BIOPOFC YHCJIOBOIO KJd4LCA H, B 9dCTHOCTH, HUMb3sl 31UM CIOCOOOM
onpeneants Kndec Hy JleHcTBurenbio, Kakywo Obl CUEPHYIO IOCJEAVBATEBHOCTE

{ln (¥)} dynkunn bspa HH B3fib, Kakads H3 HHX nonaler B KaKkoH TO KJace
«, npu @, <Q

a0 = H, (< 0).

Ho Ttoria cywecryer wicao y, Goabilee Beex uuced o, (n=1, 2, 3, )
W BCE elle BXOisllee BO BTOPOH KJjacc. 3HAYHT, eCaN now/eloBaTedbHOCTH f, (1)
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cXomHuTesl K Karoif-uubyae dyHxuuu f(x), TO nocjaenHsas BXOAHT B KJjacc ¢ HOMe-
pOM, HHKAK He GOJBUINM YHCAd 7.

Jajee, HeTpyailo TOKazaTh, YTO ec/d o €CTh YHCJO TNEPBOTO poja, T e.
oa=f~+1, 10 Besixaa dynxuua f(1) = A, npencraBuma B dopme (1), rze Bce
fn (¥) BxopaT B8 Kaace flg. B camom pene, ecau 6ut cpepu dynxuui f, (x) Geino
GeCKOHeuHoe MHOXECTBO (ynkiuil, sxoasimux B Kaaccel Hy nmpu y<<f, 10 H
cama f(v) Bxopmna 6bl B Hg umu B kmace ¢ eue MeHbliuM Homepom. ITostomy
Bce (QyHKUMH f, (x), HauHMas ¢ uexoTopoil, soiiayT B Hg.

Ecan xe f(x) & H,, rae o uucao BTOporo poja, To f () ponyckaeT npes-
ctasaenne (1), B KoTOpoOMm

fn (x)eHﬁ” By <By<By<... <o), . 3

JeuctButeasto, nycts fi (x) & Hﬁ‘. Cpenu dyuxnuit f, (x), f3 (%), ... o6sza-
TeJLHO HaHJETCH TaKas, KOTOpas INpPHHaJJe}HUT Kjaccy Hﬁ c fi; > PB; (nuaue
f(x)e Hﬁ1+l)' ITponosskass 9TOT Dpolece, Mbl BRCAHM H3 {fn (x)} NOANOCHAEI0-
BaTeJBIIOCTE, YJOBJETBOP oMY (3).

Teopema 1. Bee dynskyuu bapa uamepunor, 1)

3TO TpeAnoXkeHle BLITEKACT M3 TOro, 4TO H3MEPUMB! lenpepbiBubie hyHKIUIH,
a npeje/bHbe NepPexoabl He BEIBOJAT M3 KJ1acCa N3MEPHMBIX (pyHKIME,

QO6paTHoe yTBEp)KACHHE HE BEPHO, KAK NMOKAasblBaer

Teopema 2, Muoxecmso 8cex pynsyuu Bapa umeem mowrocme c.

Jloka3aTeasCcTBO. MOHOCTE MHOXKECTBA BCRX HEMPEPHIBHBIX (YHKIMI
ecib ¢. 3mayut, B Kaacce Hy ecTh ¢ pynxuuit, JokameM, uTO mpu BCAKOM o
Oy.er —

T, <c. (4)

Ons =0 sro pepno. HonycTuy, uTo (4) ZokasaHo ans Becex o << B, rae B
HEKOTOpO® 4MC/IO 1-TC MAM 2-TO Kaacca, U MNOKakeM, 4yTo H 411 o =f cnpa-
Be/uBO (4).

C s10it neawio nomoxkum T'p== 2 He.

£

Kawpoe u3 Hg uMeeT MOLHOCTE, He NPEBOCXOLAUIYIO ¢, 4 CJlaraeMbix B pa -
CMaTpHBaeMOH CyMMe KOHEYHOE HJIM CYETHOE MHOMeCTBO., 3HauHT, Tﬁ ¢ C apy
rofi croponsl, H, < 7‘(3, otkyaa I =c u, cTajo OhiTb,

Tp=c. (5)
3ameTusn 3TO, pacCMOTPHUM MIIOZKECTBO

M={(fL (), [, fs(x), -}

BCEBO3MOXHEIX  T10:7e0BaTe bHOCTell  (yHKUMIT, B3ATHIX N3 MIOmecTBa Tg. die-
MeHTBl MHOKecTBa M OnpejgesiloTCSl CYETHBIM MHOMECTBOM [1apAMETPOB, KaiJblid
U3 KOTOpHIX NpuHuMaeT, cornacuo (5), ¢ 3Havenuid. ITostomy (ra. I, § 4, Teo-
pema 7) moulniocte M pasHa c.

Ho =mesixofi ¢ynkuun f{x) ua Hpg MOMHO COOTHECTM ONpejeneHHufl »ne-
MeHT M, a uMeHuo TOT, AJs kKotoporo lim f, (x)=f(x).

n—oo

3uayur, Hyg sksuBanedtno vacth M n (4) ann a=§ noxasano. [To Teopeme
0 TpaHCcQUHHTHOIT MBEAYKUIK (4) AOKa3aHO Aas BeeX o << Q.

Tenephb yXKe JIETKO JOKOHYMTb JoKasateqasciBo lmeuno, ecim T ecTh MHO-
KECTBO BeeX (yHxuun bapa, 1o T= Z Hy.

- Q

1) Bonee 10ro, MOXHO 10Ka3arb, YTO JARt TOrO, uTOGHI f(x), sajaHHada Ha
[a, 6], 6bl1a ¢yukuuelt Bspa, HeoGxoauMO 1I JocialoyHo, 4106l OHa Gblaa H3Me-
pumon (B).
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Kaxpoe csaraemoe HMMeeT MOLIHOCTH, He OOJBUIYIO, YeM ¢, @ MHOXKECTBO
C/1araeMblX HMeeT MOUHOCTb §;, Takke He GOJbWYIO ¢, OTKYld H T< c¢. Ho rtak
Kak T = H,=¢, To T=c, U reopema joKasaHa.

Mycte A w B cyTb 1Ba BelecTBEHHbIX 4ucaa, npuueM A << B. Ycaosumcs
CHMBOJIOM [x]ﬁ 0603HayaTe CJACLYIOUYI0 (yHKUHIO OT Xx:

B ecau x> B,
[x]ﬁ: xecan A==x=< B,
A ecmn x < A,
Jlemnma 1. Ecau

lim x,=!, mo lim [xﬂﬁ:[l]ﬁ.
R~ O It — 00

Hoxkasateabctso. [Tycts cnavana /5= A u { == B, nanpumep A <! << B.
Torpa ans joctaTouro GoablIHX # OKakeTced, 3To A << x, << B, Tak 4TO

(28 =5, — I=[115.

AHanoryyno McdepnbiBatoTest cayuan [ << A u [ > B.

Honyctum tenepn, uro /=AB. Basas npoussonsHoe € > 0, Mbl HaiifieM Takoe N,
yro npu n > N 6yger x, > B—¢g, x,> A.

Tlycte n > N. CnpaBeginBo ogHO M3 IBYX: WIH X, << B, 4 roria [x,,]ﬁ:x,l,

HIN XKe X, > B, U Torpa [x,,]"j:B. B o6onx cnysaax Gyzer

B—a<[xn]ﬁ$B, oTkyaa lim [xn]fi:B-
11—

Hns {= A paccykleHde aHaJOTHYHO.

Crencreun. 1. Ecau [ (x) Henpeposnan pyrkyus, mo u [f (x)]ﬁ ectms Henpe-
poiBHaL QyHKYUA.

2. Ecau f(x) ecmv pynryun Kaacca ¢ vomepon << o, mo u [f (x)]ﬁ ecmo PyHx -
YUA KAQCCA ¢ HOMEPOM =< OL.

8. Ecou F(x) = Hy u A< f(x) =< B, mo f(x) npedcmasumn 8 gopme npedesa
nocaedogamenvsocmu  Gynryud fy (x), wawdas u3 Komopolx 6xodum & kaacc Hey,
(o, << @) u ydosaemsopsem Hepagencmay A << f, (x) << B.

TlepBoe H TpeThe CJAEACTBHSl OYEBMIHLI BTOPOE JOKA3bIBAETCH METOJOM TpaHC-
GHHHTHOH HHIYKLHU. ,

Jdemma 2, Ecau

lim x,=I, mo u lim [x,)* ,=1.
n— 00 11— 00
Jl0Ka3aTesIbCTBO NMPefOCTaBJIsieM YHTATENIO,
Cnepcreue. Besxas gyukyus f(x) kaacca Hy npedcmasuna 8 gopme

f (x) = rll-1—>moo fﬂ (x)»

20¢ [, (x) cymo ocpanuuennsie ¢ynxyuu Kaaccos Hg npu B <<a.

Tem Ganee PyHKUMH f, (¥) MOKHO CYHTATL KOHE Y HEH MIL

Teopema 3. Cymma, pasHocme u npousscoeHie O6YX KOHEURbIX YKyl
KAQCCo8 <= o ecmb PyHKyUA Kaacca =< o To ae eepuo w 0AR 4acHiHGO, ecau (ByHK-
yusa-deaumens He obpawacmea ¢ 0.

HNokasateabctBo. Ilyete f(x) u g(x) noucudele QyHKUMH, Kaxjad
#3 KOTOPbIX BXOJHT B HEKOTOPHHI KJ1acC € HOMePOM =X @, H NYCTb

s (@) =[x +g ).
TMokaxem, uto # s (x) ecTh ynkuns kjaacca -- o. Ecat =0, T0 370 yTBepK-
enue TPUBHAJLHO. [ONYCTHM, YTO OHO YiKe JI0ha31HO AJS BCeX o << A, H NOKa-
HKeM, YTO OHO BEPHO H NpU oL == A,
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C 3101t UC/LI [OCTPOHA [IBe MO JIeJOBATeARHOCTH KOHeuuslX ¢yHuuuil {4, (1)}
H {gn (x)}, BA9 KOTOPBIX
fim f, (x) =f (), lum g, () =g (1}
n-—om

n—"0

fn (¥) = Hapn, &n {(¥) = Hyn Bo<h va<A

Nosomum s, (x) =fy (X) + gn (¥)-
Torga, mo ponyulenuwo, s,(v) < Hj,, roe X, He NpeBoCXOmHT Go.buuero

u3 uncen P, U Y, H, crano Oullb, A, <<h Ho hims, (¢)=1 (), 01Ky za scHO,
410 s (¥) BXOAUT B KJACC C HOMCpOM < A.

[ns passoctd U OPOH3BEACHHS! PacCy:KIEHHe BROJHE AHAJNOFNYHO, 4 114
YacTHOrO HY/MKHO MPUBAEUL (Y HKIHIO

Fn () gn (%)
g+

Jemsma 3. Hycmo Oan ducrosod cxodauyutics no 10wumelvtsli pad
A+ A+ Agt+

Ecau kawdaa u3 pynkyut {fn (X)} ecno dpynryua xaacca = o (4 >>0) u ydos.em-
60pACIT HePABEHCMEY

e (x) < Ap (=1, 2,3, ..},

o
mo cyuma pada Z fr (x) ecmb dpyrkyua kaacca = .

b=1
Hoxazateabcreo Kaxayo u3 dyHguuii f, (v) MOXHO npenrTaBuTe
B gopye fr ()= hm % (x), tne ¢ (x) BXo4uT B KMACC C HOMepOM, i Ho-
n-—» oo

wu o, W ;tpff) (0| = Ay (n=1,2 3, ..)

Monoxum @, (x):q;‘” (x)+(p,(l“)) (x)4.. —l—tpil’” (x). Dra PVHKLUA  BXOJIHT

n
B K1dCC ¢ HOMepoMm <C ¢, W 179 JOKa3aTeNLCIBa JeMMBl NOC1ATUYHO OGHAP\ AUTL,
yTO, 0GO3HAYMB CyMMY paja ¥ Iy (x) uepes f (¥), Mul Oy gem uMerb f(x) = him B, (x).
n—20
C 3108 ueabio BosbMeM & >0 o HailleM Takoe fit, 410

o0
Z Ak < €.
k=m4 1
Toraa
o n
4] N
Y hWwi<e, | ¥ g @l<e (n>m),
k=uwm ¢ 1 k=m 1
a nostoMy

m

W) —D, (1) < Z i1 (x)—-cp,‘lk) (¥) +2e.
k=1

Ho nps xaxgov qWecipoBaiioM X pasuocrb (v)—(pfl’" (¥} c Bospacra-
HHeM n cTpemHrcs K Hyaw. llosromy ans n > N (1) Gygper

\f(x)_“(Dn, (Y) < Je,

UTO W JOKA1bIBACT JIEMA[Y .

Teopesma 1 [pder pasrowerHo «xodauy ucad noaedosantetoHo. mu pyrnyud
HIaCUs == O eLnt yYHKYUR K IALCd == G
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Hokararenecrpo. Jlan a=0 teopeMa rpuBHansHa. PaccMorpuM cay-
ya, korpa o >0 Tlycrs

fy= hm f, (x),
n— o
rie KJacc Kakaol us Gyeusii [, (x) He BElle @, a npejeTbHLIL Mepexoq ocy-
ULECTBIAETCA PABHOMCPHO OTHOCHTEILHO X.

Beifepem nocaepoBaTenLHOCTh UHAEKCOB 1y << flg << flq <X . TaK, 4TOGH OKa3a-
Jock

l
Efuk(x)_f(-\)‘/\?i (assx=bh).

Torga unenw psaga

[fnz (1) "‘fnl ('\)] +[f113 (x) “fng (x)] 'I‘[fru (x) —fllg (x)] + .. ()
He TMpeBOCXORAT uJieHOB Cxoﬂﬂu.leroffﬂ NOJOKHTENBHOTO pAja
| 1
I+ 5+ 3+

a noToMy, B CHNy nevMbl, cyMMma psxa (6), odeBHAHO paBHas
f(x) '_fnl (x), (7

ecTh QYHKIHA Kjacca He Bhiule . Bmecte ¢ pasnoctbio (7) n dyskung f(x) BXxo
IUT B KJacC C HOMEpOM - ¢.

Boo6ine ropops, onepauds npejeqabHOro nepexoia HPHBOAHT K GyHKIHN Gonee
BLHICOKOTO KJIACcCa, 4eM KJacChl, K KOTOPBIM MPHHAA/NEAAT By HKIHY [0C/EA0BaATENb-
HOCTH. Mbl BHJENH, 4YTO YCAOBHE paBHOMEPHOCTH CTPEMJEHHA JOCTAaTOYI O,
(wroObl MOBhIWEHUA KJ1acca He npoucxoguno. b M. Tajaes!) Hawen neod6xo-
AHMble H JOCTATOYHBIE YCJOBUA, KOTOPble LafJeKHT HANOKHTb Ha (yHK-
LHH TOC/AefOBATENLHOCTH, YTOOR KJ4ace npelenbholl GYHKUMH GObll  He Bhille
Knacca, cogepxaulero QyHKLUKUH MOCef0BaTebIICCTH.

Teopema 5. [1ycme [(x) ¢ynxyua ne 8ouuc B 2o Kaacca, a ¢ (f) dyrryua
He 8bule 0L 20 Aaaccd, SHaueHus homopol nadawm & ceesenmt |a, b), edc onpede
aena f(x). Toeda cromnaq ¢ynwyud @ ()] ecme ¢ynxyua naacca = a—+f.

IloxasateapctBo. Ilyets p=0, T e [ (1) nenpepniBua. ITokawkem, yto
dyuxuns [ [ ()| Gyaer Knacca o, €1 (@ ({) knacea < .

[aa a =0 310 npeasoKeHne TpuBHaabho LEcan OHO yKe 10KasaHo AJ18 BceX
a-<yu @) Hy, 10 @)= him @, (f), rae ¢, (f) BXOGUT B KAace Hy, (Yo <¥)

n—x
H MOXHO CHHTaTb, 4TO a < @, (£) < b.
Ho torga, B cuny nenpepniBrocTd f(x),

fle (f)l=”1Lm_ floa O]

H, TOCKOABKY Kaace [ |, ()| He Bbuue y,, To Kaace f[¢ (f)] ne Buiue y.
Hrak, ecnit (/) nekoropasa ¢QyHnuua Kaacca @, TO npH Bcakon () HK-
unn [ (1) kaacca B, npn f=0, cromuan dyukuus f[¢ (£)] xnacca - a-+f
[IycTsb 370 npeasosedue yke AOKA3aHO aas BeexX P <<y i nyctb f(x) e /1.

Torpa f(x)= him |, (x), rae kaacc f,(x) ects Hy, npu y, <"7y. 3HAUHT,
n— o0

e ®O}= nleﬁ fntg (D),

i knace f, (@ (f)] He Bbme -y, T e. mixe?) a-+y. Orciona xaace f[¢ (9]
He Bhlle - 7y. B cAny nphuuuma TpaHcduHITHOR HHAYKWIN, Teopema JOKalaHa.

1) «Sur les suites convergentes de fonctions mesuiables B» (Fund, Math,
t. 18, 1931, c1p 182 — 188).

2) Mul monbayeMcs O4eBHAHBIM (GAKTOM, 4TO NIPH ¢ <y OyleT a0 <<a-+y
(nopsjoK caaraemblx cyulecTBeh!).
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B 3ak/ioueHMe OTMETMM, 4TO BCeé HpHBEJEHHble ONpPeJle]eHHA H TeopeMbl
ZIOCNOBHO AEPEeHOCHTOsl HA caydail QYHKUMI MHOTMX AepPEeMEHHBIX, 3aJlaHHBIX B Ka-
KOM-HHGYIp Napafenenumese.

Hanpumep, Teopema 5 npumer BHI:

Teopema 5*. [ycms [(xy, Xa, ..., %) Pynskyus raacca =< §, onpe()efwﬂﬂaﬂ
8 napansesenuncoe a, =< x, <=0y (k=1,2, .., n), aqy (t, ..., tm), @2 (1, -... ),

Pty .., .,,,) cucmema n pyrryul Kaaccos Hyy, Heo,y ooy Hy, manaq‘ 4mo
ak<(pk (f1s oovs Tm) == by. Toeda caromuan pynkyua f(@y, €2, ..., Pp) exodium
8 KAQLC € HOMEPOM /a+ﬁ 2de o HAuboAbiee U3 wices Oy, ..., Cp.

§ 2. Henycrora kaaccoB Bapa

BoanuKaeT ecTecTBeHHbIi BOMPOC O TOM, A/A BCAKOrO JH o << Q CyUeCTBYIOT
byHRUMY, BXojsuine B Kaacc H,. Mal mokaxem, caegya A. JleGery, uto sTo neil-
CTBHTENBHO TaK. JIs 3TOr0 HaM MNOHAno0ATCH BaXHEle H cami MO cebe MOHATHS
HanGoOMbILero W HauMeHbIUEro NpefesloB TOCJe0BaTeALHOCTH UHCel.

[ycts

X1, X, X3, ... 0

YHCIOBast MocJeoBaTensHocTs. Ilonoxum )

)—Cﬂ:Sup {xﬂ,r xﬂ Fls xll+2v "'}'
JIerko BHIETh, UTO X| Z= Xy 5= Xg ==..., a TOTOMY CYUIeCTBYeT OfpefeJieHHEf
(kOHeuHblil Max GeckoneuHniil) npeaen
lim  x,.
n-—-o

31or npegen HazmBaeTcss Hauboabulum npederos TocJeRoBarensHOCTH  (l)
H obo3nayaercs uepes
Hm x,.
n—o0
AHnanoruuno, npegen
lim x,,
n—o

.

rae x,=inf {x,, X1, Xn.0, .. } HA3LIBAETCH HaUMeNbUiUM npedesor TOCEA0BA-

TeslbHOCTH (1) n ofo3nauaeTcst yepes

lim x,.
n—:x0

M3 0ueBHAHOrO HEPABEHCTBA X, <5 xp CJAGAYET, UTO
lim x, =< < Im Xp.

Teopema 1. Ecwu b=hmx,, mo u3 nocredosamesbHocmi. {x,} MOxHO evide-
Aume no0nocaedosameabHocnty, CcXo0AYocs K b.

NokasaTteabcTBO, Ecau b=— co, 10 TeopemMa TpHUBHANbHA, UGO, Kak
5TO CJEAYeT H3 HEPABEHCTBA X, << x,, B 9TOM CJyyae caMa [OCJE0BaTeBbHOCTDb
{x,} crpemurcst ¥ — co. IlycTs, Ramee, —co<<b<C+co. Torpa naiipercs Ta-

Koe Ry, 4TO TpH BeeX k >k, uncna %, Takxke OynyT koneunol, CooTHeceM Kax-
AOMY k > Ry Takoe my, 4TO

_ 1 _
Xe =g < Xmp =< Xp (mp = k).
1) Bo3MOKHO, UTO X,=-F co, a TaKXe 4To X,=— co (MOoc/e/iHee coOTHOILe-
HHE 03HAYano Gbl, 4TO X, =X, _;==...==—— CO, Yer0 Mbl HE HCKJIOYaem).
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Ouepnnuo, lim xp,,=b.
n—om
JKenas nonyuHTh NMoOC/eROBare/bHOCTD {xni}, cxomsiiytocs K b u Takylo, 4TO
fy <Ny <INy << ..., NOJONKHM Ay==m, a 3areM O003HAYHM Uepe3 R, HalWMEHBILEE
H3 4HCeN My, Gogbllee, UeM M;; 4epe3 Ny —HauMeHbllee H3 My, GoMbllee, ueM Ay
u T. A. [TockoabKy moc/enoBaTeNIbHOCTD {xﬂ‘.} 6yneT uYacTHYHOH AnA {xmk}, oHa

TaKxke CXOmUTCs K b,

OcTraeTcs paccMOTpeTh cay4ail, Korna b=--co. B srom cayuae npu Bcex k
6yleT xp = - 00, T. €. BCe MHOXKECIBA {Xg, Xp,1, Xjyg, ---} He OTPAHHYEHBI CBEPXY.
Tonoxum ny=1 u NycTb n;,; BLIOHPaeTCA TOX YCJOBHEM

xni+1 > Xy +1, Ry > 1y

A1o cpasy npHBOAMT K TpeGyeMoil noanocaepoBaresbHOCTH. TeopeMa Rokasaua,
Ecau 6* > b, 10 Hailifercs Takoe X, 4TO X, < b*. Tlpu n = n, okaxetcs

xngfno<b*, u uncao b* He MOXKET CAYKMTb MNpelesoM HHUKaKofi 4acTHUHOI

TOCNIeI0BATENLHOCTH, BHIIe/IeHHOH H3 {x,}. TakuMm ofGpazoM, nHauGoabuil npees
YIC/IOBOA  NOC/IeIOBATEIBHOCTH MOMKHO OMpeNeJiHTb, Kak HauGoJibiiee M3 YHCeN,
ABNAICUMXCS NpejeaMi YaCTHYHBIX NMOCJeL0BaTe/1bHOCTe!, BBICJIEHHEIX U3 JaHHOI,
AxanoryyHoe 3aMeyaHHe MOXKHO CHENAaTb OTHOCHTE/bHO HAHMEHbIUEro Mpefesa,

Teopema 2. Ecau nocacdogamensnocmo (1) umeem (koHedrbill uau Oecionedmbiil)
apedea [, mo

lim x,, = lim x, = 1.

Obpameno, ecau nauborvuiui u raumenouits npedeast nocredosamenvrocmi (1)
pasrbl mexncdy cobod, mo ux obujee SHaderue ABAACMCA NPedeOM NOCACO08AMEND-
Hocm,

JdokaszatenbcTBO. Ecau nocnenoBatenbHocTs (1) umeeT mnpepen [, To
H BCE ec NOAMNOCJENOBaTeNIBHOCTH CXOAATCA K 5TOMY JKe Npejeay, OTKyla caeayer
NepBasg 4acTb TEOPEMbI,

Bropas 4yacThb eCTs HENOCDEACTBEHHOE CJEACTBHE OYEBHAHOTO HEPaBEHCTBA
Xp < Xp < Xpo

BeegeM caepytoulee oGo3nayenue. Ilyers a, b, ..., [ ecTb KOHeyHast CHCTeMa
yuces. HauGosbwee n3 HUX GyneM o6o3HauaTh yepe3 max {a, b, ..., [

Jdemma 1. Ecau

Xp—>a, Yp~—>+b, ..., 2,1,
mo
max {%,, Yp, ..., 2} >max {a, b, ..., I}.

Hoka3atenbCTBO TPEOCTABJSEM YATATEIO,

Crencteun. 1. Ecau ¢ynxyua  fy(x), fa(x), ..., [o(x) Henpepeiousi, mo
U Pyaxyus

¢(x)=max {fl (x)l f2 (x)r ] fﬂ (x)} (2)

Henpepoiana.

2. Ecau pynsyuu [ (x), ..., [n(x) exodam e xaaccot ¢ HOMepamu << o, mo

U pynryua (2) ecmr Qyrkyu Kracca << o.

Tleproe cnencTbBHe OUEBHIHO, a BTOPOE JIOKA3bIBAETCS METOLOM TPaHCQHHHTHOI
MHAYKIUH,

Jemma 2. ITycmo {x,} uucarosan nocaedosamesonncms  Fcau

l=sup {x,}, Yp=max{x, X, ..., X4},
mo
I= lm y,.
n~—~oo

JokazatenbCTBO Mpefoc raBiseM YHTATCIO,
Teopema 3. ITycme

1= hm , ().

n~x
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Feau nawdaa ua f, (8) ecmv yrnyua sagcca <s o mo f(x) ecmo diydr yua Kaacea
=0~ 2
Jlokaszateanctro Ilycrs

fr p()=max {f, (x), fn 1 (x), s Fasp (0}

Srta ¢y HKUHS BXOAMT B hJjace ¢ HovepoM < a Ho Torga ¢y uruus

fnCy=sup {fp (1), fy 1 (1}, Tp (), J= hm [, ()
p o
BXOMIT B KNacc ¢ HOMEPOM —a -1 u, HakoHel, f(x) — lim f, (x) BXoauT B KJacc
n =0

C HOMepoM << o |2

OrveTiy OJHO cJeAcTBHe 3TOf TeOpevibl, CTOslilee HEeCKOAbKO B CTOPOHE OT
Hi1araeMon TeoOpuu, HO He JIRIIEHHOE HHTepeca

Teopema ([doww. Bumaau). Beanai uwimcpunas, noimit e3de  KoHrtHAd,
Gynnyua [ (x), sadannas wa (@, D], askeusaacwmmna Heaomopou  dynsyun g (v)
He eoiuie 2 20 waar a biapa,

JencrBuTenpHo, cornacHo Teop=ve ®peine, cyuEe.TByeT nOcA210BaTe 1bHOCTh
HenpepuiBHLIX By HRUHE {@, (1)} Tikasg, 410 nod u neste Ha [a b Oyrer

hm‘ Pn (X) =/ (1).

[Monaras g (x) —lum ¢, (x), Mbl 0 noayyaeMm TpeGyeMyio by HKUHIO

Bepuevics kK Teme

Jemma 3 Lcw | (x) nenpeposna wa {a, by, mo cywermayem 319 60an020
e >0 manou MHo20tacH P (x) ¢ payuonaisnoimu rosuyuenmamu, 4mo 019 ece

{
x uzr [a, 0] =P () <e

JeitctBuTenbHO, B cHNy TeopeMel BeilepiiTpacca, MOXHO annpoKCUMHpPOBATH
F(x) ¢ roynocthio o e 2 HeKoTopbiv MHOPOusenoM @ (x) 3amensia ero koadubit
IHEHTH JOCTATOYHO GAHIKAMH PAUHOHANBHBIMH UM J1aMH, MO)4YHM HY AKHbIA MHO
rounen P ()

Cneactre. Beanas ¢hyunyua 120 naacca | (x) npedcmasuma @ ¢opme
fxy=tm Py (),

cde Py (1) — MHOc0uacH ¢ PALUOHQ 16K U nOXpDULermany
Jlemsa 4. Lcan pynnyua § (x), 3adannan u koweuwaa Ha ceemenme [a, b,
L HECHL FONEUHOe YUCA0 MOuch paspuiea, mo -mo dynayua 1 20 nwcca bapa
Jokaszateabctro IlyeTs TOukaMmi paspbiBa P (x) cayxar

O <L <€y (@ <<cp < b).

1,
\
) cp+ 0o cyuraa n

1
OKpyXHBM KaXAyl0 M3 TOUEK ¢, 1IIHTEpPBAIOM (rk— )
\
HAacTOJLKO GOTBEHNIM, YTO 3TH NHTEpBaJhl He NepeceKaloTest i cotep.karcs B [a, b)

®yukung f, (x), paBHas i (x) BHe BceX HHIEPBAJOB (Cp - 0o © + p) A B0

o 1
Rax Cp W AKHElHAA na cermenrax |cp— -, Cql, fens O + p |) OueBHAHO, He

upepbisia  Buecre ¢ Tem, npu # — oo GyAeT [, (x) > (1)

Hecy mecTsennisie n3verenis 0Ka3aTeAbC1BA, KOFAa @ Ny b TdKAe cnyxkar
TOYKaMH PA3PhIBA, NPEAOLTABASEM YIITATENO

CaefcrBue. Pynanua 6 (1), pugnun eQunuuc g odwon moune |a, b] u wyuo
8 0CimaavHblx  tcmb Pynayua 1 2o aracca

Jlemma 5. [cw nawdo wucwo x uzr {0, V| pasiomeno & decamuunyio dpobe
(6e3 Brsamnu & nepuod. 419 wueca << 1),

x =0, ayma,
mo ap=ap(x) ecmy pyunyua 1-e0 naacca.
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HeiicTBUTENBHO, ap (x), O)71)4YH TOCTOSHHOM B KaKiIOM H3 HHTEpPBAJOH
n n4-1\
(lO’“ 10x
lMocne u31KeHHn 3TOT0, HECKOJABKO PA3HOPONHOTO, MaTtepuana, Mbl MOheM
TIepeHTH K OLHOBHOI TeOpeMe O C\LUIeCTBOBAUHH (Y HKIHH B KAKAOM  Kjace
Hy (2 << Q) Jlnst 31070 MBI HCoHAYMTEBHO H3MCHHM  KAaccHpHKauuw bapa,
a MMEeHNO 6\JeM CYUT4Th HYJEBLIM KadcroM H% MHOKECTBO BCEX MHOTOYJCHOB
c pauuonaibHbiMH Koapdunnertamn  Torga | u kaacc Hf Gyger cogepadTs Bee
npoyHe Henpephisiibie (yHKUHH W $YyHKIUMH, BXojuewde 8 11 Kaacc Hy, a Bce
ocraswHble Kaaccel Dapa ocrtanyTed HeusmenenibiMu B cymmoctn ropops, bl
POLIO MEePEHOCHM 4acTh MHOMKECTBA HENPEPLIBHLIX (VHKIIMI H3 HyJEBOTO KJaccd
B nepsbit [ 3T10H H3MEeREHHOU KJAacCHHKALHI CNPJBETHBA
Teopesma 4 (A. Jlebez). [l 6cakoeo & >0 u3 Acpaoeo u i «Mopo2o Hucao-
6020 hAQECR CYWELIGY I PYHRYUA J8YY NEpCACHABIX

Fo(x, b 0 —x= 1, 0<7.<1)

manas, umo 1) Fo (x, 0} ecme ¢ynnyua bspa  2) scanat pynayua Bipa [ (x)
Kaacca <. o nowacnca us fo (x 8 huncuposaruesm wenomopozo ) T €.

Fx)y=Fo (2, £y) © x=1 .

Takas &yHKUHS [ (¢, f) HA3HLIBAGT(S yHuRED AALHOW 1N MHOXKECTBA (PYHK
uafi Bapa kaaccoB < a

IHokasatleawnciBo [Tlycrs dyuxkous A,(f) pasua | npu /=Iln u
pasva O npu Bcex npounx / n3 [0, 1| [lepenyvepyem Bce MHOrOYJeHHl C pdlHO-
HanbHuMH KOsppuunentavu Py (x), Py (%), Py (v), H TMOJOKHM

fr(x, = Z Py(x)0, ()
ol

A10 ecth GyHruH bBapa B cavom gene, Kaxablfli H3 mHOXUTenel P, (v)
H G, () MOAKHO pACCMATPHBArE hah (3 UKUMHIG (83X OEpeMeHnsX 1 378 (VHKIHA
ecib ¢ynxuusg bapa Ho rorma u P, (\) 0, (f} ecrb (koweunast) d¢vHkuna bapa,
a ¢ Heu $VHKUHSAMH bapa 6y (yT U Bee gacTHBIC (\MMBL pAda Tak Kaxk Bee Yneils
paja, KpoMe, MOXKeT ObiThb, OfHOCY, (y1b HYJN [0 Psl CXOAHICA BO BCAKOH TOUKe
(x, f) xBaapata 0= x, f~= 1 1 cvvMd ero ects (yukuua bapa

Kanyto 66 ¢ HRLUHI0O [ (¥) M3 HY 1eBOIO K1accd H HU B3sTh, OHA lIpeacTa
BuMa B opme f(x)=F; (x, {y) ecincreuiensHo, ecan | (x) eLrs Maorouaed Py (x), 10

Mi(x =Pt =1

TakHM 06pa3oM, Hawa TeOpeMd YCrdHOB leHa 1n1g o =1 Jlonmycrdv temeps,
ato yHKuun [g (x, /) noctpoensl fas beex fi < a, i noctpount Fy (a, )

Hdas 37T0r0 pa3nHuuM jBa Cayvas

1) & —uucno nepsoro poga Torna a=f-+41 #u ¢yvukuua /g (x, 7} cyue
crayer Onpejenud cueaylouy o 1o efopaTe ToHOLTE ik oT (0= ¢ < 1)
pasaoxkuM { B JgecATHyHyI0 ApolL (Ges 9 B nepHoge aas ¢ <C 1)

HMeE™ JIMIlb KOleyHOe YHCA0 ToYeK PaspbiBd,

£=0, ay0,a,
H HOJIOKUM
hy (=0, a,a4a, )
hy () =0, aa,ay, ,
Ay (6) =0, a0 0.,

Tak kak /1, (£) ecTh cyMMa PABHOMEPHO cXojsllerocs psia

[as]
a g, ¢
hy (8 = N O lor—y ©
b 10
4neHBl KOT0POro cyTs ¢ymKUHH | ro Knacca, 1o A, () ecrtb dynxuna l-ro xnacca
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Mycts Fo (x, )= Tim Fg [x, Ay (9)].
k—»oo

flcno, uto F (x, f) ectb gynkuua bBapa; mnokaxeM, uTo 370 ynuBepcaibHasg
GQYHKIUA AnA MuoMmecTBA QYHKIMIL Kraccon < o.
JHeiicTBUTe b0, €CaH f(x) ecTh QYyHKUHMA Kiaacca < o, TO

fe0=lim fy (9,

rpe Kampada u3 ¢ynxunil f, (¥) Bxomur B Kaacc << f H, cTaq0 GhITb, NPEACTABUMA
B dopye [y (1) =Fp (r, £)  (O=ty=1)
Jlerxo Hafitu Takoe 7* u3 [0, 1], uToGH npu BCAKOM R OBLIO

he ()=t (k=1, 2,3, ..).
Ho toraa e o
Fo(x, t*y= lim Fg(x, tp)= lim fp(x)=](x},
k- k— o0

H, cnénoBatennto, Fo (x, {) yIOBJAETBOpsieT BCeM YCAOBHSM TEOPEME.

2) IlycTh Temepn o — 4HCJAO BTOpOro poja, Torpa cymecTByer Takad MNocae-
LOBaTeARHOCTE Py < Py << B3 <C..., UTO @ eCTh HAHMEHblUEE YHCJO, CACAYIOlLCe
33 BCEMH YHCJAMH NOCJIeA0BATE/bHOCTH.

Honowmum Fy (x, f)= lm Fg, [x, hy ()], rae hp () cyTs Te ke dyHKuHH, yt0
kR —00

u soue. ®ynxuusa Fy (x, {) ectb dysknusa Bapa.
IMyete f(x) dyHxuua Knacca <Co. Toraa f (x) BXOmuT B Kaace fHy, rie y <t o.
Ilng kR > ky oxawetca Pp =y 4, crano Ouith, f(x) npeicranuma B dopme

F)=Fg, (x, ts) (k> ko).

Baas B [0, 1] Takoe {*, uto Ay (E*)=t, (R>>/ky) (3TO, OUEBUIHO, JeErko
clenats, MpPHYEM h1 ), ..., h,eo (¢*) MOXHO B3ATh NPOH3BONLHO), Mbl Oynes

HMETh
Fo(x, t)=Tm Fg, (v, ty=Tmf () =F (x),

OTKYyJa fAcHO, uto Fy (x, f) ectb Tpefiyemas dynkuusa. Teopema RokasaHa.

Teopema 8. Hu odun xrace Hy ue nyem.

Joxkaaatenbctro. [lyers Hexkoropwmit knace H, nycer. Torpa see cre-
Iylolide KnaccH M NOJaBHO NycThl, H Bce GyHKuud Daopa mpurapsexar KJaaccam
Cc HOMepamH << «. .

[Toctpoum Qyugunio Fo (x, #), 0 KoTopoll msa peys B Mpexpiayllell Teopenec.

Ecan met nonoum @D (x, §)=[Fg (x, {)], 7To Bcakaa ¢yukuus Dapa f(x),
3HaueHHs KOTopoil nexar Mexay O u 1, 6yper npencraBasThes B ¢dopme [ (x) —
= @ (x, f,) Npu HeKOTOPOM (DHKCHPOBAHHOM f,, 3aMETHUB 3TO, MOJOHKHM

T n®d (x, f)
¢l O=lm oo 0

3ra PyHKuud NpuHHMAET Ak asa 3uayenus: O u 1. Qua ecTe $yHnIug
b3pa u BcAkaa ¢yHkuMsA Dspa, mpuHuMaromas auwe 3Havenua O w 1, nmpencia-
BHMa B Qopme @ (x, fp).

B uacTHoctd, B Takoil (opme npegcrasuma ¢ynxuus 1—g(x, ¥) Ho sto
cpasy BeleT K HesemocTdH, H00 paeenctBo 1 —@(x, x)=¢(x, {) npu x={4, naer,
uto @ (4, )=1/2. Teopema jpoKasaHa.

Bosspawasce k Teopeme 4, yuomsaueM o6 uunrepecHoii padore JI. B. Kanuro-
poBHua, 1) B KoTOpOIl MEXKAY NPOYMM yCTaHOBJEH CJEIYIOUMH pe3yabpTar: afd
MHOKecTBA QyHkuuil DBapa KmaccoB < a cyuwecTByeT yHHBepcaJbHasd —QyHKuUMA
Fe (x, f), xoropas cama, Kak ¢yuxuua DBspa, BxomuT B Kjaacc Hy, 1o aasg MHo-
KecTBa QyHKURH K/naccoB == o Tako YyHHUBepCanbHOH (QYHKIUM He CYyLIECTBYeT.

) JI. B. Kautoposuu, O6 yuusepcansublx QPynxuuax, Xypt. Jlenuurp.
dMO, v II, 8. 2, 1929, ctp. 13—21.
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§ 3. dyHkuuu 1-ro kaacca

B srom naparpade Mbl clienManbHO OCTaHOBMMCSL Ha HEKOTOPBIX CBOMITBAX
¢yHRuni 1-ro kaacca.

Jdemma 1. 1) 3amxuymoe muoxecmso eemp muomecmgo muna Gg, 2) omxpot-
moe Muoxcecrigo  ecino  muoxcecmgo muna Fg; 3)  pasnocne dayx  SaMKHymetx MHO-
acecms ecmb mHoxcecrngo muna Fg.

Hoxasarteancrso. [lycrs [ 3aMknyToe MHO:KecTBO. OG03Hauad pa:-
CTOSIHHE TOYKH X OT F yepe3 p (x, F), nmonokum G, =27 (p (x, F) << lin).

Mol Bugean (ra. II, § 4, neuma 1), uto G, ecTh Orkpoitoe MHoxecTBo, Ho

[ee]

JIETKO BHAeTh, 4T0 F = ” G, H F ectb mHOkecTBO THOA Gg.
n=1
INepexoas k noKas3aresbCTBY 2), pAacCMOTPHM KAaKoe-HUGYAbL OTKPHITOE MHO-
xectBo G, Ecau ero pgonosnexine ects CG, To CG 3aMKHYTO, M N0 JOKa3aHHOMY

oo [ea]

CG= H Gy, rae G, orkpoitel. Otcrona G = 2 CG,, rae CG, ecTh 3aMKHyTCE
n=1 n=1

JornosHeHne MHoxecTsa G,. 3Hauur, G THma Fy.

Iycte, Hakouew, F; 0 F, CyTh 3aMKHYThle MHOxecTBa. Torfa MHOMXeCTBO
Fy—F; npexacrasuMo B ¢opme £, — Fo=F;-CF, #, Oyayun mnepeceyedleM 3aMK-
HYTOTO MHOMECTBA H MHOMECTBA THNa Fg caMmo ecth Fg.

Jemma 2. Ecau nexomopoe muaoxecmeo M donyckaem npedcmnasienue

M=A+A+.. + A,
2de Ay, cyms Muoxecmea muna Fg, mo cywecmsyen Opyzoe npedemasacrue
M=B,+Bs+...-+8,,

@ komopom By maxwe eymov Muowmecmea muna Fg, By < A, (R=1, ..., n) u,
Kpome 11020, MHOJCecinga Bj nonapro we nepecexaromcsl.
[ee]
HNokaszaTeabcTso. $cHo, yro M= Z Fp, rme Fp cyTs 3aMKHYyThE
k=1

MHOMECTBA, TIPHYEM Kaxjoe H3 MHOKECTB [ [e/HKOM COJepHKHTCA B KaKOM-HH-
6yae H3 MHOWecTB A;. Tlonomum
Si=Fi, Sp=Fp—(Fi+. .+Fp).
MHoxecTBa S, CyTh MHOWecTBA [, OHH TIONAPHO He MEPeCceKarTes W

oo
M= Y S,
k=1
Paso6eeM muoxkectso T ={S,} Ha n uacreit Ty, Ty, ..., Tp, oTHOcH B T
Te MHOXecTB3 Sy, Koropeie cojepxares B A;, B T,—rTe S, & T—T;, Kotopue
cogepxarcs B A,, u 1. 4. [losoxkus B, = Z Sp, Mbl ¥ monyudM TpeGyemoe

S, 1".
paanoxenne MHOxecTsa M.
Jdemma 3. [ycme na ceemenme E =[a, b] sadana Qyakyua f(x), npunumaro-
WARA KORCUHOE HUCAO KOHEURBLX SHaHeAull € < €y < ... < Cy.
. Ecau gancdoz u3 mmomeems E (f=c,) ecmw mnoxecmso muna Fg, mo f(x)
ecme (pyHKyuR He dvlue 1-20 Kaacca.

o0
Nokasatensctso. Ilyets £ (f=cp)= ¥ F®, rze F® cyms samxny-
¢ —1

“ule MHOXecTBa. [lonoxum
n

. n
3 Ry _ 3 — \' pi®
2 o= 3 FP 0, = 3 o
=1 k=1
BBejleM QYHKIHK (py, (1), TIOAarad

9, K)=c, (xed)f,’f), k=12, ..., n).
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Oynruua @, (x) 3agana Ha 1avMKUYTOM MHOmecTBe (D, i, COMAACHO JeMmme 1,
§ 4, rn IV, ectb menpepuiBHad ¢ynnung  Tloab3ysc, aevmon 2 Toro xe napa
rpadd, MOXKHO MOCCPOHTb na [a, b] HenpepwlBHVIO ¢yBRUHIO P, (1), KoTOpas na
\Homecrse (@, coBnagaer ¢ ¢, (xv) Herpyano y6exirthes, 4To B Kaaod Touxe
la, 6] 6vper fum W, (x)=f(x), OTKYZa 1 cJe1yeT JemMma

T —

Teopema 1 (A. JleGez). Haa moeo umacGn pynnyua [ (x), sadanHaq Ha ce
senme | —[a, 0], 66t1a yrnnyucu He evlie 1 20 naacca, Heobxoduvo u docma
1moung, «modst mroxe mea £ (f > A), £ (f < A) npu mobos A Guc it w0 wee msw vt
muna Fg

HokaszatensctrBo Ecmu /(1) ecth dyHKUNA He BRme ! ro Knacia, ro
f(x)y= hm [, (x), rae f, (x) BenpepbiBEE [TomoAny

H =

[€e)
k) _ 1y B _ ®
rn—F<f"<A-E/' S}n— FI(I‘

n=m
Ilpu nokaszatens~rae teopembl 8, § 1, ra IV 6blio y.T4HORJCHO, 4TO e nH
by HKUHA [ (¢) HCNpepblBHA, TO MHOMKECTBO F (} << A) 3avkHyT0 3HayHr, MHOKe

CTBa f,‘f), a ¢ HUMH H MHOMecTBa 55,’5’, 3aMKH) Thl  3aveuad, yTo

L(<A)= i 3 osw,

k=1 m—1

Mel 3 Gexaaenmcst, yto £ (j << A) ects vHo&kecTeo THROa Fg  Jna E (f > A) pac-
(Y AJIEHHC aH4TOCHYHO

[Mepeaoas K HOKA4TENbCTBY AOCTATOYHOCTH \CJIOBHA TEOPEMbl, NPenno10mHM
(Hauana, 4yto [ (1) orpaHuuenras &ynKuua [ <[ (x) <L

Pasnoxuv cerMent [/, L] Ha n paBHLIX ua Teft TOYKavH

L- I
=< << <og=L (de"“k: P )
H NONOA HM
Ap=F (Cpra<[=<Tep) (=1, 2, , n—1)
Ay=t ([ < a), Ap=1t (> ¢y 1.

Bee 37T MHOME(TBA CyTb MBO&KECTBa Fq B F =A,- A+ -+ A,
Ha ocHoBanuy sieMMbl 2 CYIUECTBVET APYrOe pa3noieHHe

E:B1)+Bl+ ‘I‘Brh

B KOTOPOM \HOKeCTBd By, Takae GyAyud MHOKecrBasH Fg, nonapno we nepece-
rawwmcr w By < A,
Beenew ¢y Hruuw |, (x), nonaras

In(x)=c¢c, nmpu x<& By (=0, 1, , 1)

Cornacso newme 3, ¢y HLUHA [, (1) He pblute | ro Knaced BuiepeM npons-
BOALHYIO Touky ¥, <= £ Torna i, € By < 4,
3HauUT, [, (%) =Cp  Cpy <</ (1)) < ¢p 1 OTu0Aa ficHo, 4TO
l -1
fn () —F (x0) << st
Takum oOpaszoM, 0pH n— o> QYHKUHH [, (X) pPaBHOAMEpHC CTpemaATcd
K QyHKUHY | (1) ¥, cTaT0 ObiTh, NOCTEIHIA €CTh (PyHKIHUA He BhIlIe l ro kaacca,
Tlepexonst n oOLileMy CJy4dlo, NONOAHM g (1) =alc g/ (x)

1 7l
—o=4<3

E(g>A)=E(>tgA),

Sra ¢y EKUHA yxe orpanndeda Ho npu
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ecan ke A _ 12, 10 mHokectBo £ (g > A) nycro Hakoueu, ecty A <—n 2,
10 E(@> A)=1{a, b] Taxum ofpasom, mHoxecTBe £ (g > A) unpr Bcex A ecTs
MHOKeCTBO F; To Ae BepHo u anst £ (g << A) Crano 6uiTb, g (x) €cTb pyHKUHS
He Bolwe | ro kaacca, a motomMv o f(x)=1g [g (x)] ectb ¢yHKUMA He Boiwe | ro
KJacca 1)

P bBsp Bawea apyiyio, oOueHb HHTEPCCHAIO, XapaKTepHCTHKY ¢yHKUHi | ro
KAdacca g Winokennust ero reopeMbl HAM [1OH 1100ATCA  HEKATOpbie HOBblE NMOHS
THs ¥ (PaK Bl

Onpepenennn. Tlyete A ¥ B 1Ba ToYeyHbIX MHOKecTBa, npuuem A < B
1) Ecau Besiknit uuTepBaJ, CoAepKallii XOTb OAHY TOYKY B, COmep/KHMT TOYKH B,
He BXOAALLHE B 33vblKaHHe A MHoXectBa A, To ropopat ufo A nuede ne niomuo
Ha MHOXKectBe B 2) Ecinm A noeacraBumMo B opMe CYMMBI CYETHOIO MHOMKEC [BA
MHOKECTB, KAKAOE W3 KOTOPbIX HULAE He NJOTHO Ha MHOMecTBe B, TO roBopsr,
uyto /A ectb wHONC(CINGO nepeol numecopuy HA MHOXKecTBe 5

Teopema 2. Honycmoco 3amnnymor wnowecneo FoHe ecmb muoxcecmso  nepsou
Kameeopuu Ha camom cebe

Hokazarteasciso Jonycrum, Hanpotus, uto I moKHO npeacTaBHTh

B dopye F=A, | Ay+ Ay+ , e KaKRoe H3 MVHOXKeCTB A, HNTZe He N1OrIHO
Ha MBokecTBe [ Torna cyllecTByer Touka x; € F, He ABJAIOWAACS TOYUKOH 3d-
MblkaHust A, mHomkectBd A; [Tostomv Hampercs cerwenr [x; &, x;+6,}, e o
JepaKdllnil Hu OF OM TOMRM A;, TpHuUeM MOKHO CYHTaTh uyTo & << 1

B uurtepBane (x; — 8, x;-90;) CyuwectByel Toyka x, e F, He BMNOAfLAS
B MHOKecTBO A, 3Raunt, Halgerca cermedT [x, -3, x,+ 02}, He comepwamnu
HH OjHOM TOuKH A, MomHo cyutate, uyro 8§, <12 u uto [x,— 6, x,+68) <
< [ — 8, £+ 84

[Tpogoaxkas 3TOT mpouecc, Mbl NOCTPOHM NOCAELOBATENbHOCTE TOYEK

X1, X5, s Xy oo

BXoafuuXx B F, W noC/Jef0BareMbHOCTb BAOAKEHHBIX CerMeHTOB
[xy—8, ni+d] 2 fta—8; ;8> D, 8 i+l .

TaKyl0, 4T0 cerMeHT [x, —8,, x,+8,] He COmep:KHT HH ONLHOH TOYKH MUOKECTBA
A, ud,<1n

[IvCcTh %, ecThb OOMlas TOMkA BCEX CErMEHTOB [x, —8,, Xx,-+0,]

Ouesnano x,=hm x, u noromv 1, BmecTe ¢ TeM x, He MOXET BXOAHTb
HH B OfHO 13 uHOKecTB A, ITO NPOTHBOpeuHe AOKA3bIBACT TEOpeMy

Caencrene. Eciu denycmoe avaHgmoe MHoXcemgo Foecmo cymma c4emuoco
MHOXCOCHBa 3aMAHYMbx MHOwecms F=F, — I, -fg | mo cywecrmsyem unmep
sas (A, ), codepaicawun moing  wnoxceemsa F,ow manoe n, amo (h, ) F <t

JelicTBHTENbHO, XOTb OAHO H3 CJATAEMBIX MHOMKCCIB, MYCTb 3TO 6y et f,,
He 6yJer HH(Je HENJOTHHIM Ha MHOkecTBe [ Ho »ro H 3H4unT, utO Cpean
HHTepBAaJIOR, CogepXKau(ix TOuKH F, nafiger~q Takou wuurepBan (A, W), uro BcCe,
BXOZsllle B Hero TOUKM F, BXOZAT B F,, 160 3T0 nocaejHee MHOKeCTBO, 03 Ayyl
3aMKHYTHIM, COBNAZAeT CO CBOHM 3aMblhaHHEM

1) dypkuuo g (x) MOAHO NpelcTaBHib B Qopue
g(x)= hm g, (x),

H—
FRe g, (x) HenpepbiBHble yHKUHH, MOIYUHEHHBIE yCTOBHIO
1 1 b 1
- 2 I'_ n\\gll(x) - 2 - n
Toraa
F)=tm tg g, (9],

fpuueM tg {g, (x)] ecTh HenpepuBHAA ¢y uKLUA
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Ilycth Ha HexoTOpOM MHoxeciBe A 3anana ¢yHRuUE f(x) u nyctk B ecThb
nogmtoxkectBo A, PaccMmorpum ¢ynkuuio f(x'B), onpegeneHsyo TOoaALKO
B TOYKaX MHOXKecTBA B u coBmajamomylo B 3THX Toukax c ¢yukuued f(x). Mo
GyleM TOBOPUTL, uTO dyHKuus f(x|B) uxdyyupyemca dynkuueii f(x) B MHO-
KecrBo B. Jlerko TOHATb, YTO ecAM MCXOAHan ¢yukuns f(x) HenpepblBHA Ha
MioxectBe A, TO HHpyuupopasHas ¢yHKUHS f(x!B) HenpepblBHA HA MHO-
*ectee B.

Teopema 3 (P. Bap). [Tycmo na ceemenme [a, b] 3a0ana noneunan 1) ¢ymk-
yus 1-20 kaacca [(x). Kaxoso 6ot Hu Obtao 3amkrymoe muoxecmso F =0, codep-
acaweecs 6 [a, O], 6 Hem UMEIOMCA MIOUKU HenpepoigHOCIU  UHOYLUPOBAHHOU (yHA-
yuu f (x| F).

HoxasatenwrcTro, Ecau MHOKecTBO F MMEET XOTh OJHY M30JMPOBAaHH} o
TOYKY, TO TMoc/IefHAs W OyjgeT MCKOMOH Toukofi HempephlBHOCTH. (OctaBasia B Cro-
pOHe 3TOT TPHBHAMLHBIA cayyalf, Mbl 6ygeM CcuuTaTh, 4YTO F ecTh COBeplleHHOe
MHOKeCTBO.

Tlyctb D ecTb HeKoTophl CermeHT, cojepkawuiicd B [a, 4] U BHY1pH
KOTOPOro HMeercss XoTd Gbl oaHa (a 3HAydT, H GecKOHEYHOe MHOMKECTBO) TOYKa
MHOMecTBa F.

Ml mokaem, 4TO CYUIeCTBYeT cerMeHT d, Jexampid BHYTpH 2) D, coacp
Kalnh BHYTPH cels TOUKH MHOKecTBa F M Takofl, 4TO KoaeGaHHe ¢yHKUHU
f (x) Ha MHO)kecTBe Fd Menbme moGoro nanepej 3alaHHOrO 4ucja.

Hns sToro Mbl npexje Bcero yGefuMmcsi B CYILECTBOBAHHUM TAaKOrO CerMeHTa
E < D, yro MHoxecTBo EF ecTh coBeplueHHOe (HemycToe) MHomecTBO. [lycTn
KoRusl D cyTe A u B, Tak uro D={A, B]. DBeckoueunoe muoxecrso DF 3am-
KHYTO ¥ HH OlHA elro TOoYKa, KpoMe A u B, He MOXET O0Ka3aTbCH H30JHpOBal-
Hoit. onyctaM, yto A ecibh u30/UpOBaHHAs TO4ka Muoxecrsa DF. Torga mno-
wectBo DF — {A}, noayuatomeecs u3 DF ypanennem Touk# A, 3amkuyro. [lycrs
camas JieBasl TOYKa 3TOrO MHOXKeCTBa ecth Ay, moyioxuM D;=[Ay, B] B sam-
KHYTOM MHOXecTBe Dy;F H30JMPOBAHHOH MOXeT OHITh TOMBKO Touka B, Ecau
OHa B CaMOM JleJle TakoBa, TO Mbl yJAanuM ee H3 MHoxecTBa D,F H ofosHauuy
depes B; caMylo npaByl0 TOYKY OCTaBUIerocs (3amMkHyToro) MHoxectBa. Cermeut
E={[A,, Bj] u Gyger taxuM, yTo EF coBepileHHOe MHOMNeECTBO

ITo ycaoeuro ¢ynxuus f(x) npeacrasumMa B ¢opme f(x)= hm f, (x), rze

n— 00
fn () cytb HenpepbiBHbie ¢yHkuud. Bossmem & >0 u noaoxum

A m=E(\ fa—Tfnim|=8) (n=1,2, .., m=1,2 ..).

OueBHpHO MHOMECTBO A, ,, 3amkHyTO, [lycTh nanee

[ee]
B,= II An.m-
m=]
o]
1o TakKe 3amKHyTOE MHONKecrBo Jlerko BumeTs, uTo E= 3 B,.
n=]
HedictBatenbHo, ecau X, & £, T0 DoCneaoBaTeqbHOCTL  {f, (X))} -cXomuted,
a NoToMy ISl AOCTATOYHO GonbINOro n M awoboro m 6Gyger

[fr (%a) = frim (%) [ <&,

TAK 4T0 ¥, € B, u, ctano 6wrth, £ < ZB,,. OGpaTHOe BKJOUYeHAS TPUBHAMLHO,

o
Ho n3 ycraxoBnenHoro papeHcTBa ciaeayer, yro EF = Z FR,.
n=1]

1) Ycaopue kOHEYHOCTH f(x) CYyleCTBEHHO, HGO (lyHKUMS, BCIOLY paBHas -+ oo,
6yayun QyHKuHeR -1-T0 Kjdcca, BOBCE He HMEET TOYEK HenpepbiBHOCTH,

2) Mpl ByneM rOBOPHTb, YrO CEIMEHT [A, W] JewMT suympu cerMera [o, T|,
ey 0 <A <<p<<T.
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B cuny npepmayuiero cnejcTBHS cyuwlecTByeT uHtepBaa (A, |\), coiepxatuui
TOYKH MHOMKecTBa E£F u HaTypaneHoe yucno n Takue, uto (A, p) £EF < FB,.
Ecin x = (A, p) EF, 10 npn mo6oy m OKasbiBaeTcst

fa () ~farm () [ <<e.

Vpeauudpan m ¥ 1epexXoasl B NOCJAeZHEM HepaBEHCTBE K TIpeJeny, Mbl HaXo-
UM, YTO

He@—fWi<e

MuoxectBo EF ecTb COBEPLICHHOE MHOXKECTBO, WHTepBan (A, W) COEEpAHT
XOTb OJHY TOYKY 3TOTO MHOKECTBA. 3HayuT, MHOXKecTBO (A, u) EF GeckoHeyHo.
[yctb X, €cThb ToYKa MHOXKecTBa (A, W) £F, OTMHuHAA OT KOHUOB CermMeHTta F.
Bo3bMeM CermMeHT d, COmepikailluii TOUKY Xo BH YT H ceff M HACTONLRO MAdblil,
yto 1) OH copepxuTcsi B uHTepBane (A, W), 2) JEXHHUT BHYTpPH cerMeHTa £
(a4, Tem Gonee, BHYTpH cermenTa D) n 3) koneGanue (Henpepuerolt) dyukuau f, ()
Ha cermedre d Menblue e

[Tycrb x; M x, CYTh gBe TOYKH MHOxecTBa Fd. Torpa

o) —=F )<<, [fal)—falxdi<<e, [fo@)—f(2)]|<ce,
OTK)Y 112
[T (1) —F (x2) | < 3e,

T. ¢ KoneGanue GYHKUME [ (¥) HAa MHOxecTBe Fd mennlue 3¢,

Hrak, HaMM YCTaHOBJACHO, YTO AN BCAKoro cermeHta D < [a, b], comepxa-
uero BHyTpH ce6s Toukd E, CyUIeCTBYeT APYTOM CErMEHT d, Jemalldd BHYTPH D,
Tak®e COjepKallnil BHyTpu ceOa Touku F M Takou, uTo KoseGanHe f(x) ma Fd
MaJo MO JKeJAHHUI.

HokasaB 370, BO3sMeM cerMeHT d; < |a, O], comepmawiuit BHYTpH cels TOUKH
F, ¢ paunolt md; << 1 u Tako#i, uTo koneGaHMe f (x) na muoxectse Fd; menbie 1.

3areM HalfigeM cermeHT d_, Aexauluit BHYTPHU dy, copepxallud BRYTpH celf
Touku F, ¢ aauno#t md, <<!/, u Takofi, yto xoneGaume f(x) na MuomectBe Fd,
MeHblue 1, -

Tlpononxkas 3TOT mpoiecc, Mbl MOCTPOHM MOCJEAOBATENLHOCTL CCTMEH I0B

dyDdy>dy>.. (md, <l/n),

Kax7blil M3 KOTOPBIX JIEKHT BHYTDH RpEXLAYLLETO, COACPKHT TOYKH MHOAecTBA F
BHYTDH ce(d H TakoB, 4TO KosneOanue ¢pynkuny f (x) na muoxecree Fd, mensbie 1/n.

[Tycrs § Touka, ofas BceM cermeHTaM d,. OHa OYEBHZHO TDPUHAAMEKHT
MHOkecTBY F. Jlerko BHgeTh, yTO MHIyuHpoBanHasi QyHKXUus f(x F) HenpepoiBHA
B touke E. Teopema Aokasaua.

(OxasbiBaercsl, YTO 5T4 Teopema HOMYycKaeT ofpauienue. HToOn 3TO foKa3aTh,
HaM TOHaZ06HTCS

Mpuuunn craukonapuoctn Kauntopa — Bapa. [Ticmy acakomy ROpAOKoBOMY Uil O
U3 Nepeoeo WAl 8MOPO0 HUCAB020 KAQCCA OMBEdaer SaMKHYMoe MHOxcecmeo Fo,
npunem u3 o << caedyem Fo D Fg

FyoFio..oF,o...oFy>... (&< Q).

Tocda ece mnowcecrnaa wyenodnu {Fy}, Hauunas ¢ HeKomopo2o, cosnadawont
dpye ¢ dpyeom, T. €, Haldemes makoe wuca0 p << K, umo

— — — *

F[..l_Fl.l+1—Fu+2—"' ()

JdoxasateancTBo.l) Pacnonoxum (cueTHoe') MHOMKECTBO BCeX HHTepBa-

JOB ¢ PALMOHABHBLIMM KOHUAMH B IOCJEOBATeNbHOCTE Op, 8,, 65, 3ro nosso-

JfeT BCAKOMY MHOMeECTBY E TOoueK 4HCNOBOH NMpPSAMOH COOTHeCTH MHOXecTBo S (£),
cocTosiliee M3 BCeX HATYPAJbHEIX YHCead KR, YAOBJETBOPFIOMUX COOTHOLUCHHIO
E, +#0.

1) 310 gokaszarenncrso coofuweHo asropy axai. [1. C. AnexcaHzposbiM.

381



Jlerko Bugers, uto W3 A < B ciedyer S (A) « S(B) Hanee ecan MHOKECTBA
F u F* aaMknyte ut F 5= F*, 101) S (F) 5= S (F*} Bcamom nene, nycts xg & F—17*
Torga Bce AOLTATOMHO KOPOTKHME HHTEPBAJbl, COJepxallue x,, He GymyT mepece
katbest ¢ F7 Ecnm 8, oqun M3 Takux uutepsanos, ro t  S(I)—S§ (F¥)

3ameTHB 310, nogomkuM S (F,)=3S8, 3ro NpHBOAHT HAc K UENOYKE MHOKECTB

$,28 >8> o8> (o0 << Q)

Mycte K nepeceuenue BeX MHOKeCTB 3tou uenouku Ecau K coctour us scex
HATy PATBHBIX UMCEI, TO H BCE MHOKECTEd HEMOUKM TAKOBbL Ke 37O 03HAYdeT
Yro BCe MHONECTB4 f, HiduHHds © Fy, coBmagawoT Ap\r ¢ Apyrom (Kaxjpoe i3
Hux O\ JeT (OBMajaTb €O BCEM uucaoBoM npsimofl) OcTaBass B CiopoHe 3TOT TPu
BHAALHBIH CAyuUdH pAacCMOTPHM MHOKecTBO M BCeX HaTypaabHBIX YHCEJ, HE BXO

qawnx 8 K Ecam me M 1o uaiigyres Ttakue uyucaa o << Q, uro m< S,
O0603HAUHM  Yepe3 o, HAUMEeHblIee M3 HUX 3ITO NPHBOAMT HAC K KOHEYHOMY H1H
cueTioMy WHOMXe TBY uucea {m,} Tdx xax Bce OHM MeHbuwe (), TO HaHZETCS
NOpAAKOBOE YHCJIO |1, RCe ellle BXOAfAllee B NEPBLIA WA BTOPOH YHCAOBOM KJacc
u Goabliee BeCX o, Ecmu meK, 1o me S, u 1eMm Gonee me S, Orcroud
caepver uto K=35, Takum ofipasom, S, =3, =S, ;= , a 370 PABHOCH.IbHO
cootHowenno (*)

Teopema 4. (P. Bap). [lycro na ceemenne F=[a, b] sadana pynnyus | (1)
Ecau HQ 8CAKOM HENYCHOM SQMAHYRIOM MHOMCCIBe F umeromes mousu Henpepoie
roctnu  undyyuposanrou puynnyuu f(x F), mo [ (x) nenpepoigra w1 2o aacca

JokasateascTBo B cuny teopevn Jlefera, R0CTaTOUHO MOKA3d1b,
yto MHOomectBa £ (1 > A4), E (1 << A) npn moBow A cyTb MHOKecTBAa THUa F

Ilyets p B ¢ AB4 uMcaa, npuueM p << g Tlomoxmum

P=L(>p), Q=L({<9
QuesngHo E=P4Q

Tlyerr F Hemycroe 3aMKHyTOe MHOXECTBO, cogepKduleecss B £ ObosHavuy

yepes Xy Kakyo HuGyAb TOYKY HENPEePBIBHOCTH MUY UHPOBAHHON QVHKUME | (x F)
flcHo, uTO BBINOJHSAETCS XOTh OANO H3 HepaBeH TB

[ ) > p, [ (%) <gq,

nycTe, Hampumep, f{(xy) > p Torma cyiiectsyer ctons Manwd HHTepBan 8, cogep
malliit  TOUKy X, YTO A/ BCeX Touek MHoxectBa FO okawercst [ (x) > p Iloao
KuM F*=F —F), 370 3avKHYTOe MHOKECTBO, NOTOMY 4TO F*=F C8§ Ilpu 3tou
F—F*=Fyc P Ecm 6ol 6bl10 [{X)<{q, TO Mbl aHANOTHYHO HJULAH Obl
3aMKHYToe MHOMecTBO F* < F takoro poga uto F—F* — Q MHrak, kaxkoe &ul
HEM)CrOe 3aMKHYTOe MHOXKECTBO F HH B3ATb, HAIZETCS TaKoe er0 3dMKHYTOE /he
MOAMHOAKECTBO F*, uTo MHOXKECTBO F— F* He nmycTo M COepKHTCA UedHKOM B P
ni Q
3aveTHB 3TO, NONOXHM Fo=|a, b] u HauleM 3amknvTOe MHOXecTBO Fi </,
TdKOTO poja, uto Fo— [ He nmycTo  uennkom cogepkutcss B P unu Q Ecau 7,
TaKKE HE NYCTO, TO Mbl HJHAEM €ro 3aMKHYTOE MNOAMIlOKeCTBO F, Tdkece, 4To
Fy— 1, une nycio u cogepxnicst B P uan Q Ilpogcssmas sror mpcuece, Mbl H1TH
Ha10TKHEMCS HA MVLTOE MHOKECIBO [, HAM AN BCX HATY PAIbHBLIX 11 NOCFPOHM
MHOMecTBA f , Takoro poga, uto F, —F, | ue mycTa u cofepmutca 8 P uan Q
el
B nocsiegneM cayyae Mbl nojoKuM F — 1[ Iy
n=40
Ecnu 310 MHOXKECTBO Ble CULE He NVCTO, TO Nepe] HaMHM OrKPLIBAETCA BO.
MOAHOCTb  JANBLHENIIEr0 NOCTPOCHHSI MHOKECTB [ |, £y o [hers o e

yncmo 2 ro Knacca W HAMH  \/AKe ONpeRe/elbl BLe MHOMKLLIBA Fg npn <«
npHYeM BCE OHW OKA3d/JHCh HEm)CThIMH

1) Des yr/10BUA 3dMKHYTOCTH 080HX MHOXeCTB F u F* (KasaHHoe HeBepHO
Hanpumep, ecain R w0 £ cyThb (OOTBCICIBEHHO MHO/ECTBA BLEN DAUHOHANbHBIX
M BCLX BeUIeCTBEHHBIX YHcea, 10 S (R) —S(£)—{1, 2, 3, }
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Ecam o upcno nepsoro pona, To Ml 0603Hauny uepes F, Takoe 2amKiyToe
MOJAMHOMECTBO MHOKecTBA F, 4 (rae o« | HemocpeicTBetiyo npeauiectsyeT o),
yto fp 1 —Fp =0 n uenMKovn copepxnutes B P nin Q@ ECan e o YHCAO BTO
poro poga, TO Mul nosaraev F, — ] | Iy

HNonveriM  yto BCe MHo,KeCTBa F,,. npH o << Q oKalaanch, HenyeThiMH  Jlerko
BHAETb, YTO JTO JOMyUICH e MPOTHBOPLUNT MPHILMIY CTALHOHAPHOCTH KaHTOpa —
Bspa B cavou gete coriacno 3TOMy NPHHUWINY, AOAKHO HAHTHCh TAKOU 1, YTO
Fy—F, 1, B T0 BPEMSI KdK U3 HENVCTOTH F,, BHITEKJeT HeMmycToTa pasuocty [, -—

tH

Taxum o6Gpa2oM, npoucce onpejeneHilss MHOKPCTB [, He MOMKeT JbiThb [POBe
JeH 1749 RCeX 4lCtT TEepBHIX ABYVX KNAcCOB 1 HEOGXOAHMO C\HIECTBVET TaKoe
A Q, uto I 0 (< }), +,=0

B Takow c1vuae HCXOAHBIM cerMeHT Fy==[a, h] npepcTaBaserca B ¢opue

fa, b]= Z {Fo.—Fu il

o <h

HeitctBuTebHO, ecan x < [a O], To HaligyTcqd Takwe o }, uto x = F,,
(nanpumep, @~ A) Tlycre f mepBoe u3 nuux Sleno, uto f yncAao nepeoro pona
(n6o ecmy 6n fi GLIAO YHCJIOVM BTOPOro POAA, TO X, on;m BO BCC £y, npH o < fi,
BXOAHT Obl H B UX nepeceuenne Fp) 3Haumt, x & F ~Fyn

l[a, bl = X [Fo—Fanl.
(13 A

OGpaTtHoe BKaiouenue TpusBnanbho Kampgoe 13 wHokecte F,—T, | sxomut
B OZHO U3 MHOACCTB P utn @ O8o3HdauuM uepld T MHOMCCIBO TeX ¢ < A, AN
Kotophlx Fo—F, ;< P, myerb U =W, —T Slcuo, uto UT =0«

la, 1= 1Fa—Tual-+ 21 0 - Foul
T [

Kaxgoe u3 Muomects F, —F, | €CTh MHOMECTBO THN1 Fy TAKOBH Keé H HUX
1
cvumel A =3 [F,—Fy 11, B=3[Fs ~Fq ] nbo xamnoe n> ek cre T n U
T

U
KoHeYHO uAn cueTHO Ormernv, uto A <P, B< @ H uto vHoxeetsa A u B
NonapHo He nepecekarTcs (HG0 He mepecexaloTca MHOwCCTBA Fo—Fo g u
— Fayy mplt @ ;éﬁ
Hrak Bcakofi mape uncea p < q 01BLuaeT pda3jioXKeHHe cereta [a, b] Ha
[Ba HemepeceKaioUlNXcsl VHOMLECTBA THIA Fg

la, b]=A 4 B, npiwen A fF (F>p), B E(f<

YcranoBu 3T0, QUKCHpVEM p M OPHAAZHM ¢ 0L T1CT0BATEARHOCTL *HAYEHA
G >G>0~ Img,—p

Hna peagoro # abl sveev [a, #]=A, +B, (A,B,=0), 15e 4, u B, c\1b
MHOXecTBa THna Fy w A, L (t>p) B, T (} <q,)

Honoxum R—= Z A, S= Il B, Ouebugno RS 0 u [g, b|]=R—+S

MuoxecTBo R ecn; Fg ﬂm(ame\l yvro £ (J>p) R

HefictBrieasro, ccni f(x(,) ~p TO AAA JOCTAIOUHO GOJBLWIOTO 7 OKAKETCS
téxg)) >q, v xy, =B, 3vaunr, xy=8§ u x,=R Orciona clegyer, uro
E(f>p) =R

O6parHoe e BKmouenue oueupno Hrak, F (} > p) eevv £y To xe cupa
BejnuBo H 119 MuoAecTB £ (f < g) Teopevd pokdsana

Hano.Tprpyem TeopeMsl ﬂeﬁela H b3pa HeKOTOPHIMH mpHMEpPaMH
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1. Xapakmepucmudeekag (Qyukyua 30MRHYMO20 02PAHIMEHA020 MHOXeEmsa F
eemo ynkyua 1 o kaacca

Ilyete F < [a, b}=F u f(x) pasna 1 B Toukax MHOxkecTBa F u paeHa O
B TouKax MHoxectsa E —I Tolpa

L, ecan A <0, jE, ecan A>1,
E(f>A)={F, eeciu 0 ~A<1,| Ef<A)y={"—F, ecan 0 <A =1,
lO, ecann A =1, lO, ecan A< 0

Bo Bcex cayuasx muomecrsa £ (f>A) n E(f<<A) cym Iy UYrobu 310
NOSICHHTb, JOCTATOYHO COCNAToCH Ha Jemmy |

OTverHM, 4To Haule npegsioKenye Jerko MOXeT GhITb J0Ka3aHo (e3 MOMOLLH
npensiAyuteii Teopnn Ecau Mul 0603HauuM yepes r (x) paccTOsIHHE TOYKH X OT MIIO
xectBa [, 1O yHKUMA r(x) oxaxerca HenpepeiBHOiH Bwmecte ¢ Tem [(x) =

nll»moo 1 4nr (x)

[T ®Pynkyua, umerowjas cqemHoe MHONENIBO MOUCK paspuiea ecmo dyukyies
1 20 Kateca

B camonm pene, ecan F ecTb 3aMKIHyTOE MHOXKECTRO, B KOTOPOM €CTb H30JK
pOBaHHLIE TOUKH, TO OHH M OYAYT TOYKAMH HENPEPLIBHOCTH HHIYLUPOBAHIION
¢yuxkunn f(x ) Ecan ke F ecTsb coBeplleHHOC MHOXKECTBO, TO OHO HECYETHO H
MOTOMY COZNEPMHT TOUKH HerpepblBHOCTH HCXOAHOM (PYHKUHH, KOTOpbE H NOJABHO
ABNAOTCA TOUKAMH derpepbIBHOCTH ¢y HKUHH HHIYUHPOBAHHOH

B uacTHOCTH

HI. Monomonnas ynxyua u BYHKYUA € KOHEUHBIM UIMEHEHUEM €YML (PYHALUY
He ebiute 1 eo Kaacca

Crepyomuii npaMep BecbMa MOyuHTeNeH

IV. Tlycts Py eCTb KauTOpPOBO coBeplleHHOe MHOMecTBO OmnpenenuM B cer
mente [0, 1] aBe ¢ynkuun f(x) n g(x), nondras f(x) paenoit | B TouKax MHO
xectBa Py u 0 B TOYKAaXx ero OTKpHTOro ponodHeHus Go=[0, 1]—P, ¢yHK
1Mo ke g (x) Mbl MOAOKHM paBHO 1 B TeX M TOMLKO TeX TOYKAX MHOXKCCTBA P,
KOTOpblE He $IBJISI OTCH KOHLAMH JOMOJIHHTENLHBIX HHTEpBAaJOB, a B OCTa/IbHBIX
toukax {0, 1] nonaraem g (x) =0

Jlerko noHATH, 4TO obe GyHKuME f(X) B g (x) HenpephBHLI B TOYKAX MHO
®ectBa Gy H PaspbiBHB B TOYKaX MHoxecTBa P, Muaue rosops, 3Tu dyskudn
MMEIOT OZHY M Ty Ke COBOKYNHOCTb Touek paspeiea M B To ke Bpems [(x) ecmno
Gynkyua 1 20 kaarca (Kak XapakTepucTHuecKas (YHKUHMSA 3aMKHYTOTO MHOXe(TBa
P,), a g(x) TaxkoBoil He sABnfAercdA, MO0 HMHIyWHpoBaHHAA dyHKUHA g (x | P,) pa3s
pHIBHA B KakKJOH TOUYKe Mioxecrsa P

V. @ynkyua Qupuxae ecmo (yrxyusn 2-20 Kiaaecea

dynxuua [upuxae pasia | B palHOHANLHHIX TouKax cermenta [0, 1] n O
B MPPAUMOHAJLHEIX TOUKAX 5Toro cerMenTa OHa BOBce JMIUeNa TOYEK HeEmpephB
HOCTH ¥ NOTOMY He MoxeT ObTh (yuknuelt 1 ro kjacca B To ke Bpems, ecin

MLl MlepeHyMepyeM paliHOHasbHBIC TOUKRHM cerMenta [0, 1] 7| rq, 73, H TOJIOKHM
1 npu x=ry
l'Plli (x): (k=1» 21 ' n)r
0 B ocraibHbIX Toukax (0, 1]

ro GyHKUNS @, (X), HMes KOHEUHOe WHCJO Touek pa3puia, Oyaet ¢yHKIHeir 1 r0
kaacca Tak kak ¢yHKWMA [IHpuxje ecTe mnpegen @, (x) npu n— 20, 10 laiue
yTBepKAeHHe AOKaszaHo 1)

3avetuy, uto ¢yHkuusg JHpuXje ecTb XapakrepucrTuueckas ¢yHKUMS MHO
JKeCTBa DAIHOHANBHLIX Yuces, KOTOpoe (6yAYYH CueTHbIM) OYEBHJHO ecTb F; 3H4
YuT, XapakTepHeTHYecKas (YHKUMA MHOXeCTBa Tuna F; He Bcerja eCTb ¢y HK
uua 1-ro xaacca

1) Herpyaso mposeputs Takme, yro &)yskuna Lnpuxie P (x) npeicrasima

B dopme P (x)= hm {1 [cos (Mmlnx)|?"}, OTKyga CHOBA BIIJHO, YTO P (x) eCTh
m-—-0x0 -
dynxuna 2 ro Kaaccd.
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§ 4. HoaynenpepsisHbie GYHKUHHU

OcTa40BHMCS Ha ORHOM ClleudafbHOM Buje GYHKLHI | ro xsaacca — no iynenpe
prwstnix pysnyuax  JIag 3TOro Ham NpUAETCS NepeHectit Ha (PyHKUNH TOHATHSA
HanbospIiero M HanMeHblero npejemoB, YCravoBTcHHbie 1avu B § 2 and nocie
foBate 1bHocTe  JIAA npOCTOTH MBI OFPAHHUYEMCH B\ HKUMAVMH OQHOM nepeMeHHOf

Tliete dyHKuHA f(x) 3anaHa Ha MHOXKeCIHC [F, HMelolleN NpefeTbHY 0 TOUKY
x, Bosbmem gncao 6 >0 1 nosomsum

Mg (ro) =sup {F (OF, g (ra) =10 {f ()} [X & (tg—B, xa+8) E]

C ymenbluennen & Bennuina Mg (v) He BO3pacTaeT a mg (v,) He }OblBaer,
a MNOTOMY CYUIECTBYIOT (KOHeuHble WM GECKOHCUHBIE) Mpeje Thl

M (xg)= him Mg (x,). m(xg)=1m mg (1),
60 § -0

KOTOpPHIE H HA3LIBAKOTCA ) COOTBETCTRCHHO HAUOOAOWU W U HAUMEHBUIU W npede 1a i
dyHRUIH F (1) B Touke x, O603HaudlOTCA 371 Npejesibl Tak

M (xg)= lim f(x}, n(xp)= hm [ (x)
X=X X—*X;
3aMeTHM, YTO B cavoil Touke x, QyHKUuS f(x) MOKeT H He OBITh onpejesieHa
Ho, ecnn 1y € E, 1o ouweBnano m(x,) flxq) M (x0)
Teopema 1. ' Haubo wuiiu npedvt M (x,) ¢ynryut f(x) 6 mome x, ecms Hau-
60 tottiee U3 HUCE 1, ABIAIOWUXCA Npedc laMU N0c1e008ante 1bHOCTIE L 81O

fla), F(xd flaad,
20 x, = E, x> x4
HonazatenwvctBo Ecnu M (xg)=— 00, TO nerko MNpOREPHTb, 4TO AJA
gcanon mocaegoBatensHoctH {x,} < [, Koropaa cxogHtes K i, Ovaper f(x,)
= M(x) Ilyers —co <M (x)<<+oo Torga Hanpercd Takoe \, uTo mpH
n> N Gymer M, (x) <--co [as Kaxkporo Harypanbhore n>> N B HHTepBane

<x0~,11 , x0+%> MOYKHO HaliTh Taxyio Touky x, < £, wyTO
1
My (£0)— n = F(h) =My (%),

Slcno, uto f(x,) > M (v,) C gpivroil cropoHs, ecad B> M (), TO Haiigercs
takoe § =0, uto Mg (x) < B Jlm( BeeX x & (x, — 38, 24,48) 6y aet [ (v) << Ms (xo)
W 1I0TOMY Ke MOKeT HauTHCh Takofi mocaegoBatesHocTH {x,} < E, uro

Xy —* Xq, f(x,)—~> B

Ecan, nakoneu, M (xﬂ):{— €O, TO NMPH BCEX HATYPabHBIX n G\JeT M1 0 (%) =

’

1 ) N
=000 n, cTano OblTh, MOXHO B HHTEpBaje /x0~ n X0+ ﬁN HallTH TOUKY

x, = E, ana xoropoii [ (x,) >n Toraa [ (x,) =M (rg), a Boabuinx upcen BooGwe
He cyuectByeT Teopema gokasaya HeT napo6HOCTII TOBOPHTL, YTO aHAJNOCHUHAS
Teopema CNpaBeMJHBa H Aas m (x,)

Onpepeaenne 1. @yvukuns | (x), 3agaHHas B cermenTe [a, b], HaswiBaeTcs
noAyHenpepeleHOL cHU3Yy B TOUKE X, STOTO CErMeHTa, eCaM

) S (x)

X-*Aa

him f(x) =] (%),

1> 1

Ecan xe

70 dynKkuHA [ (1) HA3BIBACTCH N0 1YHENPL PHBHOL CBePXY R TOUKE ig

1) UgrdaTenab y3HACT 34eCh BEPXHIO M HUKHiOW dyHKUHH DBspa, o KoTophX
pPeub mia B § 4, r1 V
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B 3TOM ompejesieHMH HEe MpPeAnoJaraeTcss KOHeUHOCTH ¢yHRUuM f (X) HH B camoit
TOYKe x,, HU B TPOYyKHX Toukax cerventa f{a, ] B uacrmoctu, dyuxumus f(x)
[0JIy HENPepPLIBHA CHU3Y B Ka/KIOH TOUKe Xy, rge f(xg) =— oo

Ecan ¢yuxuusa [(x) HempepnlBHAa B TOUYKE X, TO OHA GyJeT B 3TOH TOUKE
NOJYHENPEPHIBHON OAHOBpEMEHHO CBepXy ¥ cHu3y OG6paTHO, M3 TOJYHEeNpepbiB-
HocTH f (x) B TOUKE x, M CBEPXY M CHH3Y BHITCKZRT [MPH yCJIOBHH KOHEUHOCTH f ()]
HETPEepPBLIBHOCTL [ (X) B TOUKe X, OTH yTBepIKIeHHA HPEACTABJIAOT JULIb APYIYIO
¢opMyHpOBKY Teopevel 1 us § 4 ra

B panpueiliueMm Mbl OCTaHABJWBAeMcsl, TJaBHbIM ofpasom, Ha (QyHKUHAX,
NOJTy LeNpephBHHIX  cHH3y Bce ckasaunoe Jerko mepeHecTd U na QYHKUHH 0OJY -
HeNpephIRHEIE CBEPXY, €Ccad 3aMeTHTL, YTO TMOJIVHENPEPHIBHOCTL CHH3Y Q) HK-
uun f(x) B TOuKe x, PABHOCHJBIIA [OJIYHENPEPELIBIIOCTH CBEPXY B TOH Ke TOYKE X
dyaxkunu —f (x)

ITonsiTHe NONYHenpepbIBHOCTH (YHKUMH MOkHO ONpPERENUTh H B HECKOJBKO
HHOlt dopme

Teopema 2. [lycms ¢pynxyua [(x) 3a0ana Ha [a, b] u xo<= [a, b] Hasa
moeo umobit f(x) Oniaa & X, NOAYHENPEPHIBHOU CHUBY, He0OX00UMO U 00cmamodro,
amober 0ag arcbou nocacdosamensrocmu mouex x, = [a, b}, cxodaweuca n x,, 6s110

[ o)== hm f(x,) ()

n—w

B camom gene, nycth f () MOnyHeNpepLIBHA B Xy CHH3Y H X, — X, (¥, = [a, 0]) |
Torna ua {x,} BHJeAAeTCA TaKas YaCTHUHAS NOC/CNOBATENBHOCTD {x”k}, 4T0 f (¥Xpy)
crpewnted ¥ him f (x,). OTctoza, no Teopeve 1, caenyer, uTo

17—

f(x)= lim f(x)= him f(xnk): lim f (xn).
X— Xq k— -0

O6patro, nycTh (1) BhIMONHEHO 475 BCAKOH mNoc/enoBaTeNbHOCTH {x,} < [a, b],
cxoidillencd K X, BasB, B YaCTHOCTH, Ty [IOC/J€L0BATe/ILHOCTb, AJd KOTOpOH
[ (xy) > hm [ (x), nonyuum, uro f (x) << hm f(x), a Tak Kak 3aBegoMo [im f(x)=<

X510 X5 xo X =X,
<< [ (xg), TO f (X) nmonyHenbepHBHA CHU3Y B X,

Teopema 3. [ycnw [(x) 3adana ra [a, b], x, = [a, b] u [(x)) >—co Has
mozo umobsl f (1) Ovr1a 8 x, NOAYHENPUPOIBHA CHUY, HEOOX0QUMO U OOCMAIMOYHO,
umober gcanomy A < f(xg) omscqaso makoe § >0, 4mo rak moaeko | x—xy | << 0
(u x = [a, b)), max ceunae oce | (x) > A

B camom pene, nycth f(x) noaynenpepmiBna CHH3Y B x, B A <[ (x) Tak
Kak [ (x)= lm f(x)=m(x))= lun mg (x), TOo wnangerca rtakoe & >0, uTO

X — Xg §—0
mg (xg) > A Tax Kark npu [x—x|<<6 (4 x = [a, b]) Gymer [ (x) ==mg (xy), TO
naigenqoe 8§ —1peGyemoe QOOGpatHO, Mycrb f(x) 061afaeT CBOHCTBOM, yKa3aHHEIM
B Teopeme BasaB moGoe A <Cf(x)) H Hauas COOTBETCTBYIOliee €My O, MBI, Oue-
BHAHO, GyIeM HMeTb #ilg (xg) = A, OTKyJa H NOAABHO m (xo) =- A
YBenuunsas A H nepexoad K npegeny npu A —>} (xp), HaXOZUM

m (xg) 2= (xo),

OTKyJ4, B CBA3H C TeM, UTO m (Xp) =< [ (xg), H BBITEKaeT NOJYHEMpepelBHOCT f (X)
CHH3Y B X,

Ecau npeanonomuts f(x,) YHCJAOM KOHE@UHBIM, T0 JOKA3aHHYIO TeOpeMy
MO»HO BLICKa3aTb H B Takoii dopwme

Teopema 4. [1a mozo wmobol f (x) Ooiaa 6 niouke x, NOAYHENPEPLIBHA CHU3Y,
HeoOxo0uno u docmamouno, wmobet ecanomy &> 0 omeewaio maxoe 8 >0, umo,
Kah moavho (x—xy <0 (u x = [a, bl), man ceuuac oce

o) —e <[ (x)

3neck OCOGEHHO HalAAJHO BBHICTYINI@eT CBA3h TOHATHH N0y HENpepbIBHOCTH
H HerpepblBHOCTH.
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Teopesma 5. [Tyrms f(x) u g (x) 3adans 8 ccovenme [a, b] u noaynenpepetgrst
crusy 6 mouke xo Ec eyuna [ (x) g (x) onpederenaty npu scex x < [a, b], mo
I OHA MO WYHCAPEPBIBHA CHU3Y 8 Xq

Mokaszarterpc1B0 Moxuno cuutats, uto [{x)-4g(x) >—co, uéo
HHaue JaoKasplBaTh Hewero Ho Ttorza u namxgoe H3 wncet f(y) n g (¢,) B oTgens
HOCTH TAK/Ke OTJIMYIO OT — Bosemew kakoe HuG: anb w10 A << f (v,) g (xg)
Torga cyuectsytor takne B u C, uto

B <[ (x), C - g(y), B4-C> A

[To Teopeme 3 cywecTBver Takoe & ~ 0, 4T0 IpH t—x, <O (M A = [a, b))
6yzer [ (x) ~ B g (x) > C Ho torma u nogasno npu Jtnx x 6yger f (x) +¢ (x) > A,
OTKV 14, ONATL TAKM TO TeopeMe 3, # CTICIyeT MOAYHRNPCPHBHOCTL CyMMBL f (x) 4
+ g (x¥) B TOUKe x, CHH3Y

Teopema 6. [lyemo na [a, b] 3idana sospacmauas NOcaeG08aN? 10HOCILE
PyHryLu

h=sh® <LK ,
NOTYHENPOPLIBHAX CHU3Y 8 00HOL & Mou w> moike x, — [a, b] Toeda gpyunyus

fa= Tm [, (x)

makace NOAYHENPCPLIBHA CHU3Y & X

NokxaszaTenascTBOo MOKHO cuMrath, uro [(x)) >—oo Ecmu A <[ (xp),
TO TIpH JOCTATOMHO OGOJNBLIOM N Okde 1ef [, (%) > A 3akpeniB Takoe n,
Haiitev 6> 0 Takoe, uto upn x—a;, <O (x <o, {]) G6ymer 1, (¥) > A4 Tan
Kak f(x) ™ f,(¥), TO NpH 3THX X U NOZABHO okakeicd f(x)> A, oTkyza H
BEITEKAET TeOpPeMa

Cnepcreue FEctu ece yieHot pada

wy () - g (x) -1z (1) 4 ..

HeOM PUIAIC 16HbL L N0 UJHCAPEPLIBHGL CHUSY 8 MOYKE Xo, MO W cywia?) amozo pada
nOyHERPePsuisSHA CHUSY 6 Xg

Ho cux mop Mul PACCMATPHUBANM () HKIUN, TOJ)HEeNpepLBHLIE B TOUYKeE.
Tenepr Mbl nenexoanM K ¢y HKUUAV [OJTYyHEHNPEPHBINM 114 CErMeHTe

Onpepenenne 2. DPynxuus [ (1) Ha3BIBACICA N0 IYHENPEPHIBHOU CHUBY HA
ceem wme [a, b], ecau oHa 3agaHA HA 3TOM CCI'MEHTE H NOJI) HENPEepPBIBHA CHH3Y
B Kax JOou ero rouke AnaTOrHyHO ONPeIRJseTCA MOJyHEeNpepbIBHOCTE HA
cerMenTe CBepPXY.

Teopema 7. [ 15 nozo, umobvt pyrnyus f (¢} sadannas na ccemenme £ = [a, b],
66110 HQ HCM 10 WYHOHUDCPLIBHA  CHUSY, HoOx00uMo U Qocimamouro, wnobsi npu
a060 1t sewecingernon ¢ Muoxceenmeo T (c) =L (f ~c¢) 6vr10 3auns jio s 3)

HNokaszarteabctBo Ilycte [(x) noayHenpepwBHa HaA [a, O] cHusy
Ecnn x, = F (¢) ¥ x,, — x,, TOo 110 TeopeMe 2 f (xp) << Lim f(x,), otkyaa x, = F (¢)

oo
1 F (¢) —3aMKHYTOE MHOXKECTBO

JonyctuM Tenepb, 4To Bce MHOKecTBA I (¢) 3aMKHYTHl M yOGemnMcs, 4TO
byukuMa f(x) noayHenpepeiBHA CHH3y B [NPOH3BOJLHO B3ATOH TOYKE x, cer-
meHTa [a, 6] [aa storo nomoxum A= lim [ (x)

X— Y

1) 3to 3HauHT, 4TO f(x) M g(x) B ONHOM M TO{l JKe TOUKe He NPHHUMAOT
GecKOHeYHBIX 3HaueHufi pasHblX 3HaKoB Ecau ke, Hampumep, npH O=tx=<1

— oo, npp x=0
yser () =—co, a g ={ | A

HenpepbiBHLI CHU3Y NPH x =0, HO O CyMMe uX HeJb3sl rOBOPHUTE AJ1d X >0

2) CxoAMMOCTM pfifa He mpeAnogaraeTtca B Toukax pacxoiHMOCTH €ro CyMMa
paBHa -}coO

3y Orcioga, MexAy INpouHrM, BBITRKAeT H3MEepPHMOCTbHL Takofi (yHKHHH
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[Mo teopeme | cyliecTByeT MOceI0BATENBHOCTE TaKMX TOueK x, & [a, b], 4TO
Xp~> Xo, (2} A.
HonycriuMm, yT10
[ (xq) > A. @

Ecan ofo3naunte Yepe’ ¢ Kakoe-H1uOM b UICAO, JerKalliee Mexay A u f(x),
A< c<<f(x), 10 11 BCeX AOCTATOYHO GOABWINX 1 OKAmeTCs f(y,) <, T. €.
%, = F (c). Ho Terpa 6vaer M xy & F (¢), 1. e. f(x,) < ¢, UTO MPOTHBOPEUHT CamMOMy
BHGOpy 4ucaa ¢. 3uaunr, (2) HEBO3MOKHO H [ (xg) — lim f (x).

X — xq

Teopema goxasaHa.

Mepuvuer. Tlycte MHOKecrBo S ecTh nepeceyexue cermedra [a, b] W Heko-
TOporo OTKPH TOTr 0 MuokectBa G. Ecan ¢ (Y} XapakTepHCTHYECKAS () BKUKA L)
MHOMeCTBA S, 0 310 GVHKUMA NMOJyHenpephiBuas Ha fa, b] cHU4y,

B camom gxene, 31¢Chb

[ [a, b] ecan ¢ =1,
F(c) =4 la, 0] —G ecanr 0 —c < 1,
l 0 ecan ¢ <Z 0.

Bo Bcex 3THX cayuaax F{c) 3aMKHYTO.

Teopema 8. Dynnyuf, NOWHCNPePHIBRAR Ha (C2McHMMe  CHudY, Oocmiteact
CB0020 HAUMPEHBLLC2O 3HAYCHUSA. %)

NoxazateabcTsO. IlycTe [(x) rnoayHenpepoiBHa CHI3y Ha cermenie
[a, 6] v m=1ni {f(x)}. Toraa u3 [a, b] MOXHO H3BJEYL NOCJAEOBATRILHOCTE {X,},

aaa kotopod lim f (x,)=n.
H—

[lepexoast B cayuae HAgOGHOCTH K uacTHYHOl NOCAe0BaTENLHOCTH, MOYKHO
IOGHTECA, ¥io6bl HOCAEIOBATENLHOCTL {X,} CXOMIIAacL K HEKOTOPOIl 10YKe X,
Ho rtorpa f(x,)= Im f(x)<< lim |(x,)=1m, @ raK KaK HEPaBeHCTBO | (&) <<m

t— 1, n—om
HEBO3MOXKHO, TO [ (xq)=nt.

CnepctBue. Ecau noaynenpepuvisHad HA ceeMeHme CHU3Y yHkyue He obpawa-
emcs 6 — oo, MO OHA OPAHUYEHA CHU3Y.

3ameTHM, YT0 HAaHGOABIIETO 3HaYeHUst GYHKUHS, NOJyHEMpepblBHAas
CHM3Y, MOMer M He uMmerb. TaxoBa, Hanpumep, QyHKLHA

x npu 0-<x <1,
fo={ 5
0 npn x=1.

M3 teopem B u 6 BbITekaer, yTo CVMMa ABYX () HKUHH, MOJVHENPEPHIBHLIX
CHHM3y Ha cermeHTe,d) a TakKme Mpefen MOHOTOHHO BO3pacrawouled nociexoBaTehb-
HOCTH TaKHX OYHKIMIl, ecTb Tak:e (YHKHUMA, MonyHenpepbiBHas cuusy. Beupy
TOro, YTO (yHKIUS, HerpepbiBias Ha cermeHTe, 6yI1eT HA HEM OJHOBPEMEHHO i
NONyHENpepLBHOH KaK CBepXy, TAK M CHU3Y, Mbl MOJyuacM TAKOH pe3y bTar:

Teopesma 9. {Ipedea sospacinaowen (ybvisaiwen) nocacdoeane AbHOCML HeRpDe-
PUIGHBIX PYRKYUIL oCMo PUHKLUT, ROAYHCRPEPHIBHAA cHU3Y (cBepxy).

Camo cofolo pa3ymeercs, uro TeopeMa 3Ta He obpatuma. /[leHCTBHTENBHO,
ecnu Qynxuis f(x) B Kaxkoii-Huby b TouKe 0OpallaeTcs B — 10, 10 OHA HE MOXKET
Obirh npefenbHOH A BO3pacTalol el MNOcAefoBaTeNbHOCTH HeNpephiBHHIX
dyukuuid, u6o nocaegHue BCIOAY KoHeddbl. OOHAKO, €C/H OrpaHHYHTBCS GYHKIH-
siMM, He ofpallaiolMucs B — oo, To TeopeMa 9 oKasbiBaeTcA 06paruMoi.

1) 3apansas Ha [a, b], 1. e. p(x)=1 npu x=S u @(x)=0 npu
xe [a, b] —S.

2) Kotopoe MOXeT pPaBHAThCA — oo (4 1akke U + oo, ecau f (x) =+ o).

3} B npegmo/iokeHHH CYUIECTBOBAHUA 3TOH CYMMBI.
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Teopema 10. [Tycms na [a, b] sadana noaynenpepogras crusy dynryus f(x).
Ecau [ (x) ne obpawyaemcs & — oo, mo cyujecmayen maraa 603pacmiarouds noc.e-
doBame AbHOCMY  HelpepolBrblx Pynryuli

e <fh@<f@) <., «mo f(x)=ﬂlim fn (x).

HNoxkasaTeabcTso. 3akpennM TOuKy x & [a@, b] u paccMOrpasM QyHLLHIO
aprysesTta z
H@+n z—xi, 3

rpe n—uarypanpuoe uifco. GyHKUMS Z—x HeMpepelBHA, 4 NOTOMY H MOy He-
npepbiBHa CHM3y. 3HAYHT, CymMma (3) mnoayuenpephisHa cHiiy, [le oGpawasic
B — 0O, OHa HMERT HalMeHbllee JHAyeHWe, KOTOPOE MOKHO Mpelnoardrh
KOHEYHBIM, 1)

O6osHazast 370 HaHMeHbluee 3HaueHHe y2pes f, (x),

fon()=min {[ () +n z—x }, 4

MBl M nonyyaeMm TpeGyemble HCMpePHIBHBIE (QYHKIHH.
IleficrBHTeNBHO, NYCTh 2,=2, (¥} eCcrfb ofHa U3 TeX rtouyek [a, b], rae (3)
gocruraer 3Haveuus [, (x). Torpa

fn@)=Flzg ()] +n 2, (x)—x. (5)

Tak kax f, (x) ectb nHauMeHblree U3 3nayeHud dyHKInu (3), 10 119 awpboii
toukd y < [a, b] 6yner f, (x) < [z (N]+ 7 2, (y) —x:. Orciona u nogaBHoO fp, (¥) ==
<fl.M+n|za@—y +n y—xl.

cuay (5) nocneliHee HepaBeHCTBO O3Ha4aeT, uTo f, (X)~=f, (y)+n y—x,
OTKYZa BBUIY PABHONPABHOCTH TOYEK ¥ H 4 BHITEKAeT, UTO

[fn (x)—fn(y)|-én} x—y{,

u notomy f, (x) HenpephiBHAA QyHKILUS,
[anee, ecau m > n, TO

fa@)<<Flep O] Fn 2, () —x <[l )] +m 2, () —x = (1),

TaK yTo f1 (%) <[y (X) < fa(x) < .... C mpyroit cTOpoubl, NOJArdsi B ClOpPaBeLIHBOM
ana BceX z < [a, b| HepaBeHCTBe

fn()<F@)+n z2—x]
2=1x, NOJYyYUM

fr () < f (%), (®)

IostoMy, nojoxne g (k)= hm f, (x), mbl GygeM umetb
n-—co

g(x) =f(x). ™

Ho cuX nop Mel He HCMOAB30BAJH YCJAOBHS NOJYHenpepwlBHOETH [ (¥); Bce
CKa3aHHOe BEepHO AAs JoGoH ¢GYyHKUHM [ (x), He TOKACCTBeHHOH --0o0 I orpaui-
YeHHONH CHHU3Y.?)

Tenepb Mbl BpeMeHHO IOMYCTUM, 4TO f(x) Hurge ke ofipaulaercss B --oo' (4To,
KOHEYHO, BOBCe He O3HauaeT orpaHuuedHoctd f(x) ceepxy). Toraga us (5) u (b)

1) Ecnu 68 370 HauMeHbluee 3HauyeHWe GbL1O0 PABHO - 0O, TO 970 03HAYaJ0
6bi, uTo f(x)=-f0cO, a TOrpa TeopeMa TPUBHANBHA — MOXKHO ObO GBI Bpocro
NONIOKUTE [, (x) = n.

2) Hannyie HaHMeHBLIETO 3HAueHUS ¥ QYHKUUHU (3) Majo CYLULCCTBEHHO; ecail Gul
ero He GblJ10, TO MOXHO GbIO BMeCcTO (4) NONOKUTH

fa(®=1nf {f @+n|z—x }.
310 TOJBLKO HEMHOTO YCJOKHMJIO Obl paccyxkjeHue,
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(C yuetToM OTDAHHYEHHOCTH f(2) CHU3Y) Cnejyer, 4TO 2, (x) - x MpH n-— 0,
Bosbvem &= 0, emy oteuact Takoe O >0, uto mpu jz—x|<<d Gymer f(2) >
> j(x)—e¢. Ina poctatosno Goabuuix n GYHET 2, (x)—X 1< wu notomy
Flzn (0)]> | (5)—¢. a snaunr, u noxasno f, (x) > f (x)—e. Orciona g (x) > f (x) —
— ¢, a Tak Kak ¢ NPOU3BOJBHO, TO g (x) = f(x), oTKyna, B cBasu ¢ (7), U BuiTe-
Kael Teopeva

Tenepn OTKAKEMCH OT TPEANONOKEHNS KOHEYHOCTH f(x) H MOMOKUM

. (x):{ f(x), ecnn f(x) =n,

n, ecau f(x) > n.

OQuenunHo g1 () ““gs () <Z g (x). u limg, (x)=Ff(x) Tlorkaxem, yto QyHKIHH
g, (x) monyHenpepuiBNbL cHH3Y, B caMoM gmene, ecm x, < [a, b] u € >0, fo cyle-
ctByer Takoe & >0, uto npu  x—x, | << & 6yner f(x)>f(x,) —¢ u, TeMm Goinee
[uGo g, (xg) [ixo)l,

f(x) > gn (x)—e.
C Ipyrofi CTOpOHRL

1> gy () —e.
TMosromy, B398 x & (vg—§, 29+4-0), Mb Gyaem umetb g, (x) > g, (xo)—8

He3aBlICHMO OT TOrO, COBNAjaer Ju g, (x) ¢ f(x)} uam c n Hrak, neficTRuTC/ILNO
g, (1) momvHenpepbiBHul cHu3y Ho g, (x) koncudbl. 3HAYHT, NIO yxKe A0KA3aHLOMY,

A1 KaKuoro f CYLeCTBYeT NOCNeAOBATE/NBHOCTD HENPephiBHbIX (ByHKLHHA cp/(e”) (x)
Takas, u4To
¢ =gl () =g My <... ,kllm G () =g, ().
—> 0
TTonoxum
fn (v) =max {qfl” (v), cp’(?) x), .., qfl”) (x)}.

Herpyauo Bngets, utol)

L) =hHx) [RE=<..

Kpome Toro, Bce f,(¥) HempepblBHBI, KaK 3TO O6blJI0 YCTAHORJEHO B C/EICTBHH
1 nemmm 1 § 2. Hagoudeu, nerko npoBepHTh, uTO

L fn () =F (x),

YTO N 3aBepllaeT MOKA3aTeAbCTBO.

B 3ak/ioucHHE JOKaMKeM MHTEPeCHYI0 TeopeMy 00 «OTAEJEHUH IMOJYHENpPephiB
HEIX (YHKUHH € NMOMOWLEI HETNpepbiBHBIX».

Teopema I1. [Tycne na |a, b daner dse ynxyun u (x) u v (x), npudes u (x)
noayHenpepbieHa ceepxy, a v (x) noayHenpepoleHa cHusy, w u (x) = v (x). Ecau u (x)
He obpawacenica 8 -+co, a v(x) 8 —0O, MmO cywecmeyem Manas HenPepbieHas
Ppyrryua [ (x), umo

ux)<<f(x)<<v(x).

oxkasateabcTso. [lo npegbiayuell TeopeMe cyllecrBYIOT ABe HOCHAENO-

BaTesNbHOCTR {P, (x)} » {P, (x)} TakuX HenpepblBHBIX QYHKUMH, uTO

Q) =g ) =g (0=, ﬂlirr) Pn () =u(x),

Pr(0) < o (0) = Pp (%) =..., nhm P, () =10 (x).

1) HeficTBUTENBHO, TYCTh f, (x)=cp£1k") (x). Torpa

frn W =max gL @) s 5D )= 6P 00 =0 (0 =n (1),
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Beegem, kak ofbluno, dyurunru f, (x), nonaras

. (x):{ F(x), ecnn f(x)==0,

0, ecmn  f(x) < 0.
Ouesnnno, ectn f(x)<<F(x), m™ f_(x)<<F, (x}. 3ametus 310, ofpasyev
DYHRUHH
(1 —Po)s == (91— )0 = (G2— o) == (P — o) 2= ...
Z(Pn—Pn)o = Pn—n- 1)+ = Prir—~Pu s =0
Tak xax pasHocTb @ (X) — W, (¥) cTpeMuTes K u (x) —u (x) <0, 101) (9, — ). — 0.
IMosromy 3HaKOmepeMeHHBIH pax

FO =% ()41 () =% () — [@1 () — b2 (D] +-[@2 () = ()] . —... (8)

CXOAUTCA BCOAY Ha [a, b].
Ecru B xakofd-Hubynb TodKe x OKasbiBaeTcsl u (x)==u (x), TO B Heil Gyjger
G; (x) =1y (x) npu Beex ¢ U k. Crano GuITe:
[Pn () —Pn ()] .= @n () =Py, (x),
[@n (¥) —Pp 1 ()] = @n () =P 11 (3),

H NO3TOMY
FOY=%1 )+ {1 0 =P ()} — {1 () —ha ()} {92 () — o ()} —...
YacTHble cyMMBl 21070 paga cyTh P (x), ¢ (x), P2 (x), @y (x), ... Crano Guite

fe)=lm @, () =lmy, (x) =u (x) =0 (x).

Ecnn ke B Touke x GygeT u (x) << o (x), TO BRI JOCTATOYHO GOJBLIMX 71 OKa-
KeTead @, (X) <P, (x) [TOrRa ¥ TONABHO @ () <<\, 4q (x)]. [losromy usennt
paaa (8), HauMHasd ¢ HEKOTOPOTO M3 HHX, paBHLL HY.MO. ECAH nepsas u3 paBHbIX
HyMo CKOGOK [.. ], ectb [@, (x) =V, (x)],, TO

FE =1 () 4+ {@r () =1 W} —-.. —{Pn 1 () —,, =14, ).

3nayut, f(x) << o (x). Kpome Toro,?) ¥, (x) =@, (x). 3uaunr, [(x)=u (x).
Takum obpasom, u (x) <=f(x) =< v (x). AHaNOrHUHO YCTAHAB/AMBAETCHA 3TO HEPaBeH-
CTBO, €CJM MepBad M3 Ofpamalouluxcad B HyJb CKOGOK B psixy (8) uMeeT Buf
[@n (£) —p o1 (0], Hrak, Bcerma u (x)<<f(x¥)<<v(x). Ocraerca ofHapyXHTb
HenpepblBHOCTL f (x). Ho Bce unennl paga (8), a 3HAUNT H ero YacTHHE CyMMbl
HenpepriBubl. C Apyrof cTOpoHsl, pAA (8) 3HAKONEpeMeHIbd, a MOAY/b €ro obuero
y/jeHa yGriBaeT. B TakoM psje yacTHBle CYyMMbI BegyT cefsi Tak:

82§S4<Sﬁ§..., 813832552

[Mostomy cymMa f(x) psga (8) 6ymer oIHOBpeMENHO W TpPEENOM BO3PACTaio-
Ile#l MOC/IEN0BATEILHOCTH HEMPEPHIBHEIX (YHKLUHE MU IpeieoM yGeIBalOUlell moc.e-
JOBATeNLHOCTH TakuX Ke Gyukuui. Maaue rosops, f(x) OAHOBPeMEHHO TOJIyHe-
NpepBIBHA CHU3Y H CBEPXY, a TOrJa OHa HempepeiBHA. TeopeMa JoKasaHa.

1) Mel mosb3yeMcd 37ech TeM, UTO H3 COOTHOWeHUA [, (¥) — F (x) BbiTekaer
coorHourente [f, (x)], — F, (x).
2) IMeHHO NOTOMY, 4YTO [P () —V, (x)},=0.



'’ TABA XVI
HEKOTOPAIE OBOBLIEHHS HHTEIPAJIA JIEBET A

§ 1. Beeaeuue

B xonue ra IX Obin npueefien nmpumep yHKUHH
by
fy=atcos . [[(©)=0],

Kotopas Bcogy Ha [0, '] nveeT KOHeYHyIO NPOHIBORHYIO [/ (x), HO MOCJAERHAA
OnasbiBaeTcst He nHTerpHpyemon no Jlefery Takum ofpa3om, onepalldsi HATErpH
poBalins mo JleGely He MOMHOCTHIO pellaeT 3ajauyy BOCCTAHOBJAEHHA MepBoolpa3-
HOM by HKWIH MO ee KOHeuHoW npouapogHon B 1912 r dpanuyackuit mareMatHk
A Hawxya Been Gonee ofuyiH npouece KHTEI pHPOBAHHA, 1) yeM AeGeroBCKMI, H
NOKa3ajn, 4Tto 3TOT Mpollecc MOMNOCTHLIO pellael \Ka3aHH}Io Bhile 3afauy

C gpvioit croponnl, B 1914 r Hemeuxwii yuwedni O [leppon Takxe BBen
HEKOTOpOe ONpefesieHHe HHTeIpaja, OCHOBaHIce HMa APYTHX MNpPHHUMNAX, ueM
onpegenehde J[lakwkya, U Takie NOJHOCTLIO pellaiolliee 3agayy BOCCTaHOBJAEHHA
nepBooGpasHon QYHKUHH MO ee KOHEUHOH MpON3BOJHOH.

[Mocnenyoumu  padotamn [, Xake (1921), TI C Aunekcanpposa (1924)
u I'. Jlovana (1925) 6biia ycTaHOBJIeHa, OJHAKO, TOMHAA TOMAAECTBEHHOCTh HHTE
rpanos  Janwya n Tleppona Taxum ofpasom, oxasanock, uto Ilepposom Gbina
npeanoAexHa nib 110Bas (opMa onpegeseHHd NHTerpana JaHaya, noueMmy ITOT
MHTCTpan B Hacrosilllee Bpems MPHHATO Ha3blBaTh HHTelpaitom [auaya —Tlep
poHa

B 1916 r, nesasucumo apyr ot apyra, A Jlamxya H pyccknil mateMaTiK
A ¢ Xunuud a1 elle Gonec ofuee onpefeseHde HHTerpana, Mo3poJsollee
BOCCTAHABTMHBATL epBOOOPasnylo  (QYyHKUHIO He TOJBKO MO €e  OGbIKHOBEHHOH
NpoN3BOAHOA, HO H 1O €e TaK Ha3blBaeMOH ANl POKCHMATHBHONA (HAm  acuvn
TOTHUECKOH) NpON 3BOgHON 2) 3T1oT Oosee OOUWMA HHTErpas IIPUHSATO HA3BIBATH
nurcipasom  Jlankya — XuHunHa, HIH  «UHPOKHM» uHTeipanom J[aHxya, B OT
nmyile ot Hero uuTerpan Jlamiya —IleppoHa Ha3bBAaT «y3KHM» KHTErpasom
Hanxkya

Mbl noppo6io H3yunM Teopuio HHTerpasoB Jlawkya—[leppona Ilo nosopy
A€ nurerpanos Jaumya — XHHUMHA OrPaHHYHMCA JIHUBL HX ONpPEeJe/eHHeM, OTChi
nas 34 nogpoSHoeTAMH K Monorpadun C. Caxca 3)

1) Cam Adizwva Hazsan cBofi mpouecc HATETPHPOBAHMA  «TOTanH3aliHeil»,
a TIOCTPOCHUBI MM IIHTETPAJ «TOTAJOM», HO Mbl He GYJeM NPHIephHBAThCA 3ITOM
TEPMHHOAOI B

2) Uncno A na3wiBaeTcsl  anmnpoKCHMOTHBHOH (0POH3BOAHON QyHKUHH f(x)
B TOYKE \,, €CJil C)UIECTBYeT TanOe MHOAECTRO £, HMeoulee x, TOYKOd NJoT
HOCTH, 4TO mpH x = £ # % — x, OKa3biBdeTCA

FO—feo) _ 4

X —Ag

lim

3) C Caxc, Teopus uuterpana, HJI, 1949,
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§ 2. Onpepenenne unterpana MMeppona

Jns panbHenmero HaMm norpedyercs Cnepy oulee
Onpenenenne 1. [lvcib / (1) KoHednds (yukuns, sajamuas Ha orpesxe [a, b
H 1\, 104Ka 3roro orpeska YYucaa

DF (x) = hm L =L 0 By = Tim L) =F ()
- pramer XXy A Ay X—2g

Ha3BIBAIOTCSH  COOTBETCTBCHHO HUNMCHed U 6 pxned  apoussodrou  Prukudu [ (1)
B TOUKE X,

Jlerko noHa™s, YT 3TH ulcAa (OMH MOTYT PAaBHATLCH W GRCKOHEYHOCIH Ofipe-
ZeJIEHHOro 3Haka) CyTh HaHWMeHblllee H HauOoblRe H3 MPOM3BOAHLIX Yucesa F (x)
B TOYKE X,

Jdemma 1. MMycow na [a, b] 3adansor koucanste Pyuryuu U (x) u | (v) L
npu Hekomopom x, e [a, b] 6ydcm

DU (1) >—c0, DV (10) <400 ()
4 R(y=U )=V (x), mo
DR (xo) = DU (xg) — DV (x,)

Jloka3zatenbcrBo PaccmoTpuMm Taxkylo NOCHAeH0BaTeALHOCTH (A}, 4TO
hy #0, hp—0n

fim R (X()*[—/l/‘/:)*-R (x(J) -'_—DR (X()) .
B -

[Mepexons B cav4yae HaBOGHOCTI OT CaMOM MOCTEAORATEABHOCTH {/1.} K Hax
fewallefl ee MOJMOCJELOBATENbHOCTH, MOAHO JOGHTBCH CYULECTBOBAHIA ONpeje
JEHHBIX NpejesoB

U (xg+hp) —U (x0)

Voo 1) =1 (vy)
hp ! .

hk

A=lim po==lim

Coraacuo (1) Gymer A>—oo 1 p<I+400, Tak UTO Pa3HOCTB A — | 6\ 1eT

uMerb cMblci B cuay aroro oraxercs DR (x)) = A —p  OcTdetcs 3averulb, 410

A=DU (v,), n-=<DV (x)
Caeacreune. Leau Uy (x) u U, (x) —noxeunv? dyrniuu i

DUy (¢) >—o0, DU (x) = —o0,
DUy () +U. ()] = DU, (3} +DU; (1)
JeiictButensto, nogokus U, (¢v)=— 1 (1) # 3aMeTHs, 410
DU, (x)y=—DV (v,
MOMPM TIPHMEHUTE JIEMMY.

Onpenenente 2. Ilycth [ (x) —@ynnlus (He 009,4TenbHO KOHeylnas), 3ajaHHas
Ha [a, b]. HenpepoBHas Ha [a, b] Gynsuus £ (x) HaswiBaetcsl)

Hadhyrryucu 1aa f(x), ecan nodiyrnyuere gt [ (x) ecan
1) ¢ (a)=0, 7 (a)—-0,
2) DI (x) > —o 419 Beex x & [a, ), 2) DI (1) ~4-co ama Becx ve Ju, b],
J) br (x) = f (1) ans Beex & < [a, b]. 3) DF (\) [ (r) &as Beex v = [a, b]

1) Takum ofpasom Ml fepesoausl Hemeikde Oberfunhktion n Unlerfunktion
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[MTonatua wHagdyHKUMH H NOAQYHKOHH SBAKIOTCA OGOGWEHHAMH GOHATHA
nepesooGpashofl  MMeHHo, BNoAHE OUeBHAHA CaelyioLlas

Jdeamnma 2. Ecaue noncunas pynxyus f(x) seaacmes npoussodnoti ghynrsyuy F (x)
(npuuen I (@y=0), mo I (1) cayxum 0aa f(x) odrospemenno u HaOpyuryued u
nodipynriyuen

Jlua BCero jadasiiciiiuero GosblIoe 3IHAueHUe HMeeT

Jdemma 3. Leaw U(x) coms wadgpynnyusa, a V (x)— nodgyrryus &1 odrou
t mou awe pynryuu f(x), mo pasnocts R (x)=U (x)—V (x) ne ybuosaem.

JokasateabctBo. B cuny memmel | Bcioly Ha [a, b] Gyaer

DR (x) = DU (x) =DV (x) =0,

H fleno cBOAMTCA K neMme 1 u3 § 7 rn IX.

Caepctene 1. B ycrosusx acmmor 3 6ydem U (b) ==V (b).

113 conocTaBaeHUs 3TOTO NPELJIOAEHHA € JeMMOH 2 BHITEKaeT

Cnepcteue 2. B ycaosusax demmnr 2 qucao F (b) o00Ho8pevenno Agasenus Hait-
sterstaist U3 qucer U (0) u waubo wuum us wucea V (b), ade U (x) u V (x) npous-
8046Hbl. HAOPYHKEYUA U 1no0pynkyus Gyusyuu f(x)

F (b) =mun {U (b)} =max {V (b)}.

Tenepb MBI MOXNEM 1aTh OCHUBHO®

Onpeperenne 3. Oyuxuna f(x), 3apannas Ha oTpe3ke [a, b], Ha3biBaeTCH
urmeepupyesiod 8 cmvicae [leppora [nam unrerpupyemoft (P)] Ha 3ToM orpeske,
ec/n

1) ona nwvee1l XoTe ogny Haabynxumo U (x) u Xore ogHy noidyuxumio V (v),

2) rtouras uiKusds rpaduua Mmuoxectsa {U (b))} sHauenuit BceX HaadyHKUMH
B TOY¥e t-=0 COBNajaer ¢ TOYHOH BepXHeH rpanuueil Muoxecisa {V (b)} sHaue-
HitH BceX NOADYHKUWH B TOM M€ TOYKe

inl {U (0)) =sup {V &)} - @

Eean f(x) ya otpeske [a, b] nurerpupyema (P), 10 ofliee sHauenue uncen (2)
HasbiBacTcA  unmeeparom [leppona dynkuun f(x) no orpesky f{a, b] u ofoszHa-
uaeTcsl 4epes

b
(Py { f (x) dx.

a

[pusegennoe Bble caegeTsHe 2 JieMM 2 n 3 MOXHO Tenepb GopM) UHPOBATH
B BIIJE TeopeMhl !)

Teopema. Lean pynkyua F (x) sciody Ha [a, b) useen rowredryo 2y npous-
BOOHYIO f(x), mo nocaeduaa uumezpupyena (P) u

b
F(b) —F (@=(P) \ ] (x) dx.

Takuv obpasoy, unterpan Ileppolia IefiCTRHTENBHO O KOHLA pellaer sazauy
BOCCTAHOBJEHHS NEPBo0GPA3HON T ee Koleddofl npoussoguoii. Henp3s, oguano,
He OTMeTHTb, YTO DpuBeieHHoe onpefenenne unrterpana [leppona He naer Huxa-
KOro mpolecca NOCTpOCHH A 3T0ro MHTerpana. Ykazaunnit gedext 6y zer
CHA1 B 1eOpuM uuicrpana JlaHKyva, KOTOpBI, Kak MBI YBMINM HHKe, onpexe-
JAeTca HPH TOMOIIM COBEPLIEHHO ONpefeseHHOl KOHCTPYKIMH.

1) 13 3108 1eopempl cpa3y BHITeKael CylLlecTBOBaHHe QyHKUHE, MHTErpUp)e-
MeiX (P) u He uuterpupyemweix (L). [akosa, Hanpumep, npousBojgHas GyHKUHS

f(,‘;)—_:xﬁcositz (0<x -1, F()y=0].

3 Yeaosne xoneynociu f(x) oT6pocuth Heswsst, Cu. B. 51, Kosaos, [pu-
Mep Poapposckoro, Mar, ¢6., 1951, 28, Ne 1, 197 — 204,
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B 3akmouetine 3toro maparpadga OTMETHM MPOCTOE H BAKHOE ycaosle (P)-uuTe-
IPHPYeMOCT (Y HKLMK, HENOCPeACTBEHHO BHITEKAIOIIee M3 CaMoTO OmpejesneHHs
ndaterpana Ileppona.

Jdemma 4. dan moeo umobn pyuryus f(x), sa0annas wa ompesxe (a, b,
6oiaa Ha Hem unmezpupyema (P), Heobxodumo u docmamouno, umobe guskony e =0
omsenaiy marxve uaOpyuskyus U (x) u nodgpyanyua V (x), wmo U (b)— V (b) < e.

§ 3. OcHoBHble cBoiicTBa uuTerpasa [leppona

Teopema 1. Ecau pynngua unmezpupyema (P), nio ona notmu sesde koHedHa

HoxaszarteabctBo [lyete U(x) n V (x) cyts nandyuxuus i noipyia-
g byukuun f(¢), udterpupyemon (P) ua otpeske [a, b] Tlonoxum R (x) =
=U()—V(x) B cuay jemmnl | § 2 Bciogy Ha [a, 0] Gyger

DR (x) = DU (x) =DV (»).

Ho, ecain B Kaxoil-aubyap Touke x, okamerca [ (xg)==- co, TO TeMm Go.ee
6yaeT u DU () =+ oo, a Tak Kak DV (x,) << +00, TO

DR (x,) =+ oo.

TlocnenHee paBeHCTBO MMeeT MeCTO M B Kaaoil Touke ¥y, rae f(x,)=— co.
Takuv o6pa3om, MHOKeCTBO TOUYEK, B KOTOpLIX f (x) ofpaliaercs B 6eCKOHEYHOCTb,
€CThb 4dClb MHOMKECTBA TOYEK, B KOTOPhX R’ (x)=- 20, W Hawma TeopeMa BEITe-
KaeT M3 TOro (pakTa, YTO NPOM3BOAHAS HENpepHIBHON Bo3pacTamouleli pyusunn R (x)
MOMET DaBHATBECA -1-COO JHWDL Ha MHOKecTBe Mepwt (.

Teopema 2. Ecau f(x) unmeepupyena (P) wa ompeske [a, blu a < c<b,
mo [ (x) 6ydem uumeepupyema (P) u na kaxdom us ompeswos [a, ¢} u [c, b,
npuqem )

b c b
(P F () dx=(P) [} (9) dx+ (P) [ ] () dx. (M

Hoxaszateabctso. Ilyetb e>0, a U(x) u V (x) —rakne Hapdywkuus
n noadyuruua dyukuun f(x), uto U (h)—V (b) << e

flco, uto ¥ Ha oTpesKe [a@, ¢] OHH TaKKe ABAATCA HaabYHKLMeW H 10]-
¢yukunedr ana f(x). C apyroii cTopou, passHocTb U (x)—V (x) Bospacraer
n norovy U {c)—V (¢) <Ce.

B cuny npousBOJLHOCTH & OTCloa BoliTekaeT (P)-HHTerpupyemocts f(x) Ha
orpeske [a, c]. OTmeTnm, utO

V=@ {imd<sU©. ®)
Hns orpeska [c, b} nagdyuknueli u noadyHknued ana f(x) 6yAyT cAyXKHTH
U* (x)y=U (x)—U (9), V*xy=V () —V ().
Tak kak U* (0)—V*(O)<U (b)—V (b)) <<, 10 # Ha [c, b] dyukuna f(x)
unrerpupyesma (P), npuyem
b
V)=V Ee=(P) {fxde<U®)—U@. 3)

CrnagpiBasg (2) H (3), HAXOgHM, 4TO

¢ b
Vo) <(P) V0 det(P)|F () dx<U (),

oTkyna caepyet (1),

1) Pasencrso (1) osnawaer, uto wuHTerpa;n IleppoHa ecTb agjHTHBHAA QYHK-
LHA TMPOMEXKYTKA HHTETPHUPOBAHHA.
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Teopema 3. Fow a<<e<<b u f(x) unm epupyema (P) ra naxcdow u3 ompes-
rog {a, c] u (e, bl, mo u na seew [a, b] ona wrme pupyc na (P)

Horkasatenpereo [lyers e>0 u Uy(x) 1 V(1) ¢yTs HaadyHhUHA
nonotpy ks [ (x) wa [a ¢], a Uy (x) u Vy(\) ee naadyHROHA 4 noady HKIHA
Ha fe b)) npuwien U (@) —1, () <e Uy (D) —1Va(b)—¢

Bheen B pacovioTpoline @y HRUHK

___f Uy (1) npH g <X~
YOSV 00w e e <x b,
| (x)—f Vi (%) apH a =< x~—¢,

L1 (@410 upn c<=x<b

Jlerko BHIETh, 1) uto 3T0 HaadyHKUOHMA H nMoxdyHkuea f(x) Ha Bcem [a, b]
Mockoteiy me U (h)y—V (0) <<2¢+ a & HPOH3BOJMIbHO, TO TeopeMa A0KA3dHd

Teopeama 4 Few f(x) unmcepupyena (P) Ha {a, b}, a k ~orednaqa nocmodu-
Haq, mo ¢yanuud h f(x) makxce unmeepupyema (P) na {a, bf u

b b
(P) 5 kH(x) dx=Fk (P)\ f (x) dx 4)

ok aBaTOJIb(‘TBO Jdna h=0 Teopema TpuBHANBRA 2) ﬂyCTb k>0
Ecmt U(x) u (x) cyTb HaaPyuxuug u nogdy rxuug 418 f(x), 109) kU (1) u
RV (©) l)haBbIBdH)T a Haidp\m\u,utn u noadyukuHell ana kf (x) Bengy Toro, yto
pasocts kU (BYy— kY (b) Bumecte ¢ U (b)) —V (b) mMoxeT GuiTh crelana CKOJb
vroano vaton dyHKOHA Rf (x) Oyger (P) nnterpupyemoii Papencreo (4) BmTekaer
M3 HepaBeHCTB

b
Rl by =P S Af(¥) dx = kU (b)

a

[Mvcrs, Hanonen, k<<0 Torga waadyHkuuedl n noidyHKUHen ana kf (x)
Gy T AV (1) w RU (1), u J0Ka3aTennCrBO 3aKaHUHBaetcst Kak M DBhlilie

Teopema 8. IMycno nawdad ws (ysnyuu (V) u by () unmeepupyesa (P) wa
ompesne o, b] Lo ux cyvna onpcdeera na ecew [a, b} mo u ona unmepu
pyesa (P) wa -niow ompeswe, npusem

b

b b
PY\ Uy 0 +Fe W] dx=(P) | hi (1) dx |-(P) \ 2 (x) dx

Ooxkasateawctso [lyers Uy (x) n U (v) cyTs Handy HKunu gaa fi (x)

n o f(¢) Een U @x)=U;(0\)+U,(x), 10 [cM caeactBie Jevmer 1 § 2) sta

y nkuna OyneT HagdyHKOHeR cyMvbl fy (X) 4 f2 (¥} AHATOTHUHBIM OGPA3OM CyMMA

noady nkuuu Gy HKuY f; (A} 1 1, (1) Gy AeT noAdyRKOHel uX ¢y MMbl OcTalbHoe ACHO

Teopema 6. Lcwe ¢ynnqua [{x) unmcepupycwa (P} na ompcene [a 6], @

Pyrnyua g (x), 300uHHAA HA MOM Yo UNIPLIRG, €U INGUBA ILHIMHA, MO u g (X) UK
epupye wa (P) #a [a, b), nputen
b

b
(P) \ g (x)de=(P) \ ] (x) dx. @)

) B camor pene, DU (¢)=min (DU, (), DU,(c)}, otkyna cneayor oG4
nepasenctBa DU (¢) > — ¢, DU (¢) -} ()

3 Oyuruua ¢ (x) =0 ects nponasomzaﬂ dyukun F{x)=¢ 3naunr, no
TeopeMe § 2 ¢ (x) nurerpiupyeMa (P) n (P) 5 0dx=0,

%) Tpu k> 0 Gyger D [kF (x)]=kDF (:) n D [kF (x)] = kDF (x).
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HNorazarenwcrBo (OGoatauuM dyepes £ ANHOKECTBO TOUeK B KOTODBIX
g0 = 1(2)

Tan xak ml =0, 1o (M Teopemy 6§ 2 rn VIII) cvuwectsyeT Takasm
HeNPCpLIPHASL BOLPACTAIOAA (G HKIUHA 0 (\) uTo BO BCeX TOYKAX / Okd3LIBJETCS
g’ (1) |

Mo nifo culitate, ) 4ty 6 (1) —0, o(h) |

BoseMer &>~ 0 1 pdccMorpiv Takne udidy Heiimo U/ (1) # mowdy g 1 (x)
by o f(v), uro U (@) V() —¢

Mete UM (a)y=U (a)+eo(a), V¥ ()= (a)—¢5 (1) Tlerko noxasaTk, 2) 4To
3T0 C\Tb HAJQyHRUUA 1 mompy nkuua ke o 414 g (v) Ho tak Kak

Uy =1 *(b) < 3¢

70 (1) unterpupyema (P) Hakower, 13 HepareHcTs
b
V) —e= (P)\g () de=U () te
a

BHITeLaeT (5)

3ameqanne. [locseaHsasl Teopevia mo3BonfAeT 8 (OPMYJIIPOBKe TeopemMbl 5 0TGpo
CHiTh OFOBOPKY O TOM, YTO C\Mda f; (1)), (x) gonxHa OuTb onpejenena BO BCeX
Toukdx [a  b] B camov fene, Tak Kak Cc7laraevble (0o Teopeme 1) mouTH Besje
KOHEUHBl  FO (\vwMa [y (x) 4+ ). (\) Bo PCAROM cryuae ompeleteHa HOYTH  Beijle
Ha [a @], a ma ocTawuley (9 MHOAecPPe M pul U ee MOAHO JOONPERR THTL 10
APOH3I O Ty

§ 4. Heonpepenennniii nuuterpan Ileppona

Ecan } (x) sagana u unterpupyeva (P) Ha orpeske [a, b] To dyHKUHA

Fu=C+P)\fdt (a<x <b)

2]

Ha3nlpaeTcsd ee peonpede wnnbty urmeepaiow Ileppona [lonomus
a
(P) \ 1 1) at=0,
a

MBl CMOXKeM pacematpusate F (¥} Ansd scex x w3 [a, b]

Teopema 1. Heonpede wnnviu urnicepat Ileppona uenpe poieer

HJoxrazarentcreo Ilyers U(x) u | (x) c\Th HatdyHRIAA 1 003N HK-
I, \ oBReTBopAwulle HepabehcTBy U (h) — | () <

Tan kak pasnocts U (x)— V (1) BoapactaeT, TO OpPH BCAKOM i, H3 g, b)
Gvaer L () —1 () <¢

1) B ApOTHUBHOM CNyyae BMeCTO O (1) HaJ0 paccMOTpPEThH
o (x)—o (u)
0 () =77
o) of(a)

2) IleiicTBuTennHo, 13 (akTa BoapacTanna o (v), caenyer, uro DU* (1) -
= DU (x} Tlosrowy Betopy Ha [a, b] Gyier DU (a) = — . OTcioja ke BbiTe
KaeT, uTo ApH x & £ 6yaeT DU* (1) = g (x) Ognako npu A & I nocnepliee Hepd
BEHCTBO OYEBHNHO, TaK Kak K18 Tanoro x Gyaer DU* (x) . DU (x) - Do (A)=— 0
Tannm obpasov, U* (x) ecTb HaghyHRUHA a8 g(x) Jna | * (x) paccyxkierue
aH4/0l HYHO

397



C apvroit CTOpOHB W Ha BeAkOM orpeske [¢ xp] ¢yukuku U (x) 0 1 (x)
6y 1y T ABAs (best Hagdy HKUHen # noagy Hkuuen aas f(x) Crano GblTh

Xa
V(x) = (P) | [0 dt —U (xo)
a
Takum ofpasom, npu Bcex x H3 [a, b] Gymer

0= U@W—(P)\f () dt<e.

a
Bo3MOXKHOCTE CKOJb §TOJHO XOPOLLEro paBHOMEDHOro NMpHOAHXKEHHA K HHTE
X
rpany (P) Sf(t) dt npH noMomu HemnpepbBHbBX ¢ynxkuru U (1) H a0Kas3bl
Baer Teopel\[:y

Teopema 2. Ecau f(x) unmeepupyena (P) na [a b],

X

F(x)=(P) \} (5 dt, ()

a

a U@x) u V(x) cyme nadpyuryua u noddyrnyuq d1a f(¥) mo naxdaa uz pas-
HocHew

U@ —=FE) FH—=1 () @)

ectmy 803PACMAIOWAs BYHKYUA
HornasatenscTBo Ilyere a=<x; <x<b Pyuruna U Q)—U ()
6y et HapdyHKLIuen aaa f(x) Ha oTpeske [y, x,] Ortcioga

(PY\ F) dt = U (r)—U (xp),

HAH, 4TO TO Ke camoe, [ (xo) —F (%)) << U (%) — U (xy) H, cTano Guith,
U —F @) =sU () —F (x)

Ins Bropoii n2 pasnocreil (2) Bce aHAJIOrUYHO

Teopema 3 Pynxyus unmeepupycnas (P), noumu eeade s81acmes npouseod-
HOW c8oceo Heonpede 1ennoeo unme.pata Ieppona

Hokazatenncrso Coxpansia ofGoznauenne (1) HafineM Takyw HaI(\ HK
uno U (x), uto UB)—F () <<er rpe &£>0 3apanee B3sTOe uyucsao Ilyers
R (x)=U (x) — F (x) 3ro poipacrawllas H HenpepblBHasi ¢ynKuus Kaw uiBecTHO,
Y Hee TOYTH Beaje CyMIECTBYeT KOHeuHa# NPOH3BOAHAaA R (x) npuuem

b
L)\ R (x) dx =R (1) —R (a) < &

OGo3nauyum yepes A (e) MHOMECTBO TeX TOUEK B KOTOPHIX OKAa3blBaercs
DF (x) <f(x)—e

B kaxj0it n3 3THX TOUeK M NOJaBHO Gyner
DF () <DU (x) —¢, o1xyna ') DU (x} —DF (x) > ¢

1) Hepasenerso DF (x) << f (x) —e rapantupyer, uro DF (x) <<H-co, a Tax Kak
DU (x) =>—co, 10 pasuocte DU (x) —DF (x) umeer cMbic/
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O6o3nauum nanee, uyepes M MHOKECTBO TeX Touek [a b], rme cyiecTByer
Koneunana R (x) (TakuM obpasou mM=0b—a) Ecmm x = M, 101)

DU (x) =D () =R’ (x)

3uaunt mepecedenine MA (e) ecTh yacTe MuoxecTBa B (g) Tex touek [a, b],
B KoTopulx R (x) >¢ Ho

b
emB (e) << (L) | R’ () dv= (L) | R" (x) dx <,
B (¢) a

oTKy ga cqenyer uto mB (e} <<t #H cTan0 Gurh, m*A (g) << e.

&
3amenas 3jech & Ha gn » HAXOMM
e e
w2
m A<2n><2n .
o0

Ho oueBngno uto £ (QF< = Z A (2F1> Orcrona Buano, uro m*E X

X (DF <[y <e
B cisy mpou3BOIBHOCTH € SICHO uTO MOUTH Be3fe Ha [a, O] Gyxer

DF (x) =] (x) 3)

Ananoruuxo, npyuBaeKas NOXPYHKUHMH, MOXKHO J0KazaTh, 4TG TOYTH Be3Je
Ha [a b) 6ylber

DF (x) << [ (x), 4)

a BClOAy, IMe BuIMOMHeHbl o6a HepasencTBa (3) M (4), CyllecTByerT NpPOH3BOgHas
F (x) pasuas f(x)

Crepcrsue | Beaxas (P) unmeepupyemaq ynsyus usmMepi na

B camom jene, coxpaHas BBefelHble 060311aueHHst 1 mojaras

Flxy=F (@) mra x>0,

MEL BN, 4TO f(x) moytn xms BCex x M3 [@ h] npeictaBnsiercs B Gopue mpe
JeJia MocaeoBaTeTbHOCTIL HeNPLPBIBHBIX (Y HKIHH

f(x)= lim n (f /x+ /11 >—F(x)]
n— "0
Cnegereue 2 Hadpynkyus U (1) o neddynxyus V (x) nobou (P) unmespu-
pye tou Pyrxyul noumu eeade duddeperuyupyersot
B camoM jeqc B TeX e 0603HaueHHHX, UTO H BhlUlEe, GyneT

U =I[U)—T x)]+1 (%),

a xawzgas u3 ¢yuxkuay U (x)—7 (x) u F (x) noutn Beage auddepcHuupyema Jng
V (x) — Bce ananoruyHo

§ 5. CpaBnenue unterpanos IleppoHa u JleGera

Kak mpl yxe otmetu/H B § 2 (v crOckv Ha cTp 454), <) ecTByOT QyHK-
yuH, uutd pupyemsic no [leppouy wo He mo JleGery

B stoM naparpade Mol nokaxeM 4TOo 0oGparHoro 6uTb He Moxer i sToil
UenH Hau NOTpelylorcs ABe JICMMEL

1) JleucTBUTEALHO v (x—f—/z/?—U (4 _ F(V—I—/Z—F(x) +

Orciona ficHo, uto DU (x)=DF (x)4-R’ (1)

R(x4+M)—R (%)
h ‘
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Jlesmma 1. [Tycmo pynxyui u (x) cymmupyesa na [a, bl u
X
U () =(L) \ u (0) dt.
a

Ecau u (x) 8 moune xq noaymenpepolena cHU3y, 1o
DU (xg) = u (x,).

HokaszarteabcTBo. MOXHO cuHTaTh, uto u (%) >-—o0, H60 HHaue
Heyero JokasbiBath. B3sgB kakoe-mu6o A, yg0BJAETBOPSIOILEE HePABENCTBY
1 << ufx,), Mbl CMOXeM TapaHTHpOBaTh CyiuecTBopanue Takoro § >0, uTo Npu
Beex f = [a, b], ans kolopulx t—ux, <O, Oymer u (f) > A.

B rtakoMm cayyae npu x—x, <O Oyner!)

X
0 stat=am—x), onm LEO=LE)-
X—x,
Xo

H, cTajo 6bllb, BCe NPOH3BOAHBe uncaa DU (xg) He menswe A. B wactuoctu,
u DU (x,) - A. Ocraasuoe scHo.

Jdemma 2. Hycme f(x) cynmupyena na [a, b]. Toeda dar scaroeo € >0
cywecmayent @yrRyu u (1) €O ciedyrmuiusty caolcmeamu:

1) ona 3adana wa [a, b] u ecdy noayrenpepvigna crU3Y,

2) scdy u(x) >—00;

3) ecrody e (x) ™ f(x);

4) pyuryus 1 (¢) cymmupyema u

b b
(L) Yo vy de <e+(L) { F(x) dx.

HokaszateanciBo, I, JlonycTtuM cHayana, uro f(x) HeorpullaTegbHa
H orpanityeHa 0.<f (x) < M.
[Nonoxum
£
O=—FF— |
. t
rie &—uHCJAO, YNOMAHYTOE B VCJAOBHM JIeMMBl, H nonGepen cToAb GoJiblioe HaTy-
panbHoe #, 4TOGH OKazajgock #G > M.
BBejeM B paccMOTpeHHe MHOXeCTBA

Fa=E(ka<f<(k+1)o) (=0, 1,.., n—1).
Ins Kaki1oro H3 HHX CYLLeCTBYET TaKoe OrpPAaHHYEHHOe OFKPHITOE MHO-
wecteo G, uTO ,
(k—}—l)?kﬂ'

Myers S; = [a, 6] G, u @p (x)— Xapakiepiciiyeckas (yHKIHST MHOMECTBA Sp
(MBI 3a71aeM @, (v) Ha HexoxuoMm oTpeske [a, b]). Bce §ynxunt g (v) noayue-
NpepEIBHLl CHA3Y. ?)

Gr> Ep, mGy, < mEp +

n—1
Monomum u (1) =6 3 (k--1) ¢y (¥) H nOKawmeM, uTO 310 Tpedyeman ) HK-
k=1
uMa B camou dese, oHa Heolpauare/abHa, AOM\HenpepLlBHA CHH3Y H OrpalliuyeHa
cBepxy. Ilycie x = [a, b]. Torga upu nekoropou 1t okakercs xe L, < S, 1

@ (¥)=1 B rakou cayuae
{9 = (o> (x).

1y Mbl npucnocofHAM 3amilick K ¢ayudio X >> xg. Yurateab cam nposeset pac-
CyKIeHle L.If ¥ <7 X,
2) CMm. npumep, npueepennuil B § 4 ra. XV,
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Hakoner,
n—1

b n—1
N o
0 g u(x) de =0 20 (k4 1) mS, <o kgo (h+ 1)[mEk TWTJ‘
Orcwona

n—1

b
(L) S u(x)de< ¥ okmEp+o [(b—a)+1].
a k=0

Yuutesad () ¥ vepapeHcTBO

ohmE, < (L) \ f(v) dx,
Ek

HAaXoAHM, UYTO
[4

(L) Ve () de < e (L) {F () dx.

>

Takum 06pa30m, A2 pacCcMatpuBaeMoro CJayvdas JgemMa JoKasaHa.

Otkaxemcs OT TPeANONOMKEHHA OFPaHlYeHHOCTH (YHKUMH [ (%), mpo-

II.
10,148, OLHAKO, N0Ka elle CYUTaTh e€e HeOTpPULATeNLHOH.
TTonoxwum
S, (0 {f(x), ecan  f(x)<n,
X)=
" n, ecan [ (x) > n,
H TycTh
(ﬂ=2, 3, e ).

F=81(x), [,()=S8p(x)—Sn (%)
HEOTpHIATENbHE H OTpaHHYeHb!, NpHyeM

H)= Z fn (%).

n=1
ITo AOKA3aHHOMY, Iad KaxXJIoro HaTtypidJbHOrO n CcyllecTByer noJayHeupe-
PHIBHAS CHH3Y YHKUHA w, (X}, YROBAETBOPSAIOULAS HepaBeHCTBAM

byukuny f, (x) H3MepHUMEL,

b b
e (0) == i (5), (L)\un(x)dx< ) \Mx)dx.

U, (¥) yioB1eTBOpAET BCCM Tpedo-
!

3

Jlerko Buzetrs 1), yto dyHruHa u (v) =

n

BAHUAM JEMMEL.
[11. DPacemolpnn, HakoHeu, o6uyiil cayuait, korma f(x) ecTs mpolssonLHazn

cyamipyeMas $yHkuLus,

[MoJoxuM £ y
x), ecau f(¢) =—n,
f"(t):{ —n, ecod f(x) <—n
OueBHaHO
[Fal) == T (%) » llrgl Fn () =F (x).
Crano 64lTh 1
i (L m,m = )\f(x)dx

1) Cu. caeacrsie 1eopeMsl 6, § 4, 1. XV.
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BrifepeM M 3aKpenuM Takoe #, TPH KOTOPOM

b b
O\ i< §+0 (o ax

Dyuruus n--f, (x) 6yjer HeoTpullaTenpHOH H cymmupyevon Ilo goxasaH-
HOMY CYLIGCTBYeT MOJYHENpepelBHAas cnudy (yHKUug u* (x), Takas uTo

b b
Wt () = nfa (9, (D) S e < 5+ O\ 5+ ) .

B Taxom cayuae yHRuus u (x)=u* (x)—n obnasaeT BceMil TpeGyeMbIMH
CBOHCTBAMH

Teopema 1. Lcau pynxyus (1) na ompesce [a, b] unmezpupyema ¢ cmvicac
JleBeea, 1o OHa uHMeepupyemMa Ha 3mot ompesne u g cueicae Ileppora u

b b
(P) | (9) dx=(L) \ (x) dx.

JloxasateabcTBO Bo3bMmeu £>>0 1 paccMOTPUM TV MNOJYHENPePHIBHYIO
cHU3y ¢yHKUHIO 4 (X), O KOTOpOl luja pedb B Npepwlay el Jemve. Ecan

X
U=(L)\u)d,
ad
10 U (1) 6yner nandyBXilHed ass f(¥) B camow Ineme, ee HemnpepuBHOCTL U
pabcuctBo U (a)=0 oueBugubl [lanee, cornacHo acMme 1, nmpu moGom x u3
fo, b} 6ynmer DU (x) Z=u({x), OTKyAa BHITEKAIOT 06a HepaBeHCTBA DU (x)> —co,

DU (x) = (x), xapakTepuayouue HaapyHKUKIO
B cuny npoti3BOALHOCTH 4YHCJAAZ € 113 HePaBeHCTBA

b b
Up)=(L) \udt <e+ (L) {F(x)dx
Bbll1eKaeT, uTo ¢ b ¢

mf (U (0)} < (L) |1 (¥) dx,

rae {U/ (h)} o31ayaeT MHOMCCTBO 3HAUYCHHH BCEBO3MOXKHBIX Hazdy HKLHO MpH X =&,
AnanoriyHeiM o8pasoM ycTalaB/aiBaeTcsl, 4To

b
sup (V(0)} = (1) \F(x)da,
a
rjge BBejgeHHbIE 0603HaueHHsA TIOHATHBI caMi cobou Ho Ttak xkax BCerga
sup { V (b)} = 1nf {U (h)},
b

To 08a 3TH YHWIA paBlbl MHTErpany (L)S f (x) dx, yTO 1 3aBepluaeT 0KA3aTeLCTBO,
a
MuTepecHbIM JONOMHCHHEM 3TOI TCOPEMBl CAYMANT
Teopema 2. Beakas wncompuyameivnaa u uxmcepupycmas (P) ¢pynsyus 064
3ame whHo unmeepupyemna (L)
HoxasateabctBo [Tyers f(x) dyuxuns, o KoTopon HueT peus, u U (x)
ee mHampynxkuua Torza u3 nepasencts DU (x) = f(x) = 0 Bwitekaer, uto U (x) —

Bo3pacTamuiast GyHKUHS H NOTOMY ee mpomnapopnas U’ (x) {cydiectsyiomas noury
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Be3ge) cyvmupyemal) Ho B TakoM cayuae Teopema chacayeT H3 HepaBeHCTBA
0=1f (1) = U’ (1), UMEWILETO MECTO BO BCEX TOuKax cyluectsosanus U’ (x)
CrepcrBue. Ecau f (1) usmepuman ynnyua u cywecmsyem unmeepanr leppona

b
(P) {17 ()" dx,

a

mo [ (x) cymmupycma
Takum oGpasoM, uuTerpan IleppoHa aABasiercs aGCOJIOTHO CXOASUIMMCS TOTAA
M TOMIBKO TOrJla, KOTAA OH NpHBOAMTCA K LinTerpaay JleGera

§ 6. AGCTpakTHO 3aJlaHHblii HHTerpan v ero o6GoGeHHe

B 3ToM maparpade Mbl paccMOTPHM HeXOTOpHIe OOIMe MOHATHSI, KOTOpble
GyAyT B RanabHeHIleM HCHOOJNb30BAHBL MPH H3JMOXKEHHH TeOpHHM mHTerpanoe Janiya

Msi yike 3Hakombl ¢ ueabniM pagom HHTerpanoB. R (Puwmaua), L (JIeGera),
P (Tleppona) Bce 31 nHTErpansl 061agaloT HEKOTOPLIMH OOULMMH CBOMCTBAaMH,
H MbBl XOTHM OXBATHTb 3TH CBO{CTBA HekOeH eXIIHOH CXeMoil

Ilycte xamjaomy oTpesky [a, 6], rie @ = b, COOTHECEH HEKOTOpPLIH HemyCToit
raace T ({a, b}), cocToANH M3 KaKUX-TO ¢y BKUMH, 3aJaHHBIX Ha [@, b)]

CucreMy nofgoGHBEIX KJacCcOB Mbl ) CJIOBHMCS HAasblBaTh M pABHJ b HO i, ecn
npH moboM ¢ < [a, b] 6yzer T ([a, bO)=T ([a, <) T ([c, b])2)

Tlyets M ={T ([a, b])} ~HexkoTOpas NpaBHAbLHAs CHCTEMA3 KJIACCOB H MYCThb
Ha Kaxjaom kaacce T ([a, D]) saman ¢ynxunonan

b
To,

conmoctaBasiomwAl KaxA0H yrkund f H3 T ({a, b]) onpemeneHHOe BeulecTBeHHOE
YHCAO 210T (YHKUMOHAA Mbl GYJeM Ha3biBaTb UAHMEZPAAOM, €CNIH A JoGoM
fe T ({a, b]) n awboro ¢ = {a, b] 6yger?)

b 4 b

ToH=TH+T®H (1)
H (O0pH x = [a, b))

yuTm=Tm. @

UHbiMi  csoBaMu, HHTerpan ecTb ajAMIMBHAs i HenpepeiBHAash QYHKIHA OTPesKa,
Bee ¢ynuxuun, Bxogamue B kaace 7T ([a, £]), mbl OypeM HasbiBaThb T HHTe-
rpupyembisit na [e, b] 113 ycnosus mpaBusbHocTH cHelembl KaaccoB T ([a, b))
BEITEKaeT, 4TO BcAKas (QyuKHuda, T MHTerpupyeMas HaA orpeske [a, b], 6yger
T-unterpipyeMa H Ha KaiagoM otpedke 4) [p, ¢], comepxkawemcst B [a, b
PaccMOTpUM HEKOTOpble CBOHACTBA BBeAEHROrO TOHATHS HuTerpana Ilycre
[ (%) ®oyuxuus, 2anauxas Ha [a, b u c = [a, b] Ecan npu mobom 8> 0 dyuk-
uus f(x) ne Oyger T-uurerpupyeMoii Ha oTpeske [c—86, c¢-+6] [a, b],

1) Cm Teopemy 5, § 2, ra. VIII
2) TouyHEBIR CMEICJ 3TOr0 COOTHOUIGHUS TakoB GYHKUHA f(x), 3ajaHuas Ha
[a, b], Bxomur B T ([a, b]), TOrga ¥ TOABKO TOrAa, Koraa obe GyHKUMH, NOJY-
yalowmnecs M3 f(x) mpH pacCMOTpeHHH ee JHWIb Ha [q, ¢] HaM Ha [¢, b], BXOZAT
B coorBerctBytomue kaaccel T ([a, c]) v T {(c, b)].
a a a a
3) B uacthoctd, ecnu f = T ([a, a]), 0 T (H=TH+T ¢, . eT ) =0:
a a a a
HHTerpaJ «I0 TOYKe» PaBed HYJIo,
4) U, B vacTHOCTH, Ha KaXnol Touke ¢ & {a, b].
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TO TOUKY ¢ Y CHNOBHMCSl Ha3eBaTe T-0caGofl ansa ¢y uxuuu f(r), a MHOMKeCTBO BCCX
Takha Touek Gy Aem 0Gosiaddth depes Sy (f, [a, b]) Hnarna emecto Sy (f, [a ,b])

vel 6y tem micats Sy ([a, b)), wan Sp (f) ¥ paxe mpocto Sy

deno, uro v dyukuHu T-uurterpupyemon ua [a, b], 6vaetr St (fa,b])=0
CnpaBegmieo it 0GpaTHOE, KaK NOKasblBAT CJCAy OU1af JeMMa
Jdemma 1. Low |(2) sadana na [a, b] u ne exodum ¢ T ([a, b)), mo

ST(f; [a, b])#_(),

a--b
Honasartenasctso. [lonowum d= ; . XoTb ofiH H3 OTPe3IKOB

[a, dl u [d, b] o6Gnapaer TeM cBoiicTROM, uTO na HeM f (1) Re Gyaer T NHTerpH-
pyemoit. OGoanduun ero uepes [ay, 0] H, NOACAKIB dlzgi;-—[—)—’, o6o3nadnn ye-
pes [ay, b] TOT M3 oTpeskos [ay, d] u [dy, b,], na KoTOpOM f (x) He T-unrelpu-
pyema [Ilpojonias 3TOT npouecc, Mbl NOCTPOHM GECKOHEUHYIO NOC/e0BaTe/NLHOCTh
BJIOKEHHBIX OTpe3kos [a, b] D [ay, ;] D [as, D3] ©. , HA KaKEOM H3 KOTOPBIX
[ (x) ue 6yaer T-uHTerpHpyemoii.

Tyc1s ¢ Toyka, ofwas scem [a,, b,] Ecau 6>>0, to npu pocratodHo
Gonbiuom n okaaercst [an, b,1 < [c—38, c+6] {a, b]

Orciona caegyer, uto & T([c—8, ¢+ 6] [a, b]), w touna ¢ okasblpaeTcs
T ocabofi

Jdemma 2. Mnowecmeo Sy =Sy (f, [a, b]} s3amxHymo

JHokazaTenwctro, Ilyets ¢, & 8y H ¢, —c. Boaewem 8§ > 0. Ecau n

JOCTAaTOYHO EB€AHKQ, 10 (p—cC H NOTOMY

2
[c,,mg, cn+§][a, bl < [e—5, ] [a, b].

Tak kak (1) ve T-AHTerpHpyeMa Ha oTpelke, NPeACTABASIOUIEM NEBVIO 4acTh
3TOFO BKJIOYEHHS, TO OHAa ¥ 1ofaBHO He T-HHTerpupyema ua [c—&, c-4-0] [a, b).
B cnny nponspoasnoctn 8 orciofa ciepyer, uro ¢ e Sy, uto K Tpe6oBanochk
NOKa3aTh

B nanbHenmem Kac GyAyT HHTEpecopaTb cJyuad, Korja S, He 3anoauser
Bcero otpesaka [a, b}, B TakHX cayvadax jononnutensnoe mnuoxectso [u, b]- S,
OyieT COCTOAITL H3 KOHEUHOTO WJH CUETHOTO MHOKeCTBA TMOMapHO He Tepecexdio
wnxes npomexytkon. [eiictenreasno, ecan Sp =0, 10 [a, b]—Sy=]a, b]
Ecnu e S 0 n [p, gl —nanmensiwsnil oTpesok, cogepxaunil Sy, 101)

la, 8] =Sy =[a, p)+{lp, 1 =Sz} 419, 0]

H OCTaeTcsl HANOMHUTL, 4TO MHOKECTBO [p, ¢] — S, HAHM NyCTo, NAH COCTONT i3

NONapHO He TiepeceKaloUlHXCsl HHTEPBAJOB To aGcros reJILCTBO, YTO HEKOTOPBIC ['3
NPOMEXKY TKOB, JONOJHHTEALHHIX K Sr, HE aBAAKTCA OTKPBITBIMH HUTEpBamamit,

cTporo ropopst, TpeGyeT C(OOTBETCTRY IOLW(HX §CAOKHENHA B OGO3HJUEHHAX, HO MLl
Bce Ke OyjleM B jdabuefilueM BCe 3TH MPOMEX)TKH 0603HAYATbL NPOCTO Y pC
(a,. by), XOTH H He MCKJNKUEHO, YTO ONHH M3 NMPOMENK)YTKOB (a,, b,) Ha cavou
aene ectb [a,, b,) wan (a,, b,] u naxe [a,, b,] (ecan S; =0)

- JlomycTuM, 41O HaMH paccMaTpHBAIOTCS gBa uHTerpasa Ty u T, Ecaun scq
Kas T -AHTerpupyeman @yHKuHA obs3aTenbHo M T, HHTeI flpYyeMa, TNpHULM
aHayeHus OOCOUX WHTETPANOB [JJisl Hee COBMAjAioT, TG 10BOPAT, 4To HHTerpaa 7,
6once oGuwuH, yem Ty

IMokameM, kak, HCXOAs 43 HeKoToporo uurerpana T (B camoe omnpejenemic
KOTOPOro JO/MKHO BXOJUTh YKAa3dHHE HA COOTBETCTBYIOULYIO NPaBHABHYIO CHCTEM)

) lipn p=a Gyger [a, p)=0.
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W xnaccaw T-untecpupvesvix dyukuwun 7 {fa, 6])), MOKHO TOCTPONTH APYFOH
Gonee obuwuu uniel pan I,

Jdng sTofi 1end Mbl OpexAe BCEr0 AOUKHBI ONPEICAHTL COOTBETCTBY KOIILY KO
HOBOMY MHTErpany TpPJBHALHYIO CHCTCAY KJ1aCCOB  KHTECPHPY €MbIX  (\ HKILHH.
YenoBHMCA  BKAIO4ATL By HKUHIO [ (1), 34paHH}I0 HA OTpe3ke [a, b], B KLJjacc
T, (la, b}]) TOlpa 1 TOJLKO TOIAA, KOIAd BBIIOJHENB! CJAERY IOIIHE TPH §CIOBIS

1) Muomecrso S, =S8, (f, la, b]) mure ne wnotno ua fu, b} 0 ¢yHKRINA
f (x) Ha TOM MHOXKECTBe MHTErpHpyeMa B cMbicsae JleGera 1)

2) Ecau {(a,, b,)}- COBOK)NHOCTb JOMOTHHTEILHBX HHTEPBANOB S, , TO AMs
Ka#JOr0 n CyLLeCTByeT kOHeuHblil npepen

)
]n:hm’l(f) (@, <a-<f<by, a--a, p—b,).

a

3) Ecan ?)

B
W, =sup T® (ap <a < f<<by),
@

MW, <+oo
I

Y6emivcst B NpaBHALHOCTH cActeMul KAaaccoB T, ([a, b]). Homyctum mipe iae
Beero, yto f(x) e T ([a, b]) Torma Sy (. [a, b])=0 n BCa cymMma Z(an, b
CBOJHTCS K QXHOMY csaraeMoMy’ oTpesky [a, b] VY.xe Gblno oTMeueHo (cM nepBylo

CHOCKY Ha 3TOf CTpaHlle), 4TO )cjaoBHO |) Hala GyHKUHA yIOBACTBOPSAET,
Yenobue 2) ans Hee Tak:ke BhinosHsiercs, 6o B cuay (2) 6yger

’ﬁ b
nm T ¢=T,

e a<a<<fB<b, a—a, $— b6 Hakoneu, u ycaosne 3) ans [(x) Takxe
6y 1T BLIMOJAHATBCA, TAK KAR MMeeTcs BCero Jillb oano (Kouewxoe!) unwno .

Tanuw obpason, T ([a, b)) = T, ([a, b]) n Bce knacew T, ([a, b]) He myctnl

[lycts, panee, f(x) =T, ([a, bl) 1 a<lc-<Tb ) PaccmMoTpHM  MHOAKECTBO
Sy (1 [a, c]). Jlerko BuAaCTs, UTO OHO SIBAAETCS YacThlo MHOXecTRa St (f, [a, b])
i MOTOMYy HHTZe He nnotTHO Ha [a, c¢], a dyHKUHA [ (x) HA HEM WHTErpUpveMa
B cMbicsie JleGera, Taxum ofpasoM, ¢y HKIHA [ (x) Ha oTpeske [a, c¢] ynOoBJAETBO-
psier yenosuo 1). Ilyers (a, ¢} — Sy (f; la, c]):Z(a,,. by).

n

Ecnu c= Sy (f, [a, c]), T0o Kakaein QUI) pIPYIOLHH  3/IECh  TPOMENKY TOK

(ay, b,) GyreT ABAATLCA AOMOJHITENBHBIM H KO Beemy muoweetsy Sy (f, [a, b))

no orpeaka [a, O] Ecau xe ¢ & Sy (4, [a, c]), 10 370 TaKk Ans BeeX (a,, b,),
Kpove, Moxer OblTb, ORHOIO NMPOMEKyThd BlAa ') (a,,, ¢] M3 atoro obcrostess-
CTBA HENOCPEJCTBEHHO BBITCKACT BBITOJNENHE yCACRHM 2) 1 3), HEOGXOAMMEIX ANR
Bkatouenus t (x) B Knace T, ([a, c]) Ananorauno aokaseiBaercs, uto) e T, ([c, b}).

1) 310 yCcnoBHE BHINOMHEHO Beerpa, korja mSp =0, u Tem Gonee Toraa,

KoOT Aa =0.
S; =0

%) Ycaosie 2) ofecreunBaeT KOHewnocts 4ucen W,,. )

%) Cayuan c¢==a u c¢=>»b TpHBuanbHel. B camoM jene, ecau [ (1) 3amaua
B TOUKE Xy, TO HE3AaBHCHMQ OT Toro, OyA€T WAM HeT oHa T-HHTErplipyeMa Ha
31O Touke, f (x) o6AsailenbHO BoiaeT B Kaace T, ([vy, Aql)

49) BrpoyeM, BO3MOXKHO, 4T0 Sp (7, [a, ¢])=0. lorga ynomsnyTeM HCKIHOUE-

HueM Gyjer caMm OTpesok [a, c].
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Takum ofpa3soM,
T (la, D)) = Ty ([a, ) T ([e, D).

OG6paTHoe DKJIOYeHHe YCTAHABAHSACTCS APH TOMOIL CXOAHLIX PACC)KAEHHMI,
Hrak, cuctema xnaccos T, ([a, b]) npasnasna. Onpenenum Tenepsk A8 Kak
b

poit fe Ty (la, b]) suauenwe QyHKIYIOHANA T* (f) npu novougr Qopriyasl
a

b
T O=X1L+D § [xax (3)
a 1w St

S10 onpelefenue KOPPEeKTHO, Tak Kak ' [, |=< W, u notouy pag ¥/, aGco-
JIEOTHO CXOMHTCA.

IMosesuo 3aMeTHTL, YTO aJs BCSKOH T-uHTerpupyemoit dyukunu [ (x) [Mbl § Ke
OTMeTHAM BHIe, yTo oHa BXomur H B T, ([u, b])] Oy et

b b‘
T, =T,

a

u6o B npasofi yactn ‘3) uHrerpan JleGera ucuesaer, a cymMa Y [, cpoaurcs
b

K OJHOMY C/araeMoMy T(f).
a
Hpyroft mpoctefinft cayuaif Mbl nvMeeM TOrAa, Koraa 7-0co0bIMII TOUKAMH Ha
[a, b] 6yayT Tomeko a u b. B atom cayuae
b B
T*(f)zlimT(f) e<a<P<b, a—a, H—05).
[¢2

a

B cHJy 3TOro NpPOCTOro 3ameyanusl 3 (3) BbiTeKaer, 4To

b b,
T,o=XT,0O+w § rwa
a St

n an
b
Y6esuMcl B TOM, UTO ONpejefeHHBIl Hamu dyHKUHOHAN TAF (fy asnsercs

a
HHTETPAaJaoOM B CMbICIe OmpefeneHHsi, JAHHOTO B Hauajge maparpada, T. e.
B TOM, YTO OH AAMTHBEH H HeNpephIBeH Kaxk vy HKLus OTpes3ka [a, b].
IMyete f = T, ([a, b]) 1 a <<c<Zb. Hcno, uto

Sy la, ty=Sr (5 la, c)+Sy (5 [e 6],

npuHYeM MHOXKEeCTBA, 3aMMCaHHEIE Cnpasa, Ju60 BOBCe He NepecekaloTid, JHGO
HMEIOT TOMbKO OfHy ofulylo Touky. OTCiofa CJegyer, 410

WV twa=w § fwatw 0 f@dry, @
Srila, b Srila, e 57 (., 0D

NpHYCM oGa HHTerpana, Crosllife Cnpapa, CyUECTBYIOT H KOHEUHBI,

[lycts, panee,
fa, 61 =S7 (s fa, b)=2 (@, bn).

n

OTHOCHTeNLHO TOUKH ¢ MONHO CleAars TpH TNPEANONOKeHHS: OHAa BXOJHT
B o6a muoxectsa Sy ([a, ¢]) u Sy ([c, ]), oua e BXOUT LN B ORHO M3 HUX,
OHa BXOJMT B OAHO M3 3THX MHOXKECTB M He BXOoAguUI B Jpyroe, Bo Bcex stux
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CAyyasx pacCyiJIeHHA OueHb TOXOKH JAPYr Ha ApPYFa, M Mel A4 npHmepa pac-
CMOTPHM TOJILKO NCPBREIT M3 HUX. B 9ToM cayyae pce MHOMKECTBO NPOMEKYTKOB
(2,. b,) pacnagaerca ua [Ba HENEPECEKAOUIXCA [MO]MHOKECTBA, COCTOALLMX H3
NPOMEAYTKOB, JI€/KalliX COOTBCICTBEHHO Jesee u npasee Touxu ¢, Ipu camo coGoi
NOHATHE(X ofo31auenisx 6y et

Z fn= Z [+ Z In,

[a, b] fa, <] [e, b]

OTKYAa, B CBR3H C (4), BhITEKaeT, yTO 1)
b c b
T,o=T, H+T, ¢ (5)

Wraxk, ¢yuxunonaa 7, ecThb apgutuBHas $yHkiHs oipeska. [Jexarkem Tteneps,
uro upt f= T, (Ja, b)), x={a, bl, c={eg, b} 1 x - ¢ Gyner

4

imT, (=T, ®. (6)

[yert ang ONpeeneHHOCTH X << ¢, Toraa mbl MOMeM CuuTaTh, uTo C€==0.
OtHocutebHO TOYKH b MOXMHO CHeTaTh TP HPEANCJAOMEHHS; OHAa He BXOAHMT
B MHOKecTBO St (f; [0, b)), ona sBAseTcs cro 1307MPOBAHHON TOUKOH, OHA ABJA-

e1csT NpeJeabHol TOuxoll 3TOro MHOXecTBa.
B HepBHIX ABYX COVUANX PACCYKACHHMA fO4TH camooueBigubl. JleficTBuTenslo,

ecty b &Sr (f, [a, ), 10 dyurnas f(x) Gyner T-uHTerpHpyeMofi Ha oFpeske
[p, &), ecan ToabkO p pocratoutio Gausko Kk b, Crano GBTh, A5 rakux p 6yner

b

b
T,p=Two.
» p

B TtaxoMm cnyuae

b X
T, H=umTp, @
p 2

f

X ¥
cpe p<<x-<0, x—>b, Ho tak kak T (H="T. (), 1o Buecto (7) momuo nanu-
» n

b X
cars T, (H=lim T* (f), m ocTaeTcs 3aMeTHIB, 4TQ
P P
b X b X
T.0-T.0=T.0)—T. 0.
a a P P

Ecau b—usoaupoBannas Touka ST(f; la, b)), T0 npi p, gocraroyHo Gau3-
KoM K b, oHa 6y jer emmncroentoit 7T-ocofoit toukoli orpe3axa [p, b|. Ilo onmpene-
acunio T, (f) cuopa Oyaer Bunonuatecs (7), W 10KA3aTeJbCIBO 33aKaluHBaeTCH,
Kak M B NpeABLAyLIeM CJyuac.

Paccmotpuv, takouel, ocHoBHofl cayuafi, koijd & ©cIb npejgcabHasl TOYKa
muoxectsa S, (f; [a, 6]). B o10M caydae 1ouka b HE MOMCT CAYMHTh NPARBIM

KOHUOM HH  0,)l10lC lHTepBRaIa (a”, bn), JONOJMHHTEARHOTO K ST(f; [a, b)),

1) Mul nmpeanoaomkimi, u9T0 a<<c<<b, HO M a==c u ¢=>0 papeHcTBO (3)
C

OueBHAHO, WO U3 CaMoro oupeieneuust 1 () sAcHO, 41O T*(f):o.
C
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a 4HCAO 3r1IX HHIEPBAIOB 5y I1€T 3aBelOMO GechOHeYHLIM, 3aMeTUB 310, BO3bMeM
£ >0 u nosGepem Takoe N, utabul GbL1O

E W, <e. 8)

n> N

CyutecTBoBauue mogoGHoro N ciepyer M3 yQIOBHSL 3), KOTOPOMY ROJKHA
\ AOBJICTBOPATL [ (X).

OTMeTHM TaK:Ke Takoe & >0, u4ToGb HepaBenctso b —0 <x << b BJeKsO
HEPABEHCTBO

w § fod|<e ©
Sr ([x, 6D
OGo3nauuM yepes P camyio nmpapyio u3 Touek H—3, N by # oycTh
x> B.
Ecan x = S, ([x, b]), To no camomy onpeneneniio T, (f) Oyner
&
T.0h=23 L.+w | fod (10)
x ne M St lx b

rie M eCcTb MHOKECTBO TeX A, IAA KOTOpHlX (a,, 0,) < (t, 6]. Scuo, utOo ANA
BcexX s1ux n Gyger #.> N H DOTOMY

D f,l}g Y w.<e. (1)

, ne M ne M

Ecan ®e ¥ & S, (lx, b)), To Haitpercs TakOe /, YTO Ay << X << by OueBUAHO,
npu stom m> N. Torpa Bmecto (10) oxamercs

b by, .
T.o=T.0+ ¥ nL+w | . (12)
x x ne M Sr({lx, bD
Ho
bm Y
T* (fy=1im T(f) <Yy<bm y-—>bp)
1 notony

b
T* Hl=W,,<e.
X

Orcioga, ¢ yyeroM (9) u (11), sicHo, uto npu x> P Gyner

b x b
T.0-=T,0|={T,. M| <3

Taxkum 06pa3oM, H B 3TOM crayude BepHo (6) u, ciegosarteswno, T, (f) nedt-
CTBHTENLHO FABJAAETCH HUTErpasom, !)

§ 7. Yskuii nuterpaa Jamikya

Teneph, HAKOHCI, MBI MOAKCM [JaTh OMpeleneHle «y3Koro» wilrelpana [au-
sya, C 3Tofi desblo (Nayasa MNOCTPOMM  TPAHCPHHNTHYIO MOCJAENOBATE1bHOCTD
(Tuna Q1) Bce Gosee H Gojee OOWKX HHTErpajoOB, KOTOpble Mbl OyjeM Ha3bl-

1 U npuioM Gosee obwum, uer 1 (f).
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BaTh D:-uHTerpanamn u And QVHKUHM [ (1), 33jaHHOl Ha OTpeske [a, b}, obo-
3Ha4aTb qepe3s
b
(D) \ }(v) dx. ()

a

Hnrerpane (1) onpegenstoress nupyktueno. Mmewno, nojg

h
D)\ 1 (x) dx

%

Mhl 6ygeM MOHHMAaTh NpocTo uHTerpan JleGera

b

(L) \F () dx.
a
JlonyctiM 7eneph, 4TO HAaMH yKe onpegescHel HHTerpasst (1) ans Beex & <7y,

rael) w= Q, npuueM w3 E) <CE, <y chieayeT, uTo HHTErpan D« ofuwce uem D
Ecnu 1j—uncao nepsoro poga H 1 —1 eMmy HenocpeacTBEHHO npenmecm)eT TO
nonaras

b -
T - ..o}

Mbi onpenensieM HHTerpan D dopmy noi
b b
Dy) \f()‘) de="1, (.
a o
Ecin e v —uHcjO0 BTOpOro poia, TO Mbl BKJKYHM B KJace (QyHKIMH,
D,,-unterpupyemeix Ha ortpeake [a, b], Bce dyHKuun f(x), KOTOpble OKa3blBaloTCA
Ha' 5TOM oTpe3ke D:-HHTErpHPYEMBIMH XOTb NPH OAHOM § <C1], H MOMOKHM IO
onpeae/eHHIo
b b
Dy \f(x) dx:(Dg“) \ f(x) dx,
a (23
The &, ecTh HauMeHbllee?) H3 ynomMaHyThix E. Takum 06paioM, ec/i 1) —uucao
BTOPOTO poja, TO Kjace D, -HHTerpupyeMbiX (yHKIHH ecTh TeOPETHKO-MHOKeCT-
BenHasi cymma (no BeeM £ <)) kjaaccoB De-uuterpupyembix ¢yvuxunii - [Tostomy
JaHHOE HaMHu onpeue‘neuue uuterpanos (1) MOKHO 3aMHCaTs NPH MOMOMM CHMBO-
JUYCCKHX COOTHOWeEHHH

Dy=1L, Dn:(Dn-l)*v Dn: Z Dg.
£~
NpHueM BTOpPOe COOTHOLIEHHe HAJo TNPHMEHATH TOTJa, KOrja 1] ecTb 4HCJIO mep-
BOTO pojia, a TpeTbe Torja, KoijJa i) BTOpPOro poja.
B uactHoctH, Gepsi E=Q, Mbl NpHXOAUM K «y3KoMy» iuterpany [anxya.
Onpepenende. Humeepaion [Janwya B Y3IKOM cMBICIE ci0Ba QYHKIHH | (x),
3aJlaHHoOi Ha orpeske [a, b], HaabiBaeTCa HHTerpaJ

b
(Do) {1 () dr @

1) Hunxke 6yaer odnacHeHo, mouemy HHTerpaisl (1) He paccMaTtpuBawTes and
£E> Q.
2) Jlerko BHJETb, 4TO 3TO &y ecTh o0A3aTe/bHO 4YHCIO TepBoro poja. Slcho,
b

4to gyukuuonans (D) Sf(x) dx aBafelcd HHTerpajoM B cMmeicie § 6.
a
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Kak ™Mbl yxke ynoMHHAMM, 3TOT HHTerpasJ HAaswBAlOT 4acTG M HHTErpajoM
Hankya —lleppona Buecto (2) ero o6osnauaioT ofeiuHo uepes!')

b

(D) \f (x) d

a

[Mosb3y fick TOil e CHMBONHKOH, YTO W BHILE, MBI MOXKeM HanmucaTh hopwy.y
D= 3} D;, mak uro BesKkas dynKius, HuTerpupyewas no Hdamgya Gyjer u

g Q
D_ unterpupyema npu HexOTopom £ < ¢ H ecau Haumeubuiee u3 aTHX & ecTh Iy, TO
b b
D)\ (x) dx=(Dy) \ (1) dx
17 2]

OCTaHOBUMCH Ha HEKOTOPBIX CBOHCTBAX BBEJIEHHOrO Hirerpasa

Teopema 1. Lcau pynnyua f(r) na ompesce [a b] onasiéa mea Dy unme
epupyesow npu xkaxow Hubyds § <€, mo ona mam u Dy unmeepupyena npu écex 1,
Yovsremsopaiowx nepasenemsy £ <1 << Q, npuues

b b
(D) /() dx=(Dg) | F () dx

JdokxaszatennctTBo Jlokakeuw Teopemy cnauana gna E=0 Tlpu =0
Haile yTBepN(IeHHe TpuBMaNbLHO JlomyeTHM, UYTO OHO yiKe JIOKa3aHo JJs BceX
n<<f, rae 0<<{=-Q Ecan {—uucno nepsoro poja, TO yTsep.KieHnue crpa
BEIJINBO IAAA T =={ notom), uto uuterpaa T, Oonee obwuit wem 7 Ecmu xe
{—wync10 BTOPOrO pPOfa, TO AeJO CBOINTCA HENOCPeACTBEHHO K OfIpejeNeHHIO
nuterpaia (1), xorpa nmlekc ecth 4ncto Broporo poxa Mrak a1a =0 Teopeva
nokazana IlycTh oHa Jokazana aas Beex E<Ca, rie 0 <o <CQ Y6euimcs, uto
TOrga oHa 6y jleT BepHa H a5l E=a

CnpaBeAJuBOCTb YTBEPXKACHUA TeopeMbl 2114 Y=« ovyeBHIHa Jonycrum,
UTO OHO BepHO a1d Beex M <<{, rle o <<{ <& Ecan {-—uncao nepsoro poxaa,
TO CTPABEAMIMBOCT YTBEPIKACHHS AJA 1=1{ }CTaHaBNHIBAETCH, KaK H Bbiue Ilycrs
ke {—sroporo poja Torpa Dy uHTerpnpyeMocTs ¢y HKLWHM oucBHAHA [Ipu s1OM

b b

(D;)S,‘(x) dx:(Dﬁ)Sf(x) dx, roe [ ecTtb HaumeHbluee H3 Y, 007TafaOWUX [V
a o

cBojicTeoM, uTo Myuknus f(x) 6yxer Dy unterpupyema Slcho, uto P=<o  Ecum
fp=ca, TO yTBepXkKAEHHE [0Ka3aHO, ecnH >he [ <@, TO OHO BRITEKAeT M3 WILIYK-
THBHOrO TPEANONOKEHH, YTO TeopeMa BepHa AJsl BCeX & <C &, 4TO W TpefoBanoch
JIOKA3aTh

KpaTko IOKa3aHH)i0 TeopeMy MOXHO (OpPMy.IHpOBaTh TaK uew GoJblie ¢,
TeM obutee uurerpan De

Yenopumes 0603#auaTh MHOMECTBO D 0cOObIX Touex QyHKRuH f(x), 3agaH
Heit Ha [a, 0], uvepes Sg (f, [a, 0]) Vnorma Mt GygeMm ymorpeSasath U OfHO U3
Gonee npocThix oGosnauenuii Sg(la, b)), S:(f), S:

Hs Teopembi 1 HenocpefcTBeHHO caemyer, uto npu § <n 6yger Sg D S,

Teopema 2. Jaa noeo amobee Gynnyus f(x), sadarnas na [a, b), borwx man
D unmeepupyema, Heobxo0umo u docmamouro, wnobo: Golao

I Sz ta, th=0 (6)
E<Q

Hokaszateawctso Ilyere f(x) 6ymer D unterpupyema na [a, b] Toraa
ofa Dg unterpupyema wa [a, b] npH xakom HRGY AL { <C € n Opu 3TOM & Oy xer

b
1) A wnnorpa uepes (D) Sf(x) dx.

a
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S_(f la, b])=0 2mrv noxazana wneoSxoguMocTb ycnoBud (3)  JlocTaToMHOCTH
€ro BHITEKACT U3 mpUHuuAa crauuouaprocty Kautopa — DBspa, 1) ubo npn sbinoa
Hetny (3) nafitercst tanoe & uto Sq (f, [a, b])=0, a 2T0 o3nauaer Dg uuterpu
pymoeTh f(x) Ha [a, b}

OcraloBIMCA B 34K TIOUGHHE 3TOrO nmaparpada Ha TOM, N0YeMy He paccMarpi-
BaloT uuterpanoB (1) mpu £ > Q [eso B rov, 4ro e Obl MEL 3aXOTesad BBEeCTH
MHTEI pat Dﬂh , 1o dopmy e DQ+ 1=(D4q),, 10 310 yKe He npuBeso Gbl K pac-
IIMPCHIIO K1TacCaA iHTEl PHPS eMBIX (pyHKUnI  [lenctBHTe bHO, RORYCTHM, YTO QYHK
uus f(x) 31nanuas Wd {@ b], okasadach Obl HA 3TOM OTPe3Ke HHTCrpuUpyeMOH
B eMbicne Dy o, ne Gyayun unterpupyemou 8 cmsicae Dy B Takonm cayuae mmo-
mecTo S (f) Onimo 6w lurge He MAOTHLIM Ha [a, ] u f(x) Gbima Obl Ha HeM
cymuupyema Qoosnaduy uepes {(a, b,)} MHOKeCTBO BCEX HNTEPRAJOB, JOTIOAHU-
TEJLHLIX K MHOMECTBY Sy (f) JLast KaXkoIO M3 HMX JOJIKeH ) LiecTBOBaTh KOHeY
HblH Tipejes HUTETpdaa

A
(Po)\ /() )

o

apu a, <o -<fp<b, a—>a, B—>b, 3axkpenuu uHCIO 7 H NYCTb oy < Py,
>0, B<P<Bs<< , ap—>a, fp—>by

Torna wa ramaov orpeske [ay, fie] Hawa [ (x) gowkua OuTb Do HHTer pupye-
Moil, a 3TO 03HauaeT CyUIeCTBOBAliME AT KAKTIOTO HAT)PanbHOIO R TAKOro wucaa
Ep << Q, uro f(x) ua [oy, By] 6vaer Dy, uurerpupyema [lockoanky uucen £
HMCeTCSl BCErO JIMILb CYUETHOC MHOXKEeCTBO TO JOJLKHO HAHTHCh YHCIO 1), << Q,
Gosbluee BeeX g; Ilo Tom e npuuHHe HauieTest Tarkoe < €, Kotopoe 6yper
Gonmie Beex 1, Slewo  uro f(x) 6yAer Dy ubTerpupyeMoil HA KaMIOM OTpeske
[, R], e nepecekawiteves ¢ Sq () u aewauev B {a, 0]

Orciona  BpITCKAET cobnagenHe MHOKECTB S:(f) u S (f) M Bo3voKHOCTE
adMeHbl B vHTerpanax (4) smana Dy Ha D€ Bce 3To, BMeECTe B3siToe, 03Hayaer

He UTO UHOR KaK uuTerpupiyemocts f(x) B cmubienie Dy ; [locnennee, oxHaxo,
APOTHEOPCYHT OPEINOJOMCHHOH HEeHHTErPUPYeMOCTH f (1) B cMbicae Dy,

§ 8. Teopema I'. Xake

B 1921 r* neveukuii matevatk ' Xaxe nokasas, uto unrterpas Ileppona
ofwee 2) yeM y3xuu unterpan JddmKya 3jech Mbl H3zJaraew sToT pesysbTar

Jemma 1. [ycme pynxyua f (1), 3adannan na ompeske [a, b], okassteaemen
unmcepupyenou (P) na xaxcdom ompeske la, P}, ede a <P <<b. Ecau cyuse-
cmayem Konedmsill npedel

B
= llm(P)Sf(x) dx,
B"'b a

nwo [(x) 6ydem unmeepupyevou (P) u Ha scew [a, b], nptuen

b
(P \ f () dr=1. (M)

[43

HTa XV, §3

2) Msl ynorpe6J/seM 3TOT TepMHH B TOYHOM COOTBETCTBHH CO CMBICJIOM, NPU-
nauHen emy B § 6 Taxkuv ofpasoM, Kaxabiy HHTErpad 7', «Gosee ofliué», ueM
oH cav B yacTHocTH, B paccMaTpuBaeMOM cCJ/vgae Ml KaK Pa3 CTafKHBACMCH
¢ 3TUM OOCTOSATC/ARCTBOM, HOO, Kak OyaeT NMOKa3aHO HUXKe, Ha CaMOM JeJe WHTer
paas P u D ToxiecTReRHHl
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Hoxasarenwctso. [Toaoxum by==a u

b,t=lﬁ:%—b (n=1, 2,3, ..).

OueBniHo by << by << by << .. H b, —b. Ha kamgom orpesxe [b, 1, byl
$yukuns (1) 6ymer uuterpupyema (P). BeiGepes Hexotopoe £ >0 [lpn gam-
J0M HATYPAJbHOM n Ha OTpeske {h, 5, 0,} GyAeT CyuwlecrBoBalbL 14Kas HalDYHK-
uds U, (x) dynxunn f(x), uto

b

Uy (bn) < (P) \ f(x) dx+;5_

bﬂ-l

C nomoigplo 3THX HagdyRKUMP 3afjaadM Ans g<= x<<b dynkumo M (x),
nOJNOXKHB
Mx)=U{(x) npn a-<<x-< Iy,
M(x)=U; (b)) +- Uy (x) mpu by = x << by,
M= Uy (b + Uy (0 .. +Up Oy DFUn () mptt b,y <2< by

Tak kak U, (0, _)=0, 10 M (¥) 6yJer HenpephiBH4, H npu modom x u3 [a, b)
6y aet

DM (x)>—m, DM (x)=f(x). @
Yoeaumcsl B CyuwlecTBOBAHMH kOHEYHOTO Npejena
lim M (x). 3
1—~b
Mo camomy onpegenernnio U, (x) Gy et
by
0< Uy (b)—(P) S Flde< S (n=1,2, 3, )
bn 1

M noToMy paA

b.”
[Un () — (P) S f) dx\

bn—l

i1

n=|1

CX0auTEA, NpHYEM cyMMa ero Medbiue €. C gpyroil cTOpPOHul, pad
b

o f

2P\ fldx
n=l byt

CXOANUTCH M CYMMA €ro pdBH4A J. Otcioda BHITCKAET CXOAHMOCTE pAda

> Uy (bw), )

=1
TIpHYEM ero CyMMa Messiue yenm J --¢,
ITycre Tenepp b, < x< b, Toraa

X

W)Sfmﬂ&UMO<m)SfMM+%. )
bn_

b

n-1 1
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Ecan x—b, 10 n—>0o0 U KpalHMe ujeHnl HepaBeHcTBa (5) crpemaTcs
Kk Hyawo, Crano 6uite, u Him U, (x)=0. Orciona u BbITeKaeT CyllecTBOBaHHE Npe-
nena (3), npHueM OH OKa3biBaeTCst paBubiM cyMme psapa (4). O6osuayas 310T mpe-
neq yepes M (), Mul NpUXOMM K GyHKUEM M (x), 3a1aHHOl M HENpepuIBHON yxe
Ha BceM [a, b]. Onnaxko Ml Bce e He MOXEM Ha3BaTh ee HagpyHkuHueil aas f(x),
H60 HepaBeHCTBa (2) He ofisi3aHbl BHNOAHATBCA ) npU x=b,

[TokaxeM, uto Hecxons M3 M (x), MOXKHO nocTpouTs (yuxumnio U (x), KOTO-
pas Gyner ans f(x) cayswurth HaadyHKLMed yxke na BceM [a, b]. Jlas atoro o6o-
suauum uepes S(x) Konebanne pynkunan M (x) Ha otpesxe [x, b]. SlcHo, yTO
S («) 6yner youiBalouwteli U HeoTpuuaTenbnoll QyskiHell, 3ajanuod ua scem [a, b},
npuyeM S (pY=0. HeTpyano Taxkke y6eguthcs B TOM, uTo S (x) HempepulBHA Ha
la, b].

BuiGepeM Touky ¢ (@ <Cc < b) HACTONBLKO 6au3Koil K b, 41066l OKA3aA0Ch
S () <<e, n BBeneM dyHxuuio U (x), non0XKUB

M((x) nmpu a<x=<c,

U= Vi—c—Vb—x

MW+SO—Sk)+e——me—7x—
Vbe=¢

NpH ¢ << x << b,

fleno, uto U (x) wenpepuiBHa wa le, b}, U (@)=0, u npp a < x < ¢ 6y net
DU (x) > —~oo, DU(x) =] (x). (6)
[Tpi Xx==c 3TH HepaBeHCTBA TOXKE OUEBUAHO OYAYT BLINOJHEHbLI, ec/Hu nojp

DU (x) noHUMa1s N€BOCTODPOHII0I0 HHKHIOW NpousBoauyio. [Tokamkem, uro

u ana x < [¢, b} OynyT Bunonnens cootnowenns (6). Tlycrb x u x4-Ax— gBe
pasanunble ToykH 13 [c, b]. Toraa

Ue+A)—Ux)  M@E+A)—-ME)  Sk+A0—S5(x)
Ax - Ax Ax -
e 1" b=x—Ax—Vb—x
I h—c Ax )

Tak rax ofe ¢ysxkuuu S(x) u 1'b —x ybuiBawoT, TO

Ufc4Ax)—U () >M (x 4+ Ax) — M ()
Ax - Ax

u g x 5= b cooTHowenus (6) cnpabegauebl B cuay (2).
C npyro#t CTOPOHHl, ecnu ¢ =< b—h < h, T0

UG—h—U®) _ME-R-M®B-SOG-h e

—h —h Vob—c V&
Mo onpegenenuto S (x) Gynetr M (b —h)— M (0) < S (b—h) ¥ notumy
Ub—h)—U (h) = ¢ o '
—h Vo—c } A

Orciofa BHTeKaer, uto U’ ()= oo, . e. NpH x=¥b BHIIOJHEHE HepaBeH-
crBa (6). Takum oépasom U (x) ecle HandyHkuus aas f(x). [Tpu 3tom

UB)y=M@®)+S () +e
1 noromy U () << J 4 3e.

1) CyuieCTBEHHO, pasyMeercs, JHiib TO, YTO He HCKJUeHa BO3MOMKHOCTD
paseHctBa DM (b) =— 0o, u6o dyskudio f(X) MOKHO H3MeHHTh B TOUKe X=0,
YTO He OTpamaercss Ha P-uHTerpUpyeMocTy ee,
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Ananornynent 06pa3oM MORHO TOCTPOMTb Takylo mnopdynxuuio V ynruuu
f(x), uto V(b)>J—3¢ Bpngy npouspoJpHOCTH & M3 CKa3aHHOTO BHITEKaeT
P-unterpupyemocts f(x) Ha Bcem [a, b] Uro kacaetca pasencrtna (1), To oHO
SIBJSIETCA CNEACTBHEM HEMPEPLIBHOCTH HEOTpeeseHHOro uHTerpana [leppoHa

Jdemma 2. Feau 1) (%) 3adana na [a, b] u unmeepupyena (P) ma xawdom
[, b, 20e a-<a << b, 9 wuecmeydm Koneunsiu npeder

b
lim (P) Sf (x) dx,

mo | (x) unmeepupyesma (P) wa scen [a, b).
JloxazateabcTBn Pacemorpium BMecTo f(x) dyHKUHIO f* (1), 3anaHuyio
Ha [—b, —a] cupryaon () =f(—x). Ecmn a<<a<<b n U(x) ecTb HAL-
¢yHkuHA gaa f(x) Ha orpeane [o, b], To Py HKLHA
Ut (x)=U (h)—=U (—x)

6y ger HaxdyHkuuen gasm * (1) wa [—h, — o], néo
U (¢«-FM)=U"(x) Uf(—=x—h)—U(—x%)
h - —h
M NoTOMy

DU* (x)=DU (— x).

Tak kak U* (—a)=U®), 10 tnf {U* (—a)}=1nf {U (A)}. Onupasacb Ha
atoT ¢axt, Jaerko yGeidTbhesd, uro f* (x) Ha orpeske [— b, — a] ynosaersopser
BeeM yCnoBHAM Jemmut 1. 3uauur, f* (x) Gymet (P)-uarerpupyemoil Ha [— b, — a,
a 3T0 paBuocunuHO P-uuterpupyemoctd f(x) na [a, b].

13 conocraracuus ofeux JiemM caenyer

Teopema 1. Ecau [(x) 3adana wa [a, b], uunmeepupyesa (P) Ha xaxcdon
[a, Bl < (a, b) u cyuwecmsyem korneunotli npedea

i
m (PYVF()de (@—>a+0, B—>b—0),
[¢2

mo [{x) unmezpupyena (P) un écen [a, b].

Jas panbuefiluero HyHa

Jdemma 3. llycmo Ha [a, D] pacnosoMeHO CueniHoe MHOXCECIBO  OMIPE3K08
[ag, bs], nonapro 6Ges obeyux enympenuux mouen [lycms gynwyua f(x), dadan-

Has Ha [a, b], pasma Hywmo ewe ummepsaaos (ag, b,) u unmeepupyesa (P) Ha
kaxcdom [ap, bp]. Ecau

Wy =sup (ap s a<<P=<<by)

B
(P) \ f (x) dx

o
Z Wk=H <+OO,
k=1

mo 0aa aofozo e >0 y [(x) cyujecrmeyem marxaa nadgynryua U (x), umo
U (b) < 3H +e. N

HoxazatenbctBo Ilycib My (x) —Takas  nagdyuxkuus f(x) Ha
otpeske [ag, bp], uro

by

My ) < (P) \ [ (3) di-— 92k :

S

)
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Tak kax pag Beex x u3 [a,, b,] Gynet
X

(P) Sf(?)deMk(x)g(p) Sf(t)‘it+ 3‘82;4 ’
e

g

—W,<M, (x)é.Wk-l‘T:sQT-

OBosuauum uvepea Ry, P, (x) u Qg (x) xoneGannss M (f) COOTBETCTBEHHO HA
orpeakax [ag, 4], (ag, x] v {x, b,]. Torga

0= Pp(x) <Rp, 0==Qp () = Ry,

Pp{ag) =0, Qy (bp)=0, P, (x) u Qp (x) HempepuBHB HA [ay, by], MpuueM nepsas
H3 3THX q)yHKL[HH BO3pacTaer, a BTopaH yGLIBaAET.

[Toxaxem, uto R, <= W+

P 2k JlefiCTBUTENLHO, eCl X K Y — JBE TOUKH
u3 [ay, bl, npaveM x <<y, TO

X

e\roarr=mw=e {10
9

U
4 I}
e\ roa<m,m=e \10 a5,
a, a,
oTK Va2
¢ y
(P) S @) dt—~= 2k < My, () — My, (x) < (P) \f(t) d"‘"i%k‘

H, CTaao GuiTh,
e
[ My () — My () | < W h+ 557,

ueM M JOKa3aHa TpeGyeMas OlCHKa R.
Onpepennm Ha BeeM [a, b] mocaeposatensuocTe GyHKIHUE @p (x), Tonaras

0 mpy a << x<<ap,
(N (X)={ Mp () +Rp+Pp () —Qp (x) mpu ap<<x == by
Mk (bk)+2Rk npu bk$xéb.
Bce atM QyHKIHN HempepHIBHH, OpHYeM
e
Ogﬁpk (x)§3w/k+~2k
[Noxaxem, uyTO QYHKUHS

U (x)=k2 P (%)
=1

1peGyemas Pasedcrso U (a)=0, HepaBencTso (7) n HempepelBHOCTB U (x) oOue-
puann, Octaetca npoeepHTs, 4To DU (x) > —co, DU (x) = f (x).

JoxaeM 3TH HepaBeHCTBA TOJLKO AAA NP AaBOCTOPOHH H X NPOU3BOAHEIX
upcea!) D U (x), uGo aas J1eBOCTOPOHHMX Tpou3BomguuiXx D_U (x) paccymxaeHust
IOYTH AHAJOl HUHB (XOTSl ¥ HEMHOIO C/IOKHee), -

1) TlpaBocTopOnHee NpPOH3BOAHOE HHCJIO €CTh NpefeN MHOCJAEA0BATENBHOCTH

U (xo+hi) —U (x0)
hy ’

Ha Ay << 0, onpegensercs JeBOCTOPOHHEe MPOH3BOAHOE YHUCJIO.

B KOTOpO# i —0 w hy > 0. AHajoruudo, ¢ 3amMeHoi UL
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Myeth @ — xy << b Ecan nalijetcs Takoe ¢, 4To 4, <= x, <C b,, TO NpH jocTa-
ToyHo Mansix h >0 6yneT a, <<xg Fh<Cb, u noToMy npH k=1 OKaxKercd
$r (Xo-+h) =qp (10}, TaK uTO

Ulxg+h)—=U (x)) =@, (gL h) — g, (xg) =M, (x,+h) — M, (x5)
Orciofia cpa3y BHITEKAIOT 00a HepaBeHcTBa
DU (xp) >~ 5, DU () = (x) ®)

JlonycTHM Temeph, uTO TaKoro 1 He cyuecteyer Toraa x; NEKHT BHe BCex
NPOMENKY TKOB [ay,, Hp) H notomy f{x,)=0 Bbibepeu Kakoe b0 HaTipantsHoe £
Eenu by x,, TO npu moboMm h >0 6yper @ (Xg+M)=¢q, (x,) Ecan xe by, >
> X, TO W ay > x5 (H60 HHaue ObLIO Obl a;, ~ Ag << hy) CTano GuTh, @ (X)) =
=0 < qp(xg+h) Hrak, npu h> 0 u molCom k oxasbiBaercs @ (xq) < ¢x (xo+ A).
Ho rorma D U (xg) 0 u cHoBa Bunoaneno (8) Jlemma jokasana

JlokaxkeM Teriepb OCHROBHOe JAst JanbHeRLIero ) TBepiKIeHHe
b

Teopema 2. Ecau unmezpon T () mence obuyuu, 1) wem unmeepae [leppona,
a
b
mo u e20 paciupHue T « () maxsce mence oGuec, dem unmeepan [leppona
a .
JlokaszateasvcrBo Ilyers f(x)—dyrruua T, HHTerpupyemas Ha [a, b],
Ho He T HHTerpapiyeMas Ka 3ToM oTpeske, OOG03HaunM uepes S MHO KecTBO ee
T-ocobulx Touek, a uepes (ap, by)-— MHTEpBAJLI, JIONOJHITENbHEE K MHOXECTBY S,
Cornacko Teopeme I, §ynKuusg /(x) 6yjer P HHTerpHpyemoil Ha KakJOM OTpeske
[aky bk]

[ee)
BosemeM & >>0 M HaugeM Takoe m, 4TO Z W, <&, TAe, Kak it paHslle,
h=m-1

i B
We=sup| T () |=sup | (P) \[(0) dr| (@ <a<B<<by)
a o

BeeaeM B paccMoTpeHne TpH dyHRUuM p (x), q(x), 7 (x), 3ajaHable clelyo-
UM 06pasom

]f(,\) nps x € Y (g by,

p(x)= ke n
l 0 npu x < fa, b]— Z (ay, by

=1
f) npu xe Y (ap ba),

q(x)= k=m-+1 -

0 npu xe [a, b]— Z (ar, be);
k=41
Jf(x) npH x = §,

r(x):l 0 npu x & [a, b} —S.

b
1y D10 3nHAYMT, YTO HHTerpan (P)Sf(x) dx Gonee ofwnit (8 cmucae § 6),
a

b
yen T .
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flcnro, uto
F(y=p () -qx)+1 (0

$vekura 7 (x) 6yger cymuHpyevon Ka [a, Of, a 3Haunt 1 P nurerpupyemoit
Ha 39TOM Orpeshe, [pHYeM

! b

(PY\ 7 () dx=(1) \ 7 (1) dx=(L) \ F (1) dx
« ! S

Dyvuxung p(x) Takse P unterpupyeva una {4, b] JeucTeuTennno, kak \Kke
Obl10 otveneno, dyunuaag f(¥) HuTErPUPYeMA HA KaKIOM HI OTPE3KOB {a,, b,]
Fen 13veRuTs ee 3Haueluus B By X TCUKaX ay 1t by, CleNaB MX paBHbIMI HYJIO,
TO 3T0 He HY),WHT ee P UHTCTpHP) CMOCTH M HE 3VEHHUT BENHYUHLI €€ HHTErPasa
Noatomy  dyuxuusg p(y) Ha otpeskax [o, b,] (k=1, 2, , m) 6yjer P uure-

e
repyeva Ho ma msoaxecrse [a, b)— Z (ap, by), sBAAIOHIEMCS C)MMOIT KOHEY-
k=1
HOIO unC7Ia OTPe3KOB, 3Ta Qynkuus ects 0 u, oueBuaro, P nurerpupyemMa ‘ldxuM
obpazomM, b (x) .uterpupye 1a (P) na Beem [a, b], npiuem

mn Oy m

pdr= Y (P) {f(0de= 3 Iy,
k=1

=] a,

(P)

0ty

Tae NOJCKEHO
f
Li=umT () (a—ap+0, §— b,—0).
el

Bnaronapa P vaterpupyeMocTd p{x) ¥ r(¥) (¥ }KasauublM 3HAUEHHSM HX
P nuterpanos) naupyreg rakie ux uaagyunxuun U, (x) u U, {9, 4to

n

Uy 0) <) Trte, U, () <L)\ f(x)dx+e.
L= S

Hanotel, B cuy semmsl 3 ana q (x) cywecrsyer Takas Haadivusuus U, (x),
uto ) U, (L) < 4e.
[Monouine U (x)=U, (x) FU4, (x)-+U, (x)
Torpa (M caexcisue gevmsl [ § 2) U (x) Gypet Haadbynxumefi aas f(a),
npiyen
1213
Uy< 3 T (1) § F(x)da4-6e
k=1 5
C apyroii cTOpPOHH,

0 o
Z ]k = Z Wk<8
=41 R=m-1

Crano Guith,

o0
Uy < 2} Tet @)\ () det-Te
k=1 S
HAU, YTO TO e caMoe,

b
Uy <T, H+7e

Ocransroe acno
Teneps ywe n€rko J0oKazaTh HHTEPECYIOM}IO HAC TEOPEMY.

1) 3pecy H <&,
14 U I1 Haraucon 417



Teopema 3 (I Xare). Humezpaa [lleppona Goaee obuuil, wesm yaxuld unne-
epaa Hanxya.

JNokasaTenbctTBOo Beakaa dyHnuus, D-uuterpupyemas, Ovier Di-un-
Terpupyemoit NpH KakoM-HuOyab & << Q [losroMmy pocTatouno J0KasaTh cneuwo-
ulee npexnoxenne: ecin ¢y HKUMA D:-nuterpupyenma npu § << Q, T0 oHa H P-nnTe-
rpupyema, n oba ee uuterpana (P) u (D) cosnapawr ns ;_0 3TO NpeqTone-
Hue BepHO. I1yC(Tb OHO BEPHO AN BeeX §<n U nyctb f {x)—~dynxuns D, -nuTe-
rpupyemasi. Ecau 1 ~4Hica0 BTOPOro poja, TO CNpaBeiaHBOCTL NPEJIOHEHHS Aaf
9TOro 1 oweBufna Lcau Xe 1 —rnepBoro poga W n—| eMy HenocpeicTBeHHO
NpeJIeCTBYeT, TO MO NPeNO/IOKEHHIO Hawe TpelnoXKeHHe BepHO U5 HHTerpasos
Dy, 1 M I0CTAaTOYHO, cOCMABWHCE HA TO, 4T0 Dy =(D, ,),, NpuveHNnTb TeopeMy 2.
Teopema pokasana.

§ 9. Teopema M. C. Anekcanppora —TI'. Jlomana

B stom maparpade Mbl JOKaxeM NOJHYIO TOXKJECTBEHHOCTb liHTerpados [lep-
pona ¥ Hamwxya B cuay Teopembl Xake 1Sl 5TOTO JOCTAaTOMHO OOHAPYKHTh, 4TO
unrerpan Jdauxkya ofuiee !) uHTerpana IleppoHa. 31oT dakT 6B YCTAHOBMEH Heaa-
BIICUMO Jpyr OT Apyra pycckhm matemaThkoM 1. C  Anercangposbiv (1924) n
roanaiackum yuenniMm [T, Jlomanom (1925)

Jdemma 1. [lycme Pyukyua [(x) unmezpupyema (P) Ha ompesne [a, b] u
U (x) —naxan-rubydo ev nadpyunyus. Obomawum wepes E, (1=1, 2, 8, ) mno-
wecmso ecex maxkux x uz [a, b], wmo npu awbom t == x u t = [a, b] okazssaemca

Ui—-Uw
% =1, (1)
Tozda: a) kaxcdoe muowecmso L, zamnnymo,
b) cnpasedausa hopmyaa
[e9) .
la, b]= 3 E.. @

=1

c) Ha xaxdom mruomecmse L, pynxyus (X} cymmupyema.

HokaszaTenwcrBo [lycTe nocaenoBaTenbHOCTE {xp} Touek FE; uMeer
npefesoM Touky x*. BoiGepem Kakoe-nubyae ¢ < [a, b], ornusoe ot x*. Torza
419 JOCTaTO4YHO GONBIIKX R OKameTces x, 7 ¢ H

U@ —U(x)
t—Xk -

Ocraetcs, onupasck Ha HenpepuBHOCTh U (x), nepefitu K Npejeny npu k — co.
Hrak, a) pokazano. Urtolbl jpokasaTe b), Boifepem Kaxoe-aHGo Xy < [a, b]. Ilo
onpefeneto HaagQyRRUKHE Oy ger

lim % (t)—— U (xO)
t— xq

= QU (XO) > —o0,

Bo3skMem Kakoe-HHGYAb unca0 A, yAOBJETBODAIOLUEE HePABEHCTBY
U(f) U (xo)

A < lim
bl f—x,

[To camomy onpejeeHHIO HaWMeHbllero Tpejena CyuiecTByeT Takoe § > 0, uTo
npu f = [a, b] (x—8, xg-+08) (1 £+ x,) 61\ ger
Ut)—U(x)

> A

1) CM. cHoCRY 4) Ha cTp. 411,
418



C apyroit cToporsl, ecan ¢ < [a, b] M # e (1, —8, xo48), 10
U —Ufx) |_ 2M
t—x, 6
rae nonoxeno M=max U (x) . Tem caMbiM z1s 5TuX { oKaxercs
U —-Uly) . 2M
t— ¥ 6

i

2M
Ecau ¢ HAcTONBKO BeJUKO, 4TO0 —t-<ZmindA, it T0 %y = E,.

Octaerca nokasdth!) c) [ag 3Toro BaiGepeM Kakoe-HUGYAb ¢t H HOJIOXKHM
U, (x)=U (x)4-1x. Ecau £ x, 10

U (h=Ux) _U@®O-U®
t—x - t—x

+i

W notomy aas x = E, U f == x OKa3bBaercs
U )- U, (x)
t—x

=

Orciona caepyer, 4to Ha MHomecTBe £, dyuruust U, (x) Bospacraer. Ilo Teo-
peme Kautopa— Benankcona £, mpeactasasercs B dopMe cymmel P,-+D,, rze
P,—coBepuieHHoe, a D,—He Gonee uen cuerHoe MuoxecTBo, Of03HauuM yepes

a W b camylo JeBylo M caMmylo mpaByl Toukn Py w nycts {(@,, b,)}— coBoxyn-
HOCTL HHTEPBAJIOB, JOMOJHUTEALHBIX K P, no [a, b]. 3ananum Ha [a, b] GYHKIHIO
U, (x), nonoxun ee pasHofi U, (x) Ha MHOXecTBe P, H NHHeMHOH Ha KaXIOM H3
OTPe3KoE [a,, b,]. 3ta dyukuua Gyaer Boapacmlou_neu Ha [rr, b] [Tostomy mouTi
Be3ne H4a |a, b] OHA HMeeT KOHEeUYHYI0 NPOH3BOLHY IO U/ (x), npuueM nocjenHAs CyM-
MHpyeMa Ha [a, b] H Tem Gonee ua P,.

C apyro#t croponnl, Haadyukuust U (x) nouts Besge Ha [0, b] umeeT KOHeuHyIo
npouseonnyo U’ (x) (e, § 4). Tak xak U, ()=U (x)+wx, 10 u U, (x) noutn

Besfle Auddepernupyema Ha [a, b}, a 3HAuuT H JHa [a, IJ] Ecau x,—Takast Touka
P,, B KOTOpO#l cyulecTBYIOT 0fe NpPOH3BOAHEIE U (%) 1 U (%), TO nocnenHHe odsi-
3areqLHO paBHBl ApYr JApYry, HOO X, ecTb npenenbﬂaﬂ TOUKA MHOXECTBA P, Ha
kotopom U, (x) u U, (x) coBmajator., 3HauHT Ha P; NPOH3BOAHAA U:(x) 3KBHBa-

JIEHTHd CYMMHpPYeMOR (yHKUNH U: (x), a notoMy u cama cymmupyeMa. Ho Torga
n U’ (x)=U; (x)—i cyMMpreMa Ha P,.

Nonoxum F (x) = (P) 5 f () dt.

a
Pasnocte U (x)— F (x) Bospacraer Ha [a, b], a NOTOMY OHa HMeeT NMOUTH Be3je
KOHEUHYI0 NPOL3BOIHYIO, CyMMHpyeMylo Ha [a, b] u, Tem Oonee, Ha P,. Ho

F)=U®—[Ux—Fx].

Orctoga ciepyer, uto F’(x) cymmupyema Ha P,, a Tak KaK NOYTH Be3jle Ha
[a, &] Byper F’ (x)=F (x), To [(x) orasbiBaeTcq cymmupyeMod Ha P, [lockoseky
CyMMHpYeMOCTh f(X) Ha CcueTHOM MHOXecTBe D, TpuBHAJbHA, AOKa3aHO M C).

Jdemma 2. Fcau [ (x) uumezpupyema (P) na [a, b], mo cywecmayerm mako
ompeaok {c, d] < la, b], na xomopom [ (x) cymmupyena.

JdokasarteascTso. [lpumenum x OTpe3ky [a, b] Teopemy o© TOM, uTO
3aMKHYTOe MHQOKECTBO He eCTh MHOMECTBO NepBOH KaTeropHH Ha CaMoM "cede.

1) Pasymeercq, c) cogepxarteabHo Jauwe npu mb, > 0. BygeMm cuutare 3to
BLINOJHEHHEIM,
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CorniacHo CeACTBHIO 3TOH Teopemut (ra. XV, § 3, cTp. 374) n cooTrOmEHHIO (2),
Haiigeicsl OTpC3ok {c, d] < [a, /] 1t vaTypaasHOC 1 Takue, uto [¢, d] < £;. Tax
kagk [(x) cymmupyema Ha £, TO Tem Gojee omna cymvHpyema na e, d}, w4to M
TpefoBaaoCh JIOKA3aTh.

Tak Kax A0Ka3aHiyw JeMMy MoAd0 NpuMeHdTh K mobomy oTpesky [ay, byl <
< fa, b], TO N3 Hee BRITEKAET

Jdemma 3. Lcau Qyiryua F(x) P-unmeepupyeva wa fa, b}, mo muowccnigo
Sy ee mouen Hecyatuupyesiocnu (T, e, L-0cobeix moues) Hitede we HI0MHO

B o6osuavenuax § 7 6yjner S 08520850 .. 285D

[loatoMy Kaxzoe M3 MHOKeCTB S; M I07aBIIC HHMTJE HE IJIOTHO.

Jdemma 4. Eoww  gyurqus ey P-uwmeepupyena  wa  la, 6] u
Se=S:(f, [a, 8]} =20, mo u Sg—§,. 1+ 0.

HokaaaTeancTso. [lycTs tHavana B Sy HMEeTCS] H3OAHDPORAKHHAR TOUKE C.
Byzme cuuTaTh, 4T0 @ < ¢~ b (.1 ¢=a, HAM C=D, 10 pacc)KJelue MOYTH He'
namenntest). Torga wabimyres Takue p 1 ¢ (@ ~p<<e<<g-—b), uto Ha {p, g}
¢ Oyner emuHCcrBeHnod Dg-oco6oil Toukou. TlycThb 7 M s TaKoBbl, 4TO p<Cr <
<c<<s<Cq. Ha xakmoM u3 otpe3kos [p, r] ¥ [s, q] dyuxkuus [(x) 6y1er
Dy-nuterpupyema u 1)

. q )
D) \F () dx=T () —F (p), (D) \[(x)dx=T(q)—F (s).
b S

Baarogapst nempephiBHOCTH F (x), Hamucanyele 31eCh HHTErpanbl CTpevsATCH
K KOBEYHEM TpefesaMm npu r — ¢, s —c¢. OTcloga BulTeKaeT, 4To Ha [p, ¢] H Ha
[c, q], a suaunt ® na [p, g), dyukunsa [ (x) Dz ( murerpupyema. Hubvu ciosavy,
¢ & Sy, # Teopema 1OKa3aua

PaccmorpeM Temepb caivuafl, xorga B St H30JHPOBAIHBIX TOULK HeT, T. e,

Koraa Sg ecTb MHOKECTBO CoBeplueHuoe. BBeleM y.ke pd.CMO?TpeHHBle B Jemyve |
dbynkuuo U (x) ¥ MHoxkecTBa L.

Kpome Toro, o6osnayum ueped V (x) xakyw-1ubo noabyukumio }(x) 4 rno-

CTPOMM A/ K&XKJOTO HaTyPaJIbHOTO ;| MHOMeCTBO Fy Tex x, A1 KOTOpLX npi /s x
OKa3blBaeTcsi

V-V (x)
Tk

Auanornuno MpoxecTBaM E, MuOwecTBa [, 3aMKNYTHl I CyMMa HX COCTABASeT
Bech OTPeaok [a, b#]. B tawkom cayuae

S:= Y S:EF,.
!

TTosTomy (Ha OCHOBaHHM YyKe YIOMMHABIIErOCS Bblllle ¢J€ICTBHA reopensl 2, § 3,
ta, XV} mafigyres rakue 1y W f, H Takoit wnrepmaa (h, g), 4710

0 (h, g) Sec EF,.

[ycTs x,—kakag-undyae touxa (4, g) Sz. Tax kax S- Hurge ne njotso, T0
Halify TCA rakHe TOUKH p U ¢, WP0 h <\ p T xpa<<q<<g ¥ p & S, g & Sg. flcHo, uto

0= lo, {7] SE < EIDFIC.-
M3 Toro, urto p M g e BXopst B Sy, BuITexaeT, ?) uto
[p. ql Sz=S:(lp, 9.

A
1) Uepes F (x) o6oanauen (P) gf(f) df. Mbi nosap3yevca 31eck TOH uyacThio
u

Teopembl Xake, B KOTOPOH yTBep:kjiaelcs, yTo 3Havewwe D-lirterpalja paBHo 3Ha-
yeHHI0 P-unTerpana.

2) Ecam 6bi 6ulo p e 8-, To p MOrJIo 6bl OKa3aTbCs JIEBBIM KOHUOM HNTEp-
Bana, AOTIOMHHMTENBHOrO K Sz, M Torda Guwio 6w p < [p, q] S:— Sz (lp, ql).
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Urak, Sg(lp, 9)) = ELUF].D. TMoxamem, uTo Ha oTpeske [p, ¢] dynxuna f(x) 6yner
Dy y-uuterpupyema. M3 aroro Gymer CELOBaTh CHPABEANMBOCTL JNEMMBI, TaK K4k
BHYTpH OTPe3Ka [p, ¢] e CMOXKCT MonacTb Hif OfHa Touka S: 4, B 7O Bpewms
KaK TOUKH Sg TaM 3aBCJOMO HMEIOTCS (HANPHMEp, TOuKa X,).

Yeaosue cymmupyemoctn f(x) wa (Hurge ne niormom!) mHoxectse Sk ([p, ¢))
BBINOJIHEHO B CHAY BKMIQUEHHS STOro MHOKecTBa B £, M Jemmsl . 0803Ha‘lHM
yepea {(a,, b,)} COBOKYMHOCTH BCeX HHTEPBA/OB, AONOJHHTCMbHLIX K MHOMKECTBY
St (Ip, ql) a0 orpeska [p, g]. Ecan n sakpennedo n a, <a <f <b,, 10 f(x)
6yaer Dyg-unterpupyema Ha |2, B], ¥ no teopeme Xake okamercs

6
(D) \F () dx=F (f) —F (a).
&

Orciona, Gnarogaps HENpepbIBHOCTH Hcompededennoro uprerpaia IleppoHa,
cpasy BbITeKaeT, uTo Apu o« —d,+0, B— b,—0 cymecrtByer Koweunstff mnpeges
HanucaHHoro 3fece Dg-HHTerpasd.

Tlosromy ans 3aBepllenis 10Ka3aTeNbCTBA OCTAETCS JHIUL YHESIUTBCA B TOM, YTO

ZW'L<+OO' rAe, KaK W [0 CHX mop,
n

B
(Do) \ [ (x) dx

[e4

W, =sup (a, <o <fp<<by,).

C sTsil ue/blO 3aMETHM, 4TO NpH BceX 1) n 6yner
an = SE ([pr q]) < EluFIn .

3Hauut, mpu BeeX ! U3 [a, b], OTNHYHHEX OT g, Gyjer

VOV, YOV,
B yacTuoctn, ecnu a, <<f<<b,, 10
U)—Ulag)=—io(t—ay), V{O—V(ar) <io(t—ap)
H, TeM GoJjee, /1A 3THX ¢ 6yjier
U —Ua,) =—i(bp—ay), V)=V (a,) == (b,—an)-
C gpyrefi cToponb!, o6e GyHKUHH
Lgyy=U@O—-F@O), MO=FO-VQ
Bospacrator. Crano ObiTh,
F)—Fla)=[U@)—U(a)] —[LE)—L (@)=l (bp—an) —[L (bp)—L (an)],
F()—F (an) =V () = V(@) |+ (M (&) — M (ap)] << [a (b — @n) + (M (br) — M (an)].
Otciofa cjefyer, uto mpH d, << o << f << b, 6yzder
[F(®)—F (@)= (to~jo) (bn—~an) +1L (bp) — L (@p)] +[M () — M (an)],
a 3HauuT H
W, <= (lo+ o) (0n—an) - [L (8n) — L (an))3-{M (87) — M (ap)).

Ho Toraa sicwo, w10 3\ W, <{+00, YTo # TpeoBasock LOKa3aTh.

Teopema (1. C. Aaexcandpos — I'. Jloman). Pyuxyus, unimezpupyesas
no Heppony, unmeepupyema u no Janiye 6 y3xom cmuicae CL06a.

1) Kpome TOro eJHHCTBCHHOTO n, NPH KOTOPOM a,=p (TaKoe rn CyLIECTBYST,
NoCKONBKY p & S¢).
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B camam neae, no upuyuuny crayuonapsocty Kantopa — Bapa cywmectsyer
TaK0e o < Q, yTO H Se=8,=38,.1.
E<Q
Ecou Gl MHOXECTBO nSE 0Ka3a40Ch He NYCTHIM, TO HOAYYHJIOCH 6bl RpPO-
TiBOpeyHe ¢ Jemmofi 4, Ocrtaercs cocnalbca Ha TeopeMmy 2 H3 § 7.

§ 10. MonstHe o wnpokom nurerpane Janxkya

Uro0Ob! faTh MOHATHE O WHPOKOM HHTerpade [lanmya, uaw HuTerpane [laH-
Mya— XHRUMH2, HAM NPHARTCS BEPHYTHCH K OGUUM pPaCiMOTPeHHHAM §
L b

[Ty2Th 0a4 KaxoM-uwGyas umrterpas [ (f). IMoctponm ero ofodwenne T~ (f),

a u
b

OTAHYHOE OT TOro oGobuieHUS TV (f), € KOTOPLIMH Mbl O3HAKOMHJHCL B § 6.
a

HMuenno, ycioBHMes B/IOYaTh B kaace T* ([a, b]) seskyo dynxunio f(x),
3afjaHNyl Ha [a, 0] 1 yQOBJCTBOPAILYIO CAELYIOULHM YeThipeM YCIOBHAM:

1) muoxeetsa Sy=S,(f; [¢, b]) RuTAe He MAOTHO W f{X) Ha HEM Cy MMHpYyeMa
no JleGery,

2) ecn | (a,, b,) | ecth COBOKYRHOCTb JONONNHTENbRBIX MHTerpaiow!) Si,
TO g8 KAXAOrO A CYULeCTBYET KOHEWHLIH npesed

B
In=tm T (p (@ <o <P <bp, &=y p—0b,),
[¢2

3) cOpaBelHBO HEPABEHCTBO

% Hnl<+eo )
4) eCAH NPOMEKYTKOB (@, b,) GECKOHEMHO MHOTO M
Wy =sup % ¢ (an <o <P <by),
10 ’
lhmWw,=0. 2)

Mbl BHIHM, 4TO OTJIHuMe onpegedehusa Knaacca T* ([a, 8]) or onpegesenns
kaacca T, ([¢, b]) COCTOHT B 3aMeHe OJHOTO TpeGOoBaHHA

. D W, <+ @
H
COBOKYMHOCTBIO IBYX Tpedosannii (1) u (2). Tak rak |/, =< W,, 1o n3 (3) Bbrre
kaer #H (1) H (2), oTkyIa
T,{a, ) = 77 (e, b1).
B wyactHocTH, orcoaa chaeayer, uto kaacest T ({a, b]) ne nycim. Huyero me

MeHAA B paccyXJIeHHAX § 6, MOMHO [OKa3aTh, YTO CHCTEMd 3THX KJaccop npd-
BUJbLHA.

1) C TemH OroBOpKaMH, KOTOphle OblH CAeldHbl B § 6 OTHOCHTEJBHO CaMoro
JeBOr0 H CaMOro NPaBOro M3 HPOMEXYTKOB (dn, b,).
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Beens kmacent T* ([a, b]), ™Mbl MOXKeM HA KaXAOM H3 HHX 3alaTh QyHK-
b

LLHOHaJI_T*, conocTaBagtowHit kaxaoit f <= T* ([a, b]) yncao

a
b

T =X 1n+w § Fwax
a n Sy

b
* “ o
Takum o6pasom, 1 (f) 3ataetcst Toil ke dopmynoit, uto u 1, (f), HO Ha Gosee

a d
unipokov kaacce QyHkunil, TeMmu e paccykaeHHSMH, 4To H B § 6, MOKHO MOKa-
b

"
sats, 4o | () ecrb uuTerpan B cMbicae § 6. M3 ckazarHOro Acmo, YTO MHTErpan

a
b

31OT Goslee GOLLKI, ueM T1= .

a

[lupoknii uHTerpan J[laHxkya CTPOHTCA HPH NOMOJIM HHTerpada T* cosep-
WEHHO Tak Xe, Kak Y3KH{ HHIerpad Gul1 nocTpoeH npH momoutd 7.

ViMenno, BBOoauTca TtpaHchuHuTHag (tna Q +4-1) nmociefoBaTeNBHOC1L HHTe-
rpanor

b
(DY \ () dx, )
a

onpenensemas no HHAYKuMH. Ilpn =0 wunHTerpan (4) ects nNpoCTO HHTErpan
JleGera. Ecan pna Beex § <1, e << Q, HHTerpann (4) y:Ke ofipejeseHnl, TO
AN 1) REPBOTO poja modaraeM DN=(DN"H* a aaa v sToporo poja DW= Z Ds,
§<n
Hnrerpan
D= Y Dt
E<Q
H ecTh wHpoKHil HuTerpan Jdanxya.
MoaHO n0Ka3aTh, YTO WHPOKUE uHTerpan Jlanvwya obuee y3goro. Bosee toro,

-

OKa3blBaeTcd, }) uTo BooSle npu modom § << Q uHterpas DS ofmee uem D3,
YNPAKHEHHS K I'MTABE XVI

1. Monsitde unuTerpana IleppoHa He pacIIMPHTCH, €CAH B OnpejesleHHH Hal-
oyukuud U (1) n noapynkuun V(1) oynkunn f(v) TpeGoBaTh  BbIMOJHEHHA
wepapencTs DU (x) = f(x) w DV (x) = [ {x) anwb nou T Beage,

2. ITycib ua [@, b] pacnoJOKeHO 3aMKHYTOe HHTJe He MJOTHOE MHOMecTBO S,
{(a,, b,) } —COBOKYRHOCTE €ro JOMOJHHTENLHLIX MPOMEAKYTKOR, 7T — HEKOTOPHIH
Hurerpad i f(x) —dyrkuud, sajannasg Ha (a, b] W T-unTerpupyeMas Ha KaxjoMm
[e, B] =(ap, 6,) (n=1, 2, 3, ..). Ilycts

1]
W,=sup| T (ap << 0 << B << by).

Ecsu: a) npH RamAoM n CyllecrByeT KOHeyHH npejed

f
Ly=1m T (@~ ap+0, p—b,—0)
a

HCm. U. 11 Hatancoda u I'. U. HataucoH, «K B3anHMOOTHOLICHHIO
MEXAY Y3KUM H LUAPOKHM HHTerpanamu Ianxya», YcmexH maTeM. Hayk, 1968,
T. 13, Ne 1,
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ub) YW, <-4, 10 ¢) Besikomy & >0 oTseuaer Takoe § >0, uTo aa OGO
KOHeHOM HJIM CYeTHOR cucTemel oTpeskoB [a,, f,], y wortopoit o, fy] < (au;, ba,)

(n, £ n, npu k) u Z(ﬁi_az)>2(bn_an)-6» Gyner
By
Z[/L_ZT(f)

3. Tlyers (B Tex e o0O3HAuenusx) uucno H oGnagaer CBOMCTBOM: BCHAKOMY
¢ > 0 orbeyaer Takoe § > 0, urto A /oGOl KOHeuHOl cHcTeMul oTpe3koB [, B;],
y koropoit (o, B} <= (an, bn{) (n; 7 ny npu iF£ k) n Z(ﬁl’“at) > Z (by—an)—8,

OKa3blBaeTCA

< e,

By
H—ZT(/‘)&<£.
Lo

Torpa uvetor Mecto a) v b).
4. Ecan Sg— muoxecTBo Dg-0cobeix Toyek dyrkmun f(x), T0

” S’;:SQ-
E<Q

5. Uro6el diynkuus f(x) 6eina D-unterprupyemoit, Heo6X0IHMO B JOCTATOYHO,
yToGL COOTHOMEHNe Sy =~ 0 Baexso coornomenne Sg £ Sg,q.

6. TTokasats, yto ¢yukuns U (x), nocrpoerHas B Jemye 3 § 8, yIorjersopdeT
cooTHoWeHusAM — o0 7= D_U (x) = f (x).

b
*
7. Jlokasate, uTO ecad T(f) ecTb HHTErpan, To d T (f) ecTs wuuTerpan.
a a

8. Ecan f (x) € D; ([a, b]) D" ([a, b]), To ee Dy- n DM-unrerpansi pasHbl.
9. laterpan D% Gosee ofwmit, yem D, )

10. Tpu Jqoboum § <2 Q cyweersyer f(x), Bxonaulaa B D¢, ¢ ([a, b]) — D3 ga, bh).
11. Tlpn ai06oM & < @ Oyzer D51 (a, b])# Dy .y (la, b))+ D (la, b



ri1ABA XVI

¢ YHKIUHH C HEOrPAHHYEHHBIMH
OBJIACTSAMH 3A0AHHSA

o cux nop Mul paccmarpuBanu dyHKUUY, 3aJaHHBIE HA OT P A H U-
YeHHDB X MHOXECTBaxX. Tenepb Mbl HamepeHbl pacrlpocTpPaHHTh HEKo-
TOPHIE H3 H3JOXKCHHBLIX BblIE Pe3yJbTaTOB HAa (DYHKLIH C Heorpamu-
YeHHbIMM o6jacTaAMM 3afaHud. [ast npocToTbl Mbl GyjAeM TOBOPHTH
AU O QYHKUMSIX OAHOH IEepeMeHHOH, TaK Kak Mepexoj K Cayyai
HECKOABKHX TEePEMEHHbIX He NPEACTaBJSET HOBhIX TPYLHOCTEH.

§ 1. Mepa nHeorpannueHHOro MHOXeCTBa

MuoxectBo E, copepxkauleecsi B (— co, - ©0),- Ha3bIBAETCA U 3 M e-
pPHMBIN, €c1y npi J1060M HaTypaJbHOM A H3MEPHMO MHOMKECTBO

E(n)=[—n, n]-E.
Mepo#i Takoro MHOXKeCTBAa Ha3sblBaeTcsl mpenen

mE = lim mE (n).

n—>oo

AroT mpeflen BcerAa cyuwlecTByer, Tak Kak mkE (1) Bo3pacTaer BMeCTe
¢ n. OAHAKO He HCKAWYEHO, YTo ME = - co.

BMecTo MHOWeCTB Ha npamoli Moxno Oeino Obi  paccMaTpHBATD
MHOXKECTBA HA MJIOCKOCTH WJH, BooOlie, B TPOH3BOJLHOM MHOIOMEp-
HOM TNpocTpaHcTBe. ECTECTBEHHO, YTO B ONpeJleJeHHH NpH 3TOM HAJlo
UpOMEXKYTKH [— n, n] 3amenntb KBajpartami [—n, n; —n, n] ui,
B oflleM cayyae, COOTBETCTBYIOULHMH KYGANH.

MoxHo noxasath, 4T0 MHOMeCTBO £ OyJeT H3MepiiMbiM TOTAa U
TOJIBKO TOrJa, KOrja H3MeplMC nepecevyenue E - ¢ JaHHOr0 MHOXKECTBA
¢ JiOOBIN H3MEPHMbIM OTPaHHYEHHBEIM MHOXECTBoM e. [lanee,

mE = sup me,

rJle TOYHasi BEpXHAA TpaHHLa 6epeTc;{ 110 BCEeM 113MEpPHMbIM OrDaHH-
YeHHbIM MHOMXecTBaM ¢ < E.

Knace H3MEPUMBIX MHOXKECTB II nocJie YKAa3aHHOro paclinpenns
OCTAaeTCA HHBAPHAHTHBIM OTHOCHTEJNLHO onepaunﬁ CJ0XKeHNd, nepece-
YeHUs H BBIYHTAHHUA, €CJH OHH MNPOH3BOAATCS KOHEUHOC HJH CUETHOE
MHO2KECTBO pas.
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OCTaHOBHMCﬂ Ha J10Ka3aTeabCrBe MOJAHO it a AAUTHBIHOCTH
mepot. [lycib muowectBa £y, Es, Ey, ... H3MEPHMBI, NTONApHO He nepe-
cekatorcs u £ = 3 E,. Torza

k=1

Em= Y Edln), (1)
OTKYyJa -
mE (n) = i mE, (n) < i mEy
) k=1 E=1
mE < i mk . 2

=1

C apyroit ctoponbl, 13 (l) BeITeKaeT, yTo NpH BCAKOM KOHEUHOM N
v

oyaer mE = Z mE), (n). llepexoxa s3aech K mpefeny cHadana MpH
k=1

n—»oo, a 3areM npit N — oo, HaxoMnM, u10 mE = Z mE,, oTRyaa
k=1
B ¢BA3l ¢ (2) caeaver, wiol)

o0

mE = ¥, mEy. 3)

k:l
B uacthocTH, eciii A D B 1 ofa 3TH MHOXeCTBa H3MEpPHMbl, TO
mA =mB -4+ m (A — B).

Ecau jonosuntensHo norpefoBath KoHeuHOCTH mB, To
m(A—By=mA —mB.

Jlerko nepeHecTH Ha HeorpaHHYeHHbie MHOXecTBa TeopeMy Il n3
§ 4 1a. 11I. Hnenno, nyete Ey < E; < Eg < ... I3MepHMble MHOKe-
crea 11 E ux cymma. Ecam xo1b npu opHom n 6yler mE, = 4 oc,
To 0 ME = - oo, orKyla

mE = lim mE,. (4)
no» o

Ecnu xe Bce E, uneloT KOHeuHYH0 Mepy, To (4) loKa3biBaeTcs GyKBaJlb-
HbIM AOBTOpeHHeM paccykaeHHit r. 111,

Teopema 12 mepeHocH1Ccs Ha Heol paHMYEHHbie MHOMKeCTBA B CJe-
IyloiieM BHIe:

Teopema. ITycme E, D E, D E;D ... — usmepumbie MHO®¥ECMBA
u E ux nepecewenue. Ecan mE; << -+oo, mo cnpasedauso (4).

1) Kampgas u3 yactell pasenctBa (3) MOXKeT paBHATbCA —+ OO,
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Jna fokasarenbcTBa HaAo JHIIbL MPHMEHHTh MPELLIECTBYHOUIHIH
pesayabpTat K MmMuomecrsaM F,— E,(n=1, 2, 3, ...).

Bes oroeopkn mE, <+ <o Teopema HeBepHa. 3TO BHAHO H3 MpH-
Mmepa E,=[n, + ).

§ 2. Hamepumbie (yHKUHH

GOyuxumio f(x), 3aaHHY HAa MHOXKecTBe E, NO-NpekHeMy Ha3bl-
BAIOT H3MEpHMOI, ecaH H3MepUMO Kak FE, Tak H Bceé MHOXecTBa
Buaa E (f>c¢).

Ecan norpe6oBats, utoOsl Obl10 mE <<+ 25, TO NepeHoc pe3y.ib-
tatoB ra. IV Ha dyHkumu, sajaHHble HA MHeKecTBe E, He norpedyer
NMOYTH HUKAKHUX HOBLIX coobpaxeHuii. Bnpouem, Teopema o TOM, uTO
npelen CXoAsileAca NMOCIeOBATebHOCTH (PYHKUHI fj (X), M3MEpPHMBIX
Ha MHOxecTBe E, ecTb (YHKUHMA, TakKe H3MepHMas Ha E, coxpa-
Hserca u Ge3 orpaHuueHust mE < -+oc. 310 Jerko nokasaTb ¢ NO-
MOILILBIO NpeleibHOr0 nepexofa oT MHoxkecTs £ (n). Jlis oboGuienns
TeopeMbl Jlyauna oroeopka mE <-4 <. Takke He HYxHa., [oxakeM
3TO XOTsl Obl a4 CAydas nosayrnpsMoil.

Teopema (H. H. Jlysuwn). Tycmeo f(x) usmepuma u noumu eesde
KoHeuna ra mromecmse E =10, 4 c.). Has awboco ¢ >0 cyuse-
cmeyem makas Henpepuienas Ha E gyrxyus @ (x), umo

mE (¢ ) <e. (1)

Hokasarteabctso. [onowum E,=[k, b+ 1] (£=0, 1, ...).
Tlpn kawjaow % Halilerca QyHKUNA @ (x) 3ajlaHHag H HenpemeHaﬂ

Ha Ey, ana Koropoit mE, (¢, 7~ f) <<

QA . MOXKHO CUHTATb NMpPH 3TOM,

uTo0 ) @) (B) =@, (k1 1)=0. Torna tpebyeman yHKUHS @ (x) MOXKeT
OblTh ONpeleniena Tak:

@(X)=¢p(x) npu kb < x<<k+4+1 (&=0, 1, ...).
§ 3. WHTerpaibl no HeorpaHHYEHHBIM MHOXECTBaM

Iyere f(x) — n3MepuMas u HeoTpullatenbHas (QyHKIHMA, 33fasHad
ua HeorpanuueHHoM MHOwectse £. [lo onpeseneHuto nonaraem
{F()de=lim § f(x)dy, (1)
r = iy
rae, Kak H Buime, E (n)=[— n, n] E. llpegen (1) 3aBefomo cyme-
CTBYET (XOTS1 MOXET W DaBHATLCH |- CO) BBHAY TOTO, YTO HHTErpaJbl
S ] (x) dx Bo3pacralor BMECTE C 71,
E(m)

’

1) Tlyets f(x) u3Mepliva M noutH Be3fle KoHeuna Ha S=[a, b]. Baas moboe
£>0, momem (no Teopeme Jlyanna H3 a4, IV) HaflTH TaKyw HCnpephiBHYIO
Ha S ¢yukumio P (x), g1a xoropon mS (P = f) < ¢. Cneaap 570, BO3bMeM TaKoe
6>>0, uyro 28 << min {b~a ¢}, 1 NOCTPOHM HenpeprLiBHYIO Ha S dyuxuuto ¢ (x),

*NOAOANB A a+8 < x 2b—8 ee pamnoil P (x), ¢ (@)= (b)=0 u cnenas ¢ (x)
JAuHelinoi Ha oTpeskax [a, a+-8] u [b— 3§, b]. Jlerko npoBepHTs uTo mE (@ = f) << 2¢.
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Ecan wunrerpan (1) KoHeueH, To f(x) Ha3blBAOT CyMMHpYeMOH
¢bynkuneit, OCTAHOBHMCS Ha BOIpOCE O TOM, KaK Ha uHTerpasbi (1)
pacrpocTpansiorcsi Teopemsl § 1 1. VI. 3nech npoule Bcero Hayathb
¢ Teopensl Paty.

Teopema 1. Ecau n0caedosamenbHocie u3MepumMblx U HeOmMpuya-
meabHblx yHruuld f, (x)}, sadannsx na mHoxcecmse E, noumu eesde
Ha E cxodumca k ¢pynkyuu F(x), mo,

{ F (x) dx < sup { { e () d,\}. (2)

E E

B camom gzese, npu nofom HaTypanbHoM n Oyjer

{ Fdxésup{ \ fkdx}ésup{gf,,dx}’

E(n) L(n) E

OTKYyJa NpefesbHBIM TEpexofoM TpH n— oo nojdydaerca (2).

Onupasch Ha 3TO TpejoxKeHHe W OyKBa/lbHO MOBTOpAal!) pac-
cyxkfenna § 1 ra. VI, nepeHocum Ha c/iyyall HEOTPaHHYEHHOTO MHO-
xectBa E Teopembr 10, 11 u 12 ykasanHoro naparpaga.

B xauecTBe caepctBus Teopemnl B. JleBH mosyuaercs

Teopema 2. Ecau f(x) usmepuma u HEOMPUUAMEAbHA HO MHOXCE-
cmee E, a f,(x) ecmb cpesannas ¢ynkyus, f,(x)=min{f(x), n}, mo

{7 (x)dx= lim § fa () dx.

— 0 E

3ameTHM ellle, YyTO B TOM cJaydae, Korja f(x) ecTb usMepumas H
orpaHuyeHHasa ¢yHKUHWs, 3ajaHHAd Ha MHOXecTBeé E KOHEUYHOH
Mephl, 0=<f(x)< A, 1O f(¥) cymmupyeMma 4 Sf(x) dx << AmE. 310

E

TaKXKe YCTAHABAMBAETCA MpelesibHBIM MepexofoM oT MHoxecTB E (n).
lepenoc Ha paccmaTpuBaembiil c1yyall Apyrux pesyaeTaToB § 1, ra. VI
He NpeAcTas/afeT TPyAa.

Ecnu f(x) — n3Mepumas Ha MHoXecTBe E QyHKIHA, KOTOpasA MOXKeET
MPHHHMATh M OTpHUATE/JbHBIE 3HaueHHs, TO Mbl, KaK ¥ B 1. VI, BBO-
JuM GyHKOMH [ (x) u f_(x):

fox)=max{f(x), 0}, [.(x)=max{—F(), 0},
M [ojaraeM IO ONpeJeieHuIo )

Vfxyax={f (0 dx—§f_(x) dx, @)

E E E

1) Tlo xofy nena moTpefyeTcsi omepeThCsl Ha TO, YTO M3 HepaBeHCTBA f(x) <<

= g (x) caelyer, yTo g fdxss gdx. 3TO mpeAsNOKeHNe JETKO yCTaHaBAHBaeTCA
E E
NpefeNbHbIM ITePeXOJOM OT MHOXKeCTB £ (n).

2) B Tex cayyasx, korga £ =(— oo, -+ o), E=(— 00, b] umu £ = [a, 4 ),
HHTerpan (3) o603HauaeTCsl COOTBETCTBRHHO yepes

+ b + o
§ Fix)dx, S f (%) dx, S F (%) dx.
-—0

—x a
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€CJId TOJbKO 3Ta PAs3HOCTb NIneeT cnbict. Leau uurerpas (3) cyue-
CTBYET I KOHEYEH, TO [(x) Ha3blBaeTCA CYMMHDYEMOH Ha MIONKECTBe
E ¢ynxuneir. Knace taknx f(x) o6osnayaercs yepes L (E).

Ha paccmalpusaenuli c1yuail J1erko nepeHoCATcs pesyJabTarth § 2
ra. VI. B wacrnocri, 03 cyanmpyevocti f(x) BbiTeKaer cyMMmHpye-
mMocTe 11 f(v) . Ecam f(x) = L(E), a g(x) orpanduyenHas u H3Me-
pHMas Ha E ¢yHkuns, 1o f (1) g (¥} = L (E) Coxpausercs u teopena 8,
§ 2, r1. VI (o6 abcoatoTHoli HenpepuiBHOCTH HHTErpasta), HO TOJIbKO
NpH JIOKA34aTeIbCTBE €€ Ham ApPUIETCA Temeph COCJAaThCA He Ha
ompeje.enne nuTerpasa, a Ha TEOPeNy 2 Hacrosilero naparpada.

§ 4. ®yHKUMH, cymMMHPyembie C KBaapaTom

Kak u B cayyae orpaHuueHHOTO MHOXECTBA, ONpejesercss MNOHs-
THE by HKLUIH, CyMMHUpPYENOH ¢ KBaipaToM Ha mMHowectse E. HMwmenho,
3T0 ecTh QyHRuUuA f(x), usvepumas Ha E, amaa xotopoit f2 e L(E).
Kuoace Taxkiux ¢y KUy ofosniauaercs uepes L, (E). Ecan mE <+ oo,
TO BCAKan OrpaHuHueHHasn Hameplvas ¢yHkuHg Bxoaur B L (E).
B wactnoeru, 1 & L(E), orkya, B CBA3U ¢ HEPABEHCTBOM 2 a, <= | 4 a2,
caefyeT Br.aoueHlle L. (EY o L(E). Ecan mE = 4 oc, TO 370 BK.IO-
yeyne He wumeer Mecral). Hanpmep, ecan E=[l, - ), TO

e L(E)~L(E).

Ha neorpanilienHbie MHOMXeCTBA PaclpOCTPaHANOTCA HEPaBEHCTBA
Byusanosekoro ?) i Koun, a TakxKe BCS OCHOBAHHASI HA HIX [EOMETPH-
yechad TPAKTOBKA L, (L) Kak npocTpaHCcTBa. 3TO NPOCTPAHCTBO MOJHO:
BCsIhasl cXoasuiaacs B cefe NOCAeL0BAaTEIbHOCTh €r0 3JEMEHTOB IIMeeT
npegea. Ecan mE = 4 _2, TO cyUleCTBY 10T H3MEPHMBIE OrpaHHYeHHblE
dyukunr g(x) (xora 0wl g(x)=1), nHe Bxogsuwme B L,(£) Ogunaxo
finieer Mec10

Teopema 1. Kaacc mex HenpepuisHoLX 1 VePaHHUeHHOIX (pyHKIu,
romopote 8xvdam 6 L, (E), sciody naomen 8 L, (E).

Jokaxem Teopevy xorq 0w Aas caydasd) £ =[0, -4 oo). Hycrs
fe Ly (E) 1 e>0. 3akpensaenm cronb Gonbluce A, uToGhl 0Ka3a10Ch

+w ,
S o de <5, ()
A

u BBOAMM InenpepuiBayio Ha [0, A] dyHKWwIO 4, (x), YAOBIETBOPSAIO-
ULYIO 11€PABENCTBY

A
S [IP() (x) —f(x)]2 dx << eé . (2)

0

1) TlpejocTapasiey 9HTATeN0 JOka3’aTh 3TO B OGUIEM BHie

2) B uactnocty, M3 } = Ly (L), g = Ly (E) cacmyer, uro jg & L (E).

) Teu cavbim oOHa ©OyaeT JOKa3aHa AJf  BCEX HAMEPHMLIX MHOJXKeCTB
E < [0, 4 o), n6o Bce ¢ysnuuu, 2aiannble Ha £, MOKHO JOORPELENHTb, INOJO-
wuB nX pasipnm 0 ma [0, 4 o) — L.
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MMyetb M =max ¢, (x)| u 8§ >0 cTonb Mano, uto 6 < A 1 32M26 < €2
3apaanm Ha [0, Al dyskuwio ¢ (x), noaarad w(x) ¥4 (x) ans
0< x=2A—06, y(A)=0 u genas W (x) auueiinoit na [A—9, A
Slcuo, uto P (x) HempepLiBHA H

ST I

[\p (x) — Yo (x) P dx << 4M"6< g 3)

Tak kak (a4 b)?==2(a*+b?), 10 u3 (2) u (3) crenyer, 4ro
A
\ = ppde <y

4

Ecau nonomuth ¢ (x)=¢(x) g 0<<x<<A u ¢(x)=0 a4
x=A, 10 ¢(x) 6yleT HenpephlBHON U OrpaHHYCHHON QyHKLHeH, BXO-
asmeit B L, (E), ana koropon ') |[f— @l <Ce.

Teopua OpTOrOHAMLHBIX CHCTEM Al GECKOHEUHOTO MNPOMENKYTKa
WHTErPHPOBAHHA INOYTH %) He OTIHYAeTCs OT cJayyas KOHEYHOro Mpo-
MeXKyTKa: coxpausiorcs Teopenbl Pucca — @umepa, B. A. Creknosa,
TeopeMa O PaBHOCH/BLHOCTH 3aMKHYTOCTH H NOJHOTBI CHCTEMbI H T. H.

§ 5. DYyHKUHH C KOHEUHBIM H3MEHEHHEM.
UHTerpaant Ctuarbeca

Iycrs ¢yHruua f(x) 3anaHa 1 KoHeyHa Ha BCeH ocH (— o0, o).
Ee mosHbIM H3MeHEHHeN Ha3blBAaeTCA Ipejes

vnggvm
AHanoruyHbIM 0o6pasoM onpejensen 3)
+oo n
vm~gTva) V()= lim V(. (1)

[Tpn Mo06bIX KOHEUHBIX a W b (a <<b) Gyper

4o b +oc
V f)— f)+V Do VH=VH+V ).
— o0 Q a b

1y Ananornuno, aas moGoi [ e L (E) u awboro & > 0 CyILeCTBYET HENpephiB-
Haf H orpannuenHad ¢ = L (E), 419 KOTOPOi

\ip—/1dx <e.
E
?) Tak kak QyHKuUHI x" He BXORAT B L, (E), To He OyleT HMETh MeCTa, HanpH-
Mep, caencteue | Teopemsl CTekJoBa

3) Pasymeercs, Anfi BBefeHHs Beanynd (1) HeT HajoGHOCTH, 9TOGH! f (x) Oulia
3ajana Ha Bceft ocu,
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Ecau Vw () <400, 1O

—

lim \“/(f)=o, lim V(f)=

d—=—35 __r a-—» “x

JHlokasatenbcTBO 3THX (M aHAMOTHYHLIX) NPOCTHIX YTBepKAECHHH OIy-
cKaenm.

Teopema 1. Ymobot noanoe usmcrerntie f(x) 66110 KoHedRbIM, HEOD-
xodumo u Jocmamodno, wmobot f(x) Bvtaa pasrocmsio 0eyx 803pacar-
WUX U 02POHUYEHHOLX (ByHKLUL .

HoxasatedancTBo, das OﬂpEJlEJ]e}lHOCTH PacCMOTpHM cyuait,
koraa f(x) sagmana Ha (—oo, J-oc). Ecnu V (f) <<-+oo, 10 f(X)

— 0

orpannyenatl). Ilonaras

A=V () vEO=n)—fE),

nojydaen TpeGyenloe NpeicTabieHue
fx)=m(x)—v(x). (2)

O6patHo, ecau umeer mecto (2), rae m(x) w v(x) Bo3pacTawT H
OrpaHHyeHsl, TO

4™ + 4+~
V(= V (M + V (v),

I OCTaeTcs 3aMeTHTh, 4To AJf Beakoil Bo3dpacrarowell GyHKUUH ¢ (X)
oyner

V((P) @ (+00) — ¢ (—00),

rie ¢(+oc) 11 ¢p(—cee) cyTe npelennl ¢ (X¥) COOTBETCTBEHHO IpH
X—> 400 U X—>—00,

+co
Caeacreue, Ecau 'V (f) <00, mo cyujecmsyiom roHetroe

fldc0) u f(—=oc
Teopema 2 (3 Xe./z./m) [7 JCrIZb Ha (—co, 4 oo) gadaxo becko-
neiunoe cemeticmeo  pynryuir F={f(x)}. Ecau cywecmsyem maroe

K <-tce, umo npu ecex f eF OKa3bIBaeMCA

+ o
f@ =K, V(=<K

+n -+ oo
1) [eficTeutensto, ecat —a=<x<n, 10 [fW)—FO) <V H< V O

-—n —_
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mo u3 F esideasemes nocaedosameavrocms {f, (x)|, komopas npu écs-
KOM X CXODUINCSL K HEnonopoll ¢ (X) ¢ KOHEMBIN [i3MEHeHUeM

Jokasareancrno PaceMmoTpint pacunipsioilyoca nociaeosa-
TeapHocTh orpeskoB [—I1, -l 1] f—2, -2l < [—3, +3]< . UsF
BblIeJeTCs flocaeoBaTenbocTs {f (x)), cxoaawasncs va [—1, 1],
M3 sroffi nmocnefoBaTeIbHOCTII  BbLIGASIETCS  [10C/I€40BATENbIOCTh 1)
{fx (x)}, cXoaamasca Ha Gosee wiipokom orpeske [—2, +-2], uT. 4.
HocTpons nocsenoBaTeIbHOCTL NOCHEL0BATEIBHOCTEN

IZR =R =R P PR

1 pacCMOTPEB ,AHATOHAMABHYIO® MOCJIEN0BATCIbHOCTE f, (X) = P (),
HoJydaeM Tpe6GyemMoe, 1160 $ICHO, YTO NOJIHOE H3MeHeHHE MNpele.bHOM
dbyHKuHi He Goabuie K.

Hurer paast CTuarbeca

o a -+
S, fydg, §fldgt, § f(vdgo 3)

Mbl ONpEeeTM TOIhKO A1 ¢1ydasl, Koria f(v) HemnpephiBHa I orpa-
HilueHa, a g(x) mMeeT kouediioe H3vieHeHne, OCTaHOBHMCHA XOTs Obl
Ha TocJ/eAHeN 13 uHTerpanos (3)
Jlerko mokasate ?), uTO CYIUECTBYET KOHCUHLINl npejen
/1

lim § f(x) dg (x),

A—v—;—o’l B

H Mbl, MO ONpEARNeHHIO MoJaraeM HOCACIHHH H3 HuTerpatos (3) pas-

HBIM 3TOMYy fnpefeny. Jpyruie uHTerpanabl (3) onpefensrwTrcs ata-
JIOFHYHO.

He ocranapnupasch Ha 34eMEHTapHBIX CBOfICTBaX Hulerpanos (3),
oT™MeTuM, uTo Teopema Xeaan u3 § 7 ra. VIII ma Hux me pacnpo-
crpassiercsi. Hanpumep, ecan f(x)=1 n

0 npu 0 < x=<cn,
gr(a)={x—n npu n-—x=n-t1,
1 npu n-4 1< x <<+ oo,

TO
+ 0 - o 4o
Vig)=1 g®=hmg (=0 | fdg.=1, { fdg=0.
0 n— 0 0

1) Bawxilo 3aMeTHTb, 4TO NMOPAJOK CJACLOBAHI I 3J€MEHTOB B {fk‘} TAKOIl ke,
A
KaK 1 B {[k r(.

C +
2) JlefictBateabto, ecun a-<B<C, 1o |\jdg|<=M V (g, rae M =
B B
+ n
=max [(x)|. Ecau B —4-co, 10 \Y (g) = 0. Ocransnoe SCHO,
B
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Opaunako npu ycioruu o6pauienns f(¢v) 8 0 Ha GECKOHCYHOCTH
Tecpema COXpaHHTCA

Teopema 3. [1ycme pymnyun g, ()0 “r<<do,n=1,2,3,..)
YO08AEMBOPSUIOM. COONHOUIEHUAM

o<"§

(gn) -2 K<tom, i g, (x)=g ().

Ecait f(x) (0 — x <+ 00) HenpepasHa, 0epanuiena u manosa, 4mo
f(4-c0)=0, mo

40 +oo
Im § () dg. ()= { () dg .
=g 0

JokasareabcTBo. Bags ¢ > 0, 3axpen1sae cTob (oblioe A,
yToBh!l AnA x = A oxasanoch [(\)|<Ce. Toraa

Sufdgn = Ke, TS f("g Z Ke,

A A

Jlns J0CTATOMHO 6GO.JILLILIX /1 OKaMeTcs

A A
Sfdgn"' S/cdg <&
4} 0
H, TEM CJrIbIN,
I} -+ oo
[ 1) dg.()— § [(9dg (1) <K+,
0 0

yeM i foKasaHa Teopema.

§ 6. Heonpepcaenusie MHTErpaibl
¥ aGCOMIOTHO HEnpephieHble (YHKIHN MHOXKeCTBa

Pacnpoctpauns Hekotopuie pedytpTaibl ra XIII Ha yunmint ¢ neorpauy
uciniLINK o0adcTaMU 3ajannd, Jlns mpocioThl MBI PACCMOTPUN  JUrlb oy HKIIH
OJHOH NepeMeltHOH, 34JaHube lld (— oo, + ). 1)

Teopema 1. Ymodor uznepavat pyusqus [ (1) Obiad cyrmsupyena s nandon
MHOWCCHIRE ROHEHHOW MEpbl, H ufAcOUMO u decmanto wio, “niodet | () npcdinias 1si-

aaco 6 gude .
(=g Q)44 @), (m

20 g (a) cymnupycna wi (—w, + ©), @ A(\) usrcpun 1L 02panunere
JdonasdateabcrBo JloclaToutocib Yy« J0u0s1 FCONEMLL TpUBIA tkHa  Jloka-
KeM ero Heo6xoanvocts  Mrak, nycie f(1) ¢y MMUpyYeMa lid kasdk T0M MHIOmCLIBe
Koneynou vepet  Ipeaimonoanm crauana, uto f(v) O 1 BBCIEM MUOMmeCTB Ly, =
=FE(>2) (k=1,2,3, ) Tloxdkeu, 4ro x0ots 010 113 3TIX \IIOMe 1B HMeer
konenuyio mepy Jlencreuteasso, ecan Obl npl scea k 0Kasaioch mly, — -~ ro

1) Bce ckasalimoe HHME JCTLO TCPEHOTHMICA H La QyHLIHM, odTaHlible Ha
Mnosectse A, orarudoM ot (— , ! ) lag ororo najc Juub 100npelesiTbh
Takue QyHKUMN, TONOAHB HX PaBHBIMIE HY.II0 BHe A,
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\Mbl BBeAM Obl TAKHE H3MEPHMble H OPPAHUYEHHBIE MHOKECTBA €y, €y, J5, , Y4TO

l
ey Ly, muy = 9
e Ly—ey, ez = oy

1
e CEp—{er+  Fepq), mep= ok

Ecmu s=ey4y+e3+ , 10 ms=1, # nortoMy fe L (s) B To me Bpems
MHOMELTBA ¢/ HOMApHO HE Mepecekawrcs, oTKyla

[ae)

Sf(x) dx = Z Sf(x) dx > Z 2k ey, = 4-co,
k=l

S k:lek

YTO MPOTIBOPEUUT cooTHOWeHIID [ < L (s)
Taxum o6pdsowv, naiigercs takoe N, uyro

mL (> 2%) < +co,
[Tonaraa

[t mon fey=2% npi f(x) > 2",

0

g= . v
0 npu [f{x)--27, l/(x) upp f(x)< 27,
noavyaeM (1) ¢ tpefGvemuvi ¢ (x) 1 A(x) Ecau f(x) MoAker npnHnMaTe 11 orTpu-
udTespHble 3HAYEHHS, TO HAZO NpPHMEHHTh JOKAa3aHHYIO uacTb TeopeMbl K [_ (1)
nf ()

O6o3Hannv ycped I' kaace M3MEPUMBIX DVHKUMH, CYMMHPYEMBIX HA KaX10M
vHoAecTBe KoHeuHofi Mepol Ecan f& T, To Kaxkaomy MHOXKeCTBY e, Tle nie << o,
COOTBETCTBY el YHCJIO

@ ()= (x) dr. @

Hupin crnosamu, Kaxpas dvukuds fe I nopoxiaeT ¢pyHKUHK, MHOMECTBA
(2), 2a1aHHYIO0 Ha BCEX MHOMKECTBAX ¢ KOHEYHON Mephl 3ITa by HrlUs BIIOTHE aiii-
TusHal) u (8 cuay Teopemul 1) afcontoTHO HenpepulBHA @Pyuruua @ () Basul-
BAETLHA IIEONPEeael HBIM HHTErpasoM ¢y HKUHU f (x)

Teopema 2. Beanas obcouomuo Henpepoienas w enoane adoumusHat gysn-
g M (), onpeOeatHHAR HO MHONCCIMBAX KOHCUHOU  MEpOL, S8 IACNICT HEORPeOd 1eH~
HOLML uRmeepaiom Honomopod gyunguu uz T

doxazatenbctbo Tak kak ¢yskuns @ () GyleT olipegenena, B 4dcT-
HOLTH, IASl BCEX M3MEPHMBbIX H OF P @HH U €I HBl X MHOXKELTB e, 10 K HeW [il-
MenHMbl pesyaeratel ra VIIL [lostomy nourtn Besge 6y aeT CyWeCTBOBATb CHM-
MeTPHYHASA [POH 3BOLHAN

F=Dyf @)= tim LU 2D @
h—0 i

1 B tov cMbliae, uto npi E‘—‘Zf‘m rae epe,=0 (ks1), H npH ycao-
BHH mE <-+4co Gyner O (E).—_Z D (e,)-
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ABAAOWAACA Gy HKUHEH, CYMMIIPVEMOH Ha BCAKOM H3MEPHMOM H orpaHHYeHHOM
MHOAECTBe £, NpHYEM ANA BCAKOTO TaKOro MHOKeCTBa Gyger!)

@ (F)= { [ @) dx. )
L

BO3bM€M NpOI3BONBHOE MHOKECTBO £ Kouneunoi Me Dbl OHO HPEJCTBBHMO
B Bii/Je
E=A+B, re A=L(=0), B=E (<0

Kampoe u3 mHoxectB A M B u3MepuMO H IMe€T KOHeuHYK Mepy Muoxe-
(=8

CTBO A MOXHO MpeicTaBHTs B Bilfe cywumbl A= Z Ay, TZe cnaracvnic MHOhe-
k=1

cTB4 Ay, H3VEPHMBL 1 0T paHHYeHb [aa KAa/KIOPO H3 HMX MOKHO HAIlHCATh

paseHcTBO (4), OTK)Y4a
o«

A=Y \ f@)dr

k=1 A,
3tuM fmokasado exaioueHne fe L (A) u paBencTBO

® (A)=\[@)dx
A

AHanoruyHo J0K43bIBAETCSI TaKoe Ke paBeHcTBO ¢ 3avenofl nuwe A Ha B
Ho torpa f=L(E) n cnpaseanuo (4) Beugy npou3so ibHOCTR MHOXKecTBa £
Teopema JloKasaHa

Caenctene. K iacc abComcImuo  Henpe polepbix 1 RO IHL  addunieHny Pyl
MHONCCCMIB KOHCUHHOU Me pbl COBRAAACHL € AAQCCOW HCORPeOL ICHHBLX {HINEepA 108 (iyH I
quu ur I,

B cBas ¢ stum cneacrsnem B teopeme 3, § 2, ra X111 moxno rosoputs He
0 cyMMup)emoit GyRKIAN, a o dyvHKuu U3 I

Teopema 3. [1a mozo, wmolol abco HONHO HEAP POIBHAY (L BROAH( OO ITUE
Hag GPyrnyud D (), onpedeCHHAR HA MHOKLCINBAY KOHCIHOU Me pbi, Obl1a 02PaRLL
4ena, HeobroOu Mo w Jocmationo, wawhsl OHa Bbl1Q  HOORPOE WCHHBIN LHING Pu 10
PUHKILU, CYMMUDYMOU HQ 8Cell aCU

Jdoxa-artenbcTBo [lo npenmnviien Teopeme cnpdpetmiso (2), rie f=l
Ecan | = L{(—oc, 409)], To 414 Mi0GOTO MHOMKELTBA € KOHEYHOH Mephi OKa-
3blBaeTCA

+oo
D) < \ [fW) dx

—

yeM JOKa3aHa NOCTATOHYHOCTL JCJAOBHA  TeOpeMbl OGDSTHO, eCAn  AJ4 BCAKOro

TaKkoro MHOLECTBA e GyaeT M (¢) K, 10 1t ans MHOAecTB e (f = () n e (t << 0)
MOXHO HamcaTh NOJo6HOE HepaBEHCTBO, OTKY 1a
S f(x) dv 25, (5)

&
TMonarasi, B 4aCTHOCTH, e=[— n, -}- n] u nepexoaa B (5) K npeneny npw n— -4 oo,

4 ®
noay UM \ f(x) dx —= 2K, uTo 1 3aBepluaeT J0Ka3aTenbCTBO.
— O

1y Onpegenenite f(x) Mt nmononusaew, nodoXxuB f(x)=0 B Tex TouKax, rae
npenea (3) He CyecTBYET (3TH TOUKH 06pazylol MRoKecrso mephl 0).






Jlerko BHAETb, UYTG n0ciedo8ameALHOCING, uMetoulaa npeder, ¢xo-
Odumesn 6 cebe. [leficTBuTeNbHO, MycTh X, —x. Toria, B3sSB MPOM3-
BosbHOE € >0, wNOXHO HalHTH Takoe N, uto npu n>>N Gyaer
o (x,, x)<Ce/2. $leno, uto Korja ofa 3Hauka A U m cTaHyT Goabiue N,
TO OKaXETCHA CNPaBeJIUBBIN HEPABEHCTBO (0 (X,, X,) < €.

OG6parHoe yTBepiKierHe, BooOule roBopf, HesepHo. Ecmi, nampu-
MEp, B KaYeCcTBE MeTpPHYECKOTO IIpOCTpalicTBa B3AThb MHOXKECTBO BCEX
OMAUMHbIX OML HYAs BEUIECTBEHHBIX YHCEJ, NpHUYeM pacCTOsHHe oflpe-
IeneHo oObl4HBIM ofpa3oM, T. €. dopmylod p(x, y)= x—y, TO
noc/efoBaTe/bROCTb | 1/n} OyAeT cXopsuleHcA B cefe, HO HE HMEO-
med npefena. SlcHo, 4ro 3TO OGCTOSTEILCTBO BBbI3BAHO CBOEOGPA3HOM
«HETIO/IHOTOH» PaCCMOTPEHHOIO NMPOCTPAHCTBA M UTO «JIORO.JIHHBY ITPO-
CTPaHCTBO 3seMenTOM (, MBI YCTPaHHM 3TOT ero jedekT. B cBAzu
C STHM BBEJEM TOUHOE Ol pefeJeHie.

Onpepenenne. MeTpHuecKoe NPOCTPAHCTBO HA3LIBAGICH /10AHLIM,
ec/d BCAKaA cxofdamasics B cefe MoCaed0BATE]ILHOCTL €0 3JEMEHTOB
HMeeT npejied.

XopcIio H3BeCTHO, YTO fl-MEpPHCE 3BKIHMAGBO NPCCTPAHCTBO obJa-
JaeT CBOHCTBOM noJHoTH. Pacenmoipename B 101, VII npocrpancTea
L, nl, tak e, Kak OblJIO MOKa3aHO, 00JaialOT STIN CBOHCTBOM.

BaMHbBIM YacTHLIM CJy4aeM MerpHYECKOro MpPCCTpaHCcTBa fABJAETCA
TaK HAa3bIBAeMOe AUHCLHOC HOPMUPOSAHHOE MPOCINPAHCIMSO.

Onpenenenve. MuoxecTBo E 3/IeMEHTOB X, Y4, 2, ... HasbiBaeTcs
AUHELTHBIM NPOCHIPAHCIBOM, €CIIH

l. Kawodod nape siemennos x u y u3 E coomnecen nexomopwuid
mpeniutl 3iemern, ux cymma, z2=x-+y. '

[1. Kawcdomy aremenmy x & E 1 xawoomy GelecrnsesHomy Huc.ay
¢ COOIMHECeRO UX A POU3BE0EH ILe— dIeMEHNL ax.

[11. Bsedeunsvie onepayuu obaadaiom caelyiouumi  C80LUCIMBAMU:

) x4-y=y-+x, T. e. caoxerue KOMMYMaMmusHo.

2) (xLy)tz=x4+(y+2), T. e caodcenue accoyuanisHo,

3) H3 coomuomerus x-+y=Xx- 2z caedyem, umo y=z.

4) I-x=x.

5) a(bx)=(ab) x.

0) (a+-b) x=ax-bx.

7y alx+y)=ax+ay.

[Iycrb E — auneiinoe mpocTpaHcTBo. CooTHeceM KakJAoMy ero aJe-
MeHTy X npouspeseHue 0,=0-x.

[Noxaxen, yTo 3TO NMpOH3BEACHIE HA CaMOM Jede oT Bbifopa X He
3aBHCHT, [leficTBUTEIbHO, NpPEXAe BCEro,

14+0,=1x+0x=(14+0x=1.x=ux
Ho Torna ana aw6oil nmapbl 3jeMeHTOB X H y By JAeT
A+ +0i=x+Y+0)=x+O:+y)=x+0,)+ty=x+y,
(x+y)+0,=x4@+0,)=x+y.
Taknum obpason, (x--y)+0,=(x+y) +0O, oTkysa ciaeayer, uro
0,=0,
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Bripenn snemeHt O, Mmui GyAen ofo3HauaTh mpocto depes 6. Slewo,
YyTO OH MrpaeT pOJb HYIs HPH CJIOMEHHH zJenenToB E. B cBasH
c sTuM Mui Gyfem uxorja ofo3mauaib ero u uepes O (npuuen,
KOHEeYII0, ONACHOCTh cmelnenis ¢ yucjon O josmxHa OblIb HCKJIKO-
yepa). Herpyano BuaeTs, 4to, Kpome asnenenta O, i ofln 3je-
MEHT 2z HPOCTPAHCTBA HE NOMKET YAOBJETBOPHThL COOTHOIIEHHIO X -
-+ z=x npu KakoM-HHOVAb Xx. [leficTBUTENbHO, H3 3TOrO COOTHOILIE-
HHA BHITEKA10 Obl, YT0 X +z=x-+-0 11 z==0,

Takum ob6pasoM, Jnuefiroe upoctpanctBo £ ob6nagaer n TakiM
CROHCTBOM:

8) B E cyuecmsyem makod 3aemerm ©, umo npu scex x us E
bydem x40 =x. Ecau romsa Ovt dae oduoco s & E oxaseaemes
X4z=x, no z=0,

OrneriiM fagnee, 4TO

9) Ecau ax=90, mo aubo a=20, aubo x=0. Haobopom, kawdoe
u3 coonHoweruti a=~0, x=0 sievem paecHcmso ax =0,

B camom gene, ecan a=0, 10 ux=0 no camMoMy ofpeje’eHHIo
snemerra O. Jlanee, 00 =0 u noromy aO=a-(00)=(a-0)0=
=0 ©=0. Miak, kaxioe u3 coornouienuft a=10, x=0 BJeueT

paBeHcTBO ax =0, Ilycis Tenepp pauo, yto ax=06. Ecan a0,
1

T0 ¥=1-x= ~-a)x: ! fax)= Po—e.
a a a

M3 9) Ges Tpyaa BHIBOANTCH, uTO

10) Ecau x =0, mo u3 ax=bx ciedyem a=",

1Yy Ecaw a -+ 0, mo u3 ax=ay caedyen x=y.

JlelicTBUTeNbHO, COOTHOUIRNHIIE ax = bX OKa3wBaeT, uto (@ — b) x =
=ax+(—b)x=bx4+(—b)x=[b4(—b)]x=0 x=0, oTkyAa npx
X7 © H caenyer, uto a=>,

Touno Tak e u3 ax = qy NOCIEAOBATEIEHO BHIBOAHM
alx+(—=Nyl=ax+(—a)y=ay+(—a)y=[a+(—a)]y=0.y=0.
3unaunr, npu az 0 Gyper x4+ (— 1)y=0. Ho, ¢ apyroii cropoust,
y+(—1y=0, a notony x=y.

Bnpeap yCca0BHMCSA B 0B03HAYEHHSAX

(— 1) x=—x, x4(—p)=x—y.

Jlerko nokasats, uto

12) x —x=0 u ectu x—y=0, mo x=y.

13) Ha x —y=x—2, credyem y=z.

14) Ecau x+4-y=2, mo x=1z—y, u obpamno.

Mol He OyleM octaHaBIHBAlbCSl Ha MPOCTON NPOBEPKE HTHX \T-
BepXKJeHHil,

Onpenenenne. Jlnnelinoe npocTpaHcTBO E  HA3BIBAETCH HOpPMUDO-
BOHHbIM, €CAH KAXKIOMY ero 3JeMEHTy X COOTHECEHO BeUECTBEHHOE
YHCJIO | X, HAa3bIBAEMOE MOPMOL 3ITOrO leMeHTa H o6.1ajaioliee ¢.e-
A} OIHMH CBOMCTBAMI;

1 x1 =0, apuen |x|=0 moeda u moasxo moeda, Koedu x =©.

2) lax|=la'-|x| u, 6 wacmuocmu, |— & |=|X|.

3) lx+yl=|x|+1yl
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HCHO, UTO iiMest 1akoe ['(pOCTDaHCTBO, JOCTATOYHO TIOJIOKHUTH
0 (x, !/):\X“!/i. (1)

uyTOGb! MPEBPATHTL €ro B METpHYecKoe lpocrpancTso. Brpean, 108ops
o JIHefiHOM HODMIIPOBAHIOM HpPOCpancTse, Mbl BCeija 63y AeM CUH-
TaTb €ro MeTpHYecKUM, MpHYEM paccTosiHHe GyJleM CYHTaTh 3ajl1aH-
HbIM opmyJion (1).

[loarole aunednvle HOPMUPOBAHKOIC NPOCIIPAHCIAR GBLTH Hpegde-
TOM H3ydeHHs Roabpckoro natenmaluka C. C. Danaxa, nouemy ux u
Ha3bIBAIOT npocmparcmseamiy banaxa.

Paccyorpennsie B ra. VI npocrpanctsa L, n [, nawor wam npu-
Mepel npoctpaderB Banaxa. Ilpusenem eunte [ABa npiMepa TaKHX
MPOCTPAHCTB.

Mpoctpancreo C. PaccMOTpHM NMHOXKECTBO BceX (yHKUMIT f(x),
3a0aHHbIX H HeNpephiBHLIX B OAIOM H TOM Ke cermenre [a, b).
Orpefeaiint B 3TOM MHOMKECTBE CJAOHEHHE 3IJIeMeHTOB fi=[,(x} #H
Jo=fy () n ymMHOXeHHe 3jeMeHra f=F(X) Ha YHCAO ¢ OOBIYHLIMU
opMyamH

fid-fh=h @), f=cf (x).

Jlerko BHJAeTb, YIO 1€M CaMLI\ Hallle MHOXKEeCTBO I1peBpauleHo
B JuHelHoe mpocTpaHc1Bo. Ilosaras Aas KaxIolo sleNeHTa | = f(X)

|Fli=max [(x),

Mbl TIpeBpailiaes HAte THHefiHoe MPOCTPAHCTBO B HOPMIPOBAHHOE.
Jlefic1BuTeIbHO, 0€3 1pyJAa [pOBepsAeTCs BHITIOAHEHIIE BCEX Tpex
cpoficts Hopabl. [locTpoeHnoe Takiial oGpason JHHE{HOE HOpMIIpO-
BaHHGe NPOCTPaHCTBO ofosuayaercss oObiyHo vepes C uan C([a, b)).

[Tyers {f,) [rae f,=f. (x)] ectb nocaenoBarenbrocTs 31ementoB C.
Seno, uyto cooTHoweHwe f, —} [rae =}(¥) = C], o3navaer pasHo-
MEPHYI CAOJMMOCTb [10CICIOBATEIBHOCTH (PyHKUHH f, (x) K (YHK-
wHe |} (x).

Teopema 1. [Tpocmparcmso C no.ixo.

JleficrBHTeIbHO, MYCTh 110CAeA0BaTeAbHOCT {f,) [f.==f. (x)] 3e-
MeHTOB C CXOAHICS B cefe. 3akperrnn Kakyio-iuto 104Ky x < [a, b].
Tak kak [, (x) —fm (X)) <fa—fm|, TO wici0Bas mnocregoBaTelb-
HOCTh |f, (X)} cxofuTes B cefGe M (B cCUaAy H3BECTHOIO MNpH3HAaKa
Boabuano — Kouni) cyleciByeT KOHedllbili npeaen

lim f, (x)=f (x). (2)

-0

Bbuay npou3BOIbHOCTH X, ¢yHKUA f(x) onpeneaena Ha seem [a, b,
Masee, B3AB & >0 1 Haiiga rakoe N, uro npu n> N, m > N Gyzer

”fn_fnz ‘\<£’
GyzeM AnA BceX X HMerb (mpl n>N, m>N)

“:rl. (x) — i (X) | <&
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3akpenun 3feck’ x w n >N H nepefileM K mpeneny npH BO3-
pacTalowen . 3TO NMPHBOAUT HAC K HEDABEHCTBY

n () = () =<,

cnpaBefTHBOMY HpH r >N 1 motom x. Taxk Kak uncio N or BH-
fopa & He 3aBHCUT, TO cTpemseHHe (2) MPOHCXOAUT PaBHOMEPHO,
OTKY/a BLITEKAeT, YTO MpeiedbHast GyHKUMA [ (X) HenpephlBHA H, CTAJO
ObITb, siBASeTCs 3JMeMeHTOM mpocTpanctea C. Kpome Toro, pabHo-
MepnocTh cTpemaenus (2) @ osuauaer, 4ro f=f{(x) ectp npeae’
nocIeA0BaTeNbHOCTH {f,} B cMuicAe MeTpukd mpoctpanctsa C.

[Ipoctpanciso . PaccMOTpHM MHOXKECTBO BCEBO3MOMKHBIX 02paHi-
4eHHbLX TIOCJCA0BATEIbHOCTENH 1)

X:(X1, xl, x3, ...)

BeillecTBelblX  wHee, OnpeleniiMm B 3TOM  MIIOMKECTBE  CJIOMKEHHE,
YMHOXKEHHe Ha 4YHCJA0 U HOPMY CJIEIYIOULINM 06pasoM: OyCTh X =
-=(xy, Xy Xay ) H o y=(Yy, Ys Y., ...) JABE OTPAHHUCIIHLIC HOCJ]E-
LOBATCABLHOCTH, a @ HexkoTopoe uuciao. [loJoXiM no onpeieneio

x+y:(xl+y19 x2+yla x‘s_l_y:i’ )1
ac=(axy, axs axs ...),
jx=sup {|x!}.

Herpyano y6enntbcsi, UTO Tenl CaMbIM HAle MIIOKECTBO HpeBpa-
LIA€TCs B JIMHellloe MHOPMHPOBAHHOE HPOCTPAHCTBO. ITO NPOCTPaH-
CTBO NPUHSITO 0GO3Ha4yaTh GYKBOH .

Teopema 2. llpocmpanctiso m noaHo.

IMycts {x'™}, rue

X(”)z(g&n)’ Egu)’ g(gll)! ) (ﬂtl, 2' 3’ )

-— CXOAAllasca B cefe MOCJIE10BATe1bHOCTE 3JEMEHTOB /il
Tak kak mpiu JJHGOM 3aKPEILTEHIION k& OyeT

= A I
5 — 5 <

TO YHCJIOBAsA MOCACAOBATeNbHOCTH {84, &', £, ...} cxoanresn o cede
H, CTano Owith, HMeeT Koneutuid mpegen E, = lim g,

= 00
Bssas e>>0, wualinem takoe N, uro npu >N 1 m >N Oyier
Jx' —x'm | <<e. Torpa npH mOGOM 2 OKaxercs S —E0m e,
3akpenus 3nech 2 U n> N, ycrpeMiln m K Geckone'lHocTi. B npe-
Jeqe No.ayYiTCs HepaBeHCTBo

oy _w - Q
| A & =% (3

1) HanoMHHM, 4TO 4ucfioBast NOCAEIOBATOABLIOCTL (X, X, X3, .. ) Na3blBaeTC]
OrpAaBIYCHHON, ecad CyuiecTByeT Takasd mnocrosaHdas .1, 4io npu Beex k 06yJeT
xp '~ A. Takunm of6pasoM, OorpaHH4elHO(Th MOC/ACAOBATENBIIOCT:I BOBCe He O3Ha-
yaer, uTo B HCH KOHe4noC d4ucao wiciron FHanpoTus, HX mHweeTcsl cyeThoe MHO-
AECTBO (XOTA HEKOTOpblE [3 HHX MOFyF ObiTh DaBHBL APYE APy rYy).
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Orcroga, B 4acTHCOCTH, BLITEKAET, UTO ‘g,e - e Tx'") | te,
TaK 4TO NOCIEAOBATENBIOCTs X = (5, &, &, ...) OrpanuyyeHa i npu-
Hajnexutr m. Kpoie Toro, BBHILY NPOU3BOJILHOCTH 3HAayka k, u3 (3)
caefyer, uro |x' —~x' =€, a TaK Kak A8 JOCTIKEliHs TOrO Hepa-
BEIICTBA IOTPEGOBANOCH (iHIllh, YFoObl GhIIC 72 >> N, To HaMH JoKa-
3apo cooTHowemie lim x' -=x,

He~y

Teopena ackasana.

He caenyer mymarb, uro He cyumleCTBYeT Jpyrix AMeTpIIUECKHX
NPOCTPAIICTB, KpOMe HCPMHPOR2HHBX. JIerio mnpuBecT! NpHMephI
JUHENI B X METPHUCCKHX MPOCTPAHCTB, KOTOpLIE 1€ ABIAIOTCH HOp-
MIIPOBAHHBIMH.

[Mpoctpanctro 8. paCCMOTpHM MHOECTBO BCEBO3MOMHBIX
YHCICBEIX HOCAEOBATEAbHOCTEH X == (X}, Xy, Xj ..., B KOTOPOM CIO-
JKeHHe 3JeMEHTOB M YMIOMEHHe 3/eMeHTd Ha YHCJO Olpeiesn
Tak ke, Kak U B CAyYae IpocTpaHcTsa m.

Paccrosuue p (x,y) Mexay sjementami

x:(xl! Xl’ X3y "') H !/?(!/1. y.’r y:}y ---)

onpefeanm Gopnmy ol

. =Y
o= s
p( _/) A Qk L4 xp—yp!

Bhinonnenue nepabiX JIByX }'CJIOBHIUI, KOTOPhIM AO/DKHO YAOBJET-
BOPATE pacCTOonHUE, BHOJIHE OUYeBHJAHO. Urobwl YCTaHOBHTb HepapBeH-
CTBO Tpey roJbHIIKA

plx, 2y=splx, »)+py, 2, (4)

3aMeTIM, YTO (GyHKUUA (p(f)= B ofiactit O <if <4 oo BO3pa-

t
142
cTaer (;160 e =1—7 H) 3uayur, ecau 2=(z,, 2, %3, ...) €CTb
TPETbA YHC/IOBAs NOC/IEAOBATENLHOCTh, TO
s [xp—yp + yp—2z!

Vb e~z | 7 14 X —Ye I+ yr—2e,

| xp— 2,

Ho
| X —Yr | " Xp—Yg |
Pl —ge | Flge—2e 14 % —g2)
‘y/e—zle‘ =< lyk‘zk
L+ =y | +lyr—2e| 1| ye—2

IMosronmy
(Xe—2e! | xe—y! e—2p
Vixp—z | 14 xp—ys L+ y,—2
YMHOXKAS 3TO HEPABEHCTBO Ha 27% u cyMMupysl no BceM A, NpHXO-

auM X (4). Taknm o6pa3on, NOCTPOEHHOE JKHeliHoe MPOCTPAHCTBO OKa-
3pIBaeTCs MeTpHueckHM. 1 B To ke BpeMs OHO He ABJSETCS HOPMHPO-
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BaHHbIM.') D10 MpocTpancTBO oGo3Hauaercs 6ykeol s. HerpyaHo noka-
3aTh, 4T0 ecait x") = (&M, B0t 0y x=(§,, &, & ...), TO AAH
cootHoweHus lim x = x Heo6X0AMMO H A0CTaTOYHO, YTOGHI pH BCeX &

n—o

Gpiio  lim &M =§,. Onupanics Ha 3T0 UPEANOIKEHUE, AerKo yOeAnThCS

n—oo

B MOJHOTE NpPOCTPAHCTBA S.

MMpocrpancteo 8. [IpocTpancTBoM S HasbiBaeTcs NPOCTPAHCTBO,
3NeMEeHTaMH KOTOPOI'O $IBJAAIOTCA BCEBO3MOMKHBIE I13MePHMBIE (DYHKIUHH,
3aJlaHHBlE Ha OQHOM W TOM e H3MEePHMOM MHOMecTBe £ ¢ mepofl
mE > 0. Tlpn 3TOM 35KBHBaNEHTHHIE (YHKUUH HE CUHTAIOTCA pasaund-
HpinH. CnoxeHne ajemeHTOB fy=f,(x) n f,=f,(x) 3atoro npocrpas-
CTBa U YMHOMEHHE 3JemMeHTa [=[(X).Ha 4HCJ0 a onpejensercs, Kak
¥ B cayyae npocTpaHctBa C, opuynamu

hiAfa=/ ) +1:(x), of = af (x).

Tem cambiM S ecTb npocTpacTBo JuHefinoe. OHO CTAHOBHTCA MeTpH-
YeCcKHM (HO He HOPMHPOBAHHLIM!), €CH MOJOXKHUTh

N _ =k
e (f, f2)_§mdx.

Cxodumocms limf,=f [rne f.=[.(x), [=[(x)] 6 amos npocmpan-
cmee ecmov cxodumocme noc.aedosameannocmu I, () & yrxyuu f(x)
no mepe. llpefloctaBiden uyuTaTento JAOKa3aTb 3TO MNpeAJOXeHHe,
a Takxe yOeAHTbCA B TOM, YTO NPOCTPAHCTBO S MOJHO.

§ 2. KoMnakTHOCTh

YcraHoBliB NOHATHE NpeAesa NMOCAeA0BATENBHOCTH JEMEHTOB MET-
pHYECKOro MpoCTPaHCTBA, Mbl yxe 0e3 BCAKOFO TPYJAa INEPEHOCHNM
B TEOPHIO 3TUX TPOCTPAHCTB BAKHEHUIHE TOHATHS TEOPHH TOUEHHBIX
MHOXKecTB, Tak, Haopumep, eclu u3 MHOXKecTBA A 3/1eMEeHTOB MeTpH-
YeCKOTO MPOCTPaHCTBA MOMHO BBIAEANTL NOCJAELOBATENLHOCT P a 3-
JHUYHBIX 3JEMEHTOB {X,}, UMCIOULYIO MpefesoM sjaeMeHT x & E, To
FOBOPAT, YTO X €CTb APedeAbHbil 31eMennt, WIH npejeibHas TOUKa
MHOXecTBA A. MHOKeCTBO, cojepiaulee Bee CBON OpefenbHbie TOUKY,
Ha3plBaeTCa samxAymeom. MuoxectBo A, nogayuaionieecss H3 MHOXKe-
ctBa A npucoelAlNHeHHEM K HEeMy BCeX ero npejeJbHbIX TOueK, Ha3bi-
BaeTCa sammKaHues Muomecrsa A, MuoxecTBo, JOMOJHHTENLHOE
K 3aMKHYTOMY, HA3bIBAETCH OMKPbIIGIM H T, J.

Ecnn  x, — 3akpernieHHLIT 9/1eMEHT MeTPHUECKOro 1IpOCTPaHCTBa,
a r>(0— HeKoTOpoe MNOJOMHTEIbHOE YHCJIO, TO OHIKpumol cdepoti
C UEHTPOM X, W PajuyCcoOM r Ha3piBaeTCH MHOMECTBO S, (X,), coCTOfI-
Hee M3 BCeX TOYEK X NPOCTPAHCTBA, AJS KOTOPHIX p (x, xy) < r. AHa-

1) Ecan nonoiute || xl'=p (x, 9), To ne GyJeT BLINOJNATLCA YCJOBHE | ax )| =
='da -yx). Hanpumep, econ eg=(1, I, 1,...), 10 | [=1,2, | 26 =23
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JOFMYHO 5TOMY, MHOXKeCTBO S,(x,) Tex TOYeK X, JJdA KOTOpPHIX
p (X,x,) ~< r, Ha3bIBAGTCH 3AMKHYMOU Chepotl ¢ LEHTPOM Xy, U PaLHYCOM 7.
Jlerko mokasarb, 4TO 3aMKHYyTas cdepa ecTh MHOKECTBO 3aMKHyTOe, ')
a OTKpBITasi — OTKpLITOe M 4TO cdepa S, (X,) ecTb 3amblKaHue cdepol
S,1x,). Tlpu nomouyr 1moHsaTHA cdepbl BBOAHTCA OCBIMHEIN 0Gpa3oM
MNOHATHE GHYNMPEHHEL MO4KH MHOXECTBA, a MOJb3yACh STHM NOCaeN-
HUM DOHATHEM, Jerko NnokasaTb, 4TO OTKPLITbie MHOMKECTBa 5TO TaKie,
BCE TOUKH KOTOPBIX CYTh BHyTpeHHHe. Ha Bcex sTux Beuiax bl He
OyJleM OCTAHABJHBATBCH BBHAY OTCYTCTBHS HOBHIX IPHHUHIHAIbHBIX
MOMEHTOB.

MHOXECTBO A 3JeMEeHTOB METPUUECKOTO NpocTpaHcTBa £ nasbi-
BAETCH (opPAHU! EHHbIM, €CJH OHO LEJHKOM COAEpHHTCA B HEKOTOPOH
cgepe. B ra. Il Guina pokasaua teopema boubiano — Befiepiurpacea,
rJacsiulag, 4YTo y BCAKOTO OrpaHiueHHOro OeCKOHEYHOro MHOXKeCTBa
TOYeK npsnoil HMeeTcs xoTst Obl OfHA npefeabHas Touxka. B camowm
Hauane ra. XI 3ToT pesy/nTaT Obl1 NepeHeceH cO c/yuyas NpsAMOH Ha
caydail Joboro sBK.IHAOBA mpocTpadcTBa. OfHAKO OH He HePeHOCHTCA
Ha BC$ KOE MeTPHUeCKOoe NpoCTpaHcTBo. HelcTBUTeIbHO, paccMOTpHM
xoTa 6bl npoctpancTBo L,. B kayecrse muoxkectBa A BO3bMEM Kakylo-
JAuGo OpTOHOPMAJILHYIO cHcTeMY {w,| [w,=w,(x)]. Tak xak npu
aobom £ 6yjger |w,|=1, To 310 MHOXecTBO oI pannyeHHoe. Ho npu
1=k Oyger

b
o; — 0p [P =\ [0 (x) — 20, (x) 0, (x) + 0} ()] dx =2

[¢]

H nmotoMy H3 A Heab3si BbAETHTH HHKaKOH cXojsllefics nocaeloBa-
teapHocTil. [TosTony B oOLuelt TeopHil MeTpHMYECKHX NPOCTPAHCTB NO-
HSTHE OTPaHIYEHHOTO MHOMKECTBA YXKe He HMeeT TOro @yHJaMeHTalb-
HOro 3HaueHHsl, KaK B CAyuae MPOCTPAHCTB €BKJAMAOBHIX. Ero mecto
3aHIIMAET TIOHATHE KOMAAKIMAHO20 MHOMKECTBA.

Onpenenenne 1. HemycToe MHOXeCTBO A 3/1€MEHTOB METDHYECKOTO
npocTpaucTBa E Ha3biBaeTCHd KOMRAKMHbLM, €CIH OHO KOHEeYHO, HJH
XKe ecat BcaKkad 6ecKoHeuHas 4acTh A, 3TOTO MHOXKECTBA
HMeeT XOTs1 Obl OAHY MpeiefbHYIOo TOYKY.

Brpodem, Hajo 3aMeTHTh, 4TO cnpaBeiiHBa

Teopema 1. Beaxoe komnaxniHoe MHOICECINED 02PARUNEHO.

HonycTHM, 4YTO MHOXKeCTBO A He OrpaHuyeHo. 3axpenus KaKyio-
b0 Touky x, <= E, Mbl MOXeM HaHTH Takyid TOUKY X, & A, Uro
p (x1, %) > 1. Tlocne s10ro MOXKHO HAWTH TAKYIO TOUKY X, = A, 4To

0 (X, X)) =>p (%1, Xp)+1.

1) Ina 5TO10 AOCTAaTOUHO MOKa3aTth, 4TO MeTpHuecKasd QyHKUHA p (x, y) Henpe-
pbiBna, T. €, YTO M3 COOTHOWEHHIl X, -—>x, Y, —Y BbITEKAET COOTHOLWEHHE
0 (xp, Yn) > p(x, y). HefictBuTenbno, (X, Yu) =P (g, )0 (x, 4) Tp U, Yn)
W NpH JOCTATOUHO GOMBIIRX 1 OKAXeTCH O {X,, 4,) < p(x, ¥4 C apyroit
cropoit P (x, 4) P (¥, x,)-Fp{X,, Yo)+p(4,, y) ¥ NpH [OCTATOYHO GOJbILUX
n 6yaer p ¥, ¥) <p(xn, Yo)+e.
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IMpononxas 3TOT mpouece, MLl NOMYYHM TaKyio IOCAE10BATeNb-
HOCTD Xy, X3, X3, ... TOYEK MHOMXKCCIBA A, 4TO

o (xm xo) > o (xlv X'O) +p (Xg, )C(,) + . -+p (xrz—lr x0)+‘ 1

Torma npit A>>m 6yaet p{x, X)>p (X X)+1, a Tak xax
0 (X %) <P (Kas ) +0 Xy Xa)y TO 0¥, %) >1 1t motomy 13
110C/IEIOBATETLHOCTIL {X,} He BbIAEIseTCs HIKAKOH cXoisiedcs nof-
1M0C/Ie0BATEILHOCTH, T. €. {X,} He IeeT npeaeibHuiX Toyex. Ho
TOIHA MHOXECTBO A HE KOMNAaKTHO.

Jloxazatinas TeopeMa JONycKaeT 3HauuTeqIbHoe ycugaenue, Jlas
€ro U3JNOKEHHST HYXKHO CIeaylouee

Onpenenenne 2. [Iyctb A — HEKOTOpOE MHOMKECTBO TOUEK MeTpH-
yeckoro npocrpacisa E, B C A —ero nojAMHOXKeCTBO, a &>0—
HEKOTOPOR MOJOKITENLHOE ulics0. [0BOpsiT, y10 B ecThb &-cems B MHO-
JKeeTee A, ecad AaA BCAKOIO ajementa x & A Hafijercs Taxoil aJje-
MEHT y & B, uto p(x, y)<<e.

Teopema 2. Fcau A eemb KOMAQKMHOE MHOXNECMB0, Mo 041
awbo2o e >0 6 A umeemca KoHeuHaR e-cenlb.

HerpyaHo Bujern, 4T0 BCSIKOE MHOXKECTBO, B KOTOPOM €CTL KO-
HEYHas e-ceTh, HeoGxoAumo ol pauiueno.!) [Tosrony nHacTosumias Teo-
pemMa ecTh JEHCTBUTEABHO YciteHnie Teopemnt 1. Ilepexois K Aokasa-
TCILCTBY, JOMYCTHM, UTO Teopenma nesepHa. Toraa I8 HeKOTOPOro
>0 B nHOKeciBe A ner komueuHoll e-cerd. BuiGepem B A Kaxo..-
anbo siement x;. Tak xak on ne obpasyer e-ceTn, To B A Haiigcres
Takoil 3JeMeHT X,, uto P (iy, X} ™~ & Ho cicTeMa ABYX 3A€MEH10B ¥
H x, Takxke He oOpasyer c-cetil. [Jostomy B A HafjeTcs Taxkoi 3.e-
MEHT X3, UTO P (xy, X3) = &, p (X X3) - &.

[Ipoponmxan 310 paccyiaeHne, Mel y0exAdescs B CYLIECTBOBAHIiI
TaKofi nocAeAOBATEBHOCTH {x,} 3aeMenToB A, yTO NpH 7 == m Oyjlel
o{Xy, X)) =€

Ho Torpa y sTofi nocnepoBaTeqtbHOCTH HET NpelesnHbIX 3JeMeH-
TOB, YTO npotiiBopeunt KoMmnaxThocTi A. Teopema noxazana,

Taxum obpaszom, cymiecTBoBaHne B MHOXec1Be A npi JIOGOM € >
KOHEYHOH €-COTH ecTb YCJOBHEe, HeoDXOLUMOE A8 KOMIALTHOCTH A.
EcrectBeHNo cnpocuTe, He Gy ACT Ml OHO TaKkKe 11 AOCTATOUHBIM.
OxasbiBaercsi, 4TO JA151 NPOH3BOJBLHOTO METPHYECKOTO MPOCTPAHCTBA
3T0 He Tak. [lycTb, HampHMep, HaWHM METPHYECKHM NPOCTPAHCTBOM
ABJSICTCS MHOMXKECTBO pallHOHA/JbHBIX UHCEJ, COJEpIKAUHXCH B cel-
menTe [0, 1] ¢ oOuiusbM onpenenenneM paccTOsSHEA p (X, y)=|x—y'.

Bynem paccmarpiBaTe caMo 370 NPOCTPAHCIBO KaK HEKOIOpOe
coflepialleect B HEM MHOKECTBO. $ICHO, Y4TO B STOM MHOMECTER
HMEeTCsl KOHeuHas e-ceTb npu JioSon &> 0 (Takoil CeTBIO CAyMHT

xoTs1 Omt MHOMecTBO Touwek O, l/n, 2/n, ..., 1, rge ne>1). Tem ne

1) HeficTBHTENALHO, MYCTh ¢ CeTh COCTOH1 N3 3JAEMEUTOB ¢y, Yy, - Ys. Brfepe

KaKoi-JIHGO 3JeMeHT MPOCTPaHCTBA X, U MYCTh max {p (4, x)}=4d. Slcuo,
(t=1,2,...,9)

uto A < S, (%), e r=d¢,
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Melee, Hallle MHOMECTBO HE KOMIAKTHO, 160 H3 HEro MOXKHO Bbije-
JUTb TOCJeJOBATENBHOCTD
n
Xn= é <1 ‘J\" L’> y
HMEIOWY 0 HpPanHOHAJBHBHT mpelea e/3, T. €. JMHIICHHYIO Npefeth-
HBIX TOYEK B HAalWeM nmpocTpancTBe. Unrarelb, BeposiTHO,
JoraiplBaeTcst, YTO NOJYUEHHBIH HeNpUSTHRIL pesyanbTal IIMeeT [1CTOoY-
HHKOM HENOJHO1Yy paccMoTpeHHoro mnpocipanctsa, M neitcisu-
TeNBHO, cOpaBellBa
Teopema 3. ITycmo E — noanoe mempiieckoe npocmpancttiso u A
ecme  Oeckoredrioc nodmuoxcecnso E. Fcw 0aa écanoco ¢ >0 8 A
UMEPINCS KOHEUHAA E-CCb, MO A — KONMHOKNIHOE MHOMCECMBO.
OfosnaunM uepes P Kaxyio-HHOYIb OCCKOHEUHYIO YacTh MHOKe-

. o
crBa A u nmyctbh € > 0. PacemoTpum Koneunyio , -ceTh, OTBEUAIOILYIO

€

£
ueny , Ilyets s1a  -CeTb COCTONT U3 TOYEK ¢y, 45, ..., Ys. Torna

MHOMXecTBO A, a 3HAYMT, U €ro YacTb P, CONEPKHTCS B CYMME KO-
5

Heuloro uHeaa OTKPBITBIX cdep P 2 S. 2(y,). Ho Torma xotm
[

oana 13 31ux cdep, nyctk 10 6yaer S.»(y ), colepkuT GecKOHeuHO
MHOIO TQuUeK, colepxanyxcs B MuoxkecTse P (n6o uuaye 1 pcee P
6p10 Gt KoHeuHniM) Lean x' 1 ox" — Be TOYKH, BXOIAUIME B (Gec-
Koneunce!) nepeceuenne Q=3S. . (y.) P, 10 p(¥, x")<c. Unaue
roBops, HamH J0Ka3aH cjieAylouiid dakT: Beskoe Oechoreyrioe mnoi-
MHOMecTBO P MHOXkec1Ba A cofep:nT GeckoHeuuylo uacts Q aua-
MeTpal) e Goabluero JHOOro Hanepel 3alaHHOIO YHcia e,

d(@Q) <e.

3ane1uB 370, BO3bMEM kakylo-HHGY Ak GCChOHEUnyto uacTh A, Mio-
wecisa A. [To noxasannomy #3 A, puinelsieics OeCKOHEUHOE MHOzKe-
ctBo A, auanerpa d{4,)<C 1. Jlanee, nu3 4, Boiensiercs Geckouey-
Hoe MHOXecTBO A, Anamerpa d(A,) << 1/2. Iporo1:kas 3roT npouece,
MbI TOJTyUHM NOCAEN0BATeIbHOCTD BJAOKEHUBIX APYT B ApYy!a OecKoHey-
HBIX MHOMKECTB

A2 A DA ...

Taknx, uto d(A,) << 1/n. Begenmi n3s kaxjoro A, 10 TOYKe X,
mpHyeM 1aK, 4ToGnl TOUKA X, ObL1A OLIHYHA OT Xy, X, ..., X, 1.
Ecaw m>n, 10 xp = A, < A, 1 m0TOMY 0 (X, X) << 1,1, Orcrosia
BHIHO, YTO HOCJHEACBATENbHOCIL {x,} cXoantes B cefe. Ho Toraa
(67aropapsi noJHoTe npocTpauctsa E) cywectsyer upefen v= lim x,.
Jror npexen ecTL TOuka, npeielsnas Ada A, Fiak, Beswoe fecko-

1) Kag Bcerga, jauaverpoy d () MHOACCTBA Q FA3BIBACTLA TOMHAS BepXuas
TPaHRlld MHOXKeECTBa uncen P (a/, a”7), vae A" u ' oneventhol Q.
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HeyHoe TMOAMHOXKecTBO A, MHOXecTBa A HMeeT Hpefe’bHble TOYKH, HO
310 Beflb H 03Hauaer, uto A KOMHIAKTHO.

CxopHeIM 06pa3oM JoKasblBaeTcs

Teopema 4. ycme A GeckoHEUHOE MHOMECMBO IAEMEHNIO6 MEmMpli-
qeckoco npocmpancméa E.  [laa eeo  komnaxmuocmiu  Heobxodumo,
a & cayuae no.anomer npocnpancmen E w docmamouno, umober npu
awbom £>>0 6 E cywecsosaro Komnaxmuoe maoxcecnso B, o6aa-
darowee caedyiouium ceoticmeom: ) dan wwoboeo x & A natidemcs makoe
ye B, umo p(x, y)y<<e.

Heo6xoAHMOCTb YCIOBHSI TpHBHAMNbBHA, NGO B c/ydyae KOMIAKTHOCTH
MHOMKECTBA €r0 CaMO H MOXHO NpuHATL 33 B,. Tlepexois kK Aokasza-
TeJAbCTBY JHOCTATOYHOCTH TOTO YCJOBHS, MOKAXKEM, YTO MPH €ro Bhl-
NOJIHEHHH H3 BCAKOH GecKOHEUHOH yacTH P MHOMecTBa A MOMHO Bbijie-
JHTb GECKOHEYHOE K€ MHOXeCTBO () AMaMeTpa MeHbLIEro Jio6oro
Hanepen 3aganHoro € > 0. CrenaB 3To, Mbl CMOMKEM 3aKOHYHTb JOKa3a-
TeJbCTBO YIKE€ JOCJIOBHO TaK JKe, Kak H B Teopeme 3.

Hrag, mnycib P —6eckodeynaa uacTb A n &> (0 — HeKkoTopoe
MOJAOKHTENBHOE YHC10. TTOCTPOHM MHOXKECTBO B, .3, OTBEualollee 4y
€/3 H ANA KamIAOro x & P BblAeanM H3 Be,3 TakoH 3/eMeHT y(x), 4ro

px, y(x) <y

[lyctb D ectb MHOMECTBO BceX y(x), rie x = P,

HonyctuM cHayana, 4To D COREPXHT JIHIIB KONEYHOEe YHCI0 pa3-
JHUHBIX 3aemMeHTOB. Torja XoTb OAMH H3 HHX, NyClb 3T0 GVIET Y4,
JONYCKaeT mnpelcTaBIeHHE y,= (x) A8 OGECKOHEUHOro MHOXecTBa
3NeNeH10B X & P. 3To MHOXECTBO 1 MOXHO HPHHATb 33 HCKOMOE

2
MHOXecTBO (), 160 ero AuamMerp MeHblle g & Ecau ke MHOKe-
ctB0 D GeckOHeYHO, TO (OHO ecTb 4acTh KOMMOAKTHOIL O MHO-

Kec1Ba BE/,,!) H3 Hero BblAg/AdeTCAd CXOAfLuasAcsa nocenoBareJbHOC!b
ylx), yx), ylx), -,

MpHYeN Bce 3JeMeNTBl Xy, X,, Xi... OTJIIYHBL APy OT Apyra,
B ciy cxomunmocinn nocneioBatebHOCTH {y (x,)| HalineTcs Takoe N,
uto npu n>N u m> N Oyzer
e
O (), Y (xm) <.

Ho Torja 3a mHckomoe MHOXKECTBO Q MOMHO NPHHATL MHOMKECTBO
{¥A_1, XA.2 Xy.3 ...J. B canom pene, ecaim n>N u m>N, 10

0 Xy X)) <= p (Xn, 7 (xn))+o(y (xn), u (xm)) Foly (), xm) <e
d(Q)—e.

H

Teopenma noKasaHa.

1) Mel ne moxeM Haspatk Bg e-ceToio B A, 6O He mpegnonaraem, uto B, < A.
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Teopembl 3 1 4 nawT 06Ul e KPHTEPHH KOMOAKTHOCTH B TOJHBIX
npocrpatcrBax. OjHAKO, A1 MHOPMX YacTO BCTPEYAlILEHXCH MPO-
CTPaHCTB Haltjeusl GoJee NpocTble MpH3HAKU KomnakTHocTH. OcTaHo-
BHMCSl Ha HEKOTOPHIX H3 HHX.

§ 3. YcioBHgA KOMNAKTHOCTH B HEKOTOPLIX MPOCTPAHCTDAX

B 3sToM maparpade Mbl yCTAHABAHBAeM YCJIOBHS KOMHNAKTHOCTH
MHOJXECTBA, JIEXKALIEro B OAHOM M3 YETbIpeX MpocTpancts s, /,, Cu L,.

MpocTpancTBO §. DEMEHTAMH 3TOrO MPOCTPAHCTBA SBJALIOTCH YHC-
JoBbie nocsefoBaTenbHocT X =(§,, &, &, ...). Tak kaxk uucao §,,
CTOAILIEE B 3TOH MOCJAENOBATEIBHOCTH Ha A-M MecTe, T. €. k- «Koop-
AHHATA» TOYKH X MeHHeTcsl NpH [epexofe OT OAHOi Moc/efoBaTeb-
HOCTH K Jpyrofl, T0 OHO sBJAAeTcHA (PyHKIHEH OT MoCaAeloBaTe/1bHOCTH.
ITostomy ymecTHO 00O3HAYHTBL 910 YHea0 yepes §, (x).

TMpu noMouu 3T0r0 0Go3HAYEHH ST MOXKHO CPOPMYJHPOBATEL ClAEAYIO-
ILyI0 Teopemy:

Teopema 1. [Tycme A ={x}, ede x=E, (x), & (x), & (x), ...},
BCKOHEHHOE MHONCECMB0 moueKk npocmpancmaa s. Has moeo, 4mobsr A
Ob1A0 KOMNAKNMIHO, HeoBXo0uUMO U JOCMAMOHHO CYILECMBOBAHIE MAKUX
yucea M, M,, My, ..., umo npu aiobom x = A oxaseisaemca

;E/‘.(X) éMk (kzl, 2, 3, ).
B camom Aedqe, ACNYCTHM, HYTO TdkKHE HYHC/Ia M/_, CYyLEeCTBYIOT,
BblﬁePEM H3 A NoCJACA0BaTE/bHOCTL PA3NMHYHBIX TOYEK X;, Xy, X3, ...

H COCTaBHM HHCJIOBYH MNOCJAEAOBATCJABHOCTL H3 IT€ D BBl X KOOpAHHAT
BblﬁpaHHbIX TOUYEK

Ei(xy), &1 (), Eilxy), ... (1)

Tak kax |&, (v,) = M,, 10 no Teopeme Bonbuano — Befiepiurpacca
u3 (1) BelgenseTca cxoasmafca AOC/IEL0BATENbHOCTE

Eilx'), &), Ealxy'), vy Tim & () =ty

H—x
OrmMeTun, uTo 3fech xi’, x)Y, x)', ... €CThb MOCJELOBATENLHOCTS,
YaCTHYHas AJs MOCAENOBATENBHOCTH Xy, X,, Xi, ..., TIPHUEN B3aHMHOE

pacno/jioKeHHe 4YJ1€HOB e€e TaKOBO e, Kak H B [oc/eloBaTe/IbHOCTH
x]v Xoy Xay -+
IMocaepoBaTeILHOCTL BT O P bl X KOOpAHHAT

B (xi'), E5(x)1), Galxy), .o

BHILETEHHBIX TodeK X', x4, xi", ... orpaHudeHa (ubo | &, (x )| <= M,)
H T03TOMY H3 Hee BblAeAeTCs CXOAAULAfAcH MNOC/ef0BaTe]bHOCTD
Ea (), o), Ealxy), vvy 1im &, (x3") = ts.
n— X

t2)

Ilpu sTOM moCIEAOBATENBHOCTL X1, X', Xy, ... €CTb YacTHYHaH
A4 nocaefoBatesbHOCTH X', X', xi' ..., H B3aHMHbIH NOPAJOK ABYX
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YyJeHOB, BXCASIIHX B ofe rocacioBaTe.T! LHOCTH, GIIIH4KOB B oGelrx
MOoC.IC 108aT1e/bHCCTAX.

N Hponorm\:aﬂ JTOT Npouecc, MLl MPHXOINNM K fecheHeqHon MaTpHUe
PAasTHUIBIY TOYEK MIIOXKeCTBa A:

t 1

1
X' o, x),
Xy AL, Ay,
X, A, , X,

i

NpHYeM KaKIas CJaeTyViomast €2 CTpoKa NoaywaeTcs H3 Npepslynieit
yAATEHITEM YaC11l wieroB 6e3 [apyuleHHst B3ail uloro Nnopsaika ocTas-
wHxcest yienop. CIPOKH MaTPULBl TAKOBH!, HTO €} 1 CTBYIOT KOHEYHbIE
npegeanl lim & (xj["')) o, (p=1,2,3 ..)
"=

TMoayunp yxazamgyIo MaTpHIY, PACCMOTPHN rOCAe1CBaTeIbHOCTD
3NEMEHTOR () =X, , 1/, ~ Xy, Hg=X, ..., CTOfMINX HA €e AHaTOHAIH.
3To NoC1e108aTeIbHOCTL P A3 MY H Bl X TOYeK MiroskecTBa A,

Ecan 3a1<rem.ﬂ) Karoe nudyab HATYPANBHOE ), TO IIeMENTH Y,
Yp. 1 UYp u ... OYAYT 27€MEHTaMU p-H CTPOKH NALCH MaTpHilnl

A1) —
Yn = /\m (1, ) (ﬂ = p),
npHyen, O4YeBHIAHO, /11 (il, p) =n. Ho TOTAa

£ (n) -
Sn (!/u) = Ep (Xn,z)(z, /))) (Il = p)
#, cTa10 OHITh,

]Hn AJ(Jn) ‘a//
n— o
HOCJI@J],HC‘G COOTHOLIIeHHE [TOKA3kIBaeT, UTO [10C.1€50BaTe, TbHOCThH
U1y Uy Yz, ..., BBIESJICHIAA H3 TOCHEJOBATLILIOCTH Xy, VY, Xg,

Touek A, HMeeT Tipelle1oM TOYKY a-—=(oy, ®a, g, . ).

3HaunT BCSILAs CYeTHaA YacTh {x,} MHOxecTsa A umeeT npe-
Jeabliyio Touky, a notomy A Kxommaktio. Taxun o6pazon, Hawmi
JOKa3aHa JOCTATOYHOCTh YCJOBHSI TEOpeMbl,

[Tepexonst K yCTaloOBIEHIIO ero HeoOXOANNOCTIH, ACMYCTHM, HTO
3T0 ycJaoBue 1@ BuinoaHeno. Torja xors A5 oanoro k& He Hafiaeics
Takoro uymnenaa M,, uroOn 1npn Beex xe= A G0 & (k)= M.
3akpenuB 3T0 &, MBI MOKEM TIapaHTIipOBaTh, YTO MHOMECTBO YHCET
{€r (x)} He orpaniueno. ITo3TOMy MOMKHO BEIGpATb 13 A TaKyl nocie-
JIOBATeNBlIOCTb Xy, X», X3, ..., UYTOOB OKasatock lun &, (x,) = .

N —»Cco
$lcHo, 4TO NMOCSRIOBATEILHOCTh {x,! He HMeeT npeflelpHLIX TOuek. 1)
Teopema nokasaua.
ﬂpOCTpchmo Ly(p: ) 3To NPOCTPANCTBO COCTOHT H3 NOCJLI0-
BatesnbHOCTEl x~(?;1 ) £, (%), Zalxy), ..}, Y KOTODBIX

|l = L}_j &) \J <o

) Ecam 6u 3 {¢,} BbIIESIAACH NOAMOCAEI0BATENHHOCTh {x,,i}, HMeoaa
Mpejiet a, TO OK4sblBanoCh Gbl, YTO gy (X4,) — §p (@), B TO BpeMa Kak Ly (%) -«
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YcnoBHe KOMIAKTHOCTH B 3TOM IPOCTpaHCIBE JaeTcs cieAyrouei
TeopeMoli:

Teopema 2. [Iycmo A — eckoneqroe MHONCECMBD  104eK  Hpo-
cnpancmsa L, Jlas moeo, 4mobee A 06t10 KOMAAKHMIHO, HEOOX0OUMO U
QOCMAMOUKO BbINOAHERIE COBOKYRKOCIIL 08YX YCA0BUL:

1) cywjecmsyom marue ducaa My, My, M,, ..., umo npu ecex
x e A okaseisaemea

18 (X) | < M, (k=1,2,3, ..
2) pao

[es]

DB ()P

k=1

cxo0umes pasHOMEPHO HA MHOoXcecmnse A.
JlokameM cHayala N1OCTAaTOYHOCTDL ycaoBuiA Teopemsl. Ilpen-
rnoJtaras HX BBIOJHEHHBIMH, IpPeXAE BCero HAaXOLHM Taxoe m, YToObl
[s5]

npu Beex x& 4 o0 Y, & (x) [P << 1.
k=m-1

3akpenus 310 m, Met OyJeM HMETb IS Bcex x & A, yTo

E |8 (x) P << Z Mz,
R=1{

R=1

m
Crano OvITb, TOJOXKHB Z Mo+ 1=H, Mo ans Beex xe A
k=1

[ee)
OyaeM uMeTb > |& (x) [P << H.
k=1
YeraHoBHB  3T0, PaccMOTPUM  Kakoe-qH60 GeCKOHEUHOe MOAMHO-
xecTBo A, MmuoxectBa A. CoBeplUeHHO TaK e, Kak B Teopeme I,
MBI [OKaMeM, YTo U3 A, BbyIeNfeTCs Takag MOC/IeA0BATeNLHOCTD

Y1, Y2, Y3y ..., UTO CYIIECTBYIOT KOHEUHbIE Npejebl
lim &, (y,) =, (k=1, 2, 3, ...
n—o0
N

Ipu mobom N Gyrer > |Ex(y.) P <<H.
k=1
TMepexoas 3fech K npefeny npH BO3pacTaiomleM # H 3aKpermJieH-
N

HOM N, Haxonum 2 |ap|P =< H, OTKyAa, B CHJYy NPOU3BOJALHOCTH N,
k=1
BBITEKAeT, YTO HOC/IAEI0BATENBHOCTD @ = (%, Gy, O, ...] BXOLHT
B IIPOCTPAHCTBO /.
[Tokaxem, uro
a= lim y,. 2)

n-— oo
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C stoit uensio Bo3bMeM &£>0 u HaiileM Takoe A, yToGhl NpH
Bcex x = A Oblio

[ee]

Y awr<(;).

E=h+1

N
Toraa, kak u Bule (T. e. PacCMOTpeB CHadYaia Cymmy Y, >,

\ k=h+1
Mbl yOeauMcest, 4To

[ [”é<%>p-
k=h+1
Ho

o 1/p [} 1/ ] 1/p
[ 3 lauyn)—akap] s[ 3 lak<yn)w]p+[ 3 lakfﬂ] .

k=h+1 E=h+1 b=h+1

Crano ObIThb:

3] 1/p
[ Z [Ek(yn)"ak‘p] <—§—8

k=h-+1

h I/p
nyn"an<[2 IEk(yn)——akJP} 4+ %8.
k=1

Tak kak A JAocTaTOMHO GOJbWHX n GydeTr
h

Y s —ar <5,

k=1
TO AAR 3THX 7 OKasuBaeTcs
1y —al <e,

yeM H JIOKa3aHo (2), a 3HauMT H KOMMAKTHOCTb MHOMKectBa A,
Heo6xopguMocTh ycnosus 1) foKasbiBaeTcsl AOCJNOBHO Tak e,
KaK Heo6XOJAHMOCTE yCJaOBHA Teopembl 1. [lpeAnonoskum rtemepb, 4TO
He BbINONHeHo yciobue 2). Torja cyuwectsyer Takoe € >0, uTo A/s
BCAKOrO HaTypadbHoro # B A HalileTcd 3/eMeHT X,, ATA KOTOpOoro

fee)

> E(x) P=ce. (3)

k=n-+1

HeTpyznHo BuaeTh, 4TO cpejd 3/7€MEHTOB X, AOJNKHO ObITh OecKo-
HEYHOE MHOMKECTBO pas/HuHbIX. k B TO ke Bpems u3 |x,} He Bbife-
JAeTcd HHKAKOH CXONAUICHCA MNOCJefA0BaTeILHOCTH,
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B camoM gese, eciu OBl MOCAEIOBATENBHOCTE Xn,, Xngy Xnys .- s
rhe 1, <<ny<<ng<<..., HMesJa npeden a=(®;, @&,, &g, ...), TO Mbl
npexjie Bcero MoryH Obl HafiTH Takoe A, 4TO

[se]
1 &
‘ak]p<25-
k=h+41
3ateM AnA NOCTaTOUHO GOJBUIMX ¢ (t>> ;) Mbl HMeaH Ol

i —a] <,

OTKYJa M TNOJABHO INpH 3THX I
[s.e)

2

E=n 41

Ek(xnﬂ“'ak.p<:‘§%-

3nauut, cuuTas >>1, HACTOAbKO GOJBIUHM, YTO M, ==H, MEl
HMeJH Obl:

0 I/p
2 ‘gk(x”t)Jp =
k=nl+l
o 1/p o l/p
= 3 wm)-wt] [ X Jwr) <e,
k=n 11 k=n+1

a 310 npoTHBopeyHT HepaseHcTBY (3). Teopema nokasaHa.
B xauecTBe npuMepa paccMOTPHM MHOXKeCTBO A, cocTosiuee H3
«eIMHHYHBIX OPTOB» IPOCTpaHCTBA [,, T. €. H3 3jeMeHTa BHJa

e,=1(0,...,0,1,0,0,...) (1 na n-m mecre).
3/iech BHINOJHEHHE [IepBOTO YCJAOBHSA TeopeMbl oueBHIHO. [asee,

pax Y] | & (e.) |’ cxonutes npu BCAKOM £, HGO &, (e,) =0 npu & 7 n.
k=1

Ho cxoaumocte 3TOro psina He paBHOMEpPHA OTHOCHTENLHO #, M MHO-
)KEeCTBO A He KOMMakKTHO. 3TO BHIHO H HemocpejicTBeHHO. [leftcTBU-
TeJqbHO, BeAb lim &, (e,) =0 u mNOTOMY eAHHCTBEHHOH TNpeennHOH

Toukoh A MOI:lﬂ;mﬁbl ObiTE TOMBKO Toyka ©=(0, 0,0, ...). Ho npwu
moboMm n

fe.—Of=1

H notoMy y A Her npefeabHblx Touek.!) [losesno otmerurs etle,
YyTo Npu BceX 7 OKasmBaercs [e,|=1 u noroMy A orpanuyeHHoe
MHOXKecTBO. Takum oO0pa3om, Mbl NOJyyaeM elie OfUH TNpHMEp MHO-
XKeCTBa OrpaHHYEHHOTO, HO He KOMIAKTHOrO.

1) FEwe npoule YCTaHOBMTh 3TO, 3aMETHB, YTO MNpH mFEna  OyIeT
D
len—em =V 2.
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Mpoctpancreo €. [lepexons X paccMOTpPeHHIO YCMOBHI KOMIAKT-
HOCTH B npoctpalcTee C, jgaiauM cjepyiouiee

Onpepenenne. IlycTe Ha cermente [a, b] 3anaHo cemetictBo A = {f (x)}
nenpepbiBHex dynKuMi. Ecan eesakomy & >0 oreeyaer Takoe § >0,
yto npu [ &"—x"|<<8 (tne x' u x" B3sTH M3 [a, b]) sag moGoii
dyuruun f(x) U3 A okasbiBaercs

[f ") — 7 (") e,

TO TOBOPAT, 4T0 (YHKIHU ceMelcTBA A PAGHOCHENEHHO HerpepsisHbL.

B mnosicHenne ¢Kas3aHHOrO 3aMeTHM, YTO Hajauuue Takoro § aid
Kaxjaoi OoTAedbHOR QyHKUMM [(x) U3 A HENOCPENCTBEHHO BbiTE-
KaeT W3 HernpepniBHOCTH 3TUX QyHKuuil. CyTh ¥e Aena 3ak/JIovaeTcs
B BO3MOMHOCTH nojadopa ofHoro 8 aasa Bcex HYHKUIUH ce-
MelicTBa cpasy.

Teopema 3 (L. Apueaa— Hoc. Ackoan). [ycme A= {f(x)}
BeCKOHedHOe CeMelicmao Henpeposrotx PynKyutl, 300aHHbIX HA ceeMenme
[a, b]. Ecau

1) sce pynkyuu cemedicmea oeparueror cORum wucrom, ' f(x) <=M,

2) amu YHKLLL PABHOCIENEHHO HEnpepolaHbL,
mo uz A swideasemca pasHOMepHO CXO0AWAACS NOCAe008QMEABHOCIMD,

HokasartenpctBo. OO603HauuM 4Yepe3 E MHOMECTBO BCex
palUOHaNbHBIX 4YHCes] cermeHta [a, b]. 3To MHOXKeCTBO cueTHoe H
N03TOMY, Ha OCHoBanuu Jjemmul 1, § 4, ro. V1, us 4 Bhjensercs
HOC/Ief0BATENbHOCTL pa3a MY HBE X dyHKuuH fi (%), f. (%), fs(x), ...,
cxojlsinagcqd Ha Bcex Toukax MmuoxecTBa E. Iloxaxew, uto 3ra nocje-
JOBATeJLHOCTD CXOJMTCA He TOJBKO HA E, HO W HA BCEM CermeHTe
(a, b]. HeiictBuTenbHO, NyCTb X — UPPAUMOHAJAbHAS TOUKA H3 ITOO
cermenTta. Baap e > 0, HaxOANNM TAKYO palUOHAIBHYIO TOUKY r|a, b),

yToGhl 1151 Beex ¢yHKUMH cemefictRa A Gbuio |f(x)—f(r)| << g

CyuiecTBOBaHHEe TaKOIO s BBITEKAET H3 YCJIOBHSI PABHOCTENEHHOH
HenpepblBHOCTH ¢yHKuUUl cemelicTBa. Taxk Kak yucaoBad mnocneosa-
TeAbHOCTL {f,(r)} cxoamTca, To HaweMy e oOTBeyaeT Takoe N, uTo

Kak Toapko n>N u m >N, TaKk ceifyac xe !fn(r)—f,,,(r)[<§.
Ho Torja aast 3THX e 7 H m OKAWercs
fn () = [m ) [ << {fa () = Fu (1) [+ A Fa (1) = Fm () 1+
+)fm(r)_fm(x)l<8-

Takum o6pasom, mocienoBaTensHOCTE {f, ()} cxomuTcs B ce6e u,
cTano OblTb, UMEET KOHEYHbIH Hpeje.

Hrak, Hamn MoKa3aHO CyUIECTBOBAaHHe mnpejesa
lim f, (x) = ¢ (x)
n-—>aoo

a8 weex x & ({a, b]. Jlerko Buperb, yro mpenenvHad GyHkuus @ (x)
HernpepuiBHa. B camom jnese, B3sgB € >0 u Haiiaa trakoe 8 >0, uro
HepaBeHCTBO |x"—x'| <0 Baewer misi Bcex (yHKuMH cemeiicTBa
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HepaBeHCTBO | f (x") —[(x')| < e, Mbl 3aKpenuM Takmne TOMKH x M X,
yto | X" —x'| << 0 u nepeiileM K npeleny B HepaBEHCTBE

[fn X7) = fa X)) [ <e,
4TO MpHBELeT HAC K AHANOTHYHOMY HEPABEHCTBY

lo () —o(x)|<e

y¥Ke LIS npefeqbHol dyHKuuH,

Ocraercq yGenuThCsi B TOM, UYTO cTpeMmyerue f,{x) x ¢ (x) npo-
HCXOAUT PABHOMEDHO OTHOCUTENBHO X.

Jas 3Toro npexje Bcero 3aMeTHUM, YTO PAa3HOCTH  f, (X) — @ (X)
TaK XKe, KaK u QyHKUMH f, (X}, paBHOCTeNeHHO HenpepriBHEL. [lo3ToMy,
B3AB €>>0, Mpi cMoxeM HaitH Takoe 8§ >0, uto mpu |x"— x| <8
u npu awboMm n Syzer

HE () = () = 2 () — 0 ()} | <5 (4)

Haiins Takoe 8, Bo3bMeM HACTOMLKO GOJbLIOE HATYPAJIBHOE HHCIO S,
b—a
<8, ¥ NOJOXKUM

9TO

b—a
T

b—a
2=a, zl=a+—s—~‘zz=a+2 ., 2s=0b.

B kaxnodi Ttouke z, 6yser lim f,(z)=¢ (2,) 4 notoMy Hafigercs
fl—-
Takoe N;, uro npu n> N; Gyrer

fnfz) =0 (@) <5. (®)

MMycte N =max {Ny, Ny, ..., Ng}. Ecmt n> N, To npu Jobom
x & [a, b] byzer

[fa(x)—o ()] <e. (6)
[eficTBUTEIbHO, B3AB Kakoe yroano x < [a, b], cmoxem HaiTH
b= -5, a torna (6) Gyzer cremoBaTh H3

(4) u (5). Tak xak yncao N or Buiopa x He 3aBHMCHT, TO Teopema
0KAa3aHa TIOJHOCTBIO.

Teopema 4. Lan moco umober Geckoneunoe MHoxcecmngeo A anemen-
mos npocmparcmea C 6oia0 Komnaxkmuo, Heobxodumo u GocmamorHo,
amobee  pyukyuu, exodswue 8 A, Gblal 0epaArUHerbl OOHUM HUCAOM U
DABHOCIMENEHHO HENPEPBISHDL,

JlocTaTodHOCTh YCIOBHAI TeopeMbl JiOKa3aHa B TeopeMe
Apuena — Ackoad. HeoO6X0AHMMOCTH YCIOBHSI OrpaHHYeHHOCTH
GyHKUMA f(x) U3 A OAHMUM YHC/JOM BBITEKaeT M3 Teopembi | mnpenpi-
LywWero naparpaga, H60 OrpAHMYEHHOCTh MHOXKECTBa A, BBITEKAIOILAs
COr1aCHO 3TOfl TeOpeMe M3 €ro KOMIAKTHOCTH, H O3HadaeT, uto ¢yHK-
uMH, Bxoasliue B A, orpanvueHni OfHHM uucjoM. OCTaeTcs YCTaHO-
BHTb HEOOXO[HUMOCTb  YC/AOBHA PaBHOCTENEHHON  HenpepHBHQCTH.
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C OLHOH M3 TOYEK JeneHyus, MyCThb, HaMpUMeEp, Xo=2,. IlpoBefem uepes (x,, yo)
OpAMYIO € YIJIOBBIM KO3QULMEHTOM f (Xy, o). 3Ta npAMas 6yler JexaTb B Bep-
THKAJBHEX yraax BAC w DAE. [purascb U3 TOYKH (X, Yo) BAOJb APOBEAEHHOH
NPAMOA HANP4aBO, Mbl BCTPETHM Ha Hell TOYKY (Zpi1, Umy). [lpeamonarad
m+41<Cs, npoBelleM 4uepe3 3TY TOYKY NPAMYI0 C VYIJIOBBIM KO3(hGHLUHEHTOM
[ @Zmi1r Upy1) B PACCMOTPHM €€ OTPE30K, JEKAUMA Hajy CerMEHTOM [2Z,41, Zpysl.
3TOT OTPE30K LEJHKOM JexHT B Tpeyroasuuke ABC. Ecan m4-2<s, To uyepes
OpaBelil  KOHeW (Z,9, Umys) MOJYUEHHOTO OTPE3Ka NPOBOJHM HOBYIO NPAMYIO
¢ YIJIOBbIM KOIQQHUHEHTOM [ (Zp,0, Umig) B TPOJOJIKAEM 3TOT IpOLECC A0 TeX
rop, noka B KayecTBe MPaBOrd KOHUA OZHOrO H3 MOCTPOEHHBIX OTPE3KOB HE HOJYy-
HAM TOJKH, Jexalliefi Ha npaAMoll x =b. AHaJOruyHoe NOCTPOeHHE NpPOLeNaeM,
JABHLasich H3 TOUKH (X,, Yo) BJAEBO.
B peaynbTaTe Mbl NOJY4HAM JOMaHy0, HMEIOLLY}O0 BEpIIHHBI B TOYKaX

(ZOI uﬂ)v (211 ul)v LRR ] (ZS1 us),
The 2, =Xy, Up=14Yy, H TAKylo, YTO yraoBO# KO3pdHLUHEHT 3BeHa, COeRHHAILEro
BEPIIRHEL (2g, W) M (Zpi1, Upsa)s ©CTb [(2g, tp) NPH R =m W [ (2pyy, Hp,y) TPH
A ]

y
} I !

3 -
) N N BN

b
e

2 T, ¢
Puc. 9.

k<<m. 3ra nomMaHasd Ha3uBaeTcs somanoil Sidasepa. BaKHO 3aMeTHTb, 4YTO OHA
He BLIXOFHT H3 TpeyronsHHKOB ABC u ADE (310 npolle BCErc foKasaTb HHIYK-
THBHO TP CAMOM MOCTPOEHHH JIOMaHOH, MepeXojd NOC/AeNOBATE/IBHO OT OLHOro
3BeHa JIOMaHOK K apyromy). PaccMorpum Ty ¢dyHKUHIO ¢ (x), rpapuKoM KOTOpo#
ABNseTca JoMaHas Disepa. Dra GdyHKUMA OrpaHHueHa, HGO ee rpajuk He BLIXO-
OMT 3a npejenel npsmoyrosbHuka R. Herpyauo BueTs Takxke, 4to ¢ (x) yAos-
JIeTBOpAET yCJsoBHI0 Jlunumnia

l" ) —@ ) | = Mix"—x"|,

Bynem HaabiBaTe @ (x) Pyukyued Fidiepa H rOBOPHTH, 4TO OHA COOTBETCTBYET
NPor3BeleHHOMY pa3noxeHulo [a, b] ua yacTH. BooGpasum cebe BCeBO3MOMKHEIE
dyHkuuy Diinepa, KOTOpble MOXKHO MOJYy4YHTb, MeHsisl cnoco6 pasJjoxkeHHs [a, b).
CornacHo ckas3aHHOMY, 5TH (YHKUHH OrpaHHYeHnl OJHHM YHCJOM H pasBHOCTe-
AIEHHO HerpepsBHBI, 3HAYUT, MHOXECTBO 5MHX (QYHKUHH KOMNAKTHO B C.

PaccMOTpUM TeNepb NOCAeAOBATENBHOCTL TAKHX CHOSO60B pasnoxenus [a, ]
H4 YacTH TOUKAMH Z,, 2y, ..., 2g, Ur0 mMax [2p.;—2,] > 0. BTuM cnocobam orse-
43T HeKoTopuie dyHKuMM Sfifepa. BuifepeM H3 HMX NOCAEAOBATENABHOCTH PaBHO-
MEpPHO CXONSLLyocA NOANOCHefoBaTesIbHOCTE @y (x), Qg (%), @a(x), .... Ilycrs

hm @, () =4 ().
n—qw

OuepHjiHO, P (X)=yY,, TaK 4TO KpHBadA y=1P (x) NPOXOAUT Yepe3 TOUKY
(%o, Yp). MulL ROKameM, 4TO 3TO eCrb HHTerpaldbHas KpHBag ypasHedus (8).
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Has aroro obosnasum uepes 2(", 20", ..., 2{") toukn genenus toro cnocosa
n
ApoBGaeHHA, KOTOPOMY OTBeyaeT GYHKUHA @, (x). HanomuuM, gro

lim [max{ fz"_)F —zf{"” 0. ©)

17— o0

N

BosbMeM Kakyro-HHGYAbL TOUKY X, Jewkallyld B NOJAYOTKPHITOM MPOMEXYTKe
(xo, b]. Tyems 280 <x<2(® | [p=p(n)].
Torpa, coxpanas no-npexxHeMy of03HaueHHe Z,, [m=m{n)] AN TOUKH fene-
HUA, cOBRajalouled ¢ Xy, Mbl GYyHAeM HMeTb:
— (n)
?n (zfrr:)—i- 1) =@, (z<n)) +f (x()' P (xo)) (zlf’ll‘}- 1% )
0, (20 0) =0, (2 é:lli-l)+f(zfr?)+11 O (290 )(Z o=z 1)

)0 GEL) ST 0, (L) (0 =12),
P, ()=q, (z(n))+f( m e, (z("))) (x_zl()ﬂ))_

CraafpBaa 5TH PABEHCTBA, HAXOJHM
p—1

o =s+ B T 0, (") CELI—2)+F (D 9, (207)) (r—2).
k=m

byukuua f(x, y) pasHOMepHO Henpepbmna 3Haqm B3§B npouaaonbﬂoe
€ >0, MoxHO HaiiTn rakoe § >0, yto mpu gy’ —y’ | <8 Gynmer

e g")—Fx g) [ <e

npu mo6oM ¥ & [a, b]. He orpanuuusas "0GILHOCTH, MOXHO CYUTATh, uTo 6=<Ce,
Bynem cydraTh n HacTOJAbKO GOJbIIHM, YTOOBl TpH BCEX x  [a, b] OKasanock

| @ (=P (x) | <b.
Torga cymma

p—1
B 0 ) () TG 0 (7)) (5 —2)
GYIeT OT/MYATLCA OT AaHAJOTMYHOH CYyMMbl
p—=1 )
9= B 1 (L) (=) 41 G () (x=557)

MeHbllle 4eM Ha & (X —xg). Orcloga clefiyer, 4TO NpH YKa3aHHOM JZOCTATOYHO GOJb-
woM n Gyner

[P () —g—0, | <& (1+x—xp). (10)

3ameuafl, yT0 CyMMa 0, ecTb CyMMa PumaHa An4 uHTerpaJa
X
(Fle. @) de,
o
yuteiBad (9) u nepexoxs B (10) k nmpeseny npu Bo3pacTaloumeM n, HaXOLHM
X
Y —ygo— {7z b@)dz]|<<e(l4+x—x)
Xo
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Orcxo;xa, BBHAY NPOH3BOJIBHOCTH &, BLITERAET, 4YTO
X
Y=g+ \/lz $@)]dz an
X

Hudpdepenuupys 3T0 pPaBEeHCTBO MO apryMmMeHTy X, noJdyvaeM !) nasa moboro
e [xO’ b]
Y @) =Ffx, $ ). (12)

Ananornudo ycranasampaercs (12) ana a << x << x;. Teopema fokasaHa mos-
HOCTBIO.

3ameqanne 1. YuTatenr o6paTUT BHUMAHHE HA TO, 4TO eCNH OPAMOYIOMb-
nuk R onpepensercs xak R(xy—A<<x<<x,+A, yo—B<=y<y,+ B), 10
nposeueﬂﬂoe JOKa3aTeIbCTBO oﬁecnequsaer CyulecTBOBAHHE DELUIEHHUS B CerMeHTe

{xg—8, x4 8], rae
§=min {A, B/M}.

3ameyanne 2. B ycnosugx Teopemsl 5§ HHTerpanbHas KpHBas, NPOXOAAUIAs
uepes (xy, Yo), He ofg3atesnbHo edurcmeenna. Hanpumep, uepes (0, 0) npoxogsr

IBe uHTerpanbHule Kpuesie y=0 U y=x% ypasHeHuqa a.g::&{_y?.

Mpocrpaucteo L,. PaccMoTpum, B 3ak/IiOueHHe, YCJOBHA KOM-
NaKTHOCTH B npocrpaHcTse L, IJTH ycaoBus Jas p> | 6bliu Hail-
zeni A. H. Koamoroposeim 8 1931 rogy. Yepes ppa roga A. H. Ty-
Jaiikos 2) aokasan, uto ycaoBusit A. H. Kosamoroposa okaswiBarorcs
TaKKe HeOOXOLHMBIMH U JOCTATOYHBIMH H AJSl cayyas p==

Yro6hl YCTAHOBHTH HHTEpECYyIOLIHe HAc pe3yJbTarhbl, NOTPeSyIOTCA
HEKOTOpbIE BCIIOMOraTe/bHbie COOGpaMKeNH s,

Jdemma 1. [Tycmo na [a, b] 3adana cymmupyemas Pynsyus @ ().
Pacnpocmpanus ee onpedesenue wa ceemenm [a—h, b+ h), nosomus
@ (f)=0 npu t<|la, bl u nocmpoum rHosyro Gyrkyuw ¢, (x), 3a0a8
ee Ha [a, b] dopmynot

x—r—h

Pn (x)—_—”o_l;; S @ () dt

x—h

Dynkyus @p(x) (naseisaemas Pyusyuedt Cmexaosa) HenpepoisHa
na [a, D).
JIefCTBUTENBHO, BEAb

[P e X 3

(x)___,QLh_[F (x4+h)—F(x—h), tie F(x)y= \ o) dt,

a—h

a F (x), KaK H3BECTHO, €cTh QYHKIHSA HENpephiBHASA.

1y Xora (11) noxasaHo MulWb AAd x > Xy, Ho (12) Buirekaer u3 (i1} n npm
X=1x, CaMo cO0OH pasyMeercd, YTO NDH X=Xy H ¥==b peub MOKET HATIl TOIbKO
06 ONHOCTODPOHHHX NPOH3BOAHLIX.

2) «Zur Kompaktheit 1m Raum L, fur p=1», Gdttinger Nachrichten, 1933,
erp. 167—170,
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Jlemma 2. B mex xe 0603Ha4ERUAX

b b
Von @) | dx << (| (x)|dx. (13)

HoxkasareabctBo. Ilycre chavana ¢(x) =0. Pacemorpum
B npsiMoyronbHHke R(a<<t<<b, —h<<z<Ch) oyHruuio ¢ (z41).
Coraacno teopeme 2, § 4, ra. XII 6Gyzer?)

b +na +hn b
{at § oz+ndz= 1\ dz\o(+1)dt. (14)
a —h —h a
Tak Kak
+h t+h
{ o@+tydt=§ @ (x)dx=2hqu(®),
—h i—h

70 uuTerpa’:, crofuuit B (14) cieBa, ectb He 4TO MHOE Kak

b
2 on () dt.

a

Unterpan ke, crosmuii B (14) cnpasa, npeoGpasyercs K BHIY

+h btz
S dz S ¢ (%) dx,
—h a-t+z

H OCTaeTcsl 3aMeTHTh, 4To ?)

b4z b
{ e dr<{o@x)dx, (15)
at+z a

uTo6kl monyunthb (13).

1) Uamepumocts @ (2+4f), KaK QYHKUMH OJHOrO M3 APTYMEHTOB { WAH 2 upH
No60M  3aKpenJeHHOM 3HAYeHHH JPYroro, OYeBHAHA. YCTaHOBHM, YTO H Kak
GYHKUMS JBYX apryMeHTOB OHa HaMepHMa B R. [Ipu /1060M ¢ MHOXeCTBO TeX
xes[a—h, b-+4h], nna xotopeix @ (x)>>c¢, wusmepumo. Ho Torma (cm.
aemmy 1, § 2, ra. XII) uamepuMo MHOXecTBO A Touek (¥, y) TMPAMOYLOJNbHHKA
{a—h<<x=-b4+h, —h=Cy=_h), gna xotopeiX @ {x)>c. Vlyctb £ ecTb wmno-
xKecTBo Tayexk (f, 2), B Koropoe nepexoguT A npe adduHHOM npeoGpasoBaHHH
IJIOCKOCTH MO dopMynaM f=x—y, z=y. OHO H3MepUMO H OCTAETCS YYeCTb, YTO

R [p(z+1t >c]=RE.
2) ITpy 2=0 wuurerpansl (15) pasuel. Ecau xe, nampumep, 2> 0, To (mo-
CKOMBKY ¢ = 0)

b4z b b
jr o (x) dx= i ¢ (1) de< o () dx.

a
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OrkaxeMcst Tenepb OT NPEANOJNOKeHHs, 4To @ (x) =0, U 0603Ha-

yuM depes @ ,(x) dyurudio Creksnosa ans moayas |¢(x)|. Toraa

| 4k x -tk
[on () | =57 S o) dt|< S |9 (2) | df = 94 (%)
H xoh x—h
b b
Vlon () | dx << @n (x) dx. (16)

Ho no yxke fokasaHHoMy
b b

{on () dx< {1 (x| dx,

a

oTKyZa B cBA3H ¢ (16) u Boitexaer (13).
Jemna 3. Ecau ¢ ()L, npu p=1, mo

lon]<|e] (17)
Ilpn stoM, Kak ofbl4Ho,

|1@\|=\/S|¢(x)l"dX-

IMonesno 3ameTuThb, yro, B cuiay HenpepbiBHocTH (yHKuuH Crek-
J0Ba @y (x), OHA BXOAHT B L,.

Hasa cayuas p=1 Hama .neMMa coesnagaer ¢ aemmofi 2, Tloatomy
MOXHO cuHTaTh p>>1. Ho Toraa, B cuny HepaseHcTBa [émbaepa,

Oyzer
x—(:h x—i;h 1/p tx+h 1/9 /1 i

P — — =

=(wora] (4] G+i=)

@ (1) at
x—nh
HWJAH, 4TO TO XKE camoe,

xt-h
P < \ le@)d (18)

x—h
[TpaBasg uacTb 3TOr0 HEpPABEHCTBA eCTb HE YTO MHOE, KaK (QyHK-
uns CreknoBa Anst ¢ynkuuH |¢ (x)|[°. O6o3nauast ee yepes o (%),

MOXeM Iepenucartb HepaBeHCTBO (18) Tak: |@a(x) 1P << @y ().
Orcroaa

b
V@s(0)l? dx<§q>h(x) dx,

a
a B CHJIy JeMMbl 2 6yJer
b b
Von () dx<<{lo (0P dx.
a a
W3 3tux HepaBeHCTB M BhiTeKaer (17).
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Jdemnma 4. Ecau p=1 u ¢ (x) =L, mo
b
lim {|@n (¥) — ¢ () [P dx =0, (19)
h—0,

JleficTBHTENIbHO, NycTh CHauala GyHKUHA @ (x) HenmpepuiBHa. Ecan
a<<x<b u h nacronbko Mano, uto [x—h, x+h]c|a, b], To no
TeopeMe O cpejiHeM

| x—};h
Pa)=gr | 9O d=0@®,
x—h

rae E=[x— 1N, x4+ h]. Orciofna acHo, uto ANd x < (a, b) Gyper
Limotph () = ¢ (x)

H NoTOMy TOAbIHTerpanbHas ¢yHkuua B (19) nouru Besge B [a, b]
[rounee, Bessie B uHTepBanae (a, b)] crpemurca k Hymo. C Apy-
roffi cropoHbl, ¢ (x), GyAyuH HenpepulBHOH, oOrpaHudeHa. Ho eciu
@ (x)|<<M, To 11 |@y(x)|=<=M. 3HayuT noAbiHTerpanbHas GyHKUHUS
B (19) orpaHuueHa uuc/aOM, He 3aBHCAWHMM OT napaMerpa. Otcriofa
cJielyeT BO3MOXKHOCTL NPEie/IbHOTO Nepexoja MO 3HAKOM HHTerpana,
yeM H Jokasana ¢opmyaa (19).

[lycte Tenmepb @ (x) ecTs mobaa ¢ynxkuusa u3 L,. Bass e >0,
HAXOAUM TaKylo HenpepbiBHYIO W {x), YToOb OKasajoch

lv—opl<<e. (20)

Ecau uepes v, (x) oGo3Hauutb ¢yHkuno Crek/a0Ba AA (yHKUHH
P (x) n 3amerutsb, 4to GyHkuua CrekjoBa ANA PasHOCTH @ (x) — P (x)

€CTb PasHOCTb @y (x) — Py (x), TO H3 (20) no JemMe 3 GyJleT BhITEKaTb,
4TO

lpn —@nf <e.
Ho

lon— @ <<|on—Pu [+ [Pn — I+ —o.

3Hagut

' on — @ <2e+[pn— ¥l
a 1o yXe JOKa3aHHOMY AJIs1 AOCTaTOYHO Manblx /1 GyjeT ||, — | <e,
TaK 4TO AAA 3THX /1 oKaxeTcd |, — ¢ << 3e. Jlemma nokasana.
Teopema 6 (A. H. Koamozopos). ITycmo A = {f (x)} ecme mHo-
scecmeo pyrryud u3 L, (p>1). Haa moeo, wmober 3mo mroxcecmso
6bIA0 KOMNAKMABIM, HeOOX00UMO 1 O0CMQmOuHO BbINOAHEHIE COBOKYN-
Hocmu Ycaosuti:
1) mromecmeo A oepanuueno 6 L;
2) cmpemaenue Kk Hyao pasrwoemu |fy,—f| npu h—>0 npoucxodum
PASHOMEPHO OMHocUmeAsHo 8oibopa ¢ynkyuu [ (x) = A.
Heo6xonumocTs yenmoBus 1) sicHa, H60 BCAKOE KOMIAKTHOE MHO-
KeCTBO orpannueHo. UToGbl JokasaTb HeOGXOAMMOCTb YCJOBHA 2),
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IIPEATIONOMUM erD He BuOJHeHHbIM. Torja cyuectsyer Takoe g, > 0
H TakWe JBe TOCJAeAoBaTe bHOCTH {A,} u {fV) ()}, rae h, >0 CyTh
uncaa, a [ (x) —dyHkuun 13 A, 410

limh,=0, | f(,f; — [ = e,

[Toxaxem, uto u3 {f* (x)} He Bbleasercss cXopsulefics nogmnoce-
foBareabHoctH. JlomycTHM, HANpOTHB, YTO OHA Bhiessercd. e orpa-
HHYHBAs OGIUHOCTH, MOXeM NpPHHATb, YTO 3TO €CTb caMa Moc/efoBa-
TesbHOCTD | (x)}, HG6O K STOMYy MOXKHO CBECTH JeJIO MpH MNOMOUIH
mepemenni  06o3Hauenuii. MrTak, nycTs mocnefoBaTeabHocTb {f( (x)}
cTpemiitess (B cMbicie MeTpukH L,) x ¢ynxkuuu g(x). Torma npu
caMo co00fl NOHATHBIX 0603HAueHHMAX Mbl 6yJAeM HMETb

= |40 — <11 — g i+l — 1+ T,

Orciona no nemve 3 gy <<2[g—f|+|g —gl.
Ho (no nemme 4) Anst foctatoyHo Gosibwiux £ GyaeT [gn — g <<

<—829 U, cTano OuTb, A TaKHX f OoKawkeres |g—f > %, 4TO

NPOTHBOPEUHT [PEANOJIOKeH o 0 cTpeMaenuu f™ (x) k g (x). Heo6-
XOZHMMOCTb YCJOBHH TeopeMsl JOKa3aHa. ')

IpeAnonoKaM Tenepb, 4TO BhIMOMHEHB ycaoBHA 1) u 2). Torza
aad aoboi f(x)= A Gyper

b \1/p
i=(§17 @) <

a

rae nocroannas M or BuGopa f(x) He 3aBHCHT. 3aKpenuM HEKOTO-
poe 1>>0 u paccmoTpuM MHOXecTBO (yHkuuH CreknoBa A, = {f,(x)},
NOCTPOEHHBIX MPH 3ToM /7 aaa Beex ¢yHkwid f(x)e= A. B cuay
HepaBeHcTBa [émbaepa aasi Mool U3 [, (x) Oyler

| x4h Ip (x+h \l/q y 1 , \
Ifh(X)léﬁ(Shif(t)lpdf> (S dr) < (s+i-1)

X — x—h

3nauut, Bee QYHKUHM H3 A, orpaHuyeHel oiHuM uucaoM. [loxa-
WeM, YTO OHM PpaBHOCTENEHHO HempepoiBHHL. B camom Aese, and
JI060H M3 HHX OpH a=<-x < x’ =<b Oyger

| jx'-‘i—h x'—h
WY = =g |\ F@dt— f(t)dt}~ @1
lx+h x—h
Ho
'+ h x'+h ‘\l/p x'+h \1/g
S f<t>dt}<<§ T di (S dt) <M —x'.
x+h x+h X-+h

1) Tlpu sToM npOBefeHHOe PacCy:KAEHHE He OMHPaoch Ha To, 4To p>1, a
roguTed H paa p=1,
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Ananoruunasi oueHKa BepHa U AAd BTOPOro MHTErpana, crogilero
B ckoGkax B (21). Crano ObiTh

) —Fa () <A (=)',

OTKYAd M BHIHA DABHOCTeNEHHas HenpepbiBHOCTL GyHKUHA {f4 (x)}.
Takum obpasom, npn awobom h>0 MHOMecTBO A; KOMIIaKTHO
B C. Tem Gonee oHo komnakTHo B L,. Ho Toria xommakTHOCTH MHO-
®ecTBa A HENmocpeACTBEHHO CefyeT H3 YCJA0BHS 2) i TeopeMbl 4 u3 § 2.
3ameyanne. Kax nokasan B. H. Cynakos, 1) nepsoe H3 ycJOBHi
TeopeMbl 6 fAB/AETCA CJEICTBHEM BTOPOrO ee YCJOBHS.

§ 4. BaHaxoBCKu# «NPUHLUN HENOABHKHON TOUKHX»
W HEKOTOphIe ero npuaoxeHusd

PaccMoTpuM cucTeMy n JIMHefiHbIX YPaBHeHHH ¢ n HEU3BECTHHIMH,
Ee Bcerga MoxHO 3anucath B dopme

Xp=ay 1 X1+ay, X+, X+ by
Xy =0y 1%y + Qg o X+ ...+ do, nXn+ b2

(1)

xn=an,1x1+an,2x2+---+an, nxn"}‘bn

[Noxkaxkem, uTo Ha 3ajauy pelleHHs cucreMbl (1) MOXKHO B3ras-
HYTh C COBCeM HOBOH TOYKH 3peHHsi. C 3TOH LeJbI0 PaccMOTPHM
CHCTEMY N DaBEHCTB

Yr=0a;, %1+ 0ok 0 X+ by ]

Yp=0p 1X1+ Qg oXp+... g, nXn+ by @
yn=an,1x1+an,2x2+---+an,nxn+bn
Kakyio Obl cucteMy uucen (xy, Xs, ..., X,) H{ BCTABUTH B OpabBuie
YacTH paBeHCcTB (2), B JeBbIX YaCTAX MOJaYyvaTcs HEKOTOphIEe yHcia
(Y1 Yo» +--» Yn). Takum 06pasoM, paBeHCTBA (2) 3a4a0T HEKOTOPYIO
onepauuio, WX, Kak Yalle ToBOPAT, ONepaTtop, NpeoGpasyiouyio
YHCJIOBOA KOMIEKC (X;, X3y ..., X,) B KOMDJEKC (Y1, Yo, «-.y Yn).

MHaue MoOXHO cKasaTh, 4YTO paBeHCTBA (2) 33JalOT HAM ONepaTop,
NepeBOAALIHA TOYKH 7-MEPHOTO 3BKJMAOBA NpOCTPAHCTBA R, B TOUKH
31010 Xe npocrpanctea. [lpu TaxoM nopxofle k BeliaM BOMPOC O pelue-
HHH cucTeMbt (1) ecThb Bonpoc O HAXOXK/JEHHH TaKOH TOYKH MpPOCT-
pancrea R,, KoTtopas oflepatopoM (2) nepeBoguTcs B celf e, T. e.
JIBJIAETCA «HENOABHXKHOI» TouKoH npeobpa3oBaHus,

Oxkasbipaercs, yTo nofo0Has e TPAKTOBKA BONpPOCA BO3MOMKHA
He TOJBKO B OTHOIEHHH JIHHEHHBIX a/lre6paHyecKHX YypaBHEHHH, HO

1) <K pompocy 0 KPHTEPHAX KOMNAKTHOCTH B (yHKUHOHABHBIX [POCTPAHCT-
Bax», YcmexH Mar. Hayk, 1957, 12, Ne 3.
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H B OTHoueHWH AuddepeHunanbHbX ypaBHeHHH, HHTErPafbHBIX ypaB-
HEHWH, CHCTeM TaKHX YpABHEHHH M MHOTHX ApPYrHX 3ajay ana/q3a.
B cBAsM ¢ 3THM BO3HMK OYeHb [JIOAOTBOPHLIH METOA!) H3yderHd
BCEX TaKWX 3ajay, Ha3blBaeMblii «METOJOM HEeMOABHKHON TOUKUY.
Teopust ero cOCTOMT B HCCAQAOBAHWH Pas/iMUHBIX THIOB ONEPATIPOB
M YCTaHOBJEHHY YCNOBHH, NPH KOTOPBIX 3TH OMEPATOpPbl OCTABAAOT
HEeUIOABHKHBIMH ONpEJeNeHHble TOYKH. Mbl OrpaHHuMMCs paccumoTpe-
HHEeM JIHIUb Bechlia YacTHBIX YCJOBHH 3TOro pofa, OTChL1asl uuTartesis
3a Oojee MNOAPOOHbIMH CBEJEHHAMHM K YKE YNOMSIHYTOH CTaTee
B. B. Hewmbliukoro.

Onpepenerne 1. Ilycte E n E; cyTh MeTpuyeckHe NpPOCTPAHCTBA
¥ nyctb {J ecTb NpaBH/IO0, COOTHOCSLIee KaXAOH Touke x & E HeKo-
Topylo Touky y & E,. Taxkoe npaBuno HaskIBaeTCsS onepamopom, 3alaH-
HbIM B mnpocTpancTBe E 1 nepepoAdmuiMM ero B npocTpaHcTeo Ej.
Ecan y = E, ecTh Touka, cooTHeceHHan onepatopom U Touke x < E,
to muyt y = U (x) u Ha3bIBAIOT y 3HaueHuex oneparopa U/ B Touke x.

Onpepenenne 2. Ilyers omepatop U mepeRoaHT MeTpHYECKOe Npo-
crpanctBo E B st0 me mnpocrpanctso E. Ecaum cymectByer Taroe
yuesao ¢, uto 0= ¢g<< | u uto Aas Jo6bIX Touek x W X DpOCTpaH-
ctBa E okasbiBaeTcs

p(U), U =<gq-p(x x), 3)

TO Mbl OyjdeM Ha3piBaTe U chaudcaroujum onepamopom.

Teopema (C. C. banax). Ecau corumarowuti onepamop U
3000k 8 NOAHOM Mempuueckom npocnparcmee E, mo 8 amom npocm-
paxcmee cywecmeyern 00HQ U MOAbLKO 00HA mouka X*, 04s Komopol

U x*)y=ux*, 4)

3ra Touka Ha3bIBAETCS Henodsuscrold moyxold onepatopa U.
Jlna JoKa3areqbCTBA BO3bMEM [POH3BONBHYIO TOYKY [POCTPAHCTBA
X, W TOCTPOHM [10C/IeA0BATeNbHOCTD

n=U(x), u,=U(x), x,=U(), ...
[lokameN, 4TO 3Ta NOCAEAOBATEALHOCTL CXOAHTCH B cefe. B camom
Iene, npu n=1 6yner
P (Xns1s X0)=p (U (Xn), U (X2-1))<<q-0 (Xn, Xn-q)

Orcioga cliefiyeT, uto 0 (X,41, X,) <= @¢", TAe NOJOKEHO 1A Kpat-
KOCTH a = p (X;, X¢). 3ameTnB 370, BbibepeM Kakoe-HHOYAL HATypanb-
Hoe N u nyetb n>N u m>N. llonoxuM s onpeleseHHOCTH,
yro m > n. Toraa

P(xm xm)\\/\p(xm Xn+1)+P(Xn+1, xn+2)+---+p(xm-11 X,,,).

1) BechMa o6CTOAITe/bHOE H3NOXKeHHe ero IHaHo B crathe B. B. Hemern -
KOT 0 <MeTon HeNnoABMKHLIX TOYEK B aHaju3e», YCNexH Mar., Hayk, Bem. I,
1936.
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Orciona

n
0 (Xns Xm) <a@"+aq"™+...Fagm 1< la_qq
u Tem €oqee
N
a
0(Xy, Xpm)<< lq—q .

Tax kak ¢V cTpemutcsi ¢ Bo3pactanueM N K HyJI0, TO CXOAHMOCTB
noc/lefloBaTe/IbHOCTH  {x,] B cebe JnokasaHa. Ho mnpoctpancrtso E
No/HOe. 3HAYUT CYLIECTBYET

lim x, =x*,

n—»x

B cuny (3) umeeMm
p(Xnn, U ™) =p (U (xn), Ux*)) <q-p(x,, x¥).
[Mostomy lim p{x,., U (x¥))=0, 1. e. U(x*)=Ilimx,, a oTcioia,

BBUJly e€[AMHCTBEHHOCTH mNpefena, H ciaefyer (4). Urak, HemopBHXKHas
touka cyuectByeT. Ocraercs yOeiuThcsi B ee eJHHCTBEH-
HOCTH, HO 3TO BecbMa npocto. [leficTBuTtenbHo, ecan Obl y ofiepa-
topa U, xpome x*, Obia Apyrast HEMOABM)KHAfd TOYKA X, TO OKasa-
Jock OB, 4TO

p*, )=p(U(x*), U)=<g-p(x~, x),

gT0 npu p (x*, x) > 0 npornBopeudt ycaoBHOo g << 1. Teopema ldoxa-
3dHa MOJHOCTBIO.

3ameuanne 1. M3 canoro pokasarennsctBa TeopeMsl Banaxa Bugno,
UTO moYKa X~ NOAYMAemCs memodom nocAedosamensHoix npubAuMeHu,
Ucxo0a u3 A0bol medKy npoCMpancmsa x,. 3T0 3aMeuaHue gaeT Npax-
THYeCKHH NpueM NpuOIHMKEHHOIo HAaXOXAeuls 3Tof Touku. [1pu 3Tom,

n

nepexonsl B HepaBeHCTBE p (X, x,,l)\\il—aj—q K npeieay npu 3akpen-
JIEHHOM f M BO3pacTaloileM 1, NoJiy4aeM OUEHKY TOYHOCTH MpUOGJH-
KeHUs
ag™
1 -gq°

p(xn, X¥)<

Orciofa BHAHO, YTO YeM MeHblle ¢, TeM ObicTpee CXOLHMOCTb MpO-
uecca npHOJIHKEHHS,
3ameuanHe 2. MHTepecHo, 4TO ycaoBHe

p(UX), U)<p(r, x) (¥=2)

HeAO0CTATOUHO J/f CYLECTBOBAHHS HENOJABHKHOH ToukH. Ilycth,
HanpHuMep, £ €CTb MHOXECTBO BEeLIECTBEHHBIX 4MCes C OOLIYHBIM Ompe-
nenenuem pacctosiHus. Tlosoxum

Ux)=x+ ; —arctg x.
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Tak kak npu BesikoMm x 6yaer arctgx <7 m/2, To HenoABHKHOIM
TOYKM Y Hauero omneparopa HeT. B To e Bpems, ecan x <<y, To

U@)—Ux)y=y—x— (arctg y — arctg x),
u no gopmyae Jlarpaika
Ul —Um=y—x—4— (x<z<y).

Ecau 6bl oxasanoch, uro | U (y)— U (x)|=|y—x', To 370 03Ha-

1
yano Owi, 4TO ' l —ﬁ—z—z}> 1, a 3TO HepaBeHCTBO He BRHIMOJHEHO HH
]

npu KaxkoM z. [losromy Bceraa
Uy —Uml<ly—=x|

3ameuanue 3. Hugero He MeHAfl B pacCyXAeHuul), Teopemy
Banaxa MoxHO j0KasaTb B Gojee obuieit dopme. VmMeHHO, 10CTaTOuHO
npennosarate cOauMKaromui oneparop U ¢ camMoro Hayasna 3ajlaHHbIM
JUIub HA HEKOTOPOM 3aMKHYTOM MHOXKECTBe F IOJIHOTO METPHUECKOro
npocTpadcTBa E M TakuM, 4YTO BCe €ro 3HaueHus nonajailr B f.
Hago Tonbko HayaJbHYR TOYKY Mpolecca Moc/efoBaTelbHbIX NPH-
OnmKeHu#t x, Takke BhGpaTh u3 F. Camo cofor0 pasymeercs, uTO H
HEMoABUXKHAA Touka x* Oyler npuHajjgexats F.

TlpuBeneM HeKOTOpBE NMpUMepbl NpHMEHeHHA TeopeMbl Danaxa.

I[Tpumep 1. Paccmorpum nucpdepeHnnanbHOe ypaBHeHHE

Y :f(x, ), (5)
npaBas ¥acTb KOTOPOro ecTb (YHKUMA, 3ajaHHas W HENpephBHAs
Ha BCefl MAOCKOCTH M YIOBJETBOPHIOULIAA OTHOCHTEJABHO apryMeHra y
ycaosuo Jlnnmuua

e, ) —foo y)l=Kiy—y ! (6)

Teopema. Karxywo 6o1 mouky (X, Y,) HU 834Amb, 4epe3 Hee npo-
xo0um OOHA U MOAbKO 00HA UHMESPAALHAS Kpusas Y = ¢ (X) ypasHe-
Hus (5), npuvem Qynkyus ¢ (x) yoosremsopaem ypassenuto (5) npu
BCEX BELYECMBEHHBIX X.

B camom gene, ypaBHeHue (D) BMECTe ¢ HaYa/lbHbIM YCJIOBHEM
Yy (xy) = Iy BNOJHE DABHOCHILHO HHTErpajibHOMY YpaBHEHUIO

¢ =yp+ {11t e®)dt. (7

a
BosbmeM Kakoe-HuGYAb 6> 0, NOAYMHHB 3TO YHCJO EIHHCTBEH-
nomy yeaoBuio KO << 1, u nycts C €cTh IPOCTPAHCTBO HempepbiBHBIX
(byHKUMH, 3aaHHBIX W HenpepbiBHBEIX Ha [x,— 0, xo—l-é] Onpejenum
B C oneparop U, nosoxus aas Bcakod ¢ (x) =.C

U(g) =4 (x), tae p(x)=yo+§ [, @ (O] dt.

Xo

1) BvecTo TOro yTofbl CHOBA [1POBOAHTE PaccyrKieHHe, MOXKHO MPOITO COCNaThCe
Ha TO, 4YTO 3aMKHYTOE MHOMECTBO, Jexalliee B NOJHOM METPHYECKOM NpOCTpaH-
CTBE, CAMO ABAAETCH NOJHBIM METPHUECKHM NIPOCTPAHCTROM,
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3o c6mmkatouit oneparop. JeitcTBrTeNbHO, ecn Py (x) = U (¢,), TO

§ {1 eI —F1e, CP(t)l}dt>-

Xo

Hllh“q’H:I max

X— x| <
Ho

.

Lo —fl, o <K|gy(O) ~ o) | < K|g,— 0|
[Tostomy

x

ll“\lh—“~l>||<| max_ |{ Ko, —o|dt

X— Xl

=K& |9, —o].

ITo npunuuny BaHnaxa uMeercsl eAUHCTBEHHAs HEMOJABH:KHASI TOYKA
onepatopa U. Ilycts ato Gyaer ¢ (x). Toraa y==¢ (x) ecTb HHTErpaib-
HAf KpuBasg, IPoXoAswas uepea (xg Yo). [lpu stom dyukuus ¢ (x)
noKa omnpeleseHa ToAbKO Ha cerMeHte [X,— 0, x,+8]. Ho, mosmoxue
X;=X,+90, y1=¢ (X)) ¥ NPHHSB 33 HCXOAHYO TOYKY (X{, Y;), MBI
NpoBelleM M Hepe3 Hee HHTETpabHYK KPHUBYIO Yy =@, {x), npHYeM
(hyHKRUMA @ (x) Oyper onpeleneHa Ha cermente [x; — 90, x+9§]
(paxno, utro 8 TO me, uto M Boue!). CerMeHTH [X,— 8, x,+ 8] u
[x;—86, x;-+ 8] nepecekalorcss no cermeHty [x, X,]. Ha atom mno-
ca1efHeM cermeHTe ofe QyHKLHM ¢ (X) U @, (X) yAOBJeTBOpAOT Au-
depeHuHanbHOMY VpaBHEHHIO (5) H YCAOBHIO Y (X1) =1,. 3HAUHT, Lo
yKe JI0Ka3aHHOMY OHHW JOJXHbl coBnafarb. Takum oOpasom, BBens
GYHKIHIO @ (X), MBI pacipocTpaHsieM ONpeflleeHHE @ (X) ¢ CermMeHTa
[xy— 98, X0+ 8] Ha Gosiee AMUHHBIA cerMeHT [x,— 0, X, 20].

TIponomkast 31oT mpolecc, Mbl yGeAMMCH B BO3MOXKHOCTH pacrpo-
CTPAHHTBL OIpefiesieHue @ (x¥) Ha Becb HHTepBaJ (— oo, - 00).

3aMetuM, 4To npuHOHN DaHaxa jJaeT BO3MOXKHOCTh (PAKTHYECKOTO
nocrpoeHuss ¢GYHKUHH ¢ (¥) Ha cermeHre [x,—90, x,48]. Mwmenno,
B3B TPOH3BOMLHYIO (YHKUUIO ¢ (X), 3a4aHHYIO W HENpephIBHYK HA
3TOM CerMeHTe, U MOJOXKHB

X
Pni (x)‘:"é/o‘i‘g 1t @a ()] dt,
Xo
Mel 6yAeM HMeTb OLEHKY
aKnn
1—K§

3ra oOUEHKAa IMOKa3blBdeT, YTO CKOPOCTh CXOAHMOCTH mpoilecca
noc/eAoBaTe/IbHBIX NPHOMMKEHHET OyleT TeM Boilue, YeM MeHblle O
Mbl BO3bMEM.

Ham ypanock R0Ka3arth CyllecTBOBaHHe (YHKUHH @ (x), YAOBJeT-
BOpAILed ypaBHeHHIO (5) U onpedesennoti Ha ecetl ocu. Ctonp 3Ha-
YUTEAbHBIA pe3yJpTar MOJNYYHJICA IOTOMY, 4YTO HA MNpPaByWw 4Yacrh
ypaBHeHUs (5) ObIM HaJOXKEHBl OYeHb TsKeqble ycaosusa. OHH He
BBITIOJTHEHBl flaXke JJIA TAKOrO NpPOCTOro YpaBHEHH§, Kak, HalpuMep,
Yy =2xy, X0TS OHO HMeeT BCIOAY 3ajaHHble pemenus y=Ce*’. Ecte-
CTBEHHO INOMNBITATbCA OCNAGHTbL 3TH YCJIOBHUA.
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[lycTs npapas wacTb ypaBHeHus (D) 3ajiaHa ¥ HeNpephbBHA TOMBKO
B npamoyroibHuke R (xg—A<<x=<<x,+A, yo—B<y<=y,+B) u
yAoBJeTBOpAET ycI0BHIO Jlunmwuua (6). BriGepem 6 >>0, moauuduB
ero YCJIQBHIO

. B 1
8 < min {A, M 7\,},
rme M=max|f(x, y)|. Torma cyuecmeyem O0OHQ U MOALKO OOHA
pynryus @ (x), onpederennan Ha ceemenme [x,— 68, x,+98), ydosaem-
soparowias ypasHeruo (5) u HauaabHOMY YCA08UI0 @ (Xg) = Y.

B camom nene, myctb C ecTb NpOCTPAHCTBO BCEX HeMPephiBHBIX
GyHKIMA, 3afaHHBIX Ha [Xo— 08, x,+8] W F—MHOXecTBO Tex u3
HUX, KOTOpble YJOB/ICTBOPSIOT HEPABEHCTBY | (X) — y, | =< B.

Mnoxecrso F 3amknyto B mnpoctpasctee C. OnpepenuMm na F
oneparop U, NOJOXKMB

X

Ul@)=%x)=yo+\ [, o)) df (| x—x,|<<9).

Xo

3roT onepatop He BHIBOAMT Hac K3 MHoxecTBa F, [HeficTBHTennHO,
npu x e [x,— 8, x,+98] 6yner

X

Sde

Xo

[ () — o | < < M§ < B.

Kpome Toro, kak u Boiue, onepatop U ecTb cOamxaioimuil one-
paTop ¥ MOXHO coclaTbest Ha 3amedadue 3 K Teopeme Banaxa.

3aMeTuM, 4TO €CaU He NOJAb30BaThCs MpuHuHNoM Daunaxa, a Hermo-
CpPEACTBEHHO NpPHMEHHTb K YypaBHeHHIO (7) MeTOA MOC/ef0BaTe/bHbIX
NpUOMHIKEHUH, HAYaB TNPOUECC € @y (X) =Y, TO MOKHO He CTaBHThb
yeqoBust K8 << 1.

[Tpumep 2. PaccmoTpuM JHHellHOe HHTerpaJbHOE
ypaBHeHHe

b
) =fO)+A{K (x, Do) at. (8)

a

3necs f(x) m K(x, {)—3anaHHble GYHKUHH, ONpele/eHHble H
HeNnpepLiBHEE B 06nacTax a<|x=<b W (a<<x=<b, a=<<i=<<b) coor-
BETCTBEHHO. 3TH (QYHKUMM HasblBAIOTCA CB0000HbIM HAeHOM W A0pOM
ypaBHenus (8). MHgxkutenp A, cTosmui Tepel HHTErpajoM, eCTb
YHCJOBOH MNapaMeTp, a ¢(X) eCTb HCKoMas HeHuspecTHAd QYHKUHS.

Wmess ypasuenne (8), MoXHO BBecTH oneparop U, nepeBopamuii
npocTpanctBe C QyHKUME, HenpepnlBHbIX Ha [a, b], camo B ceba no
dopmyae U (¢) =19 (x), rae

b

Y () =F (@) FAVK (x, )0 () .
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Beons o6osHauenne M = max | K (x, £)!, Mot moayuum npu U (¢) =
=P (x), U(p) =11 (x), uro
b
[P () =) = A M-§lor () —@ () [ dt < |- M(b—a) - [y — 9.

a

Crano OwiTb, NpU YCJAOBHH
1
M<zro—a 9)

onepatop U/ ecrb cOmmkarowuii onepatop. Takum o6pa3omM, AoKa3aHa

Teopema. IIpu ycaosuu (9) ypasnenue (8) umeem 00HO U MOALKO
00HO Henpepwigroe pewiedue ¢ (x). 3mo pewierue MONHO HOAYHUMS
no Memody NOCACO0BAMEAbHBIX NPpUBAUNCEHUL, 838 NPOUSBOALRYIO
Pyrkyuo @y (x) & C u nosoxus

P (X) = (x) + 2 % K (x, ) a (9) dt.

OtmeruM eme, uTo max @, (x) —¢ (x)| << C|A|"M" (§ — a)",

C — nocrosiHHadA, 3aBUCALIAS OT HAYaIbHOH (PYHKLUUHU @ (X).

I[Tpumep 3. PaccmoTpuM, B 3aK/ioyeHHe, BONPOC O peLIeHHH
Geckonewrol cucmemol aAunelnbix ypasrenuti. Tak Ha3sbiBaeTcs CYeTHasl
CHCTEMa paBeHCTB

a1 F AyaXs + Ay X3+ .. = by
Q1 X1 + Qg 0 X+ A gX3+. . .= by }, (10)

3,1y + Ag,0X5 + 3,35+ . . = by l
.--..--.----..J
B KeTopo# Kos(duluenTs q; , U cBoGojHbIe WIEHK! b; 3aJlaHbl, a 4yucaa
Xp, ABJAIOTCSA HCKOMBIMH HEH3BECTHRIMH. Pewenuem cuctemul (10) Hasbl-
BAeTCsl Takas N0C/IeLoBaTe1bHOCTh 3HAuYeHHH HEM3BECTHBIX, KOTOpas
Ipd TOACTAHOBKE B JleBble 4aCTH ypaBHEHUI NpeBpauiaeT WX B CXO-
Asuiyecsa pAfbl ¢ CYMMaMH, PaBHBIMH NPaBKIM YacTsiM.

Ecnu  nmepeHecTH JfieBYIO 4acTb KamAOrO YpaBHEHHS Hanpaao

K 00eHM 4acTaM i-T0 ypaBHeHHsi NPUOGABUTBL MO X; U MOJOKHTD

— @ p=0Cpp (RFED), | —a;=cyy,
To cucreMa (]0) oxaxercs 3anucaHHOH B dopme

X;= i C,',kxk—i—bi (l= 1, 2, 3, )- (11)

k:l
B stoil dopme Mbl u GyfeM paccMaTpuBaTh CHCTeMy. Ecmu

Z[Ci.kls:\‘}'<1v lb,léB (l.=],2, 3, ...),
=]

Tle NOCTOSAHHble g M B He 3aBHCAT OT BhiGopa ¢, To chctema (11)
Ha3bIBAeTCA 8n0aHe peeyasiprol. Ee pewene {x,} HaseiBaercs oepa-
HUYeHHbLM, €CAH TIPH BeceX & OyIeT |x| =t M.
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Teopema. Broawe pecyrsprad cucmema umeent 00HO U MOALKO
00HO 02panUuerHHoe pewerue. 3Imo pewerue moxcem Goimb Hatidero
Memodom  10caeo8amenbHbiX  npubAudceHutl, npudesm 3a UCXOOHbE
BHAYEHUS HEU3BECIHBIX MONCHO NPUHAMb Y.IeHbl 11060l 02panuterHoll
HUCA0BOU NOCALO0BAMEADHOCU .

Jlna fokasaTenpCTBa PACCMOTPUM IPOCTPAHCTBO 1l BCEX OTPAHHYEH-
HBIX YHCJOBBIX TOC/IEJ0OBATeNbHOCTEH W ONpelenHM B 3TOM IPOCTpaH-
cTBe oneparop U, NOJOXKUB AJis NOCJAEAOBATEIBHOCTH X = {X,} & m To
ompegenenuto U (x)=y, rie y=/1{y,} ecTb NOCJAELOBATEIBLHOCTL YHCEN

yo= > CpXpt+b (1=1,2,3,..).

k1

VGemumcs, TpexKae BCero, B TOM, UTO HaMM JefCTBHTENLHO ompefe-
JIeH HeKoTopelii onepatop. B camom nene, ecau | x| =sup{]|x,i}, To

= 3 lecal-Lel+ 15 <gl#1+B. 12

1o NOKasblBaeT, YTO HAll OMepaTop KakKAoH TOUKe X & m COOTHOCHT
N0Ce0BaTeNIHOCTL HEKOTOPLIX uHcesl 4,. Kpome Toro, 3t 4ucia
orpaHuueHsl. 3HAYHT, ONEPaTop NEPeBOJHT NMpPOCTPAHCTBO m B cels.
[Tpu stom nosesHo 3aMeTuTh, 4T0 B cHAy (12) oxkasbiBaercs

(U @)= B4q]x]. (13)

TMokaxem panee, uro U ects cOnmxawomuli oneparop. Ecan {x,} = x,
2}

b =%, UW = loh U) =1}, 10 si—g= 3 cu(ti—),

k=

otkypa |yi—y|==q|x' —x| v |UE)=U@®)|=<gq | —x], asT0
BeAb M 3HauuT, uto U/ cOGaummaromui cmneparop. Temepp Hawa Teo-
pemMa HemocpefCTBEeHHO BLITEKaeT M3 MpHHuMNa Baumaxa. ')

3ameuanne 1. HerpyaHo narb OUEHKY pelileHHs cucremsl. Jas
3TOrO TpUMeM 3a HCXOAHYIO TOYKY B Tipollecce IIOC/e0BaTelbHBIX
npubanxenuit Touky X0 =0=(0,0, 0, ...) ¥ nosoxum x"tH =
= U ("), Coraacio (13) ©6yrer |xDi<<B, [x9]|=<B-+g4B,
| x® | < B+ ¢B+¢®B u Boobie |x*+ 1| << B4 Bg4-Bg?- ... 4 Bg*,
YTO JIETKO NOATBepAMTh uHAykuued. Ho toraa |x|= —l—i—q. Kpome
2D —x@ |
=
3aHHOM BHIGOpE HayaMbHOH TOUKH Oyner | ™ — x| <<

TOro, Kak Beerja |x™ —x|i=< g". 3HauuT, OpH yKa-
LN
1—g q-
3ameuanue 2. B Teopeme yiKe GbJIO YKa3aHO, UTO BIIOJIHE PETyJ/sp-
Has CHCTeMa HMeeT eJMHCTBEHHOe orpaHuHueHHoe pelueHue. Ho ona
MOXeT HMeTb, KpOME TOro, H HeorpaHHueHHble peluenusi. Hampumep,
1

1
BIOJHE PEryJsipHast CHCTEMA X, =3 X, Xg= ,X3 X3=3 X4 ..

1) U nosnoTel NpocTpaHcTBa .

469



nUMeeT OeculcleHHoe MHOXECTBO peweHu#t (¢, 2c, 4c, 8, . ), rae
€ — NPON3BONLHAS TIOCTOSHHAS (MpHYEM 3TO ecTh o GUiH i B U J perte-
HHS yKa3aHHOH cucTeMmsl). Bce 3T pelueHHs, KpPOME pelIeHHs
0, 0, 0, ...), He orpaHHYeHbL.
3ameuanne 3. MHorna mnpuxomuTcs paccMaTpHBAaTh BOIPOC O
HAaXOXJEHHH TAKOro pelleHHs (X, X, X3, .. ) OBCKOHEUHOH CHCTeMBi,
Koropoe BXOAuT B [,(p==1). OcTaHOBHMCsi Ha 3TOM Bompoce AJs
p =2, Ilycts cucrema (11) yaoBaerBopsieT ycaoBUAM
o xQ [o2]
3 Ndr=g¢<l, ) b<+co (14)
t=1k=1 =1
29
Ecan x = {x;} ectb TOuKa [, TO psint Z ., #X; OYIET CXOAUTHCHA
k=1

¥, B CHJY HEpaBeHCTBA BYHﬂKOBCKOI‘O, oKaxercd, HUTo CymMMa ero
oo \

2z, YIOBJNETBOPAET HEePaBEHCTBY z?é(Z cf,k)nxﬂz.
k=1

Ho rtoraa nocnepopatensHoCTb (2, 25, 23, ...), @ C HeH H mocne-
o

AOBATENBHOCTL (Y1, You Ya .--)s THE Yo = X, CuXe+b, =2z, b,,
k=1

BXoguT B [,. 3Hauur, omeparop U, mepepoasauiHii {xx} B {¥,}, ompe-
nenen Ha [, u He BbiBoguT u3 [,. Kpome Toro, ecam x = {x,} n
x'={xz} mBe TouRM L, a y={u}=UKx), ¥y ={y}=U"), 10

[0
Yi—Y = C e (Kk—x3),
k=1
OTKYAa

(yi—yi)2<<2 C:'k>'|[x'—x!|2 iy —yl<glx —x

k=1

3uauur, U — cOnuxaroumii onmepatop. OTcloZa BhITEKaeT, UYTO NpH
ycaoBusax (14) cucrema (11) HMmeer eJMHCTBEHHOe pellleHHe B /.
Ananoruudo, npu Jobom p>>1 ycioBHs

[ oo _p_p—l @
Z(k lm.m—') <1, 3 (b <+oo
t == = =1

ofecneyuBalT CYWeCTBOBAHUE i €M HCTBEHHOCTD peLieHns cucTems (11)
B [, Jna p=1 ycnoBUS CYIWECTBOBAHHA W €IHHCTBEHHOCTH TAKOBBL

iat<l: ilb;\<+00.

1=1 =1

3necp nonoxeHo 1A KpatkocTH &, =sup {|c;, x|} k=1, 2, 3, ...).
IloxasateabcTBO NpejocTaBisieM YHTATeNo.



JAOBABJIEHHA

I. dQauna ayru KpuBoit

Y1068l BEIICHHTD F€OMETPHURCKHI CMBIC] OHATUA QYHKLUH C KOHEY-
HbIM H3MEHEHUEM, pacCMOTPHUM BONPOC O CHPSIMACHHH AYTH KpPHBOM
AuHAK. s npocToThl OrpannynMcsl JMMHMeH BHA2

y=1[@x (a<x<b), (1)
rie f (x) venpepriBHa Ha [a, b]. Kak ussectHo, anuHOH KpuBoil (1) Ha-
3blBaeTcsd Npejes S AJMHHE BOHCAHHON /MOMaHOM, Korja AMHHA HaHGOMIb-
LIEro U3 ee 3BeHbeB CTPeMUTCS K HyJo. Ecou aGcuucchl BepLINH JioMa-
HOH CyTh a = xy < X;...<<X,=b, 10

n-—1\

s=lim Z V (pen — x2)% + [F (%) — F(x)]% (V3]

A—0 b=

rie A =max (xp , — xk) 1), Ecmu s<C4o00, TO KpHBasg HAa3bIBAeICs
CNPAMASEMOU.,
Jdemma. [Tycme Opobrerurd a = x5 << x3<<...<<X,=b omeedaem
cymma
n—1\

0= Zo V (Xea = X)? +{F (Xed) — F (xa) ]2 @)
Pl

Ecau 0obasume Hosyro modxy Oeaerus X & (X, X;q) 4 0003Ha4uMb
4epes G BHOBL NOMYMEHHYIO CYMMY, MO OKAWCEmcs

GéEéG'I'Q[XHJ '"xi—]_mt']!

20e o, ecmo koaebarue f(x) Ha [x;, X,.1).
Nokaszareabcrso. HepasencrBo ¢ <<o oveBunso. C gpyroi

CTOPOHBI, Pa3HOCTb G —G HE MPEBOCXOAHT CYMMBl [BYX HOBBIX cjara-
eMBIX, Kax[oe H3 KOTopbiX He Gosbe?) (x,., —x,) -+ .

1y Crporo roeopst, Hago 6bln0 Gkl XapaKTepPH30BaTk ManoCTe 3BCHLEB He BEJIH-
yHHOH A, 2 BeJHUHHOHU

p=max V (ep o1 —2£0 + [ (X 1) —F ER)I%

HO JIErKO TNOKA3alb, UTO COOTHOWeEHHA A —0 M p—>0 PaBHOCHJIbHHL,
2) Tlockonsky Va2
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Teopema L Y eacaxoii kpusold (1) ecms KowetHaa uau OGeckoHed-
Han Oauna s. OHa pasHa mo4HOL BepXHel epaHuuye MHONECHBa CYMM
(3), omeeuaroujux 8cegosmoxcHoLM Opob enuam [a, b).

HokxasartenbcrBo. [lycth L ecTh ymoMsiHyTast TOUHAs BEPXHAR
rpanuua. Ogosnaugum uepes L, Kakoe-yiubo uucao, MeHbllee L, U NyCTh
Ly<<M << L. llo omnpegeneHuio TO4HOH BepxHeH TpaHHLBl Haliercs
Takoe ApobseHue

Xj=a<xi<<...<<xh =0, “4)
YTO COOTBETCTBYIOWIAS €My CyMMa % YIOBJETBOPAET COOTHOLLEHHIO
o > M.

BBuay HempepbiBHOCTH [ (x) Halizerca Takoe n >0, 4TO NpH
X" — x| <n Gymer | () —f(x) | < XD,

O603HayuM yepe3z d HauMeHbLUEe U3 PACCTOSHHUE MEXAY TOUKaMH
(4) u nycTb

6=min{d, M—:Ei—Li, n}.

PaccmorpuM Kakoe-HHOYAb ApoBreHue
Xo=0 <X <...<<Xx,=0b, )

MOJYMHEHHOE YCJIOBHIO A = maX (Xp, — X;) <<8, U oGo3HauuM uepes
O COOTBETCTBYIOILYIO eMy cyMMy (3).

Yro6hl OLEHUTb O, BBEAEM €llle OLHH CIOCO0 — «COCTaBHOH» — ApO-
Gnenust [a, 0], Hanoxus ApobaeHus (4) u (5), M NyCTb COOTBET-

CTBYyIOILAS 3TOMY «COCTABHOMY» Jpo6GsjeHuio cymma (3) ectb o. Tak
KaK CoCTasgHoe JpoOjeHue MoaydeHO H3 (4) n05aB/eHHEM HOBBIX
TOYEK, TO I10 JIEMME

6=0%*>M. (6)

C Apyroft cTOpPOHBL, cOCTaBHOE Jpof/eHHe noaydeHo nyteM (m — 1)-
KpaTHoro AoGam/ieHUA MO OjfHOH TOuKe JeseHus K Touxkam (D). Bcee
TOYKM X, MONAjAlOT B pasHble OTPe3KH |[X, X,;] M nosBiexue

o M—L
KaxJ0d W3 HHX yBeJHuuuBaeT cyMMy (3) He Gousblie ueM Ha —T"
Orciona BeITEKAET, YTO
M—L,

o<ot(m—1) —

<o+ (M—Ly).

Orciona u u3 (6) caenyer, 4TO
o> L.

Hrak, mobomy L,<<L orBeuyaer Takoe O, uto u3 A <8 cnenyer
o> L, Tax kaxK Bcerfa o=<L, T0 J0oKa3aHo, 4To L M ABJAETCH Hpe-
JeqaoM (2),

Teopema 2 (K. )Kopoan). imobo kpusas (1) Oviaa cnpamasema,
Heobxo0umo u Oocmamouno, 4modsl [(X) uUMeAQ KOHedHoe uUsMeHeHue.
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Hoxasareabnctpo. Tak Kak npn /o6oM ApOGAEHUH CyMMa

n—1

V= E Uf (Xyn) —F (i) |
£=0

He MPEeBOCXOAMT CYMMBI (3), OTBEHalOWEdl TOMY XKe ApobJeHHIo, TOo
HEOOXOJMMOCTb YCJIOBHSI OYE€BHJHA.

C npyroit cTopoH®,

n—I

0= 2 V=2 £ [T ) = Fo)F <

n—1
< k§0 {(0es — xe] 1 F Cop) = F(x) 1}

OTKYla
b
Uéb—a—}‘v(‘f),

M YC/JIOBHE TEOPEMbl OKAa3blBAeTCH [OCTATOYHEIM,
Teopema 3. Ecau pynxyus f(x) abcosomno nenpepoisra Ha [a,b],
Mo OAUHY S MOJNCHO 6bIMUCAAMb 1O dopmyae

b
s={V1+f" @ dx. ™

[
NlokasateabcrBo. Tak kak V1 +FP W< 14+ (9], 10
unterpai (7) xoHeyeH. [lokaxeM cHauasla, 4ro
b

VO—=aP [0 =7 @F < (V1477 (%) dx. ®)

a

Ins storo sameTHM, 4T0 JieBas 4acTb (8) ecte

b 12
1/ (b—a>2+[§ P @ dx].

b
b—a=rcosb, {[' (x)dx=rsing.

TMonoxum

Torna

g Nz b
‘/ (b— a)2+[§ F (x)deZ =r = {[cosb 4 [’ (x) sin 6] dx.

a a

Ocraerca 3aMeTHTh, 4T0l)

cos 8- f (x)sind] <V 14+ (x).

1y B cuny HepasercrBa Bynskosckoro,
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Ecnu pas6urts [a, b] Ha uyacTH TOUKAMH X, H K KaJAOMY OTPE3KY
[*e, Xp,1] npumenHTs (8), To Mbl 63 Tpyaa NPHXOAHM K OLEHKE

b

s<{V1+/2() dx. ©

a

Teneps HOKaMKeM HepaBeHCTBO IPOTHBONOJIOKHOrO cMblcaa. Jdas
sroro pasiokum [a, b] Ha n paBHEIX vacTeil TOYKamH x{V=a -

-+ %(b——a) (k=0, 1, ..., n) u BBeaeM ¢yHKUHUWO [, (x), Nonaras
(n) _ (n)
fn(x)=f(xk+1) f(xk )) ecliu xgl)<x<x$enz|~].

(n (n)
X 4)- 1 %

B camux xke Toukax x{" nosaraem [, (x{)=0. Ilouru Beszne Gyner *)

lim fu () =F" (%).

n— o

3uaunt, no teopeme Paty

q a

b — b
(V14770 dx<sup{§1/1+f¢,(x)dx}.
Ho

b n—1\
(VTR di= 3 V(o — P G — PO R <,

otKyja %) B cBasu ¢ (9) u cuenyee (7).

3ameuanne. MOXHO 10OKa3aTh, YTO Ha/lHuHe papeHcTBa (7) (mpH
YCJOBHH §<C +-c0) H AOCTAaTOYHO, yTo6hl f(x) Gbl1a aGCOIOTHO
HellpepbiBHa.

II. Tpumep lllTefinraysa

B § 4 ra. X MBl BHIEJH, 9TO y TPHIOHOMETPHUECKOro psja, CXo-
JAUIErOCs Ha MHOMKECTBE TIONOXKHTEIbHOH MEphi, KO3(KpHIMEHTH! CTpe-
MATCSl K HY/O, MHTepecHO, 4TO 3TO MpeAJoXKeHHe HeoGpaTHMO.,

1) CM. npHMeyaHHe K J0Ka3aTe/bCTBY Teopemsl 7, § 4, ra1. IX,
2) Mu BHAHM, YTO HEPaBEHCTBO

b —
§VI+17 () dx<s

a

BepHO H Ge3 Mpepno/oXeHHA abCoMOTHOR HenpepbIBHOCTH f (x). JlocTaTouHO, YTOGH
3TO OulJia QYHKUHSA C KOHEYHHIM H3MeHEHHEM,
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Hanpumep 1), psn

cosk(x—Inink)
2 Ink ' ()

k=3

KOPHIHEHTB KOTOPOro CTPEMATCA K HYMO, pacxodumces acody.
Jsa jokasatesbcTBA ITOMO YTBEpMKAEHHS BREIeM 0603HaueHHA 2)

up=[Ink], ve =Inlnk, A, =[v, v.+1),

ntu, . ntu,
= cos k (x — vy) _ 1
Gi= Y =T G= Y o
k:—.n-l-l =n-+1

B cymme G, HaMMeHBIWIUM CJaraeMbiM —SIBASIETCS  HOC/ELHee
H NOTOMY

6> iy

Ho npasasi yacTe 3TOro HepaBeHCTBA C POCTOM A CTpeMHTCA K | H,
crano OuTh, 415 h > n, Oyrer

G,>0,9. (2)
C apyro#t cTopoH®,
4oy,
1
Go— G <pz; X [l—cosk(x—u)]
k=n+1
4 Tak Kak | —cosa=2sin® & 3 \Oé , TO
n+u
Gy —Ga (1) Y Br—o (3)
" a1

3amettM, uto 1o dopmyne Jlarparxa mas In In x Gyner

u,

Untu, = Un ™ @60, In (n-6un) <z ln r < n

Ecan xE Ay, 103%) 0, <<x <Upty,. Crano ObiTh, npu n <<k<<

1
<n-u, 6yner \x——vk{<v,.+,,n——v,,<ﬁ H

n-f-u’l
(nt+u,)u
B (x — vyt < el
k=n-+l

1) Jror npuMep MNPHHANJCKHT MNONBLCKOMY MAaTeMaTHKY I. LUTeuHrayay
A. H. Koamoropos noctpoua Beiogy pacxopsutuites pax Py pbe cymmupyemoi
QyHKUHH.

2) [x] ecTv nesnas yacTe X

3) 3geck yyTeHo, uto n== 3, oTKyla uz =L
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Orcrona u u3 (3) BhiTekaer, uro npu x = A, 6yner
(n+ up)u,
Gn =G () <gann -
[Ipapas yacTh 3T0r0 HEPABEHCTBA C POCTOM n cTpemuTes K 0,5. 3Hauwur,
AN n>>n, OHa cTaHOBUTCH MeHbluieH 0,6, oTkyna B cBA3H c (2) MHI
BHIHM, YTO 1/ n > max (fn,, 7;) U IJs Bcex x U3 A, 6yner G, (x)>>0,3.
Teneps yXe Jerko 3aKOHUYUTHL AOKazaTedncyso. Mmenno, sakpe-
IHB [POU3BOJIBHOE X, MOJOXMM x;=x,+2ni (i=1,2,3,..).
Kaxnas u3 touek x; (Mo KpaiiHed mepe, HauMHas C HEKOTOpOH)
nonajer B Kakoi-TO MPOMEKYTOK A, , NpHueM ducna n; GyAyT He-
OTpPaHHYEeHHO pacTH BMecTe ¢ {. B cuay 2n-nepuonuytocty cymm G, (x)
oyzer Gy, (xo) = Gy, (1) > 0,3.
dtiM ¥ JoKasaHa pacxopumocTh paga (1) B Touke x,, TAK Kak .
Gy (x) ecTb PasHOCTb YACTHBIX CYMM Sp4, U S, 3T0r0 pana.

Il. Hekotopbie JONOJIHHTENBHBIE CBelEHUSA
0 BBIMYKAbIX (pYHKUHAX

3neck MB XOTHM JonojHuts § 5 ra. X.
Jemma. Ecau f(x) sonyxian 6rus na (@, b) dpynsyus u c < (2, b),
mo npu X =cC OMHOUWERUE
[ —f©

X—c (N
ecme 803pacmMaruian QyHKLUL X.
Hoxasagenascrso. [lycts ¢ <<x<<y<<b. Torpal)

FO=F1= e+ =ty < =R 0+ 2 ).

f—f© __fW—F©
x—c y—e 2

Orcrona

N

AunanoruyHo JOKasbiBaercd (2) B caydasix a<<x<<y<c H
a<<x<<c<<y<<b.
Feopema I. B ycaosusax semmor yrkyus f(x) yoosiemgopsem ycao-
ewo Jlunwuya Ha rawOom ompeske [p, q| < (a, b).
IloxbaaareanTBo. [Tycte x u y ABe Touku U3 [p, g] u nycTs
-+

m= 5—. Mo nemme
L —f) _Fm—fG) - [[m)[+ ][] %)
y—x - m-—x m—gq '

Tax xak Hawa ¢yHKUHA orpaHHueHa Ha [p, ¢], To npasas yacTb (3)
OrpaHHyeHa CBepXY, YTO NPUBOIAMT K HEPaBEHCTBY

f(y) f(x) =K.

1) Ha ocnosanuu wepaBenctsa (16) us § 5 ri. X, Tak kak Ha (e, b) ¢yHKUHA
f(x) HenpepniBH2, TO mpuMeHuTb (16) MOXKHO.
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AnanoruyyHo 10Ka3sbiBaeTcs, uTo
KOl AR
y—x
OctansHoe sCHO.
CaenctBue. B yeoaosusx aemmsr 6ydem

) =f©O+ e dt, (4)

2de ¢ mobas mouxa us (a, b), a @ (f) usmepuman yuxyus, oeparusen-
nas Ha kaxdom [p, gl < (a, b).

Teopema 2. Kracc gyHkyull, soinykabix 8Hu3 Ha unmepeare (a, b),
co8nadaem ¢ KAQCCOM HEONPEOEACHHbIX UHMEZPAI08 O 803pPACTIAIOUUY
Ha (a, b) u oepanusennbix Ha Kaxcdom [p, g] < (a, b) pynryuil.

Jdokaszarteabctpo. To, 4TO KaxAbll TaKOH HeompejeseHHEIH
uHTerpan Gyjer BuNYKMNOH BHHM3 dyHkuMeH, aokasano B ra. X. das
JloKa3aTenbcTBa OOpATHOTO MOKameM, UTO (YHKLUHIO ¢ (f), BXOAALLYIO

B (4), MoxHO cudTaib Bo3pactaowmefi. [lyets x<Ty npe TOuKH Hu3
(a, by u >0 cronp Mano, uto x+h<y v y-+h<<b.

fe+h—F ()
h

Mo nemme jpobb He YMEHBIIHTCS IpPH 3aMeHe x4 h

Ha Y, OTKyJa
feth—ft) _fO—f0_feO—-7@
h = y—x x—y
3ameHaa x Ha Y- h, MB JHLIb YCHIHM HEPaBeHCTBO. 3HAUUT,

fx+h—fx) _fut+h—Iw)
h o h )

Hpezmonaraﬂ, YTO B TOYKAX X U Y CYIECTBYIOT MPOH3BOAHBIE [’ (X)

u [ (), naxomum [ (x)=<["(y).
O603naunB uepe3 E MHOXeCTBO TOYEK CYLIECTBOBAHHS fr(x)u
NOJIOXKHB Aas Bcex ! < (a, b)

e =sup{f' )} (<!, xk),
3@BepllaeM J0Ka3aTelheTBO. .
Tlyctes BHInykaas Q)yﬂxunﬂ M (x), 3ananunas na [0, 4-oc0), npen-

CTaBMMa B BHlE M(x)—g m(f)dt, tne m(f) ctporo Bospacrtaer
0

nHenpepuBHa, npuieM m (0) =0, m(+co) = 4 co. Torna y pyuk-

uun z=m(f) ectb oOpatrHasd QYHKUMA [=n(z), 3a]aHHas Ha Ipo-

MexyTke 0=Iz<( --00, TaKmKe HeNmpepblBHas H CTPOro BO3PacTalo-
x

utas, npuueM 2 (0) =0, n (4 c0)= 4 oo. Tonsoxum N (x) =S n(z)dz.
0

Kak u M (x), sra ¢yHnkuua Gyler Bo3pacTaioumied M  BbIIYKIOH
BHH3 Ha [0, - oo).

Teopema 3. Ipu esedentsix 06o3HaUertix 0 mo0bix a = 0u b =0
crnpasedauso max Hasbieaemoe Hepasencmeo OHea

ab =M (a) +N (). )
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NokasatenbctBo.!) Jlerko BuAeTb, YTO HHTerpaJs
b
N (b)={n(2) dz
0
MOXHO NpeicTaBHTh %) B ¢dopMe uHTerpana Cruarbeca
n(b)
N (b) = S tdm(f).
0
HuTerpupys mo uacTaM H yuuThiBas, uto m[n (b)] = b, Haxogum
N (b) = bn (6) — M [ (B)].
Orciofla
ab = bn(b) —[n(b) —alb= M[n (b)]+ N (b) —[n(b) —a] b,
Wi

a

sz@+N@+n?MWMﬁM®—ﬂ%

Ocraercst MoKasaTb, 4To |
n(hy
{ m@)dt <[n(b)—a]b. (6)

[Mpeanonoxum, yro a-< n (b) [cayuait a > n (b) ananoruuen]. Tak
Kak m (f) Boapactaer, To ana f<<n(b) Gymer m(f)<<m[n (b)] =
OTKYAa M cJaeayer (6).

Onpenenenve. Pynkuuu M (x) u N (x), 3ananHble Ha [0, 4 c0),
Ha3bIBAIOTCH 83AUMHO 00NOARuUMebHbiMU 8 cmbicae FOHza, ecnd HpH
aobeix az=0 u b=0 capaseanuso (5).

Teopema 4 (3. bupnbaym— B. Opauu). Ecau M (x) Henpe-
poisra Ha [0,4c0), M(0)=0, M(x)=0 apu x>0 u

lim & _ 4o, )
X—+om
mo cywecmayen HeompuyameasHas Gyukyua N (X), Oonosnumersnas
k M (x) 6 cmoicae [Onea, nenpeptisias na [0, 4 o), gospacmarowan
U BHINYKAQS BHUS.
HdokasarenbcTBo. ConoctaBUM KakAoMy X =0 dyHKUHIO

x (1) = xy — M (y).

1) I'eoMerpuyeck (5) MOYTH OYEBUIHO
%) Ectu m (f) HenpephiBHA H CTPOrO BO3pacTaeT Ha [p, q), a f(2) HenpephiBHa
wa [m(p), mq)l, T0

q m(q)
)\ fImBOldm (=(R) | f(2 de.
p mp)
D10 HeMOCPeNCTBEHHO CJAeAYeT M3 PaCCMOTPEHHS COOTBETCTBYIOWMX HHTErPAJbHBIX
CyMM.
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OueBnpno, ¢, (0)=0. B cuny (7) npH AOCTATOUHO GOJBIIHX Y
6yzer ¢.(y)<<O0 Ilycte 310 TaK ans ¥ =y, Ha ortpeske [0, y,]
HenpepbiBHas (QYHKUUA ¢y (y) UMEET Haubo/Ibliee 3HAYCHUE, KOTOPOE,
OueBHJHO, 6yleT HauGo/IblIUM H Ha Beel nojdyocH [0, + co). O6osna-
4UM 3TO 3HaueHne 4epez N (x):

N (x) = max [xy — M (4)]. ®)
y=0

Jlerko Bugetb, uto N (0)=0. [Tokaxem, uro N (x) yaoBnerBopsaer
BCeM TpeGOBaHHSM TEOpPEMbI.

Tak kak N (x)=¢,(0)=0, 10 N (x¥) HeorpuuarenrHa. Ecau x
3aKpensieH, To npH Jw6om y Oyier xy— M (y) << N (x), oTkyaa H
BHAHO, uT0 N (x) nononHutensHa kK M (x) B cMbicne lOura. [Hanee,
ang qobbix x; =0 H x, =0 Gyner

N(’%ﬁ>=max [%x—zy—M (y)].
Ho

iy a)=WMO) | MG K EN

STHM Jl0Ka3aHa BBINYKJAOCTb N (X), a 3HAUUT U HeNmpepbiBHOCTb 3TOH
bynkuun Bcropy, KpoMe x = 0. Jokaxkem, uto H npH X =0 QyHKOUA
N (x) HempepbIBHA.

B cuay (7) MHOXecTBO (OueBMAHO 3aMKHYTOe H HEMyCFoe) 3Haye-
HHH Yy, Ans KOTOpeiX M (y) <<y, orpaHudeHo ceepxy. [Tyctb p ero
camasi npasasi touka. Ecimm O0<<x=<1, TO gas Bcex y>p Oyner

P @) =xy— M (y) <xy—y=<0.
Crano OwiTh, HauGojblilee 3HaueHHe @, (y) NPHHUMAeTCA B TaKOH
TOUKe Yo, 4TO Y, =< p. Takum obpasom,
N (%) = xyo — M (4o) << xyfy < px.

Ogctona ¥ BhiTekaeT HenpepblBHOCTE N (x) npu x =0.
Ocraetcs oOHapyxute, 4to N (x) Bo3pacraer. Bo3sbmeM TOUKH
0<x, <x, Torpa

N (x1)=N["“"—E : o+§;x2]<‘2x;z"w(0)+§;N (xa)

u TaKk Kak N (0) =0, 10 N (x)) << N (x,).

Teopema j0KasaHa NOJHOCTHIO.

3amevanns. 1) IlocTpoennas npu nomown gopmyJisl (8) dyHKuUHSA
N (x) TakoBa, uTo

X
B camom fene, B3fAB mofble n U €, HalifleM Takoe X, 4TO K3
x> x, cnepyet M (n+¢e) <ex. Hns stux x u3 (5) vMeem

nte)x==M(@n+e) +Nx) <<ex+N(x),
oTkyza N (x) > nx.
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2) Teopema 4 oGofiaer teopemy 3, 60 B YCAOBHAX IOCAELHET
shinosuserca u (7). HeiicteuTtenbuo, B3ap Jdi6oe A4 >0, MOXKHO
H4lTH Takoe a, uTo npH ! =a 6yger m ({) = A. Ecoit x>a, 10

Mx M@+ Ax—a)
~ = . . 9)
C pocroMm x mpasast yacTe (9) crpemurca K A. 3Hauut

lim 2 &= 4

X —--00

b

uyeM K JoKa3aHo (7).
3) B Teopeme 4 He mnpeanosaraercs, yTo M (x) BbIIYKJIa H He
Tpebyercsil), utobul GbIO
.M (x)
lﬂ -~ =0. (10)
Hanporus, B ycsioBusix Teopemsr 3 Oyner M (x) =< xm (x), u (10)
Bbinosiusiercst,  Ecan ycioBue M (x) ==0 TeopeMbl 4 yCHJUTBH, NOTpe-
6osas, utobel mpu x>0 6bi0 M (x) >0, TO MOXHO OblIG GBI JiOKa-
3aTh, uyro ¢yuruus N (x), onpefenenHas dopmyJoit (8), yroBsierso-
psieT YCJIOBHIO %)

lim—~ = 0. a1

Tarkum ofpasom, N (x) «iyyues, uem M (x).
4) Ecmu M (x) yhOBIETBOPAET yCJIOBHAM Teopembl 3, To ¢opMmyaa
(8) nocraBaser TY ke N (x), uro u Tteopema 3. JlelicTBuTe/BHO,
B 3TOM CJaydae
49, (4)
dy
Kopenb 3toro ypasHenust ectb y = n(x). Crano GbiTh,
n(x)
Nxy=xnx— { m@ad.
0
ITonaras B uHTErpate m(f) =2z W UHTErPHPYs BHOBb MOJYyueH-
ULl MHTErpas Mo 4YacTdM, noJydaeMm Tpefyemoe.
5) Ilpumenss teopemy 3 K m(f) = »~!(p> 1), nonyyaeMm Hepa-
BeHcTBO [éaplepa

=x—m(y).

/

W=t (baio)

1) Hanpumep, TeopeMa 4 npuMeHHMa K QyHKUHH
L
/' x npr 0 =<x <<l
Mo ={ :
) x2 npu 1 << x << 4 oo,
2) Bes ykasaHHoro ycusenud (l1) moxker He wmeTh MecTa.






